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FTrNABA |
BEKTOPbl, OPTOHOPMMHPOBAHME

§ 1. Hepasencrso Kowmn — ByHsakosckoro!. Hcciaeayem

dynruuo
Y = ax? -+ 2bx +¢, a >0,

U NOCTpONM ee rpaduk.
[TockoabKy y = —‘-ll—- ((ax + b)? + (ae — b?)), TO:

1) mpu ac—5 >0 y>0 ana moboro AeHCTBHTEIBHOrO
3HayeHus X, a paBeHCTBO y = O CIpaBeLJMBO TOJBLKO TOLJA,

Korga ac — b* = 0, X=——

2) ecmu ac—b®<0, To y=0 mpu x = F(_bi

+Vb*—ac), y<O0 mpu ycsaoBun ﬂa—af—ﬁ
—b+ Vac—b?
- a

<x <
< v y >0 mpu Bcex ocTa/lbHBIX 3HAUEHUAX X;
3) Bcersma mpn X = — % y= ;_(ag — b?);

4) npu |x|—=o00 y— oo,

I'paduku sroii ¢pynkuux npu @ > 0 usoGpameHbI Ha pHc. 1.

Ccopmy.irpyeM BEBIB O A bl, KOTOpEie OYAYT HCIOJb30BAHbI
B JaJIbHeHIIeM.

Puc. 1

1 Bbyuskoscknit B. 5. (1804—1889) — pyeckuii maTeMaTHK, aKaleMHK.
Kown O. JI. (1789—1857) — @ppaHuySeKHil MaTeMaTHK, aKajeMHK.



1. Ilns peficTBUTE/IbHBIX 3HaueHHH apryMeHTa KBaapaTHBIH
Tpexuser ax? 4 2bx +4-¢ ¢ MOJIOXKUTE/ILHBIM CTapLIM K03(-
(HUHEHTOM He MpHHUMAeT OTPHIUATEJBHbIX SHAUeHIH TOrjia
d TOJIBKO TOTJHa, KOrja ac—b2> 0.

2. Kpagparublii Tpexunen ax®-+-2bx+4c¢ ¢ [ONIOKHTEb-
HbIM CTapiuuM  Ko3hdUUHEHTOM MpH —oo < X< - 00 He
yMeeT HauOOJIbIIEro 3HAY€HHs, a HaUMEHbLIero SHaueHWus Jo-
CTHTaeT MpH X = —% .

Teopema. s aioboix Oelicmsumersroix a;, b, (i =1,
2,...) cnpasedauso nepasercmso Kouww — BYHAK08CK020

by ab;| < ¥y a En_,‘b';’- (1

i=l i=1 i=l1

DT0 0oJHO M3 BaxKHEHIIMX HepaBeHCTB B MaTemaruke. Jlist
€ro J0KasaTesJbCTBa PACCMOTPHM (hYHKIHMIO

n n n n
= Y (xa,+ b =5 Yaj+2x Y ab,+ X b
i=l1 i=l =1 i=l-

npH —oo < X< 4 oo, [Tlockomeky y=0, TO, HCMO/B3YA
BeiBOA 1, uMmeeM

(B (80— (L ap)=o,

=

.
4910 paBHOCHWIbHO (1).
[lpuBenem eme OIHO 3J€MEHTapHOE JOKa3aTeNbCTBO Hepa-
sencrsa (1). C aroil uesbto yCTaHOBYIM- TOXKJECTBO

( n‘ 2) ( ll bz) (2 aibi) = rz*s(arbs - asbr)zv (2)

Ha3bIBaeMoe moofcaecmeom Jlaepanacal. Vimeem

(B0 (8 ) — (8 aps = Balth+ B attt—

i=l1

- ;l aibf —2 2’ arbrasbs'= rz-#s(arbs - asbr)2~

r=+s
, . . n f;
3nech Y, osmauaer Y, a,b, ¥, apb, Ecaum npusesenHoe
r=l1 s=r-1

BbIUMCJIEHHE OKAXETCsl 3aTPyIHHTEJbHBIM, TO PEKOMEHIyeM
BBINOJIHUTD €r0 11 7 =3 6e3 npuMeHeHHs SHaKa X.

! Jlarpanxk JK, JI, (1736—1813) — ppanuysckui MaTeMaTHK,



ToxpmecTBo (2) copaBemMBO I HEHCTBUTEJBHBIX M He-
neHcTBUTENbHBIX a;, b;. Ecam a;, b, neficTBuTeNbHBI, TO U3 (2)
caenyet: 1) HepaBeHcTBOo Koun — bByHsikoBckoro; 2) mias Toro

n n n
4To6bl umeno mecto pasenctso (Y, a;0,) = (Y a3)(Y b%),
=1 =1 1

=

HEOBXOIMMO H JIOCTATOUHO BLIMOJHEHHE YCJIOBH a,b, — ab, =0
(r,s=1,2,...,n). JocTtaToyHOCTb CJ/IeJyET HEMOCPEACTBEHHO
3 (). A

3amguanue. C MOMOIIBIO 3.1EMEHTOB BEKTOPHOH anreGpHl JIETKO BHAETH,

ato npu n= 3 HepaBeHcTBo (l) ciexyetr M3 HepaBeHcTBa |cos a| < 1.
HeficTBuTenbHO, 6yleM CunTaTh (@;, g, a3), (by, by, bs) COOTBETCTBeHHO
—_ —_

NIPOEKUHSMH BEKTOPOB # M U Ha OCH NPAMOYrONbHBIX  KOODAMHAT.
Torpa
3‘ -_— — T —)-/\-> 3 2 -»2 3 s — 2
Zaibi=u-v=la|lv|cos(u. v). Eal=|ul, Zb1=|°|j
=1 =1 =1
Ciremoatenbto, HepaBeHctBo Kown — ByHsikoBekoro cripasennso,

OHO 03HaYaeT, UTO M00YAb CKAAApHO20 npouseederus 08yx 6eKmopos He
6oabiue npoussederus OAUH SMUX 8eKMOPOS.

§ 2. ApudmMeTHyeckoe n-mMepHOE NPOCTPaHCTBO.

Onpenenenne. Apudpmemuneckum n-mepHeoim npo-
CMPAHCMEOM HA3BIBACMCA MHONCECMBO 6CeX YNnopAOoUueH-
Holx cucmem n OelicmsuimenbHbsly uucen

(ay, ag ...y ay). H

YHopsiioueHHOCTh O3HAayaeT, 4TO, MEHSAs MeCTaMH Jaxe

-ZBa He paBHBbIX Mexnay cobod umcaa B (1), mosyyaem npyryio

cucremy. Hanpumep, ecim a; s=a,, T0 (@, Qs ..., a,) H (Qy,
a;, ..., a,) pasanuHbl. MHbLIMH c/i0BaMH, paBEHCTBO

(al» Aoy o vvy an) =(blv bz: ceey bn)

BO3MOXHO TOTJa M TOJNBKO TOT[a, KOTAa @; = by, @y = by, ...,
a,=>b, Kaxnas ynopanouennas cucrema (1) HasbiBaeTcs
MO4KOU npoCMpancmea, a 4uCaa i, Qg, ..., Gy — KOOPOU-
Hamamu 3TOH TOUYKH.

Hanpuwmep, npu n = 2 umeeM 1BOHKH uyucesa (@, ag). Touky
(a;, a;) MOXKHO paccMaTpuBaTb KaK TOYKY IIJIOCKOCTH, Ae€Kap-
TOBbl KOODIMHATH KOTOPOH @, @, (puc. 2). Takum ofpasom,
JABYMepHOE apudMeTHUecKoe TIpOCTPaHCTBO MOXHO pacCMaTpH-
BaTb KaK IJIOCKOCTb. TOYHO TaK K€ TpexmepHOe apH(pMeTH-
YecKoe. MPOCTPAHCTBO MOXKHO DAaCCMaTpHBaTh KaK OObIYHOE
reoMeTpUYecKoe MpocTpaHCTBO (pHC. 3).
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Puc. 2 Puc. 3

§ 3. EskinpoBo r-mepHoe mpocTpaHCTBO.

Onpenenenne. Apupmemudeckoe n-meproe npocmparcmeo
HA3bIBACMCA MEeMpPU306aHH bl M, ecal Kanloim 08Ym e20
moukam A(ay, Qg ..., a,) u B(by by ..., b,) cmasumecs
. @ coomgemcmsue wucao P (A, B), o6iadawouwee ceoticmeamus

1) p (A, B) 0, o(4, By =0 mozda u morvko mozda,
Ko020a-A = B;

2) p(A, B) =p(B, A) (cummempuurocmy);

3) Ora aroboix mpex mouex A, B, C cnpasedauso ﬂepa-
6eHcmeo

P4, O <p(4, B)+0o(B, O). (1)

- YKa3aHHble CBOHCTBAa HA3BIBAIOTCS QKCUOMAMU MEMPUKLL,
a p(A, B) — paccrmoanuen Mexnay toukamu A U B. -

B eBK/IHI0BOH MJIOCKOCTH JJIHHA OTpe3Ka — 3TO pacCTOSHHE
MeXJYy ero KoHuamu. [leACTBUTE/IbHO, IJIHHA OTPe3Ka OUEBHIHO
YIAOBJIETBOpSAET akcuoMaM 1) u 2), a TakXKe YJIOBJIETBOPSET
aKCcHOMe 3), TaK Kak JJIMHA JI00OH CTOpOHBI TPEYroJIbHHKA He
Gosblue CyMMBI JJIHH JBYX APYTHX €ro cTopoH (puc. 4).

[To ananoruu, HepaBeHCTBO (1) Bcerna HasbiBalOT HepaseH-
GMeoM MpeyzorbHUKA.

B’ eBK/IMIOBOM MJIOCKOGTH MJIMHY OTpe3Ka, COENUHSIONIEro
voukd A (a;, ay) u B(by, by), rae (@), ay) u (by, by) —nps-

gz B

% _A ____Jbz'”z
e |

”] 7 b o«
Puc. 5 '




MOYTOJIbHEIE JEKapTOBBIE KOOPIAWHATH TOYEK. (pHG. 5), MOKHO

BBIYHCJ/IMTbL 1O opmyie
p(4, B) =V (by —a7)* + (by— as)?,

a B TPEXMEpHOM €BKJHMIOBOM MPOCTPAHCTBE — MO (opMye
p(4, B) = V(bl — 1) + (b — a,)* + (b — a3)*.
B n-MepHOM apu(METHUECKOM MPOCTPAHCTBE MOJIOKHM MO Onpe=

AeJIEHHIO
(A, B) =

.l/(bl"'al)2 + (b2_a2)2 + e+ (bn_an)2 =
/ST
=V Le—ap @

M [OKaXKeM, UTO yJIOBJIETBOPAIOTCS BCe TPH aKCHOMBI METPHKH
BrmosHuMocTb akcuoM 1) u 2) oueBuaHa. [IpoBepuM akeu-

oMYy 3). nych A (ql, coay an), B(bl) ey bn) H C(cl' ceey cn)—
TPH MPOH3BOJILHBIE TOYKH n-MEpHOTO MpOCTpaHCcTBa. Toria

@ B) = X bi—ap, o'(d, O= Xo—a),

n

02(B, C) = ¥ (e, — b)™.

=1

B:-

[Tockoneky y; = a; + B;, TO Hano NoOKAasaTh, YTO

Sv=f wrnr<() La+) fu)-

Hmeem

O6o3HauuM
T ob—ap=ay e— =1, ¢—b =

E (op + B)? = Z“?"‘ 2 ﬂ? +2 2 o,
=1 =t =1 =1

Ha ocnoBanun HepaBenctBa Koum —ByHAKOBcKOro

n ) n 2 n 2
t}=:l by < l/iglat l/ télﬁi ’
[Tostomy

Sv<Sate)/ L) Soein,
i=1 i==l : i=l i=1 =1




OTK}ZIIH : - .,
Ewall Feae?/ Ln)

‘Onpenenenune. Apugpmemuueckoe n-meproe npocmpancmeo,
Mempu306annoe . no gopmyare (2), Hasvieaemcs n-mepHolm
e8KAULO0BBIM NPOCMPAHCIMBOM.

§ 4. Bektopbl B r-mepHoM apHmMeTHYECKOM MNpPOCTpaH-
cree. ClioKeHHe BeKTOPOB, YMHOXEHHE BexTopa Ha uyMCJo.

YnopsajoueHnyio cuCTeMy n uucead (@, Qg ..., G,) OyleM
—
HasbIBaTb 6eKkmopom W 0603HayaTh a (@, Qs ..., Q,), MHpH=
HHMAS, 110 ONMpEeJEJEHHI0, UTO PABEHCTBO
— —_ -
a(al) Qgy ..oy an) =b(bl» bz» ceey bn)
SKBHBATEHTHO CHCTEME DaBeHCTB
a =by, ag=by ..., a,=Dbp;
e — - —_
cymmoii a + b BexTopoB a(ay, Ay, ..., @)U b(by, by, ..., b,)
—

ABAAETCS BEKTOp 0(ay + by, g+ by ...y @, + b,).
-
Il pouseedenuemn eexmopa a(ay, Qg ..., Q) HA HUCAO
—>
(ckansp) A HasbiBaercsi BekTop Aa (Aay, Aa,, ..., Aay).

BekTop 3(0, 0,...,0) 6yneM Ha3blBaTb HYAeEbIM.

W3 npuseneHHbIX onpenesneHHfi H CBOACTB JeHCTBHTENbHBIX
YHCeJ CJAEAYIOT TakKie OCHOBHLIe CBOMCTBA CJOXKEHHA
BEKTODOB M YMHOXKEHHS BEKTOpA Ha HHCJO:

- > > > .
1) a+ b =>4 a (nepemecTuTeabHBIl 3aKOH);
- - > > >
- 2) (@+ b)+ 0= a+ (b+¢) (couerarenbHBI 3aKOH)}
3) _5+6>=_¢; (3aKOH MOIVIOLIEHHs HYJIEBOTO BEKTOpA);

4) ?»(pZ) = (?»p)—; (coueTaTesbHBIA 38KOH);

5) (A +w a=1)a -+ pa (mepBeifi  pacnpeieUTENbHbIA  3a-
KOH); .

6) ?y(-;+75 =Aa+Ab (Bropofi  pacnpene/UTE/bHbIR
8aKOH);

8



A - -

7) 0a=A0 =0 (cakOH TMOIJIOWEHHS HYJA M HYJIEBOTO
BEKTOpA). :

3ameTuM, YTO M3 YKaSaHHBIX 3aKOHOB pmeHCTBHH C BEKTO-
pamMH cyMMy /moGOro uHucsia BeKTOPOB MOXKHO 3aluchiBaTh 6e3
CKOGOK, NPOH3BOJILHO NEPECTaBIATp U IPYNNHPOBATb CJaraeMbie,
Bce cpoiicTBa Jierko mnpoeeputh. Hampuwmep,

)“ZZ+?)=7”(al+b1’a2+b2’-"’an+b:)=
= (" @+ b, Maatbar-os Ma, +0)) =
= (hal—{— Aby, Mg+ Mby, ..., Aa, -+ M}n)z

= (7\1a1, 7\:&2, ceey Kan) + (A/bl, }Vbz, ey }Vbﬂ) =
= Aa + Ab.
Bekrop (—1) (ay, g ..., a,) = (—ay, —agy ..., — :)

—_—
OyleM Ha3blBaTh MPOTHBOMOJIOKRBIM BEKTOPY @ (d;, Qg ... y Gy)
—

H 0603HauaThb —a.
[To onpenenenuto uMeem

a+ (—Z) =(ay, A ..., ;) +(—ay, —ay ..., —a,) =
=@ ...,0)=0.
[Tonaras Z—l— (——E;) '=¢—1>——?;, OyneM HUMeTh
G—b=c(@—by ..., a,—b,).

§ 5. JumHa BekTopa (B €BKJIM0BOM NPOCTPAHCTBE). Y Troa

mexny sektopamu. Touku O(0, O, ..., 0) u A(ay, dy, ..., a,)
GyneM Ha3blBaTh COOTBETCTBEHHO HAYAAO0M U KOHUOM 8eKMOpa
—_ —
OA=a(ay, ay ..., a,). '
EcrecTBeHHO NO3TOMY Cllenyiomee oOnpeseseHne: OAUROL
—

sexmopa a(ay, Ay, - .., Q,) HA3bIBACMCA YUCAO

—-> 2 < 2

2 2
a|=Vd+a+ - +a= glat.



- >
Teopema 1. Jlan aoboix - 0syx sexmopos a u b cnpa-
" Be0AUBbL HEPABEHCMBa

[a| — (B <la+bl</a| +[bl.

TleiicTBuTeMBHO, HepaBeHCTBola + b] lal I |b| — 3TO He-

PaBEHCTBO TpeyrosibHHKa A Tpex Touek A(ay, @y, ..., ),
B(i’bl, ibg, sy ibﬂ)’ C(al i bl’ a2 i bz, cee g an i‘ bn).
TaK Kak

p(4, B) = 1/2 (a F b = [a F B,
p(4, O) = L/Lb”—lbl,

N&Q=v/;£=

—> — - >
HepaBeHCTBO |a|-—|b| < |a+b| caenyer us HepaBeHCTBa
—_
la + + bl < |al+| b]. IeficrBurensHo,

M—W+M+M<Z
' 2] — 5] <|a+

- —>
Onpepenenne. K ooun Hycom yeaa (a, b) Meo/cay Jdsymsa
ueuy/zeebmu 8eKmopamy @ u'b nasbiaemcs uucao

R Zab

cos (a, B) = Ia||b|' (1)

Takoe onpenenenue n0mycTHMO, MIOCKO/IbKY TIO HEpaBeHCTBY
Koum — ByHSIKOBCKOTO

n hd - n 2 n 2 > >
| Yan<)/ X at)) ¥ ot =1ald,

H Torjaa

10



Ornpenensis yroi u3 paseHcTea (1), 6Gymem mojaraTh, 9TO
—>/\-—> ’
0<(a b <m

— —> .
Teopema 2. Yeor (a, b) pasern 0 uau 1 moeda u mosbKko

moeda, Koeda
>

-
b =Aa. @)
JeHoTBATENbHO, €CJM CPAaBeJIHBO PABEHCTBO (2), TO

Bl = 158 (0hay, Day, ..., ha)| =

- l/,.§ (hay? = [A][a],

n n n -
lzla,b, == Zx a,(ha,)=7»iz_," a; = Malt

=

CienoBaTeJbHO, .

-y Ao

.. a

cos(a, b) =2l =41,
lal-1Alla)

Fa -~

Ecmn xe (?1),53=0 HJH (:z’,_>)=n, TO

Ho smak pasemctBa B wepaBenctse Kowu — ByrsaxkoBckoro
MOXKHO NOJyUHTb JHMIIb TPH YCJOBHM, Korga b, =>MAa; wnu,

— -
4YTO TO XK€ camoe, b = Aa.

~
—> >
Teopema 3. Yeon (a, b) pasen - mozda u  moabKo

moeda, koz0a
n

iz aby = 0. @

=1

D1a TeopeMa esenyer u3 ompexenexus (1).
e -
Bekropel @ u b Ha3oBeM KoAauHeaprbIMU («E€XKAIYMY Ha
N

- >
OJIHOH JIMHHM»), ecu yron (@, b) pasen O wam m, u opmo- .
-~

- —> F14
€0HaAbHbLMY (CTEPIEHHKYIAPHBIMID), ecH (g, b) paseH —-.

11



Taknm oOpasoM, ycioBue (2) sBaseTcss HeOGXOMUMbIM H JI0-
CTATOYHHIM /I KOJUIMHEApHOCTH, a ycJjoBue (3) — as opTo-
— —

FOHaJIbHOCTU ABYX BEKTOPOB a H b.

§ 6. CkanspHoe npou3BejeHHE JBYX BEKTOPOB.
Onpepenenne. Cxarapuoim npouseedenuem sex

- —>
mopos a(ay, Qg, ..., a,) u b (by, by ..., b,) Hazosaemca
qucro apby 4+ agby + -+ + aub,.

> —>

Mbi 6ygeM nmogb3oBaThed  O003HayeHueM (@, b) wiam
- —>
a-b, 1. e

n
= Z a;b;. (n

OcHOBHbIe CBOHCTBa CKaJAPHOIrOo MPOH3Be-
LEeHHU s . :

- —> —> —> “
1) (a, by =<(b, a) (nepemecTUTEbHLIA 3aKOH);
—>

9) (a, ( + )y =(a, by & (a, o) (pacnpenesuTeNbHEI
3aKOH);

3) A (Z, —l;> = (hz F) = (Z 7»_b>> (coueTaTesIbHBIN 3aKOH);

4) ckaJfipHOE NpOH3BENEHHE JBYX HEHYJeBbIX BEKTOPOB
paBHO MpOM3BENEHHIO MX AGCOMOTHBIX BEJMYHH HA KOCHHYC
yria Mexny HUMH:

— > - > —:\—->
(a, by =|al|bjcos (a, D). - 2)
Cpoiicto 1) cuaenyer u3 (1); coiictea 2) u 3) Jerko npo-
seputhb, Hanpuwmep,

M@, 5)=1 X ab, = X (ha)b, = (a, b,
= i=1 :

-~
®opmyna (2) caenyer u3 (1) u onpenenenns cos(a, b).
U3 1) — 3) nosyuaem

((ha + ;Ibl (o +fd’)>» = <7$,_>(a5;+ ﬁﬁ)i + <i»5,’ (0 +
+ Bd)) = (Ma, ac)+ (Aa, Bd) 4 (ub, ac) +
+ (b + Bd) = ha(a, )+ AB(a, ) + pa(b, )+
+ up b, d,
12



T. €. CYMMDI BEKTODOB CKAa/JfApHO [EpeMHOXKAITCd KaK MHO-
rOYJIeHbl.
Teopemy 3 npeapinymero naparpada MOXHQ CHOPMYJIHPO-
— —>

BaTb CJEAYIOUIUM oOpasoM: gexmopel a u b opmoeorarbHbt
moeda u moabko moeda, Koeda ux CKaiapHoe npousgedeHuye
PQABHO HYAIO.

— —>

3ameuanne. CkanspHoe mpousBejeHHe {a, @) PaBHO KBaApaTy RJu-

— e -

HHl BeKTopa a, T. e. (a, a) =|al%

§ 7. JluHeiiHass 3aBHCHMMOCTb BEKTOpOB.

—

Onpenenenne. Hernynesvie gexmopor a; (Qyy, Qg <.+ » Qpp)s

— -

5 (A9, Qgg,. - e Qsp)y oov sy @ (Qyy Qg ..., Q) Ha3bL
saromea AUHEUHO 3a8UCUMBLMU, eCAU CYWECTBYIOM 4UC-
2a Myy Moy ooy A, cpedu Komopeix xomb O00HO OMAUUHO

r
om nyaa (Y A} #=0), makue, wmo
i=l1

M@y + Mgy + -+ + A, =0, (1)

U AuUHEedHO He3agucumbmu, ecau pagercmeo (1) 803-
MONCHO MOALKO NpU YCA06UL

Ay =Apg= -+ =A, =0,
MNpumep 1. ITokaxkeM, uTo BeKTOpH
— —_— -
e (1,0,...,0),6(0,1,0,...,0,...,¢,(0,0,...,0,1) (9
— JIMHEeiHO He3aBHCHMBI.

He#cTBuTesbHO, ecsid 661 3TH BeKTOPHl ObIIM JIHHEHHO 3aBUCHMEI, TO
6blI0 GBI .

n
F=latt Mgy e A, =0, B AT 0, 3
N N =1
r("‘lt"z,---’ )"n)= 0(0’ 0’--- »O)t
M=Ry= e =An=0

M Mol OpuunIM Gel K NPOTHBOPSYHIO C HepaBeHCTBOM (3).

CoBoKyNHOCTb BEKTOpOB (2) HaswiBaeTcsl dexapmossim 6asu-
COM N-MEepHOTO eBKJIMAO0BAa MpocTpaHcTBa. JlekapToBbM GasHcoM
9Ta COBOKYIMHOCTh BEKTOPOB HA3HIBAETCA MOTOMY, 4TO

(G, 6)=0, 15,
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T. €. BEKTOPH [ONapHO MEePNeHAUKYJISAPHEI, M - JI060H BEKTOp
L
u(ty, Ugy ..., U,) MOXHO NpelCTaBHUThL B BHIE

- —_ — -
U=ue + Uy~ - + Uy

9TO JIErKO MPOBEPUTD. 3ameTuM eue, 4To

—
l erl = l’
- - —_ .
T. €. €y, €5 «..y €;— CIUHHUHEIE BEKTOPHI.

- — - :
Mpumep 2. Bextophr u; (1, —2, 3), uy (2, 1, —I1), us (4, =3, B
JIHHEAHO 3aBHCHMBI, TaK Kak _

— — —_— =

2u1+u2—u8=0(0: 0» O)'
Bonpoc o JmHefHON 3aBHCHMOCTH BEKTODOB CBOJHTCH K HCC/eJOBaHHIO
CHCTeMBl ypaBHeHHH mepBofl eTermeHH. JleficTBUTE/IbHO, MO ONpejieseHHIO,

R .

BEKTODHI @y (Apyy Qpgs soe s Qgy)s B =1, 2, ,4., 7, JUHEHHO 3aBHCHMDI
— — — "
TOTJIa M TOJMBbKO TOTAA, Korja BeKTop A;ay - Agag - -« Aa, HyneBoi,

mpueM He Bee ckansAph A, passbr-lymo. Ho sto yenosue paBHOcHibHO
§CIOBUAM

Maygy +Aggy + o0+ Ky =0,
byaie + Aggq - ¢ o+ Ay, =0,

I I R R R S S IR B )

Llaln + }v’agn + LR + A,,am =0,

—
CaefoBaTe/bHO, JJIA TOTO 4TOGE BEKTOPH Qp (Qpqy Gpgs ve vy Qpp)s

k=1,2,..., r, OBIIN JHHBHHO 3aBUCHMBIMH,” HEOGXOJUMO H JOCTATOUHO,
4TOGH CHGTEMa YpaBHeHMA (4) ¢ HeH3BeCTHHIMH Ay, Ag, 44, A, HMETN3

@

. . r
pelleHHe, yXOBJETBOPAOee TPeGOBaHHIO 2 7&? # 0,

=1

HMcxols U3 TeOpHH ompejesuresei, JErko J0KasaTb Teo-
peMy, KOTOpYio MpHBOZHM AJsi 7= 31_0aa mo2o umobet mpu
eexmopa ’

R ad e —

ay (@11, Q190 Qys), Q3 (Qgy, Qggy Qg3), A3 (Asy, Aggy Ass)

Ovlau  Aunelino  3asucumoimu, Heo0xodumo u 00CMAMoOuHO,
4mobel BLINOAHANOCE YCa08UE

a;; Qg G5
Qg1 Qg Gg3| =0.
Qg; Qdzp Qs

14



§ 8. TMNpouecc Connna — ImuaTa. Pycckuit maremarux
H. {. Conun! u nHemenxuii marematux .. [Imuxgr? wesanu-
CHMO APYT OT Jpyra peulusu BaXKHYIO 3ajauy, KOTOpyo chop-
MyJUPYEM CJEAYIOIHM 00pa3oM:

. - - — .
ITyemo sadannvie eexmopet a;, @y, ... , @, AUHEUHO He-

—_ - —
sasucumel, mpebyemcs natimu eexmopel by, by, ..., bm, yooe-

2eMBOPAIOUYUE YCLOBUAM:

- - —
1) by, by, ..., b, Oonxcrer auneilno ewpascamoecs 4epes
—_ = —
Ay Agy o 00y Ay M. €.
—_ - —_ -
b1 =040, + 00y + <o + 0pap,

z:= 515:-}-5;52-!- °e +ﬁma:v

e & & @ o o 0 o ¢ B ° e o o @
20e -a,, B,— uucaa (cxarapet);
— -
2) by, bgy .. , by, OonxcHer Goims AUHEERO He3a8UCUMOIMUL

_ = —
3) b4y bay ouvy by, O0n3CHOL GbUMB OPMOHOPMUPOBAHHOIMU,
m. e.

<_:9 —b>s>=0’ r=s,
(b, b;) =|br|2= 1.

PaccmoTtpum pemenne sanaud no Couuny — [muary. Ilo-
JIOXKHM

— —
a
b1=‘—->-
lal -
H 3aMeTuM, 4TOo
— —
> = a; a; 1 - =
(by, bl>=<—> y = >= =—(a;, a;) = 1.
lagl  lagl la, 2
—_—

— —_— - -
3areM pAcCMOTPHM BEKTOp Cq = Qg — @y, b;) by, Ilockesbky
—_ - o R
BEKTOpBl @, Ay, @ 3HAYUT, H BEKTOPH @, b; JMueliHO Hesa-
. -_— -
BHCHVBI, TO BEKTOp C, HEHYJeBOH M JMHEAHO BblpaXkaeTcs yepes
—_ =
a;, a,.

1 Comnn H. §I. (1849—1915) — pycckufi MaTeMaTHK, aKaJeMHK.
2 MImugr 3, (1876—1959) — HeMeuKH MaTeMaTHR, aKaJeMHK.
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- = — > —_- = = >
Kpome Toro, (ca, by) = (as by —<(as b1)(by, by) =0.
Teneps nosoxuM

—_— -
Co

bg'——: =
| el

- =
Takum o6pasoM, HamaH fABa BeKTopa by, by (UHTaTeN]B

MOKET CaMOCTOSITEbHO MPOBEPUTb HX JIMHEHHYIO HE3aBHCH-
MOCTB), YJIOBJETBODSIOUIHE BCEM YCJIOBHAM 3afjauH.
Teneps noJyoxum ]

- - - = - > =
C3 = a3 —(as, b2>_bz—<as, by) by.

- ==
DT0T BEKTOp HEHYJeBOH H JMHEHHO BBIpaxkaeTcst uepe3 by, by,
- e i i
a; U TeM caMbIM Yepes a,, d,, a3 (mouemy?). Kpome Toro,

_- — —_ T S e
<039 bl) = <a3’ bl) - <a3) bz) <b2’ b1> - <a31 bl) <b1t bl) =
= (a3, by — (@, by 0—(aty, b -1 =0,

— —
Touno Tak ke mpoBepsieTCsl PaBEHCTBO (Cs, by) = 0. [Tosoxum

—

- 03
b3 ==
lcsl,

-

Bexropsl b,, b, b3 YZOBJETBODSIOT BCEM YC/OBHAM S3ajadi.
Ilanee mnojaraem
- — - —_ - - = >
04 = a4 — @y, bg)bg — (a4, by)by—<ay, by)by,
._'» -—
b4 = =
leg |
H T L .
e
3ameuanne 1. Ve oTMeuanioch, 4TO Cp, Cg, «+ . — HEHYJEBHE BEK
— —_—
TOpEl. STO AaeT BO3MOMXHOCTb JEJHTb HX Ha [Cg, | Cgl, oo .
3ameuanne 2. Ha Kaxjom mare pellleHHst SafauH oﬁpamanocb BHH<

- -
uaHye, 9TO Ay, Qy, +.. MOXKHO JIHHEAHO BEIPa3UTb yepes bl, bz, ceee

Mpumep.” [Npumennm npouecs COHﬂHa_—-IlIMMTa K BEKTOpaM
- - -
a1 (2, 1,2),a,(1, 2, 1), ag(1, 1, 2).

[Tonaraem, uto
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= —(an, BB = (1, 2, 1)—(3 RS
2 ->(2 1 2 g 1 4 1
= b=, =, =] = —_—— =, — =
+3 l) 1(31 31 3) CQ( 303: 3):
-
16| =V2,

Ianee Haxonum

- - —>
C3=a3—-'<03, 2>b2—"<a3, b1> b1—£13 (I

1

1,
_31/5’;;(—3]/5’ 3;‘;5"‘3;]@)“”*(33 l é)“”

PeKOMeHlIyGM NPOBEPUTh CaMOCTOATENbHO, 4YTO COBOKYIHOCTh BEKTOPOB

s ol SR
by, by, by opTOHOPMHpPOBaHHas.
3aMeTuMm eme, 4TO

— 1 > — 2 —» 1 > 2—7V2—+
b1= al, b2 V._a, 3 01 bs V2a3 a,,—l— 3% ay,

a1=3b1, a,=V23:+21/§E; Gy =
7 N

1 b

V 8+ 31/'5 1

§ 9. l'eomerpHueckde ucrosikoBaHHA. Mbl Morju Obl, war
3a WaroM, [OKas3aTb, YTO [MpHBEJeHHbIE B MpPELIAYIIUX Napa-
rpadax ompepeneHus, TeOpeMbl H GOPMYJLI P =2 U n =3
aHaJNOTHYHBl TE€M ONpefeJeHHsAM, TeopeMaM, IpaBHIaM, KOTO-
pble 3HAKOMBI YHTATEMIO U3 MIKOJBHBLIX KYpPCOB 3JeMEeHTapHOH
MaremaTHkH H (usukd. OrpaHuyuMcs 3Jech caIyyaeM n =2
H Hauboslee BaxKHBIMH (paKTaMH.

——

l. Ilycrb umeem BekTOp a(a, 2) Bosbmem B mJIOCKOCTH
NIeKapTOBy CHCTeMy KOOpIHHAT H HaigeM Touky M G Koop-
RuHaramu (a;, a,). CoenuHum Havajo KOOpJMHAT C 3TOH TOY-
KOH M, cHabuum ‘orpesok OM crpenkoil (puc. 6) M, TakuM
06pa30M, MOJIYYUM TEeOMETPHYECKOe MPENCTABJEHHEe O BeKTOpe.

17



Puc. 6 Puc. 7
— —_
2. PaccMotpum BekTopbt a(ay, @y), b(by, by). Torna

Z‘!‘ F=?(a1 + by, as+by), a—b=0 (a; — b3, a; — by).

" M3 puc. 7 BumHo, 4TO BBEJEHHOE HAaMH [PABHJIO CJIOMKEHHS
3TO He YTO HHOE, KAK H3BECTHOE [IPaBUJIO napasiiesorpaMma.

3. Paccmotpum ckansipHoe MpoH3BeieHHe
'(a’ b> = albl + a2b2'
Hmeem (pue. 8)
@ B =[al [b](F- 22 2t =

- - . . —_ -
=|al| b|(cosacosP + sinasin By =|al|b]|cos (B — ).
M&bl noJsyynsM M3BeCTHOE MpaBHJIO BHIYUC/EHHS PaGOTHL.
4. IlonbiTaeMast MOHATb TEOMETPHYECKHH CMBICJ Mpolecca

—
Conuna — IMmupra (puc. 9). IlocTpoenne BekTopa b, =
..)
—_—
= —- €CTeCTBEHHO U NoHATHO. [TocTpoeHue BEKTOpa ¢, TOXKE
| all
eCTeCTBEHHO H MBI MOJIy4aeM:

bz—"ca’ Ibzl—'MCzl 1 "—Mczl’ A= N

lcal’

— —_— —
¢y = a, + ab;.

Puc. 9
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‘—IT06131 Habin o, YMHOXKFM CKaNspHO TOCJENHee DABEHCTBO
Ha b1 U, TaK Kak <c2, b1> =0, nosyuum
—_—
0= (am 'b1> + Ot,(bl, b1> = (azy by + o,
—_ =
o = —(a,, by),

—_ — — > =
02 = 02 - ((12, b]) bl'
Korza crenans 1Ba nepseix wara no merogy Counna—IIImunra,
HETPYyAHO caeJdarb Tpemﬁ H nocJjeayrmomye wmward aHaJIorudHo
u 0e3 PHUCYHKOB.

§ 10. TeomMeTpuuecKuii CcMbICN - JHHEHAHOro ypaBHEeHHUS.
BbIICHIM T'€OMETPHYECKHH CMBICJ YpaBHEHHs MepBOH CTEerneHH
Ax+By+C=0, (1)

rne A, B, C—uncina. Byzem cuutaTh X M y AeKapTOBBIMH
KOOpAHHATaMH TOYKH. Bripakenne Ax - By umeet BHI CKa-
-

JIAPHOTO NPOH3BEACHHS. [TosToMy paccMOTpHM BEKTOpHL 7 (X, ),
n (A, B) n sanuuem ypaBuenue (1) B Buie

(n, 7y +C=0, @)
Ilyete N (xo, Yo) — TOUKA, KOOPAHHATHL KOTOpOH YJ0BJIE€TBO-
psior ypasHenuto (1). Bpenem BekTop 7o (%o, Yo). Toraa

(n, 1) +C=0.

Haiina us nocnennero paBercrBa C H MOJGTAaBHB €ro 3HayeHue
B (2), mosmyuuM ypaBHeHHE

ny (F—=ro)) = 3)

pasHocH/IbHOe ypasHeHHIO (1). YpaBHeHHe (3) Jnerko wucronKo-
BaTb (puc. 10); npu u3MeHeHHH X W y, CBSISAaHHLIX ypaBHEHHEM

N(%,9)

Puc. 10 . Puc. 11



—_—

(1), cnenoBaTesabHO, NMpH H3MEHEHHH BEKTOPA 7 (X, y) COOTBET-
—

cTByIoljass Touka M — KOHell BeKkTopa r— nepeMemniaercs Tak,

- >

4TO BEKTOp r—ro OCTAETCA MepMeHAHKYJAPHLIM K cpm(cnpo-
BaHHOMY HarnpaBJeHHIO . ITockoJabKy BeKTOp (€ro KOHew) r0
_—
¢uKcHpoBaH, To KoHell BeKTopa r (Touka M (x, y)) nepeme-
11aeTcs o npsAMoi, npoxonsiuell uepes Touky N (X, Yo), MephleH-
—

JUKYJSPHO K 7.
Mrak, ypasnenue (1) reomerpuyeckn (B JeKapTOBBIX KO-
opnuHaTax) Ha [UIOCKOCTH MpEJCTaBiser cofoil  mpsAMyo,

HeprneH UKy IIpHyI0 K BEKTOpY n(A, B) u nmpoxopsuyio yepes

TOUKY (Xg, Yo), abcuuccy X, KOTOpOH MOXKHO 3ajaTh, a OpJH-
HaTy y, Hailth u3 paseHcTBa Ax,+ By,+ C =0.
—

YpaBuenue (1) HasbBaeTCsi AuUHelHbIM, a N —— HOPMAAL-
Hom  eexmopom npsamoH. Ecom  ypaBuenue (1) ompenensier

NpAMYIO, TO AJIS ee MOCTpOeHHs1 HeoOXOAHMO HAlTH JBe TOYKH.
Tenepb paccmoTpuM ypaBHeHue

Ax 4+ By+Cz+D =0, 4)

KOTOpOE TaKie HASLIBAEM AURELHOLM. Beenem B paccMorpeHue
BEKTOpBI

r(x,, !/, 2), .;;(Ar B» C)y rO (xo» yO» 2'0)»

TIE Xo, Yo, 2y YAOBJIETBOPSIOT eIHHCTBEHHOMY ycJoBHio Ax, +
+ By, + Czy -+ D = 0. YpabHenue (4) MOXKHO 3aMeHHTb paB-
HOCHJIBHBIM €My BEKTOPHBIM YpaBHEHHEM

(n, (r—ry)y=0, ()

KOTOpOe 110 BHIy HMYEM He OTJIMYaercs oT ypaBHeHHA (3).
OjHako B 3TOM CJlyyae HMeeM TpeXMepHOe MpPOCTPaHCTBO,
—_

B HeM: (UKcHpoBaHHYIO TOYKY N (X, Yo, 2p) — BEKTOD 1y
-
(GHKCHpOBaHHOE HAarpaBJ/leHHe — BeKTOpP 71; MePeMEHHbIe BEKTO-
B —_ -
pel 1, r—r,. Bekrop r—r, Bcerga OCTaercs IepneHIHKY-
L .

JISIpHBIM K #, @ TaK KaK OJUH H3 €ro KOHI OB (bP[KCHpOBaH, TO
. 3TOT BEKTOP HaXOJHUTCS B IJIOCKOCTH, NPOXOASLIEN YEPE3 TOUKY

N (%4, Yo, 2,) TEpIEHIHKYISAPHO Kn (puc. 11).

Hrak, ypaeuenue (4)' onpejessieT MIOCKOCTb B TPEXMEPHOM
NpOCTpaHCTBE, €CIH X, Y, 2 CUHTAThb [JEKapTOBBIMH KOOpAHHA:
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-
TaMH TOYKH. DTa IMJOCKOCTh MepreHIHKyJsdpHa K BEKTOPY 7,
KOTOpbIfl Ha3bIBAETCS HOPMAJIBHBIM BEKTOPOM [JIOCKOCTH, H MPO-
xoauT uepe3 ToukY N (Xy, Yo, 2)» ABE KOOPAHHATH KOTOpPOR
MOXKHO 3a1aTh, a TPETbIO KOODAMHATY HAHTH H3 YpaBHeHHs

Ax0+By0+CZO+D=O.

OBpaTHB BHHMaHHe Ha OJHOTHIHOCTH ypaBHenud (1), (4)
M Ha OJMHAKOBOCTb Mepexofa K ypaBHenuam (3), (5), He oT-
JIMYAIOLIAMCS 0 BHAY, 3alHilieM ypaBHeHHe

A1x1+A2x2+"'+Anxn+C=0 (6)
B BHJE ' N
(n, (r—r0)> = O,
It T (X1 Koy o oo s 5,), ;{(Al, A, ..., A4), 7;(15(1), Xgy e s

xg)——BeKTOpr )74 Alx‘l’—}— Agxs + o F Ax) +C= 0. TIlo-
3TOMY CHPAaBEJJIMBO GJeAyIOLiee ONpele/IeHue: CO80KYNHOCHb
moueK N-MepHOZ0 e8Kaud0sa npoCMpancmsa, KOOPOUHAMmbE
Komopolx yoosaemeopawom auvelnomy ypasHenuro (6), rasoi-

saemca eunepnaLocKoomo .

§ 11. Pewrende 3aaud Ha OTbICKAHHE MHHHMYMA. BoisicHuM

reoOMeTpHUECKHH CMBICH CJEIyIOmed 3anadH.
ITycmy 6 mpexmeprom e8Kkau0080M NpPOCMPAHCMEe OaHbt
e —

06a HEKOAAUHEAPHLIX 6eKMOpPA Uy, Uy U mpemutl 6eKmop v,
- -

He ebipaxcarowyulica AuHelHO 4Yepe3 uy, U,, M. e. He Komnia-
HapHblll ¢ HumU:

- - -
. v by + byttg, (1)
ede by, b,—uucara. T pebyemes nalimu Kodphpuyuenmol a;, Qg
—_—
maxue, umobel esuuna (W, w), ede

— —_ - -
W= v—(ayu; + a,u,), -

—_ o>
CMaAQ MURUmMarbiol, u eetyucaumes mindw, w).

BLIAICHHTE ~ reoMeTpHYeCKHI
CMBICJI 3allayd He TpyAaHo. B ca-
- -

MOM JieJIe, €cJii BEKTOPHL Uy, Uy HE
KOJITHHEapHbI, TO OHH ONpEJEe/ISIOT
nmockacts p (puc. 12), B KoTopoi,

—

BBUAY (opmyast (1), BekTOop v He
—_ - —_

JIEXKHT, BekTop =a,u; + a,u, npu

2%



-
JMOOBIX Qq, Qg JIe)KHT B’ []JTOCKOGTH p, BEKTOp w COenuHser

KOHIIbI BEKTOPOB v, u (sanannyo TOuKy M 1IPOCTpaHCTBa
B HEKOTOpY Touky N MJIOCKOCTH p) H (w w) ABJISIETCS
—

KBanpaToM ero AJuHbL. Tpebyerca momoGparb BEKTOp' 4 Tax,

y1obbl AmuHa MN 6bl1 MHHHMaabHOH. VHBIMM csioBamMH: pac-
CMaTpHBAIOTCS OTKJIOHEHHS TOYKH M IpoCTpaHCTBa OT pasiHy-
HBIX TOYeK MJIOCKOCTH p, TpebyeTcss HaliTH Ha p TaKylO TOUYKY
N, nna xoropoit paccrosiuie MN 6b10 6bI MHHHMAJIBLHBIM.
leomeTpuyeckn Hckomas Touka N sIBAsieTCsl [poeKLHed
ToykH M Ha HJIOCK(?_(in p. Uto6bl HaiiTh N, Haj0 MOCTPOHUTH

TIPOEKIHIO BEKTOpAa U Ha MJOCKocTh p. [laa 3Toro 3ameHuM

—_ - —

Tapy BEKTOPOB iy, Uy OpTOHOPMHPOBaHHOH Napofl BEKTOPOB Uy,

vz, PacmoJIOXKEHHBIX B TOH Ke IJIOCKOCTH p, CIPOEKTHpYeM
- -

U Ha HalpasJIEHHH BEKTODOB Uy, Uy H IIOJYYCHHBIE€ BEKTODHI-
_ > - -

fIDOEKIMH CJIOXKHM. 3ameHa 4, U, Ha Uy, U, BCEIJA BO3MOXKHA
(mponece Counna— [lmunra).

PelusM JaHHYIO 3aJady aHAJHTHYECKH (C MOMOLLbIO BbIYH-
caenntt). INonmoxum

(g, 1y = (g gy =1, Uy Ug)=0 )

— -
# BeiyHC/IMM (w, w). Ha ocHoBanuM CBOICTB CKa/sipHOro Ipo-
#3Be/ieHHs nonyth

- -

(w w) = (v- alu1 —a2u2 U— alu1 — a,ug) =
= (U) U) + al <u1’ u1> + a2 <u2’ uz)—
—_ - — - — -
—2a, (v, u)—2a,(v, U)+ 2a,a,(Uy, Uy).
Torna, ucnosmbsys paBeHcTBa (2) ¥ BBOAA 0603HAYEHUS

g = (0, 1), =<0, Uy, 3)

uMeeM .
(@, ©) = (v, 0)+ & + &} — a0, — Jaty,
(@, ;5) = (0, 0 + (a,— “1)2 + (az — ) — (af + atp).

Orciona fAicHO, 4TO 3HAYeHHe (w, w) CTaHeT MHHUMAJbHBIM,
€CJIH TOJIOXKHM

B e

) = ap=<(U, U), Qg=0y=(0, ua} (4)
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¥ ToMbKO B 3TOM cJydae. Kpome Toro,
min lz_a;]2 = min (—LZ, 5) - (5’, _z;)._(af +al) =
=[P — (v, 4))® — (v, uy)

3aMeTHM Takxe, 4To -

- - ST — RN
o, =|v||4] cos (v, uy) = |v|-1-cos(v, uy,

—- - - - - - - - - -
(W, uy) =V, Uy)— g {tly, Uy)—a{Uy, Ug) = (U, U3)—
—_
— = 0: (w’ u2> =

—
W TOSTOMY €y — 3TO BEJIMYMHA NIPOEKUHU BEKTOpa U Ha Harpas-
—
JIeHHe BEeKTopa #; U TOYHO TaKXKe Oy — BEJHYHHA [IPOCKIHH
— — —_
v Ha Uy, BEKTOp W IEepneHIuKY/ApeH K IJIOCKOCTH BEKTOPOB
— -

Uy, Ug. )
MI:I TIOJTYYHJIH;
. Ecmu B TpexMepHOM €BKJIMAOBOM NPOCTPAHCTBE BEKTOPLL

ul, u2 006pasyioT OpTOHOPDMHPOBAHHYIO Napy, a BEKTOD v y 0B~
JIETBOPSIET yCJIOBHIO

- - -

v = by - byus,
TO BeJMYHHA

- - - -

<w w)=<v—a1u1—a,u2, U— U, — Qqlly)
IpUHHMaeT MHHHMA/bHOE SHaueHWe TOTAa H TOJBKO TOTAA,
—_ - —_ -
Koraa a; = v, u;), Qy=<(U, Uy). Kpome Toro,
—_ - —_ - —_ > —_ -
min(w, wy= (v, v)— (v, 14,))? — (v, uy))>
—_ -
2. 3ajmaya orbickanud min(w, w) ¢ reomerpuqecxoﬁ TOUKH
SPEHHSl 03HAUZET OTHICKAHHE npoexituu’ Toukn M (KoHua Bek-
Topa v) He .ne}xameu B MJIOCKOCTH p OPTOHOPMHPOBAHHOM

napel BEKTOPOB ul, uz, Ha miockocTh p. Haiinennoe perenne
— —_ -

O3HayaeT, YTO MPOEKTHPYEM U HA HalpaBJeHHs Uy, Uy H MOJY-
YeHHBIE BEKTOpHl CKJajbiBaeM. Komern BEKTOpa-CyMMBI H €cTh

HCKOMasi npoeKIHsd TOYKH M. Hagonen, min (w, w)—— 3TO
KBajpaT paccTosiuHsi Toukh M OT cBoeil IOpOEKIHUH Ha IJIO-
—_ —_ .

CKOCTb BEKTOPOB 4y, Ug.
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OG606imKm NosydYeHHbIE pe3yIbTaThl.
Teopema. [Tycmy Oana opmonopmuposantas nociedoea-

—_ -

MmeAbHoCMb (aunedno Heaasucumeix) 8ekmopos uy, Ug, ...
Uy, (m<n) 6 n-meprom eexaudogom npocmparcmee E, u

- - -
eexmop v, me BOLPANCAIOUUICS AUHELIHO 4epe3 Uy, U, . . . 4 U,
ITycmo
- - — —_— -_—
W= U—(a, + au, + - + a,u,), )
eae Qpy sovy Gm—uucra. Jlna moeo umoGbl eeauduna <w,

w) = wl2 NPUHANQ HaumeRblUlee 3Ha4eHue, Heobxodumo u Ao-
CMAMOYHO NOAONCUMb

- > _— =

o =V, U), ag= (v u2>, ceey @ =(U, U,). (6)
Kpore moeo,

min(@, W)= (v, 0 —{((V, wW)?+ -+ (@, 2oy} ()

HokasateanncTBO. HMeem
’
- - - - > L
\
<wy w> = <U_- Ll aiu,, U— 21 a[ui) =
= =
m m
- - g = — S - -
=<vy u>+ E] ai <ui, ui>'_2 i)‘,lai(v, ui> +
i= =
‘ —- - - m m
2 v
+2 Z a,a, (U, u) =(v, vy-+ E a;—2 }_' ao; ==
(r<s) - i=1 i=1
_ - m m - -
v .2
=(v, v>+.21 (ai_—oc,-)z——;l ag, o =(v, u).
= =
CirefoBarebHO,
e - — LN 2
min(w, w) =(v, v)— Zl((v, u;))
=
. —_ -
W JocTHraetes npu a; = o, = (v, ). Kpome Toro,
_— —_ m _— - _— -
(w, u, =<U—Zatui' u,y =(v, u,)—a, =0,
=1

Ucxona us reoMerpuueckux coobpaxenufi, chopmyaupyem
TeopeMy CJIQI{Y}O[IIHM obpasoM: paccmosrue MeHcdy KOHYOM.

gexmopa ve n-mepHom eskaudosom npocmparcmee E, u mou-
Kamu M-MepHo20 noonpocmpanHcmea npocm paucmea E,—
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- — —_
KOHUAMU 8EKMOP08 QyUy - Aslly + «+- + a, U, 20e nociedo-
- -

BAMENBHOCTb BEKMOPO8 Uy, Ugy ..., U,  OPMOHOPMUPOBAHA,

CMAHOBUMCA MUHUMAAbHOIM 0L MOU MOoyKu nodnpocmpa-

cmea, KOmopas HAx00UMmCs Kak KOHel 6eKmopa, AGAAIOUe20Cs
—_ —_

cymmoll 6EKMOPOG-NPOEKYULL U HA HANDABACHUS 6EKMOPOB Uy,
= —_

Ugy +ovr Up-

3ameuanne. CiI0Ba «IMHEHHO HE3aBUCHMBIX», 3aKJIOUEHHbIE B CKOGKH

B yCJlOBPIPl TeopeMbI, MOXKHO OINYCTHTb. B camom JeJjie, NYCTb BEKTOPB!
- > -

Up, Ugy « v o s U, B3aHMHO OPTOrOHA/IbHBI M NYCTh
— — -
Ayty Aoty 4+ o oo A Aty = O, 8

—>
YMHOXHB NocneflHee PaBEHCTBO HA Uy, NOJYUYHM

— —> —>
Ay (g, Ur)+ Ay (g, @)+ .o+ A (i, 2y) = 0.
Orcioga

- >
)\‘1 (uI: u]) =0.

—> > -
Ho (uq, u3) = u; |2 0, nostomy A; = 0. Touno Tak e MOXKHO NOKa-

3aTh, YTO Ay = ... = Ay = 0. Hrak, paBeHCTBO (8) BO3MOMHO TOJBKG

-
mpH ycHoBHM Ay = A,'= ... =A, =0. CiegoBareabro, BeKTOpH Uj,
—> —

Ugy o oo s Uy JNHHEHHO HE3ABHCHMBI.

YnpaxHeHus

1. JlokaxuTe, 4To yrod o MeXAY ABYMS IVIOCKOCTAMH -

Ayx+ By + Cyz+ Dy =0,
Agx+ By + Coz+ Dy =0 (1)
onpegensercs Gopmyon
cos o = Aufs + BiBy £ CiG, . @

Val+ai+ a3V i+ B+ B3

2, HokaxuTte, 4yTo A1si Toro 4yto6nl miaockoctd (1) GeM nepneHpHKY-
JSpHBIMH (1apajlyie/IbHBIMH), HeOOXOZMMO M JOCTAaTOYHO BBINOJHEHHE YCJO-
. (A B C
Bust A;A, + BBy + C,C, =0 (—l = =21, Uem obbsichuts, uTO
A, By G,
B TNpUBEJEHHBIX YCAOBUSAX M B opMyse (2) oTcyTcTBYloT Dg, D,?
3. Cohopmynupyiite nBe 8ajaun, nopoCHble safiauam 1 u 2 s ABYX
TPAMBIX Ha MJOCKOCTH.
4. [okaxuTe, YTO CHCTeMa ypaBHeHuH (CKOJMBKO HX ?)

E—X Y—yYy_2—2
i m n




onpefensieT NpaMylo B npocTpancTBe. Kako CMHICA KaxJOro HS ypase
HEHUH CHCTEMBI?

5. JloKaxuTe, 4yTO KBaJpaT MJOLIAjH Napajiesorpama, NOCTPOEHHOTO

— —
Ha BeKTOpax a (a;, a,, as), b (b;, by, b3) KaK Ha cropoHax; paseH (@b, —
— ayb1)? - (a1b3 — agh;)? + (azbs — agby)?.  YKakute reoMeTpHuecKHi
CMBIC TOXJeCTBa Jlarpanxa.
iag k b dd - - -
6. Iycts (u,, uk)—{ : ik v=au,+ als -+ ... + aplim.

>
Iokaxnte, uto a; = (v, #;), 1—1 2, ... ) m.
7. HasoBem eefcmopubtm npousaeaeuuem BEKTODOB a(al, a,, as),
>
b (by, ba, bs) BekTOp c(agb3—a3b2, aghy; — abs, a;by — ayb,). okaxu-
T€, YTO BTOT BEKTOp MEPNEHJHKYAAPEH K [UIOCKOCTH .NePEMHOKAEMEIX
—
B8eKTODPOB ¥ UTO JVIHHA BEKTODA ¢ YHCJICHHO paBHA IVIOWIAJU Mnapasijenos
— >
rpaMa, MOCTPOEHHOTO Ha BeKTOpax a, b. BekTopHoe npousseienne 0603-
- > > - — —
HaualoT AByMa cnoeofiamu: a X b, [a, b]. - Iokaxkute, uto [a, b] =
—> > -
=—1b, a].
8, Ilpumenute npounecc Connna — [IMuata k BekTOpaMm a (al, 0, 0),
—
b(bi, bq, 0), c (c1, ¢g, c3). OGbsICHHTE pe3yJbTAT reOMETPHYECKH H 0606-
iIMTe €ro Ha YeTBIPEXMEpPHOE NPOCTPAHCTBO.

- — -

9. Hauwr Tpu BekTOpa: (1, 0, 0), j(0, 1, 0), 2(0, O, 1). Berunenure
> T T LT
iXj, iXk, EXi~

10. BeKkmopro-cKaAApHoLM AN CMEUARRbLM NPOUsEederues TPeX BeK-
—_ = -
TOPOB @, b, ¢ B TpeXMepHOM IPOCTDAHCTBE HagbiBaeTCs NpOu3BeJeHHe

— - — > -
< (bxc)={a, b Xc)

—_ =
IlokaXHuTe O TOUHOCTbIO MO 3HaKa, uTo {a, & X ¢) paBHO oObeMy napan-
. e
Jesenuniefia, MOCTPOGHHOrO Ha BeKTopax a, b, ¢ Kak Ha pelpax.

—_ = -
. 1. {a, b Xc)=0. UTo MOXHO CKa3aTh O DACNOJOKEHHH BEKTOPOB
> - —
a, b, ¢? )
e e T > .
12, ITyets ¢ == a — b. Buiuncante (e, c)H BHACGHUTE TeOMeTpHIecKHUil
CMBIC/T TIOJYYEHHOTO pe3y.bTaTa.

13. Mpumennte npouece Connna — IlIMuaTa X BekTOpaM 71)(1, -1, 2),
s (=1, 2, =), ?(—-'l, 7, 4). YKaxnTte reoMeTPHUECKHH CMEICT pe3ylb-
TaTa. ’

— -

14. BekTopwl a, b, ¢ B3anMHO“HEePNEHINKYAADHH H 0o6pa3yioT & ocs-

MH KOODAMHAT COOTBETCTBEHHO YIVMIHI Oy, @y @3 P, Ba Bsi v1 Var Vi
lloxaxnTe, uTto:

cos?a; - costa, - eosdag =1, cos?P; -+ cos?fy - cos?Py =1
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cos?y; -+ cos?y, - cos?yg = 1;
cosa cosf; - cosoycosP, + cosagcosfs = 0,
€OSQL1C0OSY; -} COS®aCOS Y, - cOsaLzcosys = 0,

cos B €os y; -+ cos B, cus yy - €os B cos y3 = 0.

- > = > > -
15. Tlpoussenenne a X (b X ¢) = [a, [b, c]] Ha3uBaercs 6exmopHo-
—_—
geXMOPHBIM WIN O80LHbBIM eKmopHbaim npoussedenusm. Beluucaute a X

— - — — -
X (b X €), ecnn paHb BekTopn a(l, 0, 0), (0, 1, 0) ¢ (0, O, 1).

fRAABA L

NOCNEROBATENIbLHOCTHU OPTOHOPM“POBAHHBIE
HA KOHEYHOM MHOXECTBE

§ 1. OGwue 3ameuanusa. B mnpenbiaymeidl raaese (cMm. § 4)
s -

PaCCMATPHBAJIHCH BEKTOPHI @ (dy, A, - -« » an). Has Hux Oblanw
onpejesieH. i NEACTBHS CJIOXKEHHs H yMHOXEHHS Ha UMCJIO H OT-
Me4eHbl CBOHCTBAa 3THX JeHCTBHI. 3aMeTnM YTO BO3MOKHB]

MHOKeCTBA OOBEKTOB, OTJIHYHBIX OT a(al, Qgy ««v y Qn), AJA
KOTOPBIX TakUM Xe 00pasoM orpefesiiorcs AefiCTBUS CJI0XKeHHs
I YMHOXEHHSl Ha YHCJIO, NpUYeM COXPAHSIOTCS OCHOBHbIE CBOR-
CTBa 3THX JelCTBUH, mepedncseHHble B . I, § 4.
Paccvorpum mpumep. [lycTb: nama coBokynHocTb £ Bcex
quHblx Gyukumii ¢ obmeh obiactbio ompefesienns —1 < x <
. CnoBa «cymMa», «yMHOXKEHHE HA YHCJIO»- Gy/eM [OHHMAThb
B TOM CMbiC/le, 4TO, ecay 3HaueHusM OGYHRIHA @ (x), P (x)
B TOYKE X = o COOTBETCTBYIOT 3HaueHud ¢ (a), P(a), TO 3Ha-
uennio @ (x) 4+ P (x) cooTBeTcTByeT 3HaueHHe @ () + P ().
a sHauenueM GyHKUHH a@ (x) sBasercs ag (). [lockonbky get-
HOCTb O3Ha4aeT, YTO E COCTOHT W3 GYHKUHH, VIOBJETBOPSIC:

LX YCAOBHIO
f(x) = f(—x),

TO YeTHbBIMH 6yayT U ¢yHRuEM ¢ (X) + P (x), ap (x). Cnenosa-

TeJIbHO, NPHUMeHAs NefCTBUA CJOXKEHHS H YMHOXEHHS HA UHCTIC

K 4eTHbIM QyHKIuAM W3 £, nosyunM GyHKuMH U3 Toro ke E.
OueBuaHO, HMEIOT MECTO CBOHCTBA:

1) F(0) 4+ (x) = (x) + F(x);
2 (F@)+o@)+v@x) =Ffx)+ @@+ (x)),
3) {?» (f (%) + @ (x)) = Af (%) 4+ A (1),
(A +w) f (%) =2Af (%) + pf (x);
4) Apf (%) = A (uf (x)) = p (Af (1)),

KOTOPble aHaJ/IOTHYHBl CBOMCTBAM, PacCMOTPEHH.M B ra. I, § 4-
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B rnase 1 66170 BBeeHO onpenesieHHe CKAaJSIPHOTO [POM3-
BeJieHHs1 JIBYX BEKTODOB, YKa3aHbl CBOFCTBA CKAaJISPHOTO [IPOH3-
BEJIeHHS,, a 3aTeM YCTaHOBJIEHbI HEKOTOpble pesyJbTaThl. [lpn
3TOM He MCr0/1b30BaJIOCh HEMOCPeCTBEHHO Omnpejie/ieHHe CKaJsip-
HOTO MPOM3BEJeHHs, a JHIlb CBOHCTBA 3TOTO MPOM3BEJEHHS,
Orciona crenyer: ecad JJIsT HEKOTODHIX BeJIMYHH BBeJEHH T10-
HATHA CJIOXKEHHS, YMHOXEHHsS Ha YUCJIO H TMOHATHE CKa-
JIIPHOTO NPOM3BEJEHHS TaK, YTO COXPAHSIOTCA CBOHCTBA 3THX
JeACTBHH, YCTaHOBJIEHHbIE JJI1 BEKTOPOB, TO MOXKHO aBTO-
MaTHYeCKH pacoPOCTPAaHHTb Ha PacCMOTPEHHble BEIUUHHBI Te
TIOHSITHA, PacCyKIeHUsI U pe3y/IbTaThbl, KOTOPbIe ObLIH NpUBeIeHbl
8 rJaase [.

.
Mpumep 1. PaccMOTpPHM MHOXKECTBO BCEX OECKOHEYHBIX YHCJOBBIX
qlociefioatenbHocTell {ay, Gs, ..., Gn, ...}, OONAJAIOLHUX CBOHCTBOM:

n
LN8 KaxJoll IocJe0BaTe/bHOCTH CyliecTsyeT lim 2 af.. (Torza nns
n-co
=!
«aXIbIX ABYX MoclefoBareJbHocTed a == {ay, ... Qn, ...}, b={by, ...
n
bn, . «. .} cymecTByer lim 2 azb;. dto caepyer u3 HepasencTBa Ko-
n—+oo ,__
=1

a1 — By#sikoBcKoro u Teopun npefenos). Eean npuuate, uto

a+b={a1+b19 a2+b2; ey an‘l‘bn,...},
Aa={Aay, Aay, ..., Aan, ...},

n
(a, b) =1im ¥ aby,
=0 .1
i=
0 YCTaHOBJNEHHpE JIJIS BEKTOPOB B 7N-MEDHOM IIPOCTPAaHCTBE CBOHCTBA
CJIOXKEHHS, YMHOMKEHHS Ha CKa/sip M CKaJlsiPHOTO IPOH3BEJEHHS COXDPAHATCA.
Hanpumep,
n n ) n
A{a, b) =Alim 2 aib; = lim A 2 aib; = lim 2 Aab; =
n-—+e =1 N=+co =1 n—+oc .__

L

n
=1lim Y} (hay) b; =(La, b),
N~cc i=l

€0 YTOGbI MOXKHO GBUIO OGOGIIMTL W NOHSTHE O LJHHE BEKTOpa, MBI Ipel-

n
TIOJIOXKMIM CyIecTBOBaHHe npefena lim 2 a?, KOTOpHIA 1 6y JeM CYNTaTh

n-+oo i=l
KBaJpaTtoM JJIHHBI.

lNpumep 2. PaccMoTpuM MHOXKECTBO BceX HeNpepuIBHBIX Ha OTpesKe
{a, b] dynxuui.
CsoficTBO HenpephlBHOCTH GYHKuMH [ (x) mpH X = o MOXHO ompeje-

JIATb PaBEHCTBOM
limaf (x) = f ().
X
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TosTOMY, €C/H ONpeleJuTb Clokenue nBYX GYHKUUA M yMHOXKeHHe Ha
gnc/0, Kak 3TO OblO CAeJlaHo B Hauwaje naparpada Ais YeTHbIX GyHKUMH,
1o cHOBa OYIYT BBLINOJAHATbCS BCE CBOHCTBA CJOMKEHHS U YMHOXEHHS HA
qUCJTO.

HanoMHuM, uTo QYHKIMA HemnpephbiBHA Ha MHTepBane (OTpesKe), ecsu
ona HenpephiBHA B KaXJof TOUKe HHTEPBajna (OTpE3Ka)..

Kaxnoil HenpepeIBHOR Q)yHKIlHPIIJ f (x) cooTBeTcTBYeT HeKOTOpOe uYHC-

JIo — ee ONpejle/IeHHbIll HHTerpan Sf (x) dx (unu naowadb Gurypel, orpa-
g .

puueHHOH KpHBOH y = f (X) u npamMbMH X=a, x=0b, y =0, npu yciaos
BuM, 4TO TMUIOIAJb, COOTBETCTBYIOINAs YYacTKy KpHBOH, Jexaued nol
ocbio Ox, B35iTa CO 3HaKOM MHHYC). DTu mHTerpa;ni (maomagn) obnajaiT
C/leyIoWUME CBOACTBaMu:

b b b
fow+omar=[i@d+ (g (1
a | b b a a
5 cf ®)dx=c X f (x) dx, ¢ — umcno. 2
Onpe genuM ckanapﬂoe Ipou3BeieHne Q)Op}\qynox?i
b
@, v e)= 7000 )

a
Toraa, ucnonssysa cBofictsa (1), (2), Jerko KQKasaTb, 4TO:

D@, 9@)=(9®, f(®)
2 (F ), 9@+ W)= @, ¢®)+F 0, v
3) ML), @ (®))=(M %), ¢ (0))=(L®, hp (®)).

Hanpuwmep,

b .
@@+ )= F @ @@+ be)dr=

b b
(roowart [FOv@d=¢ @ e@+d @ v@).
a a
3aMeTHM TaKXe, uTO:
b
9 @ W)= g Wdr>0;

5) (g (®), g(x))=0+>g (x)=0.

§ 2. OproHOPMHpOBaHHbIE TNOCJEI0BATELHOCTH (YHKUH,
3aJlAHHBIX HA KOHEYHOM HYHCJOBOM MHOMKECTBE. '

Onpenenenne. Ecau daa nocaedosamenvrocmu  ( KOHEUHOU
Uy beckoneunoti) gyuryuil fy(x), fa(x), ... ¢ obujeir 06-
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Aacmoro onpedeneHus 66e0eHO CKaAspHOe npoussedexue, Mo
nocaedos8amenbHOCb — HA3bIRAEMCA OPM OHOPMUPOE AH-
HOU npu 86iN0OAHEHUL YCAOBLI
(fs(x), fs(x))=0, rs=s (opmozonarornocme), 4)
(fe (%), [r (%)) =1 (Hopmuposarnocme). (5)
Hopmoii ¢ynkyuu HasbIBaeTCS

I fe | =V (), F- )N

UTO aHAJNOTMYHO IJIMHE BEKTOpa.
[Tone3no 3aMeTHTL, YTO €CJH ycJjoBHe (D) He BBINOJIHEHO,
TO, MOJIOXKHUB
fr(®
® W) =T (6)
MOJTY 9UM

_S ke e N1
@) @ X =\Tr7mm T wn, =~ @y X

X Wﬁm@ (x), fr(x)) =1

Takum ofpasom, HOpMHpoBaHHe Mo Qopmyse (6) HaeT BO3MOXK-
HOCTb BecbMa IIPOCTO, He Hapylllass OPTOrOHAJBHOCTH, 3aMEHHTE
HeHOPMHPOBAHHYIO- 0C/1eJ0BATEIBHOCTb HOPMHPOBAHHOH.

Hac, ruiaBablM o6pa3oM, OYAyT HHTepecoBaTh [OC/eI0Ba-
~TeJbHOCTH (DYHKLUH, 3aJaHHBIX HA HEKOTOPOM KOHEYHOM MHO-
JKECTBe 3HaueHHH aprymeHTa. 2TO CBf3aHO C TeM, 4TO Ha MpaK-
THKEe O4YeHb YaCTO BCTPEUaroTCs (QYHKUIHMH, 3a]2HHble rpaduyeckls,
1 psifi 3HaueHHH (PYyHKUUH HAXOAMM NO rpaduky, HJIH (QyHKIHH
3HaYeHHs] KOTOPbIX HAXOAHM C [OMOMUIbIO HENOCpeCTBEHHbIX
uamepennii. MHuorza ¢yHKUMs 3agaHa TaKk, 4YTO B MPAHLMIE
MOKHO BBIYHCJHUTH (MJIM M3MepHTb) 3HaueHHs (YHKIHUH IJs
JoOOr0 3HAUeHHs] apryMeHTa, HO B 3TOM HeT HeoOXOJIUMOCTH
WM 3TO Yype3MepHO CJIOXKHO (a TO U JOpOro), -H MO3TOMY Ha-
XOJUM TOJIBKO HECKOJIbKO 3HaueHHH (yHKILHH.

BosbmeM nocnienoBaTelbHOCTD

Qr(%), Pa(X)y vvvy O (%) .ue

byHKUHMil, 3aJAHHBIX HA KOHEUHOM MHOXKECTBE {X;)j—1 3HaueHuf:
aprymesTa, T. €. NycTh 3ajaHa Takad Taljuna:

Py (xl)? P1 (xz), e (xn)1
P2 (X1)s P2(Xa)s -ov s Pa(Xn),

30



[TOCKOJIBKY KaXKAYI0 CTPOKY 3TOH Tab/HUbl MOMKHO paccMaTpH-
BaTh KaK BEeKTOp B /-MEPHOM €BKJ/IMIOBOM [POGTPAHCTBE, TO
eCTECTBEHHO ONPeNe/HTL OOBIYHBIM CIOCOGOM cymMmy @ (x) -+
+ @s(x), npousBenenne A, (x) U BBeCTH CKaJssipHOE MpOH3BeJe-

gue no ¢opmyJe ‘

(r (x), @s(x)) = igl Pr (x:) @s (x;),
a HOpMY — 1o opmy.ie

| or V| = V(fpp (%), @r(x)).

Torza ycnoBre OPTOHOPMHPOBAHHOCTH BBIPAasHTCs (hopMyJIoH

a ' 0, r+s,
X)) =
tgl P (%0) s -l) {1, r=s.
Mpumep 1. Tycts @ () = ——, ¢y (x )——7_ (xzv—- 1_§x) npu
Vi V266 7
x=0; 1, 2, 3. TlokaxeM, 4TO HMEET MECTO OPTOHOPMHPOBAHHOCTb.
Hmeem
(91 (), ¢2(0))=0-0+ = (1( 18) 2[4 —36) ¢
V 14 V 266 7,
18 7 7—18+56—72+189—164
3 3 = — —_— - . =O,
" ( 7 )) V14 . V266 7 )

1@ 01 ()= OO+ 1- 14224351,

121
(P2(0), P2 ()= 56(0 0+ 49 +49+ 49)_l
TaKHM OﬁpaSOM, OPTOHOPMHUPOBAHHOCTL HMMEET MEeCTO.
Mpumep 2. TIlycts @, (x) = VL§ cosx, @p(x)=sinx mpu x=0,

, .

o Q

Hmveem
1 1
, = 04014 [——]"0,
(#1000 00 =z 001+ (= )
(@1 (), 1 () =(Pa (%), p2 (x))=1.

§ 3. /lse oproHOpMHpOBAHHBIE MOCJHEJOBATENbHOCTH TPH-
TOHOMETPHYECKHX (yHKLHH.
1. PaccMoTpuM mocJsiejoBaTeNbHOCTh (PyHKIMH

I, cosx, sinx, cos2x, sin2x, ..., cosmx, sinmx, ... (1)
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4nm

o2 47 }
— ——— ST uTo
Ha MHOMKECTBe {0, Sip 1’ Sngp 1’ e 2ntl 1 JIOKaxKeM
(1, cosrx) =1, sinrx) =0. 2)

1
[Tpowe Beero sTo caesaTh Ha OCHOBAHHH (OPMYJIbI Ditnepa
H ee CJIeJCTBUS:

cosa -+ isina = e'%, %" =] (i2 = —1). 3)

HeficTBUTEIBHO,” HA OCHOBaHHH (opmya (3) moiyyaeM

(1,‘ cosrx) +i(l, sinrx) = (1 +cos2n3_ o+
‘ . 2
+°0527?4¢’1m+ +°°S§ﬁ4—_-’|1-1 nr) —l—»z(smg————n_'_lnr-l-
.4 i -
+sm§n—_F—1nr+ +sm§ﬁ——_l_l~ﬂf)—

ar

2 4 in
2 _4 , 4n
=l ™ pefmm ™ p T =

ant2
[ — ¢ 2nt | —piom
== — 5 = 0.
— | — T
1 —ei 2n+l ar | — ¢ 2

TeM cambiM paBencTBa (2) A0KasaHel. FIX MOXHO TaKxe
JOKa3aTh, MCIO/Mb3ys H3BECTHble (OpMYJbl  TPHTOHOMETPHH.
B camom pesne,

‘?.‘sm2 _Hnr(l—[—cos i_ nr+cos2n+lm+...+
4n —2 .
+CO52_‘f“—l T[f—f-COSQ——_%—l ﬂr)=2511’1‘2—n—‘+—1< ar -+
2
—[—sm2 _|_l:rcr+(sxn2 _|_1 ngn—_,j—lnr)—[-

-l-(sinmnr 2_l_lnr)-[—...—[—(sm2 i
—4 . 4n+ 4n _
—sm2 -I-l r)—{—(sm%_*_1 sm2 +1 f)
s—— ur - sin 2nr =

= 8in y7—— nr 4 sin s——

dn+F1 +l 2n —l—l

! Biinep JI. I1. (1707—1783) — Beankuit MaTeMaTHK, akajemuk [le«
TepOyprcKoi akaaeMuH HayK.

Hoxasatenbctso popmys Ditepa MOKHO HaHTH BO MHOTHX yueG+
HHKax 0o l(ypc BHCIIeH MaTeMaTHKH, a Takxke B Kuure: JlpuH-
¢enana T, %Banparypa Kpyra ¥ TPaHCUEHAEHTHOCTb umcna WM. K.i
Buna wkoaa. l‘ oJIoBHOE H3/-BO, 1976. 84 c.
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2n
= 2sinnr - €os 5-— T lnr——O

CuenoBatenbHo, (1, cos rx} = 0. AHA/JIOrHYHO AOKA3LIBAETCS
BTOPOE H3 DaBeHCTB (2).
Hcnonb3ys paeencTBa (2), mosyyaem

(cosrx, cossxy = (sinrx, sinsx)=0, r=£s,

(cosrx, sinsx) = 0. 4)
o - 2k
JleficTBHTEILHO, 0603HAayast 1 Tt = Xx;, HMeeM
2n 2n
: 1
{Cos rx, cossx) = 2 COS Xt COSSKt = 5 E cos (r+s) xs +
=0 . =0

2n
+—;—2005(r——s) Xt = %(1, cos(r +s)x)+

t=0
1
-+ —2—<1, cos(r—s)x) =0.
AHaJIorHYHO JIOKa3bIBAIOTCS H OCTaJsbHble M3 paBeHeTB (4). Ha-
KOHell, HaiijaeM

(1, 1Y=2n-41, {cosmx, cosmx) =
2n-|-1 (5)

={sinmx, sinmx) =

lIeHCTBHTeJIbHo, TIepBOE H3 PABEHCTB (5) OYEBHIHO (MHOMKE-
CTBO cocTouT u3 2n - 1 wyuceu). BTopoe H TpeThe CJeayioT
H3 paBeHCTB (2), TaK Kak

/1 —1-+§l—c052mx/=

(cosmx, cosmxy =<1, cos®mx) =

—<1 \+§<1, cos 2 mxy =

PaBeHc'rBa ), (4), (5)A 03HAyaloT, YTO Ha MHOXKECTBE {O

_4n 4nn
2n+ 17 -+ m NocJ/1eOBATEJIBHOCTh

Vit V2 cosx, V iy
Wi Yy ¥V w185 Vo St e
2 3 :
V-m cosmx, ]/27——_1_1 sinmx, ...

- OpTOHopMHPOBaHa.

2
1<1’ 1>=2n;—1u

]|

2n
’ 2n--1°




2. TO‘!HO TaK ¥Ke I OKa3bIBaeTcsa OpTOHOpMHpOBaHHOCTb 1no-
CJ1Ie10BaTe/IbHOCTH

) V—2 . V'2"
]/ — cosx, |/ - sinx, —COS2K, ...,
l/‘? l/? -
—n—COsmx, 751 MmX, ...

2t 4w 27
Ha MHOXECTBE {— , —, ..., -—n=2n
n n n

§ 4. Npumepn npumenenus npouecca Conuna — LlImuara.
Hanoxennstit B ra, 1, § 8, npouecc Connna — HImuxara Brosine
NpUMEHHM K TMOCJIeI0BaTebHOCTH (YHKLUHI Ha MHOXKeCTBe {Xq,
Xy + . » Xn}, MOCKOJBKY B § 8 MBI 10JIb30BaJ/IUCh TOJBKO CBOH-
CTBaMM CKaJ/iApHOro npousBeneHus. [lns paccMmatpuBaeMol mocJe-
JIOBaTeJbHOCTH (PYHKUMH HEOOXOAMMO TOJBKO BBECTH CKaJ/spHOe
npousBeleHHe TaK, YTOObI COXPAHMJIHCh HYXKHbBlE CBOHCTBA. ITO
ObLJI0 CHeJIaHO B § 2, MOJIOXKKB

(P (x), q>s(x)>—2 @r(x,)Ps (%7).

Hrak, ue Gygem 3mech uanaratb meton Conuna — Ilmunra,
a mepeiiieM K paCcCMOTDEHHIO IPHMEpOB.

Npumep 1. Hafitn Tpu MHorouneHa qq (x), @q (x), @2 (x) creneneit
coorBercTBeHHO 0, I, 2 Tak, 4TOGH OHHM 06pa3soBajH OPTOHOPMHPOBAHHYIO
cucreMy Ha Muoxectse {0, 1, 2, 3}.

Jns peiennsi 3ajayd ROCTaTOYHO MPHMEHHTb MNPOLECC OPTOHOPMHPO-
sannsi Connna — IlImMuata K npocrefiuum MHOrouneHam 1, x, x2. INoayunm: .

1 1
) o = = —_
L T o R Ve e ey e Rl

2) 4y () = x—< x, —;—>%(x)=x—l,5,
x—15 _ L
V2,254 0,254+ 0,25F+2,25 V5

2 x2x-——l5 v — _ x2 1
3) 1y () = x < 7 >V_( 1,5) < §>><

91 (1) = (x—15);

< 02 S A b e
+1,
_ x?2—3x -1 — 13 1
(Pg(x) Vl_—-l———l—-:'—-r——,—_l -2—(x x+ )'

[Tpupesennblil mpuMep JOJMKeH ObII HANOMHHTL npollecc COHHHA —
[Imuara u nate HeKOTOpPOe MpelCTaBjeHHe 06 o6beMe BbluMCAeHuil. Ha-
3HaueHHe CJIeJYIOUEro npHMepa apyroe.
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NMpumep 2. Haiitu tpn MHOrounera cteneweii 0, 1, 2, KoTopre o6pa-
8yIOT OPTOHOPMHDOBAHHYIO CHCTEMY Ha MHOXeCTBe {1, 2}. .
Tpumerum metox Comnna — Ilmuata K MHorounenam I, x, X2, Mmeem:

1 1
l)q)O(x)_l—/l_—ﬁ-zf—‘—é’
e AN L, 3
2 u;(x) =x \x’|/§/']/§ x 5
-y
(Pl(x)= 1 I=V2(——)’
Vi+s

AN 1 3 3 1
—_ N =2 —2 (1 48— —6) (x—5)|—5 (I +4)=x>—
7 (e og)
—3x+2. i
Ho u, (x) yxe Hesb3s HOpMHpOBaTh, Tak Kak (i (%), Uy (x)) = 0 u6o
uy (1) =uy (2) = 0. 310 He cuyyaiino, MOCKOJBKY (DaKTHYECKH IPUMEHHIH
—_ —_ -_
npotecc Coununa — lmugta k Bextopam a (1, 1), (1, 2), ¢ (1, 4), cpean
KOTOPHIX TOJIbKO 1Ba MEPBBIX JHHEHHO He3aBHCHMBbI (Gosblle H He MOIJIO
6LITh, TAaK Kak MPOCTPAHCTBO ABYMepHoe). M B camom nene
_— — —
c=3b—2a.

Ipouece Connna — lIMuaTa goakeH Gbl1 npepBaThest, Belb OH Mpel-
_TOJIaraet JHHefIHO HEe3aBHCHMbIMH JaHHBEIE BEKTOPbI.

§ 5. Kostduuuentn Jitnepa — Pypnel, cBoiAcTBO MUHHMY-
ma, IloBropuM TO, 4TO GbLIO H3NAOXKEHO B ra1. 1, § 11, HO Asist
C/lydasi, KOTJa BEKTOPbI MOPOMAEHbI (PYHKLHsMH, 3aJ]aHHBIMHA
Ha HEKOTOPOM KOHEYHOM MHOKECTEE.

[ycTh nocnefoBaTeNbHOCTD @y (X), Pg(X), ..., Pm (X) OPTO-
HODMHPOBaHa Ha MHOXECTBE {X;, Xs, ..., X}, m < n. Kosp-

(unuenramn ditnepa — Pypbe dyHkuuu f(x), 3aJaHHOH HA TOM
e MHOXKeCTBe, Ha30BEM YHCJ/a

o =(f (), P (%)) = ,{;“"") @i (xp). O]

HacTHuHO posb 5THX KO3(QGUIHEHTOB BbISICHSIETCS yTBEPH -
HueMm:

! ®yppe K. (1768—1830) — ppaHuy3cKHA MaTEMaTHK.



Teopema 1. [Tycmv Ha muoxmcecmee {Xy, Xgy «osy Xn}
cnpasedaus0 paseHcHeo
f(_x) = 4,0, (%) + 439, (%) + -+ + AnGm (). @)
Tozda :
A =<(f(x), o (X)) =0, r=1,2,..., m.
HeficTBUTENbHO, HMEEM '
(Fx), or (%)) = A1 {P1 (%), @ (x)>+
+ Ay (%), @ (%)) + o+ Am{Pm (%), Pr(¥)).
INockosbKy
. [0, rs&s,
(@s (%), or (x)) ——{1’ res,

TO
(F (%), or (%)) = Ar.

Ocofo BaxKHa Cc/efyloMlas Teopema.

Teopema 2 (@BoiigTBO MHHUMyMa KO3ddHIH-
eutoB Jiinepa—DPypbne). [Tyemo nocredosamersroctne
@y (%), 9a(%), ..., Pm(x) opmowOpMuposaHa Ha MHOMNCECM EE
{X4, X3, ..., Xn}. Beauuuna

Rin=(f(x) — Z_ A (9, F0)— E Agr (1)) =

=3 1w — £ Ao @

NPUHUMAEM MUHUMAAbHOE 3HA4eHue mozda u MoAbKO moeaa,
Koeoa '

-

A =0, =(f(x), P *)).
JleficTBUTEIBLHO,

Ry =(f(%), f(x) + ,‘21 AR (or (1), @r (X)) —

—2X A, o () + Y ArAs (@ (%), 95 (1)),
[Tocko/bKy
(@ (®), o () =1, (Pr () s (x)> =0, r=~s;

(fF), or (%)) = o,
TO

R =(f(x), fx)y+ r);l A — 221 Ay =
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=), Fe) + X (4 — ) — 3 o

OuesnHo, RE OyneT MHHHUMaJbHbIM TOTAQ M TOJNBKO TOTAa,
KOTJIa BBINOJIHSETCS yCJIOBHE

?.4:1 (A —a,)* =0,

9KBUBaJIEHTHOE ycloBusM A, = o, r=1, 2, ..., m. Teopema
JIOKa3aHa,

3ameyanne 1. MumumasibHOE 3HaueHHe an paBHO
m n
&
Ph=C(f F@)—=Y a2=Y F2x,—
r=1 i=l

m n
=¥ Fx) e, @) @

r=1 =1
3ameuyanue 2. OueBugHo, nmpu mo6ux A, R2 > 0. Cregosareibho, -

g p3, > 0. [Nostomy
) m

Y az<(f 0, F()=Y /2 (x).

Cor=l =1

910 nepasencmeo Becceant.
3ameyanne 3. Buipawenue (3) (mpeHe6perass OTCYTCTBHEM MHOXKHTEJS

- €CTECTBEHHO Ha3BaTb keadpamom cpedHez0 KE8adpamu4eckozo om-

KaoneHus BeJdHunHE A0, (X) + A9, (X) - +o¢ 4 Ap@m (x) oT f (x) Ha
MHOXecTBe {X;, Xp, ..., Xn}. [l09TOMy TeopeMy 2 MOXHO chOPMYJHPO-
BaTb W TaK: cpeduee Kkeadpamuueckoe OmMKAOHeHUE AuHelUHOl KombuHa-

m
yuu 2 A9, (x) om f (x), 8 cayuae koeda nociedosamervrocmb Qq(x),
r=1

Py (%), ... OPMOHOPMUPOBAHA KA MHONCECTNBE {X1, Xgy oo+ , Xn}, MUHU-
MaseHo mozda u moabko moeda, xoeda 8 kauecmse koapduyuenmos A,
e3ambr kosppuyuenmor Jiirepa — dypoe. CloBa «cpejHee KBajpaTayec-
KOE OTKJIOHEHHE» MOXKHO 3aMEHHTb CJIOBAMH «CPEAHss KBaJpaTHueckas
HOrPelIHOCTb? . -

3ameqanue 4. Boo6ue To, cpeHUM KBaJAPaTHYECKHM OTKJIOHEHHEM Be-
JIHUMHEL u (%) OT U (x) HA {X;, Xp, ..., Xp} HA3LIBAIOT YHCJIO

o= %2 [0 (x) —u (x)]? .
=1

—_—
! Beccenp @. B. (1784—1846) — nemeuxui MaTeMaTHK H aCTPOHOM.
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Torga, coBepllleHHO OYEBHIHO, O CONEPKUTCS MEXKAY HauMMEHblled M Hau-
Goubuiell u3 BemunH | v (v;) — u (x;)|, uem v onpaBALIBaETCH C/OBO «Cpej-
Hee».

3ameuanne 5. I1. JI. UeGbiwes 1 f0Kasan ofHO BaxKHOE HEPaBEHCTBO
B TEOPHH BeposiTHoCcTeHl. ApHGMeTHYecKas TPAaKTOBKA 3TOTO HEPaBEHCTBa
TakoBa: NyCTb O — CpefHee KBajpatuueckoe uncen Ay, Ay, ..., Ay, T, €.

Cq/ Al
0 = r” .
m

Torga uncno k& Benuunn A;, Goabliux of, MeHbLie qu—t?'

[lpennonoxum, uto nepsbie & Besuunn A; Gosibwe of. Torza umeem

Y +Ai> Vm_

m m

—ot )/ E. - ®

k m
2 2742 —_—
o>olm, k<t2'

o>
BHauur,

m
Hanpumep, Besinunn A;, Conbmnx 30, Bcerjga MeHblue 9 Ecan

YyuecTb, UYTO HepaBeHCTBA (5) MOJy4YeHbl ¢ «3aMacoM», TO MOXKHO OHITb
BIIO/IHE YBEPEHHBIM, 4TO BeaWunH A, Goabmux 30, Menbiue 10 %.

Bce ckasanHoe yOexjaeT B TOM, UTO. CpeliHee KBajpaTH-
YECKOE MOXET CJHY:KHTb OJHOH M3 BAXKHBIX XapaKTePUCTHK
NpuGINKE N (M3MepeHHH).

Crenyer oTMeTHTh, 4TO 3a7aya O MHUHMMH3aLMH BEJMUHHbE

2
R}, nonyunna reomerpnueckyio TpakToBky (cm. rai. I, § 11).

§ 6. TpuroHoMeTpHueckOe MHTEPIOJHPOBAHKE MO CNOCOOY
HaMMEHbIIMX KBaApaToB. PaccMOTpHM YacTHBIA Cjyyail uaJo-
JKeHHOH Bblle (cM. § 5, Teopema 2) 3ajauu, TOCKOJBKY OHa
LIHPOKO NpPHUMEHSeTCsl Ha MpakTHKe.

[Tycte 3apaubl 3Hauedns ¢yHkuuu f(x) ans 3Hauewuil ap-
4n 2n

2n o
TymeHTa —-, —=, .-, 7n=2n. TpeGyerca HaiiTu K03¢-

dunuenter A;, B; Tak, utoGbl npubamkenHas QopMysa

f(x) =~ (A, cosx - By sin x) + (4, cos 2x + B, sin 2x) +
+ -+ + (Am cosmx + B, sin mx) 1)

! Ye6piwen I1. JI. (1821—1894) — akapemuk, ocuopateab Ilereps
6yprckoff MaTeMaTHYeCKOH LIKOJL,
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6pi7a HawJywilefl B TOM CMbIC/JE, YTO MHHMMAJBHBIM SIBJISieTCS
cpejHee KBaJpaTHYECKOe OTKJOHEHHE JIEBOH uacTH (hopMy.ibl

2n  4m 2n }

0T MPaBOH Ha MHOKECTBe {7, R L

[Tocko/IbKYy Ha paccMaTpPUBaeMOM MHOXKECTBE [OCJIENO0Ba-
TeJIbHOCTh (PyHKLME

2 2 . ]/? -l/'? .
‘/gcosx, ]/—n—smx, —cos 2x, Ssin2x, ...
7 V? .

cees ]/Wcosmx, —sinmx 2)

OpTOHOpMHpOBaHa (cM. § 3), TO KBajpaT CpelHero KpaipaTH-
YeCKOT0 OTKJIOHEHHs

n m
2[ (2m) 2(‘4 cos— L B;si Qm)]
{=l k=1

n "
GyZeT MUHUMAJbHBIM, eclH A; ]/5— u B; V? 6y yT Ko3h-

tdunuenTamu ditiepa — Pyppe  GyHKUMU f(¥) OTHOCHTENBLHO
dyukuuit (2), T. e. ecan

A:l/Q Ef(2m)]/2 Qm’

=1
— n p—
n 2mi 2 . 2
B Y 5 =X1(Z)V Lo
) i=1
U4, YyTO TO Ke camoe,

n
= 230 (2] o 20
~n n) ST

i=l

_=%2f(2m) . _ii. ®)

i=1
[puGnmxennoit ¢opmyaoii (1) ¢ Kospduunentamu (3) Mox-
HO Nosb30BaTbCA NpH BbIYHCJEHHH 3HAYEHHH, NPHHHMAaeMbIX
" o 2ni .,
OGyHKunei f(x) AN 3HAYeHHil ¥, OTJHYHBIX OT - (=
2 ..., n), HO coiepKamuxcs Ha oTpeske [0, 2m). CDopmnyy
()" "Hasoewm unmepnoaupyrouseti no cnocoby, Y HauMeHbUILX
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2ni
K8adpamos, a 3HAUEHHS apryMeHTa - — Ysramu urmepno-

AUPOBAHUA.
TounocTh mpu6GMMKEHHs] XapaKTEPU3YeTCs CPeJHHM KBajpa-
THYECKHM OTKJIOHEHHeM, paBHbIM (cM. § 5, paBeHcTBO (4))

P = gfz (&) —-—35] (A7 + BY).

=1
3ameuanue 1. CoBeplIcHHO TaK JKe MOMHO DaccMOTpeTb Clyvail 3a-

auus QyHKuuu f (X) Ha MHOXKeCTBe {0 2 4n dan
K v ) S C N RS ey

# GYHKUui

]/————-2 N l/——-2 cos x V———2 i
1 Y3 150 ¥ gp S Hees

...,.‘/-2—’1—_|_——1C05mx, 2—'1—_’_lsmmx,,,,,

OPTOHOPMH POBAHHOCTh KOTOPBIX JOKa3aHa paHee (cM. §3).

3ameuanue 2. TpHroHOMETDUYECKOE HHTEPHOJHPOBAHHE MO cnocoly
HalMEHBHIMX KBajpaToB B CJyuae HepaBHOCTOSIIMX y3/710B NPaKTHYECKH HE
NPHBOJAMT K CTOJMb npocTsM (B 8anuch) QopMy/aM, Kak ¢opMyas (3),
XOTfl BLIMHG/IeRHs no QopmyaaM (3) ToXKe I'DOMO3JKH (ECAH HE MOJB3O-
BaThCS SJIEKTPOHHBLIMH BBIUHC/HTEJNbHEIMH MAaIIMHAMH).

@opmyJnl (3) peKOMEHIyeM 3allOMHHTB.,

b
§ 7. 0606menns. Hd;( CHMBOJIOM Sf(x) dx, KaK yKasbiBa-

y'” JOoChb B § 1, MOXKHO MOHHMATH
JIoa b Uryphl, OrpaHHYEeH-
{ | Ho#l orpe3koM [a, b} ocu a6-
{IS/I /- i CIIUCC, IPIMBIMU X = @, X = b

L 1 o
0 « =", % MKpHUBOHY = f(x), HO TIpHITH-
ChIBaTh 3HAK MUHYC TOH ya-

CTH IJIOIAJH, KOTopas Ha-
Puc. 13\ XOAMTCA Mo OChbio abcIuce.

Taxr, ana ¢uryper, usobpaxennol Ha puc. 13, mouayynm
b
[ twdr=8,—8,+ 8 — S+ S,

Kpusas y = f(x) npeanonaraercs HenpepulBHON.
Ha npakTHKe WacTo NMpHMEHsIOT CJeAyloLlMe CBOHCTBA oMl-
pelesieHHOro HHTerpaja:

b . b b
§U@+otds=[imd+ femads, (1)

a
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b b
‘ S (cf(x)dx=c g f (¥)dx, ¢— nmocTosHHas,

a
KOTOpbI€ JIETKO JOKa3blBalOTCS B HHTETrpPaJbHOM HCUHCJICHHH,
a4 FeOMETPHYECKH JOCTaTOYHO OYEBHJHBI.

BBenem o0osHaueHHe
b

@), o ={p@i®oewads,

a

rie p (x) — noNoXHTeqbHas GYHKUHS, HasbiBaeMas eecom. Ha
OCHOBaHHH cBOHCTB (1) HMeeMm
(F(), (%) =<9 (x), [,
(F ), o) F () =(f(x), 9(x))+(f(x), V(x))
ME®), o)) = Af(x), ¢ (%)) =<F(x), Ao (x)).

dro osHauaer, uto (f(x), @(x)) obmamaer H3BECTHHIMH HaMm
cBOHMCTBaMH cKaJspHoro npoussenenus. Hasosem (f(x), ¢ (x))
CKaJISpHBIM Tpou3BeieHHeM QyHKUMH f(x) H @ (X) ¢ Becom p ().
Ba%TP)IM Takxke, uto (f(x), f(x¥))=0, (f(x), f () =0«
- [ (X

qnc.no

b 1
VI, Fon=1{{ p(0 P dn®

HasoBeM Hopmo#l ¢yHkuuH f(x) H o6osmauuM || f(x)|. ITo-
CKOJIbKY JIErKO MOXHO J0Ka3aTb HepaBeHCTBO KOmH—ByHH-
xoscxoro

“ U P () f () () dx| < S p () A (x) dx + 5p(x) 9 (v) dx,

TO, aHAJOTHYHO JO0Ka3aTeJIbCTBY Il CJIyuas IpocTpaHCTBa Es-
Kiauga (cM. ra. I, §3), MOXKHO JOKas3aThb HepaBeHCTBO Tpe-

Yro/IbHHKA
17 () + oI < I F N+l @ ().
IocnenoBatenbHoCTh GYHKUHH

Pr(%)s @2(%)s - vy Paln), ...,
8aJlaHHBIX Ha oTpeske [a, b], Ha30BeM OpPMOHOPMUPOBAHHOU
OTHOCHTEJIbHO Beca p (x), p (x) > 0, ua [a, b], ecsu

0, )
@ (), 95 ={3 (T2
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Boamoxknoctb mpuvenenust mpouecca Couuna — [MImunra
OYeBH/HA.

OpronopMHpoBanue mnocsenoBarejbHoctd 1, x, x%, ..., B
3aBHCHMOCTH OT BbIOOpAa a, b, p (x), NIPUBOJHT K TEM HJIH MHHIM
KJIACCUYECKHM MHOrowjeHam. [IpuBejeM mpumepbl (OpTOrOHalb-
HOCTb COXpaHeHa).

1. NomuHomb Ye6pimesa: a = —1, b= 1, p(x) = f/ﬁ
Tl ()C) =X,
T2 (x) = 2x2 — I,

T3 (x) = 4x3 — 3x,
Ty(x) =8x*—8x2 41,

[Mosmnombl  YeObliepa HrpaioT GOJbIIYIO POJb B HEKOTO-
pHIX pa3fies]ax MaTeMaTHKH H ee NpHJIOXKEHHH, OHH 00JafaloT
MHOTHMH BaxKHBIMH CBOHCTBamMH. [IpuBesieM HEKOTOpBIE H3 HHX:

‘a) Tx(x) = cos (n arccos x); ,

6) Tr(x) =2xTh—1(x) —Tr—sa(x), k=2, 3,...;

1 —t¢ ~

B) T—grrm =To () +T1 () t4+T5 (1) 24 - 4T (%)X

X k4 ...,

2. Nonunombr Jlexanppal: a =—I1, b=1, p(x) =1
XO (X) = 1,
X1 (%) = x,
Xy (1) = 5 (32— 1),

Xy (6) = 5 (5 — 31,

YnpakHeHus

1. Tlyets Ha {x;, X5, + .. , xn} QyHKuEH @ (X), P (X) OPTOrOHATBLHEL
Hokaxute, uro x0T Obl mpw ogHOM § @ (x,), VP (x;) nmel0T pasHble

8HAKH.
2. Ilyete oyukman 1, @ (%), Pp (%), ... , Qm (X) — OPTOrOHATBLHEL
Ha {Xi, X, ..., Xn} ¥ HENPEDLIBHLI HA OTPe3Ke, COACPKAUIEM X;, Xg, o - .

. » Xn. Jlokaxute, yTo AIA KaxJo# (YHKuMH @, (¥) HaiiayTcs cpemu

! Jlexanap A, M. (1752—1833) — dpanuysckuil MaTeMaTHK.



8aJlaHHbIX 3HauCHU} aprymMeHTa ABa COCEIHHX SHAUEHHS X, X; 11 TaKHux,
aTo p (%) O (¥;4y) <O. CrenaiiTe pHCYHOK.

3. Myere p(x) >0 mna MHOXecTBE {X;, X3 ..., Xn} H @ (),
@2 (%), «+ ., @m (x) 3ajaHbl HAa 3TOM MHo}KecTBe. [IpoBepbTe, MOMHO JIH
ONpeleNuTh CKaIsIpHOe npou3sejeHne (opmyioh

n
(@ (0, @5 (9= X, P (%) O () @s (x)), .
i=l
cOXpaHUB HYXXHbIE CBOHCTBA CKAaNsipHOro npousBefenHns (GyHKuuio p ()
Ha3LIBAalOT BECOM).

4. HasoseMm @; (x), @ () opToHopmupoBaHHbME Ha {x;}], oTHoCH-

enbHO Beca p (%), p(x) >0, Ha {x;}7, ecan

0, ik,

l,i=k

npu onpefenennn (1), ynpaxunerue 3. Chopmymnpyiite onpegenenue Kosp-

¢uumentoB ditnepa — Pypbe, NOKaKHTE CBOACTBA MHHAMYMA, MOJYUYHTE
HepaBeHCTBO Beccens.

: (‘Pi ), Qp(0) = {

5. Ha MHoxecTBe {0, —é ’ _;, %} 3afann ¢ynkumH 1, sin fx,

cos fix. BHmosHHTe OPTOHOPMHPOBAHHE. . -
6. Haiigure xoadpuuuentrr Dinepa — Dypre a,, a;, a, OyHKUuHM

1 1

35 s anre6panyecKux
MHOTOUYJIEHOB @ (x), @1 (x), @, (x) cremneneft 0, 1, 2, opTOHOPMHPOBAHHEIX
Ha 3TOM MHOXecTBe. BrluncinTe cpejHee KBajpaTHUeCKOe OTKJIOHEHHE
sin tx ot

. 1
sin mx, 3ajaHHOA Ha MHOMKECTBE {0, 5’

ayPo (%) + @191 (¥) + a9, (%)
7. Hokaxure, uto nonutom UYeOwimesa Tp (x) UMEeT n Pa3HUHBIX
JefiCTBUTENIbHEIX KOpHeH

g4 3n sfm coszn_ln
Q_f.l , €COo8 W s CO —2—n- y see on .
8. Haiigure T (x), Te(x), Ty (x).

9. Ha ogrom pucynxke mocrpoiite rpapurn Ty (x), T1(x), To(x), Ts(x).
O6patnTe BHMMaHHe Ha paclioJIOKEHHe TOUeK IepeceyeHHs 3THX IpadHKOB
€ ocelo aferucc.

10. Ha ognom pucynke nocrtpofite rpaduku nommHoMos Jlexkanipa
Xo (%), X1 (%), Xy (%), X3 (%).

11. [okaxure BTOpoe u3 paBeHCTB (2), § 3.

12. JlokaxuTe OPTOHOPMHPOBAHHOCTb MOC/IEL0BATeILHOCTH, YKa3aHHOI
8 KoHue § 3.

cos
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13. Bocrmosb30BaBIIHCh HHTETPaTOM
b

VP (DG @) + @ () dx,
.oa
Iokaxure HepasencTBo Kot — Byuskosckoro:

b
|§bp @70 9@ dx| < {fp(x) e axf T {[ 7 20 ae)

L
D)

FTNABA 1IN

DNIEMEHTbl TAPMOHMMECKOTO AHANMU3A
U TPUTOHOMETPUYECKOE MHTEPMNOJIMPOBAHMUE

§ 1. F'apMoHHKH, aMMJHTyja, 4YacToTa, HavyaJbHaa ¢asa.
Boipaxkenus

-A,cosx + Bysinx, A,cos2x + Bysin2x, ..., Apcoskx -+

-+ B, sin kx, .
HAa3bIBAIOTCS1 COOTBETCTBEHHO rapMoHukamu 1, 2, ..., k-ro, ...
MIOPSIKOB, HJIM KOPOYe, NepBo#, BTOpOH, . .. , k-H rapMOHHKaMH.

B npuiioxenunsx ypoOHee 3anuchiBaTh rapMOHHKH B ApyroH
¢dopMe, a HMMeHHO:

Ap cos kx + By sin kx = Ry sin (kx + @,). (1)
Pasencreo (1) Jierko noayuutb. [sa sroro onpenennMm- @, H3

ypaBHeHHH
Ap By,

V a2+ B Va+ B
(4TO BO3MOXKHO, TaK Kak BBHINOJHSETCS YCJIoBHE sin® ¢ -
-+ cos? @, = 1) u oBoanaunm

Rk=VA:+Bg-

= sin gy, = COS @,

Torza
Apcos kx + By sin kx = Rg (sin @, cos kx + cos @, sin kx) =

= R, sin (kx + @,).

BuisicHuM cMbic BesquuuH Ry, R, @p. s storo npexie Bcero
cpaBHHM rpaduK k- rapMOHHKH CO CTaHJAPTHON CHHYCOMIOH.:
Cunyconga y =sinx xopouo ussectHa (puc. 14, a). Ha or-
peske [0, 2m] oHa mepeceKkaeT och abcumce B Toukax 0, m, 2m;
ee MHHMMa/IbHAA opjauHara paBHa —1, Makcumasibuasg -1,
NOAIBNSIOTCST OHH MO OAHOMY pasy. Tak Kak sin(x + 2m) =
=sinx, To BHe orpeska [0, 2m] rpadux mosydaem CABHI'OM.
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Puc. 14
NOKa3aHHON Ha PHCYHKEe KpHBOH Ha 2m, 4m, ..., nm BOpaBo
i BJEBO OT HayaJja. .
[padux cyunkumn y = Rpsin kx nepecekaer ocb aGcuuce

- i1 i1 k
.na orpeske [0, 2n] B Toukax x = 0, e 2? y ... T, —2—‘-—] T, ...
2nk
cees T:Qn, MaKCHMaJ/IbHasi U MHHHMAJIbHAs OpAHHATH IIO-

ABJIAOTCA 10 k pas, T. €. B k pa3 uawe, YeM y CTaHJapTHOH
cuHycouabl. MakcuMasibHas opiAHHATA Temepb paBHA Ry, MUHH-
manbHagd — Ry. I'paduk ¢yHKuuMH y = Resin kx Ha oTpeske
{0, 2n] umMeer BHA, yKasaHHel Ha puc. 14, 6. C nomouibo
C/IBHra MOXKHO MOJIYYHTb rpaduk BHe oTpeska [0, 2]

Haxkownen, 4ro6bl nmoctpoutb rpaduk k-ii TapMOHHMKH Yy =
= Ry sin (kx -+ @) B0OCTaTOUHO CABHHYTb KPUBYIO y = R sin kx
Brosb ocH Ox Ha @, BJIeBo, ecjH ¢, >0, WM BOpaBo, eC/IH
¢, < 0. ’ .

Ec/im HHTepnpeTHpoBaTb X KaK BpeMsl, Y — KaK OTKJIOHe-
Hle TOYKHM, ABMXKyuleHca Bpoib Ox, OT HayaJla KOOPIMHAT,
ro H3 puc., 14, a, 6 BuUAAM, YTO TOUKa JBHKeTcH KoJieba-
TeJIbHO — OHA OTKJIOHSEeTCS TO BMpaBo (Ha 1, Ha R,), TO BJIeBO
(Ha —1, Ha —R}) OT MOJIOXKEHHS, B3aHATOTO B HEKOTOpHIH
HayanpHbIH MoMeHT. Ecin npurasich 1o 3akOHY y = sin x TOYKa
3a BpeMs 27 JBaXKABl BO3BpAILAETCH B HAYaJbHOE MOJOXKEHHE
(coBepiaeT oJHO KoJjebaHHe), TO, JBHMAsACb IO 3aKOHY Yy =
=sin kx, Touka 33 TO e BpeMs 271 COBEPWIHT R KoJsebGaHHH.
Hakowuen, asrxeHHe 10 3aKOHY Y = Rpsin (kx 4- @) o3Havaer:
HanGoJIbIIee Y ajIeHHe OT HCXOJHOrO MOJIOKeHHS Ry, 4HCIO
KoseGaHui (yacToTa) k, HAUAMO JIBIMKEHHS CHBHHYTO BO Bpe-
MEeHH Ha ¢ (Hasaj WH Brepen). Brosme ecrecrBeHHa obule-
NpuHATAA TEPMHHOJIOTHA: Ry — ammimryaa, k— yacroTta, @, —
HavuajbHasa (as3a. C 6OJbLIOH TOYHOCTBIO OMUCAHHOE JIBHXKEHHE
MOXHO HaOMOAaTh, CJ€Ad 332 MAaATHUKOM HAaCTeHHBIX YacOB HJIH
3a JBHKEHdeM Trpys3a, MOJIBELIEHHOro Ha MpyxKHHE K Oaske.

§ 2. MNoHsATHEe 0 rapMOHHMYECKOM aHaau3e GyHKuMi (PAL
®ypbe). MHorie BOMPOCH MAaTeMaTHKH, 3JIEKTPOTEXHHKH,
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MeXaHMKH M JPYrHX MOPHKJIAJHBIX HayK M[PHBOJAAT K CJEAYIO-
weil sajmaue: npedcmasurmv 3a0aHHY nepuodudecKyro, ¢ ne-
puodom 2n, pyukyuto f(x) 8 sude

f(x)= %’ + (A, cos x + By sin x) + (A, cos 2x + B, sin 2x) +-
+ oo 4 (Agcos kx + Besinkx) + .-+, 0 <x < 2n, (1)

m. e. mpebyemcs npedcmasumy [ (x) 6 6ude cymmor eapmMoHuK.
Ecsm umcsio ciaraeMmelx B npasofi wactd (1) koHeuHo, T. e.

f(x) ='—42—° + (A, cosx 4 B,sinx) + --- +
+ (An cos nx + By sin nx), @)

mo  f(x) — mpuzoHomempuHecKuli MHO2044eH n-20 NOpAdKa.
Ecsn umcsio ciaraemblX B npasoil yactd (1) He KomeuHo,
TO roBOpAT, 4TO GYHKUMA [ (X) pasioxcena 8 mpuzoHomempu-
weckuli psd, a PaBeHCTBO (2) CTAHOBUTCA MPHOGIHKEHHBIM (TeM
60s1e€ TOUHLIM, yeM GoJblue ).
B paBencree (2) kospouunentsl A, B, Moryr GbiTb Bbi-
ync/IeHs no Gopmysiam diiepa — Dypbe

21 2n
A, =%S f(x)dx; A =—I-HS f (%) cos kx dx,
0 0

| 27 (3)
Bk=—nS f(x)sinkxdx
0

(popmyna mis A, nomyuaerca u3 Qopmyasl xas A, npu k = 0.
A
Is sToro Mbl M nucasu B (2) e A4,, a 2—")
Jna nokasarenscTBa (opmyJs (3) ZOCTaTOYHO BOCHOJB3O-
BaThCS 3JIEMEHTAPHBIMH DABEHCTBAMH
2n 27 2n

(5 1.dx =2mn, 6Y cos kxdx=§ sin kxdx =0, (4)

27
5 cos kxsinmxdx =0,
0

2%

5‘ cos kx cos mx dx ={g” ,’:j,’nn’ (5)
0 .

21

0, ks£m,

S sinkxsinmxdx={n k=m.

0
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JIefiCTBHTE/IBHO, TePBYIO H3 tdopmyn (3) mosyyuM U3 paBeH-

crBa (2) HA ocHOBaHHM (4); ocTa/bHble (oOpMyJbl (3) moJydnM

ga OCHOBaHHH (5), NpeIBapuTeJbHO YMHOXHB (2) Ha COS kX

(ma sin kx). dopmynbl (4) Jerko MOJy4HThb, €CJIH YHTATEJlb

3HAaKOM C 3J€MEHTaMHM HHTErpajibHOro HCYhcjeHHs. B mpoTus-

HOM CJy4ae cJexyeT obpaTturbcs K puc. 13 W BCIOMHHUTH
b

(cn. 11, § 7) cBsA3b uHTerpaia jF (¥) dx ¢ nyowaxbo QUrYpEE

(ecru F (x) =1, To nmeem npsiMoyroJbHAK). Dopmyasl (5) —
aTo cJegCcTBHs1 hopmyJs (4), Tak Kak, HampuMep,

cos? kx = % (1 + cos 2kx), cos kxcosmx =

=%(cos(k+m)k_—}—cos(k——m)x).

®opmyJtbl (3) HasbiBawoTea Gopmyrany Jdaepa — Pypoe.
3a pellKHM HCKJIIOYEHHEM, eC/H BO3MOXKHO DasJIOKeHie (yHK-
wuH f(x) B TPHCOHOMETPHYECKHil DS, TO 00A3aTeJIBHO KO3(-
(unMeHTaMH psja sABIsioTcs Kod(puuneHTs Jiitepa—dypre,
poincsieMsle no dopmyaawm (3). Torna rosopsrt, uto ¢yukyua
pasaoxcena ¢ pad Pypee. '

Knace dyHKuui, KOTOPbIE MOXKHO Pas/IOXKHTb B psn Dypee,
oueHb IHPOK. JlocTaTouyHoO, HANPHMED, YTOOBI f (x) 6pLna Hempe-
DBIBHOH.

C TOYKM 3peHHs MeXaHHKH- pasjoxeHHe (yHKuun f(x),
0 < x < 27, B TPUrOHOMETPHYECKHH PAJ HCTOJKOBBIBAETCS TaK:
X —Bpemd, f(X)—0OyThb NpsIMOJIMHEAHO JBHIKYILEACS TOYKH,
MpoiiIeHHBI 33 BpeMs X, pasJOXKeHHE B sl — MpeJCTaBJIeHHe
0 JBHMEHHH Kak O pedyJbTaTe HAJIOXKeHHs (CJIOKeHHs) KO-
Jie6anuil.

[lpuBenem jaBa npumepa, ONMyCTAB BLIYHC/IEHUS

Mpumep 1. PaccMoTpum QyHKUHIO,
ll’ga(bnx KOoTopo# H300paken Ha PpHC.

310 nepmojuueckas GyHkuus, cOB-
najaiomas ¢ ¢pyskupeir y = x% Ha oT-

peske [—az, m]. Pasnoxenne B pAR j; ol 2
Dypbe MOXKHO SamucaTh CJeLYIOWHM £
o6pasoM: - Puc. 15
2 cos x cos 2x , cos 3x cosmx
2 4= TP Er RO L.
=3 (12 2 3 mi ¥ ) ©
—n< X< W

OrcyTersre cHHYCOB OGBACHAETCS YeTHOCTBIO HYHKUHH (CHMMETPHYHOCTBIO
Tpaguka OTHOCHTENbHO OCH OpPJAHMHAT).
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Hanucannoe pasnom’eune SIBJISICTCSI OCHOBaHHEM IJif anGJIH)KeHHOro
* PaBEHCTBA

mn? : cos 2x , cos3x
2 e — — —— —_ 7
X = 3 4 (cos x 53 T ) ()
# Gosiee TOYHBLIX (3TO PaBEHCTBO JaeT Ipy6oe npuOJHIKeHHe).
Tpumep 2.
. 2 4 (cos 2x cos 4x cos 2mx 2mx

3ameuanne. Dopmyaw (4), (5) 03HavawT, UTO MOCJ]ELOBAaTENbHOCTH
yHKuHi

1 1
——— , —= CO0SX, =sinx, ... cos kx, -—-—smkx, vee
R 7R 7 TR

OpTOHOPMHPOBaHA Ha oTpeske [0, 2m], a uucna
2n !
1 1 1
e — x) cos kx dx, —= x) sin kx dx,
0

k=12, ..,

apasoTcs kospduuuentamn Jinepa—>Pypoe.
Tpnronome'rpuqecxuﬁ MHOTOWIEH (n pAg) MBI nojyunM B BHje

(V;_H-Sf(x)dx)ﬁ+ yf(x)cosxdx)%ccosx+
0

2%

+(—l7_t-f}‘i(x)sinxd}c) V._smx-{- ---+(l—/_:—;£§f(x)coskxdx) X

2n

coskx—l—( Sf(x)smkxdx) sinkx -+ «.o,

* V= Va
Ho sTo u ecTh mpaBas uacTb q:opmyn (1), (2), B KoTopeix A;, B; Bblunc-
JieHbl 0 Qopmynam (3). -
DPopmyant (3) onpenenmo‘r cTporo roBops, Koadduuuents iisepa—
Dypbe GyHKIHH V_f (x). TTosToMy mas pasnoxeHnus (1) ¢ KoadpduuueH-

tami (3) BBIpaxeHHe A/s1 CPENHEr0 KBajpaTHUECKOTO OTKJAOHeHHS H Hepa-
BeHCTBO DBeccensi uMeIOT BHJ

2n n
AZ
o2 = % S /2 () de — (-29-;- Z(A,Z,,+ Bf;))'

A°+ 2(A2+BQ)<— sz(x)dx.

m=1
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T:uoxasarenbc'rao orsiMuaetcst oT mpuBefenHoro B ru. Il, § 5, Tonbko TeM,
on

¥TO 3HAK Z MeHsIeTCst Ha 5 .
0

§ 3. O Koaebanuu cTpyHbl. 3ajaya o KOJeGaHHH CTPYHbI—
9TO OJIHA M3 3aj]ay, pellieHHe KOTOPOH NPHBEJIO K BOSHHKHOBEHHIO
reopun panoB Pypbe (a TakkKe CO3JAHUIO TAPMOHHYECKOTO
.agayM3a). PaccmorpuM 3Ty 3ajauy, He NpHBOAS JOKA3aTE/bCTB
p BbluMcaeHu#. JlaiuM TOJNBKO HEKOTOpPOE MpeicTaBieHHe
D BO3MOXKHOCTH M XapaKkrepe OpPUMEHEHHi TrapMOHHYECKOro
‘aHasIM3a. ,

*  CmpyHotl HasplBaeTcs ToOHKas M cBoOoAHO H3rHGaiomAsics
HHTDb, 3aKpen/ieHHas B Toukax X =0, x = n ocu Ox, Haxois-

masicsi B paBHOBeCHH MOJ JeHCTBHEM CHJIBHOIO HaTSKEHHS,
B COCTOSHMHM paBHOBeCHs pacloJioxkeHHas Ha ocu Ox. Ecum
B HavaJbHbI MOMEHT BpeMeHH (f = 0) OTTSHYTb CTpyHY H CO-
©OOWHUTD KaxKIofl ee TOYKE HEKOTOPYI CKOpPOCTb VP (x), TO
CTpyHa mnpuiiner B nBH:KeHHe. [IpeamoJoKuM, YTO CTpyHa
JABHXKETCS TOJIbKO B ONHOH IJIOCKOCTH H TOYKH CTPYHBI JIBH-
KYTCH NeprneHAuKy/sApHO K Ox (BHEIIHASA CHJIA MyCTb OTCYT-
crByer). SlcHo, uro cTpyHa Gyner koseGarses. Takum 0GpasoM,
HMeeM CBOGOJAHEIE (OTCYTCTBHME BHEIIHEH CHJIbI) MONEpeyHble
(B ommo#i myockocTH) KoseGauus. Touka CTpyHBI, KOTOpasi NpH
PaBHOBECHH Haxonunmach Ha ocd Ox Ha pacCTOSIHHH X OT Ha-
YajJa KoOpEuHAaT B MoMeHT f, Oymer orkJoHeHa or Ox Ha Be-
JMMUNHY -u (¢, x). 3ajauva 3aKMOYaeTCsl B HAXOXKAEHHH H H3Y-
Yenud u (¢, x). :

Ceenenns o dopMe orrsimyToH (npu ¢ = 0) cTpyHBl H Ha-
YaJIbHBIX CKOPOCTfIX COCTaBJSIOT TaK Ha3blBaeMble HauaslbHbIe
yesoBHsT:

u(0, x) =q(x), 4’ (0, x) =p(x) (1)

(lutpux osHauaer npousBogmyio no Bpemenu £). To, yro cTpyHa
8aKpernieHa, JaeT TaK Ha3blBaeMble T'DAHHTYHbIE YCJIOBHS:

u(t, 0)=0, u(t, n)=0.

Cua HATSXKEHUs: M ILIOTHOCTb CTPYHBI BJHSIOT Ha TO, YTG
u(f, x) saBucHT emie OT HEKOTOPOH, NOCTOSIHHOH OTHOCHTEJILHO
X, ! BeJIMYHHBI, HA3LIBAEMOM napaMerpoM. JLig npocToTsl 6ynem
CYUTaTh 3TOT NapaMeTp paBHbIM exuHHUEe. C MOMOLILIO OCHOB-
"HbIX 3aKOHOB MEXaHHKH MOXHO COCTaBHTb YpaBHEHHE, COnep-
-Xamee MNpPOU3BOAHLIE OT u (f, X),— TaK Has3biBaeMoe audpe-
PeHuMaibHOE ypaBHeHHe. PeieHue 3TOro ypaBHEHHS C y4eToM
HaYa/jibHBbIX M TPAHHYHBIX YCJIOBHH CJefyomee:
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ut, x) = kgl (Arcos ki + Bysin kf)sin kx, 2

rze
T n
’ . 2 .
A = % g ¢ (y)sin kydy, Br= k—nsxp(y) sin ky dy. (3)
0 0
ITepermuwem (2) B BHzE
u(t, x)= kEI (Resin kx)sin (kt 4+ @), 4)

rae Ry sin kx — amniMTyasl, @, — ¢assl.

®opmyay (4) MOXKHO HCTOJIKOBAaTb TaK: OTKJIOHeHHe (KO-
Jebanue) CTpyHbl u(f, Xx) dABIAETCA CYMMOH OTKJIOHEHHMI
((Resin kx) sin (kt + ,))-rapmonuk. IlepBas u3 sTHX rapMoHHK
(y Hee wHauGoJiblias aMmmiuTyga R,sinx ¥ HanMeHbluasi yac-
ToTa k= 1) onpenenser OCHOBHOH TOH CTPYHbI, OCTaJbHbIE
FapMOHMKH onpejensior obepmonsl. Tak Kak uncia R, yObl-
BalOT NOCTAaTOYHO OBICTPO, TO BIJIMSIHHE OOEPTOHOB 0CO6O OmLy-
IaeTcs TOJNBKO NMpPH MajblX £, OCTalbHbIE OGEPTOHLI CO3MAIOT
TemOp 3ByKa.

Hanoueifinmii anamus pemends (4), oObACHSOWHA MouyeMy
MY35IKAHT MPHXKHUMAET CTPYHbl MaJIbLAMH, OMyCKAaEM.

§ 4. MpakTHuecknit rapmoHHyecknii aHaau3d. B npuioxe-
HUAX TeopHH pAxoB Pypbe yacTO MPUXOAUTCH BBIYHCJIATH KO-
ounuentsl dinepa—Pypbe:

on 2n
A, = .;_l S f(x)dx, A= le Sf(x) cos kx dx,
0 0

2n
Bk=£—5f(x)sinkxdx. 1)
0

BLIOOJMHATL TOYHO 3TO BLIYHCJIEHHE YJAETCH OYEHb DPENKO.
Jleno B TOM, YTO vyalle BCEro BCTPEYAIOTCHA TaKHE CJIyYaH:
1) f(x) comumkom caoxna; 2) f(x) sanaHa rpaduyecku (rpa-
duK f(x) nsobpaxaer mpubop, Hanpumep ocumiorpad); 3) f(x)
3amaHa TaGJIMYHO (JJ/1 HEKOTOpHIX 3HaueHuil apryMmeHTa X 3Ha-
yenus f(x) HafiieHbl U3 HaG/IOJEHHH, C MOMOLLBIO H3MEPEHHIH).

Bce yxasanubie ciyyan OpHBOAAT K OAHOH H TOH ke 3a-
Jaye: npuOJIKEHHO BLIYUCIUTD KoadduuneHTsl Jitiepa—Pyphe.
OTo M ecTb 3ajaya MPAaKTHYECKOrO FapMOHMYECKOrO aHaJ/IM3a.
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Yrounnm ee.’ [Ipexne Bcero Gyiem nosiararh, 4to Ha oTpeske
{0, 27) 3ajanbl 3HaueHUst ApryMeHTA X, Xs, ..., Xp H COOT-
BeTCTBYIOILKE 3HadeHus OyHkuuu [ (%), f(x2), ..., f(xn)
(oHH BBIUHCJSIOTCA B caydyae |), cHUMaloTca ¢ rpaduka B cJy-
gae 2), HaxouATCsA C MOMOWbIO M3MepeHHH B ciydae 3)).

Cywiectyer MHOro QopMys H [paBHJI MPHOIHKEHHOrO
BbIUHCJIEHHs] HHTerpaioB (1) (reomerpuueckd — mJowaned ¢n-
ryp) — NMPOCTBIX U CJIOXKHBEIX, MEHEE TOUHbIX M OUEHb TOUHBIX.

Uem ke caenyer pyKoBOACTBOBaTbCsi B BbGOpe (opMyJIbl
HJIH TpaBHJa NPUGIHKEHHOTO BBbIUMC/EHHS KO3GDHIHEHTOB
Aiiepa—Pypre?

EcTecTBeHHO NpUHATD CJleAyIOMIMIT OOIIM IPHHIKIT: 3aMEHSS
BbIpakeHUe HEKOTOpOH BesnuduHbl Npub/IHKEHHbIM BbIpaKEHHEM,
flocJIeiHEE BHIOHPAIOT TaK, YTOOGbI OHO COXPAHHJIO XapaKTepHbIE
CBQACTBA TOYHOH BeJMYMHBI. BoCnosb3yeMcsi 3THM MPUHLHIIOM.
MHTE{paJIbI (nomazn), Kak H3BeCcTHO, OO/ANAIOT CBOHCTBOM
JIMHEAHOCTH: '

b

b b
I(F(x)—}-(b(x))dx: SF(x)dx—]- jCD(x)dx,

* b
(erax = cjbp(x)dx.

CJIEI[OBaTeJIbHO, Hago COXpaHuTb 3TO CBOHCTBO, Korja BblUHC-
b .

JIfleM MHTerpasn SF (¥)dx no suauennam F(x;), F(xy), ...

a
vy F(x,) dynukuuu F(x). CsoiicTBoM JMHefiHOCTH oOJajaer
TaKXe U cymMMa BUIa
a F (%)) + a,F (x3) + - -- + anf (Xn).
ChneoBarenbio, Hago HCKaTh MPHOMMKEHHYIO (OPMYJy BHIa

b n
{Fdx~ Y a,F (x).
a i=1
s kospduuuentos (1) Ditnepa—>Pypbe 3T0 03HayaeT
1\ ‘
AO ~ T Eaif (xi)r

n n
A~ L Vo) coske, Bom L Y Bif (xsin kx, ()

f==1 i=1
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Ho koaddunuents dinepa—®@ypbe 06JalaloT eile ce0tcmeom
munumyma. Cregys NpUHATOMY [NPHHUIHMIY, HYXKHO B3ATb LJIs
Ay, Ay, Ay ..., Am, By, By, ..., Bn Te 3Hauenus, npu
KOTOpBIX BeJIHYHHA

n m
iEI (f (x;)— (Ao + kEl (Ar cos kx; -+ Bgsin kxi)))2 (3)
NpUHHMAeT MHHHMAJIbHOE 3HaueHHe. 3ajayy MHHHMHU3ANHH Bbl~
paxenus (3) MbL pemiaeM A/l TaKMX HAG0OPOB 3HAuUEHHH x;,
A1 KoTopbiXx GyHKumu 1, coskx, sinkx (k=1, 2, ..., m)
00pasyoT OpTOHOPMHpPOBaHHYI0 cHcteMy. Ecau 310 T2k, To,
KaK usBectHo (cM. ra1. II, § 5), Bbipaxenue (2) npuHuMaer
MHHHMAaJIbHOE 3HaueHHe, Korja B kauecte A,, A, B (k =
=1, 2, ..., m) 6epem KoabdunuenTs dinepa—>Dypbe PyHk-
uud f(x) Ha MHOXKeCTBE {Xy, X5, ..., Xn} BHAUEHUH apryMeHrTa.:

Oynknuu 1, coskx, sin kX OpPTOHOPMHPOBaHBI HA MHO-

KECTBAX {0 on 4n 4nn} 21 4nm
Y211 21 0t 2a41) \n n

2n
o n} (cM. ra. II, § 3), ecam HX COOTBETCTBEHHO yM-

HOXKHTb Ha ‘V_Z__ V-z
o2n417 n-

TTycTb 3afaHbl 3HAUeHHS f(%n), f(%”), e, f(?ﬁ’.‘ -n><

by f(x). Torna kospduuuentsr diinepa—Dypbe dyHKIHH

f(x) oTHOCHTeNbBHO OPTOHOPMHPOBAHHOH Ha MHOMKECTBe {27”,

4n ) . } cucTeMbl (QYHKIHMH V—% cos kx, l/n2 sin kx Gynyt:

n
HMeTb BUI

n . n
/?2 (2m) 2mi V?E omi\ . 2mi
V= lf W) wm Vo, F\= ) sin ==
= =1

H TMO3TOMY OKOHYAaTENbHO MOJYYHM, UTO BhIpaxeHue (3) MHHH-

MaJIbHO, Korjaa
n
2] 25
=23 7(2),
n

i=1
2 2t 2mi 2 2mi\ . 2mi
Ak=721f(7)cos~g—k, Bk=-r—LEf(—:—') Sm%lk, 4)
i= i—_-l
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a TaK Kak TMOJyYeHHbIE BbIpAaXKEHHSA HMeIOT BHA (2), To Bce
7pe6oBaHHA K BbIOODY NPUO/IHKEHHBIX 3HAYEHHIl KO3bdUIHEH-
1oB Jitiepa—Pypbe OyAyT BHINOJHEHb, €CJH BBIYHCJIHM HX
no ¢opmysnam (4), Buepsbie ykasaHHbiM Beccemem.

JIerko BBIICHATb TEOMETPHYECKHH CMBICJ 3THX (HOpMyJI..
()603HaUHIM

2mi g on
= =X f(x)coskx = ¢ (x), X;yq — X; = 7~ = Ax,.

Torna Ap 3anumercs B BHIE

A =L Vo (x) Ax,. (5}

=1

[Tpoussenenue @ (x;) Ax; reo-

METPHYECKH O3HayaeT ImJjo- — y=90)
afb NpsMOYTOJMbHHKA C OC-
goanneM Ax; W BbICOTOM /
¢ (x;). Takum obpasom, c¢op-

vyaa (5) osHauaet, uto 3a- Ol 2z X
MEHeHa IIolajb (QHryphl, Puc. 16

OrpaHHueHHON JuHHuAMH X = 0, x =27, y =0, y = ¢ (), cyM-

MOH mirofuaneft pAMOyro/bHUKOB (puc. 16). B uHrerpanbHoM:
HCYKCJ/IEHHH NpHO/IMXKeHHas ¢opMy.a BHIa

b n

5F(x)dx =~ EF(xi) Ax;

a i=l1
BJISeTCS NpocTeiiuedl U HA3LIBAETCH POpMYAOL NPAMOY204b-
HUKO8.

3ameuanne 1. [l mpocToThl INpejroJiaraeM, 4TO MMeeM JieJo € OT-
peskoM [0, 2m]. Ilpocthie mpeoGpa3oBaxus

a-tb
x—a *T
x1=2nb_a, x1=2n—5-:‘—— (6)

nepeBoAsT OTpesoK [a, b] B orpesku [0, 2n], [—m, 7],

3ameuanne 2. [Do mIHMpOKOro pacnpoctpaHedus IBM mpsamoe mpume-
Henue ¢opMya (4) ObIIO BechMa HexKeJjaTesbHHIM BCJeACTBHEe GOJbLIOrG
o6beMa I'POMO3JKHX BrniuHc/ienndt, [lo sToff npuuniie MaTeMaTHKaMH M HHXKe-
Hepamu GblIM pa3paGoTaHbl MpHeMbl, ofneryammpe (B 3HAYHTENLHON Mepe
aBToMaTu3upyiomue) Buiunciaenusi. Cos3gaBaquch TaKKe NPHOOPH (FapMOHH-
yecKHe aHa/JN3aTOPbl), BBLINOJIHSIOUWME IapMOHHYECKHH aHanu3. MHoro mpH-
€MOB NpaKTHYECKOIo apMOHHUECKOTO aHanusa paccMoTpeHo B Kuure Cepe6-
pennnkoBa M. . T'apmonnuecknit ananns (M., 1948).

Buiuncnenuss no ¢opmynam (4) ans OBM He npeACTaBaSIOTCS CIOXK-
HLIME — NpOrpaMMa MpocTa H 3aTpaTa MalIMHHOTO BpeMeHH He BelHKa.



§ 5. TpuroHomeTpHuecKoe HHTePNOJAUPOBaHUE. 3a/1a4a TPU-
TOHOMETPHYECKOrO MHTEPNOJNPOBAHUA (OPMYJIHpyeTcs Caenyo-
muM  06pasoM.

[Tyctb u3BecTHH! 3HaueHusi GyHKuMH f(x) B 2n 4 1 Toukax
Xoy X1y, Xoy ..., Xg,, TpeOyercs HafTH TPUrOHOMETpPHUECKHH
MHOTOWIeH n-ro Nopsaxa

T,(x)= Ay + (A;cosx + B;sinx) 4 --+ 4 (A, cos nx +

+ B, sin nx), 0))
V/I0BIETBOPSIOMIHUi Y CIOBUSM _
Tu(r) = f(x), i=0, 1, ..., 2n. @)

[IpennosiaraeM, 4To HHKaKHe JBa 3aJ1aHHBIX 3HAYEHU X;, X;
‘He OTJIMYaloTCS Ha YHCJIO, KpaTHOe 27

X, —Xxj5=m - 2m. 3)

B camom nene, ecsm ycsoue (3) He BbIOHEHO, TO (BBUAY MEPHO-
JIMYHOCTH KOCHHyca u cunyca) T, (x;) = T, (x;), 4 Torja gBa H3
ycaosudl (2) man conajawor, ecan [(x;) = f(x;), um npotu-
‘BOpeyat Apyr Hpyry, ecqu f(x;) == f(x;). Ham xe Hano umers
TOYHO 2n 4~ 1 pA3MUHBIX W HENPOTHBOPEUMBBIX YCJOBHH, Tak
KaK OnpelesieHHio noijexar poeHo 2n 4 1 koaddunvenros
muorowiena T, (x). Ecsu ycsosuit menbuie yeMm 2n -+ F, TO yacThb
KO3(p(OUIHEHTOB OCTaHyTCS HeonpeneNeHHbIMH. Ec/m ycJoBHii
‘Oosbute yeM 2n 4- 1, To, 3ankcas nonpo6HO ycuoBus T, (X;)=
= f(x;), nonyunm nss onpenenenus 2n -1 semuuun A,, A4,
By, ..., A,, B, ypaBuenus

f(x) = Ay + (4, cos x; + Bysin x;) + - -+ - (An cos nx, +
-+ By sinnx;), 4)

KOTOpbIE MOTYT 0Ka3aTbCs HECOBMECTHMBIMH (IPOTHBOPEUUBbIMH),
IOCKOJIbKY ypaBHeHHUil GoJiblile, -4eM HEH3BECTHIX.

Tpacduueckn ycmopus (2) osnauaior: rpaduxy j)ynxupm f(x)
H MHOrousesa T, (X) COBNAjaloT B Toukax C 3adaHHbIMH abc-
LHCCAMA  Xg, Xy, ..., Xy,

A6cumccbl Xy, %y, ..., X, HA3BIBAIOTCS Y34aMU UHMED-
noaayuu, Tp(X)— unmepnosfyuonnoim MmHo204AeHOM, TIDU-
OJsnKeHHOe paBEeHCTBO

f(x) =Thn(x)
(TOYHOE B y3J1aX) HA3LIBAETCS UHMEPNOAAYUOHHOE hopmurol,
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Ycaosusa (2), sanucantsle B Buje (4), npenctaBasior coGoi
cHCTEMY ypaBHenuil nepBoif crenenu ¢ HeusBecTHhiMu Ay, Ay,
Bys «+.» An, B,. Pemenue 5Toil cucreMbl HE COBCEM MPOCTOE.

[Tycte n = 1. Haiinem kosddpuunentn 4,, A,, B, muoro-
y/IeHa

T,(x)=A4,+ A, cosx + B,sinx 4)
13 ypaBHeHHH
f(x0) = Ay + A, cos x, + By sin x,,
f(x)) = Ay + A cos x; + By sin x4, (5)
f(xg) = Ay + Ajcos x, -+ By sin x,.
Bblutem mepBoe M3 ypaBHEHHH (D) nmoodyepesHO U3 paBeHCTBA (4)

¥ OCTARUIMXCA ABYX YypaBHeHHH (5) u Bocrojbsyemcs dopmy-
JIAMH DasHOCTH KOCHHYCOB M cuHycoB. [Tosyunm

2
f(xl)_f(xo) = 2Sirl£1—;—£9<_1415mx1;‘x0 -I—Blcosxlgx") ,

T, (%) — f (%) = 2sini=% (—-A,sin 5 B cos™ 2"0) ,

[ (xg) — [ (%) = 2sin =2 ;x" (—Al sinZ2 T % t % | B,cos™ -12- xo) .

Ecymm u3 moc/seqHux 1BYX paBeHCTB Haiigem A, B; u moicra-
BHM HX 3HaUEHHA B MEPBOE PABEHCTBO, TO MOJYyYHM

X—Xy . X— X

g Sin—3
Ti () = f (o) ——5— pag—
sin 3 sin )
%

L XXy . X —X, L X—Xy . X— X
sin —5— sin—5— sin —5— sin—5—

2
+F () LBy xl—xz+f(x2) infa =X fa—%’
Sin =5— sin—5— sii——— sin—5—

[IpoBepKa: MOJNOKHB B TMOCJHENHEM pABEHCTBE X = X,.
X;, X, COOTBETCTBEHHO MOJIYUYHM

Ty (%) = [ (x9), T1(xy) = f(x1), T1(xs) = f (x2)-
[To anamorun MOXHO HamHcatb OOLLYIO q)dpMley

sin

..I_

(6)

2n X — X
. X —X . _
sin=—; .. .sin 2‘ !
Ta(x) = , X %o L X X X
im0 sin —5— ... sin 3
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-7 (). @

Boinosninenne ycsiosHi
T'l(xk) =f(xk), k=0,1, ..., 2n,

JIETKO MNpoOBepsieTcs.

I[Tpusesennas dopmysna He eauHcrsenHas (mo dopme). Tax,
‘HMeeM CJIenyIolyio hopmyJy:

n+-1 ,
(cos x —cos x;) ... (cosx —cos x; ;)
Tl (x) — i1
P (cos x; —cos x;) ... (cos x;—cos x;_)
(cosx—cosxi_H) ... (cosx—cos "n+1) f(x) (8)
(cosx; —cosx; ) ... (cosx;—COS X, ) v :

Ouesupno, f(x)=Tn(x),i=1,2,...,n+1. B npaBoit
4acTH (pOpMyJIbI HMeem Tpm*orxomerpnqecxnu MHOI‘O'-UICH .n- I‘O
A10psANKa, TaK Kak

cos? x = —;-(1 + cos 2x),

cos® x = % (cos 3x + 3 cos x), ©)

10T MHorouseH sBssercs uetHod ¢ynkuued. Popmyna
1
[ (x) = Ta(x)

npuMeHsieTcsl, ecJd f(x) — deTHas ¢ yHKIuA.
Ecou f(x)— Heuernas ¢yukuus, 1o B dopmysne (8) YMHO-\

. sin x
ZKUM CTOdIlee No4 3HAKOM CyMMbI (-€ cJiaraeMoe Ha sin %
‘d ToJayuuM MHOrouseH (n 4 l)-ro mopszka:
n--1
T2 2 siny (cosx—cosx;) ... (cosx —cosx; ;)
n(x) = sin x, " (cos X; —cosxy) ... (cosx; —cosx;_;)
=1
(cosx —cos x;4 1) ... (COSX—COS X, )
X fx), (10,
(cosx;—cosx; ) «..(COsx;—COSx, )
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TaK Kaxk

. 1.
sin x cos x = - sin 2,

sin x cos? x = % sin 3x - Tl sin x, (1)

. . . . . . . . . . .

HakoHen, UMeeM TaKKe

n+4-1 L
(sinX¥ —sinx;) ... (sinx —sinx,_;)

Th(x) =

=

/ (sin x; —sin %4) ... (sinx; —sin x;_;)

(sin x — sin x,_'_l) ee. (sinx —sin xn_H)
(sinx; —sinx, ) (sinx; —sinx,_,) f(xy)- 12y
i (1) e i n-1

dopmyasl (7), (8), (10), (12) nerko 3anoOMUHAIOTCS, K XapaKTe- -
pu3yloTCs OOLIHOCTBIO — HA y3Jbl He HAKJAAbIBAIOTCS HHKAKHE
orpanuyenus. HenoctatkoM sTHX ¢opmys sBJIsS€TCS TO, UTO
OHHM HE HMEIOT BHJA

Tn(x)=Ay+ Ajcosx + Bysinx 4 -+« + A,cosnx +
+ Basinnx = Ay + Rysin (x + ¢5) + Ry sin (2x + ¢y) + -+
<oo 4+ Rysin(nx 4 @,), (13)

V100HOrO JI/I OPHJIOXKEHHH.

Ecim y3ibl uHTepnosMpoBaHHsi BbIGpaHbl Tak, 4TO HA MHO-
JKecTBe 9THX yanoB ¢yukuuun 1, cosx, sinx, ..., cosnx,
sin #x B3aHMHO OPTOr'OHAaJIbHbI, TO NMOJYYHTh hopmy.y Bra (13)
necqnoxkuo. ITyctb yamamu OyayT X, Xy, ..., Xgp41. LOIA,
IOCKOJIbKY CYIIEGTBOBaHME HHTEPNOJALHOHHOrO MHOrousIeHa
\CTAHOBJIEHO (XoTs Obl opmysofi (7)), To HalTH ero KoapdH-
UMEHTBI MOXHO CJIeAYIOIMHM 06pasoM:

. ’ 2n+4-1
(T (%), cos kx)=(f(x), coskx)= 21 f(x,) cos kx,,

=

KpoMe Toro, us paBeHcTBa (13) UMmeem
(T, (x), coskx)= Ap(coskx, coskx).

CiegoBartesbHoO,
Ay = {f (x), cos kx)

“ (cos kx, coskx)"
AHaJIOTHYHO TOMYYHM .
B, — (f (x), sinkx)

~ (sinkx, sinkx)*
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2
B wacraoctH, ecom x, = % , k=0,1, ..., 21, To (cM.

T I, § 3)
{cos O . x, cosO . xX)= 2n+ 1, (Coskx, coskx)= 2”;"1’

¢sin kx, sinkx):znjl, k=1,2 ..., m

B paccmarpuaemoM uacTHOM esyuae

2n 2n
1 2mnk 2 2mi 2ni
Ay = 1 Ef(2n+ 1)' Ap = 1 Zf(Qn-l— 1)°052n+ i

(14)
2n+ lzf(%?j—l l) i 2n21-il k.

F=()

‘YnpaxHeHus

1. Bocrnonb3oBaBinceh pasenctsom (6), § 2, JIOKaxHTe, 4TO
w2 1 1
— T —— —_———— coe — -1 __ e
p=1—%m+ e~ @t D)™ m T

"3aTeM HalijUTe T C TOYHOCTBHIO JO 0,01.
2. Jlokaxure, yTo

1 1
LT [T T EPRNIE Ui
""‘1+32+52+ +(2k+l)2+"'-

‘Bocnosb3oBaBuMCh MOC/EAHHM PAaBEHCTBOM, BEINHCJHTE L.
3. BOCI‘IOJIb3OBaBLLIHCb deeHCTBOM 8, § 2, IOKaXHuTe, 4TO

1
3 +15"‘ +4m2 P

ST0 Xe paBeHCTBO NMPOBEPbTE, HCXONA U3 TOrO, 4TO

1 1 1 1
4k2—-l=7(2k—1_2/e+ 1)'
4. Hafinure amniuTyny 0 HaualbHyio (asy rapMmoumk
cosx-4V3sinx, V3cosx —+ sinx.

5. Pastus otpesok [0, 2%t] ma 12 paBubx yacTeit, npuveHute cdop-
’ 2n
MyJly NpSMOYTONbHHUKOB K BBIYHEJIEHHIO Scos’xdx. CpaBuure ¢ TOYHEM
0
OTBETOM, MpHBENEHHEIM B § 2, dopdyta 5 (mpu &£ = m = 1),
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6. Ha onnoM ueprexe mocTpoiiTe rpaduka dynKumi
2 n2
x2, 3T 4 cos x, 3 4cos x - cos 2x,

ﬂ?——4cosx—[—cos?x-—%cosBx, 0<x<2m.

7. Bocnoanb3opasimcs opMynamu Jitnepa
eix + e—ix elx __ p—ix
COS ¥ = ————— sinx = ————
2 ! 2i
g ¢opmyaoii g (a-- b)?, nokaxure pasenctsa (9), (l1), § 5, malianuTe
oflIHe BBIpaXKEHHd IJId cos” x. sin® x.

8. Ilycts xk=-2—3;)f, k=0, 1, 2. 3, 4. CocTaBbTe HHTEPNOASLHUOH-

pple MHorouaensl no dopmyaam (13), (14) u (17), § 5. Iposeprre, coBna-
ZAIOT JIH, B KOHEUHOM cueTe, Pe3y/bTaThl.
nk
9. Ilonoxus x, = T k=0, 1, 2, 3, coctaBbTe (YOPMYJY TPHTOHO-
METPHUECKOTO HHTEPIOJHPOBAHHS jas (yHKumMH [ (x) = x. Ha onmom

yepTekKe NMOCTPoiiTe rpadHKH GyHKuun f (X) M HafiJIEHHOTO TPUTOHOMETDH-
4eCKOr0 MHOrouJeHa.

FTNABA IV

MHTEPMOJNIMPOBAHME
U CNOCOB HAMMEHBLUMX KBALAPATOB

§ 1. BcnomoraTtesbHbie CBeJeHHS.

1. Ilporpavma no maremaruke cpepHell obiieo6pasoBarTesb-
HOH IIKOJIBI COJAEPKHT MOHATHE MpPOM3BOAHOH, HANOMHHM €ro.

IMpousBoxHofl dyHKuuu f(x) npu x = a HasblBaeTCH Npenest
OTHOILIEHHs] MpHpaleHns OYHKIMK f(X) B TOYKE a K mpupalie-
HHIO A apryMeHTa, KOTJa 3TO MOCJeJHee CTPEeMHTCS K HyJIo:

. a-4h)—f(a
f’(a):llm” +’Z [
) |h|=0

Eciu npemen ne cymecrByer, TO ToBopsr, 4YTO GYHKUHS

He MMeeT NpPOH3BOAHOH NIpH X = a.
[Tpoussonnas

’ T frt+mn—F®

Fo = fm HE =S
caMa ecTb GYHKUMS apryMeHTa X W HA3bBaeTCA HAPOH3BOLHOH
(6e3 noGaBieHVsI CNIOB «IpH X = @»),
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W3 cBoiicTB npexesios Jierkd' BbIBeCTH CBOMCTBA MPOH3BOJ-
Hofi. Tlpusesem To/IbKO ABa CBOMCTBA:

(F) + o) =F (x)+ ¢ (),
(ef (x))' = cf' (x), tne ¢— nocrosHHas.
Jlerko nokasarb bopmy.ty
(x— ) = k(x— a)t=1,

Paccmorpum  coyuadt, korpa k=3 (popmyna BepHa H a4
JPOGHBIX NOKasaTesel, HO MbI OTPaHHYHMCSH TOJIBKO LEJBIMH).
Hmeem

(6 — @) = tim &=ak P (c—af

_lhl-rO .
— lim 3¢ —aPht 3 —a)m4m _
|hj=0 h
= lim (3 (¥ — a)? + 3h (x —a) + A% = 3 (x — a)®.

|h] +0

ITpoussonnas or f'(x) Hasbisaercs 8mopoti npoussooHoti
#_oGosnauaercs [ (x), TpeTbA MpousBofHas f (x) W @ (x)—
9To MpousBoxgHas oT [’ (x) u T. .

II. Yueno a nas saetcss kopheM MHOrownema

Px) = apx" + ax" 14 ... Q¥+ apyx+a, (1)
ecm P (a) =0. ' :

Teopema 1. as mozo umober a Goiro KOpHem MHO20-
4rena (1), rneobxodumo u docrmamotro, 4mobbl MHO204.AeH
Oeauncs 6es ocmamka Ha x — a.

Hokasarennctro. Jocmamounocms. Ecau P (x) me-
JmuTcs 6e3 ocTatka Ha X —a, TO

P(x)= Py (x) (x—a),
rae P, (x)—uactoe (muorousen). SlcHo, uro P(a) = 0.
Heobxodumocme. Tlycts P(a) =0, T. e. ‘
apan +a,a" 7t oo +a, ja+a, =0, » 2)
Beiuntas (2) us (1), nonyuaem ‘
Px)=ay(x"—a" +a,(x" 1 —a"" ) 4 ... + a,y (x—a).

Tak kak pasHOCTh uHe/BIX cTeneneil IBYX 4HCes JeJMTCA Ha
PasHOCTb MEPBBIX CTeNeHel STHX YHCEN, TO KaxHoe cJaraeMoe
B IIPaBOH UACTH MOCJENHErO pPABEHCTBA JEJHUTCS HA x—a,
u notoMy P (x) memurtcs Ha x —a. :
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Teopema 2. [ra moeo umobor mroeourer (1) umenr n
pasAUdHbLY KOpHed @y, Qs, ..., Q,, Heobxodumo u docma-
IOUHO, 4IMOobbL UMEAD MECHIO PA3A0HCEHUE HA MHONCUMEeAU

P(x)y=ay(x—a)(x—a,) ... (x—a,).
HokasatenbcTBo. Jocmamourocms O4eBHLHA.
Heo6xodumocme. Ecm ay, a,, ..., a, KOpHH MHOTOUJIEHA,

10 1O Teopeme | OH JOJIKEH NequThes Ge3 ocrarka Ha (Xx—ay),
(x—ag), ..., (x—a,). CreoBaTesbHO, OH NOMIKEH IEJNHThCH
6e3 OCTAaTKa H Ha NpoH3BeAeHHE

(x—a)(x—ay) ... (x—a,), )

aBJSIONIEECS MHOrOusieHoM ToH ke creneHH n. IlosroMy, mo-
JenuB P (x) Ha npouseenenue (3), 063aTesbHO NOMYYHM IOCTO-
AHHOE YacTHoe. 3HAuHT,

P)=K(x—a))(x—a,) ... (x—a,).

Ec/i Gbl MblI BEINOTHWJIA YMHOXEHHE, TO KO3(QULHEHTOM NpH
x" Obto 61 K, HO B (1) KoadduimeHT mpH x" paBeH a,.
Orciona K = a,. ,

Teopema 3. Jlwboli mMHO204/eH

P (x) = ay 4 ayx + ax® 4 -=-

MOJXCHO PpaCnoOONCamb NO Cmenewam X—a, m. e. npedcma-
eums 6 eude

P(x) = A+ A (x—a) + Ay (x—a)* + -

npu abom a.
B camom neste,

P()=a,+a(x—a)+a)+a,((x—a) + a4 --- =
= (@ + aya + a,a® + +-+) + (x —a) (a; + 2aa, + -+-) +
+ (x—a)*(az+ 3aas + -+-) = 4y + 4 (x—a) +
+ Ay (x— ) - ‘
Teopema 4 (Ponnsn)l. Ecau ¢ynkyusa f(x) o6radaem
ceoticmeamu: 1) f(a) = f(b); 2) 0aa kaxcdoeo sHauenus X,
@< x<b, f(x)—nenpepoiena; 3) e xascdoli mouke uHmMep-
éara a< x<b cywecmeyem npouseodnas f'(x), mo no
Menouiell mepe € o0HOU mouxe ¢ unmepsara ' (c) = 0.
Crporoe aHa/MMTHUECKOE J0KA3aTEJbLCTBO TEOPEMBI NPHBECTH
He moxeM. 'eomerpuuecku Teopema KaxkeTcsi OueBHIHOM, OHA
— oHeM. A

! Ponns M. (1652—1719) — ¢dpaHIy3cKuii MaTeMaTHK.
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03HAyaeT cyecTBoBaHke HA rpaduxe ¢yHKUUH f(x) X0Ts Obi
ONHOHA TOYKH, B KOTOpOH KacaTeslbHad K IpadHky napasienbHa
OCH aécuucc. peKOMeHﬂyeM qyTaresi0 CaMOCTOATEJIbHO CheJaaTh
PHCYHOK, HayaB ero ¢ yuera ycJsosus 1).

3ameuanne. [eoMeTpuueckoe AOKa3aTeNbCTBO MHeMb3s CUHTATb CTPO-
rumM xoTd Obl yXe NOTOMY, YTO H3006pakaeM KpHBbie, o6Jajaioiue CBOH-
CTBOM: [PH JBHMKEHHH TOYKH KaCaHHA BNOJb KDHBOH YroJ HakJoOHa Kaca-
TeJbHOH K OCH a6CUHCC H3MEHSeTCSl HENPEpPBLIBHO. JTO O3HAYAET HEmpe-
PLIBHOCTb 1IPOM3BOAHOMN, a 3Ta HENpPEPLIBHOCTb HE MpEAINOJAaraeTcs.

§ 2. TeiuopoBo pasnioeHHe MHOTOuWleHa H ofwas ¢op-
myaa Teisopa. Jlnsl HEKOTOPOH (PyHKUHMH 3HAUeHHe (YHKUHP
M pAAa ee MPOH3BOAHBLIX MOI'YT ObITb 3ajaHbl, HafijeHbl 3KCIle-
DHMEHTA/bHO WJIM BBIYHC]EHB NPH X = a. Hanpumep, aas
TOYKH, ABHAKYLIEHCS MPAMOJIHHEHO, B MOMEHT BDEMEHH X = d
moryT ObITh 3ajaHbl OyTb S(a), NpoHmeHHbI 33 Bpewms a,
ckopoctb S’ (a) u yckopenune S”(a).

B tom cayuae, xorpa usBectHo, uTo GyHKuusA P (x) sBjIs-
ercsl MHOTOY/IEHOM 71-fi CTeleHH M 3aJaHbl IPH X = @ 3HayeHie
OYHKIMY W ee MPOHM3BOJHLIE IO N-r0 MOPSJKA BKJIOYHTENLHO,
To MHOrousen P (x) Mmoxer GbiTh HaiigeH npH oo X.

Teopema. Ecau P (x) MHO204ieH n-ii cmenenu, mo

P(x)=P(a)+P'(a)(x_a)+P"2§a)(x__a)2+
" (n)
+P3,(a) (x—af + o + 2 @ (x —ay. (1)

JdokasareabctBo. 3amuiem P (x) B BUE
Px)=A+ A (x—a)+ Ay(x —a)> +-- -+ Apn(x — a), (2)
YTO BCErAa BO3MOXHO, H MOCJIENOBATEJNbHO HalijeM

P (x)= Ay +24,(x —a) + 343 (x —a)* + -+
+nd,(x —a)" 1,
P (x) = 24, +3-24;(x—a)+ -+
o nn—DA,(x —a)" 3 (3
P (x) = nl A,

[osoxue B dopmysax (2) u (3) x = a, noayynm

A=P@, A=P (@), 4,=20@, , 4, =200

W3 (2) u (4) caenyer dopmyaa (1), KoTopyio HasbiBalOT ¢op-
myaoti Tedaopal 0an MHO20UACHA.

. . . .

1 Tefnop B, (1685—1731) — anramiickuii Matemaruxk,
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Tenepp mnpegmosoxiuMm, 9ro f(x) He MHOrouseH, HO H3-
BECTHO, YTO HA HEKOTOPOM HHTepBase, COAEprkauleM ¥ = a,
f (x) nmeer npouspoguele o (n - 1)-ro nopsaxa BKJIOYHTE/IEHO
¥ NYCTb 3aJaHbl

f@, f'(a), f"(a), ..., f"(a). ()

ITo dpopmyse (1) moxem noctpouts MHOrowneH P (x) n-it
CTElCHH, NPUHHMAIOMHA, BMECTe€ CO CBOHMH [POH3BOJHBLIMH,
OpH X = a Te ke sHaveHus (5), T. e.

P@=f(a), P'(a)=F (), ..., P (@)= f"(a)

Toraa nosyyum
PW=1@+] @k—a)+ LD —ar +
..+f_(nla)(x_a)n. (6)

) nl
EcTecTBEHHO MOJIOXKHTE ‘
f(x)=P(x) + Rn(x) = f(a + (@ (x—a)+
+ 0 —ap o 1 2O oy R0 ()

~ Ora ¢dopmysa HasbiBaercs qbopMy/zoﬁ Teiiropa, B HeR
R, (x) aBafeTcs OCTATOYHBIM YeHOM. SIcHO, uT0 R, (x) —
STO MOTPELIHOCTb NMPUOIIXKEHHOA HOPMYJIbI

FO=~i@+F @0x—a)+ 50 —ap 4 ..
. f(n)(a) n
+ nl (x —Q) . (8)

[Toxa He HailleH OCTATOYHBIN WYI€H WJIH JXe OLEHKa AJf
Hero ¢opmyJsia (7) OKOHYATEJBHOTO BHIA HE HMEET, a IpHMe-
Henne Gopmyssl (8) MOXKeET NPUBECTH K GOJIBLION MOTPELIHOCTH.

B kypce nuddepeHunanbHOro ucuucaeHas s R, (x) yka-
8aHbl pas/HUHbIe 10 hopme BbipakeHH . CaMbIM NPOCTHIM U yallle
BCEro IMpHMEHSEMbIM SIBJSETCST OCTATOUYHBIA useH B (opme
Jlarpanxa

R,(x)= %f‘“lk(t), a<lt<x (hm x < t<a).

[TockosbKy 3HaueHHe { HEH3BECTHO, TO OCTAETCSt HEU3BECT-
HbIM H TOYHOE 3HaueHHe BblpaxkeHns And R,(x). Yame Bcero
ROCTAaTOYHBIM SIBASIETCS] OYEBHJHAA OLEHKA
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| R ()| < =200 max | fitd (x)].

N

. R 4
Hanpumep, nycts f(x)=sinx, —z <x <

[TocnenoBare/bHBIMH ~ NPOU3BOAHBIMH  (YHKIHH sin x
SIBJISIOTCS '

cosx, —sinx, —cosx, Sinx, COSX, .... 9)

[Tostomy max|(sin x)**+V| < 1. Tlonoxum a= 0, Toraa n1s
R, (x) 6ymeM uMeTb OLEHKY
:|'|',ﬂ+1
[Ra(x)) ST EF
Ecim Bo3bMeM n = 3, TO -

e -1 .
le(x)l<m<a—0-.

[Toncrasus snavefins npousBoaHbX (9) npu x = 0 B (8), nomyynm

. x3
smx,\,x—§l

1
(ﬂOl‘pelIlHOCTb MeHbIle 67)) .

3ameuanne 1. [Npu6ankenHoe mpeicTaBienne [ (x) ¢ HOMOWIBIO MHOTO-
YJeHa MMeeT BaXKHOC 3HAYeHHE B TEODHH H NPUIIOKEHHAX.

3ameuanne 2. XoT# KjacC (YHKUHMil, HMeOIUX NPOH3BOJHEe,
He OYeHb Y30K, TpeGoBaHHe CYLIeCTBOBAHHA IIPOMSBOAHBIX Hallo CYHTATh
HKECTKHM. .

§ 3. Hurepnoasuuonnas ¢opmyya Jlarpanxka. Ilpeanoso-
KUM H3BECTHBIMH 7 --,1 sHaueHuit ¢ymkumu f(x) npu n 4 1
pa3IMYHBEIX 3HAUEHMAX aprymeHra. Takoe mpeamoJioxkeHue ocy-
IeCTRJsAETCA BECbMa 4YacTo: B ONpeje/JeHHble MOMEHTbI Bpeme-
HU ¢ OOJIBLIOA TOYHOCTBIO (PUKCHPYIOTCS PpACCTOAHHA MNPAMO-
JIMHEHHO IBHXKYIIEACS TOYKM OT HEKOTOpOro Hadaza; H3Meps-
eTcsl IJIHHA CTep:KHS NMPH pas/HiIHbLIX TeMIeparypax; mpubop
BhIUepuHBaeT rpadyk HeKOTOpoH ¢yHKUHH, a C MNOMOILLIO 3TOrO
rpadika HaxoxATcs 3HaueHHS QYyHKuMH; QYHKUNA 3aJaHa CJIOXK-
HOH (hopMYJIOH, W MOTOMY BBLIYHCJ/AIOTCA TOJLKO €€ 3HaYeHHs
IJ19 psAja 3HaueHWH apryMeHra.

Tpe6yerca no AaHHBIM 3HAUEHUAM

f(al)’ f(az): cee f(an)' ,f(an+l)

HafiTi npubJKeHHOe BbipaX<eHHe AJA f(X) B BUAe MHOIOdJeHa,
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Onpenpenenne. Muoeouren P (x) He 6buue n-ti cmenenu,
ob6radarouuti ceoticmeom

P(a)) =f(a), P(ay) =f(ay), ... , P(@nt1) = f(@ns1), (1)

HO36I6AEMCA UHMEePROAAYUOHHOLM MHO204NEHO M
oas f(x), a ¢popmysra

f(x) ~ P(x), @

ucnoavsyemas 048 NPUbAUNCEHHO20 HAXONCOEHUS BHAYeHUL
f(x) npu 3Havenuax apeymenma, coOeprcauyuxca mexcdy
HQUMEHbWUM U HaubOAbwuUM U3 Gy, Qgy ... , Qnty, HA3GL-
8aeMCA UHMEePNOAAYUOHHOU popmyrod.
['eomerpuuecku ycsosus (1) osHavawor, 4To rpaduki MHO-
rouneHa P (x) u GyHKUHH [ (X) 3aBeIOMO UMEIOT He MeHee yeM

n -1 obuux Touex.

Tpebosanue, uroObl MHOrodnen P(x) Obln He BbllE 7-H
CTENeHH, ecTeCTBEHHO — ecJId B3iTh MHOroueH Oosiee BBICO-
Koli cTeneHH, To oH Gyner cojepxarb Gosee deM n -+ | kosd-
GUIHEHTOB, /IS HAXOXJAEHHA KOTOPHIX HMEETCs TOJIBKO 1 - |
ycsoBuit (1), ¥ HeJb3s OXHMAaTh, UTO KO3(M(UUHEHTH ompexe-
Jasrcst ogHosHauHo. Ecom norpe6oBaTh, 4TOOBI CTeNeHbh MHO-
rowieHa Obljla MeHblle 7, TO YUCJIO ycJoBuH (1) Gyner GoJb-
e YHCJIa UCKOMBIX KO3(pHUHEHTOB H, KaK MpPAaBH/IO, ypaBHe-
HHS )15 OnpeJe/IeHHs HeH3BECTHBIX OKaXKyTCsS HECOBMECTHBIMH.
Wrar, Hago HalTH MHOTOY/IEH

P(x)=A,+ Ax+ -+ + Apxn, (3)

yIoBnerBopstoHil  ycsoBusaM (1). Dtu ycJoBus noipobHo 3a-
"NHCBIBAIOTCA CJIeAyloUHM 00pasoM:

Ay + Ajay + Aal + -+ + Apay = f(ay),
Ay + Axaz -+ Azaz + e+ A,,a;' = f(ay), (4)

o« e . DY D )

A, -+ Alan+1 -+ Aﬂan-,-l 4 e 4 Ana'r:-l—l = f(an-l—l)

1 NPEJCTaBIAOT coOo# cuctemy n -+ 1 ypaBHeHHil mepBoi cre-
neHu ¢ n -~ 1 HeusBecTHbiMH Ay, Ay, ... An.

JlokaxkeM, 4TO eCJM CyliecTBYeT pelueHHe CHCTeMHI (4),
TO TOJNBKO OHO. DTO 03HAYAET, YTO HHTEPHOJALHOHHLIH MHOro-
4/ieH, €CJH OH CYUIECTBYET, MOMKET ObITh 3alicaH B PasjHy-
HBIX (opmax, Ho, Oyayun mpueeneH K BuAy (3), Bceraa Oyaer
OJIHEM H TEM 3Ke.
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ITycTb cucrTema ypasuenufi (4) umeer npa pewennus: 1) A,
Ay, ..., Ay 2) By, By, ..., Ba Torma Gyayr Toxjaectsa-
MM paBeHcTBa (4) W paBeHCTBA

By + Bya; + Bsa} + -+ + B,,a.'} = f(a),
B, + Blaa -+ Bzag + e F Bnag = f(a2)1

By + Byany1 + Bshyt + -+ + Buany1 = f(ant),

BhlunTas 5TH PABEHCTBA U3 COOTBETCTBYIOLIUX PaBEHCTB (4), Mo-
JIYUHM

(4g— By) + (A, — By) a; + (A;— By)al + -+

—|—(A,,—-B,,)a?=0, i=12,...,n41
10 03HAuaer, UTO MHOTOWIEH n-H CTelneHH

(Ao—By) + (A —By) x + -+ + (An— By) x"

numeer n -+ 1 (Gosblue n) pAa3IHYHBIX KOpHEH, 4TO HEBO3MOXK-
HO. MBI NpuILTM K NPOTHBOpeuHio. 3HAUHT, GOJIbILE OJHOTO
peulenHs cucreMma (4) HMeTb He MOXKeT.

Hiuxe nalinem MHorousnen P (x) U TeM caMbiM Bompoc O Cy-
IIECTBOBAHUM- pellieHHss cucTeMel (4) Oyner pelleH MOJIOXH-
TeJIbHO.

Hrak, Tpebyerca Haiith MHOroweH P (x), YIOBJETBOpS-
foumnit ycsosuam (1), e pewas cucreMmy ypaBHeHHit (4).

JPaccmorpuM dacTHBI cuyuaH, Korna

P(a) =f(a), P(a)) =0, ..., P(@ut1)=0. (9)

Ha ocHoBanun Tteopemnl 2, § 1, umeem

P(x) =ay (x — a)(x — ag) ... (X — ant1).
Haiinem q,. [dns 3TOoro Bocmosib3yeMcsi INEpBBIM U3 yCJIOBUH
(9), mosryuum .

' f(a)) = aq (@, — az)(a} —as) ... (@ — anp1),

G = (a1 —ag)(ay—as) ... (a3 —a,4y) f(ay).
OKOanTeJIbHO, MHOrouJIeH n-H CTelneHH
_ (x —ax)(x —ag) ... (x——an_,_l)
P = @ = @ —ay | (@
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L YIOB/IETBOPSAET yCJIOBUAM
Pi(a)) = f(a), Py(ar) =0 mpu i == 1.
AHaJsIOTHYHO HAXOAMM MHOTOWJIEH A-i CTeneHu

_ (r—a)(r—ay) ... (x—ay)
o (aﬁ - al)(az - aa) P (a2 —_ an+l) f (02),

Py (x)

YIOBJIETBOPSAIOLIUH yCJIOBHAM
Py(a) =0, Py(ay) = f(ay), Py(a;) =0 npn i~2.
3arem Haxomum Py (x), ... , Pui1(x). Torma
P(x) = Py (x) + Py (x) + -+ + Pnj1 (%)

ABJISIETCA MHOTOWIEHOM He Bhle n-H CTemneHH, yJOBJIETBOpS-
oM BeceM yesioBusiM (1). HalineHHE MHOrOY/IeH

_ (x—a)(x—as) ... (x—a,.y)
P(x)= (@ — 8@ —ap) -~ (@ —a,) fla) +
(x—a)(x—as) ... (x—a,yy)
+ (ag —ay)(ag—as) ... (a3 — ) f(az)’ + (10)
(xr—a)(x—ay) ... (x—an)
(@pp1 —a)@,y —ay) ... (@py—an) f(ant1)

HA3bIBAETCS UHMEPNOAAYUOHHOIM MHO204AeHOM Jlaepanaka,
a dopmyna f(x) = P(xX) — unmepnorayuonrot ¢opmyroL
Jaepansca. : :

Ecoi npennmonokuTh cyliecTBoBaHue y f(x) mpoH3BOOHBIX
J0 (n 4 1)-ro nopsaaka BK/IOYHTENBHO, TO MOKHO HAHTH BBIpa-
JKeHHe JJ1S1 [OTPelHOCTH HHTEpPNOJIALHOHHOA dopmynbl. Hruxke
(cM. § 4) mbr HafizeM 5TO BhIpaxkeHHe mpu n = 1.

Mpumep 1. Mycts f(—1) =6, f (0)=—2, f (1) =4, [(2) = 12.

Hmeem .

o X(x=D(x—2 . (x - l)(x——l)(x—2). _

U Sy e = R B e e R

JEEhrx—3) ,, &t 1);9—1)' 12 = —2x3 4 7x2 + x —2,

3 1. (=D 321
Mpumep 2. Ilyers f (—1) =2, f(0) =1, f())=4, f(2) =1L
Hmeem

F (9 ~ x(x—1N(x—2 (x—l—l)(x—~l)(x———2).l+

=3 2t T ==
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x+NhHhx(x—2 .4+(x+l)x(x—1) 1
3.-2-1

L o

l=2x24 x4 1.

Kak BupuM, cTeneHb HHTEPNOJSIHOHHOTO MHOTOWIEHa MOXeT GhITh
MeHbille n (B JaHHOM cayyae n = 3). :

§ 4. Jluueitnoe uHTepnoJupoBande. [IycTb 3ajaHbl TOMBKO
JBa 3HAYeHUs X;, X, apryMeHTa H COOTBETCTBEeHHbIe 3HAUeHHs]
¢yuknun [ (x). HarepnonsnuoHHei MHorouseH OyneT Torja
MHOTOYJIEHOM NepBOf CcTeneHd, ero rpadvkom Oygner npsamasd,
npoxojsmasi 4epe3 TOUKH (X, f(xy)), (%2, f(xg)). Orcioza
Ha3BaAHHE — AUHEIIHOZ WHIMepnoal posanue.

K JMHefiHOMy HWHTEpIOJIMPOBAHHIO MpPHOEraloT IOBOJBHO
4acTo.

CymecTBytoT Tab/mLbl YHCJEHHBIX 3HAYEHHH MHOTUX (PYHK-
1uit (HanpuMep, TabJMLBI JIOrapHpMOB, TabIHUbl 3HAYeHHHA TpH-
roHomerpuueckux ¢yHkuui). B 3Tux rtabnmuax mocsenosaresib-
Hble 3HAUEHHS] apryMeHTa OT/IMYAIOTCS HA HEKOTOPYIO BEJHUYHHY

Hanpumep, B rabnunax N€CATHYHBIX JOTapUPMOB AaHBI JIO.
rapanMbl nessix urces, A= 1. B tab/muax TpuroHomerpHyec.

Mexny Tem,

KHX BeJHYHH h—30'( 360) (wm h—720).

HHOI'a Heo6XOIUMO BBIYHCJ/MTH 3HauveHne GYyHKUUMH A7 3Ha-
YeHis apryMeHTa, cojepKaillerocs Mexay ABYMA pPsIoM CTOS-
muMH aprymentamu. CkrakeM, Hamo Hafitu sin 32°42’, a B Ta6-
JMIAX ecTh CHHychl yryioB 32°30" u 32°45’,

B nonoGHofi cHTyamuH MOXHO YCIEUIHO NPHMEHATb JHHeH-
HOe HHTEepHOJIHPOBaHHUE.

JonycTuM, 4yTo HeKOTOpPHIH CTepxkeHb BMOHTHPOBAH B yC-
TaHOBKE TaK, YTO 3KCNEPUMEHTATOpy NOCTYNHB! TOJBKO KOHIIbI-
3TOrO CTEpXKHA.

MamepuB BesMyHHBEI HEKOTOPOH (DH3HIECKOH XapaKTepHUCTH-
KH, HanpuMep TeMNepaTyphl Ha KOHIAX CTepKHs, 3KCIEePHMEH-
TAaTOp B KauecTBE [1epBOr0 MpUO/MMKEHHA A/ HAaXOXJeHHUS
3HAYEHHS XapaKTEePHCTHKH B HEKOTOPOH HEeNOCTYMHOH TOuKe
CTEpXKHs BBIHYXKJIEH BOCIOJb30BATbCS JIMHEHHBIM HHTEPIOJH-
pOBAHHEM.

Ilpy 3TOM BO3HHMKAaeT BONPOC O BEJHYKHE [OTPElHOCTH
C KOTOpOH HaxoAuTCsl 3HadeHHe GYHKUHMH MO NWHeHHOH HHTEp
noJISHOHHON ¢opmyJsie. B camoM nese, ecsim B TabuHiax AaHbl
Jorapumbl ¢ TogHocThio n0 0,0001, TO GbIMO GBI OECCMBIC-
JIEHHBIM BBIYHCJATD JIOrapu(GM C MOMOIIBIO HHTEPHOJNALHOHHOH
dopmy.ibl, Jalowiedl pesy/sTar ¢ ToyHocTbio go 0,01,
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JlokakeM, YTO MOTPEIIHOCTD JHHEHHON WHTEepNoNALNHOHHOMN
dopMyabl 1151 f (X) IOMYCKaeT. OUEeHKY

| norp.| < 2= max | f7 (x)). (1)

[TycTp MHOro4JIeH
Py(x)=K+ Lx
y/0BJIETBOPSIET YCJIOBHSAM HHTEPIIOIHPOBAHHS
Py(x1) = [ (x1), Py(x2) = f(x5)

y NyCThb X — yioBoe, HO (HKCHPOBAHHOE, 3HAYEHHe apryMeHTa
TaKkoe, 4To ¥; < ¥ < X, Ilpn x = X, BooOuie roeops, f(x)=~
= Py (X), 4 nostomy

f(®) = Py (%) + norp.
[TorpemHocTs GyJeM 3amMuChIBATL B BHIe
morp. = N (X — x)(X — x,),

ppuueM uncao N elle He oOnmpelesieHo, HO €C/H X OKaXKercs
D4BHBIM X; HJH Xg, TO MOTPEUIHOCTH Oyjzer paBHA HYJIO.
PaccMoTpuM  (pyHKLIHIO

@ (x) = [ () — P (¥) — N (x — x1)(x — xa).
fIcHo, 4TO
e(*x)=0, 9(X) =0, ¢(xz) = 0.
[lo Teopeme PoJuis, nojyyaem ; ‘
P () =0, x, <, <% ¢ (c)) =0, X <y < 3.
Cropa npumeHsisi Teopemy Posisi, nosnyuum
©0)=0,6<T <> % <C < X,

Ho
9" (x) = ["(x)—2N,

TaKk kaK x’ = 1, ¥" = (1)’ = 0. 3uauur,
0=9¢"@=/["()—2N,
N=f———-2(c), X €T < Xy
Hrak
norp, = &2@ (x — x)(x — xy).
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Orcrona
| morp.] < % max | f” (x)| max (x — x)(xy— x).

‘Tak Kak
(x—x)(xg—x) = —x% + (X3 + X)) X — X1 X2 =
- ( _x —; x,)2 + (x, —2-x1)2 ’
TO _
max (x — ¥;)(xy — X) = 9"—}@—2 .
OkoHuaTesbHO

—_ 2
| norp.| < ix—’—s—x‘)- max | " (x)].
PaccMOTpHM /B BaXHEIX YaCTHBIX CJIyuas.
. k14 T
1. f(x)=sinx, 0 <xy, *, <7 a—h = (=15").
Tak kak (sin x)” = —sin x, T0 moJayunM

w2 10,24
|norp.| < g7y < g=sigi00 < 000001

Taxum o6pa30M, @ [OMOIIBIO JIHHEHHOH HHTEPNOJIALHOHHONR
GopMyJIl MOXKHO BBIYHC/IATH (¢ TouHocThio xo 0,00001) sHa-
YEHHsI CHHYCOB YyIJIOB, COJEpXKaIMXCcad MEXAY YI/aMH, KOTophle
orymuatoresi Ha 15, dro oﬁbltmo BMIO/IHE  0CTATOYHAs TO%
HOCTB. :

OueBuaHo, Tako# ke pesysbrat OylneM HMeTb JJIs COSX.

-~ 19 o
Mur mpepnosiarasu, 4TO X4, xge[O, T] [0 TO# MpHYHHE, 4TO

)sin x = cos (—2- -_ X) " IO3TOMY B -TabJMIaxX JAOTCS 3HAYEHHS

TPUTOHOMETPHYECKHX (YHKIMI JIHLIb IS yTIIOB, COXEpIKAHX-
cs mexay O u 45°.

2, f(x)=1gx, x1, x> 100, xy—x; = 1.

B sTom enyyae us (1) mosyuum (rax Kax (Ig x)" = ——;:—, lge,
rae e=2,71...) )

|morp.| < s—joge - [g2:8 < 0,0000L,
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3anuweM Tenepb (GopMyJTy JIFHEAHOTO HHTEPIOJHPOBAHHSI M
npUBeAeM ee K BHAY, YJAoOHOMy miA nNosb3oBaHHs. O6mas
¢opmysa (10) npeapipymero naparpaga npu n=.2 6yner
HMETb BHJ : h

~

FO) ~ F=22 F () + o= ().

X1 — Xg Xg — X1
OTciofa
Flo = 2t () 4 222 (1),

F) = fln) + D=l ),

D10 U ecTb PopMy./Ia JHHEHHOro y

HHTEPIIOIUPOBaHHUs, HMeElomas F)=Fn)
npOCTOH reoMeTpHYECKHH CMBICI

(puc. 17) u ynobHas 11 BHI- | ,
YHCTIeHHH. ol «x X X

) Puc. 17

§ 5. Untepnoasuuonnas dopmyaa Heiorona. Paccmorpen-
#asa B § 3 ¢opmysa Jlarpamka npurofra ajia Joboro Haopa
Y3JI0B WHTEDPIOIHPOBAHUSA, HO HMEET JBa CYLIECTBEHHBIX HEJO-
cratka. Ilepeblil M3 HMX 3aK/IO4aeTCsi B TOM, 4TO ¢opMmyJa
rpoMo3jKa — KaxjJoe csaraemoe (opMyJbl ABJIAETCH MHOTOYJIE-
HoM n-ii creneHd. BTopoli HejocTaTOK 3akJ/mouaercsl B Cieny-
omeM. CoryyaeTcsi, 4To cHayaJia 3ajaeTcs, AONYCTUM, /M Y3JI0B
M BBLIYHCJSIETCS HHTEPNOJALMOHHBIA MHorouneH Jlarpamxa.
3areM Mo KakKOH-TO NpUUHHE JOOABJIAIOTCA JONOJHUTENbHBIE
y3JIbl MHTEPNOJHPOBaHHS (MOTOMY, HanpHMep, 4TO MOJyYeHHas
MHTEproIAHOHHAas (HopMyJIa oKa3anach HEJO0CTATOUHO TOYHO#M).
[NpuxoauTcss Torja BCE BLIYMCJEHHS BHINOJHATH CHOBAa — HH
OJHO M3 cJiaraeMbiX (opMysiel Jlarpamxa He COXpaHSeTcs.

Huioron ! Hawmies Takyioo ¢opMmy [Js HHTEPHNOJSALHOHHOIO
MHOTrOUJIEHa, KOTOpas JMUIEHA YKa3aHHLIX HeLoCTaTKoB ¢op-
Mysbl JlarpaHxka, HO 3Ta ¢opMa npocta JHilb B TOM-Clyyae,
Korja 3ajlajHble 3HaueHus aprymenta o0pasyloT apugmeTnuec-
Kyto nporpeccrio. UTo6sl HanucaTh popmyny HeioTona, BBefieM
MOHSAITHE O TAaK HA3bIBAEMBIX KOHMEYHLIX PABHOCMAX (DYHKYUL.

[MycTb haHbl 3HaueHusi aprymeHTa a, a + h, a - 2h,"a +
~+ 3h, ... M COOTBETCTBYIOIIKE 3HAYEHHs] (PYHKUMH. Bpinumem
aHaYeHWs apryMeHTa M (YHKUHM JByMsl KOJIOHK&MH. 3aTeM

! Heioron W. (1643—1727) — auranficknit Gu3nK, MeXaHHK, acTpo-
HOM M MaTeMaTHK.,
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KaJ0e 9HC/IO0 BTOPOH KOJIOHKH, HAYHHAs C TepBOTO, BEIITEM
u3 nocsnenykomero uucna. ITosyqum neperie pasmoctd dyHkuHu
M TepByI0 W3 HHX 0GosHaunm uepes Af(a). HaiineHupie pas-
HOCTH 3alHCLIBAEM B TDETbEH KOJIOHKE. AHANOTHYHO MO TepBBIM
PasHOCTSAM COCTaBJIsieM BTopble. [lepByio M3 BrophIx pasocreii
o6o3Hauaem cumBosioM A2 f(a). Tlono6mo cocTasisiem TPETbU
pasHoc™d M T. 1. MHTepnonannonnas dopmyna HpioTona mve-
eT BHJ

Fx) ~ P(x) = [(a) + 52 Af (a) +- £ e =l

X A (a) 4 LD e e —a 2 pop o

JloKasaresbcTBO  BechbMa 9/JIEMEHTAPHO M MNpPHBOAHTL €ro He
6y aeMm.

Npumep 1. Hcnonvsosas pannwe npamepa 1, § 8, namucats popmymy
Hbslorona. ‘

Hmeem
x [f(x) Af A ASf
—1 6 —8 14 —12
0 —2 6 2
1 4 8
2 12

Otkyna

R e e e
+(x—+~1’§“("_ﬁ-(—12>=—2+x+7"’—2""

Mpumep 2. HcnonbsoBa nanubie npumepa 2, § 3, namucaTh opmysy
Helorona. :

Hmeem
x () Af .A%f A%
—1 2 —1 4 0
0 1 3 4
1 4 7
2 11

OTkyna

f(x)-~2+’i-(—l)+(x—+—m-4=1+x+2x2.
1 2

3ameuanne. Dopmyna auHeHHOro HHTEPIIONIUPOBAHHST B KOHEUHOH ee
¢opme npexcrasaser coboi ¢opmyany HeroTona npu x; = a, Xg=a- h.
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B npenpinymux naparpadax GOblH paccCMOTPEHB ABE BO3-
MOXKHOCTH:

1) nauwt f(a), f'(a), f"(a), ... ;

2) nansbl [ (x1), f(x3), flxs), +...

CyuiecTBYIOT HHTEpHOJIALHOHHBIE (GOPMYJBI H LJA «CMe-
QIallHOTO» CJIydasi, KOria aaubl, Hanpumep, f(xq); f(x2), f' (xq),
' (x2); [ (xg). ' .

Taxofi coysait BcTpedaeTcss pejko, [O3TOMY ero paccMmar-
piBaTh He Oynem. B mocienyiomux naparpagax paccMOTpPHM
oueHb BAXKHBIH 1JI NPAKTHKH cJayyadl, korna nauul nn -+ 1 3xa-
yentfl (yHKUMH, a MBI XOTHM BbIPa3UTb MpHONMMKEHHO Hawy
(YHKLHIO B BHJE MHOTOYJIEHA He CTENeHW 7, & CTENEeHH m,
npliveym o0sizaTenbHO M < A1.

§ 6. U30biTOuHbIE CHCTEMBI JIHHEHHBIX YypPaBHEHHMH, pelue-
Hue mo cnocody HamMeHbLHX KBaapaToB. HemocpencTserHoe
W3MEPEHHe HJIM BBMHC/ICHHE BEJHYMH Xj, Xg, ... , Xm BO MHO-
rHX CJy4asx 3aTpyAHHTeJ]bHO HJHM JaKe HEBO3MOXKHO, a 10-
[IyCKAIOLIUMH HENOCpeJCTBEHHble H3MEPEHHs OKasbIBAIOTCS He-
KOTOphle BbipakeHus (QYHKLUH), - COAEpXKALIME BEJUUHHBL Xy,
Xoy vy Xm. -

[pocTefitum ciayyaeMm, K KOTOpOMY CBOASTCS MHOTHE Jpy-
rve, ABJAETCA TOT, KOrja B INpOIEcCe HM3MEpEHHs! TMOJydaeM
pe3yJsbTaThl BiJA ’

ayxy = byxg 4 oo Hlxm = by,
Xy ~+ boxg + o0 + lgXm = hy, (1)

anXy + bnxy 3 oo - Inkm = ha,
T. €. JJIsl OMPEleJIEHHs] /M HEU3BECTHBIX Xp, Xgy ... y Xm HMes
€M CHCTEMY n JIHHEHHBIX ypasHeHuit. Uucso ypaBHeHH# OGLIYHO
OoJibllle YKMCJ/IA HEW3BECTHBIX, TAK KaK 3KCIEPUMEHTATop, Adxe
HiMepsAs OJHYy BeJHYHHY, He MOXKET OrpaHHYHMTHCA OLHHMM
usmepenueMm., Jleso B TOM, 4TO OT/HEJbHblE H3MEpEHMs] HEH3
OeKHO COZepkaT c/yuaiiHbie OMHOKM M JIHIIOb HA OCHOBAHWH
HEKOTOpOH COBOKYMHOCTH H3MepeHHH SKcrepuMeHTaTdp Moxer
cilesath Oosiee WM MeHee OGOCHOBaHHBIE BBIBOAbI. Hampumep,
CCIH M3Mepsisl HEKOTOpYIO BEJUYHHY £ pas, 3KCIIEPHMEHTATOp -
IOJYYHT B pe3ysbTare BEIHUMHBI Oy, Olg, ... , Op, TO MOJA
laeTcsl, 4TO JOCTATOYHO OJIMBKHM K HCTHHHOMY 3HAUEHHIO Be-
JHYHHBl ABJAAETCH CpejHee apupMmeTHUECKoe:

oy, - Fan (2)

n
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Bo mHOrux ciyyasx (HO He Bcerha), 4TO JOKa3aHO B TEO-
pUH BEpPOATHOCTEH U MNPOBEPEHO Ha MPAKTHKE, TMIIOTe3a O J10C-
TaTOYHOH O/M30CTH BENUYHHBl (2) K HCTHHHOMY 3HAYEHHIO
H3MepsseMOl BeJIMYHHbI BepHa.

Cucrema (1), B kortopoil umucsio ypaBHeHH# O6oJblle 4YHCaA
HEeH3BeCTHBIX, Ha3bIBaeTcsl ua6bimouroi. OHa NpOTHBODEUHBA,
HECOBMECTHA. DTO 03HAYAeT, UTO HEJ/Ib3s HAiiTH TAKHe 3HAYEHHS
HEH3BECTHLIX, KOTOPbIE TOYHO YIOBJETBOPSIOT BCEM YpaBHEHH-
Av cucrembl. CiellyeT HMeTb B BHIY, YTO KOPpULMEHTH
ypaBHeHHH, U DpexAe BCcero CBoOOJHbIE Y/IeHbI, OOBIYHO He
TOYHEI, H TI03TOMYy Ja)e TOYHOoe pelnenue cucremsl (1), econ
OBl OHO CYILECTBOBA/NIO, HE NaBajo Obl TOUYHBIX SHAUEHHH WH-
TEepeCyIOWHX HAc BEJIMYHH.

MoxHo BbIGpaTb u3 (1) yacTb ypaBHeHHl (m ypaBHEHHI),
pelwuTh MX TOYHO, HO TOrja, MOYTH HABEPHSKA, MOACTAHOBKA
HaiIeHHBIX DelIeHHH# B OCTaBLIHECH 7 — m yPaBHEHMil npHBe-
JeT K COBEDIIEHHO HECYPAa3HOMY pesyJIbTary. '

Kakve npubamKeHHblE 3HAYEHUS Xy, Xg, ... ;, Xm HAJAO
CYUHTaTh HaWyymuMu? [lo-BHauMOMY Takue, 4TOObI OAHOBpE-
MeHHO, 6oJ/lee WM MeHee TOYHO, YJIOBJIETBOPSJIHCh BCE YpaBHe-
HHA cHcTembl (1). <

Eme B navare XIX B. ﬂema}mp TPeNJIONKUIl Cleyoni
NPHHIMI

H3 6cex B03MONCHbIX 3HAYEHUD HEUSBECIHOIX Xy, Xgy + ..
ee. » Xm HAOO 83aMb me, 045 KOMOpPbIX CYMMa K8adpamos
owuboK — omKAOHeHUU  negolx uacmed YypasHeHul om npa-
861X — SBAAEMCA HAUMEHb L.

Takum obGpasom, TpeGyeTcsi HAlTH 3HAYEHHA X;, Xg, ...
«e+ s Xm, TIPH KOTODHIX BEJIHYMHA

(@xy + bixa+ oo A lixm — By)? 4 Qg + bpxy + -+ +
A Lyxm — hg)® + o+ (@nx; + buky + +++ + lnkm — h)?

MMeeT HaNMEHblllee 3HAaueHHe (MHHHMYM).

[Mpunuun Jlexanapa HasbIBACTCH NPUHYUNOM HAUMEHbULLX
keadpamos, a peiienue cucteMbl (1) Ha ocnoBamHH 3TOrO
NPHHIMNA HAa3bIBAETCA pelieHueM N0 C€nocoby HAUMEHbUILX
keadpamog. ECTECTBEHHO BO3HMKAeT BomNpoc 0BGOCHOBAHHS
NpHHINNA HAaMMEHbLIMX KBaApaToB. TeOPeTHUECKH JOKAa3aHO
¥ NPAKTHYECKH MPOBEPEHO, YTO B GOJIbLUMHCTBE CJIyYaeB MpHH-
LMy HauMeHBIUMX KBAJpaTo3 MOXKHO (M HYXKHO) CJ/eJOBaThb.
OaHAKO CYHTaTh €ro YHHBEPCAILHO MPHrOAHBIM HENMb3s.

Bonpoc ofocHoBaHHA npHHIKNA HANMEHbUIHX KBAgPATOB IO
CYIUECTBY OTHOCHTCS K TEOPHH BeposiTHOCTeH. 31ech [accMoT-
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pHM TQJIbKO TeOMETDPHYECKHA CMBICJ [PUHIEMNIA HAUMEHBLIMX
kBaAparos. Ilyctb nana cucrema ypapheHuit

ax + by + 2 = d,,
a.x + byy + €32 = d,, 2)

e e e o ¢ s & e

anX + by + cnz = d,

C TPeMs Heu3BeCTHbIMH. KpoMe TOro, npennoJiokum, 4TO Bble
NOJIHEHBl YCJIOBHS

a%+b%+c%=1yi=lv27 ""n‘ - (3)

Kak wusBectHo (cM. . I, § 10), kaxnoe JimHe#iHOEe ypaBHeHHE
(2) ABJIsIETCA ypaBHEHMEM INIOCKOCTH. B anajmTHyeckol reomer-
pHH BecbMa IpPOCTO JOKAa3biBaeTCs, 4TO 4YHCAA |aX -+ by +
+c¢Z—d;| npu ychaoBusx (3) paBHBl PacCTOSIHHAM TOYKH
C JeKapTOBbIMHM KOODAMHATaMu (X, y, 2) OT MJOcKoeTeit (2).
CnepoBaTe/ibHO, OTBICKAThL SHAYeHus X, y, 2 U3 cHeTeMbl (1)
npH ycsoBuAX (3) mo crnocofy HaMMEHBIUHX KBAJpaToOB O3HAua-
€T HAHTH TOYKY, AJ8 KOTOpPOH MHHHMAJIBHO CpeJiHee KBajpa-
THYECKOE PACCTOsIHHME €e OT 3aJaHHBIX IJIocKocTed (2).

Tenepb nokaxeM OCHOBHOE yTBepxKIeHHe 1 m = 3 (1718
m > 3 pacCcyxJeHHSl He CJIOXKHee).

Teopema. [aa moeo 4moGol npu6/tumceunoe pemenue
X, Y, Z u3boumo4noll cucmemol ypasHeHL

ax + by 4.2 = hy,
Aox + bay + Co2 = hy, 4y

QnX + by + Cnz =

6bl10 HAUAYHLUM 8 CMBICAE NPURYUNG HAuMeHbUUX Keadpa-
mos, HeobxoOumo u docmamo4rno, umobel X, y, 2 6viro pe-
WieHUeM cucmemsl mpex YpasHerull

n

n n n ~
; aix -+ igl aby + [Zl acz = 2 ahy,

‘ atbx-l-z b2y+2 thzz— bhu (53

n

¥ ciaix + cgb;y + 2 clz = 21 cihe
i=l1
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Cucrema (5) . Ha3bIBAETCA HOPMAAbHOL cucmemoll ypaBHe-
HHii, COOTBETCTBYIOLIEH W3ObITOYHOH cHcTeme (4).
Hano mokasarb, 4To BeJIMUHHA
R = (a;¥ + by + c1z— 7y)® - (@gx + boy +coz—
—h2 4 - (anx + bny + an_hn)2 (6)
NpUHHMAET HAHMEHbIIEe SHAYEHHE MpPH TeX M TONBLKO TexX X,
Yy, 2, KOTOpbIe O0pasyloT pellienre cucteMsl (5). JIErko moHAT.,
YTO HAMGOJBIIErO 3HAYEHHs R MMeTb He MOXKET, Tak Kak 3Ta
BEJIMUHHA GECKOHEYHO BO3DACTAeT, HAMpHUMEp, NMpH X—> co.
CymecTsopaHHe MHHHMYMa R He BHI3LIBA€T COMHEHHH, TaK
kak R>0. Tpefyercsi ToibKO HaliTH Te 3HAUEHHA X, Yy, 2

aprymMeHToB, IIPH KOTOPbIX R JoCTHraeT MHHHMyMma. 3anucas,
yTO

Ruin = (% + 017 + 62— b)) + -+ + (@¥ +
: + bal + €nZ — hn)?, %
paccMoTpuM (QyHKUMIO apryMeHTa t:

o) = (@E+ )+ b+ oz —h)l+ @E+ 0+

+bzy+02§—h2)2+(aa(2+t)+bsy+03§—h3)2+

Ora QyHKIHA, COIVIACHO PaBeHCTBY (7), AOJKHA MMETb MHHH-
myMm npy ¢ = 0. OxHAaKO JIETKO MOJCYMTATD, YTO

o()=1Y al -2 ¥ a(aE + by + o2 —h) +

+ ;i (ai% + big + 2 — hi)?,

T. €. 3T0 KBajpaTHbll Tpexwién oTHocHTenbHO f. Kak yXe
6bl10 ycTaHoBMeHO (cM. T I, § 1), KkpajparHbid TpeXuieH,

at® + 2bt 4 ¢, a >0, UMeeT MHHHMYM NpH ¢ = — —Z— . B nan-

HOM CJydae KBaApATHbIA TpeXu/eH umeeT MHHUMyM 1pu ¢ = 0.
- 3pauur,

n
b= ;_31 ar (% + b + ¢z — hi) = 0,

a 3T0 HepBoe U3 ypaBHeHuft (5). Bropoe M3 3THX ypaBHEHMH
HOJIYYHM, pacCMOTpEB

Y(E) = (% + b, (§ + 1) +-cZ—hy)* + -+ + (@n¥ +
+ bn (!_/ + t) -+ CnE"" hn)2°
AHanornyHo HaXoAMM M TpeTbe U3 ypasHenmii (5).
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Jlokasas TeopeMy, 3aMeTHM, YTO HOPMATBHYIO cucremy (5)
MOXHO COCTaBHTb MO H3OBITOYHOH CHCTEMe (4) ClIefyomuM o6-
pasoM: yMHOXas ypaBHEHHsi (4) COOTBETCTBEHHO Ha Koaddu-
IMEHTBl TIDH X M CKJ4AbiBasd, MOJYyYaeM I[epBOE ypaBHeHHe
HOPMaNbHOH CHCTeMBl (5); ymHOXasd Ha KOS(DMHUHMEHTHI Npu
Yy W CKJIajgblBasd, MOJIyyaeM BTOPOE YypaBHeHHe CHCTeMbl (5)
HT. X

Npumep 1. Pemnts cucreMy ypaBHeHH#

2+y=1,
x—2y =2,
3x 42y =3.

YMHOXKasi ypaBHeHHsi COOTBETCTBEHHO OJIMH pa3 Ha 2, 1, 3, a BTo-
poit —Ha 1, —2; 2 u CcKnambiBast pe3ysbTaThl, MOAYYaeM HOPMAJbHYIO
cucTemy

14x + 6y = 13,
6x 9y =3,
pellleHHeM KoTopoli smBaseres % = 1,1; y = —0,4.

Mpumep 2. Pemmntb cHcTeMy ypaBHeHHi
X—Yy = 1,
24+ y=2,

x4+3y=1.

HopmanbHas cucrema .
6x -} 4y = 6,
( 4x 4 lly=14

umeer pemenue x = 1, y =0, koTopoe ' ABNAETCS TOYHHIM peIIEHHEM HG-
XOJiHO# CHCTembl. 3HAuuT, laHHasi CHCTeMa COBMECTHa, a 3TO O3HAuaeT, 4TO
OHO W3 YpAaBHEHHH #BJSETCS CAENCTBHEM OCTAJNbHBIX (€C/H YMHOXHTB
nepBoe ypaBHewue Ha— 5/3, Bropoe Ha 4/3 M CIOXKUTb pe3y/bTaThl, TO
NoJIyudTCsl TpeTbe ypaBHEHHe).

Mpumep 3. Pemints cucremy

x—y=1,
2x+y=2,
2x+y=3.

3pmech TpeThe YpaBHEHHE SIBHO NPOTHBOPEUHT BTOPOMY, HO BIIOJHE

MoXKeT GObiTb, UTO, H3Mepsisi BeNHuUHHY # ==2x -y, NONYYHM [IBa De3KO
OTIMYHEIX pe3yJbTaTa, HO HET OCHOBAaHMH npenmoyecTb OJHH pe3yabTaT
apyromy. HopmanbHast cucrema

9x - 3y = 11,

3x+3y=+4
nveer pewenne x = 7/6, y = 1/6. IloAcTaHoBKa B 3aJaHHYIO CHCTEMY MO-
Ka3LiBaeT, YTO pelleHHe SIBSeTCS TOUHBIM [JIsl CHCTEMBI ypaBHeHHH
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x—y=1,
2 +y=2,5

(2,5 sT0 cpennee apudpmeTHueckoe uucen 2 u 3).
B ofmem Buie, ecan nepedTH OT CHCTEMEl ypaBHEHH

ax -+ by = h,
Ax+4+ By=H,
Ax+4 By =K

s HopMéanoﬁ chucTeMe, NOJYYHM

(a? 4 24%) x 4 (ab 4 2AB) y = ah + A(H + K),

(ab+ 2AB) x + (b + 2B)y = bh + B (H + K).

Peiienne 3Toll cucTeMbl
x__QBh—b(H—l—K) _:_1(H+K)—2Ah
=T 2@B—4p ' YT T2@B—4p
SIBJIAETCS] TOYHBIM PeLeHHEM CHCTEMbI YpaBHeHHH
ax 4 by =h,

Ax—l—By=H"2'_ .

Honyuennbifi pesynbTaT MOXKHO 060GMHTH (CM. ympaxHehne 9 B KoHIe
rJaBbi).

§ 7. Pewenne HopmasbHOK cHcTembl. B mpumepax npes-
Ayliero naparpaga paccMaTpHBaJHCb CHCTEMBI C ABYMs HeHS-
BECTHBIMH H KO3(D(HUUHEHTH [pPH HEH3BECTHBLIX ObLIH HeGOJb-
IUMMH LeJbIMH  YdCJaMu. B npakTuueckuX 3ajgauax ugmcJao
HEH3BECTHBIX B OCHOBHOM OOJbllle JBYX, & KO3(h(HMIHEHTHI
BaNHCHIBAIOTCS € TMOMOMIbIO HECKOJIbKHMX 3Hauyminx uudgp. s
pewenfis TAKHX CHCTEM JOCTAaTOYHO BOCIOJB30BATHCS METOIO0M
noacraHoBKH (3To 3amertus eme laycc). Hago mmub ypauno
BBECTH OGO3HAYeHHs! U NOJMETHTb HEKOTOPOE IPOCTOE MPABHJIO.
Tak, paccMoTpum cHcTeMy ABYX ypaBHeHHil

au -+ bv+4cw 4 - =a, . (1)
Au+4 Bo+ Cw+ --- =P.
Paznenus ofe uactd mepBoro us ypaBHEHWH HA @, MOJYYHM
pd ot Lo =2, ()

M3 storo u Broporo u3 ypasmenuit (1) wuckmounm u, AIS
Yero yMHOXHM ypaBHeHHe (2) Ha A W pe3y/bTaT BLIYTEM M3
BTOPOI'0 YpABHEHHSI CHCTEMBI:

A R
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YMHOXHB 06e 9acTH MO/yYeHHOrO YpaBHEHHS Ha 4 u pasne-
JuB Ha Ba — bA, uaxomnm

aC —cA fa —ad
Vtp—ea? Tt = ip—ea-

Ta um ofpasom, cuctemy (1) 3ameHsieM 3KBHBaJeHTHOH CHCTe-
MO#
b c o
Ut —v4 —w = —,
)
aC —cA fa—aA
Ry y R T Y

YroGel aBTOMATH3HPOBATHL Mpollecc Nepexoia oT cucreMsl (1)
K cucTeMe (3), AOCTaTOYHO 3aMOMHUTH [IPABHJIO COCTABJIEHHUS
oflero 3HameHaTeJs NO IBYM MEpBBIM CTOJOLAM KO3(duumeH-
TOB CHCTeMbl ypaBHeHWH (1) W 3aMeTHTb, YTO YHCJMTEJH [MO-
JydaeM [0 TOMY e TMpaBH/y, ec/Hd, [0 ouepeld, 3aMeHHThb
BTOpOH cToJifell KO3(pdHUIHEHTOB NOCTEAYIOUMH CTO/OLAMH.
Bepuemcs Tenepb K pacCMOTPEHMIO CHCTEMbl ypaBHEHHMH

a,x + by -+ ¢z = hy,
X + by + Coz = hy,

e e e e e e (4)
anX + bny + Cnz = hy
H COOTBETCTBYIOWIEH HOPMAJILHON CHCTEMbI ypaBHEeHHH

n n n {1‘

:2'1 afx + ?.}1 aby+ X acez= ¥ ah,

= = = =

n n 2 n n

Y bk + X, by -+ Y beiz= Y, bihy,

=1 = = = (5)

n n n n
Y cax + Y aby + X e =Y, oy
i=l =1 =1 = n

OvueBuano, Ko3hdHUHMEHTHl cHCTeMbl (5) MosiydaeM Kak cKa-
JIIPHOE MpOH3BeJleHHe CTO/IONOB KO3(D(DHIHEHTOB CHCTeMbI (4),
BOCIOJIb30BABLUIACh NPH 3TOM H3BECTHHIMH O0O3HAYEHUSMH,

Bocnosibayemcsi oGo3nadyenneM I'aycca
n

i}]l af: = [af)
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H sanuuieM cucteMmy (5) B Takom BuIe:
laa] x + [ably + lac) z = [ahl,
[ba] x + [bb]y + lbel z = [bh], (6)
[caj x 4 [cb]y + [ccl z = [chl.

Pasnenmm nepBoe’ypaBHeHue Ha [aa] M MCKJIOYUM X H3 OCTajb-

HBIX JBYX ypaBHEHHH. BoCII0Jb30BABIIMCH MPABHJIOM, MOJYYEH-
HBIM BbIlE. (CM. cucremy (3)), HaiizeMm

[ab] , lacl . lah]
¥+ {ga1? T 1aa) * = faap’

([aa)[bb] — [ab)?) y + ([aallbc] — [ab)ac)) z = ‘
= [aal[bh] — [ab)[ah], (7
(laalibe] — [abilac)) y + (laallcc] — [ac)®) 2 =
= [aal[ch| — |ah]lac].
Ecau BeemeM 0003HaueHHs! .
laal[bb] — [ab)® = |bb1], [aallbe] — [abllac] = [bcl), ... ,
‘g0 cucremy (7) mepenuineM B BHje

[ab] [ac] [ah]
X+ 1aa) [aa] Y+ iza [aa] [aa] !

[bblly + lbcl)z = [6A1], ®)
[belly - [ecl] 2 = [chl].

PassiesmB BTOpOe ypaBHeHHE Ha [bbl] M HCK/IOUHB Y H3 TpETb-
€ro ypaBHEHHs, MOJyYHM

[ab] [ac] [ah]
X+ [aa] y+ [aa] = laa]’
[bel] | _ [bh1]
Y w11 2= b1 ©)
[ch2]
= fec2]?

rae [cc2] = [ccl][bbl] — [bel T, [ch2] = [bbl)[ch1] — [becl][bA1].

Hopmanbuas cucrema, npusenenHas x Buny (9), HasbiBaer-
c  IAUMUHAYUOHHOU  (3TUMHHHPOBaHHE — HCKJoueHue). U3
Hee IMOCJIEA0BATE/NbHO HAXoiuM Xx, Yy, 2 '

. 3ameuyanme 1. MoXKHO BOCIOJIL30BaThHCS TeM, YTO TabaHIE Kosddn-
LHEHTOB HOPMaJbHOW CHCTeMB! (6) M mpoMexyTouHoH, CocTosfmEH M3 IBYX
NIOCNeAHHX YpaBHeHHH (8), CHMMETPHUHH OTHOCHTEJBHO AMAaroHanH TalsH-
ubl. OnbITHBIA BBIYACJHTENb BLITHCHIBAET KaXKABIH pas TOJNBKO TaGJAHIlbI
Ko3(h(pHUHEHTOB H JHIIb SJHMHHALOHHYIO CHCTEMY.
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3ameuanue 2. Ecau uveTh B BHIY TOMBbKO pemreHpe HoPpMaabHOR
CHCTEMbI, TO BOBCe He 00f13aTe/bHO TPHBOLHTb ee K BHAY (9). Huoraa
yRoGHelt,. HanpuMep, NPeoGpa3oBaTh HOPMANBHYIO CHCTEMY K BHAY

24 e = e,
x+ e T ey
Yy= -+,

T. €. HCK/MoYaTb HEM3BECTHHIE MOXHO B JoGoM nopsiike. CTporo npmgep-
KuBaTbCsl cxembl 'aycca CieyeT NpH PElleHNH HeCKOJIBKHX CHCTEM ypaB-
HeHufi, €CIM NpH 3ToM Hcmoab3yercs IBM. .

3ameuanme 3. IlycTb %, y, 2 — PellleHHe HOPMaJbHOA CHCTeMbl. Bpe-
JgeM o603HaYeHUs

8 = ayx -+ by + ¢z —hy,

n= an;’l‘ bn!-} +Cn; — hn

JA51 TIOTPEIHOCTeN — OTKJIOHEHHH JIeBBIX yacTell ypaBHeHHA OT NPaBbIX—
NpH NMOACTAHOBKE PEIleHHS] HOPMANbHOH CHCTEMBI B MCXOAHY0. TouHOCTE
pellieHHs] HCXOJHON €MCTeMbl eCTeCTBEHHO XaDaKTePH30BATH BeNMYHHOM

leel = Y (a;x + b,y +ciz — k)2,
=1

JocTraToyHo NPOCTBIE BBIYACJIEHHS NPUBOAAT K Cciaefyiommei ¢opmyae
Taycca:

lah]2  [BA1]2 = [ch2)?

PekomenzyeM uutartemo comocraBute (opmyay laycca ¢ sanvuHa-
IHOHHOH cHcTeMol (9). -

§ 8. MapaGoamyeckoe HHTEPMOJHPOBAHHE 10 CNOCOOY
HaumeHbwnx kBajpartos. Popmyant I1. JI. Ye6oieBa. I'pa-
(HUKM MHOTOY/IEHOB ’

y=A4+Aux 4 App® 4 oo+ Apam

Ha3bIBAIOTCA napaboiudecKumu Kpusbimy WM TOYHee napabo-
aamu m-i crenenu. Ilpy m = 2 uMeem usBectuyio mnapa6ody.

®opmer mapabos, B 3aBHCHMOCTH OT nopbopa KoabdHuueH-
toB A,, 4, ..., A, Becbma pasHooOpasubl. [losroMy, HMes
sHaueHus f(x,), f(xg), ..., f(%nt1) HEKOTOPOH yHKUMH f(X),
€CTEeCTBEHHO BOCIIOJIb30BaThCS MPHOJIHKEHHOH (opMysoil BHAA

f(x)zpm(x)=A0+A1x+A2x2—|-..._}_Amxm. (1)

EcrecrBenno Hafitu kosdpduunentsr A, Ay, ..., Am T3K,
4TOOBI BBINOJIHSAINCH PaBEHCTBA

Pun(x)=f(), i=1,2,..., n+ 1L @
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Cnyuall m =n yxe paccMarpuBanest B rnase III, rae mis
HHTepPHONISIHOHHOr0 MHOrou/eHa Pp(x) Obliu npusejeHb! ¢op-
‘mysibl Jlarpamka u Hblorona. Temepb paccMotpuM ciyudaii,
Korga m< n. Dror caydafi oco60 BaxeH, MOCKOJBKY YHCJIO
3HayeHnH GyHKUMH f(x), BBHIUHCAAEMBIX HJIH H3MEPSEMBIX, JIy4-
e uMmetbh GosbluuM (MHpopManHsa O QYHKUMH TeM HalexHeH,
4eM OHa TMoJsiHeH), a HHTEPHONMDYIOIMA MHOIOWIEH JOJIXKeH,
110 BO3MOXKHOCTH, UMETb HE CJHLIKOM BBICOKYIO CTelleHb.
3anuueM ycioBus (2) B BHIE

Ao + Aljc] + Azx: + tee + AmxT = f(xl)v
Ay + Arxy + Az’?: F oo Ay = f(x), 6]

e o s o e e e e s e e e o

Ay + Aptngr + Agxipy + oo + Amxnrt = [ (Xnp).
Ias onpenenenus xosbounuentor A, A,, A, ... umeem
M3ObITOUHYIO CHCTeMy JIMHEHHbIX YpaBHEeHHH, N03TOMY MOXHO
FOBOPHUTH JIMLIb O MpUOMHKEHHOM €e pelleHHH.

K cucreme suHefiHBIX YpaBHEHHMil (3) NpUMEHUM MpPHHIMI
HAUMEHbIUINX KBajpaToB, T. €. KOddduuuents A4,, Ay, A, ...
OyzeM MCKaThb TakUMH, 4TOOHI BeJHUHHA

n+t1
121 (F (x) — (Ao + Ax: + Azxt? + e+ Amx?))? (4)

npuHA/a CBOe MMHHMA/bHOe 3HadeHue. [l pellleHHs 3TOH 3a-
JIaud MOXHO npuMendTb cxemy laycca, HanoxeHHyO B npe-
IblAylleM naparpade, HO BO3MOMeH H jpyrofl noxxox. Jo-
NyCTHM, YTO JAHBI MHOTOWJEHBI Y, (X), Py (X), Py (%), ... cTE-
nenefi coorsercreenno 0, 1, 2, ..., o6pasylomue OPTOHOPMH-
POBaHHYIO CHCTEMY Ha MHOXECTB€ {Xp, Xa, ..., Xpy1}. Crpyn-
[IHPOBaB COOTBETCTBEHHO CJaraeMbie B MHOroujene Pp (x) uim
nojcTaBuB BMecTo. 1, x, x%, ... UX BbIpaxkeHHs uepe3 1P, (X),
Py (%), Py(x), ..., sanuimem P, (x) B BUIE

Pry () = By (%) + Bypy (x) + Bapg (%) + -+ + Brhm (1),

a yc/I0BHe MWHMMH3ALHH BbIpa)keHHS (4) CTaHeT yCJIOBHEM MH-
HHUMH3al{H BbIPAXKEHHs

(F(%) = P (x), [(x)— Pm(x)) =

n41 m

=X (Fe) — X Bl (9)*, ®)

Takaa sapgasa Obuia paccmorpena B ra. II, § 5, u cejivae
BOCNOJIb3YeMCA YKa3aHHBIM TaM pelleHHEeM, -
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Kak 6bio 1MOKasaHo, BbipakeHHe (5) NPUHMMAET MHHVMA/lbe
HOe 3HAYeHHe, KOrja KO3hPHUUMEHTHI B, ABNAIOTCSH KosdduieH-
TaMH Ditnepa — Dypoe, T. e.

n+l
Br=(f(x), r (X)) = X\ [(x:)¥r (x2). 6)
=1 .

Takum o6pasom, (opMyJ/ia HHTEPIOIHPOBAHUS MMEET BHJ

[ () = P (x) = (F (%), o (%)) %o (x) +
), P (D) + -+ +<F (%) Ym () Y (%) (7)

Kpome TOro, MHHHMAaJbHEIM 3HaueHHeM BeauuuHH (5), T. e,
KBaJPaTOM CPEIHEro KBaJpaTHUYeCKOTro OTKJIOHeHHA f(x) or
Py, (x), 6ymer (cm. ra. II)

m=CF @, [0 =B Cn () 0 @)

Ec/iiu uMeeM He OPTOHOPMHPOBAHHYIO CHCTEMY MHOTOUJIEHOB
¥ (), %y (D), ..., $m(x), a OpTOrOHABEYIO Py (), By (%),

.» @m (%), To paBencrea (7) u (8) 6ynyr uMerb Apyrod BHI.
B camoM nese, HOPMHpYS, MOMYYHM

. 9r (%)
e (%) Vior @, or (@)
JHasnee .
B, ={f(x), —2® __\
Uy P

: 1
= Voo @b e ().

[losTomy pasencTBo (7) mepenwiuem B BHAE

F() = Pn () = L2 O g () 4

(), @) o F) om @)
+ @1 (%), <l:1(x)>cPl )+ +<q>m %), q>m(x))q)"’(x)' )

a paseHcTBo (8) — B BuAE

m
2 ' «f (x) @i (x)))® /
={(f(x x ——2 ! . 8
m =([ (), [(x) (@, % (9) )
3ameyanre 1. OObIYHO Ha NpaKTHKE NPHXOJHTCH CHAuaJa MCKAThb
HHTEePIOJIAHOHHBIA MHOTOWNEH HeBbIcOKOH cremend. Ecan rtpeGyercs yse-

JIMYATL CTeNeHb MHOTOWIEHA, TO NONMCHIBAIOT OJHO MJAH Go/blie Ciarae-
-MbIx- B dopmynax (7), (8) miu B dopmynax (7) u (8').
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3ameuanne 2. Eciu He yKasaHa ODTOHOPMHPOBAaHHAs HJIH TOJBKO
opToroHasnbHas cucTeMa, 1o (cM. ra. II, § 4) cTpoum rakyio mnociegoBa-
TenbHOCTh MeTogoM Connna — IlIMuira, ncnosib3ys noc/ef0BaTeNbHOCTD |,
%, x2, ... . Ilpn oTOM MHOTOY/JEHBl HAXOXHM IIOC/eOBaTeNbHO OJHMH 3a
npyrum. Hanpumep, nas nocTpoenust Pg(x) (m = 3) 3akanuuBaeM mpouece
Connna — IlIMuATa, Kak TOJBKO HoaydaeM Qg (x), @y (). @ (%), @g(x).

3ameuanne 3. [IlpousBecTH OPTOTOHAJH3ALHIO0 NOC/JAeNOBATENLHOCTH
1, x, x2, ... He CJOXHO, HO HHOTJa YTOMHTENIBHO (CM., HampuMep,
ra. 11, § 4, npumep 1). : :

Jlna BoisiBnenust ocHosHO#A upen I1. JI. UebGwinesa u mo-
JlydeHus HEKOTOpOro YJIOOHOro crocoba MOCTPOEHHS OpTOro-
Ha/JLHHIX MHOT'OYJIEHOB Bocmosb3yeMmcsl cxemoii [I'aycea, usso-
JKeHHOH B NpeAblaylieM naparpade.

s ynoberBa MOJIOXKHUM, 4TO

a=1, a4=1; b=x, by =x; c=x? Ci=x?;
Ay=X, Ai=Y, Ay=12, f(u)=h,
u npumeM m = 2. Torna nafineM MHOroujeH "
P(x) =aX +bY +cZ,
yAOBnéTBopﬂlomuﬁ yCJIOBUAM
X +bY +aZ=h,
X + b)Y + ¢cyZ = h,,

N
. . L )

anX + bny + CnZ B hn.

Ora cHcTeMa aHAJOTHuHAa CHcTeMe (4) MpeiblAyIero naparpa-
¢a ¥ MOITOMY, MpUMEHsA MPUHUMI HAUMEHDLIIHX KBajapaToB,
MBI MOKEM Cpady HanucaTb 3JIMMUHAIHOHHYIO CHCTEMY ypaB-
HeHHH:

[ab] [ac] , _ [ah]
X+ a ¥ * a2 = taa)
[bel] , _ [bh1]
Y ¥ o £ = oo ©)
_ loh?]
~ [ec2y -

I1. JI. YeGnines, Hukorja He 3a0biBaBIIME O MPaKTHKE, KOHEY-
HO He MOT He 3aMeTHTb Gosbuioe Heyjao0ctBo cucreMbl (9).
Ora cucTeMa npepnonaraet 06s3aTeJbHO, YTO KaXKJIoe ee ypas-
HEHHE BBbIMUCHIBAETCA IOJHOCTBIO, TaK KaK pellarb CHCTEMY
Hago ¢ kouua. CocraBnenHe KospuuveHToB cucteMbl (9)
JIOCTAaTOYHO CJIOXKHOE, Tpe6yeT HCIO/Ib30BaHWA Cpa3y BCeX i,
b;, .... Ecau Obl Mbl OblJIH yBepeHbl, YTO He NpHIeTCs yBe-
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"JIMYUBATL CTENEHb WHTEPHOJSLHMOHHOTO MHOTOYJIEHA, TO OTMe-
UyeHHble HEJOCTaTKH CHCTeMbi (9) Hac Gbl He GeCIOKOMJIH.
Opnnako Ha INpakTHKE €CTeCTBEHHO CHAyaJa HCKaTh HHTEpIO-
*JISILMOHHBIH MHOTOY/JIeH HEBBICOKOH CTeneHH, 3aTeM, B CJyuae
HEOOXOJNMOCTH, yBeJNHUYHTh CTeleHb Ha eNMHHNY H T. K.
B ciyuae yBennueHHs CTENeHH MHorousneHa Bcio cucremy (9)
Hago coCTaBIATb 3aHOBO. Bor sroro, caexys I1. JI. UeGtimre-
BY, Mbl XOTHM H30eXaTb.

Ypaeuenus (9) oupenensior HeuspecTHeie X, Y, Z kak
JIMHefiHble QYHKIMY MPABbIX 4acTeH 3THUX ypaBHeHuﬁ 3HatmT,
ecan 0603HAUMM MpaBbie 4acTd ypaBHeHuit (9) COOTBETCTBEHHO
uepes K,, K,, K,, Haitnem X, Y, Z n nomyuyeHHble 3HaueHH:
noacrasuM B P(x), TO MOTyuHuM

P (%) = Koo (x) + KlfPl (%) + K@z (%), (10)

Tiae @, (x), @, (x), @s(x) Tpebyercs OnpenesHTh.

YMHOXHB cOOTBETCTBeHHO ypaBHeHHs (9) Ha @ (x), ¢,(x),
@5 (X) ¥ CIOXHB pe3yJbTaThl, MOJYYHM B IPaBOH YaCTH MHO- .
rousen (10). CrenoaresbHO,

Xoo(x) +Y ({ZZ} P (%) + @1 (x)) +Z (Eag Po (¥) +

1 Lol gy (1) + 92 (1) = P (9.

Ho P(x) =aX +bY +c¢Z. Tak kak X, Y, Z wmoryr
OTpesensTbcsl TOJNBKG OJHO3HAYHO, TO
P (x) =a=1,
b
00 () + 0 (0 = oo

. bel
fﬁ%dﬂ+hghaw+wﬁn—c_ﬁ

OTKyJa H HailieM @, (%), @ (%), @3 (x). Onu, oueBuaHo, OyayT
MHoOTO4sieHaMH cTerend 0,

‘Utak, ecau HamucaTh TOJBKO NEPBOE YDaBHEHHE CHCTe-
mbl (11), To HafineM @, (xr) ¥ MHOrOWIeH

Po(9) = Kupo 1) = o B0 (). (12)

Hanucas mepBelX JBa ypaBHEHHA (11), HaitmeM @, (X), @4(%)
"

bhl
Py(x) = Koty (9) + K () = L (1) + 57 01 (- (1)
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HUcnonb3ys Bce Tpu ypasenus (11), momyuum

Py (x) = Koy (%) + K19y (x) + Ko@a (%) =

=P1(x)+%§%(p2()£). (14)

Pagencrea (11) u (12) — (14) =aswiBatoTca ghopmyramu
Yeboiuesa. 4

CiienoBaresibHO, HMes MepBBIX jBa CTOJIOLA SJMMHHAIHOH-
HOH CHCTeMbl M CTOJGEL MPaBbIX €€ uyacTed, MOXKEM HaNHCaTh
nepBble aBa ypaBHeHHs (11), a mmes tpu crosabua 2/MMHMHA-
" LHOHHON CHCTEMBI U CTOJIOel CBOOOMHBIX UJIEHOB, MOXEM Ha-
nucath Tpu ypasHeHus (11).

Npumep. TIlycts paum 3HaveHnss aprymenra: 0, 1, 2, 3 H cooTser-
cTByouwue 3Hauennss ¢yuxkuum: 1, —1, 3, 4. Tpe6yercs HafiTn HHTepNOSA-
IHOHHBIE MHOTOUJIEHHl NEPBOH W BTOpOH CTeNeHH.

[Monoxus

Px)=X-14Yx4 Zx2
NOJTYUHM ﬁJm onpeneterns X, Y, Z u3GbITOUHYIO CHCTeMY YypaBHEHHH
X =1,
X+Y+Z=-—I,
X2V +4Z=3,
X+3Y +9Z =4,
Efi cooTBETCTBYeT HOpMaJsibHasi CHCTeMA

4X +6Y + 14Z =7,
6X + 14Y - 86Z = 17, (15)
14X + 36Y -+ 98Z = 47,

Hcnonbsys HopMasibHyio cucTemy (15), sanmuuiem

IR

x+-§—Y+...=

26
Y+...=-2—6.

v (16)

Bropoe paBeHcTBO mnosyuaeM B pe3dyJbTaTe HCKAoYeHust X H3 BTOpOro
ypaBuenust (15). 3To yxe naeT BO3MOXKHOCTb ‘HaliTH

6 (Po(x)=l»
St p@=r g0 =x—15, )

7 26 13 1
Pr)=7+50—-19)=Gx— 5.
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Ecan noHafo6HTCS NOBHILEHHE CTENEHH MHOTOWIEHa, TO JONOJIHSIEM pas
BeHcTBa (16):

X+ Y+—Z—%
26

Y—f---z_2—0

3

z=3

H COCTaBJIleM YpaBHeHHe Uil HaXOMIEHHS @, (x):

14 60
4 ° l+§(') (x‘ 1,5) + Pg (x) = x2%

Orciona,
Py () = 2 —3x + 1,

Py() =4+ B (= 19) 5 (2 —3x 4 1) =

3 19 11
— e X2 e — —_—
=7¥—5*txm- (18)

3ameuanue 1. B 1aHHOM clyuae yMBIJIEHHO B3SITH Te K€ SHAYEHHA
aprymenta, yto H B . II, § 4, mpumep 1. Hafifenunle MHorouneHs! Te
JKe caMble, YTO H B YNOMSHYTOM IpuMepe (ToJbKO 0GO3HAaueHHs] H3MEHEHb!).

3ameuanne 2. [l JI. YeGbuneB monyunun dopmyas Bafa (12) — (14),
NoJb3ysich TaK Ha3bIBaeMBIMH HelpepEIBHEIMH IPOGSIMH.

§ 9. ImnupuyeckHe JMHHM perpeccud. B crartucTHueckHx
HCCJIEJOBAHHSAX 4aCTO BO3HUKAET CJefylomui BOMpoc: Habimo-
IeHHst (M3MepeHHs) JaloT 1 nap

(xlv yl)' (xz» yﬂ)? -"- ’ (xm yn)

3HaueHull BEJNHYHH X, y. DTH BEJMYHHBI MOryT OBITH CJIyuaii-
HBIMH, HO CBSI3aHbI OHH MeXny Co00il HeKOTOPOH 33aBUCUMOCTBIO,
Hanpuvep, KOJIMYECTBO STHST y CBS3aHO C KOJHYECTBOM OBIle-
MaToOK ¥, XOTsl CTPOroil 3aBUCHUMOCTH Mexnay x u y Her. Ha-
JIMYHe caydaliHeX (akTOpOB BUJHO y2Ke M3 TOrO, UTO y OJHOro
M TOro e yabaHa Ha COTHIO OBLEMAaTOK KaXJIblH TFOL TPHXO-
JUTCA pa3Hoe KOJIMYeCTBO SCHAT.
[pocrefilee npenmnosioxKeHHe 3ak/oOYaeTcss B TOM, YTO

y=kx -+ b. (1)
['padpuk ypasnenns (1) naswiBaerTcsl autuetd pezpeccud.
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Ina onpeJeseHus Kosq)qauuHeHTOB k, b uMeem 136LITOUHYIO
CHCTeMY  ypaBHeHHH

,-—kxi—l—b, l=1, 2, ceey N
KOTOpYyIO pemaeM I10 CHOC06y HauMEHbIUUX KBaJpaToOB C NpH-
MEHeHHEM OpTOrOHaJbHBIX MHOTOWNeHOB. JIerKo MpOBepHTS,
49TO OpPTOrOHa/bHbI MHOrOWeHs 1, x— M,, rie
Mx=xl+x2+"'+xn (2)

n

IleficTBuTesbHO,
-n n
(1, x =M =3 (m— ") = ¥ xi—nM, =0.
Ins npumenenus dopmyast (7°), § 8, HAXO HM:

. n
(11 l.)=n9. (!/, 1) = ;lyi =nMy’

4 n
(x — My, x— Mx) = ;l (xe —M,)? = ﬂO’:y

Y (x — My
=1
A - —— ®

G 1= Mo =% yi(se— M) = ;_:; (X — M) (y:— M,),

TaK Kak

rge

n n ’
,-{'1 My(xi— M) =M, lgl (i — M,) =0.

Io gopmyste (7°), § 8, umeem
n
Y =My (5, — M)
y=" = (x— M),

no,

Y =My i — M)
y—My= 3 (x — My). 4
X




Beanuuner My, M, HAa3bIBAIOTCA 86160 POUHLLMU cpednunu,
BEJIMUHHA O — 86100pOuH0l  ducnepcueil, YrJIOBO#H  KO3(H-
LHEHT

n . »
2 (Xt — Mx) (e — M)
m= =1

ne?
HasbIBAETCA BLIO0POUHOLM KOIpPuyuenmom pezpeccuu, mps-
mas (4) — amnupuueckoii aunueld peepeccuu.
- O6parum BHMMaHHe Ha TO, YTO NpsiMas (4) NPOXOIHT uepes
Toury (M., My).

Koneunp, npexnmonoxeHue (1) He eXHHCTBEHHO BO3MOXKHOe,
MozxHo, Hanpumep, BBeCTH KBalpaTHuHyio (napabo/MuecKyio)
perpeccHio

y =ax*>+ bx +o.

Ecnu toukn (xy, yi), (X3 Ya)s ..., (¥n, Yn) PACIOJIOKEHH!
JIOCTaTOYHO OJIM3KO K SMIHPHYECKOH JIHHUM pPErpeccHH, To
MOXHO moJarathb, 4TO mpexmoJsioxenue (1) onpasnaHo.

-§ 10. O npuGinKeHHOM [EIIEHHH HOPMAJbHOM CHCTEMBI.
Cnoco6 Tlaycca pemeHHs HOPMANbHON CHCTEMBI ypaBHeHHs
npumensiercss WHpoko. OH HCNO/b3yeTcs Npu pemeHHd Mook
CHCTEMBI 7 YypaBHEHWH MEPBOH CTeMeHH C N Heus3BeCTHBHIMH.
C nomompio 3toro cnocoba nosnyyaem gopmy.s I, JI. Uebbi-
IIeBa M NPHXOAMM K ypaBHEHHSM IJI1 HAXOXIEHUS MHOrOuJe-
HOB OPTOroHaJIbMbIX HA. JAHHOM KOHEYHOM MHOXKECTBE 3Haue-
nuii aprymenra. Hakowmel, nonyyaem nosesuyio dopmyay Ia-
ycea (cMm. § 6, dopmyna (10)). Crepyer 3ameTuTh, onHaKo,
4ro crnoco6 'aycca He MCHO/Mb3yeT BaHYIO OCOGEHHOCTD Tab-
JHIbl (MaTPHIbI) KO3(MUUHEHTOB HOPMaJIbHOH CHCTEMBI ypaB-
HeHU — ee CHMMETPHYHOCTb, ITa CHMMETDPHYHOCTb yIIpONIaeT
pelueHHe HOPMasbHOH CHCTeMbI, OCOGEHHO NPH pelleHMH CHCTe-
MBI C MOMOWIBIO Onpejenurenelt. Ecin unco ypasuenuit esmko,
TO BBIYUC/ICHHS H C MOMOMLIBIO ONpejiesuTeNneli O4eHb CJIOMKHBL

B Tom ciyuae, korza kosdduuHents [aa), [bb), ..., Ha-
XoJduyecss B Tabyuue Ko>p(HIHEHTOB HOPMAJbHOM CHCTEMBI
Ha [uaroHayM, OoJbllle OCTAa/TbHBIX KOSDGDHUUHEHTOB, a 3TO
ObiBaeT OueHb YaCTO, YHOGEH TaKOH MpPHOJMMKEHHDI COCO6
peLLEHHs] HOPMAJbHON CHCTEMBI. i

B xauecTBe mepBoro, MPHG/IHKEHHOTO pellieHHs HOpPMAbHOR
cHcTeMbl Gepercsl TO, KOTOpPoe TO/MydaeM, €CJIH B JIeBHIX YacTAX
YPaBHEHHl OCTaBHTb TOJIBKO ‘WJIeHbi, CTOSAMIME [0 IHATOHAJIH.
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- Mmeem

_ lan .
xl—[Ta], yl—m]—, cee e
[ToacTaBHB 3TH 3HAYEHHS B I1epBOE ypPaBHEHHE CHCTeMbl, HaXo-
JUM €ro MorpemHocTb [aalx, -+ [ably; + -+- —lah]l =, H
roJsiaraem
Xy = X —
2 = X [aa] .

[TonCTABMB BO BTOPOE YPABHEHHE CHCTEMBI Xg, Yy, 21y « ..
HaxoIuM

oy = [ba) xy + [bb) y; + [be) 2y + +++ — [bA).
3areM moJaraem
%y
Y=Y — T%6] *

Jloiias TaKUM MyTeM 10 BTOPOTro NPHO/IHKEHHUs TOCJIEJHEro H3
HEH3BECTHHIX, IOBTOPsieM BeCb MPOLECC, HCXOAA yxKe H3 INpH-
O/MKEHHOTO DeLeHHS Xy, g, Zgy ++.. B c.nyqae Heo6xo1u-

MOCTH fIpoLleCC TIOBTOPSIEM.
MNpumep. Pemnth cucremy ypaBHeHuit

27x - 6y = 88,
6x - 15y 4z =70, (®)]
y -+ 54z = 107,
Haxofum nepsoe npuG/HKEHHOE PELIEHHe HOPMAMbHOR CHCTEMbI:
88 70 107
=z =S h=Eah =gl
Janee
oy=27-3+6-5—88=23,
23
Xy = 3 —57 = 2,15;
oy =6-215-}15:-5+42—70= 199,
og = 3,67 454 - 2 — 107 = 4,67
23=2— 45—37 = 1,914,
Wrak,

xg =215, y, =367, z,= 1914,
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Tenepb npoliecc NOBTOpSieM
f1=27.21546.3,67 —8 =798,

7,93
xy = 2,16 + == = 2,446,

Jlerko NpoBEpHTH, 4TO
ys = 3,561, 23 = 1915.

Tounoe pemenue cuctemel (1) caepyiomee:
x=2470, y=23551, 2z=1916.

§ 11. O6 u3bbiToumoil cHcTeMe ypaBHEeHWil He nepsofi
creneHd. DBbijio Obl OMIMOKOH noJsiaraTh, YTO BCErja MOXKHO
H3MEpUTb 3HAYCHHA JHHENHbIX (YHKUMH HCKOMBIX BeJIHYHH,
KOTOphIe HENOCPeNCTBEHHO He I0oNycKaloT HaMepenHs. [losTomy
BO3HHKAeT BOMPOC O upuénumenﬂom peileHuH  130LITOYHOM
CUCTEMBI 1 YpaBHEHHH He nepBOfl CTeNeHH C /71 HEH3BECTHBIMH
(n > m). Tlpexne Bcero nombiTaeMcst HaiTH Kakoe-HHOYAb
npubyxKenHoe peileHne. Ero MoxHo mopo6paTb, MCXOASi H3
«pH3UYECKUX» cooﬁpamemm, IyTeM HEeCKOJbKHX TIOMKITOK.
BosbmeM HekoTOpri Habop a;, A,y ... NPUGTIIKEHHBIX 3Ha-
YeHHi#i HeusBecTHhLIX. OBGO3HAYMM TMONMPABKM K HHM uepes Ry,
Ay .... Ecaum 3TH nompaBKM OTHOCHTEJIBHO MaJbl, TO IJf
HHX ToXe MpUO/IKEHHO MOXKHO M0JyYHTh H3OLITOYHYIO CHCTe-
My JIMHEHHBIX YpaBHEHHH, H 3Ty NOCJEAHIOID YK€ MOXKHO pe-’
Iarb no creco0y HauMeHbHIHX KBaapaToB. [locje 3TOro ucxo-
IAM YXKe W3 3HayeHHuH

a,~+ hyy Qg+ hy, ...

A/l HEH3BECTHBIX M MOBTOPSieM MpPOHEAypy H T. A.
ITokarkem 37O Ha mpHMepax.
Mpumep 1. Haiith npuGiuxenHoe pellleHHe H3GBITOYHOH CHCTEMBI
YpaBHeHH
x4yt =45,
x3 —xy =157,
x2 —3y? 4 x=38.
B kauecTBe nepBoro mnpubaukenns GepeM x = 2, y = |, TOCKOJBKY

X, y BXOASIT B ypaBHEHHS Ja/IeKO HEPAaBHONpPABHO M Majio BEPOATHO, 4TO
OHM NpHOJIM3NTENbHO PAaBHH, a U3 BTOPOTO W TPETHEro YpaBHEHHH MOXHO
CeNaTh BBEIBOJL, YTO X > Y.

Tenepp mosoxuMm x =24 h, y =1 £, Torna
@+ )2+ (1 k)2 =
@-+1)® — @2+ h) (1 k) =57,
@4h)?—3(1+£)2+(1+h) =38
ol



Packpus ckoGkn H OTGPOCHB Cjlaraemele, cojepiauue h u k B cTenemw,
Beilue mepBoit (A, k mpefnondraeM MajbiMH), HAXOUM

4h 4 2% = —0.5,
11h — 2k = —0,3,
5h — 6k = 0,8.

Sro u3bbiTouHasi chcTeMa ypaBHeHuil mepsoll cTenend. CocTaBUM HOpMaib-
HYIO cHCTeMY

1628 — 44k = —1,3,

—44h - 44k = —5,2,
Orclona

= —0,06, k= —0,18.
Takum oOpa3oM, HOBbIE 3HAYEHHS JJS X H Y COOTBETCTBEHHO paBHEI 1,94
u 0,82.

Ilpn NOACTAaHOBKE NEPBOrO NPUG/IMMEHAS B 33/laHHBIE YpaBHeHWS Ha-
xoaum norpemnoct —0,5, 0,3, 0,8. Cymma KBajpaToB morpelHocTelt
paBHa 0,98 = 1.

[MoscTaHOBKA BTOPOro NMPHOJMMKEHHS B 3aJaHHEIE ypaBHEHUS JaeT MO-
rpemmnoctu 0,16, 0,16, 0,2, cymva xBaxpaToB KOTOPHIX paBHa 0,09 = 0,1,

Mpumep 2. Haiitu pellenue CHCTEMBI YpaBHeHHH

Vi Ty+ V=38
Vo —x+vE=31,

T x?2—y2=239,

HcXofs M3 mpubauxennss x==5, y=3 (Ueab 3ajaud TOKa3aTh 3JIEMeH-

TapHBli CNOCOG CBeJeHHs NaHHOH CHCTEMBI K CHCTeMe YpaBHeHHit MepBOi
CTEMNeHH).
[TycTh o BelHYMHA Majasi MO CPaBHEHMIO C ejHHHUER, TOraa

v e = () -2 (5
nW—JHn—%(EJ{_“)%

1-2-3 n
(ecu yuTaTENL HE 3HAKOM C 31Ol (popMyJIOH, TO MOXKHO npoéepmb, B3IB

— o
n=2 n=23)" Or6pachiBasg CclaraeMnie, copepxaiyre ~ B crenend,

GoJbllel 1, ToayuHM .

np—— n a\n o
Vl_l—“"'l/(l"l‘?) —.l—l‘T. (1)
Ipexnonaras Maieve ho# k, NMONOXKHM B 3ajJAHHLIX YPAaBHEHHSX X =
=5-+h, y=3-+ k&, Torna . o

VET G T A+V3Tr=38

ViT@—hm+yYBFA=31,
(5+h)f — 3+ k2=239.
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[lepenucaB 5TH YpaBHEHHs B BuJe

21/1+”+k+ V3. ]/1—1-—1—:3,8.

l/l-l—(2k——h 1V ]/1+——31
50 10h — 32— 6k =39

H BOCMOJIL30BAaBIIKCh NMPHOJIHXKEHHBIM paBeHCTBOM (1), Haxoaum

(1+"+k)+1/§(1+%)=3.8.

6k
2 e (14 3 =,
10h — 6k = —12,1.

310 cucTema ypaBHeHuit NMepBoii CTENeEHH.

[Toab3sysice oxauo# dopmyJioi auddepeHIaTbHOro HCYUC-
nenust (dpopmysoit Tefimopa ansi QyHKilMA HECKOJbKHX mepe-
MEHHbIX), IPAKTHUECKH BCErZa MOXHO CBECTH 3a1auy pellieHws
M30BLITOYHOH CHCTeMbl ypaBHeHUH He NepBOH CTeneH# K pelue-
HHIO CHCTEMbl YPaBHEHMH MePBOA CTeleHH.

§ 12. O6mue 3amMe4yaHuss OTHOCHTEJbHO 3IMMIUPUYECKHUX
dopmya. DopMyJibl, OCHOBaHHbIE HA. JAHHLIX, [OJYYEHHBIX
B pesyJ/bTaTe NPOBeeHHs ONbITOB, HA3LIBAIOTCS IMIHPHIECKHMH.
Ho »T0 He o03Hayaer, 4YTO TOJNLKO Ha OCHOBE ONbITA OMpeJe-
Jsercs aMmnupuyeckas ¢opmysa. Bua QopMmyJibl MOXKeT Nox-
CKasaTh TEOpHS, aHAJIOTHs WJIM IPOCTO HHTYHUHSA, HO (popMy.a
COJIEPKUT HEKOTOpbIe MapaMeTprl (K03pHUIHEHT I, T0Ka3aTen!),
HaxOXKJeHHe KOTOpbIX OCHOBAHO Ha pe3yJbTarax ombiToB. Camo
cobol0 pasymeercs, yro JroOas 3MIupHYEcKas (opMyJa Ioa-
JIEXKUT TIPOBEPKE, KOTOpas MOXKET IPUBECTH K yTOYHEHHIO 3TOH
¢dopMyJibl, K OTpaHHueHHi0 O0OJAacTH ee NPHMEHEHHsA WJM IOoJ-
HOH ee oTMeHe. B jaHHOH paboTe pedyb MOXeT HATH JHIb
0 COCTAB/JEHHM 3IMIMPHYECKHX (OpMYJ HA OCHOBAHHMH YHCJIO-
BbIX 3HaUEHH{l OAHOM BeJHYHHBI (apryMeHTa) M YHCJOBHIX 3Ha-
yeHul apyrofi BemuuuHbl (QyHKIHH), APEINOJArdeMod OIHO-
3HauyHO 3aBHcAmEeHd or mepBoil. Kak' mpaBuio, u Te u Jpyrue
YHCJ/IOBbIE 3HAYEHUs SBAAIOTCA NPHO/MKEHHBIMH, MO3TOMY H3
Kaknx Obl coobpaxenuii Mbl He BbiGpann 0 BHA (opMyJbl H
3HaYeHusl BXOAAUMX B-Hee apaMeTpOB, OXKHMAATb HAXOMJEHHE .
TOYHO# (popmy.ibl He mpuxogutca. Ecsm obecrieueHa ynoBJET-
BOPUTE/bHAsE TOYHOCTb BLIYHCJEHHH, 3TO OOCTOSATENbCTBO HE
JIO/IKHO CMyIlaTb. Beémb Mbl ke MHoJb3yeMcs (opMyJamt,
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COJEepKANMH YHCJIO T, JOTapU(bMBl, KOCUHYCH, ..., XOTH I,
JIOrapudMbl, ... TOUHO BbIYHCJUTb HEBOZMONKHO.
CrenoBaTesbHO, 3MIUpHYECKHe (QOPMYJbl BCeraa OyayT
npubsmKeHHbIMH. HaM yxke H3BeCTHBI crioco6bl HAXOMKIEHHSA
HEKOTOpbIX NPHOMMKEHHBIX (OPMYJI B OCHOBHOM IOJIHHOMHAJIb-
HOTO THIA: TPUTOHOMETpHYECKHe M asrebpaHyeckue MHOTrOYJe-
Hul. OHaKo 3TOro He NOCTAaTOYHO. BOT mpocTeiunuit mpumep.
Ilpn u3BecTHBIX ycJIOBHSX OGbeM rasa M JaBJEHHE CB3aHH

o c o
dopmyastoit V = 5 BAMEHHTD 3Ty dopMyJ1y MOJMHOMHAJBLHOM

Het BosMoxkHocTH. Crenyroluii mprmep MoKa3 BaeT, 4TO HHTep-
noJIfilMoHHas opMyJia
x2

flx) ~1—% o)

AJIfl HEKOTOpOro MHTEpBasa W3MeHeHHil aprymeHrta Moxer ObITh
" I0CTATOYHO TOYHOH M BIOJIHE MPUrOJHON JJs NpHOJIHKEHHOrO
BbIUHCJIEHHs 3HauYeHHd (YHKIHH, OJHAKO 3Ta GOpMyJia MOXKET
JaTh COBEPLIEHHO HCKaXKeHHOe IMpeJcTaBieHHe 00 HCTHHHOH
¢ynkuun f(x). HeHicTBHTE/bHO, HMEIOT MECTO PaBEHCTBA

2
COs X = —%——l—--;,
x2 ’
ST BT
e? =1 5

¥ pan apyrux. Bewia 6bl gomymieHa rpyGas omuGKa, eciu Obl
B x!

MBI XapaKTepH30BaJH HEKOTOpble ABJIEHHA (QyHKIMe e 2 B TO
Sk
Bpems, Koria ®yHKuus | —%  (akTHYECKH mNOABH/IACH KaK

1pUOJIHKEHHE COS X.

Mexnay Ttem ¢u3MYecKoe YyTbe H BHHMATEJbHOE pacCcMOT-
peH'1e MOJIyYeHHbIX YHUCJIOBbIX JAHHBIX MOXKET MOACKAasaTh, UTO
Boo0IIe HE CJENyeT ucKaTb npubmmkenue Bupa (1). He tpynmo
{I0H5ATb, YTO COCTABJIEHHE SMIHPHYECKHX (OPMYJ 3TO JeJo He
fIpOCTOE M OUYEHb OTBETCTBEHHOE. ’

3averuM, YTO ecJM YMCJIO M3MepeHwid (HaG/ioneHud) He
OueHp MaJio (6osblle MATH), TO CJENyeT HalTH B JEKapTOBOH
cHCTeMe KOOPAHHAT TOYKH, COOTBETCTBYIOIIHE Pe3yJbTaTaM H3Mes
penudl (Habmonenuir). YacTo pacrnosoxeHne TOYEK MOACKA3bI-
BAET BO3MOXKHBIA BHJ SMIHMPHIECKOH (HOPMY.IBL.

'

§ 13. Ilpumepbl HaxOMAECHHS SMIOHUPHUECKHX GOPMYd.
I. Ecm snavenns aprymenta o6pasyioT TOYHO, HJIH MOYTH
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TOYHO, apHHMETHYECKYIO MPOTPECCHIO, a8 COOTBETCTBYIOMIHE 3Ha-
yeHns (QyHKUHMH OOpasyloT MOYTH IE€OMETPHUYECKYIO MPOTPECCHIO,
TO WCKOMYIO 33BHCHMOCTb MEXJIy apryMeHTOM H ¢yHKuuer
CNeAyeT HcKaTb B BHAE 4
y =ab*te, a>0. (1y
[ToCKOJIBK __ mlo8pa bx+tc — (bx+c) log,,a
ya=m , @ =m , TO B KayecTBe
OCHOBAHHA @ BbiGepeM JOOOE MOJIOKHUTENBbHOE YHCJIO (OOBIYHO
Gepem ocHoBaHue 10, uTo yJa06HO, €M NOHAZO0HTCA IOJIb30-
BarTbCsl JIOrapupMHYECKUMH TaGIHLaMH, WJIH OCHOBaHHWe HaTy-
pasbHBIX JorapupmoB e =~ 2,71828 ...). Hrak, nyctb nanbr
3HaueHHs apryMeHTa X;, X, ..., X H COOTBETCTBYIOLINE 3HA-
yenuss QyHkuud f(xy), f(xg), ..., [(xn), KOTOpble Oynem
NpeAnoJiarath MOJOXKHTENbHBIME, H NYCTb

f(x) = 1002, (2)
[TposorapndmMupoBaB paBeHCTBO (2) M BOCMOJb30BABIUHCH

JaHHbLIMH 3HaYyeHusMH X.H f(X), DOTyYUM H3GBITOYHYIO CHCTe-
MYy ypaBHeHHH

bxi+c=1gf(x), i=1,2, ...,n, (3)

KOTOpyIO pemaeM no CI'IOCO6y HAUMEHbUINX KBallpaTOB.‘
3ameuanne 1. Mul He nuinem

. bx
f(x)=A.10°%te,
TaK Kak A MOXKHO CUHUTATL I[10JIOXKHTEJbHBIM (B MPOTUBHOM CJlyuyae BMecC-

10 f (x) Bo3sMeM —f (X)) H Toraa
| A=10%4 [ = 10b%+c+lg A)

3ameuanne 2. Ecim cpenn 3Hauennil f (¥) eCTb YacTb OTpHUATENb=
HBIX, TO 3aBHCHMOCTb (2) 3aMeHMM 3aBHCHMOCTHIO BHJA

f () + & = 10°%Fe,

rae k He MeHblle HaHGOJBLIErO U3 MOAYJe#l OTPHULATENBHEIX [ (X;).
Mpumep 1. Tlycts 3navenus aprymenta pasue 0,1, 0,2, 0,3, 0,4,
a shauenus (QyHRuMH coorBeTcTBeHHo 2,5, 5,1, 9,8, 20,0. 3Hauenus
aprymeHTa o6pa3yioT apH()METHUECKYIO MPOTPeccuio, a 3HAUEHHs (byHKUHH
«[OYTH FEOMETPHUECKYIO» —KaKJ0e 3HaYeHHe (GYHKLMH MOYTH BABOE GOJIb-
e npepmectsylomero. Hafizem ¢opmyny Buja
- Y= 10ax-|-b'
Kmeem
ax+b=1gy, .
0,la+4b=1g2,5=0,398,
0,2a 4+ b =1g 5,1 = 0,707,
0,3a + b=1g9,8 = 0,991,
0,4a 4 b = 1g 20 = 1,301
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¥ CoCTaBJIsIEM HOpMa}leYIO CHCTEMY
0,3a + b = 0,999 (= 1),
a+ 4b = 3,397 (=3,4).

Orciona a=3, b=0,1 u f(x) = 103+0E,

3ameuanne. Camo co60I0, pa3ymMeeTCs, 4TO UYETHIPEX TOYeK (13mepe-
auft) Mano A5 060CHOBAHHBIX BEIBOAOB. [lpumep HOCHT umcTo MumOCTpa-
THBHBIA XapakTep.
- Tlpumep 2. Tlyctb 3HaueHHs aprymenta paBHn 0,5, —0,3, —0,1,
0,1, 0,3, a sHauenus pyHKuuM cooTBeTcTBeHHO 1,8, 3,1, 6,5, 16,4, 49,1,
31ech 3HaueHWs APryMeHTa CHOBa 06pasyioT apH(METHYECKYio [pPOrpecs
cyio, a 3HayeHHs: (YHKUHM BO3pacTaioT GhiCTpo:

3,1 49,1
i8 < L8, 04~ 3.
Haitnem dopvyay Buia
y= 10ax’+bx+c.
Hmeem ’ )
ax? - bx4c=1gy,
0,25¢ — 0,56 -} ¢ ="1g 1,8 = 0,255,
0,09a — 0,36 + ¢ = 1g 3,1 = 0,491,
0,0la — 0,16 + ¢ = 1g 6,5 = 0,812,
0,0la-- 0,16 4 ¢ =1g 16,4 = 1,215,
0,09a + 0,36 + ¢ = 1g 49,1 = 1,691.
Hopmanbuas cucrema:
0,079a — 0,125b -} 0,45¢ = 0,284,
—0,125a 4 0,456 — 0,5¢ = 0,273,
0,450a — 0,5006 -}- 5¢ = 4,464.
Otcionia a=0,763; b6=1783; c=1,02 u
o) = 0,763x%+1,783x+41,020

II. Ha puc. 18 wuzo6paxeHBl KpHBHIE, XapakTepHOH OCO-
GEeHHOCTbIO KOTOpbIX fiBJsETCA yObIBAHWE B OAHV CTOPOHY H

¥
==Z :\ y L
. |
._-——-—-1—0—1—— " '

1

|

Puc. 18
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BO3pacTaHWe B JPYrylo ¢
same/sNeHHeM, B peayJibTare |
uero TOYKH KPHUBOH Kak Obl |
CTpeMATCH Paclo/IOAKHTbCS Ha !
NBYX B3aHMHO TepIEeHJHKY- X
JSpHBIX TpPAMBIX (acuMnTo- - Puc. 19
Tax).
Ha puc. 19 wusobpaxena xpusasd (ocb Oy He mokasaHa)
ypaBHeHHe KOTOPOH HMeeT BHJ

1
Y == Te

Sra KpuBas HMeeT OIHY aCHMHTOTy ¥ OIHH MAaKCHMYM.

Ecym 3HadeHust aprymeHta He CKyueHbl M HX HE CJIMILKOM
“MaJlo, TO MHOTjJa MOXHO 3aMeTHTb, YTO 33jaHHble TOYKH fac-
o/araioTcsl, PUMEPHO,  HA KPUBbIX YKA3AHHBIX BUAOB. Takum
00pa3oM MOSBJISIOTCA smnupw-xecxne (bOpMyJIbI BHAA

y=ax+bf y= x2+bx+c

PaccMoTpuM OfiMH TIpHMED.

Npumep. 3mauenus aprymenra pasumi 1, 2, 3, 4, 5, a coorBerer-
Bylomue 3HaueHuss (GYHKUHH 030 0,20, 0, 13 0,11, 0,08, Haitgem dop-
Myay BHJA

1

V=mF
Hwmeem
-1
ax 4+ b=—y—-,
a-b=3,10,
2a b= 4,90,
3a+4b=1,15,
4a4- b = 8,85,

5a-+ b= 11,15,

CocTaBnsieM HOpMANBHYIO CHCTEMY
55a - 156 = 125,50,

15a 4 5b = 35,15

§ HaxojiuM, 9To a = 2,005, .b = 1,001.- [Nlonaraem a=2, b= 1, rtorga
) 1
= w1

He TpyiHO ROrajaThCs, YTO BO3MOXKHO MOSBJNEHHE (HOPMYJ/b BHAA

owc+(5+Yi
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KOTOpYi0 3aMeHsieM clepyiomefi:
a
=—tc
y x+b+
‘CoOTBETCTBYIOIYIO KPHBYIO MO/YuaeM NApalJeNbHHIM CHBHIOM KpUBO#R

1
y_am BBEpX MM BHH3 Ha |y|.

Ecom nmpu  yBesMYeHUH 3HAYeHMHd x TOYKH rpaduka pasme-
HAIQTCsl MPUGJM3HTEIBHO HA IPAMOH y = @, napasenbrol Ok,
TO NO/AraeM y = & M NPHUXOJHUM K HM3BECTHOMY MO CyLIECTBY
cyyqaro

1
Yy— o =Fp’
1

ax-l—lj:y__a)
1
ax, + P = —p,
’ 1
ox =
2t B=—,
IMonarag, uro
a
y=x+h+c’

TI0JTy YHM
xy +by—cx—bc—a=0.
Orcrona, obosHauas bc + a = a;, nosyyum
a; +cx — by = xy,
ay + cxy — by, = xyyy,
ay + Cxy—byy = Xays,

e e o s e s & ¢ e o

Haiina wn3 cooTsercTByMoLled HopManbHOA cHcTeMH b, ¢, ay,
Haiiiem H a. :
I1I. KpuBrie Buza

y = (x—a)* (a3 — %)%,

€CJ/IM HMSBECTHHl @, 3 H HE H3BECTHbl O, Oy, HAXOAUM CJIE-
IOyIOIHEM 00pasom.
Jlorapudmuposanve npueeferT K ypaBHEHH!O

oy lg(x—ay) +oylg(a,—x =lgy,
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JVHEAHOMY OTHOCHTE/JBHO HCKOMBIX O, Q. 3HAYUT M0JIyYHM
cHCTeMy YpaBHeHH]

ulgxi—a) +ozlglae—x)=Igy, i=1,2, ..., m,
M CMOXKEM IPHMEHHTb CIOCO0 HAMMEHBIIHX- KBAAPATOB.

YnpaxuHeHus

1. Haitgure MHorouseH TpeThbell CTeneHu, KOPHH KOTOPOro paBHH 1,
—1, 2.

2. C nomompto TeopeMsl Posnist JoOKaXKHTe, YTO MHOTOYIEH x% — aft
(n — uentoe) umeet- He GoJiee ABYX HACHCTBHTENLHHIX KOpHEH.

, 3. He Boiunciisis MPOH3BOAHEIX ', f" (), ..., Haiigure f'(a),
f' (@), f" (@), «v., ecin :

F () = x5+ 7t - 623 4 4x2 4 5.
4. [lyers f(x) MHOrOUNEH m-H CTeNeHH W M3BECTHH 3HaueHUs f (x,)

f(xg), .«. s f(xn), n> m. JloKaxuTe, 4TO HHTEDPNOJSINUOHHHIA MHOTO

unen Jlarpamxa P (x) 6yger mHorowneHoM m-ii crenenu. Bomee Toro,
P =T (.

5. Ilyets f (@), f(a+h), f(a+ 2h), ...— 3pauendss MHOrodsieHa
m-ii erenenn. JJOKaXuTe, uTO KOHeUHHE pasHocTH A’f (@) paBHBI HYMIO
npu r > m.

6. JlokaxuTte, 4TO

f(a+h)=[(a)+Af (a),
f (a4 2h) = [ (a) + 2AF (a) + A% (a),
f (a - 3h) = f (@) 4 3Af (@) + 3A% (a) + A%f ().
Ha ocHoBamwn 9THX ¢opMYsl NpOBepbTe HHTEPIOAAUMOHHYIO GopMyJIy
HeioToHa. ;
7. CocraBbTe hopMyay MumefiHOrO MuTepnosupoBanus ans V x. He-
xons W3 pasencts ) 4=2, V9 =3, naiinure c nomomsio JuHeliHOTO

unTepnonnposannst ¥'7, )/ 6 u nposepbTe, 4TO pe3y/abTaTHl BepHE €
TouHOCTBIO 20 0, 1. '
8. Ilycts

,;11 glr-—-aB——bA.

IMpoBepbTe, uTO pelleHHE CHCTEME! YpaBHEHHH

ax+by=¢,
Ax+ By=C
MOXKHO 3aluCaThb B BHJE
lcsl  |aE]
x=lab’y=abl M
A B ‘AAB
HJIH, YTO TO XKe caMoe,
P c b a b
= = — 2
=g P CBI’Q A Bl @
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IycTs haHa u3GbITOYHAs CHCTeMa

x—y=1,
2%+ y=2,
—x 4 3y = —1,
3x 44y =2.

Crpynnupyiite 3T ypaBHewns Napamu (6 napl) m mafigure nns kaxmon
napbl ypaBHEHHH

P P
xl:Q—i' x3=6:' Ly

fio dopmyne (1). TlpoBepbTe, 4YTO pELIEHHE HOPMAJbHOH CHCTEMbl A/ X
COBMajiaéT CO 3HaueHueM JpobH
PiQi+ PyQy+ -+ + PoQs
2 2 2 .
QG+ @+ + G
9, Ilycrs AaHa cucreMa ypaBHeHHI
Tax+bytcz=h,
ox+ By +yz==4,
Ax+ By +4Cz=1,,
Ax+ By +Cz=1,,
Ax + By + Cz = 3.

_ IToxaxwuTe, OTHICKHBAs MHHHMYM BBIpaXKeHHS
(ax - by +c2— h,? +.--- + (Ax 4 By + Cz — [5)?,

uTo 'peienne MO CHOoco6Y HaMMEHbIIMX KBajApaToB GyAeT TOYHHIM pelles
HHEM CHCTEMH YpaBHeHHH

ax-‘+by+cz==h,'
ox+ Py + vz =k,

Ax+ By+0z=’i13i“-'“—’3.
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