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NPEAMUCIIOBUE

TpaHcnOpTHEIE 3a1aYH JIHHEHHOTO NPOTPAMMHPOBAHHS NPEACTABJASIOT
co6Of MaTeMaTHYeCKHe MOJEJIH BaXXHBIX NPaKTHUECKHX 3ajay, pacripo-
CTPaHEHHBIX B PasJHUYHBIX cepax dYenoBeyecKoil HedTeabHOTUTH. Kpome
3aJlay O NepeBO3KAX NMPOAYKTOB K HHMM CBOAUTCS MHOTO ADPYTHX 3anau
(cM., Hanpumep, [1—4]).

C maTemaTH4eCKOH TOYKH 3DeHHs 3a[ayd, HCCIefyeMble B JaHHOH,
BTOPOM, YaCTH KHHIH, COCTABJSIOT CIeLHAaNbHBIA KJaacc OOIMX 3amay
JIMHEHHOTO INPOTrPaMMHPOBAHHS, PAacCMOTPEHHEIX B IepBOH yactu [5)].
Tlpu pellleHHH TaKHX 3alay HCNOJB3YIOTCS TPU NOAXOAA. Bo-mepBeIX,
KaxJylo crelHaJbHyI0 3aJadyy MOXHO 3amucaTb B (opme obmel 3amayu
H pemaTh ee OOIHMMH MeTOLaMH. BO-BTOpDEIX, MOXHO, YUYHTHIBas CcIIe-
LHMaJbHYI0O CTPYKTYPY 3aJauH, HeTaJH3HPOBATh OGLIUH METON M HCIOJb-
30BaTh MOJYYEHHYIO peajn3aluio MeToJda. Ecan 3ajaun HMeIOT HACTOJBKO
APKYyI0 CIeUHGHKY, YTO 06a YKasaHHBIX MNOAXOAA [IJS HHUX BBHIIIAIAT
HCKYCCTBEHHBIMH, TO NPHMEHHM TpPeTHH NOAXOJ, IPH KOTOPOM Hemocpen-
CTBEHHO peaM3yIoTcs HAeH (IPHHIMIBI), NOJOXKEHHbe B OCHOBY METOLOB
pemienuss o6mux 3ajgad. IlepBEII mOAXOJ HCHOJNB3yeTcs, KaK MHPaBHIO,
TNPH DeLIeHHH 3ajiay, KOTOPhIe ellle He BBLILEJEHEl B CIelHajbHble KIacChl.
B cBsi3u ¢ pacmpocTpaHeHHOCTbIO NMOJOGHBIX 3ajad B JMHEHHOM MpO-
IrpaMMHPOBAHHH TIPEJJIOXEH MYJAbTHINIMKATHBHBIN MeroZ. JlocTomHcTBa
BTOpPOTO TNOAXOAA HaHbOJee IOJHO NMPOSBJSIOTCS IPH pelIeHHH TpaHC-
NOPTHBIX 3ajlay B MaTpHyHOK ¢opme. M3 obuiero xypca «Mertoar onTH-
MH3alKM» BUAHO, HACKOJBKO YNPOILAIOTCS M TECHO CBA3LIBAIOTCA C MO-
Jlesblo OTlepaliiil CHMINIEKC-METOa IIOCJe ero peajH3allMd B BHIE MeToJa
noTteHnuanoB. D¢b(heKTHBHOCTh TPETbEr0 MOAXOAa YNOGHO AEeMOHCTPHPO-
BaTh Ha TPAHCHOPTHHIX 3ajayax B ceTeBOH ¢opme (Ha 3amayax O IO-
TOKax).

CereBble MOJeNH 3afay ONTHMH3alMM B INOCIeJHHEe TOABl CTa/H
ITMPOKO HCIOJMb30BaThC B PA3JHYHBIX OOJaCTAX HAYKH H TEXHHKH.
BriGop amexBaTHOH MOJenH AJs KOHKPETHOH 3allaud BO MHOTOM OIpe-
JleNsieT KOHEeUHHI yCmex B ee pelleHHH. B TeopuM OnTHMH3aUuH IOJIY-
UMM pacnpOCTDaHeHHe CJENYIOIHe MOJeNH: KOHeuHble (B JIHHEHHOM
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cillyuae — MaTPHYHbIE), HCCeflyeMble MeTOJaMH HeNHHEHHOro mporpam-
MHPOBaHHf; AuddepeHlHaNbHble MOAENTH BapHALHOHHOTO HCYHCIEHHS
H TeOPHH ONTHMaJbHOIO YNpPAaBJEHHS; DeKYDPEHTHHIE MOLEJH LHHaMHUe-
CKOrO MNPOTPaMMHDOBAHHS H JAHCKPETHOrO ONTHMAJ/IbHOTO YIPaBJIEHHS.
CeTeBble MOJEJNH COCTABJSIOT HOBBIH THI MOJeJjiell, HMEIOIHX CBOO
s¢dexTHBHYI0 06GaacTe NpHJIOKeHHH. Co3faHHe HOBHIX THIOB MOAeJNeH,
OXBaTHIBAIOIIUX AOCTAaTOYHO IIHPOKHHA Kjacc MpaKTHYECKHX 3agay H [LO-
MYCKaIOIMX CYIIECTBEHHOe YNpOIIeHHe ONTHMH3alHOHHHIX aJIrOPHTMOB
1O CPaBHEHHIO C HM3BECTHHIMH, NpPEACTaBJSeT COGOH aKTyasbHYIO NpOG-
Jemy.

Hesp HacTOAle!l KHUIH — H3JIOXKHTb HIEH U METOABI pelleHHs 3ajay
TPAHCIOPTHOrO THIA, OGOCHOBAHHHIE B NEPBOH dacTd /s OOLIMX 3ajau
JIHHEHHOrO nporpaMmupoBanus. IIpn peasnusanun BTOPOTO H TPETHETO
M3 YKa3aHHBIX NOJXOJOB MaKCHMaJbHO YUYHTHIBaeTCs creuudHKa pac-
CMaTpPHBaeMbIX 3aJad.

Kuura namMcaHa Ha OCHOBAHMM JIeKUHH, KOTODHE YHTAlOTCA Ha da-
KyJbTeTe NpHKJafHOH MaTemaTHkn bearocyHusepcurera um. B. K. Jle-
HuHa. IlpenmoJiaraercs, 4TO YHTATEIb 3HAKOM C JIMHEHHBIM IIPOrpaMMH-
poBaHHeM B 06BeMe yueGHOro mocoGus «Meronsl onTuMH3aluu» (B Lajb-
Hefimem cokpamiero [MO]) u mepBo#f yacTH JaHHOH KHHTH (COKpallleHO
[u. 1]), HampcaHHBIX aBTOpaMH M H3LAHHBIX H3jartenbctBom BIY B 1975
u B 1977 IT. COOTBETCTBEHHO.

ABTOpEl  BBHIpAXalOT TJIY6OKYyl0  6JaroJapHOCTe  COTPYJNHHKAM
0. U. Kocrioxosoit 1 JI. B. Komanauxo#, NpefoCcTaBUBLINM CBOH pe3yJib-

TaThl (3TO OTMeJaeTcss B COOTBETCTBYIOIHX MECTax KHHIH).
ABTOPBI



BBEAEHME

B oCHOBY a/ropuTMOB peLIEHHS] TPaHCIOPTHHIX 3axad
MOJIOXKEHEl HeH B METOJIbl, H3JI0KeHHbIe B [u. 1]. [las yno6-
CTBAa YTEHHs OCHOBHOTO MaTepHaja NPHUBENEM HX KPaTKOe
OIHCaHHE.

1. MNMpsameie MeTonbl. ITpsiMble MeTOABl CTPOSITCS ISl YAYYLIEHHS TJa-
HOB npamoi 3adadu
¢’x—>max, Ax="b, 0<<x<d, (1)

rie ¢, x, d — n-BeKTopH, b — m-Bekrop, A= {a;, iel} — mXn-marpuua,
I={l, ..., n}. KaxIslit n-BeKTOp X, YAOBJETBODAIOIMH OrpaHHYEHHAM
safaun (1), HaswiBaercs naanom. PemeHue x° 3amaus — ONTUMAAbHbLE
naAaH.

B kauecTBe OCHOBHOrO NMpUHIMNA YJayymeHus maanos B [MO] u [u. 1]
B3AT npuxyun GONYCTUMbLX HANPABAEHUIL: NJI MJaHA X CTPOHTCS N00XO-
Osuwee Hanpasienue | 1 Ha 3TOM HampaBJeHHH BHIGMPAETCs HOBBHIM IJIaH
Xx=x+40°%, 8°=0.

T'oBOpAT, 4TO n-BeKTOP [ sABJIAETCS OONYCTUMbLM HANDABACHUEM IJIS
IJ1aHa X IO orpaHMueHusM 3afauu (1), ecau AJs HEKOTOPOTO YHCaa & >0
npu Beex €, 0<Ce<Ceo, BeKTOpP X--€/ 0cTaeTcs MIaHOM, T. €. BBHIIOJHSAIOTCS
COOTHOIIEHHS

Axtel)=0b, 0<<xtfel<d.

JlonycTimMoe HanpaB/ieHHE HasbBaeTcs MOAXOAAIIMM B 3afaue (1), ecam
c'1>0.

TIpsiMele METOIE! MOCTPOEHHS NOJXORALUIMX HampaBJeHHH pas3lensior-
csl Ha ONOpHbie U 6e30nopHole.

Onopubie meroabl. COBOKYNHOCTb BEKTOPOB YCJIOBHH

Aon _ {a,-, iE]on}

HasniBaercs onopoti *) samauu (1), eciu ypaBHeHue

2 aix,-=0

iEIOH

*) Huorja omopoii yZo6Hee HA3LIBATH MHOXKECTBO HHIEKCOB lom;
Ttorfia Aox — ONMOPHAS MaTpHLA.



MMeeT TOJBKO TPHBHAJIBLHOE pelleHue, HO NpH J06oM kely, In=I\ Ion,
CyIleCTBYeT HeTPHBHAJBHOE DelleHHe YDaBHEHHs

2 aix;+arxr=0.

1€Iy,

IMapa {x, Aon} W3 NIaHA ¥ ONOPHI 3aJauM HA3LIBAETCH ONOPHbLLM
naanom 3amaun (1). ONOpHBIM IJIaH CUMTAETCH HEBLLPOHCOCHHLIM, eCau
€r0 OnopHble KOMNOHEHTOL Xi, i€ on, He IPHHEMAIOT TDaHWYHBIX 3HAYEHUH
(0 mam d;).

IMycrs I7={i: x:=0}, I*={i: x;=d;}, I"={i: 0<x;<<d;}. Haa
HEBLIDOXKIEHHOTO ONMOPHOTO miaHa {, Aon} KaXioe AOMycTHMOe Hanpas-

-1 H
nerne umeer BHA = {lon, ln}, lon=—Aon Axls, Iz =0, In <0, I —
NIPOH3BOJIBHBIH BEKTOD.

7
Beenem sexrop®) u norenyuaros u'Aop=con. Halinem eextop
. ,
OYEHOK HeONnopHblX 8eKTOPo8 YCaA0BUH Am=u'Ag—ca. a8 KaxA0ro

.
HONMyCTHMOTO HanpaBjeHHsl cnpaBelnuBa ¢opmyaa c¢l=—Axls. Orciona
clefyeT, 4YTO AONYCTHMOe HaNpaBJ/IeHHE SIBJSIETCS MOAXOMASAIIHM TOTJAa
H TOJBKO TOTHA, Koraa Anls<<O. SIcHO, uTo KpuTepuii orcyrcreus noo-
X00uux Hanpasienuil ecTb

Kpurepuii ontumansrocru. CooTHOUmEHNS

A;i=0, jelz; A;<0, jelx;
o n (2)
A;j=0, jela (la =[x I"u 1. 1)

JIOCTaTOYHBL, @ B CJyyae HEBBIDOXKAEHHOCTH M HEOGXONHMMBI IJisi ONTH-
MaJIbHOCTH ILJIaHa X.

TInan x HasbIBaeTCs £-ONTUMAAbHLIM, ecau ¢ x'—c'x<le.

Kpurepuil cybonrumanrvrocru. Insi €-ONTUMAJbHOCTH IIaHA X He-
06XOA¥MO ¥ AOCTATOYHO, YTOGEI IPH HEKOTOPOH OmOpe BBEINOJHSIOCH

HEePaBeHCTBO
Ajxs— 37 Aj(di—xj) <e.
A].>0, jiely Aj<0, jiely

Urtepauus. Ecnu cooTHoweHHs: (2) He BBINOJHSIOTCH, TO AJSl HEBBI-
poxnenHoro maaHa {¥, Aon} CYUIECTBYIOT NOJAXOAfIIYe HANpPAaBJEHHS.
Onrumanrshote Hanpasienus [° pjs miaHa X MOJyYaloTcs NPH MAKCHMH-
sauuu GYHKUMHA '] HA MOAXOMASIIMX HANpPaBJeHHSIX C KaKUM-HHOYIb yCJO-
BreM HOpMupPOBKY. B [MO] u [u. 1] HalileHsl ONTHMajbHBIE HAIpPaBJEHHS
I/ HeCKOJNbKMX KOHKPETHBIX ycaosuil Hopmuposku. TIpH cumniexcuod
HOpMUpOBKe ONTHMAJbHOE HalpaBJeHHe HMeeT BHI

0= {lc?n=—Ao_niABejo, lg =9jo}y

Tfle e; — eAMHHYHBIH BEKTOD C eNMHHLEH Ha j-M MecTe, Jo&Im — MHIEKC
HauGOJbIIEr0 [0 MOAYJIIO YHcaa Aj, AJS KOTOPOrO He BBINOJHSIOTCA
coortnomenns (2). Bui6op waea ©° u mocTpoeHiie HOBOTO MJaHa ¥ ocy-
IECTBJIAIOTCS CJEAYIOMWIIM 06pasoM.

*) Bclogy B KHHre TEDMHH <«IIOTEHIHaN» HCNOJb3yeTcsl Kak pabouuit
BHE CBSI3H C ero (I3HUecKHM COJeprKaHIeM.
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ycrs A;,<<0. Briuncasem
@0_ . d _ 1 2

=min {d;;—x;;, O;, O},

rae
1
@io=xio/x,'ojo = min Xi/xijo, Xi5,=>0;
2
®h0=—(dko—xko)/xko,~o = min— (di—xi)/xijo, Xijo<0;
. -1
{x,-jo, LEIOH} =Aoxn Ajo
1 2

Mpu @°=d; —x; omnopa maana x ne mensercs. IIpu 0°=0; (0"'=0,)

onopa Aon MIaHa ¥ MOMyyaercs K3 ONOPH Aom NJaHA X IIOCHe 3aMeHH
BEKTOpa Qi (Qr,) HA BEKTOp aj,.

IIyers Aj,>0. Boruncasem
8°=min {x;,, 87, 920},

rae
2 .
B:,= (diy—x1,) /%i 5, = min (di—x:)/Xij,, Xij,>>0;
‘ .
9h0=—xko/xhojo= mm—xi/x,-jo, x,~]-0<0.

IIpn ©°=x;, omopa mnama x He MeHsercs. Ilpu G°=®¢i(®°=®;o)

onopa Aop IJ1aHa X NOJIyYaercss M3 ONOPHl IJIaHA X TOCJe 3aMeHHl BeK-
T0pa a; (ar,) Ha BEKTOp 4j .
KomnonenTts HOBOro omopHoro miasa {X, Aoz} paBHB

Xj,=x;,—0"sign Ay, Xj=x;, j#jo, jEln;
¥i=x:+0;; sign A;), i€ox.

3a onHy HTepallMl0 x—>X¥ 3HaueHHe LeseBOH GYHKUHH 3afgaun (1)
BO3pacTaeT Ha BeaHuuHy O°|A; |.

Besonopxeie MeToanl. [Ipy mOCTpOeHHH NOAXOASIIMX HampaBJ/IeHHM
omopa IJIaHa X He HCIOoJb3yercs. M3 ompelesneHusi LOMYCTHMOrO Hampas-
JIEHHSI CJEAYEeT, YTO MHOMECTBO JIONYCTHMBIX HalpaBjeHH# IJs IaHa x
onuceiBaercst cootHomeHusmu Al=0, =0, 1*<<0. Hanoxum Ha Bek-

o I
top [ orpanmuenus [E<{f®, [P=—fr —f_<I"<f, (HOpPMHDOBKA).
OntumanbHOe HampaBieHHe [0 — pelieHue npou3so0Hol 3adauu

o I
clomax, Al=0, 0<SEE[?, —f-<IBL[y, —P<<IP<]0.
Beenem 3afauy, 080UCT8EHHYIO K NPOU3BOOHOL
+ -
[z—min, A¥y+za>=c", A¥y—2zs<<c®, A"y+t2zp —2n =c7, 20,
+ - o .o
rie 2={2x, 2u, 2n, 2a}, [={%, f+, f-, f?}. IIpu [ >0 sra sanaua,
a c Hel W NpPOM3BOJHAS MMeIOT pelileHHe. KpuTepHii OTCyTCTBHS INOX-

XOASIIIMX HampaBJieHHH ¢OpMYyJHpYyeTcss Kak

9



Kpurepuii ontumasvrocty. J1nsi onTUMabHOCTH IJaHA X HEO6XOANMO
H JOCTaTOYHO, YTOOHI ABOMCTBEHHAs NPOM3BOJHASA 3afaua HMeJa pelleHHe
cz=0.

B npousBoiHOi 3ajgaue BeKTOp f MOXKeT GbITb BHIGpaH C Y4YeTOM
njaaHa x, Hanpumep f;=min {x;, di—x;}.

TIponsBoanas 3afaua sBjsieTcs 3afayell JHHEHHOrO MPOrPaMMHUPOBa-
HHSI U [IO3TOMY MOXeT OBbITb pellleHa ONMOPHEIMH MeTOZaMH. BBenenue ke
6e30MOPHBIX METOJOB CBS3aHO IJIaBHEIM OGpasoM C TeM, 4TO AJs CIe-
UHaJbHBIX 3aJad JHHEHHOTO IPOrpaMMHMPOBAHHS MNPOM3BOJHAs 3amaya
IPHHHEMAeT HACTOJBKO NPOCTYIO HOPMY, YTO AJS ee PEelleHHUs CTAHOBATCS
5 QeKTHBHBIMH METOAH, Oe3HaleXHEle B oOliem cayuae. K mpumepy,
B JAHHOH KHHTe IPH DellleHHH NPOM3BOAHON 3amauu 3 QeKTHBHBIM OKa-
3pIBaeTCA OUHAMUYECKOe npo2pammuposatue.

3ameyaHnHue DBesonopHble MeToAb (aKTHYECKH OIHMCAHBI Ha ypOB-
He omnpeflesieHHH. DTO OCTaBJ/sgeT GOJBLIYIO CBOGOAY NpPOSIBJIEHHIO HCKYC-
CTBA H OINBITA IIPH pPellleHHH ClelHabHbIX KJIaccoB 3afau.

OnucanHass cxema 68301’[0pr1){ METOJOB Hale/JeHa Ha IOCTPOeHHe
ONTHMAaJbHOTrO mjaHa. B NpaKTHYeCKHX Ke pacuerax 3a4acTylo AOCTaTod-
HOQO HMETb CY6OHTHMaJ'II:HbIe nnaHel. B cBASH C 3THM BBeLeM MHOXKeECTBa

I5(e) ={i: 0<x:i<<e}, I*(e) = {i: di—e:<<x:<<di},
Im(e) ={i: e<<x;i<<di—e}.

IIpu cocraBneHHH NPOM3BOAHONH 3aJayd 3aMeHHM HAa 3TH MHOXeCTBa
paHee BBeJeHHEIe [%, I® [%. Pemum HOBYIO NpOH3BOAHYIO 3afauy. Eciu
B pemrenuu {y°(e), 2°(e)} ABOHCTBEeHHOM K Hell 3azmaun BeKTOp 2°(g) =0,
TO IVIaH X OTKJOHsercs OT x° IO LeJeBOH GYHKUMH He GOJlee 4eM Ha

BeJHYHHY
2 6ixi - Z 6i (di—-xi),
8,>0 6,<<0

rie §=A4"y%(e) —c.

B xax[oil cxeMe HOBEIH IJIaH CTPOUTCA IO (opmyne ¥=x-|+0°0,
rfle [°— pemleHHe NMPOM3BOAHOHR 3amauu, ©°-—mar urepaluH, paBHBIH
HaubojblleMy uHcly O, yaoBJeTBOpsOLeMy HepaBeHcTBaM 0<<x+
+06°<d. IIpu ©°=oo0 3anmaua (1) He UMeeT pelIeHHH H3-3a HEOTPaHH-
YeHHOCTH CBepXYy LieseBOH (YHKLHH.

3ameuanue. [locnenuss cxema cBsi3aHa C O-JONYCTHMBIMH Ha-
npasJjeHusmu [u. 1].

2. JleoiicTBeHHble MeToAbl. /[[8olicT8eHHble MeTOOb. TpelHa3HayeHb!
IS TIOJYYeHHsI ONTHMAJbHBIX HJH CyGONTHMAJbHBIX NJaHOB 3amaun (1)
OyTeM yJAy4yLIeHHs IJIaHOB 3afayH

b'y+d'w—min, A’'y+w=c, w=0, 3)

JBOHCTBEHHOH K 3afaue (1).

Bekrtop {y, @}, Ha KOTOPOM BHIIOJIHAIOTCS OrpaHHueHHs 3afaun (1),
HaspiBaercss 080dcT8enHbim naanom. Ecmu Bextop {Y°, @°} — pemenne
3agayun (3), TO ero Ha3LIBAIOT ONTUMAALHbIM OBOUCTEEHHbIM NAAHOM.

OCHOBHOM MNpPHHLMI YJAYYIleHUss ABOMCTBEHHBIX IJIAaHOB OCTaeTCs
TaKHM e, KaK B II. 1 ¢ ecTecTBeHHO! 3ameHOH 3agauu (1) Ha 3ajgauy (3)
U MHOXECTBA IJIAHOB Ha MHOXECTBO [JBOICTBEHHBIX IIAHOB.
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IBolicTBeHHEIE METONB MOCTPOEHHS MOAXOMSIIMX HANPABJIEHHH Das-
DeJISIIOTCST Ha OMOPHBIE H Ge30MOpHLIE.

Onopueie meTOAb. ITo BeKTOPY y HBOMCTBEHHOro IJIAHA MOCTPOHM
xonaan 0=A'y—c. ByleM cuHTaTh, YTO BEKTOD W YHOBJIETBOPSET CO-
OTHOLIEHHSM

w;=0 npu 6;=0, w;=—08; npu §;<<0,

KOTOpbIe BHIUIOJHSIOTCS Ha ONTHMAJbHOM ABOHCTBEHHOM ILIaHe.

[Tapa {6, Aon} HasbiBaercs OnopHeim Konianom. OTOPHHIA KOIUIAH
HesbLpodOen I, eCl €r0 HEONODHble KOMIOHEHTH OTJIMYHE OT HYJIA.

Hcnonb3oBaHye OIOp NMO3BOJSET NPOCTO ONMHCATH MHOMKECTBA AOMYyC-
THMBIX, MOAXONSIMX H ONTHMAJbHBIX HANPaBJEHHH, COOTBETCTBYIOUIUX
Pa3UYHEIM CIoco6aM HOPMHPOBKH. ITpH CHMIEKCHONH HOPMUDOBKE IOJY-
uaercst cienyomuit Meron [4. 1]. Tlo onope komnana {8, Aon} crpourcs
ncegdonaat w={x;, iEl} ¢ KOMIOHEHTaAMH

;=0 npu jEl:, %j=d; npu j&Ix;

> ami=b— S ax;.

i€l j€ly

. . +
3necy [+={i: §;>0}, I-={i: 6;<<0}, Is =1+ Ia

Kpurepnit oTCyTCTBHSA NOAXOASIIUX HaNpaBJeHHH B TOuKe (HOpPMYJIH-
pyercs Kak

Kpurepuii onrumanrsrocty. COOTHOLIEHHS

#;=0 mpu 6;:=0; %;=d; mpu 6;<<0;
0<<u;<<d; npu 8;=0, i€Ion, (4)

[IOCTATOUHE, @ B CJydYae HeBHIPOXKJEHHOCTH KomnaHa {8, Aon} U HeOoB-
XOAMMBI, IJIi TOTO 4YTOGH KOIJaH O Obl1 ONTHMAJbHBHIM IUIAHOM 3a-
nauu (1).

Hocrarouroe ycarosue cybontumansrocty. Eciu nceBLomIaH yaoB-
JIETBOPSIET COOTHOLIEHUSIM

0<<ni<di, icon;

%161 -_ 2 6{ (di—xi) =E€,
6,>0, 1€l 6;<<0, i€l

TO OH SBJSETCS &-ONTHMAaJbHBIM IIJIaHOM 3amaun (1).

CumnieKcHass HOPMHPOBKA NMOAXOJSIIMX HaNpaBJeHHH o6GiaiaeT TeM
CBOHCTBOM, YTO ABHXKEHHe BIOJb ONTHMAJbHOIO HaNpaBJIeHHA H3MEHSeT
Cpe/l ONIOPHHIX JALIb OfiHY KOMIOHeHTy Komana 8: . MHaekc io 1 nocie-
oyomue omepanuu TakoBel. Ilpm 8:;>0 wmm 6:=0, %:<<0, i&lon,
OTMETHM MaKCHMAaJbHYIO II0 MOAYJIO KOMIIOHEHTY i, HE YIOBJETBOPSIO-
myio cootHoweHuam (4). Ipu 6;<<0 unn 8§;=0, %;>d;, ilon, OTMeTHM
MaKCHMaJjIbHOe 110 MOIYJIO YHCHAO ¥;—d; I/ KOMIIOHEHT %i, He YIOBJe-
TBOPSIOLIMX COOTHOLIEHHAM (4). MakcuMa/npHOe H3 OTMEYEHHBIX YHCeJ
o6o3naunm gepe3 v°. ITycTh io — HHAEKC 3/eMeHTa Xi, BXoAfuero B v°,

Haiinem wncna o:)=|[8: | mpu 0<Cwi <<ds; 0;="08;/x:,; sign v°,
j&Is, npu 8;x; ; signv®>0; 6;=0 mpu 6;=0 u x;; sign v°<<0, %370
Ha X 5 sign v°>0, j#d;j, j=la. MUHEMABHOE U3 3THX YHCEJ 06O3Ha-
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YUM Yepes o° Ecnn uncna O'io, O; OTBICKaThb He YyJaeTcs, TO moJiaraeM
0°%=o00. KOMIIOHEHTH HOBOT'O KOmJjaHa PaBHEBI

8:,=08;,—0"sign v, 8;=20;, iz, iElon;
8;=20,—0%; ;signv’, j&Ia.

Ipn 0%=oo 3amaua (1) He uMeeT mnaHoB. Onopa Aon KOmJaHA ©
coBnajaer ¢ Aon, €CIH 0'=o;,. Ilpu 0'=0j,, jo7ir, onopa Aox moOJy-
yaercs u3 Aon moOC/e 3aMeHbl BEKTOPA 4;, HA BEKTOp ;. 3a WTEpAUHIO

60 3mauenue IeseBOH (QYHKIHM IBOHCTBEHHOH 3ajaud y6LIBAET Ha Be-
Jauyuny o°|ve|.

Besonopueie metonwl. ITo onpemenenuto, (m-f-n)-sektop {p, q} ss-
asietcst onycTumoim Hanpasiesuem 01 0solicTgennoeo naana {y, w},
ec/H NpH HeKOTOpoM € >0 mjs Bcex & 0<<e<{eo, Bektop {y-tep,
w--eq} ocraercsi NBOHCTBeHHBHIM IutaHoM, T. e. A’ (y+ep)+twteqg=>c,
w-+eg>=0. Orciona cienyer, 4TO MHOMKECTBO AONYCTUMBIX HaNpaBJeHHH
3a/1aeTCsI COOTHOIIEHHSIMU

gt=0, A~'p+g-=0, A*p+q*=0, ¢*=0.

JonycTuMoe HanpaBJieHHe SABJAETCH n00X00Auwjum TOrLa H TOJBKO
Toraa, koraa b’p+d’q<0.

JLsist OCTPOEHHUS ONTUMAALHO2O HANPABAEHUS CJAELYET MUHHMH3HPO-
Batb (yHkumio b’p-+d’qg, BHIOPAB Ty MM HHYI0 HOPMHPOBKY HOAXONSIIHX
Hanpasnenn#i. Ecim B KauecTBe HOPMHPOBOYHOI'O YCJIOBHSI B3SITh Hepa-
BEHCTBO §<<p<<{—g, TO NOJYUMM CJEAYIOILYIO npoussodnyto sadauy Ais

[IOCTPOEHHSI ONTHMaJbHOro Hampasienus {p°, ¢°}:
b'p+d’'g—min, A~'p+4-=0, A¥'p+q*=0, g+=0, ¢* =0, g<p<—&.

3anaua, 080LicT8eHHAL K NPOU3BOOHOL, HMEET BUI
g'z—>max, A*x*fz—Z=b—A-d-, 0<<x*<<d*, 20,

roe g={g, g}, 2={Z, z}. Ilpn g<<0 nocienHss 3ajaya UMEET pelIeHHe.

CilenoBaresibHO, MMeET pellleHHe H NPOM3BOJHAs 3amaua. Kpurepuir or-
CYTCTBHS MOAXOASIIKUX HaNpaBJeHHH cHopMyHpyeM Kak

Kpurepuil ontumassrocry. J1jsi ONTHMAJBHOCTH IBOHCTBEHHOrO IIa-
Ha HeOGXOIMMO M JOCTAaTOYHO, YTOGH ABOHCTBEHHAs IPOM3BOJHAs 3axaya
uMesa pemenne ¢ 2==0.

BexTOop g B NMPOHM3BOAHOH 3ajaue MOXeT OBITb C02AQCO8aH C IBOH-
CTBeHHHIM IiaHoM {y, @}. Ilpu g=—e mosyuaeTcss MeTOL OJHOBpEMEH-
HOTO pellleHus NPSIMOI U ABOMCTBEHHOH 3a7ay, npelsoXeHHbIH JlaHUHrOM,
®oprom u DankepcoHoM. 3HAUEHHE OMHCAHHOIO GE30IIOPHOrO MeTona
COCTOHT B TOM, YTO [JIi MHOTHX CIEUHaJbHHIX 3alay (M B YacCTHOCTH IJIf
TPAHCNOPTHHEIX) NPOM3BOJHAs 3ajfaya MJIM ABOHCTBEHHass K HeH HMeIOT
BeCbMa IPOCTYIO CTPYKTYPY H 3¢ (eKTHBHO pemaioTcss 63 HCIONb30BaHHA
omop.

TlpuBenenHass cxeMa [ONYCKAaeT eCTECTBEHHYI0O MOAH(HKAILHIO, Ha-
LIeJIEHHYI0 HA TOCTPOeHHe CYGONTHMAJbHEIX IIaHOB. BBefeM MHOXecTBa

I+ (a)={i: 6;>a}, I-(a)={i: 8;<—a}, I*(a)={i: |6:]<<a}.

ITpn ¢opMupOBaHHM NPOM3BOAHOH 3a[aud MCIONb3YeM 3TH MHOMECTBa
BMecTo Muoxects [+, /=, I*.Ecnu B pewennn {«*, 2} 3ajauH, ABOHCTBeH-
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HOM K HOBOH NIPOM3BONHOMH, BeKTOp 2(a)=0, To BekTop {x*, x*+=0, d—}
SIBJIIETCA €-ONTHMAJbHLIM IIaHOM 3ajzauu (1) c

€ = 2 Oix; — 2’ 8; (di—xi).
§,>0, ier* 6, <0, isI+

B kax[o#i cxeMe HOBBIE NBOMCTBEHHHIl NJIAH CTPOHUTCH MO GoOpMYJe
{7, @} ={y, w}+0{p", ¢°},

rie {p° ¢°} — pellleHHe MPOM3BOAHOH 3alauM, ¢° — [IAr HUTepAalHH, PaB-
HBEIH HAaHGOJIBIIEMY YHCIY O, YAOBJIETBODPSIOUIEMY HepaBeHCTBAM

A(y+0p°) +w+0q° =0, w+0g°=0.

IIpn 0%=oco 3amaua (1) He HMeeT peuleHHH H3-3a MYCTOTH MHOXKECTBa
IJIaHOB.

Fnasa |
nPIMONM ONOPHbIA METOL,

B 370l ryaBe nJiA TPAaHCIOPTHHIX 3a4ay B MaTPUUYHOM
(dopMe KOHKpeTH3UpYyeTCs psMOoi onopHei Meton U3 [u. 11;
HENoCPeICTBEHHO CTPOUTCA IJISl CETEBBIX TPAHCIOPTHHIX 3a-
Ilau aHaJIoT MPSIMOTO OTNIOPHOTO METOMA.

§ 1. TpaHcnopTHaa 3afjaya B MAaTPHUHONM chopme

B o6mem kypce [MO] ycraHoB/IEeHa CBSI3b MEXIY TPaHC-
HOPTHOH M o6Iel 3amayaMy JIHHEHHOTO TIPOrpaMMHPOBaHHUS.
Tam ke ucxons M3 3TOoH cBSA3H OGOCHOBAH MeTOJ MOTEHLHA-
JIOB KaK peasH3alus CHUMIUIEKC-MeToxna. B maHHOM mapa-
rpade 1mo aHAJOTMYHOH cXeMe Ha TPAHCIOPTHYIO 3amauy
C OrpaHHYEHHSIMH Ha IPONYCKHbIE CIIOCOOHOCTH KOMMYHHKa-
I[UH TepeHoCATCs ONepaluy NPSIMOro ONOPHOTO MeToja.

1. IlocranoBka 3amaun. OmNoOpHBIE mNJaH TNEPeBO3OK.
Umeercs n nyHKTOB npoussonctsa Ai, ..., An ¥ M IyHKTOB
notpebaeHuss By, ..., Bnm. B A; npoussogurcs a; equHHL,
a B B; motpebasercs b; eNHHHI HEKOTOPOro NpoAyKra. Kax-
IBIH NYHKT NPOM3BOACTBA CBSI3aH C KaXKABIM IYHKTOM IIO-
tpe6ienus. [IponyckHas cnoco6HOCTb KOMMYHHKALUH A—B;
paBHa d;;. OGpaTHble IepeBo3KH He pomyckatorcd. CTou-
MOCTb II€PEeBO3KH eIMHHIH npoxykra u3 A; B Bj paBHa Cyj.
TpeGyercs HafiTH Takof IJIaH MEPEBO30K NPOAYKTA, NPH KO-
TOPOM TPOLYKT U3 BCeX HMYHKTOB NPOH3BOJACTBA BBIBO3UTCS
MOJIHOCTBIO, 3aIPOChl KaXKJAOro INyHKTa NOTpe6JeHHs IoJ-
HOCTBIO YZOBJIETBOPSIIOTCA H TPAHCHOPTHBIE PACcXOAbl MHHH-
MaJIbHHL.
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O6osnauuM yepes x;; KOJHYECTBO IPOLYKTA, IEPEBO3UMO-
ro u3 A; B B;. Cnexyss [MO], nerko nosiydntb maTeMaTHye-
CKYIO MOJIeJIb TIOCTABJIEHHO! 3a1auH:

n m
2 2 ci,-xij—>min,
i=1 j=1

m n
Zi Xij=0;, 3 Xij=b;j, 0<<xy;<<dy;, (1)
= =

i=1,n, j=1,m.

Ucxonuele nanuble a5 3apauu (1) ymoGHO 3anucath
B Bufie Ta6us. 1.1, xoropas Ha3wBaeTcss TPAHCNOPTHOL TAO-
Auyell, MatpuuHas 3anuch TPAHCIOPTHOH 3ajadyu H jmaja
Ha3BaHHEe MaTeMaTHueckoi moxenu (1).

Tabruya 1.1
B, B, --- B
A CZACT R R
Xyl Xyl x1m! a,
A, _‘?ﬁ[U_ZLf’LZ:”_'zz_ . o
Lot |2 Lom | @,
] ]
a1 [na) Lom a,
5 6 --- 6

CoBOKymHOCTb uncea x={x;;, i=1, n, j=1, m}, ynosue-
TBOPSIOIIKX OTpaHuueHuaM 3anaun (1), Ha3bIBaeTCs NAAQHOM
nepeso3ok. 13 TeopeMBl CYIIECTBOBAHHSI NMOTOKOB (cM. § 4)
caenyert, uto B 3agaue (1) mMmeercs xoTa Obl OLMH IJIAH Iepe-
BO30K TOrJa M TOJBKO TOTAA, KOraa mpu Jobbx N'cN=

={l, ..., n}, McM={l, ..., m} BEIIOJHAIOTCA COOTHO-
IIeHUs
= ai= 23 bj,
1EN EM
Sa—3b<s X di (2
ieM/ jeN’ ieM/, jeN\ N’
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[Tnan nepeBo3ox x° Ha3bLIBAETCS ONTUMAALHLIM, €CIH HA
HeM TPaHCIOPTHBIE pacxoAnl (ueneBas GyHkuus sagaun (1))
MHHHMMaJbHBL. IlOCKONIbBKY MHOXKECTBO IJIaHOB MEPEBO30K
xomnakTHo [MO], To cooTHomeHus1 (2) DOCTaBAAIOT KPUTe-
pHil cyuiecTBOBAHHS ONTHMAJbHEIX IJIAHOB I€PEBO30K.

B ocHoBe nmpsimoro onopHoro metona [4. 1] JieXut moHs-
THe OIIOpHl, KOTOPOe TeCHO CBfi3aHO ¢ 0GasHUCOM, COCTaBJEH-
HBIM M3 BEKTOPOB ycaoBHi 3agaun. B [MO] nokassiBaercs,
4YTO B TPAHCIIOPTHOH 3aflaye 3KBHUBaJEHTOM 0a3Hca SIBJSETCS
6asucroe MHOXCeCT80 KAETOK TPaHCIOPTHOH TaGauubl. MHO-
KeCTBO U3 n-m—1 KJeTku cocrasiser 0a3ucHOe MHOXKe-
CTBO TOTHA M TOJBKO TOIZa, KOTJA B HEro BXOMUT XOTS Obl
IO ONHOH KJeTKe M3 KaXAOH CTPOKH M KaxKJAOro croabua
TPAHCIIOPTHOH Ta6J/HIBl U M3 3JeMeHTOB MHOXECTBa HEeBO3-
MOKHO NOCTPOHUTb HU OZHOTO IUKJIA ).

Onpenenenue 1. BasucHoe MHOXecTBO KIeTOK [on
Ha30BeM 0nOpotl TPaHCIOPTHOHN TaGJIHIILL.

duemeHTbl U3 [on HA3BIBAIOTCS OHOPHBIMU KAETKAMU.
OcrasnbHble KJIETKH TPAHCIOPTHOH TabJHIBI — HeonopHoLe.
MHO0XKeCTBO HEONIOPHBIX KJIETOK 0003HauuM uepes /g

Onpenenenue 2. CoBokynHocts {X, [on} miaHa Ie-
PEeBO30K ¥ OIOPHI TPAHCIOPTHOH TaGJ/IHIEI Ha3bIBAETCS ONOp-
HbIM NAGHOM Nepeso3ok.

ITepesosku xij, (i, j) Elon,— onopnole, x5, (i, j)&ls—
Heonoprboie epPeBO3KH.

3ameuanue. B knaccuueckom aHajore CHMIIEKC-MeTOAa (Merofe
NOTEHIMANO0B) IpPH PellleHHH TPAHCIOPTHHIX 3aJad HCNOJb3YIOTCs Gasuc-
Hble IJIaHBl IEPEBO30K, ¥ KOTOPHIX BCE HEONODHbIE IIEPEBO3KH NPHHHMAIOT
TOJIBKO TpaHHuHbIe 3HaueHHs (0 uiu dyj

Onpenenenue 3. OnopHLH NJaH MepeBO30K Ha3H-
BAETCS HeBbLPONCOEHHbIM, €C/I ONOPHBIE MEePEeBO3KH YHOBJIe-
TBOPSIIOT HepaBeHcTBaM 0<<xi;<<dij, (i, j) E/om

2. Kpurepuii ontumaabsocTu. [Tyctb {X, /on} — ONOpPHEIH
niaH mepeBo3ok. C nomombio onopw lon MOCTPOMM AOTEH-
Yuaavl U;, U; CTPOK [ M CTOJOLOB j TPAHCIOPTHOH TabJIHLLI
KaK pellleHHe CHCTeMbl ypaBHEeHHUH

uitv;=cs;, (i, j)Elon. (3)
Ecau mpou3BosibHO 3aaTh NOTEHIMA] KAKUX-HHOYAb CTPOKH
HJIM ¢T0JI611a, TO MOTEHIHAMLl OCTAaNbHBIX CTPOK H CTOJIGIIOB

*) HanomHuMm: COBOKYIIHOCTI: pas/MUHBHIX KJETOK TaGaHubl (i1, 1),
(izv ji): (izr jz)’ .. (18) ]3"1) (lsr ]3) (llr ]s) rue Lh#lt: thelt'

t=1,s, k=1,s, t#=k, Ha3BIBAETCS LUKJIOM.

15



HafJyTCA M3 (3) onnosHayHo [MO]. IToteHumans u;, vj,

i=1,n, j=1, m, N03BOJIAIOT BLIYMCIHTb OLEHKH A;; Heomop-
HBIX KJIETOK:

Aij=ui+v;—cij, (i, j)Elu (4)
PaccMoTpuM COOTHOIIEHHUS
Ai<<0, x55=0; Ay=0, x;;=d;j;
Ai;=0, 0<<xs;<<dij, (i,])Eln (5)

Teopema (kpurepuii onTumasrsvrocru). CootHomeHus: (5)
INOCTATOYHBI, a B CJydYae HEBBIPOXKJEHHOCTH W HEOGXOMMMBI
L5l ONTUMAJbHOCTH ONIOPHOTO IJIaHA MEPEBO30K {X, [on}.

Kpurepuit onTuMaJbHOCTH NPOBEPsIeTCS] MPOCTO HA TPAHC-
noptHo# Tabuuue. s ymoGcTBa BLIYHCJAEHHH OIOPHBIE
nepeBoskH ob6BeneM Kpyxkamu. CTpoke MM cTON6LY C HaH-
GOJIBIIUM YHCJIOM ONOPHBIX KJIETOK NPHUIHIIEM HYJEBOH IO-
TeHuMas. [loTeHUHANBl OCTAJbHBIX CTPOK H CTOJIOLOB Haxo-
ISITCS TIOCJeN0BaTeNbHO ¢ moMouipio paBeHCTB (3). ITo usse-
CTHBIM TOTEHIHAJaM U;, U; JEerKo IOACUHTATb B cuay (4)
OIEHKH A;; HEOTIOPHHEIX KJeToK. UHcno A;; 3aHOCHTCSL B CBO-
60IHYI0 yacTb HEONOPHOH KJeTKu. IIpoBepka cOOTHOIIEHHUH
(5) cBesnace TakuM 06pasoM K aHaJHM3y Tpex uucesa Agij, Xij
d;; U3 KaXJI0H HEOIOPHOH KJIETKH.

3ameuanue. CoBoxkynsocts ouenok {Aij, i=1,n, j=1, m}, ynos-
JIETBOPSIIONUIMX KPUTEPHIO ONTHMajbHOCTH (D), cOcTaBjsieT, IO TEPMHHO-
aorun § 1 ro. 11, 6asucnsli xonian nepesosdox. OGuimit cayvail, Korga
COBOKYMHOCTb OLEHOK SIBJSIETCS ONODHBIM KONJaHOM, GyHeT paccMOTDEH
B V

3. HocrartouHoe yciaoBue cy6ontumanabHoOCTH. [1nan nepe-
BO30K X® Ha3BIBAETCS €-ONTUMAAbHBLM, €CIIH

2 2 CijXi; — 2 2 waw\
=1 j=1 i=1 j=1~

Teopema. OmopHblf NuiaH NepeBo3oK {X, [on} fABISETCH
€-ONTHMaJbHBIM TIJIAHOM C YHCJIOM &, paBHBEIM

e=— 3 Auxi+ 3 Aii(di—xi).

A;;<0, (i, €I, A;;>0, (0, ey

st poBepKH IJIaHA NepeBO30K Ha CyOONTHMaJbHOCTh
JNOCTaTOYHO MAHHBIX, MOJYYEeHHBIX Ha INpelblAyllleM 3Tale
NPOBEPKH €ro Ha ONTHMaJbHOCTD.
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4. Utepauus. B TpaHCIOpPTHEIX 3aauaX MHOXKECTBO IJia-
HOB IIE€PEBO30K KoMnakTHO. [Tostomy 3mech mpoueaypa mpo-
BEPKH IIPAMOTO OIIOPHOTO MeTOZA Ha HEeOTrpaHHYEHHOCThb
1eJeBOM (DYHKIHH OTIIafaerT.

[TepefineM K ONHCaHHMIO ONEpaLHH MO YJIYUIIEHHIO OIOP-
HOTO IJIaHa NepeBo30K {X, lon}, KOTOPHIH HE yIOBJIETBOPSIET
cooTtHomeHusam (5).

B kax[0f HEONOPHOH KJEeTKe, 3JeMEHTH KOTOpOH He
YIOBJIETBOPSAIOT COOTHOHIEHHAM (D), OTMETHM OLEHKY Ajj.
ITycTb Asyj, — MaKCHMAaJIbHOE 110 MOMLYJII0 YHCJIO CPENH OTME-
YeHHBIX OIEeHOK. SICHO, uTO Asj,7=0. C IOMOIIBIO KJIETKH
(io, jo) ¥ KJIETOK ONOpPBHI IIOCTPOMM LHKJ M3 UePeYIOLIHXCS
TOPH30HTAJbHBEIX M BePTHKaAbHBIX 3BeHbeB [MO]. Ilepsoe
3BEHO U3 KJIETKHU (fo, jo) — rOpHU30OHTaJdbHOE. PaccMOTpUM [Ba
cayvas:

a) Agpje=>0. [Ipunumem ropu3oHTaNbHEIM 3BEHbSM LUK/
yucna Oi;=Xx;j, BePTHKAJbHBIM — O;j=d;;—Xij, TIE Xi; —
IIePEeBO3KH, Jexallde Ha KOHIAX 3THX 3BeHbeB. IlycThb
0;,j, — MHHHMAaJbHOe U3 IPUIHCAHHBIX yuceJ. KOMIOHEeHTH
(%ij) mos HOBOTO TIJIaHA IEPEBO30K IIOJYYAIOTCS CJELYIOLIHM
o6pasom. M3 cTaphix IIepeBO30K, JeXKalluX Ha KOHLAX TOpH-
30HTaJbHBIX 3BEHbEB IUKJA, BHIYUTaeM Yuciao O;, ;,, a K CTa-
pPBIM IIepeBO3KaM, JeXalluM Ha KOHIIAX BepPTHKAJIbHBIX
3BeHbeB, no6aBisgeM YHCIO O OcraJjbHble MepeBO3KU
octaioTcs 6e3 H3MeHeHHus.

6) Azyjo<<0. IlpunuineM ropu3oHTaJbHBIM 3BEHBAM IL[HKJIA
uncaa O;;=d;;—X;j, BEepTUKANbHBIM — O;;=x;;. MUHUMa/Ib-
Hoe ©;,;, M3 INIPHIHCAHHBIX YHceJa [00aB/isieM K CTapbIM
IepeBO3KaM, JIeKalluM Ha KOHIlaX FrOPH30HTAJbHBIX 3BEHBEB,
U BBHIUHMTAEM U3 IIEPEBO30K, JIeXKallluX Ha KOHIaX BEPTHKAJb-
HBIX 3BeHbeB. OcTasnbHBIE MEPEBO3KH coxpaHseM. B pesyib-
TaTe MoJiyyaeM HOBBHIH IJIaH NMEPEBO30K Xmop-

SlcHo, uto ©;,;, >0, ecau onopHbll maaH {X, /ox} HEBH-
POXKIEH.

B oGoux cayuasx npu (i,, j,) = (o, jo) onopa lon He Me-
usiercst. Ecou (2, j,) %= (lo, jo), TO U3 cTapoil omopsl yaajsieM
kaeTky (i,,],) u no6asngem (io, jo). [TomyueHHO® MHOXKECTBO
KJIeTOK 06pasyeT HOBYIO oTMoPY (/on) mos-

3a omny urepauuio {¥, fon}—{X, lon}mos TPAHCIOPTHEHIE
pacxolbl YMEHBIIAIOTCS HA BETHUHHY |Aipjo| O, 5,

5. IlocTpoeHHe HayaJbHOro0 OMOPHOrO MJaHa NMEPEBO30K.
Ilpuctymas K pelleHHI0O KOHKPETHOH 3ajxaud, HMelolled
MaTeMaTHYECKYI0 MOJAeNb TpaHCIOPTHOH 3amauu (1), MOXKHO
KpOMe 3HaUeHHH apaMeTpoB Cij, &s, bj, di; UMeTb Pa3JHYHYIO

*j*'

wJs
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IOTOJHUTENbHYI0O HHbOpManuo. B mpsMbix MeTomax mpen-
moJsiaraeTcs, 4TO MONOJHHTeNbHAsi HHOpOpMalus CBsi3aHa
C IJIaHAMHU IepeBO30K. PaccMOTPHM TpPH BO3MOXKHOCTH.

1) Ilepen HauasnoM pelleHHs 3aLaul HET HHKAKOH HHMOP-
Mal}H O IJIaHaX NePEBO30K HJIH UMEIOIHECs PEKOMEHIAlUH
H JIOraJKM He 3aCJyXKHMBAIOT JOBEpUs. DTa CUTyalLsi THIIHYHA
IJISi  KJIaCCHYECKOH IIOCTAaHOBKM TPaHCIOPTHBIX 3ajad.
B yacTHOM ciyuae, Korja HeT OrpaHHUYEHHIl Ha MPOMYCKHbIE
CIIOCOGHOCTH KOMMYHHKaUHH (d;j==o00), NpeloXKeH psil
MeTonoB (MmeTod cesepo-sanadroeo yeaa [MO], merod mu-
Humaroroeo asemerra [1, 3] u np.). B obmem cayuae
(dijs=00) HeT MeETOHOB MOCTPOeHHsi Gas3uCHBIX *) I1aHOB
[IEPEBO30K, HE HCIOMB3YIOUINX UCKYCCTBEHHbLY TIEPEBO30K.
OnumeM aHA/OTH YHOMSHYTBIX METOLOB IIOCTPOEHHS Ha-
YaJbHBIX [IJIAHOB [I€EPEBO3OK.

Meron ceBepo-3anajgHoro yraa. Hauuwnaem ¢ K/IeTKH
(1, 1). CpaBuuBaeM Tpu uucina &, by, diy. Ecniu MuHUMAMB-
HBIM M3 HHUX 0OKasajocCh @4, TO IosnaraeM xy=a;. KieTky
(1,1) menaem onopHo#, cTpoky A, BbluepkuBaem, u3 by BbI-
uynTaeM @;. AHAJOTHYHO, €CAM MHUHHMAJbHBIM 0Ka3aJ0Ch
uyncgao by, To x1y=">b4, xierra (1, 1) — omopuas, cronben B,
BBIUEpKHUBAEM, M3 @y BbUHTaeM by IlycThb MHHHMAaJbHBIM
0Ka3anoch unucno diy  (du<<aiy diu<<by). Ilomaraem xiy=dii,
W3 uHcea @, by BBIUMTAaeM dii, kiaetky (1, 1) He BBOmMM
B omopy. [Tepexomum x kietke (1, 2). IToBTopsieM onucaHHbIe
omepanuu. Ecaum onsaTh peanus3oBajcs TPeTHH caydai, To
nepexonuMm k kjaerke (1, 3). Ilpomomxus mpouecc, o6s3a-
TeJbHO B MEPBOH CTPOKE HAflIeM OIOPHYIO KJIETKY, B KOTO-
po#t peasiu3yercss OJUH U3 IEPBBIX IBYX CJAy4aeB HJH pealH-
3yeTcs TPEeTHH cayuai, HO KJaeTKa 6yJeT mocjaefHel B CTPOKE
(cronbue). B mpotuBHOM cayuae 3amaya (1) He umeer mia-
HOB I1epeB030K. Takum o06pasoM, Mocsie KOHEYHOro uHc/a
omepauuil TpaHCIOpPTHas TabJHla YMeHbIAaeTcs Ha OJMH
CTOJIGEIl WM HAa OAHY CTPOKY Y IIpH 3TOM OyZeT IIOCTpoeHa
OmopHAas KJeTKa.

C HoBoO# TabJuLell MOCTynaeM TakK e, KaK C MCXONHOH.
B oTauume 0T 4acTHOrO cjiydasi ¢ d;;==oo Telnepb Ha HEKOTO-
pOM IIare MOXKeT BO3HMKHYTb Takas CHTyallds: 3aIOJHAEM
HOCJAEIHIOI KJIETKY B cTpoke i (croabue j) (B ocTajbHbIE
KJIETKH CTPOKH (CcTos01a) yKe 3aHECeHbl IepeBO3KH), OfHa-
KO OrpaHHuYeHHe Ha IIPOIYCKHYIO0 CIOCOGHOCTb IOCHEeLHEM

*) BasuCHbIM Ha3blBAeTCS ONODHHIM IJIAH NepeBO30K, Y KOTOPOro He-
ONOpHLIE NepeBO3KH paBHl 0 MM dij.
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KJIETKH He M03BoJigeT No6uTbcsd GasnaHca mo CTpoke (croJi6-
1y). B aToM ciiyuae BBOAMM ONOPHYIO HCKYCCTBEHHYIO KJIETKY
(i, m+41) B cTpoky (xneTky (n+1,j) B cros6en), miast KoTo-
po#t Cimp1=M, im44=00 (Cn+1j=M, dn+1j:0°), HCKYyC-
CTBEHHYIO NePeBO3KY Xim+1 (Xn4t;j) BBIUHCISEM U3 YCIOBHS
6amaHca mo crpoke (crosnbumy). 3a CcueT HEKOTOPOro pac-
IIMPeHHss TPaHCIOPTHOH TabJHUEl MosydyaeM HayajbHBIH
6a3uCHBIM I1aH C HCKYCCTBEHHBLIMH IepeBO3KaMH. 3amaya
pewraercsi IPSMBIM OHODHBIM METOAOM C JOCTATOYHO GOJIb-
IIMMHU 3HaueHUsMH M. AHanus pesysibrata CTaHmZApTeH MJS
M-metona [MO].

MeToa, MMHHMAaJbHOTO 3JeMeHTa. HaumHaeM ¢ KJETKH
(i1, j1), comepkalefi MUHHMAJIbHYIO CTOUMOCTD Ci,j. B Kiet-
Ke CpaBHHBaeM TPH UMCJA Ay, bj,, di,j,- ECIM MUHHMAaJIbHBIMH
OKa3aJuChb @;, WIH bj, TO MOCTyllaeM TakK XK€, KaK B MeToJe
ceBepo-zananuoro yriaa. [pu di,;,<<a;,, dij,<<bj, monaraem
Xi5,=0d;,j, U MIIEM KJETKY CO CJIENYIONMM MHHHUMAJbHBIM
3HAUYEHHEM Ci,j,. [IPONOJKHUB IpPOLECC, MOKEM CHOBA CTOJK-
HyTbCSl C HeoOXOJIMMOCTBIO BBeNEHHS HECKOJIbKHX HCKYC-
CTBeHHHIX KJeTOK. OcTajibHble ONepaunul TakHe XKe, Kak
B NpeIbIAYLIEM METOJE.

2) TTycTh mepen HaYaJOM pelieHHs TPAHCIOPTHOH 3a1auu
U3BeCTeH IJIaH IIePEeBO30K X, BOMJIOTHBIIMH B ceOf ONBIT U
HHTYHIMIO CIEHUANUCTOB 1O (PU3HUECKOMY MPOTOTHUMY 3a-
paun (1). Jua npuMeHeHHs IpPSIMOrO OIOPHOIO MeTOAa
HY2KHO yKa3aTb onopy Tabauusl. OT KOHKPETHOH HayaJbHOU
omopsl 3aBUCHT 3¢ deKTHBHOCTL MeToma. o cHUX mop Her
06OCHOBAHHBIX TPaBHJ I[OCTPOEHHS HAHIYYLIMX ONOp IS
IJIaHOB IepeBO30K. IIpocTefimuii crnocob — ciydaidHbI# BBI-
6op MHOXKEeCTBa ONMOPHHIX KJIeTOK. Jlpyrasg peKoMeHAauHus:
OTOpHbIE KJIETKU BHIOHPATh CPEdH TeX, B KOTOPBIX IIEPEBO3KHU
YIOBJIETBOPSIOT HepaBeHcTBAM 0<C X< d;;. B obmem cayuae
npejIaraeTcs BBECTH II0 OTHOMY (QUKTUBHOMY NYHKTY Npous-
so0cTea Ay v nyHKTYy norpebrenus By u paccMOTpeThb 3amavy

n m m n
> D cixi—>min, ‘21 XijFXipg=20;, Ei: Xij+xpi=0b;,
j= 1=

i=1 j=1
0<xi;<dsj, 0<<wip<dip, 0<x9;<<dypj, dip=0g;=0,

i=1,n, j=1,m.

HavajpHbelll miaH mepeBO3OK A/ HOBOH 3ajayd IOJY-
yaercs U3 CTaporo Jo6aBJeHHEM HyJeBHIX (DHKTHBHBIX I€pe-
B030K. HauasbHas omopa COCTOHT M3 (PHKTHBHBIX KJ/IETOK.
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Ha nepBo#t ¢ase npssMoro onopHOro Merojxa #3 OIOpPH yia-
asoTcsl GUKTUBHBIE KAeTKH. [10CKO/BKY TIepeBO3KH B HCXOI-
HBIX KJETKax IIPH 3TOM He MEHSIOTCS, TO BCe Olepaluu
nmepBo# (a3pl MOXKHO OCYIIECTBUTb Ha Hava/JbHOH TabJuie
(cM. HEXKe TIpUMep).

3) Ilpu pemeHuu GOJIbIINX IPAKTHYECKUX 3a1a4, KOTOPhIe
MOTYT OBITB CBeIeHbl K MaTeMaTHueckol Monenu (1), peasnen
cnyuaii, Korna yKasaHHble CIlelHaliNcTaMy HadaJsbHble Iepe-

BO3KH Xij, i=1,n, j=1, m, He cOCTaBJSAIOT B COBOKYITHOCTH
IJIaHa MEePEeBO30K U3-3a HEBSA3O0K IIPHU yueTe 6asaHca MO MyHK-
TaM NpPOU3BOACTBA U TNoOTpebseHus. Takyl COBOKYIHOCTb
IIEPEBO30K HA30BEM KBABUNAAHOM nepeso3ok. 3aHeceM KBa-
3UIUIAH B TPAHCIOPTHYIO Tabsuuy. PaccMOTpHM IpPOH3BOJIb-
HyIO {-10 cTpOKy. EC/M cyMMa KBa3HIepeBO30K He paBHa dj,
TO 106aB/IsEM HCKYCCTBEHHYIO KJIeTKy (i, m--1). [Tapamerpnl

m
KICTKH Cimp=M>0, dimp=-fo0, ecmum a;> X Xij
j=1
m
[pu 3 x;;>>a; mnonaraeM Cimn=—M, dimy1=—o00.
j=1
Hauasbuasi mepeBo3Ka B HCKYCCTBEHHOH KJETKE paBHA

m
Limpu=0ai— > Xij.

—1

B mepBoM c/yuae oHa NoJOXKHTeNbHA, BO BTOPOM — OTpHIA-
tenbHa. OrpaHHYEHHUS] Ha NEPEBO3KH: B MEPBOM CJydYae —
X3 m+1=0, BO BTOPOM — X; m+1<<0. HeTpynHo npoBeputs, uto
HaJMyue OTPHLATeNbHBIX [IeDEBO30K HE CKAa3bIBAETCS Cylie-
CTBEHHO Ha 00OCHOBAaHHM MeTOJa IOTEeHUHaJ0B. ENUHCTBEH-
HOe H3MeHeHHe: IS OITHMaJbHOH IepeBO3KH IpU BhIGOpe
[ara yYuTbiBaeM, 4TO BEPXHsS IPaHHIA AJIs [IeDEBO30K PaB-
Ha HYJIO, a HUXKHSAS pPaBHA —o00, T. €. X;my1=0 COOTBETCT-
BYeT HePaBeHCTBO A;m+1==0. AHaJOrHUHbIE OCTPOEHHUS Ne-
JaeM M B CJIyuae, KOrja Ha HayaJbHOM KBas3HUIJIaHe He BHI-
NOJIHEHO Yyc/IoBHe OajaHca mno cronbuam. B pesyabrate
IIONIYYUTCS] TPAHCIOPTHAs Tabsuma, Ha KOTODPOH BBINOJ-
HsleTcsl ycaoBHe Oasanca. Jlasi 3To# TaGJaHIBl HaXOLHM
OIOpY ¥ pelllaeM TPAHCHOPTHYIO 3anayy INpH JOCTAaTOYHO
Gombuiux M>0. Ananus3 pesyjbTaTa CTaHZapTeH MAJs
M-meroda [MO].

6. Mpumeprr. IIpumep 1. PaccMoTpuM TpaHCHOPTHYIO 3ajauy,
B KOTOPOH HeT HH(OpMaLKH O HauaJbHOM IiaHe mepeBo3oK. [TapameTprl
safiayyd 3adeceHsl B Taba. 1.2. MeroloM MHHMMAJBLHOTO »71eMeHTa B Ta6-
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JIMLie MOCTPOEH HAaYaJIbHbl MJIaH NepeBO30K. BBelleHb TPH HCKYCCTBEHHBIE
KJIeTKH, U3 KOTOPHIX KJeTKa (4, 5) BcmomorartenpHas. IIpsaMBIM MeTOI0M,
KOTOpBIH B JaHHOM C/1y4ae COBNAafaeT C METONOM MOTEHUHAJOB, H6O Ha-
Ya/IbHBIH TJ1aH NEePEeBO30K GasHCHHIH, GyAeM Npeo6pasoBLIBATh TaGMHIY

Tabauya 1.2
I 2 M8 Mg
Mt |312]1,5[8 4[24
_—l.—___'_ —————— |_—-.—-
(IR RS O/ FRn 1
Stf7ife 1315087
12T |3 T¥|G) 10
T T T T 1
0[5 3]~12]216[15]8 m—lMl
e T T
ORUE AN OO
0 v Yool M |
N T 1
D DR

9- 5 35 10 19 !

IO TexX IOp, MOKa He MOJYYHM LIECTh HEHCKYCCTBEHHBIX OMOPHBIX KJIETOK.
Onna urepauus NPUBOAHT K Takol cuTyauuu (rabn. 1.3). B kuerkax,
B KOTOPbIX OKaHYMBAIOTCS 3BEeHbS LHKJA, NOCTPOEHHOro AJas Kiaerku (1, 1),

Tabauya 1.3
8
1

_I_

(=) NlN

6
7_

/|

g

TNOMeILeHH UHCAa, DAaBHble OTPAHMYEHHSM Ha mIar O, HAJNOXEHHLIM STHMH
knerkamu. Elie ofHa HTepaLWs NPHBOAMT K ONTHMAJNbHOMY NJAHY Tepe-
8030K: X11=0, Xx12=1, X13=7, ¥1u=2, X21=0, X22=2, X23=1, xu=7,
X31=5, ¥33=32, X33=2, X34 ="6.
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IIpumep 2. Paccmorpum 3amauy ¢ maHHeEME H3 Ta6a. 1.4, rae
HapsAAy C IapaMeTpaMH HMeeTcs HauajbHBIH IJIaH NepeBO30K. Meromom
(GUKTHBHBIX TIePEMEHHBIX MOCTPOMM 0nopy. [T0CKO/IBKY (HKTHBHBIE KJIETKH
collepxaT NPeleJpHO MNPOCTy0 HHObOpMaumio (Cis=Cij=dis=dij=
=xi5=x4j=x45=d45=045=0) M CYHTAIOTCA BHAayaje OIODHBIMH, TO
JOCTaTOYHO K KaXJOH CTPOKE H K KaXAOMY CTOJAGLY NOpHIHCAThb 3HAK
«—>» M MEHATh B XOJle MTepalMH 3TOT 3HAK Ha «-+», KaK TOJBKO (HK-

Ta6auya 14
j 125 8 a 0
- [3i2]113|8 4 2L1
@f_bqﬁ (D 2 |1+
- {frg0f 2 La{s ﬁ:_7
LRI RN CALY EARE
| jo, |26 0o+
0 16,3 |=t12]26 5

—GH—1—(7) | 45 +
5 % 10 15
+

9.

0

THBHAsl KJeTKa H3 CTPOKM MJIH CTOJOLla CTaHOBHTCS HeomopHo#. Bce wure-
pauud, B pe3yJbTaTe KOTOPHIX [OCTPOEHa OMOpa IJIaHA, OCYLIECTBJEHHI
Ha onHolt Ta6a. 1.4. TTocse ofHON HTepaUuK NPSIMOrO METOLA NOJYYaeTcs
ONTHUMAJIbHBIH TJIaH MepeBO30K: x11=0, xX;2=1, x13=8, x1.=2, x21=0,
X22=2, X23=1, X20=7, x31=05, x33=233, x33=1, X3, =6.

Tabauya 1.5
s12[1y3]8 4|2l
HEE Tz
I EIE NG

e | |7 |10
513 | 12[216 1518 ]
50 (330 1] [6] |4

ITpumep 3. PaccMoTpuM TPaHCHOPTHYIO 3a[Jady C M3BECTHHIM Ha-
yaJbHEIM KBasumiaaHoM (ta6ma. 1.5). BBemeHueM JOBYX HCKYCCTBEHHBIX
KJIETOK C HEMOJIOXHUTEIbHEIMH II€DEBO3KAMH HOGHBAEMCH BbLINOJHEHHS
ycaouii 6anarca (ta6a. 1.6). Knerka (4, 5) — BcomorartensHas. Oana
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nTepanuda nNpsgmMoro Merona NPHBOAUT K ONTHMAaJbHOMY IUIAHY nepeBO30K:
x11=0, x12=1, ¥15=7, X1.=2, x21=0, x20=2, X23=2, X2.=06, x31=05,
X32=32, x33=1, x5 =7.

Tabaruya 1.6

3 12 b 8 +172
| | 1,0
(3 213|642 1] M
|"2M 1 |‘2M Bﬂ-ZM 9 [-2M -1 |
]-11 i—3 8, I-10 =95 [
- { |
1 _7_1_0_ EJ_L 31 5__84_'7_
78 2 110 (U !
0513, I |
®)

3ameyanue. B nawmHoM mnaparpade paccMOTpEH TOJIBKO OJUH
ONOpPHBIM METOJ pelleHHs TPAHCHOPTHOH 3afiaud, B KOTOPOM Ha KaXJOil
UTepalyy NPH YJIYYUIeHHH IJIaHa [ePEeBO30K H3MEHS1ach [IePEeBO3Ka TOJIb-
KO B OJHOH HEONOPHOH KJeTKe, YTO BEJIO K H3MEHEHHIO ONOPHEIX Mepe-
B030K. Tako# crnoco6 3aHMCTBOBAH H3 KJACCHYECKOrO METOLA MOTeHIHa-
JIOB, Tlie OH eJHHCTBEHHO BO3MOXHBI B CHJY CIHELHAJbHOH CTPYKTYpHI
6a3HCHBIX MJ1aHOB NepeBo3ok. B [u. 1, ru. III] mas pelenus o6iieit 3agauu
JMHEAHOrO NPOrpaMMHPOBAHHS NPEAJIOXKEHE TPH MOIUGHUKALUKN NPIMOTo
MeTola. B KauecTBe HECJHOXKHOrO YIpa)KHEHHS MOXKHO [OPEKOMEHLOBATh
nepeHecTd OnepalHH YIOMSHYTHIX MOAHGHMKAUMH Ha TPAHCIOPTHHE 3a-
nauy. Kaxpas HOBasi HOPMHDOBKA HEONODHBIX NEPEMEHHBIX MOPOXKIAeT
HOBBLIH ONMODHBIH METOZ peLIeHHs TPAHCHOPTHHIX 3afay. [ BbISCHEHHS
LOCTOMHCTB H HeJOCTAaTKOB HOBHIX METOJOB HEOGXOLHM LOCTAaTOYHO XOPO-
WKl SKCIePHMEHTaMbHBIH MaTepHai.

§ 2. OTKpPbITbIE TPAHCNOPTHLIE 3aauM

OT1KpoiTole mOOeAu TPaHCIOPTHEIX 3a4ay BO3HHKAIOT,
HanmpuMep, B TeX CIydasix, KOTrfa HJIH H3 IYHKTOB IPOU3BOJ-
CTBa BBIBO3UTCSL HE Bechb IPOMYKT, HJH B IyHKTHl IOTpebJe-
HHS 3aBO3UTCA IPOLYKT B oObeMe, KOTODHIH IIPEBHIIAET
noTpebyeHue.

1. IMocranoBka 3anauyn. CoxpaHHUB (DU3HYECKYIO HHTEp-
IpeTanyio, MpUBeLeHHYI0 B § 1, paccMoTpUM MaremaTHye-
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CKYIO MOJIeJIb OTKPLITOH TPAHCIOPTHO! 3a/aull B MaTPUYHOI
dopme

n

m
> 3 cijxi—>min,

i=1 j=1

m n
Jé’ xi<<a, iZ7_1xij>bj, 0<<xi;<<dy, (1)

i=1,n, j=1,m.
[Tnanom nepeBO30OK HA3BIBAeTCS COBOKYIHOCTb YHCEJ
x={xi, i=1,n, j=1,m}, ynoBrerBOpsilOas OrpaHHue-

HHUAM 3aaayu. ,HJIH Kaxaoro IJjiaHa X BBIIIOJIHAIOTCA Hepa-
BE€HCTBA

[TosTomy Gynem mpeamoJsiarath, 4To

S>3, @)

=1 =t

I[JIFI IJiaHa X NMOACUHTAaeM 4YHCJIa

m n
Ximp=0i— > Xij, Xn1;=bj— 3 xij,
j=1 i=1

—_— e—

i=1y y = , m,

KOTOpble XapaKTepH3YIOT H3JHIIKH B IIyHKTax IPOH3BOJACTBA
U motpebieHnust. OGBIYHO XpaHEHHe H3/IHUIKOB (HA CKIalax)
cBsi3aHO C pacxomaMH. IIycTb Cim4t1, Cnitj— PACXoldbl Ha
XpaHeHHe eIUHHUB Tpoaykta B A; Bj; dimy, —dpy1j—
eMKOCTH ckJafoB B A;, B;. B 3amaue (1) HesgBHO mpen-
rnoJaraercd, 4YTO Cim+1=Cn41 jEO, di m+1E_'dn+1jE°°-
ITockosbky ycioBuii 6GanaHca Ha ckJaibl He HaJjaraercd,
TO MOXHO TOJOXHTb Cnitmit=0, dniim1=00, Xnt+1mH,
Uni1, bmy1r — HeDHUKCHPOBaHHBIE uyHcaa. TakuM 00pasoM,
paciupeHHass Mognenab 3ajgaud (1) umeer Bup (taba. 1.7)

n+l m41 . m1 n+l
> 3 cixig—min, 3 xij=ai, 3 Xij=bj,
i=1 j=t j=1 i=i,
i=1,n+1, j=1,m-41, (3)

0<<xi;<dij, 0<<xi m1<<dimt, Ant1 i <¥n1;<0,

i=l: n, j=1’m
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dra 3agmava oTianyaercd or 3agauu (1) § 1 Tem, uto, Bo-mep-

BBIX, IIepEMEHHBIe Xniij, YHCAA Cniij, dny1j, J=1,M, —
HEMOJIOXKHTE/bHbIe, BO-BTOPHIX, HAa IIEPEMEHHYIO Xni4 mt1 HE
HaJIOXKeHO OTpaHHYeHHH, B-TPETbUX, HET, [0 CYIIECTBY, YCJIO-
BHH 6asaHCca IO JONOJNHHTENbHBIM «IYHKTaM» Ant1, Bmit.
ITono6nas curyanus yxe BcTpevastach B mm. 5 ¥ 6 u3 § 1.

Tabauya 1.7
|51 - Bm Bm+1
A ﬁu “iﬂ_ . fljmlo@ ﬁmﬁlqﬂm
, t Tz
l l L 1
T -
dm 1Cnq axlmvlpnm a/’mmc/;mr
AL - P-4
n a
| | ||
g [t Poulnn| =1 0
N+ o
| L0
DR

2. Pemenne. OcHOBHble onpepeneHus mias 3agauu (3)
ocraloTcs TakuMu Xe, kKak B § 1. TIpoananusuposas cBsi3b
MeXIy TPaHCIOPTHOH 3ajauell U obmel 3agauell TMHEAHOTO
nporpammupoBanuss [MO], HeTpynHO y6emuThCs, 4TO OCO-
GenHoCTH 3a1aud (3) BHOCAT HEMPHHIMIHAJIbHbIE U3MEHEHHS
B omepauud npsmMoro Mertoxa. OCTaBHB COOTBETCTBYIOIIHE
3JIeMEHTapHblEe BEIUHCJIEHHS UYHTATENSIM B KauecTBe YIpax-
HeHUs, IpUBeeM ONHCAaHHE NPSIMOro MeToxa A 3anaud (3).

[Tyctb {x, lon} — omopHHI miaH 3amauu (3), rae fogx —
onopa (c¢Mm. taba. [.7), mpuuem kierka (n+1, m-1) — omop-
Has. [To onope /on BEIYUCIUM NOTEHUHANBL Ui, Uj:

uitv;—ci;=0, (i, j)Elon, Uny1=0,
HaﬁﬂeM OL€EHKH HEOHOprIX KJETOK

Aij=uitv;—cij, (i, j) Eln
25



Kpurepuii onrumassvroctu. CooTHOweHus A; i<<0 npu
%i;=0; As; =0 npu Xij=dj; Ai;=0 npu 0<<xs;<<dsj, i=1, n,
j=1,m+1; Apt1 ;=0 1pU Xn41 ;==0; Anys ;<<O NIPH Xny j=

=dn+t1j; Ant1 ;=0 TpH dnt1 ;<<Xn41 ;<<0, j=1, m, mocra-
TOYHH, @ B CJyYae HEBBIPOXKIECHHOCTH M HEOGXOMMMBI IJIst
ONTHMAaJbHOCTH IIJ1aHA X.
Jlnst mnaHa x BEINOJIHSETCS HEPaBEHCTBO
n+l m+1 n+l mHi
2> 2 CijXij — 3] chxw

i=1 j=1 =1 j=

rae x° — onTHMAaJbHBHI IIJIAH;

e=— 2 2 Aikij +
ij ‘LJ
+ 2 3 Aiy(di— xu)—l- =2 A (di— i)
A;;>0, x;;20, Anyy <
Visndgl n+“<o

Hrepauus mo yayulieHHIO IIaHA X COCTOMT H3 CIELYIO-
mux onepanuii. Cpeny HEONOPHBIX OLIEHOK, HE YIOBJETBO-
PSIOIIMX KPHTEPHIO ONTHMAJBHOCTH, HalIeM OLEHKY Ajgj,
¢ HaubosabmwuM MoxyaeM. [asi xkaeTku (io, jo) CTPOHM IIMKJI
(mepBoe 3BeHO TopU3oHTaNbHOE). [TycTh Asyj,>>0. Ha xouuax
FOPU3OHTAJ/IbHBIX 3BEHbEB IIMKJIA OTMEYaeM OTKJIOHEHHE
(o MomysI0) KOMIIOHEHTHI X;; B KJIETKe, JieXalllell Ha KOHIe
3B€Ha, OT cBoell HMKHeH rpaHunbl. Ha KOHIax BepTHKaJb-
HBIX 3BEHbEB OTMEUAaEeM OTKJIOHEHHE X;; OT BepXHEl IpaHHUIHL.
MuHuManbHOE M3 3THX OTKJIOHEHHH 00603HauuM uyepe3 B0,
a KJIeTKy, B KOTOpOH OHO peasnsoBajoch,— uepes (i, j,).
KoMNOHEHTH HOBOTO NJIaHA Xmos PaBHBL
(%) os=x1;—00, ecau kaeTKa (i, j) JEXKUT Ha KOHLE TOPH-
30HTAJIBHOTO 3BEHA LIUKJIA;

(%35) os=1xX4;-+00, ecnm kmeTka (i, j) JeXKHT Ha KOHIE Bep-
THKaJbHOT'O 3BeHa LIMKJIA;

(X3;) mos=%Xi; =~ — IJIS1 OCTAJbHLIX KJIETOK.

B oboux cryyasx omopa coxpaHsercs IpH (i,, i,)=
= (io, jo). Ecam (i, j,) == (io, jo), To U3 omophl [on yransem
knetky (lo, jo) H 106aBseM kietky (i,, j,). HoBoe mHOXe-
CTBO KJIETOK cocTaBsieT onopy (/on)mos HOBOTO IIAHA.

3a HTEpalHUI0 X¥—>Xmos PACXOIBl O TPAHCIOPTHPOBKE
¥ XpaHEHHIO yMeHbInaoTcs Ha 60 |Azyj, |-

ITocTpoenne HayasJbHOrO TJIAHA IPOBOAMTCHA IO MPAaBHU-
JlaM, OMMMCAaHHLIM B II. 5 § 1.
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3. Cnalxenwue B yciosusx aeduunra. PaccMorpum Tpan-
cropTHyIo 3agady (1), nns KoTopoil yciaosue (2) He BBHIIOJ-
HsieTcs. B 3TOM c/llydae ecTeCTBEHHO TOBOPUTH O Oeguyure

m n
o= 3 bj— X a;>0
j=1 =1
IPOAYKTa B paccMaTpuBaeMoll cucteMe. BrereM (UKTUBHBIH
IYHKT NpousBoAcTBa Aniqy T 00BEMOM IIPOM3BOACTBA He
MEHBIIUM YeM dnii, Gnit1==0. IlepeBo3ka xny4 j, HAHAEHHAS
H3 PaBEHCTBA
n
2 XijFxni1 j=0j,
i=1
03HAYaeT KOJHYECTBO IIPOJYKTAa, KOTOPOe ILJIaHHPyeTCs He-
IOCTaBUTb B NYHKT Bj;. O003HauuM uepe3 Cni1; PacXojbl,
CBfI3aHHBIE C HEJOCTaBKOH eJHHHUIBI NPOAYKTAa NYHKTY Bj.
Ilyctb dpyt j— TPENeSbHO AOMYCTUMEIYl 06BEM HENOCTABKU
npoaykra nyHKTy Bj. Ilpu 3TuX cornameHusx 3ajpada cHab-
KEeHUSI ¢ MUHUMAaJbHBIMH DPacXo/laMy B YCJIOBHAX AedHLIMTA
NpHHEMAaeT BHJ

n+l m . m
2 2 cixy—min, 3 xi<a,
i=1 j=1 j=1
nt ' )
Exij=bj’ O<xi]'<dij1 L=l) n+1) ]=1,m,

=1

H SIBJISETCSA YaCcTHBIM CIyuyaeM 3azaud (3).

§ 3. 3agava ¢ (pMKCMPOBAHHLIMM NMEPEeBO3KAMK

B HekoTOpHIX INpaKTHYECKHX 3aJayax TPaHCIOPTHOTO
THIIA 00BEMBI IIEPEBO30K MEXKIY ONpefleJieHHBIMH IYHKTaMH
3aJaHbl U He JomyckaioT u3MeHeHui. Huxe paccmarpuBaer-
csl MaTeMaTHyecKas Mojesb NOAOOHBIX 3a/ad.

TparcnopTHoil 3a0aueli ¢ UKCUPOBAHHBLMY NEPeBO3KAMU
Ha3oBeM 3a7agy

M2

n m n
. * *
cijzi—>min, 3 zij=a;, 3] 2ij="bj,

o = i=1

7

I
s

1]
i=1,n, j=1,m, (1)
zi=2zij, (i, j)el*,
0<<zi<<dsj, (6, ))sINI*,
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%*

/e 2;; — 3aJlaHHble 06beMbl NePeBO30K MeXMy NyHKTaMH
u3 MHoxectBa [*, I={(i, j): i=1,n, j=1, m}.

BBeneM HOBble NepeMeHHbIE

Xi;=2ij, (i, ]) EI\]*; xij=z,~j—z{§, (i, ]) E]*,
U 0003HAUYUM
*
a=ai— 3 zij, bj=bj— 3 =zij.
(i, Her* @i, Her*
Torpa Bmecto 3amauu (1) mosmyuum

Cijfg—>min, X Xig=a;, 3 xij=bj,
@, JSI\ 17 @ HE I* @, HEI\ 1+

i=1, n, j=1, m; (2)
0<xi;<ds;, (i, j)sI\I*.

Ecanu nannble 3agaun (2) 3aHecTH B TPaHCIOPTHYIO Ta6-
Ju1y, nosyuyutes Tabu. 1.8, B KoTopoil 3alITPHXOBaHbI KJIETKH

Tabauya 1.8
B, 8 --- B,
a,'c
1,71
1 i
L1

Ll
A i’m‘rfm_% o /
2 X a,

r
T\ |

]

x/?2| xﬂ/ﬂ[ a/{
6 6 - 4

u3 MHoOXKecTBa [*. IlepeBO3KH M3 3aIUTPHXOBAHHBIX KJETOK
HA3BIBAIOTCS 3anpeujerHHbimU.

Ha 3amauy (2) mepeHocsiTCSi Bce OIpefeneHHs, BBEIEH-
Hole B § 1. HerpynHo noHsTh, 4TO HasjHuHe 3ampelleHHBIX
NepeBO30K He CKa3blBaeTcs Ha CBA3H MEXIY TPaHCIOPTHOM
3amauell ¥ obmel 3amaueli JIHHEHHOTO MPOrPaMMHPOBAHHUA.
Temepp BO3HHMKAIOT [ONOJHHUTENbHBIE TPYLHOCTH IIpH HO-
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CTPOEHHH HayaJbHOrO OIOPHOro IJIaHa IIepeBO30K, TaK Kak
YMEHBUIMJIOCh UHCJAO KJeToK (koMMmyHukauuit). OmxHako
B CBSI3M C YMeHbIIeHHeM KOJHYeCTBa HEOMOPHBIX KJIETOK
COKPATHUJIOCh H YHCJIO OIepaluil IpsSMOro MeToa Ha KaxKJAoh
uTepauun. B penom OGosbLIOK INPOIEHT 3aLITPUXOBAHHBIX
KJIETOK TPAHCIOPTHOH TabJIHIEI CBUAETENbCTBYET O HECOOT-
BETCTBUH MAaTpPHUHOH MoOZeNnH H3yuaeMoH ¢Hu3UUeCcKOH 3a-
naue. B nmomo6HBIX CHTyalMsiX 4acTO aJieKBaTHOe ONHCAHHe
TPaHCIOPTHHIX 3a7aY JOCTUTAeTCs Ha CETEBBIX MOJENAX.

§ A. TpaHcnopTHas 3ajaua B ceTeBoM hopme

CereBble MOZIeJIM U CBSI3aHHBIE C HUMH ceTeBble (IIOTOKO-
Bble) METOABI IBJSIOTCS 3(G(EKTHBHEIM aNnapaToM pelieHHst
MHOTHX NIpaKTHYecKHX 3ajay. CeTeByl0 TPaHCIOPTHYIO 3a-
Jauy HeTPyQHO 3amucaTh B MaTpPHUYHOH (opme, HO HHOTZA
3TOT Iepexof H3-3a GoJIbLIOr0 IPOLEHTa 3aLITPHXOBAaHHBIX
KJIETOK B IIOJIyUeHHOH TPaHCIOPTHOH TabJuLe Helenecoobpa-
seH. CereBble MeTOAbl HMEIOT CaMOCTOSITENIbHOE 3HaYeHHe.
B nanHom maparpade, moab3ysiCh TOJBKO CETEBBIMH IOHS-
THIMH M MCXOJs HENOCPeICTBEHHO M3 OCHOBHOH HJIEH Mps-
MOTO OIIOPHOTO MeTOJa, CTPOMTCS €ro CETeBOH aHaJIor.

1. Cerb. OcHoBHble MOHATHA. [1ycTb [={A4, ..., An} —
COBOKYNHOCTb TOYeK, KOTOPYIO [JIsi KPAaTKOCTH 3alHIIeM
TOJILKO € IoMoIbio HHAekcoB /={l, ..., n}. Dnementn i</
MHOXecTBa [ HasoBeM y3aamu. I1peanonokum, YTO HEKOTO-
pble mapsl y3a0B i, j&l, i#~j ynopsigoueHts. ATy cBiA3b 060-
3HAYyuUM CHMBoJIOM (i, j), Ha pHCyHKax GymeMm H306paKaThb
JIHHHEHN CO CTPesNKOH M Has3oBeM Oyeoil ¢ HayaJoOM B y3Jje i
M KOHIIOM B y3Je j. MHOXeCTBO Ayr, ompeleseHHBIX Ha I,
o6osnauyum yepe3 U. Cosokynrocts S={/, U} HasuiBaercs
cervro (opuentuposarnsoti). Kaxno#t nyre (i, j)eU nocra-
BUM B COOTBETCTBHe Iapy Touek {i, j}, KOTopyio Ha3oBeM
pebpom c¢ epanudnbimu ysasamu i, j. IlociexoBaTeqbHOCTDb
pasnuuHbix pe6ep {is, iz}, {2, is}, ..., {ir—1, in}, B KOTOpOI
cocenHHe peGpa HMEIOT OOIHe IPAaHUYHbIE Y3JIbl, HA3BIBAETCS
yenvro (npocroii), coequHsIOMEN Y3abl i1, ix. VIHOrAA memb
3aIHCHIBAETCS C INOMOLIBIO TPAaHUYHBIX y3Ja0B {i1, fg, ...,
in—1, in}. ITycTb memb {is, iz}, ..., {ir—1, ir} IpocMaTpuBaercs
B HaIpaBJIeHHH OT y3Ja iy K y3Jay ix. Ecau aT0 HampasJieHHe
COBIIaJlaeT C HampaBjeHHeM i—j nyru (i, j) B LlenH, TO Ayra
(i, j) nasbiBaercss npamoti. Jlyra ¢ IPOTHBONOJOXKHBIM Ha-
npaByieHueM — o6paTxoti. Ecau B 3TOH 3amucH y3Jbl He
BCTPEUAIOTCs ABAXKAbl, TO LeNb HA3bIBAETCH J.AEMEHTAPHOU.
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B nanbHefimieM paccMaTpHBAIOTCS, KaK IPaBHJO, TOJbKO
MPOCThIE 3JIeMEHTaPHBIE TIEMH.

CeTb Ha30BeM C843MOL, ecH JIOGbIe ee [Ba y3j1a MOKHO
COEJMHHTD Ilenblo. B mnanbpHefiem paccMaTpuBalOTCs TOMBKO
CBSI3HLIE CETH.

Lenb {iy, iz, ... , ix—1, ir} C COBIARAIOINME y3IaMH i1, in
HasLIBAETCS YUKAOM. Y3€J CETH HA3bIBAETCS GUCAYUM, eCIH
OH TpaHuyeH [/ €IMHCTBEHHOro peGpa CeTH, KOTOPBHIH TaK-
JKe Ha3BaH BUCAYUM.

Jlemma 1. Kaxxpas cs3Hasi ceTb 6e3 IUKJIOB COMEPIKHUT
BHCsAYee pebpo.

JeficTBHTE/IbHO, BHIOHPAEM NPOU3BOJbHEIE y3ea iy. Eciu
OH He ABJIETCS BHCSAYHM, TO B CHJIY CBASHOCTH CETH HaBIeT-
cst pe6po {is, i2}. Eciu u ysen i He IBJASIETCS BHUCSYHM, TO
Haiinercs pe6po {i, is}, mpUueM isii, TAK KaK B CETH HeT
nuk/a0B. IIpogosXuB 3TOT mpomecc, yepe3 KOHEYHOE YHCJIO
IIaroB (MHOXKECTBO Y3JIOB KOHEUHO!) OGHApYXKHM BHCSUHH
y3el.

Jlemma 2. Vnanenue mob6oro BHcsuero peGpa BMmecre
C BHUCSIYHMM y3JIOM HJH JI06oro pebpa W3 LMKIa He HApyIlaer
CBSI3HOCTH CETH.

OGosuauum uepes |/| KOJIMUECTBO 3JIEMEHTOB MHOXKeE-
crBa /. CBsasnas cetb S={/, U} Ha3biBaercs 0epesom, eciu
]=|U]|+1.

Jlemma 3. CBsi3Has ceTh SIBJSETCS JEPEBOM TOTAA H TOJb-
KO TOT/la, KOTla OHA HE COLEPKHUT LIUKJIOB.

IHokasaTteabcTBo. Hocrarounocrs. Ilo nemme 1
B CeTH Hafijercs BHcsyee pe6po. ¥YIajuM ero BMecTe C CO-
OTBETCTBYIOMIMM BHCAYUM y3noM. OcraBmiascs ceTb, corjac-
HO JeMMe 2, onsATb 6yAeT CBSI3HOH W, IOHSITHO, 6€3 IUKJOB.
Y Hee ynanum Bucsiuee peGpo u BHcsiuui ysea. Uepes |/|—2
miara OCTaHYTCSl [Ba y3/a, PAHHYHBEIX IS €JHHCTBEHHOTO
peGpa. Takum o6pasom, |/|=|U|+1.

Heobxodumocrs. IIpennonoxum, 4to y gepeBa ecTb IHKJIL.
STOT HUKJI HE MOXKET COCTABUTh BCE JEPEBO, TAK KaK y HETO
uncsno peGep paBHO uyucay y3nos. Cpexu y3noB u pebep, He
BXOMAIIMX B PacCMaTpHBAeMbIil LUK/, YAAJIUM BCE BHCAYHE
y3Jbl U COOTBETCTBYyIOLIMe MM Bucsiuue pebpa. Eciam ocTas-
muecsi pe6pa o6pasyloT ellle ONMH LUK, TO yAAaJIHM B HEM
pe6po, He BXOJsIlee B paccMaTpHBaeMblli HHUKJI. IIpu sTOM
YHCJIO Y3JI0B He H3MEHHTCS, a YHCIo pebep COKpaTHUTCA Ha
enununy. IIpomgosKuB TOT Ipolecc, yepe3 KOHEeYHOe UHCJI0
IIaTOB M3 MCXOMHOM CETH BHIIEIHM paccMaTpHUBaeMbIH IHUKJI.
B Hem umcno ysnoB paBHo uucay pebep. C/eroBaTenbHO,
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B HCXOJHOH CeTH-AepeBe YHcJIo peGep GBIJIO HE MeHbIlle ynucia
yaaoB: |U|=|I|. IIpoTuBopeure HOKa3bIBaET JEMMY.

Jlemma 4. Kaxnas napa ysJ/oB JepeBa CBsi3aHa €IHH-
CTBEHHOH IIeNbIO.

Has cetu S={I, U} cetb S*={I, U*}, rne U*<U, ua-
3BIBAETCS 4ACTUUHOL ceTvro. HacTHuHasi ceTb, SBJSIOMIAACH
JepeBoM, HasblBaeTcs Oepesom cetu S.

Jlemma 5. Ilycts S* — nepeso cern. Ilpu uoGo#t nyre
(i, )eU, (i,j)e U* uactuunas cets S,={/, Ui}, U=
=U*|J (i, /) COMEPKUT POBHO OJUH LUKJ.

HJoxasartenbcTBo. CymecTsopanue IHUKJIOB B Sj
crenyeT u3 JeMMbl 3. Ecau ux Gosbliie OMHOTO, TO yAaJUM
B OJIHOM, GHKCHPOBAHHOM, IMKJIe pe6po, He BXOASAIIEE XOTS
6Bl B ONMH M3 APYrUX LUKAOB. [[Js1 ocraBluelics yacTHYHOH
cetn Se={/, Uz} nmeem |/|=]|Us|+1, T. e. Sz — nepeso
¢ nuknamu. IIpoTuBOpeune nokaseiBaer JeMMYy.

O6mwekT S={/, U}, HameneHHbIH TOJHKO T€OMETPHUUECKH-
MY XapaKTePUCTHKAMHM THIIa NPUBEIEHHBIX BbILIE, HA3bIBAET-
ca epagom. CeTb XapaKTepU3yeTcs H JIONOJHUTENbHBIMH
MeTpuuecKumy napameTpamy.

Kaxknomy ysny i/ npunuirem 4ucio a@;, KOTOpOe Ha30-
BeM uUHTeHcusHocTbio y3ara. Ecan a; >0, To [ — UCTO4HUK,
ecan a;<<0, to {—crox. Ilpu a;=0 ysen i Ha3bIBaercd
npomesicytounsim (redrparonbin). Tlpu rpaduueckoM H30-
OpaxkeHHH HCTOYHHUK H300paxkaeTcs CTPEJKOH, BXoAsuleH
B y3€J, CTOK — CTPEJIKOH, BhIXonsImel u3 y3na. OxkoJo cTpe-
JIOK TIOMEIaeTCsl YHCJIO, PaBHOE abCOJIOTHOH BeJMYHHE HH-
TEHCHBHOCTH. IIpoMexyTOUHbIEe y3JIbl HA PUCYHKAaxX He OTMe-
yatorcst crpenkamu. Kaxpoit nyre (i, j) U cetu npunuuem
HEOTPHUATENbHOE UHCIO di5 — NPONYCKHY CROCOBHOCTS
Oyeu. Ilpu dij=o0 roBopaT o nyre (i, j) 6e3 oeparuuenus
NPORYCKHOL CNOCOOHOCTU.

2. IMorok Ha ceru. Paccmorpum cetv S={/, U}. O6o-
3HAYUM

+(i)={j: (i, e}, I-@)={j (,)eU},
T. e. [+ (i) — COBOKYIIHOCTb Y3J/I0B CETH, COEAUHEHHBIX C i Iy-
ramu u3 U, umeomumu Havano B i, /~(i) — COBOKYIHOCTb
y3J10B, COEITHHEHHBIX C # IyraMH, KOTOpble OKAaHUHBAIOTCA B i.
CosokynHocTb umcen x= {x;;, (i, j)=U} HaspBaercsa
NOTOKOM Ha ceTH S, ecaH

S oxy— D xp=a;, il (1)
€T ieT0)
0<xij<di; (i, ))eU. (2)
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Papencrsa (1) BbIpaxalmoT 6asaHc B KaXKIOM y3ie, YCJO-
BHE HENMpepHIBHOCTH IIOTOKA: KOJHMUECTBO BEIECTBA, BTEKAIO-
I[Er0 B y3eJ, PAaBHO KOJHYECTBY BEIIECTBA, BBHITEKAMOIIErO
U3 Hero.

KomnoHeHTa x;; HasbiBaeTcs Oy2o8bim NOTOKOM (HOTO-
kom no dyee (i, j)).

Ecin Ha coBoKynHOCTH uncen x=={x;;, (i, j)=U} Brmou-
HAIOTCA TOAbKO paseHctBa (1), To x — ncesdonorok. Eciau
Xe X YIOBJETBOPSET TOJNbKO HepaBeHCTBaM (2), TO rOBOPSIT
0 KBQ3UNOTOKe.

Jlemma 6. CeTb ¢ HyJeBBIMH HHTEHCHBHOCTSIMH Y3JIOB,
comepikamas LUK/, NONyCKaeT GECKOHEUHOE UYHCJO MCEBIO-
IIOTOKOB.

HoxasatenbcTBoO. Ilyers x;;=0, ecau (i, j) He
BXOZMT B LMKJA. DBrifepem HamnpaBnenume o6xoma IHKIa
IO HanpasJeHHI0 AYTH (i, jo) uukaa. [Tomoxkum x4;=0,
ecin ayra (i, j) B HuKIe mpaMmas, xi;=—O, ecaum nayra
(i, j) — o6parnas. Ilpu mo6om O mOCTpoeHHAsT COBOKYII-
HOCTb YHCeJ X;; YAOBJIeTBOpsieT paBeHcTBaM (1).

IIceBnomoTOK, MOCTPOEHHHIH B eMMe 6, HaszoBeM (io, jo)-
yupkysayuell co s3HaueHueM 0.

ITycts ¥ =] — HEKOTOpPOE MHOXKECTBO Y3J0B ceTH. MHo-
xkectBo ayr U(I*)={(i, j): iel*, jEI*, (i, j)=U} Hasw-
BaeTcs paspe3om ceTu, COOTBETCTBYIOIIHM MHOXKecTBY I*.
Yucno a(/*) = 3 a; Ha3bIBaeTCH UHTEHCUBHOCTbHIO MHONCE-

i1
crea I*. Yucno d(I*)= 3 dij — nponyckuas cnocob-
(2, HEU(I)
HocTo (3nauenue) paspesa U (I*).

Teopema 1. Cerp S={/, U} momyckaer moTOK TOrga M
TOJbKO Torma, korpa a(/)=0 u M1 KaxXJI0ro MHOXKEeCTBa
I*<I ero UHTEHCHBHOCTb HE MPEBOCXOAUT 3HAUEHHS NMOPOK-
IeHHOTO paspesa:

a(l*) <d(I*).

JocraTouHocTh Gymer mokasaHa B 1. VII.
Heo6xo0umocts. TTocKoIbKY

S 3 =3 X xu= 2 Xi

i€l jeI*) iel jeI” (1) 1, v

TO, IPOCYMMHPOBAB [Jisl TOTOKA ¥ 06e uactH paseHCcTB (1)
no i</, nosnyunm a (/) =0.
ITycts [* — mpousBosibHOE MHOXKECTBO Y3JIOB  CETH,
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U(I*) — cooTBeTCTBYIOIIKHA eMy paspes. HpocyMMpreM
paBeHcTBa (1) Ha IOTOKe X IO MHOXKeCTBY [*:

a(l*)—Zaz— > 2 x— 3 3 xu

i€t jeIt(i) iel* jel (i)
ITockosbKy
S > wy= X X
ieI* jelId), jer* ieIl* jeI (1), jeI*
2 x;=0,
ieI* jeI (i), jer*
TO HMeeM
a(l*)= % X x5+ 3 3 xy—
ieI* jerIt(i), jeI* ieI* jeId), jeI*
-2 2 xp— 3 3 X<
iel* jeI (i), jeI* iel* jeI (i), jeI*
< X X dy= 3 dy=d(*).
ieI* jeI¥i), jeI+ i, HEUUT*

Teopema mokasana.

C noMoIbo TeopeMbl IOJIYYHM KPHTEPHH CYIECTBOBAHHUS
nJaHa IepeBO30K B TpaHcnopTHoi 3amaue § 1. CereBas mo-
JeJb TPAaHCHOPTHOHM 3amauH, HMeloUlel MaTpHuYHyIO (opMmy,
uzobpaxeHa Ha puc. I.1. YI3 Teopemtl ciienyeT: B MaTpHYHOH

Puc 11

TpaHCHOPTHOR 3amade § | cCymecTByeT mJIaH IIE€PEBO30K
TOr/la U TOJBKO TOTJA, KOr/a

n m
2 ai= 3 b;
i=1 =1

U JAad  JI00BbIX COBOKyl'IHOCTeI:I IYHKTOB IIDOH3BOJCTBA
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Ay, ..., A;, u nyHkTOB notpebaenus Bj,, ..., B;, Bbimos-
HSIETCS HEPABEHCTBO

P q D m

2 ai,— Z b.‘l'z< 2 2 dihj'
k=1 =1 h=1 j=1, j==jy, ..., jq

3. 3ajaya o MOoTOKe MUHMMAJbLHOH cTOMMOCTH. JIBONiCT-
BeHHas 3ajava. B nonosnnenue K BBeleHHBIM XapaKTePUCTH-
KaM CeTd npumumeM Kaxjpon ayre (i, j)eU uucio c¢;; —
cTOUmMOCTs e0unuunoeo notoxa no nyre (i, j). Ceresoim ana-
A020M TPAHCIOPTHOH 3afaun § 1 aBasercsa 3adaua o noToke
MURUMAABHOL CTOUMOCTU

) Cixioming, 3 xi— 3 xi=a;,
(i, U eI jer @ (3)

0<<xy5<<dyj, i, (i, H)eU.

Pemenue sto#i 3agaun x°={x;;, (i, j)=U} nasniBaercs
ONTUMAALHOIM NOTOKOM.

Ipu ¢;;=0, (i, j)=U, RpuTepun CymecTBOBAHHA ONTH-
MaJbHOIO NOTOKA CBOSATCS K KPHUTEPUSIM CYIIECTBOBAHHS
IIOTOKA B CETH.

TpancnoprHas 3amaua B marpuuHoit dopme (§ 1) Jerxo
csomutcs (m. 2) k 3apmaue (3). IIpu »TOM mosyuaercsi ceTb
¢ n+m ysnamu u nm gyramu. [Ipu Goabmux n, m 4ucao nm
3aMeTHO IPEBOCXOLUT H--M, UTO 3aTpPyHHSET ONMepalHyu Ha
cetd. CeTeBble MO HATJSIHB M YIOOHE B TeX CIydasix,
KOTIa YHCJO LyT He3HAUUTEJIbHO IPEBOCXOIHUT YHCJO Y3JOB.
Takue cnyuau BO3HHMKAIOT, HANpUMep, TPH HCCAEIOBAHUH
TPAHCIIOPTHEIX 3a7a4 ¢ (PUKCHPOBAHHEIMU TIePEBO3KAMHU.

Herpynro BumeTb, uto 3agmaua (3) sBasercs 3amauelt
JuHelHoro mporpammupoBanus. CocTaBUM /51 Hee JBOHCT-
BeHnyio 3anauy [MO]. ®yukuusa Jlarpauxa uMeeT BUIL

F(x,y, w)=( > Cijkit ié’ Yi (X xi5— 3 Xji—ai)+

i ev iETw €T
+ 3 wixg— 3 wiids;.
@ peu @ e

Coruaacuo teopeme Kyna — Takkepa, AJ1s1 ONTHMAJbHOTO II0-
ToKa x0 HaUAyTCS 4yHCcaa y‘;, iel; ng, (i, j)eU, rakue, uto

a5 Gyukuun F(x, y, @) BHIONHAIOTCS ycA08UsL cedaq:
F (2 y, w) <F (0, o, ) <F (x, 1°, ©°) (4)
nas Beex xi;=0, yi, w;=0, iel, (i, j)eU.
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Jlna BHIIONHEHHS BTOPOrO HepaBeHCTBa M3 (4) Heo6xo-
AHMO, 4TOOBl KO3GbOHUIHEHTH NPH X;; B QyHKUMHE JlarpaHxka
ObIIH HEOTPUIATENbHBIMH:

Yi—yi+wi+ci;=0, (i, j)eU,
H BBHIITOJIHAJIUCh PaBEHCTBA
22, (42— 0wl ci) =0, (i, )=U. )
Jlos BHIOJIHEHHS IIEPBOrO HEpaBeHCTBA U3 (4) HEOGXOAHUMO
w?, (xgj—dij)=0, (i, HeU. (6)

Takum o6Gpasom, B CHJIy IepBOro HepaBeHCTBa H3 (4)
uncna ¥, w9, — pelenne 3azaqu

— 3 aiyi— 3 wydi—>max, (7)

el (i, HeU
Yi—Yi+wi; =—cCqj, wi;=0,

KoTOopasi HaselBaercs 080lcTeeHHOl 3adaxed I 3alaud
0 NIOTOKE MHHHMaJbHOH CTOHMOCTH.

PagencrBa (5), (6) — cyTh ycaosus donoanswouieli He-
HeCTKOCTU.

Teopema nBoiicTBeHHOCTH. [/l CYIIECTBOBAHHA OITH-
MaJIbHOTO IIOTOKa HEOOXOZHMMO W JOCTATOYHO, UTOOBI HMeJa
peuenue 3agaua (7). Ilpu stom

Z Cijxg].=— 2 aiyg— 2 ngdij.

i, HEU i€l (& HeU

4. Onopa ceru. OnopHbiii notok. Ciexys oblieMy onpe-
IeJIeHHIO OIOpPHl 3aJauyd JHHEHHOrO0 IPOrpaMMHDPOBAHHs
[u. 1], vactuunyio cetb Son={/, Uon} Ha30BeM 0n0poii ceTu
S={I, U}, ecnu ona npu a;=0, i</, nonyckaer JUlb TPH-
BHAJbHBIA mceBAonoToK x= {x;;=0, (i, j)EUon}, HO A7
mo6oit xyru (b, jo) U, (io, jo) & Uon uacTHUHAS CeTh S1=
={l, Ui}, Ui=Uosx U (io, jo) HmomyckaeT HeTpHBHAJIbHBIH
nceBnonoTok x={x;;5=0, (i, j)=U}.

IOyru (i, j)&Uon mnasweBatorca onopuoimu, (i, j)&Us,
Ua=U\Uor — Heonoproie gyry.

Teopema 2. Onopa ceru siBJsieTCS [ePEBOM CETH, H KaxXK-
I0e JIepeBO CETH MOXKHO CUMTATh ONOpPOH.
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HokasatenbcTBo. Heobxodumocrs. Ilyctbs Sop —
omopa ceTH. Torna oHa He MOXKET COJIEpPXkaTb IUKJOB, HOO,
coryiacHo jieMMe 6, Ha KaXIOM IUKJe CYIIecTByeT GeCKOoHey-
HOe YHCJIO HeTPHBHAJIbHBIX ICeBAOMOTOKOB. Omopa — CBsi3-
Has yaCTHYHasl ceTb, HOO B IPOTHBHOM cCjyuae moGaBJieHue
K He#l nyru (io, jo) =U 6e3 06pa3oBaHus MHKJIOB (4TO B He-
CBSI3HOH CeTH BCETZa BO3MOXHO) BeJeT K PaBEHCTBY Xiyj,=0,
KOTOpOe cJelyeT U3 ycjoBus 6asnaHca B y3Jje, IpHHAJIeXKa-
IIEeM oIope.

Hocrarounocre. Ilycts S* — nepeso certu. Ha#inem Bucs-
uyuft ysen. M3 ycioBust 6anaHca B 3TOM y3Jje CJIenyeT, 4TO
BIOJb COOTBETCTBYIOLIEro BHCAyero peGpa TeueT HYJIEBOH
IICEBIONOTOK. ¥ 1AM BHCsUee peGpo U MOBTOPHUM OIEpaIHH.
UYepes |/|—1 mar mosydyum HyJIeBOH NCEBIONOTOK Ha S¥*.
Ecau x S* mobaButh nmobyio ayry u3 U, To, coryiacHo JeM-
Me 5, NOJYYHTCS IMKJ, a 3HAUUT, B CHJy JeMMB 6 MOXHO
TIOCTPOUTDL HEHYJIEBOH IICEBIONOTOK. Teopema mokasaHa.

[Tapy {x, Sou} U3 OTOKA U OMOPHI CETH HA30BEM ONOPHLLM
notokom. T10TOK BHOJIb ONOPHOH NYTM HA3bIBAETCS ONOPHbLLM
Oyeosbim norokom. OcrajbHble LYroBblEe INOTOKH CETH —
HeonopHole.

JlyroBoit IOTOK X;; HA3BIBAETCS KPUTUUECKUM, €CNH LyTa
(i, j) cso600na (x;;=0) nin Hacouyerna (xij==di;). Omnop-
HbIH TIOTOK HA3bIBAEM HEBbLPONCOCHHLLM, €CJIH BCE ero OIop-
Hble yTOBBle IOTOKH HEKPHTHUECKHE.

5. IMoreHumansl y3JaoB, oueHku ayr. Ilpupamenue crou-
mocti nortoka. Ilycte {¥, Som} — ONOpHBEI!l NMOTOK. Y3iaaM
ie=] npunuumieM 4YHcaIa Y; Tak, 4TOOBl Ha KaxJIoOH Aayre
(i, j) €Uon BHIIONHAIOCH PAaBEHCTBO

u;—u;—c;;=0, (i, ]) eUon. (8)

[Tockonbky |/|=|Uox|-+1, To ofHO M3 uucea u; 3amanuM
npousBoibHO. OcrajbHble HafinyTes U3 (8) OXHO3HAUHO, H69
Kaxmjas mapa y3JOB B JilepeBe COeJMHEeHa €IMHCTBEHHOH
nenbio (cMm. memmy 4). [TocTpoeHHble uncaa U;, (1, HA30BEM
NOTeHYUAAAMU Y3108 CETH.

HMest moTeHNHa bl y3J10B, HafIeM OyeHKU *) HeOIOpPHBIX
YT CETH

Aij:ui—uj_ci]" (L’ ])EUH (9)

*) Ctporo roBops, NOTEHUHAJBl ¥ OLEHKH CjieflyeT HasblBaTbh OIOD-
HBIMH, IOCKOJIbKY MX 3HaueHHs 3aBHCAT OT OIODHL.
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[Tycts ¥ — BTOpOH HOTOK Ha ceTH, Ax==X%—x — npupa-
meHye notoxa x. M3 (3) cremyer

2 Axij— 2 Axi;=0, iel.

jeI*q) jier (i)

YmHoxuM o6e wactu paseHcTB (8), (9) Ha Ax;; u mpocym-
mupyem 1o (i, j)eU:

2 CiAxyy=— 33 AxiAi+ 3 (ui—ug) Axi;.

(, HeU (%, )€Uy (7, HEU
[Tockombry
S (wi—wy) Axgg= S uwi ( 3 Axyy— 3 Axji) =0,
(i, HeU ierl jEeI*(3) jeI (i)

TO IOJyyaeM CJaeAyIomyo GopMysTy MpUpaIeHnus: CTOUMOCTH

II0TOKAa
2 Ciijij=— 2 Axiinj. (10)

(I (i, )€U,

6. Kputepuii ontumanbHoctd. JlocraTouHoe ycJjoBue cyo-
onTuManbHOCcTH. [lycTh mnsa omopHoro moroka {X, Som} BHI-
MOJIHAIOTCS COOTHOLIEHHS

Ai;<<O0 mpu x;;=0; A;;=0 npu x;;=d;;;
Ai;=0 nmpu 0<<xi;<<dij, (i, j)=Uxn (11)

[Tockombky Axs;;=0 mpu x;;=0; Ax;;<<0 npu x;;=d;;, TO
u3 (10) caenyer 3 ciAx;;=0, T. e. ¥ — ONTHMaJbHHIH
@, 9)eu
HIOTOK.
[Tyctb {x°, Son} — ONTHMAJNbHBIA HEBBIPOXKAEHHBIH OIOP-
HBl notox. Toraa cymecTByet pemienue y°, @ [BOHCTBeHHOH
sapaun (7). Ilomoxum u;=—y), iel. Torna us ycrosui

nornonHsoneil HexkectkocTH (5) caenyror paBeHcTBa (8).
Ecau nomonHATEIbHO yuecTb orpaHHueHus 3afaun (7), ybe-
IUMCsl B BblIONHeHHH cooTHomeHuit (11). Takum o6pasoM,
CIIpaBerJIuBa

Teopema 3. Coornomenusi (11) mocraTouHH, a B CiIyuae
HEBBIPOXKIEHHOCTH U HEOGXOAMUMBL [JI51 ONTHMaJbHOCTH ONOP-
HOTO MoToKa {X, Son}.

W3 ¢opmyanl npupamienus (10) BumHo, uro nmpu Ai;<<0
yMeHblLIeHHE NOTOKa mo ayre (i, j) BegeT K yMEHbLIEHHIO
CTOMMOCTH TOTOKa. Makcuma/JbHO BO3MOXKHOE yMEeHbIIEHHE
LyroBOrO IOTOKA paBHO X;;. Ilpm Ay;;=>0 X yMeHbIIEHHIO
CTOMMOCTH IIOTOKA BeJeT yBEJHuYeHHe MoToka no ayre (i, j),
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IPH 3TOM MAaKCHMa/JbHO [AONYCTHMOE YBeJHYEHHe IOTOKa
paBHO dij—x;;. ClenoBaTesbHO,
2 Ciifxiz= X Aixi— 3 Aij(dig—x15).
@, e A<, A >0,
(i, )€U (i, §)€UL

Ecnn B KayectBe X B3ATb ONTHMAJbHBIH IOTOK x°, TO MOJY-
YUM, 9TO CTOUMOCTb IOTOKA {X, Son} NMpPEBHIIAET CTOMMOCThb
ONTHMaJbHOTO NOTOKA He GoJiee ueM Ha

— 2 Aixijt 3 Aij (dij—x45). (12)
Aij<0 Ai]'>0
ITorok x& Ha3bIBaA€TCHd &-ONTUMANLbHBIM, €CJIN

0
) Cikig— 3 Cijkij <.
@, 5)sU @, HsU
HocraToynoe ycaosue cy6ontumanbtoctd. Ecsin Ha omop-
HoM notoke {x, Son} uucao (12) paBHO &, TO X — &-ONTH-
MaJIbHBI ITOTOK.

3ameuyanue Ecin X — e-ONTHMaJbHBIH NOTOK, TO [IJIS Hero Hai-
nerca Takas (ONTHMaJbHAs) onopa Sem, YTO HA HOTOKE {X, Son} UHCIO
(12) paBHoO &.

7. Yayuumienne notoka. I[lyctb {¥, Sou} — ONOpHBI# MOTOK,
HeonopHble OUeHKH Ay, (i, j)=Us, KOTOPOro HE YIOBJIETBO-
psioT cootHomweHusaM (11). M3 dopmyasl npupamenus (10)
CJIeyeT, 4TO B STOM CJAydYae IOTOK X MOXKHO YJIYYLIHTb, T. €.
Ha#TH HOBBIH IIOTOK Xmoz MEHBIIEH CTOMMOCTH. Hucao Agj
B ¢opmyne (10) MOXKHO HHTEpIPETHPOBATb KaK CKOPOCTb
H3MEeHEHHs CTOMMOCTH IIOTOKa IIPH M3MEHEHHH Ha €JHHHILY
II0OTOKA 110 HeonopHo# ayre (i, j). [Tyctb Aiyj, — HanGoJbLIas
no aO6COJNIOTHOH BeJIHYMHE HEONOpHas OIleHKAa IIOTOKa
{x, Sou}, He ymoBaeTBOpsiomasa cootHomenusim (11). ScHo,
4T0 A4y5,7<0. C momompio ayru (o, jo) ¥ ONMOPHBIX AYT IIO-
cTpouM HUKI (cM. gdeMmy 5). Ilyctb Aspj;,=>0. Hanoxenue
(fo, jo) -UMPKYJIALHIH HA [IOTOK II0 LHKJIY BEJET K YMEHbIIEHHUIO
CTOHMOCTH IIOTOKA H He HapyllaeT ycJOBHE 6ajaHca B y3Jax.
Hafinem makcuMa/ibHO BO3MOXKHOe 3HaueHHe O° HmuUpKyJIs-
I[MH, IPH KOTOPOM HaJIOXKeHHe Ha IOTOK (lo, jo)-IUPKYIALUH
He Hapylaer orpanuuyeHuii 0<Cx;;<Cd;;. HerpyaHo BuIeTb,
uyro @0 paBHO HaHMeHbLIeMy H3 yHcesa O;;=d;;—X;; Ha Ipd-
MBIX Ayrax, @;;=x;; — Ha o6paTHbIX Ayrax (io, jo)-IHKJIA.
[Ipu Asy5,<<0 paccmatpusaem (jo, io) -IUPKYIALHIO, T. €. UK
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06xomuM B HampasJeHuH jo—ip. Ecau motox {¥, Son} HeBHI-
poxIeHHEH, To @°>>0. HoBH# MOTOK MOTyu4aeM M3 CTaporo
HaJIOKeHHeM YKa3aHHOH LUPKYJSIHH co 3HaueHHeM OO

ITycts ©9=0;,;,. Ecnu (i, j.) = (o, jo), TO onopa cetu
coxpausiercss. IIpu (i., j.) 7= (io, jo) U3 onopsl Sox yRansgem
nyry (is, j«) ¥ no6asasieM nyry (io, jo), YTO IPHBOAUT (CM.
JeMMH 5, 2) K HOBOI onope (Son) mos-

Us dopmyasl (10) caenyer, uro npu nepexone {X, Son}—
—~{x, Son}mos CTOUMOCTb NMOTOKA YMEHBIIAETCS HA BEJHUUHY
8° |Adyjo-

8. IlocTpoenne HayYaABHOrO ONMOPHOro NOTOKa. Mccienyem
TPH BO3MOXKHOCTH, KOTOPble MOT'YT BCTPETHTLCS IIPU pellleHHH
MPAaKTUUECKUX 3a7ay: a) mepeq peleHHeM 3agaud (3) o mo-
TOKe MHUHHMAaJbHOH CTOMMOCTH H3BECTHHI JIUIIb IAPaMeTphl
i, C;j, dij, HO HET CBeNEHHI O IOTOKe B ceTH; 6) Hapsanmy
C mapaMeTpaMH CETH M3BECTEH IIOTOK, COCTABJEHHBIH IO pe-
KOMEHJallusIM CIeLlHaJHuCTOB; B) KpPOME MapaMeTPOB HMEIOT-
CSl UHCJIA X;j, KOTOPBIE, 0 MHEHHIO CIIEIHAJHCTOB, SIBJSIOTCS
ONTHMAaJIbHBIMU LYTOBBIMH MOTOKAMH, HO B A€HCTBHTEJbHOCTH
B COBOKYIHOCTH COCTABJISIOT JIUIIb KBA3HUIIOTOK.

Coyualt a) TUOHYEH TIPHU KJIACCHYECKOH MOCTAHOBKE 3a-
naun. He cymecTByeT MeToma NOCTpOEHHSI OMOPHOTO NOTOKA
IJISL IPOU3BOJIbHOH ceTH. OmHIIEM aHAJOTH METOLa CeBepo-
3amMajgHOro yrja U MeTofa MHHHMAJbHOTO 3JeMeHTa, B KOTO-
PBIX HEe UCKJ/IIOUAETCS MOSIBJIEHHE HCKYCCTBEHHBIX AYT.

Merod cesepo-3anadnozo yesra. BriGupaem «ceBepo-3a-
nanublity y3en cetu. Ilepebupas HHIMAEHTHBIE AYTH B OIpe-
JIeJIEHHOM IIOpSIAKE, pacrpenessieM HHTEHCHBHOCTb y3ja IO
nyraMm. Ecaun @;>0, To UCIoONb3yIOTCS BEIXOAAIIKE U3 i AYTH,
npu a;<<0 — Bxonsmue. HacwileHnsie 1yru He paccMaTpH-
BaeM W HX IIOTOKH HCIOJNb3yeM IJs1 H3MeHEeHHS HHTEHCHBHO-
cTell TeX Y3JIOB, C KOTOPBIMH OHH COENMHSIOT NEPBBHIHA y3el.
VY HeHaCHIINEHHOH IYTd yMEHbIIAEM MPOMYCKHYIO CIOCO6-
HOCTb Ha BeJIMUKHY NoToKa. [Ipomonkas aToT mpouece, yepes
KOHEUHOE YHCJIO IIAroB HWJIH [OJHOCTBIO paclpenesnM HHTeH-
CHBHOCTH WJIM M3-332 OTPAHHYEHHOCTH MPOIMYCKHOH CIOCOGHO-
CTH TOCJTenHeH Nyru GyneM BBIHYXKIEHB IJ8 COOJMIONeHHs
GasaHca B y3Je [ BBECTH HCKYCCTBeHHble AyrH (i, S), eciH
a;>>0, wnu (s, i), ecan a;<<0, IO KOTOPHIM paclperesseM
OCTATOK MHTEHCHBHOCTH ;. I[losaraem ci=—Cs=M, di;=
=ds;=o0. [1pu ynaseHun HACEHIIEHHbIX IYT CJAENHM 3a TeM,
4uTO6HI CBSI3HOCTH CeTH He HapymaJack. ITocae pacmpenede-
HYsI MHTEHCHBHOCTEH BCeX Y3JI0B B OCTABLIEHCSA CETH JIMKBH-
NUpyeM LHKJbl, He Hapyuias cBssHoctH cerd. [Ipu srom
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B NepPBYIO OYepelb yAansgeM KpUTHUecKHe ayru. [Toayuennoe
JepeBO CeTH COCTaBJSET ONOPY CeTH, a HayaJbHHIH IIOTOK
IIOJIyYaeTcsl IOCJEe BO3BDAILEHHS B CeTh YAAJEHHBIX HaCHI-
IIEeHHBIX AYT M Iepexofa K MCXOIHBIM MpPONYCKHBIM CII0CO0-
HocTAM. B pacuiupeHHO! ceT (C HCKYCCTBEHHBIMH AyTaMH)
IPSIMBIM ONOPHBIM METOAOM HAXOAHUM IOTOK MHHHMAaJbHOH
CTOMMOCTH JUJIST JOCTAaTOYHO Gouibloro uucaa M. IToreHuuasn
HCKYCCTBEHHOTO y3ja IojaraeM paBHEIM Hymo (4s=0).
WckyccTBeHHBIE AYTH HABCET/a YAAJSEM U3 CETH, KaK TOJIbKO
IIOTOKH IO HUM CTAHOBSITCS PaBHBIMH Hy:si0. AHanus pere-
HHS PaCIIHpeHHOH 3amauy cranaapred ajas M-metona.

3amMeuanue. HOCTpOeHHe OIIOpBl MOXKHO BE€CTH IlapaJjieNbHO
C pacnpeneneHnemMm MHTEHCHUBHOCTeH, Henas Ol'IOpHOI‘;X NOCJNeHI0I0 AYTY,
1o KOTOpOI‘JI pacnpenensseTcss HHTEHCHBHOCTDL y3Ja.

Merod munumanrvrozo ssemenra. B arom Merome mpu
pacrpeneseHdH MHTEHCHBHOCTEH y3JIOB B IIEPBYIO Ouepenb
paccMaTpuBaercsl Iyra ¢ MHHHMaJbHOH croumoctbio. Eciu
OHAa HACHIIAETCs, TO ee YHAJAIOT U3 CeTH, & C HOBOH CEeThIO,
B KOTOPOH H3MeHeHbl HHTEHCHBHOCTH, IIOCTYIAIOT aHaJo-
ruuHo. Ecam pyra ¢ MHHMMAaJbHOH CTOMMOCTBIO HE HacCHI-
IaeTcs NpH paclpene/JeHHH HHTEHCHBHOCTH y3Ja, TO ee IIpo-
NYCKHAsl CTOMMOCTb yMeHbIIAeTCs Ha BEJHYHHY IIOTOKA.
OcraJibHBIE OIIepaLMH TaKHe XKe, KaK B MeTOJe CeBepo-3anaj-
HOTO yTJIa.

6) IlycTb HayaJbHBIH IOTOK H3BecTeH. [l IpHMeHEHHS
OIIOPHOTO MeToza HeoOXOAMMO IOCTPOUTh HauaJbHYIO OIODY,
B KayecTBE KOTOPOI MOXKHO BEIGPATH (XOTS GBI cayyalHBIM
o6pasom) Jsi060e nepeBo ceTH. JIpyroe mpaBusio: CTpOUTCA
JEPEBO CETH C HCIIOJb30BAHHEM MpEKIE BCErO HEKPHUTHUE-
ckux nyr. OOwmwu#i MeToJ IIOCTPOEHHSI HAYyasJbHOH ONOpPH
CBSI3aH C BBeJeHHEM (HKTHBHOTO y3Ja (b, coelHHEHHOro (HUK-
TuBHBIMH nyramu (i, ) co Bcemu ysnamu il (cip=0,
dip=0, ap=0). B pacmupeHHO} ceTH HaAYaJbHBIH INOTOK
u3BecTeH. B KavecTBe HayasbHOH OIOPHl HOCTATOYHO B3fTh
yactuunyio cetb {I U d, {(i, d), iI}}. C nomowpo npsimoro
ONOPHOTO METOJa HCKJ/IOUAIOTCS M3 ONOPbl QUKTHUBHBIE IYTH
(mepBasi ¢hasa Merona). ITockoJbKy DU 3TOM IIOTOK He Me-
HSIeTCS, TO BBIYHCJEHHS CYHIECTBEHHO YIPOIIAIOTCd H MO-
CTPOEHHe ONOphl U3 AyT MHoxecTBa U ocymecTsisercs Ha
ucxonuoit cetu S={/, U} Ge3 mnpusneueHus (QUKTHBHBIX
y3aoB u ayr. JlocraTouHo cHayaxa Bce Y3/aBI IIOMETHTDb
3HAKOM «—>» M 3aMeHATb ero Ha «-», KaK TOJbKO COOTBET-
cTByIOIasl GUKTHBHAS AyFa yoajeHa U3 ONOPHL.
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B) [lns HawasbHOro KBasumoroka {xi (i, j)eU} mpo-
BepsieM BBINIOJIHEHHE YCJOBHS Ganauca B yanax iel. Ecau
0:>0, ai=a;— 3 xij4 3] %ji, TO BBOZUM HCKYCCTBEHHYIO

JieI() isr (i)
ayry (i, s) (cis=M, diz=00, x;s=a;). [Ipu o;<<0 BBOAHTCS
nyra (s, i) (csi=M, ds;=o00, Xs;=—o0.;). JJIsl paciiupeHHOkH
ceTd MOTOK mocTpoeH. Omopa crpoutcsl, KaK B cayuae 6).
Hanee, IpsAMbIM ONOPHBIM METOAOM HAXOAHM IHOTOK MHHH-
MaJIbHOH CTOMMOCTH, IpexmoJaras, uro M — mocraTouHo

Gosbmoe uucsao. AHaaus pesyabTara craHmapre aas M-
meroxa [MO].

9. NMpumepnl. TIpumep 1. HalimeM onTHMaibHBIE NOTOK Ha CETH
(puc. 1.2). Han xaxno¥ ayroit (i, j) momemena undopmaunus: dij, Cij.
¥Y3en 1 —HcTouHHK, y3en 6 —crok. Mx uHTeHCHBHOCTH paBHB 10.
OcranpHble Y3Jbl — NPOMEXKYTOUHBIE.

Puc. 1.2

Ha puc. 1.2 meTo0M MHHMMAJILHOTO 3JIEMEHTa NOCTPOEH HauyaJbHBIH
NOTOK (3HayueHHe AYTOBOTO NOTOKA IOMeIeHo NOX d;;). IIpu stoM mpum-
JIOCh BBECTH HCKYCCTBEHHBIA y3e] M HMCKyCCTBeHHble AYrH (s, 4), (5, §).
Ha stomM xe pucynke IIOCTPOeHa OIOpa, ONOPHLIE AYI'H H306paxeHH
kupHol JuHHeH. IlocTpoennss HauMHagHch B yaje 1, ¥ BHIGHpamuch AJS
OIOphL B NEPBYIO OYepelb HeKpHUTHUeckue Ayru. ITonoxus u,=0, Haligem
[0 ONMOPHBIM AyraM MOTeHIHaJH y3JO0B; 3HAYEHUsS U; IIOMELIEHBl OKOJIO
y310B. OLEHKM HEONODHBIX AYr NOMELIEHH IIOX 4YucaaMu c;;. Ha ayre
(2, 5) KpHuTepHii ONTHMAaJbHOCTH HapyllaeTcs B HaHGOJBIIEH CTENEeHH.
MaxcumanpHOe JOMYCTHMOe 3HaueHHe (5, 2)-mupkyasiuu paBHo 2. lyra
(2, 5) BXOAMT B ONOPY, HCKYCCTBEHHble y3eJ H JYIH JHKBHAHDPYIOTCS.

Ilocsie oQHON HTepalyy INOJydaeM ONTHMAJbHBIH IIOTOK: Xip=38,
X13=0, x32=0, X20=23, X25=05, X35=2, xu5=0, Xu6=3, X56=7.

IIpumep 2. Halimem onTuManpHBIH IOTOK Ha cetd u3 puc. L3,
Ha KOTOPOM KpOMe mapaMeTpoB dij, Cij, Q; 3aJlaH HayaJbHBIH IIOTOK.
Hauap ¢ y3na 1, 1m0 HeKPHTHYECKHM AyraM IOCTpPOuM omopy. I[Tosoxus
#3=0, BBIYHCIMM IOTEHIHAJBE Y3/J0B M OLEHKH HEONOPHHIX Ryr. Jlyra
(2, 5) He ymOBJIETBOPSeT KPHTepHIO onTHMajbHOcTH. OpHa wHTepauus
[IPSAMOTO ONOPHOrO MeTOAAa MPHBOIMT K ONTHMAJbHOMY IOTOKY (CM. IIpH-
Mmep 1).
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Ha puc. 1.4 onopa nocrpoena merogom (HKTHBHOrO yaja. [Ipu stom
Ha IPOMEXYTOUHOH HTepauuu Ayra (3, 5) MmO BesHuMHe OLEHKH JOJXKHA
6bljia 3aMeHHTb OfHY H3 OmopHHIX Ayr (3, 2), (2, 5). OnHako nepexonom
K Jlyre c MeHblIeH OLEHKOH Oblia ylajeHa ouepelHasi GHKTUBHAS OmOp-
Hasg nyra. Ha nepsoit ¢ase moreHUMas (HKTHBHOIO y3Ja HOCTOSIHHO
paBeH Hyuo. Jlyra (3, 5) He yHIOB/IeTBOpsSieT KPHUTEPHIO ONTUMAJbLHOCTH.
OnHa nTepanus NpsSMOro ONOPHOTO METOJA NPHBOIMUT K ONTHMAJbHOMY
nmoToky (cm. mpumep 1).

ITpumep 3. Haiinem ontumasnbHblll noTox Ha cetd (puc. 1.5 Ges
y3la S§) ¢ Haya/JbHBIM KBa3HIIOTOKOM. BBelsi HCKyCCTBEHHHIH ysen s,
TIOCTPOMM IOTOK Ha paciiupeHHOH cetu (cm. puc. 1.5). Onopa mocrpoena
[0 HEKPUTHYECKHM AYTaM.

3a ABe HTepallll MPSAMOro omopHoro meroxa (puc. 1.5, I1.6) mckyc-
CTBEHHbIE NYTOBBIE IIOTOKH CTAHOBSITCS HYJNEBBIMH H IIO3TOMY HCKYCCTBEH-
Hble y3eq M AYrH JHKBHAMpYlorcd. OfHA HTepaluss IPSIMOrO OIOPHOrO
METOLA NPHBOAHUT K ONTUMAJbHOMY IIOTOKY: X;2=28, X13=2, X2.=3,
xz5=6, JC32=1, JC35=1, XA5=0, JC43=3, Xs6=7.

10. CeTn ¢ HeOPMEHTHPOBAHHBIMM Ayramu. B psge mpax-
THUYECKHX 33124 HEKOTOPhle ITYHKTHl COEAHHEHBl 08YXCTOPOH-
HUMU KOMMYHUKAYUAMU, T. €. IOIIyCKAIOTCH TIPAMBIE 1 06paT-
HEIe TIEPEBO3KH IIPOAYKTOB. YIOOGHONH MaTeMaTHYECKOH MO-
JeJIbI0 TPAHCIIOPTHBEIX 3a/ad [/ TaKUX CHTyaluH SIBJSETCS
3ajlaua 0 IIOTOKE MHHHMMAaJbHOH CTOMMOCTH Ha CETH C He-
opueHTHpOBaHHbIMH nyramu. Ilom HeopuenTuposannoil
Oyeoii ® [i, j], coenuustomen ysusl i, j, 6yfeM NOHHMATh
napy nyr (i, j), (j, {). Ha pucynkax ayra [i, j] uso6paxaer-
csl omHOH JuHHeH (6e3 CTpesKH), COENMHSIOMEN Y3JH i, f.
Kaxnas HeopHeHTHDOBaHHas Iyra XapakKTepu3dyeTcs IapoH
IPOMYCKHBIX criocoGHOCcTel dsj, djs (dijd;:=>0), mapoit uncen
¢35=0, ¢;;==0, paBHEIX CTOUMOCTH eJMHHYHOTO IIOTOKa B Ha-
npaeJseHusx i—j, j—-i. [lo HeopueHTHpPOBAHHOH Ayre Aomyc-
KaIOTCS Ba IIOTOKA Xij, Xj; (¥4jX;;=0). IIpu BBeJleHUH OMOPBHI
yZOOHO ONOPHOH CYMTATh Ty AYTY M3 Iaphl AyT, HallpaB/jeHHE
KOTOpPOH COBIIajaeT C HallpaBJeHHeM Ayrosoro notoka. Ilpu
5TOM YIpOILaeTcs I[POBEpPKa IIOTOKAa Ha ONTHMAaJbHOCTb.
HesnauuTtenbHble HM3MeHEHHS BO3HHMKAIOT B ONEPalHUAX II0
yayulenno notoka. OqHaKO B COBOKYIHOCTH 3TH U3MeHEHHS
Ipolle onepanyi, BOSHUKAIOUIHX IIPU 3aMeHe HEeOPHEHTHPO-
BaHHOH IyTH Napoll OpHEHTHPOBAHHBIX AYyT. JlpyTHMHu cJjio-
BaMH, yueT B IIPSIMOM OIIOPHOM MeTOJ€ CIIellHaJbHOH CTPYK-
Typhl 3ajaud IoBbIMAaeT 3((eKTHBHOCTb MeToxa. Peanu-
3allid INPAMOro OIIOPHOTO MeTona [JIs CeTell C HeopHeH-
THPOBAHHBIMH JyTaMH OCTaBJsSeTCS YHTATENI0 B KadyecTBe
yIpaKHeHHusl.

*) HaspaHne «HeOpHEHTHPOBaHHAsI Ayra» HeyJayHOe, TaK KaK 3TO He
nyra 6e3 opHeHrauuu (peGpo), a Ayra ¢ ABYMs OpHEHTALHIMH.
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11. Cern c orpaHMYeHUsIMH HA NPONYCKHBIE CNOCOGHOCTH
y3J10B. B mpakTHuecKuX 3ajflayax yaJbl 4acTO NPELCTABISAIOT
KPYIIHble HaceJeHHBIe IYHKTHl C BHYTPEHHEH CHCTEMOH KOM-
MYHHKaIMH, KOTOpas HakJaJAblBaeT OrPaHHYEHHUsS] Ha 06'bEMBI
IIepeBO30K, BLI3LIBACT JOMNOJHHTENbHbIE pacxoasl. [las ydera
NOJOGHBEIX 06CTOSITENLCTB B MaTeMaTHUECKYIO MOJIeNb TPaHC-
MOPTHBIX 3224 BBOJSATCSH Y346l C NPORYCKHOL CROCOOHOCTYIO.

B pmomosHeHHe K BBeJeHHBIM XapaKTEPUCTHKAM y3Jay i
npunuimem uucaa di, ¢; (di — nponyckHas cnocobHOCTb
Y344 i, C; — CTOUMOCTb TPAH3UTA eOURUYHO20 NOTOKQ depe3
ysen i). ¥Ysen { (puc. 1.7, a) c nmpomyckHOH cHOCOGHOCTBIO

Puc 17

yIOOHO TPENCTAaBUTb COCTOAIIMM H3 IBYX y3j0B i, 2 Ges
OTpaHHUEHHUSl IIPONYCKHBIX crnoco6HocTelr  (puc. 1.7, 6).
Homonuurtenvuas ayra (il, i2) umeer mapamerphl d;ip=—=d;,
Ciyp=cC;. MHOXeCTBO AYT, NPOXOAALIUX uepe3 y3esa i, pas-
6uBaercsi Ha ABa noaMHoxectBa [t (i), [=(I), KOTOpBIE TPH-
MUCHIBAIOTCA pasHBIM y3Jjam i2, i'. [lepexox K craHmapTHOH
CETH MMO3BOJISET NMEPEHECTH MPAMOH OMOPHBEIH METOM HA HOBBIH
kKpyr 3anay. KoHeuHBIH pe3ysabTaT HeoOXomuMo chOpMYJIH-
poBaTh B TEPMHHAX UCXOMHOU CETH, COfepKaIell Y3Jbl ¢ Ipo-
OYCKHBIMHU criocoGHoCcTAME. OcTaBUM 3Ty paboTy UHTATENIM
B KauecTBe ynpaxHenus. [ToquepkueM, 4T0O peanusanus nps-
MOT0O OTNOPHOr0 METOJNa Ha CETH CO CIIENHAaJbHOH CTPYKTYpOi
okasbiBaeTcsi 6osee 530 deKTUBHOMN, UeM NMepexol K CTaHIapT-
HOI CeTH C IOCJHeNyIOIMMM IpHMeHeHHeM OOINero MeToxa.

3ameuanue Kax B § 1, oTMeTHM, 4TO BHIIIE U3JIOXKEH JIUIIL OOUH
OMOpPHEIA MeTO[, pellleHHsI CeTeBOH TPaHCNOPTHOM 3afadd, KOTOPHIH MaK-
CHMaJIbHO MPUGJIMKEH K KIAaCCHUeCKOMY METOIY NOTeHIHanoB. B KavecTse
yIpaXXHeHHs YHTATeJNsIM DPeKOMeHAYeTcs IOCTPOHTb MOAHGHKAUHH H3JO0-
JKEHHOTO MeTOLa Ha OCHOBe TeX HAeH, KOTOpEe HCNOMb30BaHE B [4. I,
ra. 1] pas momu¢ukauuii mpsMOro ONMOPHOTO MeTOAa pellleHHs OO6LIeH
3aauy JINHEHHOrO NPOrpaMMHpPOBAHHS.

12. CetH ¢ HEPMKCHPOBAHHLIMH MHTEHCUBHOCTSMHU Yy3J0B.
PaccmoTpuM 3amayy 0 MOTOKE MHHHMAJbHON CTOMMOCTH JUIS
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ceth S={/, U}, WHTeHCHBHOCTH a;, i€/, y3J0B KOTODOil
MOTYT U3MEHSTBLCS B IIpefesax

Qi< d;, iel. (13)

ITotokom x = {xs;, (i, j)=U} HaszoBeM COBOKYIHOCTb
YHCeJN Xij, HA KOTOPHIX [JI HEKOTOPBIX MHTEHCHBHOCTEHN s,
iel, ynosnersopsoomux HepaseHctBaMm (13), BHIIOJHAIOTCH
ycoBHs 6ajlaHca B KaxKJOM y3Je (/] u He HapyIIeHb Ipo-
NYCKHBIE CIIOCOOHOCTH AYT.

Kax u B ciydae OTKDBITHIX MAaTPHYHBIX TPaHCIOPTHBIX
3ajad, nepefieM K 6osee obmell cutyanun. Bynem cuutaTth,

o Qa'f’ o 2.0 o
z;,0 g,

Puc. 18

UYTO B KOHKPETHBIX CJyuasiX IIPEBLIMICHHE HHUZKHErO Iipenaesnaa
lli HJIH HEOOCTH2KEHHE BEpPXHEro Impepenaa a; COIIPSAKEHBI

C JOIIOMIHUTEJIbHBIMH pacxogaMH.

JIONOTHUM HCXOAHYIO CeThb S HCKYCCTBEHHBIM y3ia0M 11,
KOTOPHIA COEMHHM CO BCeMH y3naMu e[ ¢ HeHKCHPOBAH-
HBIMH HHTeHCHBHOCTSIMH. [locjienHue y3nabl cuuTaeMm Ipo-
MEeXYTOYHBIMH, HO BBOAUM JONOJHHTeNbHBEIE OyTH (i, n-+1),
(n+1, i). ITapamerpsl 3THX AYT B 3aBHCHMOCTH OT KOHKpET-
Horo ciayvas 6epyTcs TakuMH, kKak Ha puc. 1.8. 3mecy a;=
=0a;—Q;, C; — JIONIOJIHATENbHbIE PACXOMBl HA €JHHUILY OTKJIO-

HEHHS OT HH2KHEro HJIH BEPXHEro IIpeneJsoB 4, a;.

B uckyccrBenHom yase n-}1 ycnoBue 6anaHca He Hakjaa-
neiBaercs. [103TOMy MOXKHO IOJMOXKHTD Unpi=0.

PekomeHyeTcs, BOCIOJb30BABIIKChH yKa3aHHbIM Iepe-
XOJIOM, IOCTPOHTb aJrOpuTM peueHus 3amaun (3), (13)
¢ HeDUKCHPOBAHHBIMH HHTEHCHBHOCTSIMH M OIIUCATh €ro
B TepMHHAX HCXOIHOI CETH, He MCIIOJIb3Yys HCKYCCTBEHHBIH
y3eul.
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§ 5. MynbTMNOTOK MMHMMAaNbHOM CTOMMOCTH

B peanbHBIX YCJNOBHAX HO CETAM OJHOTHUIHHIX HODPOT
TPAHCIIOPTUPYIOTCS NPOAYKTHl Pa3iIHUHEIX BULOB. Maremaru-
YeCKO# MOMeNbl0 3aJayd MHHHMH3alUMH TPaHCIOPTHBIX H3-
IEepXKeK B YKa3aHHOH CHTYalMH fIBJASETCS 3axaya O MYJbTH-
MOTOKaX (MHOTOHPOLYKTOBBIX IIOTOKaX, HEOXZHOPOIHBIX IIO-
TOKaX) MHHHMAaJbHOH CTOMMOCTH. B manHom mnaparpade
uanaraerca peaynabrar O. M. KocTiokoBofi 1no omnopHomy
METONy peIleHHsi ABYXIPOAYKTOBOH 3anauu. ITepeHeceHue
pe3yJbTaTOB Ha OGIIMI clIyuall OocTaBJseM YHTATEJISM B Ka-
4ecTBe yIpayKHeHHs.

1. INocraHoBka 3anauu. JIgoiicTBenHas 3anauya. OnopHbiii
JIBYXNPOAYKTOBbI moTok. Kaxpomy yany il cetn S=
={/, U} npunucsiBaeM BMECTO OJHOTO YHCJIA BEKTOpP HHTEH-
cuHoctelt a;={a!, a?}. Kaxnmyio ayry (i, j)€U OGymem
XapaKTepHU30BaTh IPOMYCKHOI CHIOCOGHOCTBIO dij U BEKTOPOM
CTOUMOCTH Cij= {c1 2} B nanpnefinieM yno6HO MHOXKeCTBO
nyr us U, HMeIOI.LlHX BEKTOPHYIO CTOHMOCTb, IPEACTaBJAThb
KaK O6’be,U,I/IHeHHe nByx muoxects Ut u U2 B muoxectBo U!
BkmiowaeM nyru (i, j) €U co croumoctsio ¢, 8 U? — co cTon-

MOCTBIO ¢%. [OBOPAT, 4TO Ha CETH 3ajaH JBYXNPOXYKTOBBLA
* J— 2 [ 1 1 2
moroxk ® x = {x4, £, (i, j)EU}, ecin umcma xj; u %,
(nyroBbie OTOKH) YAOBJIETBOPSIOT COOTHOLICHHSM
R —qk
3 4= 3 G=c
jiel; F ) ier; U (1)
x. =0, £ —|—x3].<dij, iel, (i,j)eU, k=1,2.

ij=
3ajgaya MUHUMHBALUHN QYHKIUH
2
> 3 ckxk—min (2)
1] 1)
k=1 (i, )€U
Ha MHOxecTBe TOTOKOB (1) HasblBaeTcss 3ajgauedl O JABYX-

NPOAYKTOBOM TOTOKe MHUHHMAaJbHOM CTOMMOCTH. 3ajaua,
lIBOHCTBeHHaﬂK (1), (2), umeet BUA

Z > alut— 3 dijwi—-max,
k=1 iel (i, Heu
u’;—u’?—wijgc’;%j, w;;=0, (i, neu, k=1, 2.
*) B paspHefiieM IJisi COKPalleHHs 3aNMHMCH CJOBO «ABYXIPOAYKTO-

BEIl» 6yZieM ONycKaTb, MOApasymeBas MOJ MOTOKOM JIBYXIPOAYKTOBBIH
MOTOK.
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Onopoit cetn GyaeM HasHBaThb COBOKYIHOCTh IYT
{Usn, Utn, U*}, e Ubyc Uk, k=1, 2; U*cUsn() Usn=
={(@, j): (i ))*€Usm, (i, j)2.=Ubs}, aas KOTOPO# CHCTEMA

3 di— 3 xhi=0, icl(U), k=1,2, (3)

J S .-
iel; Uoy) J€I; Ugp)

x§j+x2i].=0, (i, )y eU*,
HMeeT TOJbKO TPHBHAJNBHOE pellleHHe, HO HMeeT HeTPHBHAJb-
Hble pelleHHs [/ KaXIOH M3 CJeIYIOLUX COBOKYIHOCTEH:
1) {Uom, Usw, U\ (i, j)}, rae (i, j) — mobasa gyra uz U*;
2) {UcfH U, N4, U, U*}, rme (i, j)*— mio6as ayra, He TpHU-
nagnexamas Uom; 3) {Usw, Usx U (i, /)2 U*}, e (i, j)2—
moGas nyra, He npuHamIexamas Uey.

Ilapa us moToka u omopsl {X, Uom, Uz, U*} — onopuwi
notox. Hdyru (i, j)* Uc?n, k=1, 2, HasoBeM ONOPHHIMH,
OCTaJ/IbHBIe — HEOMOPHEIMH. ONOpHBIH MOTOK CYHTAETCsl He-
BBIPOXKEHHLIM, €CJIH x?,~>0 171sa Bcex (i, j)ke Ugn, k=1, 2;
X xh<di; pas (i, ]')1E(UélI U Ugn)\U* unu aas (i, j)2e
& (Uox U Udn) \U*.

ITycTb MHOXKECTBO Uox COJePKHT /4 He3aBUCHMBIX I[HKJIOB

Ly, ..., L, u MHOXeCTBO UZ; — I, He3aBHCHMbBIX ILHK/IOB
Ly, ..., Liyt1,. (LIUKJIBI HA3BIBAIOTCS HE3ABUCUMbBLMU, ECITH
CpelM HUX HeT LMK/, BCe IYTH KOTOPOTO BXOAST B COCTaB
OCTaJbHBIX UHKJIOB.) COCTaBUM MaTpPHIY

D— 61;(-5, Nt = l, ll-l—lz;
(i, j)sU* ’
rae
1, ecau (i, j) N L= T; (i, j) — npsimas nyra;
8w, 5y, t= {—1, ecnu (i, j) N L+ J; (i, j) — obpaTHas nyra;
0, ecnu (i, j) N Li=4,

t(i, j) — nopsankoBulit HoMep ayru (i, j) B U*.

Ecnu i+l |U*|, T0o nomonHum Matpuuny D HyJsMH
J10 KBaJpaTHOH.

Yucio R=det D HasbiBaercss OeTepMUHAHTOM ONOPbLL

{Usm, Uds, U*}.
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Kputepnii onopnoctu. s TOoro 4ToGbl COBOKYIHOCTb
1 2 o
{Uon, Uon, U*} Gblna omopoit cetu S, HEO6XOAUMO H J0CTa-

3 1 2
touHO, utoObl: 1) [ (Uon) =1, k=1, 2; 2) Uem, Uon 6blH
CBA3HBIMH MHOXecTBaMHu; 3) R+40.

OTMeTHM OIHO CBOHCTBO OMOPHBIX MHOXKECTB. B MHOXKe-

ctBe Utn CYLIECTBYeT [p ILHUKIHYECKHX AyT (0GbeauHeHHe
3THX Ayr 6yneM o603HayaTh yepes U,fmn), He IpHHAMJIexa-
mux U*, Takux, 4T0, yAanus ux u3 Ue, TOTyYUM MAaKCH-
MaJIbHOE JIePEBO Us, k=1, 2. ClleloBaTeIbHO, KaXK 0k nyre

(i, )*& Unaxs MOYHO TIOCTABHTb B COOTBETCTBHE OAHH He3a-
BHCHMBIHA IUKA L, j» onopbl. B manbHefilnem mpexmnosaraer-
csl, YTO B NIOCTPOEHHH MaTpuubl D ydacTBYIOT UMEHHO 3TH
IIUKJBI, T. €.

p—]| 8 a1 (&) EUnma U Ui
(&, ) eU*

Bynem npepnonarate, yto mas ayr (i, j)U* Beimoa-

HAETCS PaBeHCTBO % +X% =dj, TaK KaK B IPOTHBHOM CIy-
o 1 2 P ..

yae MoxHO nepediti K onope {Uon, Uon\ (i, )% U*\ (i, )},

B KOTOPOH YHCJIO 3/1€MEHTOB MeHblle, YeM B HCXOAHOH, IpH-

YeM HeBBIPOXKAEHHOCTb ONMOPHOTO IIaHA COXPaHSETCH.
2. dopmyna npupamenus. Kpurepuum ontHMadabHOCTU

R
u cy6ontumanbHoctH. ITycte {X, Uon, k=1, 2, U*} — omop-
HBIH 10oTOK. Ilo omope HCXOZHOrO MOTOKA A/ KaXJOro ysnia
i€l mocTpouM BEKTOp NOTEHIHAJIOB u;== {ut, uzi}, KOMIIO-

HEHTHI KOTOPOTO YIOBJETBOPSIOT CHCTEME
., Rk ; .
uf—u’]?—c’;j=0, (i, ) €Uo\U*, k=1, 2;

1yl — 2 2 2 P *
ul —ut —cl =ui —uk —c%, (i, ))yeU*.

(4)

Uro6el pewnTh cuctemy (4), Haitmem Bektop *) o= {aij,
(i, )eU*}: a=(D1)'p,rne p=A{ps, . . ., Pu+i},

kR kR
pi= X Ci{— > Cij,
@, j)ELy, (2, ))ELy,
(%, j) — obpaTHasa gyra (¢, j) — OpsAMasd gyra

*) B yacTHHIX Cayyasix pelieHue cucrembl Da==p nomyuaeTcss TpH-
BHaJbHO, ITO-BHAMMOMY, €CTb INIPaBHJIO, MO3BOJfAIOLIEe JIETKO MNOJYYHTh
peleHte u B 06meM cayyae.
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. { 1, ecan 1<<i<<ly;
2, ecant L+1<<t<li--b.

Briyucnum c’;]—c“ G, ) eU*; E?J.:c’;j-{—ocij, (i, HeU,
k=1, 2. Tenepb BeKTOpHl NOTEHUHANOB U;, (], Jerko Hafi-
OyTCSl C IIOMOLIBIO IePeBbeB UJ';' H 4YHCel E’;]., k=1, 2, xak
B KJIaCCHYECKOM MeTOJle TNIOTEHIHaJIOB.

Jnsg KaxIod IYyTH BBUHCAHM BEKTOP OLEHOK Ajj=

={Ad, Aig}:
A=ub—ut—ct (i, )eU, k=1, 2.
ITo anasoruu ¢ n. 5 § 4 serko moayuuth ¢dopmyJay npHpa-

IIEeHHUsA CTOUMOCTH IIOTOKA
2

3 3 A=

k=1 (i, U
2
=— JayAr4A2)— 3 3 AGAL ()
%, HeU* h=1

h
(i, JHEUR\ Ugy

I/ICHOJ'II:ByFI COOTHOLIEHHUSA ILBOfICTBEHHOCTH, MO2KHO O0Ka3aTb
caenyroiuiee HepaBeHCTBO:

2 2
S 3 - 3 3 <, (6)
k=1 (i, eU k=1 (i, j)€U

rmae

p=— 23 2 Aw xu

(1 )l h=1,
max{A“, Afj, 0}=0

1.1 )3 R
— (2) (Asjxij+ A (xi—ds5) ) s
1]
max{A”, ,-25, 0}=A:'j>0

k=12, =1, 2,
X0 — onTUMAaJ/IbHBIH MOTOK.
W3 nepaBenctsa (6) u dopmyasl mpupamienua (5) cie-
LyIOT
Kputepuu onTHMaJdbHOCTH W CYyOONTUMAJBHOCTH. YCIlO-
BHSl a) Ha HeHACHIIEHHBHIX Ayrax (xiij—|—x§j<d,-,-):

A% <O mpu ¥k =0; Aj;=0 nmpu ¥.>0,  (7)
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6) Ha HaCLIIEHHBIX Ayrax (xij—l—xzij:dij):
1 2
Ai;=A;;=0 npu x1ij>0, xzij>0;
1 2 .1 8
A=Az, Ai;=0 npu xi.].:dij, x§j=0 (8)
JIOCTATOYHbI, & B CJyyYae HEBBIPOXKAEHHOCTH M HEOOXOMHMBI
JLJIS1 ONITUMAJIbHOCTH OIIOPHOTO MOTOKA.
Ecau
p<e, ©)
IOTOK X SIBJISIETCSI €-ONTHUMAJbHBIM. [lJisi KaXX[O0ro €-OmTH-

1 2 "
MaJsbHoro noroka cymectsyet onopa {Uon, Uon, U*} Takas,

1 2 "
yro ans onopHoro moroka {¥, Uon, Uon, U*} BhIMOMHAETCS
HepaBeHCTBO (9).
3. Yayuwenue mnotoka. IlycTb [aasi ONMOPHOrO IOTOKA

1 2 *

{x, Uon, Uon, U*} npuBeneHHBIE KPUTEPHH HE BBIIOJNHSIOTCS.
Ilpuctynum x yayuineHuio moroxa. Ma cucrembl (4) BuIHO,
YTO KPHTEPUH ONTHUMA/JbHOCTH BBINOJNHSETCS M AyT H3

(Uén U Uﬁn)\U*. ITycts (i, j) — HeHacolenHas ayra. Ecau
nisi (i, j)* He BomosHsoTcs ycaoBust (7), TO MoMeuaeM

R

uynciio Az Eciu ycnoBusi (8) He BHIOJIHAIOTCS I/ HACHI-
° P 1 2

menno#t ayru (i, j), To mnomeuaeM uyuciao Aj—Aj; npu
1 2 R 1 2 R

max{Aij, Aij}> 0 u uncno Aj; npu max{A.;, As;} <0, x3;70,

k=1, 2. Ilyctb cpeau MNOMeUYeHHBIX UHCEJ MaKCHMaJbHOe

0 MOAyJi0 Haxomutcs Ha ayre (io, jo). DTO MOKeT OBHITH

Rk 1 2
yKea0 BUAA Aiyj, HIM YUCIO BUAA Aggjo—Adpjo-
PaccmoTpuM ciyuail, KOrjia MakKCHMaJjbHOe II0 MOALYJIO

YUCJO UMEET BHI Aiiojo.

ITycts (fo, jo) € U*. Halinem umcia {y?j, (i, j)heUcf‘u,
k=1, 2, Yirir}, AOBIETBOPSIONHE cHCTeME (3), 3aTHCaHHOI
OTHOCHUTEJbHO MHOXKECTB {U(}HU (o, jo)1, Uz, U*}, u ycio-

. 1
BHIO y%o,-o=51gr1 Aiyj.- PelllaeM NOJyUEeHHYIO CHCTEMY CJIENYIO-
muM o6pasoM. PaccMOTpUM HMKJI Lo, COCTABJIEHHbIH U3 He-

o .. 1
omopHo# ayru (io, jo)! 1 myr nepena Up. [Tomoxum

1, ecan (i, j)'eL, n HampaBJeHus AyT
(&, N1, (o, jo)! coBmagaoT;
aij=1{ —I1, ecan (i, j)'Lo u HanpaBJeHus YT
(i, )4, (fo, jo)* He coBIAnaIOT;
0, ecau (i, j)* € Lo,
(i, ) eU*.
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W3 cucrembl
Dy=a, (10)
. 1 PR o
rae a={—a;; sign As;j,, (i, j)=U*}, onnosnauno nafizercs

R PR 1 2 R
BeKTOp Y= {Yij, (!, )*E UnmmenUmmen}. OcTanbuee uncna yi;
JIETKO HaHIyTcs U3 ycJaoBui 6ananca. HoBEIH MOTOK CTpouM
B BUJIE

_k R B, R
Xi5=x1;-+0%s;, (i, )reUo, k=1, 2;
-1 1 1
xio]'o=xio]'0+@0yiojo:
-k R .. h—Uh
-x’i]'=x’l:]', (’” ]) = om, k=1’ 2,
(i7 ])h# (io, ]0) Ly
roe O — MakcHMaJabHO JMONYCTUMBIM IHar, HaHIeHHBIH IO

CTaHZapTHHIM IIpaBU/aaM (B HEBBIPOXKAEHHOM caydae ©0>0).
W3 dopmyssl (5) BHAHO, UTO NpPH MEPEXOHE X—>X CTOMMOCTD

1
[I0TOKA YMEHBUIHIACh HA BeTHUHHY OO | Ajyj, |-

[Tycts O° nocturaercst Ha onopHO# ayre (i4, j«) 7= (io, jo).
OmnopHble MHOXKECTBA MEHSIIOTCS IO CJeLyIOIeMy IpaBHJY.
Iyry (io, jo)! BBOmMM B MHOXKecTBO Uom. Ha myre (is, ja)
BO3MOXKHEI CHTYalluu: 1) JIyroBo# IOTOK X¥i,j, CTas HyJEBbIM;
2) myra (i, j«) crama HacelmeHHOH ((I4, j+) EU*).

Ianee mocrynaem Tak:

_k N R
a) ecnu Xi,;,=0, (i, j+)EU* u3 Uon
BBIBOLUM AYTY (isy i)™,
_k . . " 1 2 5
6) ecau ¥i,;,=0, (i, j.)=U*, u3 Uon, Uon, U*
BBIBOJIMM COOTBETCTBEHHO AYTH (i, j«)i,
(Lr J2)% (B )5

-1 -2 . . h
B) ecnu ¥ij,+X4,5,=dij,, (i, j«)*EUon,
k=1, 2, nyry (i., j.) BBOguM B MHOxKecTBO U*;

(11)

-1 -2 PR ——r7l
l") €CJIHu Xi*j*-l—xl'*j*':di*j*, (L*, ]*)1EU0H,

(is, j2) 2= Uy, 0yry (is, j+)? BHIBOLHM
U3 OIOPBL.

[Tycte Tenepdb (b, jo) =U*. Hafinem uucaa {yfj, i, Hhe
sUk, k=1, 2}, yrosretBopsomue cucreme (3), samucas-
HOH OTHOCHTEJ/IbHO MHOXKECTB {Uoin, Uag, U*\ (io, jo)}, 1 ycao-
BHIO yz'lojo'l—y'izojo:—l. KomnoseHThl BeKkTOpa ¢ OHpereNHM
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caegytomum obpasom: oi; =0, (i,7) =U*\ (o, jo), Xigje=—1.
Ws cucremsr (10) maimem Bektop y= {y%, (i, Hre

1 2 R
& Unusr U Umusar} . OcTadIbHBIE Y3 JIETKO HAXOMATCS M3 yCJIO-
Busi 6anaHca. HoBbHIH ONMOPHEIN OTOK CTPOUM B BHIE

~h k 3 PR B
¥ij=xi;-+0%si;, (i, j)*&Uon,
-k kR . oNp—7r7hR
¥ij=xij, (i,])*&EUon, k=1, 2,
rae 00 — makcumaJdbHo gomyctuMblil war. M3 dopmyanr (5)

BHIHO, YTO IIpH Nepexoae K HOBOMY OINOPHOMY IIOTOKY CTOH-

MOCTb YMeHbIaeTCsl Ha BeIHUYHHy OO0 |A§oj°|. ITyctp mar @°
nocruraercs Ha Aayre (i., j.) 7= (io, jo). MeHsieM OIOpHEIE
MHOXKecTBa: Ayry (io, jo) BHIBOMHM M3 MHOXectBa U¥*; c ny-
ro#l (i., j») moctynaem corsacHo npasuay (11).
PaccMoTpuM Temepb cayyad, Korgja MaKCHMaJbHOE IO

MOJYJIIO YHCJIO HMeEEeT- BUL Ailojo—Afo,-o. Halimem umcna {y?j,
(i, j)eU(lfn, y?ojo, k=1, 2}, ynosnerBopsomue cucreme (3),
3alHCAaHHON [JS1 MHOKECTB {UZ'HU (i, jo)®B, k=1, 2;
U* U (io, fO)}, 1 yCJIOBHIO y%ojo=5ign (Aiiojo_A%Ojo)' Hucna y‘}:]
MOKHO TIpPEICTaBHTb B BHAE CYMMbI YHCEJ y?ja)—l—y?j@), rae
(i, (i, )€U, k=1, 2; ylosow} — pemenne cuctemsr (3),
3aMUCAHHON IJIS MHOXKECTB {UgnU (To, jo)4, Uz, U*}, mpu
YCTOBHH  Yhyjoty=51gN (Adoio — Adoio) 3 {Uii, (i, 7)* & Uln,
k=1, 2; yizojo(z)} — pelieHue cucteMbl (3), 3amHCaHHON 1714
MHOKECTB {Uén, U U (io, jo)2, U*}, npu ycmoBuu yizo,-o(z)=

. 1 2 o
=—sign (Aiyjo—Aisjo) . [10OCTpOEHHE PEUIEHHH TAKHX CHCTEM
paccmaTtpuBasoch Bhiute. HOBBIH MOTOK CTPOHM B BHIE

Ziy=xi;40%%, (i, )*€Ud U (io, jo)*;
=i, (i, N E U U (io, jo)k, k=1, 2,

rae ©0 — makcuMmadabHbil mar. M3 ¢gopmyasl (5) BHIHO, YTO
CTOMMOCTh IIOTOKA X MeHblIe CTOMMOCTH IIOTOKA X Ha BeJsH-

yuny 60 lAgojo'—Agojol. [Tycts war pocruraercs Ha Jayre
(ix, j+) 5= (io, jo). HoByio omopy ctpouMm ciexyromum oGpa-
som. B wmuoxectBa Uon, Uon, U* BBORLMM IyTH (io, Jo)1,
(i, jo)2, (io, jo) coorBercTBeHHO. C myroit (i., j.) mOCTynaem
corstacHo npasuay (11).
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Ocranach HepaccMOTpeHHO# curtyauus, xoraa (io, jo) =
= (i, j+). Ecnn BumosmHsiercst ycaosue (o, jo) = (L4, ju),
omopa MeHfeTCs CJAeAYIOUHUM 06pasoMm:

a) ecn FigjytXiojo <diajus (i0, jo)?&Usm, (io, jo) *E Uon,
Kiojo—Finjo="0i0joy BBOXUM IYTY (io, jo)! B mHOXKectBO Upp,
ayry (lo, jo) — B U*;

6) e KigjotXioio<dioio, (i, jo)2=Uem, (io, jo)*EUon,
J??oj(,:o, nyry (fo, jo)? BBHIBOMHM U3 MHOXKECTBA U, oyTy
(i0, jo) % BBOLEM B Usg;

B) ecau (io, jo) =U*, J_C'Z;jo=0, BeIBOLUM IyTy (io, jo)® U3
MHoxkecTBa Uy, oyry (io, jo) — us U¥,;

r) B OCTAJbHBIX CJIydYasiX OMOpa He MEHSeTcs.

Bo Bcex pacCMOTpPEHHBIX CHTyalUsiX HOBBIH OMOpPHBIH IMO-

TOK GyIeT HEBBIPOXKIEHHBIM, ecii nyra (i., j.) OIpeneH-
Jlachb OJJHO3HAYHO.

§ 6. MoTOK MMHMMANEHOH CTOMMOCTM HA MYTNLTMCETH

3mech HccaefyeTcss MaTeMaTHuecKas MOIENb 3amayd
0 MHHHMaJBbHBIX 3aTpaTax Ha NMEepPeBO3KYy OMHOTO IPOLYKTa
IO CETH C MOMOIIbIO HECKOJBKUX THUIIOB TPAHCHOpPTA.

1. IlocraHoBka 3amayu. JBoiicTBeHHas 3agaya. OnopHblii
norox. Ilycte B oTnnuue oT § 4—5 HekoTOphle NMaphl y3JOB
i, j&I coenvHeHb IByMs U 60jiee OPHEHTHPOBAHHBIMH IyTa-
mu (6, DY, ..., )™ G, DY ..., (4, )y m=m(, j).
I=1(i, j). COBOKyIIHOCTb AYyT, y KOTOPHIX OJHH H3 Y3JIOB i, |
SIBJISIETCS] HayajJoM, a JIPYrod — KOHIIOM, Ha30BEM MYyAbTH-
Oyeoil (i, j) wmexnpy ysnamu i, j. Ilyctb U — MHOXecTBO
MyJBbTHIYT, OmpeneneHHblx Ha yaiaax [. Tlapa S={/, U}
Ha3bIBaeTCd MYyAbTucervro. Kaxkaeli ysen [ MyJbTHCETH
XapaKTepU3YeTCs HHTEHCUBHOCTBIO @;, Kaxas nyra (i, j)k—
MIPOMYCKHOH CIOCOOHOCTBIO d‘;.'j H CTOMMOCTBIO ij. [Toroxkom

Ha MyJbTHCETH HAa3BIBAETCS COBOKYMHOCTh uHced X= {x%,
(i, ))k= U}, Ha KOTOPOH BHIIOJNHSIOTCS COOTHOLIEHHS

B B —(.
DI 2 H=a
i, BEI*A) i, keI~ (%)
o<t <dv, iel, (i, )reU.

(1)

3nece I+(i)={j, k: (i, )*€U}, I-(i)={j, k: (j, i)*<U}.
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3ajaueit 0 OTOKEe MUHHMAJIbHON CTOMMOCTH HAa MYJbTH-
CEeTH Ha30BeM 3aJauy MHHUMHU3AIUH
> Clz?j x?j_*mm (2)
(i, el
Ha notokax (1).
®ynkuusa Jlarpanxka nis sagauun (1), (2) umeer Bup

Fr,y,w)= 3 kot +

i, Hreu
+ 3y (3 A 3 d—a)+
ier j, REeI*(4) j, ReI" (1)
+ 3w (v —dh).

(i, JreU
Hcnonb3oBas Teopemy Kyna — Takkepa, mosayuum 3amauy,
IBOHCTBEHHYIO K (1), (2):
— i k
> aiyi— 3 wijdij—>max,
iel (i, HreU

yimyirtt ol >0, wh >0, 4 jel; (, )rev. O

Ha ontumanpHOM NOTOKE M peleHuu 3agauu (3) BBIIOJ-
HSIIOTCSL YCJIOBHS NOTIOJHSIOIEH HEXECTKOCTH

xk (yi—y+ ok, +ck)=0;
(xh —dk ) =0, (i, ))reU

U COOTHOIIIEHHE JBOUCTBEHHOCTH

> c’;] ’;‘J——Z’aly, > w’;jd;‘j.

(i, PreU el (i, et

Coxpanum onpenesnenne onopbl Son= {/, Uon}, BBEICHHOE
B § 4, u HasoBeM ee onopoil mysvruceru. Tlapa {x, Sou} U3
IIOTOKA U ONOPH! CEeTH Ha3blBaeTcs ONOPHLIM IoTokoM. Omop-
HBIA IOTOK CUMTAETCS HEBBIPOXKJEHHBIM, €CJH €ro ONOpHLIE
IYTH HE SIBISIOTCS KPUTHUECKHMHU: 0<xh <dk (i, H*=Uon.

2. IMoteHuuaJ bl y3J0B, OUEHKH AYT. tbopmy.na npupaie-
HUs croumocTd mortoka. [lycts {X, Sou} — OMOpHBIH NOTOK
na myasrucetn S={I, U}. [loTernyuaranu y3.108 Ha3bBaIOT-
csl yKcaa g, i/, KoTOpble YAOBIETBOPSIOT yPaBHEHHAM

ui—uz=ct (i, j)*&Uon,
H CpelH KOTOPHIX OIHO YHC/IO PAaBHO HYJO: Ui, ==0.
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[To moreHuMasaM y3JIOB IOACUHTAEM OYEHKU HEONOp-
HbLX OYye

R PR
Aij =ui—uj—c’;fj, (L, ])kEUH.

IIycts ¥ — mpyroit notox Ha MyJabTuceTd. HeTpymHo mo-
KasaTb (cM. § 4), 4To mpupaIeHue CTOMMOCTH NIPH Iepexoje
OT IIOTOKA X K NIOTOKY X¥=x-+Ax paBHO

R
B Ayh —— E AR
> ciiji]. = > AxijAl,. 4)
(i, jrev (i, jhely
3. Kpurepuii ontumanpHocTH. JloctaTtouHoe ycaoBue cyo-
ontumajnbHocTH. ITycth Ha onopHoM nortoke {X, Son} BBEINOJ-
HAIOTCHA COOTHOIIEHUSA

Af; <O mpn x5 =0; Al =0 npu xh=di; (5)
A§j=0 IpH O<X?j <dff’ (i )FeUn

W3 popmynnl npupamenus (4) ciaemyer, 4TO CTOHMOCTH IIO-
TOKAa He YMeHbLIAETCs TIPH JI060M mepexojie x—-X.

Ecin {X, Son} — HEBEIDOXKAEHHBIH ONTUMAJbHEIH ONOP-
HBIH TIOTOK, TO M3 YCJOBHH IOMOJHSIOMEN HEXKECTKOCTH H
orpaHMYeHHH [BOHCTBEHHOH 3ajmaudu (3) cieLyeT CYIIECTBO-
BaHHE IOTEHIHAJOB U;, I&], Ha KOTOPHIX BHIIOJHSAIOTCS CO-
otHourenus (5). Takum o6pasom, cripaBemauBa

Teopema. CootHowrenusi (5) mocTaTOuYHB, a B cJaydae
HEBBIPOXKIEHHOCTH H HEOOXOIMMBI AJIsl ONTHMAJIbHOCTH ONOp-
HOT'0 IOTOKA Ha MYJbTHCETH.

[Iycte Ha omopHOM mOTOKe {X, Sou} cooTHOLIeHHs (D)
He BuIMoJHSAIOTCS. [TomcunTaem uncio

e=— 3 Aljxij+ 3 Al (a5 —xi;).
Al <o AG;>0
Ilo anasoruu c § 4, 5 HeTpyAHO MOKa3aTh, YTO MOTOK X SBJISA-
eTcsl €-ONTHMAJNbHBIM.
4. Ynyumenue mnoroka. PaccMOTpHM OIODHBIH INOTOK
{*, Son}, Ha KOTOpOM cooTHOmIeHHs (5) He BHINOMHSIOTCH.

k
Cpenu oneHok A;j, KOTOpble HE YIOBJETBOPSIOT COOTHOLIE-

. R
uusam (5), HalgeM OLEHKY Agj, C HauGOJBIIEM MOLYJEM.
C nomompbio HeomopHo#t Ayru (io, jo)* W Ayr omopbl Som
coctaBuM UMKJ. LIMKaI MOXKeT OBITb JBYX THIOB: a) MaJbli
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LMK/, KOIAa B MyJabTHAyre (lo, jo) HMeeTcs omopHas Ayra;
6) GoJabLIOH LHKJ, KOrjJa MyabTHAyra (io, jo) HE COMEPXKUT
onopHeix ayr. Ilo mukay mnpomyctum (lo, jo)*e-uUpPKyIALHIO
pu Aﬁjo>0 u (fo, fo) e-IUPKYJIALUIO TIPH A?‘fjo<0 C MakcH-
MaJIbHO JONyCTHMbIM 3HaueHueM 0°. OTMeTuM YTy (i, j«)*s,
KOTOpasi CTajJa KPHTHUYECKOH IPH HAJIOXKEHHU LHPKYJISILUH.
HoBhift TOTOK Xuos MOJIyUaeTCS M3 CTaporo 1I0CJIe HAJIOXKEHHUSI
nocTpoeHHO# UUPKyAAmuu. IIpu (i, j.)*»= (i, jo)** omopa
He MeHsieTcsl. LEcim (t,,,] )Rez= (fo, jo)®o, TO u3 OMOPH Son
yanamum ayry (e, j«)® #, no6aBuB ayry (o, jo)*, mosyuum
HOBYIO OIIOpY. CToHMOCTb TIOTOKA 3a HUTEPALHUIO X—>Xuos

R,
yMeHbIIaeTcs Ha Beauuuny 00 |Azj,|.

Fnasa |l
JABOWCTBEHHbIA ONMOPHbLIA METO[

Ilesns maHHOM TJ1aBHl — IIEPEHECTH IBOHCTBEHHHBIH OIOP-
HbIH MeTOx [u. 1] Ha TpaHCIOPTHHIE 3afayu JHHEHHOTO IIpo-
rpaMMHPOBaHHA.

§ 1. MaTpuuHasa TpaHcnopTHas 3agava

Cienys cxeMe IIOCTPOEHHSI JBOHCTBEHHOIO OIIOPHOTO
MeToma AJd OOIled 3ajavyd JMHEHHOro IPOrpaMMHDPOBaHHS
[u. 1, rai. 11, § 2], B manHOM maparpade KOHKPETH3HUPYIOTCS
omepanuy yKasaHHOIO METORA C YYeTOM CIelH(pHKH TpaHC-
[IOPTHOH 3a7auu.

1. MMocranoBka 3ajnayu. OnNopHBIE KOMJIaH NepeBO3OK.
Paccmorpum TpaHcmopTHylo 3agauy (§ 1 ru. I)

n
> Z,' CijX—>-min, Z’x”_al, Z,’xl,_b,, M
i=1 j=1 j= =

0<<xyi<<dij, i=1,n, j=1,m

CocraBum nmBoficTBeHHyIO K (1) 3amauy. asa sToro BBeaeM
¢yHxuuio Jlarpanxa

F(x,y, w)= é’i g cijXij+ Eiyi (jZ,’:ixij—ai)-i-

m n n m
-1 .21yn+f (271 xi;—b;)+ ‘21 321 wij (xi;—dsj).
j= i= i=1 j=
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CoraacHo teopeMme Kyna — Takkepa [MO], mas onTuMais-
HOTO IJIaHA MepeBO30K X HaHeTcss Takas COBOKYIHOCTb

uncen {y), k=1, n+m; @, i=1,n, j=1,m}, aro pynxuus
F(x, y, ) YyIOBJETBOPSeT HepaBeHCTBAM (YCIOBHE CeJJIO-

BOCTH)
F(x° y, w) <<F (x9, y°, w) <<F (x, y°, w°) 2)

npu Bcex x=0, w =0, y. OTcrona JIerko noJyyuThb, YTO BeK-
top {y°, @°} ABJISIeTCS pellieHHeM 3aTauu

m n m
—_ Z]iazyl 21 bjyn+j— Zi 21 wijdij-—>max,
1= i=1 j=

Yityniitcitwi; =0, wi; =0, i=1,n, j=1,m,
KOTOpas HasblBaeTCs NBOMCTBEHHO! 3apmaveil k 3amaue (1).
Ilo Tpamuuuu B TEOPUH MaTPUYHBIX TPAHCTIOPTHBIX 3a/a4
BMECTO NepeMeHHHIX Yp, k=1, n4m, ucmoanayorcs nepe-

MeHHBIE Ui, Uj: Ui=—Yi, i=1,1;, Uj=—Yntj, j=1,m.
B HOBBIX IepeMeHHBIX JBOMCTBEHHAS 3a/1a4a HMEeT BHI

Z’ a;ui+ Z bjv;— Zn ﬁ’ d;jw;—>max,
= i=1 =1 (3)

uitv—wi<cyy, wi;=0, i=1,n, j=1,m.

U3 HepaBeHCTB (2), KpOMe TOTO, CJIELYIOT YCJIOBHS IOIOJ-
HAIoUEe! HeXeCTKOCTH
0, (U508 —w! —¢i5) =0, ©l, (x5,—ds;) =0,

i =TT )

3

b
U COOTHOLUEHHE ﬂ,BOﬁCTBeHHOCTI/I
n m n m n m
S o= Xau, + b — X 3 diw). (5)
i=1 j=1 i=1 j=1 i=1 j=1

HsoticTaennoim naarom nepeso3ox GyneM HashlBaTb COBO-

KyImHOCTb uyucen {ui, v; wij, i=1,n, j=1, m}, ynoserBo-
PSIONIYIO0 OTPaHHYEHHSIM 3afaun (3).
C KaXIblM IBOHCTBEHHBIM IJIaHOM MOXHO CBfI3aTh COBO-

KymHocTb ynces 8= {§i;, i=1,n, j=1,m}:

Sij=ui4-v;—cij, (6)
57



KOTOPYI0O Ha30BeM Konaaxom (nepesozox) 3samaun (1).
B manbHefineM mpeamoJsiaraercs, 4TO 3JeMeHT ©@ JBoHCTBEH-
HOTO IIJIaHa CO2AQCO8AH C KOIJIaHOM O:

wi;=0 mpu 6;;<<0; w;;=28;; mpu 8:;>0. 7)

Ecau 3TH cOOTHOIIEHHS He BBINOJHSIOTCS, TO, COXPAHHB KO-
IJIaH, MOXHO H3MEHEeHHeM KOMIIOHEHTH @;; HOOHUTbCS yBe-
JIMYeHHS IleseBOH (YHKLUHHU ABOMCTBEHHON 3aMauH.

Tabaruya 11.1

5 B, --- &
a,lc P a,.lc

P T R A R ]

1 ; ! { at

A ﬁzdrcﬂ ol Com| ﬁzfzichz_m_

: 1 099 | a,

| | |

A z_iﬂilrcyl_, 25l 2| | amiCan|

| 0| On) Onm| @,
5 8 - 6

Llenr nanHoro naparpada He oriuuaercs oT ueaud § 1
ri. I: HyXHO IIOCTPOHTb ONTHMAJbBHBIH IJIaH IIEPEBO3OK.
OrnnuarTcsi UCXonHble npeanochliku: B § 1 ra. I cumranca
M3BECTHBIM HauyaJ/bHBIH IIJIaH IepeBO30K, Tenepb GyleM CUu-
TaTb M3BECTHLHIM HAaYaJ/bHbIH NBOHCTBEHHBIH IJaH (HJH, YTO
TO K€ caMoe, HauaJbHBIN KomaaH). B cBs3u ¢ aTuM oTiu-
YaIOTCS M METOABl JHocTHXKeHHs nenau: B § 1 ru. I ontumasns-
HBIH TJIaH IIePEeBO30K IIOJYYeH C IIOMOIIbIO II0CJIeN0BaTe/b-
HOTO MpeoOpasoBaHUs IIJIAHOB IEepeBO30K (IPSMOH MeTOxm),
3llech [l TOCTPOEHHUS] ONTHMAJbHOIO INIaHA IEPEeBO30K
HCIIOB3YIOTCS MOCJAeNnoBaTe/bHbEIE Tpeo6pa3oBaHusl BOMUCT-
BEHHBIX MJIAHOB (IBOMCTBEHHBIH METOX).

[TonsiTvie OMOPHI COXPAHSETCS TAKUM XK€, KAKMM OHO OBLIO
BeegseHo B § 1 ra. I: omopoit Ion 3anaun (1) aBnsierca 6asuc-
HOE MHOXECTBO KJIETOK TpPaHCIOPTHOH TabJunbl (B Hero
BXOMHUT XOTs Obl OIHA KJIeTKa M3 KaxKIOH CTPOKH H H3 KaXK-
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moro croabua TabJauLbl, OHO COAEPKUT N-+m—1 KIeTox,
He 00pa3yIomux LUKIA).

Onpenenenne. Ilapy {5, /on} M3 KOmIaHA U OMOPLI
3agaun (1) HasoBeM onopubim Konaarnom (nepesosok).

KowmmnonenTs 835, (i, j) &/on, KONIaHA U3 OMOPHBIX KJIETOK
Ha3bIBaIOTCA onopHuimu Konepegoskamu. OcrajbHble KOMIIO-
HeHTH 83, (i, j) &la,— Heonoprosle Konepesosku. ONOPHBIH
KOIIIaH Ha3bIBAETCS HeBbLPONCOEHHbIM, €CIU €r0 HEOMOPHbIE
KOIIepPeBO3KH OTJIMYHBL OT HYJIS.

Hcxonnele naHHbIe TpaHCIOPTHOH 3anaun (1) ¢ omopHBIM
kornaHoM {8, lon} 3aHOCHM B TPaAHCIOPTHYIO TaGJIHIY
(ta6a. I1.1), B xoTopo# mas ymoGCcTBAa H3JIOMKEHHS METOma
OTNOpPHBIE KONEPeBO3KH OGBOJHM KPYKKaMH.

3ameuanune. B kjaccHueckom aHajore ABOHCTBEHHOTO CHMILJEKC-
MeTona IJis TPAHCIOPTHOH 3ajJayd paccMaTPHBAIOTCH TOJBKO Oa3ucHbie
KONnAGHbL, § KOTOPBIX BCE OMOPHBEIE KOMIOHEHTHl DAaBHHI HYJIO.

2. IlceBnonnaH nepeBo3ok. Ilpupamenue ABOHCTBEHHOH
ueseBoii pyHkuuu. ITo onopromy komnany {8, Jox} mocTpoum
ncegdonian nepego3ok w={ni;, i=1,n, j=1, m}. Heonop-
Hble TICEBIOTIEPEBO3KH I0JIOXKUM paBHBIMU

%:;=0, ecnu 8;;<<0; ()

%nij=d;j;, ecnu 8:;;=>0, (i, j) =!Iz

OnopHoele TiceBRONEPEBO3KU %ij, (I, j) Elon, HAlLYTCA OLHO-
3HAYHO W3 yCJIOBUH GasaHca Mo CTPOKaM M CTOJAGIAaM TPaHC-
HOPTHOH TabJHIHL:

wii=ai— X %ij
() HETog(d) (G, DeT6)
., = . T 9
2 wij=bj— X wy, i=1ln, j=1,m. ®)
(5, )€ Toy G, hery

3nech Ton (i), [on — MHOKECTBO ONOPHLIX KJIETOK B i-If CTPOKE
H j-M cTtonbue Tabaunel. [IycTh HeonmopHbIE ICEBAONEPEBO3KH
3aHeCeHbl B TPAHCIOPTHYIO TabJHIly. BhluncieHHe OMOpPHBIX
IICeBIONEPEeBO30K HAUMHAIOT C TeX CTPOKU MJIM cToJOLa Ta6-
JIMIE], KOTOPble COJep:KaT eJHHCTBEHHYIO ONOPHYIO KJETKY
(B Helt KomepeBo3Ka o6BefieHa KPYXKKoM). M3 €BOICTB OnOpH!
C/IelryeT, YTO TaKHe CTPOKA HJH CTOJOEI] BCerna CymecTByOT
H eC/IH YKa3aHHYIO OIOPHYIO KJIETKY yNaJuTb, TO B OCTaB-
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ireMcsi MHOXKECTBE KJIETOK OISTh HaWIeTcs CTPOKa HJH CTOJ-
6ell ¢ eIMHCTBEHHOH ONOPHOH KJIETKOH.

Uepes nm 1maroB Bce ICEBIONEPEBO3KH OYIYT BBIYHC-
jgeHsl. OHH pasMmelamTcs N0 KIETKaM TPaHCIOPTHOH Tab-
JHULB, 3aHMMas B KaXJOH W3 HHUX JIEBYI0 HHKHIOI YacTb
(B mpsIMOM ONIOPHOM METOLE TaM HAaXOIWJIHCH IIEPEBO3KH).

Hapsny ¢ nBoficTBEHHBIM IJIaHOM {U, U, W} U COOTBET-
CTBYIOIIUM €My ONMOPHBIM KomaHoM {6, Jon} paccmaTpuBaeMm
IBOMCTBEHHBIN TwiaH {d, 0, @}, d=u-+Au, T=v+4Av,
@W=w-}+Aw, u coorBeTcTBylomuil komnan §=>8-A8, cuuras

BEKTOp @ cornacoBaHHBIM ¢ BekTopoM 8§ (7). Briumcanm
npupalleHye NBONCTBEHHON 1leeBOH (QYHKLIUU

n m n m
= 3 aibduit 3 bidvi— 3 3 Awiids;.
=1 =t =1

j=1

C yuerem (6), (7), (9) nonyuum

a=Zn'Aui( 2 wit X wi)+

=t (i, HET,500) G, Helql)
+ 2 Av; (3wt X %u)"' Z 2 dijAWsj=
(G, HeTon G, derty =t
n m
= 3 wiiAdi+ X wiiAby— 3 3 dijAwg;.
(i DEIy (i, eIy i=1 j=1

Mockoasky 1) npu 6:;;>0, 5i5>0, (i, j)=la, umeem
%ij=dij, Awi,-=A6,~j; 2) Ipu 6ij<0, SE,-<0, (i, j)E]H,
umeeM xi;=0, Aw;;=0; 3) npu 6;;>>0, 8:;<<0, (i, 1) =M
uMeeM xij=dij, Awi;=—0i;; 4) mpH 8:;;=<<0, 6:;>0,
(i, j) =l umeem %i;=0, Aw-[j=51jj, TO TpHpalleHue ABOH-
CTBEHHOH 11es1eBOH QYHKIHH

o= 2 (wijA8;—dijAws;)+

(i, €Iy
+ X dyby— X diby (10)
8,50, 8;;<0, 8,;<0, 5;;>0,
G, ey G, )=Ia

3. Kpurepuii ontumManbHocTH. JlocTaTouHoe ycioBue cy0-
onTUMaJbHOCTH. [IycTh ONMOpHBLIE NCEBIOMNEPEBO3KH, MOCTPO-
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eHHEIE TI0 ONOPHOMY KOIIaHy {8, /on}, yIOBIETBOPSIOT CO-
OTHOIIEHUSIM

%i;=0 npu 8;;<C0; wi;=di; npu 8;;>>0;
0<<i;<<dij mpu 8:5=0, (i, j) Elon.

(11)
Bmecre ¢ caotHomenusamu (8), (9) 310 03Hauaer, 4TO ¥ —
aH nepeBo3oK. IlockosbKy 3HaueHHe MNpPSIMOI IeJEBOH
¢ynknuu (1) Ha niaHe % U 3HAUEHHe JBOMCTBEHHOM IeeBOH
byrkuun (3) Ha IBOMCTBEHHOM IiaHe {U, W} COBNALAOT:

n m n m

> 2 Cipij= 3 ) (Uitvi—815) wij=
=1 j

=1 j=1 i=1 j=

n m m n
= 2 Ui 2wt 205 3 i
=

i=1 j=1 =1 6

> 8idsi=
i]'>0

n m n m
= 2 aiui—|— 1_21 bj'Uj— Z’ Z dijwij,

i=1 =1 j=1

TO % — ONTHMAJIbHBIH IIJIaH IIEPEBO30K.

ITycte {8, /on} — HEBBIPOXKIEHHBI ONTHMAJbHBLIN OIOP-
Hbll KomsaH. Torpa mo teopeme msoiictBennoctd [MO] cy-
IIeCTByeT ONTMMAaJbHBIA IJIaH MepeBo30K ¥. 13 HeBBIPOXK-
JeHHOCTH KOIlIaHA M YCJOBHH [OIOJHSIOMIEN HEXECTKOCTH
(4) cnenyloT COOTHOLIEHHS AJIS HEONOPHBIX KOMIIOHEHT Xij
nana nepeBo3ok x. CoorHomenus (11) mnas x cyTb cuen-
CTBHS YCJOBHH [IONOJHAWINEH HeXecTKOCTH (4) H orpaHu-
YeHHI TPaHCIOPTHOH 3amaun (1).

Taxum o6pasomM, cipaBeinnBa

Teopema. Coornomenuss (11) mocraTouHwl, a B ciyuae
HEBBIPOXKIEHHOCTH M HEOGXOMMMBI IJI51 ONTHMaJ/IbHOCTH OIOP-
Horo komnaHa {6, [on}. IlceBmomnan mepeBo3oK %, COOTBET-
CTBYIOLMI YKa3aHHOMY onopHOMY KomaaHy {6, Jon}, ABIAET-
Csl ONTHMAJIbHBIM IJIAaHOM IIepEBO30K.

[TpoBepka KpHUTepHs ONTHMAaJbHOCTH JIETKO OCyIIecT-
BJsieTCS Ha TpaHCmopTHOM Tabauune. B mycrble uacrtu
HEOMOPHBIX KJIETOK (KOIEPEeBO3KH He OOBeIEeHBl KPY2KKOM)
3aHOCHM IICEBIONEPEBO3KH %ij, BHIUHCJIEHHBIE COIJIACHO CO-
ornomenusam (8). 3aTeM mo mnpaBuaaM II. 2 3alOJHSIEM
OIIOpHBIE KJIETKH. B KaxI0# ONOpHOH KJIeTKe 1o uuciaaM dij,
%ij, 0i; mpoBepsifoTcs cooTHoueHus (11).
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3ameuanne. OnTHMAILHBIL IUIAH MEpPEBO30K BCErZa OKA3BIBAETCS
6a3UCHbLM: Y HETO HEOTODHBIE NEPEBOSKH NPHHAMAIOT TOJBKO I'paHHUHBIE
3HaveHust (0 mam di;). OGmumit caydaii ONOPHOTO HyaHa MEpeBO3OK GYLET
paccMoTpeH B L. V.

Paccmorpum omopueiii xomnan {8, /og}. ITyctb omopHele
KOMIIOHEHTBI IICEBJIONIAHA % YJOBJIETBOPSIOT NPSIMbIM Orpa-
HUYEHHUAM TPAaHCIOPTHOH 3ajgauu (1), T. e. » ABasgercs mia-
HOM nepeBo3ok. [Toxcunraem uucio

g=— > 8ijnii+ > 8ij (dij—nis).

6,;<0, @, =TI,y 8,;>0,"% Helyy

[Tokaxem, 4TO % — e-ONTHMAJbHBIH IJIaH IEPEBO3OK.
Hcnonbsosas onpenenenne (6), (7), cootHomenus (8), (9)
H TEOPHIO ABOHCTBEHHOCTH, HETPYAHO YOENUTHCS B CNIpaBe]-
JIUBOCTH IPe06pasoBaHuil

Ms

E=— _2 61j%ij—l—62>0(3ijdij=
= ij

i=1 j=1

(uit-vi—cij) nij+ Zi 21: dijwij=
=

n

i=1 j

n n m

m
nij— 2 vj 2 nij+ Z; 21' Cijnij+
i=1 j=

j=1 =1

Ms s

n
=_2u‘i

i=1 J

I
LS

n m n m n m
+ 2 Xdywi=— 3 aiui——J%’ bijvi+ éi Jgif’ dijwii+

i=1 =1 i=1

n m n m 0 n m
+ 2 X cipui=— X X cixit X 2 Cijkij,
i=1 j=1 =1 j=1 =1 j=1
H3 KOTOPHIX CJIENYeT yTBEpPKIEHHE 06 &-ONTHMAJNbHOCTH.

[ToHsATHO, YTO MpOBEpKaA IICEBJAOIJIAHA % HA &-ONTHMAJb-
HOCTb IIPOBOJUTCS IIO CXeMe IIPOBEPKH €ero Ha ONTHMAaJb-
HOCTb.

4. YnyumeHue komjpaHa nepeBo3ok. [lyctb {8, /on} —
OTIOPHBIH KOMJIAH IIepeBO30K, Ha KOTOPOM cooTHoueHus (11)
He BBINOMHSAIOTCA. M3 dopmyner mpupamenus (10) BuaHo,
YTO JBA TIOCJHEIHUX BBIPAXKEHHUS He BO3HHUKAIOT, €CJIH KOILIaH
{8, Ion} — HeBBIDOXKJEHHBLIH H ero Bo3aMyiueHHe AS mocra-
TouHo Majo. Mccaenyem cHauana MMEHHO 3TOT CJayyaH.

[Iyetb 6:;<<0, (i, j) =lon. CooTHowenus (11) He BHIOJ-
HAOTCS, eCty %:;7=0. ITpu maneix Bosmymenusax Adi; umeem
8:;=0:;-A8:;<<0. CnenoBatesbHo, w;;==0, @;;=0, Aw;;=0
" oe=%x;;A8;j, T. €. %ij — CKOPOCTb H3MEHEeHHUs JBOHCTBEHHOH
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neJseBoll QYHKUMH B TOUKe § NPH M3MEHEHHM eIWHCTBEHHON
OIIOPHOH KOMIIOHEHTHI ¢ HOMepoM (i, f).

[Tyctb 8:;>>0, (i, j) &lon. CooTHOmEenuss (11) He BBIIOM-
HSIOTCH, eCJIH %ij7=di;. TIpn Maneix Bosmymenuax Ad;
umeeM 8:;>0, wi;=08ij, @Wi=0s, Aw;=A8;; u o=
= (%i;—di;) A8i;, T. e. yKazaHHas BblIE CKOPOCTb paBHA
Mij—dij.

IMycrs 8:;=0, (i, j)&Ion. CootHomenus (11) He BBLIIOJ-
HAoTes npH %< [0, dy;]. [pu manbix Ad;; umeem 8;;>>0,
Aw;;=A8;;, ecau Ad;;>0; 8:;<<0, Aw;;=0, eciu Ad;;<<0.
CootBercTBeHHO o= (%s;—di;) A8s; mpu A8;;=>0; ce=mui;A8;;
npu Ad;;<<0.

Takum ob6pasom, npu 8;;=0, x;;>>d;; cKOPOCTb yBesaHUE-
HHSl JBOUCTBEHHOH IleseBOil GYHKUMH paBHA %ij—d;j, a MPU
8:;=0, %:;;<<0 paBHA —%x3;.

caydae BBIPOXKIEeHHOro komiana {8, [on} H3MeHeHHe
ONOPHOH KOIIEPEBO3KHM MOXKET BHI3BATH H3MeEHEHHe HYJIEeBOH
HEeOIIOpHOH KOIlepeBO3KH TakK, uTo B ¢dopmysae (10) mosiBurcs
OJIHO U3 JIBYX IIOCJEeIHHX BbIPAXKEHHUI. DTO MOBJAHUSET HA CKO-
pocTb M3MEHeHHs [BOHCTBeHHOH neseBoi (yHkuuu. Taxoi
CIy4ay HCCIeqyeTcsl HUXKeE.

Cuaenys xJaccH4eCKOMY IPOTOTHUITY H3J1aTaeMOTO METOMA,
6yneM Ha KaXXIOH HTepallld U3MEeHSTh 3HAYEHHS eIHHCTBEH-
HOI ONOpHOM KomepeBo3KH. [IepBEIf 3/1eMeHT MpUHIKMIA J0-
NYCTHMBIX HAIPaBJEHUH COCTOUT B TOM, UTO BEIOMpaeTcs Ta
nepeBo3ka O, IPH H3MEHEHUHM KOTOPOH MABOUCTBEHHAS
neseBas QYHKIHS YBEIHUUBAETCA C HAUOOJbIIEH CKOPOCTHIO
|0°]. Tlpensiayiye BBHIYHCAEHHS NPUBOAAT K CJEIYIONIUM
onepanusaM. B omopHbx kiaetkax (I, j) &lon, B KOTOPHIX He
BBIMIOJIHAIOTCSA cooTHOMmEHHs (11), oTMeuaeM YHCIO %4, €CIH
8:j<<0 mam 8;;=0, x;;<<0, U 4nciao %;;—ds; ecan 8;>0
i 8;;=0, %;;>d;;. O603naunm uepe3 o 1 (io, jo) OTMEUEH-
HOE YHCJIO ¢ MAKCHMAaJbHEIM MOLYJEM H KJIETKY, B KOTOPOH
OHO Haxomutcs. [[BolicTBeHHas ILeseBas (PYHKIHS BO3pac-
TaeT co CKOPOCThIO |w?|, eciu Ab;y ;=0 sign o, 0=0.

BTopoft snemeHT NpuUHIMIA NONYCTHMBIX HampaBJ/eHHH
COCTOHT B TOM, UTO IIAr ¢ YBEJIHUHUBAETCS OO TeX IOp, NOKa
BO3pacTaeT IBOHCTBeHHAs IlejeBas (YHKIMA M He Hapy-
nIalTcs OrpaHUuYeHHs] ABOMCTBEHHOH 3amaud. IloCKOJMBKY
BEIGOPOM KOMIIOHEHTHl @ IBONCTBEHHOrO mJiaHa {y, @} Bcer-
Jla MOXHO MOGUTLCS BLITIOJTHEHHS OrPaHUYCHHH, TO NPH BLI-
YHCJIEHHH MAaKCHMAaJbHO HOMyCcTHMOro mara ol 6yaeM yuu-
THIBaTh TOJIBKO BO3pacTaHWe NBONCTBEHHOH IeaeBOH (QYHK-
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nuu. O603HaYUM 4epe3 0;; MaKCHUMaJ/bHO JOMYCTUMBIH LIAT o,
KOTOPBIH IONYyCKaeTCs KOMIOHEHTO! 8;; KOIIaHa.

Haunem c onopHo#l knetku (fo, jo). TlockoabKy Abigjo=
=0 sign % 1o mpHu 8455,=>0, ©°<<0 MU 8;,5,<<0, ®°>0 g5
mara la’iojol KOIePeBO3Ka Oiqjo =015+ Abiyjo paBHa HYJIO.
JlanbHefiee n3MeHeHHE KOMIOHEHTH! 85,5, BEIIET K yBeJHUe-
HHIO JIBOHCTBEHHOH Ie/eBOH (YHKUMH, €CHH %iyj,<<0 npH
8i0jo=>0 HIH %igjo > igjo MPH Oi,5,<<0. Takum 06pasom,

{ laiojol, €can 0<%io]'o<d‘iojo;
™ | oo — B OCTaJIbHBEIX CAYYASAX.

(12)

ITepefinem k HeomopHo# kiaetke (i, j)&=Ils. VsmeHeHue
OMOPHOH KOIEepeBO3KH 83,j, BHI3LIBAET H3MEHEHHE YaCTH He-
OTIOPHBIX KOIMEPEBO30K. 3aBHCHUMOCTb MeXnay Ad;; u Adij,
JIETKO HAHTH, €CJH BCIOMHHTb CBA3b MEXIY TPaHCIOPTHOH
3anauell u obmel 3amavedl JHHEHAHOrO MPOrpaMMHUPOBAHHUSA
[MO]. Onst xretku (i, j) CTPOUM LUKJ C IE€PBBIM TOPH30H-
TaJbHbBIM 3BeHOM. Ecim kieTka (io, jo) He BOLLIA B LMK,
T0 A8;;=0 mpu J06bIX A8s,5, (KIeTKa He momeuaercs). Ecau
kineTka (io, jo) OKasasach Ha KOHIlE TOPH30HTANBHOTO 3BeHa
uukiaa, To Ad;;=A~Ab4y;, (ycnoBHo: K1eTKa (I, j) MOJOKUTEND-
Ha, moMeuaeTcs 3HAKOM «-»). B ciayuae, Korma KJjeTka
(fo, jo) HaxXomUTCA Ha KOHIle BePTHKAJbHOTO 3BeHa IMKIA,
nMeeM Ad;j=—A8s;, (xnetka (i, j) oTpHuaTesbHa, IOMe-
yaeTcs 3HAKOM «—>).

PaccmoTpiM cHauaja MOJOXHTENbHYIO KaeTky (i, f).
[Tyctb 8:;=0. [Ipn @°<<0 B popmye npupamenusa (10) nsa
IIOC/IeHHX BHIPAXKEHHsl PABHEI HYJIIO H 03TOMY KaeTka (i, f)
He HaKJaJblBaeT OTpaHHYEHHH Ha BEJIMUMHY IIara: g;;==o0o.
[Ipy @°>0 CcKOpPOCTb H3MeHEHHS IBOHCTBEHHOH ILleJeBOH
¢&yukuu, cornacHo (10), paBHa

(%iojo—d15) ABigso, €CTH B8i0jo<T0, %i0jo=>0;
= (“iojo_diojo_dij)Aaiojo’ ecnn Oip50 =0,
Higjo = Liojo-
Takum o6pasom, npu §;;=0 B IOJOXKHUTEJbHOH KJETKe
nosiyyaeTcs CJIeAyiollee OrpaHHYeHHe Ha IIar II0 KJeTKe

(i, 7):

0, ecitd %ipjo—di;<<0 TPH 8iy50<<0, Higjo=>0;

0, eClt %ipjo—0iojo—di;<<0 1mpH 8305 =0,  (13)
Mioio>d’ioio;

00 — B OCTaJIbHBEIX CJyYasx.

Gij=
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Paccmotpum oTpunartensHyo kietky ¢ 8;;=0. [Ipu @®>0
B (opmyne (10) cmpaBa ocTaeTcs TONBKO IIEPBOE BhIpaKe-
HHE, T. €. KJIeTka (I, j) He Hak/JagbpIBaeT OTPaHHUEHUH HA
BeJIMUMHY 1mara: o4;=o00. [1Ipu ©°<<0 u3 (10) nosyuum

(%10.70+d1.7)A610]0, eca 85, <O,
Wlo]o<0
o=
(%i0jo—Ciojodij) ABigjo, eCiE 8y50>>0,

Riojo—iojo<< 0
OTciona 15l oTpUIaTebHON KiIeTku ¢ §;;=0 caenyer

0, eco %ipjo+di5=0 npu ;55 <0,
%1.0]0<0’
0= 0, ecmu %igjo—dizjo+-di; =0 npu 8i05,=>0, (14)
%io.io—diojo<0;
00 — B OCTaJIbHBIX CJydyasaX.

Munumanproe u3 uucena (12)—(14) o6o3Hauum uepes
01, j,r

OrpaHnueHHsl Ha HIar II0 HEONOPHHBIM KJeTKaM ¢ 8;;5=0
1 2
CKJaAbIBAIOTCA M3 JBYX CJaraeMblX 0i;=0;;-407;. CHauaza

o 1
HalileM BeJHUHHYy IIara O;j, IPU KOTOPOM KOIIepeBO3Ka CTa-
HOBHTCSl HYJIEBOH:

0ij, ecnu §;;>0 u 3HaKu y @°
H KJIETKH (i, ) pas/nuHH;
o —8:j, ecant 8;;<<0 n 3HaKH y @° (15)
U KJIeTKH (I, ) OXHHAKOBBI;

00 — B OCTaJbHBIX CiydasX.

MuHuMaIbHOE U3 YHCEeN Giiij‘ (15) samaer mMaxcCHMaJIbHO
JONYCTHMBIH Inar ¢! mepBoro 3tama yJydYIleHHs HEBBIPOXK-
IeHHoro KomaHa. [Tocne Hero KomepeBo3ka B KieTke (i1, ji)
CTAHOBHTCSI PaBHOH HyJ0. BelumcauMm (CM. BBIIE) MaKCH-
MaJIbHO MONYCTHMBIH IIar O;,j, AJIS nonyquHoro BBEIPOXK-

JeHHOTo KomnaHa. OGO3HauHM ero yepes o2=o,j,. Eciu
ol4-02=o00, TO TpAHCMOPTHAS 3a/Jaya He HMeEeT MJAHOB IIe-
peBo3ok. Ilpu o'-o02<Coo penaem mar BeJHYHHB o!4-02
KOTOPBIH TNPHBOIUT K HOBOMY KOIIAHY Ouos. IIpH (is, j:) =
= (o, jo) omopa ue meHnsiercs. Ecau (is, j+) 7= (io, jo), TO H3
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onopsl Jox ynanum KaAeTky (io, jo), 106aBUM KAETKY (is, j+),
YTO IPUBOJHUT K HOBOH ONOPE [rop KONJIAHA Sgos.

5. IlocTpoenre HayaJbHOro OMOPHOro Komaana. Crenu-
¢uka sanau JUHEHAHOTO NMPOTPAMMHPOBAHHUS C IBYXCTOPOH-
HUMHY OTPAHHUYEHHSMH COCTOMT B TOM, 4TO IOCTPOEHHE JBOH-
CTBEHHOTO IIaHa MJIsi HUX He COCTaBJfeT Tpyxa. Tak, mjs
TPAHCMOPTHOH 3ajayu J106as COBOKYNHOCTb YHCEN U, Uj,

i=1,n, j=1,m, 3anaer KBONCTBeHHbI} MIaH {U, v, w}, ecan

Tabaruya 11.2

| I 7]
I 28 hz 1
5@ 1 18|10l 26|10
71021 |3,5][807)

0 l-8 2110|0178 ,@)0

0 147| 5 [(@)] 45

IIOJIOXKHUTDH (!Z)ij=0’ IIpu ui—l—v,-gcij; wij=ui—|—v,~——ci]- npu
u;+v;>>c;;. [losToMy AJ MOCTPOGHUS HAYaJBHOTO OMOPHOTO
KOIIaHa IIepeBO30K AOCTATOYHO yKa3aTb HayaslbHYIO OMOpY.
Omna moxer ObITh BeI6paHa cayyaiiHo. Bosee nesmecoo6pasen
METOJ[ MOCTPOEHHS ONOPHl C YUETOM PEKOMEHJALHMH CIelHa-

auctoB. [lpemmosaraercs, uTo HauajdbHBlE Ui, Uj, i=1l,n,

j=1,m, 1 COOTBETCTBYIOIIHE HM KOIEPEBO3KH OTPAKAIOT
OIIBIT ¥ HHTYHUIIMIO CIIEIIHAJIUCTOB, KOTOPhIe B CBOMX PEKOMEH-
Haluax HCXONAT M3 (HU3UYECKOTO CMBbICJA IBOHCTBEHHBIX
nepemernblx [4u. 1, ror. VII]. Cpemu xomepeBOo30K MOTyT
oka3aTbcs GoJiee HaleXHble W MeHee HaJIeXHBIE OIEHKH.
Ecnu 8;;=0, 3T0 03HayaeT, YTO, 10 MHEHHIO CIIELIMAJIHUCTOB,
B ONTHMaJbHOM IUIaHE NEPEBO30K KOMIIOHEHTA X HEKDHTH-
ueckast: 0<<x9,<dy;. Ilpn 8:;;7~0 Benuumna |d:;| xapakre-
pPH3YeT CTemeHb CYIIECTBEHHOCTH C TOYKHM 3DeHHS MHHH-
MaJIbHBIX TPAHCIOPTHBIX M3JePKeK HHXKHeH TpaHHUB! (IIpH
8:;;<<0) u BepxHeil rpanuubl (npu §;;=>0) orpaHnueHus Ha
IIepeBO3KY X;j. B omopy BKiIOuYaloTCs B IEPBYI0 Ouepelb
KJIETKH ¢ HauGoJsiee HaleXHBIMH oleHKaMHd. HenanexHele
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OLI€HKH (Sij 3aMEeHSATCA APYTHMH, NOJYUYEHHBIMH IIOCJE II0-
CTPOECHHSA OIIOPHI.

6. INMpumep. PellnM ABOHCTBEHHBIM ONOPHBIM METOLOM TPAHCIHOPTHYIO
3ajauy C HCXOLHBIMH HaHHBIMH H3 Taba. 112, Ilycty ui=—1, us=-—1,
uz3=0, v,=3, vy=12, v3=>5, v,=8. ITofcunTaHHBe NIO 3THM HaHHBIM
KONepeBO3KH M ICEBAONEPeBO3KH IoMelleHnl B Ty e Tta6a. I1.2. Kpu-
TEpUIO0 ONTHMAJBHOCTH He YLOBJIETBOPsIOT Kaetku (1, 1), w11=—3, (I, 3),
ne—diz=2, (3, 1), %s1—ds1=3. Cuenosarempuo, ©°=ux; j,=x11=
=—3<C0. Ilometum HeomopHble KJeTKH (CM. I. 4). YMeHbUIHM KoOIepe-
BO3KYy B KieTke (1, 1) 10 mosiBIeHHS HYJeBBIX HEONOPHBIX KOIepPeBO3OK.
ITpu 0°=1 oHa nosiBHTCH B KieTke (i« j+) = (2, 3). Ilepecuer Ta6m. I11.2
NPHBOAHT K ONTHMAaJbHOMY IJIaHY IepeBO30K: x13=0, Xia=1, x13=7,
X1a=2, X231 =0, X22=2, X23=3, X24=0, x31=05, x32=232, x33=0, x3.=38.

§ 2. CereBas TpaHcnopTHas 3agaua

B nanHom maparpade cxema moCTpOeHUS ABOHCTBEHHOTO
omopHoro Mertozxa [4. 1] peanusyercss ass 3afaud O MOTOKE
MHHHMAaJbHOM CTOHMOCTH.

1. MocraHoBka 3anaud. Onopubiit Konorok. Ha cern S=
={/, U} paccmoTpuM 3a1auy o MOTOKE MUHHMAaJbHOH CTOHU-
moctd (§4 ra. I):

Z’ ci,-xij—>min, Z Xii— 2 Xji=0a,
@, HeU JEI() jer (@ (1)
iel, 0<<x;<dij, (i, j)eU.

CocraBuMm ABoiicTBeHHYyI0 3amauy. Pynkuus Jlarpanxka
samauu (1) umeer Bux [MO]

Fly, w)= 23 cixij+ X yi ( X xii— 3 xj—ai)+
(1, HEU eI JEI*() eIl (1)

S wij(xi—dij).

(@, HEU

Bocnosb3oBasmuck Teopemoit Kyna — Takkepa, mnoay-
UMM JBOHCTBEHHYIO 3aJauy

— 2 aiyi— 3 dijwi—max,
iel (i, Heu (2)

Yi—yitwi=—ciy, 0i;=0, i, jel, (i, )eU,

H yCJIOBHSA JOTIOJIHSIOIIEH HEXECTKOCTH (Ha pemeHusax 3angaud

(1), (2))
X35 (Yi—yi+witci;) =0, wij(xi5—di;) =0, (i, )eU. (3)
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Cnenyss TpanuuusM, BBefeM HOBble IepeMeHHble (IOTeH-
UHaJbl) U;=—1yY;, i</. B HOBHIX IepeMeHHLIX IBOHCTBEHHAS
3ajaya UMeeT BUJ

2 aili— 3 dijwi—>max,
ier i, Heu 4

ui—Uu;—w;<< ey, wi=0, I, jel, (i, j)eU.

Hsotictsennbin naanom 3apaun (1) Ha30BeM COBOKYyI-
HocTh umcen {u;, wsj, i</, (i, j)EU}, ynosaerBopsIomux
orpaHuueHuaM 3amaun (4). Kaxjaomy IBoACTBEHHOMY IIaHy
TIOCTaBUM B COOTBETCTBHE KOnorToxk 3amaun (1)

8=1{8s;, (i, )€U}, dij=ui—u;—cy;

)4 6y,£leM CUHUTATh, YTO KOMIIOHEHTA W MBOHCTBEHHOIrO IJaHa
YOOBJETBOPACT COOTHOUIEHHUAM

wi;=0, ecan 0;;<C0; w;;=2§;; ecau 6;;>0, (5)

KOTOpble HeoOXOLHMMO BHINOJHAIOTCA [JIS OINTHMAJbHOIO
IBOHCTBEHHOIO IJIaHA, MO0 IpH HX HapyUIEHHH MOXKHO,
yMeHbIIasi COOTBETCTBYIOUIHE KOMIIOHEHTHl W;j, AOGHUTBCS
yBeJHUeHHs [BOHCTBEHHOH liesneBoll GyHKIUKN (4).

Kak u B § 4 ra. I, B nannom mnaparpade HeoGXOIHMO
HOCTPOHTb ONTHMAJbHBLIH IIOTOK B 3amaHHoil cetd S. Bymem
CYHTATh, YTO K HayaJly IpoLecca pellleHus H3BECTEH He II0-
Tox mo cetd (cMm. § 4 ra. I), a KomoTok (WM, YTO TO XKe
caMoe, IBOHCTBEHHHBIH IJIaH 3ajmauu). TpeGyeTcs MOCTPOUTH
TaKOH a/JropuT™M IpeoOpasoBaHHs KONOTOKOB (OTCIOfA Ha-
3BaHUE «IBOHUCTBEHHBIH METOJ»), KOTODBLIH uUepe3 KOHEUHOe
YHCIO HTEepPalHil NPUBOLUT K ONTHMAJBHOMY HJIH CYGONTH-
MaJbHOMY NMOTOKY. OCHOBHBIM 3JIEMEHTOM IpPe0Gpa3oBaHUS
KONOTOKOB B [JaHHOM Iaparpade cayxut onopa cetu. [lons-
THE OTOPbl Son COXPAHALTCS TAKHM XKe, Kak B § 4 ru. 1.

Onpenenenue. Ilapa {8, Sou} U3 KONOTOKA U ONOPHI
CETH HA3BIBAETCS ONOPHbIM KONOTOKOM.

KommonenTsl kKomotoka §;; o onopHeIM ayram (i, j) EUox
HA3HIBAIOT OnOpHbiMu Oyzosbimu KonoTokamu. QcTajbHBIE
koMmoHeHTH 835, (i, j) =Us,— Heonopubie IyroBble KOIO-
tokd. Komortok {8, Son} HasblBaeTcs BbipONCOEHHbIM, €CTH
CPEeZIH ero HeONMOPHBIX AYTOBBIX KOIIOTOKOB HMEIOTCS HYJIEBHIE.

HcxonHele mauuble 3amaun (1) mpu pelreHHH ABOHCTBEH-
HBIM ONMOPHBIM MeTOAOM moMemaioTcs Ha ceTd. OmnopHble
Iyru H306paxKaroTci MKUPHOH JHHHe#d. KOMIOHeHTH KOmo-
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TOKa 8;; IoOMeIanTes nox ayraMu (i, j) Ha MecTo OUEHOK Aj;
npsmoro onopHoro Meroga (cm. § 4 ru. I).

2, MceBnonotok. [lpupaueHue nBOHCTBEHHOH 1eJeBOH
dyukuun. Ilyctb {8, Son} — HEKOTODBIA OMOPHBIA KOMOTOK.
[Toctpoum 1o Hemy ncesdonotok x= {nij, (i, j)U}.
Heonopuble [yroBele NICEBAONOTOKH %ij, (i, j) & Us, MOMOKHM
paBHBIMHU

ni;==0, ecin 8:;<<0; nij=dsj, ecnn 8:>0, (i, j)&Un. (6)

Onopnubie nyrosble NMCEBIAONOTOKH %ij, (i, j) EUon, HalimyTcs
OIHO3HAYHO M3 yCJOBHH 6asnaHca Ha y3jaX ONOpbl (CeTH):

2 nii— 3 wii=
jer, I (@),
@, )€U,y @, §)EUoy
=a— 2 wit 3 o, i€l (7)
JEIND), J€T (),
@, )€U, @ §)=Ug

BhluniciieHre ONOPHBIX [AYTOBHIX IICEBIONOTOKOB HAYHHAIOT
C BUCSYEH AyTH OIOPHI.

JlyroBrle ICEBIONOTOKH ¥ IIOMeNmal0Tcs IMoj ILyrod Ha
MECTO JYTOBHIX IIOTOKOB B IIPSIMOM ONOPHOM Metoze (cM. § 4
. I).

Hapsny ¢ onmopubIM KonoTokoM {8, Sox} paccMoTpHM Ko-
notok 6=0-+A8, nNOpoXKIeHHH! MABOHCTBEHHHIM IJIaHOM
{#, @}, d=u+Au, @=w-+Aw, rie BeKTOp @ corJacoBaH
(cm. (B)) c komoTokoM §. Brrumcaum mpupalieHHe HesaeBOH
GyHKOMH KOmoToKa (IesneBoH (YHKIMM NBOHCTBEHHOH 3a-
Jlaun)

o= 2’ aiAu‘i— 2 dijAWij.

el i, Heu

C yueroMm ycaoBHit GanaHca (7) u paBeHcTBa Adij=Au;—Au;
HOJNTyYUM

a= 3 Au; ( 3 wiy— 3 wp)— X difAwij=

= jeIt(s) jer () (i, HeU
= 3 %ijAdi— 3 dijAws;.
@, DU @ e

M3 moCTpOEeHHs] HEOMOPHBIX AYTOBHIX IICEBIOIOTOKOB (6) u
cootnomenuit (5) mia Kaxnuoi Heonopuo# ayru (i, j)&Us

cmenyer, uto 1) ecau §:;;=>0, 8:;>0, T0 nij=dsj, Awi;=NAb;;
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2) ecan 6;;<<0, 6” <0, 10 %:;=0, Aw;;=0; 3) ecan 61,>0
6” <0, T0 %ij=dy;, Awi;;=—30;;; 4) ecnn 6;<<0, 6ij>0,
TO %i;==0, Awijz'gij.

[Tostomy ¢opmyna npupalienus LeneBoH (GYHKIHH KO-
NIOTOKA NPHHHMAET BUJ

2 %iiA8s+

(&, )€Uy

+ X dydy— X didy (8)
8;;>0, 6,;<<0, 8;;<<0, 8;;>0,
(i, )<V (i, )=y

3. Kpurepuii ontumanbHocTH. JlocTaTouyHoe ycioBue cy6-
ONTHMAaNbHOCTH. JlycThb ONOpHBIE AYrOBBIE IICEBIONOTOKH,
II0 ONOPHOMY KONOTOKY {8, Son}, YAOBIETBOPSIIOT COOTHOLIE-
HUSM

%i;=0 npu 8:;;<<0; nij=d;; npu 8;;>>0; ©)
0<<wij<<dij mpu 8:;=0, (i, j)&Uon,

KoTopble ¢ yyetoM (6) 03HayaloT, 4TO % — HOTOK. ONTHMa/b-

HOCTb 3TOr0 IIOTOKAa CJeLyeT M3 PaBeHCTBA 3HAUEHHH Iiele-

BhHIX (ynkuuit npsamo#t (1) u mBofcrBeHHo#t (4) samau Ha

% u0:
S Cippig= 2 (Ui ij—845)nij=

i, j)EU i, HEU

= X ui (2 nij— 2 %n)_‘ 2 613 =

ier JETHE) T (3)

= 2 a;u;— E d,-jwi,-.

ierl 4, Heu

ITyctb Temepb & — HEBBIPOXKIEHHBIH ONTHMAJbHBIH KO-
notok. Ilo TeopeMe NBOACTBEHHOCTH CYLIECTBYET peEIIeHHE X
3agaun (1) u mapa x, {¢, w} ymOBJIETBOPSIET YCJIOBHAM [I0-
noJiHAIOIIel HexecTKoCTH (3). HerpynHo nokasatb, 4To IpH
STHX YCJIOBUAX Ha ICEBJIONOTOKE %=X, IOCTPOCHHOM II0 BEK-
Topy 6, BEIMOJHSIOTCS cooTHouenus: (6), (9). Takum obpa-
30M, CIpaBelJiuBa

Teopema. Coornomenus (9) mocraToyHb, a B ciydae
HEBBIPOXKIEHHOCTH M HEO6XOIUMEI AJI5 ONTHMAaJbHOCTH OIOP-
HOoro Komotoka {6, Som}. I[IceBIOMOTOK, COOTBETCTBYIOIIH
ONTHMAaJbHOMY KOMOTOKY {8, Son}, SIBASETCS ONTHMAaJbHBIM
IOTOKOM IO CeTH S.
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[TpoBepka KpUTEpHsI ONTHMANLHOCTH CBOLUTCS K CpaBHe-
HHIO YHCeJ %ij, dij, 8i; IS KaXK 0¥ ONOPHOM IyTH.

Paccmorpum onopubifi KomoTok {8, Som}, y KOTOPOTO
ONIOpHBIE AYTOBHIE IICEBAOIOTOKH YIOBJIETBOPSIOT IIPSMBIM
orpaHuueHuaM 3anauu (1)

0<<ui;<<dij, (i, j)€Uon.

B coBoxynHoctu c cootHomeHusamu (6), (7) sto o3mauaer,
9yTo0 % — NMoTOK B cetu S. IlofcuntaeM I/ HEro 4HCIO

e=— 3 O+ X 8i(dij—ni).
8;;<<0 6;;=0,
(%, )€U (i, )€U,y

ITo cxeme npexnbiayniero naparpada HeTPyIHO II0Ka3aTh, YTO
% SIBJISETCS €-ONTHMAJbHBIM MOTOKOM.

4. YayyweHnue xonotoka. ITycrs {8, Son} — omopHsiit Ko-
IIOTOK, Ha KOTOPOM COOTHOIIeHUsT (9) He BBIIOJHSIOTCS.
Jlerko mpoBepuTb, 4YTO B HEBBIPOXKAEHHOM CJydyae BCerma
Halimercsi Bapuauus AS KomnaHa, BeAylllasi K YBEJHUYEHHIO
JBOMCTBEHHOH LieJIeBOH QYHKIHH.

ITycers 6:5<<0, (i, j) &Uon. CootHomenust (9) He BBIIOJ-

HsiloTCH, ecaM %4;7<0. Ilpn wmaneix Ad;; umeem 68:;<<0,
Aw;;=0 1 oo=x;;A8;j, T. €. %;; — CKOPOCTb H3MEHEHHS B TOU-
Ke 0 IBOHCTBEHHOH LeneBoH (QYHKUUM NPH HU3MEHEHUH eIHH-
CTBEHHOH KOMIOHeHTH §;;. AHamnornuno npu 8:;=>0, (i, j) =
EUon, nMeeM %ij:,édij, Awij=A61’,~ H o= (%ij_dij)AGij.
ITyetb 8:5=0, (i, j) =Uon. CooTHOmEeHHUsT (9) HE BHINONHAIOT-
ca npu %5, [0, dij]. W3 (8) momyuaem o= (xij—di;) Ads;
npu A8;;>0; a=1uxi;A8;; npu Ad;;<<O0.

U3 3TuX BBIYHCIEHHH CJeLyeT NPaBHJIO BHIGOpa ONMOPHOH
KOMIIOHEHTH 0i,j,, H3MEHEeHHE KOTOPOH BeAeT K YBeJIHUYEHHIO
IBOHCTBEHHOH LleseBOHM (DYHKUMH ¢ HaunGoJblIeH CKOPOCTBIO.
Ha omopHHEIX Iyrax, Ha KOTOPBIX He BBINOJHSAIOTCS COOTHO-
nrenuss (9), OTMETHM 4YHCIO %, ecau 8;;<<0 mam 8:;;=0,
%<0, U 4HCI0 %ij—dyj, ecnn 8;;=>0 uan 8;;=0, %i;>d;;.
ITycTs MakcHUMasbHOE 110 MOLYJIIO OTMEeYeHHOe YHCJ/I0 0 IpH-
Hagexut ayre (i, jo). OTciona caenyet, uTo NIpH Abiyjo=
=0 sign @ ¢>>0, aBoiicTBeHHas neJeBasd GYHKLHUSA BO3pac-
TaeT CO CKOPOCThIO |w?|.

Bynem yBeawunsats ¢. B npejbiayieM naparpade BH-
YHCJIEH MaKCHMaJbHO AONYCTHMBIH IIar, IpH KOTOPOM 3Ha-
YyeHHe JBONCTBEHHOH LeseBOH (QYHKIHUM YBEJHUYHBAETCH. DTH
BHIYHCJIEHHSI MOXKHO- IIOBTOPHUTb M IJIsi CETeBOH 3ajayd.
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Onnako Ha#imeMm mar o, KOTOPHIH BO3MOXHO H He Gymer
MaKCHMaJ/IbHBIM, HO TPeOYyeT MEHBIINX BBIYHCIECHHUI.
OrpaHnueHye Ha IIaT, KOTOPOe HaJjaraercs OMOPHOM Xy-
roft, ocraBuM npexHuM (cM. (12), § 1):
|6iojol: €CJIn ngiojogdiojo; (10)
107" | oo — B OCTaJIbHBIX CAYYASX.

OrpaHuueHMe Ha LIar [0 HEONMOPHOH ayre GyleM HCKaTh
H3 YCJIOBHS, YTO KOIIOTOK IO 3TOH Ayre o6paTHJICS B HYJb.
Ilpu v3MeHEHHM OIIOPHOTO AYTOBOTO KOMOTOKA Oij, H3Me-
HSIeTCS 4aCTb HEONOPHBIX NYTOBHIX KONMOTOKOB. Ecii Ha ormo-
pe Son mo BoamymeHuo {Ad8i;=A8;,;, npu (i, j)= (i, jo),
Ad8:;;=0, (i, j)=Uon\ (io, jo)} cHauasa MOACUMTATH H3ME-
HeHHe NOTeHUHANIoB Au; y3710B i</, a 3aTeM BBIUHCIHTD
H3MeHeHHsI HEeONOPHBIX AYroBEIX KOHOTOKOB ASij, (i, j)=Uy,
TO TpuaeM K ciaenyromemy: Ad;;=—A0;,; B cayuae, Korma
B nukie ayra (i, j) u (b, jo) ONMHAKOBO OPHEHTHPOBAHHI;
Ab;;=Ad;,5, — B npoTuBHOM ciyuae. [lng ymo6cTBa BBIUHC-
JeHu#l B IIepBOM cJydae AYry IoMeyaeM 3HAKOM «—3», BO
BTOpOM — 3HaKOM «—». Iyru (i, j) &=Ug, B NUKIB KOTOPHIX
ayra (io; jo) HE BXOIHUT, OCTAIOTCS HENOMEUEHHBIMH.

Takum o6pa3om, orpaHHYeHHe Ha IIaT 110 HEOTIOPHOH ayre
¢ 8:;;540 paBHO

0i;, ecan 6;;>0 u 3HaKU y ©° U AyTH
(i, j) pasnuuHbI;

0ij= —08ij, ecnn 8;;<<0 um 3HaKM y ©° U OyTH (11)
(i, j) omMHAKOBHL;

00 — B OCTaJIbHBIX CJayydyasx.

MunumainbsHoe u3 uucea (10), (11) npunumaem 3a 0'=o;,;,.
Ecin ¢%=o0, TO B ceTu He cymecTByeT noToka. IIpu o%<C oo

CTPOMM HOBBHIHI KONOTOK §: K KOIIOTOKaM Ha ONODHOH Ayre
(fo, jo) W HA TOJOXKHUTENbHEIX HEONMOPHHIX nyrax (i, j) mo-
6aBisieM, a H3 KONOTOKOB Ha OTPHLATeNbHBIX HEONOPHBIX
oyrax BelUHTaeM uucao o sign o OcrasibHBIE AYyroBbIE KO-
notoku coxpaHseMm. Ecau (i., j.)=(lo, jo), TO onopy Son
e mensieM. IIpu (i, j«)5= (lo, o) HOBast omopa (Som)mos
moJiyyaercst U3 CTapoy Imocsie saMeHsl Iyru (io, jo) Ha IOyry
(isy j+). 3a urepanuo {8, Son}—{8, Son}nos 3HaAUEHHE IBOH-
CTBEHHOM IleJieBOH (DYHKIMK BO3DACTaeT Ha BeJHYHHY 0°|w@?].
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3ameuanune U3 anamusza dopmyast (8) caenyer: mpn 8:5;=0,
(f, jy=Un, orpanuuende Ha war paBHO Hymo (0:;=0), ecan nyra (i, j)
nojoxuteabHa ¥ ®°>0 mau nyra (i, j) orpunatensbHa u ®°<<0;
B OCTaJbHBIX CJIYYasiX 0;j==00.

5. IMocrpoenue HauaJdbHOro ONOPHOro Konoroka. OcobeH-
HOCTb 3aJayd O IIOTOKE MHHHMMAaJIbHOH CTOHMOCTH C yYeTOM
IIPONyCKHBIX CIIOCOGHOCTEH AYT COCTOMT B TOM, YTO [ABOH-
CTBEHHBIH IIaH AJs Hee cTpouTcd mpocto. Ilpu 066X 4nC-
Jax U;, il, coBOKyImHOCTD unces {u;, s, i, (i,j) U}, rae
w;;=0 OpU U;—U;<<Ci; U Wij=U;—U;—Cy5 IPU Uij—U; =>Cij,
cocTaB/feT ABOHCTBEHHBIH IaH 3axaun. OmXHAKO IEeHHOCTh
TaKOro IBOHCTBEHHOTO IJIaHA, BOOOIIe TIOBODS, HEBEJIHKA.
Wanoxenuni Merton 6ynmerT TeM GoJiee 3(Q(MEKTHBHBIM, 4eM
O/nvXKe M[BOHCTBEHHBIH IJIaH K ontuMajbHoMmy. [loatomy
aKTyaJbHEIM CTAHOBHTCH BONIPOC 00 HCIOJb30BAHUH OILITA
U HHTYHIWH CIEeLHaJHUCTOB.

Ecsnn HauasbHBIH KONOTOK M3BecTeH, TO HYXHO yKasaTb
s Hero onopy. ITockonbKky HeomopHBIE IYroBBI€ KONOTOKH
BBIYHCJIAIOTCA 110 OIOPHBIM, TO €CTECTBEHHO B ONOPY BKJIIO-
uyaTh Te AYTH (i, j), KOTOPHIM COOTBETCTByeT HauboJee Ha-
nexHass uHpopmanusa O;. 3IeCh MOXHO HCIOJb30BAaTbh HE
TOJIKO YHCTO BOMCTBEHHYIO HH(ODMAIMIO O CTEIeHH BJIHd-
Hus orpanuyeHusi (0, d;j) Ha ONTHMAJBHYIO CTOMMOCTb IIO-
TOKa , HO U NPAMYIO HH)OPMALHUIO O KOMIIOHEHTaX ONTHMalb-
HOro motoxa. M3 yc/jioBuii HONONHSIOMEA HEXECTKOCTH CJie-
nyet, 4to 8;;=0 Mg HEKPUTHUECKOH AYTH B ONTHMAJbHOM
HOTOKE.

6. INpumep. Hafinem IBOACTBEHHBIM ONMOPHEIM METOJOM ONTHMaJ/bHBIA
MOTOK Ha ceTH, u3obGpaxkeHHuil Ha puc. II.1. ITo HavanbHBHIM HaHHHIM

Puc. Il

u;, iel, BHUYHCIEHB AYrosele Komoroku 6;;. Omopa mocrpoena c mo-
Momplo Iyr, Ha KoTopeix 8;;=0. Ha aTom e pucyHKe mOCTpOeH mceBjO-
notok. Ha nyrax (2, 5), (5, 6) KpuTepHHi ONTHMAaAbHOCTH He BHIIOJ-
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Hsercsd. B xauecrse ayru (io, jo) BeiGHpaem (5, 6). ITomedaem HeomopHhe
JLYTH, COCTaBJAIIHe BMecTe C (o, jo) LHKJI: Ayra (2, 4) IOJIOXHTeNbHA,
nyra (4, 5) orpunarenbHa. Illar o®=1 peanusyercs Ha xyre (2, 4).
CTpouM HOBEL ONOPHBIH KOMOTOK M COOTBETCTBYIOLIMI MCEBRONOTOK. s
HHX KPHUTEPHUIl ONTHMAJbHOCTH BhHINOJHAeTcH. ONTHMaJbHBEIH HOTOX:
x12=8, X13=2, X24=3, X25=0, X32=0, X35=2, x45=0, Xs6=3, x56="7.

Fnasa il

NnPIMOM BE3OMOPHbIA METOLL

B naHHO riaBe ONHCHIBaeTCs peanu3alus IIPUHIKIIA
JOTyCTUMBIX HanpasJeHHH. B oTnuume ot peanusanuu, npu-
BelleHHOH B IJI. I, BcriomoraresibHble (MPOH3BOJNHEIE) 3aMauH
pemIanTcs MEeTOJOM IHHAMHUYECKOTO IporpaMMupoBanus Ges
[IpUBJIEYEHHS ONIOP UCXOAHON TPAHCIOPTHOH 3amauu. dbdek-
THBHOCTb IOJYYaIOUIUXCA aJITOPUTMOB OOBACHAETCH TEM, UTO
TPaHCIOPTHBEIE 3aJaul NPELCTAaBJSAIOT BeCbMa CIENHAJbHBIH
KJace 3afay JIMHEHHOro IporpaMMHUPOBaHHUS.

Hpyroi momxon K MeTOmaM JAHHOH [JIaBBl OIMCaH
B [3], [4].

§ 1. NpousBogHasa 3agava

Jlis MaTpHYHOHA M CeTeBOH TPAHCIOPTHBIX 3a7au C H3Be-
CTHBIM TIVIAHOM II€PEBO30K MJIH IIOTOKOM CTPOHTCH BCIOMOTa-
TesJbHAs 3aJaya, pelleHHe KOTOPOH II03BOJISIET HJIM MOKa3aThb
ONTHMAJbHOCTb TEKYILIETO MJaHAa, UK YIYUIIUTb €T0.

1. MarpuyHas TpancnoprtHasa 3ajgaya. [IycTtb 3ajaH mian

nepeBo3ok x={x;;, i=1,n, j=1, m} B 3agaue

n m

> 3 cixi—-min,

i=1 j=1

m n
> xij=ai, ) Xij=b;, 0<<x;;<<dyj, dij<<oo, (1)
j=1 i=1

i=1,n, j=1,m.

CosokynHoctb uncen [={l;, i=1,n, j=1, m} Ha3b-
Baercsi OONYyCTUMbLM HANPABAeHUeM IS TIaHA X, eCIH IJIS
HEKOTOpOro €,>>0 COBOKYIHOCTb X (&) =x-}-€l npHu Bcex &,
0<<e<C s, ABAsAETCA IVIAHOM IIePEBO30K. JIeTKO IPOBEPHUTD,
4TO [ — JOMyCTHMOE HampaBJeHHe TOTAa M TOJbKO TOT[a,
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Korjga

m n
Zlij=0» 2 llj_o ll]/o (L ])EIH
j=1 i=1 (2)

L;i<0, (i, j)el®, i=1,n, j=1,m.

3nech H={(i, ]) xij=0}, ]B={(i, ]) x-[j='-dij}.
Honmyctumoe HanpaBieHHe [ HasbIBaeTcs n0OX00AUUM
n m
IJIg TIJaHa IepeBO30K X, eclH X ) ¢;;l;;<<0. Cpenu non-
i=1 j=1
XONSIIUX HanpaBjeHuH GyeM HCKATb ONTUMAAbHOE HANPAS-

Aenue, nocraBasouiee GYHKUHH > > C;5l;; MHHEMYM.
3amauya moMCKa ONTHMAJbHOIO HANpAaBJEHHS NPH OrpaHUue-
HUAX (2) uMeeT pelieHue ¢ X > ¢ijl;j=>—00 TOJBKO B CIy-
yae, KOrJa X — ONTHMAaJIbHBIH IIJIaH IePEeBO30K, HGO ecnu [ —
noxxonsiiiee HalpasJeHue, TO U ol mpu J06oM o>>0 — mox-
XOJIsillee HalpaBJ/eHHe.

Cpenn BCEBO3MOXKHBIX HOPMUPOBOUHbIX YCAOBULL pac-
CMOTpPHUM CJeLylomiee:

Li<ds;, (i, ) ely Li=—dy;, (i) sl?
—xi<<liy<<dij—xs5, (i, j)I% (3)
={( J): 0<<xs;<<dij}.

B stom cjIyqae IIOHCK OIITHMAJIbHOIrO HalpaBJ/J€HHSI CBOOHUTCS
K 3ajaue

n m
Z,' 2] Cijly—>min,
i=L j=
n
) g l,

0<ly<<di;, (i, ))I% ®
—d;<l;<<0, (i, j) €% —xi<<ly<<dij—xi, (i, [) "

;I'

Ms
“u
.o
]

K

dra 3ajlaya UMeeT pelleHHe AJis Jo6oro mjiaHa Iepeso-
30K Xx. IlomoGuple 3amayu AJS TOCTPOEHHS ONTHMAJIbHBIX
HanpaBfeHuil GyneM HasblBaTb NpPOUBBOOHbIMY 3a0Q4AMU
Ha IJaHe IepeBO30K X, NJIAaHBl POU3BOAHBIX 3a7a4 — NpPous-
B800HbIMU NAQHAMU.

[IpousBonHbIll mJaaH [ Ha3oBeM OTPUYATEAbHbLM, €CIH
n

m
> 3 cijl;;<<0. AHasoruyHO BBOISITCA NOHSATHUS HEOTPHIA-
i=1 j=1

TECJIbHBIX IIPOU3BOAHLBIX IIJIAHOB.

5



3anaua, OsoticTéernas K TPOU3BOAHOH 3amaue (4),
HMEeT BUI

xipijt X (dij—Xxi5) qi—>min,
i, jers Y Iz (i, eIa | In
Yitzi—qii<<ciy q15=0, (i, j) I, (5)
Yitzitpi—qi=cy, pi;=0, =0, (i, j)elrUI"
IIpuBeneM BTOpPYIO CXeMy TMOJy4eHHs NPOH3BOMHOH 3a-
nauu (4), OCHOBAHHYIO Ha TeOpHH ABOHCTBeHHOCTH. [list
IJaHa TepeBO30K X 3andileM KpPHUTepHil ONTHMAaJbHOCTH:
NJ1aH TIepEBO30K X ONTHMAJEH TOTHA U TOJbKO TOTHA, KOTrAa

CYIIECTBYeT TaKOH KOMJIaH §, 4TO BBHIONHSIOTCS YCJIOBHUS
(omoJIHAOImEH HEXEeCTKOCTH) :

6:;<<0, (i, /)l 6;,=0, (i, ))&l 6;=0, (i, )™

DTH COOTHONIEHHST B TEepMHHAX J[BOHCTBEHHOro IJIaHa
{u, v, w} umeroT BUA

uitv;=cj;, (i, ]) e/, (6)

,U;JIH IIPOBEPKH IIOJYYEHHDBIX COOTHOLIEHUA Ha COBMECT-
HOCTb, @ 3HAYHUT, U IJId IIPOBEPKH IlJiaHa IIEPEBO3OK Ha OITH-
MaJIbHOCTb BBEJEM 3agauy

” j)EIZB'U R it ) = U gisfi—>min,
wit0;—qi5<<Csj, 4:;=0, (i, j) EI% %

Uit 0itpi—wij=Cij, 0520, pi;=0, (i, )7

witv+pi—qi; =cij, p1;=0, 9:;=0, (i, j)&IT,

TZie uHcaa fij, &ij YAOBJETBOPSIOT YCJIOBHSM
fi;<<0 mpu x3;=>0; £:;>>0 npu x:;<<d;. (8)

Ecau coBokynHoCTb {4, v, @} YHOBJIETBOPSIET COOTHOIIE-
uuaM (6), TO COBOKYmHOCTb {u, v, w, p=0, =0} sABAserca
pentenuem 3anaun (7), Ha KOTOpPOM IeseBasi QYHKLUHUS IIPH-
HUMaeT HyJeBOe 3HAUeHHE.

3anaua (7) Bcerma umeer pemenue {4, v, W, p, q}. Ecan
Ha 35TOM peLIeHWH IejeBas (QYHKUUS NPUHUMaeT HyJeBoe
3HaueHHe, TO B cuay (8) umeem p;;=0 npu x;;=>0; g;;=0
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npu Xx;;<<d;;. [loncTaBuB 3T 3HAYeHHs B OrpaHHUUYEHHS 3a-
naun (7), ybexnmaemcs, 4TO COBOKYNHOCTb {u, v, @} ymOB-
JgetBopsier cootHomeHusaM (6). CiemoBaTesnbHO, IpPOBEpKa
IUIaHA TIEPEBO30K X HA ONTHMAJIbHOCTb CBOAUTCS K PELIECHHIO
sagauu (7).

Eciu nonoXuTh

fio=—xi, (i, )elPUIY gy=dij—xi, (i, )eslEUIY

wi=yi, v;=z;, i=1,n, j=1,m; q=wy, (i, j)I®,

to 3amaua (7) coBmanmaer c 3amauedt (5). Takum o6pasom,
MpPOU3BOJHAA 3afaya Ha IJaHe IIepeBO30K X SIBJISETCS IBOH-
CTBEHHOH 3amayedl K 3ajaue NPOBEPKU IJIaHA IIePeBO30K
Ha ONTHMAaJbHOCTb.

2. CereBas TpaHcnoprtHas 3agava. Paccmorpum Ha ceTH
notok x={x;j, (i, j)=U} u 3apauy

2 CijXi—-min,
@i, HeU
2 Xij— 2 Xji=2ay, iE], (9)
eI () i€I=(%)

0<<xi<<dij, (i, j)e=sU.

Cosokynaocts uucen [=I(x)={lj, (i, j)eU} Hasb-
BaeTcst JONYCTUMbLM Hanpasieruem OAS NOTOKQ X Ha CeTH
S={I, U}, ecu niisi HeKOTOPOro unciaa go=>0 COBOKYNHOCTb
x(e)=x-t¢l npu Bcex g, 0<CTe<Teo, ABAAETCH MOTOKOM Ha
cetu S. JIerko npoBepUTh, YTO [ — JONyCTHMOE HampaBJeHHe
TOrJa ¥ TOJNBKO TOrJAa, KOraa

Z lz'j_ 2 lji=0, LE],
JETHI) jeT (1) (10)
i5=0, (4, )eUs 1;<0, (i, j)eU=.
3mecs Us={(i, j): x:;=0}, Ur={(i, j): xsj=d;}.

Jonyctumoe HampaBieHue [ HaselBaeTCsi n0O0X00AULUM
0as noToka x, ecan ¥ Ci;l;;<<0. Bpenem HOpMHpOBOUHOE

@, Hev
ycJIoBHE
Li<d, (i, ) eUs ly=—dy, (i, ) U
—xi<lij<<dsj—xi, (i, [)€UR, Un={(i, j): 0<xi;<<di}.
Jo6aBuB atd cootHowmenus K (10), moayuum npou3sooryro
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3a0auy Ha NOTOKe X ISl TIOUCKA ONTUMALLHO20 HANPABACHUS
Z cijlij—>min,
@, Heu

> Liy— Z_ 1;;=0, iel, 0<lij<dij, (i, ])EUH, (11)

JjEIi) jer (i)
—di;<l;;<0, (i, ) €UP; —xi;<<lyy<<dij—xy5, (I, j) €U

ITnan mpou3BOAHOM 3amaun (IPOU3BOAHBIN IIOTOK) HA30-
BEM OTpUUATEAbHbIM, eci 3] Ci;l3;<<0.

@, jeu

3amaua, nBoiicTBeHHas K npousBomuoil (11), uMeer BUL

(dij—%i;) gs;—>min,

Xipiit 3
G, )<U= U Un
(12)

(4 )eUs Y Uz
Yi—yi—qi<<cij, 9;=0, (i, ) Us
Yi—Yi+pi—aqi;=cij, p;=0, qi;=0, (i, j)eU= | Un
ITocnenusisi 3amaua, a yepe3 Hee W NPOM3BOAHAS 3amaua
(11) nerko mosywarmoTcsa W3 TEOPHM OBOUCTBeHHOCTH. [lei-
CTBHTEJbHO, IMOTOK X ONTHMAJeH TOrJa M TOJbKO TOTHA,
KOTJa JJ151 HEKOTOPOTrO KOIOTOKA § BEIMOJIHSIOTCS COOTHOIIe-
uus 6;;<<0, (i, ) eUxs 6;=0, (i, j)=U? 6:;;=0, (i, j)=U~,
HJM B TeDMHHAX NBOHCTBEHHOro miaana {u, w}:
u;—u;<< ¢, (i, ])EUH,
Ui—Uj—Wi;=C4j, Wi;=0, (i, j)EUB; (13)
U;—u;==cij, (i, j)EU‘I.

st nposepku cooTHolreHu# (13) Ha COBMeCTHOCTb BBe-

JeM 3ajzauy
i H<tTU 'Unfijpij‘l‘(i’ j)% U U%ut]g—»min’
wi—u—qu<ci; q=0, (i, HSUY
Ui—Ujpii—wij=cij, wi;==0, p;;=0, (i, j)eUs
wi—ui+pii—qij=rcij;, pi;=0, q;;=0, (i, j)eUn,

rae uucaa fij, gi; TakoBhl, uTo fi;<<0 mpu x:;=>0; gi;=>0

(14)

npu x¢j<dij.
Kak ¥ /15 ciayuasi MaTpUYHOH MOJE/IH, HETPYAHO MOKa-
3aTh, yTo cucteMa (13) coBMecTHa TOrga M TOJBKO TOTIa,
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Korma Ha pemeHuu 3afaun (14) 3HaueHue neneBoit GYHKIUU
paBHo mymwo. Ipu fij=—xy, (i, )UB | Un; gij=di;—xij,
(i, HeUry Us, wij=qi;, (i, j)eUs, u=y;, i<, sapaua
(14) cosmapaer c samaueir (12). Takum oGpasom, mpowus-
BOAHAA 3ajaya Ha IIOTOKe X — 3TO 3ajauya, ABOMCTBEHHAs
K 3aJaue 10 IIPOBEPKeE II0TOKA X HA ONTHMAaJbHOCTb.

Xorss B dopmynuposke 3agaun (11) yuacTByIOT y3.bl H
IOYTH HCXOAHOH ceTH S, HO UX IapaMeTpbl H3MEHHJIUCh U T10-
9TOMy G6OJiee NPaBUIBHO CUHMTATh, UTO IPOU3BOAHAs 3aja-
ya ompeneineHa Ha HOBOH cetH Sx={lx, Uy}, KoTOpyIO
OyZeM HasblBaTb npou3sooHoill cervro. Muorma, utoObl He
HMeTb JIeJO C OTPHILaTeNbHBIMH JYTOBBIMH IPOU3BOAHBIMH
IOTOKaMH, IPOM3BOJHBIE 3ajlaya M CeTb 3aMEHSIOTCH APY-
TMMH 3KBHBAJIEHTHBIMH IPOU3BOAHBIMH 3aJauell M CeThIO,
B KOTOPLIX AYrOBble IIOTOKH HeoTpHiaTenbHbl. OZHAKO NPHU
3TOM CTOMMOCTH HEKOTOPBIX AYT (IIPOM3BOAHBIE CTOMMOCTH)
CTAHOBATCA OTpHIATeNbHBIMH. OnumieM Tako# mepexon /s
npousBoxHoi 3amaun (11).

Hyra (i, j)eU® ¢ napamerpamu d;j, ci; He mpeobpa-
ayercsi: Cij==Cyj, dij=di;. Iyry (i, j) =U® samenum Ha ayry
(j, i) ¢ mapamerpamu cji=——cij, dj;=dy. Hdyry (i, j)eUn
3aMEHHM [IByMSl ODHEHTHPOBAHHBLIMHU (HJIM OJHOI HEOPHEHTH-
poBanHo#) myramu: (i, j) ¢ mapamerpamm Cij=Cij, di;=

. . X x
=d;j—xij; (J, i) c mnapameTpamu cj;=—~C;j, dj;==xi;. VIHTeH-

CHBHOCTH BCeX V3J0B paBHHE HyJao. [lonydeHHYI0 ceTh
Sx={l., Us} Taxxke Gymem HasbiBaTh npou3sodnoi (c re-
oTpuyaresvroimy dyeosoimy norokanu). [lpoussognas sana-
ya Ha Hel, sKBUBaJeHTHas 3agave (11), umeer BUL

> ciil~min,
@, 9)=U,
> Li— 3 =0, iel, 0<l<di;, (i, j)&Us

jerf@ eI ()

§ 2. O6wana cxema merofaa

Ucxons u3 aHanuza IIPOM3BOLHOH 3amaud, GopMyJ/aH-
pyeTcsi KpPUTepHUH ONTHMAJ/JbHOCTH TEKYyIero IJiaHa H OIIH-
cpiBaeTcss o6mias cxeMmMa YJayulleHHs HEONTHMAaJbHOCTH
IJaHa.

1. Marpuynaa tpaHcnoprtHas 3agaya. OOLMi KpUTepHH
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OIITHMAJbHOCTH INPHHOHIIA OOMYyCTHMBIX Hal'[paBJIeHI/Iﬁ riaa-
CHUT: IIlJIaH IIEPEBO30OK B 3amaue

m
Z,’ CijXi—>min,
=

m n
> xij=ai, > xij=bj, (1)

=1 i=1

T

-

0<xi5<d1~j, i=1,n, j=1,m,

ONTHMAJIeH TOTJa M TOJbKO TOTHA, KOTAa IJIaHy X HE COOT-
BETCTBYeT HH OJHMH OTPHIATEJNbHEIl IPOU3BOMHBIN IIJIAH HJIH,
JIPYTHMH CJI0BaMH, IPOU3BOAHAA 3a1aya s X

m

n
2 Z cijlij—>min,

i=1 j=1

m n
jgi l;3=0, § 1;;=0, (2)

—xi;<<li;<<dij—xs5, i=1,n, j=1,m,

He HMeeT OTPUIATeNbHEIX IIJIAHOB .

[IpoaHanusupyem NpoOU3BOAHYIO 3amauy (2) c orpuua-
TeJbHBIMM IJIaHaMU. B TpaHcnopTHO# Tabaule Takol 3agaun
He CYLIECTBYET CTPOKH HJIM CTOJOIA C eTHHCTBEHHOMN HEHYJIe-
BO¥ KOMIIOHEHTOH IIPOM3BOJHOTrO IJaHa /, 60 B NPOTHBHOM
clyyae Hapymraercss ycjoBue OasaHca IO 3THM CTPOKe
u crosnbuy. [3 cBOfCTB OmOpHl CleLyeT, 4TO U3 KJETOK, CO-
IepKalux HeHyJeBble KOMIIOHEHTHl IIPOM3BOJHOrO IIaHa I,
MOXKHO COCTaBUTb XOTS Obl OAMH LMKJ. [TocKO/NBKY BeKTOp [
3ajaeT NONYyCTHMOe HampaBJieHHe IJId IJaHa IepeBO30K X,
TO IIPH HEKOTOpOM 06Xoje LUKIa B KJIeTKe (i, j), Jexarel
Ha KOHIIe BEPTUKAJbHOTO 3BEHA, HOJIKHO BBIIOJNHATHCS He-
paBeHCTBO X;;<<dij, a B KaeTke (i, j), Jexaleil Ha KOHIE
TOPH30HTAJ/IbHOTO 3BeHa,— HepaBeHCTBO xi;>0. Lluk, ynos-
JIETBOPSIIOIIUE STUM YCJOBHSIM, Ha30BEM KOHTYPOM.

Hasi yno6erBa BhuMcaeHu# kietku (i, j)eUR ¢ x45;=0
nmoMeTHM 3HaKoM <«-+», kaetku (i, j)EUB ¢ x;=di; —
3Hakom «—». Kiuetku (i, j)=U", B KOTOpPHIX NEPEeBO3KU
yIOBJETBOPAIOT HepaBeHCTBY 0<CX;;<<d;;, He NoOMeuaeM,
CYHTAs MX MOJOXKHUTEJIbHEIMH MM OTPHIATENbHBIMU B 3aBHU-
CHMOCTH OT TOTO, Ha KOHEl| BEPTHKA/JbHOTO HJIH TOPH30H-
TaJbHOTO 3BeHa LMKJAa OHH momnaiu. CocTaBUM CyMMy HO
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KJIeTKaM IHKAa 3 Ci; sign (7, j). M3 cymecTBOBaHHN OTPH-
LATeJbHOrO IPOM3BOJAHOrO MJaHa CJIefyeT, YTO XOTS Gbl [/
OJHOI0 KOHTypa 3Ta cymMMa oTpuuartesbHa. Tako# KOHTYp
Ha30BeM OTPUYATeNbHbIM, & CYMMY ) Ci;sign (i, j) — ero
3HaueHueM.

OGpaTHoe yTBepKIeHHE OUEBHIHO: €CJH B TPAHCIOPTHON
TabJuIe IPOM3BONHOM 3aJaul CYLIECTBYET OTPHIATEJbHBIN
KOHTYp, TO IIPOM3BOJHAasA 3ajaua HMeeT OTPHIATEIbHBIH
J1aH.

Taxum o6pas3oM, 10Ka3aH CAENYIOMIHH

Kpureputi ontumasoroctu. [lna onTEMAJbHOCTH IJIaHa
nepeBo3ok 3anauyu (1) HeoGXOAUMO M HOCTATOYHO, UTOGHI
B TPaHCIHOPTHOH TabJiulle ero NMpou3BOAHOH 3amaun (2) He
CYIIECTBOBAJIO OTPHIIATEIbHBIX KOHTYPOB.

ITpoBepKy KpUTEepHS ONTHMAJbHOCTH MOXKHO IIPOBECTH
Ha TpaHcIopTHOH Tabauie 3axauu (1).

IlycTp AJif myIaHa NEPEeBO30K X KPUTEPHUIl OMTHMAaIbHOCTH
He BbInoJHAeTcs. Torpa, cieys NPHHLIUIY JONYCTHMBIX
HalpasJieHHH, K IIepeBO3KaM B IIOJOXKHTEJNbHBEIX KJETKaX
OTPHUIIATEJNBHOrO KOHTypa fobaBiseM, a U3 IIePEBO30K OTpPH-
[aTeJbHBIX KJIETOK BEIUHTAEeM MaKCHMaJjbHOe uucio 09, mpu
KOTOpOM IIpsiMble OTpaHHYeHHsl TpaHCHoOpTHO# 3amaun (1)
He Hapymatorcd. Herpyano coo6pasute, uro ©° — MuHH-
MaJbHOE H3 UHCeN dij—X;; B TOJOMXKUTENbHEIX KJIEeTKax H
YHCeN X;; B OTpuUuaTebHBIX. OcTa/bHble NEPEBO3KH HE Me-
HAeM. 3a HTepaluio TPAaHCHOPTHBIE PACXOABl YMeHBbIIAITCA
Ha BeauunHy O°| 3 ci;sign (4, j)|. Ha HoBOoM miane mepe-
BO30K II0 KpalHed Mepe OAMH OTPHIATETbHBIH KOHTYp JIHK-
BHHpPYETCH.

TakoB nepBbI#l BapHaHT OOIIEH CXeMBl PeLIeHHs] TPaHC-
nopTHo# 3agaun (1) npsiMblM GesomopHEIM MeTomoM. OH CBO-
OUTCS K PANY 3amad HOCTPOEHHS OTPHIATENbHBIX KOHTYPOB
C TIOCJHEeAYIOIIHM H3MEHEHHEM IIePEBO30K IO KJIETKaM 3THX
KOHTYpOB, UTO BelleT K YJYUlIeHHIO TeKyLero IjaHa Iepe-
BO30K. MeTObI NIOCTPOEHHSI OTPHUIATEJbHBIX KOHTYPOB pac-
CMaTpHUBAIOTCS B CiIenLylomieM naparpadge *).

B omucamHoM BapumaHTe Ipou3BogHAs 3amada (2) pema-
Jach TPSIMBIM METOZOM, T. €. HENOCPEACTBEHHO CTPOHJIHCD
MJIaHBl 5TOH 3amaun. Bropo# BapuaHT 0611ell cXeMBbl IPSIMOTO
6e30MOpPHOTO METOAA pellleHHs TPAHCIOPTHOH 3a[auu CB3aH

*) CnpaBelJIMBO YTBepXKJeHHe: 3HaueHHe LeseBOH (YHKUMH NDOHS3-
BOZHOH 3afauu (2) Ha ONTHMAaJbHOM OTPHIATENBHOM IJIAHE PaBHO IOJIO-
JKHUTeJbHOM KOMOHHALMM 3HAueHHH KOHEYHOrO 4YHCJIa OTpHLATENbHBIX
KOHTYpOB.
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C JBONCTBEHHBIM METONOM pELIEHHS NPOM3BOAHON 3aiauH,
T.€.C peme}IHeM 3agauu
xiipi+ 2 (dij—%i;) gi;—-min,
G, jeis U In G, )ETE U In
Yyit+zi—qi<cij, 9;;==0, (i, j)lx (3)
Yi+2i+pij—qi;=0, pi;=0, q:;=0, (i, j)s[*U I~

OTtcioma ciegyer BTOPOH KPHTEPHH ONTHMAJbHOCTH: IJISI
ONTHMAaJIbHOCTH IIJ1aHAa TIepeBO30K X HeoOXOJMMO U JIOCTa-
TOYHO, 4TOObl Ha pelleHHH 3azaud (3) uesneBasi (QyHKIHA
npuHMMaJsa HysJeBoe 3HaueHHe. VHTepecHa Qusuueckas HH-
reprnperanus 3amauu (3). Ecam mpuBeneHHBII KpUTEpHH
ONTHMAaJIbHOCTH He BBHIIOJIHSETCS, TO IO peuteruio {y, 2, p, g}
CTPOMTCS OTPHIATENbHLIH IIPOM3BOAHLIA IJIaH U C HOMOIIBIO
HEro yJyullaercs IJIaH IIepeBO30K X.

2. CereBas TpaHcnopTHas 3ajgaya. V13 mpuHiuma qomycru-
MBIX HaIlpaBJIEHUH CIefyeT KpUTepPHH ONTHMaJbHOCTH: NOTOK
X B 3ajaue

D) Cijxi—>min,
G, hev
Z Xij— Z Xji=0aj, iEI, (4)
jer'() jer @
ngijgdij’ (L, ])EU,

ONTHMaJIeH B TOM H TOJbKO B TOM CJydae, eCld JJIs HeEro
He CyLIeCTBYeT HH OJHOTO OTPHIATeNbHOTO IIPOM3BOLHOIO
IIOTOKaA.
ITycts B 3amaue
2 cijli~>min,
i, HeUu
S hi— X =0, il (5)
jSIM) jsr
—x<ly<<dij—xui5, (i, [) €U,

HMEeeTCsl OTPUIATENbHBIE NPOU3BOAHBIH NoTOK [. M3 Toro,
yro B 3amaue (5) WHTEHCHBHOCTH y3JIOB (<] paBHBl HYJIO
1 NIOTOK [ HETPUBHAJIEH, CJIENYET, UTO YaCTHUYHASA CEeTb CeTH S,
cocrosimias u3 ayr (i, j)=U c [;;70, He COLepKHUT BUCAUUX
Iyr, HO COHEPKHUT XOTst Obl onuH UMKJI. IlockosbKy [ —
IONYCTHMOE HampaBJeHHe, TO IPH HEKOTOPOM 06X0fe Ha 1y-
rax IHMKJIOB BHINOJIHAIOTCS HEPAaBEHCTBA: X;;<d;j, €CIU Lyra
(i, j) npsmasi; x;;>>0, ecan pyra (i, j) obpaTHas. Llukmbl
C 3TMMH CBOHCTBAaMH Ha30BeM KOHTypaMmH. [IpsAMBIM Ayram
KOHTypa TpunuiueM 3Hak «-4» (sign(f, j)=1), o6paTHHIM—
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3Hak «—>» (sign(i, j)=—1). KoHTyp HasoBem oTpHIaTENb-
HBIM, €CJIH BIOJb Hero ) Cs; sign (i, j) <<0. Boosnb kaxmoro
KOHTypa KOMIIOHEHTHl [;; IPOM3BOMHOTO IOTOKA IIOCTOSIHHBI
IO MOJYJIO ¥ HX 3HAK COBNAJaeT CO 3HAKOM COOTBETCTBYIO-
mux ayr. [TosTomy oTpuIiaTe bHOCTb IPOU3BOMHOrO IIOTOKA [
O3HauaeT, YTO B CeTH S CYIIECTBYeT IO KpailHel Mepe OXUH
OTpHIATENbHBIH KOHTYP.

CnpaBelIMBO H 06paTHOe yTBEPXKIEHHE: €CIU B ceTH S
CyLIecTBYeT OTpHIaTeNbHBEIE KOHTYp, To 3amaua (5) momyc-
KaeT OTPHIaTeIbHBIH IIPOU3BOIHBIH MOTOK. [l moKasareb-
CTBa HOCTATOYHO MOJIOXKUTh BIOJb KOHTYpa

l;;=0, ecnu sign(i, j)=1; l;;=—0, ecau sign(i, j) =—1,
u l;;=0, ecan (i, j) He IpUHAMIJIEKHUT KOHTYDY.

ITpu pocratouno Mamom ©>>0 mHOCTpPOEHHAs COBOKYII-
HoCcTb {/;;} cocTaBiIsieT OTPHULATENbHBIH IPOU3BOJHBII IOTOK.

Takum o6pasom, NpuUBeNEeHHOMY BbILIE KPUTEPHIO OITH-
MaJ/JbHOCTH MOXKHO IPHAATH CJedyIouyo GhopMy: IJs ONTH-
Ma/JbHOCTH NIOTOKa X B 3apmade (4) Heo6XOIMMO M IOCTa-
TOYHO, 4T06l ceTb S={/, U} He comepikaJjia OTpULATEIbHEIX
KOHTYpOB.

3ameuyanue Ecau nepefitu x nmpoussopuoit cetu S (cMm. § 1),
TO TIOHSITHE KOHTYpa NpHMeT 60Jiee MPHUBHIYHEIA BHJ.

IIpennosoXuM, YTO IJId NOTOKA X KPUTEPUH ONTHUMAaJIb-
HOCTH He BBINIOJIHAETCS: Ha ceTH S 06HApYKEeH OTPHIlATENb-
HEIY KOHTYp. I1o KOHTYpY IPOIyCTHM MaKCHMAaJabHO AOIYCTH-
MBI IpOM3BOIHBIE NoTOK [ Buxa (6). Uucio @ mosnoxum
PaBHBIM MUHUMAJbHOMY M3 UHCeN dij—X;; HA MPAMBIX Iyrax
U yucesa X;; Ha oOpaTHbIX Ayrax. IIpu cloxKeHHH TOTOKa X
C IPOU3BOJHBIM IIOTOKOM [ TOJIYUHTCS HOBBIH NOTOK X, CTOHU-
MOCTb KOTOPOTO MeHbIe CTOMMOCTH HCXOJHOI'O IIOTOKAa Ha
sesuunny O | 3 ¢i; sign (i, j)|. SlcHo, uto mocie mepexoxna
K IIOTOKY X Ha CeTH S HCYe3HeT N0 KpalHell Mepe OfMH OTpH-
nateJbHbI# KOHTYp. Eciu mpomyckuble cOCOOGHOCTH IYT H
IYrOBEIE MOTOKH X;; CYTb Llesible WHCJa, TO, OUEBUIHO, depes
KOHEYHOE YMCJIO HUTepalui OyHeT IOCTPOEH ONTHMAJbHBIH
notok. Takos nepBrIfl BapHaHT 0011ell cXeMbl pellleHUs 3axa-
UM O MOTOKE MHHUMAJIbHOH CTOMMOCTH IPSIMBIM 6€30II0PHEIM
METOJIOM.

Bropoi#t BapuaHT o6iiell cxeMbl CBfI3aH C peEIlIEHHEM 3a-
nauu, IBOMCTBEHHOH K mpousBonxHoH. Ero meranu Jerko omnu-
caTh HCXOAS U3 pe3ynbTaToB II. 1.
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§ 3. PelueHue NnpoM3BOAHONM 3agauM

CorsacHo ofme#t cxeme, u3joxeHHON B § 2, pemenue
TPAHCTOPTHOH 3a1auy Ge30MOPHLIM METOAOM CBOJHUTCS K pe-
IIEHUIO PALa NPOU3BOIHBIX 3amau. Kaxawiit MeTon pelieHus
NPOM3BOIHON 3aJauyd IOPOXKAAET MeTOJ peLIeHUsl TpaHc-
nopTHO# 3amaun. Kak nokasaHo B npemsiayiiem naparpade,
peLeHHe NPOM3BONHON 3aJaUH MOXKHO CBECTH K MOCTPOEHHIO
OTpHIaTeNbHBIX KOHTYpOB. [TOHCK OTpHLATEIbHBIX KOHTYPOB
MOJKHO, B CBOIO OuYepefb, CBECTH K Pa3JHYHBIM 5KCTPEMalb-
HbIM 3amayaM. B paHHOM maparpade uccilenyeTcsi TOJNBKO
OIHA SKCTpeMaJbHadg 3anaua, NJIs pelleHHst KOTOPOH mMpH-
BJIeKaeTcsd NUHAMHUYECKOe NIPOrpaMMUpOBaHHUE.

1. Marpuynas TpancnoprtHas 3apmava. llemb ¢ mepBbIM
BEPTHKAJbHBIM 3BEHOM U3 KJIeTKH (i1, j1), X:,5,=>0 B KJIETKY
(i2, j2) TpaHCTIOPTHOH TAGIHIBI HA30BEM NYTEM, ECIH Xij<dij
Ha KOHI[aX BePTHKAJbHLIX 3BeHbeB U X;; >0 Ha KOHLAX TOPHU-
30HTAJbHBIX 3BeHbeB LlenH. CleNoBaTeIbHO, KOHTYP, BBEIEH-
HBIH B § 2,— myTh, HAYaJO KOTOPOTO COBNAJaeT C KOHIIOM.
[Tyctb K/I€TKAM NPUIHCAHBE 3HAKH 10 npaBuiam § 2. Cymmy
S/ ci;sign(i, j), BEIUMCIEHHYIO BIOJb NYTH, HAa30BeM 3HQ-
yenuem iyt *). Bynem uckaTb OTpPHLATENBHBIH KOHTYP C MH-
HUMaJbHbBIM 3HAYeHHEM, COOTBETCTBYIOIIME IYTH H3 KJIETKH
(i1, j1) B Ty XKe kaetky. Cienyss THHAMHYECKOMY IIpOTpaM-
MUPOBAHHIO, BJIOXKHM IOCTEIHIOI0 3agady B ceMefcTBO 3a-
Jlau, COCTOSIIIUX B NOCTPOEHHHU NIyTH C MHHHMAaJbHBIM 3Ha-
yeHHeM M3 KJAeTKU (i1, j1) B TIPOU3BOJIBHYIO KIAETKY (ik, jr)
He Gesiee uyeM uepe3 ! IPOMEXYTOUHBIX KJeTOK. IlycTb
Bi(ir, jr) — MUHHMaJ/JbHOE 3HAaUeHHe YIOMSHYTOrO IyTH
(bynxuus Bennmana). PaccMoTpuM cHavyaja IOJOXKHTENb-
HY1O KA€TKY (ix, jr). B ka1eTKy (i, jr) cmenaeM mpoGHBIH LIar
M3 OTPULATENbHOH KJIETKH (Ir, j). 3HaueHHEe ONTHMAJBLHOTO
nyt u3 (i, j1) B (in, j) He OGojee yem uepe3 {—1 KiaeTok
paBHo, 10 onpenenenuo, B;_i(ix, j). CiemoBaTenbHO, 3HaUe-
nue npo6uoro nytd u3 (i1, j1) B (ir, jr) paBHO B (ix, )+
+ci,j,. MEEUMHU3HDPYS TOC/EJHEee BhIpaXKeHHe [0 OTpHUlla-
TEJNbHBIM KJIETKaM CTPOKH ix, IOJYYHM ypaBHeHHe Dennmana

Bi(in, ju) = min [ci,5,+Bi—t(ir, )].
(1, §)<<0
AHaJOrMyHO MJISI OTPULATENbHOH KIACTKH (ir, jr)
Bi(in, jr) = min [—ci,j,+Bi1(i, j)].
(3, 3p=>0
*) I1pu BBIYMCJIEHHH 3HAYEHHSI KOHTypa B CYMMY IAYIM BXOLAT TOJBKO
OJIIHIH pas.

84



Hauasnbubie yCJIOBUS HMEIOT BH]

Ciyjy, €cau (iy, j1) >0;

Bo(is, 1) =
o (i1, f1) { —Ciyjy, ecau (iy, 1) <<O.

Pemenve ypaBHenus Bennmana ocymectsum Ha Tpamc-
HNOPTHOH Ta6JIHIle C IOMOIIBIO TOMETOK.

BriGepem oTpuuaTenbHyio Kaetky (i, j1) ¢ HauGoJbIuel
CTOMMOCTBIO Cij,. [loMeTHM ee mByMs unciiamu (MeTKaMH)
0 ¥ pyj = — Ciyj;. PaccMOTpUM MOJNOKHUTEIbHBIE KJIETKU
(¢, 1) cronbua ji. Ilomerum ux mapamu uncen {(ii, ji),
Wijy==[igjs~+Cijy}. TIPENIONOKHUM, UTO HA HEKOTOPOM 3Tare
HMeeTCsl MHOXKECTBO IIOMEYEHHBIX KJIeTOK. BriGepem cpemu
HHX KJIeTKY (ir, jr) C MHHHMAaJbHOH BTOPOH METKOMH Wiy iy

Ilycts (in, jr) >0. PaccMorpum orpunarenbusie (in, j)
KJIETKH CTPOKH Ix. Ecau kietka (ix, /) He momedeHa, To mo-
naraem {(ir, jr), Wi i=Wi,j,—Cs,i}. B cilyuae, Koraa KieTka
(ir, J) MOMEUEHA U Wiy, —Ci,j=> i, j, TO €€ METKH COXPaHSEM.
Ecnu i, j,—¢i,;<<MWi,j, TO IO I€PBLHIM METKaM BOCCTaHaB-
JHMBaeM IyTb ¢ Lesblo 0OHapyxeHUs uukjia. Eciu ero Her,
TO MeHsieM MeTKH KJEeTKH Ha HoBble. B mpoTuBHOM ciiyuae
IIOCTPOEH OTPULATENbHBIH KOHTYD CO 3HAUeHHEM Wi,j,—

Wi, i Cipj- 1ot KOHTYp JIETKO BOCCTAHOBHUTBL IIO IIE€PBBIM

MeTKaM KJEeTOK, HauMHas ¢ KJaeTKU (ig, jr). IlepeBosku
B KJIETKaX M3 OTPHIATENBbHOTO KOHTypa MEHSEM B COOTBET-
ctBuM ¢ § 2. B pesysbrarte XoTs OBl OfHA KJIETKA IIOMEHSET
3HaK.

[Iycts (i, jr) <<0. IlpocmMaTpuBaeM IOJOXKHTENbHEIE
kinetku (I, jr) cronbua j.. Ecau kiaetka (i, ja) He moMeueHa,
TO e MpUMUCbIBAEM MepBYI0 MeTKY (i, jr), BTOPYyIO —
Wij,==Wi,j,+Cij,- Ecau xmetka (i, j) moMedyeHa, TO ee MerT-
KH COXPaHSIEM IPH Wi, j,~+Cij, ==Wij,. B clrydae pi,j,+Cij, <
< pij, CHavaja IO TepBHIM MeTKaM IpoBepsieM HajHune

uukia. Eciu ero Het, To MeTKH KieTkH (i, jr) MeHsieM. Ecan
o6HapyXKeH IHKJI, TO OH fBJSETCS OTPHIATeNbHBIM KOHTY-
poM. MeHsieM nepeBO3KH BLOJb KOHTypa corsacHo § 2.
Ipouecc paccTaHOBKM METOK M3 KaeTKH (i1, j1) TIpekpa-
IaeTcs, Kak TOJbKO CTAaGHIH3HPOBAJHUCh METKH KJETOK.
Ecou npu 3TOM He 0CTaJOCh HEMOMEUYEHHBIX OTPHIATEJbHBIX
KJIETOK, TO TPAHCIIOpPTHAs 3ajava pelleHa M TEKyIIHH IJIaH
IIepeBO30K SBJSETCS ONTHMaJbHEIM. IIpomecc momerox mpo-
JOJIKAETCs, €CJIH B TPAHCIOPTHOH TalJIHIE OCTAJHCh HENo-
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MEUEHHBIMH OTPHIATEJbHEE KJIETKH. BHIGUpaeM cpeid HHX
KIETKY (i2, j2) C MaKCHMaJbHOH CTOMMOCTBIO H IMOCTYIdeM
C HEH TaK XKe, KakK C KIeTKo# (i1, j1).

3ameuanue. HerpynHo 3amMeTuts, YT0 3 (HEKTHBHOCTh MPHUBEIEH-
HOrO MeTOJa NOBHIIAaeTcs AJS TPAHCHOPTHHIX 3alau ¢ (GUKCHPOBAHHBIMH
nepeBO3KaMH, KOTOpPHE MOXHO HHTEpPIPETHPOBATh KAaK 3aJauyd ONTHMH-
3alUM C JONMOJHUTENbHBIMH OIDaHHUYeHHSMH. DTO Ofliee CBOHCTBO mepe-
GODHEIX METONOB, K KOTODEIM MOXHO OTHECTH WM JUHAMHYEeCKOe IIpOorpam-
MHDPOBaHHeE.

Jist unmocTpanuy 6e30II0PHOTO METOJA PeIleHHsT TPaHC-
MOPTHOH 3a/laul PacCMOTPHM

TIpuwmep. Pemwrum TpaHCIOPTHYIO 3aayy ¢ AaHHBIME u3 Tabu. II1.1.
3HaKy KJIETOK IIOMelleHEl B GJIOK nepeBo3ok. OTCYTCTBUHE 3HAKa O3HAYaer.
4TO KJ/IeTKa MOXKeT OBITb M MOJOXKHTENbHOH M OTPHLATENbHOH.

Tabauya 111.1

ARIERE 8{472}_1
A A el o)
i T i 214
71101211 ([3'5[817
e = an T e
+|(1.51) 2 !(2_‘5) 3 I(Z_.g) 5!("1.?)
5_;5 oo 12 2{5 15 8
T AT 20 FEA T @Al 1707
4 " sz " edE

ITepBoii momeuaem kaetky (3, 2) metkamu {0, —12}. MeTku mome-
IlaeM B <IOrO-BOCTOYHEIA» GJIOK KaeTKH. JlanbHefillne IOMETKH HeBO3-
MOXHEL, TaK Kak BO BTOPOM CTOJIGLE TOJBKO OTPHIATENbHBIE KJETKH.
drtoT 3Tanm B TaGaMIax He OTpa)KeH. BTOpON OTpHLaTeNnbHOH KJeTKOH
¢ HauGOJbIEll CTOMMOCTBIO siBJAseTCs KaeTtka (3, 4). ITomeTky, HauuHAaO-
myecs ¢ Hee, nomenteHsl B ta6a. I11.1. K nepBoit meTKe KieTkn Ge3 3HaKa
NPUNACEIBAEM TaKOH 3HaK («-+» WM «—»), KOTODEIH B JaHHOH NONbITKE
BHI6paH 15 Kiaerku. IIpofoskas mpolecc MOMETOK Iocie KJaeTkH (3, 1),
06HapyKUBaeM, UTO HOBasl BTOpas MeTKa Mai=—9 KJeTKH (3, 4) MeHblle
cTapoit wss=—8. BoccTaHOB/IEHHE IYTH, KOTOPHI [IPHBEN B KIETKY (3, 1),
naer wuka (3, 1)—(1, 1)—(1, 3)—(2, 3)—(2, 4)—(3, 4)—(3, 1). Ilo

TIOCTPOEHHIO OH SIBJISETCS KOHTYPOM CO 3HaueHHeM WNai—Mas==—1. Broms
3TOr0 KOHTYpa MeHsieM I[epeBO3KH KJETOK Ha eAMHHIly, KOTOpas IOJy-
YaeTcs MpH BHIGOPE MHUHMMAJBHOTO CPQIY UHCeN d;j—Xi; B TOJOXKHTENb-
HBIX KJIETKAaX M YHCeJ X;; B OTPHUIATEJbHHIX KJETKaX KOHTypa. Enuuuiy
n06aB/ifieM K NEPEBO3KaM B I[OJOXKHTEJNbHBIX H BEIYHTAeM H3 IePeBO30K
B OTPUIATENbHEIX KJeTKax KOHTYpa. OcTasbHble NEepPeBO3KH COXpaHsieM.
Hopmiil nian nepeBo3ox nomeuied B Ta6a. II1.2. Ero cromMocTs MeHblle

CTOHMOCTH CTapOro NJIaHa NEepeBO3OK Ha |pai—Masl|-O=1.
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B Ta6a. II1.2 no cpaBuenuio ¢ ta6a. I11.1 u3MeHH/IHCh 3HAKH KJIETOK
(1, 1), (2, 3), (3, 1). INporuiecc nomerox u3 xaetku (3, 4) (cm. tada. 111.2)

Tabauya 111.2

3la{113]814 2_}1
0T @A 7 R o A3
U!(s’ 0 7:(_3) S
T110(2]1 13 5]817
@[ e g G
P22 s el
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5 l(4)521(172) 1 |(2d5) 71_%

He IPHBEJ K OTpPHLATeJbHOMY KOHTYpY. ITockosbky B Ta6iulie He ocTa-
JIOCb HH OJHOH HeIlOMe4eHHOH OTPHIATEeNbHOH KJETKH, TO TEKYIIMH IuiaH
ONTHMAJIEH.

2. CereBasi TpaHcnoptHas 3ajaya. [lycte mama cerb
S={l, U} c HekotopelM mNoTOKOM ¥. llemb ¢ BuCAUHMH
y3JIaMH iy U ip HAa3bIBACTCS AYTEM U3 i1 B ip, €CJAU HA NPSIMBIX
Iyrax LIeNH BBIIIOJHSETCS HepaBeHCTBO X;;<d;j;, a Ha o6paT-
HBIX — HepaBeHCTBO X;;>0. KonTyp — 3T0 mNyTh, BHCAUHE
y3JIBl KOTOpOTO coBnajaioT. IlpunumeM gyram 3Haku B CO-
orBerctBHH ¢ § 2. Cymmy 3 ci;sign(i, j), BEIYUHCIEHHYIO
BIOJb IIyTH, Ha30BeM 3Ha4eruem MyTH (B cjlydae KOHTypa
IYTH CYMMHDPYIOTCS TOJbKO ofuH pas). ITouck oTpHLaTe/]b-
HOTO KOHTYpPa CBeleM K IIOCTPOEHHIO OTPHIATeJbHOrO IYTH.
BioxuM 3Ty 3amayy B CeMeHCTBO 3afay MOCTPOEHHS IyTH
U3 IIPOM3BOJIBHOTO y3J1a [ B y3elJ j, KOTOPBI COCTOUT He Gosee
yeM M3 ¢ IyT U HMeeT MHHHMaJbHOe 3HaueHHe By (j) (dyHK-
nus Bennmana). B otnnune or n. 1 3mech ¢yukuusa bennma-
Ha ompeje/ieHa Ha MHOXECTBE Y3JI0B, a He Ha MHOXECTBE
ayr. O6o3HayuM:

o+(j)={i: (i, ))eU, x;<<dij}
o-(j)={i: (j, )€U, x;:>0}.
Vpasuenue Beqsnmana sanumiercsi B BUIE
Biyi(j) =min { min {B: (i) +ci;}, min {B:(i)—cs}} (1)
1€04(j) i€o_(j)

¢ HavaJbHBIM ycaoBueM By (j) =0, jl.
Pemnm ypaBHenue DBennmana merodom paccTanosku
nomerox Ha cetu. [lepBoHAuYaJbHO BCeM y3JaM IpHIHIIEM

H
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merkn (0, 0). Ilpexmosoxkum, uTO Ha HEKOTOPOM MLIare
y3anl umeroT MeTkH {u; k(j)}, j&l. Bruibepem ysen [, mas
KOTOPOro y3eJq C HauMeHblUleH NepBOH METKOH SIBJSETCS
COCEIHHUM, T. €. IPHHALIEKHUT W4 (/) uau w—(l). Paccmorpum
yaabl 13 04 (/) 1 w— (/). Halizem

w'=min { min {pi+cu}, min {pi—ci}}=pi,+Cin
1€04(l) i€o()
(nnn Wio—Clio) -

Ecnin w'>=w, 1o Metka {w, k(/)} coxpausercs. Ecau
w’<<w, TO IO BTOPEIM 3JeMEHTaM METOK HaHjeM dHcaa
iy=~k (i), iz=Fk(i1) u T. K., mOKa He nonyuuM k& (i;) =0. Ecau
IE iy, i3y ..., I}, TO y31y [ NPUNHIIEM HOBYIO METKY
{wm=nw’, k(l)=is}. COOTBETCTBEHHO 3aMEHHM METKH TeX
y3J10B, KOTOpLIe ObLIM ITOMeueHbl uepes3 y3esa [. B npotuBHOM
clyyae HalieM OTpHIaTeNbHBIA KOHTYD. [IponycTuM 1o KoH-
TYypy MakCHMaJ/bHO JOIYCTHMBIH IIOTOK M IIOBTOPHM IIpOLECC
pacctaHOBKM nomeTtok. CHTyalHs, KOria Ha HEKOTOPOM Iiare
HeNb3s U3MEHHUTb HU ONHOH METKH M OTPHLATEJbHBIH KOHTYD
He HafineH, O3HauaeT, YTO HMCXOIHAs TPAHCIOpTHas 3ajaya
pelreHa. 3aMeTHM, UTO UHCIA Uj==—W;, [E], ABAAIOTCA KOM-
NOHEHTaMH ONTHMAaJbHOrO JBOHCTBEHHOrO IJIaHA HCXOJHOH
3aflauy.

3ameyaHnue. PesyabraTel 3TOr0 MyHKTa HETPYLHO NEPEHECTH Ha
MaTpUYHYIO MOJeJb 3anaud, ompefenuB B 1H. 1 ¢ynxkumo DBenrmana
Ha nyHKTax A, i=1, n, B;, j=l,—m'.

s unmocTpanyy MeTofa peuum

MMpuwmep. ITycrs umeercs cetb ¢ HekoTOophiM moToKom (puc. ITI.1).
Haiinem onTtumanbpHbiil DOTOK. PaccraBum MeTKH Y3J0B (HadaJbHbE
metkd (0, 0) He ykasaHhl); ecliM B y3Je i HeT MeTKH, IIOJlaraeM, 49TO

(_2,1) 92,1- (‘1»5)

Puc. III1

{ui, £(i))}=1{0, 0}. B xauecrse [ paccmoTpum y3en 6. ITomyuum, yTO
Ue' =—2, o NMOJOXKHM paBHbIM 5 (Moriu B3sATh 1). ITocKONBKY pe' <<
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<pe=0u I=6& {5, 0}, o y3ay 6 npunumwem metky (—2, 5). Pac-

cmorpum y3en 1. Jas wero py'=—4<<py=0 u I=1 < {6, 5}. 3naunr,
yaay 1 npunmmem metky {—4, 6}. Ianee paccmorpum ysen 2. [Iposens
HCCIELOBAHUs, aHAJOTHYHbIE, KaK JJIf Y3JI0B 1 M 5, OMYUHM, 4TO y3ay 2
Halo NPUIHCATh HOBYIO MeTKy {—2, 1}. AHajorMuHo moaydaercss MeTKa
{—1, 6} nas yana 3. Paccmorpum ysen [=5. Hus nero ps’=—7 << us=0,
io’=3. Haiinem uncna k(io) =k(3) =6, k(6) =5, k(5)=0, T. e. [=H
{6, 5}. Haiinen xonryp {(6, 5)—, (6, 3)+, (5, 3)-} oTpuuarenbHOi

CTOMMOCTH, PaBHOM Ws'—Ws=—7. IIpONyCTHB IO 3TOMY KOHTYpY eHu-

HHYHBIH MMOTOK, MOJYYHM HOBBIM NOTOK: Xip=2, X16=3, X26=0, X23=2,
x63=3, X¢5=0, x¥3.=>5, x50=0, x53=0, KOTOpHIH OKa3LIBAETCS OITH-
MaJIbHBIM.

§ A. MoctpoeHKne NPUERINKEHHLIX PelLeHMH

Knaccuueckas cxemMa npHHLIMIA AONYCTUMBIX HanpasJie-
HUI HalleJleHa Ha MOoJIyYyeHHe ONTHMaJbHBIX miaHoB. B [u. 1]
NPUBOJHUTCA ee MoAM(HKALlMs, OCHOBAHHAs HA Q-JOMYCTH-
MBIX HAaIPaBJIEHHUSX, KOTOpPasl HalleleHa Ha IOCTpOoeHHe cyO-
ONITHMaJIbHBIX IJIaHOB. B nmaHHOM maparpade omucelBaercs
peaju3alusi ykasaHHOH MoOAUQHUKAUWH, MOJydYeHHas C IIO-
MOIIbIO TEOPUH HBOHCTBeHHOCTH (cM. § 1).

1. MatpuyHas TpaHcnopTHas 3agaya. TpeGyercs, HCXoas
W3 HayaJbHOTO IJaHA IEePeBO30K X TPAHCIOPTHOR 3amadu

n m )
2 X Ccijxy—>min,
i=1 j=t
m n
> Xij=ai, 3 Xij=bj,
j=1 i=1

0<xij<dyj, i=1,n, j=1,m,

IOCTPOUTH CyGONMTHMAaJbHBIH IJIaH epeBO30K, TPAHCIOPTHBIE
pacxoibl KOTOPOTO He IPEeBOCXOAAT MHMHHMaJbHO BO3MOXK-
HBIX Ha 3alaHHYIO BEJIMUHHY.

BreiGepem HekoTopoe uuciao e==0. BBeseM MHOXecTBa
Ia(e) = {(i, j): 0<xq5<<e}, 1°(e)={(i, }): dij—e<xy;<<
<d;;}, I"(e)={(i, j): e<<xsj<<dij—e}. Paccmorpum 3a-
naqy

Xiipat 2 (dij—Xij) qi;—>min,

(¢, HEI3(e) U I7(e) (¢, )sI8(Ee) U In(e)

uitvi—qi;<cij, 4:5=0, (i, j)I%(e); (1)
uitv+pii—qii=ci; pi;=0, q:;;==0, (i, j)I*(e)UI"(e).
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I BoHiCTBEHHOM! 1715 Hee ABJSETCS CAENYIOmAs:

0<lii<<dij—e, (i, j)=I=(e); @)
—di+e<<li;<<0, (i, j)sI®(e);

—xi;<<lij<<dij—xij, (i, j)I"(e).

3anaua (2) ¢opMaspHO MaJO OTIHUYAETCS OT NMPOMU3BOAHOM
3ajauy Ha I1aHe nepeBo3ok (cM. § 1). Hasosewm ee e-npous-
800r01 3a0aueli Ha mIaHe MepeBO30K. ECiM &-MpOU3BOAHAS
3ajjaya MMeeT TPHBHaJbHOe peureHue /=0, To mIaH mepeso-
30K go-onTuMaJeH [u. 1]:

n m
S 3 cijXij— 2 2 wau g0, (3)
=1 j==1 i=1 j=1

rage
o= E 8ijxii+ Z’ 8ij (dij—xij), 8sj=ui4-vj—Ccij,

i =0

i=1,n, f=1, y —

KOTIaH 3ajaun (2).

HerpusnanbHoe peuieHue 3amaud (2) 3amaeT MOAXO.IS-
l[ee HaNpaBJeHUe [/ IJIaHa [ePeBO30K X.

VHTepnperanusi ¥ pelleHHe e-MPOU3BOIHON 3aLaud IIPO-
BOZATCSA IO TOH »Ke cxeMme, KoTopas omucaHa B § 2—3.
HerpynHo 3aMeTHTb, YTO BBELEHHE & YIPOIIAeT pElleHHe
IIPOM3BOJHON 3aJaud, TaK KaK COKpAIlaeTcss KOJHYECTBO
KJIeTOK C JBOHHBIMH 3HakaMH. Temepb KJeTKa CUHTaercs
NOJIOXKUTEeNbHOM, ectu (i, j)ElE(e), T. e. 0<<x;;<<e; oTpH-
nartenbHolt, eciu (i, j)=I[®(e); ¢ HBOMHBIM 3HAKOM, €CJIH
(i, em(e).

IIpumep. Paccmorpum 3amauy c ganebiMi u3 Tta6ua. 111.3. 3nakn
KJIeTOK Halifiensl no e==1. Ilpomecc paccTaHOBKH NOMETOK H3 KJETKH
(3, 4) He mpuBean Kk koHTypy. CJlefoBaTeNbHO, €-NPOM3BOAHAs 3ajada
HMeeT JIHIIb TPHBHAJNBHOE DELIEeHHe, a MCXOAHBIM IJIaH NEePeBO30K OTKJIO-
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HSAETCH 110 PacXofaM OT ONTHMA/LHOTO He GoJiee ueM Ha efHHHLY. DTOT
BEIBOJ, cJefyeT u3 ¢opmynawl (3) u rta6a. II1.3, roe npusedeHs NOTeH-
LHaJbl CTPOK H CTOJGILOB.

Tabauya 111.3

A lsTala Ta 704 2]
RN NSRRI
N, A i R )
AfTol 2t [30s 80T
T:(?,ﬁ' ﬁ(_“,zzng-‘lr( Té) & ﬂl%—l{
01513 “Lﬂ 5Jlr5 151 6
1B 50 P63 723 10
N A A LR

2. Ceresas TpaHcnopTHas 3amava. [loctpoenue cyGonTu-
MaJIbHEIX IIOTOKOB C NOMOIIbIO €-TIDOU3BOAHBIX 3aJay NPOBO-
nuTcs mo cxeme 1. 1. Jleranu ocTaBiieHbl YHTaTeNAM B Kaye-
CTBE YIpaXKHEHUS,

3ameuanue. IlocTpoeHue cyGONTHUMaabHBIX IJIAHOB IEPEBO30OK
H IIOTOKOB OCOGEHHO eCTeCTBEHHO B CJydYae, KOI/a €-IPOM3BOAHAs 3ajaua
pemaercss ABOACTBEHHEIM METOAOM, T. €. PEaJH3yeTCss BTOPOH BapHaHT
oGuielt cxemsl npsMoro GesomopHoro mMertoza (cuM. § 2).

Fnasa IV

ABOMCTBEHHbIA BE3OMOPHbIM METOA

B rnaBe onuceiBaeTcs peanusanus NPUHIKIA AOIYCTH-
MBIX HalpaBleHHH AJIg TPAHCIOPTHOH 3aJayM C M3BECTHHIM
JIBOHCTBeHHBEIM IJaHOM. McxonHas 3amaya CBOJAHUTCA K PALY
BCIIOMOTATeNbHLIX (IIPOU3BOAHBIX) 3amad. B oTauuue ot
ra. II mpousBomHble 3amaun pemaiorcs 6e3 IPHUBJICYEHHS
omop ucxomHOH 3amaud. ITokasrpiBaercs, 4TO NpPH pelIEHHH
IIPOU3BOJAHBIX 3aJa4, COOTBETCTBYIOIIMX TPAaHCIOPTHHIM 3a-
nauam, 3¢ (EeKTHBHBIM OKa3blBaeTCsl MeTOX AMHAMHYECKOTo
IpOrpaMMHpPOBAHHUS.

KsaccuueckuM IPOTOTHIIOM METONOB JAaHHOH IVIaBbl AB-
JsieTcsi BeHrepckuil metox [3].
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§ 1. Npoussoauas 3agava

ITo nBOACTBEHHOMY IJIAaHY TPAHCIOPTHON 3aJaUH CTPOUT-
Csl IPOM3BOJHAS 3a/laya, KOTOpas OTJIMYAETCS OT MPOH3BOJ-
Holt 3agaun 1. 11, Ho Tak XKe, Kak W moc/eqHss, TO3BOJISET
y6enuTbcsi B ONTHMAJbHOCTH HauaJbHOH HHGOPMALMH HJIH
VJAYULIUTD €e.

1. Matpuynas mopeanb. IlycTh H3BecTeH ABOICTBEHHBIN
niaH {u, v, @} TPAHCIOPTHOH 3a4a4H

n m
2 Z cijxij—nnin,
i=1 j=1

m n
2 xij=ai, 3 Xij=bj, (1)
= =

ngi,-gdij, i=m, j=1,m,

T. €. COBOKYHHOCTb uHcen {us; 0;, Wi, i=1,n, j=1, m},
YIOBJETBOPSAIOIIMX OTPAaHUYEHHUAM ABOHCTBeHHON K (1) 3a-
Jaul
n m n m
2 aitli+ 3 bjo;— 3 3 dijwi—max,
= =t =1 =1
Uit0;— W< Csj, Wii=0, (2)
i=1,n, j=1,m.

Bynem cuutarh, YTO BEKTOpP @ COTJIACOBAH C KOIJIAHOM
nepeBo3ok 8= {08i;; 8ij=u;+vj—csj, i=1,n, j=1,m}, T. e.
wi;=0 npu 6;;<<0; w;;=0;; npu 6;;>0.

CosokynHocTs uucen {y, 2, s}, y={yi, i=1,n}, z=
={z;, j=1,m}, s={s;j, i=1,n, j=1, m}, HaseBaerca 10-
IIyCTHMBIM HalpaBJeHHeM Ha ABOHCTBEHHOM maue {u, v, @}
(Ha KomJsaHe mepeBo30K 8), ecau I HeKoToporo &0
coBokynHocTh {u(e), v(e), w(e)} = {u, v, w}+e{y, 2, s}
npu Bcex g, 0Ce<Teg, ABAAeTCA [ABOHCTBEHHBIM IIJIAHOM
sagaun (1).

Mycrs I+={(i, j): 8;>0}, I'={(i, j): 8;;=0}, I-=
={(i, j): 6:;;<<0}. HemocpeacTBeHHOH NMOACTAHOBKOH MOMKHO
y6enutbesi, uto {y, 2, S} — NOMyCTHMOE HampaBJeHHe TOrAa
H TOJBKO TOT/la, KOTJA BBLIMOJNHAOTCS COOTHOIIEHHS

Yit2z;—s5<<0, (i, j)l;
yit+2—si5<<0, 5;;=0, (i, j) !l (3)
s:;=0, (i, )=l
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Ecou paccMaTpuBaTh TOJNBKO TAaKHe NBOMCTBEHHbIE MJIAHEI
{u(e), v(e), w(e)}, y KoTophix BekTOp W (€) cOrMacoBaH
¢ KoIIaHoM TepeBo3ok & (¢) =u (e) +v (e) —¢, T0 BMecTO (3)
IIOJIYYUM

Yi+2i—si5=0, (i, j)sI;
s:5=0, (i, j) el (4)
Yit+2i—si3<<0, s4;=0, (i, j) €l

npuyeM S;;=0 npu y;42;<<0; s;;=y;+2; npu y;+2;>0.
HomyctuMoe HanpaBieHHe {Y, 2, S} Ha3bBIBAETCH MOAXO-
JAILIMM Ha JBOHCTBeHHOM IJaHe 3apauu (1), ecnu

n m n m
> aiyi+ 21’ bjz;— 217 Zl’ di;8:;>>0.
i= =1 j=

=1

Cpenu moaxoAsliuX HanpaBjeHUH GyAeM HCKaTb ONTHMAJb-
Hble, Ha KOTOPBIX (QYHKIUS

n

n m m
> aiyi+ Z; bjzj— S dijsij
]=

=1 i=1 j=1

nocturaer Makcumyma. IlockonbKy Hapsily ¢ BEKTOpPOM
{y, 2, s} NOEXONSAIIMM HAampaBJIEHHEM SIBJISETCS M BEKTOD
a{y, 2, s} npu mo6om a>>0, To 3aaya MOHUCKA ONTHMAJb-
HOro HaIpaBJeHHs, BooOlle rosops, HeperyaspHa. K3 Bce-
BO3MOXHBIX HODMHDOBOYHBLIX YCJIOBHH BhIGEpeM cierylolee:

i <<yi<Pi, i=1,1; Anp;<zZ%<Paws j=1, M;

ar<<0, B0, k=1, n-tm. (5)

Ho6asuB (5) kK ycaoBusiM (4), NMOJYyYUM peryJspHyIO
3ajfiayy 1151 MOUCKA ONTHMAaJbHBIX HalpaBJeHHH

n m
S ayi+ 3 bjzi— > disi—>max,
i=1 =1 @ DEL | I°
yi+zi—s;;=0, (i, j) It (6)
yit+z;—si<0, $45=0, (i, j) I

i <Yi<PBi, Unti<<Zi<Pn+j, i=1,10, j=1,

3

b

KOTOPYIO Ha30BeM IPOM3BOAHOH 3afauelil Ha JBOHCTBEHHOM
IJ1aHe IepeBO30K.
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Brire 610 OTMEUYEHO, UYTO KOMIIOHEHTH Ssj5, (i, j) !0,
niaHa 3agauyd (6) IOJIKHEL OBITH COTJIacOBAaHBI C KOMIIOHEH-
TaMu Y, 25, (i, J) E1°

sij==0 npu y;+2;<<0;
sij=Yi+2; npu y:+2;>0, (i, j) "

Pemenue 3amauun  (6) o6Gnamaer TakHM CBOMCTBOM.
B ciyuae ero HapylleHHSI MOXKHO TNPH (GUKCHPOBAHHBIX Yi, Z;
3a CYeT yMEHbLIEHHS §;; JOOGHTHCS YBEJIHUEHHS 3HAUEHHUS
neJeBol PYHKIHH.

[Toayuum 3amauy (6) mo gpyroit cxeme. CorsiacHO TEOpHH
nBoficTBeHHOCTH [MO], A ONTHMANBHOCTH ABOHCTBEHHOTO
nnaHa {u, v, @} Heo6XOAMMO U AOCTATOYHO, UTOGHI CyIIe-
CTBOBAJ TaKOI IJIaH NE€PEBO30K X, UTO BBINOJHAIOTCS YCJIO-
BUs (OTIOMHSIIOIIEN HEXKECTKOCTH) :

(7)

xi;=0, (i, )l xj=dy, (i, ]) st
0<<xi<<dy;, (i, j) !’

(8)
B mnompob6Ho#i 3amucH 3TO O3HadaeT, YTO COBMeCTHaA
cucreMa
D KXi=ai— 3 di, i=1,1;
i1’ i€ra

Z xijzbj— Z d’i]" ]=lym) (9)

i£T0) 1ET0)
0<<xi<<ds, (i, )l

r@)={j ()}, 1°G)={i: (i, ) s}

,Z[JIH TIPOBEPKHU €€ Ha COBMECTHOCTb BBEIEM 3ajzaugy

raoe

n-+m

nitm X
— > appr+ > Brgr—-min,
R=1 h=1
2 xij—Pi-l-Qi:ai— 2 dij7 p’i>0) qi>0) i= » Iy
jsI) jeI*()

> Xij—Patritdnri=b;— ;(7},) dij, (10)

£1%) i
Prii=0, qnii=0, j=1,m, 0<x;;<<dij;, (i, )&l
B KOTODOH NepeMeHHbIE Pk, g YHOBJETBOPSAIOT PABEHCTBAM
prgr=0, k=1, n4m.
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Ecan cosoxym-xocn, {xi;, (i, j)=I°} ynosaersopsieT cooT-
Hoenusam (9), OYEeBHMIHO, 4YTO IpH ar<<0, Pr>>0,

k=1, n4m, coBokynnocts {xi;, (i, j)&I% pr=0, gr=0,

k=1, n+m} — pemenwue 3agauu (10), Ha KOTOPOM IeseBas
GyHKUMS NPHHEMaeT HyJeBoe 3HaueHHe. W HaoGopoT, ecau

{xi, (i, )% pr=0, q»=0, k=1, n+m} — pemenne 3a-
nauu (10), To COBOKYyMHOCTb {X;j, (L j)=I°} ymosneTBopsieT
COOTHOIIEHHAM (9)

3apnaua, nBoictBeHHas K (10), umeer Bug

Z’ (ai— 2 dw)yl'l‘z (bj— 3 dij)zi— X dwle—*maX,

i=1 1I4(j) , HeI°
Yitzi— Sn<0 5:;=0, (i, ) €I an<yn<Pn, k=1,n+m.

IIpy ee pemeHuH nenecoo6pasHO YYHUTHIBATb COOTHOIIE-
aus (7).

Ecnu BBecTH mepeMeHHble S;=y;-}+2; (i, j)lt, To
noc/eHsas 3ajaya NpHHUMaeT BUA 3anaun (6). Takum o6pa-
3oM, 3agavya (10), cocraBieHHas aJs TPOBEPKH YCJIOBHI
ONTHMAJBHOCTH (8) MBOHCTBEHHOrO mJjaHa {u, v, W}, ABJIsSET-
csl IBOMCTBEHHOH K IIPOM3BOJHON 3ajaye Ha JBOHCTBEHHOM
nJaHe.

3anaue (10) MoxHO IpupaTh onpefeneHHbIH GU3HUeCcKHi
cMbic. PaccMOTpUM TpPaHCHIOPTHYIO TaOJHIy HCXOXHOM
sagaun (1). CoBokymHocth umeen [={l;;=0, (i, j)el-;
Lij=ds;, (i, j)elt;, 0<l;;<<di, (i, j)=I°} 3apaer kBasu-
nJiaH nepeBosox BBenem uHcna pr, gk cneny}omHM o6pasom

(ri= 2 + > dij; SJ— 2 lij+ > 1]):

JjeI1%) JEI" ) 1) ieI+(j)
1, n

1,
Prti=Sj—0bj, qn+;=0, ecmu s;—b;>0, j
i

pi=ri—a;, q;=0, ecau r;—a;>0, i

s

gi=a;—r;, pi=0, ecan r;—a;<<0, i

,

I
|5l

I,

I

S

Gnti=b;j—Sj, pn+;=0, ecmu §;—b;<<0,

KBasumjiaH mnepeBo30K [ CTaHOBHTCA IJIAHOM IIePEBO30K
B TPAHCIOPTHOM 3ajaue, €CIH U3MEHUTb 06beMbl IIPOH3BOJ-
CTBa Y NOTpe6J/IeHUA:

YBEJIMYUTh C @; 10 Q;-}p;i, ecau ri—a; >0, i=1, n,
YMEHBUIUTh C ; 10 A;—(q;, ecan ri—a;<<0, i=1,n;
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YBEJHUHTS C b 10 bj+Pnys, ecan s;—b;>>0, j=1, m;
=

YMEHBIUIHUTD C b; 10 bj—(nyj, ecu s;—b;<<0, 1, m.

ITyctb yBennuenne o6beMa NPOU3BOACTBA @; HA ENHHHILY
TpebyeT pacxoloB —a;, PacXoibl Ha yBeJHUeHHe 00GbeMma
notpe6aeHus b; Ha eNWHHLY PaBHBI —Ointj. AHAJOTHYHO
IIyCTb HaJjaraerca mWTpad U Ha yMeHbIIeHHe 06 BeMOB MPOU3-
BOACTBa U 00beMOB IOTpeOJIEHHUS: €CIU a; YMEHbIIaeTcs Ha
enuHUIYy, TO IITpad paBeH P;, mTpad 3a yMeHbIUeHHE b;
Ha eIMHHUIY COCTaBJsAeT Bni;. B 3TON MHTEpIpeTanuu 3amaya
(10) coctouT B MOMCKE TAKOrO KBAa3WIIaHA NEPEBO30K, IPH
KOTOpOM IuTpad MHHHMAaJEH.

PaccmoTpuM 4YacTHEIN caydali MeTona TNPH YCJAOBHAX
pelleHusl TpaHCIOPTHHIX 3aKay ¢ OXHOCTOPOHHUMH MPSIMBIMU
orpanuyeHusmMu (d;;=00), XapakTepHBIX [/ BeH2eNCKO20
merooa.

Bymem cuurath, uto fr=1, k=1, n4m, u HavanabHB}
KOIJIaH MepeBO30K HemnosoxureneH: §;;<<0, i=1,n, ]__l m.

Tako#l KoOIIaH IEepeBO30K JIETKO CTPOUTCS II0 KOSQ)Q)HuHeH-
TaM CTOMMOCTH, €CJIH IOJIOXKHTb

Ui= min ¢;;, v;= min (c;j—u;), i=1,n, j=1,m.
1<jism 1<in

Ilpu stux YCJIOBHSIX MHOKECTBO [*=@ u nosaTomy mpous-
BonHast (6) u mBofictBeHHad (10) x Hell 3amaun HMEIOT BHJ,

m
ﬁ,’aiyi—l— > bjzi—~max, yi+2;<<0, (i, ), an
i=1 j=1 11
i<yi<l, i=1,n, an; <7<, j=1,
n+m n+m .
— X awpr+ 3 gr—min,
F=1 K=t
> ly—pitgi=ai, pi=0, ¢:=0, i=1,n;
eI’ (12)
.ZI:L)ZH'_an‘I‘qnﬂ—bJ, Pnti=0, Gnt;=0, j=1,m,
i1’
0<ly, (i, j) =l
Iockombky @;==0, b;=0, i=1, n, j=1, m, 1 HocTpOEHHE
HayajsbHOro IIaHa B 3amaue (12) TPHBHANBHO (l;;=0,

(i, el pp=0, k=1, n4m;, qi=a;, i=1,n; Gor;=bj,
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j=1,m), 1o BMecto (12) MOXHO paccmaTpuBaTh Goilee
IPOCTYIO 3afauy

n+m J—
2 qh—>min, . Z lij=£li—-qi, q:=0, i=1, n;
h=1 JjEI%7) (13)

,IZ(')li,-=bj—qn+,-, In+i=0, j=1,m, 0Ly, (i, j) !,
1eI%j

cyuTass B Clyyae HeoOXoAuMocTH, 4yto pr=0, k=1, n+m.
M3 (13) oueBumno

n

20i=i2 ai— 3 lij=

=1 =1 (7, eI (14)
= 2 bj— X bit+ 3 qnij= X Gn+i
j=1 j=1 j=1 j=1
n+m

[Tostomy B 3amaue (13) omepamuio 3 gp—>min MOXHO 3a-
E=t

m

n
MEHHUTDb Ha JI06YI0 U3 omepauuit: >, ¢;—min, Gnti—>-min.
=1 j=1

=
3anaua (13) nmpencrasisier co6oit YaCTHBI cayuai TpaHc-

nopTHo# 3agaun. Ciie0BaTEIbHO, BETUUHHY . ;It‘lij MOXKHO
1, )E
TPAKTOBATh KaK 00beM IEPEBO30K MO MHOMXKECTBY KJeTOK /[0,
B cuny (14) omepauus ﬁi' g;—min sKBHBaJIEHTHA OINEpPAaLUH
=
> loij—>max. Takum o6pasoM, 3anava (13) sKkBHBaseHTHA
(i, eI

3ajlaye O MAaKCHMaJbHOM 00beMe TNEePEBO30K Ha MHOXKe-
ctBe [0;
> Lj>max, 3 lLj=ai—q; ¢:=0, i=1,n,
G, HEI® JEI)
> Lij=b; —qn+j, §n+;=0, j=1,m, (15)
iE) L
0l (i, )=!o

$IcHO, YTO MaKCHMaJbHO BO3MOXKHBIH 0OHEM NEPEBO30OK 4e-

pe3 MHOxkecTBO [° moayuaercst mpu ¢;=0, i=1, 1, n paBeH
n

max 3 lij= 3 ai T. e. uepe3 MHOXKecTBO /° mepeBO3UTCH
G, Here i=1

BCS IPOAYKIHUS.
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B § 3 6yner mokasano, uto a1 3agaun (15) cymectsyer

ONTHMaJIbHBIH IBOHCTBeHHHIN naH {i;, i=1, n; Z;, j=1, m},
KOMIIOHEHTBI KOTOPOro paBHHI 160 1, nu6o 0. COBOKYITHOCTD
yucesn

yi=1=27;, i=1, n; z;=1—2z;, j=1, m, (16)

SIBJeTCs ONTHMAaJbHBIM IJIAHOM IpOM3BOJAHOM 3amaun (11).
Taxkum o6pa3oM, KOMIOHeHTH miaHa (16) pasuel mu6o —1,
aubo 1.

IlpuBeneHHass HWHTepIpeTanusl 3afauyd, ABONCTBEHHON
K IIPOH3BOJHOH, II03BOJIAET HANTH MHTEPECHYI0 (U3UUECKYIO
HHTepIpeTalHuio U caMoH NIpoW3BOAHOH 3amaun. IIpu 3TOM
IoJryyaeT HCKAIOYHTENBHO IPO3payHbIil CMBIC/ COOTHOUIEHHE
JBOHCTBEHHOCTH MeXJy YKa3aHHBIMH 3ajiauaMd. IJTOT BO-
npoc NoApoGHO HCCIELYeTCs B CAENYIONEM MyHKTE NMPH pac-
CMOTpPEHHH CeTeBOH MOJeJH, KOrJa CHUTyalusi CTaHOBHTCS
npenenbHo HarasigHoi. IlepeBom pesysabTaToOB 1O CeTeBOM
MOJEe/IM Ha MaTpHuHylo Mojenab (15) ocrasisiem uuTaTENAM
B KayecTBe yIpaxKHeHHs.

2. CereBass Mmopedb. ITycTh MJIsi 3ajaud O IIOTOKE MHHH-
MaJbHOH CTOUMOCTH

2 Cixg—min, X xi— ) Xji=a;, i€l
(i, HeU JEIE) jeI (i) (17)

0<<xi;<<dy; (i,j)=U,

M3BECTEH JBOMCTBEHHBH IVIaH {4, W}, T. €. COBOKYIHOCTb
uncen {u;, i€l; ws;, (i, j)=U}, ynosiaeTBopsOIINX OrpaHu-
YEHHSM ABOHCTBEHHOH 3aJauH

> aui— > dijwi;—>max,

iel (i, HeU

Ui—u—wi<<cij, wi;=0, (i, j)eU.

Kaxk o6bluHO, 6ymeM CUHMTaTb, YTO KOMIIOHEHTHI JIBOHCT-
BEHHOTO IJaHa Wi, (i, j) €U, corsiacoBaHbl ¢ KOMIIOHEHTaMH
KomoToka O;;=u;—u;—cC;;: w;;=0, ecnu 0;;<<0; w;;="0i;,
ecnn 6;;=>0, (i, j)eU.

CosokynHocth umcen {y, s}, y={yi; icl}, s={si,
(i, j)=U}, HasoBeM HONMYCTHMBIM HampaB/ieHHeM Ha JABOH-
CTBeHHOM mJjaHe {u, W}, €CHH CYLIECTBYeT TaKoe UHCJIO
€0>>0, uro coBokynHoctb {u(e), w(e)}={u, w}-+e{y, s}
npu Bcex &, 0<Ce=<Tep, sIBAsSETCS IBOHUCTBEHHHIM ILIAHOM.
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Ecau cuuTath, 4TO BEKTOP @ (€) COTIaCOBAH C KOIIOTOKOM
8(e), To HETPYIHO NMOKa3aTb, YTO MHOMKECTBO JOMYCTHMBIX
HanpaBJIeHHIl ONHCHIBACTCA COOTHOLIEHHAMH Y;—Y;—S;;=0,
(i, NeUr =0, (i, €U~ yi—y;—s;<0, si;=0,
(i, j)=U" npuuem s;;=0 npu yi—y1<0 Sij==Y;—Y; TIpH
Yi—y;>0. 3nece Ur={(i,)): 6;>0}, U={(i,): 62]<0}
Ur={(i, j): 6:;=0}.

Honyctumoe HanpaBseHHe {y, S} HasbIBaeTcs: IMOAXOJs-
IIMM Ha JBOMCTBEHHOM IuaHe {u, ®}, ecau

> aiyi— > dijsi;=>0.

ierl (i, Heu

OnrtuManbHBIM HalpaBleHHEM HAa30BEM pEIIeHHe MPOHU3-
BOJHOH 3aJayd Ha JABOHUCTBEHHOM IlaHe

> aiyi— > dijsi—~max, Yi—y;—s:;=0, (i, j) Ut
= G, HET U T (18)

Yyi—y;i—si;<<0, $4;=0, (i, ) eU% a:<<y:<Bs, i<],

rae a;<<0, pi>>0, i<l; uncna s;j, (i, j)=U° coramacoBaHsl
¢ yncaaMu y;, il 8;;=0, ecnu y;—y;<<0; Si;=Yy:—Y;, €CJH
yi—y;=>0.

3anava, [ABOfCTBEHHasT K TNpoU3BOAHOH 3amaue (18),

HMeeT BHJ,
— > aipi+ 3 Bijg—~>min,
iel jer

3 b= 3 Limpitgi=ai— X dit X dis, (19)

JEI+(1) eIl JEI+(1) isIr()

pi=0, ;:=0, iel, 0<;;<dy, (i, j)sU",

rae I3 () ={j: (i, N€UY, 12 ()={}: (, DU}, IF ()=
={i: (i, DU, I* () ={j: (j, )eU+}.

ITpu pemenun 3amaun (19) pasymMHO CUHTATb, YTO BHIIOJ-
HeHBl paBeHCTBa pi;¢;=0, {El, KOTOpble CHpaBelJUBH 5
ONTHMaJbHOrO maaHa 3agauu (19).

3anauy (19), a yepes Hee u mpousBonHyo 3axauy (18)
HETPYAHO MOJYYHTb C IIOMOILIbIO TEOPHH IBOHCTBEHHOCTH.
[To amanoruu ¢ m. | moxHO mokasatb, uto (19) — skcrpe-
MaJbHas 3ajaya J1Jis IPOBEPKH JABOMCTBEHHOrO mraHa {u, w}
Ha ONTHMAaJbHOCTb.

Jns ¢pusuueckoit uaTepnperanuy 3anaun (19) ceemem ee
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K Ipyro#l, skBUBaJleHTHOH 3amaue. Cpeay 3/7eMEHTOB MHO-
KectBa I BHIIENHM [Ba MHOXKeCTBA:

Kt={iel: a;=a;,— 2’ dij+ Z,‘ dj;>0};

]EI+ (?) ]EI_ (?)
K—= {lE[ a;i=a;— 2 d”-l— Z’ d;1<0}
]EI+ (@) ]EI_ (?)

DyeMeHTH [ MHOXecTBa Kt COENMHHM C MOIOJHHTEIbHBIM
y3J0M S (MCTOYHHKOM) Ayramu (S, {), mapaMeTpsl KOTOPHIX
OTpeIeuM CIAENYIONEM 06pas3oM:

dei=0a;, Csi=0Pi, iK™,

Ananornyno g (K- BBefeM JONONHUTEJbHBIE y3ea !
(cTox), nyru (i, f) ¥ TMOJOXKUM

dit=—a;, cit=—ou, iEK~.
Paccmorpum 3agauy
_— Z_Obilit—l— 2 ﬁilsi—nnax,
ieK 1€K"
2 lij— 2 lji—lsi=0, Oglsigdsiy [EK+;

jery@  jerle (20)
> liy— 3 Litla=0, 0<lu<<du, ieK-,

. 0,. . 0,

JeI (i) jeI_(i)

0<<lij<<dsy, (i,j)esU

Herpynno y6enutbcs, uto pewenus {l;;, (i, j) U ps, qs,
iel}, {li;, (i, )) U ls, ieKt; 1y, ieK-} sagau (19), (20)
CBSI3aHBl COOTHOWIEHHSAMH lg;=—0a;—q;, (€K, ljy=—a;—p;s,
i=K-. CrnemoBatenbHo, 3agaua (20), kak u samaua (19),
BCETJIa UMEET pellleHue.

OcraBuB YUTaTENSIM B KAUECTBE yIpaKHeHUs 00U cy-
yali, paccMoTpuM 3amauy (20) mpH KIaCCHUECKHX YCJIOBHAX

ai=—1, pi=1, il
M3 reopeMbl cyilecTBOBaHUA moToka B cetd (ria. [)

CJIe[lyer, uTo
D= 3 L

i€l iEK*
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[Tostomy 3anaya (20) mpuHHMAaeT BHJ

S lg—>max,

ieK*
> lij— 3 Li—1u=0, 0<l<dg, i=KH,
jeryG  ierla)
2 Lj— 3 Ljit-lu=0, 0<lu<<du, iesK-, (21)
iery@  ierla

0<<lii<<ds;, (i, j)eUo.

Benuunna 3] l;; paBHA TOTOKY, BHIXOASINEMY H3 HCTOYHH-
i€K*

Ka s. B sagaue (21) 3TOT MmOTOK IpomycKaeTcs MO YacCTH
cetu S, cocrosmel u3 nyr mHoxectsa U TpebGyercs HaliTH
MakcHManbHBIH 1OoTOK uepe3 UC. ITostomy s3apmauy (21) Ha-
3BIBAIOT 3aflauell 0 MakCUMaJbHOM noToke. Takum o6pasom,
UCXONs U3 (PU3NUECKOH HHTepTpeTanuu 3agaud (19), nemaem
BBIBOJ: 3ajauya, [BOHCTBEHHAs K NPOH3BOJIHON 3ajade Ha
JNBOMCTBEHHOM IIJIaHe, SIBJASETCSl 3aflaueli 0 MAKCHMaJbHOM
IIOTOKE.

3amaya 0 MaKCHMaJbHOM MOTOKE HMeeT pa3HooOpasHble
npusioxkenus. B § 3 6yzner npuseneH ajropuTM ee pelleHHMs.
A noka mpuBeneMm IJis Hee CJENCTBHS U3 TEOPHU IBOHCTBEH-
HOCTH. 3ajaua, [BOHCTBEHHAs 3ajaue O MAaKCHMaJbHOM
notoke (21), umeer Buf,

> d stz-l- 2 dissi+ > dijsi—min,

i€EK* i, Heu®
2i—2j+$:;=0, s5=0, (i, j)el’, —zi+sa=1, (22)
$5i=0, ieK*, 2;4s1:=0, su=0, i=K-.

Hasi 3amaunm  (22) cyllecTByeT ONTHMAJBHBIH IJIaH
(cM. § 3), KOMIIOHEHTHI KOTOpOro 2;, i/, paBunl —1 niu 0.
IToxkaxkeM, uTo pelueHHe 3amaud (22) cBSI3aHO C pelIEHHEM
npousBogHol 3anaun (18) cooTHOmIEHUSIMHU

yi=—1—2z;, iel. (23)

U3 (23) cnenyer, uto y; paBHo —1 mau 1. 3HauuT, 3a cyer
BEIOOpA S;; BCErla MOXKHO JOOUTbCS BHINOJHEHHS OrpaHHye-
uui 3agaun (18) Ha miane (23).

OGosnauuM uepe3 f(2) onTHMajJbHOe 3HAUeHHE IleJEBOM
Gyukiun sagaud (22) M uepe3 g(Y) 3HaueHHe IleJeBOM
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¢bynknuu 3agaun (18) Ha miane (23). MoxXHO mOKa3aTh, YTO

g(y) =—2f (z) +-const.

CnenoBatenbHo, nnan (23) ontumanen mis sagaud (18).

Pemenne 3agmaun (22) MOXKHO, MCHOJIB3YS YCJIOBHSA J0-
TMOJIHAIONIEH HEeXKECTKOCTH, JIETKO BOCCTAHOBHUTD 110 PeUIeHHIO
3ajnaun (21), a 3atem us (23) [OJIyYUTb pellieHHe IPOU3BOJI-

Ho# 3amaun (18).
Ha pemenusx 3azau (21), (22) BbulmosHsIETCS COOTHO-

LIeHHe NBONCTBEHHOCTH

3 b= 3 dusssit 3 dusut: 3 dissi. (24)

i€HK+ (i, Heu

[IpuBeneM HaArVSAAHYIO HHTEpIpeTAIyio paBeHcTBa (24).
Paccmorpum cetb § ¢ MHOXectBOM y3aoB I=1{/, s, t}
1 mHoxecTBOM nyr U={U", (s, i), ieK*; (i, 1), ieK-}.
OGosnaunm uepe3 /yI HEKOTOpPOe MHOXKECTBO Y3JOB,
comepxariee s, HoO He comepxkaiee f. COBOKYIHOCTb IyT
R()={(, )): i, j€l, (i, j)=U} nasbiBaercs paspes3om

CeTH, KOTOPHIH 3a1aH MHOXKecTBOM /4. Benuunna > dy
(i, HER(I)

HasblBaeTCs 3HaueHHeM paspesa. Paspe3 ¢ MHHHMAaJbHHIM
3HAUeHHEeM — MHUHHMAaJbHBI.
Kak ormeuasoch Bbile, 175 3amaud (22) cyuiecTByeT
o o 0
TaKol ONTHMAaJbHBIH I/1aH, 4To 2; paBHO 0 1u6o —1. TTocTpo-
0 . 0
uM MHO)KecTBO /1 = {i: z; =—1; s}. OHo ompexensier paspes

0
R(I1), 3sHaueHHe KOTOPOTO COBINAJaeT C ONTHMAJbHBIM 3Ha-
yeHHeM IeJeBoit GyHKUMHU 3anaun (22):

2 dszssz + Z d’LtS’I.t ‘I‘ 2 dusm -
ieK* (&, Heu’
dy= X dj

i€l €% (i, ))ERI)

Paccmorpum n06o0it apyroit paspes, 3aJaHHHIH MHOXKeCT-
BoM /4. HemocpezncTBeHHO! NOACTAaHOBKON MOXKHO yOeduThCA
B TOM, YTO 3HaueHHe paspesa R(/;) paBHO 3HAYECHHUIO IieJie-
BOH GyHKUMM 3amaun (22) Ha miaHe z;=—1, iE]; 2;=0,
iE€l,. CnepoBaTenbHO,

dii< 3 di

(&, HER(IL) (2, NER(IY)
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0 o o o
T. €. paspe3 R (/1) muHuManbHbi#. M3 coOoTHOUIEHHUH HBOM-
CTBEHHOCTH (24) mosyuum

2 L= 3 ds;.
ieK* i,
jern’®

Taxkum o6pasom, paBeHcTBO (24) 03HAuaeT, 4YTO BEJHYHHA
MAakKCHMAaJIbHOT'O IIOTOKA B CE€TH paBHA 3HAYEHHIO MUHHUMAaJb-
HOro paspesa.

3amevanue Bolllle 6bI0 N0KA3aHO, KaK 10 ONTHMAILHOMY IIAHY
3afiaun (22) MOCTPOMTb MHHHMAJBHEIA pa3pes. JIerko mokasaTb M 06par-

HOe: KaK 10 MUHHMaJbHOMY Paspesy IOCTPOUTH ONTHMAJbHBI IJaH 3a-
naun (22). Ecim R (/1) — MHHHMaJsbHBEIE paspes, TO COBOKYNHOCTb YHCEJ

{zi=—1, i€, i#s; 2:=0, iy, i=t} aBAsiercs ONTHMAJbHEIM ILIAHOM

samaun (22). Us (23) crenmyer, uro {y;=1, i€y, i#s; yi=—1, ieh,
i=f} — onTUMAaJbHBIH IJaH NPOH3BOAHOH 3amaun (18).

§ 2. O6uan cxema meropa

dopmynupyercss KpUTepUI ONTHMAa/JIbHOCTH JBOHCTBEH-
HOTO IJIaHA M ONHChIBaeTcs o6mias cxeMa pelleHHs TpPaHC-
TNOPTHBIX 3aJay IBOHCTBEHHBIM 0€30NMOPHBIM METOJOM.

1. Marpuynas moneab. VM3 BeluMCIEHHH, NPHUBENEHHBIX
B § 1, cnenyer KpUTEpHUl ONTHMAJIbHOCTH NIPHHIIHIIA JOMYCTH-
MBIX HampaBJeHHH: NJsf ONTHMAaJbHOCTH [BOHCTBEHHOTO
minaHa {4, v} TPAHCHIOPTHOH 3amauu

n

m
2 2 cijxg—>min,

==
m n
2 Xij=0a, 21’ xij=0;, (1)
i= i=

HeOo6XOMUMO Y [OCTATOYHO, 4TOOH MaKCHMAaJbHBIH 00BeM
0
nepeBo3ok > lj; mo MHOXecTBY /0

z, eI’
> Ljomax, 3 Lj=ai—q:; =0, i=1,n;
Z, HeI1° jeIq)
Z lij:bj—qn+j, qn+i>0’ j=l’m’ (2)
1e1%j)

O<lij» (L» .’) e,

paBHsICS 001EeMy 06beMy IPOH3BOACTBA ) .

1=
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[Tpu BHIMONIHEHMH 3TOrO KPUTEpHsi ONTHMAaJbHBIH IIaH
nepeBo3oK x° cocTaBAeTCs CAEAYIOUIUM 06pasoM:

xi; =0, (i, el x5 =1 (@ ).

HpeﬂHOJIO}KI/IM, qTo KpI/ITepI/Ifl OINITHMAJIBHOCTH HeE BBIIIOJ-
HACTCA:

n
S < 3 a.

(i, HeI’ i=1

O6o3HauuM yepes yg, z}), i=1,n, j=1, m, KOMIIOHEHTH ONTH-
MaJbHOTrO IJIaHa mpousBogHon samaun (11) us § 1 {y°, 2%}.
(B § 1 oTmeyasnoch, 4TO KOMIOHEHTHI 3TOTO IJIAHA MOTYT
OpHHMMATh TOJbKO nABa 3HaueHuss: —1 u 1. B § 3 6ynmer
TIOJIyYeHO TIPOCTOe IIPABHJIO, IIO3BOJSIOLIEE 10 pPENIEHHIO
sagaun (2) HalTH KOMIIOHeHTH muaHa {y° 2°}.) Mcxomubiit
JBOHCTBEHHBIH MJaH {u, v} MeHsieTCs Ha HOBBIN {i, 0}:

di=u;+0%0 i=1,n;, U;=v;4+0%0 j=I1,m,

rae o) — MaKCHMaJsbHO JMAONYCTHMBIN Iar, HaHIEHHBIH U3
YCJIOBHSI HONMYCTHMOCTH IBOMCTBEHHOTO mJaHa {&, U}:

o'= min oy, oy=—0:;/(y+2°), (i, j) el
Y;*42;°>0

3a urepauuto {u, v}—{ii, U} 3HAUeHHe NBOHCTBEHHOH IieJe-
Bolt GyHkuuK 3anaun (1) yBennuuBaercs Ha

n
(X a— 3 1)
i=1 4, )er
TakoB BTOpOI BapHaHT oOuiell cxembl perieHus 3agauu (1)
NBOMCTBEHHBIM O0€30MOpPHBIM MeTonoM. B stom BapuaHTe
HETIOCPENCTBEHHO peIlaeTcs He IPOM3BOJAHAS 3ajava, a 3a-
Jaya, IBOHNCTBEHHAs K Hel.

B xauecTBe ynpayKHeHUs mpelJiaraeM OIHCATb U peaJH-
30BaTh NEPBBIA BapuaHT O6lIEH CXeMbl, OCHOBAaHHBIH Ha He-
TOCPEICTBEHHOM peLIeHHH MPOU3BOIHON 3a7auH.

Takum o6pasom, pelleHHe TPAHCIOPTHOH 3anaud 1 BOH-
CTBEHHBIM 6€30TOPHBIM METOIOM CBEJIOCh K PelleHHIO 3aflaut
0 MakcumaabHOM oObeMe mepeBo3ok (2). DddexkTHBHLIE
aJTOPUTMBI €€ PelIeHHs] OCHOBAHBI HA CJeLyIolleM aHaJHse.

[peamnosioxum, uto miaH mepeBo3ok {li;, (i, j)=I°} He
MakcHMajieH no o0beMy. Torma Haijercs MYHKT NPOU3BOJ-
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CTBA {1, U3 KOTOPOTO MOMKHO BBIBE3TH HOMOJHHTENbHO o >()
eMHHUIl TNPOAYKTA. DTO KOJHYECTBO NMPOAYKTA MOMKHO HJIH
HeNnoCpeJCTBEHHO 3aBe3TH 4epe3 KiaeTkKu (iy, j) =/° B HEKO-
TOpBlE NYHKTHl NOTpebJeHus, UM Xe (B cjaydae Korga Io-
TpeGHOCTH BCeX IYHKTOB IOTpeOJIeHHsI, COEIHMHEHHBIX C ij
KJeTKaMH u3 [0, yJI0oB/JeTBOpPEHEl) IepefaTh ero uepes ykKa-
3aHHbIE NYHKTHl NOTPe6JIeHHS APYTMM IYHKTaM IIPOH3BOJ-
ctBa. M3 mocaeHHX JONONHHTENbHOE KOJHYECTBO MPOILYKTA
OISITh HJIH HEIOCPEACTBEHHO 3aBO3UTCH uepe3 /0 B MYHKT
notpe6/eHHs] C HEeYIOBJETBOPEHHON MOTPeGHOCTBIO, HJIH
nepefaeTcs HOBBIM IIyHKTaM IIPOHM3BOACTBA. IIOCKOJBKY mHO
TeopeMe CYIIeCTBOBAHHA 00S3aTeJbHO HANLYTCH MYHKTHI
notpe6J/ieHds], B KOTOPEIE MOXKHO 3aB€3TH JIOTOJHHUTEIbHO 0
e[MHHI, IIPOLYKTa, TO ONHCAHHBEIE BHIIIE omepaiuu 06s3a-
TeJIbHO NIPUBELYT B HEKOTODbIE U3 3THX IIYHKTOB.

Ha s3bike TpaHCIOPTHOH TabJ/HMIBl H3J0XKEHHOE 03HAYAET
caenyiomee. Eciu nan nepesosok {li;, (i, j) /% uepes [°
He MaKCHMaJeH, TO HaHaercs CTpoka iy: > Il << @y

JEIG)
Bosmoxuel gBa cayuas: 1) cpemu [°(i;) ecThb Takoi HH-
IEKC fi, 4TO 207 li5,<<bjy; 2) nas Bcex j[°(iy) BBIIONHSET-

1€I%)
cAd paeeHcTBO Y l;j=0b;. B mnepBom cayuae oOGbeMm mepe-
1€I%7)

BO30K MOXHO YBEJHYUTH 32 CUET IEPEBO3KH U3 i1 B ji, BO BTO-
poM o06si3aTeNbHO HaimeTcsi Tako# croaber ji/0(iy), 4TO
Opu HeKoTopoM (i3, j1) & I° BBHINOJHAETCS HEPaBEHCTBO
l1,5,>>0. (MHauwe 00'beM TepeBO30K HeNMb3s OBLIO OBl YBEJIH-
YHTh BONPEKH MPENNOJOXKEHHIM.) YBenuueHue [;;, BeneT
K YMEHBIIEHHIO [;,;, (yciaoBHe GasaHca IO CTOJOLY j1).
UTo6bl coxpaHuics 6alaHC IO CTPOKe iz, HEOOXOJHMO yBe-
JudyeHue l;,;, B HEKOTOpo#l KieTke (iz, j2). IloBTopmsach
CHTyaLHUsl co CTPOKOH iy. Uepe3 KoHeuHOe YHCJIOo 11aroB o6Ha-
pyxarcs cTpoka ix u croaben j,<I°(ix) Takue, 4TO

> lijh <bjh .

11

Korza nuan nepesosok {l;;, (i, j) 1%} mo I° He MakcuMaJeH,

TO B TPaHCIOPTHOH TalJMlle MOXKHO IOCTPOMTb ILIENOYKY

M3 CTPOKH i1 ¢ 3] l;;<<ai, B croxben ja ¢ 3 lij, <<bj,
Jie1%) 1€I%p)

TaKylo, YTO Ha KOHIIaX BEPTHKAJbHBIX 3BEHbEB NEPEBO3KHU [i;

NOJIOXKHUTENbHEL. DTy LENOoYKy HasoBeM, Kak u B . III,

nyreM. M3 NpHBeIEHHBIX NOCTPOEHHH OYEBHAHO 0OpaTHOE
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yTBepKJAeHHe: eC/AH B TPAHCHOPTHOH TabJHie CyLlecTBYeT
IyTh U3 CTPOKH i1 B cTOJGEL ji, TO 06beM IIepEeBO30K MOXKHO
YBEJHYUTD 32 CUeT IIePeBO3KU AOIOJHUTEJbHOTO KOJHUeCTBa
NPOAYKTA U3 NYHKTA i B MyHKT j1.

Takoit aHanu3 no3BoJsgeT CHOPMYJIHPOBATb KPHUTEpPHH
ONTHMANbHOCTH NePEeBO30K: IIaH nepeBosok {li;, (i, j) %
ONTHMaJIeH TOTZla U TOJBKO TOrJa, KOrZa IO KJIeTKaM MHO-
ecTBa [0 TpAaHCMOPTHO!N TaGJHIBl HEJB3SI MOCTPOUTh HU OJI-
HOTO IIyTH.

3ameuanune MOXKHO cudTaTh, YTO MHOXKECTBO [° cCOINEPXKHUT
KJIETKH H3 KaXXJOH CTPOKH H KaXJOro CTosibla TPaHCIOPTHON TaGJHIHL.
B nporuBHOM coryuae 3a CYeT COOTBETCTBYIOLIETO M3MEHEHHS NOTEHIHAJIOB
U, U MOXHO YBEJHYHTb 3HAUeHHe JBOHUCTBEHHON IleJieBOH (YHKUHH.

2. CereBasi Mogenb. Mcxomsi M3 cMEBICIa IIPOM3BOLHOH
3ajjlaul U ee IpeoGpas3oBaHH, OCYIIeCcTBIEHHBIX B § 1,
chopMyIHpyeM KPHTEPHH ONTHMAaJbHOCTH [BOHCTBEHHOTrO
6e30MOpHOT0 METOHA: MAJsA OINTHMAaJbHOCTH JBOHCTBEHHOTO
nnana {u, @} sagauu

> cixgomin, 3 xi— 3 xjp=a;, il
6. 90 . (3)
0<<xi<<dy, (i, j)€U,

0
Heo6X0A¥MO M J0CTATOYHO, YTOGHl BeNHYMHA >, ls; MaKCH-

1€H
MaJbHOTO NOTOKa Mo cetu S°= (I°, O°), rme I°={/, s, t},
e={U", (s, i), ieK*; (i, t), i=K~}, HalineHHas 1no 3ajmaue
> l—max,
=
20' lij— 2 lji=0, lE[, (4)
iely@  iels()
0<<liy<<ds, (i, j)el

=0 ,. . .. — =0 /. . PR —
rie I+ (i) ={j: (i, )€0%, I- (i)={j: (j, i)=U0%, pasus-
Jace > a;.
i€eK*
OnrtuManbHB TOTOK X0 3ajgaun (3) HMeEeT KOMIOHEHTHI
0 P .. 0 0 .o
x5 =0, (i, ) eU=; xi; =ds, (i, [)SU*; x5 =L, (i, j) U
Ecsu KpuTepH#l ONTUMAJIBHOCTH HE BBINOJNHACTCS:
3l < X a,
i€EHK" i€K”

TO IBONMCTBEHHBIH MJaH {U, W} 3aMeHsieTCss Ha HOBBIML
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O6o03naunM uepes {y°, s°} pelieHHe IPOU3BONHON 3amauH
Ha JBOHCTBEHHOM IiaHe {u, W}.

3ameuanune. Kak orTMeyajsoch Bhlllle, KOMIOHEHTHI yg, iel,

ONTHMAJBHOTO MJIaHA NPOH3BOJHON 3afayd MOT'YT MPHHHMATb TOJBKO JABA
spagenusi: —1 u 1. B § 3 6yzmer nosydeHo mpoctoe NMpaBHJO, NMO3BOJSIO-
mee no peleHuio 3agaun (4) Ha#itu pemenne {y° s°} mpousBOAHOM
3ajJiauH.

KoMIOHEeHTY # HOBOTO IBOHCTBEHHOro IuaHa {&, @} Haii-
nem mo opmyJae
Z=u-0o%". (5)

BekTop @ corsiacyeM C HOBBIM KOIOTOKOM {8:;= il;—il;—Cij,
(i, j)eU}. Kak u B onoprom mertoge (cM. ri. II), mar of
MOXKHO HaHTH HeckoJbkKuMH crocob6amu. IIpuBemem mpo-
crefimui crnocob:

5.6
o*=min {o%, 6%}, o'= min oij, o5 =———"—,
Yi—y;=>0 Yi—Y;j
2 2 §:a (6)
(i, ])EU_y 02= min 0ij, O3j =— #’ (L, j)EU‘I',

Y;—y;<<0 Yi—Yy;

3a omHy HTepalMIO 3HAUEHHE JBOHCTBEHHOH IIeJEBOH
¢yHruMK 3anaun (3) yBeJaHuyHBaeTCs Ha

(X a— X ).

iER* ie K¥

B stom coctout BTOpO#l BapuaHT oOUIEH CXeMBbl IBOMi-
CTBEHHOro 6e30MOpPHOro MeTonxa, KOrJa pellaeTcsl He Mpou3-
BOJHas 3ajava, a 3ajaya, ABoOHCcTBeHHAasd K Hel. [lepBblH
BapHaHT o6liell cxeMbl U €ro peasjH3alHIO OCTABJIAEM YH-
TaTeJAM B KauecTBe yIpaXKHEeHHS.

IIpoananusupyem 3ajauy o MakCHMaJbHOM mOTOKe (4),
K KOTOPOH CBOAMTCA BTOPOH BapHaHT oOOmiell cXeMbl ABOH-
CTBEHHOro 6€30mO0pHOro MeToxa. IIpeAnmosIoxKuM, U4TO IIOTOK
{lij, (i, ))=U%} na nonceru S°={I, U° He MakcHMaJeH.
CilemoBaTe/IbHO, U3 HCTOYHHKA S MOKHO BBIIYCTHUTD, & B CTOK
! IOCTaBUTb MAOMOJHHUTENBHOE KOJHYECTBO NPOAYKTA. DTOT
IPOIYKT MONAET IO OXHOK 3 AyT (S, i), i=K*. Ilostomy
Hafizercs Takas nayra (S, i1), uTO le,<<dey. VI3 ycioBus
6asnaHca B y3nae iy=Kt cienyer, uTo HaliieTcss MJId mpsiMas
ayra (iy, j1)EU° ¢ l3,5,<<dij,, wnu obpatHas nyra (fq, i) €
U0 ¢ lj;4,>0. IIpomonKuB mpolecc NOCTPOeHHs AYT, 06s-
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3aTeqbHO OOHAPYXUM LieNb U3 S B f, BIOJb KOTOPOH BHIIOJ-
HSIOTCST HepaBeHcTBa: [ij<<dyj, ecnu (i, j) — npsimas ayra;
[;;>0, ecnu (i, j) — obpaTHasi mayra. Takyi Ilemnb Ha30BEM
myteM. OueBHIHO U OO6paTHOE YTBEpKIEHHE: €CJAH U3 S B
CYILECTBYET IIyTh, TO IIOTOK B CETH MOXHO YBEJHYHUTD.

[TpoBeneHHEI aHA/IM3 TO3BOJSET CKA3aTb, UTO MAJIs MakK-
cumasnbHOoCcTH notoka {l;;, (i, j)=U% H806XOI.[PIMO U J0CTa-
TOyHO, 4ToGEl B ceTH S={I, U’} He CymecTBOBAJO MyTH
u3 s B L.

3ameuanuq: . Bes orpanuuenus o6IHOCTH MOXKHO CUHTATh, UTO
KaXIblH y3en (] sBjsieTcs HayaJOM HJIH KOHLIIOM HEKOTOpO# nyru u3 U°,
B nporuBHOM ciyyae 3HaueHHe ABOHCTBEHHOH IeJieBOH (GYHKIHH JIErko
YBEJHYHTD 33 CUET I3MeHEHHS NMOTEHIHAJNOB Y3JIOB.

2. B naHHOH W mpeABIAyLIeH rjaBax pellleHHe TPAHCIOPTHOH 3alauH
CBOIMTCS K DELIeHHIO psfla MPOHM3BOAHBIX 3afadu. [TocnenHHe SKBHBaJeHT-
Hbl 3KCTPEMaJbHbIM 3aJlayaM IPOBEPKH KPHTEPHEB ONTHMAJbHOCTH. TaKkuM
06pa3om, Ha NepBHIH B3TJISA OYeBHAEH HEAOCTATOK KJIaCCHYECKOrO MeTOona
peLIeHHs] SKCTPeMaJsbHBIX 3aflay 4epe3 HCIOJb30BaHHEe KPHUTEPHEB OITH-
manbHocTd. OH DPHBOJMT K UMKJIY: OT ONHON SKCTPEMaJbHOH 3amaud
mepellId K JPYrod sKCTpeMajbHON 3afade. B ofmem ciyyae He BHIHO
SIBHBIX apryMEHTOB JJisi OTBOAA KpHTHKH. Ho, Kak NOKa3bIBalOT pe3yJib-
tatel 1. I11 u IV, Takas xpuTHka He MMeeT OCHOBaHHMI.

§ 3. PewleHne npou3BOAHONM 3ajauM

Pemaercss OBOACTBEHHHIM MeTONOM (BTOPOH BapHaHT
obmielt cxeMbl U3 § 2) mpowsBogHAs 3amava Ha IBOHCTBEH-
goM maaHe (cm. § 1), x xotopo#, cornacHo § 2, cBomuTCA
pelleHHe TpaHCIOPTHOH 3aLayun.

1. MarpuyHas mopenb. [l TpAaHCIIOPTHOH 3amaun

n m .
> > cijxi—min,

= =
m n
% Xij=a;, Zi' xi;=0bj, (1)
j= i=

x:;;=0, i=1,n, j=1,m,
IO H3BECTHOMY [BOHCTBEHHOMY TmwiaHy {us;, vj, i=I,n,

j=1,m} cocraBuM KomJaH nepeBo3ok 8= {8;;=u;+v;—cij,

i=1,n, j=1, m} u B TpaHCTIOPTHO} Ta6JIHle BbILETHM MHO-
)kecTBo Knetok [°={(i, j): 8;;==0}. Cornacuo § 1, pemenue
MPOM3BOIHON 3afauM CBOJUTCS K IOHUCKY IMJaHA MEpPeBO30K
yepe3 /° ¢ HaubosbmuM o6BeMoM. B § 2 nokasaHo, uto 3Ta
3azavya, B CBOIO OuYepelb, CBOJXUTCH K NMOCTPOEHHIO MMyTeH
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M3 CTPOK i ¢ a;— > 1;;>0 B crosbusl j ¢ bj— 3 [;;>0,
jsI') i€1%j)

rhe lij — NepeBO3KM 3afauH, NBOHCTBEHHOH IPOM3BOAHON
3ajmaye, KOTOpylo OyZeM pemiaTh METOAOM IHHAMHYECKOTO
nporpaMMupoBaHHua. Ly 3TOro npenBapHTENbHO CBENEM €e
K 5KCTpPeMaJsbHOH 3amave, T. €. HapsaLy C IIOMCKOM IyTeH
OyzneM N0GHBATHCS SKCTPEMAJbHOCTH HEKOTOPOHM e€ro uucJIo-
BOHM XapaKTepPHCTHKH. YKaxkeM (I/1s1 IpUMepa) TPH Xapak-
TePHCTHKH: KOJIMUECTBO 3BEHbEB; MPOIYCKHAsl CIOCOGHOCTD;
I[EHHOCTb JOCTaBJIEHHOTO NPOAYKTA.

s onpenesleHHOCTH BbIGEPEM BTOPYIO XapaKTEPUCTHKY,
T. €. OyIeM HCKaTh IyTh C HAHGOJIBIIEH PONYCKHOH CIOCOG-
HOCTbIO. Tpebyercs, HCIONb3Ysl KJIETKH MHOXecTBa [0 mo-
CTPOUTb TAKOH ITyTh H3 MHOXKECTBA CTPOK

O)1={i: a;— Z lij>0}
JEI)
B MHOXKECTBO CTOJIOLIOB

or={j: bj— > 1;;>0},

1€I%j)

KOTODBIH HMeeT HauGOJIBIIYI0 MPOIMYCKHYIO CIOCOGHOCTD.
Cienys IMHAMHYECKOMY TPOTPaMMHPOBAHHIO, TIOTPY3UM 3TY
3amady B CeMeHCTBO 3ajay, Ile HeoO6XOAMMO HAUTH IYTH
MaKCHMaJbHOH IPONMYCKHOH CNIOCOGHOCTH H3 @1 B MIPOH3BOJIb-
HbIA crosben uian cTpoky j. O6osHaunum uepes B(j) (pyHk-
nus Besnmana) HauGoJsbliee KOJHYECTBO IPOLYKTA, KOTO-
poe MOXKHO JOCTaBHTb U3 ®¢ B j BLOJb onHoro nyTtH. Cocra-
BuM ypasHenue Bennmana miaa ¢oyaxkuuu B (f). [Iycts © —
MHOXKECTBO CTPOK U CTOJIOLOB C H3BECTHBIMH 3HAUEHHSIMHU
¢yukuun B(j). O603HauuM uyepe3 o' MHOXKECTBO COCEIHHX
C ® CTPOK M CTos6UOB, Oymem cuuTath ¥) =o', ecan [ —
HHJIEKC CTPOKH ¥ B ® HAHIETCST HHIEKC CTOJa6La £ TaKOH, U4TO
lix>0, (i, k) I° nnu ecnu { — uHAEKC cTosbUA U B © Hal-
JeTCsl HHIEKC CTPOKH k takoi, uto (&, i) =[°. O6benuHenue
MHOXKECTBa COCEIHHX y3JI0B ®' H MHOXKeCTBa CTPOK {i: (Ew,
i=wi} o603HauuM uepe3 o.. CrenaeM NpoOGHBIE IEPEBO3KH
U3 TIYHKTOB, HHAEKCH KOTOPBIX BXOIST B ®, B NYHKTHI, HH-
JIEKCHI KOTODBIX COCTABJISIOT MHOMKECTBO ®.. PaccMOTpUM
nyHkT A, k.. O6beM NPOGHOH NepeBOo3KH B NYHKT Ap
MOKeT paBHATbCSA JUOO Qp— %h)lkj, T. e. 065eMy IPOAYKTa,
jEer

*) 31ech M JaJjee HCNONb3yeTcs COKpalleHHas 3aluch [Ew’, XoTa
3JeMeHTaMi MHOXectBa o' sasasiorca A;, Bj. M3 Tekcra sicHO, HHIEKC
KAaKOr0 NMYHKTAa HCIOJb3YeTCs.
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He BbIBe3eHHOro u3 Ax, 6o min {lxs, B(s)}, T. e. 06bemy
IPOAYKTa, KOTOPHIH MOXHO BO3BpaTUTb B Ap U3 myHkra Bi,
ssw (mocjenHee BO3MOXKHO, eCIH REw).

ITockosbKy HILETCS INyTh MaKCHMAaJbHON MpPOIYyCKHOM
CIIOCOGHOCTH, TO IPOOHYI0 NepeBO3Ky B Ap MOJOXKHM
paBHOH

B’ (k) =max {ar— > lzj, max min {B(s), ls}}. (2)

J€I%R) B, s€E0

PaccmorpuM nyHKT Br, k=w’. Ilockonbky B 3amaue (2)
u3 § 2 Her orpaHMUYEHMH HA NMPONYCKHBIE CIOCOGHOCTH KOM-
MYHHKaLHH, TO NPOOHYIO NIepeBO3KY B By IONOXUM paBHOH

B’ (k)= max B(s). (3)

A, SEQ

B pesysnbrate Hapsay c uuciaamu B(j), jEo, HalmeHb
upcna B’ (s), s=o’. Ecau BoIUHCAUTD

B’ (i) =max B’ (s), s€o’, (4)

TO OYeBHAHO, uTO B’ (i) — HauGoJblIee KOJUYECTBO MPOAYK-
Ta, KOTOPOE BO3MOXKHO NOCTABUTb M3 @4 B IIYHKT IPOHU3BOJ-
cTBa MJH TOTpebseHus ¢ uupekcoM i. IloatroMy uHAmeKkc i

BKJIIOYae€M B MHOXECTBO ®, ® = |J {, a IpOOHYIO IepeBO3KY
B’ (i) menaeM moCTOSIHHOI:

B(i)=B’(i). (5)

CoorHouienus (2)—(b) u 3anmaror ypaBHeHue Dennmana,
npencrasisioniee co6oil cBoeoGpa3HOe PEKYpPEHTHOE COOT-

HOLIeHHe, OIpe/leJleHHOe Ha MHOXKecTBax ®, o. HawasnbHoe
yCJIOBHE 1151 ypaBHEHUs DessiMaHa cilenyer M3 onpefieseHus
¢yukuuu bennMana:

B(k) =Qap— Z,' lhj= max {ai— Z lij}.

JEIR) i€ JjeI1%3i)

IMpuBeneHHbIil BEIBOA ypaBHeHUsI DennMana QakTHYECKH
COIIEPXUT M METOM €ro peleHus. YnobHoi ¢opMoll peasn-
3allMd METoJNa pelleHHsl ypaBHeHus Dennmana sBasgercs
METOJ PACCTaHOBKU METOK.

ycte {lij, (i, j) = 1°} — HekoTOpHIll INIAaH NEPEBO30OK
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mo [° Jlna mepBOH HMTepanMH MOXKHO MOJIOXKHTb [;;==0,
(i, j)=I°. HafineM MHOXeCTBO

o= {i: a;— > 1;;=>0}.
jsIi)
ITynkraM NpPOM3BOACTBA i C HMHAEKCAMH M3 ®; NPHUIHIIEM
BpeMeHHBle MeTKH {Wi’, 0} U3 IBYX 5/1€MEHTOB, Tl

wi=ai— 3 L.
i€T0)
Metky {ux’, 0} cmenaem mnocrosuHO# {ur, 0}, pr=pr'=
=max Wi.

1E0;

ITycTb Ha HEKOTOPOH HTEpalUH H3BECTHO MHOMKECTBO ®
IIYHKTOB C IIOCTOSIHHBIMH MeTKaMu {u;, (i)}, i€w, roe p;i —
MaKCHMaJ/IbHOE KOJIHYEeCTBO NIPOAYKTA, KOTOPOE MOMKHO BJOJIb
IIyTH DOCTAaBHTb M3 @1 B MYHKT C HHAEKCOM i, S (i) — HHAEKC
IYHKTa, KOTOPHIH Npe[IIecTByeT Ha IyTH NYHKTY C HHIEK-
com i. PacmupeHue MHOXeCTBA © IOMEUEHHBIX IYHKTOB
ocymecTBUM B fABa stana. CHavaja paccTaBUM BpPeMeHHbIE
MeTKH, a IOTOM CpelM HUX HaijaeM NocTosgHHy!o. IIycTb HH-
IEKCy [E@® COOTBETCTBYeT IYHKT IIPOM3BOJACTBA HJH, APY-
THMH CJIOBaMH, [ — HOMep CTPOKH TPaHCIIOPTHOH TaGJIHIBL.
Beigenum cTo6upl ¢ TaKMMM HHAEKcaMHu j, uto (i, j)&lO,
M NpUNHMIIEM WM BpeMeHHble MeTku {uj’, i}, rae p;/=p.

Ecnu cronGer j yxe umen BpeMenHyio Metky {u;, §(j)}, 10
ee COXpaHHM IpH p; < py’.

Ecin i=o — HOMep cTO/IOLA, TO BBIAEIHM CTPOKH C Ta-
KHMH HHAEKcaMu j, 4to (j, i)&/0, 1;>>0, u npunuuem UM
Bpemennbie MeTkH {u;’, i}, rme p;’=min {p; li}. Ecnan

CTpOKa j yXe HMena BpeMeHHyO MeTKy {uj, §(j)}, To ee

coxpauuM npu p;’ <<p;. IIpocMOTpeB 3/1eMeHTH MHOXECTBA
®, TIOCTPOMM MHOXECTBO @, HOMEPOB CTPOK M CTOJOIOB,
IIOJYYHBIIMX BpPeMeHHBe MeTKH. CpelH BpPEeMEHHBIX METOK
HahigeM Metky {ux’, s(k)} ¢ HanGOJMbIIMM IIEPBBIM 3JE€MEH-
oM. K MHOXeCTBY ® JH06aBUM 3JIeMEHT R, a IYHKTY C 3TUM
MHEKCOM IIpHIMIIEM INOCTOSHHYIO MeTKy {ua, s(k)}, rae
Hr=pz".

[Tporecc paccTAHOBKM METOK MOXKET 3aKOHUMTbCA 32 KO-
HeyHoe YHCJIO LIATOB OJHHUM M3 IBYX HCXOJOB: 1) mosyuni
BpemenHyo MeTky {ur’, S(k)} mymkt Br ¢ bp— %(,'k)lik>0;

1€
2) HeBO3MOXKHO NIOMETUTb HOBHIE NyHKTHL. Peanusanus ciy-
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yasg 1) o3Hauaer, 4TO B MyHKT By MOXKHO AOCTaBUTb wn’ €1H-
Hul npoaykra. Ilockonbky morpeGHOCT myHKTa B paBHa
br— > L, To emy goctaBasercs a=min {uz’, bp— > L}
iEI(R) i€I%h)
npoaykra. JIerko HalTH MyTh, BAOJb KOTOPOTO JOCTABJSETCS
3TO KOJHMUYECTBO NPoAyKTa. K3 BToporo sneMeHTa s (k) MeTKH
nyHkTa Bp y3HaeM NpeANOCTEeIHHHA IYHKT HYTH, KOTOPBIH
II03BOJISIET aHAJIOTMYHO BOCCTAHOBUTD €Il OfMH MYHKT, U T. 1.
Uepes KOHEYHOE UHCJIO IIATOB IMONAJAeM B IYHKT MHOXKECTBA
©1 C HyJIeBBIM BTOPBIM 3JeMeHTOM MeTKH. O6beM NpOHU3BOA-
cTBa B IMyHKTe A;, YMEHbIIMM Ha BEJHUUHY @ M 3TO UHCJIO
li;=o0 momectuM B KJIeTKH (i, j), pPacmoJOXKeHHble Ha IO-
CTPOEHHOM IYTH.

[Tocne aTOro MCXOAsi M3 1 BHOBb pacCTaBJIsieM MeTKH
cros6laM U CTPOKaM TPaHCIOPTHO! Tabauupl. Hepes KoHeu-
HOe YMCJIO NONBITOK IpHAeM K ciyudaio 2). Ecaun okasamocs,
4TO MHOXECTBO ®; IYCTO, TO TpaHcnoprHas 3agaua (1) pe-
meHa. Cuayua#l, Korija i HEIYCTOe MHOXKECTBO M HOBBHIE
MYHKTHl HEBO3MOXKHO IIOMETHTDb, O3HAUaeT, YTO HalfeH IJIaH
[EPEBO30K MAaKCHMaJbHOro o6beMa 10 MHOXKecTBy /O

BoccraHoBuM 10 HeMy onTHMadbHbIR miaH {y°, j=1, m;

z?, i=1,n} mpousBomHo# 3amaud. IlycTb ©® — MHOXKeCTBO
IIOMEYEHHBIX CTPOK U CTOJNOLOB mocjenHeir Tabmauunt. Iloka-
’KeM, 4TO COBOKymHocTb uucesn {7:;=0, iw; ji=I1, i€o;
zZi=1, icw; Z;=0, {(Ew} aBIseTCd ONTUMAJbHBIM IJIAHOM

3agauyu
> aiji+ 3 b;z;—min,
: 7

y—i_l-éj?l, (Ly ])E]Oy !71'20’ i=1’n; §j>0) j=l,my

(6)

KOTOpasi ABJSETCS JBONCTBEHHON 3afayell 0 MaKCHMMaJ/bHOM
o6'beMe mepeBo3ok uepes /0.

Ecau cTpoka iEw®, TO BCEra MOXHO IIOMETHTb COCEIHHE
croabus j{j: (i, j)=I°}. CrexoBaresbHO, B 3TOM CJIyuae
orpaHuueHuss 3agaud (6) He HapymalmTcs, TaK Kak
g1+21=1’ ]E{] (”9 ])EUO}

Ecnu ctpoka i€, 10 lij=0, j€o 1 a;= 3 L (B mpo-

j€o
THBHOM CJyuae CTPOKY i MOXKHO GblIO 6bl moMeTHTb). Kpome
TOTO, I/ [&® BHINOJHAITCA OrpaHuueHHs 3agaun (6):
7i+2;>1, ecau croaben jewo; Fi+2zj=1, ecau croaber
j€o. Ecau cronben jew, 10 [;;=0, i€0 u bj= 3 L;j
1€0
(B mpOTHBHOM Ciyyae MOIJIM Obl IOMETHTb CTPOKY i HJIH
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yBEJIHUHTb 06beM IepeBo3ok). s jEw orpaHuuenus 3a-
nadn (6) BBIMOJMHAIOTCA: yi-+2;>>1, ecqn cTpoka (Eo;
yi+2;=1, ecan cTpoKa i w. Ecau crosben jEw, TO U CTPO-
Ku i€o, ie{i: (i, j)U’% (B npoTHBHOM Cjiyuae MOTJH Gbl
noMeTUTh croaber j). Orciona

Gitz=1, vie{i: (i, ) =Uy}.

CremoBaTe/IbHO, COBOKYIIHOCTb uucesn {7, Z} siBJsieTCs mja-
HoM 3agaun (6). Kpome Toro,

2wt 2 bizi= X ait 3 b=

i j i€o jew
=23 X+ 3 3= 3l
i€0 jE ji€o i€o 4, HeI®

Us TEOpPHH JIBOUCTBEHHOCTH CJaenyeT ONTHMAaJbHOCTL IJ1aHa

{7, 2}. ITo popmyne (16) u3 § 1 serko HalTH ONTHMAJbHBIH
IJ1aH IIPOM3BOLHON 3aqauu:

1, ecin i . ——

y0= — L:l,m;
i —1, ecsin i€

—1, ecrit jew , —

20_= ’ ]___ ]= ,n_
i 1, ecnu j€Eow

ITo npaBunam § 2 meHserca MHOXKecTBO /0 U pemraercs
HOBas 3ajflaya O MAakCHMaJbHOM o0beMe mepeBo30K. Ecau

ai, b;, i=1,n, j=1, m,— yensle yucna, T0 yepe3 KOHEYHOE
4HCJI0 HTepalHi TpaHcmopTHaa 3amauya (1) Gymer pelieHa,
60 Ha KaxAOH HTepauuu o0beM IepeBO30K 1o /° yBeauyH-
BaeTCsl Ha LleJIOe YHCIIO.

s uanoctpanuu JBOHCTBEHHOTO GE€30IIOPHOTO MeETOAA
paccMOTpPUM OJLMH M3 BapUAHTOB TPAHCIOPTHOH 3a4aud —
3adauy 0 HasHauenuax, 0as kotopoit KyHom [1] Bmepsble
OBIIM HCIIONBb30BAHBI MpPHEMBl, JIeXKAIllHe B OCHOBE METOJa.

Hmeerca n paGOTHHKOB, KOTODHIX HYXKHO HA3HAuuThb Ha n paGor.
Ilpn sToM KaxAbB PaGOTHHK HOJKeH OHTh 3aHAT M Kaxjaas pa6ora
JLOJI2KHA BBINIOJIHATHCS OAHHM paﬁOTHHKOM. Pacxonm TNIPH BHINNOJHEHUH i-M

paGOTHHKOM j-H paGoThl paBHH C;j;. Kak pacrnpefenutb paGOTHUKOB,
49TOOBI O0LIHe PACXOAB! ObIIH MHHHMAaJbHBIMHU?

BBenem mnepeMeHHYIO X;j, IDHHHMalOIlYlo 3HauyeHue 1, ecam i-# pa-
GOTHUK Ha3HaueH Ha j-I0 padoTy, M 3HayeHHe 0 B NPOTHBHOM Ciydae.
U3 paBeHcTBa

n
2 xij=1

=1
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o

ClenyeT X;;, =1 npH HEKOTOPOM j1, T. €. i-H pPaBOTHHK 3aHAT HEKOTOPOI
i

j1-it paBorofi. AHaJIOTHYHO K3
n

2 xi5=1

i=1

o

crefyer Xi j==1 NpH HEKOTOPOM i1, T. €. Aad j-i paboTe Hafifercs ir-H
paGoTHuK. Pacxopbl, cBsiI3aHHBIE C KOHKPETHHIM IIJIAHOM Ha3HaYeHHH

Tabauya 1V.1

U.
N 0 0 0 0
I ! | |
1 | 2 1 J_5 J__1
BN EEREEN
, |
[ ' I !
LN N A AN R
NN
5 T3l j2] |
2 __:___4___L__+Z_ 1
| | | l
3l 13 13f e |3
BEERERERE
| | |
1 1 1 1 a;
G
{xi;, i, j=1,7}, PaBHBI é ¢ijXij. Takum oGpasoM, MareMaTHyecKas
i i=1

MOJieJIb 33/laYH O HasHAYEHHSIX HMEET BHJ
n n n
) Cijkaomin, 3 xig=1, 37 xi;=1;
1=t i=1 =1 W)
xij=0um 1, i, j=1,n.

Bmecro aT0#f 3afaun paccMOTpUM 3amauy

Z CijXij—>min, 2 xij=1, Z’ xij=1,
i, j=1 j=1 i=1 (8)

0<xi;<l, i, j=1,n,

KOoTOpasi sBJSETCs YacTHBIM CJIydaeM TPaHCIOPTHOH 3ajaun (a;=1,
bj=1).

HsBectao [MO], u 370 JIeTKO ceflyeT U3 pe3yJabTaToB INMI. I, 4ro mpu
LeJIOYHCIEHHBIX @, b; TPAHCIOPTHAS 3ajaua MMeeT LleJIOYHCIeHHOe pellle-
uue. M3 orpanudenufl 3anaun (8) cienyer, 4ro 3HAYeHHs] KOMIIOHEHT ee
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11eJIOYHCIEHHEIX MJIAHOB MOTYT paBHATbCSA TOJBKO O mau 1. Takum o6pa-
30M, 3anava (7) 5KBHBaJeHTHA 3afaue (8).

Pemyum uncneHHBIH IpuMep ¢ HaHHBIME K3 Ta6a. IV.l, B Kierkax
KOTOPOK TOMeIeHb!l 3HaueHHs C;j. IIockoJbKYy HeT HHGOpMauHH O IBOH-
CTBEHHOM IlJIaHe (O CTeNeHH HEeIPUrOJHOCTH PAGOTHHKOB [Jis BHIIOJHEHHS
TOH MJIH HHOH PaGOTH), TO KOMIOHEHTHl HAYaJbHOrO ABOHCTBEHHOTO ILIa-
Ha Ha#geM mo ¢opmyJnam, npuBeleHHbM B § 1: ui=1, us=1, us=2,
uy=3; v1=0, v,=0, vs=0, v,=0. Hafinem kneTku mHoOXKectBa I° U3

Tabauya 1V.2

K K

r
| ! il

!
|
|
: i
| 3 l
N T
J ]

1 1 1

yenoBust O:5=u+v;—ci;=0: (1, 2), (1,4), (2, 1), (2, 3), (3, 3), (3, 4),
4, 1), (4, 2), (4, 4). Ot xnetku B Taba. IV.l o6BemeHnl XHpPHOH
JIUHUEH. ‘

IlpucTynuM K IIOHCKY IIJaHA MePeBO30K MaKCHMaJbHOrO 0GBeMa
uepe3 MHOXKecTBO /°. MHOXKeCTBO @; COCTOMT M3 Bcex cTpok. Ilpu pac-
CTaHOBKE METOK M3 l-H CTpOKH mosyuaer BpemeHHywo metky {1, 1} uer-
BepThiil cronGew. ITosToMy ocymiecTBisiem nepeBo3ky A;—Bi, mocae uero
nonyuaem Ta6ja. IV.2. Tenepp MHOXeCTBO ®); COCTOHT M3 HHAEKCOB CTPOK
2, 3, 4. PaccraBHB NMOMETKH M3 CTPOKH 2 Ajsf cToabua 1, u3 cTpoKu 3
LISt cTOAI6Ha 3, U3 CTPOKH 4 115 cToabua 2, OGHapyKUM, UTO KaXAbI#H pas
MOJYYaAlOT BPEMEHHYIO METKY CTOJOLBI, COOTBETCTBYIOLLHE NYHKTaM IO-
Tpeb/eHus, 3aIpOChl KOTOPHIX He YIOBJETBOpeHbl. IIpu 3TOM, Kak M Ha
NepBOil HTEpalHH, 3TH NOTPEGHOCTH cPa3y yLOBJETBOPSIOTCS H MOJydYaeT-
¢ ONTHMAaJbHBIE mjaH: Xyu=1; xa1=1; x33=1; xi2=1; ocrajbHbe
x;5=0. Taxum o6pas3oM, ONTHMaJ/bHbl Ha3HaYeHHS: IepBLIH PaGOTHHK
HasHayaeTcsl HA YeTBepPTYI0 paboTy (x14==1), BTOpoi — Ha IepByIo, Tpe-
THH — Ha TPEeTbIO, YeTBEPTHIH — Ha BTOPYI0 paboTy.

2. CereBas mojedb. Jlyisl 3a7a4d O IOTOKE MHHMMAaJbHOH
CTOHMOCTH
2 Cijxi—min,

(@, DU
> xii— 23 xji=a;, il (9)
iETW €T

O<x21<d1], (iy j) EU!
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II0 U3BECTHOMY ABOHCTBeHHOMY miany {u;, il; wi;, (i, j)
U} cocTaBUM KOMIaH NepeBO30K &= {8;j==u;—uU;—Cij,
(i, )€U}

Beinenum uyactuunyio cetb S°={/, U’} ¢ MHOXKeCTBOM
nyr U'={(i, j)=U: 8;;=0}. Ha wmuoxectBe nyr Ut=
={(i, j)eU: 8;;>0} sagaguMm oyroBble MOTOKH Xi;=d;;,
(i, ) U+

WutencuBHOCTH @; y3J40B i&] yactuunoit cetu S? moJio-
JKHUM paBHBIMH

a;i—a;— Z+' dij+ 2+' dji, iel.

jier] @  jer’ @

Y3nel MHOXKecTBa Kt={i: @;>0} B S ABNAIOTCA MCTOYHH-
KaMH, y3abl U3 K—= {i: @;<<0} — crokamu. B § 2 ns1s yno6-
CTBAa NOSICHEHHH HCTOYHHKH M CTOKH OGBEIWHEHBH B OJLUH
HCTOYHHK § U OJIUH CTOK ¢ ¥ BMecTO ceTH SO paccMaTpuBaercs
cetb 8°= (I, O°), rne I=(I, s, t), OO={U", (s, i), iK™,
(i, 1), ieK}.

W3 obmieft cxeMbl 1BOHCTBEHHOTO 6€30I0PHOTO MeToA (CM.
§ 2) cnenyer, uto An1a pemenus 3agauu (9) tpeGyercs mpo-

& o 0 . .
nycTHTb yepe3 S° MakcuMaJsbHBIH notok °={l;;, (i, j)=U%}
u3 s B £. Ecsin BeJIMUMHA 3TOTO IIOTOKA paBHa Y, @i, TO pelle-

i€K"

HUe x°={x1(~)j, (i, j)=U} 3amaun (9) umeer Bug

x5 =0, (i, )€U~ x4 =dy, (i, j) €U+
x?j =lij, (l, ])EUO

Ipu ¥ Iy < D @; HavaJbHHIH [IBOMCTBEHHBIH IIaH
ieK* JISHY
3aMeHUM Ha HOBHIML.

B § 2 3agaua o makcumanabHoM moToke [0 cBemeHa K 3a-
naye o moucke Ha S° mytu u3 s B ¢ [locnenuioo 3amady
pEIUM MeTONOM AMHAaMUUecKoro nporpammupoBanus. [Tycrsb
Ha cetn S yxke umeercs mnotok [={l;, (i, j)eU%. Kak
M B IpeIBbINyIleM IYHKTe, CHauya/ja BBelJeM 3KCTPeMaJbHylo
3agmauy. V3 Tpex ykazaHHBIX B I. | XapakTepHUCTHK BBHIOH-
paeM IJIWHY OYTH, IOA KOTOpOH OyleM NMOHHMAaThb KOJHYECT-
Bo nyr nytu. Cienys AIMHAMHYECKOMY IIpOTpaMMHDPOBAHHIO,
3ajnayy moucka Ha S° kpaTuadmiero myTH U3 § B { MOIPY3UM
B CeMeHCTBO 3ajay MOCTPOEHHS KpaTyaHIIUX INyTed U3 §
B Npou3BoJbHbIE y3Jbl i]. [Tycts B (i) — anuHa KpaTyahi-
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mwero nyTd u3 § B i. [Tonoxum B (s) =0. [Ipeanosoxum, uTo
u3BecTHH 3HaueHus B ({) Ha MHOXecTBe ®. CoCTaBUM ypas-
HeHMe JJIs BBIYMC/IEHHs 3HadeHMM dynkumun B (i). Ilycts
i=w, MHOXecTBO 0 (I) ={j: [€Ew, (i, j) =0 l;j<<di; nnu
q (j, i)e0° [;;>0} Ha30BeM MHOXKECTBOM y3JI0B, COCEIHHX
C y3JIOM .

O6osnaunMm uyepes w,={i: i€, o (i) 5= J}. Halgem

min B (i) =B (iv). (10)

OueBHIHO, UTO
B(j)=B (i) +1, j€o (i),— (11)

IJIMHA KpaTyailiero NyTH U3 S B j.

Yanel (i) m06aBUM K MHOXECTBY ® H IOJOKHM
B(j) =B (i) +1.

CootnHomenust (10), (11) samator ypasuenue Bennmana
a5 Beraucyenut B (k) ¢ HavambHEIM ycioBueMm B (s) =0.

Pemaercs ypaBHenme DBemnmana (10), (11) meromom
paccTaHOBKM MeTOK. ¥3ay s mpunumem wMetky (0, 0).
ITpennonoxkum, 4To yKe HMEIT METKH Y3JIbl MHOMXKECTBA ®©.
M3 y3/10B 3TOr0 MHOMXKECTBA BBIAEJUM IIOAMHOMKECTBO O
(T. e. Te y3JBl, Y KOTOPBIX €CTb COCENHHE Y3Jbl) U B HEM
umeM ysena [, KoTopblit umeer MeTky {w;, 2(/)} ¢ HaumeHsb-
IIMM TIePBHIM 3JEeMEHTOM. ¥Y3/1aM j&o (/) mpumuieM MeTKH
{w—+1, I} u no6aBuM HX K MHOMKECTBY ®.

ITponecc paccTaHOBKHM METOK IIPOJNOJIKAETCS IO TEX IIOP,
noxa 1) He mosydut MeTKy {p:, 2(¢)} y3en t uiu 2) Ha Heko-
TOPOM IlIare MHOXKECTBO ®. IIyCTO U y3eJ ! IOMETHTb HeJb3s.

B cayuae 1) 1o BTOpPHIM 3J7eMeHTaM METOK BOCCTaHOBHM
OyTb U3 S B { ¥ BIOJb HEro NMPONYCTHM HAHGOJBIINH MOTOK.
Hns usmenennoro noroka {l;;, (i, j)=U°} BHOBb NMOBTOPHM
IpoliecC PACCTAHOBKU MeTOK. Uepe3 KOHEYHOE YHCJIO HTepa-
LU IPUAEM K claydarn 2). DTo 03HAUAET, YTO MAKCHMAaJIbHEIH
notok B cetd S° Ha#inen. Ecnu B ciyyae 2) MHOXKeCTBO IIO-
MEUYeHHBEIX Y3JI0B COCTOHT TOJbKO M3 y3Jaa §, TO HCXOXHAas
aagaua (9) peumieHa. B npoTHBHOM ciyyae IO pEIICHHIO
3aJlayd O MakKCHMa/JbHOM IIOTOKE BOCCTAaHABJIHBAaeM OITH-
MaJIbHBIH IJ1aH mpou3BogHo# 3amaun (18) § 1.

OGo3HauuM uyepe3 @ MHOMKECTBO y3JIOB, KOTOPEIE MOXHO
noMeruthb. Eciin (€0, j€o0, To [;;=d;; (B IpPOTUBHOM cJIydae
nomeTusu Gul ysea j). Ecnn i€, jeo, 1o [;;=0 (B 1poTHB-
HOM CJlyuae MOMETHJH OB y3eu [).

Paccmotpum J1060e MHOXKecTBO y3a0B /i I, coaepxka-
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mee yseaq § M He comepxariee y3ea f. Jas awo6oro iy,
[~ S, BLINIOJIHAIOTCA YCJIOBHSA GasiaHca

2 Lij— 3 13=0, i, iss, (12)

ielte  jerla)

re Iy () ={j: (i, 0%, I° () ={j: (j, ) =0°.
JIst {=s 3anuieM TOXIECTBO

2 lsj: Z lsj~ (13)

. 0 .
]EI+(S) jEH*

Crnoxus pasencrBa (12) u toxnaectso (13), mosyuum

2 lSJ_ 2 lu— 2 lw (14)
JjEH" iel, il
ien Jjen

HOKa}KeM, 4YTO COBOKYIHOCTDb UHCEJ

0 . 0 . —
{z: =—1, iew; 2; =0, i(Eo;

s?,- =max {0, z;-’ 2 }, G, )i} — (15)

ONTUMAJbHBIN MJaH 3agaun (22) us § 1.
IOusa I1=oe B cuny (14) umeem

2 lsj= X Lij— 20 liy= 3] dij=

jEK 160, i=o, zea),
=) j€o =1}
= > dszssz‘l‘ > dztszt + X dwsw»
ieK* ieK- i, Heu

T. €. 3HaueHHe LejeBod PyHKuuu 3axaun (21) us § 1 cosna-
JlaeT cO 3HAUEHHEM IleJIeBOH (DYHKLUHH IBONCTBEHHON 3amayu
(22) us § 1.
M3 (23) § 1 mosmyuaem onTHMAaJbHBI IJ1aH TPOU3BOLHON
3a/1a4u
g { 1, ecan ico;

- 16
—1, ecin i€o. (16)
3aMeuanune I3 npusefeHHHIX BHIUE pAacCyXAeHUH H LOKa3a-

TeNbCTBA TEOPEMBl O MAaKCHMAaJbHOM IIOTOKE H MHHHMAJbHOM paspese
BHJIHO, 4TO MHOXecTBO ® (0,=J) ompefenseT MHHHUMAaNbHHIH Daspe3

R(0).

ITo npaBusam § 2 mensem muoxectso U, u pelraeM Ho-
BYIO 3a/layy O MAKCHMAaJIbHOM IIOTOKE.
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Mpumep. Ilycts 3amana cerb (puc. IV.1). Ilepsoe umcno Hag
flyrofi O3HAuaeT NPOIYCKHYIO CHOCOOHOCTH AYTH, BTOPOE — CTOHMOCTb
eHHHYHOTO TOTOKA. IIpeAmosioxuM, YTO KpOMe NapaMeTpoB 3alauu
W3BEeCTEH Haua/ibHBEII ABOHCTBeHHBIH miaH {us, iel; wi;, (i, j)eU).
KOMIIOHeHTHl ABOHCTBEHHOrO IJIAHA Ui, [/, 3anuuleM PSAAOM C y3JaMH.

PucIV.l

Haginem konsan 6= {§;j=u;—u;—C;;}, KOMIOHEHTH KOTOPOrO 3aMulIeM
nox Ayramu. Muoxecrso U° cocrout u3 ayr {(1, 2), (1, 6), (2, 6), (6, 3),
(5, 3), (3, 4), (5, 4)}. Muoxecrso U+ cocrour u3 opHo# ayru (2, 3).

Haifinem uncia
a;— Z’ dii+ 2 djs, i1,

jerf@  jertq

ai

Il

u paccmorpuM cerb S°, m3o6paxkenHwyilo Ha puc. IV.2, rme Bce s u {
NPEACTaBJAIT COGOM TOMLKO ONMH HCTOYHMK M CTOK; HaJ AyramH yKa-
3aHBI IIPOIYCKHBIE CIOCOGHOCTH.

INpunuiem MeTkH y3nam (Ha puc. IV.2 GyneM HeckoJbKO pas HOBTO-
PATb aJIfOPHTM PACCTAHOBKH METOK, MOSTOMY BHH3Y KaXXJOH METKH CTa-

(1),
( )2.5 4 09)

23,4

Puc IV2

BHM HHJEKC, YKasHIBAIOIINH, K KaKOi HTepauuy OTHOCHTC Merka). Uepes
TDPH LIara MOMETHM CTOK £, KOTOPOMY MOXHO IpPHIHCATh CPasy JBe METKH
(3, 2) u (3, 4). D10 o3Hauaer, YTO M3 § B f CYIECTBYIOT ABA MyTH
auHoH 3: myth (s, 1), (1, 2), (2, ) c OpPONYCKHOH CIOCOGHOCTHIO 3
u nyts (S, 3), (3, 4), (4, £) c mponmyckHOH cnocoGHocTEIO 4. IlpomycTum
IO 5THM IYTSM MaKCHMaJbHBIE NMOTOKH. IlyroBrie MOTOKH [;; 3amuiem
HOJ, AyraMH.

119



CHOBA IOBTOPHM INpOIECC DACCTaHOBKH MeTOK. CTok ¢ moayuyder
metxky (5, 4). Iyt (s, 1), (1, 6), (6, 3), (3, 4), (4, ) — xpaTuaiimuit
NyTb M3 § B ¢ AJis1 HOBOH ceTH. [To 3TOMY myTH MPOMYCTHM MaKCHMaJbHbIH
notok, paBHef 1. I/l NOJY4YeHHOH CETH HOBTOPHM IIPOLECC PacCTaHOBKH
mertok. Jasi MHOXectBa 0= {s, 1, 6, 3, 4} MHOXecTBO w.=. 3HauwuT,
B CeTH Ha puc. IV.2 HalileH MaKCUMaJbHBIN [OTOK.

Cornacuo (16), yanam i, i<, npunumeM y; =1, yaaam i € o npH-

nuumem y;=—1. Ilo dopmynam (6) § 2 Haxomum mar ¢°. B panHOM
npumepe 0%=—0z3/(y2—ys) =1. Ilo dopmynam (5) § 2 Haxomum HO-
Bble KOMIIOHEHTHI [IBOMCTBEHHOIO ILIaHa: uUi=1, Us=—2, uz=—3,
uy=—4, us=—2, ug=—1. IIoBTOpUB oOmNHcaHHBIE BHIlle NPOLELYDH,

HOJIYYHM ONTHMAJBHEIE MOTOK: {X¥12=3, X23=23, x3.=D5, x16=2, Xg3=2,
X26=Xe5=1X53=1X5,=0}.

§ 4. MocTpoeHue cybonTumanbHbIX pelIeHHH

B mpeneigymux naparpadax TIJIaBBl H3JI0KEH METOX
TIOCTPOEHHUS ONTHMAJbHBIX IJIAHOB II€PEBO30K U ONTHUMAaJIb-
HBIX IIOTOKOB. B cH/y IBOHCTBEHHOro XapakTepa MeToAa Ha
IPOMEeXYTOYHBIX HTepaluaX IJIaHE IIepeBO30K M IIOTOKH
UCXOAHOH TPaAHCIOPTHOH 3aJayd He CTPOSATCS H IIO3TOMY
BBIYHMC/IEHHSI 0053aTeJbHO BeAyTCS IO IONYUYEHHS pelleHHs,
KOrZa ONHOBPEMEHHO C OINTHMAaJbHBIM JNBOMCTBEHHBIM IIJIa-
HOM BIIEpPBble IOSIBJSIOTCA OINTHMAaJbHEE IIJIaH II€PEBO30K
UJIH TIOTOK.

B nanHoM maparpade usnaraercss MoxubHKauug IBOH-
CTBEHHOro 0€30II0pHOr0 MeTola [JS IIOCTPOeHHs CyOOITH-
MaJIbHBEIX IIJIAHOB NEPeBO30K H NOTOKOB. O60CHOBaHHE MOAH-
¢bukanuu npuseneHo B [u. 17].

CHayaJja pacCMOTPHM TPaHCIOPTHYIO 3ajayy B MaTpHy-
HOHl hopme

n m
2 2 CiXxy—>min,
i=1 j=1

m n
S xyy=ai, > Xij=bj, x;;==0, i=1,n, j=1,m.
= i=1

Mycts 8= {8;j=u;+v;—cij, i=1,n, j=1, m} — Hauamb-
HBIH KOIJIAaH IepeBo30K. 3amamuMm HeGosblloe yucao €>>0
¥ TIOCTPOUM CJIeAYION[He MHOXKECTBa KJIETOK TPaHCIOPTHOM

rabaunb: [°(e) = {(i, j): 8 > — e, i=l,n, j=1,m},
I=(e) ={(i, j): dij<<—c¢, i=1,n, j=1,m}.
3amenum MHOXkecTBO /%, paccmarpuBaemoe B § 1—3, Ha

mHOXecTBO [°(g). Pemmm nosyduBLIyIOCS €-IIPOU3BOJHYIO
3anauy. BosmoxHbl fBa ucxoxa: 1) uepes MHOXKecTBO [°(g)
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IEePEBO3UTCsI BeCb 00beM NMPOAYKUMH; 2) uacThb NMPOLYKIMH
HEBO3MOKHO IepeBe3TH yepes [0(g).
B cnyuae 1) crpoum niaH nepeBo3ox

x5 =0, (i, )eI-(e); xi;=lj (e), (i, Hel(e), (1)

rme 10(e) ={l (¢), (i, j)=l°(e)} — makcuManabHBIE TIIaH
nepeso3ok uyepes [%(e). Ecnm o6osnauuth uepes {u(e),
v(e)y={ui(e),v;(e),i=1,n, j=1,m} nBoficTBeHHLI} TIaH,
COOTBETCTBYIOINHMH INIaHy HepeBo3oK [°(g), TO HETPYIHO mO-
KasaTh [u. 1], uTo TpaHCIOPTHbIE pacxoibl Ha IJIaHe Iepe-
BO30K (1) mpeBOCXOAAT MHHHMAJ/IbHO BO3MOXKHEIE PaCXOJbl

He GoJiee ueM Ha
— 3 8ij(e)xis (2)
8,;;(e)<<0

enunun. 3neck {8;;(e), i=1,n, j=1, m} — xomnan mepeso-
30K, COOTBETCTBYIOIIHKI ABONCTBeHHOMY miany {u(g), v(e)}.

Ecnu peanusoBancsi cayuait 2), To nmo npasusiam § 2
TEKYLIUH IBONCTBEHHBIN NJIaH 3aMeHsieM Ha HOBBIH.

[Mockonbky [°c/%(e), To mpennaraemass MORMGHKALUS
IBOHCTBeHHOro 6e3onmopHoro meroxa Tpebyer, BooGIle roBO-
psl, MeHbIlero, 4eM B OCHOBHOM CJyuae, uHcsaa npeobGpaso-
BaHUH JIBOHCTBEHHBIX IIaHOB. HecMoTpsi Ha HeKOoTOpOe pac-
IIMpeHHe TPOM3BOMHOM 3amaud, o6ilee BpeMsl pelieHHs
TPAHCIIOPTHOH 3aauyy MOXKET YMEHBIIUTHCS.

AnasoruuHass MoIMGHUKALHS JIErKO ONHCHIBAETCA U HAJA
ceTeBOM Monenu TpaHcHopTHOH 3amaud. OcTaBisieM 3Ty pa-
00Ty YHTATEISAM B Ka4eCTBE YIPa*KHEHHUSI.

3ameuanue. BriGpaB COOTBETCTBYIOIEE UUCJIO €, MOXHO JIerkKO
MOCTPOHUTb NEpBOe NPHUOJIHMKEHHe W OUEHHTb IO (2) ero OTKJIOHEHHEe OT
ONTHMAJIbHOTO IJIaHA. EC/IH moJiyueHHOe OTKJIOHEHHe BEJHKO, TO, YMeHb-
WUB €, MeToAaMH Ii. VI MOXHO yaydYlUIMTh HmepBOe IPHUOJIHIKEHHE.

Fnasa V

BbIPOYXXIAEHHbLIE 3AQAYM

AHanusupyss omopHble MeTOIbl PeIIeHHS TPAHCIOPTHBHIX
3anau (cwm. ra. I, IT), HeTpynHO 3aMeTHTD, UTO OHH HE II03BO-
JISIOT YJIYYIIMTh 34 OAHY HUTEPalHI0O HEKOTOpPble BBIPOXKJEH-
Hble ONOpHBbIE IJIAHBI M KOIJIAHBl IepeBO30K (IIOTOKHM H KO-
notoku). Ecnu 3Ta cuTyaunus NMOBTOPsSeTCS HECKOJbKO pas,
TO MOSIBJISIETCS OMACHOCTh 3aLUK/JIHBAHHUSA IIpollecca pelleHHs
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TpaHCNOPTHOM 3ajnauu. B maHHOH riaBe, ucxonsd u3 obuien
WJleH, U3J0XKeHHO! B [u. 1], cTposiTcs METORBI, JIHKBHIHPYIO-
IHEe OTMEUYEHHBIH HEeJOCTaTOK ONOPHBIX MeTomoB. IIpu 3TOM
GbopMupyIOTCS BCIOMOraTe/JbHBIE 3aJauH, IO PpEINeHHUSAM
KOTOPHIX VJIYUIIAIOTCS BBIPOXKJEHHBIE INIaHBl M KOIUIaHBI.
s pelneHuss BCIOMOraTeJbHBIX 3aJay NPEAJaraioTcs ABa
MeToma; Ge30NMOpPHbIN M ONOpPHBIH. BesonopHble METOAbl Bbi-
XOJla U3 HUKJIA CTPOSTCS TOJNLKO JJIS CETeBOH MOJEJH, Omop-
Hble — TOJIBKO /I MaTpuuyHOH. Mcrosb3oBaHHe OIOPHBIX
METOJ0OB BBIXO/Ia U3 IIMKJA HEe HCKJI0YaeT ONacHOCTH IOBTOP-
HOTO 3alMKJIHBAHHUS, UYTO BEIHYXKJaeT BBOAUTL B pPaccCMOTpe-
HYe BBIPOXK/JEHHbIE ONOpPHBHIE IJIAHBI H KOIUIaHB BBICOKOTO
nopsnaxa.

Bo MHOrux Mecrax NaHHOH TJIaBbl MaTepHaJ H3JIOXKeH
KOHCIIEKTHBHO, HEKOTOPBIE BONPOCH JHIIb YIOMSHYTHL. ITO
ClIeJ1aHo, C OJTHOH CTOPOHEI, C IeJbl0 SKOHOMHH MECTa, C Ipy-
rofl — C pacyeToM Ha CaMOCTOATEJNbHYIO pa6Gory. MoKHO
HafeaTbcs, 4TO NPO6JEeMEl ONTHMH3AIUH, CBSI3AHHBIE C BhHI-
POXIEeHHEIMU 3aJadaMH, KpoMe TPaJUIMOHHO MaTeMaTHye-
CKOT'0 MHTepeca BHI30BYT U NpPHKIafgHoR uHTepec. Tpebyercs
onpeneneHHoe BpeMs, YTOOb 3 (EKTHBHO ONEHHUTh BCE METO-
OBl KHHTH, BHITEKalOllHe M3 IIPHHIHUIA AONMYCTHMBIX HaIlpas-
JgeHu#. HecMoTpsa Ha OYEBHIHOCTb OCHOBHOTO IIPHHIIMIA,
peanu3alus ero B KOHKPETHHIX CJAydyasx CBA3aHa C Ompeje-
JIEHHEIMH TPYAHOCTAMH, C OIpeJeJeHHOH TBOpYecKod pa-
60TOH.

§ 1. YnyuyweHHe BbIPOMLEHHBIX ONOPHBLIX NNAHOB
nepeBoO3OK M MOTOKOB

B [u. 1] u3/10K€eHBI [BE CXEMBl METOJA PEleHHsT BBIPOK-
NEHHBIX 3aJau, OCHOBAHHOTO Ha SKCTPEMAaJ/bHOM IOJLXOJE
K npoGJyeme. 3TOT IOAXOM NpPeNCTaBJIsET cOG0H peannu3aluio
NPUHIMIA MONYCTHMBIX HAalpaBJeHHH AJs BBIPOXKIEHHBIX
3amau. Huxe nNpUMEHHTEIbHO K TPAHCIOPTHEIM 3amauam
H3JIaraeTcs BTOpas CXeMa, HeMOCPEACTBEHHO pa3BHBAIOMAs
TEeXHUKY T [.

1. MarpuyHas TpaHcnopTHas 3ajgaya. Paccmorpum 3a-
nauy

n m i m n
Z 2 Ci;Xi;—>1min, 2 Xij=—0ai, 2 xij=b,~, 1
=1 j=1 j=1 i=1 ( )

0<<xi;<<dy;, i=1,n, j=1,m,

H BHIPOXKIEHHBIH ONMOPHBIH MJIaH NepeBo3ok {X, fon}.
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O6osuaunm Jon={(f, j) Elon: x:;=0}, lon={(i, j) Elox:
¥ij=d;;}. CpeIu HMCXOMHBIX NPEANOCHIIOK IPSIMOTO MeTOoAa
OCHOBHHIM fIBJISIETCSl NIPEATIONOXKEHHE O TOM, 4TO IJIaH Iepe-
BO30K X OTpaKaeT ONBIT H HHTYHINIO CNEIHaJNCTOB, 3aHS-
THIX peaJbHbIM (PH3UYECKHUM IIPOTOTHIIOM MATEMAaTHUECKOH
sagauyn (1). C 310l TOUKH 3peHHs HHPOPMALHUS O HEKPUTH-
yeckux mepeBos3kax 0<<x;;<<ds; cyiecTBeHHO Goraue uudop-
Malld O KPUTHYECKUX mepeBo3kax X;;=—0 unu di;. Ecrect-
BEHHO HPENIOJNOXKHTb, YTO CIELHAJUCTE Hapsly C ykasa-
HUEeM KDHUTHYECKHX IIepeBO30K COoo6IIaloT HHGPOpMAIHIO
O CTENeHH BJIMSHUS H3MEHEHWH HUXKHHX U BEPXHHUX I'PaHHIL
npsmMbix orpanuuenuit 0<<x;;<Cd;; Ha BEJHUYMHY MHUHHMAJb-
HBIX TPAHCIIOPTHHIX PacX0f0B. Byaem cuurarth, 4To Haubosee
HanexxHasg HHGOpMANMs 3TOrO copTra CBfi3aHAa C KpHTHYE-
CKHMH OHNOPHBIMH NIEPEBO3KAMH.

Jpyrumu cioBamy, NyCTb HapgAy C OINOPHBIM IJIaHOM

* o . H B
nepeBo3ok {x, lon} usBectHnl uucna Ag, (i, j)ElonU lom,
TaKue, 4T0

A5 <0, (i, ) Elom; Al =0, (i, j) Elom;
2
Aij =0, (i, ]) E[c]):[m [0Hn=]0u\]gu U [gu- ( )

C nomompio omopbl lop ¥ yucen (2) NMOCTPOMM IIOTEH-
LHAJH Ui, U] :

wi 405 —ciy=A3, (i, ) Elon 3)

OnHO M3 YHCeN U;, U; MOXKHO B3ATb IIPOH3BOJLHBIM.
[Motenuuanbl U oueHKH U3 I I 6yaem o603HayaTh TEMH
JKe CHMBOJIaMH, HO 6e3 3Haka «*», mpuueM A;;=0, (i, ]) Elon.

[ToreHuunau bl Ui, v U3 (3) BBIYUCIAIOTCS aHAJOTHYHO NOTEH-
nManaMm U;, Uj U3 IJI. I, ecsIH TOMBKO Ha KaXJ0M Ilare K CTOH-

MOCTH C;; OTIOPHOM KJIETKH N06aBJIATb €e OLEHKY Ajj.
ITo HalileHHEIM IOTEHIMAIaM BBHIUHCIUM OLEHKH HEOIOop-
HBIX KJIETOK

Asj =u; +v; —ci5, (i, f) Eln (4)

W3 Teopuu NBONCTBEHHOCTH CJEAyeT
Teopema. [ssi ONTHMaJbHOCTH OIIOPHOTO IJaHa Iepe-
BO30K {¥, [on} HEOGXOAMMO H JOCTATOYHO, YTOOBLI [ HEKO-
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TOPHIX 4HceJ (2) oUeHKH (4) HEeONOPHBIX KJIETOK YAOBJIE-
TBOPSIJIM COOTHOLIEHHSIM

A <0, (i, ) ela; A =0, (i, ) lx;
A5 =0, (i, eIk ()

Ecau cooTtHomenust (5) msis HayaJbHOTO IJIaHA IIE€PEBO-
30K {X, lon} HE BBIMOJHSIOTCS, TO OH SIBJISETCS &-ONTHMAaJb-

HBIM, TJe
e=— 3 Aijxi+ 3 Aij (dij—x45). (6)
Af;<0, A7;>0,
(i, eIy @, j)ely

[Tpenmonoxum, uro unciao (6) Beauko. [Ipucrymum K yiayd-
IIEHHIO TJIaHa 1epeBo30K {X, lon}. Bynem cuutath, 4TO BHI-
YHCJTEHUs] 10 METO.y IJ. | NPHBOAAT K HYyJeBOMY LIAary
6°=0, T. e. He NO3BOJAIOT 3a OJHY UTEPALMIO YJIYUIIHTb
IJ1aH [IePeBO30K. B OCHOBY MeToma yJ/IydIleHHS BbIPOXKIEH-
HOTO IIaHa IepPeBO30K IIOJNIOXKHM IDHUBELEHHbIH KpPHTEepHH
ontuManbHoCcTH. MoXHO mokasatb [4. 1], uTo cooTHOMIEHHS
(2), (b) aABasilOTCS peasn3aluell KPUTEPHS ONTHMAJbHOCTH
IDpUHLHIA JONMYCTHMBIX HanpasaeHun#l. He mosropsas o6uryio
CXeMy pelleHHsi, IPHCTYIIUM K HeIOCPeJCTBEHHOH NpOBEpKe
KPHUTepHs ONTUMAaJbHOCTH, KOTOPHIH, Kak BUIHO H3 (2), (5),
COCTOHT M3 psia PaBEHCTB M HepaBeHCTB. IIpoBepka Ha coB-
MECTHOCTb CHCTEMbI PABEHCTB M HEPABEHCTB AaHAJIOTHYHA
nepBoil ¢ase cummiekc-meroga [MO]. HerpynHo 3aMeTHTS,
yro cucrembl (2), (5) COBMECTHBI TOrga M TOJBKO TOTAA,
KOrjfla PaBHO HYJIO MHHHMaJ/bHOe 3HAaueHHE leeBOd (YHK-
uuu 3apaun (fi;>0, g:;>>0):

S fwput X gugi-min,
(i, Nelg U Iy (i, )€Ig U Iy
Yit-zi—ci;=0, (i, j)Elon; yit2zi—ci;<0, (i, el
Yit+2zi—ci;=0, (i, j)Elon; yit2zi—ci—pi;<O0, (i, j) el
yitzi—ci+9i=0, (i, ) Elx; (7)
yitzi—ci—pi+qu=0, (i, ) Elxz;
pi;=0, (i, I)E]HUIH: q:;=0, (i, ])EIHU[H
Cwmbicat 3agaun (7) mposicCHAETCS, eCJH, IIOMHs O IpHH-
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LHMe NONYCTHMBIX HamlpaBJeHHH, 3alHcaTh 3agauy, ABOMCT-
BEHHYIO K HeH:

m

2 2 Cijlij—>min, 2 l;;=0, Z lij=0,

i=1 j=1 j=1
0<li<fu, (i, )elt; —gi4<l<0, (i, )la; (8)
—gi<ly<fij, (i, j)&la; L;=0, (i, j)&lon;
lij<07 (l7 ]) E[gn

Otcrona BHAHO, 4TO 3ajaya (7) NBOHCTBEHHA MPOU3BOI-
HOH 3ajiayue Ha BLIPOXKAEHHOM IJIaHe mepeBo3ok. Uucaa fij,
gij, (i, j)=In, TONOXHUM pPaBHBIMH gs;=Xsj, [ij=0di;—Xij,
(i, ) Eln

B paccmarpuBaemMo# CHTyalMH pasyMHO peLiaTh 3amgady
(8) mBOACTBEHHBIM METOJOM, H60 HMelomIascs HHGHOPMAIUST
KacaeTrcsl KomsaHoB. CorsiiacHO IOTOBOPEHHOCTH, AJS Mart-
puuyHO# Monenu OyneM HCIONb30BATh OMOPHBIE METOJBL.
B xauecTBe HawaJbHOTO ONOPHOTO KomjaaHa 3agaur (8) BO3b-

MeM KOIlJIaH, COCTaBJIEHHbIH M3 OIEHOK A:] HayaJbHOI'O

OMOpHOTrO TIaHa TMepeBO30K: Yij=Ajj, i=1,n, j=1,m.
3apmaua (8) oTnMuaeTcs OT TPANUIHOHHON MaTPUUYHOH TpaHC-
NOpTHOH 3amaud (cM. ra. I) TeM, 4To wacTb MepeMeHHBIX [;j
MoxeT ObITh oTpHLaTenbHON. Kak yxe oTmeuyasnoch B I I,
3TO OOCTOSITENbCTBO HE BHOCHT CYILIECTBEHHBIX H3MEHEHHH
B QJTOPHTMBI ONODHBIX METONOB. B KaxmoMm mpsiMoM orpa-
HUYEHHH ;<< /;;<{P:; BaXHO OTMeuaTh He 3HAK YHCEeT Oij,
Bij, @ UX MecTO: 3amalOT JM OHH HHIXKHIOIO TPaHHULIY HJIH
BEPXHIOIO.

PemuB 3agauy (8) ABOACTBEHHEIM OIOPHBIM METONGM,
y6enumcst B TOM, 4TO {X, [on} — ONTHMAJbHBHIN IJIaH Iepe-
BO30K (ecau pij=¢;;=0), WIM NOJYYHUM NOAXOAsLIee Ha-

0 T q o
npasnenue °={l;;, i=1,n, j=1, m}. HoBwlil mian nepe-
BO30K Xgos CTPOHUM IIO opMmyJie

xHOB = x—l- @010,

rae ©° — makcumanbHO AomycTuMmbli miar. M3 mocrpoeHus
BekTopa [° cienyet, uto ©°>=0. B oTinuMe OT TpaAHIHOH-
HOTO MeTofla yJayulleHHsl (CM. Iv. 1) mpu BBIYHCIEHHH Xmom
MOXET BO3HMKHYTb HEOOXOMMMOCTb BBENEHHS HECKOJbKHX

o o o 0
UUKJIOB (MO KaXKIO¥ HEHyJeBOH HEONOPHOH KOMIOHeHTe [ij,
(i, j) =y, BexkTOpa ).
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Hopas omnopa (fom)mos COBIAZAET CO CTAPOH, €CIH IEpe-
BO3KH (Xij)mos, (i, j)Elon, HEKDUTHUECKHE HJH TO3BOJSIOT
YJAYUIIHTD TIJIaH IePeBO30K Xnop METOXOM II. I. B mpoTuBHOM
cllyyae ONOPHYIO KJIETKY C KPHTHYECKOH MepPEBO3KOH 3aMe-
HAeM Ha HEOTOPHYIO KJIETKY C HEKPHTHYECKOH NepeBOsKol,
HaxojsmeHcsa B ONHOM LIHKJE C 3aMeHseMOHN OMOPHOM.

Hrepanus x—Xmos Ha3bIBaeTCA 004bWIOL, UTEPALUH 10
BBLIUHC/JEHHIO BeKropa [ — masvimu. 3a GoJbliylo uTepa-
IIMI0 TPAHCIOPTHBIE PACXOABl YMEHBUIAIOTCS HA BEJIHYHHY

n m 0
@02 2 Cijlij.

=1 =1

Jls HiIoCcTpalui MeToLa paccMOTPHM

ITpumep. B ra6a. V.l noMemeH BBIPOXKJENHBIH ONOPHBIH TJIaH
nepeBo3ok. OmopHas knetka (2, 4) KpurHueckas. HavasbHble [gaHHbE
I8 pelleHHs 3a4auy (8) ABONCTBEHHBIM METOLOM IOMelLleHbl B Tabu. V.2.

Tabruya V.1
si2|13|8l4a]2]
_._.__4___.__',_._____..
@! 18 ®, 2!5 10
RN RN RN

-6 |2 110|315 3|10
513 |~l12]2l6]m]s
__i__ _____l___. —

1@ il O/ B
5 35 8 15

Ecnu B Knetke (i, j) Ha MecTe dij CTOHT OJHO YHCJIO, TO OHO O3Ha-
yaeT ONHY M3 IpaHUI NepeMeHHOH [;;, BTOpas rpaHMlla IpeArnojaraercs
paBHO¥ Hymo. s orpaHuueHusi [;;<Cd;; 3alHCHIBAIOTCS JBa YHCJA:
—oo, d;j. Ecin mecro d;; mycro, TO nepeMeHHas [;; He HMeeT OrpaHH-
YeHUH.

B knetke (2, 4) COOTHOLIEHHS KPHTEPHS ONTHMAJbHOCTH HE BBIIOJ-
Hs0TCsT: 020 =238>0, ®°=x,=23. [Tomeuaem kaerku (2, 1), (2, 2), (2, 3).
ITo xomepeBO3KaM 3THX KJeTOK Haxogum ©°=1. Manas uTepauus IO
NIBOACTBEHHOMY OIIOPHOMY METOLY NMPHUBOAHMT K HYJEBOMY ICeBAOMIaHy I°.
OT0 03HauaeT, UTO MCXOMAHHIH IJIaH NEPEeBO30K M3 Tabl. V.l saBasgercs
onTUMajbHbIM. TakOi Ke BHIBOL MOXHO INOJYYUTb H HPAMBIM OIODHBEIM
MeTOOM, ecau 1o Ta6a. V.l clienaTh OJHY HTEPallMi0 C HYJEBHIM ILIaroMm
U 3aMeHOH KaeTku (2, 4) Ha Knaerky (2, 3). DTOT pacIHpOCTPAHEHHBIH
CrocoG KefCTBHE He TapaHTHPYeT B OOLIeM Cjydae IOCTPOEHHs ONTHMAJb-
HOTO IJIaHa NEePEeBO30K.
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Tabauya V.2

EESERRCE
) 0lols|@a]als o

B ji_fi_

0 1-8° 0107-3|-7(3) 3| 0
_|_“_+ zL z
(30 |@0 |0 -1]3)0]0
0 0 0 0

3ameuanne. I3noxKeHnBI METOX YJayuLIEHIS BLIPOXK/IEHHBIX
IIJIAHOB NEPeBO30K CBSI3aH C PelleHHeM ONOPHBIM JBOHCTBEHHBIM METO/LO0M
BCTIOMOTaTeJbHOM 3afgadn. Eciu B xo/lle ee pelleHHs] MOSIBJISETCS BHIPOXK-
JIeHHBI! ONODHBIM KOIIaH, TO 6ydeM TOBOPHTb, YTO MCXOIHBIH IJIaH mepe-
BO30K HMEEeT BTOPOH MOPSAJAOK BHIPOXKAEHHS. MeTOAB! yiyullleHHsI BBHIPOXK-
JeHHbIX KOIIAaHOB pacCMaTpHBAlOTCA B ciefyioumeM mnaparpade. Onm
CBA3aHbl C IIOCTPOEHHEM BCIIOMOTATEJIbHBIX 3a[aY, KOTOPhlE PpEUIAITCS
npsSMBIMH MeTOoZaMH. EciiM IpH pellleHMH HX ONOPHBLIM METOHOM INOSIBUTCS
BBIPOXKIEHHBIH IUIaH, TO HCXOJHOMY INUIaHy IIepeBO30K IIPHIHMCHIBAETCH
TpeTull NOpsfOK BhIpOXKJeHHs. ITOpANOK BEIPOXKJEHHS HCXOJLHOTO IJaHa
[IepeBO30K KOHEYeH, HGO KayK[Aas BCIOMOraresjbHas 3ajaya Hpole Ipe-
Leaymelt.

2. CereBas TpaHcnopTHas 3apava. Ilycte {¥, Som} —
BBIPOXK/ICHHBIH OMIOPHEII TOTOK B 3ajiaue

37 cqixs—>min,

(i, HeU
2 Xij— Z_,’x,-i=ai, iEI; (9)
jer) Jjer (i)

0<-’¢ij<dij, (l:, ])EU
O6o3uaunm Usy = {(i, j): x;;=0, (i, j) € Uon}, Uox ={ (i, i):

xij=dij, (i, j)&EUon}. Bynem cunrath, yTO HapsAAy C ONOP-
HBIM IIOTOKOM H3BECTHBI OI€HKH KPHUTHYECKHX ONOPHBIX IYT:

A5 <0, (i, )€ Usn; Af =0, (i, j)Ush;
Ad; =0, (i, j)=Usx,

riae Usn ={(i, j): 0<x:;<<dij, (i, j) EUon}. Hailmem notes-
IHAJb Ui, (€], peluB CHCTeMY

(10)

LL;‘ —u;—cij=Ai§, (i, j)EUon. (11)
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. .
[Torenuuan u; onHoro u3 ysmoB i/ GepeM NpPOHU3BOJIBHBIM.
OcranbHble noTeHnnaNbl 4 Haxonarea u3 (11) Tak xe, Kak

B IJ1. I, c OflHUM H3MEeHEeHHeM: BMECTO ¢;; 6epeM cij-+Afj.
Halinennble nmoreHnua bl MO3BOJISIOT BHIYHCJAHTL OLEHKH
HEONIOPHBIX AYT

Afs =ui —uj—cij, (i, j) €U (12)

Teopema. Jns onTHMa/JbHOCTH BBIPOXKIEHHOTO OMOPHOTO
notoka {, Son} 3amaun (9) HEOGXOAMMO H JIOCTATOYHO, 4TO-

6bl pH HeKoTOPBIX uncaax Afj, (i, j)&Uom, n3 (10) onenkwu
(11), (12) ynoBneTBOpSAMH YCJIOBHIM

A5G <O, (i, )€Us; A5 =0, (i, )=Us;
Ai; =0, (i, j)eUs, (13)
rne Ux ={(i, j): x;;=0, (i, ) €Us}, Un ={(i, j): xi;=dsj,

. o PR s .
(l’ ]) EUH}’ Us ={(L’ ]) 0<xij<dij: (l» ]) EUH}'
CTOMMOCTb ONOPHOTO NOTOKA {X, Son} NpeBbIIIAET CTOHU-
MOCTb ONTHMAJbHOIO [TOTOKA He GoJjiee YeM Ha BEJHUYHHY

e=— 3 Aljxi4+ 3 A (dij—xi5).
A5<0 AY;>0

Ecau 4uCIO € BENHMKO, TO MPHUCTYIHM K YJIYYLIEHHIO HO-
Toka x. bBe3 orpaHuueHHuss OOIIHOCTH MOXKHO CYHTaTh, 4TO
merton ri. I mpuBomutr x mary ©9=0. 1 npoBepKu COB-
mectHocTH cucteM (10), (13) BBemem 3amauy

> fupu+ X €ijgi—>min,
@G, ety U Ug G, Uy U Uy

ui'—uj'—cij=0’ (’" ])EUgHv ui_uj_ci]'go» (’" ])EUgn,
ui—uj—Cij>O, ("’ ]) EU:H’

o om (14)
us—u;—cii—pi;<<0, (i, j)€Ux;
wi—u—cij+q:;=0, (i, ) €Us;

wi—tj—Cij+qi;—pii=0, (i, ) =Us;
p;=0, (i, )€UsU Us; =0, (i, )€Uz U Ux,
rae fi;>>0, g:;>>0.
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3anaua, nBolicTBeHHas K (14), uMeeT BUL

2 cilig>min, 3 Lij— 3 1;;=0,

@, U J€rG) eI )
0<ly<fi (i )€Un; —gu<I4<0, (i, )Ux; (15)
—gii<li<fu, (i, j)&Ux; 1;;=0, (i, ) =Usa;
1;;<0, (i, j)€Usm.
Pemwnm mnocnension samauy 0pu gij=AxXij, [ij=di;—Xi;

JBOHCTBEHHBEIM 6e30noprIM meronoM (cMm. ra. IV), npuHu-
Masi 32 HauaJbHbIA JBOMCTBeHHHI maH {u*, w*}, mocTpoeH-

HBIH 10 moTeHnManam ui, iesl. Ilyetb 0= {l”, (i, HelU} —
peutenne sanauu (15). Ectn 3 Cijlij =0, To onopusiil mo-

(i, HeU
0 o
TOK {%, Son} ontumanen. [Ipu > ¢;;l;; <<0 HOBHI NOTOK
4, Heu

Xuos HIIEM N0 dopMyJte
XHOB =X+@Olo,

TIe MaKCHMaJbHO AOMYCTHMBIH WIAT HAXOIMM MO INpaBHJIaM
MOAH(UKAIME INPSIMOTO ONOPHOTO METONA, H3JOKEHHBIM
B [u. 1]. (Tam e ykasaHbl NpaBHJia 3aMEHBl OINOPH Son
Ha HOBYIO OHOPY (Som)mos.) 3a omHy Hrepauuio {X, Son}—
—{X, Son}sos CTOMMOCTb TIOTOKA YMEHBIIAETCS HA BEJHUHHY
0 | 3 cil3; | >0. K onopromy mOTOKY {¥, Som}sos IpH-
@i, Heu

MEHHM TIPSIMO¥ ONOpHBIK MeTOX. Takum 06pas3oM, H3JIOXKEH-
HEI METOJ YJIyULIEHHS] BBIPOXKIEHHOTO ONOPHOrO IOTOKA
npejcraBasieT co60i KOMGHHALMIO UCIOJb30BAHHS IPSIMOTC
OIIOPHOTO ¥ JABOHCTBEHHOTO GE30MOPHOrO METOMLOB.

§ 2. YnyuweHne BbipOMAEHHbIX OMOPHbLIX KOMNAHOB
NepeBo30K M KOMOTOKOB

B nannom maparpade pemaercs 3amaua, B HEKOTOPOM
CMBIC/IE JBOHCTBEHHAs K 3ajaue Ipenblayluero naparpada.
1. MarpuyHaa TpaHcnoprHas 3ajaya. Paccmorpum 3a-

nauy

b

Ms

cijxij—>min, Z Xij=ai, 2 xl]'_b]’ (1)
j=1

I
Ly

j

O<xij<dij, ”=1y fn, j=1y’ny
H BblpO}K,U,eHHbIﬁ OHOprII:I KOIlJIaH MEPEBO30K {6, ]OH}‘

129



O6osnauum I°= {(i, j)=I: 8:;;=0}, I-={(i, j)I:
8:;<<0), It={(i, ) &I: 6:;>0}, Iy =I'N Iz u T. 1.

B ocHOBe 1BOACTBEHHBIX METOJOB JIEXKHUT IPEINON0KEHHE
0 TOM, YTO K HayaJy Ipoliecca pelleHHs] H3BECTEH JBOHCTBEH-
Hblf ad. B ra. 11 HavanbHas uHbopmanus cuurasach onu-
HAaKOBO l[eHHOH 10 BceM KOMIIOHeHTaM. OXHAKO, HCXONs H3
TEOPHH JIBOMCTBEHHOCTH, HETPYAHO 3aMETHTb, 4TO HEHYyJe-
BBIM KOMIIOHEHTaM KOIJIaHA IIepeBO30K COOTBETCTBYIOT
enuHCTBeHHble uHcaa (%;=0 npu 8;;<<0; xij=d;; npu
8:;;>0), a HyJeBHIM KOMIOHEHTaM — MHOXECTBA WYHCEJ
(0<<x4;<<d;; npu 8;;=0). IlosTomy npu Gosiee TOYHOH mO-
cTaHOBKe 3afaud (l) ecTeCTBEHHO NPeNNoJIOXKUTh, YTO Cle-
IIUANHUCTHl, cO06IIasl Hy/IeBble KOMIIOHEHTHI 855, NOIOJTHUTENb-
HO YKa3bIBAIOT 3HAYEHHS INEPEBO30K Xij, COOTBETCTBYIOIIHE
HyJIeBHIM KomepeBo3kKaM ;. Bymem cumrath, yTo HauGosee
HajexXHass HHpOpManus OTHOCHTCH K HEONOPHBIM Ilepe-
MEHHBIM.

Hrak, mycThb H3BeCTEH ONOPHHIH KOIJIAH IE€PEBO30K

* . .
{8, Ion} ¥ HeomOpHBIE ICEBHONEPEBO3KH %ij, (I, j)E/x:

%i; =0 npu 8;;<<0; xij =d;; npu 8;;>>0;

.. 2

0<<ui; <<ds;; npu 8;;=0, (i, j) Eln 2)
C moMmomipio omophl [on W uucesn (2) HalimeM 3HaueHHS

ONOPHBIX NICEBAONEPEBO30K %ij, (i, ) Elon:

2 %:} =a;— Z %"l;ﬁ [= » 1

J€T (9 €L (3)
S wiy=bi— 3 wij j=1,m
ieIOJu ieI;

W3 Teopuu ABOHUCTBEHHOCTH CJELyeT
Teopema. 1171 onTHMAaJbHOCTH ONOPHOrO KOIJIaHa Iepe-

*
BO30K HEOOXOJIHMO U JOCTaTOYHO, YTOGEI IIPpU HEKOTOPBIX %ij,

.. 0
0<<wuij <dij, (i, j)<Ix, u3 (2) omopHHe ICEBIONEPEBO3KH,
Hafinenusle u3 (3), YAOBJIETBOPSJIH COOTHOLIEHHAM

ni; =0 npu 8;;<<0; xij =ds; mpu 6:;>>0;
(4)-

0<<wi; <di; npu 8;;=0, (i, j) Elon
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IIpu ykasaHHbIX YCJIOBHAX ICEBJOMIAH MepPeBO30OK x*
ABJISIETCS ONTHUMAJbHBIM IIJIAHOM MEPEBO3OK.
Ecnu ncepnonsian nepeBos3ok »* He yIOBIETBOPSET COOT-

HoOmeHHsIM (4), HO BHINOJIHAIOTCS HepaBeHCTBa 0<ni; <<dij,
(i, j) =lon, TO mOACUMTAEM YHCIO

e=— 3 S+ X 8 (dij—uii).

G, eIy (i, §)€Igy

B 3TOM ciyuae NOCTPOEHHBIl NCEBRON/IAH MEPEBO30K %*
ABJISETCS €-ONTHMAJbHBIM INIAHOM IIE€PEBO3OK.
[IpennosoxuM, 4TO HayasIbHBI ONOPHBIH KOMJAH Iepe-
BO30K {8, [on} TpeGyercs yayumntb u Meton ra. 11 mpuBoguT
K HyJeBOMYy mary o’
[Tposepky cootHomenuit (2), (4) cBemeM K 3KCTpeMalb-

HOH 3amaue
n+m n+m

2 oxprt+ 3 Prgr—-min,
K—=1 Fet

> lij—pitqi=ai— 3 dij, pi=0, ¢:=0, i=1,n;

€T €T
2 L= PatitGupi=b— 3 dij,
1€I%j) 1€I7(j)
Pn+;=0, gn+; =0, j=1,m; 0<<ly;<<dyj, (i, j) 10,

rie ax>0, Br>0, k=1, nd+m; 1= {(i, j): 8:;;=0},
Fr={(, 0): 85 >0, () ={i: (i, j) e, (@)=
—{i: e, PG ={i: (L) ely, I+(G) ={i: () =1}

Ilpu pemenun 3amaun (5) ecTeCTBEHHO CUHTATb, UTO BBI-
TOJIHSIETCS TOXIAECTBO prfr=0, k=1, n+m. B kauecTBe
HAYaJbHOTO TPUOJUKEHHUS AN [ MOXKHO B3SITb HYyJIEBBHIE
nepeBo3ku x*. Torma HauasnbHBle 3HAYEHUS IJA Pr, §r OKa-
JKYTCS paBHBIMH

(3)

pi=0, gi=ai=a;— 3 dij— 3 wij, ecnu a;=0;
i€t €T

pi=—di, ;=0, ecmn 8;<<0, i=1, n;

—_ *® —
Pnti=0, qnij=bj=0b;— 3 dij— > nsj, ecan b;=0;
iETG)  iET0)

Pat+i=—Dbj, Gn+;=0, ecmu b;<<0, j=1, m.

Kak u B § 1, HeTpyaHo nokasathb, 4To 3afiaua (5) cBa3aHa
C IPOM3BOJIHON 3aaueli HAa IBOMCTBEHHOM IuaHe. [Tocko/IbKY

131



anst 3afaun (5) M3BECTEH Haua/bHBIN TJAH, TO PAa3yMHO ee
pewath NpsMbIMH MeToaaMu. ONOPHBI METON AJS PeuleHus
3afaud (5) Jierko NMOCTPOHTb mo pesyabraTaM ra. 1. Ecam
Ha HEKOTOPOH HTepalMM MOSBUTCS BBIPOMKAEHHBIH ONMODPHBIH
niaH 3agaun (5), To o6paTumcs kK merony § 1. B aTom cay-
yae CYUTAETCHA, UTO HAavyaJbHBIA JABOMCTBEHHBIN IJIAH UMEeT
8TOpol nopadok ebLpoxcOenus. [Topadok 8biposcdeniis ompe-
REeNeTC YMCJIOM BCIIOMOTATe/bHBIX 3ajfau, MPUBJIEYEHHBIX
IJ1s1 TOTO, 4TOOBI yOeIHuThCs, UTO ABOMCTBEHHBIH IJIAH OITH-
MaJeH MJIH 4TO €ro CcJeayeT 3aMeHHTb Ha IBOHCTBEHHBIH
nJ1aH ¢ 6ONbUIMM 3HaUeHHEM LeNeBOH (QYHKIIUH.

Ilpn pemennn 3amaun (5) BO3MOXKHBI JBa HCXOHA:

[— n+m
1) pp=q.=0, k=1, n+m; 2) 3 p?+4q2>0. Ilepsuri
h=1
HCXOJ O3HayaeT, 4YTO pPacCMATPHUBAEMLIHl BLIPOXKICHHBIN
JBOMCTBEHHBIN nyaH {u, v, w} ontuMaseH. Bo Bropom crpo-
HTCS HOBBIH JBOMCTBEHHBI IaH {uU, U, @W}gop=={U, v, W}
+0%{y, 2, s}, rne {y, 2, s} — pelenne sagauu, ABOHCTBEHHOM
K (5), 0" — MakcuMaJbHO DOTMYCTHMBIH I1ar, BHIYHCJIEHHBIH
IO IpaBUIaM MOAH(HUKALHH ONOPHOTO ABOHCTBEHHOTO METO-
na (cM. [u. 1], Tam ke u3garaercss NMPaBHIO IOCTPOECHHS
HOBOH omophbl). CiefyeT 3aMeTHTb, YTO IIPH YJAyYlIEHHH
BLIPO2KJIEHHOTO [BOHCTBEHHOrO IJIaHA B OOLIEM CJydyae Ha
OJHOH HTepalUM MeHSeTCS HEeCKOJbKO HEONOPHBIX KOMIIO-
HEeHT KOIJIaHA IepeBo30K. 3a onHy Hrepauuio {8, lom}—
—{6, lon}mos 3HAUEHHE J[BOHCTBEHHON LENEBON (YHKIUH
MCXONHOH TPaHCIOPTHOHM 3a/auy yBEJUUHBAETCS Ha BeJH-
YHHY

n+m n+m
a0 (hg'i ahph+h§1 Brgr) = 0.

2. Cererasi TpaHcNOPTHas 3ajgaya. UuraTesnb yxe IaBHO,
BUJIMMO, 3aMeTHJI, YTO U3JIOXKEHHE METOJOB pelleHusl TpaHc-
MOPTHBIX 3aJ4a4 B NAHHOH KHUTe BelNeTCsl TaK, YyTOObl Mak-
CHMAaJIbHO YIIPOCTUTh IIEPEXON OT MATPHUHON MOJEJH K ceTe-
Boii. B maHHOM myHKTe HaMeyaJsoch NepPeHeCTH KOHCTPYKIUH
1. 1 Ha ceTeBble MOJeNU ¢ OOHUM u3MeHeHneM. CeTeBol aHa-
Jor 3agaun (5) mpeamnosaranoch PemdTb NPSAMBIM Oe30I0p-
HBIM MeTomoM. [TockosbKy Ge30mopHble METOIB He IOJBep-
JKEeHbl BBIPOXKIEHHIO, TO B 3TOM CJyuae Ha KaXIOM ABOH-
CTBEHHOM IJIaHe MOCTATOYHO pacCcMaTpUBATh €NUHCTBEHHYIO
BCIIOMOTATENbHYIO 3afady. AHajsoruuHas paGoTa yxke Ipo-
nenana B § 1. [ToaTomy mosie3HO caMOCTOATEIbHO NTOBTOPHTh
ee TpH YCJIOBUAX TAHHOrO Iaparpada.
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§ 3. KeazuBbIpoX<AeHHbIE ONOPHbIE NNaHbI nepeBoO30OK
M NOTOKM

HMsnararorcs MeToab! yiIydlleHHs! ONOPHBIX MJIAHOB Tepe-
BO30K H NOTOKOB, KOTOpbIe He SABJSIOTCS BBIPOMKIEHHBEIMH, HO
B ONPEJeIEHHOM CMEIC/Ie OJU3KH K HUM *),

1. Matpuynas tpancnoprhas sapaua. I[Tycrs {*, Jon} —
OTIOPHBIH IJIAH NIEPEBO30K B 3ajiaue

Ms

b5

cijxij—>min, Zl Xij=—0as, 2 le—bJ’ (1)
j=

0<<xi;<<dij, i=1,n, j=1,m.

’

I
e

J

[To sapannomy unciay e>0 BBemeM MHOXecTBa [%(g) =
={(, j): 0<<wxyy<<e}, 13(8)—{(1 0 dij—e<<xi;<<dij},
I(I)IH (8) =1H(8) nlo]:[ U T. II.

CornacHo § 1, omopHBI# TJMaH MEpPeBO30K Ha3hIBAETCS

BEIPOXK/IEHHBIM, ecH MHOXecTBO [ox (0) UZox (0) Hemycro.
Onnako mpakTHyecku (npu cuete Ha DBM) BHIPOXKIAEHHBIMU
MOXHO CYHTaTb U TaKHe IVIaHBl NIePEBO30K, y KOTOPHIX He-

nyctel MHoxectBa lom (8) Ulon (8) mpu Manmix e. Taxue
NJIaHBl T1epeBO30K OyAeM HasblBaTh KBA3UBbLPONCOEHHbIMLL.
B cBf3M Cc OTMeUYeHHBIM OOCTOSITEJNBCTBOM HCCJIEI0BaHHE
KBa3UBBIPOXKICHHBIX 3aJauy HMeeT OOJIbIIOe IIPUKJIATHOE
3HAUEHHE.

[Ipu wuccnenoBaHMM KBa3HBBIPOXKAEHHBIX 3amay Oynem
ucxonuth u3 unel § 1. Hauanbnaa unopmanus cuutaercs
Takoi Xke, Kak B § 1, T. e. HapsALy C ONOPHBIM IIAHOM Tepe-
BO30K {X, fon} M3BECTHBl OLEHKH OIODHBIX KDHTHUYECKHX

* P B H o

nepeBo3ok Aij, (I, j)ElonUlon. Kpurepuit ontumanbHoCcTH
U JOCTATOYHOE YCJOBHe CyGONTHMAJbHOCTH, OUEBHIHO, CO-
xpansiiorcs. OCHOBHEIE H3MEHEHHSI CBSI3aHBI C OMNepalnusMH
MO0 YJYYIIEHHIO HCXONHOrO IJIaHA TepeBo30K. EcTecTBeHHO
cuuTaTh (B 3TOM CYyThb METOHNA), UTO IIEPEBO3KH Xij, MaJo
oTJxyammpecs oT rpaHuudbix (0 uau di;), ABASIOTCA KpHU-
THYECKHMHU. DTO, COryacHo § 1, Hak/IagpIBaeT onpene/eHHbIE
orpaHWyeHus Ha BBHIOOD [ONYCTHMBIX HaNpaBJeHHH, YTO
npexe BCero oTpaxkaercs Ha BHJE BCIOMOraTesNbHOH 3a-

*) MeTo/ibl JaHHOTO H CJIeAYIOUero naparpadoB HETPYLHO NEPEHECTH
Ha ofluHe 3aJa4yH JIHHEAHOro mporpaMMupoBanus [4. 1].
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naun (7) § 1, BBefleHHO /151 IPOBEPKH KPHUTEPHS ONTHMAJb-
HoctH. Temepb BciomorartesbHas 3afaya HMeeT BH

> fiipii+ 2 gijqi;—>min,
G eIy @ U Iy (¢) (i eIy @ Uly ©
Yitzi—ci;=0, (i, j) Elon (g); yitzi—ci; <0,
(i, ) Elon (8); yit2i—ci;=0, (i, j) &lon (¢);

., 2
yitzi—ci—pi<O, (i, )) Elx (e); yit2zi—cij+ @)
+4:;=0, (i, j) Ela (¢); yi+2;—cij—pij+q:;=0,

(i, ) Elu (8); pi;=0, (i, j)&Ix (e) Ulx (¢);
q:5=0, (i, j)Eln (e) Ulr (g).
CocTaBUM AJIsi Hee JIBOMCTBEHHYIO 3a1auy
Zn,, Zm' cijlij—>mir1,
i=1 j=1
21 l’LJ_O 2 l‘t]—O O<ll]<fi], (l ])E]H (8)
‘7——
(3

—gii<ly<<0, (i, ) Elr (e); —gii<Ily<[
(i, N la (e); Li;=0, (i, ) lon (€);
lij<0, (i, ]) Elgn (8)

Dty 3ajgauyy pemnM JBOHCTBEHHBIM ONOPHBIM METOJOM, IIO-
CKOJIbKY Haua/jbHasg HHOOpPMANHs, KOTOPYI MOXKHO 3aUM-
CTBOBAaTb M3 3amaud (1), Kacaercs KOIJIAHOB IEPEBO30K
(cM. § 1). B pesysabrare pelneHusi BOSMOXKHEI JBa HCXOJa:
a) =0, i=1,n, j=1,m; 6) 0, i=1,n, j=1,m.
Cuoyuail a) Temepb He 03HA4aeT, YTO IJIAH TIEPEBO30OK X ONTH-
maJsieH. OJHAaKO MOXKHO IOJYYHUTh HOBYIO OLEHKY OTKJIOHEHHS
[I71aHa NIePEeBO30K OT ONTHMAaJ/JbHOTO X°

n m n m 0
2 2ok 2 X Gk S
= = = =1
=— 8 X+ > 651 (dij—%13),
8,50 6;3>>0

ij

rae {85, i=1,n, j=1, m} — pemenue 3agaun (2), KOTOpOE
oJIyyaeTcst omyTHo ¢ [O.
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B cnyuae 6) ucxonHbI IVIaH IEPEeBO30K 3aMeHseM Ha

HOBBI#
xHOB = )C—I— @Olo,

rie MaKCHUMaJ/JbHO NONMyCTUMBLH mar @0 BHIUKCASETCS 10 mpa-
Bu1aM npsamoro mMerona. CoXpaHSIOTCS UM IpaBMJIa 3aMEHEB
OTIOPHI.

CpaBHuBasi MeTof TJI. | ¢ U3JI0XKEHHBIM METONOM pellle-
HUSI TPAHCIIOPTHLIX 3aJ1a4, HETPYNHO 3aMeTUThb, UTO B HOBOM
BapHaHTe MPSIMOro METONA HCKJIIOYAIOTCS MaJble Imaru. JTo
BelleT K YMEHbIIEHHIO YHCJIa UTepalMd H, Kak CJIEICTBUE,
K YMeHBbUIEHHMIO HaKOIJeHHs OIIMOOK oKpyraeHus. Iliaton
SBJISIETCS TIOJy4YeHHEe He ONTHMAJbHOrO, a Cy6ONnTHMaabHOTO
IJIaHa IepeBOo30K. Buaumo, cymecTByeT pasyMHBIH KOMIIPO-
MHCC, TIPH KOTOPOM KOHKpeTHas 3ajauya peliaercsi ¢ 3afaH-
HOH TOYHOCTBIO 32 IpUEMJIEMOE BpeMs. YIpaBJieHUe BeJH-
YHHOHN & 3aBHCUT OT psijla IPHUUHH, CPeNH KOTOPBIX 6OJbIIYIO
pOJIb HUTPAIOT TUI 3aJa4YH, ONBIT HCCJIEeL0BaTeNs, HCKYCCTBO
BBIUHCJIUTENISA U T. [.

D(GheKTHBHOCTb  HCIOJb30BAHHS  KBA3UBBIPOXKIEHHBIX
IJIAHOB IS pEUIeHHs TPaHCIOPTHHIX (M oOIux) 3amau
JINHEHHOTO MIPOrpaMMHUPOBAHHA MOXET IIPOSBUTbCA B C/ydae
GoJIbIIMX pa3MepoB 3anau. PaccmaTpuBaeMblll HUXKe IIPHMep
MPUBOAMUTCS JHUIIb IJI5 HIMIOCTPAlUH METOa.

IIpumep. Paccmorpum TpaHCHOPTHYIO 3ajauy, mapamerphl KOTO-
pOﬁ BMeCT€ C HayaJbHBIM OIIODHBIM IIJJAHOM IIE€PEBO30K COLEepKaTcs
B ta6a. V.3. ITonoxum e=1/4. HavanpHas tTaGauua Ais pelleHHs BCIO-

Tabaruya V.3

slelryala alalt

- ] — — = __+__
: 1}_8@[[ 2%5 10
70211 [3ls]sl7

L - = — = —]
F 6] 2] ﬂ—1 13|10
3lafelrejole|nls

EAEE LT LN LSRN

@l @I 7! I 4
5 3% 8 1

MoraTesJbHOH 3afaud (3) ABOHCTBEHHBHIM ONOPHBIM METOJOM HMEET BHI
ta6a. V.4. Ona He YJOBJETBODPsieT KPHTEPHIO onTHMajpHOCTH. Ilocie
OZHON HMTepaluu NOJyyaeM TaGMMIly, KOTOpasi YAOBJETBOPsET KPHTEPHIO
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ontuManbHOCTH. CornacHo OGliell TeOpHH, CleAyeT HJH YMEeHBIIHTb YHC-
JIO €, WJId OCTAHOBHTbCS Ha MCXONHOM IJIaHe NEPeBO3OK, ecJH OH [OcTa-

Tabruya VA4
MEENE
| __,_|___._+__ ]
oo 8@ 0]als]0
T 2 3| —oo|
—'—_*F__ B I Y -
0:8 011073 1 @—[5 0
:ml—-——lf— Z—If |
o @ 0]a- 0o

TOYHO GJH30K K ONTHMAJBHOMY. B HallleM ciydae OTKJOHEHHEe MO TpaHC-
TIOPTHHIM PACXOfaM He NPEBOCXOLHUT

- Sijxi5+ > 8ij(dij—x:5) =T7-1/44+1-1/4=2,

8;3<<0 8;;>0

YTO COCTaBJIIET MEHee 0,4% OT MHHHMAaJ/JbHO BO3MOXHBIX TPaHCIOPTHLIX
pacxonos. HavyanpHblil nian TIEpEBO30OK COXpaHseM.

2. CereBas TpaHcnopTHas 3agaua. s 3agauu

> cijxi—>min,

(2, Heu
2 Xij— 2 Xji=4ai, lEI,
JjEeI' () jeI=(3i)

0<<xi;<<di;, (i, j)eU,

C M3BECTHBIM ONOPHBIM TOTOKOM {X, Son}, x={x3;, (i, j)=U}
o 3afaHHOMYy uHcaIy &=>0 @OCTPOMM MHOXKECTBa MAYyT
U= (e) ={(i, j%EU: 0<<xi;i<<e}, UB(e)={(i, ))eU: dij—
—8<xij<dij s UH(8)={(i, ])EU s<x1-,-<dij—a}.
ITotox {, Son} Ha30BeM KBa3UBEIPOXKIEHHEIM (€-BBIPOXK-
H B
neHHBIM), ecau y Hero MHoXecTBO Uon () U Uon (g),

Usz (8) = Un(g) | Uon, Usn (e) = U(e) N Uon, memycro.
Takum o6pasoM, KaxHAbIH BBIPOXKIEHHBIH ONMOPHBIA NOTOK
SIBJISIETCSL U KBA3UBBIPOXKAeHHBIM. O606IIeHHEe COCTOUT B TOM,
YTO ONMOpHBIE AYTOBBIE NMOTOKM KBA3UBBIPOXKAEHHOTO IJ1aHa
Heo6s3aTe/IbHO KPUTUYECKHE, XOTS U OJHM3KH K HHUM (OHH
kBasukputuueckue). C (QU3NUECKOH TOUKH 3PEHHS OTIHYHE
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KPHTHYECKOTO AYTOBOTO NOTOKA OT KBa3HKPHUTHUECKOTO MOXK-
HO TPAKTOBaTh CJAeAylIHM obpa3oMm. i KpPHUTHYECKOrO
MOTOKA X;; CNELHUaJUCT YBEPEHHO (CTENeHb YBEPEHHOCTH
ompejensiercs BeJMYHHON O;j) yKasblBaeT Ha €ro rpaHUYHOE
3Hauenne (x;;=0npu 8;;<<0; xi;;=d;; npu 8;;>>0). Ecu xe
CNelHaJUCT T'OBOPHT, UTO 3HAUEHHE X;; HAXOMMUTCH OKOJIO
rpaHunbl (T. €. §;;=0), TO X;j — KBa3HKPUTHUECKHUH LyTrOBOM
TIOTOK.

Jlns yayulieHds KBa3HBBIPOXKAEHHBIX NMOTOKOB IIpefJa-
raercst HCIoJab30BaTh MeToX § 1, B KoTopom MHoxkectBa UH,
Us, Ut crnenyer 3aMeHMTb Ha MHoXectBa UH(e), U=2(e),
Un(e). Kak ¥ B npefbiayLieM IyHKTe, METOJ, IPHBOJHUT K I0-
CTPOEHHIO CYGONTHMAJBbHEIX NOTOKOB. Mpmes Meroma usJjio-
)eHa B [4. 1] ¥ TecHO cBfi3aHa C NPHHUIUIOM HOIMYCTHMBIX
HanpasJeHu#d. UuraTes o, 3HaKOMOMY C NpeABIAYIIUM MaTe-
puajoM, HETPYAHO ONHCAaThb Bce QopMasbHble ONepalyu
aJrOpUTMa  YJyUIIEHHST  KBa3HBBIPOKIEHHOTO  MOTOKA.
Ha nanHOM 3Tame pa3yMHO OrpaHHUYHTbCS IPHUBENEHHBIMH
3aMeyaHHusIMH, K60 yCleX 37ecb BO MHOTOM 3aBHCHT OT KOH-
KPETHOM 3ajauH, CIelHaJucTa, 3aHHTEDECOBAHHOTO B ee
pelIeHuH, i MHOTHX NPYTUX NMpHuuH. JlymMaercs, 4To IO Mepe
HAKOIIIEHUsI TpPaKTHYECKUX pe3yJbTaToB IpobGiema Oymer
paccMoTpeHa Ha APYroM ypoBHE.

§ 4. Ksa3uBLIpOXACHHbIC ONOPHLIC KONMaHbl NEPEBO30K
M KOMOTOKM

ITo ananoruu c § 3 MeTons! § 2 MOKHO 0606LIUTL HA CIY-
yafl OMOPHBIX KOIIJIAHOB IEPEBO30K M KOIOTOKOB, GJIH3KHX
K BBIPOXKIEHHIO.

1. Marpuynasa tpaHcnopTtHas 3anaya. [lycrs {6, fou} —
OTOpHBIH KOIIaH NIePeBO30K B 3ajaue

n m .
2 3 cyxy—min,
i=1 j=1
m n

2 Xij=—ai, 2 xij=bj,
=1 i=1

—_—

0<<xi<<dyj, i=1,n, j=1,m.

-

ITo sapamnomy wuncay ez=0 mOCTPOHM MHOMKECTBA
P(e)={(, 1): |8 <<e}, I+(e) ={(i, /): 8,>¢}, [~(e) =
={(i, j): di;<<—¢}, Iy (e)=ICe) NIgu T. 1.
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B § 2 BEIPOXKIEHHOCTb ONOPHOTO KOMJIAHA CBSA3LIBAETCS

C HemyCcTOTOH MHOXKeCTBa In (0). C Touku 3penus mMeroja
ra. [I HanuMuHe 5/1eMEHTOB B TAKOM MHOXKECTBE HEXKeJaTelb-
HO, HOO 3TO MOXKeT IIPHUBECTH K «XOJOCTOMy» miary =0,
KOTZia yJydlIeHHS KOIlaHa C IIOMOLIBIO JBOHCTBEHHOIO
ONOPHOTO0 MeTOZA He NpoucXomuT. C NpakTHYeCKOM TOUKH
3peHHsl HeXKeJaTeJbHBl M CHTYallWH, KOrjga 3a HTepaluio
H3MEHEHHe 3HauyeHHs [IBOHCTBEHHOH IlesieBOH (YHKIMH He-
3HauuTesbHO. OIOpHBIE KOIJIAHBI, Ha KOTOPHIX OHH peaJji-
3YIOTCSI, HA30BEM KB8Q3UBbLPOXOeHHbimU. VeXonsi U3 BHIUKC-
JeHu# § 2 u BBefeHHBIX 0003HAUEHHUI, HETPYIHO TOHSTH, UTO
yKa3aHHbBIE CUTYalluH CBSI3aHBl CO C/IyYyasiMH, KOr[a mpH Ma-
JEIX & HemycThl MHOXectBa [%(g). C ¢H3HUECKOH TOYKH
3pEHHS DPACCMOTpPEHHe KBAa3UBBIPOKIEHHBEIX IJIAHOB JBOH-
CTBEHHBIX 3aJ1ay AMKTYeTCS TEM, 4TO IIPH MaJblX 3HAUEHHX
§i; oln6KY B onpefe/ieHNH 3HakKa O;; CUJIBLHO BJHUSIOT Ha 3Ha-
YeHHs KOMIIOHEHT IiceBAoIJIaHa. [lo3ToMy pasyMHO COMHH-
TeJbHblE CJHydYaH HCCJIef0BaTb JONOJHUTENbHO. [pyrumu
CJI0BAMH, TIO DPEKOMEHIAUMSM CIIEHHATHCTOB BBIAEASIOTCS
CUTyallH, B KOTOPBIX HX ONBIT ¥ MHTYUIHIO HYXKHO IOHNOJ-
HUTb MaTeMaTHYeCKHMH pacyeTaMu. UTo KacaeTcs KOHKpET-
HBIX METOJIOB YJIYULIEHHS KBa3UBLIPOXKIEHHBIX OMOPHBIX KO-
NJ1aHOB TIEPeBO30K, TO UX HETPYAHO IOCTPOUTb MeTOHOM § 2
c 3ameHoit MHOXecTB /0, [+, [~ Ha mHOoxXecTBa [%(g), [+ (e),
I=(¢). I1pu atom, Kak u B § 3, moayyaTcs cy6onTHManbHble
NJ1aHBl IEPEBO30K.

2. CeteBast TpaHCHOpPTHas 3ajaya. Bce ckazaHHOe 0 MaT-
pPHUYHOI MOJIENH TPaHCIOPTHOH 3aJaud CIPaBeNJIHBO M JJs
ceTeBOl Mosiesd. UuTaTe 10 peKOMeHIyeTcss CaMOCTOATEIbHO
He TOJBKO (OpPMaJBHO 3amucaTbh HeoOXoAuMBle (GOPMYJIH H
omepamny, HO U MCIOJNb30BATh IIOJYYalOI(HECs aJrOPUTMbI
IJisl PEIIeHHsT PaKTHUYECKUX 3a4ad. DTO MO3BOJHT IJIyOOKO
YCBOUTb OCHOBHbIE MaTeMaTHYeCKHe NPHHIMIbL JaHHOK KHH-
I'H U HAKOIHMTb OMBIT PelleHHs IIPaKTHYECKHX 3a/ad.

Fnasa Vi
AHANU3 PELUEHUA

IIpouecc pelieHHsi NPaKTHYECKOH 3ajadyd He 3aKaHYH-
BaeTcs MOJyYyeHHEM ONTHMaJbHOro HaaHa. B cBsasu ¢ pas-
HBIMH OGCTOATENbCTBAMHU IIPENCTABJAIOT HHTEPEC OmMHCaHHe
BCEro MHOXECTBA ONTHMAJbHEIX IIJIAaHOB H OLIEHKA YyBCTBH-
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TeJbHOCTH ONTHMAJbHOTO IJIaHA K H3MEHEHHSIM MapaMeTpPOB
3agmayd. Bousblioe mpaxTHyecKoe 3HAUEHHE C TOYKH 3PEHHS
ynpaBJeHus: (KOppeKIMH IlIaHa) HMeeT Bompoc 06 addex-
THBHOM (He TpeOylolleM 3HAYUTEJbHBIX 3aTPaT BPEMEHH H
CPEJCTB) Iepexofe K HOBOMY ONTHMAJIbHOMY ILIaHy, COOT-
BETCTBYIOIEMY HOBBIM, M3MEHEHHBIM, 3HAUEHHAM IapaMmerT-
poB. IlapameTpbl TpaHCIOPTHOH 3anaun pasbUBAIOTCH HA
CJleAyIOIIMe TPYINbl: KO3(POHUIHEHTH CTOMMOCTH, OGBEMBI
NPOU3BOJCTBA U NOTPeOieHus] (HHTEHCHBHOCTH Y3JI0B), BEJIH-
YHHA OTPaHHMYEHHHl Ha NIPOIYCKHBEIE CIOCOGHOCTH, KOJHYECTBO
IIyHKTOB IIPOM3BOJACTBA M NOTpebJseHHs (KOJIHYECTBO Y3JI0B
CeTH), KOJIMUECTBO He3alpelleHHbIX NepPeBO30K (KOJIHYECTBO
IyT CETH).

§ 1. MHOXKeCTBa ONTHMMAMBHLIX M CY6ONTMManbHLIX NNaHOB

Mcxons W3 MeTONOB pelleHHs TPAHCIOPTHBIX 3ajady,
u3J0XKeHHBIX B I1. [—IV, B nanHOM naparpacde omuceBaioT-
€ MHOXKECTBA ONTHMAaJbHBLIX U €-ONTHMAaJbHLIX IJIAHOB IPs-
MOH M ABOHCTBEHHOH 3afay IIpH MaTPHUYHOM H CETEBOM
ONIHCAHMAX TPAHCIIOPTHOH 3amayH.

1. Marpuynas TpancnoprHas 3agava. [lycts 0= {x”,

JR—

i=1,n, j=1, m} — onTHMAJbHEI} IIAH IEPEBO3OK B 3a/aUe

n m .

Z,’ > cijx;—~>min,

i=1 j=1
Z; Xij=0ai, Z Xij=bj, 1)
J-—-

0<<xy<<dy;, i=1,n, j=1,m.

MHookecTso ontTumasvrolx naanog XO mMpencTaBiseT co-
60#1 BBINYKJIOEe 3aMKHyToe MHOXKecTBO. llenab Hacrosmiero
naparpada — onucatb MHOXecTBO X° U HaHTH yCJIOBHS, IIPH
KOTOPBIX X COCTOHT M3 €JHHCTBEHHOTO 3JeMeHTa X°.

Bynem cumtath, YTO HapsALy C ONTHMAJbHBIM IJIaHOM X°
H3BeCcTeH ONMH U3 MeTonoB Ii. [—IV, ¢ nomomibio KOTOPOro
peurena 3axaua (1). ITycTe m/ist Hayasa UM ABJASAETCS MPIMOU
onopubiit Meton ri1. I. CremoBarenbHo, usBectHa onopa /om,
COOTBETCTBYIOLIASl IJIaHy x°, ¥ BBHINOJHSIOTCS COOTHOIIEHHS

xis =0, (i, ) &lx ; xiy =du;, (i, ) Iz ;
0<x:;<dij (i, j)<la.
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3rech I ={(i, j): Ay<<0, (i, N ela}, I[f ={(i, ): A>0,
.. 0 . ..

(i, Y la}, In ={(i, j): Ai;=0, (i, j) =lu}. U3 dpusuueckoro
CMBIC/IA OILEHOK Aj; CJI€NYeT, YTO TOJBKO BapHalUU Iepe-
BO30K B KJaeTKax (i, j) &l (M BH3BaHHBE UMH BapHaluu
OIOPHBIX IIEPEBO30K) MOTYT COXDaHHTb 3HAuUEHHE IEJEeBOH

Q)yHKuHH (1) ma mMuHHMAaJabHOM ypoBHe. [IpumuiieM xJiaeTKe

(i, j) Ix unciio As;. CocTaBUM WHKI JUIS KIETKH (i, j) c mep-
BBIM TODH30HTAJbHBIM 3BeHOM. Kuertke (k, [) mpumumiem

1]

yHucia A =—MA;j, €CJIH OHA JIEXKUT Ha KOHIle TOPH30HTaJNb-
ij

HOTO 3BeHA IHUKJMAA; Ag =Aij, €CJH OHA JIEXHUT HA KOHIEe

¥
BEPTHKAJbHOTO 3BeHa; Ax =0, ecqu OHAa He NPHHAIJIEKHT
IHUKITY.

Bapuanuu A;j nepeBosox X%, (i, ])E]H, BI:ISbIBaIOT Ba-

pHanumo Am= 2 At ONOPHOH NEePEeBO3KH Xht, (R, l)elon.
@, &Iy

Bapuanuu Asj, (i, f) el IOMYCTHMBI, eCJIH

0< s +his<dss, (i, j) ln; .
0<xu Friu<<duw, (R l)slon. 2

OTciofa cieayer, uTo KaXKAblil 31eMeHT MHOXKecTBa X0 MOXK-
HO MPEJNCTaBUTh B BUIE

x5, (G els UL x5 +M, (4 ) eIk U Lo,

rae  {Aij, (i, j)EIOHUIO,I} — peLIeHHe CHCTeMbl Hepa-
BEHCTB (2).

3amaua (1) umeeT emWHCTBEHHOe pelleHue x° Torja H
TOJIBKO TOTZA, KOTJa CHCTEMA HepaBeHCTB (2) uMeer TONBKO

TpUBMaJbHOE pemieHue A;=0, (i, )el U lon. B wactHOCTH,
ONTHMAaJbHBIA IJIaH IEepeBO30K {x, Ion} GymeT enUHCTBEH-
HBIM, €CJIH OLlEHKH HEONOPHBIX KJIETOK OTJIHYHBI OT HYJIS.

[IpuBeneHHble BEILIE BEIYHCAEHHS MEHAIOTCS HE3HAUH-
TEeJbHO, €CJIHM MPENNOJIOXKHUTb, YTO ONTHMAaJBHEIH IIaH Iepe-
BO30K x0 MOCTpOEH C IIOMOIIbIO ABOHCTBEHHOTO OIIOPHOTO
merona ri. II. B stom ciyuae x° — 6asucHHE IJIaH Iepe-
BO30K U OH OyHeT eIHHCTBEHHLIM, €CJH ONTHMAaJbHHIH KO-
mnal {89 /on} HEBBIPOXKAEHHBIH. [{J151 BEIPOXKIEHHOTO KOILJIA-
Ha {8° /on} MHOXKecTBO X ONTHMAJbHBIX IJIAHOB CTPOMTCA
aHaJOTHYHO, MEHSIOTCS JIUIIb yncaa A; Ha Oij.
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[Ipn anasnuse pemeHus (cM. IOCaeAyIOIHe Maparpadml
[J1aBbl) BAXKHYIO POJIb UIPAET U MHOXKeCTBO Y0 OnTHMAaJIbHBIX
IBOHCTBEHHBIX IIJIAHOB IepeB030K (Mju MHOKecTBO A cooT-
BETCTBYIOIIMX ONTHMAaJbHBIX KOIJIAHOB MepeBo30K). M3 pe-

syabratoB ra. I, II BupHo, d4ro BekTOp A°={A3j =0,

.. 0 . o

(i, j)Elon, Asj, (i, j)Ela}, cocTaBieHHbI U3 OLEHOK OITH-
MaJ/IbHOTO IIJ1aHa IepeBO30K X0, KOTOPBIM IIOCTPOEH C IIO-
MOIIbIO NIPIMOTO OIIOPHOTO METOa, SABJISETCS ONTHMAaJbHBIM
6a3uCHEIM KOILJIAHOM IepeBo30oK. Ilo Hemy ¢ moMoubio
onopsl [on JIETKO BOCCTAHABJHMBAIOTCS KOMIIOHEHTHI (IIOTEH-

IIHAJIBl CTPOK M CTOJIOLOB) ug, v?, i=1,n, j=1, m, onTuManb-
HOTO IBOHCTBEHHOro miaaHa. M3 o6ocHOBaHMsS IBOHCTBEHHOTO
onopHoro meropa (cM. ra. II) crenyer, uto 3sHaueHme ABOI-
CTBEHHOH LlesIeBOH (YHKIHHM MOMKET COXPAHUTHCS HA MAaKCH-
MaJbHOM YPOBHE DM BapHalMH TOJbKO Te€X OHNOPHBLIX KOIe-

0
PeBO30K (M COOTBETCTBYIOLIMX HEOMOPHBIX KOMEPEBO30K) Aps,
KOTOpbIe JIeKaT B KJIeTKaX C KPUTHUECKHMH IIepeBO3KaMH

(xh =0 Wi xm —=d). Bapuauusi pp; mepeBo30K 3THX Kie-
TOK BBI30BET OIpENeIEHHYI0 BapHALHIO [;; KONIEPEBO30K He-
ONOPHBIX KJeTOK. Uucsaa pi; ONHO3HAYHO HAXOMATCS TO Wi
H paBHH #=pup (CM. momcYeT Ag Anst cayuas X0).

Ucxonsi w3 Qopmynabl mnpupalieHdsi, HaiaeM CcHayaJa
MHOXKECTBO HONYCTHMBIX BapHaUUH p, TMPH KOTOPHIX CKO-
pPOCTb H3MEHEHHSl NBOUCTBEHHOH LeJeBOH (YHKIHWH paBHA
HYJIIO W BIIEPBBHIE TOSIBATCS HOBBIE HYJIEBblE HEONOPHBIE KO-
nepeBo3Kky. [To 3THM BapHalMsSM COCTaBJ/sSEM IIOAMHOMXKECTBO

A} MHOX)ecTBa A%. B CBS3H C TEM 4YTO IOCJE IOSBJICHHS HY-
JIEBLIX KOIEpeBO30K (hopMyJia NMpHpAIeHHsl MEHseT BHJI, TO
COCTaBJ/IsieM HOBOE MHOXKECTBO NONYCTUMBIX BapHalU#
IpY KOTOPHIX IBOHCTBEHHad leseBas (QyHKIHS He MeHeTCs
U TOSIBJSIOTCS. HOBBle HYyJIEBble HEOIIOPHEIE KOIIePEBO3KH.

0
Tax nostBUTCS MOAMHOXKeCTBO Ay AP, Uepe3 KoHEUHOE YHUC-
JIO 11aroB 6yneT mocTpoeHo Bce MHOXKecTBO AC. [Togpo6GHOCTH
MOKHO BOCCTAaHOBHUTH IO BRIUKCIeHUAM TiI. [T.

Us stux paccyxmeHuit ciemyer, uto 3anmaua (1) umeer
€IMHCTBEHHBI!I ONTHMAJbHBIE IBOHCTBEHHBIH IIJIaH IIepeBO-
30K, €CJH ONTHMAaJbHLIA IJaH IepeBo30K X HeBLIPOXKIEH

0 ..
B cMbicae T I, 7. e. 0<<xi; <<dsj, (i, j) Elon
[MpuBenenHass cxema IOCTPOEHHsT MHOKecTBa A® ONITH-
MaJbHBIX KOIUIAHOB COXpaHseTcs M B Clyuyae, KOTLA 3amada
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(1) pemena HnBOHCTBEHHBIM OIOPHBIM MeTOZOM. B 3ToM
clyyae BMECTO BeKTopa x° Hy»KHO paccMaTpUBaTh BEKTOp xO.

OnuH ¥3 BO3MOXKHBIX CIIOCOGOB (DaKTHYECKOrO MOCTPOE-
HHSl MHOXKecTBa X ONTHMaJIbHBIX IIJIAHOB MEPEBO30K COCTOHMT
B caenyomeM. CHayana € HOMOLIbIO IIPIMOTO OIMOPHOTO
MeTO/a IepeieM OT ONTHMAaJbHOTO OIIOPHOTO IJIaHa Iepe-
B030K {*°, Jon} K ONTHMAasNbHOMY Ga3uCHOMY IJIaHY MEPEBO-

1 1
30K {1, Jon}, T. €. CHeaeM KPUTHUECKHMH (X;; =0 uau d;;)
BCE HEONOpPHBIE NEPEBO3KH HCXOIHOTO ONTHMAJBHOrO IJaHa

10
nepeBo3ok. OTMeTHM HeONOpHBIE KJIETKH [z C HyJEBHIMH
ounenkamu Ay;=0, (i, j) =/sz. BapbupyeM nepeBosky B KieT-

PR 10 o

Ke (i1, j1) =[x 0O Tex mop, moka He GYHET MOCTPOEH HOBBIK
o o 11

ONTHMAasbHBIN GasucHBIH miaH mepeBo3ok {x!!, Ion}. Eciu

10
B MHoOXecTBe [z HMeeTcs Rk 3/J1eMEHTOB, TO B pe3yJbTaTe
YKa3aHHBIX BapHalUi NMOJY4YHTCS, BOOOIIe rOBOpS, K HOBBIX

11
ONTHMAJbHBIX GAas3HCHBIX IJIAaHOB TmepeBo3ok {xi, [on},

12 1k
{xt2, Iou}, ..., {x*, Ion}. BEIyK/YI0 0GOMIOUKY NJIAHOB meEpe-
B030K xi, x11, ..., x1® o6o3Hauum uepe3 X!. Ecau nepeunc-

JICHHBIE OIlepaliy IMOBTOPUTH C KAXKABbIM U3 BHOBbL IIOCTPOEH-

. 11
HBIX ONTHMAJbHBIX Ga3UCHBIX IJIAHOB MeEPeBO30K {x!i, lon},

TO NOJyYuM MHOXKecTBa X%, (=1, k. §IcHO, 4TO HOBBLIE ONTH-
MaJsibHble GasHCHBIE IJAHBI IEPEBO30K MOTYT IOSIBJISATHCS
JINIIb Ha KOHEUHOM YHCJe uTepanuil. Bce mosyueHHbIE MHO-
xkectBa X1, X, ..., Xth.is o6pasyor MHOxecTBO X
CxeMaTHYHO ONHCAHHYIO MPOUENYPY MOCTPOEHUS MHOKECTBA
X% yno6Ho n3obpaxaTh B BHAE BETBAILLErocs gepena.

AHa/jOTHUHBIH aJTOPHTM CYLIECTBYeT [JIS INOCTPOEHHS
MHOKeCTBa ONTHMaJbHBIX KormiaHoB A% Ha npemsapuress-
HOM 3Talle 10 IBOMCTBEHHOMY OIIOPHOMY KOILJIaHY HepefineM
K ONTHMAaJIbHOMY 6a3HMCHOMY KOILJIaHY, a 3aTeM CTPOHM INOJA-
MHOXKecTBa Al, Al', ... 1O KPUTHYECKHM OIIOPHBHIM IIepe-
BO3KaM.

PaccmoTpuM cuTyaluio, Korna TpascnopTHas 3anava (1)
pemena Ge3onopHbIMH MeTogaMu. OHa MOXKeT GbITh CBeleHa
K TpenblayIel, ecji ONTHMAJbHHEIE IJIaH IepeBo3oK X’ Jo-
HOJHUTh COOTBETCTBYIOMmEH omopo# [on. Omumem apyro#
merton. Pemenne 3agaun (1) npsiMbIM 6€30N0PHBIM METOLOM
npexkpamaercsi, KaK TOJbKO 0OHapyKHBAEeTCs, 4TO IPOHU3-
BOJIHAsl CeTb HA TEKYIIEM IJIaHe IIePeBO30K HE CONEPIKHT
OTpHIATENbHBIX KOHTYpoB (cM. ru. IV). K3 dusuyeckoro
CMBICTIa KOHTYPOB CJEAyeT, YTO TPaHCIOPTHLEIE PacXonbl
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MOKHO COXPAaHHTb Ha MMHMMaJbHOM ypPOBHE, €CJi#l BapbHpO-
BaTb IIEPEBO3KH TOJBKO Ha HYJEBLIX KOHTypaX. BceBosmox-
Hble JIONyCTHMble BapHalMH IepeBO30K (IpPH KOTOPBIX He
HapymarTcs IpsAMble OTPaHHYEHUS) BLOJb HYJEBBIX KOHTY-
pOB 3afalT, OYeBHAHO, MHOXKecTBO X' ONTHMAaJBHEIX Iepe-
BO30K.

OnruMmasnbHBIE IVIAH [IepeBO30K OyzeT B 3agaue (1) emuH-
CTBEHHBIM, €CJIM COOTBETCTBYIOILAs €My IPOU3BOAHAS CEThb
He COLepIKHUT HyJIeBbIX KOHTYDOB.

2. Ceremas TpaHcnopTHas 3afauya. Muoxectso X0 onTH-
MaJIbHBIX IOTOKOB B 33Jaue

2/ Cijxy—min,
i, HEeU
2 xi— 3 xp=a, €], (3)
JETHE) JEI-(4)
ngijgdij, ("’ ])EU:
CTPOUTCS aHAJOTHYHO MHOXKecTBY X° ONTHMAaJbHBIX IIJIAHOB
NEePEBO30K.

[TpuBeneM HeKOTOpBHe BHIKJIAAKH. IIpeamosnoxkum, uTO
TpPaHCIOpPTHAsl 3ajava pemranach Oe30NOPHBIM MeTOJO0M
(IpsSAMBIM MJIM JBOMCTBEHHBIM) M IIOJyYeH HEKOTOPHIH ONTH-
MaJsibHbIE MOTOK x* W onTuMmanbHH#E kKomotok 6°. [TocTpoum
MO HUM CJIeLYIOU[He MHOXKECTBa:

n={([’ ]) 0<x’ii<dij}’ UH={(i’ ]) xij=0};
Up={(i, j): xij=dis}, Ur={(i, j): 8:;;>0},
U-={(i, j): 85<<0}, U'={(i, j): 8:;=0}.
Paccmorpum cucremy
=0, (i, )& U% —xij <ly<dy—xij, (i, ) U

_2 lij'— 2 lji:O, il

J€I(D) jsI_(d)

(4)

Kaxapiii smemMeHT ¥° MHOXKecTBa X° MOXKHO IIpPeICTaBUTD
B BHJE

— -0 0 . .
x0={x‘ij =Xij +lij, (l') ])EU};
rie uucia l;; yooBJIeTBOPSAIOT cucreMe (4).
CucreMa (4) uMeeT HeTPHBHAJbHOE pelleHHE TOraa
M TOJIbKO TOTAA, korga B cetn S0= (I, U%) c nmotoxoMm x° ecTh
KOHTYP.
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OnuiueM MHOKecTBO A? ONTHMaJbHBEIX KOMOTOKOB. Pac-
CMOTPHM CHCTEMY

ai—a;=0, (i, j)eUs

ai—o; =0, (i, j)eU=Us( U9,

ai—a;<<0, (i, j)eUn=U= U, (5)
OLi—'OLj>_6‘?j, (i, yeUs+=U N U+

ai—a; <—084, (i, j)eUs—=Us U-.

Kaxngpiii snemeHT 6° mHOoxKecTBa A’ MOXKHO TNpeICTaBHTb
B BHIIE

o o 0 .

80={8:; =bs+ai—ay (i, [)U}.

Cucrema (5) uMeeT HETPUBHAJNBHOE PEIIEHHE TOTA H TOJBKO
Torzaa, korga B cetu S°= (/, U% cymecTByeT Takoe MHOXKe-
cTBO y3i0B /., uto R(/.)=U®, R(I\I.)<=U®™, rne R(I.) —
paspes B cet SP, onpeneasieMblil MHOXECTBOM / ..

ITepe6paB Bce MHOXKecTBa /., HalleM BCe ONTHMAJbHEIE
KOTIOTOKH.

U3 comepxkanusa ra. I—IV BugHo, xakas cBs3b cymie-
CTByeT MeXJy TIOHSITHSIMH M pe3yJabTaTaMH OBYyX Gopm
TpaHCHOpTHOH 3amaun. [TosTOMy UHTaTENsIM peKOMEHIYETCS
OTIHCAHHBIE B II. | KOHCTPYKIUHK CaMOCTOSITENBLHO II€peHeCTH
Ha 3agauy (3).

3. MHOXeCTBO g-ONTUMAJbHBIX MJIAHOB. KoHCTpyKuMu
JIaHHOTO TYHKTA IOSICHUM Ha 3ajade O IOTOKe MHHHMAJbHOH
croumoctd (3). ITepexonm kK 3amaue (1) ocTaBUM B KauecTBe
ynpaxHenus. MHOXeCTBO X® €-ONMTHMaJbHBIX MOTOKOB CO-
CTOHT W3 TOTOKOB X%, YIOBJIETBOPSIIOIIUX HEPaBEHCTBY

e 0
D Cijxij — 3 Cijki; &
@ v @ e

Jnst mocTpoeHHss MHOXKecTBa X°® IOCTATOYHO BHECTH He-
GoJibllIMe H3MEHEeHHsI B KOHCTpYKuuH 1. 1. IIpenBapurenbHblit
sran (mepexol K ONTHMaJbHOMY 6a3HCHOMY IOTOKY

{xt, Séu}) coxpaHsercs. Kpome nortokos x, ..., x!k, xoro-
pble CTPOMJIHCH B I. | IO IOTOKY X! Ha IepBOM 3TaIne, IO-
CTPOHM [OTIOJIHHTEbHbIE MOTOKH /s KaXJoro GasHCHOTO
noroka xi, xi, ..., xtk, PaccMoTpuMm s ONpeneJeHHOCTH

notok {x1, Sci,u}. ITorok mo ayre (i, j)=Ux ¢ A;;<<0 yBenu-
ypBaeM 10 TeX IIop, moka X;;<<&/|A;;| ¥ He Hapymaworcs
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npomycKHble crnoco6HocTH omopHbIX Ayr. Ecam A;>>0,
(i, j)= Uy, To noTOK 1O Ayre (i, j) yMeHbIIaeM A0 TeX IIOP,
noka dij—xi;<<e/Ai;; 1 He HapyHalOTCS NPONYCKHbIE CIIO-
co6HOCcTH omopHbIX Ayr. ITonmyuum mortoxk x!(i, j). Takum
0o6pa3oM, ¢ KaXJAbIM ONTHMa/JbHBIM 0a3UCHBIM IOTO-

1
KoM {x!, Son} CBA3BIBAIOTCS, BOOGIIE TOBOPS, /4 JOMONHUTEb-
HBIX TIOTOKOB, TJie /; — YHCJIO OTJIHYHBIX OT HYJISl OLEHOK Ajj,

.. 1
(i, j)=Ug Ha nepBom 3Tame CTPOHTCS BBINYKJIas 060J0uYKa

X; 1o notokaM xt, xi, ..., x!* § NONOJHUTENLHBIM IIOTOKAM
[0 KaXKAOMY U3 Iepeunc/ieHHbX 6a3UCHBIX IIOTOKOB; HA BTO-
poMm 3Tame mo x'¢ cTPOsITCA HOBBlE ONTHMAaJbHBE GasHCHbBIE
IIOTOKH H JOIOJHHUTEJbHbIE K HUM; U T. 1. OO0benuHeHue 1m0-
JIYUYAIOIMXCS BBIIYKJABIX 000/10ueK 06pasyeT MHOXKeCTBO XE.

Hpess meToma TOCTPOEHHS MHOXKECTBA &-ONTHMAJbHBIX
IJIaHOB JOCTATOUHO NpocTa U 6e3 TpyZa IepeHOCHTCS Ha 3a-
Jayy TMOCTPOEHUSI MHOXKecTBa A® e-ONTHMAaJbHLIX KOIJIaHOB.

B ciayuae, Korma onTuMasbHBE NOTOK x° MOJy4eH IIps-
MbIM G€30MOpHBIM METONOM, IIPH NOCTPOEHHH MHOMXKecTBa X°®
paccMaTpUBalOTCS BCe KOHTYPHI Ha IPOM3BOLHOH ceTH Sxo,
CTPOUTCS MAKCHMaJ/JbHO MONYCTHMBIH MOTOK IO KaXJAOMY
H3 HEX CO CTOMMOCTbIO, He IpeBOCXoAfmlel e. Broimykmaasa
KOMOMHAIMA 3THX IIOTOKOB, HaJIOXXKEeHHas Ha MOTOK X0, paer
J1060# 3/1eMeHT MHOXKecTBa X&.

4, Mpumepel. 1) B ta6a. VI.1 comepKutcs ONTHMAJBbHBI ONOPHBIH
IJIaH [IePeBO30K, KOTODEIA NOJydYeH HPSIMBIM ONODPHHIM METOLOM.

Ta6auya VI.1

sieftiale 42t

A7 {250
7hol2t1]3 51807
R LA RN N TR

-8 z_iw (DF—®) |10
513 |12 Lg[s 151 8
513 [t ] % i
® |6, [T D |4
5 % 10 P

IMocTpouM cHayaja MHOXeCTBO X° ONTHMAJIbHBIX IJIAHOB IEPEBO3OK.
3a ofHy HTepaUHIO MOJyYeH ORTHMAaJbHBIH GasHCHBIH NJIaH NepeBO30OK x!
(ra6a. VI.2). ¥ Hero paBHA HYJJIO OLEHKAa €IMHCTBEHHOH HEONODHOH
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kaetku: A33=0. YMeHbIUNB mepeBO3Ky KaeTku (3, 3), MOJYYHM HOBHI
ONTHMAJIbHBIN GasHCHBIN IJaH NMepeBo30K: x!1={x11=0, xj2=1, x43=7
¥15=2, x21=0, X22=2, X23=3, Xa.=05, Xx31=D5, X32=32, x33=0
JC34=8}.

Tabauya VI.2
P3le 4|2
AR LA LA LT
ML
7102 1515 18,7]
T |20 O (D)
5|12 6 (1518

2
Olc s
® 16 |2,0(®
Brinmyksas 060/10uKa MJIaHOB NmepeBo3ok x! u x!! umeer BHUA
£ (M, A2) =Mxt4-Aox, Ay, A2 =0, AiHAe=1.

Taxkum o6Gpa3om, MHOXecTBO X! COCTOMT M3 OLHONAapaMeTPHYecKOro ce-
MeHCTBAa IJIaHOB MepeBO30K X1,=0, x12=1, x13=7, x1u=2, Xx21=0,
XQ2=2, XZ3=7\,1+37\42, X24=7?»1+57\,z, x31=5, )C32=32, X33=27\A,
X35.=0A1+8\2, THe A1, A2=0, A+As=1. Eciu crpouth HOBHIH ONTH-
MaJbHBIH GasMCHBIA IJIaH NEepeBO30K IO IIaHy x'!, TO moayyMM IJIaH
us ta6a. VI.2. Caenosartesnbno, X0= X1,

Ta6auya V1.3

i 8 B
o [3] | | |
23 1 1
__Lz—_—+3’—_ﬁr—4——2—l—:
0 HF 7T (O] 215 910
-ti7ofeli{als]sl
K BN ENC N
0 187 2 10 3 (@] 5 (@)10
0(513 oo4'_12 z_rs 18
5 (@]32,@] 0 ,0¢ 8 ,(0)]45

b 35 10 15

IMoctpouM MHOXKecTBO A® onmTHMasbHBIX KONJIAHOB B paccMaTpHBae-
mom npumepe. B taén. VI.3 comepxurcs onTUManbHbA Ga3HCHBIA KOMaH

nepesosok 6° (8!), cocTaBjeHHHH H3 OIeHOK KneTok {Aij, i=1, n,
j=1,m} (OLEHKH ONOPHBIX KJETOK PaBHB Hym0). EMy coorBercTByer
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ICEeBIONJAH IIePeBO30K C NBYMA KDHTHYECKHMH IePEBO3KAMH Xa3=3,
x31=>5. Haunem c kuerkn (2, 3). IloCKOIBKY NpH H3MEHEHHH OIOPHOM
KonepeBo3KH 023 MeHsSeTCs HEONOpHAs KomepeBoska O33=0, TO NPH BHI-
YHCJEHHH CKOPOCTH M3MeHeHHs JIBOHCTBEHHO!N IlejeBOH (DYHKUUM HYKHO
N0Jb30BATLCSA NOJHOH dopmynolt npupauienns us § 1 v I1. Ipu A823>0
CKOPOCTb paBHa (K23—d23) —d3s=2, npn A23<C0 paBHa x23=3. Taxum
06pa3oM, BapHalus KONepeBOo3KH 823 HELONYCTHMA.

Paccmorpum kaetky (3, 1). Ilpu yBeanueHwn KomepeBO3KH 031 Ha
€IMHHIY TIOJYYHM HOBBIH ONTHMAJbHBIE Ga3HCHEIM KOIJIaH IePeBO3OK:

Puc. VII

611={6“=0, 612-———7, 613=0, 614=5, 621='_7, 622=10, 623-=01
820=0, 8a1=1, 632=0, 833=0, 63.=0}. BrinykJisle KOMGHHALHK KOILIa-
HOB mepeBo3ok §° u §11 cocTaBASIOT MHOXKECTBO Al

Juast konsana 611 KPHTHYECKUMH SIBJISIOTCS [ICEBLONEPEBO3KH 11, K23.
Haunem ¢ xaerku (1, 1). Ilpu yBemuuenun KomepeBo3ku 614 CKOpPOCTb
H3MEHeHUsI [BONCTBEHHOI ILeneBOH (YHKUMM paBHAa Xi1—di1=—3,
[03TOMY yMeHblilaeM KONepeBO3KY O;; Ha eNHHHIY, YTO IPHBOAHT K ONTH-
MaJbHOMY KOIJIaHy IepeBo3oK §°, cOoBmaiaiomeMy C KOIJIAHOM Iepe-
BO30K O1.

Tlepeitnem x kaerke (2, 3). Bapuauus xonepeBosku Ozs, KaK M IpH
paccMorpenuu 8!, BeleT X YBeJHUEHHIO IBOMCTBEHHON lleneBOH (yHKUHH,
4yto HegomycTHMO. Takum 06pasom, NIpolecc MOCTPOeHHs MHoxKectBa A°
3akonyeH: A'=A?

2) Paccmorpum cetb (puc. VI.1), comepxkamyio ONTHMaJbHBIH IIO-
TOK, IOJyYEeHHBIA NPSIMBIM Ge30MOpHBIM MeTOHOM. Kpome onTHMAalbHOrO
NOTOKA Ha CEeTH YKas3aHbl ONTHMaJ/bHBIE METKH Y3JIOB, T. €. METKH, NOJY-
YeHHBle Ha TOC/elHel urepauun. [IpocMOTPUM METKH elie pas. ¥anay [=3
MOXHO Tpunucath Metky {—I, 6}={p,";, k*(3)}. Haxomum uHncia

k(6) =1, k(1)=2, k(2)=3, k(3)=4, k(4)=0, [=3&{l, 2, 3, 4}.
3uauurt, gyru (6, 3)+, (2, 3)—, (1, 2)-, (1, 6)4+ 0o6pasylOT KOHTYp, 3HA-
yeHne KOTOPOrO PaBHO ua—w;=—l—(—l)=0. IlponyckHasi cmoco6-

HOCTh KOHTypa paBsHa l. IIponyctum 1o Hemy efMHHYHBIA noToK. ITonyunm
Lpyrofi ONTHMAMbHBIH NOTOK: X;2=1, X16=4, xas=1, X26=0, xa=5,
x53=0, x50=0, xgs=4, xe5s=0. Ha ceru (cm. puc. VI.I) Goabie Her
KOHTYPOB C HyJIeBHIM 3HaueHHeM. (B 5TOM MOXHO y6eAHTLCS, IPOCMOTPEB
ele pas Bce MeTKH.) Brimykiash KOMGHHALMs NOCTPOEHHBIX MOTOKOB 06-
pasyeT MHOMXeCTBO XO: Xz6=Xes=2X53=1x5.==0, ¥ss.=>5, X2s=2M+A2=
=Xi3, xie=xsg=37u-|—47»2, M, A2>0, 7\41-}-7\«2:1.
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IToctpoum wmHOXecTBO A® ONTHMa/bHBIX KONOTOKOB [Jisi JAHHOTO
npuMepa. OIMH ONTHMAJBHBIE KONOTOK MOXHO MOJNYYHTb M3 YCJIOBHE
8:5=wnj—wi—cij, (i, j)eU, roe p; — nepBble 3JEMEHTH ONTHMAJbHBIX
MeTOK. [TosryueHHBI!I KONOTOK H306pa)eH Ha puc. VI.2.

MHoxecTBO 11 = {5}, R(I:)=ﬁ (manomuuM, 4TO paspe3 paccmart-
pupaem B cetn S°=(l, U%)), I\I.={l, 2 3, 4, 6}, RU\I)=
={(6, 5)} U=, IlocTporM HOBBHIH ONTHMAJbHBIN KONOTOK. ¥Y3jaM icl.
npumumen o;=1, T. e. as=1, yanam i=l\ I:—— a;=0. Haxonum uucjo

Puc. VI2

o=min—08;;/(a;—a;), 6:j(a;—a;)<<0, (i, jJEUT. B npanHom caydae
0=054/ (as—as) =4. HoBrili Konotok: 812=0, 816=0, 623=0, 826=—3,
83.=0, 053=—3, 85.=0, 8s3=0, 8s5=—4.

1
TToctpouts MHOXeCTBO [., OT/IHYHOEe OT /., HEBO3MOXKHO. 3HAUHT,
BBINYKJIasl KOMGHHALMsI OCTPOEHHBIX KOMOTOKOB 06pasyer MHOXKecTBO Af:
812=016=063=03.=023=0, 836=—3, Oes=—4Ns, S5s=—4A1, Fs3=

=—T7M—3A2, A, Aa=>0, AyFAg=1.

§ 2. Bapuauus napameTpoB CTOMMOCTH

AHanus penreHu# TpaHCIOPTHBIX 3a1ay HauHEM C HCCJIe-
JIOBAHHUS BJIHSHHUS MaJsblX BapHalui IapaMeTpOB CTOHMOCTH
Ha MHHHMaJbHble TPAHCIOPTHHE pacxonbl. [1pu sTom Oynem
OCHOBBIBAThCS HA BBIUHCJIEHHSX, BBHINOJIHEHHBIX B [u. 1] mms
o61iel 3agayy JUHEHHOro nporpaMMupoBanus. Meronsl npe-
IOBIIYIIHX TJaB OyIOyT HCIOJNb30BaThCA MAJS ITIOCTPOEHHUS
HOBBIX ONTHMAJIbHBEIX IJIaHOB. B paHHOM H ToCIenyIOLHX
naparpadax TeOpeTHYECKHE AacIeKThl aHaju3a pelIeHHH
NOSICHSIIOTCSL Ha TPAHCIOPTHOI 3ajaue B MaTpPHYHOH
dopwme.

[lepeHeceHue napamMeTpoOB HA CETEBYIO MOJENb OCTaBJsEM
YHTATeNIsIM B KauecTBe ymIpaxkHeHus. [IpuMepnl CBsI3aHBI
¢ o6ermu hopMaMu TPAHCHOPTHOH 3a[auH.

1. Teopus. PaccmoTpum 3anauy
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n m .
> > cijxy—>min,

=1 j=t
n

2 Xij=ai, D] xij=by, (1)

0<<xyj<<dij<<oo, i=1,n, j=1,m.

By,ueM CUHUTaTb, YTO BCE mMapaMeTpPhl 3amadyl, 3a HCKJIIO-

YyeHHEeM [apaMeTPOB CTOUMOCTH ¢= {¢;j;, i=1,n, j=1, m},
duxcupoBanbl. O6o3naunm X°=X°(c) MHOXKECTBO OITH-
MaJIbHBIX MJIAHOB MepeBo3oK (cM. § 1)

¢ (¢) =min 2 2 CijXij,

i=1 j=1

rIe MUHUMYM GepeTcsl 10 MHOXKECTBY IJIAHOB IE€PEeBO30K X.

Muorosnaunas ¢yskuus (kpatko MHOxectBo X°(c))
c—>X%(c) HasBIBaeTCS NOAYHENPEpulBHOL c8epXy B TOUKE C,
ecan agsa Joboro e>0 pahigerca Takoe § >0, yTO MHOXKe-
ctBo X°(8) comep:KUTCS B €-OKPECTHOCTH MHOxKecTBa X°(C)
BCAKHH pas, Kak TOJbKO ||E—c||<<d.

U3 [u. 1] cnenyer 1) X°(c) — BBHIIYKJIBIE KOMIAKT, KO-
TOpBIil IIOJYHENPEPHIBHO CBEPXY B3aBHCHUT OT ¢; 2) ¢(C) —
BOTHyTas (QYHKIHS, HelpepbIBHAS TIO C.

JL1s1 KOMIMueCTBEHHO! OLIEHKH BJIUSHHS MaJblX BapHalHUH
napamMeTpoB CTOMMOCTH Ha MHHHMAaJbHbBlE TPaHCIOPTHHIE
pacxombl BBENEM KOIPPUYUEHTsl 4Yys8CcTEUTEAbHOCTU TPaHC-
IIOPTHBIX PACXOJOB IO TapaMeTpaM CTOMMOCTH

0(9 (C) d¢(c)
Vij (C)— e | i vij (¢) = W ciy=0"
B [u. 1] mokasaHo, uto
vii (¢)= min xij, vi; (¢)= max xij. (2)
xeX%c) x=X%c)

Uncaa vi; (), vi; (€) M03BOMSIOT, 3HAS pElIEHHE TPAHCIOPT-
HOIt 3amaun A/s1 GUKCHPOBAHHOTO BEKTOpA C, OLIEHUTb BEJH-
YHHY MHHHMAaJbHBIX TPAHCIOPTHBIX PacxojoB @ (C) AJs Bek-
TOpPOB C, 6JIU3KUX K C.

[Tpu BBHIUMCIEHHH TOYHOrO 3HaueHus ¢ () pasymHO BOC-
IOJIb30BATHCS PE3ysbTaTaMU BBIYHUCJIEHHH IO TPaHCIOPTHOH

149



3ajjaue ¢ mapaMeTpaMu CTOUMOCTH ¢= {cyj, i=1, n, j=1, m}.
[Tpenmonoxum, 4TO 1O MOMEHTa NpepLIBAHUS Ipolecca pe-
LIeHHs B CBSI3H C H3MeHeHHeM K03(D(HIHEHTOB CTOHMOCTH
3agaua (1) pemaJsach omHUM M3 MeTOZOB Ii. I—IV.

Ecnn 3agmaua pemanach npsiMbIM OMOPHBIM METOIOM, TO
nocJie 3aMeHBl ¢—-C ePECUUTHIBAIOTCS TOTEHIMA/bl H OLLeHKH
HEOIIOPHBIX KJeTOK. B ciyuae, xorma mpepBaJicsi ABOHCTBEH-
HBIA OTMOPHBIA METOH, TO IO CTAapHIM IIOTEHUHAaJaM Ui, Uj,

i=1,n, j=1, m, nepecUUTEIBAIOTCS KOMIIOHEHTH O;;=u;-}

+vj—cij, i=1, n, j=1, m, Konnana mepeBo3ox u 1o {8, lon}
CTPOMM HOBBHIH IICEBIOIIAH NepeBo3oK. Eciu 3amaua peuwra-
Jach 6e30TIOPHEIMH METOJAMH, TO IIOC/IE 3aMEHbl ¢—C mepe-
CTPaHBaIOTCS NIPOHU3BOAHbLIE 3a7aud (CM. IPUMEpHI).

2. Mpumepnt. ITpumep 1. PaccMoTpHM TpaHCmoOpTHYIO 3ajauy,
3amucaHHylo B Ta6n. VI.I BMecre ¢ ONTHMa/jpHEIM [JIAHOM NEPEBO3OK,
NOJIyYeHHEIM TIPSAMBIM ONOPHEIM MeToAoM. IIpoaHamuaupyem Koaddu-
LMEeHTHl YYBCTBHTEJBHOCTH IO MapaMeTpaM CTOMMOCTH. ITockosbKy mepe-
BO3KHM KJETOK, 3a HCKJIOUeHHeM KJeToK (2, 3), (2, 4), (3, 3), (3, 4),
nocTosiHHbl A1 Bcex x°=X°(c), TO KO3pGhHUUMEHTH YYBCTBUTEJbHOCTH
v:‘j (c), vy (¢) B 3THX KJeTKaX paBHE MeXAY COGOH U PaBHHl ONTHMAJb-

HBIM TlepeBO3KaM M3 3THX Kierok. Hampumep, v1+1=v:1=0, vft:vi—z:l,
v} =v7, =2. DT0 rOBOPHT O TOM, YTO Majbie BAPHAUHH CTOMMOCTH Cit

He BJIHUSIOT Ha BEJHYMHY MHUHHMMAaJbHBIX TPAHCIHOPTHBIX pacxonos. Pacxo-

IBl B [IBa pasa YyBCTBHTENbHEH K BapHallUiM CTOUMOCTH Ciz, UM K CTOH-

MocTH Cj2. KoaddHUHEHTH YYBCTBHTENBHOCTH B Kjaetkax (2, 3), (2, 4),
(3, 3), (3, 4) Haxonum no ¢Qopmynam (2), ucrnoab3ys BhiyucieHHs § 1:

vt =1, v- =2, vt =6, v— =7, vt =1, v- =2, vt =6, v- =T.
23 23 2L 24 33 33 34 34

U3 sTux unces clefyer, YTO NPU YMEHbLUIEHHH Mapamerpa Cz3 TPAHCIOPT-
Hble PaCXOJbl YMEHbIIAIOTCS B [Ba pa3a GHICTPee, UeM OHM YBeJHYHUBAIOTCS
IIPU YBEJHYEHHH 3TOTO K€ IapameTrpa.

Ilpu BHuMcIeHHH KO3 GHUIHEHTOB YYBCTBHTENIBHOCTH viij (c) Heobs-

3aTeqbHO 3HAaTh MHOXKecTBO X°(c). M3 (2) BHIHO, UTO BBIYHCJIEHHE HX
CBOIUTCS K CIENHAJIbHON TPAHCIOPTHOM 3ajave HA NOATAGIMIE HCXOMHOH
TPAHCIIOPTHON 3alaud HJjs IulaHa NepeBo3ok {x°, lon}, COCTaB/IEHHOH M3
OIOPHBIX KJIETOK M HEONOPHEIX KJETOK C HYJeBEIMH OLeHKaMH A;;=0.

Hcxons u3 ta6a. VI.I u KpuTepus ONTHMANBHOCTH, JIETKO 3alHcaTh
COOTHOLIEHHS] Ha HOBble 3HAueHHs napamerpoB Cij, (i, j)&la, mpH BH-
nonHenun KoTopeix X0(c)=X°(2): Cu=1, C12<<10, C1.=6, C2a=2,
Toa<<11, Ci3==4, Cas=05, Cas=7, Ts1=3, Ca2=12, T33=06, Cau=38.
Jpyrue TpPYNIEl COOTHOIIEHHH IIONYYalOTCA IPH Iepexofe K APYrUM
omopaM Ge3 H3MEHEHHS NJaHa [epeBO3OK.

HafizeM ontumanbHBI IJIaH TEepPeBO30OK [Jsl  cjayyas, KOTrha
B Tabn. V1.1 croumocts xnetku (1, 1) npunsina HoBOe 3Hauenue f11=0,5

(taba. VI.4). ITockonbky A11=0,5; x11==0, T0 Ta6n. V1.4 He ynoBuerBo-
psieT KPUTEPHIO ONTHMAJbHOCTH. 3a OLHY HTepallHio NPSMOTLO ONOPHOTO
MEeTOZa I0JyYyaeM IJIaH NMepeBO30K, TPAHCIOPTHHIE PACXOLLI IPH KOTOPOM
NPEBLILIAIOT, COMVIACHO KPUTEPHIO CYGONTHMaJbHOCTH, MUHHMAJIbHO BO3-
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MoXKHble He Gosee ueM Ha 0,5 emmunn (<<0,1%). Eute ogna utepauus
MPUBOJHUT K ONTHMAJbHOMY ILJIaHY NEPeBO30K: Xj1=2, xjp=1, X;3=>5,
X14=2, XZ1=0, sz=2, x23=3, x24=5, x31=3, x32=32, X33=2, X34=8.

Tabauya VI4

3105
Kl

7110
-1

513

IIpumep 2. Paccmorpum cerb (cM. puc. VI.I) BMecre ¢ omTu-
MaJbHBIM IIOTOKOM, TIIOJYUeHHBIM NIPSIMBIM Ge30MOpHBIM MeTogoM. Hatigem
K03 (GUIHEHTE YYBCTBHUTEJIBHOCTH IIO IlapaMerpaM CTOHMOCTH: v—2f6=
=yt =y =y* =0, v =5 vrt=I v-=2 «wvt=I v- =2

54 53 65 34 23 23 12 12
v:-6=v1;3=3, vi—6=vs-a=4. OTcrona BHAHO, YTO MaJible H3MEHEHHs CTOH-

Puc VI3

mocrelt Ha ayrax (2, 6), (5, 4), (5, 3) u (6, 5) He BAMAIOT HA BEJHUHHY
MHHHMAaJIbHBIX TPAHCIOPTHBIX pacxofoB. HauGosbllee BiusHHE Ha BeJH-
YHHY MHHHMAJBHBIX PAacXOJOB OKa3blBAalOT BapHALMHM CTOHMOCTH Csi.

TpeAnON0KUM, UTO CTOHMOCTb IMHMYHOTO NOTOKA 1o ayre (3, 4)
yBeauuunaach Ha 6 efuHul, T. e. Ca=7 (puc. VI.3). HoByio samauy pe-
IIMM TPSMEIM Ge30NOPHBIM METOLOM. Y3y 3 mpumuimem merxy {—7, 4}.
Paccmorpum ysen [=2:

pW=—T—1=—8<pu=0 n =2 {k(3) =4, k(4) =0}.

Vany 2 npunuumem metky {—8, 3}. AHaJIOrMIHEIM 06Pa3OM NPUNHCHIBAIOT-
¢si MeTKH yanam 1, 6, 5. Yany /=4 moxHO mpunucaTb MeTKy {—2’, 5'}:

W =—2<pu=0, [=4 = {£(5) =6, k(6)=3, k(3)=4, k(4)=0}.
CnenosarensHo, Haiized koHTyp (6, )+, (5, 4)+, (3, 4)-, (2, 3)-,
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(I, 2)-, (1, 6)+ OTpHIATENBHOI CTOMMOCTH, paBHOM w — p=-—2,
lIponycTHs N0 KOHTYPY MAaKCHMAJbHBIH TOTOK, NONYYHM CETh C ONTH-
MaJbHbLIM TOTOKOM: X12=2, X16=3, X26=0, X23=2, X3.=2, X55=0,
x54=3, x63=0, Xe65 =3.

IIpumep 3. B rabn. I1.2 nomewena uupopmanus o TIPOMEXKyTOoY-
HOH WTepaLMH MO PelleHHI0 TPaHCIOPTHON 3aJaYd ABOKCTBEHHBIM omop-
HbIM MeToZoM. Ha paccmartpuBaeMoil mTepanuy Ko3¢h(HIMEHTH CTOHMO-
CTH IIPHHSA/IN HOBblE 3HAYEHHUS C23= 3. I3MeHeHHe HEONOPHOH KOLEPEBO3KU
MOXKET BbI3BATb H3MEHEHHe ICeBJONEPeBO3KH B 3TOH KJaeTke. B stoMm
C/lyyae HMEIOTCA JBa NyTH: 1) mepecyHTaTh ICEBJAOINIAH IePEBO3OK,
2) mpe/BapUTEJIBHO TIEPeBECTH HEONMOPHYIO KJETKY B omopy. B ta6a. VL5,

Tabaruya V1.5

BRI CHIEHD

0 118 [7(0]2,6 |10
SO ERER IR
o8 2 ]0]311 |5 1@]n0
513 | t2]216 1_5J'_6_
BoEoIno
5 % 10 10

CJeNyst IePBOMY IYTH, HalileH HOBHIH KONJIaH NIEPEBO3OK H COOTBETCTBYIO-
muit eMy NceBAONIaH NepeBo3oK. [aa ta6n. VI5 BEINOJIHAETCS KPHTEPHH
ontuMabHOCTH. ClIeI0BATENbHO, CPa3y MOJMyYeH ONTHMA/bHEI IIaH Nepe-
BO30K, KOTODHI} OKasajci TaKHM XK€, KaKk M IIPH CTapHX IapameTpax
CTOMMOCTH.

ITpumep 4. Ha puc. VI.4 nomermena uadopmalus o NpomexyTou-
HOH WTepaluu JBOHCTBEHHOTO G€30NOPHOTO METOJa IO PEIleHHI0 3afauH
0 IOTOKE MHHHMAaJIbHOH CTOHMOCTH.

Puc. V14

INpeanonioxumM, 4TO Ha JaHHOH MTepALUM H3MEHHJCS KO3(hHLHEHT

crouMocTH Ha nyre (6, 3): fes=7. Haiinem HOBHI KOmOTOK 863, HCIIOMD-
3ys cTaphle NIOTEHIHANb H HOBEIH K03¢duunent croumoctd. ITo KomoToky
crpouM cetb S° (puc. VI5).
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Ha cetn 8° mmem MarcuMmajbHbIH [OTOK. MaKCHMaJbHBEIH IOTOK
paBen 2. Ha BTOPOM Iuare ynaeTcs NOMETHTb TOJbKO y3aw 1, 2, 6, 5.
ITo npaBunaM ABOHCTBEHHOTO GE30NMOPHOTO METOAA HAXOAMM HOBEHIE IIO-
TEHUHAbL: Uy="6, Up=4, us—=—1, uy=—2, us=2, ug=4 u KonoTox 9.

ITo HoBOMY KOmOTOKY & cTpouMm ceThb S° Ha KOTOpO# peliaeM 3a-
Javyy 0 MaKCHMasJpHOM InoToke. ITocje ABYX uTepaluil MeTOda MOMETOK

ey, “(55.2)1
2 &
e 5
2
43, ° (54
: ®
1), (5.6},
Puc. VIS5

MOXKEeM IOMETHTb TOJIbKO MCTOYHHK S. DTO O3HAYaeT, YTO 3ajaya pelleHa.
COBOKYMHOCTb UHCEN X12==X23=X31 =2, X16=Xe5=X54=3, X2 =~Xo3=
=Xx53=0 — ONTHMAJbHLIH MOTOK.

§ 3. Bapuauus napameTrpoB orpaHM4eHMMH

OrpaHuyeHHs TPAHCIOPTHOHN 3aJayd BKJOYAIOT 00BEMBI
NPOM3BOACTBA @; M NOTpebseHus b; (MatpuuHas MOJEND),
HHTEHCHBHOCTH Y3JIOB @; (CeTeBasi MOMENb) M IPOIYCKHBIE
CocoGHOCTH d;; KOMMYHHKAIUK U AYT.

B namnom mnaparpace Bompochl, HcClelOBaHHBe B § 2
IJIT NapaMeTpoOB CTOMMOCTH, pacCMaTpHUBAIOTCA IJs Napa-
METPOB OrpaHHyYeHHH.

1. Teopus. PaccmoTpuMm cHavasna cnyqaﬁ KOrza B 3ajaue

Zn,' Zm CijXi;—min, 2’ Xi;=ai, Z x;;=Db;,
= = =t i= (1)
O<Xij<dij<00 i 1 n, ]—l m,
3aUKCHPOBAHbl BCe IapaMeTphl, 32 MCK/IIOUYEHHEM COBOKYI-
Hoctelt a= {a;, i=1, n}, b={b;, j=1, m}. ToBops 0 MHOXKeE-

cTBe mapameTpos a= {a;, i=1, n}, b=1{b;, j=1, m}, Bcerna
GymeM TmpenmnoJaraTb, YTO BBINOJHEHbl YCJOBHA OasaHca
n

m
> a;= > b;. dpyrumu cioBaMu, B (n-m)-MepHOM IIpO-
i=1 j=1
CTpaHCTBE IapaMeTpOB {a b} BCeraa paccmaTpHBaercs

TOJIBKO TIOJTIPOCTPAHCTBO Z’ a;i— 2’ b;=0,
=1 i=1
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ITycts X°=X°(a, b) — MHOKECTBO ONTHMAJbHEIX IIJaHOB
IepeBo30K; 0603HAYHM

¢(a, b) = min Z’ 2 CijXij,

i=1 j=1

rie MHHHMyM OepeTcsi IO MHOXECTBY IIIaHOB IEPEBO30K
X=X (a, b). MuoxectBo X°(a, b) — BBHIIYKJBIH KOMIAKT
unu mycro. Pysxknus ¢(a, b) ompeneneHa JUIb AJS TEX
3HaueHu#l a=A, b= B, npu KOTOPHIX MHOXeCTBO X (@, b) He-
nycro, npuueM Ha A, B oHa Buimykaa. Ecan {x°(a, b), Ion} —
HEBLIPOXK/IEHHBIH ONTHMAaJbHBEIY IIJIaH NEPEeBO30K, TO (PYHK-
nus ¢ (a, b) onpeneneHa u HempepblBHA B OKPECTHOCTH TOUKH
{a, b}, oroGpaxenne {a, b}—>X°(a, b) nONyHENPEPLIBHO
cBepxy B Touke {a, b}, ONTHMaJbHBI KOIJIaH INEPEBO30K
8%(a, b) envHCTBEH H HeNpepHIBEH IO a, b.

[Ipu M3MEHEHHH eIMHCTBEHHOrO mapamerpa a; (uau b;)
ycaoBHe GanaHca Bcerpa Hapymaercs. s onpeneseHHOCTH
OymeMm noGuBaTbcst 6asaHca H3MEHEHHEM TOJbKO OJZHOTO
napamerpa u3 a uiaH b.

Koshduuuenramu uyBcTBHTEAbHOCTH 10 {@, b} Ha3zoBeM

qHucJaa
vig (@, b) = i‘%‘;& a0
vioy (@, 0) = 22|, L
Vit (a, b) = a6, lbgo
vikr=(a, b) = f_fl)g_‘;,jb_) b~0°

rae unpekc i (k) (j(k)) osHauaer, YTO IMPH H3MEHEHHH KOM-
noHeHTH @;(b;) GamaHc NOCTHraJCs 3a CUeT KOMIIOHEHTHI Cr,
k=i (ch=an, k=1, n; cx="0bp—n, k=n-1, n4m).

U3 [u. 1] caenyer,

vith(a, b) = max u;, vim(a, b)= min u,
6=A%a, b), 6=A%a, b),
wy=0 wp=0

vi®+(a, b)= max v;, vi®—(a, b)= min vj,
6=A%a, b), 6=A%a, b),
w,=0 wy=0

rae Wy==uy, k=1, n; Wy="0Up—n, R=n-41, n4-m.
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Bropaa rpymnma mapamMeTpoB OrpaHHY4eHHE COCTOHT M3

IPONYCKHBIX CIOCOOHOCTeH KOMMYyHUKauuit d={d;;, i=1,n
j=1,m}.

3atuxcupyeM ocrasbHble napamerpel 3agaud (1) # BBe-
neM o6osHaueHHsd: X'=X°(d) — MHOXeCTBO ONTHMAaJbHBIX
IJIaHOB NEPEBO30K,

n m
¢(d)=min 3 3 cijxij,

=1 j=1
N dg(d) _ dg(d)
vij (d) = —d_d:,— d; 40’ vij (d) = W d;;=0"

H ’

Oyuxuun X°(d), ¢(d) ob6ramaT TakKUMH XKe CBOHCTBAMH,
KakuMH obnapgaior QyHkuun X°(a, b), ¢(a, b). Vs [u. 1]
ciaenyer:

v (d)= min {—&i; 0}, v5 (d)= max {8, O}.
SAYd) 6=AY(d)

Yucna vi; (d), vi; (d) xapakTepusyioT cTemeHb CYILeCTBEH-
HOCTH BEPXHETO OTrpaHMYeHHS dy; IS BeJHYMHBl MUHHUMaJb-
HBIX TPAHCIOPTHBIX pacxonoB. OHa onpene/sieTcs BEIHYHHON
TOJIOXKHTENbHBIX KOMIIOHEHT ONTHMAaJbHEIX KomnaHoB. Cre-
IeHb CYIeCTBEHHOCTH HHXKHEro OrpaHHYeHHsl OIpefelsercs
BEJIMYMHON OTPHLATENbHBIX KOMIOHEHT ONTHMaJbHBIX KO-
IVIaHOB.

U3 comepxanus n. 1 §1—3 BUAHO, YTO BCe KOMIIOHEHTHI
pellleHusl NPSMOH M ABOHCTBEHHOH 3afay MMEIOT OmpefeleH-
HBIH CMBICJI, BaXXHBIH C TOUKH 3PEHHs] aHaJu3a pelleHus 3a-
naun (1).

Kos¢¢duuueHTsl YyBCTBHTENBHOCTH IOJE3HBI AJS IpPeX-
BapPHTEJIbHBIX OIIEHOK BJIMSHHUS BapHalMi Ha MHHHMaJbHBEIE
TpaHCHOpTHHIe pacxopbl. OmuiieM Tenepb METOAbI HOCTPOe-
HHS ONTHMAaJbHOIO IIaHa IepeBO30K, COOTBETCTBYIOLIErO
HOBBIM 3HaUYeHHSAM NTapaMeTpPOB.

[Tycte mocse mosyyeHHs NPSAMBIM HJIH ABOHCTBEHHBIM
OIOPHBIM METOJOM ONTHMAaJBLHOTO IJaHa IepeBO30K H3MeHH-
JUCb 06beMBbl NPOM3BOACTBA M MOTPeOJEHHS B HEKOTOPHIX
IIyHKTaX. VI3MeHeHHble 06GReMBbl paclpeses]eHbl 10 ONOPHBIM
kJaeTkaM (KaK BUIHO M3 JaJbHeHIero, AJf COKpalleHHs
YpCJa HTepalHil WHOTAA IOJIE3HO IPHBJEKATb H HEONOPHBIE
KJaeTKH). Eciu BHOBb IOJyueHHBIE II€PEBO3KH YIOBJETBO-
pSIOT OTPAHHYEHHSM, TO OHH COCTABJSAIOT ONTHMAaJbHBIN
IVIaH IIepeBO30K. B mpoTHBHOM ciyyae B HalleM pacrops-
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KeHHH OyIeT HMeTbCd IICeBAOIIAH MepeBO30K, COOTBETCT-
BYIOIIHI ONOPHOMY KOIJIaHY CTapoOro ONTHMAJBHOrO IJIaHa
nepeBo3ok. [losTomMy manbHeline BHYKCAEHUS YIOGHO BECTH
COTJIACHO ABOMCTBEHHOMY OIIOPHOMY METOLY.

PaccmorpuM cHTyaunuo, Koria o6beMbl IPOHU3BOJACTBA
U noTpeGJeHUs] H3MEHWJIHCh N0 IIOJNyUEHHS ONTHMAaJbHOTO
I/aHa MepeBO30K. EC/N BBIUMCAEHHS BENHCh NBOHCTBEHHBIM
ONMOPHBIM METOLOM, TO, HCIIOJNb3ySl TEKYIIHH ONOPHBIH KO-
IJIaH, TlepecuuTaeM ICEeBAONJAH IePeBO30K M IIPOJOJIKHM
BbIUHC/AEHHUsl. B ciayudae, ecau OblIM TIpepBaHBl HTEPALUU
IpSIMOTO OIOPHOTO METOJa, TO MOXKHO BOCHOJb30BAThLCS
onuuM u3 myTeit: 1) mo cxeme M-MeTona BBECTH HCKYCCTBEH-
Hble KJIETKH JJisi obecrneueHus 6ajaHca U MPOMOJIKHUTH BBI-
YHCJIEHHS TI0 TPSIMOMY ONOPHOMY METORY; 2) IO TeKyLIIUM
MOTEHIIMAAaM CTPOK H CTOJOLOB COCTaBUTh IICEBAOIJIAH
MepeBO30K U MePeHTH K UTepalHuaM IBOHCTBEHHOTO ONOPHOrO
MeToja.

[TycTs u3MeHHIACh IIPONMYCKHAs CIHOCOOHOCTb dij AYrH
(i, j). YBenuuenue d;; He cKasblBaeTCs Ha METOAAX peLICHH.
[Tpu ymeHnblieHun d;; TEKYIIHH IJIaH N€PEeBO30K (B MPAMBIX
MeTOMax) CMOXKET CTaTb IceBiomsaHoM. IlosTomy o6IuM
METOMOM MOCTPOEHHUST JaJbHEHIINX HTePAlluH ABJsAETCA JIBOMH-
CTBEHHBIH (OMOpPHBIHA UK GE30NMOPHBIA) METOZ.

2. MNpumepnl. I[Tpumep 1. Ilycts B Tabn. VIl c onTuMamlbHBIM
[JI2aHOM IepeBO30K, NOJYIEHHbIM MPSIMBIM OIOPHBIM METOLOM, H3MEHHJHCh
o6bem npomsBoicTBa B nyHKTe Ai (@1=12) u o6beM mnOTpebieHHS
B nyHKTe By (5;=237). Ucnoassys onopy u Komnad tan. VI.1 Aag HOBEIX

Tabauya VI6

|
jral113)8'4
PRI A g B
EIERK
1

oo | o
__—_'__

1——

5 |12
7021 (315 7
7042108

-8 | 2 110 |(@) 10
513 |eol12]216|15]8 |
® @ 1 10e] |«
5 3 10 15

ycsoBu#, HafiileM IceBOnIaH nepeso3ok (ta6n. VI.6). On He yHOBIETBO-
pAeT KPUTEPHIO ONTHMAJbHOCTH, H IOTOMY C TOMOLIbIO [IBOHCTBEHHOTO
OTOPHOr0 MeTO[a HIeM ONTHMAaJbHbIf IJaH IepeBO3OK.
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Pacnpenenenne HOBHIX OGBEMOB NPOM3BOACTBA M NOTPeGJeHHS MO
ONOPHBIM KJeTKaM Bcerfia ocymecTBHMO. I103TOMY TakoOH myTh pelieHHs
3ajlauy fBJseTcs o6wHM. ONHAKO B KOHKPETHEIX CHIydasx MOXKeT OKa-
3aThCs 1LleJIecOOGPAa3HEIM NIPH paclpelie/ieHHH HCNOJNb30BATh HEOMOPHLIE
kaeTkd. B Ta6u. VI.7 ons mpexXHHX YCJHOBHN HPUBENEHO paclpefeseHHe

Tabauya VI.7

5i2 1j_5 e{4_2i1__
T 275
[ | | I7
|7 102 1S 518, 7
-8 | 2|10 |
513 |eol12(216 |U5! 8
| __.{__.-_I_ _|___J
4) IRAREA )

HOBEIX 06BEMOB C HCIIOJIb30BaHHeM HeomopHo# kaerku (1, 1). B pesyiib-
TaTe IMOJYYHJICA ONOPHLIA IJIaH NEePeBO30K, TPAHCIOPTHblE PACXOALl Ha
KOTOPOM IIPEBHILIAIOT MHHUMAJIbHO BOSMOXKHBEIE He GOJiee YeM Ha eIMHHILY
(mo kpurepuio cyGonTHMANbHOCTH €=—x11-Ayy=1). B peifictBuTenbHO-
CTH 2Ke TOJYYEHHBIH IJIaH IePeBO30K SBJSETCS ONTHMAJLHLIM, B UYeM
JIETKO y6eauThCs, 3aMeHHB OIOpY.

IMMpumep 2. Ha puc. VI.I uzo6paxkeHa cetb ¢ ONTHMaJbHHIM
MOTOKOM, IOJTy4EHHBIM NIPAMBEIM G€30IOPHBIM MeTOLOM. [IpeAronoxum, 4To
H3MEHHJIHCh HMHTEHCHBHOCTH Y3JOB: ds=1, d,=6. 3amauy c HOBHIMH
napaMeTpaMH pellaeM JABOHCTBEHHBIM MeTOJOM. C IOMOLIBIO MOTEHUHa-

JOB (4;=——W;, i]) cTpoum KomoTok 8, a 3arem cetb S° (puc. VL.6).
(5;2)1
eh, (3,6),

2+3

(U.U)1 ) (1..9)112

2.1, (0,0
Puc. VI6

Ha cetn §° meToZOM IOMETOK HieM MakCHMajbHbH moTok. Ha Tpe-
Thefl HTEpaluy MeTOfa IIOMETOK MOXEM IOMETHTb TOJBKO Y3JHl S, 5.
ITo npaBusiam JIBOMCTBEHHOTO Ge30MNOPHOTO METOLa HAXOWM HOBBIE IIO-

TeHHHANB! i+, i</, 1 KOMOTOK O (pHC. VL.7).
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Puc. VI7

ITo noBoMy KONOTOKY & CTPOHM HOBYIO ceThb S°, Ha KOTOPOIl pelraeMm
3ajlady 0 MaKCHMaJbHOM IOTOKe.

IMocne Tpex nTepanuii MeTOA NOMETOK MOXKEM NOMETHTb TOJBKO
HCTOYHHK S§. 3ajaya pellleHa, NOJYYeH ONTHMAJbHBIA IOTOK: Xja=2,
X15=3, X23=2, x26=0, x3:="5, x53=0, x5s=1, x63=23, x65=0.

IIpumep 3. Ilpenronoxum Temepb, yto Ha ceTH (cM. puc. VI.1)
H3MeHHJIach NPOMycKHas cnoco6GHocTh Ayru (6, 3): des=2. OcTanbHbie
napaMeTpsl OCTAaNHChb NpexXHHMH. Kak M B mpennlayliem IpHMepe, C mO-
MOIIBI0 TMOTEHIHAJIOB HAaXOAHM KONOTOK M IO HEMYy CTPOMM ceTb S°
(puc. VL.8).

(Q’”m.s 0 (3.6)

)
(0,0} 5 (1) 3

2+9
(4’5)1,2 (5'4)1 9

Puc. VIS8

Ha cetn S° merozoM HOMETOK HIleM MaKCHMaJbHLIE mMOTOK. ITocie
IBYX HTepalliil MOXeM IIOMETHTb TOJNBKO y3iel 1, 2, 6, 5. Tlo nmpaBuiaam
JBOHCTBEHHOTO GE€30NIOPHOrO MeTOJa HaxXOJHM HOBHIM KOHNOTOK §
(puc. V1.9) u HOByIO cethb S°.




IMocne weThpex HTepaluil MeTONA NOMETOK Ha ceTH S° MOXeM IO-
METHTb TOJBKO HCTOYHHK S. CllefOBaTeNbHO, 3ajlauya pellleHa, IOJyueH
ONTHMAJBbHBEIH TOTOK: X12=2, X16=3, X23=2, X26=0, Xaa=4, X53=0,
x54=1, x63=2, x65=1.

3ameuanue. Ecau sagaua pemanach npsaMbiM Ge30MOPHEIM METO-
JIOM ¥ M3MeHeHHe OrpaHHYeHHH MPOHM3O0LIJIO Ha IIPOMEXYTOYHOH HTepalluH,
TO B HEKOTODBIX C/IyuasX HelleJecooGpasHO pellaTh HOBYIO 3afady ABOH-
CTBEHHBIM METOZOM, TaK KaK U3 pellleHHs CTapoil 3aJauu HeJb3sl OJYYHTh
HayaJbHHIM ABOHCTBEHHBIH IJIaH HOBOH 3alayH.

ITpumep 4. Ha puc. VI.10 n3obpaxkeHa IpoMeXyTOUYHAs HTepa-
IYsl IPIMOTO 6e30NOpHOro MeToxa. IIpe nosoXuM, 4TO Ha 3TOH HTEpalHun

(-6,1) 2.1 (1,4)

Puc. VLIO

H3MEHHWJIUCh HHTEHCHBHOCTH Y3JI0B d5=1, 3,==6. BBelleM HcKycCTBEHHYIO
nyry (5, 4)mc ¢ LYTOBHIM IIOTOKOM (x54)uc 1 # (Cs4)ne =M, nonyuum
cets (puc. VI.11). ITo npaBuiam npsaMoro Ge3onopHOr0 MeTOAA IPHIHCHI-
BaeM MeTkHM yaaaMm cetH (puc. VI.I1). Ilpu noneiTKe 3aMeHHTb MeTKY
{0, 0} ysna 4 ua mosyo {(—M-1)’, 3’} obHapyxKuBaeM, UTO MOCTPOEH
KOHTYD (5, 4)nc—, (6, 5)—, (6, 3)+, (3, 4)+ C OTpPHIIATE]BbHEIM 3HAUEHHEM
(—M-1). IlponyctuM mo KOHTYPY MaKCHMaJbHO AONYCTHMBIH INOTOK.
IIpu atoM (Xs54)mc =0, Torna ayry (5, 4)zc MOXHO yGpaTb. Jlerko mpo-
BEpHTb, UTO HOBAas CEeTh COBINAfaeT C INOCJAeJHell CeTbio IpuHMepa 3,
T. €. IIOJIyYeH ONTHMAaJbHBI IOTOK.

(-M-1.5)
Puc VLI

3ameuanue. Eciu sajaua pemranach ABOHCTBEHHHIM 6e30mOp-
HBIM METOJIOM, TO He3aBHCHMO OT TOrO, BHOCSTCS H3MEHEHHS B OrpaHHde-
HHS 3a[lay¥ Ha NPOMEXKYTOYHOH HTepalMH HJIH IOC/AE NOJYYEHHsS OITH-
MaJIbHOTO INIaHa, MPOLO/XAEM BEIHCIEHHS O OJHOH cXeMe: TeKyluit
HJIH ONTHMAJIbHbIA NBOHCTBEHHBIH NNaH CTapOH 3allayn MPHHHMAaeM B Ka-
yecTBe HaYaIbHOTO JBOMCTBEHHOTrO IJIaHa HOBOM 3a/layH, KOTOPYIO pellaeM
JIROHCTBEHHBIM 6€30IIOPHBIM METOLOM.

159



§ 4. MameHeHWe pazmepoB 3agaum

Pasmepel TPaHCIOPTHOM 3313yl XapaKTepHU3YIOTCS UHC-
JIOM IyHKTOB IIPOM3BOACTBA N W TOTPeGJEHHS M, YUCIOM
He()MKCHPOBAHHBIX NIEPEBO30K (MaTPUUHAS MOJE/b), YHCIOM
yanos |/| u myr |U| (cereBas mogenr). B mamsoM mapa-
rpade paccMaTpUBAIOTCS METOLBI KOPPEKUHH ONTHMAaJbHbIX
TJIaHOB B CBSI3H C H3MEHEHHUSIMH Pa3MepoB 3aLauH.

1. Teopus. ITyctb {x, Ion} — HeKOTOPHLIA OMOPHMIf IIAH
TIIepeBO30K B 3ajaue

n m .

2 2 CiXy—min,

==
m n
leij=ai, 21 xij=bj, (1)
i=1 =

ngijgdij, i=1,n, j=1,m.

TpebyeTrcst HOCTPOHTh ONTHMAJBHBIH MJIAH NEPEBO30OK /IS
clyuasl, KOrja IepeBo3Ka Mexny nyHktamu A, u B, 3a-

(GUKCHPOBAHA: ¥nm=Xnm F=Xnm.
PaccmoTpuM IBe BO3MOXHOCTH: a) KJaetka (n, m) He-
omopHas; 6) knaerka (n, m) omnopHasd. a) CHauasna mepe-

BO3KY me nbITa€MCs pacHpefeuTb 110 ONOPHBIM KJIETKaAM

(i, j) Elon, T. €. BEIHUUHY Xnm—Xnm A0GABISEM K Qn U Dm,
KJIeTKy (7, m) 3alITPUXOBBIBAEM, YCI0BHUS GasaHca MbITaeM-
CSl YIOBJETBOPHUTb TOJBKO C MOMOIIBIO H3MEHEHHS ONOPHBIX
[IepeBO30K: €CJIH 3TO He BHINOJHHMO, TO IO OLIEHKaM OCTaJb-
HEIX HEOTMOPHBIX KJETOK CTPOMM Oas3HCHBIH ICeBIOIJIaH
{x, Ion}, KaK U B OLOPHOM IBOMCTBEHHOM MeToxe. [lanbHel-
IIHe MTePaLMH IIPOBOJAMM, CJIedys IOCAeJHEMY MeTOny.
§) OcyuiecTB/sieM HTepaunMIO NPSIMOTO ONOPHOIO MeTOna,
BBIBOJS KJIeTKy (1, m) u3 onophl. C HOBEIM ONOPHHIM ILJIAHOM
IOCTyIIaeM II0 CXeMe cayyas a).

IlpenmosnoxkuM, YTO HO (UKCALMH I€PEBO3KH KJETKH
(n, m) sagaua (1) pemasacb IBOACTBEHHBIM ONOPHBIM METO-
noM. MmeroTcss oBe BO3MOXKHOCTH: a) KJeTka (1, m) He-
omopHas, 6) krerka (n, m) onopHas. FlameHeHHs IO cpaBHe-
HUIO C MPEAbIAYLIIUM CIyiaeM OYeBHIHHL.

PaccmoTpuM cHTyaluio, KOrja B IpOLiecCe pelleHHs -3a-
naun (1) B TpamcmoprtHylo TabaMuy no6aBijsgeTcd HOBas
KJIeTKa. DTO 03HAYAET, YTO MOSIBUIACh HOBAsk KOMMYHHKALHUS
MEXKy CTapbIMH IYHKTAaMHU (paHblile IepeBo3Ka Mo Hel Oblja
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(HKCHPOBAHHOH) HJIH IIOSBHJICS HOBHIH IIYHKT, C KOTOPHIM
CTapble CBsSI3aHbl €IMHCTBEHHOH KOMMYHHKAIMEH.

ITycTb mocJie penienus TpaHCIOPTHON 32134 H3MEHHI0CH
KOJIMYECTBO IIyHKTOB INPOM3BOACTBA M moTpeGienus. s
ONpE/IEJIEHHOCTH MIPEATIONO0XKHUM, UTO JOOABHJICSA HOBBIH IIYHKT
pou3BoACTBA Apyt1 ¢ 06BEMOM NPOU3BOACTBA Unii. SICHO,
YTO ISl COGJMIONEHHs] yCIOBHS 6anaHca HYXKHO MJIH yMeHb-
IIHTb 06beMBI IPOU3BOACTBA B CTAPHIX MyHKTax Ay, ..., An,
HJIHM YBEJIHYUTb 00beMbl NOTPEGIEHHS B MYHKTAX By, ..., Bm.
ITocne usmeHeHust 06beMOB B HOBOH CTPOKe BbIGepeM OIOp-
HYIO KJIeTKYy M II0 HOBOH COBOKYIIHOCTH OIOPHBIX KJIETOK
pacnpeznesuM HOBble 06beMbl IIPOU3BOACTBA H MOTPeG/IeHHUs.
Ananus CHTyallMH aHAaJIOTHUEH CJIy4alo, pPacCMOTPEHHOMY
B§ 3.

IIpennomnoxum, 4TO IOC/E pelIeHHs HEKOTOPOH TpaHc-
IOPTHOH 3amauM JIMKBHAMPOBAH NYHKT IPOU3BOACTBA Ap.
Hns cobmiomeHusi ycjaoBus OajnaHca HYXKHO VKa3aTb HJIH
NYHKTH IIPOHM3BOACTBA, B KOTOPHIX HEOOXOIMMO YBEJIHUHTb
06'beMBI IPOU3BOACTBA, HJIH MYHKTH ITOTPe6/IeHHSs], B KOTOPBIX
HeoOXOMHMO YMeHbIIHTb 0GbeMbl nNOTpebJeHus. V3meHuB
omopy IpexHel TPaHCHOPTHOH TaGJHIBI TaK, YTOGHl B JHK-
BUIUPYEMOH CTPOKE OCTajach JHMb ONHA OIOpHAas KJETKA,
HOBble 06'beMbl NIPOMU3BOJACTBA U NOTPe6JIEHUS pacIpeneum
0 ocTaBlueiicsd 4acTH Ta6Gauibl. AHAIN3 CHTyallid aHAJIOTH-
YyeH paccMOoTpeHHOMY B § 3.

2. Mpumeprr. MIpumep 1. Ilycrs B Tab6n VIl ¢ onTHManpHEIM
[JIaHOM TEPEBO30K, MOJYUEHHHIM IPSAMBIM ONODHHIM METOLOM, 3abHKCH-
poBaHa mepeBo3ka Xi2=0. Crapylo nepeBo3Ky Xi;2=1 HeTpyJIHO pacmpe-
JIeJIATh [0 ONOPHEIM KJIE€TKaM, NPH 3TOM [OJYYaeTCsl ONTHMaJbHLIA IJIaH
nepeBo3ok: X;1=0, ¥13=8, xu=2, xa1=0, Xp2=2, Xaa=1, xXau=7,
X31=>5, x33=233, xaa=1, x3.=6.

Ilycts Temeps B Taba. VI.1 3apuxcupoBaHa mnepeBo3ka Xz3=3.
ITockonbKy KaeTtka (2, 3) omopHas, TO HPEABAPUTENbHO BHIBEIEM ee M3
onopel. [lamee mnocrynuM, Kak B IpelbayuieM ciayuae. Pacmpe-
JleleHdhe 110 ONOPHBIM KJeTKaM INpPHBOZUT K ONTHMAJbHOMY ILJIaHY
HepeBO30K.

IIpumep 2. B ra6n. VI.1 no6aBum HOBYIO CTPOKY, COOTBETCTBYIO-
Iyl0 TYHKTY npousBoactsa A, ¢ a;=>5. i coxpaHeHHS YCJIOBHS
GanaHca yMeHbIIMM O06beM NMPOM3BOACTBA B MYHKTE As, MOJIOXKUB d3=40.
B HOBO# cTpoke kietky (4, 2) choemaem omopHoii. Pacnpenenenrie HOBHIX
06beMOB NIPOM3BOJCTBA MO ONOPHBIM KJETKaM NPHBOIMT K Taba. VI8,
YIOBNETBOPSIIONIEH KPHUTEPHIO ONTHMANbHOCTH. Ecim 6Bl OKasasaoch, 4TO
diy<<5, TO LJIfl ONYYeHHs] ONTHMAaJbLHOTO IJIaHa NEePeBO30K NMPHILIOCh Gl
HCIIOb30BATh JABONCTBEHHBIH OMODHBIN METOL.

Mpumep 3. Ilycts B Ta6n. VI.1 nukBHAHpOBaH mepBhIil cronGeL,
COOTBETCTBYIOIIHHA NYHKTY moTpeGienns Bi. Jas coxpaHenus 6ajaHca
yMeHbIIMM 06heM Npou3BOAcTBA B nyHkre Ai: di=>5. Pacmpenenenue
HOBHIX OGEMOB 10 OCTABIIHMCSH ONMOPHBIM KJI€TKaM MpHBoauT K Ta6r. VI.9
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Tabauya VI.8
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C TICEeBIAOIIaHOM IIEPEBO3OK. HOCKOJ’Ibe OHOprIIfl KomJjiaH COXpaHHJICS
13 CTapOH 3ajgayd, TO AJs HOJIy‘{eHHH ONTHMAJbHOrO IlJJaHa MepPeBO30K
MOXXHO HCHOJIb30BATh IBOHCTBEHHbII OHOPHbIH METOM.

Tabauya V1.9
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IMpumep 4. Ha puc. VI.10 uszo6paxena NPOMEXYTOUHAs HTepaLHs
npsmoro 6GesonopHoro merofa. Ilpenmosoxum, 4TO Ha 3TOH HTepaluH
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K HCXOAHOH cetn no6aBuau AYry (6, 4) ¢ mapamerpamu des=1, Ces=1
(puc. VI.12). TIponomxumM pellleHHe 3a/aud MPSIMEIM Ge30MOPHBEIM METO-
nom. PaccraBuB MeTKH ysiaaM, o6Hapyxum KoHtyp (5, 4)—, (6, 5)—,
(6, 4) + orpuuaTesmbHOl cTOMMOCTH (Wa’'—pe=—4). I[IponycTHB 1O KOH-
TYPY €OMHHUHBIH NOTOK, IOJYYHM HOBYIO CETb C ONTHMAJbHLIM IMOTOKOM:
X12=2, X16=23, X23=2, X26=0, X3s=4, x53=0, x50 =0, X63=2, ¥Yes=1,
xs5=0.

IIpumep 5. Ha puc. VI.1 uzo6paxena ceTb ¢ ONTHUMAJbHBIM IIO-
ToKoM. IIpeanosnoxum, yTo U3 cetd ynamuau nyry (6, 3). Hosywo sanauy
npenJsaraerTcs PellUTb JBOMCTBEHHBIM Ge30MODHEIM METOLOM, B3SIB B Ka-
YyecTBe HAYasJbHOrO JBOMCTBEHHOrO IIaHA HOBOH 3afaud ONTHMAaJbHBIH
JIBOHCTBEHHBIH TIIaH crapod. OnTHManbHEIE MOTOK  H306pa)eH
Ha puc. VI.13.

Puc VI3

IIpumep 6. Ilpennosnoxum, 4YTO K CeTH, H30GpaX]EHHOH Ha
puc. VI.13, no6asuau yaén i=7 u nyru (6, 7) u (7, 4) ¢ napamerpamu
der=6, cer=1, dnu=>5, crs=2. ITlpennaraercs NOPOLONKHUTbL DpeLIECHHE
3aflauyl NPSIMbBIM GEe30TIOPHBIM METOJOM.

Fnasa VI
OBOBLUIEHHASA TPAHCIMOPTHAS 3AQAUYA

TpancnopTHas 3agada, pacCMOTPEeHHAs B IpeNblIyLINX
rJIaBax, JomycKaeT 06001IeHusl B HeCKOJIbKHX HalpaBJIeHUsX.
B naHHO# rsiaBe HcclefyeTcss OLHO U3 BO3MOXKHEBIX 0606mie-
HUH, HMelollee BaxKHOe IPUKJIaZHOe 3HaueHHe. MaTpuuyHas
MOeJb H3yyaeMOH 3ajayd B pPa3HbIX HCTOYHMKAX HMeeT
pasHble Ha3BaHMA: A-3ajlaga, pacHpelesuTes]bHas 3anauya,
0606mieHHasl TpaHCIIOPTHAS 3anaua u T. 1. Pusnueckyo HH-
TepIpETALHIO UCCAEAYEMbIX MOMTIel MOXHO Halith B [1, 3].
Huxe noMuMo MaTpHUYHOH MOJENH paccMaTpPHBAeTCH U ceTe-
Basfi Mojenb. }3-3a orpaHMyeHHOCTH o6beMa KHHUTH H3Ja-
ralTcs TOJbKO [Ba MeToJa pelleHHs 0OO0OLIeHHOH TpaHC-
NOPTHOH 3ajadud, KOTOpble SABJSIOTCH OOO0OIIEHHSIMH METO-
o ra. I u II. IToxkaseiBaercs, yto, HeCMOTPSL Ha 3aMeTHOE
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YCJIOXKHEHHE HCCeyeMBIX 3a1ay Mo CPABHEHHUIO ¢ KJaccHye-
CKMMH NIPOTOTHIIAMH TPAHCIOPTHBIX 3a/ay, yUeT Crenuduru
HOBBIX 3aJay II03BOJISIET 3aMETHO YIIPOCTHTb METOMbI pelle-
Hus ofumiell 3amaun JHHEHHOro nporpammupoBanus. [loay-
YeHHbIEe Pe3yJbTaThl BCEJSIOT HaleXAy Ha yCIeUIHOe pelle-
HHE 3aJa4, NOJy4YeHHbIX [0 APYTHUM HampasJeHHusM 06obuie-
HUS TPAHCIIOPTHOH 3amauH.

Bech maTepuas NaHHOH TIJ1aBbl OCHOBAH Ha pe3yJbTaTax
O. M. KocTioK0BO¥!.

§ 1. MaTtpuyHas mopenb

®opmyaupyercss MaTpuyHas ¢popMa 0606LIEHHON TpaHc-
nopTHO# 3ajnauu. /151 Hee HOJyueHBl aHAJOTH Pe3yJabTATOB,
usjoxKeHHBIX B I I u Il s knaccuueckodt TpaHcmopTHOH
3a1avuy.

1. MocraHoBKa 3amaun. CBsi3b 0000LIEHHOH TPaHCIOPT-
HOH 3aJauu ¢ KiaccH4YecKoii TpaHcnopTHO# 3anaveit. MeroT-
csl m BHUJOB TOIJIMBA, KOTODbl€ IIPOMU3BOAATCA B 1M pas/uy-
HBIX TyHKTax Ay, ..., Am. B A; npoussomutcs a; enuHHUIL
{-ro BHMa TolsMBa. Bce TonsnuBO nocTaBisieTcsl K 7 moTpebHu-
TesaaMm By, ..., By Jlng kaxporo notpeburtens B; u3BecTHO
KOJIMUeCTBO Temaa b; (UHCIO Kaslopuil), KOTOpoe MONKHO
OBITb TOJYYEHO B pe3y/bTaTe CXKHUTMaHUS 3aBE3eHHOrO TOIN-
JauBa. 3anaHbl uucaa Aq;j=>0— K03POIUNHEHT TemnI00TaauYU
i-ro Buma TomsiuBa B j-M nyHKTe Bj; Ilpomyckuas cnoco6-
HOCTb KOMMYHHKauuit A;—B; paBHa d;;. CTouUMOCTb Tepe-
BO3KHM eIMHHIH TomauWBa u3 A; B B; paBHa c;. TpelGyercs
HalTH TaKOH NJIaH NePEeBO30K TOIJIMBA, IPH KOTOPOM H3 BCeX
TMYHKTOB IIPOH3BOACTBA BBIBO3UTCS BCe N0OLIBaeMOE TOIJIHBO,
3aMpochl KaXAOT0 NYHKTa NOTPeGJ/eHHs YAOBJIETBOPSIOTCA
MOJIHOCTBIO ¥ TPAHCIOPTHLIE PACXOAbl MUHUMaJAbHEL. O603Ha-
MM Yepes3 X;; KOJUUECTBO [-I'0 BHIA TOMJHBA, NOCTABJIsIEMOe
j-My moTpe6HTeIIo.

Maremarnyeckasi MOJIesb 3TOH 3a1aun Ha3bIBaeTcss 0600-
WeHHOU TparcnopTHOU 3a0auell 1 UMeeT BU,

m n

2 Z ci,-xi,-—>min,

i=1 j=1

n m
21' Xij=ai, 21 hijxij_——bj, (1)
= i=

0<<wii<<ds; i=1,m, j=I1,n.
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CoBokynmHOCTb uHcen x={xi, i=1,m, j=1, n}, YIOB-
JIETBOPSAIOIASl OTPAHUYEHHSIM 3aJauH (1) HasblBaeTcs IIa-
HOM mepeBo3oK. [1yan nepeBo3ok x° onTuMaJeH, ecJd Ha HEM

TPAHCIOPTHBIE pacxombl (uenesas GyHkuus sapaud (1))
MHUHHMAaJIbHBL.

Hpn Aij=oi/Bj, i=1,m, ]__l n, ¢ IOMOLIbI0 0603HAaUe-
HUH Qi=o;q;, b;=P;bj, Xij=octiXij, dl,—ald“, Cij=Cqj/ oti,

[E—

i=1,m, j=1,n, us (1) nonyunm

m n _ .
2 2 Cijki—>min,

=1 j=1
n _ _ m .
Z Xij=0a4, 2 Xij=0bj,
j=1 =1
0<x1j<d11) =1’m7 ]=l’n9

T. e. 3anaua (1) CBOOUTCA K KJIACCHUYECKOH TpPaHCIIOPTHOM
3ajnaue B maTpuuHo#t dopme (cm. ra. I). MoxKHO mokasaTb
[3], uto ycaoBue Asjj=o/B;, i=1, m, j=1,n, apaserca u
HEOOXOIUMBIM YCIOBHEM CBOAUMOCTH 3amaun (1) ¢ momolibio
JIMHEHHOro npeo6pa3oBaHuss K TPAHCHOPTHOH 3ajmauye, T. €.
BepHa

Teopema. 3amaua (1) cBOAUTCS K KJIacCHYECKOH TpaHc-
MOPTHOM 3ajaue TOTJa M TOJbKO TOTAa, Korga rank A=]1,
rae A==||Asjllm, » — MaTpula KO3)PUIHEHTOB.

B nanbHeiimem npexmosaraeM, yto rank A>1.

VYcnosus samaun (1) ymoGHO 3amuceiBaTh B BHAe Tab-
auusl T (taba. VII.1).

Tabauya VII.1

A 77 \d,
1,/ Ty _7(1'2 /Col _7(1” /L1 a1

Lul [*u 1n|

1 ]

: ) '

I, a, a
AP\ Al Pl
m

Ly |¥ma Xmny

6§ - ¢



2. Kanonuueckas ¢opma 06001eHHON TPAHCTIOPTHOMH 3a-
Aayd. COBOKYNHOCTb Pa3JIMUHbLIX KJIeTOK Tabuauiel T

(il» ji)’ (iz, jz)’ cee (is, ]s) (2)

HA3BIBAeTCS IENOYKOH, €CIU B KaxKIOH CTPOKE M B KaxKIOM
cronibue Tabaunn T He Gosee IBYX KJIETOK U3 (2) M Kaxjpas
mapa KJIeTok H3 (2), CTOSILINX PAIOM, JEXHUT JHOO B OXHOM
cronbue, 1u60 B omHOH cTpoke. Llemouka HaswiBaeTcs IHK-
JIoM, ecid B T HET CTPOK M CTOJOLOB, B KOTOPBIX TOJBKO OfHA
KjieTka u3 (2).

ITycts U — nogmHoxecTBO kKiaerok tabauner T. Uepes
I(U) u J(U) o603HauuM MHOXKECTBO CTPOK H CTOJIGLOB,
coorserctBytomux kiaerkam u3 U: I(U)={i: qj, (i, j)eU};
J(U)={j: qi, (i, j)eU}. Tlycts U, — 11060€ MHOXKECTBO
gaeTok Tabmuubl T, He comepxalllee IIUKJIOB. Paccmorpum
CHCTEMY

O&i—hijﬁj=0, (i, ])EU*

Ecnu os,=1, usl(U.), nan Bj,=1, =l (U.), 1o 31a
cHcTEMa HMeeT HeTpHBHaJbHOe pemeHue o;>0, B;>0,
iel(U.), jeJ(U.). Tomoxum a;=p;j=1, iEI(U.),

jEI(U.,). Beenem 0603Hauenus: Cij==—Ci;/ o, hij=Mi;Bi/ s,
Fij=oiXsj, Gi=auli, bj=P;b;, dij=oudsj, i=1,m, j=1,n.
Tornpa samaua (1) mpuMeT BUI

ijXi—>min,

Ms
e

rae 7»ij=l, (i, j)EU*.

[TonyueHHYI0 MOJENb HA30BEM KAHORUHECKOU (POpMOLL
0606IeHHOf TPAHCIOPTHON 3afauH, COOTBETCTBYIOILEH MHO-
xkectBy U..

3. Teopema cymectsosanusi. O6osunaunm uepes Us (I+, /+)
MHOMKECTBO KJETOK, NpHHaifdexamee MuoxectBy {(i, j):
iel., j=J.} 1 He comepxallee IHUKIIOB.

Teopema. [Ias cylleCcTBOBaHMsA IIaHA MEPEBO3OK B 3a-
naue (1) Heo6XOAMMO W HOCTATOYHO, UTOOHI MJISA JM06BIX
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l.cl, J.cJ, U.(I., ].) BBIIONHSAIKCD yCIOBUS

X ai— 3 b6< X di+ 3 (1—hij)du;

eI, ieJ, iel,, i€l,,j<eJg,,
jedJ, Tij<1*
S ai— X bi=— Xdi— X (?»u 1)ds,
iel, ieJ, i€l,, iel,, jeJ
isT, h,-j>1

rae @, bj, Aij, di;j — nmapamerpnl 3amauu (1), samucanHON
B KaHOHHYeCKO# (opMe, COOTBETCTBYIOIIEH MHOXKECTBY
U.(I,].).

JlokasaTeabCTBO CM. B § 2.

4. Onopa. Kpurepuii onopHoctu. JIro60# muka tabauus T
MOKHO MpPENCTaBUTb B BUIIE

iy, J1), (i J2), (i J2), -+ s (is, Js), (s, J1)- (3)

Herepmunantom nukaa (3) HazoBeM 4uCA0 R=RA;j,M,ij, - - -
o Mi i —MiggaMiggs « - i LUK HasbiBaeTcs HesbLposcOeH-
Hoim, ecid R=~=0.

[Tycts U — mopMHOxKeCTBO KieTok Tabauuel T. U3 kie-
ToK MHOXKecTBa U o6pasyem BCEBO3MOXKHBIE IHKJIBL. KieTka
(i, j)=U nasviBaercsi yuxauueckot kaetkodl muoxectsa U,
€CJIM OHa BXOMHUT B COCTAB XOTA GBI ONHOTO IIHUKJIA.

MuoxecTBo KJ1eToK U HaseIBaeTcsl CBSI3HBIM, €CJAH MJS
aio6oro il (U) u awb6oro jeJ (U) cymectByer uemouka
(2), nns gotopolt iy=i, jo=j.

Muoxectsa U, k=1, N, N, Has3pBalOTCI KOMIOHEHTaMH

N —_—
ceasnocTd MHOxkecTBa U, ecain 1) U= | Uy; 2) U, k=1, N,
h=1

— CBSI3HOE MHOXKECTBO; 3) He CYILeCTByeT Lemouku (2),
y kotopoit il (Uy), js&J (Uy), k=L,
C nomomurpio MHOXKecTBa U MOCTPOHM CHCTEMY

2 Yyi=0, iel(U); X Myy=0, j&J(U), (4)
€T i<Tw)
rae [;(U)={i: (i, )€U}, L/(U)={j: (i, )€U}

On peneageHnue. MaxkcumaJnabHoe (HO KOJUYECTBY
5JIeMeHTOB) MHOXKecTBO KaeTok UcT, Ijis KOTOPOro CHCTe-

Ma (4) WMeeT TOJbKO TPUBHA/IbHOE pellleHHe, Ha3bIBaeTCs
onopo#t Tabauusl T u o6o3nHavaercs Uon
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Jlnst mokasaTesbCTBA KPUTEPHS ONMOPHOCTH HAM TOHAJO-
6sTCA CJIeNYIOLINE JIEeMMBI.

Jlemma 1. Jsist Toro uToOb! HUK/INYECKHE KIETKH CBA3HOTO
MHOXeCTBa 06pa30BBIBAJIU TOJBKO ORUH IIUKJ, HEOGXOMHMO
u mocraTtouHo, utobu |U|=|I(U)|+4|J(U)|, rme |U| —
KOJIMYECTBO 3JIEMEHTOB MHOXKECTBa

Jlemma 2. Ecain onopa Uy cocTouT U3 N KOMIIOHEHT CBSI3-

HoctH Uw, k=1, N, To cuctema (4) 5KBHBaJIeHTHA CHCTEME
2 y=0, i€l(Us);

jeT;Uy)

> hiyi=0, j=J (Us)

1€T,(U)

k=T, V. (5)

(Ioka3aTeabCTBO JIEMM OCTABJISIEM YHTATENSIM B KayecTBe
yIpaxKHeHHsI.)

Teopema (xpurepuil onoprocru). Muoxectso Uop sBJISA-
eTCsl OIOPOH TOrAa U TosMbKO Toraa, korga 1) |Uen|=m-n;
2) B KaXIOH KOMIIOHEHTe CBSI3HOCTH MHOXecTBa Ugy cyie-
CTBYeT E€NMHCTBEHHBIH LMKJ; 3) KaXKIblf IHKJI HEBBIPOXK-
JIEHHBIA.

Hocrarournocrs. TlokaxeM, 4To IpH ycaoBHAX 1)—3)
cucteMa (4) MMeeT TOJBKO TPHBHAJbHOE pelleHue. B cuiy
JIeMMBl 2 JIJIs 3TOrO AOCTATOYHO IIOKa3aTb, UTO KaxKnaas H3
moncucTeM (5) HMeeT TOBKO TPUBHANBHOE peEIleHHUE.

[IpenmosiokuM TPOTUBHOE, T. €. UTO MOJCHCTEMA, COOT-
BETCTBYIOI[Asl R-H KOMIIOHEHTE CBSI3HOCTH, HMEET HEeTpPHBH-
anbHoe pemenue Yy = {yi;, (i, j) = Ur}. O6osnauum:
On= {(i, j): (i, j) € Un, ys3 % 0}. U3 (5) BumHO, uTO
|J:(Or) | =2 pas Vil (Or) u |1;(Or) | =2 nna Viel (Or),
T. €. BCE 3JeMeHThl MHoxecTBa Up uukiaHueckue. B cuiy
ycaoBus 2) ajeMeHTH MHOXecTBa Uy 06pasyioT OLUH LMK
Uk:{(ii, jl), (i1, jz), (iz, jz), ey (is, js), (is, j1)} Paccmor-
PHUM CHCTEMY

ai—hiiﬁ.’i=0’ (l’ ])# (li’ ]1)’ (l” ])EUh (6)

Cucrema (6) — 3T0 ogHOpomHas cucreMa 2s—1 ypaBHeHHH
¢ 2s neussecTHbiMH. OHa Bcerjia MMeeT HeTPHBHAJbHOE pe-
IIeHHe, TpHYeM ecad a;,>>0, To a;>0, p;>0, il (),
jeJ (Oy). Tockoabry Yr={yi;: (i, j)=Ug} — pemenue noa-
cuctemn (5), To

Zh)yij=0, iel(On); X hijys;=0, jel(Or).

jeJ (T iel (T
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Ucnonbsyst (6), samuiueM 3Ty CHCTEMY B 5KBHBAJeHTHOM

BHJE:
3 aiyi=0, icl (),
iel;(Op
2 oiyi=0, jF=ji, j&I(Or);
il ()
ig aiyijt—l_yiijt?"ii.‘hﬁjt:O. (8)
ier; (b

Ot cymmpl paBeHCTB (7) OTHHMEM CcyMMy paBeHCTB (8),
HONTyYUM

(oti;—MNiy5,Bis) Yi,5,=0.

ITo npennosioxenuw, yi,;,70, a:, 0. CiemosaTenbHo, ne-
TEPMHHAHT LHKJa KOMINOHEHTH Uy paBeH

Ry i iy . . Qi _ Uiy . Oliy . . Qig
= Niyj, “ee “ e =3
ﬁiz ﬁjs ﬁjz [3.7'3 ﬁji

Cliy Qi Qi i
= | Miyjy— ) . e —==0
( YU B B Bi Bis

YTO MPOTHBOPEUHT YCJIOBHIO T€OpeMbl. 3HAuMT, cucTeMa (4)
HMeeT TOJIbKO TPHUBHAJIbHOE PelleHHe.

[Tokaxewm, uto MHOXeCTBO Uon, |Uon| =m-}-n, ssnserca
MaKCHMaJIbHbIM CPEIH MHOXKECTB, AJIs KOTOPHIX cHcTeMa (4)
MMeeT TOJIbKO TPHBHAJbHOE pEIleHHE,

OueBHHO, YTO AJs1 JI060ro MHOXKectBa U umcnio ypas-
HeHuil B cucreMe (4) He mpeBocxoaut m-n. ClenoBaTebHO,
mas mio6oro U, |U|>m-n, cucrema (4) uMeeT HETPUBH-
aJIbHOE pellIeHHE.

3ameuvanue. Ecim rank A=2, to cymectByer muoxectBo U,
YIOBJIETBOPAIOIIEE JOCTATOYHEIM YCJIOBHUSM ONOPHOCTH:

U={(s, j), j=1Ln; (i, t), iss, i=Lm; (p, q)}, 9
7\:3! 7\'sq

rie
Apt Apq

— OTJIHYUHBIH OT HYJISI MHHOD MaTpHUH A.

Heob6xodumocre. VI3 pokasareabcTBa JOCTATOYHOCTH
caenyert, 4to L onopbl Uy DOJKHBI BHIIOJIHATHCS YCJIOBUA

|Us| <1 (Un) [+ 17 (Un) |, k=1, N,
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#60 B IPOTHBHOM c/yuae cucTeMa (4) uMeeT HETPHUBHAJbHOE
pemenue. [TokaxeMm, 4TO Ha CaMOM JieJie UMEIOT MeCTO pa-
BeHcTBA. [IpeanosoxKuM IPOTHBHOE, TOTAa

Vsl = 37 10x < 2 (1100 | +17 U )=
=1 (Uon) |+ |7 (Uon) | <m-—-n.

D710 MPOTHBOPEUHT TOMY, UTO Uop — MaKCHMaJIbHOE MHOXKe-
CTBO, TAaK KaK MHOXeCTBO (9) COHEpPXKHUT M1 KJIETOK H CO-
OTBETCTByIOIIas eMy cucTeMa (4) MMeeT TOJbKO TPUBHAJb-

noe pemenue. 3uaunt, |Up|=|I(Up)|+|J/(Ur)|, k=1, N.
B cuny nemMMbl 1 mosyyaeM, 4TO LMKJIHYECKHE KJIETKH KaxK-
JIOH KOMIIOHEHTLI CBS3HOCTH 06pasyloT TOJBKO OJMH IHKJI.

[Mpeanonoxum, 4To WHKI (i, j1), (i1, j2), ..., (is Js),
(is, j1), COOTBETCTBYIOIUUH k- KOMIIOHEHTE CBSI3HOCTH, BbI-
poxnenusii. Torma cucrema (4) HMMeeT HeTPHBHAJbHOE
pelieHue:

yij=0, (L’ ])—E—{(ll? ji)’ (ii» jz)) LRI ] (is, jS), (is, ji)};
Yisis=1; Yi i s =Yipip Yipyiipps =

=_yipljp+j '}“ipj P+l /7"":p+1 Jpt1 p=1, S, JsH1=—]1.

ITonyueHHoe NIPOTHBOpPEUHE IOKA3BIBAET, YTO BCE LHKJIBI
OMopHl HEBHIPOXKeHHbIe. Teopema mokasaHa.
Caencrtsue. Cucrema

ui+hiju;=0, (i, j)EUou, (10)

HMeeT TOJBKO TPHBHAJbHOE DelIeHHe.

HokaszareabcTBo. CpaBHMBAs MAaTpHLBl CHCTEM
(10) u (4), y6exnaemcs, uto marpuna cucremsl (10) paBHa
TPaHCIIOHUPOBAHHON MaTtpulie cucreMmnl (4). W3 Teopemnl
CJIeLyeT, YTO MaTpHLla CUCTeMBl (4) HEeBHIPOXKIEHHas, 3Ha-
YUT, HEBBIPOXKAeHA i MaTpuua cucrembl (10).

5. Onopuelit nad. Kpurepuii ontumanbHoct. CoBOKYyTI-
HOcTb {X, Uon} MiIaHa MepeBO3OK U OmOpbl TaGuauisl T Hasb-
BaeTcsl OMOPHBIM IaHOM. IlepeBosku xij, (i, j)=Uon,—
onopHele, Xs5, (i, j) &Uyx,— Heonopuble, Ux=T\Uon. Omop-
HbIH IIJJaH Ha3biBaeTC HEBLIPOXKIEHHBIM, €CJIH OIOpHbBIE
IIePEBO3KH YIOBJIETBOPSIOT HepaBeHCTBaM 0<C X< ds;.

170



ITycts {x, Uon} — omopHmlit mnaH nepeBosok. ITo omope
Uor mocTpoum (ONOpHBIE) NMOTEHUHANB Ui, i=1,m; v;, j=
=1, n,— yucia, yAOBJETBOPSIOMIHE CUCTEME YPABHEHHI

ui+7\4ijvj=c1:j, (i, j)EUOH (11)

B cuny cnexcrus 1 onopHble moTeHuKa bl 3 cuctembl (11)
HaHAyTCs OMHO3HAUHO.

C NoMOMBbIO ONOPHBIX MOTEHIHAJIOB BLIYMCIMM OLEHKH
HEOTIOPHEIX KJIETOK

PaCCMOTpHM COOTHOUIEHHUSA

A;<<0, ecan x4;=0; A;;=0, ecnu x;;=d;;

As;;=0, ecnn 0<<x;;<<dij, (i, j)EUxn (13)

Kputepuit ontumanbHoctH. Coornouwenus (13) mpocra-
TOYHBI, & B CJy4ae HEBLIPOXKJEHHOCTH U HeOOXOMUMBI IS
ONTHMAJIbHOCTH OIOPHOro IJaHa nepeBo3ok {X, Uon}.

Jis yopouieHus BRIYHCAEHMH cuutaeM, uto 3amada (1)
3anMcaHa B KaHOHHUYeCKOH (hopme, COOTBETCTBYIOLIEH MHO-
KecTBY Uons, nonyuenHoMy u3 Uon yIaJeHHEM H3 KaXJIOH
KOMIIOHEHTHl CBS3HOCTH Up TO ONHOHM LUKIUYECKOH KJETKe

(Sk, tr), k=1, N. 1lUKIHYeCKHM OMIOPHBIM KJETKaM (Sk, ),

k=1, N, IpunucriBaeM HHIEKC «—>», OCTAJbHLIM OMOPHBIM
HUK/JINYECKHM KJIeTKAaM TIPUTIUCHIBAEM HHIEKCH «—+» H «—»
TakK, 4T0Gbl B OJHOIN CTPOKE HJIM CTOJOIE He GblIO IUKJIHYE-
CKHX KJETOK C OJMHAKOBBIMM HHAeKcaMu. IloTeHnuasnnl Ha-
xonuMm caenyroouum obpasom. [Tosaraem

cij— X Cij
G, DreU, = _

)3 = L]
1 _}"sh ty

Ut

OCTaJIbHBbI€ MOTEHUHAJNBl HAXOASATCSI, KAK U B KJIAaCCUUYECKOM
MeTOoJe NOTEHLUAJOB, U3 COOTHOIIEHHH

ui—l—v,-=cij, (i, ]) EUOH*.

[To u3BecTHBIM MOTEHIHANAM JIETKO MOACYATATh B cuay (12)
oueHkH A;; HeomopHHIX #yr. Hucna Ay, (i, j) &Us, 3anuch-
Baiotcs B Tabu. VII.1 B npaBoM HuXHeM yriy kiaetku (I, j).
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ITpoBepka cooTHomenust (13) cBORMTCS K aHANU3y 4YHCEN
dij, Asj, Xij 13 KaXKI0H HEOTIOPHOH KJIETKH.

6. IDocraToyHoe ycnosue cyGontumanbHocty. [Tnan nepe-
BO30K X® Ha3bIBAETCS €-ONTHMAJILHEIM, ECJTH

m n e m n 0
2 D cixiy— 3 3 cigXij <e.
i=1 j=1 i=1 j=1
Teopema. OnopHbi#l niaH nepeBo3ok {x, U} siBiIsieTCA
€-ONTHMAJIbHBIM IIVIAHOM II€PEBO30K C YHCJIOM

2 Agixij - 2 Asj(dij—X%i5).

(t, HEeUy, (i, ))€Ug,
A;;<<0 A;>0

IokasatenbcTBo cranpaprioe (cM. [u. 1]).

7. Utepaunsi. Kax u B kjaccuuecKod TpaHCHOPTHOH 3a-
naye, MHOXECTBO IIJIAHOB IIepeBO30K OOOGIIEHHO!N 3amadH
KomnakTHo. ITostomy mpomenypa nmpoBepKH IPSIMOTO OIOP-
Horo merona [4. 1] Ha HeorpaHMYEHHOCTb LieJeBOH DYHKIHU
oTHangaer.

OnumeM mpouenypy yJydlleHHS ONOPHOrO IlaHa Iepe-
B030K {¥, Uon}, KOTOPHI HE YAOBJETBOPSIET COOTHOLIEHUSIM
(13). B xaxpmoft HEONOPHOH KJIETKE, 3JeMeHTH KOTOpPOH He
VIOBJETBOPSIOT cooTHomeHussM (13), oTMeTHM OLEHKy Ag;.
ITyets Asyj, — MakcHMaJbHOE 10 MOLYJIIO YHCJIO CPellH OTMe-
YEeHHBIX OIIEHOK. $ICHO, UTO Ay j,7=0.

Iycts iyl (Up), jo=J (Uy), toe Up u Uy — HeKkOTOpHIE
KOMIIOHEHTEl CBSI3HOCTH OINOPH. PaccMOTpUM MHOXKeCTBO

KJIETOK
O— { Up UUqU (lo, o), ecu pgq;
— | UpU (io, fo), ecnu p=g.

Ilnst yno6erBa o6Benem B Tabauue T KieTku MHOxecTBa [/
kpyx®koM. Hai#imem umcna ysj, (i, j)eU, cnepyromum 06-
pasom.

1. ITonaraem yiyj,=—1.

2. Uucna y;; NJIsl OMOPHBIX HEIUKIHYECKHUX KJIETOK JIETKO
HaHTH U3 YCJIOBUH:

a) B J06o# cTpoke Tabsuubl T cymMMa 4yuces Yij, |
JeXalux B KJIeTKaX, 00BEIEeHHBIX KPYKKOM,
paBHa HY.JIIO;

6) B mo6om crosnbue Tabaunpl T cymma npous- ¢ (16)
BEIEHUH YHCEN Y;j, HAXONSAIUXCS B 0OBe/eH-
HBIX KPYXXKKOM KJIETKaX, Ha COOTBETCTBYIOLINE
A;; paBHa HYJIIO.

(15)
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3. IlycTb M3BeCTHBI YMCHA Yi; AJS BCEX ONOPHBIX HEIHK-
JIMYECKHX KJEeTOK, NpHHamilexamux U. Ha#imem uucna ys;
IJIs OTOPHBIX LHKJIHYECKHX KJIeToK u3 U. B ciyuae p=gq
5TO UMKJIHYECKHE KJICTKH KOMIOHEHTH Up, B cilyuae p7=q —
IMK/JIHYECKHe KJIeTKH KOMIOHEHT cBa3HocTH Up u Uy Ilycth

TAKJT
Up ~— MHOXeCTBO LIUKJIHYECKHX KJIE€TOK KOMIIOHEHTHI CBSI3-
HOCTH Usp. Onpenesium Ysyep 10 Gopmyiie

yoo=( 2 My — i Yii)/ (1=Retp). (17)
EESEGAY ier @y,

G U\, @ DU\,

MoxHo II0Kas3aTb, 4YTO CpPeoH 4YHuceJ Yij, BXOOANIUX B YUCJ/H-

TeJIb IIPaBo# uacTH paBeHcTBa (17), 6ymer He GoJiee OBYX Yij,

.. KT
OTMIHYHBIX OT Hyass. OcranpHble ys5, (i, j)€Up , MOXHO

Haiitu no npasuay (16). Eciu ps£gq, To uucna yij, (i, j)
Uy, HaXonATCA aHaJOTHYHO.

B ra6a. VIL1 uucna yij, (i, j) €Ul U Uy, 3amucHBAIOT-
cs B kaetke (i, j) B IpaBOM HHXKHEM YTJIY.

Paccmorpum cayuan: 1) Azpjo=>>0, 2) Asj;,<<0. B cayuae
1) Haftnem uncio © u3 ycjaoBHH

—dijt%i
i

—B®=min { z”, yi;>0; y Yii<<0; (4, f)EU}-

ij
B cayuae 2) umciao © HafizeM U3 yCJIOBHH

dij—xi,-

®=min{— ;“ , Yii<<0; y Yi5=>0; (i, f)EU}-

ij 1j
[TycTh MHHHMaJbHOE YHCIO OKas3ajoch B KiaeTke (i, jx).
[TepexonuM K HOBOMY ONOPHOMY IIaHy. Bo3mMoxKHHI ciemyio-
1K€ CUTYalUH:
a) (is, j&«) = (io, jo). Ilpu mnepexome K HOBOH TabJiHle
MEHSIETCSl TOJIBKO TJIaH NEepPeBO30K
Xij=xij40-yi, (i,]) € T;
)Eij=xij, (i, ]) =R

(18)

Onopa Uoy u MHOXKecTBO Uon, ocraroTcs mpexxuuMu. He us-
MEHSTCS, CJIe/0BaTeNbHO, M OlleHKH Ayj, (I, j) = Us

6) (ix, j+)5~= (io, jo). Torna omopHas kaerka (i«, j«) BbI-
XOJMT M3 OIOpH], HEONOpHasi KaeTka (f, jo) CTAHOBUTCH
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onopHo#. [Tosryuaem HOByIO omopy. M3 ka0 KOMIOHEHTHL
CBfI3HOCTH HOBOH OIOpPHl yHaJisieM IO OAHOM I[MKJIHYECKOH

KJIETKE (Sk, Ir)mos, R=1, Ngos. [TolyuaemM HOBOE MHOXKECTBO
(Uon+) ros. (Eciiv LMK/ B HOBOM OmoOpe COBIANAET C IUKJIOM
B CTapoH, TO ymajlsieM Ty KAeTKy (S, ¢), KoTopas ymajsiach
IPH NOCTPOEHUH cTaporo MHoxKecTBa Uon..)

Tenepr He06X0AMMO MOJYYHTb HOBBIH IJIaH MEPEBO30OK
U 3amMcaTh 3ajady B KaHOHHYeCKOH (opme, COOTBETCTBYIO-
me#t HoBOMY MHOXKeCTBY (Uoms)mos. [JIST 3TOrO0 Haxoaum

yucaa o, i=1, m; B;, j=1, n, u3 ycaosui
[¢2 —Aij‘ﬁj=0, (i, ])E (UOJI*)HOB;
ash=l, k=l, N
[lTepecuuteiBaeM Tabuauiy 1no gopmynam

¥ij=ai(x;+0yi;), (i, j)<U;

_ .o — 19
Xij=0LiXij, (l, ]) = U; ( )
— . _ c-- _ . —— . e
7vij=7vij—a—]i—, Cij= oc;z’ dij=oudsj, i=1,m, j=1,n.

[Ipenmo/oKHuM, YTO IOCJIEe HEKOTOPOH MTEPAIMU BBIMOJHSIET-
cl KPUTEPUN ONTUMAJbHOCTH (JOCTATOYHOE YCJIOBHE CY6-
ontumanbHocTH). OntuManibHbi (cyGoONTHMAaNbHEIE) ILIaH
NepeBO30K HCXOXHOH 3anaun (1) Beluucasercs mo dopmynam

X3 Cij 8 — X" Cij
cucx W cnex ’
ij ij

0
Xij =

rlIe Xij, Cij B3SATHl M3 TOCJHeAHeH TaGJHIBL, Cij . — HCXOLHOE
3HAuyeHUE Cyj.

8. Mocrpoenne HayaJdbHOro onopHoro nJaaHa. Ilpenmodio-
UM, UTO K Haua/Jy pelleHHs 3aJaull He H3BECTHO HHKAKOH
JOTIOJIHUTEIbHON HHGOpManuu o mianax. Cieqyst cxeme m. 5
§ | ro1. I, erko mOCTPOUTH aHAJNOTH METOJOB CEeBepo-3aman-
HOTO yrJjia i MHHHMaJbHOro sjaemMenTa. O6a sTi MeTona Tpes-
MoJIaraloT paclIHpeHHe HCXOOHOH 3ajmauu, Oaaronaps uemy
MOKHO NOOHTbCS BBIMOJHEHHSI yc/I0BHH Gananca. K pacmu-
pPEHHOH 3ajaue MPUMEHHM METOM, ONUCAHHBIH B mm. 5—7
JNaHHO# ryaBel. MicxonHas 3aj1aua paclIupsieTcs caeLyIonuM

o6pasom: ToOJaraeM Cmpt a1 =0; Cinp=M, i=1,m;
Cm41 j=M, ]=1, n; Mnt j=l, ]=1, n; M at+1=0, i= 1, m—l—l
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Ha ucKyccTBEHHYIO EPEMEHHYIO Xmif nyq HET OTpaHHUCHHUIE,
0<<Xiny1, i=1,m; 0<<Xm41; j=1,n. Bymem cumrarth, uto
kiIeTka (m-+1, n+4-1) apasgercs onopHoi M o6pasyeT LHKJ,

COCTOSIIIUA TOJBKO M3 OXHOH KJIETKH.
Paccmorpum cayuait, korma Kpome napaMeTpoB 3amayH

H3BECTeH KBasumiIad nepeBosok 0<C ¥;<<dy, i=1,m,
j=1, n. Ilogcuuraem uncaa

n
Xinp=0;— > X5, i=1, m;

=1
_ m _ —_—
Xm1 j=b;— Z; MijXi, [=1,1; (20)
=
_ n
Xm+ nH1=— Z Xm+1 j.

j=1

K ra6mune T no6aBuM HCKycCTBeHHYIO (m-+1)-10 CTPOKY
U HcKyccTBeHHBIH (n--1)-# cronben. Ecau Xmys;=>0, TO no-
JaraeM Cmi1 =M, 0<Xmy1 j<<+00; €CH Xmtq j<<0, TO
nojaraeM Cmp j=—M, —o00<CXmys;<<0. AHaJOTHUHO
HaxoiuM mnapameTprl (n--1)-ro cronbua. Ha Xmiq nts HET
orpanuueHus. [ToM0XKUM Cmit ng1=0; A; nt1=0, i=1, m-41;
At j=1, j=1, n; bppy=0am1=0. Tlapamerpsl HeHcKyc-
CTBEHHBIX KJIETOK OCTAIOTCS MPEXHUMH.

s pacmmpeHHO! 3aJaukt HCKYCCTBEHHbBIE KJIETKH 06pa-
3YIOT HayaJbHYIO OHOpY. YciaoBuMCS KaeTky (m--1, n-41)
CUMTATh LUKJOM, COCTOSIIUM M3 OTHOH KieTKH. PacimupeH-
HYIO 3a7auy pellaeM MeTOJOM, ONHCaHHBIM B nn. 5—7. Jlerko
NI0Ka3aTh, UYTO HAJHUHE OTPULATENBHEIX TEPEBO30K HE BHOCHT
CYIIECTBEHHBIX H3MEHEHHH B aJTOPUTM.

AHanus pe3ysnbTaTOB CTaHAApTeH Aas M-meToma.

MoOXHO NOCTPOHTb HayaJbHBIH OMNOPHBIH TJaH C TO-
MolIbi0 mepBoit (asel gByxdasHoro meroma. JJOCTOMHCTBOM
3TOrO0 METOAA SIBJSETCS TO, UTO TOCJE OKOHUYAHHS TEPBOH
¢a3sl KpoMe HayaJbHOTO OMOPHOTO IJIaHA MOJyYaeTcs HH-
dopmauus ¥ O TOM, CBOIMTCS HCXOIHAs 3anaya K KJacCH-
YeCKOH TPaHCIOPTHOH 3azaye WK HeT. PaccMOTpUM TepByIO
(pasy.

Hafinem uucaa x; ny1, i=1, M; Xmy1j, j=1, n+1, u3 co-
orHowenu#i (20). Ompepmenum mnapaMeTpbl HCKYCCTBEHHBIX
kiaeToK. [Tomoxum A; np1=0, i=1, m+1; A1 ;=1, j=1, 1;
bnr1=am1=0; Cmt1 n41=0; c;;=1, dsj=-+ 00, ecnu x;;=>>0;
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cij=—1, dij=—o00, ecan x;;<<0, i=m—+41 win j=n+1,
(1 ])#(m—l—l n—|—1)

Pemum 3agauy

2 Cint1 Xi np1+ Z Cm+t § Xm41 j—-min,
J—
n+1
qu—a‘n L—l m+1 leJle_bJ’]_l n+l (21)
j=1
0<xij<d‘ij) i=1’ ) j=lr n,

0<<xij<<oo, ecin X4;=>0 } i=m+1 umu j=n-1,
—o00<x;5<<0, ecan %ij<<0 | (i, j)F#=(m+1, nt1).

B kauecTBe HayaJbHOMU OMOPE GEPEM HCKYCCTBEHHBIE KJIETKH.
Ycnosumes kierky (m-1, n+1) cuuraTh LHKIOM, COCTOSI-
IIMM K3 OXHOH kJeTKH. Pemaem 3amauy (21) mertomowm,
ONHCAHHBIM B Tm. 5—7. JIerko mokas3aTtk, YTO HaJHYHe OTDPH-
IaTeJbHbIX [IEPEBO30K HE BHOCHUT CYIIECTBEHHEIX M3MEHEHHH
B QJITOPHUTM.

IIpennonoxum, uro 3amauya (21) pemena. Bo3moxHBI
cnyqan-

a) Z Ci nt1Xi n1+ Z’ Cmtt j ¥mtt j57=0; HcXomHas 3a-
J—
naua He HmeeT pelleHHus;

0) Z Ci n1Xi np1+ Z ekt § ¥mt j=0 1 u;=0, i=1, m;
J__

v;=0, ]—-l,n, T. €. B ONOpPe HEeT HCKYCCTBEHHHIX KJETOK,
kpoMme (m-1, n-+1); mocTpoeH HayaJbHBIH ONOPHBLIA IIAH

nepeBosox'

B) 2 Ci nt1Xi 1+ Z Cm41 j Xm+ 7=0, HO ecTb u;=0
=1
HJIH vﬁéO, T. €. B OIIOp€ €CThb HCKYCCTBEHHBIE KJIETKH, KPOME

(m+1, n+1). Torna umem

Aigjo= max |ui4hijv;].
i=1, m,
=i, n
Ecan Asyjo5=0, T0o oT kinetku (i, ]0) CTPOMM UENOUKY W3
OTOPHBIX KJETOK [0 HCKYCCTBEHHOI ONODHOH KJETKH. JTa

HCKYCCTBEHHAsl OMOpHAs KJIeTKa BHIXOAHUT M3 OIODHI, KJIeTKa
(io, jo) BXOLHT B OHODY.
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[To HOBO# omope CTPOMM HOBBHIE MOTeHHHAJL. Eciau OHH
paBHBL HYJIIO, TO HMeeM cayuaii 6). Ec/iu He Bce MOTeHIMALL
paBHBl HYJIO, TO MOBTOPSIeM TOJIBKO UTO NPOMAEJNaHHBIE OIle-
pauuu. Tak Kak Ha KaXXJOH HTepalMy M3 ONMOPbI yHaJsiercs
XOTs1 OBl OIHA HCKYCCTBEHHAs KJIETKa, TO 32 KOHEYHOe YHCJIO
uTepauui npugeMm Jaumbo K caydaio 6), au60 K cayuaio

As;o=0, i=1,m, j=1, n, u cpeu NOTEHIIHAJIOB €CTh OTJIHUY-
HBle OT HyJd. Bo BTOpOoM ciyuae HMCXOAHasi 3ajaya MOKET
OBITb CBelleHa K KJIaCCHUYECKOH TpaHCMOpTHOH. [leficTBUTENb-

HO, ecJtd Ui+Aij0;=0, i=1, m, ]_1 n, u gu; =0 uan gu;5=0,
10 Bee u;50, v;520, i=1,m, j=1,n. CiegoBaTeabHO,

Aij=—u;/u;, 3Hauur, rank A——l U HCXOIHYIO 3a1a4y MOXKHO
CBECTH K KJIaCCHUECKOH TPaHCIOPTHOH 3amaue.

9. lNpumep. MmeroTcst 3 mMyHKTa NMPOHM3BOJCTBA TONJHBA H 4 NYHKTa
noTpeGJIeHHs TOIJIMBA. 3alaHEl YHCAA Aij — KO3 HIHEHTH TEMIO00TLAuH,
C;; — CTOHMOCTb NEePEeBO3KHM eJHHHIB O0beMa TOIJIHBA M3 i-r0O IYHKTA
j-My noTpe6urento, d;;j— OTPAHHYEHHS Ha MPONYCKHblE CIHOCOGHOCTH
nopor, i=1,3, j=1,4.

Kpome Toro, mpeamnoJiaraercs, 4TO 3aJaH HayaJbHBIH ONMOPHEIN IJIaH
nepeBo3ok. VicxonHble nanHble npuselensl B tabu. VII.2. Has yno6ersa

Tabauya VII.2
g U &

u —2— VORI g

3]
24;1@‘/ 2*2@|5l 6 7 1
211 -31210
|

2
@4 3124
0 77 2

5;/.
?{/.
B 2 1 2

BLIYKC/ICHHH OMOPHBIE KJIETKH GyAeM OGBOAHUThL XKHUPHHIMU auHHAME. Onopa
u3 Ta6J. VII.2 cocTouT U3 OJHOK KOMIIOHEHTH cBsi3HOCTH. Kyerku (2, 1),
2, 3), (3, 3), (3, 1) — umkauyeckue omopHbie. OHM 06pasyioT eIMH-
CTBEHHBIH IHKJ ONMOpPHl. ¥YAaJHUM H3 ONOPH UHKJIMYECKYIO KJIETKY (S, )=

= (2, 1), ocraBIyecss OMOpHbIE KJIETKH 06pa3yioT MHOXKeCTBO Uons. HJIs
rabs. VIL2 Bce Aij=1, (i, j)=Uon«, 3HauUHT, HCXONHAS 3alaya 3amucaHa
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8 KAHOHHUecKOll (opMe OTHOCHTENbHO MHOXecTBa Usms. PaccraBum uH-
JeKChl «+» H «—» AJs ONOPHBIX LHKJHYECKHX KJETOK (MHIEKC 3aMHUCHI-
BaeM DPSIOM CO CTOMMOCTBIO Cij): KieTke (S, t)=(2, 1) npumuceiBaem
HHAEKC «—», HHAEKCHl OCTaJIbHBIX ONODHBIX LHKJIHUECKHX KJETOK OIlpe-
JIensaTcsi ONHO3HAYHO. [lJl MpOBepKH ONTHMAJBHOCTH HCXOLHOTO IMJaHa
Hajflo HalTH NoTeHUHasbl. IIepBHIM HaXOAHM IOTEHUMAJ Uy=10,; 10 (op-
myne (14)
44-2—1—2
V= —— =—3,
1—2

OCTa/IbHble NOTEHIHMAJBl HAXOLUM H3 YCIOBHH Ui+4Uj=cC;ij, (I, j) EUons.
ITo u3BecTHBIM MOTEHIMAJaM HaXOJHM, COrJacHO dopmyitam (12), oueH-
KH A;j IJ1s HEONOPHBIX KJeToK. Uuesa A;; 3anmucbiBaeM B NMPaBbIH HHXKHHK
YrOJl HEONMOPHBIX KJETOK.

Kpurepuit ontumanprocta Aast ta6a. VIL.2 He BEImosHseTcs B KieT-
xax (I, 1) u (3, 2) u Tax xax |Asz| > |Au|, 10 (io, jo) = (3, 2). [Tockoan-
Ky OIOpa COCTOMT H3 OLHOH KOMIIOHEHTH! CBSI3HOCTH, TO MHOMKeCTBO U
(cm. (16)) cocTOHT M3 ONMOPHBIX KJAETOK H KieTKu (3, 2). ITapamerpsr Aij
KJIeTOK MHOXecTBa U 06BeileM KPYXKKOM.

Haiinem uucaa yij, (i, j)=U. [lonaraem yss=—1. Uz ycaosuit (16)
JIETKO HaXOOATCH Yaz=2, Y1s=1Yy2.=0. Ocrajnocp ONmpemejHTb YHCJA Yij
ILJIST OTOPHBIX LMKJAHUYecKHX KiaeTox. ITo ¢opmyne (17) monydaem

—Yr—Yu—Y —241 .

= 1.
1—A21 1—2

Yar1=

OcraJybHble YHCIa Y;j AJS ONODHBIX LHKJIHUECKHX KJIETOK HaXOAHM H3
ycaoBu#t (16).
[TockomeKy As j;=0~232<C0, To MakcuMajpHbli war © HaxXOLHM

U3 YCJOBHH
Xij dij_
s Yii<<0;

Yij Yij

Xi
©®=min {— ! , Yii>0; (i, f)EU}-

Uz taba. VII.2 BuaHO, uT0 O@=—Xx33/y23=1/3, T. e. (i+, j«) = (2, 3).
Ornopnas kjaetka (2, 3) BBIXOAHT M3 OIOPHL, KjeTka (3, 2) CTaHOBHTCS
onopuo#. ITocTpouM [Ijii HOBOH ONOpH MHOXecTBa (S, tim,=(2, 1)
i (Uon«)mos={(1, 4), (2, 2), (2, 4), (3, 1), (3, 2), (3, 3)}. [Tonaraem

as=0g=1, ocrambHbe @i, Bj, {=1,3, j=1,4, HaxoAuM H3 YCJIOBHH
ai—MA:iiB;=0, (i, j) = (Uon+) zos-

Tycrb naBifens uucaa o, By, i=1,3, j=1,4. Hcnonpays ¢opmynst
(19), nonyyaem rta6a. VII.3. Haiinem moreHudanbi A 3TOH TaGCJHLBL

—1—142+43
V=0 = ————— =—1.
1—4
OcranbHBle MOTeHUHAAB HaXOAATCS, KaK B KJacCHYeCKOM MeTOJe MOTEeH-
1HaJI0B.
IToAcuuTaeM OLEHKH A;;j HEOOPHEIX KJIETOK. YCJIOBHS ONTUMAJIbHOCTH
g Ta6u. VI3 He BHITIOJHSIOTCA, TaK KaK X13=1, A;j=—1. MHOXecTBO

U cocTOWT M3 OHNOPHBIX KJAETOK M KieTkH (io, jo) = (1, 1). Ilonaraem

178



Tabauya VI3

([L.
I T
O A A
-1 ] 4le]o0fs)1
O}z O A% O Z1
i 3o fol]2l
! Vi*_ |1U:1 @la_l_% 4_%_ 3
Z0]50]6 0] 0,2
y -l -2 -2 -3
yuu=—1. CornacHo npasuay (16), nonyuaem, uto yu=1, Yyaa=—1,
yss=0. 13 (17) cnenyer
4- (=) —(=1)
Yst=Ya= ————— =1

1—4

ITo npaBuny (16) HaXOAUM Yaa=Yy31=Ys2=0.
MaxcumanbHblll mar © HaX0AUM H3 YCJOBHH

Xij dij—Xij
) Y13<<0;

Yij Yij

®=—xu/y“=1.

®=min{—— , ¥i;=>0, (i, j)eU};

3uauur, (i, j=) =(1, 1). PeanusoBanca cayuyaii, xorga (io, jo)=
= (i, j«)=1(l, 1). HoBmit naan nomeuen B taba. VII.4, nas xoropol

Tabauya V14

B Z NN Z Nz
0|-1|4l2]010]4]
4 |44 1_|25 2'22 1 |52_
eEA e
EZ K Z R Z B %!
51 15 6] jo2

BBHINOJIHSAETCA KPHTEPHiH ONTHMAaJbHOCTH. OnTUMaJbHBIH MJAH HCXOLHOH
sagaun: x11=0, x;2=4, x13=0, xuu=4, X31=10/3, x22=>5/3, x2a=0,
X = l, X31= 1/3, X32=— 1 1/3, x33=3, X34=0.
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10. OGcyxneHue 0000IWIEHHOH TPAHCIOPTHONH 3ajmau.
B 3amaue (1) B myHKTax IPOHM3BOACTBA 06BEM MPOH3BEAEH-
HOTO TOIJIMBA BbIpaxkaeTcs B TOHHAX, B MYHKTax motpeGJe-
HHs 06beM INOTPe6JsseMOro TOMJIMBA BhIPAXKaeTCs B KaJlo-
pusix. Bosmukaer Bompoc: He cBomuTcs Ju 3agauva (1)
K TPAHCHOPTHOH 3ajauye, ecJd OOBEMBl MPOU3BOACTBA M3Me-
psaATh B Kajopusax? IlycTe yij — KOMMYECTBO KaJOpHH, MOJy-
yaeMoe OT CXKHTaHHA (-0 TOILIMBA B j-M IyYHKTe IIO-

TpeGsienusi. Beenem o6o3HaueHus: Nij=1/M\ij, Tij=0ci;/Mij,
dij=Mijds;. Torna sagava (1) sanumercs B BUZe

n
2 Cijyi—min,
J=

n m
2 Miij=ai, 3 Yij=0b
j=1 i=1

0<y1]<a11) = 1) m, ]: ly n,

Ms

,.
|
LS

T. €. C TOYHOCTbIO 110 0603HAUEHUI He H3MEHHUIaCh.

OnHako ecnu 3 (EKTUBHOCTb HCIOJB30BAHHSI KaXIOrO
BH/la TOIJIHBA ONMHAKOBA BO BCeX HYHKTax noTpebJeHHd,
T. €. KO03((UIUEeHTH 3aBHCAT TOJbBKO OT HHAeEKca i
Mj=a;5=0, i=1,m, j=1,n, 10 3amaua (1) cBomurcs
K KJacCHYecKOd TPaHCHOPTHOH 3ajaye Iocjae 3aMeHBI
Yij= AiXij, a;=0.ia;, Eij=cij/oci, &ij'-:a.idij. AnaJsoruyso
sagaya (1) cBomuTCs K TPAHCIOPTHOH 3ajaye, €CH BO BCEX
IYHKTax IPOM3BOJHUTCS TOIIMBO ofHOro BHaa. Mcxoms us
n. 1, MOXHO yKasaTb U Apyrue HeopMa/abHblE CAydyaH CBO-
IUMOCTH 0600UeHHOH TPAHCIIOPTHON 3a/1aul K KJIaCCHUECKOH
TPaHCHOPTHOH 3ajaue.

C npyro#l CTOpPOHBI, 3alauH BHIA

cijyij—ymin,

>

AM:

n m
2 WiiYi=0i 217 Viilii="bj,
i= 1=

0<yz]<dz], M‘L]>0 ‘V’LJ>0 =l , ]= ’n’

Ha TepBHI B3raAnL Gosee obuixe, uem 3amauya (1), c mo-
MOIIbBIO 3aMEHBl Xij==Wij¥ij, hij=Vii/Wijs Cij="Cii/ Wij, Aij=
=u;;d;; cBogATCs K 3agaue (1)

180



11. JiBofiicTBeHHbIi onopHbii meTon. MoctaHoBKa 3agaun.
Hapsny c samaueii (1) paccMOTpHM IBOHCTBEHHYIO K Hell
3ajmauy

m n
2 a;ui-+ 2 bjv;— > 3 dijwi;—~max,
i=1 i=1 j=t (22)

Uithijv—wi < cy5, 0;=0, i=1,m, j=1,n.

,ZIBOI‘;ICTBEHHI:IM IIJIaHOM II€PEBO3OK 6YI[6M Ha3bIBaTb CO-

BOKYIIHOCTDb uHcen {ui, vj, Wy, i=1, m, j=1, n}, ynosaerso-
PAIOIIYIO OTpaHHYEHUAM 3anaun (22).

C kaxAblM ABOHCTBEHHBIM IJIAHOM CBS2KEM COBOKYITHOCTb
qHCeJ

8={8sj, i=1,m, j=1, n}, 8ij=ui+hijuj—ci; (23)

KOTOpPYI0O Ha3oBeM KomjaHoMm (mepeBos3ok) samaun (1).
B nanbHefiiem mpenmosaraercs, 4YToO 3J1€MEHT @ IBONCTBEH-
HOTO IJIaHa COTJIacOBaH C KOIJIAaHOM §:

wi;=0 npu 6;;<<0 u w;;=2~0;; npu 6;;>0. (24)

Ecan 3TH COOTHOIIEHMS He BHIMOJHSIOTCS, TO, HE H3MEHSS
KOIJIaHA, MOXHO, yMEHbIIasi KOMIOHEHTHl W;j, JOOUTbCSH
YBeJHUeHHs IleseBOH (GYHKIUHM NBONCTBEHHOH 3anauu.

ITyctsb k Hauasy pemenus 3apauu (1) xkpome mapameTpoB
Cij, Mij, dij, @i, b; H3BeCTEH HayaJbHBIH ABOMCTBEHHBIN MJIaH
IIepeBO30K (HJIM, YTO TO K€ caMmoe, HauyaJbHBI KOMJIaH).
Hapo HafiTh onTuManbHBIH IVIaH I[epeBo3ok. B mm. 5—7
ONTHMAJbHLIHA IJIaH NEPeBO30K IOJYYaJCsl C IIOMONIbIO MO-
CJIeOBATENBHOTO IpeoOpa30oBaHus NJIAHOB [IEPEBO30OK 3ala-
un (1) (mpsamoii meron). B nBoficTBeHHOM Meronme AJA
HNOCTPOEHHs ONTHMAJbHOTO IIJIaHA NMEPEBO30K HCIOJb3YIOTCA
nocJenoBaTeNbHEE Tpeofpa3oBaHys IBOHCTBEHHBIX IJIAHOB.

Onpenenenune. [Mapy {8, Uon} U3 KOmIaHA U OLOPHL
3amauu (1) Ha30BEM ONMOPHEIM KOIJIAHOM.

Komnonentsl xomtana 6;ij, (i, j) & Uon,— OnopHbBIE KO-
nepeBo3ky; Oij, (i, j) & Un,— HeONmOpHEIE KONEPEBO3KH.
OnopHEIA KOIJIAH Ha3bIBAE€TCS HEBHIPOXKAEHHEIM, ecCJH He-
OTOpHbIE KOMEPEBO3KH OTJIHUHEL OT HyJs. VicxonHble NaHHbIE
060011eHHON TpaHCOPTHOH 3amaun (1) ¢ OmOpHHIM KomJa-
HOoM {6, Uon} 3anocaTcs B Ta6s1. VIL.5. Kak u panbiue, mpen-
moJiaraeM, uTo 3agaua (1) sanucaHa B KaHOHHYECKOH (popMe,
cootBeTcTByIOIIeH MHOXKECTBY Uome, H LHK/JIMYCCKHM OIIOP-
HBIM KJI€TKaM IOCTAaBJIEHBl 3HAKH «—-» HIH «—>.
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Tabauya VIS

q, 7
Ao P | A
Z/ml&mf 7szlﬁmz xmnlﬁmn

12. Ilcesponaan nepeBo3ok. IIpupamenue IBOACTBEHHOM
uenesoii pynkuuu. ITo onopromy xonnany {8, Uon} mocrpoum
IICEBIOIJIAH IepeBo30K x= {xij, i=1,m, j=1, n}. Heomop-
Hbl€ IICEBIOIEPEBO3KH %;j OJ0KHUM PaBHBIMHU

ni;==0, ecin 8:;<<0; nij=di;, ecmu 8:;>0, (i, j) EUxn. (25)

OmnopHble NCEBAOTEPEBO3KH %ij, (I, j) =Uon, 0MHO3HAUHO
HaULyTCA U3 YCJIOBUHU

S wi=ai— X wij, =1,

i€ Uow =i ’ (26)

2 Minig=bi— 3 hijuij, j=1,n
i€T U, 1T ,(Uy)

Uucna %;j, COOTBETCTBYIOILHE OMOPHBIM HEUHUKJIHYECKUM
KJIeTKaM, HaX0HATCS TOYHO Tak e, kKak B § | ra. II. Ilycrs
Ha#ileHBl OMOpHBIE HEUUKJIHYECKHe IceBmonepeBo3ku. Ilon-
cuMTaeM yHcaa

d'L:ai 2 Aijs L——](UHHHJI)
i=1, m, jET,Ue™)
5]=b]—“ Z X ?\11,]%1], ]eJ(UnMHH)

T = n
=1, m, i€L,Usy )

KHJX
rne U™ — MHOXKeCTBO OTIOPHBIX UIHK/IMYECKHX KJETOK.
Torma

pty= ( X dGi— 3 b;)/(1=Asy,), k=1, N.
ieruy ) jeruy ™)
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OcTaJsibHBIE OTOpPHBIE LHKJIHYECKHE IICEBIONEPEBO3KH JIETKO
HalTH U3 ycaosuil 6ananca (26), kak B § 1 ru1. I1. [TonyueH-
HBIH NCEBIONJIAH MepeBO30K 3aHOCHM B Taba. VILS.
Hapsiny ¢ nBoficTBeHHBIM I1aHOM {u, U, W} U COOTBET-
CTBYIOLIMM eMy omopHbIM KomiaHoM {8, Usx} paccMoTpuMm
NBOMCTBEHHBIH mnad {d, 0, @}, d=u-t+Au, T=v4Av,
W=w-Aw, u cOOTBETCTBYIOIIUH KonynaH §=~0-AJ, cunuras

BEKTOp @ corsnacoBaHHBIM ¢ BektopoM 8. Halimem mpupare-
HH€E IBOHCTBEHHOM Ie/1eBOH (PYHKLUHHU

o= 2 a‘LAu‘L-I_ 2 b; AUJ Z Zn’ dijAwi,-.

i=1 =1 j=1

C yuetom (23)—(25) monyunm

OL=£’Aui( > wiit 3 owi)+

i=t jedUqn) jel Uy

+ 2 Av; ( ) 7"11%11"‘ 2 7"1]%1])_ 2 Zn’dewu—

=1 el Uy i=1 j=1

= 2 %Dyt X wiAdi— 3 3 dijAw;.

(1, )€Uy (i, )€U, i=1 j=1

ITockonpky mpu 6;;=>0, 5},-;0, (i, j)=Uxn, umeem wij=dij,
Aw;;=A08;;; mpu 8;;<<0, Sijgo, (i, j)EUH, umeeMm :;=0,
Aw;;=0; npu 6:;;>0, Sij<0, (i, j)=Us, umeem wnij=d;j,
Awij=~—6ij; npu 6;;<<0, Sij>0, (i, j)EUH, umeeMm %:;=0,

Aw;;=208;;, To bopMyna mpHUpalleHns NBONCTBEHHOH IIeJeBOH
(OYHKUUY DPUHUMAET BH]I

a= 3 (%:;A8;—dijAws;) +

(&, €U,y
43 = (27
+ X iy — 2 dibi
850, 8,;<<0, 6;;<0, 8;;=>0,
(1, j)EUY (z, j)eUy

13. Kputepuit ontumanbHocTH. JlocTaTouHble YCJAOBUS
cy6ontumanbHocTd. ITycTh  oOmopHble IceBHONEPEBO3KH.
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NOCTPOeHHble 1O oflopHoMYy Komnany {8, Uon}, yHOB/IeTBO-
PSIOT COOTHOIIEHHUSIM

%i;=0 npu 6:;<<0; wi;=d;; npu 6;;>>0;
0<<wi;<<dyj ipu 845;=0, (i, j)€EUon.
OquHI[HO, 4TO IIPU 3THUX YCIOBUAX % ABJSETCS IIJIaHOM nepe-
BO3OK.
HOCKOJIbe 3HauyeHHe IieJeBOH (byHKHHH HpﬂMOH 3apauyna

(1) Ha maHe % K 3HaYeHMe LeeBOH QYHKIUH JBOACTBEHHOM
3ajaun (22) Ha ABOACTBEHHOM ILTaHe {i, v, W} COBIAJAIOT:

27' 2 Cijhij= 2 2 (Uit-Aiju;—08i5) nij=

i=1 j=1 i=1 j=1

(28)

3

n

2 us 2 nij+ Z: Uj 2 S 2 611 ij=

i= j=1

m

n
2 it 3 bjv;— 2 2 dijWij,
=1 =1 i=1 j=1
TO ¥ — ONTHMAaJIbHBIH IIJIaH l'IepeBOSOK
Iycrs {8, Uon} — HEBLIPOXIEHHBIH ONTHMAMBHELE OTIO

Hblli Komsan. Torga, mo TeopeMme ABOHCTBeHHOcTH [MO li
CymIecTByer ONTHMAaJbHBIA IJIaH IIEPEBO30OK X. Hs HEBBIPDO2K-
JEHHOCTH KOIlJIaHa H yCJIOBHﬁ ﬂOHOﬂHﬂ}OIﬂeﬁ HEXECTKOCTH

xgj (u(;. —[—M,-vg'. —wg.j—cij) =0, ng (xgj —di;) =0, i=1,m,

j=1, n, cnenyoT cooTHoueHus (25) Mg HEONOPHBIX KOMIIO-
HEHT X;; 1aHa nepeBo30k. CooTHoenus (28) Ajs ONOPHLIX
KOMIIOHEHT X;; IIJIaHA NEPEBO30K CYTb CJEACTBHS YCJOBHH
JOTIOJIHSAIOIEN HEXKECTKOCTH H OrpaHHyYeHHH 0O6OOIIEeHHOH
TpaHcImopTHOH 3amauu (1).

Takum o6pasom, cipaBelJuBa

Teopema. CooTHomenust (28) mocTaToOyHBl, a B ciayyae
HEBBIPOXKIEHHOCTH H HEOOXOZMMHl JJfi ONTHMAaJbHOCTH
onoproro komiaua {8, Uon}. IlceBIomnaH NepeBO30OK X,
COOTBETCTBYIOIME yKasaHHOMY onopHoMy Komnany {8, Uen},
SIBJITETCH ONTHMAJIbHEIM IIJTAHOM IIePEBO3OK.

Paccmorpum onopHeiit Komia# {8, Uon}, OOPHBIE KOMIIO-
HEeHTBl IICEBIOMNJIAaHA KOTODOro YIOBJETBOPSAIOT OrpaHHye-
HuAM 0<<wi;<<dij, (i, j)=Uon. SlcHoO, 4TO % fABJASETCA IIA-
HOM InepeBo30K. [lofcunTaeM A/ HEro YMuCJIo

=— 2 Oimi;+ 2 8ij (dij—ni3) -
8;;<0, 8>
(@ J)EUon (, 1)er,1
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[TokaxeM, 4YTO % — e-ONTHMAJbHBIH MJaH IEpPeBO3OK.
Hcnonbays Ompeie/IeHH s (23), (25), coorHowmenus (24),
(26) u Teopuio IBOHCTBEHHOCTH, JIETKO NMIOKA3aTh, YTO

e=— 23 Oywii+ 3 8i(dij—wiy) =
8,.,<<0 6,.>0
(i’ j)EUOII (i j)EUou
= 2 61]%1]"_ 2 613 (dzy_%u) ==

11\

= Z 2 611”1J+ Z 61] ij=

i=1 j=1

(UitNijvj—cij) %ij+ Z Zd”w”—

i=1 j=1

III
M
M= .TlM:

m

m n
Uj Z Nigwij+ > 3 cijwi+

i= 1=1 j=1

Ill
M

i
i

Us; Hij—

&M:

-

J

dijwij=— Z Ailli— Z bjvi+ 2 Z dijwij+

i=1 i=1 j=1

_|_
IMs
M:

(%
-

m

n
Cippij=— > 3 Cuxu + Z 2 Cij%ij.

1 i=1 j=1 =1 j=1

+
‘Mg
M:

I
LS

1 J

Orciona CJIEAYEeT yTBEPXKIACHUEC 06 e-OnTHMAaNbHOCTH.

14. Yayuymenne Komjana nepeBo3ok. [Iycts {8, Uon} —
OINOPHBIH KOIJIaH [IEPEeBO30K, HA KOTOPOM COOTHOIIEHHs (28)
He BBIMOMHSIOTCA. VI3 dopmynbl mpupamienus (27) BHIHO,
4TO [BA MOCJHEIHUX BBIPAXKEHHS He BO3HHKAIOT, €CJIH OHOp-
Hbl# kom1aH {6, Uon} HEBBIPOKAEHHBIH U ero BoaMyleHne A
nocraTouyHo maJjo. McenenyeM 3ToOT cayuaf.

[yctb 8:5<<0, (i, j) =Uon. CooTHOmeHNs (28) He BBHIIOJ-
HAIOTCS, ecld %i;7=0. [Ipu mManbix Bo3myuieHuax Ad;; HMeeM
8:;=38:;-+A6;;<<0. CiienoBarenbHo, W;;=0, @;;=0, Aw;;=0
" o=%;;A8;j, T. €. %i; — CKOPOCTb U3MEHEHHSs IBOHCTBEHHON
1esneBofl GYHKIHHU B TOYKE § IMpH M3MEHEHHH eJHHCTBEHHOH
ONOPHOM KOMIIOHEHTHI ¢ HOMepOM (i, j).

[Tycte 83;=>0, (i, j) &Uon. CooTHOmEHHs (28) He BHINOJ-
HAIIOTCS, €CNH %i;7=d;;. [Ipu Manbix Bo3myiieHusx Adi; ume-

€M 61J>0 ww—6u, w11—611, Aw”—A(S” H o= (%13
—d;;) A5, T. e. Temepb yKas3aHHas BbIlle CKOPOCTb DaBHa
(ij—dij) .

[yctb 8:5=0, (i, j) &Uon. Coornowenus (28) He BEIION-
HstfoTest PH %45 & [0, dij]. Ilpu manbix Ad;; umeem 6:;=>0,
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Aw;;=A8;;, ecain Ad;;>0u si,-<0; Aw;;=0, ecaiu A8;;<<0,
COOTBETCTBEHHO

o= (%ij—-d«;j)Aﬁij npu A(Sij>0;
a=ux;;A0;; mpu A8;;<0.

Taxum o6pasom, npu 8;;=0, x:;>>d;; CKOPOCTb BO3pacTaHUs
IBOMCTBEHHOH IleIeBOH (DYHKUMH paBHA %i;—dij, a NpU
8:5=0, %:;<<0 oHa paBHA ;.

B cnyuae BeipoxkpenHoro komnasa {8, Uon} H3MeHeHHE
OIIOPHOM KOIEPeBO3KH MOXKET BBI3BATb H3MEHEHHE HyJIeBOH
HEOIIOPHOH KOIIePeBO3KH Tak, uTo B hopmyJse (27) mosiBUTCS
OJIHO M3 IBYX NOCJEIHUX BhIpaxKeHUH. DTO MOBJHUSIET HA CKO-
pOCTb U3MEHEHHS NBOMCTBEHHOH I1e/eBOH (HYHKIIHH.

Cuoenyst KJ1acCHYECKOMY NMPOTOTHUIY M3J1aTaeMOro METOJa,
OyIeM Ha KaXKAOi HTepalHd U3MEHSITh 3HAUeHHe eNUHCTBEH-
HOH ONOPHOH KomepeBO3KHU. [IepBLIA 3/eMeHT MpHHUIUNA [0-
NYCTUMBIX HalmpaBJeHHH COCTOUT B TOM, UTO BhIGUpaeTcs Ta
KonepeBo3ka 0iyj,, NPH H3MEHEHHH KOTOPOH JBOUCTBEHHAS
neneBas QYHKIWS YBeJHUUBAETCS C HAHOOJBLIEH CKOPOCTHIO
|00|. TIpenpiayuiye BEIYMCIEHHST NPHBOAAT K CJELYIOUIUM
onepanusaM. B omopHbix kaetkax (i, j) &Uon, B KOTOPHIX He
BBLITIOJTHAIOTCST COOTHOLIEHUsT (28), OTMETHM UHCJIO %i;, €CJIH
0:;<<0 miu 6:;=0, %;;<<0, U uHcIO %ij—'dij, ecan §;;>0
unn 8;;=0, x;;>ds;;. JIna ymno6cTBa KaxKaoe OTMEUEHHOE
YHUCJO NOMECTHM B HUIKHHH TPEYTOJbHHK COOTBETCTBYIOIIEH
kiaeTku Tabs. VIL.6. O6o3nauum uepe3 o u (io, jo) OTMeUEH-
HO€ YHCJIO C MAKCHUMAJbHBIM MOXYJEM H KJETKY, B KOTODPOH
OHO Haxomutcsl. [IBoiicTBeHHas ueneBass (QYHKLUHS Bo3pac-
TaeT CO CKOPOCThIO |@|, ecn Adsj,=0 sign @?, 0=0.

Bropoit aMeMeHT NMpHHLIMIA IONMYyCTUMBIX HaNpaBJeHUH
COCTOMT B TOM, UTO IIAT O YBEJHUYHBAETCH JO TEX IIOp, IOKA
BO3pacTaeT JBOMCTBeHHAs liesaeBasi QYHKUUS M He Hapylua-
IOTCSI OTpAHHYEHHUs] ABOHCTBeHHO! 3anaun. [lockoabKy BEIGO-
pPOM KOMIIOHEHTHl @ IBOHCTBEHHOrO miaHa {u, U, @} MOKHO
Bcerja MOGUThCS BBIMOJHEHHUS] OTPAaHMUYEHHH, TO NP BBIYHC-
JIEHHH MaKCHMaJbHO NOMYCTHMOTO IIara ¢ 6yaeM yYHTbIBaTh
TOJIKO BO3pacTaHue IBOACTBeHHOH LeneBod dyHkuuu. O60-
3HAYUM Yepe3 0;; MAKCUMAaJbHO JONYCTHMBIH IIar, KOTOPHIH
06yCcoBJeH KOMIOHEHTOH §;; KOIJIaHa.

Haunem ¢ omopuo#t ki1eTku (lo, jo). TTockombky Abiyj=
=0sign ®%, To mpU 835, >0, ©°<<0 uaH 81pj,<<0, 0I=>0

npu ware |8;j,| KomepeBoska 8iyjo="0iojo+Adi0j0=0. [Lab-
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Helilllee M3MEHEHHE KOMIIOHEHTHl §i,;, BENET K YBEJHYEHHIO
JIBOHCTBEHHOH 1Le71eBOH (PYHKIHH, €CIH Xiyj,<0 mpH Oiyj,=>0
HILH %i0j0—d 495 =0 TIpH 81y5,<<0. Takum obpasom,

iojo={ |6‘iojo|’ €CJIHN Og%‘iojogdiojo; (29)

00 — B OCTaJIbHBIX CJayudasx.

[Tepeiinem k HeonopHeM knetkaM (i, j) &Ux. Vamenenune
OIIOPHOH KONEepeBO3KH Oi,j, BEI3BIBAET H3MEHEHHE YaCTH He-
OTIOPHBIX KOIEepeBO30K. 3aBUCUMOCTb MeXay Abij, (i, j) EUs,
1 Ad;,j, MOXHO OOHapyXHUTb, €C/AM BCIOMHHUTb CBSI3b MEXIY
06001leHHOH TpaHCIOPTHOH 3ajmavell u obmiell 3apaued Jiu-
HEMHOro mporpaMMupoBaHus [4u. 1, HBOKCTBEHHBIH MeTom]:

A8:=Ab8onAon Au==A8:y;oQiojoAn,

—1
THE Qigjo={Vt, - - - » Yms» M, - - . , Wn} — CTPOKA MATPUUBl Aor,
COOTBETCTBYIOIlAs OMOPHOH KOIepeBO3Ke &;,j, KOMJIaHa
{8, Aon}. ITyctb kaeTKa (io, jo) NIPUHANIEKHUT k- KOMIIOHEH-

Te cBssHocTu omopbl U, Halimem uucaa vy (=1, m, pj,

j=1,n. Ilonaraem y:=0, i €[(Ux); pn;=0, jJ(Us).
Paccmorpum cayuau: 1) (io, jo) — OmopHasi HeUMKIHYECKas

KaeTka, 2) (io, jo) —ONOpPHAs LHUKIMYECKas KJeTKa. B mepsom

cayuae y;=0, iEI(U;fmm); u;=0, jEJ(UEHM). OcranbHblE

Vs, Wj JIETKO HABMYTCA U3 YCJIOBUHU
vitwi=0, (i, /)7 (io, jo), (i, NE UR\UL" ;
YViotpio=1.
Bo BTOpOM ciyuae BHavaJje HaXOLUM
__(=Dr
Mtk— l—xshth s

rae
0, ecnu Kiaerka (i, jo) AMEET 3HAK «-»;

P= 1, ecan kaerka (io, jo) UMEET 3HAK «—».

OcranbHbIE Vi, Wi, (i, ) Uk, HalileM H3 yCAOBUI

'Yi—l-].l.j:o, (l, ]) ;& (Sk, tk)) (1') ])7E (io, jo)’ (l» ])EUR’
Vietio=1,
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ecnu (Sk, tn) = (io, Jo), TO INOC/HenHee YyCIOBHE HE YUYHUTHI-
BaeTcd. Tenepb MO2XKHO JIETKO IIOACUUTATL NPpUPAIlEHUsS He-
OIIOPHBIX KOIIEPEBO3OK

A8ij=Ab:yj, (Vi+Mijn;) =0 sign o - (yi+Aip;), (i, j)EUn

Uucna sign o°- (yi+MAiju;), (i, j)EUs, 3anucbiBaeM B HHXK-
HHX TPEYroJbHHKAX HEOMOpHBIX KjaeTok (cM. Taba. VIL5).

[lar no HeomopHbIM KoMnoHeHTaM &8;; (8:;7=0, T. €. pac-
CMOTPHM HEBBIPOXKJEHHBIH KOIJIAH) paBeH

—8i;/sign @° - (vithijn;),
ecaH 05 sign @O - (yit-Aijp;) <O

00 — B OCTaJIbHLIX C/yuyadx.

Gij=

[Tycts
oi*j*=min {O'ij, (i, j)EUH, O'iojo}. (30)

Ecau 0;,;, =00, To 0600I1eHHass TPAHCIOPTHAs 3ajaua He
HMeeT IJIaHOB IepeBo3oK. [1pu 0;,j, <oo menaeM Iuar BesH-
YHHEl O, j,, KOTOPBIH NPUBOJIUT K HOBOMY KOIJIAHY Onos. [1pu
(4y j«) = (io, jo) omopa Uoy 1 MHOXKecTBa Uon. He MEHSIOTCS.
Ecau (i., j«) 5= (io, jo), TO U3 omopsl Uen ymassieM KJIeTKy
(fo, jo) u moGaBssieM KJIETKY (ix, j»). Il HOBOH OMNOpHI
ctpouM HoBoe MHOXKeCTBO (Uons)mor. UTOOH mepeliTH K HO-
BoH Tabuiule, HaigeMm uucaa ai, i=1,m, B;, j=I1,n, xak
B 1. 7, KOTOpble TIO3BOJISIIOT 3amUCcaThb 3aflauy B KaHOHHYe-
ckoil popme orHocuTenbHO MHOXKecTBA (Uom«)mos. B HOBYIO
TabJMIy 3anuIIeM YHCIa

81j= (84j+A84;) [ ou, Mig=Mi;Bi/ oti,
- - ~ . — . —— (31)
dij=dsjo;, Ai=a;a;, bj=0b;p;, i=1,m, j=1,n.
Ecau BBITONIHSIETCST KPUTEPHH ONMTHMaJAbHOCTH (ycsoBHe Cy6-
ONTHMAaJIbHOCTH), TO ONTHMAaJbHBIH IJaH NEePeBO30K 3afauu
(1) maxomum mo dpopmysnam

nex
ij

dsj

0
xij =%ij

ucx
a3 —
b b

(xf'j =M%ij dor i=1 ’]=1)n,
1]

o HICX
rae ®ij, dij B3ATHl M3 IOCJIeIHEeH TabuauiEl, d;; — HCXOIHOE
3nauenue d;; B sagaue (1).
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3ameuanue. ,HJIH 3a/lay ¢ IBYXCTOPOHHHUMH OrpaHHUYEHUSMH IO-
CTpO€HHE HavaJbHOrO ONOPHOro KOIIaHa He NMpeACTaBJSeT Tpyaa. Jlo6as

COBOKYIHOCTb YHCeN Ui, (=1, m; vj, j=1, n, 3afaeT ABONCTBEHHBII NJaH
{4, v, W}, ecan MONMOXKHTD W;;=0 NpPH U;+A;ijU;—Ci;<<0; Wij=u;
+-Aijui—ci; npu ui+Aijv;—ci;>0.

15. Mpumep. [TycTb umeercs n npexnpusituit By, ... , B, Ha KOTO-
peIXx mpousBoaATcs m u3feaud. OGO3HAauMM uyepe3 C;; Ce6eCTOMMOCTb
NPOU3BOACTBA i{-TO M3JeJHS Ha j-M TNPEANPHATHH, X;ij — YHCJIO eIMHHIL
i-r0 H3lleJIMsl, KOTOpPOe [OJ/DKHO NPOM3BOAHTBCA HA j-M NPELNpHSITHH,
d;; — MaKCHMaJIbHOE YHCJIO e[MHHIL i-FO H3JeJHs, KOTODOe MOXKET GHITh
NpPOM3BENEHO Ha [-M TpPENNpUATHH, f;j— BpeMa (yachl), KOTOpOE
3aTpayHBaeT j-e NMpPeANpPHUSATHE HA H3TOTOBJIEHHE €NUHHILI i-TO H3AEJHS,
@t — KOJIMYECTBO eJHHHUIL i-TO H3[eJHs], KOTOPOe JOJKHO GBHIThb BBIMYIIEHO
10 IJIaHY BCEMH NPENNDHSTHAMH, b; — KOJHYECTBO UacOB, IJIAHHDYEMOE
j-MY TpeNpHSTHIO HA BCe BHAB u3lenus. TpeGyeTcss Tak pacnpelenuThb
H3[eJHs MeXAy NpeANpHSTHAMH, 4TOOB: 1) 0GbeM NpPOH3BOACTBA MO
KaXXJIOMYy H3[eJHI0 COOTBETCTBOBAJ IJIAHOBOMY 3aJaHHIO:

n —
Z’ xi;=a; =1, m;
i=1

2) BpeM#l, BbIIEJNEHHOE KaXKAOMY NpEINpPHATHIO, GBLIO H3PacXompo-
BAHO:

m —_—
) tijxig=bj, j=1,n;

i=1

3) o6bem NPOHM3BOACTBA i-TO H3JeJHS Ha j-M NIPEINpHATHH He Ipe-
BbILIIAJ MaKCHMAaJbHO AONYCTHMOTO:
0<<xi;<<dij;
n m
4) oburas ceGecTOMMOCTD Z Z’ CijX;; Oblla MUHHMAaJbHOI.
j=1 i=1
CpaBHHB 3ajady pacnpefesieHHs] H3JeNHil MeXAy HpeANpHATHIMH
H 0GOOLIEHHYI0 TPAHCIOPTHYIO 3ajady (1), yBHAHM, 4YTO HX MaTeMarHye-
ckue mozenu coBnajaioT. (IToatomy MHOrAa 0GOGIIEHHYIO TPAHCIOPTHYIO
3aJayy HasbIBAIOT pacnpejenuTesbHON.) PaccmMorpuM 3ajauy pacmpene-
JIeHUsl M3AeJHH MeXAY NPeANPHSATHAMH C HCXOJHBIMH [JaHHBIMH, NpH-
BeleHHBIMH B Ta6ja. VII.2. OueBHIHO, YTO ONTHMAJbHBIH NJaH IaHHOH
3alayd ¥ ONTHMAaJbHBIA [UIaH 3aJauyd, paCCMOTPEHHOH B m. 9, COBIAJAIOT.
TIpenmoJioxKuM, Y4TO YCJIOBHSI 3afladd HECKOJbKO HM3MEeHHJHCh: IJIaHOBOE
3allaHHe MO MepBOMY H3feJuio crajo 9 emunul. UToO6H Jyyllle HCIIOJb-
30BaTh MHGOPMALHIO, NOJYYEHHYIO NIPH DelleHHH CTapoH 3alaul, HOBYIO
3afayy GyleM pelllaTh JBOHCTBEHHBIM METOJOM.
Ilo ta6a. VII.4 cocraBum Tta6muly A OBOHCTBEHHOTO MeTOHa

(ra6a. VIL.6). Yucna A;j, i=1,m, j=1,n, apagiorca 6a3HCHBIM KOIuIa-
HOM HOBOH 3amaud. OmnopHble KJIeTKH O0CGBelleM XHDHBIMH JHHHSIMH.
KpuTepHii ONTHMAJLHOCTH He BLIIOJHAETCH, TAaK KaK Xpp=3, d2a=2.
3naunt, 0°=1, (i, jo) =(2, 2). [Tapamerp A:;; knetku (io, jo) O6BELEM

KpyxKom. Halinem uncna yi, i=1,3, u pj, j=1,4. lna HeomOpHEIX KJe-
TOK BBIUMCIMM uHcaa sign ©°- (yi4-A:in;), (i, j)€Un, u 3amumem ux
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Tabauya VIIL6

If
4
7 1

o~
I~
o)
©
S
r-NlN
Kes
|
=}
[SVE=N

[slofslofol1]olo
A I I Z
2,0]6,0]6,0]0,-2 i 2
A N 6 5
R
L 73 3 3 3
1 1 1
B2 2 J 1

B HHXHeM TpeyrojpHuke KiaeTok (i, j)&Us. Tlo dopmynam (29), (30)
HalifleM War oi,;,=023=3/2. Knetky (i, j+) TakxKe 06Be/ieM KPYKKOM.

Kuaetka (2, 2) BBIXOZMT U3 ONOpHI, KJeTka (2, 3) CTaHOBHTCS ONOPHOM.

Tabaruya VIL7

a;
912 12|4 3141178 .
0 1] 4%]0 1|5
72 |4 172 1271113
R . b -6
7 2lg )zl ]O]
192111511 141312 .
_F_L 4 L4 Rivd
2' 2 | %| 0|-1§
[
6 7 : 3 5

Ucnonsaya dopmyns (31), nepexogum x tabn. VIL7, nna xoropo#
BLINOJHSETCH KPUTEDHi ONTHMabHOCTH. Uucaa xij=xj3=Xa =X =0,
x1g=4, x,4=5, x21=5/2, X22=2, )C23=3/2, x31=2, x32=7/2,
Xx33=23/2 — onTHMaNbHEIH NJ1aH HOBOH 3aLauH.
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§ 2. 3agaua 0 NOTOKe MMHMMAaNbHOM CTOMMOCTHM
Ha 0606 eHHOM ceTH

1. Mocranoska 3amauu. CBsA3b € KJaccHuyecKol 3ajauei
0 NMOTOKe MMHMMaJbHO# croumocTtu. Paccmorpum cetb S=
= (I, U) ¢ muoxecrBamu y3nos [ u gyr U. ITyctb kaxgomy
y3ny (el mnpunucaHa HHTEHCHBHOCTb @; (KaK W paHblle,
a;>>0 COOTBETCTBYeT HCTOYHHKY, a;< 0 — cTOKy, a;=0—
TPaH3HUTHOMY y3Jy), Kaxnoi nyre (i, j) mpumucaHa Inpo-
nmyckHast cnoco6HocTh ds;=0 u uucmuo A =>0.

Puc. VILI

Uwucno 0<Cx;;<d;; Ha30BeM NYIOBBIM IOTOKOM IIO AyTe
(i, /). B xonue kaxpmo# ayru (i, j)U moMecTHM NYHKT
¢ napamerpom A;; >0 (puc. VII.1), B XxoTopoM myroBoi mo-
TOK X;; npeoGpasyercs B IOTOK A4jXij, HEMOCPEICTBEHHO
MOCTYNAIOLIKA B y3ell j.

Onpenenenue COBOKYNHOCTb YHCEN

x={xij’ (i’ ]) EU}

HasblBaeTcs MOTOKOM Ha 0OO0OIIEHHOHN CeTH, €CJIU

Z—Xij — 2 Kjini——‘ai, iE[; (1)
jerf jer;
ngi]'gdij? (l’ ])EU’ (2)

rae I¥ ={j: (i, U}, I7 ={j: (j, )sU}.

Ecau Ha coBOKynHOCTH uncen x= {x;, (i, j) U} BvImOI-
HSIOTCS TOJIbKO paBeHcTBa (1), TO ¥ — mceBmomoTok. Ecnu x
YIOBJETBOPSET TOJNbKO HepaBeHcTBaM (2), TO TOBOPAT
0 KBa3HIIOTOKE.

[Tycte Ha xaxno# ayre (i, j) U 3agano uucyo ¢;;>0 —
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CTOMMOCTb €IHHHYHOTO MOTOKa (X;j==1) u3 y3na { B y3sesn j.
OyHKIHIO
> Cijkij 3
(i, U
Ha30BeM CTOHMOCTbIO IIOTOKA.
3azaya 0 IOTOKE MHHHMAJbHOH CTOMMOCTH Ha 0606IeH-
HOH CEeTH COCTOMT B MHHUMH3ALHH Ha IOTOKaX GyHKUHH (3).

0 ..
[Torox x°={x;;, (i, j)=U} HaspiBaeTcs ONTHMAaJbHBIM,
eciIH

3 cixiy < 3 cayg
(i, HeU (i, HEeU
IJIsL 1I000T0 MOTOKA X.

Paccmorpum uo6oft nukn B cetn S. BoiGepeM B HeMm
HanpaBieHue ABHKeHHA. OGo3HauuM uepe3 R, mpoussene-
HHe YHces A;; Ha NPAMBIX Ayrax IMKJa, yepe3 R_ — mpous-
BeJleHHe YHCeJ A;; Ha o6paTHEIX Ayrax. Ecau Bce AyTH uKIa
HMEIOT OIHO HampaBJjieHHe, TO CYHUTAEM HX MNPSIMBIMH H MO-
jgaraem R_=1.

Uncno R=R;—R_ HasbiBaeTCs NETEPMHHAHTOM ILIHKJA.
ITuk HasbIBaeTCs HEBBIPOMKEHHBIM, €CJH €ro IeTepMHHAHT
OTJIMYEH OT HYJIA.

Jlemma. g Toro ytoGul B ceTH S Bce LHKJBI ObJIH BHI-
POXKEHHEIMH, HEOGXOIMMO M JOCTAaTOYHO, YTOOBl YHCJIa Agj
GBI TIPEICTABUMEL B BHIE Aj=oi/aj, (i, j)EU.

Heob6xo0umoctp. OGosnauum uepe3 (/, Ug) HexoTOpoe
MaKcHMaJbHOe nepeBo cetd S. PaccmoTpuM cuctemy

Oﬂi_}\:ijaj=0, (i, ])EUd (4)

10 omuoponHas cuctema (n—1) * ypaBHeHHH ¢ n HeH3Be-
cTHbIMH. Takasi cucTeMa HMeeT HEeTPHBHAJbHOE pelleHHE.
OueBUIHO, YTO eclH o4, >0, T0 a;>0, Yie/. U3 (4) nomy-
yaeM Aij=oa/a;j, (i, j)eUq, rne {ai, iel} — HeTpUBHAMDL-
HOe penieHue cucTeMbl (4).

Paccmotpum Jo6yio ayry (s, {) U\ Ug u noxkaxem, 4to
Ass=ous/as. ITo memme 5 § 4 ra. I nyra (s, £) u HekoTOpbIe
nyru jgepeBa Ug o6pasyior nuka. O6osHauuM uyepes

[¢ iy, i, . . . , im, S] y341Bl 3TOTO HMKJIA. [0 MpeanonoxeHHIO,
IIUKJ BEIPOXK/I€HHBIH, 3HAYHT,
Ry(R-)—1=1. (5)

#) Cuutaem, yto |/|=n.
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B npoussenenue (5) mapamerphl A;j IPSIMBIX AYT BXOIAT
B 1-#i cTeneHH, a mapaMeTphl A;; 06paTHHIX Ayr — B (—1)-i
crenend. Pacnumem (5) mnoapoGHee, cunmtas ayry (s, f)
NpSMOH:
ot iy Qi Qlim—y Qlim

. . L— . . Ast= L.
iy Qiy Uiy Cim (o8

OTciona nosnyyaem, u4To Ast= s/ s
Hocrarounocts. Ilyets Aij=oi/ %, (i, j)=U. Paccmor-
puM nx060# uuka cetd S. ITyetb [iy, i, ... , im] — BepIIMHBL
nukaa. JIyry (i, i2) cudTaem npsiMmoi. HonchTaeM JJ1s 3TO-
rO II¥KJa 9HCIO0
Oliy Oliy Uim—y Qlim

Ry(RO)™=— . 2. . =L

aiz a’ia aim a’l:i

3Hauut, R=R;—R_=0, T. e. LIHKJ BEIPOXKJIEHHBIH.

IIpu MAijj=1 3apaua (1)—(3) CTaHOBHUTCS KJIaCCHYECKOH
3ajaueii 0 NMOTOKe MHHHMaJbHON croumoctu [1]. Haiimem
KpPHUTEepHH CBOAMMOCTH 3ajnayn (1)—(3) K kKmaccuuyeckoil 3a-
Jade O IOTOKe MHUHHUMAJbHOH CTOMMOCTH.

Teopema 1. 3agaua o MOTOKe MHHHMAJbHOH CTOHMOCTH
Ha O0OOOIIEHHON CeTH CBOJUTCA K KJAacCHUeCKOH 3aaaue
0 IOTOKEe MHHUMAaJbHOH CTOMMOCTH TOTJa M TOJbBKO TOTIA,
KOrjJa B CeTH S BCe LIUKJIBI BHIPOXKIEHHEIE.

Hocrarourocte. IlycTb B ceTH S BCe LMKJBI BHIPOXKIEH-
Hee. B cuny nemmbl 1 umeem A ;=asi/aj, (i, j)=U. Torna
HcxonHyo 3amauy (1)—(3) MOXKHO 3anucaTth B BHIE

> cijxi—>min,

@, HEU
> aixii— D aiXii=ou, i1,
et L
j€l; jel;

0<aixi<<oudij, (i, j)eU.

Beenem o6GosHaueHHs Yij=0aiXij, bi=o;;, h;j=cij/ai,
gij=o;d;;. Torma samaua (1)—(3) skBHBajNeHTHa 3ajnaue

> hijyi—min,

i, Hev
S yi— 3 yi=bs, i<, (6)
jeI: jeIi_

0<yij<gij, (”, ]) EU,
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KOTOpasi SBJISIETCS KJIaCCHYECKOH 3amaued O IIOTOKE MHHH-
MaJIbHOH CTOHMOCTH.

Heobxooumocte. Ilycts 3amaua (1)—(3) csomurtcs
K Kjaccuueckoit 3agaye. OueBHIHO, BEIPOXKIEHHOCTb [HKJIOB
npu nepexone ot 3agaun (1)—(3) k (6) coxpansercs. IIpen-
MOJIOKHM, YTO CYIIECTBYyeT HeBHIDOXIAeHHHH uukia. Torma
MOKHO IIOCTPOHUTbL CEThb, COMEPKAIIYI0 HHUKJI, KOTOpas INpH
HyJIeBBIX HHTEHCHBHOCTAX Y3JIOB [ONYCKAaeT eNUHCTBEH-
HHIH HyJeBoH motok. Ho 3To mporuBopeunt Jjemme 6 § 4
ri. I. 3HauuT, B CeTH He CYIIeCTByeT HEeBHIPOXKIEHHBIX
IUKJIOB.

2. Kanonuueckas dopma 3amauu (1)—(3). MuoxecTBo
U.cU Ha3oBeM KBa3HIEpPeBOM, eCIH OHO He COHEpPKHT
uukaoB. O6o3naunm uepe3 [(U,) MHOXKECTBO Yy3/I0B KBasH-
nepesa [(U.)={i: qj, (i, j)eU. umu (j, i)eU.}. Pac-
CMOTPHUM CHCTEMY

ai—Mijo;=0, (i, j)eU..

[Tomoxum o;,=1, il (U,), Torna sta cucTeMa HMeeT pe-
menne o;>0, il (U.). Tlomoxum a;=1, iI\I(U.).
Beenem o0603HaueHHS: Cij=Cij/Qi, Xij=0tiXij, di;j=0idij,
— - ;i . ..
A= 0, hij=Msj P iel, (i, )yeU.

1

Hcxonuyto 3amauy (1)—(3) sanuuem B BHIe

Z Eijfi,‘-»min,

(i, HeUu
> Xij— E_X'jifji=di, iel, (7)
J'EI:- jel;

ngij<[iij, (i’ ]) EU’

rae Aij=1, (i, j))U..

Samauy (7) Ha30BeM KaHOHMYeCKOH (GopMmoH 3ajgauu
(1)—(3), coorsercrBylouell KBadunepesy U..

3. Teopema cyLIeCTBOBaHHS NMOTOKAa B 000GIEHHONH CeTH.
O6osnaunm uepes U(A) muoxectso U(A)={(i, j): i<A,
jeA}, rne Acl.

Teopema 2. [Ins cyuiecTBOBaHus MOTOKa B 0000IIeHHOH
ceTH HeoOXOMHMMO H JOCTATOYHO, 4TOGH! AJIs JI0OOro MHOXKe-
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crBa Ac/ u mo6oro kasugepesa U,cU(A) suinomnamuch
yCJI0BHSA

2 << Xdyt+ X di(l—My); (8)
i€A "EEA' (7, HeU(A),
j€EA —AT“-<1
S aiz— X Midi— X (h—1)dy, 9)
ica icA, @, HeUa),
js4 i1

rae i, dij, Aij — MapaMeTphl 3aJauH, 3aHCAHHOH B KAHOHH-
yeckoil ¢opme, cooTBercTBylomel kKBasupepesy U.cU(A).

Heobxodumocte. ITycTh cymecTByeT NOTOK B 0G0GIIEHHOM
cetd. Bospmem imi06oe MHOxectBO A/ u J1060€e KBa3H-
nepeso U.cU(A). 3anumem 3agauy B KaHOHHYECKORH
¢dopwme, coorBercrByomei U.. Nmeem

Z’ ai= 3 (Z’ Xij— éxjifji)=

i€A jeI
= 3%t > (1= Ei— 3 hij %z
i€A, (2, HEUA) i€A,
jeA jea

ITockoabky 0= X;;<Cd;j, TO OTCIONA JIETKO IOJNYYHTb YCAOBHSA

(8), (9).

Hocrarounocts. PaccMoTpuM 3agauy
— 3 Xoi— ‘Z,' xi—max, [+={i: a;=0}, [-={i: a;<<0};

ier—
>3] x,, 2 Mjixjitxo=a;, il

JEI jEel;

. 10
D xij— 3 Mjixji—Xoi=a;, il (10)
jer; jer;

0<xi;<<dij, (5, j)eU; 0<xo, il 0<<xy, is]t.
B 060011eHHO CeTH CYIIeCTBYET IOTOK B TOM H TOJBKO B TOM
cIyuae, eciaH
—_ 0 —
3 ,— 3 =0,
=S ier+

rae {x5, isl—; x%, lE]"‘} — pemenue 3agaun (10).
PaCCMOTpHM IBOHCTBEHHYIO 3anauy K 3anade (10)
S auit+ 3 diwy—-min, ui—hijii+wi;2=0,
il i, HeU (11)
=1, ielt; —u=—1, jel-; 0<<wg, (i, j)eU.
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ITyets coBoxymroCTb uncen {u, i</, wS,, (i, )€U} — pe-
merme sagaun (11). Beemem 0603Haqeﬂna At={i: u? >0},

A~={i: u} <0}, A°={i: u% =0}, A*UA-UyA'=L Torna
MOKEM 3amHCATD

Saw+ 3 died, =3 el + 3 aul +

iel (i, H)eu i€A” €A~
+ 3 dn(_uo +7mu° )+ X di (_uo )+ d117"11u +
i€A-, i€A-, i€AY,
jeAr jsA° jeA*
+ 2 du(—u M)+ X di(—ud Fhiud) =
(2, HEU(AD), (2, J)EU(A+), (12’)
_uin+hijuj>0 —u %A ij%; >0
= X oy — X dii— X dy(1—hud /u)u? +
icA~ 1€AT, (z, HEU(A),
jEA~™ A=A u ;% /u;"=>0
+ X a;ud > dijul i, /) +
jEA”T i€EAT,
JEA’

+ X dta(_1+7"nu0 /uo )’40
(1, HEU(AT),
—1+A; u /w0 =>0
B muoxectBe U(A~) BBIZENHM IYTH, COOTBETCTBYIOIIHE Ga-
3UCHBIM AyraM *) ontHMaJjbHOro motoka x 3agaum (10). dtH
Ioyru o6pasyioT KBasHIEpeBO, IJS KOTOpPOro ycjosus (8)

HMEIOT BHJ,
— ol <— X diyul —
€A~ i€A—,
jEA~
13)
_ 0 (—Dossts /0 (
2 d’LJui (1 A"I'Ju‘j/l'l’,,: )’
(i, HEU(47),
h” J"/u <1
rae @;=—a;ul d,,——dijuf' Mj=?»i,-u° /u° B mMHOXecTBe

U+ BbmeJmM IyTH, COOTBETCTBYIOIIHe GasHCHBHIM Ayram
onTHMaJbHOro motoka x° 3amaum (10). dtu KyrH 06pasyioT
KBa3HIepeBo. 3anuuieM AJs Hero ycaoBus (9)

2 aul =— 3 diju it Jue—

jeA” iEA,
= (14)
- X (—1-|—7»,-,~u‘; /ug )dijug .
(i, J)EU(A )s
h” ]°/u >1

*) TIpeanonaraercs, 4to 3afada (10) pemaercs CHMIIEKC-METOLOM.
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Us (12), (13), (14) u Teopembl ABOACTBEHHOCTH TOMydaeM

— 28— X = aud+ 3 diwi; =0,

iel- iert iel (0
HO, C IPYro# CTOPOHHI,
—_— 0
3 x,— 3, <0,

i€l eI’
CJI€d0BAaTENbHO,
—_— 0 0 —
2 in Z xiO _O
el ier”

Orciona 3akmouaeM, YTO B OGOGIIEHHOH CETH CyIECTBYET
MIOTOK.

Canenctsue 1. Jlna cylecTBOBaHHA IJIaHA IIEPEBO-
30K B 3amaue (1) § 1 Heo6XOMMMO M AOCTATOUHO, YTOGH [/
mobuix /.=, J.<J u U, (I, J.) BHIOOMHAIUCH YCIOBHUS

> ai— 2 bi<< 2 dij+ Z (l_l"ti)dlh (15)

ier, ieI,, iel,, jeJ,
s, A<t
2a— X bi=— Xdiy— 3 (Mj—1)dy, (16)
iel, ieJ, iel,, iel,, jel,,.
s, >t

rae as, bj, d;j, hij — mapameTpsl 3amaud (1) § 1, sanucauHoi
B KaHOHHYECKOH hopMe oTHOCHTENbHO MHOXKecTBa U, (14, 7).
(Hanomuuwm, uro U, (/., J.) — MHOXECTBO, He comepiKallee
uukiaos, 1 U.(I., J.)={ (i, ]): isl., jel.}.)

HJokaszatenbcTBo. 3anucas 3agauy (1) § 1 B ce-
TeBOH GopMe U NPUMEHHUB K HeH TeopeMy 2, MOJYUYHUM YCJIO-
Bus (15) u (16).

Canenpgcreue 2. Jlada cylecTBOBaHHS IIOTOKA B KJjac-
cHYeckoH TpaHcrmopTHoi cetd (cm. § 4 ri. I) HeoGxomumo
U DOCTaTOYHO, YTOOHI

Z a,-=0 (17)

ier
H Ajs mo6oro MHoxectBa A/ BHINOHAJIOCH YCIOBHE

DINIED S (18)

= icA, jEA
HdokaszateabcTBo. [Ipu
Mi=1, (4, ) eU, (19)
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u3 3agaun (1)—(3) momyyaeM KIacCCHUECKYIO TPAHCIOPTHYIO
3agauyy. OueBupHO, uro npu ycioBuu (19) KaHoHumueckas
dopMa oTHocHTeNbHO J6oro MHOxectBa U, cosmagaer
¢ ucxonHo# ¢opmoit 3agaun. Ycnosus (8), (9) mpuHHMaOT

BHJ
S X di (20)
ica icA, jEA
Zai/_.~2. dsj (21)
i€A 1€A, jeA
g VAcH.

Iloxaxewm, uto ycnosus (20), (21) sxBHBaseHTHH ycJ0-
Busm (17), (18). Hns 3Toro DOCTaTOYHO NOKa3aTh, YTO H3
(20), (21) caemyer (17) m u3 (17), (18) cremyer (21).

IMpu A=1I u3 (20) u (21) momyuaem

> a;<<0, 3 a;=0.

ier el

3HauuT, Ha caMoM Jene uMeeT mecTo (17).
ITycts BEImONHSIOTCS yenoBus (17), (18). Torna

0= 3 ai= X ait 3 i<

i1 ica iex

< 3 it 3 diy= 23 ait X di,
€A i€, i€A i€A,
=1 jeA

roe A=I\A. CpaBHHB IpaByl0 H JIeByIO 4acCTH IOJyueH-
HOTO BEIpaxeHus, moayuum yciaoBHe (21). CruenctsHe 10-
Ka3aHo.

CnepmcrtBue 3. [ns cymecTBoBaHHS IIJIaHa IIepeBO-
30K B 3aaue (1) § 1 ro. I Heo6X0AMMO U JOCTATOYHO, YTOOH!

m n
> a;= 3> b; u ana mo6ux /.=l u J.CJ BHIOMHANOCH
i=1 j=1

CJIOBHE
y S a— 3 b< X d
iel, jeJ, iel,,
=

4. Onopa o6oOmenHoit cerun. Kpurepuii onopHocru.
B nanbHefimieM mOpeamoJaraercsi, YTO HCXOAHAs ceTb S
csizHas, |I|<<|U| u B cetn S cymecTByeT XOTs Obl OAMH
HEBBIPOXKAEHHBIH UK.

Onpenenenue. MakcumanbHas (IO KOJHYECTBY AYT)
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vactuyHas ceTb Son=(/, Uon), Uon U, Ha3keBaercs onopoi
cetu S, ecau cucrema

Z+ Xii— 3 Mixji=0, i, (22)

jEIoul jEIo_ni

raoe ](->|1-1i= {]l (i, j)EUon}, I;n,={].| (], i) EUon}, HMEET TOJb-
KO TPHBHAJIbHOE DELIeHHE.

Hyru (i, j) & Uox Ha3BIBAIOTCS ONOPHBIMH, OCTaJbHBIE
ayru (i, j) €U\ Uon=Uzg — HEONOPHBIMH.

Teopema 3. Hactuunas ceTb Sop ABJISETCS ONOPOH ceTH S
TOTZa U TOJIbKO TOTMA, KOTAa 1) B KaxXK0H KOMIIOHEHTE CBSI3-
HOCTH CeTH Son CYIIECTBYET eIHHCTBEHHBI LUK, 2) KaX b}
UK/ CeTH Son HEBBIPOK IEHHBIH.

Hocrarounocte. ITyctb ycaoBus 1), 2) TeopeMbl BHIIOJ-
HatoTcsl. [lokaxkeM, 4TO MHOXKECTBO Sop fBJSETCSH OIOPOH.
HoxkasartenbcTBo OT npoTHBHOro. ITycTh cymecTByer HeTpH-
BHaJbHOE pelleHne cucteMbl (22). PaccMOTpHM MHOKECTBO
OcU, 0={(i, j)|*:;%=0}. B cuny cucrembl (22) MHOXe-
crBo U He nMmeeT BHCAUYMX AYT H, IIOCKOJBKY yciaoBue 1) BHI-
MOJIHEHO, TO Ka)XJas ero KOMIIOHEHTA CBSI3HOCTH fABJSIETCS
UKJI0M. MOXKHO [T0Ka3aTh, UTO KaXKALIH IUKI MHOXKecTBa U
BBIPOXKIEHHBIH. DTO IPOTHBOPEYHUT YCJAOBHIO 2) (cXeMa JoKa-
3aTeJbCTBA AHAJOTMYHA JOKa3aTeJNbCTBY, INPHBEIEHHOMY
B 4,§1).

[Tpennonoxum, 4to Son HEMaKCHMaJbHasi CeTb, T. €.
cymecrsyer cetb S= (I, U), |U|>|Uox|, mass kKoOTOpOIH
cucreMa (22) mMeeT TOJMBKO TPHBHAJbHOe peuenue. M3 1)
caenyet, uto |Uon|=n. Torma |U|>n u cucrema (22),
COOTBETCTByIOI[asl S, HMeeT HETPHBHAJbHOE pelleHHe Kak
OTHOPOMHAS CHCTeMa JHHEHHBIX YPaBHEeHUH, B KOTOPOH YUCJIO
HeH3BeCTHHIX 0OJibllle YhC/Ia ypaBHeHHH. 3HAUHT, Sox — MakK-
cuMaJibHasl yacTHuHas ceTb. [lo ompenenenuro, Sox — omopa.

Heobxo0umocte. Ilycts Son — omopa u Shi= (Ix, Uﬁn),

k=1, N, xoMIIOHEHTHl CBA3HOCTH omopbl. Ecau B onope Son
€CTh KOMIIOHEHTHl CBSI3HOCTH, TIe 6ojiee OJHOTO LHKJIA, TO
IIOACUCTEMA CHCTeMBI (22), COOTBETCTBYyIOLlas 3TOH KOMIIO-
HEeHTEe CBSI3HOCTH, HMEET HeTPHBHAJbHOE DelleHHe, TaK Kak
B HeH UYHCIO HEH3BECTHBIX OoJbllle 4YHCIa YpaBHEHHH.
B kaxnmoli KOMIOHEeHTe CBSI3HOCTH ONOpPH He 6ojiee OIHOTO

R

nukna, cnenosatenbto, |Uon| <<|I:|. Ecin ecTb KoMIoOHeHTa
. R

CBA3HOCTH, B KOTOPO# HeT muknaa, 10 |Ugn|<<|[n|, 3HauwmT,
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N N
i |Up|= X |U§u|< > |Ix]|=n. Jlerko nocTpouTh CeTh
h=1

S*= (I, U*), |U*|=n, yHOBJIETBOPSIOILYIO JOCTATOYHBLIM
ycnoBusM onopHocTd. Clle[0BaTeNbHO, CeTh Son He SBJAAETCA
MaKCHMAaJbHOM, YTO IPOTHBODEUHT ONpE[eeHHIO0 OMOpHI, H

o R
B KaXXI0# KOMIIOHEHTe CBSA3HOCTH Sog €CTh POBHO IO OJHOMY
IUKJTY.
[Tpennosoxum, 4To B omope Son €CTb KOMIOHEHTA CBfA3-

R o
HOCTH Son, I'le IHUKJ BbIpOXKAeHHHIH. [To memme A;j=o./a;j,
.. R .. R
(i, j)=Uon. OG03HauuM uepes yij=aiXij, (i, j)EUon Torna
R
cucremy (22) mns Son MOXKHO 3amHCATh B BHAE

2 Yii— 2 Yii=0, i (23)

JjEI, jel,

Cetb Stx CONEPKHUT UK, 1o emMe 6 § 4 ru1. I cucrema (23)
HMeeT HeTpHUBHAJbHOE pellleHHe. 3HAUUT, U cucrema (22)
HMeeT HeTpHBHa/bHOe pelneHHe. [ToyueHHOE MPOTHBOpEUHE
IOKa3bIBAeT yCJIOBHE 2).

CnencrBue. Cucrema

ai—hiija;=0, (i, j)eUo,

HUMEET TOJbKO TPHBHAJbHOE pEIlIeHue.

5. Onopublii notok. IloTeHumanbl y3J0B, OUEHKH JAYT.
IMpupameHue CTOUMOCTH NOTOKA.

Onpenenenune. [lapy {x, Sou} U3 mMOTOKA U OMOPHI
CeTH Ha30BeM ONOPHBIM IOTOKOM, HOTOK BJOJb OIODHOH
IYTH — OTMOPHBIM [YTOBBIM IOTOKOM, OCTaJbHble IyrOBBHIE
IIOTOKH CETH — HEONOPHBIMH.

Omnopublil MOTOK {X, Son} Ha3bIBaeTCs HEBLIPOXKIEHHBIM,
ecnu 0<<x;;<<dij, (i, j)EUon.

[To omope Son nocTpoum (OMOpHHIE) NOTEHUHAJBl Ui,
iel,— uucaa, yIOBJIETBOPSIOIIMNE CHCTEME

ui—Aiuj—ci;=0, (i, j)EUOH. (24)

U3 cienctsus TeopeMbl 3 BHIHO, YTO ONOPHBbIE MOTEHIHAJIbI
U3 cucteMbl (24) HaxomsATCA OXHO3HAYHO.

HMess moTeHIHA/Jbl Y3/10B, HafgeM OLIEHKH HEONOPHBIX
IyT CeTH

Aij=ui—?\.ijuj—0ij, (i, j)EUH= U\Uon. (25)
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Ilycte % — BTOpOI MOTOK Ha ceTH, AX=X—Xx — mpupa-
meHue notoka x. M3 (1) cremyer

2 Axij—' 2 AjiAx;; =0, il
.. F .=

JjEI; jel;

YmHoX)uM 06e 4acTu paBeHCTB (24), (25) Ha AX;; ¥ IpocyM-
mupyeMm 1o (i, j)U:

> CiiAxij=— 3 AxiiAii+ 3 (Ui—Miju;) Ax;.

@, U (i, HEU, @, v
ITockonbky
2 (wi—hajuy) Axsj= 3 ui ( X Axij— X Ajilxji) =0,
G, U ier jer; jer;

TO HOJIYYUM CJIenyIoUylo GopMyny MpHpaIleHHs CTOHMOCTH

TIOTOKa:
Z’ Ciijij=—' 2 Axii0;;. (26)

(i, HeU @i, )€U,

6. Kpurepuii ontumajibHocTH. JlOCTAaTOYHBIE YCJOBMS
cy6ontumanpHocTd. IlycTe mst omopHoro moroxka {X, Som}
BBIIIOJIHSIOTCS COOTHOIIEHHS

Aij<0 npu x;;=0; Aij>0 npu xij=dij;

Ai;=0 npu 0<<xi;<<dij, (i, j)EUn (27)

ITockonbky Ax;;=0 npu x;;=0, Ax;;<<0 npu x;;=dj,

10 U3 (26) cnenyer X ¢ijAx;;=0, T. e. X — ONTUMAJbHBIH
@, U
MIOTOK.
[Tycte {x° Son} — ONMTHMANBHBIH HEBBHIPOXKAEHHBIH ONOP-
Hbli moTok. Torma cyuiectByer peuenue uf, w® 1BOACTBEHHOH

sajayu
> diu;— > dijw;;—max,
iel @, Hev (28)

wi—hiju—wi; <<cq, (i, U, 0wy, (i, j)eU.
W3 ycnoBuit monoJHsAIONIed HeXeCTKOCTH
0 %Ay —0)0 —(::) =0
xgj(ui At — S, ci;) =0;
ng (xg] —dij) =0, (l, ])EU,
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¥ HeBBIPOXKIEHHOCTH ONTHMAaJbHOTO OMOPHOrO IIOTOKA Clie-
IyloT ycnosua (24). Ecau IONONHHTENBHO Y4eCTb OrpaHH-
uyeHHd 3amaun (28), To y6enyuMcs B CIpaBeIMBOCTH COOT-
Homenui (27). Takum oGpasoM, moxkasaHa

Teopema 4. CootHomenus (27) HOCTAaTOUYHH, a B cjyuyae
HeBBIPOXKIEHHOCTH H HeOOXOIUMBI AJIl ONTHMAaJbHOCTH OIOp-
HOTro 1oToKa {X, Son}.

W3 dopmyaw npupamenus (26) BumHO, uTo mpu A;j<<0
YMeHbUIeHHe TOTOKa o nyre (i, j) BeleT K yMEHbIIEHHIO
CTOMMOCTH IOTOKAa. MaxcuMa/jbHO BO3MOXKHOE yMEHbIIEHHE
IYTOBOTO IIOTOKa paBHO X;;. [lpu A0 K yMeHbIIEHHIO
CTOMMOCTH IIOTOKa BeleT yBeJHueHHe motoka mo ayre (i, j),
TIPU 5TOM MaKCHUMaJbHO MHONYCTHMOE YBEJHUYEHHE TMOTOKA
PaBHO dij—xij.

Taxum o6pasom,

D Ciihxi= 3 Aixi— 3 Asj(dij—%i5).
(= A;<0, A0
(i, )€Uy (i, )EUg

Ecau B KauecTBe % B3ATb ONTHMAaJbHBIH MOTOK X0, TO moJy-
YHM, YTO CTOUMOCTb TOTOKA {X, Son} HPEBHINIAET CTOHMMOCTD
ONTHMaJbHOTO II0TOKa He 6oJjiee 4eM Ha

— 3 Avjxsi+ 3 Aij(dij—x45). (29)
A7;<0 A7;>0
TTotoxk x HasbIBaeTcs €-OIITHMAaJbHBIM, €CJIH

2 Cixig— 2 Cix) <e.
G, DU @, Dev

Hocrarournoe ycaosue cybontumarsroctu. Eciu Ha onop-
HOM moToke {X, Som} umcao (29) paBHO & TO X — &-ONTH-
MaJIbHBIH ITOTOK.

7. Yayuwenune noroka. [TycTb 3aian ONOpHBIN HEBLIPOXK-
IeHHbH TOTOK {¥, Son}. OnopHBIE AyTH, 06pasyollHe LUK,
Ha30BeM LHUKJINYECKHMH ONODHBIMH NyraMH. ¥Y3ea j Hasbl-
BaeTCs YUKAU4ECKUM, eclu cymectByer pebpo (i, j), KoTo-
pOMY COOTBETCTBYET LMKJIHYECKas ONOpHAs AYyra.

. 3 —
B KaXIoii KOMIIOHEHTe CBA3HOCTH Som, k=1, N, omopH
BBHIIEJMM IO OMHON IMKJIHYeCKOH nyre (Sw, tx), k=1, N.

N
MuoxecTBO Uons=Upon \ U (Sk, {z) ABASETCA KBa3HIEPEBOM.
h=1
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Jasa yno6cTBa BHIYMCIEHHH cudTaeM, yTo 3amaua (1)—(3)
3anHcaHa B KaHOHHMYeckKoi ¢opme, coorBercTBYOmEH Uoms.
Hafimem moTeHnuans u;, iel:

w,=( X c;— 2 ci)/(1=Nsy), (30)

(i, j) — npamas (i, j) — oGpaTHas

unxnnqecxia IHKJIHYecKass
k

Ayra us Uy nyra u3 Uy

oyry (S, tz), k=1, N, cuuraeM npsMoii; ocTaJbHEE MOTEH-
IMaabl HaXOAATCS, KaK U B KJ1aCCHYECKOM METOJle MOTeHIHa-
JIOB, U3 YCIOBUH U;—u;=Cij, (I, ) = Uoma.

Ilo u3BecTHHIM HOTEHIMATaM HAXOAUM OLEHKH HeoIop-
HBEIX YT Y IIPOBepsieM KPHTepull onTHMaJabHOCTH. IIycTh KpH-
TepHU#l ONTUMAJbHOCTH He BhINONHSeTcH. V3 dopmynbl mpu-
pamenuss (26) cjenyer, 4YTo B 3TOM cJyuae IIOTOK MOXKHO
ynyuyurutb. Yueno A;; B dopmyne (26) MOXKHO HHTEpIIpPeTH-
poBaTh KaK CKOpPOCTb H3MEHeHHS CTOMMOCTH IIOTOKa IIpH
HW3MEeHEeHHH Ha eIHHHUIly IO0TOKa Io HeomopHo# myre (i, j).
ITyctb Ajyj, — HauOOMbIIASA IO MOXYJIO OlEHKAa HEOMODHOH
IyTH, HEYIOBJETBOpSIOMEH COOTHOmeHHAM (27), u iyEl,
jo=lp. PaccMoTpuM ceThb

s— | Un UtaU (io, jo)), ecin k=p;
(In Ulp, Usz U USU (io, jo)), ecau k==p.

B ceru S BhiuepkHem Bce BHCsiuHe Ayru. [TosyueHHYIO ceTb
o6o3Hauyum uepe3s S= (I, U).

B ceru S wmaiimem ncespomotox Y={yij; (i, j)U} —
COBOKYITHOCTb YHCEJ, YIOBJIETBOPSIOMIYI0 OLHOPOAHBIM YCJIO-
BUsIM OaJjanca

> yij— 2 Miyi=0, i€, (31)

iel iel

clenyoomuM obpasom:

1) nmyre (fo, jo) IPUMHIIEM IICEBIONOTOK Yipjo=—1;

2) TCEBIOMOTOKH Ha HEIUKIMYECKHX ONOPHBIX AYyrax Jier-
KO HaiiTh u3 ycaosuh 6ananca (31);

3) mycTh HaHIeHHI IICEBIONOTOKH Ha BCEX HEIIHKJIHYECKHX

k
onopHbIx ayrax. O6o3HaynM depe3 Unprn HUKIHYECKHE ONOP-
Hble IyTU k-H ®oMmoHeHTH! cBs3HOCTH. CylecTByeT He GoJjee
nByx nyr (i, j1), (i2, j2), Y KaXIOH M3 KOTOPHIX XOTA OBl
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IO OHOMY LMK/IHYECKOMY y3Jy H /IS KOTOPHIX INICEBIOIO-
TOKH Yiyjy, Yizj, YIKE USBECTHBI ; MOJIONKHM

_ by tboys;,
Yst,= —I—'_A'F’ (32)
re
—1, ecau B ayre (im, jm) Y3€7 im NUKIHYECKHUI;
bm= 1 Mimjm, €CIAH B KyTe€ (im, jm) Y3€J jm UMKIHYECKHUII;

m=1,2.

[ToTokH Ha oCTaJbHBIX OHK/IHYECKHX Ayrax, npuHamaJe-

3 . .
®Kamux Unyxa, Nerko HafiTh u3 ycaosuit (31). Ecau ks4p,
TO aHaJOTMYHO HAXOAHUM IICEBAONMOTOKH [/ IHKJIHYECKHX

onopHBIX AYT U
PaccmoTpum cayuan: a) Aiyjo=>0, 6) Asj,<<O.
B cnyuae a) naiimem yuciao © u3 ycioBui

—@=m1n{ };1] s !/u>0, (l) ])Eﬁ,
ij
M, y1;<0, (i, j)eg}.

ij

B cnyuae 6) naiinem unciao © u3 ycaoBuit

. Xij . —
6=min {— =, y<<0, (i, j)=T;
Yi5
di;—%x; -
u’ yij>0v (l’ ])EU} °
Yij
ITycts MuHHMYM mocTuraercs Ha Ayre (i, j«).
Ecau (i, j«) = (io, jo), TO IPH Nepexoje K HOBOMY OIOP-
HOMY NIOTOKY MEHSIeTCs TOJbKO NOTOK. HOBHEIH mOTOK Ha-
XOIUM 10 dhopMyJaam

Xij=x:;+0y;;, (i, ) =U,
fij=xij’ (l, ]) EU\U
Omnopa Son 1 MHOXeCTBO Uopps OCTAIOTCA NPEXKHHUMH.
Ecnu (i., j+) % (io, jo), TO omopHas ayra (is, j«) BBEIXOXHT
M3 omopbl, HeomopHas nayra (i, jo) CTAHOBHUTCH OIIOPHOH.

[Tonyuyum HOByIO omopy. B Ka)Kno# KOMIIOHEHTe CBSI3HOCTH
HOBOH OIOPHI BEIAEJNHM II0 OJHOH LUK/IUUECKOH Ayre (Sk, ),
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k=1,N, u obpasyem HOBoe MHOXeCTBO (Uopms)mon=
N

= (Uon)mos\ U (Sr, fx) (ecim IMKJI B HOBO} Omope CoBIa-
h=1

JlaeT ¢ LIMKJIOM B CTapoi omope, To BuiOMpaeM Ty ayry (s, £),
KoTopasi Gblyia BblgeseHa B CTapoil omope).

IMonaraem as,=1, k=1, N. OcranbHble yncna ai, i</,
HaXOJIUM U3 YCJOBHH

Oﬁi—xijaj=0, (i, ]) &= (.Uon*) HOB-
Hailigem mapameTpsl HOBOH CeTH:

ij=oi(x:;40Oys;), (i, )eU; y=axi, (i, j)U\T,
T (33)
)»ij=7\,ij O:i s Eij= O: 3 Eij=aidij, (i, ])EU

[Ipenmnonoxum, 4To mOCI€ HEKOTOPOH HTEPALMH BBHIIOJHSET-
csl KpHTEpHH ONTHMAaJbHOCTH (HOCTATOYHBIE YCJOBHS CYyG-
omtuMaJgabHoCTH) . Hafimem onTHManbHBIN (Cy6ONTHMANbHBIN)
noTtok 3agaun (1)—(3)

ncx nCX
50 — xijdij xi,-dij

Xijdi; e  Xiidij .,

i dy; (xij ds; ) , (e, (34)
o HnCX

rae Xij, dij — mapameTpsl mocnenHell ceTH, d;; — HCXOLHOE

sgavenue d;; B 3agaue (1)—(3).

8. MNpumep. Ilpexje ueM NepefTH K DelIeHHIO NpHMepa, YCJIOBHMCS
0 pAacHoJIOXKeHHH NapaMeTpOB 3ajaud Ha ceTH. IlycTb 3ajlaHa HekoTOpas
cetb. Ha nyrax B KBaZpaTHKax yKasblBaeM TOJIBKO OTJIHYHBIE OT €LHHHIIEI
ko3¢ ¢unuentr A;;. Ham nmyro#t (i, j) momemaem 3HauyeHHs OBYX Hapa-
MeTpoB: d;j U C;;. I1of ILyroil mepBOe YHCJIO BbIpaxaeT AYroBOH IOTOK
X3, BTOpOe — OLeHKY A:j, ecu (i, j) — HeomopHasi Ayra, ¥ BEJHUHHY Yij,
ecau (i, j) — omopHast ayra. Ilepsoe unci0 npu BepluHe [ GyIeT O3Ha-
YaTh MOTEHLHAJ 4;, BTOPOE YHUCIO — «;. ONOpHEIE OyrH BBIIENSEM XKHD-
HBIMH JIHHHSIMH.

IlycTh UMeeTCH CeTh C MapaMeTpaMy, NpUBeNeHHBIMH Ha puc. VII.2.
KpoMe mapamerpoB 3ajaui 3ajaH HauaJjbHbI}l ONODPHBIY MOTOK. [as 5TOk
CeTH Omopa COCTOMT M3 ONHON KOMIIOHEHTH cBs3HocTH. [Iyru (6, 2),
(6, 5), (2, 5) 06pa3yloT eMHCTBEHHBI! ONOPHHIN IIMKJ, HHIEKC KOTOPOro
paBen 1/2-1—1=—1/25=0. 3Hauut, coBokynHoctb Ayr (1, 6), (6, 2),
(2, 5), (6, 5), (2, 3), (3, 4) ynoBJjeTBOpSIET KPHUTEPHIO OMOPHOCTH.

Ecau B KauecTBe ONOPHON IHKJINYECKOH AyTH (S, f) B3sSTh AYTYy (2,5),
TO MOXHO CUHTATh, UTO HCXONHAs 3ajaya 3alucaHa B KaHOHHYECKOH
¢dopme otHocuTeabHO MHOXeCTBA Uoms=Uoun\ (2, 5) (Tak kax Aij=1,
(i, /) =Uons).
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Hajinem norenmmant: BHavase no dpopmyse (30) Haxomum

245—2
Ui=uUs= —— =10
T T

(HamomHuM, 4TO B ONOPHOM LHMKJIe IYTy (S, £) = (2, 5) cuuTaem mpsamMoit),
ocTaspHble NMOTEHIMAJBl HAXOJHM, KaK B KJaCCHUECKOM MeTOLe OTeH-
1HaJI0oB, pacCMaTpHBas TOJbKO AYru MHOXecTBa Uon.. Hafimem onenku
HEONOPHBIX AYT H NPOBEPUM KPHTEPHH ONTHMAaJbHOCTH.

Puc. VII2

Kpurepuii ONTHMAaJbHOCTH HE BHINOJHAETCH, MOCKONBKY NS KYTH
(5, 4) xs5.=4, a Ass=—1. B KauecrBe ayru (io, jo) BosbMem Ayry (5, 4).
Omopaste ayru (6, 2), (6, 5), (2, 5), (2, 3), (3, 4) u HeomopHas Ayra
(5, 4) o6pasyior MHOXecTBO U.

Jlns oyr 3TOro MHOXECTBA HaliieM uucla Yy;j. [lomaraem ysi=—1.
W3 ycnosuir Gananca (31) HaxomuM Yysu=3, y2s=3. Ocramocp ompene-
JIUTh UYHCIa Yi; AJS ONODHHIX IuKAuueckKux Ayr. ITo dopmyne (32)
nosyyaeMm

_ —Ysi—Yas 13 ——
v T -2~
Ysa=—1, yes=1 sierko Haxomsarca u3 ycaoBuii Gananca (31). Ha ceru

(cm. puc. VIL.2) peamsyercs caydait 0): Aqpj =Ass=—1<0. Makcu-
MajbHHH Iar @ HaXOAHM U3 YCIOBHH

i Xij dij—x:; R
©=min{ — ——, y:;<<0, , y1;>0, (i, el =
Yij Yij
— dai—x3s =1/3.
Y

3uaunt, omopHas JAyra (is, j«) = (3, 4) BBHIXOAMT H3 ONODEH, AYyra
(o, jo) = (5, 4) cranoBuTca omopHO#. s TOro 4toGHl NepeHTH K HOBOH

ceTH, HEOGXONHMMO ONpEeNeNHTh dYHCAa Oj, {=1,6, KOTOpHIE IO3BOJAT
3ampcaTp 3afady B KaHOHHYECKOH ¢OpMe OTHOCHTENbHO HOBOTO MHOXe-
CTBa (Uon*)aoa.

Ha panHoM uTepauuy LIMKJA CTapoi ONOPH COBHAafaeT C LHKJIOM
HOBOH OIODEI, NIO3TOMY MAJISI YMeHblIeHHsS BHIYHCIEHHH yno6Hee B Kaue-
ctBe Ayru (S, f)mos B3ATH crapyi AYry (S, {)=1(2, b) (moram B3aThb
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J0GyI0 IPYTyIo IUKJIHYIECKyl0 ONOPHYI0 AYTY, HO TOTAA GOJbIe YHCEN O;
6b1I0 6Bl OTJIMYHO OT 1, 9TO YCJOXKHHJIO Obl BHIUHC/IEHHS IIDH Iepexoje
K HOBO# cetu). CienoBatensHO, (Uoms)rmon= (1, 6), (6, 2), (2, 3), (6, 5),

(5, 4). Ilonaraem as=az==1. OcraneHele O, i=1, 6, HallieM U3 yCIOBHI
a;—Ai;a;=0, (i, j) &€ (Uor+) mos-
TTomyunM, uTo TONBKO OXHO @;=1/3% 1, ocraibHble A=Ay=As=MAs=
=hs=1.
Henone3zoBae ¢opmyasl (33), 3amuilem 3anadyy B KaHOHHYECKOH

¢dopme orHocuTenbHO MHOXKeCTBA (Uoms)mos (puc. VIIL.3). Ilockoabky
onopHule muKJbl Ha puc. VIL.2 u Ha puc. VII.3 nmonsocThio coBmamalor,

Puc. VIL3

TO COBNAZAalOT M NMOTEHUHAJbl LUK/JIUYeCKHX y3J0B 2, 5, 6. Halitu noren-
HHaJbl OCTANbHBIX Y3JIOB He COCTaBJseT TPyAa. [I0fCUMTaB OlLEHKH He-
OIODHBEIX AYT, YGeIHMCS B TOM, YTO KPHTEPHil ONTHMAJbHOCTH BHIIOJ-
usietcst. ITo ¢opmynam (34) J1erko npoBepHTh, YTO NOTOK Ha puc. VII.3
SBJIAETCS ONTHMAJIbHBIM IIOTOKOM HCXOAHOH cetH (cM. puc. VII2).

9. IMocrpoeHue HaAYaJdLHOTO ONOPHOro maaHa. [Tpu pemre-
HHH NPAKTHYECKHX 3a4a4 MOT'YT BCTPETHTHCSI TPH BO3MOXK-
HOCTH: a) nepef peurenneM 3afauu (1) —(3) H3BeCTHH JHLIb
napamerpsl @i, dij, Aij, Cij, HO HeT CBeNEHHH O IOTOKe;
6) HapsiIy C mapaMeTpaMM H3BeCTeH II0TOK, COCTaBJIEHHBIH
[0 PEKOMEHTALHSAM CIENHaJHCTOB; B) KpPOME MapaMeTpPOB
HMeIOTCS YHCJa X;j, KOTOpBlE, II0 MHEHHIO CIELHaJHCTOB,
SIBJSIIOTCS ONTHMAJIbHBIMH AYTOBEIMH IIOTOKaMH, HO B J€H-
CTBHUTEJNBHOCTH B COBOKYIHOCTH COCTaBJSIOT JIMIIb KBa3H-
MIOTOK.

Hns cnyuas a), ucnonb3ys cxemy m. 8 § 4 ra. I, MoxHO
[OCTPOHTH aHAJIOTH METOLOB CeBepO-3alagHOro yrjaa U MH-
HUMAaJbHOrO 3jdeMeHTa. OTJIHYHE 3THX METOJOB AJad 00600-
IeHHOH 3a/Jauu OYAET COCTOATb B TOM, YTO IIOC/IE BBELEHHS
HCKYCCTBEHHBIX OyT (I, §) uau (S, i), iel, obecneynBaroOntx
GasiaHc B y3/1ax ([, HaJlo BBECTH €llle OLHY HCKYCCTBEHHYIO
oyry (S, i1), iy — q1060# y3eda, npuHaajaexamuit I, ¢ mapa-
METpPaMHu Csiy=0, As;;=0, orpaHHYeHHH Ha AyroBOH IOTOK
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Xsiy HeT. DTa [ONOJHUTeNbHAs Ayra obecleynBaeT GaJaHC
B HCKYCCTBEHHOM y3Jie S. [Toydennyio paciiupeHHyo 3afgauy
peliaeM MeTOJOM, HCIIOJb30BAHHEIM /ISl PELeHHs] 0606IIeH-
HOH TPaHCIIOPTHOH 3aJauH.

6) Ilycts Haua/JbHBIA NOTOK HM3BecTeH. il mpuMeHeHHs
TPSIMOTO OMOPHOTO METOJAa HYXHO IIOCTPOHTb HAuaJbHYIO
omopy. B kxauecTBe onopel MOXKHO B3ATh J1060€ MHOXKECTBO
IlyT, yIOBJIETBOPSAIOIIEE KPHTEPUIO omopHocTH. OGuiee mpa-
BHJIO COCTOMT B CJeIyIoLleM: BBOIHM (HKTHBHBIH y3esa ¢
u QuKTHBHEIE OyTH (i, @) A1 Kaxaoro i/ ¢ mapamerpamu
ap=0, cip=0, dip=0, Mig=1 u nyry (¢, i1), roe il
¢ mapameTpaMu Cgi,=0, dgpi,=0, Api,=0. B pacmupennoi
CeTH HavaJbHBIH NOTOK HM3BecTeH. B KauecTBe HauaJbHOM
ONOpPHl MOXHO B3STb YaCTHYHYIO CE€Tb, COCTOSINYIO H3 (HK-
THBHBIX Ayr. C MOMOLIBIO IIPSIMOTO ONMOPHOTO METOLA HMCKJIIO-
4aeM U3 ONOPH (DUKTHBHbIE NYTH.

B) Ml HavasnbHOrO KBa3unortoka {xij, (i, j)= U} Bbiunc-
JsIeM uHcsIa

a=ai— 2 Xij+
+
Jj€l; J

hjixj,-, iel.
eI;

CrpouM BcHOMOraTesbHYIO 3amauy CJaeqylomuM obpa-
soMm. Ecan @;=0, To BBOZMTCA HCKycCTBeHHas ayra (i, §),
cis=1, Mis=1, diz=o0, x;;=0;. Eciin a;<<0, T0 BBOAHTCSA
HCKYCCTBEHHasi ayra (s, i), Csi=1, Ag=1, dsi=00, Xx5=
=-—a,;. BBOIMM elle ONHY HCKYCCTBEHHyIO Ayry (s, i1),
i1el, €i,=0, As;;=0. OTpaHHUEHHII HA DYTOBOH MOTOK Xsi,
HeT, Xg,= > o [lomaraem c¢;;=0, (i, j)eU. Oasa scno-

iel
MOraTesJbHOH 3aJlayd HMeeM HadaJ/bHBIH IOTOK. B kauecTse
Haya/bHOH ONOPHl MOXKHO B3SIThb YaCTHYHYIO CETh, COCTOSILYIO
U3 HCKycCcTBeHHBIX nyr. Ha moctpoeHHo# ceTn peinaem 0606-
LIeHHYIO 3aJayy O IOTOKe MHHHMAaJbHOA CTOMMOCTH IPSMBIM
ONOPHBIM METOAOM.

IlpenmosoxkuM, 4TO BCIOMOraTeJbHas 3ajaya pelleHa.
B03MOXKHBI TpU CHTyanuu: 1) He BCe HCKYCCTBEHHBHIE YTO-
Bble IOTOKH paBHEI HYJ0. B 3TOM cayuae B HCXOnHOH 3ajmaue
(1)—(3) He cyulecTByeT MNOTOKa; 2) BCe HCKYCCTBEHHHIE
IyroBble NMOTOKH paBHBI Hyad0 U u;=0, i/ (T. e. B omope
TOJIBKO OfHAa MCKyCCTBeHHas ayra (s, i1)). B aTom cayuae
NOCTPOEH HayaJjbHbIH OMOPHBIH NOTOK; 3) BCE HCKYCCTBEH-
Hble IYTOBEIE NOTOKH PaBHBI HYJIIO, HO ecTb U;7=(0; HileM

Aioj°= max lui—}\:ijujl.
(i, HEU
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Ecin Aiyjo70, To oT nyru (io, jo) CTPOHM ILIENOUKY IIO0 OMOP-
HBIM LyraM IO HCKYCCTBEHHOro yaija S. MckyccTBeHHas myra,
BOLIeNIIAsl B 3Ty LENOYKY, BEIXOLUT U3 ONOpHl, ayra (io, jo)
CTaHOBHUTCS omopHO#. ITo HOBOH OIOpe mepecuuTHIBAEM IIO-
rernuansl. Eciu u;=0, i€], To HauaNbHBII ONOPHBIN IIOTOK
IOCTPOEH; €CJH HEeT, TO IHOBTOpSIEM ONepalyu IMyHKTa 3).
3a KOHEeuHOe YHCJIO IIaroB JHGO IPUIEM K YCJIOBHIO 2), 1H60
HoJyynM, 4to Azj,=0 u cymectByer u;%0. B nocnexnem
ciyuyae ucxomHasi 3amauya (1)—(3) cBomuTcs K Kjaccuuec-
KO# TpaHcmopTHOH 3amauve. JleHCTBUTENbHO, ecad Ajyj,=0, TO

ui—l,ijuj=0, (l, ])EU (35)

Ecnu cymecrsyer u;%0, To B cuay (35) u;#0, Viel. Torna
u3 (35) moayuum Asj=u;/u;, (i, j)sU.

W3 nemmnu 1 caenyer, uto 3amauy (1)—(3) moxHO cBe-
CTH K KJIaCCUYECKOH 3ajaye O IIOTOKe MHHHMMaJbHOH CTOH-
MOCTH.

10. [ poiicteennnlii Metoa. floctanoBka 3agaun. Hapany
¢ samaueit (1)—(3) paccmMoTpuM ABOHCTBEHHYIO efi 3ajxauy

2 a;u;— Z dijwi,-—>max,
ieI i, Heu (36)

Ui—hijlj—Wi5<< Cij, w;i=0, i, iel, (i, ])EU

IlBoficTBenHbIM IIaHOM 3amaud (1) —(3) HasoBeM coBoKym-
HocTh umcen {u;, i€l; wij, (i, j)=U}, ynosaersopsiomux
orpanudenusM 3anaur (36). Kaxapomy nBoiicTBenHOMY mJa-
Hy TIOCTAaBMM B COOTBETCTBHe KONOTOK 3ajmaun (1) 6={6;;
(i, ))yeU}, 8;j=u;—hijuj—Cij, 1 6ymeM CUHTATh, UTO KOM-
TIOHEHTa W JBOHCTBEHHOTO IlJIaHA YIOBJIETBOPSET COOTHOLIE-
HUAM

wi;j=0, ecan §;;<<0; w;;="0;;, ecnu §;;>0, (37)

160 IPH UX HAPYNIEHHH MOXKHO, YMeHblIasi COOTBETCTBYIOLIHE
KOMIIOHEHTH W@;j, JOOUTbCS YBEJHUEHUS MBOHCTBEHHOH LeJe-
BOU (DYHKUUHU.

ITpennonoXum, 4To K Hayay pelIeHHs H3BECTEH KONOTOK
(umy, yTO TO XK€ caMoe, NBOHCTBEHHBIH MyaH 3ajgaun). Tpe-
Gyercs Tak OpraHH30BaThb IPOLERYpPY NnpeoGpasoBaHHs KO-
IIOTOKOB, YTOOBI 4epe3 KOHEYHOEe YHCJIO HTepaldil NPUHTH
K ONTHMAaJbHOMY MM Cy60NTHMAJbHOMY NOTOKY.

Onpenenenune. Ilapa {8, Son} U3 KOMOTOKA U OHOPHL
CETH Ha3BIBAETCS ONOPHBIM KONOTOKOM.
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KomnoneHTHl KonoToka §;; 1o onopHeIM ayram (i, j) EUon
Ha3bIBAIOTCS ONMOPHBIMH IYTOBBIMH KOIIOTOKaMH, OCTaJbHbIE
KOMIIOHEHTH! §:j, (i, j) & Un,— HEONOPHEIMH.

Omopueiit  xonotok {8, Son} HasbiBaeTcss HEBBIPOK-
IEHHBIM, €CJH €ero HeOIOpHBIE IYTrOBble KOIIOTOKH paBHEL
HYJIIO.

11. MNcenonotok. Ilpupaimenue ABOHCTBEHHOH I eJeBO
dyukuuu. Ilycrs {8, Son} — HEKOTOPHIN OMOPHBIA KOMOTOK.
ITocTporM 1O HeMy ICeBHOMOTOK ®= {xij, (i, j)=U}. He-
OTIOPHBIE TICEBIONOTOKH TOJIOXKHM PaBHBIMH

wij=0, ecn 8;;<<0; xiy=d;j, ecmu 8;;=>0, (i, j)=Ua (38)

Kak u paubiue, mpepmosaraeM, uto 3agmaua (1)—(3) 3a-
nucaHa B KaHOHHueckoH ¢opme, coorBercTByIOIEH Upps.
Heuuknnueckue OIMOpPHblE JAYTOBBIE ICEBIONOTOKH  Xij,
(i, j) €Uon\ Unuka, HalimyTcs U3 ycaoBui 6anaHca B y3Jjax,
KakK B 1. 2 § 2 ro1. II. Uto6bl Ha#ith %45, (I, j) & Unuka, TOA-
CUHTaEeM YHCIa

di=ai— X wii+ 3 Mingi, i€l (Unuxa) .
JEIU\ Ugaxa) €I\ Uguga)

Hspt, = ( E ai)/(l_hshth)» k=l,_]V, (39)

i R
i€IUygxa)

rae U&m — HHUKJHYECKHe IYTH X2- KOMIIOHEHTHl CBfI3HOCTH
onopel. OcTasbHble IMKJIHYECKHE ONOPHbIE ICEBIOMOTOKH
HaxoAsaTcs U3 ycJoBHE GanaHca.

Hapsany ¢ onopHeiM konotokoM {8, Som} paccMOTpUM Ko-
notok 0=08-}A8, MOpOXKIEHHBIH [BOHCTBEHHHIM IIJIAHOM
{i, @}, d=u+Au, @=w-+4Aw, rae BeKTOp @ corJacoBaH

c xorianom 8 (cm. (30)).

Crenys cxeme, npusenerHoll B § 2 ru. I, MoxHo Jerko
IOMyYHTh (HOPMyJy IpHpAlEHHs JBOHCTBEHHOH LeJIeBOM
GyHKIUH

o= Z a;Au;— 2 dijAZﬂ)ij= 2 %ijAﬁij+

iel G, Hev () 7€V,
< r (40)
+ X dudy— X dibi
6;;>0, 8;;<0, 8;;<0, 8;;>0,
(0, )=Uy i, hevy
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12. Kpurepuit ontumanbHocTH. JloctaTouHble YCIOBHS
Cy6ONTHMAJbHOCTH.
Teopema. CooTHolenus

%i;=0 npu 8;;<<0; xi;=d;; npu 8;;=>0;

0<Cni;<<dij ipu 8:;=0, (i, j) E Uon, (1)

JOCTATOYHBl, a B CJy4ae HeBBIPOXIEHHOCTH H HEO6XOMHMEI
IJIs ONTHMAaJbHOCTH OmopHoro Komotoka {8, Son}. IlceBmo-
NOTOK, COOTBETCTBYIOLIMI ONTHMAJbHOMY KONMOTOKY {8, Som},
SIBJISETCS ONTHMAaJIbHBIM NOTOKOM B cetdH S. (Iokasaresnb-
cTBO, Kak B § 2 ru1. I1.)

Paccmotpum omopHb#l KomoTok {8, Som}, Y KOTOPOro
OTIOpHBIE AYTOBBHIE NCEBAOIOTOKH yNOBJETBOPSIIOT OrpaHHue-
HHSAM

0<<wii<<dij, (i,j)EUon

Torma % siBIsieTCA €-ONTHMAJbHHIM MOTOKOM, TI€ YHCJIO €
HaxoAHTCA Mo dpopmyne

e=— 23 Sipij+ X 6i(dij—unis).
;<0 6;3>>0,
(4, )€U (i, )€Uy
13. ¥Yayumenne konotoka. Ilyctb {8, Son} — OnopHHIH
KOIIOTOK, HAa KOTOPOM cOOTHOIIeHHsI (41) He BHINOMHSIOTCH.
Torna u3 ¢opmynsl mpupamenuss (40) BHAHO, YTO B HEBHI-
POXKIEeHHOM CJyuae Bcerga Hakjercss Bapuanus Ad KomiaaHa,
Belyllas K yBeJHYEHHIO IBOHCTBEHHOH IeseBOH (YHKIHH.
IIycts 6;<<0, (i, j)&=Uon. CooTHomienuss (41) He BH-

noJHsIoTCs, €cau %:;7=0. Ilpu manmix Ad;; umeem 8:5<<0,
Aw;;=0 u o=n;;A0;;, T.e. %y — CKOPOCTb H3MEHEHHS
B Touke § NBOMCTBEHHOH LeJeBOH (YHKIUHM INIpH H3MeHe-
HUH OIIOPHOH KOMMOHEeHTH ;5. AHamoruuno mpu 8:;;=>0,
(i, ]) EUOH, HuMeeM 'xij?&dij, Awi,-=A6ij HOo— (%ij_dij) AGij.
ITycrp 6:;=0, fi, j)=Uon. CoorHowenus (41) He BBIIOJHA-
1otest pH i, [0, dij]. Y3 (40) moayuaem o= (x:;—d;;) Ads;
npu A8;;>0; oe=x;;A;; mpu Ad;;<<0.

U3 3THX BHIYMCJIEHHH CleflyeT NPaBHIO BbIGOpa ONMOPHOH
KOMIIOHEHTHl 8;yj,, H3MEHEeHHe KOTOPOH BeleT K YBeJHYEHHIO
I(BOMCTBEHHOH Ie/1eBO#l GYHKIHMU ¢ HaHGOJbIIEH CKOPOCTHIO.
Ha omopHBIX myrax, Ha KOTODHIX He BHIIIOJIHSIOTCS COOTHO-
meHust (41), oTMeuaeM UYHCIO ®;;=%xij, €CaH O;;<0 HJIH
8:;=0, %:;;<<0; ® uHCIO @ij=wx;j—ds5, ecau 8;>>0 uau
6:;=0, n;;>>d;;. [lycTh MakcUMaJbHOE 10 MOAYJIO OTMEYEH-
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Hoe uncyao o mpuHangnexutr pyre (io, jo). i3 mpuBemeHHBIX
BBIIlIE BBIYHCJIEHHH CaefyeT, uTo pH Ads, ;=0 sign w?, 6=>0,
IOBOMCTBEHHAs IeJeBas (QYHKLUHS BO3PACTAET CO CKOPOCTHIO
|w®|. lar ¢ GyzeM yBeJIHYHBATbH MO TeX INOP, IOKA JHGO
BBITIOJIHUTCS YCJOBHE ONTHMAJBHOCTH A8 AyTH (lo, jo), THGO
o6paTHTCA B HYJb ONMH M3 HEONOPHBIX AYTOBHIX KONOTOKOB

KomoToka 9.

OrpanuyeHue Ha Liar, KOTOPOe HaJaraeTcsi ONOPHOH M-
roH, clenylollee:

Iaiojol’ ecit 0<Ctiojo << iojo; (42)
%7 | oo — B MPOTHBHOM CJIyuae.

IIpy H3MeHeHHH OIOPHOrO AYroBOTO KOIOTOKA &, U3Me-
HSIETCS YaCTb HEONOPHBIX AYrOBEIX KOMOTOKOB. UTOGH HalTH
A8i;, (i, j)=Ug, mo omope u 1Mo BO3MYIIEHHSIM Ha OMOPHBIX
aoyrax

{A8ioio=1; Abs;=0, (i, j) 7= (iv, jo), (i, j) EUon}
IIoACUHTAaEM H3MEHEHHSA AUi IIOTECHI U AJIOB y3JIOB.
[Tpeamnonoxum, uto omopHas ayra (io, jo) TPHHANIEKHT

. R R
k- xomnoHeHTe cBA3HOCTH Son(/*, Uon). PaccMoTpum city-
vau: a) (lo, jo) — HEUMKIHYECKasl onopHas nyra, 6) (o, jo) —
LIMKJIHYeCcKas OIoOpHas Ayra.

s gk .k k
B cayuae a) Au;=0, i € Ilon, iSImuxa, TAe quxa — MHO-
JKECTBO ILMKIHUECKUX Y3JIOB K- KOMIIOHEHTHI CBSI3HOCTH.

. Rk °

Ocranbuble Au;, i1\ Iguxn, HaX0JUM H3 COOTHOLIEHHIH
Aui—Au;=0, (i, j) 5= (i, jo), (i, J) -
Heuukanueckas ayra u3 Uor;

Auio—-Au,-o=1.
B cnyuae 6) nonaraem Au; =0, i E Lo
_ (_l)p 4
Auy, e, (43)

rae .
{ 0, ecau ayra (i, jo) — npsaMas;
p=

1, ecau nyra (o, jo) — oOparTHas.

(HanomuuM, 4TO IpsiMOE HampaBJieHHe B LHKJE Ompefelser-
cs Ayro#t (Sw, tr).) Ocranbubele Au;, i[*, HaxonuM U3 ycio-
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BI/I191 Aui—Auj=0’ (i’ ]‘) 7+ (io, ]0) ’ (i’ ]) # (sh’ Zk) , (i, ]) EUOI;L
Aui,—Auj,=1. Ecau (8w, tx) = (io, jo), TO OCJEHEE YCAOBHE
He yuuThiBaeTcs. Temepb JIerko HalTH NPHpALIEHHs] HEONOP-
HBIX yTOBBLIX KOIIOTOKOB

A61j=0 Sigl’l ®f -(Aui—ki,-Auj), (i, ]) eUg.

Orcioma moJjyyaeM OIpaHHYEHHS HA IIar [0 HEONOPHBIM
oyram

—(Sij/SigI'l o?- (Aui—hi,-Au,-) ,

oi— | €CH sign ° - (Aus—AijAu;) <0, (44)

00 — B OCTaJIbHbIX CJy4yasX.

MunumanbHoe u3 uncen (42), (44) npuHUMaeM 3a 6o=03,j,.
B HeBblpoxaeHHOM cayuae o7 0. Ecau op=00, T0 B cetd S
He CyLIECTBYeT MOTOKa. [IpH 0p<< oo CTPOMM HOBBIH KOINOTOK
H [IepeXoJHuM K HOBOH ceTH. B ciyuae (i, j«) = (io, jo) omopa
He MeHseTcsl, IPU Tepexo/ie K HOBOM CeTH MeHSeTCS TOJbKO
KOmoToK 8:5=0;;4-Absj, (i, j) & U. Ilpu (is, j«) = (v, jo)
HoBasi onopa (Son)mos MONYUAETCS U3 CTAPOH MOCJE 3aMEHBI
oyru (io, jo) Ha Ayry (i« j«). CTPOMM HOBOE MHOXKECTBO
(Uons) mos ¥ HAXOOUM YHCJIA O, [/, KaK B I. 7. [TapameTpnl
HOBOH CETH HaXOIUM TI0 GhopMyJiaM

8= (81j4A83) /oui, Mig=hijous/ s,

. . . (45)
dij=oudij, Gi=aio, icl, (i,j)sU.

Ecau Ha Kako#i-TO HTepallMyl BLINOJHSETCH KPUTEpPHH OITH-
MaJbHOCTH (yCJIOBHE CyGONTHMANbHOCTH), TO ONTHMAaJbHBIH
(cyGonTHMaJbHEIN) HOTOK HCXOXHOH 3afauH MOXHO HaHTH
mo ¢opmynam

ncx ucx

i i

X0, =i (x":. =%ij ) , (46)
Y di; ij

o ncx
ToE %ij, dij — MapaMeTpsl mocaefHell ceTH, di; — 3HauCHHE
d;; B HICXOILHOH CEeTH.

3ameuanue. IlocTpoeHHe HauaJbHOrO IyaHa Jas 3ajgaun (29)
He cocTaBJseT TPyAa. Basip /i06ylo COBOKYNHOCT UMceN Ui, i€/, n onpe-
nemus ©;j, (i, j)eU, no dopmynam (30) noaydum HayaJbHBIH IVIaH
3afaun (29).

213



14. TMpumep. YcnoBuMCA O Da3MeIUeHHH NapaMeTpOB Ha CETH INpH
pelleHHH OGOGIIEHHOH TPAHCIOPTHOH 3a4ayd JBOMCTBEHHBIM METOJOM.
Han myro# (i, j) 3amuceiBaeM BHadase dij motom O:j. Ilox ayro#t (i, f)
nepBOe YHCJIO O3HAyaeT BEJHIHHY IICEBAONOTOKA %ij, BTOPOE YHCIO
o3Hayaer sign @°- (Au;—A;;Au;), ecnm (i, j) HeomopHas nyra, H ®ij,
ecau (i, j) omopHasg ayra. IIpu BepIlHHe [ MepBOe YHCJIO COOTBETCTBYET
Au;, Bropoe — a;. OnopHEIe IYTH BHIeNsieM XHDHHIMH JuHUsAMH. Ha cern
YKasplBaeM TOJNBKO OTJIHYHBIE OT eIMHHIB TNapaMeTphl Ai;. Bepremcs
K IpHMepy, paccMoTpeHHOMY B 1. 8. IIpelAnonoxuM, 9T0 HCXOAHbIE Napa-
MeTphl 3aJ a4l M3MEHHJHCh: HHTEHCHBHOCTb NIePBOTO Y3Jla YMeHBIUHJIACh
Ha eIMHHIY U cTaja paBHOH ay=9. Jl;A TOro 4To6hl JMydllle HCIOML30BAThH
nHGOpMaLHIO, NONTYYeHHYIO IIPH pellleHHH NepBOHayasjbHOM 3amau, GyleM
pellaTh H3MeHeHHYI0 3aJauy ABOHCTBeHHHIM MeTonoM. ITocTpouMm ceThb
(puc. VII4), B xoropoit mnapamerpsl d;; H 8:;=A;; B3ATH H3 CceTH,

Puc. VII4

uso6paxennoit Ha puc. VII.3. Muoxecrsa Uon, Uon+ u (S, f) Takue Xe,
Kak u Ha puc. VIL3.

TlceBOONOTOKH [Js HEONOPHBIX Ayr HafimeM u3 ycaoBuit (38).
Us ycnosuii Gananca OnmpefesHM INCeBIONOTOKH JAJIS ONOPHBIX HELHKJIH-
YeCKHX IYT XKis=1, %54=11/3, %a3=4. ONOPHEI NCEBIONOTOK IO IHK-
Jauueckoi ayre (s, ) = (2, 5) nafinem no dopmyme (39)

4+1-11/3 8

Hop = ————— = —,
BT 3
I1ceBIOMOTOKH Ke2=—4/3 U %e5=7/3 HaliieM U3 ycaoBHi GasaHca.

KpuTepuit ONTHMaJbHOCTH He BHINOJHseTcss Aas Ayr (6, 2), (6, 5).
IMoxcuutaB @ee=—4/3 1 wes="7/3—2=1/3, noayuum, uro @°=—4/3,
(0, jo) = (6, 2).

Hajimem mnpupamenus norteHuxanos Au;. Ha cern (cm. puc. VIL4)
peanuayercs caydait 6): ayra (io, jo) = (6, 2) uEKMMYecKas.

Haiinem Au;=Aus no ¢opmyne (43)

(=1)* 1

1—hes  1—1/2

Ocranpube Au;, © =r€, JIETKO HaNTH M3 YCJIOBHH
Aui—Au;=0, (i, )5~ (6, 2), (i, j) EUomns;
Aue—Auz=1.

Aus =
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s HeONMODHHIX AYr HAaxOXUM dYHcaa sign @°- (Au;—As;Au;) u mo ¢op-
mynam (44) HaxomuM mar Go. B mamHOM ciywae Go=0i,;, =0Ou=]1.

Onopuas ayra (6, 2) BHIXOZMT U3 OmMOpH, Ayra (3, 4) cTaHOBHTCA
onopHo#i. B KauectBe (S, ?)mos BO3bMeM Iyry (2, 5), torma (Uon«)mos=
={(1,6), (6,5), (5 4), (2, 3), (3,4} -

Tlonaraem @s=a,=1, ocranpHbe @;, i=1,6, HAXOAUM H3 YCIOBHH
a;—A:ja;=0, (i, j) =Uons. ITo hopmMynam (45) nmepexoaum K HOBON CeTH
(puc. VIL.5). Haxonum AyroBme INCEBAONOTOKH Xi; M NPOBepsieM KpHTe-

7.0 21

a
4

Puc. VIL5

pHit ONTHMAJBHOCTH. Y CJIOBHS ONTHMAJbHOCTH He BBINOJHAIOTCA A/ AYTH
(2, 5), Tak KaK das=7, a ¥25=28. 3Haumr, 0'=0i);, =02=8—T7=1

HaxofuM NpHpalieHHs NOTeHNHanoB Adi, i=1, 6, 1 [/s HEONMOPHBIX AYT
uyncna sign @°- (Aus;—Ai;Au;). Ilo dopmynam (44) maxomuM Imiar Go:
00=01i,j,=012=>5/4. OmopHas Aayra (2, 5) BBHIXOAHT M3 ONOPH], AYyra
(1, 2) cranoBuTcs onopHo#t. Ecn B KauecTBe (S, £)mos B3ATH AYTY (1, 2),

TO Bce @;, i=1,6, paBHHl elHUHHIle, 3HAUUT, NIPH Ilepexojie K HOBOH CETH
napametpH a;, dij, Aij ocraHyTcs npexHuMH. ITepexoum K HOBOH ceTH
(puc. VIIL.6). Ha sroft ceTH cTpOuM INCEBONOTOK H y6exaaeMCs B BBHINOJ-

Puc. VII6

HeHHH KDHTepHs ONTHMajbHOCTH. ONTHMAJBHBIA MOTOK [Jif MCXOLHOH
CeTH, TOMyueHHH 1o ¢opmysnam (46), pasen: x12=31/4, x16=5/4,
Xog=23/4, xo5 =T, x35=0, x3.=3/4, x50=19/4, x62=0, xe5=>5/4.
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AONOJIHEHUA

Huxe npuBoAsiTcs 4YeThIpe JONOJNHEHHS K MaTepuany KHuru. B mep-
BOM JONOJIHEHHH, OCHOBaHHOM Ha peayaeratax JI. B. Komaumuuoii,
pelraercss TpaHCIOpTHas 3afava (cM. § 1 ro. I) ¢ yuerom cmenuaspHBIX
OrpaHHYEHHH Ha IePeBO3KH, KOTOPHIE CYIIECTBEHHO H3MEHSIOT CTPYKTYPY
3a7aud ¥ NpuGIMKAIOT ee K obuwiell 3agaue [4. 1]. YactHmil cayuail uccne-
nosajncs B [1]. Marepuan clleLyiomux Tpex AONOJHEHHI OCHOBaH Ha pe-
3yJbTaTax aBTOPOB, NoNydeHHBIX coBMecTHO ¢ O. M. KocTiokoBo#i mocne
Beixona [u. 1]. Mcxonst u3 mpensioXeHHBIX METONOB pelleHHs o6uiel 3a-
Jlauy JIMHeHHOro MpOrpaMMHpPOBAHMS, MOXHO IOCTPOHTb HOBEIE aJro-
PUTMEI pellleHHsi pACCMOTPEHHEIX B KHHIe TPaHCHODPTHLHIX 3adau.

1. Harpy)keHHas TpaHCMOPTHaA 3afaua

PaccMoTpHM MaTPHUHYIO TPAHCHOPTHYIO 3aJady C JONOJHHTENbHHIMH
OrpaHHYeHUSIMHU

n m
Cij¥i—>min,
i=1 j=1
w . — . (1)
diij<xij<di;, i=1,n, j=1, m;
Xij=0gp, p=1, 1, (2)
(i.i)eMp

rne Mp, p=1, |,— 3ajaHHEle MHOXKECTBA KJETOK TPAHCIOPTHOH TaGJHIIbI,
ap — 3a7laHHBle UMCIIA, PAHT cUcTeMHbl (2) paseH [.

CoBOKYNMHOCTb uHcen x= {¥:j, i=1,n, j=1, m} HasplBaeTcs IJIaHOM
3aJlaul, €CIM OHA YHOBJIETBOPsieT BCEM ee orpanmueHHsM. Omopoit TpaHc-
TOPTHO! TaGMMIL Ha30BeM MAKCHMalbHOe (IO KOJHYECTBY 3JIEMEHTOB)
MHOXecTBO Upy KJIETOK TPaHCIOPTHOH TaGMHIb, MJs KOTOPOrO HMeer
TOJIBKO TPHBHAJbHOE pellleHHe CHCTeMa

Z x:;=0, iE[(Uuu);

iel Wy
2 x:;=0, j&J (Uon); 3)
el Uy
xi;=0, p=1,1,
(i, .’i)EMp’
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roe I(
1;3(Uon)
p=1,L
Ilyets *) L = {Lq, g=1, 11} — COBOKYNIHOCTb BCEX HE3aBHUCHMbIX
IIMKJIOB H3 MHOXecTBa KJeToK U* TpamcmoprHOi Tamuuel. (MmHOXKecTBO
L HasniBaercs He3aBHCHMBIM, €CJIH He CYyllecTByeT uukaa Lpe=L, 40
2
Ly U Lg) PaccMOTpPHM HEKOTODBIH LHKJI
q=1, g#k

q .9, ,.4.¢ 4 4 q g 4 .q
(11, J1 ); (111 ]2 ), (lz, ]2 )» ey (quv ]Sq)» ("sq’ J1 )
Kaxpoit kaetke (i, j) =L, nocTaBUM B COOTBETCTBHE UHCJIO

ap._{ 1, ecmu (i, j) = Mp;
L0, ecn (i, j) E Mp.

Uon)={i: dj, (i, ]) €Uon}; J(Uon)={j: i, (i, j) & Uon}s
={i: ([, ])EUon}; Ji(U0n)={jZ (i, j)EUon}; Mpl=Mpn Uon,

O

Beenem noHsTHE AeTepMHHAHTA LuKJIa Lg OTHOCHTENBHO Mp:

q

§: P ? .q g

Rp(Lg) = (a.q.q—a.q.q )§18q+1=]1-
"rIn "RIR41

=1
CocraBum marpuny **)

D(U*)={ Ro (La) q=1’l"}.
p=1,1

Ecmu l17=!, pononnum D (U*) Hynamm KO KBagpaTHOH MaTpHUB-
Yucno R=det D(U*) HasoBeM netepmMuHaHTOM MHOXKecTBa U* orHoCH~
tenbHo M= {Mp, p=1,1}. 3

Kpurepnit onoprocru. CsisHoe MHOXeCTBO Uon K/IETOK TpaHCIOPTHOH
TaGJuIE  SIBJAfETCS ONOPOM TONMA M TOJABKO TOrAa, Korga ***)
a) |[(Uon) |=n, | (Uox)|=m, 6) R=~0.

J1s OoKa3aTelbCTBA TEOPEMBl MOHANOGATCH CJAEAYIOLIYE JIEMMBL.

Jlemma 1. [Ins1 Toro 4ToGH CcBsi3HOe MHOXKecTBO U KjIeTOK TpaHCIOpT-
HOM TaG/MUbl CONEpPXkKaJo POBHO [ HE3aBUCHMBIX IIMKJIOB, HeoGXOAMMO
u gocratouHo, urobsl |U|=|1(U)|+|J(U)|+I—1.

JloKkasaTeabCTBO OGEUX YacTel JIeMMBl IPOBEJEM METOLOM MaTeMaTH-
uecKOl HHAYKUMM 1o uucay L Hdas /=1 semma cnpaBeajuBa (cM. §

ra. VII). IlpennosioxuB, 4TO OHA BepHA JJg BCeX 1=2F, YyCTaHOBUM €€
CrnpaBeIMBOCTb Ans l=Fk-1.

*) CumBosioM Lg GyneM 0603HAUaTh M UMK/ KaK eIMHHYHBIA 00DBEKT
H MHOMECTBO KJ/IETOK, COCTaBJAIOIMX LHKJ. 3 KOHTeKcTa ficeH cMBICH
CHMBOJIAa B KaXXIOM KOHKDETHOM CJIydae.
aij, ]= l, m,
i=1n
*%%) CumBosioM |I| 0603HAUEHO KOJIHYECTBO 3JEMEHTOB MHOKecTBa -

ay Aim
o3Hayaer n)Xm-MaTpULY{ : H

*) CHMBOJI{
Any «.. Aom
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Heobxodunocrs. TlycTs B cBSI3HOM MHOXectBe U; DOBHO k He3aBH-
cimbix unkaoB. Torpa |Us|=|I1(U;) |+ |J(Us) |+k—1. Jo6aBum Kk MHO-
xkectBy U, cssHoe mHOxectBo Uz Takoe, uro U=U; U U, — cBasHoe
MHOXECTBO M CONEPKHT DPOBHO k-1 He3aBHCHMBIX LHKJIOB. IIpu 3TOM
ecin  mHoxectBo U, comepxur muxa, Tto | [(Ui) NI(Us2) | +
4+ |J(U) NJ(U:) |=1; ecmt xe U, He CONEPRUT LHMKAA, TO
[7(Us) N1(Us2) |+ |7 (U) NJ(Uz) | =2. B nepsom cayuae |U|=|U;|+
+|Us| = [I(Uy) | + |7 (Uy) [+k—1+]1(U2) | 4+ I/ (U2)], w0 (V)=
=10 111U [ = 1(U) 01U | [7(U) | =17 (D) 1412 (Uz) |
—|J(Us) NI (Us) |, 1. e. [1(U)|+|J(U)|=I(Us) 14T (Us) 411 (Us) 4
+|J(Us) |—1, a snaunr, |U|=|I(U)|+|J(U)|+& U Bo BTOPOM Cay-
yae C y4eTOM TOTO, UTO JJIf CBSI3HOrO MHOXecTBa Uz 6e3 LHKJIOB
|Uz2| = |1 (Us) |+]/(Uz) | —1, npuieM K yTBEPKAEHHUIO JIEMMEL

Hocrarounocte. CocTaBuM MaTpuny Z= {21-52/ pasmepoe |I(U)|X
X[ (U)| nna muoxecrsa U, |U|=|I(U)|+|/(U) |4+ (k4+1)—1:

I { 1, ecn (i, j) e U;
Y10, ecm (G ) E U

B cuny cessnoctu MHOXecTBa U B Mmarpuue Z HeT HYJIEBHX CTPOK H
cToJ6LO0B. M3 MaTpuubl Z HOJNYyYMM MaTpPHLy Zi CHEYIOMHM OGpa3oM:
BLIYEDKHEM BCe CTPOKH, COflepXKalllie TOJBKO ONHY eNHHHILY, 3aTeM CTOJIO-
LLl C ONHOH eJHHHIleH; Jajee ¢ HOBOH MAaTpHIeH IOCTyNaeM aHaJOTHYHO
H Tak 10 TeX IOp, IOKa He OCTAHeTCs HH OJHOH CTPOKH H HH OJHOTO
cTonbla, coJepXKalinx TOJbKO OAHY eAuHHNy. IIycThb BBIYEPKHYTHI St
CTPOK M #; croa6uos. Torna B marpuuie Zy ocranocs |/ (U) |4/ (U) |+
-+ (k+1)—(s1+1f1)—1 enunun (xaxjas H3 HMX COOTBETCTBYET KJeTKe
MHOXecTBa U, BXoAsmel XoTa 66l B OAMH LHKJ, H 3TH KJETKH 06pasyioT
He MeHee k-1 He3aBHCHMBHIX IMKJOB, H60 B IIPOTHBHOM CJydae IOJYYHM
NPOTHBOpEYHE YCJIOBHIO). YIAMHM M3 Zi eIHHHIY, COOTBETCTBYIOILYIO
KJIeTKe, BXOASIIEH TOJLKO B OIMH ILMKJ (Takas KJeTKa CYIIeCTBYyeT IO
Ompele/ieHHI0 He3aBHCHMBIX IMKJOB). YJAJHB ee, MBI DaspyIIHM OIHH
He3aBUCHMbIH nukja. OGpasyem martpuuy Zp Tak e, KaKk H Marpuuy Zi.
Ilycth BLIYEPKHYTHL S2 CTPOK M %z cron6uoB. Torma B Zp oOCTasNOCh
[ 1(U) | 4+ |7 (U) |+ (k4+1) —2— (s14-t14-$24-22) emumuu. Ecmu  Tenepn
[IPUCOEAMHHTL BCe BHIYEPKHYTHE €IHHHIBI, KPOMe pas3pyIUMBINEH LUK,
to |U|=|I(U)|+|J(U)|+k—1, yt0o ABIfEeTCA YyCJOBHEM CYLIECTBOBA-
uust B U poBHO £ He3aBHCHMBIX UHKJIOB. ClieZloBaTeNbHO, NepBOHAYAJIBHO
B U 6b10 k-1 He3aBUCHMBIX LIMKJIOB.

Jlemma 2. Onopa Upn — CBSI3HOE MHOXKECTBO.

HdoxasateabcTBo. Tak kak Uon omopa, To cucrema (3) HmeeT
TOJIbKO TPHUBHAJbHOE pelieHHe u MHOXKecTBO Uonm MakcumadbHoe. Ilpex-
nosnoxuM, 4t0 Uspy — HecBsisHoe MHOXecTBO. Torma Usn=U; U U,, rae

Ui u U, cBsizunle muoxectsa, 1(Ui) NI (Uz) =@ u J(Us) N T (Uz) =6.
Paccmorpum  muoxectB0 U=Uon |J (io, jo), ol (U1), jo=J(Uz).

3anumem jas Hero cucreMy (3) B BHIe

Xij=
jied (Uy)

{ 0, ecmu isl(Uy), iz=io,

—Xigig €CHH i=lo;

2 x:;=0, j&J(Uy); 2 xi;=0, il (Us);

iel;w,) i€y vy
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0, ecmn jl(Us), jFjo,

xij= . .
ie!].(vz) —xiojo, €CcJid [=]o,
— (5)
Z xi;=0, p=1, L
(’i,.'l')EMp’

Us cymmbl nmepBeix |/(Ui)| ypaBHeHHH BEUTEM CYMMY CJIeLYIONIHX
[7(Ui)| ypasmennit, Torna momyuum x; ;=0 u, 3nauur, cucrema (5)
HM€eT TOJIBKO TpuBHasibHOe pelleHHe. To ectb Uon — He MaKkcHMaibHOE
MHOXECTBO, UYTO HPOTHBODEUYHUT YCJOBHIO JieMMbl. Ciuenosarensno, Uon —
CBSI3HOE MHOKECTBO.

TlepefineM X MOKa3aTeJbCTBY KPUTEPHS ONOPHOCTH.

Hocrarounocre. Y3 ycnosus 6) crienyer, uto B Matputie D (Uoxn)
HET HYJEBHIX CTPOK H CTOJIGLOB, T. €. B Uon CyliecTByioT ! He3aBUCHMBIX
nukaos. Torna B cuay jemmbl | u yenosust a) |Uen|=n-+t+m-I—1.
ITosTomy B cucreme (3) umeercs n-+m-I—1 nepeMenubix u n-m--!
ypaBHenufi. (I[Tpuuem cymMMa nepBHIX 7 YpaBHEHHil paBHAa CyMMe CJEAYIO-
mux m ypasuenuit: 3 x;;=0, (i, j)EUon, T. €. OMHO H3 HHX JHIIHEE.
CoxpaHuUM ero paju CHMMETPHH.)

C nomouipi0 MeTOfAa MaTeMaTHYeCKOH HHAYKUMM 1O uyucay [ moka-
KeM, UYTO KaxAoe H3 CAeAYIoUHX [ ypaBHEHHH JMHEHHO He 3aBHUCHT
oT npensAymux. Matpuny A cucremsl (3) mpeAcTaBUM Tak:

= {n}

rae Ay — (m+n)X (m+n+Il—1)-marpuna, Az — X (m4-n4-I—1)-mat-
puna. Cron6usl martpunbl A; comepkar pOBHO [Be eNHHHIHL Ha i-M
n (n+j)-m mecrax. Ctpoxa matpulnl As, COOTBETCTBYIOmMAs k-My Orpa-
HHYEHHiO, COCTOHT U3 uncen oij, (i, j)EUon.

Ilpennosoxum, YTO mMepBOe ypaBHeHHe MaTpulbl A, JHHEHHO 3aBH-
CHT OT ypaBHeHuit Marpuunl A;. Torma cymwectsyioT uucia A, [=1,n,

H Wj, j=1,m, OOHOBpeMEHHO He paBHHIE HYJIO TAaKHe, YTO KaXAbIH
3JIEMEHT NEPBOH CTPOKH MaTpHubl A, MOXKeT GbITh NMpPEACTaBJEH B BHIE

aii=Mi+wi, (i, j)=Uon.

Bri6epem ypaBHennst anst (i, j) L1, 3anucaB ux no xony unkiaa. Croxum
1A — .
YpaBHeHHs, COOTBETCTBYIONHe KaeTkaM (ir, jr), k=1, S1, U3 MOJy4YeHHOH

a1 _—
CYMMBI BBIYTEM YpaBHEHHS JJs (ir, jr+1), k=1, 4. Torna ciesa noayuyum
Ri(L1), a cupaBa 0, T. €. UMKJI L, BHIPOMXKIEHHBIH OTHOCHTENBHO MHOXeE-

crBa M. IToctynuM aHaJIOTHYHO MJIs BCeX LUKIOB L, g=2, [, 1 nonyuum
Ri(L;) =0. Taxum oGpas3oM, B omnpelesnutese R nepBas CTpoKa COCTOHUT
H3 HyseH, YTO NPOTHBOPEYUT YCJIOBUIO 6) TeopeMbl. 3HAUYHT, IepBOe
ypaBHenue B Ap He SIBIAETCS JHHEHHO 3aBHCHMBIM OT YPaBHEHHMH MaT-
punst Ajg.

Tpeanosoxum, 4TO mepBble kK CTPOK MaTpHlbl A, JHHENHO HE3aBH-
CHMBI OT MpeABAYWHX CTPOK MaTpuusl A, HO (k-+1)-1 crpoka JuHEHHO

3aBucHMa. Torjga cymecTByiOT uHcaa Ai, i=1,n; py, j=1,m; vo, p=1,k,
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TaKue, YTO KaxKAblil symeMeHT (k-+1)-# cTpoKH matpuuel A, MOMXKeT 6BITH
NpelCTaBJeH B BUeE

k
k+1 8
aij =hituit 3] vsaij

s=1

Kak u paHblle, CJIOXKMM YypaBHEHHS, COOTBETCTBYIOLHE KJeTKaM
g .9 "
(ix, jr ) =Lg, ¥ U3 NOJNYYEHHOH CYMMBI BHIYTEM YPaBHEHHs, COOTBETCTBYIO-

qa .9
wue KiaetkaM (ir, jr+1) ELg. Torma mas Kaxmoro LHKJAA MOJYYHM ypas-
HeHHS

Rius1(Lg) =Ri(Lg)vi+.. . 4+Ru(Ly)ve, =1, 1,

M3 KOTODBIX BHIHO, uTO (k+1)- cTpoka B R — nuHeliHas KOMOGHHAIMS
npefbAyIUX k& CTPOK, T. €. R=0, YTO NPOTHBOPEUHT YCJOBHIO 6) Teo-
pembl.. Takum oGpasom, nocienuue ! ypaBHenu#l cuctembl (3) JHHeHHO
He3aBHCHMBEl OT NpPeABIAYIINX, T. €. paHr cucreMmul (3) paBeH n-4-m-4-I—1,
ClefloBaTeNbHO, cHcTeMa (3) MMeeT TOJBKO TPHUBHAJNbHOE DelIeHHe.

Pacmuputs MHOXKecTBO Upn Henb3sl, TaK Kak, LOGaBHB elle XOTs GBI
OOHY KJetky, B cucreMe (3) 6yldemM HMeTb NepeMeHHHIX GOJbLIE, YeM
YHCJIO JIMHEHHO He3aBHCUMBIX ypaBHeHu#, T. e. cucrema (3) GyleT HMeTb
HETPUBHAJILHOE pelleHHE.

Heo6xodumocre. 1) Tlpenmonoxum, uto |I(Uon)|=ni<<n. Iyecrsp
kaetkd U3 Uon HAXOHATCSA B NEPBHIX 14 cTpokax. O6pasyem mMHOXKecTBO U,
no6aBuB K Uon M06yio Knetky (n1+1, j) B (n141)-i cTpoke, u 3amumem
IJIsT Hero cucteMy (3). DTa cuCTeMa HMeeT TOJbKO TPHBHAJBHOE pelleHHe,
TaK KaK HOBYI0O NEDEMEHHYI0O HAXOAMM H3 YDaBHEHHS Xn 41, 3=D0,

a ocTajbHble H3 cucTeMHl (3), samucanHOi Las MHOXecTBa Uom, KOTOpas
HMeeT TOJIbKO TPHBHAJbHOE pelleHHe, T. €. Uon — He MakcHMalJlbHOe MHO-
JKEeCTBO, AN KOTOPOro cucrema (3) uMeeT TOJbKO TPHBHAJBHOE pellleHHe,
YTO NPOTHBOPEYHUT YCJOBHIO TEOPEMBI. TaKPIM o6pazom, |I(Uon)|=n.
Ananoruuno nokaswisaercst, uto |J (Uon) | =

2) Ilycts MHOXecCTBO Uon COZLEpKHUT [, HesaBHCHMbIX uukaos. Torna
|Uon| =11(Uon) | 4+1J (Uor) | +11—1. Ecau [;>1, To B cucteMe (3) yHci0
NepeMeHHBIX GOoJbIle uKcaa ypaBHeHH# H, 3HauMT, Uon He omopa. Ecau
ly<<l, To Bcerga MoxHO 106aBuTh K Upn KJIETKY TaKylo, YTO DAHT CHCTe-
Mbl (3), 3anMCaHHOH /1 HOBOTO MHOXECTBA, YBeJHUYHBAETCS Ha €1H-
HULY (H6O B IPOTHBHOM CJIyYae pPaHl CHCTEMBI (2) paBen [;<<l). 3Haunur,
cucrema (3) I/ HOBOTO MHOXECTBA HMeeT TOJbKO TPHBHAJIbHOE pelle-
aue, T. €. Uon — He MaKCHMaJjbHOE MHOXECTBO, YTO NMPOTHBOPEYHT YCJIO-
Buto Teopembl. Torna ly=I! u D (Uon) — kBazpatRas martpuua. Ilpen-
nojoxum, uto R=0. Torma Bcerga MOXHO IIOCTPOHTb HETPHBHAJbHOE
pellleHde cJeAylomuM o6pasom. Ilomoxum x:;=0, (i, HYeUon\ L,
W X .q.q=0q ¥gqq =—0g LT KIETOK, NpPUHAAMENKAIHX TOJBKO IHK-

"R *RIR4t
ny Lq. Ilnst ocrasbHBIX KJIETOK 3HAueHHS x” ONpPEIeNSIOTCsS U3 TepBhiX
n+m ypasuenuit cucremnl (3). [Tocnennue ! ypaBHeHHH CHCTEMBI IPH-
MYT BHL

! J—
37 Ry (Lo)ag=0, p=T,1.
q=1

Tak Kak, mo npeanojioxeHuo, R=0, TO cucreMa HMeeT HETpPHBHAJbHOE
peienne. Teopema HOKasaHa.

Onpenenenue CosokynHoctb {X, Uon} M3 miaHa M ONMOpH Ha-
3bIBaetca ONOPHHIM INIaHOM.
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OmopHbli m1aH HA3HBAETCS HEBHIPOXKIEHHEIM, €CJIM ONODHBIE Ilepe-

*
BO3KH YJIOBJIETBOPSIIOT HEPaBEHCTBAM duij<<Xij<dij. OG03HauUuM uepes
Uz MHOXKECTBO HEONOPHBIX KJETOK.
ITo omope Uop mocTpOMM ONOpHBIE MNOTEHNHMAJBl Ui, i=1,1; Uj,

j=1,m; rp, p=1, [, yi0oBIeTBOpSIOLIYE CHCTEMAM

1
Z Rp(Lg)ro=
p=1
Sq
= Ell (C.q.q—c.q.q ), =11 (6)
tpln ‘IRt
h=1
!op
uitvi=cij— 37 aijrp, (i, j)EUon,. (7
p=1

rfie Yucaa ai’} onpenensitorcs U3 (4). Cucrema (6) OTHOCHTENBHO 7p
HMeeT eIHMHCTBEeHHOe pellenue, Tak Kak R%0. Eciu B cucreme (7) 3a-
JaTh IIPOH3BOJIBHO INOTEHIHAaJ KaKHX-HHOYAb CTPOKH HJM CTOJ6La, TO
NOTEHI[HAJMBl OCTAJbHEIX CTPOK M CTONOLOB Ha#ayTcsa u3 (7) OLHO3HAYHO.
Hafinennrle mnoTeHNMaJbl MO3BOJSIOT BBIYHCAHTb OLEHKH HEONOPHBIX
KJIETOK

l
Aij=uitvi+ 3 afjrp—ci,-, (i, ) €Uxr

p=1

Cnenys [u4. 1], nokassiBaloTCs
Kputepuit ontumManbHocTH. COOTHOIIEHUS

*
Ai;<<O nast xij=d.ij; A;; =0 nas x;=d;;;

* 8
Aii=0 a5 duij<xi;j<<dij ®

JIOCTaTOYHEl, @ B CJydae HeBBHIDOXKIEHHOCTH H HEOGXOJAUMEI [JSI ONTH-
MaJbHOCTH OMOpHOro mjiaHa nepeBo3ok {X, Uon}.

Kpurepuii cyGontumansuoctd. Ecan nas onopuoro maana (¥, Uon}
BHIMOJIHSIETCST HEPABEHCTBO

3 Aii(dii—xi)— 3 Ais(xii—deis) <e, (i, J&Us,  (9)
A;;>0 A;;<<0

TO MJAaH X €-ONTHManbHb. s KaXI0ro €-onTHMaJjbHOro IjiaHa x Hai-
JleTcst Takasi Oropa, YTO CIpaBe/JINBO HepaBeHCTBO (9).

Hrepauus. B HeonopHBIX K/IeTKax, MeMEHThl KOTOPHIX He yIOBJETBO-
psitor cootHourenusim (8) (mam (9)), ormerum oneHky Agj. ITyerb Asgj, —

MaKCHMaJbHasl M0 MOAYMO cpeiu Hux. O6osnauum yepes U MHOKECTBO
IMKJIHYECKHX KJIEeTOK H yepe3 U MHOXeCTBO (Uou\ U) | (éo, jo). Haitnem

uuena Yij, (i, j)EUox |J (io, jo):
rnoJiaraeM yiojo=—1;
NS ONOPHLIX HELMKJHYECKHX KJETOK UMCJA Yi; JIETKO HAXORATCH
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10 MPaBHJY: CyMMa BCeX UMCeJ Y;; B KaXKIOH CTPOKe M KaXKIOM CTOJ6Le
paBHa HYJIIO;
JUIE [IMKJIHYECKUX OIOPHBIX KJETOK YHC/IA Y;j HAXOASTCA M3 CHCTEMEL

Z Yij=— 2 Yij, lEI(U),

jeJ,U) jer ()
> yii=— 3 vy jel(U);
ier;[U) i€l (D)
S Yii=— 3 i, P p=11
(i, eM, (i, =My
rne
M\ My, ecan (io, jo) = Map;

(Mp\ Mp) U (io, jo), ecat (io, jo) = Mp.

BosMoxHBl fBa cayuas: 1) Asiy >0, 2) Aiojo<0. B cayuae 1)
mar ® HaXO[HTCH U3 YCIOBHS

min

*
fij—dwiz | dij—%ij
ofo,y in min —— ¢,

*
0=0;,; —-—min{d- i n
#J% i s
Yij V<0 —y;;

a HOBBHIA IJIaH HAXOJMM IO ¢opMyJaam

Fij=xij (i, j)EUn\(io, jo); J?iojo=xiojo+®;
fij=xi.7'_®yif: (iv j)EUon.
B ciyuae 2) mar

0= 01*5*—m1n{x1°, —d.;

a HOBBI IJIaH BBHIYHC/ISETCA MO GopMynaam

Xij=xj (i, ] EUH\(‘% jo); xt —xiojo_9§
¥ij=x:;+0yi; (i, j)EUon.

B o6oux cayuasx npu (io, jo) = (is, j:) omopa Uon He MeHsercs.
Ecnu (io, jo) = (i«, j+), U3 CTapOH ONOPH YLANsEM KIETKY (ix, j«) H HO-
6aBasieM Kanetky (io, jo). IToslyueHHOE MHOXeCTBO 0Gpa3yeT HOBYIO ONOPY.

3amevanusa: 1. Ecmu (i, j:) EL, B HOBOX omope LHKIH He

HU3MEHANTCA, a CJeA0BATEJNbHO, NOTEHUIHAJE! p, p=l, l, OCTaIOTCA MIpexK-

Humd. Ecom ke (is, j«) =Ly, k=1,11, 1</, B HOBO} OnOpe HalO BHIABHThb
HOBBIE IIMKJIBI BMECTO Pa3pyLIEHHbIX.

2. Ecim pas knetku (io, jo) MOXKHO IIOCTPOHTb H3 KJETOK OIOPHI
muka Lo, BBIPOXKJEHHEIH OTHOCHTENBHO BCeX MHOXecTB H3 M (T. e.

Ry (Lo) =0, p=1,1), naxoxaeHue mara © 1 HOBOro IJIaHa BLINOJHAETCH,
KaK U B KJIaCCHUecKOl TPaHCIOPTHOH 3ajave.
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2. Merop MaKCMManNLHOrO NPHUPaLLEHMs € ONTUMANbHOMN
3aMEeHON 3NeMeHTa onopbl

PaccmoTpuM 3aauy JIMHENHOrO NPOTPAMMUPOBAHHA B KAHOHHYECKOH
dopme

¢’x—>max, Ax="b, d. <x<d*, (1)

rie ¢, ¥, d., d*— n-BeKTOPH-CTOJGUE, b — m-BekTOp-cTONGeL, A —

mXn-matpuna (rank A=m, n=m), ' (WTPHX) — onepauus TPaHCIOHH-
pOBaHHSI.

Bynem cumTtaTh, 4TO Nepel HayasoM belneHHsi 3amaud (1) kpome
napametpos ¢, A, d., d* usBecren maan x! (Axi=b, d.<x'<d¥).
Tpe6yeTcss NOCTPOUTH AJATOPHUTM INOJYYEHHS ONTHMAaJbHOTO X° HJIH €-ONTH-
MaJIbHOTO x& (¢’x%—c’x8<Cg) miaHOB.

1 L1
Ipunucas naany x! onopy Aon={a:, iSlg} [u. 1], nonyunm Ha-
o o i u
yajbHbIA OMOpHBI maad {x!, Aon}. Cornacuo [4. 1], cBefeHHs 0 HayasbHOI

omnope Aoin IleJ1ec006Pa3HO COGHPATh Y CHENHAJHCTOB H BHOCHTb B IepPBO-
Haya/JbHYIO HHGOpManuio 0 3afave. OmopHefi miad {x, Aon} cuuraercs
HEBLIPOK/IEHHEIM, €C/IH HH OJHA W3 er0 ONOPHBIX KOMIOHEHT Xi, (&lom,
He SBJISETCS KDHTHYECKOH, T. e. He NPHHHMaeT TPAHHYHBIX 3HAYeHHH

(dws uam di ).

HafineM m-BeKTOp NOTEHLHAJNOB 4 H3 ypaBHEHHS uIAgin=Co’n U BHI-
YHCIUM BEKTOD OLEHOK Agp HEONODHBIX BEKTOPOB YCJIOBHH @i, iEI;,
2 =N\lom, [=1{i, i=1,n}: Au=u'Ag—cz.

Cnenys [4. 1], HeTpyAHO NMOACYHTATD

c0—c' X <Y,

Bl=— 3 A(du—xi)— 3 Adi—xi).

A;>0, ieT, A,<0, ieI}

(2)

W3 storo HepaseHcTBa mosydaem [4. 1]
Kputepun onTHMaJbHOCTH H cy6onTHMAabHOCTH. COOTHOIIEHHS

Ai=0 npn xf =dus; Ar<O npn xi =d ;
A;=0 npu d*i'<x: <d;, iE[;,

JOCTATOYHB, a B CJyyae HEeBHIPOXKIEHHOCTH W HEOGXOAHMbl IJISi ONTH-
1
MaJIbHOCTH OnmopHoro miana {x!, Aon}.

Ecnu
Bi<e, (3)

1
10 omopuuifi miaH {x!, Aon} sABAseTCA €-ONTHMAaJbHEIM. [l KaXJoro
" 1
£-ONTHMaJbHOTO IJaHa x! Haiimercsa onopa Aon Takas, 4TO JJIf ONOPHOTO

i
naana {x!, Aox} BHIONHSIETCS HePaBeHCTBO (3).

PaccMOTpHM Terepb CHTYalHio, KOTa HayaJbHblH [VIAH HYXKHO Yayd-
wuTh. ONWH W3 METONOB YJyYlIeHHA OMOPHBIX MiaHOB yKasad B [u. 1].
Tam e OTMEYeHO, YTO ONOpHEIE MJaHBl B OTJIHYHE OT KJaCCHYECKHX
6a3HCHBIX TJIAHOB JOMYCKAOT APYTHe METOAbl YJYYUIEHHs, OCHOBAHHBIC
HAa HOBHIX HOPMHPOBOYHBIX YCJOBHSIX JIJ NOLXOASUIHX HAIpPaBJICHHH.
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B nannom maparpade paccMOTPHM CJIEAYIOL[YI0 HOPMHDOBKY HEONOpHBIX
KOMIIOHEHT JONYCTHMOTrO HalpaBJIeHHs:

doi—x; <Li<d; —x1, iclh. (4)

DTa HOpMUPOBKA 3aBHCHT OT TEKYLIEro IJlaHa x! ¥ ABJASETCS B 5TOM
cmbicie adanTusnod. OHa OTIHMYAETCS OT CHMIIEKCHOH HODPMHPOBKH TeM,
4TO ONTHMAaJbHOE HaNpaBJ/leHHe HUIETCS He U3 YCJIOBHA MaKCHMaJbHOH
CKOPOCTH BO3DacTaHHs LieleBOH (DYHKIMH, a H3 YCJIOBHS MAaKCHMaJbHOIO
NPHPAIEHUS 1leJeBOH (QYHKIMH B NPOCTPAHCTBE HEONMOPHHIX NEPEMEHHBIX.
ToxcunTaE MakCHMYM NpOH3BOIHOH NeneBofl GyHkuuu [u. 1] mo momyc-
THMBEIM HanpaBJ/IeHHsIM, Hali/leM KOMIOHEHTH ONTHMAJbHOIO IOAXOASIIEr0o
HanpasJieHHs [!, COOTBETCTBYIOLIEr0 HOPMHPOBKe (4):

l: =d:—x1~1, ecan A; <0; l,-1=d*i—x:, ecn A;>0;
1 =0, ecan A;=0, ic/n; lon=— (o) —*Anls.

HoBmit mnan x2 crpourcsa B Buie x2=x'40ol!, rme ©o — MakcH-
MaJbHO AONYCTHMBIA IIar, KOTODHIH HIeM TakK, 4TOOb Ha BeKTOope x2
He HapyIIaJuch NpPsSMble OTPaHHYEHHS NO HEONODHBIM M ONOPHLIM Iepe-
meHHbIM. K3 mepsoro tpeGoBanus ciefyer, uyto @o<<1. Bropoe Tpe6o-
BaHHe 3KBHBAJIEHTHO [4. 1] HepaBeHCTBY

80<O:,, O:=min O, iclon, Li 70,
rae
(d: —x,-i)/l:, eciu l: >0;

0:= 1.1 1
(dsi—x:)/l;, ecan 1; <O.

Takum o6pasom, @=min {l, ©; }. SicHo, uto mpu @o=1 mran x2
ONTHMaJIeH ¥ IIPOLeCC PelIeHHs 3aJayd 3aKOHUeH.

Iyere ©9=0; <<1. Tlpn nepexoie kX mnaHy x® UeneBas QyHKIHA
npsiMofl 3amaun Bo3pacraeT Ha BeauuuHy Oofl. OueHxa cyGonTuMabHO-

CTH ILIaHa x2:
c'x0'—c'x2<< (1—00) L. (%)

Eciu 3zauenue mpaBod uyacty B (5) He NpeBHIIaeT 3aJaHHOH TOYHOCTH
npuGAMKEHHS € K ONTHMaJbHOMY IUIaHy, TO IJIaH X? IpPHHHMaercsd 3a
npubanXKeHHOe pelileHHe 3afauu (1). B mpotuBHOM ciyuae BcTaeT BOmpoc

1
0 3ameHe onopbl Aon. ITOCKONIBKY OrpaHHYeHHe Ha ONOPHYIO IepeMEHHYIO
X;, IPENMATCTBYeT AanbHeflleMy ABHXKEHHIO BLOJb [, TO BEKTOp @i NOA-
JIEXKHUT yAAJEHHI0 U3 Onopsl. BogHuKaeT BONpPOC: KaKOM BEKTOP dj, BBECTH
B ONOpy IyiaHa x* BMECTO BeKTOpa a;? B chMiuiekc-merofe BOmpoc pe-
mraercss OJHO3HAYHO B CHJY cneludHKH GasHCHOro IjaHa. B omopHOM
merofe [u. 1] Hcmosmb3yercss aHaNOTHUHOEe NPABHJIO: B ONOPY BBOJHUTCH
BEKTOp @j,, OUEHKa Aj  KOTOPOrO AaeT MaKCHMAJbHYI0 CKOPOCTb YBeJH-
qeeiHsl LeseBoH yHKIMH. ONHAKO HETPYAHO IOHATh, YTO 3aMEHY 3JIEMEH-
TOB ONOPbl MOXHO OTHAENHTh OT BHIOOpPA MOAXOASAILIEr0 HAampaBJeHHs.
Bynem ucxomuth 3 cienaywoomero coo6paxenus. OleHKa cyGONTHMAasb-
HocTH (2) omopHoro miaaHa {X, Aon} 3aBHCHT OT OIOpPH, U IO3TOMY IPH
3aMeHe OIOphl Pa3yMHO NOGHBAThCS MAKCHMAJbHOTO YJNYYIIEHHS OLEHKH.
BoJiee TOUHBIE OLEHKH NMO3BOJISIOT CKODee OCTAHOBHTb MDOLECC pelleHHS,
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n6o c nomompio HX GeICTpee pacfio3Haercss CyGONTHMANBHOCTL TEKYIIETrO
nJaHa.

Kaxgomy omopuoMmy miaHy {X, Aoz} MOXHO IIOCTABHTbL B COOTBET-
CTBHE CONMPOBOXIAIOUHH KOMIAH A M CONPOBOXJAMOIMH ABOHCTBEHHBI

r 1
miad {y, w, v} N0 CIedYIOUEMY NPaBHAY: Y =Condon; wi=0, v;=A;,

ecmn A;=0; wi=—A;, v;=0, ecsin A; <0, i=1,n; A=A"y—c (¢paxTu-
YeCKH CONPOBOXKIAIOLIME KOMJIAH M ABOHCTBEHHHIH IUIaH 3aBHCAT TOJBKO
oT onopsl Aox).

1
Herpyano nokasats, 9ro ouenka f! onoproro mnana {x!, Aon} paBHa

Bt=Bx By, (6)

1 0 e 1 1
rie Px — TOyHas oueHKa miaHa x (¢’x°—c'x'=P;), By — TOUHaa OLeHKA
COMpPOBOXJAILIEro ABOMCTBeHHOro maaHa {y!, w!, vt} (b'y'4-d* wi—

—d. v‘—b'y“—d*’w°+d: v°=[3,:, rie {y°, ©° v°} — onTHMaJbHBEIH ABOJ-
cTBeHHHH miaH 3agaun (1)). I'py6o roeops, oleHka Bi XapakTepH3yeT
Mepy HEONTHMAaJbHOCTH MJaHa x!, oleHKa ﬁ;—Mepy HEONTHMAaJbHOCTH
ONOpHI Aon.

W3 (6) BuAHO, 4TO €CIM YMEHBIIMTb BeJHYHHY [3;, TO YJIYYLIUTCS
ouenka P!. Ymenowenus B, MOXHO JOOHUTbCS C IIOMOIIBIO JBOHCTBEHHOTO
omopHoro Mmeroza [u. 1]: oT omopnoro Komnana {At, Aoin} [epexoIum

2
K omopHomy Komnary {A2, Aon}, HJs KOTOPOro OueHKa B, MeHblle Py
Il 5TOr0 HYXKHO NPOAENAThb CJeNYIOI(He ONEepaluH: NMOCTPOHTh MOAXO-

. 1 . .
Ifllee HanpasjeHde f Aag KommaHa Al £;=0, i€lon, iFio;

2 *
—1, ecnn xs =d;, ;4 '
ta="ton (Aon) ~!Ax.

|

2
1, ecan x,-o=d*i0,

2 o
ITyers %3, =d.:,. HauanbHas ckopocts YGbIBaHHS JBOACTBEHHON LieJeBOH
¢yHKUME BAOJb ! paBHA (lo=%io—d*io, rae w=x1+4I/1, MakcuManbHBI}
mar 0o BAOJb HampaBJieHHs f IIPH CKOPOCTH Co HAXOIHM H3 YCJOBHS,
YTO KOMMNOHEHTH KOmjaHa Apy==A!4-0of He MeHsioT 3HakH. Ecam mpo-
NO/XHTb JBHXKEHHe BJOJb ! IIOCJe NOSBJIEHHS HYJEBHIX KOMIOHEHT KO-
mnaHa Ap), TO CKOpPOCTh YGhIBaHHS [ABOHCTBEHHOH ILeneBOH (YHKIHH
YMEHBIIUTCS U CTaHeT paBHOH

w=at 3 Liu—d)+ 3 tieu—da).

<0, t;>0,
Y 1
B )=0, i€Iy A ) =0, i€Iy

Tlpu a4=0 nBuXeHHe BLOAL { mpekpamiaeTcsi. Ecan 04<<0, TO ABHXKeEMcA
BROJb ¢ CO CKOPOCTBIO Oy AO TEX IIOP, MIOKA He NOSBSITCH HOBHIE HYJIeBble
KOMIIOHEHTH Yy KomiaHa A¢y=A+01f. Ilycte ABHXeHHe BHOJBL ¢ NpO-
HCXOIHUT CO CKOPOCThIO Ox <<0. MakcHMasbHHIH IIar 0x HaXOAMM H3 YCJIO-
BHSI, 9TO Yy KomaaHa Ary=A(p-1)--0rf BIepBble MNOABJAIOTCA HOBLIE
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HyJIeBble KOMIOHEHTH. [lojcunTaeM HOBYIO CKOPOCTb H3MEHEHHs IBOM-
CTBEHHOI LieJIeBOH (QYHKUHH BLOJb HANpPaBJEHHS [:

wm=at 3 t—di)+ 3 tni—dsg).
t]-<0, tj>0,

. 1 . 1
A(h)j=0' j€Iy A(h)j=0» jely

Ecmm ar442=0, TO nBUXenHe BIOAb ! mpekpamaercs. B mpoTHBHOM
ciryyae NMPOLOJKAeM [BHIKEHHE BJOJL [ CO CKOPOCTBIO Qr+4+1<<0. JIBH-
XeHHe BOJb ! NpeKpamlaercs, Kak TOJbKO OYIET NOJyYeHA CKOPOCThb
os=0.
s—1
HoBmi#t komman A2 = A!'--¢ >’ ox. Emy cootserctsyer omopa
k=0

N .
{ai, i€lon, iz=is, a;}, The a; — mMOGOH BEKTOP M3 MHOMecTBA Imw=

1 2
={j: j=Ia, Aj =0 u t;(%;—d.;) >0 au6o ¢; ('Kj—d;)>0}, T. €. H3 MHO-
XKeCTBa, KOTOPOe NOSIBJASETCS DU BHIYHCJEHHH IOJIOXKHTEJBLHOH N0GaBKH
K CKODOCTH Qs—1. ([IJIsI HEBBIPOXKIEHHOrO KomjaaHa A% 3TO MHOXKeCTBO
COCTOHT U3 OHOrO 3jeMeHTa.) Eciau B Ir: €CTb 3/1€MEHT j, AJsi KOTOPOrO

*
d.j<<x;<<dj, TO BbIGMpaeM €ro B KauecTBe jo. B mIpOTHBHOM ciy4ae
B KauyecTBe jo BbIOHpaeM J0GOH 3/1eMeHT U3 [g«.

T 2 1
aKkuM 006pa3oM, NOCTPOeHa HOBas Omopa A0n=(Aon\aio)U iy

1 2 1
Ipu nepexome or xomnana A! k xomaany A2 (Aon—>Aon) oOmenka Py
YMEHBUIHTCSE Ha BEJIHUYHHY Z’;—_‘olahlak, a cJ1e0BaTeJbHO,

c'x0—c'x2 < P2 = (1—B0) p1— Zk;‘olakloh. (7

3ameHa @i, Ha @j, COOTBETCTBYET OJHOH HTepaluu ABOHCTBEHHOTO
OIODHOrO MeTOHda, B pe3ysbTaTe KOTOPOH CONpPOBOXK/JAIOUIHI ONOPHBIH

xomnal {A!, Aon} 3amensiercss HOBHIM {A2%, Aon}. Eciin mocienHuit oxassl-
BaeTcs ONTHMAJbHLIM M HEBLIPOXKIEHHBIM, TO COOTBETCTBYIOILIHE €My
ncesfomaaH [4. 1] ectb ontumanbHbf miaaH 3agauu (1). C mpyroi#t cro-
POHBI, B 3TOH CHTYalUH OJHA HTepaLHs NPSMOrO METOAA TAK¥Ke IPHBOIUT
K ONTHMaJbHOMY IaHy. JleHCTBUTENBHO, MYCTb MMEETCS OMODHHIM INIaH

{x, Agn}, IJIT KOTOPOT'O CONpoOBOXKJamomufil KomtaH A sBisercs ONTH-
MaJIbHEIM HEBHIPOXKAEHHHIM KOIiaHOM. IIo omMcaHHBIM Bblle ¢opMynam
CTPOMM NOJxOAsIlee HanpasjeHue [. OueBHIHO, 4TO BeKTOp X/ paBeH
e[MHCTBEHHOMY IICeBAOIVIaHY %, cooTBeTcTByiomeMy A°. IlceBpomian
w=x-}-| siBJIfeTCS ONTHMAaJbLHEIM IIaHOM 3afgaun (1).

Hononuurenbuble omepaldu IO BHIGOPY ONTHMANLHOTO BeKTOpa 4j,

3JIEMEHTAPHBI, NPOU3BOAATCA HaJ TEKYIIHMH JaHHBIMH OIIOPHOTO IljIaHa

{x, Aoiu} H He MOTYT NOBJIHSATH CYIIECTBEHHO Ha O6llee BpeMsi pellleHHs
3alayd. DKOHOMHUS XKe B UHC/Ie HTepallui, CBi3aHHasl ¢ Mpeofpa3oBaHHEM
OIIOp, MOXKET OKa3aThbCsl CYIIEeCTBeHHON. BaxHO, 4TO 3aMeHa OMOpHI CBS-
3BIBA€TCA C ONpEeZe/eHHON SKCTPeMaljbHOH 3ajaued, HampaBleHHOH Ha
GbicTpelililee pellleHHe UCXOAHOHM 3amaud. B 3TOM OTHOIIeHHM HpHBeIeH-
Hasi MOAM(HKALHs ONOPHOrO METOJa corjacyercs C OOLled HampasJeH-
HOCTBIO moAxoja [4. 1] mo MakcHMaJLHOMY Y4YeTy HMelollefics HHOpMa-
UMK M pallMOHAJBEHOMY ee Npe06pasOBaHHIO.
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3ameuanue. 3ameHa BEKTOpa dio OCHOBaHa Ha CTPEMJIEHHH MaK-

1
CHMAJIBHO YNYYIIHTE OLeHKY Py s 3TOTO MOXHO HCIOJIB30BATH YIPO-
[IEHHBIl aJrOpHTM, KOTJa Liar ABONCTBEHHON HTEpPAUMH HAXOAHUTCH H3
YCJIOBUS

o=0;,=min(—A; /t;), j€{j: jels, Ajt;<0} ()
Uit j€la Aj =0 1 £ (t;—d; ) >0 au6o t;(xj—das) >0},
A2=At4ot.

1 2

Omnopa Aon 3ameHsiercs Ha onopy Aon (HauGosee TpyIHas uacTb
UTepalyu) JULb TOTAa, KOTJa 3HauyeHHe NMPaBOH 4YacTH HepaBeHCTBa (7)
Gosblte €: f2>e.

) v 2
B pesy/bTaTe HTEpalUM NMOJYYaeTCsl HOBBIM ONMOPHBIH miaH {x2, Aon).
*
Ecmu d.j <<x;,<<dj, n BeKTOp @i, ONpeJeseTcs OAHO3HAUHO, TO HOBBHIA

2
nJ1aH, OY€BUIHO, HEBBIDOXK AEHHBIH. Eciu xe on NpUHHUMAET OOHO M3 rpa-

o 2 o
HHYHBIX 3HaueHHH, TO maaH {x%, Aon} BHIPOXKJEHHHIN M IOSBJISETCS Omac-
HOCTb, UTO Ha CJeAYIOIeH HTepallMH Hejb3si GYHeT CcHejaTh HEeHYJeBOH
mar 0p. B meficTBUTEJIBHOCTH e 5TOrO HE NPOH30HIET, TaK KaK MOXKHO

2 2 2 2 -
moxasaTh, UTO ljo>0, ecau on—'——d*jo, " ljo<0, eciH xjo=d,-o. Cuneno-
BAaTeNbHO, €CJAM BEKTOD a; ONpPeleJsieTcs OLHO3HAYHO, TO Ha JaHHOH
(0<<B®o<<1) u Ha cienywomell (0o>>0) HTepauusix NPOUCXOTUT YJaYyY-
IeHHe naHoB x!, x2 3amaum (1).

Tlepeilinem K mOKa3aTeJbCTBY KOHEUHOCTH ajroputma. CHauasa BBe-
JleM HOBOE TOHSTHE BHIPOXKAEHHOCTH. OnopHeui naan {x, Aox} HazoBeM
CUAbHO BbLDONCOEHHbIM, €CIA HA HEeM 10 ONHCAHHOMY BHIIE AaJTOPHUTMY
He yBeJuuHBaercsl leseBas ¢GYHKUMS NPSIMOH 3afadd, a Ha CONPOBOXK-

JAIOIEeM ero KOIIaHe He yMeHbluaeTcs leseBas GYHKUMS ABOHCTBEHHOH
3ajauy.

Teopema. OnucaHHBI} BBIILIE aJTOPHTM KOHEUEH, €C/IM Ha KaXIOH ero
HTepalMy He INOJYYalOTCSl CHJIBHO BBIDOXK/EHHEIE ONOPHEE ILIAHEL.

Caredcrsue. OnucaHHBIfl BhIIE AJATOPUTM KOHEUEH, €CJAH Ha KaxJOoH
MTEPaUHH BEKTOP d;  ONpPeNesseTcs OAHO3HAUHO.

JokazaTeabCcTBO TeopeMbl. [TOKaXKeM, YTO ecid He BCTpeya-
I0TCSI €UJIBHO BBIPOXKJEHHBIE IUIAHBl, TO Uepe3 KOHEUHOe UYHCJIO HTepauuit
IPOUCXONHUT YJYYLIEHHE CONPOBOXKIAIOUEr0 NBOHCTBEHHOTO IIaHA HJIH
BBINOJIHSIIOTCS YCJIOBHSI ONTHMAJIbHOCTH.

ITpeanoyoKUM NPOTHBHOE: BO3MOXKHO GECKOHEUHOe UYHCJIO MTepanui

*
C OLHHUM H T€M XK€ JBOHCTBEHHBIM IJIAHOM. HYCTb Aon—-onopa comnpo-
BOXIAIONIEro ABOHCTBEHHOrO IJIaHa. HOCKOJIbe JIBOHUCTBEHHBIH IJIaH He
MEHSIETCSI, TO H€ MEHAITCI M OLEHKH A. 3HauuTt, Ha Bcex uTepanuiax

Ao = {as, i€ Iow U Ino}, tae Imo = {i: icls, A; =0). Uncio k=
= |];uU I;ol KOHEYHOe, CJEN0BaTeJbHO, HEKOTOpas omopa GyleT NOBTO-
paTbcs GeckoHeuHoe uucso pas. ITycts sto Gyner omopa Ao, B xaxzom
HOBOM onopHoM mjaHe {x, Ao} KOMIOHEHTH Xi, ielso, MOTyT OcTa-
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BaThC NpeXHHMHM (TaKHMH, KaKk Ha BCeX NPeNbIAYIHX HTepalHsax
C NaHHBIM ABOMCTBEHHBIM IVIaHOM) JHOO NPHHMMATb OJHO M3 JIBYX rpa-
HHYHBIX 3HadeHu#l. OTCIOfa CIefyeT, YTO Yepe3 KOHEYHOe YHCJIO HUTepauuit

BCTPETATCS [IBa ONOPHBIX IulaHa {xi, A.:n} u {xs, Ao*n}, Yy KOTOpBIX
X180 =Xamo. I10 NPEIONOKEHHIO, CHILHO BEIPDOXKIEHHEIE IJIAHHl HE BCTpe-
4aloTcs. 3HAYHT, HA KaXAOH HTepalMH NPOHCXOIMT YJAYYLIEHHE NPAMBIX
IJIAHOB HJH BBHIMOJIHSIOTCA YCJAOBHS ONTHMAJBHOCTH. IlycThb YCJIOBHSA
ONTHUMAJILHOCTH He BHIMOJIHSIOTCSH, TOTAA X1 7 Xy (C'X1<<c'x3). Ilycts Iy —
[OJXO/sAlllee HANPABJEHHe U3 IIaHa X3 U 01 >0 — MakcuManbHO Homyc-
THMBIH IIar BHOJb [y, Tak Kak Ha HTepPalMH Xi1—X; OLEHKH A He MeHs-
JIHCB, TO

xoj=x1i+elss, j€la \ lno=1Izs, (®)
rae €>>0;.
W3 (8) u ypaBHeHnu#

* * *
Aonxion'I‘ABoxan‘I'An*xin* = b,
* w w
AonXzon+AnoXsnotAncXons=0b,
* *
Aonlion = —An*lma

CHIELYET, UTO Xz2om=Xion—+ &l10m.

3HauuT, BLOJb HANpaBJeHHs [; M3 NJaHa x; MOXHO IIONACTb Ha
IJIaH X2, cAejaB mar £€>0;. DTO NPOTHBOPEYUT TOMY, 4TO O3 — MaKcH-
MaJIbHO JOMYCTHUMBIH IIar.

Takum 06pasoMm, uepe3 KOHEYHOe YHCJIO HTepalH JBOHCTBEHHBIH
IJ1aH 06Gs3aTeNbHO YMIYYIINTCS WM BBHIMOJHSATCS YCJIOBHS ONTHMAaJbHOCTH.
TTocko/IbKY IBONCTBEHHBIA IJIaH Ga3HCHHIH, gHcao omop 3amauu (1) xo-
HEYHO, TO Yepe3 KOHEYHOe YHCJIO uTepauuii GyleT IMOJydYeH ONTHMAaJbHBIH
IBOACTBEHHHH mjaH. Bce nocienyromue urepauuu GYAYT NPOXOAUTh HA
9TOM [IBOHCTBEHHOM IJIaHE, a TaK KaK YJAYYIIHTh €ro HeJb3sl, TO uepe3
KOHEYHOEe UHCJIO HTepaluii GyLeT IOoJyYeH ONTHMAaJbHHIH mjaH x° 3amadn
(1). Teopema noKa3aHa.

3. Merop pelieHKHsl 3ajauy ¢ OCHOBHLIMM OrPaHHMYEHMAMM
THINA HEPaBEHCTB

1°. PaccMoTpuM 3amauy
c’x—max, b, <<Ax<<b*, d. <x<d*, (1)

KOTOpasi OTJHYaercs OT 3amavyd § 2 HajauuMeMm ABYXCTOPOHHHX OCHOBHBIX
orpaHnueHul. SIcHO, uTo K 3ajzave (1) Jierko CBECTH KJacCHYECKHe 3a-
JlauH JIMHEHHOTO IPOrpaMMHpPOBaHHS.

Bri6op Monemu (1) HemocpeACTBEHHO CBsi3aH ¢ oGulell HampaBJeH-
HOCTbIO Meroza [4. 1] u ero mMommdukauuil, uanaraeMbix B JONOJHEHUH.
Kak npaBuso, TpH COCTaBJEHHH MaTeMaTHUeCKOH MOJeNH KOHKPETHOH
MPaKTHUeCKOH 3aJaul JIerko yKasaTh JHWIb ONHH H3 BEKTOPOB KaxKJoH
napul {b., b*} u {d., d*}. Onnako B Mozeap (1) LesecooGpasHO BBOIHUTH
BCe yKa3aHHbIe BEKTOPH. Jlaxe eciu MCIOJb3YIOTCS OYEBHIHbIE HEPaBEH-
crBa Ax<< b (Ax=5), 0<<x<d, To nepen peuwenuem sanaiu (1) cre
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NYeT 3aMeHHTh UX HepaBeHCTBaMH b, <<Ax<<b* (b.=5, b*<<h, d. <y <<

<d*, d.>0, d*<<d). [lononHuTenbHy0 HHGOPMALHMIO O BeKTOpax b, b*,
d., d* peKOMeHIyeTCsl MOJYYaTb y CHELHANUCTOB, 3aHATHX NpAKTHYE-
CKMMH mporotunamu Mofenau (1). Cmeuuanuct XOCTATOYHO BEICOKOH
kBanudHKaluy 06s3aH HMeTh CBOM NpPEACTABJEHHS 06 O6JacTH, B KOTO-
pOH, IO €ro MHEHHIO, JIEXKHUT ONTHMAJIBHHIN MJaH, H 06 o6jacTH, B KO-
TOPOH DPAacHOJIOXKEHEl Pecypchl, HeOGXOIUMbIe IJIsi Peaju3alluy ONTHMAJb-
HOro nyaHa. Yem MeHbllle pa3mephl ofjacted (T. e. 4eM MeHble YHCIa
ld*—d.|l, |b*—b.ll), ykasauHele creumasncToM B psile THIHYHEIX CHTYya-
LHUH, TeM, OUeBHIHO, BBIIE €r0 KBaaudukanus *),

IMnanom 3amaun (1) HasoBeM KaXIHIE N-BEKTOP X, yIOBJAETBOPSIO-
mull ee orpanudenusm b, <<Ax<<b*, d.<<x<{d*. BBeiem 0GO3HaueHUS:
I={1,2, ..., m}y, J={1, 2, ..., n}, A(M, N) —FkXs-marpuua c aJe-
MeHTaMH a;;, IEMc, jeNcl, k=|M|, s=|N|, |M| —xomuyecTso
3/1eMeHTOB MHOXecTBa M; [a — MHOXKECTBO MHIEKCOB OCHOBHEIX OTpaHH-
YeHHH, aKTMBHBIX Ha miaaHe x (la=I.UI*, [.={i: a¥’x=b.;}, "=
={i: ai’x=b;}, at’ —i-s CTpOKa MaTpuis A).

Heoco6ass nmoamarpuua Aon=A(la, Jon) marpuunt A(la, J) Hazw-
BaeTcs onopo# miaana x. Ilapa {x, Aon}— onopueiM nnanom samaun (1).
OnopHEI# NMuaH Ha30BeM HEBHIPOKJEHHBIM, €CJH BCE ero ONOPHEE KOM-

*
TIOHEHTH HeKpuTHYecKue: d.;<<x;<<dj, j&Jon. Omope Aonx COOTBETCTBYET

’ ’
BEKTOD OMNOPHBIX MOTEHUUaNOB #: U Aon=Com, rae Con= {Ci, i&Jon}.
Onpenenenune Onopuwit maan {X, Aox} CUMTaETCA COrJIaCOBaH-

HbIM, €CJI1 . .
u; =0, iel*; u;<0, iel..

3ameuanue. Ecmu L=, t e I.=I*=¢, Tto mnoxaaraem
ou=g, u=0.

ITpeanonoxum, 4To HapsiLy ¢ MOxesblo (1) M3BeCTEH COr/acOBaHHBIH

onopubi#t mnan {x!, Aoax}. B [u. 1] o6cyxknaerca npo6aeMa MOCTPOEHHS
HavaJbHOrO mjaHa x! 1Mo WH(OpPMAaUWM, MOJYYEHHOH OT CIENHaJHCTOB,
3aHSATHIX MPAKTHYECKUMHU NpOoTOTHNAaMH 3afaud (1). Tam ke paccMOTpeHa
npoGJeMa MOCTPOEHHs OMOPHI HaYaJbHOrO NyaHa. CoryiacoBaHHOCTb ONOD-
HOTO IlJIaHa XapaKTepuayer (CM. fajiee) KauyeCTBO HCXOLHOH WHGOPMALHH.
Meroznn cornacopanus (mepsas ¢asa Merona) GYAYT NMpUBENEHB HUXKE.
1 1 o1 * | *

Myers Jo={j: x; =d.;}, I*={j: xj=d; }, '~ ={]: duj<<x;<<d;},
AN=u'A (I, J)—c'. Cnenys [4. 1], HeTpyaHO DOKasaThb

KpuTepuu onTUMajbHOCTH H cy6onTHMANbHOCTH. COOTHOLIEHHUS

A;>0, jeli; A<0, jelt; Aj=0, jelt~, ©

IOCTATOYHB, 2 B CJIYYa€ HEBBIPOXKIEHHOCTH M HEOGXONUMBI JJIs OMTH-
1
MaJIbHOCTH COTJIacOBaHHOro omopHoro miaaxa {x!, Aon}.

*) TlpuBenennsle cOOGpaXKeHUsI H3BECTHH B MeTOJe 3JKCIepTH3: NPH
TOMCKe HeKOTOpOro mapamerpa X OT KaXJOro 3Kclepra HOJydYaloT TPH
yHC/la: NMEeCCHMUCTHYECKYIO d., ONTHMHCTHYECKYIO d* M Haxbosee BepOAT-
HYyI0 X* OLIEHKH 3TOr0 nmapamerpa.
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1
Ecnn nns onopHoro mnara {x!, Aon} BHIIOJIHEHH YCIOBHS

Br<ce, Bt=— 37 Aj(dui—x;)— 37 Aj(di —x; )+

AT, A<,
1
jeJg je.r;
1 ®3)
+ 3 udi+ 3 wibes,
u;>0, uj<o,
ieI, iel,

1 1
roe Ja=J\Jon, 6'*=0b*—Ax!, 8. =b,—Ax!, T0 x!— e-onTHMAJBLHHI}
IJIaH.
IMepefineM kK paccMOTPEHHIO OCHOBHOTO BOIpPOCA METOAA: OMHCAHHIO
HTepalHy MO YJYUIIEHHIO HAaYyaJbpHOIO COIJIACOBAHHOIO ONOPHOTO IJIaHa
1
{x!, Aon}, He YIOBIETBOPSAIONIErO COOTHOIIEHHSM (2), H 3aMeHe ero Ta-

2
KHM HOBHIM COLJIACOBaHHEIM miaHoMm {x2, Aon}, ut0 ¢'¥1<<c’%% (B He-
BBEIDOXKIEHHOM CJyuae).
Cnenys § 2, HOBHIM maaH HueM B BuAe x2=x!40l!, rme ll=

={lo‘n, l;}: l; =d*j—x§~, ecima Aj>01; l; =1d;—x,1-1, ecmn Aj;<<0;
l; =0, ectu A;=0, j&Ja; lon=—(Aou)~1A(ls, J)lz. Maxrcumansuo

JONYCTUMEI! IIar @, NenaeM TakuM, YTOGH He HapyIIajHCh MNpSIMHE
OTpaHMUEHHUs Ha HeOMOpHble mepeMeHHhe (Bo<<1), Ha OmOpHHE Inepe-

on
MeHHbIe: By << @jo,

* 1 1 1
d; —x;)/l; ecam l; >0;
;. = min ©;, j&lon, 0;= (@ i)/ . : (4)
(dej—x;) /15, ecnn 1; <0,

u qmo6m He HapYLIaJHCh OCHOBHEIE OTPaHHMYeHHS, TACCHBHHIE Ha MJIaHe x1:
n ) .1 1
90<®10, 8i,=min 8;, iclhh=1I\1Is

0, — 6:./ai'l‘, ecau at’lt>0;

6:1'/111"1‘, ecnn a’lt<<0.

Takum o6pasom, ©y=min {1, O?:, @?0}. Ecin @=1, 10 maan x?

. 1
ontumaieH. llycrts @9 <<1. Onopuniit mnan {x2, Aon} sBASETCS COMVIACO-
BaHHBIM. I/ Hero oleHKa CyGONTHMAJIbHOCTH JyYlle, YeM AJs ONOPHOTO

1 1
nnana {x!, Aon}, u paBHa (1—O)PY, rume B! — ouenka mnana {x!, Aon}.
Ecin (1—0)B!<Ce, To man x? npuHHMaeM 3a NPUOIHIKEHHOE DelLleHHe

1
sajauy (1). B npoTHBHOM ciyyae BcTaer BONpOC O 3aMeHe OHOPH Aoum.
TlpaBuna 3aMeHbl ONMODHI OCHOBHIBAIOTCSl HA TeX e HMAeSIX ONTHMAaJbHO-
CTH, YTO U B § 2, U cBOISITCA K Clenyiomemy.

on 2
ITycts 8o=0;, <l, T. e. onopHas nepemeHHas Xj, NOCTHIIA IPa-

. 1 o
HULBL DJIEMEHT Jo BBIBOAMM H3 MHOXECTBA Jon. ITo npaBuJiaM JBOHCTBEH-
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HOro omopHoro merona [u. 1] ysmyunraem conpoBoxpamomuil xommad Af,
cootBeTcTBYOmuUi onope Aon. Ilonaraem

2
b J 1, ecnn x,~0=a’,,,~o,
- 2 *
] —1, econ x5, =d;;

2'(Ja 1o ) =€, {(Aan) A (Ia, Ta), (Aom)~1};

—A;j /b2, ecan kAjz;<0,
0= 0, ecmn A;=0, x; #d.j, k2;>0,

1 w*
0, ecnn A;=0, x; #=d;, k2; <0,
©0 — B OCTaJIbHBEIX CJIydasx;

je],:,

(5)
—u;i/kz;, ecnn ku;z; <0,
i 0, ecmm u;=0, k2;>0, icl., It
T 0, ecmn ui=0, kz;<<0, iclv, ' "

00 — B OCTaJIbHBIX Cayuyasdx.

JonycTumbiit IBOXCTBEHHBIH Liar paBeH
. : 4 a H . . i a . . 1
co=min {0j,, 0i,}; 0j,=mino;, jElm; 0;,=mino;, il  (6)

H . 1
ITycts 6o=0j,. BMecto sneMenTa jo B MHOXeCTBO Jox BBOAHM 3JIe-

: 2 1. . 2 s 2 2 2
MeHT j«: Jon= (Jou\jo) U j,» Ia =Ia, Aon=A(la, Jou) (HOBas omopHas
MaTpHIla OTJHYAeTCA OT CTapoH ONHHM CTOJGIOM).

ITpu Go=0'?* H3 MHOXecTBa [a yAajsieM 3JEeMeHT i., H3 MHOXeCTBa
Jou — SneMeHT Jo: I:=I;\i,,, Jozn=lo‘n\jo, A:n=A(I:, Jozn) (A:n nosy-
yaeTcs H3 A:.n BHIUEDKHBAHUEM [,-H CTPOKH H jo-TO CTONGIA).

PaccmorpuM Temepb caydad, Koria ®o=(~)?o<1. Orpanuyenue o
CTaJI0 aKTUBHBIM H JOJIXKHO BOHTH B MHOXECTBO I;. TTonoxum

. *
1, ecnu a’o’x2=bio,

—1, ecau aio’x2=b*io;

k=

2 Iz Uln) =¢i, {A(Iz, Jx)—A (In, Jox) (Aox)—*A (In, Jz),
—A(Ix, Jox) (Aox) =1}
Jonycrumblil mwar oo Haiinem no ¢opmynam (5) u (6). Ilycrs o‘o=0?*.

. 1 . 1
DeMeHT j. R06aBUM K MHOXKeCTBY Jom, 3JIEMEHT io — K MHOXKeCTBY la:

2 1 . 2 100, 2 2 2
Jon=Jon U j«; Ia =IaU io; Aon=A(la, Jon) (HOBas omopa mnosyyaercs
H3 cTapolf NoGaBJieHHeM HOBBHIX CTPOKH M CTOJOLA).
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a . 1 .
Ecan 09p=04i,, TO D3JIEMEHT lo BBOAUM B Ia BMECTO 3JIEMEHTA UL«

Joi—=Jow; To = (Ia\ i) U io; Asa=A(ls Jox) (MaTpuusi Aoy u Aog or-
JIMYAKOTCS OJHOH CTPOKOH).

o " 2
HeTpyano npoBeputh, 4To HOBEIH OnmOpHEIH mtaH {x2, Aox} sBAseTCH
COrJIacOBaHHBIM. [/l HEro OleHKa CyGONTHMAaJbHOCTH paBHA

l1 ecan © @On
i o? 0=UY;, 3
B2=(1—8) (B'—|afoe), a={ ° .
aidll, ecan Bo=0;,.

B .
Bameuanusa: 1. Ecmm 6o=0j;, ¥ j. onpefensercs HeOLHOSHAYHO,
TO B NEPBYIO OYepellb B MHOXKeCTBO Jon BBOAMM 3JIEMEHT js, AJS KOTO-

2 *
poro d*j*<x_1'*<dj*. Eciu Takux 3/eMeHTOB HET, TO BBOAHM 3JIEMEHT [+,

2
IJIs1 KOTOPOro Xj, NPHHMMaeT rpaHHuHOe 3HaueHHe. Kak u B § 2, MOxHO

NOKa3aTh, YTO 3TO He MeUIaeT HA CJeAylollell HTepalyd yJAYYLIUTh
mIaH x2,

a .
2. B caryuasx, KOTla Go==07,, 3JeMEeHT i, BEHIBOLHM H3 MHOXecTBa [a,

T. €. i,-e OrPaHHuYeHHe OTHOCHTCS K IIaCCHBHBIM, XOTSl Ha IUIaHe x2 OHO
aKTHBHO. DTO MOXeT IIOMellaTh Ha CJAelYIOLIeH HTepaluH CAeaaTh Liar
©9>0. MoxHO noKasarh, YTO Ha CaMOM JieJle 3TOr0 He IPOU3OHJET, Tak
KaK Ha clelylollefl HTePallMH i.-e OrpaHHYeHHe CTAHET [ACCHBHBIM.

3. Ilpu pemreHun 3ajad c OCHOBHBIMH OIDaHHYEHHSMH THIA Hepa-
BEHCTB pa3Mephl ONOpP MOTYT MEHSAThCH OT HTepaluH K HTepalyH.
ITockonpKy KaXJAEBIH Da3 yBeJUYeHHe WM yMeHbLIEHHe DaBHO eJHHHLE,
TO IOCTPOEHHe HOBOH OGDaTHOH MAaTPHIBI MO CTapOH He NpeiCTaBJjser
TPYJa U Majo OTJIMYaeTcsi OT KJaccuyeckoro ciaydas [MO].

PaccMoTrpuMm Tenmepb BOmpoc o corsiacoBaHud. OLeHKa cyGomTHMalb-
HOCTH JJIfl COTJIaCOBAHHOrO OmopHoro miaasa {X, Aon} HMeeT BHJ

B=— 3 Aj(dui—x)— 3 Aj(d] —x3). )
A3, A0,
jEJB jEJn

U3 (3) u (7) cnemyer, 4TO 4HCIO

"

E u,-ﬁi -|- 2 uiﬁ*i
u; >0, u,;<<0,
€1, eI,

MOXHO TPaKTOBaTh KaK Mepy HecOrJacoBaHHOCTH IuviaHa {X, Aon}.
TTOHATHO, YTO ONTHMAaJbHBIA ONOPHEIM IUIaH Beerja cornacoBaH. IToka-
}eM, KaK OT HecOrJIacOBaHHOrO miaHa {X, Aon} MepefiTH K TAaKOMy COTJa-
COBaHHOMY IaHy {x*, A;u}, 4TO6H C'X¥<<c’X* (B HEBHIPOXK/JEHHOM
caydae).

ITycrb onopHei maaH {, Aon; HecornacoBanHblit. ITogcunraeM guciaO
|ui, | =max {max u;, max(—u;)}. Jlerko mpOBepHTb, 4YTO BEKTOP

i€, eI

-1 .
I={lon, la}, la=0, lon=Aon e;,signu;,, fBIAeTCA MNOAXOAALIUM Ha-
npaBjieHHeM AJs miaHa X. HoBeil miad uimeM B BuAe ¥=Xx--Ool.
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MagcumanbHO JONYCTHMBIR wmar @g JdesaeM TaKHM, YTOGH He Hapy-
oo
Wajuch TPsMBIE OrPAHMYEHHsS IO ONODHEIM IepeMeHHBM (@0 << O,

oo
rae ©;, Haiizeno no ¢opmyne (4)), OCHOBHbE OrpaHHYeHHs, NACCHBHEIE

o o R
Ha IJIaHE X (Oog(%o, rie ©; HalileHO, KaK U B OCHOBHOM aJropuTM™e),
¥ 4YTOGH He HApYIIAJoCh is-€ OCHOBHOe OrpaHuyeHHe (Qo<<O;,, 0;, =

*
=—04s,, eciu u;, <<0; By=20;,, ecnn u;, >0).
MaxgcuManbHO AONYCTHMEIH IIar

@o=min {63, 8, 8:,}.

3Hayenue IesneBol QYHKIMH Ha IJaHe ¥ BO3pacTaeT Ha BequuuHy Go|u;,|.

Ina woBoro mnana ¥ Haliiem HOBYiO omopy. PaceMoTpuM cayuan:
1) ®=0;,. Onopa ue menserca: Ta=1I, Jou=Jon, Aon=4A (Ta, Tor).

o o
2) ©9=0; . HoBas omopa mosyyaercsi u3 CTapoii BHIYEDKHBAHHEM
i+-# CTPOKH U jo-r0 cronbua: In=1Is\is, Jon=Jon\ jo-
o
3) 89=0;,. HoBas onopa nonyuaercs u3 cTapoil 3aMeHOH it CTPO-
ku Ha cTpOKY A (b, Jou): Ta= (la\ ix) U io, JTox=/on.
Ecnu nmonyueHHbft mial {¥, Aon} He SBJISETCS COIMIACOBAHHEIM, TO

MOBTOpPsiEM [I/Is HErO BCE ONMMCAHHBEIE ONEepaluH.
3a KOHeYHOe YMCJIO LIaroB OyheT MNOJNydYeH COIJIACOBAHHHIE IJIAaH

{x*, Aon} TaKod, uro c'x<<c'x*, |Ia(x)|=|la(x*)].

2°, M3noxXuM ynpomeHHbI MeTON pelleHus 3agaun (1), B KoTopo#
YHCJO NEepPeMEeHHBHIX (f) 3HAUHTeJbHO MeHbIe YHCJa OTpaHHYeHHl (m).
Yopomenne focTHraeTrcs 3a CUeT TOTO, UTO DasMephl ONOpbI HAa BCeX
HTepalHUsiX OCTaoTCs MOCTOSHHBIME (n)Xn). IIpu aTOM MOXeET HECKOJBbKO
yBeMUUUTHCST 06BeM TpeOyeMo#l omepaTHBHOR maMaty DBM, HOo npu He-
GOJIBIIMX 1 3TO He OYeHb CYyIIecTBeHHO. D(dGheKTHBHOCTb MOAMQHKAIMH
He HHXKe, YeM Y MeTOJa, ONMCAaHHOro B 1. 1.

OTHeceM OpsiMble OrpaHHueHHs 3afadd (1) K OCHOBHEIM, T. €. Ipel-
CTaBUM 3ajJady B BHIe

c’x—»max, b.<<Ax<b*, (8)

A
re z=[ . ] B — (b, d*"}, B/ = {bs/, du"}, rank A=n.

TMapa {x, Aon}, rie Aon=A(lon, J) — HEBHIPOXKJEHHAs MaTPHLA,
HasbBaeTcs OMOPHBLIM miaHoM. OTOpPHBIM IJIaH HEBBIPOXKIEHHEIH, €C/IH BCce
orpauunuenus i, i&lg==1I\ lon, maccusuble. [T0 OOPHOMY IJIaHYy NMOCTPOUM

OIOpPHBEIE MOTEHIHAJEL W =c'Aon Us pe3ynbTaToB I. 1 HETPYAHO IIO-

JIYYUTD

Kputepuu onTHManbHOCTH M cyGontumaibHocti. CooTHowenus u; =0,

iel*; u; <0, iel.; u;=0, i€lox\ la, 1OCTAaTOUHE], a B C/yuae HEBHIPOXK-

JIEHHOCTH M HeOGXONMMBI JJIsi ONTHMAJbHOCTH OMOPHOTO miaHa {X, Aon}

B 3ajaye (8).
Ecnn

*
B<<e, B= 3> wibuit > uibi, (9)
u; <0, u;=>0,
i€,y i€l

TO X — &-ONTUMaJIbHBIN muaH. s Ka)XJIOro &-onTHMaJjibHOro IJjaHa Xe
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Hafigercs omopa Aon Takas, 4TO JJsi ONOPHOTO miaHa {x€, Aon} BEIOJ-
HseTCsl HepaBeHCTBO (9).
Ilycte 3TH KpHuTepHH He BBHIMOJHsIOTCA. HOBBIY miaH uilemM B BHIe

X=x+0l, rae l=—A:ni(1,
—08.4, ecun u; <0,
o= -—6;, ecnn u; >0, i€lon.
0, ecan u;=0,

MaxcuManbHO HONMyCTHMEIH miar @, HaXOAUTCA TaK, YTOGH He Hapylia-
JHCh OCHOBHbIE OrpaHHueHHs M3 Jon (@0<<1) m [a: ©0<<O:, 0:,=

=min 0;, iy, rie
Gs/ai’l, ecau at’l>0;
8.1/a¥’l, ecmn ai’l<<0.

8:=

Taxum o6pasom, @o=min {1, 8;}. Eciu @o=1, 10 mnan X omntu-
manbHbid. Ilyets @p=©; <<1. dror cayyali aHajnOrWyen ciyyamo

o
©o=0; <1 mpenrinymero nyskra. C yueToM TOTrO, YTO B JaHHOM IYHKTe
Ja=¢ u MHOXecTBY I, COOTBeTCTByeT MHOXeCTBO lom, u3 m. 1 momy-

’ -1 N
yaeM 2’ (lon) =—ei A (Iz, J)Aon ¥ HAXOMMM NOMYCTHMBIH INAr o
Cnyua#t 0o=0;, HeBoaMoxeH. CieloBaTeNbHO, BCETla Oo==07i,.
HoBasi omoprasi mMaTpulla NMojyuaeTcs H3 CTapoil 3aMeHOH i.-#l CTPOKH
HA io-I0 CTPOKY.
3a KOHEYHOe UHCJIO HTepalHii MeTOX NPHBOAHT K ONTHMAJbHOMY
nJ1aHy, eClIH He BCTPEYaloTCs CHIBHO BHIPOX/EHHbBIE IJIaHBIL.

4. MeTtoa nocnefoBaTeNnbHOro ynyylleHHs
NOAXOAALLEro HanpaBneHus

Bepuemcs k 3agaue (1) § 2. Ilycts {x!, Ao} — HayaJbHBIH HeBHI-
poxIeHHBIH onopHuld nnaH. [To npaBumam § 2 moctpouM AJs Hero mof-
xopsulee Hanpaesenue [, Ecmu BAoap [! MakcHMalbHO HONMYCTHMBIH
mar ©! MeHbIle eIHHHIEI, 5TO O3HAYaeT, YTO NPH BHIGOpE NMOAXOASIIErO
HanpaBJIeHUST HY?KHO KPOMe HEONODHBIX KOMIIOHEHT YYecTb H HEeKOTOpHle
onopueie. HerpynHo coo6pa3uth, YTO CpefH ONODHHIX ClefyeT B NEPBYIO
ouepellb pacCMOTPETh TaKHE, KOTOPHIE HMEIOT HHIEKCH KPHTHYECKHX KOM-
noHent miaasa x14-©Ut, Ilas ynyulieHus: HanpasieHus [! paccMOTpHM
3ajlayy (BTOpOH 3Tam)

’ 1 * 1
—Aglg—>max, du-l—xiis— 2’ Xi‘jljsdii_xi‘,
j€Ig (1)
1 * 1
din—xa<Ia<<du —Xu,

rie i1 — MHIEKC KPHTHYECKOH OMODHOH KOMIOHEHTH IvlaHa x14-O14,
. 7 -1
{xi‘jv ]EIH}=ei‘Aon Ag.
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dTa 3ajaua HMeeT OJHO OCHOBHOE OTDaHHYEHHe THNA HePaBEHCTBA,
KoTopoe Ha BekTope ©!! ofpamiaercs B paBeHcTBO. [l pelieHHs 3a-
naun (1) weaecoo6pasno mpusjeub MeTofd § 3. Ilpu stom Ha urepauusx
OCyllecTBJseTC JBOHHAsf INpOBepKa: 1) TeKyllee HampasJeHnue [!(s)
B COBOKYNHOCTH C IIaHOM x! mpoBepsieTcs Ha CyGONTHMAaJbHOCTh MJaHA
x'4-081(s)l1(s); 2) Bektop [!(s) mnpoBepsercs Ha CyGONTHMAJbHOCTD
B samaue (l), 160 Ha NMPOMEXYTOYHBIX ITAlaX YacTO MOXKHO OIPaHH-
YHTbCS TNPHOJMKEHHBIM NOCTHXKeHHeM MakcuMyMa B (1).

Iycre [*—1(s) — Tekywu#l nuan sagadu (k-it sram, S-9 uTepauus)

’ 1 * 1 |
—Aglg—>max, dwi—x; <— Z xijl;<di —%;, i€lon p—1,

j€ly (2)

1 * 1

din—xn<la<<dm —Xu,

. -1 .. .

rae {xi;, jSla}=eAox A, lon n—y={i1, iz, ..., in—1}, 0 OF—1(s) —
MaKCHMAaJbHO JOMYCTHMBIA war Brose [R—1(s). Ecim ©*—1(s)=1, 1O

xP—1(s) =x1+40Ok~1(s)I*~1(s) — onTuManbHEH mad. Ilpy @F—1(s) <1
npoBepsieM IIIaH x*—!(s) Ha cy6GonTuMaabHOCTh. Ecin

— 37 A5 ()= 3 Asdi—x5 " (s))+

Aj>0, Aj<0,
j€Ig j€ly 3)
* h—1 h—1
+ 3w = o) 3 wilde—d T () <e,
u; >0, u; <0,
. a . a
€Iy gy €Iy g1

a ()
rie lon n—1 — HHIEKCH AaKTHBHBIX OCHOBHBIX OI'DaHHYeHHH 3anauu (2)

Ha myade [*—1(s), uucna A;, jElx, ui, ielzn r—1, OMNpeJlesIeHE COIVIacHO
Mmetony § 3, To x*—1(s) — e-ontumanbHBIH IuaH 3amaun (1) § 2.

Ecnu ycnoBue (3) He BHIIOJHSETCS, TO TIpoBepsieM miaH [F—i(s)
Ha cy6GonTHMaJbHOCTh B 3afiave (2). Ecau

— 3 A1) = 3 Asld; —1 () +

A;>0, A;<<0,
€Iy Jj€Ig (4)
&
-I- 2 u,-b‘,- + 2 uiﬁkigﬁi,
u; >0, u,; <0,

. a . a
€Iy g1 1€Iogp—y

rae uncna A;, j&lg, u;, 6:, Sty iel:n k—1, OTIpelieJIeHbl COTJIACHO METOHY
§ 3, To [*—1(s) — e4-onTHMAaNBHEI} MIaH 3afadu (2).

ITycts ycnoBue (4) He BHINOJHfETCH, TOTAAa NO mpaBuiaam § 3 yayd-
maem maaH [A—i(s) ({*—1(s)—-I*—1(s+1)). Ecan ycnosue (4) BHIOJ-
HseTcs, TO BekTop [*=I[F—1(s) (@*=0F—1(s)) npuHuMaeM 3a NpuE.H-
JKEeHHOe pelleHHe k-ro sTana. ITOCKOJIBKY IJisi IiaHa x*=xk—1(s) ycao-
BHsI CYyGONTHMAJBHOCTH He BEINOJIHSIOTCS, TO IPHCTYIAeM K CJAeAyLieMy
JTamy: K yJaydlleHHIO HanpasJieHus [k,
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ITycts ir — WHEeKC OMOPHOH TNepeMeHHOH, KOTOpas ompeeNHad
tuar ©*. Jlo6aBuB K OrpaHHYeHHsIM 3afayd (2) elle OJHO OCHOBHOE Orpa-
HHYEeHUe, NOJYYHM 3aJauy

’ 1 * i |
—Aglg—>max, dyi—x; <— E xi,-ljgdi —xi, i€lon n,

1 * 1
d*u—XE glu <da —Xn,

rae lon p=1Ion p—1 Uip (k+1-i1 sTam), ¢ HayaJbHBIM OMODHEIM IIJIAHOM
{I*(0) =O*r{*, A(]:uk=z, Jou r=%)}. Ha nnane [*(0) ir-e orpauu-

uyeHHe AKTHBHOE M JOJKHO BOHTH B MHOXECTBO log r; SJEMEHT jo, jos/x,
KOTODHIH BOHAET B Jom », ONpelenserca no npasuiam § 3. Ilpomomxaem
peulenne 3afaud (2) meromoM § 3, ocyinecTB/ss Ha KaxXAOH HTepalHH
JNBOHHOH KOHTPOJIb (CM. BHILIE).

He Gousee uem uepes m 3TanoB HayaJbHOE MOAXOJsllee Hanpabie-
Hue /! Oyler yJyylIeHO AO HampaBJeHHs [5, s<{m, KOTOpOe NAacCT ONTH-
MaJbHBIH HJIH CyGONTHMAaJbHEIA ILIaH.

W3 onucanus meroza clefyer, YTO Ha KaXKNOH ero MTepalHu HMeeTcs
IJ1aH, KOTOPBIH JIy4lle cTaporo. YHC/IO OCHOBHBIX OrpaHHuYeHHil BCIOMOTa-
TeJbHOH 3aJauM Ha NepPBOM 3Tale PaBHO HYJIO, HAa KaXNOM 3Tale BO3-
pacraeT Ha elMHHMIy H He mpeBbiaer m. Kaxnas BcnomoraresbHas
3ajaya HCIOJb3yeT pellleHHe MpeABIAYIIEro 3Tana 4 MO3TOMY B 6OJb-
IIMHCTBE cayyaeB GylerT TpeGOBaTh HeGOJBLIOrO YHC/IA HTEepalHi.
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