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MMPEJUCJIOBUE KO BTOPOMY U3JAHUIO

OTKphiBas 3THM NPEAUCIOBMEM BTOPOE H3AAHHC
KHHIH B «bBubamoreuke Ksant», MH paccuuThiBaeM, uTo
UYHUTATE/Ib, HHTEPECY IOMMACH MATEMATHUECKON HaYKOH O c1yuyaii-
HOM, HAWIET 37€Ch AOCTYIMHOE OMHCAHME (PU3MUECKHM peajbHBX
CNAy4YaHHHX SIBJCHHHA U NEPBHE CTPOrHE MATEMATHUECKHE CBE-
OEHHUS O TEOPHH BEPOATHOCTEH C MpocTeHmMMHM KOMOHHATOp-
HBIMH pacy€eraMH, aKCHOMAMH H OCHOBHHIMH MOHATHIMH, a
Takxe 060s€e CNOXHHE BEPOSTHOCTHHE MOIACAM M TEOPEMHI,
KOTOPHE JAIOT MPEACTABACHHE O CEPbE3HHX AHATHTHYECKHX
METOAax.

3a Bpemd, mnpomeqmiee ¢ MOMEHTA MEPBOTO M3AAHHUSA, HE
crano Anapes Hukonaesmua Koamoroposa, OH CKOHYAnCs
20 oxta6ps 1987 roma B Bospacte 84 ner. Aumpeii Hukonae-
BHY — HHULMATOD HAMMCAHMS 3TOH KHHIM, M MH, €0 yuc-
HHKH, XOTeJH 6Bl OTIaTh JOIXHOE MAMSTH BEJMKOTO YYEHOTO H
neaarora.

Annpert Hukonaesnu KonMOropos okasan ocHOBOMOJAraoo-
mee BJAHMSHHE HA PA3BHTHEC COBPEMEHHOM MAaTEMATHKH, OH 06sa-
Aan MHOroo6pasHEIMH HayYHHMH HHTEpecaMu B o6actu ¢u3sn-
KH, GHOJIOTHM, HCTOPHH, JIAHTBHCTHKH H APYTHUX AHUCI{MILIHNH.

Eme B cTyneHuYecKMe rOAH, HAuaB ¢ MPEMOJABAHMS MATE-
MaTHKH H (U3NKH B [TOTHUIMXMHCKON ONMBITHO-MOKA3aTEbHOM
mKose, Anapedt HukonaesHu uepes BCIO JOATYIO XH3Hb MPOHEC
HHTEpPEC K IKOAbHOH MaTematuke. Bonee 20 ner o orpan
(bH3MKO-MAaTEMATHUECKOH MIKOJIE-MHTEPHATY NPH MOCKOBCKOM
YHHBEPCHTETE, TEMEPh HOCAMEH €0 MMS, YCTPOMCTBY JIETHHX
MAaTEMATHYECKUX WIKOJI B Pa3HHX YIOJIKaX CTPAHH, yYaCTHIO B
H3TaHHH XypHana «KBaHT», da TAaKX€ CO3JaHHIO INKOJbHBIX
yuebHpix moco6uit mo MareMaTtuke M paspaGoTke mporpamm
M METONOJOIMHM MPENOAABAHHUS MATEMATHKH B  IIKOJE.
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Anpapeit Hukonaepuy yBJIeUEHHO PYKOBOAWI IKOJbHBIMH KDY X-
KaMH MO BHEMPOrpaMMHHM TEMaM, B TOM UYMCJIE 1O TEOPHH
BEPOATHOCTEH ¥ KOMOMHATOpHMKE. DTOT MHTEpEC OTPA3WICA U B
cepud nybaukaumii B XypHane «MaTemaruka B mKoje».

B MOCKOBCKOM YHHMBEPCHTETE B TPAAHLHAX MEXAHHKO-MATe-
matuueckoro ¢axkynprera Anapeem Hukonaesuuem M ero yue-
HMKAMHM TPOBOAWIHCh HA MJIAJIIMX KypCax IMPOCEMHHAPH MO
TEOPHH BEPOATHOCTEH, KOTOPHE CAYXWIM BBEJCHMEM B Oyny-
IIYI0 MATEMATHUYECKYIO CTIEHHANH3ALMI0. ONBT 3THX KPYXKOB H
CEMHMHAPOB H Onl1 0606LIEH B MEpBOM M3AAHMM KHUIH B «bBub-
auoreuke KBaHT».

IMocnenuue ronn xu3Hu Auapeit Hukonaepnu, HeCMOTpS Ha
TAXEIYK 060/M€3Hb, HANPABAS/I MOAIOTOBKY HOBOIO H3AaHMS
KHHIH, H BCE IEPEMEHH B HEH OCYILECTBJIEHH TIPH €10 YYaCTHH.
Mo samuicny Anapes Huxonaesyua HeOOXOAMMO COEAMHATD YB-
JIEKATEABHOCTh H TIOHATHOCTh HM3JIOXKEHHS C AOCTaTOYHOH JIO-
ruyeckoi crporocrbio. CTiiib Konmoroposa-neaarora mpexpac-
HO YYBCTBYETCS B [JiaBe 1, KOTOpas NMOMHOCTBIO HANKMCAHA MM
CaMHM — HMMEHHO 31eCh COEAMHSIOTCH HHTEPECHHE (PU3HUYECKHE
NpHUMEPH C MPOCTEHIIMMH PacyeTaMmM, 33 KOTOPHMH MpPOT/sbl-
BaKoTCd rnybokue PakTH TEOPHH.

TMamsate 06 Anapee Huxonaesnue Koamoropose XHBET mist
HHHEIIHENO M MOCJAEAYIOIIMX TNOKOJEHHH B €ro Tpyaax. 3Jra
MANIEHbKAs KHHXKA SBJSETCS YACTHLEH HACAEAMS 3aMEUATEIb-
HOIO YUYEHOrO M Ieaarora.

HA. I'. Xypbenxo, A. B. IIpoxopoa



M3 ITPEAUCJIOBHS K ITEPBOMY
HU3O1AHHMIO

JlaHHas KHMra pacCyMTaHa HAa UMTLTENs, HOXeE-
JIaBUIETO HA 3/IEMEHTAPHOM yPOBHE 03HAKOMHUTLCH C OCHOBHRMU
MOHATHSIMH TEOPHM BEPOATHOCTEH M COCTaBMTH cefe HexoTopoe
BIIEYATACHNE O BO3MOXHKIX MPUMEHEHHMEX 3TOMH obaacTu mare-
MaTHkK, OypHOE Da3BUTHE KOTOPOM NPHXOAMTCH HAa IOCAEAHHE
aecaruiaeTns. I1Inpokoe pacnpocTpaHeHue BEPOSTHOCTHHX Me-
TONOB B CAMBIX PAa3NMyHHX O0JACTAX HAYKM M TEXHMKH OHLTO
CBS3aHO C TEM, YTO C MOMOIIBIO ITHX METOAOB YRAJIOCh NOJYyUMTh
OTBETH HAa MHOIME €CTECTBEHHOHAYUYHHIE 3aauM, A0JIOC BpeMs
HE noanasaBmMecs pemeHnio. Kuura He crasuT nepen coboi
€M OXBATHTDH BCE BO3MOXHHE IIPUMECHCHUS TEOPHHM BEPOSTHO-
cTell, TeM 6onee YTO HA 3NEMEHTAPHOM YPOBHE 3ITO CAENATh
BOOOIIE HEBO3MOXHO. B T0 Xe camoe BpeMs MPHBECTH MHTEpPEC-
HBIC NMPUMEPH HMCNONB30BAHMS BEPOSTHOCTHRX METOZOB B MpO-
CTEAIINX MPAKTHYECKUX CUTYALMIX SBALIOCH OMHOM MX IMIABHHX
uesiei KHMrH. B kauecTBe TakuMxX NpuMepoB AOCTATOYHO noapobHo
M3y4yaloTCs OCHOBHHE 3aKOHOMEPHOCTH GpPOYHOBCKOIO ABMXeE-
HHH, [TPOBOANTCS MCCACAOBAHME MPOLECCOB 'MBEaM M pa3MHO-
JXXCHHS, NPHUBOAATCA HEKOTOPHE APYTHE MPHUMEPHI. Ecrecnepno,
UYTO NPHUBEACHHHE PE3YJbTATH SBNSIOTCH JHIIb NEMEHTAPHHM
BBEACHHMEM B yKa3aHHHE 006J1aCTH HayKH, [TO3BOISIOMNM, TEM HE
MCHEE, COCTABUTh y YHTATENS YYBCTBO O1M30CTH K COBPEMEHHBM
ECTECTBEHHOHAYYHRM npobiemam.

B OCHOBY MAaHHOW KHHMIM NErJM MaTEPHANHN JEKUUH ¢
CEMHHAPOB aBTOPOB, HEOTHOKPATHO HA IPOTAXCHHUH IOCTEAHUX
15 ner unraBmmxcs B MOCKOBCKOM roCyAapCTBEHHOM YHMBED-
cutere ¥ Ou3nko-maremaTuueckoi mkone npu MIY.

WanoxeHne OCHOB TEOpMM MOCTOSHHO COMPOBOXAAETCH
60pIMM KOMMYECTBOM MPUMEPOB M 3aaad, YacTh KOTOPHX B
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3aBHCHMOCTH OT TPYAHOCTH pCLIACTCHA MONHOCTBIO, HA OCTAJIBHBIC
AAKOTCA TOJBKO OTBCTHI.

KHuura 6_V116T LOCTYNHA MKO/JBHMKAM CTAPHIMX KJ14ACCOB,
MPOSABJASIOIUMM HHTCPEC K MATCMATHUKE M €€ MPUMCHCHUAM. Oua
MOXET TAKXE 0KA3aThEs TIOJIC3HOM CTYACHTAM MJIAQLOAX KYPCOB
CAMBIX DA3JIMYHHX CHC[IHH}IBHOCTCI':I, HHTCPECYIOLMMCS NpUME-
HEHUSIMHM TEOPUM BEPOSITHOCTEH B CBOMX oOnacTax.

JiAs Tex, KTO XOUET PACIIMPHUTD CBOI KPyro3op, PeKOMEHAY-
€M CIICAYIOINE M3NAHHUA!

. Bepuynnu. 3axon Gonbmux upcen.— M.: Hayka, 1986.

3. Bopean BeposTHoCcTb M gocToBepHocTs: Ilep. ¢ ¢pp.— M., Hayka, 1969.

M. I'neman, T. Bapea. BeposTHOCTs B urpax u passneuenusx: Ilep. ¢
dp.— M., Hpocsewenne, 1979.

b. I'nedenxo, A. Xunwin. 3neMCHTapHOE BBEJCHHUE B TEOPHIO BEPONTHO-
creit.— M.: Hayka, 197€.

@. Mocmennep, P. Pypxe, [Ix. Tomac. BeposTHocTs: [lep. ¢ anrn.— M.:
Miusp, 1969.

A. Penou. Tpunorns o matemaruke; Ilep. ¢ seur.— M.: Mup, 1980.

B. (Dennep. BeeeHne B TEOPHIO BEPOSITHOCTEH W €€ npumeHeHns: Ilep. ¢
aurn.; Tom 1.— M.: Mup, 1967.

A. H. Koamozopos, H. I'. Xypbenuko, A. B. [Tpoxopoa



TJIABA 1

KOMBHUHATOPHBI MOAXON,
K ITIOHATHIO BEPOSITHOCTH

§ 1. INepecTaHoBXH

JIBe 6yxBu A 1 B MOXHO pacnonoxuts oaxy 3a
Apyroit aByms cnocobamu:

AB, BA
Tpu Gykeu A, B n B MOXHO pacrnonioxXuTs B BHAE NOCAEN0-
BAaTEABHOCTH YX€ WECThIO Crocofamu:
ABB, ABB
BAB, BBA
BAB, BBA
Ina yermpex 6yke nonyynm 24 pasHex crnocofa mx pacrn~
JICKEHMS B BHAC MOCENOBATENBHOCTi:
ABBI', ABI'B, BABI', BATB
ABBI', ABI'b, BBAI', BBrA
AI'BB, AI'Bb, BI'AB, BI'BA
BABI', BAI'B, 'ABB, I'ABB
BBAI, BBI'A, I'BAB, I'BBA
BI'AB, BI'BA, I'BAB, I'BBA
CxosbkuMu cnocofamMn MOXHO PacrnosioXuTb AecaTb 6yks B
Buae nocnenosateabHocTH? IlepeGpats Bce cnocoGu pacmono-
XeHUs 31ech 6bU10 66 TpyAHO. [l s OTBETA HA BOMPOC XENATENb-
HO ofuiee mpasuno, ¢opmyna, koropas mo3sosuna 6w cpasy
BHIYHCAMTb YMCAO cnocobos pacnonoxexus n Gyks B BHAE moc-
JnenosaTesibHOCTH. Yncmo atnx crnocobos obosmnavator n! (n ¢

BOCKJIMLIATE/IbHWIM 3HAKOM) M Ha3WBAWOT «n-haxTopuan». Haii-
neM 31O uncao. Mu yxe BHAENH, YTO

20=2, 3 =6, 4=24.
Kaxam#t cnocof pacnonoxenns aawnoro uwcan  6yxke B



NOCAENOBATEIBHOCTH HA3WBAECTCA nepecmanoekod. QueBMaHO,
y10 BMecTO OykB MOXHO B3gTh uMdpm wim mobue apyrme
npeaMeTh. UMCIO NEPECTAHOBOK YETHPEX NPEAMETOB PAaBHO
4! = 24, Boobme n! ecTb YMC/IO MEPECTAHOBOK 71 HPEIMETOB
(3aMeTHM €ImME, YTO NOJAAraieT

=1,

TaK KaK OJUH NPEIMET HE C YEM <«IEPECTABISTb», H3 OQHOIO
NPEAMETA MOXHO C(POPMMPOBATDh TOMLKO OJHY «IIOCAEAOBATE b~
HOCTb», B KOTOPO# ITOT MPEAMET CTOMT HA MEPBOM MECTE):

=1,
20=1-2=2,
31=1-2-3=06,
41 =1-2-3-4 =24,

HanpammBaercd ruMnoresa: UMCJIO NMEPECTAHOBOK 71 MPEAMETOB
PaBHO NMPOH3BEACHHIO NMEPBRX 71 HATYPAJNbHMX YHCEJ:

nl=1-2-3-...-n. (.D

I'mnore3a 3Ta BepHa.

Ilns moKasaTebCTBA 3aMETHM, YTO B C1yuae NMEPECTAHOBKH
2 TIPEAMETOB Ha MEPBOE MECTO MOXHO NOCTABHTH MOOOH M3 n
npeaMeToB. B xaxaoM MX 3THX n CryuaeB ocraiommecs n — |
NpEAMETOB MOXHO pacnoioxuth (n — 1)! cnoco6amnu. ITogromy
noay4uM Beero (n — 1)!n cnoco6oB pacnosioxXeHHs n NPEAMETOB:

nl=(n-Dln (1.2

TTpn nomomu dopmyan (2) nosyuaeM nocaEIOBaTENBHO:
21=11-2=1-2,
3NN=21-3=1-2-3,
4 =31-4=1-2-3-4,
5!=41-5=1-2-3-4-5=120 u 7. 1.

3HAKOMBIE ¢ MPHHIMIIOM MATEMATHYECKOM MHAYKIHH MOTYT
3aMETHTD, YTO BuBOX (popmyint (1.1) u3 popmynmn (1.2) necnons-
3yET ITOT NPHMHLMI, H NMPOBECTH CTporoe (opMaIbHOE paccyx-
ACHHE.

Tenepp yxe HETPYAHO BHUMCJIMTH YHCJIO NEPECTAHOBOK
aecatH Gyks:

10! =1-2-3-4-5-6-7-8-9-10 = 3 628 800.
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§ 2. BeposTHOoCcTb

Cemb 6ykB pa3pesHoit asbyku A, A, B, B, K, V¥,
LI nonoxeHH B MEMOK, OTKYAa MX BHHHMMAIOT Hayaadyy H
pacnonaraiotr OfiHy 3a ApYroi B NOPSAKE, B KOTOPOM OHM MOSB-
agiorcd. B pesyasrate nonyuaerca caoso BABYIIIKA.

B xako#t Mepe Takoi (PaKT HaZO CUMTATh YAMBMTEC/IbHEIM,
6HTH MOXET, 3aCTARJSIOWMM NPEANOAraTh, YTO MH NPHCYTCT-
BYEM NpH HAPOUHO NMOACTPOEHHOM (hokyce? 3anymepyem Hammu
ceMb Kaproyek ¢ GykBamu:

1 23456 17

AABBKY

HMx MOXHO pacnoNoXHTh N0 NOPIAKY
7! = 5040

cnocobamn. U3 atux 5040 cayuaes cnoso BABYIIIKA no-
JIYUHTCH B YCTHPCX:

3146 7 52 4136 7 52
BABYHKA BABY KA
3246 7 51 4 236 7 51
BABYIIKA BABYIKA

CkaxeM, uto u3 obmero umcna ciayuaes (5040) uermipe
cryyas Gaazonpusmcmeylom MOSBACHHIO 3aHMMAIOMETO HAC
COOHTHS (3aKJIIOUAIOMIErOCd B TOM, UYTO M3 BHHYTHX GykB
caoxunock cnoso BABYIIIKA). OtHomenne uncaa Gnaronpusr-
CTBYIOHMX CJIyuaeB K OOUmIEMY UHMCIY CJIy4yaeB B NOAOGHHIX
3ajavyax HasHBAIOT BEPOSTHOCTHIO cOONTHI. B Hamem npumepe
BeposSTHOCTb nospiieHud cyioa BABYIIKA ectb

4 1
5040 — 1260°

BepogTHOCTDb 3Ta OUEHb MANA, H Hame COONTHE ACHCTBUTE b~
HO OYEHb <«MAJOBEpoaTHO», [lo3nHee MH y3HaeM, YTO MOX-
CUMTAHHAY HAMH BCDOSATHOCTb MMCET TAaKOM NPAKTHUECKHH
CMBICJI; €CJTH MHOTO pa3 MPOM3BOAMTD ONMCAHHHE OHMHT C 6yk-
BAMH, TO NPHMEPHO OAMH pa3 Ha 1260 ucnmTanmii npomnsoiner
Hame coluTHE (Camo cobolo coxurca cioso BABYIIIKA).

AHanorMuHHii pacuer mag uyernpex 6ykB A, A, M, M
NPHBOAMT K PE3Y/BTATY, UTO M3 HUX CayuyaHo Gyaer cknann-
BaThCa CI0B0 MAMA ¢ BEpOSTHOCTBIO

4 1

4 6
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C Taxkoii X BEpOSTHOCTHIO ¥ OyNeT NoMyyaThes €me KaXA0e
H3 NATH «CJIOB»:

AAMM, AMAM, AMMA, MAAM, MMAA.

Ecnd nmpoM3BOAMTh 3TOT ONNT C YETHpbMA OyKBaMH, TO
KaXablii U3 OMMCAHHHIX IIECTH BO3MOXHHX pe3yasTaToB Oyaer
MOSIBJISITECH MPUMEPHO B Y% Aone Cayuyaes.

§ 3. PaBHOBO3MOXHLIE CJIyyaH

HrpanbHasg KoCcTh — 3TO KyOMK, Ha IpaHIx KOTO-
poro o6o3HaueHo uucao oukoB or 1 no 6. Bpocus e xocrH,
MOXHO INOMYYHTh CyMMY OYKOB (HA BEPDXHMX TIpPaHSIX IBYX
Kocrei) or 2 no 12. MoxHo 6wUto 66 AyMaTh, uTO B 3ajmaue
nMeerca 11 BO3MOXHHIX CIy4yaeB M BEPOSTHOCTh MOSIBJICHUS
KaXxaoro u3 Hux paeua ¥,. Ho aro He Tak. Onur nokasnBaer,
uTO, HaNpuUMep, cyMMa 7 NOSABAAETCS MHOIMO YaIIe, YEM CyMMa
12. 3TO ¥ MOHATHO, TaK KaK 12 MOXHO MOJyYHTh TOJIBKO B BHAE

6+6=12,

a 7 — MHoOrmMH cnocobamm:
1+6=2+5=34+4=4+3=54+2=6+1=1.

[Ipn 3T0M MB 3aNMCHBAEM NEPBHM CAAraéMHM YHCIO OYKOB
HA NEpBOM KOCTH, & BTOpHM — HA BTopoi. [losromy sanmcm
1 +6 16+ 1 yKkaswBaloT Ha ABE P @ 31 M U H Bl € BO3MOX-
HOCTH IOJIyUCHHS CyMMH 7.

IIna nojcuera BEpOSTHOCTEH 3A€Ch NMPHUXOXMTCS paccMaT-
pHBaTh TPHALATH LIECTh CJAYYaeB, KaXAbH M3 KOTOPHX Xapak-
TEPU3YETCH ONPEAEACHHBM YHCIOM OUYKOB, BHNABIINX HA NEPBOM
KOCTH, ¥ ONPEREJCHHBIM YHCJIOM OYKOB, BHMABLIIMX HA BTOPOM
KOCTH:

L1 1,2 1,3 1,4 1,5 1,6
2,1 22 2,3 2,4 2,5 2,6
3,1 .. '
4,1 ..
51 ..
6,1 ..
EcTecTBeHHO CUMTATh 3TH TPHALATH INECTh CJIyYacB PaBHO-
BO3MOXHHMH. ONHT NMOKa3HBAET, YTO s AOCTATOYHO Npa-

BUJIBHHX (KYOMUYECKMX) KOCTEH, CACNIAHHBX M3 OHOPOXHOIO
MATEpHANa, M HALJIEXAIMMX NpueMoB OpocaHus (Hanpumep,
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NOC/I€ BCTPIXUBAHUS B CTAKAHUUKE) 9TU 36 C/lyuaes nosSBASIOTCH
npy GOBLIOM YUCAE MOBTOPEHUI MPUMEPHO OAMHAKOBO YacTo.

Jlns CyMMBI OUKOB Ha IBYX KOCTSX MOMy4aeM TAKUS Pe3yib-
TaTe (npoBepbTe !):

Cymma 2 3 4 5 6 7 8 910 1112
Yucao Gnaronpuar- 1 2 3 4 5 6 5 4 3 21
CTBYIOIIMX cnyllaen \ \ \ 5 \ 5 \ 1 1 \
Beposthocts 3% 18 2 9 3 63 912 1383

YTOUHMM ONpENE/ICHUE: GEPOTMHOCMbIO HA3bLEAEeMCsT Om-
HOoweHue Hucaa 06AAzONpUIMCMEYIOWUX CAYHAEed K 0bujemy
uucny pasnodosmoxnoix. Ha Bompoc, Kakue cayuyad MOXHO
CUMTATh PABHOBO3MOXHBIMM, MATEMATUKA HE AaeT orBera. Ilpu
6pocaHuM KOCTEN YCJIOBHMS BHMAgeHUs JMOBG0M M3 wwecTH rpaHei
MpEeACTaBASIOTCS HaM OAMHAKOBHIMU. Kpome Toro, mpeacraeas-
€TCA E€CTECTBEHHBIM CUMTATb, YTO pA3IHUHBE KOMOMHALMH
BEPXHMX rpaHeil ABYX KOCTE TOXE OAMHAKOBO MPaBAOMOAOOHH.

Paspgenenne BCeEX BO3MOXHBIX MCXOAOB HEKOTOPOrQ HUCMBI-
TaHUd HA MCKIIOUAKIUE APYF APYra PAaBHOBO3MOXHBIC CIydau
JOCTATOYHO AENMKATHO. Yacro BMECTO M3JIOXKEHHOro ceiuac
«KJIACCHYECKOTO» OTPENE/ICHUS BEPOSITHOCTH IPUXOAUTCS npube-
rath K ApyroMy — «CTaTucTuueckoMy», Ho Ha mepBmix mopax
3HAKOMCTBA C TEOpPHUEM BEPOSATHOCTCH pasyMHO OTHECTUCh C
JOBEPUEM K «KJIACCMUECKOMY» ompeaeacHuilo. C TOukM 3peHus
YMCTOM MATEMATHKM TYT HET HMKAKOH «HEeCTporocTH». Iloapo6-
Hee o6 arom Oyner ckaszaHo B ri. 2.

§ 4. BpovHOBCKOE ABHXEHHE
¥ 3ajaua 0 OJayXJaHUH
Ha TJIOCKOCTH

BriuuciaTh BEPOS : HOCTU MPUXOAMTCS OTHIOAb HE
TOMBKO MPH PElIE4UM LYTOUHHIX 3aJauy WM 3a1ay o6 urpe B
Kocty M kaptel. Ha teopuu BeposSTHOCTEH OCHOBAHBI, B YaCT-
HOCTH, KUHETUYECKAs TeOopHus ras3os, Teopus audpysuu pacTso-
PEHHBIX B XMAKOCTH BEIECTB U B3BCIIECHHBIX YACTHIL.

Teopusi BEPOATHOCTEH OOBACHAET, MOYEMY XAOTHYECKOE,
GecopsanoyHoe ABMXEHUE OTAENBHBIX MOJEKYJ MPUBOAMT K
YETKMM, TIPOCTHIM 3aKOHOMEPHOCTSM [BHXEHUS MX OojbmimMx
COBOKYIMHOCTEH.

IlepBas BO3MOXHOCTE 3KCIIEPUMEHTAJBLHOIO HCCAEAOBAHUS
TAKOTO POA COOTHOWICHHMIA MEXAY OecrnopsaiouHBIM JBHXCHM-
€M OTAE/NBHBIX YACTHULL M 3aKOHOMEPHBHIM JBMXECHHEM MX 60/b-
WMX COBOKYIMHOCTEH mosiBunace, korma B 1827 rony 6oraHuk
P. BpoyH OTKpHI SBJIECHHME, KOTOPOE MO €r0 MMEHM HA3BAHO
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6pOYHOBCKHM JBHXEHHEM. BpoyH Habmonan mox MHKpPOCKONOM
B3BECIICHHYIO B BOAE LIBETOUHYIO NHUIBLYY. K CBOEMY yAHBACHHIO,
OH OGHAapyXua, YTO B3BENICHHHE B BOAC YaCTHUH MNhUIBLE
HaXOASATCA B HEMPEPHBHOM GeCOPIAOYHOM IBHXECHHH, KOTOPOE
HE YAAeTCSd MPEKPaTHTh NMPH CAMOM TINATEJIBHOM CTapaHHH
YCTPaHHTb BHENMIHME BO3JCHCTBHSA, COCOOHHIE 3TO ABHXEHHE
MOAAEPXHUBATh (HATPUMEDP, ABHXECHHE BOAH MO BIHAHHMEM He-
PaBHOMEPHOCTH TEMIMEPATYPH U T. I.). Bckope 6n10 o6Hapyxe-
HO, YTO 3TO ABMXEHHE €CTh 06mee CBOMCTBO MOOHX JOCTATOUHO
M¢€. KMX YaCTHL|, B3BEINCHHHX B XHMAKOCTH. Ero MHTEHCHBHOCTD
3aBHCHT TOJIBKO OT TEMIEPATYPH H BA3KOCTH XHAKOCTH H OT
pPa3MEPOB YaCTHL, (IBMXEHHE TEM MHTECHCHBHEE, UEM TEMIICpa-
Typa BHIIE, BS3KOCTh MEHBINE, a YACTHUH Mejbue). Kaxmas
YACTHLA ABHXETCH M0 CBOeH COOCTBEHHOM TPAEKTOPHH, HE IOXO-
xeH Ha TPAEKTOPHH COCEHMX YACTHL, TaK UTO 6/1M3KHe BHaAUaIe
YacTHLH OYEHb OGHICTPO CTAHOBSATCA YAANCHHHIMH (XOTS MOryT
HHOIAA CIyYaiHO BHOBb BCTPETHTBHCH).

Ha puc. 1 ToukamMM OTMEUECHH MOCJACAOBATE/AbHHE MOIO-
XEHHS YACTHLH (ryMMHMryTa B BOAE MO KJIACCHYECKHM OMKTAM
Meppena) ¢ mpomexytkamu B 30 cexyHa. JTH moCjaeqoBaTe-
JIbHBIE TOJIOXEHHSA COCTMHEHH MPIMOIMHEHHHMH OTPE3KaMH.

Puc. 1. BuyxaaHue 4acTHib FyMMHIYTa ¢ npoMexyTkamu 30 ¢

B neiCTBHTEIBHOCTH TPAEKTOPHS YaCTHLH eme 3anyTaHHee. Ha
pHC. 2 CXeMAaTHUYECKH MOKA3aHO, YTO TPACKTOPHH TPEX YaCTHLL,
KOTOpHE B HAYAJbHHI MOMEHT ObUTH OuUECHb G/MHM3KM APYr K
Ipyry, COBEPIIEHHO Pa3jIMYHH.

BpoyHOoBCKOe nBMXEHHE GOABIIOrO YHCAA YACTHL, MOXHO
Ha610AaTh, BHIOYCTHB B TOHKHIA C/10M BOAK HA TUIOCKOM CTEK-
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Juke Kamwmo uvepHui. Ilpu Habmopenmu npocTHM raasom
TPACKTOPHH OTAEJIBHHX UYECPHWIBHHX YACTHI[ YBUAETh HEJb3S.
UepHuibHOE NATHO GYAET MOCTENEHHO PACIUILBATHCS, COXPAHSs
okpyraywo dopmy. Ero okpacka
6ymer 6onece MHTEHCHMEHOH B
LEHTPE, K KpasM xe Gyaer ocna-
6esath. CxemaTHyeckW pacro-
JOXeHHe GOJMBIONO uMcIa uac-
THL, TOABCPXEHHHX GPOyHOB-
CKOMY JBHXCHHIO, 4Epe3 HEKO-
TOpHH MPOMEXYTOK BpPEMEHH
TIOCJIE. TONO, KAK BCE OHM BHIIILIH
3 Oauxaiimell OKPECTHOCTH

L d=kVE

3
Puc. 2. Tpu rpaexropuu Gmyx- Puc. 3. IlonoxeHue BbleALMX M3
RAHUS HyJif YaCTHIL Yepe3 HEKOTOPLIM npo-

MEXYTOK BPEMEHH

HAYaJbHOH TOUYKM, OTMEUEHHOH KPECTHKOM, H300paxeHo Ha
puc. 3.

OG603HauMM uepes f IPOMEXYTOK BPEMEHH, MPOLIEAUIHA OT
BRXOAA HAaMMX YACTHI H3 HAYaJAbHOA TOUKH, H uepe3 d —
AMAMETP OKPYXHOCTH C LIEHTPOM B HAYaNbHOH TOUKE, BHYTpDH
KOTOpOH HAaXOmMUTCHd MOAOBMHA uyacTHL (puc. 3). Habmonenune
MOKa3HBAET, UTO ITOT AHAMETP PacTeT NpPUGIH3HUTENBHO NpO-
NOPIHOHANBHO KBaAPATHOMY KODHIO M3 NIPOMEXYTKA BPEMCHH f,
T. €. H3MCHSAETCH NPUMEPHO MO 3aKOHY

d=kvt (L.3)

(k — HekoTOpasg MNOCTOSHHASA). DTa 3aKOHOMEPHOCTh MOXET
6HTh OOOCHOBAHA TEOPETHUECKH CPEACTBAMHM TEOPHHM BEPOSTHO-
creit. CaM ee BHBOI OCTAETCA 33 MPEAEIAMH HAUICH KHHIH, HO
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B MPHYHMHAX TOIO, YTO AMAMETP d PacTET HE MPONOPLHOHAIBHO
BpeMeHH (KaK Obi10 OH, ecim OW 4yacTHUW pa3berannch M3
HayaJbHOH TOYKH C NMOCTOSHHOM CKOPOCTHIO, HE MEHSAS HAarpas-
JICHHA), a3 HECPABHEHHO MCJICHHEE, MBI CMOXEM pa3o0paTecs.

OcHOBHHE yepTH GPOYHOBCKOIO ABMXXEHHS YACTHIN MOXHO
HabmogaTe Ha yNpOWEHHOH Moaenu OJyXAaHWS YACTHIH II0
TLUIOCKOCTH, pa3feicHHOH Ha KBaapaTuky. K TakuM ynpoleHHBM
MOAE/ASM IPH M3YUEHHHM CJIOXHHX SBJCHHUH NpHOEraor M B
CEPbE3HHX HAaYYHHX HUCC/ICAOBAHHSX.

ByneM cuMTaTh, 4TO HAWIa YACTHLA MEPEMEINAETCH M3 KBaJ-
paTHKa, B KOTOPOM OHa HAXOJUTCS BHa4asne, B OOHH M3 YEeTHpeX
COCETHMX KBampaTHkoB. Ee nyTh 3a BOcEMp IHATOB MOXET,
HAaNpMMEp, MMETHh TAKOH BHA, KaK YXa3aHO Ha pHC. 4.

W3 HavyanpHOro monoxeHus (pUC. 5, g) 4acTHLA MOXET
MOMACTh B OMXH M3 YETHIPEX CMEXHBIX KBaJPATHKOB, B KaXIHIH
OIHUM-EAMHCTHEHHHM criocobom (puc. 5, 6). 3a nasa wara

i_*“i

il

Puc. 4. Bayxaanue uacTHLbI 10 MIOCKOCTH

YacTHUA MOXET MMOMNAacTh B HAYAJIbHOE IOJOXEHHE UECTHPbMS
cnocofamMu (BHIXOAS B CTOPOHY B ONHOM H3 YETHIPEX BO3MOXHBIX
HamnpaB/ieHUH M BO3BPAIIAsACH OOPATHC), €IIE B YETHPE XBAApaTa
YaCTH1IA MOXET MOMACTh ABY nix CIOCOO2MM B KaXIBM U B YETHIpE
KBaZipaTa — OAHMM crniocoGoM B xaxawit (puc. 5, 6). Bcero
YaCcTHLUA MOXET ABHTAaThCS B TCUCHHE MNEPBHX ABYX WAroB
WIECTHAAUATHIO PA3JHYHBIMH CIOCO0aMH.

Ha puc. 5, ¢ yxasaH pe3ynbpTaT aHaJOrMUYHOrO MOACYETA M1
TpeX WAroB. 3Aech YMCIO PA3/IMYHHX MyTel paBHO yXe

4+4.94+83=064

Ha puc. §, @ u e yka3aHo umcio cnoco6OB mNONanaHUs B
pazinyHbie KBAaupaTh IOCAE YETHPEX M MOCJIE MSTH WIAroB.
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Jlerko NMOHATb, YTO UMCAO Pa3nWYHHX MyTEH C POCTOM UYHMC]IA
MAaroB ! pacTeT kak 4

YucJ0 waroe 0 1 2 3 4 5
Yucno nyter 1 4 16 64 256 1024

Ecanm cumrath, UTO YacTHLA BCErAa NOMEmMAaEcTcs B LEHTPE
3aHUMAEMOIO €10 KBaapaTuka, TO 33 { IIArOB OHA MOXET

Y
1
A3 Iy
3V 9 3
VA1 VA TVAsVA9V A 1
s 4 A3 VA VA V/
sV V5
! 256
, p)
BZE
VA VA s
s 24,
7K 4
s VA1V ] 6
s VA0 24¥/] 4
1 1AV 436V 6V 1
2 2 « VA2sW Q244 4
1 4 7 AV 15V 6 1
AV ¢ 7% %
! 64 ! 1024
2 e

Puc. 5. Yucna pasnuunbix myTei B GTy XIaHMM N0 IIOCKOCTH 33 PAa3iMUHbIE
NPOMEXYTKH BPEeMEHH '

YAQIHMTBECS OT HauaJIBHOIO MONOXEHHS He fosiee yeM HA paccro-
saHue th, rae h — nIMHA CTOPOHH KBanpatukos. Ho ans aroro
OHa JAO/DKHA ABHratbcs npsMomHeino. Ilpm =5 oaro
6yvaer TONBKO B ueTHpex cayvasx u3 1024. B 6onnmuHCTBE Xe
CIyyarB 4acTHIA OKAXETCS B KOHIE MyTH 3HAYMTEIBHO Onmxe
K CBOEMY HavajbHOMY noaoxecHuio. Hanpumep, mpu =5 B
400 cayuasx (moutn 40 %) paccrosHME KOHEYHOrO MOJIOKEHUS
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OT HauaIbHOIO GyneT paBHO enuHHMuE, a eme B 400 cayyasx 1o
paccToSHHE PaBHO

v3 =173..

Jlumb B ocralomuxca HeMHoruM Gonee uem 20 % cayuasx
YacTHLA yHZET Jajibie.

HomnycTHM Tenepb, YTO NpH JO00M 7 BCE MYTH PABHOBO3MOX-
HH. Toraa uKcna, NpocTaB/EHHHE HA PHUC. 5, MOCAE HX ACJCHHA
Ha 4’ JafyT BEPOSTHOCTH NONAJAHHS B COOTBETCTBYIOMME KJIETKH
nocie ¢ maroB. OG03HAYMB Yepe3 r PACCTOSHHE OT HAYAIBHOTO
HONIOXKCHHUS, MOJYYHM IpH ¢ = 2 Takylo Tabanuxy:

r2 0 2 4
r 0o VI 2
Yucno caydacs 4 8 4
BepoaTHOCTh % ,lz %

Ipu ¢ = 5 Tabanua npuobperaer creayOmui BUA:

r 1 5 9 13 17 25
, 1 3 Y3 VT s
Yucno cnyuaes 400 400 100 80 40 4
BeposTHOCTS 400 400 100 80 40 4

HHTEepecHo moacuMTaTh CpEAHEE 3HAUCHHE KBAIPaTa pacCTO~
SHHg (uepToii 0603HAYEH MEPEXOA K CPETHEMY 3HAYCHHIO 7):

mput=2 rP=———=2,

mput=5 r’=S5.

MoxHo nokasate, yTOo npH miofom ! B Hamell 3agaue
r?=1t KopeHb KBaApaTHHl H3 CPENHETO 3HAYEHHS KBAZ-
paTta (HAa3HBAGMBIH B CTATHCTHKE CPEHHM KBaJpPaTHYECKHM)
paBeH V7.

Ha 3sroM MH 3aKOHYMM HCCIEAOBAHHE HAmeH 3agaud. 3a-
METHM TOJIBKO, UTO pHC. 5, ¢ yxe ofHapyxmuBaer Gospmoe
cxoncrso ¢ puc. 3. Oka3nBaeTcd, YTO HAMA MOAEIb CYYAHHOIO
61y XnaHus OTAEAbHOM YACTHMIH XOPOMO COOTBETCTBYET Habmo-
ACHHSAM, €CH NPEANOIOXKHTb, YTO YACTHUH Oayxmalor He-
3aBHCHMO ApYr OT jpyra (C TOYHHM CMBICJIOM BHPaXcHHS
«HE3aBHCHMBHIC HCIHTAHHS» BN TNMO3HAKOMHTECh MO3XHEE, CM.
§ 1 d).

18



§ 5. BayxnauMe Ha NpAMON.
TpeyroabHuk Ilackans

Paccmorpum eme Gonee npocryio sapauy 6ayx-
AaHnsg HA npamoii. [TycTh B Haua/JbHHA MOMEHT BpPEMECHH Yac-
THIIA HAXOAMTCS B HAuYaje KOODAWHAT Ha mpamMoli L, a 3aTeM
APOABHracTCd MM BBEPX, WIH BHH3 HAa paccrosgHue h (puc. 6).
Ha BTOpOM mare nosTopseTcd TO Xe caMoe U T. A. Utaxk, 3a onun
AT YACTHIA NEepeMeImaeTCd Ha pacCTosHHE /i BBEPX MJIH BHM3.
Jng TOro yrobu HMETh BOIMOXHOCTb ONPEREIMTH NOJIOXKECHHE
YACTHIH NOCJIE N-TO 1Wara, BBEJeM TNOPH3OHTAABHYK OCbh (OCh !
Ha puc. 6) u 6yxeM OTKIagHBATDL HA HEl ynca0 maroB. OT™MeTHM
. KOOpOMHATH TMOJIOXEHAS YACTHIH NOCIE KaXIOro mara  co-
€AMHHM TNOC/ICAOBATENbHLE TIOJIOXEHHS YACTHLH OTPE3KaMHM,
YCIOBHO M300pasHB MEpPEMEMICHHE YACTHUH HA KaXIOM wmare.

Puc. 6. PassepTka BO BpeMeHM CITyualiHoro 6nyXaaHuMs Ha NPSMOit

Ha puc. 6 noxkazan BO3MOXHHN rpadmk aBMXeHHS («Oayx-
AAHHS») YaCTHIIH.

Jlerko MOHATH, UTO YHCJIO BCEX BO3MOXKHHX CIOCOGOB mepe-
'MEWeHns YaCTHUH 3a { maroB Gyder paBHO

2=2-2..2,
)

1 pas

NMOCKOJIBKY HAa KaxJIOM mare MpOM3BOAMTCE BHOOp M3 ABYX
sosmoxHOcTel. Ha puc. 7 noncumrano unciao cnocobos, KOTO-
PHIMH MOXHO MONACTh Ye€pe3 { WANoB B TO MM HHOE NOJOXECHHE
Ha npaMoit L (Hanpumep, YHCIO Cnoco0OB BEPHYTHCE B HAUAIO
KOOpIHHAT Ha 2-M, 4-M waM 6-M ware paBHO, COOTBETCTBEHHO,
2, 6 u 20).

CnyuaiiHoe 6iyXAaaHHE Takoro poja OCYIIECTBJSETCHS B
cneuuansHoM npubope, KOTOPHI HA3HBAIOT dockol Iarbmona
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B UECTb M3BECTHOTO AHIIMHCKOIO MCHXOJIOra M AHTPONOJIOra
®. laavrona (1822—1911). Ha puc. 8 cxemaTuuno n3o6paxeHo
YCTPOACTBO 3TOr0 npocToro mpubopa. MeTaiiMueckue mapuKu
ONHH 33 JPYIMM MONAjaoT B CAMBH BEPXHMIl KAHAN M YCTPEM-
asorcs BHM3. HaTkHyBIIHMCh Ha nepsoe npenarcrBue (OCTpHE),
OHHM JOJIXHH BHOpaTh NyTh BNPaBo Wi BacBo. Ha BTopoM stane
[PH CTOJIKHOBCHHMM C OOHHM H3 JBYX NPENSATCTBHH MPOMCXOAMT
TaKoOH Xe BHOOpP. ITOT NpoLecC NPOROIXKAETCS HANEE H MOCIE
NMOCJIEAHETO pAja NPENATCTBHM, KOTOPHH HMEET HOMED 7, LIAPHK
OKa3HBAETCA B OMHOM M3 CEKIMi, HA KOTOPHE Pa3dcyieH CaMH

TR N /AT B
3z 37 32 32 3z 32
Puc. 7. Tlopcuer umucna Puc. 8. JJocka lanbrona
TpaexTopu#t CayuaiHoro
GnyxnaHus

Hu3 npubopa. IIpu TaTenbHOH moaronke aeraneit Bubop myTn
KaXxaoro IapuKa OKasbiBaeTcd BMOJHE CIyuaiHuM: J/no6oi u3
2’ nyteit paBHOBO3MOXeEH. [Iponycrne uepe3 npubop Gosbmoe
YHCAO IAPHKOB, OOHAPYXHBAIOT, YTO AQ/IS INAPMKOB, MONABIIMX
B KaXAyl® H3 CEKIMH BHH3y, NPHMEPHO COOTBETCTBYET pac-
CUHTAHHHIM BEPOSTHOCTIM (HAa pHC. 8 JaHa WUIOCTpauus Jid
t=295.

OcraBuM Tenepb NpuGOPH, AEMOHCTPHPYIOIIME (PHUIHUECKHIL
MEXaHU3M CJ1IyYaHHOCTH, H 3aHMEMCS MaTEeMaTHKOM.
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Bunumem uymncna, nomemenHwe B cxeme OayXnaHMs Ha
puc. 7, B BUAE TabaHum:

-m
0 1 2 3 4 5 6 7 8 Cymma

o 1 1

nl 1 1 2
2 1 2 1 4
3 1 3 3 1 8
4 1 4 6 4 1 16
5 1 5 10 10 5 1 32
6 1 6 15 20 15 6 1 64
7 1 7 21 35 35 21 7 1 128
8 1 8 28 56 70 56 28 8 1 256

3necs undpu 0, 1, 2, 3, 4, 5, 6, 7, 8 no BepTHKaAM H
ropu3aonTa 0603HayalOT HOMEpa CTPoK M ctonbuos (0 — 310
ToXe HoMmep). B mpaBoii yacTH CTOST CyMMH UMCEN B KaXAoM
CTpoKe.

3akon 06pa3oBaHus TaGAMUB JIETKO YCTAHOBHTD: HA KaXIO#
MO3HLHH CTOHT CyMMa YHCJIA, CTOSIIETO B MpPEAWAYIEH CTPOKE
HETOCPEACTBEHHO CBEPXY, M YHC/IA, CTOSIIENO CBEPXY CJIEBa.
Hanpumep,

56 = 21 + 35.

OTae/IbHO MPHXOAMTCS ONOBOPHTE, YTO B HYJIEBOM CTOIOLE H 0
AMATOHA/IM CTOST EAMHHMUKN, MOXHO MOCTYNHTh HHAYE, CYHTATD,
4TO TabIMUA MPOAOIXAETCS HEOTPAHHYECHHO BJICBO H BIPABO, HO
3aMOJIHEHA TaM HYJISMH,

Tenepb yKazaHHOE OCHOBHOE NPABHJIO 3aMOJHEHHS TabIAIH
Gyner aeicTBoBaTh 63 BCAKMX MCKIIOYEHHIA, HAYHHAS C TICPBOM
CTPOKH.

O6o3naums uepes C;’' uncio, crogmee B TabauLe Ha mepece-
YEHHH M-TO CTOJA0UA M n-# CTPOKHM, MOXHO 3aMHCAaTh MPABHJIO
3anosHeHus Ta6auuN B BUAE GopMy i

cr=Ccrl +Cn,. (1.4
Oco6o Hazmo 3a7aTh UKCAA HYJEBOH CTPOKH:
C"’—{l npu m = 0,

® = 10 npu ocTanbHHX 3HAYEHHSIX M.

Hama ra6snua (6e3 3anosiHeHus NO3MUMil, TAE BCE PABHO CTOST
HYJIH) HA3HBACTCs mpeyzoavhuxom Ilackans wnm apugme-
muueckum mpeyzonbHuxom. JIerko BHAETb, YTO CyMMa UMCEJ
C; B n-ii crpoke Tab6mum pasxa 2. Ha c. 22 nomemwena 6onee
nonuag tabmua yncen C aas n, Mersiomerocs or 4 no 20.
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Puc. 9. Mpacduku Pu(m)

Bepremca k 3anave o GnyXnaHuE HA NpIMOM, HO H3MEHHM
ee nocTaHoBKY. ITycTh uacTHNA ABMXETCS MO NPIMOM H KAXAYIO
CexyHAy JH60 AesiaeT OAMH Imar BOPaB0 HAa (DHKCHpOBaHHOE
paccrosaue h, 160 ocraerca Ha Mecte. 32 1 CEKYHA YaCTHIA
casuHerca He Gonee yueM HA n maros Bnpaso. Bosumkaer sompoc
O TOM, KaKO€ UMCJIO ImAroB 3a n CcexyHa Gyner Hambonee
BEPOSTHHM, EC/IH CUMTATh BCE BADHAHTH JBHXECHHS PABHOBO3-
MOXHHMHE. SICcHO, uTO cryuau 0 maros u n maros npa GoIbIOM
YHCAE 7 NOSBATCS JIAMIb B BUAE OYECHb PEAKHX HCKMIOuMCHMHA.

YuuTHBaS BCE CKa3aHHOE BHIIE, JETKO COO6pasHTh, YTO
YHCIO CocoGOB CAENATh POBHO m IIATOB BOpPABO 33 MEPBHE N
cexyHp paBHO 3zech C,. ITockombky Bce cnocobm Gayxpamms
OpHA 33aHHOM 71 PABHOBO3MOXHH, TO BEPOSTHOCTb CABHHYTBCS
HAa m WAI0B 33 n CEKYHA PaBHA o

Pn (m) = 'Lo (1.5)
z 23



Ha puc. 9 naun rpathuku 3aBHCHMOCTH BepoaTHoCcTel P,(m) ot
mnpu n=1, 2, 4, 8, 16, 32. MacmTa6 no BeprUKanbHOA OCH,
IA€ OTKJIAABBAIOTCA BEPOATHOCTH P,(m), HA Bcex rpadukax
COXpaHAETCA HEM3MEHHHM. MacwTta6 mo ropusoHTaabHOM OCH
BHOpaH MOCTENEHHO YMEHBIAIOMMAMCH, TAK YTO MAKCHMANBHHIHA
RO3MOXHHM npober uacTHOH Be3ne H306paxXaeTca OTPE3KOM
OAHOM H TOM X€ XTHHH.

MH srauM, uTo Hau6os1eEe BEPOATHHM BE3AE ABASETCH cped-
nee HaqHenue NEPEMEMICHHA YaCTHIN 33 21 IIAroBs

_1
X = ‘2- n,
Bosbiine xe OTKAOHEHHA OT ITOrO CPERHENO C BO3PACTAHHEM N
penarworca Bce Gonee pexkuMu. MOXHO nokasaTh, UTO cpedwee
kaadpamuyeckoe omxnonenue (KOPEHb KBAAPATHHMN U3 KBaapa-
T OTKJIOHEHHA) OT CPEXHErO NEPEMEIICHHSA PaBHO B ITOM 3anaue

1
zVn

(cpaBHMTE C BHMBONOM Ha C. 18 1na 6ayxnanua Ha maockocta!).
Hanpumep, 3a 10 000 cexyun cpeannmit npoGer uactuum Gymet
pased 5000 waros, a cpeaHee KBaAPATHUECKOE OTKJIOHEHHE OT
atoro cpeanero 6yaet aMmb 50 maros. 3aech Mbl CONPHKACAEM-
cs1 ¢ onHMM U3 (DYHAAMEHTAIbHHX NPEAIOXEHHH TEOPHH BEPO-
SiTHOCTE — 3aKOHOM Gonbwumx umces. M BEpHEMCHS K ITHM
33uaYam B 1. 4.

§ 6. buom HreloTOHa

Yucna C, HAHBAIOTCH OUHOMUANBHOIMU KO3G-
duyuenmamu. Npu 370M HMEIOT B BuAY HX 06HYHOE ynotpe6-
JeHne B anrefpe, He CBS3aHHOE C TEOPHEH BEPOSITHOCTEH M
3agavamn 0 Gayxaanuax. Bam ussecrau dopmynn

(a+b)’=1,
(a+ b =a+b,
(@ + b’ = a* + 2ab + ¥,

(a + b)Y’ = @® + 3a°h + 3ab® + b’.

O6pawaet Ha cefd BHRMAHKE TO OGCTOSTENBCTBO, UTO UHCIOBHE
x03thpHUNEHTH R3ATH H3 COOTBETCTBYIOMHX CTPOK TPEyrosb-
rnura Tlackans.
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Buumcnum eme
(a+b)' = (a+ b)’(a+b);
AN ITOTO HANO YMHOXHTH
a2 + 3a’b + 3ab + ¥

HA q ¥ Ha b ¥ pe3y/bTaTh CJIOXHT:
a* +3a°% + 34°* + ab®

@b+ 3d'% + 3ab’ + 5
a' + 4d’b + 6d°0" + 4ab’ + b

+

Mu BuaAMM, UTO KOGDGPHULIHEHTH CYMMH MOJYYAI0TC TOYHO MO
TOMY X€ NpaBwry, Mo KakoMy (hOpPMHPOBAJICH TPEYTOJIbHHUK
MNackansa (cM. Tabaunu Ha ¢. 21 u 22).

Bo3Hukaer runoresa, 4TO BCErna

@+b)'=a+Cd b+ .. +C™™" + ..+ V. (1.6)

Manoresa BepHa. 3HAKOMBHE C METOAOM MAaTEMATHYECKOH WH-
AYKIHH MOTYT MNPOBECTH CTPOTOE AOKA3aTE/NBCTBO (DOPMY.Th
6unoma Heiotona (1.6), onupasch Ha pasencrso (1.5).

BeposTHOCTHOE paccyxnaeHue B noan3y paseHctsa (1.6)
npuseneHo B § 1 ra. 4.

§ 7. BuHOMHa/bHBE KO3PPHLIEHTH
H YHCJIO COYETAHMH

YucoM COYETaHHIt M3 n MO /M HA3HWBAETCH YACAO
cnoco6oB BHIEACHHS U3 MHOXECTBA, COCTOSAMIETO M3 n MpeAMe-
TOB, NOJAMHOXECTBA, COCTOAMIEr0 M3 /m npeameros. Hanpumep,
M3 MHOXECTBA, COCTOMIIENO U3 yeTnpex Gyks

A, B, BT,

MOXHO BBHAC/HTD WICCTh PAIHUYHHX NMOAMHOXECTB, COCTOSIUHMX
Kaxpgoe u3 AByx 6Gyks:

{A, B}, {A, B}, {A, T}, (B, B}, {B, I}, {B, I

OkasnBaeTcd, YTO YKCAO COMETAHMIA M3 1 MO M PABHO COOTBET-
CTBYIOIIEMY MEMEHTY TpeyroabHuka [ackans C)).

Jtor hakT /MEerko NOHATH, eciH OGPATHTHCH K MOCHAECHHEH
3anaue o 6nyxnaunu u3s § 5. Hanpumep, “::06n onpenesuts B
97Ol 3aAa4e UMCIO PATHUHKHX CMOCOG0B, KOTOPHM 3Ta YaCTHUA
MOXET CAE/IaTh /B IIara HANpaso 3a 4 CEKyHAH, Haao nepebpaTs
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Bce CocOOH BHE/ICHUS M3 YETHPEX CEKYHAHHX MPOMEXYTKOB
ABYX MpoMexyTKoB. Takux cnocofoB mecTb:

1 2 3 4
1 + +
2 + +
3 + +
4 + +
S + +
6 + +

3HaKOMHE C METONOM MATEMAaTHUECKOM HHAYKUHHM MOryT
npOBECTH OBIee A0Ka3aTeBCTBO, ONNPAsCh Ha paBeHCTBO (1.5).

§ 8. ®opmyna, BHpaxawLag OMHOMNHANBHEE
x03pPpuumenTH Yepes GaxTopHaILI,

H €€ MPUMEHEHHE K BHYHCIICHHIO
BEPOATHOCTE#

Jta 3ameuarenbras dopmyna uMeer BHA

c" n!

=m (n - m)y’

(1.7

Ee ToXxe MOXHO 0Ka3aTh NMPH NOMOIIM METOA3 MATEMATHYE-
ckoit MHAYKUHMH. [JaauM Apyroe, HENMOCPEACTBEHHOE MAOKa3a-
TEJIBCTBO.

Ecym 13 n nipenMeToB oTo6pasHH m, 170 MOXHO m! cnocobamu
3aHyMepoBaTh OTOOpaHHHE NMpeaMETH YHCIAMHY

1,2, 3, .. m.
OcraBmuecs n — m NPeAMETOB MOXHO 3aHYMEPOBAaTh YHC/IAMH
m+l,m+2, ..,n
(n — m)! cnocobamu. Takum o6pasoM, moayunmM
m! (n — m)!
HyMEpanuit BCero MHOXECTBA H3 /1 IPEAMETOB YHCJIAMH
1, 2,..,n
Ho cam otfop m aneMeHTOBR M3 n MOXHO mNpoH3BecTH C)
cnioco6amu. Taxum 06pasoM, BCErO MH MOJYYAM
Cym! (n — m)!
HyMepanuii mOJHOIO MHOXECTBa M3 n 3neMeHTOB. Kaxayio
26



HYMEPaUMIO 3TOIN0 MHOXECTBA MH NOJYYHIM POBHO ONMH Pa3.
Bcero xe ux n! IToaromy
CGm! (n— m)! =n!,
n
m! (n - m)?’
yTO H TpebOoBaNOCh OKA3ATD.

Yro6m ¢opmyna (1.7) 6uina Bepna u npu n =0, ¥ npu
m = (0, HaO MOJIOXHTDb

Cl =

ol=1.

®opmyna (1.7) nossonger BHuncagTh C; B cayuae Gonbmx
n 1 m ¢ nomoukio Tabauun JorapudmoB PaxTopHanos:

Tabanua aorapupmos daxropnanos

n Ign! n Ign! " n gn!

1 0,0000( 26 66,1906 76 | 111,2754
2 0,3010|| 27 67,9066 77| 113,1619
3 0,7782 69,6309 78 | 115,0540
4 1,3802)1 29 71,3633 791 116,9516
5 2,0792] 30 73,1037 80 | 118,8547
6 2,8573| 31 74,8519 81 | 120,7632
7 3,7024|| 32 76,6077 82} 122,67170
8 4,6055|1 33 78,3712 83| 124,5961
9 5559801 34 80,1420 84 | 126,5204

107,5196 99 | 155,9700
109,3946 || 100} 157,9700

BoiuncinM, Hanpumep, B 3anave n3 § 5 BEPOSTHOCTb CAEIAT
3a 100 cexynn posno 50 wmaros. Ita BEPOSTHOCTb paBHA
Co 100!
P (50) = D= "
100 (50) 10~ 5100 (50!)2°
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JlorapudMuyEcKHEe BHYKCICHHS HE COXHH:
1g 100! = 157,9700,
g2 = 0,30103,
1g2!® = 30,1030,
1g 50! = 64,4831,
1g (50')* = 128,9662,
1g Pioo (50) = 2,9008,
Py (50) = 0,0796.

§ 9. ®opmyaa Crupannra
M ee NpUMEeHeHHe
K OMHOMMANbHBM K03pPHUHEHTAM

Ox. Crupaunr npemnoxuwn (1730 r.) paznoxe-
HHE HAaTypaJabHOro Jjorapucdma n! B GeckoHeunni pan:

1
lnn!=nlnn—-n+ilnn+ln\/2u+

s ) S,
+ ;‘ T R G ) bR ST ¢ K. )
n n

raé yucna s, Moryrt 6HTh BHITHCAHH B SBHOM BHAC, HANpHUMEp,
1= 1/12, S = 1/360.

Psa a10T pacxonnTcd, ORHAKO NMPH JIOG0M HATYPAIBHOM M BEPHO
PaBEHCTBO

1
lnn!=nlnn—n+51nn+ln\/2:t.+

+ ’n—‘ ~ 24+ (- l)"*‘%, a9
n n

me0<6<1.

Ing Hac TMPEACTaBASIOT MHTEPEC HEKOTOPHE NpUO/IIXCH-
HHe cneacTsud nocaeanelt ¢opmynn. JIoroBopuMcs 0 NOE3HBIX
0603HaYeHNIX, KOTOPHE MPHIOASTCA HAM M B APYTHX maparpa-
dax xuurn. Paccmorpnm bynkuuu f(n), g(n), A(n). Torna

f~g
03HAYaeT, yTo f/g~»> l npu n -» ©, a
f=g+0(h

o3Hauaer, uto |f — g|/h orpanuueno. Utak, BepHH Ceayiomue
28



¢opmynH:
Inn!~nina, (1.10)

Inn!l=nlnn—n+ O(n n), (1.1D

Inn!=nlinn-n+Invin +%,0<9<1, 1.12)

n! ~VIxn n"e™". (1.13)

®opmyaa (1.13) naoxa ¥ MPpUBOAMTCH JIMLUb KAK MpocTeiimee
aCHMNTOTHUYECKOE BhpaxeHue ang n! Mu aaguM npocroe Ha-
rasgHoe aokasatenscrso dopmyam (1.9). B mpouecce nokasa-

TENbCTBA MOJIYUHMTCA OLEHKA ocraTtka O (In n).
Tak kax

Innl=In24+In3+..+1nn

H ¢yHkuus In x BHNykia BBepx, 3 puc. 10 Bmamo, uto pas-

Hocte mexay Inn! m fIn xdx mosoxuresbHa M MeHbIne

L e Ji

g f-—=—m———————— ' “,q-

njt-————————- ,H;
i

]

in2

3 4 5 6 7z

Puc. 10. Cxema Boiuucnenus uurerpana or In x

CYMMAapHOH ILIOLIAAH 3aWTPHXOBAHHHX TPEYTOJbHHKOB, KOTO-
pas pasHa !/: In n. Noacunras

Jlnxdx=(xInx—x)|i=nlnn—n+1,
1
MOy 4HM, YTO

ninn—-n+l<lnnl<nlnn—-n+%Inn+1.
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JlocTaTOUYHYIO TOYHOCTD VIS pacueTos aaet ¢opmyaa (1.12)
HIH HEPABEHCTBA, KOTOpPHE BHBOXSTCA U3 Hee:

(n+%) Inn—-—n+Invix <
<Inn!< (n+l) Inn—n+Invin +l—.
2 12n

N3 310ro nocnenHero HepaBeHCTBA HECJIOXKHO BHBECTH YROOHHE
HEpaBeHCTBA U19 GHHOMMANBHHX K03dduuueHTOB Co:

Ap (n, m) < C; < Ayp (n, m), (1.14)
rae
1 nn+1/2
4 (n, M) = 7:_.2; 'nm+1/2 o m\"_m“/Z’
n 1
alnA1= —m, 111A2= ~ T2

Haiigem ¢ nomompio popmyan (1.12) npubauxenHoe 3xa-
yeHHe BepoSATHOCTH P,(m) npu n = 100, m = 50 B 3amaue o
6ayxaanuu (§ 5). Hmeem

In p (100, 50) = 66,78634,
In A, = — 0,00333,
In A, = — 0,00083,
In 2!° = 69,31472.

Taxkum obpasom,
0,07952 < Py (50) < 0,07972.

C nomompio Tabsmuu Jorapudmos GhaxTopuasos HaMH GHLUIO
NoJIyYeHO 3HaueHue Py (50) = 0,0796.






NOBTOPEHH 6GO/BIIOE YHCIIO pa3 B OMHHAKOBHX YCAOBUAX. IIpn
PacCMOTPEHHHU PE3yJIbTaTOB OTAEAbHHX ACTIHITAHHN OUEHb TPYA-
HO HaWTH Kakue-Tu00 3akoHOMepHOoCcTH. ONHAKO B MOC/IEA0Ba-
TEJAbBHOCTH OJHHAKOBHX HCNBTAHHH MOXHO 06Hapyxwrb yc-
TOWYMBOCTb HEKOTOPHIX CPEIH!IX XapakTepucrik. Hasosem uac-
TOTOH KaKOro-ju6o CIyyaiHoro coGHTHS A B JaHHOH Ccepud M3
n HCOBHTAHHA OTHOWICHHE Mm/n YUCIAA M TE€X HCOHTAHHH, B
KOTOpHX COOHTHE A HACTYNWIO, K 06memy ux uucay. Hamuuue
y cOOHTHS A IPH ONPENEICHHHX YCIOBHAX BEPOSTHOCTH, PABHOM
D, IPOSBJISETCH B TOM, UTO NMOYTH B KaXAOH JOCTATOUHO JIMHHOH
CEpPUH MCTMIHTAHMN YACTOTAa COONTHA A mpUONIM3NTENBHO PaBHA
p. YCTOMYMBOCTD 3HAYEHHMH YACTOTH HEOMHOKPATHO MOATBEPX-
JaJach CHenMAJIbHEIMH JKCIIEPUMEHTaMu. B kauecrBe mumocT-
pauMM PacCMOTPHM NAaHHHIE MO MPOBEPKE CHMMETPHUHOCTH MO-
Heth. [lycTe m — 310 uMCnO BunajeHuit «repGa» B n MCHB-
TAHHAX, TaK 4YTO m/n — uacrota «repba». B caenyio.uen
Tab/IMUKe NOMELIEHH PE3yIbTATH, IKCIEPHMEHTAIBHO MOYUEH-
HHE pasHHMH HCCAenoBaTenssMH, HaunHasg ¢ XVIHI Beka (ux
{haMUIMK MOMELIEHH B JIEBOM CTONIOLE TaGMHUKH):

n m/n
Biodon 4 040 0,507
Ile Mopran 4 092 0,5005
JxeBOHC 20 480 0,5068
Pomanosckuid 80 640 0,4923
Iupcon K. 24 000 0.5005
Dennep 10 000 0,4979

JlaHHHE NPOBEPKH B COBOKYMHOCTH NMOKA3HBAIOT, YTO NpPE-
MNOJIOXEHHE O PABHOBO3MOXHOCTH «repfa» M «peliku», T. €. O
TOM, 4TO € BEpOSTHOCTBIO 0.5 nosBasercs Jaw06as CTOpOHA
MOHETH, HAXOAMTCS B COLJIACHH C ONHKTOM. JTO COIJIAaCHE MO
NaHHHM Ta6JHUKH KaXETCs BMOJIHE YAOBJETBOPUTENBHHM, OA-
HAKO €C/TH IS MCC/IEAOBAHMS MPUMEHHUTD CNELHAIbHHE BEPOSIT-
HOCTHBIE METOMB, TO BIOJIHE BO3MOXEH BHBOJ, YTO BHIAJACHHE
«repba» W «PEIIKH» B OTAEJBHHX CJIyyasiX HE ONMHAKOBO BEPO-
atHO. D10 GyneT npossaeHneM Toro ¢akTa, yTo Jobas peanbHas
MOHETa He SBJSETCS HAeaNbHO cCMMMETPHYHOM. I TeM He meHee
npencrasieHde 06 a6COMOTHO CMMMETPHYHOH MOHETE O4YEHb
NOJIE3HO, TAK KaK BO MHOTMX NPHJIOXECHHSX TEOPHH BEPOSTHO-
CTeil Takas MOAEAb C JBYMsi PABHOBO3MOXHHMH HCXOAAMH 10-
CTATOYHO TOYHO OMHCHBAET CIyYaHHHE SIBJICHUS, W AaXe TOY-
Hee, 4YeM IKCIEPHMEHT ¢ moa6pachiBAHHEM MOHETHI.
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CrarncTHueckne 3aKOHOMEPHOCTH TaKOro poaa Guutn BHED-
BHE 06HapyX€HH Ha NPHMEPE a3aPTHHX MIP, TAKMX KaK Mrpa B
KOCTH, MTPa B «OPE€-PEelIKy», KAPTOYHHE HIPH M T. ., T. €. Ha
NpUMEPE TEX UCNLITAHNMA, KOTOPHE XapaKTEPH3YIOTCH paBHOBO3-
MOXHOCTBIO MCXONOB. JOTH HaboneHMs OTKPHAM nyTb Ik
CTATHCTHYECKOIO MOZXOAA K UMCJCHHOMY ONPENE/IECHHIO BEPOAT-
HOCTH, KOTOpHI OCOGEHHO BaX€eH TOINa, KOTAA U3 TEOPETHUECKHX
cooOpaxeHuit, NOROGHHX COO6paXeHHIM CHMMETPHH, 3HAYCHHE
BEPOSATHOCTH 3apaHee YCTAHOBHTh Hesb3d. Hanpumep, ecin
Heku# crpenok npu 100 nonmTkax nomaa B nenb 39 pas, To
MOXHO AYMaTb, YTO I HENO BEPOATHOCTh MOMAJAHMS B LEJb
NpH OJHOM BHICTPE/iE H NPH HEM3MEHHHX YCJIOBHAX CTPEnOH
6au3ka k 39/100 = 0,39. OgHako, Tak KaK y Hac 3apaHee HeT
HHKaKHX NPEACTAB/JICHHN O TOM, KAaKOBAa 3Ta BEPOATHOCTb, HAM
HYXHO OHTb YBEPECHHHMHM B TOM, YTO Dpe3y.JbTaTH CTpe]Ka
YCTOHUMBH HAa NPOTAXEHHH AOCTATOUHO 60ABIIONO YHCJIA MONK-
TOK NOPA3HUTb LED.,

PaccMOTpPHM HECKOMBKO Cephii HCMHTAHMIA, NPOXOA4IOAX B
HEH3MEHHBHIX YCJIOBHAX, M NYCTb N, My, ..., N, — YUCJIA HCIH-
TaHWA B Kaxao# cepuu. IIpeanonoXxuM, 4To B KaXAOM MCIIbI-
TAHHH NPOHCXONMT WJIH HE NPOMCXOIHMT COORITHE A, M NyCTh m,,
my, ..., M;, COOTBETCTBEHHO, YUCJIA MCOATAHMI, KOTOpHE 3aBep-
IAOTCH NOSBAECHMEM COObTHY A B Kaxuoil cepun. Torma
my/n,, my/ Ny, ..., m,/n, O6PasyOT paA COOTBETCTBEHHHX 4ac-
TOT. SIBA€HHE CTATHCTHUECKON YCTOHYMBOCTH COCTOHT B TOM, UTO
YaCTOTH, NO/Iyu€HHHE TIPH JOCTAaTOYHO GONBIUMX 3HAUECHHMAX 114,
na, ..., n;, OGHapy XHBAIOT HE3HAUNTEIbHbIE OTKIOHEHHS JPYT OT
Jpyra KJiH OT HEKOTOpOM cpeaHeit BeanunHn. Hanpumep, eme B
XVIII Beke Obi10 3aMEUEHO, YTO CPemd OGWYHOM KOPPECNOH-
AcHIHHU nucbMa 6e3 aapeca 061aAa10T ONpEneNEeHHON YCTOHYHBO-
crpi0. [lauHbe crepyomen tabamuku, cobpaHHbHE NO Mare-
pnanaM pyCcCKOil MOYTOBOH CTATHCTHKH, CBHIETEABCTBYIOT O
TOM, YTO Ha NPOTAXEHHN HECKOJbKHX JET HA KaXIhi MHWUIHOH
nHCEM NPHXOHIOCh B cpeaHeM 25—27 nucem 6es anpeca:

Ton Bee nmicbma Mucsma Ges agpeca
1906 983 000 000 26 112
1907 1 076 000 000 26 977
1908 1 214 000 000 33 515
1909 1 357 000 000 33 643
1910 1 507 000 000 40 101

2 A li. KonMotopos M Hp. 33



[MpuBegeM Takxe AaHHBE O poxaaemoct# B IllBenun Ha
1935 rog mo martepuasnam I'. Kpamepa (1 — uMCI0 POXREHHIA,
m/n — 4acToTa POXICHHSA MAanbuMKa):

Mecaus: I 1 m v \ Vi Vil

n 7280 6957 7883 7884 7892 | 7609 | 7585
m/n 0.514 | 0.510 0.510 0,529 | 0,522 0,518 | 0,523

Mecasi Vil IX X XI Xir 3aron
n 7393 7203 6903 6552 7132 | 88273
m/n 0,514 [ 0,515 0,509 0,518 0,527} 0,517

HecMoTpa Ha TO uyTO O0IIEE YHCIO POXIACHHH MEHAETCH B
TEeYeHHE roja, YacToTa POXIEHHS MajabyMKa JAOBOJBHO YCTOM-
yHBO Kosiebercd 0ko0JI0 cpeaHero 3Hauenus 0,517. Taxoro poasa
CTATHCTHYECKHE 3aKOHOMEPHOCTH OBUIM 3aMeYeHH JOBOJIBHO
zasHo, eme B XVIII Beke, B meMorpadmueckux Marepuasax —
p¥ H3yYEHHUH CTATHCTHKH POXIAEMOCTH, CMEPTH, HECUACTHHIX
C/y4aeB M T. 1. H €€ HCIOAb30BAHMH, HANPHMEP, B CTPAXOBOM
aene. IToaxe, B xonne XIX — Hauane XX BekoB Onin 0GHapy-
XEHBl CTATHCTHYECKHE 3aKOHOMEPHOCTH B PHU3MKE, XHMHH, GHo-
JIOTHH, KOHOMMKE H JPYTMX Haykax. [IpH BepOITHOCTHOM aHa-
JIN3€ 3THX JAHHHIX OCHOBAHHEM IS KOJMYECTBEHHHX OLIEHOK
BEPOSATHOCTH OGBHYHO MOTYT CJYXMTh TOJBKO CaMHM 3TH CTa-
THCTHYECKHE AAHHHIC,

WUTak, mo moBoAy CBS3M BEPOSTHOCTH C YaCTOTOH HYXHO
HMeTb B Buay cienyioumiee. [IpH KOHEUHOM YHC/IE 7 HCTIHITAaHHMM
[IPH HEM3MEHHHX YCIOBHSX AOJIS YMC/Ia MCIIHITAHMIH m, B KOTO-
PH X JaHHOE COOBITHE MOSIBHTCS, T. €. YAaCTOTa COORITHA M/ n, KaK
NPaBHIO0, Majl0 OTJAMYAETCS OT BEPOATHOCTH p. U uem Gosbmie
YHCI0 HCOHTAHMIA 7, TEM pEXE BCTPEYAIOTCS CKOMb-HUOYAb
3HAUYNTEbHHE OTKJIOHEHHS YACTOTH M/ n OT BEPOATHOCTH p —
yacmoma omxkaoHenuii CTaHOBUTCS BCE MEHbUIE. JTO YTBCPX-
ACHHE O OJM3OCTM YacTOTH H BEPOATHOCTH MATEMATHUYECKH
YTOUHSETCS 3aKOHOM GosnpmmMx uncea B ¢opme Teopemun bBep-
HYJUIM, O KOTOpO# Gyaer pacckasaHo B ri1. 4. ITposoas Gosbmoe
YHCI0 BabIIONECHHH, MBl IPHHHMAEM YaCTOTY 33 MPUOIMXEHHOE
3HAYEHHE BEPOSTHOCTH, CYUWIECTBOBAHME KOTOPOU M IOCTYJIH-
PYyeTCs Ha OCHOBaHMM pe3ysibTaToB HabmoacHui. Cnocobu one-
HOK HEH3BCCTHOM BEPOSTHOCTH IO pE3yJbTaTaM HAG/IOAECHHI
GyayT npOAEMOHCTPHPOBAHH HAa mpuMepe 3anay § 4 wr. 7.

IMpu TpeTbeM MOAXOAE K OMPEIE/ICHHIO BEPOITHOCTH — aK-
CHOMATHYECKOM — BEPOSTHOCTH 33Al0TCH NEPEYHCAEHHEM HX
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cpoiicte. Ilpocreiiiine cpoiicTBa BeposTHOCTH OnpeaeasoTcs
" €CTECTBEHHBIMHM CBOMCTBAMM YaCTOTH m/n:

ND0<m/n<l;

2) ecnn cOOHTHE NOSIBASETCS NMPH KAXIOM HCNBITAHKH, T. €.
OHO AOCTOBEPHO MpH MO6OM n, TOom =nu m/n = 1;

3) e m; M3 n MCNHTAaHUH NPUBENHM K OCYLIECTBICHHIO
COOHITHS A, @ m; — K OCYMECTBJIEHHIO COGKTHS B M NpPH 3TOM
HHA B OJHOM M3 n HCOHTAHHA cOOHTHA A M B He NMOSABWIKCDH
OOHOBPDEMEHHO, TO 4YacToTa m/n COGHTHA, COCTOALIETO B MOSB-
nenun mbo A, mubo B, pasHa

m omy m

n n n

Ilpx M3M0OXEHHH TEOPHH BEPOSTHOCTEH CBOMCTBA BEPOSTHOCTH
copmynpyroTca B Bune akCHoM. HuiHe NpHHATOE aKCHOMAaTHUE-
CKOC Ompeac/IeHNE BEPOSTHOCTH OhL10 mpemnoxeno & 1933 romy
A. H. KonmoroposuM. [I19 cryuaeB, KOTOphiE pacCCMATPHBAKOTCS
B KHHTE, BEPOSTHOCTD 33J1a€TCS KaK YHCIoBas PyHKUUs P(A) Ha
MHOXECTBE BCEX COOMWTHI, ONpeneNseMbiX JAHHHM SKCEPHMEH-
TOM, KOTOpasi YAOBAETBOPSAET CJAECAYIOLIMM AKCHOMAM:

DOo<P(A)<I;

2) P (A) = 1, ecnu A nocrosepHoe cobHTHE;

3) P (AU B) = P (A) + P (B), rae cobutne A U B o3nauaer
OCYIECTBJACHHUE WK COONTHA A, WM cobhTHS B, npUuyeM A H
B He MOTyT NpOM30MTH OZHOBPDEMEHHO. DTH AKCMOMH B MPO-
CTEHLINX CTyyadx nmpoBepsiorca (cM. noapobuee B 1. 3), B 6oee
CAOXKHHX CAyyasiXx CAyXaT eAMHCTBEHHHM CrocolGoM 3amaHus
BEPOSITHOCTEM.

OnHako HM aKCHOMBI, HH KJACCHYECKMH M CTATHCTHUECKHI
TMOOXOAB K ONpENEJCHHIO BEPOSATHOCTH HE JAKOT MCYEpPNHBA-
IOLIETO OMpEAEICHUS PEaJTbHOTO COAEPXKAHUS MOHIATHSI «BEPOIT-
HOCTH», a SBASOTCA JHMWb NpHOIHXEHHIMM KO Bce Oosee
NMOJHOMY Cro packpwThio. IIpeanosoXxeHHe O TOM, YTO NpPH
AAHHBIX YCIOBMSX 118 JAHHOTO COOHTHS CYIIECTBYET BEPOST-
HOCTb, SBJSCTCS FMMOTE30M, KOTOpash B KAXIOM OTAEAbHOM
- 3apaye tpeOyer npoBepkHM M o6ocHoBamma. Hanpumep, mmeer
CMBICA TOBODUTh O BEPOSTHOCTH MONAJAHHA B LEJAb 3aAaHHBX
PasmMepos ¢ 3114HHOTO PACCTOSHUS M3 OPYXHS M3BEeCTHOTO o6pa3-
LA CTpU;iKOM, BbIOpaHHBHM «HAYAauy» M3 OMpPENEJEHHOINO Mom-
Pasjee: . 5. Ganako OhUIO 6B GECCMBICICHHO NOBOPHTB O BEpO-
STHOCTH ‘1071414 1S B 11e/1b BOOOME, eC/iK 06 YCI0BHSIX CTPE/bOH
HHYEro 1ieu38CCTHO.

[lo ukcaoBbiM 3HAYEHHSM BEPOSTHOCTEH, ONpEnc/eH-
HBIM K130CHYCCKMM MM CTATHCTHYECKMM  CrocoGoM, MOryT
ObiTb BHUMCICHH MO MpPAaBIIAM TEOPUH BEPOSTHOCTER HOBHIC
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BEPOATHOCTH. Hanpumep, CCiM BEPOSTHOCTb BHIAACHHS «repliax
NIpH OOHOM GPOCAHHYU MOHCTH paBHA 1/2, TO BEPOSTHOCTH TOTO,
4TO MPH YETHIPCX «HE3ABHCHMBIX» GPOCAHUEX MOHETH XOTH OM
pas smmnamact «rcp0», MoXeT 6GHTh BHYMCACHA CICAVIOLIMM
06pazoM. BcposaTHOCTR COOMTHS, COCTOSHIENO B TOM, YTO «repb»
He BBMAJaeT BOBCE MpH ueThipex GpocaHmsx, pasHa 1./2°, Tax
KaK 3TOMY coGhrrmo 6AaronpuATCTBYET JNLIb OAMH WMCXOJ H3
obmrero uncia 2* paBHOBO3MOXHHKX (B CATY CHMMCTPHH MOHETH)
ucxogoB. Tax kax ofa pacCMaTpWBACMHX COOMTHA B3AUMHO
HCKTIOMAIOT W B3AHMHO JOMOJHSIOT APYr aApyra, TO CVMMa MX
BCPOSITHOCTEM (2TO ceayeT U3 croMcTs 2 u 3) parHa 1. [Toaromy
HCKOMasi BEPOSTHOCTh pasHa | — (1/2)* = 15/16 = 0,9375. 3a-
METHM, YTO 4acToTa 21oro cobeitus B akcnepumente u3 20 160
6pocaHuil yeTepex MOHET, mpoaenaHHoM B. U. PomaHORCKHMM
(1912 r.), npuysina auwauenue 0,9305. Moapobuo o mpasmaax
BBIUMCICHMS BEPOSTHOCTEH MK PACCKAXEM B I1. 3

OuyesMaHO, YTBEPXICHHE, YTO BEPOATHOCTh KaKOro-iuGo
coOnTHA BCChbMA 6M3KA K CAMHHMLE, MMEET ropasio Gouibuiylo
MPaKTHYCCKYIO LCHHOCTh, YEM VTBEPXIAECHHUE O TOM, UTO COONTHE
HACTYMAET C BEPOATHOCTHIO, PaBHOM, Hanpumep, 1/2. 310 obmbsc-
HSETCS TCM, UTO MBl HHTEPECYCMCS M CTPEMHMCS K MPAK THYECKH
nocToBepHwM BuiBonam. K npumepy, npu 10 6pocaHusax cuMm-
METPHYHOIl MOHETH TOSBJIEHME NECATH «repbOB» MM ACCATH

«pEMEK» OUYEHb MAJIOBEPOSTHO; BEPOSITHOCTh 3ITONO COOHTHSA

1 1
paBHa 70 =03 = 0,00098. Ho u yreepxacHHe, uTto «repb»

BHNAZET POBHO MNATh pas, Hé MMEET AOCTATOYHHX OCHOBAHMIA,
XOTS JTa BEPOSTHOCT B 252 paza Goabuic mnpeaHAyIIei:
5

Cyo 252

0 =078 = 0,24609. Bonee Toro, yreepxaas, uro «repb»

BHINAACT ‘4, S wm 6 pa3, MH CHIE JOBO.IBHO CHABHO

PHCKYEM OIIMOUTHCS; REPOATHOCTh 3TOIO COOHTHS paBHa

C:Q + Cio + C?o 672
10 = 1024

HO3 BO3MOXEH JIMIIb B OTHOIIEHHH COONTHS, 3aK/IOYAIOMIETOCS
B NOsBJACHMM «repba» xord 6u pa3, HO 0cOBOM MPAKTHUECKON
LHEHHOCTH YTBEPXAEHHE 06 OCYMECTBJEHMH 3TOIO COOHTHS He
HMEET, TaK Kak 370 COOBTHE MPOTHBOMOIOXHO OUEHL MAJIOBC-
POSTHOMY COOBITHIO, KOTOPOE COCTOMT B HEBHMAAEHHM «repba»
BoBCce. ONHAKO YBETMUCHHE UYHCIIA MCTILITAHWH AeslaeT TPOTHO3
Gonee CONEPXATCILHHM M HATEXHHM. Tpu 100 6Gpocanmsax
CHMMETPHMYHOI MOHETH yXe 6e3 MpaK THYECKH OUryTHMOTO PHCKa
MOXHO 3apaHee YTBEPXAATh, UTO YMCIO BHMABIIMX «repboB»

= (,65625. Haubonee n0CTOBEpHHit por-
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6yaer nexatbh Mexay 39 m 61: BepodaTHOCTH 3TOrO COOMTHS
paeHa

61
Z Clo

=2 _ = 0,97876;

21(!)

C/IEI0BATCNBHO, MB MOXEM CYMTATh ITO COOBITHE MPAKTHUYECKH
ZIOCTOBEPHKIM, HO ITPH 3TOM OTAABATh Ce6€ OTUET B TOM, YTO €CIH,
RATIDUMCD, JAHHBIA 3KcriepuMeHT npoussoautcs 100 pas, To B
cpeaHeM npubTN3RTEIRHO B IBYX CTyuasx MK GyICM BCTpedaTh-
€% C COOLITHEM, MPOTHBOMOJIOXHHM JAHHOMY, TAK KaK BEPOAT-
HOCTh NPOTHBOMOAOXHOrO cobuTHg paHa 0,02124. Iaa cpas-
HEHHMA YKAaXEM, UTO BEPOATHOCTh TOMO, UTO UMCJIO «repfoB»
3akmo4yeHo Mexay 35 u 65, pasna 0,99822.

Pemenne BONpoca 0 NMPakTHYECKOH JOCTOBCPHOCTH, K KOTO-
pPOMY TNPUBOIMT OMHCAHHHI BHIIE PACYET, HEMOCPEACTBEHHO
CBSI33aHO C BOTIPOCOM O TOM, KAKMMH BEPOSTHOCTAMM MOXHO
apeHebperaTh Ha MpakTHKE. 3TOT MOCAEAHMI BOMPOC pCIIACTCH
B KaXIOM OTIEAbHOM CJyuyae MO-PasHOMY M, KaK MPaBWIO, 3a
PaMKaMM TEOPDHHM BEPOSTHOCTCH. B 6oabmMHCTBE Ciyuaes mnpe-
nebperaior yxe sepostoctamu 0,05. Ecin ycnosms npaktuue-
CKOH 3a7ayM TO3BOMSIOT TAaKYK AOAK OWHAOK (B CpeaHeM
S cnayuyaeB Ha kaxanie 100 3KCEPHMEHTOB), TO MB CYMTAaEM
COOHTHE, MPOUCXOAsIEee C BEPOATHOCTHIO 0,95, mpakTHuYecKH
BOCTOBEPHHM. B apyrux, 6osiee AEIHMKATHHX, CIyuasX NMPHHATO
npenebperats aumb BepostHocTsmu 0,001, a mHoraa Tpebosath
H eme G6onbwero npuOIMXEHMS BEPOSTHOCTH OTCYTCTBHSA
OmMOKH K €IMHHMLE. DTH PacCy XACHHA OCHOBAHH HA MPAKTHYE-
CKOil YBEPEHHOCTH B TOM, UTO €CJIH BEPOSTHOCTb COOHTHSA OUEHb

_ Mana, TO NpPH OJHOKPATHOM MCTIHTAHHMH 2TO COOHTHE HE OCYLIE-
ctBasercs. [IpuMepH nogoBHHX PAcCyXAEHHI O NMPAKTHYECKOH
AocroBepHOCTH ByayT oficyxnaTecs B r. 7.



IJIABA 3

OCHOBHBIE TEOPEMBI O BEPOATHOCTAX

§ 1. Onpenenexne BepOATHOCTH

PaccMOTpMM MCTIHITAHMS CO CAYYAMHBIMH HMCXO-
aamu. [TycTs npu Kaxa0M HCIIHTAHMHM MOXET NOABHTHCH J1060i1
M3 1 PAaBHOBO3MOXHHX HMCXOAOB, M TOJABKO OHH. Q603HauMM
COOTBETCTBYIOLIHE COOMTHS cuMBonamMu E,, E,, ..., E,. Ilpn
6pocaHuM MOHETH MOFYT MOSIBUTBCS TOJIBKO ABA TAKHUX COOBITHS:
E, — «repb» u E; — «pemika». [Tpu 6pocanumn urpajibHOM KOCTH
MoryT npousoiitu 6 coburtmit E,, E,, E,, E,, Es, Es, COOTBETCT-
BYIOIIME BHMOAACHUIO OAHOIO, ABYX, TPEX, METHPEX, NATH H
mectH oukoB. Eciu B sotepee viMetorcs 1000 Guneros, To npu
BHHUMAHUU ogHOro Ounera umelorcs 1000 wucxomos. Takue
COBHITH I, COOTBETCTBYIOLME B3AMMOMCK/TIOUAIOMIAM HCXOAM MC-
MBITAHHS, HA3HBAKOT WIEMEHTAPHHMH COONTHIMM.,

JIro6oe BO3MOXHOE MHOXECTBO 3JIEMEHTAPHHX COONTHI MH
OyneM HasHBaTh cayualinsim cobbimuem. Tak, HanmpuMmep, npu
6pOcCaHMM MrpajibHOM KOCTH BHIAACHHE YETHOTO YMCJA OYKOB,
T. €. NOsBIEeHHE U0 rpaHyu ¢ ABYMS OUKAMHM, MO0 C UETHPEMS,
M0 ¢ WeCTbIO, IBASETCH CyuyadHNM coOnTeM. TOuHO Tak Xxe
BHIMAJCHUE IPAHM C TPEMsl OUKAMHM SBJASETCS CIYUYaMHBIM CO-
6nrueM. [TosBaeHue aoboro us cobuHit E,, E,, E;, E,, Es, Eg,
T. €. MOSBJIEHHE KaKOro-au0o YMC/IA OYKOB, TAKXKE SBIAETCH
cnyuaifHHM co0uTHEM. DTO CayyaitHOe cobnTHE 061aRaeT OnHOM
0COOEHHOCTBIO, OHO 063aTE/IPHO HACTYNAET M NMOITOMY Ha3hiBa-
eTcsa docmoaepHolm cobbimuem.

IMyctb A — HekoTOpOE CAyuaitHOE COOHTHE M OHO HACTYMAET
BMECTE C OAHMM M3 M Pa3IMYHHX JJEMEHTApHHX COOHTHIH npH
obuieM uHMcIe 1 BO3MOXHHX. BepodTHOCTBIO COOHTHS A Ha3H-
'BaeTCs OTHOLICHHE m/n, OTHOLICHME YMCIA 0JaronpHsITCTBY-
IOIIMX COOHTHIO A 31EMEHTAPHHX COONTHH K YMCIY BCEX BO3-
MOXHBIX. BeposaTHOCTD COOHTHS A 0003HAYAIOT CHMBOJIOM P(A).
Takum of6pasoM,

P (A)=m/n. a.n
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B uactHocTH, npu mobom I (1 S 1< n)
P(E,) = l/n,

a3 ana cobmrna U, koto MPOMCXOOMT BCIKMH pa3, KOraa
RACTYMAaeT Kakoe-10 U3 coOnTHI E; (eMy 61aronpuaTcTBYIOT BCE
BO3MOXHBIC MCXOIH),

PUY=1.

Cobbitne U 9B9€TCH JOCTOBEPHBIM.

Mpumep L. Jorepes cocrout us 1000 6uneros, cpeau
gux 150 BHMrpHIIHHX. BHHHMAETCd NMPOM3BOAbHBI (OOHYHO
roBopaT «Hayram») OGuner w3 1000. YUemy paBHa BEPOATHOCTH
TOrO, YTO 3T0T OWICT BHHIPHIMIHBIH?

Pa3JMUHBIX 3JCMEHTADHHX COoOWTHII B 3ITOM MNpHMEpe

= 1000. UnTepecyiomeMy Hac COGRTHIO A 61aroNpHATCTBYIOT
150 sneMeHTapHHX cobuTHii, T. €. m = 150, Takum obpasom,
IO ONPENeICHHIO
150 3
P(A) = Tooo = 30°

I[TpumMmep 2. B nonyuyeHHol maprum geraneil 0kasanoch
200 neraneit nepsoro copra, 100 nerane#t — BTOpOrO copra M
50 perane#t — Tperbero copra. «Hayzauy» BHHHMAETCH OXHA H3
meraneil. Uemy paBHH BEPOATHOCTH MOJYUHTh AE€TANb MEPBOTO,
BTOPOIO WIH TPETHEro copra?

B arom npumepe n = 350. O6o3naumm uepes A, B, C
cyuaiiHHe COOHTHS, COCTOSWMNE, COOTBETCTBEHHO, B MIOJIYUCHHH
AETanM NepBoro, BTOPOro WiH TPeThero copra. Jlerko BUAETh, 4TO

200 4 100 2 50 1
PA=5=75 PB=53=7 PO=3=7

IT pumep 3.Bpocaerca urpanpHas kocTb. Yemy paBHH
BEPOATHOCTH CJIEAYIOWMX COOBITHI: A — BHIIAJAET rpaHb ¢
6 oukamu, B — BHIMANACT I'PaHb C YETHHIM UHCJIOM OYKOB, C —
BHIAJAET rpaHb C YHCJAOM OUKOB, AeASIMMCY HA 37

B Hamem npumepe n = 6. CobuTvio A 61aroNpUATCTBYET
POABKO OAMH MCXOA, COOBTHIO B — TpH Mcxoxa, coburuio C —
Asa ucxona. Takum oGpasom, ’

P(A)=%, P(B) =

1

1
=E’ P(C)=

3

| w
N

I1 pumep 4. UssectHo, uto B wkoie ¢ 900 yuamumucs
mMejorcd 60 yyeHHMKOB, KOTODHE MO BCEM MPEAMETaM HMEIOT
OTAHuHbE OueHKH, 180 yueHMKOB TOMBKO MO OZHOMY npea-
METY MMEIOT XOPOIIYI0 WIH YAOBJETBOPHTEIBHYIO OLEHKY, a MO
OCTaJbHHM OTAHYHHE, 150 yuamuxca He HMMEIOT HH OXHOM
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TMonsaTHe OOLEAHHEHMA PACTPOCTPAHSETCS ECTECTBEHHBIM
ob6pasom Ha mwoboe uuciao cobutmii A, B, ..., N: coburHe
AU BU ...UN cocTOMT M3 TEX H TOJBKO TEX 3JACMECHTAPHBIX
COOBITHI, KOTOPHE BXOAAT B COCTAB XOTS 6t OMHOrO M3 COOHTHIA
A, B, ..., N. Hanpumep, cobnTtHe A, NPUBEIECHHOE TOJBKO YTO
AN WLTIOCTPauMH ofbeauHEeHnsT ABYX COOHTMIE, MB MOXEM
3anucatb B BHAe ofbvenuuenus A = E,U E U E,.

HMepeceuenuem (WIn NPOU3BEACHHEM) ABYX COOHITHII A U B
HA30BEM COOHITHE, COCTOAMEE U3 TEX M TOJNBKO TEX JJIEMEHTAP-
HHX COOBITHII, KOTOPHE BXOAAT Kak B A, Tak U B B. Takoe
cobntue 6ynem obo3nauats A N B wnm AB.

B npumepe ¢ 6pocaHMeM MrpanbHOM KOCTH MNEpPECCYCHHE
COGHTHI A M B OCYymecTBASCTCS NPH EAMHCTBEHHOM Hcxoae E.
Takum ofpaszom, AB = E;.

MousaTne nepeceyeHus COOBITHIT pacpOCTPaHSETCS Ha 10~
6oe umcyio cobmrHit A, B, ..., N. TlepeceuenneM coOHTHiIA
A, B, ..., N HasoBseM cobunTHE AB ... N, COCTOAUIEE M3 TEX H
TOABKO TEX JJMEMEHTAPHHX COONTHIA, KOTOPHE BXOAAT B COCTaB
KaXxaoro ux cobuituit 4, B, ..., N.

TITpomugononoxnotM cobbimuem (wu JOMOJIHEHUEM) CO-
6HTHS A Ha30BEM COOHTHE A, COCTOSMIEE H3 BCEX TEX DJIEMEH-
TAPHABIX COOBITHM, KOTOPHE HC BXOAAT B COCTaB A. _

B npuMepe ¢ urpatbHOM  KOCTBIO  cOOnTHE A =
= E,U E;U E5 COCTOMT B BBINAJACHHH HEUETHOTO YMCJIA OUKOB;
cobnthe B = E;U E;U E,;U E; COCTONT B BHINAJCHHH YHCJIA
OUKOB, He Aejdmerocs Ha 3.

OueHb HarTN9OHA M MOJE3HA TCOMETPHYECKAS WLIIOCTpaLMs
TOJBKO YTO ONpeAc/icHHWX noHsthit. IIpeacraeum cebe, uro
KaXxa0e MEMEHTApHOEe COOnTHE H300paxaeTcs TOUKOM HA TLIO-
ckocTd. g Toro uto6b 306pasuTh HEKOTOPOE COOHTHE, HYX-
HO B3ITb B PAMKH TOYKHM, COOTBETCTBYIOIIHE OJarOnpusiTCTBY-
IOIAM 3NEMEHTAPHBIM COOHITHSM, M 33IITPUXOBATh MONYYEH-
Hyw obaacts. Ha puc. 11 uszobpaxenn cobutus A, B, A, B,
AU B, AB.

B sroM npumepe ofmee UYHCAO IAEMEHTAPHHWX COOBITHI
pasig 36. TMoacuuTa®s UYMCIO TOYEK, HAXOAAMMXCA B COOT-
BETCTBYIOIHX 3AIITPUXOBAHHHX O0NACTAX, HAXOAMM, YTO

9 } 16 4
P(A)=%=z, P(B)=3—6=6,

— 27 3 — 20 S5
P(A)=§=Z, P(B)=3—6=6,

21 7 4 1
P(AUB)=3=1; PAB)=3%=3
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FoBopsT, uto cobnTHE A arewem 3a coboio cobutne B n
00603HAYAOT 3TO CHMBOJIOM A C B (wm B D A), ecnu Bce
3JIeMEHTapHHeE COONTHY, COCTABASIOmMME A, BXOAdIT U B B (ro-
BOPST TAaKXe, YT0 B comepxuT A, SBASETCH CACACTBHEM A,
BKJIOUAET A).

OueBnano, yrto Bcerma A C AU B, ABC A (XOHeuHO, M
BC AU B, ABC B).

AUB 48

Puc. 11. TeomeTpuueckas WTIOCTpaLus 0GbE/MHEHUS U MEPECEUEHHS COORITHI
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Ins onepaumit Han COGRHTHAMM YACTO MCTIONB3YIOT CKOGKH,
uyro6H MOKa3aTh, B KaKO MOCAENOBATEIBHOCTH CIEAYET
npousBoauTh AeicTeus. Hanpumep, (A U B) (B U C) osnayaer,
YTO CHAYaJla HYXHO HaiTH oObeanHeHMe cobmiTHii A M B, a
Takxe€ B u C, a 3aTeM B3ATb NCPECCUYECHHE TMONYUHBITHUXCSH
coGbiTHiIA.

O6paTHM BHMMAHHKE HA TO, UTO B TOM MHOXECTBE CAy4YaiHBX
COOBLITHIA, KOTOPOE MBI BBEJH, OMEPALMH NEPECCYCHNS COOHTHI
U HAXOXIACHHSA MPOTHBOMOJOXHOIO COﬁHTHSl BBITIOJIHUMBI HE
Bceraa. JeidcTBUTENbHO, eciu COOLTHS A M B He coaepXar
O0INX NEMEHTAPHBIX COOBITHI, TO MX NEPECEUEHHUE TIPH NAHHOM
HAMH ONpEAEICHHUHN HE SBASETCH COOBTHEM (OHO HE COCTOMT M3
Kakux-a1u00 dneMeHTapHHX coburtHit). TouHO Tak xe, ecam
COORTHE A SABASETCS NOCTOBEPHBIM, TO NMPOTHBOMOMOXHOE €MY
COOHTHE A B MHOXECTBE CIYYaiHHX COOBITHA HE ONPENEICHO.
qTOﬁH HCKJIDYHUTDh TAKHEC BO3MOXHOCTH, Mbl ITOMMOJHHUM MHOXC-
CTBO CTy4aWHBIX COOHITHI HeE03MOXHBIM COBOIMUEM, B KOTOPOE
HE BXOAHUT HM OOHO M3 JJCMCHTAPHHX coOnTHit. UHBIMH Ci0-
BaMH, HEBO3MOXHOE COOBITHE KaK MHOXECTBO J/ICMEHTAPHBIX
coOmTuit mycto. O603HAUMM HEBO3MOXHOE COGHITHE CHMBO-
oM . Tenepb yXxe MOXEM CKa3aTh, UTO OMEPALIMH MTEPECEUCH U
COOBTHH M HAXOXZCHNS IPOTHRONOJIOXHOrO COOBTHS BCETAA
BHMOJHAMH. B uactaoctu, U = Q.

Ipo co6uTHs A ¥ B rOBOPAT, YTO OHH HECOBMECMHbL, ECTH
HX MEPECCUCHHUE SBSETCA HEBO3MOXHHM COOnTHEM: AB = (.

Cdopmynupyem Teneps rAaBHHE CBOWCTBA BEPOSTHOCTH.

1. IIna xaxpmoro caydyaHOro cofmTHsS A omnpeneaeHa cro
BEpPOSTHOCTh P(A), npuuem 0 < P (A) < 1.

2. Ins nocToBepHOro coOnTHS U/ MIMEET MECTO PaBEHCTBO

PU) = 1.
3. Ecau cobniTHs A M1 B HECOBMECTHH, TO
P (AU B) = P (A) + P (B).

4, [Ind TMPOTHBONMOJOXHBX COOBTHI A M A MMEET MECTo

PaBEHCTBO _
P(A) =1~ P(A).

5. Ilns HeBO3MOXHONO COOBITHA ¢ MMEET MECTO PABEHCTBO
P () = 0. Ina HecoBMecTHHIX cobbiThit A 1 B— P (AB) = 0.

6. L1 npon3BoabHuiX cOOnTHI1 A U B

P (AU B) = P (A) + P (B) — P (AB).

ITepBbie ABa CBOICTBA CAEAYIOT U3 ONPEAETICHNS BEPOSTHOCTH

C/IYYaifHOrO COOBITHS.

CBOACTBO 3 M3BECTHO MOA HA3BAHHMEM MeEOpe.r:bl CAOKEHUS
aeposimHocmeli (1,19 HECOBMECTHBIX COOHITHIA).
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TIycrb COORTHE A COREPXMT m MCXOAOB, a cobnitHe B — &
ucxonos. ITockoabky, mo npeanonoxeunuio, cobutugs A u B
HECOBMECTHH, TO cobnitHe AU B COCTOMT POBHO H3 m + k
ucxogos. Teneps, no onpeaesieHHio,

m+k m

n n

P(AUB) =

+

x| x
B

Ho P (A) = m/n, P (B) = k/n. 310 ¥ 10Ka3bBALT CBOMCT-
8o 3.

ITo onpexesieHuIo NPOTHBONOIOXKHbBIX coGbITHIA A 1 A MMeeM:
1) AUA=U n 2) A u A HecoBMecTHH. [loatoMy B cuay
cBoMcTBa 2

PAUA) =1,
a B cuay cBosicTea 3
P (AU A) = P (A) + P (4).

CaoitcTBo 4, TakuM 06pa3oM, A0KA3aHO.

Mockaneky P(U)+ P(D) =1, 0 P(D)=1. IOnsa ne-
COBMECTHBIX cOOmTHIL AB = (J u, cacrosarenbHo, P (AB) = 0.
CBoiicTBO 5 A0Ka3aHO.

Caoiticteo 6 npeacraeaser cofoit TeOpeMY CAOXEHUs Be-
POSATHOCTEH B NMPOM3BOJLHOM Cjayvae, koraa A M B moryr
6uiTh coBMecTHH. Ero 10Ka3aTesbCcTBO caeayeT M3 npeacTas-
JcuMs cobmtus AU B B Baae OObeIMHEHHMS HECOBMECTHLIX
cobuituit A u C:

AUB=AUC,

rac C onpenensercs ycnosueM AC = J, CU AB = B. Ucnons-
3ys CBOMCTBO 3, noiyuaem

PAUB)=PA)+P(C), PB)=P(C)+ P (AB).
Hcxuouas P(C) M3 RBYX NOCACAHMX PABEHCTB, NOJYYACM

P(AUB)=P(A)+ P(B)— P(AB).

HokaxeM Tenepb 06o6LieHue cBOMCTBA 3 — TEOpEMY CJ10-
XKECHHUS BEPOSTHOCTEH A/t MPOM3BOJIBHOINO YHMC/IA HECOBMCCTHBIX
cobuituit. Tlycrs cobmitus A, A, . . . , A, nonapro Hecoémecm-

Hbl, T. €. ANS KaX10# napul cobuthit A; u A, npu { # j umeer
Mmecto paBeHcTBO A A; = . Torna

P (Al U AzU ..U A,,-IU Ak) =
=P (Al) + P (Az) +..+P (Ak-l) + P (Ak).
HeitcTButennHo, cobutus A, U A,U ...U A,._; 1 A, HecoB-
MecTHH u B cymme aawt AU A,U ..U A,_ U A,. IToaromy
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B CWI1Y CBOMCTBA 3
P (.41 U A2 u..u Ak—l U A“) =
= P(A,U A, U ..U ALy + P (A).

Ho tenepb cHoBa cofmitusa A, U 4, U ..U A,_; u A,_; HecoBme-
CTHH M B cymme gawt A, U A4,U ..U A, noaromy B cuty
cBorcTBa 3

P(4U AU .. UA_ U A=
= P(4,U AU ..U A + P (Ao)
Takum odpazom,
P (AU AU . UA)=
=P (AU AU ..U A,) + P (A + P (AY).

[osTOpHB npoBemeHHbE pacCyXaeHus eme kK — 3 pas, Mul
32BCPWAM JOKA3ATEALCTBO O000LICHHOM TCOPEMB CIOKEHMS.

ITpumep . B 3pureabHoM 3aj€ KHHOTEATPA MMEIOTCS
9 psa0B, OPOHYMEPOBAHHHX MOAPS] uMcaaMmu oT | 70 9, a B
K4XI0M psay 00 9 Kpecen, TAKKE OPOHYMEPOBIHHEX HHCAAMM
or 1 30 9. 3puteabp Hayaauy 3aHumact mecro. Kakoe u3 asyx
cobniTiit 60s1ee BEPOITHO: CYMMA HOMEPOB P M MCGCT B psiay
OKAXETCs YCTHOM MJIM HEUYCTHOH?

[Mycrb A — coSwiTHe, COCTOMILIEE B TOM, YUTO YKA3aHHAs
cymma Gyaet uetHon. Toraa A pacnajaercd Ha CyMMy MOOAPHO
HCCOBMECTHbIX COOMTHM A;, A, A, ..., Ay, rie A, o3Hauaer
coObiTHE, COCTOSIIEE B TOM, YTO CYMMa HOMEPOB PSAd M MECT
0Kasanace pasHon k (puc. 12). ITo teopeme caoxeHus BeposT-
HOCTEH

P(A) = P(A) + P(A) + ... + P (Ay).

U3 puc. 12 HemocpeacTBEHHHM AOJCHETOM MONIYYaEM

1 3 5
P (AZ) = a! P (A«l) = H! P(Aﬁ) = H,
7 9 7
P(As) =57 P (Ay) = v P (An) = e
5 3 1
P(Aw) =3 P(A) =3, P(4w) = TR

Orcroaa
P(A) =41/81.

[ockonbky COORITHE, COCTOSALIEE B TOM, UTO MHTEPECYIOWAS
HAC CyMMa ByJeT HEueTHOM, MPOTHBONGIOXHO COOMTHIO A, TO
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Puc. 12. Wiunioctpaums K 3aaue 0 KHHOTEaTpe

€ro BEpOSTHOCTb paBHa
P (A) =1 — P (A) = 40/81.

Mub BuauM, TakuM 06pasoM, uto P (A) > P (4).

ITpumep 2. UMeorcs TPpH 31EKTPHUECKHE CXEMB, CO-
crosiluMe Kaxnad u3 4 sukumouarencit. Kaxanit M3 BHKIIOUATE-
Jcit ¢ BepoaTHOCTEIO 0,5 MOXeT OBTH BKJIIOUEH M BHIKJTIOUCH.
‘BusicHHTB, ans Kakoi M3 cxeM, M300DaXeHHHX Ha pHc. 13,
BEPOSITHOCTH TOIO, YTO TOK OyAET MPOXOANTH OT TOYKH A K TOUKE
B, 6yner Haubonbiueii.

ITon mcxomoM 3aech cieayer MOHMMATh COCTOSHHME BCEX
BHKIIO¥YaTened. Hanpumep, Bo3MOXeH TakoH MCXon: mepBBHIA
BHIKJIIOYATE/Ib BKJAKOUEH, BTOPOM BBIKJIIOUE:, TPETHH BKJIIOUYCH,
YeTBEPTHil BHK/IIOUEH. [1OCKONMBKY BHIKIIOUATEICH YETHPE U
Kaxablif U3 HHX MOXET HAXOAHUTHCA TOMBKO B OAHOM HMX ABYX
IOMYCTHMBIX COCTOSIHHIA, TO BCero ucxono 2° = 16.

IMycrs A o6o3nauaer cobHTHE, COCTOSLIEE B TOM, YTO CXEMA
MPOBOAMT TOK. ‘

Haitnem P(A) pna cxemm 1. Jag toro yrobm cxema |
MPOBOAMJIA TOK, HEoOXOAMMO, YTOOH BCE BHIKJIIOHATEH ObLIM
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BKJIOYeHH. Takasi BO3MOXHOCTb TOJBKO ogHa. C/1€10BaTeNbHO,
P (A) = 1/16.

Ins cxemun I paccMoTpuM cobutiHe A, cocrodimee B TOM,
uto cxema II Tok He mpoBoaMT. [l 3TOr0 HEO6XOAUMO, YTOOH
HH OAMH H3 BHKMIOUaTened He nposogua Tok. CobmrtHio A
61arOnpPHATCTBYET EAMHCTBEH-
HEi ucxon. Takum o06pasom,

P (A) = 1/16 u, 31auwr,
P(A) =1-P(A) =15/16.

Haitnem, HakoHen, P(A4)
ans cxeMu III. Cobmtiie A Mb
MOXEM 31€6Ch NPEICTABUTh B BH-
ae OObelMHEHMs TIONapHO He-
COBMECTHHIX COOHITHIN A}, A, A;.
CofuTHEe A; COCTOMT B TOM, UTO
yyactok /| — 2 TOK MpOBOIMT, a
yuactok 3 — 4 TOK HE mnpo-
poauT. CobHTHE A, COCTOMT B
TOM, YTO Y4Yactok 3 — 4 TOK
MPOBOOMT, & YUACTOK | — 2 TOK  Puc. 13. DNeKTPHUECKHE CXeMBbi K
He mnposoaur. CobnTHE Aj npumepy 2
COCTOMT B TOM, 4TO 00a yuacr-

Ka npoeogat Tok. QueBBIHO, UTO cOOHTHSA A; H A, coOepXar no
TPH 37cMEHTAPHHX COOHITHS, a COOHTHE A; — TOJNBKO ONHO.
Orciona

3+3+1

P(A)= P () + P (A) +P(A) == .

Hrak, camMOM BHIOgHOM CXEMOM, KOTOpas C MAKCHMMAJIbHOH
BEPOSITHOCTBIO MPOBOAHUT TOK, siBJiseTca cxema II.

O606meHneM CBOMCTBA 6 Ha TPH NPOM3BOJBHEX COOHTHS A,
B u C cayxut ¢opmyna

P(AUBUC) =P (A)+ P(B)+ P(C) — P(AB) —
— P (AC) — P (BC) + P (ABC).

Ioka3aTenbcTBO ee HE mpeacrasaser Tpyaa. O6osHauum obbe-
nuHenue B u C uepes D = BU C u npumeHum CBOMCTBO 6 k
BeposiTHOCTM P (AU D) u P (BU C):

P (AU D) = P (A) + P (D) — P (AD),
P (D) =P (B) + P (C) — P (AC).

47



Torza HKMEEM
P(AUBUC)=P (AU D)=
=P(A)+P(B)+ P (C)— P(AC) — P(AD).

OxounuatenapHas (HopMy.ia MONYUACTCA M3 NPEACTABIACHUS:
P(AD)=P(AN(BUC))=P(ABU AC) =
= P(AB) + P (AC) — P (ABC).

O606uICHHBI BAPHAHT TEOPEMBI CJIOXCHHS BCPOSTHOCTCH
AJs MOO0r0 4MCJa MPOM3BOJBHHX COObITHI CHOPMYIMPOBAH B
ynpaxuennu 10.

Y npakHeHus

1. HcnbiTaHue WMEET YETHIPE MCXoAa aj, 4z, @3, a4 [le-
peuncmTb Bee cobbrrvs. Kakoso mx umcno?

Omeem: 16.

2. Kakos cmbich paseHcts ABC = A; AUBU C = A?

Omgem: AC BC, ADBUC.

3. Jlokasats, uto AU B = AB; ABC=AUBUC.

4. Ynpoctuts (AU B) (AU B).

Omegem: A.

§. Hdokasats, uto u3 A D B caegyer Hepascnctso P (A) » P (B).

6. Kakoi oreer B npumepe 1, ecam B 3ane 8 psaos, a B KaXAOM  psany
8 mecr?

Omagem: BepoSTHOCTH paBHbI.

7. Urpanbhas KocTh Gpocaercs asa pasa. YeMy pasHA BEPOSTHOCTb
TOro, YTO CymMma oukos Gyner aemtbcs Ha 3; Gyner Goabwe 7?7 Kakas w3
BO3MOXHBIX CyMM (2, 3, ..., 12) wuMeer HambOABLIYIO BEPOATHOCTL TNOSBJIE-

Hus npy asyx Gpocanmsax?
Omeem: 1/3; 5/12; 6/36 — Bepo-
STHOCTb TOTO, YTO CyMMa paBHa 7.
8 8. Kakas u3 ABYX M306paKeHHbIX
[ na puc. 14 snextprueckux cxem Iv 11
¢ Gosbwest BEPOATHOCTBI) TNPOBOAMT
INEKTPHYECKIIT TOK?

Omaem: cxema I1; BepoATHOCTL Ans
Hee pasHa 21/64.

9. Yto BepoaTHEE: mpU ABYXx 6po-
CaHMSX MOHETHI MOAYUHTb XOTS Obl pa3

B «rep0» WM NOAyuHTH MOAPSA ABA pasa
«peuKy»?

Omeent: Bosiee BEPUSTHO NMOAYYHTH
xOTs Obl pas «repb»; BEPOSTHOCTb ITOTO
cobuitvs pasHa 3/4.

10. Jlokaxure AAs [POU3BOJh-

Puc. 14. DnekTpuueckue cxembl K Hoix cobmitvit A1, Az, ..., A, dopmyny
ynpaxHeHuio 8 a8 BeposTHocTH cobbirus A = Ap U

s
rO—@
O—0O

O
)
O
®
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U Az U ... U A,, uto npomsovtzeT xotst Obl 0aHO w3 coBbiTHit Ay, A2, ..., An:
P(A)=

=Y P(Ay— D P(A4A) + X P(AAAY — .. + (= 1)1 P (4, . 45)
=1

(3m€Chb B MPaBOM YACTH B KAXJOM CyMME, HAYHHAS CO BTOPOM, CYMMHMPOBAHME .
BEJETCH MO BCEM KOHeuwsiM HabopaM A; , Ai, Ai, ... TAKHM, YTO Kaxoe
co0bITHE A; BXOAHMT TOAbKO OAMH pa3 B KaXjoe CnardeMoe CyMMbI).

Yk a3aHnne: BocnonssyHrech MeTOIOM MaTeMaTHYECKOM MHAYKLMH.

11. ITatb uenoeex MPHULIM B FOCTH M OCTABWIM CBOW LULISINBI B rapaepode.
Yxons, kaxablit M3 TOCTEN B3 ULAAMY «Hayaauwy». YeMy paeHa BepOATHOCTb
TOIO, 4TO KaXKAbIHM M3 rOCTeH Hajesa 4YyXyio uasimy?

Omaem: V2! — V3! + Vat — Vst = 11/30.

§ 3. DreMeHTH KOMOMHATODHKH

IpexBapuTenbHOE 3HAKOMCTBO C JJIEMEHTAMH
KoMOMHATOPMKHM OHJIO HAYaTO B 1. 1.

[lycts HMeeTcs n 91€¢MEHTOB (MPEeAMETOB), OTIMUAIOWNXCS
APYT OT APYra KAKUMHM-1H00 NPH3HAKAMM, HATIPUMEDP, HOMEPAMH
HAM MHAEKCAMH. PasimeuwjeHuem W3 n IJIEMEHTOB no k Gymem
HA3bIBATH 1IO0YVI0 COBOKYMHOCTh JJ€MEHTOB M3 3TMX 1, pa3Me-
IEHHBIX B ONpEAEACHHOM TMNOpsake. Pas/MuHBIMM CYMTAKOTCH
pa3sMeEILEHUS, B KOTOPHIX WM HMEIOTCA Pa3/JHUHBIE IJIEMCHTHI,
WJIH, €CJIM BCE JJIEMEHTH OAHH H TC XC, TO PAa3/IMYHB NMOPAAKH
HX PacnoOXeHHS.

Ilycte pans npuMepa: B noprdene UMEIOTCS TakHe MpeaMe-
Tl — pyuka (p), kapasgaw (x), JuHeHka (1), TeTpaAp (T) H
ouku (0). Mbl MPOCHMM OZHOMO M3 YUALIMXCS AOCTATH MO OUEPEXH
aBa mpeameta. Ilpm 3TOM MOryT MpPEACTABHTBCS CAEAYIOUIME
ciayyau: (p, K), (p, M, (p, T), (p, 0), (x, 0), (x, p), (K, T), (K,
m, (, p), (1, x), (1, D, (1, 0, (T, P), (T, K), (T, D, (T, 0,
(o, p), (0, x), (0, M, (0, T. Ha nepeoM MecTe B CxOOGKax
BHIMCAH TPEAMET, M3BACYEHHB M3 moprdens nepsbiM, Ha
BTOPOM — H3BJICUCHHBN BTOPHM. MBl BHUITMCAJHM BCE BO3MOX-
Hble pa3MellleHus U3 S npeamMeTos no 2, ux okasaiock 20. Yacts
M3 3THX Pa3MECIIEHHI OTIMYAETCS TOABKO MOPAOKOM 3/IEMEHTOB,
HampuMep, Mepsasd mapa M uwecrasi, BTopad u aesstas. Hekoro-
pHiC XC M3 HHX OTJIMYAIOTCA M JJCMEHTAMH — MepBas napa H
BTOpasi, MEepBasl ¥ ONMHHAALATASA M T. A.

B npuBeReHHOM NpuMepe GbUTO HECIOXHO MOACYMUTATD YHCIO
BCEX BO3MOXHBIX pa3MElEHHII MyTeM HEMOCPEACTBEHHOrO MX
BHNHCHBAaHUA. OOHAKO B pdAe CAy4yaeB TAKOE NEPEUYHC/ICHHE
BCEX BO3MOXHBIX pa3MEUIEHMH OKa3BBAETCH TEXHHYECKH 3a-
TPYAHHUTC/IbHMM WJIH X€ MNPAKTHYECKH HEBO3MOXHBIM H3-34
OrpOMHOTO BpPeMEHH, KOTOpoe Heol6xomuMo Ha 3ty pabory. Ec-
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TECTBEHHO MOCTABMTH BOMPOC O PasnCKaHuM obwieit opmyan
1S YMCIA Pa3IMUHHX Pa3MeELIeHMH U3 n 371eMEHTOB Mo k. 1o
yHCI0 0603HAYAETCA CHMBOIOM AL,

HoxaxeM, uTo

As=n(n—-1)(n=-2)...(n—k+1).

C aT0# nenbo pas3ofbeM BCE Pa3MEILCHKS HA n HEEpeceKa-
IOIAXCA Mexay coboit rpynn. B nmepsyio rpynny BKIIOUMM BCE
pasMeuieHns, HAUMHAIOUMECs C MEPBOr0 3Jj1€MEHTA, BO BTO-
Py — HAYHMHAIOLIMECS CO BTOPOro H T. A. Tenepb, NOCKOABKY
B [IEPBOM rpymnmne nepBHii 31eMEHT yXe (PUKCHPOBAH, MBI MOXEM
3Ty rpynny pa3butb Ha n — 1 MOArpymnm: B NEPBYIO HOATPYIIY
MEPBOA rpynnel MH OTHECEM T€ M TOJBKO T€ IJIEMEHTH IEPBOHM
rPynmel, y KOTOPHX BTOPOM MO MOPSAKY IJEMEHT OyAeT MMEThb
Homep 2. Bo BTOpOil MOArpynmne BTOpHIM 3AEMEHTOM Oyxer
3EMEHT C HOMEpPOM 3 M T. A. DTy omepasuio MH TPOaEIAEM
o1 Kaxpoi rpynne. B pesyapratre Mu moayuuMm n (n — 1)
pasaMuHex nmoarpymn. IlponosxuB 3toT mnpouecc pa3bue-
HUs jganee, M ybeauMmcd, uto BCex paaMemeHdit Oyner
n(n—1)..((n —k+ 1). OueBHaHO, 4YTO NpPH k = n YHCJIO pa3s-
JUYHHX Pa3MEUICHHUH PABHO

Ay=n(n-1)..2-1

Pa3MCllICHHSl H3 n JJIEMEHTOB MO n HA3HBAIOT nepecmanos-
xamu. MH BBesin nepectaHoBKH B § 1 1. 1 ¥ X UMCIIO COBIIAJaeT
¢ TeM, uTo 0603HAUYeHL CHMBOJIOM n! (n-dpakTopuan).

Urak, A" = n! 1 noj10XHM 10 onpeaesieHuio Ay = 0! = 1.

Teneps ¢opMyna aas A% MoxeT GHTb 3aMMCAHA B MHOMN
¢opme:

r _ nt
4, = (n- by

PasMeleHne M3 n 371EMEHTOB Mo k, B KOTOPOM He ¢Hk-
CHPYETCH TIOPSAAOK 3JEMEHTOB, Ha3HBAETCH couemaHuem U3 n
MIEMEHTOB MO k. Pa3znMuHbBIMM CUMTAIOTCS COUETAHMS, OT/IMYA-
IOIIMECS APYT OT APYra XOoTs OB OOHMM 2JEMEHTOM.

®dopMy/ia A8 UMC/A COUETAHMM, KOTOpOe MH 0003HAUMIH
cumeosioM CX, 6niia Haiinena B § 8 . 1. 3xech Xxe MH BHBEIEM
3Ty popMyay, TONB3YSICh TIOHATHEM YMC/IA pa3MEIICHHi AL,

PaccMoTpuM Bce pasMeLieHHs U3 n I1eMEHTOB 1o k. Pa3obb-
€M HX Ha pa3/JMyHHE Ipynne, B KaXAOH M3 KOTOPHX pa3Me-
LICHUS PAa3JMUYAOTCA TOIBKO MOPSAKOM JJMIEMEHTOB, HO HE COC-
TABOM, a JABE Pa3/IMYHHE FPYNNH OTIHYAKTCA XOTA OB OOHHM
31eMeHTOM. OueBMAHO, UTO YMCJIO PA3JHYHHX Ppa3MelieHHH
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PaBHO A,, a UMCIO PA3AMUHHX TPYNN COBHAmaeT ¢ umcaom CX
COUCTAHMIA M3 n 371EMEHTOB No k. Ho BHyTpu xaxaoit u3 rpynn
CONEPXHUTCH CTOJBKO Pa3MELICHHMH, CKOMBKMMH criocofamu MoX-
HO MNEpPECTaBUTh Kk PAVMUYHHIX TPeAMETOB, T. €. AL Takum
obpasom,

n

k _ An _
Co="= K(n - kY

RS

x %

ITo onpepenenuo
Ch=1.

PaccMoTpuM Temepp HECKONBKO MPUMEPOB HCHOJAb3OBAHMS
KOMOUHATOpHHX (POPMY.1 1Jis Pa3BHICKAHAS BEPOSTHOCTEN Cay-
YAUHBIX COOBTHIA.

[Tpuwmep L [larb apy3eit xuByT BMecte. OHM pelmnu,
YTO YTPOM OHM OyAyT TAHYTb XpeOuii — KOMY M3 HMX IOWTH B
Mara3uH, 4To0H KyImuTh K 3aBTpaKy ceexero xjeba. Ha oanoii
43 natu Gymaxek Oyzer croaTh OykBa «¥» H TOT, KTO BHTSHET
TAJIOH € 3TOi GyKBOH, JOIXEH MATH 33 MOKYNkKoir. Jas koro u3
Ipy3eil BEPOSATHOCTb BHTSIHYTh TANMOH «X» OyleT HaMMEHbIUEH:
AJIS TOrO, KTO THHET XpeOuil mepBHM, BTOPHM, TPETbUM, YET-
BEPTHIM WIH NSTHM?

Hcxonom sgech cemyeT HasBaTh ;100y10 3 5! mepecTaHOBOK
S (tanonoB). HaiizeM BepOSTHOCTb TOro, uTo Guier «x» mocra-
HETCA k-MY IO CYETY APYTY. DTOMY COOHTHIO 61aronpUsTCTBYIOT
BCE C/Iy4aH, B KOTOPHX Ta/I0H «X» BHTACKMBAETCS k-M IO CUeTy,
a OCTAJIbHHIC YETHIPE TAMIOHA MOTYT MOSIBAATHCA HA J000M Mo
cuety Mecte. 10 Moxer mpom3oiitu 4! cmoco6amu. Takum
006pa3oM, BEPOSITHOCTb BHTSHYTh TAJI0H «X» k-MY IO CUETY APYTY
paBHa

4
Pk = y = g.
Jta BEPOSTHOCTH HE 3ABUCUT OT Kk, T. € OT TOro, KakKMM IO
MOPSAAKY OYEPEAHOCTH BHTIATHBATh XpeOuil, TAK UTO MOCACIHHM
B OYEpEIU MMEET TAKVIO X€ BEPOATHOCTD BHTSHYTh Xpebmil, Kak
M TCPBHI.

Jroil 3amayuc MOXHO NMPHAATb M IPYIME Pa3av4HHE, HHTE-
pecHBIE B MPHKJIAZHOM OTHOWIEHHH (POPMYIHPOBKH.

IlpunmMep 2.B amuke nmerorcsa 10 6eanix 1 5 uepHux
wapos. Haynauy BuHumalor 3 ua uux. Kakoe cootHomenue
IIapOB MO LBETY CpelM BHHYTHX 1ApoB HauGosee BeposTHO?

OG6o3nauum uepes 4, ; cOGHTHE, COCTOSILEE B TOM, UTO CPEAH
TPEX U3BJCUYCHHHIX WAPOB | OKAXYTCH OeNbMH, @ j — YEPHHIMH,
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i + j = 3. OucBMIHO, YTO MOI'YT OCYLUECTBHTLCS TAKHUE COORTHS:
Asg, Ay, Ajyy Ags. Taxk KaK mOPHAOK M3BJICUCHHMS LWAPOB HAC HE
MHTEPECYET, TO MOZ JJAEMCHTAPHHIM COOBITHEM CEAyeT No-
HHMMaTb 11060¢ coueTanue Tpex mwapos u3 15. Toraa cobnitue Asy
COCTOMT U3 C}y 21EMEHTAPHHX COOBTHII (BHHHMAIOTCH KAKME-TO
3 13 10 Geanix wapos), cobuTie Az, COCTOMT n3 C3Ch aaemen-
TapHbX CcOGbTHi, cobntHe A, — u3 ClLC} 3eMEHTapHBX
co6uTHIt M Ao 3 M3 C: 3neMcHTapHHX coluTHii. BeposTHOCTH
MHTEPECYIOWMX HAC COOLTHI paBHH

cl 24
P(dso) = 5 = 5 =~ 0,264,
15

CmCs 45

P(A) = =a= 0,494,
CioC3 _ 20
P(A) =—— =5 =0,220,
( 1, 2) Cls 91
C5 2
P (Ao3) = = = o~ = 0,022.
( 03) Cls 91

Takum 06pazomM, Hanboace BEPOATHO NOABIACHME ABYX Geibix
M OZHOrO YEpHONo Lapa.

IIpumep 3. B cosokynHoctu u3 M + N npeameroB M
NPEAMETOB 061aJaI0T HEKOTOPHIM CBOMCTBOM A, 4 N NpeAMeTos
He ofsazaor. M3 3T0il COBOKYNMHOCTH NPEIMETOB BHHHMAKOT
HayAauy k npeameTtoB. CnpauBacTCs: YeMy PABHA BEPOSITHOCTD
TOMO, YTO GYAYT M3BJACUYECHH /M NPEIMETOB CO CBOHCTBOM A M
n = k — m npeaMETOB, He 00JaAAIOWNX ITUM CBOMCTBOM?

Dra 3amava urpaet 60abLYIO Pob B 0614CTH MPAKTHUECKOND
NPUMEHEHHUSI MATEMATHKH B JEMOrpauH, CTATHCTHKC HaCe-
JICHMSI, CTATUCTHYECKOM KOHTPOJIE KAUECTBA IPOAYKLMM,

Hcxon 3TOr0 MCOBTAHHUA COCTOMT B IOMBACHMM JIOOHIX K
npeaMeToB M3 uucaa M + N. Ilockoabky HAac He MHTEpPECyeT
OOPANOK NDOSB/ICHHS ITHX NPEAMETOB, oduiee YUCI0 pazIuy-
HHX 3JCMEHTAPHHX COOHTHI paBHO Ci.n. OUEBMIHO, uTO
O0sms<Mum OSm<nn 0<ns< N, B HHOM ciyuae
BEPOSITHOCTDb MOSIBACHHSI HHTEPECYIOLIETO HAC coOmTHs paBHa 0.
H3Bacub m npeaAMETOB CO CBOMCTBOM A MOXHO C}; pa3nM4YHHIMHU
cnocobamu. Ho xaxamit cnoco6 M3BNAEUEHHS m NPEAMETOB CO
CBOMCTBOM A MOXECT COYETAThCH € JIOOHM Cnoco6oM M3BICUCHH S
n npeaMeToB, He obaagalommx ITuM coiicTBoM. Clep0BATEABHO,
ofiee uucao 6JaronpUATCTBYIOWIMX HCXOROB paBHO Ci-Ch,
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d HCKOMAasl BCPOATHOCTb PaBHA
Cu-Cy

+n °
M+N

ITpumep 4 Umelorca N sueexk # n yacthy, Yacruun
«Hayzauy» pa3MemialoTcs no auciikaM. Haiitu BeposSTHOCTD
KaXJOro M3 BO3MOXHBIX PAa3MCIICHHH.

JTa 33Aaua NpPeACTABAACT 3HAYMTE/AbHBIR HHTEpEC 1ad paaa
BaXHHX npobneM ¢u3MKH, XxUMHM, OHOJOrMH, TCXHMKH. B
3aBHCHMOCTH OT CneuM(pUYecKcro cymecrsa npolieMbnl CIOBO
«Hayfayy» HMCET pasJiM4YHbM cMbic1. Mu pacckaxeM o Tpex
PA3IMYHBLIX NOAX0JAX, pa3spabOTAHHHX B (PM3UKE M NPHBEIUIKX
K cratuctukaM Makceeana — Boabumana, Bose — DitHuiTeitHa
¥ Qepmu — JIupaka.

a) Ctatuctuxka Makceseanna—boabu-
M a H a. IlpcanonoxuM, YTO BCE YACTHUBL M BCE SAUCHKH pas-
JMYHB M KaXpaas M3 71 YaCTHL C BEpPOATHOCTHIO 1/N Moxer
nonacTs B /00 YI0 AueiKy HE3aBKCHMO OT ApYyrux uactuy, Yucno
BCCBO3MOXHBIX PA3/IMYHBIX PACMOJIOKECHHH YACTHI NO AYCHKaM,
KaK JICTKO MOHATb, paBHo N”. Haiiaem Teneps BEPOITHOCTD TOIO,
YTO B NEPBOH AYEHKE OKAXYTCH .n; YacTHL, BO BTOPOX — n,, B
N-ii — ng. TIOHATHO, UTO HEKOTOPLIE M3 YHCEA Ny, My, ..., Ny
MOTyT OKa3aTbcsi HyasMd. Ha ¢opMmyay aas umcaa coueranum
M3 1 3J1EMCHTOB MO /N MOXHO CMOTPCTb KAK HAa PpA3MEILCHHE
n 3MeMEHTOB MO ABYM suedkaM (N = 2), npuueM n, =m Hu
n, = n — m. ITOBTOpHB MOYTH AOCJOBHO PACCyXACHMSH, MPOBE-
JEHHBLIE HaMU NPK BLBOAE (POPMYJibl AAS YHCAA COYCTAHMIA,
MBI NOJIYYAEM, YTO YUCJIO BCEX BO3MOXHLIX PpAa3MYHBIX CIOCO-
6OB pasMeLUEHMS /1 DAEMEHTOB N0 N syeidkaM, npH KOTOPOM
B IICPBYIO M3 HHX NONAjacT n, NACMEHTOB, BO BTOPYK) — N,
JJIEMCHTOB M, HAKOHeW, B N-10 — ny 3JICMEHTOB (ny = n —
—n, — n, — ... — ny-y), PaBHO

n!

Tenepp SCHO, UTO BEPOATHOCTD YKA3aHHOIO pa3MELUCHHs
paBHa
n
P (ny, ny, ..., ny) = —————.,
n! ... it N
PaccmoTpuM 3ty 3amauy npu n &« N M HaliaeM BEpOSATHOCTb
TOIO, UTO B OnpedeieHHbIX AUEHKaX OKaXETCS Mo OJHOM 4YacTH-
e, a octaibHee 6yayT nycra. UckoMasi BEPOSITHOCTb, KaK 3T0
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BHTEKaeT U3 (GOpMyJibl, paBHA
n!

P1=N,,-

BepoSTHOCTP TOrO, 4TO NMPOH3BOJBHHE SYCHKHM COACPXAT IO
omHoM uyactuue, Gonbwe B Cy pas u, TakuM ofpasom, 3Ta
BEPOSITHOCTb PaBHA

n — —
P2 = Cip N'(N—nyt
6)CTtatucTHukKa Bose—DiduHmTEHHa.
IpeanonoxumM, YTO YACTHUH HEPA3JNUHMH Mexay coboil. To-
raa pasMellcHHsS OT/IMYAIOTCS HE HOMEPAMH YACTHI, a3 YHCJIOM
YaCcTHL, NOMABUIMX B KaXAY1O SY€HKy. Uncao mcxomos B CTa-
TcTHKE Bose — DMHINTEHHA, KAK MBI CEIYac MOKAXEM, PaBHO
CN 4n—1- DTOT PE3YABTAT MMEET POCTOE M H3AMHOE KOMGUHATOD-
HOE pelICHHE.
Pacnonoxum B ogqus psaa N + 1 BEPTHKANBHYIO YEPTOUKY H
n TOYEK; UMEHHO, MMeeTcs B BuAY, uro N — 1 ueprouxka u n
TOYEK PaCHOJIOXKEHH B IPOM3BOJBHOM MOPINKE MEXAY ABYMS
KpPanHUMH 4yepToukaMu. Kaxanil nmpoMEeXyTOK MeXAy IBYMS
COCEHMMH uepTOukaMu OyaeM paccMaTpuBaTh Kak sYeKy, a
TOYKHM — K3K YaCTHUH (BCETO s14eeK N; €C/IM ABE YEPTOUKH CTOST
pSOOM, TO COOTBETCTBYIOmMAS AYECHKA cumTaeTcs mycroi). Iee
KpaifHHe YePTOUKH OCTABMM HEMOABMXHHMM, a N — 1 BHYTpeH-
HIOIO YEPTOUKY M N1 TOUEK CTAHEM MEPECTABAITh BCEMH BO3MOX-~
HEMH cnocobamu. OOwee YMCIO BO3MOXHHX MNEPECTAHOBOK
YyepToueKk W TOueKk paBHO (N + n — 1)!, omHako cpeam Hux
HMMCIOTCS TOXACCTBEHHHE. B camoM aesne, passiuyHHMK niepecTa-
HOBKAMH MH CYMTAjJH, BO-TIEPBHX, T€, B KOTOPHX MEHSAIOTCS
MECTAMH YEPTOUKH, M, TAKUM O0pa3oM, MBl CUMTAMH KaXIOE
pa3mecmenne (N — 1)! pa3. Bo-BTOpHX, MBl CUMTAaAM pa3iuy-
HBIMM CAMH TOYKH M TEM CAMBIM KaXI0€ Pa3MCLIEHHE MH
cuntaam n! pas. [1o3ToMy UMCIO pa3/IMYHEX Pa3MELICHHH uac-
THILL MO SIYEHKAM Aas cTaTUCTHKKM Bode — DitHwTeiHa paBHO
(N+n—1)

W=Dy = Chen-ie

PaccMoTpuM Tenepb BEPOSTHOCTH p; M p, AAS CTATHCTHKH
Bo3e — Oitnmreina. BepossTHOCTh MONagavus B 3adaHHble n
sueek (n < N) mo OAHOI YacTHLE paBHA

1 nt (N —-1)
ph= TWEn-y
C:‘:I+n-1 ( n )
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BeposaTHocTe monagaHMs B MpPOM3BOJIbHHE 7 gYeeK MO OXHOM
YaCTULE paBHA

Cn NI(N = 1)
Choney N+n—DI(N =)'

D=

BDCrarucruxa ®Pepmu — ]I unpacxa. B oaroi
CTaTHCTHKE HE TOJBKO YCTPAHEHA MHAMBUAYAALHOCTD YACTHLL, HO
M MPEANOIAraeTcs, YTO B KAXAOM AYEHKE MOXET HAXOAMTHCH HE
6onee ogHoM yacTuub. O6wee YMCIO PA3IMYHBIX pa3MELICHUI
n yactvl, mo N sueiikaM (n € N) paBHO Cy (3TO 4MCIO yXe
ONpee/syIoCh NMPH PacyeTe BEPOSTHOCTH p, B CJIyyae a)).

BepositHocTH p;, M p, B cratuctuke @Pepmm — dupaxa
paBHH
1 m(N-ny
PEEE TN L
YrpaxHEeHHA

1. Haitnure BepoOSITHOCTL TOTO, 4TO ABa JMUA A U B oKaxXyrca
PANOM, €CJIH OHM PACCaXUBAKOTCH BMECTE € 15 OCTaIbHBIMM TPOM3BOJLHBIM
ofpa3oM B paa, HacuuTbisawowmit 17 mecr?
216!
Omeem: —— = 2/17.

2. 1 ]eBOYEK U N MAIBMMKOB PACCAXKMBAIOTCH MPOM3BILAbIM 00pa3oM B
pagy u3 2n mecr. Kakosa BEPOSTHOCTb TOIO, 4TO0 HMKAKME JBe AEBOUKM He
OKaXyYTCsl pAAOM; 4TO BCE ACBOUKM GyayT cMpeTh paaom?
2y’ (n+ 1))

@n)’ @2n)! B

3. Ha maxMaTHy10 AOCKY NMpPOM3BOJBHBIM 00Pa3oM MOCTABUIM JABE JaZbH
(6eyto M YEPHYI0), KAXKAYIO B CBOIO KNETKY. UTO BEpOATHEE: NOOLIOT 3TH A3 by
ApyT Apyra wiau Her?

Omaen:  BeposTHee, 410 He noGblOT, BEpPOSTHOCTL 3ITOMO  PaBHA

Omaent:

§ 4. YcnoBHbie BEPOATHOCTH H HE3ABHCHMOCTb;
TeopeMa YMHOXEHHMS BEPOATHOCTEH

IMpu pemieHMH BEPOSTHOCTHHX 33334 YacTO BO3-
HHUKaeT HeoOXOAMMOCTb OMpENEAMTh BEPOSTHOCTh COOHTHY B
CHTyaLMH, KOTAA O HEM MMEIOTCH HEKOTOPHE JOMOJHHUTEIbHBIEC
cBeaeHug. O6Gp4HAs NOCTAHOBKA mpoGieMB MpH 3TOM TAKOBA:
HYXHO HaliTH BEPOSTHOCTb COOGHTHS A MOCAE TOro, KaK CTajio
M3BECTHO, YTO HEKOTOPOE COOHTHE B MPOM3OULIO; MHHIMH CJIO-
BAMM, M3BECTHO, YTO MMEJ MECTO HEKOTOpHII HCxoA, Gna-
ronpuSTCTBYIOIMA coOuTHio B. Tak, ecnu HaM HYXHO Ompe-
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ACAUTh BEPOATHOCTh TOTO, YTO YMCJIO OYKOB MNpH OpOCaHHH
MrpasibHOM KOCTH OyaeT YEeTHHM, a HAM CTAJ0 M3BCCTHO, YTO
BRNAJO YMCJIO OYKOB, MEHbIIEEe 4; 3TO 03HAYAET, UTO HACTYN-
JICHHIO MHTEPECYIOLIErD HAC COORTHA 61aronpUATCTBYET TOJIBKO
OAHH H3 TPECX BO3MOXHBX HCXOOOB.

[MpennoaoxuM, 4To U3 o01ero yucsia N BO3MOXHBX HCXONOB
m uCXonoB G.1aronMpMATCTBYIOT HACTYILIEHMIO CcOGmTHMS B, a
coObTHIO AB GnaronpuarcTByOT k ucxogoB. Ilycte cobuitue B
HACTYNWNIO.

Ycaosnoi aeposmuocmbio COOBITHS A NpU YCJIOBHM, YTO
HACTYmu/10 coObTHE B, HA3WBACTCA OTHOIIEHHE YMCAA Tex Oaa-
TONPUATCTBYIOWMX A MCXOAOB, KOTOPHE 61aronpUsATCTBYIOT U B,
K YMCJy BCEX MCXOROB, GiarompusaTCTByOWMX B. 3Ty BEpodAT-
HocTh OyaeM 0003Hauate cuMBoIOM P(A/B). Torna no onpeae-
JIEHHUIO

P(A/B) = k/m.
Ecru B — HeBo3MOXHOE COOHTHE, TO OyaeM CUMTaTh, YTO

BEpoATHOCTh P(A/ B) He onpeaeneHa.
3aMeTuM, YTO

k/n
P(A/B) = m,
HO P(AB) = k/n, P (B) = m/n. [loatomy
P (AB)
P(A/B) = 5.

Mbl moAyuywaM BaXHOE COOTHOWIEHME, MO3BOJISAIOLWIEE Bhi-
YHCISTh YCJOBHYIO BEPOATHOCTH P(A/B) 1m0 BEpPOSATHOCTAM
P(AB) u P(B) (nocncaHHE BEPOATHOCTH CCTECTBCHHO HA3BATh
Ge3ycrosnbiMu). 3aMETHM, YTO MONyYEHHas (OpMyna CIyXuT
ONpPENC/JICHUEM YCIOBHOM BCPOSTHOCTH M B 00meM cayuae.

[T puwmep 1. Tpoc BAIMX NMPUATEICH XHBYT B KAKMX-TO
43 JOMOB ¢ HOMepamu ot 1 1o §0. B kaxaoM M3 3THX ZOMOB Mo
100 xBaprup ¢ Homepamu ot 1 a0 100. I'ne xuBer KaxXaHi U3
BALIMX MPHMATECH, BH TOUHO HE 3HAaere. BaM M3BECTHO JIMIIb,
YTO a) HOMEP KBAPTHPH MEPBOrO OKAHYMBAETCA HA 3; 6) HOMEp
IOMa BTOpOro ACAMTCH HA 5, 3 HOMEpP €ro KBapTHPH — Ha 2;
B) CyMMa HOMEpOB KBapTHpH M A0Ma TpeThero pasua 100.

B kakOM M3 3THX CTy4yaeB BEPOATHOCTh MOMACTh B HYXHYKO
BaM KBapTHPY C MEPBOIO pa3a Haubonpas?

O6Go3Hauum uepe3 A COOBTHE: HOMEP KBAPTHPH OKAHYMBA-
ercad Ha 3. SICHO, YTO YMCAO BCEBO3MOXHHX 3JEMCHTAPHBIX
coOmiTHit, GaaronpusarcTByomux A, 6yvaer 50-10 = 500.
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Ilycte B — cofnTHE, COCTOALIEC B TOM, YTO HOMEP AOMA
AcnuTCd Ha 5, a HomMep KBapTHpH — Ha 2. OueBugHO, YTO M B
cocrout u3 10-50 = 500 snementapHnx coOuThii.

Hanee, C — cofuiTHE, 115 KOTOPOTO CyMMa HOMEpA A0OMa M
Homepa kpaptups pasHa 100. [Ina C umeerca 50 snemeHTapHHX
COORTHIA.

Hakonen, D — co6uTHe, cocTOsEe B TOM, YTO C NEPBOIO
3aX0fia YAAeTcs Nonacrb B HYXHYIO KBapTHPY.

WUckoMbie BeposiTHOCTH paBHH

P (D/A) =5, P(D/B) =5, P(D/C) ==

500° 500
Has cpaBHenMs npuseseM Oe3yC/IOBHYIO BEPOSITHOCTH CO-
6niTus D:
P D)= 5000
Cdopmyaupyem 3aech CBOICTBA YCJIOBHHX BEpOSITHOCTEN,
nopo6HHe cBOMCTBAM 6E3yCIOBHHX BEPOATHOCTEN M3 § 2.
1. Bcerna 0 < P(A/B) < 1, nmpuuem P (A/B) =0, ecau
AB — HeB0o3MOXHoOe cobmrtune, u P (A/B) =1, ecin A D B.
2.Ecm C =AU Bu AB = J, 10 aas uodoro cobutus

P (A/D) + P (B/D) = P (C/D).

3Tta TeopeMa CI0XEHHUS BEPOSTHOCTEH PACNpPOCTPAHSAETCH M
Ha cayyail, korma A = A,U A U ..U A, AA, = npu ( # j;
L, j=1,2,.. k

P (A/D) =P (A/D) + P(A/D) + ... + P (A./D).
3. Ecin A — cobuiTHe, NpOTHBONOJIOXHOE A, TO
P(A/B) =1 - P (A/B).

BHIIHUCAHHHE CBOMCTBA JOKA3HBAIOTCH TOUHO TAK X€, KaK H
AHANOrMYHHE CBOMCTBA A8 Ge3ycnoBHHX BepostHocTei. Jloka-
3aTENLCTBO 3THX CBOMCTB MOXET CTaTh A/ BaC XOPOIUMM yIi-
PaXHCHHCM.

Il pumep 2. aeKTPHUECKHE CXEMH, O KOTOPHX pedb
noiiger panpime, co6paHH M3 31EMEHTOB, KOTOPHE MOrYT B
MOMEHT BKJIIOYEHHMS: C BeposiTHOCTHIO 0,5 nmpoBOAMTbL TOK M C
BepossTHoCcTho 0,5 He npoBoauth ToK. COCTOsIHME KaXmoro us
3/IEMEHTOB HE BJIMSET HAa COCTOSIHHE ApPYTHX.

a) UssectHo, uro uenp (puc. 15) nmpoeoautr Tok. Kakoma
BEPOSTHOCTb TOIO, 4TO d/eMeHT / nmposoaut Tok? Kakosa Bepo-
SITHOCTb TOIO, YTO 3/eMeHT 2 npoBoauT Tok? Kakas us Bepost-
HocTeit Gosplue?
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6) Hseectno, uto uemp (puc. 16) nposomur Tok. Uemy
PaBHB BEPOITHOCTH TOrO, YTO TOK NpoBOAAT yuactku I, IT u II1?

B) MaBecrHo, uto nenb (puc. 17) He npoBoauT ToK. Kakosu
BEPOSTHOCTH TOrO, YTO TOK HE mpoBoadT yuactku I, II m III?

P e m e n u e. a) [Tockonbky B Lienu UIMEOTCH § an€MeEH-
TOB M KaXIhlif M3 HMX MOXET HAXOAMTHCS B OJHOM M3 IBYX

Puc. 15. Dnextpuueckas cxema K Puc. 16. Daextpuueckast cxema K
npuMepy 2 npumepy 2

COCTOSIHMH, TO LIEMb MOXET HAXOOUTHCH B 2° = 32 COCTOSHMSIX.
Beenem ofo3HaueHus: A; — COOHTHE, COCTOMIEE B TOM, YTO
aneMeHT | NpOBOIUT TOK; A; — coOHTHE, COCTOSILEE B TOM, YTO
97EMEHT 2 MPOBOOUT TOK; B — BCS LENb MPOBOXHMT TOK.

M3 Bcex 32 BO3MOXHBIX COCTOSHMM 2J€MEHTOB Lenu B 16
OHAa mpoBOAMT TOK. B 3TOM Jerko yGeaMThCs, BHNUCAB BCE

Lo

I

o

o

Puc. 17. dnektprueckas cxema K npumepy 2

BO3MOXHHE COCTOsHHA. B cienyomeit Huxe tabanuke 6yksa’ n
0603HauaeT C/OBO «MPOBOAMT», OYKBAa H — (JOBO «HE Npo-
BOINT»; MECTO OYKBH 03HAUAET HOMED IMEMEHTA, 3HAK « + »
03HAvdeT, YTO LEMb NPOBOOHT, 3 3HAK «—» — YTO LEMb HE
NPOBOXMT TOK.

nnnnn + (1+)
C onHoix OyxBOit M BCE TIPOBOAST 5+)
HANKN —, NAHNH — 2-)
Bce octanbHbie ¢ AByMs GYKBAMHM M TIPUBOASAT @8+)
NHAHK + , HHHRN + (2+)
Bce ocTanbHbie ¢ TpeMs GYKBAMM H HE MPOBOAST 8-)
C uetbipbMs GyKBaMK K BCE HE NPOBOANT 5—)
HHHHH— 1-)
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Takum obpazoM, P (B)=0,5. [anee HaxoauMm, 4YTO
P (AB) =11/32 u P (A,B) = 9/32. O1rciona HaxoauM, 4TO
P(AB) _11/32 _ 1

P(AVB) =5 = Tom = 1%
P(AB) 9
P(Ay/B)=—; (;) =

6) Beenem creayiomme 0003HAUEHMS COOBITHI: A; — yua-
crok | mposoaur TOoK, A, — yuacrok Il mpoBoaur TOK, A3 —
yuacrok Il nposoaur Tok, B — uenb npoBOAMT TOK. Jlerko
NOACYHMTATh P (B), T. €. BEPOSATHOCTb TOIO, UTO LENb HE MPOBOAUT
TOK. JI/11 3TOr0 HYXHO, YTOOK HU OIMH M3 YYaCTKOB HE MPOBOAKN
ToK. 3 64 BO3MOXHBX MCXOROB 21 61aronpHATCTBYET ITOMY
cobntuio. Takum obpasom, P (B) = 43/64.

Tak kak A, Baeder 3a coboit B, To A\B = A,. Ho cobuiTuio
A, GnaronpHaTCTBYIOT poBHO 8 MCX0moB — 2J€eMeHTH I, 2, 3
HPOBOAAT TOK, @ AMEMEHTH 4, 5, 6 MOT'YT HAXOAMTHCS B JMIOOBIX
cocTosHMAX (a Takux cocrosHmii Bcero 8). Takum o6pasom,
P (A;B) = 8/64. Tlono6HbiM Xxe cnocoboM yGexnaeMcs B TOM,
uro P (A,B) = 16/64 n P (A;B) = 32/64.

CaenoBaTeabHO,
P(A/B) = Plf’(‘;;) = %
P(Ay/B) =2 lf’(‘;’;) -
P(Ay/B) = 515‘%) =2

Pelienue 3agaum B) HUYEM HE OTIMYAETCS OT PELUCHHS
3agau¥ 6), TOABKO MOBCIOAY CACAYET 3aMEHHUTb CJIOBO <«HpO-
BOAMT» HA CJIOBO «HE MPOBOAUT». ICKOMBEIE BEPOSTHOCTH OKa3bl-
BAlOTCA paBHbBIMM COOTBETCTBEHHO 8/43, 16/43, 32/43.

B Teopun BEpOITHOCTEH OUEHDb BAXHYIO POJb UIPACT MOHATHE
He3aeuCUMOcmu CTydaiHbIX COOBITHIA.

CobniTHe A Ha3bIBAETCS HE3AGUCUMbIM OT COOBITHS B, ecan
HMEET MECTO paBeHCTBO P (A/B) = P (A), T. €. ecM ycnOBHas
BEPOATHOCTb COOBITUSI A TIPH YCJIOBMHM, UTO cOOBTHE B Mpon3ou-
N0, coBnagaer ¢ 6e3yca0BHON BEPOSTHOCTBIO COOMTHS A.

[TpuBeneM HEKOTOpPHIE MPHUMEPHI.

ITpumMmep 3. U2 konoge KapT BHHUMAKOT HayJaudy Kapry.
Yemy paBHA BEPOSTHOCTb TOTO, YTO 3TAa KAPTa OKAXETCS TY30M?
Ecnu B konoae 36 kapr, TO Kerko BUAETb, YTO MCKOMAsI BEPOST-
HOCTb paBHa 4/36 = 1/9. Urak, BeposaTHOCTb COONTHS A paBHa
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1/9. TlpeanonoXuM Tenepb, 4TO mpousonLio cobwTne B, co-
cTOdIIEE B TOM, UTO BHHYTas Kapra okasanach 4YepHoit. Yemy
paBHa YCIOBHAS BEPOATHOCTH BHHYTb Ty3 TIPH 3ITOM NOMOJI-
HUTEIBHOM ycoBuH? Jlerko BUAETb, UTO TENEPb Y HAC MMEKIOTCH
toabko 18 BO3MOXHOCTEH ¥ M3 HMX 2 6IaronpuATCTBYIOT CO-
6nTHio A. Takum 06pa3oM, yC/IOBHAs BepOATHOCTh COOHTHS A
Npy YCJIOBHMHM, uTO B Hactynwjo, paBHa 0e¢3yCIOBHOM BepoAT-
HoctH. CobnTHE A He 3aBUCHT OT coOuTHna B.

ITpumMmep 4. Bkiaacce 4 yuednka, MeIOIMMX HEYXOBJICT-
BOpHTENBHHE OLIEHKH No npeametaM A, B n C. TlepBhit yueHnk
MMEET HEYJOBJACTBOPHUTEJIBHYIO OLICHKY TO MpCAMETy A, BTO-
poit — mo npeamerty B, Tpctmit — mno npeamery C, a yeTBep-
THI1 — MO BCEM 3TUM TPEM MpenMeTam. ITnpekTop mKoaH 3HaeT,
YTO y ITHX YETHPEX YUEHHKOR HEYNOBJICTBOPHTCAbHHE OLCHKH
no npeameraM A, B n C, HO He 3HaeT, y KaKoro yu4eHuKa, no
Kakomy npeamery. Bo BpeMs nepeMEHH OH BCTPEUacT OHOMO M3
YUYEHHKOB M TOBOPHT eMy: «Koraa Xe TH WCNpaBuUUIbCA MO
npeamety A?» ScHoO, uTo KaKkoit OH NpeaMeT OH HX HA3BaJ, OH
CKaXeT NPaBUABHO TOJABKO C BEpPOATHOCTHIO 0,5:

P(A)=P(B)=P(C)=0,5.

Mvcrs Tenepp HaM CTano W3BECTHO, YTO AMPEKTOP yrajan:
OEMCTBUTEIBHO, V ITOMO YUEHNKA UMECTCA HEYIOBICTBOPHUTC/Ib-
Has oueHka no npeamety A. Torna aupektop nobasnset: «Tebe
HYXHO MCTPaBUTb TBOM OLUEHKH M mo npeamery B». C KakoH
BCPOATHOCTBIO AMpeKTOpP He ommbaercd w Ha aror pa3? Jlerko
MOACYMTATH, YTO

P(B/A)=P(C/A)y=P(A/B)= P(A/C) =P (B/C) =0,5.

MH BHaNM, 4TO U B 3TOM npumepe cobutna A, B, C, cocTosmme
B TOM, YTO HAayAauy COPOLEHHHHN M3 3THX YETHPEX YUCHHUKOB
MMEET HCYIOBJIAETBOPHUTCABHYIO OLUCHKY MO mpeametry A (coot-
BETCTBEHHO MO npeaMery B u C), TaKOBH, UTO KaXjag napa u3
ITHUX COOMTHI ABISETCA HE3aBUCHMOM,

Mycts cOOHTHA A ¥ B He HBASAIOTCS HEBO3MOXHLIMH.
Hokaxem, uTO B 3TOM Cayuae coOHTHE A He 3aBUCHT OT B,
u cobuTtHe B He 3aBuCHT OT A. MHHMM CI0BaMH, NOKAXEM,
4YTO CBOMCTBO HE3ABMCHMOCTH CAYYAHHHX COOHTHII ABASETCH
B3aMMHBIM.

Mycts P (A/B) = P(A) n P(B) > 0. Mu umeem B cuy
OnpeIcAeHN HE3aBUCHMOCTH ¥ OMPENC/ICHHS YCIIOBHON BEPOAT-
HOCTH CJICAYIOLUME DaBEHCTBA:

P(A/B) = P(A), P(A/B) =" P(gf)’,




orxyaa P (AB) = P (A) P (B). Ho no onpenencumio P (B/A) =
_ P(AB)
TPy
P (AB) = P (A) P (B), T0

ecin P (A) > 0. TNockoibky B HameM ciyuae

P(A) P (B)

P(B/A) = —5s

= P (B).

M3 npoBeIcHHONO M0KA3aTCABCTBA BHTEKACT BAXHOE CI€X-
CTRUC: A/19 HE3aBUCHMMBIX COOWTHI A M B HMMCET MCCTO
TCOpPEMA VMHOXCHMUSY BEPOSATHOCTECH

P (AB) = P (4) P (B).

Hetpyano nokaszaTe W 0OpaTHOE YTBEPXICHHE: €CTH
P (AB) = P (A) P (B), 10 cobutnHa A n B Hesasucnmu. Ouc-
BUIHO, UTO CBOMCTBO HE3QBHMCHMOCTH, BHPAXacMOE MOCIAEIHEH
dbopmynoit, HMeeT 66ABIIYIO TPUMCHUMOCTD, TOCKOABKY BKJTIO-
yaer cayyait P (A) =0 wm P (B) = 0.

TeopemMa yMHOXEHHS BEPOSITHOCTEH IS NMPOM3BATBHHIX CO-
OWTHit UMEET BHUA

P (AB) = P (A) P (B/A) = P (B) P (A/B).

OB06IEMM TOHSATHE HE3ABMCHMOCTM Ha mMoboc umMCao co-
OnITHIA.

Coburus A, A;, ..., A, HASHBAIOTCA HE3ABUCUMBIMU G COBO-
xkynHocmu (MITH @3AUMHO HE3QGUCUMBIMU), ECTTN IS 1060r0 s,
2 £ 5§ € n, n NpPOM3BOILHOTO Habopa cobmTHI A, A,-z, veey Ay
BHITIOJTHACTCS TEOPEMA YMHOXEHUSI BEPOSTHOCTEH B BHIE

P(AyA . A) = P(A) P (A) ... P (A).

3ameTHM, UTO B IpuMepe 4 ¢ yueHnkaMmm cobutna A, Bu C
B COBOKYMHOCTH YX€ HE SBASIOTCS HE3aBUCMMBIMH (TIpOBEph-
Te aro!).

IT pnwmep 5 Urpanouas kocrs Gpocaercs nqsa pasa. Pac-
CMOTPHM cobOnTHE A — nipu nicpeoM GpocaHum BHNAMO 6 OuKOB
¥ coOHTHE B — mipu BTOPOM GPOCAHMH BHIMAJIO HEUETHOC UMCIO
oukoB. JlokaxeM, uTo COONTHS A N B RC3ABHCHMH.

B namem onmrte uMewoTcs 30 pasMuUHBX IMEMEHTAPHBIX
cobmrnit. U3 Hux mects crenyiownx 61aronpusTCTBYIOT CO-
6utuio A: (6,1), (6,2), (6,3), (6,5, (6,6).

CoburtHe B BiouaeT 18 aneMeHTapHBIX COOMTHIL, MOCKOMb-
KY Kaxnoe BHMNAJcHHE HEUYETHONO UMCJIA OUKOB TIPH BTOPOM
6pocaHMM MOXET COUETAaThCs C MIOOHM M3 IIECTH BO3MOXHBIX
ucxogos mepsoro Gpocanmsa. Coburue AB Gyner comepxath
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TONIBKO CJAEAYIOUIME TPU JEMEHTapHHe cobmrus: (6,1), (6,3),
(6,5). Taxum obpazom,

6 1 18 1
Ply=g5=5 PB =5%=3
H
_ _l_l l_

uto M TPeGOBANOCH JOKA3ATS.

Herpyano noxasarts, uTo npH n 6pOCaHMAX UIPAJbHON KOCTH
COOBTHSA, CBA3aHHHWE C OTAC/HbHHMH OpocaHusmu, OynyT He-
3aBMCMMH B COBOKYMHOCTH. J{OKa3aTe/bCTBO NPOBOOMTCS aHA-
JIOTHYHO TPOBEACHHOMY PAacCyXICHHMIO IS Cydasi AByX Opo-
CaHUH.

Mmn nepeiineM Tenepb K BHBOAY MPOCTOM, HO BaXHOH ¢op-
MYJIBl, HOCSLIEH HAUMEHOBAHWE G O P MYy A1 Bl M OJ H O #
BEPOSATHOCT M, KOTOpast CBA3HBacT 6€3yCNOBHYIO M YC-
JIOBHYIO BEPOSITHOCTH HEKOTOPOTO COBHTHS.

Myctb ang cobuTuit A, B, By, ..., B, onpenaeaeHs ¥ OTAMYHH
OT HyJ4 CJCAyIOlIHE BeposSTHOCTH: P (B)), P (By), ..., P(B) n
P (A/B), P(A/B,), ..., P (A/B,). IlycTb nanee HaM U3BECTHO,
yro A C B, U B,U ...U B, ¥ ut0o co6HTHME B; NONapHO HECOBMeE-
CTHB. MOXHO /1M 10 3TMM JaHHBM HAUTH BEPOSTHOCTH COOMTHS
A M, eCJIM MOXHO, TO Kak? OTBeT Ha 3TOT BOnpoc U aaer popmyaa
MOJIHONH BEPOSTHOCTH.

N 20k -,

8, 8,

Puc. 18. K Bbisogy GopMYyJibi MOIHON BEPOATHOCTH
Tpexae BCEro 3aMETHM, YTO MMEET MECTO PABEHCTBO
A=A (BUBU ...UB)=AB UABU ..U 4B,

TO PaBEHCTBO XOPOINO H/UIIOCTPUPYETCS HA pHC. 18, cxema-
TU3UPYIOLIEM CUTYALMIO A Cayuas YEThpeX cobuTHil B, B,
B}, B4-
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W3 HecoBMECTHOCTH COOHTHIL B; BHTEKAET HECOBMECTHOCTD
coburhit AB;. CeloBaTebHO, MOXHO BOCHOJIB30BATHCH TEOPE-
MOH CJIOXEHHS BEPOATHOCTEH:

P (A) = P(AB) + P (AB;) + ... + P (AB,).

Ho npu mobom i (1 < i < k)
P (AB) = P (B) P (A/B),

MOITOMY
P (A) = P(B)P(A/B) +
+ P(By) P(A/By) + ... + P (B) P (A/B,).

910 M ecTh HOPMya MOJHOM BEPOSATHOCTH.

Il pume p 6. I[lapTua neraneii conepxur 20 % nmeranei,
HM3rOTOBJICHHHX 3asogoMm I, 30 %, — 3asomom II 50 9, — 3a-
pogoM III. Ona 3aBoga I BeposTHOCTD BHNYCKa OGPaKOBaHHOM
neranun pasua 0,05, nna sasopa II — 0,01, ans 3asona III —
0,06. Yemy paBHa BEpPOATHOCTb TOrO, UTO HayHauy B3sATas U3
MAPTHH JETadb OKaxerca 6paxoBaHHOM?

BeeneM cacnyomue CoOLTHS: A — BHOpaHHAs AETaAb OKa-
apBaercs OpakoBaHHO#, B),, B,, B; — neTanb HM3rOTOBJCHA
cooTBeTcTBERHO 3asopoMm 1, 11, 1I1. Ham u3asecTHH BepoSTHOCTH:

P (Bl) = 0’2’ P (BZ) = 0131 P (B3) = 0151
P (A/B)) = 0,05, P(A/B;) =0,01, P (A/Bs) = 0,06.

ITo opmysie NOITHOM BEPOSTHOCTH HAXOMMM, YTO
P (4) = 0,2-0,05 + 0,3-0,01 + 0,5-0,06 = 0,043.

ITpocTrM caeacTBueM HOPMYJIH NOJTHON BEPOSITHOCTH SIBJIS-
€TCq TaK HaspbBaeMasi TeopeMa baie ca:

Ilycte coOmTHs B, nonapHo HECOBMECTHH M A C
C B,U ...U B,, Torna

P (B/A) = kP(B.)P(A/B.') ]

> P(B)P(A/B)
Jj=1

B camom pene, M3 TEOPEMB YMHOXEHHS BEPOSTHOCTEH
P (AB) = P (B/A) P (4),
P (AB) = P (A/B) P (B)
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caeayer dopmyna (gpopmyaa Baieca)

P (B) P (A/B)
P(B/A) = Pa)
TMoncrasum B 3Ty dopMyny BhipaxeHue Aas P(A) no dopmyae
MONHOM BEPOATHOCTH M_NOJOXHM B = B;, ¥ TOraa nojgyuum
yTBepxueHue TeopeMn DBaiteca.

HaueHHe 3ToM Teopembl, oTkpuiToi T. Baitecom B 1763 ro-
1y, 3aKJIIOYaeTcs B TOM, UYTO OHA CBS3HIBAECT BEPOSATHOCTH
P (B;/ A) cobuTHit B; nocje HacTyn/eHus CoOMTHS A C BEposT-
HocTaMH P (B;) no HactynacHus A. B craTucTHueckux npume-
HEHMSX COOMITHS B; 4aCTO Ha3bBAOT «IMMOTE3AMHM», BEPOST-
HOCTH P(B;) — «anpuopHbiMM» (OT JIaT. a priori — A0 ONHTA)
BEPOSTHOCTSMH runore3 B;, a BEPOATHOCTH P (B;/A) — «ano-
CTEpHOpHBIMHK» (OT JIAaT. @ posteriori — mocsie OnuTa) BEPOAT-
HOCTSIMH FHMNOTE3 B; nocje HaCTymiIeHus CoOHTHS A.

MpownmocTpupyeM Teopemy baiieca Ha Martepuane npu-
Mepa 7. .

1 puwmep 7. [ycrb BHNOAHEHH YCJIOBMA mpumepa 0.
Haynauy Bu6paHHas AeTasb M3 APTHH OKa3aaach 6pakOBaHHOM.
Yemy paBHA BEPOSTHOCTb, YTO OHA Obij1a H3rOTOBJEHA 3aBOAOM I,
3asogom II, 3asonpom III?

Bynem npuaepxuBaThcs obo3HaueHuit mpumepa 6. Ham
HeobxopuMOo HAWTH BeposaTHocTH P (B,/A), P (B,/A),
P (By/ A). Tlo Teopeme bBaiteca

P (B)) P (A/B) 0,2:0,05
P (B;/A) = = ~50%
Y P (B) P(1/B)
j=1
0,3-0,01

= (0,233,

P (BZ/A) = —6.0—43— = 0,070,
P (By/A) = 020 = 0,698,

HUrax, BepoSTHOCTb TOrO, YT0 6pakoBaHHas ACTAJIb MPUHAZ-
nexwur 3asoay III, B aecats pa3 6osbiue, ueM Ta Xe BEPOSATHOCTD
ans 3asopa II, v B Tpu pa3sa Gosbiue, uyeM Ta X€ BEPOSTHOCTDb
ons 3aeoaa I.

YnpaKHeHHs

1. IIpH XaxoM YCJOBHMM BEPOATHEE yraiaTb peayabtat 6po-
CaHHS ABYX HTDaJIbHbIX XOCTel: ecaH H3BECTHO, UTO CyMMa OYKOB paBHa 7 ann
ecm oHa pasHa 10?
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Omaem: ecnu cymma pasHa 10, To BeposTHOCTS M0GOr0 pesyasTaTa paBHa
1/3; ecau cymma paBHa 7, TO BEPOSTHOCTb paBHa 1/6.
2, MoxeTt au 6biTh BepHa opmyna

P{(AjUA))/B} =P{A\/B} + P {A,/B},

ecan AjA2 — He nycroe cobpitue?

Omaem: Moxer. Hanpumep, ecnu B = AjA;.

3. UmeroTca ueTbipe ypHBI €O CAEAYIOIMM COCTABOM WIAPOB: -9 ypHa —
5 6enbix u 5uepHbix; 2-5 ypHa — | Genbiit u 2 uepHbix; 3-9 ypHa — 2 GeabIx
u 5 uepHbix; 4- ypHa — 3 Genbix u 7 uepHbix. Haypauy Boibupaercs ypua u
43 Hee OauH wap. YeMy paBHA BEPOSTHOCTb TOTO, YTO OH OKAXETCH UEPHbIM?

Omegem: 1/4 (1/2 + 2/3 + 5/7 + 1/10) = 271/420.

4. UMeI0TCH TPH CXEMBI C HEHAJEXHbIMU dneMeHTamu (puc.19). Hayaauy
BbIGMpaETCH MPOM3BONbHAY U3 HMX. KAaKOBa BEPOSTHOCTD TOrO, YTO OHA MPOBOAMT
TOK?

Omeem: /3 (1/8 + 5/8 + 1/8) = 13/24.

5. 3a HeKOTOPBIf NPOMEXYTOK Bpemenu ameba Moxer norubHyTh C BEpO-
STHOCTBIO 1/4, BBDKMTb C BEPOSTHOCTBK) 1/4, Pa3nenuTncd Ha ABE € BEPOATHO-
€Tbi0 1/2. B caenyroumii NpOMEXyTOK BPEMEHM € KaXA0ii ameBoit nporcxoamT
TO e camoe. Ckoabko ameb 1 ¢ KaKUMH BEPOSTHO-
cTMu GyAYT CyIECTBOBATH K KOHLY BTOPOrO mpo-

!
MEXYTKA BPEMEHHU? _@__@__@_
Omeaem: ecnv npu t = 0 “mcno ameb 6bino

paBHO 1, TO uMcno ame6 Kk KOHIY BTOPOro mpome-
Xxymka 6yner 0, 1, 2, 3, 4 ¢ BEpOSTHOCTAMM I
11732, 4/32, 9/32, 4/32, 4/32. WS

6. Urpok A HasbiBaeT uici0 0 ¢ BEPOATHOCTBIO
py v umcno 1 ¢ seposTHOCTBIO 1 — py = ¢;. Urpok
B He3aBHCMMO OT A Ha3bIBa€T TE XE€ uMCIa
C BEPOATHOCTHMI, COOTBETCTBEHHO, p; M
1 — p, = q,. Ecaut cymMma umcen yetHas (tounee,/0
win 2), TO BBIMIPBIBAET MIPOK A; ecam xe cymMa
HeueTHas (MMEHHO 1), To BbiMrpniBaetT B. KakoBbl
BEPOSTHOCTH BBIMIPBILIA IS KaXAOr0 H3 UrpoKoB?
Ecnu A 3Haet p;, To kak eMy caenyet ambupats py,
yro6bl  A0GMTHCH  MAKCMMAIBHON  BEPOSTHOCTH
BbiMrpbima?

Omeem: BepoATHOCTH BbLIMIPbIWA: PP, +
+ 99, — Ans urpoxka A; pyq, + pg, — BAS ur-
poxa B; p; =1, ecnu p, >0,5 p;, =0, eum
P, <0,5, npu p, = 0,5 BEPOITHOCTb BBIMIPHILLA
urpoka A pasHa 0,5 npu mobom p;. Puc. 19. Jnexrpuueckue

7. Y ManbuuKa B 1eBOM KapMaHe TpH KOHQ)CTI:I CXEMBI K YNPAXKHECHHUIO 4
«bBenouka» u oana koHdera «Macka», a B npa-
BOM — nBe «benouku» n ape «Macku». OH gocran
aBe kongeTsl M3 OXHOIO KapMaHa M 0Ka3anoch, uTo ofHa U3 HuX «Benouxa», a
Apyras «Macka». YeMy paBHbI BEPOSTHOCTM TOMO, YTO OH J0CTAn KOH(ETbI M3
JIEBOrO KapMaHa, U3 1paBoro KapMmaxa?

Omeaem: 3/4, 4/17.

8. Hokaxure 06oblIeHIE TEOPEMbI YMHOXKEHHS BEPOA THOCTE!:

P (Ay ... Ay) = P (A) P (Ay/A)) P (Ay/AA)) ... P (Ay/ALA; ... Ap-))s
P (Aj ... Ay/C) = P(A,/C) P (A A(C) ... P (Ay/A)A; ... A,_|C).
9. Mokaxure obobienne GopMy bl NONHOI BEPOSTHOCTH:
P (A/C) = P (B/C) P(A/B|C) + ... + P (B,/C) P (A/B,C).

3 A H. Konmoropos u ap.



I'JIABA 4

IOCJIETOBATEJIBHOCTH
HCIIBITAHU BEPHYJUIH.
NPEJEJIbHBIE TEOPEMBI

§ 1. IlocaenoBaTeabHOCTD HE33BHCHMBIX
ucnbitanuit. @opmyna Bepuyanu

B camoM Havase (popMHpOBAHHA OCHOBHHIX IO-

HATHUH TEOpPUH BEPOATHOCTEH BHSACHWIACH (PyHAAMECHTA/IbHAS
POAb ONHOM MATEMATHYECKOM MOACIHM, M3YUCHHOH H3BECTHHM
mpeliuapckum MateMatukoM . Bepuyim (1654—1705). 3ra
MOJE/b COCTOMT B CJIEAYIOIIEM: MPOM3BOAATCS IMOCACAOBATEIb-
HHE UCMBITAHHUSA, B KaXIAOM M3 KOTOPHX BEPOSATHOCTb HACTyN-
JICHHS OMNPENETCHHOrO COOHTHA A OAHA M TAa X€ M pPaBHA p.
HcnuTaHus npeanonaraiorcs HE3aBUCHMBIMU; B 3TO BKJIAJHBA-
eTcs CreAyommi CMBCT: cobHTHs A U A B KaXaoM U3 HCIb-
TaHUl SBASIOTCS HE3ABUCHMBIMU OT COONTHI A M A B Apyrux
HCMHTAHUAX (MPEAMECTBYIOMMUX WK nocaeayomux). Iocaeno-
BaTE/IbHOCTb TAKMX HE3aBUCHMBIX MCIIHITAHHUI C ABYMS MCXOAAMH
HOCHT Ha3BaHHE MOCJCAOBATEIBHOCTH ucnwimanui bepuyrau.

3amaua COCTOMT B CJEAYIOIIEM: B MOCJACAOBATEbHOCTH N
HCMBTAHHIE BEpHY/LAH, B KaXAOM U3 KOTOPHX COOHTHE A MOXeET
NOIBUTLCA € BEPOATHOCTBIO p, HAUTH BEPOSATHOCThD TOIO, YTO
cobuTHE A HACTYNUT POBHO M Pas.

3aMeTdM CHayaja, uTo B KaXJAOM HMCMNHTAHMM HAC HHTEpe-
CYIOT ABa MCXOA3a — HACTYIUVICHHE # HEHACTYIUIEHHE COObTHS A
(o TpagHuUMH — <«yAavya» MU <«HEyAaua»). BepoATHOCTL HEHa-
CTYIUICHUS COOHTHS A (HACTYIUIEHHS COORTHS A ) B onpenesieH-
HOM MCMBTAaHUM PABHA

q=1-p
BeposTHOCTb TOTO, UTO COOHTHE A HACTYNHT B ONpeAC/ICH-
HHX m HCNHTAHUIX M HC Hacrynwr B ONpEACJICHHHX n — m

HCNHTAHUAX, B CWIY TEOPEMH YMHOXCHHUS BEPOSATHOCTEH AJIA
HE3aBUCHMHX COOHTHIl paBHA

pmqn—m.
Ho m ucnpiTaHuii, B KOTOPHX MPOUCXOAUT COOHTHE A, MOXET
6HTh BHOpaHO M3 n BO3MOXHHX HcnuTaHuit C) criocoGamu.
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[TostoMy, B CHJly TEODEMH CJIOXEHHS BEPOSTHOCTEH, MCKOMAsi
BEPOATHOCTb, KOTOpylo MH OydeM 0603HauaTh CHMBOJIOM
P, (m), paBHa

P, (m) = Cip"q"™". @.n

3JTa BEPOATHOCTh HA3KWBAETCH OuHOMUansoll; dopmyay (4.1)
Mb GyAeM Ha3HBATh 30ech POPMYAOL Bepuyanu.

Qopmyna BepHysuin AaeT, B YACTHOCTH, BEPOSATHOCTH TOTO,
YTO COOHTHE A MPOH30INET BO BCEX /1 HCINTAHMSX, H OHA PAaBHA

P, (n) =p"
BEPOATHOCTb TOIO, YTO A HE MPOM3OMAET HH Pa3y, paBHA
P, (0) =4

PaccMOTpHM HECKOJIBKO MPHMEPOB.

ITpumMep 1. Bcembe 10 gereit. Cunras pis ynpomeHns,
YTO BEPOSTHOCTb POXICHHS MaJbyHKa paBHa 0,5, HailneM Bepo-
ATHOCTb TOTO, YTO B ceMbe MMerorcsa 0, 1, 2, ..., 10 Manabunkos.
3ameTnM, uTO B cruty paBenctsa Cp = Cp ™ W NPEANONOXEHHS
p =9 =0,5 nmelor Mecro pasencrsa P, (m) = P, (n — m).
TakuM o6pasom,

1 1
Py (0) = Py (10) = C‘ljo"z‘[o‘

= T
Po(l)y=Pp(9) = Cio'# = '1(1)%,
Py (2) = Py (8) = Cfo';lﬁ; = '1;%,
Pio@) = Pin(7) = Clo' =5 = 35
Py (4) = Py (6) = C:o'# = '1201—204,
Py (S5) = Cfo‘zlj = '1?(—:_224

Mu BHOMM, TakuM 06pasoM, UTO C BEPOSTHOCTHIO, GJH3-
Ko#t K 0,25, B MHOrOIETHOH CEMbE C JECATHIO AETBbMH MAJIbUM-
KOB K acBouek Oymer mopoBHy. BeposSTHOCTH Xe TOIO, uTO B
ceMbe OyOyT TONMBKO MANbUYMKH HJAH TOJBKO ACBOUKH, OMEHb
MAna — uyTh MEHbHIE ONHOH naTHCOTOH. C BEPOATHOCTHIO
672/1024 = 21/32 = 2/3 B CTO/Ib MHOTONETHHX CEMBSIX GyAeT
YEeTHPE MAJIbYHKA H IIECTh AEBOMEK, HJIH NMATh MAJIBYHKOB M MSATh
AECBOYEK, HIH LISCTh MAJIBUMKOB M YETHPE JCBOYKH.
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IMpuwmep 2. Ha ucnurateabHuil cTeHa nocrasacun 100
KOHAEHcaTopoB. U3BecTHO, YTO BEPOSATHOCTb Mpobos KOHAEHCA-
topa no ucteuenus 10 000 uacos paHa 0,01. Uemy paBHH
BEPOATHOCTH TOro, uto 3a 10 000 uacos orkaxyr 0, 1, 2, 3
KOHAeHcaropa?

Cornacro dopmyae (4.1) umeem

P10 (0) = 0,99'% = 0,3660,
Py (1) = 100-0,01-0,99% = 0,3697,

Pio(2) = '°° >2.0,01:0,99% = 0,1848,
Pro (3) = i’?%-o,m’-o,oow = 0,0185.

BepoSTHOCTb TOrO, YTO BO BPEMsi MCIHTaHMi 6ynyT mpobou
6osiee ueM Y TPEX KOHAEHCATOPOB, HEBEAMKA:

l - [PIOO (0) + PI(X) (l) + PlOO (2) + le (3)] = 0,0185.

IT puwmep 3. UsBecTHO, YTO B HEKOTOPOM ropoae 3a
onpeneieHHnit nepuon poauaoce 400 nereii. UeMy paBHa Bepo-
ATHOCTb TOIO, YTO UMCJIO POAMBILMXCS MAJIbYMKOB OKa3aJIOCh
6oabme 180 u Mmenbwe 220, ecM BEPOATHOCTb MOSIBJICHHS
MajibuMKa NpH KaXaoM poxaeHuu passa 0,57

HaM HyXHO HaWTH BEPOSTHOCTh TOrO, YTO UHC/IQ POIMB-
IIMXCA MaJp4YMKOB Oyner pasHo wiu 181, mau 182, wan 183, ...,
nan 219. Uckomas BEPOSITHOCTb paBHA

219 219

ZPaoo(m)—ZC

m=181 m=181

Ecau rpaununbie 3Hauenus 180 u 220 xenaTenbHO BKIIOYMTD B
HHTEPECYIOLLYIO HAC rpynny cOGHTHI, TO HYXHO K MONMY4EHHOM
cymme npubaBuTh M neposmlocm ABYX 3TMX COOBITMI:

Zc

m= 180

OnHAKO 3TH BEPOSTHOCTH OTJIMYAKOTCH APYr OT ADPYra Ou€HE
MaJo, MOCKOJbKY

P4m (180) = P400 (220) = 0,005.

Mpuwmep 4. Jpa maxmMaTcTa yCIOBHIMCh cHrpath 10
pe3yIbTATHBHBIX MapTHi. BEpOSTHOCTh BHMIpHILA KAXKIOH OT-
AEJbHOM MAPTHH TMEPBHM MrpOKOM paBHA 2/3, BEPOSATHOCTDb
BHIMTPBHIIIA KAXIOM OTAE/JbHOM MAapTHMM BTODAIM MIPOKOM paBHA
1/3 (Huubm He cunTalorcsd). HeMy paBHB BEPOSTHOCTH BHUIPH-
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A BCEH HrpH MEPBHIM MIPOKOM, BHHIPHINA BCEH MIPH BTOPHIM
MrPOKOM, 00LIEro HHYEHHOro pesysnbraTa?

Jlns Toro yro6b Mrpy BHHIpaj NEpBHi MrpoK, eMy Heol-
xoaumo BuMrpatb 6, 7, 8, 9 wan 10 napruit. BepoaTHocTb 3TOTO
B cuity ¢popMynn BepHynn 1 hOpMyIH COXEHHS BEPOSTHOCTEM
paBHa

PlO (6) + PlO (7) + PlO (8) + PlO (9) + PlO (10) =

6 6
= 21210 + 240 + 180 + 80 + 16] = 222
3 3

= 0,7869.

BepoATHOCTb HHUEITHOTO Pe3y/bTaTa PaBHA

5 5 7
2 1 7-2
P10 (5) = C{o [3’] ['5] = ? = 0,1366

BepOﬂTHOCTb BbIHIPHIIA HI'PHl BTOPHIM HIpOKOM paBHA
PlO (0) + Plo(l) + PlO (2) + PlO (3) + PlO (4) =

10 9 2 8
1 L2 1 2\’ 1
=13 + CIOE 3 + Cio ['5] 3 +
3,07 4,.,6
2 1 2 1 1507
3 4 _ -
+ Cp -5] 3 + Co [3] [3] = = 0,0763.

Mul BHOMM, YTO, XOTH NMEPBB MFPOK BHIMIPHBAET KaXIAYIO
OT/IE/IBHYIO NAPTHIO C BEPOSTHOCTBIO BABOE GOMbILEl, ueM BTOPOS
HIPOK, BCIO MIPY OH BHHMIPHBAET ¢ BEPOATHOCTBHIO Goslee ueM B
aecaTb pa3 OGosblueil, ueM BTOPOi Mrpok. [Ias BTOpPOro Hrpoka
BEPOSTHOCTb CBEACHHS MIPH BHHUBIO MOYTH BABOE OOMbILIE, YeM
BEPOSTHOCTb €€ BHIMIPHIILA.

PaccMoTpuM cobutne E,,, cocTrodiiee B TOM, YTO COOnTHE A
NOSBMJIOCH M DPa3 B n HE3aBHCHMHX HCOHTaHuAX. O6GpaTum
BHHMAaHHME Ha TO, 4TO coOmTHS Ey, Ej, ..., E, ABJASIOTCH HECOB-
MECTHHMH COOHTHSMM H BIOGABOK B CYMMeE COCTABJSIOT JOCTO-
BepHoe cobntHe. CrneaoBaTenbHo, Tak Kak cobwrtue E, npo-
HMCXOAUT C BEPOATHOCThIO P,(m), TO

S P, (m) = 1.

3aMeTHM, YTO C APYroi CTOPOHH /1S KAXAOTO HCILITAHHS HMEET
MECTO PaBeHCTBO p+ ¢y =l H

(r+ag'=L
W3 cpaBHEHHS NeBbiX yacTeit ABYX BHILE HATHCAHHBIX PABEHCTB
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HAXOAHM, UTO
(P+q)"=3P.(m)=3 Cp"d™" 4.2

m=0 m=0

Mu nosmyuunu uacTHuli cayuail ¢popMmyan 6unoma Hvromona.

PaccyxnmeHnss Hactosimero maparpada, Kak MOr 3aMETHTb
BHUMATEJIbHBI YUTaTENb, MO CYIIECTBY HE CBSI3aHHW C KJaC-
CHUYECKHM OMpeaeSIeHHEM BEPOSTHOCTH. PaccMaTpUBaIoTCa HCMB--
TaHHUS C ABYMSl B3aMMOMCK/IIOUAIOIIMMH HCXOAAMH, MMEIOIUMH
BEPOATHOCTH p, 0 € p <€ 1, mg = 1 — p, He 0693aTEIBHO PABHHE
apyr apyry. liaxe B cayvae p=¢=1/2 Mn ¢ noMowmpio
tdopmynn BepHyanM mMpUXOAMM K MCIIWITAHHAM C 3JIEMEHTap-
HHIMH COOHITHAMH Ey, ..., E,, KOTOPHM COOTBETCTBYIOT Pasiauy-
HHE BEPOATHOCTH P, (m) = C,27". Takum 06pa3oM, BepOSTHO-
CThIO OTAENBLHONO 3JIEMEHTAPHONO COOKITHA MOXET GHTb M06oe
HEOTPHULATEILHOE YUCJIO, HE Gosbuiee 1, KOTOPOE YROBJAETBOPSET
Tpe6oBaHMsAM, BHIEACHHHM HamMu B § 2 1. 3 B KauecTse
OCHOBHHIX CBOMCTB BEpPOSTHOCTH. B JaHHHX 3xech MpUMEpax Mu
yX€ HE MOXEM HAXOOHTb BEPOSTHOCTH MO COOOPaXEHHAM CHM-
METPHMH, @ JO/XHH MpUOEraTh K MX CTATHCTHUECKOMY Onpexne-
JIEHHIO (CM. . 2).

UccaenyeM Temepb BeposSTHOCTb P,(m) Xax (pyHKUIMIO Le-
JIOYMCJIEHHOTO aprymMeHTa m. [1pumepu B§ 5, 6 ra. 1 u B xanHOM
naparpade HaBOAST HA MBIC/Ib, YTO CHA4Yajid NMPH BO3PACTAHHH
aprymenta m ¢yHkuusa P,(m) BO3pacTaer, 3aueM ROCTHracT
MAaKCHMAJbHOIO 3HAUEHMS M TMOCJAE 3TOr0 HauyHMHAaeT yOHBaTh.
LloxaxeM, uto 3710 AeiicTBUTENbHO Tak. C 370l Leablo pac-
CMOTPHM OTHOLLCHHE

P,,(m+l)_ o m+l n-m-1 n! m n-—m __

P —mrpa-m? 7 eyl A S
n-mop
_m+l';° 4.3)

OuepuaHO, YTO BEpPOATHOCTD P, (m + 1) 6yner Goablue, pasHa
WM MEHbLUE BEPOSTHOCTH P,(m) B 3aBMCHMOCTH OT TOro, Oyaer

n-—m
7M. OTHOWICHHE ——— '% Gosbie, paBHo uam Meuwbwe 1. B
4acTHOCTH, P,(m + 1) 6yzer Goabwe, ueM P,(m), ecnau
n-mp
m+1 g ’
T. €. eC/IU
m<np —q.
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Takum o6pa3oM, P,(m) Bo3pacTaer npu yseaudeHuu m or 0 oo
LE/0H YacTH YMCaIa np — q.
Ecan
n-mp
m+1 q

1,

T. €., ECJIM m = np — ¢ (31O paBEHCTBO BO3MOXHO TOJILKO TOTAA,
KOTZa np — ¢ eCTb LEJI0E HEOTPHLIATEABHOE YHCIO), TO

P, (m) =P, (m + 1).
Hakoneu, P, (m) > P, (m + 1), ecin

n—-myp
._<1’
m+1 g

T. €, AU M > np — q.

Tenepb nosegeHne GyHKumMu P,(m) MH BHSICHHIN NOJHO-
CTbIO: OHA BO3PACTAET, NIOKA /M OCTAETCS MEHBIUMM NP — ¢, 3aTEM
OOCTUTraeT MakCMMyMa W mas m, Goabmux np — g, ybuBaer.
Ecm 0603HaunTb uepes m” 3HAYEHME m, COOTBETCTBYIOLIEE
MaKCHMaJIbHOH BEPOSATHOCTH, TO OyAEeT BEPHO HEPABEHCTBO

np—q<m’ <np+p.

[Tockonbky uucna np — ¢ u np + p ornmuaorcs Ha 1, To
60 m” paBHO EIMHCTBEHHOMY LIEIOMY UHCJY, 33K/JIOUECHHOMY
B npenenax

np—q<m®<np+p,

Au60 UMEIOTCA NBA LIEABX YMCIA M) W m; Takue, uTo
” ”
my =np—gq, my=np+p.

Taxum 06pa3oM, ecav BeIHUMHA np — g ABASETCS LEOM, TO
HMEIOTCA ABA MAaKCHMAIbHHX 3HAUEHWUS BEPOSITHOCTH, MMEHHO,
P, (np — q) = P, (np + p). Ecin xe np — ¢ — Heuenoe uncio,
TO MMEETCH EAMHCTBCHHOE MaKCHMAJIbHOE 3HauYECHUE P, (m) npu
m, PaBHOM LEJIOMY uHCay m’, GonbmeMy np — g U MEHbIIEMY
np + p.

: ITpumep 5. Bepoarnoctb coburus A pasHa 3/5. Haii-
TH Haubosiee BEPOATHOE UHCIAO NOABJICHMI CcOOGHTHS A, ecam
YKCIO UCIKITaHMI pasho 19, 21.

Ipu n = 19 Haxoaum

3 2
np—gq= 19--5— 3= 11.

Takum 06pa3oM, MakcMMasnbHast BEPOATHOCTb JOCTHTAETCS AUIA
ABYX 3HAUYEHHH m, pasHuX 11 u 12, 3ra BeposaTHOCTL paBHA

Plg(ll) = P19(12) = 0,1797.
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Mpu n = 21 MakCHMaIbHASA BEPOSTHOCTbD AOCTHIAETCH TOJIb-
KO AAd OAHOrO 3HAYCHHS m, NOCKOABKY np— q=

3 2
=21 53 12 + 5 HE SBJISETCS UETHM YHCTIOM. Camoe Be-

pPOSTHOE 3HaueHHe m paBHO 13. BeposTHOCTL €ro NModBaACHHA

paBHa
le (13) = 0,1742.

YnpaxHeHus

1. Bocnonb3oBaBUIMCh PACCYXAEHUSIMH, NPOBEAECHHBIMM NpPH
Boisope ¢opmyabi Bepuymnm, aokasats cdopmysny Gunoma Hbiotona (a > 0
nb>0)

(@a+b)"=d"+Cd"!

b+ ..+ b

2, B ypue 9 Geanix u 1 kpacHbiit wap. Kakosa BEpOSTHOCTS TOrO, UTO NpH
10 u3pIeyeHHbIX (C BO3BPAIEHHWEM KaXAOTO BHIHYTOTO wwapa) Gyaer u3asneueH
xoTra Obl pa3 kpacHbiit wap? CKOAbKO Pas HyKHC NMPOM3BOAMTL M3RJICUEHHE,
uT00bI BEPOATHOCTH NOTyuMTs XOTH Gbl pas KpacHuiit wap Gbuta He Menbure 0,9?

o s 1 9)" 0,6513; g 0.1 22
maeni. - 10 = {, M 18 0'9 Ed .
3. Monb3yach \ BEPOATHOCTHBIMM  CoOOpakeHusMM, ROKazats opMyay

Ck =Chi*.

4. BoluMcuTh BEPOATHOCTH Bbinaaexus repbGa npu uucie 6pocaunits MOHETbI
n=35,10, 15. Tloctpoutb COOTBETCTBYIOMME rpadmku, OTNOXHUB m/n (m —
uKcao BbINafeHuit repba) no ocu Ox, a no ocu — Oy — BEPOATHOCTH COOTBET-
CTBYIOUIMX 3HAYEHUH m. UTO MOXKHO CKa3aTh O TOM, KAK MEHSIOTCA BEPOSTHOCTH
MpH yBEMUEHHH h?

Omaem: cM. puc. 20.

P

43

0,2

0,1

!
2
5

Slea -

]
4 m
5 7

LY .
b-lt., -

Puc. 20. TIpadmk seposThocTelt BbinafeHus rep6os npu umciae Gpocarui
n=35,10,15
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§ 2. Teopema bepnyam

Mu MoxeM Tenepe cpopMyaMpoBaTh H AOKA3ATh
OHY W3 BaXHEHIIMX TEOPEM TEOPHH BEPOATHOCTEH, BHIBEICH-
Hyi0 1. Bepuyaan u omy6IHKOBaHHYIO B COunHEHHH «VICKyCCTBO
NPEeanoIOXCHHH» yXe MOCa€e €r0 KOHuMHbH,; B 1713 roay.
3agaua, KOTOpas MpHBEAA K TeOpeMe, MOJyUHBLIEH HAHMe-
HOBaHHME 3aKOHA COMBIIMX YHMCEJ, OUEHb ECTECTBEHHA M MOXET
OLITb OMHCAaHA TaK.

B xaxnoM U3 n HE3aBHCHMBIX HCMLITAHWHA BepHy/uH ¢ oqHOM
H TOM X€ BEPOATHOCTHIO P MOXET NOABHTHCA HEKOTOPOE COOMTHE
A. B npeanaywem maparpacde M ycTaHOBWIM, uTo Hambosee
BEPOATHOE YHCJIO NOSBJCHHIH COOBITHS A B n MCILITAHUAX 6IM3KO
K np. Henb3s Jim BHICKAa3aTh HECKOAbKO (onee ompeaeseHHOE
CyXJCHHE OTHOCHTEJIbHO UHMCJIA MOSBJICHHH A BO BCEH COBOKYI-
HocTH ITHX mcnutanmi? OkasmBaercd, MoxHO. O603HauMM ¢
ITOH LEJIBI0 UEpE3 p UMCIO MOABJAEHHMH cOOHTHS A BO BCex n
HCOLITAHHAX M PaCCMOTPHM Pa3HOCTb U/ N ~ p MEXAY 4aCTOTOH
pw/n coORTHS A ¥ €ro BEpPOATHOCTHIO p. BenmumHa 9Toii pas-
HOCTH, €CTECTBEHHO, 3QBHCHT OT CJIyuas, NMOCKOJNBKY B MOXET
npHHATb JI000€e nenouncaenHoe suaueHune or 0 10 n. Oanako,
KaK Mhl YBHOMM, YeM GOJIblIE N, TEM PSXKE ITA PA3HOCTb CMOXET
3HAUMTEIBHO OTKJOHHTBCA OT HyAd. Bosee Toro, kakoe Gn Majioe
MOJIOXHTEIBHOE YHCJIO € MWl HM B3s/H, HanpuMmep, 0,0001 win
0,000001, npu gocraToyHo GOABIIOM n Pa3HOCTh KW/n — p MO
a6COTIOTHOM BEJHUMHE OKAaXETCd ¢ OOMBLIOH BEPOATHOCTHIO
MEHbIIIE, YEM €.

Cam 4. Bepuyanm ceoeit TeopeMoit (wiu Iiadnbim npedao-
XKeHueMm, KaK OH €€ HAa3bBajJ1) OTBEYAJ HA BONPOC, KaKOBO
JOMXHO OBITh UYMCJIO MCIBITAHMH, YTOOB OTHOLOEHME YMC/IA
YAQUHBIX OTHOCHTEJBHO COOBITHS A MCOBITAHMH K UMCJIY BCEX
HCBLTAHHHM JIEXano OH B 33JaHHBLIX MPEAeaax ¢ BEPOATHOCTHIO
B JlaHHOE YHciIo ¢ pa3 (c = 1000, 10 000, 100 000) mpeBocxo-
ASIIEH BEPOSTHOCTb MPOTHBOMOIOXHOIO cOOnTHS. JJokasaTens-
cTBO0 BepHysnn BO3HMKAO M3 HaGmozeHH# 3a MPOCTEHIOMMH
CBOMCTBAMH OMHOMMABHHX KOMPQPHUHEHTOB M OCHOBAHO Ha
CPABHCHMH CYyMM OHHOMHAJIbHBIX BEPOSTHOCTEH, COOTBETCTBY-
IONIHX JBYM BHIICYKAa3aHHBIM MPOTHBOMOJIOXHBM C06HTHSIM.

Iagum Teneps COBpeMEHHYIO GOPMYIHPOBKY ITONO yTBEPX-
JEHHS M €0 A0KAa3aTEJbCTBO.

B3akou 6oapmmMXx uyHMcea (reopemMa
BepHyaaw. Ecau seposmuocms Hacmynienus Hexomo-
PO2O CaAy4aliHoeo cobutmus A @ nocaedogamenabHoOCmu n He-
3a6ucumblx ucnsimanull NOCMOSHHA U paéna p, Mo, KaxKo-
60 6bl HU ObLIO NOJOXKUMENLHOE HUCAO €, C 8EPOSMHOCMbIO,
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ckonb y200Ho Oauskol k 1, npu docmamouno 6Goavbuwiom n
pasHocme W/n — p no abcorromHol eeruuuHe oxKaxemcs
MeHblue, yeM €.

3TO yTBEpXAEHHE MOXHO 3aMHCATh CACAYIOIKM 00pasoMm:
KakoBH 66 HM 6buiv ¢ > 0 ¥ n > 0, npu gocTaTOUHO GoABIIOM
n UMEET MECTO HEPABEHCTBO

P{lp/n—-p| <e}>1 -1 4.4)

B nHauane noxasarenncTBa TeopeMH BepHY/LIH BHUMCIHM
CeayIOmME CyMMI:

i lf,, (m), i mP, (m), i mP, (m).

3nayenre nepBoil CyMMH yXe Obi10 BHYHCIEHO B MPEABAYIIEM
naparpade. Oxasanoch, YTo

i P,(m)=1. 4.5)
m=0

Tenepsp

> mP, (m) =EmP,.(m)=Em;nﬁP’"¢f—"'=

m=0 me=] me]

- n! o ———
=T hasm =

m=]1

- . (n-1)! m-1_n~m __
_npz(m—l)!(n—m)!p 7" =

n n-1
=np 3 G " =np Y Cop'qd" V™" =np.

m=1 k=0

HNocnennee paBeHCTBO HAMMCAHO HA OCHOBAHHHM PaBEHCTBA
(4.5), rae 3HauenHe n 3ameneHo Ha n — 1. Urax

i mP, (m) = np. 4.6)
Hanee
imzP,.(m)=im(m -1+1)P,(m)=

=imP,.(m)+im(m— 1) P, (m).

m=0 me=l
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IepBas cymMma npaBoif YacTH HaM H3BecTHa (paBeHcTBo (4.6)),
MO3TOMY

iman(m)=np+im(m 1)M'(n—m)'pmq"-

m=0 m=]

. ! m_n—m
=np+2'n(m-1)m(,;"—_7),pq" =

m=2

2!

_np+n(n—l)p 2(—"1—5)'—(-n—_7n-)—!pm_zq"_m=
= 2 ~2-k _
np+nn-1)p Zmlf‘lf =

=np+n(n—1)p =np +np(1—p)=n2p2+npq.

3mech paBEHCTBO
o (-2 k-2 _
’E)k!(n—z—k)!lhf =1

HAaINMCaHO HAa OCHOBaHMHM ¢opMyan (2) ang n — 2 BMECTO n.
Takum 06pazom,

S m*P, (m) = n’p’ + npq. 4.7
=0

3aMeTHM Teneph, UTO CryvyaliHue COOnTHS

®_
| <en

< e}.

‘% - p‘ # € NPOTHBONOJIOXHH, a NIOTOMY
e _ =1-= ®_
P”n p >e} 1 P”n P
B cuy TeopeMH CI0XEHHs BEPOSTHOCTCH

P{‘%—p >e}=2P,,(m),

rae CyMMa pacfipOCTPaHEHa HAa T€ 3HAUCHHS m, IS KOTOPHX
m
- - pl » ¢. Ho nng 3THx 3HaueHMHd m

n
n
n

e 2b
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H TI03TOMY
m

—n'“P

2
P (I%—pl >e) sz———é—]—P,(m),

rae CyMMa Mo-TpeXHEMY PaclipoCTpaHEHa Ha T€ m, A1 KOTOPHX
m
—=p|>e OueBHaHo, UTO 3Ta CYyMMa MOXET OHTh TONBKO

BEJMUCHA, ECJIH €€ PacnpOCTPAHHTh HA BCe 3Hayenus m or 0
a0 n. CnemoBatenbHO, HCTIOIb3ys paBeHcTea {4.5), (4.6), (4.7),
MOJTyYaeM

n |n P

2
P”%—pl >e}s2 - ] P, (m) =

m=0 €

= i(m—np)’m(m)=$[im’P,(m)—

22
ne m=g m=0

- 2np Y mP, (m) + n?p? S e, (m)] =
m=0 m=0
1 pq
= — lnpg + n’p? - 2*p? + n*p*l = —-
ne ne

Tenepp

p”%_p|<e}=l—P”%—p| > e}>1—5"5. “4.8)

ne

OTcioma BUAHO, YTO A4 0000 MOJIOXHTENBHOTO € MB MOXEM
CAEIaTh BEPOSTHOCTh P %— p| < el ckomp yrogmo Gam3koH

k 1. Teopema Bepaysnu nokasana.

Croio Teopemy S1. BepHy/LTH COPOBOAM YHCACHHHMH H-
JKOCTpaHuaIMH, PacCMOTPHM OgHH M3 €10 MpPUMEPOB.

IMNpumep 1. 3agauva Bepnyannaun B ypHe nepe-
Memann 6enane u yepHwe mapu. Jons Oenbx mapoB B ypHE
paBna 3/95, 1osa yepHHXx — 2/5, TaK 4TO BEPOSITHOCTb BHHYTH
W3 ypHH Genmit map pasHa 3/5, a uepumit map — 2/35.
TTpon3BoAATCS MCNIKTAHHSA, COCTOSMME B BHOOPE Mmapa U3 yPHH,
NIPHYEM KaXAHHK pa3 BHHYTHH IIap BO3BPAMACTCA Ha3aa B YPHY.
0O603HaYHM BEPOATHOCTh COOBTHS

®_
b—p|<e
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uepes P npu B6paHHBX p=3/5 M e =1/50 u p — uucne

BHIHYTHiX 6Genwix mapoe. ITo samanHoMy umcny ¢ Bepuymmu
ONpeaeasieT TaKOE n, APH KOTOPOM

P
-2~ ¢
HWIH
1
P>1—-———
c+1

CornacHo BeuuciaeHusM Bepuysum pas 3uauenwmii ¢ = 1000,
10 000, 100 000 monyualorcs cenyiomue 3HAUEHMs Heobxo-
AMMOrO YMc/ia ucnuiTanuii n : 25 550, 31 258, 39 966. Iony-
YCHHBIE OLEHKHM UYMCJIA N CWIBHO 3aBHUICHH. Donee ynoener-
BOPHTEJNBHOE MPUOIMXEHME /IS YMC/IA HCAKITAHUIL B 3TOU 3afaue
MOXHO MOJYUMTh ¢ HOMOWBIO npubauxennon ¢popmyan Myas-
pa — Jlamnaca (cM. § 5).

Mpumep 2. B npumepe 3 npeaniaymero naparpada M
BRIYMCJISUIM BEPOSTHOCTD TOTO, uTO cpeau 400 poausBmMxce AeTei
YHCI0 POAMBHIMXCS MAJIBUMKOB OTKJIOHMTCS OT Haubosee Bepo-
SITHOTO CBOEro 3HaueHus np = 200 He Gonmee uem Ha 20. Dta
BEPOSITHOCTh OBiNA MpEACTaB/€HA B BHAE CyMMBl. Temnepb Ml
MOXEM OLEHHUTHb 3Ty CyMMYy. IleHCTBMTENBHO, MOCKOABKY n =
=400, p = 0,5, 10

20

P=P{|p.—np|<20}=PH%—p‘ <—}=

n

CornacHo HepaBeHCTBY (4.8)

Pe1-H-1— -
ne 4-400-(1/20)
Ecau umcmo poxaenmnit n = 10000, T0 BEpOATHOCTHL TOrO,
YTO YHCJIO POAMBIIMXCS MAJbUMKOB OTKJIOHMTCS OT np = 5000
He Gosmee yem na 10 9%, cormacHo HepaseHcTBy (4.8) Gymer
6osbuie, uem 0,99,

YnpakHenus

1. Hoscuuth rpadmkn ynpaxueHus 4 x § 1 ¢ nosuumit
TeopeMbl  Bepuyanu.
2. Beauka 1M BEPOATHOCTL TOTO, 4TO NPy 6000 6pocaHmsix HIPaNbHOM KOCTH
«uiectepka» BoinazneT He Gonee 500 pa3? Jathb OlEHKY CBEPXY 3TOM BEPOSATHOCTH.
1 X ¢ (176)(576) 1
69000 &4 (1/12)*-6000 300
3. Ipu Kakux p M ¢ OLieHKA, UCTIONMb3yeMas NPH J0KA3ATENBLCTBE TEOPEMbI

BepHyanu, npu naHHbix n v e Gyser camoi nanexoi or 1?7
Omagem: npu p = g = 0,5.

Omaem:
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§ 3. Teopema IlyaccoHa

B sTOM M caeayommx naparpagax Me nepenneM

K JOKa3aTeabCTBY MPEAETBHHX TEOPEM Ui GMHOMHMANbHHX Be-
POSITHOCTEH, B KOTOPDHX BHBOASTCH MPUGIMXEHHHE BAPHUAHTH
dopmyan Bepuyanu npu n - co. ITH NpubIMXKEHHNE COOTHO-
mends 6yayT pacCMaTpHBaTBCS Kak yaoOHue ¢opMmynn mas
BHYHC/ICHHUS BeposaTHocred P, (m) npu GobIIMX 3HAUEHHSX 7,
OJHAKO HMX pOJb B TEOPDHH BEPOSTHOCTEH ITHM Janeko He
HCUEPNHBAETC.

PaccMOTpHM cHayasia TOT CAyyail, Koraa 3HaueHue p 6m3Ko
k 0, 3HaueHHe ¢ COOTBETCTBEHHO 61M3K0 K 1, a n BestHKO (Cayuait
p, Gnuakoro x 1, paccMaTpuBaeTcd aHAaJIOTMUHHIM 06GpaizoM).
Otenekasach or BHBoAa P, (m) = C;p"¢"™" B ¢dopmyne Bep-
HYJUIH KaK BEPOSTHOCTH m yAay B n UCAWTaHMAX BepHyanm,
MPEANOIOKHM, YTO P MEHSETCS B 3aBHCMMOCTH OT 7 TaK, UTO
p=p (n) crpemutcs K 0 npu n > o, a n'p (n) cTpeMuTCca K
HEKOTOPOMY KOHEUHOMY JeHCTBHTEIbHOMY uncay A > 0. B atux
YCJIOBHMSIX BEPHA CAEAYIOIas TeopeMa, KoTopas 6bina gokasaHa
¥ ony6aukoBaHa ¢paHuysckum mMatematukoM C. ITyaccoHoM B
1873 rony.

TeopemallyaccoHna. Ecaup(n) =0 npun—» oo,
an-p(n)—=>Xx 20e k>0, modrs 106020 m npu n -»

HpOBCJICM AOKA3aTEAbCTBO TCOPEMH, COCPEAOTOYHB BHH-
MAHHC HAa MPUHLUMIMHANbHEX MOMCHTAX U HE CTPEMSCh K HCUCD-
NBBAIOMEH CTPOIOCTH B MAaTCMATHUYECKHX BHIKJIARKAX.

PaccmorpuM s (HMKCHPOBAHHHIX 3HAYEHHH n M M OTHO-

. 1
LICHHE f—;—'f(—;—;s—l ¥ BocmpousBeneM dopmyay (4.3):

Pp(m+1) n-mp

P —mrl g 4.9

QueBuaHoO, uTO 118 moboro PpuxkcupoBanHoro k, 1 € k < n,

Pah) _ Pa(k) Pa(k=1)  Pp(2) Pu(l) _
Py(Q) ~ Pak=1) Po(k=2y  Py(1) P,(0)

k-1

T Palm+ 1)
-]'[——————Pn(m) ;410

m=0
3aech P, (0) = 4.
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Hmeem u3 (4.9)
m m
Pa(m+1) _ n(l-7)e _ w(1-3)
Py(m) ~ (m+1)(1-p) (m+1)(1-p)

BosbmeM A = np, otkyna p = A/n u

. m

Paim+1) & n
P.(m) — m+1 1__1_'
n

Ouxcupyem A u GyaeM CYUHTaTh, YTO p MaJo, a N BEJMKO
(ckaxeMm, p = 0,01, n =100, A = 1). Toraa MOXHO 3anHcaTh
npubJHXEHHOE PABEHCTBO NpPH 1 —» o

Pa(m+1)
Py (m) m+1

4.1

P, (0)=(l-py = (1 - %) ~e? 4.12)

(mocnepuss npuHbnuxeHHas ¢opMyaa  e€CTh  CJIEACTBHE
M3BECTHONO  3aMEUATEJIBHOIO  MPEACABHONO  COOTHOMICHHS

lim (1+ %) = &).

., Be®

BosBpamasce k dopmyne (4.10), noayuyaem, HCnOAb3ys
4.11),

Pa (k) ~'ﬁ A Ak

P©@ LLmeT T ey

4 ucnonbdyq (4.12)

a
P, (k) ~e R 4.13)

Qopmyna (4.13) nasnBaercs NpHOIHXCHHOM POPMYNOU
ITyaccona nna GHHOMMAIBHOM BEPOSTHOCTH. ’

Jng BHYKCICHHS BEPOSTHOCTEMH ¢ noMombio GopMyan (4.13)
MOXHO NOJb30BaThcs Tabuuueit dyuxkumun e* mwam tabauuei
aorapudmMoB PaKTOpHaNOB.

IT p u M e p 1. PaccMoTpuM cxeMy ucnuTanuit Bepuysm ¢
n =100, p = 0,01, m = §. Torna

log;sCio (0,01)° (0,99)°° = — 2,5380
le (5) = 0,0029.
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TMockonbky A = 1, umMeeM

1
log;o (e“ ;) = - 2,5135

e 5 = 0,0031.

M pwuwmep 2. 3agaua o muax poxacHud. Haitnem Beposr-
HOCTb TOTO, YTO B rpynne mwKoabHuKoB u3 500 uenosex poBHO k
POOMJIHCh B OAMH ONpENETEHHHM AeHb, ckaxeM, | HioHd. Ecau
CUMTaTh, uTo Kaxaui u3 S00 mwkosbHMKOB BHOpaH CIyuyaHHo,
a B rofy 365 auedt, TO MOXHO MCIOJb30BATh CXEMY MCTIHTAHUH
Bepuyanu ¢ n = 500 u p = 1/365. Toraa HcKoMas BEpOSITHOCTD
6yaer onpenensatbca no opmyse beprywau:

Pso (k) = Cim (1/365) (364/365)7°%,

a COOTBETCTBYIOIEE Npubauxenue no reopeme Ilyaccona:

M

n (k) =e o

npu A = 55/365 = 1,3699. BunoMuanbHHe BEPOSTHOCTH H CO-

OTBETCTBYIOWIHE NPUOAMKEHHA OIS PasHHX Kk NMPHBEACHH ANS
CpaBHEeHMd B crenyiouleit Tabanuxke:

Pootk) | 0,2537 | 0,3484 0,2388 | 0,1089! 0,0372] 0,0101| 0,0023
(k) 0.2541 | 0,3481 0,2385 { 0,1089{ 0,0373| 0,0102} 0,0023

YnpaxHeHus

1. Joka3aTh HePaBeHCTBO

k
S k Ak 9 A"
k!‘[l—"] (l—n) <P"(k)<F(l_Z)'

n!

Y kK a3aHH e HCTIONb3YHTE OUEHKY Js Ak = -(-n—-—-;)-':

(n-k+1<a<n

2. Joxasath, uto OTHoweHue P, (k)/TI (k) npu nameHenum k cHauana
PACTET, NOCTHrAET MAKCHMAJILHOTO 3HAUEHHS, KOrna k ecth Haubosislee nenoe,
. M
He npesocxonsee A + 1, a 3atem ybmiBaer |TI (k) = & * l
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3. Kuura ofwemom 500 cTpanmu copepxut 500 oneuatox. Cumuras, 4TO
mobasa 6yksa Moxer 6biTh HaGpPaHa HENPABHABLHO C OAHOM M TOM XE BEPOITHO-
CTbIO, HAWTH BEPOSTHOCTH TOTO, YTO HA 3aNaHHOH CTpaHMUE He Gonee ABYX
OMNeuaToK.

2
Omaem: e~ ! 2 1/k! = 0,12.
k=0

§ 4. NpuGmxenHbie GOPMYbl
IS BEPOATHOCTEM
B CJyYailHOM OJlyXNaHUH HA NPIMOi

B srom nmaparpacde MH BHBEAEM NPHOAMXEHHYIO
¢dopMyny ans GMHOMMAIBHON BEPOSTHOCTH

P, (m)=C" zl (4.14)

kotopas B ¢opMyse DepHy/umM cOOTBETCTBYET Cay4aio, KOraa
p =q = 1/2; cxeMy ucnnTauuit Bepuyim c p =g = 1/2 Mu
6yneM Ha3sWBaTh cummempuuroii. BCNOMHUM, UTO BEPOSTHOCTD
(4.14) Bnepsne mosBwiaach B § 5 rn. 1 npu MareMaTH4YecKOM
ONMMCAHWUM MOAEAM ciydyalhiHoro OiyxXJaHMs Ha MNpSIMOM Kak
BEPOSTHOCTb CAEJATh M IIAroB 3a NepBbie 1 MOMEHTOB BPEMEHH
(cM. popmyay (1.5)). Tam xe 6bUIO ONMMCAHO YCTPOICTBO AOCKH
TanbroHa — dusnueckoro npubopa, B KOTOPOM OCY INECTRALETCH
cavyailHoe 6nyxaaHue Ha npgMoi, a CTaso OHTh, H CHUM-
METpHYHad cxemMa ucnutanuit Bepuysum. Teopernueckum mc-
TOUHMKOM I A0cKM anbroHa cnyxur apubdMeTHueckuil Tpe-
yroabHuk Ilackand: oXujaaeMoe 4YMC/IO IAPHMKOB B KaXZOi
CEKUMH JOCKM 'anbTOHA NpeacKasHBAaeTCs C MOMOMIBIO YHCEN

0 1 m
Cm Cm seey Cn’ seey C:'n

COCTARASIOMMX n-il psn TpeyrosbHuka Ilackans, wiu xe npw
AEJIEHMH KAaXZOro uMCAa Ha UX Cymmy 2" ¢ moMompio GHHO-
MHAIbHHX BepostHocreit P, (m) = C;27". Hailnem mng 3rtoit
curyauun npubamxennue Gopmyan. [Ins ynob6crea onycTHM
34€Ch MHIEKC n Yy BEPOSTHOCTH: P (m) = P, (m).

PaccMOTpMM cayuail, Koraa 3HaueHHe m*, COOTBETCTBYOMEE
MaKk{MMaJIbHOH BEposATHOCTH P, (m), emuucTBeHHoe. Ilpenno-
JIOXHMM JUIS 3TOIO, YTO n YETHOE, T. €. uTo Ny, = n/2 — upesoe

uncno. Torma m* = n,u P (n,) — MakCHMAaJIbHAg BEPOSTHOCTD.
IMosoxuM m = n; + | U uccaeayeM, Kak MEHSETCd OTHO-
P+ [)

WIEHHE —p-s=" C POCTOM 11y, C 3TOM UEenbl0 NpPEacTaBMM 3TO
1

4 A. H. Konmoropos # Ap. 81



OTHOMEHHE NpH (PUKCHPOBAHHHX ! M 1, B BHJAE NMPOU3BEACHHUS

(xaK 3710 Aeaanock npu BuBoae dopmyan [yaccona B § 3)

P(n1+l) P(mp+1) P(’l1+l'—l) P(n1+2).P(n1+l)_
P(n) Pm+l-1)Pm+i-2)" P(n1+l) P (n1)

P(np+k+1)
_I-[ P(np+ 4k '

IMepeiineM B 3TOM pPaBEHCTBE K HATYpaJbHHM Jorapudmam:

P(n1+l)_'_21 P(n+k+1)

P) & Pm+k

In 4.15)

Ilng ymof6CTBAa MOCHERYIOMMX BHKIANOK BBeAeM GyHKumO

f (k) =1n P (n, + k) u o6o3nauum Af, = f (k + 1) — f (k). To-
raa paBeHCTBO (4.15) MOXHO 3amHCaTh TaK:

-1
F)=r10) =3 Af. (4.16)
k=0
IOnda BHuHcneHHS Af, HAHAEM OTHOIIECHHE —P-;Lf—ki—l—). Hs
(m + k)

dopmyan (4.3)
PU+1) n~1I

Py ~1+1

L4
q

nmoun=2n, p=gqg=1/2, l=n, + knonyvaem

Pm+k+1)  nm—k
P(m+k  m+k+1

k k+1
Af,,=ln (1—’;1-) —In (1__"1-—)

PaccMorpuM nanee Hapsny ¢ dbynkumeit f(k) dyHxumo
h (k) = —k*/n, u nycts & (k) = Af, — Ah,. UMeeM

Aho=h(k+1)—h(k)=- 221

n

Toraa

Bosspamasgce k paBeHCTBY (4.16), nonyuaem

-1 -1 -1
T =) =F A= Ah+ Y 8 (k).
k=0 k=0 k=0
OueBnano, 4¥ToO

S Ak, = h(z)—h(O)-—f

k=0

82



2

-1
TO =10 = -5+ T3 ®).
k=0

Takum 06pa3oM, MOJy4yaeM IS OTHOMICHHS Pgl En+)l)
1
topmyny 2
P(nl + l) _ l_
IHW_ T +R()
HIH
J°)
- ==+ R(}
P(n]_ + l) = P(nl)e n1 , (4.17)

me R () = 35 (¥,

k=0

oo [m(1-3) 1] - [m 150 )

AxkypaTtHas oueHka R () Tpebyer mpuBjeuYEeHHMS AOMOJI-
HUTEJIbHHX CBEACHMI M3 aHanu3a. [las Toro uto6H He OCI0X-
HSTb H3/JOXCHHE, YKaXEM 34€Ch JMmb 10, 4to |R (/) | -» 0 npm

n - oo taK, yro £ ~ 1 + ;,%— npu ! < n,/2, rae C — HeKOTOpas
MOCTOSIHHAS.

Hailinennas Hamn dopmyna

P(n +1)~P(n)e™ (1 + %)

MOKa3HBAET, KaK ¢ YAAJIEHHEM OT Haubonee BEPOSTHOrO 3Ha-
4YeHus n, yOHBaIOT GHHOMHMANBHBIE BEPOSTHOCTH B CPABHEHHMH C
P (n,). Ananornunas dopmysa nonyuaercs aas P (n, — m).

U3 dopmytn Crupaunra (cMm. § 9 1. 1) npu Gonpmux n =
= 21, NoJayYaeMm

N
P (nl) = C’I2ll;1 [E] -~ \/Jt_nl

1 ~12/n C
P(n1+l)~—,me 1(1+7—;).

HUrak, 11s moboro 0 < m< n, |m —n/2| < n,/4

L3 (1 + _JHCT_Z) 4.18)

*2

P, (m) ~
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PaccMoTpum Tenepp GYHKIHIO
= e 2
¢ (x)= A .

Drta ¢QyHKUHA OmMpeAescHA MPH BCEX ACHCTBHUTEJBHHX X;
ABAMETCA YETHOM: ¢ (x) = ¢ (— X); AOCTHraeT MaKCHMAaJbHOIO
3HaueHud npu x = 0, paBHOro 1/v2x; M ee 3HaUCHHUS CTPEMATCS
KOmpu x> — o m x+» + oo,

Ucnonbays c¢byHkumio ¢ (x), MOXHO NEPENMHCATh COOTHO-
wenne (4.18) B Buge

n
~ Lo 2| (1458 4.19
P~z ) (14 7m) @19

MocaenHee npubAMXEHHOE PABEHCTBO O3HAYAET, UTO, €CAH
Ha rpaduke P, (m), n3obpaxaiomeM BepoATHOCTb P, (m) =
= Cy2™" kak dyHkumio m, npeobpazosath WKany Ha ocH Ox

Tak, UYTO Kaxpasg Touka m, m = 0, ..., n, mepeHAET B TOUKY
n

x = (m - -2-) /\/7—: , TO opaMHatH P, (m) mpeobpasyiorca B
1
3HaueHHd, 6aM3KKue K =3 ® (x), IPHYEM PACCTOSTHHSI MEXAY

COCEAHMMH TOUKAMH X,, OyAyT paBHH 1/ V %. DeicTBHTENbHO,

n n
_ B m+1- 5 m- 5 B 1
Ak = Xpes1 = Xm = o5 = Tk = Ta)’

s nocku TanpToHa 3roT BHBOA OyAeT HMETh Caeaylomee
MPAKTHYECKOE 3HAUECHHE: €CJIH YHCJIO PIA0B HIOJIOK, KOTOpHE
MPEACTONT MPEOAJIETh WAPHKAM, OUCHDb BEJIHKO, 3 PACCTOSTHHA
MEXAY CEKUMSMHM SHYKOB, KyAa MOMAfjalOT UIAPHKH, MAJO,
TO BEPXHSS IPAHMLA YPOBHS WIAPHKOB B SIIHYKAX XOPOILIO
onucHBaeTca Kpuso#i ¢ (x). Humocrpaumio atoro cdeHOMEHa
cM. Ha puc. 9 v na puc. 20. Ecm Ha puc. 9 nposectn
KpuBne, orubaomme rpaduku P, (m) CBepxy, TO Mbi TIQJIyYHM
npubauxeHHO rpadMKN yKa3aHHOH QYHKUMH, IPHUYEM C POCTOM
n npubanxenue CTaHOBHTCA Nyuwe. Ha puc. 21 aaHo npoctpaH-
CTBEHHOe M300paxeHHe pias 3HaueHmin n = 4, 6, ..., 40 rpa-
¢dnkoB GHHOMHANBHHX BeposSTHOCTEH P, (m), KOTOpPHE OTHE-
CEeHHl K TOUKaM n; + m, T. €. P, (n; + m). Takoe pacnpeaeacHue
MOXHO Ha3BaTh <«UECHTPHPOBAHHHM» OMHOMMAJILHHM pacnpe-
NEJIEHHEM, TIOCKOJIbKY LICHTPOM PaclpencyicHHUs ABASETCH TOUKA
«Hynb». M3o006paxenne aToro pacnpexeneHus npH 7, BO3pacTa-
omeM ot 4 10 40, HAAJIEXUT CPAaBHUTbh C AHAJIOTHYHO TIOCTPO-
€HHHM Ha pHC. 22 NpPOCTPAHCTBEHHHM rpaHKOM (PYHKLMH
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x2

¢ (x) = %2“ e * (IVIOTHOCTBIO HOPMAJIBHOTO pacnpenciacHus —
cM. ¢. 90).

B 3axmoucHne BEpHEMCS K PAcCyXIOCHHIO O XapaKTepu-
CTHKAX CIy4aifHOrO 61y XgaHus 4aCTHIIH HA NPAMOii, TOMEMEH-
HOMy B koHUE § 5 rn. 1. TaM peus MaeT 0 XapakTepHMCTHKAxX
61yxnaHus: CpeHEM 3HaYEHNH NPOGeEra U CpeaHEM KBaIpaTHYE-
CKOM OTKJIOHEHHMH OT cpegHero npobera. Iepsas 3 Hux cosna-
aaer ¢ Haubosiee BEpOATHHM 3HAYEHHEM n/2, a Bropas co
3HauenneM Vn/4; o6e 9Tu XapakTEPUCTHKH BXOAST B TOJy4YEH-
HYI0 HaMHu npubanxennyio dopmyny (4.19).

§ 5. Teopema Myaspa — Jlannaca

[pubnuxennas ¢opMyna aas CHMMMETPHYHOIO
6uHOMMABHOIO pacnpeneneHus (C p = 1/2)

2m-3)*

l - —————
P, (m)=Cy27" ~ e " npu n - (4.20)
Va3
6nla nokasaHa aHMIMACKMM MareMaTtukoM A. Myaspom B
1730 rony. Ecnn n ¢dukcupoBaHo, TO cmpaBa B NpPHBENEHHOM

x -

2

dopMmyse croar 3HaueHus GYHKUMM ae ( ¢ ) (a, b, ¢ — noc-
TOSHHHE) B TOYKaxX X = m. OCHOBHHM CPEACTBOM AOKAa3aTeNb-
crBa npubauxennoit dopmyan (4.20) 6nna dopmyna Crup-
JIMHra, KOTOpy10 MyaBp noka3an Hesasucumo. Kak ycTaHOBJIEHO,
B paborax Myaspa nonyuyena rakxe npubmuxensas dopmyna
ang P, (m) n B obmem ciyuae. B nocneayiomeM ¢paHuyscKum
Maremarukom I1. C. Jlanacom (1812 r.) 6uina cTporo noKasaHa
ang obmero cayvas 0 < p < 1 ¢popmyna

1 - {m -ne)2

= m - n-m . 2p(1-p)
P, (m) C:nnp (1 pP) W]_—P) e ¥ ’
Koropas npu p = 1/2 Bkawuaer B ceba dopmyny (4.20).

m - np
Ecnu nonoxurs x, = —-;—p(l—p) M BHOBb pacCMOTPETH

byskunio

- x2/2

1
P(X)=Fze ™
TO nocieaHsas popMyna npuobperaer Bux
1
P, (m) Toaon ? (%m)-

HanuMm Teneps cTporyo GoOpMyaHMpOBKY.
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TeopemaMyaBpa—Jlanaaca. Tyeme 0<
<p<l, ¢g=1-p u nycmb m maxoéo, umo |m — np| <

< A, 20enpun—-> 2

—— ~* 0. Tozda pasnomepno 0ns acex

(npq)
makux m
_lm—rp?
P, (m) ~ T © ¥ npu n-> . 4.2

JloKa3aTeNbCTBO TEOPEMB TJIABHHM 00pa3oM OCHOBAHO HA
¢dopmyse CrupauHra, ¢ NOMOMBIO KOTOPOi BHBOAATCA NPHO-
auxeHHne dopmyan aid C, (cm. dopmyay (1.14))

AI\P (n, m) < C:” < Az\P (n, m),
1 1

1
In A= -~ Ga-my P41

v(n,m=Vzre ”

mn=m ", m)"_'".

C nomompio 310#1 hOPMYIH TOMYYaEM HEPABEHCTBA A4
P, (m):

Vi (7] (5] <P <
- np m g n-m
<4 v 2nm (n — m) (;) (n—m)

PaccMoTpuM BHpaXeHHE

o[ (2

=~ (np+3)In (1+%) — (ng+3)In (1—%),

rae & = m—np. }

JanbHelimee x0Ka3aTeJbCTBO OCHOBAHO HA BO3MOXHOCTH
npubanxeHHoro npeacrasneHns Gyskumit In (1 + f) B BHAe
MHOTOWIEHOB TIO CTENeEHsM ¢ nmpu uennx 7 > 0 gy |f] < 1:

In(l+f~a+at+at*+..+at.

OTH mpeacTaB/icHHS BO3HMKAIOT MPH BHIIOJHCHHH YCJIOBHH
TEOpEMH M3 TaK HA3HBAEMBX pafgos Tednopa ANd yKasaHHHX
dyHxmit, 3Ty UHCTO AHATMTHYECKYIO YaCTb JOKA3aTEABCTBA MH
3[eCh COKPAaT#M, TaK KaK OHAa YBEAET HAC B CTOPOHY OT OCHOBHOH
L@/ HACTOSIICH I/1aBH,



OrpaHWumMBasiCh B PA3/IOXEHMH JIOTApH(MOB 3HAYCHHEM
r =3, nonyuaeu npn [8| < npn |8| < ng

2 (1 1 (1 1
~— oo+ 2 -
2n p q 6"2 p2 qZ
nHF ~-— il npn &, MaJIOM MO CpaBHEHMIO ¢ n’> 2., 0
2npq ? w23

npn n > ). Takum ofpasoM, npun - o In 4, ~ 1,In 4, ~ 1,

n

1
In m ~ln—‘,ﬁn HAKOHCL]
82
1 J.
P, (m) ~ M e d=m-— np.
"( ) V/hnp-q_e ’ P m D

Ucnonezya (4.21), MOXHO noayuynth npubiumxeHue ana
m
2
CYMMH GHHOMHMAJIbHHX BEPOSTHOCTEH BMAA 2 P, (m), xoro-
m=m]
pas BHPaXXaeT BEPOATHOCTh TOIO, YTO YMCJIO yJay B 7 MCIHH-
TaHuax BepHynasm naxoantca B mpemenax m; M m; (m; < my).
370 npnbMXEHHE YCTAHABANBACT TAK HA3KBAEMAS UHMEZPATb-
Has npedenvhas meopema Myaspa — Jlannaaca:
b

2 1 23 my — np my — np
mgnll’,, (m) =Je dx, a= Ve b= Vone
‘ 4.22)

PasHocTs Mexny JIeBOit H MpaBOil YaCTIMH B COOTHOIICHHH
(4.22) crpeMuTCa IpH n > % K HyJI0 pABHOMEPHO OTHOCHTEJIBHO
a u b npn nocrosHHOM 3HaueHnH 0 < p < 1*

Hns Toro urobu yGeamtbcst B cnpaBeaaMBocTH hOpMysH
(4.22), npoBeaeM CEAYIOMME NPABAONONOGHKE PacCyXACHHS.

OcHoBuBasch Ha dopmyae Myaspa — Jlannaca (4.21), 3a-
NHIIEM NPHOAMXEHHOE COOTHOIUEHHE VIS CYMMEL:

my my i _m—np)?
> P, (m~ Ve © el 4.23)
1
Beenem B paccMoTpenue QyHKUmMIO ¢ (x) = = ~#/2 4 06o3Ha-

YEHHE X,, = ﬁp%w . Torna ngasyxo vacth (4.23) MoXHO npen-

2
1
CTaBUTh B BHAC CyMMH - Xm). 3HAYECHHSAM m
,,Z‘,. Vagg # () ’

my+1,m +2 .. m—1, my 6yayr cCOOTBETCTBOBATh TOYKH
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-3 -2a-7 0 b1 2 3 <z
Puc. 23. TIpaduk 1NAOTHOCTHM  HOPMAJLHOTO  pacnpeneneHmus ¢ (x) =
b

1
=7 /2 3a)iTpuxoBaHHas MIOWAKb MMCIEHHO PaBHA f ¢ (x)dx

A= Xy Xm 415 vees Xmy- 1 b= Xm,, TPH 3TOM PpacCTOsHHME
MEXY COCCAHHMH TOYKAMHM X,, OYIET ONMHAKOBHM A/ BCEX m:
m+1-—np m-— np 1
AXpy = Xpma1 = Xm = Vrpq _‘/m=‘/n—-
C yuerom atoro ¢opmyna (4.23) monyynt HOBHI BHA
my
D Pa(m) ~ 3 (%) Axm, (4.24)
m= ml

rae cyMMa B MpaBoii yacru Gepercs mo ToukaM x, pa3bucHus
uHTeppana [a, b]. Tockonbky Ax,, - 0 npu n - «, TO cyMMa
B (4.24) Moxer OHTb MHTEPIPETHPOBAHA KAK HHTETPAJbHAS
cyMMa HHTerpana or ¢yHkuuu ¢ (x) [a, b]:

m2 b
2 P, (m) ~ [ ¢ (x) dx. 4.25)
m= hIl 4
(OTMeTHM, YTO 31eCh MH HE 3aTparusaeM npobieMy CyHIECTBO-
BaHHS MHTErpasa Kak KOHEYHOIO NPEAC/a MHTETPAJIbHHX CYMM,
He 3aBUCAHIYIO OT pa3bueHnd.)
OnpenencHHBI HHTErPaa B NPaBoit yacTu (4.25), kak o6ny-
HO, BHpaxaer mwiomaap ¢Gurypnl, orpaHHYEeHHON CHU3Y ocb1o OX,
cBepxy rpadukoM GyHKLHH ¢ (X), a CJIEBA U CTIPaBa BEPTUKAJIb-
HHMH NpIMHMH X =a B X = b COOTBETCTBEHHO (puc. 23).
WHTerpan, BXOASAIHAIA B MPABYIO YacTh NpuMxeHHuX top-
MyJ1, TIPUHATO BHPaXaTh Yepe3 GyHK1MIO

o= [ odx = [ e,



KOTOpds YHCJICHHO paBHA mwomanu ¢hurypei mox KpUeod ¢ (x)
Ha noaynpsamoii (— o, ¢]. OueBusgHO, yTO

S ¢ (0) dx = @ (b) — D (a).

[onpo6unie Tabamus dyHkumun O (£) umeoTcs Bo MHOTMX yueb-
HHKAaX M CIPaBOYHMKAX MO TEOPHH BEPOSTHOCTEH M MATEMaTHUE-
ckoit cratucthke. QyHkuns P (f) HenpephBHA, €€ 3HAYCHHS NPH
t = — o J0BOJbHO OmicTpo mpubamxaiorcs kK 0, a mpu f -
npubanxaiorcs K 1. 3Havenns @ (f) s 3HayeHHit apryMeHTa
tu — ! ceg3aHH paBeHCTBOM P () + O (— ) = 1.

IIpusenem 3mech HecKONbKO 3HaueHHH GyHkuun P (1)

t 0 0,5 1,0 1,5 2,51 3,0
L1 1¢9) 0,500 0,691 0,841 0,933 | 0,977 | 0,994| 0,999

(UuraTens MOXeT HCONB30BATD 3TY TAGIHYKY IS BHYHCACHHS
NpUOIMXEHHBIX 3HAYEHHUI BEPOSTHOCTEH B ynpaxHEHHUsx 2 § 2
r.4n4,582rn 6.) Oyukuus ¢ (x) HA3HBAETCH NAOMHO-
cmbro HopMaabHozo pacnpedenenus, a P (x) — ¢ynxyuei
HOpManbHozo pacnpedenenus (cM. 00 3ToM B 3aKJIIOYEHHH HA
c. 173).

IMMpumep 1. C nomouibio HHTErpaNbHOIM PopMyH (4.25)
MOXHO OLICHHTb BEPOSTHOCTb 3aZAHHOIO OTKJOHEHHS YaCTOTH
yaaud m/n B n UCOHTaHUSX BepHY/LIH OT BEPOSTHOCTH p:

p{ < e} = Y P,.(m (4.26)
{m: %—p ‘z}

IS IPOM3BOJILHOIO MOJIOXKHUTENIBHOIO YHCAA €; CYMMHPOBAHHE B
npapoi yactH (4.25) OCymiecTBASETCS MO BCEM m, IS KOTOPHX

m m-—np n
— — p| < ¢ uan, 4To TO X€ camoe, |———| € e YV —. Tlo
Ynpg Pq

n_
w P

n
HTErpasIbHOM npeneabHol Teopeme Myaspa — Jlansiaca npasas
Yactb (4.26) npu GosbmMX n NPUOTHXEHHO PaBHA MHTErPaNy

1
1 -x2/2 _ n
mfe dx, t—equ.

-1

Orciona, B YaCTHOCTH, BHTEKAET OCHOBHOW PE3yJbTAT TEO-
pemu Beprysmu. Iockonsky

m
{7 -

< e} ~® @) - b(-9, 4.27)
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n
at,=t VE ~ © [PH n > ©, TO B CHAY CBOMCTB (hYHKLMH

D ()
P{I%—p Se}-*l.
Ecnn nepenucate dopmyny (4.27) B Buae
PH%—pStV¥}~¢m—¢hﬁ, (4.78)

TO MOXHO CAENATh BHBOA O TOM, YTO, KaK NMPaBUJI0, OTKJIOHEHHS
YaCTOTH YAA4YMd OT BEPOATHOCTH YAQYH B CXEME HMCMBITAHHM
Bepuystn umeror nopsanoxk 1/vn.,

B r1. 2 6w paccMoTpeH npuMep ¢ 6poCaHMEM MOHETH
100 pas: npu n =100 mu p = g=1/;

P (35 < m < 65) =0,99822
w P

P(m
Ionesysace ¢opmysoit (4.28), nonyuyaem u3 paBeHcTsa @ (1) —

- ® (-1 =0,99822, uro O (1) =0,99911, ¥ u3 TabaMUM
dyuxuun P (7), uro 1 = 3,125, u noaromy

PH%—psQUﬁ}~Q”mz

I puwmep 2. Bepuemca k 3agaue Bepuynnu, nocrasaen-
Hoi B mpuMepe 1 § 2. OTBerMM Ha BOMPOC, CKOMBKO HYXHO
NPOBECTH MCNHTAHHK, YyTOOH ¢ BeposaTHOCThIO 0,999 uacrora
yAauyHu OTMyYanack ot p = 3/5 menee uem Ha 1/50.

Ipumennm Teopemy Myaspa — Jlamnaca u Bocronb3yeMmcs
dopmynoit (4.28) w3 npumepa 1. Tlonoxum e¢=1/50 n
D) -D(—H=10999. Hockonvky (N +P(—H=1, 10
20()—1=0,999 u ® (?) = 0,9995. Us Tabauun 3HaueHui
@ (f) nonyyaem 3Hayenue ¢ = 3,29, otkyna n > 06494,

XoT9 NOJYYECHHHH Pe3y/bTaT U ABASETCS NPUOIHXEHHBIM,
OIHAKO 3A€ECh 1 NO NOPAAKY 3HAYMTENbHO MEHBIIE TOTO 3HAYEHHUSA
25 5§50, xoTOpoe MOMYYEHO € MOMOMIBIO TeopeMn bBepHyartn
(cM. npumep 1 B § 2). Caenyer, onnaxko, npeacrasaathk cebe, uro
NOrpelIHOCTL B MHTErpaibHOM Teopeme Myaspa — Jlamnaca
HUMeeT nopanok 1/vn,

WIH
< 0,15) = 0,99822.




TJIABA §

CUMMETPHUYHOE CNYYATHOE
BIIYXIAHHE

§ 1. Onucanue CayuyaiiHOro OnyXaaHus

B oroit rnaBe mMb Gonee noapoGHO paccMOTPUM
3aJauM, KOTOPbi€ BO3HMKAKT B CXEME CayuaiHoro 6ayxnaums.
Kak yxe 6bi10 orMeueHo B 1. 1 (cMm. ¢. 19 — 24), ara mare-
MaTHuecKasi MoIejb MOACKA3aHA M ONpaBAaHa (pHM3NUECKUMH
NPUAOKEHUSIMM — OHA CJIYXXKMT AN NpOCTeimero, npubanxeH-
HONO ONMHCAHUsi OZHOMEPHOro ¢hManueckoro npouecca 6poyHoB-
CKOro IBUXEHUS M 1udxpy3uu MaTEepUaabHOM YaCTMLIN, KOTOpas
COBEPILAET CJIyUYaiHbie NEPEMEIIEHHUS N0 AeHCTBUEM 60/IBILIONO
YMCA CTOJKHOBEHMI ¢ MOaeKynamu. Dusnueckuii CMBICT UMEET
JMIUb NPEAESAbHHMA C/IyYail — HENPEPHBHOS ABUXEHUE, OMHAKO
OMCKPETHAsi CXEMA CIIyyaitHOro 61y X1aHusl IPUBOIUT K Pe3yJib-
TaTaM, KOTOPHE OCTAXOTCS CNPaBEAJIMBHIMM U B CBOEH mpeaesib-
HO#t popMme.

IMpencraBum cebe, YTO HEKOTOpAs YacTMLA (MOABUXHAS
TOUKA) NEPEMEMAETCs B AMCKPETHHE MOMEHTH BPEMEHHM MO
LIEJIHM TOYKAM YMCJIOBOM MPAMOI, PAaCHOJIOXKEHHON BEPTHKAJIb-
Ho. Bynem cuntatb, 4TO B HaUaJbHHI1 MOMEHT BpemMeHu n = 0
YacTHLA HAXOAUTCS B HAuaIe OTCUETA, 4 B KAXIBH CACYOmMi
MOMEHT BpeMeHH n = 1, 2, 3, ... OHa COBEpILIAET NEPEMEIRECHHUE
Ha €AMHMLY BBEPX HJIM HA eAuMHULy BHM3. Tak, Hanpumep, B
MOMEHT n = | yacTMua OKa3nBaeTcs B TOUKax + 1 mwam —1;
€CJIM B MOMEHT BPEMEHM N YacTHLA 3aHMMAJa NMOJIOXEHUE ¥, TO
B CJIEAYIOIUIA MOMEHT BpEMEHM 1 + 1 OHA OKA3KBAETCS B TOMKAX
¢ KoopauHatamu y + 1 Mau y — 1 HE3aBHCMMO OT TOrO, Kak
OCYIRECTBJISJIOCh €€ ABUXEHME 10 MOMEHTa n. [Ipeamonoxum,
YTO ABUXEHHUE YACTUUM BBEPX M BHM3 HA OAMH ILAT PABHOBO3-
MOXHO, T. €. MPOMCXOAUT C BeposiTHOCTAMM 1/2 kaxnoe. Toraa
rOBOPSIT, YTO YACTHMLA COBEPIIAET MPOCTOE CMMMETPHUUYHOE CJay-
yaiiHoe Gayxnanue Ha npsaMoil. PaccMorpum rpaduk cayuaitHo-
ro GayxnaHusi B NpPOCTPAHCTBEHHO-BPEMEHHOH CHUCTEME KO-
OPAMHAT, rae OCh aGCUMCC BHCTYNAET B POJIM OCH BpEMEHH, @ OCh
OpPIMHAT MO-NPEXHEMY CAYXMT ANS YKA3aHMS IOJIOXEHHMS
yactuub. OTMETMM TOYKM, COOTBETCTBYIOIRME MOJIOKEHHIO
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YACTHLUH B KaXIHH MOMEHT BPEMEHM, COeAMHHM OnaMxaimme
TOYKM NPAMOJHHEHHHMH oTpe3kamu. Toraa 060 BO3SMOXHHIIA
MCXO MOCAEAOBATENbHHX mNepeMemeHui yacTHun Gyaer rpa-
¢uueck M300paxaTbcd JIOMAHOH C BEPUHIMHAMM B TOYKAX C
abcumuccamu 1, 2, 3, ... 1 ueaouncaeHHHEMHU opauHaraMu. [Toay-
yeHHHH rpadHUK H €CThb TPAeKTOpUs ABMXEHHs uacTuis. Ha
puc. 24 u300paxeHa TPAEKTOPHS ABMXEHHS YACTHLH, 3aHMMAa-
fommei 3a BpeMa n = 41 mocsegosaTeasHue nojioxenus: 0, 1, 2,
3,2,1,2,3,2,3,43,2,1,0, —1, 0, —1, —2, —1, =2,
—3, —4, —5, —4, -3, —4, —3, —2,—1,0, 1,2, 1, 2, 3,
4,5,6, 7, 6, 7. [Ipn pukcupoBaHHOM BpeMeHH HaOIIOACHHS n

Y

VLU L)

01IIII1I||I|I4Ikillllllllllll (] T N Y I Y |
e

L

Puc. 24. TpaekTopus ABMXEHMS YACTHIbI

B KaueCTBE MHOXECTBA BO3MOXHBIX COOHTHI (MCXOIOB) €CTECT-
BEHHO BHOpaTh MHOXECTBO BCEX TPAEKTOPHIl /IMHH 7, HAUMHA-
IOMXCA B Hauaje KOOpAMHAT. Tak Kak ux ofimee YMCIO paBHO
2" ¥ BCE OHH PAaBHOBO3MOXHH, TO KaXA0H TPAEKTOPHUH IIPHIHCH -
paerca BeposTHOCTh 2~". Takum o6pazoM, B CMMMETPHUYHOM
cayuaitHoM 6iyxzaHud Jio6oe coOHTHE, COCTOAMEE B AOCTH-
KEHMH YacTHLEH HEKOTOPOrO MHOXECTBA TOYEK HA MPAMOH,
HMEeT BEpPOSTHOCTb, MPOMOPUMOHANBHYIO UMCIY TPaCKTOPHMIA,
3aKAHYMBAIOMHKXCA B TOUKAX 3TOro MHoxecrsa. [Toaromy mpu
MOACYETE BEPOATHOCTEA TEX WAM HMHHX COOmTHI MH Oymem
MO0JIb30BaTbCd KOMOMHATOpHEMH dopmyaamu § § ra. 1.

B aroii rnase GyayT paccMOTpeHH 3a4auM, THIMYHHE IS
cnyuailHuX OnyXIaHuil, — 3a1aua NEpBOrO JOCTHXCHHUSA YacCTH-
el HEKOTOPOro YpOBHS, 3371aYa BO3BPAIMICHHUS YaCTHLH B Haua-
JIO KOOpOMHAT, 3a/laua O BPEMEHM NpeOHBAHMA YACTHUOH HA
MOJIOXHUTE/BHOM uacTH mpamoit U T. n. Ha npumepe cummer-
PMYHOrO OJHOMEPHOrO CayuyaiiHoro OsyxzaHus OyayT mpope-
MOHCTPHPOBAHH COBEPLICHHO HEOXHJAHHHE, MPOTHBOPEUYAIMMHE,
Ha NEpBHM B3NS, 3APABOMY CMHKCIY CBOWCTBA CJAyYaHHHX
6ayxpaHuii. DTH 3aKOHOMEPHOCTH CAyYalWHHX OayXagaHuii Ha
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NpsiMOii MMEIOT YKCTO KOMOMHATODHYIO NPUPOAY M OCTAKOTCS
CNpaBEJIMBHIMH 11 CayyaliHnX 6ayxaaumii ropaszmo Gonee
obmero Buaa.

§ 2. KoMOMHaTOpHBIE OCHOBH

TpaekTopus uacTuu rpadMyeckn npeacTasJisd-
€TCA JIOMAHOH C BEPIIMHAMH B TOYKAX C LC/IOYMCACHHBIMH
KOOpDAMHATAMHM, NMPH ITOM KOOPAMHATAMH CBOMX BEPIIMH KaX-
Ias TPacKTOpHUs Ompeaendercd OMHO3HayHo. Takue TpaekTo-
puu Mu GyneM HasHBATD nymsamu W3 HAyana KOODAMHAT, M
B 3TOM naparpage GyaeM 3aHMMATbCS NOACYETOM YMCAA My-
Te, o6Jajaomux onpencyeHHEMH cBolicrBamu. O6o3HauuM
L (x, y) unciao Bcex myTel, BEAYIIMX M3 Hauaja KOOPAMHAT B
TOUKY (x, y). OueBHAHO, B COOTBETCTBHM C BHUUCICHHAMM B § 5
ra. 1, B cayuae, Korma x M y MMEKT OJHHAKOBYIO YETHOCTb M
y < x,

L(x, y)=C&*n? G

(B Apyrux cayyasx nozaraeM npocro L (x, y) = 0). Ouesuano
TAKX€, YTO YMCJO MyTEH M3 TOUKH (Xp, )p) B TOUKY (X, y), rac
O<xg<x, ypS€X5, yS$X, Xo0+ ) H X+ y UETHH, pPaBHO
YHCJIYy NMYTCH M3 Hayaja KOOPAMHAT B TOYKY (X — Xo, ¥ — W),
T. € paBHO L (x — Xxo, ¥ — ¥o).

Bce noacuetnt B 310M naparpade M BHYHCICHHE BEPOSTHO-
creit B cieayoowux naparpadax 6yayT OCHOBAHH HAa OIHOM
3aMEYaTEbHOM M UPE3BHUYANHHO MPOCTOM PE3Y/AbTATE, HOCALIEM
Ha3BaHHME «MPUHUMINA OTPAXEHHSI».

[Ipuruun oTpaxeHus TycmbAuB — mouxu
¢ uyenowucaennoimu xoopounamamu (Xp, yo) u (x,y), 0<
<x<x, >0, y>0, u A’ — mouxa (x,, ~yp), cummem-
puxnas mouxe A omnocumenbro ocu abeyucc. Tozda wucao mex
nymeid u3 A 8 B, xomopblie kacaromcs unu nepecexarom oce
abcyucc, pasno uucay acex nymei, Gedyujux u3 mouxu A' @
mouxy B.

HokasarteabcrTno. ConoctaBUM KaxXaoMy NYyTH
u3 A B B, KOTOpHIii Kacaercs WM nepecekaeT och abcumce, nyTh
u3 A’ B B caenyiomuM obpasom (puc. 25): ectd nyTb u3 A
B B nonagaer Ha ocb abcuMCC BnepBHE B TOuke C, TO Y4aCToK
A'C nyth A'B noCTPOMM IO CHMMETPHH KaK OTPAXEHHE yuacT-
Ka AC OTHOCHTE/IbHO OCH a6CLUCC (HA PHUCYHKE HOBHili y4aCTOK
nyTH u300paxeH WITPMXOM) M COXPaHUM s nytu A'B 6es
u3MeHEHHs yyacTok CB. OueBHaHO, UTO YKa3aHHOE COOTBETCT-
BHE MEXAY NYTIMH U3 A B B, nonanamomumu Ha och abcuuce, u
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OTPaXEHHHMH NYTIMH H3 A’ B B B3aMMHO OJHO3HAYHO, YTO H
JOKA3HBAET JICMMY.

710 yTBEpXIEHHE 3HAYHTENBLHO O6/IEryaeT BHYHCIEHME YHC-
Jia myteil, 061ajalOmUX HEKOTOPHIMH HYXHHMH CBOHCTBAMH.
ByneM Ha3HBaTh MyTH NOIOXMTEbHBIMH, €CIH MX BEPLIMHH
JIEXAT CTPOro BHIE ocH afcuucc, ¥ HEOTPHUATEIBHHMH, €CIH

Puc. 25. TpuHUMN OTPaXKEeHHS

HX BEPIIMHH HE ONMyCKaloTCd HHXe OcH abcumcc. AHAJOrHUHO
OMNpeAeadIOTCS OTPHUATENBHHE M HENOJOXHTE/IbHEE MYTH.
Saagauva 1. Halimu uucno noroxumenvhvlx nymeii us
Hauana koopournam 8 mouxy (x,y), 0 <y <€ x.
Mycms L (x, y) — uucno acex nymeii uz (0,0) e (x, y). Bce
TOJIOXHTE/IbHHE MYTH NMPOXOAAT uepes Touky (1, 1) (puc. 26).

Puc. 26. INoacyer YHCA NOSOKMTENLHBIX TPAESKTOPHIA

IMoaToMy MCKOMOE UHC/IO COBNANACT ¢ YHCIOM MOIOXHTEIbHEX
nyte#t w3 (1, 1) B (x, y), a 37O UHC/IO PABHO PAa3HOCTH MEXAY
YHCIOM BCex myTed u3 ToukH (1, 1) B (x, y) u umcaoM nyreir u3
(1, 1) B (x, ), Kacalomuxcs Win mepeceKaomux och abeuuce,
HJIH Pa3sHOCTH MeXAy MCaoM Bcex myreit u3 (1, 1) B (x, y)
H uHcaoM Bcex myted m3 (1, —1) B (x, y), T. e. paBHO
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L(x-1,y=1)—L(x—1,y+1). Teneps 1€rk0 npoBepuTh,
uTO

L(x— 1, y_ 1) _ L(x— 1, y+ 1) = C‘(‘x_-t-rv/z)‘l - Cix_"'fv)/z =

x+y x-
= Cf”)/z ( =~ - _2}_)'_) = _C(x-l-y)/z L(x, ¥).

Ilo cuMMerpum 3aKJIIOYaEM, YTO UMCIO OTPHLATEIBHHX
nyTed B Touky (x, —y), y > 0, Takxe paBHO %L (x, ¥).

I pumep 1. 3anaua 1 mssecTHa kak «reopema o Ga-
JIOTHPOBKE» B KOMOMHATOpHOM aHna/m3e. Mcropuuecku mepsoe
€€ MCOOJIb30BAHUE CBA33HO € MMcHamu Yalitsopra (1878 r.) u
Beprpana (1881 r.), pemuBmHMX Tak HasHBaeMyw Oasmroru-
poBOYHYIO 3amavuy. Ecau aBa kaspupata R u S nmosyumnu Ha
BHOOpax COOTBETCTBEHHO 7 H 5, r > 5, TOJOCOB, TO KAaKOBH
IIAaHCH, YTO KaHAMAAT R B TEUyeHME Bcex BHOOpoB 6HA mo
KOJIHUECTBY rosiocoB Bnepeau S? QueBHIHO, YTO NOCTAHOBKA
3ajayM INpeINoIaracT BHIOOJHEHHON CHEAYIOMYIO HECKOJIBKO
HaUBHYIO NPOLEAYPY NOACYETa IOJIOCOB: Kaxiawi BHOGOpmMK
OTZAET CBOM rojIoC MAM KaHAMAaTy R, waM S ¢ BEPOSTHOCTHIO
1/2; nocaenosaTesbHO ONPAMMBAKOTCS BCE BHOODIIUKM M Ha
KaxjaoM mWare NOACYMTHBAECTCA Pa3HOCTh MOJIOCOB, MOJAHHHX 33
R u 3a S; nocsie onpoca (7 + 5)-ro BHOOpmMKa 3Ta Pa3HOCTh
aosixHa OWTh paBHa » — 5. Takum o6pasoM, peub HMAET O
MOACYETE YHMC/IA NOJOXUTENbHHMX nyTed 3 (0, 0) B TOuKky
(r + s, r — 5). B coorBercTBHHM C OTBETOM B 3amaue 1 310 UKMCAO
PaBHO

r+sL(r+s, r—s).
Torna maHcH Ha yCTOMYMBHIA nepesec KaHauaara R Han S

B TCUCHHC BHGOPOB H3MCPSAIOTCS OTHOMICHHEM 3JTON0 4YHMCIa K
r—s

L(r+s,r—3s), e se.nmmnoﬁ

IMMpumMmep 3. Ta xe 3a.naqa, HO ¢ Bosiee MOHATHHM HaM
CIOXETOM, 3BYUHMT Tak. [Ba maxmaTucTa, HMEs paBHHE MAHCH
HA yCHEeWHHH PE3yabTaT B KAXAOH NapTHH (HUYBH HE 3aCUHTH-
BaOTCH), Urpalor Mary W3 10 nmaprmit. MaTtu 3akanumBaercs
nobenoli onpeaeseHHOro Mrpoka co cuetoM 6 : 4. KakoBH mMaHCH
H3 TO, YTO noleauTenh MaTua NOCAE KAXAOH NapTHH 6w
Boepean no uucay oukoB? QuesumHnM o6pasoM, HCIOIB3YS
3anauy 1 u paccyXneHns NPEAHYMIETO IPUMEDA, TTOTYYAEM, UTO

-4
6+4=0’2'
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Hawm noHano0urcs euie OaMH BaXHHH Pe3ysbTaT, MpeacTaB-
Agiommii co00i yTBEpXAEHHE, ABOUCTBEHHOE YTBEPXACHHUIO 3a-
naum 1. Bynem paccmarpmBarth Bce mytn m3 (0, 0) B (x, y),
001analomue TeM CBOMCTBOM, YTO OPAHHATH BCEX MPOMEXYTOU-
HBIX BEPIIMH MCHbIIE y, M OyaeM Ha3HBATb TAKHE MYTH NYM MU,
anepavie docmuzarouyumu ypodeno (nonoxenue) y 8 Momenm x
(WM nymsamu nepaozo docmuxenus y).

3angaua 2. Joxazamb, umo wucao nymei, ebixodsuux
u3 Hauwana koopounam u énepavle JOCMUZAIOUUX YPOBEHb Y,

y > 0, 6 Momenm x, paeno % L(x,y).

PaccMoTpuM BCe myTH, YAOBJIETBOPSIOUIME YCIOBHIO, U Oy-
AEeM MPOXOAMTb KaXAHM TakoM MyTh B 06paTHOM HANPpPaBJICHHH.
Ing aroro BubepeM HOBYIO CHCTEMY KOODAMHAT C HAuyaJiOM B
TOUKE (X, y) H OCAMH, KOTOPHIE MAPA/IC/IbHE H MTPOTHBOMOIOXHO
HanpaBJICHH COOTBETCTBYIOUIMM OCHM MCXOJHOM CHCTEMH KO-
opauHaT. QueBMOHO, YTO <«OOpALICHHHI» MYTh YAOBIETBOPIET
YCIOBHIG 3ajauM 1, T. €. SBASETCd MOJOXMTCIABHHM IMYTEM U3
HOBOTO Hayaja B TOYKY C KOOPAMHATAMH (X, y) B HOBOHM CHCTEMeE
(puc. 23). TeM caMBIM YCTaHOBJICHO B3aMMHO OJHO3HAYHOE CO-
OTBETCTBHE MEXJY ABYMs THNaMH nyteil. Mcnoab3ys peayabraT
3apaum 1, nosyuaem yTBEpXACHHME.

Ilo cumMerpun, yuCioO NyTel, BIEPBHE AOCTHrAIOLKX YpO-

BeHb —y, y > 0, paBHO % L(x, y).

JlokaxeM B 3aKJIOYEHHME OAHO MPOCTOE CJICACTBHE «IPHH-
UMna OTPaXEHHs», KOTOpoe OyAer mone3Ho B MNOCAEAYIOMMX
pacCy XaAeHHSX.

3anauva 3. Haimu uwucro noroxumenvhvlx nymet,
8bIX00 WX U3 Hauana KoopouxHam u 3aKAHHUBAIOULUXCS 8
mouxax ¢ abecyuccod x > 1.

MH goAXHH HaWTH YMCJIO BCeX myrelt, Benymux u3 (0, 0)
B MHOXECTBO M TOuEK (X, y), HMEIOMMX OQWHAKOBYIO abcuuccy
x n opauHat y > 0. Bce takme nytn Heo6xoaMMO mpoxoasr
uepe3 touky (1, 1). Umcno nyreir w3 (1, 1) B M pasHO

X

> L(x-1,y-1), auncno nyreii u3 (1, —1) B M pasHO

yY=5%
x=2

> L(x—1,y+ 1), rae yo =2 npu x yerHom H yo = | npu x

Y=Y o
HeyeTHOM. TOorma mo «npUHLMNY OTPAaXEHHMS» UYMCJIO MYyTEH M3
(0, 0) B TOuKM MHOXECTBAa M PaBHO

x x=2
SLx-1Ly-1)=-SL(x-1,y+1)=
Y=o Y=¥o

98



=Lx-1,y%-1)+ i Lx-1,y-1)-

y=yp+2

x=2
~SL(x-Ly+1)—-Lx—-1,5-1)=
Y=y

/2
=1y X YETHO,

= 2
C&- V2 x HeueTHO. 5.2)

Kak credcmeue nonyuaeM, uto obmee wuUCAO NONOKUMENbHHLX

u ompuyamensholx nymeti, 6oiX00WUX U3 Havana Koopournam

u 3axanxuearouyuxcs 8 mouxax ¢ abcyuccol x, pasno
205, ., =C%, npu x = 2n,

2C5, npu x=2n+ 1. 5.3)

YrnpaxHeHus
1. MMokaxxure, YTO UMCIO NONOXKHMTENLHBIX MyTed M3 (0, 0) B
1
(2n, 0) pasro — Chha.
2. Moxkaxure, YTO YMCAO HEOTPHLUATERLHLIX myTel u3 (0, 0) B (21, 0) pasHo
1
n+1 Co.

3. Iokakute, YTO YMCAO HEOTPMLATENLHBIX NyTeil AAMHLL 21 paBHO C3,.
4, Jlokaxxure, UTO YMCIO MyTeH MEepBOr0 AOCTHXKEHHUH TOUKH Y B MOMEHT
2n — y paBHO Pa3sHOCTH MeXay uMcaoM myteit m3 (0, 0) B (2n—y, y) n
YABOCHHBIM uncoM nyreit M3 (0, 00 B (2n—y -1,y + 1).

5. Nokaxure, uto unucao nyrei u3 (0, 0) B Touky (x, yo), yo > 0, koTopnie
JieXaT Bullle MpaMoi y = =y, y1 > 0, paBHO

L(x, yo) — L(x, yo + 2y1).

(Mcnionb3yitTe mpUHUMN OTPAXKEHHS NMPUMEHHTENLHO K MPSIMOK y = — y1.)
6. loxaxxure, uro uncno myteii u3 (0, 0) B (x, y), yo > 0, xoTOpBIE NEXKAT
HMXXE NPSIMOK y = y2, ¥2 > )0, PaBHO

L (x, yo) = L (x, 2y2 — yo)-
(Mcnonsaytite 3anauy 5.)

§ 3. 3apaua 0 BO3BpAlIEHHH YaCTHLBI
B HAa4aj 0 KOOPIHHAT

JT0T M mocieayiouMe naparpads NOCBAmMEHH
COGCTBEHHO CHMMETPHYHOMY CJIyYaHOMY GJyXIaHHIO HA Nps-
MoH. OCHOBHBAACh TOJILKO Ha KOMOGHHATOPHHX CBOMCTBAX MyTe
(TOMLKO HA NPHHLHKNE OTPAXECHHA), MH MOJYYHM HEKOTOPHE
r1y60KHE H HEOXHMAAHHHE 3aKOHOMEPHOCTH NoBeacHus 61y xna-
omei yactTHus. Haww npeackasannd, B nepsylo ouepeas, 6yayr
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OTHOCHTbBCH K BO3BPALUCHHIO YACTHLW B HCXOLHOE MOJOXEHHE M
JOCTHXEHMIO €10 HEKOTOporo ypoBHa. [Ipu pemieHnm 3azaum o
BO3BpallcHMH OyaeM pacCMATPHBATDL NYTH, COEAMHIIOWME HAYA-
JIO KOOPAMHAT ¢ Toukamu (x, 0), rae x = 2n, TaKk KaK BO3Bpa-
LICHHE YAaCTHLH B HYJIb MOXET NPOHMCXOAMTb TOJALKO B YETHHIE
MOMeHTH BpemeHn. ColnTHe, COCTOdlIee B TOM, YTO BO3Bpa-
WICHWE B HyJb NMPOM3OULIO HA 2n-M INATE, CBM3aHO JHIUb C
NEepBRIMHM 2n NEpeMELICHHAMH YacTHIH. B cruiy cnmMmerpnn Bce
2% BO3BMOXHHE TPACKTODHH J/IMHH 21 OKa3WBAIOTCS PaBHOBO3-
MOXHbBIMH. TI03TOMY BEpPOSTHOCTH BO3BpALICHHSA BHIYHMCIAIOTCH
MOACYETOM COOTBETCTBYIOLUMX NyTel HA orpeske or 0 1o 2n.

Mycrp u;, — BEPOITHOCTL BO3BpAmICHMS yYacTMUHW B 0 B
MoOMeHT 2n. Tak kak uMciao myrel, coeauHsommx Toukn (0,0)
H (2n, 0), paBHo L (2n, 0) = (3, (cM. dopmyay (5.1)), To

u, = C3, 272 4.4

Myctb f,, — BEPOATHOCTb MEPBOrO BO3BPALICHHS B HY.Jb B
MOMEHT 2n. [lna onpenencHus f,, MBl HAaiJEM COOTHOILEHHE,
CBA3HBAKOLIEE f7, C BEPOITHOCTBIO Uy, MpH n 3 1

fz,, = Uy -2 — Uy, (5.5)

[TycTb coOniTHE A,, COCTOMT B TOM, YTO MYTb JO MOMEHTA 21
BKJIIOUHTEJIbHO HMITE He ofpawaerca B Hyub. 110 3anaue 3 8 § 2
P (A;,) = uy,. Tlyctb cobbiTHE B COCTOMT B TOM, YTO B MOMEHT
2n HMMEeT MecTO BO3BpAalICHHE B Hyab. Torna cobwTHe
Az, - 2N B o3Hauaer, YTO NEPBOE BO3BPALIEHHE B HYJIb MPOM30LL-
JO B MOMEHT BpEMEHH 2n, M noatomy P (A, -0 B) = f,,.
OueBUaHO, YTO

(Am-2NB)U (Azn-an) = A2

rae B — nononHeHne co6utHa B. Tak Kak COGHITHA, CTOSMIHE B
ckoBKax, HECOBMECTHH, H Ay, .. N B = A,,, T0

P(A,_.,NB)+ P (A),) =P (A,-2),

4TO M NpHBOOMT K coorHomeHmio (5.5). IMoacrasngasa B (5.5)
BupaxeHue (5.4) ang u,,, noayuaeMm, uro npu n » 1

1 -2t 4
fon=37=7C0-12 el 4.6

1
(PUm fon = n llzn-z)-

CoorHoweHne (5.5) MOXHO TaKXe I0Ka3aTb KaK NPOCTOE
KOMOMHATOPHOE TOXIECTBO, €CJIH BEPOSTHOCTH f,, B Buae (5.0)
BHIMHCJIMTb, HEMOCPEACTBEHHO NpHMEHsd 3a1auy 1 B § 2 (cM. yn-
paxHeHue 1),

100



Hcnonnsya dopmyay (5.6), HeTpyAHO NpoBEpPHTH, YTO BEPO-
ATHOCTH MEPBOro BO3BPALICHUS B HyJb, HATIDUMED, HA 2-M, 4-M,
6-M marax, paBHbH COOTBETCTBEHHO

f2 = 0$57 f4 = 0,125, fo = 0,0625.

Buuucienne f,, a1 He6OMbIIMX 3HAUYEHHA n  ya0OHO
NPOU3BOAMTH, UCNIO b3V TAOIHUKY 3HAUCHHIA BEPOATHOCTEH U,
n 1 2 3 4 5
Uy, 0,5 0,375 0,3125 0,2734 0,2461
n 6 7 8 9 10
uy, 0,2265 0,2095 0,1964 0,1855 0,1762

Jns GonpIMX 3HAYEHHMHA 11 MOXKHO BHYHCIHTL f5, NPUOIHXKEH-
HO, N0/163ysch Tabmuamu JorapudMos (M. €. 27) wim dopMy-
noi Crupaunra. [Ho dopmyne CrupsmHra (cM. c. 29) npu
GonblMX n

n! ~n"e""Vinn,
0TKyAa

g 1
Can 2\&7.

MNozromy
1

1
Uy ~ 7= MU [fo = ——.
van 2vE 2?2

WUHTepecHO y3HaTh, KaKOBbi MIAHCH HA BO3BPALIECHHE 4Yac-
THUUL B HyJIb 32 HEKOTOPOE KOHEuHOE BpeMs. Hanpumep, Bepo-
STHOCTb BEPHYThCA B HYJIb 332 2 mara pasHa f, = 0,5, 3a 4 mara
fa+ f,=0,626, 3a 6 waros f2+f4+f6—06875 H T. A.
OueByaHO, UTO BEPOATHOCTb BO3BPALICHHMS YACTHULI B HY/b 3a
BpcMs 21 paBHA

L+t fat i+ fon
o dopmyne (5.5) nonyuaem, uro ,
f2 + ...+ fz,, = (1 - u2) + ...+ (u:,,-z - U2,,) =1~ Urps A$.7
T. €. Uy, — BEPOATHOCTb MPOTUBONIOKHOIO cobbiTus. IToabay-
ACb NPUGIMXEHHHIM 3HAYCHHEM u,, NPH GOMBIIMX n, MOXHO
BHIUMC/TMTh, HanpUMep, BEPOSTHOCTh Bo3spamenud 3a 100 ma-

roB — 0,9202, 3a 1000 maros — 00,9748, 3a 10 000 maros —
0,9920. 3aMeTHO, UTO C POCTOM N BEPOATHOCTH Uy, CTpEMATCH

101



n

k 0, a BEPOSTHOCTH Y, f5 BO3PAcTalOT M mpubanxawrcs k 1.
k=1

KakoBa Xe BEP.ATHOCTb TOI0, YTO YACTHLA Koraa-au6o BepHeTcs
B Hauyaso koopauHat? o cux mop MH paccCMaTpUBAJIM BEpOAT-
HOCTH B KOHCYHOM MHOXECTBC BO3MOXHHX COGHTHﬁ, a oJaa
KODPEKTHOrO OINPEAEACHKS HMHTEPECYIOIIEH HAC BEPOSTHOCTH
HeoOXOAMMO paccMaTpHBaTh GECKOHEUHOE MHOXECTBO TPAEKTO-
puit. Ias TOro uro6H He BHXOAMTb 3@ PAMKM KOHEUHOM CXEMH,
MH YIPOCTMM PELICHHE 33Jaud M NPEANOI0XKMM, YTO COOHTHE,
3aKJII0YAIOLIEEcs B TOM, YTO YACTHMLA PAHO WM MO3JHO BEPHETCH
B HyJIb, HMEET ONPEEJCHHYIO BEPOSTHOCTb, KOTOPYIO MH 0603-
HauuM uepe3 f. Toraa

f=htfit..+fa+.. 4.8)

Temepb Ml MOXEM HOKa34Tb 3aMEUYATE/IbHHIMH PE3yJbTaT O BO3-
BPAaTHOCTH CMMMETPHUYHOIO CIy4aiHOro Oy XnaHus Ha NPSIMOL.
T e o p e M a. Bosspawjenue wacmuypi @ Hyab npoucxodum
¢ gepossmuocmsio 1.
HokasarteabcTso. U3 dopmya (5.6), (5.5) u (5.8)
uMeeM

f=(l—u2)+(u2—u4)+(u4—u6)+...+=l.

Takum o6pa3om, BO3BpalllcHHKE YACTHLH B HYJb SBAAETCH
cobniTHEM C BeposSTHOCTBIO 1. OKa3nBaeTCa, OHAKO, UTO MOMEH-
Ta BO3BPALICHHMA TPUXONUTCS XAAThb CAMIIKOM goaro. Hag Toro
yToOH B 3TOM YOEnMThCS, HAMAEM CPENHEEe 3HAUYEHHE MEpHOAA
BPEMCHH OO0 BO3BpALLICHHSA YACTHLUH B HYJb. Tak kxak KaxaomMy
3HAYEHHUIO 211 BPEMEHH OXHMAAHUS COOTBETCTBYET BEPOSATHOCTH
f1, TO CPEOHEE BPEMS OXMAAHMS BO3BPALICHMS YACTMUH, €CJIM
BpeMs HabMIOAEHMS HE MPEBOCXONMT HEKOTOPOro MoMeHTa 2N,
paBHO

N
> 2nfr, + 2Nuw. (5.9

n=1

[Mocnennee c1araeMoe B ITOM CyMMe COOTBETCTBYET CAYYal0,
xoraa 3a BpeMs 2N uyacTMUA HM pa3y HE BEDHETCA B HYJb

N
> fon + =1, oM. (5.5)[. Ouepuamo, uto Gonbmmum 3Ha-
p =1
yeHHAM N COOTBETCTBYIOT JOBOJLHO (O/bIIME 3HAUCHMS BHpA-
xeHng (5.9). OuennM 3HaueHHe BHPAXCHUSA

z 2nf2,,.

n=1
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Taxk xak npu n - o f ! 2nf, !
: P . 2 VR n¥? > Van’ pax

E 2nf,, pacxomuTcs *) u, CAENOBATENbHO, CPENHEE 3HAUCHME
n=1
BPEMEHH BO3BpaIIeHHs GECKOHEUHO.

Hrak, yactHua 0643aTEIbHO BEPHETCS B HAYaJI0 KOOPAMHAT
4, ctano OnTh, moOHBaeT TaM GECKOHEYHOE YHMCJIO pas, HO
(cpeanee) BpeMs OXHIAHMSA aX€E NEPBOro BO3BpameHns 6ecko-
HEYHO. MOXHO /M yTBEPXAaTh, YTO HAYAJO KCOPAMHAT —
€IMHCTBEHHAs TOYKa, KOTopas o00JazaeT TakuM CBOMCTBOM?
OTBET Ha NOCTaBJIEHHKIA BOMPOC JAET PEIMICHHUE 3a0a4M O TIEPBOM
NOCTHXEHHUH HEKOTOPOrO yPOBHS.

ITo 3anaue 2 B § 2 BEPOATHOCTb TOTO, YTO TOUKA C OPAMHATOM
y > 0 6yner Bnepsae AOCTMrHYTA mpu abcumcce x, paBHA

& =2cEra, (5.10)

0 < y < x. Tak Kak x + y U€THO, NOJIOXHM X + y = 2n U @e-
penumem (5.10), Bupasus x uepes 2n:

8-, = oy 272", .11

2n—-

Monoxum B (5:11) y=1 u noryunm g5 , = o1 %

X Ch-1°2""*! — BEPOATHOCTb MEPBOTO JOCTHXECHHS TIPSMOM
y =1 B MomenT 2n — 1. Kak cnenyer u3 ¢opmyan (2),

&0 1= fom 5.12)

31O COOTBETCTBHE MEXIY BEPOSTHOCTMHM MEPBOIO JOCTHXEHUS
TOUKH C OPAHMHATOIM | M NEPBONO BO3BPAIIEHHUS B HYJIb IO3BOJISAET
NPMMEHHUTDb JOKA3AHHYIKO TEOPEMY K PELIEHHIO 3aJa4M O MEPBOM
AOCTHXECHUH.

C aepoamnocmoio | vacmuya docmuzaem yposus 1.

o cuMMeTpHM, TOT X€ BHBOA CINPABEMJIMB B OTHOIIEHUH
MEPBOTO JOCTHXEHHUS ypoBHA —1. ‘

Tenepr MHTYyMUMS NOICKA3HWBAET, YTO MOJOOHOE yTBEPX-
aeHue MoXeT OnTb chOpMyAHPOBaHO A TOGOr0 yPOBHA y; IUIAH
TOYHOIO JOKA3aTeabCTBA CM. B 3apauax J u 0.

O6muit uror naparpada TakoB: ¢ BEPOSTHOCTbIO 1 Gmyxna-
OmAas v4acTHua GecKOHEuHOe uMCIO pa3 mepecekaer moboii

*) Pag pacxoaurce (cymma GeckOHeuHa), €Cm Pacxoamrcs nocnenosa're.nb-
HOCTb KOHCHHBIX YACTUYHbIX CYMM.

103



NOCTOSHHHIA YPOBEHb, B UAaCTHOCTH, (ECKOHEUHOE UHC/IO pa3
BO3BPAILAETCA B HCXOZHOE MOJOXEHHE, HO CPEAHEE BPEMS OXH-
JAHHUA THX cOOHTHI 6eCKOHEUHO.

YpaxHeHHs

1. Ucnonv3ys 3agauy 1 B § 2 ana moacuera umMcia MmoJjiOXH-
TENbHBIX U OTPUUATEJbHBIX MyTeH, coeaunsiowmx touku (0, 0)) u (21, 0),
HalAMTE BEPOSTHOCTD f2n.
2. B cGeperatenbhblit 62k cTOAT B ouepeau 2n uesnosek. Kaxaslit us HuUx
¢ BeposTHOCTHIO 1/2 BHOCUT 10 py6neit wim ¢ seposTHocThiO 1/2 Geper 10
py6neit. B HauanbHblit MOMEHT BpeMeHu B 6aHke neHer HeT. HailinuTe Be poSTHOCTD
TOrO, UTO HYU OMH U3 TEX, KTO XOUET B3ATb A€HbIU, He Gyaer xkaats? Jokaxwure,
4TO 3Ta BEPOATHOCTb PABHA Uy,, W HANUAUTE €€ TOUHble U NPUOAUKEHHbIE
3HaueHus pia n =4, §, 6.
3. Onwupasch Ha ynpaxHenue 2 u3 § 2, Haiiaure, 41O

8y =Choy2 B - 27 (.13)

4. TlokaxuTe, UTO BEPOATHOCTb AOCTHXXEHMS TOUKM (21 — m, m), paBHas
Chrwm'2-2*™ moxeT 6biTH NPEeACTARNEHA B BUJE CYMMbI
n

S, (5.14)

y=m
5. Hoxaxxute dopMyay
-1
1 1
ihen =28 e u-1 (.15
k=y

CBSA3bIBAIOILY IO BEPOSTHOCTH MEPBOTNO AOCTUXKEHHUS ypoBHeH ym y + 1.
6. B cneactBMM U3 OCHOBHOM TeOpeMbl [OKa3aHO, HTO g“) =
o«
= E gﬁ.).. 1 = 1. JlokaxuTe, 4TO 4aCTMLA C BEPOATHOCTLIO 1 AOCTHIHET Moboro

n=1.
@

YpOBHS Y, T. €., UTO g(” = E gg,)_ y = 1. (Jloka3zaTeanCTBO MPOBEAMTE METONOM

ne
MaTeMaTHUECKOM qu(yxuuu.yucnonbsysl dopmyny (5.12) u dopmyay uame-
HEHUS NOPAAKa CYyMMHUPOBAHUS
@® n-1 ® @®
n =§+ 1 vgy vgy n —2= 1 )

7. Noxkaxwure, uTo uacTMua, HauuHaowas 6ryxpanue U3 moboit TOuku
C OpOMHATOM y, C BEPOITHOCTbIO 1 monajer B HyJb.

8. Nycts B cayuaitnoM GmyXIaHMM HZ MPAMON YYaCTBYIOT ABE HaCTMUbI,
KOTOpble MEePEMELIAIOTCH HE3ABMCHMMO APYT OT APYra M B ONHHU M T€ X€ MOMEHTbI
BpeMend. Mcnosb3ays BbIBOX O TOM, UTO YacTHL@ C BEPOSTHOCTbIO 1 pocTHraer
mobOro MoNOXKEHUS HAa MPAMON, AOKAXUTE, YTO BEPOATHOCTb BCTPEUM UACTHILL
paBHa 1, ecqu HauasbHOE PACCTOSHHME MEXAY HMMM Y€THO, U paBHa 0, ecau
Ha4yaabHOE PACCTOSHUE HEYETHO.
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§ 4. 3anaua o uncse BO3BpalleHHIT
B HAuaj0 KOOPAUHAT

Mu n0okasanu, YTO CHMMETPHUHOE Cy4aiiHOE
61yxaanue GECKOHEYHOE YMCAO Pa3 BO3BPAIIAETCS B MCXOIHOE
nonoxenue. Ilocne TOro Kak NMPOM3OLLIO MEPBOE BO3BPAILECHHE,
MBI IIPOBOAMM BpEMS B OXKMIAAHHH BTOPOTO BO3BPAILCHHUS, U, XOTS
OHO AOCTOBEPHO, XAaTh HAM MNPHXOLUTCS B CPEOHEM CTOJb XK€
OOATO, KaK M NepBOro Bo3BpameHHs. B atom maparpade Mu
OTBETHM Ha BONPOCH O TOM, KakK ¢ YBETHYEHHEM NPOIOIXKHUTEIb-
HOCTH Ha0,1I0I€HHUsI PACTET YKCIO BO3BPAIICHHI M KaK «TIHETCH»
BpeMs OXXHMAAHHUS m-TO BO3BPALICHHMS.

JIlokaxeMm yTBepxaeHue. Beposmuocme mozo, umo 8 Mo-
MeHm 2n umeem mecmo m-€ 3038paujeHue 8 Hylb, pasHa

m) __ m Y=ot m
T m-m Con-m2 : 6.16)
CpaBaenue (5.16) ¢ dopmyaoit (5.11) mo3BoasieT BHCKA3aTh
YTBEPXACHHE HHAYE; BEPOSITHOCTb m-I0 BO3BPALUEHUS B HAYaa0
KOOpDAMHAT Ha 2n-M IIAr€ paBHA BEPOSITHOCTH MEPBONO HO-
CTHXCHHMS TOYKM C OPAMHATON m HA (2n — m)-M 1iare, T. €.

=g . .17

3TO yTBEpXAECHHE CNIPABEAAMBO BO BCAKOM Cayuyae npu m = |
(cM. (5.12)). Hoasg dopMympoBka noackaswBaer crnocob aoka-
3aTEAbLCTBA.

YcraHoBHM B3aHMHO OXHO3HAYHOE COOTBETCTBHE MEXAY My-
TIMH, BIEPBHE JOCTHIAIOIMMH TOYKH M B MOMEHT 2n — m, U
BCEMH HETIOIOXUTEIbHRIMH My TIMHM, ANS KOTOPHX TOuKa (2n, 0)
SIBJISICTCS TOYKOH IOCJAEAHErO n-I0 BO3BPALICHHSA B HYJb, s
3TOr0 PacCMOTPUM NPOM3BO/ILHHIL MYTh MEPBONO JOCTHXEHHUS m
H NpOBEIEM YEPE3 TOUKH NMEPBOrO NOCTHXEHHUS YPOBHEH 1, 2, ...
...y M TpsMHE C YIIOBHM KoXbdbuumentoM —1 mo nepeceueHus
¢ ocwlo abcuuce (puc. 27). IToayueHnue m Touek Ha ocu abcumce
6ynyT BEpIIMHAMM HEKOTOPOIO HEMOJOXUTENLHONO MyTH AAMHH
2n u 6ynyT yka3nlBaTb MOMEHTH BO3BPAIUEHHMS ITOTO MYTH B
Hauano koopaHaT. C moMoupio 06paTHErO MOCTpoeHUs 1060
HETOJIOXHUTEAbHH MyTh JAMHH 271, MMEIOIHIA POBHO M BEPLIMH
Ha ocH abcuucc ¥ MOCAENHIOW B TOuke 2n, mpeobpazyercs B
HEKOTOPHM NMYTb, BIEPBHE JOCTHralOWIMA TOYKH m B MOMEHT
2n — m. W3 cOOTBETCTBHS ABYX MHOXECTB NyTeH CAEAYET, UTG
YHCO HETOJOXMTEIBHEX MyTEH C m-M BO3BPALICHHEM B HYJb
B MOMEHT 27 [aBHO

m d 2n-m (m)
M- m C"Zn—m =2 éZn—mo
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Kaxawiii Takod mMyTh TOYKAMH BO3BDAIICHHA ACIHTCI Ha m
yuactkoB. Otofpaxas NMpOM3BOBHHM O0pPa3oM 3TH YUaCTKH
OTHOCHTE/IBHO OCH abcuMcc, MH TMOJMYuMM BCE MyTH € m
EEpIIMHAMK Ha ocu abcumcc. Yucno ux 6yaer, ouepuaHo, B 27
pas GosbIe YMC/IA HETOJIOXHTEbHHX MyTEH U MOITOMY Gymer

y FaN SN AN
a A A N -4 o q, o
4

Puc. 27. B3aMMHO-ORHO3HAYHOE COOTBETCTBME MEXAY MNYTSIMM MEPBOTO
JIOCTHXKEHHUS TOUKHM M B MOMEHT 211 — M W MYTSIMH C M-BO3BPALIEHHUEM B HYAb
B MOMEHT 21

pasHo 2*g{™ . Pasgenns 310 uMcao Ha 22 — obmee yMCAO
MyTeH ANHHH 2n,— MOJIyYHM BEPOSTHOCTD (35.16).

HaiineM Tenmepb BEpOATHOCTb M BO3BPALICHHN B TEUEHHE
BCEro NMpoMexyTka BpeMeHn ot 0 a0 2n. PaccMOTpuM Bce myTH
AJIMHH 21, KOTOPHE m pa3 BO3BPALKAKTCH B Hy/b. CymecTsyioT
OBE BO3MOXXHOCTH: TIOCJIEAHEE /M-€ BO3BPAMICHHE TPOMCXOANT
WIM B MOMEHT 2n, WIH B HEKOTOpHi MOMEHT 2v < 2m. Bo
BTOPOM (JIY4a€ KaXIHil MyTh TOUKOM 2v MOCJAEAHEr0 m-ro
BO3BPAMICHHUA ACJMTCA HA ABA yYacTKa, MPHYEM HA Y4YacTKe OT
2v po 2n BosppameHmii B Hynb HeT. Ilo 3amaue 3 B § 2
(cM. CREACTBHME) YYaCTOK MYTH OT 2v 10 2n MOXHO BHOpaTh
YHMC/IOM CMOcO00B, pPaBHHM YMCAY BCEX MYTEH, COEMHHSIOMMX
ToukH (2v, 0) 1 (2n, 0). ITosTOMy BCe yyacTKH OT MOMEHTa
MOCJIEAHENO BO3BpAIIECHHI MOXHO 6€3 ymep6a saMeHATb yuacT-
KaMH, KOTOpHE HMEIOT BO3BpAMICHHUE B HYJb MO KpaWHEH Mepe
B MOMEHT 2n. CnemoBaTesibHO, YMCIO TyTel AJMHH 2n, HMer
IOIMX POBHO m BO3BPAIICHMI, PAaBHO YMCAY MyTEH, KOTOpHE
HMEIOT CAaMOE€ MEHbIIEE /M BO3BPAMICHHMI B HYJIb U MOC/IEAHEE —
B MOMeHT 2n. Takum 06pa3soM, MH CBEJH 3a4auy K MOACYETY
obwero ynucaa myreit, MMelOmux m, m + 1, ..., n BO3BpameHHiA
B HyJib B MOMEHT 2n. Ilepexoas K BEpPOSTHOCTSM, MOJYYAEM, YTO
BEPOSATHOCTh /M BO3BpAIICHHH PaBHA

Y=+ 50+ ..+ 5

h(z’::) = g(z':)_m + z’:::(l,',..pl) + ...+ é:')

HIHA
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1€ CIAraeMhuI€ CIpaBa — 3TO BEPOSTHOCTH NIEPBOTO AOCTHXEHUS
TOYEK m, m + 1,...,n B MOMEHTH 2n — m, 2n — m — 1, ...
«esy 11 COOTBETCTBEHHO. Tax XKak npu k=m, m+ 1, ..., n — 1

k — =20 +k -2 +k+1
éZn)—k_C'IZn-k'2 _C"Zn-k—-l'2 ter

n g = C,-2™" (cm. ynpaxHenue 3 § 3), To
hgr:) = ann-m‘z-bl +m’

T. €. h)Y paBHa BEPOATHOCTH AOCTHXCHMS TOUKH m B MOMEHT
2n — m (cm. ynpaxuenne 4 § 3). Urak, seposmnocme mozo,
umo 3a apems 2n npousoidem poeHO m G036pauleHuUil G HYAb,
paaHa

B = Cope 2”@, 5.18)

3ameTuM, yto B (5.16) u (5.18) «HOBHX» BEPOATHOCTEH HE
NMOSBUIOCh; HAWAECHHLIE BEPOSTHOCTH COBMANM CO 3HAYCHHAMH
BEPOITHOCTEH, MOJlyYEHHRX B MpPEALAYMX naparpadax.

[TpocToit mpoBepkoii AOKa3KBAETCA CAEAYIOWEE CACACTBHE,

Mpum = 0um = 1 gepoamnocmu hYY pacnsl uy,; npu

m > 1 geposmnocmu hi cmpozo ybvidarom:
B =AY > 2 > ... > D, (5.19)

Ins nposepku dopmyan (5.19) aoctaTouHo mokasaTtk, YTO
A > he ™Y npum > 1.

Hepagrenctra (5.19) HeonpoBepXHUMO CBHAETENLCTBYIOT, YTO
KakoBo Obl Hu GRUTO BpeMd cayuaiiHoro 61yxnaHna, Haubosce
BEPOSATHO MO0 OTCYTCTBHE BO3BpAILEHMiA, JHU6O POBHO ORHO
BO3BpaweHne, ueM moboe Apyroe nx uncao. O6uYHO oXxuaaercH,
YTO YMCIO BO3BPAIICHMH NPONMOPLMOHANBLHO BpEMeHH OJyx-
nanusa. Ho aro npeacrasjicHHe onpoBepraeTcs HaGMIOAEHHEM M
pacyeToM — YHMCJIO BO3BPALIEHMI PACTET C POCTOM 21 Kak V2n.
ITyTn BO3BpamwalOTCd B HAYANO KOOPAMHAT OYEHb PEAKO, H YEM
NpPOAOJIXHTENbHEE BpeMs O/1yXAaHus, TEM peXe BO3BpaWacTCs
YacTHIA B MCXOAHOE MoJioXeHHe., YTo6n B 3TOM ybeaumThed,
BHYHMCJIMM CPEHEE UMCJIO BO3BpallCHMH 332 (PUKCHPOBAHHOE
BpeMs 2n;

w= > mhi.

m=0

UcnonrayeM cooTHomeHus
n

S KO =1, (n—m)h =

m=0

2n-m
o pim+])
3 hy .
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H[X)BCIJCM BHKJAAKH N0 BHYHCICHHI) W:

n n-1
n-p=3 (r-magp = 3 BTy

m=0 m=0
2+ 1 "&! 1!
= . Ehg:#l)_ix(m*_l)h(br'n#l):
m=0 m=0
2n+1 1
— 0
= (l—th))_il‘«-
Orciona
_2n+1 1
= 2 Uz, .

Tax KakK npH 60.m>umx 3HAUYCHHAX n
i

u I e

2n ‘/R_fl’

~Yn
BV
Takum 06pa3oM, C YBEJIMUYEHHEM MNPOACIXHTENBHOCTH OayX-
OAHHMA OTHOCHTEIBHOE YHC/IO BO3BpALUCHHH YORBAET, @ NepHOaAN
MeXAy BO3BPaILEHMIMH BO3pacTaloT no maimHe. Tak, Hanpu-
Mep, 3a 10000 maroB yacThua noGHBAET B HYJE€ B CPEAHEM
okoao 40 pas, 3a 1 000 000 maros — okoao 400 pas, a 3a
100 000 000 maros — okos10 4000 pas. CooTBETCTBEHHO, Cpea-
Hee BpeMs MeXIy BO3BpameHHsiMH Oyaer MeHATbcs oT 250 K
2500 u ganee mo 25 000. Mu yXxe roBOpHJIH O TOM, YTO POCT
CPEAHEN0 BPEMEHH MEXIY COCEAHHMMM BO3BpAILECHUSIMH HE 3a-
BHCHT OT HOMEpa Bo3BpamieHus. Teneps, MCNOAb3ys TO, YTO
YHCAO BO3BPAILIEHHH PACTET B CPEAHEM KaK Y71, MOXHO CACHATh
BHBOJ O TOM, UTO CpeAHEE BPEMS OT Hauaja 6ayXaaHHus a0 m-ro
BO3BpAIIEHAS B HAYAJIO KOOPAMHAT PACTET KaK m’. DTO 3aKmo-
YeHHE MOXeET OHTb YTOUHEHO B POpME «ApEAEAbHOIN» TEOPEMH
(cM. yrpaxHeHue 2).

Tak Kak NpUGAM3HTENAbHO B MOJOBHHE MOMEHTOB BO3BpPa-
IIEHHS B HY/Ib YACTHLUA MEPEXOOMT C OMHOM HA APYTYIO MOJOBH-
Hy OpSMO#l, TO MOJYUEHHHE 3AeCh BHIBOAB HEMOCPEACTBEHHO
KacawTcs NPOAOIXHTENbHOCTH BPEMEHH MPEORBAHUS YaCTHLHI
HA MOJIOXHMTEJbHON M OTPHUATEAbHOM CTOpOHaXx mnpsmoit. K
TOUHOI (POPMYJHPOBKE PE3YJIbTaTa MBI MEPEXOAHM B CIEAYIO-
meM naparpacde.

TO
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YpaxHEHHS
1. INoxasarb, 4T
Uz = fon + o + .+ A,
2. Ucnonb3yst aCMMIITOTMYECKHE COOTHOIIEHMS

! k-1 1
lnCﬂ-—-lan*(k-I)ln +1In

k = VIk=-1D
p

npu [ -+ oo u k — [+ o (310 cneacraue Gpopmynnl Crupimmra, cM. § 9 t1. 1) u
2

a
In(l+a)~a- 2

npu ja} <1 (nepswie mBa wnena pasnoxenus ¢yuxumm B psg Teiuiopa),
ZIOKAXKHUTE, YTO MM 1+ ©

* (2n-m*?
m+N
Toraa BEPOATHOCTH 2 m) TOrO, YTQ M BO3BPAINCHMI B HAYANO KOOPAMHAT
npoM3oigeT 3a npex:s-o"'l" 2m po 2m + 2N, MOXHO NPEACTABMTL KAK MHTErPAb-
HYIO CyMMY Juia MHTerpana Pumana ot ¢pyHxumm
_me-w

1
w(y)=‘,——2n-.v

B npeaenax ot 0 go 2N/m?. OTCI0n1a MOXKHO 3KNOMHTb, UTO BEPOSTHOCTH TOIO,

YT0 M-¢ BO3BPALICHHE MPOM3OMAET A0 MOMEHTA an? (a > 0 — npousBosbHOE
JeNCTBUTELHOE 9HUCI0), CTPEMHTCS NP BO3PACTAHMM M X MHTErpany

Sy,
0

T. €. BpEMS A0 M-TO BO3BPAILCHHUS PACTET C POCTOM M KaK m. (Lnst BHIMHUCSICHHS
TIOCJICAHETO HHTErpana YAo6HO MCNONB30RATh PABEHCTBO

zw(y)dnz[x -w[;,—'_;))

4
! 2
= ~us/2
Tax Kax 3HaueHus bynkumu G (f) Ve -{e du MOXHO HaiTH B MOGOM
yueGHHKE N0 TEOpHH BEPOATHOCTEN B TAGAMIAX DYHKIHHM HOPMAILHOTO Pacnpe-
nesieHus; CM. Takxke § 5 ri. 4.)
§ 5. 3akoH apkcHHyca

Mu ycranosmim Baxmueiimee CBONCTBO CHMMET-
PHYHOrO CyuaiHOro 6yXAaHHS — MEPHOAN MEXAY MOCAEHO-
BAaTCbHHMH BO3BPANICHHSMH YAaCTHIH B HYJAb OKA3HBAIOTCH
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HEOORYAHHO ANMHHMMH. Mu y6enuance B 3TOM, HCMOAb3YS
pasNMyHHE MOAXOAbl, ¥ TEmepb HaM MPEACTOMT OTBETHUTb Ha
BOIPOC O TOM, KaK A0Aro yactuua Gyner B TeueHue O,y XaaHus
HAXOOUTBHCA BHILE WM HHXe ocu abcumcc. EcrecrsenHoe, ¢
TOYKH 3PEHHS 3APABON0 CMBIC/IA, MPEAMOAOXEHHE O TOM, YTO
OTHOCHTEJIbHOE BpEMS, KOTOpO€ YaCcTHLA NMPOBOAUT BHILE OCH
abcuucc, 6auako Kk 1/2, He noaTBEpXIAETCA IKCMEPHMEHTOM.
OkasnBaercs, YTO A4 ITOM AONM BPEMEHH 3HAUCHHUA, OAM3KHE
K 1/2, HauMeHee BEpOSATHH, M 3HAYMTENbHYIO UAaCTh BPEMECHH
YacTHLA MPOBONMT B KaKOH-NHOO OQHOM MOMYIUIOCKOCTH. JTH
NapafoKCajbHHE 3aKOHOMEPHOCTH MEPEXOAa YACTHLH C MO-
JIOXHUTEAbHON CTOPOHH MPSAMOIl HA OTPHUATEJNBHYIO H HaoBopoT
PacKphiBalOTCHd TEOPEMOM, MNMOJYUYMBIIEH Ha3BaHHE «3aKOHa
APKCHHYCa».

IokaxeM mpenBapuTeabHO CIEAYIOLIMIA MPOCTOM PE3yAbTaT:
npu n = 1

Uy, = 2 kau;,, - 2% (5.20)

k=1

Ilna nokasaTenbCTBa pacCMOTPMM BCe NMYTH IAMHOH 2n,
KOTOpHE BO3BPAILAIOTCA B MOMEHT 2n B HyAb. Popmyna (5.20)
ABJSETCS BApHAHTOM (POPMYH MOAHOH BEPOITHOCTH (CM. C. 63).
B camomM nene, myctb COOHTHE A;, COOTBETCTBYET JIIOOOMY NYTH
u3 (0, 0) B (2n, 0), a coburtHe By — NMyTH C MEPBHIM BO3Bpa-
LLEHHEM B HY/b B MOMEHT 2k, k = 1, ..., n; npu 370M COOHTHS

n

B, HecoBMeCTHH U A,, C U By. Torna
k=1

P(A) = S P (By) P (Arn/By) = 3 P (Bu) P (Asn-2)

k=1 k=1

B cuy Toro, uro P (A,,/By) = P (A,,-x). Tak kak P (Ay) =
= uy,, P (Bx) = f, nonyuaem (5.20).

O603HAUHM YEPE3 Py 5, BEPOATHOCTb TOTO, YTO B TEUEHHE
BpemeHH oT 0 00 27 NyTh YAaCTHUN HEOTPHLATENEH 2Kk €qUHHLL
BPEMEHH M HEMOJOXHTENEH 2n — 2k enuHUL, BpeMEHH. Ya0o6HO
rOBOPHTh, YTO YAaCTHLA MPOBOAMT HA MOJOXHUTEAbHOM CTOPOHE
BpeMSa OT n 10 n + |, ecyIM COOTBETCTBYIOLIMI OTPE3OK MyTH
JNEXHUT BHIIE OcH x. JIokaxeM Tenepb OCHOBHOE YTBEPXIECHHE:

npun>=1lul<k<n

Dax,2n = Unloy - 2 (5.21)

[ycTb Ay, 2, — COOHITHE, COCTOSLIECE B TOM, YTO YaCTHLA 33
nepuon BpeMeHH or 0 10 2n npoBOAMT 2k €OMHHL, BPEMEHH
Ha MNOJIOXHTENbHOH CTOPOHE M 2n — 2k — Ha OTPHULATE/Ib-
Hoit cropoue. Ilycte Bj u B;, — cOOHTHSA, COCTOSILIHE B TOM,
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YTO 4YacTHUA BNEPBHIE BO3BPAMAETCS B HYJ1b B MOMEHT 27,
OCTaBasACh JO ITOTO COOTBETCTBCHHO HA MNOMOXHTENLHON WM
OTpHUATEBHO! CropoHE. OueBMAHO, uYTO P (Ay 2,) = P 2n
u P (By) = P (B3) = /1 f,. Tlo ¢hopmy.ie noaHO#M BEPOSTHOCTH

P (Au,2) = X P (B3) P (Au2n/ B3) + 3 P (B3) P (Aw,20/ B3);

TaK KakK
p (Aﬂz,Zn/B;r) =P (AZk—Zr,Zn—Zr)a

p (Aﬂz,Zn/B;r) =P (Azk,zn’— 2,),

1 k ln—k
P = 3 2 foP% -2 -2 + 2 2 faDuon -2 (5.22)

r=1 r=1

B cayuae, xoraa k£ = 0 wm k = n, papeHCTBO (5.21) TpuBHaIL-
HO, TaK KAaK MCKOMas BEPOATHOCTb PaBHA U,, IloaydeHHOE
TOXIECTBO paccMarpuBaeTca npu Bcex n 10 < k< n — 1. Bu-
“BegeM (5.21) u3 (5.22) METOAOM MAaTEMATHYECKOM MHAYKLHHM NO
n. Jlerko BuAETh, YTO N;1 N = | COOTHOIIECHHE TPHUBHAJBLHO.
IIpeanonoxumM, uto np» scex m < n — 1

P2k, 2m = Unldom - 2k
M, B YaCTHOCTH,
P - 2,2n -2 T Uy - %ldk - 2
nE ’ (5.23)

P, 2n -2 = Uuldoy - 26 — 2+

Toraa u3 (5.22) u (5.23) nonyvaem
1 k 1 n—k
Px,2n = 2 Uy - 2% 2 fortan -2 + 2 Uy 2 fartlan — 24 - 2y

r=1 r=1

Ioabaysacs ¢opmynoit (5.20), HAXOAMM OKOYYATEILHO
1 1
Pruon = 5 lan - 2ullox + 5 Unllon - e = Unilon - 24

CootHoureHune (5.21) onpegenser yaMBMTENLHOE CBOMCTBO,

npucymee 61yXIaHHIO YaCTHUH. MHTYy HItMsa NOACKa3HBAET, YTO

" IONM EPEMEHH, MPOBOJMUMBIC YACTHLEH BHIIE M HHXE OCH abc-

OMCC, NPUMEPHO OAMHAKOBH M Gau3ku x 1/2. Jlns npoeepkn

‘ NPOM3BEEM NOACYETH ¢ moMompio dopmyan (5.21) ana cayuas
n = 10. BepoATHOCTH py ;, A3HH B clenyiomei Tabamuxe:

k 0 1 2 3 4 5

Do 2n 0,1762 | 0,0927 | 0,0736 | 0,0655 | 0,0617 | 0,0606

k 10 9 8 7 6 5
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y6eaurbcs B TOM, 4TO *)

f(x)——(zarcsmw/_) win ,Zf(y)dy=§arcsinw/§.

INonp3ysck Toabko ¢opMystoit CTHPANHIA, MOXHO yTBEPXKIATD,

yTO npu Gonbmux n

1 k
o

€ XOpOmHMM NpPHOHXEHHEM, €C-
JIH TOJABKO k HE O4EHb O6JIHM3KO K
0 wau n. 3agaaMMCs HEKOTOPHM
a,0<a <1, H cpaBHUM [1BE
BEJITUMHB

> Pum H ff(x)dx.
k/n€a
O6osHauuM x, = k/n ¥ Ax, =
=X — X¢-1= 1/n, Torna

2 Pax,2n ~ 2 Axpf (xi).

k/n€a €ae

IIpaBas uactb npu n -+ © WM
npu  Ax, >0 crpemurcs K
BJIMYMHE TLIOmMAAM (PHrypH,
OrpaHHYCHHONU OCBIO X, KpHBOH
f(x) ¥ BepTHKanbHEMH mpsi-

4

ka.Zn

b

2 4 [ 8
0 10 10 10 1k

Puc. 28. 3akoH apkcHHyca

MM x =0 ¥ x=a. ITa WIOmMaab MO ONPENEACHHIO BH-

PaxacTcs HMHTErpajioM

Jf(x)dx= % arcsin va.
0

Taxnm o6pasoM, MH mpuiLIH K Teopeme, KOTOpas MHPOKO

H3BECTHA K3K «3aKOH aPKCHHYCA».

3aKOH apKCHHYCa. Bepoamnocmb moco, umo do-
AR GpeMeHU, NnpoGodUMOZO Hacmuuell Ha NOAOKUMENbHOT

*) A8 3TOIO JOCTATOYHO BCMIOMHHTh, YTO MPOM3BOAHAS CJIOXKHOM DYHKLMM
¥ = f [ (x)] Haxomurcs no dopmyae y' = f' [¢ (x)] ¢’ (x), a npou3asogmas

dyuxumn y = 1/f (x) — no dopmyne

y=-

1l

San Konmoropos u np.

7 [ (x).
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wacmu, He npesocxodum «o,0<a<l1, cmpemumca «x
(2/n) arcsin Vo npu n = .
Moap3ysch TabnuuaMu CHHYCA, MOXHO BHUUCAHUTS,

Hanpumep,
2 ka, m= 0$05v

k/n < 0,0062

2 Px,2n = 0919

k/n < 00245

> Paw=025

k/n < 0,1464

Tax, nanpumep, 3a speMs n = 1000 uyactMua ¢ BepOsTHO-
crbio 0,1 ocraercd Ha oaHoil cTOpoHe Gonee ueM 993 MoMeH-
Ta BPEMEHH U ¢ BEpOSTHOCTHIO 0,2 — Gosbiue yeM 975 MomeH-
TOB BpEMEHH.

IT p u M e p. Ilpeacrasum cebe, UTO ABA UENIOBEKA UTPAIOT
B «OpJa M pEWKY», NMOOYepeaHo noabpacuBas NpPaBUIABLHYIO
MOHETY M BHHMIPbiBas BCAKMA pa3 NpH BHNAJEHUU <«OPaa»
(«rep6a»). TIocAeN0BATEABHOCTb PE3Y/ILTATOB OTAENAbHHX Nap-
THH (NOC/JENOBATENbHOCTD BHMIPHILIECH W NpOMrpHiineit) reo-
MeTpuyeckn OyaeT NpeacTaBasTbCs rpaduKOM CHMMETPUUYHOIO
cayuaitHoro 6iayxpanus. [losoxeHue rpadmka Boimie OCH a6-
CLIMCC COOTBETCTBYET CHTYaLMHU, NPH KOTOPOil ONUH U3 MIPOKOB
JUONPYCT: OOCTHXEHME rpauxoM ocH abCcuucc MHTEpHpeTH-
pyeTcs Kak CyMMapHbiii HUUEHHb# pe3yabTar u T. 1. Pe3ybra-
TH § 4 1 5 NPUMEHHTENBHO K ONKMCAHHOM CHTYAaLHH FOBOPAT O
TOM, YTO C POCTOM YHCAA CHFPAHHBIX NAPTHI «HUYbH» CTAHO-
BATCS BCE pPEXE U pexe, COOTBETCTBEHHO YMEHbIUAETCS OT-
HOCHTEJIBHOE YHCJIO CMEH JIMAEPCTBA M, TaKMM obpasoM, 66ab-
WIYK0 4acTh BPEMEHM JMAMPYET OAMH M3 HUrpokoB. B wurpe,
cocrosiuieit u3 1000 napruii, cpenHee 4McA0 HUUbKMX paBHO 12,
M3 HUX IPUGIN3UTENBHO NOJOBMHA GydeT COOTBETCTBOBATD JEii-
CTBUTEJIbHON CMEHE auaepcTsa. Kak nokaswBaioT npeabiayuiue
pacueThi, 10 3aKOHY ApKCHHYCa He peXe yeM B OOHOM Ciayuae
M3 IECATH OOMH HMrpoK OyneT 3a BCE BpEMs HAXOOHTBHCH B
BuiMrpuile 6osee yeM B 975 napruax u3 1000.

YnpaKxHeHus

1. Jlokasatb, 4TO BEPORATHOCTb TOMO, MTO FAOCJEAHCE BO3BPA-
LEHHE B HYJIb RAA TPAEKTOPHH ANMHBI 21 MPOM3OHAET B MOMEHT 2k, k = 0, 1,

2, ..., n, PaBHA UkUdp - 2k-
2, Haiitn uncno nyreit M3 Havaja KOOPAMHAT B Touky (2, 0) Takmx, ut0
2k BepLIMH JIEXAT HE HMXKE OCH X, a OCTanbHble — Huxke (k = 0, 1, ..., m).

JoKa3aTh, UTO 3TO YMCJIO HE 3ABUCHT OT K M PABHO C4,.

n+1
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3. F'oBOpAT, 4TO TPAEKTOPHS AIMHBI 1 C OPAMHATAMH Yo = 0, y1, ..., Yn UMEET
nepavili MaKCuMYM Yi B MOMEHT Kk, €CAM Yi > Y0, Yk > Vs oo Yk > Yk=1 H
Yk P Yk+1s o0 Yk # Yoo JIOK23aTb YTBEPXKAEHME, HOCAUIEE HA3BAHME «BTOPOM
3aKOH apKCHHYCa». BEPOSTHOCTb TOMO, UTO TPACKTOPUS JIMHBI 2H MMEET nep-
Bblit MakCHMyM B MOMeHTbt 2k (k= 0, 1, .., n) umm 2k + 1 k=0, ...,n— 1),
PpaBHa Pk, 2n-

§ 6. O cHMMeTPHUHOM CIyuaHHOM OJyXAaHHH
Ha NJOCKOCTH H B NPOCTPAHCTBE

B 1. | 6wi10 pacckasaHo o cayuyaitHOM 6ayx-
OAHMM Ha TUIOCKOCTH. IIpeamonaranoch, UTO YaCTHILA BHIXOMMUT
3 Hauana koopauHat (0, 0) M nepememaerca MO TOYKAM
IUTOCKOCTH C HEJOYMCACHHHMHM koopauHaTamu. Ilpu atom 3a
OJMH LUAr YaCTHIA MEPEMELIAETCA U3 TOUKH (X, ¥) C BEPOATHO-
ctamu 1/4 B ooHy M3 UETHPpEX CMEXHHX Touek (x +
+ 1,9, (x=-1,¥, (x,y+1), (x, y— 1) HesaBucumo ot TOrO,
rI€¢ HAXOAWAACh YACTHLA OO TOYKH (X, ¥). AHAJIOTHYHO MOXHO
OpENESMTb CHMMETpHUHOE OJiyXZaHMEe B TPEXMEPHOM IpPOCT-
paHCTBE: YACTHIIA IEPEMELIAETCA U3 TOUKH (x, y, 2) 32 OAMH wWwar
B ooHy u3 wectd Touek (x+ 1,y 2), (x~-1,y,2), (x,y+
+1, Z), (x’ y - 1, Z), (x» yz+ l)’ (x’ Y, 2= l) C BEPOATHO-
ctamu 1/6. B § 3 mMn paspemmnu BONpoOC O BO3BPAaTHOCTH
cuMMeTpuuHOro GnyXxmaHus Ha npsamoi. Paccmorpum 3ty xe
3aaauy Ha IUTOCKOCTH M B mpocrpaHcTBe. [lokaxeMm, uto aBymep-
HOe cayuaiiHoe 61yXzaHue BO3BPATHO, 4 TPEXMEpHOE, BooOLie
roBOpA, HEBO3BPATHO.

BeeneM CHOBAa BEPOSATHOCTH uy, U f,. Kak u paHbme, u,, —
BEPOATHOCTb BO3BPAIICHUSA YACTHIH B MCXOAHOE MOJOXCHHE B
MOMEHT 2n, a f,, — BEPOATHOCTb NEPBOrO BO3BPALICHHA B
MOMEHT 2n. OKa3HBaeTCs, YTO B CJIyuae ABYX M TPEX H3IMEPEHHIA
OCTaeTCS CNPABEIIMBLIM COOTHOLICHHE

W = D frullsn-u, n>1, (5.24)

k=1

MEXIY Uy, U fa, (ITO JIETKO NPOBEPHUTD, HCHIONB3YH COOOpAXKEHHA
NpH BHBOAE 3TOi HOPMYIH B ODTHOMEPHOM CJyuae).
Hawa 3agaua cocroMT B TOM, uTOOH INO0Ka3aTh, UTO HA
-] -]

ILIOCKOCTH E fa, = 1, a B IPOCTpaHCTBE E fan < 1. BcmoMHMM,

n=1 n=1
o«

YTO B ODHOMEPHOM C/yyae B TO BpeMs KakK psif E S CXORUTCH

n=1

K l, pan 2 uy, pacxogurcs. OT10 MOBCACHHUE pAOOB €CTb MPOAB-
n=0

neHue obuei 3aKkOHOMEPHOCTH, KOTopas Syner JokasaHa B 1. 7
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(cM. § 2)y ¥ COCTOMT B TOM, UTO E f2» = 1 TOrAA M TOABKO TOTAA,

n=l
@«

KOraa E Uy, = %; HHHIMH CJIOBAMH, BEPOSIMHOCMb B038DAULEHUS.
n=0
8 Hauano xoopdunam paeéna 1 uru menvwe 1 @ 3a6ucumocmu
@«

om mozo, pacxooumcs uau cxodumcs pso E u,. Hanpumep,

n=0

€A psA D, Uy, CXOAMTCS, T. €. E Uy = § < ®, TO, CyMMHpYH
n=0

o6e yacTH cooTHoweHus (5.24) no n > 1, nonyuaeM cieBa
Eu;,,—zu;,, =Ell2,,—1,
n=l n=0

TakK KakK u, = 1, u crnpasa

E E Fudtan-2| = E S E Usy.

n=1 k=1 k=1 n=0
Takum o6pasom,

Dty =1=3 fr, Y tt,

n=0 n=} n=0

. , (5.25)
E f).n 1- ©

et E Un

n=0

L] l L]
MoatoMy ¥ fy =1 - 5 < 1. Ecim psa Y u,, pacxomurcd, To

n=1 n=0

L]
Y fan = 1. B 3TOM naparpadie MH TOJIBKO BOCTIONI3YEMCH ITHM
n=]

YTBEPXICHHEM, a JOKA3aTEAbCTBO OT/0XHMM a0 § 2 r. 7. Uc-

CJIeAyEeM CXOAMMOCTH psna E Uy, B ABYMEPHOM H TPEXMEPHOM
n=0

CJIy4ae H Ha 3TOH OCHOBE CAEJIAEM 3aKJIOYECHUE O BO3BPATHOCTH

COOTBETCTBYIOMErO Gy XaHUS,

HaiineM u,, B AByMEpHOM Ciiyuae. 06mee YMUCIO NyTel U3
Hauaja KOOPAMHAT JJIMHHW 2n paBHO 4%, Ilna Toro uto6n B
MOMEHT 21 YacTHLA O0Ka3aJach CHOBAa B Hauyaje KOODAMHAT,
YHCJI0 MEPEMELLCHNI BBEPX J0/IKHO GHTH PaBHO UMCIY mepeMe-
UICHUA BHHM3, 3 YUCJIO NEPCMEIICHUHA BIIPAaBO — YUCIIY MEpeMe-
wieHHi BaeBo. [ToaToMy, ecin K — uMC/IO mepeMeleHui BBEPX,
TO YMCJO MEPEMCLICHMH BHH3 PABHO Kk, a YMCJIO MEpeMELICHUI
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BNpaBO, TaK XE€ KAK M UYHCJIO MEPEMEMEHHMA BJIEBO, PaBHO
n — k. Tak xak npu 3ITOM MOCAEAOBATEIBHOCTD NEPEMEIMICHHIT
BBEPX, BHM3, BNPABO, BJICBO NMPOM3BOJbHA, TO HCKOMOE UMCIO
NyTeH paBHO
(2n)!
Kk (n— k)! (n - k)

= 5, (CH)% (5.26)

IMockonpky k& MOXET NMPUHMMATH 3HAYeHHs ot 0 a0 n, TO
ofmee yuCNO myTeil, 3aKAHYHBAIOIMMKXCS B MOMEHT 2n B Hauase
KOOPAHHAT, PABHO

“ @2n)! _ L ,
g’o KK (n— k' (n—k! Cn Z’o (C. 5.27)

- Tak xak 2": (C?: = E”:Cf,C",,“‘ =C5%, TO 37O YHCAO PpaBHO
k=0

k=0
(C5)’. TakuM obpasom,
u, = 477 (C3)% (5.28)

Eme pa3 Bocnosnb3yeMcsl NpHOMHXEHHRM NpencrasacHueM C3,
npu Gonbmux n no popmyne Crupnunra. [onyuaem

1 1
~2nn4n
2n nn o’

o
OTKyaa caeayer, 4Yro pan 2 Uy, pacxoaurcy. HO3TOMy, HCNOJb~
n=0

3y co00paxeHus, OTHOCSIMECS K COOTHOMEHHIO (5.25), 3aKmo-
yaeM, uT0 Y fo, = 1, T. €. 6ayxaaHMe BO3BpaTHO.

n=]
B TpexMepHOM cayuyae BEPOSTHOCTh BO3BPAMIECHHS B HAYaJO
KOOPAMHAT B MOMEHT 21 PaBHA MO aHANOrMH ¢ (5.26) — (5.28)

ow = 6 3 (2n) _

0<i+j%n Mppm—-i-pn-i-p

2
=2>c, S [ - _L_n] . (529

it -
0<itj&n & (n~1i

Buipaxeuns C, (I, j) = ABAKIOTCA  K03hduLueH-

n!
fpn-i-pn
TaMH B TaK Ha3nBaCMOM TPHHOMHMAJIBHOM Pa3N0OXECHHUH

(@a+b+ec)y= 3 C,( jd¥c™.

0<itj%n
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Tonarag B 3ToM pasnoxenuu a = b = ¢ = 1, moay4yaem

=3 C.(i s
0<i+j<n

HWIH

1= Y 37C,( ).

0<i+j€n
Moaromy '
> BG4 NP < [ax [37C. (4, N1
0<i+jen <itj<n
H
Uy < (272C3)  max [37C. (i, N} (5.30)
€i+j€n

Bepoarnoctu 37°C,, (1, j) ROCTMralOT CBOETO MAKCHMMAJIBHOTO 3HA-
YECHHUA

n
nmpu i=j= 30 CC/HM n NEqUTCS Ha 3,

n-—1

npni=j=——3—,ec.nnn—lnenmcaua3,
. .o on+1
npu i = j=— , ey n + 1 gennTed Ha 3.

Bo Bcex Tpex cayvasax, ucnoasdyq cdopmyay CrHpsuera,
NOJMyYaeM, uTo mpu Goapmux n
max [37"C, (i, )1 ~ ¢/n (c — mocrodHHAA).

0<i+j&n
Tak xak 2°%Cj, ~ 1/Van, 10 up, B (5.29) no nopsaxky He

npesocxonut 1/n*%. Orciona crenyer, uto psix Y up, CXOXUTCS

n=0
«®

K KOHEUHOMY NpENeNny, M, CIEI0BATENbHO, 3 [ <1, T. €.
n=l

CHMMETPHUHOE 61y XaaHHE B TPEXMEPHOM MPOCTPAHCTBE HEBO3-
«®

" BpaTHO (BEPOATHOCTH f = 2 f>, BHUHCJAEHA M OKa3aaach Oju3-
n=]

koit k 0,35). Takum 06pa3oM, 3aMeuaTeTbHOE CBOHCTBO BO3BpAT-

HOCTH OZHOMEPHONO CHMMETPHYHOIO CAyYaiHOro GayxnaHus

COXPaHSETCH B ABYMEPHOM CJIYYae M yTPauMBaeTcs npu GosbiieM

YUCAE H3MEPEHHH.



FJIABA 6

CJIYYAWHBIE BEJIUYHUHBI,
PACHPEJEJIEHUS BEPOATHOCTEH

§ 1. TToHsiThe cay4aitHOM BeIMUNHBI

B 00bLAECHHOM XH3HU U B HAYYHBIX HCCAECAOBAHMAX
YaCTO NMPUXOAUTCS BCTPEYATBHCA C TAKUMHM CHTYaUMSIMH, KOraa
HHTEPECYIOILAs HAC BEIMYNHA MPUHMMAET PA3JHUHble 3HAYEHHS
B 3aBHCHMOCTH OT CAyuaiHbix ofcrostenbcTB. K mpumepy, Ha
BOMPOC, CKOJIbKO BHI3OBOB MOCTYMHUT B CIIPABOYHYIO TEAEHOHHYIO
cnyx6y B TeueHme Onmxaiiliero uyaca, Heab3d Aath CTPOro
OMpEAEIEHHOIO OTBETA, MOCKOAbLKY YHMCAO BH3OBOB 33 (DMKCH-
POBaHHBIH MPOMEXYTOK BPEMEHHM MOABEPXEHO CAy4YaHHBIM KO-
nebaHusM OTO IHS KO AHIO. TOYHO TaK XE€ HEeT BO3MOXHOC-
TH yKa3aTh 3apaHec YUCJO YJAMYHBIX MPOMCLICCTBHH B Teue-
HHE MPEACTOSILEMX CYTOK B KAKOM-IM00 HACENEHHOM MYyHKTE.
B nomo6GHBIX CHTYyaLM X FOBOPAT O CIY4aldHBIX BETMUYHMHAX, UMES
B BHRY MX 3HAauUCHHS, KOTOpHE MOryT ObiTh DA3JHUHH B 3a-
BHCHMMOCTH OT ciyuvas.

Y10 HYXHO 3HATh O CJy4ailHOI BEIMUMHE, YTOOB MMETb O
Hell ucuepnbiBaKoIIKe CBeAcHUI? B nepBylo ouepeas, OUEBHRHO,
nepeyeHb TEX 3HAUCHUM, KOTOPBE OHA MOXET NPUHMMATh. OnHa-
KO 3TON0 HEAOCTATOYHO, MOCKOJbKY JIErKO MpeACTaBUTb cebe
BEJIMYMHBI, KOTOPHIE MPMHMMAIOT OfHHU M TE X€ 3HAUYEHHUS, HO C
PasHMH BepodaTHocTaMu. Ilycth ang mpuMepa HMMeIOTCs ABa
cTpenka A M B, KOTOpPHE MOTYT MPH KaXJOM BBICTPEJE IO
muuicHn BbiGuTh 0, | M 2 Ouka. DTUX CBEACHHH, KOHEUHO,
HEAOCTATOYHO, YTOOB OXapaKTEpU30BaTb METKOCTb CTPEJKOB,
Ecnu xe cooOWwMTh BEPOATHOCTH, ¢ KOTOPHMH KaXJblii M3 HHX
BHIOMBAET TO MM MHOE YMCJIO OYKOB (CM. Tabnuuy), TO Takas
XapaKTEpUCTHKA YXE BO3MOXHA: BUIHO, UTO CTPEJIOK A nyulie,
MOCKO/IbKY OH 4aule BHOuBaeT HaubobLIee YMCIO OUKOB H PEXE
BRIOMBAET MHHUMAJIbHOE YMCIAO OYKOB.

Uscno oukos

0 1

cTpeaok A 0,01 0,19
cTpenok B 0,05 0,25 0,70
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Takum 06pa3oM, 115 330aHUS CJIYYAINHON BETMMHHB HYXHO
3HaTh €€ 3HAYCHHUR M BEPOSTHOCTH, C KOTOPHIMHM ITH 3HAUECHHS
npunnmMalorcs. HasoseM cayuaiinod aeauuunoii mobyro uucio-
BYIO QYHKIHIO, ONPEAEICHHYIO HA MHOXECTBE MCXONOB HEKOTO-
poro cayyaiHoro ucmuiranus. I1ycTh Bce BO3MOXHHE dneMeH-
TapHHE COONTHS HCUEPNHBAIOTCS MHOXECTBOM E|, E;, . . ., E,.
Torma mobas uncioBas ¢yHkuus & (E) ABAsSEeTCS CIydaitHoM
BeMYMHOH. IIpu TakoM onpeneseHMM Ha CAydYaillHHIE BEJIHUM-
Hbl PacnpOCTPaHSIOTCS BCE NMPaBWIA JCHCTBHIE C OOBMYHHMHM
bYyHKUHAMU: HX MOXHO CKJaAbBaTh, NEPEMHOXATH U T. 1.

ITpumep 1. IlycTb HMEIOTCH mECTb 31EMEHTAPHHX CO-
6unit E, i=1,2, 3,4, 5,6, BEepOSTHOCTH KOTOPHX PpaBHH
Mexny coboil. OmpenesiM Ha 3TOM MHOXECTBE CEAYIOLIME
CJIYYaifHHE BCJIMUHHBL .

a) L(E)=1 E§(E)=2, & (E)=3,
Bi(E)=4, E(E)=S5, & (E)=6;
6) & (E)=1, 2 (E) = 4, & (B) =9,
E2(Es) =16, E§;(Es) =25, §&,(Es) = 36;
8) E3(E)=1, E(E)=0, E(E)=1,
E3(E)=0, E(E)=1, E(E)=0;
r) &(E)=0, E(E)=0, L(E)=1,
El (E4) =0, El (Es) = 0, 24 (Es) = 1;
n) Es(E)=-1, &(E) =1, Es(Ey) = -1,
Es(Ed)=1, E&s(E)=-1, &(E)=1.

Cymma cayvaitHeix BesnurH £, # §; 1aet HOBYIO Ci1yvaiitHy10
BCIMYMHY 1), KOTODPAs ONPEACASCTCS U3 PaBCHCTBA

n(E) = &, (E) + & (E).
CnenoBareyibHO,
N(E) =2, n(E)=6, n(B&)=12
N (Ey) =20, n(Es) =30, n(&)=42
W3 onpenesneHus cayyaifHON BEJIMUMHBI, MCIIONB3Yst OCHOB-
HBIC CBOHCTBA BEPOKTHOCTEH, MBI MOXEM HalTH T€ BEPOSTHOCTH,
C KOTOPHIMHM CJyuaifHasi BeTHMYHHA NMPHHHUMAET Mo0ue U3 BO3-
MOXHHX CBOMX 3HaueHMit. s mo60ro 3HaUEHHS a CJ1yYaiHOM
BEIMUHHHE £ 0003HauuM yepe3 B, cobnTHE, COCTOSHICE H3 BCEX

TEX IEMECHTAPHHX COOHTHIT E;, Ans KOTOpHX E (E;) NpUHHUMaET
3HauYCHME a, T. €.
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rae cymmupylorcs t¢ E;, aasa xkoropux E; € B,. Torga BeposT-
HOCTb TOIO, YTO £ MPUMET 3HAYEHME a, ONpeaeaseTcs KaK

P{E=a}=P(B) =D P (E).

E;€B,

B npumepax 1 B) ¥ 1 1) MH MOXeM 3aNHMCATh TAKHE PABEHCTBA:
P{;=0}=0,35; P{E;=1}=0,5

Ple=0l=5 Plt,=1=3

a B npumepe 1 1):
PEs=-1}=0,5 P{Es=1}=0,5.

COBOKYITHOCTh BCEX PA3THYHBIX 3HAUCHHI, KOTOPHE MOXET
NPUHUMATH CAYYadHAas BEIMYMHA £, M BEPOSTHOCTEH, C KOTO-
PHIMH OHA UX MPUHMMAET, HA3HBAIOT pacnpedenenuem aeposm-
nocmeld caywatnol eeauuunst §£. B npumepax 1 a) u 1 6)
pacnpesencHUs BEPOSITHOCTEH onpeneacHH cpasy. Ias npume-
poB 1 B), 1 r) u 1 §) pacnpeaeneHusi TONIBKO YTO BHIMMCAHH,

Mpumep 2. BujgeauM oauH BaXHHN KAACC C/yYaNHHX
BeJIHUMH. 3ameTUM CHayana, yto B mpumepax 1 B) m 1 1)
NPUBEICHH CTYYalHHE BETHYMHB E3 U §,;, KOTOpHIE NPHHUMAIOT
TonbKO 82 3HaueHus 1 u 0. B ogHoM cayuae (npumep 1 B))
3HAYCHHEM | BRIEICHO COONTHE «OCYIIECTBHICS HCXOM C HEYET-
HHM HOMEPOM», B APYrom ciyuae (mpumep 1 r)) — cofurue
«OCYHMECTBHJICS MCXOA, HOMEpP KOToporo paseH 3». IlycTh Teneps
B.— HekoTopoe cnyuaitHoe cofuntie. Onpesenum cayvaiHyio
BEJHYHHY Y (E) mocpeacTsoM paBeHCTBa

£ = 1, echu E; € B,
ts (E) = O,ec.rmE,-GE.

3Ty BeJHUMHY HA3HBAKT uHOukamopom (WIH Xapaxmepu-
cmuueckoi grynxyueir) cobbitus B, nockoabKy DYHKUMS OIHO3-
HAYHO ONpeAENseT COOTBETCTBYIOMIEE COOHTHE.

PaccMoTpeHHe MHAMKATOPA CIyYaHHOMO COOHTHS NOAE3HO, B
YACTHOCTH, TEM, YTO OHO MNO3BOJSECT CBECTH ONEpPALMH HAL
COOBTHSIMHM K COOTBETCTBYIOIIMM ACACTBHSM HAJ HHAHKATOPAMH
cobutuii. JIerko npoBepuTh, UTO CTyyaiHHE BETHUMHMH Y, (E) 1
%5 (E) yAOBIECTBOPSIOT CICAYIOMIUM CBOHCTBAM:

Ya (E)* %5 (E) = Y48 (E),
%a (E) + %5 (E) — Yap (E) = Yaw (E),
1 = % (E) = 1  (E).
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MMpuwmep 3. PaccMOTpUM IKCIEPUMEHT, COCTOSIIUN M3
10 6pocaHuii «NMpaBHJIBHOI» MOHETH, U MPEANOJOXHUM, YTO BCE
MCXOIbl 3TON0 KCNEPUMEHTA PABHOBO3MOXHBI, a MOCKOJIbKY HX
scero 2'°, o uM npunucann BepostHoctu 1/2%°, Beemem cy-
uaiiHble BeJMYNHH ¥, (E) — uncao «repbos» npu k-M OpocaHuu
MOHETH, k =1, 2, ..., 10. OueBuaHO, 4TO Y, B 3aBUCUMOCTH OT
ucxonoB E; mpuHMMaeT TOAbKO ABa 3Hauenud 1 u 0, T. e.
ABJASETCS MHAMKATOPOM COOMTHUS «repb» mpu k-M 6GpocaHuu
MOHeTH. PaccMoTpuM ciyuaiiHyio BeiMuMHy §, OnpeaeseHHYIO
Ha MHoxectBe E;, i =1, .., 2'° u paBHyI0 uMC1y BHNAaBHIMX
«repfoB» mipn jecatu OpocaHusx MoHeTn, Kakue 3Hauenus
NPUHMMAET C/1yyaiiHas BEIMUMHA § M C KAKUMM BEPOSTHOCTAMU?

M3 onpeneneHus SCHO, 4TO £ MOXET NPUHMMATH JIOOHE
uesbie 3HaueHus ot 0 go 10 ¢ BeposATHOCTAMU:

! Clo
p {E = 0, = 10’ p {E = 1, = 10?2 v
2 2
c cB_
P{§=m)=2_llg’ ...,P{§=10)=2—llg=_z_ﬁ.

OueBUAHO, YTO CyMMa 3THX BEpPOATHOCTEH paBHA 1, Tak Kak

10
Y C = 2%. Takoe pacnpenesenue yxe nossiocs B § 1 r. 4
m=0
B CBs3U C ¢popMyoit BepHyanM B CxeME HE3ABMCMMBIX MCHbI-
TaHMil C ABYMS MCXONAMM M HOCHMT HA3BaHUE OUHOMUANLHOZO
pacnpedenenus.

HaM 31ece BaXHO OTMETHTB, YTO § MOXHO NpPEACTaBUTH B
BMIC CYMMBI CJIYAHHBIX BEJMUHMH

§=Xl+XZ+'“+XIO9
XOTsl 3TO OOGCTOATEALCTBO M HE 00JIEr4aeT BHUUCJICHHE BEPOST-
nocreit P {§ = mj}.
[MocrenHunii MpMMEP NMOYUMTENAEH €IIE M TEM, UTO B HEM
pacCMOTPEHA CHTyauus, KOrJa OJHOBPEMEHHO 3ajJaHa ueJas

COBOKYTMHOCTb CJAYYaMHBIX BEJMUHH Y, ..., Yijo M MOXHO FO-
BOPHMTb O MX COGBMECMHOM pacnpedenenuu, a IMEHHO 00 ocyiue-
CTBJIEHUM C BEPOSTHOCTBIO P (Y, = ay, ..., Y10 = dio} COOHTHS,

3aKJII0YAIOIErocs B TOM, UTO CJyuyailHas BEJIMUMHA 7y, IPMHUMA-
€T 3HaUEHME a;, CTyuailHas BEIMUMHA 7y, — 3HAUCHHUE 4, U T, 1.,
c/yyaiiHasi BEJIMYMHA 7Y, 0 — 3HAYECHME Ao, TAE a; PaBHH au6o 1,
au6o 0.

IIBe cnyuailHee BEIMuMHH £ M 1 Ha3blBAOTCA He3adu-
CuMbLMU, €CIIM IS MOObIX 3HAUCHUN @ M b ITUX BEIMUMH MMEKOT
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MECTO PaBEHCTBA
PlE=an=b=P{E=a)-P{E =0

[Ipumep 4. Ilycts cryuaitHas BesmunHa § paBHa YnCIy
OYKOB, BHINABLIEMY INPH NEPBOM OPOCAHMM MrpabHOM KOCTH, a
7 — uMCIy OYKOB, BHNABLUIEMY NpPH BTOPOM e¢ 6pocaHMu.
JokaxeM, uTO CAyyaiHHE BEJMUMHH £ M 1) HE3aBHCHMH NPH
YCJIOBHM, YTO BCE MCXOAb ABYX OpOCaHMit KOCTM paBHOBO3-
MOXHHI. \

HelcTBUTEIBHO, BCEro mpu AByx OpOCAHMSX KOCTM BO3-
moxHu 36 ucxomos. O6o3naumm mnx uepes E;, i, j=1, 2,
3,4,5, 6, roe { — YNCIO OYKOB, BHNABIIMX IPH NEPBOM Gpo-
CAHMHM KOCTH, a j — npu BTopoM. OuesuaHo, uto £ (E;) = I npu
nwoboM j, a n (E;) = jnpu mobom i. Coburne E; B HAlIEM CTyuae
COBNAAAET C COOBTHEM {€ =i, n = j}, 1 BEPOATHOCTb €TO paBHA
1/36. Cobumitne {§ = i} BKkIIOUAET WECTh PABHOBEPOSTHHIX HCXO-
moB E;, j=1, ..., 6. [TosToMy BesMunHa § MPHHMMAET Kaxjoe
M3 CBOMX BO3MOXHHIX 3HaueHuit 1, 2, 3, 4, 5, 6 c BepodaTHOCTbIO
1/6. To Xe caMOc MOXHO CKa3aTb H O BEJIHYHMHE 7). Takum
ofpasom, npu mobom i u j

P{§=1,ﬂ=J}=P{§=1}’P{ﬂ=J}=%'

_ 1

36

-

AHanoOrMuyHO ONpPCACNACTCH HE3asUCUMOCMb 8 COBOKYNHO-

cmu CAy4yaHHX BEIMUYMH E), ..., §, (WIM MHAue @3aumHas
He3aucuUMoOCmsy):

P {El = Ay ey gn = ar.l} =P {El = al}'P {En = an}
ans Bcex HabopoB 3HAueHWH a), ... , G, CAYYAWHHX BEJIWYMH
£l -5 £, MoOXHO mpoBepuTh, uTO B mpumepe 3 CayuaiHble
BEJMYMHH ), ..., £,0 BBAHMHO HE3aBHCHMBI.

B 3akaioueHnme maparpada orMeTHM, uTo cxeMy Bepnynnn
HE3aBUCHMMHX HCNHTAHMA C ABYMS HMCXOAAMHM MOXHO PaBHO-
CUILHHM 00pa3oM OnpegeauTb KaK COBOKYHHOCTb B3aMMHO He-
33aBMUCHMBIX CJTyYaWHHX BEJIMYMH — HHAMKATOPOB OQHOIO M TOrO
Xe COONTHS B NOCJAEAOBATENbHHX UCMIHTAHHAX (MJLTIOCTPALIMECH
CIyXuT npumep 3).

YnpakHeHHA
1. Cxo/bKO BCErO CYHIECTBYET PAa3HUHBIX HMHAMKATOPOB JUI%
JAHHOTO MHOXeCTBa cobmtmit El, E2, ... , En?
Omsem: 2".

2. Ha naocxoctn xOy 3apaHbl 100 Touex € LENOYMCIEHHLIMH KOOPAHHA-
Tamis 0T 1 710 10. MOXHO M ¢ NOMOLIBIO KOMOHHALMI OXHMX AKlub DYHKIMI
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OT OfHOI NepeMeHHON (OT X WM y OTAEALHO), OMPEAENEHHbIX B TOukax 1, 2, ...
..., 10, 3a5aTh MHAKKATOP MPOM3IBOABHOFO MHOXECTBA M3 ITHX TOYeK?

Omaem: MOXHO.

3. Hoxazat, uto npu aAByX OPOCAHMAX MOHETHI C PaBHOBOSMOXHBIMM
MCXOAAMM CNy4aMHAS BETMUMHA, PABHAS YHCHY BbinageHuil repba npu 6pocannn
B MEPBLIA pa3, HE 3aBUCUT OT YMCNA BbiMaaeHuit repba Bo BTOpOH pas.

4. Jloka3arb, 4TO CAYyUafiHbIE BEIMYUHDI, PABHbIE YHUCJTY OYKOB, BbINABUINX
npyu 6pOCaHUK UrPanbHOM KOCTM B MePBbIH W TPETHMI pa3, HE3aBMCHUMBbI MPH
YCJIOBHM PABHOBO3MOXHOCTH MCXOOB Tpex Gpocanmii.

5. Yetnipe CTaHKa pacnosiOXEHbl HA ORHOWM NPSIMOM, PACCTOSHUS MEXAY
KaXKAbIMM ABYMS COCEAHWMM CTAHKAMM OJMHAKOBbI M paBHbl a. PaGoumit 06-
CNYXHMBAET 3ITH CTAHKM M MEPEXOAMT OT TOrO CTaHKA, HA KOTOPOM MM Gbuia
3akoHueHa pa6ota, Kk moGOMYy M3 ueTbipex C paBHbIMM BeposTHOCTAMM. Cnipa-
UIMBAETCA, KAKOE PacnpelesieHue UMEET JUIMHA COBEPIIAEMOrO MM KaXKAblN pa3
nepexoaa?

Omaem: Py = 1/4, Py = 3/8, Pya = 1/4, Py, = 1/8.

§ 2. MaremMaTHueCKkOe OXHAaHHE CAyYaHHOH
BE€JIMYHHDI

TlonHad XxapakTEpUCTHKA CJIYYAHHOW BEJIMYMHB
JaeTca ee pacnpeaceHMeM BeposdTHocTeid. OAHAKO HCKIIOUH-
TEJbHO MOJIE3HH HEKOTOPHE MNOCTOSHHHE YMC/IOBHE Xapakre-
PMCTHKH CAYuYaiiHON BEJHYMHH, JAIOUIHE NMPEACTABJICHHE O €€
cBoiicTBax. Cpeau TaKMX XapaKTepUCTHMK Oco0eHHO Gonbuiyio
poJib HrpaeT MareMaTuyeckoe oxupanue. OHo onpeaensercd nNo
pacnpeaesieHMI0 CIyyvaiiHol BesMuuHbn. HauHeM u3noxeHue co
Cleayowero npuMepa.

IIpumep 1. Ilpeanonoxum, uto HA Beuepe B HEKOTO-
poii wKoje npoBoauTca Gecnpourpuiunas noteped. Kaxpomy
YUYACTHHMKY, MYCTb HX YHCIO N, MPH BXOAE NPEAIAraloT JOTEpEH-
HHi1 Guner. OpraHM3aTopH JIOTEPEM MPUIOTOBWIM BHIMIPHINH
caeayomuM o6pazoM: BHMIPHIL LEHOI ; pyOsneil BHnaaaer Ha
N; 6uneros, i = 1, ..., s, N + N, + ... + N, = N. Kakosa uena
yyacTHs B JIOTEpEE I/ KaXAOro rocTd IWKMILHONO Beuepa?
Ilycte @ — uena Gunera. Torma, OYEBHMAHO, YTO A BhH-
YMCJICHHS @ HYXHO MCMOJIb30BaTh CJIEAYIOLIEe COOTHOLIEHHUE, B
KOTOpDOM CJIEBA M CIOpaBa HAaXOAMTCS MOJHAg CYMMa JEHer,
co6paHHBX OPraHM3aTOPaMH JIOTEPEH:

aN = alNl + azNz + ...+ a,N:.
Torna

l 5 5 N~
a= WZa,-N,» =2a,--7vi.
i=] i=1

Copasa B MOC/EAHEM pPABEHCTBE CTOMT BEJIMYHMHA CPEAHErO
BHIMTPHIIA, NOCKOABKY p; = N;/N €CTeCTBEHHO HHTEPNpETH-
pOBAaTh KAK BEPOATHOCTb BHTSHYTb OWIET C BHMIPHILEM q;.
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TToHSTHO, YTO BHMrpHm B JIOTEpee eCTb CyyaliHAs BEJMUMHA,
a a; — 3HAUCHMS ITON CryuvaiHOi BeauumHH. Takum o6pasoM,
ueHa 6unera nomxHa GHTbL paBHA cpenHEMY BHUrpHILY

L

a= 2 al'pi’

i=]l
T. €. CPEAHEMY 3HAYCHMIO CJYYaHHOH BEIMUMHH — BHMIPHILA
B JoTEpEe.

AHaJIOrHYHHE 33/1a4YM NO MOACYETY CPEAHENO 3HAYCHUS Cy-
YafHO! BEJIMUMHH BO3HMKAIOT B OUEHb MHOTHMX TCOPETHYECKHX
H NPHUKJIAAHHX 337a4ax.

Iycrb cayualiHag BeMunHA £ mMpUHMMAET 3HAUCHHUS

X1y X2y eoe 3 Xy
COOTBETCTBCHHO C BEPOSATHOCTIMH
Pu P2y oo s Pm»>

T. €. p; = P{E = x}.

Cymma 3HaueHMil Cy4yailHOH BE/MYMHH, YMHOXCHHHX Ha
COOTBETCTBYIOIME BEPOSTHOCTH, HA3HBAETCH MameMamu4ecKum
oxudanuem WIH CpeOHUM 3HaHeHueM CIYYANHON BEJHUYMHH H
oboaHauaetcs cuMBONOM ME:

ME = i XiPk-

k=]

TToHsaTHE MATEMATHUECKOTO OXHIAHHMS BO3HHKJIO B TEODHH
BEPOATHOCTEH AOBOJBHO AABHO, BrnepeHe B paborax ITackans,
QDepma, Noitrenca B cepeaude XVII Bexka. Tepmuu «marte-
MATHUECKOC OXHJAHHE» CBM3aH, MO-BHAUMOMY, C MNPEACTaB-
JICHHEM O CPEeJHEM WM Hanbosiee 0XHIAEMOM BHHUIPHILE H €10
MATEMATHYECKOM BHPAXCHUH B TCOPHM a3aPTHHX MID.

IIpumep 2. BepoaTHOCTh MOsSBACHUS COOHTHS A B HCIIH-
TaHUM paBHa p = P (A). Cnpamupaercs, ueMy paBHO MaTe-
MAaTHUYECKOE OXHIAAHHE UHMCNA MOSABJICHHIA COOHTHS A B OAHOM
HCMIHTAHUK?

PaccMoTpuM MHAMKATOp COOHTHS A — CAyvaliHylO Beau-
YHHY Y4, PaBHYIO 1, ecau cobuTtue A HacTynmiao, u pasHy© 0,
€CM OHO HE HACTYNmHJIO. Besimumna y, Kak pas u paBHa 4MCHY
HACTYIUICHHH COOHTHS A B ONHOM HCTHTAHHH, IPHYEM

Plya=l}=p n Pl,=0=1-p=gq
Tenepb SCHO, UTO MAaTCMATHUYECKOE OXHAAHHUE paBHO
My,=0g+ 1:p=p=P(A).



INpuwmep 3. [Ipon3BoguTCS 7 HE3ABUCHMBIX MCIILITAHHIA,
B KaXJOM M3 KOTOPHX COOMTHE A MOSBALETCH C BEPOSTHOCTHIO
p. UeMy paBHO MaTeMaTHYECKOE OXHIAHME YHMC/IA MOSBJICHHIA
coOnTHS A B 1 HCIBITAHHAX?

B paccmarpuBaemoit cxeme BepHysmm of6o3nauum vepes u,
YHCIO MOSBJCHHIA COONTHS A. DTa CAyyailHas BEJIMUHHA MMEET
6MHOMHMANBHOE PaCNpPEACACHHE:

P, =ky=Cp*(1=-p™*, k=0,1,..,n

Cornacho ONPCAC/NICHHIO, MATCMATHUYCCKOC OXXHIAHHUE WU, PABHO

My, = i kCip* (1 = py* ™.

k=0

B § 2 rn. 4 npu nokasarenscTBe TeopeMu Bepuynnu 6mo
o6HapyXeHO, uTO
Mu, = np.

B npuMepe § Mb BHBEAEM ITO PABEHCTBO M3 OOIMX CBOACTB
MAaTEMATHYECKUX OXHAAHMH.

Il pumep 4. CTaHKu pacnoJoXeHH MO Kpyry; paccro-
SHUE MEXAY COCCAHMMM CTAHKAMM PABHO @, YHCJIO CTAHKOB
paBHO n. Macrep 06cayXHMBaeT CTAHKH B MOPSAKE BO3HHKHO-
BeHHsl TPeGOBaHMIA, ABMrasiCh MO YacOBOM CTPEJKE MO KpPyry.
BeposaTHOCTh BO3HMKHOBEHHMsi Tpe6opaHus 06 06CayXMBaHHH
IJIS KaXJoro CTaHka OgHa M Ta X€¢ M paBHa 1/n. Haittu
CPEAHIO JIMHY MEpexoia, KOTOPH A0MXEH caeaaTh Macrep. B
HAYAIbHHIH MOMEHT BPEMECHM MACTEP HAXOAMTCS Y CTAHKA C
HoMmepom 0.

Tpe6opanue 06 06CAYyXHBAHHH MOXET BOSHHUKHYTb Ha JIIO-
60oM cTaHke, MOITOMY MacTepy norpebyercs caenarb nytb &,
AJIMHAa XoToporo moxer paeusareca 0, a, 2a, ... , (n = 1) a.
MaremaTHueckoe OXHAAHHE AJIMHH NEPEXOAA PaBHO

n=1

1 a
M‘G.; =k2=°ka-; =5(n - l).

ITepeuncauM mpoOCThie CBOMCTBA MATEMAaTHUYECKOINO OXHAA-
HMS, KOTOPHE CAEAYIOT U3 ONpPEeAE/ICHHUS: YCTh ¢ — MOCTOSHHAS
BEJMYHHA, TOrAA

Mc = ¢,
McE = cME,
M(E +c)=ME +c.
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IpenocTaBasieM YMTATENMIO BO3MOXHOCTb JOKAa3aTh 3TO B Kaue-
CTBE yNpaXHEHHS.

OueHb YacTo BO3HHKAET HEOOXOMMMOCTb BHYHCISTD CPEAHEE
3HAYEHHE CYMMBI CJIYYAHHBIX BEIMUHH, KOTAAa H3BECTHH CPEHHE
3HAUYEHHS KaXJOro M3 CJaracMHXx.

Mamemamuuecxoe oxudanue cymmbl pagno cymme mame-
MamuvecKkux oxudanuil crazaemoix:

M (§ + 1) = ME + Mn.

IleACTBHTENLHO, MYCTD X; H y; 3HAUEHHA CAYUYAHHHX BEJIHUYHH §
H 1) COOTBETCTBEHHO, TOraa

M(E+n)—22(x.-+y.~)P{E=x.-,n—y,-}=
—ZZx.P{E—x..n y,}+22y,P(E—x., =y) =
-2 ZP&—&n m+2»2p&-% =y =

—Zx,-P{E—xJ+§y,-P{n—y,}—ME+M1|.

JtoT peayabrar 0606maeTcd Ha CyMMy J11060ro KOHEYHOTO YHCAA
CAaraéMbix:

ME+E&E+ .. +E)=M,+ME+E+..+8)=
=MEI+MEZ+M(E3+”‘+§")=
.= ME, + ME, + MEy + ... + ME,.

IIpumMmep 5. BepHeMcs K BHUHMCJACHHIO MaTeMaTHue-
ckoro oxunanus B npumepe 3. Ilycrp y, o6o3nauaer umcao
noABJCHHH cOOHTHH A B k-M HCNHTAHHH. TOraa OuEeBMIHO, YTO
o=+ Y2+ ..+ Y H

My, =My, + My, + ... + My,.

Ho n3 npuMepa 2 MH 3HaeM, uto My, = p, NOITOMY
Mu,, = np.

[Tpumep 6. Ha aByx cronax nonoXeHH no ABE KOpPoOKu
¢ ¢pantamu. Kopobkn BHemne abconiorno oanHakosH. Ha nep-
BOM CTO./1€ B OHO# KOopobke mMeercs oauH ¢aHT, a B APYreH —
7 dantos. Ha BTOpOM crone B oxHOM Kopobke umelorcs 2 daH-
Ta, a B Apyroit — 5 c¢antos. Pebenok cHauana ubupaer croi,
a 3arem Haynauy Geper kopobky ¢ sroro crona. ITocsre Toro kak
KopoOka BHOpaHa, Mrpa HAUMHACTCH CHAYAJIA M TNOBTOPHETCH
n pa3. Kakoit cron ayume ubuparts, uTo6H B CPEAHEM 33 N MIp
nony4yntb Gosbmee ynciao panTos?
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IMycrs &, — uncao ¢paHToB, KOTOPOE NOAYUHT pebEHOK B k-ii
pas, eciu OoH GepeT KOpoOKy C nepeoro crosia, a 1, — UYHC/I0
($haHTOB, KOTOpPOE OH NOJYYHT, EC/TH BO3BMET KOPOOKY CO BTO-
poro crosa. Ecin pebeHok 6yaer cucrematnueckn 6paTh KopoOKu
C MEpBOTO CTO/a, TO OH nosyumt &, + & + ... + &, daHTOB, a
€C/IM OH CTaHEeT Kaxiani pa3 BuOupaTh KOpoOKYy cO BTOpOro
CTO/Ia, TO OH NOJAYHYHT M; + M, + ... + 1), (panroB. [Toacuuraem
MAaTEMATHYECKHE OXHAAHMS YMC/IA BHHYTHX ¢(haHToB. Tak Kak

1 1 1 1
M§k=l-5+7-5=4,aMnk=2-5+5-5=3,5,Toaanpas

B CpenHeM pe6EHOK C MEPBOIO CTO1a NMOMYYHT 471, a CO BTOPOrO —
TosIbKO 3,5n cdaHTOB.

Bonpoc, KoTopHii MH paspewmsuad Qi CyMMH CAyuadHbiX
BEJIMYHH, BO3HUKAET U JUIS NPOU3BEAECHMI: MOXHO /I BHPA3HTh
CpeaHEe 3HAYCHHE MNPOHM3BEACHHUS IBYX CAYYANHHX BEIMYHH
yepe3 CPeAHME 3HAUCHHS COMHOXUTEACH? OKa3nBaeTcs, uTo npu
JONOJIHMUTE/IbHOM YC/IOBMHM HE3aBMCHMMOCTH COMHOXHTEAEH MMe-
€T MECTO CAEAYIOUIasl NpOCTasl TEOpEMa,

Mamemamuueckoe oxudanue npouseedenus 0syx Hesa-
BUCUMbBLX CAYHQUHbLIX GeAUHUH § U 7 pasHo npoussedenuro
Mamemamuueckux oXudaHull coMHoXUmMenel:

MEn = ME-Mn.

[as nokasarenbCTBa pacCMOTPUM HE3ABMCHMMIE C/Ty4alHbie
BEJIMYMHH § M 7 CO 3HAUCHHMSAMH X; M y; COOTBETCTBEHHO. L5
Kaxnon napm (x;, ¥;) BEPOATHOCTH TOIO, UTO 6y11y'r BHIIOJHEHH
OnHOBPEMEHHO 1Ba cobuThs {€ = x;} u {n = y}, paBHa npousse-
JEHHMIO BEPOSITHOCTEN KAXAOINO M3 3THX COOBITHIL:

PlE=x,n=y}=PE=x}-P{n=y)

OueBHAHO, YTO MB MOXEM HANHKCATh CAEAYIOWIYIO LENOUKY
PaBEHCTB:

MEn =3 ¥ xyP &= x, n =y} =
=22 xHPE=x}Pln=y}=
= (Ex.-P €= xi}) (Zy,P n= »}) = ME-Mn.

MMpumep 7. [lo NpoBOIHHKY, CONPOTHBAEHHE KOTOPOIO
3aBMCAT OT CAYYaiHHX OOCTOSTENBCTB (M3MEHEHHS TEILIOBHX
YC/IOBH#, BAAXHOCTH, COCTOSSHMSI OKPYXaloluei cpeas u T. 1.),
TEYET IJEKTPHUYECKHH TOK, CHIa KOTOPOIO TAKXKE 3aBHUCHT OT
cryuas. U3BecTHO, uTO cpeaHee 3HAYEHHME CONMPOTHBJAEHHS R
NpOBOAHMKA paBHO 25 OM, a cpemHsis cuaa Toka I = 6 A, Tpe-
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Gyercs MoaCYMTATh CPENH €¢ 3HAYCHHE SNEKTPONBIXYIIEH CHIH
E, ecnn H3BECTHO, YTO CON POTHUBICHHE H CHAA TOKA HE33aBUCHMEL..
CornacHo 3akony Oma

E = RI

- Tak Kak no yciaoBuMio 3azayn MR =25 OM, MI =6 A, 10
ME = 25-6 = 150 B.

YnpaKHenus

1. Nycts Ej, § =1,2,3,4,5,6,/=1,2,3,4,5 6 — uc-
xon Gpocanuss asyx kocreit, mpuuem P (E;) =1/36. Iycts £ = E (Ej) —
CiyuaiHasi BEJIMUMHA, PABHAS YMCIY OukOB npu GpocanmMu nepsoit KocTH, a

= q (Ej) — CryyadHas BenMYMHA, PaBHAsl YHCTY OYKOB, BbINABIUMX MNpH

HUK BTOPOi KocTH. Jlokasa Tb, uto MEn = ME- My,

2. Bpocaetcs wam KOCTb C 06bluHbiMi yucnamu oukos (0, 1, 2, 4, 5, 6) Ha
rPaHsX, MAH KOCTb, Ha rpaHsIX KOTOPOi 0foaHaueHb! uucna ouxos (1, 1, 1, 4, 4,
4). Kaxoii KOCTbIO Jiyulle MrpaTh, 4TOOn npu Tpex GpocaHusx BepOATHOCTDL
Habpatb B cymme He Menblie 9 0ukos Gbura Gombiuein?

Y Kk a 3a H u e. [Joxaxure, uto pacnpeaeneHus cymm S1 1 S2 Ana nepsost
M BTOPO#t KOCTH CHMMETPHYHBI — ORHO OTHOCHTEJNILHO 9, APYroe — OTHOCHUTEIb-
Ho 7,5. I101€3HO CpaBHMTh MATEMATHUYECKME OXKHMIAHMS.

Omeéem: nepBoit, NockoabKy ans Hee P {S; » 9} > 0,5, Ttorma kak
P{S; » 9} <0,5.

3. IIycts npu urpe B cNopT0TO «5 M3 36» BbI 3apaHee 3uaere, uTo Npu 5,
4, 3 yranaHHbIX BAMM HOMEPAX Bhi NOJTyYaeTe BLIMIPLIL COOTBETCTBEHHO 10 000,
175, 8 py6. AHanorvuHO NycTh B CNOPTIOTO «6 M3 49» BaM 3apaHee M3BECTHBI
Boturpbium: 10 000, 2730, 42, 3 py6. Kakas ux aTux urp oxaseiaerca Gonee
BLITOAHOM U1 MrpoKa, €ClM OH cOOMpPAETCs UrpaTh JOCTATOUHO MHOMO pa3?

Omgem: «5 n3 36», MaTEMATHUECKOE 0XMAAHME BLIMIPLILA B 3TOM Clyvae
npu oaHo# wurpe = 20 xon., B cnoprioto «6 u3 49» 310 MatTeMaTUYECKoe
oxujaHue = 14 xon.

§ 3. lucnepcusd cay4yaiHoOH BeIHYHHBI

Ing ofuiero mpencTaBAcHHS O pAacHpPENeTICHHH
CJYYAHHOH BCIHYHHB BAXHO 3HATh HE TOJABKO €€ MAaTeMaTHue-
CKOEe OXHIAHHE, HO ¥ Pa36poc BO3MOXHHX €¢ 3HAUCHHH OT-
HOCHTEJIBHO 3TOrO CpEOHEro 3HauyeHMs. THNMuHHI npuMep,
KOTOPHH MOXET NPOACHHTH MOJIOKEHHE A€JI, IPEACTABASET CO-
6oit pacnpenesncHue cayvaiHX ownbGok u3Mepenus. Ilycrs
W — BeJMYMHA OMOKM, NOMYIICHHON npH H3MepeHHH. Ecin
NpH H3MEPEHHH HE JONMYCKAKOTCH CHCTEMATHYECKHE OMMOKH,
CBSi3aHHHIE C OCOOCHHOCTAMM HAGMIONATENS H H3MEPHTEIHHOIO
npubopa, TO MaTeMaTHUYECKOE OXHAAHHE (CpeaHEE 3HAYeHHE)
ownbku uaMepeHus pasHo 0. Pasencrso Mo = (0 nossoaser
HaM yTBEPXJAaTh, YTO OITHOKM MOJOXHUTEIBHONO H OTPHIATETb-
HOrO 3HaKa B CPEIHEM YPaBHOBCIIMBAIOT APYT APYra, HO HE AaET
OTBETA Ha BaXHH Bonpoc: 6yayT M omM6KH H3MEPEHHS MAIb

129



no a6coMOTHON BEJIMUMHE M, CJIEAOBATENBHO, PE3YNBTATH H3-
MepeHuit O6ynyT OMM3KM K HM3MEpIEMOM BEJMYMHE K Ha
Kaxablii U3 HHX MOXHO YBEPEHHO PACCUMTHIBATH, HAM Xe€ J0-
BOJIBHO 4acTo 6yayT BCTpeuarbcs GosbuiMe OmHMOKH TOro WK
HHoro 3Haxa?

B Teopun BepodTHOCTEH Ag M3MepeHud pa3bpoca 3HauyeHHmik
CAy4aiHOH BEJMYHMHB OKOJIO CPCOHErO 3HAYEHHS HCMONb3YIOT
NOHATHE ducnepcuu (IMCTIEPCHS B MEPEBOAE C JATHHCKOIO —
«paccesHue»). [lucnepcueit DE CiyuyaitHOM BEJMUHHH § HA3H-
BAETCA MATEMATHYECKOE OXMAAHHE KBAJAPaTa OTKJIOHEHHUS Cay-
yaiHOoi BEJHUMHH OT €€ MAaTEMATHUYECKOro OXMaaHusg ME:

DE = M (E — ME)",

W3 onpenesieHus c/ieqyoT NPOCTEIIKE CBOUCTBA AUCTTEPCHH
(3aeCh ¢ — MOCTOIHHAA BEJHYHMHA):

Dt 30,

Dc =0,

Dct = Dk,
D (E + ¢) = Dk.

Jng onpeneseHus AHCIEPCHH MOXHO UCMO/IB30BATH APYryl0
c¢opmysy, a HMEHHO

Dt = M (t — ME)’ = M [E? — 2EME + (ME)!] =
= ME’ — 2 (ME)’ + (ME)’ = ME® — (ME)’.

MMpumep | Buuncanm gucnepcuio ciayyakHoH BesH-
YHHH Y, — HHAMKATOpA CayuaitHoro cobmtug A. [Tycrs

Piy,=1}=p, Plyy=0=1-p=yq.

Torma, xak mokasaHo Buime B npumepe 2 § 2, My, = p.
Haitnem My} Jlerko BHOETb, YTO Y5 MMEET TOUHO TAKOE XE
pacnpenesieHue, Kak M

Pi=lt=p, Pi=0}=gq.

Dy, = Myi — (My})' =p - p* = pq.

Ang panpHeimiero HaM BaXHO (CJieAyloliee CBOMCTBO
AUCNEPCHH.

HAucnepcust cymmor He3ABUCUMBIX CYHAUHBLX GEAUYUH DAGHA
cymme ux Qucnepculii:

D& +E +..+E)=DE + DE, +.. + D&,

TTosTomy
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HeicrBurenbHo,

B+ 8+ +8 - (ME +ME + .+ ME)P =
=B -ME)+ ... +(E, -ME)P =
=2 (&= ML)+ 3 (& - M) (5, - ME,).

Orciona, BRYHCASS MATEMATHUYECKOE OXHMAAHHME IS CaAMOi Je-
BOM M CaMO# NpPaBoOil 4acTeil paBEHCTBA, MONYyYaeM

D (3 &) =Y D&+ X M [(E — ME) (& — ME)].
k=1 k=1 i
Chnaraembie BO BTOPOii CyMMe MpPHBEAEM K APYIOMY BHIy:
M [(E - ME) (§ — ME) ] =
= M [& — EME; — EME + ME-ME ] =
= MEE, - MEME; — MEME, + MEME, =
= ML-§ ~ MEMY,
(NpH BHIYMCACHHMH MBI MOJb30BAJIMCh MPOCTEHIIMMH CBOHCTBA-
MM MaTeMaTHYECKOro oxuaanus). Ho no npeanonoxenuio npu

[ # j BenvuuHbl §; u § HezaBucuMH. Ilo CBOHCTBY MareMa-
THUCCKOI0 OXHAAHHUSA NPOH3BCACHHS HC3aBHCHMMBIX Cle‘laﬁthX

BEJIMUYUH
MEiEj = M'E..:ME,,

NIO3TOMY BCE CJIATa€Mbi€ BO BTOPOH CyMME PaBHBI HYJIIO M

n n
D 2 Ek = 2 DEk’
k=1 k=]
uto 1 TPebOBaNOCh AOKa3aThb. 3aMETHM, UTO NPH AOKA3aTENLCTBE
3TOrO CBOMCTBA MCNOJb30BANACH JMIIb MONAPHAS HE3ABUCHMOCTD
C1yuaidHeIX BenuumH £, ..., &, HO HE B3aMMHAs HE3ABMCHMOCTD.
ITpwuwmep 2. Haiitm aucnepcuio uucaa g, nOsSBICHHIA
coOniTHS A B cxeMe n ucnuitanuil Beprynam.
Mu 3HaeM, uro

P{p,,. - m} - C::)p”l (l — p)’l-"l

H My, = np, N0310My AMCNEPCHs M, MO ONMPEAEICHUIO JO/DKHA
ObIiTb 3aMMCaHa B BHJE

Dp, =3 (m— np)* Cop" (1 — py"™.
m=0
Onnako ropasmo npoue BHUMCJAHTb JUCHIEPCHIO C MOMOIIBIO
131



TOJBKO 4YTO OOKA3aHHOTO CBOMCTBA. B camom nene, y, =
=91 + .. + %4 TAC CIy4YalHAS BEJIMUHHA 7Y, €CTh YHCJIO NMOSB-
JeHMit COOGHTHS A B MCOBTAHMH C HOMEPOM K, T. €. Y —
unaukatop A. Ho Dy, = pg (cMm. npamep 1). Takum obpasom,

Dy, = npq.

YnpaxkHeHHs

1. Monera 6pocaercs waymauy 5 pa3. Ilycts § — umcio Bbi-
napeHuit repfa, a N — AIMHA MAKCUMANBLHOM Cepun (BuINABIMX Noapsa) repbos.
Haitt pacnpeneneHms BEAUYMH § U 1), @ TaKXKE HX MATEMATHYECKHE OXHAAHUS
M AUCTIEPCHM,

Omeem:

i 0 1 2 3 4 5

PE=1i) 1/32 5/32 10/32 10/32 5/32 1/32
P(n=1i) 1/32 12/32 { 11/32 5/32 2/32 1/32

ME = 5/2; DE = 5/4;
Mn = 31/16; Dn = 303/256.
2. Bpocaiotcs aBe urpaibHbie KOCTH. IIyCTh X — YMC/IO OMKOB, BLIMABIUHX

Ha NepBON KOCTH, a4 Y — MMCJIO OYKOB, BBIMABIIHMX Ha BTOpOit. Haittu pacnpe-
AeNneHus X ¥ z = max (X, y), a Takxe Mx, Dx, Mz u Dz.

Omaem:

i 1 2 3 4 5 6
Pi{x=1i) 1/6 1/6 1/6 1/6 1/6 1/6 -
Piz=1i) 1/36 3/36 5/36 1/36 9/36 11/36

Mx=1/2; Dx = 35/12;

Mz =161/36; Dz = 2555/1296.

3. Nipegnaraetca Tprxast 6pocuTy MM UrpansHyio KocTs (1, 2, 3, 4, 5, 6)
wim kocts (1, 1, 1, 6, 6, 6). Kaxkodt KocTbiO Jryyviue urpath, 4tobu ¢ Gonbiuedt
BepOATHOCTLIO HaGpaTh B cymme He Mexee 15 ouxos? Halitu ans obenx xocreh
MaTeMaTUyeCckue OXXHAAHUS U AMCMEPCHUM CYMMBI YM(CJIA BHINABIIHX OMKOB.

Omaem: sropoit. MS); = MS, = 3-3,5 = 10,5; DS) = 3:35/12 = 8,75;
DS; = 3-6,25 = 18,75.

4. lokasate, 410 ME < VMEZ.

§ 4. 3akoH OosLLUMX YMCeJ, TEOpeMa
YeObiluéea

Mu BO3BpamaemMca Teneps K npobsieMe, peLIeHHIO
KOTOpOi1 Cayxuia noka3anHas B § 2 r. 4 reopema Bepuymim.
Oka3snBaercs, YTO BaXHHI Npeae/bHbIA pe3yIbTaT, Ha3BAHHHIH
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3akoHOM Gonbmmx umcesn B ¢opme BepHynann, momyckaer mM-
pokoe 0606menne. MH MO3HaKOMMM Bac C 3aMeYaTEIbHOM TEO-
pemoil, NMpHHaAIEXaued ORHOMY M3 KDyMHEHAmMX MAaTeMa-
kOB XIX Beka IT. JI. YebnunéBy (1821 —1894). Teopema Ye-
6hEBA MHTEPECHA HE TOAbBKO IIMPOTOH YCJOBMH NpHME-
HHMOCTH, HO H HCKJIIOYMTEIbHO MPOCTON HAEEH A0KA3aTe/bCTBA.
B ocHOBE NOCAEAYIOMHX PACCyXACHMH JIEXHT HEPABEHCTBO,
nokasanHoe 1. JI. YeOnwéBHM M nO3gHEE HAMEANEE MHO-
TOUYHCJIEHHHE NMPHJIOXKEHHS KAaK B TEOPHH BEPOSTHOCTEMN, TaK M
B APYrHX MATEMATHUYCCKHX OUCHHUILIMHAX.

HepaBsencrtrBo YebOuwmésa Ecw caywainasn
eenununa £ umeem KOHeuHOe Mmamemamuueckoe oxudauue
ME u xoueunyro ducnepcuro DE, mo npu 11060M noroxumens-
HOM O uMeem mecmo HepaseHcmaeo

P{|t — Mt| » o} < DE/a’.

Jis noxasaTesnpcTBa NPENNONOXKHM, UTO X; — BO3MOXHBIE
3HAUEHHNs CyYaHHOM BeMuMHH £ u p; = P {E = x;} — cooTseT-
CTBy10IIME BeposSTHOCTH. I10 onpenenennio

D = E (x - Mg)zpi-

Ecain B 310# cymme Mu orOpocMM Bce caaraeMue, mis
KOTOpHX |x; — ME| < @, M COXpaHHM JMImb Te€, A1 KOTOPHX
| x; — ME| > a, TOOT 3TOr0 CyMMa MOXET TONBKO YMEHBIIATHCH.
CrienoBaTebHO,

Dt > E (x - MEI) Di»

lxi—ME|3a
A€ CyMMa pacnpoOCTPAHSETCs HA Te 3HAu€HHs [, A1 KOTOPHX
|x — ME| > a.

CymMmy, cTosmyIo CIpaBa, Mn yMEHbWMM eme 6oAabiue, ecan
BCE MHOXHTEAH (X; — ME)z 3aMEHHM HMX MHHHMAJIbHHM 3Ha-
' yeHHeM a’:

Dg>a> ¥ p

Ixi~ ME| 2 a

P{lE-ME|>a}= ¥ p,

|xi~ME| »a

Dt > P {|E — ME| > a}.

IMocnenHee HEPABEHCTBO M eCTh~Hepasencmeo Yeboviuéea.

Ho

OTKyna
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PaccMoTpuM Tenepb CayyaiHHE BEJMUMHH &, £, ..., &, C
HM3BECTHHIMHM MATEMATHUECKMMH OXHaaHuasmu ME,, ME, ...
..y ME, 1 06pasyeM HOBHE CIyYANHHE BEJMUUHH 1], KOTOPHE
COBNAAAIOT C AapUPMETHUECKMMH CPEIHMMH BEJIMUMH £, HMEHHO:

7|n=;l;(§1+...+§,,).

Tonp3ysch CBOHCTBAMH MATEMATHUYECKHUX OXHAAHMIA, BRUMCIHM

=M(§1+...+§,)=M51+...+Mg,,

M
Tl'l n n
PaccMOTpMM TEnmEph NPH PasHHX 71 CAYYAHHBE BEJHYH-
HH 1),
£+ & B+ ..+ E,
nl = El’ nZ = 2 y ooy nn = n

H COOTBCTCTBYIOIIUC MATCMATHUYCCKHAC OXHIAAHHUS
Mnlv M']z, weey Mﬂ,,.

Oxka3nBaeTcs, UTO C YBEJIMYCHHUEM 3HAYCHHUS N 1), CTAHOBUTCS
6u3kuM K Mm,. OQHAKO NOCKOMBKY 1), — CAYYaNHHE BeJau-
UYMHH, 3 M7, — YHCJIA, TO YTBEPXACHHE O TOM, UTO C POCTOM 1
BEJIMUMHH 1), CTPEMATCH K M1),,, MIMEET BEPOSITHOCTHHI Xapak-
Tep. 3TO YTBEPXAECHHE O MPEAEIbHOM MOBEACHHMH apudme-
THYECKMX CPEJHMX CAYyYaWHHX BeauudH &, &, ..., £, B Haubo-
aee obueit popMeE M HOCHT HA3BAHME 3aKOHA OOJBLIMX YMCEJ.
Tenepb MH NEPEXOAMM K AOKA3ATEABCTBY 3aKOHA 6OIBIIKX
ynucen B popme Uebuwéna.

3akoH 6oanbpmWHX uyYHCENaA (Teopema
Ye b wé s a). Ilycms npu 11060M N umeromcs NnONapHo
He3aguUCUMble CAYHAUHbIE BelUHUNHbL

Elv gz, seey gn

¢ mamemamuueckumu oxudanusmu ME, u ducnepcusmu DE,,
02PAHUMEHHBIMU OOHOU U MOU Xe NOCMOSHHOU GeNUHUHOU C:

D, <c, k=1,2,3, ..

Tozda npu nwbom o > Qun-> «
P{ §1+...+§,,_Mgl+...+M§,,

n n
HokxasarteancTso. UcnonedyeM ofo3naueHne

G +..+%8)

<a}—>1.

']n =

1
n
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M BHNMIIEM HEPABEHCTBO YeOHIEBa nns cayyaitHOM BEAMUYHHH
1, npn moboMm a > 0:

P{|n, — Mn,| >a}<£ﬁ.
o

IMokaxeM, 4TO MpaBas YacTb 3TONO HEPABEHCTBA CTPEMHTCH K
HYJIIO pU 1 = ., B cr1y TOrO, uTO ANS NMONApPHO HE3aBMCMMBIX
cnayvaiiHEX BeamyuH D ) &, = 2 DE,, umeeM

k k
_ DE +..+E) _ Dy + ... + DE,

2 2
n n

Dn,

B ceny ycnoBus DE, < ¢
cn [+
D‘l’],, < == "-;
n

Tenepp oueBUAHO, uT0o D), » 0 ipu n > o u
P{|ln, — Mn,| 3 a} 0.

Mepexons or HepaseucTsa {|n, — Mn,| > a} x nporuBONOIOX-
HOMY HEpaBeHCTBY {|n, — Mn,| < a}, monyuaem
[+
P{ln, — My,| <a}>1-—
ho
W IpH n —» ®
P{|n, - Mn,| <a}>1.

Teopema nOKa3aHa; KPOME TOIO, BHISICHEHO, KaK OHCTPO Bepo-
atHocth P {|n, — Mn,| <a} npubauxaercs x 1 npu Bo3pacra-
HHUH n.

HoauepkHeM, YTO 3aKOH GONBIIMX YHCEN BHABALET BEPOAT-
HOCTHHIH CMBICJ1 MATEMATUUYECKOIO oXxuaauusa. Ecau e ycaoausx
meopemvt Yeboruéaa npednoroxumes, umo ME, = a npu ecex
k, mo meopema Yeboiuuéaa npuobpemaem ocobeHHO npocCmyrO
popmy: npu n —» o u awbom o > 0

< a} - 1.

p{l%(gl+...+g")—a

JtoMy cneacTBui0 M3 TeopeMn UYeOHméBa MOXHO AaTh
Takyw uMHTEpnperaumio. Ilpenmosoxum, uyro n Habmogatenei
H3MEPAIOT BEIMUYHHY @ 6e3 CHCTEMATHYECKOM OmMOKH, TaK uTO
JONYCKaeMBIE HMH NOrPEITHOCTH CPABHUMBEL N0 BEJIMYMHE; TOrAA
npu GonbIIOM YMCe M3MEPeHMit apuPMETHUECKOE CPERHEE HX
pe3yJIbTaTOB C BEPOSATHOCTDIO, CKO/b YroaHo 6su3koit k 1, 6yaer
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FJOM3BOJIBHO MAJI0 OTJIMYATBCY OT M3MepdeMOi BenuMHu. B
3TOM DACCYXACHHM MOXHO YBHAEeTb OCOCHOBAHME TNPHHLMIA
cpeasero apudMETHYECKOro, HIHMPOKO MCMONb3yEMOTO B 3KC-
MEPUMEHTAIbHHX HayKaXx.

Teopema Bepuynnm, nokasaHHag B § 2 . 4, aBagercd
YAaCTHHM cayyaeM TeopeMul UeGumepa. JIelCTBHTENBHO, ecau
caydaiinble GeUHUHB NPUHUMAIOM MOAbKO d6a 3navwenus | u
0 c geposmnocmsamu p u ¢ = 1 — p coomeemcmeenno (cxema
Bepnyanu), mo cnpasedrus 3axon 6Gonbluux wucen 8 gopme

Bepuyanu:
4 { > a} -1,

1
me a>0, a ;(El + ..+ §,) — uacrora 3HaueHus 1. Ota

§1+...+E,,_

n

P

TEOpEMa O HEOTPAHMUCHHOM COJIMXEHMHM YAaCTOTH HACTYIUICHMS
HEKOTOPOrO COOHTHS C BEPOSTHOCTBIO 3TOrO COOHTHS MpH BO3-
PACTaHHH YKCAA MCINTAHMIA SBUJIACh HCTOPHUECKH NepBoi (op-
MOM 33aKOHA GOBMMX YHMCEN M MOCJAYXWIR OCHOBOM Ins CTa-
THCTAYECKOTO ONPEACNACHHS BEPOSTHOCTH,

B 3axmoueHne 3Toro maparpada 3aMETHM, UYTO TEOPEMH O
3aKoHe OOJIBIUMX YMCEN BHPAXAlOT OOLOMH NPHUHLMI, B CWIY
KOTOpOrO MpPH JOBOJBHO LIMPOKHX YCJOBHSX COBMECTHOE BO3-
aeicTsne GONBIOrO UMCAA CAYYAHMHHX BEJIMUMH OKAa3HBACTCH
MOYTH NOCTOSHHHM. 37ech 33/1I0XEHO 060CHOBAHME MHOIMMX 32-
KOHOB (P)M3NKH, IKOHOMHKH H APYrHX 001acTel, KOTOPHE HMEIOT
JeNno ¢ IBJECHHSIMH MAacCOBOTO XapakTepa.

YnpaxHenHs

I. Moneta xupaerca 1600 pa3. Beankn M BEPOATHOCTH NO-
JIyuMTh Npu 3T0M Bnanexue repba a) Gonee 1200 pas; 6) Gonee 900 pa3?
) Oma@em: oueHka no HepaseHcTsy Uebniuésa aaer a) menee 1/800; 6) Menee
0,02.

2. YacTHua nposieTaeT CKBO3b NOMMOWAKUWHA 3KpaH ¢ BeposSTHOCTLIO 0,01.
YeMmy paBHO MATEMATHUYECKOE OXMAAHHE UYHCEN NPOJETEBIIMX CKBO3b HEro
4acTHL, ecan ux Gbuio Buiryweno 100? Beanka i BEPOSTHOCTDb TONO, YTO CKBO3b
3kpaH nponetnt Gosee 11 wactnu?

Omaéem: MaTEMaTHUECKOE OXMAGHHE YHCAA NPOJETEBIIMX YaCTHLL PABHO 1;
no HepaBeHCTBY UelbIIEBA MCKOMAs BEPOSTHOCTL He npesocxoauT 0,0099.

§ 5. Ilponssonaumue PyHKUMH

Bynem paccMaTpuBaTh CAYYaHHHEC BEJIMYHHHL,
NMPHHMMAOIME TOJbKO LENHE HEOTPHALATEIBHHE 3HAUCHHA.
INyctb cayuaiiHas BesiMuyMHA X NPHHAMAET 3HAYCHHS
k=0,1,2,..u1nycts p, = P{X = k). Onpenenum npouseods-
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YR PYHKYUIO CAYHAUHOU Benudutbr X KAK (DYHKLHMIO ITEPEMEH-

HOH s:
fx@®=3ps, O0<sss<1
k

(3nece M nanee noapasyMeBacTCd, YTO CYMMMPOBAHME IpO-
M3BOMTCH MO BCEM 3HAYCHHMSAM & CAy4yaiHO BEJMYMHH X).
Jlerko BHOETh, YTO B HAINEM CAydYae, KOraa X npHHUMAET
KOHEYHOE 4MCso 3HaveHuit 0 < k < n, 10 fy (s) npeacrasaser
c060ii MHOTOWIEH CTEMEHHM HE BHIIE n, KO3(XDUIHEHTAMH TIpH
CTEMEHAX KOTOPOrO CJIYXAaT COOTBETCTBYIOIMME BEPOSTHOCTH py.
[IpuBeneM HEKOTOpHE OYEBHMAHBE CBOHCTBA (DyHKumH fy (5).
Tak, fx (0) = P{X = 0}, u ecu 31a BeAMYMHA MEHbuIe |, TO
fx () — crporo Bo3pacraromas ¢yHkumud npu 0 <s< 1. B
TOuKe s = | BWMONMHSETCH paBeHCTBO fy (1) = D p, = 1. Bu-

k
pa3uM faajece MAaTEMATHYECKOE OXHIAHME MX U JHUCNEPCHIO
DX cnyyaiiHON BETMYHMHKW X uepe3 MpOM3BOASWIYI0 (DYHKLHIO
fx (s). BoiuucauM npon3BomHyo ¢yHkumu fy (s) npu s = 1:

fi())=3P(X=Kk=MX;

JPYTHMH CJIOBAMH, NMEPBAY NMPOU3BOAHAS MPOM3BOAAMIEH (PYHK-
LMH B TOYKE § = | paBHa MAaTEMAaTUYECKOMY OXHAAHMIO C/1yyaii-
HOH BETHYMHH X. BHUMC/IMM BTOPYIO NPOM3BOAHYIO

W) =3PX=kkk=-1)=
= > P (X) k' - MX = MX* - MX.

Yuurnpas
DX = MX* — (MX)?,
NOJTYYUM Y , ,
DX = fx (1) = (fx (1)) + fx (D).

BeposTHocTH P (X = k) MOXHO BHPA3UTh YEPE3 MPOU3BOI-
HBlE NPOM3BOASWEH DYHKLMH, BHYMCACHHHE B Touke s = 0. B
caMmoMm nese,

x(0)=PX=0),
TOYHO TaK Xe€

fx(0)=P(Xx=1).
BHYHCAS9 NTPOH3BORHYIO k-r0 NOPSAKA NMPOM3BOAAWIECH (PYHKIMH
npu s = 0, nonyuum

PO =kP(X=kK
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* ©

ko
Takum o6pa3oM, yepes npoM3BOAHBE NPOM3BOAAMCH (YHKIMH
B Touke S = 0 M s = 1 MOXHO BHUYHCIHTH BCE OCHOBHHE XapaK-
TEPUCTHKH CNYYAHWHOH BeJIMUMHH X,

PaccmoTpuM Tenepp Hapsay ¢ X cAyyailHyi0 BEJMYMHY Y,
TaKXe NPHHUMAIOMYIO LE/IHEC HEOTPULIATE/IbHEE 3HAUCHHUS, Bhi-
YHMCJIMM TPOM3BOAAMYIO (yHKIMIO cyMMH X + Y IOBYX He-
3aBUCHMMBIX CTyYAHHHIX BEJIMUMH X U Y:

Txey (8) =
=YPX+Y=ks=3F3PX=DP(Y=k-)ss" =

P(X=k=

=XPX=DIFP(Y=m)s"=fx(s) fy (5),

TaK KakK
k
PX+Y=kB=YP{X=LY=k-]

1=0
4 B CMNy HE3aBUCUMOCTH X U Y
PIX=1,Y=k=-0=P{X=0P{Y=k-]

npu mobux k u l. Takum ofpa3oM, npouszeodswas @ynxyus
CYMMbBL HE3AGUCUMBIX CAYHQUHBIX GEAUHUH PABHA NPOUIBEOEHUIO
npou3eo0aUUX PYHKYUL IMUX Geaud U,

[1poussoasmue dyHKuN 6yayT NpUMEHEHH B AaJbHEHIIEM
K PEHICHHI0 KOMOMHATOPHHX 3a4ay M BRIBOAY «MpPEACIbHBIX»
TeopeM BT/, T 1 8.

3ameuaHu e [lpoussoasmas GyHKums B MaTEMATHYE-
CKOM aHa/nu3e onpeaenserca ang moboi Noc/enoBaTENbHOCTH
ACUCTBUTENBHBIX YMCEJI, KOTOPAA MOXET M HE GHTh KOHEYHOM:

Ay A)y Ay eeo 3 Apy soe
B moGom cayuae npoussoasmas yHkums Moxer 6urth op-
MAJIBHO 3aMMCAHA B BHAE
f=a+as+ azs2 + ...
ang 0 < s < 1. Ho BoauMkaer Bonpoc (KOTOpHIl HE BO3HHKa
I KOHEUHBIX MocjeaoBaTeabHocTel aq, ay, ... , a,): NpH KaKUX

s 312 DyHKIUS MMeeT KOHeuHHe 3HaueHua? Hanpumep, oue-
BMIHO, YTC B CJyude, KOraa a, = 1 npu Bcex k, TO 3HAYEHHE

FO=1+1+1+. +1+..
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GeckoneuHo. B cuTyaumu, KoTopas ans HAC MPENCTABASET MHTE-
Pec, 3, @, < 1, NOITOMY MOXHO CPABHHTS £(S) C FEOMETPHUECKOH
k
nporpeccueit co 3HaMeHateneM s npu 0 € s < 1:
1

fO=Yasd<ys=—

1-5
H COEnaTh BHBOM, YTO f(S) HMEET KOHEUHBE 3HAYCHUS IS BCEX

paccMaTPUBaEMBbIX 3HAYCHHH §, 3@ HCKIIOYeHHEeM s = 1. Opnako,
ecin Y a, = 1, 10 f(s) mpu s = 1 TaKxKe KOHEuHa:

f=Ya =1

Hanpumep, nycts O0<p<l,g=1-p u a =pd, k=
=0,1, 2, .., Torna

1
Eak=PEqk=P'T—_‘;=1
k k

[)=Zas=p3 @)=

gs

YnpaxHeuns

1. Hastti npom3soaswyo GyHKUMIO RIS CryqaitHOi Besm-
unnel £ B npumepe 3 § 1 nauHoft masbl.

Omaen:: —l- 1+ 5)°
ent: 210( Y.

2. Hafit npoH3soasuLyio GYHKIMIO CYYaiHOI BEJMUMHBI Y4 — MHIHMKA-
TOPa HEKOTOPOrO CIYYAHOTO COOBITHA A, BEPOSTHOCTb HACTYILIEHUS KOTOPONO
paBHa P(A).

Omeaem: ps + g, tae p=P(A),q=1-p.

3. Haittu npon3soxsmlyio GYHKUMIO CyyaiiHOi BEJIMUMHBI W, M3 NpH-
Mepa 3 § 2.

Omaent: (ps + g)'.



TJIABA 7

MMOCAENOBATEJIbHOCTH UCITBITAHUN
BEPHYJUIM: CNIYYANHOE BJYXIAHUE
H CTATUCTHYECKHE BbIBObI

§ 1. Ucnumranus Bepuyamm

Mu Bo3BpaTHMCS B 3TO# rnaBe K OAHOMH M3 BaX-
HEHIUX MOACNCH TEOPHH BepoATHOCTEH — cxeMme BepHyanu
HE3aBMCUMBIX MCMHTAHMI ¢ AByMsl MCXOAaMM, KOTopas Obiia
BBejieHa B § 5 1. 3. O6BIUHO OOMH M3 MCXOAOB YCJIOBHO HA3bi-
BAIOT_«ynaueii» (coburtue A), a apyroit — «Heynadei» (cobui-
THe A). [lpeanonaraercd, YyTo B KaXJOM MCNHTAHHH <«YAAua»
MPOMCXOAMT C OAHOM M TOM Xe BeposTHOCTBIO p, 0 < p< 1, a
«HEyJa4a»— C BEPOSTHOCTLIO ¢ = 1 — p. Ucnonb3ys nouarue
caydyaiHoit BenmuMHu (cM. § 1 1. §), MOXHO AaTh paBHO-
CHILHOE OnpeneieHHe cxeMu BepHy /UM B TepMMHAX CTyUYadHBIX
Be/IMYUH., MIMEHHO, pacCMOTPMM NOCAEAOBATEIbHOCTb CIyYaii-
HEIX BEJMUMH X, X, ..., X,, KaXJasd U3 KOTODHX NMPHHHUMAET
Jumsb aBa 3Havenus 1 u 0. Myers (X, =1} = A, {X; =0} =
TOraa

PiX;=1}=p, P{X;=0}=gq.

Takum o6pasoM, ciyuailHne BeIMUMHH X; MOXHO Ha3BaTh
XapaKTEPUCTHUECKMMH (DYHKUMAMH (MHAMKATOpaMM) COOH-
TS A B KaXJOM HCNHTAHMM C COOTBETCTBYIOIIMM HOMEPOM
i = 1, ..., n. IIpennonoxuM TaKkxe, 4YTO CIyYailHHE BEJIHUYHHH
Xy ...y X, B3aUMHO He3aBUCUMH. TOraa roBopsT, YTO MOCJIEAO-
BATEJABHOCTb X, ..., X, 3aAaeT cxeMy BepHy/nu He3aBHCHMBIX
MCNBHTAHUNA.

UYucno ynau B n ucnuitaHusx BepHyanu Bhpaxaercs ciay-
YaHHOM BeJMUMHOM S,, paBHO# cyMMe X, ..., X,:

S, =X+ ...+ X,.

3T1a cayuaiiHas BEJHUMHA MMeeT GHHOMMANBHOE pacnpenesie-
HHE, T. €.
P{S,=m}=Cp"¢""", m=0,..,n;

€6 MAaTeMaTHYECKOE OXUAAHME — CPEOHEE UYHMCJIO «yAau»—
paBHO MS, = np, a qucniepcus pasHa DS, = npqg (cM. § 2 rn. 5).
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OueBHAHO, YTO MOCJENOBATENBHOCTD Y, ..., Y,, rae Y; B3a-
MMHO HC33aBMCHMH W NPUHUMAKOT 3HaYeHus +! («ymaua») u
—1 («Heynaua») ¢ BEpPOSITHOCTAMH

p=P{Y.=1}, ¢g=P{Y.= -1},

Takxe npexacrabager coboit cxeMy BepHyann, npurom ciyuaii-
Hbl€ BSJIMUMHH Y; U X; CBA3aHH COOTHOLICHUEM

}’i=2Xi_l! i=1,..., n.

B atOM ca1yuae cymma S, = Y) + ... + Y, IMeeT CMBICA Pa3HOCTH
MEXAY UYUC/IOM «yAay» M YMC/IOM «HEyAau» B N MCMNHITAHUAX:
§,=25,-n=8§,-(n-S,). Tak kak (S,=m}={§,=
=2m — n}, TO PpacnpescicHHE CAy4yalHO#i BEJMUYMHHN S,
HaXOOUTCA MO pacnpeaefeHu0 S, U onpenensercsa ¢opMytoi
(n + k uerHO)

ntk ntk n-k

PS,=k=C,2 p?q?, k=-n,..,0,..,n (D

MaTeMaTHYEeCKOE OXHAAHME H JUCNEPCHA S, PaBHH COOTBETCT-
BEHHO

MS,=n(p-4q), DS,=4npq

(cM. 3agauy 1).
CornacHo 3akoHy GOMbLIMX YHCEN MPU n —» @

P{l%—p >e}->0, (1.2
ek )

p{ S
ang moboro ¢ > 0.

B nocaenyiomux naparpadax 6yayT M3ydyeHH NpENCTABJiS-
IOIHHEe HECOMHEHHHWH MPAaKTHUYECKUH HMHTEpeC 3ajayd, KOTOphHE
craBaTcd B paMKax cxeMn BepHysnm. Iaparpadws 2 u 3 noces-
WEHH CTyyaitHHM Oy XaaHusM Ha npsamoil, a naparpad 4 —

NPOCTEMUINM CTATUCTHYECKUM 33a4YaM, BO3HHUKAIOWMUM B CXEME
Bepuysum.

> e} -0 (1.3

§ 2. CayuaitHoe GayXaanue Ha NpAMO#,
COOTBETCTBYIOLLIEE cxeme Beprynau

PaccMoTpuM cayuaitnoe Gy xaaHue, KOTOpOE mo-
poxgaercd cxeMol ucnurtanuii bepuyam. IlpepnonoxuM, urto
YacTMIA BHXONAT M3 HA4aJa KOOPAMHAT M YEpe3 eaMHUILY
BPEMEHHM MNEpPEMEIAeTCs HA EOMHMIY BBEPX C BEPOATHOCTHIO
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p, 0 < p< 1, wav HAa egHHHILLY BHH3 C BEPOSITHOCTHIO ¢ = | —
— p. B xaxaui#t nmocrenyomuii MOMEHT BPEMEHH IOBTOPSET-
CS Ta XE HCTOPHS HE3aBHCHMO OT MPEIBIAYIIETO MOJOXECHHS
yactHun. Takum o6pasoM, 3a BpeMs n 4acTHLA NPOXOAMT
HEKOTOPHIH MyTh, KOTOPHIH MOXHO TaK X€, KAK Bri. 4 (cM. § 1),
n306pasuth rpaduuecku. Bcero myTtei ABMXEHHS YACTHUH 3a
BpeMd n Oyzer 2", OOHAKO Temeph 3TH MYTH HEAb3S CUHTATH
PaBHOBO3MOXHBIMH.

MocnenoBaTeIbHOCTh MEpPEMEIHEHHIA YACTHL(W 33 BpeMsd n
MOXeT OHTh PacCMOTPEHA KaK MNOCAECHOBATEAbHOCTb N HE3a-
BHCHMBIX HMCIIBTAHHA C ABYMS MCXONAMH (IBMXEHHE BBEpPX Ha
€OMHHLY —«l», ABMXEHHME BHM3 HAa e€AMHMLY —«—1»), T. €.
Kak cxema BepHysnu. PaccMOTpUM n B3aHMHO HE3aBHCHMbBIX
CAyyalHBX BEJTHYHH X, ..., X,, KaXIaq U3 KOTOPHX PHHHMAET
3HaueHHd + 1 m —1 ¢ BeposrHOCTSIMHM p H ¢ = | — p cooTBeT-
crBeHHo. Torma xaxioil NocreIoBaTEbHOCTH 3HAUEHHMH 3THX
BeJIMuUMH, Hampumep, 1, 1, —1, 1, 1, —1, 1, —1, —1, ..., 1,
6yner COOTBETCTBOBATh OMPENCACHHAS TPACKTOPHS JBHXXECHHS
YacTHUH. Yao6Hee OMMCHBATh MYTh YACTHLW HE CAMHMMH X;, a
HX MOCJIEI0BATE/IbHO BHUHCICHHHMH CYMMAMH:

So = 0,
S" = X] + ...+ X,‘, i= l, veey N (7.4)

3HaueHHe Kaxmom cyMmbl S, Gyder XapakTepM30BaTh MOJIO-
XEHHE YaCTHLH B MOMEHT BpeMeHH n. Tak, Hanpumep, cobbiTre
{S. = y} 03Hauaer, 4TO YACTHLIA B MOMEHT N HAXOJMTCH B TOUKE
¢ opanHatoi y. TpaekTopus ABMXEHMS YACTHL 33 BpeMms n
ONHO3HAYHO OMUChiBaeTcs Habopom S, Sy, ..., S., H, Hao6opor,
MOCJIENOBATENbHOCTh CAYYaHHHX BEJHUMH Sy, Sj, ..., S,, omnpe-
AeyieHHWX no dopmynam (7.4), MHTEPNPETHPYETCA KaK TPAaekK-
TOPHS HEKOTOPOM 6ayXaaomel YacTHIb.

Kak cneayer n3 § 1, cnyuaitnasd BeamuyMHa S, HMeeT pac-
npeae/ieHne

P {S,, - k} - C£n+k)/2p(n+k)/2q(n—k)/2 (7.5)

(n m k MO/KHH MMETb OOHWHAKOBYIO YETHOCTh). Jta hopmysa
AAeT BEPOATHOCTh AOCTHXEHHS G/1yXAAoWeN YaCTHIEH TOUKH ¢
OpAMHATOH kK B MOMEHT n. [Ipu p = ¢ = 1 /2

P {Sn - k} - C£n+k)/22—n;
JTOT CAy4yad, COOTBETCTBYIOMIHN CUMMEMPUHHOMY CTYUAHHOMY
6nyxnaHmI0, 6bi1 MOAPOOHO pacCMOTpeH B ri. 5.

TepeiineM HENOCPEACTBEHHO K PEMIEHHIO 3a4auM O BO3Bpa-
LICHHH YaCTHILH B HAYAJIO KOOPAMHAT B CAyYaitHOM 61y XIaHHMH,
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3anaBaeMoM cxemoit BepHyn. UHTynTuBHO CHO, 4TO B CHAY
HECHMMETPHHM 3aJ1aYM HAa4yano KOOPAMHAT yXe He Gymer Mrpath
TY pOJib, KOTOPYIO OHO HMrpajJio B CHMMETPMYHOM Cayuae, H
NOBEACHNE YACTHUH GyneT 3aBHCETh OT COOTHOMIEHHS BEPOSTHO-
creil p M q.

BHOBb BBENEM BEPOSTHOCTH u,, — BEPOSTHOCTb BO3BpPA-
INCHHS B HYJb B MOMEHT 2n M f), — BEPOATHOCTb Nepaozo
BO3BpallCHHS B HyJIb B MOMEHT 2n:

uy, = P{S,, = 0},
f),, = P {Sz * 0, “eny S;,,_z * 0, S;,, = 0},

o

Ham Heo6xoauMo oONpenennTh BEIMUMHY f = E f2, BEpOAT-
n=1

HOCTH BEPHYTbCS KOraa-ambo B Hauaao koopaMHat. Tak xe

Kak M B CHMMMETpHYHOM ciayuae (cM. dopmyny (5.20)), mo

thopMysie MOAHOM BEPOSATHOCTH

e = 3 fultsn-2 = 3 frn-ubtas 0> 1, (7.6)

k=0 k=0

rae a = 1, fo = 0. BepoaATHOCTH u,, JETKO HAXOAATCH M3
thopmyan (5) ipu & = 0 u n, 3aMeHeHHOM Ha 2n:

uy = Cop'¢"

(npu p = ¢ = 1/2 nonyyaeM 3HAKOMYIO BEJMYMHY Uy, =
= C3,27%). Haitnem BEPOSTHOCTH f,, M f C MOMOIIBIO NMPOU3BO-
aamux GyHKumi,

3ameuanue o npousgodsawyux Gynxyusx. JIna panpHeimero
HaM Gyner nonesHo nepedopMyauposath Gosee o6mum o6pazom
OOHO BaXKHEHUIEE CBOWCTBO mnpou3Boasdmux ¢yHkumit. Pac-
CMOTDHM IB€ YHCJIOBHE NOCRENOBATEALHOCTH {a;} u {b} n HOBYIO
NOCAEA0BATENBHOCTD {C,}:

chn=ah, +ab,. +...+ab, n=0,1, 2,...

Mycts f1(2) m f,(z) — npomssopsdmme (YHKUMH YHCIOBHIX
nocaenosatenbHocTed {a;} u {5} coorBercTBenno. Toraa npousso-
aguas ¢yHkums f(z) nocaeROBaTENLHOCTH {c,} BHIpaxacrcs
topmy 1ot

F (@)= £1(2) f:(2),
T. € paBHA MPOM3BEACHHIO NPOM3BORIMMX YyHKUME f(2) M
f2(2). SiCHO, YTO ITO HE YTO MHOE, KAK CBOMCTBO NMPOMU3BOASILIMX

dyHkumit CyMMBI HE3aBHCMMBIX CAYYaHHHX BEJMYHH (CM.
c. 138). Onnako B JaHHOM CJIyuae MOCAENOBATENBHOCTH {a;}, {5}
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dynkunn (1 — x)™ no crenensm x:

(1_x)_m=2m(m+l)...(m+n—l)x, 1.8)

n!

n=0

npu |x| < 1 u mo6om m > 0. Ilonyuum

U (z) = 2 .2_:2": (4pq22)n = (1 - 4pq22)-1/2

n=0

npu 4pgz’ < 1. Jlerko Buzerhb, UTO

f=§}fz,.=1ziglu~"(z)=1—

n=1

1
lim U (z)'
z»1

Orcioma f=1,ecmm U(z) > o npun z -+ 1, UTO PaBHOCHJILHO
pacxoaguMocTd pana Y uy, = o, B f<l,ecmm U(2) < », T. €.
psin Y uy, cxomures, U (1) = 3 up, < eo. Takum 06pasom, nony-
ueHO ofluee yTBEPXAEHHE, BEPHOE HE TOABKO AJs CJIYyuYaiHOro
OGnyXnaHWsS Ha NpIMOH, HO M B EBKJIMAOBHX NPOCTPAHCTBAX
moboit pasmepHoctd (cM. § 6 ra. 5).

Beposmuocme f menbwe uau pasna 1 6 3agucumocmu om
moeo, cxodumces uau pacxooumcs psod 2 Uy,,.

U3 (7.7) noayuaem, uto

F()=1- (1 - 4pg)”

mpu |z| < 1. Tlosromy f=1-(1 - 4pg)”% Tak «Kax
1- 4pg = (p — ¢)* , TO OKOHYATEILHO HMEEM

f=1-|p—gq|

H NPpHUXOAHM K BHBOAY, YTO BEPOATHOCTb BO3BpAUICHHUA KOraa-
JH B Ha4Yajn0 KOOpAHHAT

f=lnpup=g="%, f<lnpup=gq.

Takum o6pasoM, ciayuaiiHoe 61yxnaHue HA NPAMOIl, COOTBETCT-
Byomiee cxeme BepHynnu, BO3BpPaTHO TOrAa M TOMBKO TOrAA,
Koria p = g = %, T. e. TONbKO B CHMMETPHYHOM CJIy4ae.

IInsg Toro yrofn ySACHHTb, YTO Xe MPOMCXOAMT C TpaekK-
TOPHMSMH YacTHUH PH p > ¢ WM p < g, 06paTuMCH K 3aKOHY
Gonpmux yncen. Utak, TpaeKTopHs 4aCTHIH 3aaETCSA MOCAEN0-
B3TCAbHOCTBIO BEJIMUHH Sg, Sy, ... S,. [lepenummemM cooTHOmEHHE
(7.3) caenyomumM o6pasom:

P{|S,,—n(p—q)|>ne$->0, n- o, 1.9

IlpoBeneM ans cayuas p > g Ha rpadMKe CJayudaiHOro
6nyxnanus 1mBe mnpamee, n(p—qg—¢) U n(p — g +¢)
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(puc. 29). Toraa u3 cootHoweHns (7.9) MOXHO CAEaTh BHBOA,
YTO TPAEKTOPHUS YACTHLH MPOJIETAET B CPEAHEM BAOJb NMPSMOM
n(p — ¢) mans mo6oro ¢ > 0 u J0CTaTOYHO 6OMBIIMX 7 TOYKA
€ KoOopaAuHaToi S, (MOJIOXEHHE YACTHLH B MOMEHT n) Gyner ¢
60/1bIIOH BEPOSATHOCTHIO JIEXATh B BEPTHKAJIbHOM MHTEPBAJIE C
KOHUAaMH n(p—qg—¢) u n(p — g+ ¢). D10 yTBEepXIaEcHME
MOXHO VYTOUHHTb: OKa3HBAETCHd, UTO NOYMu 6ce TPAEKTOPHH
BEAYT cebg nonoGHHM 06pasoM, T. €. ¢ BEpOATHOCTHIO 1 opanHaTta

3y

|
|
0 ‘v 4 m

Puc. 29. TpaekTopust HECHMMETPHUHOTO BNy XKAaHUS

6yXnaomen YacTub B MOMEHT 71 GyfeT HaXOAMTBCH B yKa-
3aHHHX npeaeaax. Kpome Toro, MOXHO YTOUHHTh CAMH FDAHMILLH,
B KOTOPBIX C BEPOATHOCTHIO | OkaswBaercs 61y Xaaouas 4acTu-
13, ITH BO3MOXHLIE YTOUHEHHMS CJAEAYIOT M3 ABYX 3aMEUaTesib-
HBHIX TEOPEM TEOPHM BEPOSTHOCTEH — YCHWIEHHOTO 3aKOHa 6oJib-
KX YHCEJI M 3aKOHA MOBTOPHOro jorapudma, KOTophie ans
CBOEIO ZI0Ka3aTesbCcTBa TPeOyioT 6osiee CJI0XKHCIO anmapaTta u
MO3TOMY OCTalOTCH 32 NpEAcJaMH HallEH KHUTH.

TaxkuM o6pasoM, mpu p > ¢ CyIIECTBYET MOCTOSHHHIA CHOC
YACTHLH BBEPX, NPH p < ¢ — BHH3, M JHIIb B CHAMMETPHYHOM
ciyuae uacTuia 6GecKOHEUHOE uMC/IO pa3 BO3BPAINAETCHS B Ha-
YabHOE MOJIOXCHHE.

§ 3. 3apava 0 pa3opeHHH

PaccMoTpuM eme oaHy 3aaavy, €CTECTBEHHHM
06pa30M BO3HMKAIOWYIO B CXEME ciyyaiHoro 61y xnanus. I1pen-
MOJIOXKMM, YTO YacTHLA, BHXOASWAS M3 Hauana KOOPAMHAT,
6ayXmaer Ha OrpaHMYEHHOM MHTEPBAJE OCH, a Ha rPaHMLAX
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3TOrO MHTEpBaJa HcuesaeT u 61yxaaunne npekpamaercs. ITycrs,
HanpHMep, MNpH JAOCTHXEHHH YacTHUEA mnpsMHX y=

= —aunny=b, a, b> 0,oHa ncuesaer (roBopar 0GHYHO, YTO

B TOYKAX y = — a, y = b HaxonatTcd nozrowaroujue 3KPaHH)
(puc. 30, a). KakoBa BEpOSTHOCTb TOIO, YTO YACTHIA MCYEIHET
B TOUKE y = — g PaHbIIE, YEM OHA AOCTHIHET TOUKH y = b? DTOT
4
b a+b
0 NN 7 ‘
n
-a 0
n
a 3

Puc. 30. Manrocrpaitis K 3ajaue 0 pasopeHun

BOMPOC (MM €MY MPOTHMBOMOJIOXKHKLIH) IpeAcTaBasercs B chop-
MYJIMpOBAHHOH 3anaue Haubosnee MHTEpecHWM. IIpu a =
= o UIH b = oo MH yXe pacCMaTPHBA/IM 3Ty 3aJayy B CHM-
METPHYHOM CyuaifHOM GayXaaHMH (3aaaya mepBOro AOCTH-
XeHus). Mu yBUAMM, YTO TaKoe, Ha NEPBHIA B3MILA HECJIOXHOE,
BHJIOW3MCHEHHE 33/ aYH NMPHBOAHMT K HOBHM COACPXATEIbHHM
peaynasratam. QueBHAHO, YTO OMHCAHHOE HAMH O1yXAaHHe paB-
HOCHJIBHO OJIyXAaHHIO, BHXOASIIEMY H3 TOUKH Yy = @ H HMEI0-
meMy rpaHMun B Toukax y=0u y = a + b (puc. 30, 6). Oro
nocneaHee G1yXAaHHe C rPAHHYHHMH TOuKaMH O M @ + b MH K
paccmorpum. O603HaUHM uepe3 g, BEPOSTHOCTb TOIO, YTO YaCTH-
1ia, BHXOAAIAs M3 TOYKH ¥y = @, JOCTHrHer npamoit y = 0 panee,
yeM npsMoit y = a + b. OmIHAKO KOPPEKTHO OMpENEsIMTb 3ITY
BEPOSATHOCTh MOXHO JIMIIb B MHOXECTBE BO3MOXHHX COOHITHIA,
KoTopoe 00pa3oBaHO GECKOHEYHHM MHOXECTBOM TPAEKTODHIA,
BHIXOASIIMX M3 TOUKH a. Mu o6oiineM 3Ty TPYAHOCTH Tak Xe,
Kak B § 3 r1. 5, a MMEHHO, OrPAHHYHMMCS PACCMOTPEHHEM MHO-
XECTBA BO3MOXHHX HCXOAOB, COOTBETCTBYIOLIETO /1 HCIHTAHUIM
BepHynanu HIH COOTBETCTBEHHO n NMEpPEMELICHHSIM YACTHUH, M
BBEJEM BCPOSTHOCTD ¢, , JOCTHXCHHMsA vactHued toukn 0 mo
MOMEHTA BPEMEHH n. BeposSTHOCTH ¢, , C POCTOM n yOHBAKOT H
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HMEIOT Tipefea, KOTOPHi Mh H Ha3hBaeM BEPOSTHOCTBIO ¢,.
AHAJIOrHYHO MOXHO PaCCMOTPETh BEPOSATHOCTb p, DOCTHXCHHS
yacTuuel npsamoi y = a + b paHbine, yeM nipsmoit y = 0. Byner
MOKa3aHo, 4to p, + ¢, = 1, TeM caMbhM MCKAOYaeTcs Heob-
XOOMMOCTb pPaccMOTPeHHs GeCKOHEYHOro 61y XnaHus.

B pe3syabrare mepBOro MCMLITAHHS YacTHHA MOMARacT B
Touky a + 1 mpn X, = 1 ¢ BeposTHOCTBIO p, 0 < p < 1, LM B

TOuky a — | npu X; = —1 ¢ BeposatHocTsio ¢ = 1 — p. Toraa mo
¢opMyie ONHON BEPOSATHOCTH
9 = P'Gar1 + 4 Go-y. 710

3TO OCHOBHOE COOTHOLIEHHE 1S HAXOXIEHHS BEPOATHOCTH ¢,.
[Ipn 3TOM OYEBHMOHO, UTO ¢y = 1 M ¢,,, = 0. [TlepenHiueM coor-
Howenne (7.10) B Goiee yaoGHoi dopme

q (qa - qa-].) =D (qa+]. - qa) (7-11)

H PacCCMOTPHM IBa C/1y4as B 3aBUCHMOCTH OT 3HAYEHMH p H g.
D Nycrs p = ¢ = %. Umeem npn mobom a

Qs = Ge-1=Gas1 — Ga = A9

roe A — nopiexamas OnpedeICHHIO MOCTOSHHAsA. $ICHO, uTO
BEJIMUMHH g, 06pasyioT apudMETHUECKYIO TIPOTPECCHIO C Pa3HO-
CThIO A, TaK 4TO

9 = qo + aA.
B cuny rtoro, uto go=1, guus=0, umeem 0 =1+ (a +

1
+b)A,o'rxy11aA=—a+b.

Takum 06pa3oM, HCKOMAs BEpOIT-

HOCTb PaBHa
a b

atb a+b

%=1- (1.12)

AHanornuHbM 006pa3oM, COCTaBass COOTHOLIEHHE AJS BEPOSAT-
HOCTH p,, MOXHO BHBECTH, UTO OHa PaBHa

a
a+b

Da =
H, CIEOOBATEABHO, p, + ¢, = 1.
2) Ilycrs p » g. O603HaunM ¢/p = A. Umeem u3 (7.11)
Qe+l — G = X (qa - qa-].)
H TOITOMY
da+1— 9 = A (g1 — qo)-
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Cymmupyem obe 4acT no a or 1 1o Npou3BOILHOTO @y
als)
%(qa-bl - Q)= 2 2 (g1 — @)
a=1 a=1
"M MIOCJIE COKPAIICHHS M TONCYETa CYMMbI FeOMETPHYECKOi Npor-
0

peccun Y A’ monyuaem

a=]

A~ 2%)
q1 = Gage1 = (90 — q1) —(l——_l_ (7.13)
YunrnBasg, uro ¢o = 1 ¥ ¢,4, = 0, HaxoguMm U3 (7.13)
a - la-bb
s
"
1= =
G=q 1 — - l—l'
OxoHuaTenbHO
la _ la-bb
ga = W. (714)

3amensd B aroit opMysie p HA ¢, ¢ HA p, a HA b, moayuaeM

1=
P
CHoBa p, + ¢, = 1.

M npoBeaeM HMHTEPHIPETALMIO MOJYUYEHHHX PE3yJbTaTOB B
Apyrdx TepMHHAX. TOJBKO UTO peIIeHHAS 3aJaya MMEET UIM-
POKYIO M3BECTHOCTb KaK KjaacCHuecKas 3adaua O pa3opeHuu
uepoka. TpaguuMOHHAY MOCTAHOBKA JTOI 3a4auM TakoBa. [1pen-
cTaBuM cebe, UTO ABA MrpOKa, HMeS HAYAILHHE KATHTAAH a U
b, UrpalOT B Hrpy «Opea M PemKa» WAM B KaKylo-HUOyop eif
nogobuyio. IIpH 3TOM HrpoK C KanHTaiOM g BHHIDHBAET B
KaXJOH MapTUM C BEPOSTHOCTHIO p U MPOMIPHBAET C BEPOSTHO-
CThIO ¢, p + ¢ = 1 (npeanmosiaraeM, YTO HAUbM HCKAIOYEHH, CM.,
BOpOueM, ynpaxHeHue 5). [Ipn BHHUrpHIine OH yBeJIMYHBAET CBOM
Kanuraa Ha 1, mpH MPOMIPHINE KanmMTajl €ro CTAHOBMTCS HA
1 menpme. [Tocse HEKOTOPOrO YMC/IA MAPTHI MOXET OKa3aThed,
YTO UIPOK NMPOUrpaeT BECh CBOM KaMMTAJ @ MK HA PyKax y 3TOro
Hrpoka Gyaer BCs CyMMa OeHer a + b. Dta CHTyauus ¥ Ha3HBa-
ercqa pasopeHueM ju6o nepsoro, qu6o BTOpOro Mrpoka. Ecim
YaCcTHLA, BHXOAS M3 TOYKH @, AOCTHraeT HyJis, TO pa30PEH HIPOK
C KamuTaJOM @, €M YacTHla JOCTHraeT Touku a + b, 1o
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pa3opeH Mrpok ¢ KanutaioM b. [103TOMy BEPOSTHOCTD g, Ha3H-
Baercs deposmnocmoio pasopenus. UTak, Kak MH yCTaAHOBHIH,
BEPOATHOCTb Pa30PEHHs HrPOKA C KAMMTAJIOM g B CJIyYa€ OAMHA-
KOBHX BO3MOXHOCTEH Ha BHMIpHII B KaXaoi naptuu (p = q)

b .
paBHa ¢, = ——, B CIyyae HEOOMHAKOBHX BO3MOXHOCTEH (p #
a a+d

# g) paBHa ¢, = ~ INpusoanmas 3gech TabaMuka moka-
1

_ la-*b *
3BIBACT, YTO B C/Iyyae p = ¢ = % GOJbImME MAHCH HAa pa3OpeHHe
HMEET HIPOK C MEHBIIMM KATMHUTAJIOM, M €10 IIAHCH HA pa3OpeHHE
TeMm 6oJiee YBEIMYHBAIOTCH, €CJIM OH MEHEE HCKYCEH (HJIH MEHee
BE3y4y) B Hrpe.

r q a b 4,

50 50 0
90 10 0,
90 10 0
10 0

PaccMOTpHM, OZHAKO, CHTYALHIO, KOTAA HIPOK, A/ KOTOPOro
pe3yJIbTaTH OTAEAbHBIX NapTHil 60siee 6arONPHATHH, MIPAET C
60s1ee GoraThiM NPOTHBHHKOM (KaK, HAanmpHMMeEp, B MOCIAEIHEH
cTpoke Tabanukn). PazbepeM KpaiHuit cryyai, Korga y drpoka
C HAYAJIbHLIM KAMHTAJIOM a COTEPHHK «BeCKOHEUHO» Borar, T. €.
b= o, HO npu 3TOM p > ¢g. B dopmyne (7.14) nepeitnem kK

q
npeaeny npu b -+ «. Toraga, Tak Kak A = > <1, 10

. {9\
-

H BEPOSTHOCTD BHHUIPHIIA Hi'pOKA C KAMHUTAJIOM a CTPEMHTCR K
BCJIHUHHC
a
q
1 - i=].
p

Taxkum 06pa3oM, HIPOK C KAMMTAJIOM g HMEET HEILTOXHE MAHCH
Ha BBIMIPHI, HECMOTPS HA TO, UTO €r0 COMEPHHK GecKOHEuHO
6orar. Hanporus, npu p < g p, ~ 0.

M HTEepecHo AOMOJIHMTD HALIH BHIBOAK 3aMEUYAHHEM O CPEJHEH
IPOAOVIXMTENbHOCTH HTPH JO Pa30PEHUS OQHOTO H3 COTIEPHUKOB,
TIOHATHO, YTQ MPOAOKHTENBHOCTh HIPH MPEACTABASET COOOM
CAYUalHYIO BEJIMUHHY, PACTIPEAEIEHHE KOTOPOi 3aBHCHT KakK OT
COOTHOLLEHHS P M ¢, TaK H OT COOTHOLEHNS a M b. MaremaTnue-
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CKOE OXHJAHME MPOAOIKMTENBHOCTH HMrpH BHUYMCISETCS He-
CKOJIbKO 60os1ee CI0XHBM 00pa3oM, UEM BEPOSTHOCTh Pa30PECHHU,
M MO3TOMY MH JIMIIb YKAaX€EM, YTO OHO PaBHO MpU p = ¢ = Y
MPOM3BEACHHUIO a- b, a IpU p # ¢ OHO PaBHO

a a+b 1-2°

a=p q-p |- )t

MoncueTn no 3TuM GopMyIaM NOKa3HBAKOT, YTO MPOAOKHUTENb-
HOCTb MrpH OOHYHO ropasao 0osbeme, yeM MH MOTIM OB Mpea-
MOJIOXHUTh 3apaHee. [Ipn paBHEX HIAHCAX HA BHIUTPHIN B KAaXIOH
MapTHH JJIUTENBHOCTD MIPH [POMOPLMOHAIBHA KAMTHUTANAM UIPO-
koB. Ecau urpa 6onee 6aronpusTHa fist OIHOrO M3 UIPOKOB, TO
IVIHTENHOCTD MIPH B CPEIHEM MOXET yMeHbHNTbCH. Tak,
HanpuMep, A8 YKa3aHHHX B Ta0JHUKe CAyyaeB Mrpa mnpomos-
xaerca B cpeanem 2500, 900, 766, 441 napThii COOTBETCTBEHHO.
WUrpa 6onee MCKycHOro Mrpoka (p > g) ¢ GeckoHeuHO GoraThiM
COMEPHUKOM C MOJIOXUTENBHOM BEPOSTHOCTBIO MOXET BooOLIE HE
HMETh KOHLA.

§ 4. CrarucTHuecKHe BHBOAB

Bce 3aaaui, KOTOPHE A0 CHX MOP HAMH PELIAJIHCh,
6bUIM OTMEUEHH TEM OOLIMM XapaKTEPHHM CBOACTBOM, YTO B HUX
MPHHHAMAJIACh HEKOTOpash BEPOSTHOCTHAs MOAEAb M B paMKax
JTON MOJE/JHM MO BEPOSTHOCTAM IIEMEHTAPHHX HCXOAOB BH-
YHCASUIM BEPOSTHOCTH ApYrHX, Gonee cnoXHHxX coOurhii. Tak,
B CXEME MCMBTaHMil BepHy/LIM MH MO BEPOATHOCTHM «yAauu» p
MpeACKa3HBaiM CyMMAapHOE YMCIO yaay B 7 MCTIHTAHMAX, T. €.
HaXOMWIH AJIS KaXJIOro 3HaueHMs m 4YHMCna yaau S, COOTBETCT-
BYIOHMIYIO €MY BEPOSTHOCTh

P.(m)=Crp" (1 = p)"™. (7.15

Ta npocTas 3a5aya SBASETCS TUMMUHOM Ui TEOPUH BEPOSTHO-
creit. B naHHoM naparpade MH Oyaem pemath 3ajauy, B OMpe-
JCJICHHOM CMHCAe 00paTHHE. 3anaul, OOpaTHHE 3aJauaM TEo-
PHH BEPOSTHOCTEH, OYEHb BAXKHHK J/I MPUIOXECHHUH, OHH COCTaB-
JISIOT COAEPXAHME MATEMATHUECKOM CTaTUCTHKH. THIHMYHOMH ans
MAaTEMaTHYECKOM CTATHCTMKM TPHUMEHHTENBHO K cXxeMme bep-
HyJUIH SBJSeTCs caeayomas 3agaua. [Ipeamosoxnm, uto sepo-
STHOCTh «ydauM» p 3apaHee HEM3BECTHA M HYXHO OMpPEIAC/IMTh
e¢ rmo HaOIIOMEHHMSM 3a MCXOOAMM MCMBTAHMUM, KOTOpHE H
MPEACTABASIOT CO00i CTATUCTHYECKHME JAHHHIE,

I1 p u M € p. PaccMOTpHM CTAaHZAPTHYIO CXEMY «CJIY4YaiHOro
BHOOpa ¢ BO3BpameHHeM». IIycTh HMEETCS HEKOTOPHI COCYn
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(ypHa) ¢ mapaMH aByx uBeroB — Gesoro M uepuoro, [llapm
B YPHE XOpOIIO MEpEMEMAaHn M oA Genbnx mWApOB pPaBHA
D, 0 < p < 1. IIpeanonoxum, 4To 3HaUEHHE p HEU3BECTHO H MH
IO/DKHH MOCTABHTh 3KCHEPUMEHT MO onpeneacHUo p. Byaem
NOCACAOBATEIBHO BHOHPATh APH H3 YPHH «HAYRAAuYy>» 10 OXHO-
My, Kaxanii pa3 BO3Bpamas Iap B YPHY H NepEMEILNBAS MAPH
B YpHE Nepell HOBHM H3BJACUCHHMEM. B peayasrare monyuum
cryyaiiHy10 BHGOPKY HEKOTOPOro pUKCHpoBaHHOrO ofbema. ITpu
3TOM PE3yJIbTATH OTIEJbHHX H3BJICYCHHH OyAyT B3aHMHO He-
3aBHCHMMH. JIpH M3BECTHOM p M YKa3aHHHX YCJIOBHSX 3KC-
MNEPHMEHTA BEPOSTHOCTb MOJYYHTh m Gennx mwapoB B BHGOpKe
ofbeMa n paBHa BEPOSTHOCTH m yaau (u3siacucuHue 6enoro mapa
M3 YPHH — YZAaua) B n UCOIHTAHMAX BEPHYJ/UIH C BEpPOSTHOCTBIO
ynauu p. B paccMaTpuBaeMoM Ciayuyae 3HAYEHME p HEM3BECTHO,
HO M3BECTHO COOTHOWEHHE GesIbX M YEPHHX mapos B Bhbopke.
WHTyHuMs MOACKa3WBaET, YTO eC/iM BHOOpKA JOCTATOYHO npea-
CTaBUTEJNbHA, TO HOAA Oenbix mapoB B BHOOpKE MOJIXKHA OHTh.
61M3Ka K p.

Cxema Br60pa ¢ BO3BpaIIEHUEM SABISETCS YACTHHM CTyYaeM
cxeMbl BepHy/1M He3aBMCHMHX HCHHTAaHMU. YacToTra «ymaum»
B 1 MCOKNTaHHAX (B NpUMepe — 10 Gennix wapos B BHGOp-
K€) €CTh C/MyvyailHas BEJHUMHA S,/n CO 3HAYCHHUIMH m/n, TRe
m=0,1, ..., n. [Ipu 3ToM 3 Ppopmyan (7.15) cnenyer, uro

'S,, m
pl>=z
n_ n

MaremaTHueckoe 0XHAAHHE CNYYAHHOM BEIMUMHH S,/n PaBHO

Sn_ 1 =1, -
MT—nMS"_ 5P =P, (7.16)

=Cp"(1-p"", m=0,..,n.

a ee IHCMEPCHs paBHA

S, _ 1 1 p(l-p
DT=;DS,,=?HP(1 —p)=———n——.
CnenoBatenbHO, CpefHEe 3HAUEHHME YACTOTH YCHEXA €CTh HE-
M3BECTHAS BEPOSTHOCTh YCHEXa p, 3 AMCMEPCHS YACTOTH, T. €.
Mepa paccesiHHs 3HAUECHHMH YaCTOTH OKOJIO P, CTPEMHUTCS K HYJIO
npH n - o kak 1/n. Takum o6pa3oM, NPOM3BOAS MHOTOKPATHO
cayvailHil BHGOp 06BEMAa n C BO3BPAWICHMEM K3 YPHH, MH
MOXEM PaCcCUMTHBATh, YTO YaCcTOTH OeHX WAapoB B BHOOpKax
GyRyT rpynmuMpoBaThbcd OKOJIO p H C POCTOM n OTKJIOHCHHS
m/n or p GyRyT B CPEAHEM YMEHBLIATHCH, T. €. AoAA Oeshix
wapoB B BHOopke Gyaer NpUOIH3UTEIBHO COOTBETCTBOBATD JOJIE
Genux mapos B ypHe: (m/n) ~p. U3 3akona Gosbmmx
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uHCeX Ui CxeMu bBepHyanu cremyer, uro npu moboM € > 0
Hn-—+> o

Sp
P{ il 4

(cM. (7.2)), MHHMH CJIOBaMH, BEPOSTHOCTH JIOGHX Hamepen
33aJaHHHX OTKJIOHCHHH S,/n OT p C POCTOM n AENAIOTCH CKOJIb
yrooHo MandnMH. U3 3THX paccyXaeHHil ECTECTBEHHO CAENATh
BHIBOZ, YTO 4acToTa S,/n ABASETCA JOCTATOYHO XOpOIICH oyen-
KOU HEM3BECTHOH BEPOITHOCTH p (B MATEMATHUYECKOH CTATHCTHKE
OLICHKH p CO CBOMCTBOM (7.16) HasHBAalOTCH HecMmeujeHHbiMU, A
co ceoicTBoM (7.17) — cocmosmenvrubimu).

Ha npaxTuke, onHaxo, peaxo yaaeTcs ocymecTBUTh CAyyaii-
Hulii BHOOP C BO3BpAIIEHHEM M IIPUXOTUTCS HCIIOIB30BATh Opyrou
BHOOpOUHHI Coco6 onpexencHus p — cayyaiHuii BuGop Ge3
BO3BpAIICHHUs, CM. TI0 3TOMY MOBOAY 3azauy 9.

HoBonn B mosb3y uacTOTH S,/n KaK OLCHKH HEH3BECT-
HOH BEPOSITHOCTH YAAayH MOXHO IOMNOJHMTH CJACAYIOIHMM pac-
cyxacHdeM. O 3HAauUECHMH p HaM H3BECTHO TOJBKO TO, YTO
0 < p < 1. Hanporus, 3HaueHue S,/ n H3BECTHO MO pe3y/IbTATAM
n UCMHTAHUA, TIPH ITOM fCHO, YTO 3TOMY 3HAUEHHIO m/n
COOTBETCTBYET BEposaTHOCTL C,p™ (1 — p)*™™, 3aBHcamas or He-
M3BECTHOTO p. PaccMOTpHM npu (DMKCHPOBAHHOM m BHPAaXCHHC
P, (p) = Cip" (1 — p)" "™ xak dynkumioor p, 0 < p < 1. Bynem
«1epe6HpaTe» BO3MOXHHE 3HAYCHHS P M CPAaBHHBATh COOTBET-
CTBYIOIIME MM 3HaucHusa P, (p) no sennmuune. Uaea stoli npo-
LEAYPH COCTOHT B TOM, YTOON BHOPATH B KAUECTBE «HCTHHHOIO»
TO 3HAa4YCHHE p, IS KOTOPONO BHIPAXECHHE P, (p) NpHHUMAET
MaKCHMMaJIbHO BO3MOXHOE 3HAaucHHE MpH (PHKCHPOBAHHOM m.
«Bub60op» p MOXHO OCYmECTBUTD cacayiomuM o6pasoM. Tak Kkak
6uHOMHAMBHKI K0a(duuueHT C,; HE 3aBHCHT OT p, PACCMOTPHM
BMecTo P, (p) dyukumio L (p) = p” (1 — p)"™, 0 < p< 1. Ira
¢dyHkuus ofpamaercs B HyJb B Toukax p=0 u p = |, BH-
NyKJaa, HEOTPHLATENbHA H HMEET MAKCHMYM B TOUKE
p*=m/n, 0 <p*<1 (B nocnenHem nerko y6emuThes, NpH-
PaBHHBAs MNpPOM3BOAHYO L’ (p) HymoO M pemas MNOAYYEHHOE
ypasHenue). HUrak, nambonpmemy suauenmio C,p” (1 — p)"™
OTBEYAET 3HAUCHHE p, PABHOE M/ n. DTOT NPOCTOM, 3aMEYATEb-
HHIA NPUHUMI, HA3KBACMHEIN NPUHKUNOM MAKCUMANLHOZO NPAG-
donodobus, socxomut eme K K. I'ayccy, sHaMEHHTOMY HeMel-
KoMy mateMaTHKy XIX Beka, 4 OKasnBaercd noje3HuM B 6onee
CJAOXHHX 3aAa4ax.

Hamm BhBOmH HMeloT BaxHoe, HO B Gosjbmeit creme-
HH TEOPETHUECKOE 3HAYEHHE, TaK KaK BOMPOC O TOYHOCTH

> e} -0 117
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OLICHMBAHHUA HEHU3BECTHOH BEPOSTHOCTH € MOMOLIBIO UYACTOTH
pelllcH JHMIb NPUHIHIHAIBHO, 3 B KAXIOM KOHKPETHOM CJIyyae
OTKJIOHCHHMS YacTOThl OT BEPOSITHOCTH MOTyT OHTb 3HAUMTENb-
HHMH. Bosiee npakTHyeH MeTOn OLEHHBAHHA HEM3BECTHOM BEPO-
ATHOCTH B cXeMe BepHy/uTH, pH KOTOPOM yKa3HBaETCH HE OIHO,
a UeJHA HHTEPBAN NOAXOASMIMX 3HAUCHHH p, HA3HBAEMBIH
doaepumenvublm unmepéarom. MH OrpaHHYHMCS IS, HILTIOCT-
paLMH NOCTPOCHHEM «rpy6Oro» JOBEPHTEILHOTO MHTEPBANA IS
P Ha OCHOBE HepaseHCTBa UeOnéna.
Mo Hepasencrsy Uebnména
2n
n P

P{s <*>l—ﬂ%ﬂ>l—i—

ne ans?’
TaK kaK p (1 — p) < 1/4. 3apanumce uucnom o, 0 < a <1, n
HaipgeM € > (0 U3 ypaBHEHHS

1
l-—=1-aq.
4m2

3amenss € Ha 1/2 Vo, nonyyaem
P

S 1
P{ <2—m}>l—a
—=D

S, 1
P{ > m} < Q. (7.18)

n
Hrak, ¢ BeposTHOCTHIO, npesocxoasmeit 1 — «, BhmosHIETCH
HEPaBEHCTBO

A < 1
n P37
HIHA eMy PaBHOCHJIBHOC
S 1 Sy |

n  ivee SP S Y i

S

1 L 1
n 2 Vng HasH

-— sn
Hurepsan ¢ rpanMuamu p = w0 ]

BAETCHd NOBCPHUTCIbHHIM HMHTEPBAJIOM RIS p C YpodneMm 3Ha-
yumocmu o, CMHCA €10 NPUMEHEHHUS 3aKIIOYAETCS B TOM, YTO,
AOBEPSASCh NMPOBEACHHOMY PAacyeTy, MH YTBEPXIAEM, YTO He-
M3BECTHAS BCPOSTHOCTb p NPHMHAIIEXHT HHTepBaay [p, pl, a
BEPOATHOCTb BO3MOXHOM OIMOKH, HMEIOMEHA MECTO, €CIH ITOT
MHTEPBAJ HE HAKPHBACT HCTHHHOE 3HAUYCHME P, HE MPEBOCXOAUT
a. JipyruMu CJI0BaMH, NpH HCNOJb30BAHMM AOBEPHTEJIHHOIO
MHTEPBANA YPOBHS 3HAYMMOCTH O JJIS OLEHKH p MH Oyaem
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omMb6aThCs B CPEIHEM B NOJE CAy4yaeB, HE NPEBOCXOAAMIEH
o (o 3amaerca 3apancee). [IpuBenem ans mpuMmepa NOBEpPHUTE/b-
Hbie MHTEpPBAJIH Aaa o = (0,05 ¥ 3HAUEeHMS 4aCTOTH 8,6 npu
PasHBIX 3HAYEHHIX n:

=
p

]

n

100 0,38
1000 0,52
10000 0,57

0,82
9 0,671
8 0.622

Mu BHAMM, YTO C DOCTOM 1 NOBEPUTE/bHBINA HHTEPBAJ CyXa-
erca. Ecau ymeHbmuTh o, HanpuMep B3ate o = 0,01, To aag
Tex xe JaHHHX npu n = 1000 nonyyum nOBepUTENBHBI HHTED-
Ban [0,442, 0,758 ]. 3101 nOBEpUTENBHBI HHTEPBAJ MMPE TOTO,
KOTOpHIii COOTBETCTBYET ypoBHIO a = 0,05, uro sBagerca Jo-
rMYHBIM CJIEACTBHEM raPAHTHPOBAHHONO YMEHBIIEHHS A0/IM OIHU-
GOYHHIX pemeHMmil.

Yacro B 3TOM Xe CHTyauMd BO3HMKAeT npobseMa npoBepku
FMMOTE3B O TOM, YTO HEM3BECTHAs BEPOATHOCTb p PABHA 3aJaH-
HOMY YHCNY po. DTy THNOTE3y, AHAJIM3UPYH PE3YABTATH IKC-
NEPUMEHTa, MOXHO MPHUHATDb, T. €, MOCYATATD HE TNPOTHBOpE-
yame CTATHCTHUECKHMM JaHHRM, WM OTKJIOHMTh. MoXHO
yKa3aTh TaKyl NpOLEAypy NPOBEPKHM THNOTE3H P = py. €CIM
Po € [p, P), tae [p, p] moBepUTE/NbREIT MHTEPBAA C YPOBHEM
3HAYMMOCTH <, TO THNOTE33 p = pp NMPUHUMAETCH, €CJIH Xe
Po € [p, p), TO 31a runoresa oTKJOHsAETCA. IIpH 3TOM MOXHO
OTKJIOHMTB BEPHYIO FMIOTE3Y, CIMIIKOM NMOJIATasCh HA «HEYAAu-
HBIE» B HEKOTOPOM CMBIC/IE PE3yIbTATH JKCNepuMenTa. Bepoar-

. HOCTh TaKOi OmHUOKM HaM M3BECTHA, BEpHEE, HAMH 3aAaHa
3apaHee NpH NOCTPOEHMM JOBEPUTEJBHOIO MHTEPBAIA, M OHA HE
npepocxoautr o. Ecau, Hanpumep, n = 1000, po = 0,5, a =
= 0,05, 1o, oTBepras runoresy o Tom, uto p = 0,5, Ha ocHO-
BaHud Toro, uro 0,5 & [0,529, 0,671] (cM. Tabamuky), M
omubaeMcs B CpEHEM MEHEE 4eM B 5 cayyasax u3 100,

Eme onHa HHTEpecHas 3agaua BOSHMKAeT npH Heobxo-
OUMOCTH PA3IMUYEHMS JBYX TMIIOTE3 O HEM3BECTHOH BEPOSTHO-
crdu p. Ilycte 3apaHee HM3BECTHO, uYTO MJAM p = p,
WIM p = p,, THE p, M p, — 3aaaHHue uucaa, 0 < p, < p, < 1.

Il pu me p. PaccMOTpMM YpDHOBYIO CXEMYy M TPEATIONO-
XMM, YTO Jog GesHX mMapoB B ypHe Heu3pecTHa. Ilycrs
1= 0,24 p, =0,8. Heo6xonMMO 3KCNEPHMEHTANBHBIM MyTEM
onpenesuTh, KAKoe U3 ABYX 3HAUYEHMIA p, H p; Gosbe CoOTBET-
cTByer p. [nd HarAsagHOCTH AOrOBOPMMCH HA3HBaTh YPHY C
P = p, ypHoi I, a ypHy ¢ p = p, — ypHoit Il. Butackusaem u3
YPHH OMH IAP H, €CJAH ITOT map Gesibii, TO CYUTAEM, YTO OH
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phiHyT M3 YpHH II, ecnn xe uepHuiit, To U3 ypHH . [Ipu aToM
MOXHO OHMIMOMTBCH B YKAa3aHMM HOMEpA yDPHH. BepodTHOCTH
onHOM M3 OomHKOGOK paBHA BEPOATHOCTH BHIHYTb Genbiit map u3
ypHH I, T. e. pasna 0,2, BepoaTHocTs Apyroit omubku (BepoaT-
HOCTb M3BJIEYb uepHHit map u3 ypHo II) Takxe papna 0,2.
BeposaTHOCTH OIMO0K MOXHO YMEHbIIMTDb, 1S 3TOr0 M3BieueM
M3 YPHH TPM mapa ¢ BO3BPAIlIEHHEM TaK, YTOOW pe3y bTaTh
HCOBTaHMit ObUM He3apMCMMH., EcCaM cpenM Tpex BBHYTHX
mapos Genbie mapb COCTaBJAIOT GOMBIIMHCTBO, T. €. 2 WiamM 3
6ennix mapa, To 6yaem cuutath, 4To 310 ypHa II, B nporHsoNoO-
JIOXHOM Ciiyuae — ypHa [. OueBuaHO, YTO BEPOSTHOCTb OMMOKH
NpH TOM paBHA BEPOATHOCTH BHTAIIMTb 3 wiu 2 Gesbix mapa
M3 ypHH I, T. €. paBHa

Gt (1 — p)° + G3pi (1 — p))' = 0,104.

Mo cpaBHEHMIO C NEPBOHAYAIBHON NMPOLEAYPOii IPOBEPKH BEPO-
ATHOCTh OMMOKM yMEHBIIMJIACh MOYTH B ABa pasa. IIpu yBe-
JHYCHHH 00beMa BHOOPKH BEpOSTHOCTH OMHKOGOK B pasiHyeHHM
ABYX IMIOTE3 NPOAG/LKAIOT YMEHbMATHCA. EC/AM Cpeau nsaTH
puOpanHBX mapos GoAbMMHCTBO Geane, TO MW NPUHHMAEM
runore3y p = 0,8 (ypua 1) u y6exnaemcs B TOM, UTO BEPOAT-
HOCTb OMHMOGKH paBHa

C3pi + Cipt (1 — p)' + Cipi (1 — p)* = 0,058.

IMpu o6veme Bubopku 7 BeposTHOCTh ommbku pasHa 0,033, u
MB pa3JMyaeM [Be runore3n (IBE€ YPHH) C BEPOATHOCTAMH
omuboK, KOTOpHE BO BCAKOM cayuae Menbme 0,05. Taxum
o6pa3oM, npuaEepXMBALICH NPHHATONO NPAaBHJA WM, KaK N'OBOPAT
CTAaTHCTHKH, KPUTEPHS NPOBEPKH, MH Gynem ommnbaTscd B Cpen-
HEM MCHBIIE, YEM B IATH CAy4yasx M3 CTa.

[ToscHuM MOTHMBH HAMX ACHCTBHH CJICAYIOIMMM pacCyx-
aenreM. PaccMoTtpuM cayuaitHoe 61yXaanne, COOTBETCTBYIOMIEE
cxeMe CayyaitHoro Bn6opa: uacTulia BRIXOAMT M3 HAuyajaa Ko-
OpIMHAT M MEPEMEINAETCA HA €JUHMIY BBEPX MPH HU3BJICUCHHH
6es0ro mapa M OCTaeTCAd Ha TOM XE€ YPOBHE NPH H3BJICUCHHUH
yepHoro, TpaekTopus ABMXCHHMS 4YaCTHMIH ONMCHBAETCA Be-
JIMUMHOM S, — uMcIoM Gennix mapos B BHGOpke obbema n. Tak
Kak p = p, WIH p = p;, TO B COOTBETCTBHH C 3aKOHOM 60sbmmx
YHCEJ TPACKTOPHS CJYYalHOro GyXmaHMs NOJXHA MPOJIEraTh
WIM B HanpaBjCHHM NPAMOH y = np,, WM B HANPAaBJCHHH
npsaMoit y = np,, Tak 4TO npu GOJBMMX N OTKJOHEHHA S, OT
np, = MS, 0pu p = p, WIH OT np, = MS, NpH p = p, B CPEAHEM
Masnl. [1pn ¢HKCHPOBAHHOM N MOXHO 3aJaTh HEKOTOpPOE (KpH-
THYECKOE) 3HAYEHHE Y, NPy < Y, < NPy, TaKkoe, 4ToOHW npu
S, < ), IPHHUMATh M'MNOTE3Y D = p), a NPH S, > ), NPHHUMATH
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TMNOTE3Y p = p;. 3HAUCHME )y, NOKHO GWTh HASHAUEHO W3
c000paXeHUit MHHHUMA/IbHOCTH OmUGOYHBIX _pewieHui. MoxHo
NOCTYOMTh MHAYe: 3a4aTh ABA YMCAA y, U ¥, (Mp, < Y, < ¥, <

< np,) ¥ NOCIENOBATENBHO 15l KAXJOIO 1 MpPOBEPSTD, KAKOE U3
TPEX HEPABEHCTB S, € Y, S, # ¥», Yo < S, < J, UMEET MECTO.
B neppoM cayuae npMHMMAETCd rMNOTE3a p = p;, BO BTOPOM —
THIOTE33 P = P, U HA 3TOM IKCNEPUMEHT MO ONPENEACHHIO p
npekpaumaercs. B TpetbeM xe cayuae HabmoneHus npomo.aka-
red. TIpu takoM noaxoae uMcao mapos B BHOOpke He ¢uk-
CHpYETCd 3apaHee, a ABASETCs ClyuyallHhM, 3aBUCAIIMM OT
3HaueHuit S,. [paHUUM y,, §, TaKXe ONpENENSIOTCA OrpaHHu-
YCHHAMM Ha BO3MOXHbi¢ ommbku. B 31OoM cayvae 3amaua npo-
BCPKH MMIIOTE3 MMEET HEMOCPEACTBEHHOE OTHOIIECHHE K 3a4au€ O
pa3opeHHH, HO B Gosiee C/IOXKHOI MOCTAaHOBKE, UEM Mbl pac-
cMaTpuBasu B § 3.

Ha npakTuxe 3agauy pasnuueHus ABYX THIIOTE3 O BEPOST-
HOCTH «yaauu» B cxeMe BepHy/uM pewaior, HanpuMep, Cieay-
oM obpazom. Tlyctb o U B — xBa Manamx umcaa, 0 <
<a<1,0<P<]1 [nda npoBepkH TruUNOTE3 p=p Hp=
= p;, p1 < P, NIPOU3BOAMTCS N HE3ABUCHMBIX HCTILITAHUI M MOA-
CUYHTBHIBAETCA YUCIO «yAaau» m. Toraa

€cu m > m,, TO MPUHUMAETCA THNOTE3A p = ps,
€CiM m < m,, TO NPHHUMAETCA TUNOTE3a p = p,,

3aecy m, — xpumuueckoe 3HAYECHUE m, MOLAECKALICE ONpeae-
JICHHUIO0. BepoaTHOCTH OlUHGOYHOrO OTK/IOHEHH S BEPHOM MMIIOTE3H

P = p) paBHa
Pn (Hm pl) = 2 C:PT (1 - pl)n—m,

m=my, + 1

a BEPOSTHOCTD OWIMGOUHONO MNPUHSATHS MEBEPHON HUMNOTE3H
P = p\ paBHa

mn

QI (mm Pz) = 2 uPz (1 - pZ) -

m=0
CnpammBaercs, KaKOBO HAMMEHBLIEE YMCIO MCTIBITAHMH, MpH
KOTOPOM BO3MOXHO Pa3jIM4YE€HHME JBYX FMMOTES C BEPOATHOCTAMHU
omn60K, HEe NPEBOCXONAMMMH 3aJaHHHX uucea o u . Hau-
MCHbILECEC 3HAYCHHE N1 M COOTBETCTBYIOIIEE €MY 3HAYECHUE m,
YAOBJIETBOPSIOT HEPABEHCTBAM

Pn (Em pl) < a, Qn (Hm Pz) < 5' (7.19)
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Tpu penicHUM NPaKTHYECKHX 3a4aU UCMOIb30BATh HEPABEHCTBA
(7.19) ang HAXOXACHUS N U M,, HE PEACTABAKIETCS BO3MOXHHIM,
HO MOXHO BOCIIOJIb30BAThCH CTICLUAIbHHIMU TabiMuaMu, B KO-
TOPHX YKa3bBalTCcd mapu (1, m,) And ynoTpeGUTENbHHX 3HA-
yeHHil p;, p,, a, B. B caenyiomeii Tabinuke yKasauu pe3ysbTa-
TH peLICHUs 33afayM O pasMueHuM rumores aig o = f = 0,05:

Py Py n ;"_n
0,1 0,5 13 3
0,3 0,5 67 6
0,1 0,2 135 19
0,05 0,1 248

Ecnu uuoio ucnuranuii He (bUKCHpOBaTh 3apaHee, a onpe-
IC/I9Th B XOAE JIKCIIEPUMEHTA, NEHCTBYS MO YKa3aHHON BHIE
CXEMe: Ha KaXOOM 1Iare Wiv NPUHUMATb OXHY M3 THNOTE3, WIH
NPOACIXATh HAOGMIONEHHS, TO UHCIO MCOHTAHMH MPH TEX X€
OrpaHMUEHUSIX HA BEPOSTHOCTH OWMOOK yAaeTcd COKpATHTb B
CPEAHEM MOUTH BIBOE.

YnpaxHeHHs

1. TTokaxkure, uTO CAy4YaitHas BesMuMHA Yy C pacnpenesncHneM
P{Yx=1}=p, P{Yx = — 1} = ¢ nMeer MareMaTnueckoe oxuaaune MYy =
= p — ¢ N pucnepcuio DY, = 4pq. Tlonb3ysch CBOMCTBAMM MATEMaTHMYECKHUX
OXMIAHUA M QUCTIEPCHIA, OKAXKHTE, YTO

MY +..+Y)=n(p=q), D(Y| +..+Y,)=dnpq.

2. Jlokaxure, YTO0 B CAy4YaitHOM OayXIAHWM, COOTBETCTBYIOWEM CXEMe
BepHyAnn C BEPOSTHOCTAMH P M ¢, BEPOSTHOCTb Uy TOMO, YTO B MOMEHT i
yactuua 6yaer HaXoaMTbhCH B TOUKE C OpaHHaTOR y > 0, paBHa

{(n+y)/2 (n+y)/2 (n-y)/2
Upy=Cp P G
(n ¥ y UMEIOT ORMHAKOBYIO YETHOCTH).

3. lokaxxMTe, YTO BEPOSTHOCTH NMEPBONO BO3BPAILECHHS B HAUAJIO KOOPAHHAT

B MOMEHT 2n, BBefieHuas B § 2 (cM. 7.6), paBHa

2 .-
= 25

4. PaccMOTpHUM CHMMETPHYHOE CoydaitHoe OyXpaHue, HauuHalouieecs B
TOuKe ¢ opauHaroit z > 0. Ecim yactuua ucuesaer (noromaercst) B rouke 0, To
JOKXMTE, YTO BEPOATHOCTD Gn, y (Z) NOCTHKEHHS YACTHLECH TOYKH C OPRMHATOM
¥ B MOMEHT 1 PaBHa

Ony (2) = Uny—; = Un,yazs
TIE Up,y ONPERENCHO B YNPAXHEHWH 2. ECIM 4acTMLA MCUE3aeT B JBYX TOYKAx
Ouna>0,10

any(2d) = 2 (Un,y—z2-2ka — Un,y+2)s
k

158



A€ CYMMHPOBAHHE MPOMCXOAMT MO BCEM OTPULIATEAbHBIM H MOJOXKHTOIBHLIM K.
(Mcnonbayftte npuHLMn otpaskenus, cM. § 2 m. 5.)

5. B 3apaue 0 pasopeHuu (§ 3) NPeANONOKMM, YTO YacTHLA nepeMeaeTcs
B TOJIOXHUTENBHOM HAMPABIEHHH, OTPHLUATENBHOM HAMPABJIECHUH WIM OCTAETCS
HA MECTE COOTBETCTBEHHO C BEPOSTHOCTSIMHU p, ¢ U 7, p+q+r=1 (310
06061iEeHHE HA MIPOROM SI3bIKE O3HAYAET, YTO PE3yNbTATOM OTAEABHOI NapTHH C
BEPOSITHOCTBIO 7 > 0 MoXeT ObiTh Huubs). Jlokaxute, 4ToO BEPOSITHOCTH pa3o-
peHnsl gu No-npexHeMy 3anaerca dopmynoit (7.13), T. e.

xad-b _ xa

Qe = xad-b -1 *
rae h = ¢/p.
6. ITokasxuTe, 4TO MATEMATUYECKOE OXXMAAHHE M ANUCTIEPCUS YACTOTA «yJa-
yu» B cxeme BepHysm paBHbi
S S p(l-p
MZ-p w p2_2UZD
n n n

7. Hoxaxure, uto ¢yukuus L (p) = p"¢* ™™ pocruraeT MaKCUMyMa B TOUKE
p=m/n.

8. PaccMOTPHMM yPHOBYIO CXeMy, BBEAEHHYKO B npumepe § 4. Ilycts N —
ofuiee uncno wapos, M — uucno Geabix Wapos, TaK 4ro p = M/N — pons
Genpix wapos. JLas OLEHKH HEMIBECTHOIO 3HAUCHHMS D MPOBOAMTCH «CIyYaHHbI
BbiGOp Ge3 mo3spaieHusi». JoKkaxuTe, YTO BEPOSTHOCTh TONyYEHHs M Genbix
mapoB B BbiGopke ofnema n paBHa

CuCh-M

Ch
9. B ycnosusix ynpaxHeHus 8 mycTb CiyuaitHasi BEJIMUMHA S, €CTb YMCIO
Gesbix wapos B BuIGOpke Ge3 Bosspautenus. YacTory noseieHus 6enoro mapa B

BbIGOPKE Sn/n MOXKHO MCTIONB3OBATH B KAUECTBE OLEHKH p = M/N. JloKaxure,
4To

Sn
MT—p.

10. Ipu 100 Gpocanusix MoHeTs: «repb» moseaserca 70 pas. INposepbTe,
COrNacyloTCs M 3TH JAAHHBIE C MPEACTABJIEHHEM O CHMMETPHM  MOHETBI
(p = 0,5). TlocTpoitte AAS 3TOTO AOBEPUTENbHBIAI MHTEPRAN C YPOBHEM 3Ha-
uumoctu 0,5.



IJIABA 8

IMPOLECCBHI T'NBEJIN 1 PA3SMHOXEHHSA

§ 1. OGwas NOCTAHOBKA 33]a4M

O61enpuHATO, 4TO (PAMHIIMA B CEMbE COXPAHSET-
¢S 0 MYXCKO#M JMHUU. TTycTh po, Py, P2y ... — BEPOSATHOCTH TOTO,
YTO OTel, MMEEeT COOTBeTCTBeHHO 0, 1, 2, ... CHHOBE#H, MycTh C
TEMH X€ BEPOSITHOCTSIMHM KaXAbLIH U3 HUX UMECT CBOMX ChiHOBEH
¥ T. 4. KakoBa BEpoSiTHOCTp TOTO, YTO MYXCKAas JIMHMS Bbi-
POAMTCS K r-My NOKOJIEHHMIO. DTa 3ajaua peueHa 6buia [anbro-
HOM M BarcoHoMm B 1874 rogy, KOTOpHE 1O €€ MOBOAY NMHCATH:
«Hcue3HoBeHne (paMuMit 1ML, KOTOPbiE 3aHUMAJIH BHAHOE NO-
JIOXEHHME B MCTOPHH,— 3TO (PaKT, HEOJHOKPATHO OTMEUABIIMMHCS
B MPOULJIOM; N0 3TOMY NOBOAY CTPOWIHCh PA3TMUHbIC JOraiKH...
CJIMIIKOM MHOINOUMCJICHHH ObLM npuMepnl paMumii, KOTOpHIE,
6yoyum pacnpoCTpaHEHHBIMH, CTAHOBWJIMCh PEOKMMH WJIH JaXe
COBCEM HCUE3ATH».

AHanoruuHas 3agauya BO3HMKAET MPH PACCMOTPEHHH LIETTHOH
aaepHoit peakumuy. HelTpoH, HaXOASIMMHACS B KYCKE «SACPHOTO
ropouero», B 060 MOMEHT MOXET CTOJIKHYTbCS ¢ aTOMHBIM
anpoM. B pesysbTaTe TaKOro CTONKHOBCHHS MOXET NPOM3OHTH
pacuienieHue saapa. B npouecce paculenieHus MOTYT TOSIBHTLCS
Pa3’MYHBIE YACTHMLb, B TOM UHUCJIE CAyuyaHHOE UYHMCJIO HOBHIX
HEHUTPOHOB CO CJIYYAHHBIMH JHEPrUSIMH M HATIPABJCHHSAMH ABH-
xeHus. QueBHAHO, BEPOATHOCTb CTOJIKHOBCHMS HEHTPOHA C Si-
pOM 33aBMCHT OT T€OMETPMUYECKMX pa3MEpOB AAHHONO KyCKa
«sepHoro ropiouero». OnaTh BO3HMKAET 33Jaua ONpeac/eHHUs
BEPOSTHOCTH TOTO, YTO JAHHBIA HEMTPOH B 71-M MOKOJIEHHM OyaeT
umetb N motoMkoB. KakoBa BEpOSTHOCTh, UTO N C POCTOM n
6ymer HEOrpaHMUEHHO BO3pacTaTh (SACPHH B3pHB), win N
6ymer HAaXOAMTbCS B HEKOTOPHIX (DMKCHMPOBAHHHWIX MpeAeax
(ynpaBnsiemas sjaepHas peakuus), wim N = 0 (mpexkpameHne
peaKkiiMu).

AHaZOrMuHbie 33Jaud BO3HMKAIOT TMIPH  PACCMOTPEHHUU
BOMPOCOB Pa3MHOXEHMS NPOCTEHIIMX OAHOKJETOMHHIX Opra-
HM3MOB, TP Pa3MHOXCHMM BHPYCOB H Oaxrepuit (3agmaua
IMUAEMHUOJIOTHH), TIPH M3YUYCHHMH PA3JIUYHHX XMMHUYECKHX
peaxkuuM 1 T. IO.
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YacTo paccMaTpMBAIOT MpOLECCH THOeaM M pa3MHOXCHHS
YaCTHL, HECKOIbKMX B3aUMOCBSA3AHHBIX TUMOB, THUMMYHBIM NMPU-
MEPOM SIBJISIETCS. MU3MEHEHUE YHMCACHHOCTY NONYJISLMHY 3ai1EB U
BOJIKOB B HCKOTOPOH MECTHOCTHM. UpeamepHoe yBeaMucHHE uuc-
JICHHOCTH 3aHLEB NMPUBOAUT K YCKOPEHHOMY POCTY MOMYJSLMM
BOJIKOB, HO 3aMCTHOC YBE/IMUCHME UMCACHHOCTH BOJIKOB BEAET
K CHHXEHHUIO YUHUCJICHHOCTH 3aiiLeB.

OTBaEKAsACP OT OMMUCAHHBIX BHILE NPUPOAHBIX SIBJCHMIA,
copmysnpyem caenyomyo 3agauy. Ilycte B HauanpHBi MO-
MEHT BpeMeHH f = 0 MMeeTcs OAHA YacTULA, KOTOPas K MOMEHTY
t =1 MOXeT NMpOU3BECTH C ONPEAEIECHHBIMH BEPOSTHOCTIMM
HEKOTOPOE 4YKCJIO uacTl Toro Xxe Buaa. Kaxpas ua o6paso-
BABIIMXCS YACTHUL, HE3aBUCUMO C TEMM XE BEPOSATHOCTAMHM 3a
C€AMHMIY BPEMECHH ONSTb MOXET MPOM3BECTH HEKOTOPOE UMCJIO
YacTULl TOTO X€ Buaa M T. A. Ilycts 2, z), ... 03Hauaer nocaeao-
BAaTEJIBHOCTD CJAYYAHHBIX BEJMYMH, DaBHBIX YMCAY YacTUll B
MOMEHTH BpeMenu ¢ =0, = 1, ... Mu Bceraa Gyaem moaaratb
Zy = 1. 3aMeTuM, YTO COOTBETCTBYIOLIME CBOICTBA MpoOLEcca NpU
2y # | 5€rko MoAyuYNTh, TAaK KaK Mbl MPEANOJIOXMUIM, YTO MPO-
LLECCh, HAYMHAIOMMECS OT PA3IMUHBX MEPBOHAYAIBHBIX YACTHII,
pPa3BMBAIOTCS HE3ABUCHMO.

WUtak, Mbl GyaeM MHTEPIPETHUPOBATDH Z, KAK YUCIO YACTHIL
MOMY.IALUN B N-M TOKOJEHMM: Zo = |, pacnpeneseHue BEposAT-
HOCTEH z; ompeaenasseTcs uucaaMu Plzy =kl =p. <1,k =
=0,1,2, ., K 21”‘ = 1, rae px — BEPOATHOCTb TOTO, YTO B
C/ACAYIOUIEM TMOKOJEHMM OAHOM (PMKCHMPOBAHHOM YacTHLN GyaeT
POBHO & yactuu. Mbl npeanosiaraeM, uTo 3TOT Xe BEPOITHOCTHBIM
3aKOH Pa3MHOXECHHMS ACHCTBYET B JIOOOM MOKOJICHMM AJIS KaX-
JOM M3 uacTML, He3asMCHMBIM oOpasom. Ipyrumu caoBamu,
YCJIOBHOE pacrnpeaesicHue z,., MpU yCAOBMHM, YTO Z, = k, onpe-
ACJSETCA M3 MPEANOJOKEHHUS, YTO PA3IUUHBIC YACTULIB PA3MHO-
XawTca HeaaBUCUMO. Takum o6pasoMm, z,,; pacnpeaeseHa Kak
CyMMa Kk HE3aBUCMMBIX CJIyYalHBIX BEJTHMUMH, KaXjas M3 KOTO-
PBIX pacnpeaescHa Tak Xe, Kak z,. Ecau z, = 0, T0 ¢ BeposTHO-
CThI0 1 BHMOMHAETCH 2,,; = 0.

OnpeacanB Tak mpouecc, Ml XOTHM 3HATh €0 CBOMCTBA:
pacnpene/ieHue BEPOSATHOCTEN BEJIMUMHBI 2, €€ MATEMATHUYECKOE
OXHMIaHMe, JUCIIEPCUIO; BEPOSTHOCTh TOTO, UTO CAyuYaiiHas moc-
JIEAOBATENBHOCTD Zy, Z), ... OOPAMIAETCS B HYJIb; MOBEACHUE ITOM
MOCNENOBATEIBHOCTH B CJIydae, KOTa OHA HE CXOAUTCH K HYJIIO.
B mpouecce HamMx paccyxaeHuit Mnl GyAEeM NpHAECPXHUBATHCS
OMNpeAcJCHHOM HaMHM aGCTPaKTHOM Moae/M, XOTS 3a HEil MOryT
CTOATh KOHKDETHBIE TNPOLECCH B (pU3Mke, OHOIOTMM, XHMHH,
TEHETHKE U APYTuX 06JacTsax HayKw.
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§ 2. Ilpoussoasias GyHKUUS BETUYUHBI Z,

Bocnonp3yemcs onpefeneHdeM H MpOCTEHILM-
MM CBOMCTBAMM NPOM3BOASINMX (DYHKIUHK, BBEJCHHHX B IIa-
Be S, § 4.

B nanbueiimem 6yaem 0603HaUaTh MPOM3BOAALIYIO (DyHKIUIO
CJIy4YaiiHOM BEJIMUYMHH 2, Yepe3 f,(s), Mpou3BoAAmYIO (yHKUMIO
z; s KpatHoctu Oynem ofo3nauats f(s). Mexay npousBo-
AAWUME QYHKUMIMH BEJIMUYMH Z, CNPABEMJIMBO CJAERYIOWIEE CO-
OTHOLIEHHKE!

fn+l (S) = Zp(zn+l = m)sm =
=22P(z,,=k)P(z,.ﬂ =m/z,=k) =

m k

=Zp(z"=k)2P(z,,ﬂ=m/z,,=k).s"'.

Yucsa MOTOMKOB OT KaXAOH M3 k YACTHL, HE3aBHCHMH Npyr
OT ApYra NoO ONpEAEJECHHIO, MOITOMY MPH YCJIOBHH 2z, = Kk
pacnpeacieHUue BEJMUMHH Zz,,; SBJASETCS CYMMOH HE3aBHMCH-
MBIX CAyYaiiHHX BEJIMYMH, KaXAas M3 KOTOPHX Ppacmpeac/icHa
KaK z; M, CJENOBATEJIbHO, HUMEET MNPOM3BORAMYK) (DYHKIHIO

(fi®r, 1. e
Y P(zuri=m/z,=k)s"=[fi ()] k=0, 1, ...

Orcora nonyuaeMm

frii (=3P =k Ifi(5)F,

YTO MO ONpPERCACHMIO MPOM3BOAdmeH (DYHKLUMH BEJIHYHMHH 2,
PaBHO

Jav1 (8) = fn (f1(8)) = [ (f (5))- 3.1
* Ha ocHoBanum nocaegHei (popMyan noay4yum

L@ =LU6) () =7 ($))) -

pooliue
[ (8) = F(f...f(5)...)s 8.2

T. €. npou3poaamas ¢pyHkuus f,(s) BEJHMUHHH z, paBHA n-KpaT-
HOM UTEpaluu npou3poAsmed GyHKuun f(s) BEJHYHHH Z;.
HanoMHuM HEKOTOphie HYXHHE HAaM 3X€Ch CBOMCTBA IpO-
u3popamei Pynxuuu f(s). Tak kak f(0) =P{X =0}, T0o B
npeanonoxenun P{X = 0} < 1 dynkuus f(s) npu 0 € s<€ 1
ABASETCS CTPONO BO3PACTAIOWIEH, BHIIYKIOH BHU3 (yHKIMEH.
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IIpu s =1 umeer mecro pasercreo f (1) = 1. Jlanee, ecin MX
H DX, cOOTBETCTBEHHO, MATEMATHYECKOE OXHIAHHE H JAUCIEepCUs
CJIly4aHHOH BEJHYHMHH X, TO

MX = fy (1), DX = fy (1) = (fx (1))’ + fx ().

§ 3. MaTemMaTHueckoe OXHAaHHE
H AMCNEPCHS CJAYyYaWHOH BEAMUHHH Z,

O6o3Haunm
Mzi=f (1)=m,Dz;=0"=f"(1) + m — m*

Duddepenuupys (8.1) B Touke s = 1, HaiizeM MaTeMaTH4YecKoe
OXHAAHHE

far ) =LHGM) Q) =fa()m,
OTKYJa nO MHAYKLHMH I0Jy4acM
Mz, =f,()=m",n=0,1, .. 8.3)

[MponugrbepeHLnposae eme pas, MoJIy4uM
i) =L MP+H0) (1) =

=fi()m*+ m" (6 + m* — m),
OTKyJa Caeayer

A =m @+ m i+ L+ D)+ M - m"
HIH

Dz, =m" ' (m" + m" 4 ...+ 1). 8.4

Qopmynu (8.3), (8.4) naior HaM SBHBI BHJ MaTeMaTHuYeC-
KOTO OXMJAHMSA M JAMCIEPCHH YHCJIA TMOTOMKOB H-TO MOKOJICHHS
yepe3 H3BECTHHE MATEMATHYECKOE OXHIAHHE H JHCTIEPCHIO YHC-
J1a NOTOMKOB OT OAHOH YaCTHLHL.

§ 4. BeposiTHOCTb BHPOXAECHHS

PaccMoTpHM Tenmepb 3amauy O BEPOSTHOCTH BHI-
POXJIEHHS TOTOMCTBA OJHOMH NEPBOHAYAABHOH YACTHIH, Ha-
MPHMEP, BEPOSTHOCTH BHPOXACHHS (DAMUIIHH, WIH BEPOSTHOCTH
3aTyXaHHs LENMHON ANepHOH PEaKuMH, MOPOXAEHHON OTACAbHEM
HeliTpoHoM, B T. A. Ha sa3nKe mocnenoBarebHOCTH 2z, BHPOX-
JEeHHe O3HAYAET, YTO z, = 0, HAUMHAA C HEKOTOPOrO HOMEpa N,
npu 3ToM, ec/im z, = 0, To no ompeneneHuio z,, = 0 ana Beex
m # n ¢ BEpOATHOCTBIO eAMHHNLA. [IpyruMH CNOBAMH, MBI HMEEM
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AEJI0 C IIOC/ICAOBATEIBHOCTBIO BJIOXEHHBIX APYT B IPYra COORHTHIA
{z,=0}C{z,,, =0} C{z,,, =0} C ...

Haiinem npenen
g=limP{z, =0}

KOTODHIi M GyIeM Ha3nBATh BEPOSTHOCTHIO BhIPOXKIACHMS TOCIE-
IOBATENBHOCTH Z,.

Teopema. Ecau m = Mz, < 1, mo aeposmuocmb @bt-
poxdenus pasia 1. Ecau m > 1, mo seposmnocms 8bipox-
O0eHus pasHa eOUHCMBEHHOMY HEOMPULAMENbHOMY DeULeHUIO

ypaeHeHus
s=f(s),

MeHbULeMy eOUHULbL.
HdoxasateabcTBO. OueBHAHO, BBMAY BJIOXEHHOCTH
cobuituit {z, = 0} C {z,,; = 0} cnpasemmeo

0LP{z,=0}<P{z,,,=0} < P{z,.,=0}< ... ],
T. €. Mbl MMEEM HeyOHBaOLIYI0 OrPAHMUYEHHYIO TIOCAEA0BATE b~

HocTh P {z, = 0}, caemosaTesnbHO, cyuwlecTByeT npeaen ¢. Ui
onpeAeneHMs NPOM3BOASIICH QYHKIUMH NOCAEIOBATEIBHOCTH 2,

cAemyer

Pz, =0} = £, (0),
a TaKkXxe

[ae1(0) = £ (f4(0)).
Ho Tak kak

lim £, (0) = lim f,.; (0) = g,

TO CrpaBedJIUBO
q=17(9). 8.5

Ecm m = f' (1) < 1, T0 B CHAY BRNYKAOCTH BHM3 hyHKUMH f(S)
f()>smpu 0 <s<l.

Orciona cieayeT, 4To B ITOM CAyyae €AMHCTBEHHBIM PEMIEHHUEM
ypasHenus (1) 6yger ¢ = 1.

Ecin m = f' (1) > 1, T0O B HEKOTOPOi OKPECTHOCTH TOUKM
s=1 pna s <1 Gyser BHNOAHATHCH f (s) < 5, B TO Xe BpeMs
7 (0) » 0, ciaemoBarenbHO, ypaBHeHMe (1) uMeerT pemeHHe
B noayuurepsane [0, 1). K tomy xe, lim f, (0) He Moxer

PaBHATBCS €IHHHUILE, TAK KAK ITO 03HAYAIO OB, YTO B HEKOTO-
poit okpectHoctH Toukd | ¢dyskuma £,(0) y6GuBaer BBMIY
fae1 (0) = 7 (£ (0)), @ 370 HEBO3MOXHO (CM. HAuaJoO OOKA3a-
TEAbCTBA TeopeMnl) . Ceq0BaTeIbHO, HCKOMOE ¢ SIBASIETCS €HH-
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CTBCHHHM peICHHEM ypaBHEHUs (8.5) B nonyunrepsane [0, 1).
Teopema nokasaHa. -
Hoxa3aTespcTBO NPHBEACHHOM BHLIE TEOPEMHE GHUIO OCHOBA-
HO Ha CBOMCTBAX MTcpanuit PyHKUUM f(s), OHO HATNSAHO WI-
JIOCTpUpyercs rpadukamu puc. 31, 32,
3uauenue f(0) ecTs opauHaTa nepeceuenms rpacduka f(s) ¢
ocpi0 opauHar. 3Hauenue f; (0) = f(f (0)) moxHO monyuuTs,

g ls

Puc. 31. Fpadux dyuxumn f(s) npu m < 1 ¢ uzobpaxennem rpaduueckoro
crocoba OTHICKAHMS MTEPALMIL

LO=00) f0)=f(£(0) -

NpoBeds MNOPU3OHTANBHYIO MpIMYIO HA Bhcore f(0) mo mepece-
YEHUs ¢ AMArOHaNbIO KBaApaTa ¢ BepwMHAMH B Toukax (0, 0),
0, ), (1, 0, (1, 1) 1 BoccTaBMB 3ateM K HEd MEPNECHAMKYAAP
M3 3ITOM TOYKHM J0 nepeceucHus ¢ rpapukom f(s). Touwo Ttax
Xe nmoayvualTcs mocaenyomue urepauuu byHkumu f (s):
£0) =7 (£ (0) mr. .

B Buae He6ONBWIONO OTCTYMAEHHS 3aMETHM, YTO NMPHUBEICH-
Has Npoueaypa A3aeT OueHb yAOOHHI Croco0 OTHICKAHMS IMpH-
6nMXeHHWX 3HAYCHHMI pemeHMs ypasHenus f (s) = s. Jlioboe
YPaBHEHME MOXeT OHTb CBEIEHO K TAKOMY BHIY, M s
NpUGINAEHHONO OTHICKAHMS KODHS MOC/IE ITONO HYXHO JIMIIb
MHOIOKPAaTHOE NOBTOPEHHE BuIYMCACHHM (PyHkumm f(s). D10
AOBOJIBHO YacTO MCMONL3YETCS HA MPAKTHKE NP OTHCKAHUK
YHMCNEHHHX pElWEeHHH ypasHeHMit. Yutaremo nonesno 6Gymer
camoMmy nogpoGHee 03HAKOMMTECH C NPERIAracMBHM METOIOM M
y6EeanuThCH, YTO NPM PEIIEHWM TAKHUX YPABHEHMH MOryT GHTDH
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«YCTOIUMBHE» H <«HEYCTOHuMBHE» pemecHus. K kakomy H3
KOPHEH TPHUBEAYT MNOCICROBATC/IBHHEC HTEPALlMH, 33aBHCHT OT
HAUAZLHOTO 3HAYEHHMS S, WIM TOro, B 00JacTb mpUTIXEHMS
KaKoro M3 KOpHe#l momajaer HauaubHoe npubanxenue. Jlerko

7(s)

9
7 —
(o)

4 g 17 s

Puc. 32. 'padux dynxumm f(s) .npu m > 1 ¢ uzobpaxenuem rpaduueckoro
cnocofa OTHICKAHUS MTEpaLMil

H©0)=f(f(0), f3(0)=f(f2(0)), ...

3aMETHTD, UTO B ycTolumBHX KopHsx |f' (g)] < 1 (puc. 33), B
HeycroiuMBbix KopHsX |f' (¢)] > 1, xors mpakTHueckn 060
HEYCTOMUMBHI KOPEHb MOXET GHTb MEPEBEAECH B YCTOMUMBHI
MyTeM JMHEMHOro npeofpa3opaHus.

B cayuae 3agaum o BHpoxacHuu GaMuinil oGHYHO CUMTAIOT,
YTO BEPOSTHOCTH p, = P {z; = k} poXHeHHS B CeMbe k Majb-
YHKOB 06pasyloT reoMETPHMUYECKyl0 mporpeccHio p, = bc*~!,
k=1,2,..,0<b,b&1~-c,apy=1-p, - p,— ... Brakom
cayuae npau3Boasmas GyHKuus f(s) BHUACASETCS CAERYIOMHUM
obpasom:

b bs
—cTT-a

f(s)=2p,‘s"=1-
k=0
MareMaTHUeCKOE OXHAAHME UMCIA MAJIBYMKOB Gyner
b
m=Mz=f ()= .
1 f ( ) (l _ C)z
YpaBHeHHe § = [ (S) HMECT HEOTPHIATENbLHB KOPEHb

s _1=-b-c
T (-9
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3TOT KOpeHb paBeH 1, ecaum m = 1; ecin m = 1, T0 3T0 enuH-
CTBCHHHH HEOTPHUATENbHHN KOpeHb. Eciu m > 1, To Bepost-
HOCTb BBHIPOXACHHS g = S.

ITo nannbiM A. JIoTKa BEPOSTHOCTH BHIPOXIEHHS TMOTOMCT-
Ba MYXCKHX JIMHMIl XODPOWO NPHUOAMXAIOTCS reOMETPHUECKON

qts)

i
!
|
|
.'
i
|
i
I

0 s, S, Sy s

Puc. 33. Fpadmxu dyuxumit £ (s), ee n-xpaTHo# urepaumum f, (s) U npeaebHO

dbyuxunin ¢ (s) B obwem cayuae. A u C — ycroitumsbie xOpHu, B — mue-

ycToiuMBbIi. HauasbHbIE TOUKHM §) M §; N0NAAAI0T B 061aCTh NPHUTAXKEHHUA KOPHSA
A, Touxa sy — obnacts npuraxenus xopus C

nporpeccuein ¢ b = 0,2126, ¢ = 0,5893, p, = 0,4825. B srom
Cayuae BepOSTHOCTb BhipoxjacHus ¢ = 0,819. EcrecteenHo, uro
BCAHYHHB b, C MOACYHMTHBAIOTCS CTATHCTHUYCCKH IO JAHHBIM
Mepenuceil HaceJ€HUsT M MOTYT MEHSThCS AJis PasHHIX reo-
rpaduueckux obnacreir. [IpuBencHHbie NaHHBE OCHOBHLIBAJUCD
Ha mepenucHd 1920 roga B AMepuke. DTH BEIHUMHH Jaxxe A
OOHOM M TOM XE€ MECTHOCTHM MOTYT CO BPEMCHEM MEHSTbCS.
Hsyuennem takux sBiacHMIl 3aHMMAETCS Hayka aemorpacdusi.

§ 5. I[IpeneabHOE NOBEACHHE 2,
Mbi yxe BHSICHWIM B mpeanaymeM naparpade,
UTO mpU n »> ©, m < 1
limP(z,=0)=1,

n->®

T. €. C BEPOSITHOCTBIO EIMHHUIA B ITOM C/IyYae MOTOMCTBO OMHOM
YacTHLH BHIPOXAACTCS, KOIfla YMCJIO MOKQIEHHir n - . [lpu
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3TOM NIIpH m < 1 MaTeMaTHUECKOE OXHIAHHE YHCIA MOTOMKOB

Mz, =m"->0
H OMCTIEpCHS
At (" - 1)

m-—1

Dz, =m" ' (m" '+ m i+ L+ )= - 0.
B 10 Xe camoe Bpems npH m = | MaTeMaTHYECKOE OXHAAHHE H
AMCTIEPCHS YHCJIA TIOTOMKOB

Mz, =1,
Dz, = no?

K HYJIO BOOOIIE HE CTPEMATCS, HECMOTPS HA TO, UTO Z, BHIPOX-
Jaercs ¢ BEPOATHOCTHIO EAMHHMLA, DTO 03HAYAET, YTO, HECMOTPSA
Ha AOCTOBEPHOCTh BBIPOXACHHI, C POCTOM 1 MCYE3AOME MANbie
BEpOATHOCTH Gosmbmux durykryauuin Bce BpeMs ocraworcs. Ipy-
rHMH CJIOBAMM, «THIMYHAS TPACKTOPHS» UMCJIA MOTOMKOB IIPH
m = 1 10BOIBHO AO/IrO GJYXAAET BHE HY/IS M MOXET MPH 3TOM
4 TMOAHMUMATBCA  JOCTATOYHO BBICOKO,
HO, TEM HE MEHEE, C BEPOATHOCTHIO |
fis) PaHO MJIH MO3AHO OGPHBAETCS B HYJIE.
- HaiineM OLEHKY BEpOATHOCTH
7is) P (z, > 0) npu m < 1. OueBuano,

P(z>0)=1-P(z=0)=

=1 - f,(0).
PaccmoTpuM npubauxenne Gynxkuun
f(s) (puc. 34)

Y Is F(s)=1+m(s—1).
Puc. 34. @ynkumna f(s) n ee :
npubmaxense F (S) Oyuxkuns f(s) — AuHEHHAS W OHA
coBnagaer ¢ f(s) B Touke 1 TOUHO Tak
Xe, KaK H ee npou3BoaHas. QOueBHaHO,

F)<f(s)O0sssl,

H n-q1 urepauns ¢yHxumu f (s) 6yaer MeHbuwe n-i MTEpPALHH
bysxunn f(s):

7, (0) < £, (0)

I - fn(o) £1- 7n (0),
HO M3 BHAA f (5) HEMOCPEACTBEHHO CJEAYET
1-70)=m,1-7F(0)=m’
1-/0)=m’,1-7(0)=m"

HIH
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Takum o6pasoM, B cryuae m<1 P(z,>0) =1 — f, (0) < m",
T. €. BEPOSTHOCTb BHIXHBAHMS YOHBAET KAK IreOMETpHYECKas
nporpeccus. B cayuae m =1 3ra BeposTHOCTH y6HBaeT 3Ha-
YHTCJIBHO MCAJICHHEE: MOXHO ITIOKa3aTh, YTO B 3TOM cayyac

2
P >0)~——=
(zll 0) nf”(l)
U3 puc. 31 ans f (s) ¢ m = 1 BugHO, YTO 270 Y6HBAaHHME NpO-
HCXOIMT ropasio MeJIEHHEE, HO CTPOroe A0KAa3aTE/IbCTBO ITOIO
¢akTa TYT MH HE IPHBOAMM.

B cayuyae m > 1, xak MH yX€ YCTAHOBHJIM, BEPOSTHOCTH
BHpoXxacHHuA lim P (z, = 0) = ¢ < 1, B TO Xe camoe BpeMs mpH

£
)
=
=3

(0,0 n
Puc. 35. Tpu peasmszaumm In z, npu m > 1

mobom k > 0 BepogTHOCTD HPUKCHPOBAHHONO YMCJIA kK IOTOMKOB
CTPEMHTCH K HYJIO:

lim P (z, = k) = 0. 8.6)

B camoMm aene, kak BUAHO M3 puC. 32, 33, npu mobom s < 1
lim £, (s) = q,

HO 310 6bUI0 OB HEBO3MOXHO NpDH HEBHIOMHEAMH PaBEHCT-

Ba (8.6). OyHkuua f,(s) ABILETCH MOJHMHOMOM OT S ¢ HEOTPH-

HATENbHHEMH Ko3bdUIHEHTAMH, H HEBHNOAHEHHE (8.0) 03HAua-

g0 6m, uyto f,(s) mpu AOCTaTOYHO GonbIKX n BO3pPacTacT
6nictpee, ueM % ps*, 0 < s<l,tnep,=limP(z,= k) > 0, u

He MOmIO OH B Tpeesie COBNANaTh ¢ MOCTOAHHOM ¢. Maremartu-
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YECKOE oxwlanue z, ipu m > | Mz, = m" - », aucnepcus
(m -1
Dz, - ———_ 7 ) %,

Takum o6pasoM, MOCJIEAOBATENLHOCTD 2, P m > 1 ¢ Bepo-
STHOCTBIO ¢ o0pamaercs B HyJ1b M C BEPOATHOCTHIO | — ¢
CTpeMUTC K GeckoHeuHocTH, TunHMuHas TPaekTOpUs MOCAENO-
BaTEJbHOCTH Z, MPH m > | COBEpINAET MPU MAJBKX n KoaeGaHus
H MOXET C BEPOSTHOCTBIO ¢ 00paTUTHCH B HYAb, HO €C/IM OHA
AOCTHI/IA AOCTATOYHO GONBINMX 3HAYEHHI, TO OHA BO3PACTAET CO
ckopocteio m” (puc. 35).

YnpaxneHus

1. Bepnurech K ynpaxHeHHI0 5 B § 4 rnasbl 3, peiiMB nocTaB-
JIEHHYIO 33alauy ¢ NOMOIbIO Npon3soasumx GyHxkumi. Haltnure pacnpenesenne
BEPOATHOCTEN UMCA aMe6 K KOHLLY TpeX MpOMEXYTKOB BPEMEHH.
2. HaiiTh BEpOATHOCTL BLIPOXKAEHMA paHblle S5-10 wiara, €CJaM
P(z1=0)=0,5 P(z21=2)=0
Omeem:

1 1 122
P(z=0)=f4(0) = (1 +3 (1..+ y (1 + 4) )) 0,7417.

3. HaitT BeposTHOCTb BbXKMBAHMS A0 100-r0 mara BKAIOUMTEIBHO, €CJH
P(2y=0)=0,5;, P(z2=2)=0,5.

Omaem: P (2100 > 0) =~ 0,02.

4. Haitn oulleHKy BEPOATHOCTH m.nxunauml 10 10-T0 wiara BKJIIOYHTENBHO,
e P(z1=0)=09; P(z2=2)=

Omaem: P (z10 > 0) < 1,02- lO'7

5. HaitTu BEpPOATHOCTb BbIKHBAHMS 10 3-T0 HIAra BKJIOYMTENbHO, €CJH
P(z1=0)=0,9; P(z1=2)=0,l.

Omeem: P (z3 > 0) = 0,0038.

6. Ha#iTh oueHKy mns BEPOATHOCTH, OTBICKMBAEMOMH B NPEAbITYLIEM YNIPAX -
HEHHH.

Omaem: P (z3 > 0) < 0,008.

7. HaiiTi BEpOSITHOCTb BbDKMBaHMS A0 3-TO miara BXJIOMHMTENbHO, €CJH
P(zy=0)=0,1; P(z1=2)=0,9. HatTu npeaeabHyl0 BEPOATHOCTb Bbl-
JXHBaHHA.

CpaBHMTE UMCEHHbIE OTBETbI BCEX MPEAbIAYLUIMX 3aAaU.

Omegem: P (z3 > 0) = 0,8893, lim P (z, > 0) = 0,8888.

n-=->o

8. Haittu BepOATHOCTb BLIPOXJAEHHS O 5-r0 HIara, €CAH B HAYAIbHbIA
MOMEHT 6bUIO MATb YacCTHML, a KaXKAas 4acTMLA MCUYE3AET C BEPOSTHOCTHIO
P = 0,5 ¥ nennTcs Ha 8 4aCTHUb! C BEPOATHOCTLIO P = 0,5.

Omsem: P (z = 0/z9 = 5) = fi(0) = 0,1096.

Y k @ 3 2 H M € BOCTIONb30BATLCS TEM, UTO NPOH3BOASIIAN (ByHKUHS CyM-
Mbl HE3aBMCHMbBIX CJiy4aiHbIX BEJMYHMH PABHA NPOM3BEAEHHIO NPOHU3BOAALIMX
byHKM.

9. Haitn sepoaTHOCTb BbXXKHBaHHMSA 10 100-ro ara BXIIOUMTENBHO, €CIH B
HauanbHbiit MOMEHT GbL1o 100 vacTnu, zg = 100, a BEPOSTHOCTD MCUE3HOBEHHS
I8 Kaxa0M yactHunt P = 0,5 v aenenns Ha ase uactvusl P = 0,5.

Omeen:

100

P(z100 > 0/20=100) = 1 - AB ©) =1 - (1 - %) = 0,8674.
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10. Hait™ OLIEHKY BEPOSTHOCTH BbIXHBANMS 10 10-10 Ara BKIIOUMTENBHO,
€CIM B HAYANAbHBIA MOMEHT 60 100 uacTvL, BEPOSTHOCTD HMCUE3HOBEHMS
Kaxnon uactuubl 0,9 u neneHus HAa ABe uacTHup 0,1.

Omeem: P(z10>0/20=100) =1 — AP (0) < 1 — (1 - m'%)'® =
=1,024-1075,

11. Haitmh BEpOATHOCTh BDKHMBAHMS A0 3-T0 WATA BKIIOYHTENBHO, €CJTH B
HARuanbHLIA MOMEHT umMeercs 10 uactuil (1000 yacrmu), a BEPOSTHOCTb MCue3-
HOBEHMS st OfHON yacTuubl 0,9, neneHus Ha ase uactvus 0,1.

Omeem: P (z3 > 0/z0 = 10) = 0,037; P (z3 > 0/20 = 1000) = 0,978.

12. To xe, YT0 B YNPaXXHEHHUH 9, HO B HAUANLHBINT MOMEHT UMEETCH OfMH
MWJLTHMOH 4AaCTHL (IeCSTh MHIUTMOHOB YACTHLY). .

Omsgem: P (z10> 0/z9=1000000) < 0,097; P(z10>0/z9= 10000 000) <
< 0,64.

13. Hai#tT BEPOATHOCTb BLDKMBAHMS A0 3-T0 MIATA BKJIOUMTEJIBLHO, €CTH B
HAuanbHbIA MOMEHT HMeercs 10 wactuu (1 uacTMua), a BEPOSTHOCTD MCUE3HO-
BEHHUS ANs Kaxnpoit uactvubl 0,1, nenenus ua ase uactuusl — 0,9. Cpasunre
YMCIEHHBIE OTBETHI BCEX NPEAbIAYILMX 3anau. Jadire «pusnueckue» ofbacHeHUS
MONYYEHHDIM PE3YbTAaTaM.

Omeem: P(z3>0/z0=10)=1 - A° 0)=1-27610"% P(n>
>0/zg=1)=1-0,1107 = 0,8893.

14. HaliTu uTepaMOHHBIN METOA NPHOAMKEHHOTO M3RICUECHHS KBAJIPATHONO
KOpHS U3 UMCha. MOXHO an AOCTUTHYTb B MTEPALIMOHHOM IPOLIECCe CXOAUMOCTH
K MCKOMOMY KOpHIO Gonee GbicTpoit, uem reomeTpuueckas nporpeccus?

N ——————

Ve

Puc. 36. UtepaumoHnbiit METOA OTBICKAHUS KOPHS

Y K a3aHHe MIBICUEHHE KBAPATHOTO KOPHS M3 UMCAA ¢° DABHO-

CHIBHO UMCJEHHOMY peICHMIO ypaBHeHMs (puc. 36) ~—2+2=0 wm

+24
-——+T+x=2x
22 2

Tocnennee ypaBHeHMe MMEET KOPEHb C, MpH 3ITOM MpPoM3BOAHAA (byHK-
LS B JIEBNI YaCTH B TOUKE ¢ PaBHA HYJIO, UTO MPUBOAMUT K CKOPOCTH CXOAHUMOCTH
B UTEPALMOHHOM mpouecce Gonee GbiCTPOitr, ueM reoMeTpuueckas Mporpec-
cus. B KauecTBe NMPUMEPA NPUBEAEM HECKONbKO HMTEPaLMA, MOCAENOBATENLHO
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npubnvxaommx ¢ = 1,414213562 ... ans =2
xg=1;, x; =125 x=1,38T7,
x3=1,413417; x; = 1,41421289; x5 = 1,414213563.

ECTeCTBEHHO, UTO CYHIECTBYIOT M APYTHME MTEPALIMOHHBIC TOCNECROBATEb-
HOCTH, CXOasmmecs K ¢. CKOPOCTb CXOAMMOCTH B NIPUBEICHHOM TIpUMEpE Ta Xe,
4TO M Y MTEPALMOHHONO TMPOLECCa, TPUBOASLIETO K OTHICKAHMUIO KOpHA x = 0
YPaBHEHUs X° = X, K KOTOPOMY HAlIE YPABHEHME CBOIMTCS MYTEM JIMHEMHOM
3amenbl. g noCneaHEro Xe ypaBHEHUS CKOPOCTb CXOAMMOCTH MTEPALIMOHHOTO

"
npouecca, OuEBMIHO, ByleT X, = X6, |xo] < 1, uTO MPEBOCXOMT CKOPOCTH
CXOAMMOCTH NEOMETPHUUECKON MPOrpeccHH.

5. IposecTv aHanormyHO 3amave 13 MccrenoBasue UTEPALIMOHHOTO MPO-

uecca
X, + cz/x,,
Xpel =TT

M3IBECTHOTO KAK JPEBHEBABMJIOHCKMIA CIOCOO M3RNCUEHUS KBAJPATHONO KOPHA U3
. Nats ofbacHeHHE, MOYEMY HTEPALMOHHBIE METOAbI OCOBEHHO yNOOHBI Ans
coBpeMeHHbIX DBM.



3AKJIIOYEHUE

Mu pacckazaaum B 3Toi HeGompmolt KHMre o6
OCHOBHHX MOHATHSIX H HEKOTOPHX KJIACCHUECKHX pe3yJbTaTax
TEOPHHM BEPOSATHOCTEM, CTApasCh BHAEPXATh MO BO3MOXHOCTH
6osiee mpocTyio ¢GopMy, HO B TO X€ BpeMs CACAATh M3JIOXKECHHE
JOCTATOYHO IMOJHHM M CTpOordM. MH CTpeMHAMCh NpPH BHBOIE
¢dopMysI M J0KA3aTENBCTBE YTBEPXKACHMH OrPDAHHYHTBCS KOM-
GUHATOPHHMHU METONAMH, MPOU3BOASMHUMH DYHKUMIMH H dop-
Mmysoli Ctupansra. OCHOBHHE MOHATHS TEOPMM BEPOSITHOCTEH
cdopmupoBanuce, HauuHas ¢ cepeavHn XVII Bexka, B Tpymax
Iackang, ®epma, INoiirenca, Fanunes U ap., NOCBAIIEHHHX
pEemEHUI0O MHONOYHCIEHHHX UrPOBHIX 3axa4. B Te spemena 6vutn
YX€ M3BECTHH M MCIO/b3OBAIMCH TEOPEMH CAOXKEHUS H yMHO-
XCHHUS BEPOSITHOCTEMN, MOHATHE YCAOBHOM BEPOSTHOCTH, (popMy-
JIa NQJIHOM BEPOSTHOCTH, ORUIO BBEAECHO MAaTEMAaTHUYECKOE OXH-
Janue. BepmmHOIli 3TOro mepuona SIBMJIOCH TBOPYECTBO SIkoBa
Bepryanu. B ero «McKyccTBe NpeanonoxeHnit», M3GaHHOM MOC-
MeptHO B 1713 romy, paccMaTpHBanack mOCAEIOBATEALHOCTh
HE3aBUCUMHX MCMHTAHMA C OBYMS MCXOAAMH, OBHIO BHBEAE-
HO GMHOMMAJBHOE DACNpeNc/icHHE, MOSBWIMCH NMPOH3BONSLINE
¢dyHKuMHY, pemanack 334a4a 0 pa3s0PEHUH UrpoKa, HO raBHOE —
6nis1a 000CHOBAHA MPUHIMNHAILHAS BO3SMOXHOCTh CTATHCTHYEC-
KOro MOAX04a K BEPOSTHOCTH. 3HaMeHHTasa Teopema BepHyanm,
YCTaHOBMBIIAsA, YTO NMpH GQIBIIOM YMCJE HE3ABHCHMBIX MCIH-
TaHHUi yacTora cOGHTHS, KaK MPAaBMIO, MAJIO OTJIHYAETCS OT €r0
BEPOSTHOCTH, NOJIOXIIA HAYa/IO NpeJebHLM TEOPEMaM TEOPHH
BeposiTHocTed. Cpean 3THX TEOpeM NEPBHMHM HYXHO Ha3BaTh
TeopemMnl Myaepa — Jlamnaca o npemesbHOM pacnpeRcjcHUH
OTKJIOHEHHH YaCTOTH COOHTHS OT €r0 BEPOSTHOCTH.

CoraacHo ¢opMysie BepHysnu BepoSTHOCTL m yaay B n
ucnutaHuax bBepuynymu paBHa (cm. § 2 ra. 4) npn  mobSom
0<p<1P,(m)=C;p” (1 — p)"™, a B CHMMETPHYHOI CXEME
Bepuynnu ¢ p =1/2 P, (m) = C;2™". [Ins He oueHb Goabmmx
3HAYCHHUHA N MOXHO HEMOCPEICTBEHHO BHUYMCIAATH (haKTOPHANH
H CTENECHH, BXOASIIME B MPABHIEC YACTH BHIMCAHHHX (OpMyI,
HJIH NOJIb30BAThCS CNEHAIBHNME TabmuuaMn (Hanpumep, Tab-
Juueh ans gorapudmMos (PakTOpHASIOB, MOMEMEHHON Ha C. 27).
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Mpu Gosbmuux n ¥ ¢opMyan DBepHyin Mano npurogHsl
I/ HENOCPEACTBEHHOTO BHIMMCAEHMA, Tak, ecm n = 100
m = 50, To mns BHuMCAEHNS Pig (50) Heobxommmo HaiH Clo

n 27 Eme Gosee 3aTPYAHHTENHO BHYNCJAEHME BEPOSTHO-
65

CTEH BHIA 2 Py (m).

m=35
Teopema Myaspa — Jlannaca u Teopema Ilyaccona obaer-
YAKOT ITH 3aAauM, npeanaras NpuOMXEHHHE (OPMYIH, TOI-
CUET MO KOTOPHIM NMPONU3BOANTCS C MOMOMIBIO Tabmuu, QyHKIHIA
X
d(x) = —-l—-_-fe"’z/zdu n I(m)= e'KE
V2u mt’

KoHeuHo, BO3MOXHOCTH COBPEMEHHKIX KOMIBIOTEPOB HECKOIBKO
NPHHUXAIOT BHIYHCIMTENBHYIO LEHHOCTh 3THX NMPUGIHXECHHRX
dopMys1, MOCKONBKY BO3PacTAET POJMb YMCTO KOMOMHATOPHHIX
YHCJICHHBIX MPUEMOB, C JIETKOCTHIO COBEPLIAEMBIX Ha KOMIbIO-
tepax. OmHaKo HAacTOAMmAA LEHHOCTh MNPENEAbHBIX TEOPEM
MyaBpa—Jlamnaca u IlyaccoHa BOBCE HEe B BHIUHCIHTEJIBHOM
OTHOILUEHMH, a B NX NPUAHIANHAIBHON PO B TEOPHH BEPOSTHO-
cted. [Ing BHISCHEHMs 3TOH pOaM HEOOXOOMMO 1MOKAa3aTh, YTO
npenesibl GHHOMHANBHHX BEPOATHOCTEH B YKAa3aHHHIX TEOpEMax
CaMH OTPEAENIIOT PAaCNpEeAeICHHS BEPOSATHOCTEM.

Ykaxem BEPOSTHOCTHHI CMHIC] npaBoi uvactu P (3,) —
- (D(tl) MHTErpajabHOA q)opmynu Myaspa—Jlannaca (cMm. § §

—x2,

. 4): EP(m) @fe‘/zdx=¢(tz)—¢(tl).

m-ml ’1
CymecTBYIOT C/1IyYaiHHE BEJIMUMHB, PACIPEALICHUE BEPOATHO-
CTEH IS KOTOPHX 334aE€TCd € MOMOMbI0 HEOTPHULIATEILHOM
byskunu ¢ (1), — © < t < o, cneayomum obpasom: ais 060~
ro uHTEpBaja (f;, t,) Ha NPAMONH BEPOATHOCTb TOrO, YTO CAydYaAM-
Hasg nequnHa NPUMET 3HAUEHHUA M3 ITOTO MHTEPBAJA, PAaBHA

HHTETpanxy f ¢ (¢) dt, npuuem f ¢ () dt= 1. Oynkuus ¢ (2)

c yxaaam-mmn CBOMCTBAMH Haaunae'rcsl nAOMHOCMbIO Geposm-
HOCMU, & PACIPEACCHNE TAKON CyYailHOM BEIMUHMHH OOHUHO
HA3HBAETCI HENPEPHIBHWM pacmpeneicHueM. PacnpeaeneHne ¢

1 2
ILUIOTHOCTBIO ¢ (f) = e “/2 HA3WBAETCA HOPMANbHLIM PAC-

npedenenuem, a pynkuns P (/) HaspiBaeTcs @yHKuuel Hop-
ManbHOZ20 pacnpedesienus, ¥ noaroMy pasvoctb @ (1) — P (1)
€CTb BEPOATHOCTb C1y4aWHOH BEJIMUMHE C HOPMAJIbHHIM pacnpe-
JCJICHUEM TMPHHATh 3HAUCHUE M3 MHTEpBaaa (7, ). ATO pac-
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NpeAeacHUE YacTO HA3ZHBAKOT TAKXKE 2AYCCOBCKUM NO HUMEHHM
Taycca, KoTopHiii NPUGIH3UTENBHO B TO Xe BpeMs, uTo u Jlamwiac,
MOJIyYHJI €r0 KaK pacnpeaeicHue omuGox HabnoneHud B 3aaa-
yax acTpOHOMHM M reoaesud. Paborm Jlansaca u Taycca mo
TEOpHH omu60K OOHAPYXWJIH, UTO pacnpeiesicHue CyMMapHO
omuOKM, MOAYUYEHHOH CAOXEHMEM GOMBOIOTO YMC/IA HE3HAUH-
TEJbHHX CAy4YaWHHX OMMGOK, MPH HOBOIBLHO OGMIMX YCIOBHUSAX
6yner npubIMXEHHO HOPMAJIbHHM pacripenenecHueM. Takum ob-
pasoM, acumnroTHueckas cdopmysa Myaspa — Jlansaca okasa-
JIaCh CJIEACTBHEM AOCTATOUHO YHHMBEPCAJHHOIO BEPOSTHOCTHOIO
3aKkoHa. Posnb, xoTopyio HOpMasbHOE pacnpeiciiCcHUE MrpaeTr B
TEOPUH BEPOSATHOCTEH M €€ NPUNOXECHHUAX, ONpPEAENIeTCd IEHT~
panbHO#M npepeabHON TeopeMoil. I'oopar, YTO CayuailHue Be-
JHYHHH X, X,, ..., X, YIOBAECTBOPAIOT LeHMPAAbHOI npedenb-
HOII meopeme, €CAM NPU MOOHX HEHCTBHTEIbHHX YHCAAX
o u P andg cymmu S, = X, + ... + X, npu n -» © cnpaBeaivBo

g
S, - MS, 1 f 22

Sn- Mon < Bh~ du.
P {“‘ VDS, 5} Vax J ¢

3ra dopmyna crnpaseqiMBa OpH OYEHb HHPOKHMX YCJIOBHMSX,
HasaraeMuix Ha X, X,, ..., X,.

Teopema MyaBpa — Jlannaca mpeacraBaser coboit Ba-
PHAHT LECHTPAJbHON NPEACABHON TEOPEMHW NI B3aUMHO He-
3aBUCUMKIX CJAYYAMHHX BEIMYMH X, ..., X,;, NPUHUMAIOIIHX
asa 3HaueHns 1 wm 0 c sBepogrHoctamu P {X; =1} = p,
P{X;,=0}=gq, p+ q= 1. Bosspamascs k Teopeme Myaspa —
Jlannaca, oTMeTHM, YTO NpUOARXEHHE NS GUHOMMAIBHOM Be-
POSITHOCTH, NpEliaraeMoe B Hell, TeM Jyuduie, ueM Oauxe p K
1/2, Torga x4k ans 3HaueHuit p, 6iu3kux Kk 0 unm 1, pasymuee
noab308aThCd NpUGAMXeHHON dopmyJoii TTyaccoHa

P, (m) ~ e %, A=np

(M. § 3. 4). Yucna T (m) =e™ )'; a1a moboro A >0

HEOTPHLATEJbHN U B CYMME MO BCEM m, NPUHHUMAIOLIMM 3Ha-
yeHUs M3 cuerHoro MHoxectBa {0, 1, 2,...), cocrasaswor 1.
IlooToMy OHM MOryT OHTh B34TH B KauyeCTBE pacHpencacHHs
HEKOTOPOH CiyvaiiHOW BEJHYMHH, MPHHHMAKOHICH LEAHE He-
oTpuuaTeapHue 3HaueHud 0, 1, 2, ... D10 pacopenercHHE Ha3H-
Baerca pacnpenencHueMm IlyaccoHa (npumep pacnpeneseHHd
C1yuyailHOH BEJIMYMHBH, NMPUHMMAIOLIEH CYETHOE YMCJIO 3HAUYE-
Hui). O6a npenesipHHX pacnpeaesnieHMus — HopMasabHoe W Ily-
aCcCOHA BHBOAAT HAC 33 MpENE/n KHUTH.
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Texuuveckuii penaxrop E. B. Mopososa
Koppextopst T. C. Badcbepe, O. M. Kapnosa

HB Ne 41080

Cnato B Habop 08.06.92. Monnucano x nevars 25.05.95,

Qopmar 84 x 108/32. Bymara KHHXHO-XypPH.

TapuuTypa Taiimc. Hevars odxerHas. Yea. ney. a1, 9,24. Yea. xp.-otT. 9,74,
Yu-uan. n. 923, Tupax 3000 axa, 3akas Ne 262, C-021.

Hagatenbckar PpupMa
«PUINKO-MATEMATHYECKAA JINTEPATY pa»

PAH
117071 MockBpa, JleHuHckult npocnexT, 15

Hopocubupckad Thnorpagpus Ne 4 PAH
630077 Hosocnbupck 77, CTanncnasckoro, 25



