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NMPEANCIOBUE PEAKTOPA

Hacronmas kHura mpennasHaueHa nas JIOOUTeNTH MaTe-
MaTHKHY, HMEIOI KX 3HAHUS Npubau3uTesbHO B 06beMe 9 Kjac-
coB cpenneit wkoanl. OHa ABAsIETCA OJNHOH M3 TexX KHHT,
KOTODHIE MO/MKHB 3aNOJNHHTb CYWECTBYIOWUH y HAac pasphiB
MeXny JAUTEpPATYyPOH IO 3/1CMEHTAPHOH MAaTeMeTHKe M TaK
Ha3biBaeMOH Bulculeld MmaresaTtuke. Ha koukpeTHOM H J10-
CTYMHOM MaTepHaje OHAa NOJABOAUT YHTATeNs BIJIOTHYI K
HIefAM MaTEMATHYECKOro aHanu3a. 3TO COOTBETCTBYeT H UCTO-
pHYecKoMy XOMy, TaK KaK 3aJ]a4y Ha MAKCUMYM-MUHUMYM OBLIH
ONIHKMU M3 TeX, KOTOphIE NMpHBEJH K CO3AaHu0 auddepes-
[IMaJbHOTO0 HcuHcaedus. Kaura moxer ObITb HCIOAb30BaHA
Ias1 paboThl B IIKOJBHBIX MAaTeMaTHYECKHX KpyxKkax. Belpa-
Kaem yOexIeHHe, 4TO NpelsjaraeMas KHMra nplHeceT MOJb-
3y MOJOAexH, HHTepecyolefdcs MaTeMaTHKOMH.

[Troo. JI. A. JIIOCTEPHHK



[JIABA L
NMPUMEPBl MAKCHMYMA U MUHHMYMA

BBeaenue

MakcuMyM U MHHHMYM — CJOBa JIATHHCKHE H B NepeBoje
03HA4alT: Haubo./blllee ¥ HauMedbliee (maximum H mini-
mum),

B MaremMaTHKe 3TH CJI0Ba BeCbMa YNOTPeOGHTE/NbHbBl, HO
CMBICJI, KOTOPBHIH UM IPHAAETCs, HECKOABKO OTJAMYAETCS OT
06n1uHOTO. Jlerue Bcero yacHHTb STOT CMBHICJA Ha NMpUMepax.

Mpumep. IlpencraBum
cebe, 4TO Ny TeIIECTBEHHHUK, M £ s
nepexo/s uepes ropy, npo-
mega 1nyTb, KOTOPHH MbI A I
YCIOBHO H306pa3uM Ha uep-

Texe anuueli AB (ueprt. 1) ]
ByneM u3amepsiTb BHICOTY

noxbeMa Tak, Kak ee o6bIY- b N KR [‘1
HO K3MEpSKIOT — OT YPOBHA
mops. Ha uepTexe yposeHb Yepr. 1.

Mops H300paxeH npsMoit
PQ, 1 ecau myTelIeCTBEHHHK HAXOAHTCA B TOUKe A, TO Bhl-
cota noabema Oyler mpeacTaBieHa oTpeskoM N,

[To mepe npoaBHXeHUs MyTELWIECTBEHHUKA €r0 BHICOTA HaJ
ypoBHEM MODSA H3MeHseTcs (T. e. ABJAACTCSA NePEeMeHHOH BeJH-
4KHOM); MOKa OH NOJAHUMAETCs, 3Ta BHICOTA YBEIMYHBAETCH; KO-
rZa OH JOCTUrHET BepUIHHBl—TOYKH £-—BHicOoTa cHe-
JaeTcsl HaWboJbILEH, a 3aTeM, NIPH Aa/JbHEHIIeM MPOJIBHHKe-
HUH NyTellecTReHHUKA BHU3 [0 CKJAOHY TOpHI, BLICOTA NyTelle-
CTBEHHHKA HajJ YpOBHEM Mopsi OyAeT yMeHblIaTbes. M3 uep-
Texa BHAHO, UTO BepPTHKaJbHHE oTpesok KE, uaMepsloUHii
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aTy BHCOTY B Touke E, 6yner Gonbure, yuem A060# BepTHKANb-

Belit oTpesok N v, aexawuit sesee KE. Koraa xe nyre-

mecTBeHHUK MepeiigeT BepWwHHY U OyAET HAXOJAUTbCs Mpagee

TOYKH E, TO COOTBETCTBYMOWIHE BepPTHUKA/NbHbIE OTPE3KH (Ha-

npumep RS) Takxke 6ynyt Menbue, uem KE. Ortcioaa

BUAHO, YTO U3 BCEX BEPTHUKA/IbHBIX OTPE3KOB, H3MEPSAUIUX

BHICOTY MNyTelecTBeHHUKA B pa3Ju4Hbie MOMEHTHl €ro my-

™, oTpesok KE ssasercs HauGoabwuM. Takoe nanbGonbuiee

3HaueHue MEepeMeHHOH BenHuuHbl (B NAHHOM Caydae BBICO-

TH H4aA ypOBHEM MODPs)HA3bIBAETCST MAKCHMAaJIbHBIM.

Ilagum Tenepb npuMep, B KOTOPOM NepeMeHHasl BelTUYHHA
fpuHuMaeT HaMMeHbllee WJH, KaK TOoBopsAT, MUHHMAJbHOE

3HaueHHe,

7 [lpumep. B Teuenue net-
Heli HOouW Kaxable 10 MuH,
H3MepsIlOT  TeMDepartypy
BO3/1yXa H pe3ylbTaTH
ormeudaioTHarjpaduke.Ecan
[0 TOPH3OHTA/IbHOH OCH
(4epT, 2) OTKNAABIBATD BPE-

t Ms, a N0 BePTHKANbHOH—

a lo TeMIepartypy, TO MOJYyYHUM

psil BE€PTHKAMbHBLIX OTpe3-

Herr. 2. KOB (MX HA3HBAIOT OpJIH-

naramu). OThiCKaB HA rpa-

¢uke HauMEHbWIYI0 H3 OPAMHAT H COOTBETCTBYIOILYIO €M

TOYKY ¢, Ha ropusoHTanbHOH ocu OF TeM caMmbiM oOMpe-

ZeaseM MOMEHT Haubonee Huskoii TteMmmepaTypn. Takoe

3H34eHUde BeNHYHHN (TeMnepaTyphl) Ha3bIBalOT MUHUMAAbHBIM;

C/IeBa W Cnpasa OT TOYKH f, OPAMHATH OoJblie, 4eM OpAHHATA

AJs 3TOH TOYKH.

Oobwmee ans 060OHX NPUMEPOB 3aKAYaeTCd B TOM, YTO
nepemMeHHass BeJAHuuHa (BHICOTA, TeMmmepaTypa) B CBO-
eM H3MeHeHMH JOXOIMT [0 KpalHHero 3HaueHHUI—B CTO-
POHY BO3pacTdHHS WM YObIBaH4dA, — 4TOOH 3aTeM HAYaThb
H3MeHeHue B OGpaTHOM Banpasaedud. [loaToMy BOMpOCH
MaKCUMyMa H MHHMUMyMa H3y4aloT mnapaJsaeabHo. Oda atu
NOHATUS] 06bEIHHAIOT B OJHO NOHATHE — KpPaflHero HJM 3KC-
TPEMANbHOTrO 3Ha4yeHHUd (OT JaTHHCKoro cJjoBa extremum —
Kpaiidee). Mel yBHIUM, UTO 3a43aYH HA MAKCHMYM M 331a4u
Ha MUHMMYM pellaloTcs COBEpPIIeHHO OXHHAKOBHIM 06pa-
30M.
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Wuorna nepemeHHass BeJMHYMHA MOXKET [NOOYCPELHO BO3pa-
cTaTb ¥ YO6bIBAaTb, NPHHHMAasi HPH 3TOM pPAA HAMOOJbIIUX
M HaAMeHbIIUX 3Hadenui, Tak, Hanpumep, paccmaTpuBas
H3MeHeHHe CHHyca, Mbl BHIKM, YTO NPH BO3PaCTaHUU yria X
sinx pacrer or 0 go 1 (cBoero MakcuMmyma), 3aTeM Hauu-
HaeT y6bIBaTh H Aast X = 5[y ® (270°) nOoCTHraeT HAMMEHbIIErO
H3 BO3MOXHGLIX 3HaueHU# (— 1); npH nanbHellleM YBeJaHue-
HHM X CHHYC X ONsiITb BO3pacTaeT 4 T. H.

Boo6uie mnpu monepeMeHHOM BO3pacTaHHH M YOLIBAHHH
MOXeT 0Ka3aTbCs Jaxe, YTO KAaKOH-HUOYAb H3 MHUHUMY-
MOB GoJblie Kakoro-Hu6ylb MaKCUMyMa. IJTO MOXHO BH-
HeTb W3 Mpu/aaraeMoro ueprexa (4epT. 3), rae H3oOpaxeH

Yepr. 3.

nyte ABCDEF uepe3 Hecko/JIbKO TODHLIX IepeBanoB. Bu-
coTa MNyTelecTBEHHHKA Haj YpoBHeM Mops 6yneT HMeThb
makcumyM B Touxkax A, C, E u MuHumMyM B Toukax B, D, F.
B touke C uMeeM MakCHMyM, TaK KaK OPAHHATAa 3TOH TOY-
Ku OoJ/ibLI€ COCeJHHMX CJeBa M CpaBa; B Todke F HMeeMm
MHMHHMYM, TaK KaK OpPAMHATH CJeBa K cnpasa 60Jblie op-
AuHAaTH TOoukH F. BMecte ¢ TeM ,,MHHHMaJbhas“ OpAMHATA B
TOuKe F okasanaacop 6oJbliue ,MakcHMaabHO#“ B Tauke C,

[Ipumep: B AHBApCKUH JeHb MAakKCHMaJ/bHasi TeMmeparypa
(B TeueHHe JAHA) MEHblIe, 4eM MHHHMMAa/bHas TeMnepaTypa
B HUIONbCKUA JEHb.

Taxkum o6pasom, C MOHATHEM MAaKCHMyMa (HMJH MHHHMYMa)
Mbpl OyldeM CBA3bIBATH He HauboJAbUlee (UAH HaWMEHb-
wee) M3 6cex 80oo0uje 3HaueHuH, NMPHHUMAEMbLIX H3MEHSIO-
mendcs BEJAHYHHON, @ TakHe 3HAYEHHA, KOTOpHle GoJblue
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(uM MeHbple) COCeXHMX Oau3aedCawUX Kak CleBa, TaK H
cnpasal.

Hacrosmaa kHMra umeeTr Nenbl0 MOKa3aTb YHUTATE/I0, KaK
pemraloTcsd 3alayy, CBsI3aHHHE C HAXOXISHHEM MaKCHMyMa
MM MUHHMYMa KaKo#-HUOy Ib epeMeHHOM Betuunnbl, OnHako
npexjae BCEero Hajo MoKasaTh, KaK CTaBATCSA NONOOHLiEe 3a-
IauW; A8 3TOrO MH NpHBegeM 3xech naBa obpasua (pe-
IUeHue 3THX 3ajay GyaeT ONaHO NMO3LHEe).

3agaya. [Inomanka (gept. 4) ocseleHa AByMSI CHAbHLIMH
HCTOYHHKAMU cBeta (B Touke A HcTOyHHK cuaoit B 8 000
cBeuell, B Touke B— 1000 cpeueii.) PaccTossHHE MEX1y TOY-
kamMp A u B pasHo /. HaiiTid MecTO, rae cu/a OCBEIIEHHS OT
0601X BMCTOYHHKOB BMecTe OHJa 6B HauMeHbIel.

Hapo npuHsATh BO BHHMaHMe, YTO HHTEHCHBHOCTb OCBe.-

M
A E VL B

Yepr. 4.

IIEeHHs O6PATHO MPOMOPLHOHANbHA KBaApaTy PAacCTOSHUSA, H
IpSMO NMpPONOPLHOHAJIbHA CHJIe HCTOYHHKA.

OueBHIHO, HCKOMOE MECTO He JIEKHT TOYHO NMOCpelHHe
Mexay A u B, Tak Kak cneBa OcCBeuwleHue 6yaeT ropasuo
Goubile, yeM cnpasa (B 8 pas), O3TOMY €CTECTBEHHO Nepe-
IBHHYTbCA OT cepenuHH E Bnpaso. Takoe mepemeuierue OT
Toukd E BnpaBo cHauana, 6e3yca0BHO, HMEET CMBICJ, TaK
KaKk ocjabJeHHe OCBeLleHHs OT JeBOFO MCTOYHHKA OyZeT
GonbpIne, yeM YycuaeHdhe oT npasoro. Ho mnocrenenso, mo
Mepe nepeMelleHus BIPaBo, BO3AeHCTBHE JeBOr0 HCTOYHHKA
ocsnabesaeT, a NpaBoro Bo3pacraer. [loaTomy mepemelieHue
1eneco06pasHo TCAbKO A0 OnpejpeneHHOH Toukd. Haiitu sty
TOYKY, 3TO H 3HAYUT PCILIUTL 337auy.

Pemense ato#t 3azaun uyurtatenp HaligeT B IocCJeaHeR
rnaase (raasalV, 3asnaua 1), Oxasnibaetcd, yTO HCKOMAsA Toyka L
Lo/MKHA ObITh BbIOpaHa Tak, 4yToGm AL:BL=2:1,

1 B nmacroswmelt kuure G6yIyT paccMaTpuUBATLCS 3alayd, B KOTODHIX
BCTPEYAETCH MM TOABKO OAWH MAKCAMYM HAH TOAbKO OLHH MHHHMYM.
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3apgaua. Ha Bricoko#t crene BHCHT maaxar (4epr. 5). Mase-
CTHO paccTosiHHe OT Toukd O X0 HHXHEro H A0 BEPXHEro
KpaeB MJaKaTa:

OA =a metpoB (40 ),
OB = b metpoB (48 x).

Annapat ¢ororpada nonaxeH HaXOXUTHCA Ha FOPH30OHTAJB-
Ho#l ixinuu OP. CnpamuBaeTcs, Ha KAKOM pacCcTosinun OM = x
MOMECTUThL amnapart, 4yTo6bl NI/1akaT OB BHAEH M3 amnnapara
NoJ HaAUGOJBILIUM YIJIOM, T. €, YTOOH yron AMB = ¢ 6bla HaH-
6oabiiumM? (B 3TOM ciywae maakaT OyAeT CHAT HauboJgee
OTUYETJHBO).

Oroasurag uAM NpujaBKras anmapat 1o JUHAA OP, MH
3THM caMbiM u3MeHsieM yrasl AMO u BMO; npu stom 6yier
M3MEHATbCS H HUX Pa3HOCTh, T. €, PAaCCMaTpPUBaeMbli yros o.
Takum 06paszom, yroan ¢ 3aBHCHT OT PacCTOAHHUA X, HJH, KaK
roBopsT, siBasgercs ¢ yH K-
Lue# oTapryMenTa x.
OueBuado, ecaun ¢oro-
rpag craHeT Ha BecbMa
60NbIIOM PACCTOSHHU OT
credw (Hanp. x =300 x),

TO yronm ¢ OyAeT OyeHb
maneiM. [To mepe mpubau- p
XKEHHd K CTeHe (Hanpumep, -
6epst x =280 , x = 260 &,
x=240 m u T. 1.) yroza o Ucpr. 5.

6yser Bo3pactatb. Crpe-

MACh yBeIHYHTb yroan ¢, ¢ororpadp O6yneTr NOAXOIHTh K
crede Bce Oamxe 4 G6auxe. Ho Taxoe mnpubammxenke K
creHe (T. €. yMeHBUICHHe X) eMy BBIFOAHO TOJABKO [0
M3BECTHOrO mpenena. [loToMmy yto, ecau OH BCTaHeT OYeHb
GJH3KO K CTEHE, TO YIOM ¢ ONATh CTaHeT ManawbiM (OH 6ymeT
»CKOLIEHHBIM ) 3amaya 3aKa4aeTCa B TOM, 4TO6H HafiTH TO
paccTtosiHHe X, Ha KOTOPOM ¢oTorpad LOMKEH OCTAHOBUTHCH,
T. €. HallTH Ty TOYKy Ha npsamoit OP, I KoTopo¥ yroa ¢
6yner HanboabwuMm (mepememieHde OT 3TOH TOUKH GJHNKE
K CT€HE H OTCTynJeHHe Ha3aJ OJAMHAKOBO HEIeneco06pasHo).
Pelenue 3Toil sagauu uutaTenb HAAJeT HHXKe B 3TOH raabe
(cu. 3apauy 6), ona xe Oyner pewena B raase Il (3agaval5),
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B raase Il (3azawa 7) u B rnase IV (3amava 9) u npHTOM
KaX OBl pa3 HOBBIM crnoco6om.!

Ma npuBeneHHL¥ 3asay BHAHO, YTO Mb OyxeM HMMeTb
JeJI0 C HenpepbiBHO M3MEHSIOWUMACA NEepeMEeHHbIMH BeJH-
yHHamyu (yroJ 3peHus © B 3TOH 3a1aue H OCBeIleHHOCTb B mpe-
Abl1ylled), 3aBUCAIIMME OT ADYTHX MepevMeHHHIX (Hanpumep,
oT paccTosius x). M BoBceM npouecce uaMeHeHHs MepeMeH-
HblX TpebyeTcs OTMETHTb TOT MOMEHT, KOTJa 3HAY€HHE 3THX
3aBUCHMBIX NMepeMEeHHbIX CTAHOBMTCH HAWOOJbLIIMUM HAH HAH-
MEeHbIIUM.

2. 3AIAYH, PEIAEMBIE 3JIEMEHTAPHO

[Mepeiinem Teneps K PpelIeHHIO HEKOTOPBIX MNpPOCTEHIIHX
3a1ay, He TPeOyUWHX OCOOBIX TEOPeTHYECKHX IpPHEMOB.

S

Yepr. 6.

3apaya 1. Ha nnockoctu naua npsamas PQ u nBe Touku A
W B, He jexaulde Ha HeW M PacmoJOXKEHHbLIE MO OAHY CTO-
poHy oT 3Toil mpamo# (uepT. 6). Tpebyercs HadTH Ha mpg-
Mo PQ rakyio Touky M, uTo6b nauHa AoMaHOi AMB Gnaa
BO3MOXHO MeHbule#l (MMHHMAaJIbHOI).

Pewenue, JlomycTuM, 4YTO 33ja4a pelIeHa, T. €. HajizeHa
Ha npamo# PQ Taxas Todka (o603HauuM ee uepe3 M), 4To
nomaHas AM,B kopoue BcAKoi Jpyroid aomanoit AM, B,
AMyB, AMsB u 1. n. [loctpouM Touxky B, CHMMETPHUYHYIO
TOYKe B OTHOCHTe/bHO NpsAMOfl PQ, T. €. PacCHO/OXEHHYIO

13710 meAaercsa C TOi eAbI0, ITOOHN YHTATENb MOT NMPOCIAEANTh, KAK MOXHO
Pa3NHYHBIMH MPHEMAMH, Pa31M4HBIMH METOJLAaMU, Pe3PEIUUTh ONHY H Ty Xe
3ajauy, ¥ yTOOH OH MOF BHIETb CBOeoGpasHe KaxXAOr0 MeToxa.
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no APYryw CcTopoHy oOT mnpsmoft PQ Ha pacCTOSHUH,
paBHOM paccTosHHi0 ToukH B ot mnpamod PQ. Torza
MBy=My3, M\B, =M,B u 1. 1. [loaTOMy Takxe

AMO +MOB i AMO + MOB‘Z’
AM, 4+ M,B= AM, + M,B,
HT. A

Ho ecnu nomanas AM,B ecTb kparuaitinas H3 BCEX 3THX
NOMaHblX, TO AuHHA AMy5, noMmKHA 006/1a4aTh T€M e CBOA-
CTBOM, T. €. 6bITb KOpOUYe Bcex 3THUX JauHuit: AM,B,, AM,B,y
u T. A. C Apyroil CTOpOHH, KpaTuaiiliee PACCTOSHHE MEXIy
ToukamMH A u B, naercs npsaMmoi JuHHeld AB,, uUX coelHHsIO-
wed. [Toatomy aunusa AMyB, nomxHa coBNacTb ¢ NpaMoii AB,.

Orcioia MBl NOJyYdem crnoco6 pelleHHs 3anaud: TOuky M,
HaxoJdT Kak nepeceyeHue mpsimoid AB, c npamoi PQ.

[TokaxxeM mpUMEHeHKe 3rod 3amayd B (pHU3HKe.

[TycTh naockocTs PQ npexacrasaser co6o# 3epkano. Jlyu
CBeTa, HCXOMALUHA U3 TOukH A, 1OJIKEeH nonacTthb B TOUKy B (mo-
c/1aTh ,3afUUK" B TOUKY B), NpeaBapHTENbHO OTPA3HBIIHCH OT
nJockocTH 3epkana PQ. Eciu norpe6oBarb, YTOOH HA 3TOT
nepexox U3 TOYKM A B TO4YKy B yw/a0 MHUHUMYM BpEeMeHH,
TO M NYTb AOMKeH OHTb KpaTuadum. MMeem u3 ueprexa-

LAMP = [ B;MQ = LBMQ,

T. €. yrasl, o6pasoBaHHble npsiMbiMH AM, u BM, ¢ npamoit
PQ, pasubl. HeTpynHo BHA€TH, UTO ¥ JOMOJHHTENbHBIE YIVIBI
AMN u NM,B Ttaxxe paBHbl. Mb BHAMM, YTO Halle Tpe-
GoBanue BJeyeT 33 CO6OH pPaBEHCTBO YIVOB:

LAMN = / NM,B,

T. € Yroq mnajeHdss HOJMKeH OblTb paBeH YIJNYy OTPaXeHHd,
Taxkum 06pasoM 3aKOH OTpaxeHus B (usuxe naer Haubosee
9KOHOMHHHA (B CMBIC/I€ BDeMEHH) MNyTb Npoberd Jyya CBeTa.

3apaya 2. Yucao a Hano pa3buTh Ha JBa ClaraeMblXx Tak,
yToO6bl NpOoKH3BeNeHHe UX OblJI0 HAHOOABLINM (H3 BO3MOXHBIX),

Pewenue. [lycth, Hanpumep, a=40. O603Ha4¥M OIHO
H3 cl1araeMex yepes X, apyroe uepe3 y; toraa x|y =40.
MoxHO B34Tb, HaMpUMep, CJAeAYIOLIHe NMapbl YHCeNT:

x =10, x=11, x=12,
y =30, y =29, y =28
u T. I
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CoorBetcTByfoune npoussepenus O6yayr: 300; 319; 336
u T. 1, Kakum 06pa3oM M3 Bcex Mono6ubIX map (MOxHO 6paTh
H ApOOHble 3Ha4eHHs X U y) BHIOpATh TaKylo, A/l KOTOPOH
npousBeneHue 6yneT HauGOAbIUHM?

Pemenne. Mu pagMm 31ech cijefnyioillee HarIsagHoe
(reomeTtpuueckoe) pemenue (4ept.7). CTpOUM NONYKPYT C KA~
MeTpoM AB = a. [lyctb M—npou3BoabHAS TOYKA MOMYOKDY K-
HOCTH, U MP — nepneHaukyasp u3 Hee Ha nuamerp. Ob6o3Ha-
yum AP uepe3 x; PB—uepe3 y; Torga x-Fy=a.

Ha ocuoBaHuHM M3BECTHOH TEOPEMHl O KBaJpaTe BEHICOTHI,
ONyIUEHHON M3 BEpIIHHB NPSAMOro yraa B APAMOYroJbHOM
TpeyronbHuke, umeeM: PM2= AP - BP; unu x -y =~h? (ecau
0603HaunTb MP uepes h), VameHssa 3HaueHHe X, Mbl nepe-
MellaeM TOYKY P, HO yKa3aHHOE PAaBEHCTBO OCTAETCs Heus-
meHHuM. [lpousBemenve x-y Oyner
Hap6o/MbIIMM ecad npasas yacTeh (/2
npuMeT nanonbiee 3HaYeHre; a 3To
6ynetr Torma, xorpa MP coBmager ¢
EO; no torna AO = OB; x=y. Makcu-
MyM MNPOM3BENEHHS TMOJYy4aeTcs MpHU
paBeHCcTBE 00OHX caaraeMbix. B unc-
neHHoM npumepe a=40 Haxo B34TH
x=y=20. Uuratenp MOXET JerKo
NpOBEpHUTh, YTO 3Ta Mapa yucena: x = 20,
y=20 naer B npousBenenuu 60./blIe, yeM BCAKAs Apyras napa.

K sroft sazaue Mbl eme B fgajbHeduleM BepHeMcd.

3anaya 3. [lan TpexusneH BTOpO# cremeHu Buga: x2+px-4-g¢
(nanpumep, x%*—6x-21). Haltu HauMeHbllee 3HaueHHe
TpexusiCHa.

Pewenue. Tloscaum cnepBa cmuica Bonpoca. O6o3na-
uuM TpexuaeH x3 —6x 21 yepes y, T.e, xX2—6x-+21=3y.
Ecau nepemenHomy x OyldeM paBaTh psZ 3HaueHHH, HaNpH-
Mep x=4,x=>5, x==06... TO KaXXIOMYy TaKOMy 3HAYEHHIO X
COOTBETCTBYET HEKOTOpOe 3HauyeHWe y; B JAHHOM CJyyae
y=13,y=16, y=21...u T. 1. MoxH0 GHJIO 6Bl NOCTPOUTH
6cabmyio TabaUIy COOTBETCTBYIOLIMX 3HAYEHHH X WY H M3
PaccMOTpeHHs €€ BHIACHUTb NPUGIM3HTENBHO!, IPA KAKOM 3Ha-
YeHHH X TpexuneH y= x?— 6x -} 21 mo/yuyaeT HauMeHbllee

1[Ipu6AH3HTENbHO, TAK KAK MEXIY ABYMS COCENHHMH 3HAUYEHUAMH X MOX-
HO BCIAaBUTb CKOJAb YrofHO G6OAbLIOE HHCAQ TNPOMEXYTOUYHBIX €ro 3Ha-
YeHHUR.
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snaueHde. Ho aToT mnyTb HemocpencTBeHHBIX HCMBITaHHH
BecbMa AAMHHBIA. 2KenaTeibHO HAlTH CNOCOO, NPAMO BeAy LIy i
K LeJH.

Mu noctynum crepyomuM o6pasoM. Brelpaxenne x2—6x
JOMOJIHUM A0 KBajpaTa ABy4YJeHa:

X2 —6x=(x2—6x+9)—9=(x—3)2—09.
Torzna 3anaHHBIf TpexuieH MOXHO mpeo6pa3oBaTh Tak:
y=x2—06x+1+21l =(x—3)2—9-} 21 = (x—3)24-12.

B nonyueHHOM Bblpaxenun y=(x—3)2-} 12 nepsoe csara-
eMoe NepeMeHHOe (3aBHCHUT OT 3HaueHHusd X), BTODOe — NOCTOo-
saHHoe. UToOb 3HauyeHHe y O6BLIO MHHHMANbHLIM, HAajAO Ccle-
JaThb NMepBOe cJaaraeMoe BO3MOXHO MeHbWHM. Temepn He-
TPYJAHO BHIETb, YTO U3 BCEBO3MOXHBIX 3HA4Y€HUH X 0COOYI0
posbp HKrpaetr 3HayeHHe X=23; OHO o6pallaeT nepnoe cJa-
raemoe (x — 3)2 B HyJb. Beakoe npyroe 3nauenue x =3, 6yner
a1 OHO Gosblle 3 UMM MeHblle 3, cuesaeT ciaraemoe (x —3)2
YHUC/IOM TMOJIOXHTENbHBIM, M TOrZa y Oyger Goapme 12.
[TosToMy MuHMMa/bHOE 3HayeHHe Tpexu/aeHa Oyner:

ymin= 12’

W AOCTUrAETCS OHO NPHU 3HauYeHHH X = 3.

Yurateqb no 3Tomy O6pasuny 6e3 TpyJda PEemHT BCAKYIO
nono6Hyo 3aaavyy. Hanpumep:
y=x2 —8x—10; MEHNMYM noayuaercs npu x=4; y ;. =—26.
y=x2-+ 6x—10; MUHUMYM nONyUaeTCA NPH X=—3; Y p;n=—19.

PaccmoTpuM eme caydait, korja KospuUUueHT Hpu x?2 pa-
BeHn— 1. T. e. TpexuineH BHma—x2—+46x+419=y. [lyctp
oas Hero TpebyeTcsa HalHTH Hau6oJjbluee 3HayeHue. Pemenue
Takoe xe. Mmeem:

y= —(x2—6x)-}-19.
[Tpeo6pa3yem gzByuneH x2— 6x:
X2—6x=(x2—6x+4+9)—9=(x—32—09.
Tenepb 3afaHHBIN TPeX4YJeH MOXHO NPEICTAaBHTb TakK:
y=—(x—3P2+94+19= —(x—3)2}28.
Bropoe cnaraemoe mocTOsHHO, NMepBOe 3aBUCUT OT 3Haye-

Husg x. Ecau x He paBHo 3, TO (x—3)2 paBHO [0JO-
XKHUTEIbHOMY YHCJY, a TOTZa y OyleT MeHbuie, yem 28. Ecau
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®e x=23, T0 y paBHo 28. [TosToMy HanGonbiee U8 BO3MOXK-
HLIX 3HaYyeHHH TpexuseHa GyneT:

Ymax =28

H JOCTHUraeTCa OHO IpH 3HAUEHHH x=3.

Mmuorue 3agauu MMPHBOAATCA K HAXO0XACHUID MAaKCHMYMa
WJIH MHHHUMYMA TpEXUJeHa:

y==*x*+px+q.
Tenepb MBI MOJNYuYHAH NpHEM, MO3BOJAIMWMHA HX pEwATh.
[lpumenuM 5TOT npuem K pelleHH0 ABYX 3aiay, U3 KOTO-
pblX OAHA YyXe peleHa HaMuy IPYyTuM MNyTeMm.

3anaya 4 (coBmajaaer c 3ajgauedf 2; cpaBHUTE pelLIeHUs).

Yucno o Hano pas6uTb HA JABa CJAaraeMblX Tak, YTOOBl MpoO-
H3BEJeHHE UX Obl1I0 BO3MOXHO 6O/BLINM.

Pemenune. O6o3HaunM mepBoe caaraemMoe yepes X; TO-
rxa BTOpoe paBHO a—x. [lpousBenenue ux 6yner x(a—x).
Tpebyerca nafiTh makcumym aas X (@ — x) = ax—x2 [lo-
cTynaeM COrJaCHO  yKa3aHMAM Npeabpjylied  3ajaud.
Hmeem:

y=—x2 4 ax=—(x? — ax).
Buipakenne x2—ax pomoasseM JAO KBajgpaTa ABY4YJeHa:

2 2
marmsant (8 (2 = (=3 5.

3afaHHHA TpexX4jeH MOXHO GyneT MpeacTaBUTh TaK:

a\?  a?
y=~—(x -—2) -+ I’
a
MakcuaMyMm aas y Ha#iieM, €CJaH NPUHATD x=7. Toraa:
a2
max ~ _4' .

a
Ho B atom cayuae o6a craraemsie paBHHI: Xx=a—x=-,

3agaya 5. ¥ KaveHHOH CTeHBH HaZO NMPUCTPOUTH OTpaixy
B Gopme npamoyroibHuka (dept. 8). Hauna orpaast MABN
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nana 3apavee (pasua /). Kakue pasmepsl npuaath orpane,
9TO0OH AJ0ANb, €0 OrpaHUyeHHas, 6hl1a BO3MOXKHO Goabmel
(MakcuMabHOR)?

Pemenue O603HauuM wmHPHHY NJOIAAKH uepe3 X,
MA=x. Torpa nauua
ee JO0/kHAa OblTb paB- M N
Ha I—Qx n-/lou.lallb mzz/./‘//// /7 Ll LLLLL : A
BbIDA3HTCs MPOH3BELe- I R
HueM: x(I—2x)=I/x
— 2x?, o60Ha4YuM ero
yeped y. Hrak, Hano
HaliTH MaKCHMyM Tpex- Hepr. -
YyjeHa BTOPOM CTemneHH:

y=—2x241Ix.
Pemaem nmo BhieykasaHHoOMy.

y=—2x2+1x=_2(x2_i2x )

JHanee

[TosaTomy

1
MakcuMyM JAs1 Y NONYYHUM, NPHHAB X = 3 /. Toraa.

Ymax = % .
Tenepp nckomas ¢opMa nmpsaMoyroNsHMKa ONpejeJeHa:
1 1
AM=BN=—1;  AB=l

JauHa niaowaAxkd AOMKHA OHITh BABOe 60Jblle UIHPHHHL
Pemum Tenepp 3asayy, kotopas Ob/A NpHBEAEHA BHILE
(cm. cTp.9).
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3anaya 6. Ha Boicoxofi cteHe BucuT Nnaaxar. [13secTHO
pacctosHue oT Toukd O KO HHXKHErOo H 10 BEPXHEro KpaeB
nJiakara (4ept. 9).

OA =a (nanpumep 40 ),
OB = b (nanpuvep 48 x).

Annapat gortorpada AOMKEH HAXOIUTLCS HA TOPH3OHTAIbLHON
aunud OP. Cpnpamusaercsd, Ha KakoM paccroanun OM=x
ero MoMeCTHTb, YTOObL MNJAaKaT ObI BHIEH U3 annapara
IO HAUGOIbIIUM YIVIOM,
T. € 4YTOOH  yroa
AMB = ¢ 661 HaKO0Mb-
muM?

Pemwenune. Mu na-
IHM Clelylomiee H3fll-
HOEe reoMeTpHuYecKoe pe-
menue 3agaud. [lycts
r.i1a3 Hab.0aTena Haxo-
IUTCA B Touke M (uepT.
9). IlposemeM OKpyX-
HOCTb uepe3 TOUKH M,
A, B. Jlanee, uepes ce-
penuny otpe3ka AB
NpoBeaeM FOPU30HTAND-

Yepr. 9. HYIC MpfSMYIO, napasnjie-

apHyio OP, 1o BCTpEUH

¢ okpyxHocTbio B Touke L. Ouesugno, yron AMB=¢,
NOX KOTOPHM BHJAEH MJaKat, pased yray ALB. Tlpu
nepeMenieHud TOYKH M  OKDYXKHOCTb, HEH3MEHHO MpO-
xoasamas yepe3 Toukd A u B, OyleT uameHaTh CBOH PasMepH
¥ MOJMoXeHH2 Ha naAocKoCTH. OTHICKaTh NMOJIOXKEHHe, Aaloulee
MaKCHUMyM yrJa ¢, BCE€ pPaBHO, 4YTO OThLICKAaTh MAaKCUMYyM
rna ALB; a artor yroa OyneT TteMm 6oJblne, 1eM Oauxe
TOyka L K BepTHKAJbHOH nMpsamMoi OAB (3aMeTHM KCTaTH,
YTO TAKOBA )K€ BENHYMHA yIVa, MOJA KOTOPLIM MJaxKaT BHAEH
u3 touxH N). B myuke oxpyxHOcred, npoXOAAUIMX uepe3
toukn A u B, O6ynem ymeubwats paguyc. Touku M u L
OyoyT nmpH 3TOM NpuABUratbcs k npsimoil AB, a Touka N
6ydeT OTOABHUIaThCs OT 3TOH MpsimMoi; yroa ALB Gyaer pacTy.
Taxk Kak OKPYXHOCTb NOJKHAa HENpPEMEHHO HMeTb OOILYI0
TOUKYy € npsamoit OF, TO NpoLecc yMeHbIICHUS PaLKyCa MOXHO
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BECTH JHUUIb N0 TOTO MOMEHTa, Korxa Touka M (c Kortopoi
conpercs TOYKa /N) OKaxeTca TOYKOH KaCaHUsi OKPYXKHOCTH
u npamo#t OP. Ho B stom cayuae Hano Ot uepTt. 9 nepeiitTu
Kk uept. 10. Tenepp wuckomoe paccrosuue x=—O0M=
=CK HeTpyaHO onpe-
JENUTb U3 NpPsIMOYTO-
JLHOTO TPeyro/bHUKa
CKA. Nmeem: CA=
a-+b
=CM= + ; Ka-
2
b—a
teTr KA = —5 APy~
roif karer CK = 1T ---2
= VCA“—KA2=
=V ab.
Bce Bmmenpuse-
JIeHHbIe 33/1a4d OBlJIU

———

pelleHkl YaCTHBIMH
npueMaMy, T. €. TaKHu-
MM, KOTOpHE OBIIH
NpUCNOCOO/IEHDI K
KaxXaoi 3anaue B OT-
IeJbHOCTH. B fanbHefilInx riaBax MBI NMO3HaKOMUMCS C HoJee
OOIUHMH NpHeMaMu JJs pelleHHs NoAOoOHLIX 3ajad?,

p M T g

YepT. 10.

8. O NMPUBJIMXKEHHBIX BbIYHMCJIEHHAX

OTHOCHTe/bHAsA MOTPELIHOCTD

Ecau Ha Bompoc: ,Kakoso paccrosune ot MockBH 16
Jlennurpana?“ k1o-HUOyAb oTBeTHT: 650 x# 421 M 43 cm, TO
TaKoH OTBET BCEM [IOKaXeTcsd CTPAHHBIM M HEHYXKHBIM.
B camom nene, x yeMy TouHasg uudpa METPOB M CaHTHMET-
poB? Bexb caMble TP3HUILLLI TOPO0OB HE ONpPeaeNeHb HACTONbKO
To4HO. Kpome TOro, Kaxkoid npaxkTHUECKHH HHTEpeC MOXeT
HMeTb Takasg TOYHOCTb? BaxHo 3HATb, Oyner au 650 uau
651 xm, a 3TH CaHTHMETPH, COCTAB/AIIIHE NPHOIHUTENbHO

1 Bce n3naraemoe HHxE (KO KOHUA TAaBH I) ABASeICH JHIIE MOATOTC-
BUTEJbHRIM MaTepHaloM K raase I,
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OAHY MUMIHMOHHYIO YacTb BCEro PacCTOSIHUSI, MOXHO OTGpO-
cute. [lpu onmpepenenuu paccrosuus or 3emad po Coasua
pa3MepaMu 3eMHOTO LIapa MOXHO npeHe6peub. Ecau croasp
JenaetT OKOHHYIO paMy, TO BOMPOC O HECKOJbKHX MHJIU-
MeTpax JJs Hero He Urpaer poJM; HHOe aeno—l um npu
o6paboTke HgeTased KAKOTO-HUOYAb TOYHOrO MexaHusma. JTH
NpUMepH MNOKA3LIBAIOT, YTO NPH BCAKHX H3MEpEHHAX JoMmy-
CKAeTCsi HeKOTOpasi MOTpPEeUIHOCTb, MpHYeM HMeeT 3HadeHue
MMEHHO OTHOUISHUE JAOMyCKaeMoii MOTPEUIHOCTH KO BCei
BeJIHUHHE,

Ecaun Tpebyerca uamepurts crepxenr OA (uept. 11), TO
MBl HE MOXEM BHIOJHUTH U3MepeHHe abCOJMIOTHO TOYHO;
JOCTATOYHO YCTAHOBHTH TaKHe J(Ba 3apaHEe M3BECTHHIX MO

M AN
A
a a

depr. 11.

anune otpeska OM u ON, Mexx Iy KOTOPHMH 3aK/II04aeTCs A/11-
Ha crepxHs OA. Ecan 3a mauHy crepxHs npunats OM,
T0 AM Gyner a6CcOMOTHOM MOrPEIIHOCThIO; €CAH B3AThb JIUHY

ON, 10 AN 6yzet a6Co/OTHON norpemHoctsio. JIpo6n ?)—/X

AN
WM (57 HA3BIBAeTCS OTHOCHTE/NBHOM IIOT PELIHOCTbIO0; 3TH APOGH

3aMeHSI0T OJU3KHUMH K 6 AM ﬂ Mpu Ta-
M K HUM Opo6siMu oM W 557 p

KOM H3MEpeHHH MBl JomnyckaeM (aGCOMIOTHYIO) MOTPELIHOCTD,
MN MN

He Goabmylo, yem MN; oTHOWEHHE oM HIIH ON Ha3hI-
BAETCA NONYUeHHOH OTHOCHTE/NbHON MOTrpelHOCThLIO.

Bseaem o6osnauenns OA4 = x; OM =1; ON = [+ q; TOrna:

I<x<l+a

AGcomoTRas morpewHocTb: X—/ uau [ a-—X.
JonyuenHas morpewHocTb: d.
OTHOCHTe/IbHAsT MOTPEIIHOCTD:

x—1 _x—1

~ T

X {

18



HIH
l4+a—x I4a—x
x  l+a

(3HaK~~ 03HAayaeT NpHOAU3UTENbHOE DABEHCTBO).

Pacnpenenenue BeJuyuH MO pa3psaam

I'Ipome BCero MOXKHO H3MepATb BEJIUYUHBHI, YCTaHOBHUB paas-
pAAB eJUHHL TaK, 4ToGbl OTHOIIEHHE eNHHHIbl CAelylo-
mero paspdna K €4UHULE NPpeaAbAylero 651710 MNOCTOSHHBLIM,
T. e. TaK, KiK IOCTPOEHa MeTpHueckas CucTeMa Mep; B Hel
3TO MOCTOAHHOE OTHOLIGHHE eJMHHMIl ABYX COCENHHX pas-
1
Tk Y106cTBo Takoro cnoco6a H3MepeHHd
B TOM, 4TO OH M0O3BOJISET GHCTPO BHISICHSITb, KaKasa W3 IBYX
BeiNyuH Oouabmwe. Hanpumep, ecan manbnl ABa YHCHal

0,21489 u 0,21512,

TO Cpa3y BUAHO, 4YTO BTOPOE 4HMCA0 60JbIIE, TaK KaK OHO
HMEET 5 eJIHHHUL TPETbEro pa3pana, a MepBoe TOJIbKO YeThipe,
M TakHM 00pa3oM, CKOJAbKO Obl Mbl HH NPHUIHCbIBAIH aec-
THYHBIX 3HAKOB K MEePBOMY 4MCJAy, BCE PaBHO OHO He mpe-
B30#reT BTOpPOro uucsaa. lNocnexnuee 06bACHAETCS CBOACTBOM
yObiBatomes reoMeTpuyeckoit nporpeccud. B obuiem cayuae,
€C/H JaHO BLIPaXKeHHE:

A+ Ba+Ca24 D3+ Eat4-...,

pacmosoxeHHOe MO CTemeHsaM apo6HOro uucna & (Hanpu-
1—0100 ,a koaduuuents A, B,C, D, E,... mensie 1000),

TO CyMMa WYJEHOB pPf1a, HaudHasg C HEKOTOPOro MecTa, He
JacT Jaxe OAHOH eAMHULB NpeablAyllero paspsna, T. €.

Ca2+ D Fat4-...<a,
Dad 4 Eat ... < a?
H T. 0.

YcrauoBienne paspsinoB, T, €. 3HaMeHaTe/lsd TEOMETpHYe-
CKOM mporpecCMH—BeIlb yCa0BHAsA. MOXHO B3SiTh:
a—l'a——1~a—l-a 1
10’ 127 771007 7 1000

i T. 1. Uem meHblLe a, TeM GnicTpee 6yAyT yOniBaTb mocJae-
Zyiolllue ClaraeMaie,

paA0OB paBHO

Mep a=
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[MocTpouM cucreMy emuHun Beca, y KOTOPOH 3HaMeHa-

Tedb o= . 3a OCHOBHY!IO elMHULLY MBI BEi6epeM 1 in (Ton-

1
1000
Ha) U B 9THX eIMHMIAX OyneM BHIPaxaTh Pe3yabTaTH B3BeLIH-

m BHa 1 ke L 6 1z L
BaHHuA. paBH Kz, 1000 xe O6ynetr 1w mz

1
1000
paBEa 1 wme. [lycTe Ha MeTannypruyeckoM 3aBoje HOCTY-
napouas pyla B3BeIIWBaeTCAd Ha OOJBLINX BeCaX THPAMH,
BecoM Kaxjaas B 1 m. VI3 Hee BLIGHPAIOT KYyCKH IJ1s1 MPOGHI,
HX B3BEUIMBAIOT Ha BTODLIX Becax C rupsMu B 1 x2. 3aTem
6epyT MeaKHEe KYCOYKH I/ MeXaHH4YeCKOro aHa/au3a, H 3TH
KyCOYKM B3BEIUHBAIOT Ha TpPETbHX Becax, T[AE€ Kaxnuas
rupa—1 2. M, Hakomen, BecbmMa MeJKue MacChl BELIECTRa,
HIyliHe Ha XUMHYEeCKMH# aHanu3, B3BEUIWBAIOT HAa TOYHBIX
XMMHYECKHX Becax ¢ rupsMd B 1 me. Bec HEKOTOPOTO KOJMHU-
yeCcTBA PYJb, B3BEIIEHHOTO HA BCeX YETHIPEX BECAX, MOXKET
6niTh 3amucaH, Halmpumep, Tak:

7m 15xe 802 30 e,

o~~~
uay, kopoue, 7 158030 m, yTOo O3HAUaerT:

1 1 \2 1 \3
[7"'15'1000 +80- (1000) +30- (1000) ] "

Huian

7 4 15a + 8002 4 3048,
B ofwem cayyae noayuyaetcs BeJIHYMHA BHIA:

A+ Ba—+ Ca2— Dad.

Ecnu Teneps JaHbl ABa KOJMYECTBa:

A+ Bja+ Ce?+-Dya?
H

Ayt Bya + Cya2 + Diod,

H CMpalxBaeTCsd, Kakoe M3 HUX 6oJblle, TO, KOHEYHO, MBI
npexje Bcero o6paTHM BHUMAHHE H4 OCHOBHbIE eIUHUII
—toHHH. Ecnu A; > Ay, TO cpasy sak/io4aeM, 4TO Hepsoe
KonuuecTBO 6oJbiue, Ecau A, = 4,, TO BHUMaHUE MepexJo-
yaeTcss Ha Ko3puuKeHTH B, M B,; npu atoM™, ecau B; > B,
TO 3ak/al04aeM, HTO MepBO€ KO/MYecTBO 60Jblu€ BTOPOrO,
He o6pamias BHEMAaHHus HA noc/aeAYIoHUe ko3puuuests Cu D.
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Ecmn Aj=A4, u B,=2B,, To 6yneM cpaBHHBaTb Ko3duuu-
eutl C, u Cy ¥ T. 1.

Hano otmerzTs, onnako, caenymolee uckmouenue. Moxer
cl1yunThes, uto A, = A, B, > B, 1 BCe XK€ BTODOE KoJuue-
cTBO GoJsblie mepBoro. 2To OyaeT B TOM C/aydae, KOrjaa
xoadpuunent C, BecbMa BesUK; (B HauleM MPHUMEpPE B TOM
c1yyae, €cJAH OH DaBeH HeCKOJbKHM TheCcA4uaM). B aTom cay-
yae C,02 COCTAaBAT HECKO/bKO €IHHHI CTapllero paspsza
(sanmpuMep, HECKOJIbKO THCAY TPaMMOB COCTaBST HECKOJbKO
KHJIOrpaMmoB); Toraa Byz—+ C,02 MOXET 0Ka3aTbCs $oJblle,
yem Bya. Ho Mbl Takux ciayuaeB kacaTeCd He OynpeM.

IJKBHUBAJEHTHOCTDb

[TycTs naHBl ABE BE/JMUYUHBL
My =A+ Ba+}Cya2+4 Do

My=A + Ba - Cya2 4 D,a3.

Ecsin nonb3oBaTbCs TONBKO BecaMHU MNEPBHIMH H BTODBIMU,
TO 3TH ABa KOJHYECTBA KaK Obl paBHbl MeXAy C000H (TOou-
Hee TrOBOpS, HEPAa3NHYMMBL NpPH AaHHBIX CPEACTBAX M3Mepe-
HUSl Beca), IMOTOMYy 4YTO M IepBOe U BTOPOE KOJUYECTBA
IanyT OAMHAKOBEIE PE3yJbTaTH, a UMeHHO A - Bz [laab-
HedlIHe CJjaraeMble M 34ecChb U TaM OTHANLyT.

Takue nBa KoauyecTBa OyneM Ha3HBATL 3KBHBAJEHT-
Hu Mu. TOYHO TaK Xke, ecad JaHbl KOJHYeCTBa:

My =A+ Ba—+ Ca2+ D,o3

My = A+ Ba -+ Co2 4 Dy,

TO, eCA¥ MOAb30BaTbC NEpPBLIMM, BTOPHIMK H TPETbUMH
BecaMu, 3TH IBa Koauuectsa M; U M, Toxe Kak Obl pPaBHH
Mexay co0of, 2KBUBajseHTHol. OHU SKBHBAJEHTHH [10-
CTOJbKY, NOCKOJbKY B HalleM pacloPsXeHHH TOAbKO mep-
BHe Tpd THna BecoB. Eciu Bocnosnb3oBaThcs eme H yeT-
BEPTHIM THIOM BECOB, XHMHUYECKUMHU BECaMM, TO KOJHYECTBA
M, u M, okasanucb Obl He paBHBIMH MeXJy COOOH, H uX
HeJb3d OblM0 OBl CYMTATH 3KBHBANEHTHBIMH. B TO Bpems
KaK OOLIYHO MPHHATO TONHMATb PABEHCTBO TOJIbKO B a06-
COJMIOTHOM CMBbIC/JE (AB€ BeNHYHHBI MOTYT OBITH HJM paB-
Hel KM HE paBHBH, TPeTbAd BO3MOXHOCTb HCKJ/OYAETCS),
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3JeCb Mbl BCTPEYaeM HOBHIR YCJOBHBIN THiI paBeHCTBa: pe-
3y/bTaThl HK3MepeHus BesnuuH AM; u M, pasHbl B OAHOM
CMbICJIE M He paBHb B Jpyrom (B HaueMm MNpUMepe pPaBHHI,
ecqd He INOoAb30BaThCA YeTBEPTHIMH BeCcaMH, H He p4BHH,
ec/lH UMM Bocnoab3oBaTbed). OTclola cnelyer nOHsiTUHe
paBeHCTBA A0 €AMHHUI AAaHHOTO paspsja.

[lopsnox manoctu

Ecan IaHo KOJAUYECTBO

M=A-+4 Bo+Co2{ DaS}Fat-}-...,
TO Pa3JHMYHbIM CJAaraeMbHM MPAaBOM YAaCTH 3TOrc PaBeHCTBA
MPHHATO 1aBaTb 0COObIE HA3BaHUSA:

Ba HaspiBaeTcst BeJqMuuHOH | mopsigka MasnocTH
Ca‘l ” » Il » »
Dos » » Il » »

A He noayuHJ0 0COG0ro Ha3BaHHs; MOXHO €ro CYHTaTh
BE/HYHHON Hy/1€BOTO MOpSAKA MaJOCTH.

Ecau Bmecto M B39Tb A, TO 3TO 3HaYHT, 4TO OTOPOIIEHHI
BCce Masble Beauunubl (naxe | nopsaaxa). Ecau smecto M
B3aTb A + Ba, TO 3TO 3HAYUT, YTO OTGPOLIEHH BeaHuuHbl 1]
(1 Boicwero) mopsaka maaoctu!l. Ecam smecto A B34Tb
A + Ba—+ Ce?, TO 3TO 3HAayuT, YTO M B35ITO C TOYHOCTBHIO A0
BennunH Il nopsaaka manoctd, Ho oTOpoweHbl BeauunHbl [l
nopsaka.

O6biuHO TakO# Mepexol 3aMHCHBAIOT, MOJb3YACh BOJHH-
CThIM 3HAKOM paBeHCTBa:

M=~ A} B
HJId
M=~ A+ Bo 4 Ca2.
Ecau 3anmucaHo npuGauKeHHOE pPaBeHCTBO:
M=~ A+ Ba- Ca?,

TO OHO MOXET O3HauaTb:
M=~ A+ Ba—} Co2 - D,a8,
M=~ A+ Bx+ Cat + D3,
M=~ A + Bo+ Ca2~+ Dy

1 Yem menbwe B3ATh a, TeM Go/dblie GyAeT Pa3pbiB MEXKAY BeTHYHHAMH
Pa3NMYHOI O NOPSAAKA.
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g T. a. JIio60e M3 TAKUX DaBEHCTB BO3MOXKHO; HanbHEHIIHH
xo3¢unuedT D MOXKET OCTaBaThCs HEONpeNejeHHHM; 15
HAaC OH He HMeeT 3HaYeHHs.

4. NIPMMEPBI PUBJVYKEHHBIX BbIYUCIEHUR

[ToxayxeM HA npHMepax MpUMEHEHHE TAKHX MNPUOIHMKEHHHX
PaBEHCTB.

Npumep 1. Merannuyecku#t aumck paguyca r (uepr. 12)
BC/AEACTBHE HarpeBaHus pacmupuacd. [1pu atom pauHa pa-
JMyca [0ay4usaa HeKOTOpHH Maiawi nmpupoct. Ha#Ttu npu-
pOCT MJIOINAAM AMCKA.

YcaoBumcs cHauaa OTHOCUTENbHO HEKOTOPEIX 0003HaUeHHH,
B naabunefiiueM npupocT HEKOTOPOH NePEMEHHOH BENHMUHHBH X
MHE OyAeM Ha3blBaTb mpupauesuem U 0003HAYATH 4yepe3d Ax
(unraercs ,A3/bTa UKC*). 3Hak A—rpeyeckas
6yKBa ,13“ (RaabTa); cama mo cebe 3Ta OyKBa
HHYEro He G3HauaerT, a 6epercs BCeraa CJAUTHO
C paccMaTpuBaeMOid nepeMeHHOH BeNHUYMHOF
nono6GHO TOMY KaK 3HaK sin Bceraa mpucTa
BJsIETCS K HekoTopoMy yray. Ecau paauy
IHCKA, M3MeHssCb, NPUHUMAET 3HAYEHUS:

= 2,00; r=2,0003; r = 2,0006; r=2,0009;...,
TO NpupaueHHe kaxabl# pas passo 0,0003,
¥ 5TO 3amuchiBaeTca Tak: Ar==0,0003. Hepr. 12.

[Tono6HO TOMYy, Kak (sina)d He O3HayaeT
sin®a2, a eCTb KBaApAaT CHHYCA, TOSHO TakK Xe (Ar)? 6ymer o3ua-
yaTh KBaJpaT npupauraus, B HawewM npruepe (0,0003)2. Yura-
TeJb JOJKeH OTAHYATh NpHpalleHHe QYHKUUH OT NpUpalieHus
apryMeunTta. Hanpumep, ec1u naHa QyHKILHA Y= X2, TO 3Ha-
uenusaM x=4, 5, 6,7... oTBeyaioT 3nayeHus y =16, 25, 36,
49...;31eChb BCe MpHpalleHns aprymedTa Ax = 1; npupauieHus
¢yukunu mensorcs: Ay=29; 11; 13;...

Pewenne. [laomans ocHoBHOro kpyra S=rm=r2,

[Trowanb yBeqnHyeHHOro xpyra pasHa = (r-Ar)2.

[Tpupamennem maouwianu kpyra 6yneT y3koe Ko/ibLO, OXBa-
THIBAIOLLEe OCHOBHOM Kpyr (4epT. 12). DTo npupamenuns AS
paBHO:

x(7 AP — 72 = (124 27 - (AF) - (AP — P2 =
==[2r - Ar 4 (Ar)2] = 27 - Ar 4 m {Ar)2.
Ecan npupauwerne paamyca Ar BechMa Mano, HampuMep,
BblpaxKaeTcd B JECATHTHICAYHHIX J0J5X, To (Ar)2 Oyner
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BLIPAXATBCA B CTOMUJIHOHHBIX [0JfIX, H €CAH pelIeHHe
3apayu TpeOyeT TOUHOCTHU JO YETBEPTOr0 AEeCITHYHOIO 3HAKA,
TO BenMuuHOH (Ar)2 MoxuO npexeGpeyb. Torjaa Ind HCKO-
MOTO NpHUpAIIEHKs] NOJYYUM NPUOAHXKEHHOE PaBEHCTBO:

AS =~ 2rr - Ar.

K Tomy xe pesyabTaTy MoxuO mpuiiTh uHaue. [lnomanb
KO/IbIA NPUOJU3UTENbHO paBHA [JHHE OKPYXHOCTH, YMHO-
KEeHHOR Ha mHUPUHY Koabua. Ho KakKyio OKPYXHOCTb B3ATb?
Ecan B34Th A/MHHY BHYTPeHHe#l OKPYXKHOCTH, TO MOJY4HM
2nr - Ar, BeNHUUHY, MEHBIIYIO HCKOMOH. EC/M B3ATh BHEUIHIO
OKPYXHOCTb, TO NMOAY4HM 2% (r— Ar)-Ar, BeIuuMHy O0Jb-
myio uckomoit. [loatoMy uckomoe npupamenue AS ynosiert-
BOpSIET ABOHHOMY HEPABEHCTBY:

2nr - Ar < AS < 2= (rAr) Ar
Hd

2nr - Ar < AS < 2xr - Ar—-2n. (Ar)e

Ho kpaiinue uiensl HepaBeHCTBA OTJAMYAIOTCA MEXIY OG0l
Ha BeJHYHMHY BTOPOrO MOpsiJKa ManoCTH (CuHTas Ar BeaHuyu-
HO# mepBoro nmopsaka mainoctu). OrbpaceiBasi ee, MH MOXEM
3a AS npuaATh M06YI0 M3 BEJMYHH — JIEBYIO KU NPAaBYIO.
[Mpowme npuauste 277 - Ar.

[Tpumep 2. [1lap-30H1 Ha HEKOTOPOH BHICOTE UMEET PAXUYC 7}

NpH Ja/bHeHlIeM NogbeMe pajuyc MONy4Yusa NpHpalleHHe Az,
Haity npupauienne o6bema.

Pemenne Takoe XKe, KaK B NpeablaAylUeM IIpHMeEpE.

[epsonayanbHell 06beM Mapa V=§ﬂr3.

YBeauyenHu 06bem 6yner gu(r+Ar)3.

[MpEpameniie 06bema AV paBHO Ppa3HOCTH 3THUX BEJIHYMH:

AV=§7:[ r34-3r2. Ar4-3r- (Ar)24 (Ar)3 ] —-%ﬂ rd=

= %-:[ 3. Ar 37 (Ar}’—]—-(Ar)3]| .
o
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Ecan Ar BecbMa mano (Bemmuuna I mopsizka MamocTh), To (Ar)?
U (Ar)3 6ynyt Beanunnamu Il u Il nopsigkos manoctu. Or6pa-
ChHIBasl HX, HalgeM 4To,

AV%-%‘R . 372 Ay, unu

AV =~4ns2. Ar.

MMpumep 3. [MoxasaTh, YyTO /s MAJOrO YI/a ¢ MOXHO sina
U tg o 3aMEHKTb yepes d.

UnTaTealo H3BECTHO, YTO JJMHA OKPYXHOCTH 3aK/11043aeTCs
MeX1y NepUMeTPOM BIHCAHHOTO U NEPUMETPOM ONHCAHHOro
MHOTOYyrobHUKOB. OG6GO3Hayas MepuMeTp MPABHABHOTO BNH-
CaHHOTO MHOTOyrosbHHKa uepe3 /, NEPUMETD ONMHCAHHOIrO —
yepe3 L, IAMHY OKPYXHOCTH uepes

C=2nR, nollyuuM HEPaBeHCTBO: g
I<C<L,
uau 4
1 < 2tR < L. (1) 24

Ecau MHOTOYTOJNIbHHKY HMEIOT A
CTOPOH, TO Pa3/e/IUB BCe TPU BeJH-
YHHB HA 7, TOJYYUM IS HeGO/b- A
nioro oTpeska JYyrd (4eprt, 13) Yepr. 13.

(rl—z OKPYXHOCTH | HEPaBEHCTBO:
a,<\wAB<b,, 2)

rae a,—CTOPOHA BNHCAHHOrO, b,—OMHCAHHOTO MHOYFO/b-
nuka. O603Ha4uM LEHTPANbHBIE YroJ, M3MepeHHLl B pafua-

, 2m
HaX, PaBHHi —-, UePes X; TOrJa AMHHA AYTH PaBHA Rx. Cro-
pOHa BMHCAHHOIO MHOTOYTOJNbHHKA @, PaBHA YABOEHHOH JH-
X
HUM CHHYC3 YIWIa 5 ==¢; CTOPOHA ONMMCAHHOTO paBHA yABO-

eHHOM JWHHMH TaHreHCa Toro xe yraa. [loatomy paBeH-
cTBO (2) 3anmuumercs Tak:

2R - sing < Rx<2R .tg'§V
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WJH, IeNs BCe YJEeHH HepaBeHCTBa Ha 2R, moayyum:
. X X X
sinz<s<<tgs;
X
WaH, NPHHMMAR & = o:

sine<a<tga. (3)

ByneMm « cyutath BenHuuHOK | mopsaka Manaocrtu; Torma
H sin ¢ H tga tTakxke 6yayT BeIMyHHaMH I mopaaxa [motomy
4yTO, yYMHOXasi Bce ujeHbl HepaBeHcTBa (1) Ha n .2k, MH
noayunM BecbMa O/n3kue Mexay COOOH BeJHYHHBEL]

L
0 [ @\

Yepr. 14 Yepr. 15.

JoxaxeM Tenepp, 4TO OHH SKBUBaJEHTHH, T. €. PaBHH
C TOYHOCTBIO JO BEJHYHH BTOPOro HJIM GO/€e BLICOKOro
nopsaka Manoctu. C atoit uensio (4ept. 14) paccmorpum
Pa3HOCTB:

LA— MK=LN= Rtg a — Rsin a = R(tg « — sin a).
Hau, npyauMas aauHy paauyca R 3a efuHHLy:
LN =tga—sina.
Himeem:
LN=MN -tg a=(0A—OK) - tga=(1—cosa) - tga.

Ho

. a a a
1 —cosa =2sin?2- = 2sin = - sin =.
2 2 2

. . a
Beanyuna sina I mopsiaxka ManaocTu, sing  TaKxke I no-

paaka. ITosatomy
1—cosa...Il mopsiaka.
Otcrona
LN=(1—cosa)-tga...lll mopsaka mamnocTH.

Wrax, MBI MOKasanu, 4To pasHOCTb tgo-—sina €CTb BeJH-
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yuna Il nopsaka manocTn. A Tax Kak a 3aK/JIOYEHO MEXAY
HuMH (uepT. 15), TO pasHOCTb a—sina M Pa3HOCTb tga—a
nojasHo Il mopsiaka. DTo 3HAYMT, YTO e€CAH « H3MepsieTcs
B COTHIX AO/fX eJHHHMI[bI, TO Pa3HOCTb & — sina HIAH tga —a
6yner u3MepATbCA B MHJIMOHHBIX JOJfAX; €CAH & B THICAY-
HHX JI0JIAX, TO 3TH PA3HOCTH — B TPHIIHOHHBIX f0aax (107°),
A notomy sino U a; tga U o 3KBMBAJNEHTHBHIL.

Mpumep 4. Ecau Hano nepeMHOXHTb ABa INByYideHa A -}-a
u B+B, rae ¢ u B—Manble BenIHMYMHB OLHOrO INOpSAKa
(nanpumep, 00a BbIPaXEHH B THCAYHBIX JOJAX), TO B MPOM3-

BeJeHUH
(A+a)(B+B)=AB+ Ba+ AB+-aB

MOXHO OTOpPOCHTH MOC/IeNHee CJaraemMoe, Tak Kak MpOou3Be-

aeHde AByX Maaux | nopsaka paer Beauunny Il mopsiaka

manocTu. Hanpumep:

(6 +0,002)(5 - 0,003)~<30 -1- 5 - 0,002 -+ 6 - 0,003;

[Mpoussenenue 0,002 0,003 =0,000006 BLIpaxaeTcsi B Mui-
JHUOHHBIX JHo/sdX. TOYHO TaK e B NPOHM3BEAEHHUH:

(A = a)( B+B)(C+1)—ABC+BC¢+ACF3+A31+
+ AR+ Bro - Co - afy,

OrpaHHyydBaACb BEJAUYHHAMH I nopankKa, Mbl HamUuIIEeM:

(A4 )B4 B(CH1) = ABC+-(BCa+ ACB+ ABr)

n ot6pocum Beauuuny Il mopsaka (ABy -+ Bya - CuB) u Benu-
yuny Il nopszaka ofy.

B caenywowe# rnase KHHUru MH 6ylIeM paccMaTpuBaTh Ma-
Jble M3MEHEHHS HEKOTOPOH BeIMYUHBl, 4 HMEHHO C/y4au,
KOorja nepeMeHHas BelMYHHa A MepexoauT B

M=A-+ Bi—+ Ca2~-Da3 ...

N3 npupamenua Ba+-Ca?+ Dad--... Mb GyLeM BHIENAATH
Maayio | mopsanka, T. €. BeaHYHHY Ba KaKk HauboJaee cyure-
CTBeHHYIO0 (BeCOMYy10) 4yacTb. UTo6H MOKasaTb, KaK MPOHU3BO-
JOATCA TAKOrO pola BblYMCAEHHUS, NpPUBEAEM elle HeCKOJbKO
npuMepos.

lMMpumep 5. B mauHui#i koHyc Bnucan uuausap. Haiitu
npupalienve 06beMa UMAMHIAPA MPH MajaOM H3MEHEHHH pa-
IMyCca OCHOBaHHA €ro [UHJAMHApP BCE BpPEMsl OCTAETCS BIH-
CaHHHM B KOHYC (4epT. 16)].
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Pemenune. O603nauuM pagnyc OCHOBaHUS UMJIHHADA Yepes
X, €ro BHCOTY uepes y. [IycTb paauyc X yBejuueH no x - Ax.
Torma umuaMHApP CTaHeT TOJIlE, T. €. BOKPYT HEro MOSBUTCA
HOBHIAI 0O6Jeramoumuil c10#; HO OAHOBDEMEHHO C 3THM YMeHb-
mutcad BolcoTa puanipa. O6bveM atoro obaeraruero ¢/10s
paBeH IJIOWAAH KO/blla B OCHOBAaHMM, YMHOXEHHOH Ha BhHI-
COTYy, T. €. NPUONH3HTeNBHO paBeH 2mx-Ax.y (cM. npH-
mep 1). C apyro#t cTOpoHH, y6aBHUTCS TOHKH# CJOH B Bepx-
HeH 4YacTH LMJAKHIpPA; O6BbEM 3TOro caos paBed mx3-Ay.
[TepBoe mpupaueHHe CYUTAEM IOJOKHTEAbHBIM, BTOpPOE —
OTpHUaTebHBIM. B dajbHelmeM WX npuperci CPaBHHBATH
(NpH HAXOXKAEHHMH MaKCHMyMa oObema UMJAUHAPA).

Ho spech y yaTaTens MoxeT BO3HHKHYTH
COMHEHHE, CYMTATb JH 3a BHICOTY OOb-
€MJIIOLLero €0 BeJHYHHY Y (BHICOTY B
Hauajse mpouecca H2MeHeHHs) WM y—Ay
L f=—=\M (BBICOTY B KOHLE Npollecca HU3MeHeHUs)?
SRl OnHaxo, MOXHO H30€XaTb BCAKUX COMHe-

HHH, €CAHM BOCMNOJAb30BATHCA INOHATHEM

| |
! !
I! y ! 3KBHUBAJEHTHOCTH. Belb, BO BCAKOM Ciyudae,
! ! NOJIOXKUTENbHOE NPUPAlLEHHE 3aKAI0UALTCH
== MEXJY BeJHUUHAMU
A I 5 2rx-Ax -y u 2nx-Ax . (y—Ay)
HJIH
Uepr. 16.

2xx+Ax -y n 2nx-Ax . y—2=x-Ax- Ay,

a 3TH BeNUUYHHBI C Halled TOYKH 3PEHHS] SKBHUBAJEHTHHI, TAK
Kak oTauuaoTcs Ha BenuuuHy Il nmopsaka. 3a monoxurenb-
Hoe mpupallcHHe AV MOXHO B34Tbh U TO, U Apyroe. Y noduee,
pagd npocToThl, B3iTh NnepBoe. TOYHO TaK xKe, AJA OTPULA-
TE/NbHOrO MpPHPAICHUA MBl MOXEM BHIOUpPATh MeXay =x2.Ay
U rm(x-FAx)2-Ay, . e. mx2- Ay H wx?-Ay4-2nx.Ax- Ay
-+-m(Ax)?2. Ay, a 3TH BBIPAKEHHSI OTJHYAIOTCA MEXAY COGOMH
Ha enuuudn Il u III mopagka mamocTH, KOTOpHE MOXKHO
OTOPOCHTb.

[lpumep 6. HaGmonarens naxopurcs B Touke M (ueprt. 17);
OH paccMaTpuBaeTr KoJoHHY AQ=a M BUIHT ee NMOJ YyIJOM,
pasubim o. [Iyctb AM = x. Ecau uab/aionaTeap nepedjer
TOuKy AM’, OTCTYRMB Ha BeaMuUHY AX, TO Yroa ¢ yMeHb-
IIATCS (HA BeJHUUHYy Aa),
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Peurnm 1Be 3apauu.

1) MoxHO .M 3aMeHuTb TpeyroasHuk OMM’ cekTopom
oMP?

[MepBu#t cnoco6 Ilyctb Ax —wmanaa senuuuHa (I mo-
psaka). OM=1; OM’ =[- Al. Onumem paguycom OM =1
ayry MP no Bcrpeun ¢ npamoit OM’. Jlyry MP moxHo 3ame-
HUTb xopIoi A.P (npumep 3), a yron MPO 6ausok k 90°, a
noToMy TpeyrombHuk MPM’ MOKHO NPHUOIHKEHHO CYHTATh

0

Al I M~~~

Yepr. 17.

NpSAMOYroabHeIM. HeTpynno BuaeTb, uYTO CTOPOHBI MaJOTO
TpeyroibHuka MPM’ — Benuuunel OXHOTO MOPAAKA MaJNOCTH.
Tak kak Ax cuutaercd | nopsaxa, TO U APYyrHe AB€ CTOPOHHI
takxe | mopsaaka; Toraa u yroa Ae (B pamianax) | nopsiaka.

[Tromanp Bcero TpeyronbHuka OMAM' ecTb Besanuuba

I nopsiaka. OHa paBHa 1 MM . OA = %a~AX.HJIOHJ,aﬂb Ma-

2
noro tpeyronbuuka MPM = % MP . PM'; wo MP < Ax;
PM’ < Ax;noatromy mn. A\ MPM' < lz Ax Ax = % (Ax)?, u

apasietcs: BeanunHod Il mopsiaka. dro osnauaer, uTo ecam Ax
B351TO, HampUMep, B THICAYHBIX HOJSIX eIHHHUB (MeTpa), TO
naoniaib Manoro TpeyroasHuka MPM’ 6Gymer HMCUHCASTBHCS
B MUJUIMOHHBIX HOJSX (KBaipaTHOro Merpa). [lostomy ot
tpeyroabuuka OMM’ MoxHO OTGPOCHTB Tpeyroabuuk MPM’
H 3aMeHuTb TpeyroabHuk CMM’ cekropom OMP.
Bropoi#t cnoco6. Onumewm eme ayry M'Q u3 Touku O

pazuycom OM'==[4-Al. [Tnomanb cektropa OMP paBHa ;—1‘2 * Aa,
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(dnnna nyru paBHa /- As; nromwanb CEKTOpa paBHA MOJO-
BHHE NPOU3BENEHHS IJHHBl AYyrH Ha pajgHyc).
Ananornuno, niomags cexkropa OM’Q pasra:

-é— (1-|-A1)2.Aa=.;— [24-20. Al (AL)?] - Aa =

==;—12'Aoc—|-l-Al-Aoc—|-—;— (Al)? - Aa.

Y o6oux cexropoB Majsle [ mopsaxa COBMagaioT, C/aeno-
BaTEJbHO, OHH 3KBHMBAJEHTHH MO MmiaowWAagd. A Tak Kak

1. OMP <na. N\ OMM < na. OM'Q,

To TpeyronbHuk OMM’ skBuBaneHTeH JIOOOMY M3 HHX, 4TO
U Tpe60oBaJOCh AOKa3aThb.

2) Ha#itu cBa3b Mexay Aa u Ax,

[Tepeuit cnoco6. vra MP=/[-Aa. VI3 ,npsiMOyron-
HOro TpeyroiabHuka“ MPM' unmeeu:

MP l.Aa

"= Ax= ~——.
MM x sin (¢ — Aa) sina

[[Tocnrennas saMena AONycTHMAa, NOTOMY YTO Pa3sHOCTh Me-
W]y ITHMH BeJHYHHAMHU €CTh:

1 1
Le A (Sina— sin (& — Aa) )’

HO:
. a . a
sina=—+; sin (o — Aa) = IFar
OTKYZAA
1 1 Y Y e o Y
sine  sin(a—A7) a a a’

IO3TOMY BHIpaXeHue B CkoOkax ecTb BenuunHa I mopsauka,
a npousseaeHue — Beauuuna Il mopsanka.]
Hrak,
[ Aa
sina
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o6paTHo:
Ax.sina_Ax a_ Ax-a_ a-Ax

M==T =TI~ F “@ta
Bropoilt cnoco6. B tpeyronpuuxe OAM BMeCTO yria &
6epeM ponoJHHTeabHBE yroa AOM=¢:
x4 Ax

X
igo=—;tglorae) =—7 —.

BepeM TaHreHc pasHOCTH 3THX Yr/ioB mo Qopmye:

g G- =1 L

1{-tga-tgh’
[Mosyuum:
x+A8x x
tg (Av) = tg (o 1 Ao — ) = a ?_.
' ! ' x x-+Ax
a'  a
Uan
x ox
a a a- Ax
tg (A9) = : x2—|-x~Ax% x? @i f-xt’
T e
Ho Ha oCHOBaHMH CKa3aHHOrO B mpumepe 3 HMeeM:

tg (A7) =~ Ay;

u3 uept. 17 crenyet, uto Ap=Az (1m0 a6COMIOTHOMH BENUYHU-
He), OTKY/Aa OKOHYATEAbHO!

a- Ax
az+x2°

W3 npuBegeHHLIX NPUMEPOB BHIHO, B UEM COCTOUT CHOCO6
NpuO6/DKEHHBX BRIUHCAEHH . Manbie Be1M4uHEl Kak 6l pacnpe-
geasiotcs no paspaaam. Hyneso#t paspsan, uau nopsiiok, —
3TO KOHedYHHle, OOLIYHBIE YHCJAA, NEpPBBLIA paspsam— MaJjble
BeNHUUHBl d, B, Y,...; BTOPO# paspsaj — 3TO BeJHYHHH BUIA
a2, B2 1%, a3, ay,...; TPETHH paspal— BeAM4IUHb BHIA a3; [
B2, afy,... [Ipy cpaBHEHHH ABYX KOJHMYECTB MPHHHMAIOTCH BO

31
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BHEMAaHHE eJHHHIB 6osee HusKoro paspapa. Jas mac 6ynyt
HMeTb 3HA4YeHUS MMEHHO BeJHMYHHbl NEePBOro paspsijla; Beau-
YUHBEL BTOPOTO M TPETHEro paspsaAoB Kak OB BBINALAIOT, OT-
6pacHBaOTCA.

Kakyio xe penwuuny cuurath Manoi? CuuTtath JM Manoi
a=—l% H 0oTOpacHBaTh BENHYMHY BHIA m2=———10300 ?
Winn 'raKoel HCUMC/EHHE CIMIIKOM rpy6o? CuutaTh JH Ma-

1

1000 1000000

[TpakTHYeCKH 3TOT BOMPOC PelIAeTCs TeM, KaKas TOYHOCTb
H3MepeHus1 Tpebyercs. TeopeTHuecKH Mepa BeJHYHHE o
ocTaercsd NpOH3BOAbHOH. B crnenymuwefd rnase Mol 6yzem
CYHTATb BEJHYMHY ¢ HACTOJbKO Manoif, 4TO OTOpachiBaHKe
BEJHYUH BTOPOTrO M TpPETbero NOPSAAKOB COBEDIIEHHO He
BJHSIET Ha pe3y.bTaT BblukcTeHHH, Ho B TakxoM cayuae no-
HSITHe TOYHOrO PaBEHCTBA MOXHO 3aMEHHTb 60J€€ WIHPOKHM,
Gosee THOKUM MOHATHEM 3KBHBAJEeHTHOCTH. Takoe OTCTyI-
JeHue OT OOBLIYHEIX TOYHBIX apUdMeTHUECKHX M anrebpaude-
CKHX paBeHCTB (M HEpaBeHCTB) MOXET HAa MepBHIX 110pPax
MOKAa3aTbCA HEMPABU/IbHBIM YHTATEJIO, MOXET JAaxe OTMyr-
HyTh uuTatens. OQHaKO, NYCTb OH BOOPYKHTCA TepMneHHeM:
9T0 OTCTYyMJIeHHe eCTb JHIUb HAYaJ0 HOBOTO HACTYMJEHHH H
B JaJbHedIleM YUTaTeNb cyMeeT yOeIHTbCS B LieJecoob6pas-
HOCTH BBEJCHHS NMOHATHSA SKBHUBAJEHTHOCTH.

JBIM ¢ = 1 0OTOpAaCHIBATh BEJTHYHHE BUA 62 =



rIABA 11

METOJ MAJIbIX [PUPAILEHMIA.

1. H3JIOXXEHUE METOJIA.

B mepBoi#i rnaBe Mbl pelinJd pAA 3ama¥ Ha HaxOxIeHHe
MaKCUMyMa X MHHMMYyMa, NDHYEM [JIs1 peLIEHUS KX MbI IPH-
Gera/ii K pPa3MYHBIM UCKYCCTBEHHBIM NpHEMAaM. A HMEHHO,
B KaXJoi 3amaye Mb, co06pasysacb C ee OCOGEHHOCTAMH,
CBOJHMJ/IH pellIeHHe TeM WM HHBIM MYTEM K APYrOMY BONpOCY,
pelieHre KOTOPOTrO OKa3biBaJOCh MOYTH OUYEBHAHBIM.

Ho ortwickuBaTth aasg BCAKO#H, NpeNJOXEHHOH HaMm 3a-
Jayd Ha MAaKCHMYM-MUHMMYM HOBHI HCKYCCTBEHHBIH NpDH-
em Oblo 6bl KpaiHe Heyno6Ho. [ToaToMy MaremaTuxa, Kak
H [pyrHe HAayKH, CTPeMHTCs HaliTu 06wWHE npuem, oOiui
METOJ [IJf1 peueHHs mozo6HOro pona sagad. Yxe B XVII B,
yuenbnie Pepma ¥ BuBHaHH Hanucany crneuuanbHbE COYKHE-
HUs Ha 3Ty TeMmy. TouHoe M HcuepnbiBalllee pelleHHe
3TOTO BONpOCA BMECTe €O MHOTUMH ADYTHMU OBJIO AaHO
nzobpetTenneM AudeperunasbHoro ucuucaeHus. O6 3TOM
YHUBEPCAJbHOM METOJAE uHTaTeJb Y3HaeT B MNocaedHed
rJiase.

B macrosiue#f rmaBe Mbl gaguM oOmui npHeM, IPUTOLHHI
I onpeneJeHHOH rpynne 3anad. JlocratrouHo 6ympeTr ysic-
HUTb ceOe 3TOT NPHEM HA JBYX-TPeX 3ajayax, 4TOObl MOJy-
YUTh BO3MOXHOCTb DEIIAaTh TAKUM Xe MyTeM ULeJabH psax
HHTEPEeCHHIX 33734, BCTPEUYAIOUINXCA B NIPAKTHYeCKOH paboTe.
Mbl nasoBeM 3TOT MNpPHEM METOAOM MaJHX NpHpalleHuil,
TaK KaK H3MEHeHHE BCAKOH Be/MYHHBl (HampUMep H3MeHe-
HHsl yraa ¢ B 3ajaye C [JaKaroM) MH Oyxem paccma-

g

TPpUBATb KAK COCTABJACHHOC H3 MOCJAE€LOBATC/JABHBIX OYE€HBb
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MANBX H3MEHEHHA, a A7 TAKHX MaJBX M3MeHCHHH MH CyMmeeM,
NoJb3ysiCh pe3yibTaTaMM Npeawjyliel TIJaBbl, NHCaTh AO-
BOJIbHO mnpocThie (opmysan. Koneuno, syuille Bcero 4ura-
Telb YACHHT cefe Jen0 Ha NpaKTHKe, TOCMOTPES, KaK
3THM METOIOM DpelIalTcsd 3ajayd. [IpeaBapHTeNbHO HamuM
TOIbKO HeKOTopLie moscHenus. Hauwem c nmpumepa.

Ecan cnpocutb, korza B JeTHU#l xapKuH IeHb TeMmepa-
Typa BO3lyXa Hau6GOJbIIAA, TO KAXKAbI# NO ONMBITY CKAaMXeT,
9TO 3TO 6blBaeT NPHOJHM3HTENBLHO OKOJMO yaca aug. A Bejb
COJIHLIE ObIB3eT Bhillle BCer0 B MNOJNEHb, B 12 uacoe naHd,
H B 3TOT MOMEHT OHO MNOCHIJAeT HaudOJbIlee KOJHYECTBO
ayuell. [loyemy xe Hamboabluasg TemnepaTypa He IPHXO-
AuTCA Ha noajeHn? [lpuumna 3akaioyaeTcss B TOM, 9TO HAIO
YUUTHIBATh JBa 06CTOATEIbCTBA (ABa (paKkropa): KOJMYECTBO
NajalolKX COMHEYHBIX JAyded M JydeucnyckaHue (Pacxon
Tenna B OKpyxawiuylo cpeny). M po noayasus u mocae
NOJYAHA NPOHUCXOAMT HCNYCKaHHE Temnsa HarpeThiMH CJA0AMH
arMoc@epH B BbIIIEJEKALHE CAOM H OKPYXKAaloUyo Cpeny,
fpy4eM HMHTEHCHBHOCTb 3TOTO JYYeHCNYCKAaHHA MOCTENEHHO
Bo3pacraet. Hao6opor, Ko/inyecTBO Temna, AaBaeMoro CcoJ-
HEYHBIMH Jyuamu, HocJe 12 yacoB gHA NOCTENEHHO YMEHb-
maeTtcq. Ho ot 12 yacoB npu6Au3HTENEHO 10 Yaca IHA MOCTY-
nJaeHue TemJa ocTaercss 6oJblue, 4eM pacxoj] yepes Jyde-
HCIyCKaHHe, H B pe3yabraTe obuiee KOAHUSCTBO TemJja
yBeJUYHBAETCsH, TeMnepatypa Bo3ayxa noswimaercd. OnHAKO
HaCTYMUT MOMEHT, KOrja MNOCTyIJIEHHe H pacxof Temnia
yPaBHOBECATCS, @ B JaJbHEHIIEM pacXOA TEIM/a CTAHET 60Jb-
e, 4eM MOCTyN/eHHe, H O0ilee KONMYECTBO Temnna (U TeM-
nepaTypa) HauyHeT yMEeHbWIATbCA. Y Ka3aHHbBIM MOMEHT U Oyaer
MOMEHTOM MAaKCHUMaJbHOH TeMnepaTypH !,

B peficTBUTENBHOCTH BOMPOC O TEMJIOBOM COCTOSSHHU aTMO-
cepu ropasgo cuaoxsee, Hano eme yunteBaTh 66Ja4HOCTE,
BJIAXXHOCTh BO3JyXa, BETPbI U T. X. MBI yNPOCTHAH (PU3KUECKOE
sIBI€HMe, PACCMATPHUBASl BO3AEHCTBHE JHIIL ABYX (AKTOPOB,
ABYX NpHYHH (CONHEYHBIX JNydel H Jiy4eHCIyCKaHus), Aed-
CTBYIOUIMX B TNPOTHBONOMOXHLIX HanpasiaeHusx. [lepenom-
HblH MOMEHT, B HAlIeM MNpHMEpe—MaKCHMyM TeMIepaTypH,

1 Pacxop Temna uepes Jyd4eHCIHyCKamHe mocre 12 wacos MOXET Haxe
YMEHbUIATbCA, HO GOLICTPOTA 3TOTO YMEHbLICKHA JOMXKHA OblTe MeHblue,

yeM 6nCTPOTd YMOHbIIEHHS KOSHYECTRA Tennd, IOCTABAAEUOTO CONHETHLIMY
TyyaMm.
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HMeeT Ty OCOGeHHOCTb, ¥TO MpPuOaBrM (MpHUPAIICHHUS) TENIE,
NOJOXKUTENbHEIE ¥ OTPHLATEJbHBE, B 3TOT MOMEHT yDaBHO-
BELIHBAIOTCS.

PaccMoTpHM ele oauH npumep.

[TycTb B 3akpbiTOM GacceilHe BOJA HAXONUTCA HA YpOBHE A
(uept. 18). Yepes Boposky B Touke L BIHMBaeTcs BOIa,
NpHUYeM CKOPOCTb MPUTOKA BOApl NMOCTENEHHO yMeHbIIaeTcs.
OaHoBpeMeHHO ¢ 3THM uepe3 TpemuHy B Touke 7 Boaa
BHITEKAeT, MpHYEM TpEIlHHA YBEeJUYHBAETCH, TAK YTO CKO-

poCTb BHTEeKaHHA BOJAW pacreT. [lycTh, Hanpumep, mo Mu-
HyTaM

BTEKaeT BbITEKaeT
1-8 Munyta. . . . . . 10 cu? 1 ¢
2 e e 9 , 3 .,
3 " 8 , S5 ,
4 e e 7, 7.
5 e e 6 , 9 .
6 w e e e e 5 . 1,
7 e e e 4 , 13 ,

B nepBHle MHRYTH BTEkaeT 60Jblle, YeM BhITeK2eT, B ypo-
BeHb BOMABI B OacceiiHe OyzaeT MOBBHIIATLCA. 34TeM, B TeueHie
HEKOTOPOro MaJioro MNpoMexyTKa BPEMEHH, CKOPOCTH BTe-
KaHusl M BBHITeKaHus GyAyT
npubAA3UTE/NbHO PABHBI, BTe- \ /L
KaHHEe Y BHITEKAHHE YPaBHO- i
BeLIMBAIOTCSs, H YyDOBERDb BOAL 4 =
He OyIeT 3aMeTHO H3MEeHATb- —
cid. B nanbHedmne MaHyTH -
6yneT 60MbIlIe BEITEKATD XKH - - T
KOCTH, YeM BTeKaTtb, H Ypo- - /v
Be€Hb BOA. B OacceiiHe Ha- 7\7
yHeT mOHWXaTbhcsa. OTcCiona Yepr. 18.
cJenyeT: YpOBeHb BOAH / RO-

CTHIHET HanGoaplied BHICOTH (MaKCHMVYMa) B TOT MOMEHT,
KOTAa CKOPOCTH BTEKaHHA M BbITcKaHHA OKaXyTCs PABHLIMH.
B mamem npumepe 370 OyneT B 4-10 MHHYTY.

B naabueilluux 3ajgayax HaM MNpUIETCA TOYHO TaK xXKe

paccMaTpPUBaTh U3MEHEHKE NepeMeHHOH BeJHUMHE F, koTopas
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noayyaer noC/AeIOBATENbHBIA DPAA NPUPAIMEHUH MOMONKH-
TeJIbHBIX W OTPHUUATENbHBIX (APYr MOJ APYroM CTOAT NPO-
HUCXOJSALIHE ONHOBPEMEHHO [MOJNOXUTENbHbIE M OTPHILATe/b-
HBle NPHPAUIEHHUs, HAapUMeD m,; U An,).

F=A4+m, +m,+mg+m,+m;+...+m-...

— R —Ny—ny— Ny — Hy—...—H,—...,

T. €.
F= A+ (m—ny)+(my— ny) 4+ (my—n3) +... 4

- (m,—n) ... (1)

HonyctuM, uTo cuauana uucia m Gosplue YMCeJ 7, H 4TO
NOCTENEHHO NpUpalleHus m CTAHOBATCA MEHbIIE, a Npupa-
LUIEHHA 1 cTaHoBATca Goapmie. Torma caaraemele (m, —#,),
(my,—ny), (Mm3—mng) ...CHAYaJMa OCTAIOTCH MOJOKUTEABHEIMH,
H BenuuuHa F Gyper Bo3pacrtatb. Ho mocTeneHHo 3Tu pas-
HOCTM m;,—n, CTAaHOBATCS MeHblle, BO3pacTaHue F cTa-
HOBHTCSA 3ameaneHHHM. M 3TO Bo3pacTanue F NpeKpaTuUTCA
TOrja, KOrxa m;—n, NOJONAYT K HYJI0, U 3aTeM, HauyuHag
C HEKOTOPOrO HOMEpA i, H3 NMOJIOXKHUTENBHLIX Uuce/1 06paTares
B oTpHuaTenbHee. [locne Toro kax m,—n, CTaHyT OTpHIa-
TeJbHBIMHU, HOBbIE c/araeMble cyMMsl (1) 6yAyT TOABKO YMEHb-
IaTh BeJHYUHY F, 1 oHA OyneT yOblBaTh. A TaK KaK Mbl MUIEM
MakcuMyMm nas F, To Hajo OTMEeTHTb HMMEHHO TNepeaOMHEIH
MOMEHT, MOMEHT NpeKpalleHHs BO3pacTaHUs M Hayana yOH-
BaHHsi. DTOT MOMEHT ONpejeseTcs TeM, YTO Pa3HOCTb M,—n,
JDO/XKHAa O6paTHTbCA B HYAb, T. €. m,=n, 3aMETHM elle,
4TO MH OynemM OpaTb 3TH NMpHUpAlleHUs BecbMa MalbIMQ,
a4 4HCIO0 TaKMX NpHpalleHHH BecbMa OOJBIIMM; XOJA paccy-
XIEHHH NPHU 3TOM OCTaeTCs NpPEexHuM L.

1 MOXHO NpPemfIod0XHTh, YTO APOCGJEeHHWE NpPHpAIleHHH [PORONKAETCS
KaK YrogHO JaneKko, T. €. AONYCTUTh TEOpeTUYEeCKH, HTO YHUCJIO HX n,
pacteT g0 GECKOHEYHOCTH; TOFAd Ka}MJ0e M3 HUX CTPEMHTCA K HYJIIO WIH,
KaK TOBOPAT, CTaHOBHTCA ,0ecKoHeyHo MaabiM“, VI B atom cayuae xon pac-
Cy:XIeHHS COXPaHAETCA, HO NOABAAIOICA HEKOTOpble OCOGEHHOCTH 3THX
ManblX BENHUHH, MEHAETCS WX XapakTep, BuluHcieHne ¢ Takumu ,6ecko-
HEYHO MaJbIMH® eCTb OCHOBHOU mpveM JHbepeHUHaNlbHOro HCYHUCACHUS,
Hexoropsle NosicHeHHs YHTaTeJb MOJYYHT B fociefHell riaase, HO, BooOule
roBOpf, 3TOT BONPOC OTHOCHTCS BCeUeNO K BhICIIeH MAaTeMaTHKE.
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CkasaHHOE NOsICHHM TaK-

xe urpaduuecku (vept.19). 4
B BepxHeit uyactu yep-
TeXa MpeACTaBJeHH npu-

palleHUsl MOJIOXUTeNbHhe 7|

m ¥ OTPHUATENbHLIE 7 (4 i

Te W APYrue mo abcoaioT- |

Holi Be.uumnne). Paccros- 1

HYE MEXIy NUHHAMHE MM | !

nn N0 BePTHKAIH NOKAa3Hl- !
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BaeT AJd KaxXaoro HoMe-
pa, KaKoe U3 mpHUpalIeHHH
6oJbllle B HacKoJbKo. Jlo
Toukd K NOMOXKUTENLHBIE
NpHPAILEHHA  NepeBellH-
BAaIOT, IOC/Ie Hee—OTpHUla- F
TeJabHLIe. B HMXHeHR yacTu
yepTexa NpeacTaBJeHO H3-
MeHeHHe BeJuuuHbl F. CHa-
yajna oHa paBHa A. 3ateM 4

e e e e N = —— — =

oS- - e ——_—— o — ——
N, ——-
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OHa MOJyuaeT PSL Mpupa- Homepa
IWEeHWH MO BEPTUKAIH, PaB- 101
HHIX COOTBETCTBEHHO OT-

Yep1. 19.

peskaM Mexny mm W nn
B BepXHell yacTH. Hauunas

oT Homepa 9 M janblle, BeauyuHa F HayMHaeT YGHIBATh.
MaxcumyMm F umeerT mecTo Mexay Homepamu 8 u 9.

2. PELUEHUE 3AJJAY METOJOM MAJIbIX MPUPAILEHUMA.

B Huxkeclenymolux 3ajayax TpebyeTcs HaWTH MaKCHMyM
HJIH MUHHUMYM HeKOTOpO# BelH4MHH F (HanpuMep mJowanH,
o06beMa M T. I.); OHA CTAaBUTCA B 3aBHCHUMOCTL OT Iepe-
MEHHBIX X, y (aprymesra). ApryMeHTy X HalOT moOCJaeI0Ba-
TeJbHBIH psAJ NpHpalleHuii Ax, BClIeICTBHE Yero M paccMa-
TpdBaeMas B 3ajaye BeJHYHHA F noayuaeT psld npupa-
menufi. [Ipy aToM oZHOBpeMeHHO OyJNYyT HMETb MeCTO Kak
MOJIOXKUTENbHEE, TaK U OTPULATeAbHBIE NpUpalleHus. B kax-
JIOH OTHeJbHOH 3ajaue MNPOH3BOAMTCS aHAaJAM3 ITHUX IpHU-
pawenuii. [Ipy aTOM OZHM npupaueHus (HanmpuMep MoJO-
XKHUTeabHble) OyAyT yOBIBaTH, ApPYrde BO3pacTaTb. PeleHue
3ajiayf COCTOHUT B TOM, 4TOOB VJIOBHTb MOMEHT paBEHCTBa
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NPHPALUGHUH ¥ OTMETHTb 3HaYeHHE apryMeHTa (OXHOrO HJH
HECKOJ/ibKHX) HJs1 3TOr0 MOMEHTa.

[lepefizem rTemepb ¥ peLIEHHIO 3anady.

3anaua 1. Mmeercs npososoxa aauHoit 2/. Hano coruyts
ee B NMPAMOYrOAbHHK Tak, 4YTOOH MJOWAZb, OFPaHUYEHHAd
HM, Oblna BO3MOXHO GoJaburet (Makcumanwuoi). Yucaen-
HBIA npuMep: 2/=72 cu.

Pemenune. O603HauuM OIHY
I CTOPOHY MpPIMOYrOJbHHKA Yepe3 X,

apyryio uepe3 y (uepr. 20); Toraa
2x+2y=72; orkyma x-}y=236.

Y [Tyctp crauvasa x mMajo; Hampumep,
Hepr. 20. x=06 cm; Torma y=30; mromagp
§=6:30=180 cm2 Ecau Mo Xx
YMEHbIIMM, HanpuMep, NpuMeM X=05 i, TO Y yBeJH-
uprea: x=195; y=31; S=5-.31=1565 cm2 Ecau npu-
HATb X=4 cx#, T0 y=32 cm; naowanp S=4.32=
=128 cm2. OueBuaHO, yMeHblieHHe X (M yBeauueHue y)
BI€YeT 3a CO060O# yMeHblIeHHe MNuomand. YToOH OTHI-
CKaTh ycJaOBHEe AAd HaunboJbluefi mnuaouland, npobyem yBe-
JAUYNBaATL X (3a caer y). Huxe nomewena Tabauua, rge
nepeMeHHOe X MoJy4éaeT BO3pacTalollHe 3HAUEHHS:

X y S x y S
6 30 180 14 22 308
7 29 203 15 21 315
8 28 224 16 20 320
9 27 243 17 19 323

10 26 260 18 18 324

11 25 275 19 17 323

12 24 288 20 16 320

13 23 299 21 15 315

U3 sTo# TabaMUBl CrieAyeT, UTO U5 HaXOXKILEHUS MaKCH-
MyMa NAOWAAM Hajgo yBeauyusaTb x A0 18. bynper au npo-
CTHTCHYT MaKCHMYM MMEHHO npu x = 18, Ha OCHOBaHMHU JHaH-
HOA Tabaunbl ckasaTb TpyaHo. Moxker, HampuMep, Oka-
3artbCs, 4To NpH x = 18!/, maowaab S nOAyYdT 3Hadenue
Conbuice, 4yeM 324, HO NMPOCTHIM NOACYETOM MOXHO Y6e-
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JNHUTBCH, 4TO 3HayeHus x =18, y=18 paT Goablie, ueM
BCsikag Apyras napa sHaueHufi x u Jy.

MoxHO OblI0 Obl BCAKYI0 3afauyy HAa MaKCUMYM (MU MH-
HHUMYM) pellaTb NyTeM COCTaBJeHHS TAKOro pojaa TabJaulH,
rAe HCNBITHIBAGTCH MOCAEN0BATEJbHO LeJbH pAX 3HayeHui
nepeMmeHHblx. OnHako, 3TOT NyTh IauHHLIA. 2KenaTeanHo
HaiTH 60/1€e KOPOTKHUH NyTh, BEAYIIHH NPSIMO K LLeAH U TO3B0-
NAIOMKUA Cpa3y HAWTH TE€ 3HAYGHHA X, J, ... KOTOpHE JAIOT
MAKCUMYM HJIH MHHHMYM DaccMaTpuBaeMoOfl BeJHuyuHH. [lo-
3TOMY pEMIMM BTy K€ 3ajxayy JApyrMM nyTeM (MeTOAOM
npvpauiesus).

ByneM onaTe HMCXOAHTb OT HEGOJBIIOTO 3HAYEHHA X
(uept. 21). [lycTs X noayuuT He6oJbIIOE MNpHpalleHHe Ax
(#anpumep, BMECTO X =6, Bo3bMeym x = 6,5 uau 6,05 nau 6,01
u T, A.); TOrAa noayuuMm po6a-
BOYHYIO TOPH3OHTaJbHYI0 MO-
JMOCKY JMJMHOIO Yy H paBHyIO 1
no naowanH y-Ax. Ho mno-
CKOJbKY CyMMa X -3 AOJKHA [
0CTaBaTbCs INOCTOSHHOM, IpH- Y
nercd y yb6aBUTb Ha CTOJbKO Yepr. 2.
we: Ay mo abCoJIOTHOH Be/H-
yyHe paBHo Ax. BcaeacTsue aToro Heo6xoaumo 6yner yb6a-
BHTb BEPTHKaNbHYIO NMOJOCKY, PaBHYIO NO nicwagd x-Ayl

Y Hac x B3iTO ropasfio MeHbLIMM, YeM Y; NOITOMY NOJO-
JKHUTEJbHOE TNpHpaumieHue y-Ax Ooapuie (10 a6coNOTHOH
BeJIMYNHE) OTPHLATEJbHOr0 X - Ay: TOPU3OHTaNbHAA TOJNOCKA
6o.ablie BepTHKaJAbHOHU. B pesyabTarTe HOBbIA NPAMOYroJib-
HUK CO CTOPOHaMH x - Ax; y—Ay no naowaau 6Gonplue
ucxoauoro. [loeToMmy, Hanpumep, BMeCTO CTOPOH X =6;
y=230 BHLIrOLHO B3ATb X=6!/; y=29'/,, 3ateM x=7;
y=29, 3zatem x=T!, y=28/, U T. A. bByaem wmu-
CAeHHO NpOJLO/MXKATb 3TOT NPOLECC YyBeJHYeHHs X (H

A"‘ T T T T T T T e e

- — el

1 Toynee roBOpS, €CAH CHAYana YBEAHYHTb X, & 3aTeM TONbKO YMeib-
warh Y, TO NpHaeTca yO0abBuTh NAOWAAKY, PaBHY®0 (x+Ax) . Ay=
=x - Ay-++Ax . Ay. Ho 310 KONHUeCTBO OTAMYAETCA OT MPEABIAYLIETO
(x « Ay) Ba Ax - Ay = (Ax2, 1. e. Ha BeanunHy Il nopsaxa Manocru, ecan
cynTaTh Az BeanunHomwo I nopsaka. [Tostomy npx Bmbope MEXLY KONHYECTBAMH
x Ay ¥ x.Ay+Ax . Ay MOXHO B3aTh JI060€ M3 HHX (CM. raasy I).
OG6paTHO, eciM CHauala YMEHBIWHTb Y, a 3aT€M YBEAHYMTh X, TO CHEPBa
y6aButcs nonocka x - Ay, a noToM HpUGABUTCH TFOPH3OHTaAbHAs MOMOCKA
(y—Ay) - Ax=y . Ax—Ay - Ax. Y nna ToR B AAA APYrod mnoaockm
Pa3HHNA OKa3biBaeTcss BeaHuHHOM II mopsaka.
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YMEHbIIeHH J) HO Tex Mop, MOKa MOJOXHUTE/JbHHE MNpH-
paleHus OCTalTcd O60JbUIMMH, Y€M OTpULATeNbHBIe; MpPH
3TOM mowanb OyJeT BCe BpeMs BO3pacTaTb. IJTOT POCT
nJoulag¥ NPHOCTAHOBUTCA B TOT MOMEHT, KGTJAa OTDH-
aTe/bHOEe MNpHpAUIEHHE CTAHET DABHBIM IIOJOXHUTENLHOMY
(BepTHKa/NbHAsA NOJOCKA CTAaHET PABHOH TOPH30HTANbHOM).
DTOT MOMEHT Cpa3dy onpeneadeTcsd paBeHCTBOM:

Yy -Ax=x.Ap (1)
(6epem 06a mpupaueHus no aGCoOJIOTHON BeJMUYHHE); a TakK

Kak B Hauwe# samaue A)C==Ay, TO MNMOJAYy4YyHM HCKOMOE YCJI0-
BHC s MAaKCHMYyMa:

y=x1 2
T. €. CTOPOHBI JO/KHB GHITH paBHu. [IpomomkaTh nanbHei-
niee }’BeJIH'-[erlHe X HE€ HMeeT CMBbICJAd, TaK Kak Tenepb

OTpHLATE/bHbE NPHUPAIIEHHS
M . ¥ craHyT GOJbllIE MONOXKHTENb-

M‘MW“‘:‘““““ HHIX, ¥ NI0IAAb IPAMOYTO/Ib-
Z Iy HUKa OygmeT TOJbKO YMeHb-

Y H maTtbcd. Takum obpasoM pa-

bembnnc e BercTBo (1) pemaer 3anauy.
Uepr. 22. H npu pewenun dassreiiuux

3adar OCHOBHOE — MO NpU-

PABHAMbE NOROHCUMEALHOE U OMPUyAmMessHoe NPUPaAu,eHus.

3anaya 2 (cm.3azauy 6 riaesl [). ¥ KaMeHHOH CTEHH HaJIO

IPUCTPOUTb Orpany B ¢opMe NpsAMOYroNbHHKA; HJAHHA

orpaabl 3apaHee naHa (paBHa /). Kakue pa3smepn npuiaath

eff, uToObl mJaOMIaAb, €I0 OrpaHuyeHHas, OBlJIa BO3MOXHO
foabuielf, MakcHManbHO# (uepT. 22)?

Pemenue, OGOCo3HauuM IIWPUHY INJOHAAKH 4epes x,
AAMHY ee yepe3 y. J[JonycTHm, uTO CcHawajia X ropasguo
MeHblue, yYeM y (Hampumep B 5 pas). Ecam pmate x mpupa-
HIeHHe A X, TO Npuiercd AJHHY y YKOPOTHTb HAa BENIUUYUHY
Ay=2 .Ax, Tak kak JJMHA Orpaju 2 X-}y mONXKHA OCTa-
BaTbCA NOCTOAHHOH. [Ipu 3TOM, C OQHOH CTOPOHH, MOABUTCH
HOBass TODHU30HTAJbHAasA IOJOCKA, MO MJOWAAM paBHAd

1 MoxeT BO3HHKHYTb COMHEHHe: SBASETCA JH DPAaBEHCTBO (2) TOUHHIM
BBHJYy NpHOJIMKEHHOTO paBeHCTBa mNpupauleHuit (1), HO Bompoc O ToM,
Kakoe W3 NmpupauleHuil Goablle, peuaeTcss cpaBHeHHeM YaeHoB I nopsanka
MaJOCTH (CM. NpuMep ¢ rEpsamMu B raase I); Beanuunamu Il mopaaka MoxHO
npeHe6peyb.
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¥ -Ax; ¢ mpyroit CTOpOHH, OTmajeT BepTHKAa/IbHAs MOJOCKA,
no maowmany paeHas (x4-Ax)-Ay=x-Ay. Kak u B npe-
IbLIAYyINeH 3ajade, CHayajaa IOJOXMTENbHbIE MPUPAILEHHS
y+-AXx Goabme orpunartenbHbX. HO nocTemeHHO noJM0XH-
TeNbHbIe NPHUDPAIEHHs CTAHOBATCA MeEHbIIE, a OTPHLATE/b-
Hble — yBeaHuuBaTcd. Uro6bl 06U THCA MAKCHMAaAbHOR 10~
ulagd, Hago NpPOAONKATL NpOLECC YBeNAUuYeHHS IIHPHHH x
IO TOTO MOMEHTA, KOrJa MOJIOXKHTEJAbHLIE M OTPHUATE/b-
Hbl€ NMPHpALIEHUs OKaXyTcs paBHbIMH. [lonyyaem ypaBHeHnue:

y-bx=x-Ay, )

rae Ay u Ax GepyTcs 1o aGCOMIOTHON BeNHYHHE.
BMecte ¢ tem B Hame#d 3amaue Ay=2-Ax; noaTomy
BMecTO (1) MOXHO HaMHCaTh:

YV Ax=x-2.Ax, Q)
OTKyJna
y=2x. 3

M&! pe ANoJI0XHU/IH, YTO CHAYaJa X OBIIO FOPA30 MEHbIIE J.
[TonyueHnoe paBeHCTBO (3) MOKAa3bIBAET, YTO YBEJIHMHBATH X
HafO0 A0 MOMEHTA, KOTI'ZA BHINOJHSETCS PaBeHCTBO y=2X,
uan x=1,,y. Ecau, nanpumep, /=100 », To Hano B3ATbH
x=25 m; y=>50 m. JanbHefimee yBenuuenHe x (A yMeHb-
mende y) BJeyeT 3a cobOil yxe yMeubileHHEe MJIOMAJH.

[Ipumeuanune. B panpHeHmux 3agasax MbBl He
6yzeM NOBTOPATb KaXABIH Pa3 pacCyXAeHHs O MNpH-
palleHusX, a HalAA MOJOXHUTeJIbHOE H OTPHIATENbHOE
npupaiieHus, OyAeM 3aNkcLBaTh HX B BHUJE:

+y-Ax...—x-Ay

¥, YUYUTHBas CBfI3b MexnAy Ax u Ay, cpaBHMBAaThb MX
6e3 3uaka (T. €. Mo a6COMOTHON BeAUYHHE).

3apaya 3. B naHHW#A KOHyc BhmacaTh UMJIMHIAD HAaHGOMb-
mwero 0o6bEMA.

Pemenue. OGo3HauuM yroa o6pasyouel KOHyca C
N/IOCKOCTbIO OCHOBAHUSl yepe3 o; paAHyC OCHOBAHHA IH-
JUHIpAa 4Yepe3 X; BHICOTY uMJAMHAPA uyepes y (4epT. 23).
PaccMoTpHM CHayasna TOHKMH H BHICOKHH HHAMHIP; TOrjga Xx
ropasgo MeHblle, 4eM y. 3areM HAaJAHM PaiAHyCy UWIHHI-
pa x HexkoTopoe Maaoe mnpupamende Ax. Toraa Bokpyr
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DHAMHApPA TMOSBUTCA A0GABOYHEIA, O6JeralowWuil ero cjao#,

o6beM KOTOpPOro DaBeH NJowmaa# A006aBCYHOrO KOJbIA

B OCHOBAHHWHM UUJKHHApA, YMHOXeHHOH Ha BhcoTy. [Toatomy

NON0XHTENbHOE Npupallerne oGbemMa pasHO 27x-Ax -y
(cm. samauy 1 raasw I).

L C apyroit CTOPOHBI, MHl NOJY-
yaeM OTpHUATENbHOE MpHpale-
HHE, TaK KaK y6aBHTCA BEPXHHH
£ TOHKHH CJAOH UMAMHIAPA; 00beM
5TOro cJoq paBeH w x2 - Ay, Hrak,
. moay4aeM JBa NpHPALIEHUA:

\ NOJIOXKHTE/IbHOE:
+2 rx-Ax-y,
OTpHUATENbHOE:
4 PE=y 5 —nx2. Ay
;) (cuuras Ay mo a6CoJIOTHOI Be-
JAHYHHE).
Yepr. 23. Mu 3anumeM 3TO B TaKOM
BHJIE:

+2xx-Ax-y...—mx2. Ay.

[To namemMy npeanoJioOXeHHic, CHayana X OBJO ropasnao
menbule, yeM y (Hanpumep B 10 pas). Torpa nosoxuTenb-
HOe npHupalleHue 60Jplle OTPULATENBLHOTO: MEPBOE COAep-
HKUT MHOXHUTEJAb X -y, BTOpoe x2. Ho mocTeneHdHo y ymeHb-
mIaeTcs, X yBEAHUUBAETCHA, U MOJOXHUTEJIbHOE NpUpalleHHe
y6riBaeT, OTPHIATENBHOE BO3pacTaeT (MO a6COMOTHOH Benu-
ypne). Pemenue 3ajauyy, Kak M padblle, HaeTCA NPUPABHHU-
BaHUEM MNpKDALIEHUM:

27x - Ax - y=mnx3.Ay. (1)

DTO ypaBHEHHE JaeT MCKOMble pa3Mephl BIUCAHHOTO ULH-
AUHADA. UTOOGH UM BOCMO/B30BAaTbCs, OCTAETCS €Lle YYecCThb
cBa3b Mexay Ax um Ay. CsA3b MeXZAy HHMH Jerko onpepe-
JIUTCSl, €CIM TIOMHUTb, YTO OKPY2XKHOCTb BepXHero OCHOBa-
HHUSl UMAHHAPA [OJIXKHA KacaTbCl OOKOBOH MOBEPXHOCTH
KOHyCa, T. €. B IVIaBHOM cedeHMH KoHyca ALB Touka E
oMauHApa  HOJMKHA CKOJAb3HTb BAOAb oOOpasylomed LA,
C/ieq0BaTeNbHO:

Ay = Ax - tga. (2)
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[NoaToMy ypaBHeHHe (1) MOXHO nepenucatb B BUJE:
2mxy - Ax =nx?ige - Ax, 3)
HJiM, COKpaumaa Ha OOIUX MHOKHTeJeH:
2y=x-tga. (4)

Hrak, makcumym noayuurcs npu ycaoBHH (4), T.e. korna
yix=1tgo, umm y:1/,x=tga.
Ho wu3 wuwepr. 23 BugHo, uro y:CB=tga. 3Bxauur,
2

CB= é Xu % x=R. Otcioga x= %—R. [16aToMy paguyc uu-

2
JHHApPA CJAENYET B3ATHb PABHBIM § panuyca OCHOBaHHA KOHYcCA.

3anaya 4. Ha nuaockocry paHb gBe OCH KOOpPAHHAT H
Touka K tak, uTo KB=a KA=b. TpebGyerca u3 BceBO3-

N
v
K
& a
8

b
0 =

A M~ /

P
Yepr. 24.

MOXHGHIX MPAMBIX, MPOXOAAUWUX uyepe3 ToukKy K, BHOpAThb
Ty, KOTOpass OTCEKaeT Ha O0CAX KOOPAMHAT TpPeyroAbHHK
MON MuHuMaapkOA naomanu (4epr. 24).

Pemenue, JlonycTUM cHauana, 4To TO4YKa M HaXOAHMTCA
BechbMa JaJNeKO Hanpaso. HeTpyaHo BHAeTb, YTO B 3TOM
cayuae maowanb Tpeyroanhuka MON Gyner BecbMa 60/b-
WOH (M, KOHEUHO, He MUHHManbHOM). [lepenpunem Touky M
cnerka Haneso (#a otpesok MM’). Torna nmonynpsamas KM
MOBEPHETCA OKOAO TOUYKM K Ha HEKOTOPHH Manblit yroa Ag,
M O0JHOBpeMeHHO noaynpamas KN noBepHEeTCH HAa TAaKO# Ke
(paBHbilt emy) yroa Ao, [lrowaab OTcekaeMoro Tpeyroib-
Huka MON nonyduT OTpHLATe/NbHOE INpHpalleHHe, paBHOE
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IVIOLIANH TOHKOro TpeyrosbHuka KMM’', 1 monoxuTtesbHOe,
paBHoe niowanu rpeyroabauka NKN’. O6osnauum gauuy KM
uepes /;, aaunHy KN uepes /,. Depsa npupamenue yraa Ao
BecbMa MaabiM (I mopsaakay, MOxHO OyneT TOHKHMHA Tpe-
yroabuuk KMM’ mnpuOIMXKEHHO 3aMEeHHTb CEKTOPOM C paju-
ycom KM’ wmnu ¢ paarycom KM (cMm. koneu riashl 1), ecau
oT6pocuTh Mansle Beauuunsl I nopsaaka. [ToaToMy miomanb
TpeyroibHuka KMM’' npubnuxeHHO paBHa AJuHe nyru MP,
YMHOXEHHOH Ha MOJIOBHHY pajuyca:

HJI.AKIWM’%II . ACP . %—ll =_;-112 . A(P.

AHanornysno, naomAaAb BHOBb NOABJAAOLEHCS TONOCKH KNN’
NpUOIUKEHHO NPUHHMAEM 33 CEeKTOp, W ee MJAOIAaAb NpH-

1 2
6.fm>1<em-xopam—xa:7l2 - Ao, TloaToMy MpOTHBOMOCTABASIOTCA
1
NpUPAMWEHHs: OTPHUATENbHOE — - 5,2 Ap, MONOKHTEND-

HOe —',—% 52 - Ao,

3necb — npH OTHICKAHMYM MUHUMyMa — 6YAeT UMETb MecTo
KAPTHHA NMpHUpaleHHH, o6paTHas TOH, KaKYl0 MEl BCTpPeuaau
NPH HAXOXJAEHUHM MaKCHMyMa. 31eChb CnepBa OTPHLATEbHbIE
npupameHus N0 abCoOMOTHO BeMHunHe 6O/bIIe MON0KHTENb-
HHIX, M paccmMarpusaeMas njomajns tpeyroabHuka MON
y6niBaer, Ho nocrenenHo oTpunaTenbHoe npUpamieHne yMeHb-
maercs (cexrop MKM’'), mnonoxutenbHOE YyBeIHYMBAETCS
(cextrop NKN’), yGuBanue miowanu TpeyroabHuka MON
BaMemJseTCsd, U, HaKOHel|, MPH PABEHCTBE NPHpPAIUEHUN
! 12 Ap= L 12.A 1
o WP Be= 5 1 Ay M
yOrBanue IpeKpamaercd, NIOWAaAb Tpeyroabhuka MON
JOCTHTaeT MHHMMYMa, C TeM, 4YTOOH NpH AajabpHe#emM MoBo-
pote npamoi#t MA mo 4acoBOH CTpenke IMIOWalb TPEyroJb-
Huka MON Hauasaa ywxe Bo3dpacraTb. [loatomy ypasrenue (1)
JN4aeT HCKOMOe yC/AOBHe MHHHUMyMa. VI3 uero ciaenyer:

ll == 12,

T. e. oTpe3ok MN ponxeH B Touke K HEeAUTbCA MOMOJAM.
M3 nopo6ua tpeyroapHukoB NOM u KAM cnenpyer, 4to
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B8 atoM cayyae OM=2AM=2a; ananoruuno ON=2b;
a notomy MN pomxHa GbTb mapanaenbHa auaroxanu AB.

Ha npuBenenHbix 3asayax 4HTaTelb MOXET yxXe BHIETb,
B 4€M COCTOMT MeToJ{ Maanlx npupaumenufi. [loctapaemcs
BKpaTie (QopMyJaHpOBaTh CYUHOCTh 3TOr0 METOAA.

B 3ajgaue tpebyercs HAfTH MAaKCUMYM HJIHM MHHHMYM HEKO-
TOpOH BeauyuHbl F (HanpuMep o06beMa BIHCAHHOTO LHJHH-
apa). HameHnenue F craBUTCS B CBsI3b C H3MEHEHUEM ApY-
roi, OCHOBHOH BeJHYHMHBl (HampUMep pajauyca OCHOBAHHUA
nuaneapa x). HUrak, uMmeerca Qyukuumss F KW apryMmesr x
(A1 HECKO/JIbKO apryMeHTOB X, ¥, Z,.., CBSI3aHHBIX MEXILY
co6oit). ApryMeHTy X paercsd NOC/Ie10BATeJbHLIA pPAL Ma-
ABIX NpUpalleHHit Ax; HO TOrja M BenuuHHA F BLIHYXJAEHa
H3MEHATbCSA M MNOJyuaeT pAn Manabx npupauenui. das
OnpejaeseHHOro THNA 3aJa4, pPacCMaTPHBAEMOro B BTOMH
rjiaBe, npHpameHus AF MOXHO CYHTaTb KakK Gbl CJOXKEH-
HbIMH (anre6pavueckH) M3 NBYX NPHPAIEHUH: MONOXUTE b~
HOTO M oTpuuarenbHoro. Hampumep, aas uuaumempa, Bnu-
CaHHOTO B KOHYC, MNpPH YBeJUYEHHU paauyca OCHOBAHHSA
IUJIHHIpA NOJY4aeTcd, € OAHOM CTOPOHH, HOBHIH 06.erawo-
IHHA Ca10H BOKPYT ULHJAMHApPA (MOJOXKUTENbHOE Npupauie-
HHe), M C Jpyro# CTOPOHH, BHICOTA UMUJAHHIPA HENaeTcs
MeHbllle, ¥ MO3TOMY HCYe3aeT BepxHU CI0H UuAHHIPA (OTPH-
natesbHOe npupauenue). PaxTuueckoe npupameHue o6bema
uunuHapa AF ectb anre6panueckass CyMMa STHX ABYX NpH-
pameHnuii. DTH NpHUpaLleHHs, B CBOO O4Yepellb, HE OCTAITCH
paBHBIMH ce6€ fpH CAeAYIOWHUX APYr 32 APYrOM MpHpatue-
Hugx aprymenTta Ax. Hanpumep, mosoxuTenbHble npupamie-
HUS — HOBBle OOJe€ramouue CJIod UHUIHHAPA — U3MEHSITCS,
TaK KaK HM3MEHsIeTCs pPajuyC OCHOBAHHA X M BHICOTA UHJIMH-
Ipa y; OTpHLATENbHLIE MPHPALleHUs — OTNAJA0IIHe BEpXHUe
CJOH LUJHHADPA — HU3MEHSAIOTCS, TAaK KAK H3MEHSeTCS Pamuyc
OCHOBaHHsA cnof, T. €. X. [TepBrle mnpupaienus NpH Bo3pa-
CTaHHH apryMeHTa X BCE BpeMmsl yOLIBAIOT, BTOPHIE MNpHpa-
LIeHUs BCe BPeMs BO3pacTaioT (Mo a0CONIOTHON BeJHYHHE).
[TosToMy B W3BECTHLIi MOMEHT 3TH IOJIOXKHUTEJbHHE U OTPH-
nateNbHBIe INPUPALIEHMS OKA3HBAIOTCH DPaBHBIMM, TOYHee
rosops, 9KBHBaJNeHTHEIMU (CM. 0ObsACHeHue B raase l); Halitu
3TOT MepeXOoJHbIH MOMEHT WM 3HAUUT PEeUIMTb 3ajauy.

B mmxecneaymoumnx 3amagax Mbl He 6yleM ONSTb BO3BPAallaTbCs K 00B-
ACHEHHIO MeTona, a OymeM npsaMo pemars WX 3TUM MeTONOM, MOTOMy
4TO NPHMHUUN pEUIEHHs BO BCeX 3ajayaXx oOCTaeTcad ONHHM H TeM Xe.
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3anasa 5. [{ana npsMOyronbmds MeTalaMyecKas MACTHHKA Da3MEpOM
80 Ha 70 ca co cpesansbiM yraou Baoib AB (BC = 50; CA = 40). Tpe-
6yeTca M3 3TOr0 KyCKa XECTd Bmpe3aTb npaMoyroibHHx MLNK HauGoab-
wed nrowany (sepr. 25).
Pewenne. lycrb cHayana Touka L HaxoguTca 6au3 ToukH B; Ttorma x
6ausko k 80. JaauM x oTpuuaTedbHOe mpHpalieHHe Ax; ToOraa CTopoHa
ML =y yeeanunrcsa Ha HekoTopoe Ay.
M M8 P Kak BUEHO M3 YyepTexka, oT naowand MLNK
y6aBHTCS BEDPTHKANbHAsl MOAOCKA, NPUGIH3M -
TeaALiO paBHas y-Ax, U K Hed npubasuTCH
rOpH30HTaJdbHAA MOJOCKA, NPUOIM3MTENLHO
70 pahas x-Ay. [l03TOMy Hai0 CpaBHUBATH
L“—_—f———w npupalenus:
50 HOJI0XHTENbHOE
[ ' +x- Ay
C—w a2 oTpHLAaTeNbHOE
—y-Ax,

CBs3b Mexy Ax H Ay onpepnensieTcsi U3 TOro,
yTo TOYKAa L AONKHA CKOAL3HTb BAOAL BA.
PaccmarpuBas okoa0 TOYKHM L Becbma Manblii TPeyroabHHK CO CTOPOHAMM
Ax v Ay (nopoGHHA TpeyroabHHky BCA), nerko BHLETH, 410,

il
Al il

Yepr. 25.

Ay: Ax=BC:CA=35:4,
HAH

5
Ay o= '4—Ax
3aMeHsas Ay ero 3HaueHHeM uepe3 Ax, MONYYMM NpDHpPALLCHHS B BHAE!

5
+x.glxc o - —y-Ax.
[pupaBHuBaeM HX:

i on

x.r-Ar=y.Ax.
Otkyna:

5
IX=y, WM y:x=3:4,

T, €. 1A MaKCHMYM1 Heo6XOHUMO, 4TOOM auaroHanb MN 6bina nmapannenn-
HA AVHAEM Cpesa.

3anaua 6. V3 KBagpaTHOroO JKWCTA KECTH XKeI4TeNbHO NMPHUrOTOBUTH OT-
KDbITYI0 KOPOGKY cleAyoliuy 06pasoM: mo yriau Bbipe3aTh paBHuE KBa-
HpaThi, @ 3aTeM COTHYTb BHICTYOs N0 auHuu MNPQ. Kaxosa I JukHa GHITh
CTODOHA BBIPE3AEMOT0 KBAaApaid, YTOGbi MOAY4HAACh KOPOGKa HaHSOAbLICH
BMecTuMOCTU (uepT. 26)?

Pemenune. OGo3HayuM CTOpOHY BCero Ksagpara uepe3 4, CTOPOHY
BHpe3aeMuIX KBa1paToB yepe3 u. [IpH MaAoM 3HauesHHU X EblCOTa KOPOGKH
GyAer Manofi H BMECTAMOCTb e€ HeBeNHKA. [1ycTh X NMOAYUHTO MPHpALLCHHE
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Ax (1. e. Mu Bbipe3saeM KBaDAaTMKHM MoGoabuie). TOrKa MA0WARL OCROBAHMH
o6pasyemoft kopobxy MNPQ yMeHbUIHTCS HA BETAUHHY AS, npubauzn-
TenbHo paBHy (@— 2x)-Ax-4 (NpUOAMBHTENbHO [OTOMY, YTO CTO OHH

HOBOrO OCHOBaHus M'N'P’Q OGyRyT yme MeHbrel notovy 06w
eM KOPOGKH YMEHbUIMTCA HA BelHYAHY:
. -
AV=(a—2x) -Ax-4.x M|t N
(ecnM He YYHTHIBaTb OXHOBPEMEHHOTO YBe- - r}‘?‘”‘/'?/:.""
JAWYEHHA BHICOTHI KOpo6kH). C aApyrod cro- i !
POHbI, BHICOTA KOPOOKH yBenwudrtca Ha Ax, f h
1 0o6beM KOpOOKHM fONYYMT MNpHpAlleHHE B % |
BUIE HOBOIO BEPXHErO CiOof, MO 06BEMY NpH- a’
6/1U3NTENLHO PABHOTO: ol 1I-~"—-'-~1
Q 7
AV=(a— 2% -Ax !
(npH6AN3NTENBHO, TAK Kax HE YYHTHIBAeTCsA
OIHOBDPEMEHHOE YMEHbIEHHE IUIOLAAN OCHO- Yepr. 26.

Banus). Utak, npupauerus GyAyT

+(@—2x2-Ax... — (@ —2x)-Ax-4.x.

M B TOM M B Apyrom npupauleHdy ZONYUIEHHaT HETOYHOCTh NpPENCTaBiaser
co6oif BeanunHy Il mopsaka MamocT H MOTOMY 3TH HETOYHOCTU HE MMelOT
3HaYeHHs NPW CPaBHEHHH ROJOXWTEALHMWX H OTPULATEAbHBbIX UPHpalleHn#
(cM. npumep ¢ rupamu B raase l). [Noayyaem ypasuennue:

(@ — 2x)% . Ax = 4x (@ — 2x) - Ax,
uan

a—2x = 4x;
OTKyHa

a=6x; ng-.

3apauva 7. V3 niacTHHKH XeCTH B GopMe MPAaBUABHOIO MHOTOYrOALHUKA
Tpe6y€eTcsi MOCTPOHTb KOPOSKY clenyiownM o6pa3oM. BHYTpH MHOroyronb-
HHKA B3Tb APYro#, NONOOHBIA H ONHHAKOBO PACMOJOMKEHHEIH OTHOCHTEABHO
neurpa. K3 Ttodek A;B\Cj ... ONyCTHTb NEPNEHAUKYASAPH Ha CTOPOHBI
W Bbipe3aTb 3alUTPUXOBAHHbIE YeTblPEXYrONbHHKH; 3aTeM OTOrHYTh BAOAb
nyrkTHpa (4epr. 27).

Pewmerare TaKOe e, KaKk H B npeangymwed 3amave. O6o3HayuM ILIHU-
PHHY OTOTHYTOTrO Kpas uepes X, BCIO anopemy yepes x - y.

Hausem paccMOTpeHHe C He0OoAbIIKHX 3HAaYeHHH x. [lycTh X moayumio
npupawenre Ax. Toraa mromans TtpeyronbHnka OF|E; yMeHbIIUTCS mpH-
GauzuTessHo Ha 2+ y - tga - Ax; BCe OCHOBaHMe yMEHbIIHTCA Ha it - 2y - tga - Ax,
H yMeHblIeHHE 00beMa KOPOOKH (He yYMTHlBam YBEeJNHYEHH €€ BbICOTH)
pasHo n-2y-tga-Ax.x.

[pupawenne (MOM0XKUTENbHOE) 06BeMa BCACACTBRE YBENHUYEHAId BRICOTHI
kOpOoOKM paBHO 1y -y -tga- Ax.
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CpaBHuBaem
ny?tga « Ax = 2nxytga - Ax

H T0AyYaeM Iocle COKPAIICHHA Ha OoOLKX MHO}KHTeJleﬁ,

ny? = 2nxy;
) r Ly 34
_____ Kopoue
/84 (A
\ =
/ \ y=2x
\
/ g \ lMoka y>2x, caenyeT YBeaHUYHBATb X.
A dy Dv\ 7D)  Peuenne paeTcs paBeHCTBOM y = 2x. 310
\
\ y(L ,,’ 3HAUUT, YTO X = g(x +), 1. e. orru-
\ 1A _E‘/ 6aeTcst MONOCKA, PaBHasl MO UIKPUHE OLHOA
_ TpeTH amodeMbl.

£ Y 4
Mpumeganue. [Ipenpaymas
Uepr. 27. 3aja4a eCTb YaCTHbIH cayuvait Tonbxo
41O pelerHoi npu n=4.

3agava 8. [lana uens onpenenenHodt aawuel L. TpeGyetcs mnpuaathb
el popMy CcexTopa, DPHTOM TaK, YTOGB MJOLIalb €ro Obi1a BO3MOXHO
Goabmieil (uepr. 28

Pemwenne. OG6o3HaunM NIMHY pagWyca uyepes y; LEHTPadbHBIA yrou
uepe3 o (B pagnamHoit Mepe). Torma aamHa nyrH ! = ye. Mbl HauyHeM pac-
CMOTpEHHE ¢ IIHBHOro, BECbMa Y3KOI'0 CEKTOPa, T. €. TAKOTr0, ¥ KOTOPOro yroxa
@ Mal, a paguyC y 3Ha4YHTeNbHbIH (2y O6AUSKO
K L). Tlpexne Bcero paccMOTPHM CBSsb MEXILY
NPUPALICHHAMH JIMRbl DpagHyca Ay U LeHTpanb-
HOTO yraa Ae. JlavHa 06Boga nocTosHHA:

2y +ya=L.

Ecan yMeubwnTh 1aumey pagmyca Ha AA’ = Ay,
TO 00BOA YMEHBIIMTCS HA CYMMY OTPE3KOB
AA’ 4 BB’ = 2Ay u, xpowme Toro, nyra AB 3awme-
HHTCSl MeHblnell nyro#t A’B’, ¥ 3T0 YMeHbIIEHHUE
paBHO ya — (y — Ay)+.a =a . Ay, [loatoMy o6BOXR
cektopa OA’B’ Meubwe 3aganHoro L Ha
BeauuuHy 24y 4 a-Ay. [IpHaeTcs yBeaWYuTb Ha
cTonbKO Xe ayry A’B’; nyctb nosas Ayra
6yser A/C' =A’B’+ B'C’. Ho amuna B/C" =

= (y — Ay)- Ao =~ y- Aa. Otclofa claepyer CBs3b UYepr, 28.
MeX1y NPHPALIEHNSIMH:
y-B8a28y +a- Ay, man (24 a)- Ay =y Lo (1

[MepeiineM K pacCMOTPEHHIO MONOXMTENbHBIX W OTPHUATENbHBIX MPHpalle-
nufi nromanu. M3 ueprexxa caenmyer, uto npu sameHe cextopa AOB cekTo-
pom A'OC’ yHuutoxaeTcs miouwanka AA’B’B u no6aBisgercs mIomanka
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B’OC’. Maowany nonoctt AA’B’B nprubiar3uTebHO paBHA MIauHe nyru [ [3a
Ayry [ MoxHo B3sTb WIH Ayry AB, unau ayry A’B’Jl, ymuoxensod Ha
IIHPUHY 3TOH MoOAOCH, T, e. [+ Ay e= ya.Ay. Tlnomaas cextopa OB’C’ npu-
6NH3HTENbHO PaBHa:

1 1
5 —4y)2-daz g y?-da

[zauHa ayru paBHa (y —Ay)-.Aa, paguyc paseH y — Ay]. INostomy mHamo
CPaBHHMBaTh NpHPALIEHHSs:

1
-I—gyZ-Aa... —ya - Ay.

Hns HaXOM(IeHHS MAaKCHMyMa Han0 HX NPHPaBHATb APYT ApPYTY:
1 1
gY:-la=ya.Ayuau 5 y-Aa=qa-Ady. (2)

Ho B TakouM BHe ypaBHEHHEM Helb3s BOCMoNb30BaThesl. Hano yuecTs cBs3b
npupauennit Ax 1 Ay, napaemyio pasencteom (1). Mmeem: 2a . Ay =y - Aa; HO
y-0a=(24a)-Ay. Otkyna: 2a+Ay = (2+a)-Ay uan 2a=2-4ao; a=2

Wckombifi 1leH.panbHbil yroa, Npu KOTOPOM IJoO-
1ajb CeKTOpa— HAHOOAbIIAs, PaBEH ABYM PaAHaHAM,
T. €. npubausureapso 114°. [lpu atom, oTeBHIHO, 24 N
AJHMHA AYTH paBHA JABYM PalHycaM.

YnpaxHenue. UYuratemo npengnaraercs pe-
WdTbh 3Ty 3anavy, ,He pemas“, a BOCnoJb30BaBIIMCH
pe3y1bTaTOM pelieHHs 3ajayd 2 3TOH TJAaBbl.

3apaua 9. Hopmanackoe okHo HMeer ¢GopMmy
NpAMOYTroNbHHKA, 33BepIUeHHOT0 nonykpyrom. Ilepu-
MeTp ¢urypel 3apaHee 3ajgaH (paseH L). Kaxombl
DO/KHBI O6bITb pasMepbl OKHA, YTOOH €10 MIoIaib
6bi1a Ban6oabuied [4TOGH OHO NpOmyCKaaO BO3-
MOoXHO 6osnpme cBeTa (uepr. 29)]?

Pemenne. O603Ha4HM OCHOBaHHE NPAMOYFOJb-
HHKA uepes 2x; €ro BLICOTYy uepe3 y. 3apanee [laH
nepuMeTp:

~—_————————T

Co e —— — — — -

Z

Yepr. 29.

2x+2ytnx=0L, ama (n+2)x+2y=0L. 1)
WiaH npu6AU3HTENbHO:
514x +2y = L.

Ecan yBenmuuth x H2 Ax, TO nphiaercsa y yMeHbUWIWTb HA HexoTopoe Ay.
Mpu atom (6eps Ax u Ay no abcoaioTHON BeAM4HHE) yBeauyenue 5,14+ Ax
JIOMKHO KOMIEHCHPOBAaTbCA YMeHblUCeHHEM Ha 2-Ay, T. €, JOMKHO COGIIO-
AaTbCa PaBEHCTBO:

5,14.Ax = 2. Ay;

1 Yyrateno mnone3Ho OymeT BHIACHHTb, IIOYEMY INpPH DPACCMOTPEHHH
o6BoNa Mbl Y4YHTbIBaeM DpasHHUY Mexdy Ayramd AB u A’B’, a tyr npu
HaXOX/JAEHMH N1OWAAH 3TOH pa3HHueH npeneGperaem.
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OTKY ZA:

5,14
by me Zo—Ax = 2,57 . Ax.

Iro osHavaer, YTO, HANpUMED, YBEANUMEAS X Ma 1 M, Ml LOMKHE yMeHb-
wuth y Ha 2,57 cu. Toumee:

(r+2)-Ax = 2. Ay, Ay=§#oAx 2)

ITycts crasana x Mano no cpaemenuio ¢ y (kak Ha yeprexe). Jlaem x npu-
pauesne Ax. Toraa no 6okaM noayynM NpupalleHHs MAOLIANH, PAaBHbIE
Kaxaoe y-Ax. CBepx 3Toro mossuTed A06aBOYHO NoJayKoAbT0, NJ0WAalb
KOTOPOro MpHGIH3NTENbHO PaBHA AMHHE MOAYOKPYWHOCTH X, YMHOXSHHOH
Ha WHUpHHY Koabua Ax, T. e. mx.Ax Bce nonoxurensHoe npupainenue
mrowanyu AS =2y . Ax 4 wx+Ax. Ho onHOspeMe dHO Mbi BbIHYXIeHbl OyaeM
YMEHBIINTb BLHICOTY UPAMOYroAbHMKA, MOCKOAbKY NepHMeTp Qurypsl A04-
EH OCT3BAaThCSl HEM3IMSHHBIM. IJTO BAeyeT 32 CO60M OTPHUAICAbHOE MNPH-

paluleHue, papHoe npubausuTeabHo 2x - Ay, [loatoMy

______ COMIOCTABASIOTCA BEAHYHHbI,

'4-;\\‘—:_-_-__;): —+2y:Ax+wx.Ax,..—2x. Ay,

]

1 X OTpuuatenbHoe NpHpauleRHe MO.KHO, NOAb3YACh

: g | COOTHOLEHHEM (2), IepenucaTh Tak:
1

! i

' ' 2x-Ay=2x-% (x4 2)+Ax =nx - Ax 4 2x - Ax.
'

s i [losromy cpaBruM:

- === !
ke = +2y.Ax+7nxebx... — (2x - Ax - 7x . Ax).
OtnuMas oT o6eux uyacTel mx - Ax MONYUHM:
Yepr. 30.

+2y-Ax... —2x-Ax,
[ToTpeGyem, uTo6ul HMeN0 MECTO PABEHCTBO:
2y« bx =2x:Ax, HAM y =X,

T. €. BbICOTa MPAMOYFrONbHHKA NOMXKHA 6bITh pPaBHA MOJOBHHE OCHOBAHHA.
3anava 10. TpeGyercss NpPHroTOBHUTb LHAHHAPHYECKYIO KPYHKKY, OTKpbI-

Tyl0 C3epXy, 3afaHHOro o6bema Vi T.K, 4106bl Npu 3TOM yLINO MUHHMYM

Maiepuana [T. e. uTo6b MOBEPXHOCTb GblTa MHUHHMaIbHOMK (yept. 30)].

PeweHnue. O603HaYUM pagHyC OCHOBAHHA UKWJIWHAPA YEPES X, A BHICOTY
yepez y. O6beM ero mx2y N0MKEH OCTaBaTbCA PaBHLIM MOCTOAHWON BenH-
yuHe V;, 6OKOBAaA NOREPXHOCTb PaBHA 2mxy, NJOu &fb OCHOBAHAA wx?,
NMOBEPXHOCTb KPYXKH 2mxy -+ wx3, N 3Ta BeAWYMHA RO.XHA GbITh MUAMMAalb-
HOH.

HauunaeM paccMoTpeHHE C TOHKOrO M BBICOKOr0 UMIAHHApA.

Tlycts x noayyuao npupawenue Ax; TOraa BbiCOTa y YMEHBUWHTCA Ha
HekoTopylo Beauuuny Ay, Halizem cuepBa csasb Mexny Axwu dy mpu Heus-
MeHHOM O6Gbewe. YBenlMyenue paavyca OCHOBAHHA 13aeT HOMOJTHHTENbHLIH
CoH, o6neraiownii BOKPYr UMAMHADA, PaBHbiit 10 06beMy 27x - Ax .« y (Cun-
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Taf y HeHaMeHHblM). Ho OuHOBpeMEHHO NPUAETCA YMEHBIIHTH BHICOTY
LUHIHHIPA, U y6aBUTCS BepXHUH LHIHHAPHIECKHH crofi, o o6bemy NpuOAU-
3HTeNbHO paBHbIH mx2.Ay (nmpeHe6peras yBeaHueHHeM Xx). [locToaHcTBO
o6bemMa TpeOyer cobaofeHHs paBeHCTBA (MO aGCOMIOTHOR BeaHUMHE):

2nx-Ax.y=mnx’. Ay
Hau
2y - Ax=x-.Ay. 1)
B otauuMe OT mpembimymMX 3agay 3jech CBA3b MeXAy NPHPAIUCHHAAMH Ax

u Ay ropasno croxHee B 310 3amaue Henb3fdl yka3athb NMOCTOSHHOIO OTHO-
HmIeHHs Mex Ay npupaumenusmu, Papencrtso (1) naet:

Ay:Ax =2y:x, 2)
a 3TO OTHOINEHHE CAMO SBJASAETCS MePEMEHHbIM.

[lepefineM K NpPUPAllEeHUAM nNOBEPXHOCTH. [IpH yBENHUEHHMH X MOJOXH-
Te/lbHOE NPHpAIlEHHE AOBEPXHOCTH caaraercs: 1) W3 A062aBOYHOrO KoJbla
B OCHOBAaHWH UHMJIHHAPA, PaBHOro 2mx-Ax, U 2) U3 yBennueHHsd GOKOBOH
NOBEPXHOCTH, PaBHOTrO:

2n(x+Ax) y—2nx.y=2nxy 4 2rx-Ax.y — 2nxy =2n-Ax - y.
[TosToMy moONOXHTENbHOE NpHpAlUlEeHHE NOBEPXHOCTH PaBHO 2mx - Ax 4
-+ 2=y« Ax. C npyro#i cTopoHbl, BCACICTBHE YMEHbLIEHHA BhICOTH (06pa-
3ylollei) udnuAaDa yOaBHTCS KaeMKa B BepXHeH YacTH UMIWH1pa, MOBEpX-
HOCTb KOTOPOi paBHa 2mx - Ay (npenebperas yseanyendeM x). TakuM oOpa-
SOM Haj0 NPOTHBONOCTABHTH NPUpALUEHHS:

+ 2nx . Ax 4 2my - Av... — 2rx - Ay,

HIH

+2n (x4 y)-Ax, .. — 2nx - Ay,
Mbl MCYOIHIH OT TOHKOTO M BHICOKOTO LHJIHHAPA, T. €. TAKOro, y KOTOpPOro
x ropasio Mesbwe, 4eMm y. Ecam, Hanpumep, y = 4x, To oTpuuareipHoe
npupauleHue 6oiblue MOA0XHUTENbHOr0; PaBeHCTBO (2) maer:

Ay =8.Ax,
a MoTOMYy OTpHiaTeAbHOE MNpHpalieHHe:
nx.-Ay=2r.x.84x

6onblie MOMOXKHTENbHOrO:

2n(x+y) Ax =2r-5-x-Ax.

Ho nocteneHHo x pacTeT, ¥ yGbiBaeT; OTpHUATeAbHbIE NPUPAILEHHs YMeHb-
alpTcs, M0A0XKHUTEAbHEE yBeauynsaoTcs. COracHO HalleMy pUeMy, NHeM
yDaBHEHHe:

2n(x +y)-Ax = 2nx - Ay,

Ay

(x+y)-Ax=x-A4y. 3)
IMoassysck cooTHowenueMm (1), monyunm:

(x+y):dx =2y.4x;
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OTKYyna:
Xty=2;y=rx,

[. e. MOBEPXHOCTb KPYXKHM G6ymeT MHHHMATbHOH B TOM CiaydYae, KOraa
BHICOTAa €€ paBHA pajHycy OCHOBaHMs.

Ynpawnenue Peuwnts 3samauy 10 B wusMemenHom Buze. Kaxyio
Gopmy creayer NpunaTh 3aKPLITOMY UHIHHADY, YTOGH OGBEM €70 OKasaacs
HaH60NBIHM?

Monnas moBepXHOCTb HHJIMHIpA 3afaHA H PaBHa S.

3apava 11. B map Tpebyercs BnucaThb UMAMHAP HaHGOJbLIErO 06HEMA
(uept. 31).

PeweHnune. O603nauuM paguyc wapa OA uepe3 R; paamyc OCHOBAaHHS
unansapa PA yepes x; NONOBHRY BbICOTH uuauHipa OP uepe3 y; BbICOTA

i :
I ;
! |
: 0 R : 0 oYy
| | Yy
| Y | L
o1\ L P I A
p,,(, ] A arl
Yepr. 31. Yepr. 32.

uuanagpa H = 2y. HauneM paccMmoTpeHHe € y3KOro M BBICOKOT'O LUHMAWHApA.
HMagum x Manoe npupamende Ax. Mol nonryynM n06aBouHblt oGaeraowmui
Cn0oil BOKpYI NaHHOTO UHJAHHAPA, 06bEM KOTOPOro NpHOJHU3UTENbHO paBeH:

2nx - Ax-H=2nx.A0x-2y

(npene6peras OXHOBPEMEHHHIM yMeHbiUeHHeM BolcOTh). C apyro#t cTopoHHI,
IOPH yBelWJeHMH x BbicoTa [f =2y N0oMKHA YMEHbLIHUTHCH, A 3TO BJIEYET
3a coGoOH CHATHe ABYX UMAMHAPHYECKHX CJAOeB CBepXy H CHH3Y, 00beM
KOTODbIX BMeCTe paBeH 2nx2 - Ay (31ech Mbl npeHe6pPeran yBeandeHneM pagu-
yca ocHoBaHus). Mrak, npupaimenus 6ynyT:

+4rxy-Ax . . . —2mx2. Ay,

Yro6el HX MOXHO G6bLIO CPaBHMTb, HAAO ellle yueCTb CBA3b MpUpalle-
uuft Ax ¥ Ay; 3Ty cBf3b B JaHHOH 3amaue HaiiTu Tpygmee. HecomHenuo,
TOYKa A HANHHAPA 06513aHA OCTAaBAaTbCS HA NOBepXHocTH wapa. Ha no6asou-
MoM uepT. 32, rRe DaHO riaBHOe ceueHue BCeH Qurypm, Touka A N0MKHA
CKONb3WTh BIOAb OKPYXHOCTH. HO mnpH Manbix mnpupalleHHax Ax
H Ay MOXHO CYHTaTh, 4TO nepeMelleHHe TOYKH A coBepuiaercd Mo kaca-
TedibHOH AL K OKPYXHOCTH.
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Mpumewanune. [ng ueroro psgaa nocreioBaTenbHHIX [ap NPH-
pameHdii Ax, Ay 6ynem Kaxabi#i pa3 3aMeHATb YaCTHLY KPHBOJIH-
HEeHHOro MNyTH NO Ayre YacTHUeH NPAMOAHMHEHHOrO MO KacareJbHOH.
OTO PaBHOCHAbLHO 3aMeHe OKPYXHOCTH ONHCAHHbIM MHOTOYT ObHUKOM,
9T0 03BOJNHMTENBHO NMPH OYeHb GOJNBIIOM YHC/AE CTOPOH MHOIOYrO/h-
HHKa (NIpH OuYeHb Malbx Ax),

Eciu yron POA =, TB yroa Mexay KacaTeabHolt AL ¥ mpomoaxe-
HHeM cTOpoHH PA Takxe paseH . Beps Ax u Ay mo a6conoTHoMy 3Ha-
yeHuio, 6yneM HMeTb BJ0oAb AL COOTHOILIEHHE:

Ay:Ax =tga

[rak xax Bnoab npsMolt muHUM AL oTHoweHHe Ay :Ax OCTaeTCs1 MOCTOSHHLIM
(cM. uepTex); Mbl e GepeM OueHb ManeHbKHH OTpe3ok mnpsMoir AL
B6au3n ToukH Al.

X
Ho us tpeyroabnnka POA umeem: tga =7; OTKYZa, OKOHYaTEAbHO:
Ay:Ax=x:y; (1)
Ax u Ay B3aTh Mo aGconoTHOH Bernguse. Temepb MBI MOXeM REpPHYTbCS
K paHee IOJAYYEHHHIM MNONONKHUTEIbHOMY H OTPHLATEAbHOMY NPHpalUeHHAM
o6beMa BNHCAHHOTO UMAMHAPA. Mbl uMenu:
+4nxybx . . . —Inx2. Ay,
Mosxuo 66110 6b1 BeIpa3uth Ay yepes Ax u3 dopMynst (1) H MOACTaBUTH BO
BTODOE NpHpaulesHe, HO npoile 6yaer nepenucarb (1) B BHAE:
x-0x =y.Ay.
3aMeHuB B TepBOM MNpHpPAIeHHH x-Ax depe3 y-Ay, NoAyYuM:
+4ry.y-Ay. . . —2ma2-Ay.
[pupaBuuBas ux, Halzem:
4my?. Ay = 2nx2. Ay;
OTKyna
2y2 p— xz,
HIH _
y2ix2=1:2 y:x=l:V2;

tga = -; = YV 2=1414.

rot yroa ompenenser GoOpMy BHHCAWHOrO UHJIRHAPA.

3apaua 12. B wap Bnucath KoHyc HamGoabuiero oGbeMa (Ha wept. 33
M306paXeH0 CeueHHe KOHYCa M 1apa BepPTHKANbHEOH MIOCKOCTHIO).

Pewe nue. O6o3HauuM paauyc wapa yepes R, pPajHyC OCHOBaHHS KOHYyCa
yepes x; Anuny OP uepes y; BoicoTa koHyca H =R+ y.

JlaeM x npupautenne Ax, Toraa (cuurtast H Hew3MmeHHOH) moayuuM A06a-
BOuHbIH 06beM, O6reralowHi Hall KOHYC U PaBHBLIA MO BeAUYHHE

1 1 1
2. H—mx2. — Hs %x-Ax.
n (x + Ax) 3 H—=x 3 H~2x.0x 3 H
370 6yAeT MOMOXUTEIbHEOE MPHpaLIEHHE.
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Ho yBenrnuenue x BredeT 3a coGoll yMeHblIeRHe BLICOTH H, T. €. ee
NnepeMeHHon 4yactu Y.

CudTas Teneps X MNOCTOAHHBLIM, NaluM y (OTPHUATENbHOE) NpHpaLlle-
HHue Ay; 370 AeilciBHe PaBHOCHJIBHO MNepeMelleHHI0 OCHOBAaHHS KOHyCa Ha
BBLICOTY, paBayio Ay. BenencTsue 3TOro monyuutes OTpHUATeNbHOE NpHpA-
uieHme, paBHOE:

1 1 1
2. H—mx2. — — — —nx2Ayl
nx? 3H T2 = (H—Ay) 31-:xAy.
TakuM 06pasoM Mbl NOMXKHB CPABHHBATh NMpPHPALEHHs:
1 s 1
+21'CX°AX'§H. . . — WX . 3 Ay.

Yro KacaeTcs CBS3M MeXNy npHpamenuaMu Ax u Ay, To 30ech, TaK xe
KaK B npelbinylle# 3anave, Touka A JOMKHA CKOMNb3HTh BAOAb OKDYIKHO-
CTH, U CBA3b IIONpeXHeMy NAaeTcsl yPaBHeHHEM:

Ay:Ax=x:y, uan x-Ax =y Ay. (1)
C
0
Yy
Pr——21
D
Yepr. 33 Yepr. 34.

3ameHsd B NOMOXUTENHHOM NPUPAIEHHH X - Ax gepe3 y.Ay, noayunm:
+2ny-Ay-% H...—=nx? % Ay.

1 3pech MOXeT MOSBHTbCA COMHEHHE ciaefylollero poga. Bemb cHHMaercs
CHH3Y B TOYHOCTH UMJAHHIpHYECKuH cJOH, paBHBLI# NO o6beMy mx2.Ay,

1
[NogeMy xe MBl OTPHUATENbHOE NpPHpAlleHHe B3fAJMH paBHbIM mx3. 3 Ay (1.e.

B TpH pa3a MeHbule)? OGbscHeHue crenyloulee. Mpl 31eChb YYHTHBAaEM
OTpHUaTedbHOE NpUpAIlEHHE NPH H3MEHEHHH BBICOTH, HO HEM3MSHHOM OCHO-
BaHuM. Ecam npunoduate xpyr, aexaliMit B OCHOBaHHH KOHYCa, Ha BBHICOTY
Ay, TO AelcTBHTeNbHO Y6aBHTCH UHAMHADHYECKHH clIOH (0 KOTOpOM cefiuac
TOBOPHJICCH), HO BMecCTe C TeM YBEJHUHUTCH Yroa NDH BEpPIUIHHE KOHyca
MEXIY BEICOTOH M obpaayloulell (TaK Ha3biBaeMblil TeaecHbilt yroxa), H mno-
SBHTCA AONOAHMTENBHbIH Canfi B BHAe 30HTHKA, 0G6Jerajouiu# OCHOBHOM
KOHYC, XOTSi X HE YBEJIHYHIOCK.
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Tlo Ramemy cnocoby nMueM ypasHeHHe:

1 1
Iny By - 5 (R+y) = nxd- FAy.
Otcrona crenpyer:

(R +y) =
UTo6bl BHIABHTH T€OMETPHUYECKKil CMbICA HAHICKHOTO YCTOBHS MAaKCHMYMa,
npolLe BCero BOCNONb30BaTbC PABEHCTBOM:

#=(R+y) (R—y),
TaK Kak AP?2= CP.PD (cM. uept. 34). Ho Torna 6yneM HMeTs:

1
RIN=R+y)(R—y); 9=R—y; =R, y=7R.
Bricota komyca H= % R.

3apaua 13 (uept. 35). TpeGyercs B kpargaltwui Cpok Wepeiity U3 mynkra 4
B NYHKT By, PACNONOXKEHHbIH 110 1PYTyIO CTOPOHY peku. [laa nepenpanbl MOXHO

4 I MM 8,
D
h Peka
P
¥ S
4 B
Yepr. 35.

BOCTIONB30BATLCA 10AKOH, CKOPOCTb KOTOPOH OTROCHTCH K CKOPOCTH mpobera
no cywe, kax k:1 (manpumep k= T)' K kakoMy nyHKTYy M saupaBuTh

704Ky, uTo6el NOMTH 1O TpeGyeMoro myHxTa B; B MHUHHMalbHOE BpeMs
(zauBa s ropasgo 6oablue, yeMm h)?

Pemwenwne CORHOA CTUPOHBI, xeNast COKPATUTb BPEMs, Mbl CTapaeMcs
YKOPOTUTb MNYTh M B3ATb TOUky M npasee (uem Golbuie runoteHysa AM,
Tem 6oapine pasHocts AA;+ A\M — AM); ¢ ngpyroii cropousl, Bbi6paTb
BecbMa LAMHHBIA nyTh AM N0 peke MB He MOXEM, TaK KaK CKODOCTb
NBHXEHHA [0 peKe MEeHblIe, YeM Mo cyule.

O6o3naunm yron MAB ueres ¢ u orpesok A,M uepes x.

Mbi fonyCTHM, 4TO npv MazoM A M = x HMeeT cmbica 3aMeRHTh NMYTh
AA,B,(AA; na noaxe m A;By no cywe) nmyreMm AMB; (AM Ha nomke
n MB, no cyme). Hano y3Hatb, A0 KaKOro x uenecoo6pasEo NPOH3BOAHTH
rakylo 3ameny? [aem x Manoe mnpupaienue Ax, T. e. nytb no Boxe AM
aamenseM yepe3 AM’. [Ipn 3T0OM npuzercss NPOATH AWWIHKA NYyTb NO BOZE,
paBubift PM’, 3aT0 C3KOHOMHTCA oTpesok MM’ nmyTu no cyme (MP — nyra,
onKcaHHas u3 Toukh A paamycom AM). OBG03HAYHM CKOpOCTb ABHXEHHS
no Cylle yepes v; TOTAA CKOPOCTb NOAKH pasHa kv. Becbma maindl Tpe-
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yroabuk MPM’ MOXHO TNPHOIHXEHHO CYHTATb NPSIMOYTOABHHIM; YIoa
MPM’ 6nu3ok K npsamoMy (cM. koHel raasbl I).
Torna

PM = MM’ - cos MM’P = Ax - cos (§ — Ap) =~ Ax - cos 4.

[Yron AMA; = ¢; yron npu M’ Mano otanudercss or yraa npu M, m pas-

HOCTb Mexay cos (p— A¢) M cos¢ ecTb BeanykHa | nopsiaka ManocTH,

a nocne yMHOXeHHs Ha Ax naer seanuuny Il nopapgka manoctu.] [lostomy

NONOXKHTENbHOE NPH PAlliEHHe BPEMEHH, 3aTPAaueHHOr 0 Ha Mepee3], Yepes PEKY,
Ax - cos

paBHO _W—(P' OTpuuaTebHOe NpHpallleHHe BpeMEHH eCTb BpeMs, KOTo-

poe norpe6oBanoch Obl masi NpoxoxAeHHs NyTH MM = Ax mno cyue.
Ax

OnOo paBHO Pl

HMrak, cpaBHHBaeM NpHpallleHHs

phresy o Ax
! kv v

CHavana oTpHllaTelbHble MpHpalieHns Goablue MOMOXHTENbHLX, HO MO-

N,
\\\\\~p M, B
MIN ~
N
\\
/v N
? \llz

Yept. 36.

CTENMEHHO pAa3HOCTh MeXAY HUMH YyMeHbluaetcs (Yrol @ YMEHbIIaercs,
cos ¢ Bospacraer). CoriacHO Hallemy npHeMy, MHIIEM yPaBHeHue:

Ax-cose _ Ax.

kv v’
oTKyna

€os ¢
k
Yron ¢ Hallmercs u3 aToro paBeHcTBa. Mickomoe paccrosuue:

=1; cosy =~F.

h-cosg _ h-k
sing Y I—k2
3apaya 14, [Tycts ayy cBeTa HOMxeH NePeHTH H3 CPebl, PACMNONOXKEHHOH
maj AB (uepT. 36), B cpelly, pacnoAoxeHnuyio mox AB (u3 Touku Ly B TOUKy L,).
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[Ipu 3TOM CKODPOCTh CBETa B MepBOH cpele v;, BO BTOpPoil — v,. B kaxon
Touke M Ayd ROMKeH mepeceyb npaMyio AB, uTo6bl HA NEPEXON M3 TOUKH L,
B TOYKY L, yuUI10 MHHHMYM BpeMeHH?

Pewenue (Xox peuweHns TakoH e, Kak B npeasipyuie#t sanaue). [Tycts
vy > Uy; 0603Ha4uM AM uepes x.

Tak kak ckopocts B I cpene 6Goanue, yem Bo II cpeze, To uenecoo6pasHo
yBeJIHYHBaTh NYTb NMPOXOXAeHHs Jayya B I cpene 3a cuer myTu Bo Il cpene.
Hcxons or HekoTtoporo X, 6yseM maBaTh eMy NpHpalleHHs A X (Ha yepTexe
MM?). Tlpu stom wmbt yanueum nyte LM B I cpeae Ha otpesok PM’
(MP — pyra, onucanHas M3 TOukM L; paauycoM L,M) n yKopoTuM nyTh
LM Bo Il cpere Ha ortpesox MQ. Kax ® B mnpennlayuieil 3agave, u3s
Maznoro TpeyroasHuka MPM’ umeem:

PM’ = Ax-cosa;
Ha mpoXoxAeHHe 3T0ro go6asounoro myTH B I cpepe monagoSuTcsa Bpems
Ax.cosa .
————. OGo3naunm yron BML, uepes 8. Paccysuas aHanoruuHo, Hai-

1
zem: nyth BO Il cpene ykopoTutcs Ha Beanuuny Ax-cosfB, a 3skoHomus

Ax . cosB
BpeMeHH OyaeT paBHA — Vtak, Mbl MOJYYMIH NPHPALLEHHA:
2
+Ax-cosa Ax.cosB
7 e .

CHavana oTpHUATeJb¥ble NpUpAlleHHs 60JbUIe MOJOXHTENbHHX; HO MOCTe-
NEeHHO NpPH OTOABHTAHMH A BMpaBO yroni § yBeNIHMYHBAaeTCs, OTPHUATENb-
Hble NPHPAUIEHHs YMEHbIIZITCH; yroJ ¢ YMEHbIIAeTCH, MOJOXHTENbHbIE
npupalWleHds PacTyT, T. €. NPH MNepeMellleHAE A BNpPABO MNOCTENEHHO
»3KOHOMHS BpeMEeHH® CTaHOBHTCH MeHee oulyTHTeabHoH. [aa HaxoxpeHHS
MHHAMYMa NUIIEM YPaBHEHHE:

Ax.cosa  Ax-.cosB

(21 vy

OTKya
cos a: cos B = v, v,
BosbmeM yrabl, JononHHTenbHuE K yraam a ¥ B.Yrox Ly MN nasviBaeTca

yriaoM najenus; o003HAuKM ero uepes ¢;; aHanoruyHo aas Il cpexsi 0603-
HauuM yroa L,MN, uepes ¢,, TOrma:

€os a == sin ¢;; cos f = sin ¢,
Tenepb ycaobue 1151 MUHHMyMa Mepenuuuercs Tak:

il @;: sin g5 = ¥y : Vg,

dra ¢opMyna BHpaXAET 3aKOH NPEIOMIACHHS CBeTa B (U3MKe (3aKO0H
Cueanuyca).

Jrta 3ajauva Oniia peieHa Pepma.

3anava 15. Ha crene Bucut naakat AB. Tnas Habaogartenss HaXOMHUTCH
B Touke M. MC — ropusoHTanbHas nuHud. Paccrosuue CA=a; CB=b.
IMycrp BoicoTa nuakara b —a == h. I'ne By)XHO CTaTbh HaGAOAATEMO0, YTOGH
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BHIeTb NNakaT AB noR HanGOABLUHM YIJIOM, T. €. 4ToSH yron AMB =y
6bi1 BO3MOXHO Goabuwie? (uepT. 37; cM. 3agauy 6 raasu I).

Pemenne. O603daunm nepemenHoe pacctosuie CM uepes x. Ecan
CTaTb BECbMa JaNeko OT CTeHbl, TO MIAKaT GYyHer Kas3aTbCs MaibiM, T. €.
yroa ¢ 6ynet Man. [lo Mepe fNPUGIHKEHHS K CTEHE 3TOT yroa ¢ YBeIHUYH-

I

Yepr. 37.

paeTcd. OnHAKO BecbMa Gau3ko NONOHTH MH HE MOXKeM, TaK KiK B 3TOM
clIyyae Iniaakat GyneT Ka3aTbCs CilMTIOWEHHbIM (ckoweHHbI!i Bua). OyeBunno,
Haunydwue ycaosus GyAyT Fle-T0 Kocpeluue, Kcxoas or Goabworo x,

A

l a

MM I ¢
Yepr. 38.

6yneM 1aBaTb eMy OTpH
uatenbHble  NPHpallenus
Ax (npu6aumxmaTbes K CTe-
He). [lycts Mul nepeman
n3 Toukd M B TOuky M’
(gept. 38) Ilpu artom
NMPOHCXONHT  yBEAHYeHHE
yraa AMC Tlycts yroa
AMC = qa; yron AM’C =
= a -} Aa. PazHoctp Mex-
Iy HHMH paBHa yray
MAM’ = Aa. Csasb Mexny
Ao w Ax HaMH HalineHa u
noapo6Ho o0GbsAcHEHA B

kouue raasel I. [ToaToMy Mul 371ech ykaxeM ee Bkpartue. O6osnauuv AM
yepe3 /; Toraa ayra wau xopsa PM/ = (I— Al)- Ao~ [.Aa. C apyroifi cro-
POHBI, H3 ,NIPAMOYICJIBHOTO Tpeyroabunka® MPM’ (yroa P nout npsamoit)

HMEEM:

HO

noaTOMY

S8

PM’ == Ax - sina;

a
sing = —;

I »

Ax-.a

PM/ =x




CpapHuBas 3Tm 1Ba BblpaxceHHs 1is PM’/, nonyuum:

Ax.a
l

zl-Ad;

OTKyna

Ax.a Ax.a )
BT X2l a? * M

TakuM 06pasoM Npu NepeMelieHHH Habaonatens u3 M B M’ Ha orpesok

accTosiHMsi Ax cneBa HanpaBo Yroad o YBEAHUHBAeTCH Ha BeAWYHH
p A p y
a-Ax .

ook OpHoBpeMeHHO ¢ mpsaMod MA 6yner cmewaTbCs npsmas MB

Aa=

u yseanuuBatbc yroa §. Ero npupamenue A3 npd OTpHuUATEeNbHOM Ax
f0Ny4aeTC aHANOTHYHO!

A8 = b.Ax @

) : )

Hanbuwe or yunuTaTens TpebyeTcs: COCPENOTOYEHHOE BHHMAHHE, XOTS Paccyx-
AeHHe GYLeT YHCTO apHPMETHUECKOro XapaxTepa.
PaccMaTpyBaeMblf HaMH YroJ ¢ paBeH:

?:3—'1. (3)

[ipn u3MeHeHMH X GYAYT ORHOBPEMEHHO H3MEHATHCS H YMeHbUIaeMoe
B u Bnunraemoe «. Bonpoc umer o ToM, Kakoe npHpaiueHHe Goablle.
Mpu nBuxenun Toukun M creBa HanpaBo (Ax OTpHuaTenbHoe) o6a npupa-
IEHUs OCTAIOTCS NOJOXUTENbHBIMH. EcTb CYyIUECTBEHHOE OTIHYHE MEXIY
cayyaeM, KOT4a X BEIHKO, M ClyyaeM, KOrjia X Maio.

Korpa x Bennko, MoXHO NpH cpaBHeHun mnpupawenuif (1) u (2) crara-
eMpie @2 B 3HaMeHarene apo6u (1) u b2 B 3HameHaTene (2) oT6bpocuTs,
u 1pobb (2) oxaxerca 6oabie (1), T. e. AR 6oasue Ae. 1O O03HAYaeT, 4TO
yMeHbliaeMoe B pacTeT ObicTpee, 4eM BHUHTaeMO€ d, @ MNOTOMY Yroa
¢ =8 —a GyneT BO3pacTarh.

Hao6oport, koraa x Mano, 1po6b (1) 6auska k ATX. npobs (2) x%; TOrna

ipo6s (1) oxawerca Goabiue (2), T. e. Az Goabwe AB. Dto o03HAuaer,
YTO BLIYHTAaEMOe PACTET ObiCTPee yMEHbLIAEMOro, Yroa ¢ 6yneT VObBaTh,
YcnoBusi ans MAKCMMYMa — DaBEHCTBO NpUpalleHHH:
a-Ax b.Ax a b
5 =T 755 WIH - =0 4)
x__',_aA x2 - b2 x3+a2 x.4+b3
Peinaem ypaBherue (4):
ax? 4 ab? = bx? 4 a2b,

HaH
ab? — a2b = bx? — ax?; ab (b — @) = x2(b — a);
OTKYy XA
x2=ab;, x =V ab,

T. €. HCKOMOe DPAaCCTOSHHE X JOMXHO 6biTh CPEAHHM NPONOPUHOHAIBHBIM
MeXAy BEIHYHHaMH a W b,

39



3anaua 16. CeeTduiascs TOYKA MOMeElleHA MEXAY IBYMs WIAPaMH DafgH-
ycoB R, ¥ R, — Ha NWHMH LieHTPOB. e ee noMecTUTb, YTOGH CyMMa OCBe-
e HHLIX MOBEPXHOCTEH HAa OOOHX mapaX 6blia HauGoabuiel (uept. 39)?

O603HauMM PAcCTOsHHA CBeTdllielicss TOYkH L OT 060MX LEHTPOB yepes
xny 1 e LO=ux; LOy==y. [Ipy 3TOM Ha JeBOM Liape OCBEILAETCS
NOBEPXHOCTb, PABHAA IUAPDOBOMY CErMeHTY, MONY4aeMOMY OT BpallUeHHs
ay 1 MA oxono nHHHH HeHTpoB. [lycTe LM ecTb KacatedbHas H3 TOYKH
L. Ecnu 104Ky L OTOABHHYTb BJEBO, TO TOYKA KacaHHA OKAXETCA Npasee,
H Ha NepBOM luape OCBEUIEHHBIM WAPOBOH cerMenT vveubuntcs. Ho onno-

Yept. 39.

BpeMenHo Touka N Ha BTOPOM INape OKAXeTCs mnpaBee, H MOBEPXHOCTb
LIapOBOTO CErMeHTa, MOJYyaeMOro BpauleHHeM ayru NB OKOJO JIHHUM
LIEHTPOB, YBEJHYHTCS.

Buiuncaum cnepsa npupamenne AS, norygaeMoe Ha BTOpPOM IIape NpH
CIBHTe TOUKKH L Bnero Ha BelMunHy Ay (yepr. 40). Tak Kak cymma yrios:

LB+ LNOL=B4yq,

HOMKHA OCTaBaTbCA  pa-
pao# 90°, TO yMmeHbUIeHHE
yraa 3 paBHO YBEJHYEHHIO
yrna NO,L, a notomy yroa
NO,N’ = A¢ paBeH 10
a6conioTHOH Beauuynne Af.
3aMeTuM, KCTaTH, 4TO
anuHa ayrn NN’ pasma
R, -A¢ (yrnpl Bce B pamH-
aHHOH Mepe), M d4TO aas
BeCbMa MaablX 3HaueHUH
Ax, AB, Ay MOxHO I11e-
pememenne NN’ cuutats
xak Obi MPAMOAHHEHHbIM.
Yepr. 40. O6u3HaunM 1auny LM ve-
pes l; LN=I[, Ham
npexae BCero Hago HaATH AAWHY Mano# ayru NN’ B 3aBHCMMOCTH oOT Ay.
W3 manoro ,TpeyroabHuka* LPL’ umeeM (cuuTast yroa P HpsiMbiM):

LP =Ay-sing
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{(yron L’ mMano oranuen ot yraa B). Ho LP rakxe paBHo /,A¢; otkyna

LP Ay -sin
A:i;::—--:z _%_E.,

h

Ap = A <Ay, Mm

HononuurenbHbil y3kuii cdepuueckHit nosc, obpasyeMblifi BpameHneMm
ayru NN’ oxono 0,0, MOXHO NPUOGIMKEHHO MNPHHATb 33 YCEYeHHbIH
konyc. [loBepxHOCTH Takoro Koryca Boobuie omnpeensercs GopMmynson

2n I%r?— lp. 3nech MBl ee NPUGIHXEHHO BHpasuM Gopmynolt 2w/ - Iy,

T. €. BMECTO CPEJHero paguyca BO3bMeM OJHH H3 Kpa#HHX, B JaHHOM CIy-
yae h. Toria mnoBepXHOCTb keablia AS = 2rh-R;-A¢; HO h=1,-sina;
nosToMy :

AS = 2rlysin B - R,y - Ag. 2
[MoacraBads 3HayeHue Ag u3 ¢opMynsl (1), Mbl MOAY4YHM OTCIOAA:

AS=2nl2-sin3-R2-_s_iln—B . Ay,
2
Hau
AS = 2nR, - sin28 - Ay, (3)

BrmoaHe aHaNOrHYHO MOAYUYMTCA NOBEPXHOCTH TOrO ctbepnqecxoro KOJbLa,
KOTOpO€ OTHHMETICA OT 0OCBeLIaeMOH 4acCTH AEBOT0 IIapa:

AS = 2=R; - sin?a - Ax. (4)

CorsacHO HalleMy NDHHIHNY, YCIOBHe 1A MakcuMyma G6yner (3zech
DPUHATO BO BHHUMAHHWE, HTO MO a6COMOTHOH BeqHuuHe Ax u Ay pasHbl):

2nR, sin?a« Ax = 27R,-sin2 - Ax;

HAK
R;ysin?a=R,.sin?f. (6))
. Ry, . Ry R3 Rj3
Ho sina = < sin B = —*; orkyna (5) nepenHuuIeTcs B BHAE: == W ;
x

y
2 3
ran x2:y2 = R3: Ry3; uan (y) = (%) , WM, HakoHel: x: y = (R;: Rz)s/"



CTABA 1L

CIIOCOB CPABHEHHUSI MOKA3ATEJIEMN.
PEHIEHHNE OIlHOﬁ TUIIUYHOM 3A0AYH.

B 3apgawax npeablayumieft raaBbl MBI HCKaMHd MaKCHMyM
WJH MHHHMYM HEKOTODOH BeNHuHHbl F, 3aBucalleldl OT ABYyX
nepeMeHHbIX, NMPHYEM 3TH NEepeMeHHble B CBOEM H3MEHEHHH
6ulTH cTecHeHB 106aBOYHbIM ycaoBueM. HanpuMep, B 3ajaue 7
raasel I (uept. 27) 06beM KOpPOOKM 3aBHC@NT OT BBICOTHI
TpeyronbHuka OF,E; 1 wWHpUHE NOJOCKK Mexny EF, u EF;
3TOT 06beM nponopuxonanes kaapary OP, u nepsoi cre-
nenn P, P. O6bem ectb QyHKUUA ABYX NepeMmeHdbx. Ho atn
JiB€ MepeMeHHble BeJHUHHBI He CBOGOIHLI B CBOEM H3MEHEHUY,
a HaAo0OOpOT, TEeCHO MeXAy co0Oofl CBA3aHL; yBe/JIHUYCHHE
OJHOH BJeyeT 3a COOO0H yMeHbIIeHHe (Ha CTOJNBKO Xe) Apy-
roii Beauuunsl. Ecau OP =a; PP,=x, toria OP,=y=
=aq—X.

Hrak, o6bem V 6ynmer BkaiouaTs B ce6e KBaapaT BelH-
YHHB y Y BeJHYMHY X B nepsoit cremedu: V=Cy%x =
= C (a —x)%x, rae C—o03HauaeT MOCTOSHHYIO BelHuuHy. To
Xe CaMoe HMeeT MEeCTO BO MHOTMX APYTHX 3ajayax (KOHEYHO,
CBA3b MexJy oO0OeHMH NepeMeHHbIMH MOXeT OHTb 6onee
CJIOKHOro xapakTtepa). Mel paccMOTpuUM cefiuac OJAHY THIHY-
HYIO 3a1auy, K KOTOPO# CBOIHTCA pelileHHe psaa reoMeTpu-
YeCKHMX 33134, B TOM YHUCJI€ U MHOTHX, PELIEHHbIX HaMH BHILLIE.

[Tycte Beauuuna F moxeT ObIThb NpeJACTaBlIeHAa B Buje
NpOM3BEJeHHs CTemeHed X U Y, T. e. F=x".y", Hanpumep,

2 2
F=x2y wnn F = x%y2, unu F=—xy—- = x2y~", uau F=-§g==
= x2y”°, NpuYeM NepeMEHHHE X H Y CBASAHH MEXAYy COGoH
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ypaBHeHueM x-+y=a (rae a—nocrosaHHoe uucao). Ecau
Tenepb MH PElINM 3aJauy HAXOXAeHHS MaKCHMyMa-MUHUMYMa
Aas Takod ¢yHkuuu F=x"y" npu HOGABOYHOM YCJOBHH
X-}y=a?, TOo pe3y/IbTATOM pelleHNsI MOXKHO OyIET BOCMOJb~
soBarbCs I/ LeJOro psaa 3anau?. [lepexoAuM K pelleHHIO
THNHYHON 3amauu. HauyHeM ¢ yacTHHIX cayuaes.

Mpumep 1. Jlana cymMMa [ABYX MepeMeHHHX x-+y=a
(nanpuMep, x -+ y=230) u Beipaxenune F=x2y. [Ipu kakux
3HAYeHHAX INepeMeHHBIX 3TO npousseneHde F jpocTuraer
MaKCHMyMa?

Pemenue., Herpynno BuIeThb, YTO, B35IB X MEHbUIE HJIH
paBHBIM ¥, MH He OyxeM HMeTb MakKcHMyMa (Tak Kak X
31ech B KBajpaTe, a y TOAbKO B nepsoii cTenenH). [lepeitnem
K y4yery NMpHpalleHHH, T. e., HAUMHAS OT HeSOJbLIOro 3Haue-
Hus x, 6yJeM NpujiaBaTb €My NOCJAeAO0BAaTEeNbHO HebO/blUHE
npupamenuss Ax. [lpu sroM, ouesuano, y OyneT KaxaHH
pas noayyatb OTpHUaTe/]bHOe NpHpalleHue Ay (10 a6CcoaoT-
HOH BeauunHe pasHoe Ax). [lepexoas oT x K x-+Ax, Mu
(npu HeusMeHHOM y) BMeCTO 3HaueHHd F = x2y mno.yuuMm
HoBoe 3HaueHue (x-+Ax)?.-y., [losaToMy noJoOXHTe/IBHOE
npupalleHde paBHO Pa3HOCTH:

(x+Ax)? - y—xty=y[(x+AxP—x2]=~y- 2x-Ax.
AHxanoruuno, nepexond oT y Kk y—Ay, Mb BMeCTO F= x2y
NONy4YuM HOBOE 3HayeHue F, MeHbllee OCHOBHOIO M papHOe
x*(y—Ay). PasHocTb Mexny HUMH paBHa

X2y —x%(y —Ay) =x2 - Ay.
[ToaTOMYy HafO0 MPOTHMBOMOCTABUTb MPHpPAILEHHS:
+2xy-Ax . . . —x2-A4y,
HIH
+2y-0x. . . —x-Ay.
Ecau x, HauuHas OT Ma/biX 3HayeHHil, GyIeT yBeNHUHBATHCH,

TO moka OHO OyleT MeHblle, yeM 2y, 10 Tex nop OyAeT
nepeselInBaTh MNOJOXHUTEAbHOe mnpHpamesue. Korga xe x

1 3Ty 3i1za4y Mbl CyME€EeM peuuTh, MOJIb3yACh METOXOM MalHX NpHpa-
enni.

2 To-ecTb MOXHO 6yneT pelIaTb WX 1o roroBovy o6pasuy. Takum o6pa-
30M cnoco6; AasaeMbli B 3TOA [/1aBe, ONHpPAeTcs Ha METOR MNpeAbipyLieft
TAaBLl,
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cTaHeT GoJblle, yeMm 2y, TO NepeBECHT OTPHULATEJIbHOE MpH-
pamenre. Kak MB Xopomo 3HaeM u3 mpeibiayule#i riasw,
MH MOJY4YHM YCJIOBHE I8 MAaKCHMyMa, €cC/iH INpUpPaBHSAEM
3TH MPHUPALICHHUA:

2xy - Ax=x2. Ay.

Ho mno a6coarotHo#t BesnunHe Ay =Ax. [losTomy QOMKHO
OBITh:

2xy =x2, 2y =x.
MH nonyuaem MakKCHMyM, NPH COGJAOAEHUM MPOMOPIUHH:
XotYo=2:11

Ecniu cymma x-+y=30, To xy=20; y,=10.

Mpumep 2. Jlana cymMa nepeMeHHHx X--y=a (uanpu-
Mep x-y=750) u Bhpaxenue F= x2y3, Haiitu, npu xaxkux
3HaYeHHAX IMePEMEHHLIX NpoH3BelneHHe F JOCTHraeT Makcu-
Mymar

Pemenune. 31ech mokasaTe/b CTeneHH INpH y 6oablie,
yeM NPU X, MOITOMY €CTECTBEHHO OXHAATb, YTO MAKCHMYM
IOCTHTaeTCs NPH HEKOTOPHX 3HAYGHMAX, KOraa y GoJblie,
yeM x. OnaTb, HCX0Aa OT HebosblIOro 3HaueHud X, Gyxem
IaBaTb X MaJjble NpupalleHust Ax (MM COOTBETCTBYIOT paBHBIe
1o a6CONIOTHOH BE/NMYHHE OTpUIATENbHHE Ay).

[Npu nepexoge or X x X-+Ax Hame BhpaxeHue F=x2y8
nepefimer B Takoe: (x 1 Ax)2y% 3mecp y cuuraercss HEM3MEH-
HoiM. [loaToMy npHpalieHHe (NOMOXKUTEAbHOE)

AF = (x 4 Ax)2y8 — x2y8 = 38 [(x + Ax)2 — x2] =~ y3 - 2x - Ax.

TouHO Tak Xke, NEPexoAs OT y K y—Ay, Mbl NPU HEH3MEH-
HOM X MOJy4dM BMecTO F = x%y3 HOBOe, MeHblIEE 3HAUEHHE!
x%(y—Ay)%. PassocTb Mexay HHMH JaeT OTPHLATENbHOE
npupauieHue:
XY — (Y= ByP =22 [P — () — WP =22 [y* —y°+
T8y - Ay —3y - (Ay)P A (Ay)] = x® - 3y2 - 4y,

ecan or6pocuts BenuudHH II u Il mopaaxa manocru. Hrak,

1 B parpHedimeM 6ymeM Te 3HauUeHHs NEPEMEHHLIX &, Y., NIPH KOTODBIX
JOCTHraercsi MakCHMyM WIH MHHHMYM, 0GO3Ha4yaThb 4Yepe3 Xy, Y., YTOOHI
OTMETHUTb HX OCOGEHHYIO POJb,
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HAA0 MPOTHBOMOCTABHTb MPHUPALIEHHS:

+2x-y8.-Ax. . . x2.3y%. Ay.
YcaoBHe A MAKCHMyMa NOJYYMM, HaliMCaB PaBEHCTBO:
2xy3 - Ax =x2.3y2. Ay;
HJIH, YYUTHIBasA, YTO IO a6COJiIOTHOMY 3HAueHUIO Ay = Ax,
2xy8 = x2 - 3y%
OTKyJAa
2y=3x; nm x:y=2:3.
OxoHuaTeNnbHO:
XoiYo= 2:3.

VI3 pe3ynbTaTOB peieHusa 3THX ABYX 34134 UHTATENI0 yxke
HEeTPYAHO J0rajartscs, K2KOoBO OyaeT pelleHue obluel 3ajayuy.
[lepefineM Tenepb K obmemy cayuaio:

OcHoBHad 3anaua. Ilpu 3a11afmou cymMme x|+ y=a, HaliTH
MaKCUMyM NpoH3BeferHa = x"y".

PeweHue. ByaeM HCKAaTb NOMOXKMTENbHOE MPHUpAIICHHUE:
BMecto x™y" noayuum (x-Ax)"y"; noassysace Qopmy.aoi
6uuoma HrloToHna, 6ynem HMeTh:

AF=y[ P M oemtoax =) (Ax)2+...]—

._y"x’”=y"[m Ax—l— (Ax)2+...];

oT6pachiBasi Manible BeauuHHH I B BbICIUErO MOPAAKOB, NOJY-
YuM:

m(m 1) 2

m (m 1) m—Z

AF~"mx™ . Ax,
WA
AF = mx" ™ . y™ . Ax.

Auanoru4Ho Al OTPHLATENBHOTO NPUPAILEHHS MOMyuHM:
AF=~n-x™.y" . Ay.
Hazo npoTHBOROCTAaBHTL MPUPALIEHHA

+m- X"y Ax . . My T Ay,
YcnopueM MakcuMyma (BBHAY paBeHCTB2 Ax==Ay) Oyjaer

m—1 . n 7~ 1

mx= Yy =nx "y
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OTkyna, pasnmenus ma x™ 'y"™' monyunm: my=nx, wiu s

BHUJI€ MPOTOPIHH:
XoiYo=m:n.

BuiBon. /7pu 3a0anHol cymme nepemernnsx x -~y = a eau-
uuna F=x"y" docmuzaem maxkcumyma npu mex 3HAUEHUAX
X=Xy H Y=Y, 045 KOMOPbLX BbINOAHAEMCS NPONOPUUSL

Xo:Yo=m:n.

Caenctene. Eciu F=xy npu x- y=a, TO MaKCHMyM
6yzner npu x=y. (JocraTouHo nmpunsith m=1; n=1.)
Ecau cyMMa 1ByX nmepeMeHHbIX IOCTOSIHHA, TO NPOH3BeIeHHE
UX [JOCTHraeT MaKCHMyMa NpH PaBEHCTBE HX Mexay coOoii.
DTOT pe3yJbTaT Mbl y2Ke BCTPeYaiu paHblie. 31eChb Mbl HMEEM
BO3MOXHOCTb YOeHTbCS B IPEUMYyIIleCTBE IpUMEHeHHs Goaee
061Iero MeTo/a; OHO CTaHeT ewle GoJ/ee HATJASAAHBM A7 YHTA-
TeJs NPU DelIeHHH JajbHeHIIMX 3ajJay HacTOAWleH TIJaBHl,
peleHse KOTOPHIX B MPeIbAYIHX I1aBaxX TPe60Baao ropasyo
6osblIero Tpyaa. 3aMeTHM, 4TO MOCTOSIHHHINA (TMOJIOXKHTE/Nb-
HBl1) MHOXHTeNb Npu F He MeHsleT pelueHus 3agaud. Hanpu-
Mep, ecau TpebyeTcs HaiATHM MakCUMyM Aaf  GysKIHH
F=28x%y npu yclnoBUH X-}y=a, TO MOXHO KOI(QUIHUEHT
BOBCE HE PacCMATpUBaTh, TAK KaK €CJAH M3 BCEX BO3MOMXKHBIX
3HaueHHH IJA X, y KAKHE-TO NBAa X,, Yo AAIOT NPOU3BEAEHHUIO
x%y HaubGosblllee 3Ha4eHHE, TO OJHOBPEMEHHO C 3THM
F=28x,2y, 6yner 6oabwe, ueM 8x%y npH BCAKHX APYIUX
3HAYeHHSX NEepeMEeHHBbIX.
Mpumeuanune. Huxe OyayT naHuW eme ABa THNA
TaKMX 32734, Y KOTOPHX OLHO M3 YHCeJ m, 1 OTpuua-
TeJbHO; NPX 3TOM HE CyMMa, a PasHOCTb MEPEMEHHBIX
NOCTOSIHHA.
[Mepeiinem Tenepp K pelleHuIo 3amad.

2. PEILIEHUE 3AJAY CIIOCOBOM CPABHEHMSI NOKA3ATLJIFY,

3anaya 1 (cm. 3azauy 7 raaswl II). M3 nnactuaku xectu
B opme npaBuabHoro Muoroyroaruuxa ABCDEF tpebyercs,
BbIPE3aB MO yrsaM MaJeHbKHe (3alITPUXOBAHHBIE) YeThipex-
VroJbHHKH M OTOTHYB Kpasf BJOJb NEpUMETPAa HEKOTOPOro
mHoroyroasHuka A,B,C,D,E\F, (nops006HOro OCHOBHOMY), IC-
CTPOUTB KOPOOKY (uept. 41).

Kakoii mupHHB X JOMXKeH 6bITb OTOTHYTHIH Kpai, Y4TOOH
noayyu/1ach KxopoOka HaHGO/blIeH €MKOCTH?
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Pemenune. Kax ussecrno, miowanu MNOROGHBIX MHOTO-
YTOJbHHUKOB OTHOCATCST MexAay co0oM, KaK KBaJpaTel CXOl-
CTBEHHBIX CTOPOH. MHBIMU cnOBaMu, NJOIMAAL NPAaBHABHOMO
MHOTOyro/ibHMKa INPOMOPLUHOHAIbHA KBaapaTy €ro CTopo-
Hel (M1 anogeme). B Hameit 3agase nJuomanab S OcCHO-
BaHusa kopobku A B,C,D,EF, npomnopuuoHanbHa KBajapary

Yept. 41.

BLICOTH TpeyroabHuka OF,E,, T. e. y3. [loaToMy MOXHO mpu-
HATh Maomans S=Cy? rae C o3nayaeTr nocrosHuyn. O6bem
Kopobku V Oyaer pames:

V=_S8x=Cy.
Tak kak cyMMa y-X 31eCb MOCTOAHHA, TO pPELICHHE MHUIIEM
cpasy:

)Co : y0= 1 B 2,
OTKyZa

1
x0= .;;q,

T. €. HaZO OTOTHYTb KPail Ha OZHO# TpeTH amodeMmsl.
3anpaya 2 (cm. s8ajzauy 3 raasel 1I). B naHHbifi KOHyC Bnu-

caTb UMAMHAD Hauodonbllero obbvema (uepT. 42).
Pemenune. O603Ha4YuM pagiyc OCHOBaHHUsS KOHYyCa 4epes a,

BHCOTY ero uepe3 [/, paguyc OCHOBAHHS BHIHCAHHOrO LH-

JAUHAPA Yepe3 X M BLICOTY LMJHMHAPA 4Yepes .

O6beM BNHCAHHOIO LHJIHHADA

V=n=x2y.
Ho 3aech, O4eBHAHO, X M ¥ HE NMPOU3BOJbYL, OHH CBfA3AHBI
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HeKoTOpo#f 3aBUCHMOCTBIO, MOCKOJBKY LUJIHHAD JAOJIKEH
OCTaBaTHCH BIHMCAHHBIM B KOHYC.
W3 nonobus tpeyrosbHukos LOB u MPB umeem nponop-
HHIO:
MP : PB=LO: OB;
HIAH
yi(@a—x)=H:a.
Orkyna
—x)-H
y=0=21 M

Teneps 06beM LUHAMHAPA MOXKHO, NOIb3YACH (1), mepenucatb
TaK:
x2(a—x)-H

2 .
Ynobuee 6ynetr mpHaaTh MOJAYYEHHOMY BBIPAXKEHHUIO TaKYIO
¢popwmy:

V= ﬂxgy =

V=%1 « x3(a—x). )

dtoT 06beM MOJMKEH NPHUHATH HauOO/bliee 3HAYEHUE, H Tpe-
6yeTcsa ysHaTb, NPH KAKOM 3HAaYEHHH X 3TO HMEET MecTo.
Kak 6bna0 yxasaHo Bblllle, Mbl MOxeM OTOPOCHTHL IO-

~H
CTOSIHHBIA MHOMKHTE/Nb > TEM CaMmBIM 3anaya NpuBo-
OUTCS K OTBICKAHHIO MakCUMyMa BHIpaxeHus F=x2(a —X),

win F=x?y, rie y=a—x; x+y=a.
Cpasy muuieM OTBET Ha NOCTaBJEHHYIO 3alauy:

X0 :y0=2: l;
a TaK Kak
x+y=a:
TO
2
x=XO='§ a,

T. €. paguyC OCHOBAHHS UUJAMHIAPA JO/KEH OHIThb paBeH 2[g
paauyca ocHoBaHus kouyca. Ho Torma BoicoTa wuaunzpa
paBHA ![g BEICOTHl KOHYCA.
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3anawa 3. B pamHubit map paguyca R Bnucath WWIHHAD
HauGosbiiero o6bveMa (cM. 3amauy 11 raaem II, wepr. 43).
Pewenue. O5031aunM pazuyc OCHOBaHUS UMIHHADPA Yepe3 X,
NOJIOBHHY ero BHICOTH uepe3 y. Torga o6bem uuaumnppa

V=r=x?.2y.
HerpynHo BuzeTh, yTO mepeMeHHbIe X H y CRSA3aHH 3aBH-
CHMOCThIO:

R4y =R M

Uro6H He MMETh Jesa C KOPHAMH, MOJNb3YsCb COOTHOLIEHUEM
(1), Buipasum 3maueHde x? yepe3 y M NOACTABKM B BLIpA-
xenue ang o6wvema, Mmeewm:

X2 = R2 ._yg.
OTkyZa

=r(R2—y%) -2y,
HIIH ]

V=2x.(R2—3?)y. \R
Wrak, 3amaya NPHBOIUTCA K OThICKAHKIO Y \
MaKCHMyMa [/l BbIPaXKEHHS
I

F=(R—y?)-y 2

(ecau  OTOPOCHTL MOCTOSHHBIH MHOMXH- ept. 43.

Teab 2x).

C mnepBsoOro B3rAsina Kaxercs, 4YTO 37eCh Halle MPABHIO He-
NMPUMEHHMO, TaK KaK B BHpaXeHHH (2) CyMMa MHOXHTenei
yxe He nocrosrHa. Ho ato sarpynnende MOXHO yCTPaHHUTD
crenyomuM o6pa3oM (M OyZeMm YacTo MO/Mb30BaThlsl 3THM
NpUEMOM): BMECTO Y IHIEeM (yQ)’/’. Torga F nepenxuiercs
TaxK:

1
F=(Re—y)- ()"
Cymma MHOXHTene#t R?-—-32 u y2 Tenepb NOCTOAHHA:

(R—y)+y =R

Ho mnokasarenb cTeneHu y mepsoro 1, y sroporo !/, He
BXOJS B TEOPETHUECKOe OOOCHOBaHHE!, yKaeM, 4TO OCHOB-

1 Mpusoas ApoGHHE TMOKA3aTenn mu n B Bolpakenun F=x"y" k o6-
uleMy 3HaMenaTeal0 r 4 OT6pachiBas ero, Msl BosBbimlaeM F B CTenemsb r;
ecaM IpH X =X, ¥y =Y QYHKUHA F [QOCTHraeT MaKCHMYM#, TO 70 Xe
WMeeT MecTo AAs QYHKUMH [Fi%
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Has 3ajaya COXpaHseT CBOe peleHHe W NPH IPOOGHHIX 3Haue-
HUAX MfoKasateneit m W n. B pgaHHOM CJayuae y mepBOTro
MHOXuTeas (R?2—y?) nokasareab BABOE 6oJblue, YeM Yy BTO-
poro (y2). IlosTomy Hame mnpaBuao TpebyeT COOMIOZEHUA
NPOMNOPIUHH:

Re—y?) =21

OTkyna
RP—y? =2 3y*=RY
Y=Yo= R
X=x,=R l/__,
BHICOTA LUAHHIPA
H=2y= ;—g

Brtopoi# BapuauT. Ecam u3 coornomenus (1) naiitu 3,
TO MOMYYHUM:

y=VR—x,
TOrJa 06'beM LHIHHIpa
V=2nx2) Rz — x2.
[Toaw3ysicb ApoGHHIMM MOKa3aTeasIMH, HAMUILEM:
V =2nx2? (R? _xg)‘/z.
Or6packiBaeM NMOCTOSHHBIH MHOXHTE/b:
F=(x2)' (R*—x2)".
CymMa MHOXHTe/JeH MOCTOSHHA; MO3TOMYy pelLieHHe O6ymerT:
X2 (RB—x%)=2:1; 3x2=2R2
2
X=Xx,=R L/ =
KaK ¥ paHbue.
70



Jlo CHX mop Mbl PACCMaTPHBAJHU TOMBKO CIYy4ail MAKCHUMYMa;
NoKa3aTeNd M M 1 MepeMEeHHBIX OHlJIX MOJOXHTEbHBIMH.
MoxHO yKasaTb eme ABa TUNA 3anady, rie OLHH W3 NOKasa-
TeJell OTPHLATENbHLIH; MpPH 3TOM He CyMMa, @ pasHoOCTh
nepeMeHHbIX NOCTOsIHHA. DyleM cuMTaTh X, ¥ MOJOXUTENb-
HB!MH.

1) Haiitu kpaiinee 3Hauenue (T. e. MaKCHMyM WU MUHH-

MyM) mpousBefeHus y" X, T. €. ApO6H o TIPH m > 1; Tiepe-

MEHHHE X U y CB3aHbI 3aBHCUMOCTbIO y—x=a (mocTOsAHHOM).
Uucautear Gosblue, yeM 3HAaMEHATeNb, H CTEMEHb €ro BHILE.
Huxe yBuauM, 4TO B 3TOM Ciayyae MOJYYaeTCs MHHUMYM.
m
. — J
2) F=y"x " = o tae m<nm x—y=a (mocTosiH-

qo#). HdcauTe b MEHbIIe, YeM 3HaMeHaTesb, H CTENEHb ero
qnxke. B aToM cayyae mosyyaeTcs MaKCHUMYM.

B o6oux cnyuasax peuieHde gaetcs MPOMOpUHeH: Xg:Y,=
m:n.

PaccMorpum nepBuiit cayuai.

Jlns mpocToTh OepeM 4acTHOE 3HAYEeHHe MOKasaTesel, Ha-

npumep, Apoodb
gm Y (x+tap
y X £ x2 = —x2 .

[lpn BO3pacTaHMu X YHCAMTEJb H 3HAMEHATENAb DacCTyT
onHoBpeMeHHO. [TokaxeM cnepBa, 4TG B 3TOM CJyuae HMeeTCs
muuMym. [Ilpm BeceMa Goaplinx 3HAuYeHHAX X J1POGH

HaBepHOEe BeJIHKa (( +a)* >l x+a BeJmKo).l'lpu MaJIbIX

3HAUEHUSIX X YHCJAHTEAb BO BCIKOM <IJayae 06oJblie a3, 3Ha-
MeHaTeab MaJ, Apo6b Beauka. Tak Kak 1apobb Loaydaer
60JbILINE 3HAYEHHS NPU MAJIOM X U MPU BECbMa GOJBLIIOM X,
TO eCTeCTBEHHO OXHJaTb, YTO INPH HEKOTOPOM CpeaHeM
3HAa4EHUH X=X, APOOb NpPHHUMAeT MHHHMAaJAbHOEe 3HayeHue
(3aMeTuM, 4YTO NpH X =a APo6b paBHa 8a).

OTH cO06paKeHHs HOCAT OTYACTH TafaTeNbHBIH XapaKTep.
Benp 1po6p MoxeT coBepmaTh paja KoaeOaHHA OT MaKCH-
MyMa K MUHUMYMy, U o6patHo. Toabko audepeHnuansbuoe
UCUHCJEHHE JaeT ONpeJeseHHHH NyTb K HCCAeJOBaHHIO BO-
npoca BO BCeJi MOJHOTS M KAXAO0H 3ajaull BO BCEX ee AETa/AX.
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[Tepeiizem Temepp X 30Mpocy, KaK Ha¥TH 3TOT MHHHMYM,
T. €. DM KAKOM 3HA4YCHHH X 3TOT MHHHUMYM JOCTHUTaeTcd.
Bepem npo6b onsaTh B BUae

3

F=2,
HaeM x Manoe npupauenue Ax; Torza H y MOJNYUYHT TaKoe xe
npupamenne (Tak kak y=x--a, TO ecaAd X mepelaer
BXx+4Ax, y nepefizer B x-}a-+Ax). B otauyue or BCex
npeibAylMX 3aaay, 34eCh BrnepBwme Ax M Ay paBHH M MO
a6CcoMOTHOR Be/MHYMHE H MO 3HaKy. PaccmoTpum mnpHpaie-
HU  (MOJNOXMTEe/NBHBIE M OTPHUATeAbHbIe), IOJydacMble
Apo6bio. [Ipd momoXHTENbHOM mnpHpalueHud Ay npobb pa-
creT. YBe/IHueHHe APOGH paBHoO:

(y+Aay)y  y8__ 3y2-Ay
x? xZ -~ x2 °

[Mpu nmosoxuTensHOM mpupaueHun Ax apo6s y6GeiBaet. [Ipn
3TOM yMEeHbIeHHe APoOH PAaBHO

y__» 3[1 1 ]Nya.Q_x'_A_x_

E e vy i R ¢ Yk 2
2y
=% A

[TosTOoMy HajzO NMPOTHBONOCTABHUThL NPHpPAIIEHHUSA:

3y2. Ay 243
+x—2' . . | — ? . Axo

MuHuMyM noJyvaeTcs NpH YCJAOBUH:

3y2.Ay 2y3
= " 7 .

e Ax,

BBHAY paBeHCTBa: Ay = Ax HMmeeM:

s _ 2
B2

oTKyAa

3x3y2 =2x2%y%; 3x =12y; X,:¥,=2:3.
Ml noayunau pemeHue TaKoe e, KaK paHblue.
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Bropoi#i ciyuali mpHBOAHTCA K NEpPBOMY.

3
Ecan npo6b %2, rae y > X, IPHHAMACT MHHHMAJbHOE 3Ha-

2
yeHHe, TO o6paTtHas Apo6b W rie YUCAHTEAb MEHbILE 3Ha-

MeHaTensl M CTeNeHb €ro HHWXe, OYeBHAHO, NMPHHUMAET MaK-

cumanbHO® 3HadeHHe. (Bciogy x, y CUMTAIOTCA MONOKHTE/b-

HoiMu,) [IpuBeneM B kauecTBe nmpuMmMepa 3ajady H3 (GHU3HKH.
3anaya. Ecaun He6GoabmIOfi MArHAT PACHONOXKEH BIOJb

OCH KpPYrOBOTO 3JEKTpHuYe-

CKOro TOKa (BHTKa), TO IO-

cleJHMHA pedicTByeT Ha Mmar- __S N _

HHUT C CHJIOH, IPONOPLHUOHAb- s T

a

HOH BBIPAMXEHHIO: ————— »
(X2 +a2?) ! Heprt. 44.
rie @ —paiuyc TOKa, X —
paccTOsiHWE MarHXTa OT MAOCKOCTH Toka (uepT. 44). [pu
KaKOM PAaCCTOSIHMHM X cuna 6yneT Hauboabuei?

Pewenue. Hepenumeu YKa3aHHOE B 33]a4€ BHPaxXeHHe

()"
B MHOM BHZE: G . 31eck PasHOCTh NEpeMEeHHHX (x2)
(vg—[—a2)

n (x2 4 a?) ecThb BeNMYMHA MOCTOSIHHAA. 3HAMEHAaTe b G(O0Jib-
1Ie 9YHCAMTeJ]S, M MOKasaTenb NpPH HeM 6oabwe. dTo —
BTOpO# cnyqaﬁ, M OH paer MakcHumyM. OG6paTHas apo6b

(eta)”

————,~— naeana Gu MuHHMyM. UTOGHl HalTH yC/0BUs A
(?)

MaKCHMyMa, MHIHEM INPOMOPIHUIO:

(x2+4-a?):x2=>5:1;

OTKyJa:

a

x2 4 a2 ="5x2 4x%=aq? X = Xo=1.

3agaya 4. B wap pauHoro paguyca R Bnscath KoHyC Han6oabuiero
o6vema (cM. 3agauy 12 raasw II, wept. 45).
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Pemenne OG6GO3HaYHM BHICOTY KOHYCd 4epe3 Y, DAXHYC OCHOBAHMS
uepe3 x. Torna o6beM KOHyca

= % nx2y.

dro6bl NpUBECTH 3TO BHIPAXEHHE K ONHOMY MNEPEMEHHOMY (x Hau ),
npoue Bcero GyNeT PacCMOTPeTh [NIABHOEe CeYeHHe (HIYphl (IIOCKOCTHIO,
npoxonqauieH yepes OCb KOHYCa) H BOCMOJMb30BAaTbCA TEOPEMOH O KBajpare
BHICOTH B NPAMOYrOJAbHOM Tpeyroabuuke. M3 yeprexa umeem:

i BP*=LP.PM;
)8y 9%

x2=y(R—y).

[Toncransst 3TO 3HaueHHe x2 B BbIPaKeHHe
06beMa, MOMYIHUM:
1 1
V=gry(@2R—y)-y =3 (2R—y).

1
Ot6pachiBass MOCTOSIHHBIH MHOXHTENb =7, no-
Yepr. 45. JyyaeM BhlpaxceHHe:

F=y*(2R—y).
Cymma MHOXHTenel (6e3 mokasateaedt) y u 2R — y nocroanHa. [TosTomy
MOXHO NPHMEHHTb Hallle MPAaBHJO.
Jina MakcuMyma tpebyercs CoGMI0AEHHE NPONOPLUH;

Y:@2R—y)=2:1
Ortkyna

4
Y=4R—12%; y=3=73R.

3agava 5. M3 Bcex TpeyroAbHHKOB C 3aJaHHEIM NepuUMeTpoM @ -+ b |-
~+ ¢ = 2p HaliTi TakoH, KOTOpbI# BpallleHHEM OKOJXO OLHOH U3 CBOMX CTO-
pOH NMPOH3BOLHT TeJO Haubombuero o6bema (dept. 46).

Pewmenue. [IpeaBaputenbHO MOKaXeM ciaeaymoliee,

Jlemma. Eciu 1aHa IIHEA CTOPOHH ¢, BOKPYT KOTODOH NPOMCXORHMT Bpa-
LieBHe, TO HaHGOAbIIHA O06bEM MOAYYHTCS NPH YCIOBHH PaBeHCTBA ABYX
IpyTHX CTOpOH: @ = b.

HokasateabcrBo. O6o3naunm Bmcotry CD uepe3 k. O6wbeM Tena
BpaLIeRUs:

V= = (CDp- %AD + = (CDY- % DB =r (CD)- %- AB = %mzc;

HO JJAWHA ¢, MO YCJOBMIO NeMMH, 3apanee naHa. [lo3aToMy Maxkcumym
06beMa TONYYHTCS NMPH HAHGONbIIEM 3HA9EHHH BLICOTH! A, H 10KA3aTENLCTBO
JeMMbl TIDHBOAHTCA K 3afaye: NPH 3aAaHHON CyMMe IBYX CTODOH TPeyroab-
HHKA a- b=2p—c=const HaWTH Yycr0BHEe, NPH KOTOPOM BHICOTA
6yner MaKCHMaibHOM,
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Tak xax HpH HanGoabmed BbicoTe kA (OCHOBAHHE ¢—MOCTOSHHO) H IO~

IWajb TPEYroJlbHHKA OKaxeTcd HauOoablieH, TO NpeiblAyINyl0 3ajauy za-
MeHHM TaKoH:

YeprT. 46.

Mpu 3apaWnoli cymMme ABYX CTOPOH TpeyroAbHHKa AC W CB mahtn
ycnoBHE TOrO, 4TOOB IJIOWAAb €ro Oblla MakCHMaibhOH. [las maowapu
TpeyronbuHka EMeeM ¢opmyay lepona:

S=Vrp—x)(p—y)(p—c)

{cTopoHsl @ = X u b=y HeusBecTHbI).
Jas Toro 4ToGb S 6HAa MaKCHMMaJbHON, MOXKODEHHOE BLIPAXeEHKe:

po—x)p—N@—0o=pp—c) P—x)(p—y)

BOMXKHO G6BITh MaKCHManbHEIM., I[OCTOAHHLIA MHOXHTENb P (P — €) MOXKHO
or6pocuth. Mrak, uiiem ycaosue Toro, yto6m npousseneHue (p—x)(p—y)
6b110 MaKCUMANbHLIM,

Ho cymMa 3THX MHOXHTeAeH NOCTOSAHHA, TaK Kak

@—x)+@E—y)=2p— (x+y) = const.

Kak Mbi 3HaeM (CM. ClIefCTBHE OCHOBHOrO BHIBOAA NpH m = n = 1), 3TOT
MaKCHMYM JIOCTHraeTcs MpH paBeHCTBe 060OMX MHOXHTenel. Mrtak, momkHo
GHITH:

p—x=p—Jj.
OT1kyna:
x=y, umm a=2b.

TpeyroasHuk KoaxeH OLTh paBHOGeapeHHbIM. JlemMMa jnokasaHa.

[lepexoauM K pPelIeHHIO 3aMayH.

[lo ycnoBHI NAaH TOAbKO NEpHMeTp @ -+ b -+ ¢ = 2p. Hu oana u3 cTopos
He gaHa. Ho neMma yTBepX[IaeT, 4TO €CJH BbIGpaHa CTOPOHA, BOKDYT KOTO-
poi MpOMCXOAHT BpalleHHEe, TO ABE APYyra€ CTOPOHH AOMKHBI OhIThb paB-
HuMu. [lostoMy, KakoBa 6pl HH 6bia ganHa cTOpoHW AB, Bce paBHO
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AC = CB (uept 47). O603nauum naury AC = CB = y; anuny AB uepes 2x.
Torna 2y -+ 2x = 2p (uepnuerp). Mau:

x+y=p. a1

O6beM Tena BpaleHHd
1 2
V= gﬂ:h2 2x = gnhzx. (2)

Ho mo T1eopeme IIudaropa

h?=y2— x2,
[MostomMy 06BEM

= —S—‘R()’z — x2)x.

Mrak, Mal HuleM MakcUMyM Bbipaxenus x(y2— x2) npu N06aBOYHOM ycao-
Buu (1),

Yepr. 47. Yepr. 48.

Tlepexonst K ONHOMY NEPeMEHHOMY, 3ameHMM y yepes p — x. Hauwe Bbl-
paxeHue NpHMeT BHI:

xR —)=x @ —2px+ X2 — ) =x (PP —2px)=p-x(p—2x)=
x( 2 —
2p x(2 x).

OT16pacbiBai MHOAXHTEAb 2P, OTBICKHBIEM MAKCHMYM BbIpAKEHHA
F=x (L — x) .
2

CyMMa MHOXHTEAeH N0CTORHHA: X - (% — x) = const.
MakcuMyM OyneT npH paBeHCTEe MHOxUTeneff:

x=%—x; 2x=£-.

2
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OcHoBanue TpeyroapRUKA AOMEHO GHTH PABHO —{;- Becb nepumerp pases

3
2p. [MoaToMy kamjaaa u3 GOKOBLIX CTOPOH DaBHa TP Wrak, CcTOPOHMH

HCKOMOTO TpeyrojibHMKa 6yayT:

3 3 1 _ 3. _1
7 37 gp (Ac=cB=3m AB=73p)

/3 Bcex TpeyroJbHKKOB C MepHMeTpOM 2p HMEHHO TaKOH AaeT NMPH Bpa-
WEHHH OKONO CTOPOHH —op HaH6OJBIINH O6BEM.

3anaua §. DiekTpHYecKas JaMMOyka BHUCHT Haj LEHTPOM KPYIIOH mio-
wanky paguycaa (uept.48). Ha kakolt BbicOTe Halo MOABECHIb JAMIIOUYKY,
4yTo6bl OCBEUleHHEe HY KPasAX IMIOINMATKH OBIJIO MAaKCHMAaJbHbIM?

O6o3uauenusi: OA = a; Bucota OL = x; yron LAO =+¢.

PewmeHune. V3 GOU3MKH H3BECTHO, YTO CHJAA OCBElIeHHs OGPaTHO NMpo-
MOPLHOHANbHA KBAAPATy PaCCTOSHHSA OT MCTOYHHKA CBeTa M ApAMO Npomop-
LUHOHaAbHA CHHYCY Yrla MEXAy Jy4YaMH M MJIOCKOCTbIO, Ea KOTOPYIO OHH
naaaioTt.

B uaiue#t 3afaye HagoO NOOHTbCS Haudyulied OCBEWEHHOCTH B TOUKe Ha
CKPY)XHOCTH, Hanpumep, B Touke A. Ias atoif Touku GyAeM HMeTb: cHJIa
OCBELUCHHSA
k-sine

(LAp’

rae B — Ko3($HUHERT NPONOPLHHOHATbHOCTH.
W3 ueprexa ciepyert:

f=

(LAR = x2 + a2,

X

X
=T Vata

Torza
k-x x

= =k .
VEF@E (e +a)  (2t+a)”

n03TOMy HlLeTCA MaKCHMYM s

x _ (xz)l/!

tay'h (2ot

f

S71a 3a1aya OTHOCHTCS KO BTOPOMY LOGABOYHOMY THIIY: UHCIHTRAb MEHb-
ile 3HaMeHaTens H CTENeHb €ro HUKE.
Ycaceue ans MakcHMyMa:
(x4 a2:x2=38:1,
HIH

a
xB4-a2=3x% 22=q? x=xy=— =

Ve



3agaua 7 (cMm. samauy 6 riaasw l; samauy 15 raaswm II). Ha cteme Bucut
naakat AB. T'na3 Hab6monatens M HaXoAUTCSl HA rOpPH30HTaNbHOH auHHH CM.
Paccrosune CA=a; CB=" (uepr. 49). [ne cratb Ha6awonarenio, YTOObI
BuieTh MIaKaT AB Dul HaWGOJBWHM YI/IOM, T. €. YTOGH yron AMB=¢
6Bl BO3MOXHO GOJBILHM?

Pewenne Mb GyneM paccMaTPMBATh He CaMblii yroa ¢, a €ro TaHreHc.
DTO MO3BONUTENbHO, TaK KAK €CIH M3 LeJOr0o psija 3HaueHKH yrios ¢ (Bce
OCTpHI€) KAKOe-HWOYIb ¢ = ¢y OKAXercsd HAHWGOJABIIMM, TO H3 BCeX COOT-

BETCTBYIOLIMX 3HaYeHHi tg ¢ 3HayeHue tg @y Takwke OyneT HanGoablUMM.
W3 yeptexa crepyert:

I

ao
tga_—;, tg B
HO

tgh—t
tg9=tg(B—a)=ﬁE—.

8 [NoxncTaBasd ciona 3HaYeHK s tga
\ A tg B, nosyunm:

A b a
:b ) _(b—a)=
l' geg = l_|_i£_ 2+ ab
/ ¥ x
" ! C 3ajaua NpPHBOAHTCH K OTHI-
6
Yepr. 49. CKaHHI0O MaKCHMyMa ApoGH

X

F= x2 -+ ab

HIN y
Fo 097
(x2 4 ab)’
Kak u B npexppiayieif sagaue, NuuleM YCIOBHE IS MAKCHMyMa:
(24 ab):x2=2:1; nan 2x2 = x2+4-ab; x2=ab; x=xo= VY gp.
3apmaya 8 (cM. samauy 4 raasm II). Ha nockocrt? naubl nse OCH Kxoop-
nuEaT H Touka K Tak, ato KB = a; KA = b. TpeGyercs H3 BCEBO3MOX-
HbIX NPAMbIX, NPOXOIAIIMX uepe3 TOuky K, BHOparb Ty, KOTOpas oTce-
kaer tpeyroaphuk MON MHHUManbHOH NAOWALH (4epT, 50).
Pemenue. OGo3nauuM nepemenssifi yron KMO uepes g. M3 uep-
TeMa CAelyer:
OM=a-}b-ctgy
ON=b4a-tgqg
Toraa nuomans TpeyroibHhuka NOM paBHa:

l 2
LlatbegnGtatgn=g(ab 0 ctgo+aigy+at) =
=alz—|—%(b2 clg 9+ a2 tg q).

18



fTepBoe cnaraeMmoe nocrossHHO. Hago #ckaTh MHHMMYM [is BbhlpameHMs:
b2ctgg+ a2tge=F.

Yro6H mepeiith k aare6pandeckoMy BHIY, o6o3HauuM tg ¢ uepes z

1
tge =2z ctgg=—.

Torma F upumer Bug:

Yepr. 50..
[Ipuberaem x HCKYCCTBEHHOMY NpHeEMY:
b2
(22)1/2 (22)1/2 :

b2
2
¥ nepeMenHnIX Z._,;l—z M 22 pa3HOCTh MOCTOSHHA.

3amaya OTHOCHTCSl K [ePBOMY JOMOJHHTEAbHOMY THNY (YHCAUTENDb GONbLIE
3HaMeHaTeas H CTENeHb ero Bbilue). A9 MHHMMyMa [OMKHA BHINOAHATCA
nApoNopUKMA:

b2
(E+22):z2=2:1;
OTKYAa:

ale

b2 2
ZTI_Z =222 z=12y=

[Ipu sToM ycnoun npaMas MN momkHa ObITh MapanneabHOH KHaro-
HalH AB.

3anasa 9 (cm. 3agayy 10 raassr II). TpeGyercs NpHroTOBHTH LMAHH-
APHUECKYI0 KPYXKKY, OTKPHITYIO CBEpXY, 3ajaHHOro o6beMa V) Tak, 4yr06n!
ADH 3TOM YULIO MHHHUMYM MaTephaid T. €. YToOH MOBEPXKOCTb ObuIa
MuLHHMaabHO# (4epr. 91)].
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Pemenne. O60osHauMM pajuyc OCHOBAHHS LMAHHIDA Yepes X, BHICOTY
ero yepes y. Torna o6bem V = wxly,

[lo ycnosuio 3amaum oGbeM 3apaHee 3afaH, T. e, 7x3y JAoMKHO OHITH
PaBHO MOCTOAHHOH Beanuymue Vi:

nx2y = V. 0]

BoxoBas noBepxHOCTs HEIHHApPA paBHa 2mxy; MAOIIAlb OCHOBAaHHS Tx2.
[losToMy MOBEPXHOCTb KPYMKH

S = nx2 4 2rxy.

YTo6bl MMETh Heno ¢ OXHMM NepeMeHHEIM, MM H3 pasefcisa (1) ompene-
JHM y U NOACTABHM B BhIpaKeHHe AN MOBEPXHOCTH:

Vi,
_____ y= wx?’
=
W==-r--—-n TOrAa
]
: : S=11:x2—|—21cx.;‘%;
| Yy 1
! ; S=met 2, ©@)
{ ] x
: } MckyccTBeHRHIM NyTeM npeo6pasyeM TNoONydeH-
[} I e | HOE BhHIpaXeHHe K HalleMy THIY:
€ 3 2V,
ST x3 _l_ —1
S— nx34-2V; . 3
Yepr. Sl. T x - x 7
HIH
(x3 + %)
S=n=n __1/1:_ .
=3

Mbl nonyunan apo6b MepBOro AOMONHHTENLHOTO THMA (PE3HOCTH WHCIH-
Teld M 3HAMEHATENs NOCTOSHHA; YHCAHTedb Goiblue 3HaMEHaTead U cTeneHb
€ro BhlLUE; 3TOT THN [3aeT MHHHMYM).

YcaoBHe AaA MHEHMyMa:

(x3+ %):xsz.?':l;

T
OTKyZa

A
358 = x3-|—2—:l;x=-xo= ]/-‘—:}

Ecan, noabaysach cooTHolieHHeM (1), HaHTH COOTBITCTBYIOLIEE 3HAUCHHE Vg,
TO OKaWeTCsl, YTO Yy = Xg.
BoicoTa KpyxKH 10/MxkHA GbITh PaBHA PafHyCy OCHOBAaHMS. )
3agaua 10. V3 aHcTa ecTH WHPUHOIO a TpeGyeTcs COTHYTH OTKPHITHIH
%ea06 Tak, yTo6bl mMonepeuHrii paspe3 ero uMen GopMmy Tpaleuuu, y ko-
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topoif croporn AB, BC, CD paBubi: AB 2= BC == CD :-:]3- a, 1 yTolni
NpH 3TOM BMECTHMOCTb eAo6a Gblia KauGoabweid (aept. 52).

Pewenune. Urobul onpesenuts ¢opMy TpanedguH, AOCTaTO4YHO Ompere-
AUTH YTOA Q.

a
Bricota Tpaneudu h =3 sing.

a a a
HuxHee ocHOBaHue PaBHO 3 BepxHee ocHOBaHHE paBHO '§‘+ 2§ cos 9.

[MonycymMMa ocHoBaHH:
1/a a 2
7(3+3 +gacosv)=
Maowanp Tpanennu:

2
S= (l—]—cosq:) gsincp e (1+cosq>)sln<9.

A}

o.la

(l -+ cos go)

CnpalunBaercs, kakoe 3HadYcHWe
HajJ0 npUAaTh Yriy ¢, yTobn ¢yHk-
aus Aemmmmm e

F =(1-+}cosg)siny

JNOCTHI 1 MaKcUMywma?

Ipesc aBuM GYHKIUIO B YHCTG
anre6panveckoM Buae, O603HaunM 6
nepereHHoe cos¢@ uepes 2. Toraa

R YepT. 52.
cosg=2z; sing= V1— 22 ep

F=(142 V1—2.

Uro6bnl MOXMHO OLIIO BOCHOZB30BAThCS HAllHM NPHEMOM, ClenaeM npeol-
pa3oBaHue:

F=(142Vd+2)0—2)=(1+2 VitzVi—z=
3 1
=(1422(1—-27.
CyMMa o6oux MHOxHTene#t (Ge3 mokasareneil) mocTOsHHA:
1+2)4+(1—2z)=2=const,

Has MakcMMyma TonxyuaeM NPONMOPUHIO:
(142):1—2)=3:1.
Otkyna z = 2y = —%— . Wrak, cos 9y = -%—; yroax o= 60°.

3anava 11. Okono wapa AaBHOro pagdyca ONHKcath KOHYC HAMMEHbIUEro
o6bema (uept. 53).
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Pewenue. Tlycrs pamuyc wapa Gyser a. Pamuyc ocHOBaHMAR xoRyca
0603HauHM 4YePE3 r M BHICOTY ero ueped h; yroa Meway oObpasyouwel u
MNOCKOCTBI0 OCHOBAHMA KOHyca 06O3HauMM uepe3 %, Toria M3 npaMo-
yroabHoro tpeyroabsuxa OPB uMzem:

cctg 2
£ PB == OP ctg2,
P\ T. €.

\\ r=actg¥;-.

\

h BricoTa

) LP = PB-tgq;
!

0 —rtgg=actg L
) 0 h=rtgg=actg D) tg ¢
A . _——>f O6sev Konyca:
1 1 ¢ ?
== — N = — 3 2 . _—
Yepr. 58. 14 3 nrih 3 T4 ctg 2 actg ) tg @,

HIH
= l‘na3 ctgd - tg g
3 2 :

HM1ax, sanaua cBOZUTCA K OTHLICKAHHMIO TaKOro yraa ¢, npu kotopom ¢ysx-
¥

F=tgq ctgsg

NPUHHMAET MMHHMANbHOe 3HauenHe. llpeacTaBuM F B aare6panyeckom

Buge. C a10#f neabi0 0603HauUM tg% yepes z. Torna

1
tgf=zctg 3=

e
2tg &
2
tg?.—:tg?(%): fq):l_zz).
Teneps paccvaTpuBaeMass GYHKUHMS NPUMET BUL:
Fe 2z 1 2

1—2t 28 22(1—29)°

YucnuTenb—MOCTOSIHHAS BeAWuuHa. Jas Toro uro6a 3Ta mpo6p ROCTHIIA
MHHMMYMa, Heo6XONHMO, YTOOH 3HAMeHaTeab NPHHAA MaXCHVaNbHOE 3Haue-
Hue, T. e. 22(1 —2?%) uam (2%)'(1 —22)! 1OMKHO G6bllb MAKCHMAAbHbIM.
Cymma muoxumreneit (22) m (1 —2?) nocroanHa., Kax Mbl 3HaeM, MaKCHMyM
nocruraercs npd ux pasedcrse. OTcioga moayuaeM yCIOBHE:

22=1—2% 222=1,
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T. €.

Yron @y~ 35° 16/. MoxHO noKa3aTh, YTO Y TaKOTro KOHyca BhICOTA /== 4q,
3apaya 12. an wectaHoR kpyr paguyca R. TpeGyercs H3 HEro Bbipe-

3aTb CEKTOP TaK, YTOOW KOHMYECKaA BOPOHKA, KOTOPYIO MOXHO 06pasoBarh,

CBEpThIEas OCTABIIYIOCA YaCTb

Kpyra, 6b11a Han6odsuwero 06b-

eMa (ueprt.54). M

Pewenue, Ecin Bupesars
cextop AOB ¥ 0CTaBLIYIOCS YaCThb
CBCLHYTh B BHAEe KOHHYECKOH (]
BOPOHKH, TOY MOMYYEeHHOTO KO- f
Hyca NJIHHA OKDYXHOCTH OCHO- N
BaHUS paBHa MaHHe ayru AMNB, A
a ofpa3ymolias KOHyca G6yaer !
paBHa paauycy kpyra R. O6o-

B

3HaYHM ULCHTPanbHbi yron AOB

Bblpe3aeMOro cexTopa uyepes ¢, a

ocTalouuica NeHTPanbHuH yroa,

paBubil 360° — ¢, maM 2 —q, Yepr. 54.

yepes x (B paunuMaHHO#l Mepe),

pamuyc OCHOBAaHHS KOHyca uge-

pes3 r, BKCOTY ero uepe3 i u o6pasymouyio uepes /. [Inuna ayru AMNB
pasHa Rx; = R. Toraa mo/xHO COOMIOLAThCA PABEHCTBO:

2nr = XR,

OTKY A4

xR
r=g- M)

Bricota koHyca

h=VYPB—r= VRz— 5= —R‘/l———

O6peM komyca
1 n x2R? ‘/_ ‘/-
Vo -§1tr2h = T I ‘R 1— 47:_‘ 1— i T3 =

= TR (1 ﬁ)%
4n2\" T 4m2)

Krax, Ha40 OTLICKAaTh MAKCHMYM MPOH3BeAcHHS
s

(x_’ ! (1 ._."_2)
41:7> 4n2) *



Cymma MuoxuTenell mocrosHna. YcIoBHE AN MaKCHMYMa TaKOBO:
x2 X2 1.
E?O"EQ'&L

x2 9—9 x?  3x2

w2l s

OTKYAa
2

x=x,=2n %N%V%m.

Hajo sripesath yron ¢ = 2z — x =~ 2=(1 — J/0,067)~0,38x.

3akalouenne. YacTuoit cnocob, uanoxeHHHil B 3TOH AaBe, XOTS H Be-
IeT uHOria OBICTPO K HeAH, He MOXeT, 0XHak0, HacC yAOBAETBOPHTb. Bo-
NEepPBHIX, €r0 MOXHO MNpHJarartb TOJbKO K 3a1ayaM OMNpeAe]eHHOro THIA,
BO-BTOPHIX, NMPUXOLHTCA paccMarpHsBaeMylo B 3afaue QyHxnuw F HcKyc-
CTBEHHO NPHBOLHTb HeNpeMeHHO K BHAy x™y". Hanpumep, B 3anmaue 10

a .
Mbl BCTPETWJH MMfi IAOLIALH TPaneuuu cpopmyny—g (14 cosg) sing u BH-

HyXJenp ObiiH npeo6pasoBaTb 3TO BbipaX(€HHe B NPOH3BEAEHHE YKa3aH-
HOro BWia. Kpome TOro, peuicHue OCHOBHOH 3afaud OCHOBHIBAaNOCH HA
Me10fe npelnlAyuleit raaBbl, Ha MeTOAe MaiblX NpPUpPAUIEHHH, TaK 41O
TNPHHUKMNIHAALHO ONATH-TAKH NPHILIOCH NMPpHOEeraTh k npupawmenusM, OnHako
YAOGCTEQ 3TOro cmoco6a 3aKmKyaeTrcs B TOM, YTO OH DPaccMaTpuBaer
¢ynxuuio F HeluKOM M NPHBOIMT 3ajady K aare6pamyeckuM JeHcTBHAM,

Hanbonee obuinif, yHuBepcaibHbli MeTON, yA0BACTBOPSIOUIMA BCeM Tpe-
60oBaHHAM MAaTeMaTHYeCKOH TOYHOCTH M BeCbMa YIOOHbLIH A1A MOJAb30BaHUA,
Aaercsa nAHdepeHUHaNbHbBIM HcducacHUAM. C 3THM METOAQM YUTaTedb NO3Ha-
KOMHUTCS1 B GAeAYIOLIeH raase.



TIABA IV,

METOd IUPEPEHLHAJNOB.
1. NEPEXOJ OT MPUPALIEHUA K NHPEPEHIUANAM.

B raase Il npu peweHuu 3anay METONOM ManablX NpUpa-
LIeHWH HaM MNPHXOAUJIOCH CJAEAUTb 33 MPOLECCOM H3MeHeHUs
HEKOTOpPOo#A BenuduHol F (OCHOBHOH mNepeMeHHOH BeJHYUHH
B 3anauye). DTOT MpoLecC H3MEHEeHHs Mbl Pa3OUBAaAH Ha MeJ-
KHMe J0/IH, TaK KaK MaJable u3MeHeHus AF jerye mopjaimorcs
yuyery. 3HaHMe 3THX MaJblXx MNpHPAIEHHH JaBalo BO3MOXK-
HOCTb HaiTH TOT MOMEHT MNpouecca, KOrja BeaM4yHHa F
JOCTUTaeT MaKCMMyMa uaud Mudumyma. [losTomy uenrpab-
HO# 3ajnauedl sABAAeTCA — HAWTH 3aKOHOMEPHOCTb 3THX IpH-
pauweddi, HaWTH GopMyay AAsl HHX.

OnHaKo METOX, KOTOPHIM MBI MOJAb30BaldWch B ruase II,
He sABJdeTCAd OOWUM. A HMEHHO, MH KaX/Jyl0 OTLEeJbHYIO
3ajlauy pemlajy Ha OCHOBAHHH TEOMETPHUYECKHX Coob6paxe-
HUii; MpUpalleHUss HaXOOU/IUCh COTJIACHO OCOGEHHOCT:M TOM
HJIM HHOH reoMeTpuveckoil (urypsl, HanpuMmep, 106aBOYHbIH
obseraouiuii Ca0H BOKpPYr UuJAHHApA, A00aBOYHBIA crnoit
B BHJE 30HTHKAa BOKPYr KOHyca M T. A. Bo3Hukaer Bompoc:
Heab3sl JH CBECTH HaXOXIeHHe 3THUX NpUpalleHHH K aarel-
pavueckum aeicTeusmM? Kpome TOro, MH paccMaTpHBajd OT-
JeNbHO MOJIOXHTEJNbHHE K OTPHIaTeJbHHE NpHpalleHus.
B aTOM HeT HEOOXONMMOCTH, BAXHO TOJAbKO 3HaTb: pacTeT
aun BenyyuHa F uau y6uiBaer, T. €. 6Gyner Jau obuiee
(cymmaproe) npHpalleHne NOoJMOoXKHUTeIbHEIM UAH OTPUUATENb-
HEIM?

Mertox, u3naraemulif B HacTosIIeH r1aBe, CBO6OAEH OT 3THX
HexoctaTkoB. OH NaeT BO3MOMXHOCTb MO 33aJaHHOMY aJjre-
6panuyeckoMy (TPUrOHOMETDHUYECKOMY) BHIPAaXEHHIO BEJH-
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yuHH F Hanucath (opMmyay ee Menbyaliuiux npupalleHHi,
He Kacascb BOBCE [E€OMETPHYECKHX CBOHCTB TOM HJIH HHOMH
¢urypsl.

[To dopmyse masa npupamesuil MOxHO 6yJeT CNpene/HThb,
pacteT JH BeJauunHa F uau yObiBaeT (M Kax ObICTPO MNpo-
HCXONUT €e M3MEHEeHHe). A umes TaKOH NMOYTH CTAHAAPTHHIH
NpHeM HaxoxJIeHHs MeJbyaliliero NPUpPAIeHHus], Jerko HahTu
MOMEHT, Koraa F J0CTHraeT MaKCHMyMa H/IH MHHHUMyMa:
ZOCTaToO4HO OymeT ¢opMynay, BHPaXaKOLlyi0 MNpHpalLleHue,
NPHPABHATb HYJIO.

OTMeTUM TYT Xe ABe OCOGEHHOCTH 3TOro MEeTOja.

Bo-nepsuix, npd npo6seHHH mnpolecca H3MeHeHHs BeaH-
4nHb F NepexonaT, BHpaxasicb 06pa3HO, OT MEJKHX A0Jei
K MeabyaimuMm, ApoG/aeHHe NPOAOAKAIOT
HEeOrpaHUYeHHO AafneKxol,

N Bo-BTOpHIX, Popmysna cocTaBasercs He

M ana camux mnpHpaiueHud, a A9 HEKOTO-

PHIX BeJHYHH, MaJO OTJIHYHBIX OT HpUpa-

IeHUH; 3TH BeJIHYHUHB 60Jiee MPOCTOro

BHIA U Jerye NOAAEIOTCS HCCAENOBAHUIO,

UTOGH MOSCHHTb, KaK NOJAYUYAIOTCA STH

cB0oe0Opa3HKe BeNHYUHE, fupepeH I Ha-

JABl, NPU3BAHHblE 3aMEHUTb NPHUPAILEHHS,

Yepr. 55. Jyumie BCero OyJeT OO6PaTHTbCA K TPH-
Mepam.

Mpumep 1. MaTepuanbHas TOYKA BpPALIAETCS MO OKPYXK-
HOCTH. [1ycTh B HAHHBIA MOMEHT BPEMEHH ¢ OHa HAXOJIHTCA
B Touke M (4epT. 55). OnpenenuTb Meabyaiiliee nepeMelesye
(T.e. mepeMelleHHe 3a MeJbYAHIUIMHA MPOMEXYTOK BpEMeHH Af).

MartepuaspHas TOYKa JBHXKETCA MO OKDYXKHOCTH H 3a
MPOMEXYTOK BpeMeHH Af mnepeMecTHTCd Ha Maayio Ayry,
nanpumep, MM’. C ppyroii CTOPOHE, B HAaHHBIA MOMEHT
BPEMEHH MaTepHaJbHas TOYKA 1O HHEPUHH CTPeMHUTCA
ABUTraTbCs NMPSIMOJHHENHO, a MMEHHO: mo KacatenbHod MT.
HonyctuM Tenepb mpHO/IMKEHHO, YTO NEpeMellieHHeM Gyner
oTpe3ok KacateabHOH ML, B3ATHI# 10 BCTpeYH C MPOZOJIKE-
HueM paauyca OM’. Takoe pmonyuieHue BJeYeT 3a COOOH
HeTouHOocTb. OJHaKo, ecad MNPEeACTABUTbL cebe, 4TO mnpome-
XKYTOK Af Gepercs BCeé MEHbLIE U MeHblle, TO H JAOmNy-

1 Buipaxasch 60aee TOURHIM $3bIKOM TEOPUH MPENenoB, NpupauleHHs Ax
u AF paccMaTpUBaIOTCH KaK NEPeMEHHbie, CTPEMsUIHeCH K HYIO.
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CKaeMas HETOYHOCTh CTAHOBUTCA MNOYTH HEOUWYTHMOH. Mu
pujgesd B TraaBe I, uto ecam oTpe3ok KacaTteabuoit ML
u ayra MM’ 6ynyt ManniMu BenmuyuHavu | mopsiaka, To
pa3HocTb Mexny HuMu Oynet seanuudcii Il mopsaaka manoctu.
Hanpuwmep, ecan ML u nyra MM’ 6ynyT u3amepsaTbCA B COTHX
JI0NAX, TO Pa3HOCTb MeXAy HHMHU—B MUJJHOHHBLIX HOJSIX;
ecid ML u ayra MM’ B ThICAYHBIX ROJSIX, TO pPas3HOCTD

mexay Hump—sB 107° gonsx u T. I,

DTOH NOrpelHoCThIO (OT 3aMeHbl AYTH KacaTeabHOi) TeM
6onee MOXHO npenebpeub, ecau yxe Beauwunny | mopsimka
6yneM OpaTb Bce Menbwed u MeHbwe#d. Teoperuuecku
paccyxasi, MOXHO 3TO YMeHbIIEHHEe NMPOX0IKATL KAK YLOIHO
Jasneko, W toraa mansle Benuuudsl Il u Il mopsiaka MoxHO
6yneT COBEpLIEHHO OT6POCHTb, Manas xyra MM u otpesok
ML crTaHoBATCA HEpPa3IMYHMBIMH, SKBHBAJEHTHBIMU. Ho paxe
npu 3aMeTHOM pacxoxiaeHud ayru MM’ u ortpeska ML Bce
Xe 4yacTo OblBaeT ynOOHO 3aMEHUTb KDHUBOJHHEHHbLIH NyTh
npsMoJuHedHbM, Kak G6osee mnpoctem. Hyra MM’ ectb
GbaxTHueckoe nepemellenue; otTpesok ML ecTb aponyckaemoe
HaMK NPAMOJHHEAHOe nepeMellenue, GJU3KOE K MNpeablAy-
wemy. Manag ayra MM’ wu oTtpesok kacateabHO# ML moryr
CAYXKUTb NMPHMEPOM: MEpBag — NpupalleHus, BTOpod — nude-
pennuana. OCHOBHAsA uJes U3/araeMoro MeTOMAA 3aKJAK04aeTcs
B 3aMeHe Npupauendsa aubepoHuuansom L

Mpumep 2. M3 ¢u3Mkw H3BECTHO, YTO NPH TNaACHUHU Tesaa
(npeHebperast CONpPOTHBAEHUEM BO3AyXa H T. I.) JBHXe-
HHEe MOXHO CYHTAaTb DABHOMEDHO-YCKODEHHBIM. YCKOpeHHe
g=9,81 m[cex?. Ecin HayaNbuasi CKOPOCTb PaBHA HYJIO, TO
cKkopocTb ¥ B J060# MoMeHT onpexeasercs Qopmyaoi
vy=gt (t—BpeMs B CEKYyH1aX, NPOTEKIIEE OT Haua/Ja ABHXEHHS).

[lpeanosoxum Tenepb, 4TO OT Hayasda NANEHHA MPOILJIO
5 cek. [lo yka3anHOo#i ¢opmynae cKopocTb Tena npu t=>5
pasHa g-5=9,81-5=49,05 x/cex. Wrak, B TOT MOMEHT,
KOTa CEKYHIOMED MOKaXeT POBHO 5 CeK. OT HayaJa najaeHus,
ckopocTb Tesa v =49,05 (0603Hauum ee yepes Uy). 3HAYHUT
JH 3TO, YTO 32 CAEJYIOLIYI0 LIECTYI CEKyHAY Teao Npoijxer

11as nouaTHs audepeHuHana He fBasgeTcss 06S3aTeNbHHIM YCIOBHE, YTOGH
OT[e30K KacatenbHOH Obil upe3BhualiHO MadbiM, CyuleCTBEHHO TOJbKO,
4to6b6l B6AM3U ToukH M oTpesok MT BO3MOWHO TOYHee 01paixan AeHCTBU-
TENbHOE NepeMelleHHe M0 AYre; B3ATb OTPe30K KacaTelbHON 3HAYMTENb-
HbIM HeyNoGHO NOTOMY, 9IO TOrAa PAacxoXAeHHE €ro € Ayroii CTaHOBHUTCH
SaMeTHRIM.
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paccrosuue, paBHoe 49,05 x? Koueuno, nar. [lotomy wuro
B TeueHHe LIECTON CeKyHIH Teno OyneT ABHTAThCA Hepas-
HOMepHO, 2 UMEHHO YCKODEHHO, M MPOHIEHHBIH NyTb OyaeT
6oabwe. O3Hayaer Jad HaWAcHHAsS CKOPOCTb, HTO TeJ10 3a

m?Her,

H Mo TO# Xe npHuMHe. A npoijaer JMH TeA0 3a NPOMEXYTOK
BpeMeHH oT £ =25 10 £ = 5,1 cex. paccTosiHHe, paBHOE [-}I—SQM?
Her, ono mnpoiiner Gonbuwe. M kako#i Gn Maawlii npome-
XYTOK BPeMeHH Af HU B3fiTb, DAaCCTOAHHE, NPOHIEHHOE TENIOM
OT L= 5 cek. 10 t=050- Af cekyHl He paBHO UyAL Ho
B TAKOM C/lyuae BO3HHKAeT BOMNPOC: K YeMYy ke noHanobunaach
TOorja popmyna Jast CKOPOCTH, €C/H MO Hell He/ib3s BHICUHTATh
NpoieHHOe pacCTOsAHHE?

OrBeT caenyolui: HakJeHHas A1 MOMeHTa f=D5 Ccek.
CKOPOCTh €CTb MTHOBeHHAasd CkopocTb. Ecaum 65 B 3TO
MTHOBEHHE MpEeKPaTU/IoCh AeHCTBHE CHJIB TATOTEHHS, TO
N0 3aKOHy WHEpUMH TeJI0 INpPOAO0akano Obl paBHOMEepHOE
JABHXEHHEe C YKa3aHHOH ckopocTbio. Ecan 6l mpekparuiach
CH/a TArOTEHHUS?... paspe 3TO BO3MOxHO? He ecTb aM aTo
OTOPBaHHAsl OT XH3HH abcTpakuusd?

HerT, okasuiBaercs, Takoe MpeanosoKeHHe OCYUECTBUMO
Ha TpakKTHKe. Anrauiickui ¢usuk AtBya noctpousn mpubop,
NpH MOMOIUIH KOTOPOTO Yy P3ABHOMEPHO-YCKODEHHOTO INBHIKE-
HUS MOXHO MCKYCCTBEHHO B JI000H MOMEHT MNpeKpaTUTh
BO31e{#CTBME CHJBI TATOTEHUS, H C 3TOF0 MOMEHTa Telao
IBUXeTCS paBHOMEpPHO (cM. O MamuHe ATBylda B Yyuel-
Hukax ¢usuka). M xoras MruoBeHHas CKOpPOCTb HE AaeT
TOYHOrO OTBETAa Ka BOMNPOC O JJHHE TMPOANEHHOrO INYTH,
OHa MO3BOJAET HaHTH NPHUOIHMXKEeHHOEe 3HauYeHHEe NYTH,
NpOHAEHHOTO 3a MPOMEeXyTOoK Af:

As =~ vyAt.

BpeMsl OT £=295 cek. 0 {=>5'[, cex. mpoizer 49,05

Uem Menbuie Af, TeM MeHbUIe OT/IHIAETCH I POU3BEACHHE
v, - At oT daxTHYeCKHU mpoxoauMoro nytu. B camom gene, 3a
MaJblfl mpoMexyToK Af CKODOCTb ¥, YCHEeT JHlUIb Mano
H3MeHUTbCHA. Vckomass BeaWydHa NyTH As yIOBJAETBOpSiET
HepaBEeHCTBY:

At < As < (v, -} AD)AL,
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rze Avu ecTb mpHpamende CKOPOCTH, H JHONyCKaemasa mo-
rpeuiHoCTb MeHbile, yeM AzAf, T. e. ecth BeauurHa Il nopsanka
manoctu. [loatoMy B OCHOBHOM mpu ManoMm Af mpoHsseneHue
7,Af BepHO nepenaeT npupauieHie NyTu. AT0 — NyTh, KOTOPLIil
6b11 OBl MPOiAEH TeoM, ec1y 66l OHO, HA4HHAsT OT MOMeHTa £,
JBUTan0Ch PaBHOMEPHO C MIHOBEHHOH CKODOCTBIO TUp
dra Be/MuYMHA TyAl HaswBaeTcs A M PEepEeHUHANOM
nytd. B oTauune OT npupameHuss As oHa 0603Hauaercs
yeped ds. Ilnsg cHMMeTpuum M mnpupaueHde Af o603HayuM
uyepes dt. Toraa

ds =wv,dt.

JOudepeHuuan nyTil NpONOPUHUOHANEH NMPOMEXYTKY BDPEMEHH.

Mpumep 3. [TycTs wLIap, HANOJHEHHBIA rasom, cjerka pac-
WKpuJcs, ero paguyc R nmoayuua npupamenne AR. Haiitu
npupauesne o6bema.

Takoit npuMep Mbl yie paccMaTpuBasau Braase l. MoxHo
npuGanXKEeHHO MPHHATb, 4TO MpupamesHye o6beMa paBHO
MOBEPXHOCTH I1apa, YMHOXEHHOH Ha ToamuHy caosd. Ho no-
BEepPXHOCTb Llapa cama 4BJAeTCH BeJIMYHHOH MepeMenHoi.
Ec/ay B34Tb HAYa/JbHYIO MOBEPXHOCTb, TO MOJAYYHM AJAs MpH-
pawenus o6bema 4=R?.AR. Ecin B34Th NOBEPXHOCTb Mmocae
pacwupenus, To uoayduM 4n(R 4 AR)? - AR. Vickomas BeanyuHa
3aK/NI04aeTCd MEXAY HUMM:

4zR% . AR < AV < 4n(R+AR)?- AR.

B raaBe | MBI yKasniBaaM, 4TO PasHOCTb MeXAY KpalkHUMH
ynenamu ectb Beanuuda Il u Il nopsinka manoctu (cunras AR
I mopsiaka), H MO3TOMY KpaHHHEe 4jeHbl HEPAaBEHCTBA M )XKHO
CYHTaTh 3KBHBAJEHTHLHIMH. Tenepp Mbl mOZOHAEM K BOOpoOCYy
nHaye. PaccMOTpHM cCaMoe HAyaJo Mmpolecca paCWIHpPeHUA.
TpynnoCTb 3ajau® B TOM, YTO MOBEPXHOCTb IIapa caMa H3-
MmeHnsietcsl. Ho ecau B3aTb Mesbyaiiminfi NMpoMeXyTOK Bpe-
MeHH Af, TO NOBEPXHOCTb elle ,He ycneeT‘ YBeJUYHTHCA.
[Ipene6perass 3THM DPOCTOM NOBEePDXHOCTH, T. €. (UKTUBHO
cuuTasl, 4TO MOBEPXHOCTb HE H3MeHseTCsH, MH HafiieMm 00beM
N06aBOYHOTO CJIOH, YMHOXAs HCXOQHYIO NMOBEPXHOCTb 4wR?
Ha nepemeirenne AR, OTo gonyckaemoe (He HeHCTBHTE/bHOR)
npupauiesde o6beMa, NponopuHoHanbHOe AR, Ha3HIBaeTCA
IoudepeHnHaToM U 3aNHChBaeTCA TaK:

dV = 4zxR2 dR.
89



Mpumep 4. Ilycre umeerca rpaduk OGYHKUUH Y= ax?,
rie a—noCTOSHHLIA KO3(QHUHEHT (3Ta KpuBas HasbiBaeTcs
napa6oso#). Tpebyercs HaWHTH mnpupauleHHE OPAHUHATH
Touku M npu He60AbIIOM nepeMellieHHH ee no ayre MM’
(uept. 56).

‘s
~
2
V
-~

M
M—N
5l
~ > T L
7 P P
Yepr. 56.

Hanomuum, uto OP = x wasnBaetcs abcuuccoit, P =y —
opauHato# ToukH M. [Ipu TakoM nepeMelleHHH KOOPAHUHATH
TOUKH M3MEHSTCA M moJydyaT mpupaueHus Ax u Ay.

Kax u B npumepe 1, 3a-

My b MEHUM INepeMeuleHue Mo Ma-

] noil ayre MM’ HekoTophHiM

N nepeMeileHdeM MO OTpe3Ky

NPIMOH, NPHUYEM NPAMYIO HAL0

Bh6paTh TakuM o06pa3oM,

7] yTo6H OHa Haubojiee TEecHO

npuMblKana K KpUBOH B6.aH3H

Yeprt. 57. Touxu M (KacarteabHAs Mmps-

Mas). Ho npu npAMOJIHHEHHOM

nepeMeIleHUHU CBA3b MEXAY npupalienuami Ax u Ay ycraHo-

BUTL HeTpyaHO. Ha no6asouHoMm ueprexe (uepT. 57) nokasan

npsMoauHeidnsit otpesok ML. Ecau mepememiate TOYKY NO
npaMoit ML, To GyneT COXPaHATbCA NMPOMOPLHA:

NM, - NoM, NL

MN T MN,” T M T

rie £ eCTh BeJMUYUHA MOCTOSHHAS, HC 3aBUCAUIAS OT MOJOXKe-
HHs1 TOYKH Ha npamol ML, T. e.
Ay
==k =tgo, wiu y=kx.
Ax g% y

a
M

AR

ﬁM Ny

£y
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To4yHO TaK K€ Ha HaWeM uepTeXxe ANA NPAMOJHHEHHOro
nepeMeuleHus, UCXOASILEro U3 TOuYkH A, 6yneMm uMeTb IpO-
nopumo:%=k. Bepremcs Tenepp K nmepemelleHHIO MO napa-
6ose; Mbl XeJaeM €ro 3aMeHHTb 0oJiee NPOCTHM INpSMO-
NMHEeHHBbIM INepeMelleHHEM, YI0BAETBOPAIOUIHM YCIO0BHIO BUAA
Ay==Fk.Ax, npuyeM NOCAelHEE JO/IKHO KaK MOXHO O/mxke
nonoiTH K GakTuueckomy nepememenuo no ayre. C sToi
uesplo obpatuMcs K BbluHC/AeHHAM. B Touke M abcuucca
paBHa X, opzMHaTta ¥y =ax? B cocexnell Touke M’ abcuucca
paBHa x -} Ax, opannara y - Ay =a (x 4 Ax)2 [Tosromy npu-
pauieHue OpAMHATHI:

Ay=a (x +Ax)?—ax2=2ax - Ax + a (Bx)2.

[Tlepememenue no ayre MOXHO OYHeT 3aMEHUTb MPSIMO-
JUHEHHLIM NepeMelleHueM, eCJId BTOopas Toyka Ha ayre M’
Gynetr Oauska K Touke M, n uem M’ 6ymer Ouamxke, TeM
MOrpelHoCcTh NPU TaKOH 3aMeHe CTaHOBUTCS MeHbuie. [lo-
sToMy OymeMm CYHTaTh, 4YTO npupaimleHue Ax npubiauxaercs
K HyJa0. Ho Torga B BEIpaxKeHHH

Ay =2ax - Ax -} a(Ax)?

BTOpPHIM CJaraeMbIM MOXHO Oyzer npene6peuyn. [lanee, B pac-
cMaTpuBaeMo#i Touke A alcuucca X HMMeeT BHOOJHE Ofpe-
neneHHoe 3HAaueHue (06C3HAYMM ero uepe3 Xy), H MNOTOMY
BO/IM3H BHIODAaHHON TOYKH

by =2ax, - Ax-+ a (Ax)z.

Teneps HETPYAHO NpPHAATHL 3TOMY NPHPALICHUIO TpebyeMhlil
BuL: Ay =k Ax. Jliif 3TOro JOCTaTOYHO B BbIpax(€HHH Ay OT-
6pOCHTb BTOpOE CJaraemoe, TOTJa MOCTOSIHHbLIM KO3(ullMeH-
ToM % okaxeTtca 2ax, ['eomerpuuecku 3TO O3HAaYaeT, YTO MH
YacTHUy AYrd 3aMeHseM OTPe3KOM KacaTelbHOH. DTO HoBOe
npypauieHne, OTIHYHOE OT (aKTHYeCKOro, HasnlBaercs AHbe-
PEHIMa/NIOM OpAHHATHI:

dy = 2ax, - dx.

Ecnu nepeiitu k apyroit Touke, To TaM abcmucca x 6yner
HMeTb yXe JApyroe 3HayeHHe, HO PacCyXJIEHHE OCTaHeTCs
NpexHHM, Tak 41O obuweHd Gopmynoi 6yaer;

dy =2ax dx.
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2. YTO TAKOE NHSEPEHUHAJL

Bo Bcex npuBenesHbx npuMepax Mul hakTHYeCKHil mpouece
H3MeHeHus, B €ro Menbyadmwiux JoJAX, 3aveHanu OoJaee
npocThiM. B mocieaneM npumepe CylHOCTb AH(epeHLUHaNa
BHICTynaeT HauboJ/ee BHIIYKJAO, U Mbl MOXeM CPOPMY/IHPOBATD:

1) dugpepernyuar hynxyun dF 0as manozo npupau,enus
apzysenma Oaem OCHOBHY0, 2AABHYI0 HACMb Oelicmeumeib-
HO20 ee npupaujenus AF, donyckaemoe omrioneHue ecms
8EAUMUHA BbICULE20 NOPSOKA MAAOCHLU.

2) Y dugepenyuanra 3asucumocriv mesxncdy npuvaujeruem
dynxyun u npupaueruem apeymenma—npocmeliuias: dF
nponopyuonassho dx=~A0x 1: dF=£kAX (k—nocmosrnolii
Kodpuyuenm).

[1pusenem eure onun npumep. Ecau mwodep Ha nonmHOM XORY
MaUlKHE, MOCMOTPEB Ha yKasare/b, yBuaea Tam 60 wxux[uac,
TO OH eCTECTBEHHO [PeAMOJNOXKHUT, YTO 33 MOC/EeAYIOULYIO
MuHYTY Oyner mpoiaen 1 xu; 3a !/, MuH.—500 #; 3a 6 cex.—
50 u; 3a 3 cex.—25 M, H 3TO JaeT €My OPUEHTHPOBKY B TOM,
yto6hl HE HaJeTeTh HA Meumexnaa, yToObl 3aTOPMO3UTh U T. I.
Illogep Geper mudepeHuHan, ymMHOXasg CKOPOCTb H1 BpeMs,
mpejnoJ/aras ABHXKeHHe paBHOMepHbIM. BooGuie rosops, dak-
THYECKU NpOHIEeHHOEe PACCTOSAHME MOXET OTIHYAThCS OT yKa-
3aHHOrO, €C/H, HaNpHUMep, NyThb HAET B TOpy HJH MO roOpy,
HAH €CaU OH yCmeeT 3aTOPMO3HTb, HO €CJAH MPOMEXYTOK
BpeMeHH Af oueHb Mal, 1yTb POBHbIA, MOTOP pabOTaeT PaBHO-
MepHO, ¥ modep He yCHEeT MPUHSITh HUKAKHX Mep, TO OT/H-
ype mnpupaweHda nytd As oT aucdepenunana ds Oyner
HUUYTOXKHO.

Mol umeem B audepenuuane GyHKUUM PaBHOMEDHOE ee
H3MeHeHHe IJ MaJoi QoM BCero mpoluecca H3MeHeHHd,
HMeeM NPOU3BelleHHe MPHPAWEHHs apryMeHTa Ha HEKOTOPLIH
ko3duuuedT K; Aas Apyrux AoJell mpouecca 3TOT Ko3du-
nuedt K OGyler yxe Apyrum.

1 Pasmepnl 3TOH KHMXKH He NO3BOJSIOT BoliTH B Goaee NeTanbHoe pac-
CMOTpEHHE CBA3M MeX1y IH(epeHUHanoM H npupallenHeM. [1pdaaTO naBaTh
Gosee TOYHOE M3JTOXKEHHe, NnoJb3yncChb Teopueﬁ npenenoB U NOHATHEM MPOHU3-
BoaHoil. Jlna cTenenno#t ¢yHKuMH OTOGpachiBaHMe Ma’lbiX BTOPOro, TDETbETO
nopsjka AaeT TO ke, 9To AudepeHuuas; A1 APYrux GYHKUMH 3Ta CBu3b
caoxnee (cv Bprocrep, Uro Takoe HcuucieHne GeCKOHEYHO Maakix; B u 1-
THHT, [IpabamieHHe BHYHCAERHA).
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HecMorps Ha Takue ynpouenus, nudepediuan, OAHaKo,
BNOJIHE BEPHO OTPaXaeT OCHOBHOH XapaKTep H3MEeHEeHHs:
¢yHKuud. B Hamux 3a1a4ax Ha MAaKCHMYM-MHHUMYM TpebyeTca
3HaTb: pacTeT JH (QyHKUHMS HIM yObIBAeT, MM HAXOILHUTCSA
B KDHTHYECKOM COCTOSIHHH Mepexoaa OT BO3PACTAHHA K yObi-
BaHHIO (C1ydadl MakcHUMyMmMa) Wa¥ OT YOLIBaAHHS K BO3pdcTa-
Huo (cayvadh MuauMmyMa)!. Ho mnocko/bky ZAndepenuuan
BEPHO MepenaeT xapakTep H3MeHEeHHs, Mbl CKaXeM:

Ecau nuq)epeﬂunan byuxkuun dF >0 . . . F Bo3spacraer

” dF <0 ... F y6uBaer.

MaxcnmyM wm MHHUMYM BO3MOXEH npn ycnomm dF =0.

CkasanHO€ MOXHO HMIOCTpHpoBaTh rpaduxom. Ha uepr. 58
nokasannl ¥ Audepenuuansl ¥ npupawmenus Gyskunu. Jdude-

y .

a I,
Yepr. 58.

peHnuans — 3TO MNPHPAIUEHHS MO BEPTUKANH, B3ATHE J0
BCTPEYH CO CTPE/IKAMH KacaTe/sbHHIX. JlO 3Hau€HHS apryMenTa
x < x, nudepenuransl (4 NMpUpameHHs) MOJOXKHUTENbHE; HO
OHM NOCTENEeHHO CTAaHOBATCA MeHbwe. [Ipu 3HaUEHHH X > X,
OHHM y3Ke OTpulaTeabHbl. B6au3u sHayenus x = x, (4ept. 58),
T. €. BOIU3U TOUKH L Mbl HMEEM KPHTHYECKOE COCTOsiHHE —
nepexoj OT MOMOXHTEAbHBIX 3HaU€HUH AudepeHn1asa K OTpu-
nateabHbIM. Tak Kak B HAaIIMX 3aJayaX M3MEHEHHE 3HAYEHUHA
JudepeHunana ObIBA€T NJIABHBIM, HENPEPHLIBHBIM (B HHBIX
3aJauax BCTPEYAIOTCS W Pa3pbiBbl (QyHKNHH), TO B KaKoH-TO
MOMeHT mpouecca audeperunans no/xked o6paTUTLCA B HYAb.,
DTOT MOMEHT (T. €. yCJIOBHe MAaKCUMyMa) MHl YJaBAHBaeM,
Koraa nuuweM ypaBHeHue dF =0,

Orcroaa ClrefyeT: Hallo HAYYHTbCA COCTaABJAATE AudepeH-

1 B 3TOH KHMKKE OCTaBJIAOTCA B CTOPOHe Bce 6Gosce CHOXHBIE CAydaH
HalpameD MTHOBEHHAA NPHOCTAHOBKA BO3PAcTAHHMA H T. K.
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uHaan Aiia pasauuHblx GyHkuui F, roe F o3HayaeT paccMa-
TPHBaeMyl0 B 3aJaye BeJH%HMHY, HanpHMep, o6heM BHHCaH-
HOTO LMJHHAPA M T. I

8. IPABHJIA HAXOXJEHUSI TUPEPEHIIUAJIOB.

B no6oM yyeGHHKe no nudepeHUHATbHOMY HCUHCICHHIO
(cm. Takxe Bprocrep, Uro Takoe mcuucnenune Geckoneu-
HO MaJblX) UHTATe/1b HAWAET PAA MpaBuJ, NO3BOJAAOUUX 6e3
TpyAa omnpenendarb aAvdepeHuuan paxe mad CJAOKHbIX (GYyHK-
nMi. 34echb ke MBl BKpPAaTLE yKaxXeM NpOCTEHIIMe NpaBuia,
yTOOB MOXHO OhlJIO NMOKa3aThb perieHde (MeTofoM AHepeH-
I{aJ0B) 3a1a4 Ha MaKCHMyM-MHHHMYM.

Mbel nepefifieM Tenepb K HAX0XKAHHIO 1M epeHIraa cnepba
JJ TPOCTEHIIMX, OCHOBHHX (yHKuMH, HAnpuMEp, X2, sinx;
COS X;..., @ 3aTeM u 6os1ee caoxHbIX. [1pexe Bcero saMeTum,
4yTO Au(epeHuHas NMOCTOSHHOHN BeJMYHHB PABEH HYJIO, H60
NOCTOfIHHAS BEJHYHHA He 3aBHCUT OT X H, C/1€I10BATEAbHO, HE
noJayvyaeT HHUKAakoro npupamenus. Insa ¢yHkuuu f=x2 MH
B NoC/AeJHeM IIpHMEpPe yXe HamaH AudepeHuHan.

A uMmenHo: ecay f=x2, to df=2xdx;
» J=ax? , df=2axdx.
Myctb Teneps nana ¢yukuus f= ax3,

Ecax apryMesdT NOJYYHUT MNpHpalleHHe AX, TO MOIKHO
COCTaBHTb CXEMY:

apryMmesr | ¢byHKUHE
WcxozHoe 3Ha-
yenue . . . . x ax?
Hosoe 3nauenue x+Ax a(x{-A4x)3

[Mpupamenue yuxuuu
Af =a[x84-3x2 - Ax -} 3x - (Ax)24- (&x)®] —ax3=
= a[3x2 - Ax 4 3x(Ax)2- (Ax)B).

Ecau teneps Ax G6ausutcs k Hymo (Ax—0), To BTOpOE
H TpeTbe cJjaraeMble MOKHO OyleT OTOPOCHTh, H OCTAHETCH
TONBKO a - 3x% - Ax. DTO U ecTh AudepeHnHran. Mb NoaAy4UIH:
ecad f=ax3, To df=3axdx.
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MOXHO NMOfCHHTH MOJYU€HHOE NPAaBHNO HaxOmAeHHA Ande-

peHuMana Ha caelymiouem npuMepe (yepT.

59).

VimeeTcs kBazpart, cropoHa Korporo pasHa x. Cropoun OA

n OB 3akpensenn B Touke O, [liomans
[TycTb Tenepb CTOPOHbI HAYHHAIOT yBEIHYH-
BaTbcsl. Ecam nnuHa cTOpOHB moJyuyuaa
npupauenne Ax, to mo 6okam AC u BC
HaYMHAIOT 00pPa30BHIBATHCA AOMONHHTENb-
Hble MOJIOCKH, KaAnas Mo MJoManu paBHas
X - Ax. Mbl octaBasem 6e3 BHHUMaHUS 06pa-
3YIOLMACA B IPABOM BEpPYHEM yrJy KBajpa-
TUK (Ax)2. Ecau ero He cuurars, TO mpu-
paulenue mJouafd, paBHoe 2x-Ax, Oy-
JIeT NPONMOPUMOHAAbHO MpHpallenuo Ax,
dt10 ¥ ecTh AHdepedumuan: df =2xdx. Ta-
KOe JKe MOCTPOeHHe MOXHO clenaTh Haas
YAM TPU AOMOJNHUTENbHBLIX CJI0f, KAXABIN

KBaxpara f= x2,

8 T

F a3

Yepr. 59.

Ky6a. Mut nmosy-
M3 KOTOPHX IO

o6bemy paBeH x?-Ax. [loaromy nudeperuuan QyHKLHH

f=x3 Oyner: df =3x2 - dx.

[TpuMmeuanue. M3 aTHX npuMepoB caeiyert, yTo
nudepeHlnan COBnafaer C NpHpalleHHeM, Y KOTOPOro
COXpPAHAIOTCA TOJBKO BeNMUYMHB | nopsigika MaJoCTH.

Mo:KHO COCTaBHUTb LEAYI0 Tab/uIy:

ax? axs axt

f

ax™

df | 2axdx |3ax?dx|4ax3dx

max™ " dx

[MpaBuio I HaXoxJeHHs AudepeHuHana CTeNeHHOH
Gbynxuuu x™ COXPaHAETCA M B CAyuae OTPHULATE]bHOIO MokKa-

sareas. Hanpumep, npu m = —2 pyHkuus
- 1,
f='-x 2 =x'—2"

df = —2 x "y =2x7%dx = — = yx,

~1 .
f___ X = —

x3



OTKY A2

dfm—l-x‘adxn—x%dx.

YuraTesb MOXeT NPOBEPUTH CNPaBELIMBOCTb ITHX Gopmyu,
paccMaTrpuBasi Majbie NpPUPALleHHs.

Paccmorpum ewe audepennmuan cunyca (uept. 60). Tax
KaK H3MEHEHHe CHHYCa 3aBHCHT OT H3MEHEeHUs yraa X, Hau
ayra AM = x, To Haa0 COCPeNOTOYHTh BHHMAHHE Ha mepe-
MewmeHud Touku M. B kaxablii KaHHLIE MOMEHT MOXHO CUH-
TaTh, YTO NepeMelleHue coBepuiaercsd no kacarenbHoid MT.

-
C

Yepr. 60.

Paguyc npunumaem 3a 1; torza
sin x=MP=y. Ho npu npsamo-
JHHEAHOM NepeMellleHuH Npupalie-
HHe Ay O6nlO0 6bl PaBHO:

MT sin TML = MT - cosx ==
== Ax - COSX.
[TosTomy
dy = d(sinx) = cosx dx.

3necs yron x Hu3Mepsercs Ajad-
Ho#t myru AM (paauyc paseH 1).
[Toatomy npupauiesue Ayru paBHO
NpHUpALEHHIO yraa. DTO O3HAYaeT:
ecan x = 1,10 (B panuaHHoil Mmepe)

noayyaet npupawenve Ax=0,05, To mpupalieHHe CHHyCa

Ay ~dy=cos 1,10 - 0,05.

AnasiornuHo noayuaercs popmysaa gas qudepeHirana cosx:

d(sin x) = cos xd x; d(cos x) = —sin xdx.
[Tepefinem tenepbp K GoJjee CA0KHBIM (PyHKUHAM,

Cayuyait A. IycTb

Toraa

a MOTOMY TaKixKe

F=f1 +f2-
AF = Af,+ Af,,
dF = df, + df,

(3mech Gepercy anrebpaudeckas cymma, T. €. CymMma HJH

pasHoCTb nBYX (Dyukumui).
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Cayuyait B. [Tycts
F=f fa

1. e. pyHxuus F sABASeTCA Npox3seleHHEM ABYX QYHKIMA
Hanpumep,

Ji(x)=1x3; fy(x)=cosx; F==x8cosx.

Ecau f, nonyuur npupawmenune Af, u f,—npupauenue Afy, o F
NOJAYUYHT 3HauyeHue:

(i+28/) Cat+4) =1L+ 150+ 8+ Abfe

OTkyzna nmpupauesue

AF=f2°Af1+f1 : Af9+Af1 * Af‘r

Bynem cuurath npupamenne aprymenta Ax uype3BHuUaiHO
MaanM. Torna Af, u Af; Takxke 6yayT ype3BhuaiHO Maabll,
a NMOTOMY HX npousseneHue 6yaeT seadunHod Il nopaaka
masnocTH. [loaTomy audepenunan

dF =fdf,+f.df
H1H, o603Havas fy =u; f,=v, nonyyum
d(uv) = vdu -+ udv
Cayyait C. [Tycte F =%; Mesbyajilliee H3MEHEHHE apry-
MEHTa NoBsJaeyeT 33 coboil Menpuaiiine M3MeHeHHs Az H Av.

u+Au

v+ Av

AF— u-tAu 8 v-bu—u.bv

v+Av v v (v+Av)
v-Au—un.Av — v-Au—un-Av

Toraa soBoe sHauenune F Gygper . [Tpupamenue

v4+ov-Av T vi :
[MosTomMy mudepenunan
dF =" du—u-dv

V2 :

1 3nech npennonaraeTcs, 9TO paccMaTpuraemble GYAKIWH HENMPEPHIBRLI,
NN3aBHO M3MEHAIOUIHECS, — TOALKQ TakHe (QyHKUHA Mbi BC1PEYadd B HAWHX
3ajauax.
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Cayya#t D. Ilycts Tenepe F ecTb Gosnee cioxwHas Qyhx-
uMs, Hanpumep, F=sindx=(sinx)%. 3To cayuait Pyuaxuuu
OT QYHKLHH; ec1d O603HAYHUTDb sinx =2, 10 F=23. MoxHO
COCTaBUTb CXeMY:

X. . .8l0X=2z. . .28=F.

Menbuafiiee npupamenne Ax Bjaeuer 3a cO60fi Mesbuaimce
H3MeHeHue Az; a 3TO Moc/aefHee — TaKkxe MeJbuaiimee H3Me-
HeHde AF. Mul Bugenu, uto aas QyHkuud F=2z3 gudepen-
unan dF =322 dz. Ho nmudepenuuan dz B CBOIO oyepenp
paBes: dz = d(sinx)= cosxdx.
[Toatomy

dF = 322dz = 322 - cos xdx = 3sin2xcos xdx.

AnanoruuHo Hafigem Audepenumas, Hanpumep, Aas QyHKUHH
F=(1—x?5,
[Mnmem cxemy:
X, ..1—x%). . .(0—x2p
Z...25=F

Taxk xak F=25% 10 audepenunan dF =>5z4dz. B cBow
ouepenb audepeHuHan
dz=d(1 —x2) =d(1) —d(x?) = (0 — 2x)dx = — 2xd x.
[MoaTomy
dF = 524 — 2x)dx = — 5(1 — x2)4 - 2xdx.

Tenepb MH HMeeM Bce Heo6XOIHMOE, HJH, KakK TOBOPST,
BeCb HeOOXOAUMBI anmapar A8 pelleHHsd 3aJay KOHEyHo,
ecau B HUX BCTPEYulOTCd TOJABKO (PYHKIMM BHaa x™, sinx
U ux xkoMOunauuu). Kaxayio 3azayy MBI HAaUHHAaeM TakK Xe,
kak B raaee IIl, T. e. cocrasasercs ¢yuxuus F pas pac-
CMaTpUBaeMOil B 3aJaye OCHOBHOH BeJHYUHH, KOTOpas HoOJ-
XKHA JOCTUTHYTb MaKCUMyMa Wi MHHuUMyMa. 115 3TO# PyHK-
UMK Ha OCHOBAHHH TOJbKO 4TO YKAaSaHHHIX NpPAaBHJ COCTaB-
asieTcs gudepenuuan dF. MakCUMyM HJAH MHHHMYM JOCTH-
raeTcsl Npd YCJAOBHH, ecau (CyMmapHoe) npupaiieHde obpa-
waercss B HyJab. [IoaToMy noayuaercs ycioBue:

dF =0.

Bxoasimuit B 3TO ypaBHEHHE MHOXHUTEAb AXx=dX MOXHO
COKPaTHTb, TaK KaK OHA JaeT NPOH3BOJIbHOE (MaJoe) NpHpa-
LIEHHE aPTyMeHTa, H IO CBOEMY CMHICAY HE paBeH HyJIo.

98



4. PELIEHHE 3AJ1AY C TTOMOIIBbIO JUPEPEHUYANOB.

[Nepefinem K pemwenuio 3agag. Jlaa TOro 4TOoOH HaraAsiaHO
y6enuTbCS B NpeHMylLlecTBe MeToxa AHdepeHuHANOB, 6yneM
pewaTb T€ XK€ 3aKayd, Kakue Mpl pemranu B raasax Il u IIL
Ecan B3saTb 3amauy M3 raasu I, To Tam yxe mnocTpoeHa
¢ysxuua F, maoinas rMaBHYr BeTWUHHY B 3axaye. Ecau xe
B351Tb 3aadauy u3 raasu II, To aTy QydHkuuio eme Hazo mo-
CTPOHTD.

3anaya 1 (cm. raasy [). Mexay AByMS HCTOYHHKaMH
¢BeTa, CHJH a H b, pacrnosoxeHHbIMH B TOYkax A H B,
HapTH Touky M, B XOTOpOH cuaa oOCBelleHH OT OG6GOHuX

MCTOYHHUKOB BMecTe OH-

M Ja 66 HauMeHblueH.
A " 1 8 PemeHnue.
[lycts,  Hanpemep,
Yepr. 61. a=238000 cBeuell, 6=

1000 cpeueit (yepr. 61),

Paccrosaue AB=[!=30 x. OGosuauum AM uepes x;

tToraa MB =1[—x. Cornacuo 3aKoxy Qpu3uKH, HHTEHCHBHOCTb

OCBEIIEHHSA MPSIMO MNPONOPILHOHAJAbHA CH/NE MCTOYHHKA H

06paTHO MPOMOpUHOHAAbHA KBaapaTy pacctoanug. [loatomy
HHTEHCHBHOCTb OCBEILEHHs CJeBa paBHA

ka _ k-8000
B
cnpaBa paBHa:
kb k-1000
(—x7 ~ —x7’
(3necy kB —xosduuuent NpONOPUHOHANBHOCTH).
HuTeHCHBHOCTD 001Mero OcBelleHHWs paBHA:

k- 8000_|_k- 1000
x2 (l—x)2

F=

s pemenHs 3agaud Haxoxum Addepernuan oGymk-
uu F,

dF=d (k-8000 X" 4d[k-1000.-(—x)""]=
=£-8000-(—2)  x2dx+
4+ k-1000:(—2) (1 —x)"°. (—1)dx,



—2.8000 2. 1000
—— dx +(z dx.

IMpupaBuuBaem ero Hyaio: dF =0

—2.8000 2.1000
= dx +(l X)° dx=0;

MJH, TaKk Kak dx=*0, To
2. 8000 2-1000

dF =

=y =
8000 1000
x8  (l—x)p3’
OG6o3nauuM /— x= MB uepe3 y, Toraga NoJay4ium
8000 1000
x5 ya ;

HIH
X:y8=8:1; xp:¥,=2:1,
T. . paccrosHue AM mosmxuo 6uITh BABOEe Gonblie, ueM MB.

3anaya 2. B koHyc BnucaTh uuaMHAp HauGoAbLIEr0 06beMa
(cMm. sapauy 2 raasa Iil).
Pewenue. Jas 06beMa BOHCAHHOTO UMAHHZPA MH IOJY-
9HAH GOpMyay:
nH
V—— x2(a—Xx).

Or6paceiBasi NOCTOSHHBIH KO3DHIHEHT, MBI MPUXOANM K 3a-
naye HaWTH MakcumMyM  GyHkuuM F=x?(a—Xx) HIH
F=ax?—x8,

HaxonuMm mnudepenunan:

dF = (2ax—3x?) dx.
[Muwem:
dF=0; 2ax—3x2=0; x(2a—3x)=0.
Pewenne x=0 He moaxoauTr no cmuicay 3amauu. Ocraercs:

2a —3x=0; x=xo=§a.
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3anaua 3 (cm. sagauy 3 raasw ). B pamuuifl wap smnu-
caTh UHJAUHIP Haubogabuiero obbema.

Pewesnue Jnaa oobeMa LuaHHADPA OHNIO HAAAEHO BHIpa-
xenne V=2n(R2—y%)y.
[ToatoMy Hamo Ha¥TH MaKCHMyM I QYHKUHH

=R—y?)y=Ry—y"
(3mecp apryment ecth y). Haxonum audepennuan:
dF=R?-1.dy—3y?dy =(R?—3y?)dy.
YcnoBue 18 MaxcuMyMa:
dF =0;(R?*—3y?)dy=0.
OTtkyna:

R’_3y2= ;y2=&;

._y —_—
(] V3
3anaya 4. DreKTpHYECKas JAMMOYKa BUCHT HAJ UEHTPOM
Kpyraoi nJjowanky paauyca a. Ha kako#t seicoTe Hamo mo-
BECHTb JIAMMOYKY, 4TOOH OCBeilleHHe Ha KpasX MJOLWAAKA
6BII0 MAKCUMATbHBIMP
Pemenue. Mu noayunau ¢yHKIHIO
X —*h
F=— - =x@x*4a? ".
(x2 + a?)z
Umem gudepenuunan no dopuye:
d(uv) = vdu | udv,

31eCh & =X;v=(x24 a?)

3
dF=1-dx-(P4a) % fx (—%)(x’—]—cﬂ)—/'o 9xdx.
Yenosue ana makcuMmyma: dF =0.

—"/a F)

Hau
1 _ 3x2 1= 3x®
3 5, ? - 2 20
Ba)T (24" e
x21La?2=3x% x=x,=——
+ A V2
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3anaya 5. VI3 nucta XeCTH WIMPHHOIO @ TPeGyeTcs COrHYTh
OTKPHITHIA %0106 TaK, YTOGH MONnepevHH paspes ero UMea

¢dopmy Tpameuu, y xotopo#t cropont AB=BC=CD =§

H NIPH TOM TaK, 4TOOH BMECTHMOCTb #0062 6bl/1a HanGOAb-
me#H.
Pemenne. Hazo oTsickaTe MakCHMyM (QyHKLUH:

F=(1+4coso)sino.
Haxoaum mudepenunan dF onsth no dopmyae:

d(uv) = vdu -+ udv.
31ech

a={(1-4 cose);v=sine.
Torzna
du= —sinedy; dv=cos ¢ do.

dF = sin ¢ (— sin ¢ d¢) 4 (1 - cos ¢) cos e d¢; dF =0;

—sin2¢ -4 cos ¢ 4 cos2 ¢ =0;
HIH
—1--cos?p- cos ¢+ cos2e=0; 2cos?etcose—1=0.

MH noay4Y4aH yCcAOBHE IS MAKCHMyMa B BHIE TPHIOHOME-
TpUuecxoro ypasHeHus. O603HauUB Cos ¢ uepe3 2, MONYYHM:

—1=V1+38
222t z—1=0; 2= —li——l_—-;
N0 yCMOBHIO 3aJa4yd peIIeHHe z= — 1 He NOAXOAXT, MO-
—143 1 1
3TOMY z=——+—=—; cose=—+; 9+ 60°%
4 2 2
3anava 6 (cM. samauy 6 raasw II). VI3 kBagpaTHOTO JiMCTA
JXKECTH XeJaTeJbHO MPHIOTOBHTb OTKPHITYIO KOPOOGKY cJje-
AylomuM o6pa23oM: MO YraaM BLIpe22Th pPaBHHE KBaApaTH,
a 3aTeM CCTHYTb BHICTynaroumke kpas. Kaxkoea n0/MkHA GHTh
CTOpPOHA BHIPe3aeMoro KBajapara, 4To6bl 0Jyynaach Kopobka
HauGosbiiefl BMECTHMOCTH?
Pemenune. Ilromans OCHOBAaHHR KOpPOOGKH (a—2x)3
O6nvem ee: V= (a—2x)2x=(a? —4ax 4 4x2) x. Iloaromy
HaJ0 MCKaTb MaKCHMyM (PYHKIHK:

F=a%x—4ax? 4} 4x3,
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Haxomzum mudeperuuanm:
dF = (a? — 8ax + 12x2) dx.

Ycnosuem nas maxkcumyma 6yner: dF =0 unam a® — 8ax -
+12:2=0;

= +-4a=+V 16a* — 1242

12 ‘
1564
. 4ai2a.
12 °

a
pewerne x, ='2— HE MOAXOAHKT MO CMEICNY 3313a49H; OCTaeTcs
_a
X=X, = 6 .

3anaua 7. Tpe6Gyercs NPUroTOBUTH UUIHHIPHYECKYIO KPYXK-
Ky, OTKPBITYIO CBEpXy, 3a1aHHOrO0 O6%naMa V, Tak, 4YTOOH
NpU 3TOM YLWIJIO MUHUMYM MaTepuana (T. €. YTOOHW MmoBepx-
HOCTb OblJIA MHHHMaAbHOR).

O6beM KPYXKH 3apauee 3amaun: mx2y="V,.

[NosepxHocTb paBHA 2rxy -} mx2=S.

M3 ¢opmyan o6bema ciaenyer, 4TO

=1,
Tx2
[ToatoMy MOBepXHOCTH
_ V: . 2V,
S=2nx.—+ == —— { A
Sta GyHKUMA JOMKHA HOCTHrHYTb MHHHMYMa. Hudepenunas
1
dF=(—2Vl oF—I—an)dx.
Ycaosue nas MHHMMyMa:
2V, |4 VAT

. 1 . —
7':21&%; '?=x3, X==Xg= —
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2
3anaya 8. Hafith Munumym ¢pyuxuun F = x -} a} (uepT. 62).
Haxoaam nudepennuan:

dF=d(x)4+d@x™") = ldx—l—(— l)a?x"¢x==

ax— 24 d

YcioBue MuRMMYyMa:

a2
(l——)dx 01———0x2 a%, x=ta.

OrparnYHBasAChL MOJOXKHTE/b-
HBIMH 3HAYEHHSAMH X =X,=
=a BHAHM, UYTO MHHUMYM

GyHKUHHK paBeH 2a.
3agaya 9. (cM. 3ajgayy 6
raasel [; 3apauy 15 raasor II;
sanauy 7 raasu IlI). Ha cTene
A BHUCHT nnakat AB. [aas Ha-
0 a ¥ Gmonatens maxomutcs B To-
yke M; CM—ropu3oHTaabHAS
Hepr. 62. nAnHus. [ne noMecTUThbCs Ha-
6amoaarento, utcOul BHIAETh

onaKkaT 1noA HauboaAbmHM yraom (uepT. 49)?
Pemenne. Kak Mu Bugean B raase 1l (3amawa 7)
3aJaya MNpPHBOAMTCA K OTHLICKHBAHHIO MaKCUMyMa Jpo6H

X
F= AT ab HaxonuM nudepenuuan atoit Apo6H, cornacuo
npaBuny C (cM. ctp. 97):

d(”)= v.-du—u-dv

v 02

B manHOM cayuae:
(x2+ab).-dx—x-d(x2+ ab)
(x2 4 ab)?
__(x*H4-ab)dx—x2x-dx
- 2 ab)? ’

dF =
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[ondepennuan noctosHHoro d (ab) pasen HyJw]. Yc/aoBhe
Aasi Maxkcumyma: dFf =0; oTKkyaa moJy4uM:

ab—x2=0;x=x, =) ab.

XoTa pelwenue 3amay Tenepb MeXaHU3HPOBAHO, OJHAKO,
Hajnech, YdTaTesbp He 6yfeT B MPETEH3HH 32 TO, YTO €ro
sactaBuau B raase Il mopa6Gortath Haja npupameHusMmH. dta
npopa6oTka NaJaeMy BO3MOXHOCTb MOHATb, YTO CKPbIBAaeTCs
33 3TUM COBEpUICHHBIM ammapaToM AHdepeHUHanoB, KaKOH
Marepual OH nNepepabGaTbiBae€T, M MOMOXET Jy4lle O3HAKO-
MUTbCS C LIEHHeAIIHM HHCTPYMEHTOM BEHICIIEH MATEMaTHKH —
IHbepeHHaNbHbBIM HCYHCACHHEM.

B 3akaloyende npuBeseM OTPLIBOK W3 counHenHs Pepwma,
reHnanbHoro ¢paunuysckoro matematuka XVII B., kxoTopwi#t
eme D0 OTKPbITHA AM(epeHUHANbHOTO HCYHCAEHHS Aal Cho-
co6 peleHds 3a1a4 Ha MaKCHMyM-MHHEMYM, BeCbMa GJH3KHH
K MeTony Audepenunansos!, 3aMeTHM KCTaTH, 4TO JlehOuun
OTKpHJ MeTod AH(epeHUHanoB H HHTerpanoB B 1675 r.
(ony6auxkosan B 1684 r.). Heioton nan cBoit Mmeron durokcuit
(BecbMa 6.1M3kHid K AudepeHUHaIbHOMY HCYHC/IEHHIO) B 1671 .
HuxenpuBoAuMblii ,METOM HCCAENOBaHUSI HAWOONBIUNUX H HaH-
MeHbWHUX 3HAuYeHUH“ OTkpeiT Pepma B 1629 r. U Bnepswe
6ua1 u3noken B nucbMe k Pobepsaaio u JexapTy oT 1638 r.
(Counnenus Pepma usnann B [lapuxe B NOJAJIHHHHKE Ha
JaTHUHCKOM U B nepesoje Ha (QpaHlUy3CKOM A3bIKax). Mbl npu-
BeIeM 3TOT OTPLIBOK MOYTH ROCAOBHO (C HEKOTOPBIMH H3Me-
HeHHsAMH B 0003HAYEHUAX AJS TOro, yTo6u OOJErYUTb MOHH-
MaHWHe 9MTaTesio) H MOKaXeM, KaK CBA3aTb €ro C H3J0xe-
HHUEM 3TOH KHHKH.

OTPBIBEOK M3 COYMHEHUIA OGEPMA

,BCe y4eHHe O HaXOXAeHHH HAHOONbIINX U HaHMEHb-
IIKX 3HAUCHUH OCHOBHLIBAETCH HA TOM, YTO NPHHHMAIOT
IH3 HEHW3BECTHBIX F W X H NPHMEHAIOT CACLYIOLee
€AMHCTBEHHOE NpaBHJIO.

HonyctumM, 410 F npeacrasasier co6oit Kaxywo-1u6o
HCC/IeNYEMYIO BenuyuHy (1M60 MOBEPXHOCTD, K60 TeJo,

1 Uutupyem mno kuwixke Bunelitmep, XpecTomarus mo ucropmam
naTeMmatitin, 1V Boin., TTTH.
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AE60 I/MHY), KOTOpas HOMKHA NPHHATb Haubosbiuee
MU HAaMMeHbllee 3HAaYeHHe, W BHIPAa3HM ee 4Yepe3 ujeHHl,
coaepxaiide X B TeX HJHM UHBIX CTeneHAX. 3aTeM BO3b-
MeM AJsl apryMeHTa 3HayeHHe x-} s, H CHOBA BbIPA3kM
F 4epea wujeHw, comepxawue X U £ B TeX HJIM HHBIX
crenensax. 3aTem o6e COBOKYMHOCTH, MONYYeHHbIE A5 F,
nosaoxxum no npumepy Juodanta npuOAHMKEHHO paB-
HbIMH Apyr apyry. OT6pocuM Ha 06edX CTOpPOHAX OLH-
HaKoBble YJEHBl; TOIAa B KAaxX/IOM 4YJeHe cCnpaBa H
caesa 6yaer CTOATh JAu60 A, aubo Kakasd-HuUOyIb ero
cTeneHb. 3aTeM pas-
8 ZenuM BCe 4YJeHb Ha
‘‘‘‘‘‘‘‘ = h (u1u Ha cTeneHb h)
' TaK, 4TOGHl (N0 Kpa#-
' Hell Mene) OAMH H3
" poy 4JI€HOB Ha KaKOH-11 60
4i 3 cTopoHe OblM coBep-
INeHHO CBOGOJNEH OT
MHOXHTead h. 3ateMm
Ha O6GeHX CTOpOHax
3aYepKHEM  YJEHH,
conepxaliWe /£ HJIM ero CTemeHd, a TO, YTO OCTa-
HeTCsd, MOJOXHUM paBHBIMH JAPYT HpPYTy, HJH Ke, eCad
Ha OAHOH H3 CTOPOH HHYEro He OCTaHeTcs, NMpHpaB-
HEM OTpHUATeJbHbie Y/N€Hbl MOJIOXHUTeAbHBIM. Peuie-
HME MOCJEeNHEero ypaBHEeHHS NACT MCKOMOE 3HAauYeHHE X;
a TOrja MakKCHMYM HJIM MHHHMYM TNOJYYHTCH COIVIACHO
Boipaxcenuio F. [IpuBeaem caenywouui npumep,
3anaua. Otpesok NB TpebyeTcd pas3sfeauTh TaK B
Touke A, yTOGH NpAMOYroabHUK MAB 6Gbl1 HAHOOAbIIUM
(uepT. 63).
Pewenue. OGo3nauum Bechb oTpe3ok MB uyepes b;
qacTb ero MA uepes x, Torga ocrtatok OyldeT paBeH
b — x. [1pAMOYroqbHHK Ha 3THX OTpe3Kax OyAeT paBeH:

X (b —x)=bx—x&,

H 3TO BHPaXeHHe NOJKHO NMOJY4YUTb HauboJblIee 3Ha-
yeuue, [lonoxuM Tenepb, C ApPYroi CTOPOHbI, NEPBYIO
YacThb OTpe3ka paBHOH XA, Tak 4TO Apyras Oyaer
paBHa & —xX—h, U NpAMOYro/IbHUK Ha OTpe3kax Oyaer
paBeH:

(x+h)(6—x—h)=bx—x>+ bh—2xh—h?,

Yepr. 63



H 3TO JO/XHO OBITh NPUOIMIKCHHO DABHEIM NDAMOYIO.Ib-
HUKY bx —x2, T. €.

bx — x?--bh —2xh—h2 =~ bx — x2,
OT6poCUB OAMHAKOBHE YJIEHH, NMOJIYYHM:
bh— 2xh — h2 =~ 0; bh ~ 2xh - k2,

Ecau BCe 3TO MOAEJHUTH HAa 7, TO NMOJAYUUM:

b=~2x-h.
Or6pacuBan h, moayunm:
b=2x.

Takum 06pasoM pelleHHeM 3afa4d ABAAETCH LeNeHle
orpe3ka b nmonoJsaMm. Ml He Moxer cymecTBOBaThL Gosee
o6ulero MeTOAa... ATOT METOJ HHUKOTAA He HU3MEHseT.
Hanporus TOro, oH MOXET GbITb pPaCNpPOCTPaHEH Ha
MHOTOUYHC/EHHBE NpPEeKpacHble NpobaeMbr®.

Jurtate b, BHHMATEAbHO MNPOYHTABIIMA KHHXKY, CyMeer
OUEHHUTb HCKJAIOYHTEAbHYI0 f{IeHHOCTb 3TOT0 OTPHIBKA. B HeM
depma ynoBHI LUEHTPaNbHHH, Y3JOBOH MOMEHT BCed npo-
6J1eMBl HaXOXAEHHA MakCcMMyma-MuHumMyMa. Korna ow npen-
Aaraer 3HadeHus F(x) u F(x - A4) npuHATH ,NPHUGIHXKEHHO
paBHHIMH MexJy COGOH“, TO 3TO 03HA4aeT, YTO H3MeHEHHe
byHkuuH Kak OBl MPHOCTAHABAMBAETCA AJA 3HAYEHWH apry-
MeHTa, GIH3KHX K X, (KaiolleMy MaKCHMyM-MHHUMYM). [lanee,
korga ®epma oTOpachHBaeT YICHH, copepxawue h2 A3 u T. 1.
H OCTaB/feT 4YJeHH, cogep¥~liue % TOJbKO B MEPBOH CTe-
neHH, oH (PaKTHYECKH OCTaB./seT UMeHHO Aucdepenunan Qys-
kuuu F. OrMeTHM ee, 4YTO OH NpejJaaraeT MJAH ,IOJOXH-
TeJbHbIe Y/€Hbl NMPHPABHATbL OTPUIATENAbHLEIM®, T. €. NpUpPaB-
HATb ,MOJOMXHTENbHLIE MPUPALIEHHA OTPULUATENbHBIM®, Kak
MH 3TO jeJand B raase ll, uau xe nmepeHecTH BCe 4eHH
yPaBHeHHS B OXHY 4aCTb M MNPHUPABHATbL HYJI0, T. €. MNpH-
P4aBHATH HYJI0 CyMMapHbBle NpHpalleHHs — AudepeHLHa b,
KaK MBI TMOCTYNaqH B HAacTosWeH raaBe. B oTpuBke depma
XaeTcsl ajqre6paMyecKkas 4acCTb MeTOHA, OH MaJO TOBODHT O
(YHKUMOHANBLHOR 3aBUCMMOCTH, BOBCE HE TOBODHT O TOM,
YTO MpHpaUleHHe £ BecbMa Mano. B Ty 3moxy ocHOBHHIE mo-
HATHA BLICLIEH MaTeMaTHKH TOAbKO 33pOXAaANCh. Ho morpe6-
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HOCTH TOTO BPEMEHH, — a HMEHHO PAJ KOHKDETHHIX 3a1a4 Hu3
MEXaHHKH, THAPOCTATHKH, QU3HKH — TONKAJAH YYEeHBHIX K pa3-
paboTKe HOBbIX METOAOB, TOMHMO OCTAaBJEHHbLIX B HAaC/JeACTBO
rpeyeckoil Hayxo#, u B Jvle redidanbioro ¢epmMa MH BHIAUM
OJIHOTO M3 NPSAMBIX NPeZBO3BECTHUKOB MAaTeMaTHKH HOBCIC
BpeMEHH — aHa1u3a GeCKOHEYHO MaJhiX.
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