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NMPEAHUCJIOBHE

B 3tofi pa6GoTe onmucaHb! OCHOBHBlEe NPHHUHNL, 3aJ]a4YH H METO-
AWl KJaccHYecKoi MexaHukH. OCHOBHOe BHHMaHHe yAesieHO MaTeMa-
TuyecKo#t cTopoHe npeamera. XOoTA (PH3HYeCKas OCHOBA PacCMaTpH-
BOSMHEIX MOZeJell, a TakXKe NPHKJaJHble acneKThl H3yyaeMHX sBJje-
Hul 3aTPOHYTH B 3HauyHTeNbHO MEHblleH cTeneHH, aBTOPH CTPEeMH-

> H3JIOXKHTb B NepBYI0 ouepeldb «pabouuii» annapar KJaccuye-

| MeXaHHKHM. STOT annapar COAepXKHTCS, B OCHOBHOM, B TJa-
1,3,4mu5.

“naBa | nocBsilieHa OCHOBHHIM  MaTeMaTHYECKHM MOJeNsiM

SCHYEeCKOH MeXaHHKH, KOTOpble O6BIYHO HCMNOJb3YIOTCS AJS ONH-
CAHHA JABHXXEHHA peasbHbIX MexaHHuecKHx cHcreM. Ocoboe BHHMA-
uue YIeNeHO M3Y4YeHHIO ABHXKeHHS CO CBA3SMH, a TaKxke BONpPOCcaMm
pea/sH3allK cBsidell B AMHaMHKe.

B raase 3 o6cyxnaioTcst rpynnel CHMMETPHI MeXaHUYECKHX CH-
CTEM H OTBeyaloliHe WM 3aKORLI coXxpaHeHHs. TaM JKe H3JI0XKeHH

HYHHE aClNeKTH TEeOPHH NOHHXeHHA NOPsAAKA CHCTEM C CHM-
MeTPpHAMH, 4acCTO HCMNOJb3YIOUIeNCst B NMPHIOKEHHSAX.

TnaBa 4 conepXHT KpaTKHil 0630p pa3.THYHBIX NOAXOLOB K Npo-
6neMe HHTErpHPYeMOCTH YpaBHEHHH NBHXKEHHS H HEKOTOpHe HaH-
Gonee obiHe H 3¢ deKTHBHBIE METOAbl MX HHTErpHPOBaHHs. YKa3a-
Hbl pasHoo6pa3Hble NpHMepbl NPOHHTErPHPOBAHHBIX 3aJ4ay, COCTaB-
nQomux «3o050ToH GoHA» KIaccHyeckoii AMHaMHKH. MaTtepuan 3ToR
TN iBH HCMOJIb3YETCS B IJaBe 5, NOCBsILlEHHOR OAHOMY H3 Hau6oJjee
pesyJbTaTHBHHX pa3jle]oB  MeXaHHKH — TEOPHH BO3MYILEHHI.
QOcHoBHas 3ajaua TeOpPHH BO3MyLUEHHIl — HCCAENOBaHHe 3a4ay Me-
X AHHKH, MaJO OTJIHY2IOIHXCA OT 3a1a4, TOYHO IMPOHHTErpPHPOBAH-
HBIX. DJIEMEHTH 3TOii TeOpHHM (B YACTHOCTH, IUHPOKO H3BECTHHA H
NpHMEHAEMH «NPHHUHMN YCPeAHEHH») BO3HHKJIH B HebGecHOit Me-
XaHHKe B CBSi3H C MONBITKAMH Yy4eCTb B3aHMHLIE T'PaBHTALHOHHHE
Bo3mylleHHs naaHer Co.Heunoil cHcreMbl. K rnasav 4 uw 5 npwu-
Mbikaer rnasa 6, B KOTOpoil Hcclel0BaHa TPHHUMNHAAbHAs BO3-
MOXHOCTb HHTerpHPOBAHMs ypaBHeHHil ABMXXeHHs (B TOUHO onpe-
AeJeHHOM cMuicae). OkasbiBaetcsi, HHTErpHpyeMbie CHCTeMbl §IB-
NAIOTCA PEAKHM HCKIIOueHHeM H 3TO0 OOCTOSTEeNbCTBO IOBLIlLIAeT
PO.1b NPUGIHXKEHHBIX METOI0B MHTErpHPOBAHHS, H3/10XKEHHbBIX B
r1aBe 5. Knaccuueckum Boipocam nebecHOl MeXaHMKH [1OCBAILIEHA
ATOpas rnasa. B Heil paccMoTpena uHTerpupyemas 3ajaua 2-X Ted,
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knaccHOHKauust GHHAJbHHIX ABHXKEHHH 3ajavuH 3-X Tesd, COACPXKHT-
Cfl aHaJIH3 CTOJKHOBEHHIl H BOMpPOCH peryJispH3audM B obulei 3ana-
Ye n rpaBHTHPYIOILHX TOYEK, pa3/ivyHble npelebHble BapHAHTH
3Toi 3ajayd. C TOYKH 3PEHHS TeOpUH BO3MYIIEHHH 3anaya n Ted
o6cyxaaercs B raBe 5; OCHOBHOe BHHMaHHe ylesneHO mnpoG.eme
yctoftuuBocTH CoJIHeYHOH CHCTEMH. JJeMeHTH TEOPHH KojeGaHHH
MEeXaHHYECKHX CHCTeM H3JIOXKEHH B rjaBse 7.

Haw Tekct, KoHeuHo, He npetenayer Ha noaHoty. OH Takxe He
ABjseTcss yueOHBIM NMOCOGHEM NO TeOpeTHYECKOH MeXaHHKe: B HeM
NPaKTHYECKH OTCYTCTBYIOT MnoapoGHble AoKa3aTeabcTBa. OcHoBHOE
Ha3HaueHHe Halle pabOTHl — NMO3HAKOMHTb YHTATeNA C KJacCHYe-
CKOff MeXaHHKOH B LeJIOM — KaK € K.JACCHYECKHMH, TakK k C CaMbl-
MH COBpPeMEHHHIMH ee acneKTaMH. Heo6xolHMble N0Ka3aTesbCTBa,
a Takxe JoJee NOApoOHbBle CBeleHHs YHTaTeNb HAai[eT B KHHUrax H
OpPHrHHAJbHBIX paboTax MO 3TOMY npeaMeTy, YKa3aHHHX B KOH-
ue NaHHOTO TOMa.



Trasa 1

OCHOBHBIE MPHHUHNBI KJIACCHYECKOR MEXAHHUKH

IOns onvcaHHsA JBHXKEHHS MeXaHHUYeCKHX CHCTeM HCNOJb3YioT
pa3Hbie MaTeMaTHYECKHe MOJeJH, B OCHOBe KOTOPBIX JeXaT pas-
NMYHble «NPHHUHMMBI» — 33KOHB! ABHXKeHHA. B 2To#t rnaBe nepeyuc-
NIEHBl OCHOnHble OOBeKTH M MPHHUHMOLI K/AaCCHYECKO# AHHAMHKH.
Hanb6onee npoctoit H BaXKHO{l MoJe/bi0 ABHXKEHHS peasbHbIX Tel
SIBNSIETCST HbIOTOHOBA MeEXaHHKa, KOTOpas ONHCHIBaeT JBHKEHHE
c80601Hoit cHCTeMbl B3aHMOLEHCTBYIOILHX TOYEK B TPEXMEpPHOM eB-
KJAHA0BOM npocTpaHctBe. B § 6 obcyxaaercs uenecoo6pa3HOCTb
pPaccMOTPeHUsT C TOYKH 3peHHs HbIOTOHOBOIl MeXaHHKH YCJOXKHEeH-
HBIX MOJeJieH IBHXKEHHS.

§ 1. HoioTOHOBA MexaHuKa

1.1. TipocTpancrso, Bpemsa, aBuxXenne. IlpocTpaHcTBO, B KOTO-
POM TPOHCXOANT ABHXKEHHE, TPEXMEPHO H eBKJIHIOBO C GHKCHPO-
BaHHOH opuenTtauuein. Bysem obosnauate ero E®. 3adukcupyem He-
KOTOpYI0 Touky 0€CE3 — «Hauaao orcuera». Toraa nosoieHHe Kax-
Roit Toukd s B £% oaHO3HAYHO 3ajaeTcst €€ PadHyCOM-BCKTOPOM
Y

os=r (Ha4yaJo BeKTOpa COBNAafaeT C TOYKON O, KOHEel — C TOUKOMH
§). MHoxecTBO Bcex palHyCOB-BEKTOpDOB o6pasyeT TpexmepHoe
aHueliHoe npoctpancTBo R3. OHO CHaG:KeHO CKaAsipHbIM NPOHU3Be/IC-
HHeM (, ).

Bpems onnomepHo. Ono Bcioay oGo3nauaercss f. MHOMXKeCTBO
R={t} nasbiBaerTcs 8peseHnOd 0CbiO.

Hsuxenue (AW nyro) TOYKH S — rjaakoe oTobpakeHHe A—-
~—F3, r1e A — nntepsaa oci BpemeHH. Byiem rosopHTL, uTO ABI-
XKeHHe onpesne’deHo B HHTepBadie A, KawmioMy JABHXKEHHW OIHO-
3HaYHO COOTBETCTBYeT Tr1aaKas uekTop-QyHKUHs r: A—R3

CropocTero v TOUKM § B MOMCHT BpeMeHH tEA Ha3sbiBaeTcs Mpo-
H3BOAHAR dr/di=r(t)¢R3, OueBHAHO, 4TO CKOPOCTh HE 3aBHCHT OT
BblOOpa Hauana orcyera.

¥YcKkopenues TOYKH HasbiBaeTcsi BeKTOp a=uv=r¢R3. CKOpOCTh
4 YCKOpeHHe 0Obluno #300paxaioT BEKTOPAMH ¢ HaualOM B TOY-
Ke S.

2-2

e
e



MHuoxecTBo E® Ha3bIBalOT elle NPOCTPAHCTBOM NOAOMEHUG
Toukd s. [1apa (s, v) HasbiBaeTcs COCTOAHHEM TOYKH, 2 MHOXKECTBO
E*X R3{v} — npocTpancreom cocroanuii.

Pue. 1

PaccMoTpuM Gonee o6uiuit cayuad, kKoria B mpocTpaHcTBe E®
HOBHXYTCA n TOYeK S;,..., S.. MHoxecTBO E=E3{s;}X ...
... XE*{s,} Ha3biBaeTCs NPOCTPAHCTBOM IOJIOXKEHHHA 3ITOH «CBO-
6onHoH» cucremn. Ecaun HeoOXOAMMO MCKJIIOUHTH  CTOJIKHOBEHHE
ToueK, To E%" cieiyeT yMeHbIUUTb, BHIYHTAS M3 HCTO JHaroHau

A= U {S, = Sj}'
i<j
Mycts (rys ..., r,)=r€R* —panuyc-BeKTOPLl TOUYEK Sy - . .) Sp.-

JBiDkeHHe CcBOGOIHOM cucTeMsl 3aRaeTcd TJaJAKHMH BeKTOp-QyHK-
wHAMH 7 ()= (r,(¢), ..., rn(£)). ARANOTHYHO ONpEAENALTCS CKOPOCTH

'U=f.'=(;1s ‘e -,r'n)_—‘('vh .. .,,vn)eR-'!fl

H YCKOpeHue
Q=r=(rp ...y ra)=(Qp ..., Q)ER".
MuoxectBo E"XR3"{v} HaswBaercs NpPOCTPaHCTBOM COCTOS-

HHH, a napa (s, v) — COCTOSIHHEM CHCTeMBI.
1.2. Mpusunn petrepmunuposanHocth HploTtona—Jlanaaca. 3101

NPHHUHN YTBEPXXA3eT, UTO COCTOSIHHE CHCTeMbl B J1060i (HKCHPO-
BaHHH MOMEHT BPeMEeHM O/JHO3HAaYHO Onpejle/seT BCe ee JBHKe

HHe (Kak 6Gyayllee, TaK W NpPOLLIOE).
[lycTb B MOMEHT BpeMeHH £, H3BECTHO COCTOSIHHE CHCTEeMb

(ro» o). Toraa, cornaCHO NpHHIMNY AETEPMUHHPOBAHHOCTH, H3BECT
HO JIpwkeHue r(f), tEACR; r(te)=ro r(t)=ro=1, MoxH
BHLIYHC/AHTB, B YAaCTHOCTH, YCKODEHHe 7 B MOMCHT BpeMenn f= £
Torna 'r'(to)=f(£0, ro fo), rie f—uekoropasa (yHKuUud, Cyulect
BOBAHHE KOTOPOji BhITeKaeT u3 mnpuHuuna Heworona — Jlanaace
INockoabky MOMEHT BpeMeEM £; MOXHO BBHIOpPATb MNPOH3BOJLH(

TO Jag Bcex ¢ GyJeM UMETh ypaBHeHHe
F=Ftr 7).
3710 auddepeHUHaNbHOe YpaBHeHHe Ha3bIBAETCS YPABHEHMUE

b Bee QynKUHH, BCTPEUAIOWIHCCA B JAHHAMEKC, MLI CYHTAeM IIalKKHMI.



dsuncenus UNH ypasneruem Herworona. Hanuuue ypaBHenus Hbio-
toHa (c rnagkoit BexTop-pyHKumedr f: R{t} X R¥*{r} X R3"{r}—>R%)
5KBHBAJEHTHO NPHHUHNY AETEPMHHUPOBAHHOCTH. ITO — CIENCTBHE
TeopeMbl CYyLeCTBOBAHHS H €JHHCTBEHHOCTH H3 TeopHH AHdepeH-
UHaNbHEX ypaBHeHHil. ®yHkuHs [ B ypaBHeHHax HbloToHa onpe-
aensiercss o6HYHO K3 3KcnepHMeHToB. Ee 3ajlaHHe BXOAHT B ompefe-
JleHHe MEeXaHHYECKOH CHCTEeMHI.

[TpuBenem npuMepH ypaBHeHHit HploToHa.

a) YpaBHeHHe najeHHs TOYKH B NYyCTOTe OKOJO [OBEPXHOCTH
3eman (nonyuennoe 3kcnepumentansHo Tanuneem (G. Galilei))
HMeeT CJlelyloWHil BUA: r=—ge, rae g=~9,8 M/cek? (yckopenue
cBOGOZHOTO NajeHus), e, — eAHHHYHBII BEKTOp BepTHKanH. Tpaek-
TOpHEH majaioileit TOUKH ABJsieTcs napaboaa. A

B) I'yk (R. Hooke) nokasan, uTo ypaBHeHHe MaJsbIX KoJeGaHHi
Tena, 3aKPeMVIeHHOro Ha KOHLe ynpyroi npy>XHHbl, HMeeT BHA x=
=—ax, a>0. [TocTossHHK KO3pHLHEHT a 3aBHCHUT OT Bhibopa Te-
Jla M NpyXHHB. 3Ta MeXaHHYecKas CHCTeMa Ha3blBaerTcsl 2apMOHU-
4eCKUM OCYUAAATOPOM. A

A
——
gj X

Puc. 2. TapMOHHTECKHIT OCIHAIATOP

Oka3anocb, 4TO B 3KCMepHMeHTax yAo6GHee onpeensiTb He
ycKepenne f, crosiiee B npaBoi yacTH ypaBHenu# HbiotoHa, a
npoussejeHtie mf=F, rae m-— HeKOTOpOe MOJIOXHTEJbHOE YHCJO,
Ha3blBaeMoe Mmaccod TO4ku (pacKpbiTHe (QH3HYECKOro CMhbIC/a 1o-
HATHA Macce He BXOAHT B 3alavy AHHaMHKH). Tak, HanpuMep, B
skcrnepuMeHTax I'yka mocTosiHHas mo =c 3aBUCHT OT CBOHCTBA ymn-
pyroii Mpy>XHHH, HO He OT Bhi6opa Tena. OHa Ha3biBaeTCs K03®-
(GHUHEHTOM yNpYrOCTH.

[lapa (s, m) (uaum (r, m), rie r — PaAUyC-BEKTOP TOUKH S)
Ha3LIBaeTCA MaTepuassHod Toukoli Maccel m. B panbHefimeM MH
6yneM yacto 0603HAYaTh TOYKY S H ee MacCy m OLHOH H TOH Xe
6ykBoit m. Ecan cHcrema MaTepuanbHBIX TOYEK COCTOMT H3 n TO-
YyeK C MaccaMu m,,..., M,, TO ypaBHeHHs HbioTtona

r1=f3(t, Tiy o ooy Ty rl,...,f,,). 1<i<n,
MOXHO nepen“ca'ﬂ: TaK:
miri=F,(t, r,r) I<ign.

Bektop F,=m,f; Ha3nBaetrcsa cusodi, AeficTBYIOLIRH HA TOYKY
m;. «Cl10B0 cH1a He BXOZHT B OCHOBHLIE 3aKOHbl IHHAMHKH, KO-
TOpHie MBI TO.TbKO 4YTO yKasaau. B jeficTBHTeNbHOCTH, MOXHO 06Of-
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THCb H Ge3 Hero»!. 3TH ypaBHEHHs OyleM TaKXe Ha3HBaTb ypaB-
HeHHAMH HbloToHa.

¢) Kak ycranwosun Heioton (I. Newton), ecau B npocrpaHcTBe
€CTh 7 MaTepHalbHHIX TOYeK (ry, m)....,{(rn» M,), TO Ha i-yIO

.
TOYKY AeAcTByeT cuaa F 1=2¢ F,,, rne
i+]

Fy= Teis Thg==r1—ry y=const>0.

YRETL
[ Frs ?
DTO —3QKOK 6CEMUPHO20 NPUMANEHUR. /\

d) pu GLICTPOM ABHXKEHHWH TeJa B BO3AYXe CHJIA CONPOTHBJ/ICHHA
NpONOpLHOHANbHA KBalpaTy CkopocTH (3akoH Crokca). YpaBHEHHE
najeHus Tela B BO3/LYXE MMERT, TaKHM obpa3oM, CreAyoWHi BHI:

mz=mg— cz? c¢>0. Oxa3uiBaercs, BCerja CyUleCTBYeT llm v (),

paBHHH }/ mg/c W He 3aBUCAIMA OT Ha¥yabLHOrO COCTORHHS. A

ITpuHuMN AeTEepMHHHPOBAHHOCTH EMeET MECTO M B PeJsITHBHCT-
ckoit MexaHHKe. KuaaccHueckyio mexanuky HbioToHa OT/HuaeT or
PEeNATHBHCTCKOH MEeXaHHKH npunyun oTHocuteasnoctu Iaaunes.

1.3. MNpunuun oTHocuTeabHoCTH. [IpsaMoe npousBenenne E3X
XR{t} (npocTpaHCTBO-BpeMsi) MMeeT eCTECTBEHHYIO CTPYKTypY
a¢punHoro npocrpanctsa. [pynnod aauses Ha3vlBaeTcs rpynna
Bcex apduHHHX npeobpa3oBaHuit E3X R, KoTOpbie COXpPaHSIOT Npo-
MEXYTKH BPeMeHH H NpH (PHKCHPOBaHHBIX [€R sBASIOTCS H30MeT-
puamu E3. TakuMm o6pasom, ecau g: (s, {)—(s’, t') — npeobpaso-
BanHe ['anunnes, To

1) ta—tp=t, —1,

2) ecau to==tp; TO |Sq—Sg|=|S,—S

Fpynna Tamuies, oueBumHoO, AeficTByeT B R3{r} X R{t}. Npuse-
AeM TpH npuMmepa rajaujieeBbiX npeobpa3oBaHuil 3TOrO NPOCTPAHCTBA.
Bo-nepBhix, paBHOMepHOe ABIKEHHE CO CKOPOCTHIO T:

gi(ry t)=(r+wvt, ¢t).
Jlanee, casur Hayaia oTcyeTa B NPOCTPAHCTBE-BPEMEHH:
g:(r )=(r +x, t+a).
HaxoHell, NOBOpOT ocefl KOOPAKHAT:
&(r,t)y=(G r,1),
rae G : R3—R3 — oproronanbHoe npeobpaszobaiiue.
[Tpeanoxenne 1. Kaxpoe raauneero mnpeobpa3osanie

g R3XR-—+R3X R MOXHO NpeACTaBHTb eJHHCTBEHHLIM CIIOCOOGOM B
BHIE NPOU3BeJeHHA 18285

" Annear {P. E. Appell) {21] ( crp. 89). Bo spemena Huotona «cuaci»
(na1. vis) naswBasuCh MHOTHC OOBEKTH, HanpuMmep, yckopeuue Toukd. Ilpomase-
A€HHC MaCCu TOUKN Ha XBaapaT ee ckopocru JlenGuuu (G. W. Leibnitz) nassaa
vis viva (musas cuaa). CoBPEMCHHLIA TepMMH «CHAa» couTBeTCTBYET Vvis motrix
{ycxkopawowan cuaz) v HeoTona.
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Beesem B E3 «HenoIBHXHYIO» cuctemy orcuera: 3aHKCHpyeM
TOuKy O€E® u BuGepem TPH B3aHMHO TNEPHEHAHKYAspHblE OCH.
Kaxxpoe npeoGpasosanve H3 rpynnu [anujess nepeBOAHT 3Ty CHC-
TeMy OTCYeTa B ApYryio CHCTeMy OTcYeTa, KOTOpas ABHXeTcs paB-
HOMEPHO H NPSMOJHHEHHO OTHOCHTeabHO nepBoil. Takue cucTeMbl
OTCYETA HE3bIBAIOTCH UHEPYUANLHBIMU.

HeficTue rpynns lFanunes Ha E3XR MOXHO NMPOAOTXKHTL A0
nedctBus Ha E3X ... XE3XR: ecan g: (s, t)—>(s",t'), T0 g(s1,...
e S B =(s/,...,8., ).

[puHUHN OTHOCHTEJAbLHOCTH YTBepXKJAaeT, 4To ypasHeHHs Hbio-
TOHA MHBapHaHTHH OTHOCHTEe/NbHO Tpynnbl npeoGpasosanuit Ta-
JHJIes B HHePIIHAJbHOIl CHCTEME OTCYeTa.

STOT NpHHUMN Hajaraer PAd yCJOBHA Ha BHA NpaBoil YacTH
ypaBHeHus HbloToHa, 3anucaHHOro B HHepUHAJbHON cHCTeMe KOOp-
auHat. Tak Kak cpeas ra.anjaeeBbix npeoOpa3oBaHHii ecTb CABHIH
OCH BPEMEHH, TO CHJbI He 3aBHCAT OT [

m,;,=F,(r, .r), ]-<l<n.

CHabl, 3aBHCAIllMe OT BPEMEHH, MOTYT MOSiBASTbCSI B HbIOTOHOB-
CKOH MeXaHHKe NHIWb B YNPOLIEHHHX MONEAsiX ABHXCHHA.

Cpean npeo6GpasoBanuii [aannes ecTh CRZBHFH B TPeXMepHOM
npoctpadcTBe E3. U3 oavopoanoctn E3® BbITCKaeT, YTO B HHEpLH-
aJbHbLIX CHCTEeMax OTCYeTa CHJbl 3aBHCIT JHILb OT OTHOCHTEAbHbIX
KOOPAHHAT ry—r;. U3 unsapnantHoct ypasHcHui HbloToHa oTHo-
CHTEJLHO MOATPYNMNB PaBHOMEPHLIX JiBHXCHIH g, cAelyeT, uYTO
CHJIBl 3aBHCAT TaKXKe Jilllb OT OTHOCHTEILHBIX CKOPOCTEfi TOUeK:

miry=F (re—r;, re—r); i, &k, l=1,...,n.

HUsorponHocTs E3 (MHCapuaHTHOCTH OTHOCHTEJBHO MOATPYNNH
BpallleHHit gs;) BACYET COOTHOLIEHHE

F(Gr, Gry=GF (r, r).

Ecan MexaHuyeckas cucteMa COCTOHT BCero M3 OLHOM TOYKH, TO
OTHOCHTENbLHO 1060/ HHepUHA/JbHON CHCTEMbl KOOPAMHAT OHA ABH-
KeTCcst paBHOMEPHO H npsMoankeiiHo V. JleACTEHTeNbHO, B 3TOM CaYy-
yae cuaa F He 3aBHUCHT OT £, 7, r 1 IIHBapHAHTHAa OTHOCHTE.IbHO NO-
BopotoB. CaenoBatenbHo, F=0.

Ecnu cHcteMa cocTouT H3 ABYX TOYEK, TO MPHAOXKEHHBIE K TOY-
KaM cuanl Fy u F, HanpaBaeHb no npsMoi, ux coeanusiouteil. bo-
Jiee TOro, COrJacHO npuxyuny pasencréa OeucTeus u nporusoded-
cTeus cuumraercs, 4to Fy= —F, OT0T npuHuun, He3aBHCHMBbIA OT
NPHHUKNA OTHOCHTENbHOCTH, MPLBOAHT K 0O6iMeMy TIOHATHIC Cua
83aUMO0eUCTBUR W 3AMKHYTOU .'exanuuecked cuctemol. CucteMa n
MaTepHaNbHLIX Touek (r;, m;), 1<<i<Cn, Ha KOTOpbC HEACTBYIOT
cHabl F,, na3biBaeTcs 3aMKHYTOI, ecau

D 310 — 3akon unepyuu Tanmaes — Hulotoua.
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Fi——‘z,Fijv Fk1=_‘Flk-
i*j
1<jgn

Bekrtop F;; HasblBacTca CHJON, ¢ KOTOpOil j-as TOUKa AelcTByer
Ha i-yio. BamubM npuMepoMm B3anMojeficTBHSt SIBIsleTCA BCEMHp-
HOe NMpPHTsXKeHHe.

OTMeTHM, YTO eC/lH CHCTEMa COCTOHT H3 TpPeX MATepPHaJbHBIX TO-
YeK, TO H3 NPHHUHNA OTHOCHTCABHOCTH BLITEKAeT, YTO NPHJIOXEH-
Hble K TOYKAM CH.Ibl JIEXKAaT B IJOCKOCTH 3THX TOYEK.

Cpean 3aKOHOB [BHXEHHS, NpuBeleHHbx B M. 1.2 B KauecTBe
NpHMepOB, ra’aiieeBo HHBAPHAHTHLIAI ABJISETCS JHIIbL BCEMHPHOE
npursxkceHite. Ecay, onnako, B cucTeme rpaBiTHPYIOIHX TOYEK Mac-
ca OIHOiI 13 HHX HCYesaiolle MaJga (ckameM, Nblanika B ConHeu-
HOIt CHCTeme), TO ee BJHSHHEM Ha ABIDKCHHE OCTAJbHBIX TOYeK
MOXKHO npeHeGpeub. IloyyeHHass TakHM nyTeM «OrpaHHYeHHas»
3ajnava (uMmeioulas Ba<Hble NDHMEHEHHS B aCTPOHOMHH) YXKe He
YAOB/IETBOPSieT NpPHHUHNY OTHOCHTe bHOCTH [anuines. Bce Berpe-
yawpouidecs B MexaHHKe HbLIOTOHa 3aKoHbl ABHXKEHHS, KOTOpble He
ABJAIOTCA TanijieeBO HEUAPHAHTHBIMH, MOJy4Y4eHbl H3 HHBapHAHT-
HbIX 38KOHOB JIBHXKEHHS C TNOMOLIbK NOAOGHBIX YNpPOUAIOLIHX
NPeanOJOXKeHHH.

1.4. OcHoBHble AHHAMH4YeCKHe BeJUYMHBLI. 3aKOHBl COXPAHEHHS.
B nnHaMHKe BaXHyi0 po.b HIPAIOT CIeAVIONIHE XapaKTepHCTHKH
IBHXKEHHS:

p= My —unnyasc TO4KI,

k=rXp=m(rxXov)—vovenm umnyaroca (KuHemu4zcrud
MON:EHm),

M=r>F —uosmenm cu.asl,

nz’-'
T =T5— —Kunemuueckas snepaus,

I=mr2—vomenm unepyuu.
Ecau cicrema coCcTOMT N3 HECKOABLKIIX TOYEK, TO COOTBETCTBYIO-
ulie AMHAMHYECKHE BETNWIHE TBIAOTCA a7 LIHTHBHBIMH (QYHKUMAMH.
Mpeaaoxeune 2. [lycte P=2X%p, u F=3F,. Toraa P=F.
Touxa

Ha3blBaeTCA YewTpom sacc. Jlerko BiZCTb, YTO NOJAOKEHHEe LUEHTpa
Macc He 3aBIICHT OT BhIGOpa Hava’a oTcyeTa.
Caeacrtsuc. UeHtp Macc 3aMkHYTOi CHCTEML ABHIKETCA pas-

HOMEpHO 1l Hpii:to TmiesHo: 3 =00,
[Mpecaaowenue 3. Hycrs N =2Xk;=Smir;Xv; #
M—=2r o F,. Toraa K=.L
C3H0 yindra Line Groeneno Huwtonon

1y



CnenctBue 1. Ecain cHctema 3amkHyra, TO K=const!.
Cnia, ReACTBYIOILas Ha MaTepHaJbHYI0 TOYKY, Ha3biBaeTCA YeHT-
paAbHOd, €ClH ee JNHHHA [efiCTBHA Bce BpeMs TNPOXOAHT yepes
TOYKY O€ES,

CaenctBue 2. [IBHXKeHHe NMOA NeficTBHEM LEHTPAJbHOR CHAN
MNPOHCXOAHT B NJOCKOCTH, NPOXOAslIei Yepes 0.

Mpennoxenune 4. Iycte T=ZImv;?/2. Torna T=Z(F, v

Cuamt  Fy(ry,...,rn) Ha3HBAWOTCA NOTEHUHAJbHHMH, €CIAH
1-bopma

n

2 (Filrhdry)y,

=]
Ha3biBaeMas pabomoi cusa F, Ha nepemeuenusx dr;, To4Ha, T. €
apaserca AudpdepeHunasom HeKOTOpoRA QYHKUMH V (ry, ...y Fp)
onpeeJeHHOA BCIOAY Ha

Es"\A=E*\ U {r,=r}.
i<)

dyukuua V nasmBaercs cuso8od?, a ¢yukuus U=—V —no-
TeHIHAJIbHON SHepruell (NOTEHLUAAOM) CHCTEMH TOYEK.

CaencrBue 1. Ecau cuanl noTeHIHaJbHH, TO Ha KaXAOM
ABHXKeHHMH nonHas sHeprHs T+ U=const®.

Hannune 3aKOHOB cOXpaHeHHA HMMYJbca, KHHETHYECKOro Mo-
MEHTa H NOJHON SHeprHH 3aMKHYTOA CHCTeMbl MaTePHaJbHHIX TOYEK
CBA3aHO ¢ HHBapHaHTHOCTbIO ypaBHeHH#i HbioToHa OTHOCHTe/NBHO
rpynns npeo6pasoBanuii I'anuaes.

MMpennoxenne 5 Ecan cuabnl B3auMOAEACTBHS 3aBHCAT
TOJIBKO OT B3aHMHBIX PACCTOSIHHA TO4YeK, T. e.

ri—r
Fiy=fy(rpe, ry=|ri—rl e;= ’,"'v

TO OHH MOTEHLHaJbHHY.
[MoreHuxanbHas 3Heprus B 3TOM CJaydae paBHA 2 u, TARe
i<j
u, J=S Ji(ry)dry;—noreHunanbHas SHeprus B3aUMOREACTBHA Ma-
TepualbHHX TOYEK mMm; U m;.
Hanpumep, B ciyyae BCEeMHPHOrO MPHTSKEHHA CwaoBas (QyHKOUA
paBHa

V=Y Xmum
<) i
Mpeanoxenune 6. [lycte [=2Zm,;r?—MoMeHT HHEpPUHH CH-

Y YcraHoeaeHo HesaBucuMo ifinepom (L. Euler), O. Bepuyanu (D. Ber-
noulli) w JI'Apcu (d'Arcy).

2 CusoBas ¢yHKuus BBefieHa JlarpanweMm (J. L. Lagrange).

9 B uacTHHX Cayyadx OHO Obno H3BecTHo eute [iodirency (Ch. Huygens),
Huiotony (I. Newton), H. u I. Bepuyanm (I. and D, Bernoulli).

4 YcranosaeHo JlarpaHxem.
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CTeMn OTHOCHTeaAbHO TOukH OEE3, Toraa [ =4T+22 (Fupry).
{

Ecau cunnl noteHunanbHel M CwioBasdt (QyHKUHS SBASETCHA OJHO-
POAHON CTemeHH &, TO

F=aT+2 D (G 11y =4T 20V =4k +2(-+2)V
H

32BHCHT JIHIIb OT NMOJOXEHHS TOYeK W nosHOf 3Hepruu. B cayuae
rPaBHTAaLMOHHOrO NPHUTAXEHHs k= —1 u, cJAexoBaTenbHO, [=
=4h—2U. 31a popMyaa noayyena JlarpaHkem.

B KkauecTBe NMPHNOXKEHHS BBeJeHHHX AMHAMHYECKHX BEJHYHH H
3aKOHOB COXPaHeHHsi, PaCCMOTPHM 3ajauy 06 064aCTAX 803MOXc-
HOCTU OBujiceHUs 33aMKHYTON CHCTeMbl ¢ 33aBHCALUUMHK TOJBKO OT
PaCcCTOAHHA CHIAMH B3aHMONEHCTBHS.

CesaxeM ¢ LeHTPpOM Macc (6apuyenTpom) HOBYIO HHepLHab-
HYIO CHCTeMy OTcYeTa i Brnpellb OyJAeM CYUHTaTb eFrO HEMOABHIKHBIM:
Zmyri=0. ficHo, 4TO CHAM B3anMofefcTBH F,; He H3MEHATCHA npH
TaKOH CMeHe Haya/na OTCYeTa, MOCKOJbKY OHH 3aBHCAT OT Pa3Ho-
CTeH r—r;.

CyMMmapHbifi KHHeTHUecKHi MOMeHT K=ZIZm,(r;Xv;) oOTHOCH-
TeAbHO 1leHTPa Macc He MeHseTca. [lnockoeTs, npoxoasiyo yepes
GapHLeHTP NepNneHAHKYJAAPHO MOCTOSHHOMY BekTopy K, HashBaiOT
OGLIYHO HeH3MeHseMOAl naocKocThio Jlanaaca.

[Tpeanoxenne 7.CnpaBeanHBo HepaBEHCTBO

K2<2IT. 1)
< Hedcteuresvno, K2=|Zm,(r; X 0,)2 < Em;(riXv)P<
<CEmr?) (Empo2)=1.2T. D>

Tak kak T=h—U, 10 u3 (1) nonydyaeM HepaBeHCTBO K2
<2l (h—=U) wm U+ K?/2I <h. PaccMOTpHM IHNEpHOBEPXHOCTh

P={r=(ry ..., rR)6R*:Zm,r, =0}
H 0603HauuM By,p 064aCTb BO3MOXHOCTH ABHXEHHS — MHOXECTBO
Toyek I', B KOTOpHX MOXET HaXOAUTbCA CHCTEMAa C 3aAaHHOM
3HeprHel M 3aJlaHHOA BEJMYMHOM CYMMapHOrO KHHETHYECKOro Mo-
meHta. OvueBuAnbl  BiJaoueHus By nC{rel:U +K?2/2] <h}cT.
OGpaTHOro BKJIOYEHHsH, BOOGLLE TOBOPA, HeT.
MMpeanoxeuue 8. B naockoh sanawe, Korga BHKeHHe

TOYEeK NpOMCXOAMT B maockoctH Jlannaca, Bk,n={rEI‘:U +i2<l—' <}z}.

4 MNyers Emryi=0" uw v,=(KXr)/I+ar;/I. Toraa
Zmy(riXv)=K nT=K?/2] +a2/2]. Bceraa moxuo nopobpars a
TakuM 06pa3oM, 4TOOW r€Bx a. D>

§ 2. JlarpanxeBa MexaHHKa

2.1. TMpeasapureasnnie 3amevannss. Haguem ¢ npoctoro npume-
pa. Ilycte Touka Maccwl m ABHXeTCs MO TAaJKOH PeryJsipHOM MO-
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BepxHOCTH I, 3afaHHO/l ypaBHEHHEM
f(x.9,2) =0 ()

NOR JAefCTBHeM 3apaHee H3BECTHOH cuanl F. BiusHHe noBepxHOCTH
Z Ha JBHXKEHHe TOYKH €CTECTBEHHO OTOXJAECTBHTbL ¢ AECHCTBHEM He-
KoTopo# cuaw N, opToroHaibHoit X. Cuurasd nocje 3TOro TOUKy m
cBOGOJHOM, ee ABHKEHHe MOXHO OmHCaThb ypaBHeHHeM HbioToHa

mi=F4N. 3)

U3 storo ypaBHeHus ¢ yyeToM ypaenenus ceéasu (2) cuny N
MOXHO ONHO3HaYHO HafTH KaK (YHKLUUIO COCTOSHHS H BpPeMeHH.
YpasHenne (3) MOXHO nepenHcaTth B BHAE YpaBHEeHHS

{mr—F, t>=0, (4)

rie ¢ — NpoU3BOJbHHII KacaTeNbHHA BeKTOp K X, H HHTepnpeTH-
POBaTb ero Kak 3akoH ABHXeHusi HbioTOHa B KacaTeabHOfl MJ0CKQs
CTH K NOBEPXHOCTH 3.

B MexaHuke cuna N o6bl4HO Ha3HBaeTca JaBjeHHeM HJH, 6ojee
obuie, peakyued ceasu (2), a KacaTelbHble BEKTOPH § — 603MONC-
HbIMU nepemeujenHunamu WIH CKOPOCTAMH HeCBOGOLXHOH TOWYKH m.

B ofmem cjyvyae, Koria paccmaTpuBaeTcs HecBOoOGOAHOe IBH-
JKeHHe n ToueK (my, ry),..., (mg, ra), CBA3H onpefensiorcs raaf-
KHM MHoOroo6pasueM M, BJOXEHHBIM B NPOCTPAHCTBO IOJOXEHHA
cBo6oaHon cHcTeMbl R*»=R3{n}X ... XR3{r,}. Cssizamn nonyc-

KalOTCsl JIHIUb TaKHe ABHXKEHHS, MPH KOTOPHX (r1(1),...,rn(t))EM
npu Bcex f. Ecain Ha TOuKH AeficTBYIOT u3BeCTHHE CHJM Fy,..., Fp,
TO ypaBHeHHe (4) ecTecTBEHHO 06OGIIHTD:
n
2 (myr—F, &) =0, ()
=y}
rae (&1,..., Ea) — NPOH3BONMBHLIA KacaTenbHu BekTOop K M.

D710 ypaBHeHHe Ha3biBaeTCs «OGUIHM ypaBHEHHEM AHHAMHKH» HJH
npunyunom Harambepa—Jlacpansa. B cnyyae cBOGOLHON cuCTe-
Mbl. TOYEK BEKTOpHl f; MPOM3BOJIbHL M, CJ1eA0BaTeJbHO, YpaBHEHHE
(5) 3xkBuBa/NeHTHO cHcTeMe ypaBHeHni HbloToHa.

Mycts g=(q1, ..., gr) — NOKaNbHHE KoopAHHATH Ha M. Tor-
la r; — riaafkue QyHKUHH § 4

KnHeTnueckas 3Heprus
. . 1 .
T 9)==5 E mr?

AIBJSETCA NOJOXKHTEIBHO onpelicedennoil KeanpaTHysoil dopmolt

D [Na1KoCTb CAGAYET NOHAMATh B ABYVY UMHCJIAX: K3k GECKOHCIHY
PCHUKPYEMOCTE ¥ KaK OTCYTCTBHE TPENHA.
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Bsenem ewme «ofobuennme cuavy —xosexktops Q (g) —c noMouisio
paBeHcTBa

n R
D (Fun dryy =3 Qdq;

im] =1

Teopema 1 (Jlarpanx). ®yuxkumu ¢(¢), sanawulue ABHKEHHE
HEeCBOGOJIHOM CHCTEMbI, YAOBJAETBOPAIOT YPABHEHHIO

(Ti )'_Tq' =Qn
Ecnn cuam Fy, ..., F, NoTeHOMaNbHL (B CMbiCJAe ONpefeneHHs
§ 1), To popma ZQ;(q9)dq; sBaserca nonuuM audPepeHUHANOM
HekoTopoit rnaaxkoh ¢yHkuunm V(g). B 3ToM ciydae ecTecTBeHHO
BBecTH QyHkuHio L=T+V u nepenucath ypaBHeHHe HABHXKeHHS B
BHe ypasxenus Jlaepanxa

Ly =L'e

Orclona Cpa3y CJaenyeT, YTO JBHXEHHA MeXaHHUeCKOH CHCTeMH
COBNAajfal0T C KCTPEeMaNfAMH BapHalMOHHOA 3ajauu

a'det=0.
t

«YIuBHTENbHO, YTO y Jlarpanxka 3To npensoxeHue NpHBELEHO
JHLIb MEXAY CTPOK; 3THM OOGBACHAETCA TOT CTPaHHBbIA (akr, 4To
STO COOTHOUeHHe B ['epMaHuM, — rnaBHbIM o6Gpa3oM G6aarogaps
TpyRam $SIko6u, — a 3aTeM u BO ®paHuuu OOLIYHO Ha3bIBAETCA
npunyunom 'amusrbTona, TOrla Kak B AHIIMH HHKTO He MOHHMaeT
3TOro 0603Ha4YeHHs; TaM 3TO PaBeHCTBO H3BECTHO NOJ NMpPaBHJAbHBIM,
XOTd H MaJjo HarAsAHHIM HaHMEeHOBAaHHeM NpHHLMNA CTaLHOHAp-
"oro neicreus» (Kaeitn (F. Klein)).

2.2. Bapuaunn u sKkcrpemanu. Jlazpanxesa cucrema Ha raag-
kOM MHOroo6pa3un M 3ajaeTcsi ONHON eAMHCTBEHHON (YHKUMeH
L:TMXA—R, rae A —untepBan ocu BpeMenu R = {{}. Touky geM
6yneM Ha3blBaTb MOJOXEHHEM 'CHCTeMbl, a KacaTeJbHHl BeKTOp
06T M — ckopocTbio B nojioxeHuu q. Ilapa ¢, v HasbiBaeTcs elne
COCTOSIHHEM cHcTeMbl. B JarpanxeBoii MexaHuke MHoroo6pasne M
NPUHATO Ha3bnlBaTb NMPOCTPAHCTBOM NOJMOXEHHH, KacaTeJbHOe pac-
cnoenne TM — npoctpaHcTBoM coctosinuil, L — ¢ynkyued Jlaepan-
aa unu sazpancuanom, a dim M — qucaom crenened c80600¢t.

Mpumep 1. HarypanbHas Mexanuyeckas cucrema — TpoOil-
ka (M,T,V), rae M —rnaakoe MHOrooGpasde noJjoxesut, I —
pHMaHOBa MeTpHKa Ha M (KHMHeTHYecKas 3Heprus cucremut), V —
raankas ¢ynkuus Ha M (noreHuman cunosoro noas). PumaHosa
MeTpHKa — rnafkas QYHKUHS Ha KacaTeJlbHOM pPacC/lOeHHH, KOTO-
pas B KaXAOR KacaTe/JIbHOH NMJIOCKOCTH HABJAETCH IOJOXKHTENbHO
onpeleNeHHOH KBaapaTuyHOi ¢opmoit. Pyukuua Jlarpanxka L=
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=T+4V (byaxuus V: M—R oucBHAHbIM 06pa3oM NpoAO/XKaeTcs
10 pynkuns u3 TM 8 R) A
Ilyctb @, u a,-- nBe (He 06f3aTeNbHO pasMuHbBIE) TOYKH B
M. TlyteM u3 q, B @, HAUHHAIOUIHMCA B MOMEHT f; H 3aKaH4YHBa-
rgummcsl B MoMeHT I2 ({1, 12€A), Mbl Ha3oBeM OTOGpaxKeHue KJjacca
o0
o: [4, t;]>M

Takoe, 4to @(f) =a;, ©(f;) =az. MHOXeCTBO BceX Takux myTed
o6osHauum Q(M; a,, az; ¢, t2) HAK mpocTOo Q, €C/M 3TO He NpHBe-
AeT K Hellopa3yMeHHusM.

MoxHo npeactaBaaTh cebe Q Kak HeKOTOpoe «GecKOHeuHOMep-
HOe ‘MHOrooGpasue». KacaTe/bHHIM TNPOCTPAaHCTBOM K Q B TOUKe @
MH Ha3oBeM BEKTOPHOe NMPOCTPAHCTBO, COCTOsLlee M3 IVIaJIKHX BeK-
TopHbix moseit W wa M BAOAb MyTH o, AAa Kotopuix W(a;) =0,
W(a;) =0. Bexropuoe nose W, 3anannoe B Toukax o(f)€M, no
ONpeleNIeHHI0 CUMTAETCA TJAaNAKHM, €CAH OHO SBAAETCA OrpaHuye-
HHeM Ha o(f) T1aZKoro BEKTOPHOTO MoJis, ONpeleNeHHOro B OKpecT-
HOCTH NyTH ® Ha M. KacateabHOoe NMPOCTPAHCTBO K Q B TOYKE ®
6ynem o6o3HauaTh T,%Q.

Bapuauuetg nymu © (C HENOABHXHHMH KOHIAMH) Ha3HBaeTCH
orobpaxeHne a:(—e, €)->LQ TaKoe, YTO:

2) orobpaxenue a:(—e, &)X [¢, £]->M, onperenennoe GopMy-
noh a(u, t)=0 (k) (t), aBaneTcs raaaxolt GyHKiueA NEpeMeHHBIX &, ¢.

TMockoabky a€Q(M; @i, @ ¢, £5), TO

3) a(u, t)=a, a(u, t;)=a, npu Bcex u€(—e, e).

[Mon Bapuaumeli nyTH @ Mbl GYneM NMOHUMATh TaKke OTOOpaxe-
HHE O. .

Bapuaumio o MOXHO CUMTaThb «raaiakuM» nyteM Ha Q. Ero Bex.
TOPOM CKOPOCTH

2 O€TQ
ecTecTBeHHO Ha3BaTh BektopHoe moje W,6T o )M BROML ©:
d
W,=520, ?).
Mockoabky npu Beex £ <Ei< £,
%20, £)6Ta@M

/] a
5s @ t)=0, 20, t)=0,
T0, AefictBureabHo, W67 Q.
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Jdemma 1. Jdas moboro WET,Q cyuectsyer Baphauus o (1)
TaKas, YTO

da
ZO)=W.

BektopHoe. nose W, Ha3biBaeTca 8eKTOPHbIM NOAEM BapUAYUU.
OHo, KOHeYHO, HeOJHO3HAYHU onpefensiel BapHAaLHIO ABHXKEHHS.

IMMpumep 2. Ilyctb qi,..., g, — NOKa/ibHBIE KOOPAHHATH Ha
M u xacarenbHoe none W B 6asuce 9/0q,,...,0/0q, HMeeT KOM-
poHenTn W), ..., W, Ecau nyrb o(f) npeacraBisieTcs ryiaiKHMH
oynkuuaMu @i*(t),...,q,(f), To Bapnaunio a(u,t) MOXHO 3a-
natb popmyaaMH

G =g (O+uW, (0. .., ¢(t, H=g%()+uW,(8). A

Mycrs F:Q—> R—uucnoBas ¢yHkuus (M0 KJAaCCHYECKOR TepMH-
HoJOruH — QYHKILHOHAN) HA Q. Mmu  onpenesuMm auddepenunan
O6F:T ,Q— R, xoTophlit 6yieM Ha3uBaTh gapuayuel pynryuonasra F.
. Tycrs WeT,Q. CornacHo semmve 1, cyliectsyer Bapuauus
a(u):(—e, €)—Q Takas, 4TO

do

a(0)=0, ZO)=W.

INonoxuMm, no Onpene/ICHHIO,
oF (W) =222, o)

Ham caenoBano 6ul YCTaHOBHTb YCJOBHR KOPPEKTHOCTH oOmpe-
JeJieHHsl BapHalUMH: JHHEHHOCTb OTHOCHTeJbHO W u He3aBHCH-
MOCTb OT Bbi6Opa BapHauuu nyTH a(u). Mui, oaHako, He Oylem 3a-
HHMAaTbCs 3THMH BOMPOCaMH, MOCKOJbKY B paccMaTpHBaeMblX HHXKe
CAyyasx 3TH YCJIOBHS 3aBEOMO BBIMOJHEHbI.

Touka w€Q OGylder KpUTHYeCKOil (CTauHoHapHo#) Aas F, ecin B
Heit 8F==0. Ilyctb, Hanpumep, F npHHHMaeT MHHHMAJbHOE 3HAue-
HHe Ha NYTH wo H NPOH3BOAHAsN

dF (a(u))
du

cymecTByeT. Torxa, OYeBHIHO, NYTb g SBJAAETCA KPHTHYECKHM.

2.3. Ypasuenus Jlarpamxka. [lycts gq:[¢,, &) > M—raauxun

nyth u3 MuHoxkectBa Q. CKOpPOCT ¥ B MOMEHT { paBHa NPOH3BOA-

HOlt ¢ (¢). B xaxnmit MoMeHT Bpemeun £, <t < ¢, BOIHUKAIOT HAGOPH

gyucea L. u (Lq V—L,, (1 <i<n), KOTOpHE HA3LIBAKTCA HMIY/b-
i/

9
COM CHCTeMH M AQ2panxcegoid rpou3godnod ¢ynxuuu L. O6osna-

yuMm ux p u [L].
[MepeiizeM K HOBLIM JOK7ALIESIM  KOOPIHHATEM ¢ v (opMyJe
g=q(q). Ilycts J =0y, 3y --aeuuiposiednas ma:pitiia Hxobu 37CH
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3aMeHH nepeMeHHhX. B HOBhiX koopamnatax ¢ymkuus Jlarpanxa
onpenexnsercs Gopmyaoht L (g, ¢, £)=L(q, ¢, t).

Jdemma 2. p=J*1p, [L]=1I*1[L].

CnpaseannBoCTs 5THX (OPMYJ YCTaHABJAMBAETCH NPAMBIM BhHI-
YHCJACHHEM.

Tak kak p u |L} npy 3aMeHaX JOKaJbHWX KOOPAMHAT mNpeoGpa-
3YIOTCA MO KOBapHAHTHOMY 34KOHY, TO MB MOXeM CUMTATh HX KO-
BEKTODAMH, 3afaHHHIMH B Touke ¢ (£)éM. CaeloBaTenbHO, AJA Ka-
CaTeNbHHX BeKTOpPoB WET oM KOpPpPeKTHO OnMpefeseHH BHIPAXKEHHA
pwu[l]-w.

Onpeneaenne. PyHKuHOHAN

F((o)=S Ldt =§L(«b (¢), (), £)dt
HA3HBAETCA dedcmeue;. "
Teopema 2 (bopmyna nepsoft BapHauuu meHcCTBHS).
oF (W)=—§(IL]-W) dt. ©)
< Mycts & (u) —Bapuanus n;-m o. Toraa

. s

dF (o (u v .

ety S (L, 9 +L'a)) dt.
LA

Viurerpupys mo vactaM nepsoe cJaraemMoe MNOAWHTErpaabHOR (yHK-
LLHH, NOJIYY4HM:
s

22 O=p- W~ @11 Wyat.

ty
Ocranoch yuects, uto W(t;) =0, W(t;) =0. >

Onpenenenne (npuxuun [aMmunbroHa). Nym @EQ Hasw-
BaeTCsi [ABHXKEHHeM JarpaHxeBol cucremunl (M, L), ecnH OH fB-
JfeTCs KPHTHYECKO#A TOYKOM QyHKUHOHana nefcTBHe.

H3 ¢opmyam (6) caenyer, uto KpuTHuecKHe MyTH QYHKUHOHA-
na F coBnajaor ¢ peileHHsMH ypaBHeHHs Jlarpanxa [L].q=0.
B yactHocTH, orpaHHueHde ABHXeHUR (f) Ha J06o# NOAbLIHTEp-
Ban [4;, 2] cHOBa GyaeT ABHMKeHHEM.

B soxaabubX koopaunaTax ¢ Ha M ypasuesme Jlarpamxa MOX.

4 2@nuca1‘b B sBHOM Bune: A(q, ¢, £)§+D (g, ¢, £)=0, rae

q49 — . —
Jlemma 3. llycrs A=Lq-_;_. Toraa A=I*"A[1,

Ecan det A0, To ypasuenne Jlarpanxa MOXHO pa3pellHTb
OTHOCHTeNbHO yckopeHui. OTclona BbITeKaeT, B YaCTHOCTH, YTO C€O-
CTOsIHMe CHCTEMbI B MOMEHT BpeMeHH fgEA ORHO3HaYHO onpeAenser
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ee nsukeHse. [ToquepkHeM, YTO, COrAacHo JeMMe 3, yC/lOBHe He-
BHIPOXAEHHOCTH MaTpuubl A He 3aBUCHT OT BHIGOpA JIOKAJbHLIX KO-
OpaHHAT Ha M.

2.4. Ypasuenus [lyankape. Ilycrs v;, ¥y ..., Up—He3aBUCUMBIE
KacaTeJbHple BEKTODHHE MoJAs Ha m-McpHOM MHorooGpasuu M.
B xaxnoit Touke geM xoMmyTatopsl [v;, U;| MOXHO PasioxuTh MO

BeKTOpaM vy,..., U, KaK no 6asucy: [v;, fa,.]=2 c%.(9) Vs Ecm
q:A— M —nHexkoTOpBIft raanKkuit myTh M f —raankas Qyaxius Ha M,
TO

F=rfo-d= v (f) o, )

iwm]
rae v;(f)—npoussBoiHas ot f BroAb v;. [lepeveHuble ® CyTh Ju-
HefiHbie QyHKHU ckopocTeft. OHU HA3LIBAIOTCA «X8A3UCKOD OC MAMUS.
[MpencraBuM JarpawxHadn B BuAe yHkuuu or ¢ u @: L (0, g)=
=L(q, 9). Mycts g (u, ¢)—Bapuauua nytu q(£). [Tonoxum

ZACION) —Ev w,

YuurbiBas nepecTaHoOBOYHOCTD nmbcbepeﬂuupoaamm no q u t, noay-
YaM paBeHCTBA

T ""’"+Ev’* W

Beruucamum Bapurauio AeACTBUA B KBaSHCKOp()CTﬂx:
s A ts
s\ L qat=3= wil, +

ty

T SR S AP,
ty []

IMockoabKy BapualuM W, HE3ABHCHMbl BHYTPHM HHTepBaaa (fy, £,) u
o6palnaloTcs B HyJb Ha €ro KoHllaXx, To npHHuun amuabToHa nZaet
HaM YpaBHeHHd JBHXEHHMA B KOOpAMHATAX ¢, ©:

= J ! w .
(Lm,,) Z%Lm, i+ s d)
Ouu Bnepsble nonydedn Ilyankape (H. Poincaré) s 1901 r.
Ecnu B KayecTBe v, B3SiTb HE3aBHCHMbBE BEKTOpH 0/0qp, TO ypaB-
neus [lyankape mnepedsyT B o6bluHble ypaBHeHHs Jlarpauxa.

Ilyers Ttenepp M —rpynna Jlu G B vy, ..., Un,— HE3aBHCH-
MHe JieBoMHBapHaHTHHe nois Ha G. B atom cayuae c;;*=const.

Ilpeanonoxum, yTo JarpaHX¥aH HHBADHAHTEH OTHOCHTEJbHO Je-
Bbix cABuros Ha G. Toraa vx(L)=0 u, cirepoBaTtejsbHo, L 3aBHCHT

-~
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IHIIb OT KBA3HCKOPOCTefi », KOTOPHie CJeAyeT pacCMaTpHBATb KakK
<00OpAHHATH B aiarebpe JIn g rpynnu G. B 3THX nmpeAnosioxeHHAX
ypasuenus Ilyankape s#BafilOTCA 3aMKHyTOM cHcTeMoit Auddepen-
IlHaJbHHX YPaBHeHH# Ha g.

ITpumep 3. TaepOvis TerOM ¢ HEeNMOABHIKHOM TOYKOA MH Ha-
30BeM COBOKYNHOCTb MaTE€PHAJbHHIX TOYEK, Ha KOTOPYIO HaJOXeHH
clenymiolre cesisu (B cMbicae 1. 2.1):

a) HEH3MEHHH PaCCTOSTHHA MEXJY TOYKaMH,

B) OZHa M3 TOYEK Tesia COBNajaeT ¢ HEKOTOPOA (GHKCHPOBaHHOM
TOoYKON M3 E3.

SlcHO, 4TO MHOXECTBO BCeX MOJOMEHHH TBEPAOr0 Tella MOXHO
ONHO3HAYHO MOJYYHTb H3 HEKOTOPOro ero GHUKCHPOBAHHOTO MOJIOXKe-
MHs ¢ nomouibio noBopotoB E3 Bokpyr Touku o. Iloatomy npo-
STPAHCTBO NOJNIOXKEHHA 3TOH CHCTEMH MOXHO OTOXAECTBHTb C Ipym-
no#t SO(3). Bpamenne rTBepaoro Tena 3amaerca ¢yHkuumed B({),
rae B — oproronaspias Matpuua u3 SO(3). Ckopoctb BpaileHHs
Tena B(t) ectb KacaTeabHBIlt BeKTOp K Ipynne B Touke B (t). Ec-
TeCTBEHHO TEPEHEeCTH 3TOT BeKTOP B KacaTelbHOe NPOCTPAHCTBO K
rpynne s eauHHue, T. e. B aare6py Jiu so(3). 910 MOXHO crenaTh
AByMs cnoco6aMH: JieBbIM M NPaBbiM CABHroM. B pesysibTate MH
NONY4YHM ABe KOCOCHMMeTpHYecKHe MATpHun B-'B y BB-! =3
aare6pul so(3).

ITycts R(f) — pagnyc-BEeKTOp TOUKH Tela B  HENOABH)XHOM
npocrpancrBe. Toraa R(f) =B(f)R(0) u, cnemoBaTtenbHo,

V(#)=R({)=B(t)RO)=B(t) B () R (t).
B TpexMepHOM OpPHEHTHPOBAHHOM €BKJHIOBOM NPOCTPaHCTBe JIO-
60i1 KOCOCHMMETpHYECKHii OnepaToOp eCTb OMEepaTop BEeKTOPHOro
yMHOXeHus: QX (-). B pesyabrate nonyyaem ¢opmysy 3darepa
V=QXR. Bektop Q HasblBaeTcsi BEKTOPOM Yy2A080i CKOPOCTU B
NPOCTPaHCTBE.

Ecau r — pannyc-BeKTOp, U — CKOPOCTb TO#l 3Ke TOYKH B TOA-
BH)XXHOM NPOCTPAHCTBe, CBA3aHHOM C TBEPALIM TEJOM, TO CHOBA
U=@X7, Tie ©=B"'Q — BeKrop yri0Boit ckopoctu B Tene. CooT-
BercTBHe f:B~!'B-»@ 3amaer usomopdusm aare6pum so(3) (koro-
Pyl0 MOXHO TPaKTOBaTb KaK a/are6py JeBOHHBapHAHTHBIX rmoJefk
Ha SO(3)) u anre6pel BeKTOPOB TPEXMEPHOrO OPHEHTHPOBaHHOTO
eBK/IHAOBa MPOCTPAHCTBA, B KOTOPOM KOMMYTaTOpPOM siBAsieTCst
06blYHOE BEKTOpHOE YMHOXEHHe,

[lycte m — pacnpenenerne Maccel B TBepmoM Tele. Kunern-

YeCKHM MOMEHTOM Tela (B MOJABHXXHOM NpPOCTPAaHCTBE) Has30BeM
BEKTOp

k={§ (rXv)dm=§ (rX (oXr))dm.
JluHeRHbli cuUMMeTpHYecKuit onepatop A :w—k HasbBaeTcs
onepaTopom uHepyuu, a ero CoGCTBeHHble B3aHUMHO MepNeHAUKY-

AsipHble HanpaBjeHHs |, — ocamu unepyuu. Co6CTBeHHHE 3HAYECHHSD
onepaTopa A MOXHO BBLIYHC/IHTb NO popMyne
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A,=j ridm,

TAe r,—pacCTOsHHst OT TOYEK TBepAoro Tesia R0 ocH [, Yucaa A,
HA3LIBAIOTCA MOMEHTaMH HHEDUHH Tesa OTHOCHTENbHO OCH [;.
KuneTHueckas 3Heprus TBEpAOro tesa

T=g {Viam=1{ vam,

sBuny popmyan T=<(k, @>/2=<(Aw, 0)/2, ABASETCA KBalpPaTHIHON
¢opMO#i OT YIrJIOBOH CKOPOCTH.

Ilyctb ey — eNHHHYHbie BEKTOPH OCeil HHepLHH, 3aHYMepOBaH«
Hhle Tak, 4T0 e;Xez=es, ... . [lyctb v, v;, U3 — NICBOHHBAPHAHTHHE
BekTOpHBle 017 Ha SO(3), KoTopwle siBASIOTCA MPOOGPa3aMH Bek-
_TOPOB &1, €, €3 npH H3oMopdusme f:so(3)—>R*{w}. ScHo, urO

[on v =73 [V V) =10,, [vs 0] =0 8)
Nycts © =2 w;e;. Toraa
T=(A0%+ A0% 4 A?)/2. ©®)

Hcnoabays copmyau (8) u (9), sanuuwem B siBHOM BuZe YypaBHe-
uua [lyaHkape B OTCYTCTBHM BHEIUHHX CHJ:

A1°;1=(A2 — Aj) 003, Az‘."z =(A3— A)) 030,,

A0y =(4A,— A)) 0,0,.

3TH ypaBHeHus, NoNyYeHHble BrepBble DitepoM B 1758 r., MOXHO
3aMeHHTb OAHHM BEKTOPHWM ypaBHeHHeM Ao +vXAw=0.

Paccmotpum Teneps Gosnee o6winir caydai, KOraa TBepaoe Teso
HaXOAHTCS B OCECHMMETPHYHOM CHJIOBOM MoJe C CHJOBOH (YHK-
uuef V. Beuny ypaBHennit [lyankape, B npaByio 4acTb ypaBHeHHit
dinepa wano A06aBuTb cnaraemble v;(V). Ilycrs y=Zyie; — enu-
HMYHLIH BeKTOop OCH cCHMMeTpuu noas. OueBuano, uyro V=
=V(y1, y2, v3). Yc/I0BHe MOCTOAHCTBA BEKTOpa y B HEMOABHMKHOM
NpPOCTPaHCTBe 3KBHBAJNIEHTHO YPaBHEHHIO

Y=y X0, (10)
KOTOpoe Ha3miBaeTcs ypasHenueM [Tyaccoxa. U3 dopmyast
y v - A oV
V={(55 ¥) =5 1Xe) = (0, 5=X¥)
# coorHowenua (7) nony4aem YpaBHEHHE IBHXEHHs TBEPAOrO Teaa
Aé+mxAm=yx%§. (11)
3amkuyras cucreMa ypasHenui (10)—(11) HasniBaeTcs ypaswe-
Huamu 3iaepa—Ilyaccona.
ITpumep 4. Ykaxewm eme 3agauy o ABHIKEHHH TBepIOro Tena
B Ge3rpaHHyHOi HAeaJbHON XuAKocTH. [1pocTpaHCTBOM coCTOAHMI

TBEPAOrO Tena ABAAETCS IpyNna ABHXKEHHA TPEXMEPHOro eBKJIHIO-
Ba npocrpaictBa L(3). Ee anre6pa [(3) ecTb moaynpsimas cymMma
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aﬁre6pu BpalleHuit so(3) u TpeXxMepHOi#l KOMMYTaTHBHOM aare6pHl
TpaHcnsuui. BpauleHne TBepAOro Tena ONHCHIBACTCA YpasHeHus-
mu Kupxeogpa (G. R. Kirchhoff) (1870)

E=kX0+teXu e=eXa,
e w=Hy, w=H/» H(tO=y (Akk)+ (Bhe)+
+% ( Ce, e ) —xuseTHueCKas 3HEPrus CHCTEMbE «TEJIO0 - XKHAKOCThY,

A, B, C — cumMeTpuyecKHe onepatopul. Bektopw @ u k& — yraosas
CKOPOCTb H KHHETHYECKH/i MOMEHT, a e U 4 — «HMINYJIbCHBHAas CH-
J1a» U «HMIYJIbCHBHbIi MOMEHT» TeJla B XHAKOCTH.

MoxHo nokasatb, uto ypaBHewus Kupxroda ssasiorcs ypas-
Henusimu Ilyauxape na anre6pe [(3). INoapoGHoe o6cyxacHHe 3a-
Rayn Kupxroda moxuo Hafith B kuurax [140], [162].

2.5. Jlsuxenne co ceasamu. Bydem roBopHTb, 4TO Ha Jarpas-
XKeBy cHcteMy (M, L) HaloOXeHH CBSI3H, eCIH B KaXKAWA MOMEHT
BpeMeHH {€A B NpoCTpaHCTBe COCTOAHHI TM BbaeNeHO NOAMHOro-
o6pasue S, KOTOpoe JIOKaJIbHO 3aXaeTCA ypaBHeHHAMH

1@ 4 t)=...=fn(g ¢ )=0
C JIMHEHO HE3aBHCHMBIMH KOBEKTOpamu f ;q. youes f"w. . Csasamu

JOnyCKaTCs JHIWb Te NyTH ©:A—>M, aas xotopux (@ (Z), o (¢))ES
npu Bcex fE€A. OOBIYHO pPAaCCMATPHBAIOT JHHEHAHHE CBSA3H, KOrAa
GyEKuMH f AMdeAHH MO CKOPOCTAM.

JlarpanxxeBojt cHCTeMO# CO CBA3AMH Ha3biBaeTc Tpofika (M, L, S);
CMBIC/1 0003HAYEHHA YK€ Pa3bsCHEH.

Kacateabunie BexTopnt EE€TF¢M, YAOBIETBOPSIOIHE YDABHEHHAM

g E=e =Sl 8=0,

Ha3HBAIOTCA BOSMOXHHIMH CKOpOCTAMH cHcTemn (M,L,S) B Mo-
MEeHT EpeMeHH ! H B cOCTOSIHHH (g, q)€S. KoppekTHOCcTh 3TOrO
onpeje’leHHs BHITEKAeT U3 JeMMH 2.

Onpenenenune (npuBLHDN Hanam6epa—Jlarpanxa
(J. R. d’Alembert—J. L. Lagrange)). donyctumui raaaxkuit nyth
q : A—~M Ha3biBaeTcs NBHKEHHEM JarpaHepoli CHCTEMB CO CBAA-
aamMu (M, L,S), ecnn B MmoGofi MOMEHT BpeMeHH (€A 3HayeHHe
[Llqe) §E=0 nas Bcex BO3MOXHHIX cKOpocTei § B COCTOSHHH
(q(t), q(1)).

C noMouibio 3TOro MPHHUKNA MOXHO 3aMHCaTh 3AMKHYTYIO CHC-
TeMy ypaBHEHHil IBHKEHHSA:

1] =§ Bf s fi=.o.=fm=0. (19)

Ouy HasLIBAIOTCA ypaBHeHMawM Jlarpamka cO MHOKHTeMAMH. Ecnu
MaTpuua
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I &) o) (13)

HEeBHIDOXJleHa, TO MHOXHTENH p; MOXHO NpEeACTaBHTb B BHIe
GYHKUMA COCTOSAHHS CHCTEMH M BpeMeHH. B 2ToM cayuae ypas-
HeHua (12) sBasioTca AHGQepeHNHANbHBIMH YPaBHEHHAMH Ha S
(BO3MOXHO, HEaBTOHOMHBIMH) M HNO3TOMY JIarpaHXeBbl CHCTEMBI CO
CBA3SIMH MOAYHHSAIOTCS NPHHUHUNY KeTePMUHHPOBAHHOCTH.

IMpunuun Jlanambepa—Jlarpanika HMeeT HECKONbKO 3KBHBa-
JEeHTHbIX (QOpPMYJIHPOBOK. Mbl mpHBesieM JBe H3 HUX, NpPHHaAJeXa-
mux Faycey (C. F. Gauss) u I'énpgepy (O. L. Hélder).

Beenem, caenys Tlayccy, MHOXecTBO Mbicaumblx O8UMEHUl —
rajKux nyteit g, : A—>M, KOMYCTHMBIX CBA3SAMH H HMEIOLIHX B He-
KOTOPBIA (PHKCHDOBAHHBIA MOMEHT #o€A OZHO M TO Xe COCTOsIHHe
(a, v)€S. TlyTb go:A—>M Cc TeM Xe COCTOSIHHEM B MOMEHT BpeMe-
HH fo Ha30BeM 0c8060xcOeHHbIM Osudcenuem, ecin [L], «=0,1€A.
Hakonel, dedcrsuresvnvim dsuncenuem qq: A—~M Hasosem orobpa-
XKeHHe, yHoBJeTBOpsowee npuuuuny JanambGepa—Jlarpanxka u
HayaJbHOMY COCTOsIHHIO §4(f) =a, q4(ty) =v. IlopuepkHem, yto B
OTJIMYHE OT MBLICAHMBIX H JeHCTBHTE/NbHBIX ABHXKEHHH OCBOGOXIEH-
Hble ABHXeHHs B oOlieM Cjly4Yae He YAOBJETBOPAIOT YpaBHEHHAM
CBs3ed.

Iycte cHoBa A=L .. u nycts ¢a(f), gp(¢)—npoussombueie
rAaJixMe NyTH C OJHHM W TEM XKe COCTOfHHEM (@, U) B MOMEHT Zq.
Ksaapartuunas ¢opma

1 . “ o “

Z=5 (A (@a—3p) (9u—p)),
HasbiBaeTcsi no Iayccy npunymdenuem. Jlerko NpoBepHTS, 4TO MPH
3aMeHax JIOKaJbHHX KOODAHHAT Ha M Pa3HOCTH YCKODPEHHH §o—(gp
npu t=1¢; npeo6pa3yioTcs Kak KacareabHble BekTOphl. CienoBaTenb-
HO, COTJ1IacHO JeMMe 3, NPHHYXIEHHe onpeJefeH0 HHBapHAHTHO.
3a Mepy «OTKJIOHEHHS» NBHXKEHHH MOXHO NPUHATb 3HaYeHHe NPH-
HYXXIleHHS1.

Teopema 3. OTKIOHeHHe MBICAHMBIX ABHXKEHH{I OT OCBOGOX-
JAEHHOTO NPHHHMaeT CTALHOHADHOE 3HayeHHe Ha JeHCTBHTEJbHOM
JOBHXXEHUH.

JlokasaTenbcTBO OCHOBAHO Ha NMPHMEHEHHH H3BECTHOTO MPaBH-
Ja mHokurenefi Jlarpamka.

O6uuHo MaTpHla A NOJOXHTENbHO onpefeteHa (Kak B Hary-
panbHHX cucreMax). B stom caysae u3 Teopemn 3 BHBOAMTCH

Caencreue (npunyun Iaycca [10]). Cpeay MHCAHMHX ABH-
JKeHHRA NeHCTBHTENbHOe MeHee BCEro OTKJOHSIETCH OT 0cBOGOXK-
AEGHHOTO ABHXKEHHS,

lMpumep 5. Mamemamusecxui naamuurx navHe [ —3TO
TAXKEeJas MaTepHaJbHaf TOuYKA, KOTOopas ABHXeTCA 6e3 TpeHus
no BepTHKaALHOA OKpYyxHOCTH paguyca [. Ilycts @ —yroa orkaoue-
HHl MaATHMKA OT BePTHKAM (puc. 3). 3aduKCHpYeM HekoTopoe CO-
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crosinue (¥, §); YCKOPEHUS MBICAUMHX IBH)KCHHA MAsSTHHKA @y Pac-
NOMOXKEHbi Ha MPAMOA, MapalleJbHOA €ro CKOPOCTH H OTCTOAlIER
OT TOUKM m Ha paccTosHue [93, Yckopenue OCBOGOXKAEHHOTO JBH-
XeHus1 COBNARaeT, OYEBHAHO, C yCKOpeHHeM cBOGOAHOro mafeHHs g.
IMpunyxaene Z=m{aun—g, au—g) /2 ¢ TOYHOCTBIO A0 moO-
CTOSIHHOFO CJaraeMoro cosnafaer ¢ ¢yuxuuefi m ({94 gsin9)?/2.
Ycaosue mMunnmyMma Z NPHBOAHT K YpaBHEHHIO KO/eOaHWA MaTeMaTu-

uecKoro Mastuuka: [P+ gsin®=0. A

" s

Prc. 3

Has Toro, uTo6u chopmyanposats npunyun léavdepa, Ham no-
HaJo0ATCA HEKOoTOpHe HOoBhe ompefenennsa. Ilycts w€Q — raaz-
KHA RONYCTHMHA MyTb. B JiHHefiHOM MPOCTpaHCTBe BEKTOPHHX MHO-
Jeft BapHauufi T.Q BHAeNHM noanpoctpakcreo I', cocrosimiee H3
noaed W takux, vTo npH Bcex ¢ BeKTOpH W; ABAAIOTCH BC3MOXHH-
Mu ckopoctaMH, Iyt @ HasoBem KkpHTHYecKO#i TOukofi (no Iéab-
Aepy) o¢yHnkumoHana RefictBHe F, ecan orpaHHuenHe OF Ha noa-
npoctpanctpo I' ob6pamaercs B HyJIb.

Teopema 4 (npunuun I'énpaepa [10]). HonycTumm#i nyTs
SIBJIAEeTCA ABHXKEHHEM JarpaHxkKeBOH CHCTEMH CO CBA3AMH TOTAA H
TOVILKO TOTAA, KOrAa OH ABJAETCA KpHTHYecKo#t Toukoit (mo Iénab-
nepg) ¢yHKuHOHaNA AelicTBHE.

TO yTBepXKJeHHe — NPOCTOe C/eACTBHE TEOPEMH 2 H MPUHLH-
na Janam6epa—Jlarpanxa.

JlarpanxeBn cucTeMH c JuHeAHEMH cBasamu Tepu (H. Hertz)
PaslesH Ha 20A0HOMHbLIE B HE2ONOHOMHble B 3aBHCHMOCTH OT TO-
ro, sIBJSIOTCA JIH HaJIOXXeHHble Ha HHX CBSI3H 8nOAHe uUHTezpupye-
moimu uau Her. OCOGEHHO TPOCTO Onpeje/neHHe HHTETPHPYEMOCTH
BRIMJIAAHT B CJAy4Yae OAHOPOAHLIX CBsi3eHl, He 3aBHCHIMIHX SBHO OT
BpeMEeHH:

@ (9)-9=...=an(g)-9=0. (14)
CornacHo ofuieMy onpeneleHHIO CBsidel, KOBEKTOPH @i, ..., Om
CYHTAIOTCA JHHEAHO He3aBHCHMBIMH BO BCeX TOYKax M.

Cea3b (14) HasblBaeTcAA 8noane unTezpupyemod, ecam Ha Mn
CyLIECTBYeT riajakoe (n—m)-MepHOe CJIOeHHe TaKoe, YTO ero CJOH
(rnankue (n—m)-MepHbe moaMHoroo6pasus B M") Bo Bcex cBO-
HX TOYKAaX KacalTCs MJIOCKOCTeH, ONpefe/sieMHX YypaBHEHHAMH
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(14). IlpuBepem oaHH H3 BapuHaHTOB KpHTepusi @pobeHunyca
(F. G. Frobenius) nosHOii HHTerpHpyeMoCTH pacnpelesieHHs Kaca-
teabubix maockocreit (14): Ilyers ¢@,=a,-dg — 1-popma wa M",
s=1,..., m; cea3p (14) BHOJIHe WHTerpHpyeMa B TOM M TO.IBKO B
TOM cJlyyae, Koraa 2-(1)OPMH d('p,, S=l,‘£ ..m, 06pamalOTCﬂ B HYJIb
Ha NMPOCTPAHCTBE AONYCTHMEIX CKODOCTeH.

IMycts g : A—M" — [ONYCTHMBIA NyTh CHCTEMB C TOJOHOMHbI-
MH cBsi3amu. Toraa npu BCex f€A snauenns ¢(f) npuHamnexar
HekoTopomy cao N"~™. Beeaem ¢dyHkuuio L:TN*-"™—>R, kortopas
ABJseTCA OrpaHHyeHHeM Jarpanxuana L ua TN "<TM~.

lMpeanaoxende 9. Jonyctumbifi nyTs ¢:A—M" sBasercs
LABH)XXeHHeM TOJIOHOMHOH cuctembl (M* L, S) B TOM H TOJBKO TOM
cayyae, Koraa nyte g:A—> N, g(¢)=q(t) aBAseTCA ABHXEHHEM
Jarpaxeeoit cucremsl (N*-™, L).

Takum o0pa3oM, roJIOHOMHble CHCTEeMBl NMPAKTHUECKH HUYEM He
OTJHYAIOTCs1 OT OOLIYHBIX JlarpaHkeBHIX cHcTeM 6e3 cBs3seil.

Caenctpue. [IBHXeHHe TOJOHOMHON CHCTEMbI Ofipejeisercs
orpaHHYeHHeM JarpaHXxHaHa Ha MHorooGpasne ScTM.

B uerosoHoMHOM csyyae 3TO, KOHEYHO, He TaK,

Han6onee pacnpocTpaHeHHHIMH NpHMepaMH ABHXKEHHA C He-
HHTETPHPYEMBIMH CBS3SIMH fBJSIOTCS CKOJbXEeHHe KOHbKa N0 JbAy
H KayeHHe lIapa No IIepoXoBaToil noBepxHOocTH. B nepsom cayuae
CKOPOCTb TOYKH KOHTaKTa B HanpaB/JeHHH, NepreHAHKY.JsipHOM
IVIOCKOCTH KOHbKA, PaBHAa HYJI0, BO BTOpoM — ofpaliaeTcs B HY/b
CKOPOCTb TOYKHM KOHTaKTa. B 3aKjloueHHe NMpHBeAeM ABa NpuMepa
«I1apajlOKCaJibHOro» noBeJeHHS HErONIOHOMHbIX CHCTEM.

Mpumep 6. PaccMOTpUM KOHEK Ha HAKJOHHOM IJIOCKOCTH C
AEKapTOBLIMH KOODAHHATAMH X, Yy; OYAeM CYHTaThb OCb I TOPH3QH-
Ta/bHOH, a OCb X HanpasJeHHOH BHM3. IlycTh (X, y)—KoOpAHHATH
TOYKH KOHTAKTa «yPaBHOBEILEHHOTrO» KOHbKA € MJOCKOCTLIO, ¢ — ero
yroa noBopoTa, OTCYMTHIBAEMHA OT OCH X. YpaBHeHHE HEHHTerpH-
pyemofi cBsisH ecTh xsin®—ycos P=0. Bubupas noaxXoAALHM
00pa3oM eHHHIbl H3MEPeHH MacCH, AJKMHH M BPEMEHH, JarpaH-
XHAH MOXHO npeACTaBUTb B cCaejyiouieM BHAe: L= (x24-y2--
+¢2)/24 x. CoorBeTcTByloWMe ypaBHenus Jlarpaixa co MHOXH-
TeJeM MNpoCTO MHTerpupylorca. Ecau, Hanpumep, B HauajbHbI
MoMeHT yron 4=0 u KoHex 3aKpyueH C YTJIOBOil CKOPOCTBHIO

¢ 0)=0, T0o
cin?
=300y ot — o sin2et), ¢=ot.

Hurepecroit 0cobernoctbio 3TOro pelieHHs sBJAsieTcs To  06-
CTOSITENBCTBO, YTG B CPEdiieM KOHEK He COCKaJab3biBAeT C HAKJ/OH-
HO# MiockocTH: 0= (1 < 1/202% A

Pacemotpum 3apzuy o KadeHwd OIHOPOANOrD 1apa  BHYTPH
BePTHKABHO nocTernedHon Tpylbu. LcrecTRedse  OXufaTh COH-
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paNbHHH CcnycK LIapa 1O TPaeKTODHH C Bo3pacraiouieil KpyTHs-
Hoii. OaHako B IefCTBHTEABHOCTH (KOTZa CKOPOCTb LEHTpa Luiapa
B Havya/JbHHIil MOMEHT He BepTHKaJbHa) Wwap G6ydeT coBepliaTh
rapMoHHYeckHe Kojie6aHHs MeXAy NByMS (PHKCHPOBAaHHHIMH TOpPH-
30HTaJIbHEIMH IVIOCKOCTAMH.

§ 3. FamuabTOHOBA MEXaHHMKA

3.1. CumnaekTHYecKass CTPYKTYpa H ypaBHeHHda [amMHabTOHA.
Ilycts M2 —raankoe ueTHOMepHOe MHoroo6pasue.  CyuiecTsyer
HeCKOJbKO 3KBHBaJIeHTHHX cnoco(oB BBeldeHHs Ha M cumnaex-
Tuseckod cTpykTypol. IlepeuncauM HanGoJsiee H3BeCTHHIE.

a) CHMnieKTHUeCKO# CTPYKTypo# Ha M Ha3biBaeTcs 3aMKHY-
Tasg HeBHpOXAeHHasi 2-¢popma w2 Cornacio rTeopeme [Hapby
(J. G. Darboux), B MaJoii OKPeCTHOCTH KaXKA0o# TOYKH Ha M B

NOAXOASAIIHX JOKAJbHBIX KOOPAKHATAX Py, ..., Pn, iy - - -, §u CHMI-
JIeKTHYeCKasi CTPYKTYpa w? MPHBOAHTCH K «KaHOHHUYECKOMY» BHAY
n
2 dp,\dq;.

lwa]
JlokanbHbe KOOpAHHATH P, ¢ Ha3HBATCA OGHYHO CUMNAEKTU-
YeCKUMU HIIH KQHORUYeCKUMU,
®opma ©? no3BoAseT NMOCTPOHTb €CTECTBEHHHH H30MOpdH3M
KacatenasHoro T.M u KokacarteabHoro T.*M npocTpaHCTB: BeKTOPY
E€T.M craBuTcs B coorBercTBHe 1-popma w '€T.*M no npasuay
o' (n) =0?*(n, &), n€T.M. B chny GHIAHHEAHOCTH H HEBHIPOXKJeH-
HOCTH 2-QOpMH @2 cOOTBeTCTBHe E- ;! HeHCTBHTENAbHO sABAsETCA
AuHeAHNM u3omopdusmom. Ilyers [:T,*M—T.M — oGpathoe
orob6paxenne. Ilyctb H — rnaakas ¢yukuusi Ha M (BO3MOXHO,
3aBHcsllas oT BpeMeHH). ITockoabKy auddepenuunan dH spasercs
KoBekTopoM, To /dH — rnaaxoe BekTopHoe nose Ha M. OHo Ha-
3HBaercs eamuabTonosbim. CooTBeTcTBYlouwlee AHbdepeHuHa bHOE
ypaBHeHHe

x=IdH (x) (15)

Ha3hBaeTcs ypasHenuem [amurbToHa.

Ecin F n G — rnaakue ¢yHKuMu Ha M, TO KOppeKTHO onpe-
JeneHa rnaakas ¢yHkuua o*(/dG, IdF), Koropas Ha3sbiBaeTcs
ckobrod ITyaccona dyukuui F u G. O6o3Hauum ee {F, G}. Cko6-
Ka IlyaccoHa o6aagaeT cieaylOUHMH CBOHCTBAMH:

1) 6uauHeliHOCTD,

2) KOCOCHMMETPHYHOCTb,

3) {F,‘- Fy, G}y=F\{F,;, G}+F,{F,, G} (npasuio Jleii6uuua),

4) {{H, F}, G}+{{F, G}, H}+{{G, H}, F}=0 (10x%nectBo
SIko6H),

5) HeBHIPOXKIEHHOCTb (ecau Touka x€M He sBAseTCs KpPHTHuUe-
ckoit ans F, To cyniectByer Takas raajakas ¢yakuus G, uto {F,
G} (x) #0).
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B J0KaJbHHIX CHMIJIEKTHYECKHX KOOpAHHaATax p, ¢
n
{F, Gy= (G, F,, —Gq/Fp).
e}

Ckobky Ilyaccona {F, G} MoxHO BuuucasaTh 0o dQopmyae
dF (IdG) — 3nauenne KoBekTopa dF Ha sexktope [dG. Caenosa-
TeJbHO, Npou3BoAHAsA GYHKUHH F BROJb raMHJIbTOHOBA BEKTOPHOrQ
noas IdH pasua kak pas {F, H}. Takum o6pasoM, ypaBHeHHe

FamuapToHa (15) MOXHO nepenHcath B SKBHBaJeHTHOH popme F=
= {F, H}. TlockonbKy KOOpAHHATHHE (GYHKUHH DPi,..., Pny G1y. ..
..., G, 00pa3’yOT «NOJHbIH» Ha6Op He3aBHCHMBIX GYHKUHH, TO
YypaBHeHHs

pr={p1 H)s i={q» HY=>pi=—H,, ¢,=Hp (1<i<n)

3aMKHYTH. OHH Ha3bIBAIOTCH KAHOHUuecKumu YypaBHeHHsAMH Ta-
MHJIbTOHA.

B) Ilo Hupaky (P. Dirac), MHoroo6pasune M cHa6xeHO CHMI-
JIEKTHYECKOH CTPYKTypoH, ecau 3ajaHo orto6paxenne {,}:
:C* (M)X C=(M)—C= (M), yaosrersopsioumiee  yCJIOBHAM  1—
5 npeablayllero nNyHKTa.

IMycts F —rnankas ¢ynkuns va M. Us ycaosuit 1 u 3 cneny-
eT, uto v,={F, -} sBnsercs AnddepeHUHPOBaHHEM, T. €. KacaTelb-
HbIM BeKTOpoM K M. Bce KacaTesnbHble BEeKTODH MOXHO mNpeacra-
BUTb B TakoM BHAe. [Iyctb G — ewe oaHa ryagkas ¢YHKUHA H
ve={G, :} — cooTBETCTBYIOINUII KacaTeabHblil BeKTOp. Ompenesnm
2-dbopMy «? no Qopmyae

0?(vg, vg) ={F, G}.

dra ¢dopma, oyeBHAHO, GH/IHHEIHa, KOCOCHMMETPHYHA H HeBH-
poxiena. Ilocnennee BbiTeKaeT M3  YCJIOBHS HEBHIPOXKIEHHOCTH
cko6ku Ilyaccona. M3 toxaectBa $IKoGH MOXHO BHIBECTH, YTO ®?
3aMkHyTa. TakuM o6pa3oM, onpeaeseHHe CHMIJIEKTHYECKOH CTPYK-
Typol no JlHpaKy 3KBHBaJeHTHO ONMpelaeleHHIO MYHKTa a).

c) Hakoneu, cOracHo <«KJacCHYECKOMY» MOAXOAY, CHMILJIEKTH-
4ecKass CTPYKTypa Ha M BBOAHTCA C NOMOIUBIO CUMNAEKTUYECKO20
araaca — Habopa COINTaCOBaHHBIX APYT ¢ APYroM KapT, MpHYEM me-
pexol OT KapThl K KapTe fIBISETCS KAHOHU4ecKuMm npeobpasosa-
Huem.

Ilycts P, Q u p, ¢ — nokanbhble Koopauuatel Ha M. IlpeoG-
pasoBanue p, ¢—P, Q Ha3piBaeTCd KaHOHHYECKHM, eCJH

PdQ—pdq=dS (p, q),

rie S — HexkoTopas raaikas QyHKUHMS, KOTOpPylo GyleM Ha3nBaTh
nepsoobpasnol ynxkyueid KaHOHHUECKOro npeoGpa3oBaHus.

M3 onpenenenns kaHouHyeckHx npeo6pasoBanuit  caenyer,
4T0 opMa w,2=dp/\dg KOppeKTHO onpeaeneHa Ha BceM M.
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JeiicTBHTENBHO,

w? ,=d(pdg)=d (PdQ—dS)=dP NdQ—ddS=a}, ,

YkakeM KpuTepuH KaHOHHYHOCTH mpeoGpa3oBauus p, ¢— P, Q.
a) IMycrs
Qﬂ, Qp,

Py Py
—Marpuila Slko6u npeobpa3oBauus. Y C/OBHEM KAHOHHYHOCTH fABJSET-
ca pasencrso I'*/T'=/, rpe

0 —E

E O I

— eAMHUYHAA CHMILVIEKTHYECKas MaTpuua.

B)

=

I =

& PdQ =§> pdq
h g b4

Juist mo6oro CTATMBAEMOrOo B TOUKY 3aMKHYTOrO KOHTYpa ¥.

Y) {F, G}p.q={F, G}p.q» AN MoOGHLIX TAagkux ¢ynkuufi F u G

Orciona shiTekaer, B YaCTHOCTH, YTO KAHOHHUeCKHe npeoGpa3o-
3aHHA COXDAHAIOT KAHOHHYECKHWR BHA YypaBHeHMAA [aMuabTOHA.
Nencreureavno, Fp.oq=Fp ={F, H}p,q={F, H}p q.

3.2. llpoussoasmue ¢yHkuud. Ilyctb g:(p, g)— (X, y)—KaHo-
HMYECKas 3aMeHa MepeMEHHHX Takas, 4TO

det ||"“f,—;"') "+0. (16)

B arom cayuae MOXHO (XOTs bl JOKa/bHO) PA3pelTb ypaBHEHHe
X =X (p, q) OTHOCHTEJBHO p H CYMTATb X, ¢ HE3ABHCHMLIMH nepe-
vieHHnIMH. Toraa
p=px 9 Y=y N=y(p(x: 9 9)
YcnoBHe KaHOHHYHOCTH npeoGpa3oBaHus g
pdq— xdy=dF (p, 9)
* JKHO 3aMUCaTh B CJAEAYIOULEM BHAe:
pdq +ydx=d(F +xy)=dS (x, q),
orkyaa p=S,, y=S,’. Vs Hepaeenctsa (16) caeayer, uto

det ” ;,%57"4;0. (17)

®ynkuua S(x, g) HasblBaercs npouszsodauwed pynxyued npe-
o6pasoBanus g. Hanpumep, ecin g — ToxaecTBeHHOe npeo6paso-
BaHHe, TO S=xq.

INpeanoxenne 10. Oaa nwo6oit dyukuun S(x, g), ynos-
JieTBopsioilieli HepaBeHcTBY (17), cyllecTByeT KaHOHHYeCKas 3aMe-
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Ha nepemenHHx x=x(p, q), Yy=y(p, q) Taxasn, uyro detldx/dp|l+#0

# S — ee nponaBoaslas QYHKUHS.
OTMeTHM, YTO He BCe KAHOHHWYECKHe 3aMeHH NepeMeHHHX yAOB-

Jaersopsiior ycaoBHio (16). Bor npocroit npumep: x=gq, y=-—p.
B 3toM caydae MeTOA NMPOH3BOASIUMX (YHKUHA MOXHO CJerka BH-
nonamenutb. [lycth, HanpuMep, oTaHueH OT Hyas sKoOGHaH
det|ldy/opll 0. Takne kaHOHHYecKHe NpeoGPasOBaHHs Ha3HBAIOT
c80600nbimu. Tlpoussonsinelt ¢yHkumeli  CAyXKHT byHkuHS
S, 9)=F(p(4, 9), 9): dopmyan

p=S,qv X= —S;”

3a/al0T cBO6OHOE KaHOHHYecKoe mpeo6pa3oBanHue. [las cBOGOAHHX
KaHOHHYECKHX - npeoOpa3oBaHuii CHOBa CNpaBelJIHBO NpeAJOXKEHHe
10. 3TH 3aMeyaHHs MOXHO O06GOGLIUTD.

I[Tpeanoxenne 11. [lycts g — Kanonuyeckoe npeoGpaso-
BaHHe, 3ajaHHoe 2n QyHKuUHAMH x=x(p, q), y=y(p, q). 3a no-
KaJbHbleé He3aBHCHMble KOOPAHHATH BCerja MOXHO NMPHHATL OIHR
u3 2" HabopoB ¢yHkuMi (xi, y; q), i€l, j€{1, 2,..., n}\],

9 (%1, ¥3)

9(pi» Pj) #0.
Ilpu sTOoM npeo6pasoBaHne g JOKAaJAbHO BOCCTAHAB/MBAETCA I10
npou3BoAsilest GyHKIUH

8 (X1 yp =2 xu:+ | (pdg— xdy)
3y
C MOMOIIBIO COOTHOLICHH
a8 - a8 a8

P=%g 9% 517 75
3.3. CumnuexTHuecKasi CTPYKTypa KOKACATEAbHOTO PacCCAOEHHS.
[Tycte N™ — rnaakoe MHoroo6pasue u T,*N — KoKacaTe/bHOe
npoctpaHcTtBo K N B Touke g, cocrosiliee 43 Bcex l-popm Ha kaca-
TenbHOM npocTtpaHcTBe T,N. O6beanHenne Ugnl*N=M umeer
€CTeCTBEHHYIO CTPYKTYPY IVIaAKOro MHOroo6pa3Hsi pasMepHOCTH 2n.
OHo Ha3mBaeTCsi MPOCTPAHCTBOM KOKacaTeJbHOro paccioeHuss N H

o6osnauaercs T*N. Ecau ¢=(qi,..., ¢a).— NOKaJAnHBE KOOpPAH-
Hate Ha N, To nio6as l-dpopma 3amaeTcs CBOHMH N KOMMOHEHTa-
MH p=(p1, ..., p.) B Gasuce dq,,..., dq,. Habopb uucen p, ..
e vy Pny Giy..., G SIBAAIOTCH JIOKAJbHHIMH KOOpPAHHAaTaMH Ha M.

CuMniekTHYeCKasi CTPYKTYpa KOKacaTeJbHOTO pPacC/aO0eHHs
T*N onpenensieTcsi MCKJIOUHTENbHO TJaAKOil CTPYKTYpoil MHOrO-
o6pa3ust N. BHayasle Mbl Onpefie/HM 3aMeuaTeNbHyI0 1-popMy o'=
=p-dq — 3HaueHHe KoBeKTOpa p€T,*N Ha KacaTelbHOM BEeKTOpe
q€T,N. B koopaunartax p;, ¢; (1<<i<<n) 3ra ¢opma umeeT BHA
Zp.dq.. CuMniekTHyeckas CTPyKTypa Ha M 3anaercs 2:-dhopmoit
0?*=do', X0TOpas 3aMKHYTa H HEeBHIPOXKJEHa.

C noMowbio 37Ol CHMNIEKTHYECKOH CTPYKTYpH ypaBHeHus Jlar-
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paHxa, onpeaeieHHie Ha TN, MOXHO NpeACTaBHTb B BHAe ypaB-
Hennit [amuabTOHa Ha T*N. CHauana MH paccMOTPHM 3TOT Bo-
npoc ¢ JOKaJbHOA TOouKH 3peHHs. [lyers L(g, ¢, t) — dpynkuus
Jlarpanxka Takas, 410
det “L“"-géo,
[Monoxum p=L. u GyAeM CUHTaTb p SJAEMEHTOM COMPSIKEHHOrO

npocrpanctea 7 *,N. 310 ypaBHeHHE JIOKAAbHO MOXHO pPa3pElHTH
OTHOCHT/ILHO CKOPOCTH ¢. BBeneM dyuxmmo

Hyp, ¢, )y=p-q—L] .,
KOTOPYIO GyZeM Ha3uiBaTh «IOKAJAbHHIM» FaMuibToHMaoM. [Tpu dik-
CUpOBaHHHX ¢ M ¢ ynxuna H (p) sBaserca npeolpasosanues
Jexandpa (A. M. Legendre) ynxumu L (g). Jlerko nposeputs,
uto det || Hpp||+0 u g=H’,, L(g)=4- p—H|,. ;. Taxum obpa-
30M, npeoGpasoBanue JleXanapa MHBONOTHBHO.

Teo geua 5. Tlyctb ¢(¢f)—pewenne ypasHesus Jlarpanxa
[Llety=0. Torna dynxuun q(¢) u p(t)=L;|‘ YAOBJETBOPSAIOT ypaB-

HenuaM FamwibToHa p=—H'y, q=H',.

HcnoabsoBanne My bCOB BMECTO CKOpOCTel BCTpeyaerTcs Bmep-
Bole B paGorax Jlarpamxka u Ilyaccona.

Haa Toro, 4To6y nepefiTM K ypaBmenvAM [aMuibTOHA B ILleJOM,
Gyaem npeanoJararb, uto raagkas ¢yskuusa L:TN X R - R sunyk-
Ja 1O CKOPOCTSAM, T. €. MaTrpuia “ L”“ NONOXKHUTENBHO onpeleseHa

npH BCex ¢, g u L. OnpeneanM «a06anbhblfy TraMuabTOHHaH ¢op-
MyJaoO#R

H(p, ¢, t)y=sup(p-q—L (g, ¢, 1)) (18)
q

Ecau B OKPeCTHOCTH TOUKH g=0 narpanxuad L ynosnerBops-
er AOono/iHHTeJbHOMY ycaosuio L(q, g, t)=|q|? rae |-|— Heko-
TOpass PHMaHOBa MeTPHKa Ha N, TO .JIOKaJbHBi raMHJIbTOHHAaH
onpesesieH NMPH BCeX p H BCIOAY cOBnajgaer ¢ rno6aapHuiM. Caeno-
BateabHo, H — rnaakas ¢yHkuus Ha MXR. OHa Bunykaa no p
H NpH 3TOM

L(q g f)==sup @ p—H (p, g, 1)) (19)

Us ¢opmyn (18)—(19) BhITCKaeT HepaBeHCTBO BHINYKJAOCTH
p9<H(p)+L(g).

[MpumernM 3TH coobpakeHHst K HATYPaJAbHBIM MEXaHHYeCKHM CH-
cremaM. IlycTs | . |—pumaHOBa MeTpuKa Ha NPOCTPAHCTBE MOJMOXKe-

" «[lpeo6pasosanne Jlexanapa» umeercsa yxe y Sfinepa.
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uuft N. Oynkuus Jlarpauxa L=T—U, rae T =|q|2/2— kuseTu-
yeckan 3Heprud, a U (g)—mnoTeHuuanbHas 3Heprus cucteMsl. Ecau

|9P=A(9)q-9, TO p=Aq ¥, clefoBaTeNLHO,
1

rae | p|2=A"'p-p. Pyuxuus H cosmanaer c noiHoR sHepruesi ci-
creMul. B Gosee obuieM cayyae dynxuua JlarpaHxka COZEpXHUT Ju-
HeffHble YJIeHH:

L=—;-|é|2+ (o(gh q) —Ugh

rjle v—raaakoe BekTopHoe nojde Ha N. Toraa
1 1
=5 |P2—pv@+35[v@]*+U(@9.

3.4. 3apaua n rToveunnx Buxpei. He caeayer nymath, y.
ypaBHeHHss [aMH/bTOHA MNOSBJASIOTCH B MeXaHHKe JHLIb B Pe3yJb-
TaTe NMPHMeHeHHs K ypaBHeHHaM JlarpaHxa npeoGpa3oBaHus Jle-
XKanjgpa. PaccMOTPHM MNJIOCKOe CTalMOHapHOE TeuyeHHe HAealbHOIl
HecxkHMaeMoli Xuakoctd. Ilycts v=(a(x, y), b(x, y)) — noae
CKOpOCTE#f ee YaCTHL B /J€KapTOBHX KOOpAHHaTtax X, y. M3 ycio-
BHsi HeckuMmaeMmocTH divu=0 cneayer, uyrto l-dopma ady—bdx
aBasiercs Anpdeperunansom Hekotopoit ¢dynkuun W(x, y). Ypas-
HeHHe NBHXEHHS YaCTHUBl XKHAKOCTH MOXHO NpPeACTaBHTb TOTAa B
BHJe ypaBHeHHs ['aMHJbTOHA

k___llny’ y-= -y, (20\

¢ ravuabtonnanoM ¥. [TockoJbKY HA JMHUAX TOKA — TPAEKTOPHAX
yactul — dyuxuus ¥ =const, o ¥ HasmBaeTcs ¢ynxuuei ToKa.

B ruipovexamuke BaxHyiO POJb WrpaeT TedeHue C (YHKIHE
ToKa

W:—‘%lnr. r=V(x—x0)?+(y— o)

Aroft yHKUMM COOTBETCTBYET noJje cKopocreft-
r (_ Y—l Xx—xo\

V=5 )

2nr r r )

B stom cayuae roBopaT, uTo TeueHHe NMOpoKAAET BUXPL
TEHCHBHOCTH I', pacnonoxeHHBIi B Touke (Xo, Yo). JIerko mos
ITO HHTCHCHBHOCTb BHXDSi paBHa MHTerpaay

$adx+bdy,

BSﬂEOMy Mo JI060{i OKPYXKHOCTH C LEHTPOM B TOYKe (Xo, Yo).
c c.rxlrz Ha NJIOCKOCTH 3aflaHbl N TOYEYHBIX BHXpeit ¢ HHTEHCI{BH(
TAMH 1, u xoopauHatamu (x,, y,), TO ecTecTBEHHO paccMoTper
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QYHKUHIO TOKA

n

Y 715 2 1V (x — X222+ (¥ — ya)2

Rwe]

JBu>KeHHe yacTHUBI XKHIAKOCTH C KOOPAHHATaMH X, Y OMNHCH-
paerca ypaBHenuem (20). CornacHo rteopeme Tomcona (cM.
n. 3.7), BHXpU «BMOPOXKEHbI» B HA€aJIbHYIO XHAKOCTb H HX HHTEH-
CUBHOCTH He MeHsiloTca co BpeMeHeM. CiiefoBaTesibHOV, NTHHaAMHKY
CaMHX BHXpeil ecTeCTBEHHO OnMHcaThb cHcTeMoli AHDdepeHUHANBHHX
ypaBHeHHi

- 0¥ v,

x:—-oTJs, y,——m,
VY=t rny 2 2 21
T gt n Y (xs— Xef2 + (Y5 — Ye) 1)

Ecau BBecTd dynkumio A ¢ noMollbio paseHcTBa

1
H=—5- 2 T In V&= %P+ U, — el

SR

ro ypasewud (21) cucTembl TOYEUHH!X BHXpeil MOXHO 3amucaTh
B ¢opve ypaBHeHHH

P.Sx.s=H!'Is’ Psgs=’—H;s (1<S<n)-

OTH YpPaBHEHHA TaMUAbTOHOBH. CHMI/EKTHYECKasas CTPYKTYpa
R*{x, y} 3anaercsa ckobkoi IMyaccona

_ 1 /0f 08 Of 08
a=2 [am,an .

3.5. [leicTBue B (pa3oBomM npocTpaHcTBe. [lycTh cHoBa M=

T*N u H:MXA->R—rnaakas ¢ynkuus [amuabTosa. Ha pac-
wupeHHoM (a30BOM npocTpaHcTBe M XA KOPPEKTHO onpeleseHa
l-popma  pdg— Hdt —opma  «3neprun-uMnyabcas. PaccMorpum
~aaaxuit nyth @:[0, 1] M X A, TpaeKTOpHs KOTOPOro B pAacCIIMpeH=
HOM ()a30BOM NPOCTPAHCTBE NPEACTABASETCH YPAaBHEHHAMH p= p (£),
"=q(t), {, <t <t MHOXeCTBO BCeX TAaKuWX myTeil 0603HauuM Q.
Thuaune NyTH @ (C MOABHXKHLIMA KOHIAMH) Ha30BeM OTOGpaxcenue

-e, g)—Q Takoe, 4TO

N a@)=a.

1) Otobpaxenue a:(—¢, &) X [0, 1] M X A, onpeaesensoe ¢op-
Mynol a(u, s)=a(2)(s), —e<u<e 0<s<gl, apaserca raankofk
@ YHKUMER MepeMeHHuX «, S.

! 3T0 paccymneHHe HOCHT 3BDHCTHYECKHH XapaKTep.



Dynxknuonan F:Q— R, onpejenenubii hopmy ol
F (@)= { pdg—Hat, 22)

(2]
Ha3oBeM Odeldcmsuem 6 ($asosom npocmpawcmee BLOJL NMYTH @
Jeficteue augpdepeHurpyemo u ero Auddepenuuan (Bapuauuio)
MOXHO HailTH 1m0 dopmyne

_dF (@@)| _
GF— du \ll=0_

s
=(pg —HtVe+ [ (W 4—q'p—H'+ ¢ H)at. 23)
s

3aech WTPHXOM 0603HaYeHa MPOH3BOAHas Mo & npH u=0.

MuoxecTBo nyTeit H3 Q ¢ 3apUKCHPOBaHHLIMH KOHLAMH 0603Ha-
ynM Q (kak B § 2). Orpanuuenne F:Q—R Toxe anddepeHuupy-
€MO H ero BapHauusa onpegeasiercs ¢opmyaoi (23), B KoTopoit
nepBoe cJaraeMoe OTCyTCTBYeT.

Teopema 6. IlyTs o sABASeTCA KPHTHYECKON TOUKOH (QYHK-
uHoHana F:Q--R Torla M TONbKO TOrA2, KOFAa €ro TPaeKTOpHs
AIBJIETCA pelleHHeM ypaBHeHHH [ aMH/IbTOHA ¢ raMHJAbTOHHaHOM H.

IIpuHuMn cTaunoHapHOCTH AeiicTBHs B (a30BOM NPOCTPaHCTBE
npuHaanexur [lyaukape ([34], cM. Takxke [10]).

Ha Bapuaunousyo 3agauy Ilyankape MOXHO mnocmoTpeTh ¢
HHOH TOYKH 3peHHs. 3anuuleM JeHcTBHe B BHIe HHTerpasa

s
F={ (pg—H)at

1,

u GyleM CuUHTaTb NMOALIHTErpajbHOe Bbipaxkenue pyHkuueii Jlarpau-
xa L : TM—R. YpaBuenus dfinepa—JlarpaHKka BapHauHOHHOH 3a-
nayy 8F=0 6yayr kak pa3 ypaBHeHusmu [amuabtona. [lefcrsH-
TENbHO, )
(Ly)=0=L'y=q—H'p (L) =p=L'q=—H's.

Ecau M — npousBoabHOe CHMMJEKTHYecKoe MHoroo6pa3ue, TO
JeicTBHe (22) onpeneneHo JHIUb JOKaJabHO (B npejesnax OAHOM
KaHOHHuecKoli kaptol Ha M). Ilpu KaHOHMYECKHX 3aMeHax Jo-
KaJbHbLIX KOOpPAMHAT AeicTBHe F : Q—>R MOXeT H3MEHSTbCA JHUIb
Ha KoHcTaHTy. C 3TO#f TOYKH 3peHHs ero onpejesiecHHe «KOp-
PEKTHO.

3.6. UnterpanbHble uHBapHAHTHI. IMycTb @ — riankuiéi 3aMKHy-
THH NyTb B pacilAPeHHOM (a30BOM NpocTpaHcTBe. TOUKH, JexKa-
llHe Ha TPAaeKTOPHH ®, MOXHO DacCMaTPHBATh KaK HayajbHble
YCI0BHSl NJIsi pelleHHH ypaBHeHHit [aMuabTOHa. MHOXecTBo Bcex
PEWIeHi}i ¢ HAaYaAbHBLIMH YCJOBHSIMH Ha @ OGPasyioT IIaiKyl Mo-
BepxHocTb I' B M XA, kotopas HasmiBaercs Tpybrkoud TpaexTopud.
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[
Puc. 4. Tpybka tpaekropuk

Ilyets a(u), 0<u<1—rnaakoe ceMedCTBO 3aMKHyTHX nyTefi B
pacmmpennom a3oBoM mpocTpaHcTBe, nexamux Ha T' 1 a(0) =o.
Teopema 7. 3HayeHHs HHTerpajaa
$ pdg— Hat (24)
é(u)
He 3aBHCAT OT 4.
Hnrerpan (24) HasmBaercss unTezpaavhbim unsapuartom Ily-

ankape—KapTtana [34], [23].
<l Nycre smodl—yriosan nepemenHad, napaMeTpu3yolas
saMKHyTHE NyTH &. PaccMoTpum Zefictsue

F (v(9)=| pdg— Hat

v($)
BROAL NyTeAl Ha MOBEPXHOCTH I, KOTOpHE SBAAIOTCA PpeIIEHHAMH
ypaBHeHHAI ['aMuabLTOHA M KOTOpHE HAYHHAIOTCA B TOYKAX a(0)=m,

8 3aKaHYHBAIOTCA B TOUKAX a(u)
Mo dopmyne nepsofi BapHalHu

(% _nY)

l/lmerpupyn 3TO PAaBEHCTBO MO S, MOJYYHM

ﬂf};‘—s”ds § (pdg— Hat)—§ (pdg— Hdt)=0. >
0 a(u) a(0)
Canencrteue 1. Tyctp g‘—dasoBufi noroxk Yypasuenus Ia-
MWILTOHA M y— 3aMKHYTHIi KOHTYp B (pa3oBoM npocrpancTse M
3uavuenus HHTErpaja

$ pdg (25)
K Y
He 3aBHCAT OT f.

Caencrsue 2. Oto6paxenue g': M—M npu Bcex ¢ siBasier-
Cs1 KAHOHHYECKHM.

Huterpany (25) MoXKHO npuaaTh CMBICA H B TOM caydae, Koraa
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CHMIVIEKTHUECKasl CTPYKTypa w? He TouHa (1. e. 1-popma ne onpe-
AefeHa OHO3HauHO Ha BceM M). [leficTBHTesqbHO, NO opry.ie
Crokca

$pdg=[{dpndg={| w2,
Y 2] [

rAe o —noBepxHocTb B M ¢ rpaduueit vy.
Caeactsue 3. 3HayeHus MHTEr pasa

| o2
K'U
He 3aBHCAT OT f.
Tax kak o-—amo6as nosepxHocts B M, To audepennnan

orobpaxenuss gi:M— M coxpaHaer, OYEBUAHO, CHMILIEKTHYECKYIO
CTPYKTYpYy ©2. PaccMoTpiiv BHeillnue crenend 2-hpopusl »2:

0 =02A\0?, ..., 0= A0ZA ... A0

Tak xak dg:TM—TM coxpauser Anbdepenunaisuuie Qopmbi
w2%, TO, OYEBHIHO, MHTErpasi

[ (26)
4

fozk

B3fiThle MO «NOABHXHBLIMY 2R-MEPHBIM NMOBEPXHOCTSAM 02%, He 3aBHCAT
or t.
dopMa «%, 3amucaHHas B KAHOHWYECKUX KOOpAMHATAX p, ¢,
NPONOPLHOHAbHA
AN .. NP NAQN . . . NdG,. (27)

Iosromy uuterpan (26) npum k=n ecTecTBeHHO Ha3BaTb 06Db-
eMoM oO6aacty 0?". Bo Bcex KaHOHHUECKMX KOOPAHHaTax 3JIEMEHT
¢daszoBoro 06beMa C TOYHOCTbIO JO MOCTOSAHHONO MHOXKHTENs HMeer
BHA (27).

Cnencraue 4. ®asoBuil NOTOK coxpaHser 06beM B haso-
BOM NPOCTPAHCTBE,

dro BaxHoe yrBepxaenue («reopema Juysuana (J. Liouville)
0 coxpaHeHHH (a3oBoro o6beMa») MO3BOJISET IPHMEHHTb K raMH.Ib-
TOHOBOH MeXaHHKe pe3yJbTaThl 3PrOLHYeCKOd TeopHH (Teopema
[Tyankape o so3spaweruu, Teopema o cpednux Bupxeoga u T. 1.).
[Ipn 3TOM nONe3Ho MMeTs B BHAY CJefylollee 3aMeuaHHe: eCJM ra-
MHJIbTOHOBa CHCTeMa HMeeT nmepBble HHTerpanm F,, ..., Fn, (cperu
KOTOpHX MOXer 6uTh Gynkuus I'amuastona H), 10 cyxeHue ¢a-
30BOTO NOTOKa g! Ha Heoco6oe HHBapHaHTHoe MHOroobpasue M.=
={p,q: Fi=c\, ..., Fn=cm} COXpaHsieT HEKOTOPYI0 Mepy ¢ raai-
KOH NOJIOXKHTENbHOH MIOTHOCTbIO: MOXKHO ITOKa3aTh, 4TO g M, CO-
XpaHseT 3HayeHHe HHTerpaJa



B3ATOr0 MO <«NOABHXHOMA» (2n—m)-mepHo#t o6aacth D Ha M,
sgecb do — 31eMeHT o6beMa M. Kak BJIOXKEHHOrO MHOrooGpa3sus B
R*n{p, q}, Vi — m-Mepunift 00beM napaasenenunefa co CTOpPOHa-
mu grad Fy, ..., grad F,. OTMernM, uro ¢opma do/V,, Ha camom
Jeje OnpeiesisieTcs JHIDb CHMIMIEKTHYECKOH CTPYKTYpO#l H He 3a-
BHCHT OT BHGOpa MeTpHKH B R?".

3.7. MpuaoKenns K AHHAMHMKe HAEANbHON MXHAKOCTH. YpaBHe-
Hue Dilepa, OnuCHBaKIlee TeYeHHe HLCaJNbHON JKHAKOCTH B MO-
TEHUHAAbHOM CHJIOBOM ITOJIe, HMEET CJAEAYIOWHA BHA:

a= —% grad p--grad U. (28)

3nece a— yCKOpeHHe YaCTHLI, p—IMIOTHOCTh, p — JaBJEHHE,
a U —norenunan MacCoBux cua. B cayvae GaporponHiix Teuedut p
H p CBA3aHH COOTHOWIEHHEM p=p(p) H, CJAEAOBaTENbHO, MOXHO
BBeCTH (PYyHKLHIO AaBJIEHHS

P=S‘i§.

M3 ypaBrenns (28) BHAHO, yTO Ka)kAaas YacTHIA XHAKOCTH Be-
et ce6s KaK MaTepHajibHasi TOYKA €AHHHYHONH MacChl, MOMELIeH-
Hasi B CHJIOBO€ NOJie ¢ noreHnuajsom U—P. UwrerpanbHuil HuBa-
puant Ilyankape—Kaprana B 3ToM cayuae nMeer BuR

$ <v, dr>—Edt,

Tie r— pamuyc-BeKTOp 4YacCTHIH, U— ee ckopocts, E=v?/24
+P—U — ¢ynxuus Bepuynmu, B craunwonapuwom cayuae E mnocro-
SHHA Ha JHHUAX TOKaA.

B uacTHOCTH, ec/TH B3ATb 3aMKHYTHi «XKHAKHA» KOHTYp, ©O-
CTaBJIGHHBI H3 YaCTHI B OAHH H TOT JXe MOMEHT BPEMEHH, TO HH-
Terpan

$ <v,dr>,

Ha3biBaeMbl yupkyasayued, 6GyAeT MPHHHMATb MOCTOSIHHBIE 3Havye-
HHA. D10 — H3BeCTHas TeopeMa TOMCOHa O COXpaHeHHH HHPKYSA-
UHH, H3 KOTOpPO# BHIBOAATCA OCHOBHHE pe3yJbTaThl JAHHAMHKH
HleaNbHON XHUAKOCTH. OTMeTHM aBa M3 HHX. IlepBHifi — 310 Teo-
pema Jlazpanxa o COXPaHeHWH NMOTEHUHANLHOCTH TEYCHHSA: CIH B
HavyaJbHH#A MOMEHT BpeMewn rot v=0, 70 310 PaBEHCTBO CHOpaBeA-
JIHBO BcerAa. Bropoit — reopema Ieavmzonrbya 0 «BMOPOIKEHHOCTH>
BHXPEBbIX JIMHMA (MHTErpajbHHX KPHBHX nmosis rot v): YacTHUH
XKHUAKOCTH, 06pasyiollie B HEKOTOPHA MOMEHT BHXPEBYIO JIHHHIO, BO
BCe BpeMs ABHXEHHS TaKxe OOPa3yloT BHXPEBYIO JHHHIO.

3.8. lNpHHUMN CTAUHOHAPHOCTH YKOPOYEHRHOro AEHCTBHA. ITycrs.
(M, L) — narpanxeBa cucTeMa c JarpamxHaHoM L=L,+L,+L,,
rne Ls— rnaaxnme ¢yHkuun na TM, OAHOPOAHLIE NO CKOPOCTSM
CreneHH OAKOpOAHOCTH S. DBynem cuurams dopmy L; mosroxuren-
HO ompefleleHHOR, TaK YTo L; — KHHETHYECKasi 3HEPrusi CHCTEMH —
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3ajaer puMaHOBy MeTpuHKy Ha M. ®yukuHio Lo: TM—R MOXHO
OTOXJAECTBHTh C CHJIOBOIH yHKumen V : M—R.

YpaBuenune Jlarpanxka [L]=0 umeer HHTerpan smeprun H=
=Ly—L,. Tlpu ¢ukcupoBanHoM 3HaueHHH H=h }BHXKenne MoOXKeT
NPOHCXOAKTb JHWb B 06nacTH Bp={x€M:V+h=0}, uasmBaemoil
061aCTbl0 BO3MOXHOCTH ABHXeHHA. [Ipn A>h=supy(—V) wMHO-
XKecTBo B, coBnagjaer co BceM NpPOCTPAHCTBOM moJoxkenuit M.
Ecnu h<<h, to rpanuna 0B,#*J. B TunuuHoM Ciaydae, koraa h —
peryasipHoe 3Hauewwe (ynxuuu H:TM—-R, obnacre B — raan-
Koe MHOrooGpasue c raaikuMm KpaeM 0B,=2Z,, pa3MepHoCTb KOTO-
pOro Ha €IHHHILy MeHblile Pa3MEpPHOCTH Bh.

IMycts, ans npocrornl 3anucH, h=0 (ecsiw h0, TO MOXHO
samennts Lo Ha Lo+4h). INpeamosoxuMm, uto BN\Z#J (3aech
B=B,, £=2,).

Onpenenenune. DyHKIHOHAN

f. tt
F*=\@VLL+Lydt=F—{(V[,—V Lyat,
t 11

onpejeNeHHbl Ha TJIaAKHX KPHBHX X : [f, {;]—B, Ha3oBeM yko-
pouennbim Oedcteuem Wau Oeicreuem no Moneprrou (P. L. Mau-
pertuis).

[MoawHTerpaiphoe BbipaxkeHne B F* aABAsieTcs  ONHOPOMHOM
¢yHkuueii ckopocTH creneHH 1. CinegoBaTesbHO, BeJIHUHHA YKOPO-
YeHHOro AeAcTBHA F* He 3aBHCHT OT NapaMeTPH3aLHH MYTH HHTEr-
PHPOBaHHS.

lNMpeanoxenune 12, Fmagxmit myts X: [t t2]—>B\Z, TaKoi,
aro H(x(¢)) =0 mna Bcex ! <<I<Cly, ABAAerTcs pellleHHeM YypaBHe-
HHsi Jlarpauxka [L]=0 B TOM H TOIbKO TOM CJIyyae, KOTAa 3TOT
nyTh fABJsIEeTCS KPHTHYECKOH TOYKOH yHKUHOHana F*V

< Nyets [Lley=0 u Ly(x (t))=Lo(x (¢)). Torza

5+ =6F 2 [ (VL= VE) 8 (V E;—V T3 di =0.

O6patHo, mnycTb X:[s), S3] > B\ Z—HeKOTOpH rAafKMA NyTh,
ABNAIOWIMACA CTALMOHApHOA TOUKOA dyHkuuoHana F*. Tlonoxum
$

t=[ VIV Ludr.

S

" Hcropuuecku «npuHunn Monepriow» (npeanoxense 12) npeautectsosan
6onee npOCTOMY NPHHUHNY CTAUHOHAPHOCTH JedcTBHA [aMuIbTOH2. «PakTH-
9eCKOe COlepXKaHHe STONO «NPHHIHNA» He ObMO coBceM ACHEIM MonepTioH. 10d-
Hasw GOpMYyJAHPOBKA, NPHBEAEHHAA B TeKcTe, NPHHAJMEKHT flxo6u u ero npel-
wecrseHHKKau knepy u Jarpauxy» ([42}]).
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Toraa, oueBuAHO, raankuit nyTh X (s (#)):[£1, £]>B\Z ynopaerso-
paer praaueamo Ly=Ly,. U3 dopmyas ans O6F* BurTekaer, 4TO
0F=0. >

Onpeaennm BHYTpH 06nacTH B pumanoBy MeTpuky (, ), moao-
WHB (X, X ) =4V (x)L,(x), XxE€TB. Drta MeTpuKa Ha3HIBAETCA
meTpHkoii Moneprion. [lna HatypaabHmXx cucreM, koraa L,=O0,
npeanoxenue 12 osuauaer, 4To B o6aacTH B\ Z TpaekTOpHH HBH-
XEeHHf C HyJeBOA NOJHOH 3SHepruefl COBMAAAIOT C reojAe3HdeCKHMH
JIMHUAMH MeTPHUKH MomepTiou.

Koraa A>h, o6aacts B coBnagaer ¢ M u (B, ¢, ) — o6HyHOe
pHMaHOBO MHOrooGpasue. JTO 3aMeuaHHe MOIBOJAET NPHMEHHTb
TOMOVIOTHYeCKHe TeOPeMH Ha PHMaHOBHIX MHONOOGpasHsx K H3yue-
HHIO MeXaHH4Y<CKHX 3ajad. Tak, HanpuMep, paccMoTpuM TOp T2 ¢
HEKOTOpoi pHMaHOBO# Merpukofi, Cpean Bcex 3aMKHYTHX KPHBHIX
Ha T?, nenaiowiux m OGOPOTOB MO NMapajJiesin H N NO MEPHAHAHY,
CyllieCTByeT KpHBasd MHHHMaJbHON AJHHH, DTa KPHBas — 3aMKHY-
Tasi reojesnyeckas. C Apyroii CTopoHH, Top T? saBAsleTca Mpo-
CTPAaHCTBOM NOJIOXEHHH NJIOCKOro ABOftHOrO MaaTHHKa, Orcloaa
BHITEKAeT, YTO AJA JMIOGHX UeJHX m, n CYUeCTBYeT NepHOAHNEcKoe
JABHXEHHe JBOAHOTO MAasATHHKA, NPH KOTOPOM OXHO 3BEHO AejaeT
m 00OpOTOB 3a BpeMs, 3a KOTOpOe BTOpOe 3BeHo MeJaer n 060-
poroB. bonee TOro, Takune nepHOZHYeCKHe APHIKEHHA CYUIECTBYIOT
npe Ai06om AOCTaTOYHO OOVIBIIOM 3HAYEHHH MOCTOSTHHOW SHEpPruH,
C BapHauHOHHOM TeopHeHl 3aMKHYTHX reOAe3HYECKHX MOXHO
Nno3HaKOMHTbCA no kuuram [161], [173].

()

Puc. 5. INepuoauyeckue koneGaHus ABOAHOro
ManTHHKa

Ecan h<<h, 10 rpasuuna I obaacty B He mycra H MeTpHKa
MonepTion HMeeT OCOGEHHOCTb: MAJHHH KPHBHX, JeXaliux Ha I,
paBun Hyalo, B 3tom caydae reomerpus o06JMacTH BO3MOXKHOCTH
ABHXXEHHS He MOXOXa Ha NPHUBLIYHYI0 PHMAHOBY [EOMETPHIO 3aM-
KHyTHX MHorooGpasuft (cM. [78]). Bompocw cyiiecTBoBaHHA
3aMKHYTHX TpaekTopuii npu h<<h paccmorpenn B paborax [54],
[56], [193].

§ 4. BakoHomHas MexaHHKa

B nynkre 2.5 6HAM PaccCMOTPEHH JNarpaHxeBhl CHCTEMH cO CBfl-
3AMH, ABHXXCHHE KOTOPHX MOAYHHAETCH KJIAaCCHYECKOMY MNPHHUHMY
Hanam6epa—Jlarpanka (3kBHBajenTHoMy npuHuunam laycca u
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I'énbaepa). B 3tom maparpade MH yKaxeMm APYryio MareMaTtHyec-
KYI0 MOJeJlb ABHXKEHHS CHCTEM €O CBfI3fMH, OCHOBaHHYIO Ha HEKO-
TOPOM €CTeCTBeHHOM O060GlieHHH npuHuMna [amMuabTOHA cTamHo-
HapHOCTH REHCTBHS; 5Ta MOAENb Ha3BaHa HAaMH BAKOHOMHOU Mexa-
Hukod. B cayyae BnonHe HHTErpHpyeMHX CBfi3eli BaKOHOMHas
MeXaHHKa OKa3nBaeTcsl TOXKAECTBEHHOH 0OHYHON MeXaHHKe rO.I0HOM-
HBX chcreM. Ecnu ke CBA3H HeHHTerpHpyeMb, To npHuHuunu [a-
nambepa—Jlarpanxa u I'aMuibTOHa, 6yAyuH nNpHMEHEHHBIMH K
OHON H TOM XKe JlarpaHKeBOH CHCTeMe, AAlOT Pa3jHuyHble yYpaBHe-
HHSA JBHXXEHHS.

4.1. 3anaua Jlarpanka. [lyctb M -—raankoe MHorooGpasue M
LTMXR—>R—raankas  o¢yukuua. Ilyers foTMXR->R
(1<s<m)—ng60p raaikux QYHKUMA C JMHeAHO He3aBHCHMBIMH
KOBEKTOpaMH fy-, ..., .. 3adaved Jlazpawma HasciBaercs Ba-

pHanHoHHas 3aja4ya O CTallHOHAPDHOM 3HAYEeHHH (bym(u.uonana JeHcT-
BHE

F=?Ldt
ty

B KJACCe KPHBBIX C 3aKPeJICHHbIMH KOHLAMH, YAOBJAETBOPSIOMIHX
ypaBHEHHAM

fi=...=fp=0. (29)

B ortnune or BapHauuit B npuuuune I'énbaepa (cMm. n. 2.5), Ba-
pHauHH MOMYCTHMHX NyTeil B 3aflaye JlarpaH:ka JOMKHH CHOBA
YROBJAeTBOPATh ypaBHeHHaM (29). Oanako npu 6yKBaJbHOM TOHH-
MaHHH 3TOr0 BHICKa3bIBAHHSi MOXKET BO3HMKHYTb pSA Cepbe3HhbiX
3aTpPyAHEHHH.

INIpumep 7. (Kapareomopu (C. Caratheodory)). 3anaaum
CBf3b YpaBHEHHEM

£=V14x2 (x, X)ER. (30)
Econ 3adpukcupoBath 3HaueHHss KOOPAHHAT (X;, X2) =X B MOMEHT
t1, TO rMaaxas KpHBas x : [, t2]—-R? ynosaerBopsiowas (30), oa-
HO3HAYHO ONpejesHTCs CBOei npoekuuedt x,(-). Ilpu arom pas-
HOCTb 3HAYEHHHl Xp — KOOpJAHHATH B KOHLAX KpHBOHl x(-) coBna-
faer ¢ AAHROH X,-npOekuun. Ecau, B wacTHocTH, X, — JNHHefHasg
ynkuua BpeMend, To AomycTHMasi KpuBas x(-) ob6sazaer TeMm
CBOACTBOM, YTO €€ KoHell x(f2) HeJb3ss COeAHHHTb C TOUKOH x({;)
HHKaKO#i ApYyroi KONycTHMO#N KpHBOH. A
3Ty TPYAHOCTb, CBA3AHHYIO C «XKECTKOCTbIO® CBSi3ell, MOXHO
0GOfTH, ecyiH CJerka H3MeHHTb onpejeJieHHe BapHauUHi.

Onpeneanenne. Bapuauueit gonycrumoro mytu w:[¢,, ;] -M

Ha30BeM TrJafikoe cemeficTBO mnyTefl d(u):[tl, bl > M, u€(—ec¢, €)
TaKoe, YTo
1) a(0)=o,
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2) 3HaveHus a(u, £;) He 3aBUCAT OT U,

3) nytu a(u, ) yAOBAETBOPAIOT ypaBHeHHSIM (29) C TOYHOCTBHIO
o o(u).

Jlemma 4. Taaaxoe BekTopHOoe moje W (£) BROJb JOmyCTHMOTO
NyTH © SABJAETCA BEKTOPHHM NOJEM Bapualluid TOTAA H TOJBKO
TOTA4, KOTAa

1) W (t)=0, W (t;)=0, ,

2) (@, W) =0b,-W npu Beex £, <t <ty 3pech a;=f ;lo, b=
=1l §

CaepcrBHe. ~fb,,-\l’/dt=0(1<s<m).

LA
Bapuauus zeficteust F onpefensercs o6bIYHBIM 0GpasoM:

~__ dF (a (1)) .10
6F(W)_ du \u-o’ W= du  Ju=0
KpHTepuii cTauMOHapHOCTH AeHCTBHSA AaeT
Teopema 8. Honyctumulit nyms o: [¢, ¢]—-M sBasercs
YCTOBHOH 3KCTPEMaJibl0 AEHCTBHA B TOM H TOJBKO TOM Cjyyae,
KOrja CyulecTBYIOT m raaAkux ynkumit A,: [, f2]—+R Takux, uro
BO/Ib MYTH @ BHINOJHAETCS PaBeHCTBO

L= X h fd+ Dk s - @1

910 ypaBHeHHe BMecCTe C YPaBHEHHAMH cBaseii (29) cocrapas-
10T «3aMKHYTYIO®» CHCTeMY JJIf HaXOXIeHHS pewleHHit 3agayd Jlar-
paHxa. YpaBHeHHe (31) MOXHO MOJNYYHTb METOOOM MHOXCUTeAred
Jlacpanxca. Beoas HOBHH JsarpaHxuan L=L—3Af, u cuntas
Al ..., Am NONOJHHTEJNbHHIMH KOODAHMHATaMH, cBeleM 3aaauy Jlar-
paHXa K BapHalHUOHHOH 3anaue Ge3 orpanuveHuil. Ecaiu B HoBoO#
3ajaye He NPHHHMaTb BO BHHMaHHe ypaBHEHHS CBsideHl, TO ypas-
HeHus Ditnepa—Jlarpakka GyAyT UMeTb BHI

(Z;,)=2" (2Z;)=2).

IlepBoe ypaBHenHe coBmajgaer ¢ ypasHeHuem (31), a BTOpoe — c
ypaBHenusivu (29). Ctporoe N0Ka3aTe/NbCTBO TeopeMH 8 GCHOBHI-
BaeTcsl Ha NpHMeHEeHHH JeMMHl 4 (cm. [141]).

3ameuanue. Teopema 8 He cnpaBelIHBa ANs «KJIacCHue-

CKOro» BapHaHTa 3afauu Jlarpamxka, korna Bapuauuu a(u) npH
BCex 3HAYEHHSX 4 TOYHO Y/JOBNETBOPAIOT YPaBHEHHAM CBs3efl.
B stoM ciyyae ypaBHeHHSMH 3KCTpeMajleil SBASIOTCA ypaBHEHHS
(31) c <«noanpasnenHoit» pyHkuueli Jlarpanka L =~AioL—3A.f.,
TAe Ao — HEKOTOpas NMOCTOSIHHAs (KOTOPast MOXET GHTb H HyJeM),
NpHYeM cpeAH MHOXHTENeH Ao, Ar, ..., Am He Bce 06pamIaiorTcs B
Hyab. B npumepe 8 nocTosiHHas Ay KaK pa3 paBHa HyJIO.

4.2. Baxonomuas mexannka. Ilpusuun [lanam6epa—Jlarpan-
Xa He fIBJASETCS €AHHCTBEHHHIM palHOHAJbLHHM OMNpeleNeHHeM
ABHXKEHHs JlarpaHXeBHX CHCTEM CO CBA3SIMH. Mb MoXeM 3aMe-
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HHTb €ro MNpHHUHNIOM raMHJleOHa; TOraa ABH2KEHHAA CHCTEMHB CO
CBA3AMH OYAYyT YCJAOBHBIMH 3KCTpPEMasiiMH BapHalUHOHHOH 3ajauu
Jlarpanxka (B cMbicae onpefeneHuil n. 4.1). YpaBHeHHsAMH ABHXKe-
HHg Gyayt ypaBHenus (29) u (31). MaremaTtuueckylo Mojlelb ABH-
JKeHHS JlarpaHXeBbiX CHCTEM CO CBA3SMH, OCHOBAaHHYIO Ha TaKOM
pacuinpeHHH npHHUMNa ['aMHAbTOHA, Ha3oBeM [JA KPaTKOCTH Ba-
KOHOMHOH MexaHHKOH.! OG6cyxiaeHue Henecoo6pa3HOCTH PAcCMOT-
peHHs 3TOH MOJEeNH Mhl OTJIOXHM 10 § 5.

YpaBhenus Jlarpanxa (31) BakOHOMHON MeXaHMKH OT.HYalOT-
CA OT HErQJIOHOMHLIX ypaBHEHHH

L=2ws g fi=-..=fn=0 32)

C/1araeMLiM 27»5 [fs]- Ecan 3ta cyMmMa TOXAECTBEHHO paBHa HYJIO

(B cuay CHCT:EMH (29) u (31)), To ypasuenus (31) w (32) cosnanaior.
[lycTs, B uyacTHOCTH, CHCTEMa NOAYMHEHA HAOOpPY HHTEr pHpYyeMbiX
ceaseft g,(¢, t)=0 gl\<s<m). OTH YpaBHEHHI MOXHO 3aMEeHUThb

Ha sxsuBanentHuie: g, =0. Tak kak [g]=0, To B cayuae wurerpu-

pyeMbix cBsfideii BaKOHOMHasi MeXaHHKa CBOJAHTCA K OOLIYHOI ro.10-
HOMHOIHl MexaHuke. OTMETHM, UYTO, B OT/IHYHE OT HEroJOHOMHOH
MeXaHHKH, ABH)KEHHe B2KOHOMHO# JiarpaHxeBOH CHCTeMbl omnpele-
JsieTcs OrpaHHyeHHeM JarpaHxKHaHa Ha noiMHorooGpasue B TM,
BHICEKaeMoe ypaBHeHHsIMH cBsa3eil (29).

YpasHenusn Jlarpanxka (29), (31) MoXHO npeacTaBUTb B ra-
MHJbTOHOBOH ¢opMe. s 3Toro BBedeM KaHOHHYECKHE HMNYJbCH

p=2, =L, + Jh.Ss» (33)

rae A, —moKa HeompesneseHHne MHoxkuread. Jl06aBuM K 3THM COOT-
HOILIEHHAM ypaBHeHHA cBA3H (29) W paspewnv cucTeMy (29), (33)

OTHOCHTEJILHO ¢ H A. YcaoBueM JOKaAbHONK pa3pemuMocTy ABJsAeTCA

HEpPaBeHCTBO
A Jrip-o S mi |
(/1) o £0, (34)
(f i)

rae A=|2Z; .| (f,;) —370 KoBeKTOpLL f ., 3ammcanHbie B Buie
crpoku. Ecan Mmarpuua A HeBuipOXAeHa, TO HepaseHCTBO (34)

) BakoHoMmHas MexanHka passita B paGorte [83]. Caeayer ormetiTh, yTO
vpasuenue (31) BcTpevaerca B paborax Fepua, 'emiepa, I K. Cyveiosa u ap.
aBTOpPOB B CBS3H C AHA.TU30M APHMEHHMOCTH NPHHUHNA CTAUHOHZPHOCTH J1eNCT
BHR (B ayxe 3ajlauu JlarpaHxka) B HeroJoOHOMHoit Mexanuke (cM. [10]). Oxa-
3aJloCh, YTO KOr1a CBAGH HCHHTErpHpyeMbl, To npuHuunul Jarambepa—/larpanxea
H TaMHIbTOHA He 3KBHBANEHTHM.
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MOXHO npencranmb B CaenyiouieM Buae:
det|(f ;- A7V ) #0.

Ecau, B 4aCTHOCTH, CBA3H JIMHEfHHl TMO CKOPOCTHAM, TO 9:; s =L"
H ycioBHe (34) nepexoaut B HepaBeuctBo (13), KoTOopoe rapanTH-
pyeT AeTepMHHHPOBaHHOE MOBeJEHHe JArpamKeBOA CHCTEMbi CO CBA-
3sMH, MOAYHHAIOMeNCA npuununy J[lanambepa —Jlarpamxa (cm. § 2).
., Hrak, ecau BHINOJHEHO (34), To mo Teopeme 0 HesBHOR (YHKLHH
g=q(p, ¢, t), A=A(p, ¢, t). Beemem no oO6HuYHOMY NpaBHIY
¢dynkuuio [amuabTOHA

Hp ¢ )=p-q4(p, ¢ )—=L@GPs a0 £} 4, 1)

MMpenaoxenne 13. [nanknit nyte g : A—>M sBasiercs NBH-
JKEHHEM BAKOHOMHOM CHCTEMH C JarpaHXHaHoM L H CO CBA3AMH
fi=...=fa=0 B TOM ¥ TONBKO TOM cayyae, eciH OyHKuus §(-)
BMeCTe C HEKOTOpO# «conpsikeHHON» (yHKUHe#H p(-) yAOBJETBO-
PAIOT ypaBHeHHAM [ aMHJIbTOHA

g=H'p), p=-—H,. (35

®ynkuus amuabtoHa A BupoxkaeHa M0 MMIyJAbCaMm: paHr
reccuana /,, nmanaer Ha m enusuu. B marypaabHom cayuae
(korna JarpamxuaH SBJSETC NMONOXHTENBHO ONpeleNeHHOA KBaapa-

THYHOA GopMmofi Mo CKOpocTsM) oOToOpaxxeHue p—¢, onpeaeaseMoe
ypaBHeHuaMu (29) u (33), #BAAETCA BHIPOXNKAGHHHIM JIMHEHAHLIM OTO-
6paxcenueM. [TocKOMbKY BCAKOE KOHEYHOMEPHOE JIMHEAHOE NpOCTPaH-
CTBO KAHOHWYECKH OTOXAECTBJAAETCH C €ro BTOPHLIM COMPsKEHHHIM
npoOCTPAHCTBOM, TO yﬁgj}‘l}euuﬂ (35) MOXHO TPAaKTOBaThb KaK ypaBHe-

Hug FaMuabTOHA Ha
[Mpumep 8. PaccmMoTpuM KOHEK HA HAKJOHHOA TJIOCKOCTH

(cm. npumep 6 u3s § 2). Pyukuus Jlarpawka 3ITOA  cHCTeMb
L=(x2+y2+42)/2+ x, a ypaBHeHue cBs3u—(xsin®—y cos ¢)=0.
KaHonuueckye MMIYJbCH BBOAATCH NO (opMyaam

px=.§:—l. sin®, p,=y°+hcos ?, pq,=(l5;
A=p,cos $—p,sin¢. (36)

®yuxkupa CamuabToHa
H=% [(pccos P+ pysin (F‘)’-}-p?p]—x. (37)

[TycTh B Haya/bHHA MOMEHT Yroa ® W MMOnyabC p, pPaBHbH HYJIO-
Tak xaK p,—nepsbifi HHTErpaa ypashenui [ammaptona, 10 py=0-
CrnenoBatesbHO, B 3TOM CJyyae TaMHIbTOHHAH MNPHHHUMAeT COBCeM
NpoCTOA BHA:
1
H=5(pcos? ¢+ p})—x.
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Kanonuueckue ypassenus c Takoit ¢dyHkuueft 'aMuabTOHA, NO-BHAH
MOMY, HeuHTerpupyeMmul. OJHAKO MOXHO CJAeJaTh KauyeCTBEHHHIE

BLIBOZIB O CKO/ILXXCHHH BAKOHOMHOTO KOHbKa. TaK Kak p,= — H' =1,
TO C TOYHOCTBIO A0 AAAHTHBHOA TNOCTOAHHOK HMOYJALC p, paBeH f.

U3 ypasneauii 'amuabTona ¢ =pg, po=p,® sin ¢ cos ¢ caenyer, uro
¢ =1#2sin¢ cos 9. (38

U3 cootnowenuft (36) nony4uM ypasieHus AJs OnNpefeseHus Jmexap-
TOBLIX KOOPAMHAT TOUYKH KOHTAKTa:

x=tcos?9, y=t¢sin¢cos¢?.
M3 nepBoro ypaBHeHHst BHITEKAeT, YTO KOHEK MOHOTOHHO COCKalb-
3bIBa€T BHH3 C HAKJOHHOM MJockocTH. MoxkHo nokasate (cM. [83]),
4TO NOYTH BCe pelleHHsi ypaBHeHHs (38) MpH f—-oco cTpeMATCH K

oAHOIl M3 ToueK m/2+kn (k€Z). [1pu 3TOM CyIIeCTBYIOT
¢

limy(f) u lim g x(s)ds >0.
{—~oc 100 6

ChnenoBaTe1bHO, aCHMIITOTHYECKH KOHEK ONMYyCKaeTcsi BHH3 MO He-
KOTOpOii NpsSIMOit C HeHy/1eBOH cpefHeli CKOPOCTbIO H CTPEMHTCSH
craTb G0OKOM K CBOEMY CpelHeMY JABHXeHHI0. DTO ABHXKeHHe HH-
TEPeCHO CPaBHHTb C ABHXXEHHEM HEroJIOHOMHOTO KOHbKa, KOTO-
pHiii MPH TeX e HayaJbHbIX YCJOBHAX cMellaeTcs BOOK NO LHK-
Jionzae.

4.3. Mpuyuun pe TepMUHHPOBAHHOCTH. PaccMOTpHM JABHXEHHE
BAaKOHOMHOM HaTypa/bHOH CHCTEeMb C JarpaixuanoM L=(Ag-9)/2+
+V (@) w c He 3aBHCSUIMMH OT BpPeMEHH JIHHEAHHIMH CBA3SMH
fs=a,(9)-g=0 (1<s<m). Jluneinoe orobpaxenne ¥q: T'* M-
—T M, 3anaBaemoe cooTHOWeHUAMA (29) u (33), BHIPOKAEHO; €ro
Mm-MepHOe AApO COCTOMT M3 JIMHEMHbLIX KOMOMHauufi Zu.a.. [lycTs
I'; (9) — m-vepnaa maockocts B T* M—noaubifi npooGpa3 TOYKH
g€T ¢M mpu orobpaxennn Yg. 3adukcupyeMm [AONYCTHMOE CBSA3SIMH
HayaJabHOe cocTosiHHe (§o» o) MW PacCMOTPUM CeMeACTBO pelieHHH
ypasnenuii TawuabTona (35) ¢ Hauaabhpimu  JauubiMu ¢ (0) =g
p(0)El,, (g)). Ecam cBA3M BHOMHE HHTerpupyemsl, TO GYHKUUA
q(t ¢ (0), p(0))—aBHKeHHE BAKOHOMHON CHCTEMBI-—HE 3aBHCHT OT
BHI6OpPa HAYANLHOTO MMNYJbCA M3 MJOCKOCTH I'g,(go). DTO mpocroe
3ameyanue Jaonyckaer oOpallieHHe.

lMpeanoxenue 14. Ecm aas BceX AOMYCTHMHX COCTOSHHA
go» Go ABikerue ¢ (¢, ¢(0), p(0)) ue sasucur ot p(0)El,, (g0) TO
JIMHeiHble CBSI3H BIOJIHE WHTErpUpYeM:l.

Cnencrtsue. BakoHOMHble CHCTeMb C HeHHTErpupyeMhIMH
CBA3AMH He IMOAYHHSAIOTCA NPpHHUHNY J.leTepMHHHPOBaHHOCTH.

lMpumep 9. B 3agaue 0 CKOJbXKEHHH KOHbKA MO HaKJIOHHOM
NJIOCKOCTH (cM. npuMep 8) HayaJbHOe 3HAUEHHe MOCTOSHHOTO HM-
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nyabca p, He BIMsieT Ha HayajbHOe COCTOfHHE KOHbKa, eClH
@(0)=0. Oganako peweHHs ypasHenuii [aMHAbTOHA C raMHJALTO-
HuaHoM (37) cyllecTBEHHO 3aBHCHAT OT p,. A

3ameuanue. [IpuHuUMN HeTepMHHHPOBAHHOCTH, He crnpasel-
JUBbII B LEJIOM, MOXET BbIMOJHATBCA A/ OTAeJbHBIX COCTOSIHHH.
MoxHO NMOKa3aTh, 4TO B BAaKOHOMHOi{l MeXaHHKe HMeeT MeCTO CJe-
Aywolinii «o6061ueHHbli» MPHHUHN NEeTePMHHHPOBAHHOCTH: [ABHXe-
HHe CHCTeMH Ha HEKOTOPOM NpOMeXyTKe BpeMeHH OJHO3HAYyHO
olpejensieT Bce ee npouuioe H 6yayumee. A

[lycts W : T*M—TM — ortobpaxkeHue, coBnajaiollee Ha KaxX-
goM caoe T,*M ¢ auHeilHbiM  oToGpakeHuem W, ODyHKuHIO
F :T*M—R uasoBeM Habarodaemoi, ecin cyulecTByeT (PyHKUHSA
G : TM—R taKas, 4To KOMMYTaTHBHA JHarpaMma

T*M>TM

F\R/a .
YcaoBdeMm HaG.101aeMocTH QyHkuun F(p, g) sABnsieTcs ee HHBa-
PHAHTHOCTL OTHOCHTENLHO ceMelicTBa TpaHcasuui p — p+Iu.a,.
Tak, HanpuMep, NONHas HEPrHA CHCTeMbl HabJoaaeMa, a MHOXH-
Tean Jlarpanxka A, — HeT. OTMeTHM, YTO CBOIiCTBO Hab.1101aeMOCTH
He 3aBHCHT OT HHTErPHPYEMOCTH CBs3eil.

Ilpennoxenne 15. JlnneiiHoe npocTpaHCTBO Hab/i0AaeMbiX
$yHKUHit 3aMKHYTO OTHOCHTebHO CKOOKHM [lyaccona (mopoxcaeH-
HOiH CTaHAapTHOH CHMIJeKTHYecKoil cTpyKktypoit dp/\dg) Ttoraa u
TOJIBKO TOT[a, KOT4a CBA3H BNOJIHE HHTErpHPYEMbI.

OTMeTHM B 3aK.lOYeHHe, YTO Mpo6.ema «CKPHITBIX» MapaMeT-
pPOB — HeHa6.,11013aeMblX BeJHUHH, YYacTBYIOUIHX B ONHCAHWH [H-
HaMHKH CHCTeMbl — HEOJAHOKPAaTHO o0cyxaanacb B KBAaHTOBOH Me-
XaHHKe KaK pa3 B CBA3H C aHAJM30M MPHHLUHMNA JeTepMHHHPOBaH-
HoctH (cM. [142]).

4.4. YpaBhenna TamMHAbTOHA B H3OBLITOYHBIX KOOpPAHHATaX.
YpasHeHnus (35) B cayuyae BHOJHe HHTErpHPyeMbIX CBsidedl fBAS-
IOTCSE ypaBHeHHAMH ['aMH/IbTOHA TOJOHOMHON CHCTEMbl, 3anmHCaH-
HHMH B u36b6iTO4HbiX KOOpAHHATax. B kauecTBe npumepa paccmot-
pHM QBHXXEHHe MaTepHaabHONl TOYKH (m, r) B €BKJAHAOBOM NPOCT-
paHctBe E® no raaaxoft peryiasipHoii MOBEPXHOCTH X, 3alaHHOM
ypaBuenuem f(r)=0. IlycTb Ha TOYKy ReHCTBYeT NOTEHUHA.1bHaA
cuna ¢ noreHuranaom U(r). TTonoxum (coriacko (33))

p=mr4Af,, z»=<Lf”,;,—f7,',—>)—. (39)

JiBiKeHHEe TOUKH ONMCHIBAETCA YpaBHEHWsMH aMuIbTOHA
. . .. 1
r=H),, p=—H', H=—';~ (rir) +U=5-(pXn)+U, (40)

Tle n — elHHUYHBIH BEKTOp HOpMaJH K nosepxHoctH X. CnetoBa-
TenbHO, ypaBHeHua (40) onpenensioTcs camoii noBepxHoCThio X
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H He 3aBHCAT OT BHaa ypaBHenus [=0, 3ajawouero 3Ty MOBepX-
HOCTb.

Y pasrenun (40) umecioT uHTerpaa sneprud H u «reomeTpHYECKHi»
naterpan F= f(r). OueBuaHo, uto B CTAHNAPTHOH CHMILIEKTH-
ueckofi cTpykType dpAdr ckcbka [yaccona {H, F}=0. Iycrs
g (r, r)—nepBHlil HHTErpaa YpPaBHEHWi ABHKEHHA

mr=—U/+if s f(r=0,

a G — OyHKUHA g, NpeACTaBAeHIas B KaHOHHYECKHX MepeMeHHHX.
Ouesuano, uto {/{, G} =0 u nerko npPOBepHTL HHBOJNIOTHBHOCTb
¢yukuuit G u F.

OTHoCHTeAbHBII HHTerpaablbii nusapuant [lyankape

Y Cpodr)
r

B CAyyae, KOTAa KOHTYp JeXuT na runepnoeepxsoctu {f=0}c
CR{p, r}, C TOYHOCTBIO A0 NOCTOSIHHOTO MHOXHTEAS /M PabeH

§(roary, @l
]

rie y — 3aMKHyTHlil KoHTyp B R3{r, 7/} — o6pa3 xonrtypa I' npn
oto6paxkenuu (39). HMurerpaa suaa (41) B rnipoanHamuke Hasbl-
BaeTCAl UMPKY.1sllMell CKOPOCTH B10.1b KOHTYpa y.

§ 5. F'amuabToHOB dopManu3m co CBA3AMH

5.1. 3apaya [dupaxa. Ilyces (M, Q%) — cumnicKkTHYECKOC MHO-
roo6pasue, H: M—R — rnaakas ¢yukuns M N — noamuoroo6pa-
ane B M. UerBepky (M, Q2% H, N) na3zoBeM 2auuibTCHOBO: CucC-
Temol co ceasamu. OrpanHyeHHe CHMILICKTHUECKON CTPYKTypsl §2?
Ha N o6o3HaunMm ©? a orpauuuenne ¢yuwiin [/ obosmwaunm F.
®dopMa w? OYEBHAHO, 3aMKHYTA, HO MO/KET OK43aThCH BbiPOKICH-
HOIT (ec/H, HanpuMep, pa3MepHocTh .V HeueTHa).

Onpeaeaenue. Tlaaakuit nyts x:A—>M, x(f)€N, Ha3b-
BaeTCsl ABHKeHHeM FaMHAbLTOHOBOII cuctemu (M, Q2 H, N), ecan
o?(-, (1)) =dF(x(t)) aas Bcex 3HaueHui teA.

Hawa uesib — ONHCATh MHOKECTBO BCeX ABHACHHIT FaMHJIbTO-
HOBOf CHCTEMbI CO CRHAIAMH.

Eciu N coBnaiaer ¢ M, 10 cHcTeMa €O CBSI3AMH COBIU1A€T C
0o6bIYHOM TaMHALTOHOBOIT CHCTEMOI (cM. § 3) H ee [IBHKEHHA CYyTb
pcurenus ypaBHeHnit Famuibrona na M. Ectb euie oruy cayuai,
roria 3azaua Jdupaxka cBoaHTCs K pellenino vpasHenuii FaMuanto-
Ha: ecaH ¢popMa w? HeBblpoixieHa, TO (N, v¥) — CHMIILIEKTHYECKGE
noaMmHoroobpa3re M ABH:Kenust cucteMmbl (M, Q2 jl, N) sBaswtes
pelueHHsMH ypaBHeHHs ['amnabToHa na N ¢ ¢yukumeil TamuasTo-

) 3ra 3azaua snepsule paccmotpeda dupaxonm B 1950 . 1as ueacit kBaito-

BORt MexaHHKA (cM. [23]).
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Ha F. Tlpu 3TOM Haua/lbHOMY COCTOsHHIO XoEN oOTBeuaer eaHH-
CTBeHHOe [BHXXEHHe CHCTEMBI CO CBf3siMH. B BHIPOXKIeHHOM cay-
Yyae ecTh elle ABe BO3MOXHOCTH: 3aflaya JlHpaka MoOXeT HMeTb He-
CKOAbLKO Pa3/MYHbLIX ABHXKEHHH C HayaJbHBIM COCTOSIHHEM Xy JHOO
He MMeTb MX BoBce. Kak MHl yBHIHM, 3TH ABe BO3MOXHOCTH JeH-
CTBHTENbHO peasiu3yloTcs.

[lycts ¢popma Q2 Touna Ha M. Torga Q?=dQ' n w?=de!, rae
o! — orpanndenne 1-gpopMb Q! na N. B obuwem ciysae (koraa
Q? He TOYHAa) 3TH COOTHOLIEHHS BHNOJHEHb JOKaJbHO Ha M

Jlemma 5. Tnagknit nyts x: (£, £)] >N sBasercs NABHKEHHEM
cucremu (M, Q2?, H, N) toraa m TonbKo TOraa, Koraa x(-) — KpH-
THYECKasi TOYKa (QYHKIHOHaJa AefcTBHe

\ (@' (x)—F) d¢

B NPOCTPaHCTBe raaakux nyTteii Ha N ¢ GHKCHPOBaHHBLIMH KOHLAMH.

JT10 yTBepXKAeHHe CBOAMT 3ajavy [npaka Kk HCCAE/lOBaHHIO Ba-
pHaunonnoi 3anaud Jlarpawxka (cm. m. 4.1) ¢ JjarpaHxHaHOM
L(%)=Q!(x)—H, a unrerpupyeMble CBS3H 3aJail0Tcs MHoOroo6pa-
3hemM N.

YKaxeM HeKoTOpbie siBHble (GOpMY.bi, KOTOpble OYAYyT HCNOJb-
30BaHn B AaJjbHeiweM. [lyctb x=(p, g) — N0KaAbHbie CHMIIEK-
THUECKHe KOOPAHMHaTh Ha M u noamHoroo6pasne N 3ajaHO cHCTe-
MO# ypaBHEHHH

@i(p, )= ... =Ou(p, q)=0 (42)

C He3aBHCHMBIMH BO Bcex Toukax N dynkuuamu @,. YpaBHeHus
sKcTpemadeii 3afgauu Jlarpanxka ¢ arpaHxsHaHoM L=p.4—
—H(p, g) u cBassMu (42) MOXHO MPeACTaBHTb B BHAE YPaBHeHHH

co MHoxurensaiM [L] =ZA,®.,, UK B ABHOB BHIE —
g=H',+ 3\, p=—H'q—3ZADyg,. 43)

K 3TuM ypaBHeHusM Hafo [06aBuTh YypasHenus (42). TTockoaeky
¢dyuxuus Jlarpanka L BhpoXAeHa MO CKOPOCTAM (OT p OHa BooGuie
HE 38BHCHT), TO K YpaBheHHAM (43) He npuMeHuM MeTOA § 4.

M3 ypasuenuit (42) u (43) noayyuM «yCJOBHA COBMECTHOCTI»

Q‘Jt={‘1’u H}+Zh {®, ©}=0, @4

koraa Bce ®,=0. Ecan matpuua cko6ok Ilyaccona [[{®@;, @D}
HeBHIPOXAeHa, TO ypaBHeHHs (44) OAHO3HAYHO 3aAal0T A, KakK
¢yHxuuu ot p, g. B 3tom cayyae m G6s3aTeqbHO uYeTHO H N —
CHMIIEKTHYeCKoe NoaAMHoroo6pasue B M. CuMnaekTHYecKas CTPyK-
Typa Ha N 3ajaercs cko6Gkoit [lyaccona:

{Fu Foff ={Fy, Fi}-+ 25 {®s Fi} ey {®;, Fil,

i, j=1
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tae lici;l — matpuua, obpatHas x ||[{®;, @;}|l. Moxno nokasarth,
4TO orpaHHuyeHHc ckKoOKH {F), Fo}’ na N 3aBHCHT anwb OT OrpaHH-
yenHii dyHkuuit F| u F; na N. Eciu HekoTopble M3 ypapHeHHil (44)
He COJepKaT MHOXHTENH A,, TO MBl TOAYYHM HOBble ypaBHEHHS
cBaseit ¥;= {®;, H} =0, KoTopble O6LIYHO HA3BLIBAIOTCA BTOPUHHDbL-
mu ceazamu. B camom oOlleM ciyyae BTOPHUHBIE CBSI3H SBASIOTCS
anrebpalyecKHMH YCJNOBHAMH, pa3pellHMOCTH ypaBHeHH# (44) oT-
HocuTeabHO A,. Pynkuuu W; caeayer noGaButh Kk ¢PyHxuusm D,;
ecad 3TH (PYHKUHH COCTaBASIOT He3aBHCHMbll HAabop, TO MOXKHO
NOBTOPHTb HCC.1€10BaHHe YCJOBHIi COBMECTHOCTH eule pa3. B wuro-
re Mbl 1100 NpHAeM K NPOTHBOpeuHio (B 3TOM cayuae 3ajaua [u-
paka He HMeeT pelleHHIl), AH60 cucTeMa (44) OKaXKeTCR COBMeCT-
HOit npu cooTBeTcTByOlleM Bbibope KosgpodHuuuenToB A. B nocnexn-
HeM c.1yyae MHOMHTEH 2, BO3MOXHO, Olipeilc eHbl HeO1HO3HauHO.
Toraa nauaibHble YC.I0BHS He ONMpelessliOT €IHHCTBEHHOro petue-
HHSI CHCTeMbl ypaBHeHHil (42)— (43).

Mpumep 10. ITyctb m=1 u ckobka {H, ®} oranyua ot Hy-
as Bo Bcex Toukax N. Toraa 3azaua [lnpaka He uMeeT HH OAHOrO
pellleHHsl, NOCKOJIbKY YC/JOBHe COBMECTHOCTH (44) He BHINO.THEHO.
IMycts coBa m=1u {H, ®}=0 na M. B 3ToM ciiyyae Ko3puuH-
€HT A — NPOH3BO.bHAsA raaikas QyHkuHs Ha N u nostomy uepes
KaXa1ylo TouKy H3 N B O1HH H TOT XKe MOMEHT BpPeMeHH NpPOXOAMT
uesoe ceMeicTBO pa3iHYHBIX ABHXeHHIl. Bonee Toro, umeercs Gec-
KOHEYHO MHOro pasHblX ABHAKEHHH, COBNAAalOWKX Ha 1eJOM HH-
TepBaje OCH BpeMeHH. B BaKoHOMHOIi MeXaHHKe 3TO He TaK (cM.
n.43). A

3amevanue. J[Jas pewenHs 3anayn [Iupaka, OYeBHAHO, 10-
CTaTOYHO 3HaTh JHIIb OrpaHu4YeHHe QYHKUHH I'aMH.IbTOHa Ha noa-
MHorooGpa3ue N.

5.2. JIBoAcTBeHHOCTb. 3Has ramuabToHHadn F M ypaBueHus
cBsedt (42), moxno nepefitn k Qynxuwun Jlarpanka L no obuiyxomy

mpasuny: L=gq-p— H. MNycrb 6 =H +ZAD,. Ecau
det || ,, || 0 u det ||(@:,- (),)"'D;,)]| 0,
TO, NO KpafHei Mepe, JOKaJAbHO, H3 YpaBHEHHMH
g=H,' 4+ ZrD;,, O=...=0,=0
MOXKHO HallTH p Kak QyHKUHIO OT ¢, ¢. B wuTOre jarpamxuan ss-

asetcs QyHKUHER COCTOAHMA (g, ), BBIPOXKAEHHOA mO CKOPOCTSIM.
OtmeTHM, 4TO mepexoAd or A k L B raMuwibTOHOBOA MeXaHHKe
€0 cBA3AMH ABOjiCTBeHen mepexody oT L K H B BakoHoMHOlt Mexa-
ke (cM. § 4). .
O6paTHo, uMes BLIPOXAEHHHIA MO CKOPOCTAM Jarpanxuad L (¢, g),

~MOXXHO BBECTH KaHOHHUYECKHE HMNY.bChl p=L‘q H MNOJNYYHTb H3 ITHX

YPaBHEHHH HECKOJbKO He3aBHCHMLIX COOTHOWIeHHH BHaa (42).
B kBaHTOBOIi MexaHHKe OHH OGLIYHO Ha3HBAIOTCH nNepPBUUNbIMU
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c8A3amu. 3aTeM BBOAHTCA raMuabtoHnan H=p.§-—L, KOTOpHH,
BBH1y BLIDOANEHHOCTH .1arpaHX<HaHa, Olpelej]eH TOJbKO Ha MHO-
roobpasun N={D;= ...=®,=0}. Kak Mbl y>XXe BHAeIH, 3TO Orpa-
HHyende He cyulectBenHo. IIpH mocrpoenitn ramuabronosa op-
Manu3Ma co cBa3aMu [IHpaK HCXOAMJ KaK pa3 H3 BHIPOXIEHHOTO
JarpaHXKHaHa.

§ 6. Peanusauus ceasei

6.1. Pasanunbie cnocoGbl peannsauun cpaseii. Haunem c npo-
cToro npuMepa. PaccMOTpHUM ABHXKEHHe MO NMPSAMO# ABYX TeJ C Mac-
caMi M n m, coelHHEHHBIX YNPYTHMH NpyXHHaMH ¢ Ko3ddHUHeH-
TaMH yHpyroctH R W ¢ (xak nokasano Ha pmuc. 6). Ilycts x, y —
PaccTosHua OT «CTeHH» 10 ToyeK M u m. [IBHXKeHHe ONHCLIBAETCH
npocroii cHcTeMoil JMHEeHHEIX YpaBHEeHHH

Mx=—kx—c(x—y), my=—c(y—x).

A NANLRRNNE NN

y

Pue. 6

3aduxcupyem napavetpsl M, m, ¢, a k ycTpemuM K GeckoHey-
HocTH. Ilyctb Xx (¢, k), y(t, k) — peluenne 3TUX YPaBHCHHA C Haua/b-
HbiM ycaosuem x (0, £)=x (0, £)=0, a y(©0, %k u y@©O,k) or &
He 3aBucaT. OueBHIHO, 4TO
lim x (¢, k) =0,

koo

a npeaeJdbHOoe ABHXEHHEe
y(t)=limy (¢, k)
R+ 00

AIBJSIE€TCH rapMOHHUECKHM KoaeGaHueM ¢ uactoToit w=Yc/m.
B sToMm cayuae «GeckoHeuHO 60Jibluasi» KeCTKOCTD NPY>XXHHbLI 3KBH-
BATEHTHA HAJIOXEHHI0 Ha CHCTEMY TCOJOHOMHOII cBA3H x=0.

Ty XKe CBA3bL MOXHO Pean30BaTh No-ipyromy. s 3T0oro ao-
CTATOYHO YCTPeMHTb K OeckoHeuHOCTI! Maccy M M cHOBa CYHTaTh,
410 x(0) =x(0) =0.

EcTb ewe oaun duanyeckn scHblil Cnoco6 peannsauuu 3ToR
CBSI3H, OCHOBAaHHbIIl Ha BBEI1eHHM CH.I 623n020 Tpenus. [Ipeanoso-
JHM, YTO Ha Tel10 ¢ Maccoii M aeiicTByeT euie CHla CONPOTHBJe-
HUa F=—ax, a=const>0. 310 caaraemoe Hano n06ABHTH B nep-
Boe ypaBHeHue NBHXeHus. Ecau a—o00, 10 cHoBa x({)—0. Ilpu
3TOM yXe He 06s3aTesbHo, yTO6m x(0) u %(0) ofpawmanuc, B
Hyab. PaBeHcTBO
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limx (£)=0
[ T
Gyaet uMeTh MecTo npu {>0.

MoxHo paccMoTpeTh 6osee CAOXKHBIA cay4afi, Korna oaHoBpe-
MeHHO M H @ HeorpasHHyeHHO BO3pacTaloT, HO HX OTHowenHe a/M
CTPEMHTCA K KokcuHoMy 3HaucHuio p>0. [locae 3toro nmpeaeabho-
ro nepexoia ypaBHEHHA ABHXXEHHS YNpOWAKWTCH:

X=—px, my=—c(y—x).

Oiiu cHoBa AONYCKalOT pellicHist (X, ¢¥)=(0, Y,) TaKHe, UTO Yo -
+wlyy=0, 0?2=c/m.

PaccmoTpuMm, Hakodel, cayvaii, Koria Mmacca BTOpOro Tteja m
Mana. Toraa B npeiene oHO He OKasLBaeT AeliCTBHA Ha ABHXeHHe
Tena M (kotopoe GyleT coBepllaThb rapMoHnueckHe KoaebGaHHA C
vactctoit Y2/M). Ecau ¢>0, 1o, oueBHino, macca m 6yaer nosto-
PATL ABHXKeHHe Macchl M : y(l) =x(1).

Ecan ke 3HaueHHe ¢ ToXe YCTPEMHTb K HYJI0 H NPH -3TOM
¢/m—p>0, T0 B npeneae GyaeM HMETb «OrpPaHHYEHHYIO» 3anayy
ABYX Ten: Macca M coBepliaer rapMoHHuYecKHe KoJebaHHA no 3a-
KOHy xo(f), a Macca /1 cobepillaeT BHHyXlileHHbe KoJebalils B cO-
OTBETCTBHH C ypasicHHEM

Y+ py=npxo(f)

I1H npocThie Hab.1I0AeHHA RONYCKaloT 0606ueHns.

6.2. Toaonomuuie ceasu. Ilyctb T(§, g) — Kunetnueckas sHep-
rusa, a U(q) — noteHunabHas 3Heprus roJIOHOMHOH HaTypaJibHOI
MEXJHHYECKOll CHCTeMbl ¢ NpocTpaHcTBoM nodoxeHuit M. [lycts
f: M—R — rnankas o¢yHkuus Ttakas, uto df#0 na MHOXKecTBe
A={f=0}cM.

PaccMoTpUM HOBYIO CHCTeMy ¢ NoTeHuHaabHoM 3sHeprueit U+
+ Nf?, 3aBucsimeii or napamerpa N (koTtopuiit 3ateM Oyamer crpe-
MHTbC K GeckoHeuyHocTH). Uepe3 q(f, N) o6o3Hauum ee ABHXNKe-
HHe C HayabHHMH YCJIOBHSIMH Ha A:

70)=q€A, §(0)=qiT oA,
He 2aBHCALLWMH OT N.

Teopema 9. lNpu N — c0 Ha KAKAOM KOHEYHOM NMPOM2KYTKe
0<t<t, cymectByer npeaen

Ilvlm q(t, N)=q(t)EA.

MpeneabHas yHKIUHA q:[0, to] > A yRoBAETBOPAET ypaBHEHHAM
Jlarpanxka c JarpanxHaHoM

L=T—=U)|;,

Moapo6uoe A0Ka3aTeNbCTBO TEOpeMbl MOXHO HaATH, HanpHMep,
B pabotax [187], [195]. OcHOBHHIM MOMEHTOM ABJAETCA Cjeayloulee
cooOpaxeHHe: BCAEACTBHe COXpaHeHHs SHepruH, Touka ¢(f, N) He

54



MOXeT yAaJHTbC OT A Ha paccrtosuHe Goabluee, yem c¢/YN, urto
CTPeMHTCS K HY.JI0 npi N—-oo.

C nomoiubio TeopeMbl 9 Mbl MOXKeM, HCXOAS H3 CHCTeMbl cBOGOA-
HBIX TOUYEK, MOJYYHTH NPOH3BO./bHBIE Jlarpak:KeBbl rOJIOHOMHbiE Me-
XaHHYeCKHe CHCTEeMH.

6.3. Auunzorponuoe Tpenwe. liayweMm c onpeneneHus cua
BSI3KOrO TPeHHs. DydeM TrOBOPUTh, YTO Ha JarpaqiKeBy CHCTEMY
¢ JnarparxuaioM L =(A (9)q-9)/2— U (q) ZeiicTBYIOT CHIH BSI3KOTO
TPCHHUA, €CIH ee ABHXEHHe ONHCLIBAGTCSI YpaBHEHHEM

IL]=—F,’}1 (45)

rie F — HeoTpHuaTeablas KBaJApaTHuHas (GoOpMa MO CKOPOCTAM,
Ha3biBaemas duccunaruenod yuxyued wunu  QyHxuuein Pajes
(J. W. Rayleigh). ITpon3BoiHast OT NoAHOR 3HEPrHH CHCTeMbl B CH-
Jy ypaBHeHus (45) pasia — F. Ecan  dopma F nojoxurtenbho
onpejesnena (B 3TOM cjyyae FOBOPST O CHJIAX TPCHHS C NOAHOL Ouc-
cunayued), To 3HePrusi MOHOTOHHO YObiBaeT Ha BCeX [BHXKEHHAX,
OTJIHYHBIX OT paBHOBecHs. Mb Gynem paccMaTpHBaThb CHAbLI TPEHHS
¢ dynkuueit Pajea Fr=—N(a(q)-4)?/2, rae a — HeKoTOpOe KOBeK-
TopHoe nojae, N=const>0. Jlerko nousats, uro ¢popma Fy BHPOXK-
JleHa W YTO NOJIHAs 3HeprHs CHCTeMB He yObiBaeT JIHIIb Ha TexX ABH-
XeHHusx ¢(-), KoTopbie ya0BNETBOPSIOT ypaBHEHH!O

a(q)-9=0. (46)
Takue ABUIXKEHHSA, OT/NHUHbLIE OT pasnosecuﬁ, KOHCYHO, HEe BcCeraa

cymectBytor. Tpeithe ¢ auccHnaTHBHON ¢yHKuMeit Fy Ha3bBaoT
€lle QHU3OTPONHBIA.

MNycre g(f, N) — peledne ypaBHesHst C HAuYaALHLIM YCIOBHEM,
He 3aBHCAILUM OT N.

Tcopema 10. Ilpy N—>oco Ha KaXAOM KOHEUHOM MPOMEKYTKe
BpeMeHH 0<t</, cyniecTByet npeien

limg (&, N)=q (). @7)

[lpeaeabnas (yHKUH1 yIOBA2TBOPAST CHCTEM?® HRrOAJHOMHBIX
YpaBHeHH{

[L]=%a, a(9)-9=0.

B uwacthoctn, g (f) y10312TBOPART JMHRHNOMY  YPABHEHHIO
ca3u (46). )

Ectn nayansnoe coctosiniie (go, go) BbIOpaTh H3 MHOMKeCTBa
pewieHHH ypaBuenus a(q)-¢=0, to npeaea (47) 6yaer CyecTBo-
BaTh mpH f=0 M cXOAHMOCTb Gy1eT PAaBHOMEPHOH Ha KaKIOM KO-
HeYHOM NpPOMeXyTKe Bpemedd. B obiem civuae 3Ta CXOAHMOCTH
HepaBHOMepHa B uuTepBane 0<i<I/,.

Teopema 10 BuBoinTes u3  H3BecTHO  TeopeMid  Thxonosa
O CHHIYJTADHO BO3MyWICHIBIX CHCTemax (oM. [58], [73]). Haes
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peasin3auMn JIHHeflHbIX N0 CKOPOCTAM CBSI3CH ¢ NOMOUIbK CHJ BA3-
KOTG TPEeHHs N N>PRBIC Pe3V.IbTATHl B 3TOM HaNpaBjeHHH NpPHHAA-
Jexar Kaparteoxopn [144].

PaccMorpum ¢ 3TOil TOUYKH 3peHHs ynOMHHaBuIyiocs B § 2 3a-
J1auyy HeroJOHOMHOI MeXaHHKH O Kayenuu OLHOPOAHOTO wu1apa
BHYTPH BCPTHKA.1bHO NMOCTaBJAEHHONH TPyOul Goabluero paluyca. Jo-
MyCTHM Tenepb, YTO LIAp MOXeT MpPOCKaJb3biBaThb H MYCTh & —
HeHy.1eBasi CKOPOCTb TOYKH KOHTaKTa. BBeaem cuay Bsskoro Tpe-
HHA, NPDHJIOXKEHHYIO K TOYKe KaCaHHA H PaBHyl0 — kv, rpe k=
=const>0. Ilpn pocTaTtoyHo 60/bIIHX 3HAYEHHSIX & ABHXKCHHE
Takoro wapa 6yaer 6.1H3KO K KauyeHHI0 HEro’10HOMHOro mapa H,
¢1e10BaTesLHO, MO KpaiiHeH Mepe, B nepBbie MOMEHTH BpcMeHH
MOKHO OyleT Hab.1i01aTh JABHIKCHHE IIapa C TPeHHeM BBepx Jio
TpybGe.

6.4. Mpucoennnennnie Maccel. PaccMoTpuM ABiXKeHHe HaTypa.lb-
HOIl CHCTEMB! C J1arpaHKHaloM

Ly=;(A@ 4D+ @@-dr—U @),

3aBicslluM ot napavetpa N >0. 3aech cHoBa @ (¢)— Heny.esoe
KOBEKTOpHOE noJje, 3a1aHHOe HA NPOCTPAHCTBE MOJOXKEHHH. .
[lycts g (¢, N)—aBIKeHHE C HAua.IbHLIM COCTOAHHEM os  Gos
TaKuM, 4YT0 @(q,)-gy=0.
Teopema 11 (cm. [83]). Ipu N -+ o0 Ha KakAOM KOHEYHOM
npomexcyTike Bpemend 0 < ¢ <4y cyulecTsyeT npegen
limg (¢, N)=gq ().
N+
lNpeaeavkas dyHnkuus sABAATCH KCTPeMaabIo BapHalHOHHOM 38"
Aaun Jlarpamka O CTauHOHapHOM 3HaueHHH Py HKLMOHAJA
t

L

Ldt, L=} Ag-g—U,
i
C JIHHEMHBIM OrpaHHyeHieM @-g=0.

CieloBaTenbHo npejedbHOe ABIKCHHC ¢ (-) ABASETCH ABINKE-
HHEM BaKOHOMHOM cucremn ¢ (yHkunesi Jlarpawxka L, M co cBA3bIO
a-g=0.

PaccMotpuM 3TOT nmpepeabHsiii mepexoA noapoGhee. Mpu N>0
OGBIYHBLIM CMOCOGOM BBEJeM KaHOHHYECKHE HMMYAbCH

p=Aq+N @-g)a.
Paspewas 3To ypaBHeHHe OTHOCHTENBHO CKOpOCTeft

A'p.a 1 A-'p-a
Ala-a a+l+N(A-'a-a) A'a-a

Ag=p— a,
Mbl BHAHM, 4TO npH N = o0 0HO nepexoaur B PaBeHCTBO
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A-'p.a
Ala-a
C NMOMOIIBI0O KOTOPOro BBOAATCHA HMIYJbLCH B BAKOHOMHOJI MCXaHHKe.

PaccMoTpuM aBmKeHH roOMOHOMHOM cucteMbl npu N >0 ¢ Ha-
YaJbHHIMH JAHHBIMHU

90 =90 pa(O)=po+aa, a€R,

rae po=Ago 4 a(go)-go=0. Korza =0, To moayuuM HavaibHhe
ycaoBusi, 0 KOTOPHIX HEeT peub B Teopeme 11. [Mpu ¢duxcuposannom
3HaueHWH @ Havaabhbie ycaosusi ¢(0) v 9o (0)= A-1(q0) Po (0) ynoB-
AeTBOpAIOT ypaBHenuio a-¢=0 c TouHocThi0 K0 1/N.

aMuabTOHMAH TONOHOMHOM CHCTEMHl ¢ JarpaHxuaHoM Ly paBed
Hy=Hy+O(1/N), rae H,—BakoHoMHas ¢yHxkuna [amuabToHa
(cM. § 4). CaenoBareabio, npu ¢uxcupoBanHoM o u N — oo  cyule-
CTByeT npenesn

Ag=p— a,

lim ga(t, N)=Ga (®), (48)

KOTOpLIf MNpejACTaBAS€T C/AHO M3 IBIXEHW{I BAaKOHOMHOH CHCTeMBL
¢ JarpaHxuaHoM Ly u co csasbio a-g=0.

Ilpu N—oco HauaabHoe coctrosrde ¢(0) H ¢.(0) He 3aBHCHT OT
a, OAHako npelea (48) B cayuyae HEHHTEerpupyeMolx cBsizefi cy-
UIeCTBEHHO 3aBHCHT OT napamerpa a (cM. § 4). Takum o6Gpa3om,
Korfia N BesqHKkO, TO OWHOKH B HaYaJbHHX YCHOBHAX nopsaaxa 1/N
MOTyT NOPOXAaTb KOHeUHble OTKJOHEHHS Ha BpeMeHax f~1.
B 3TOM COCTOHT OAHO H3 KauecTBeHHHX OObACHEHHI HeleTepMHHH-
POBAHHOrO NMOBENEHHS BAKOHOMHBIX CHCTEM.

[Mpumep 11, ITokaxeM, Kak MOXHO (H3HUECKH peasH30BaTh
ABH)XXeHHe BaKOHOMHOTO KOHbKa MO HaKJOHHOH IJIOCKOCTH, H3Y-
yenHoe Hamu B § 4. Jlasa 3Toro paccmMoTpuM ABHXeHHe B 6e3rpa-
HHYHON HAeasibHOH XKHAKOCTH YAJHHEHHOA HeBecOMO# SJJHUNTH-
YeCKON IUIACTHHKH C XKEeCTKO 3aKpenJeHHBIMH TOYKAMH MNOJIOXH-
TeJbHOH MaccH (cM. puc. 7). [lpeanonoXuM, u4TO Ha TOYKH
AefcTByeT JaMub cHaa TsxKecTH. CHMMeTPHs 3ajlayu  AONYCKaer
ABHXKEHHA, NPH KOTOPHIX OCb X TOPH30OHTaJbHA, a OCH Y H 2 MO-
CTOSIHHO JIeXXaT B HEKOTOPOH BEPTHKAJNBbHOR MJIOCKOCTH.

y

Puc. 7
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[lycts © — npoeKuus yrioBoit CKOPOCTH Tesa Ha OCb X, a 4,
U — NpOEKUHH CKOPOCTH LEHTPA Macc Ha OCH y, z. PaccMoTpHM
BHayaJie OBHXKXEHHE 3JJHICOHAA
X2 y? 22
ztgta=1
B OﬂHOPOIIHOﬂ HRHAKOCTH C NJOTHOCTLIO p. KuHernyeckas SHeprus
KUAKOCTH PaBHA

y (Aw? 4 Bu? | Co2), (49)
rae

___1 (62— %)% (o-—Fio) 4
A=3 ZTo—a 1@+ o e 3 P06

B~ b —;npabc, C=-1 %npabc,

2%,

v oa v a
[30—610(3‘}(?1—“—0—, \o=abc(>mv

D=V (@+1(E*+ ) (c2+1).
OrH GOpMYyIH MOXHO HallTH, Hanpumep, B Kudre Jlamba
(H. Lamb) [162].
YcrpeMum ¢ K Hynio U nosoxum b=e, a=g™*. CuHTas e Ma-
JbIM, H3 3THX COOTHOWIEHHH MOXKHO MNOJYYHTb CJEAYIOUlHe acHMII-
TOTHYeCKHe (POpMYJbi:

») 4
~ - Tost— B-= ~ — 2—-a
A~ e mpet=e, -B=0, C~ = mpe®~c.

Takum o6pasoM, ecan 2<<a<<4, to A—0, a C—oo npu e—0.

Kunernyeckass SHeprusi CHCTeMbl «TeNI0O-3KHAKOCTb» KMEET TOT
xe Bua (49), Tonbko K A Hazo N06aBHTb MOMEHT HHEPUHH TeJa
OTHOCHTEJbHO OCH X, a K B u C Hano no6aBHTb Maccy teaa. B uro-
re npu e~>0 BeaHuyHHst A U B 6yayT CTPeMHTbCS K KOHEWHHIM npe-
JdenaM, a C—oo. Takum 06pa3oM, Mbl HAXOAHMCH B YCJOBHAX TEO-
peMul: npu e—>0 ABHXKeHHE NJHNTHYECKON NJACTHHKH C HadaJbHOH
ckopocTbio U(0) =0 Gyzer CTPeMHTbC K ABHXKEHHIO NpelenbHOR
BaKOHOMHOH CHCTEMHL.

6.5. TlpHcoeauHenHble MACCHl H AHH30TPONHOe TpeHue. Paccmort-

PHM MHOTOMEPHYIO HaTypPaJbHYI0 MeXaHHYECKYl0 CHCTeMy c Jar-
paHXHaHOM

Lv=7 (A@) -9+ 35— @@ +V ().

[MpeanonoxuM, 4TO, KpoMe NMOTEHUMAMbHHIX CHI C CHAOBOH (YHK®
uuet V, Ha cucreMy AefiCTBYIOT CH/bI @HH3OTPOMHOTO TPEHMA C THC-
cunatHeHO! ¢QyrKU el Panea

Fv=tF@()-r.
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YpaBuenue ABmkeHus HMeeT BHA ypaBHenus Jlarpauxa
[Lv]=—F,; .

duxcupysa 3Havenus napametpos o >0, B >0, ycrpemum N «
GeCKOHEYHOCTH.

Myctb q(¢, N)— pelueHHst ypaBHeHHA ABWXKEHUA C He 3aBHUCH-
wuM  OT N nauanbHLIM COCTOSIHHCM, YAOBAETBOPSAIOLUIUM YPAaBHEHHIO
a.q=0,

Teopena 12 (cu. [84]). Tlpy N> oo HA KaXKAOM KOHEUHOM
NPOMEXYTKE BpPEeMEHH CYLIeCTBYET npejen

Al,imq(t, N)=q(¢).

l'lpenemzﬂoe ABHXeHHe é(-) BMECTE C HEKOTOpOil «COnpsDKEHHOM»

Gbyuxuuei p(-) yRosaersopser AuddepeHUHaNLHBIM YPABHEHHAM

. oH _ A-'p. . OH

=—5g —H e 9=4p° u=% (50)
rae H(p, q)— ¢ynxuus ['aMHALTOHA BAKOHOMHOA CHCTEMH C JarpaH-
sxuaHoM Ly u co ceasbio a-g=0.

M3 Broporo ypasuenus (50) creqyeT, 4TO mpeAenbHOe JABHe-
aue ¢ (-) yRoBaeTBOpseT ypaBHenuio a@-¢==0.

IMpu p=0 Teopema 12 cobmagaer c Teopemo#t ]1. B apyrom
npeAenbHOM CJrydae, KOorja OTHoluesyge p=[/a BeJHKO, VpaBHeHHS
(50) 6ymyr cuurynspuuiMH. Crepys obuieMy METOAy HCCJeNOBaHHA
TaKHX ypaBHeHH#, npu a=0 3 (50) MOJYYHM «ynpolUeHHOe» YpaB-
HeHHe

_A'pa
A-m=0.

HNuddepenunupys ypasHeHus Ag= p—Aa N0 BPEMEHH H YYHTH-

Bas ycsaosue A=0, 6ynemM HmeTb
(L) =(Ag) =p—ha—Ad= — H'g—ha=Lo,— ha.

3T0 COOTHOLIEHHE BMECTe C ypPaBHEHHeM CBSA3H SBJSAIOTCA 3aM-
KHYTOM CHCTEMOH HEroJIOHOMHHX Yypasuehuit. Mcnosib3ys teopemy
THxoHOBa, MOXHO NOKa3aTb, YTO MNpPH u—>+00 peuleHHs
ypaBHenuit (50) HAeficTBHTENbHO CTPEMATCH K pelleHHSM HeroJo-
HOMHHIX ypaBHEHHH.

[pr xaxpgom ¢uKCKPOBaHHOM 3HadeHHW NMapaMeTpa p YypaBHe-
Hua (50) MOXKHO paccMaTpHBaTh KaK ypaBHEHHA ABHXKEHHA MeXa-
HHuecKofi cHcTeMH ¢ QyHkuuedt Jlarpanxa Lo u 0o CBA3BIO G-g=
=(. TakumM o6pa3om, MH HMeeM lejoe ceMeHCTBO BHYTpEHHe He-
NPOTHBOPEYHBHIX MaTeMaTHYEOKHX Mojesell ABHKeHHA. Kaxnasa u3
HHX SBJAETCA CHHTE30M TPAJHUHOHHOA HErOOHOMHOH MEXaHHKH,
ocHoBaHHON Ha npHHuune [lanam6epa—Jlarpanxka, H BaKOHOMHO#
AKHAMHKH, B OCHOBY KOTOpO# NOJIOXKeH BapHAUHOHHLIH NPHHUHN
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FamuabTona. Bonpoc o Bbi6Ope MOAENH B KaXAOM KOHKPETHOM
cayyae MoxeT OBITb PeUIeH TONbLKO C NMOMOLLBIO 3KCMEPHMEHTOB,
O6cyxaenHe 3THX BONPOCOB MOXHO HaiTH B paGore [84].

6.6. Maanle maccel. B 3aknioueHHe OOGCYAHM KOppeKTHOCTb
o60o6iwennoro raMHabToHOBa ¢opmanusma Imwpaka. Kak yxe oT-
meuasoch (cM. § 5), cBA3u B $a30BOM NPOCTPAHCTBEe MOABASIOTCH,
HanpuMep, B TOM CJy4Yae, KOrla JlarpaHXHaH BHPOX/IEH Mo CKOpO-
cTaM. B cBSI3H C 3THM Mbl PAacCMOTPHM TOJOHOMHYIO CHCTeMy C
¢yHkuuein Jlarpanxa

Lo=Lo(d ¢ Q+ 2L +eLi(4 9. Q) gER", QER,

rie e—wmanuiii napamerp. ®ysxuus L, npeanonaraercs HeBblpoX-

JAEHHO# 1o ¢.

Mpn €=0 Gynem umeTh BLIPOXIEHHYIO CHCTeMY. [TepBuuHoii
cBasbio (no Jlupaxy) cayxut ypashewwe P=0, rae P=L ;.
YcaoBre COBMECTHOCTH AaeT HaM BTOPHYHYIO CBH3b

{P. H}=—He=0, 1y

rae Ho(p, ¢ Q=p-9—Lo|;.,

IMpeanooxuM, uto Q=f(p, g) — pewenne ypabHenus (51).
[Tocae 3Toro BTOpHUHYIO CBSi3b MOXHO NPeACTaBHTb B BHJe ypas-
weuus ¥=Q—f(p, q) =0, npuuem {P, ¥} = —1s~0.

Famuabronnan dupaka o6 saBaserca cymMmoi Ho+AP+
+p(Q—f); Ko3bPHUHEHTH A H p OAHO3HAYHO HAMAYTCH H3 YCJO-
BHil COBMECTHOCTH

(P, 36)={P, H}—1=0, {Q— f, H#}=—{f, H)—h=0.

Orciona mnoayuaeM, uto w= — Hog, A={H, f}. Ypasuenus Tla-
MUJILTOHA CO CBR35IMH, OYEBHIHO, NPUMYT CJEAYIOWMH BUA:
p=—Hw ¢=FHyp P=0, Q=7, (52)

rae Hy(p, §)=H,(p, ¢, Q)lo=;- PyHxnua aMunbToHa moaHoH cuc-

temsl (npu €s£0) pasHa Ho(p, ¢, Q)+ P2/ 2e4-eH,(p, g, Q, €).
CooTBeTCTBYIOUWHE KAHOHHYECKHE YPABHEHHA CYThb

p=—Ho—2H\ §=Hop+eHp, (53)
p=—H(;Q—BH;Q, Q="~Pye.
Mpeanoxenue 16. Ecam Hogolo~;#0, To ypaBuenus (53)

ZONYyCKalOT €AUHCTBEHHOE pelleHHe B BHjAe CpOpMaJlele pa10B no
CTeneHaM &

p=po(&)+ep ()4 .... g=qo(E)+eq(t)+...,
P=eP ()+.... Q=1 (po(t) qo(t)+2Q(O)+ ...,

rae po(f), qo(f) — Hanepea 3ajawHoe peleHHe ypaBHeHuil (52).
K coxanennio atu paam He Bceraa cXomsTcs. B ciydae, Korja
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Oyukuua Ho we 3aBucar ot Q, ypaBHeuHs (53) nepecTaioT 6uTh
CHHryJSIPHBIMH: BMECTO HMMNyJbca P c/efyer B3fTb HOBYIO mnepe-
MeHrHylo P/e. Pellenns 3THX ypaBHeHHIl MOXHO TOr4a MpPeACTaBHTH
B BHAe CXOAAILHXCA CTENEHHBIX PAKOB, NPHYEM HadajbHHE YC/o-
sua Q(0) u Q(0) moryr 6uTb npouaBonbHuMH. MiMeHno Tak 06-
CTOHT [&J10 B «OrPaHHYEHHOM» 3ajaye n TeJ, KOrja Macca OJHOro
H3 HHX CTPEMHTCH K HYJIO.

Takum o6pasom, mexanuky JlHpaka MOXHO TPaKTOBaTh KaK Me-
XaHUKYy Majabix Macc. B npoTHBONOMIOXXHOCTL 3TOMY, BaKOHOMHas
MeXaHHKa, Hao60poT, YAOGHA AAs ONHCAHHA HLHHAMHKH GOJBILKX
macc.

YTBepxaenus 3Toro naparpaga MOryT CJAYXKHTb MOTHBHPOBKOI
HAWHX TEOPETHYECKHX MOCTPOEHHi, KacalolHXCa AHHAMHKH MeXa-
HHYECKHX CHCTEM CO CBSI3SIMH.

Trasa 2
3AJAYA n TEJ

§ 1. 3anaya aByx Tea

1.1. Op6urw. ITycts nBe Touku (r;, m;) u (ro, mp) B3auMOAeii-
CTBYIOT MeXAy ©00oi ¢ noTeHuHaabHOit 3sHeprueit U(|rj—r2|)
TaK, YTO YPaBHEHHS JBHXKEHHS HMEIOT BHA

. dU .
m1f1=—d—rr. m2r2=—'—

[Ipeanoxenne 1. HamveHeHHe OTHOCHTENbHOTO pajHyC-
BEKTOpa r=r,—r; B 3ada4e 068yx Ten Takoe e, KaK NpH ABHXKe-

HHH TOYKH MaccHl m=mymy/(m;+my) B WEHTPAJbHOM CHJOBOM
noJie ¢ norenunanom U(]r]).

Ecan
t= mary +mr,
m, + i,
GapULLEHTP TOYEK M, H M,y TO, OYEBHAHO,
m - m
rl=§+_;r' l"2=g——-‘—-

mg + my my +m,

Hs stux ¢opmysn BuTekaer, uto B GapHUEHTPUUECKOH CHCTeMe
OTCYETa TPaeKTOPHH MAaTePHAJIbHHIX TOYEK ABJAIOTCA NJIOCKHMH Mo-
MOGHBIMH KPUBHIMH (¢ Ko3dpdHuHenTOoM NMOAOGHA my/my). Hrak,
3a1aya CBOAHTCA K HCCJIeJOBAaHHIO OQHOrO ypaBHEHHSA

. ouU
mr=—%7, reRe.

[TycTs X, y-— RexapTOBol KOOPAMHATH B IJIOCKOCTH OPGHTHI.
Torna K,=m (xy— yx)=const. B noJspHHX KOOpAMHAaTaX X=
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=rcos®, y=rsin®, oueBnAHo, K.=mr2p. CaegoBare’bHo,
r?p=c=const. Eciu ¢=0, To ¢=rconst (Touka Asmxercs mo nps-
mof). Byaem cuurath, uto ¢%0. B 3TOM Ciayyae ¢ — monoTOHHAR
bynkuua ¢ u, CAeAOBAaTeJbHO, CyllecTBYeT oOpaTHas ¢yHKLUS
t=1¢(9). llpu ABMXKEHHH TOYKH M e€e paAHyC-BeKTOp 3ameTaeT
HeKOTOPLIi KPHBOJIHHEHHBIAI CEKTOP C NJOWAAbIO

1 o 1 e, ¢
Swy= \ rrav=(riat=1.
©{0) 0

Takum o6GpaszoM, S=c/2=const («ceKTOpHasi» CKOPOCTb MOCTOSH-
Ha). D10T ¢akT Ha3bBalOT OOHLIYHO UuHTezpanrom naouwyaded HAB
eropoim 3axkonom Kenaepa (J. Kepler), a nocrosHnyio ¢ — nocro-
SAHHOH nJollajei.

Mpeanaoxenne 2 (Hbloton). Ilpu ¢uxkcupoBanHom 3Haue-
HHH MOCTOSIHHOH nJaouwlajed ¢

i oUc mce*
mr=—71 UC=U+2;’: (r>0). (l)

JTO ypaBHeHHe ONHCHIBAET ABHXKEHHE TOYKH MacCH 7 Mo mnpsi-
Mot R={r} non neficTBHEM MNOTEHLHAABHOA CHJLI C IOTEHLHAIOM
U,. C nomolllblo HHTErpasia HEepruH

mr?

—2—+Uc=,l
OHO HHTErpupyetrcs B kpaapatypax. ®yuxuua U, na3viBaercs npu-
BE0CHHUM NOMEHYUANOM.

C noMmOULbIO HHTErpa/tioB 3HEPTHH W TVIOWLAAE MOXKHO HAHTH
ypaBHeHHe OpOHT, He pewas YypasHenua (l). [efictButeabHo, Tax
kKak r=V2h—-U)Iim u r’9=c, 10

ar drdt 11/ 20—U)
dy dtdy ¢ m
Vinterpipysa 3to ypasHeHHe, MOAY4YHM

’ cdr
= - .
. ]/ 2(h—=U;)
r m
[lpu BeINKCACHHH OPOUT HHCTAA MOJE3HO MMEThb B BHAY

Mpeanoxenune 3. (Krepo (A. C. Clairaut)). Ilycts p=1/r
H p=p(4)— ypaBHenue opbutui. Toraa

[Tpy  GukcHpOBaHHBLIX 3HaYeHHWAX R W ¢ OpOHTA 3aK/IIOYEHd
B obaactu

Be w={(r, MEREU + 35 <h },
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asasioweficas o6beAHHEHHEM HeCkoaMbKHX Kodell. [Ilycts h — ne-
KPHTHYECKOe 3HauyeHHe NpHBeldeHHoro noreHunana U, u obaacts
Be, n coBnanaer ¢ koabuoM 0<<r<Cr<Cro<<oo,
INokaxeM, 2T0 B 3TOM cJyudae r(!) — nepuoaAHdecKas PyHKUHs
BpeMeHH, NpHYeM
minr(¢)=r,, maxr(t)=r,.

Jaa goka3aTenbcTBa MOMOXKHM

r d re d
u-_--"i ——_;—_, T= ____x_.
¥ / l h—U V2
)V (=Ucx OV mh—Ue()
OueBuAHO, YTO 7 (4)—nNepHOAMYECKasns (YHKUMA X C NEpHOAOM 27t
H u=x/v=const. [lepuoa ¢ynxkuuu r(-) paBeH, O4eBHAHO, 2T.
Yron ¢ H3MeHseTCA MOHOTOHHO (ecsH, KoHeyHo, c7<0). Touku
Ha op6HTe, HauMeHee YyAajleHHBe OT WEeHTpa, Has3HBalOTCA nepu-
yexTpamu, a Haubojee yAaJieHHbe — anoyenrpamu. Op6HTa CHM-
METPHYHA OTHOCHTEJbHO NPAMBIX, MPOXOAALIHX 4Yepe3 ToMKy r=0
H neprUeHTpH (anoueHTpn). Yroyt @ MexAy HanpaBJleHHAMH Ha
COCEeJiHHEe aMOLEeHTPH (MEepHUEHTPH) Ha3HBaeTCA ancudasbHbIM
yeaom. Op6ura HHBapHAaHTHAa OTHOCHTeNbHO noBopora Ha yroa O.
Ecan ancupanmbhbiit yroa

rs d

PYCY U S
: l""l/ /;n (h—Uc)
1

COH3MEpPHM C T, TO OpOHTa 3aMKHYTa. B npoTHBHOM cJayyae OHa
3amosiHAeT Koabuo B, , Bcioay naotHo. Ecaun rp=o0, T0 Op6HTA He
orpaHuyeHa.

Puc. 8. Op6nta B HeuTpabHOM noje

JiBHXKeHHe TOYKH NO OKPYXHOCTH r=ro Ha3blBaeTCA OTHOCU-
TeabHoiM pasrosecues. OUeBHAHO, YTO Takoe ABHXKEeHHe paBHOMep-
HOe H 3HAYEHHA ro COBMajlalOT C KPHTHYECKHMH TOYKAMH npHBse-
zenHoro noreHuuana Uc. Ecan B Touke r=ro dyukuus U, nveer
JIOKaJIbHHH MHHHMYM, TO COOTBETCTBYlOIllee KPYroBoe ABHXKEHHE
OpGHTANbLHO YCTOHYHBO.
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Teopema 1 (Beprpau (I. L. F. Bertrand)). ITycrs npu He-
KotopoM ¢7<0 HMeeTcs YCTOiiYHBOE OTHOCHTEJbHOE PaBHOBECHE H
notenuHaa U. anaautnyedn npu r=>0. Ecau Bce OpOHTH, AocTaTou-
HO 6JH3KHe K Kpyroso#, 3aMKHYTH, TO U ectb AuGo —yr3, au60
—yir (v>0).

B nepBom cJayyae CHCTeMa SIBJASIETCS TapMOHHYECKHM OCILHJ-
astopoM. OpGHTaMH SABJASIOTCA JAJMHICH C LUEHTPOM B Touke r=0.
Bropoit cayyaii cooTBeTCTBYyeT rpaBHTALKOHHOMY NMPHTAXEHHIo. 3a-
Jdaya 0 ABHXKEHHH TOYKH B CHJIOBOM noJie ¢ noteHuxansom U=—y/r
o6bluHO Ha3bnBaeTcs 3adaved Kenaepa.

%

:fa r
|
”' b =

Puc. 9. TNpusenexnuift norexunan 3azaun Kensepa

[TpuBeneHnbiit noTeHuuan 3anauu Kennepa paseH

¢’ hil
UC= —_F -_— 7-
CoramacHo ypasuenuro Kaepo (npennoxetue 3) -ﬁp—=—p+-3--
yp 14 p 4 d¢? c?

D10 AuHeRHoe HEOZHOPOJHOE YpABHEHHE JErKO pellaeTcs:

p=Acos(@—)+ & =5 (I+ecos @—%), @

p
e e n 9, —HeKoTopse nocrosuune, p=c?/y>0. Orciona
r= P
14 ecos (¢— )

H, cJe10BaTeNbHO, OpOGHTH 3afayn Kensiepa — KOHHYECKHE CeYEHHS
¢ ¢okycoM B MpHTArHBaioUWleM UeHTpe (nepebud 3axon Kenaepa).

[Mpu ¢uxcupoBaHHOM c7#0 cyliecTByeT eAHHCTBEHHOe OTHOCH-
TeJbHOe paBHOBeche ro=c2?/y. Ero sueprus ho= —y?/2c®> MHHH-

ManbHa, C momouubio npocToit GpopMyanl
W =24 1= 2 (2 +p"), P’=%

mn'erpan SHEPruH MOXHO 3anucatbh B cjaelyiolleMm Buae:
c? a
5 @ +pY)—vyo=h.

MosictaBasa B 3ty ¢opMmyay ypaBHeHHe OpOMTH (2), noayuum
BHpaxenue a1 dxcueirrpucnureta e=) 1+42c2h/y2. [Tockoabky
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h>ho= —¥2/2¢?, TO 3KCUEHTPHCHTET NpPUHUMAET TOALKO HEACTBH-
TeJbHLe 3HaYeHHs.

Ecin h=ho, 70 e=0 u opbura kpyroBas. Ecin ho<<h<<0, 1o
0<<e<l. B arom cryyae opbHTot 6yaer suiunc. Ecan h=0, 10
e=]1 H op6uroii apasfercs napabona. Ilpu A>0 6ynem HMets
e>1. B atoM cayuae TOUKa ABHXKeTcs mo OAHOA H3 BerBefi TH-
nepOoviHL.

Ha pucynke 10 usobGpaxeno G6ugypxayuonnoe mnoxcecreo X
Ha MJIOCKOCTH napameTpoB ¢, h. OHO COCTOHT H3 KpuBOfA h=
= —y%/2¢2 u AByXx KOOPAHHaTHHX NpsmMux ¢=0 u =0, B Toukax
Z NPOHCXOAHT nepecTporKa objacTell BO3MOKHOCTH JABHXEHHA
B, n (Ha pHCYHKe OHH 3alITPHXOBAHH).

@

~

® %
o \|7'

Puc. 10

B cayyae rapmMOHHYECKOTo OCUHANATOPa nepuoA obpaiuenus no
op6HTe He 3aBHCHT OT HayaJbHOTO COCTOsHHA. B 3anaue Kennepa
310 He Tak. [/ SNAHMTHYECKHX ABHXKEHHH CMpaBelIHB <«TpeTudl
3akon Kenaepa»: a®/T?=vy/4n®=const, rie a — Goviblilas MOJyoCh

y
saaunca, T — nepuon obpatetus. [Tockovbky a=-—-—-lfe.=2—‘|m'
TO NEpHOJ 3aBHCHT JHILb OT NOCTOAHHON SHEPrHH.

1.2. Axomaaun. [las noanoro pelleRus 3anaun Kennepa Ham
0CTaNoCh HAliTH 33KOH ABHXEHHS MO YXKe H3BECTHHIM OpPGHTaM.
HanpaBum OCH x H y NO IVIaBHBIM OCSiIM KOHHYECKOTO CeYEHHH,
npeacrasasioulero op6uty. Ee ypaBHeHHe MOXHO NpeACTaBHTb B
ciaeaypueMm napame‘rpuqecxom BHAE:

x=a(cosu—e), y=al T—esinu O<e<1), ecm k<O,
x=a(chu—e), y=aVer—TIshu (e>1), ecmu £>0, (3)
x=%(p—-u2). y=Vpu, ecmn h=0.

BcnoMorarenbHas nmepeMeHHas 4 B acTpOHOMHH Ha3nBaeTcs
SKCYEHTPUYECKOU aHOMaAued, a Yyrol @ MeXAy HanpamieHHeM Ha
nepHUeHTp Op6HTH (OCb X) H pPafHYCOM-BEKTOPOM TOYKH — UCTUN-
HOU aHomarued.
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Puc. 11
HmeloT MecTo caepyiomne GOpMyaH:

l4e u
l—e tg?.

u
123
rae h<0, >0, h=0 coorsercTsenno. [loacraeass dopmyan (3)

B HHTErpaJa naolwlanel Xy — yx=C¢ U HHTErpHPYH, NOAYUYMM COOTHO-
LIeHHA MEeXAY BpeMeHeM H 3KCUEeHTpHYeCKo# aHoMaJuen:

u—esinu=n(t —ty, n=l/l' ecan £ <0,

p312‘
u—eshu=n(t— 1ty n=—¥ﬁ'§—; ecau h >0,
ut _2Vy. _
u+§;——n(t—to), n= 7 ecau h=0.

3nech {o— BpeMsi MPOXOXKAEGHHSA TOYKH yepe3 MNEPHUEHTP. DTR
ypaBHeHHS (BO BCSIKOM cJyyae NepBOe) Ha3HBAalOT YPASHEHUAMU
Kenaepa. Jluneiinan ¢pynkuua {=n({—t,) HasbiBaeTcs O6LIYHO cped-
Hed anomaaued.

Takum o6pa3oM, B 31IHNTHYECKOM Caydae 3agauu Keniepa Mu
JOJIXKHB PelUHTb TPaHCLUEeHAeHTHOe ypaBHeHHe KenJepa

u—esinu=t,

ficno, uto nmpr 0<e<l OHO HMeeT aHaJHTHYECKOE peLIeHHe
u(e, ), npuyeM pasHocTb u(e, {)—{ nmepHOAMYHA MO CpeAHed aHO-
Manuu { c nepuoaom 2n. Oas Toro, uto6H NpeACTaBUTb PYHKUHIO
u(e, t) B yno6HOM A5 BHYHC/NEHHI1 BuAe, MOXHO H36paTh ABa NMyTH:
(1) pa3jaoxHTb pa3HOCTb u—f NpH PUKCHPOBAHHLIX 3HAUEHHAX
e B pan ®Pypbe no { ¢ 3aBHCALUIHMH OT € KO3pPHUHEHTaAMH,
MOXXHO NONKTaTbCA NPeAcTaBHTL u(e, {) B BHAe pana no
CTEeNeHsIM 3KCUEHTPHCHTETa e C KO3PPHUHEeHTaMH, 3aBHCAIIHMH
oT f.
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B nepsoM caydae

u=C+2z !&gﬁ-sinmc. )
Mme=]
rae
2n 00
1 (—=1)k(z/2)m+2r
Im(2)=357 S cos(mx—=z sinx)dx=.zo—kT)(—m-W
o -

(m=0,1...)—

pynxyuu bBecceas m-ro nopsiaka. «TH QYHKUHH HCNONb30BANHCH

INHPOKO KaK pa3 B paccMaTpHBaeMolfi 3anaue camuM Deccenem

(F. W. Bessel), a Takxe Ha noJcroJjerHe paHblue Jlarpanxems»'.
Hoxa3atenbcTBo (4) OCHOBAaHO Ha NMPOCTOM BLIYHCJEHHH

2=a o 2n
du 1 _ 1 S dt, 2 cos m{, S cosmfdl __
a;  T—ecosu 2x T—ecosw T P l—ecosu
0 m=1 0
N 2n ©0 C2:!
cosm
=7 DS da+’§l—u-§ cos [m (u—esinu)] du=

=1 +22 1, (me)cos mt.

me=]

Ocraetcs npouHTerpHpoBaTh 3Ty dopMyay mo &.
Ipu BTOpOM moxxone GyaeM HMETb Pa3/OXeHHe

u(e, =2 ca® £, ®

rae
0™y (e,
em (=50
HUcnoab3ys u3BecTHYI® GOpPMyay JAOKaAbHOTO OOPAILEHHS [OJO0-

MopbuuX ¢ysxuuit Jlarpanxa?) moayuum ¢opMyay ans kosdduuueH-
TOB 3TOrO paza:

e=0

m=1
co(5)=%; cm(§)=%:sin"‘€. m>1.

PYHKUHH Cm({) — TPHrOHOMETPHUYECKHE  NOAHHOMH  CpeaHeil
aHoManuu §. IlepectaBass unennl paga (5), MOXHO MNOJYYHTH
paszaoxenue (4). Mmenno takuM nytem Jlarpaux npuuea k ¢op-
myJae (4).

ITo Teopeme o HemBHON GYHKUHH (C yueToM nepHOAHYHOCTH
u(e, t)—t) paa (5) cxoautcs Ha Bceit uncaOBON npsaMoil LER npu

) CM. Yuutuep (A. Wintner) [42].

 Monyuennyio Jlarpaikem Kak pa3 B CBA3H C pelleineM ypabuends Ken-
Nepa.
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Maabix e. JletanbHbiii aHanH3 pasnoxeHus (4) noka3wBaer, 4TO
paan Jlarpanxa cxouurca npH e<0,6627434 ... Y.

1.3. CroakHoBewus W peryispusauus. Bolile npeanosnaraocs,
YTo MOCTOSHHas maowiageit ¢#0. [Monoxum Teneps c=0. [IBHXe-
HHe TOYKH OyneT NpsAMOJHMHEHHBIM H MOXHO CHYHTaTh, YTO OHO MPO-
HCXOAHT BAOJb OCH x. EcH B HekoTOpbiii MOMEHT BpeMeHH CKO-
POCTb X HanpaBjeHa K MNPHIATHBaloLleMy UeHTPy, To x(f)—0,
X(t)—>oco npu npubaHXKeHHH ! K HeKoTopoMmy fp. TakuMm o6pa3om,
B MOMeHT {={, NpOH30iilleT CTONKHOBeHHe ABYX Ted. OueBHAHO, 4TO
npu ¢=0 ¢ynkuua x(f), t€R o6s3aTelbHO HMeeT OCOGEHHOCTD
yYKa3aHHOro BHAA.

IMokaxceM, uTO SKCLUEHTPHUECKasi aHOMaJHsi 4 SBJSETCH pe2y-
Afpusyouield NepeMeHHOH, ycTpaHsioulefi 0COOGEHHOCTb  aHAJIHTH-
yeckoit GyHKUHH x(f). Ecan ¢=0, To e=1 B 3JAHNTHYECKOM H TH-
nepbonnvyeckoM cnyuasx H p=0 B mapabonnyeckom ciayyae. Cie-
JIoBaTeNbHO, opMyan (3) 3anHuyTcs B CAeAyloLieM BHIE:

x=a(cosu—1), x=a(chz—1), x=—— (6)

B coorserctBHH ¢ 3THMH ¢opMynamu npH h<0 CTONKHOBEHHE
HMeeT MecTO NpH u=2nk, k€Z, a npu h>=>0— tonbko npu u=0.
B sanuntHyeckoM cayyae TOXe AOCTaTOYHO PacCMOTPeTh Cayyai
u=0.

IMonoxum nna npocrotm fr=0. U3 ypaBHennii Kennepa (npu
e=1) Jnerko NonyduTb, YTO B OKPECTHOCTH TOYKH u=0 cnpasen-
JIHBO PasJoXKeHHe

t=udf(u),

rae f-— aHaJiHTHYeCKass (QYHKUHA B OKPECTHOCTH HYyJs, MNpHYEM
f(0)£0. M3 (6) BhTEeKaeT aHaNOrH4YHOe NpeACTaBJIEHHe

x=u’g(u)

¢ aHanuTHyecko#t ¢yHKuHeit g u g(0)s=0. HWckaiouas H3 3THX
¢GopMy1 3KUEHTPHUECKYIO aHOMAJHIO 4, MOJAYYHM pasioxeHue [Tio-
u3e (V. A. Puiseux):

oo
3 - N\ 3,
2= Y e (V).
ne=0
Kosdpduunentn ¢, ¢ HeyeTHHIMH HOMepPaMH, OUYEBHAHO, pas-
HH HyJ10, a co#0. CaenoBarenbHo, x(!) — 4eTHas QYHKUMA Bpe-
MeHH, T. e. JABHXYUIasic TOYKAa OTPa’KaeTcA OT NPHUTATHBAIOUIEro
HUeHTPAa MOCJNe CTOJAKHOBeHHA. Ecnu nepemeHHble x H { paccmar-
PHBaTb KaK KOMIUIeKCHble, T0 =0 saBasieTcs aare6pandyeckoi Tod-
KOif pa3BeTBJeHHs aHaJHTHYeCKOil ¢yHkuuu x(f). B Touke croak-
HOBeHHSl =0 CXOAATCA TPH JAMCTa €e PHMAHOBOH TNOBEPXHOCTH,

') «3aMeTHM, uTO OCHOBHBIM TOIMKOM, npHBeXwiM KOwH K OTKpHTHAM B
TEOPHH (QYHKIKA KOMMAEKCHOrO TiepeMEHHOTD, MOCTYXKHAO ero jKe.laHHe npo-
BeCTH y10BJ€eTBOpHTe b anasm3 uMenno psaa Jlarpaxka» (Vuatuep [42]).
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npuueM AeifiCTBHTeNAbHHe 3HaueHHs x(f) npH >0 u t<0 nexarw
TOAbKO Ha oAHoM JHcte. CieloBatenbHo, pyHkums x(f) monycka-
€T eIHHCTBEHHOE BellecTBeHHOe MpopoKeHHeV.

B 3akalouenue ormeruM pesyabrar Doauna (K. Bohlin), ka-
calollHiics peeyaspu3ayuy 3ajlayd ABYX Te B OOLEeM 3JaHNTHYE-
cKoM ciayyae (koraa h<0).

BBoas KOMNJeKCHoe TNepeMeHHoe Zz=x-+iy, ypaBHEHHe 3alauB
Kenaepa nepenuiueM B ClieAyiolleM BHAE:

P LA
£ EZ
a4 HHTerpaJ 3HEeprux
j212 v

ChenaeM 3aMeHy He3aBHCHMOA nepeMeHHOR 2—>m M BpeMeHH
¢t -1t no ¢opmyaam

z=w?, =Sl =40 |=4|2]. ®)

3anuiueM ypasHenHe (7) B HOBHIX NEPEMEHHHX @, T:
Lot |
LASVIRTITS ©
Orciona w”+8(h|w=0. 310 ypaBHeHHe ONHCHBaeT KoneGaHRz
rapMOHHYECKOTO OCLMJAATOPa. TakuM 0o6pasoM, HeanHefHOe 0T106-
paxende (8) mnepeBoaHT Op6uTH 3aaaun Kensepa ¢ NOCTORHHOMN
sHepruefi 1<0 B Op6HTH TapMOHHYECKOr0 OCUHJNIATOPA, Pacnono-
MeHHHe Ha 3HepreTHueckKoM yposHe (9). DTOT BHBOA YAAYHO A0-
noauser Teopemy bBeptpana.
Peryasipusupyiouiasi nepeMeHHas T JAWHEAHO 3aBHCHT OT 3IKC-
HeHTPHUECKOH aHOMaJHH u. JleACTBHTEJNbHO, TaK KakK

|z|=r=a(l—ecosu) u nt=g—esinu,

TO
du n na

__r_

at T T—ecosu ’
OTKyaa u=4nar.

1.4. Teometpus 3anaun Kenaepa. Mosep (J. Moser) 3sametha,
YTO ¢ NOMOIIbIO NOAXOARMIeHl 3aMeHH BpeMeHH ¢a3oBHA NOTOK
KeNJIepoBoii 3a1aYH MOXHO Npeo6pa3oBaTh B reoje3HYecKHi NOTOK
Ha NOBEPXHOCTH NOCTOsIHHON KpuBH3HH. Ilpu wW3noxenun 3toro
pesyabTaTa Mul GyzeM cnenosats 0. C. Ocunosy (YMH, 1972, 27
B. 2, 161).

Jemma 1. ITyctb x(¢) — pellleHHe FaMHJIbLTOHOBON CHCTEMH C
raMHJbTOHHaHoM M (x), pacnoioxeHHoe Ha yposHe H=0. Caena-
eM 3aMeHy BDeMeHH {— T BAOJMb TPaeKkTopuit no dopmyne dv/dt=
=G-1(x) 0. Toraa ¢yukuua x(t)=x(t(r)) ABIAETCHA pEILEHH-
eM TaMHIbTOHOBOH CHCTeMbl (B TOH XKe CHMIIEKTHYECKOH CTPYK-

) PeryasipH3auusi CTOAKHOBEHHA B 3ajaye ABYX TeJ BOCXOLHT K Jiitepy.
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Type) ¢ raMHJbTOHHaHOM H=HG. Ecnn G=2(H+a), TO MOXHO

nonoxuts H= (H+a)?

3anuieM ramuabToHHaH 3ajaun Kensepa B o6o3HadeHHsX
n. 1.3: H=|p|?/2—y|z|. p=2. Cpenaem 3aMeHy BpeMeHH T'=
=|z|-! na mHoroo6pasuu H=~h (cp. ¢ dopmyaoii (8)). CornacHo
JeMMe 1, 3To cooTBeTcTByeT nepexody K (pyHKuMH TamuabToHA
|zl (H—h) =|2| (|p|>—2h)/2—y. Cnenaem eile oaHy 3aMeHy
BpeMenu t —’t, d'v/dv=2(|2|(H—h)+y) Ha TOM Xe ypoBHe
H=h. B urore 6yneM HMeTb FaMHJIbTOHOBY CHCTeMYy C ¢yHKuUHEH
FamuabTOHA

A=2|*(1p|*—2h)*4.
BunoauuM, HakoHel, npeo6pasoBanue JlexaHApa, cuHTas p — Ko-
OpAHHATOH, a 2z — HMNYJbCOM. B pesyibraTte nojayyuM Hatypalb-
HYIO CHCTEMY C J1arPaHXHaHOM
__tpr
L=w=rm (10)
Ota OQyHKUHMA 3ajaeT PHMaHOBY METPHKY MOCTOSIHHOH rayccoBoil
KPHBH3HH (M0JIOXKHTeAbHOU npu h<0 H oTpHuaTenbHO# npu A>0).
B cayyae h<0 reogesnuyeckne MeTpukH (10) (onpeaneneHHoH npu
Bcex pER?) sBasioTcs o6pa3aMH GOJbWIHX KPyros chepn npu cre-
peorpaduueckoi npoekuuH, a B caydae h>0 (meTpHka onpenese-
Ha B Kpyre |p|2<2h) reonesuyecKHe SBASIOTCH TNPAMBIMH MJIO-
ckocTH JloGaueBckoro (B moaeau [IyaHkape).

3ameuanue (A. B. l'msentans). [lycrs naockocts (x, y) —
KOHQHrypauMoHHas NJOCKOCTb KeMJepoBOH 3alayH C JarpaHxHa-
HoM L= (x?4y?)/2+1/Yx>+y* Paccmorpum B mpocTpaxcTse (X, Y,
Z) npsiMoOii KPYroBo# KOHyc 22= (x?+y?) u ceMefACTBO BNHCAHHLIX B
Hero napa6osionaoB BpauweHus 2= (x*+y?)/4a+a (o — napa-
merp). [lox «npoekuueit» Mn O6yleM NOHHMATb MNPOEKUHIO MPOCT-
paHcTBa (x, y, 2) Ha MJOCKOCTb (X, y) BROJAb OCH 2. MoxHo mo-
Ka3aTb, YTO

1) Tpaektopuu 3amaun Kensepa — npoekuHH MJOCKHX CEYEHHH
KOHyca (B YacTHOCTH, BepliHHAa KOHyca — ¢OKyC Mpoekuui ero
MJOCKHX CEeYeHHil),

2) TpaeKTOpPHH C OAHHAKOBbIM 3HaueHHeM MOJIHOH 3HEPrHH —
NpJeKUHH CeyeHHil KOHYCa NJOCKOCTAMH, KacalOUWHMHCS OJQHOTO M
TOro e napa6osounia,

3) TPaeKTOPHH C OAHHAKOBbHIM 3HayeHHEM KHHETHUYECKOro Mo-
MEHTa — NPOeKUHH CeyeHHH KOHyca TMJAOCKOCTAMH, NPOXOAAUHMH
yepe3 OHY H Ty K€ TOYKY OCH.

§ 2. CronkHOBEHHA H peryasipHaauus

2.1. Heob6xoaumoc ;:roBue ycroituusoctu. OOpaTHMcs Temepk
K obuleit 3adaue n Te.a, 8 KOTOpOH N MaTePHATbHLIX To4ek (my,
r),..., (m, r,) npUTArHBaloTCA APYr K APYrYy MO 3aKOHY BCe-
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MHpHOro TAroTenusa. Kunetnyeckas sHeprus

1 .
T = ‘2 2 m‘rzp
a cuaoBas QyHKIHS

V — mjimg
Tik

v Fa=|r;—rl
j<k
BCeria MOJIOXKHTeNbHA. BBeseM HMHepuHanbHYI0 CHCTEMY OTCueTa C
HayaJloM B LIeHTPe Macc, H NYCTb r; — PajAHyC-BEKTOPH TOYEK B
HOBOH CHCTeMe OTCYeTa. YDaBHEeHHs 3ajauH n Ten GYAyT HMeTb
Bul ypaBHeHHit Jlarpauxa c sarpaHxuaHom L=T+V.
a3oBeM JABHXeHHe r,(f) (1<<s<<n) ycroduusbiM, eclH BH-
NMOJMHEHH JBa YCJOBHSI:
a) ry(t)=0 nas Bcex 3HaueHH#t ! W BceX i=j (HeT CTOJIKHO-
BeHHu#),
b) |r:;(¢) | <c (c=const).
Teopema 2 (Hko6u (C. Jacobi)). Ecan nBHXKeHHe yCTOHYH-
BO, TO NoaHas 3Heprus h=T—V oTpuuareabHa.
<] Tlpumennm ¢opmyay Jlarpanxa

=2V 44k, (1

rae [=3ms2 — nonsipunifi MomeHtr HHepuumH. Ecam hZ=0, 710
1(t). t€R, BHNyKNa BBEpX H MO3TOMY He MOXeT OHTb OrpaHHYeHa
ONHOBpPEMEHHO CHH3y H cBepxy. [lis 3aBeplieHHs A0Ka3aTe/ibCTBa
OCTaeTCsl BOCNOJb30BaThCA TOXAecTBOM JlarpaHxka:

/ z m,=jzkrn,m.r§k+(z m,r,)'. >
<

[pu AONONHUTENBHOM NPEANONONEHHH 06 OrpaHHYEHHOCTH CHH3Y
B3aHMHBIX paccToauuit (|r;;(¢£)] >¢>0) u3 uHTerpana 3HEpruH M
tdopMyau Jlarpamxa (11) BeiTexaer, YTO BAOAb YCTOAYHBOro ABH-
XEHHs CpPelHHe 3HAYEHHA

1 1
lim (vt i \or ¢ at
0 0

CYILeCTBYIOT H paBHb — 2A>0.

Heo6xonumoe ycnosue ycToiiunBocTH h<<0 He sABJsfeTCH AOCTa-
TOYHBIM NpH n>2.

2.2, Oanospemennnie croakHosenun. Korga npu t—f, paauyc-
BeKTOpH 7;(f) BCex TOYeK MMEIOT OAMH H TOT XKe npelen ro, TO
Mbi GyAeM TOBOPHTb, YTO B MOMEHT BDEMCHH fo MPOHUCXOAHT OAHO-
BpeMeHHOe CTOJNKHOBeHxe, OueBHAHO, YTO TOYKA ro AO/MKHA COBNA-
1aTh C LEHTpOM Macc, T. €. ro=0. OaHOBpeMeHHOe coyRapeHHe HMe-
€T MEecTo TOr4a M TObKO TOrja, Korga noJspHuiii MomeHT [(f)
CTPEMHTCA K HYJIO NpH t—>ly.
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Teopema 3. Ecau /(t)—>0 npu t-—ty, TO NOCTOSHHEI BEKTOP
KHHEeTHYeCKOTO MOMEHTa
K=Zm,(r,Xr,)

paBeH HyJuo.
Has n=3 sto yTeepxAeHHe Ghla0 yxe u3BecTHO Beftepmurpac-

cy (K. Weierstrass).
J < MMockoavky npu t—>ty dynkuua V (¢£)— -+ oo, TO, COrAacHo
ypasuennio / =2V +4k, npn Gau3kuxX K f, 3HAYCHUAX BPEMEHH
7 (¢)>0. CnepoBaTenbHo, nepes CToakHOBeHHeM [ (f) MOHOTOHHO
yObiBaeT.

Bocnoasayemca nepaBeHcTBOM K2<2/T (w3 § 1 ra. 1), koto-
poe BcaeacTBHe (OpMYJnl Jlarpawka 3KBHBANEHTHO HEPABEHCTBY

T >$+2h.
YMHOXHM 3TO HEPaBEHCTBO HA NONONKHTeJbHOe uucao — 2/
H NPOHHTErpHpYeM €ro B uHTepBane (£, £), £ < fq:

B2ty — 2 (¢) > 2K2 ln%) L4k (I (t)—1 (B)).

Tem Gonee cnpasen/uBO HEpaBEHCTBO

2K21n’,—‘(%<12(t1)+4|h |1 (£)-

Orciona BhiTekaer cyulecTBORaHHe paas  [(f) MONOXKHTeNbHOIN
HHXHeH rpanu B HHTepBaae (fy, fy), ecan K250,

23. Mapnuie cronkHoBenus. Byaem roBoputb, 4YTO B MOMEHT
BPeMeHH o NPOHCXOAHT NapHOe CTOJKHOBEHHe, eCJH paccTosHHe
MEXAy ABYMS TOYKaMH, CKaXkeM MeXALy m; H m,, CTPeMHTCH K
HYJIO npu {~>fy, a E3aHMHble PACCTOAHHA MEXIY OCTAJbHEIMH TOY-
KaMH NpH 3HayeHHsiX f, GJM3KHX K fo, OTPAaHHYEHBl CHH3Yy HEKOTO-
POit NOJIOXHTENbHOH BeJIHYHHON. BiusinMe Touek my, ..., Mp_; Ha
ABHXXEHHE M, H My NPH TAKHX !, OYEBHAHO, NpeHeGPeKHMO Majo
MO CPaBHEHHIO ¢ B3aUMOAEHCTBHeM m, H my,. IlosToMy ecTecTBeH-
HO OXHAaTb, YTO BOJH3H MOMEHTa BpeMeHH f, MoBejleHHe BeKTOpa
I'in(f) NPHMEpHO Takoe Xe, KaK H B 3alaue 0 CTOJKHOBEHHH ABYX
Te1 (cM. § 1). B 3anave AByX Ted JIOKaJabHO YHHGOPMUIYIOWEH ne-
peMeHHOH Obila MCTHHHAasi aHOMAaus u(!), NPONOPUHOHAJbHAS HH-
Terpajy oT O6paTHOr0 PacCTOSIHHS MeXAYy Toukamu. [lostomy B cay-
Yyae MapHOro CTOJIKHOBEHHSI €CTeCTBEHHO MbITAaThCA PErYJSAPH30BaTh

pelueHHe ¢ NOMOULbIO mepemcHHOMN
14

u(ty=| = (12)

I Tan (S))

MoXHO noKasath, YTO 370 COOBpaxeHHe HeHCTBUTEbHO npu-
BOAHT K UeaH: QYHKUMH rp(u) peryjsipHbl BOJH3H TOUKH u=0
(cooTBeTcTBYIOUICH NMapHOMY COYL3apeHHIO) M, KpoMe TOrO, t(u)—
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—to=udp(u), rae p(-) — dyHKuua, ronoMopdHas B6aH3M u=0,
npuyem p(0)7<0. Takum o6pasoM, B ciyyae MapHOro CTONIKHOBE-
HHS, TaK Xe, KaK B 3ajlaye ABYX TeJ], KOODAHHATH TOYEK ry ABJA-
10Tcs rolOMOpPHEIME (PYHKUHSMH TepeMeHHOil Vt—to H, cJeaoBa-
1€/IbHO, JONMYCKAaIOT €AHHCTBEHHOEe BeLleCTBCHHON aHaJIMTHYeCKoe
NpOAOJKEHHe MpH ¢>>1p. MoxXno nokz3atb, uto PyHKuuH ra(f),...
ooy Ta-1(t) Aaxe roncMOpdOHH B CKPECTHOCTH TOYKH fo.

Has Toro, uro6u yilHPOPMH3HPYIOLIas NepeMeHHas u(f) GH.a2
NpHroAMoA ans /1060A napw TOYEK H AAs JMI060ro MOMeHTa nap-
HOTO CTOJIKHOBeuHsA, (12) caeayer saMeHnTb popMyaoi

ut)=JV(s)ds={ 3 2mt_gg.
0 vV j<k

|rin(s)

Ecan nonsApHHA KHHETHYECKHIT MOMEHT OT/IHYeH OT HyJs, TO B
3ajave Tpex Te] eAHHCTBCHHLIMH OCOGEHHOCTAMH MOTYT GHLiTb JHIIb
napHue croikHoBeHHs., Kak nokasan 3ysaman (K. F. Sundman),
¢yskunn ra(u) (1<<k<C3) rosomoppHbl B HEKOTOPO#t noJoce
|Im u| <6 koMnaiexcwo#i mnockocTH 4€C, copepaiueii AeiCTBH-
TeJbHY10 ocb. OTO6pasum Tenepb 3Ty noJiocy KOHPOPMHO Ha elH-
HHYHHA Kpyr |o| <<1 npeo6pasoBannem

nu

» 1

4

Au ’

eZh +l
NepeBOAALIHM AeHCTBHTEIbHYI0 OChb —o0<#<<+400 B OTPe3oK
—I1<w<1. B pe3ysnbrate KOOPAHHATH TOYEK ry CTAHYT (yHKUUS-
MH, roJoMOpGHHMH B Kpyre |o|<Cl, m HX MOXKHO NpPEACTAaBHTD
B BHJe CXOASUIHXCSA CTeNeHHHX DPsA0B HOBOA NepeMeHHONl w. ITH
PAAN NPEACTABJASAIOT ABHXKeHHE TPeX TeJ NPH BCeX 3HayeHHAX Bpe-
MeHH { OT —oo 0 + oo,

Stor pesyabrar mphHaanexut 3ynimany (1913 r.); on caeso-
Ban Gonee paHHHM pa6otam [lyainkape u Behepurtpacca, B korto-
PHX GHJIH NMONYYeHH Pa3JOXKeHHS PelleHHii 3aJa4H n Tead B CXO-
AsHecs PSAH MO CTENeHAM BCNOMOTaTe/bHOM NEepeMEeHHOR @ NpH
OTCYTCTBHH coyAapehHii. Uto Kacaetcsi BO3MOXHOCTH COyAapeHHH,
TO B 3ajaye TPex Tesl OHH GECKOHEYHO PeJKH: C NOMOILbIO TEOpEeMb
06 OJHOBDEMEHHHIX CTO.IKHOBEHHSX W C HCOOJAb30BaHHEM peryJas-
PH3aUMH NMapHHX CTOJKHOBEHH{i MOXHO MOKa3aTb, YTO B ABEHAl-
LaTHMEPHOM NPOCTPAHCTBe COCTOAHMI 3ajaud Tpex 7Ten (npH
(HKCHpOBAHHOM NMONOMEHHH LEHTPA MAcC) TPAaeKTOPHH CTOJKHO-
BeHHNA JIeXaT Ha HEKOTOPHX OCOGLIX aHANHTHYECKHX NMOBEPXHOCTAX
pasmepHoctH 10. Mx mepa, KOHeyHO, paBHa Hyalo. OZHAKO Heu3-
BECTHO, MOTYT JH 3TH 0COCHle NMOBEPXHOCTH BCIOAY MJOTHO 3anov-
HATD Liesible 06J1acTH B NPOCTPAHCTBE COCTOAHHA.

" Paau no crenenam « coBeplienHo 6eCROJeIHL 178 MPaKTHYECKHX pacueToB
BBHY HX KpaftHe MeATeHHOA CXOAMMOCTH.
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Ipusesem B 3akiaioyeHHe B KauecTBe HJUJIIOCTPAlHH pe3yJbTa-
TH YHCJEHHHX pacyeToB B «NH¢paropedCKOM» BapHaHTe 3alauH
Tpex TeJ, KOrAa Teja ¢ MaccaMu 3, 4, 5 B HayaJbHHIii MOMEHT NO-
KOATCA B TOWKax njockocTH (x,y) c koopauHaramu (1,3), (—2,
—1), (1, —1). Llentp Macc 3To#i CHCTeMbl HAaXOAHTCs B Hauane
KOOpAHHAT.

Pacuernl nugaropeiickoi 3asayu Tpex Tesq ObIH HayaTh Byp-
po (C. Burrau) eme B 1913 roay u npoao/keHn B Halle Bpems
Ce6exeem (V. Szebehely) ¢ ucnonn3oBanHeM ObICTPOAEACTBYIOUIHX
3BM. Ha puc. 12—14 MoXHO BHAETb M TecHble COJTHXKEHHS TOYEK,
# HX napHble cOoydapeHHs, H pacmaj TpoitHoil cHcTeMBl. Puc. 15
NOKa3nBaeT «(pHHaNbHOE» ABHMKEHHe: TOYKa Macchl m=95 yjaiser-
€Sl 1o MpPAMOH OT «ABAHHOH 3Be3Abl», KOTOpylO OOpasyioT TOUKH
m=3 § m=4, NepHOAHYECKH CTaJKuBasch Apyr ¢ ApyroM. Hure-
pecHo OTMETHTb, YTO XOTH B 3TOM cJyduae KHHETHYECKHH MOMeHT
paBeH HyJI0, ONH3KO TPOHHbLIe CTOJIKHOBEHHS OTCYTCTBYIOT.

y o0
§1

]

’
]
1

Puc. 12. [IBuxKeHne NpHTArHBAOWHXCA Macc B nitdaropeiickoil 3axa-
Ye Tpex Tesa B HMHTepBaja BpeMeHn ot (=0 no {=10.

24. OcoGennocTH pemteHuis 3agauu n Tea. Ocobble TOYKH KO-
OpPAHHAT r, FPaBHTHPYIOLIHX TOUEK Kak (PyHKuHuii BpeMenu B cayyae
KPaTHHX CTOJKHOBEHHH, KOrla NMpPOHCXOAHT OTHOBPEMeHHOe COyAa-
peHHe k>3 TOuUEK, C AHAJHTHYECKOM TOYKH 3PEHHsI YCTPOEHLI ro-
pasno caakHee, OHH, PooGile ropops, He adare6paMueckHe; GoJee
Toro, QYHKUKH 7,(f) (1<<s<Cn) He MMEOT BeleCTBEHHOro aHaJH-
THYECKOro MPOJOVIKEHHSI NMOCJe MOMEHTa COylapeHHs.

3T0 MOXHO MOKa3aTh yXe Ha NPHMEPAax OAHOBPEMEHHOMO CO-
yAapeHHs B 3ajade Tpex Tea. OKa3nBaercsi, NPH NPOM3BOVILHBIX
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Puc. 13. Bua op6ut nudaropefickoft janaun Tpex Ten Ha HHTepBane
BpeMeny oT =40 go ¢=50.

3HaweHHAX Macc TOYEeK m,, my, mj CYLLEeCTBYIOT PpeClLIeHHR

ri(t)=121 ) ayptom. (13)

me=0

[TonoxurebHOE YHCIO @ ABVIAGTCS HEMOCTOSHHOM anreGpauueckoit
dyHKkuHer Macc m;, my; m;, a cpeiH KO3pPHUHEHTOB a;; He Bce
paBHH Hysmio. B moMeHT BpeMeHu {=0 HMes0 MecTO TpOHHOE
CTQNKHOBEHHe. B THNHYHOM cay4ae, KOria o HPPAUHORANBHO, PAA
(13) umeer npu £=0 H30NHPOBAHHYIO JOrapHPMHYECKYIO OCOOYIO
TouKy. B uactHocTH, 310 peuwleHue, sBAASCL BEUIECTBEHHHM INpPH
$>0, iMeer 6eCKOHEYHO MHONO Pa3JHYHLIX AHAJHTHYECKHX BeTBeH
npu ¢{<<0, OMHAKO BCe 3TH BETBH OKAa3LiBAIOTCA KOMMJIEKCHBIMH.

Pewenue (13) naiipeno Baokow (H. Block) (1909 r.) u lllasu
(I. F. Chazy) (1918 r.) ¢ nomoiubio cacaywiuero npuema. [lpu
BCEX 3HAYEHHAX Macc yPaBHEHHA 3alaui TPex Teq AONYCKAlOT «ro-
Morpaguyeckoe» pelieHHe, NPH KOTOPOM TPeyroJbHHK, o6pa3oea-
HHA TenaMH, Bce BpeMsi OCTaeTcst 0100HHM camoMy cebe. 1o pe-
WeHHe aHAJHTHYECKH npeAcTaBancTcs GopMyoil

ro(f) =a¥? (1<i<3). (14)
10-2 oS
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Pic. 14, 3soaouna  opOur nudaropeiickoir  Puc. 15. Ofpasonanne ABOiTHOR
3ajlauy’ Tpex T Ha HHTepBaje BpeMeHit OT  3Rres3abl B nudaropelickoil 3amauc
t=50 10 ¢==60. Thex tea (ot (=60 10 ¢=70).

Cpean xapaKTepHCTHYECKHX KOpHell ypaBHeHHs B BapHaluax AJd
3TONO peLleHisi HMceTcst oTpuuaTenbHoe uuciao (—a). CoraacHo
H3BEeCTHHIM pe3yJbTataM JlsnyHoBa—Ilyankape, ypaBHeHHs ABH-
JKEeHHs HMeloT peluensie (13), acummroTHuecKkoe K peuleHHo (14).
Otmerum, uto Meron b.aoka—lUlasum yxke pasbuie npHMeHsIcA
A. M. JIanyHoBHM AJIS 1OKa3aTeNbCTBA HEOLHO3HAYHOCTH pelueHRA
ypaBHeHH{ BpalleHHs TAXKEJOro TBEPAOro Tesja C HemoJBHMHOA
TOYKOH KaK (PYHKUMIt KoMNjekcHoro ppeMenn (1894 r.).

PaccMoTpuM onpenedcHuoe pelicune 3alaud Tpex  Teax ry ().
[Tycts B HauaabHbll MoMeHT £y Bce rin=0 (j#=k). Tlpocaeanm
3TO pelueHHe NpH [ >t BO3MOKHKH TPH c.Iyyas:

(a) Hu npH KakoMm {>1!; HeT CTOVIKHOBEHHH, TOria 3TO ABHXe-
HHe coBepluaercs 6e3 ocobeHHOCTeH 10 MOMEHTA f= -}-00,

(b) B HEKOTODHH MOMEHT [ >fp NPOHCXOAHT aHAJHTHYECKH
npojo.TKaemMoe CTOTKHOBEHHUE,

(c) B HEKOTOPBHIH MOMEHT MPOHCXOAHT HETPOJONINKAaeMoe CTONK-
HOBEHHe.
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IMycts HMeeT mecto caywait (b). Toraa npu {>>f, cHoBa BO3MoO-
JeH oAuH H3 BapHautoB (a)—(c). [Ipoaonxas stor npouecc, Mul
MOXKeM MOC.Jle KOHEYHOTO YHCJa aros JK60 MPpHATH K caydaio (a)
uau (c), au6o O6ynem uMerb 6eCKOHeyHoe YHCJIO MPOROVINKAEMHX
CTOJIKHOBEHHH, NPOHCXOAAIIHX B HEKOTOpPHE MOMEHTH BPeMeHH

t, to,...,tx, ... MOXHO NOKa3aThb, YTO NMpH N=3 B NOCAEJHEM
cayyae

lim tk= + co.

k-»oo

B 3agaye n>>4 Ten BO3MOXKeH, OJHAKO, MPHHIHNHANbHO HHOM
THN OcOGeHHOCTeH. Y>Ke B 3ajaye O YeTHpex TOYKAX Ha NPAMON
CYIIECTBYIOT ABHXKEHHS, NPH KOTOPHIX 332 KOHEYHOe BpeMs fo Mpo-
HCXOAHT G6ecKOHeyHOe YHC/IO [ABOHHLIX CTOJKHOBeHHi. [lpruem B
urore npu f{—>f; TPH TeJa YXOAAT B 6€CKOHEYHOCTh: OLHO B OAHY
CTOPOHY, a ABa APYrHX — B APYTYI0, KaK B nudaropeiickod 3agaye
Tpex ten. OxHako B OTJHYHE OT CJIyyas Tpex TeJs, CTaJKHBAIOLIHECS
Te1a HEeOorpaHHyeHHO COAHXKAIOTCA APYr ¢ APYroM, YT0 H Jaer
SHEPrHio AJIs yXoRa B 6ECKOHEYHOCTb 3a KOHeyHoe BpeMs. Yersep-
TOE TeJ0 OCHHATHpyeT MexAy HHMH, Koraa ocuuaaupyiollee Teso
NOAXOAKT 6JAH3KO K ABYM COJHXKAIOUIMMCH, TO MPOHCXONHT MOYTH
yTo TpoiiHOe coyAaperHe. CyllecTBOBaliHe TaKOro ABHXKeHHS NOKa-
3an Hdx. Mesep (J. Mather) ¢ nmomouwwio peryaspusaunn Mak-Te-

x# (R. McGehee) oaHOBpeMeHHOro COyadapeHHss B 3ajaye Tpex
Ten (cm. [172]).

§ 3. YacrHbie peumeHHs

B 3amave n Ten HaifeHo Mano TOYHHX peuwreHHid. [IpakTHuec-
KM Bce OHH OHAH yXe H3BeCcTHH Jitnepy H Jlarpauxy.

3.1. llenTpanbhbie KOHQHUTYpauuH. bysrem robopuTh, 4YTO n Ma-
TepHaJbHHX TO4YeK (my,r;) o6pa3ylor B 6apHUEHTPHYECKOR CHCTe-
M€ OTCYeTa UEHTPaNbHYI0 KOHPHIYpaUHIO, eclH

0 o/ ,
F=05 l<i<n, (15)
rae
V= N7em
k?} raj

NOTEHUHAN TPaBHTAUHOHHOrO B3auMomeACTBHS, [=Zmr;® — no-

JNSIPHBA MOMEHT HHEPUHH, a CKaJfApHasg QYHKUHA O He 3aBHCHT OT

HoMepa i. U3 ¢opMysn diinepa 4 OAHOPOAHHIX QYHKUHA BhiTe-

kaer, yro 6= —V/2/. Takam o6paszoM, popmyay (15) moxuo 3a-
QHCcaTh elie B CJAeAYIOlIEeM BHAe

oV 1 al

I n="73 |4 ar;

CinenoBaTeIbHO, LEHTPaJbHEIM KOHQHUIypauUHAM COOTBETCTBYIOT

KpHTHYecKHe TOYKH Gyukuuu [V2 M3 ee 01HOPOAHOCTH BbITEKaeT,
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YTO UEHTPaJbHBIMH KOH(PHIYPAUHSAMH OAHOBPEMEHHO ABJAIOTCH Ha-
6opu (my,r;) m (m;, ar;) Aas Becex a0, MH He GyseM HX paa-
AHYATD,

OrHckande An N1060r0 YHCNAa TOYeK B BCEX UEHTPAJbHHIX
KoHQHrypaluii ABAfETCR CJAOXKHOH noka HepelleHHOH aareGpanuec-
KOA 3apaueit, OCcTaBnAs B CTOPOHe TPHBHANBHHA cayyail n=2,
NePeYHCIHM H3BECTHHE OTHOCSLLIHEeCS CIOfAAa pe3yJbTaTH.

Ilpn n=3 eAHHCTBEHHOH HEKOUITWHEapHON UEHTPanbHOR KOHGH-
rypaiHed SBJASIeTCA PAaBHOCTOPOHHHA TpeyrodbHHK (Jlarpanx).
Ilpu n=4 exHHCTBEHHOH HEKOMNIaHapHOH KoH(HrypauHell sBAseT-
€A nNpaBUJbHLH TeTpasap. KoanuHeapune KOHPHIypaUuHH OMHCH-
BalOTCR chelyioulei reopemod Myaerona (F. R. Multon) [42]:
060 HyMepauHH Macc TOYEK COOTBETCTBYeT €IHHCTBEHHAs UEHT-
paabHass KOHQHTYpalUHs, B KOTOPOH TOYKH B 3alaHHOM NOpsAKe
pacno/oXeHnl Ha O1HOH npsiMOH. TakuM o6Gpa3om, CyliecTByeT poB-
HO n!/2 pasiHyHhX KOJINHHEAPHHX LEHTPAIbHHX KOHQPHIYPaLHH.
[lpu n=3 ux poBHO TpH; OHH OhlNH OGHApPYXKeHH DitNepoM.

[TousiTue UeHTPaNbHOII KOHOQHIYpAaUHH NOJAE3HO NPH  aHa1H3e
OJHOBPEMEHHBIX CTOJKHOBEHHMHA: OKa3biBaeTCsl, KOH(HTYpauus rpa-
BUTHPYIOIHX TOYEK B MOMEHT OJHOBPEMEHHOTO CTOJIKHOBEHHS
ABJISiETCSi (B 2CHMNTOTHYECKOM CMbicJe) LeHTpaabHoil. M3 ¢opmy-
abt (15) caeayer, 4To ecain B HayaJbHBIH MOMEHT TOMKH O6pasyioT
UEHTPAJIbHYIO KCH(HIYPAUKIO H NOKOATCHA, TO A0 MOMEHTa OJHOBpe-
MEHHOro COylapeHHs HX KOHQHIypauHs, OUeBHAHO, He H3MEHHTCH.

3.2. Tomorpaduueckne pewenus. PeinenHe 3agaun n Tea Ha30BeM
eomoepagpuuecKun, ecan B OGapHUEHTPHYECKOH CcHCTEMe OTCYeTa
KOH(Hrypauud, o6pasoBaHiible TeNaMH, GCTalOTCA NOACGHBIMH
Apyr Apyry Bo BCe MOMEHTH BpemeHH. Ecau npu 3TOM Kondurypa-
UXfl He Bpaliaercs, TO TaKce pelleHHe OGyfeM Ha3biBaTb 20MOTETU-
weckum. [IpuMepoM MOTYT C/YXHTb PElIEHHs, YIOMSHYTHE B KOHIE
npeabirymero NyHkTa. Ecaiu ke xoHdHrypamus ocTaercs KOHrpy-
SHTHOH caMoli ceGe, TO pellieBHe Ha30BeM OTHOCHTEJbHHM PpaBHO-
BecHeM.

HecaoxHo nokasats, 410

a) romorpajguueckoe pelleHHe ABVIAETCS FOMOTETHYECKHM TOrAa
H TOVIbKO TOrZa, KOraa noJisipibid KHHeTHUYeCKHA MOMEHT paBeH
HYJIO,

b) romorpadHyeckoe peuieHHe ABASETCA OTHOCHTENAbHHM PaBHO-
BeCHEM TOTAa H TOJNBKO TOrAa, KOrAa OHO MJOCKOe H ero KOoHdu-
rypauss BpallaeTcs ¢ NOCTOSHHON YIJIOBO# CKOPOCTHIO.

Bonee cnoxno KokasnBaioTcs caexyolne GpakTh:

€) ecqH roMorpadHyeckoe peluesHe He KOMNJAAaHapHOE, TO OHO
FOMOTeTHYeCcKoe,

d) ecan romorpaduueckoe pelleHHe KOMIJIAaHApHOE, TO OHO
NJI0CKOe,

B vactHocTH, Kaxa0e roMorpaduueckoe peuienne ABAAETCH JNH-
60 naockum, a1HGO roMmomerHueckuM. B 3ajaue Tpex Ten Bce romo-
rpaguueckue peienns o06nafalOT TeM CBOACTBOM, 4TO B 6apH-
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LEHTPHYECKOH CHCTeme OTCYETAa TPH Tejla JleXKaT B HEH3MEHHOI
NIOCKOCTH, collepxaileil neHTp macc (Jlarpamx).

ITpeanoxenue 4. Ecan peluenne aBaserca romorpaduuec-
KHM, TO B J1060fi MOMEHT BpeMeHH Tesa O6pPas’ylOT LUEHTPAabHYIO
Koudurypauuio.

J10 yTBepXKAeHHe AaeT CMOCO6 NOCTPOeHHA roMorpaduyeckux
pewenufi. B xauectse npuMepa npupeleM H3BECTHYIO Teopemy Jla-
epanxca (1772 r.).

Teopema 4. 3anaua Tpex Tes NPH MPOH3BOJbLHBIX 3HAYEHHAX
HX Macc AOMYyCKaeT TOYHOe pelieHHe, NPH KOTOPOM

1) naockocTb, coepKaulas 3TH TOYKH, HEMOABHXKHA B GapH-
LIEHTPHYECKO! CHCTEMe OTCYeTa,

2) paBHOAEHCTBYIOLIAas KbIOTOHOBCKHX CHJ MPHTSXKCHHS, NPH-
JIOXKEHHHX K KaX[O0# H3 TPeX MaTepHaNbHBIX TOYCK, MPOXOANT
yepe3 HX OOGLIHI LEHTP TAXKECTH,

3) o6pasoBanuulii TPeMA TeJaMH TPEYroJbHHUK SBAAETCA paB-
HOCTODPOHHHM,

4) TpaexTOpHH TpeX Tes NPEACTaBJ]SAIOT MOAOGHbHE APYr ApPYry
KOHHYeCKHe CeueHHs ¢ (OKycoM B HX oblueM LEHTpe Macc.

B uwacTHoM cayyae paBHBIX Macc KOHHYECKHe CEYEHHS KOHTpY-
SHTHH W CMelleHB APYr OTHOCHTeNbHO Apyra Ha yroa B 120°. 3to
3aMeuaHHe MOXHO 0O606LIMTb: 3ajlaya n TOYEK pPaBHOW Macchl
HMEeT peuleHHsi, MPH KOTOPHIX Ka)Kaoe TeNo OMHChIBaeT KOHHYec-
Koe ceyeHHe ¢ (OKYCOM B HX HEHTpPe Macc; HX TPAEKTOPHH KOH-
TPYSHTHH H MOBEPHYTH /ApPYr OTHOCHTEABbHO Apyra Ha yroa 2na/n.

3.3. NpuBenenunifi NOTEHUHAN M OTHOCHTeNbHbie pPaBHOBECHN.

[Ipeanoxenne 5 KoHdHrypauuH OTHOCHTENBHHIX PaBHO-
BeCHA ¢ MOJITPHBIM KHHETHYeCKHM MoMmeHTOM K COBMajaior ¢ KpH-
THYECKHMH TOYKAMH QYHKUHH

Ux=U+5.

Oynkuus Ux Ha3biBaeTcsl NpuBeleHHBIM NOTEHUHal oM. MH Hc-
nonb3oBanax ee B § 1 ra. 1 Ana onicanus o6aacTeil BO3MOXHOCTH
JABHXEHHA B NJOCKO# 3anave n Tea u B § 1 ra. 2 aas oTHCKaHHA
TPaeKTOpH# ABYX TeJ.

< MNpexnonoxum, 4To KOHOHIypaUHR OTHOCHTENHHOTO PaBHOBe-
CHA PBpallaeTcs BOKPYr LEHTPa Macc C TOCTOSIHHOH Yr/0BO#l CKO-
poctbio w. Toraa, ouesnano, K=/o. Mepeiizem B CHCTEMYy OTCYeTa
C KOODAHHATAMH 4, U, BPaLAIOLLYIOCA C Yr10BOil CKOPOCTBIO o, B
Hell KOHQUTYypPaLHA OTHOCHTEJNbHOrO pPaBHOBECHS HEMOABHXKHA.
B HoBo#t ccTeMe oTcuera ¢yHkuHs Jlarpanxa paBHa

L=T4+V= % m; (2 + 02+ 0Zm, o, —2,9) 4V
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tae V=V 4 [u?/2. YpaBHeHHS ABHKeHUS:

- .oV, - . oV,
m,u,=2m,mfvi+m. m,v,=—2m,wu,+m. (16)
CnpaBeanuBocTh NpelnoXxeHHs 2 MpocTo BLIBOAHTCA M3 3THX ypas-
HeHHil ¢ yueTom caeayioulero 3aMeyannus: ¢pyskunu Ug v V, umeior
OMHH H Te JXe KPHTHYECKHe TOYKH, MOCKOJbKY B 3THX Toukax K=
=lo. D

§ 4. dunaabHble ABHXKEHMA B 3ajaue TPex Tea

4.1, Knaccudpukauua puHanbHbix asuxkenu no Wlasn.

Teopema 5. (Lda3u, 1922). Kaxnaoe peuieHHe 3ajaud Tpex
Ten ry(t) (k=1, 2, 3) NPHHAANEKHUT OLHOMY H3 CIEAYIOUHX CEMH
KaccCoB:

1°. H (eunepboauveckuc dsuxenusn). |ry|— o, |re|->ce>0
npH ¢ - -+ oo,

2°. HP, (eunepbo.io-napaboruseckue): |ry|— o, ry=0,
1ri]>¢; >0 (i#k);

3°. HE, (eunep6ono-sarunmuxeckue): |r;|— oo, |r",|—>c,>0
(i # k), ‘s;tfplr;,l< 0,

4°. PE, (napa6oao-sasunmusecrkue). |r;|—> oo, |f,l—>0
(i#k), ,sgglral< ok

5°. P (napaboauseckue). |r;|—> «, |ry]—>0;

6°. B (0oepanusennsvie): sup|ry| << oo;

1220

7°. OS (ocyunrarupyrowue):

fim sup|rel=1o0, lim sup|ry|< oo.
{—+4m & {400 k

[MpuMepsl ABHXKEHHII nepBBIX LWIECTH THNOB OblnK H3BecTHH [la-
3u. CyluecTBOBaHHE  OCUH/IJHPYIOWHX  ABHXKEHHH  JAOKa3a.
K. A. CatHlKoB B 1959 roay.

[TepeyucnenHoiM ceMH THNaM ¢HHANbLHBLIX ABHXKEHHA ecTect-
BEHHO NOCTaBHTb B COOTBETCTBHE NOAMHO/KecTBa ABEHaAUATHMe)-
Horo ¢a30BOro NMpocTpaHCTBa 3ajauyd Tpex Tea M'? ¢ dukcHpoBaH-
HbIM NOJIOXKEHHeM LeHTpPa Mace: 3TH MOAMHOXECTBa UEJHKOM <O-
CTaBJ1eHBl H3 (a30BbIX TPAEKTOPHil, KOTOPbIM OTBEYAIOT ABHXEHHA
3ajlaHHoro THna. IlpeacTaBieHHe O KaueCTBEHHOM XapaKTepe pa3-
6Henus M'2 Ha knacchl PUHANBHBLIX ABHXKeHHH naer puc. 16. Muo-
xectBa H u HP, nexar ueankoM B 06JacTH, rie NOCTOAHHAA NOJ-
HO{l 3Hepruu A NONOXHUTENbHA, P JIeXHT Ha THNEPNOBEPXHOCTH h=
=0, a mMHokecTtBa B, PE,, OS — B o6anactu hA<0: IBHXEHHS K3
knacca HE, Bo3moxHul npu nio6om 3nake h. Hssectho, uto H n
HE, otkpbithl B M'?, HP, COCTOHT H3 aHa.THTHYeCKHX MHoroo6pa-
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3Kt Kopa3MepHOCTH 1, P COCTOHT H3 TpeX CBA3HHX MHoOroo6pasuii
KODa3MepPHOCTH 2 (H306pa*KeHHHX TpeMs TOYKAMH Ha pHc. 16) n
ofHOTO MHOroo6pashsi KopasMepHoctd 3 (koTopoe Ha pHc. 16 He
nokasaHo). Tonosioruss OCTaJbHLX K/J1acCOB HEOCTATOYHO H3ydeHa,

8uls

...... h=0

Puc. 16

4.2, Cummerpus npomoro u G6yaywero. [Ilo teopeme Illasn
MOXHO BBECTH CeMb AHAJIOTHYHBIX PUNGABHOIX KAACCO8 ABHKEHHHN,
Koraa ¢ CTPeMHTCS He K +00, a K —oo. YTo6n pa3nuyaTh KJAaccHl,
OTHOCSIIIHECH K CAy4asM f{—>F-oco, 6yAeM HCNONb30BaTb HHAEKCH
(+) u (—): H*, HE;- v 1. n. B onxoft 3 pa6or lllasn (1929 r.)
6un0 chopMy.IHPOBAHO HeBepHOe YTBepXKAeHHe O COBMafeHHH ¢H-
HaJbHHIX THNOB OLHOTO M TOrO e pellleHHsl 3ajauyH Tpex Tesa IpH
t—zoo. [IpeacraBnenne 0 «CHMMeTpHH» npouwioro M Gyayluero
nposeprxanoch JOBOJNBHO H0Jro, HeCMOTPS Ha MOCTpPOeHHHW Dekke-

Ta6auya 1
t-++4o0
#>0 H+ HE}
XK. Jlarpanx. 1772 YACTUYHBIA 3AXBAT
(oTHeAbHBNE NpHMEDH); Mepa>0
H- XK. lasu, 1922 O. 10. lImuar (uncaenuntit npumep), 1947
Mepa >0 K. A. CutHukOB (K?gggmennue MEeTOAH),
8
| TMOJIHBIAL PACMAZ i=j Mepa>0
t Hx. Bupkrog, 1927
* Mepa>0
HE;
j#i OBMEH, wmepa>0
JI. Bekkep (ucaenunie npumepn), 1920
B. M. Anekcees (kauecTBeHHbE METOAK),
11-1
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Tab6aruga 2

t—++400
h<d +
HE; B+ os+
i-=l¥ Mepa>0 | MOJHBIA 3AXBAT | {Mepa=0
Jx Bupkrog, 1927 Mepa=0 {)K lasu, 1929 u
{)K. Wasw, 1929 u {-{T. A. Mepman, 1954
. A. Mepuan, 1954;|B. M. Axekcees, 1968
OBMEH IOx. Murrasyn. 1952; *J
HE; H'é Mepa>0 |B.M. Aaexcees, 1968,
J1.. Bekxep, 1920 +J
(ancaenHbe npume-l
pu) B. M. Anek-
ceeB, 1956 (kayecrt-
? BEHHHE METOAH)
t
- YACTHUYHDBIA JI. diiaep, 1772 {Nx. Jlurtasys, 1952
PACIIAJ X. Jlarpauxk, 1772 Mepa=0;
B- *J A. Tlyanxape, 1892 |B. M. Aaekcees, 1968
Mepa=0 (oTxeabHbie NpUMEpH ); 3%
Mepa >0
B. U. Apuoann, 1963
Mepa=0, #g Mepa=0, #gj K. A. Curnukos, 1959
oS- +~
Mepa=?

pom( L. Bekker) (1920 r.) uHcneHHHiI KOHTpnpHMep, B KOTOPOM
yTBEPKJaJsach BO3MOXHOCTb «obmenar: HE\-(\HE;*s=J. Ilpumep
Bekkepa «o6bacHAAH» OWHGKaMH B YHCJAEHHOM HHTErpHPOBAHHH.
B 1947 roay O. IO. lliMuar ykasan npuMep «3axsara» B 3ajaue
Tpex ten: H-NHE*s= Q. 10T npHMep, TakKe NOCTPOEHHHA YHC-
NeHHHM pacderoM, 6ua npuBefied O. 10. LlImuaroM ans noartsep-
XKIEHHST ero Y3BeCTHOH KOCMOroHHyeckoii runore3w. Crporoe mo-
Ka3aTe/JIbCTBO BO3MOXHOCTH 3axBata Hawen K. A. CHTHHKOB B
1953 r.

CoBpeMeHHOe cocTOsiHHE TpoGjaeMb (HHANbHBIX ABHXKEHHR 3a-
Ja4yH Tpex TeJq KPaTKO oTpaXeHo B Tabanuax 1 H 2, koTophie MH
3auMcTBOBaJH H3 paGoTe B. M. AnekceeBa [2]. Kaxpoit kierke
COOTBETCTBYeT OIHH H3 JIOTHYECKH BO3MOXHBIX BapHaHTOB KOMOH-
HauHui ¢HHANLHHX THNOB B mpowioM H GyaymeM. YkasaHa (rae
3TO H3BecTHO) JieGerora Mepa COOTBETCTBYIOLIHX MHOXecTB B M!2

§ 5. Orpannvennas 3agavya Tpex Ten

5.1. Ypasnenus npumenus. Hurerpan Sxo6u. ITpemnonoxum,
uto Connue S ® IOnurep J Bpamalorcs BOKpYr ofilero IeHTpa
Macc no KpyrosbiM op6uTaMm. EAHHHUH AJHHH, BpeMeHM H Macchl
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snbepeM Tak, 4TOGH YIJI0Bas CKOPOCTb BpallleHHsi, CyMMa Macc S
H J, a TaKXe rpaBHTallHOHHas NOCTOSIHHAaA GHIIM PaBHH eNHHHUE.
Hetpyano nokasars, uto npH 3TOM paccTosHHe Mexay S H J Toxe
paBHO eAHHHLUe.
PaccMoTpHM nBHXeHHe acTepouaa S¢ B NJAOCKOCTH OpOHT S B
J. Cunras, 4To Macca acTepoHAa MHOro MeHbiie Macc CoaHma H
IOnuTepa, npeHe6pexeM ero BAHSHHEM Ha ABHXKeHHe GOJbIIHX Tel.
Yao6Ho nepefiTH B MOABHXHYIO CHCTEMY OTCYeTa, Bpallaiomly-
I0Csl ¢ €AHHHYHOM YrJOBOA CKOPOCTbIO BOKPYr LeHTpa Macc S u J;
B Helt Teqa S H J nokositcs. BBBesieM B MOABHIKHOM CHCTeMe oTcUe-
Ta JeKapTOBH KOOPAHHATH X, ¥ TaK, YTO TOUKH S H J NOCTOSHHO
PacnojoXeHH Ha OCH X H HX LEHTP MacC COBMajaeT ¢ HayajoM
KOOpPAHHAT. YpaBHEeHHs ABHXXEHHA acTeponja NPHBOAATCH K cJe-
aylomemy suay (cm. (16)):
i=2y+g—vo y"’"—2x+gi”
g ! (17)

=X+ 1—p, »
V=t

rae p—macca Onurepa, p, n p,—paccTosHus actepouia £ o S
u J. Mockonbky S u J umeiorT koopAusatH (—p, 0) u (1—p, 0), To

pr=(c+uP+uh pP=(x—14pP+42
4

o<

s \u 2 z

Puc. 17. Orpannuennas samava tpex Ten
Ypasuenus (17) nMeior unTerpan

X4yt
HashHBaeMHlii unrecpasom flko6bu. OH BHpaXKaeT MNOCTOSHCTBO
SHEPTHH B OTHOCHTE/IbHOM ABHXKEHHH acTePOH.a.

Ilpu ¢uKCHPOBaHHOM 3HaueHHH h ABHXKeHHe acTepoujia npouc-
XOAHT B 06J1aCTH

{(x, y)ER%: V(x, y) +h=0},

KOoTopas Ha3biBaercs obaacrero Xuaaa.

5.2. OTHOCHTesbHble paBHOBecHss W o6aactu Xuana. Bup o6aa-
Creit Xuaa 33BHCHT OT PaciONOXEHHS KPHTHYECKHX TOuek ¢dyHK-
uan V(x, y). Kaxnoii kputHueckoit Touke (xo, Yo) COOTBETCTBYeET
“paBHOBeCHOe» pelleHHe x(f)=xo, y(f)=yo, KOTOpOE ecTeCcTBEHHO
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Ha3BaTb OTHOCHTEJNbHbLIM paBHOBecHem. [lokaxeM, uto npH Bcex
3HaueHHsax p€(0, 1) TakHX TOUYEK POBHO MATD.
Boiuncaum

1— B
V'y=.‘/f’ f=1—_ﬁ,—p—p_’:’

Vie=xf—p(1—) (3:—55)

¥ pelinM cHcTeMy ajareGpaudeckux ypasuewun V.'=V,'=0. [lycts
ciauana y+0. Torna /=0 u, cnenoBaresnvHo, p1=p2=p. 13 ypas-
HeHHs [=0nainem,yto p=1. Takum o6pa3oM, B 3TOM clyyae TOUKH
S, J nu o HaxoRATCA B BEPIUIHHAX PaBHOCTOPOHHETO TPEYroJb-
HHKa. TakHXx OTHOCHTEJNbHHIX PaBHOBeCHii POBHO 1Ba; OHH Ha3biBa-
10TCSl  TPeyeoAbHbIMu TOYKAMU Aubpayuu. Ux cnenyer paccMarpH-
BaTb KakK 4YacTHH{l cayuvaii pewenuit Jlarpanxka obuleii «HeorpaHs-
yeHHoit» 3anayn Tpex Tea (cm. § 3). Cam JlarpaHk OTHOCH.1CH
K 3THM pelIeHHSIM KaK K «YHCTOMY Kypbé3y» H cuntaa Hx Oec-
NOMNEe3HLIMH AAs acTpoHOMHH. Oanako B 1907 roay 6uin1 o6HapyxeH
acTepoH], Ha3BaHHBIT AXH//MeCOM, KOTOPHii ABHXETCS NpaKTHue-
cKH no op6urte lOnutepa, noctosHHO «onepexas» ero Ha 60°
Bo6ausn Axuaneca ectb ewe 9 acrepounoB («I'peku»), a no apyryiwo
CTOpPOHY OOHapyXeHO nATb acTepoHnoB («TposHuBI»), KOTOpHE
ToXe obpasyior ¢ Coanuem u lOnuTepoM npaBHJAbLHKIT TPeyroJb-
HHK.

Tenepp HccienyeM oTHOCHTeNbHBle pPaBHOBECHS, PacioJOXeH-
Hbie Ha OCH Xx. OHH ABAAIOTCS KPHTHYECKHMH TOUKAMH QYHKUHH

_x* 1—p p
g =7 tmTnt fr—T+pl"

Tak kak g(x) >0 u g(x)—>+o0 npH x—~+00, X—>—p H X—
—1—u, T0 B HHTepBaiax (—oo, —p), (—pm, 1—p), (1—pn, 4 ),
Ha KOTOpble NeNfiT OChb X TOYKH S H J, CYILeCTBYIOT TPH JOKA/bHBIX
MHHUMyMa ¢yHkuuH g. BBuay HepaBeHcTBa g”(x) >0 3TH TOUKH
SIBAAIOTCA €JHHCTBEHHHMH KPHTHYECKHMH TOYKaMH (QYHKUHH g.
Koaauneaproe touxu aubpayuu 6biaum HaitneHn diinepom.

MoxkHO noka3arh, YTO KOJNJHHeapHble TOUKH au6paunn (0603ua-
YuM HX L;—L3) umeior runep6ONHUYECKHUIl THN, a ‘TPEYrojbHule TOY-
KH aubpauuk (L, u L;) ABASIIOTCA TOYKAMH HEBHIPOXKIEHHOTO MH-
HuMyMa ¢yHkuuu V. Ha puc. 18 usobpaxeHna nepectpoiika obaa-
cteit Xuana npH M3neHeHHH MoCTOsiHHOM $IKOGH h OT —oo n0 + oo
B npenotoxeHuH, uto Macca lOnutepa menbimte Maccst CoaHua.
Ecau h Goabue oTPHUATEIBHOTO YHCAA

——]2—(3—u+u’),

TO o6a1actb XH.11a coBnajaer co Beefl niockocThio R2= {x, y}. Ilpu
p="/2 o6racty Xunr1a CHMMETPHYHB HE TO.IbKO OTHOCHTE.JILHO OCH
X, HO ¥ OTHOCHTEIbHO OCH .
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DOC -

Puc. 18

KoainHeapHble TOYKH JHOGpAaLHH BCcerda HEYCTOHYMBBI: CpelaH
KOpHeil BEKOBOTO ypaBHEHHS ypaBHEHHii B BapHalUHfX e€CTb YHCJA C
N0J10XKHTEbHBIME BEeLIECTBEHHBIMH YacTAMH. JLas ciydas Tpeyrosb-
HbIX TOYCK JHOpaUHH 3TH KOPHH YHCTO MHHMH H Pa3jHYHH TOJBKO

TOraa, Koraa
27u(l—p) <1. (18)

I1pn BHINO.THEHHH 3TOr0 YCTOBHS TPEyro.ibHble TOYKH OTHOCHTEb-
HOro paBHOBECHS YCTOMUHBH B nepBoM npné.anxeHHH. 3axaya ol
HX YCTOMYHBOCTH B CMBHIC1e onpeaeneHHs JlsanyHoBa oKa3aJjach
ropasjio C10XHee; MH OT.I0OXKHM ee o6cyXKileHHe R0 ra. 7. OTMeTHM
B 3akJloueHHe, YTO AJas peanbHolt cHcteMb Coanue—IlOnuTtep
ycaoBHe (18) 3aBeaoMo BHIOJIHEHO.

5.3. 3apaya Xuana. [lomecTuM Hauano Bpawaloulefics CHCTEMH
KOOpIHHAT B TOYKY, Iie HaXOAHTCHA Tesa0 ¢ Maccoit u. Toraa koop-
AHHATH X, Yy TPETbEro TesJa MaJoi MacChl HaJl0 3aMeHHTb Ha
x—(1—pn), y. O6o3Hauas 3TH nepemeHHble CHOBA yepe3 X, Y, MH
BHAHM, YTO ypaBHeHHs ABHXeHHs (17) cCOXpPaHAT CBOH BHA, TOJILKO
NOTEHIHAJ Hal0 3aMeHHTb cacaylolel Gyukuneii:

V=(—p) x4 (2459 +
(=) (1+ 20 4 X2+ 2= g (22 - 42) 712 (19)

CaelaeM eile OQHO ynpouleHHe 3aAayH; OHO BBeleHO XHJJIOM
(G. W. Hill) u 3aumcTBOBaHO H3 acTpoHOMHH. [TycTb Teno ¢ Mac-
coii 1—p cHoBa o6o3Hauaer CoaHue, p — 3eMaI0, a TpeTbe TeNO
HHYTOXHO Majoit  Maccel — JlyHa — aBuxketcs  BOGJH3H  TOYKR
(0, 0), B KoTopo#i mocTofiHHO Haxoautca 3emas. Ilpenebpexem B
ypaBHeHHsx (17) BceMH ujieHaMH, HMEIOUWIHMH NO KpafiHeA Mepe
BTOPO/ MOPSAAOK OTHOCHTENBHO ¥, Y. DTO 3KBHBAJEHTHO TOMY, 4TO
B (19) Mbl 1204XHW OTGPOCHTH U.JeHH 110 KpafiHeli Mepe TpeTbero
nopsaika no x, y. C tpebyemoii Tounoctbio V 3ameHsercs Ha PyHK-
LHIO

V=%(x2+y2)+_g_ (1 —p) X2 4p(x24 215,

IMockonbKy Macca 3eMan p MHOro Medbuwe Macch Coanua l—p,
TO B 3Toi (QopMyJie NCPBHM cClaraeMblM MOKHO npeHe6peub.

Yno6HO cierka HSMEHITb €IHHMUBLI PAcCTOAHHA H MACCH, cle-
JaB caenyiollie 3aMeHH:

X->aX, y->ay, p—>Ppu, 1—p->p(1—p),
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rae
a=@/1—p)'3, p=(1—p)"

[Mocne 3Toro npeobpasoBanust ypashenust ABuXeHHs JIyHB npu
HHMAIOT CHACAYIOIHA BHAT

i—2=30, y+2x=3 v=3erwipn @)

X
Onu umeloT nepsuit HHTEerpal —HuHTerpas fxobH:

x? 2
TV (%, y)="h.

Jlerko BHAETb, YTO NpPH Nepexofe OT OrpaHHUEeHHOH 3adauH
Tpex Tel K ee NpeleibHOMY BapHaHTy — 3adade Xuaaa — Hcye3sa-
IOT ABe TpeyroJbHhHe H ONHA KOJJHHeapHash TOYKH JHOpalHH.
JeficTBuTeNbHO, cHcTeMa ypaBHeHuit V,'=V,'=0 umeer Bcero aBa
pewenHs (x, y) = (3-8, 0). O6nacru Xuana

{V(x, y) +h=0}

NpH Bcex 3HAYeHHSX A CHMMETPHYHH OTHOCHTENBHO OCelt X H Y.
Ecau h>=0, to ob6aacts Xuana cosnafaer co Bceilt NJIOCKOCTBIO.
Ilpu h<0 rpanHua HMeeT acCHMNTOTH, Mapa/fieNbHHE OCH y: X=
=4 (—23h)'2. Bun stux o6aacTefi 3aBHCHT OT TOro, 6yaer JH
nocroaHHas (—h) Goabllle, paBHa HAH MeHblle €AMHCTBEHHOro
KPHTHYecKoro 3Ha4yeHHss ¢ynxkuun V, pashoro 3/, 3'B. 3TH TpH
ciydas nokasaHu Ha pHC. 19. 151 acCTPOHOMHYECKHX NPHJIOXKEHHH
HHTepec npeicrtaBisieT JHlIb caydad (a) u Gosee Toro, JHWbL 06-
J1acTh, OKPYXKalollas HayaJo KOOPAHHAT.

Pue. 19

X PaccMorpum Bonpoch, cBsisannbe c peryaspu3ausesi 3amaum
Hnna. Ilns 3toro nepeiigeM K HOBBIM NapaGonH4ecKHM KOOpAH-

Hatam no Qopmyram x=E2—y? y=9%tn u caenaem 3aMeHy Bpe-
MEHH [™ T B1O/Ib TPAEKTOPHI:

at
=4+
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O6o3nauan mrpuxom AuddepeHIlHpoBaHKe MO T, 3aNUIIEM YpaBHEHHS
ABHXXEHHA B HOBHIX nepeMeHHbIX:

8@+ =V w+8@+me =0,
V=4+4E+m) h+6E—m) @+,

Vurerpan sHepruu nmpuMer CJeAyiomuit BHA:

¥4 D m =0,

Ota perynspH3auus 3ajaud Xu/Jja, npeanoxenHas Bupkrogom
(G. D. Birkhoff) nosBossier mpocto HccienoBaTh aHaJHTHYECKHE
0OCOGEHHOCTH pellleHHi, COOTBETCTBYIOIUMX CTOJKHOBEHHIO JIYHH ¢
3emaeit. [IpeAnoNOKHM, UYTO CTONKHOBEHHE NMPOHCXOAHT B MOMEHT
BpemenH =0 u nyctb 7(0) =0. Toraa, oueBuauo,

t=(/8sina)t+..., n=(/8cosa)1+4...; t=%‘t3+...,

TAe a-— NOCTOSIHHAsl HHTerpupoBaHHa, TakuMm o6pa3oM, YHHPOPMH-
3yiomefi nepeMeHHON SBASETCA HOBOE BpeMs T H, KaKk B CJjydae
TMapHHX CTONKHOBeHHA B oOwefi 3afave Tpex Tena, peweHue E(f),
n(f) RmomycKkaer eIHHCTBEHHOE BelleCTBEHHOe aHaJHTHYECKOe mpo-
JOJIKEHHE NOocjJie MOMEHTa CTOVIKHOBEHHS.

Kak yxe orMeuasoch, A/ acCTPOHOMHH HHTEepec NpeACTaBASIOT
JUibL ABHXKEHHS, KOTOpHEe NPOHCXOAAT BONU3H TOukH E=n=0.
[Tpu GosnblukX OTPHUATENbHHX 3HaYeHHAX h yAOGHO mMepefiTH K HO-
BHM NepeMeHHHM

9 =28 [—2h—3 (82—?)?] /%, y=2n[—2n—3 (2—n?)?]"2.
C yueTom 3TOR 3aMeHW HHTerpaj SHepruu nprHoGpeTaer coBceM

{TPOCTOM BHI s ,
Y 4" +o?+y?=8.

310 — ypaBHeHHe TpexmepHOdl chepH B YeTHpexmepHoM ¢aso-
80M mpocTpaHcTBe nepeMeHHHX &', n’, @, Y. TTocKoAbKYy TOuKam
(8, n) u (—§, —n) cOOTBeTCTBYeT OJHAa H Ta XK€ TOYKA B IVIOC-
xoctH (x, y), 1o cocroauaa Jlynn (¢, ', ¢, ¥) v (—¥, —v',
—@, —V{) cJaenyeT OTOXKAECCTBHTb. B pesysbTaTe MH NMOMYYHJH, YTO
nNpH GOUILLIHX OTPHIATEJbHEIX A HHTepeCylollasg HAac CBA3HAas KOM-
NOHEHTAa TPEXMEPHOro YpPOBHA 3Heprud AHpdeomoppHa Tpexmep-
HOMY MpPOEKTHBHOMY NPOCTPAHCTBY. TO 3aMeuaHHe COpPaBelHHBO,

e
KOHEuHO, NpH Bcex h<<—3/2Y 3.

O6cynum B 3akjioueHHe MepPHOAWYECKHe DelleHHs 3agadu XHJ-
Jla, HMelolllHe BaXXHHe aCTPOHOMHYECKHe MpuroXKeHHs. Pednr Haer
0 NEepHORHYeCKHX pewennax x(¢), y(f) BO6ausnm 3eman (TOUKH
x=y=0) ¢ MaJbiM NEpPHONOM T, OPOHTH KOTOPHX CHMMETPHYHH
OTHOCHTeJIbHO OCeft x KB y. Bosee TO9HO, YCIOBHS CHMMETPHH omnpe-
JAeJIAIOTCA PaBEeHCTBAMH

X(—)=xO)=—x(t+5) y(—O=—y@O=y(t+5).
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CaepoBaTtesbiio, 3TH PelUCHHA HA710 MCKAaTh B BHIE TPHIOHOMET-
PHUYCCKHX DSIAOB

i ~

x(t)= X au(m)cos@n+1) =, y(t)= 3 ai(m)sin@n+1)—;

T

PR

[MoactaBass 3TH psan B YPaBHeHHa ABHxeHnusa (20), Mu noay-
YHM GecKoHeuHYI0 HENHHEeHHYI0 CHCcTeMy aareOpaH4YeCKHX YpaBHe-
HHA OTHOCHTEeJbHO OECKOHEYHOTO YHC/a HEH3BECTHLIX KO3(QHUHEeH-
toB. Xuaa (1878 r.) nokasan, 4yto 3Ta CHCTeMa HMeeT eAHHCTBEH-
HOe pelleRHe MO KpaiHeHd Mepe NPH ManbiXx 3HadeHHsx m  (cM.
[37], [42]). 3nauenne my=0,08084... 145 peanbHoit JIyHnl mO-
najact B 3TOT JAONYCTHMHI HHTepBaJ. CX0IHMMOCTb psAAOB XH.1a
Adoka3aha A. M, JIanyhosuM B 1895 rogy.

MoxHo nokasarb, YTO AAS KO3 PHUHEHTOB ax(m) cnpaBelJHBH
cJelyloulHe aCHMNTOTHYECKHE Pa3JIOKEHHA:

ay=m31— -m+|—78-m - )
a4 _3 o, 1 g a1 2y 5 o
ao-16m+2m+ ! a.__lﬁm_3m !
a __ B i a: 1
a_°—256m+-.-1 T;——O-m +---7-..-

Orciona BHAHO, YTO NpPH MaJbIX 3HAYEHHAX M OCHOBHOM BKJAR
B nepHOAMYecKHe pelllenns XWina AalOT cJaaraemble

; ¢ I 1
Xo (¢)= m?/3cos - Yo()=mPsin —,

KOTOpble NPeACTaBJAIOT 3aKOH ABHXeHHs JIyHn Bokpyr 3eman 6e3
yyera BaHAHHA CoaHua. Hannune ko3pduunenta m?? sBasercs
creacTBHeM TpeTbero 3akoHa Kenaepa., Cosnue, Bo3Mywasi cucte-
My 3emas—JlyHa, npH MaJbix 3HaYeHHAX NMapameTpa m He paspy-
1IaeT NepPHOAHYECKHe KPYroBhe ABHXKEHHS 3afauy¥ ABYX Te&1, a
JIHUib CIeTKa KX AedOpMHpYeT.

§ 6. dproanveckne TeopemMnl HeGeCHOH MEXaHHKH

6.1. Ycroiiuusocts no Ilyaccony. [Ilycte (M, S, u) — noanoe
NPOCTPAHCTBO C MepoH; 3aechb S — o-aare6pa nNOAMHOKecTB M,
M — CYETHO-aAAHTHBHass Mepa Ha S. PaccMOTpPHM coXxpaHsIOWHi
Mepy aBToMOp(H3M g MHOXecTBa M. MHoXecTBO

Fp= ug" (P g (P)=p
n(:Z
Ha30BeM TPAEKTOpHeli TOYKH pEM, a
r,'=ug"(p)—
n>0
¢e MO.TOXKHUTEIbHOH NOJYTpaeKTOpPHEH.
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TeopeMa Ilyawmkape o0 BO3BDalleHHH. [ycts
p(M)<<oo. Torpa mis A1060r0 H3IMEPHMOINO MHOXKECTBA MOJOXKH-
TeJIbHOR Mepw V€S CyIIeCTByeT paBHOe eMy MO MSpe MHOXECTBO
WcV rakoe, yro ana Bcex p€W nepeceuenue I' 5 W cocTout H3
6eCKOHEYHOTNO0 MHOXECTBa TOYEK.

IMpumenum, caeays Ilyamkape (H. Poincaré), stor pesysbrar
K OrpaHH4YeHHHON 3ajlade Tpex JeT. B 0603HauYeHHAX NpelbAYyLIEero
naparpada ypaBHEHHA [BHXEHHS aCTeDOHAA HMeEIOT BHI YypaBHe-
nuit Jlarpanxka c narpaskKHaHOM

Leg (B4 txj—yitV, V=Zt0 g lon B

Stu YpaBHEHMA MOXHO mpPeACTaBHTb B raMuabTOHOBOM BuUAe C ra-
MH/IbTOHHAHOM

He=g (X2 V) 4yX—x¥ =G, G=L-t 12k,

rie X=x—y, Y=y-+x — KaHOHHYECKHE MMNYJbCH, CONpPAKEHHHE
¢ KkoopauHaTaMH x, y. Corsacwo Teopeme JInyBuans, $asoBuii no-
TOK 3TOH CHCTeMH, 0603HauHM ero g!, COXpaHfeT OOHYHYIO Mepy
Jle6era (H. L. Lebesgue) B R'={X. Y, x, y}.

PaccMOoTpHM MHOXeCTBO BCex TOYeK (pasoBOMO MPOCTPAHCTBA,
ANl KOTOPHX CNpaBeAJIHBO HePaBeHCTBO ¢ <<—H<cy;, rle ¢ H
Cz — ROCTAaTOYHO OOUIbILHE MOJOXKHTeJNbHHE NocTofHHHe, Kak MH
BHLeJH B § 5, NpH 3TOM NpeANONOXKEHHH Touka (X,Yy) JEXKHT B
OJHOH H3 Tpex CBA3HHX noaob6nactefi obaacth Xuana {G<<c}.
Bhibepem oxny H3 aByx obaacreit, conepxkaiux Connue uau Onu-
tep. Eif 6yner cooTBercTBOBaTh CBA3HAA o6aacTb B $a3oBOM npo-
crpaictBe. OueBHAHO, 3Ta 06JacTb HHBAPHAHTHA OTHOCHTENbLHO
AedctBua gt. M3 Hee Hano BHGPOCHTb TPAEKTOPHH CTOJIKHOBEHHS;
HX oObelHHEHHe HMeeT HyJeBylo Mepy. OGoO3HauwHM ocTaBiueecs
MHOXecTBO depe3 M. Ham nano mokasats, 9To ero Mepa KOHeyHa.
JeficTBHTeIbHO, KOOPRAHHATH (X,y) Touek u3 M npuHaanexar
OrpaHHYEHHOMY MHOXecTBY maockocTH R2?={x,y}. Honyctumne
aMnyabschl X, Y noguHHEeHH HepaBeHCTBAM

2(G—ca) <(Y+4x)+ (X—y)?<2(G—0y),

KOTOpHE SABJASIOTCA CIEACTBHEM HHTerpasa $Iko6H. ITH HepaBeHCT-
Ba onpeieisior B maockocTH R?={X, Y} kpyrosoe xosbuo, mJo-
anb KOTOPOro He NpPeBOCXOAHT 2m(co—c;). U3 3tux 3aMeuanni
BhITeKaeT KOHeyHoCcTb u(M) H, cieloBaTesibHO, BO3MOXHOCTL NMpH-
MeHeHHs Teopemm [lyankape o PO3BpalleHHH: OIS MOYTH BCeXx
pEM mnonytpaekTopua g'(p) nepecexkaercs ¢ 060 OKPECTHOCTHIO
TOYKH P MPH CKOJb YFOAHO GOJbIIHX 3HaueHHsX f. TakHe ABHXKeHHS
Ha3BaHH [lyankape ycroduusoimu no Ilyaccony.

6.2. BepoaTHocTb 3axBaTa. [TycTh cHoBa V —wu3mepumoe MHO-
XeCTBO MNOJOXKHTENLHOK Mephl. [Mlas n€N uepes V" nGosuauum
MHOXeCTBO Touex M3 V', aam xortopuix g*(p)eV npu Bcex 0 <k <.
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OueBuano sxaoyenne: V™" OV™, ecan n, < n,. TNonoxum
B=nVn
n>0
MuoxectBo B usmepumo u p(B)< oo. Ecom p€B, TO, KOHEYHO,
6V aas scex n>0.
Monoxum B"=g"(B). Bce MHOXecTBa B" M3MCpuMBH H CHOBA

B™>B™, ecan ny <n, MHOXecTBO

D= B'cB
n30
Toxe uamepumo. Ecan p€D To, oueBHgHO, I'p€V.

ITpeanoxenune 6. p(B\D)=0.

Yro6H 370 yTBepkKAeHHe.He OnIo GeccolepxaTeNbHHM, HYXKHO
CHayana nokasatb, 4yTo u(B8)>0. OnHako B KOHKPETHHX 3ajadax
JOKa3aTeNbCTBO 3TON0 (akra MOXeT OKa3aTbCd CYLIeCTBEHHOH
TpyaHocTeio. Ilpeanoxenne 6, Bocxoasiuee k IlBapumuabay
(K. Schwarzschild), cnpaBexsmpo, KOHEUHO, H B TOM CJIy4Yae, KOraa
BpPeMs n HenpepbiBHO.

[Ipennonoxum, Hampumep, uro chcreMa Counne—IOnuTep
«3axBaTHJa» H3 OKPYKalollero NPOCTPAHCTBA acTEpPOHAM  («rpe-
KOB» H «TPOSIHLEB») B OKPECTHOCTb TPEYI'OVIbHHX TOYEK JIHGpauuu.
[Tpeanoxenne 6 cpasy naer HaM HyJeBYI0 BePOSTHOCTb 3TOrO CO-
6uths. Takum 06pa3oM, sBJIeHHS «3aXBaTda» B HeGeCHOM MeXaHH-
Ke cjelyer pacCMaTpHBaTh JHUIb B MaTeMaTHYECKHX MOJEJAX,
VYHTHBAIOIHX RHCCHMAUKIO SHEPTHH.

Bonee HHTepecHHM NpHIOXEHHeM SfBJSeTCA CJeaylollee pac-
cyxnenne Jlutasyna (J. Littlwood). Paccmorpum 3apauy n  ten
C NOKOSILUHMCA LEHTPOM Macc. [IBHXKeHWe TOYEK ONHCHBAeTcs ra-
MHJIbTOHOBOH cHcTeMofi; ¢QyHkuust Iamuabrona H peryaspHa B
0o6JaacTH, rae HX B3aHMHHle PAacCTOAHHSA 7y >>0. IAs NpOH3BOIbHO-
ro ¢>1 paccMoTpHM OTKpHITOe MHOXecTBO A(c) Touek ¢pasoBoro
NPOCTPAHCTBA, Iie BHNOIHEHH HepaBeHCTBa

cl<m<e (Isk<i<n), —c<H<c.

[Tockonbky A(c) orpanmueno, 10 p(A(c))<<oo. CaenoBartes-
HO, COrJacHO npeasoxeHHio 6, MHOXecTBo Touek B(c), KoTophbie
ocratotcsi B A(c) mpu =0, MHIWbL HAa MHOXECTBO HYJEBOH Meph
NpeBOCXOAHT MHOXecTBO D(c) Toyek, koTopHe Haxoaarcs B A (c)
npu Bcex f€R.

Ecmm ¢, <cy 710, oueBHmHo, A (c))CA(cy), B(a)cB(co) »
D (¢;)c D (c,). MoaroMmy cooTBeTcTByiOllee YTBEpPKAEHHE CNpaBe]l-
JHBO W AJNA MHOXECTB

A=Y A(c), B=UB(c), D=UD(c).
c>1 c>1 c>1
Has Touex p€B B3amMHBe PACCTOARHA ry AR Beex ¢>>0 ocTalor-

CA OTrPAHHYEHHBIMH C3epXy H CHH3Y HEKOTOPHBIMH MOJOXHTEeAbHH-
MH NOCTOAREHWMM, 3aBHCAWMMH OT p. as Touek p€D arto cBoiicT-
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80 HMeeT MeCTO JJis Bcex 3HadeHH# f. [loutu Bce Toukd u3 D npu-
Hagnexat B.

[TycTb, HanpuMep, NaHETHAA CHCTEMA YCTOHUN3a «B MPOILLIOMS,
Ecnu oHa 3axBaThiBaeT HOBOE TeJIO, CKa)keM, NMBUIHHKY, MPHXOASA-
ITyi0 H3 6eCKOHeYHOCTH, TO 00pasoBaBIUAsiCs CHCTeMa Tesa yXKe Io-
TepAeT CBOHCTBO YCTOAYMBOCTH: C BEpOITHOCTHIO eAMHHUA JH6O
NPOH30H1eT CTOJIKHOBEHHE, JJHOO ONHO M3 Ten CHoBa yhzer B Gec-
KoneunocThb. [IpHuem coBceM He 06f3aTeNbHO, YTO HMEHHO MBUIHHKA
nokuHer ConHeuHylo cHcTeMy. YiTh Moxer [Onurep mauw naxe
Conxune.

Taaea 3
rPynnbl CHMMETPHA H NOHUXEHME NOPAAKA

§ 1. CHMMeTPHH H JHHeAHbIE HHTErpanbl

1.1. Teopema Heérep. Ilycte (M, L) — narpaHxkeBa cucTeMa H
v —raaikoe none Ha M. C nonem v cBA3aHa OAHONMapameTpHYe-
ckasg rpynna AupdeomopodusmoB g*: M—M, onpenensiemas aud-
¢$epeHLHaNbHLIM ypPaBHEeHHEM

2 8% (1) =2 (g (1)) (1)

H HayaJbHBIM yclIOBHeM go(X) =x.

Onpenenenune. Jlarpanxkesa cucrema (M, L) nmonmyckaer
rpynny g%, ec/H JarpanxuaH L HHBapHAHTEH OTHOCHTENBHO OTOG-
paxenuit g.%: TM—TM. T'pynny g ecTecTBeHHO Ha3BaTh 2pynnoil
cummerpud, a nojie v — nosem cummerpul.

[Tycts y: A—>M — nBHXeHHe JarpaHxkeBofi cHctemu (M, L).
Torna g*>vy:A—M npr Bcex 3HaUeHHAX o TaKXKe fABJISETCH ABH-
JKeHHeM.

B HeaBTOHOMHOM ciyuae JarpaHxHaH L — raagkas QyHKuus
Ha NpPOCTPaHCTBe KAacaTeJbHOrO PAaCCJOEHHSI PACUUPEHHO20 npo-
cTpancrsa noaowerud '‘M=MXR. Tpynny nudpdeomopodusmos

g%:’M—'M 6yzem HaswBathb rpynnofi CHMMeETPHil CHCTeMH
('M, L), ecan ‘g*(x, t)=(y, t) nna Bcex (x, )éEMXR u otobpa-
KeHHs 'g,* coxpansior L. I'pynne ‘g* cooTBeTCTByeT rsaaxoe none
Ha ‘M

D (%, )= (g% (X, gy

OueBuano, uto ‘v(x, ) =(v(x, t), 0)€T,n(MXR) u v(x, t) MOX-
HO HHTePNpeTHPOBaTh KaK noje Ha M, riagxo 3aBucsiuiee OT f.

Jemma 1. Cucrema (M, L) nonyckaer rpynny cCHMMeTpHit g°
TOTZa H TOJIbKO TOTAa, KOTAA

(p-v) =[L]v. (2)
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<] JT0 yTBepXAEHHE BHITEKAeT H3 CJEAYIOHIEr0 TOXKAECTBA:
d : ) .
Tala_oL(g?")r‘(L;"")’lLl'v' > )

JleMMa 1 cnpaBeasiiBa H B HeaBTOHOMHOM cJjydae. M3 pasen-
ctBa (2) BHITEKaer

Teopema 1. Ecau cucrema (M, L) ponyckaer rpynny g¢, 1o
I=p-v— fepBHil HHTErpaJ ypaBHEHHH ABHKeHHAV,

Iyets (M, { , ), V) —HarypanpHas MexaHHYeCKas CHCTeMa.
Jlarpanxuan L=<(%, %>/2+V(x) HHBapHaHTeH OTHOCHTEIbHO Jaeil-
CTBHSl TPYNNH g TOJMBKO B TOM CJydae, KOTZa 3THM CBOACTBOM 06-
JajaloT pHMaHoBa MeTpHka { , ) H noteHuuan V. Ilas natypaus-
HbIX cHCTeM HHTerpan I, oueBHAHO, paBeH (v, X); OH JIHHelHO 3a-
BHCHT OT CKOPOCTH.

[Tpumep 1. Eciad B HEKOTOPHIX KOOPAHHATaxX Xj,..., X, Ha
M narpanxunad L He 3aBHCHT OT x;, TO cHcteMa (M, L) nonycka-
eT (JIOKaJbHO) TPynny CHMMETPHHA g%:x1—>x;+a, xp—>x, (k=2).
JToil Tpynme COOTBETCTBYeT BEKTOPHOe nose v=09/dx,. CoriacHo
TeopeMme 1, coxpaHsercs BeiwdHHa [=p.-v=p,=L’; . B vexaHuke
KOOpAHHATA X, Ha3HWBaercs yukauweckod, a uHMrterpan | — yuxau-
4eCKUM UHTezpaaOM. B 4aCTHOCTH, HHTErpajl 3HEepruu  sBJASETCH
UHKJIHYECKHM HHTErpajloM HEKOTOPOH pAaCIIHPEHHOH JarpaHKeBol
cucreMbl. das toro, yTo6H NOKasaTb 3TO, BBEJAEM HOBOE BpeMs. T
no ¢popmyae {=t(tr) B 3axaguMm ¢yHkuuio ‘L : T"M—R ('M=MX
XR) dopmyaoi

’L (x’, t” X t)=L (x'/t’, X t) t’Q ('),=_dd-.'r' (‘)'

M3 BapuaumuonHoro mpuuuMna [aMHAbTOHA C y4eTOM paBEHCTBA

Ts f.

{'Lav={ Lat

Ty 121
BHITEKaeT, YTO eClH.x: [f), f]—+~M — nBuxkenHe cucremu (M, L),
10 (%, t): [71, T2]>'M — nIBHXeHHe pacIIMpeHHOH JarpaHxKeBoil
cucteMn (‘M, ‘L). B aBTOHOMHOM cly4ae BpeMst ! ABJASIeTCS HMK-
JIHYECKOH KOOPIAHHATOH M HHKJIHUYECKHH HHTerpan

9’'L oL
— =L — —-.x=const
0t’ ox

COBMNAajNaeT C HHTErPaJoOM 3HEepruu. A
Teopema 2. Ecin v(x) %0, To B MaJioit OKPeCTHOCTH TOUKH

Xo CYLIECTBYIOT JIOKajbHhle KOOPAHHATH Xi,..., X, TaKHe, YTO
I=p.-v=p,.

) B Takom BHze 3Ta TeopeMa BnepBHe ChOpMyJHpoBaHa 3, Hérep (E. No-
ether) B 1918 r. CBsisb 3aKOHOB COXpaHeHHS HMIY/MCa M KHHEeTHYSCKOro MOMEH-
Ta C TpynNNaMdA TPAHCAAUMA M BpPalleHHRA Oblna W3BeCTHa yxe Jlarpanky u Hxo-

(lﬁg.?STeopema 1 1228 waTypaspHmX cHcTeM onybankosaka Jlesu (M. Lévy) B
r.
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310 yTBep)Kneuue—c.nencmHe Teopembl O @binpamaeruu Bek-
TOpHOro moas®.

Teopema 3. [IlpeanoJOoXKHM, uyTO YpaBHEHHe HBHXKEHHS
[L] =0 HMeer nepsmii HHTerpanm [/=p-v. Toraa ¢a3oBHi NOTOK
ypaBHeHHa (1) saBasercs rpynnoi CHMMETPHA JlarpaHXKeBOd CH-
creMu (M, L).

Hs Teopem 2 u 3 BhiTEKaeT

Canencteue. lHTerpain HarypajbHHX CHCTEM, JHHERHHE
M0 CKOPOCTAM, JIOKAJNbHO 9BJISIOTCSA LHKIHYECKHMH.

Ecnin HMeercss HECKOJAbKO noJedt CHMMETPHR Uy, ..., U, TO
yPaBHEHHe ABHXKEHHS AOMYCKaeT CTOJILKO e NepBHIX HHTerpajoB
Li=p-v,,..., I,=p-v\ Tlpeaunonarasi, yto JarpaHxeBa cHCTeMa
(M, L) sBasercs HaTypaJibHOH, nepeiaeM ¢ noMoilbio npeo6paso-
BaHHs JlexaHapa K ypaBHeHHsaM ['amuabToHa Ha T*M. ®yHKuuH
I, ..., Ix: T*M—R He3aBHCHMHl H HHBOJIOTHBHH (B CTaHZapTHOH
CHMINIEKTHYECKOR CTPYKType Ha T*M) Toraa M ToNbKO TOrAa, Kor-
Aa MOAs Uy, ..., Uy HE3aBHCHMH H KOMMYyTHpylT Ha M. Haanuue
JHHEAHHWX WHTErpajioB HajaraeT OrpaHHuYeHRHsi He TOJNbKO Ha pH-
MaHOBY METPHKY H NOTEHIHaJ CHJIOBOTO NOJIf, HO H Ha TOMOJO-
THIO NPOCTPAHCTBA MOJOXEHHH.

Teopema 4. Ilyctb M — cBA3HOe, KOMNAaKTHOE, OPHEHTHpY-
eMoe yeTHOMepHoe MHoroo6pa3ue. EciH raMHNbTOHOBa HaTypa/b-
Hag cHcteMa Ha T*M umeer k= (dim M)/2 He3aBHCHMBIX JHHEN-
HHX HHTErpajoB B HHBOJIOLHH, TO XapaKTepHcTHKa Jiinepa — [ly-
aHkape % (M)=02.

CaencrBue. Ilycts dimM=2. Ecau HaTtypaibHas cHcTeMa
HMeeT JIHHEeHHHA MO CKOPOCTH mepBHit HHTerpah, To M auddeo-
MopdHO cdepe HJIH TODY.

B HeopueHTHpyeMOM ciyyae Hajao A06GaBHTb NPOEKTHBHYIO MJIO-
ckocTh H 6yTHIKYy Kaefina.

Nokaxem caeacrsue. Ecan %(M)<0, to noae cuMmerpuit v
HMeer ocobbie TOuKkH. IToCKOAbLKY (a30BLIi NMOTOK YPaBHEHHA X=
=v(x) sBJseTCA rpynnofi H3OMETPHAA IABYMEPHOr0 PHMaHOBOrO
MHoroob6pasus (M, (, »), To oco6ble TOUKH X, H30NHPOBAHH H HMe-
ot saaunthdyeckuii THn. Ilo  ¢opmyne [lyankape y(M)=
=2 ind(x,) >0. [Tonyunm npoTHBOpeuHe.

s

Paccmotpum Gonee o6ulyl0 CHTyauuio, Korna Ha M peficTeyer
(cnesa) npoussosbHas rpynna Jlu G. IMycte & — ee anre6pa Jlu,
&* — nuneiiHoe NpOCTPAaHCTBO, AyanbHoe anrebpe §. Mu cefiuac
yKaXeM ecTecTBeHHoe oToGpaxeHHe [;: TM—>%*, KoTopoe Kax-
Aoit Touke X€TM comocTaBaseT JHHelHYI0 QYHKUHIO Ha &.

Kaxnomy Bexktopy X€¥ cooTBeTCTByeT OAHOMapaMeTpHYECKas
noarpynna gy, ReficTBHe KOTOpOii Ha M nopoXxpaer KacaTelbHoe
none vx. OTo6paxenne X = vy ABASAETCA rOMOMOpGH3IMOM ajire6-

" Cm. 6. «Htoru naykn u texun. BUHUTU. Cospemennne mpoGieMu Mmare-
maTHKH. PysnamenTanbHbe HanpasaeHus», 1984, 1, 18
3 37to yrBepxaesue noayseno C. B. Bonorunmm u J. JI. AGpapoBum
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pu & B anre6py JIn Bcex BekTopHHX moldefi Ha M. Tlonoxum
I4(%) =L’; -uy. 312 QYHKUHA JHHeiiHa no X.

Onpenenenne. Orobpaxenne Jo:TM—>F* nasusaercs
KUHeTU4ecKum MOMeHTOM Jarpanxkeson cucreMn (M, L) ornocu-
TeabHo epynnet G (WIH MPOCTO MOMEHTOM, €CJH 3TO He NpHBEAET
K HelOpa3yMeHHIO).

Hapsny ¢ momentom Iq: TM—>$* onpeaeneHo oro6paxenue
Ps : T*M—%*, 3anannoe Qopmynoit Pg(p) =p-vx. Moment I; sB-
JfieTCs KOMNO3HUHei#l oToOpaxkeHHs P; u npeoGpasoBanus Jle-
XKaHapa.

I[Ipamep 2. PaccMOTPHM n cBOGOAHHIX MATEPHANBHHIX TOYEK
(rv, my\) B TpeXMEPHOM eBKJAHAOBOM mnpocTpaHcTBe.  [lycts
SO(2) —rpynna BpallieHHH NPOCTPaHCTBa BOKPYr OCH, 3afaHHOMN
eIHHHYHBIM BeKTOpoM e. I'pynma SO (2) peficTByeT B npocTpaHcTBe
nonoxenuit R3{r;} X ... XR3{r,}; eit cooTBeTCTBYeT BEKTOpHOE NO-
ne (eX (r—'r1),..., eX(r=—"ra)), roe ‘r,— panuyc-BekTop k-oit
TOYKH C HayajJOM B HEKOTOPOH TOuKe OCH BpaileHHs. ITocKoabKy

=_;'ka<;121 ;'a) +V(ry...ora)

TO
180(2)=zmk(}kt eX(re—"re)y = (e Smu(re—"re) X re)

COBMajfaeT C yXe H3BeCTHHIM HaM KHHETHYECKHM MOMEHTOM CHC-
TeMbl OTHOCHTEJbHO OCH.

ITycts Ttenepp G=SO(3) —rpynna noBOPOTOB BOKPYT HEKO-
TOpo#t ToukH 0. JlyanbHoe npocrpaHcTBo F*= (5s0(3))* MOKHO Ka-
HOHHYECKH OTOXJECTBHTb C ajre6poii BeKTOPOB TPEXMepHOro OpH-
€HTHPOBAaHHOrO €BKJIHJ0BAa NPOCTPAHCTBA, B KOTOPOH KOMMYTaTOp
3anaercs OOLIYHHM BEKTOPHHIM mnpou3BefeHHeM. Toraa, oueBHAHO,
Iso3), 6yner cOOTBETCTBOBaTb KHHETHYECKOMY MOMEHTY CHCTeMH
OTHOCHTEJIbHO TOYKH 0. A

Onpenenenne. I'pynna G HasuBaercsa epynnod cummerpuu
JgarpaHxesoit cucremnl (M, L), ecim L(g.x)=L(x) aas Bcex
X6TM u g€G.

Teopema 5. Ilycrs cucrema (M, L) monyckaer rpynny cum-
merpuit G. Toraa MomeHT /, fiBAseTCs NepBHIM HMHTerpajoM (T. e.
I; npUHHMaeT NOCTOSIHHHIE 3HAYEHHs Ha ABHXKEHHAX JarpaHxeBoil
cucremn (M, L)).

9To yTBepKIeHHe ecTb C/AeACTBHe TeopeMul 1.

[TpaMep 3. Mu yxe Buzenu B ri1. 1, uTo ypaBHeHHs 3ajaun
n rPaBHTHDPYIOUIMX Tea1 HOMYCKawT rpynny npeobpasosauuii Tla-
aunesi. Oanako ¢pyHkuus Jlarpanxka

L= Eme(X2+ Y2 +2)+
4 AN ymim;j
-~ Vi(vi—%) +(gi—y; P +{21—2)*

i<
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HHBApHAHTHA OTHOCHTEAbHO He mceil rpynns [aaunes. Ona momyc-
KaeT TPaHCASLUHH OCH BPEMEHH, a Takxe H3OMETPHH TPeXMepHOIo
eBKJAHN0BA npoctpaHcTBa. CABHraM OCH BPEMEHH COOTBETCTBYeET
COXpaHEHHe MOJHOA 3HepPrHH, TPAHCJASUHAM EBKJHMOBAa NpPOCTpPaH-
CTBa — COXpaHeHHe HMIYJbCa, a Tpynne BpalleHHA — cOXpaHeHHe
KHHETHYECKOro MoMeHnTa. PaccmoTpuMm elle rpynmy roMoTeTuit

(*%,4,2) = (ax, ay, az), @>0. (4)
OHa nopoxzaaercs BEKTOPHHM NOJIeM
9 /] 2
'o=2xa7+y gy—+z$.
Ilpn a=1 Gynem HMeThb TOXJECTBeHHOe npeobpasoBauue. Jlarpan-
JKHaH 3aaYH n Ten He AOMyCKaeT rpynmy romorterHfi. Mu, oAua-
KO, BOCHOJIb3yeMCH ToXaecTBoM (3) npr a=1. [Tockoubky npu 3a-

Mede (4) T—-a®’T, V—>a~'V, 10 paBenctBo (3) naer yxe H3BecT-
HOe HaM TOXJAecTBO JlarpaHxa:

7= | =Py 2T —V =Zm (x4 g+ 22) =4,

@ |gm
I=3m(x2+ 2+ 22).

1.2, Cummerpnn B HerosioHoMHOA Mexauuxe. [Ipeanonoxum,
YT0 Ha HETrONIOHOMHYIo chcreMy (M,S,L) ReficTByloT aonosmu-
TeJbHHE HenoreHuHaabHuhe cBIHN F(x, x) : T.M—T.*M. [1pwKenns
onpejeasiorca npuHuHnoM Hanam6epa—Jlarpanxa: ([L]—F) =
=0 ans Bcex BO3MOXHHX CKOpocTed E.

Onpenenerusn Ipynna Jlu G HasHBaeTcs rpynnot cHMMer-
puh meronoHoMHo#t cucreMu (M, S, L), ecan

1) G coxpanser L,

2) BeKTOpHHE MoAs Ux, X€F, ABJAIOTCS MOJIAMH BOSMOXKHBIX CKO-
pocren,

Momenrom cuavr F orrocureasro epynnot G HasoBeM oTobpaxe-
Hue @g : TM—$*, onpeneneuroe popmyaofi Og (x) =F-vx.

Teopema 6. Ecniu (M, S, L) nonyckaer rpynny cummerphii G,
T (lc)' =Qg.

Caencrpre. Eciu F=0, T0 B npeANOTOXKEeHHAX TEOPEMH 6 MO~
MeHT /g coxpaHsieTcs.

Teopema 6 BuBoauTCs H3 npuHuuna Jlanam6epa~—Jlarpanxa ¢
ITOMOILBIO TaKAecTBa (3).

IIpEMenuM sTH o6mue c0O6paXeHHs K AMHAMHKe CHCTEM MaTe-
PHANBHHX TOYEK B TPEXMEPHOM OPHEHTHPOBAHHOM EBKJHIOBOM MpO-
cTpancrse. ByneM npeanosarats, 4To Ha TOUKy (r, m) nefcTByer cH-
aa F. PaccMOTpEM rpynmy CABHIOB BAOJb NOABHIKHOA MpAMOf ¢ Ha-
DpapJIAIOEM BEKTOpOM e(f) : r—>r+ae, a€R.

Teopema 7. ([85]). IIpeanonoxnm, 4T0 BHHNOJHEHE Caely-
IolHe YCJAOBHSA:

1) Bexropu Ep=e (1<<h<{n) ABAAIOTCH BO3MOXHHMH CKOPO-
CTSAMH,
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2) (P,e>=0, rae P=Emr — cymmapHH# HMOYJLC.

Torna <P, e> =(IF,e>.

CaeacrBue, [IpeancsoxuM, yro B KaxAH! MOMEHT BPeMeHH
BeKTOpH Ex=n=(Zmr/Zm). (1<<hk<n) HABIAIOTCA BO3MOXHBIMH
ckopoctsamH. Ecau cucrema nBuxercs no wnepuun (F==0), T0 cko-

POCTh €e LeHTPa Macc 7 HCH3MEeHHa Mo BeJHYHHe.

I[Tpumep 4. PaccMOTpHM CKOJbXKeHHe yPaBHOBELIEHHOTO KOHb-
Ka 1o TOPH3OHTAJIbHOA NJIOCKOCTH H KayeHHe OAHOPOIAHOTO AHCKa,
NJIOCKOCTb KOTOPOro BCe Bpems BepTHKaabHa, [lo cjexcTBHio Teo-
peMbl 7, BeJHYHHH CKOPOCTeH HX UEHTPOB MacC MOCTOSHHH. A

PaccMOTpHM ellie TPynimy NOBOPOTOB €BKJHAOBA NPOCTPAHCTBA
BOKpYr MOABHXHO# npaMoft ! ¢ HanpapAsOWHM €AHHHYHHM BeK-
TOpOM e(t), mpoxoisllief yepe3 TOUKY C PajHYyC-BEKTOpPOM ro(?).
ITyctb K — KHHEeTHYECKHi MOMEHT CHCTEMH MAaTepPHANbHHX TOYEK
OTHOCHTENbHO HEMOJABHXHOrO Havasna orcyera, a K;(M;) — kune-
THYECKHIT MOMEHT (MOMEHT CHJI) OTHOCHTEJIbHO NOABHXKHOH oCH [,

Teopema 8 ([85]). ITpeanostcokuM, 4TO BHIOJHEHH CJeRYIO-
iHe YCJIOBHS:

1) BeKTOpHI CKOPOCTH MaTepHa/bHHX TOYEK NpU BpalleHHH CHC-
TeMbl KaK TBEPLONO Tela BOKPYT OCH [ B KaXAH# MOMEHT BpPeMeHH
SIBJASIOTCS BO3MOXKHBIMH CKOPOCTAIMH,

2) (P, (roXe) >+<K, e>=0.

Toraa Ki=M,

Ecan, B yacTHOCTH, ochb [ He MeHsieT HanpaBJeHH B NPOCTPaH-
cre (e(f) =const), To ycaoBHe (2)  mepexoAHT B ycJOBHe
C. A. Yannnruna (1897 r.): <e, roXn> =0, rae n — CKOpPOCTb LEHT-
pa macc. B cayyae, Korna ro=m, yC/qOBHe 2) MOXHO YNPOCTHTH:
(K+roX P, e>=0. Oxo 3aBe1OMO BHIIOJIHEHO NPH AOMNOHHTEJILHOM
npexnoNoXeHnH, uto e(t) =const. Hampumep, ypaBHOBelIeHHBI}
KOHEeK BpalllaeTcsi BOKPYr BePTHKA/H C MOCTOSHHOH YrJOBOA CKO-
pOCTBIO.

I[Ipumep 5. PaccMotpuMm 3adauy Hanasieuna o KadeHun no
TOPH3OHTaNBHOM/ NJOCKOCTH AHHAMHYE€CKH HECHMMETPHUHOIO Iiapa,
UEHTP MAacc KOTOpPOro COBMANaeT C €ro reOMeTPHYECKHM LEHTPOM.
ITyctb 0 — Touka Kacauus wapa c NAOCKOCTbIO, Ko — ero KHHEeTH-
YeCKHH MOMEHT OTHOCHTE.IbHO TOYKH 0. 3ajavya Yamnuruyua jgonyc-
Kaet rpynny moBopotoB SO(3) BOKPYr TOYKH KaCaHHf. MOMeHT
Isom paBeH, koHeuHo Ko, 2 MoMeHT cHa Dg=0. Cneposarteabso,
no teopeme 6, Ko=const. 310 3ameyaHHe MO3BOJHT HaM COCTaBHTh
3aMKHYTYI0 CHCTeMy AH(¢epeHUHaNbHHX YPAaBHEHH! KaueHHs lua-
pa. IlycTb kp — KHHETHYeCKHi! MOMEHT B NMOABHIXHOM NpPOCTPaHCT-
Be, CBA3AHHOM C TBEPAbIM TEAOM, @ — YI/IOBas CKOPOCTh Bpalue-
HH5 wapa, y — eAHHHYHLI{T BeKTOp BepTHKa/H. I[locTosHCTBO Bek-
TOPOB Ry H 4 B HEMOABHKHOM MpPOCTPAHCTBE 3SKBHBAJCHTHO
ypaBHEHHSAM

k3+u’\\ku=0, ‘{7+(DX‘Y=0. (5)
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[Tyctb A — TeH30p MHepUHM T€Ja OTHOCHTEJNbHO LEHTpa Macc,
m — Mmacca mapa, a—ero paauyc. Toraa ko=Ao+ma’yX
X (0X¥y). D10 cooTHouUleHHe NpeBpaliaeT ypaBHeHHs (5) B 3aMk-
HyTylo cHcTeMy Au(ddepeHlUHaNMbHEX YPaBHEHHHI OTHOCHTEJIbHO @
H y. YpaBHeHHs (5) KMeIOT 4YeThipe HEe3aBHCHMHX HHTerpaja:
F|=(ko, ko), F2=<ko, V), F3=<‘v, Y>=l, F4=<k01 w>. [locaennunt
HHTErpaJ BHpa)aer MOCTOAHCTBO KHHETHYECKOH 3HEPrHH KadyeHHs
mapa. C noMollbl0 3THX HHTErpajoB ypaBHeHHs (5) MOXHO npo-
uHTerpupoBarb B kBaaparypax (C. A. YHanawruu, 1903 r.).

1.3. Cummerpuu B BakoHoMHO# Mexanuke. [lycte (M, S,L) —
BakoHOMHas cuctema u G —rpynna JIu, aefictyiomas Ha M.

Onpenenennsn. TIpynna G HasuBaeTcs Ipynnofi CHMMeT-
puit BakoHOMHO# cucteMbl (M, S, L), eciin

1) rpynna G nepeoaut SCTM B S,

2) G coxpaHser orpaHnuyeHue L Ha S.

KHHeTHYeCKHM MOMEHTOM /g BaKOHOMHOM CHCTEMBl OTHOCHTE/b-
HO rpynnul G HasoBeM oro6paxenne T*M—G* 3ananHoe ¢opmy-
nofi: p—p-vx, X€F, 3necb p — BaKOHOMHEBI UMNYJLC,

Mpumep 6. Ilpeanonoxum, yro cucrema (M,S,L) nary-
panbHas, H KHHeTHYECKasi 3HeprHs Onpejensercsi PHMAHOBOH MeT-

pukoit { , ). Ecan cBa3p S 3amana ypasnenuem {a(x), x)=0, T0
I=<v, x>4<p, a>(a-v) /<a,a>. A

Teopema 9, Ecau BakoHoMHast cHcteMa (M, S, L) nomycka-
er rpynny cummerpuii G, To Ig=const.

®dyukuus /g B obemM cayyae He nabmopaema. Ecam, oawmako,
noss cUMMeTpHit vx, X€Y ABAAOTCA NONAMH BO3MOXKHBIX CKOpOCTed,
To I/ paBHa L -vx ¥ no3Tomy HaGmoaaema.

[Mpumep 7. KoHeK Ha rOpH30HTaJbHOM MJOCKOCTH, paccMart-
pHBaeMHii KaKk BaKOHOMHasi CHCTeMa, Aonyckaer rpynmy TpaHcas-
uHi, HO He NOMyCKaeT IPyNny MOBOPOTOB BOKPYr BEPTHKAJbHOM
ocH. CrenoBartesibHO, BAKOHOMHbBIH HMIYJIbC KOHbKAa COXpaHseTCs.
Sra BeJMyHHA, OQHAKO, He Ha6.aofaeMa, BakoHOMHH MOMEHT OT-
HOCHTEJIbHO TPYNnb NMOBOPOTOB KOHbKa2 COBMAajaer ¢ OOGRYHBIM KH-
HeTHYeCKHM MOMEHTOM, KOTODhIii He SIBASieTCS NEpBbIM HHTErpajoMm
ypaBHeHHH ABHXEHHS. A

1.4, CumMmeTpun B raMHALTOHOBOR Mexauuke, [Tycts (M, 0?) —
CHMIIJISKTHYeCKOoe MHoroo6passe W rpynna g* geiictByer Ha M kak
rpynna cHMIVIEKTHYeCKHX AH¢pdeomoppusmoB, C rpynnoit g cBf-
3aHO BEKTOPHOE noJjie

d

== — s,
? ds S—Og

3t0 none JN0OKaJbHO FaMHJILTOHOBO: | — ¢opMa w?(-, v) 3aMKHYTa.
MosToMy nokaabHo ?(-, v) =dF. [Ipononkenne GyHKUMH F Ha
MHoroo6bpasie M B ueJOM NPHBOAHMT, KaK MPaBUAO, K MHOrO3Hau-
Hoit ¢yHkuun TamuabroHa. Ecau, oaHakKo, CHMMJIEKTHYeckas
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CTPYKTYpa w? TOUHA, TO NUJIe U HMeeT OAHO3HAYHLHA TAMHIbTOHHAH.
IHeitctBUTEAbHO, ecan wi=dw!, To F=n!(v).

Npumep 8. Iycte N — raapkoe muoroobpasne u g*— rpyn-
na ero auddeomMopdPu3MoB, NOPOKAeHHAs BEKTODHHM TNOJEM u.
Mockonbky Kaxawit Anddeomopdusm N nepesoaut l-popmu B
1-popMu, TO rpynna g° AGHCTBYeT W Ha NMPOCTPAHCTBe KoKacaTeb-
Horo paccaoenus M=T*N. Hanomuum, uro M HMeeT CTaHAApTHYIO
CHMNJIEKTHUECKYIO CTPYKTYPY w?’=dpAdq=d(p-dq), rae p.q—
«KaHOHHYeCKHe» KoopAuHaTh Ha M. [lockosbky rpynna g* coxpa-
nsier 1-¢opmy p-dg, 10 oHa coxpausier 2-popmy ? H, CTaa0 GHTh,
ABAAETCS TPYNNOii CHMNJeKTHuecKHx Auddeomopusmon M. [lei-
cTBHe g* Ha M nopoxlaercd oxHO3HauHoM ¢yHkuueii aMHAbTOHA
F=p-u A

Teopema 10. I'pynna cemnnektuyecknx audpdeomopduaMoB
gs ¢ oaHo3HauHo# ¢yHKuuelt amuabToHa F coxpanser (QYHKUHIO
H : M—R Torapa u TonbKo TOraa, xoraa F — nepBulii HHTErpaa ra-
MHJIbTOHOBOI cHcTeMbl ¢ ¢yHKuued [amuabToHa H.

<} Jloka3arenbcTBO OCHOBAHO Ha NMPHMEHEHHH cJeayiouwieft ¢op-
MYJIBL:

d N
= | H € ) ={H, F}x). >

Tenepb Mbl NPeanoJOXHM, 4TO Ha M 3afaHO CHMMJIEKTHYCCKOE
aefictBue rpynnsl JIp G Takoe, 4TO KaXXAOMy 3jaeMeHTy X H3 ee
anre6pel & cooTBeTCTBYeT oJHONMapaMeTpHYecKas NoArpynna coA-
HO3HauHOi GyHKuUHel [aMHAbTOHA. JTH raMHJbTOHHAHbLI Ornpese-
JeHbl C TOYHOCTHIO A0 NMOCTOSIHHBIX CJaraeMhix.

Onpeanenenune. Cumnaexruveckoe Oedcréue G nHa M Ha-
3HBAETCA NMYAcCOHOBCKUM, ecnH cooTBeTcTBHe X~ Fx MOXHO mo-
nobparb Tak, yToO

1) Fx auHeiiho 3aBHCHT OT X,

2) {Fx, Fy}=Fxy) VX, Y€Y.

[Tpumep 9. Ilycte N — rnankoe MHoroo6pasue u G — rpyn-
na Jlu, aeiictByiomas wa N. [lpoxoxkum Aeictsue G na N 1o
cuMnieKkTHYeckoro aeiictBus G na T*N kak yka3awo B Npumepe 8.
[MocTpoennoe neficTBHe NyacCOHOBCKOe. DTO BbITEKaer H3 JIHHEH-
HOCTH QYHKUMH p-Ux W caelylouwleit ¢opmyas: {p-vy, p-Uy}=

=p-[ox, ey]=p-vixy;. A

[TyaccoHoBckce nmefictBue rpynnel G Ha M onpeze.ser ecrtect-
BeHHOe oTobpaxeHHe Pg: M—%* xoTopoe comocTraBisieT TOYKe X
JuHelinylo dyhkumnio F.(x) Ha aare6pe ¥. I10 OTOOpaxeHHe Ha30-
BEM MOMEHTOM nyaccoro8cko20 deticteus rpynnu G.

Mpeanoxenue 1. [Nyacconopckoe AeiicTBHe CBSA3HOM rpyn-
nol JIn G npu 0oTO6paKeHHH MOMEHTa P NMEPexXOAHT B KONPHCOEIH-
HeHHOe AeiicTBHe rpymnst G Ha §*, TO ecTb KOMMYTaTHBHa AHar-
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pamMma
M5 M
plage 1o
,‘é:—‘—’»‘_ 'éa

Mycts (N, L) — narpanxesa cucreMa W rpynna Jlu G neficTpy-
er Ha N. Jlarpanxuau L onpesensier npeoGpasoBanue Jlexanapa
TN—T*N. KoMmnosnuua momeHta Pg:T*N—>F* npoaonxeHHOro
NMyacCOHOBCKOro AefictBHsi G Ha CHMILUIEKTHYECKOM MHOrO0Gpa3HK
T*N u npeo6pasoBanusi JlexaHapa coBnajaer ¢ onpelesIEHHHM
Buiwe MoMeHTOM /g : TN—%* narpasixkepo#i cuctemn {(N,L) or-
HOCHTEJbHO rpynnH G.

Ecan ¢yuxkuus H : M—R uHBapHaHTHa2 OTHOCHTEJbHO myacco-
HOBCKOTO AeficTBus rpynnut G, 1o, no TeopeMe 10, MoMent Pg fB-
AsieTCs NepBHIM HHTErpajioM CHcTeMb ¢ (yHkuued I'amuabrona H.

B 3akaioueHne o6CyauM CHMMeTpHH B O606LIEHHON TraMHJbLTO-
Hopoit Mexanuke [upaka. Ilycts (M, w?, H, N) — ramuabToHOBA
cucTeMa co cBasaMu, H : M—R — ¢yskuus [amuapTona, N — noa-
mHorooGpasue B M (cM. n. 5.1 ra. 1).

Teopema 1l. [lyctb 3agaHo myaccoHoBCKOe AeficTBHe rpyn-
nu JIu G Ha cHMIJIeKTHYeCKOM MHorooGpasuu (M, w?) Takoe, 4TO
G coxpaHnser ¢yHkuuio H u noamHoroo6pasHe N. Toraa momeHRT
P; npHHHMaeT NOCTOSAHHOe 3HAaYeHHe Ha JBHXXEHUAX TaMHJbTOHO-
BOH CHCTEMbl CO CBSI3SIMH.

§ 2. Mpusenenye cHCTEM ¢ CHMMETPHAMH

2.1. Nounxenne nopaaxa (aarpanxes acnekt). Ecau narpan-
KeBa cucteMa (M, L) pmonyckaer rpynny CHMMeTpHH g%, TO OKa-
3bBaeTcss BO3MOXKHHM yMeHbilleHHe 4HC/a ee CTeneHell CBOGOAH.
Fpynne g cooTBeTcTBYeT nepBuit HHTerpaa /,, KOTOPH JIOKaNbHO
BCeraa sBaserca UHKAHYeckHM. CHayasna Mbl PacCMOTPHM KJjac-
cuyeckuit merod Payca (E. J. Routh) wuckarovenus yukauveckux
koopdunar, a 3ateM O6GCyAHM MNOHMXKeHHe NMOPSAKA B LEJOM.

lNpexnosoxum, uto aarpaixuan L (¢, A, g) He CONEPKHT KOO~
Aunatel A. C MOMOWBIO PaBEHCTBA L, =¢ NpeaCTaBHM LHKJHYECKYIO

CKOpOCTb A Kax QYHKUHIO ¢, g u c. Cnexysa Paycy, Beenem GpyHkuuio

R:(9» 9)=L(q> M g)—ch|; _ ..

Teopema 12. Oyukuua (g(2), A({J) — ABHKeHHe JnarpaHke-
Boit cHcTeMbl (M, L) ¢ nOCTOAIHHOI UMKJHYeCKoro uHTerpana /,=
=( TOrAa H TONBKO TOrAa, Koraa ¢({) yaoBaeTBOpsieT ypaBHEHHIO
Jlarpanxa [R.]) =0.

Ecim nmeercs HECKOABKO HHKAMYECKHX KOODAMHAT Ay ..., Aps
TO B KayeCTBe ¢ynxyuu Payca Hano B3ATb QYHKUHO Rc....c,,='
=L—=3cA,.

Manas okpectHocts U Heoco6of TOYKH NOJAA CHMMETDHA U
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€perynspHo» paccioeHa opOGHTaMH rpynnsl g (MHTerpajbHBIMH
KPHBHMH noas v): ¢akropnpoctpadctBo N=U/g saBasercsa raaa-
KHM MHOroo6pasHeM ¢ JeKapTOBbIMH KoopauHatamMH ¢. [Ilapy
(N, R.) ectectBeHHO Ha3BaThb (/OKanbHO) npusedexHod aa2pan-
acesol cuctemod. [IpumepoM NOHHXKeHHs nopsaka mo Paycy cay-
JKHT, HanpHMep, HCKJIOYeHHe MNOJSIPHOro yria B 3agaye Kennepa
(cMm. ron. 2, m. 1.1).

Hukanueckue KOOPAMHATH ONpefefeHbl HEONHO3HAYHO: CpenH
HOBLIX TepeMeHHbiX Q=q A=A—}.- S (g) xoopaunara A TOXKE LUK-
Juyeckas. Ilycte L(Q, A, Q=L (g, A, g). Toraa, oueBumso, L=
=L, =c. dyukuus Payca, orBeyaioulas HOBOH LMKJIHYECKOH KOOp-

mumate A, paeHa R (Q, Q)=R.(¢: 9)+cf'q-q. Chaaraemoe
¢(f'q-q), BBUAY TOXIecTBa [f] =0, He BaMseT, KOHEYHO, HA BMI
ypaBHeHHst [R.] =0. Onnako npu c¢+#0 ¢ynkuus Payca tem ca-
MHIM OnpeflejieHa HEOAHO3HaYHO. 3TH Hab.lJeHHS OKa3bBalOTCA
MoJIe3HKIMH NPH aHajH3e NOHHXKEHHS NOpsiKa B LEJOM, K KOTO-
poMy MHl ceiiyac nepexoiuM. [las onpeneneHHocTH OyAeT paccMoT-
PeH cayuail HaTypa/ibHbIX JJarPaHXeBhIX CHCTEM.

IMycrs (M, N, pr, S, G) — pacc/ioenHe ¢ NpOCTPaHCTBOM pac-
ciaoeHus M, 6a3oit N, npoekuueit pr: M—N (paur auddeperuuana
pry Bo Bcex Toukax M paBeH dimN), croeM S H CTPYKTypHO#
rpynnoit G. I'pynna G cBOGOAHO M TPaH3HTHBHO JeHCTBYeT cJeBa
Ha cjoe S. 310 AeficTBHE MOXHO NPONOJKHTBL A0 JEBOTrO AefiCTBHSA
G Ha M; npH 3ToM Bce opbuTH G 6yayt auddeomopount S. B cay-
Yae ryIaBHOro paccjloeHHss MHoroo6Gpasue S auddeomopdHo npoct-
panctey rpynnu G. Basy N MoXHO paccMaTpuBaTh KaK (akTop-
NPOCTPaHCTBO MHOroo6pasHs M 1o OTHOLUEHHIO SKBHBAJIEHTHOCTH,
sanaHHoMy aefictBHeM rpynnsl G. Bekrtopn vy, X€¥, kacatenbHue
K op6HTaM rpynnu G, BepPTHKaAbHH: Pr, (vx) =0.

peanonoxuM, uto G — rpynna CHMMeTpPHH HaTypaJbHOH Me-
XaHHyecko# cucreMbl (M, (, >, V). BBenem B paccnoennu (M, N,
pr, S, G) «KaHOHHYECKYlO» CBA3HOCTb, OGBABHB FOPH30HTAJbHBIMHU
KacaTelbHble BEeKTOpH Ha M, opToroHanbHble B MeTpHke { , )
BCeM BeKTOpaM Uy, X€&. DTa CBA3HOCTb COrJNacoBaHa CO CTPYKTyp-
HO# rpynnoit G: pacnpefeferHe TOPH3OHTaNbHbBIX BEKTOPOB Iepe-
xoauT B ce6s npu AeficteuH G Ha M. Tnaaxuit nyts y: [£, t] M
Ha3HBAeTCA 20PU3OHTAAbHLIM, €CIH KacaTeJbHbie BEKTOPH  y(f)
TOPH30HTAJIbHE NpH Beex ! <<f{<f,. HeTpyAHO npoBepHTb, UTO A1
no6oro raaakoro nyTH y: [, f2]—>N u n1060f TouKK x,€M, nexa-
mei wag y(&) (1. e. pr(x;)=vy(4)), Hailgercs JHWb OAHH TOPH-
30HTaJAbHBIK NyTh ¥y : [f;, f2]— M, HakpbiBalOWHA y.

Crabaum mHorooGpasue N=M/G «baktopMeTpukoit» ¢ ~, ),
onycTHs Ha N HCXOAHYI0 METPHKY Ha M, orpaHHYHB ee mpelBapH-
TeNbHO Ha pacnpejfe’eHHe rOPH3OHTaJbHBIX BeKTOPOB. [lOCKOJbKY
notesunan V:M—R nocrosHen Ha opbutax _rpynnu G, 10 CY-
ecTByeT eNMHCTBeHHas raajakas ¢yHkuus V: N—R Ttakas, uro
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KOMMYTaTHBHA CJeayromas AHarpamma:

pr
M- N
YNV

R .

Teopewma 13. I'BixeHun natypanbHoi cuctemu (M, <, >,V?
C HYJEeBHIM 3HaueHHeM MoMehTa [; OIHO3HIYHO TMPOEKTHPYIOTCH

B ABHXeHHR npusedenrod cucmems (N, < , >, V).

q Mycts y:[ty, £} N —1Bukenue TNPHBEAEHHON CHCTEMH B
Yo — €ro Bapuallus C 3aKPENVIEHHBIMH KOHILaMH. Myctb ya:[tn £2] -
— M —ropH3OHTAMbHHA NMOABEM NYTH Ya» TNPHYEM Yo (£))=Yo(¢))
aas Bcex a. llose Bapuauuil u cemeilctBa nyTeflt Yo TaKoBoO, YTO
u(t))=0, a u(t;)—Bepruxaabuuii BexTop. Ecam L (L) — narpanxuan
MCXOAHO/i (NMpWBEEHHOit) CHUCTEeMH, TO, COrJacHo QopMyae nepsof
BapHallky,

1y ty
655dt=65‘[,dt= (\.’0’ u) |;:___0' >
ty ty

Npumep 10. PaccMoTpuM IBHXKEHHE MaTepLanbHOM TOYKH m
B LEHTPAJbHOM CHAOBOM noJje. B 3Toit 321aye umeeM paccioeHHe
(R3\{0}, R*, pr, S2, SO(3)); nmpoekuma pr: R\ {0}—K* onpene-
Jserca dopmyaoi: (%, 4y 2=V x2+y2+ 22  Jlarpaukuan
L=m|r{2/2+4V (ir|) nonyckaer rpynny nosoporos SO (3) BoKpyr
7oukn x=y=2=0. Eciu xunernueckri momesur /so0(3y=0, TO Ha
R*={s>0} noseasercs omHOMepHasn NpHBeieHHAsA CHCTEMA C Jar-
patkuaHoM L=ms?2/24+V (s). A

PaccMoTpHM Tenepb NMOHHXKeHHe NOPAAKA, KOTAa MOMEHT [q3%
#0. Mu 6ynem npexnonarath rpynny G KOMMyTaTHBHOH (TOJbKO
B 3TOM cjyyae npuMeHHM Merton Payca). Boaee Toro, 6ysem cuu-
TaTb, 4TO paccaoedne (M, N, pr, G) —raaBHOe; B YaCTHOCTH,
rpynna G peiictByer Ha M cBo6oiHo. Kpome ¢akropMeTpHKH
{ ~, > Ha 6a3e Ham morpebyerca eille GopMa KPHBH3HE KaHOHHYe-
cKoil cBasHocTH. HanomHuMm ee noctpoenue. CHauana BBOAMTCH
1-dopma cBa3HOCTH @ Ha M co 3HaueHusiMu B aare6pe Jlu &,
onpelefeHHas caeaylouuM obpasoM: ecan u€TM, To w(u) paBHO
TakoMy X€&, yTO vy COBNafaeT ¢ BePTHKaAbHOH cocTaBisoWed
BekTOpa u. B cayuae raaBHOro paccnoenus siapo romoMopdH3Ma
anrebpu JIn @ B anre6py BeKTOpHBIX noaeil Ha M HyJesoe; no-
3TOoMy ¢opMa CBS3HOCTH onmpejeneHa KOppekTHo. Ecau, Hanpumep,
dim G=1, TO MOXHO NOJOXHTb w (&) =<u, v)/{v, v), rae v — noae
cumMeTpHit. Popmod kpususnbr Q HasbiBaercsi §-3HauHas 2-dhopma
TaKas, yto Q(u), uz) =do(u,*, us'), rie ut — ropusoHTaNbHAA CO-
CTaBaflolWlas KacaTeabHoro BekTopa u. [lockoabky G — KoMMyTa-
THBHAas rpynna CHMMeTpHH, TO PopMy Q MOXKHO oONycTHTh Ha N.
Myctb /o=c€$*. Tak Kak Q npuHHMaeT 3HaueHHs B ¥, TO KOPpPeKT-
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HO onpefieleHO 3HaueHHe MOMEHTa Ha (OpMe KPHBH3HH: Q.=(-Q.
QPopma Q. sBasercs R-3nauHo# ¢opmoit Ha Gase N. Corznacho
cTpykTypromy ypasrenuro Kaprana Q=do+ [0, o], dpopmu Q H
. 3aMKHYTHI.

Jlemma 2. Tycrb c€F*. Toraa ana ao6o# ToukH x€M Hahi-
ReTcs eQHHCTBeHHbLIt BePTHKAJbHHiA KacaTenbHbil BekTop w.€T.M
Takoi, 4ro /s (w.) =c.

< JlelicTBHTEAbHO, W, — €AHHCTBEHHHI 3JIeME@HT H3 MHOXXECTBa
{wel M:Ig(w) =c}, HMEIOUWHA MHHHMYM IJHHH B { , )-METpDHKe.
dTo yTBepXKAeHHe CNPaBEAJHBO AN NpousBoabHOH rpynnu G. D

Onpenenenune. [lpusedennod cunosoi ¢ynxyued Haty-
PajbHOIl CHCTeMbl C Tpynnoii cuMmeTpuii G, oTBedalouled MOCTO-
siHHoit MoMmeHTa [s=c, Ha3biBaetrcs ¢yHkuua V.: M—R, paBHas
V —<(w,, w)/2.

Jemma 3. Oynkuusa V. uHBapHaHTHa OTHOCHTeAbHO G., rae
G.—G — crauHoHapHasi nNOArpynna sJjeMeHTa c€¥* KompHcoeaH-
HeHHoro JeiicTBHA G Ha §* (cM. npeanoxenue 1).

Caencteune. Ecan G kommytaTHBHa, TO V. mocrosHHa Ha
op6uTtax rpynnu G.

STo yTBepKAeHHe NMO3BOJISIET KOPPEKTHO OMpPeNeJHTh NMPHBELEH-

Holit noteduHan U.=—V, kak PpyHkuuio Ha 6aze N.

Teopema 14. Oyukuus y:A—>M saBnsercd IABHXKEHHEM Ha-
TypaJjbHoji cicteMn (M, ¢, ), V) ¢ nocrosanHofi momenra Ilg=c
TOrAa H TOJbKO TOrAa, KOrAa NpoekuHs p=pr o y:A-—>~N ynos-
JAerBopser AHdPepeHUHAIbHOMY ypaBHEHHIO

[Lc]ll =F ¢ (P')' (6)

rae L= (p, p) 124V F(@)=2(: 0).
Teopemy 14 MOXHO BbIBEeCTH, HanpHMep, H3 TeopeMb 9.
YpaBHenne (6) MOXHO paccMaTpHBaTb KaK ypaBHeHHe [BH-

JKeHHst HaTypaabHoit cuctemMu (N, (,~ ), V) non mefictBHeM nono.-
HHTEJbHBIX  HenoTeHUHanbHHX cHa F.. Tak kak F.(v)-v=
=Q.(v, 0) =0, TO 3TH CHAK He NPOH3BOAAT PabOTH Ha AefiCTBH-
TeNIbHOM [BH)XXeHHH. OHH Ha3bBAIOTCA 2UPOCKONUYECKUMU.

[Mockonbky ¢opMa Q. 3aMKHyTa, TO JOKaabHO Q.=dw.. Cae-
AOBaTeNbHO, ypaBHeHHe (6) sBAsieTcA ypaBHeHMeM JlarpaHixa
[R]=0, rae R.=L.—w.. Pynkuus Payca R. onpeneneHa B Le-
aoM Ha TN Toabko Toraa, Koraa ¢opma Q. TOuHa.

IMpumep 11. PaccMOTpHM BpallleHHe TBepAOro Tena C He-
NOABHXHOIT TOYKOH B OCECHMMETPHYHOM cHJIOBOM noje. KuHeruuye-
CKasi 3HeprHs M NOTeHUHasJ ROMYycKaloT rpynny nosoportoB SO(2)
BOKpPYr OCH CHMMe1pHH noas. B stoit 3amaue M nudpdeomopduo
GasucHomy mnpoctpaHctBy rpynnu SO(3). ®akrtopusauuss SO(3)/
/SO(2) 6naa Bnepsbie nposeseda Ilyacconom (S. D. Poisson)
ciaeaylouuM o6pasoM. [lyctb e — eAHHHUHBI/I BEKTOP OCH CHM-
METPHH CHJOBOrO NOJS, PacCMaTpPHBaeMbiii KaK BEKTOpP NOABHX-
Horo npoctpaHctBa. JeiictBie noarpynnel SO(2) ka SO(3) npa-
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BLIMH CABHraMH coxpaHsier €. MHOXeCTBO BCeX MNOJIOXKEHHH BEKTO-
Pa e B MOABHXHOM npocTpaHCTBe ofpa3yeT ABYMepHyi coepy
S? — «coepy Ilyaccona». Toukn S? «HymepyloT» OPGHTH rpynnh
noeopotoB SO(2). Takum o6pa3om, Mb HMMeeM PacC/lOeHHOe Mpo-
crpacTBo SO(3) co crpyktypHoit rpynnoit SO(2) u 6asoit S2.
Ipynna cummerpuit SO(2) nopoxiaer nepsulii HHTErpzi — COXpa-
HACTCA MPOEKUHS KHHETHYECKOro MOMEHTa TBepJOro Teja Ha OCb C
HanpaeJsOWKUM BEKTOPOM e. DHKCHPYS ero NOCTOSHHYIO, MOXHO
CBECTH 3ajayy K HCCNIEAOBAHHIO NMpPHBEJeHHOH CHCTeMb! C NPOCT-
paHcTBoM noJaoxeHHit S2. [1pu stom ¢yHkuus Payca He onpepee-
Ha B LeJOM, NMOCKOJbKY (hopMa KPHBH3HBL 2 He TOYHa: npH Bcex
3HayeHHAX IMTaBHHIX MOMEHTOB HHEPUHH

( Q=4n+0.
St
SlBuble GopMyabl NOHHXKeHHs nopsika OyAyT yKasaHbi HHXe. A

TeopHs noHH)KEeHHS NOPAAKA JNarpaHXeBblX CHCTEM C OUEBHA-
HbIMH HM3MEHEHHSIMH TNepPeHOCHTCSt Ha HETOJOHOMHYI0 MeXaHHKY.
Hns Toro, uTo6H OCYUeCTBHTb ()aKTOPH3AUHIO MO rpynne CHM-
MeTpH#i HEroJOHOMHOM CHCTEMbI, HYXHO AONOJHHTEeNbHOe MNpeano-
JoKeHHe 06 HHBApHAHTHOCTH CBfi3eH OTHOCHTEJbHO JeHCTBHA
stoii rpynnel. [IpuMepoM MoxeT cayXHThb 3amaya Yanabiriia o
Ka4yeHHH LIapa NO TOPU3OHTAJbHOH NJAOCKOCTH (cM. npumep 5).
Jrta 3ajaya Aonyckaer rpynny nosopotoB SO(2) wapa OTHOCH-
TeJIbHO BePTHKAJIbHOM NpsAMOi, npoxoAsiled uepe3 ero UEHTP.
Ipynna SO(2) coxpaHsieT cBA3H W noOpoXiaamwluee ee foje sB-
JIfeTCs nojieM BO3MOXHHIX ckopoctedf. Hckaloyenue rpynnst  mo-
BOPOTOB (PaKTHYECKH MpOBeJeHO HaMH B npHMepe 5 MeTOAOM
Tlyaccona.

B 3aknioueHHe oTMeTHM eule «npobaeMy CKpoiTbix OBUNCEHUE»
HAH «npobaeMy OaabroOelicTéuN», BOJHOBABINYIO (PH3HKOB B KOH-
e 19-ro Bexka. IlpeanosioxkuM, yTo HaTypalbHas MeXaHH4ecKas
CHcTeMa ¢ n+1 creneHAMH cBOGOAB ABHIKETCA MO HHEPUHH H ee
NarpaHKHaH, NPeACTaBASIOWIHN TOJbKO KHHETHYECKYI0 3SHEprio,
JonycKaeT rpynny cHMMerpHit ¢ nojeMm v. [ToHukas nmopsizok cH-
cTeMbl, Mbl BHAHM, 4TO QVHKUMA Payca, sBagiowascs JarpaHxna-
HOM TIpHBEJAEHHOH CHCTEMBI C 1 CTENEeHAMH CBOGOAH, COZEPKHT

ciaaraeMoe — fpHBeAeHHbiil noTeHuHan — U.=<(w., w©.>/2=c?/2(v,
v), He 3aBACsAlLlee OT CKopocTeil. 3To caaraeMoe MOXHO HHTepmpe-
THPOBaTh KaK MOTEHUMaJ CHJ, JAEHCTBYIOIHX Ha TNpHBEdeHHYIO
cHcteMy. FeabMroabn, . Tomcon (J. J. Thomson), 'epu HacTau-
BaJy Ha TOM, UYTO BCe MEeXaHHYCCKHEe BeAHYHHBI, NPOABAAIOLIHECH
KaK «NOTeHUHaJbHble SHEeprau», 06yCJIOBAEHbl CKPLITHIMH «LHKJIHYe-
CKHMH» JBHXXEHHAMH. XapaKTepHbIM NPHMEPOM SBJAETCA BpalieHHe
CHMMETPHYHOTO BO.UYKa: NOCKOJbKY BpalleHHe BOJYKa BOKPYr OCH
CHMMETDHH 3aMETHTb HEBO3MOXHO, TO MOXXHO CYHTaThb BOJYOK He-
BpallaOIHUMCS H CTPAHHOCTH B €ro noBeleHHH OOBACHHTbL NeHCTBH-
€M JONOJHHTENbHHIX NOTEHUHAJbHBIX CHJ.
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Tak kak U.=<(w., w.>/2>0, To meronom Payca moxxo noay-
YKHTb TOJIBKO MOJIOXKHTEAbHbe noTeHunas bl. OQHaKo, MOCKOABKY MO-
TEHUHAN onpenensieTcsi ¢ TOUHOCTbIO 10 aA1HTHBHOW MOCTOAHHON, TO
3TO OrpaHHyeHHe HeCylIeCTBEHHO AJf C.1y4as KOMMAKTHOro npoct-
PaHCTBa NO.JI0KEHHH.

Teopema 15. Iyets (M, (, ), V, Q) — MexaHnueckas cHcTe-
Ma c 3amkHyToii ¢opMo#i rHpockonHueckHx cua Q. Ecau M kom-
NakTHO, TO CYLIEeCTByeT TJiaBHOe paccnoeHHe ¢ 6a3ofi M u co
CTpyKTypHOil rpynnoii cumMeTpur Th k<rangH?*(M, R) Ttaxoe,
YTO noche MOHHXeHHA No Paycy npH HeKOTOpPO#H NOCTOSHHOM MO
MeHTa Jr & =C BBINOJHeHH paBeHcTBa V.=V +const, Q.=Q.

dt1o yrBepxkaeHHe HaM coobuua C. B. Bosotun (cM. [56]).

Ecan Q=0; To B KauecTBe pPAaCCJOEHHOrO NPOCTPANCTBA MOXHO
B39Tb npaAMoe npousBefenne M X S'{¢mod2n} ¢ MeTpHKOf
(X, x) +42U(x), rae (, ) —pumaHcBa MeTpika Ha M. Koop-
AuHata P —uUMKIMYECKas; e CCCTBETCTBYET UMKJMYECKHA MHTerpana
4/U=rc. ®ynkuua Payca R,= (x, x) /12— c2U /2. Tpu c=V2
6yneM uMeTb HaTypajbHylo cHcteMy Ha M X S'/S'~M c noren-
uuaaom U.

2.2, Tlonuxenne nopsaaka (ramMuabToHOB acnekrt). IlycThb
F : M—R — nepBulii HHTErpaj raMHJbTOHOBOH CHCTEMH C FaMHJb-
TOHHaHOM H.

MMpeanoxenune 2. Ecan dF (2) %0, To B HEKOTOpPOH OKpecT-
HOCTH TOYKH 2€M cCyulecTBYIOT CHMNJEKTHYECKHE KOOPAHHATH
Xlyoooy Xny Y1s o .., Yn Takue, uto F(x, y) =y,.

310 yTBepXKAeHHe — raMHJIbTOHOB BapHAHT TOPeMH O BH-
NpAMJAEHHH TPaeKTOPHIi.

B koopanHaTtax x, y pyHkuns H He 3aBucHT oT x;. Takum 06-
pa3oM, ecan MH 3adHKCHpyeM 3HaueHHe F=y,=c, T0O CHCTeMa
ypaBHeHHIl

xa=H,, go=—H:, (k>2)

Gyner raMHIbTOHOBOIl cHcTeMoll ¢ n—1 crenensMu cBoGoau. Mrtak,
OAHH HHTerpas MNO3BOJIIET HaM MOHH3HTb Pa3MEPHOCTb (Ha308020
npocTPancTéa Ha ABe eAMHHUH: OJHA eIHWHHUA nponajaer npH
¢HKCHpPOBaHHM 3HaueHHs F=c, a BTOpas — 3a CYeT HCKJIOYEHHs
UHKJAHYECKOH nepeMeHHON X; BAOJAb OPOHTH AEHCTBHS TPYNNbLl CHM-
MeTpHit g%. DTO 3aMeyaHHe MOXHO OGOGLIHTH: €CAH raMHAbLTOHOBA

CHCTeMa HMeeT s He3aBHCHMBIX HHTErpaloB B HHBOJIOUHH, TO ee
MOXHO NMPHBECTH K CHCTEMe ¢ n—sS CTeneHAMH cBoGoan. OTMeTuM,
4T0 3¢ ¢eKTHBHOe HCMOJAb30OBaHHE MepBoro MHTerpana F ans no-
HHXKEHHS NOPSiAKAa yNHpaeTcs B 3alayy OTHICKAHHA OpPOHT rpynnu

% CBSI3aHHYIO C HHTErPHPOBaHHEM TI'aMHJbTOHOBOH CHCTEMH C
raMHJIbTOHHAHOM F,

Ecau aare6pa uHTerpanoB HeKOMMYTAaTHBHA, TO Pa3MEPHOCTh
raMHbTOHOBOH CHCTEMH FMOHHXKaeTcs nO KpafiHell Mepe Ha yaABoO-
eHHYI0 MaKCHMaJjbHyi0 Pa3MepHOCTb ee KOMMYTAaTHBHOW nopa.re6-

104



pul. KonnyecTBo KOMMYTHPYIOIHX HHTErpajoB HHOTAR MOXHO yBe-
JHYHTb, PacCMaTpHBasi HeJHHeHHble QyHKUHH NEPBHX HHTErpaJios.

[Tpumep 12, 3apava o ABHKEHHH TOYKH B USHTPaJbHOM MO-
Je HMeeT anreGpy nepBbiX HHTErpajos, H3oMopdHyio anre6pe Jlu
s0(3). Bce ee KoMMyTaTHBHHe Nojanre6phl ONHOMEPHH. IlycTs
M; — NpOEKUHH KHHETHYECKOr0O MOMEHTa TOMKH HA i-yl0 OCb Je-
KapTOBOH OPTOroHa/NbHOH CHCTEMB KOOpAMHAT. Jlerko npoBepuTh,
yto GydkuMn M, u M?*=3IM;® HesaBuwcuMn u KOMMYTHpYyIoT. Tak
YTO 3Ta 3ajlaya CBOLHTCH K HCCJAECROBAHMIO aMHJAbTOHOBOM CHCTe-
MHl C OHOH CTeneHbi0 CBOGOAH. A

STOT MeTon MOHHXEHHS MOPALKA FaMHIBLTOHOBHX CHCTEM MpH-
naanexut [lyaHkape, KOTOpHii NMpHMeHAN ero B pPa3fMHYHHX 3aAa-
yax HeGecHol MexaHukH. Ilo cyulecTBy — 910 raMHABTOHOB BapH-
aHT NMOHHXeHHA mopsiaka mo Paycy. Ecau anre6pa uHTerpa’os
HeKOMMYTaTHBHa, TO Metoa [lyankape Hcmoab3yer HIBecTHHe HH-
Terpajn He MOJNHOCTBIO. TOT HeAOCTaTOK Metoaa [lyamkape ycrpa-
wun Kaprau (E. Cartan), usyumBluuii o6wuft cryyafi GeckoHeuHo-
MepHO# anre6pn Jlu mepBhix mHTerpanop (cM. [23]). Boaee Tou-
no, Kapran paccmatpusaer ramuiabroHomy cucreMmy (M, 0% H) ¢
nepsuIMH HHTerpanaMu Fi,...,F, TakumH, uro (Fy, Fj}=
=a;;(Fy, ..., Fy). Habop uuterpanos F,,...,F, 3amaer ecrecr-
BeHHOe oTo6paxeHHe F:M—-R*. B ofweM cayuae QyHKUHH
a4j : R*¥~>R HesiHHEHHH.

Teopema 16 (JIu (S. Lie) — Kapran (E. Cartan)). Ilpen-
MOMIOKHM, YTO TOYKa CER® Hé ABAAETCA KPHTHYECKHM SHaueHHeM
oro6paxeHust F u B ee OKpecTHocTH panr Matpuum [lagll nocros-
weH. Toraa B Manoii okpectHoct UCR* Touku ¢ HafimyTcs k He-
3aBHCHMHIX QYHKUHE @,: U—-R Takux, uro ¢yskuun O,=q,° F:
N—R, N=F-1(U) ynoBieTBODSIOT C/eXYIOMHM COOTHOLICHHSM:

{D1, O3} =... ={Dyq1, Dg}=1, (7)

BCe ﬁ)crﬁ.nbuue cko6ku {®y4, @;} =0. Uncno 2 paBHO paHry MaTpu-
Lh |jai;ll.

ﬂ0§a3a'renbc’l‘30 MOXHO HaiiTH B paGore [23]. C nomousio
3TO/i TeOpeMH Tenepb HETPYAHO OCYLIECTBHTb NOHHXKEHHe MOPAA-
ka. Tlycts TOwKa c=(cy,...,Cx) YAOBJETBOPSAET YCJAOBHAM Teope-
Mbl 16, Torka, B YacTHOCTH, MHOXECTBO YpOBHS M= {x€eM:
Dy (x) =cs, 1<s<CR} ABAsETCA IMaZKHM MOAMHOrooGpasHeM B M,
PasMepHOCTb KOTOpOro paBHa 2n—&, rae 2n=dim M. INockounky
QyHKUHH Dogyy, ..., DY KOMMYTHPYIOT CO BeemH QyHKuEAME O,,
1<<s<<k, To MXx raMHIBTOHOBH MOJA Kacalorcs MHoroo6pasus M.
H, CJIeloBAaTeJIbHO, ONpeJe/ieH0 AeHCTBHEe KOMMYTaTHBHOA TIpynnnl
R, I=k—2q Ha M., nopoxnenroe (Pa30BHMH NOTOKAME YpaBHeHH#
I'aMuabTOHa ¢ ramuabTonnanaMu @, s>2¢. B cuay GyHKUHOHAD-
Ho#l He3aBHcHMOCTH @, rpynna R! gefictbyer Ha M, 6e3 HenoaBHXK-
Hbix Touex. Eciii ee OPOHTH KOMDAaKTHH (TOrna OHH ABISAIOTCH

l-McpHbIME TOpaMH), TO HaKTOPHPOCTPaHCTBO M./R'=M, sBasercs
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rnankam Muoroo6pasuem. Ono Hasmsaercss npusedennsim ¢aso-
goim  npoctparcreéom.  Ilockomsky — dim M= (2n—k) —I=2(n—
—k+-q), To MHOrOOGpasue M. Bcersa 4eTHOMEPHO,

Ha npusesesnoM (a30oBOM npocTpaHCTBE CYUIECTBYeT eCTecT-
BEHHAs CHMIVIEKTHYECKasd CTPYKTypa ©2, KOTOPYIO MOXHO 3a1aTbs

HaNpHMep, C MOMOLLLIO HeBHpOXIeHHoA ckoOku [Tyaccona {, }. IMycts

A, B: /f/lc-» R—raankue dynkuuu. VX MOXHO NOMHATL A0 TAALKHMX

@yskumuit ‘A, ‘B, sanausnx na ypoie M,CM. Mycts A, B—
NpOM3BO/bHEIE Taafkue QYRKUMM HA M, OrpaHMYeHHe KOTOpHIX HA

T ~ o~

M, cosnanaer c¢ ‘A, ’'B. Nonoxum, Haxouew, {A, B}={A, B}.
Jlemma 4. Cxobka {,} KOppeKTHO onpejefieHa (He 3aBHCHT OT
cnoco6a nPORO/MKEHHA TrAaAKMX (YHKUHA € NOAMHOrooGpa3usa M,

Ha Bce M) u aBaserca ckobkoit Ilyaccona na M,.

Mycts ’H —orpannvenne ¢yuxuun amuabtona H Ha uute-
rpaabHuit  yposenb M,. ITockonbky ¢yikuua ‘A noctosHHa Ka
opburax rpynnu R}, To cyulecTByeT raaakas ¢ysxuus H:M,/ R —
~ R Takas, 4TO AHarpamMma

MEM
HNRY 7

KOMMYTaTHBHA.

Onpeneaenne. amuabTonoBa cucreMa (M, o?, H) nasw-
BaeTCA npusedenrod.

Teopema 17. I'nanxoe orobpaxenue Y:A-M, F (v(¢)=c
ABJASETCR MABHKEHHEM TIaMHAbLTOHOBOA cuctemnl (M, w?, ) Toraa

-~

H TOMBKO TOFA3, KOFAA KOMMO3WWMS proy: A— M, ecTb nBHXKeHHe
DpUBENCHHOA TraMUAbTOHOBOA cHCcTemH (M, w?, H).

< CnpaBefJiHBOCTb 3TOH TEOpeMB MOXeET GHTh YCTaHOBJEHa C
NOMOWBIO CJAeAyioutHx coobpaxeHuit, Popmyan (7) nOKasHBaIWT,
yto QpyHKuun @, ..., Op COCTABIAIOT HaCTh CHMIVIEKTHUECKHX KO-
OpAHHAT B OKPECTHOCTH NPAMHOroo6pasus M. Touxee, B Maso#
OKPECTHOCTH J1I060H TOYKH H3 M. MOXHO BBECTH CHMIJIEKTHYECKHE
KOOPAHHATH X1, ..., Xn, Y1 - - -, Yn TAK, UTO X; =iy, y; =Dy, €CIH
i<<q u y,=Dy, ecn {>2¢. I10 yTBEPXKJeHHE — CNEACTBHE H3BECT-
HOA «JIeMMH O [TONOJIHEHHH», NpHHafjexauel Kapareogopu (cM.
[6]). Tak kak ¢yukuun @, — nepsble HHTErpajb, TO B fNEPEMeH-
HHX X, y TaMHJbTOHHaH HMeeT cJedylownid Bup: H(y,x)=
=H(Yqs1,--., Yn, Xn—q+1.-.., Xa). Ham ocranoce 3acpuxcupoBaThb
3HAYEHHSI UHKJIHYECKHX HHTErPaOB Yq+1, ..., Yh~q H OTMETHTDb, HTO
nepeMeHHue X, Y, (S=>k—q) ABAKIOTCHA JOKaJbHHMH KOOpAHHATA-
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MH Ha M,, B KOTOpHX ¢PopMa w? MPHHHMAaeT «KAHOHHYECKHH» BHI

3 dx,Ady,. >
S>h—gq
3ameuanue. [lockonbky k—g  nepBHIX HHTErpanoB
Dy, ..., Dy, Dogs1,..., Dr KOMMYTHPYIOT, TO MX MOXHO HCNOJb-

30BaTh AJIs NMOHW)KEHHS MOPAAKAa raMWIbTOHOBOH cHcTeMb no [ly-
aHkape. PasmepHocTb JIOKaJbHOMO MPOCTPAHCTBA COCTOSIHHA MPH-
BeAEHHOH CHCTeMH Oyner paBHa 2n—2(k—gq), TO eCTb pa3MepHo-

ctH M.. Bonee toro, B cuny TeopeMm 16, moHmKeHHe NOPAAKA Mo
[Myaukape u Kaprawy n0KalnbHO AaeT OLHH M TOT JKe pe3yabTar,
ofHako ¢aktopusauus no meroay [lyamkape moxer G6uiTb npose-
AeHa B eNoM JHWb NPH 6o0/iee OrPaHHYHTENbHBIX YCJAOBHAX. A

B BHpOXAEHHBIX cayyasx paHr MaTpHuBl cko6ok I[lyaccona
1{F:, F;}ll moxer, koHeuro, NafaTh. ITOHUXKenHe MOPsAKA MO cXe-
me Kaprana (E. Cartan) MOXHO OCYLIECTBUTL M B 3TOH CHTYauHH,
€C/IH MOMOJHHTENIbHO NPEeANONOKHTb, YTO HHTerpain Fy, ..., F
[OPOXJA3I0T KOHEYHOMEPHYIO aiare6py (pyHKUHH ay; : R*—R nunefi-
Hh). JleficTBHTENIbHO, NYCTb 3aJaHO MyacCOHOBCKOe AEHCTBHe rpyn-
nel G Ha CHMNJEKTHYeCKOM MHoroo6pasuu (M, »?). PaccMorpum
MHOXecTBO M.=P~'(c), aBasiomeecs npoo6pa3oM HEKOTOPOH TOY-
KH c€%* npu oro6paxkehun momenta P: M—%* Ecau ¢ — Hekpu-
THYECKOE 3HayeHHe MoMeHTa P, 10 M. — raagkoe noamHorooGpa-
ave B M. Ilockoubky aefictBue rpynnue G NyaccOHOBCKOE, TO, CO-
IacHo npeptoxeHHo 1, sneMentol G NepeBOAAT HHTErpaJjbHbe
ypossn M. apyr B Apyra. Ilycts G.— cTauHoHapHas noArpynna
TOYKH c€F*: oHa COCTOMT M3 Tex g€G, nas koropux Adg*c=c.
Fpynna G. sasasiercs rpynno#t Jlu u oHa peiictByer Ha M.. Ecau
op6uTH G, Ha M. KOMNaKTHH, TO NpuBeAeHHOe (a30BOe MPOCTPaH-
ctBo M.=M./G. aBasieTca raagkum Muoroo6pasuem. Ilocae 3TOro
MOXHO ONpeleNHTh NPHBEJEHHYIO TaMHJIbTOHOBY cHcTeMy (M.,
o?, H), 10Cc/0BHO NMOBTOPHB KOHCTPYKLHMIO MOHMXKEHHS MOPSAKAa Mo
Kaprany. Cpfisb HCXOAHON M NMPHBEAEHHOW FAMUJILTOHOBBIX CHCTEM.
CHOBa oOmHchiBaercsi teopemoit 17. Heo6xoaumble AOKa3aTenbCTBa
MOXHO HalTH B paborax Cypuo (J.-M. Souriau) [194] u Mapcae-
Ha (J. Marsden), Befincreiina (A. Weinstein) [168].

MMpumep 13. [IBHKeHHe MaTepHAJbHON TOYKH eAHHHYHON
MacCH B IEHTP3JbHOM MOJie MOXKET GHTh OMHCAHO raMHJIbTOHOBOf
cucremofi B R6=R3{x} XR3{y} co cTaHAapTHO# CHMMJIEKTHYECKOH
cTpyktypoli u Qynxuner [amuabrona H(y, x)=|y|*/2+U(|x]).
3apHKCHpYeM NMOCTOSHHHA  BEKTOP  KHHETHYECKOro  MOMEHTa
xXy=p (np5%0). MoxHO cuHTaTb, 4TO W=ce;, rae es=(0, 0, 1),
¢>0. MHoxecTBO YPOBHf M, 3ajlaeTC YPaBHEHHAMH Xs=y3=0,
X142 — Xoyy=cC. SICHO, 4TO BEKTOp p HHBADHAHTEH OTHOCHTEAbHO
rpyrnu nosopotos SO(2) BOKpyr ocH ¢ €IHHHYHBIM BEKTOPOM ej.
Has toro, uro6u npoBectH PAKTOPU3ALKIO MO ITOH TIpynne, BBe-
AeM B MIOCKOCTH R?={x), X5} novispHbie KOOpAHHATH 7, @ H CO-
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Npsi2keHHble HM KaHOHHYECKHE NepeMeHHHe P, Dol

x,=rcos¥, y,=p,cos <P—? sin®,

X, =rsin® y,=p,sin¢+E2cos?.

OueBHAHO, YTO B HOBHX NEPeMEHHHWX MHOXecTBO M. 3ajgaercs
ypaBHeHHAMH X3=Yy3=0, po=c. ®akropu3sauns no rpynne SO(2)
CBOMHTCA K MCKJIOYEHHIO yraopoil nepemenHoil @. Taxum o6pasom,
npuBejeHHoe ($a3oBoe npocTpancTBo Mc=M./SO(2) nudpdeomopd-
HO R+{r}xig_{p,}; OHO CHa0XeHO NpHBeJeHHOR CHMIIEKTHYECKOH
CTPYKTYpoit w?=dp,/\dr. TlpusenenHnli raMUJbTOHHAH HMeET BHI
H=(p2+c¥r2)/24+U(r). A

Ecau anemeHT c€¥* HaxoauTcs B Oo6LIeM MNOJOXEHHH (paHr
matpuun lia;;ll makcumaaen"), To rpynna G. KOMMYTaTHBHA; no-
HHXeHHe NOpsALKa, NpPoBefleHHOe MO 3TOH cXeMe, faeT TOT Xe pe-
3yabTaT, uTo ¥ NoHHXeHHe no Kaprany (E. Cartan). Ecau ¢=0, 10
panr MatpHun |la;;ll nanaer no Hyna H MHTerpajbHOe MHOroo6pa-
3ve M, ycTpoeno HauboJjiee «CHMMETPHYHO»: CTAalHOHApHAas NoOA-
rpynna G, coBnajgaet co Bceit rpynnoit G. B atoM cayuae npoucxo-
RHT MaKCHMaJIbHO BO3MOXXHOE MOHHXKeHHe MNOPSAKA TaMHJbTOHO-
BOi cHcreMuh Ha 2k=2dim G eanHuu (cp. c tTeopemont 13).

IMycts (N, ¢ ), V) — HaTypanbHas MeXaHHYeCKasm CHCTeMa K
nyctb G — KOMNaKTHas KOMMYTaTHBHaf Ipynna cHMMerpHil (H30-
mopdHas T*), cBo60AHO AeHCTBYIOIlas Ha MPOCTPAHCTBe NONOKe-
Hu#i N. MH MOXeM paccMaTpHBaTh 3Ty CHCTeMY KaK raMHJbTOHOBY
CHCTeMy ¢ CHMMeTPHAMH Ha M=T*N B NpUMeHHTb H3BECTHYIO HaM
cXeMy MNOHHXeHHs nopsaaka. I'pynna G ocyuwecTBisieT nyaccOHOB-
ckoe JefictBHe Ha T*N; mockosabKy 3To neficTBHe cBoGoaHOe, TO
nio6oe 3HaueHHe MOMeHTa c€F* sBasercs HeKpuTHueckuM. Crano
6HTb, OnpejiesieHO IJajKoe HHTerpajbHOe MHOroo6pasHe ypPOBHS
M. (kopaameprocTH k=dim G B M) u npuBeLeHHOe NPOCTPAHCTBO
cocrosHuit M. (pa3MepHOCTb KOTOpPOro Ha 2k MeHblle pa3MepHO-
ctu M). C npyroit CTOPOHEI, MOXHO ONpPEAe]HTb FMalKOe NpHBe-
JeHHOe NPOCTPAHCTBO. NOJOXKeHHH N, npodaxropusosas N no op-
6uram nefictBHs G. Bonee Toro, mpu TOM e caMOM 3HaueHHH
CEF* MBl HMeeM <«NOJNyHaTypasibHYIO» NPHBEIEHHYIO JarpaHXeBy

cuctemy (N, ¢, ), V., Q) (cm. n. 1.1, Teopema 18). [Tpusedennsin
aaepauxmcuarom L: TN—R ecTecTBeHHO Ha3BaTb (yHKUHIO, onpe-

AeNeHHylo paBexcTBOM L (x) =(x, x)/2+ V.(x).

Teopema 18. Ilpu Bcex c€9* cywmecrnyer aubdeomopdusm
f:M,—~>T*N rakofl, uto

" B cayyae nyaccoHOBCKOH aare6pHl WHTErPafoB MOMKET OhiTb caedyer Jyd-
ure TOBOpHTb O panre 6uauneiinoit popmul {Fx, Fy}, X, Ye&
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) f*02=049Q, rze Q—crangaprias CHMIISKTHYECKaA CTPYK-
Typa Ha T*N,
2) pyuxuua foH:T*N — R sBasercs npeobpasoBasivem Jlexaun-
——

Pa npHBEJEHHOTO JarpaHKHaHa, 3aaaBaeMbiM METpHKOA (, ).

ChaencrtBue. Muoroobpasue M, cummaexTuueckn Auddeo-
mopdHo T*N.

Ecan rpynna G HekoMMyTaTHBHa, TO npHBeleHHoe (aaoBoe
npoctpaHcTeo M. B obieM ciyyae He COBMadaeT ¢ KOKacaTeJbHMM
pacc/oeHHeM HHKAKOTO I1aKoro MHOroo6pasus.

[Tycto koMmyTaTuBHas rpynna G cBo60OIHO ¥ NyacCOHOBCKH
AeACTBYeT Ha CHMIIEKTHYeCKOM MHorooGpasuu (M, w?). B sTom
cryyae nepexol K NMpHUBeAEHHOMY MHoroo6pasuio (M., w?) MoxHO
OCYLIECTBHTbL ellle ClefylouuM cnoco6oM. Paccmorpum  ¢akrop-
mHoroo6pasue N=M/G u Ha HeM cko6Ky ‘{ , }, KoTopas sBaAsiercs
ucxonHor ckoGkoii Ilyaccona {, }, onywennoit Ha N. Jlerko no-
HATb, 4TO cKOOKa ‘{ , } BHpoXaeHa. Eciu P: M—$* — oToGpawxe-
HHe MOMEHTa, TO CyLIecTByeT rnaakoe oro6paxeHHe P :N-—->*
TaKoe, 4TO AHarpaMma

ME.
P\gt/ p

kommytaTuBHa. [lockonbky G neficTByer cBo60oQHO, TO TOYKa
c€G* onHOBpPeMeHHO siBNseTc (He) KPHTHYECKHM 3HauYeHHeM

otoGpaxenut P u P. Cuntas TOuKy c€F* HeKpHTHUECKOH, paccMoT-

pnMNmanKoe MHoroo6pa3ne N.=P-!(c) u orpanuuum cko6ky '{ , }
Ha N..

[Tpexnoxenue 3. Orpannyenue ckobku '{ , } na N, 3ana-
€T CHMIVIEKTHYECKYIO CTPYKTYPY ‘w?, npHuem MHuorooGpasus (M.,
@?) u (N,, '0?) cEMnaeKTHYECKH AU PeOMOpDHH.

ST0 3aMeyaHHe MOXHO OGOGLINTH Ha CJaydyali HeKOMMYTaTHBHO#
rpynna G, Tonbko ¢akTopu3aumio M no Bcelt rpynne G Hamo 3a-
MeHHTb ¢daKTOpH3allHell No ee LUEHTPY.

ITpumep 14. B 3anaue o BpaleHHH TBepAOro Tesia C Hemo-
asuxHoi Toukoit M=TSO(3)=SO0(3) XR%. Ecnu Teno Bpamaercs
B OCeCHMMETPHYHOM CHJIOBOM NOJie, TO HMEEeTCH OQHOMmapaMeTpH-
yeckas rpynna cHmMerpuii G=SO(2). ®dakropMHOroo6pasue
M/SO(2) nudpdeomopdpro S2XR3. YpaBHeHHS RBHKEHHS HA 3TOM
MATHMEPHOM MHOroo6pa3WH 3anHCHBAIOTCH B BHAE YpaBHeHHH
Sfinepa—Ilyaccona

E+oxXk=V'Xe, et+oXe=0 (e|]=1),

rae k== A®—KuHeTHYeCKHA MOMeHT, V :S2—+ R—cunoBas Gysxunus
(M. § 2 ra. 1). Ckobka ‘{,} B S?X R® 3amaeTca CJeRYIOUIMMH

109



doomyaamu:

A.(l)'

£ e
A A

{@), @} = — <o {o, e}=0, {0, e}=— i

@

{ml’ ea!‘='e_.l, “eey {e" el}=0‘

Ypasuenus Dfinepa—IlyaccoHa umeior uuterpan (R, ed=c, no-
POXKAeHHH rpynnoi cHMMeTpHit SO(2). 3apukcHpyeM ero nocro-
fIHHYI0O H PacCMOTPHM 4eTHPEXMEPHHR HHTErpajbHuHi ypOBEHb-
Ne={o, e: (Ao, e)=c, <¢, e)=1}, andpdeoMopduuit (xo)Kaca-
TeJAbHOMY pacciioeHHI0 cpeph Ilyaccona S2={e€R3:<e, ed>=1}.
IMoaoxum o='v+ce/(Ae, e); BeKTOp ‘@ SBAAETCS TFOPH3OHTAMb-
HbHIM KacaTeJbHHM BEKTOPOM B KaHOHHYECKOH CBA3HOCTH rJiaBHO-
ro paccaoerus (SO(3), S?, SO(2)), nopoxaeHHON HHBapHAHTHOM
pHMmaHoBo#i MeTpHko#i (Aw, )/2. ITpoekuns SO (3)—S2 nossoaser
OTOX/IECTBHTb TOPH30HTaJbHbE BEKTOPH ‘® C KacaTeJbHHMH BeK-
TOpaMH K cdepe Ilyaccona. Ilyctb { =, ) — pakropmerpuka Ha S2:

(a, 'by={a, A’b>. Oynkuua JlarpaHKa NpHBEAEHHON CHCTEMH,
OYeBHJHO, paBHa

3 (AB,0) +V (=7 (‘0,"0) +V.(e)

rke V.=V—c?/2{Ae, e> — npuBeneHnas cuaoBas ¢yHKuusa. B ne-
peMenHHX ‘o, e CTaHAapTHasi CHMNJEKTHYeCKas CTPYKTypa Ha
T*S? 3apaercs ¢opmynamu (8). Ilpn c5:0 npuBeseHHYO CTPyK-
Typy Ha T*S? ToXe MOXHO OnpelefuTb ¢ nomoiubio ¢opmya (8),
TOJNLKO NpaBHe YacTH Hal0 AOMNOJHHTb CJaraeMbIMH, NPOMOPUHO-
HaJbHHIMH NOCTOAHHOA ¢. A

2.3. Npumepni: cBoGoaHoe BpallleHHe TBEPAOro Teaa M 3ajlaua
Tpex Tea. PaccMOoTpHM cHayana 3anawy Jitniepa 0 BpalueHHH TBep-
IOro Tesa BOKPYr HeNOABHXKHOA TOYKH MO HHepuHH (cMm. n. 2.4
ra. 1). 3aec M=TSO(3) =S0(3) XR8, rpynnoii cumMerpuit G
ABJsAeTcA rpynna BpawmeHHi SO(3); et COOTBeTCTBYeT NnyacCOHOB-
cKkasi aiare6pa nepBHX HHTerpaJjoB, H3oMoppHas aarebpe Jiu
s0(3). 3adukcHpyeM 3HaueHHe KHHETHYECKOro MOMeHTa c€%*==R?3
H PAacCMOTPHM HHTerpaibHbiii ypoBedb M.=Pgos~'(c). Herpyano
NOKa3aTb, 4TO NPH BCeX 3HAaYEHHAX C MHOXecTBO M. sBasercs
TPEXMePHHM  MHoroo6pasueM, AHG(eOMOPPHLIM MPOCTPAHCTBY
rpynnat SO(3). Craunonapuoit rpynnoit G. saBAsieTcss OAHOMepHas
rpynna nosopotoB SO(2) TBepAoro Tena B HENOABHMKHOM MPOCT-
paHCTBe BOKPYr NOCTCSIHHOTO BeKTO['a KHHETHYECKOTO MOMEHTa.
[Ipusenennoe ¢asoBoe npocrpauctso M.=SO0(3)/SO(2) aunddeo-
mopdHO ABymepHoii cdepe.

JT0 npHBeleHHE MOMHO OCYUIECTBHTb, HampHMep, CJel1yIOlUIHM
obpasoM. [lockoabky raMitnbTOHOBO BekTOpHOe noJje Ha M jpony-
ckaet rpynny G, TG €79 MOXKHO OMYCTHTh HAa (aKTOPNPOCTPAHCTBO



M/G=R3. Bosuukawowmee Ha R3 nuddepeHunanbHoe ypaBHeHHE
ABAsleTCA ypaBHeHHeM Jitnepa

k+oXk=0, g=A"'k.

310 ypaBHeHHe MOXHO NpPEACTaBHTL B raMHJ/JbTOHOBOM BHAe F=
={F, H}, roe H=<(k, ©>/2 — KHHeTHyecKasi 3HeprHs TBEpJAOro
Tesa, a cko6ka { , } onpelenaserca ¢ moMowpbl0 paBeHCTB (&),
ko) =—ks, {ky, ks} =—F,, {ks, k1} =—Fk,. I1a cKobKa, npasaa, BH-
poxaena: ¢pyukuus F=<k, k> KoMMyTHpyeT cO BceMH (YHKUHSMH,
3aJlaHHHIMHE Ha R3={k}. Mu nOJAyYydM HeBHIPOXIAEHHYIO CKOOKY
Ilyaccoua, ecan orpanHYHM CKOOKYy { , } Ha NOBepXHOCTb YPOBHs
F=|c|? nuddeomopduyio asymepHont coepe S2. Ha cuMmieKTH-
yecKOM MHOroo6pasuu S? BO3HHKaeT HCKOMas TaMHJbTOHOBAa CH-
cTeMa; ee (QyHxkuua [aMHAbTOHA gABAsieTCS NOJHOM 3HeprHei
<k, ®>/2, orpaHHYeHHOi Ha S2.

YKaxeM KaaccHYeckHil cnoco6 cBexeHHs 3ajgayd disepa K ra-
MHJbLTOHOBOA CHCTEMe C OAHOH cTeneHbio CBOGOAB, HCNOJb3YIOUIHI
cneuHalbHbhle KaHOHHYeCKHe nepeMeHHHe. Ilyctb 0XYZ — neno-
ABHXHLII TPpeXrpaHHHK C Ha4yaJOM B TOYKe MNOABeca, O0xyz — No-
NBHXHAst CHCTeMa KOOpAHHAT (riiaBHHle OCH HHepuuu Tena). [lo-
JIO)XEHHe TBEPJOro Tesia B HENOABHXKHOM NPOCTPaHCTBEe onpeje-
Asercs TpeMs yaaamu Jidsepa ¢ (yron HyTalUHH) — yroa MexAay
OCSIMH 0Z H 02, @ (COGCTBEHHOro BpalleHHS) — MEXAY OCbI0 OX H
NuHHefi nepeceveHHs nJockocteit oxy H oXY (Ha3biBaemoil nuHuUel
y3aoB), $ (yron npeHeccHH) — MeXAY ocblo 0X H JHHHell y3.0B.
Yrau 9, @, P o6pasyior Ha SO(3) cHcTeMy KOOpAHHAT, NOAOGHYIO
reorpauyecKHM KOOpAKHHATaM Ha cepe: ¢ OCOGEHHOCTAMH Yy NOJIO-
coB (rae ¥=0, 1) u MHOrosHa4yHOCTLIO Ha OJHOM MepHAHaHe.
TIycTb peo, Pey Pe — KaHOHHUYECKHE HMNYJbCHI, COMPAXEHHbiE C KO-
opanHataMH €, ¢, P. Eciin TBepioe Teso BpaliaeTcs B OCECHM-
METPHYHOM CHJIOBOM TOJIe C OCbi0 CHMMETPHH 0Z, TO (yHKuUHSA
FamuabToHa He Gyner 3asucets or yraa . [lonHkeHHe nopsiaka
B 3TOM CJy4yae MOXHO TPaKTOBaThb KaK «HCK/IOYEeHHe y3ja» —
HCKJIIOYeHHe UHMKJHYECKOH nepeMeHHOH P, onpefensiiouled noao-
JKeHHe JIHHHH Y3JI0B B HENOIBHXHOM MPOCTPAaHCTBE.

BBesem Tenmepb «cneunanbHble KaHOHHYECKHe NepeMeHHbie» L,
G, H, |, g, h. Ilyctb £ — naockocTb, NpOXOASIIAas Yepe3 TOUKY O
H NepneHAHKY/AsfpHAas BEKTOPY KHHETHYECKOro MoOMeHTa Tena. Tor-
Aa L — npoekuuss MoMeHT2 Ha ocb 02, G — BeJIHYHHA MOMEHTa,
H — npoekuuss MoMeHTa Ha ocb 0Z, | — yroa Mexay OCbi0 OX H
JHHHeA mnepeceueHHss T C MJIOCKOCTbIO OXY, g — yroa Mexay JH-
HHSIMH NepeceyeHHs X ¢ MIOCKOCTIMH oxy H oXY, h — yron mex-
oy ocblo oX u JuHHeHl mepeceyeHns I ¢ MJIOCKocTbio oXY.

Mpeanoxenue 4. [IpeoGpazoBanne ¥, @, ¢, Po, Po Po—
-, g, h, L, G, H— «onHopoaHOe» KaHOHHYECKOe:

Pod®+pdop+p.dy=Ldl+ Gdg+ Hdh.
dto ytBepXAeHue npuuaanexur Axayaie (H. Andoyer); ne-
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Puc. 20. CneunanbHble KaHOHHYECKHE MepEMEHHHE

KaHOHHYECKHe NepeMeHHble OGJH3KHe 10 CMBICAY K 3JIeMeHTaM
L, G, H, |, g, h 6nnu ucnonb3oBanbl [lyacconoM npu aHaan3e Bpaiia-
TeJbHOrO ABHXXeHHs HebGecHbix Ten [138].

Ms onpeneneHus cheuManbHbIX — KAHOHHYECKHUX MepeMEeHHBIX
HETPYAHO NONYYHTb, YTO Aw, =V G2—=L%sinl, Ay,=V G2—L2X
X cos!l, Ajo;=L. Cremosarenbto, B 3anaye Iiaepa QYyHKLUUA
CaMuAbTOHA NPUBOAMTCA K BHAY

1 1 /sin®l  rcos* ) L2
b} (A2 A+ A3w32)=7 (%l—"*-‘%:z—‘) (02—1’2)'*‘2—.4"

[Ipy ¢pUKCHPOBAHHOM 3HAYEHHH BEJHUHHBI KHHETHYECKOTO MOMEHTa
G, nepemennnie L, | uamensiores B koabue |L|<Go, !mod2n.
Jluuun yposus QyHKuuu [amuabTOHa mokasaww Ha puc. 21. Kpu-
pue L=+G, COOTBETCTBYIOT OCOOGbHIM TOUKaMm ypaBHeHH# Diije-
pa — MOCTOSHHHIM BpAlEHHAM Tela BOKPYr OCH HHepuun oz. Ile-
pemennnle L, | ecTecTBeHHO paccMaTpuBaTh Kak reorpaguueckue
CHMMNJEKTHYECKHe KOOPAHHAThl Ha NpHBeleHHOM ()a30BOM Mpo-
crpancTBe S2.

PaccMoTpuM Tenepb ¢ TOYKH 3DeHHS NOHHXXEHHS TOPAAKa 3a-
Aayy Tpex Tea, UMewllyto (B NPOCTpaHCTBEHHOM cJiydae) 9 crene-
selt cBO60H. [loKaxkeM, YTO C NOMOULBIO IUECTH MHTErpasoB HM-

L* ms
L9
‘5 Ry
my
r( (
n/7 " In/7—% §,

ms

Puc. 21 Pic. 22, Mckmouenne unentpa

Macc B 3apaue n ren
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MyAbca H KHHETHYECKOrO MOMEHTa ypaBHEHHsS NBHIKEHHs Tpex rpa-
BHTHPYIOLIHX TeJ MOXHO CBECTH K raMHJIbTOHOBOH CHCTEMe ¢
4 creneHAMH cBoGoam. Mcnomb3ys eumle uHTerpan sHeprHH, MH
NpHXOAHM K BHBOAY, YTO 3ajaya Tpex TeJ CBOAHTCA K H3YYeHHIO
AHHAMHYIECKOH CHCTEMH Ha HEKOTODOM CEeMHMEPHOM MHOTOOGPasKH.
B cnyuae, xoraa Tpu Tesla MOCTOSHHO PacNOJIOXKEHH B OAHOMN MJIOC-
KOCTH, Pa3MEpHOCTb 3TOr0O MHOroo6pasusi paBHa NATH. DTH pe3yJib-
TaThl BOCXOAAT K JlarpaHxy u SIko6u.

[Tepefinem B GapuueHTpHueckyio CHCTEMy KOOpJIHHAT H CHadga-
J1a HCNOJb3yeM TpPeXMepHYI0 KOMMYTaTHBHYIO FPynmy TpPaHCAALH.
C ee noMowIbI0 Pa3MEPHOCTb TAMHABTOHOBHIX YPaBHEHHH ABHKEHHS
nonuxaercs ¢ 18 no 12. Ilpu srom npusenennas cHcreMa, Kak H
HCXONHaA, Gyaer o6naaath rpynnoit cummerpuiti G=SO0(3). Puk-
CHPYS 3HauyeHHe KHHETHYECKOrO MOMEHTa, MH MNpHAeM K YypaBHe-
HHAM JBHXEHHA Ha JEBATHMEDPHOM HHTErPaJbHOM MHOroOGpa3HH.
DaKTOpH3ys ero no CTaUHOHApHO# MOArpymme NOBOPOTOB  BOKPYT
BEKTOpP2 MMOCTOAHHOTO MOMEHTa, M0/yyaeM HCKOMYI0 TaMHJBTOHOBY
CHCTEMY C BOCbMHMEPHHIM (Pa30BHIM NMpPOCTpaHCTBOM. Bech Bompoc
Tenepb 32KJIOYaeTCsi B TOM, KaK Takoe NpHBeJeHHe OCYLIECTBHTb B
SIBHOM BHIe

CHauana uckaOYMM JBHXKeHHe ueHTpa Mace, [lycrs r,— pa-
AHYC-BEKTOPH TOYEYHBIX MACC ms; B 6apHUEHTPHYECKOH CHCTEMe OT-
cyera, TaK 4To Imrs=0. das TOoro, 4To6u ¢ NOMOLUBIO 3TOrC CO-
OTHOLUEHHS YMEHDbUIHTb NOPANOK AHpdepeHNUHaNbHEX YpaBHEeHHH
ABHKEHHS

- ' n - mym;
msl’,—v,s(l<$<o)' V—ZTD (9)
i<j
BBEIeM OTHOCHTE/IbHHE pPaAHYChi-BEKTOPH t=r,—r,, nN==r;—%,
rae = (mry+ myry)/(my+ my;)—UeHTp Macc TOYeK m, W m,.
MMonoxum p= mmy/(m,+ my), v=(m,+ my) my/Em,.

lMpeanoxenue 5 Ecau r,(¢)— asuxenne I'paBUTHPYIOLIUX
TOYeK, TO QVHKUMH E(£) H 1 () YAOBAETBOPAIOT YPABHEHHAM

wE=Wi =W, W=V (10)
OTH ypaBHeHuus HMRIOT MepBblii MHTErpaf

BEXE+FYOXN=Zm,(r,Xr)=c.

Ypapuenns (10) onHCHBAIOT NBHXKEHHE «PHKTHBHBIX» MaTepH-
ajbHBHIX TOYeK ¢ MaccaMH p, v. [lpensoxenne 5 serko o6o6maetcs
Ha cayuaii Jio6oro n>3. YpaBHenusa (10) ¢ 6 creneHsMH cBOGO-
AHl, pasyMeeTcs, raMH/AbTOHOBH.

Hckmiouenne KHHETHYECKOrO MOMEHT2  («HCKJIOYEHHe y3na»)
MOXHO npoBecTH ans ypaBHenuit (10). ORHako OKOHUATENAbHHI pe-
3yJbTaT Npolle He3aBHCHMO cpopMy/aHpoBaTh B (opMme, cummer-
PHYHOH MO OTHOIIEHHIO K MaccaM m;, my, ms. Ilyctb T — «HeHuame-
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HieMas NJIOCKOCTb» Jlanaaca: OHa COJEPIKHT GapHUeHTp H nep-
NeHAUKYJASPHA NOCTOSIHHOMY KHHEeTHYeCKOMY MoMeHTy c. [lycTs
IT — naockocTb, MPOXOAALLAS Yepe3 TOUKH my, My, mz. O603HAYHM
yepes §; yron TpeyroJbHHKA mmyms, rae HaXONUTCA Macca my, a
yepes A — muiouwlaib 3TOro Tpeyroabuuka. Cnpaseanusn ¢opmMyan

2A pii—p;*—pet
n9;=-—, cost=—t»nLl =
sind, PiPr : 2p;pe (11)
A=TLVPi+Pe—p;
4y, '

rze i, j, k LOMYCKAlOT JHUb TPH UHKJHYECKHe NMEPECTAHOBKH YHCeEJ
1, 2, 3, a p; — AAHHA CTOPOHH TPEYroJNbHHKA, NPOTHBOMOVIOXKHAS
BeplHHe m;. [Tycte y— yron Mexay naockoctsamu I1 u 2: 8 naoc-
KOM [ABHIKeHHH y=0,

ITpennoxenue 6. ITpu PHKCHPOBAHHOM 3HAYEHHH KHHETH-
YecKoro MomeHra Zms(r,Xr,)=c B GapHUEHTPHYECKOH CHCTeMe C
4 cTeneHAMH CBOOOAN:

F=—Hy, Y=Hr; P,=—H,, p,=Hp (1<5<3), (12
H (T, Pp Pzr pzo Y P1s P2s P3)=

__lelPsin v «ps® L0 r B —Ds) |
T 4A m—ssm(lc]siny-i_ )‘

Pl4 P —2P Pycos & P: Py sind
j 1 ___i____k sin iy
+2 2m; —HCICOSYE(W Pi} 3m; !

22 Pi*+Pk—p%il2  ~Qumimp,
+efeos 72 36m;p° 0% pi’

31eCb BeqHUHHH A, &), O u O3 Bupaxalorcs no dopmyaam (i1)
KaK OYHKUHH 1, 2 ,P3 CHMBOM Zf,;x O3HAuaeT cyMMy fios +foar +
+faiz2.

910 yreepxjienwe npugamiexur Baw Kamneny (E. R. van
Kampen) u Yuutaepy [158). JlokasaTenbCTBO OCHOBaHO Ha 3Je-
MEHTapHHIX, HO IPOMO3IKHX BbiYUC/IEHHAX. BHpaxkeHus WMy scoB
', P, yepe3 KOOPAHHATH M CKOPOCTH PABHTHPYIOUIHX 104EK OYEHH
TPOMO3JKHK H OOGbIYHO He HCNOJb3YIOTCS.

Korna asuxenue nsiockoe, To nepshle ABa YPaBHeHHSA (12) cBo-
AfTcs K papeHcTBam ['=vy=0, » MH NOJyYaeM raMHJbTOHOBY CHC-
TEMY C TpeMfl CTeNneHsIMH CBOBOIHI,

Ecan ¢=0, To vpasrenus (12) asasiorcs HAaTYPaAbHOH raMHIb-
TOHQBOI CHCTEMOH ¢ TPeMA CTeneHAMH CBOGOAbI (Cp. ¢ TeopeMoil

2y
[V BN
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§ 3. OTHOCHTEAbHBIE PaBHOBECHA
H Gudypkauus HHTErpaabHuix MHOrooGpasuit

3.1. OtHOcHTenbHBle PaBHOBeCHs M NPHBEAEHHHA NOTeHUMaX,
Mu BHOBb BO3BpauiaeMcsi K HCCIEAOBaHHIO [aMHJbTOHOBOA CHCTe-
MH (M, 0% H) c rpynno# cumMmerpuit G, AeficTBHe KOTOpOR Ha
MPOCTPAaHCTBe COCTOSHHA M  ABAsercAa myaccoHOBCKuM. [lyers

(M., ©? H) — npuBeneHHas TaMHAbTOHOBA CHCTEMAa B CMHCHe
n. 2.2.

Onpenenenune. dPazoBhe KpHBHE raMHJILTOHOBOA CHCTeMH
Ha M c nocrosnHo#t MoMeHnTa Pg=c, nepexoasuiye NpH NPOEKUHH

M-—>M. B nonoxenns paBHOBECH NpHBENECHHOA TraMHJAbTOHOBOH
CHCTEMbI, HA3LIBAIOTCH OTHOCUTEALHOIMU PABHOBECUAMU HAH CTG-
YUOHAPHLIMU OBUINCCHUAMU.

[Ipumep 15, PaccmoTpum Bpamenne TBepAoro tena B oce-
CHMMeTpHYHOM CHa0BoM moje. Ilyctb ¢ — ¢QuxcHpoBaHHOe 3Hadwe-
HHe KHHETHYECKOro MOMEHTa Teslla OTHOCHTe/IbHO OCH CHMMETpHH
NOJs CHJI; YPaBHeHHS ABHXXEHHA NPHBENEHHOA CHCTEMH MOXHO
NpencTaBHTh B CJeAyiOlleM BHAe:

Ao=AoXo—eXV', e=eX0; (Aw,e) =c, (e, e) =1, (13)

snecb V(e) — cunoBas QyHKUHS. B NOSOXKEHHH PaBHOBECHS NpPH-
Be/leHHOA CHCTeMH, OueBHAHO, e=const. CnenoBaTenbHo, w=Ae.
U3 ypashenns (Ao, e)>=c 0OAHO3HaYHO HAXOMHTCA MHOMHTEAb A:
oH paBen c/(Ae,e). [TockoabKy e=const, 70 yrrmoBas cKOpocTs @
Toxe noctosHHa. M3 nepeoro ypashenus (13) noayuaem ypasHe-
HHE ANA HAXOXAEHHS OTHOCHTENbHHX PAaBHOBECHA C MOMEHTOM C:

c2(Aexe)+ (V' Xe)(Ae, e)2=0, (e, e>=1.

3toT pe3dyabraTr BnepBue orMmeueH [lIrayae (O. Staude) B 1894 r.
B craunonapHoM ABHXKEHHH (OTHOCHTE/IbHOM PaBHOBECHH) TBepRoOe
TeJO PaBHOMEPHO BpalllaeTcs BOKPYr OCH CHMMETPHHM CHJIOBOroO MmO-
Jf ¢ yraopo#i ckopoctblo |w|=|c|/(Ae,e>. A
Mpeanoxenue 7. PasoBas kpuBas x(f) raMUAbTOHOBOR
cucteMnl (M, w? H) c rpynnoit cummerpuit G sBAsieTCs OTHOCH-
TeJlbHHM PaBHOBECHEM B TOM M TOJIbKO TOM CJyuae, xorga x(f) =
=gt(x(0)), rae g!-— oaHomapaMeTpHuYeCKasds MNOArpynna rpyn-
nu G.
<JEcan x(t)=g'(x) » g'— noarpynna G, To npoekuns M-
~M. nepeBoAHT pelieHHe X ({) B paBHOBECHE NPHBEAECHHON CHCTEMHL
O6patHo, myctb x(t) =ht(xg) — OTHOCHTENbHOE paBHOBECHe ra-
MHJIbTOHOBOH CHCTEMH ¢ TaMHJALTCHHAHOM H M HayaldbHBIM VC.i0-
BHeM x(0) =x,. Ilokaxewm, yro h' — noarpynna 8 G. Ilycts % —
OJHONapaMeTpuyeckas NOArpynna ( T2Kas, 4ToO
d . . d ) \
o B = 2O (=] )
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flockonbky G — rpynna cHMMeTpH#, 10 rpynnnl h* © g' KOMMYTH-
pyioT u nostomy x(¢) =g*(x0) B CHay paBeHcTBa (14). D>

B paccmorpenHom Bhille NpHMepe 15 TpaeKTOpHH cTaLHOHap-
HHX ABHXeHHH spaisioTca opOutamu rpynnu SO(2) BpauleHH# Te-
Jia BOKPYT OCH CHMMETDHH MOJS.

Has HaTypanbHHX MeXaHHYECKHX CHCTEM C CHMMETPHAMH MOX-
HO yKkasarh 6oJsee 3QOEKTHBHHHA KPHTepHH CTaUHOHADHOCTH HABH-
xenus. Ilycts (M, (, ), V) — MexaHnyeckas cucTeMa ¢ rpynno#
cummerpuit (B cmuicae m. 2.1): mHoroo6pasue M sBasercs npo-
CTPAHCTBOM IJIABHOTO paccjoeHHsi ¢ 6a3od N H cTpyKTypHoil rpyn-
noi G.

[Tpeanoxenune 8 Ecau rpynna G KOMMyTaTHBHA, TO TO4YKA
YEN aBNsETCH MONOXKEHHEM OTHOCHTE/BHOIO PABHOBECHS C MOCTOSH-
Hoft MOMeHTa c€F* Torja M TOJbKO TOTAA, KOTAa y — KPHTHYEC-
Kas TOYKa NpHBeAeHHoOro noreHuxana U, : N—R.

1o YTBEpXKIEHHEe — C.IeACTBHE TeopeMul 14 u ONpejeneHHs OT-
HOCHTe/JbHOro paBHOBecHs. [lockonbKy, Hanpumep, Nw06as raaikas
$yHKUHA Ha cepe HMeET NO MEHbIlel Mepe JBe KPHTHYECKHe TOY-
KH, TO H3 NpeJUloxKeHHs 8 BhITeKaeT

Carencreue. 3agaya O BPAalWlEHHH TBEPAOTO TeJa C HeNoOA-
BHXKHOH TOYKOH B JIIO60OM OCECHMMETPHYHOM CHJIOBOM MNOJe NpH
KaX@X/loOM 3HaYeHHH MOMEHTa MMeeT He MeHee IBYX Pa3/HYHHIX CTa-
UHOHADHHX BpalleHHA. KONHYECTBO Pa3NHYHBIX CTaUHOHAPHBIX
JABHXEHHA B OO6lEM CJaydyae MOXHO OUEHHTb, HAnpuMep, C
noMoiblo HepaBeHCTB Mopca. OAHAKO B KOHKPETHHX 3aaayax
YRaercs, KaK NPaBHJO, NOJYYHTh GoJee TOYUHYI0 HHGOpPMaUHUIO
(cm. n.n. 3.3—3.4).

3.2. MurerpanbHble MHOroo6pasms, 061acTH BO3MOXKHOCTH ABH-
MeHHss W GHpypxaunonnsie muoxkecrsa, Ilycts (M, o?, H, G) —
TaMHJIbTOHOBA CHCTEMA C MYacCOHOBCKOA Tpynno#t cHmMerpuit G.
Tockonbxky ramunbToHHan H SIBASIETCS NEPBHM MHTErpajoM, To
STy GYHKUHIO €CTeCTBEHHO NPHCOEAHHHTb K HHTErpajaM MOMeEHTa
P : M—>&* u paccMoTperb ra1afaKoe 0TOGpaxcerue «3Hepauu-MOMEH-
Ta» HXP : M—+~RX%*.

Onpenenenne. Bupypkayuonnoim MHONKECTEOM 3 raMHb-
TOHOBOA CcHCTeMn (M, o?, H, G) HazoBeM MHOXECTBO TOYEK H3
RX$*, Haj OKPeCTHOCTAMH KOTOPHX OTOGpaxeHHe HXP He sB-
JIAeTCs JIOKaJbHO TPHBHAJABHLIM PaCC/IOCHHEM.

B 4acTHOCTH, KPHTHYecKMe 3HaueHHs 3’ OTOOpaKeHHs <«3Hep-
rHH-MOMeHTa» BoiAyT B Z. OnHako 3 ob6uleM CJaydYae MHOXECTBO
Z He ncuepnuBaercs T'. [IpHMepoM MOXeT CcayXHTb GudypKa-
LHOHHOe MHOXecTBO 3anayH Kemjepa, ykasanuoe B § 1 ra. 2.

Ilpeanoxenne 9. KpuTHYeckHE TOUKH  OTOGPaXKEHHs
HXP: M—>RX$* Ha peryaspHoM YPOBHE MOMEHTa COBMAjaloOT C
OTHOCHTE/IbHHMH PaBHOBECHSMH.

910 npocToe yTBepKAeHHe OKA3bIBAETCHA MOJE3HBIM npH Hu3yde-
HHH CTPYKTYpHl GHOYPKAUHOHHLIX MHOXECTB,
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Onpenenenne. Ilpn (HKCHPOBaHHHX 3HAYEHHAX 3HEPTHH
hER u MoMmeHnTa c€%* MHOXecTBO [y, .= (HXP)~' (h, ¢) HasoBeM
UHTeZPANbHbIM MHO2006pa3uem TaMHJLTOHOBOH cHcTeMH (M, o?,
H, G).

Ouesuano, uto auitb npH (k, ¢)€Z wuuTerpaibHbie YPOBHH [a, ¢
MOryT He OHITb rJaaKHMHM MHOrooOpasusmi. [lockoabky AefdcTBHE
rpynnst G coxpassier ¢yuxkumio f, To crauuonapuas rpyma G,
neACTBYeT Ha yposHe [, . W TO3TOMY ompeieieHo (PaKTOPMHOrO-

obpasue [n, c=1In /G, Ecam c—perynspHoe 3HaueHHe MOMEHTa,
10 [4, . COBNAfAET C YPOBHEM 3HEPrHH NPUBEJEHHOM TaMHAbLTOHOBOR

cuctemsl (M,, @2, F). MuoxectBo [, MOITOMYy eCTOCTBEHHO Ha3-
BaTb npueeéennbm uURmMe2PasvRoLM MHO02000 pasuex. Hanpumep,

B NMPOCTPAHCTBEHHOH 3ajaye TPeX TeJ THNHYHLE MHOrooGpasus /»,c

ceMHMepHH, a B MJOCKOH 3ajaue MX pasMepHOCTb paBHa nNATH.
[TockonbKy Hag Kaxjao#t cBsi3HOH KoMmnoHeHTol RXF*\Z orobpa-~
KeHHe HX P sABnseTcs paccioeHHeM, TO TOMOJOTHYECKHA THN HH-

TerpanbHHX MHOroo6pasuii /,,. MOXKeT MEHATHCH TONBKO NMPH MPO-
XOXAEHHH TOYKH uYepe3 OHbypKauUHOHHOe MHOXecTBO I.

Hrak, u3yyeHHe HCXOAHO#H raMHJbTOHOBOH. CHCTEMHI C CHMMeT-
PHRAMH CBOAHTCA K MCCJel0BaHHIO oToGpakenus HXP H cTpyKTy-
po ($a30BLIX NMOTOKOB Ha NPHBeAEHHHIX HHTErpajbHHX MHOroo6+

pasHax /..

PaccMoTpum GoJiee neTaJbHO CTPOeHHe OTOOpaXKeHHS «3Hep-
rHH-MOMEHTa» JJs HaTypaJbHOi MexaHHueckofi cucteMn (M, (, ),
V) c¢ rpynnofi cummerpuii G; MH He 6yaeM npeanonarath, YTO
aeiictBie G Ha M cBoGoaHoe. BBeaeM MHOKecTBO A, cocrosiiee
H3 Touek X€M, Ans KOTOpHX cTauuoHapHas noarpynna G, (MHO-
XecTBO Takux g€G, uTo g(x)=x) HMeeT TNOJOXHTEJNbHYIO pas-
MepHocTb. MHoXecTBo A 3aMkHyro B M. Hanpumep, B npoctpan-
CTBEHHOH 3ajaue Tpex TeJ A COCTOMT H3 TPOEK TOYEK, JieXKalHX Ha
OAHOK npsaMofi. B nnockoit 3agaue A CBOAHTCA K €IHHCTBEHHON
TouKe ry=ry=r3=0 (Mbl CuHTaeM, Kak OOGHYHO, YTO OGapHLEHTp
COBNajaeT ¢ HAYaJOM CHCTEMH OTCYETa).

Mycts J : x>(x, vx) — oTo6paxcenue Momenta. CorjacHo JeM-
Me 2, ansa aw6oi ToukH €M\ A u snioboro c€$* Haiizercs enHH-
CTBEHHHH BeKTOp w.(x), Tako#, yto J(w.)=c u (w, v>=0 A%
Bcex X€¥. IlpuBeneHHnM mnoteHunaiomM U.: M—R MH Ha3BalH
B n. 2.1 ¢ynkuuio — V+<w,, w.>/2.

Mpeanoxenne 10. IlpuBesennnit norenuwan o6aanaer
CJeAYIOLIHMH CBOHCTBaMH:

1) U,(x)= 1in H(v), rae H(fv)=_<_"'59L—V(x)—n0ﬁnan
v6/ 210
3HePrus CHCTeMH,
2) Hag M\ A MHOXeCTBO KPHTHYECKHX TOYeK oTobpaxeHHs H:
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J-'(c)=>R cosnanaer ¢ w.(T'), rae I' — MHOXeCTBO KpPHTHYECKHX
TOYeK NnpHBeacHHOro noteHuHana U, : M\ A—R,
3) Z'={(h, c): heU(D)},

4) x(la)=U:"'(— o, A}, rae .:T M —+ M —npoexuus.

70 npeanoxerue orMmeveHo Cmeiaom (S. Smale); B KoHKpeT-
HBIX CHTYaUHsiX OHO elle paHblie HCMOMb3PBAJOCh PANHUHLIMH aB-
TopaMH. 3aKJlo4eHHe 2 YTOUHsAeT npea’loxeHHe 9.

Onpenenenune. MuoxectBo n(/y,.)cM Hasupaercs 06-
JNIaCTbi0 BO3MOXHOCTH ABH)KEHHS NPH (GHKCHPOBAHHBIX 3HAYEHHAX
SHepruH 2 H MOMEHTa C.

Ecau rpynna G KOMMyTaTHBHa, TO N. 4) npeanoxeHus 10 Mox-
HO 3aMEHHTb Ha

4) ' (lr.)cU:'(— o, k], rae «:TN - N — npoexuus
N =M/ G — npuseseniioe npocTpancTBo noaoxkenwdt, U, N - R.

Ecau M xomnaktHo, To =3’ u BK/IoueHHe 4’) MOXKHO 3aMe-
HHTb Ha PaBeHCTBO. B HekoMnakTHOM cayuae 3T0 yXe He Tak:
KOHTPNIPHMEPOM MOXKeT CJAYKHTb NPOCTPAHCTBEHHAas 3alaya n Te.
HHTepecHo OTMETHTb, YTO B NMJIOCKO#H 3anaye n Tea 06JacTb BO3-
MOXHOCTH ABHXEHHSt ONHCHBaercs HepapencTBoM U.<h (mpea-
JoxKenHe 7 u3 n. 14 ra. 1).

3.3. BudpypxaunoHHOe MHOXECTBO B MJAOCKON 3amate Tpex Tea.

lpennoxenue 11. Ina noGoro 3apanHoro HaGopa Macc
B NVIOCKO#H 3anaye Tpex Ted

(1) MHOXeCTBO KPHTHYECKHX 3HadYeHHit 3’ orobpaxkenus HXx/J:
TM—R*{(h, c} cOCTOMT H3 ueTHIpex KyGHYeCKHX KPHBHX, 3aAaHHBIX
yPaBHeHuaMH h®’=a,<0 (1<<i<4),

(2) 6udypxauHoHHOe MHOXKeCTBO X COCTOMT H3 3’ H KOOpAH-
HaTHHIX ocelt A=Q u ¢=0.

< Ecaum U — noTeHunanbHas sHeprus B 3ajave Tpex Tena, To
npHBeAeHHbiAi noteHuHan V., oueBuano, pasen U+ c%/2/, rae [ —
MOMEHT WHePUHH TOYeK OTHOCHTe]IbHO HX GapuueHTpa (cp. ¢ § 1
ra. 1). B otHocutensnom paBHosecun dV nponopuuonanen dl, cae-
ROBATeJIbHO, TPH TOYKH 06Da3yiOT UEHTPAJbHYI0 KOHQHIYpPauHIO
(n. 3.1 ra. 2). TIpn dukcHpoBaHHOM 3HaueHuH |c|+0 TakHX KOH-
Gurypaunii poBHO NATH: TPH KOJIHHEAapPHHIX H ABE TPEYroJbHHX.
B nocnennem ciyyae TpeyroabHHK 06s3aTesbHO PaBHOCTOPOHHHUI, H
STH B TPeyroJibHble KOHPHIypauun OTIHYAIOTCA JIHUWL NMOPALKOM
CNe0BaHHS TPaBHTHPYIOWAX ToueK. ITycTh @ — MOCTOAHHas yrio-
Basi CKOpPOCTb BpalleHHs UEHTPaTbHOH KoH¢urypauuu. Toraa, oue-
BHAHO, |c| =/|ow|, T=I0w¥2 u

BT U= 1 U,

IMockoabky Bee KOHMUI DAL "0 dOr0 THNA N0I00HL, TO MOXHO
CuuTaTh [ =0/, U:=: "L KoahDHUHEHT NOI06HA 7 Mo¥ 10 HalTH
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H3 paBeHCTBa 2T =U, koTopoe fABJAfieTC CJAENCTBHEM TOXAECTBa
Jlarpanxka /=2T—U. Koadppuuuent a pasen c2//oUs n nostomy B
OTHOCHTEJbHOM paBHOBecHH hc?=a,<0. COrJacHo 3aKjalYeHHIO 2)
npeanoxenus 10, 6udypkauHOHHOe MHOXKECTBO X BKJIOYaeT KpH-
BHle, 3allaHHHe ypaBHeHHAMH hc?=a, (1<<s<C5). CpeaH NATH uk-
cen ay,..., s NO KpaiHe#i Mepe ABa cosnajaloT (OHH COOTBET-
CTBYIOT TpeyroibHmM petleHHsM Jlarpanxka). B 6udypraunoHHOe
MHOXECTBO, OYeBHAHO, BXOAAT ewe npsiMe h=0, ¢=0 (xak B
3anaye Kenaepa). Kak nokasan Cwmefin, MHoXecTBO I He colep-
XHT HHKAKHX Apyrux touek (cM. [38]). D

B pa6ore Cmeiina [38] comepxurca HHpoOpMauHs O TOMNOMO-
THYECKOM CTPOEHHH HHTErpajbHbX MHOroo6pasuit B Pa3aHYHHIX
CBSI3HBIX KOMNOHEHTax MHOXecTBa R\ Z.

3.4. BudypkauvoHHble MHOXKECTBA M HHTerpaabHble MHOrooG-
pasHs B 3aj4ave O BpAUICHHH TAXKEJOr0 TBEPAOro TeiAa C HeNo-
asuxnofi ToukoR. Ilycte A,>A;>A; — rnaBHbie MOMEHTH HHep-
UHH TBepROro Teja, X), X2, X3 — KOOpPAHHATH LEHTPa MacC OTHO-
CHTeNbHO oceli HHepuHH. Ecau © — yrnoBasi ckopocth Tena, e —
€[HHHYHHA BEPTHKAJbHHA BEeKTOp (3agaHHBe B NMOABHXKHOM MNpO-
crpaHcTBe), To H=(Ao, 0)/2+elx, &) u J=(Aw, &), tne A=
=diag(A4,, Az As). Hawa 3anaua — onucatb GHypKauUHOHHYIO
auarpammy I B maockoctH R%={h, c} ¥ Tononoruueckoe crpoenue
TNpHBEJEHHHX HHTerpadbHHX MHOrooGpasuft /... IlonesHo cHaua-
Jila PacCMOTpeTb BHIPOXAEGHHBIA wacTHHA caywaH, Koraa e=0
(sanawa Oitnepa). TIlonoxeHHS OTHOCHTENLHHX PaBHOBECHA —
CyTb KPHTHYECKHE TOYKH NpPHBEAEHHOr0 MOTEHLHaJa c=c?/
12(Ae, e) na eaunnunoi coepe (e, e)=1. Ecan Te/I0 HECHMMETPHUHO
(A1>A3>A3), T0o TakHx Towek poBHo wectb: (+1,0,0), (0, 1,
0), (0,0, =1). UM cooTBeTCTBYIOT paBHOMepHHE BpallleHHs TBep-
noro Tena BOKPYr ocefi HHepuHH. IIOCKO/NLKY B OTHOCHTENABLHOM
paBHOBecHH Tesla w=ce/(Ae, e) (cMm. npumep 15), To sHeprus h u
MOMEHT ¢ CBfi3aHH OAHHM H3 COOTHoOWEHHH h=c?/2A4, (1<s<3).
Tak Kak NpOCTPaHCTBO NOJOMEHHA TBEpPAOro Tejda — rpynna
SO(3) — xoMnakTHO, TO 6HDYPKAUHMOHHOE MHOMECTBO X SIBASETCH
o6beanHeHHeM Tpex napabon. B cayuae aHHaMHuYecKoi CHMMeT-
pPHH 4Hcao napa6Gont yMmeHbliaetcss; ecan A,=A;=A3=A, 710 I
COCTOHT H3 eAHHCTBeHHOH napaboam h=c?/2A. Ilycts By,.=
={U.<<h} — o6nacTb BO3MOXHOCTH ABHXXeHHs Ha cdepe [lyacco-
Ha. KnaccHpukaunio ob6nacte#t B, H NPHBEAEHHHX HHTErpajbHBIX

MHOroo6pasmuii 7,,,¢ B 3ajaye ditnepa Aaer
Mpennoxenue 12. Tlycts A, > Ay> A, Torna
(1) ecnu A< c212A,, T0 Bp,e=Oy [h,ec= D) _
(2) ecin ¢2/2A,<h < c212Ay TO Bac=D2yD? I4 =283,
(3) ecnn ¢2/2A, << h < c12A;, 10 Bre=D'X S, T1n..=82%S!,
(4) ecan c2/2A;<h, 10 Bs,c=S? In.=S03)
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BriAcHerne TOMOJOFMYECKOrO CTPOEHHs TNPHBENEHHBIX HHTErpanb:
HLIX MHOrOOGpa3uii OCHOBAHO Ha CJaeayiolleM 3ameuauuu: [x . AHG-
deoMopHO pACCIOEHHOMY HPOCTpaHcTBY C Ga3oft paccaoenuss B,
# caoem S', Y KOTOpOro C/OH HAj KaxAoi TOYKOA rpaHuubl O0Ba.e
OTOXJIECTBJAEH B TOYKY.

%O

Puc. 23. bBudypkaunonnas pgmarpamma 3ajgaun
Sknepa

B o6uiem cnyuae, Korna uUeHTp Macc He COBMajaeT € TOYKO#H
noaseca, 3ajaya NOJHOro ONHcaHHA GHGYpPKAUHOHHBIX MHOXECTB K
HHTErpasbHHX MHOroo6pasuii cyliecTBeHHO ycaoxHsercs. OHa mo-
Apo6Ho u3yuyeHa B paGorax 1. B. Tatapunosa [120]. Mu npuBesem
B KayeCTBe NpHMepa CepHiO PHCyHKoB H3 pabornl [120], Ha koTO-
poil noKa3aH MeXaHH3M nepecTPOHKH OGHYPKAUHOHHOK AHarpam-
Mbl, KOTAa UEHTP Macc H3 o6wero noJOXKeHHs B MJIOCKOCTH X3=
=0 nepexoaut Ha ocb x;=x2=0. UHcna Ha 3THX PHCYHKaX yKas3u-
BalOT «MHOTO3HAYHBI PoA» obsacTeil BO3MOMHOCTH [BHXKEHHsS Ha
cepe Ilyaccona. Bynem roBopuTb, uto cBSi3Has ob.iactb B, HMe-
et pox [, eciu B, auddeomopdHa chepe S?% u3 KoTOpO# yaaNeHH
! HenmepeceKalolMuXcsi OTKPHITHX AMCKOB. Ecau o6aacts  BO3MOX-
HOCTH ABHXKEHHS HECBS3HAa, TO MNPHCBOMM e MHOro3HayHHil poa
L, I,..., rae l[,—poa OTAGNbHOM ee CBSA3HOH KOMMOHEHTHI,
(nockoibKy B paccMaTPHBAaeMOH CHTyauHu uyucaa [, He NpeBOCXO-
IAT TpeX, TO NMyTaHHUbL He BO3HHKHeT). TOMOJOTrHS HMHTErpajbHHX
MHOro6pasmii OJHO3HAUHO ONpelenseTcs CTPYKTYpoi obaacteit
BO3MOXHOCTH JBHXEHHSI (ee poaoM).
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T'arasa 4

UHTEFPHPYEMBIE CUCTEMBl H METOIbl HHTETPHPOBAHHUA

§ 1. Kpatkuit 0630p pasnuvHbiX NOAXOAOB
K MHTErPHPYEMOCTH TaMHJALTOHOBBIX CHCTEM

Oudpdepenunanpible ypaBHeHHS, B TOM YHCJde ypaBHeHHs [a-
MMJIbTOHA, NMPHHATO Pa3fesiTh HAa HHTErpHpyeMble H HEHHTErpHpy-
embie. «Ecau, oanako, Mbl nonnTaeMcs chopMyaHpOBaTb TOYHOE
onpeneseHHe HHTErPHPYEMOCTH, TO OKa3bBAalOTCA  BO3MOXHLIMH
MHOTHe pas/HyHble OnpejejeHHs, KaXXAOMY H3 KOTOPHIX HPHCYI
H3BeCTHHIH TeOpeTHYeCKHii HHTepec»". B 3Tom naparpade Mu na-
AHM KpaTKuii nepevyeHb PasNHYHHIX NOAXOAOB K HHTErpHPYEeMOCTH
raMHJbTOHOBHIX CHCTEM, «He 3abbiBas npH 3ToM ykasakus [lyan-
Kape, uTO CHcTeMa jdH¢depeHUHAIbHbIX ypaBHEHHH MoxkeT ObITb
JHIIb B G0/bLieH HJIH MeHblleil cTeneHH HHTerpupyemoits!.

1.1. Ksappatypu. HMurterpuposanue B KBaapaTypax CHCTeMH
AuddepeHlHaIbHbIX YPaBHEHHIT B R™ — 3TO OTHICKaHHe ee pelieHHi
C TMOMOUILIO KOHEWHOro vyucia «ajarebpaHyecKHx»  onepauxi
(Bkaiouast obpauleHHe (YHKUHI) H <«KBaApaTyp» — BHIYHCJIEHHS
HHTEerpajiop H3BecTHHIX ¢yHKuHil. Caenyioulee yTBep)KileHHe CBS-
3hBaeT HHTErpHpoBaHHe raMH.IbTOHOBOH CHCTEMBI B KBaApaTypax C
cyllecTBOBaHHeM J0CTaTOYyHO 60.billoro HaGopa ee mepBLIX HHTer-
pa”nos.

Teopema 1. (B. B. Ko3nos, H. H. Koaecnukos [13]). Tlycts
R?" — cumnaekTHueckoe MEOroo6pasne CO CTaHAApPTHON CHMIIEKTH-
uyeckoff cTpykTVYpo#i. Ilpeanosoxkum, YTO CHCTEMA C FaMHALTOHHAHOM
H:R?®X R{t}—R umeeT n nepBLiX HHTErpaaoB F, ..., F:R* X
X R{t}->R (F,' +{F, H}=0) taunx, uro {Fj, F}= 3 ct I’y c*,=
==const. Eciu

1) na muoxectse M, ={(x, {)eR" X R:F,(x, t)=f, l<i<n}
byukuun Fy, ..., F, He3aBHCHMEI;

2) Zcfjfk-—-o nas Bcex i, f=1, ..., n;

3) anrebpa JIu ¢ auneiiHbix KoMOHHauuit TAF,, A,€ER paspe-
IIHMA, TO PELIEHHS TaMHIhTOHOBOI cHcTeMbl x=/dH, nexawue na
M;, MOXHO HaWTH B KBaapaTypax.

CanencrBue. Ecau raMuabTOHOBa CHCTEMa ¢ n CTeneHsMH
¢B06OJN HMeeT n He3aBHCHMBIX HHTErpajoB B HHBOJOUHH (aare6-
pa & KOMMYTaTHBHA), TO ee MOXHO NPOHHTErpHpPOBaTh B KBaapa-
TYypax.

3To yTBepXieHHe 6nLIO cHauana nokaszano Bypom (E. Bour)
A1 aBTOHOMHWIX KaHOHMYeCKHX YpaBHeHMii H 3aTeM 0606Li1eHO
JluyBuanem (J. Liouville) Ha HeaBTOHOMHEIA cayyail.

D k. Bupkrod «usamiyeckue cerembi»,
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Mycte dyukuun H u F; He 3aBHCAT oT BpemenH. Torpa H —
TOXe nepBHii WHTerpad, Hanpumep, f/=F, Teopema 06 HHTerpH-
PyeMocTH B KBaapaTypaxX CNpaBeA/HBa, KOHEYHO, H B 3TOM CJyuae,
npuyem ycnosue {F), Fi} =0 MOXHO 3aMeHHTL Gonee caAaGuM
yenosuem {Fy, F}=ciiF), 1<<i<n.

Hokasatenscteo Teopemu | 6asupyercss Ha OfHOM pe3y/bTaTe
C. Jly (S. Lie).

Teopema 2. INycTb n BeKTOpPHHX monedt X,,..., X, JnHefHO
He3aBucumn B MaJaoi obaacth UcR"{x}, nopoxpaior paspews-
Mylo aare6py JIH OTHOCHTEIBHO ONEpaUHH KOMMYTHPOBAaHHA H
[Xi, X.)=AX, Toraa audpdepeHunansoe ypabHeHHe x=X,(x)
HHTerpupyercs B KBaapaTypax B obaacth U.

< Mu ZnoKaxkeM 3TO yTBepX/eHHe B CaMOM NPOCTOM Ciyuae,
Koraa n=2. B obuteM cryyae NOKa3aTeNbCTBO aHAJOTHYHO (CM.
[126]). Ypasuenne x=X,(x), x€U 6yner npoOMHTErpHPOBaHO, eClH
HaM yaacTca HaATH ero nepsuii  HHTerpan F(x) Ttako#t, uTO
dF(x)%0 B obaactu U. Tockoabky X,(x)70, x€U, To Takas
¢yHKUHs 3aBeOMO cyllecTByeT (NO KpaiiHe#i Mepe JokaabHo). Ec-
au X, (F)=0, 1o X;(F) — cHoBa uHrerpana, tak kak X;(X;(F))=
=X3(X1(F)) +A:X,(F) =0. OueBuano, uto  JokanbHo Xa(F)=
=f(F), rae f(-) — HekoTOpas rnafkas (QyHKuHs OAHOR mepeMeH-
Ho#t, f5=0. IMonoxum .

dz
G(F)—;S. S
Tak xak X,(G)=0, a X,(F)=dG(X,(F))=X,(F)/f(F)=1, 10
pelieHHe CHCTEMBl YpaBHeHHi

Xl(F)=¢n"d—F-+alz oF =0, Xz(F)=an£+an oF 1
dx, 7;; dx; TXT

cyumectsyer. Paspeiias 3Ty CHCTeMy OTHOCHTeAbHO F o W F . M
HaffeM QYHKUMIO F C NOMOLILIO JONOJHHTENLHOTO WHTErPHPOBAHHA.
Mockoabky X,(F)=1, T0 dF 0. >

Has noxasateabctBa Teopemnl | (B aBTOHOMHOM Cayyae) pace
CMOTPHM 7 raMuaAbTOHOBHIX noaeit /dF,. CoraacHo ycaoBuaM 1—2,
OHU KACalOTC MHOrooOpa3us M, M He3asucumbi BCIOAY Ha M,. Tax
kak {Fy F)= 3 ct,Fy 10 [IdF,, IdF|="Y c* IdF,. Cnenosa-
Te/bHO, KacaTe/bHuie noas /dF; o6pa3yioT paspetumyio aare6py,
npuieM  [/dH, IdF|=M\IdH (Ah,=c!,=const). YTsepxaenne
Teopemu | BuTexaeT Tenepb u3 Teopewmst Ju.

3ameuanune. Teopemy 2, B CBOIO Ouepeldb, MOXHO BHIBECTH
u3 Teopemsl 1. [dau 3toro paccmotpum n dyHkumh F(x, y)=

=y. X(x), onpeaenennsix B U X R". Ecau X X} ———-20‘;})(.. TO,
oueBuaHo, {F;, F} ~.2 ¢ Fyp. Muoroobpasne My={(x, y):F,=...
=Fa=0}={(x, y) - y=0; ansiaercs HUBAPHAUTHBIM AJR raMH.IbTO-
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f#oBoft cucteMH ¢ ¢yHkuuedi I'amuaprona F,. [Ipumenss asro-
HOMHHi BapHaHT TeopeMbl 1 Ha M, u oroxaectass M, c U,
fIONIYYHM 3aKJIOYeHHe TeopeMH 2. A

€aBTOHOMHYIO TEOpeMYy MOXHO BLIBECTH H3 aBTOHOMHOM ¢
NoOMOmbIO CJHeAyIOlero npueMa. YpasHeHHs [aMHJAbTOHA

x=H/, y=—H/s H=H(xy 1)

MOXHO NPEACTABHTb B BHIE KAQHOHHYECKOA CHCTEMH B PACILHDEHHOM
TIPOCTPAHCTBE NepeMeHHHX X, ¥ A, ¢ ¢ ¢ynxuned ['aMHAbTOHA
(x, 9. b, t)y=H (x, y, t)—h:

k=K’yy y'=_K’,u 'h=K'p i=—K'no
Ecmu o6osnaunts cko6ky [lyaccoHa B pacuIMpEHHOM CHMILIEKTH-
yeckoM mpocTpaHcTBe R¥*{x, y} X R?{h, t} uepes {, },, TO

{Fi(x, s 8} Fy(x, 9, )}y ={F, F}=2¢}Fn

{Fi(x 4o ), K(x, 9, by )y =(Fp H—B}=31+(F,, H}=0.

Ocraercs 3aMeTHTb, 4TO QyHKUHH F),..., F, # K He3aBHCHMH.
IMpumep 1. PaccMotpuM 3agady O ABHXKEHHH NO NPsAMO#R

TpexX TOYeK, NPHTATHBAIOIIKXCA C CHJAON, O6PaTHO NPONMOPLUHOHA/b-

HOA KyOy pacCTOAHHs Mexay HuMH. [lycth m; — MaccH, x, — Ko-

OPAHHATH, a p;=mX; — HMNYJAbCc Touek. IloTeHunanbHas 3Hep-
rUs B3aHMOAEACTBHS paBHa

U=3 4L, a,=const.

ry)
by (xi—xj)

Oyukunn Fy=3p32/2m+U, Fy=3p.x;, F3=Xp, He3aBHCHMH H
{F\, F3}=0, {F;, F3}=Fs, {F), Fa}=2F,. Tak Kak COOTBETCTBYIO-
mas anre6pa S paspewinMa, TO ABHXKEHHA, JeXallHe Ha HyJe-
BHIX YPOBHSIX NOJHOM SHEPrdH H HMNYJbCa, MOXHO HafiTH B KBaj-
patypax. 3Ty BO3MOXHOCTb HETPYAHO peasH30BaTh Henocpea-
cTBeHHO. Ecau TOUKH HMeloT paBHhle MAacCH H KOG QHIUHEHTH Gy
(i<j) paBHH Mexay co6ofi, TO ypaBHEHHS ABH)KEHHS HHTErpHpY-
I0TCSL B KBaApaTypax B ueqoM (cM. npumep 8 ra. 4). OrMerTHwm,
YTO B PacCMOTPEHHOM mnpHMepe notekuHan U MOXKHO 3aMeHHTb
NPOH3BONIbHOI OAHOpOAHOR QyHKuMed cTemeHH — 2. A

1.2. Moanaa unrerpupyemoctb. Ilycth M — cuMnaekTHYecKoe
MHoroo6pasue u Fy,..., F, — He3aBHCHMHE (QYHKUHK Ha M, no-
poxaaouue xoneqnoueplylo nonanre6py aare6pm Jlu C=(M)
(trak uro {F,, F;}=23c*F\, ci*=const). B kaxpgoft Touke x€M,
rae ¢yHkuuu Fy,..., F, He3aBHCHMH, BeKTOpH [/dF; nopoxaawt
n-MepHoe JHHe#iHoe noanpoctpancTBo II(x) B T.M. Pacnpezene-
HHe naockoctei II(x) uusonotusHo (ecan X(x), Y(x)¢Il, To
[X, Y](x)€M). CaenoBatenpto, no teopeMe Ppobennyca. uepes
KaXayio TOYKy X€EM npoXOoAHMT MaKCHMAaJbHOE HHTEIPAibHOE WHQ-
roo6pa3ue N, pacnpesenenus II. I7H mMHOroobpaaus xoryr Ghith
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NOTpyXeH B M BecbMa C.J10XHBIM 06pa3oM; B YaCTHOCTH, OHH He
o6s3aTenbHo 3aMkHyTH. Ecan n=dim M/2, 10 cpenn HHTerpaib-
HBIX MHOroo6pasuit pacnpeleneHus Il ecTb 3aMKHyThle NOBepXHO-
cth M,={x€M: F.(x)=f:, Zc:*}fs=0}. Ecan x€M,;, 10 N, coBna-
AaeT ¢ OAHOM M3 CBA3HHMX KomnoHeHT M,. B uactHom cayuae,
Koraa ¢yukuuu F,,..., F. nonapHo KOMMYTHPYIOT, noyTH Bcé M
«Pacc/OeHO» Ha 3aMKHYTble HHTerpajbHHe MHorooGpasus M,.

Teopema 3. Iyctb rnankue ¢yuxkunu Fy,..., F,: M—>R na-
XOAATCS nonapHo B WHBoJoUHH H dimM=2n. Ecau

1) oHM He3aeucuMH Ha M,,

2) ramuavronosH noas IdF, (1<i<n) noauu Ha M, TO

Rl)hxaxmaa CBfi3Haa KoMmnoHenta M, andpdeomopdpra T*X
XR",

2) Ha TH*XR™* cymecTBylOT KOOpPAHHATH @,..., Qx mod2n,
Y1, - .., Yn—r TaKHE, UTO B ITHX KOOPAHHATaxX ypaBHeHHe ['aMuabTo-
Ha x=/dF; na M; umeeT ciaelylOlHfi BHA:

Pu=0p; Y,=Cg (0, c=const).

FamuabTOHOBY  CcHCTeMy € Kaxaoft dynkuuefi amuabTOHA
F ..., F, Ha3bLIBAIOT BNOJHE HHTErpHpyeMOH.
< YkaxeM cxeMmy ROKa3aTeAbCTBa 3TOf TeopeMmbl. PaccMOTpHM

OHONApaMeTPUYCCKHUX Fpynn gy, ¢,€R, ABasiomuxcs ¢a3oBuiMu To-
TOKaMH 1 TaMHAbTOHOBHIX nosed /dF;. B cuny ycaosus 2) 3suave-
aue gli (x), XEM, onpeneserno npu Beex £, [pynnel g M g; KOM-
MYTHPYIOT, NMOCKOAbKY BekTopHue noas /dF, w IdF; xoMMyTHPYIOT
Ha M,. CaenoBartenbHo, onpeaeneso JgefcTsue abesneBoA rpynnei
Rr={t,, ..., t,} Ha M.

g x)=glr...gn(x) t=(ty ..., L)

W3 ycnosus 1) u casHoctd M, MOXKHO BBHIBECTH, 4TO rpynna R®
pefictByer Ha M, coGoaso u TpansutHHO. Cuaenosatenvho, M,
aunpdeoMopdHo ¢akropmHoroobpasuio R"/T, rae I' — craunoHap-
Has rpynna AeiicTBHss R™ (OHa COCTOMT H3 Touek t€R®, mas KoTo-
phix gix=x). Tak Kak KacateabHble noas /dF; He3aBHCHMBI Ha
M,, o T — auckperHas noarpynna B R", usomoppuaa 2* (0<<i<<
<<n). Takum o6pasom, M,=~R"/Z*=T"X R"-*. PaBHOMepHO MeHs-
IolHecs «rjobanbHbie» KOOpAHHATH ¢mod 21, y JTHHEHHO BBIpa-
Xalorca vepes f),..., t,. Bce neTann N0Ka3aTesbCTBa MOXHO Hafi-
™ B [6]. D

3ameuyanue. Ecau anre6pa uuTerpano S He KOMMYTAaTHB-
Ha, TO 3aMKHyTble WHBapHaHTHHe HHTerpaabhble ypoBuu M, aud-
deoMopHB OAHOCBA3HON rpynne aare6pul $£, NpodhakTOpPH3OBaH-
HOW No HEKOTOpOil ee AHCKpeTHON moarpynne. Peaausauus storo
obulero 3aMeyanus ynHpaercs B HepellleHHyl0 3a1a4y KJTacCHQH-
Kauuu rpynn i anrebp Jin. A

B TeopuH u npakTiKe Bil0.1HE HHTErpHPyeMbIX TaMUJIbTOHOBBIX
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cucTeM HaHOO.JIbUIMA MHTEpec NpeiacTas.sieT Cay4ai, Koria MHoXe-
ctBo M, KomnakTHo. Toraa k=n u, caegoatenbHo, M,=T" Pas-

HOMepHOe BHXeHHe no Topy T"={g,, ..., @.mod 21} N6 3akouy
¢:=0 +wit (1<<i<n) Ha3bBaercs YCAOBHO-NepuOOU4ECKUM.
Yucaa @y, ..., @, —ero «acroret. Top ¢ Ha6opoM 4acTOT @y, ...

., ®On HA3bIBACTCA HEPE3OHAHCHbIM, ecaH M3 paBeHCTBA Zk;w;=0
¢ UeJBIMH k; BhiTekaeT, 4to Bce k;=0. Ha Hepe3oHaHCHHX TOpax
¢$a30Bble TPaeKTOPHH BCIOAY MAOTHH. 3TO yTBepXKieHHe sIBJseTCS
NPOCTHIM C.1eIACTBHeM c/eaylolero obuiero pesyJabraTa, NMpHHaase-
xkauero I'. Beiinio (H. Weyl).

Teopema 4. Ilycte f: "R — unterpupyemas mno Pumany
(YHKUHA M 4YHCIA @, ..., @, PALHOHAJAbHO He3aBHCHMBL. Toraa
aas qo6oi Touku Q€T mpeaen

lim -;-Sf(mt—{—(io)dt
S+ h

CYUWIECTBYET H pPaBeH

1 )
T S F@®dUN ... NdAY,.

T

[Tyctb, B uacTHOCTH, [ — XapakTepHCTHYeCKass OYHKUHS H3Me-
pumoit no XXopaany (C. Jordan) o6aacth D na Tn. [lpumenss K
$yHkuun f Teopemy 4, noNyuuM cienyiouiee yTBepKAeHHe: CpelHAs
J0Js BpeMeHH, KoTopoe ¢a30Bas TPAaeKTOPHA MPOBOAHT B 06,1aCTH
D, nponopunoHanbHa mepe D. DToT (PaKT XapaKTepH3yeT CBOHCTBO
PaBHOMEPHOTO pacnpejeseHHs] TPACKTOPHA Ha HEPE3OHAHCHHIX TO-
pax. Ecan Top pesowancubud, To $a3oBbie TPACKTOPHH 3aMNOJHAIOT
TOPH MEHbLUETO YHCJa H3MEPEeHHH.

1.3. Hopmaabnbie ¢popmbl. PaccMOTPHM raMHILTOHOBY CHCTEMY

z=1IdH (z), z=(p. J)ER"

B OKpecTHOCTH TouKH 2=0. IlycTb BeulecTBeHHO-aHANHTHUECKAR

¢yukuus H npeacraBieHa CXOAAILMMCS CTENEHHLIM PSOOM OT 2,

HauHHAIOWUMCA ¢ WieHOB BToporo nopsinka: H=3XH, Touka z=0
£>2

SIBJSIETCS, OYEBHHO, NOJIOXKEHHEM pPaBHOBECHS.

Co6cTBeHHble 3HAYEHHST JHHEapHOBaHHOH cucteMbl 2=/dH,
MOryT GbiThb YeThipex THMOB: BelleCTBeHHble mapum (a, —a), a#0.
YHCTO MHHMble mapwl (ib, —ib), b0, ueTBepkn (tazib), a0,
b0 u KpaTHble HysneBble yHcaa (cMm. ra. 6, n. 2.3). B mepsom
TPeTheM cJayuyasix paBHoBecHe 2=( 3aBeloMo HeycToi4HBO. M
6ylem paccMaTpHBaTh CJ/yyali, KOrAa cOGCTBEHHble 3HAYEHHs JH-
HeapH30BaHHOII CHCTEMBI YHCTO MHHMBI M pa3anuynbl. Moxkuo no-
Ka3aTh, YTO TOTAa CYHIeCTBYeT JHHeiiHoe KanoHHueckoe npeobpaso-
BaHHe KOOPIHHAT p, ¢~ X, Yy, NPHBOAsLlee KBaAPaTHUHYIO ¢Gopmv
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Hy x Buny
1
9 ; &g (x52+y52)'

CoGCTBEeHHBIMH YHC/IAMH SBJAAIOTCH Kak pa3 =ik, ..., =i

Teopema 5 (Jdx. Bupkrod). Ecan a),..., o, He3aBHCHMR
Haj noJeM PalHOHANbHHX YHCeJ, TO cyllecTByeT ¢popmaJbHoe Ka-
HOHHYecKoe npeo6pasoBaHHe x, y—E&, v, 3alaBaeMoe (OpPMaJbHH-
MH CTeNeHHBIMH pPAAAMH

x=u(§ n)=8+..., y=v(E n)=n+..., (1)
Kotopoe nepeBoaut H(x, y) B ramuabToHHaH K(p) — dopmans-
HHf CTeneHHoit psal oT p,=E.2+n,2
Ecau psian (1) cxoasatcs, T0 ypaBHeHHs ¢ QyHKuUHed [aMuab-
ToHa H MO0XHO NpPOCTO NpOHHTerpHpoBaTb. [leficTBHTENbHO, QYyHK-
UHH Py, ..., Pn— CXOAsILIHECH CTeNeHHHle psiAbl no x, y— obpa-
3yIOT NOJNHHH Ha60op HE3aBHCHMbIX HHTerpaJjoB B HHBoJlouud. M3
KaHOHHYECKHX ypaBHEHHH

§s=gsns' ﬁs=—95§s; Q;=2K‘;S

caenyer, uto &,(f{) u n,(!) ABAAOTCA JHHEeAHBIMH KOMOHHAUHAMH
sinQ,t u cos Q,f. CneaoBarejbHO, UCXOAHbie KOOPAHHATH X H Y
CYTb YCAOBHO-nepuolu4eckue @yHkyuu BpeMeHH C YaCTOTaMH
Qi ..., QY. B uacTHocTH, paBHOBecHe 2=0 yCTOH4HBO.
3aMeuanue. YcaoBHe TeopeMbt Dupkroda euie He rapas-
THpyeT YCTOHYHBOCTH no JlsanyHoBy nOJOXKeHHA paBHOBECHA ra-
MHJIBTOHOBOH cHcTeMH. B Geckoneuno audPepeHuHpyeMOM cayuae
KOHTpnpuMep npuBeaeH B pabore [151]. [aa anaauTHYeCKHX
TaMHJIbTOHOBHIX CHCTEM KOHTPHpHMep NOKAa OTCYTCTBYeT.

Teopema 6 (cm. [188]). Ecam cucrema ¢ ramuiabTOHWAHOM

H=2Hk UMEeT 1 AHANMTHWYECKUX MHTETPasioB B HHBOIOUMH
¥>2

Gm = '; 2"‘ms (xs2+ y52)+ Z Gmk
k>2
H det||%n, /|50, To npeo6pasosanne Bupkroda (1) cxoaurcs.

Stor pesyabTar NOKasbiBaeT, noueMy MH (cienys Buprrody)
Ha3blBaeM MHTETPHPYEMbIMH FaMHJIbTOHOBH CHCTEMH CO CXOAf-
wuMcst npeobpasoBanneM bBupkroda. OcraBass 06CyXXleHHe BO-
npoca CXOAWMOCTH 10 I1. 7, MBI YKaxeM, 4To paabl Bupkroda, kak
NPaBHJIO, PACXOAATCS.

Teopema 5 nonyckaer obobuieHne Ha cadyyai, Korja uyHcaa
a=(aj,...,a,) PalHOHANbHO 3aBHCHMH. BBelrem B paccMorpenne
BCE UENOYHCAEHHBIE BEKTOPH j= (j1,..., jn), ANS KOTOPHIX (], @)=

U dyurusa g R{)-+R Ho3NMBACTCH YCA0BMO-nepucivecser; GyiKuHeR ¢
YACTOTAMH Wy, ..., wa, o0 2()==f{wi, ..., wni), rae Tk
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=Zj,a,=0. Onu obpasyior cBoGoauyio aGenepy rpynny I' Hekoro-
poro paura r. Ecan uncaa o, He3aBHCHMH, TO, OYEBHAHO, r=0.
BLINOMHHM HEKOTOPYI0 (POPMaibHyl0 KAHOHHUECKYIO 3aMeHy ne-
peMeHHHX X, y—§, n Buaa (1). B HOBHx nmepeMeHHHX §, 1} raMHuJb-
ToHHan H(x,y) Gyner mpeacTaBiieH HeKOTOpPHM (OPMalbHHM CTe-
neHnuM pagoM K(§,m). Ilepefitem x KOMMIEKCHHM mMepeMeHHHM

te=8s+ine, Ls=8—in, u pasmoxnm K B pag no NpOH3BeREHHAM

n
= Rl
et=]] oTs
Sw=]l
Onpeneaenune. DopManshuft pag K (5, n) umeeT HOpMArb-
RYi0 GOpMY, €CIH €ro pa3jiokeHHe COAEPHHT JHWIb UAEHH P!
¢ (k—=1U)er.
B uwactiocTd, ecau @y, ..., @, HE3ABHCHMH, TO B HOPMaJbHOH
¢dopme raMuabLTOHHAHA NPHCYTCTBYIOT TOABKO YAeHH BHAA

L= (K+n% M. &%+ "izn)k"-
lMpeanoxenue 1. Pan K (E, m) umeer HOopMaabHylo ¢opmy
TOFAa H TOJAbKO Toraa, xorxa D (K)=0, rae

n
D=ZG,(E, %—ﬂ:o—ig)-

Sa=]

JoxasaTemCcTBO NPOCTO BHIBOAHTCA H3 Caelyloinef dopMyan:
Dy =i<a, k—I>ER).

Teopema 7. CywectByer ¢popManbHoe KaHOHHYECKOe mpeo6-
pasosanne BHAa (1) Takoe, 4TO MCXOAHHA ramuiabToHHan H(x, y)
npeoGpasyercs K HopManabHol ¢opme, T. e. D(K) =0.

HokasarensctBo mMoxHo HaiTH B [30]. [Ipu I'={0} ara reope-
Ma coBnagaer ¢ Teopemoit Bupkroda.

IMToxkaxem, uTo B paccMaTpHBaeMOM CJyuae MOXHO YKa3aTb
n—r KOMMYTHPYIOIUMX HE3aBHCHMBIX (POPMa/ibHHX HHTErpajoB
BHAA

G =]§ 2 ps (§23 + l'525)’

rne sekrop B=(B,...,Pn) OpTOroHaseH BceM BekTopaM u3 rpynns I'.
JleficTBUTEABHO,

d .\ < _0K _o. K Ve

dat G—Zﬁs (us s — N T '—-O,
ecnn BLT, Tak xak rang I'=r, TO MOXKHO HAaHTH A—r TAKHX JH-
HeiAHO He3aBHCHMHX BEKTOpPOB f.

MMpumep 2. MNpumenum 3TH COOGpa)KeHHA K TaMHALTOHOBO#H
cucreMe ¢ dpynkuuest F'amuarToHa

| 2
He=y yh+y% 2 X3+ x4 2000, — 3 xaz)'
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JderanbHo H3y4ennoit Xexwowom (M. Hénon) u Xeitnecom (C. Hei-
les) ¢ NOMOULLIO YHC/AEHHLIX pacyeToB. B 3T0ff 3ajaye n=2 H
ay=ap=1. Ipynna T onpereasercs  paBeHcTBOM  ji+4j2=0;
dimT'=1. Uro6n noJy4YdTb KHTerpan, He3aBHCHMHH oT M, MK
MoxkeMm nosoxHTb fr=B2=1. Torna G=(§:2+n:*+E52+n,%)/2. Ec-
nn H npeo6pa3oBaTh K HOpMaabHON ¢(opMe mo Teopeme 7, TO

.. . 2y
K= 2‘(921+'12|+~,.22+7]“2)-i" ee

HayHHAeTCA C TexX XKe 4.1eHOB, 4TO K G. MoXHO NOKa3aTh NPAMHM
BHIYHCIEHHEM, YTO (C yyeTOM caaraeMblx cTenedd =>2) OQYHKUHH
K n G pefictBuTenbHO He3aBHCHMBI, OGCyx.IcHHE YHCIEHHHX pe-
3ynbTaToB XeHOHa M Xeilneca, B CBSI3W ¢ noCTpoeHHeM (opManb-
HOrO HMHTerpaJta, MOxHo Haiitu y [ycrascona (F. Gustavson)
[156] a Mosepa [30].

[Tpeo6pasoBanne Kk HOpMaJabHOH (POPMe MOKHO NPOH3BOAHTL He
TOJbKO B OKPECTHOCTH NOJOXEHHHA paBHOBECHS, HO M, HanpuHmep, B
OKDeCTHOCTH NepHOAMYECKHX TpaekTopuit. Bce cKasannoe BHIUIE C
HeO6X0IHWMbIMH H3MEHEHHAMH CNpaBeAJHBO H B 3TOM  cJayuae,
B caeayioweit rnaBe 6yayr pacCMOTPEHB pa3jHYHbie BapHAHTHI
TEOPHH BO3MYIEHHH, B KOTOpHLIX (PyHKuMH [amHIbTOHA TakXe
npeo6Gpa3yloTcas K HEKOTOPOMY <«HOPMaJbHOMY» BHAYy. Kak u B
cayuae HOpMaabHblx ¢opm DBupKroda, psasl TeOPHK BO3MYIIEHHH
B obuieM cayyae pacxolfTcs.

§ 2. BnoaHe uHTerpupyemMble CHCTEMbl

B srom naparpade Mbl NPOAOIKHM H3V4EHHE TAMHJALTOHOBHIX
CcHCTeM, 006.1313I0WHKHX ROJHBIM HaOOpPOM HEe3aBHCHMBIX HHTErpasios
B HHBOJIOLIH.

2.1. TMepemeHnbie nefcTBHE — yroda.

Teopema 8 Ilyctb BbiNOJHEHB YCA0BHA TeOPeMH 3 M HHTer-
panbHoe MHOroo6pasue M; komnakTho. Toraa

1) Manas okpecTHOoCTb M; B CHMILTEKTHYECKOM MHOM006Da3nu
M auddeomopdua npsamomy npousseieduio DXT", raie D — ma-

nas obnactb B R™,
2) B DXT" CyulecTBYIOT CHMMJEKTHYECKHE KOODAMHATH /,

gpmod2n (/€D, @€T") TakHe, YTO B 3THX MepeMeHHbIX QYHKUHH
F\, ..., Fn 3aBucsT Jvuib OT /, 2 CUMILIEKTHYECKARA CTPYKTypa HMe-
er Bua d/ Adg.

B uyactHocTH, B nepemenubix /, ¢ mod 2x ¢ynkuus Iamuabto-
Ha BMOJHE HHTErPHPyeMOi# CHCTEMbl € HHBAapDHAHTHHIMH TOPaMH
npuHuMaet sua H=H (/). Ilpu atom

‘= Hy=0, ¢=H;=0(/) @

Cucaosarteanno, I(t) =1, w({l) =a(ly). IlepeMennubie [, «HyMe-
pylOlUiHe» HHBapHaHTibie 10psl B D XT", Ha3HBaJOTCK NEepeMeHHbI-
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MH «delcTéue», a PaBHOMEPHO MEHSIOUHECS KOOPAHHATH @ — me-
PEMEHHBIMH «<y204».

[Ipumep 3. PaccMOTpHM TaMHALTOHOBY CHCTEMY ¢ OAHOM CTe-
neHbio cBo6oaAn ¢ ¢ynkuuer Iamuavrona H : R*{p, q}—R. Ilycts
ho — HekpuTHYecKkoe 3HaueHHe QyHKuum H, mpHYeM ee JHHHS YpOB-
Hsi H="ho orpannuena, CreoBaTenbHo, npu 3HaYeHHAX h, GAH3KHX
K ho, ypoBaE Mp={H=h} nudpdeomoppun oaHOMEPHHM TOpaAM
(oxpyxHoctam). Ha xaxaom M,, ouesHpno, cyuecTByer yriaosas
KoopauHaTa @ mod 2%, PaBHOMEPHO H3MEHAIOULASICA CO BPEMEHeM.
B sroft 3amave cONpsKeHHOA nepemeHHOfi JAeficTBHe CAYXKHT
[1(h)/2x, rae I1(h) — naomanp obnactn B R?, orpaHuyenuoi M.
ST10 BHTeKaeT M3 CJAeAyioled Jerko npoBepseMolt HOPMYH:

dp Adg == dTINdG.
ITo ¢opmyne I'puna

1 1
IW=5:\§ dpndg=3 § pda.
H<h He=p
3HauuT, nepeMeHHas / HMeeT pa3mepHocTh AeficTBHa (no [amuab-
TOHY), 4TO OGDBACHAET ee Ha3BaHHe.

Ecnu H=(a’p?4-b%¢%) /2, To My —sanunc, orpaHnunBaomwu
naowanp I1(h) =2nh/ab=2nh/0 (w=ab). CnenosatennHo, ans
rapMOHHYECKOTO OCHHJJATOPA NepeMeHHas AefCcTBHE eCThb OTHOLIe-
HUe 3HEePrHH K 4acroTe KoseGaHHH. YriioBasm nepeMeHHas ¢ — 37O,
KOHeYHO, ¢a3a rapMOHHYECKHX KosebGaHHl. A

<! B okpectHoctH TOpa My==T" 3a KOOPAMHATH MOXHO MpH-
HATb QyHKUHH [;=F; u yran @; mod 2x, cyulecTpyiouse no Teope-
me 3. Buay suHeiiHoft wnesaBucHmocTH dF,, dyHkuun [, @
(I<i<n) sapaor audpdeomopdpusm okpectHocTH M Ha npsMoe
npousseseine DXT" (D — ob6nactb B R*={I}). BBeaem B pac-
CMOTpEHHe HeBBIPOXAEHHYI0 MaTpHIY cko6ok llyaccona

It b =121
{@u 13} {90 95} —aji b

Coraacio Teopeme 3, ckobku {/;, ¢;} nmocrosuun Ha M,, crexo-
BaTeNbHO, @;;=a;;(/). IMokaxkeM, uto b;; Toxe 3aBucAT Juub oT /.
JleficTBuTENIBHO, NO TOXAECTBY $IKOGH

{Foms {915 ¢ B0 {#)p Ful}+{®) {F o ¢:}=0.
Ckobku {F p» b,}=0a] He 3asucar or 9. C apyroit CTOPOHH,

_ N 06 — $ by
)= et T {Fr @} zs_d‘l’s Gms:

Tak kak det||a,,||#0, To orciona waiinem 0b,;/09, KaK QyHKLHH
Tonsko /. Crenopatemso, by;={(%, ¢}=" 13 (/) ¢:+gi; (/)
Mockoabky d¢; — onnosHaunsie 1-popmut B6msu M, 10 f 5, =0.
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BuinosnuM 3ameny nepemeHunx [/ =/ (J1...,J;) Tak, UTOOH
{/1» 4} =06;;- Ilns 3T0r0 HARO PEWHTHL CICTEMY YPaBHCHHH

al 9l;
a,,(l)——{l,, (P]} 2 L 5 m.
¥YcaoBue Pa3pELIUMOCTH 3TOH CHCTEMH

Oaij __ 0a,, day _ dais
0T T 00 ked Ty M e Bl

BHTEKaeT M3 TOXJAECTBA ﬂxoGn, npaMeHeHHoro K Qyuxuuam ly, @5
H Qp.

Ecan nepemeHHHe @; He KOMMYTHPYIOT, TO CJe/lyeT BHINOJIHHTb
nepexof, K HOBHIM YIJIOBHM KOOpAHHAaTaM ; mod 2t ¢ MOMOILBIO

capura @;=y+f:(/). PyHkuuu f; onpepensiorcs cielyoules cuc-
TeMO# ypaBHEHHMH:

fi __0fj ;
by=55—o95; (U<bh j<n).

YcnoBHeM ee JIOKaJbHOH Pa3pelIHMOCTH fBJSETCH 3aMKHYTOCTh
2-popmu Zb;dl; \dl;. 3aMkHyTOCTh 3TO# (OpPMH BLHITEKAaeT H3
3aMKHYTOCTH HCXOAHOH CHMNJeKTHYecKoit cTpyktypsl. Hraxk, cy-
IeCTBOBAHHE CHMIJIEKTHYECKHX MepeMeHHHX JeHCTBHe — yron
J, v mod 2n nonHOCTHIO AOKa3aHo. >

3ameuanne, Ilycts p, g — CHMIJIEKTHIECKHe KOOPAHHATH B
R?" 4 nycTs yi,...,Yn — HENPEPHBHO 3aBHCSALLIHE OT MOCTOSAHHHIX

f=(f1,...,fn) 6asucunle uukanl Ha M;, Tak xak ¢opma pdq—Ide
3aMKHYTa, TO Pa3HOCTb

<§>pdq $rae= § pdq—2nl,

Vs
NMOCTOSAHHA. CneaosaTe.nbao.

1 a
13=§§§pdq (1<s<n), )
Vs

NOCKOJLKY NepeMeHHble JeHCTBHE CaMH ompeleseHbl ¢ TOYHOCTbIO
00 agAHTHBHOH nocTosHHOH. PopMmyan (3) Hauboaee 3ddeKkTHB-
Hel IIPH aHaJNH3e CHCTEM C pPa3fieleHHBIMH MepeMeHHHMH (CM.
§3).A

FamuartoHoBa chcrema ¢ ¢yukuueii Namuabrona H (/) Hasbl-
Baercs Hesoipoxcdennod (B obnactu DXTn), ecan siKoGHau

e

B o6aactu D. B atom cayyae noutd Bce (B CMbicae Mepul JleGera)
HHBapHAHTHbIE TOPHl HEPE30HAHCHH, @ PE30HAHCHBlE TOPHl BCIOY
WioTHE B DX T™,
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CHcTeMa Ha3mIBaeTCHA COGCTEERNO 8bIpONAEHNOU, eCH
dw
o—l=0'

IlpHvuna BHpPOXAEHHS MOXeT GHTb B TOM, YTO YHCJO nepBLIX HH-
Terpajos, onpefe/ieHHHX BO BceM ¢a3oBoM NPOCTpaHCTBe, 6OJblue
n (Ho He Bce OHH, pa3yMeeTcs, HaxoaaTcsa B HHBoJouuH). Tak, Ha-
npuMep, B 3anave Ofsiepa O BpallleHHH TBEPAOro Tesla MO HHep-
IHH, HMEIOIeA TPH CTeNeHH CBOGOAM, cyllecTByeT YeTHpe He3aBH-
CHMHX NepBHX HHTerpana. Mx coBMmectHwe ypoBHH pacciauBaior
TpeXMeépHhHe HHBAPHAaHTHHE TODH Ha AByMepHHe TOpH. 3Tta CH-
TyallHsd OnuchHBaercsi o6o6uweHHeM TeopeMn 8. OG6o3HauuM
Fy,...,Fnoyr He3aBHCHMHe nNepBHe HHTerpajJH raMHJIbTOHOBOR
CHCTeMB C raMuibTOHHaHoM H ® nycTs no-npexuemy M=
={x€M: Fi(x)=f;, 1<<i<n+k}. Cuutaem M; CBA3HHM M KOM-
NaKTHLIM.

Teopema 9 (H. H. Hexopomes [109]). ITycts nepeue n—k
¢byukunit F; RaxoasaTCA B HHBOJIOUHH cO peeMH. Toraa

1) My andpdpeomopdunl (n—k)-MepHHM TOpaM,

2) B OKpecTHOCTH M; CyLIECTBYIOT CHMNJIEKTHYECKHEe KOOPLHHA-
T™ I, p, p mod 2x, ¢ TakHe, 4TO

13=13(F|, “ee ,Fn_h), lgsgn—k,

a p, g 3aBHCAT OT Becex Fy.

CHMINIeKTHYECKHE KOOPAHHATH, 0 KOTOPHX HAeT peyb B Teope-
Me 9, MOXHO Ha3BaTb O60GWjeHHbIMU nepemeHnnbimu OelcTéue—
yeoa.

ITpumep 4. Paccmorpum 3anawy Kennepa B Tpexmeprom mpo-
CTpaHCTBe. JTa FaMH/IbTOHOBA CHCTEMA ¢ TPeMs CTENEHAMH CBOGO-
Abi HMeeT 4eTHpe (3+1) nHterpana: H (nonnas sueprus), M2
(kBagpatT MoAyns KHHeTHYecKOro MomeHTta), M,, M, (npoekuuu
MOMEeHTa Ha ocH Y, 2z). Pyukuun H u M? (8 konuuectse 3—1)
KOMMYTHPYIOT CO BCeMH HHTErpanamH, YTO NO3BOJSAET NPUMEHHTH
Teopemy 9. O606lleHHbe. NepeMeHHble LeHCTBHE—Yroa 3afayH
Kensiepa o6uyno o6osuavaiorcs L, G, O, [, g, ® H Ha3uBaloTcH
saementamu Heaone (C. Delaunay). Ecan a, e u i o603Hauaor
60abIIYI0O NOMYOCh, SKCHEHTPHCHTET H HAKJIOHEHHe SJNAHNTHYECKOR
OpOHUTH, TO

L=Vvya, G=Vvya(l—e?), ©=G cosi.

Hanee, & — noarora Bocxoasulero ysna, g+& — noarora aepure-
aus, | —cpeanss avomanus. B 3Tux nepeMennnx H= —y?/2L2,
M?=G? M,=6. Bupaxenune M, uepes snementn [enone Gosee
rpoMc3ako. [lonpoGHocTn MoxHO HaiTH B [24]. B Hamed 3anave
nepeMenHbiMu [, ¢ — cayxar saemedt L, G, I, g, a nepemenHH-
MH p, § — 31eMeHTH 8, 3. A

B 3akaiouedne 06cyauv sonpcc. CBA3aHHHI ¢ YCPeaHeHHem no
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Puc. 25. daeMmentt Jenone

BPEMEHH B HHTErPHPYeMBIX TraMHJbTOHOBHX cHcreMax. [lycre
f: DXTr—R — HeKkoTOpas HenpepnBHas ¢yHkuus. PaccMoTpHM ee
noBeleHHe Ha pelleHHAX TaMHJALTOHOBOH cucrteMu (2). O6pasyem
cpejlHee No TOPYy

2n 2n
A(I)=(2n)"‘S. .. Sf(l, @) dON .. . AAD,
0 0

H BpeMEHHOE cpejaHee

g, 9=tim +\ 7(/, ot +9)at.
S—+00 6

[Mo Teopeme 4 npejen Bcerxa cyuecTByer, OQHAKO €CJAH YacCTO=-
T (0 (/), ..., 0,(/))=0w([) 3aBUCHMBI, TO CpejHee 3aBHCHT OT Ha-
qanbHoi dasm 9. Tpu 3TOM

@0 [ g, ©)de=n (1)
Tn

Ans Bcex J€D. Ha nepesonancHbix Topax g(/, @) =A(l) nns Bcex
@€T. CnenoBatesbHO, BpeMeHHoe cpeaHee g(/, @) siBasercs, BooG-
Lile roBops, pa3pbiBHON QYyHKUHeH B o6aactu DX Tn,

IMpennoxeune 2. Ecnu top /=/, Hepe3oHAHCHHH, TO paB-
HOMEpHO no @&T™

11,

Takum o6pasom, ¢yukuus g(/, @) HanoOMHHAeT KJIaCCHYECKHH
npHMep GyHKUHH PrHMaHa, HenpephBHOH B HPPALHOHAIbHLIX H pa3-
PHIBHOIl B pauUHOHaJbHLIX Toykax. JloKasaTteabcTBO NpeasoXeHus 2
coAcpxkHTCcs B pabore [12].

2.2, HekommyraTuBHbie HaGopwt MHTerpanos. Ilycte M — cumn-

JIeKTHYeCKoe MHOroo6pasHe pasMepHocTH 21 U F), ..., Fy: M—>R —
TaiKHe He3aBHUCHMble QYHKUHMH. JIHHeliHag obosiouka § nan moJsem
R dynkumit F), ..., Fy uMeeT, CJeOBaTeNbHO, DPa3MEPHOCTh K.
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IMpeanoaoxum, yto § 3aMKHYTa OTHOCHTeNbHO CcKOGKkH [lyaccona:
{Fi, F;} =Zc;Fs. Tem camMpiM & HMeer CTPYKTYpPy BeilleCTBEHHOX
KoHeyHOMepHoOIi aare6pul JIn. Panrom (rang @) aare6pu & naso-
BeM MaKCHManbHBiii panr Matpuus lla;;(Fy, ..., Fr)ll, ai={F. F;}
(ep. c m. 2.2. ra. 3).

Teopema 10. [TpeanonoxuM, 4To Ha MHOXeECTBe YpoBHA M;=
={x€M : Fi(x) =f,, | <<i<k)} Auddepenunans dF; AnHefino He3a-
BHCHMH H aare6pa & ynOBJeTBOpsieT YCAOBHIO

dim $+rang §=dim M. 4)

Ecan M; cBsisHo u KOMNakTHO, To oHOo AH(deomopdHo r-Mep-
Homy Topy T7, rae r=rang &. Idaaee, ecnu ¢yukuun Fy, ..., Fx
ABNSAIOTCA MEepBbLIMI HHTErpajaMH raMuJbTOHOBOH CHCTEMBI ¢ Ta-
MHJIbTOHHAHOM H, To Ha M; MOXHO BHOGpaTh yryioBble KOOPAHHATH
@1, ..., ¢y mod2n TaK, 4TOGH ypaBHenus Tamuabtona x=/dH(x)
Ha TT NpHHAJAH CJelyIOWHA BHA: @s=ws=const.

D10 yTBepxKaeHHe, poAcTBeHHOoe TeopeMe 9, ykasano A. C. Mu-
wenko H A, T. ®omenko [98]. Ero MOXKHO BHIBECTH H3 TeopeMbl
JIn-Kaprana (reopema 16, n. 2.2,, ra. 6), corjiacHo KOTOpo#i B npea-
novioXKeHusx TeopeMu 10 cyitectByior 2 QyHkunii @y, ..., Dp or
nepBHIX HHTerpatoB Fy,..., Fp B OKPeCTHOCTH TOYKH Fy=f, Takux,
YTO

{(D{, (Dr+i} = l, lgisr,
a Bce ocTaibHble ckobku ‘{@;, @;} =0. CrenoBatenbH0, MHOXECTBO
Ne= {x6M : @, (x) =c, 1 <m<2r} aBAseTCA CHMNNEKTHYECKHM MOA-
MHoroo6pasuem B M, npuyeM orpaHHyeHHss QYHKUHH Doriy, ..., Or
Ha N, 06pasyioT NOJHbII Ha6op KOMMYTHPYIOWHX HHTerpaJoB. 3a-
KaoueHHe Teopembl 10 BbITeKaeT Tenmepb H3 TeopeMul 3.

ITpumep 5 Paccmorpum 3afauy o ABHXEHHH MaTepHaJbHOH
TOYKH B IIeHTpasibHOM noJsie. COOTBETCTBYIOLIAsi FAMUJILTOHOBA CHC-
TeMa MMeeT YeThipe He3aBHCHMbIX HHTerpana: H, M,, M, u M.,.
dyukuun M,, M,, M, nopoxaaior anre6py Jlu, naomoppuyio so(3),
a ¢yHkuus H kommytHpyer ¢ M., M,, M,. Ecau nocrosiHHble «HH-
Terpasos nJoilanei» M He Bce paBHbI HYJIO, TO PAHI MATPHLH CKO-
60k IMyaccona |a:;;| paBeH, oueBHAHO, ABYM. B 3TOM cayuae BbInoJ-
HEeHO paBeHCTBO (4) M, cefoBaTesnbHO, MPHMeHHMa TeopeMa 10, A

B npumepe 5, KaK H BO BCEX H3BECTHHIX CJAyyasiX, ONMHCHIBAEMBIX
TeopeMoii 10, MOXXHO yKa3aTh NMOJNHBIH Ha60p HHTErpaJjoB B HHBOJIO-
uuH. 10 HabII0JeHHe He cAyYailHO; OKa3HWBaeTcs, cnpaBelJHBa

Teopema 11. Ecim M KOMNakTHO, TO B NpeAnoSiOXKeHHAX TEO-
peMn 10 MoxHo Haiith n=dim M/2 He3aBHCUMHIX HHTErpaJioB
@, ..., D, B HHBOJIIOUHH; 3TH PYHKUHH SABASAIOTCA NOJHHOMaMH OT
Fi,...,Fs

B pa6ote A. C. Muwenko 1 A, T. Pomenko [99], rae aokasana
3Ta Teopema, COAEPXKHTCS TaK:Ke MPeANoNoXKeHHe O TOM, 4TO yCJo-
BHEe KOMNAaKTHOCTH M MOXHO CHATb. OTMETHM, YTO MONHas HHTer-
pHpyeMOCTb BOMH3H MHOMecTBa YPOBHS M; phiTekaeT, KOHEYHO, M3
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TeopeMul JIu — KapraHa, 4To siBnsercs, O CPaBHEHHIO C Teope-
Mmoil 11, Gosee cnabuiM pe3ysbTaToM.

2.3. lipumMepnl BNOAHE HHTETPHPyeMbIX CHCTEM

a) YpasreHus dilnepa—Ilyaccona

Ao=AoXo+eXr, e=eXo,

ONHCHIBAIOLIHE BpalleHHe TAXKEHOro TBEPAOro Te/1a C HeNOABHIKHOR
TOYKOH, coaepXar 6 nmapaMeTpoB: Tpy COOCTBEHHBIX 3HaueHHs ofne-
patopa HHepuHH A,, Az, As H TPH KOOPAHHATH LEHTPA MacCry, ra, r3
OTHOCHTEJIbHO ero CO6CTBeHHHX ocedl, Kak noka3aHo B ra. 3 (npH-
mep 14), ypasHenus Ditnepa—IIlyaccoHa raMHIbTOHOBH Ha YeThl-
pexXMepHHX HHTerpaJbHbHX MHOrOOGpa3usix

M= {(w, e)€R® : (Aw, &> =c, e, e>=1}.

OnuH uMHTErpan 3THX YpaBHeHHi Ha M, Bcerja CyILECTBYeT: 3TO
HHTerpasn 3sHeprud. Takum o6pa3oM, AJsi NOJIHON HHTETPHPYeMOC-
TH JOCTAaTOYHO HMeTb ellle OAHH He3aBHCHMHA HHTerpaa. [lepe-
YHCJHM H3BECTHME C/y4ad HHTErPHPYEMOCTH.

1) Cayuaht Jitnepa (1750 r.); ry=ry=r3=0 . HoBnit uHTer-
pan — (Ao, Aw) — KBaapaT MOAY/Ns KHHETHUYECKOr0 MOMEHTa.

2) Cnayuait Jlarpauxa (1788 r.): Ay=Aj, ry=r;=0. Hosulit uu-
Terpaj — ws— NMPOEKIHs YrJOBOA CKOPOCTH Ha OCb AWHAMHYECKON
CHMMETPHH.

3) Cayuan Kosanesckoit (1889 r.): A;=A;=2A4;, r;=0. HUa-
Terpaa, nadnennniii Kosanesckont —

(012—w22—vey) 24 (2(0|(02—‘Vez) 2. w=rfA;, rP=r24r

4) Cayua#t TopsiveBa—YanauruHa (1900 r.): A,=A,=44,,
r3=0 u nocronHHas ¢=<Aow,e>=0, B orauuyne or cayuaes 1—3,
Mbl HMeeM 3JeCb HHTerpHpyeMyi0 FaMHAbTOHOBY CHCTeMY JHIIb Ha
OLAHOM HHTErpaibHOM ypoBHe M.

OTMeTHM, Y4TO BCe NMEpeYHC/eHHbHe HHTErpHpyeMble cayyay oG-
pasyior B UWIECTHMEPHOM MpPOCTPaHCTBe napamerpos A; rj MHOrooG-
Pa3ns OXHOA H TON XKe KOPa3MEepPHOCTH, paBHOR TpeM.

YpaBHeHHs ABHXKEHHS B MepBHIX ABYX CJyyasXx MOAPOGHO H3y-
YeHH ¢ Pa3sHHX TOYEK 3PEHHS B KJACCHYUECKHX pa6orax Jiaepa,
Ilyanco, Jlarpanxa, Ilyaccona, fiko6u. Cayuait KoBaneBckoh He-
TPHBHAJIEH BO MHOTHX OTHOWeEHHAX. OH O6b HafjeH H3 YCJIOBHSA
MepomopdHOCTH pelieHHit ypaBHeHud ditaepa—Ilyaccona B komn-
JNeKcHOM naockocTH BpeMmenH. Cayvai [opaueBa—UananiruHa ua-
MHOTO MpOlLe: ero MOXHO NMPOHHTErpHPOBATH C MOMOLULIO pa3jese-
HHa nepeMeHHbX. Ilas nokasartenbctBa 3anuimieM ¢yHkuuio [a-
MHJbTOHA B CNENHaNbHWX KaHOHHYeCKHX nepeMenHunx L, G, I, g
(ra. 3, § 2, n. 2.3):

G: +3L®
H= 84,

Paccvotpum kanonnueckoe npeoGpasosanue
L=p--p, G=p.—pn q=1l+g, q.~l—g

+r (—é— sin! cos g-{-coslsing;).
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B HOBBIX cuMDAeKTHUECKMX KOODAMHATax p, ¢

1—pi
H= Pi—Pp: r Py Qi P2 .
24, (Py—p2) (p;—pa sin q‘+p,—pzsqu)

lNonaras 3TO BhIpaXeHHe pPABHBIM A W YMHOXAA HAa py— Py MH
BH/MM, YTO OHO pa3jenseres:

p?/QAa—{—rpl Sinql—’lp1=p2/2A3—fp2 sin q-z—hp-z.
[Tonoxum
p}i2As+rpysin qg—Hp,=T, p?/2A;—rp,sing,—Hp,=T. (5)

®ynkuns I' ABafeTCA NepBbIM HHTErpaJoM YpaBHEHHR ABHXEHHS.
B TpaaHUMOHHBIX MEPEMEHHLIX ©, e OHAa HMeeT CAeAYIOUIMH BHA:

I'=2A5f, f=w;3(0]to))—voe; (v=r/Ajy).
BunumeM 3aMKHYTYIO CHCTEMY YpaBHEHWH AJs U3MEHEHHR py, Do

9 rps o _9H __rp.
h= 99, p,—p: cosqn p= 092 pi—p €0S 92
und, yuyuteisas (5),
2 V0p) VO 6
P =" T T T ©)

rae ®(2) =r?22— (I'+ Hz—23/2A;3)? — MHOrouJIeH 1EeCTOH CTeMeHH.
Pelienust 3THX ypaBHeHHH BHIPAXKalOTCH Yepe3 THNEePIJIHNTHYECKHE
¢yHkuun BpeMmeHH. IlepeMeHHble p; H p, H3MEHSIOTCS B Henepece-
KalolWKXcsa MHTepBanax [a), b)) u [a,, b2], rae a;,, b, — cocennne
KOpHH MHorouneHa (P(2), MexXAy KOTOPHIMH OH NMpPHHHMaeT MOJO-
XKHTeqbHble 3HaueHHs. Ecau kopelb a;(b;) KpaTHHHA, TO pellleHHe
pi(t)—>ai(b;) npu t—+o00 HaH {—>—oco. KpaTHHe KOPHH OTBE4awT
cayyasam 3aBucHMocTH HHTerpanoB H u I'. Huxe paccmarpupaercs
JHlb THOHYHBIA CJAyYail NPOCTHX KopHeit MHorouneHa @(z2).
BBenem yrnioBbie nepeMeHHbie ¢, @zmod2n no ¢opmynam

Py 4, 4
n ¢ dz ( z
/) == — ’ = R 7
# rz§¢Vw<z> i \i Vo @
B HOBuIX nepeMeHHHX ypaBHeuus (6) npuMyT CAeAyioUMft BHA:
. F11 .
Y= rra—rnwy =12 ®)

rie p:(z) — AelicTBHTeJbHEIE THNEPIIHNTHYECKHe (PYHKLUHH C me-
puonom 2n, onpeaeasieMble cooTHowleHHsAMH (7). [lockoabKy Tpa-
ekTopuH YypasHenuit (8) ua T?={gi;, @.mod2n} — npsAMue JH-
HHH, TO OTHOIIEHHE YacTOT COOTBETCTBYIOWHX YCJOBHO-NEPHOAHYe-
CKHX ABHXXEHUH DPaBHO T/t — OTHOLUEHHIO BelleCTBEHHBIX MepHo-
JOB THIEP3JTHIITHYECKOTO HHTerpana

f dz

Vo(z)

20
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ITOT 3aMeuaTenbHBil QakT HMeeT MecTO M AN YypaBHeHHil 3aja-
uy KoBaaesckoii (cm. [12)).

B) Ilockonbky ypaBHeHHs BHAa (8) uacTO BCTpPeyalOTCA MPH
HCCNElOBaHHH HHTErpHpyeMblX 3ajaay KJacCCHYECKOH MEXaHHKH, MH
H3y4HM Hx Gonee noapodno. C 3Toi wenblo paccMOTpHM aHddepeH-
uHanbHble ypaBHeHHs Ha T"={x,,..., x, mod 21t} Hecko.bKO 6onee
o6lero BHaa:

-
=Ty

rie ®,=const+£0, a f—raazkas (M asalMTHYECKAsH) NONOKH®
TenbHas Qynkuus, 3amannas Ha 7. YpasHewus (9) UMElOT HMHBapH©
aHTHYIO Mepy

l<ign, )]

mes (D)='f f(x)dxA... \Ndx,.
D

Mepy Bcero Topa 7" o6o3tauuM A. YcpeRuum npasule YactTH Aud-
(epenunansHoro ypasrenus (9) ¢ noMoIbIO onepaTtopa

] il

) QA Adx,
T’l

B pe3yabraTe noayuuM ypaBHeHus

§ =0 =L =const (I1<i<gn). (10)

[Ipennoxenune 3. [IpeanonoxkuMm, 4TO CyECTByeT raaikoe
(ananutuyeckoe) peuenne R(xy,..., X,): T"-~R ypaBHeHHs B
Y3CTHBIX MPOH3BOAHKIX

(R 0y =f—a (1)

Torna cymecTByeT raaikasa (aHaauTHueckas) 3aneHa nepemMesHbX
X — %, npusoaaas cucremy (9) k Buiy (10).
<} Takoit 3ameHoit sBaseTcs mpeobpa3oBaiiue

i) m.
Ty =xi+A" R(xl' LIRS xn)’ >
[MycTh
A .
f(.\‘)=T—,,—!—2fke‘ (kox),
(=) -
-
Ecam oy, ..., 0, paunonainio HecousMepuMbl, TO Mbl MOXEM Hamu™
caTb (opManbilve PaBEHCTRO:

- S i(hx
Q(x)_.;niﬁeu ). (12)

10T psa onpererser raaakyio Gyrkumio R(x), cciu, HanpuMmep,
J LX) — TPHIOHOMETPHUYECKHIT LGIHHOM.
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I[Ipennoxenue 4. Ecav f — rnagkas ¢yHKuus, To Aas nou-
TH Bcex HabopoB uHcenl ®,..., @, ypaBHeHHe (11) umeer raaa-
KOe pelleHHe.

< HeiictBuTenbHO, Ko3QduUHenTH Pypbe fr yOhBalOT C po-
cToM k OHCTpee J1060il CTeNeHH, a AAs MCYTH BCeX @ CMpaBedJH-
Ba CTeNeHHas OLEeHKa

[{k, 0)|>ci|k]; ¢, y=Cconst.

CnenoBatenbHo, B 3ToM caydae psia (12) a6conOTHO CXOLHTCS H
€ro cyMMa SfBJASIETCSi TJIaJIKOX nepuoanyeckoil ¢yHkuueid. [>
Ecan f(x) =2f,(x,) (xak B cnyyae cucremun (8)), To ypaBHeHHe

5
(11) paspensercs H MO3TOMY OHO BCeria HMeeT pellieHHe HE3aBH-
CHMO OT apH(MeTHUYeCKOH NPHPOAH YACTOT @, ..., Wa!

X

3 Fs(xs)—1Isxs 1
R=Y __(x_m.)__x Fs(x)=§f:(t)dt, I,= g F,(@n).

Sm=]
B uwacthocTH, ypaBHenus (8) Bceraa mpuBoasrtcs K Buay (10), xo-
TOPHIfi JO/IKEH CYIeCTBOBATb COrVIacHO TeopeMe 3.
¢) 3agaya o ABHXKEHHHM TBEPAOro Teda B MAeaJbHOH XHAKOCTH
HaMHoro Gorauye HHTErPHPYeMbLIMH Cly4YasiMH. YpaBHEHHs ABHXe-
HHS HMeIoT BHA ypaBHenu# Kupxroda (ra. 1, § 2, n. 2.4):
E=kXo+eXu, é=eXo, (13)
rie o=H,', u=H,; H={Ak, k)[24+(Bk, e)+{Ce, e)/2. [Tockoan-
Ky Matpuubl A, B, C cHMMeTpHUHH, TO MaTpHlly A MOXHO npH-
BeCTH K AMaroHaabHoMy Buay: A=diag(a,, a;, as;). Takum obpa-
30M, 3anaua Kupxroda B obiiem cayuae cofepxHT 15 napamerpos.
YpaBnenus (13) Bceraa HMeIOT TPH He3aBHCHMBIX HHTerpaja: Fy=
=H, Fy=(k, ), F3={e, e). Kak 1 B ciyyae TaXejoro BosuKa, 3a-
faya HX HHTErpHPOBAHHS CBOAHTCA K OTHICKAHHIO 4YeTBEpTOro He-
3aBHCHMOrO HHTErpaJja. YKaxeM 1Ba Cly4Yast HHTETPHPYEMOCTH; OHH
oTkpuiTel Kae6wem (A. Clebsch) B 1871 r. u B. A. Crek/ioBbiM B
1893 r. B cayyae Kne6iua npeanonaraercs, yto B=0, C=diag(c,

€, €3) H
a;' (co—ca)+a;' (cz— ) +a;! (e1—¢,) =0.
JlonomurensHbift MuTerpan ypasnenuit Kupxroda umeer BHA
k2+ k2 4k —ael—aer —ased.

B cayuae CreknoBa B=diag (b,, b, b3), C=diag (c,, ¢y ¢3),
npuyem

bj=l"' (@,2.a5) aj_l +v, oy=p2a, (@ —aP+v, ... (B, v, v’ =const).
JlonoJHUTebHBIA HHTErpan —

2 (kE—2n(aj+v)kie)+p (@ —a2+ V")) el +....
7
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flapameTpul v, v/, v/ — HecyllecTBeHHble: HX MOABNEHHe CBA3aHO C
HaJHYHEM KJacCHYeCKHX HHTerpanos Fj u 3.

d) JBHXeHHe n TOueyHHIX BHXpeit Ha MJIockoctH (ra. 1, § 3,
n. 3.4) onucHBaeTcs TaMHJIbTOHOBOl CHCTEMOR C 1 CTEeNeHSAMH CBO-
60oabl. YpaBHeHHsi ['aMHJIbTOHAa HMeIOT yeThipe NMEPBHIX HHTerpaJa
H, P,=ZXT,x;, Py=2Ty, M=32T,(x2+ys?)/2; 3necb I, — HHTEH-
CHBHOCTb S-ro BHXps. Jlerko cocuutath HX CKOOkH Ilyaccoma:
{P., P} =—Z2T,, {P.,, M}=—P, {P, M}=P. CnenosartennbHo,
3afaya n BHXpel BnoJHe uHTerpupyeMa npu n<<3. Caywak n=1
TPHBHAJIEH, NPH n=2 He3aBHCHMBIMH KOMMYTHPYIOLIHMH HHTerpa-
JIaMH ABJASIOTCS, Hanpumep, ¢dyHkuun H u M, npu n=3 — dyuk-
uan H, M u P2+ P2 B 3anaue yernipex BuXpell He3aBHCHMHX
HHTErpajioB paBHO CTOJbKO, CKOJILKO cTemeHeil CBOGOAH, OIHAKO
OHH He Bce KOMMYTHPYIOT. MOXKHO, OAHaKO, 1OKa3aTb, YTO €C/aH
CyMMa HHTEHCHBHOCTeHl BHXpeHl paBHa HyJIO, TO pelleHHs YpaB-
HEeHH/l IBHXKEHHA C HYJeBBIMH TMOCTOSIHHBIMH HHTerpajoB P, w P,
MOXHO HaiTH B KBaJpaTypax.

§ 3. HexoTophie MeTOAB MHTErpPHPOBaHHA TaMHJIbTOHOBHIX
CHCTEM

O6umHM MOMEHTOM pa3JIHYHHX MOAXOAOB K npobJjeme HHTErpH-
POBaKHs FaMHJbLTOHOBHX CHCTEM, H3/M0XeHHHX B § 1, sBaserca Ha-
JIHYHe RO.JIHOrO0 Ha6opa He3aBHCHMHX KOMMYTHPYIOIUHMX HHTErpa-
Jqos. B 3ToM naparpade MH YKaxkKeM HeKOTOphle OOLlHe MeTOXH
MOHCKA MepBbIX HHTErpajioB — «3aKOHOB coxpaHeHHs». CaMuM
TIPOCTHIM H 3 (EKTHBHHM H3 HHX SBJISETCH

3.1. Merton pa3penenus nepemeHHbx. PaccMOTpHM cHCTeMy Ka-
HOHHYECKHX ypaBHeHHi

p=—Hqs q=H, (p, qER” (14)
¢ ¢yukuueit F'amunbrona H(p, ¢q). Ecau Ham ynacrcs HafiTH KaHo-
HHuecKoe npeobpa3oBaHHe g :p, g—*X, Yy TaKoe, HTO B HOBHIX Mepe-

MeHHuIX X, y byHkuus H(p, g) =K(x) He 3aBHCHT OT Yy, TO KaHO-
HHYecKHe ypaBHeHHs (14) Jierko HHTErpHpyloTCs:

P=p(%, ¥), 4=q(x, y); x=X, y=gotw(x)?, 0 (x)=K,. (I5)

Ecau det|lop/dx|l5=0, T0 KaHOoHHueckoe npeobpasoBaHHe g JO-

KaJIbHO MOXKHO 3ajaTh ORHOM npousBoasiwiedt ¢yHkuuei S(x, g):

p=S,, y=S,.

Takum 06pasoM, 3anaya HHTErpHpOBaHHA KaHOHHYECKHX ypaBHe-

HHH CBOAMTCA K OTHICKAHMIO Npou3Boasileii QyHkuuu S, yaoBjaer-

BOpsiiollleli BBHAY paBeHcTBa p=S,” HeNHHeHHOMY YypaBHEHHIO B
9aCTHHIX NPOH3BOLHLIX

H(S/, q)=K(x). (16)

Sto ypaBHeHHe nojydaercsi M3 ypassenusa Iamusstona — fxobu

V,/+H(V, q)=0 3amenoit V(q, t)=—K{+S5(q). TNonuepxuem,
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ato ¢ynkuus K B ypaBHenuH (16) cuMTaercs HeompelesieHHOR H
A5 ee OJHO3HAYHOrO 3allaHHs CJiefyeT NPHBJEKATb AOMOJHHTE/Nb-
HHe YyCJOBHS (CM HanpHMep, NpHMeHeHHe ypaBHeHHs (16) B Teo-
puu BoaMmyiueHu#t ra. 5). O6HuHO noaaraT K(xi,... Xp)=x;
TP3eKTOPHH CHCTEMH C TAKHM TaMHJIbTOHHaHOM SIBASIIOTCA NPSMH-
Mu B R*»={x, y}. Pewenne S ypaBuenus (16), ynaosiaersopsiouiee

YCJAOBHIO
det ||02S/dqox|| 0,

Ha3BIBAETCS €O NOAKbIM UHTE2PAAOM.

Teopema 12. Ecau HafilieH nmosHbi HHTErpan S(x q) ypas-
HeHus1 (16), To KaHOHHuYecKHe ypaBHeHHs p=—H,, §=H,’ uuter-
pupylotca B kBaapatypax. [Ipu satoM n ¢yHxuui x;(p, q,.

, X2(p, ), ONpenensieMHX H3 ypaBHeHHH p=0S(x, ¢)/0q, o6pa-
3YIOT NOJHBII Ha6op He3aBHCHMBIX HHTErpajioB B HHBOJIIOLHH.

HokasatenbcTBO 3TOit TeopeMb SIKOGH BhHITeKaeT H3 NpepjocxkKe-
HHg 9 ra. 1 U ¢opmyan (15). MeToa HHTerpHpOBaHHs ypaBHEHHH
FamuabTOHa ¢ moMombio TeopeMu 12 6bia mpeasnoxed Jko6H B
1837 r. SIko6u onupajcs Ha Gojee panHHe paboTh [aMuHAbTOHA
(W. R. Hamilton). Merox I'amMuabTOHa — SIKOGH BOCXOAHT K HC-
caenosanusm [dpadda (J. F. Pfaff) u Kown (A. L. Cauchy) no
TEOPHH XapaKTePHCTHK YPaBHEHHA B YacTHHX NPOH3BOAHHIX.

Onpeieaenne. Ecan ypaBHenue (16) HMeeT NONHHA HH-
Terpas Buaa S(x, q) = ES.(q., X1,..., Xa), TO NepeMeHHHE @y, ..

.., Qn Ha3bIBAIOTCA PA30EACHHOIMU.

MMpeanoxenune 5. [IpeanosoXuM, 4T0 B HEKOTOPHX CHMIM-
JIeKTHYECKHX KoOpAHHATax (p, ¢)=(Pn,...) Pny q1s-+., Gn) OYHK-
uus lamuabroHa H(p, q) HMeeT OAMH H3 CNEAYIOLIHX BHIOB:

1) H=fo(fas1(. .. Fo(fi(p, @), P2 G2)s .-\ Pr-ty Gn-1), Pns 4n),

1) H=Zf.(p,, 4.)/28:(Pu G.)-

Toraa ¢ynkuuu

2) Fn—fl(P:, 4’1) Fy= fz(f:(ﬂt. 41) P2 q2),..., Fa=H,
0_ ""f pn q. e g(P., qn), <S<n

oﬁpasylor no.nnmﬁ na60p HHTErpajoB B HHBOJNIOUHH TaMHJIbTOHO-
BOii CHCTEMbI C FaMHJIbTOHHaHOM H.

Paccmotpum ans npumepa cayuaii 1’. Tlonaras K=xo, 3anu-
utem ypaBHenne (16):

S 4\ . [0S\ _
Ero nosHulil MHTErpaa MOXHO HAafiTH B BUAE CYMMbI

2 Slz (qu Xo» xk)'
]

rie Si KaKk QYHKUMS OT Jp YAOBACTBOPSET OOHIKHOBEHHOMY Andy-
deperUaIbLHOMY YDPaABHEHHIO
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Xo&r ({i—(‘jf, th)—-fk (ZTS:’ qk>=xkv ;l x,=0.
IMepemennsie xg, Xi,..., Xa SBAAIOTCS NEePBHIMH HHTErpa’iaMi B
HHBOJIOUHH (TeopeMa 12). JIio6He n u3 Hux B oflieM ciyyae He-
3aBHCHMHI.

[Ipeanoxenne 5 onHchiBaeT Hau6ojee NMPOCTHIE H YacCTO BCTpe-
qJamouHecs BHAK pa3lie/ieHHs IepeMeHHbIX. an pCllCHHH 3alda4yH
lFopsiyeBa—Yanabiruia (n. 2.3) Mb yxKe (aKTHYECKH HCNOAB3O-
Ba/l{ pasfesieHHe CHMIJIEKTHYECKHX KoopAHHAT BHAA 1’. OTmeTHM,
yTo cayyaHn 1 u 1’ mpeasioKeHHs 5 MOryT BCTpeyaThCsi B COYETaHHH
Apyr ¢ APYroM, KpoMe TOro, BO3MOXKHH GoJiee CJOXHbIE BHAH pas-
HeNeHHsl IepeMEeHHBIX.

Mpumep 6 (Lllrekenp (P. Stdckel), 1895 r.). Ilycte @ —
onpeiienuteab Matpuub |l@s;(q;)ll (1<i, j<n) a ®,;— aareGpau-
YyecKoe JAONOJIHEHHe 3JeMeHTa @q;. [IpeanosokuMm, 4to B CHMIJIEK-

THYECKHX KOOPAMHATAX Pi,..., Puy G, ..., Gn QyHKHUsA [aMuabTO-
Ha MMeeT CJedYyIOIHH BHA:
H(p. 9)= 2,9, @) £+ (Por 401D (P, 9); (17)

sw=]

Torja ypasHeHus [amuibTona uuterpupylorca. IMonaras K(x)=
=X|, 3anHiuemM ypaBHenHe (16):

98 !
; Dy [; Xxbem (Gm)— S m (m’ qm)] =0.

Ero nosHbifi niterpan MOXHO HafiTH B BHAE CYMMbi

S @) =2 Su(@mr Xire v or Xa)s
rie Sp Kak QYHKUHA Gp YAOBNETBOPAET YPABHEHHIO

1 ds .\

Sm (ﬁ’ qm/' =§ XxPem (Im)-

MOXHO nokasaTb, YTO n QyHKILAN
)
Fitp 9= 2250

o0pa3yioT NOJHH HHBOJIOTHBHbI HaGop HHTErpaJoB raMHJbTOHO-
BOM CHCTEMH ¢ raMuJbTOHHaHOM (17). A

Ans OTHCKaHHA pa3fiefieHHBX NepeMeHHBIX HeT, KOHEYHO, HH-
Kakoro obulero npabH;a. «[1o3ToMy MBI JOJIXHB HATH O6paTHHM
nyTeM H, HaHAA KaKylo-HHOYIb 3aMeuvaTeJbHYI0 MOACTAHOBKY, pa-
3bICKMBATh 3a/]a4H, B KOTOPbIX OHa MOXeT OBITb C yCnexoM NpH-
MeHeHa»!). Mbl yKaxKeM 37eCb ONHY TaKyl0 «3aMeyaTe/bHYI0 NOA-
CTaHOBKY», CBSI3aHHYIO C 34AUNTUYECKUMU KOOpOuHaramu B R™.

D $Iko6H, «JleKUHH N0 NHHAMHKE>.
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[Tyets 0<a;<a;< ... <@, — pasauutible NONOXKHTEJbHHE YHC-

qa. lna moboro x=(x,, ..., X») ER" ypasne.due
aY = X3
F @) gas—x—l (18)
onpeneyasieT n NeACTBHTENbHHX YHCEN Ay, ..., An, PAa3/eNAAIOHIHX
ai,..., @, (puc. 26). Uncna Ay, ..., A, cAyKaT KPHBOJHHEAHHMH

KoopauHaTaMu B R". OHH Ha3bIBalOTCH 34AUNTUYECKUMU KOOPOu-
Haramu SIko6H.

o | fio] fa,

S5

S
>
-

Puc. 26
Mo2XHO N0Ka3aTh, YTO
22 =1I @—») / II @, —a,). (19)
s=1 Sm=]
Swki

C nowmouibio 3TOR (OPMYJH HETPYAHO BLIBECTH COOTHOIIEHHE
42-"’:"‘2 M2,
$ s

M=11 t—4) [ I @—2). (19)
ines i
OtmeTuM MoOGONHTHYIO ABoficTBeHHOCTb dopmya (19) u (197).

Tepefinem Tenepb K CHMILIEKTHYECKHM KOODJAHHATaM A, py=M,h,/4.
Torna 3ueprus cBOGOZHOrO ABHMEHHA TOYKH B R" npuMeT CJAeAYIO-
Ui BHA:

H=% X x2=2ns | M,0). (20)

3nech HENOCPEACTBEHHO He BHIHO, KaK CHMIJIEKTHUECKHe TNepeMeH-
Hele A, p MOryT GuiTb pa3gesneHn. Bocnoabayemeca caexyiouieit dop-
myqoft flkobu: cymma

n

Y __ M
H (1;—3,1)

Smliges
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passa uymo npy m <n—1 u pasya 1 npn m=n—1. C nomoisio
aToft hopMyan paBeHCTBO (20) MoxHO npeACTaBHTh B CreayiouleR
Me:

n—-1

> Fmk™, p2s I (As—ay))
m= 2_4____
I (hs—hy) ~ dand ™ T (o)
iops inhs

3nech Fpy=H, a Fy, Fy,...,F,_, noka npoussoabun. Teneps ne-
peMeHHHE A, | DASANIOTCA: MH MOXKEM MOJOXKHTD

n-1 n
D Frudm, =22, [] a,—a).
m=0 =1
M3 stoit cucTeMb ypaBHeHHit Hanaem Fo, Fy,..., Fa-2 KaK ¢yHK-

UHH A, B; OHH RAAYT HaM NOJNHHHA HaGop He3aBHCHMHX HHTErpa’os
B HHBOJIIOUHH.

SToT pe3yabTaT Ha NepBHIii B3rAfAA MOXeT NOKAa3aTbCA TPHUBH-
aNbHBIM: NOJHAas HHTErpHPYeMOCTb 3aflauH O ABHXKEHHH 1O HHep-
UHH TOYKH B R™ oyeBHAHA c camoro Hauaaa. OnHaKo H3 nojayyel-
HHX Bhille GOpPMYJ pasiefeHHsi NepeMeHHbX BHITEKaeT COBCEM He
O4YeBHAHHN pe3ysabraT SIKO6H 06 HHTErpHPYEMOCTH 3aAayH O ABH-
HEHHH TOYKH NO MOBEPXHOCTH MHOTOMEPHOro 3JJIHNCOHAA B OT-
CYTCTBHH BHELIHHX cHA (cor.jacHo npuHHuuny MonepTion, TpaekTo-
PHH ABHXYLIEICA TOYKH COBNMAAAOT C Teofe3HYeCKHMH JIHHHAMH).
B camoM nene, 3aduxcHpyeM 3HaueHHe NepeMeHHOH A,; CKaXeM,
M=0. Toraa Ay, ..., A OGyAyT KPHBOJIHHEAHHLIMH OPTOTOHaJbHHMH
KOOPAHHaTaMH Ha NOBepXHOCTH (n—1)-MepHOro 3aaHNCOKIa
2x,%la,=]1. TaMuAbLTOHHAH 3ajaYH O reole3WvecKHx 3anaercs ¢op-
myaofi (20), B xoTopoit Hano monoxutb A =0, pu,=0. Pasnenenne
nepeMeHHBX Az, W2, ..., An, fn OCYIIECTBJAAETCA NO YKa3aHHOR BH-
we cxeme. OTMETHM, YTO B CJy4ae ABYMepPHOIO SJIJIHNCOHAA FraMHJIb-
TOHHaH HMeeT BHA 1’ u3 npeanoxenHsa 5. Ecan Mu 3adukcHpyem
3HayeHHe OAHOH H3 MepPeMeHHBIX Ay, ..., An,, TO TEM ¥XKe METOAOM
NOJYYHM MNOJHYIO HHTErPHPYEMOCTb 3aJlayH O reoJe3HyYeCcKHX Ha
MHOFOMEpHHX Trunep6oJ0OHAaX BCeX BO3MOXHHX THNOB. Pe3yabra-
THl KayeCTBEHHOTO aHaJiH3a NOBeJeHHs reofle3HYeCKHX Ha MOBepX-
HOCTH ABYMEPHOTO 3JJIKNCOHAA, OCHOBaHHOTO Ha Qopmynax SkobH,
MOXHO HaiitH B [6]. SIxo6u nokasaJ, 4To 3alaya O ABHXEHHH NO
HHEPUHH MO 3JIJHNCOHAY OCTAHETCH HHTErpHpYeMo#l, eclH Ha TOY-
Ky Oyner 1eiicTBOBaTb ynpyras CHJa, JHHHA OeACTBHS KOTOPOH
NPOXOAHT uepe3 UEHTP 3.1THICOH 1A,

B KauecTBe elle 0:XHOrO NPHMEHEHHA NIHNTHYECKHX KOOPAHHAT
MHE PaccMOTPUM 3adawny O 1TOCKOM ABHXEHHH MaTepHA.TbHOH TOY-
KH B TOJIe NPHUTSIKEHHA J8YX HENnOOBUNHBIX KYeHTpos. 3Ta 3alaua
6usa npounterpuposav: Jitiepom B 1760 r. [yetb xy, X — Ze-
KapToBBl KOOp uuatil o niockocTH Asuxennd u (0, ¢), (0, —c) —
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KOOPAHHATH NPHTATHBaloOWHKX ueHTpos; ¢>0. IlepefineM k 3aaun-
THYeCKHM KOOPAHHaTaM B IJIOCKOCTH R?={x),, x;}, cuyuTas, 4YTO
a;—a,=2c. 3T0 03HayaeT, B YACTHOCTH, YTO NPH (QHKCHPOBAHHHX
3HaYeHHAX A ypaBHeHHe

X2, X2y
2, —A + Bs—A =1

3a/la€T KOHMYeCKOe ceyeHne, (OKYCH KOTOpOro COBNAfaloOT C He-
NOABHXHHMH UeHTpaMH. B cuMmrexTHeckux xoopaMHaTax A, B
¢ysknua aMuabTOHa STOR 3aAauH paBHA

H=2 (a‘—k:)_(‘;:_h) Wi +2 (a‘_’:”(;:_l') w4 U (A, Ag)y

rae U—norennuanbyas 3Heprus B3auMoAefictsus. Ilycts ry, ro—
pacCTosHHA OT ABHXYIUEACA TOUKH NO TNPHTATHBAIOWHX UEHTPOB.
Vicnoabsya gopmyay (19) npu n=2, Herpyaso noayuuts, 4to

r=X+ P+l =V a,+M+Va, + i)

rhy=(x;—c)l+xl=(Va,+M—V a,+A)3,
CaenoBaTenbHo,

U—-Yi-i- Y2 _ Vit wrs _ ) Vet h—(vi—v1) Vo + M
- ry rs rirs Ay—hy :

B nrore nepemeHnHe A;, w1 H Az, Mo pasnensiioTcs H, COrNacHO
npeAsoXeHRio 5, 3ajaua ABYX HEMOABHMKHHIX LEHTPOB HHTErpH-
pyeMa. Jlarpaux nokasaj, 4TO HHTErPHPYEMOCTb COXPaHHTCS, ecC-
JIH Ha TOuKy OyAeT AONOJHHTENbHO [eHCTBOBaTb ynpyras CHAa,
HanpaBJieHHas Ha cepeHHY OTPe3Ka, COeLHHSIOUlero MPHTArHBalO-
IHe UEHTPH. KauecTBeHHOe HCCNleNOBaHHe 3a/laud [BYX LEHTPOB
MOXHO HafiTH B KHHre Illapsabe [24].

B 3akniouenne ykaxeM IBe BaXKHble 3ajauM, pellaeMHe MeTO-
AOM pasjieleHHA NepeMeHHHX:

1) 3anava Kennepa B oaHOpoAHOM CHAIOBOM moJe: peyb HAET
O RBHXEHHH TOYKH NOA AeACTBHEM I'PaBHTAUHOHHOTO NPHTSXKEHHS
HeNONBHXHOro UEHTPa H AOMOJHHTENbHON CHJIH, NOCTOSHHOM MO Be-
JHYHHe M HanpaBJIeHHIO. PasneneHHe nepeMeHHHWX NOCTHraeTcs ¢
NOMOWbI0 BBeAeHHsl «napaboaudeckux» KoOpPOUHAT, OHH MOJNyYa-
I0TCS H3 SJ/UIHNTHYECKHX KOOPAHHAT MNpeNesbHHIM MepexoloM, KOr-
Az OAHH H3 (OKYCOB ynansiercs B GeCKOHewHOCTb. JTa 3ajaua pe-
weHa Jlarpasxkem B 1766 rony.

2) 3anaua o ABHXKeHHH ToukH no cdepe <(x, x>=1, xER" p
CH/IOBOM 1noOJle C KBaAPaTHYHHIM mnoTeHuHantoM U(x)=<(Ax, x).
Pasnenenne nepeMeHHHX OCYWIECTBARETCH B 3JJHITHYECKHX KOOp-
AnHarax. Ilpn n=3 3ta 3agaya Bnepebie paccmorpena Heiima-
Hom (C. Neumann) B 1859 roay. Cayuaii npoH3BoAbHOrO n no-
ApoGHo obcyxpaercs B [32].
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3.2. Meron L —A napsl. TOT meToa OCHOBaH Ha InpeAcTaBJe-
HUH AHGPepeHLHANbHOrO YpaBHeHHs X=[(X), X=(Xi,.0., Xa)
B BHJe C.1eYIOUero MaTpHYHOro ypaBHeHHs

L={A, L]=AL—LA; (21)

3lecb 3.1eMEeHTH KBaApaTHHX Matpuu A K L (BO3MOXHO, KOMM-
JeKCHHe) SBAAIOTCS QYHKUHAMH OT X),..., Xn. YpaBHeHHe (21)
€ecTecTBeHHhM 06pa3soM BO3HHKAaeT BO MHOTHMX 3aJayaX MEXaHHKH H
QH3IHKH,

[Tpumep 7. YpasHenue diinepa M=MXwo MOXHO npexacra-
BHTb B BHAe (21), ec/H NONOXKHUTH

0 M, —M, 0 o —o,
L-_—"' —/1’11 0 M3 ’ A=” —ml 0 ma '
M2 —/”3 0 Wy — W3 0

roe (M;, Mg, M3)=M u (o), ws, 03)=0. COOCTBEeHHHMH 3Haye-
HUSAMH MaTpuubl L sBastorcs yucaa 0, =i{M, M); oHu noCTOSAHHH
Ha TPAEeKTOPHSX ypaBHeHHH Dilaepa.

ITo 3aMeyaHHe, OKa3blBaeTCs, He CIy4ailHo.

[Ipeannoxenne 6. CobcTBeHHble 3HaueHHs omepatopa L sB-
JSIOTCS NepBbIMH HHTerpanaMu ypabHenus (21).

< Umeem L(t+s)=e2L(t)e*4+0(s) npu s-0. Tloatomy
det(L(t+s)—AE) = det(L(f)—AE) + o(s). C.ieoBaTenbHO
det(L({)—2E) He 3aBucur ot t. >

Ha npaktHke ynro6GHee, KOHEYHO, HMETb JeJI0 He C CaMHMH Xa-
PAKTEePHCTHYECKHMH YHCJAMU A, @ C CHMMETPHYECKHMH MOJHHOMA-
MH OT A — Ko3¢¢HUHeHTaMi BekoBoro ypaBHeHus det(L—AE)=0.
Bonpoc 0 He3aBUCHMOCTH HaiieHHHIX 3THM METOJOM NEpPBHX HH-
TErpajoB M 06 HX MOJHOTE B KaXKAOM KOHKPETHOM CJyYae COCTaB-
JISIeT NpeJMeT OTAEJbHOrO HCcJie I0BAHHA.

Mpumep 8 (Llenouka Toam (M. Toda)). Paccmorpum n wac-
THI Ha NPSAMOH ¢ KOOPAHHATaMH X, ..., Xn, YAOBJIETBOPAIOWHMH
ypaBHEHHAM

x=-U", U=ZEXP(xk—xk4l)l Xn =X (22)

X
i k=1

Kak nokasam Xeuon, ®nawxa (H. Flaschka) u C. B. Manakos
(1974 r.), ata cucrema moxer ObiTh npeacTasjeHa L— A mnapof,
MoxHO no/0XHTL, HaNpuUMep,

bya, ... 0 Oagq ... O
L== ale...O , A= _alo “ee 0,
0.." @y ba 0...—a,,0
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rie  2a,=exp((xx»—xx41)/2), 2b,=—x,. H3 npeanoxenns 6
BHITEKAeT, YTO COGCTBeHHBIE YHCAA L ABJISIOTCA HHTErpaJjaMH ypas-
HeHHii (22); MOXHO MOKa3aTb, YTO OHH HE3aBHCHMH H KOMMYTH-
pylor. B pa6ote Mosepa [178] sTum e METOAOM yCTaHOBJEHA
HHTErPHPYEMOCTb CHCTEMbl TOYEK paBHON MacChl Ha Np MO# ¢ mo-
TEHUMaJOM NMapHOro B3aHMOAEHCTBHSA

2 u (xk - x[)t

k<t

rie u(2) cosnaaaer c OAHOM M3 ¢yHkumir 272, sin~?z, sh-?z.
C. H. NMuaxkyiixo u A. M. Crenyn 0606UiuAH 3TOT pe3y]bTaT, ycra-
HOBHB NOJIHYIO HHTEFPHPYEMOCTb YPaBHEHHHl [ABH)KeHHS TOUYeK C
noreHunanom® (z) [113). Notenunanu, paccmorpenHnie Mosepom, siB-
JIAI0TCA BHIPOXAEGHHBIMH  cayyasmMH @ -QyHKuHn BeitepuiTpacca.
JIBHxKeHHe HECKOJbKHX TOYEK Ha MPsSMOfA MOXHO paccMaTpHBaTh
KaK ABHXXEHHe OQHOI TOYKH B KaMepe Beiins anrebpnt Jin Ax noa
JeHCTBHEM NOTEHLHana, PacTyllero y CTEHOK Kamepu. AHajioruy-
Hble 3aJlayd AJf APYFHX MPOCTHIX ajire6p JIu (¢ TaKHMH e MOTeH-
uHanaMu) TOXe HHTerpHpyeMu (A. M. [lepesnomos, M. A. Oab-
waHeukui). Muterpupyemoit okasmbiBaeTcs M 3ajaya O CBOGOAHOM
ABHXKeHHH TBepaoro tena B R® (C. B. Manakos).

OrMeruM, 4to L—A-npeAcTaBjeHHe HalAeHO TMOYTH BO BCex
NpPOHHTErPHPOBAaHHHX 3ajayax KaaccHdyeckol MexaHuku. Hanpe-
HBl TaKXe pa3jHyHble aareGpo-reoMeTpHuecKHe KOHCTPYKUHH, Mpo-
ACHAIOLIHE NPHYHHBI CYLIECTBOBAHHA «CKPHITHIX» 3aKOHOB COXpaHe-
nus. Hanuuue L—A-npeacTaB/eHHS NMOMOraer He TOJMbKO Ha#TH
nepBbie MHTerpajbl, HO M OCYIIECTBHTb fIBHOe HHTErpHpoBaHHe
ypaBHeHHit ABHXeHHs, OG6CyxJAeHHe PasJMYHBIX acneKkTOB COBpe-
MEHHOH TEODHH MHTErpHPOBaHHS TAMHJIbTOHOBHIX CHCTEM MOXHO
Hafitu B [32], [65], [136‘]).

§ 4. Hnterpupytmble HerolOHOMHbiE CHCTEMBb

4.1. AuddepeHunanbHbie ypaBHeHust ¢ HHBAPDHAHTHOA MepOil.
Paccmorpum anddeperunanbHoe ypaBHeHHe

x=f(x), x€R" (23)
H nyctb g' — ero (pa3oBbiit notox. [IpeanonoxuM, yTo ypaBHEHHe
(23) umeer HHTerpa/bHblil HHBapHAHT C HEKOTOpO# IJaAKOH Na0T-
HocTbio M(x): T. e. Ans M0G0k u3mepumoit o6aacth DR™ u ans
BCeX ¢ BBIMOJHEHO PaBEHCTBO
[ Mxyax={Mx)dx. (24)
(D) b
HanmoMHEHM XOpouio H3BeCTHOe yTBepiKAaeHHe JIHYBHAAA O CyllecT-
BOBAHHH HHTErpajibHOTO HHBApHaHTa.
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Mpexnoxenune 7. Inaakan ¢ynxkuus M:R"—>R ssasercs

NIOTHOCTBIO HHBapHaHTa
| M(x)dx

TOrAa H TOJNbKO TOrila, Koraa
div(Mf) =0, (25)

Ecan M(x) >0 npu Bcex x, To ¢dopmyna (24) onpeaenser se-
Py B R™, unsapuantHyro OTHOCHTeNbHO AeicTBHsA g'. Hanuume HH-
BapHAHTHOH Mepn O6GJeryaer HHTerpHpoBaHHe AM(PPepeHUHaAbHO-
ro ypaBHeHMsi; HanpHMep, NPH n=2 OHO HHTErpHPyeTCA B KBaapa-
Typax. [efcTBuTenLHo, u3 (25) caenyer jsoxkaabHas pa3pellHMOCTh
CHCTEMb! YPaBHCHHH

F,=Mf, F,—=—Mf,

®yukuusa F(x), x;) HaXOAHTCH oTCIOAa NPOCTHIMH KBaApaTypaMH.
Ocraetcs 3ameTHTb, 4T0 F — nepsmi HHTerpaa cucremu (23). Ilo
Jitnepy dyHKkuns M Ha3biBaeTCs elle HHTErpHPYIOUIHM MHOXKH-
TeqeM.
Teopema 13. [Ipeanonoxnm, urto cucreMma ypasuenuit (23) ¢
HHBAapHAaHTHOK Mepoi (24) umeer n—2 mepBbix HHTerpaia Fi,...
Fn_p. TlycTb Ha HHBapHaHTHOM  MHOXeCTBe M= {x€R":

Fo(x) =c,, 1<<s<<n—2} dyukunu F,..., Fn_p He3aBHCHMbLL. ToOria
1) pewenus ypasHenns (23), Jexawue Ha M., HaxoisTcs
KBalpaTypaMH.

Ecnu L. — cBA3Has KOMNAaKTHAas KOMNOHEHTa MHOMeCTBa YPOB-

HaA ¥ f(x) <0 na L., T0o

2) L.—raaakoe MmHoroo6pasue, AnpdeoMopdHOe ABYyMepHOMY
TOPY,

3) Ha L. MOXHO noaoGpaTb yr.ioBble KOOPAMHATH X, y mod 2
TaK, 4TOGbl B 3THX NepeMeHHHX ypaBHende (23) Ha L. npHHAAO
CAEIYIOUHIA BHA

X“A/‘D(x,y)- y=p/(D(X,y). (26)

rie 2, p=const, a ® —raaikas noJoKHTeNbHAR yukuns, 2m-
nepHoAHYECKast NO X H Y.

YKaxeM OCHOBHBle MOMCHTbl NOKa3aTeabcTBa, [Tocko.1sKy Bek-
TOpHoe mno.e [ kacaercs M., To AHddepeHuHaNbHOe YpaBHeHHe
(23) Moxuo orpanuuuTb Ha M. 1o ypaBHeHne Ha M. Gyaer
HMeTb HHBApHAHTHYI0 Mepy (cM. ra. I, n. 3.6; Tam Xe npuBeieHa
fIBHast GOpPMyna A1 TUIOTHOCTH HHBAapHAaHTHON MepH). Hurerpn-
pyeMocts B KBaAparypax Ha M. BbiTekaer Tenepb H3 3aMeyaHus
Jiirepa. 3ak.loueHre | Teopembl 13 (oTMeueliHoe BnepBbie HKO6H)
TCM caMbiM [0Ka3aHO. 3aK.1l04eHHe 2 COCTaBASIeT H3BCCTHEIN TONO-
JOTHYCCKHI (paKT, 4TO BCSIKOe CBA3HOE, KOMMAKTHOE, OpHEHTHpYe-
MO€ AaBymepHoe MHoOrooGpa3de, RONyCKalollee KacaTtelibHoe none
6e3 ocobnx Touek, audpdeomopduo AByMepHOMY TOpy. 3akmioue-
HHe 3 (GaKTHUECKH ABINETCH  TeopeMou Koasoecoposa [87]
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(1953 r.) o npuBeseHuu AuddepeHunaIbHBHX YPaBHEHHA Ha TOpe
C IVIafKOfi HHBApHaHTHOA Mepof.

[Ipumep 9. Paccmorpum 3agayy C. A. Yanawruna o kave-
HHH yDaBHOBELIEHHOro, HO AHHAMHYeCKH HECHMMETDHYHOro 1apa
Nno ropH3OHTaAbHO# LepoxoBaTofi naockocTH (ra. 3, n. 1.2, npu-
Mep 5). JlBHXKeHHe 1lapa ONHCHBaerTcs cJjaefaylouleft cHcTeMoft
ypaeHeHuft B R®=R3{0} X R3{y}:

E+oxk=0, y+oXy=0; k=lw+matyX(®Xy). (27)

3nech / —TeH3op HHepUHH IIapa, m —ero Macca, a— pajHyc.
OTH ypaBHeHHs HMEIOT HHBapHaHTHYIO Mepy C MJOTHOCTbIO

M=1V(may"— (v, (I +ma®E)Ty), E=|b,]

YunTHBas HaNHyHe YeTHIpeX He3aBHCHMbiXx HHTerpano Fi=<(k, k),
Fao=<(k,y), F3=<{y,9>=1;, Fy=<k, ©), MBl BHIHM, 4TO YPaBHEHHR
(27) uuTerpupyloTcs B KBaapatypax. OTMeTHM, 4TO CHCTeMa
ypaBHenn#t (27) He HMeer MOJIOXKEHHA paBHOBECHS Ha HEKPHTHUEC-
KHX MHOXecTBax ypoBHa M.. [efcTBHTeAbHO, ecan y=0, TO BEKTO-
PH @ H y 3aBHCHMH, JTO, B CBOI0 OYepelb, BJeYeT JHHCIHHYIO 3a-
BHCHMOCTb ZHddeperunano dF; u dF,.

HaunGosee npocto ypaBHenns (27) HHTErpHpYyIOTCA B Cayuae,
KOrjla MOCTOAHHas HHTerpana <«mioulaieii» F; paBHa uyaio. B sa-
JIMNTHYECKHX KOOPAHMHATaXx u,v Ha cdepe [lyaccona <(y,y>=1
YPaBHEHHKSI ABHXKEHHs Ha ypoBHe M, MOXHO NpHBECTH K CJaelylo-

eMy BHRY:
. VP (u) o= V Ps(v)
u(u'—v )0 (4, v)' ve'—v ) W4, v)'

0=V (a—u)(@a—).

KoadpduuneHTH MHOrouneHa 5-ofi creneHn Ps M NOCTOfHHAsS
3aBHCAT OT NapameTpoB 3alauH H KOHCTAHT NEPBHIX HHTErpajios
(aetaan MoxHo HaitH B [19]). [NepeMeHHbe u, v H3MeHAIOTCH B
pasNHYHBIX 3aMKHYTHIX HHTepBaJax, rie NOJHHOM Pjs NpHHHMAET
HeOTpHUATeNbyHe 3HauyeHHs, YHHQPOpPMH3HpYIOILAA 3aMeHa nepe-
meHHEX (7) (n. 2.3), B KoTOopo#i BMecTo ®(2) caeAyeT NOACTaBHTH
¢yHKWHIO Ps(2) /22, BBOAHT yraoBbie OKOPAHHATH Ha M., B KOTOpHX
ypaBHeHHe ABHXeHHs npHoGperaer Bug (26). Ilpu stom otnowe-
HHe A/p (YHCJIO BpallleHHS KacaTeNbHOr0 BEKTOPHOTrO MOJS) PaBHO
OTHOLIEHHIO BellleCTBEHHBIX MepHO10B abejeBa HHTerpaaa

U=

¢ 2dz
-\ VP.iz

B oraunuse or ypaBHeHHil (8), B 3alave YanawmruHa nepeMedHHe

X, y He pasfeasiorca. A
CornacHo npeasoxeHusMm 3 ¥ 4, aas noutru Bcex Ha6opos
yucea (A, u) auddepeHuuanbHoe ypaBHenne (26) B HEKOTOOBIX
YrJI0BRIX KOOPAHHATax X/, y’ MOMKET Obiih NPHBEL:i0 K VDAaBHEEIO
X =M\, gy =uw’ {r, @ ==constl, (28)
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ITpeanoxeunne 8 Ilpeamosoxum, 4TO A H p pPaLHOHAJABLHO
HecouaMepuMH, U nyctb @ (%, y) =Z Dy pexp i(mx+ny). Ecan raaa-
KOl 3aME€HOil yr/J0BBIX NEPEMEHHHX X, y—x', y' cHcTeMy (26) Mox-
HO MpHUBECTH K cucteMe (28), 10

Omn
mh + np,
EARNEIEA

B obueM cayyae (koraa pasnoxeHne Pypbe GyHkuuu @ co-
JEpXKHT Bce FapMOHHMKH) TOYKH (A, u)€R?, ana KOTOpHX psix (29)
pacxofurcs, Bciody NAOTHH B R2. OG6cyxAeHHe BONPOCOB MPHBO-
AHMOCTH ypaBHeHHHA (26) MoxHo Haiitu B pabote A. H. Koamoro-
posa [87].

B 3akni0ueHHe YKaxkeM HeKOTOPHe KaueCTBeHHHe CBOMCTBa pe-
WeHHH cHcTeMH (26), He 3aBHCsUIHe OT apHPMeTHUECKOH NPHPOAL
qHcea A, p. O603HauHM HayaJlbHbie 3HAYEHHS X, y COOTBETCTBEHHO
Xo, Yo. 3 Teopemn 4 (B NMpeANOXKeHHH HECOU3MEPHMOCTH A H p)
BLHITEKaeT, 4TO

A
x=xo+70—> t+ X (¢ Xos Yo)s y=yo+<—;—> t+Y (¢, X0 Yo)s
TAe

‘<o, (29)

2% 2=
1 \ X .Y
(0 =g |y 0oty Jim 7 =lim 0.

Paccrosune d wMexay toukamum T2={x, ymod2x} 3azaaum
MeTpuKkoi dx?-dy?.

Teopema 14 ([126). Ecan A u p Hecousmepumsi, TO

a) ana mobmx € >0, 7 >0 cywectsyer t>7T Takoe, 4TO

| X (%, Xo» o)l <& | Y (T2 %00 o)l < &0 A{(x () Y (V) (Xo0» Yo)} <E
BAs Bcex (Xo, Yo) €T

B) ecan @ (xo, yo) (D), To dyuruus X2(t, xo, yo)+ Y2(¢, xo,
Yo) HMeeT GeCKOHEYHO MHOro HyJieHl npu {—-oo;

C) CYWeCTBYIOT TOUKH (Xo, Yo)€T?, M (xo, yo) =(D) Taxue, uTO
onHoBpeMenHo X (f, xo, Y0) =0 (<<0), Y(¢, xo0, yo) =0 (<<0) ans
Becex 1.

M3 3akaloueHHs a) BHTEKaeT, B YaCTHOCTH, YTO (NpPH HECOHM3-
MEpPHMLIX A H 1) 3proAxyeckHii §asoBbii NMOTOK cHCTeMH (26) He
o6JiasaeT CBOMCTBOM mepeMeluHBaHHUAY, OTMETHM, YTO eC.JH YHCJO
BpaulerHsi A/p aHOMAaJbHO GHICTPO NPHOJHIKAeTCs PaUuHOHANbHHMH
YHC1aMH, TO cHcTeMa (26) moxer 06.1a3aTh caGHM nepeMellH-
B[gHHeM (n1H, 4YyTO TO Ke caMoe, ee CMEeKTP HenpepuBeH) (cMm.

71).

4.2. Hexkoropble pellcHHBlE 3aJaY¥ HETOJOHOMHOA MeXaHMKH.

a) IlokaxkeM, uTO 3ajaua O KaueHHH ypPaBHOBEUICHHOrO AHHA-
MHYCCKH HECHMMETDHYHOIO [Llapa MO LIePOXOBATOil  NJIOCKOCTH

" M. 6. «Mrtorn nayku u texu. BUHUTH. Cospevennnie npo6.iems Mate-
MaTHRH. PyHIaMenTaILHBE HanpaBaeuus», 1983, 2.
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OCTaHeTCs MHTerpupyeMoH, eClH yacTHubl 11apa 6yayT npHTATH-
BaTbCA 3TOH MJOCKOCTHIO NPONOPUHOHaNBHO paccTosinHio. Ilockous-
Ky LeHTp MacC liapa COBNajaeT ¢ ero reOMeTPHYECKHM LEHTPOM,
TO NOTEHUHAN MOXHO BHIYHCJIHTbL N0 (opmy.e

U=+ (rov)ydm=3 (v, v), (30)

TAe y — e[HHHYHLINl BEKTOP BePTHKAMM, r — paiHyC-BEKTOP YacCTHI
wapa, / — TeH30p HHEPLHH lIapa OTHOCHTENbHO ero leHTpa. CHan
NPHTHMNKEHHS CO3MAI0T BPAlLATENbHBIH MOMEHT

IrX (er, ¥)v)dm=ef<r, > (rXy)dm=UXy=e(JyX¥).

Has TOro, YTOO6HI MOJNY4YHTb MOMEHT CHJ OTHOCHTEJbHO TOUKH Ka-
CaHHs, Hallo 006aBHTb MOMEHT cymmapnoﬁ CHJIbI

ef<r, y)ydm=e{Srdm, v)y,

PaBHHA HYJI0O HM3-32 COBMaJEeHHs 1EHTPA MacC C reOMeTPHUECKHM
ueHTpoM wwapa. TakuM o6pa3oM, ypaBHEHHS] KaueHHs l1apa MOXHO
NpeACTaBHTb B CjaeaylomieM BHAe (cp. ¢ ypaBHeHHAMH (5) H3
n. 1.2 rn. 3):

E+oxXk=—e(JyXy), y+oXy=0. 31)
OHM HMelOT ueTHpe He3aBHCHMHX HHTerpana: Fy=(k, o)+
+ &y, ¥,
Fa=(k, v), Fs={y, v =1, F;=<k, B>—<Ay, v,
rae A=diag(A,, A, As), Ai=e(J;+ma?) (J3+ma?),..

ITockoabky ypaBHenHs (31) HMeIOT MHBapHAaHTHYIO Mepy ¢ NJOT-
HOCTbIO (27), TO, no TeopeMe 13, OHH HHTErpHPYEMHI.

OtMmeTHM, uTO 3alaya O BpaLIEHHH TBEPAOrO Tesla BOKPYr He-
NOABHXHOH TOYKH B OCECHMMETPHYHOM CHJIOBOM TNoOJie C MOTeH-
unajiom (30) Toxe uHTerpHpyema. KpoMe Tpex K/IacCHUECKHX HH-
Terpanos F,, Fy, F; ona o6nanaer usrerpasom Fy, B KOTOPOM Haao
nonoxutb a=0. Hurerpan F, mnafinen BnepBnie THccepaHoM
(F. Tisserand) B 1872 roay B CBsi3H ¢ HCC/leOBaHHEM BpallleHHs
HeGecHHX Ten. [lesio B TOM, YTO MOTEHUHAJ TBEPAOTO Tena B LEHT-
pPaJbHOM HbLIOTOHOBCKOM CHJIOBOM MoOJe COBMajaeT C MNOTEHLHAJIOM
(30) c TouHoctbio no O(p*/R*), rae p — XxapakTepHuit pa3mep
TBEpIOro Tena, a R — paccTosiHHe OT Tela A0 MPHTATHBAIOLLETO
uentpa. Kak 3amerun Bnepeeie B. A Creknos (1902 r.), ypas-
Henus diinepa—Ilyaccona ¢ noreHuuanom (30) coBnanalT no
BH1y c ypaBHeHHsMH Kupxroda 3amauu o ABHXKeHHH TBepIOrc
TeNa B HiealbHOH XHAKOCTH B cayyae Kne6wa (1871 r.). [Ilpm
3TOM HHTerpan F4 B TOYHOCTH COOTBETCTBYeT HHTerpany, HafiieH-
HoMy KaeGuieMm.

B) B kauecTBe eille OAHOrO NMPHMEpPa pPacCMOTPHM 3anady O Ka-
YeHHH 6e3 NpoCcKajsib30BaHHA OJHOPOAHOrO AHMCKA MO TOPH3OHTalb-
HOi WepPOXOBATOH MJOCKOCTH C y4eTOM NeHCTBHS CHAHW  THAXKECTH.
3ta 3anaya pewena Annenem u Kopreserom (D. Korteweg) B
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1899 r. Bseaem noaBuxHYi0 cuctemy koopanHat Oxyz, rae O —
UeHTp .icKa, ock Oz OpPTOrOHanbHa MNJAOCKOCTH JAHcka, ock Ox
Bceria ropH3oHTanbHa, ocb Oy cozepAKHT TOYKY KoHTakTa. [lycTb
u, v, @ U p, g, r— NpoeKUHH Ha 3TH OCH CKOPOCTH LEHTpa MaccC H
YrJ0BOi1 CKOPOCTH BpailleHHs AHcka. Ecan a — paanyc kaTsuero-
¢ 1HcKa, TO '

u=—ar, v=0, w=ap.

[Tycte m — macca, A u C — MoMenTbl HHEPUHH AHCKA OTHOCHTE]b-
Ho oceil Ox u Oz. CnpaBeaHBLl crelyiollHe YPaBHEHHS ABHXKEHHS
(cM. [21]):

(C+may)r=ma?pg, Aq:-=(Cr— Aqctg®d)p,

rae O —yroa mexay oceio Oz u BepTHKaibio. Tak kak p=1,
TO W3 3TOH CHCTEMB MOXKHO MONYYWTL JaHHefiHule AuddepeHunans-
Hble VpaBHEHHs, OnpejJensioulHe HHTerpa’bl YPABHEHHHA ABHKEHHS
g=q(®) u r=r(0):

(c + ma?) g% ==mady, A :;% =Cr— Agctgl. (32)

Kak otmeueno Amnnc:em i KoprteBerom, ¢pyskuun ¢(8) ur(9) Bu-
pa:kaloTcs uepe3 runcpreoMeTpHueckHii psail laycca. ¥roa ¢ kak
¢yHKUKIO ¢ MOKIO HaliTH npocToii KBaJ1paTypoit H3 HHTerpasna
3HEPIHH

m(u2+vi+w?) +A(p?+q?) + Cri=—2mgasin 8 + A, (33)

TAe g — YCKOpEeHHe CHJbl TAXECTH, i — NPOH3BO/AbHAA MOCTOSHHAS.
Hcenoabsys 3tH dopMyJaB, MOXKHO MOKa3aTb, YTO AJS MOYTH BCeX
HayaJ bHbBIX COCTOSIHHIT (32 HMCKJIOUEHHeM TOueK, JeXKallluXx Ha He-
KOTOPOii rHNepnoBepXHOCTH B ()a30BOM NpPOCTPAHCTBE) BhLINOJHEHO
HepaBeilcTBO 0<0(#) <m. ITOT pe3y.abTaT OOBACHAET YAHBHTENb-
HYI0 CNOCOGHOCTL AMCKA KAaTHTBbCA NO IVIOCKOCTH, He najnas. lei-
c¢TBHTEIbHO, nycTb ¢;(0), r;(8) — pewiente . THHEHHOM CHCTEMM
(32), orpaniuerHoe npu #—0 (80—x). Ecan go(9), r2(9) — apy-
roe pewenne, 1o, no gpopmy.1e Juysu.11s,

°
7 (D) ra (N — g (§) r, (B)=cexp \ ctg xdx=c/sind, c=const.

TTockonbKy npaBas 4acTb 3TOTO paBeHCTBA CTPEMHTCA K +00 MpH
0—0 (a1), T0 NoGoe peluerHe, orpannyenHoe npu 00 (uau 0—
~>1), JIHHEHHO 3aBHCHMO C pewecnHes ¢=¢q,(8), r=ri(8). Hrak,
NOYTH HaBepHoe §?+r?—~oc Ha KoHNax HitTepBala (0, n). [Nockoan-

Ky npaBas yacTb HHTOIpa a 3Hepriu (33) orpanHucHa, TO, OYEBHA-
HO, [IPH BCeX 3Hauenitsnx [ Cnpapeilnnso HepaseHerBo e<8(f) <
<a--e (£>0).

Metoaom Auntens - N¢pvenora MOAKHO pellMTh  PCACTBEHHYIO
3a0auy 0 ABHXKEHHI "y [ 1.0l Li0POIHCTO AHCKG ¢ OCTPLiM  KpaeM
[0 r1aakoMy ropiio: .40 cniv. Herosodosiias css3, cocto-
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HT B TOM, YTO CKODOCTb TOUKH KacaHHs JMCKa mapainelbHa ero
FOPH30HTaNbHOMY AHaMeTPy. B oTanuue or 3azaun Anneas — Kop-
TeBera, 34ecb fiepBble HHTerpaJnl BHpPa)KalOTCH 4Ycpe3 3JjeMeHTap-
Hble QYHKUHH H HMEIOT NPOCTOH MeXaHnyeCKHii CMLICJ: COXpaHSIOT-
¢ NPOeKUHH KHHETHYEeCKOro MOMEHTa JHCKa, BbIYHCIEHHOrO OTHO-
CHUTEJIbHO ero LeHTpa, Ha BepTHKaAb M Ha ocb Oz. ns nouTH
BCeX HayajibHbIX YCJOBHI AHCK HHKOTJa He ynajeT Ha Jeld H Tpa-
€KTODHS ero TOUKH KacaHHs orpaHuyeHa. bBogee TOuHO, TOYKa
KacaHHs OMHCbIBaeT HEKOTOPYIO 3aMKHYTYi0 KPUBY!O, KOTOpasi, B
CBOIO ouepelb, BpalllaeTcsi KakK TBepJAOe TeJO BOKPYr HEKOTOPOil
TOYKH C NOCTOAHHOW Yr.10BOH CKOpOCTbIO (dAeTanH cM. B paboTe
[79]).

!:) Caenys . K. CycaoBy, paccMOTpuM elle 3amayy o Bpauie-
HHH BOKPYr HENOABH:AKHOH TOYKH TBEPAOTO Tesa C HEHHTerpHpY-
eMo#t CBs3bio (a, w)=0, a — NoCTOAHHLIN BeKTOP. Ilycts Teno
Bpallaetcst B OCECHMMETPHYHOM CHJIOBOM NOJE € NOTEHUHAI0M
U(y). Caenys meroay muoxuresteil Jlarpauxa (ra. 1, n. 2.5), 3a-
NHileM ypaBHEeHHS ABHXKEHHA:

Ao-LoX Ao=yXU;+M, y+oXy=0. (349

Hcrnoabsys ypasHenHe cBA3H <a, w)=0, MHoxHTenb Jlarpanxa
MOXHO HalTH Kak QYHKUHIO OT © H ¥:

A=—(a, A-'(AoX0)+A-'(yXU,)>/Ka, A-'a).

Ypapuenus (34) Bceraa HMelOT TPH NePBHIX HE3aBHCHMBIX HHTer-
pana:
Fi=(Ao, 0)/2+U(y), Fi={(y,v>), Fi=<a, o.

Ans peanvubix asuxkeHHH Fa=1, F3=0. Takum o6pa3oM, 3anaua
HHTETPHPOBAHHA ypaBHeHHH (34) CBOAMTCH K HaXOXAEHHIO HHBa-
PHAHTHOH Mepnl (ee CyLleCTBOBaHHe BOBCe He OYEBHAHO) H YeT-
BEpTOro He3aBHCHMOro HHTerpana. PaccMOTpHM uvacTHb ciayuai,
Koria a sBasctcs co6CTBeHHbIM BekTOpoM omepatopa A. Ilpu
3TOM NpeAnoJoxeHuK $as3oBbili NoTOK cHcTeMbl (34) coxpaHser
«CTaHAapTHYI0» Mepy B RS=R3*{w} X R¥*{y}. IycTb Teno Bpawmaercs
B OAHOpOAHOM cHa0BoM node: U(y)=<(b, ¥). Ecan <a, b>=0, 10
ypaBHeHHs (34) nonyckaioT yeTBepTblit HHTerpan Fy,=<{(Aw, b> u,
c/eloBaTeJbHO, HHTErpHpYIOTCS B KBaapatypax. DTOT c/iyya#h oT-
meued E. M. Xapaamosoii B 1957 r. Ykaxem euwe oauH cayuyail
HHTErpHPYeMOCTH: ecau CHJO0Bast ¢QyHKUHMA 3adaHa  ¢opMyJoii
(30), To ypaBHeHHs BpalleHHs LONYCKAIOT YETBEPTbIM HHTerpan —
HHTerpaa THccepaha (cM. a)).

OTMeTHM B 3akaloyelHe, YTO B HErOJOHOMHON MeXaHHKe HM3Be-
CTHO CP3aBHHTE/JbHO HEMHOTO TOUHO PelIeHHbIX 3al1ay (NPaKTHYECKH
NoJHYl0 HHQOpMaUHIO MOXHO HaiTH B Khurax [19], [21], [17]).
Ozvako B caMHIX NPOCTBIX M3 HHX NOBEAEHHE CHCTEMBl MOXKET GblTb
BeCbMa HeOXHAaHHbIM. [IpuMepaMH MOFyT CAyXHTb yXe yno-
MHHaBlIHecs B raaBe | (n. 2.5) KOHeK Ha HAK/JOHHON NJAOCKOCTH
H OLHOPO/HbIH Wap B BCPTHRANLHOM UHIHHApE.



T'raga 5
TEOPHA BO3MYIIEHHRA HHTErPHPYEMDBIX CHCTEM

B npupoae yacto BCTPEYAlOTCH CHCTEMbl, OTJAHYANOIIHECH OT HH-
TErPHPYEMBIX MaJbiMH BO3MYweHHsMH. Hanpumep, 3ajava o ABH-
XeHHH niaaHer BOokpyr CosnHua Moxer paccMaTPHBAThCH Kak BO3-
MyuleHie HATErPHPyeMOii 3allayn o ABHXKEHHH HEB3aHMOAEHCTBYIO-
WHX TOYeK BOKPYr HENOABHXHOro npursrupaiouero uextpa. Aas
H3y4YeHHS] TaKHX 3alay Pa3BHTH MeTOAH, KOTOpBle 06BheHHSAIOT NO4
O6LIHM Ha3BaHHEM — TEOPUAR B03MyuweHul. ITH MeTOAB OOKYHO
npocthl H 3¢¢dexTuBHn. Yacto OHH MO3BO.IRIOT ONHCaTb BO3MY-
II1eHHOe ABHXKEHHe MMOYTH C TaKoil e MOJHOTOH, KaK HeBO3MYUIeH-
noe. Hekotopnle H3 HHX MPeMJOXKHMAM H HCNONb30BajH euwe Jlar-
panx u Jlannac (P. S. Laplace) B cBOHX HCC1€10BaHHSX BEKOBLIX
BO3MYLIEHHH naaHeT. Bonpocu 060cHOBaHHS B TEOPHH BO3MYILEHHi
JOCTAaTOYHO CJAOMHBI H HayaJH pacCMaTPHBATBLCH OTHOCHTE.ILHO
HelaBHo. MHOrHe H3 HHX pelleHBH J1aJeKO He MNOJHOCTbIO.

B HacTosuieit riaBe paccMaTpHBAIOTCA METOAW TEOPHH BO3MY-
LleHHHA, KOTOpHE TPYNNHPYIOTCA BOKPYr NpPHHUHNA YCPEAHEHHS H
111eH O pa3lcjeHHH ABHXCHHA Ha NJaBHHIl apeiid M ObICTpble OC-
UHAAAUHH,

§ 1. YcpeaHenne Bo3myuieHuii

1.1. Npuuuun ycpeaHeuusn. Ecau Ha HHTEerpHpyeMylo KOHcepBa-
THBHYIO CHCTEMY HaJOXHTb MaJjoe BO3MYHICHHC, TO BeJHUYHHbI, GbIB-
IIHe HHTerpajaMy B HEBO3MYIUEHHOH 3ajaye, HAYHYT MeIJCHHO
3BOJIOUKOHHPOBaTh, Ha Bpemenax nopsiaka 1 3sosmouHs mana. Ha
BpeMeHax nopsaka l/e, rae € — MaJjocTh BO3MYILUEHIS, 3BOIOUHS
MOXKeT GbiThb 3HayHTeabHOM (nopsaaka 1), PopmyaHpyeMblil HHXKe
OCHOBHO# NpHHUKN, KOTOPHA HAa3biBAIOT NPUHYUNOM YCPEOHeHUA,
NO3BOJIAET HAMHCAaTh 3aMKHYThle YPaBHEHHSI ANSA 3BOJIOLKH, cOaep-
J)KalHe TOMbKO NNABHO H3MEHSAIOWHECA nepeMeHHble,

ByneM cunTarth, 4TO COBMECTHble YPOBHH OAHO3HAaYHHX HHTErpa-
JIOB HEeBO3MYLUEHHOM HHTErPHpyeMOH cHCTeMB SIBARIOTCS TOPaMH,
HeCYUIHMH YCJOBHO-epHOAHYEeCKHe ABHXKeHHA (Kak B cayyae moJ-
Hoil HHTErpHPYeMOCTH), H 4TO ypaBHeHHs HEBO3MYLIEHHOTO ABHXKe-
HHS MOryT 6LITh 3aMHCAHB! B BHAE

!=09 IEBCan (])
4 =aw(l), $6T™.
3aecs I=(I,...,1,) — Habop HMHTErpanoB 3ajauyH, YpaBHEHHe

I=const BbaensieT HHBaDHAHTHHI mM-MepHHIit TOp, @= (¢, ...
-+« »@®m) — KOOPAHHATH Ha 3ToM Tope (¢asn), (/)= (w(/),...

<+ ©Om(/)) —4aCTOTH HCBO3MYUIEHHOrO JABHXKEHHS, B -— o6aacTh
B R™, rae onpeienens nepeMenuble /.
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Mpumep 1. Eciu HeBo3MylleHHass cHcTeMa OMHCHIBaeT ABH-
JKeHHe NO KenJEepPOBCKMM 3JJIHICAM He B3aHMOAEHCTBYIOUIHX NAa-
HeT BOKpYr npHtaruBaiomero ux CosnHua, TO HHTerpann /j — 310
GosblliHe NMONYOCH, SKCUEHTPHCHTETH, HAKJOHEHHA, AOJTNOTH Y3J0B
H NepHUEeHTPOB, Ga3H @; — CPeAHHE aHOMaJHH NJaHeT. A

Manoe BO3MyllleHHe CHCTeMH NPHBOAHT K MOSIBJACHHIO MaJHX
406aBOK B ypaBHEHHAX ABHXeHHA. B nepeMenHunXx /, ¢ ypaBHeHHS
BO3MYILEHHONO ABHXXEHHS NMPHMYT BHA

1 =8f(1, ¢' 3), (2)
¢ =o(l)+eg(l, 9 e).

Qyuxuun f B g HMeloT no ¢ nepuoa 2n. B ypaBHenusx (2) ne-
peMeHHHe | Ha3HBAOT MEONEHHbIMU NepemeHHbimu, a dasl @ —
6bLCTPOIMU NEpeMERHBIMU.

B npunoxeHHAX OGHYHO OCHOBHOII HHTepec NpPeACTaBAsieT Mo-
BefleHHe MeAJeHHHX nepeMeHHHX. [Tpunyun ycpednenus COCTOHT
B TOM, 9TO AJs NPHOJHXKEHHOro ONMHCAHHA HX H3MEHEHHs Ha Bpe-
MeHax nopsnka l/e cicTeMa BO3MYylleHHBIX ypaBHeHHR (2) 3aMe-
HACTCH HAa YCPEeOHEHRYIO CuCTemy

J=eF (J), F(J)=@n)"& f (J, %, 0)de. 3)
Tm

Taxum o6pa3om, noayuyaercs 3aMKHyTasi CHCTEMa AJs ONHUCAHHR
MEAJIEHHOro ABHXKEHHA, KOTOpas ropasfo npolle HCXOAHOIl; HanpH-
Mep, WIar YHCJIeHHOro HHTerpHPOBAaHHA ANS Hee MOXHO BbiGpath B
1/e pa3 Gomwum. ITostoMy npHHUMN YCPeLHeHHS upe3BHYaNHO
NPOAYKTHBEH H IWUHPOKO HCMOJb3YeTCS Ha NPaKTHKe.

[Myctb /(f) — MeaneHHOe ABHXKEHHE B HCXOMHOM CcHcTeMe, a
J(t) — B ycpennennoit, J(0)=/(0). Cornacko NpHHUHNY ycpeaHe-
Hus, /() 3samensierca Ha J(f). Jas 06OCHOBaHHA 3TOro peuenta
(koTOpHIt He BCeraa NpPHBOAMT K NPaBHJAbLHOMY OTBETY) Hajo
YCTaHOBHTb YC/NOBHA, npH Kotophix |/(f)—J(f)|—>0 npn 0<i<<
<1/e B e—0. Ecin nocneanee COOTHOlWIEHHE CNpaBelsiHBO, TO
KeNaTelbHO HMeTb OlEHKH cBepxy aas |/(t)—J(t)| npn 0<<I<<
< 1/e. UHorna TaxkHe OUEHKH YAaeTcs YCTAHOBHTb M A5 Topasio
GO/IbUIMX MHTEPBAJOB BpPeMeHH. OTH BONPOCH elle AajJeKH OT
NOJIHOrO peilleHHsT, OHH OOCYXAAIOTCA B CAEAYIOILUX MyHKTax na-
parpada.

ITpumep 2. PaccMOTpHM CHCTEMY ypaBHEHHH

I =e(@+bcos®), ¢ =0
M COOTBETCTBYIOULYIO YCPEeAHEHHYIO CHCTEMY
J =ea.
3necs
I (ty=1,+cat 4 b [sin (of + F) — sin @/,
J (t)=1Io+ eat.
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PellleHHs] TOYHOH CHCTeMbl OCUHJHPYIOT OKOJIO PellleHHA yCpelHeH-
HOH C aMIIMTYAOH NopsaKa & H yacToToi @ (pHC. 27). Ycpednenue
CBOIHTCA K OTOpachiBaHHIO B NPaBoil YacCTH YPaBHEHHA YHCTO ne-
pHOAHYECKOro ujeHa. DTOT YJaeH HMeeT TOT Ke MOPSAOK, UTO H
ocTaBjeHHBH. O1HAKO OH OCUHANHpyeT H MPHBOAHT JHWbL K Ma-
JBM OCUHMASIUHAM pelueHHs. OcTaBiaeHHbil YJeH BH3nBaeT Apeid,
KOTOphiit 3a Bpemst 1/(ea) u3meHnsier / Ha Beanuuny 1.

It
Jit)

I
Puc. 27

[TpuHuMn ycpeaneHHs OCHOBaH Ha npeicTaB.eHHH, 4TO H B 06-
IeM cayyae OTOpoweHHbBle NPH yCPeAHEHHH OCLH/NHpPYIOLIHE YJe-
Hbl MPHBOAAT TOJLKO K MA.JIbiM OCUHJJISILHAM, KOTOpbie HaK/JaAH-
BalOTCA Ha Apeiid, onxchiBaeMblil ycpeaHenHOH CHcTemofl. A

CcopMmy.1HpOBaHHbIfI NPHHUHN YCPEAHEHHs HCMONB30BaJH Jlar-
paux u Jlanlac B TeOPHH BeKOBbIX BO3MYLUEHHH OPGHT mnJaHer.
INocne ux pa6oT 3TOT NMPHHLUMN CTaN CTAHAAPTHHIM CPEACTBOM He-
GecHoit MexanukH. [lo3aHee ero nepeoTKpH H HCNOAbL30BaN AJA
PElIEHHs 3aJ1ay TeOpHH HeJHHeHHHX KoaeGauuii Bau-gep-Ilosb
(B. van der Pol). lllupokoe npumeHeHHe NPHHUMNA yCPeaAHEHHs
B TEOPHH Ko.1€6aHHi OHJIO CTHMyAHpoBaHo pabGotamu JI. M. Man-
aeabwitama, H. JI. INananekcu, H. M. Kpuinosa, H. H. Boroaio6o-
Ba u 0. A. Mutpononsckoro. McTopus npuHuMna aoBoabHO 3any-
TaHa, ee H3/0XEHHe COACPXKHTCA BO BBOAHLIX maparpad)ax MoOHO-
rpapun [96]. B wnacTosiee BpeMsi NPHHUHN yCPeRHEHHs B
Pa3nHuHbLIX BapuaHTax (M HHOrAa MNOA Pa3/iHUHbIMH Ha3BaHHAMH)
HCNO/Nb3yeTcsi BO MHOTHX NMPHKJAAAHbIX 06JaCTAX.

[lyctb Tenepb B ypaBHeHHSX HEBO3MYLIEHHOTO ABHIKEHHS dac-
TOTH TOXAECTBEHHO LENOYHCIEHHO COH3MEPHMH, T. €. BLINOJHEHO
ORHO HJIH HECKOJIbKO COOTHoUleHHit BHAa (R, o©)=0, rae k=
=(k1, ..., km)€Z™"\{0}, (k, ©) =K1+ ... +knom Torna tpaek-
TOpDHH HEBO3MYIIEHHOr0 ABHXEHHA Ha Tope T™ 3aMOJIHSIOT TOpH
MeHblUeA pPa3MEPHOCTH H ycpelHeHHe No BceMy T™ He MOXeT, BO-
ofilie TOBOPS, MPaBH.IbHO OMHCHBATL ABHXKeHHe. Jlpyrofi n0BOX —
B Pa3NoKeHHH NpaBbIX yacTeil BO3MYLIEHHOH cHCTeMB B psAx Pypbe
HMEIOTCA HeOCUHJHPYIOUIHe TapMOHHKH, KOTOPHE HeT MPHYHH OT-
6pachiBaTbh. Ecain uacToThl B TeueHHe MOCTaTOYHO AOATOrO BpeMeHH
6/1M3KH K COH3MEPHMOCTH, TO yCpeAHEHHe MO BceMy TOPY TaKxke
MOXeT OKa3aTbCi HeNpHMeHHMHM. B 3THX cayuasx, HasWBaeMhX
PE30HAHCHEIMH, HCNOAb3yeTcs chellyiowlas NpoUeAypa, Ha3WBa-
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eMasi 4acTHYHbIM ycpeaHeHHeM. Ilycth 3aJaHO OZHO HJIH HECKOJb-
KO PE30HAHCHbIX COOTHOW.eHuil, T. e. paBeHCTB BHAa (R, 0)=0 ¢
HEJNOYHCIEHHLIMH HECOKPAaTHMBIMH BeKTopaMH Ko3¢duuHeHTOB k.
Yepes K 0603HaukM NOArpynny LenouHcNeHHOR pelleTKH Z™, mo-
POXIEHHYI0 3THMH BeKTOpaMH, a uyepes r — paHr K. Tapmonuka
exp (i(k, ¢)) Ha3biBaeTcs pe3oHaHCHo#, ecan REK. YacTuuno ycpeo-
HeHHOd C YYeTOM 3aJlaHHOW CHCTeMH pe30HAHCHBbIX COOTHOLIEHHH
(MM MPOCTO pe30Hanco8) Ha3bBAETCA CHCTEMa

]=eF,,(J, P

=0 () +20r (/. 9. (4’
rie Fx u Gx— CyMMH De30HaHCHBIX TrapMOHHK psaos Dypbe
¢yuxunit [(/, 9, 0) u g(/, 9, 0).

YTo6ul onpaBAaTh TEPMHH «4aCTHUHOE yCpeAHEHHe», caenaeM B
YPaBHEHHAX BO3MYLIEHHOTO ABHXXEHHS 3ameHy ¢a3 O=Rgq, rae
R — uenouncneHnasi yHHMOAY/NsIPHasi MaTpHua, nNepBue 7 CTPOK
KoTopoit npuHajsexat K (Takas MaTpHuUa CYLIECTBYET COFJIacHO
[145]). O6o3naunm y=(y1,..., y-) —NepBHe r KOMNOHEHT @, a
X=X, -+., Xm-r) — OCTaJbHHE KOMMOHEHTH. YCPeAaHsAs mo y Mo-
JIYYEHHYI0 CHCTEMY, MPHAEM K YPaBHEHHSM, 3KBHBAJEHTHHM (4).

dTo paccyX/ieHHe NMOKa3hHBaeT TaKXKe, YTO AJA OMHCAHUA H3Me-
HeHus J B (4) AOCTaTOYHO paccMOTPeTb CHCTEMY H3 n+r ypaBHe-
Huit ansa J, y. [epemenubie / MenieHHble, a Y — NOAYGLICTPHIE: OHH
H3MEHSIOTCA MelJieHHO BO/MH3H ToueK (ha3oBOro MpOCTPaHCTBA, rie
CnpaBeANHBbi 3aJaHHBe PE30HAHCHble COOTHOLIEHHS, U GHCTPO —
BaJH OT 3THX TOYEK.

[Tpumep 3. PaccMoTpuM CHCTEMy ypaBHeHH

[y=—esin(@—9,), [;=efcos (@ —P)+sin®),
¢1=1+11, (P2=l
Beenem y=0, — ¢,. ®a30BWA NOpTpeT 3alauu HA MAOCKOCTH [y, Y

nokasad Ha puc. 28. KoseGateabHas obaacTh uMeeT wmpuHy 4} e.
He3asucuwoe ycpeanenwe no ¢, ¥, npu /,(0)=0, y(0)=0 npu-

I/F
./%
’\/\ ’

Puc. 28

BOAHMT 3aBpema l/e k norpewmoctu 1. YacTHuHOoe ycpenHeHue C yue-
TOM pe3oHanca w; —w,=0 naer cucremy

Ji=—esiny, Ja=ecosy, y=di,
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KOTOpas ONHChIBaeT ABH)XeHHe Ha BpeMeHaX l/e ¢ TOYHOCTBIO 17O-
psiKa e. A

1.2. Mpoueaypa ucKialoveHus OGucTpHX nepemeHunix. Hepeso-
HaucHbll caydafi. OCHOBHYIO pOJb BO BCeX BOMPOCAX, CBA3AHHHIX
¢ NPHHIHNOM yCPeAHEHHS, HrPalOT 3aMeHH lePeMEHHhX, NMO3BOJA-
IOlllHe ¢ 3aNaHHOM TOYHOCTBIO HCKMIOYHTb H3 YPaBHeHHHl BO3MYy-
IIEHHOro ABHXKeHHs ObicTpble $a3sw H TaKHM 06pa3’oM OTAeNHTb
MelNeHHOe ABHXeHHe OT ObicTporo. B nepBoM NPHOIHIKEHHH 3TH
3aMeHbl NMPHBOIST HCXO/HYIO CHCTeMYy ypaBHEHHH K YCPeJHeHHOH.
Ux ckoHctpyupoBanu Jlunawrear (A. Lindstedt), Boanu, Hderone,
Hbiokom (S. Newcomb), Ilyankape, Ueiinear (H. Zeipel),
H. M. Kpoinos 1 H. H. Boroatw6os. OnuuieM NocTpoeHHe 3THX 3a-
MeH (B HEKOHCEPBaTHBHOM CJyuae; KOHCEPBATHBHBIH caydai pa3o6-
pan B § 2).

HyxHnas 3amena nepemenHnx [, ¢—J, ¢ Huuercs B BHAe ¢op-
MaJsibHOro psina

I=J—+—€Il1(./, q))+82u2(j’ 'qJ)+... (5)
P=vyp+4ev,(J, P+, (J, V) +...,
rie #; ¥ v; uMeloT No 1 nepHox 2n. Iloctapaemcs noaoGpath u,

W U; TaK, YTOOHl NpaBble HYaCTH YPABHEHWA /5 HOBHIX MNEPEMeHHHIX
He comepkamM OmcTpnix (a3, T. e. YpaBHEHH:T HMeJH BUI

J=eFo(J)+eF ())+... ©)
Py =0 (J)+eGo (J)+82G, (J) + . . ..

[MpeanonoxuM, YTO mnpaBbie YacTH YPABHEHWH BO3MYIIEHHOrO

IOBHXeHHs (2) aHa/MMTHYHLI MO BCeM aprymeHTtam. [loacTaeans 3amery
LepeMeHHbIX B 3TH YpaBHeHHsd, 3aMeHAS B NOJYYMBLIMXCH COOTHO-

wennsx J U § ¢ nomomsio (6) M NPUPABHMBAA UJEHHl OAHHAKOBOrO
nopAAKa NO & NONYYHM CAEAYIOULYI0 CHCTeMY COOTHOIEeHH:

Fol)=7U, 4. 0— 5o, ™

] dv,
Go(N)=g s & O+55m—5 0,

Fi())=X.(J, \p).-"_";g_*m, i1,

ovy,,
G =Yl )+ 55 ta— et

®ynxunn X,, Y; onpenensiotcs uneHaMH uy, Uy, ..., U;, U; B pas-
noxeHuu (5).

Hro6b 3anHcaTh pellileHHs NOJyyeHHO! CHcTeMm (7), BBelem
HonoJHHTENbHHe o6o3HaueHHd. Ilycts QyHkuus h(J, ) uMeer no
Y nepHon 2n. 3anuieM ee pasjioXeHHe B pax dypeoe:

h(Js $)=to(J)+ X, ke (J)exp (i (&, ¥)-
kw0
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Bynem o6Go3HauaThb
(b Y=hy(J), {h}v=g)i_(:_f3)exp (i (ky ¥))- ®)
Ouesuano,
:—‘p{h}‘l’m=h— (hyv.

Onepatop { - }¥ HasumBaloT untezpupyrouyum onepatropom. OH He
onpejeseH, Koraa 3HaMeHaTead B (8) o6pamaiorcs B HYJdAb HIAH
OuYeHb MaJel MO CPaBHEHHIO C YHCAHTeNAMH. TPYAHOCTH, CBf3aH-
Hbhle ¢ HaJH4YHeM 3THX MaAblx 3HameHnaTenell, SIBAAIOTCA OCHOBHH-
MH B TeopHH Bo3MmylueHHil. Ho Mn Bpemenno 3abyzem o HHX H 6y-
AeM CHYHTaTb, YTO HHTErPHPYIOLIHA ONepaTop MOXHO TNPHMEHHTb
KO BCeM BCTpeyawluMcs HMXe ¢ynkuuam. Toraa peileHHe cHC-
TeMnl (7) naetrcs dopmyaaMu

Fo()=(Sf(/, % 0¥ )
w (s ={f (/s b O+ u2 (/)

GolN)= (8 b O+ 301, (/, 9)) %

0 O={e( v 0+ 55 u /s ) +vow),
Fi={(X;)", Upa={XP+a) ., i>],

Jdw . do \J 0
Gi=(Yi+578a)"% ‘vm={yz+,ﬁ um} + Vit
3aeco 4% (J), v)(J) —npoussonbHbe QyHkunu. OOGHYHO BHIGH-
paiot u9=09=0.
Ecan o6opBaTh psanl AIA 3aMeHH NepeMeHHHX (5) Ha uneHax

nopsiaka r==>1, To NOMYYHTCA 3aMeHa NeEPeMeHHHX, KOTOpas MNpH-
BOJHT yPaBHEHHs BOSMYUIEHHOTO ABHXKEHHS K BHALY

J=¢eFz(J, &) +e*a(J, ¥ o),
v=0(J)) 4Gz (J, &) +e™B(J, ¥ ¢).

TakuM o6pa3oM, 3aBHCHMOCTb OT a3 OKa3hBaeTcs OTHECEHHOH B
yneHH nopsaaka e'*!. Ec/iH oT6POCHTb 3TH YJeHH, TO CHCTEMa. ypaB-
HeHHA ana J ortwenutca. Ecan HafiTH ee pelueHHs, TO H3MeHeHHe
¢a3n P onpelesHTCS ¢ NOMOILbIO KBaapaTypH. Bosspamasch K
HCXOLHHIM NepeMeHHbM, BUAHM, YTO H3MeHeHHe / CBOAHMTCA K Men-
JNIEHHOMY Zapeiipy (onHchiBaeMOMy ypaBHeHHeM aasa J), Ha KoTo-
PHIi HAaKJaAHBAIOTCH MaJjible OLICTPHE OCLHMIALUHH (ONHCHBaeMule
C MOMOUIbIO 3aMeHH NepeMeHHHIX), TOYHO TaK e, KaK B npuMmepe |
H Ha pHc. 27. M3MeHeHHe ¢ nmpelcTaBiaseTcsl KaK BpalleHHe ¢ Men-
JIEHHO H3MeHsIOlleiCss YacTOTOH, HA KOTOpOoe TaKXKe HaKJaAHBaloT-
Cs ocuMANsAUHH. B nepBoM npHOMHXKeHHH 3Ta MpoUeAypPa NPHBOAHT
K ycpeaHeHHoit cHcTeMe (c noGaBiaeHHeM ypaBHeHHH, MPHOJAHKeHHO
ONMHCHIBAIOWHKX H3MeHeHHe ¢a3).
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Boillle NpeAno.1ara’nocs, YTo B ¢opMmy.1ax AJds 3aMeHbl nepemeH-
HBIX 3HaMeHaTeaH (k, w(/)) He o6pamaioTcsi B HY/Ib B pacCMaTpH-
BaeMoOH 06/1aCTH. ITO NPeANOJIONKeHHe BHINOJHEHO /IS OAHOYACTOT-
HBIX CHCTEM C He obpaulalouiefics B Hy/b 4aCTOTOH, CHCTEM C MO-
CTOSIHHBIMH HECOM3MEPHMbIMH YacTOTaMH, CHCTEM C KOHEUHBIM YHC-
JIOM FapMOHHK B BO3MYIUCHHH H B HEKOTOPbIX APYFHX cCJayyasx
(cM. Huxe nn. 1.4—1.6). Ho ans o6wux MHOrOYacCTOTHHIX CHCTEM
3TO_ycJOBHe Hapyuwaercsi. 34eCE eCTb ABe TPYAHOCTH.

Bo-nepsbix, B ofweM cayuae 3nameHaTenn (R, o(J)), kRE€Z™\
N\ {0} obpawaioTcs B HyJb Ha BCIOAy NJOTHOM MHOXECTBe, TakK
uto popMyanl (8), (9) He no3BoansOT naxke ONPeACIUTb U, U,.
dTa TPYAHOCTb OGXOIAHTCS C MOMOWIbIO CJeAylolledi MOAH(pHKALHH
3aMmeHbl nepemenHbix. Boamymaomne ¢pyuxkuuu ef, eg npeacrasas-
10TCS B BHAE

ef =SV 04 =g+
rae f™," g™ — TPHrOHOMCTPHYECKHE TOJUHOMBl OT ¢, OTPaHHYEH-
Hbie CBEPXY MO MOAYJI0 BeNHuHHON nopsika e™. OnHcaHHas Bhiule
npoueaypa HCKJAKYeHHs ObiCTPeX (a3 nMpoBOAMTCH TaK, Kak GYyATo
[™, g — uneHbl NOPAAKA €™ B PA3NOXKEeHHH BOMYLLEHHS MO & (NpH
3TOM He YYHTHIBaeTCsl, 4To f™[e "H g™/em caMH 3aBHCAT OT ).
Toraa B Kaxaom nopsiake NPOUEAYPHl BO3HHKAET JHlIbL KOHEUHOE
YHCAO Manblx 3HameHatesell, CooTBeTCTBeHHO, QYHKUHH u;, U; He
onpejefneHbl JHWb HAa KOHEYHOM YHCJIE PE30OHAHCHBIX MOBEPXHO-
cret (R, w(J)) =0, 3aBHcsaweM oT & 1 HoMepa i. B Kaxaom Koneu-
HOM npHGJAHKeHHH oTo6pakenHe J, p—~/, ¢ OKasbiBaeTcs He olnpe-
JeNieHHbIM Ha KOHEYHOM (3aBHCslleM OT € H OT HOMepa MpHOJH-
XKeHHs) 4yucae noscpxHocTedl. BHe HEKOTOpO#i OKpPecTHOCTH 3THX

noBepxHocTeli (O6bIYHO LIMPHHH MNupsiika YVe) pasuoctn |I—J|,
|@—y| okasmBaloTCst fOCTaTOYHO MaJBMU (OGHUYHO TOXKE MOpAAKA

Ye), a oto6paxenne J, p—/, ¢ NeHACTBHTENLHO OMpelessieT 3aMeHy
nepemenubix. [loacTanoBKa 3TOH 3aMeHbl B ypaBHEHHS NO3BOJAET
OTHECTH 3aBHCHMOCTb OT (a3 B YW/eHH 6ojee BHICOKOrO MNOPsSAKa
MaJoCTH,

Bropas TpyAHOCTb COCTOHT B TOM, YTO B XOZe 3BOJIOUHHM YacC-
TOTH o(/) camn MeaneHHo H3MeHsoTCs. [loaToMy Ha uHTepBane
BpeMeHH l/e TOUKa MOXET MHOTOKPAaTHO NMepecekaTb OKPECTHOCTH
pe3oHaHCHbIX nosepxHocTedi. CieloBaTesNbHO, AaXKe 3aMeHa mepe-
MEHHBIX NepBOTO NMPHOMHXKEHHS He onpefesneHa, Booblue rosops,
BJOJIb BCeH TPAaeKTOPHH Ha HHTepBase BpemeHH 1/e. Oanako 3ra
3aMeHa fBJAAETCS OCHOBHBIM CPENCTBOM aHaNH3a ABHXeHHS MeXAy
pesonancamu. [Iponcxoasimine npu nepeceyeHHH Pe3OHAHCHON mno-
BEDXHOCTH SIBJIEHHA paccMOTpeHn HHxe B nn. 1.7, 1.8. T'py6o ro-
BOpA, Ae]0 31ech OGCTOHT TaK: CyMMapHas Mepa De3OHaHCHHX o6-
NacTeit OKasbiBaeTcs MaJsoii; NO3TOMY AJs GOJNBLIMHCTBA Hayadb-
HHIX NaHHBIX ABHXEHHE B HHUX He MOXET CHAbHO TNOBJHATHL Ha
3BOJIOUHI0 H NPHHUHKN yCpelHeHHs MNO3BOJSET ONHCaTh GBOJIbLIHH-
CTBO TPAeKTOPHI.
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3ameuanus 1. CywecTBylor pasible BapHaHTH NOCTPOEHHA
3aMeHH MNepPeMeHHbIX, OCYILeCTBJSAIOUIE/ pa3jesieHHe GHCTPOro H
MELJIEHHOTO [ABHXeHHA. B 4acTHOCTH, 3Ty 3aMeHy MOXHO HCKaThb
He B BHIe psja, Kak BHIlUe, a B BHAe KOMNO3HIHH MOC/AEN0BaTENb-
HEX 3aMeH nepeMeHHnX. IlepBas 3amena onpenensercs dopmy-

JaMH
I=J4eu (], 9), p=vp+ev (/. 9),

rie u;, vy — onpejesieHHble BHIlUe NepBbie uJeHH pANOB (5). Ypas-
HEHHS BO3MYLIEHHOrO ABHXXEHHS AJ/1s HOBBIX MEPEMEHRbIX COldepxar
¢asy p uneHax nopsiaka 2. 3areM JesaeTcs aHAaNOTHYHAs 3aMeHa,
nepeHoCALlas 3aBHCHMOCTb OT (asn B YJjeHH NMOpAAKa € K T. A
DTHM MeTOLOM CTPOHTCA Ta e caMas (popmaiabHas 3amena (5),
OJHaKO TEXHHYECKH OH 4acTo oKasbiBaeTcsi 6odee YyAoOHuiM. das
raMHJbTOHOBHX BO3MYIUEHHH METOJ MNOC/AeA0BaTeNbHbBX 3aMmeH 00-
Jajaer 3aMeyaTesbHBIM CBOACTBOM KBaJAPaTHYHOH CXOAHMOCTH: BTO-
pas 3aMeHa NepPeHOCHT 3aBHCHMOCTb OT (pa3bl B YJeHH Nopsika ef,
TpeTbsl — B 4JieHH Nopsaka € u 1. A. (cMm. HHxe n. 2.2, B).

2. Eule oqHH BapHAaHT npoueaypbl pa3idefeHHs ABHXKEHHH noay-
Yyaercs Ha OCHOBe cCJjeaywulero coobpaxenus. IlpeoGpaszoBanue
x= (I, )~ (J, ) =y BHaa (5) aeasercs npeobpasoBalueM CABHra
3a «BpeMs» e AJs HeKoTopod (opmaJbHOil cHcTeMbl AH(bepeHun-
aJbHHX ypaBHeHHH

Z—§=W(y, gy W=W,(y)+eWalt)+... .

O6paTtHo, Kaxxaas Takasi cHcTeMa YpaBHCHHI NopoxaaeT npeobpa-
3oBaHHe caBHra Buaa (5). [lostomy BMecTo dDYHKUHiA u;, U;,, BXOAS-
wHx B (5), MOXKHO Hckatb Gyukuun W, 3ajamiiue COOTBETCTBYIO-
myio cHcreMy AHGdepeHunaabHbix ypaBHenuii. [loayualomascs
npoueaypa yao6Ha TeM, yTo B Heil HMCIOTCA JAOCTaTOYHO MPOCTHIE
[065m?e ¢opMyab Aasi BbicwiuX npu6anxkenuii, IlToapo6GHocTH cM. B
154]. A

1.3. Mpouenypa HCKAOueHHa OGbiCTpbix nepemeHHbiX. Pesonamuc-
npit cayyai. [lycte 3azana noarpynna uesOYHC/AEHHBIX BEKTOPOB
K, onpenensioulas Bo3MOXHbie pesonanchl. [loctapaemcs nogo-
6paTb 3aMeHy nepeMeHHbiX /, @~ J.yp TaK, uTO6b NMpaBhHe YacTH
YPaBHEHHHI BO3MYLIEHHOTO ABHXKEHHs B HOBbIX NepeMeHHBIX 3aBH-
ceqd OT ObicTphix (a3 TobKO 4epe3 KoMOGuHauHu (R, ), REK.
3ameHy nepemeHHHX GyaeMm McKaTb B BHAe psjaos (5).

YpaBHeHus aas J, P AOMKHB HMETb BHI

J=eFo(J, V) +&2F (/. Y)4- ...

y=0()+elGo(/, )+ ...,
rae y=(yy,...,y;) — MOAyGbICTpble NepeMeHHbe (HEe3aBUCHMbIE
KoM6HHauud ¢a3 P c kospduunestamu W3 K), r — panr K. Bee-
AeMm eule GHICTPHie nepeMeHHble X = (X1, ..., Xn-r), (¥, X) =RV, rae
R — yuumopynsipuass MaTtpHua, BBedeHHas B korue n. 1.1. [Iloa-
CTaBJfi 3aMeHYy NepPeMeHHbIX B YPaBHEHHS BO3MYILUEHHOro ABHXKe-
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uud, Bbipaxas J, ¢ cornacio (10) u npupaBHHBAS ujeHH oaMHa-
KOBOTrO NMOpsiika MO &, MOJy4YaeM CHcTeMy COOTHOWeHuh Buza (7),
HO QyHKUMH F;, G; B ee NpaBHIX YacTAX 3aBHCAT yXe or J H OT Y.
HacTHoe pewenHe 310l CHCTCMB RaeTcs pOpMYJIaMH

Fo(li V) =<(f(/, v, 0)) 7,
w(/, §)={f (4, 9, 0)—Fo(J, VI®*+uo (),

Gols V=< g/s ¥ O+ 3% 1, (/s 9) ) 7,

o (J, \i’)={g(-/v P 0)+3—7un s ) —Go(/, Y)}‘r"*"bol )
Fi= (X% w,={X,—F}+u0 ()

0 v
G,= (Yt'i"ﬁum > % 'viﬂ:{yl"l"%uhl—ol} +'0?+1(-,)-

3aecs cuMBoa ¢ - >* 0603HauaeT ycpeaHeHHe NO ¥ (NpeXBapHTeb-
HO Ha/lo BHIPa3HTb P uyepe3 ¥y, x), cHMBOA {-}* Kak H B m. 1.2,
o6o3HayaeT npUMeHeHHe HHTerpHpywouero onepatopa (8), a «.°,
v, — npousBobHbHe ¢yHKUKH OT J. B ¢opMynax BOIHHKAIOT 3Ha-
MeHaTtenu (R, ®) ToabKO Aasa kéK.

OG6puiBas psaabl 3aMeHbl NMepPeMEHHHX Ha ufneHax r-ro MOpsika,
NONYYHM CHCTEMY YpPaBHEHHI, B KOTOPOHl 3aBHCHMOCTb OT OHICT-
puix a3 comepXuTCcs B yneHax nopaaka e't'. Or6pacwBas 3TH
YJeHbl, MOJYYHM YKOPOUEHHYIO CHCTEMY, KOTOPYIO C/leAyeT npHMe-
HATb AJIl OMHCAHHA JBHXEHHS B OKPECTHOCTH PEe3OHAHCHHX Mo-
BepxHocTed (k, o(/)) =0, kK. B nepsoM npHOAHXKEHHH 3Ta CH-
CTeMa COBNajaeT ¢ YacCTHYHO YCPEAHEHHOA C yYyeTOM 3aJlaHHHX pe-
30HAHCOB cHcTeMo# (4) (Toabko Hago BHOpaTh 4),°=0).

1.4, Ycpeanenue B oaHovacTOTHHX cHcTeMax. Byaem paccmart-
pHBaThb CHCTeMy ypaBHEHHA BO3MYIUEHHOTO ABHXeHHs (2), B Ko-
TOPOH ecTb TO/IbKO oAHa (pa3a. Bynem npeanosaarats, 4To yacroTa
H3MeHeHHs1 3ToOfi ¢a3n o(/) He ob6pawmaerca B 0: w(/)>c >0,
¢=const. B TakoM cJayyae CHCTeMy Ha3HBAIOT ellle cuUcTeMod ¢
6obictpo epawjarowedcs ¢asod. TakHe CHCTEMB — ONHH H3 OCHOB-
HHX 06beKTOB TeOpHH BO3MYylleHHH. BoT HekoTOpHe NMpHMepH:

— Kone6aTenbHas CHCTeMa C OJHOM CTeneHbI0 CBOGOAH, Ha
KOTOPYi0 Ha/10)KeHO MaJjioe HeKOHCepBaTHBHOe BO3MYylileHHe (Ha-
npHMep, MasTHHK C MaJblM BO3MYILAIOLIHM MOMEHTOM);

— KosebaTeJbHasi CHCTeMa C OJHOH CTeneHblo CBOGOAH, napa-
MeTpH KOTOPO# MJaBHO MeHATcA (HanpHMep, MasTHHK C
MeJNeHHO H3MeHsIowefica AauHoi [63]);

— CHCTeMa, Ha KOTOpYIO AeHCTByeT MaJjioe GHCTPOOCUHJIHPYIO-
llee nepHOAHYECKOE MO BpeMEHH BO3MYILEHHE;

— IBHXEHHe B 3aJaye ABYX TeJ NMPH HANHYHH MajOro BO3MY-
WweHHs (Manoit TArH [67], conpoTHBNEHHs cpenn);

Y B obwem pewenun u.° v 3aBucar or J, v ¥ u3Mengiorca Fq, Gq,
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— BpallieHHe TBEPAOro TeJa OKOJMO LEHTPA MAacC NPH HaNHYHH
Majoro BO3MYLIAIOLIEro MOMeHTa, KOTOPHHA He 3aBHCHT OT
PacnoJIoXKeHHsi TeJa B MPOCTpaHCcTBe (TAra yCTaHOBJEHHHX
Ha Te/le DEaKTHBHHX ABHraTejefi, CONMPOTHBJEHHe Cpelnbl
[43], [105]); 3necy HeBO3MylueHHOe ABHXKEHHE MPOHCXONHT
no Jiinepy—Ilyanco H HMeer gse 6uicTphe ¢a3H, HO OAHA
H3 HHX, XapaKTepH3yloUlasi mpeueccHIO TeJa OKOJO BEKTOpa
KHHETHYECKOTO MOMEHTA, He BXOJAHT B ypaBHEHHSN;

— ABHXEHHe 3apsAXeHHOH YacTHUW B MarHHTHOM IoJe, Malo
H3MEHAIOIEMC Ha [UIMHe JlapMOpOBCKoro pamuyca [52],
[180]; B HeBO3MyulEHHOH CHCTeMe MarHWTHOe moJe NOCTO-
SIHHO M ABHXKEHHe MPOHCXOAHT MO JIapMOPOBCKOH OKPYXKHO-
cTH, Apeidylouleli BAOJb CHIOBHIX JIHHHIA MOJS, a poJib
6oicTpoit dasbl Hrpaer yrioBas KOOpAHHAaTa TOYKH Ha 3TO#
OKPYXKHOCTH.

MHoro npuMepoB aHa/iH3a ABHXEHHS ONHOYACTOTHBIX CHCTEM C

MOMOWbI0 yCpeaHeHHs colepxHuTcs B [63].

B oaxouactoTHOM cayyae o60CcHOBaHHe NMPHHLHMNA YyCPeAHEHUS
NpoBe/eHO NPAKTHYECKH MNOJNHOCTbIO. HH)Ke npHBoAsATCH pe3yabra-
Tl O TOYHOCTH YCPeAHEHHS Ha BpeMmeHax nopsanxka l/e, cBoHCTBax
BHICIIHX NPHOIHXKEHHH NPOUEAYpPbl HCKJAIOYeHHs ObICTPOR nepeMeH-
HO# H O CBSi3H HMHTErpaJbHbHIX MHOroo6pasuit (CTaUHOHapHBIX TO-
YeK, UHKJOB, HHBaPDHAHTHBIX TOPOB) TOYHOM H yCpeAHEHHOM CHCTeM.

3ameyanue. Huxe Bciony B GopMyTHpOBKax TeopeM omy-
CKaloTCA eCTeCTBEHHble YCJAOBH:i NPOAOJMHMOCTH pelleHHA: npen-
nosaraeTcs, 4To pelleHHe ycpelHeHHoit cHcTeMbl J(f) nmpu 0<Ci<C
<l/e He noaxoaHT caHWIKOM 6JH3KO K rpaHuue 06JacTH onpe-
JeNeHHST CHCTEMH. A

[Tycts B ypaBHeHHsX BO3MYLUEHROro ABHXeHHA (2) yacToTa @
H BO3MYLIeHHs f, g — rmaakie GyHKUHH B cBoeil 06.acTu onpene-
nenHs BXS'X [0, €], orpanuueHHble BMecTe CO CBOHMH TPOH3BOA-
HHMH NepBOro Nopsiaka nocrosHHoii C.

Teopema 1. Pasnuune Mexay MeNTeHHbIM ABHXeHHeM /()
B TOuHOIl cucTeMe H J () B yCpeAHEHHOil CHCTEME OCTAeTCHA MaJbiM
B TeueHHe BpeMeHH 1/e:

[7(ty—I(t)|<cig, ecan [(0)=J(0), O<i<l]/e.

31ech ¢, — nOCTOSAHHASA, 3aBHCAIAS OT MOCTOSAHHBIX ¢ H C.
<] 3ameHa nepeMeHHBIX MepBOro NMpHGIHXKeHHs H3 n. 1.2 oT-
JIHYAETCS OT TOXAECTBEHHOH Ha BeJHYHHY nopsaka e. OHa NpHBO-
AMT TOUHYK CHCTEMY K YCpelHeHHOH ¢ Ao6GaBieHHEM MaJoro
(nopanka €2) Bo3MylleHHs. 3a BpeMs l/e 3T0 Bo3MyuUieHHe MOXeT
H3MEHHTb 3HayeHHe Me/JeHHO NepeMeHHOM, Mo CPaBHEHHIO C ee
3HayeHHEM B yCPeAHEHHOH CHCTeMe, JHUIb Ha BeJHUHHY NMOPAAKaA e.
BosBpauiasicb Kk HCXOAHBIM NepeMeHHBIM, MOJyYaeM pe3yJbTaT Teo-
peMu. D>
Ora Teopema 6blna Aokaszana Pary (P. Fatou) u, apyrum cno-
cobom, JI. U. Manaeaswitavom u H. 1. INananekcu [96]. INpuse-
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JAeHHOe AOKa3aTeqbCTBO, OCHOBaHHOe HAa HCKJIOUEHHH GuicTpoit da-
3u ¢ nomouwbio 3aMensl, npuHannexut H. H. BoroaoGosy".

Ecan BO3MyuUleHHast CHCTeMa aHaJHTHYHA, TO MPOUEAypa NMYHK-
Ta 1.2 nosBoasier HCK/IIOYHTL H3 ee NMpaBHX yacTell a3y B J060M
KOHeyHOM nopsake no e. OfHako noayyaemble psAAH, BooGlile roBO-
ps, pacXoAATCH, TaK YTO MOJIHOCTBIO HCKJIOYHTH da3y H pa3fienThb
6HCTpOe H MelNeHHOe /IBHXeHHe He ynaercs. OkasbBaercs, Hc-
KaloueHHe ()a3n MOXHO NPOBECTH ¢ 3KCMOHEHUHANbHO  MaJofl
owH6KoA. d1a own6Ka B obllieM cAyyae MPHHUKNHAJBLHO He yCTpa-
HHMa HH B KaKOM BapHaHTe TeopHH Bo3MyuueHHA. ChopmynnpyeMm
TOUHEe yTBepXKJeHHe o6 HcKJiodeHHu ¢asun. Ilycts npaBme yactn
BO3MYLUEHHOA CHCTEMB aHAJTHTHYECKH MPOAOIKAIOTCS B KOMILIEKC-
HY10 §-OKpPecTHOCTL 06,1aCTH ONpefesieHHS CHCTEMH, OCTaBasiCh
orpaHHyeHHHMH no moaynio mocrosHuod C. Ilyctb B 3TOH OKpect-
HOCTH |w|>c'>0.

Teopema 2 ([108]). AHaauTHuecKOA 3ameHON mnepeMeHHBIX

I=J4eu(l, 9,8 P=p+eolls vl |u]+]v]<c,
ypaBHEHHﬂ BO3Myu.l€HH0l'0 JABHXEHHA MNMPHBOAATCA K BHAY

J =@/, &)+-a (/. % 8)),

V=Q(/, &)-F-eb (/. &)
la|+B]<crexp(—c3'/e), [@— ( f)|+|Q—@]<ce.

3aech  ¢;>0-—nosoXHTeNbHBE NOCTOAHHHE, 3aBHCAWIME OT C,
C, 6, eo”.

OKcnoHeHUHaNbHHA N06aBOK HEYCTPAHHM, TaK KaK MpOEeKLHS
BCAKOH KpHBO#, NMepBOHAYaJbHO GJH3KOMH K OKpYKHOCTH [ =const, Ha
NPOCTPAHCTBO MeAJIeHHbIX NMepeMEeHHHIX pacTteT, Boobille rosops, He
MelneHHee, yeM efcsexp(—ce~'/e) npu nepeHoce KpHBO#H (a30BHM
NOTOKOM.

Hccnenosanne ycpeaHeHHOM CHCTEMBl 4acTo NO3BOJSET yCTa-
HOBHTb CYLIECTBOBaHHe MNpENE/bHHX LHKIOB H HHBAPHAHTHHX TO-
POB MCXOZHOH CHCTEMbi H NPHOJHXKEHHO HX BBIYMCJ/IHMTS.

Teopema 3 ([9]). IlycTb ycpeaHeHHass cHCTeMa HMEET HeBbl-
poxaeHHoe® monoxeHHe paBHoBecks. Toraa TouHasi cHcTeMa uMeeT
npeReJabHbI LHKJA BAOJb KOTOPOrO MelJIeHHHE IepeMeHHble H3Me-
HAIOTCS B OKPECTHOCTH YKa3aHHOTO PaBHOBECHA pa3Mmepa NOpPAAKA e.
Ecan Bce cob6cTBeHHble 3HaYeHHsi YCPEeJHEHHON CHCTEMbI, JHHeapH-
30BaHHOR OKO./10 3TOr0 PaBHOBCCHSA, HMEIOT OTPHUATE/bHblE BellecT-
BEHHble YaCTH, TO LHKJ aCHMNTOTHYeCKH ycrtoHuus. Ecau pewect-

) Touywee, H. H. Boroawo6os goxasan 3THM Cnoco6oM nn106HYyi0 TeopeMmy
ans cucrem Goaee ofliero BHAa (Ha3BaHHHX WM CHCTEMaMH B CTaHaapTHoll
¢opMe), HaCTHBIM CJAyYaeM KOTOPBIX SBAAIOTCH OANOMACTOTI M€ CHCTeMH H CH-
CTEeMHW C KBa3HNEPHOHYECKHM 0 BpeMeHH BoavyulenHem [8), [9].

9 O6osnavennst 18 MOCTOSMHHX BWGHPAIOT TaK, YTOGW NPH VRCAHYCHHH C,
C OUEHRH COXPaHRAHCD.

9 TToaoxeHue pPaBHOBCCHA HAa3LIBAETCH HEBBIDHAIEHHLIM, €CJI JIHHEapH30-
BaHHAS OKO.10 HEro CPCTeMa He HMCeT HYJICBRIX COBCTBeHHBIX 3HAYCHMA.

162



BeHHas 4acTb OAHOrO H3 COGCTBeHHHX 3HaYeHHA NOJOXHTENbHA,
TO UHKJI HEYCTOHUYHB.

<1 Beeaem ¢asy B xauecTBe HOBOJi HE3aBHCHMON mepeMeHHON
(HoBoro BpemenHn). PaccmoTpuM ABa oto6paxenus R™ B ce6a:
Ty — orob6paxkenne capura 3a (HoBOe) Bpemsi 2 AnsA YCPeAHEHHOR
cHcTeMBbl, T) — TaKoe Xe OTOOGpaxkeHHe AN TOYHOH CHCTEMH, npe-
06pa3oBaHHON ¢ NMOMOIBIO 3aMEHH MepeMeHHHX NepBoro npu6au-
XKeHHs, mocTpoeHHOR B nyHkTe 1.2. Oro6paxenus To u T; caBura-
IOT TOYKY Ha BEJHYHHY NOPSAKa e, a OTJIHYAIOTCH APYr OT ApYra
Ha BeNHYHHY nopaaka e’ Y otro6paxenns Ty uMeeTcs HeBLIPOXKIEH-

HasA HenmoABHXHas Touka J,. [lo Teopeme o HesBHOM QyHKWIH ¥
oroGpaxkeHus T; NpH AOCTATOMHO MaJIOM € HMeEeTCS HEMmOABHXKHAA
Touka J=J,4+0(e). OueBHAHO OHA CNYXKHT HAYANbHBIM ycJ/oBHEM
ANt HCKOMOro NpeAenbHOro UHKAa. >

Ilpumep 4. Ypasnenuem Ban-dep-lloas Hasusaetcs ypas-

HeHHe

x=—x+e(l—x2)x,

ONMUCHBAIOWLEE KONEGAHHA C MAJLIM HEJMHEAHBIM «TPEHHEM», TONOXHe
TEJbHHIM NPY GOABIUMX AMIIMTYAAX M OTPHILATENbHLIM NpU MaJkX.
HeBo3MyluienHoe ypaBHeHHE X = — X MOXHO 3amuCaTh B €TaHLApT-
HoM Bape [ =0, ¢ =—1, rae 2/=x2+i°, ¢=arg(x+ix).
YpasHenue ran [ B BO3MYIIEHHOM ABHXKEHHH HMEET BHJ

I =e(1— x2) x*=2¢e/ (1— 2/ cos? ¥) sin2¢.
YcpensnenHoe ypaBHeHWe eCThb

J=e(J—J22).

Ono HMeer orra’kuBawliee paBHoBecue J=0 u NpHTATHBaOLEE
J=2. PasuoBecuio J=0 cootBercTByeT paBHOBecHe x=0 HCXOAHO-
ro ypasHeHHs. PaBHOBechio J=2 COOTBeTCTBYeT, B CHay cOpMy-
JIHPOBAHHOA BHIlle TeopeMbl, YCTONUHBLIA MpefeNbHBA UHKJA HCe

XOAHOMO  ypaBHeHHs, OGJH3KHA K OKPyXHOCTH x2+x2=4
(puc. 29). A

Prec. 29

Ecnn ycpeanensas cucTema HMeeT npeaedbHbli LHKA, H
XapaKTepHCTHYECKHe MOKa3aTeJH JHHeapH30BaHHOH OKOJO Hero
CHCTEMH HMel0? HeHyJeBble BellecTBeHHHe 4YacTH (KpoMe OAHOro,
KOTOPHI COOTBETCTBYET CABHIY BAOJAb UKKJA M paBeH HYJIO), TO
TOYHAsA CHCTEMa HMeeT ABYMEDHLI UMBAPUANTHbLU TOP, YCTOHYH-
BHi HJAH HeyCTOHYHBHIH BMeCTe C LHKJAOM, BAOJb KOTOPOro Mex-
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JieHHHe NepeMeHHHe MEHSIOTCA B OKPeCTHOCTH YKa3aHHOro mnpe-
JeNbHOro NHKAa pa3mepa nopsaka e [9], [89]. Ipoueaypa uckaio-
yeHHsi OHCTpO/i MepeMeHHOH MNO3BojseT MOJYYHTh ¢opMaaLHOe
pas3ioxenHe TaKkoro HHBapHaHTHOro TOpa B pPAR NO &, Hasa sroro
AOCTAaTOYHO pa3JioKeHHe MPeAeALHOro UHKJAA CHCTeMH (6), onuchl-
Balleii MeaienHoe ABHXEHHE, MOACTABHTbL B Pas3jloKeHHe 3aMEHB
nepemennnx (5). [lonyyeHHbe psaM, Kak NPaBHJO, PacXOAATCS
(cM. nuxe IMpeanoxenne 1 u npumep 5). OOHAKO OHH HOCHAT
ACHMNTOTHYECKHH XapakTep: o6pniBas HX Ha 4JeHax NoOpsAka e,
nonyyaeMm NPHOJHXKEHHe A HHBAPDHAHTHOrO TOPa C TOYHOCTHIO
O(e*t).

JBikcHne Ha JABYMEPHOM HHBApHAHTHOM TOPC, POXAAIOLLEMCSH
M3 UMK/ YCPEAHEHHOf CHCTeMbl, XapaKTepH3yeTCid BBEAEHHbIM
A. Tlyasxkape  wucaom  spawenus p(s)=’lzr:° %. rae
9, ¢ (modd 2n) —koopaudaTei Ha Tope [7]. Ecau uucao Bpauequs
HPPaAUHOHA/IbHO, TO ABHXEHHE YC.JIOBHO-NMEPHOAHYHO H KaxkKAas Tpa-
eKTOpHs o6MarhiBaer TOp BCioAy MAOTHO. Ecam uHcao Bpauenus
PaUHOHANBHO, TO HAa TOpe CYIUECTBYIOT UHKJH; €CJH HHKAb HEBbi-
POXAEHH, TO HX Y€THOe YHCJO (NOJOBHHA — YCTOMYHBHE, NMOJOBH-
Ha — HEYCTOMYHBbLIE), H OCTaJbHHE TPAEKTOPHH NPHTATHBANITCA K
HHM npH f—toco. Uncao Bpaumenks p(e) B cucteMe obuiero noJo-
JKeHHR NpeACTaBAseT cO60ff HenpepLBHYI0 KYCOUHO-NOCTOSIHHYIO Ha
OTKPBITOM BCIOAY NMJIOTHOM MHOXECTBe (YHKLHIO OT & (Bpoie Kau-
TOPOBOU AeCTHUYbL, HO TOJAbKO CyMMapHasfi OTHOCHTe/bHas Mepa
HHTEpBAaJIOB MOCTOSIHCTBA HA OTpeske [0, eo] cTpeMHTCs K HyJI0
upi g—0). CyuiecTBoBaHHe HHTepBaJiOB MOCTOSIHCTBA CBA3aHO C
HalHYHeM Ha TOpe HEBBHIPOXKAEHHHIX LHKMOB: NPH MajoM H3MeHe-
HHH e TaKHe UHKJIH He HCYe3alT H, CJeA0BaTeNbHO, YHCJIO Bpa-
WeHHs He H3MeHseTcs. [Ipu e—0 B cHcTeMe O6LIEro NONOXKEHHA Ha
TOpPe MPOMCXOAHT G6eCKOHeyHas MOCJAeR0BATENbHOCTh GHYpKalHil
POXIEHHS M HCYE3HOBEHHS UHK.I0B. Bce aTH fBNeHHS He ynaBaH-
BaIOTCA GOPMANLHON NPOUEAYPOi TEOPHH BO3MYILEHHII.

3aMeTHM, 4TO B aHANHTHYECKO{l CHCTeMe NpeNeJbHBIl LMK,
POXKAAOWIHIACA H3 PABHOBECHS YCPeIHEHHOIl CHCTEMB, aHaJHTH-
H9E€H H aHAJNIHTHYECKH 3aBHCHT OT & (3TO BH/AHO H3 J0Ka3aTe/bCTBa
teopemu 3). [Tpn poxaeHun Topa M3 UHKAA YCPeAHEHHON CHCTEMH
KapTHHa COBepIUEHHO ApyTaf.

Mpennoxenne 1 ([89]). UuBapuanTHbiit TOp BO3MYLIEHHOI
CHCTeMbl, KaK NpaBHJ0 (B CJyyae OOLLEro NOJNOXKEHHS), He aHa-
JIHTHYEH No nmapaMerpy e. [las OTKPHITOro BCIOAY MJOTHOrO MHO-
XKecTBa 3HAYEHHil & TOP HMMeeT .IMIIb KOHeYHoe (HO pacTyluee C
YOLIBAHHEM €) UYHCAO MPOH3BOAHLX MO (A30BLIM MEPeMEHHbIM.

<Ilycts npH HeKOTOPOM e=g, CyleCTBYET ACHMNTOTHYECKI
YCTOITuIBbIii HHBapHAHTHBIT TOp, 4HCJO Bpallenuss u(e,) paumo-
HaJIbHO M COOTBETCTBYIOUIME LUHKAB HeBHPOXKAeHbl, s npocToThl
paccMOTPHM cnyvaii TpexmepHoro ¢asosoro mpoctpanctsa. Ceye-
HHE TOpa MIOCKOCTBIO @==CcOnst nokas3aHo Ha prnc. 30, 3aHMCTBO-
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BaHHoM H3 [177]. Ecan nuHeapH30oBaTh BO3IMYILEHHYIO CHCTEMY
OKOJIO UHMKJA H NPHBECTH €e K CHCTeMe C NMOCTOAHHHIMH KO-
uHedramu (cornacHo Teopru Pioke—JIAnyHOBA), TO HEYCTOHYH-
BBl LMK/ npeBpaTHTCS B CEMJIO, a YCTOHYHBHIA IHKJA— B y3el.
ViHBapHaHTHHA Top COCTaBJeH H3 coeJMHEHHHX B Yy3/1aXx BHXOAs-
IHX YcOB cefies. SIcHO, YTO NMPH Ma/JoM H3MEHeHHH & TaKas KapTH-
Ha coxpausercs. Ho B yane Bce KpuBne Ha pHC. 30 KpoMe YeTH-
pex, KOTopbie Mbl HAa30BeM I/IaBHBIMH, HMEIOT, KaK NPaBHJIO, KOHed-
HOe YHCJO NMPOH3BOAHBLIX. DTO CHAEAYET yXKe H3 AMHEHHOM TEOPHH: B
riaBHHX ocsix (pasoBble KpHBHE HMeloT BHA y=|cx|*i*t, rae Ay B
Ay — cOGCTBeHHbBIe 3HAYeHHs NPHBEJEHHON 1HHEAPH3OBAHHOM CHC-
TEMHl, A; XapaKTepH3yer CKOPOCTb NMPHTSXEeHHs TOPOM TPAEeKTOPHH
H3 0o6beMJIoulero NPOCTPAHCTBA, Az — CKOPOCTh COJIHXKEHHS Tpaek-
Topuii Ha Tope. [TOCKONBKY ceueHHs BBIXOASMLUHX VCOB celed He
06513aHbl GLITH OAHOBPEMEHHO INIaBHLIMH KPHBBIMH Y3J0B, TO TOp
HMCET KOHEYHYIO I.1a1KoCTb, Bnpouem, 3Ta ri1aj1kocTh OYCHb BC.1H-

- -1
Ka H ObICTPO PacTeT ¢ POCTOM &, TaK KakK A /A;>¢ 1’exp(Ce£)(3ro

c/lellyeT H3 TeopeMn 2: ec/lH K CHCTeMe JAO6GAaBHTL IKCNOHEHUHAMb-
HO Malbfi uJieH, TO BCe TPAGKTOPHH HA TOpe CTAHYT WHKJaMH).

N q(

AN

o N,
A S
Pnuc. 30

Hanee, ecin npH CKOJb YroAHO MajHX ¢ TOp MOXeT OHTb He
aHaJMHTHYeH Mo (a30BbIM NEPEMEHHLIM, TO OH He aHAJHTHYEH X NO
e. [JleficTBHTENIbHO, KaK OTMeYanoch Bbllie, NPOUEAYpa HCKAIO4e-
HHA OLICTPOii MepeMeHHOil NO3BO.JIseT HanMcaTbh (GOpMa.TbHOe pas-
JIOXKeHHe Topa B psd no e. Bce KospduunenTn B 3ToM pasaoxe-
HHH — aHa.JHTHYecKHe (YHKUHH (a30BHX nepemeHHHX. Ecam Top
QHAJHTHYCH NO €& B OKPECTHOCTH HYJs, TO 3TO (OpMajbHOE pa3e
JOXeHHe 0653aHO cOBNalaTh ¢ HCTHHHHM (KaK acCHMNTOTHYECKOe
pasjloxkeHHe aHAJHTHYECKOR QYHKUHI), CXOAHThCS M, CJe10Ba-
TCJAbHO, NPEICTaB.IATh AHAMHTHYECKYI0 (YHKUHIO $Ha30BHX Rnepe-
Mennbix. Mrak, B paccmaTpupaemom caydac Top He aHaNnHTHYen
no e. >

HeanaautHyiocTs Topa mo &€ MOX4HO NPO1eMOHCTPHPOBATL 1A
OYeHb NPOCTHIX NpliMepax, B KOTOPLIX aHaJIHTHUHOCTL NO HA30BEIM
nepeMeHHbIM BCE XKe HMeeTCs.

MMpusmep 5 ([33]). Nycts p, # mod 2x — noaspusie Koop.u-
HATLI Ha ILTOCKOCTH MEI1eHHbIX nepeMeHHbIX. Paccmorpxm B KO.1bL-
ne 1/2<<p<<2 ypaBHeHHSt BO3MYLLi€HHOFO ABHXXCHHA
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‘p=—clp—1+P@®, 9], ¥=e 9=1,
P=a,exp(i(kd+k), ay=exp(—|k|) kA0,
Ycpenuss no @, noayuum
p=—elp—1), H=¢

OkpyxHoCcTh p=1—npeneabHbifi UHKA ycpeaHeHnHo# cucTemu. Jler-
KO OnpefesifeTCs HHBAPHAHTHLIA TOP TOYHOM CHCTEMbl

. ag exp (i (k,® + k,9))
P—H‘z i(ket+hy)+e k#0.
B ckonb yroawo maiom KoMmiekcHom kpyre |e|<<ep Haiigercs
3HaueHlle €, MPH KOTOPOM OAMH H3 3HaMeHaTe.1eit B 3Toil ¢opmyse
obpauaercs B Hyas. (J1e10BaTeNbHO, HHBApHAHTHHIL TOp He aHa-
JIMTHYEH MO €. A

Ecan ycpennennas cucTeMa uMeer BbIPOXKAEHHOE MOJOXEHHE
paBHOBeCHs (LUHMKJI), TO BOMPOC O CYWECTBOBAHHM H YCTOHYHBOCTH
MepHOAHYECKOro pelleHHs (TOpa) TOYHOM CHCTeMbl, KaK mpaBujol,
MOXeT OHTh pelleH c MOMOILbIO BHCWIHX NPHGJIHXKEHHH Npoueay-
PH HCKAIOYEHHS GBICTPHIX MEPEMEHHHX.

[Ipumep 6. (YCTOIUHBOCTD BEpXHEro MOJOXKEHHS MAATHUKA C
subpupyrowed Toukold nodseca [51], [74]). YpaBHeHHe ABHXKeHHS
MafTHHKA, TOYKa MoJBeca KOTOPOro COBepuIaeT BEPTHKAaJbHHE CH-
HYCOHAA/MbHElE KO/MeGaHHsl, NDH HAaNHYHKH BA3KOLO TPEHHA HMe-
€T BHA

Y+ v+ (g —aw?sinwt) ' sind=0.

3nect % —yron OTKJOHEHHA MasTHHKA OT BEPTHKAMM, @ H ©—
aMIUIHTYa W YacToTa KoJeGaHWii TOYKH mojseca, [ — ANHHA MasTHH-
Ka, g— yCKOpeHue CBOGOAHOrO naneHus, v—Ko3(dUUHEHT 3aTyXa-
Hus. [lokaxeM, YTO NpPH NOCTATOYHO BLICOKOH YACTOTE M  MAAOMN
AMIMTYe KOJEOaHWi TOUKH TNOABECA BepXHee MOJMOXEHHEe paBHO-

BeCHa MasaTHHKa ycroiyuso. QO6O3HauuM 1=/, K2==—q§-;,

T —
6=VK]/E’ e,—_-]/li H Oyaem cuutatsh, uto K, 6 —Be/MNHHH

nopaaka 1, a e Man0. YpaBHeHHe LBHXeHUS, HHEaPH30BAHHOE OKOJIO
BEPXHErO MOJOXEHH DABHOBECHS, HMEET CJACAYIOWHA BHA (WUTPHX
o603nauaer auddepeHuHpoBanue no t):

x"+ebx’ 4 €2 (sint — K2%?) x=0.

BBeas y=x’/e, nepenuuleM ypaBHeHHe B BHAe CHCTeMHl, MPHroA-
HOH A/l NDHMEHEHHA YCPEAHEHHS:

x' =gy,
y'= —eby+e(—sin t4K?e?)x.
") Tpu HekoHCEPBATHBHOM BO3MYLIEHHH.
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B ycpeanennoft cHcreme paBHOBecHe ~X=y=0— BHpOXKAEHHOE.
[Mocne nByx waros npouelyps HCKAOUeHHS GHCTPHX (a3 cucrema
NPHBOAHTCA K BHAY

x'=ey+0(eY),

' =—eby+e3 (K2—1/2)x+0 (e*).
Or6pocus unenm nopsaxa ed, nosyuaeM YKODOUEHHYIO —CHCTeMYy
B nen pasnosecne x=y=0 ycrofunso npu K <1/V/2 u Heycrofi-
uuso npu K > 1/V'2 (ans nocrarouno maaux e). Herpyauo nokasars,

9T0 AAf 3aTyXaHua 050 y HCXoAHOro MafTHHKAa npH Takux K
H QOCTAaTOYHO MaJKX ¢ BepXHee [MONOXKEHHE  COOTBETCTBEHHO
YCTOHYHBO HJAH HeycTOoiuuBOY.

fiBneHHe cTaGH/AH3aUUM BEpPXHEro NOJOXKEHHS MaATHHKAa fpPH
BHGpauuu ToukH noiBeca o6Hapyxuau H. H. Boromo6os [51) u
I1. JI. Kanaua [74]. 3aTeM BO3MOXHOCTb CTaGHAH3aUHH C MO-
Moubio BHGpauuu HcchefloBafnacy B psade paGor (nmepeseHb CM. B
96]), cpean KoTophix HauGosee H3BecTHa paGora B. H. Uenomes

127] o noBblwenun yctofiuuBocTH ynpyrux cucreMm. Henasno o6-

HapyXeHHbHe HOBbHle NMPHMepH BJHAHHA BHOpauH# Ha YCTOHYHBOCTD
onucauu B [128]. A

1.5, Ycpenunenue B cHcTeMax ¢ MOCTOSHHLIMM uvacroramu., Cuc-
TEMH C NMOCTOSIHHBIMH, T. €, He 3aBHCSIIHMH OT MEAJEeHHHX nepe-
MEeHHBIX, YaCTOTaMH BO3HHKAIOT, KOrfAa pacCMaTPHBAETCA MaJioe
He/lMHellHOe B3aHMOJAeHCTBHe JAWHEAHBIX KoJebaTeNbHBIX CHCTeM?,
BJHSIHHE Ha JIHHefiHble KoJe6GaTeJbHble CHCTEMbl KBa3HMEepPHOAH-
YEeCKHX BO3MYIUEHHH HJH NeficTBHe OLICTPHIX BHEWIHHX KBa3ume-
PHOAHYECKHX CHJ Ha HeJHHEHHYI0 HEKOJeOaTesbHylo cCHCTeMy (CKa-
JeM, BJAHsIHHe BHOpaUHA OT AByX HECHHXPOHHHIX MOTOPOB Ha ABH-
XeHHe KopabJast HJH camoJeTa).

PaccMOTpHM aHaJHTHYECKyi0 CHCTeMy cTaHAapTHoro Buiaa (2)
¢ MOCTOsSIHHBIMK YacToTaMu, Byaem npeanonarartbh, 4To KOMINOHEHTH
BEeKTOpa YacTOT @ CHJIBbHO HECOH3MeDHMHI:

| (B, ©) | >c~'|k|~, c,v=const>0 (11)

IONS BCeX LeNOoYHCAeHHBX BeKTopoB ks=0. Kak u3BectHo [30], npu
v>m—] MHOXeCTBO TOYEK ®, AJAS KOTOPbIX ycaoBue (11) He Bu-
MOJHEHO HH NPH KakoM ¢, umeeT Mepy 0.

Teopema 4. Ecau yacTorhl HEBO3MYILEHHOro ABHXKEHHA MO-
CTOSSHHBI H CHJIbHO HECOH3MEpHMbi, TO pa3/iHuHe MeXAy MelJieH-
HuiM aBHXKeHHeM /(f) B TouHO# cHcTeMe W J(f) B ycpeAHEHHOH CH-
CTeMe OCTaeTcs MaJjbM B TeyeHHe BpeMeHH l/e:

[(t)y—=J (1) | <cie, ecan [(0)=J(0), O<<t<l/e.

H Ecan 8=0, K>1/Y2, 1o paBuosecuc neycroiuuso. Ecan §=0, K<1/Y2, 10
paBHOBeCHe YCTONYKBO, HO [OKa3aTeIbCTBN  3tOoro  TpebyeT HOBHX HaeR
(cm. n. 3.5 B). [MpumeHenne npoueayps HCKIIONEHHA ObLICTPBIX MEPEMCHHBIX B
KaXI0M TPHETHXKEHHH OPHBOIHT K YCTORUHBOMY PaBHOBECHIO € YHCTU MHHMBIMH
COBCTBEHHLIMH 3HIUCHHAMH.

3 [deiicTBHTEAbHO, B AHHElHBIX CHCTEMaX YacTOTa fie 3aBHCHT OT aMNJHTYH.
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<] 3aMmeHa nepeMeHHbIX NepBoro NpPHOJIHKEHHS nNpoueAypH
n. 1.2 ctpoutca no gpopmyae

I=J+euld,¢) u= L2k V) (12)
. i(k, @)
Rl

Kospoduunentn Pypbe f, aHaauTHyeckoit PyHKuuH f 3Kcno-
HeHUHaJAbHO YOHBAIOT C POCTOM nopsAKa rapMoHHkH: |fi| <
<czexp(—cs'}k|). 3namenarenn B dopmyne (12) u3-3a cuabHow
HEeCOM3MEPHMOCTH YacTOT YOBBAalOT JHWbL CTENeHHHM o6pa3oM.
IMoatomy paa B (12) cxoautcs M onpepensieT GIH3KYIO K TOXAecCT-
BEeHHOH 3aMeHy nepeMeHHbIX. JlajbHefiulee 10Ka3aTesnbCcTBO — TOY-
HO Takoe, Kak Ans teopemul 1.1.D>

3ameuaHnus 1. U3 nokasatenbctBa BHAHO, YTO Pe3ysbTaT
TEeOpeMH OCTaHeTCs CNpaBeAJHBHIM, ec/lH BO3MylLleHHe HMeeT Ko-
HEYHYl0, HO AROCTAaTOYHO BBHICOKYIO, FJafKocTb no ¢ase; Toraa
Ko3ppHuHeHTH Dypbe BO3MYIIEHHs YOHIBAIOT cTeneHHHM 06pa3oM
¢ AocTaToyHo OosbWIMM TNoOKa3aTesieM creneHH. Herpyano npose-
PHTb, UTO XBaTaeT HaJHYHA v+ m -+ ] NPOH3BOAHbLIX.

2. M3 pokasaTenbCTBa BHAHO TaK>e, YTO Pe3yJbTaT OCTaHeTcs
CnpaBelJIHBLIM, eC/IH YCJIOBHe CHJBHOA Hecouamepumocth (11) BH-
NOJIHEHO TOJILKO AJISi HOMEPOB R, BXOASILUIHX B pasnoxeHHe Pypbe
BO3MYILEeHHA [. A

Ecan Bmecro (11) BmnonHeHo Gosee cnaboe ycnoBHe HecOH3-
MepHMOcTH (R, ®)7=0 npu k€Z™\ {0}, To ycpeaHeHHe BCe PaBHO
NPHMEHHMO AJS ONHCaHHA ABHXeHHs. OAHAKO TOYHOCTb MOXeET
OuTb xyxKe, ueM ¢ (Hanpumep, Ve uau 1/|Ine|). Umenno, cnpasea-
JIHBO clefyiolliee yTBepXAeHHe.

Teopema 5. Has awboro n>0 cyuiecTByer eo=¢€o(1n) TakKoe,
ut0o npH 0<e<ey BHNOJHEHO

|1(2) = (£) | <n, ecan 1(0)=1(0), 0O<<t<I/e.

Hoxka3atenbcTBo cM. B [9].

Hns cHcTeM ¢ NOCTOAHHBIMH HECOH3MEPHMBIMH YaCTOTAMH HMe-
IOTCA MHOTOYHCJEHHbie Pe3yJbTaThl O CYIIeCTBOBAHHH HHTErpa.ib-
HhX MHoOroo6pasuit [97]. B uacTHOCTH, eCH ycpelHEHHas CHCTe-
Ma HMeeT paBHOBeCHe HJIH NMEPHOLHYECKOe pellleHHe, H BelleCTBeH-
HHe YaCTH XapaKTepHCTHYECKHX MNOKa3aTeJed JHHeapH30BaHHOM
OKOJIO Hero CHCTeMB OTJIHYHBI OT HyJas", TO TOYHAs CHCTeMa HMeeT
61M3KHII K HEMY N0 MeAJeHHHIM NepeMeHHHM HHBApHAHTHHIA TOP
(cooTBeTCTBEHHO m- HAH m+ l-MepHuit). Jlaxe B aHaJHTHYCCKOH
CHCTEMe 3TOT TCP, KaK NPaBHIO, He aHANHTHYEH HH MO e, HH NO
thasoBuiM nepeMedHbiM (cM. ITpeanoxenne ! u npumep 6), ogHako
npoueaypa HCKJIO4EHHsl GhICTPLIX MepeMeHHLIX MO3BO/SET NOCTPO-
HTb 15 Hero aCHMNTOTHYECKOE MO & Pa3JoXKeHHe.

[Ipn anaause aBHXKeHHS Ha Tope, POXKRAIOIIEMCH H3 paBHOBe-
CHSl ycpelHeHHOI{ CHCTeMB!, MPHXOAHTCHA Da3/JHYaTh CJIyyaH, Koria

" B cayyae NepHOIMUCCKOro peluelHs — BelliecTBeNHHe HacTH BCeX noKa3a-
Tesell, KpoMe OIHOro, PaBHOTO HYJIO.

158



B ypaBHeHHAX (2) Bo3MmyllenHoro asuxeHHs g=0 (T. e. BO3MyLLe-
HHe KBa3HNEPHOAH4YHO no BpeMenn) u g+0. Ecau g=0, o aBn-
JKeHHe Ha Tope YCJIOBHO-NIEDHOAMYHO ¢ BeKTOpOM yactoT @ [53].
Ecau g0, To xapakrtep ABHXeHHs MoxeT ObiTb ApyruM. Hanps-
Mep, AJs JABYMEPHOro Topa OH omnpejessieTcsi YHCJIOM BpalueHHS
Ilyankape aHajlOrHYHO onucaHHOMy B nyHkre 1.4 [89]. Ecau ne-
BO3MYIEHHBlEe YacTOTH pPacCMaTpPHBaThb KaK mnapaMeTpsl 3ajauyH,
TO B aHaJIHTHYECKOH cHcTeMe ANs Jio60ro BeKTopa ¢ CHJIBHO Heco-
H3MEPHMBIMH KOMIIOHEHTaMH ©,€R™ ¥ sno6oro € MOXHO moao6paTth
HEBO3MYIIEHHHE 9acTOTH 0=0,+¢eA (e, 0,) TaK, UTO ABHXeHHe Ha
paccMaTpHBaeMOM TOpe YCJOBHO-NEPHOAMIHO C BEKTOPOM YacTOT
o , [53). 3necy A(e, ) — aHanuTHUecKas ¢GyHKuHs oT e. Jeno B
TOM, 9TO NPH NOAXOAsilleM BLIGOpe MONpaBKH A MOXHO aHANHTH-
4eckofi 2nm-nepHofHYecKoH no ¢a3aM GJH3KOM K TOXKAECTBEHHOH
3aMeHO MNepeMeHHBIX I, @—J, ¢ npusecty ypasHeHHe Ans (asn K
BHLy Y==0,. OTciona cjeanyer BHICKa3aHHOe YyTBepXAeHHe O IBH-
XeHHH Ha Tope.

CHCTeMBH C NMOCTOAHHBIMH YaCTOTaMH SBJSIIOTCH BaXKHBIM 4acT-
HHIM c/iyyaeMm cucrem 8 crardapTroti ¢popme bozoarobosa:

x=¢A(t, x, &), xERP,

rie ¢yHkuns A mpeanosaraercs YAOBJeTBOpSIOlLeH yca08ur0 pas-
HOMEpPHO20 cpedxez0: PaBHOMEPHO NO X CyLLEeCTByeT

r
lim %S A(t, x,0)dt = Ao (x).
T+
0

JefcTBHTENbHO, BBOASI B CHCTEMe C NOCTOSIHHBIMH 4acTOTaMH OT-
KJIOHeHHe OT PaBHOMEPHOro BpalleHHs {=¢—w! H 0003Havas x=
=(/, ), npuaeM K ypaBHEHHSM B CTaHIapTHo#i ¢opme. YcioBHe
PaBHOMEPHOIO CpefHero 3Jech BHMNOJHEHO, TaK Kak A(f, x, &) —
KBa3unepHoaHuyecKass GyHKUHS BpeMeHH {.

ITpunyun ycpednenus Boezoawbosa [8] cocTOHT B TOM, YTO
YTO BMECTO HCXOAHOH CHCTEMBl B CTaHAapTHOK ¢dopMe paccMaTpH-
BaeTCA yCpeAHEeHHas CHCcTeMa

y=eAo(y).

MHorHe pe3yabTaThl 06 yCpelHEHHH B CHCTEMaxX C MOCTOSAHHBIMH
yacToTaMM (B TOM YHCJIe TeopeMa 5 H TeopeMH O POXKAEHHH yC-
JIOBHO-MIEPHOJAHYECKHX [BHXKEHHIl M3 PaBHOBECHA H NEePHOAHYECKHX
JABHXXEHH} YyCpeAHeHHO# CHCTEMbI) MOTyT OGuhiTb 0606IEHH Ha CHC-
TeMH B CTaHAapTHOH (opme [8].

1.6. Ycpennenne B Hepe3oHaHCHON o6aactH. PaccMorpum MHO-
roYyacTOTHYIO BO3MYILEHHYI0 CHCTeMY (2), B KOTOpO#i 4acTOTH 3a-
BHCAT OT MEAJIEHHHX nepeMeHHbX: w=w(/), /€B. Ha3osem 06-
JNacTb B Hepe3oHAHCHOU B NepBOM NPHOJIHIKEHHH TEOPHH BO3Mylle-
HHii (MM DNPOCTO Hepe3OHaHCHOM), ecan Ass Bcex J€B Bumnosnueno
YC/OBHE CHJAbHOH HECOH3MEPHMOCTH:
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| (B, @())>c! k|- (13)

MPH HEKOTOPHX MOCTOSHHHIX €, v H AJsl BCeX LEJIOYHCIEHHBIX BeK-
TOPOB k- ) TakHX, YTO rapMOHHKa c ¢asoit (R, @) BXoAHT B pas-
noxenne dypbe BOIMYILIEHHs f M3 mpaBo#i YacTH cHcTemb (2).

Ecan ob6aactb B Hepe3oHaHCHasi, TO, aHaJIOTHYHO TeopeMme 4,
ycpeaHeHHe NPHMEHHMO M TapaHTHpPyeT TOYHOCTb NOPSiAKAa & Ha
BpemeHax nopsaka l/e. Ecan ycnosue (13) 3amenutn Gonee cna-
6biM ycaoBHeM HeCcOH3MepHMocTH (R, o(/))+0, TO, aHaNOrHyHO
Teopeme 5, yCpeAHeHHe TaKXe GyaeT NPHMEHHMO, HO TOYHOCTb MO-
%eT YXYRLWHTbCSA.

B MHOroyactoTHO#t cHcTeMe 06L1ero moJIOXKEHHs Hepe30HaHCHHIX
o6aacTeit HET, TaK KaK yCJOBHE HECOH3MEPHMOCTH (AN yKa3aHHBIX
BEeKTOpOB k) Hapyluaercsi, BooGlle roBops, Ha BCIOAY MJIOTHOM MHO-
xectBe ToueK. OAHAKO B MPHJIOXKEHHAX HHOT1a BO3HHKAIOT 3aJauH,
B KOTOPHIX TakHe o6JsacTH Bce e HMmelorcs. Hampumep, Hepeso-
HaHCHHe 00J1aCTH CYIIECTBYIOT, €CJH BO3MYLIEHHe COAEPKHT KO-
HeyHOe YHCJIO FapMOHHK, 2 YaCTOTH He3aBHCHMHI.

1.7. Bausuue otaeabHoro peszonanca. OcHOBHHE OCOGEHHOCTH
MHOTOYaCTOTHHIX CHCTEM CBS3aHH C pe3oHaHcaMu. B cooTBeTcTBHH
¢ NMPHHUKHNOM YCPeAHEeHHA, AAA OINHCAaHlisi BO3MYILEHHOrO [ABHXe-
HHs BOJIH3H OAHOrO BHIOPAHHOTrO pPe30HAaHCa H BAAJH OT OCTaJbHHX
Pe30HAHCOB cjleAyeT YaCTHYHO YCPEAHHTb YPaBHEHHS /BHXKEHHA C
yueTomM BHOpaHHOro pe3oHaHca. DTO NPHOJHXKeHHE BO  MHOTHX
cayyasx Moxer OnTb 060CHOBAaHO ¢ MOMOWIbIO npoueaypw m. 1.3.
B HacrosileM nyHKTe pacCMaTpHBAaeTCA MOJYYaiOLLascsi YaCTHYHO
ycpeaneHHas cHcteMa. OHa MMeeT OObIYHBI BHA BO3MYLIEHHOH CH-
CTeMH, HO BO3MyllleHHe 3aBHCHT OT (Pa3 TOJbKO Yepe3 OAHY HX
HEJOUYHCNeHHYI0 KOMOHHALHIO:

T=ef(, ) v=(k %) (149

Y=0 )+, )

31ech BO3MOXEH TONbKO OAHH pe3oHaHc: (R, o) =0. OcHoBHbe 3¢-
¢$eKTh, CBA3aHHble C BJHAHHEM OTAe]bHOTO pe30oHaHca, NposBJs-
1oTCA yXe B cHcteMe (14). INo3tomy ee u3yueHHe npeacTaBiaser
3HaYHTeJbHBII HHTepeC.

[Ipeanonoxum, yto peueHue coorBetrcTBylowei (14) ycpeauen-
HOH Mo y  cucTemw TPaHCBEPCANbHO NepeceKaeT PEe30HAMCHYIO no-
8epxnocte (puc. 31):

ES2 (fyv£0 mpu (k, ©)=0,
Pewenne TtoyHoit cHcremu (14) MoxKeT BecTH ce6s COBCeM HHawe.
[pn HeKOTOPHIX COOTHOWEHHAX MeX1y (a3aMH BOIMOXEH 3a3X64T
8 Pe30HaHC: TOYKa, MONaB B OKPECTHOCTb Pe30HAaHCHOH MNOBEpPXHO-
CTH, HaYHHaeT ABHraTbCH TaK, YTOGH NPHOIH3HTENLHO COXPaHANACh
BO3HHKUIas cou3MepHMoctb (puc. 31). [aa onucaHus Takoro
ABHXKEHHS yCpelHEHHe 110 § HEeNpHMCHHMO, peWweHHs TOUHOH H
yCpeaneHHolt ciicTeM pacxo1sTcs 3a BpeMs l/e Ha BejdHUYUHY nopsa-
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ka l. OnHako 3axsat B pe3oHaHC H Takasi 60/bllasg NOrpemHOCTb
ycpeaHeHHst BOSMOXHM JIHUIb JJIi HCKJIOYHTEJNbHOTO MHOXeCcTBa
HayaJbHBIX YCJOBHA, Mepa KOTOPOro OLEHHBaeTCHA CBEPXy BeJHYH-
Hoi nopsaka Ve. [las ocTaAbHHX HayaJbHHX YCAOBHi ycpeAHeHHe
ONMHCHIBAaeT ABHXEHHe MO MeHblled Mepe c TouHOCTbIO Vel|lnel
(npH HEKOTOPLIX AOCTAaTOYHO OGIIHX MPeANnoN0XKEHHSX).

(hw)=0
Puc. 31

Hanee, oka3HBaercs, 4TO eclH 3aXBaT B Pe30HAHC NMPOHCXOLHT,
TO MHOXECTBO 3aXBaThiBAIOLIMXCSi ToYek mpH e—>0 cTpeMHTCA pac-
noNOXKHTbLCA B $a30BOM NPOCTPAHCTBE BCIOAY NJIOTHO: B L1ape AHa-
MeTpa NOPsiAKAa € MMEIOTCA KaK 3aXBaThiBaloliuecs, TaK M He 3a-
XBaTHBaloulHecs TOYKH. Ecau, xak 310 O6HBaeT B NpaKTHYECKHX
3ajayax, HayaJbHbe YCJOBHS H3BECTHB C MOTpelIHOCTbIO GoJbliei,
YeM e, TO HeJb3sl OAHO3HAYHO CKa3aTb, 3aXBAaTHTCS TOYKa B pe3o-
HaHC HAH Her. 3ajaya npHoGpeTaeT BEPOATHOCTHHN XapaKTep.
MoxHo yTBepxKAaTh, YTO BEPOATHOCTb 3aXBaTa B PE30HAaHC Maja H
apH e—0 CTPEMHUTCA K HYJI0 KaK Ye.

PaccmotpuM onHcaHHHe siBNeHHss Ha npumepe. CHadana 3ame-
THM, 4TO B nepeMeHHHX /, y cucreMa (14) craHoBHTCA OAHOYAC-
ToTHOH. PesoHancy coOTBeTCTBYeT OGpailleHHe YacTOTH B HyJb,
nepexoay uepe3 PE30HAHC — CMeHa HanpapJieHHs BpalleHHA 7.

[Tpumep 7. [Tycth BO3MylIEHHOE ABHXXEHHE OMMCHBAETCH CH-
creMoft ypaBHeHH#

I=e(l+asiny—1/,0), y=1I, a==const>0 (15)
B obaactu |/|<2. CooTBeTCTByIOllee YCpPeAHEHHOE YypaBHEHHe
HMeeT BHI
J=e (1=17J).
Duddepenuupys ypaBHeHHEe AN Yy NO  BpeMeHH, _ MOAYIMM
y=¢ (l4asin y—'/,y). Beoas meanenuoe spema t=1Vet u 060-
3Havas WITPHXOM MPOH3BOAHHE MO HEMY, MPHXOAMM K YpPaBHEHHIO
Y =1+asiny—'/,Vey, (16)

ONACHBAOIEMY [BHXEHHE MasTHHKA C NMOCTOAHHNM KPYTSALIHM
MOMEHTOM H MaabiM TpeHHeM. da30Bhle NOPTPETH MasiTHHKA Ge3
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1peHHa npH a<<l H a>1 H306paxenn Ha pHc. 32. B cayuae
a<<l ¢asoBui nOpTper 3ajauyH ¢ MaNHM TPEHHEM  TaKOA XKe,
Kak 6e3 TpeHHs. MasiTHHK nepexogur M3 OOPaTHOro BpaIlEHHA B
npsaMoe. BpeMsa v ABHXeHHS or npamoi y'= —1 po npsmoint y'=
= -1 no pasAHYHHM (a30BLIM KPHBHM MOXeT OTJHYATbCA Ha Be-
Auuuny nopsaka 1. BoaBpamiasicb K HMCXOAHOMY BpeMeHH H
HCXOLHO# nepeMeHHO# /, nosy4yaeM Takylo KapTHHY. Bce Toukn mpo-
xoAAT yepe3 pesoHanc /=0, T. e. 3axBar 34ech HeBO3MOXeH. Bpe-
MS NPOXOXAEHHS Ye-OKPECTHOCTH pe3oHaHca ANS Pa3HHX TPaekTo-

PHA MOXET OTJIHYAThCA Ha BeJHUHHY nopsinka 1/Ye. CooTBercTBeH-
HO, MPH NPOXOXKIEHHH 3TOH OKpeCcTHOCTH HaOHpaeTcs NOTPelIHOCTH

ycpedHeHHs mopaaka Ye.

rl
[ 7 § 7
&5 g
L 4 7
Puc. 32 Puc. 33

Has cayyas a>1 dasosuift noprper 3alaun C TpeHHeM H306pa-
XeH Ha puc. 33. Baoas cenapampucw obpasyercs nosoca WKPHHH

nopaaxka e u3 $as0BLIX TOYEX, AJA KOTOPHX MAATHHK NEPEXOAMT
H3 BpalleHus B KosaeGaHus. [lepexony Kk Kone6aHHAM B HMCXOAHHX
nepeMeHHHX COOTBETCTBYET 3aXBAT B pe3oHaHC. B HesawrTpuxoBaH-
HOH 06/1aCTH Ha PHC. 33 MaATHMK NEPeXOAMT M3 OGpPaTHOro Bpatle-
Hug B npamoe. [lAs TPaeKTOpHH, NPOXOAsiUefi HA PACCTOAHHH &>
OT CeAJIoBOf OCOGOA TOYKH, 3TOT Nepexof 3aHHMAeT BpeMs NOpAAKa
|Ing|. BosBpamasch K HCXOAHWM TMEPEMEHHbLIM, BHIHM, YTO JOJS
nopsaka V¢ Bcex (hasoBHX TodeX 3aXBaTLBAeTCA B pe3omanc. Co-
CTaBUM HCKJIOYHTE/IbHOE MHOXECTBO Meph NOpaAka } e u3 Touek,
KOTOpHE JM60 3aXBaTHIBAIOTCA B PE30HAHC, JHGO HAXOAATCA B pe-
30HAHCE B HAYaJbHbIt MOMEHT, JH60 NpPOXOAAT OauXe € OT celen.

Touku, He NpHHALJEKALLHE 3TOMY MHOXECTBY, MPOXoAAT ) e-okpect-

HOCTb Pe30HaH:a 3a Bpema ¢ mopsaxka or 1/) e o |Ine|/Ve. [lpn
MPOXOXAEeHHA HAGHPACTCA MOrPelIHOCTL YCpeAHEeHHA Mopsaka oOT
Ve no Vellne;.

[Toprper 3anaun B HCXOAHHX NepeMeHHHX I, y Ha ¢a3oBoM
LUHJHHApPE noka3aH Ha pHc. 34. Ha paccrosiuuu 1 or pesoHaHca BHT-
KH cenapaTpHCH OTCTOST APYr OT APYra Ha BeJIHYHHY MOPAAKa e.
K cenapatpuce npuieraer 3alITPHXOBaHHAA NOJOCA WHPHHH NO-
praka €2 u3 3axBaThiBaembix Toyek. TakkM o6pasom, mpH e—>0
3axBaThiBaeMble TOYKH JEACTBHTENIbHO CTPEMATCH PaChOJOMHTHCH
B (a30BOM NMPOCTPAHCTBE BCIOAY NJOTHO. A

OcHoBHLie SiBNEHHS, CBA3aHHHE C OTAeJbLHHM PE30HAHCOM, NpO-
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HCXORAT B CYe-OKPECTHOCTH PE30OHAHCHOA MOBepXHOCTH, C=const.
B rakofi okpecTHocTH CcHctema (14) moxer OLTh npHBeJeHa K
«MasiTHHKOBOM» ¢opMe, HanoMHHaiouleii ypaBHeHHe (16). 3ro
npHBeieHHE HCNOAb30BaJjoch B psaxe pabor [95], [100],[101], (131},
[174]). Onnwem ero. Touky Ha Pe3OHAHCHOH NOBEpXHOCTH OyAeM
o603Hayath 0= (0),...,0n-). TOUKy / B OKPECTHOCTH pe3OHaHC-
HOA NOBEPXHOCTH 6yAeM XapakTepH30BaTb KOOPAHHAaTaMH p, O,
rae p= (R, w(/)), o — npoexkuus | Ha pPe3OHAHCHYI0 MOBEPXHOCTb.
BBenem MmeanenHoe BpeMsi T=Y)ef H HODMHPOBaHHOE pacCTOfIHHe

10 Pe30HaHCHOIi MoBepXHOCTH r=p/Ye. O603HAYHM WTPUXOM AHO-
¢eperuupoBante no t. [Toayuum

Y =r+Vea(y, 0, Ver), (17)
r'=P(y, 0)+Veray (v, o, Ver),
o’ =V eas(y, o, Ver).

oyukuuu P, a; umelor mo y nepuwod 2x. Ecam B (17) nonoxuts
e¢==0, TO moayuuTcs ramuabTOHOBa!) CHCTEMa, OMHCHIBAIONLAR Bpallle-
HHe MafTHHKA B MNOTEHLHA/LHOM NOJE NpH HAJWYHH NOCTOAHHOTO
KpYTALLEro MOMEHTa:

Y=r, r'=P(y,0), o=const, (P)Y¥= %ﬂl(f)vqéo. (18)

3ta cucrema, KOHeYHO, MHTerpupyema. [lBHKeHHe B OKPECTHOCTH
pe3oHaHCa OMHCHIBAETCS C NOMOUIbIO €e MaJjioro BO3MYIUEHHA CO-
raacuHo (17).

Bhiuie paccMaTpHBasioch NpHMeHeHHe YCPEeAHEHHs AJISi OMHCa-
HHA ABHXKEHHS TOYeK, NPOXOASIUHX 4epe3 pe3oHaHc 6e3 3axBara.
[MokaxeM Tenepb, KaK HCMOJAb30BaThb YCpPeAHEHHe AJNA ONHCAHHA
IBHXXEHHS TOUeK, 3aXBAaTHBLIMXCA B pe3oHaHc. Bocnons3yemcs
ypaBHeHHsiMu ABHXeHus B popme (17). Ilpeamonoxum, yto coort-
BETCTBYIOL1as <«MPOMEXYTOUHAsi» HEBO3MYLIcHHAas cHcrtemMa (18)
(MaATHHK) YAOBJETBOPSET CJEAVIOIIHM ABYM YC/AOBHSM OGIIHOCTH

1) Tyt yMecTHO YAHBHTbCA. [aMHJBTOHOBOCTb NOJAYYEHHOH# CcHcTeMm OOHa-
PYMKMBAETCH B pe3y.bTaTe BHIYHCJIEHHIT H OTHIOAL HE OUYEBHIHZ 3apauee.
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nonoXeHHn: Ha ee (asoBoM MOPTpere NPH BCEX G HEYCTOHUYHBHE
oco6bie TOYKH HeBHpoXJeHu (ycaosue B) M Cenaparpucel He cO-
eAHHSIOT pa3Hble ocobule ToukH (ycnosue B’). Toraa stor ¢pa3oBHi
NOpTPeT BHLIMAALHT AHAJOTHYHO JHGO pHc. 326 (HO MOXKer OHTh
6o.ibuic KoaeGaTenbHBIX o6Gaacre?), nu6o pHc. 32a; mocaeaHui
cayyail Hac ceiiyac? He MHTepecyeT, TaKk KaK OH COOTBETCTBYeT OT-
CYTCTBHIO 3axBaTa. IIpn H3MeHeHHH ¢ KoJebaresbHhlie 06.1acTH He
HCue3al0T, He MOABAAITCA H He CJAMBAlOTCA APYr ¢ Apyrom. BriGe-
peM oaHy M3 3THX obsacTeii. BBeseM B Heli iepemerHble JeACTBHE —
yron A, y HeBO3MYILEHHOTO MasTHHKa. MiaMeHeHHe BeJHYHH O, A, %
B BO3MYLUEHHOM ABHXKGHHHM OMHCHBaercs OOLYHOW ONHOYACTOTHOH
CHCTeMOii, I'le poas ¢a3u Hrpaer y, poJb BPEMEHH —T, a poOJb

Manoro napaMerpa— Ve. YcpeAHsia 3Ty CHCTeMy NO ¥, MOJNYYHM
ypaBHEHHSl, KOTOpHe NPHOJHXEHHO ONHCHBAIOT H3MEHEHHe O, A

Ha BpeMmeHax T nopsaxa 1/ye (1. e. ¢t nopsaxa 1/e)®. Hamenenne o
XapakTepusyer apeH¢ BAOAL PE3OHAHCHOH NMOBEPXHOCTH, a H3MEHe-
HHEe A — aMIVIHTYAy KoJe6aHHil oKono 3Tof moBepxHocTH. Cka-
XeM, YTO HayaJibHble YCJOBHS Go, Ao AJIA PELICHHs] YCPeJHEHHOA B
KoJsie6aTesibHONH OOJIacTH CHCTeMH B3STH Ha CenapaTpHce, €CJH
2nAo* paBHO MuOWanu KojebGaTeJbHOH O6GNAaCTH NpH o=0p. Peule-
HHS ¢ TaKHMH HavaJbHHIMH YCJIOBHSMH ONHCHBAIOT IBHXEeHHe C
MOMEHTa 3axBaTa B Pe30HAaHC. AHAaJOTHYHO OMNpelessIOTCA pelle-
HHs, 3aKaHYHBaloWHKecs Ha cenaparpuce, OHH OMHCHIBAIOT ABHXKe-
HHe R0 BHIX0Aa K3 pe3oHaHca, IlonHasa TpaeKTOPHSA TOYKH NMPH Ha-
JAHYKK 3aXBaTa B Pe30HAHC NPHONHIKEHHO ONHCHBAETCA KPHBOAH,
CKJICEHHOH M3 HEeCKOJIbKHX raaakux ydactkoB (puc. 31). Ilepauit
Y4acCTOK — TPaeKTOpHA OOGBIUHOA YCPEAHEHHOR BHe DEe30HaHca CHC-
TEeMH 0 BHXOJA2 ee Ha PE30OHAHCHYIO NMOBEPXHOCTb; TOYKY BHIXORR
o6o3HauuM o,. BTopoit ywacTok — KpHBasi Ha Ppe30OHaHCHOA no-
BEPXHOCTH, OnpenenseMas ToA KojeGaTeabHOR 061acTbiO HEBO3-
MYILEHHOro MasiTHHKa, B KOTOPYIO NMPOM30ILe] 3axpaT. DTa KpH-
Basi — 0-KOMNOHEHTa peuleHHA YCPeAHEHHOA B HYXHOA Konaeba-
TeJbHO# 06/JaCTH CHCTEMHB C HayaJbHHM YCJOBHEM Ha cenapaTpH-
ce npu o=0,. ECIH yKa3aHHOe pelleHHE B HEKOTOPHA MOMEHT
BBIXOAHT Ha cenapaTpucy (mycTs Npu STOM ©0=0,,), TO HMeeTcs
TPeTHi yYacTOK — pellieHHe OObIYHONA yCPeRHEHHOHW CHCTeMH!, HayH-
Hslollleecs] B TOYKEe O, -VI3 TOUKH O, BCTPEYH C PE3OHAHCHOH no-
BePXHOCTbIO MOXET BHXOAHTb HECKOJNIbKO KPHBHIX, OTBEYAIOIHX 32a-
XBaTy B pasHHe KoJeGarteabHme o6aactH (puc. 31). Moxwo no-

D Buytpu Kose6aTeabHnX o6JacTell CHCTEMB MOTYT CYLIeCTBOBAaTb HeyCTod-
yysne ocoOme TOUKH. JAs NpoCTOTH H3JO0XKEHHA 3TOT CAydyait pacCMaTpHBaTh He
6yaeM.

% Ho Bce xe oH oueHb BaXKeH, TaK Kak AJNA GOJLUIHHCTBA DE3OHAHCOB noc.ae
yCpeaHeHns MOAYYHTCA HMeHHO OH (cM. m. 1.8).

%) 3tu ypaBHeNHs MOrYT HMeTL HeBHpOXJeHHoe paBHoBeche ¢ A#0. Emy
COOTBETCTBYCT NO TeopeMe 3 MNpeaeAbHBA LHKA HCXOAHOA CHCYEMH, JeXallHi
BHYTPH NET.TH cenapaTpHCH.

4 Hanomuum, uyTo 27A —3To nJOWAAb, 3aKMOYEHHAs BHYTPH 3aMKHYTOH
TPaeKTOPHH HEBOIMYLIEHHOTO MAATHHKA.

174



KasaTb, 4TO NPH JAOCTAaTOYHO OOLIMX mNpPEANOJIOXKEHHAX MNPHKJEH-
BaHHe ONHOM H3 3THX KPHBHX K mnepBOMy (Hepe3OHaHCHOMY)
YuacTKy ONHCHBaer ABHXeHHe ¢ TouHocTblo O(Ye|lne|) ana Goan-
IIHHCTBA HavyaJbHbiX ycnoBHHA. HickniouenHe cocTaBaseT MHOXeCT-
BO, Mepa KoToporo npH e—>0 cTpemurcs K Hyalo Gunictpee o060k
creneHd e. OHO COCTaBJEHO M3 TOYeK, mpoxoAAWHX GJAH3KO OT ce-
Jest HeBO3MYILLIEHHOr0 MasiTHHKA.

1.8. Ycpeanenue B AByXYACTOTHHIX CHCTEMAX.

PaccmoTpum  dsyxuacroTnyro 6osmyuwiennyio cuctemy ¢ dac-
rorami 0 (/), w2(/):

I'=ef (I, 9, €,

q-’|="’1(1)+egl (7, @, ), ¢2=“’2(1)+3§2(" P, ¢).
ByaeM cuutaTh, 4TO ee npaBHe YacCTH — aHAJHTHYeCKHe (YHKIHH,
Ckaxeu, 4TO CHCTeMa YLOBJIETBOPSIET YCJAOBHIO A, eclH OTHOWeHNKE
9acT0T ©)/©2 H3MEHAETCHA BAOJbL ee TPAEKTOPHA ¢ HeHysepoRt CKo-
pOCTbIO:

(19)

0w, dw, _
g([, P, e)=(m1 T—%T;- f>Cl l>0.
CkaxeM, 4TO CHCTEMAa YXOBJIETBOPAET yCJOBHIO A, eC/H OTHOIIEHHe
yaCTOT ®,/W,; H3MEHAETCA C HEHYJEBOA CKOPOCTbIO BAOJAL TPAEKTO-
pun COOTBETCTBYIOIlEAA YCPEAHCHHOR CHCTeMH:

L= (9>°=(01-9%—w267";’)F>cr‘>0.F= (f)e°, e=0,

3aech ¥ HHXe ¢g, C; — NONOKHTENbHHE NOCTOAHHHE.

Teopema 6 ([46]). Ecan BHmoaHeno ycaosHe A, TO pPasiH-
qHe MeXAY MeMJIeHHhIM ABHXKeHHeM /(f) B BO3MYILEHHOH CHCTEMeE
u J(f) B ycpeaHeHHOH CHCTeMe OCTAaeTCi MajibM B TeYeHHe Bpe-
MeHH 1/e:

[I(t)—J (#)|<c.Ve, ecmn IQ)=J(0), 0<t<]/e.

<] Onpeaeanm uucao N=N(g) ycaosuem: B Bosmywerun (19)
CyMMapHas aMN/HTyAa FapMOHHK NOpsAAKa, Goabuero N, He mnpe-
BOCXOAHT e Jlnst aHaJHTHYECKOH QYHKUHH aMNAHTYAa rapMOHHKH
SKCMOHEHUHaNbHO YOHBaer ¢ pocToM nopsaka. [lostoMy N<
<Cy|Ine|. Pe3onanc kjo,+ke0;=0, rae k; u k; B3aHMHO MPOCTH,
Ha30BeM CYulecTéeHHbiM, eclin ero nopsaaok |R;|+|k;| ne npesoc-
xoxur N. Ha nnockocTH 4acToT pe3oHaHcaM OTBeYaloT NpsiMuHe ¢
pauHOHa/bHHMH YTJIOBLIMH KO3(OHUHEHTaAMH, NPOXOAslUHe yepe3
Havano koopauHar (puc, 35). Ilpambe, oTBevaloune CylIECTBEH-
HHM De30HaHCaM, PacnoJIOXeHH HAOCTATOYHO PERKO: YTOA MeXay
COCElHHMH NpPAMBIMH, K@K MOXXHO COCYHTaTb, HEe MEHbille, vyeM
Cg"|lne|".

Ecin pesoHanc He siBASieTCA CYIIECTBEHHBIM, TO €r0 BJHSHIE HA
ABHXEHHE Ha BpeMeHax |/e nmpaKTHuecku He npoABasercs. Baus-
HHe CYLeCTBEHHOTO Pe30HAaHCa MPOABAAETCS B Y3KO#H NOJoCe BOKPYr
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we

Puc. 35

pesoHaHchoit npsiMofi (puc. 35). Ty nonocy Ha3oBeM Pe3OHANCHOU
30H0d. Kax B npumepe 7, WHPHHA Pe30HAaHCHOA 30HW OKa3hlBaer-
Cs MOpAAKa Yeap, Tlle ay OLEHHBaeT CBEPXY AMILIHTYAH pe3OHaHC-
HHX FapMOHHK BO3MYILEHHS; BEJHYHHA G, IKCMOHEHUHaAbHO YOH-
BaeT c pocToM |k|.

YcaoBue A nokaswBaeT, YTO TOYKA MOC/]ENOBATENbHO NEPeXOAMT
Yyepe3 Hepe3OHAHCHhie M pPe30HAHCHLIE 30Hb Ha puc. 35. B Hepeso-
HAHCHOM 30He OLpefeseHa 3ameHa nepeMeHhblX N. 1.2, npuBoxsulas
B MepBOM NPHOMANEHHH TOUHYIO CHCTEMY K YycpeaueHHo#. Fl3-3a
OCTalolleficsi NpH NpHBEIEeHHH HEBA3KM B HEPE3OHAHCIBIX 30HAX Ha-
6eraer CyMMapkOC pa3J/iHUHE MEXAY PpelUeHHsSMH TOYIOf H YCpeA-
HeHHO! cucTeM, He npesBocxoasilee C3) e. B pesoHaHCcHHX 30Hax
yCpeliieHHe COBEpIUCHII0 He OnMchiBaeT ABHxeHuwe. Ho cymmapHhas

WHpMHA 3THX 301 nopsaka Je. B cuay ycaosus A, peuenue ha-
XOMUTCA B 3THX 30HaX Bpems nopaaxa 1/} e. 3a 3to Bpems peue-
HUA TOYHOA M VCPEAHEHHOH CHCTeM MOTYT pasOATHCH JHUIL HA Be-
awduHy, He mpesocxoasuylo Cy V€. B pesyastare oflllee pacxox-
Jlenue, Habupaiolleecsi B HEPE3OHAHCHLIX H PE30HAHCHHIX 30HAX, HE
npesocxoaut ¢, e. D>

YcnoBre TeopeMn 6 MOXHO ocnabuTbh. CKaXeM, 4YTO CHCTeMa
(19) ynosaersopsier yciaoBHio A’ [123], ecau BHNONHEHO YC/OBHE
A n, KpOMe TOro, Ha KaXJOM pe30HaHce R 0+ Rowz=0 oTHOlleHHe
YacTOT H3MEHReTCs C HeHYJIeBOM CKOPOCTbIO BAOJb TPAaeKTOPHit

CHCTEeMH, YaCTHYHO YCpeJHEHHOil ¢ y4yeToM 3TOro pe3oHaHca (CM.
n L.I):

L)+ (0,28 —0, B2 Pyt W) > 1071 >0,  (20)

rae y=Rki@i+kag2, a Fi(l, y) —cymMMa rapMoHHK GyHKuMH f, 3a-
BHCAWIHX OT ¢asu y. Beanuuna |F,| y6uBaer c poctom |k|. ITo-
TOMy Hafizercs uHca0 Ny, He 3aBHCAlllee OT €, Takoe, 4YTO NpH
k| >N, HepaBenctBo (20) BHTekaerT H3 ycaoBHs A. Pe3oHaHcH ¢
R| <N, Ha3oBeM cunbHEIMU, a OCTaJbHHE PEe30HAaHCH caabbimu.
HepaBenctso (20) A0CTaTOYHO NPOBEpPHTL AJS CH/IbHHX pe30HaH-
COB.

Teopema 6’. Ecau BunoaHeHo ycnoBHe A’, TO cnpaBelsiKBO
32KJi0ueHHe TeopeMH 6.
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< Kak u B nokasateabcTBe TeopeMbi 6, Hal0 NO OTAENbLHOCTH
paccMOTpeTh JBHXeHHe B HEPE30HAaHCHHIX H PE30HAHCHHX 30HaxX.
B HepesoHaHCHO/ 30He ABHXEHHE XODOLIO OMHCHIBAETCS YCPeAHEH-
HOi CcHcTeMmofi. YcaoBHe A nokashBaer, YTO TOYKAa He 3acTpeBaer
B 3T0i 30He. Kak u B TeopeMe 6, cymMmmapHas NOTPeMIHOCTL ycpea-
HeHHs, HabHpalomascsi B HepPe3OHAaHCHHIX 30HaX, He NPEBOCXOAHT
CsYe. B pesouancHoil 30He onpefiesieHa 3aMeHa nmepeMeHHHX n. 1.3,
NpPHBOASILIAA B MEepBOM NPHOAHXXEHHH CHCTEMY K YacCTHYHO Ycpea-
HEHHOH ¢ yueToM 3Toro pesoHanca. M3 ycaoBus A’ nosToMy BH-
TeKaeT, YTO 3aCTpeBaHHe B PE30HAHCHOH 30He TaK»e HEeBO3MOXHO.
BpeMsa npe6HBaHHA TOYKH B OJAHOH TaKoH 30He HMeeT NOPSAAOK
IUHPHHE 30HH, AesleHHOH Ha e. OcTajibHBe OLEHKH — KaK B JI0Ka-
3aTenbCTBe TeopeMH 6. D>

CoopMysHpOBaHHOe B Hayale 3TOr0 MNYyHKTa YycjaosHe A He
npensaTCTByeT 3axBaTy B pe3oHaHc. Oka3sbiBaeTcs, NMPH 3TOM YCJIO-
BUH CyMMapHbiii 3¢ ¢eKT NPOXOXKAEHHA Yyepe3 Pe3OHaHCH TAaKOH XKe,
Kak 30(dexT oTAeNbHOr0 pe3oHaHca, OMHCaHHMWHA B m. 1.7.

Teopema 7 ([101}). Ecan cacrema ynosnersopser ycio-
BHIO A H elle HEKOTOPOMY YCIOBHIO B  (BLIMOJNHEHHOMY TMNOUYTH
BCEraa), TO ANS BceX HayalbHHX To4ek [o, o, KpPOMe MHOXKecTBa
Mephl, He MPEBOCXOAsLIEH Co)e, pasiHyHe MeXAy MeJIeHHHM JBH-
eHHeM /(f) B TouHON cHcTeMe H ABHXXeHHeM J(I) B ycpeaHeHHOR
CHCTEMe OCTaeTCsi MaJbnM B TeueHHe BpeMeHH l/e:

[T () —J ()| <c;Vellne|, ecm [ (0)=J(0), O0<t<]/e.

[Mpu mobom x> ¢, V& nns BceX HauaAbHLIX TOYEK, KPOME MHO-
XeCTBa MepHl, He MPeBOCXOAALLEA X, BHINOJHEHO

1) —J (@) <cVe|lncs'n), ecmn T (Q)=S(0), O<t<]ye.

<] B Hepe3OHaHCHHX 30HaX M PE30HAHCHHX 30HaX CJAabhix
PE30HAHCOB aHaJH3 He OTJHYaercs OT OMHCaHHOro BHiue. B 3tux
30Hax HaGMpaercs MOTPelIHOCTb YCPeAHEHHd, He NPeCoCXOAAWasn
CsYe. OcraeTcsi pacCMOTPeTb CHJbHBIE PE30HAHCH, a HX, KaK MH
3HaeMm, MaJo. YcJIoBHe B COCTOHT B TOM, YTO AJAS KaXAOro CHJb-
HOro pe30HaHCa YaCTHYHO YCPeAHEHHass ¢ y4eTOM 3TOro pe3oHaHca
CHCTeMa yIOBJAeTBOPsSeT ycaoBHIO B n. 1.7 (HeBbIPOXAEHHOCTb 0CO-
6bix TOYEK COOTBETCTBYIOLIEro CHCTEMe «MasiTHHKa» — cM. n. 1.7).
B OKpecTHOCTH CHJIBHOrO pe3oHaHCa Jenaercsi 3aMeHa [EpeMeH-
HHX . 1.3, npuBoAsiuas B nepBoM NPHOMHXKEHHH TOYHYIO CHC-
TeMy K COOTBETCTByIOlle#t 4yacTHYHO ycpeanennoi. [Toayuaiomascs
CHCTeMa JIHUIb MajJbiM  BO3MYLUEHHEM OTJHYaeTcss OT CHCTeMbl
c oONHHM pesoHaHcoM H3 n. 1.7. KapTtuna npoxoxieHus
yepe3 pe3oHaHc onHcawa B m. 1.7. Ins Bcex HayaabHBIX YCJOBHA,
KpOMe MHOXEeCTBa Mepul TNopsaAKa Ve, pesonaHcHaa 30Ha mepece-

KaeTca 3a Bpems, He npesocxofsmee C;|lne|/V e. 3a 3To Bpems
Ha6HpAeTCs  MOTPELWHOCTb  YCPeAHeHHs, He  MNpeBOCXoAsulasn
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CsV'e |Ine|. Obvenunas OUEHKH BO BCeX 30HAX, MOJAydaeM, UTO
ofllas MOrpelHOCTb He NPEBOCXOmMT ;) € |Ine|. Ipu HauambHIX
YC/IOBHAX, J€XALlMX BHE HEKOTOporo MmHOxecTsa mephl % > Co e,
pe3oHaBCHas 30Ha MNepeceKkaeTcs 3a BpeMms, He npeBocxodsllee
Cyo|InCii'x|/Ve. CoorBeTcTBeNHO, NPH TAKMX NAUANBHEIX YCJIOBHAX
NOrpelHOCTh ycpeaienus He mpeBocXomuT ¢4V e [Ines'x|. D
Mpumep 8. PaccMoTpuM KoneGanud YacCTHULL B OJHOMEpHON

NOTEeHIMANLHOA sAMe NIpH Ha/WYHH MaJoro nepHoAMvYecKoro BO3MYylle-
HHUA H MaJIOTO TPEHHA:

x= —%xl{- +eaS () —ex

rie S — 2n-nepHopuueckass pyHkuus f, rpapuk U(x) u ¢asoswil
nopTper HeBO3MYILUEHHOH (e=0) cucrembl nokasahbl Ha puc. 36. By-
leM mnpeanoJarath, YTO HeBO3MYLIeHHasi CHCTeMa He/HHefiHa, Tak
YTO NEePHOA ABHXKEHHs Pa3Hbli AJs pa3HblX TpaekTopuil. Ilycts
h=1x24+U(x) — 5Heprus HeBO3MYLLUEHHOTO ABHXEHHS, @ — (a3a
Ha HEeBO3MYLIEHHHX TpPaeKTOpHAX. Bo3MylleHHas cHcTeMa  JBYX-
4aCTOTHA, nepeMeHHbie @ H ! — ObICTpble, a A — MelJleHHas. Ypas-
HeHHe I i HMeeT BHJ

h =e[ax$S (f)— x?.
Ycpenusia no ¢, £, noayyum
h=—g(x2).

Isuxkenue 6ynem paccmarpwuBath B obiactn 1<k < 2). Ycpen-
HEHHE NPHMBOAMT K BLIBOAY, YTO /£ YyObiBaeT W BC€ TOYKH YXOUST
H3 3TOA o6aacTy. IlpH ROCTATOYHO MaiLiX @ BLIMOJHEHO YC.JI0BHe A
M YCpe/lHeHMe ONMCHLIBAET ABH)XKEHHe NpH BCeX HayadbHbBIX YCJOBHSAX.
YcaoBue A BbINOMHeHO AAsi BCeX @. OHO TapaHTHPYeT NDUMEHH-
MOCTb YyCpeaHenus AJs OOMbIIMHCTBA HavaibHbIX JaHHbIX. Ho moas
nopsaka } € TOYEK MOXKeT 3acTpPATh HAa pe3oHaHcaX B 06JacTH
1<h<2. TlonpoGubiii pa3bop ABHXKeHHs B 3TOH 3ajade Aas

U=-';—z-+“—f;l (3amava Jiopdunra (G. Duffing)) cozepxurcs
8[100]. A
v

Puc. 36 Puc. 37

i’ B jelicTBHTeNbHOCTH pe3yabTaTh cnpaBelTHBbl Lo Beelt obaacti h=0
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3ameuanud. 1. J{na AByXUaCTOTHHX CHCTE€M OCTaJCA HEEC-
c/IelOBAHHHIM CJAYyYaii, Koria ycloBHe A Hapyumaercs, T. e. OTHO-
iIeHHe 9acTOT GHLICTPOro ABHXKEHHS H3MEHSeTCd B YCpeAHeHHOM
JBHXXEHHH HEMOHOTOHHO.

2. HenoctaTouno McCaeOBaH TaKxke cayuad, KOrAa HapyllaeTcs
ycaoshe B, T. e. (a3oBmfi TMOPTPET COOTBETCTBYIOLLETO PE3OHAHCY
«Ma#THHKa» MOXET MMeTb BHA, NpKa3aHumf na puc. 37 (ycaosue A
npeAnonaraeTcs BHnoaHenHuM). Ecanm wumeercs omna Medsensan
nepeMeHHasi, TO CTpaBel/MBa HeYJyuwmiaemas OlleHKa: BHE MHOXECT-
Ba MEpH_ x> V& nOrpellloCTb YCpeAHeHMA He NPEeBOCXOAMT
caVei/Vx [101]. Laa caydas, Korfa Me[JEHHHIX TNepeMEeHHbIX
GoJbllle, TaKas e OLEHKa NOrpelHOCTH M3BECTHA NMOKa BHE MHO-
KeCTBA Mepul %> ce!d [114]. A

[IpuBeseM HeCKONIbKO NPHMEPOB HEKOHCEPBATHBHHX AByXua-
CTOTHBIX CHCTeM:

— MasTHHK NOA [AeACTBHEM HEKOHCEPBaTHBHOR NEepHOAHYECKH
3aBHCALLEA OT BpeMeHH cHAH [129];

— JiBa CJ1a060 CBA33aHHHX HEJAHHEAHHX OCUHJIATOPA ONPH HaJIH-
YyHH cnaboro TpeHHs;

— GHICTpOE BpallieHHe TAXeJoro TBEpAOro Tejla B COMPOTHB-
nsowencs cpene [43];

— JBH)XKeHHe aCTEPOHAA B OrpaHHYeHHON 3ajaye Tpex Ten (CM.
1. 2) NpH HAJHYHH COTPOTHBJEHHR CPEAH HJIH MaOR TATH.

B 3tHX 3ajauax GOJbLIHHCTBO pelieHHA OMHCHBAeTCs C MNO-
MOLIBIO He3aBHCHMOro ycpefHeHus no ¢asam, OAHako mpH HEKOTO-
pHX COOTHOIUEHHSX MeXAy NnapaMeTpaMH BO3MOXKEH H 3axBar B
pe3oHaHc.

1.9. YcpenneHHe B MHOrovacToTnix cucremax, Ciyuadt, koraa
yHcno yactor Gogblie ABYX, H3yueH ropasgo cnabee, uem ABYX-
yacToTHHA. OCOGEHHOCTb ABYXYaCTOTHHX CHCTEM — MPOCTOE pac-
noJoXeHHe pe30HaHCHHX moBepxHocTeRt (puc. 35). Ilpu Goabuiem
YHCJle YacTOT MOBEPXHOCTH PACMOJIOXKEHH coBceM HHadye,

Mpumep 9. PaccMOTpHM HEBO3MYUIEHHYIO TPeXYacTOTHYIO
CKCTEMY

q.’x=11. G =1In ‘i’3=1' i:=0 (s=12).

34ech pe30HaHCHHE NOBEPXHOCTH — 3TO Bce MpsIMble Ha INJIOCKOCTH
I\, I, ¢ pauHoHanbHEME ypaBHeHHsMH (puc. 38). KpuBas Ha njoc-
KocTH | nepecekaeT MHOTHe Pe30OHAHCHHE NpAMbe a) NOA MaJbiMH
yraaMu (TaK Kak CKOJb Yrofno 6JH3KO K JIOGOMY JHHEHHOMY 3Je-
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MEHTY HMEeTcsi JIHHEAHBI 3/MeMeHT Pe30HAHCHOR npAMOH) H
6) B6MH3H TOYEK B3aHMHOrQ NepeceyeHHs PE3OHAHCHHIX NMPAMBIX —
TOYEeK KpaTHoOro pe3oHaHca. [loatomy, ecid B AyXuacToTHOM cCly-
Yyae OCHOBHHIM 3((eKTOM fBAAETCH NpOoXOxkK/JAeHHe yepe3 OTAe.1bHHHA
pesoHaHc, To npu 60JblieM 4Hcae yacToT 06fA3aTeNbHO HAl0 YUH-
THBaTh KAaCaHHA C PE3OHAHCAMH H COBMECTHOE BJHAHHE HECKOAbKHX
(B paccmaTpHBaeMoM NpHMepe ABYX) pe3OHAHCOB.A

AHanus, yyuTHIBAIOUHH JeTaNH 3THX sABJEHHI, JJIS MHOrO4acTOT-
HbiX CHCTeM He npoBefeH. Tem He MeHee H3BEeCTHH HEKOTOpHIE
OUEHKH, OGOCHOBHBAIOIIHE NPHMEHHMOCTb METOA2 YCPelHeHHS.
OnH nomyyeHn Ha OCHOBe CJefyloiiero o6uero COO6paKeHHs: ec-
JIH MHOXECTBO TO4eK, GJH3KHX K Pe30HAHCHBHIM MOBEPXHOCTAM,
HMEeT MaJsyio Mepy, TO AJs OOJBUIHHCTEA HayaabHHIX AAHEHX Qa-
30Bas KpHBas NPOBOJAHT B 3TOM MHOXECTBe Majoe BpPeMms; NO3TOMY
€CTECTBEHHO OXHAaTh, YTO JJs GOJBIIHHCTBA HAYaAbHHX JaHHHEX
ycpeXHeHHe NpaBHJbHO OMUCHIBAeT JBUIKEHHE.

O6iune pe3ynbTaThl B 3TOM  HanpaB/JeHHH  NPHHad’IeXar
I. B. AnocoBy [44] u Kacyre (T. Kasuga) [160]. Teopema
J. B. AHocoBa yTBepxaaeT, YTo AAf JIO60r0 NOJOXHTENABHOTO
YHCJla p MEpa MHOXECTBA Haya/JbHHX AAHHBIX (M3 KoMnakra B da-
30BOM MPOCTPAHCTBe), AJS KOTOPHX MNOrPelIHOCTh ONHCAHHA TO4-
HOTO IBHXXEHHA YCPeAHEHHBIM MPEBOCXOAHT p:

mes {/o, $o:max | I (¢)—J ()| >p npu 1 (0)=J0)=1},
o<rgl/e

crpemHTcs K 0 npu e—0, Sra TeopeMa A0Ka3aHa AJMA BO3MYILEH-
HBIX cHCTeM GoJjee obliero BHAa, YeM CTaHAapTHBIA BHL (2): He
NpeAnonaraeTcs, YTo COBMECTHble YPOBHH HHTerpaJjioB HeBO3MY-
IeHHOH 3alauyu ABAAIOTCA TopamH; Tpebyercs, 4To6H NPH NOUTH
BCeX 3HAYEHHSIX KOHCTAHT 3THX HMHTErpajoB HEBO3MYIEHHOE /[BH-
JKeHHe Ha COBMECTHOM ypOBHe OblJIO 3ProJHYeCcKHM.

Has cucrem crannaprtHoro BHAa (2) TexHHka pabGotw [160]
NO3BOJISIET MOJYYHTb CJAEAYIOWYI0 OLEHKY NOTPEemIHOCTH ycpea-
HeHHS.

Teopema 8 ([103]). IMyctp BHINOJIHEHO OAHO H3 ABYX YCJ]0O-
BHii HeBbIPOX/JEHHOCTH: paHr ortobpaxeHus [—w(l/) pasex uHcay
yactog, 6o panr otobpaxenus Je(wi(/):w2(l): ... :0m(l))
Ha eNHHHIly MeHblue yucJa 4YactoT. Toraa cpexHss (MO Hayasb-
HHIM YCJIOBHSIM) NOTPelIHOCTb METOAA YCPeJHeHHS He MPeBOCXOIHT

BEJHYHHH MOpAAKaA Ye:
max |/(t)— J (£)| dlod% < ¢, } e. (21)
0<t<l/e

Cnepctsue. O6o3nauuM E (g, p) MHOXKECTBO HaYya/bHLIX AaH-
HLIX B npejenax (HUKCHPOBAHHOTO KOMMAKTAa, AAA KOTOPHIX MOrpell-
HOCTb JOCTHraeT BeJMYHHH p. Torja

mes E (e, p) < ¢, Velp. (22)
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SKBUBAJ/ICHTHAS (bopmylmpoaka: BHE MHOXeCTBAa MeEpuLl % <ThnpaBelJn~
B3 OLICHKA MOTPEeIHOCTH YCpPeAHEeHns

]I (t)—j(t)l<c] VS-/K.

OT1a oueHka Heysqydwaema [103]P. Opsako npasionoao6Ho, 4To
OoHa MOXeT ObiTb YJYyulleHa, €CJIH OTrPaHHYHTbCH BO3MYLUIEHHAMH
o6UIero noNoXKeHHs (CPp. C OUEHKON A/A JABYX4acCTOTHLIX CHCTEM MpH

ycioBHsIX A, B: morpemwtHocTb He mpeBOCXOAHMT Co¥ellnx|).

Ecan m=n+2, to Teopema 8 nenpHmeHHMa, OAHAKO OLEHKH
(21), (22) sbimoaHsIIOTCA AJA NMOYTH BCeX YJEHOB THNHYHOTO ceMmeil-
CTBa 4YacTOT C AOCTAaTOYHO GOJbLIMM YHCJAOM fapamMeTpoB A
(B. . Baxtun). BMecTo HeBBIPOXKAEHHOCTH 4acToT, Tpebycmoil B
Teopeme 8, 3lecb HcmoJab3yercs  HepaseHcTBo: | (k, ®)]+
+|0(k, @)/0I|>c7'|k|™ ana v>m—1 u Bcex k€Zm\{0}. [lpu
MOYTH BCeX 3HAUEHHSIX A OHO BHIMOJIHEHO ¢ KaKHM-HHOyab ¢>0.

Teopema 9 (B. M. Baxtun). Cpeansis no HayanbHLIM YCJOBH-
SIM NOTPEILHOCTh METOA3 YCPeAHEHHMS OLEHHBaeTcs AJsA cHcTeM 0O6-
LEero MOJIOXKEHHA ¢ m OGLICTPHIMH W N MEAJCHHbIMH MePeMEeHHbIMH
BeJHYHHOH nopaaka e!/®+b ecan m<<C* , pn—n.

CooTBeTCTBEHHO, NMpaBas 4YacTb OUeHKH (22) npHHHMaeT BHA
e’ Dfp. CucteMbl He OO6LIEr0 MOJOXKEHHs1 MPHHALIEKAT HEKOTO-
pOil THNEepNOBEPXHOCTH B MPOCTPAHCTBE BCEX CHCTEM.

§ 2. YcpenHenne B raMHALTOHOBBIX CHCTEMAX

3ajgauy ¢ BAHSHHH MAJbiX T@MHJAbTOHOBLIX BO3MYLIEHHH Ha HH-
TErpUpyeMyio raMHJbTOHOBY cHcTemy [lyankape Ha3Ban OCHOB-
HOM 3ajayedi AHHAMHKH. DTa 3allaua HMeeT MHOro MNpHJOXEHHH,
HMEHHO K Heil OTHOCATCA HCTODHYECKH NepBhe (OPMYJHPOBKH
NPHHIUNA YCPEAHEHHS H TepBble Pe3yJbTaTh TEOPHH BO3MYUICHHH.
dopManbHas CTOPOHA TEOPHH 3[eChb B MPHHUHNE TaKas XKe, Kak
NS O6IIHX HEraMHJAbTOHOBBIX BO3MylueHHA. OaHaKo xapakrep 3BO-
JIOUHH MOA BAHSHHEM FaMHJbLTOHOBHX BO3MYLIEHHA COBCeM HHOM.
COOTBETCTBEHHO, A1 O60CHOBAaHHs PeLEeNTOB TEOPHH BO3MYILEHHH
KCMOJNb3YIOTCS CYILECTBEHHO APYrde MeTOAb, Y€M B HEraMHJbTO-
HOBOM CJyuae.

2.1. NMpumenenne npuuuuna ycpeanenus. IlycTs HeBO3MylleH-
Has raMHJIbTOHOBA CHCTEMa BNOJIHE HHTErpHpyeMa, HekoTopas 06-
nactb ee a3oBoro MPOCTPAHCTBA PacCAOeHa Ha HHBAPHAHTHBIE TO-
PH, B 3TOfi 061acTH BBeleHbl MepeMeHHbe aeACTBHe—YToa

L, o:1=(,,..., 1,)6BCR", 9= (91,..., ¢a) (modd 2n)€T".
Tamuaptonnan Hy nHeBO3VYLIEHHOH CHCTEMbl 3aBHCHT TOJIBKO OT ne-
pemeHHHx «pefictBHe»: Ho=Ho(]). YpaBHeHHA HEBO3MYLIEHHOTO
JABHXEHHS HMEIOT OGHIYHYI0 dopMy:

1) B kJacce cTeNeHHHX OUEHOK.
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I =0, ¢ =9Hy/0l.

nyCTb HA CHCTEMY HAJ/J0XEHO Majioe raMHuJIbTOHOBO BO3MYIIlEeHUe.
Boamymeh'noe ABHXKEHHE ONHCbIBaeTCH CHCTEMOA C TraMHJIbTOHHAHOM

H=Ho()+eH, (I, ¥ &):

; OH, - 0H, K6 O0H, (23)
[ =—¢ W' ¢ =—d—,—+8’oT.

Bosmywaiomn# raMmuasTonnan H,(l, ¢, e) uMeer no ¢ mepHox 2.
3ta ¢popma ypaBHEHHI — CTAHAAPTHAs A/19 NPHMEHEHHS TNPHHUHNA
ycpeaneuns. Ecan He orosopeHo npotusnoe, pyukuuu Ho, H, 6y-
JeM CYHTAaTbh aHAJHTHUYECKHMH.

3ameuande Yacro BCTpPeyaloTcs 3aRauH, B KOTOPHX BO3MY-
uleHHe MEePHOAMYECKH 3aBHCHT €lle M OT BpemenH f. DTOT cayya#
CBOAHTCS K PAaCCMOTPEHHOMY BBeAeHHeM HOBOH PasH @Qa41=t H CO-
NpsKEeHHOH eil mepemMeHHOR [n.;. M3amenenue pacumupexHoro Ha6o-
pa ($a3oBbIX MEPEMEeHHbIX OMHCBLIBATCS CHCTEMON yPaBHEHMit ¢ ra-
MHUJIBTOHHAHOM

H,=[1I+I+H0(Il’ ve ey Iﬂ) +8Hl(lh vy [1n Ply -+ o s Pny, Pt 8)'
HMeILeH TOT Xe CTaHAapTHHA BHA (23). A

Ilpeanonroxum, uto Bce yactotn dHo/dl; ne o6palaoTcs TOXK-
AdectBeHHO B 0 H YTo MEXAy HHMH OTCYTCTBYIOT TOXAECTBEHHHE
LeJIOYHCIeHHble COOTHOIWEHHA. [ NPHGAHXEHHOro ONMHCAaHHA H3-
MEHEHUs MepeMeHHbIX / B COOTBeTCTBHH C NpHHUHMNOM 0. 1.1 ycpen-
HHUM ypaBHeHHs1 (23) mo dasam ¢.

Teopema 10. B raMHIbTOHOBOM CHCTEMe ¢ 1 CTENMEHSMH CBO-
GOLB M n YacTOTaMH 3BOJIOLUHH MeAJIEHHbIX NEepPeMEeHHHX He Npo-
HCXOAHT B TOM CMbIC/Ie, YTO YCPEJHeHHAal CHCTeMa HMeeT BHJ
I=0.

< Ilpu BbiutcreHun uuTerpana or df,/dg; no n-mepHomy Topy
MOXHO CHayasja NPOHHTErpHPOBATh N0 NepeMeHHOH @;. ITOT OAHO-
KpaTHblil HHTErpaj PaBeH NPHPAIUCHHIO NEPHOAHYECKOH (YHKUHH
H, ua nepuoze, 1. e. Hyno0. D>

3ameyaHHue. Uro6H COXPaHHTb FaMHJAbTOHOBY ¢OpPMY ypaB-
HEHHil, HeMHOro o606wuM npHHUMN 0. 1.1: GyaeM ycpeaHATb Tak-
XKe ¥ BTOpoe ypaBHeHHe (23), onuchiBaiollee H3MeHEHHe YIVIOB
(da3) ¢. [TonyyenHas ycpeAHeHHas cHCTeMa MMEET raMHJbTOHHAH
K (], e)=Ho(J)+eH,(]), #.=CH/ (], 9,0))°. INostomy dasm uc-
NbITHIBAIOT PaBHOMEpHOe BpallleHHe ¢ YacToTamu 0/0J. A

[Tpumep 10. PaccMOTPHM NAOCKYIO 02PAHUYEHHYIO KPY208Yt0
3adauy tpex tea (ra. 2, § 5). Maccy Onutepa o6o3naunm e u 6y-
JAeM CcYHTaThb Manoit no cpaBHeHHio ¢ Maccoit Coanua. B aroi
CHCTEeMe [iBe C NOJIOBHHOI cTeneHH cBOGOAH (ABe cTeneHH cBOGOAH
ILIIOC fIBHAst MEpHOAMYecKas 3aBHCHMOCTb OT BpeMeHHu). [lepexoas
B paniioMepHo Bpawawuiyiocs GapHUeHTpHYecKYY cucteMy koop-
AnHat, 01Ha M3 oceil KOTOpoit Hanpasiena Ha lOnurep, a apyras

Y Hawaao —-n iesTpe vace cuerems Coanue~—lOnutep.
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nepneHAHKYAsipHa €l H JIeXKHT B MJOCKOCTH Op6HTH lOnHTtepa
(puc. 39), moyyaem CHCTeMy C AByMs CTENeHsIMH CBOGOAM.

Puc. 39

ITpu e=0 noayyaercs HeBOo3MylleHHas 3ajaya JABYX Tea BO
Bpaulamoulencss cHCTeMe KOOPAHHAT, B ee ¢a3oBom mpocTpaHcTBe
06J1aCTh 3NJIHNTHYECKHX ABHXKEHHH paccjoeHa Ha ABYMepHHE HH-
BapHaHTHble TOpH. B KauecTBe nepeMeHHbIX AeHCTBHE — YTOJ MOXHO
Bbl6paTh KaHOHHYecKHe aneMeHTH Hdenone (em. ra. 2) L, G, [, g:
L=%a, G=Ya(l—e?), a u e — GoablIasi MOJNYyOCb H IKCUEHTPHCH-
TeT OPOHTHW acTepoHia, [ — cpefHsis aHOMaJHA acrepoHna, g—
A0JroTa NepHueHTpa OpOHTH, OTCYHTHBAEeMasi OT HAaNpaBJCHHS HaA
IOnutep (puc. 39). daemeHTH J[enoHe — 3TO KaHOHHYECKHe mne-
pemennble B (pa3oBom mpoctpaHcTBe. HMIX MOXHO HCMO/L30BaTh H
/ISl OMHCAHHs BO3MYLIEHHOrQ ABHXEHHA., YCPeAHHM BO3MYLIEHHHE
ypaBHeHHst a/sa 3jemeHTtoB Mesone mo GucTpuM ¢asam [ H g.
CoraacHo TeopeMe 10 ¥ 3aMeyaHHIO K Heil, B yCPeJAHEHHOH cHCTeMe
BeqnunHbl L, G (M, 3HAUYHT, @, e) ABIAIOTCA HHTerpajsaMH, a ¢asu
l, g paBHOMepHO BpPAlIAIOTCA C YACTOTAMH, OTIHYAIOLIHMHCS OT He-
BO3MYLIGHHBIX YacTOT Ha BeJHYHHB nopaiaka e. Hrak, nprxuun
ycpeAHEeHHs NPHUBORHMT K CJelyioulell KapTHHe ABHXeHHS. ACTepoHA
ABUKETCA MO JIHIACY, KOTOPHH MeAJleHHO PaBHOMEPHO BpauiaeTcs
BOKpyr cBoero ¢okyca (umeHTpa Macc cHcreM Couarue — lOnu-
Tep). A

I[Tpumep 1l. PaccmoTpuM BpauleHHe TAXeNOro TBEpPAOro Te-
Jla OKOJMI0 HEeMOABHXKHOHA TOuYKH. PaccTosiHHe or TOYKH NOABECA A0
UeHTpa Macc Tena 0003HAYHM & K GyAeM CUHTaTh MaJof BeJHYH-
Hoit. [Ip1 e=0 noayuaem 3apauy Jinepa—Ilyanco (ra. 4). Ilepe-
McHHBle RelicTBHe — yroa [y, g, O, @1, @, O Aaa 3Tol 3anauu onu-
canbl B [12] (cM. Takxke ra. 3, n. 2.3). Hanomuum, uto /, — Moayab
BCKTOPAa KHHETHYECKOro MOMEHTa Tena, a © — ero BepTHKaJbHas
npoekuus, ¥ — yroq NOBOPOTa BEKTOPAa KHHETHYECKOTO MOMEHTa
BOKDYr BepTHKaJH, nepeMeHHuwe [, @i, @2 NpH 3aAaHHOM [, onpe-
eS0T NOJOXEeHHe TeJa B CHCTeMe Ocelf, XKeCTKO CBA3aHHOH ¢
BEKTODOM KHHETHUECKOr0 MOMEHTa H BepTHKaabio (puc. 20).
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B 3THX nepeMeHHbIX FaMHJIbTOHHaH BO3MYLIEHHOH 3ajauH HMe-

T BHA
H=H0(Ilv 12)+8Hl(lly 12' (Ph (PZ) e)-

Tak kak © — HHTerpas 3anad, 10 ansa /; @; Noaydaercst cHcTema
C AByMs CTeNeHsMH cBo6OAbW W AByMsi u4actoTamH. [Ipumenss
NPHHUHN YCPeAHEHHsA, MOJy4YaeM, yto «AelcTBHA» [; — HHTErpa.H,
a ¢a3b ¢; HCTHTHBAKT paBHOMepHOe BpallleHue, 6.1M3Koe k Bpa-

weHHo B 3agave dinepa—Ilyanco. M3 aHanu3a ypaBHeHus ¥ =
=gdH,/00 Jerko caeayer, YT0 B pacCMaTpPHBAeMOM NPHOJIHKEHHH
H3MeHeHHe yraa ¢ 6.1H3KO K DPAaBHOMEPHOMY BpAILUEHHIO C YTJIOBOM
CKOpOCTbIO Nopsiika e. MTak, monydaercs, uto B CHCTeMe KOOpIH-
HaT, CBA3aHHON C BCKTOPOM KHHETHUYECKOr0O MOMEHTa M BepTH-
Ka.1blo, TeJ10 coBepllaeT ABHKeHHe «noutH no dinepy—Ilyancor, a
caM BeKTOp KHHETHYCCKOro MOMEHTAa MeIJNEHHO MnpelecCHpyer BO-
KPYr BepTHKaJH. A

Yacto BCTpeyaloTcss 3al1a4d  C  COGCTBEHHbIM  BbIPONOeHueM
(rn. 4, n. 2.1) Korpa HeBO3MYLIEHHHII FAaMHJbTOH 3aBHCHT HE€ OT
BCEX MNEpPeMEHHHX «JefiCTBHe» H, COOTBETCTBCHHO, HEKOTOpHE M3
HEBO3MYILUEHHHX YacTOT TOXKIECTBEHHO 06PallaloTCs B HYJb:

H=Hy(l\, ..., I,)+eH (I, @, €), r<n.

da3bl ¢,, j>r ABAAIOTCA MEAJNEHHHIMH mnepeMeHHbiMH. COrJIacHO
NPHHUHKNY YCPeAHEHHS, I NPHUOJHIKEHHOTO OMHCAHHUA 3BOJIOUMI
Hal0 YCPeAHHTb YPABHEHHS BO3MYUIEHHOTO ABHXEHH NO OGHICTPHIM
daszam @, i<<r. AHajOrHYHO NpeAbHAyLieMy AOKa3blBaeTcs c.e-
Ayollee yTBepxKIeHHe.

Teopema 11. B raMunbTOHOBOI CHCTeMe € n CTeNEHSIMH CBO-
6odH M r<n 4acTOTamu NepeMeHHHle, conpsixeHHbe GLICTPuM Pa-
3aM, ABNSIOTCH HHTErpalaMH YCpPeAHEHHOH CHCTeMBI.

B cootBeTcTBHH c 3TO#t TeopemoH AAs MelJeHHHX ¢$as M co-
NpsXKeHHBIX HM NEPEMEHHHLIX NPH YCPEeJHEHHH nojayvyaercs NpHBe-
JleHHasi TaMHJbTOHOBA CHCTeMa ¢ n—r cTeneHsaMHu cBoGoasl. Ecau
yucao ObicTphix a3 JHIIL HAa eJHHHIYy MEHblle YHCAa cTeneHe#
cBo60Abl (01HOKpaTHOE BHIPOXKIEHHE), TO NPHBeAeHHAasT CHCTeMa
HMeeT OfHy cTeneHb cBo6oabl, CnenoBaTelbHO, NMPH OAHOKPATHOM
BHPOXKAEHHH NPHHUHN YCPeAHEHHS MNO3BOJAeT NMPHOJHIKEHHO npo-
HHTErpHPOBAaTH 3alayy (KaK H B HEBHPOXKIEHHOM CJyyae).

Mpumep 12 (3adava laycca). Paccmorpum xpyzosyro ozpa-
Huuexnyro 3adawy Tpex Tea (He nuaockyio). Maccy lOnurepa 6yaem
CYKHTaTh Manoil, no cpaBHeHHI0 ¢ Maccoh ConHua. YpaBHeHHs ABH-
XKeHHS OTHOCHTEeJbHO Bpallaloulefica CHCTEMH OTcYeTa, BBEJEHHOl
npH onkcaHuu npHmepa 10, B KaHOHHYECKHX 3jeMeHTax [enowe L,

0,1, g, 0 (rn. 2) oaHOKpaTHO BHPOXAEHH — yroa g (apry-
MEHT WIHPOTH NEPHUEHTPA acTepoHAa) B HEBO3MYLIEHHOM HABHXKe-
HHH NOCTOsIHEeH. YcpeaHeHHe mo GbicTphiM ¢a3am [, & B 3Toit 3a-
Aaue Ha3biBaercs ycpeonenuem Iaycca. Coraacko teopeme 2.1,
BeJHYHHH L, © — HHTerpaan ycpellieHHOH cHcTeMH. H3wmeHenue
G, g nocie ycpeiHeHHs ONHCHIBAETCH FaMHJbTOHOBO# CHCTEMOl C

184



ORHON CTENneHbl0 CBOGOAH, FAMHJbLTOHHAH KOTOpOR 3aBHcCHT or L,
6 kak oT napameTpoB. Pa3oBble NOPTpeTH 3TOH CHCTEMH AJA BCEX
L, © noctpoesn B [62] (c momomgpio DBM, Tak Kak ¢popma ra-
MHJIBTOHHAHA AOCTATOYHO CJOXKHA). AHaJMTHYECKH 3Ta 3ajaya Hc-
c/efioBaHa B YeTHpex NpeAesbHHX CJAyyasix: MPH MaJHX HaKJOHe-
HHAX, B XHANOBCKOM cayuae (lOnmtep Haxomutcs ropasgo Aajb-
we or ConHua, yem actepona) [93], BHellHeM XHJJIOBCKOM Cay-
yae (acTepoHA HaxXoRHTcs ropaspo aaabuie or CosaHua, uyem IOmu-
tep) [69] u B cayuae paBHOMepHO 64H3KHX OPOHT acTepoHAa H
IOnutepa [165].

ITpu Mannx HakNOHeHHSAX ABHXEHHe KauyeCTBEHHO TaKoe e,
KaK B IIOCKO# 3aaayel).

[Tpn HccsenoBaHHH XHJJIOBCKOro ciyyas Obo OGHapyXeHo
cneAyioillee HOBOe siBJIeHHEe: Y OPOGHT ¢ GOJNbLUIHMH HAKJOHEHHIMH
BO3HHKAIOT 3HaYHTeJbHble KOoJe6aHHA 3KCUeHTpPHCHTeTa. B wyacTt-
HOCTH, y NMEepBOHAYaJbHO MOYTH KPYroBbIX OPGHT ¢ HaKJIOHEHHEM
90° 3KCHEHTPHCHTET BO3pAcTaeT A0 EAMHHUb, YTO MNPHBOAMT K
npeBpalleHnIo OPOHTH B OTPE30K H CTOJKHOBeHHIW ¢ CoaHuewm.
Buite Moxer, 310 OObsicuser, nouemy CoJiHeYHas cHcTeMa MOUTH
nAoCKasg H noyeMy OTCYTCTBYIOT CNOYTHHKH ¢ GOMBIIHMH HaKJOHe-
HHAMH K nuocKocTH CONHEYHOM CHCTeMH y CepHYEcKH CHMMeT-
PHYHBIX MJIaHeT.

Bo BHeumlHeM XHJJIOBCKOM Cjy4ae MJIOCKOCTb OPGHTH acTepoH-
4a MEeLJICHHO MpeuecCHPYeT BOKPYT HOpPMaJH K MJOCKOCTH OPOHTH
IOnutepa, a cama op6ura MeAJNIeHHO NOBOPAaYHBAeTCss B CBOEH
NIOCKOCTH Kak TBeploe Teno. [nsi BepTHKaJbHbIX opélm npeuec-

CHA OTCYTCTBYET. Has 0p6m‘ C HAaKJOHEHHeM arcl cos ﬁOTcyTCTB)P

eT NOBOPOT B MJOCKOCTH OPGHTHY. A

MNpumep 13. (Teopema Jlazpawxca — Jlanaaca 06 ycroduu-
soctu Coaneunod cucremor), PaccMOTpHM 3adawy n Tea B npeano-
JIOXEHHH, YTO Macca oaHoro Tesa (CosHua) MHOro Goablue Macc
ocTaibHbix Ted (naavet). HesoamyiieHuolt 6yaeM Ha3biBaTh CHC-
TeMy, B KOTOpPO# NJaHeTHl He B3aHMOAENCTBYIOT APYr ¢ APYrom, a
Coanue nenoaBHkHO. HeBo3MmylleHHass cucreMa pacnagaetcs Ha
n—1 3agay Kennepa. IlpeanonoxuM, yto HeBO3MYIUeHHHe OpOH-
Tbl MaHEeT — KenJepPOBCKHE 3JIHNCH, W BBeAEM AJA ONHCaHHA
KaXNoro H3 HHX KanoHu4eckue ynementor ITyanxkape® [24]. B pe-

) Eciu B HayaJbiuifi MOMEHT HaKJOHEHHe MaJo, TO B YCPEAHEHHON CHCTe-
Me OHO OCTaeTCsi MajikiM BO BCe BpeMs IBHXeHH® [102).

°r TouHo TaK XKe 3BOJIOLHOHHPYET OPGHTA AAJEKOrO CNyTHHKA OCECHMMETpHu-
HOMt nuiaHeTHl (oM., HanprMmep, [S0

3 310 KaHOHMYeCKHe NMepeMeHHble, B KOTOPHX 3aflaua peryasipia NpH MaJjhix
3KCUCHTPHCHTETAX H HAKJAOHeHHAX. dnemeHTH Ilyankape A, &, p, A, 1, ¢ cBs3zauu
¢ snemeHtramu [eaone L, G, O, [, g, © cooTHowennamu

A=L, §E=7V2(L—G)cosg, p=¥2(G—6)cos?.
A=l+g+9, n=—V2(L—G)sing, g=—V¥2(G—0O)sind.
TIpu HyseBHX IKCUGHTPHCHTETAX M HakMOHeHHAX E=nN=p=gq=90. Tlepemenuas
7. — cpedusa doacora NAaHETHI.
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3yJbTaTe NONyYHM KaHOHHYECKHe nepeMeHHHE /NS BOSMYLIEHHOA
cHcTeMb. B paccmaTpuBaeMoOf 3ajaye ectb n—1 OuicTphx ¢as —
3TO cpeAHHe HOAroTH muaHeT. CompsieHHHe HM NepeMeHHHe A;=

=Ypsa;, j=1,...,n—1, ABAAIOTCA HHTerpajlaMH YCPeRHeHHOA no
OHICTPHM (pa3aM cHCTeMH., 34ech a; — GOJIbIIHE TNOJYOCH OPGHT
KEMJepOBCKHX 3/JIHMCOB IUIAHET, u; — MHOXHTENH, 3aBHCsLiHe
or Mmacc. Utak, B ycpeAHeHHOR CHCTeMe G60JbiIHe MOAYOCH OPGHT
naaHeT He 3BOJIOLHOHHPYIOT. JTOT BaXKHHWA BHBOA HA3HBAETCA
Teopemoii Jlansnaca 06 OTCYTCTBHH BeKOBHX BO3MYLIeHHA mouyocefl.

Hanee OKasHBAaeTCsl, YTO yCPeAHEHHAst CHCTEMAa HMeeT YCTOHYH-
BOe NoJI0XKEeHHe paBHOBECHS, COOTBETCTBYIOUee ABHXXEHHIO Bcex nJa-
HeT B OAHOA MUIOCKOCTH B. OAHY CTOPOHY N0 KPYroBhM OpGHTaM.
ABHXeHHe NNaHET, COOTBETCTBYOllee MajibM KOJNeGaHHAM B JH-
HEapH30BaHHOA OKOMO 3TOrO PaBHOBECHsi YCPeAHEHHOM CHCTeMe,
HA3HBaeTCs Aazpanixcessim Osuxenuem. Ono HMeeT NMPOCTYIO reo-
METPHYECKyl0 HHTepnperauuio. Bekrop, HanpasieHHHA H3 ¢okyca
B NEPHreIkA NJaHeTH H HMEIOWHA AJIHHY, NPONMOPUHOHANBHYIO ee
SKCUEHTPHCHTeTy (8exTop Jlanaaca), B MPOEKUHH Ha OCHOBHYIO
NJIOCKOCTb CHCTEMH KOOPAHMHAT ABJISETCA CYMMOfi n—] paBHOMep-
HO Bpawamouunxcs Bekropos, Ha6op yrnosmx ckopocTefi 3THX Bek-
TOPOB OAMHAKOB AJs Bcex NaaHer. Bekrop, HanpaB/ieHHHi NO JH-
HHH nepeceyeHHs MNJOCKOCTH OPOGHTH MJaHeTH ¢ OCHOBHOM mJoOC-
KOCTBIO (JTHHHH Y3/10B) H NPONOPUHOHANbHHA NO AJNHHE HaKJOHEe-
HHIO NJ3aHEeTH, ABASeTCS CYMMOA n—2 paBHOMEpPHO BpalUaIOLIHXCH
BekTopoB”. Ec/iH B HEKOTODHH MOMEHT BpPeMEHH 3KCLEHTPHCHTETH
H HaKJOHEHHS AOCTATOYHO MaJjb, TO B YCPEAHEHHOH CHCTeMe OHH
OCTaHYTCsi MaJBIMH H BO BCe BpeMs ABHXeHHs. B wactHoctH, OKa-
3HBAIOTCS HEBO3MOXKHLIMH CTOJIKHOBEHHS IJIaHET H YXOAW Ha Gec-
KOHEYHOCTb. DTO yTBepXK/JeHHe Ha3nBaercs TeopeMon Jlarpanxka —
Jlannaca o6 ycroiiunBoctd ConHeuHolt cHcTemm. C MOMeHTa go-
KasaTenbctBa TeopeMn (1784 r.) ueHTpanbHas MartemaTH4YecKas
3alaya HeGeCHOM MeXaHHKH COCTOSJa B TOM, YTOOH NEpPEeHeCTH
STOT BHIBOA 06 YCTONUHBOCTH C YCPEAHEHHOM CHCTEMH Ha TOYHYIO.
Ha stoM nyTh BO3HHKAM MHOrHe pasjfiell TeOPHH AHHAMHYECKHX
CHCTEM, B TOM YHCJIe TEODHS BO3MYMWIEHHA W 3ProAHYEcKas TEOpHS.
Cefluac pemenne paccMaTPHBaeMOA 3alayH 3HAYHTENLHO MNPOJIBH-
HyTo. OKasnlBaeTcs, npH AOCTaTOYHO MaAbX Maccax NJAaHer 6OJb-
was foas o6aactu ¢$a3’oBOro MpoCTPaHCTBA, COOTBETCTBYIOLIEfH He-
JO3MYIIEHHOM ABHXEHHIO' B OAHY CTOPOHY MO KEMJEPOBCKHM 3.-
JHNCAaM MajblX 3KCUEHTPHCHTETOB H  HAKJAOHEHHH, 3amoJHeHa
YC/OBHO-NEPHOAHYECKHMH ABHXEHHSMH, OGNH3KHMH K Jarpamxe-
Boib (cM. § 3). Takam o6pasoM, «yCTONUHBOCTG» HMEET MeCTo AJA
GONBIIHHCTBA Ha4aabHHX YCI0BHA. [Ipy HayanbHEIX YCJIOBHAX H3
HCKJIIOUHTEIbHOTO MHOXeCTBa 3BOJIOUHA GOJbIIHX NOAyoceit ecH
H NPOHCXOAHT, TO OYEHb MENJIEHHO — ee CPeAHAN CKOPOCTh 3IKCMO-

' HcueanoBerHe OMHOM 4acTOTH CBA3AHO C HAKHYHEM V CHCTCMB HHTErpana
MOMEHTA KhO.THRCTBA ABHIKEHHA.
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s#eHIHaNIbHO y6HBaeT npH JHHeAHom yOGnBaHHHM BO3MylueHHs {18]
(cM. Huxe 0. 3.4). OaHaKko KO CHX NOp HeH3IBECTHO, MPOHCXOLHT JH
B AEACTBHTEJLHOCTH TaKasf 3BOJIOUMs H, TeM O6oJjee, MOXET JH
OHa MPHBECTH K Pa3pyIIeHHIO MJIAHETHOR CHCTEMH. A

Bonpoch 0 COOTBETCTBHH PEIIeHH#i TOUHON H YCPEAHEHHOA CHC-
TeM BO BCEX NPHBEJACHHHX MPHMepax HocAT OOLLMA XapakTep H pe-
warnTcs B pamMkax teopud KAM, cu. § 3.

B cayyasx, Koraa 9acTOTH HEBOSMYLIEHHOrO ABHXKEHHS G6JH3KH
K LEJOYHCJICHHONA COM3MEPHMOCTH, A/ NpPHOAHKEHHOr0 OMHCAHHSA
3BOJIIOLHH HCNOAL3YETCA YaCTHYHOE yCPeAHEeHHe ¢ yYeTOM Pe3OHaH-
coB (n. 1.1). das paccMaTpHBaeMuix MaMHJIbTOHOBHX CHCTEM OHO,
OYEBHIHO, CBOAHTCA K OTOPACHBAHHIO B Pa3ioxeHHH Pypbe BO3My-
UeHHOTO TaMHJIbTOHHAHA BCeX rapMoHHK, ¢a3sm KOTOpHX NpH pac-
CMaTPHBAEeMbiX COH3MEDHMOCTSAX H3MEHAITCA GucTpo. Jrta npoile-
Aypa Takxke NPHBOAHT K MOSBJEHHIO HHTErpajioB YCpPeAHEHHON CHC-
TeMHI.

Teopema 12, YacTHuHO ycpeAHeHHAs ¢ YYeTOM r He3aBHCH-
MbIX Pe30HaHCOB FaMHJbTOHOBA CHCTeMa HMeeT n—r HHTErpasos B
HHBOJHOLHH, ABJSAIOWMXCA LEJOIHCACHHHMH JHHeAHBIMH KOMOGHHa-
UHAMH NEePBOHAYANIbHHX MeJJIEHHHX NepeMeHHHX /.

< Caenaem CHMIIEKTHYECKYIO 3aMeHy NepeMeHHHX [, p-sp,q ¢
npousBoasiuess ¢yukuuei W= (p, Rg), rae R — uenouncieHHas
YHHMOAY/IsipHAaA MaTpHUa, NepBue r CTPOK KOTOpo# o6pasylor 6a-
3uc B moarpynne Z™, NOPOXAEHHOA BeKTOpaMH Ko3((PHilHEHTOB
paccMaTpHBaeMBX PE30OHAHCHHX COOTHOWIEHH#A; MaTpHua R cy-
wecTByer cornacHo [145]. B HOBHX mepeMEHHHX YyCpPeAHEHHE
CBOJMHTCS K OTOpacHBAHHIO B IAMHJIbTOHHaHe FapMOHHK, COAepXKa-
WHX $asbl Griyy ..., Gn. CoNpsilKeHHHE HM BENHUHHH Pyt ..., Pn
ABJISIIOTCS HHTErPaNlaMH YCPeAHEHHON CHCTeMH. [>

Ecnn umeeTca Bcero OAMH pesoHaHC, TO WacCTHYHO yCpelHeHHas
C ero yueToM CHCTeMa HMeeT n—| HHTerpajloB B HHBOJIOLHH
(OTMMYHBIX OT HHTerpana SHeprHH) M, CJeAOBaTENbHO, MHTErpH-
pyema.

I[Ipumep 14. Ilyctb B naockod xpyzo0e0d ozpanusennod 3ada-
4e Tpex Ten NEPHOA HEBO3MYILIEHHOrO ABHIKEHHS acTeponia GJaH30K
K noJsoBuHe nepHoia obGpamenns IOnutepa. Bocnoansyemcss KaHo-
HHYECKMMH nepemeHHuMH L, G, I, g npumepa 10. Beauwnna [+
+2¢ sBaseTcs MeMJeHHOi nepeMenHofi. [lpoussoasmas QyHKuHS
W u HoBHe nepeMeHHHE p;, ¢;, BBeleHHHe NpPH AOKa3aTeJbCTBE
Teopemu 12, 3apalorcs popmynamu

W=p\(l+2g) +p:(—I—g),
pi=G—L, q.=1+2g,
p2=G—-2L, qo=—I—g.

Nocre ycpensenus ¢ ydeToM pesonanca BeauuuHa p, CTaHOBHTCH
UHTErpaoM, a AJa p;, ¢, MOAYYaeTCA raMHAbTOHOBA CHCTEMAa C OAHOR
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creneHbio cBoGoAn. Ee ¢(a3oBubit noprpeT AAA Pa3JHYHHIX 3HAUEHHA
P> ¥ MalwX p, noka3an Ha puc. 40. Ha noprpere B kayectse mo-

MAPHBLIX KOOpAMHAT BHOpaHH —p = — VL (V1 —e?—1)~1Le?/2

Haq. L
(>

Pnc. 40

B -cayyae oaHoro pesoHanca ¢a3oBHIll NOPTPET YCPEAHEHHOM CH-
cTeMbl O/M30K K (a30BOMY NOPTPETY 3aJauu O ABHIKEHHH MasiTHH-
Ka B MOTEHLUHaJbHOM noJe (NPH AOCTATOYHO OOGLIHX NpelnoJoxe-
HusAx) [34]. eficTBHTeNbHO, YCPeAHEHHH TaMH/IbTOHHAH B Nepe-
MEeHHBIX p, ¢, BBeleHHbIX NMPH N0OKa3aTe/ibCTBe TeOpeMH 12, uMeer
BHI

F=F0(p|’ P2 ..., pn) +8F|(plv P2sevey Py ql)'

Ilyete py*=p,*(ps, .., p.) — NPOCTOe pe3oHAHCHOE 3HauYeHHe p;,
T. e.

[0F, 07F )
00y =0, (253 maro
BeeqeM B ero )/ e-OKDeCTHOCTH  HOBYIO  TepeMeHHylo P,—
=(pr— p*)/!V& M, COOTBETCTBEHHO, HOBHIi TaMHAbTOHMaH =
=F/Ve. Ecau ucxofarifi ramunbTonuan F peryaspen B oKpecT-
HOCTH pe30HaHCa, TO

O=Ve (/2 ap+V (@) +0 (), 24
V(a)=Fi(p* Po---s Pw 1)
SIBHyio 3aBHCHMOCTb @, V OT napameTpoB ps, ..., p. YKa3HBaTh He

6ynem. Ecau or6pocuts B (24) mo6asBok O(e), TO nmonyuum ra-
MHJbTOHHAH 3a[a4H O ABHXKEHHM MasATHUKA B NOTEHUHAJbHOM nO-
ne, ¢pa3oBuii noptper KoTopoi nokasaH Ha puc. 41. Ha ¢asosom
nopTpete WMeTCs1 06J1acTH KoseGaTeNbHBX M BpalllaTeNbHHX ABH-
XeHUH MasiTHMKa, pasjleieHHble cenapaTpucaMH. XapakTepHuit
pasMep KonebatesbHOit 06/acTH MO mepeMeHHOH p, W XapakTep-
Hasg aMMUIKTYAa KoaeGaHuii p; — nopsaka Ve, XapakTepHuit nepH-
o1 KoaeGanuit — nopaaka 1/Ye. [TlonoxeHus paBHOBecHs Ha
PHC. 4] Ha3WBAIOTCA CTAUHOHADHWMH PE30HAHCHHIMH peXHMaMH.
Mpu yyere nepementbix gy, ..., g. UM COOTBETCTBYIOT YCJOBHO-Me-
PHOAHYECKHe NBHXEHHA (ecAH 4HCJO CcTeneHeil ¢Bo6OAW n=2 —
NEePHOANHYECKHE ABUIKEHHSA).
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Py

Puc. 41

3amevanusa 1. Ecan B paccmartpuBaemoii 06JacTH  3Ha-
yeHHil nepeMeHHHIX FAMHJIbTOHHAH He sBJAsieTCA peryiaspHoi (yHK-
nueli, To ¢a30Bblii NMOPTPET ycpeAHeHHON CHCTeMH MoXeT OuiTh
apyruM, uyem Ha pHc. 41. Tak 6yaer B 3anaue npumepa 14, ecan
paccMaTpHBaThb MaJjble 3Ha4YeHHs 3KCUeHTpHcHTeta (cp. puc. 40
H4l1).

2. 3ddekTh, cBA3aHHble C pPe30HAHCaMH, HEOXHAAHHO YacTo
BCTpedalorcss B npupose. Boabine Bo3mymienns. Catypra IOnure-
poM («6onbllioe HepaBeHCTBO») CBfA3aHbi C COH3MEePHMOCTbIO 2:5
HX KenJepoBCKHX 4acToT. M3BeCTHH TpPH pe30HaHCHHX COOTHOLie-
HHA B cHcTeMe cnyTHHKoB CaTypHa: yactotTel Mumaca u Tedun ot-
Hocsites (npHMepHO) Kak 2:1, DHuenasa ¥ JIHOHH — TakXe Kak
2:1, Turana u TI'unepHoHa — kak 3:4. Yacrora oceBoro Bpalle-
Hus Mepkypus coctaBasier 3/2 ero op6urtanbHo#it yacroTh. Tabau-
ubl BeTpeyaloluxcsi B CoJIHeYHOH CHCTeMe COM3MepHMOCTel NpH-
BedeHH B [50]. B Go/bUIMHCTBe cJy4yaeB NMPHYHMHH BO3HHKHOBEHHS
3THX COH3MepPHMOCTEH HeH3BeCTHB. [l ONHCaHHA JBHIKEHHSN
BO/IH3H COH3MEPHMOCTH YCNEIHO HCMNOJb3yeTcs ONMHCAaHHas BHIIE
npouerypa 4aCTHYHOrO yCpeAHeHHA. A

2.2. NMpouenypnl HCKAOUEHHA GBICTPLIX NMEpPeMEHHBIX

B nynkte 1.2 onHcaHH 3aMeuaTesibHHle 3aMeHH NepeMEHHHX,
nossossiome GOpManbHO HCKAIOYHTL ObicTphie (asH M3 NpaBHX
YacTeit ypaBHEHHil ABHXEHHs. DTH 3aMeHH HrpaloT UEHTPaabHYIO
pPOJib BO BCeXx BOMPOCaX, CBSI3aHHHX C ycpeAHeHHeM. B paccmarpu-
BaeMOM cJjyyae FaMHJbTOHOBHIX CHCTEM 3TH 3aMeHBl MOXHO BHI-
6paTb CHMIJIEKTHYeCKHMH. HHXKe ONHCBIBAIOTCS OCHOBHHE TNpPO-
HeAyphl CHMIJIEKTHYECKOro MCKJIO4YeHHs OHCTphIX ¢as.

A. Meton JIlunawTenTa. IT0 — OAHH H3 NEPBHIX METONOB
HCKaloyeHHs GhicTphix ¢pa3. CoBpeMeHHYI0 ¢opMy eMy npuaan
Iyaukape B [34].

ITyctb umeeTcs BO3MylleHHas raMHJAbTOHOBa cHcrema (23) ¢ n
CTeneHsAMH CBOGOAB H 17 YaCTOTAMH, TNpHUEM MeXAY 4YacTOTaMu
HeT TOXIECTBEHHbIX PE30HAHCHBIX COOTHOWeHHil. [TocTapaemcs no-
no6path CHMNNEKTHUECKYIO GMH3KYIO K TOXIECTBEHHOM 3aMeHy ne-
pemensbix I, @—J, P Tak, yTOOL HOBHIl raMHJAbTOHHAH J# 3aBH-
CeJl TOJbKO OT MeAJIeHHHX mnepeMeHHHIX: #=dE(/J, ). [1poussoas-
my1o GyHKuHI0 3aMeHhl NMepeMeHHBIX H HOBbIfi FAaMHJAbTOHHAH HiueM
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B BiJe $POPMa/bHLIX PsAAOB MO &:
1=J—{—a%, P=9 -{-a%‘;,
S, ¢ e)=S8(J, O)+eS,(J, ®)+ ..., (25)
¥ (J, e)=36,(J)+eH,(J)+ ... .
Oynkuun S; AcmkHbl uMeTh M0 ¢ nepuod 2n. Craphif M HOBHIA
TaMWIbTOHHAHL! CBA34HBI COOTHOIIEHHEM

= 98 \ [ 95 )
8 (J, &)=H, (./—}-edq’}—{-sl'{l (J+e5 e
[NpupaBuuBast 3/1eCh WieHL OJAUHAKOBOrO NOpAAKA MO €, MOJyYyaem
CHCTEMY YpaBHEHHH

%0(‘I)=H0(j)s

#,(J =%3—‘3¢+H1 . @, 0), (26)
0 ,
H,() =GRS Fi () i>2.
dynkuua F, AsaseTcs noauHoMoM ot 08,/99, ..., 0S,.,/09. Peiue-

HHe cHucTeMH (26) B o6osnavenusx (-« ), {-}® Ana omeparopa
YCPeAHEHHS: H MHTEr pUPYIOLLEro omnepatopa, BBeleHHHX B 0. 1.2,
Aaetcs ¢GopMy/aMH

#,= (H,)° S;=—{H})+S’ ()
= (Fi)% Si=—{FF+SoU)i>2

3necy S;° — npousBoabhbie pynkuun or J. Yacrto BubHpaloT S.0=
=0.

B BbipaxXeHHe Ans HHTerpHpyiwowero oneparopa (cM. m. 1.2)
BXOAAT 3HameHaTeaH (R, o(J))=(k, 0Ho/d]) ¢ uenouucaeHHbBIMH
BekTopaMH R5=0. [lostoMy ¢yHkuun S; He onpejesenbl, Booblie
FrOBOps, Ha BCIOAY MNJIOTHOM MHOXeCTBe TO4YeK J, TAe 3TH 3HaMe-
HaTeaH o6pallaioTCs B HYJb HJIH HEHOPMAaJbHO MaJhl.

BpeMenHo 3abyseM 0 MaJhX 3HaMeHaTeJdsiX H NPeINONOXKHM,
YTO nepBhle m QYHKUHH S; onpefesieHH H SBJAAIOTCA [JadKHMH.
O6opBem psa A QYHKUHH S Ha yJieHax nopsika e™ H PaccMoT-
PHM 3aMeHy NepeMEHHHX C «YKODOUeHHOH> NpOH3BOAsillell (PYyHK-
udeli Jo+eSi(J, @)+ ... +e™Sa(/, @). [a9 HOBHX nepeMeHHHX
NONYYHM TAMHJIbTOHHAH, B KOTOPOM 3aBHCAT OT ¢a3 Jullb YjieHH
nopsiika e™*! u Buiwe. OT6POCHB 3TH YJeHH, MOJYYHM HHTErpHpY-
eMylo CHcTeMy ypaBHeHHii, B Kotopo#i J=const, a ¢asa ¢ pasHo-
MepHO Bpallaetrcs ¢ yacTtoToli, 3aBHcameil ot J. [loacrasass 3to
peileHHe B GOpMyaH 3aMeHbl NepeMeHHHIX, NoJyyaeM NpPHOIHXKEH-
HOe peilleHHe H2XOJHON cHcTeMbl. Ero TOYHOCTH M MHTepBaJl Bpe-
MEeHH, Ha KOTOPOM OHO NMPHTOAHO, PacTyT C yBeJHYEHHEM HOoMepa
npubauxkenns m. Ha unreppase spemenu (0, T) 3To peweHue ra-
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pantHpyer TouHocTh O(e™''T) aas MeleHHBIX NepeMeHHHX K
O(e™'T?) — ana Guctpuix. IIpy m=1 npuxomMM K ycpeaHeHHOR
cacteme. Ecaiu Ou psin 415 3aMeHW nepeMeHHHX CXOLMJCH, TO ONH-
caHHas npolleAypa AaBasiia OH BO3MOXKHOCTb NPOMHTErpHpOBaTH
HCXOJAHYIO BO3MYILEHHYIO CHCTEMY.

Urobn npHAATb 3THM PaACCyXAeHHsM peaJbHHA CMHICA npH
Ha/HYHH MAnbIx 3HameHaTened, NPeACTaBHM BO3MYylleHHe B ¢opme

eH\ (I, 9, )=HM (I, 9, &)+ HO (I, 9, &)+ . ..,

rae H — TPUrOHOMETPRUECKHA MONMHOM OT @, OrpaHHYEHHHA 1O
MOAYJI0 Be/NHYHHOH Nopsifika e'. DByaem npoBoauts onHcasHyio
BHille NPOUeAYPY HCKJIOYeHHs ¢as, cyutas H' uyjeHoM nopsiaka
e’ B pas/ioMeHHH BO3MyLIeHHSi B Psif No e («3aGLIB» NpH 3TOM,
uto QyskuMa H/e' cama sasucur ot e). Toraa B KaxaAoM npH-
G/HXEHHWH TNPOUEAYPH BO3HHKAeT JHIIb KOHEYHOE YHCI0 MajbiX
3HAMeHaTeNleH H, COOTBETCTBeHHO, QyHKuun S;, 1<<i<<m, He Gy-
AYT ONpeje/ieHH JHIIb Ha KOHEYHOH COBOKYMHOCTH NOBEpPXHOCTel
(¢, ©(J)) =0 (uXx KO/IHYECTBO 3aBHCHT OT & W HOMepa NpHGIHXKe-
HHs m). BHe Mano# OKPeCTHOCTH 5TOH COBOKYNHOCTH MOBepXHOCTel
BBEJCHHAs BHIIE «YKODOYEHHas» NPOH3BOAAWIAs (GYHKUHS onpeae-
JIS€T 3aMeHy NepeMeHHHX, NMPHUGNHXKEHHO HHTErPHPYIOULYI0 HCXOA-
Hylo cHCTeMy ypaBHeHHH. IlonHocTeio cucTeMa oyHkumit S, 1<
<i<oco, no-npexHeMy He onpejeieHa, BooGlie roBOPs, Ha BCIOAY
IJIOTHOM MHOXecTBe 3HaueHuit J.

Meron Jlunamreara oyeHb 3dekTHBEH, Tak Kak AaeT npocroi
Cnoco6 npHGJHKEHHOro HHTErPHPOBAaHHS BO3MYLIEHHOA TraMHJbTO-
HOROH CHCTeMH. JTOT MeTOA CHrpa’ Go/blyi0 poib B Pa3BHTHH
TEOPHH, TaK KaK INO3BOJIMJ MOCTPOHTb pa3foXKeHHe o6llero perue-
HHA BO3MYIIEHHOA TIaMHJbTOHOBOH cCHCTeMbl B (DOPMaJbHHIi psf,
CONepXKaIlUHil TOJbKO MEpPHOAHYECKHE MO BPEMEHH 4eHbl. MeToawl,
Aalolne TaKHe pa3noxeHHs, Ilyankape Ha3Ba/l «HOBHMH» B mnpo-
THBOBEC «CTaPHIM» METOAaM, B KOTOPHIX NOSBASAHCH BeK08ble
“aenb. BHAA ™ W I™sinlt, t™coslt [34]. OTKpHTHE <HOBLIX» MeTO-
AOB COBepIIEHHO H3MEHHJO MOCTaHOBKY BONMpPoca 06 yCTOMYHBOCTH
BO3MYIIEHHBIX TaMHJAbTOHOBLIX CHCTeM (H B ToM uHcie CosHeuHoit
cHcTembl). [losiBneHHe BEKOBHX UYJNEHOB B «CTaphiX»  MeETOAAX,
o6yc/ioBreHHOe B JeHCTBHTENBHOCTH CNIOCOGOM  pas/ioXKeHHs,
(non06HO TOMY KaKk BO3HHKAaeT BEKOBOH ujeH B pasyioXKeHHH
sin (14+¢)¢t=sint+etcost+ ...), cunTanoch NpPH3HAKOM HeycTO#-
YHBOCTH ABHXKeHHA'. YCHAHA GHJHM HanpasjieHH Ha A0Ka3aTelb-
CTBO OTCYTCTBMSi TaKHX HJIEHOB A/si KOHKPETHHIX BO3MYILIEHHHl B
TJaBHBIX mopsifkax pasnoxenus. Ins CoaHeuHoit cucteMml Jlannac
BOKasan OTCYTCTBHe BEKOBHX YJEHOB B NEPBOM INOpPsAKe MO BO3-
Myuennio. ITyaccod nawe, 4yTo BO BTOPOM NOPSAKE MO BO3MYIile-

Y 3nech peub uaer o6 ycroduugoctu no Jacpanxcy. IBuxenne naiuinaercs
YCToffunsuM no Jlarpawxy, et ero TPaeKTOPHS BeYHO OCTAETCR B OLPaHHueH-
HOIT 06:1acTH (Ha30BOro NpPOCTpPaKCTRa.
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HHIO OTCYTCTBYIOT YHCTHie BEKOBHeE yjeHu (BHAa {™), HO MpHCYT-
CTBYIOT CMelwlaHHHe (BHAa I™ sinlt, ¢mcosll). C nosBjeHHeM <HO-
BbiX» METOROB OKa3aJOoCb, YTO MOXHO MNOCTPOHTH (opManbHHE
TeOPHH 0e3 BEKOBHIX Y/AEHOB, a BOMPOC — B CXOAHMOCTH noJyua-
eMbIX pa3sioXeRHil.

Kak ykasan [lyankape, paau Jluuawrteara B obuieM caydae
pacxoasrcs.

IIpumep 15. PaccMOTpHM cHCTemy, B KOTOPOHl YacTOTH He-
BO3MYILEHHOro ABHXKEHHA MOCTOAHHH H HECOH3MEPHMH:

H=w\/,+ oy +e(l,+32 asin(k, ¢)), k#0
| (0, B)|>c|k|=, c, v=const>0, ax=exp(—|k|).

3nech MOXHO BWIYHCAHTL BCe NpuGAHXKeHHa Meroaa JIMwawTesn-
Ta. Ecan paaw Jlunamrteara cxoasTcs, T0 BAOML JABHXKEHHA Be-
JNHYHHA |lr HCMBITHIBAaET JHIIb OrpaHHYEeHHHe KoJebaHHs.

C npyroi#t cTOpoHH, BO3MYlleHHas CHCTEMa JIerkO HHTerpHpyert-
ci. ®a3n paBHOMEPHO BPAUIAIOTCH C YaCTOTAMH ®1+e, wg, a H3Me-
HeHHe | onpeaensiercsi kBaapatypofi. [Ipu pauHoHaAbHOM OTHO-
WeHHH vacToT (w;+e)/wy BenuuynHa |/| HeorpaHHyeHHO pacreT
B/OJb ABHXeHHA (Kak Jerko cocuurath). [lostomy paam JInua-
wTeaTa pacxomarcs. A

PacxonumoctTh, KaK 3TO 4acTO OhiBaeT, CBA3aHa C TeM, YTO
CTPOATCA HEKOTOpuwe HecyulecTByioule obvexTH. Jleno 3aech
o6cTout mnpumepHo Tak. Ecam npu Hexoropom J psaan Jlmmawrexra
CXOAATCA, TO BO3MYUIEHHASA CHCTEMa HMeeT WHBAPHAHTHBA TOp
J=const, na koropom ¢a3a BpallaeTCs C BEKTOPOM YaCTOT
o(/, a)-=o';'lm+e"‘f;“)+ . ... HeBo3mylllenHble YACTOTH HECOH3-
MepuMbl (Tak BmOHpasnoch 3HaveHHe J). Ho wactoTe BO3MymieH-
HOTO J[BHXXCHHSI NMPH HEKOTOPHX & CTAHOBATCA COH3MEPHMBIMH.
Toraa HHBapHaHTHHIL TOp pacc1aHBaeTCA Ha TOpH MeHbllled pas-
MepHOCTH. Takas CHTyauWs SBISiCTCA O4YeHb BHIPOXKAGHHOR H B
CHCTeMax oflllero NoONOXeHHA He BcTpevaercsi. [1oaToMy psAu
Jlunawreara B obuieM cayyae pacxoasnTes.

3ameuanue. Hmeerca Bapuant metosa JIunauTeara, B KO-
TOPOM HINYTCH HHBapHAHTHbHie TOPH ¢ 3apaHee (PHKCHPOBAHHBIMH
HECOH3MepHUMBIMH uacToTaMH. COOTBETCTBYIOLIHE PAAH CXOAATCS
[29]. Doka3aTeabcTBO CXOAMMOCTH 3THX PSAOB OCHOBaHO HA
YCTAaHOBJIEHHH MX TOXAECTBAa CO CXOAALIHMHCA PpSAaMH TeOPHH
KAM (cm. § 3). MNpsamoe n0Ka3aTeNbCTBO CXOAHMOCTH MOKA HEH3-
BecTHO. A

B. Metoa llefinens. 3ror Metod pacnpocTpaHser npo-
leaypy merona JIMHAWTEATa HAa cAyvall, KOTAa H3 FaMHJILTOHHaHa
HCKJIOYaeTcs ToAbKO yacTb (pa3. OH NO3BOJIAET PAcCMOTPETh CHC-
TeMh ¢ COGCTBEHHHM BHIPOXKAEHHEM H Pe30HAaHCHbie CHTYauHH.
Meron Lleiinens nepekpuiBaeT BO3MOXHOCTH paHee pa3paboTaH-
HBEIX Ans 3TOR Henn MeroaoB [enone n Boauua.

192




Ilyctb B cHcTeMe (23) cHOBa fenaercs CHMIUVIEKTHuecKas G6JH3-
Kasi K TOXIeCTBEHHOii 3aMeHa nepemeHHnX BHAa (25). HoBuii ra-
MHbTOHHAH OyjleM HCKaTb B BHAe ¢opmaJbHOropsanadb (/, b, e) =
=Ho(J)+ed,(J, )+ ... . HoBHii wu crapbii raMuUAbTOHHAHBI
cBfi3aHbl COOTHOILIEHHEM

08\ S\
%0(./)—}-8%1(/, (P+B¢,~J)+...=H0(J+so~w}'+

4-eH, (.I-{-e‘;;:, P, s.ﬁ.

[TpupaBHHBas uJieHbl OJAMHAKOBOTrO NOPsilKa MO €, CHOBA MOJAy4yaeM
cHcTeMy cooTHolerHi (26), Ho TosbKO J6; 3aBHcAT OT $a3 M HHa-
ye BRlyHcAsiioTCa Fi.

[Tycte x€T"-" — Habop ¢a3, koTophie TpebyeTcss HCKIOUHTh
#3 ramMHAbTOHHaHa, YET™ — ocTaabHble ¢aswl. Torga Mo:kHO B3AATb

#,= (H\(J, % 0" S=—{H,—H# )} 4So()),
Hi=(F(J,¥) )" Si=—{F,—#)+S() i>2. 27)

3aecb S.® — npousBonbHble ¢ynkunn or J. Hanpumep, MoxHO
Boi6paTth S.%°=0.

Ecnu, kak u Bhlile, o6opBaTh pal AAs S Ha uneHax nOPSAKa
£™ M PAacCMOTPeTb «YKOPOYEHHYIO» 3aMeHy NepeMeHHbX, a B mpe-
06pa30BaHHOM raMHJbTOHHAHe OTOPOCHTb W/eHbl mopsiaka e™*!, To
NONYYHM TaMH/IbTOHHAH m-ro npubnuxenus. OH He 3aBHCHT OT
a3 y; COOTBETCTBEHHO, NOJIyYeHHas] MPHOJIHIKEHHAsH CHCTeMa MMeeT
n—r WHTErpa;ioB H CBOAMTCA K CHCTEMe C 7 CTeNeHsIMH CBOOOAbL.
Kak u B Meroge JIHHawTeATa, 31eCb BO3HHKAIOT MaJjbie 3HaMeHa-
TeqaH. Jlas Ttoro, 4ToObl B KaXXAOM NPHOJHIKEHHH HMeJOoCh JIHLUb
KOHEYHOe YHMC0 MajbiX 3HaMeHaTeJed, HaA0 MOAHGHLUHPOBATDH
ONHCAHHYI0 NPOUEAYPY aHaJOrHyHO m. 2.2.A.

[Tycte paccmaTtpuBaeTcst cucTeMa C COGCT8EHHbLM BbLPOXOEHU-
eM — HeBO3MYLIEHHbIH FaMHJIbTOHHAH He 3aBHCHT OT HEKOTOPLIX ne-
peMeHEbIX «aeiicTBHe». Toraa cpeau ¢a3 ecTb MeAneHHble H ObICT-
pble, a onHcaHHas mnpoueaypa M03BoJsieT (OPMANbHO HCKJAIOUHTH
H3 TaMH;abTOHHaHa ObicTpbie ¢dasbl. CucTema mepBoro npub.auike-
HHS A8 HOBBIX TNEPEMEeHHLIX COBMajaeT C YCPEAHEHHOH no OblcT-
peiM ¢pazaM CHCTEMOH.

[Tyctb Tenepb 321aHO 7 He3aBHCHMBIX PE30HAHCHLIX COOTHOLUe-
HH{l MeXNy HeBO3MYylUeHHbIMH vactotaMH. [lpeoGpasyem ¢asul
TaK, 4TOGbl NpH BHINOJHEHHWH 3THX COOTHOUIEHHIl mepBbie r ¢a3
GulH NONYGLICTPHIMH, a moc/ieiHHe n—r — GuictpuiMu. Toraa omu-
CaHHas npoueiypa no3sosder (OpMajbHO HCKJIAIOYHTb H3 FaMHABTO-
HHaHa ObicTphie ¢asnl. CucTeMa nepBoro npuOJAHXKeHHS ANS HO-
BhIX NepeMeHHbIX COBMalaeT C YaCTHYHO yCPEAHEHHOH C yYeToM 3a-
JaHHBIX pe3oHaHcoB cHcTemoi. [IpakTHueckH 3/ecb MOKHO He
BBOAHTH B KauecTBe MepeMeHHbIX Pe30HaHCHble KOMOHHauuK a3, a
1eflcTBOBAaTh B MCXOAHBIX nepemenHulX. [Ipw atom B dopmyaax
(27) ycpeanenune no GuicTpuiM (asaM 3aMeHsieTcs caeayiolleil one-
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pauHedi: B pasnoxenun Pypbe oT6pachiBalOTC] rapMOHIIKH, KOTO-
pHe B HEBO3MYILEeHHOM /JBH)XEHHH OCUH/IHPYIOT NMPH HANHYHH 3a-
AAHHLIX Pe30HAaHCHBIX COOTHOLLEHHH.

Paau Llefinens, kak u paawm Jlusawrteira, B obueM caydae
pacxoasTcs.

Bmecto Metona Leiinens vacto ucnonb3yercs ero MoaudHKa-
uus, npeanoxenHas Xopu (G. Hori) u Jenpu (A. Deprit) (cm.
HanpuMep, [154]). B 3Toi MOAHQHKaUHK CHMNJIEKTHYECKas 3aMe-
Ha nepeMeHHbIX, HCKJI0Yaolan ¢a3nl, 3aJaeTcd He NPOH3BoAsLLER
¢byukuuei, a eeneparopos — pyukunen W(J, ¢, e) =W, +eWo+ ...
TaKoO#l, YTO CABHr 32 BpeMs.& BAOAb TPAaeKTOPHii TaMHJIbTOHOBOMH
CHCTEMH ¢ ramuibToHHaHoM W naer HyxHoe npeoGpa3oBarHe
], @—J, ¥. d10 ynobuee, Tak KakK npoH3BoAsilas (GYHKLUHSI 3aBH-
CHT CpPa3y K OT CTaphiX (¢) H OT HOBLIX (/) MepeMeHHHIX, a reHe-
paTop — TOILKO OT HOBBIX nepeMenHulX. [lo3ToMy mpH Hcnoab3o-
BaHHH reHepaToOpa He Hal0 JAONONHHMTEIbHO pewaTbh (PYyHHLHOHAIb-
Hble YpaBHEHHS, BbipaXKasi BCe TONbLKO 4epe3 CTaphie HIH TO.TbKO
HOBHe nepemeHuble. [ImeioTcs npocThie pekyppeHTHble cooTHOLIE-
HHS, BHIpazKaiouiHe KO3QGHUHEHTH Pa3oKCHIN NO € HOBLIX nepe-
MEHHbIX H FaMHJIbTOHHaHa Yyepe3 cTaphle nepeMelHble, raMHI1bTOHH-
aH u reHepatop. KoappuuhenTnl pa3ioxeHHs reHepaTcpa noc.e-
J0BaTe/IbHO OMNPEAeNSIOTC H3 CHCTEMbI COOTHOIUEHHH, 3KBHBA.1€HT-
1oit (27). Hanpumep, nepBoe npH6/HXKeHIe ANA TreHepaToOpa NPoOCcTo
COBnajaer ¢ NepBHiM NPHOAHKEHHeM 115 NpoH3BOAALLeil PYHKUHH:
Wi(J, $)=38(J, ¥). Hmeiotcg nporpammbl a1 IBM, peanusyio-
wHe npoueaypy Xopu—Jdenpn B GykBeHHOM BHae. C nomolublo
ORHOH H3 3THX NporpamMm ObiJla YTOYHEHA K.aCCHYECK2S TCOPHS
Henone asuxenus Jyun [149].

B. Metoan 7Teopuu KAM. B reopuu Ko.moeoposa—
Apnoasda—Mosepa (KAM) paspabotaHbl CXOISLIHECH  MeTOIbl
HHTErPHPOBAHHA BO3MYILUEHHBLIX TFaMH.IbTOHOBHIX CciéCTeM. ITH Me-
TOIbl OCHOB2HH Ha MNOCTPOCHHH MOCJCIOBATeIbHLIX 33aMEeH Mepe-
MEeHHBIX, YHHYTOXAIOUIHX 3aBHCHMOCTb TaMH.IbTOHHAaHZ OT ObICT-
PhiX a3 Bo Bce 6o.ee BHICOKHX NOPsiAKax MO MajoMy napaMeTpy.
Ilpouenypy nocaenoBateibHbix 3aven npeanoxua Hoiokom. Co-
BpeMeHHYl0 ¢opmy eii npuaaa A. Ilyankape, koTopwiii, 01HaKo,
nocyHTal  npouelypy HblokoMa — 3KBHBa1eHTOM  npoueayphl
JIunawrenra.

B neficTBHTe.1bHOCTH, KaK BbisicHHIoch B padotax A. H. Koa-
Moroposa [14] u B. M. Apuoabaa [4], {5], npouenypa noc.ieiosa-
TeTbHbIX 3aMeH 00.13]1aeT 3aMeuaTebHbIM CBOWCTBOM KBaapaTHu-
HOil CXO1HMOCTH: NoOCi1e nm 3aMeH HeBfi3Ka B raMH.JIbTONHaHe, 3a-
BuCAWAS OT da3bl, iiMeeT nopailok 2" (6e3 yuera Maibix 3HaMe-
nateneli). Takasa «ceepxcxoduMoCTs» NapaausyeT BIHSHHE MalblX
3HaMeHaTenell W J1enaer BCIO Npoueaypy cXolsilefics Ha HeKOTo-
FOM «HEPE30HaHCHOM» MHOAKECTBe.
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[Tpouenypy nocienoBaTeNbHBIX 3aMeH MOXHO peaiH30BaTh
no-pasHoMy. Huxe onucbiBaetcs konctpykuua B. H. Apnoabaa,
6J1H3Kas K nepBoHayanbHOMY MeToay Hblokoma.

PaccMOTpHM BO3MyIIEHHYIO TaMHALTOHOBY CHCTEMY C TaMHJib-
TOHHZHOM

H(l, @, &) =Ho(l) +eH(/, ¢, ¢). (28)

Caenaem cHMNAEKTHYeCcKYi0 G6AH3Kyl0 R TOXIECTBEHHOH 3aMeny
nepeMeHHbIX /, @/, $ Tak, YTOGH B HOBHIX NEPEMEHHbLIX UYJEHBI
raMHJIbTOHHaHa Nopsilka & He 3aBHceaH or ¢a3. Takas 3aMeHa
nepeMeHHbIX yXe Obl1a NOCTPoeHa B n. 2.2.A npH pacCMOTPEHHH
nepBoro npuOAHXKeHHs Aas Meroaa JluwawTteara. Ouxa 3azaercs
npoussoasieil GpyHKuHeH

Jpt+eS(), @), S=—{Hw(, ¢, e)}". (29)

3aeck {-}°*— uuterpupyioutiii oneparop, Hiv(J, @, €) —cymma
rapMOHHK pajga ®Pypbe GyHKUHH |, nOpAI0K KOTOPHX He MPeBOC-
XOaHT uejoro yucaa N. Yucno N BoiGHpaeTcs TaK, YTOGbH OCTaTOK
pana ®ypve Rix=H,—Hy» no Mmoaynaio He npeBocxoaun e. Hosuit
ramuabToHuad 4 (J, ¢, &) HMeer BH]

F(J, ¢y, )=, (S, e)+2,(J, . &),

#o(J, e)=Ho(J)+e( H, ), 30

#%#.(J, b &)= Ho "f+e%)—Ho(J)—e%’—jﬂg—-zT+

+elH, (/.+e‘g, 9, 8)—H,(J, & &) +eRuv (J, ¢ ).

B npasoii yacTH nocsiefHero M3 3THX PaBEHCTB HaJ0 BHPA3HTH.@
yepe3 Y, J no ¢popMysaM 3aMeHbl NepeMeHHbIX.

HoBuiit raMuAbTOHHAH BBITAAAHT TakK e, KaK H CTaphlii, HO
¢ba3el BXOAAT B uJeHH nopsaka e2. CaesiaeM B NOJNYYEHHON CHCTeMe
aHaJIOrHYHYI0 3aMeHy nepemeHHbX. [locne 3Toro ¢asw coxpausaTcs
B ujgeHax nopsaaka &' (cm. (30)). [Tocne m nomo6HHIX 3amMeH nepe-
MEHHbIX 3aBHCHMOCTb OT (a3 COXpPaHHTCA JHILb B YJeHax MOPHAA-
ka ¢2™. HanoMHHUM, 4TO mocJe 3aMeHH NePEMEHHbIX mM-ro MPHGIH-
XKeHHs Metoaa JIMHAWITEATa 3aBHCHMOCTb OT (a3 ocTaercss B uje-
HaX raMHJbTOHHaHA NOPAAKA e™*!.

Ouenka e2™ ykasbiBaeT GOpMaNbHHfA NOPALOK NO £ HEBA3KH B
raMuabToHHaHe. PAKTHYECKH H3-3a BJHAHHA MalblX 3HaMeHaTeJed
HeBsi3ka MOXeT OHTb ropasio 6oJbiue.

[Tpumep 16. PaccMOTpPHM ONMHCAaHHYIO Bblllle MEPBYIO 3aMeHY
nepeMeHHHX B 06JaCTH, Ile YacTOTH YAOB.J1eTBOPAIOT OOHLIYHOMY
ycaosuio Hecousmepumoctd | (R, o(J))|=x|k| ™, 0<|k|<<N. Oue-
BHIHO

0S8

|]—J|=|e%l~%, |9 —vpl=|e 57|~ | €236, | ~ 2.
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3HaueHne x MOXET W3MeHATHCA OT BeJuynH TOpsaixa 1 10 BeauumH
nopsinka Ve (mpu x~ ) & umeem e‘;—§|~l H BBeIeHHas NPOH3BO-
Admas QyHKUHA MOXKET He ONpelesaTb B3aUMHO Oil03HAYHOro COOT-
setcteua /, ¢~ J, §). [lpn x~ Ve noayuaxm [e26,|~e BmecTo
dopmaabioii ouenkn e2. A

Bcio noc.ieaoBaTeNLHOCTD -3aMeH nepeMeHHbIX 6y11€M paccMmar-
pHBaTb Ha HEpPE30OHAHCHOM MHOXeCTBe, rjie BO3HHKaKOIllHe MaJHe

3HAaMeHaTeJH OLEHHBAIOTCA CHH3Yy BeauunHamu cYel|k|™, rae c=
=const>0, v=const>n—1, a |k| —nopsiaok cooTBeTCTBYIOLIEH
3HaMeHaTe/l0 TFapMOHHKH. Oka3blBaeTcsi, Ha 3TOM MHOXECTBe
GbicTpoe BO3pacCTaHHe MOPAAKA HEBA3OK NO & MNOAABAAET BJAHS-
HHe Ma/IbiX 3HaMeHaTeseii M KOMNO3HUHA MOC/el0BaTeNbHbIX
3aMeH CXOAMTCA. ITO— UeHTpaibHoe B Teopun KAM yTBepx-
henue. CeACTBHA H3 HeTO CPOPMYAHPOBaHH B § 3.

[lpoueaypa nocnenoBaTenbHbHIX 3aMeH oGecneyHBaeT CBEpXCX0-
AHMOCTb H AJIsl BBIPOXKAEHHBIX CHCTEM, e BHPOXIEHHEe, KaK roBO-
PAT, «CHHMaeTcsi». JTO O3HaYaeT, YTO raMHJbTOHHAH 3ajauyH HMe-

€T BHA
H=Hy(l) +eHo (1) +e2H\ (], @, &),

TAe Hoo 32BHCHT TOAIbKO OT r<n NepeMeHHHX «leicTBHe», a Ho —
OT BCeX n nepeMeHHbIX. B KauecTBe HeBO3MyLIEHHOTrO raMHAbTOHHA-
Ha BoiGHpaetcs Ho+eHy. B HeBo3MylueHHOM 3anauve, Kak H B He-
BBIpDOXKAEHHOM CJyyae, n 4acCTOT, HO r U3 HHX Nopsgka 1, a n—r —
nopsinka e. Boamyuieune B 1/e pa3 MeHblle MHHHMAAbLHOR 9acCTOTHI.
IIpouenypa nocnenoBateNIbHBIX 3aMeH OPraHH3yeTC TOYHO TaK Ke,
KaK B HEBBLIPOXAEHHOM cay4ae. Oka3blBaeTcsi, OHa CXORHTCH Ha
COOTBETCTBYIOLlEM HEPe30OHAHCHOM MHoOXecTBe [5].

Bhiuwte npeanonaranoch, yTo Bo3MmyuleHHe H, — aHaNHTHyecKas
¢yukuns. Ecan H| nMeeT KOHEUHYIO TIJafKOCTb, TO OMHCAHHaf
fipoueaypa nOCJA€40BATE/NbHHX 3aMeH MNPHBOAHT K «norepe
NMPOH3BOAHLIX>: B KaXA0M nNPHOJIHXKEHHH BO3MYLIEHHE HMeeT
MeHbllle NPOH3BOAHBIX, YeM B npeanayumeM. M3-3a atoro npo-
ueaypa oOphiBaeTcs MOC/Te KOHEYHOro ymcaa waroB. [Ipy  Ko-
HEYHOH TJIaAKOCTH BO3MYylleHHs Mo3ep npemNioXua MoAUGHUHpO-
BaTb MNPOLEAYPY, HCNOJb3YS TeXHHKY CIJIaXKHBaHHA, BOCXOAALLYIO
K Hawy (J. Nash) [179]. Kak H3BecTHO, ri1aaxyio ¢pyHKUHIO MOXK-
HO ¢ J1060i1 TOYHOCTHIO NPHOIH3UTL AHANHTHYECKON; €clH PYHKUHSA
NMepHOAHYHA MO HEKOTOPHIM NepeMeHHbiM, TO NPHGJHXEHHe MOXHO
BHOpaTh B BHAE TPHIOHOMETPHYECKOro MHOrOY/JEHa MO 3THM mNe-
pemenubim. [lycte H,v B BbpaxkeHuH AN NpoH3BoAsiulefi PYHKUHH
3aMeHbl nepeMeHHbIX nepBoro mnpuGaHxkeHHs (29) — aHanuTHYe-
CKafg QYHKUHS, SBASIOUIAACA TPHTOHOMETPHYECKHM MHOTOUYJIEHOM
no ¢aszam H npubauxkawmas H; ¢ TouHocTbio e. Takas 3aMena
MEPEMEHHLIX HCKJIOYHT H3 TaMHJIbTOHHAHA (a3bl ¢ TOYHOCTBIO 10
4JI€HOB nopsiaka c¢?. B caeaylomMX NpHOIHXKEHHSX MOCTYMUM aHa-
JIOTHYHbIM o6Gpasom. [IpH Tako#t mpoueaype raafKocTb BO3Mmylie-
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Husd coxpansiercsi. U3 pesyavratos [176], [177) BHTekaer, uto npn
AOCTaTOYHOH TI/IaAKOCTH BO3MYIIEHHsi NOCJeAOBaTeNbHHe NpHGJH-
CHHA CXOAATCA Ha Hepe3OHaHCHoM MHoxecTBe." TpeGoBanus K
I1a1KOCTH BO3MYIUEHHs NOCJe NepBHX pe3y bTaToB Mosepa no-
CTENEeHHO MOHHXKaanch B paboTax Mosepa, Pioccmanna (H. Riiss-
mann) #u [lemens (J. Pdschel). B [183] noka3aHo, 4TO B HeBH-
POXAEHHOM cJyyae AOCTAaTOYHO Tpe6oBaTh, YTOGL BO3MYLIECHHE
nprHaanexano kiaaccy C7, r>2n (3zech r— He 06sf3aTeNbHO e~
;10e, TaK yto C'—npocTpanctso [énbaepa).

§ 3. Teopus KAM

Teopus KAM — 310 TeopHS BO3MyleHHA yCJOBHO-NEpPHOAHYE-
CKHX JBHXEHMH raMHJIbTOHOBHX H POACTBEHHBIX HM CHCTEM B lie-
JJ0M AN GeCKOHeYHHX HHTepBasoB BpemeHH. OHa faeT, B YaCTHO-
CTH, CTpOroe onpasaaHue (yHAaMeHTaJIbHOMY BHBOAY 06 OTCYTCT-
BHH 3BOJIIOLMH B TAKHX CHCTEMaXx, BHTEKAIOLIEMY H3 3BPHCTHYECKOrO
NPHHUHNA yCpeAHeHHSs H (OPMaJbHBIX NMpOLEAYP HHTETPHPOBaHHS.

3.1. Heposmyuiennoe aBuXeHHe. YCAOBHA HEBbIPOXKAEHHOCTH.
HanoMHHM OCHOBHHIE MOHATHSA, CBi3aHHBE C HHTETPHPYEMBIMH CH-
cTeMaMH. PaccMOTPHM HEBO3MYHIEHHYIO HMHTErpHPYeMyi0 TFaMHJb-
TOHOBY CHCTeMy C raMmuabToHHanoM Ho(/). Ee ¢asoBoe npoctpan-
CTBO pacc10eHo Ha HHBapHaHTHHe Topnm [=const. /IBuXeHHe no
TOpy SABJASIETCS  YCJIOBHO-NEPHOJHYECKHM C BEKTOPOM YacTOT
(/) =0Ho/dl. Top, Ha KOTOPOM YaCTOTH PalUHOHAJNbHO HE3aBHCH-
Mbl, Ha3bIBaeTCA HEPe30HAHCHbIM. TpaeKTOpHS 3ano.HseT ero BCIO-
Ay naoTHo (KaK roBopsiT, siBAseTca O6MOTKO# Topa). OcraiabHHe
Topu I=const HasbiBaloTcsi pesonancHoimu. OHH pacciaoeHH Ha
HHBapHaHTHHE TOPH MeHbllleii pa3MepHOocTH. HeBo3MylueHHas CH-
CTeMa Ha3blBaeTCSi HeBbiPOXCOeHHOU, €C/AH ee YacTOThl  (yHKUHO-
Ha/NIbHO HE3aBHCHMHI:

ow O:H.
det ‘v=det 'OI—_,#O.

B HeBHIpOXIeHHOHl cHCTeMe Hepe3oHAaHCHHE TOPH 06pa3yloT BCIOAY
NJIOTHOE MHOXECTBO NOJHOA MepH. Pe3oHaHCHble Topn 06pasyloT
MHOXXeCTBO Mephl Hy/ib, OAHAKO OHO TaKXe BCIOAy M/1oTHO. DBosee
TOro, BCIOAY MJIOTHH MHOXECTBA HHBApPHAHTHHX TOPOB C JIOGHM
YHC/IOM PalUHOHANbHO He3aBHCHMHIX yacToT OT 1 30 n—1 u, B yacrt-
HOCTH, TOPOB, Ha KOTOPhIX BCé TPAEKTOPHH 3aMKHYTHI.

HeBo3myilleHHasi CHCTeMa Ha3BIBaeTCHA U303MEP2eTUMECKU HeBbl-
POXJeNHOM, €CIH OflHA H3 YaCTOT He o6pawmaeTcs B HyAb, H OTHO-
LIeHHA K Hell OCTaJbHBIX n—1 YacTOT QYHKUHOHAILHO HE3aBHCHMEE
Ha ypoBHe 3HeprHH Hy=const. YcaoBHe H303HepreTHYecKoil HeBhl-
POXKAEHHOCTH MOXeT ObiThb 3aNHCAHO B BHAE

) TexHHKa NOC.1e20BATEILHBIX NPHOANNKEHHIT CO CrAaKHBaHHEM MNPHBEiA TaK-
Ae K HOBHIM TeopeMaM HeauHelinoro GyHKUIOHANbHOIO aNadii3a O HEBHOI (YyHK-
unn no Hawy—Mosepy [177], [197], [157].
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9:H, oH,
o ol

oHy +0.
oI

det

B H303HepreTHueckH HEBHPOXKAEHHOIl CHCTeMe Ha KaX/JO0M YpOBHe
SHEPrHH NNOTHH MHOXKECTBA KaK Pe30HaHCHBHIX, TaK M Hepe30HaHC-
HHX TOpOB, HO, KaK H Bhle, nepBoe HmeeT MOJIHYIO Mepy, a BTO-
poe — Mepy Hy/b.

3.2. NHBapHaKTHbe TOPH BO3MYWIEHHOA cHcTembl. PaccmoTpuMm
Tenepb BO3MYLLEHHYIO CHCTEMY € FAMH.1bTOHHAHOM

H(l, @, e)=Ho(I)+eH (I, ¢, €). (31)

®opmyaupyemas HHxe TeopeMa A. H. Konmoroposa [14], [4] mno-
Ka3bhliBaeT, YTO NPOHCXOAHT C HePe3OHAHCHLIMH TOPaMH NMPH BO3MY-
ILEHHH.

Teopema 13. (Teopenma Koamozoposa). Ecam Heso3-
MYLUEHHAs FaMHJbTOHOBA CHCTeMa HEeBHPOXAEHA HAd H303HEpreTH-
YeCKH HeBbIPOXKAEHA, TO MPH JOCTATOYHO MajJOM TaMHJIbTOHOBOM
BO3MYlleHHH OOJNbIIMHCTBO HePe30HAHCHBIX HHBAPHAHTHLIX TOPOB He
HCYe3HeT, a JHUWIb HeMHOro AedopMHpyeTcs, TaK YTO B ()a30BOM
MPOCTPAHCTBEe BO3MYLUEHHOH CHCTeMbl TaKXe HMEIOTCH HHBAapHAHT-
Hhle TOPH, 3aMoJIHeHHble BCIOAY MJIOTHO (Pa30BhIMH KPHBLIMH, o6Ma-
THIBAIOIKMH HX YCJAOBHO-NIEPHOAHYECKH C YHCJIOM YacTOT PaBHBIM
YHCY cTeneHeidl cBOGOAH. YKa3aHHbe HHBapHaHTHbHe TOpH 06pasy-
10T GOJIBIIHHCTBO B TOM CMHIC/€, YTO Mepa JAOIIOJNHEHHS K UX 06belH-
HEHHIO Masa sMecTe C BO3MylleHHeM. B ciyuyae H303HepreTHyeckoi
HeBLIPOXKAEHHOCTH HHBapHaHTHbBe TOPH 06pa3yioT GONbUIHHCTBO Ha
KaXX10M MHOroo6pa3sHH YPOBHSI dHeprHH.

HuBapuaHTHBE TOPH, KOTOpHE CTPOATCS B 3TO/ TeopeMe, Ha3hi-
BAIOTCA KOAMOZOPOSCKUMU TOPAMU, @ HX OObeAHHEHHe — KOAMO20-
POBCKuM MHONecT8OM. JloKa3aTesibCTBO TeOPpeMB OCHOBAHO Ha CXO-
Adlueiics npoueaype HCK/alOueHHs GhiCcTpHX ¢as n. 2.2. B.

K obuieit ¢popmyanpoBke reopembnt A. H. Koamoroposa moxuo
CAesaTb HeCKOJAbKO RONOAHEHHH.

1°. TeopeMa cnpaBeasnBa, €c/iH HEBO3MYIEHHBA raMHJILTOHHAH
AHAJIUTHYEH, a BO3MYIleHHe NPHHAANEXHT Kaaccy C', r>2n [183).
(B nepBoHayanbHBIX (POPMY.IHPOBKAX BO3MYlEHHe NMpeaAnoJaranoch
aHaJAKTHYeCKHM [4]).

2°. Ilyctb 3aRaHo YHCAO v, YAOBJETBOPsSIOLUIEE HEPaBEHCTBAM
n—1<v<'or—1. Ilpu poCTaTOuHO MaJOM BO3MYIUEHHH Kaacca C’
YacTOTH ABHXXEHHS MO0 KOJIMOTODOBCKHM TOPaM NpHHaANeXaT
KaHTOPOBY MHOXECTBY.

Q= {E:EEQCR™, | (k, B) | >x|k]|~VEEZ "\ {0}}.

3neck Q — MHOXKeCTBO 3HauEHHii HEBO3MYIIEHHHX 4YacToT w(/), a

% — BeJHYHHa nopsaka Ye [184]. Hanomunm, uto mepa JleGera
AONOHEHH Q, N0 Q He NMPEBOCXOAHT BEJHYHHLI MOPSAAKA X.
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3°. Mepa nononHeHHs K KOJIMOrOpOBCKOMY MHOXECTBY He Mmpe-

BOCXOLHT BeJHuHHB nopsiaka Ve. Jedopmauns COXpaHAOUIErocs
TOpa, T. €. €ro OTJHYHe OT HEBO3MyIIeHHOTO TOPa C TeMH Xe yac-
TOTAMH YCJIOBHO-NIEPHOAHYECKOTO ABHIXKEHHS, 3aBHCHT OT apHdMe-
THYECKHX CBOHCTB 4acToT. Ecnu wvactotnl npuHaanexat Q, 8>x
(cm. 2°), To nmepopManHs He NPeBOCXOIHT BeJHYHHH MNOPAAKA
¢/6=<YVe [90], [107], [115], [184].

°. KonMoropoBckue Topel o6pasyior riaaxoe cemeficteo [90],
[115], [184). Coopmyanpyem 3T0 yTBepaenne noapobuee. Pac-
CMOTDHM CHayaJla HeBbIPOXACHHbIK ciyyait. [1peanosoxuM 4715 npo-
CTOTHl, 4TO oTOGpaxenHe uactor /—w(/) — nuddeomopdusm. Tor-
Aa AAs BO3MyuleHHit kaacca C7, r>3v+2>3n—1, cyllecTByer

audpdeomMoppuam
V:QENXT (3> R {1} X T {9},
OrparnH4YeHHe KOTOPOro Ha Ka{TOPOBO MHOXECTBO CTAaHZAPTHHIX TOPOB

Q,XT" orofpaxaer ero B KOJMOrOpOBCKOE MHOXeCTBO. B nepe-
MeHHLIX f, & npu EEQ, ypaBHEHMA ABHXEHHS 3aMHCHBAIOTCA B BHE
E=0, =",

Hudpdeomopdusm W HMeeT aHH3OTPOMHYIO TMAAKOCTb — YHCIO €ro
NpoH3BOAHBIX NO ¢paze & Goablue, yem no yacrore & [naakoctb
no 4 —3TO riafkoCcTh OTAEJALHOTO HHBAapHAHTHOTO TOpa, a raaj-

KOCTb MO § — cOGCTBEHHO TJIaAKOCTb CeMeficTBa TOPOB.

MNMopsanok raanxoctw nuddeomopduama ¥ oueHuBaercs cBepxy
yepe3 MOPAJOK IJ1aAKOCTH BO3MYIeHHA. B 4acTHOCTH, eciH BO3-
MylleHHe aHalHuTHYHO, TO W aHanHTHYeH no & (T. e. KaxAbli TOp
aHaaHuTHYeH) u GeckoHeyHo AHddepeHuupyeM no § (T. e. Tops 06-
pa3yloT GeckoHeuHo AH(pdepeHUHpPYyeMOe ceMeiicTBO). JTO Jayyluee,
Yero MOXHO OXHAaTb, TaK KakK ec.1H W okasancs 6bl aHATHTHYHBIM
No BCeM nepeMeHHLIM, TO BO3MYuleHHas cucTeMa Obiia Obl BMOJHE
HHTErpHpyeMoii.

B cnyuae u3o03HepreTHYeckol HEeBHPOXIEHHOCTH CeMeHCTBO TO-
POB Ha KaX/OM ypOBHe 3HepruH aHaNOTHYHBIM 06pa3oM r1aiako
napaMeTpH3yeTCss OTHOWIEHHAMH 4acTOT (M TJAaAKO 3aBHCHT OT
3HEepruu).

5°. BosMmylwieHHast cHCTeMa BNOJiHe HHTerpHpyeMa Ha KaHTOpO-
BoM MHOXecTBe [184]. D710 o3HayaeT, YTO B HEBHIPOXKIAEHHOM CAy-
Yae npv AOCTATOYHO rAAJAKOM BO3MYIIEHHH CYILECTBYIOT CHMIJIeK-
TAYecKass 3aMeHa nepeMeHHbix /, ¢—J, ¥ c npousBoasiei ¢yHK-
uneit Jo+eS(J, @, €) H HeBHPOXAEHHBIH ramuabToHHaH H(J, ¢)
TakHe, UTO

0 A
H, {f-i-eg—i) +eH, (‘l+£5§' ¢ 2! By, exrn=%("' )

NpHYeM 3TO paBEHCTBO MOXKHO AH(depeHUHpPOBATL AOCTATOYHOE
KOoaHyecTBo pa3. 3aech B,,. — npoo6pa3 CTaHAAPTHOrO KaHTOPOBa
MHOXecTBa Q, (cM. 2°) npu oroGpaxenun J—03/3J. B uzosnep-
TETHYECKH HEeBBIDOXKAEHHOM c.1yuae (OpPMYJHPOBKA aHaJOTHUHA.
Gvitkunn S, 6 noayualoTes 13 COOTBETCTBYIOUIHX (PYHKLUIT, 1aBa-
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eMblX npoueaypoit m. 2.2.B, criakupanueM B <leNfX»  MeKay
KOJIMOTOPOBCKHMH TCpaMH.

Yacto BcTpeyaetcs cayvait cobcreéennoz0 8bipoxdeHusn , Koraa
HEBO3MYLUEHHbll TaMHJIbTOHHAH He 3aBHCHT OT HEKOTOPbIX MepeMCH-
HbX «feficTBHe». CKaxeM, YTO BO3MylleHHe CHHMAaeT BHIpOXKIeHIe,
€CJIH BO3MYLICHHbIH FaMHJbTOHHAH NPUBOANTCH K BHAY

H=Hoo(1)+€Ho|(l)+82Hu(l, P, e), (32)

rie Hoo 3aBHCHT TOJNbKO OT NEPBHIX r NEPeMEHHBIX <«I1eficTBHe» H
fAIB15eTCA NO 3THM MEPEeMEHHLIM JHG0 HeBbLIPOKIEHHBIM, JIH60 H30-
3HepreTHYECKH HEBBIPOXKAEHHHM, a H, 3aBHCHT, BooGlle roBops,
OT BceX «1efCTBHH» H fBJSETCA HEBLIPOKAECHHBHIM MO MOCJAEIHHM
n—r H3 HHX (reccHan Ho, mno I,,,,..., I, otauuen or Hyas). Cuc-
TeMy € raMHabTonHaHoM Hoo+eHo HasoBeM NpOMeEKyTOUHOM.

Teopema 14 ([5]). Ilyctb BO3MywenHas cHcTeMa BHpOXKe-
Ha, HO BO3MYIUEHHe CHHMaeT BbIpOXIeHHe. Toraa 6o.1bli2si 4acTh
¢asoBoro npocTpaHcTBa 3aNOHEHa MHBAPHAHTHLIMH TOpaMH, 6.1H3-
KHMH K HHBapHaHTHHIM TopaM /=const npoMeXyTOYHOIi CHCTeMH.
®a3oBble KpHBble 06MaTbiBAIOT 3TH TOPH YyCJOBHO-MEPHOLHYECKH,
C YHCJIOM YacTOT PaBHBIM YHCAY cTeneHeii cBoboabl. M3 3tux uac-
TOT 7 COOTBETCTBYIOT OhICTpHIM (pa3aM, a n—r — Mel 1eHHBIM. Ecau
HeBO3MYUICHHHI TaMHJbTOHHAH W303HEPreTHYECKH HEBLIPOKAEH MO
TeM r NepeMeHHHM, OT KOTOPbIX OH 3aBHCHT, TO ONHCaHHble HHBa-
PHAHTHHIE TOPH COCTaBASIOT 6OJbLWHHCTBO Ha KaMaoM MHOroo6pa-
3HM YPOBHS SHEPrHH BO3MYLIEHHOH CHCTEMH.

3aMeuaHue. Bo MHOrMx 3alauax Bo3MylleHHe NepHOAMYe-
CKH 3aBHCHT OT Bpemeun: H=Ho(l)+eH, (I, @, t, €). BTOT cayuai
CBOAHTCA K aBTOHOMHOMY BBeJACHHeM BpeMEHH B KauyecTBe HOBOIi
da3zbl. Ecan det 0?Ho/0/?50, To nonyuyeHHass Tak cHCTeMa H303Hep-
reTHYeCKH HEBHPOXJAeHa M B Hel, coraacHo TeopeMe 13, umeercs
MHOrO n-MepHbIX MHBAapHaHTHHX TopoB. Ecau B Takoit cucteme
ecTb COOCTBEHHOC BLIPOXJAEHHe, HO BO3MYLIEHHE €ro CHHMaeT, TO
HHBapHaHTHbIE TOPH AOCTaBJsAET Teopema 14. A

[Myctb ramuabronnan umeer sua H=Ho(l,p,q) +eH, (I, 9, p. q).
rae H, unmeer npu Bcex / paBHoBecue (p, ) =0€R?™ ¢ He yucto
MHHMbIMH COGCTBEHHBIMH YHCAaMH M HeBblpoxaed no /. Toraa npu
Ma.abiX & GOJbIUHHCTBO HEBO3MYUIEHHBIX HHBapHAHTHLIX TOPOB p=
=g=0, I=const He paspywaercs [155]". Ecan m=1, 10 TOpHI CO-
NPaHAIOTCA H NPH MHHMBIX cOGCTBeHHBIX uncaax [29].

B [29] Mo3sep nocTpoHs TEOPHIO BO3MYLIEHHI YCJAOBHO-NEPHO-
AHYECKHX ABHXKCHHA HEraMHJbTOHOBHLIX CHCTeM. B uacrtHocTH, j0-
Ka3aHo COXpaHeHHe MWHBAapHAHTHLIX TOPOB B OGpPaTHMBIX CHCTeMaXx.

3.3. Cucremnl ¢ ABYMA cTeNneHAMH CBOGOADI.

A . OtcyTcTBHe 3BOMOUMH. B chcTeMax c¢ apyms cTe-
NeHAMH CBOGOAW H3 HaMHYHS OGOJBWOro KOJIHYECTBA HHBAPHAHT-

l‘;g’{axue rinep6oauyeckue TOpH H3ydaan Takxke B. K. Meavnukos u Mosep,
oM. .
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HHX TOPOB ClelyeT OTCYTCTBHe 3BOJOUMH AJf BCex (a He TOJIBKO
115 GONBIIKHCTBA) Ha4ya bHbIX yCa0BHIl.

TeopeMma 15 ([4]). B H303HepreTHueCKH HEBBLIPOXAEHHOH
cHcTeMe C ABYMs CTeneHSAMH CBOGoabl npH BCeX HayasbHLIX YCJO-
pHAIX TEepPeMeHHEle «JeHCTBHE» BEYHO OcCTaloTc BOJH3H CBOHX Ha-
yaJbHHX 3HaYeHHii.

< B paccmarpuBaeMoit cucreme ¢a3oeoe MPOCTP2HCTBO Ue-
THpeXMePHO, ypOBeHb 3HEPrHH TpexMepeH, a KOJMOrOpOBCKHE TO-
pH ABYMEepPHH M 3aMOJHSIOT GOJbLIYI0 uacTb YPOBHA 3HEPTHH.
JIByMepHHIl TOp AeAHT TPeXMEpHHil ypoBeHb 3HeprHd (Ha pHc. 42
[OKa3aHO PacnosoXeHHe TOPOB Ha ypoBHe 3Hepruu). Pas3oBas
KpHBasi, HA4YaBUIAfiCS B LIEAH MeX]y AByMs HHBApHaHTHbBIMH TO-
paMH BO3MYIUEHHOH CHCTeMBl, BeYHO oOcCTaeTcs 3aneproii Mexay
3THMH TOpaMH. COOTBeTCTBYIOllHe nepeMeHHble «JefiCTBHE» BEYHO
OCTAIOTCA OKOJIO CBOHX HayaslbHHX 3HaueHHH. KosebaHus nepemeH-

HEX <«fefCTBHe» He MPEBOCXOAST BEJHYHHH nopsiaka Ye, Tak Kak
Mepa IIEJH M OTJHYHE TOpa OT HeBo3MmyuleHHoro (/=const) oue-
HHBAIOTCA BEJHYHHAMH TaKoro nopsika. >

Puc. 42

JBONMIOUHS OTCYTCTBYeT H B Cly4ae (O6CTBEHHOZ0 8bLpONOeRUR,
eC/iH BO3MYIUEHHe CHHMAeT BbIpOXJeHHe H HAa yPOBHe 3SHEpruH
HMeeTCsl MHOTO HHBapHaHTHLX TOpoB. COOTBETCTBYIOLIEE YCAOBHE
CHAITHS BHPOXAEHHs 1Js TFaMHAbTOHHaHa BHAa (32) 3anuchiBaeT-
cs1 B popme

oHoo O:HOI
e 70 g #0. (33)

3aecs /), I; — nBe UMeolMecs B 3ajaue NepeMeHHble «IeflcTBHE».

Teopema 16 ([5]). Ecan cucrema ¢ nByms creneHsiMu cBo6o-
Abl B csiydae COOGCTBEHHOrO BLIPOXIEHHS YIOBJETBOPSET YCJIOBHAM
(33), To npu Bcex Haya/NbHBIX AAHHLIX TeEpPeMeHHble «IefiCTBHE»
BEYHO OCTalOTCs B6/IH3H CBOHX HayabHBIX 3HauyeHHI.

BupoxaeHnas cucreMa ¢ AByMs CTeneHsiMu cBo6oabl «Gogee
HHTerpupyeMa», yeM oOblYHasi BO3MYIUEHHAs CHCTeMa, B Clenylo-
HieM cMBICTe.

Teopema 17 ([107]). IlycTb 219 BHPOXKAEHHOM cHeTeMbl (32)
BHIMOJHeHH Yyc.10BHs (33) u, KpoMe Toro, ycaoBHe OHg/0l,5%0
(o3nayalowee, yTo «MeaneHHan» 4acTOTa He o6pallaeTcs B HYJB).
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Toraa Meépa MHOXeCTBa HCHYe€3alIHX npH BO3MYIUEHHH TOpOB

IKcnoHeHUHanbHo Mana (O (exp(—const/e)) Bmecto O(Ye) B He-
BHPOXIEHHOH CHCTeMe), OTKJIOHeHHe Topa OT /=const HMeeT no-
PAKOK e.

< [TlpuuynHa 3TOro IBAEHHS — B TOM, 4TO «GHICTpas» M «Mel-
JieHHasi» YacTOTHl Ppa3fHYalTCH B !/e pa3, H pe30HAHCY Mexk-
Ay HHMH COOTBeTCTBYIOT TapMOHHKH BO3MYLUEHHS, HMelOULlHe
BLICOKHIi 1OpPA10K '/e M, COOTBETCTBeHHO, MaJyl0 aMIJHTYAY
O (exp(—const/e)). >

3ameuanue. AHaJIOrHYHBE yTBepXJEHHS CHPaBeiaHBH, ec-
JIK y CHCTEMbl MOJTOPH CTeleHy cBOGOAH, T. €. Ha CHCTEMy C OA-
HOIt cTeneHbi0 CBOGOALI 1a/0XKEeHO BO3MYyLUEHHe, MEPHOAUYECKH 3a-
BHCALlee OT BpeMeHH. HyXHoe ycaoBHE HEBHIPOXKAEHHOCTH —
0?Ho/dI*0. B cnyyae cOGCTBEHHOTO BHIPOXAEHHS NMPH MNOAyTOpa
cTeneHsx cBOGOAB raMH/ALTOHHAH HMeeT BMI

ff=8H0|(l)+82H||(I, ¢, t, 8). (34)
Ycaosue cHATHA BHpoxaenus — 02Hq /0/2=0. Mepa pa3pywaio-
ILHXCH TOPOB 3KCNOHEHUNIAAbHO MaJa, ecai, KpoMe toro, 0Hq /0]
#0. A

Ecan cuctema ¢ nByms cTeneHsiMH cBOGOAL HEBLIPOXKAEHA, HO
He SBAACTCA H309HEPreTHUYCCKH HeBHIPOXKIACHHOH, TO nepeMeHHbe
<neficTBHE» BHe WHBAPHAHTHLX TOPOB HHOTAA MOTYT 3BO.IOLUHOHH-
poBaTh.

Npusep 17 ([18]). Cucrema c¢ ramuabTonnanuavom H=
=1/2([\*—I:%) +esin (p;—@2) HMeer «ObicTpoe» pewenne /,=—¢t,
la=¢l, @i=—"/2el? g2=—"/2ef2. ]les10 B TOM, YTO Ha HEBO3MYILIEHHOM
YPOBHe 3Hepriin JeXHMT Jayd /y=—I3 B10JAb KOTOPOro OTHOLIEHHE
YaCTOT OCTacTCA NMOCTOAHHBIM M paBHHM 1. 3TOT Ayu M sBaAsercs
«€KaHaJlOM CBCPXMPOBOAHMOCTHY. A

B. Ulear MeXAy KONMOTOPOBCKHMHK TOpaMH.
Onuilem CTPYKTYpy WeIH MeA1y KOJIMOFOPOBCKHMH TOPaMH, BO3-
HHKawouleli B6/M3M 3anaHioro pesonanca. Il1s npocToTh paccmor-
PHM cayyait nonytopa creneHeit cBo6oanl  (CM. 3aMeyaHHe K
n. 33.A). Ias npu6.IHKCHHOTO ONHCAHHUS BHXKEHHS, B COOTBET-
CTBHH ¢ 1. 2.1, ycpeAHHM BO3MyllleHHe C YY€TOM pe3oHaHca kjw+
+ke=0. Oas I, g=¢+ (ko/k))t nonyyaercs raMHIbTOHOBA CHCTe-
Ma ¢ OAHO# cTeneHblo cBoGo1n. Ee ¢a3oBulii noprper B okpecrtHo-
CTH P€30HAHCHOro 3HaueHHs / B cayuyae o6liero NoJOXeHHS NMOX0X
Ha nopTper MasTHHKa (cM. n. 2.1 u pHc. 43a). 3T0T nopTpeT MOXK-
HO cYyHTaTb ceueHHeM (pa3oBoro mpocTpaHcTBa /, ¢, ¢ ycpelaHEHHOl
CHCTeMul NJ10CKOCTbIO ¢=0. PaBHOBecHAM Ha pHC. 432 COOTBeTCTBY-
I0T nepHOIHYECKHC pellleHHsl, cenapaTPHCaM — aCHMNTOTHYECKHE K
3THM peilleHHAM NPH {—=-00 NOBEPXHOCTH (HX TaKXe HA3HBAIOT
CenapaTpHcaMH), 3aMKHYTHM KPHBBIM — JBYMepHHE WHBapHaHT-
Hble TOpHI.

3Ty KapTHHY MOXHO HEMHOTO YTOMHHTb, CAeJaB HECKOJBKO WIa -
ToB npoleaypn HCK/IOYeHHs OHICTPOft nepeMenHoRt (n. 2.2) u or -
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S K
a )

Puc, 43
6pOCHB BO3HHKAIOUlHe B FaMHJIbTOHWAHe JONOJHHUTE/NbHBE YJEHH
6o/ee BLICOKOro mopsilka MaJocTH. [Ipu 3TOM CHOBa NOJIYYHTCH CH-
cTeMa C OIHO¥ CcTeneHbio CBOGOAH, (a30BHiI MOPTPET KOTOPO#
6/1n30K K MOPTpPETY pPHC. 43a.

Kak noBausioT Ha ABHXeHHe OTOpOLIeHHHEe Majhle WYieHH?
[Tepuoaryeckre pelleHHs COXPaHATCA (3TO cJeayeT M3 Teope-
Mbl O HesIBHON (yHKUMH). ACHMMATOTHYECKHE K HHM MOBEPXHOCTH
TakKe coxpaHsioTcs. OAHAKO MOBEPXHOCTH, aCHMNTOTHYECKHE MNPH
{—+00 H —>—00 K Pa3HHM pellleHHsIM (HJH JaxKe K OLHOMY pe-
WeHHIO) yXe He o00A3aHH COBMajaTb ApPYr C APYroM (cM.
puc. 436, Ha HeM NOKa3aHO ceyeHHe (a30BOro NMPOCTPAHCTBA MNJIO-
ckocTblo t=0). B 3TOM COCTOHT fiB]elHe pacujenneHus cenapar-
puc, otkpeitoe Ilyankape [34].

Bonpoc o cyan6e HHBapHaHTHHIX TOPOB pellaeTcsi TeopeMma-
mu 14 u 17. [IBHXXenne BONH3H pe30HaHCA MOXET GBITb ONHCAHO
CHCTEMOH CO CHATHM COOGCTBEHHHM BHIpOXJAeHHeM BHla (34),

TOJBLKO PO.b MaJoro mapamerpa Hrpaer Ye; da3oBble nepeMeHHbe
B 3TOH CHCTeMe — BpeMs H NepeMeHHBble AeliCTBHe—Yroa Ha nopT-
pete puc. 43a. [losToMy Baanu OT cenapaTpuc MMelOTCs BCe Hail-

AeHHble NMPH yCpeAHEHHH TOpH, Kpome A0aH O (exp(—c/Ye)), ¢=
=const>0. B6au3u cemapaTpHC HYXKHO CMeLHaNbHOE HCCJENOBa-
HHe. OHO NOKa3bIBAeT, YTO TOPH MMEIOTCH SKCMOHEHUHAJAbHO GJH3-
KO K celmapaTpucaMm, TaK YTO CeMapaTPHCH 3anepThl B 3KCINOHEH-
uHaJbHO y3Koi 3oHe [108].

Haiinennele Topn npH ynaneHHH OT pe3oHaHCa NepexoiAT B
O6LIYHBIE KONMOrOPOBCKHE TOPH.

3ameyauusda |. Bonpoc 0 BHYHCNEHHH aCHMNTOTHKH 3KC-
MOHeHIHANbHO MAJIOr0 yraa MeXAy PpacllemsIOLHMHCH cenapar-
pucamu paccmaTpHBajcsi B caMoe nocsaeanee Bpems B. &. Jlasyt-
KHHBIM.

2. EcTecTBeHHO OXHAATbh, YTO B CHCTeMe OOLIEr0 ROJIOMEHHS
CyMMapHasi Mepa «HETOPHYECKOro» MHOJKECTBa, COOTBETCTBYIOMIEro
BCeM pe3oHaHCaM, 3KCNMOHeHIHanbHO Mana. OLHaKo 3TO He HOKa-
3aHo. A

3.4. Inddy3ns meAneHHBIX NEPEMEHHBIX B MHOTOMEPHBIX CHC-
TEMax W ee IKCNOHEHUHANbHas oueHka. [IpH HccaenoBaHHH BO3MY-
UIEHHOro ABHXKEHHs BHe HHBAPHAHTHBIX TOPOE CJeAyeT pasauyathb
ClyyYyau ABYX H 6oJiblliero yucja crenenefl cBOGOALI.

B cnyyae nByx creneneii cBO6OAN HHBapHaHTHBE JBYyMepHHIe
TOpH nesisT TPEXMEpHHii ypoBeHb 3Hepruu. M3 storo BhiTekaer
HEBO3MOXHOCTb 3BOJIOUHH (n. 3.3.A).
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Ecan ke umcao creneeit cBo6oaw n Goablile ABYX, TO n-Mep-
Hble¢ HHBapHaHTHHie TOpbl He AensT 2n—Il-MepHoe MHorooGpasHe
YPOBHSI 3HEPTHH, HO PacnoNOXeHn B HeM NOJAOOHO TOYKaM Ha NJo-
CKOCTH HJIH JIHHHAM B RpPOCTPaHcTBe, B 3TOM chAyuae xuienu», ot-
BeyalolllHe pa3HHM pPe30HaHCaM, CcoeNHHAIOTCH APYr C APYroM.
ITosToMy HHBapHaHTHHE TOPH He MpenATCTBYIOT Hauasuleiics B6AH-
3H pe3oHaHca (a30BOi KPHBO# YHTH naneko.

Fnnoresa ([5]). ThnuuHHIM cnyyaem B MHOrOMepHOH 3aia-
ye ABNAETCA TONOAOZUHECKAR HEYCTOUHUBOCTL: B CKOJMb YrOAHO Ma-
N0ii OKPEeCTHOCTH J1060H TOYKH NPOXOAHT ¢a3oBas TPaeKTOpHs,
BAOJb KOTOPOH MeAJIeHHble NepeMeHHbe YXOAAT OT HayaJbHOro
3HaYeHHs Ha BENHYHHY MOpsiKa .

Teopuss KAM nokasniBaeT MeTpHuecKylo yCTOMUHBOCTBY, T. e.
YCTORYHBOCTL ANs GOJbUIMHCTBA HayanbHLIX AaHHBLIX. Takum 06-
pa3som, cornacHo choOpMy/SHPOBAHHOII rHNOTe3e, THNHUHLIM CydaeM
B MHOTOMEPHOH 3ajaye ABASETCH KOMOHHALHUA METPHYECKOil yCTOil-
YHBOCTH H TOMOJOrHYECKOH HEYCTOHYHBOCTH.

Ectb MHOro npumepoB 3BONIOUMH Me1NEHHBIX TEPEMEHHBIX B
MeTPHYECKH YCTOIlYMBHIX 3anavax. BoabwHHCTBO 3THX npHMepoB
OTHOCHTCS K OuYeHb BBIPOXK.JIEHHHM CHTYaUHNM, KOrla HeBO3MYIUEH-
Hblil TaMHJbTOHHAH He SIBAAETCA KpyToil (yHKuWeil (onpereneHue
KPYThiX (YHKUMA CM. HHXe). AHaJHTHueCKH pa3o6paH  TO.1bKO
OHH NpHMep 3BOJIOUHH B CHCTeMe C KPYTHIM HEBO3MYLUEHHLIM ra-
MHAbTOHHaHOM [45]. CpeaHsia CKOpOCTb 3BOIOUHH B 3TOM NpH-

Mepe 3KkcnoHeHuHanbHo Maaa (O (exp(—1/Ye))).

UucneHHble 3KCNepHMEHTH MOKA3BBAIOT, YTO 3BOIIOUHA Nepe-
MEHHBIX «JeHCTBHe» He HMeeT, MO-BHAHMOMY, HanpaBieHHOroO Xa-
pakTepa, a npeactaBaser co6Goii Gonee HIH MeHee cJayyaiiHoe
61yXJaHHe MO Pe3OHaHCAM BOKPYr MHBAPHAHTHBLIX TOPOB. ITOT
npouecc HasbiBaercs «Ougysuei» [68]. O6Gcyxnenne BosHHKalO-
ILKX 31ecb Bonpocos umeetcst B [68], [146], [167].

«[uddysns» aas cucreMm o6LIEro NMOJ0KeHHS NPOHCXOAHT IKC-
NOHEHUHANTbHO MelAleHHO. HyXHoe ycloBHe OGLIHOCTH MOJOKEHHS
Ha3LIBACTCA YCAOBUEM KPYTU3HbL. AHaNHTHYeCcKas (YHKUHA Ha3bl-
BaeTCsl KPYTou, ec1H OHAa He HMeeT CTalLHOHAPHHX TOYeK, a ee
OrpaHHyeHHe Ha J106yi0 NJOCKOCTL JI060fi pa3MEepPHOCTH HMeeT
TOIbKO KOMIJIEKCHO-H30/IHPOBaHHbIe CTAllHOHAPHbie TOYKH?.

Teopema 18 (H. H. Hexopowes [18], {111]). Ecim neBosmy-
WeHHHA ramuabTonuan Ho(/) — kpytas ¢yHKUHS, TO B BO3My-
UIEHHOA raMUILTOHOBOM CHCTEMe MpH AOCTATOYHO MAJOf BeJaHYMHe

BO3MYulenus BunoaseHo | / (¢)— 7 (0)| <e® npn 0< ¢ <% exp ( Ela }

D CaoBo ynortpebaeHo 3pech He B (OPMaNbHOM CMHCJAE, 3 KaK CHHOHHM
oTcyTcTBHa 3somounn:  sup  |/(¢8)—7(0) |0 npu e—0.
—L <00
*) TMousthe kpyTH3ne seeneno H. H. Hexopoweswwm [110]. 3aech B kavect
Be onpeinenenus chopmy.TmpoBano noxasauHoe }JO. C. H.mbsulenko ocTatouxoe
YCJ0BHE KPYTH3HH.
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3aech @, b — noJaoxHTeAbHble NMOCTOAHHbBIE, 3aBUCsILHEe OT XapakTe-
PHCTHK HEBO3MYIEHHOr0 raMHJIbTOHHAHA.

<] JloKa3aTeabCTBO OCHOBAHO Ha C.J1eAYIOWHX COOOpaXKeHHsAX.
B ofaactH, rae 4acToTel HeBO3MYIUEHHOrO ABHXKEHHA He YZAOBJET-
BOPAIOT HHKaKHM PE30HAHCHBIM COOTHOLIEHHAM nNopsaka 1o 'fe,
npoueaypa HckJaiodeHus ¢a3 n. 2.2. A (meroa JIHuawTexra) nos-
BOJIfieT OTHECTH 33aBHCHMOCTb OT ()a3 B 3KCNOHEHUHAJbHO MaJjble
yleHN FraMHAbTOHHaHa. CJe0BaTe/NbHO, B 3TOH 06/1aCTH 3BOJIOUHSA
MOXeT GHTb JHLbL IKCMOHEHUHANbHO MeANEHHOM.

Bhictpas 3Boaouns (Co CKOPOCTbIO NOpAAKa €) BO3MOXKHA JHWD
npH pesonance. B6iu3n pe3onanca npoueaypa n. 22.b  (meroa
llefines) no3BoJisieT OTHECTH B 3KCMNOHEHUHAJJbHO MaJjble UYJeHH
3aBHCHMOCTb OT Hepe30HaHCHHIX KoMOuHauuit ¢da3. Or6pocHB 3TH
YJeHH, MOJNYYHM CHCTEMY, KOTopas, no teopeme 12, uMeer JHHeil-
Hbhle HHTerpajbl. BeCTpasi 3BONIOLUHA NMPOHCXOAHT B OmpeaelsieMOn
3THMH HHTerpajlaMi MNJOCKOCTH. YCJIOBHe TOYHOrO pe3OHaHca Co-
CTOHMT, KaK HeTPyJAHO COCYHTATb, B TOM, YTO FPajHeHT OrpaHHYEHHS
Ho Ha 3Ty naockoctb obpainaercs B Hyab. Tak kak Hq — kpyTtas
GYHKUHS,, TO TOYHHIH PE30HaHC OCYLIECTBJSETCR B H30JIHPOBAHHOH
Touke. C.e10BaTeNbHO, NPH IBOJIOUHH pe30oHaHC Hapywaetcs. [lo-
3TOMy ObICTpasi 3BOJIOUHSA HAET JHIIb KOPOTKOE BpPeMs, BCJAeACTBHE
Yero H MNoJyyaercss SKCMOHEHUHaNbHO MaJiasi OLleHKa CpPelHed CKo-
pocTH 3BOJIOUHH cBepxy. D

Ecau ycaoBus KpyTH3HH HapylIalOTCfl, TO, KaK MOKa3biBaeT
npumep 17, 3BOJIOUHS MOXET HATH CO CKOPOCTbIO TMOpAAKAa €& H
NpHBOAHTb K YXO4y MeJJIeHHHX NMepeMeHHHX Ha paccTosiHHe | 3a
Bpems '/e.

3.5. Pa3nbie BapuaHThl TeOpeMbl 06 HHBAPHAHTHBLIX TOpaXx.

A. HHBapHaHTHHE TOPB CHMNJAEKTHYECKHX
oto6paxenufi. PaccMorpum  orobpaxkenHe 2n-mepHOro
«KO.1bla», 611H3KOe K n-MepHOMY NMOBOPOTY:

I'=l+¢f(l, ¢, &), I€BcR",

o' =9+h(/)+eg(l, 9, &), pmod d2n€T",
Ilycth oTOoGpaxKeHHe TOYHOE CHMIJIEKTHYECKOE, T. €. OHO COXpaHseT
HHTerpajbl no 3aMKHYTHIM KOHTypaM oT l1-¢popmu /dgp. Heso3my-
meHHoe (e=0) oro6pakeHHe HA3HIBAETCS HEBLIPOXKIAEHHHM, €C.IH
det (0h/dI) +0.

Teopema 19 ([150]). Ilyctp HeBO3MylLueHHOe oTOGpaxKeHHe
aHAJIHTHYHO M HeBHIpoXJeHo. Toraa mpH AOCTaTOYHO MajoOM BO3-
MyuleHHH Kaacca C', r>2n+1, B Koabue BXT" HMelOTCA HHBapH-
aHTHHle TOpH, O6aH3KHe K TopaM /=const, npHueM Mepa AoMOJHe-
HHAl K KX OOBbEeJHHEHHIO Majia BMeCTe C BO3MyLleHHeM. OOpa3 Tou-
KH TOpa MPH HTepaUHsAX OTOOGPaiKeHHs 3anoJHSeT TO0p BCIOAy
fII0THO.

Ecan n=1, 10 noayyaercs coxpausioliee nJjoumanb otoGpaxe-
HHe O6bIYHOro KpyroBoro Kosabia (puc. 44). HeBosmyuieHHoe (e=
=0) orobpaxeHHe mpeacraBaseT cobofi Ha Kaxk10fi OKPYKHOCTH

(35)
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/=const noBopoT. YcnoBHe HEBHPOXAEHHOCTH 03HAYaeT, YTO Yrog
MOBOPOT2 OT OJAHOH OKPYXHOCTH K apyroil MeHseTca (pHc. 44a).
OKpyxHocTb, yron noBopoTa KOTOpoil 2n-HpPaUHOHAleH, Ha3Hl-
BaeTca Hepe3oHaHcHol. O6pasnl n1i06oii ee TOYKH NMPH HTepaUHsX
0TO6paskeHHs 3aMOJHAIOT TaKyl0 OKPYyXHOCTb BCIOAY NJI0THO. OK-
PyXHocTb, yron nmoBOpPOTa KOTOPOH 2n-pallHOHaJleH, Ha3bBaeTcs
pe3oHaHcHoH. OHa COCTOHT H3 NEPHOAHYECKHX TOYEK HEBO3MYILeH-

HOro oto6paeHus.

Puc. 44

[lpu Bo3amyuleHHH Hepe3OHaHCHBIE OKPYMHOCTH (H MPHTOM Ta-
KHe, YTO yroJ HX NOBOPOTd @ He CJAHIIKOM XOPOLIO anmnpoKCHMH-

pyeTcs 2n-pallHOHaJbHLMH YHCAAMH: |a—2np/q|>cYeq™, n+1<
<v<!'/2(r+1)) He Hcye3aloT, a AHIIb HEMHOro lepopmupyiores.
Pesoranchbie okpyXHOCTH paspywaiotcs (pHc. 446).

Teopembl 06 HHBapHAHTHBIX TOpPax A/NA FaMHJAbTOHOBHIX CHCTEM
H CHMIIEKTHYECKHX OTOOparieHHH CHayajla AOKa3blBaNUCh HE3aBH-
CHMO (XOTA H NMOYTH OAMHAKOBHIMH MeTolaMu). B cayuasx Komeu-
HO# rnaakocT# 1 C™ 3TH TeopeMH MOryT OHTb BHIBEAEHH APYr H3
Apyra, Tak Kak otobpaeHHe NMOCNEAOBAaHHS AN TaMHJAbTOHOBOMK
cHcTeMbl HMeeT Bia (35), u o6paTHO, Bcsikoe oTo6GparieHHe BHAA
(35) MoxeT GHITb MOJYYeHO KaK Takoe OTOGpaxieHHe MOCJeA0Ba-
Hus [150]. Coraacuo [150], 310 BepHO H B ananuTHYecKOM cayuae,
HO ]10Ka3aTeJbCTBO He Ony6.1HKOBAHO.

B. M{HBapHaHTHHE TODHW B TEOPHH MaJabiX Kose-
6auni. [pyrue cayyan, B KOTOpHX CYILECTBYIOT KOJIMOTOpOB-
CKile TOpbl, CBf3aHbI C TeOpHed MaJiblx KoaeGaHuil. PaccMoTpum,
B YaCTHOCTH, TaMHJIbTOHOBY CHCTEMY C 7 CTeNeHSIMH cBOGOAM B
OKDECTHOCTH ee MOJIOXKeHHs paBHOBecHs. IlycTb paBHoBecHe ycToii-
YHBO B JIHHEHHOM NPHOJHXKEHHH, TaK UTO ONpeleseHb n COGCTBEH-
HbIX YacToOT ®,...., w.. [lycTb, Rasnee, MeXAy 3THMH YacCTOTaMR
HET DE30HAHCHBIX COOTHOIUEHHI MO 4-r0 NOPAJKA BKJIIOYHTEIbHO:

Rior+ ... +ko.70 npr 0<]kij+ ... + |k, <4
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Toraa ¢ynxuuio I'aMHALTOHZ MOXHO NPHBECTH K HOPMajibHOA
¢opme Bupkrogpa (cMm. ra. 7 § 3)

H=Ho(t)+ ..., Ho(t) =20m+2S0,ur; u="(p2+4q?).

31ech TOUKH 03HayalOT YJEHH BHIe YeTBEPTOH CTENeHH OTHOCH-
TEJIbHO PACCTOSIHHA OT TNOJOXEHHA paBHoBecus. CHCTeMa B OKpecT-
HOCTH PaBHOBECHS Ha3blBAGTCH HeB8bipONOeHHOU, eCNH

0*H
det (_5?_) = det (@) #O0.
CucTeMa Ha3LBACTCA U30IHEP2EMULECKU HEBHPONKOEHHOL, eClH

" 0°Hy OH,
ov: ot [0 wy
det| gy, o | =det(y o' #0.
ot °

EcaiH cucTeMa HeBHIDOXKAGHA HJH H303HEpPreTHYeCKH HeBbIpOXKAe-
Ha, TO FOBOPAT, YTO FaMHJbLTOHHAH OO6LIEro 3.JAHMTHYECKOrO THNA.

Cucrema ¢ ramuiabToHHaHom H, HHTerpupyema, ABHXKeHHe B
Hell NMPOHCXOAMT MO HHBaPHAHTHHM TopaMm t=const. CucreMa ¢ ra-
MHAbTOHHaHOM H, cnepoBaTtenbHo, 6;H3Ka K HHTErpHpyeMoi B AO-
CTATOMHO Manoil OKPECTHOCTH MOJOXeHHs paBHoBecHd. CHTyauus
noxoXa Ha CHTyauHio TeopeMbl Koamoroposna.

Teopema 20 ([5], [30]). ¥ raMuAbTOHHAHA OGIUErO 3JHNTH-
YyeCKOro THNa B OKPECTHOCTH MONOXKEHHS PAaBHOBECHA HMeEIOTCS HH-
BapHaHTHHe TOpb, GJIH3KHe K TOpPaM JIHHEaPH30BAHHOW CHCTEMBI.
OHu 06pa3yioT MHOXECTBO, OTHOCHTENbHAA Mcpa KOTOPOro B MOJH-
aucke |t|<e crpemutcs K | npu e—0. B 11303H2PreTHYECKH HEBBI-
POXIEHHOM CHCTeMe TaKHe TOPH 3aHKMAOT GOJbIUYIO Y4acTb KaX-
JO0TO YPOBHSI 3HEpruH, NMpoxoasuiero BOJIH3H PaBHOBECHS.

3ameyanue ([184])). OTHOCHTCALHAsE Mepa MHOXeCTBa HHBa-
PHaHTHHX TOPOB B noaniucke |t|<<e He Menbute 1—O(e'/*). Ec-
JM MeXJy 4acTOTaMM OTCYTCTBYIOT pe30HaHCH A0 Nopsika [=>4
BKJIIOYHTEIbHO, TO 3Ta Mepa JAaxe He MeHbwe 1—O(e'~34), A

B cayyae n=2 u3osHepreTHYeCKas HEBBIPOXIEHHOCTb rapaHTH-
pyer ycroAunBocTb paBHoBecHs mo JlsnynoBy [5]. [lpu n=2 ycao-
BHE M303HEpreTHYeCKOfl HeBHIPOXKACHHOCTH 3aKJICHUAeTcss B TOM, UTO
KBaApaTHyHas yactb QyHKuuH Hy He leautcs na anneinylo. Ecan
Jaxe KBaApaTHUHas 4YacTb ACJHTCS Ha JHHelHYI0, TO paBHOBecHe
BCe PaBHO, KaK MpaBus0, ycToiiunBo. FiMenHo, mpeinosoxuu, uto
MeXJy YaCTOTaMH ] H (2 HET PC30HAHCHBIX COOTHOIUCHHH A0 MO-
psiaka [=4 skawoyutenbHo. Toraa ¢yskunio lamniIbTOHA MOXHO
NPHBECTH K KHOpMaJbHOi dopme

H=Hy@ W +.... Ho= 2 At

Viid g 2]

rile TOYKH 03HAYAIOT Y.JIEHH Bbille [-ro nopAlika OTHOCHTEJIbHO pac-
CTOAHHA OT MNOJOXEHHA paBHOBECHS. PaCCMOTpHM Cb)'HKIlI!!O
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ho(e) = Holews, —ew;). Ecan ho(e) He obpaliaeTcsi TOXKAECTBEHHO
B HYJb, TO paBHOBeCHe YCTOIl4HBO,

Apyrue cayyan, rie HMEIOT MecTo aHa. OrHYHBE YTBEDXKAEHHA
00 WHBapHAHTHBIX TOPax H YCTONYHBOCTH, CBA3QHH C TeOopHeil Ma-
JIHX KO.1e6aHHit B OKPECTHOCTH PaBHOBeCHs CHCTeMH ¢ MEePHOAH-
YeCKHMH H YC.10BHO-NCPHOIHYECKUMH KO3 QHLHECHTAMH, NMEepHOIH-
YecKoro peilcHHA aBTOHOMHOH TaMHABTOHOBO! CHCTEMH, a TaKxXe B
OKPECTHOCTH HEMOIBHXHOI TOUKH CHMNAEKTHYECKOro OTOGpaXKeHHS.
CoorBetcTBylOWHe GOPMYIHPOBKH NpHBeaeHbl B [6].

3.6. BapHauHOHHbIA NPHHUMN ANA WHBapHaHTHHX TOpos, Kan-
TOpO-TOPH. M HBapHAHTHBI TOp raMHJbTOHOBOI CHCTEMH, HeCYLUH
yC.10BHO-NEPHOIHYECKHE ABHXEHHA ¢ 3alaHHHM Ha6OpPOM 4acToT,
ABJIACTCH SKCTPEMaJabl0 HEKOTOPOrO BapHalUHOHHOrO MpHHUHNA.
Copmyanpyem 310T NpuUHUKN, Haildennuit [Tepcuanem (1. C. Per-
cival) [181], [182].

Hnaa ¢opMyanpoBkH y106HO mepeATH OT raMH/JIbTOHOBAa OMHCA-
HHA ABHXeHHA K .arpaHxeBoMmy. Ilycte H(p, g) — raMHAbTOHHAH
CHCTEeMHl ¢ n cTencHaMu cBob6oan. IlpeamosioxiM, 4yTo H3 COOTHO-
weHHA r=0H(p, q) /0p moxHo Bupa3ute p=p(r,q). Toraa H3me-
HEHlle CO BpeMeHeM BeJHHYHH ¢, r=¢ ONHCHIBAETCA JarpaHXKeBHMH
ypaBHeHHAMH ¢ ¢yHKuued Jlarpanxa

L(q,r)y=p-r—H(p,q).
[Tycrb ©ER™ — BeKTOp 4acTOT Pa3bCKHBAEMBLIX YCJOBHO-NMEPHOLH-
yeckHx ABuxeHud. [as noGo#t rnankoir ¢yHKuma f: T{8}—R
6yaem 0603HayaTh p s
Dof= ft+8)| =L,

Mycts S —raaaxuit n-MepHuA Top B ($a3oBOM npocTpaHcTBe ¢,
7, 381aHHLI]T NapaMeTPHYECKH COOTHOLIEHHAMH ¢ =qgz (), r =D,q=(9),
% modd 2xcT". Bapuaut2ft Ttopa & HasoseM G6au3Kut Top, 3a-
ZAaBaeMblit COOTHOLLEHHAMH

9=9:(®)+6,(®), r=>Dugz(®)+D,bq(®).
Beeaem ¢yukuuonaa
(‘D&'(E)= ( L (9= (0)' De.\q.‘: (8» )o.
3nech yrioBue cKOGKH 0603HAYalOT ycpeaHeHHe no O.

Teopema 21 (Bapuayuonnoii npunyun [181]). Tnaakuit Top
Z fABNAETCA MHBApHAHTHHIM TOPOM PacCMaTpHBAaeMOM CHCTEMH, He-
CYWHM YC.J0BHO-NEPHOIHYECKHe IBHXKEHHS C BEKTOPOM 4YacCTOT W,
€CJIH H TOJbKO €CJIH OH ABJfAeTCA CTAUHOHAapHOM TOUKOH (QYHKLHO-
Haaa @ .

<] 3anxuwem nepBylo BapHaUHIO PyHKLHOHANA

2
80, = ( 5289+55 Dubq ) 0= ( (3= —D, 3t )69y o,

B 370il BwKJaIKe HCIOJBb3OBAHB HHTErpHPOBaHHE MO HACTAM M
2n-nepuoandnocTs PyHxumit ¢s, 8¢ no 9.

Ecan top I wmuBapuauTen M 3aioNHEeH YCAOBHO-NEPHOAHYECKHMH
ABHKEHHAM:t gy (wf 4-9), D, gs(0f+8), To, B cuay ypasHequft Jlar-
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panxa, 8@0,=0, 1. e. paccMaTpuBaeMbl/i TOp — CTAlHOHAPHAA TOYKA
(YyHKLHOHANA.

O6patHo, ecan 60, =0, To Dm%lrL—Z—:=0. Torna gz (@t +3),
D gz (0t 4 ) — ycnoBHo-nepHoIHYeCKoe pellieHHe pacCcMaTpHUBaEMOA
cucremu. >

CoopmynnpoBaHHH BapHAUHOHHHA NpHHUMN A2eT BO3MOX-
HOCTb pa3HICKHBaTb HHBapHAaHTHHE TOPH KaK CTalHOHAapHBE TOYKH
¢yHKuHOHaNa Q.

CorslacHo 3HaMeHHTOMY BhicKaswBaHHio [man6epra (D. Hil-
bert), «Bcsikasi 3ajada BapHAUHOHHOTO HCYHCJHECHHA HMeEeT pelleHHe,
€CJIH TOJIBKO CJIOBY «DEHICHHE» NpUAATh COOTBETCTBYIOIIUH CMBICI»
[196]. KoumoropoBckHe TOpH fBAslOTCA 3KCTpeMansaMu chopmy-
JHPOBAHHOIO BapHAUHOHHOTO MNpPHHUHNA AAA CHCTeM, OJAH3KHX K
HHTErPHPYeMbIM, H BEKTOPOB YacTOT @ C CHJIbHO HECOH3MEPHMBIMH
KoMnoHeHTaMH, Kakoe «pelieHHe» HMeeT NOCTaBJieHHas BapHa-
UHOHHAA 3ajaya AJsA CHCTEM, JaJeKUX OT HHTerpHpyeMmblX, HIH AJs
HEHOPMaJIbHO COH3MepHMHIX yacToT? OTBET HMEeTCs MOKa B cayuae
AByX creneHeii cBo6oan (Maszep [169], [170], O6pu (S. Aubry)
[139]). Peiiennem okasancs kaxTopo-TOpY, HHBAPHAHTHOE MHOXECT-
BO, NoJyyaeMoe BlOXeHHeM B (pa3oBoe NPOCTPAHCTBO KaHTOpOBa
NOAMHOXECTBAa CTaHAapTHOro AByMmepHoro Topa. Huxe npupoastcs
6o.see ToyHble POPMYTHPOBKH.

PaccMOTpUM Ans HAarasAHOCTH T'aMHJbTOHOBY CHCTeMy c MoJy-
Topa (a He ABYMs) cTeneHSAMH CBOGOAM, FaMHJbTOHHAH KOTOPOA
H(p, q,t) umeer nepuon 2n mo BpeMenH ¢ H kopAuHarte ¢. [lpen-
TIONIOXKHM, 4TO CHCTeMa HMeeT ABa HHBAapHaHTHLIX TOpa, 3ajaBae-
MbIX COOTHOLIEHHSAMH p=py H p=p,>po. BBeaeMm orobpaxeHue
MOCJeA0BaHHS AJs 3TOH CHCTeMH 3a BpeMs 2m:

f=(fp, fq mod 2n) : RXS'+RXS".

Oto6paxeHHe | coxpaHseT NAOMALAH H OPHEHTAIHIO, OCTABJSAET HH-
BAPHAHTHBIMH OKPYXHOCTH p=po, p=p, H Koablo Il mexay HHMH.

IMpeanonoxum, uto 0f,/0p>0 B koanuie II; B 3ToM cayuae
oTo6paxkeHHe Ha3blBaeTcst 3akpyuunBaiomuMm, OGO3HAYHM Vo, VI —
yncaa spaulenus ITyaskape ans rpaHHYHHX OKpPYXKHocTed. Tak Kak
oTobpaXxkeHue 3aKpyuHBalollee, TO Vo<lvi.

Teopema 22 ([169]). Hnsa no6oro v€(ve, v;) CylleCTBYeT
oTo6paxenue h (He 06f3aTeJbHO  HeNpephHBHOE)  CTaHAAPTHOM
okpyxHoctH S! B Kosbuo II, h=(hyp, hy mod2n) : S'{8}—~II{p, ¢}
Taxkoe, YTO MOBOPOT OKPYMKHOCTH Ha yroa 2mv HHAYUHpYeT 3adaH-
HOe npeo6pasoBaHue [ o6pa3a okpyxHuoctH: f(h(8))=h(0+2nv),
NpHYEeM BLIMOJHEHH CJelyloliHe CBOACTBA:

a) ¢yukuua h, — HeyGuBalOlas,

6) eciH O — TOUKa HenpepHBHOCTH hg, TO ¢+42nv H 0—2nv —

TaKXe TOYKH HeNMpephBHOCTH,

) Tepmun «cantorus» npeanoxen [lepcuBanem.
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B) OyHkuus h, BHYHCAsercs no  ¢opmyne  hy(0) =

=g (hqe(®), he(8+2nv)),rae g — rnaakas ¢yHKuus,

T) eCJH yHcho v HPPAaUHOHAAbHO, TO QYHKUHA h; HenocTOAHHA

HH Ha KaKOM HHTepBaJe.

< Hyxuas ¢yrkuHa h, OTHCKHBaeTCsi KaK TOYKa MHHHMYyMa
¢yHKUHOHANA, ABNAIOILETOCH AHCKPETHHM AaHaJOrOM BBEAECHHOTO
Bue ¢yskunonana O@,. [loapobuoctu cm. B [169], [170]. D>

PaccMOTpHM HEKOTOpHe CJENeTBHS 3Toro pesyabTata. Ecan
v=m/n — pauHOHAJBHO, TO AJAst Jw6oro ¢ Touka h(®)€ll mpx n
HTepauuax ortobpaxeHus f nepexoaur B ce6s. IIpH 3TOM Ha yHH-
BEpPCAJIbHOM HAKPHTHH  KOJbLUA — MOJOCe pP<p<lpz, —oo<l
< g<<oo,— KOODAHHATa ¢ TOYKH Bo3pacraer Ha 2mm. Cymect-
BOBaHHe TAaKHX MEPHOAHYECKHX TOYEK fABJASeTCA OJAHHM H3 H3BECT-
HHX CJeJACTBHA reaMerpHueckoil Teopemu Ilyankape, A0Ka3aHHOA
Bupkrogom [22]. Hcxoanas raMHAbTOHOBa cHcTeMa HMeEeT B 3TOM
cayyae nepHOAHYeCKoe pellleHHe mephoaa 2nn, Aejaloliee 3a ne-
pHoa m 060pOTOB MO yray g.

Ecan v MppauHonanbHo, a oTo6paxieHHe h HempephiBHO, TO HC-
X0AHoe oTO0paXKeHHe NOCaeOBaHHA HMeeT HHBAPHAHTHYIO KPHBYIO,
roMeoMOpQHYIO OKPYIKHOCTH, H Ha 3TOR KpHBOH TOMNOJIOTHYECKH
CONpsXKEeHO MOBOPOTY OKPYXHOCTH Ha yroa 2nwv. HMcxoauas ra-
MHJbTOHOBAa CHCTEMa HMeeT ABYMEpHH# HHBapHaHTHHH TOp, 06-
MaTHBaeMhlii yCJOBHO-NEPHOAHYECKHMH ABHXKEHHAMH C OTHOLUEHH-
€M 9acCToT v.

ITycts Temepn v HppanHOHaNbHO, a h, MMeeT pa3puBH. Toraa,
COrJlacHO NYHKTy 6) TeopeMH, TOYKH pa3pniBa BClOAY MJOTHH. Tak
KaK, COrIacHO NMYHKTY a), hy He y6biBaeT, TO eCTb W TOYKH Hempe-
PHBHOCTH, KOTOpHE TaKxke BCIOAY MJAOTHH. O6o3HauuM E H I —
3aMHIKAHHA COOTBETCTBEHHO MHOXECTB ToueK f4(8) mod 2n€S! u
h(®)€ll Takux, yto & — Touka HempepuHlBHOCTH hg. Toraa, corJac-
HO MyHKTaM 6)—r) TeopeMH, & — KaHTOPOBO MHOXKECTBO Ha
OKPYXHOCTH, a X —— HHBapHaHTHas KaHTOPO-OKPYXKHOCTb («OAHO-
MEPHHA» KaHTOPO-TOpP), ABHXKEHHe NO KOTOPOH XapaKTepH3yeTcs
YMCJIOM BpallleHHs! v. DTOH KaHTOPO-OKPYIKHOCTH COOTBETCTBYET MH-
BapHAHTHHI KaHTOPO-TOpP HCXOAHOH raMHJIbTOHOBOM cHcTeMul. HMe-
I0TCSt NpHMeEpH O0TO6paXkeHHi, y KOTOPHX HeT HeNpephiBHHX HHBa-
PHAHTHBIX KPHBHX, He roMOTONHHX Hymio [139]. Bce wunBapuant-
Hble MHOXKEeCTBa TakHX OTO6paxceHHH, COOTBETCTBYIOLIHE HPpPAaLHO-
Ha/NIbHBIM YHCJ/1aM BpallleHHs, — KAHTOPO-OKPYKHOCTH.

HajiieHHble KaHTOpPO-OKPYXHOCTH, NO-BHAHMMOMY, HeyCTOHUHBH.
JTO NpeAnoJOKeHHe OCHOBAHO Ha CJAeAYIOLEM pacCyKAEHHH.
Iyctp ®,— Touka paspbiBa ¢yHkuun k, Torxa uHTepBaaH
(hq(0,+2avj—0), hy(8, +2nvj+0), j=0, =1, ..., sBasorcs
«1bPKaMH» B KAaHTOPOBOM MHOXeCTBe £ Ha OKDYXKHOCTH; KOHUH
HHTepBa/10B mpHHalJexar E. CneloBaTesbHO, 3TH HHTEpBAdH He
nepecexkaiorcsi. [1o3ToMy HX AJHHBI CTPEMATCH K HYJAI0 OpH  j—>
—-o0o. 3HayHT, NpH j—>*o00 CTPEMHTCS K HYJIO H pPaccTOfHHe
MeXAy ToukaMmH h(®,+2nvj—0), h(¥, +2nvj+0), npusansnexaiu-
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MH KaHTOPO-OKpyXHocTH X. CnepoBaTe/bHO, NPH NBHXXEHHH BAOJb
KaHTOPO-OKPYXXHOCTH NPOHCXOAMT CXKaTHe, a MNONepeK, COOTBETCT-
BEHHO, pacTsikeHue (B CHJY coXpaHenust o6beMa). ITO — NPH3HAK
HeYCTOHYHBOCTH.

OTKpHTHE KaHTOPO-OKPYXHOCTefl, 1O-BUAHMOMY, OOGBACHsET
cEAYIOIIH{I Pe3yJbTaT YHCJAEHHOro HCCAeAOBaHHS paccMaTpHBae-
MHX oTOOpaxkeHHfi: TOYKa MOXeT B TedeHHe 6OJbWIONO YHCJAA HTe-
pauHfi ABHTaThCH B 06GJACTH, OrPAHHYEHHOM, Ka3aaoch OH, HHBapH-
aHTHOA KpPHBOM, a 3aTeM 3a OTHOCHTEJNbHO He6GOoJbIIOEe YHCJIAO HTe-
pauHii nepeiTH Yepe3 Hee H Hauarp ABHraThcf MmO O6GJAacTH ¢
ppyrofi ctopoHH or 310fi KpHBO#. leno B TOM, 4TO XOTS KaHTOpO-
OKDYXHOCTb He pasjiefiieT NJOCKOCTb, OHa MOXeT NpeACTaBJAATb CO-
6011 HeuTO Bpoje yacToro 3abopa, koropuii $pa3oBoit ToOuKe He TAK
Jerko npeononetb. [ToaToMy Touka posxkHa R0OJAro ABHraThCsi BAOJb
sTOoro 3abopa, mpexje 4eM OHa MPOCKOYHUT B KaKylO-HHOYAb ilefb.
YncaeHHO 3TOT npouece nojpo6HO HCCAeROBAH BN{167].

3.7. Npunoxenns teopun KAM. Teopus KAM Bo MHOTHX KJjac-
CHYECKHX 3a/layax MeXaHHKH W (H3HKH Aana CTporoe OGOCHOBaHHE
BHBOJAM, KOTOpPHle paHee GHIJIH NOJNydYeHH C NOMOUILIO 3BPHCTHUE-
CKOro MPHHLHNA YyCPeAHEHHS H GOpPMaJbHON TEOPHH BO3MYIUEHHH.
Bor HanGosee usBectHne (cM. [6], [30]) npumepm:

— eCJH B 3ajaye 0 ABHXXEHHH TSXKEJOro TBEpJAOro Tejaa c He-
noABHXHOA TOuKOH (npuMep 11) kuHeTHueckasi 3Heprus Tena KO-
CTaTOYHO BeJHKa MO CPaBHEHHIO C MOTeHUHANbHOH (B HayaJbHHA
MOMEHT BpeMeHH), TO AJHHA BeKTOpa KHHETHYECKOrO MOMEHTa H
ero Hak/JOH K FOPH3OHTY BEYHO OCTaloTcA BOJIH3H CBOHX HayaJlbHBIX
3HayeHH#A (B MPEANOJONKEHHH, YTO HayasbHble 3HAYeHHS 3HEPTHH H
MOMEHT2 He GJH3KH K TaKHM, NPH KOTOPHX TeJI0 MOXET BpallaThCs
OKOJIO CpefHefi OCH HHEpUHH); npu GOJbUIHHCTBE HAYaJbHLIX YCJIO-
BHA ABHXEHHe Tesna GyleT BEYHO GAH3KO K KOMOHHAUHH ABHXEHHS
dfinepa—IlyaHco ¢ MeaJeHHOR a3HMYTaJbLHOM mnpeueccHei;

— 8 nAOCKOU Oepanuxennol kpyzoeoud 3adawe Tpex Tea (mNpH-
Mep 10) nmpr Aocratouno MaJaoii Macce lOnutepa BesHuHHa 6OJb-
Woll NoJyoCH M 3KCUEHTPHCHTET KenaepoBa 3JJIHNCA acteponaa Oy-
AYT BEYHO OCTABaTbCfi ONH3KHMH K CBOHM HayalbHHM 3HAYeHHAM
(eciH B HagaJbHHI MOMEHT 3TOT SJJIMRC He mepecekas OpGHTY
IOnutepa); npu GOABLLWIMHCTBE HaYaJbHHX YCJIOBHH ABHIKEHHe Beu-
HO GJH3KO K KemJepOBCKOMY [BHXEHHIO MO JJJIHNCY, MeAJEeHHO
BpallaoleMycsi BOKPYr cBoero ¢okyca;

— B 3adaue n tea (npHMep 13) npu AOCTaTOYHO MaJHX Mac-
cax nsaHet 66abiias foas o6aacTH ¢$pa3oBOro NpocTpaHCTBa, COOT-
BETCTBYIOLIEH HEBO3MYLIEHHOMY [ABHXKEHHIO B OAHY CTOPOHYy NO
KENJIEPOBCKHM 3JITHNCAM MajbiX 3KCUEHTPHCHTETOB M HaKJOUCHHIA,
3anojIHeHa YCJIOBHO-NCPHOAHYECKHMH MABHXKEHHSAMH, OJH3KHMH K
narpaHkeBbM (cM. mpuMmep 13);

— GONMBIUHHCTBO reofle3H4eCKHX HAa OAH3KO# K TpeXxocHOMy 3J-
JIMNCOHAY TMOBEPXHOCTH Kenebaercs MEXKAY [ABYMs 3aMKHYTHIMH
JHHUAMH, ONH3KHMH K JHHHSM KPHBH3HBl NOBEPXHOCTH, BCIOAY
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IIOTHO 3aNOJIHAA KOJbLUO MEXKAY HHMH; 3TO KOJbUO eCTb NPOeKUHA
Ha KOH(}HrypauHoHHOe MPOCTPAHCTBO (T. €. PacCMAaTpHBaeMyio mo-
BEPXHOCTb) HHBApHaHTHOTO TOPa B ¢()a30oBOM NPOCTPAHCTBe, KOTO-
PHHA 3anosHseT TPaeKTOPHA 3alauy;

—— CYIIeCTBYeT MAarHHTHOe noJje, GoJsblLlasg YacCTb CHJOBHX JIH-
fHA KOTOpOro B OKPECTHOCTH 3aJaHHOM OKPYXXHOCTH OGMaTHBaer
B/IOXKEHHHE APYyr B APyra TOPOHAAJbHHE NOBEPXHOCTH, OXBaTHBAlO-
LiHe 3Ty OKPYXHOCTb; OCTa/JbHHE CHJOBLHE viMHHH BEYHO 3aXKaTh
MEX]1y yKa3aHHbIMH TODOHIAAJbHHMH NOBEPXHOCTAMH; OPH MaJjoM
BO3MyLIEHHH N0JAS GOMblIas 4acTb STHX MOBEPXHOCTEH He pa3py-
waercs, a. JHwWbL HeMHoro aedopmupyercsi (Takas KOHHrypauus
NOJsi HCMOJb3YeTCA ANS YAEPKAHHA nJia3Mbl B TOPOHRAMBHBIX Ka-
Mepax).

YTBepXieHHe 06 YCTOAYHBOCTH PaBHOBECHS CHCTEMH C JABYMS
CTeneHAMH CBOGO1bl B OOLIEM 3JJIHMNTHYECKOM CJAYyYae TakXKe HMeeT
MHOTOYHC/JI€HHBIE NMPHJIO0XKEHHA.

MMpumep 18 (YcToRAYnBOCTL TpeyronbHHX ToOYeK
au6paunn). liockas orpanuuennas kpyrosas 3ajava Tpex Tel
BO Bpaulaioulefica cucreme KoopAusaT npumepa 10 umeer ase cre-
neHn CBOGOA. T peyeonsneie mowxuw aulbpayuu —ee NOJOKeHHs
paBHoBecus [94]. Itu pasHOBecHs, Kak 6b10 u3BecTHO elue Jlarpan-
KY, YCTOiluuBbI B  JIMHEHAHOM npub/Akeind, ecaH plp==

=1/ .( 1— —% V69 )z0.03852, M HEYCTOMYMBK B NMPOTHBHOM CJayuae

(3nech p/(l—p)—otHouwenne Maccel lOmsrepa k macce Coanua, #
MBl cuWTaey, 4to p <'/;). OxaswiBaerca [148|, pesonancaM nopsaka
<4 COOTBETCTBYIOT 3HaYEHHA

p:‘rlg———l/z (1 —_— 'Z]’s‘ Vm) z0.02429,
p=ps="1z(1— V213) ~0.01352.

Hanee oxasnisactcs [148], uto ycnoBHe M303HepreTHyeckoi HeB-
POXACHHOCTH HapYLIaeTCsi NpH €AMHCTBEHHOM 3HAYEHHH p= =
~0.0109 (cnauana 6b10 AOKA3aHO, YTO 33alaya BHPOMKAEHa JHIUb
B KOHeYHOM yHcae ToyeK [92], a 3aTeM 6HJIO BHYHCAEHO KPHTH-
Yyeckoe 3Ha4YeHHe pc).

Cornacwo pesyabraty n. 3.3, npn O0<<p<<pi, puFpo, ps, pe
TPEYroAbHHE TOYKH JHOpauuu ycroiiyusnl. B [94] nokasamo, uto
IpH p=p2 H p=p3 HMEET MECTO HEYyCTOAYHBOCTb, a NPH P = e —
ycroiiyuBocts. B [119] nokasauo, yTo npu p=p, HMeercs yCTO#i-
YHBOCTb. A

[Mo106HEIM xe 00pa3oM Hccaen0BaHA YCTOYHBOCTD CTauHoHap-
HBIX BpaleHHHd TAXKEJI0ro TBEPAOro TeJa OKOJO HEMOABHIKHOIL
TOYKH [76].

Coopmynupyem HekoTopHe  pe3y.bTaTH, CleAylollHe  H3
YTBEPKAeHHH 06 YCTOMYMBOCTH PABHOBECHS NEPHOAHYECKH 3aBHCH-
WEeA OT BPeMEHH CHCTEMB C OAHON CTEMNeHbio CBOGOAL!, MEpPHOAH-
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4eCKOro ABHXKEHHs CHCTEMH C ABYM# CTCHEHAMH cBO6OAL H Hee
NOABHXHOH TOYKH CHMIJIEKTHYECKOro oroﬁpameﬂna NJIOCKOCTH:

—€C/M DPaBHOBECHE MAasiTHHKA B NepHOMIMECKH MeHSIoWeMcs CO
BpeMeHeM MOAe YCTOHYHBO B JIHHEHHOM NPHONHIKEHHH H €r0 My/AbTH-
MJIMKATOPbl HE MONajaloT B TOYKH eMMHHYHOA OKPYXHOCTH C apry-

T, 2 S .
MEHTaMH - j, ‘T J» 7=0,1,...,7, 10 paBHOBecHe ycToHuHBO;

— 3aMKHyTble Te0Je3HYeCKHe Ha MOBepXHOCTH OOllero nojaoxe-
HUS B TDEXMEPHOM NDPOCTPAHCTBe, YCTOHYHBBle B JHHEiHOM MNpH-
6JIHKEHHH, YCTORYUBHI;

— €CJIH TPaeKTOpHSl MAYHKA, MPBHIraioltero MexAy ABYMs BO-
THYTHIMH CTEHKaMH OOllero mnojaoXkeHus (HJAH, 4TO TO XKe, Jyua,
oTpaxaioulerocs ot ABYX 3epkaa (puc. 45)), ycrofiyuBa B JHHEH-
HOM NpHO/IHXKEHHH, TO OHA YCTOHYHBA,

Puc. 45

[Tpuvmenenuss Teopun KAM x 3amaye o BeuyHOM COXpaHeHHRH
agnabaTHUeCKMX HHBapHAHTOB OMHCaHLI B § 4.

Mevee TpanuuuoHHbie NMPHMEHEHHA CBA3aHbl C BBIYHC/AEHHEM
KODOTKOBOJIHOBOTO MNPHOAHXEHHS A1 COGCTBEHHBIX 3HAYeHHH H
cobcTBeHHbIX QYHKUHIT oneparopoB Ilpéaunrepa, Jlannaca w
Beabrpamu — Jlannaca [91]. Haabuwe ana onpeneneHHocTH GylaeM
roBopHTb 06 omnepatope Llpénuurepa. PopMyab KOPOTKOBO.THOBO-
ro npHGJHXKEHHS MNO3BOJAIOT NO pPelIeHHSAM YPaBHEHHH HABHXKeHHs
KJlacCHYeCKOi MeXaHHYeCKOM CHCTeMbl CTPOHTb NPHO.IHKeHHble pe-
weHHs ypaBHenus LIpéannrepa, onucHBawiuero nosefieHde COOT-
BETCTBYIOILIEH KBAHTOBOH CHCTeMbl. B YaCTHOCTH, ecqH K.JaccHyec-
Kas cHcteMa uMeeT B (a3oBOM npocTpaHCTBe MHBapHAHTHHIA TOP,
yJOBJIETBOPAIOWIHIT apH(PMETHYECKHM YCJNOBHAM KBaHTOBaHMsS, TO
¢$opMyaB KOPOTKOBOJHOBOTO NPHONHXKEHHS MO3BOJSIOT NOCTPOHTh
o 3TOMY TOPY aCHMNTOTHKY COOGCTBEHHOr0 3HauyeHHs onepatopa
lllpéaunrepa u cooTBeTcTBYyIOUlEH MOYTH-COGCTBEHHOM (PyHKUUHD.
B 6/1H3K0i1 K HHTErpHpyeMOH CHCTeMe eCTh MHOTO HHBAapHAHTHEIX TO-
poB, npHueM OHH 06pasyloT raajakoe cemeiictso (n. 2.2). Coorpercr-
BeHHO, BOOGILE TOBOPS, €CTh MHOTO TOPOB, YROBJIETBOPSIOIHX yCJIO-
BHAIM KBAHTOBaHHA, DTo mo3BojseT NPHOJH3HIL 6OJBLIYIO YacTh
CneKTpa cooTBeTCTBYloulero oneparopa lpénunrepa.

" TloutH-co6cTBenHas GyHKUUA NPHOANKEHHO yAOBAETBOPAET yDABHEHHIO AR
cobecTBeHHON GYHKIHH, HO MOXeT OLITb Ja.exa OT Hee.
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§ 4. AanabaTHueckne WHBAPHAHTH

B 3TOoM maparpacde onmHCHiBaeTcs BJHMAHHE TJIABHOrO H3MEHEHHA
napaMeTpoB Ha ABHXEHHe B HHTErpUpyeMoil FaMHJbTOHOBOI CHCTe-
Mme, Aduabaruueckum UHBAPDUAHTOM TaKoil 3aRayH Ha3BIBAETCA
¢yHxuus Ga30BHX NMePeMEHHBIX H nmapameTpoB, 3HAUEHHe KOTOPOH
MaJjo H3MeHseTCs NPH 3HAYHTENbHOM H3MEHEHHH TapaMeTpoB.
OcHOBHBIE pe3y/bTaTH TEODHH OTHOCATCS K ORHOYACTOTHHIM CHC-
TEMaM.

4.1. Anna6aTHyeckas HHBAPHAHTHOCTL NepPeMEHHON <«neHCTBHE?
B OAHOYACTOTHBIX CHCTemaX. PaccMoTpUM raMH/IBTOHOBY CHCTeMY
C OAHOH cTeneHbio CBOOGOAB!, MapaMeTpsl KOTOPOH NJAaBHO H3MeHd-
iorcst; ramuabToHHan E=E(p, g, L), A=A(1), t=¢f, 0<e<1 (Ha-
npHMep, MasATHHK C NJaBHO H3MeHsiouleiica AJAHHOR). ODYyHKUHIO
A(t) 6yaeM npeanonaraTb AOCTaTOYHO JaAKOM.

Onpenenenne. ®ynkuus I(p, g, A) HaswBaercs aauHabartu-
YyeCKHM HHBapHAHTOM, eCJH Aas Jaiboro x>0 Haiigercs eo==¢g9(x)
Takoe, 4T0 AaA e<go u3MeHeHnue [(p(t), q(f), A(el)) nmpu O0<<i<<
= ]/¢ He MPeBOCXOAHT xV.

[Tpeanonoxum, uro ¢yukuus amuavtona E(p, q, A) umeer
TIpPH KaXJAoM (HKCHPOBAaHHOM A 3aMKHYThie ¢a3oBhie KpHBHe (CKa-
JKeM, OKpyXaloliHe paBHOBecHe MasTHHKa (puc. 46)), wacrora
JBHXEHHA NO KOTOPHIM OTJH4YHA OT HyadA. Toraa MOXHO BBecTH
nepeMeHHble AEHCTBHe—YTron CHCTEeMbl ¢ (QHKCHPOBAHHBIM A:

I=1(p, g, A), 9=9(p, g, A)mod2x.

Hawa 6auxaiimas ueab — f0Ka3aTb aaHa6aTHYECKYl0 HHBAPHAHT-
HOCTb BeJIHYHHH /.

Puc. 46

[Tpeanoxeunune 1. U3smeHeHue nepeMeHHblx [, ¢ B cHCTeMe C
MJaBHO H3MEHSIIOWMMCS NapaMCTPOM OMHCHIBAGTCS TaMHJbTOHHA-

" Bnepnbie TakKde MOYTH-COXpaHAIOUIHECA BeauuHHbl oGHapyxua DBoavuman
(L. Boltzmann) npu paccMOTpeHHH alHaGaTHHECKMX NMPOUECCOB B TePMOAHHAMH-
we. TepMmun <aauabaTHueckuit MHBapuanT» ssea pendect (P. Ehrenfest). Cy-
IEeCTBN3370 MHOrO Pa3NuyHbiX OnpejefeHHH a1MabaTHYeCKON HHBAPHAHTHOCTH.
IMpueeieiioe onpeleicHue, cTapilee Teflepb OOWENpHHATHM, jano A. A. Axipo-
Hosuiv, M. A, Jleowrosuuem, JI. K. Mauaeavwtamom. [loapobHoe u3aoxeHue
HCTOpHH Bonpoca cM. B [49].
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H=Hy(l, A\)+eH,(I, ?, et):
i _OH, + 9H, , OH, (36)
I=—¢ ik (P=—07—+8—0T'v
riae Ho— 310 ramuabroHHan E, Bhlpaxenunii uepes [, A, a H, ume-
eT N0 ¢ NepHox 2.
®opma ypasHenuit (36) — cTaHaapTHas A/l NPHMEHEHHS NPHH-
KHNa ycpeaHeHnus n. 1.1.
Mpeanoxenne 2. [lepeMennas «peficteue» | siBASE€TCA HH-
TErpajioM ycpeiHeHHoH no ¢a3e cHcTeMH.
<IlpaBas uyacTb ypaBHeHHs AAsi | — npoH3BOLHAs NEepPHOAHYE-
cKoit (PYyHKUMH, a MOTOMY HMeeT cpefiiee 3HaueHHe HYJb. [>
Teopema 23. Ecau uacrora w(/, A) cHcreMH c OAHOH cTe-
neHblo CBOGOAH He 06palllaeTcs B HyJlb, TO MEpeMEHHAs «AeACTBHE»
I(p, q, \) — annabaTHuyeCKHii HHBapHAHT:

[7(p(t) q (@) AEet)—1(pO) ¢0), A (0) ]| < ce,
0<t< :—, c=const >0.

< CoraacHo Teopeme 1 § 1, npHHUMN yCpeAHEHHS ONHCHBaeT
pelieHHe OAHOYACTOTHOR CHCTEMB C TOYHOCTHIO NMOPsSAKAa e 3a Bpe-
Ms l/e, a ] — uHTerpan ycpenHeHHoO# cHCTeMHl. [>

[Tpumep 19. Jas rapMOHHYECKOTO OCHHAJATOPAa aAaHabaTH-
YeCKHM HHBapHaHTOM fBJSETCA OTHOLIEHHE 3JHEPTHH K 4acTore
I=hlw. A

[Tycts B raMHAbLTOHOBOA CHCTeMe C n=>2 creneHsAMH cBOGOAH
3aBHCHMOCTb TaMHJbTOHHaHa E OT Bcex KOOpAHHAT, KpOMe OAHO#
(o603naunm ee g), nnasHas: E=E(p, q, y, ex). 3necb g, X — KOOp-
IOHHATH, a p, y— CONpPsMKEHHHe HM HMNyJbcH'. AnHaGaTHYECKHA
MHBAapHAHT TaKOH CHCTEMH — 3TO (YHKUHS (a30BHX nepeMeHHHX,
H3MeHeHde KOTopoit Majo Ha BpemeHax l/e. CHcTremy ¢ OAHO# cTe-
feHbio CBOGOABL, B KOTOPO# ex=const, y=const, Ha3oBeM HEBO3MY-
utenHoii. TlycTb (a30Bbifi MOPTPeT HEBO3MYUIEHHOA CHCTEMH  CO-
IepXHMT 3aMKHYTHie TpaekTopuH (pHc. 46), YacToTa ABHXKEHHA NO
KOTOPbIM OT/JHYHA OT HYJSA, TaK YTO MOXHO BBECTH nNepeMeHHHe
AeHCcTBHe — YToJl

I1=1(p, 9., y, ex), o=9(p, 9, ¥, e“7)“10(12"‘-
O6o3naunm uepes Ho(/, y, ex) raMuabToHHaH E, BHpaXKeHHHH ve-
yepes I, y, ex.

Teopema 24. [lepemennas «aefcrBue» | — aanabaTHyecKHR
HHBapHAHT CHCTEMB ¢ ramuibToHHaHoM E(p, g, y, ex). iamenenue
nepeMeHHBIX Y, €X ONMHCHIBAaeTCA C TOYHOCTHIO MOPSIAKA €& Ha HHTep-

) [TaaBHaa 3aBHCHMOCTb TraMH/JbTOHHAHA OT BpPeMEHH CBOAHTCA K 3TOMY
CJlyyalo BBeleHHeM BpeMEHH B KayecTse HOBOH KOOPIAHHATH H noGasaendem co-
NPSAEHHOr0 K HeMy HMOYJabCa.
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Bajle BpeMcHH l/e cucremoil ¢ ramuasronnasom Ho(l, y, ex), co-
Aepxaiium / B KauecTBe napaMerpa (3To npHOJHXKeHHe Ha3LIBaer-
¢ aaHabaTHYECKHM).

<] Ipeo6paszosanre (p, g)~(/, ¢) M0OKHO AONONHHTL mpeobpa-
3oBannem (y, x)—~(Y, X)=(y+O0(e), x+0(1)) Tak, uto6u nox-
Hoe npeoGpa3oBanHe OblIO CHMMJeKTHYecKHM. M3MeHeHHe HOBHX
NepeMeHHbIX OMICHIBAETCH TaMHJIbTOHHAHOM

H=Ho(l, Y, eX)+eH (I, g, Y, eX, &).

Ycpeanss no ¢ase @, NoJyyaem CHCTeMy, ONMHCHIBAIOILYIO H3MeHe-
HHEe peuleHHI] C TOYHOCTbIO ¢ Ha BpemeHax l/e. [efictBue | — uH-
Terpa’ 3Toil CHCTeMH. P>

Sameuyanusd. l. Ecan HcxoaHas cHcreMa MMeeT JBe CTeNeHH
cBO0OABl, TO TeopeMa 2 NPHBOAHT K CHCTEMEe C OJHON CTemeHbio
cB060bl H yCPeHEeHHbIE YPaBHEHH HHTErpHPYIOTCS.

2. Ta ke BeanuHHa [ sBAsieTCs 2aMabaTHYECKHM HHBAapHaHTOM
J1060fi CHCTeMbl ¢ raMujbTOHHaHoM F=E(p, q, y, ex) +eE (p, q,
Y, X, &), OTJHUAOWHUMC OT E ManbiM N06aBKOM, yXe He NJaBHO
3aBHCHAILHM OT X. A\

fTpumep 20. Ilpn aBHXKENHH B KBaAPAaTHYHOM NOTEHYUAALHOM
pge, BLITAHYTOM BROJb OCH X (pHC. 47), HMeeM :

ooyl 2 2 2 2 . 2 2
E— ZEri2C08 - j- PAYLIT, Hi=% 410 ).

[Myctb, Hanpumep, GyHKUHA ©(ex) yeTHas H mnpH pocre |x|
CHayajaa pacreT, a noroM yOoiBaer (puc. 48a). ®a3oBHid NOpTpeT
CHCTEMB! C raMHJbTOHHaHOM H, nmoka3aH Ha pHc. 486. Buano, uTto
NPH He CJAHIUKOM GOJbLIOH HayaJbHOH NPOJOJBHOH CKOPOCTH TOYKA
OKa3blBaeTcs 3anepTod B cpefiHei yacTh psa (pHc. 488). Cootser-
CTBYIOILee YCIAOBHE HAa CKOPOCTb (Kyca08ue A08Yuiku») OOLIYHO 3a-
NUCbIBaeTCcs B BHAE

En Op— ©,
E < W ' ' (37)

L

rie Ey=y?/2 u E, =(p?4 02g?)/2 —3HaueHHs 3HEPrud npoloJb-
HOrO H MONEPEeYHOTO MABWXKEHH) TOUKH B CepelvHe PBa (Tpu x=0),
®y H O, — MHHHMaJbHOE H MAKCHMaJbHOE 3HaYeHHA QYHKUHH © (ex).

u

/ T
9
Puc. 47

CnpaBeannMBOCTh 3THX BHIBOAOB Ha BpeMeHax lle clefyer u3
Teopembl 24. Ha Geckoneunble BpeMeHa OHH MEPEHOCATCH C MOMO-
weio Tcopun KAM (cMm. . 4.5). A
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Puc. 48

I[Tpumep 21. KopoTkoBosHOBOe BO36YXKAEHHE pacnpocTpa-
HAeTCcAd No JyuaM. BoaH0800 — 3TO NOTeHUMaJbHHHA POB AJA Jy-
yedd. IlnaBHHIM pedpakUHOHHBIM BOJHOBOJAOM Ha3HBaeTcs Cpeaa,
NOKa3aTesb NpPeJOMJEHHS KOTOPOH MJIaBHO MEHAETCS BAOJb HeKo-
TOPOH KDPHBOH (OCH BOJIHOBORA) H GHICTPO— MOMEPEK Hee; Ha OCH
BOJIHOBOJA NOKa3aTe/ib NMpeJoMJeHHss uMeeT MakcHMyM. ITycTs, Ha-
npHMep, OCb BOJIHOBOJAA — MpsAMas JIHHHA, a cpela JAByMepHa
(puc. 49). Toraa pacmpocTpaHeHHe Jyuelf OMHCHIBAETCH CHCTEMOI
C raMHJIbTOHHAHOM

E=p?+y*—n?(q, ex),

rie x — KOOpPAHHATa BAOJb OCH BOJIHOBOAA, a ¢ — NEPNEHAHKYJAD-
HO K Hel, HMIYJAbCH y, p 3aAalOT HanpaBJeHHe Jyya, n? — nokasa-
Telb npejomJeHus [88). Pewenns 3toli cHcTeMBl HaAO paccMaTpH-
BaThb Ha ypoBHe 3Hepruu E=0.

¢ 5

——

Oy

Puc. 49 Puc. 50

B6au3n ocH noka3saTesb NPeJOMJEHHsI MOXKHO CYHTaThb KBajapa-
THYHbIM: n?=a?(ex)—b%(ex)q%. Toraa, B 0603HayeHHSAX Teope-
MH 24

_p2+b=q’
I=: %

STH COOTHOIIEHHA NO3BOJAIOT ONMHCaThb NoBeldeHHe Jayded. JlyweBas
KapTHHA MOKa3aHa Ha pHC. 49 (aas caydasi, KOria HeT <«3amHpa-
HHsi» Jyvefi, Takoro, kak B npHMepe 20). Takum cnoco6oM omuchH-
BAaeTCA pacnpoCTpaHeHHe CBeTa B CBETOBOAAX, PAaCMPOCTPaHEHHe B
CIOHCTHX Cpefiax KOPOTKHX PaAHOBOJH K 3ByKa [88]. A
MMpumep 22. B nocToAHHOM MAarHHTHOM NOJe 3apfXKeHHas
YacTHIA ABHXKETCH MO CNHpPAjH BOKPYr CHJOBOH JIKHHH nons. IT0
ABHXKeHHe ABAAETCA KOMMO3HUHeH BpallleHHs BOKPYT CHJIOBOH JH-

Hy=y2—a?(ex)+21b (ex).
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HHH MO OKPYXHOCTH, Ha3biBa€MOR JapMOPOBCKOH, H apefidpa 3Toit
okpyxHocTH (puc. 50). ['aMH/IbTOHOBa cHCTeMA, OMHCHBAKOWAA 3TO
ABHXKEHHe, HMeeT TPH CTeNeHH cBoGoabi. H3-3a MHBapHAHTHOCTH
FaMHJIbTOHHAHA OTHOCHTEJbHO CABHMra BAOJb NMOJS H NMOBOPOTAa BO-
KPYyr HanpasJ/eHHS I0JS YHCJO cTeneHeidl CBOOOAH NOHHXKaercs A0
eIHHHIbI, Bce TpaeKTODHH NPHBEAEHHOH CHCTEMB NMEpHOAHYHH, ee
nepeMeHHasi <«AeACTBHE» — Ma2KuTHoui momert [=v,2[/(2B), rae
U, — nepneHIHKYJsAPHAsA MOJI0 COCTaBJAIOLIAS CKOPOCTH YaCTHUH,
B — nanpskeHHoctb noas®. Ecau Ttenepn nosie miaBHO HEOAHOPOA-
HO (MaJjo MeHsleTCs Ha JJHHe JapMOPOBCKOro pajHyca), To Mar-
HHTHBII MOMEHT siBAsieTCsi aAHabaTuyeckum HHBapHaHToMm [180].
Teoprsi ABHXKeHHsS B NUJIaBHO HEOAHOPOAHOM noJsie onucaHa B [180]
6e3 HMCNO.b30BAHHA TaMHJbLTOHOBCKOro (opMaju3Ma, raMHJIbTOHO-
Ba TeopHus noctpoeHa B [1531, {166].

PaccMOTpHM yacTHHIH cayyai, KOrAa NJaBHOHEOAHOPOAHOE ToO-
Jle OCeCHMMETDHYHO, IPHYEM €ro CHJIOBHe JHHHH JieXKaT B MJIOCKO-
CTSX, NPOXOAALLHX yepe3 oCcb cHMMeTpHH (pHc. 51).

Puc. 51 Puc. 52

B UHJAHHIDHYECKMX KOODAHHATax r, @, z raMH/JbTOHHaH He 3a-
BHCHT OT yrJaa ©. 3aaaya NPHBOAHTCA K ABYM CTerneHsM CBOGOAH H,
cornacHo Teopeme 24, MoXetr GbTh MCC/ef0BaHA RO KoHUa. Okasul-
BaeTcsi [5], ABHXKeHHE B MJOCKOCTH 7, Z ONHCbIBAETCS FaMHJbTOHHA-
HOM

E= ¥2+P:+§g(ax)q: +eE(ps ¢ Y» &X, ©).

31ech X, § — KOODAHHATHl BAOJb M MONEpPeK CHJOBOA JIHHHH Mar-
HUTHOTO TIOJS, OKOJ0 KOTOPO#l MNPOHCXOAHT JBHXKeHHe TOUKH
(puc. 51) (3Ta JHHHS BbIAE/AETCA YC/IOBHEM COXPAHEHHS MMIMYJIb-
ca, conpseHHoro yray ), B(ex) — 3HaueHHe HaNpsAXeHHOCTH NO-
A5 Ha 3Toli AHHHM. OT6GpachiBasi B raMHJbTOHHaHe A06aBOK MOpPAA-
Ka g, NoJyyaeM NOTeHUHa/ibHBI poB npumepa 20. YcaosHe JOByw-
Ku (37) nokasblBaeT, KakKHe YaCTHUB OKa3blBAalOTCS 3aMepTHMH B
sTom pBe. Ha 3TOM MNpHHIHMNE yAepXKAHUA 2apAKEHHBIX YaCTHIL OC-
HOBAHO KOHCTPYHPOBaHHE J08yuiek AN N1a3Mbi, KOTOpble Ha3H-

D MarsiTiuit MOMCHT paBeH MOTOKY MOAS Hepes .J1apMOPOBCKHI KpYT.
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paiorcss aaHabatuyeckumu [180] (uam noBylIKaMH C MarHHTHHIMH
npobkamu). I'HrawTckas ecrecTBeHHas aAHabGaTHuecKas JOBYyll-
Ka — MariuTHoe nione 3eman (puc. 52). A

AnnaGaTHuecKHe HHBApHAHTH CyLIECTBYIOT H B CHCTEMax ¢
yAapaMH.

[Ipumep 23. Ilpn ABHXKEHHH ynpyroro MIapHKa MeXAy ABYMS
MeAJIeHHO NBHXYWIHMHCH CTeHKaMH (puc. 53) aaMabGaTHYECKHM
HHBAapHaHTOM fBAfMETCA NPOH3BeJleHHe CKODOCTH INapHKa Ha pac-
CTOSIHHE MEeXAy CTeHKaMH. JTOT (paKT MOXKHO YCTAHOBHTb Hemo-
CPEACTBEHHHM BLIYHCJICHHEM, a MOXHO H3BJeub C MOMOLIbIO mpe-
ReJIbHOTO mepexoja H3 TeopeMH 23. A

IMMprmep 24 ([88]). I[Ipn pacnpocTpaHeHnu aydefi B MJIOCKOM
nJaaBHOHeperyJasipHOM! cserogode ¢ 3epKaJbHHIMH  CTEHKaMH
(puc. 54) aauabaTHYeCKHM HHBapHaHTOM SBJAAETCS MNPOH3BeAEHHE
PaCCTOSIHHA MEXAY CTeHKaMH Ha CHHYC yrja MeXA1y JyuyeM H CTeH-

Koil. A

Puc. 53 Puc. 54

efet)

AN SRR NNY

4.2, Anna6aTtHueckHMe HHBAPHAHTH MHOTOYACTOTHHIX FaMHALTO-
HOBBIX CHCTEM.

Onpeanenenne. QyHkuua ¢asoBHX KOOPAHHAT H Napamer-
POB Ha3HBAETCA MOYTU AOUAGATUYECKUM UHBAPUARTOM, €CIH ANA
aio6oro p>0 Mepa MHOXeCTBa Haua/bHBIX YCJOBHH, AJS KOTOPHX
H3MeHeHHe 3TOil (PYHKUHH BAOJb PEIUeHHs MPEBOCXOAHT p 3a BpeMs
1/e, cTpeMHTCA K HYJIO MPH & cTpemsuiemcs K 0.

PaccMOTpHM FaMHJLTOHOBY CHCTEMY C n>2 CTeneHsAMH cBOGo-
Abl, TAMHJALTOHHAH KOTOPOA 3aBHCHT OT MJABHO H3MEHAIOLErocs
napamerpa A. IIpeAnonoXHM, 49TO NpH KaXKAOM (HKCHPOBAHHOM A
CHCTEMa BMOJHE HHTErpHpyeMa, TaK YTO MOXHO BBECTH NepeMeH-
Hble peficraue —yroa I, @. JIas 3Toft cHcTeMH cnpaBefJIHBH npea-
noxenus 1w 2 0. 4.1 (10Ka3aTeAbCTBO AOC/AOBHO TO XKe): H3MeHe-
uue /, ¢ onuchBaercs cHcTeMok Buaa (36), a <neficTBHA» I — un-
Terpaasl ycpeaueHHofi chcreMH. Kak Beayr ce6a nepeMeHnble I8
TOYHOR CHCcTeMe?

Mpeanonoxum, uto detd?Ho/dI*#0. Toraa, cornacho Teope-
Me 8, H3MeHeHHs BeJHYHH | OCTalOTCA MeHblunMmu p>0 B Teuenue
BpeMenn l/e, ecin mpeHeGpeub MHOXECTBOM Ha4ajJbHBEIX yCAOBHIA

Mephl cYelp B da30BOM NPOCTPAHCTBE (koTopoe npeanojaraercs
anech KomnaxkTHbiM, c=const>0). Takum 06pa3oM, mnepeMeHHbe

1) CpeTOROA HA3HBAETCA NAABHOHEPETYAAPHHM, CCAH BAOAL HEro NJaBHO Me-
HASTCA ero WHPHKA H HaNPaBjleHHE CTEHOK.
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«1eiiCTBHe» | ABAAIOTCS MNOYTH agnabaTHYECKHMH HHBapHailTaMH
HeBBIPOXKJEHHOH MHOro4acTOTHOM raMHJILTOHOBOI CHCTEMbI.
Ecan cHcTema 1Byx4aCTOTHE, To OUEHKY AJISI U3MCHCHHS mepe-
MEHHBIX | MOXHO YTOUHHTb C MOMOU(bIO pe3yabTaros m. 1.6.
[IpuMeps nmoxa3blBalOT, YTO yXKe B ABYXYACTOTHLIX CHCTeMaX

MOXET CyILlCCTBOBATb MHOXKECTBO Haya/JIbHHX YCJNOBHi#l Mcphl Ve,
AJIS KOTOpPHIX NOYTH aiMabaTHyecKMi HHBApDHAHT H3MEHSAETCH Ha
BeqHuHHy 1 3a BpeMma l/e u3-3a 3acTpeBaHHs Ha pe3onance [48].
AilnabaTHuecKass HHBaPHAaHTHOCTb B OAHOYACTOTHLIX CHCTEMax CoO-
XpaHsercsi B TeYeHHe BPEMeHH, MHoro Goabwiero l/e, a npH nepHo-
AHYCCKOM H3MCHEHHM napameTtpa A — jaxe BeuHo. B MHorouacrort-
HBIX CHCTEMaX KapTHHA coBeplueHHO apyras. [Ipumepnl nokasbiBa-
10T, YyTO 3a BpeMa 1/e¥? AN MHOXKeCTBa HayaJbHBIX YCJIOBHil Mephl
nopsiaka 1 noyTH aauaGaTHYEeCKHAi MHBAPHAHT MOXET H3MEHHTbCH
Ha | H3-3a BpeMEeHHBIX 3aXBaTOB B Pe30HaHC.

Bbiwe npeanonaranioch, YTO NMpPH KaXKAOM QHUKCHPOBAHHOM A
cucreMa BnoJiHe HHTerpupyema. Iloutn aanabaThuecknii HHBapHaHT
CyulecTBYeT H B NPOTHBONOJOXKHOM, ropa3ao 6oJiee pacmpocTpa-
HEHHOM cJyyae, KOra NpH KaX/[O0M A Ha MOYTH BCEX YPOBHSAX 3Hep-
run E(p, g, A) =const nBuxenne sproanuxo. [Ipenno1oxum, uto
nosepxxoct E(p, g, 1) =h —raaakas U OTPaHHYKBACT KOHEYHBIfi
¢asosuiit 06bem”. OGosnauum 3toT O06BEM [(h, A). Dynkuus
I(E(p. g, &), 2)—noutn aanaGaTHuyeckHii uHBapHaut [160).

HetanbHo H3yyeHH anHabaTHYeCKHe HHBAPHAHTHI  JHHElHBIX
MHOroyactoTHbX chcteM [164]. 3Ta Teopust OTHOCHTCA K JTHHEAHBIM
TaMHJbTOHOBBIM CHCTEMAaM C MEePHOAHYECKHMH 1O BpeMeHH Ko3d-
¢HUMEHTAMH, 3aBHCSALIHMH, KPOMe TOro, OT NJIaBHO HM3MEHSIOLero-
cs co BpemeHem napamerpa A=~A(ef). Ilpeanonaraercs, uro npu
KaX10M (QKKCHPOBAHHOM A CHCTeMa CHJbHO YCTOHYHBA, T. €. OHa
yCTOil4yHBa H J1060€ AOCTATOYHO MaJjioe H3MeHeHHe Ko3(diuneHToB
He HapyllaeT YCTOHYHBOCTH. Bce MyJbTHNAMKATOPH CHJLHO YCTORM-
YHBOH CHCTEMH JICXKAT Ha eIHHHYHOH OKPYXXHOCTH M OT.THYHB OT
*1 (cm., nanpumep, [6]). [TosTOMy npu M3MEHeHHH A MYJBTHIIH-
KaTopbl nepeMellaloTcss MO BepXHEeH M HHXKHeH eIMHHYHBIM No.ay-
OKPYXKHOCTSIM, He Nepexois C OAHOM MOJVOKPYXHOCTH Ha 1pyryio?.

Onpenenenue. TI'pynna nocnenoBaTesbHO PacnnOKeHHBIX
Ha eJHHHYHON OKPYXHOCTH MYJbTHNJHKKATOPOB HEBO3MYLIEHHOR
(A=const) cHcTemMn o6pasyeT KjaacTep, eclH NPH H3MEHEHHH A MO
3aKOHY A=A(ef) 3TH MyJbTHNNHKATOPH! CTAJKHBAIOTCA APVI C ApPY-
roM, HO He CTaJKHBAIOTCA C JAPYrHMH MY.IbTHMINKAaTOpaMH
(puc. 55).

Teopema 25 ([164]). PaccmaTpuBaemMas nuueitas raMHiIbTo-
HOBa CHCTeMa HMeeT MO MeHbilefi Mepe CTONbKO HEe3aBHCHMBIX
aaabaTHYeCKHX HHBApHAHTOB, H3MEHAIOIMHXCA HA BeJIHYHHY NnO-

D Jlas oTKpHITOR 06MAacTH 3naueHnd h, 1. ;.
M B (HAV BCUICCTBEHHOCTH CHCTCMB PACNOJOKEHHe MYJLTHIAHNATONOB CHM-

METPHYHO OTHOCHTE.ILHO BelUeCTBEHHOR OCH.
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-1 +1
Prc. 55

pfaka & Ha BpemeHax l/e, CKOJNBbKO KaacTepoB 00pa3yloT MYJIbTH-
NAHKATOPHl HEBO3MYLUEHHOH CHCTeMBl Ha BepXHell e HHHUYHOH MOJy-
OKPYKHOCTH. JTH ajHabaTHUeCKHe HHBAaPHAHTbl ABJSAIOTCH KBaA-
paTHYHBIMH ¢opmaMH (a3oBHIX NepeMeHHHX C KO3QPUUHCHTaMH,
3aBHCAILHMH OT BpeMeHH (MEepHOAHYECKH) M OT napaMerpa A.

Caneactsusn 1. Ecau npy Bcex A MYyJbTHOJHKATOPHI Pa3/HU-
Hbl, TO YHC.J0 HE3aBHCHMbIX aAuabaTHYeCKMX HHBADHAHTOB paBHO
uicay crenerefi cBo6OABL.

2. PaccmatpHBaeMasi JHHefiHas CHCcTeMa HMeeT NO MeHblied
Mepe O1HH aluabaTHYeCKHii HHBAPHAHT.

Ecan B paccmaTpHBaeMoit cCHCTeMe MYJbTHIJIHKATOpbl COBNaja-
0T APYr C 1PYTOM TOABbKO B H30JHPOBaHHbIE MOMEHTHl MelJleHHOro
BpEeMeHH ef, TO YHCJIO He3aBHCHMbIX a/]HaGaTHYECKHX HHBapHAHTOB
paBHO ulCly cTemeHefl cBOGOAHW. Baanu or MOMEHTOB CTOJIKHOBe-
HHS MY.IbTHILTHKAaTOPOB aAHabaTHYeCKHe MHBApPHAHTbl HCMbITHIBAIOT
Konebanus nopsinka e. B OKPeCTHOCTH MOMEHTa CTOJKHOBEHHS
aanabaTHuecKHe MHBApHAHTH, COOTBETCTBYIOLLHE CTAJKHBAIOWIHMCH
MyJbTHIIHKaTOPaM, MOTYT H3MEHAThCS Ha BeJHuUMHYy e (mpH
CTOJKHOBEHHH MYJbTHIJIHKAaTOPOB C HEHYJEBOW  CKOPOCTbIO — Ha
BEJHUHHY nopsaka Ye).

4.3. Mpouenypa uckaoyenns GLICTPHX nepemenHbix. Bpems co-
XpaHenHs aaWa6aTHyecKoro MHBapHanta. [las OAHOYACTOTHHIX ra-
MHJbTOHOBbIX CHCTEM C MJaBHO H3MEHSIOIIHMHCH MapameTpaMH
GbicTpble NepeMeHHble MOXHO HCKJIOYAaTh CHMIIEKTHYECKH M 3a
cyeT 3TOro MNOJYYHTb BEJHUMHBI, COXpaHslomuecs ¢ Gosbuiedf TOY-
HocThio. B nepemennbix /, @, Y, X, BBeaeHHHX B N. 4. 1, raMuJabTO-
HHaH 3aJayH MMeeT BHI

H=Ho(, Y, eX)+eH (I, g, Y, X, ¢). (38)

Teopema 26. U3 raaakoro, kiaacca C*, OAHOYACTOTHOrO ra-
MmuabToHHaHa (38) ¢opManbHON CHMMJIEKTHYECKOR 3aMeHOil mepe-
mentbix I, ¢, Y, X4, P, n, & MOXKHO HCK/IOUHTb GuicTpyio da3sy $.

< Hosuit ramuabTonnan #=3(J, n, ef, €) K TnpousBoaALlaf
¢byHkuns 3amensl nepeMenuux Jo+eS(J, @, n, X, &) cBs3aHH CoO-
OTHOLIEHHEM

0 )
H (J—}—e%, e, n+820a_§(_’ eX.e)-—-%’ (J, s aX—}—e’?,‘S;—l

Wiutem 76, S B Buge (opMaabHBIX PANOB NO &
H=Hy+eH,+2H,+..., S=8+eS+.... (40)
TMoacrasass 3TH paAel B (39) W NpHPAaBHMBAA YJAEHbI OXHHAKOBOrO
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NOpAAKA NO €, MOJYYMM CHCTEMY YpaBHEHHH

%%4_”‘(], ?, n, eX, 0)=36,(J, 0, eX),
a’%%“wi(f»q’v*l’eX)=%.~(f.n,eX), i>2

Gyuxkuua G, onpereasiercs uneHamu S, 4, ..., S, #6,., B pas-
aoxenusx (40). Pemenue BLINHCAHHOH cHCTeMH B 0603HaueHHAX
{(+)% {-}° ann onepatopa yCpemHeHWs W WHTErpHpYIOLLEro onepa-
TOpa, BBeJleHHHX B M. 1.2, naercs dopmyaamu

%1=(H1)ws Sl=_'{Hl}¢+Slo!
H,= (G )% S;=—(G)+S0 i>2

3necy S;°—npoussoabHble dyukLun oT J, n, £éX. Yacro BeibupaloT
SIOEO. D

Caencrus. 1. «Dynkuua» J— popmasibHulii HHTerpaa 3a-
AayH.

2. O6opeeM psa AasA 3aMeHH MepeMEHHBIX HAa YJeHaXx NopsiiKa
e™. Takas yKkopoueHHast 3aMeHa OCTaBJsieT 3aBHCHMOCTb Ta-
MHJbTOHHAHA OT (a3bl JHIIB B YJeHax nopsajaka e™*!. drta 3amena
BBOAHT ¢yHKuHIO J, KOTOpas 3a BpeMsi 1/e HCNBLITHIBaeT JHlb
Koneb6aHHsi mopsaka g™t

Psaau (40) naxke B aHa/JIHTHYECKOHK CHCTeMe MOT'YT PacXOAHThCS
(npumep cMm. B [108]). Craeaylomee yTBepiKAeHHe ONHCHIBAaeT npe-
JeIbHO NOCTHXHMYIO TOYHOCTb HCKJIIOYEHHsS (a3Hl.

I[Tpeanoxenne 3 ([108], cp. Teopema 2). TamuabToHHaH
OLHOYACTOTHOH aHAJHTHYECKOHR CHCTEMBI C MJAaBHO H3MEHSIOUIMMHCS
napamerpamMu (38) c momolubl0 CHMNJAeKTHYecKoH, Ha O(e) OTJHM-
YaleAcs OT TOXAECTBEHHOH 3aMeHbl MepeMeHHBIX, MOXeT OHTb
npeo6pa3oBaH K CyMMe ABYX 4JICHOB, MepBHIi H3 KOTOPbIX He 3a-
BHCHT oT a3, a BropoH 3KCMOHEHLHANbLHO Masn

(O(exp(—c1~'/e)), ci=const>0).
CneactBHe. B 04HOYAaCTOTHOM aHAJHTHYECKOH CHCTeMe nepe-

-1

MeHHas «jefictBHe» | B TeueHHe BpemeHH T =exp('/ecie) Henbi-
ThiBaeT JHIb KoJe6GaHHa mopsiaka e. TakuM ob6pa3oM aiiabaTHue-
CKasi HHBAPHAHTHOCTb COXPAHAETCA Ha 3KCMOHEHUHAJIbHO GOJbLIOM
HHTepBaJe BpeMeHH",

<!3ameHa mepeMeHHBIX MpeNJIOXKeHHSI 3 mepeBOAHT | B BeJHUH-
Hy J=I14+0(e), KoTopas H3MEHSETCH 3KCIOHEHUHAJbHO MeAJNEHHO
H,cje]0BaTebHO, 32 BpeMs T H3MEHHTCA 3KCNOHeHLHaJbHO Mano.[>

4.4. TounocTb  coxpaHeHHs aAHa6aTHYeCKOr0o HHBapHaHTa.
[Tycts B cucteMe ¢ opHOM cTenmeHbio CBOGOAM, SaBHCALIeH OT napa-

Y 3aece npeanonaraercs, u4TO 3a 3TO BpeMs CHCTeMa He BHIXOAHT H3 3a-
RanHo# obaacTu paamepa nopsaka l.
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MeTpa A, 3TOT mapaMeTpP [JaBHO H3MeHSeTCHd TaK, 4TO NpH
gl—>* 00 OH NOCTaTOYHO OHICTPO CTPeMHTCS K ONMpeAe/ieHHHM mnpe-
nenam. Toraa cyuiecTByIOT npefeabHble 3HaYeHHs afHabaTHUECKOro
niBapHanta [(+o0), /(—o0) H MOXHO PacCMOTPETb NpHpalleHHe
afAHa6aTHYeCKOro HHBApHAHTa 32 GeckoHeyHO 60JbLIOE BpeMs

Al=](+oc0)—](—o0).

XoTs NpH KOHEUHHX { BeJHYHHA | MCMHTHBaeT Koje6GaHWs MOpAA-
Ka g, npupaileHHe Al oKa3nBaeTcs MHOTO MeHbIle, YeM &.

Ecan napamerp MeHsercsa raaako (A€C®), to AI=0(e~), T. e.
y6uBaer npu e—0 Grcrpee n06ofi crenenn e [163]. HdeicTBHTENb-
HO, mpouenypa m. 4.3 no3Bojser AAs JAOGOr0 /m BBeCTH BEJHYHHY
J, KOoTOpasi HCIHTHBaeT BAOAb ABHXKEHHs JHb KoseGarua O(e™),
a npH f—>--oo coBnanaer ¢ /.

Ecan  3aBHcHMOCTh A OT ef aHajuTHueckad, TO Al=
=O0(exp(—c~'/e)), c=const>0 [106], [116]. [HefictBuTenbHO,
COTJIaCHO NMpeAJIoXKeHHI0 3, MOXXHO BBeCTH BeJIHUHHY J, KOTOpasi HC-
NHTHBAaeT BAOJb ABHXKEHHS JIHIIb 3KCMOHEHUHANBLHO MaJjHe KoJe-
6GaHus, a npH {—--oco coBnagaer c /.

Hns nunefinoro ocunaasTopa

X =—oef)x, O(+c0)=0,

¢ aHaJuTHYecKoit yacroToél (ef) >const>0 H3BecTHa acCHMNTOTH-
ka Al [66], [122]. Ee BHuHCJIeHHe OCHOBAaHO Ha aHAJHTHYECKOM
NPOAOJKEHHH pellileHHs B 06JacTb KOMINJIEKCHHX 3HaYeHHH BpeMe-
HH L.

B [116] HaiineH MeTOA aHaJMTHYECKOrO NMPOAOJIKEHHS ANA pe-
LIEHHH HeJHHEAHbIX BO3MYLLEHHBIX CHCTEM H C €ro MOMOiIbi0O BHI-
YHCJEH NOKa3aTe/lb KCNMOHEHTH B ¢opmyne mias Al, a ans paaa
cliyyaeB — NpeA3KCNOHEHUHANbHbIA MHOXHTeb. [loKa3aTteab 3Kc-
NOHEHTH OKa3aJCsi paBHBIM MHHHMyMYy H3 MHHMBLIX yacTeil mpupa-
IWeHHA (a3 B HEBO3MYIEHHOM ABHXXEHHH

«  OH,(l., A(et))
==

¢ y I.=I(— )

BNOJb NyTeil Ha KOMIJIEKCHOH NJIOCKOCTH BpeMeHH ! OT BellleCTBeH-

HOH OCH 0 0COOHX TOYEK raMHJbTOHMaHAa H A0 HyJeil HeBO3MYLUEH-
HO#i YacTOTH B BepXHeil NONyNJAOCKOCTH (pHc. 56).

Imt

Ret

Puc. 56
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4.5. Beunoe coxpaHenue anMaGaTHueCKHX HHBapHaHToB. 3a
GeckoHeuHoe BpeMsi H3-32 HAKOMJIEHHA MatbiX BO3MYIUeHHH ajH-
abaTHyeCKHe HHBapPHAHTH MOTYT CHJABLHO 3BOJIOLHOHHPOBATb.

[Ipumep 25. PaccCMOTPHM JHHeAHHI OCUHANATOP

x=—02(l4+acosef)x, a=const< l.

Ilpu ckonb yrogHo MalbX e MOJIOXKeHHe PaBHOBEHHS MOXeT OHTb
HeyCTOMYHBbIM (fIBJIEHHE napaMeTpuyeckoro pesoHanca [6]).
Anna6aTuyecknit HHBapHAaHT H3MeHAeTcCH AeOrpaHH4YeHHO. A

OxkasbiBaeTcsl, OAHAKO, YTO NMPH NePHOAHUECKOM H3MEHEHHH na-
pameTpa TakKoe HeCOXpaHeHHe aAHaGaTH4eCKOrO HHBapHaHTa CBf-
32HO MMCHHO C JIHHEHHOCTbIO CHCTEMBl (TOuHee, C HE3aBHCHMOCTBIO
YacToThl KO.1e6aHHIl OT aMNAHTYAb). B HenHHeHHOH cHcTeMe NpH
yBeNHYEHHH aMILIHTYAB 4acTOTa MeHsercsd, H KojJeGaHHA He ycne-
BAalOT ellle HapaCTH, KaK HapywaeTcsi yc/J0OBHe pe3oHaHca.

Onpeaeaenne. AnnabaTHyecKuii WHBAPHAHT Ha3LBAETCH
8CYHLIM, €CJIH NMPH —oo<f< oo ero 3HayeHHe MaJj0 OTJHYaeTCs OT
HayaJIbHOro AN AOCTaTOYHO MafbiX e.

Teopema 27 ([5]). [lpn MeaneHHOM nMepHOAHYECKOM H3MeHe-
HHH OynkunH TamuabToHa HenuHeliHONI Kone6aTeNbHOR CHCTEMH C
OILHO{1 cTencHbio cBOGOALI nepeMeHHas «aeiicTBHe» | sBjaseTcs Bey-
HBIM anHabaTHyeckHM HHBapHaHTOM. DBoabwas wyacte ¢asoBoro
NPOCTPaHCTBAa 3ajayH 3anoj]HeHa HHBAapDHAHTHHIMH TOpaMH, G/H3-
KHMH K TopaM /=const.

< Cdopmyrupyem, npexae BCEro, Hy>Hoe YCNOBHe HeJHHe-
HOCTH CHCTeMH. B nepemeHHHIX AeiicTBHe — yros raMHJAbTOHHaH
3ajlayH HMeeT BHJ

H=H,(l, ©) +eH\ (I, @, 1), T=E¢l, (41)

H 2n — nepHoauyeH no @, t. O6o3HaunM w(/) — cpennee mo t ot
«ajHabaTHYeCKOA» 4acTOTH H3MeHeHHs OasH o(l, t) =0H,/0l.
B ¢opmy.anpoBke TeopeMbl CHCTeMa CYHTaeTC HeJHHeHRHON, ecaH
3Ta CpeaHsas 4acToTa 3aBHCHT OT /:

% Lo, (42)

HokasaTenbcTBO TeOpeMbB OCHOBAaHO Ha pe3yJbTaTax TeOpHH
KAM (§ 3). Uro6Ll nmpHBeCTH ypaBHEHHS ABHXKEHHS K CTaHAapTHO-
My BHAy TeopHH KAM («oCHOBHOII 3amaue NHHAMHKH®), HyXHO
BBINIOJIHHT HEKOTOpHe Nnpeo6pasoBaHHs.

Bo-nepsnix, BBeaeM BMecTo ¢ HOBYIO a3y

T

y=9—2 ot nat+rom.

0
an 3TOM rJlaBHag 4acTb FaMHJbTOHHAHa nepecraer 3aBHCETh OT
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¢asu T; raMHJbTOHHAH
H=360(I) +ed8,(I, ¥, 1),

rae o — cpeanee suaueune fMo(l, 1) no 1, a I, umeer no P, T
nepuon 2a.

Bo-Brophix, BBenem a3y % B KayecTBe HOBOro BpeMeHH. Ia-
MHJIbTOHHAH 3ajaud Gynaer MMeTb Bui (cM. ri. 4, n. 1.1)

=—el=—¢eFo(—h) +e2F,(h, ¢, T, &),

rie h — nepemeHHas, conpsiXeHHas ¢ase v (CTapblii raMHJIbTOHH-
aH M c o6paTHHIM 3HaKOM), Fo — byHKkuus, o6patHas K HHo.

[onyunnace paccMoTpeHHas B myHkTe 3.3. cHCTeMa ¢ NoJayTopa
CTEeNneHsIMH CBOGOAB M COOCTB8eHHbIM 6bipodcOenuem. B cuny yciao-
BHS (42) BhipoxiaeHue cHHMaeTcs. CorJlacHO pe3yabTaTaM NyHK-
Ta 3.3, B 3TOH CHCTeMe eCTb MHOrO HMHBapHaHTHLIX TOPOB, GJAM3KHX
K TopaM h=const; 3HaueHHe h BeyHO HCALITHIBaeT KoseGaHuA C
amnauTyno# nopsaka e. [lostomy B ¢pasoBom npoctpancTtse /, @, T
HCXOIHOR CHCTEMB €CTb MHOrO HHBapHAHTHHX TOPOB, GJH3KHX K TO-
paM [=const; 3HayeHHe / BeYyHO HCNMHTHIBaeT KoJieGaHHS C aMMJIH-
TYAOH nopsAnka e.

"3ameyanue. Ecau napamerpn cHCTeMBl 3aBHCAT OT BpeMEHH
yC/JIOBHO-NIEPHOAMYECKH, MpHYeM Habop 4acToT € yIAOBJETBOPSET
OGbIYHBIM YCJIOBHSIM HecoH3MepHMoOCTH: | (k, Q)| >c~ 1|k, keZm\
N\{0}, To / Takxe GylZer BeuHHM aAHa6aTHYECKHM HHBAapHAHTOM
[5]. A

Beunniit aanabaTHueckHit HHBapHAHT CyHIeCTByeT Takxe (MpH
HEKOTOPHIX YCJOBHAX) B KOHCEPBAaTHBHOH CHCTeMe € ABYMS CTe-
MeHAMH CBOGOABI, FAMHJILTOHHAH KOTOPOH MNJABHO 3aBHCHT OT OA-
Hoi W3 Koopaunat [5]. CornacHo TeopeMme 24, ABHXeHHe B 3TOil
3anaye NpHOMHXKEHHO ONHCHIBAETCH TaMHAbTOHHaHOM Ho(/, y, ex).
[Tyctb ¢asoBhie KpHBHE 3TOr0 raMHJAbTOHHaH3a NPH (HKCHPOBaH-
HoMm [ 3aMKHYTH (Kak Ha pHc. 46). Toraa B paccmaTpHBaeMoMm
NpHONHXKEHHH ABHXeHHe B (Pa30BOM NPOCTPAHCTBE MPOHCXOAHT MO
ABYMEpHBIM TOpaM, BbilleJisfieMbiM ycJoBHAMH [=const, Ho=const.
3710 ABHXeHHe ABYXYaCTOTHO, MpHYeM OJHA H3 yacTtoT B !/e pa3
MeHbwe Apyroii. Ecan npu 3agaHHoM Hy=const oTHoweHHe wyac-
TOT H3MeHseTCA ¢ H3MeHeHHeM /, TO M3 pPe3yJbTaTOB TEOPHH
KAM BhiTekaeT HaJHuHe B TOYHO#H cHCTeMe GOJBIIOrO YHCJIA TO-
poB, 6JaH3KHX K Topam nNpuGaAHXKeHHOH cHcTeMul. Kak Bceraa B
clyyae ABYX CTeneHeft cBo6oAb, O©TCloda cjaeayeT BHBo1 006
VCTOIYHBOCTH: mepemenHast «aeficTBHe» | BeuHO 6JH3KAa K CBOeMy
HayanbHOMY 3HauenHio. [Toapo6roctH cM. B [5]. M3 atoro BmBOaa
BbiT€KaeT, B YACTHOCTH, YTO OCeCHMMeTpPHYHAasi MarHHWTHas JOByul-
Ka npuMmepa 22 ylepiHBaeT 3apsiKeHHble YaCTHIL BeyHO.
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T'aaea 6

HEHWHTErPHPYEMBIE CHCTEMbDI

O6umuM MOMEHTOM YKa3aHHHX B raaBe 4 PasjiHYHHX MOAXOAOB
K npo6JsieMe HHTErpHPOBAaHHS TaAMHJILTOHOBHIX CHCTEM SIBJISleTCS Ha-
JIHYHe AOCTATOYHO OGOJBIIOrO YHC/NAa He3aBHCHMBIX MEPBHX HHTerpa-
JIOB — «3aKOHOB coxpaHeHHs». K coxajneHHlo, B THOHYHOH CHTY-
allHH HHTerpajbl He TOJNbKO He yaaeTcs HaiiTH, HO OHH BOBCE He
CYIIECTBYIOT, TaK KaK TPaeKTOPHH raMHJbLTOHOBHX CHCTeM, BoobLie
roBOpsi, He JIOXKATCA Ha HHTErpaibHble MHOroo6pa3Hsi MaJjoro 4Hc
Jla H3MepeHHA. 3/ecb peub HAET, KOHEYHO, O CYUIeCTBOBAHHH HH-
TerpajloB Bo BceM (a3oBoM npocTpaHcTBe: noJiHBIA HaGop He3a-
BHCHMBIX MHTErpajloB BCeria CyUIeCTBYeT B MaJOH OKpPeCTHOCTH
Heoco60H TOYKH.

[lepBbie cTporHe pe3yabTaThl O HEHHTErpHPYEeMOCTH TaMHJBLTO-
HOBbIX cHcTeM npuHaanexart Ilyankape. CywHoctb uaen Ilyankape
COCTOHT B TOM, YTO CJIOXHOe NOBeJeHHe pelleHHil (HanpHMmep, poX-
JcHHe HEBHPOXAEHHBIX MNEPHOLHYECKHX pelueHHl, paciueniesHe
aCHMNTOTHYECKHX MOBEPXHOCTEH H T. J.) HECOBMECTHMO ¢ NOJHONM
HHTErpHpyeMoCTbio ypaBHeHHH ['amuabToHa. B 3T0it rnase Huafo-
XEeHbH OCHOBHble MEeTOAbl [0Ka3aTelbCTBa HEGHHTEPHPYEMOCTH ra-
MHJIbTOHOBBIX CHCTEM, OCHOBAaHHHle Ha BLIABAEHHH PA3.IHYHBIX He-
TPHBHA/bHHX NHHaMHUYeCKHX 3¢ ¢eKTOB, He CBOWCTBEHHBLIX BNOJAHE
HHTEerpupyembiM cHcTemaM. DBogee noapobHoe H3noxeHHe cojaep-
Xutca B paborte [13].

§ 1. FaMHALTOHOBH CHCTEMBI,
Mano OTAHYAIOUIHECH OT KHTErpPHPYEMbIX

3aech onHcaH npuHamjexaluuii B ocHoBHom Ilyankape merox
A0Ka3aTesbCTBa HECYILeCTBOBAHHA JIOMNOJHHTENbHBIX  aHaJHTHYe-
CKHX MHTErpaJjoB, OCHOBaHHbBIH Ha HccnelOBaHHH GldypKauui
A0JITONEPHOAHYECKUX pelleHH .

[Tycts npsimoe npoussesenne M=DXT"{pmod2a} (D — o6-
Jactb B R"={/}) cHa6XeHO CTaHIaPTHO! CHMIMJEKTHYECKOH CTPYK-
Typoit dIAdp n H: MX (—eo, €)—>R — ananutuueckas QysKuus
Takas, uto H(/, ¢, 0)=Hy(/). Tlpn e=0 GyaeM uMeTb BHOJNHE HH-
TerpHpPyeMyio raMH/JbTOHOBY CHCTEMY C raMuibToHHaHoM Hy. Pac-
CMOTPHM MOJHYIO CHCTEMY

; 0H . OoH
]=—6a. (P=o—l—; H=H0(I)+8Hl(lv (F)+--- (1)

NPH MaabiX 3HAYeHHAX napaMeTpa &. MHorouHcieHHble npuMepHl
laHbl B raaBe 5. B atom naparpade uccieayercs 3agaua o cyuuect-
BOBAHHH TNepBbIX HHTerpaJjos ypaBHeHHIt (1), He3aBHCUMHX C
¢yuruneii H u anaaurtnueckux (uam, 6oiee  o6io, dhopmaabho-
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aHaJHTHYeCKHX) mo napametpy eV. HanoMHHM, YTO Cc HajlH4YHeM
NOJHOrO KOMMYTAaTHBHOro Habopa TakHX HHTerpaloB CBsi3aHa
BO3MOXHOCTb MOCTPOEHHS H CXOAHMOCTb PA3JHYHHX BapHaHTOB
TEOpHH BO3MYILEHHI raMHJIbTOHOBHX cHcteM (cM. m. 2.2 ra 5).

1.1. Meroa IMNyankape. CHavana gaauM HEKOTOpHe onpeaene-
Hus. Ilycrs

Hy= X ha(l)expi{m, 9.

mGZ"

Mnoxcecmeo [Ilyankape—3To MHOXecTBO 3Havewuit [€D, pna
KOTOPHX CywecTBYIOT n— 1 JuHeAHO He3aBHCHMHIX BEKTOPOB
Ry ..y Ry €Z" TAKHX, YTO

1) (ks' m(’)) —O, l<8<n—l; (1)=H0',
9) hy, (1) 0.

Mycte $#£(V) — knacc ¢yHKuHA, aHanuTHUECKHX B o6jaacTh

VeRe.
Muoxectso ACV Ha3oBeM Karoveadim (HIH MHOXECTBOM eOQUHCT-
sennocTu) Ans knacca Sf(V), ecan no6as aHaaHTHYECKAs QYHKUHS,
paBHas HyJI0 Ha A, TOXJAecTBEHHO obpailaercs B HyJb Bcioay B V.
Takum o6pasoM, ecin aHaNHTHYeCKHe (PYHKUHMH COBNafaioT Ha A,
TO OHM coBnafaloT Ha BceM V. Hanpumep, MHOXeCTBO TOYeK HHTEp-
Bana ACR sBAAeTCA KNIOYEBHM JJf Kaacca S£(A) B TOM H TOJbKO
B TOM CJy4ae, KOT1a OHO HMeeT NpejenbHyio TOuKy BHYTpH A. Ho-
CTaTOYHOCTb 3TOTO YCJIOBHA OYeBHAHA, HEOGXOAHMOCTb BHITEKaeT H3
TeopeMn Befiepuitpacca o GeckoHeuHOM mnpou3sefeHHH. OTMeTHM,
4TO ecNH A — MHOXeCTBO eAHHCTBEHHOCTH RJA KJacca (QyHKuuil
C=(V), To A naotHo B V.

Teopewma 1. [peanonoxum, 4yTo HEBOIMYLIEHHAs CHCTEMa He-
BHpoxaeHa: detll0?Ho/dI%|#0 B o6aactu D. Iycts /°€D — HekpH-
THYecKas ToyKa ¢yHkuuu Ho H B JM060it ee okpecTHocTH U MHO-
xectBo IlyaHkape siBasieTcs KaloueBuM ans khaacca s¢(U). Toraa
ypaBHenHs [amuabToHa (1) He HMelOT He3aBHCHMOrO OT (QYHK-
nun H ¢opmaassrozo unrezpara F, XOTOpH MOXHO NpPeACTaBHTL
B BHIe (OPMANbHOTO CTENEeHHOro psia ZOF.(I, Q)e’ C aHalH-

8O

THYecKHMH B 06nacth DX T" kospdunnerramu (cp. ¢ [34], [12]).
DopManbhuii pax Zfe* MH CYHTaeM PaBHHIM HYJIO, eClH BCe

fs=0. GopmanbHuA psag F — GOPMaNbHLA HHTErpad KaHOHHYECKHX

YpaBHeHHA ¢ raMuabToHHaHoM H, ecain ¢opmanvumit paa {H, F}

pasex Hyao. JlBa popManbHHX PAAA CYHTAIOTCA 3aBHCHMBIMH, KOT-

Aa Bce MHHOPH BTODPOro NOPSiZKAa HX MaTpHUW $Iko6H TOXAecTBeH-

HO 06pallaloTCs B HyJb Kak (OpManbHbHe psAAH MO CTENEHAM e,
Hns nokasateancTBa TeopeMbl | HaM NMOHaNOGHTCA

) dopManbHHA pAA NO & HaswBaeTc (OPMANbHO-aHANHTHUECKHM, e¢CaH €ro
KOS(PHLKHEHTH — aHATHTHYECKHE QYHKUHH (Pa30BLHIX nNepeMeHHHIX.
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Jlemma 1. Ilycrs QyHkuuu F,:DXT"—R Henpepusxo AHd-
depenunpyemul u pag EF(/, @)e* — popmanbHbll HHTErpasa ypas-
HeHHH (1) c HeBmipoxaeHHOR yHKuuen Ho. Toraa

1) Fo(l, @) He 3aBHCHT OT @,

2) ¢yukuuun Ho u Fo 3aBHCHMBI B TOukax MHOXecTBa IlyaH-
Kape. .

<{¥Ycaosue {H, F} =0 3KkBHBaNeHTHO cepHH ypaBHeHHil

{HO;FO}':O, {Ho, F|}+{H|,Fo}=0,... (2)

M3 nepsoro ypaBHehus caepyer, uro Fo— HHTerpa;n HeBO3MY-
WEHHbIX ypaBHeHHH ¢ QyHkuHel [amuavtona H, Ilycts Top [=1*
nepesonaucubiil, Toraa Fo(I*, @) He 3aBHCHT OT @, Tak Kak Ji06as
TPacKTOPHsl 3aMOJIHsieT HEPe3OHaHCHBIk Top BCIOAY naoTHo. [Has
3aBCPUICHHS JIOKA3aTe/IbCTBa 3aKJIOYeHHs 1) oCTaeTcs y4yecTb He-
npepeBHOCTL QYHKUHH Fo M BCIOAY NIOTHOCTL MHOXECTBA Hepe3o-
HaHCHHIX TOPOB HEBBIPOXAECHHOH HHTErpPHPYEMOM CHCTEMBI.

W3 BToporo ypaBHenHst (2) NOJyyHM CepHIO PaBEHCTB AJsl KO-
appHunenToB Pypbe hm U frm Qyukuwnit H,u Fi=Xfm(/)expi<m, ¢):

(my 2 fu(l)= (m, %2y b (1), mezZ

YcaoBHe pa3peluMOCTH STHX YPaBHEHH{t OTHOCHTENbHO f, B TOUKE
u3  mHoxectsa  [lyankape —3asucumocThs  BexTOpoB  0FH,/0[
u oFy9Il. P>

HoxasateabcTBo reopemu 1. Tak kax B Touke /96D cpenn
Npou3BOANBIX 0f14/01y, ...,0H/0l, -ecTb OTAMYHAT OT HYyJAS, TO
B MaJiofi okpecTHOCTH U 3TOH TOYKH B KauecTBe JOKAJbHBIX KOOp-

AMHAT MOXHO B3aTh Ho, g ..., I, (ecan Ho;, +0).
CoranacHo nevme 1, dyukuun Hy 1 F, 3aBUCHMBl HA MHOKeCTBe
Tlyankape. IMockoabky MHHOpH MaTpuusl SlkoGu
9 (M, Fo)
0(lss vorln)

aHaauTHYHb B U u MHOXecTtBo [lyankape sBssercss K/I0YeBHIM, TO
¢yukunn Ho n Fo 3aBuCHMB BO Beeit 06aactu U H, clefoBaTenbHo,
B OKPECTHOCTH 3HayesHs Ho(/°) B HOBHX KOOpAHHaTax 6yleM
HMeTb paBeHcTBO Fo=Fo(H,).

[Tonoxum F—Fo(H) =e®. Toraa ® — dopmanbubiii uuTerpan

KaHOHH4YeCKHx ypaBHeHHit (1). Ilycts ®@= X ®.e*. Toraa, cornac-
s»0

HO JsemMe 1, pyHKUHSt Dy He 3aBHCHT OT YIJIOBBIX NEPEMEHHHX @
H @ 3aBucuma ¢ Hy B o6aactu U. CregoBaresbHo, Oo=Do(Hy) u
cioBa O—®@y(H)=e¥. Ho Ttoraa F=Fy(H)+e®o(H)+e2¥.
IlosTOpsia 3Ty Onepauuio HyXHOe YHCAO Pa3, Mbl MOJYYHM, 4TO
PasnoxeHHe BCeX MHHOPOB BTOPOrO MNOPAAKA MaTpHUbL SIKOGH

Jd(H, F)
9/, ¢)
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B PAA NO CTENMEHSM & HAYHHACTCA C YJEeHOB CKOJIb YFOAHO BHICOKC-
ro nopsaka. Orciona BHTEKaeT 3aBHCHMOCTb QyHkuua H u F. A

Teopema 2. Ilycte ¢yukuus H, HeBHpOXAeHa B obaacTH
D u muoxkectBo Ilyankape Bcioxy maotHo B D. Toraa ypaBHeHHs
(1) He umelor HesaBHcHMOro ot H ¢dopmanbHoro HHTerpana ZF,e*
¢ GeckoHeuno AupdepeHUHPYeMHMH KodpduuHentamu F,:DX
XTr—R.

310 yTBepXKAEHHe MPOCTO NAOKA3LBAaeTCsi TeM e METOAOM, 4TO
H TeopeMa 1.

3ameuvanue. Ilpu n=2 u3 teopemu A. H. Koamoroposa o
COXPaHEHHH YCJOBHO-MEPHOAHYECKHX ABHKEHHA BHTEKaeT CYIlUeCT-
BOBaHHe aHAJHTHYECKOro Mo & NepBOro HHTErpaia ¢ HeMOCTOAHHH-
MH HenpepHBHHIMH KO3(Q¢uuHentamu, HanpoTHs, B MHOroMepHOM
cayyae, AAs CHCTeMH oOG6liero BHAa, NO-BHAHMOMY, HEBO3IMOXEH
Adaxke HenpepuBHHRA HHTerpaa (cm. [45]).

1.2. Poxpenne H30AHPOBAHHLIX NEPHOAMYECKHX PelICHHA —
npenATcTBHE K MHTerpHpyemoctn. HanoMHHM HekoTophe ¢dakTh H3
TEOPHH NEPHOAHYECKHX pelleHAR AuddepeHUHaNbHBHIX YpaBHEHHA.
Co6cTBeHHBle 3HaUeHHA A omnepaTopa MoOHoApOMHH T-nepHoauye-
CKOro pelleHHs Ha3HBAIOTCA MYALTUNAUKATOPAMU, A YHCAA @,
onpenensieMbie paBeHCTBOM A =exp(al), — xapakrepucrudecku-
mu noxasareaamu. MyabTHNAHKaTOPH A MOryT ObiTb KOMILIEKC-
HbIMH, MO3TOMY XapaKTepHCTHYeCKHe YHCJIa o OnpejeseHH HEOAHO-
3HayHo. B aBTOHOMHOM cJayyae OJHH H3 MYJbTHMJIHKATOpOB A
Bcerja paBed | (cooTBeTCTBYIOUIHA cOGCTBEHHHA BEKTOp Kacaercs
TP3aeKTOPHH NEPHOAHYECKOrO pelleHHs).

NMpeanoxeunune 1 (Ilyankape — Jlanyxos). B cayuae ra-
MHJIbTOHOBOA CHCTEMB € 7 CTeneHsaMH CBOGOAH XapaKTepHCTHYE-
CKHt MHOrouneH p(A) onepatopa MOHOAPOMHH BO3BPaTHHIA:
P(A)=A""p(n).

Jloka3aTenbCTBO CM., Hanpumep, B [6].

Teopema 3 (Ilyankape [34]). [Ipeanonoxkum, 4yT0 ramMuabLTO-
HOBa CHCTeMa C raMHabTOHHaHOM /1 uMeer p HuterpasoB F,=H,
Fa, ..., F,, He3aBHCHMHX B TOYKax TPaeKTOPHH MNePHOAHYECKOro
pewiensi. Toraa p+1 xapakTepHCTHUECKHX nOKa3aTeseii 3TOro
pelwleHHs o6pawlaioTca B Hyab. Ecau HHTerpaan F, KOMMYTHpYIOT,
TO CpelAM moKasaTenefi no KpafiHeli Mepe 2p paBHBI HYJiO.

CaenctBHe 1. llepHoaHueckHe pelIeHH aBTOHOMHOW ra-
MHJIBTOHOBOM CHCTEMH BCErfa HMEIOT 1Ba HYJEBHX XapaKTepPHCTH-
YeCKHX Moxasaress.

OnnH nokasatenb ofpaulaeTcs B HyAb H3-3a aBTOHOMHOCTH ra-
MHALTOHOBO/ CHCTEMHB, a APYroil — H3-3a Ha/JHuHs HHTerpana
(KOTOpHIH He HMeeT KPHTHYECKHX ‘TOYeK Ha TPaeKTOPHAX MepHOAH-
yecKHX pelnerHii). Ecan ocTanbHble XapaKTepHCTHYECKHe MOKa3a-
TeNH OTJIHYHH OT HyJs, TO MEpHOLHUYECKOe pellieHHe Ha3nBaeTcs
HegbipoXcdenHoim. HeBbIpOXKAEHHBE pelleHHs H30JHPOBaHb B
TOM CMHICJe, YTO Ha COOTBETCTByiolleM (2n—1])-MepHOM ypoBHeE
MHTerpaja 3HeprHH H B Majofi OKPECTHOCTH NEPHOAHYECKOH Tpa-
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€KTOPHH HEeT APYrHxX nepxMOAHYECKHX pellleHHH C nepHoaoM, OJu3-
KuM K T. B cayyae aByx creneHeit ¢cBo60oanl HeBbIPOXKIEHHOe pelue-
HHe C JeACTBHTebHBIMH MOKa3aTensiMH OGBLIYHO Ha3biBaeTCs 2u-
nepboaudeckum, a C  HHCTO MHHUMBIMH — 3AAUNTUYECKUM.
[unep6oanueckoe nepHOAHYECKOE pelenHe HEYCTOHYHBO, a NJIHA-
THYECKOe — YCTOHYHBO B NMEPBOM NPHOEAHAKEHHH.

Cnencreue 2. EciH raMHAbTOHOBa CHCTEMa HMeeT MOJHBIA
Habop HHTerpa/oB B HHBOJIOUHH, He3aBUCHMBIX Ha TPaeKTOPUH ne-
pHOZHYECKOro pellieHHsl, TO CIEeKTP ee onepaTopa MOHOAPOMHH CO-
CTOHT K3 OAHOH TOYKH A=1.

Teopema I[lyankape naeT Ham MeTOA 10Ka3aTeJbCTBA HEHH-
TErpHPYEMOCTH: €CJIH TPAEKTOPHH HEeBbIPOXKAEHHBLIX NEPHOAHUECKHX
pelleHHi 3aMoHAT ($a3oBoe NPOCTPAHCTBO BCIOAY MJOTHO HJIH
x0T 6H 3TO MHOXeCTBO 06/ajfaer KJAIOYEBHM CBOHCTBOM, TO ra-
MH/JbTOHOBA CHCTEMa He HMEeT AONOJHHUTEIbHOr0 aHAJIUTHYECKOro
uHTerpana. [lo-suauMoMy, B raMH/IbTOHOBLIX CHCTeMax obllero no-
JI0XKEeHHs TNePHOAHYECKHE TPAaeKTOPHH AEHCTBHUTEJIbHO BCIOAY MNJIOT-
Hu (Ilyankape [34], n. 36). 310 noka He nokazaHo. OTMeTHM B
cBA3H ¢ runotesoit [lyankape caenywowuii pesynbTat, Kacaiouimii-
€Sl Treole3HYeCKHX MNOTOKOB Ha PHMAHOBbLIX MHOroo6pasusix OTpH-
LaTe/bHOH KPHBH3HLI: BCe NEPHOAMYECKHE pelUIeHHs MMEIOT rumep-
GONHUECKHI THN M MHOXECTBO MX TPAEKTOPHHl BCIOAY MJOTHO 3a-
noJHseT ¢pa3oBoe npocTpaHcTao [3].

Ins raMHAbTOHOBHIX CHCTEM, MaNo OT/AHYAIOLIMXCS OT MHTEr-
PHPYeMHX, MOXHO AOKa3aTb CYIIeCTBOBaHHe GOJILIIOrO YHC/IA He-
BHPOXKIEHHBIX MEPHOAHYECKHX pelleHHii U H3 3Toro ¢akra BhiBe-
CTH pesysibTaThl 0. 1.1. JIns npoCTOTH OrpaHHYMMCS ClydaeM ABYX
creneneit cBo6oan.

[ycte ans /=1I° 4acTOTH ©; H w; HEBO3MYILEHHOH HHTErPHPY-
€MOff 3a1au¥ COM3MepHMH, npHyeM w,%0. Toraa Bosmymalomas
Oyukuus H,(I° wit, wpt+A) nepuonuuHa no f c HEKOTOpHIM me-
puonom T. PaccMoTpuM ee cpeanee 3HaueHHe

N T
Ay (0 M) =lim L \Hi 0 oty 0yt +1)at =] \ Hat.
0 0

S-»00 T

Teopema 4 (Ilyankape). [IpeanonoKHM, YTO BHIOAHEHH
CleAyIOlIHe YCIOBHS:

1) det |0%H0/3/%||5%0 B Touke I =1°,

2) npu HekoTOpoM A=A* npoussonHan 0H,/OA=0, a 32H,/0N?5~
0.
Toraa npu Manuix €0 cymecTByeT nepHoaHueckoe pelueHHe BO3-
MYIUEHHOH raMHJIbTOHOBOH cucTeMn (1), mepHoa KoToporo paBeH
T; OHO aHAaNHTHYECKH 3aBHCHT OT MapaMeTpa e M npH e=0 coBna-
A3eT C NepHOAHYECKHMM pellieHHeM HEBO3MYILEeHHON CHCTeMH

[=!°) Ql=mlt’ (P2=0)2t+x*-
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ZlBa xapaKkTepHCTHYeCKHX MOKa3aTeasi —=o 3TOr0 PelleHHs MOXHO
PA3NONKHTD B CXOAAIUHACA PAA NO cTemeHAM Ye:

a=q,VetaetaeVet...,

npuyeM

0-H 9°H, 2 0tH,
oot o o S o

oA or.ol; ol
C noxa3aTeabCTBOM MOXHO MO3HAKOMHTHLCH Mo kuuram [34], [12]

®yukuua H, (/9 A) nepHoAHUHA N0 A C nepHOAOM 2m. 3HAYHT,
CyUWeCTBYIOT MO KpafHeAi Mepe jpa 3HaYeHHs A, MpPH KOTOPHIX

0H,/0A=0. B ofiem cay4ae 3T KpHTHYECKHE TOYKH HEeBHpOXAe-
Hol. [lpu sTOM JOKaZLHBIX MMHMMYMOB (rae 0%2f1,/0A2>0) poBHO
CTOAbKO, CKOABKO JIOKAAbHHIX MaKCHMyMoB (rae 02H,/042 <0).
B TunuuHo#i curyauuu npu [ =/0 xBaapaTHuHas dopma

0*H, 0°H ) o0*H
2.0 L] 2 S
of 37 20,0, o700 + o, o 0. )

Kcrath cKasaTbh, 3T0 yc/l0BHe reoMeTPHYECKH O3HayaeT OTCYT-
ctBue neperu6a y kpusoit Ho(/)=h B Touke /=I/,. Takum obpa-
30M, ypaBHeHHe dH;=0 GyneT HMeTb CTOJBKO XKe KOpHeH, 1Js
KOTOpHX &> 0, CKONbKO KOpHefl, A1 KOTOpHX a 2<0. 3To pasHo-

CHJbHO TOMY, YTO NMPH MAaJHX 3HaueHHAX e5<0 BO3MylileHHas CHc-
TeMa GyleT HMeTb POBHO CTO/NbKO NEPHOAHYECKHX PeUIeHHA 3JJIHM-
THYECKOro THMAa, CKOJbKO OHa HMeeT pelleHHHA rHnepbONHYECKOro
THna. B 3T0ii cHTyauHu o6mYHO roBOPSAT, YTO NMPH pacnaje HeBO3-
MYILEHHOro HHBapHaHTHoro topa /=1/° poxaaioTcs napn H30JaHPO-
BaHHHIX NepHOAHYecKHX peweHufi. CornacHo pesyabrataMm KAM-re-
OpHH, TPAEKTOPHH THMHYHHX 3JJHNTHYECKHX NEpHOALHYECKHX pelle-
HHA <OKPyXeHh» HHBapHaHTHbIMH TopaMH. [I'Hnep6oaHuyecKne
NEePHOAHYECKHe pelleHHs HMeloT ABe HHBapHAHTHHE MNOBEPXHOCTH
(cenaparpucst), 3anoNHeHHHle peuleHHAMH, aCHMNTOTHYECKH NpH-
OMHXKAIOWKEMHCA K NEPHOLHYECKOH TPAEKTOPHH NPH {—>4-oco. Pa3-
JHYHLIE GCUMNTOTUYECKUe NOBEPXHOCTU MOTYT nepecekaTthcs, 06:
pasys B NepeceueHHH MAOBOJbHO 3anMyTaHHYI0 ceTb (CM. pHC. 44).
IToBenerHe acHMNTOTHYECKHX MOBepxHOCTed Oyaer noapob6HO 06-
CyXKaathcs B caedyioulem naparpade.

[puHuAnHaNbHOA OCHOBO#H A0Ka3aTeNbCTBA HEHHTErPHPYEMOCTH
BO3MYIEHHBIX yDaBHeHHi saBaAsieTca JAeMmMa l: ecau F=Fy(l, @)+
+eF (I, )+ ... — nepBHii HHTErpal KaHOHHYECKHX YpaBHeHHH
(1), To Fo He 3aBHCHT OT @ H QYHKUHH fy H Fo 3aBHCHMB Ha MHO-
xectBe Ilyankape. IlepBas yacTb JeMMB BHITEKaeT H3 HEBHPOX-
JEHHOCTH HeBO3MYIIeHHOi 3agaud. HMcnoab3ys Teopemy 3, MH Ro-
KaXxeM 3aBHCHMOCTb QYHKUHMH Ho H Fo Ha MHOXecTBe HEBO3MYILeH-
HuX TopoB /=% KoTOpble yAOBJIETBOPAIOT YCJIOBHAM TEOpPeMH 4 K
HepaBeHcTBY (5).
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<} efictBHTenbHO, nepHOoAHueckHe pewweHHs T'(e), poxnaio-
LIHeCs H3 ceMeHcTBa NepHOAHYECKHX pelueHHH Ha PE3OHAHCHOM TO-
pe I° ynoBieTBOpsioOlleM YCAOBHSIM TeopeMh 4, He BHPOXKIEHHI.
[Tostomy (teopema 4) $yHkuUHH H u F 3aBHCHMH BO BCeX TOUKax
Tpaektopuu I'(e). YcTpeMHM € K HyJw. [lepHOAHYECKOe pelieHHe
I'(e) nepeiimer B oAHO H3 nepuoRkuecKHx peweHki I'(0) Heso3-
MYILEHHOH 3alayH, Jexallee Ha Tope [/=/° a ¢yukuun H u F
cranyT paBHuMH o H Fo. [To HenpepuBHocTH oHH GyayT 3aBHCHMH
BO Bcex- Toykax TpaektopHH I'(0). CaenoBaTtensHo,
9 (Ho Fy)
rang =5 o i
B Toukax (/, )€l (0). B wacTHOoCTH, B 3THX TOYKax

<1

9 (Ha, Fo) _
det 57y =0

Ilns 3aBepluenHs N0Ka3aTeqbCTBA OCTaJOCh 3aMeTHTb, YTO (YHK-
uHH Ho u Fy He 3aBucsar ot ¢. D

[Ipu mannx ¢ukcHpoBaHHbIX 3HaueHHsx napamerpa e3=0 Teo-
pema 4 rapaHTHpyeT cyiulecTBOBaHHe G60/ibwIOro (HO KOHEYHOro)
YHCJIA PA3/IHYHBIX H30.HPOBAHHLIX NMepHOAHYecKHX peweHHi. [To-
3TOMY H3 3TOH TeOPEeMb Helb3sl BHIBECTH HEMHTErPHPYeMOCTb BO3-
MYUIEHHOH CHCTeMH TPH (HKCHPOBAHHEIX 3HaueHHsx es=0. [Ipas-
Aa, B crydae ABYX CTeneHed cBOGOABI, KOTOPHA MH Kak pa3 pac-
CMaTpHBaeM, CNpaBel]HBO CjeAylollee YTBepXKIAEHHe: eCNH He-
BO3MYIUEHHAsi CHCTEMa HeBLIPOXKAEHA, TO NPH (PHKCHPOBAHHHX Ma-
JBIX 3HaueHHSX e7(0 BO3MYylleHHasi raMHAbTOHOBA CHCTEMAa HMeeT
6ecKOHEYHO MHOTrO Pa3JHYHLIX NepPHOAHYECKHX pelneHHit. K coxa-
JICHHIO, OHH MOryT GHTL He H30MHPOBaHH. CyluecTBOBaHHe GecKo-
HEYHOrO YHC/1a NMEepPHOAHYECKHX pPelUeHHi BHBOAHTCA H3 TeOpeMH
Kosmoroposa o coxpaHenun ycnoBHO-nepHomMueckHx  aBH-
KeHuh (ra1. 5, n. 3.2) u eeomerpudeckod Tteopemor [Tyankape —
bupkeoga (cm. [6]).

1.3. Mpunoxenns merona Myankape. a) O6paTHMCH K OrpaHH-
YeHHOH 3ajaye Tpex Tea, paccMOTpeHHo# Hamu B § 5 ra. 2. IIpea-
NOJOXHUM cHayana, uto Mmacca lOnurepa p paBHa Hymo. Torna B
CHENOABHXXHOM» MNPOCTPAHCTBE acTepoHa OyleT BPAlLATLCA BOKPYF
ConHua eAHHHYHOR MacCH NO KenJepoOBCKHM OpGHTaM. [MycTs op6u-
Tol — 3qaunce. Toraa yao6Ho nepeiiTH OT NPSMOYrOABHHX KOOP-
AMHAT K KaHOHHYeCKHM anementam enowe L, G, I, g (cMm. nph-
Mep 4, n. 2.1, ra. 4). B HOBHIX KOOPAHHATAX YPAaBHEHHS ABUIKEHHS
acTepoHna OYAYT KaHOHMYeCKHMH ¢ ¢yHkuHesdr TamuabtoHa Fo=
=—"/2L% Ecan p0, 0 nosnuit ramuabTonHan F MOXHO passo-
XKHTb B PAL MO BO3PACTAIOWHM CTeMeHAM pu: F=Fo4pF i+ ... .
[Tockonbky B nonBHXKHOM cHcTeMe KoopAHHAT, cBA3aHHon ¢ ConH-
uemM u lOnutepom, kensepoBckue OPOHTH BPalIAOTCA C eQHHHYHORM
Yri10Bo# cKkopocTbio, To GyHKuMs [amHibToHa F 3aBHCHT oT L, G,
I n g—t. Tonoxum x,=L, x,=G, y,=I, Yo=g—t w H=F—G.
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OyHxuua H Tenepb 3aBUCHT JHWb OT X;, Y, NPHIEM OTHOCHTENbHO
yIJIOBHX NEPeMEHHBIX ), Y2 OHa 2m-niepuoanyHa. B Htore mMu npen-
CTaBHJIH ypaBHeHHsi [BHIKEHHS acTepouaa B BHIe CJelyllued ra-
MHJIbTOHOBOH CHCTEMBI:

- OH - oH

Xy= 0y Yi= — 550 H=H,+uwH~+...,

1
HO—'—‘ QXXZ -———x:,. (6)
Pasnoxeune Bo3MylLlalouleii QYHKIHH B KpaTHbifl TPUTOHOMETpHYeC
SHA PAL IO yraaM Y M Yo ObLIO M3ydeHo elle JleBepre (J. Lever-
rier) (cm., nanpumep, [24]). OHO Hmeer cJ/efytOULHi BUL

oo

H= 2 by, cos [y, — v (Y -+ Yo)l-

U=—00 y=—00

Kospoduunentn Hhy, », 3aBHCALLHE OT X; H Xz, BOO61le TOBOPSA,
OTJIHYHBI OT HYJS.

Miuoxectso [lyankape 3Tofl 3ajaud COCTOMT H3 MNPAMBIX, na-
paMJeNlbHBIX OCH Xo: u/x3—v=0, hy, .50, OHO BCloAy MJ10THO
janmonHsieT Moaymiaockoets x;>>0. OJHAKO NPHMEHHTh Teopemy |l
06 OTCYTCTBHM HOBBIX dHAJHTHUECKHX HHTETPAJIOB HEMOCPEACTBEH-
HO  Hedb3%  H3-3a  BBIPOXKJAEHHS  HEBO3MYIUEHHOW  3ajauH:
detld2H,/0x?||=0. dta TpyAHocTb Npeojo.eBaercs TeM, 4TO KaHO-
HMYECKHe ypaBHeHHs ¢ TaMHJbTOHHanamu H n exp H HMEIOT OAHH
i Te Ke TPaeKTOPHH (HO He peuwleHHs). CieloBaTe/IbHO, 3TH ypas-
HeHHs WHTECPHpPYEMB WJH HEHHTerpupyembl oanospemerno. Oc-
TaeTCsl 3aMETHTh, UTO

exp H=exp Ho+n(exp Ho)Hi+ ... 1 det||6%exp Ho/0x| 0.
MTak, MH TOXYYHIH, 4TO YPaBHeHHS OrPaHHUEHHOH 3alauk Tpex
Ten B GopMe (6) He MMeioT HezaBHCHMOro ot ¢yuxuud H ¢op-
MaJbHO-aHAJHTHIECKOrO No napameTpy p uHTerpana @O =ZQ,p’,
K03 HUUKEHTH KOTOpOro — riiajilkie (QYHKUHH Ha  MHOXeCTBe
D x T?{ymod 2n}, rie D — npou3Bo.ibHas 061acTb B MOJYNIOCKOC-
TH x1>0.

B) «[lepefilem K Apyroii 3ajaye, a HMEHHO 3ajaye O ABHXe-
HUH TSKEJOro TeJa BOKPYr HENOABHKHONA TOUKH...MOXHO CNpo-
CHTb, NPENSATCTBYIOT JH CYLIECTBOBaHHIO OJHO3HAYHOrO HHTerpania,
OTJIHYHOTO OT HHTerpa/ioB JKHBHIX CHJ H IUIOLLajled, COOOPaKeHHS,
uanoXeHHble B 3Toit raame» ([lyankape, [34], n. 86).

I'pynne cHMMeTpHii, cocTosiiedl H3 NOBOPOTOB Tejla BOKPYT Bep-
THKAJbHOM TNPsSMOfi, COOTBETCTBYET JHHeHHHA wuuTerpan <k, y>:
NpOeKUHs KHHETHUECKOrO MOMEHTa Ha BepTHKaib noctosHHa. Puk-
CHDPYs 3Ty TOCTOSIHHYIO, NOHH3HM 4YHCJO CTeneHefl CBOGOAH 10O
aByx. Ha wernipexmepubix nuterpaipHbix ypoBuax M {(k, y)=c,
{y,¥>=1} BO3HHKA@eT raMHJIbTOHOBA CHCTEMa C ABYMS CTENEHAMH
cBOGOAH. Ee ¢yHKIHA [aMUIbTOHA — NOJHAs HEPTHH Tela ¢ QHK-
CHPOBAHHKWIM 3HAYeHHeM MNPOEKUHH (k,y> — paBHa Ho+eH,, rae
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Ho — kuHeTHueckas 3Heprus (Qyuxkuus [aMHAbTOHA HHTerpHpye-
MOA 3ajauu diinepa o ABHXKEHHH Tesa no HHepuuu), a H, — no-
TEHIHAJbHAs SHEPrHsi TeJa B OJHOPOAHOM MOJie CHAW TAMXECTH
(e — npou3BenenHe Beca TeJ1a Ha paccTOSIHHE OT LEHTPa Macc X0
TOYKH noaBeca). Byaem cuHTath napamerp & MaanM (cp. ¢ m. 2.1,
ra. 5, npumep 2). OTO 3KBHBAJIGHTHO H3yueHHIO GHICTPHX Bpalie-
HH Tea B yMEPEHHOM CHJI0BOM noJsie, B HEeBO3MYIIEHHOA HHTEr-
pHpyeMoit 3ajave JDH/1epa MOXHO BBECTH NepeMeHHBle leHcTBHE —
yroa I/, . PopMyan nepexola OT cneuHanbHHX KaHOHHYECKHX ne-
pemennnix L, G, [, g X nepeMeHHbM aeficTBHe — yron I, ¢ MOXHO
HaWTH, Hanpumep, B pabore [12]. B HOBHX mnepeMeHHHX H=
=Ho(l)+eH (I, ¢). Ilepemennnle peiicteue /,, I, MOTYT H3MEHSATH-
ca B obaacth A={|/,|<</y, [,>>0}. Tamunvrounan Ho(l), I2) —
ONHOPOAHAs PYHKUHA CTeMeHH 2, aHANHTHYeCKAas B KaXKAOA H3 ye-
THpex CBA3HHX noaobnacrteit A, Ha KoTophie REJAST 06JacTb TPH
npaMuie n;, 1y U /;=0. YpaBHenue npaAMBx my U np ectb 2Ho/I*=
=A;'. OHH CHMMeTPHYHH OTHOCHTEJbHO BEPTHKAJBHOA OCH H
cTpeMsAtcs k npsaMmoit /,=0, korna A;~A;, H K nape NPAMHX
|| =1,, xorna Ay~A, (nanomuum, uto A;, As, A3 — rn1aBHHe MO-
MEHTH HHepuHH Tena H A, =>A;>As). JIHHHH YPOBHR (YHKUHH
H, n306paxenn Ha pHc. 57.

Puc. 57

Pasnoxenne BosMywawoweit ¢yskunn H, B KpaTHHA psx

Dypbe N0 YrioBHM NEPEMEHHBIM @ H @y PAKTHUECKH CONEPIKHTCA
B OlHO#M H3 paGoT SIKo6H:

Ehm,Ie"(M'W-)—}- 2 hm._lei(mw‘—w.) + th‘oeimw:.

meZ mez meZ
Koraa rnashble MOMEHTH HHEDUMH TNOAYMHEHH  HepaBeHCTBY
A;>Ay;> A, mHoxecTBo [lyaHkape COCTOHT H3 GECKOHEYHOro 4HC-
J1a NpAMBIX, NPOXOAALIHX 4Yepe3 TOYKY /=0 H HAKANIHBAIOUHXCA Y
napel NPsMHX 7, H 7z. MoXKHO noka3aTe, 4T0 QyHKUHA H, HeBH-
poxjeHa B o6aactd A. Ecau ¢yukuusa H 6blia 66 aHAJNHTHYHOMN
no [ no Bce# 061acTH A, TO MOXHO GHJIO Gh NMPHMEHHTH pe3ynbTa-
T 0. 1.1: Touku I° nexauiue Ha NpPAMBIX m; H 7y, YAOBJIETBOPAIH
68 ycaoBuaM Teopemun 1. TpyaHocts, CBA3AHHYIO ¢ aHANHTHYECKH-
MH ocoGeHHOCTAMH (YyHKUHH [aMHJIbTOHA B NepeMeHHBIX JefiCTBHe—
yroJ, MOXHO NpeoaoJeTh, PacCMaTDHBAs 331ady O AONOJHHTENbHOM
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HHTErpaje, aHAJUTHYECKOM Ha BCEM HHTErpanbHOM ypoBHe M..
C nomoubio Merona [Tyankape AokasniBaercs

Teopema 6. Ecan TsiXenoe TBepioe TeJO AHHAMHYECKH He-
CHMMETPHYHO, TO ypaBHeHHs BpallleHHs He HMEIOT HEe3aBHCHMOro OT
dynxkunn Ho+eH, dpopmanbHoro uurerpana ZF.e* ¢ aHanHTHYec-
KHMH Ha ypoBue M, koadpdrunentamn ([12]).

1o yTBepXkAeHHe AaeT OTPHUATeNbHHA OTBeT Ha BONpOC, MO-
crasaennnit ITyankape 8 [34] (n. 86).

§ 2. PacwenaeHne acCHMNTOTHYECKHX MOBEPXHOCTEH

HeBHipoxaeHHble HEYCTORYHBHE MepHONHYECKHe PELIEHHA HMe-
10T aCHMNTOTHUYECKHe MHOroo6pasus, 3amoJHEHHHEe TPaeKTOPHAMH,
HEOrpaHHYEHHO NPHONHKAIOWHMHCA K NEPHOLHYECKHM TPaeKTOPH-
M NpH [—*o0o. B HHTerpupyeMblx TraMHJbTOHOBHX CHCTEMax
5TH NMOBEPXHOCTH, KaK MPaBHJIO, MONapHO cOBNajaloT. B HeHHTerpa-
pyeMbix CJayyasx CHTYaUHst HHasi: acCHMNTOTHYECKHe NOBEPXHOCTH
MOTYT NMepeceKaTbCs He cOBnajas, 06pasys B nepecedeHHH AOPOJb-
HO 3anyTaHHyio cetb (cm. puc. 44). B stom naparpade Mu onu-
wem Bocxoasawu@t x [Nyankape cnoco6 Aoka3aTeNbCTBa HEHHTErpH-
PYEMOCTH, OCHOBAaHHHA HAa aHAaJH3e ACHMNTOTHYECKHX MOBEPXHO-
CTedl  raMHJbTOHOBBIX  CHCTEM, MaJno OT/IHYAIOWMHXCA  OT
HHTErpHPyeMbIX.

2.1. Ycaosua pacmenaenus. [Tycts V — raaaxoe n-mepuoe npo-
CTPAHCTBO NOJMOXKEHHA TraMHIbTOHOBOW cHCTeMH, T*V —ee ¢a3o-
oe npoctpanctso, H:T*VXR{t}—R — dynkuus TamuabTona.
B pacmupentom ¢asosom npoctpancree M=T*VXR*{E,t} ypas-
HEHHSl ABHXKEHHS CHOBA FaMHJbTOHOBH:

. K - K g 0K i
x=Z Y=—7x E=%pm t=—3p @)

rae K=H (y, x, t)—E, x€V, yeT:V.
Taankas noBepXHOCTb A"'CM nasuBaerca 4azpanxcesod,
ecau anA moGoro CTACHBAEMOr0 B TOYKY 3AMKHYTOMO KOHTYpa ¥

<§ydx—Edt
Y

(E=H(y, x,t) na moBepxuocTH A™*') pasen Hymio. JlarparHkeBH
NOBEPXHOCTH HHBAaPHAHTHH OTHOCHTeNbHO AEACTBHA ¢asoporo mo-
TOKa cHcteMHn (7). B aBroHOMHOM Ciydae JiarpaHykeBh MOBEPXHO-
CTH ArcT*V 3anaiorcs ycjaoBHeM

<S> ydx=0 (ycA®, dy=0).
h 4

Ecm narpamxeBa noBepxHOocTh A"*! OAHO3HAYHO MPOEKTHPYETCA
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Ha DX R{t}, DcV, 1o ee MOXHO NDEACTaBHTb B BuAe rpaduka

a8 (x, ¢ 9S8 (x, ¢t
y=‘_‘("‘:§_‘)"‘, H(y’ x1 t)=— dt )!

rae S:D X R->R—uekoropas raankas ¢yskuus. B asToHOMHOM
cayyae A" 3azaetcs rpadukom

0S
Y= I x6D.

®yukuna S (x, £) ynosnersopsieT ypaBHeHHi0o [aMuabTOHa —
Skobu:

S | (98 -
o tH 5 % ) =0.

B arom naparpage mbl OyaeM HMeTb fes0 C JarpaHkKeBHIMH
NOBEPXHOCTAMH, COCTABJEHHBIMH H3 aCHMNTOTHYECKHX TPaeKTOPHH.
TakHe nNOBEPXHOCTH €CTECTBEHHO Ha3BaTh ACHMNTOTHUYECKHMH.

[peanonoxumM, uto ¢yskuus [amuabtoHa 2n-nepHoaHuHa no
! u 3aBHCHT ellle OoT HeKotoporo napametpa e:H=H(y, x,¢t, ¢).
ITyctb npu e=0 dynkuns H(y, x,t,0) = Ho(y, x) ne copepxur Bpe-
MEHH H YIOBJETBOPSET CJeAYIOUHM YCIOBHIM:

1) CyuwecrtBylor ABe KPHTHYECKHe TOUKH y_, X— H Y4, X, QyHK-
uHu Hy, B KOTOpPHIX cOGCTBEHHHE 3HAYEHHS JHHEAPH3OBaHHOM ra-
MHJIbTOHOBOH CHCTEMH

-9 L OoH,
y= dx °® T dy

HeACTBHTENbHB H OTJIHYHBI OT Hyas, B uyacTHOCTH, 2n-mepHOAHYeC-
KHe pelleHHsi Xu(f) =xy, Y«({)~=ys+ HMeIOT runepGOJHYECKH/T THNM.

2) Ecnn A*(A~) — ycToityuBoe (HeycTOHYHBOE) acCHMNTOTHYEC-
Koe MHoroo6paswe B T*V, npoxoasiuee uepes TOYKY xi, Y4, (X,
y-), To A*=A". OTciona BHTeKaeT, B YacCTHOCTH, 9T0 Ho(y4, x4) =
=Ho(y_, X._).

3) Cyuwectsyer o6aacte D=V, comepxauias TOUKH X, Takas,
yto B T*Dc=T*V ypaBHeHHe noBepXHOCTH A*=A" MOXHO npea-
CTaBUTb B CaelyloleM BHAe: y=0S,/0x, rae So— HeKkoTopas aHa-
autudeckas Qynkuus B o6aactu D. [Monesno paccMmorpers aud-
¢pepeHlUHaNIbHOE YpaBHEHHE

* _ dH. o dSo
x= 9y lyx)’ Y=-ox ®)

B Manoit OKpPecTHOCTH TOYKH X4 €ro PEUIeHHs! CTPEMATCH npH {—
—>-+00 K TOYKE Xi:.

4) YpaBhenHe (8) Hmeer B 06nactH D ABOSKOaCHMNTOTHYeC-
Koe peuteHHe: Xo(f)—-xs npu {—too (pHuc. 58).

['amunbToHOBY cHCcTemy ¢ @yHkuHeii [amuastona H, caeayer
paccMatpuBaTh KakK HeBO3MYUIEHHy10. B npunoxeHHsx ona yame
Bcero G6nBaer BnoJHe HHTerpupyemonn. [lycts D, (D.) — nopo6-
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Puc. 58

nacte D, coaepxailas TO4Ky Xy(x_) u He cOAepxKailas x-(x4).
Tlpu Masbix 3HayeHHsX & ACHMITOTHYECKHe MOBEPXHOCTH AY H A~
lie HCUE3HYT, a NMepeliyT B «BO3MyLLEHHble» MOBEPXHOCTH A" H
A.”. Bonee touno, B o6nactH DxXR{t} ypaBHeHde aCHMNTOTHYEC-
KO MOBEPXHOCTH MOJXHO MPENCTaBHTb B CJAEAYIOLIEM BHAE:

__os*
Yy==%55"

rie S*(x, {, €) — 2n-nepHoAHyeckas no ¢ QyHKUHsA, KOTOpas
onpellefeHa W aHaNMTHYHA npH x€D. u Maiux 3Havewuax e (Ily-
ankape, [34]). ®@yuxkuns S* [0/KHE, KOHEYHO, Y/IOBJETBOPSITH
ypaBHeHuo ['amHabTOHa — JKOGH

0S™* 0S=
7+H(d—x’ X, ty 8>=O' (9)

CoraacHo TpPeANoaoKeHuto, npu e=0 MoBepxHOCTH Ao* ¥ Ao~
copnanator. OqHako, Kak 3ametun snepsbie Ilyankape [34], B 00-
lleM cJlyyae NPH MaJblX 3HaueHHsX napamerpa ez=(0 MoBepXHO-
cth A, uw A, paccMaTpHBAaeMbie Kak MHOXECTBA TOYeK B
T*(D,ND_) XR, yxe He OyAyr COBnajatb, IJTO fBJEHHE HAa3b-
BACTCA PACUENNeHUeM ACUMATOTU eckux nosepxrocreid. OUEBHIHO,
yto A, coBmajgaer ¢ A,” TOraa M TOJbKO TOrAa, KOrja ypaBHEHHe
(9) umeer pewenne S(x,f, &), aHAJIHTHYECKOE MO X BO BCEH obaa-

cti D.
Teopema 7 (Ilyankape). Ecan Hi(ys, x4, ) =Hi(y-, x-, t) H

{ (Ho HY @ (xo(®)s x0(8), 1) dt 0, (10)

TO TIPH MaJbIX 3HAYEHMAX mapamerpa e=+0 BO3MYyllenuble aCHMITO-

THYeCKHe IMOBEPXHOCTH Ad u Ay He coBmagalor.

< Tlpeanonoxum, 4TO ypasHeHHe (Y) HMeeT &HAIMTHYECKOe pe-
wende S (X, £, £), KOTOpOe NPH MaJbiX 3HAUEHWUAX € MOXHO Mpel-
CTABHTb B BHIE CXOAALLErOoCA CTENeHHOro psaaa

S=Sy(x, H)+eSi(x, )+ ....
DyuKUua Sy J0/KHA YAOBJCTBOPATD YPABHEHHIO

S, 48,
T Ho (53 x) =0.
Otkyna Sy= —ht+W (x), rae h=H,y({y., x+) a W—pemenue
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ypasieHus
ow
Ho (d—x"' x) =£h.

flco, uto W cosnazaer ¢ dyskuuest S, (x).

Mycts H=H,(y, x)+eH (y, x, t)+.... Toraa us (9) mut
NoAyYMM KBasuauueiiHoe AuddépenuuaspHoe ypasHenwe Aasa Sy
aS, , oH as,
TR ymﬁ-FHx (¥ (x), x, £)=0. (1n

Tak kak ypasHeHHe (8) aBTOHOMHOE, TO OHO BMeCTe C pElICHHEM
Xo(£) umeeT cemeiicTBO peienuit x, (¢4 a), at¢R. U3 (11) caenyer,
4YTO HA 3THX pelleHHaX

Si(xo(t-t+a) t)=

=8, (%0 @), O)— | H,(y (xs (¢ - ), xo(t-+0), f)dt.  (12)
[V}

Bes yuwep6a O6WHOCTH MOXHO Cuutath, uyto H,(y., x., £)=0
aas Bcex ¢. Ecau 310 He Tax, TO BMECTO Bo3MyuUlaiowed GYHKUHH
caeayer B3stb QYHkumio H,—H,(y., x., t). Tlpu 3ToM CKoOka
MMyaccona {f,, H,} ne uameuurcs.

Mockoabky pasaoxenne Teitiopa Qynkuun H, B OKPeCTHOCTH
TOYEK X, Y. HAYMHAETCHA C JIHHEHHBIX UJIEHOB MO0 X —X:, Y—Y=
H pyHKUHH Xo(f)— X+, Y(Xy(£))—y- IKCNOHEHUHAILHO OHICTPO
CTPEMATCSl K HYMO NpH £ —> + oo, TO HHTErpan

oo
J@= | Hilo(t+a), xo(t +a), £)dt (13)
-—00
cxonutcs. M3 ypaBuenua (12) caepyer rakKe, 4YTO 3HAUeHue
Si(x, ¢) B Toukax x. He 3aBucut oT ¢. Coraacxo (12), uHterpan
J(a) pasen S,(x,)—S;(x.)) M nmosToMy He 3aBuCHT OT a. [lia
3aBeplieHH i A0KA3aTeabCTBAa OCTANOCh BHIYMC/UTH MPOM3BOAHYIO

Z;Cllla=0=_j;2 (g:—-l;l k:+3’%i/s) dt=_j;°{H0, Hl}dt=0. D

Ipyroe noxkasaTenbcTBo TeopeMnl IlyaHKape MOXHO HaATH B
pa6ote [45].

B aBTOHOMHOM cJ/yyae ycJOBHEe pacilenJieHHsi aCHMITOTHYECKHX
NOBEPXHOCTEH, PacMONOKEHHHX Ha HEKOTOPOM (HKCHPOBAHHOM
YPOBHE 3HEPrHH, MOXHO NPeACTaBHTbL B CJeAylolleM BHAe:

§ {Fo Hiyat 0, (14)

rie Fo— HHTerpan HeBO3MylleHHOH cucTeMb. EcaH B TOukax He-
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YC1ORYHBHX NePHOAHYECKHX TpaeKTopuit dFo=0, TO HuTerpan
(14) 3aBeaomo cxomgurcs.

2.2. Pacmennense aCHMNTOTHYeCKHX NOBEPXHOCTEA — npenaT-
CTBHE K MHTErpHPYeMOCTH. PaccMOTpHM raMHIBLTOHOBY CHCTEMY C
raMuabTORHanoM H(z,t,e)=Ho(z)+eH;(z, t)+0(e?) B npeano-
NROXKeHHAX nm. 2.1, B 4aCTHOCTH, HeBO3MYyLUEHHAsA CHCTEMa HMeeT
ABa rHnep6oNHYECKHX MONOXKEHHA PABHOBECHS 2, COGAHHEHHHX
ABOSIKOACHMIITOTHYECKHM Eemeﬂuem t—z(t), tER.

Teopema 8 (C.-B. bonotun). Ilycrs BHNONHEHH ClelylOLiKe
yC/IOBHS:

1) _j’ {Ho, {Ho, H)} (20 (), £)dt 0,

2) npn Mannx e BO3MYLIEHHas CHCTEMa HMeeT ABOAKOACHMIN-
TOTHYEeCKOe pelueHue t—2,(f), 6au3koe K t~ 2y(?).

Toraa npn Mannx GHKCHPOBAHHHIX 3HAYEeHHAX €=U B JM0GOR
OKPECTHOCTH 3aMBIKaHMS TPaeKTOpHH 2.({) ypaBHenus [aMuabrTOona
2=/dH He MMeT nOJAHOTO Ha6opa He3aBHCHMbIX HHTerpajoB B
HHBOJIIOILHH,

3ameuaHHne. YcnoBHe 1) MOXHO 3aMeHHTLb Ha CJAefyloulee:
NpH HEKOTOpOM m=>2

o0
>

V{Ho,.. {Ho H)}. . .} (20 (8), ) dt 0.

Ecan Bunosneso ycnosie 1), To acHMNTOTHYECKHe NMOBEpPXHO-
CTH 32BeJlOMO He COBMAAaloT. YCJOBHe 2) BHIMOJHEHO, KOHEYHO, HE
Bceraa. IlpuBesem AocTaTOYHOe yc/0BHE CYLIECTBOBAHHA CeMeAcCT-
Ba JIBOSIKOACHMINTOTHYECKHX TPaeKTOpHil.

Mycts Ho=F,, ..., F, — KOMMYTHDYIOLIHE HHTErpail HeBO3-
MYLIEHHOA 3ajayH, He3aBHCHMHE Ha Ag*t=Ao". Ecau

5‘ {F, H\}(20(t), t)dt =0,

det

JAF 0 {F 5o H)) (20 (2), ) dt "aeo,

TO CYWECTBYeT aHaJHTHYECKOe MO g CeMeHCTBO aCHMMNTOTHYECKHX
peweHHni ¢—2,(f). 3To yrBepxkKAeHHe NpPocTo BHIBOAHTCA H3 Teope-
Mbl O HeABHOMA QYHKUMH.

Ecau Mu nccnenyem 3afauy o cyllecTBoBaHHH HE3AaBHCHMHX HH-
AVNIOTHBHHX HHTerpanoB F(z,t,e), 1<<i<<n, aHaAHTHYECKHX
(111 POpManbHO aHANHTHYECKHX) MO NapaMeTpy e, TO ycioBHe 2)
MOXHO OT6pOCHTb. B uacTHOCTH, ecau BuinosneHo ycnaosue 1), To
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PAAB TEOPHU BO3MYLIeHHIi PACXOAATCA B OKPECTHOCTH pacileneH-
HHX aCHMNTOTHYECKHX MOB2PXHOCTEH.

Mertozom nopMaasHBX $OpM Bupxroga B OKPECTHOCTH Heyc-
TOAYHBLIX NMEPHOAHYECKHX PeleHHH 2,40 (e) MOXHO Hafith 2x-
nepHoAHueckyio mo ¢ GOPMaJbHYI0O KaHOHHYECKYI0 3aMeHy nepe-
MEHHbIX z—u, npusBoaswylo ¢yHkumio TIamuaptona H(z f,e) kK
dyukuun H*(u,e), He 3aBucamer or f. U3-3a coH3mMepHMOCTH xa-
PaKTepHCTHYECKHX mnoOKasaTejeil 3To npeobpasoBandHe bBupkroga
moxer pacxoautecs. OnHakKo B cilyyae oaHO# cTemeHH CBOGOAH
{(n=1) dopmanbHHe DAAH 3aMEHH NEpPeMeHHBIX 2> u Bcerga Cxo-
ASTCA H aHAJHTHYECKH 3aBHCAT OT napamerpa e (cM. [175]).

Teopewma 9. Ilpeanonoxum, uro npeoGpazoBanve bBHpkroga
CXONKTCS H aHAJHTHYECKH 3aBHCHT OT €. Ecsin BHNONHEHO ycsoBHe
1) Teopemnl 8, To npu Manux 50 ypaBueHHs [aMHAbTOHA He
MMEIOT NOJHOro Habopa He3aBHCHMBIX AHANHTHYECKHX HHTErpanos
B HHBOJIOLMH,

B yacTHoCcTH, npH n=1 AOCTAaTOYHLIM YCJOBHEM HEHHTETpHpYye-
MocTH aBaserca ycacsue 1) (C. JI. 3uraun [71]).

Hoka3zatenbctBo TeopeMmu 9. OnpegenHM Ha nosepx-
HOCTH Aot pyHKuHIO R* no popmy.e

+co

R*@)=—\ (o (Ho HY) ), Dat,

>,

0
R (@)= {Ho (Ho H)}(z (), t)at,

rae {—2z (f)—acUMOTOTHYECKOE ABHXEHHE HeBO3MYLIEHHOA CHCTeMbl
C HavaabHLIM ycaoBueM 2 (0)=z.

Jlemma 2. Pynxunn R~ onpegensiorcs ¢pynkuuef H,, cemefi-
CTBOM MNOBEpPXHOCTeA As H CHMIVIEKTHYECKOA CTPYKTYpOA.
< [HeficTBuTebHO, corjacHo pedyabrartam n. 2.1, yHkuux
+ 00
$'@)=—¢ \ (H\(z(t) )—Hi(2,, ) dt,
0
0

S-@)=e { (Hi(z(®). H—H, (2., ty at

ABASIOTCA NPOH3BOAAUMMH (DYHKUHAMH JarpaHKeBHIX MOBEPXHOCTEA
AZ ¢ Tourocthio no O (e?). Ho eR* ={H,, {H, S*}). D
Komnoanuus npeoGpa3oBanus Bupkroda co crenensamu orobpa-

XKeHUs 3a NepHOA MO3BOAET NPOROMKHTL (ynkuuw H* ¢ okpecr-
HOCTe/l KPMTHYECKHX TOYex «. () HA HeKOoTopue OKpecTHOCTH W .

acuMnToTHUeCKHX nosepxHocTed .\°. Tak kak BO3MOXKHOe paciien-
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JieHue moBepXHOCTeR A u A; HMeeT noOpANOK €, TO NpU MaNHX &
oxpectHoctH W, u W_ nepecekaiorcs.
Jlemma 4. {H*, H-}0 npu e£0.
< TMoaoxum
H* (u, &)= H§ (@) +-eH " () + O ().

Tak kak H§ (u)=H,(4), To
{H*, H}=¢e{Hy H\"— H*}4 O (e%).
Mockoabky ~Ay” —MHBapHaHTHOE — aCHMNTOTHYECKOE MHOrOOGpasHe
raMH/JIbTOHOBO# cHcTeMul u= IdH,, TO, coraacHo Jemme 3,
0
{Hoo HY @)= § (Ho {(Ho HY Y (0o (0) dt =R (), uEAS.

—o®

AHaJor HIHO
+ o0
+ +* +
{Ho H, } (@)= S {Ho, {Hoo Hi'}}(uo(2)) dt =R* (1), u€h, .
0
CaenoBaTeqbHo,

o0
(1 Hy=e § {Ho (Ho H} @0 (0), ) dt+0@).
-_—0
Coraacio ycaosuo 1), npu Maabix &0 ckobka [lyaccona
{H*, H}+0. D>
B HOBHIX nepeMekEHX X WHTEerpaa Fy,...,F, He 3aBHCAT OT £.
[Tycts npu e+ 0 B Hekotopoli Touke W, NW_ muterpaan F,...
..., F, uesasucumbl. TMockombky {H*, F,}=0, 10 Bextop IdH*
ecTb JHHefinas xomOuHauusi BektopoB /dF;. Tak xak {F,, F;}=0,
TO, OYeBMAHO, B 3Toft Touke {H*, H-}=0. [lan 3aBepiuenya AoKa-
3aTeJbCTBA OCTA/NOCh 3aMETHTb, YTO Ha BCIOAY NJOTHOM ‘MHOXeCTBe
anaavTHueckas ¢yukuua {f*, H~} oramuna ot Hyaa. D>
Teopema 10. Mycts n=1. Ecamn

o0
1) S {(Ho HY}(2o(t)s £) dt +0;
-0
2) npH MaiHX & BO3MYLIEHHas CHCTeMa HMeeT ABOAKOACHMATO-
THYeCKOe pellleHHe !—2,(f), 6au3koe K I~ 2o(f), TO NpPH MaJHX
, 3HayeHHsx e=0 ramMuJbTOHOBA CHCTEMa z=IdH He uMeer aonoJ-

| HHTEJILHOTO aHaJHTHYECKOrO HHTerpaJja.
: < Paccmorpum oTOGpaxeHHe 32 MepHOA g cedeHHs f={o Ha Cce-
6. [Ipn Manbix ¢ 3To OTO6paXKeHHe HMeeT [ABe HEMOABHXHHe TH-

nepGoJHYecKHe TOYKH 2| H 22 C MHBapHAHTHHIMH CeNapaTpHCaMH
W= y W,*. CornacHo yC/nOBHsiM TeopeMH, npH e70 cenapatpu-
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cat Wi u W,~ nepecekaiotrcst u ne copnagator. Ilycts V — manas
OKPeCTHOCTb TOYKH 2; H A — ManWii orpe3ok cenaparpucn W,~,
nepecekaiomniica ¢ W,*. Ilpu Aocratoyno 6GOJBIIOM 1 OTpe3oK
g"(A) 6yner uennkom Jiexartb B ob6sacTH V, cHoBa nmepeceKkasnch ¢
W,*. Coraacuo reopeme [I'pobmana—Xaprmana (F. Hartman)
[33], B obnacti V oToOpakenHe g TOMOJIOTHYECKH COMPSIXKEHO JH-
HefiHOMy runep6onnyeckoMy mnoBopory. CuenoBaTenbHo, MpH
n—-oo orpe3kH g"(A) 6YAYT «pacTArHBaThCA» BAOJBL CenapaTPHCHi
W,~, HeorpaHH4YeHHO K Hed npH6auxasch, OueBHAHO, 4TO O06BEAH-
HeHHe

U g"(A) (15)

n=|1

6yder K/AIOYeBHIM MHOXECTBOM AJs Kjaacca (yHKUHA, aHaJHTHYeC-
KHX B CE€UEHHH [=1{y.

Puc. 59

[Tpeanonoxum Tenepb, yTo ypaBHeHHe [aMUJIbTOHAZ HMeeT
aHaJMTHYECKHA HHTerpan f(z,t). ®@yukuus f(2,4,) HHBapHaHTHa
OTHOCHTEJIbHO OTOGpaXKeHHss g M MNOCTOSIHHA Ha cenapatpuce Wp~
(tak Kak mocaefoBaTeNbHOCTb TOYeK g"(2), 2€W,~ npu n——oo
CXOAHTCSl K TOYKe 2Zp). CnenoBaTesbHO, aHAJIHTHYUeCKas (QYHKUHS
f(z, to) mocrosinHa Ha MHOXecTBe (15), H MO3TOMY OHa NMOCTOSHHA
npu aiobom L. D

3ameuvanue, A Tlyankape pasgenun ABOSAKOAaCHMNTOTHHEC-
KHe pelleHHsl Ha [Ba THNA: 20MOKAUHHble (KOTAA 2,=2_) M 2eTe-
pokaunnbie (koraa 2.%2.). Ecau n=1, To npu Maanx e BO3MYy-
luieHHas 3ajlaya Bcerjla MMeeT FOMOKJHHHBE pelleHHs (€CaH, KO-
He4Ho, OHU OblaH npH e=0).

2.3. Hekoropble npuaoKeHHs.

a) Paccmorpum BHauane nauGonee mpocTyio 3ajauy o KoJsea-
HHSIX MasATHHKA ¢ BHOpHpYylouled Toukoit noaseca (cm. m. 1.4 ra. 5,
npiymep 6). Pyuxkuusa Famuavrona H pasna Ho+eH|, rae

Ho=y%/2—w? cos x, Hi= —o?f(!) cos x,

a f— 2x-nepuoinueckas oynkuns Bpemenn. Koraa e=0, 1o Bepx-
Hee MONOXKeHHe MasiTHHKAa — HeycToHunBoe paBuoBecHe. Heso3my-
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IeHHasd 3a/a4a HMeeT [BAa CEMeACTBa FOMOKJIHHHHX pelleHHf:

2ei'.(|)(l—fl)
COS Xo= ::-LZW—U—-T-)__’T' Xo— +m, npH t—> + co. (16)
Tak kax {Ho, H}= —a?f ()X sinx, 10 unrerpaa (10) ¢ TounocThio

10 MOCTOAHHONO MHOXHTENA PaBeH
\ f () cos x,dt.

Mycte f(¢)=Z=f,e™'. Toraa unterpaa (10) MOXHO NpeACTABHTH
B BHAe psla

D 2in fol e, Jy= wj"’”—"’“ dt.

nez — 00 eIQ‘M +1

l/lm'erpa.nu J n HETPVAHO BLIYHCJHTDL C NOMOLLBIO BHYETOB:
_u—nn/2m

=2w(l + eTnnIdy

CnepnoBatenibHo, ecaH f(f)#const (1. e. f,550 npH HeKkoTOpOM
ns0), To uHTerpaa (10) oTaHuYeH OT Hyas xoTa G Ha ORHOM
NBOSAKOAaCHMNTOTHYECKOM pelieHHH H3 ceMeiictBa (16). Thkum 06-
pa3om, ecaH [(f)+#const, To cornacHo pesyabtrataM n. 2.2, pac-
cMaTpHBaeMas 3ajiaya NpH AOCTATOMHO MaJunx (HO (HKCHPOBAH-
HHX) 3HayeHHAX napaMerpa e7*0 He HMeeT aHaJHTHUECKOTO mnep-
Boro HHrerpana F(y, x, {), 2n-nepuonnveckoro no x U {. MoxuHo
NoKa3aTb, YTO ypaBHeHHs KoJebaHHil MasATHHKA MOryT OHITb BMNOJ-
He HHTErpHpPyeMbiMH JIRIIb NPH KOHEYHOM MHOXeCTBe 3HaueHH#
r;ap]a)raewpa e H3 HHTepBana [—a, a), rae a=I/max|f(¢)| (cM,
13]).

3ameuanue. B pabore [13] ykasaH npumep raMHJAbTOHOBOR
CHCTEMbl C aHaJHTHYECKHM TaMHJbTOHHAHOM, aHAJHTHYECKH 3aBH-
CAUIHM OT MmapaMeTpa, KOTOpas NpPH BCIOAY IJIOTHHIX MHOXECTBax
3HayeHH# NapaMeTpa ABJAAETCA KaK BNOJHE HHTErpHpyeMOH, Tak
M HeHHTerpHpyemoi. Takum o6pa3oM, HHTerpHpyeMbie CJAyuyaH H30-
JIHPOBaHbl He BCerja.

b) B 3anaye o GLHICTPOM BpALIEHHH TAXKENOr0 HECHMMETPHUYHO-
ro TBepaoro tena ¢yHkuus amuabtona H=Hy+eH,, rae
Ho=<AM, M>[2, H,=(x, e); A=diag(a,, a,, a3), x=(x1, X2, X3).
Uucna ay, a;, a; 06paTHH rA1aBHHM MOMEHTaM HHEpPUHH Tena, a
X1, X3, X3 — KOOPJAHHaTbi UEHTPAa MacC B TIJaBHBIX OCAX HHEPUHH.
IIpu =0 Gyaem uMeTb HHTerpHpyembiii cayuaii diiiepa. B sroit

HeBO3MYLIEHHOH 3a4aye HA BCeX HEKPHTHYECKUX TPeXMEpPHHIX ypOB-
HAX My,

n

{M, e: Hoi=h, <M, e>=c, (e, e)=1}
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cymecraylo-r ABa He)’CTOIul‘IHBle nepuonuqecxux pelﬂeHHﬂZ €CJIH
a<a;<as, TO
M =My=0, My=M"= +V2h/a, e;=e&°’= +c/M", (17)
e,=acos (a,M,0 ¢, e;=asin(@,M))¢; a?=1—(c/MOF.
M3 uepasenctBa (M, e)2< (M, M) (e, e) ¥ He3aBHCH-
MOCTH TNepBbLIX MHTErpaioB Ha M, . BuTekaeT, yro o?>0. Ycrof-

YHBLIE W HEYCTOHYMBHIE ACHMNTOTHYeckue TMOBEPXHOCTH NEepHOAH-
yeckux peuieHHit (17) MOXHO TPeACTaBHUTH _KaK mepeceyeHHs MHOro-
obpasusi My, . runepmiockoctsmu M,V a,—a, + M;V a;—a,=0.
B 3anaue Jiilepa aCHMNTOTHYECKHE MOBEPXHOCTH «CABOEHBI»: OHH
CRJOWb 3aMN0JHEHH JABOSAKOACHMNTOTHYECKHMH TPaeKTOPHAMH, Ko-
TOpble NpH {—-400 HEOrpaHHYEHHO TMPHOJMKAIOTCA K MNepHOAHYe-
ckuM Tpaektopuam (17). PacuienneHne saTux nosepxHocTeil H3yuye-
Ho B paborax B. B. Kosnosa (1976) u C. JI. 3urauna (1980).
Oxa3a.10cb, 4TO NMpPH BO3MYLIEHHH ACHMNTOTHYECKHE MOBEPXHOCTH
pacuienasitorcs  Bceraa, Kpome «cayyas I'ecca—Annenbpora»
(L. O. Hesse):

x=0, 5,V a;—a: + x;V a,—a,=0. (18)

B sTom cayyae oana napa cenmapatpuc paciienasercs, a Apyras—
HeT.

[TpnynHa HepacilenaeHHst COCTOHT B TOM, YTO MpH BHINOJHEHHH
ycaosus (18) Bo3mylllenHas 3afaya npH BCEX 3HAYEHHAX € HMeeT
syacTHblf» unrerpan: F=M,Va,—a, + MyV a;—a,(F=0, ecm
F=0). MoxHo nokasaTb, YTO 3aMKHyThie HHBapPHAaHTHHE MNOBepPX-
HocTH M\, N1{F=0} npu Manuix 3HaueHusx ¢ GydyT Kak pa3 napoii
CIBOEHHHIX cenapaTpuc (cM. [12]).

B 3agaue o GHCTPOM BpallleHHH TAXKeENIOr0 HECHMMETPHYHOro
BOJIYKA paclueneHHble cenmapaTpHCHl NePECEKAIOTCs MO-BHAHMOMY,
He Bcerfa. OnHako 3lecb NPHMEHHMa TeopeMa 9, C NMOMOILBIO KO-
TOPOH MOXHO YCTaHOBHTb OTCYTCTBHE JAOMNOJHHTEJILHOrO aHaJMHTH-
YeCKOro HHTerpana BO3MYIUEHHOI{l 3aJaud NPH MaJuX, HO (HKCH-
poBaHHBX 3Hayenusx napamerpa e=0 (C. JI. 3urauu (1980)).

INoBenenne pewleHuii BO3MYILEHHOM 3a4a4yH HCCJAEAOBANOCH YHC-
aeuHo (L. Galgani, A. Giorgilli, J.-M. Strelcyn (1980)). Ha
puc. 60 nokasaHb pe3y. bTaTbi BBIYMCJAEHHI NMPH Pa3HBIX 3HAYEHH-
fX BO3MYllaloulero napamerpa e. XOpoIlO BHAHO, YTO KapTHHA
HHBAPHAHTHLIX KPHBbIX HEBO3MYLUEHHOIi 3a1a4YH HauHHaeT paspy-
WaTbcsi KaK pa3 B OKPECTHOCTH cenapaTpHc.

c) Paccmorpum Tenepnb ypasuenus Kupxrota

}fM=M><<o+e><u. e=eXw; o=Hy, u=~H,U,

. 19
|H=%,—(AM.M)+(B.’H,e)+—1,—(Ce,e). (9

ONHCHhIBAIOIHe BpalieHlie TBepP10ro 1€.1a B H.1caTbHOH KHAKOCTH.
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0 2 4 6

6 <05
Puc. 60

Marpuua A=diag(a), az, as) AWaroHaipHa, a MaTpHUM BuC
CHMMETPHYHBI.

Teopema 11. [TycTb cpenn uucen a,, dg, @3 HET PaBHHIX. Ecau
ypaBHennst Kupxroda MMeIOT NONOJHHTEIbHHIl HHTerpas, He3aBH-
cuMmuit ot pyuxkunis Fi=H, F,=(M, e), Fs=<e, e) u ananutuye-
ckuit B R8{M, e}, To Matpuua B=diag (b1, by, b3) 1

a7 (bo—by)+ai ' (bs—b) a5 br—b)=0  (20)

Ecau B=0, TO He3aBHCHMBbIii aHaJMTH4YeCKUil HHTErpai CyllecTByeT
ML B cayuae, xoraa C=diag(cy €2 €3) ¥

a7t (co— c)+a7' (c3— ) +a5' (61— ) =0. @1

Marpuua B B unterpupyemom ciaydyae CTek.soBa onpeaensiercs
Kak pas yciosHeM (20). Ycaosue (21) naet uHTerpHpyeMHiH cay-
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qaif Kne6wa. KHtepecHo OTMeTHTb coBnajeHHe BHAA YCJOBHH
(20) u (21).

CaenctBue. B obuem cayyae ypaBHeHHs Kupxroda HeuH-
TerpHpyeMHl.

HokasatennctBo Teopembl 1, ycranosnennoit B. KozaosuM n
H. A. Ounwenko (1982 r.), ToXe OcHOBaHO Ha SIBJEHHH paciuene-
HHsl cenapaTpHC: B ypaBHeHHs (19) pBoauTca Majblii mapaMerp e
3aMeHofl e Ha ee; npH =0 6yneM cHOBa HMeTb HHTETPHPYEMYIO 3a-
nlayy Dinepa, CABOEHHble CENapaTpuUchl KOTOPOi pacLIenasioTcs
npu A0GaBJEHHH BO3MYIUEHHN, eCAH He BbHIMONHEHB YCJOBHA
(20) — (21). IoapoGHocTH MOXHO Halith B [13].

d) C noMoiubio MeTola pacuienfeHuss aciiMOTOTHYECKHX MoO-
BePXHOCTEf MCZ{HO YCTAHOBHTL HEHHTETpHPYeMOCTb 3alayH O ABH-
JKeHHH ueTblpeX Toueunblx BHXpeit (C. JI. 3urauu, [70]). Tounee,
PacCMOTPHM 3Ty 3anayy B OrpaHHYEHHOH MOCTAaHOBKE: BHXPb HYy-
J1eBOM HHTEHCHBHOCTH (T. €. MPOCTO YyacTHUA HAeaNbHOH XKHAKOCTH)
IBHXETCA B «M10.1e» Tpex BHXpeil 0IHHAKOBOIT HHTEHCHBHOCTH. Oka-
3LBaeTCA, ypaBHeHHe 1BHKEHHS HY.1€BOr0 BHXPS MOXHO NpPeAcTa-
BHTb B raMHJbTOHOBOH ¢OpMe ¢ NepHOAMUECKHM IO BpeMeHH ra-
MHJIbTOHHAHOM; 3TH YPaBHEHHS HMeIOT rHnep6o.IHYeCKHE NMEepHOLH-
HeckHe IBHKEHHsS C nepeceKawowumucs cenaparpucamu. Ilostomy
OrpaHHueHHas 3a1aya ueTbipex BHXpeil He fAB/SETCA BMOMHE HHTEr-
pHpyeMo#, xoTa (Kak H B HeOrpaHHYEHHOHl TNOCTAaHOBKE) HMeeT
vYeThipe HE3aBHCHMbLIX HEKOMMYTHPYIOUIHX HHTerpana.

§ 3. Ksasucayuaiinbie xoneGanus

BoabwHHcTBO MeTON0B  MOKa3aTesbCTBA HEHHTErpHPYEeMOCTH
OCHOBAaHO Ha TOM, YTO JAOCTAaTOYHO 3anyTaHHOE TOMOJOrHYeCKoe
noBe/eHHe $a30BLIX KPHBHX MPENSTCTBYeT CyLIECTBOBAHHIO nep-
BbiX HHTerpanioB. ONHH M3 cyyaeB, KOrda yaaeTcss SIBHO YCTaHO-
BHTb TaKyl0 TOMOJIOrHYECKYIO 3aMyTaHHOCTb, C.1€A0BATENbHO H He-
RHTErpHpPYeMOCTb, — TEOPHSl KBA3UCAY4AUHbIX KOAe6aHUd, KOTO-
PYlo MH 3lecb pacCMOTPHM B NpocTediulefi MOAeNbHON CHTyalHH.

Paccmorpum, caeays B. M. AlekceeBy, HEaBTOHOMHYIO CHCTe-

My C OAHOH CTeneHbio CBOGO_Ilbl, ABHAKEHHe KOTOpOﬁ ONMHCHIBaercs
YPaBHEeHHEeM

x=—Q(x, t), Xx€R. (22)

ByaeMm npeanonaraTh BHNO/NHEHHMMH clleayloline yClTOBHS:

a) Q —rnankas ¢yHKuus, 2n-nepuoaunyeckas no f.

b) Q(—x, t)=—Q(x, t); B uacTHOCTH Q(0, t)=0 u, caenona-
TebHO, TOYKa x =0 — no.10XKeHHe paBHOBECHS.

¢) Q>0 npu x>0m

x 21

| Q. Hdxpdt< o
00



Ecau cucTema aBTOHOMHas, TO TOCJeAHee YCJOBHE O3HA4YaeT orpa-
HUYEHHOCTb MNOTEHUHAAbHOA 3HEPTHu mpu |x|— oo.

d) Q<0 npu x>x,>0. 310 o3nauaer BHMYKJOCTL rpaduka
noreHunanbHoi sueprun U (X, ¢) (onpepensiemoit pasexctsom U’ =
=—Q) mpu |x|>x,. Caeayompye ABa YCJAOBHA HOCAT TEXHH-
4YeCKuil xapakrep:

L4
e [Q/|<¥(x), [¥(xdx< o,
0

f) W(x)/Q*(x, t)=0(1) npu x=x.

BaxHbiM npuMepoM sABAseTC BapHAaHT OrpaHH4YeHHOil 3alayH
Tpex TeJ, B KOTOPOM JBe TOYKH OZHHAKOBOH MaCCHl OMHKCHLIBAIOT
3NNHNTHYECKHe OPGHTH B MNJIOCKOCTH X, Y, CHMMETPHYHbE OTHO-
CHTENIBHO OCH 2, a TPeTbsi TOYKA HYJeBOH MacCh Bce BpeMs
ocraetcs Ha ocH 2 (cM. pHc. 61). JlBrxkeHHe nocneaHeit OnHCH-
Baercs AHpdepeHUHANbHBM ypaBHEHHEM

z=—z/[22+r2 ()", (23)
rae
FO =T Y=(+ecos® 90 =0;

3 eCb € — 3KCLLEHTPHCHTET IMIHNTHIECKOH OPOHTH MACCHBHHIX Tell.
B 3rom npumepe Bce ycious a—f, OYEBMRHO, BHINOJHEHHb.

Puc. 61

3.1. Oto6paxenne nocjeaoBaHus.
Onpenenenne. Pewenne x(¢f) ypasHenns (24) Ha30BeM runep-
GosmyeckuM B Gyayuiem, ecau cyuiecTByer X (-4 oo )='liin x(8)>0,

napa6osnyeckuM, ecin X(+o00) =0, H KoneGaomMHMCA, ecnH yHK-
uusa x(-) MMeeT GeCKOHEYHO MHOro HyJefi mpu {—+oco. AHanOrHy-
HO OMpeAeNAIOTCH 3TH TPH BHAA [BHXeHHH B npouwsioM (npu
{—+—o0) (cM.ra. 2, §4,n 4.1).

B ykasaHnHOM BHlle MpHMepe OrpaHHYeHHOH 3aJaud Tpex Ten
ABHXEHHs mepBoro (BTOpPOro) BHAa Ha3mBaloTcA, cornacHo [llasu,
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runep60J0-3aJMHNTHYeCKMMH (Napa6oJio-3aHNTHYeCKHMH ). PHHAND-
HBI THO ABHXKEHHH TpeTbero BHJAA NokKa He OfpelelieH.

Mpennoxenue 2. Kaxnoe pewense ypaBHeHHs (22) npu-
HaJUIeXXHT OQHOMY M3 3THX TPeX BHAOB (KakK MNpH [—+oco, TaK H
NpH f—>—o0).

Hecnoxhoe n0K23aTeNbCTBO OCHOBAaHO Ha  HCNOJb30BaHHH
CBONACTB a—¢ ¢yHKUHH Q.

IMycts x(¢) — pelleHHe ypaBHeHHs (22) cO CJeAyIOLIHMH Ha-
YaapHHMH AaHHBMH: x(1) =0, %(1) =v>0. 31ecb BO3MOXKHH ABa
caydas. B mepBoM H3 HHX (QYHKUHS X MOHOTOHHO BO3pacTaeT NpH
{—+o00; 3T0 pelleHHe ABJAsETCA JHO0 runepboaHUECKHM, JHOO na-
paGonnyeckuM. Bo BTOpoM  cayyae x QOCTHraeT MaKCHMyMa
X*(v, 1), a 3atem yOmBaeTr A0 3HaueHHss x=0. BeaeM ¢yHKIHIO

00
‘ x?(+ o0)

5 =+ S Qo(x)dx —B nepsom cayuae,

h* ("U, T)= x* 0

j Qo (x)dx —Bo BTOPOM Cayuae.
0

3nech
b2 4

Q=27 | Q(x. tyat.

0

AnanornaHo onpeneasercs ¢yHkuus k- (v, 1) (korza f- — o).
B crauuonapuom cayyae h*(v)=h"(v). B nanvuefiueMm anaause
BaXHYI0 PO/b WrpaeT MOCTOAHHAA

J =:§ Qo (x) dx,

CyliecTByiollas corjacHo ycaosHio ¢. Ecan Q He 3aBucut oT Bpe-
MeHH, To J — noJHasi 3Heprus napaGoOJHUECKOro ABHXKeHHs. Mox-
HO NoKas3aTb, uTo h* — pHpdepeHUHpyeMbe (YHKLHH.

PaccmoTpuM Ha miocKOCTH I ¢ NMOJAPHHIMH KOOPAMHATAMH U,
tmod2n nBe kpuBHe II*= (ht=J}. DT 3aMkHyTHe audepenun-
pyeMble KpHBbLIe OTPaHHYHBAIOT Ha X HEKOTOpHE OTKpHTHe 06ja-
cTH R*, coaepxauHe Touky v=0.

IMpeanoxenune 3. Ecau touka (v, ©) nexur e (ua) II#,
To ¢pyHKuHs x(f) MOHOTOHHA M ABHXeHHe runep6oauyeckoe (mapa-
Gonnueckoe) npu f{—>--oco. Ecau ke ToukKa (v, T) JEXKHUT BHYTpH
R*, To x(f) uMeeT xOTst 6bl OAHH HYJb NpH =1,

<] HepaBencteo h*=J skBHBasJeHTHO YycJoBHlo X*(v, 1) =
=00, YTO, B CBOIO O4Yepellb, BjeueT paBeHCTBO h*—J=x%(+ o0)/2.
Ecnn %(+00)>0 (=0), To asuxeHue runepboanueckoe (napaGo-
JHyeckoe).

CornacHo npeanoxennio 3, Ans Touek (v, 1) U3 R* onpenese-
HO ecTecTBeHHOe oToGpaxeHune S : (v, 1)~ (v’, 1), rae v/ — 6au-
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x;aﬁumﬁ K T HyAb (YHKUHH x(t), v’ — CKOPOCTb TOYKH B MOMEHT
1" (B CHNY CHMMETPHH X—>—X MOXHO CUHTaTh, uTO 0'>0; cMm.
pHc. 62). flcHo, yto SR*=R- 4 h* o S=h".

|"/\/
7 N

Pne. 62

Jlemma 5. OtoGpaxeHne S:R*—R- coxpaHseT nJaomanb
Ha 2.

< VYpaBueHne (24), pasyMeercs, raMHJIbTOHOBO C (yHKUHeH
Famuabtona H(y, x, 1)=y*/2+U(x, t), rae y=x. Tlyctb T —
3aMKHYTH# KOHTYp B obaacTH R* u nyctb I''=S(T'). B cuay teo-
peMbl 06 HHTErpajJbHOM HHBApHaHTe

§ ydx — Hdt =§ ydx — Hdt=$ vdr=§ vdv. >
r r r T’

M3 3Toro yTBep:kAeHHs BHIBOAHTCA, B YaCTHOCTH,

NMpeanoxenne 4. Tllouth BCe pelenus, KoseboMluecs B
npoiioM, 6yayT xoaebmoumumucs B Gyayuiem, ¥ Hao60poT.

< Iycts A, —MHOXeCTBO TOYeK (U, T)EZ, NpPH KOTOPHIX pelie-
Hue X (£) umeeT OECKOHEYHO MHOrO HyJeA npu £>T W POBHO m
Hysed npu ¢ < t. fcHo, uTO0 S(Am)=Apm, mes(Ay)=mes(An,)
(nemma 5) u AyNA,= npu k=+[. Hac nHrepecyer mepa MHO-
KecTtBa A= UOA,,,. Ecan mes A, #0, 10 mes A= co. Ho mepa A

m>!

KOHEYHa, MOCKOJIbKY 3TO MHOXECTBO LeJHKOM JIEXKHT B Kpyre paauyca

2‘/u°§‘{’(x)dx.

IelicTBUTENbHO, YMHOXKas ypaBHeHHe (24) Ha xu HHTErpupys B
npeseaax ot v A0 £, 6yaem HMeTb:

~

. g x(t)
e _f2_'=_Sxth_—_- \ Q(x, t)dt.
t 1]

Ocrajoch BOCNONbL30BaTbCsi HepaBeHCTBOM Q< 2aW (x) npu x>0,
BHITEK2IOIIHM H3 ycioBHs e). D

IMTockoabKy ob6aactH R* B R~ HMeIOT HemycToe nepecedeHie
H HX MepH coBmnapnaiot, To rpaHuun II* u II- nepecekaloTcs no
KpaiiHeit Mepe B AByX Toukax. Mbl OyjeM npeanoJaraTh B Aajb-
HeilweM, yto II* u II- nepecekaloTcs TpaHcBepcanbHo. Hanpuwmep,
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B cayuae ypaBueHHs (25) NpH HysneBoM 3HaUeHHH SKCUEHTPHCHTeTa
IM*=II-=={v=)2}. B cu1y CHMMeTpHH 3a1a4H OTHOCHTEIbHO MO-
MeHTa coeauHcHns v=0, B o0lem cayyae xpusnie II* u 1~ umeior
obwue ToukH Ha .1yye t=0. MoxKHO noka3aTh, YTO MO KpaiHed
Mepe npit Maawx 3HaueHusix e>0 kpusnie [I* u II- nepecekatorcs
B 9THX TOYKax TPaHCBEPCA.IbHO.

B okpecTHOCTH TOYKH nepeceyenus IT- o I1- yukuun E=h*—J,
H N=h"—J/ MOXHO NPHUHHTb 32 JTOKAbHbLIC KOOPAHHATH Ha I. Pac-
cMOTpHM Maxbiii kBalpaT B={|%|<e, [n|=<Ce}. Moxno noka-
3aTh, YTO NPH MAJILIX 3HayeNNAX g MHo:KectBo S(BNR™) asaserca
«CnHpaIbio», HaMaTHBaloUlciicA Ha Kpueyw 117, a MHOXKecTBO
S-Y(BNR-) saBaserca aHa.iorHuMOil cnupaasio, liavaTiiBaloulelics
Ha II= (cvm. pue. 63). 3to spserca cacicTBHeM rHnepOO.THYHOCTH

Puc. 63
otoSpaxkenns S(S') B okpecthocTl TOuKN E=1=0: oTOGpaKCHIIC
S SBASETCHA CHKHMAOWHM B10Ab OCH i H PACTACHBAOIIM BAOAb

cer ¢ (noapodioctin e, B [1]). Muomeetso S(BNR*)NBNR* co-
CTOIUT yXe u3 GeckoHeqnoro uiteaa cpasilix komnotient. Ka:xkaas
M3 HEX 1PN oTofHpazkeHitn S nepexvaNT B V3KVIO CUNPaJb, J€Xa-
wyio BHYTpH cnupann S(BNR"). Hrepupys orobpaxenue S kak B
NOMOXHTENbHYIO, TaK H B OTPHUATEILHYIO CTOPOHY, Mbl 6y.1eM no-
Jayyath Bce 6oaee V3KHe M010CKH B KBaapaTte B, TpaucBepca.bHO
nepecekaioutHecs IPYr ¢ ApyroM. B npeaene Mbl nonyuHM KaHTo-
poBo (coBepiueHHOe HHrle He N10THOE) MHOXecTBO ACB, HHBa-
PHaHTHOe OTHOCHTCILHO BCeX I'eabIX creneHeii oTo6pa)keHus S.
ITpu atom op6ura ToukH (v, T)tA (T. e¢. MHOmecTBd S*(v, T),
n€Z) nmeer OueHb 3aMYTAHHBII BHA, XapaKTepHHilt 418 cayyaiiHoro
6ayX.1aHua no MioxecTBy A. JloKa3aTel1bCTBO 3THX yTBepXKIeHHi
MOXKHO HaliTH B paGotax B. M. AjekceeBa [1]. Mu nosicium c...-
3a1H0e HA HEKOTOPOM MOI&ILHOM NpHMepe.

3.2. CumBsoanyeckas aunamuka. PaccMOTpUM ennHHUHB#l KBaA-
Pat B={(x, y)€R?:0<.x, y<<1} u onpeleinm oToGpaxeHHe KBaA-
pata B B ce6s no popmy.Iam:

ecth 0<y<<'fs, TO X 3x, y—y/3, (24)
ecan 2f3<<x<<l, To x— 3x—2, y—y/3+2?/s.
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B nosoce 1/3<x<2/3, 0<y< 1 orobpaxenue S He onpereneHo.
l'eomeTprueckuft cMbica npeobpa3oBanua S:B— B scen u3 puc. 64.

o= = - o

st L N TR

PR PR |

Puc. 64

Buisicuum, kax ycTpoennl MHOXecTBa S"BCB npu n> 1. Jlas Toro’
yTo6u mnoayunTb SB, Hago M3 kBafpaTa B BLIGPOCHTH T[OPH3OH-
taasuyio noaocy [0, 1] X (1/3, 2/3). Ecom u3 ocTaBimxcs ABYX mo-
Joc BHGpocHM Gonee y3kue nosock [0, 1] X [1/9, 2/9] u [0, 1] X
X [7/9, 8/9], To moayumm MmHCxkKecTBO S2B M T. A. (M. puc. 69).
[Mpopo/sxas 3TOT NMPOLECC HEOrpakWYEHHO, MB MPUIEM K MHOXECTBY
[0, 1]XKp1jcB (3necs Kjo,1) —KaHTOPOBO MHCIKECTBO Ha OT-
pe3ke [0, 1]), Ha KoTopom ompelesieHH Bce OTpHllaTeNbHLIE CTene-
Hu S. Paccyxnaas TOYHO Tak e, Mbl NONYYHMM, YTO HA MHOXECTBE
K011 X [0, 1] onpenesenb Bce TicA0XHTebHEE CTeneHH oTobpaxe-
Hua S. CreloBaTesbhO, HA NPAMOM NPOH3BENEHHH KaHTOPOBHLIX MHO-
KecTB A=Ko,1j X Ko,1j onpefiesieHsl Bce Lesble CTeneru S.

Z S NN §2 s3
% —r -" — oo
47777,
Puc. 65

Kaxk xe ycrpcero otobpaxenue S:A—A? Jas Toro, utobul
OTBETHTb Ha 3TOT BONPOC, BBEAECM MNPOCTPAHCTBO {2 MOCJAENOBATE]b-
HocTeRl 0={w,} Hyae# M eRMHHL, T'le n npoberaeT BCe Lie/ble 3Ha-
yenus. 3aaaiuM B Q TOMOJOTHIO J, onpeleauB cJeaywowum obpa-
30M CXOAMMOCTD: mnocjenoBaTteasHocTh 0*'6Q cxoantcs k WES, ecam
o) 0, Npu BCEX K.

Jlemma 6. Tlpoctpancteo (2, J) romeomopduo A.

<] JleACTBHTEAbHO, NOCJAEAOBATENbHOCTH {W,} MOXHO NOCTABHTb
B COOTBETCTBHE ABa YHCJAa

x=2 Q0,57 y=2 Qo3 (25

s3>0 >0

KOTOpbie MpHHajJexart, oueBHAHO, Ko, 1;. Jlerko coo6pasuTb, uTo
3TO COOTBETCTBHE — roMeoMOpdH3M. >
Mycts T — oro6paxenne Q Ha ce6si, KOTOpPOe MEPEBOAHT ®=
={wn} B @' ={@n+1} (CABHr Bcex HHAGKCOB Ha eAHHHUY).
Teopema 12, Cymecrsyer roMeomopduam f:A—Q Takoil,

32-2 21



YTO KOMMYTAaTHBHA aHarpaMMa

s
A->A
orif
Q- Q.

JlokasatenbCTBO OCHOBAaHO Ha NMPOCTOM COMOCTaBJieHHH (GopMyn
(24) u (25).

Taknm o6pa3oM, Kaxpoit Tpaekropun S™(a), a€B, n€Z, uenn-
KoM cojepiauleiicRs B KBagpare B, Mn NMOCT2BHJH B COOTBETCTBHe
noc.1e10BaTeNbHOCTh  CHMBONIOB = {wn}, NpHYEM AeHACTBHIO
oTo6paxeHHs S oTBeyaeT CABHI BceX CHMBOJIOB Ha eHHHUY BJEBO.
10T MeT0d KOOUPOBKYU TpaekTOpul, BOCXOAAWMKA K paboTram BHpK-
rojpa, Mopca (H. M. Morse), Xeanyuna (G. Hedlund), cocrasas.
€T coAepXKaHHe «cumsoaudeckol OJunamuru». Boaee moapoGHo ¢
Hell MOXHO MO3HaKOMMTbCs Mo paGoram [1], [33].

H3 Teopemn 12 BHTekaer psim BaXKHHX CAeACTBHii.

[Tpeanoxenue 5 Orobpaxenne S:A-»A ob6aranaer cnae-
AYIOUIHMH CBOICTBaMH:

1) no6ule ABe mepHOAHYECKHE TPAEKTOPHH MOXKHO COEAHHHTH
NBOSIKOACHMNTOTHYECKO!H TpaeKTOpHer,

2) nepHoO/1HYeCKHe TOYKH MJIOTHH B A,

3) CYIIeCTBYIOT TPAaeKTOPHH, BCIOAY IJOTHO 3amoJHAUiHe A.

<] HeficTBUTEIbHO, MEPHOIHYECKOR TPAEKTOPHH COOTBETCTBYET
Touka (a)=(...aq, a, a,...)€Q, Tie @ — KOHeUHHA G6JOK H3 Hy-
aeit ¥ eaunuu. Ilycte Toukam (a), (b)€Q oTBeyaioT NBe nepHOAH-
yeckHe Ttpaektropud. Torpa nocnenoBarenabHocT™® (...,a, a, b,
b,...) orBeyaer, OueBHAHO, HCKOMasi JABOAKOACHMMNTOTHYECKas
Tpaekropus. [asee, ni060My 3NeMeHTY w€Q MOXHO MOCTABHTH B
COOTBETCTBHE MNOCJAEAOBaTeNbHOCTD ™= (a,)€Q, rae an=
={w-n,..., 0n}. OueBHAHO, uTO ©™—w. PaccMoTpuM, HaxoHeu,
TOUKY ©*€Q TaKylo, 4TO B MOC/NeN0BaTEAbHOCTH {wn*}, HauHHas C
HEKOTOPOro MecTa, MOAPAA 3aNHCAHH BCe KOHeYHHeEe GJOKH H3 HY-
Jeil M eaHHHU. Jlerko MOHATb, YTO 3aMblkanue opbuth Tre*
(n€Z) coBnanaer ¢ Q. D

3.3. OTcyTcTBHE aHANHTHYECKHX MHTErpanos,

Teopema 13. B npeanonoxenusx nywkra 3.1 auddepenun-
aJbHOe ypaBHeHHe (24) He HMeeT NEpPBOro HHTErpana, aHaJdHTH-

4eckoro no X, x, ¢ U 2n-nepHoanyeckoro no f.

Ecnn Takoit uuterpan cyulectByer, To OTOGpaxenne S :R*—
—R~ u3 n. 3.1 HMeer HEMOCTOAHHYI0 AHANHTHYECKYIO HWHBAPHAHT-
Hyio ¢yHKuHio f(v,t). MoXHO NOKa3aTh, YTO OTpaHHYEHHe S Ha
KaHTOpOBO HHBapHaHTHOoe MHOXecTBo A o6Jsajzaer cBoOificTBaMH,
nepeyHcNeHHHMH B npeaaoxeHHn 5 (cM. [1]). B uacrtHoctH, B
CHJIY HenpepbBHOCTH, (yHKuHA f=const Ha MHoxectBe A. H3
cnoco6a nOCTPOEHHS COBEPLIEHHOrO MHOXeCTBa A BHTEKaeT, YTO
Aas 11060 ToukH (vo, To) €Q CYUIECTBYIOT ABe MOC.1€10BaTEJLHOCTH
TOYeK H3 A, cxoasllHecss K (Uo, To) MO ABYM HE3aBHCHMHM Hanpas-
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aenuaM. IlosTomy mpon3BoAHHe Bcex MOPAAKOB MO U H T B TOYKe
(vo, To) PaBHH Hysio. [sis 3aBepuieHHs 10Ka3aTebCTBa OCTaNoOCh
BOCMOJIb30BaThCA aHANKTHYHOCTBIO f. [>

B 3akaloueHHe caenaeM HECKONbKO 3aMedaHHH.

1. Tockoabky A HHre HE MJAOTHO, TO H3 3TOTO PACCYXACHHH
HeJIb35l BHIBECTH OTCYTCTBHE IV12AKHX NMepBHX HHTErpasos.

2. CumBonuyeckasi AMHAMHKa B OrpaHMYeHHOH (M Aaxe He-
orpaHH4YeHHOH) 3afave Tpex Tea u3 n. 3.1 mocTpoeHa B paboTax
B. M. Anekceea [1]. C ee nomousio B. M. Anexcees nOAyuHi
BCE JIOTHYECKH BO3MOXHHIE KOMOGHHaUHH (QHHAJAbHHIX THMNOB [BH-
KeHHi no kaaccupukauux Hlasy.

3. B OKpeCTHOCTH NOMOKJHHHYECKHX NepHOLHYECKHX TPaeKTo-
pHii ¢ TpaHcBepcaJbHHIMH ACHMNTOTHYECKHMH MOBEPXHOCTAMH
CnpaBelJIHBO yTBEPXKAEHHE, aHajoruuHoe Teopeme 12, Crporoe no-
Ka3aTeJbCTBO 3TOr0 YTBEPXKIEHHs, Bocxodsuwlero K bBupkrody
(1935), npunaanexkur Cwmeftny (1965) u JI. 1. lluabuukoBy
(1967) (cm. [33]). OTMeTHM, uTO AOKA3aTeNbCTBO OTCYTCTBHS aHa-
JIUTHYECKHX HMHTerpasoB (reopema 10) He 3aBHCHT OT CBO#CTBa
TpaHcBepcaabHOCTH. OAHAKO Ha/HYHe HeTPaHCBepPCaJbHBIX aCHMII-
TOTHYECKHX TOBEPXHOCTEH MOXET CHJAbHO BJHMATL Ha KayecTBeHHOE
nosejenHe TpaekTopuit (cM. [33]).

4. MoxHo noka3aTb, YTO NEPHOAHYECKHe TPAEKTOPHH, Jexa-
iHe B A, AIBASAIOTCH THNepOOSHYECKHMH H, CJel0BaTelbHO, HEBH-
poxaeHHeIMH. C Apyroit CTOPOHH, OHH IJIOTHH B A, 3 MHOXeCTBO
A sBasiercs KJaloyeBuM B B. [losToMy OTCyTCTBHe aHAJHTHUECKHX
MHTErpajoB MOXHO yCTaHOBHTh Mertoiom Ilyankape (cM. n. 1.2).

§ 4. Heunterpupyemocrb
B OKPECTHOCTH MOJOXEHHS PaBHOBECHS
(meron K. 3ureasn)

Ewe oanH MeToR KOKa3aTeAbCTBAa HEHHTErpHPYEMOCTH OCHOBaH
Ha OueHKax CHH3y KO3(pQPHUHEHTOB CTeNneHHHX PAAOB JAas ¢op-
MaJbHHX HHTerpaJoB. IIpHYHHOH PacXOAHMMOCTH 3[ecb OKa3HBAalOT-
CA aHOMaJIbHO MaAble 3HAMEHATEAU, TO €CTb B KOHeYHOM cyeTe
BJHSIHHe Pe30HAHCOB, GJH3KHX K H3yYyaeMOMY [MO/I0XKEHHIO paBHO-
BeCHs.

PaccMoTpHM KaHOHHYECKYIO cHCTeMy AH¢depeHUHaAbHHX ypas-
HeHH#

: oH . oH
K=y Yr="%% (I<k<n) (26)

H NPeANnO/OKMM, 4TO Jf —ana/uTHUecKas (YHKUHA B OKPECTHOCTH
Touky x=y=0, npuiem H (0)=0wu dH (0)=0. ITycTs H=2 Hy,
§>2
rie H —oaHOPOAHbIfI MOMHHOM OT X M Y CTENeHH S.
Iyets Ay, ..., Aga — COGCTBeHHHE 3HAUEHHsS JHMHEAPH3OBAHHOM
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KaHOHHYECKOH CHCTeMH C FaMHJAbTOHHaHOM Hj; MoXHO CYHTATh,
9T0 Ana=—Ay (1<k<<n). Byndem paccmaTpuBath cayyaii, Koraa
YHCA Ay, ..., A, YHCTO MHHMH H He3aBHCHMH Haj] noJjieM palHO-
HaJbHHX YHCEJ.

B 3toM naparpade MBl HCCllelyeM TNOJHYIO HHTErpHpPYeMOCThb
ypaBHeHu# (26) B OKPECTHOCTH MOJOXKEHHS paBHOBecH x=y=0
H CXOAHMOCTb HOpMaJH3yloulero npeo6pasosanus Bupkroga.

PaccMOTPHM MHOXECTBO J6 BCeX CTENMEHHHX PAA0B

H=Zh.x'y’, k= (R, ..., k), s=(51,..., s,),

CXOASILIKXCST B HEKOTOPOH OKPECTHOCTH TOUKH x=y=0. Bpenem B
¢ cnelylollyl0 TOMOJOTHIO J: OKPECTHOCTBIO CTeneHHoro psiaa H*
¢ K03pHUHEHTAMH hy,* MB OyleM Ha3HBaTb MHOXECTBO CTeNeH-
HHX PANOB C KO3(QQHUHEHTaMH h,,, YAOBIETBOPSIOHMH HepaBeH-
cTBaM | hps—hp* | <eps, TAE €x, — NPOM3BOJIBHAS  MOCHCAOBATEIb-
HOCTb MOJIOXKHTEJIbHHX YHCe.

Teopema 14. B n060it okpecTHOCTH 1060l ToukH H*€X
HalilleTCsl raMHIbTOHHaH H TaKoM, YTO COOTBETCTBYIOLIASi KaHOHH-
Yeckas cHcreMa (26) He HMeeT He3aBHCHMOro OT QYHKUMH H HH-
Terpana, aHaJHTHYECKOTO B OKPECTHOCTH PaBHOBeCHs x=y=0.

Takum 06pa3oM, HeHHTerpupyemble CHCTEMB BCIOAY IJIOTHH
B . B yacTHOCTH, BCIOAY MJIOTHW FaMHJbTOHOBH CHCTEMH, ANf
KOTOpHX pacxoaHTcs npeoGpa3oBaHHe DBupkroda. Hpes nokasa-
TeNbCTBA TeOPeMHl COCTOHT B caeayloieM. [lycts

F=Zfux'y (27)

GopmanbHuii WHTerpan ypaBHenn#i (26), He3aBHCHMHI C dyHx-
udet H. Ero cyuecTBoBanHe BHITeKaeT M3 TeopeMH bBupkroda
(ra. 4, n. 1.3). MoxHo noka3atsb, 4To B Ji060it OKPECTHOCTH TOYKH
H*€3 wahinerca ramuabronuan H, KOTOpOMY oOTBeuaer ¢opMasb-
HHA pan (27), npHuem GeCKOHEYHO MHOro ero K03 pHUHEHTOB
YROBJETBOPSIOT oueHke |fy,|=m™ , rae m=|k|+|s|. 310 no-
CTHraeTcsi BHOOPOM COGCTBEHHHIX 3HAUeHHit Ay, ..., A., JOCTATOUHO
GLICTPO NPHOJHIKAIOUIHXCS PAaUHOHAJBHHMH UYHCAaMH. C Apyro#t
CTOPOHH, eCiH ypaBHeHHs (26) HMeIOT aHaNHTHYECKHiA HHTerpaJ,
He3aBHCHMHI oT H, To cnpaBeannBa oueHka |f,, | <cm™ c=const.
Bce aeranum nokasartenscrBa MoxHO HaiiTH B pabore [35]:

OtHocuTenbHO pacxogumocT npeoGpasoBaHHs Bupkroda cnpa-
BeANHBa Gosiee CHJBHAS.

Teopema 15 ([36]). ®yukuuu Tamuabrona H co cxoms-
lumes npeo6pasosanHeM Bupkroda obpasyior B ¢ noaMHoxect-
BO nepBo# kaTeropud Bapa® B tonosoruu 7.

Bonee Touno, 3urens (C. L. Siegel) nokaszan CylliecTBOBaHHe
GECKOHEYHOr0 CYETHOr0 MHOXECTBAa AHANHTHYECKH He3aBHCHMBIX

" To ecTh cro MOXi0 NPeACTanHTL B BHAE KOHEYNOTO MM CHCTHOrO obbean-
HEHHA HHrJe He N.IOTHRIX MHOXECTB.
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cTenedHux paaos @,, @, ... OT 6eCKOHEUHOTO YHCJIA MNEepeMEeHHHX
hne, @6CONIOTHO CXORAUWIMXCH NPH |h,, | <e (Ans Bcex k, s) Takmux,
4YTO ecAH TouKa HEF cxoasmumca npeoGpasoBanneM bBupkroda
NPHBOAHTCA K HOpMaJabHoii opMe, To B 3TOil TouKe MNOUYTH Bce D,
(kpome, OLITb MOXeT, KOHEYHOro yucna) OOPaIL3IOTCA B HYJb.
Tak kak dynkuun @, aHaAHTHYHH, HX HYJIH HHUTAE He NJIOTHH B 6.
Crie10BaTeNbHO, MHOXECTBO TOUEK W3 Jf, YAOBAETBOPAIOUWIHX XO-
Ts Gbl OXHOMYy ypaBHeHHI0 ®,=0, wHMeeT nepByl0 KaTeropHio B
cmbicne Bspa. Ecan Mb nonmiTaemcs HccnegoBaTh  CXOAHMOCTD
npeoGpa3oBanus Bupkroda B Kakoh-HHOYAb KOHKPETHOR FaMHJIbLTO-
HOBO#H CHCTeMe, TO NPHAETCA NMPOBEPHTbL BHMOJNHEHHe GeCKOHEMHOro
YHCa ycaoBHid. [l 3TOrO  He M3BECTHO HHKAaKOrO KOHEYHOTro
MeTOa, XOTs1 BCe KO3QPHUHEHTH paaoB O, MOKHO SABHO BHYHC-
AuTb. J10Ka3aTesbCTBO TEOPEeMB OCHOBZHO Ha TLIATeJbHOM aHa-
JiH3e H30/IHPOBAHHHX JOJIFONEPHOAHYECKHX PelleHHH B OKpecTHO-
CTH MNOJIOXEHHS] paBHOBeCHA. Tak 4TO B HAeHMHOM OTHOLIEHHH OHO
TaKXe BOCXOAHT K Gonee paHHHM HccsenoBaHuaMm [lyankape (cM.
n. 1.2).

3ameuaHHe. BBeleM B MHOXecTBe # HOBYIO TONOJOrHIO
J’, paccMaTpHBas B KauecTBe OKPeCTHOCTeil psfa ¢ ko3 Puunen-
TaMH h\,* Bce CXOAsIIHMeCS CTeNeHHbie PsAB ¢ KodpOPHUHEHTaMH
hy,, ynosnerBopsiomMMH HepaBeHcTBaM |y —hy*| <e npu |2} +
+|s| <N nns HekoTopux €>0 u N>3. MoxHo NoKa3aTh, 4TO
OTHOCHTE/IbHO TOMOJNIOTHH J~’ MHOXeCTBO FaMHJIbTOHHAaHOB CO CXO-
RAHMHCS npeoGpa3osanusaMu Bupkroda Bcioay nnotHo B 6.
JeAicTBUTeNbHO, ec/iH B OPMaNbHBIX CTENEHHBIX PAAAX, 3aA2I0MWHX
npeo6GpasoBanHe Bupkroda, Mbi OT6POCHM ujeHbl cTenmeHH 60Jb-
we N, a 3ateM noAnpaBuM KO3(QHUHMEHTH PSAa LAHHOTO raMH/b-
TOHHaHA NpPH CTAPLUIKX YJEHAaX, TO MOJYYHM CXOAslieecss KaHOHH-
yeckoe npeoGpa3oBaHHe, NpHBOAsAUIEe MOAHDHLUHPOBAHHbBI TaKHM
Cnoco6oM raMHALTOHHAH K HOPMaJbHON dopMe. OTMETHM, 4TO TO-
nosorus J’, KOHeYHO, MHOTrO ciiabee TONONOTHH T

C nomoubio MeToaa 3uredss MOXKHO [0Ka3aTh BCIOAYy NJOT-
HOCTb HEeHHTErPHPYEMbIX CHCTEM B HEKOTOPbIX MOANPOCTPaHCTBAX J6.
B kayecTBe npuMepa paccMOTpHM ypaBHeHHe

. OU n
X = —0—xy xER [] (28)

KOTOpOe OIHChIBaeT J[ABHXXeHHe MaTepua.anoﬁ TOYKH B CHJIOBOM
none c¢ noreHuHanom U(x). 310 ypaBHeHHe, pasyMeeTcsi, MOXHO
3anucaTh B FaMHJLTOHOBOI opMe:

x=H)/, y=—H,; H=y2+4+U(x).
HOycts U (0)=0, dU (0)=0. Torza Touka x=0 6yzer mnosoxe-

HueMm pasHOBecHsi. [Tosoxkum U =2 U; u nycrs U2=2 0,2x,2/2.
32

Bynem cuntaTh yacToTLl Mankx xoseGaHuit @, ..., ®, PaLHOHAJILHO

HE3aBHCHMBIMH.
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Bsenem npocTpaicTso U CTeNeHHbX PAAOB

CXOARIIAXCA B HEKOTOpPOH OKpecTHOCTH ToukH x=0. CHabaum U
TonoJoruet I, yKasaHHOH BHIUE ANA NPOCTPaHCTBa 6.

Teopema 16. B npoctpanctee % c tonosorHeir §  BCOAY
MJOTHH TOYKH, A/ISi KOTOPHX ypaBHeHHs (28) He MMeIOT HHTerpaaa
F(%, x), aHaNHTHYECKOrO B OKPECTHOCTH TOYKH X=x=0 H He3aBH-
CHMOTO OT HHTerpana sHepriu E=x23/2+ U (x).

INo-suaumoMmy, Toukn U€%, nas Kotopux mnpeobpa3oBaHue
Bupkrogpa x HopMasbHO! (opMe CXOAHTCH, 06pa3yioT B 24 noaMHo-
JXKeCcTBo NepBOi KaTeropHH. [lokasate.incTBo TeopeMn 16 conep-
XHTCs B paborte [13).

B cBA3u ¢ aHaAH30M HOpMaJbHHX (GOPM NOJE3HO HMEeTb B BHAY
caeayoulee BaxkHoe 00CTOATeNIbCTBO: pacxofdsileecs npeoGpasopa-
HHe DHpkroda MoxeT CXOZHTbCA HAa HEKOTOPOM aHaJIHTHYECKOM
HHBapHaHTHOM MHOrooGpasuu A, collep)KallleM MOJOXKeHHe DPaBHO-
BecHsi. BosHHKaiomlas npu 3TOM AMHaMHYecKas CHcTeMa Ha A 6y-
netr uHterpupyemoi. KnaccHueckHil npumep Takoil CHTyauuu no-
cTaBasieT HaM

Teopema 17 (A. M. Jlanyuos). Ecau npu Bcex s>1 oTHo-
eHHe A,/A; He SIBJASETCS UEJbLIM YHCIOM, TO CyHIeCTByeT o6paTH-
MOe aHalHTHYeCKOe KaHOHHYecKoe mnpeo6pa3oBaHHe X, y—E, 1,
KOTOpOe NMPHBOAHT raMu/AbTOHHAH. H (x, y) k BHAY

@ (p)+O(lL[»,

rie @ — pyskuus oaHoi nepemeHHon p=§,2+mn?, a {= (ks ..., En
N2, ...y Mn)-

Takum 06pa3oM, Ha HHBapHaHTHOM MHOroo6pasuu A= {{=0}
raMH/JbTOHOBa cHCTeMa (28) npHMBOAMTCA K CHCTEME C OAHOH CTe-

NeHbio ¢BO6OAN:
%1—"—'2([’.';’]11 N = — 24,

Cnenosatenbio, p=const u & +in =cexp(—2i®,’)t. da3osas
naockocth R?={;, m} paccloeHa Ha HHBapHaHTHHE KOHLEHTDH-
YecKHe OKPYXKHOCTH E;°+1m2=p, MO KOTOPHIM NPOMCXOAHT PaBHO-
MepHOoe ABHXeHHe c uactoto @,’, 3aBHcAlled OT p, npHYeM
Q,’ (0) =1,/2.

AHaNorHuHOe yTBep)KAeHHe CNpaBeAIHBO M B TOM CJyyae, KOr-
Aa CpeiH XapaKTePHCTHYECKHX YHCea A, eCTb BeluecTBeHHas napa
Ay, —A;. B 3tom cayuae p=Em, (noapobHocTH cm. B [37]).

3ameuyanue. Kak nokasan 3urean, yciosue i, /A6Z (s>1)
B TeopeMe JlanynoBa oT6pocHTh Heab3a. OGoGLUeHHs TeopeMhl Ha
ciyuaii, Koraa 3To yC.iOBHe He BbINO.IHSETCs, ¢M. B paborax Posas

(J. Reels) 1971 1.
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Bce cka3aHHoe Bobille ¢ HEOOXOAMMBIMH H3MEHEHHSIMH MOXHO
pPacnpoCcTpaHliTh, HanNpHMep, Ha Clyyail HOPMaJbHHX GOPM raMuJb-
TOHOBBIX CHCTEM B OKPEeCTHOCTH NepHoauuyeCKHX TpaekTopHii. O6-
CTOAITENbHDbIN aHAJH3 CXOAHMOCTH HOpMaNH3YIOWIHX npeobpasoBa-
HUil (NpHYEM He TONbKO YPaBHeHHHI ['aMH/IbTOHA) MOXHO HaHTH
B kuure A. J1. Bpouo [61].

§ 5. BerBaenue pewennii
H OTCYTCTBHE OJHO3HAYHbIX HHTErpPajioB

B GoabliuHCTBe NPOHHTErPHPOBAHHHX 3aj4auy [aMHJIbTOHOBOW
MeXaHHKH H3BeCTHbie NepBble HHTErpajibl NMPOJOJKAIOTCA B KOMO-
JIEKCHYI0 06s1acTb H3MeHeHHs KaHOHHYeCKHX IepeMeHHHX A0 He-
KOTOpPHIX rojoMopdHbIX HJIH MepomopdHeix ¢yHkuu#i. B stom na-
parpade Gyaer mokasaHO, YTO BeTBJ/IeHHe pellleHHH raMHJbTOHOBHIX
CHCTEM B MJOCKOCTH KOMIIEKCHOTO BpeMeHH B ofieM cjayyae npe-
MATCTBYET NMOSBJEHHIO HOBbIX ONHO3HAUHBIX NMEPBHIX HHTErpajos.

5.1. BerBaeHue peileHHA — NpensiTCTBHE K HHTErPHPYEMOCTH.
Mycts Dec,o={I/€C":Re/léD=R™ |Im/| <8}, T¢=C"/2nZ" — komn-
JgeKcHHA Top (Haa R 3to T"XR"™) ¢ KOMIJIEKCHO-YrJIOBEHIMH KOOp-
OHHATaMH @y, ..., @, mod 2n, E — HeKOoTOpast OKPECTHOCTb HyJsl B
€. Mycts H: D¢, sXT¢X E—~C — ronomopdHas ¢yHKUHS, KoTOpas
npx AeHCTBHTEJbHBIX 3HauyeHHAX [, @, € NPHHHMaeT AEHCTBHTEJNb-
Hble 3HaueHus, npuueM H (I, @, 0) =H(/).

psamoe npousBeserne D¢,y XT¢ cHaGXkeHo mpocTeiiile# cHMN-
JeKTHYECKOil CTPYKTYpOil, B KoTopo#t ypaBHeHHs ['aMHJIbTOHA C ra-
MHJIbTOHHAHOM f1 HMEIOT KaHOHHYEeCKHH BHI:

dl __ 0H dy _OH _
W__W’ -F—‘?—l‘-; H——H0+8H1+...o (29)

Bce pewenns cucremsl ¢ ¢yHkuue#t 'amuabrona Ho ofHO3HAUHbBI
Ha KOMILTEKCHO{l MJIOCKOCTH BpeMeHH {€C:

I=0° @¢=¢°+0 (/%)
IMpu 0 pelueHns «BO3MYLIEHHBIX» ypaBHeHH# (29), Boo6ue ro-
BOPS, yXe HeoAHO3HauHBl. ITycTb y — HEKOTOPHIA 3aMKHYTHIil KOH-
TYp Ha KOMIJEKCHOM NIOCKOCTH BpeMeHH. COracHO M3BECTHOH

reopeme [Tyauxape, pelleHusi ypaBHeHHit (29) MOXHO Pa3NOXKHTDH
B CTeNeHHble pAAbl

I=I04el"t)+..., $=40totteil(H)+...,
nNO=...=¢0)=...=0, (30)
CXOASILIHECS NMPH AOCTaTOYHO MaJbIX 3HAaYeHHAX napaMerpa e, ec-
JH 1€y, i
Dyaem roBopuTth, 4TO aHanHTHYecKas Bekrop-pyHkuus f(¢),

t6C Heo1HO3HAYHA BLOJb KOHTYPA y, €CIH OHa HCULITHIBAET CKauoK
Al =t%0 npu obxope y. Ecau, nanpumep, pyukuns I'(¢, I° ¢°)
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HeONHO3HayHa BAOAb y, TO NPH MaJbX 3HAYEeHHAX napaMerpa e
Bo3MyIllleHHOe peweHHe (30) ToXe He0NHO3HAYHO BAOAb KOHTYpa
v. Cxauok Al' paBeH, OYEBHAHO,

0H,
§=§<v<t)dt, O(t)= -5

19, o+ (o)t

Ecnu npn ¢uxcHpoBaHHHX 3HaveHMsix | ¢ynxuusa F, rosomopdua
B T¢, 10, KoHeuHo, §=0. OnHako B NPaKTHYECKH BaXHBIX cAydasx
3Ta QyHKUHS HMeeT oco6eHHOCTH (ckaxeM, moJaiochl). Iloatomy
M Oyaem CYHTaThb (YHKUHIO rojoMmopdHOi JHWL B 06/1acTH
Dc, o XQXE, rne Q —'cBa3nas obsacts B T.*, coaepKauias AefcT-
BHTEJbHHA TOp Tx™ M 3aMKHYTHHi KOHTYp I', KOTOpHIi sBAseTCS
o6pa3oM KOHTypa y npH oTobpaxeHun @=q¢°+w(/0)¢, t€y.
3aduxcupyem HavaJbHbie faHHbe /%, @ u 6yneM HenpephiBHO
AepopMHPOBATHL KOHTVD 9 TaK, 4TO NpH 3ToM KOHTYp I' He nepe-
ceyeT HH OAHOR oco6oi ToukH ¢ynkuun H. Toraa, cornacHo Teo-
peme Ko, pyuxuus /'(f) npu o6xone nedhopMHPOBaHHOrO KOHTY-
pa OyheT H3MeHATbCA CHOBAa Ha Ty Xe BesHyuHy E<0. C apyro#
CTOPOHHI, TaK Kak peweHHs (30) HempepulBHH NO Haua.1bHBIM JaH-
HHM, TO HeoAHO3HayHocTb ¢yHkuuu /'(f, I° ¢°) BROAL KOHTYpa ¥
6yler HMeTb MecTO M AJisi Bcex G6JHM3KHUX 3HaueHuit [0, ¢f.
Teopema 18. [TycTh BHMOJNHeHH CJeAylOliHEe YC/JIOBHSA:

1) det|9%Ho/0I?| %0 B Dc, s,

2) Ans HEKOTOpHX HayaabHHX AaHHbIX /% @° ¢yHkuus I' He-
OJIHO3HAaYHa BNOJb 3aMKHYTOro Kontypa ycC{{}.

Toraa ypaBHenuss (29) He MMelOT NOJHOrO Hab6opa He3aBHCH-
MbiX OpMaJbHBIX! HHTErpaJoB

o
F,=XFs(, 9)e (1<s<n),

i=0
K03 PHUHEHTH KOTOPBIX — OJHO3HAYHble rONOMOPGHbE PYHKUHH B
IpiMOM npousBefeHHH VXQcDe, sXTZ rie V — okpecTHOCTD
Touku [° B D¢, 5 ([79], [12]).

< YkaxeM OCHOBHble MOMEHTH [AOKa3aTeabCTBa TeopeMul, Kak

BCErja, NoKaxeMm cHayana, 4yto Gyukuuu F; (/, ¢) He 33aBHCHT oT ¢.
Nycts (I, 9)€DXT}E  u Fi=®;4i¥;. Torna ®;, ¥:— nepsuie
HHTerpajinl HEeBHPOXAEHHOH HeBO3MylleHHOH cHcTeMb. Coraaco
nemMe 1, oHM He 3aBHcAT OT @€Tgp". Koraa ¢€Q, nocTosiHCTBO
GyHKuHH Fo® BHITEKAeT H3 CBA3HOCTH 06/1aCTH Q H eAHHCTBEHHOCTH

aHaJMTHYECKOrO NMPOJOJIKCHHUS,
3atem nokaxeM, uto ¢yuxkuuu Fo (/),...,F) (I) 3aBHcHMH B

) Mut cHOBa cunTaeM, YTo opMadbHblil pal F=XF g — uurterpaa xanonuuc-
ckux ypaBHenuii (1.1), ecan dopmansio {H, F}=0. Jlerko nonste, “To B 3TOM
€Iyuae KOMRO3KIKA cTemeHHWX psios (1.2) u IF.ef 6yier cTeneninv psiom ¢
NOCTOAHHHIMH KOpPHUHEHTAMH.
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o6aacth V<De, ,. Heficteutenbto, tak Kak Fs(/, ¢, £€) — HHTerpan
KaHOHHYeCKol cHcTeMH (29), TO 3Ta ¢yHKUHS NOCTOAHHA Ha pe-
wennax (30). CnepoBaTeJbHO, ee 3HaYeHHS B MOMEHT BpEMEHH
téy u nocje o6xoaa KOHTYpa Yy COBNaAalioT:

Fs(Iod-el' (x)+...)FeFs(I04elt (t) + ..., P40t +
eV ()4 .. )+ ... =P pe (@) +EUN .. )+
FeF{ (IO oo P OT . ) ...

Pa3naras 3To TOXAECTBO B CTeNEHHHE pAAH NO &€ H NPHPABHHBASA
KO3ppHIUHEHTH NpH NepBOA CTENEHH e, NOJYUHM

<ao#, t) =0, l<gs<n.

-

Tak kak Cka4oK & OTJ/HYEH OT HYJA B OKPECTHOCTH TOUKH /9, TO
Axobuau

O(Fh. ... FB) _¢
o dn)

¢ ueaofi obaactu V, conepxainet touxy /9.
C zpyroit cTopoHb, npuMeHsas Meroa [lyankape w3 § 1, moxHO
A0Ka3aTh CYyNleCTBOBAHHE TAKWX HE3aBHCHMBIX MHTErpajoB

0,1, 9, =X Vi, et
i>0

¢ kosdpodHuHeHTaMH, rotoMoppHENH B 06nacth WXQ (W — ma-
aas nopobaactb V), uro ¢ywkuun ®f,...,D; He3aBUCHMH. D>

IMpumep 1. BHoBb paccMoTpHM 3ajlady 0 GHICTPOM BpalEHHH
TAXKEJNOr0 HECHMMETPHYHOIO TBEpPAOro Teja BOKPYT HENOABHXHOM
toukn. Pynkuus Tamuabrona H B 3Tofi 3anave ectb Ho(/)+
+eH, (I, 9), IEAcCR?*{l}, @€T? (cM. n. 1.3). Boamymarouyio ¢ynk-
uuio H, MOXHO NpPeACTaBHTb B BHAE CyMMH

hi(I, 9)elo+hy (1, 0)eto 4Ry (1, ¢,),

npuuem npu QHKCHPOBaHHHX 3HayeHHax [JE€A oynkumu h(/, 2)
(1<<s<<3) — anaunTHyecKHe  (ABOAKOMEpHOAHYECKHe MepoMopd-
HHe ¢yHKuuH or 2€C). CnenosaresibHo, raMuabToHHan H mnpo-
LOJXKaeTcs A0 OAHO3HayHOH MepoMopdHoi QyHKunn B TZ.

IMyers ¢°=0, a /° npuHannexur muoxectBy Ilyankape Bo3-
MyLEHHOM 3aaaud. PaccMOTPHM Ha KOMMJEKCHOH NJIOCKOCTH t€C
3aMKHYTHil KOHTYp y-— rpaHuuny npsaMoyroisiika ABCD (cm.
puc. 66). 3xecb T u iT’ — COOTBETCTBEHHO MEACTBHUTEJIbHHIA H YHC-
TO MHHMMBHE TepHOAbl 3aaHATHYECKHX ¢yHkunuil fs(/° ©12), 0=
=0H,/dl,. Yucno t sH6paHo Tak, YTOGH 3TH MepOMOpdHHE PYHK-
UHH He MMeJH MOJIOCOB Ha y. MOXHo mokas3ath, 4TO QYHKUHS
IX(¢, I° 0) Heoano3HauHa BAoAb KoHTypa y [79]. CaenopatennHo,
pellleHHst BO3MYLUIEHHOH 33a4YH BETBATCA B MJOCKOCTH KOMIJEKCHO-
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T0 BPEMEHH H 3TO 0GCTOATEILCTBO NPenATCTBYEeT MOSBJEHHIO HOBOIO
OAHO3HAYHOro HHTerpana. &

iTh- D ¢
A 8
< ¢+T

Puc. 66

Vicnosb3ys BeTBJICHHe peLUeHHH, MOXXHO YCTaHOBHTb OTCYTCTBHE
OLHO3HAYHHIX AaHAJIHTHYECKHX HHTErpasoB NMpH MajbX, HO (HKCH-
pOBaHHHX 3HayeHHAX napaMerpa es=0 (cm. [72]).

5.2, I'pynnsi MOHOADPOMHM TAMMJALTOHOBLIX CHCTEM ¢ OLHO3HAY-
HbiMU HHTerpanamu. Hannune HeoNHO3HAUHBIX pelIEHHH MOXHO
YCTaHOBHTb He TOJbKO C NMOMOULBbIO Pa3fNoKeHHN B pAAL Mo CTeme-
HAM MaJnoro napamerpa. Ias stoi uean A. M. Jlanysos B 1894 r.
NPEANOXKHI APYrod METOA, OCHOBAaHHBLI Ha aHa/jiH3e ypaBHEHHH B
BapHAUHUAX AN H3BECTHHIX ONHO3HAYHHX peweHHH. MW yxe npH-
MEHANH Merop JlsnyHoBa npH HCCAENOBAHHH AHANHTHYECKHX OCO-
GeHHOCTeli KPAaTHHX CTONKHOBEHHA B 3aflaye MHOTHX Ten (CM.
ra. 2, 0. 2.4). B stom nyHKkTe MH CnepBa 3aiiMeMcs HCCJae0BaHHeM
JIHHEHHBIX FaMHJbTOHOBHIX YPaBHEHHH C roJOMOPOHBIMH KO3(DH-
IIHEHTaMH.

Ilycts H=<z, A(t)2>/2 — KBaapaTHYHas (GopMa OTHOCHTENbLHO
z€C?, A(t) —sananHas 2nX2n MaTpHua, Ko3(@HUHEHTH KOTO-
poit — ronoMopdHue QYHKUHH, OnpeieNeHHHe Ha HEKOTOPOR pH-
MaHoBo# nosepxHocth X. Ecau, Hanpumep, 3/eMeHTH MaTpHuM
A(t) —mepomopdpHue Ha C ¢GyHKUHH, TO X — 3TO KOMMJEKCHas
IJIOCKOCTb C HEKOTOPHM KOJIHYECTBOM BHIKOJIOTHX TO4YEK (noJio-
coB). Jlunefinble ypasHenus [aMuabToHa ¢ ¢yukuuedr H 6ynyTt
HMeTb BHA

z=I1dH=IA(t)z. (31)

JlokanbHo Npu 3aAaHHOM HayaabHOM YCJOBHH 2(fy) =2z, BCer-
Aa CywecTByeT OAHO3HAYHO ONpelesieHHOe roloMOp(dHOe pelleHwue.
Ero MOXHO npoaosxarb BAOJAb J1060it KpuBOofi B X, OOHaKo 3710
Npolo/KeHHe B O6llem cayyae yxKe He OyAeT OAHO3HAYHOM QYHK-
uueii Ha X. BerBnenne pewenuit nuHeiHOH cHcTemH (31) onHCH-
BaeTcsl ee TPynmnoii MOHOADOMHH G: KaXXAOMY 3/eMeHTV o (yH-
RaMeHTaJbHOi rpynnul 7 (X) cooTBercTByer 2nX2n Matpuua T,
TaKasi, 4yTo nocje 06xofa BAOJbL 3aMKHYTHIX MyTeii H3 TOMOTOMH-
HeCKoro KJjacca ¢ 3HayeHHe QyHKUHH 2(f[) CTaHOBHTCS pPaBHHM
Toz(t). Eciu v— apyroii aneMent rpynnd gt (X), 10 Tig=T.T,.
Cootsercteue ¢—T, onpefensier TeM caMbiM FOMOMOP(H3M rpynn
m (X)—G.
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Hac 6yzer uHTepecoBaTh 3ajlaya o HaJH4YKH Y ypaBHeHus (31)
ronoMoppHbix HuTerpanos F: C?nx X—»C. Tak kax J1060fi HHTer-
pan F!z, t) nocrosHen Ha pellleHusx ypaBHenuit (34), To npm
KaxaoM %€X dynkuusa F(z, f) HHBapHaHTHAa OTHOCHTENIbHO HeHCT-
BHA rpynnu MoHoapoMHH G. 310 cBoficTBO Hajaraer JKeCTKHe
OrpaHHYeHHs Ha BHA NepBHX HHTerpanos: ecau rpynma G pocra-
TOYHO «6oraTa», To HHBAPHAHTHHIMH (YHKUHAMH (HHTErpaiamH)
SIBAAIOTCA JHLIL KOHCTAHTHL.

[Tockoabky cucrema (31) ramunanTOHOBa, TO NpeoGpa3oBaHHsR
TPYNNbl MOHOAPOMHH SBJAIOTCS CHMNJEKTHYECKHMH. 3afaua 06 HH-
Terpasax rpynnm CHMIVIEKTHYECKHX mnpeoGpa3oBaHHi H3yuyeHa
C. JI. 3uraunuM B pa6ore [73]. MH KpaTKO H3/I0XKHM ero pesyJb-
TaTH.

Corsaciio mpeanoxernio 1, coBcTBeHible 3HAUEHHST Ay, ..., Aon
CHMIVIEKTHYECKOro npeoOpa3oBamus g:C?'— C?* pa3buBaloTcsl Ha

napsl A,=A;}ly, ..., Ay=Az;. Ha3soeem npeoGpasoBamne geG uepe-
30HAHCHbIM, €C/HM H3 paBeHCTBa M"‘...}»,',”n=1 C UeJbIMH My, ...

..., m, caeayer, uto Bce m;=0. lpy n=1 310 yc/i0OBHE O3Ha-
yaeT, YTO A He siBAseTCA KopHeM u3 1. Tlyctb 7T —mMaTpHiua Hepe-
30HAHCHOrO CHMILIEKTHYECKOro oToGpaxenHs g. Tak Kak HM OIHO
M3 COOCTBEHHHIX 3-iaueHuil Matpuusl 7 He paBHO 1, TO ypasnerue
Tz =2z uMeeT TpuBHaJbHOE pellienne 2=0.

Yno6HO mnepefiTH K cumniaexmuweckomy 6asucy oTobpakeHHs
g: eCaH 2=(X, Y), X=(X1 «..s Xp)y Y=(Yp» ...+ Yn) —KOOPAHHATHI
B 3ToM Gasuce, TO g:(x, y)— (Ax,*A'y). GumnaexTHyeckuit Gasuc
cywecTsyeT, ecad Bce A,s=1 (1 <s<n) (310 yTBepxAeHHe AOKa-
3aHo, Hanpumep, B kHure [37]).

Mycts F (z)=21:'s (2) —uHTerpan orobpaxenus g. Toria Bce
>1
IHOPOAHBIE (bopsm,x F, toxe O6yayr wuurerpasamu. [lycTb

_
F.(x, y)= 2, fux*y'. Toraa, ouesuano,
Rtlm=s

ka,x"y’ = Elk"fk,xky’..

Ec;iH g Hepe30HaHCHO, TO S YeTHO H fr=0 nphn kz=l.

Teopema 19 [73]. MNycts g€G HepesoHaHcHo. Ecan ramuas-
TOHOBAa CHCTEMa HMeeT 1 HE3aBHCHMHIX TOJIOMOP(HHX HHTErpasnos
F:C*"XX—C, 1o ao6oe npeobpasoBanne g'€G HMeeT Ty Xe He-
MOABHXXHYIO TOYKY, YTO M g, H NepeBOAHT cOOCTBEHHLHIE Hampas-
JeHHsA g B COOGCTBeHHble HampasjeHus. Ecan npH 3TOM HHKakHe
k=2 co6CTBEHHbIX 3HaueHHi mnpeoGpasoBaHus g’ He o6pa3yioT Ha
KOMIJIEKCHOH MJIOCKOCTH MNPaBHJBHOTO MHOTrOYrolbHHKa C LEHT-
poM B Hyne, TO g’ KOMMYTHpYeT ¢ g.

IMocnenHee ycnoBHe 3aBenOMO BHINMOJIHAETCS, €CAH g’ TOXe He-
Pe30HaHCHO.

Mu ceityac aokaxem TeopeMy 18 aas npocTOro, HO BaXHOTo
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ANA NPHJIOKEHHHA cayuasi, Koraa n=1. IlycTe co6CcTBeHHOE 3Ladye-
HHe 0106pax(e|-mﬂ g He ﬂBn?eTCﬂ KOpHEeM H3 €JIHHHUW H NYyCTb
(%, y) =z — cumnaekTuueckuit 6asuc Aas g. Co6eTBeHHHE Ha-
npasieHHs g — aBe npsmue x=0 u y=0, Buie 6bis0 nokasano,
4TO J1060% OAHOPOAHBIA HHTErpan g uMeer BuA c(xy)*, s€N. [lycts
&’ — npyroe oroGpaxeHHe u3 rpynnu G. Ho,cxo.nbxy byHKIHSA
(xy)® uHBapHaHTHA OTHOCHTEJbHO AEACTBHA g, TO MHOXECTBO
xy=0 ocraeTcsi HEMNOABHXHHIM NpH OToGpaxednn g’. Tak kak
&' — HeBHpPOXJEHHOe JHHeliHOe OTO6paxceHHe, TO TouKa x=y=0
HenoABHXHA H OTOGpaxkeHHe g’ NHGO coxpaHseT cOGCTBeHHHE Ha-
npaBeHus oTo6paxeHus g, Au6o nepecraBaseT ux. B nepsom cay-
Yae g’, O4EBHAHO, KOMMYTHPYeET C g, @ BO BTOPOM CJ/iy4yae OHO HMe-
€T BHA

x—ay, y—Ppx.
Tak kak oToGpaxcenue g’ CHMI/IEKTHYECKOE, €r0 MaTpHLLA

0Oa
s=|lg 8l
YAOBJETBOPAET YCJIOBHIO
S*IS=1,
oTkyAa af= —I1. Ho B 3Ttom cayyae co6cTBeHHBIE 3HAYEHHS ‘MaT-

puubl S paBubl +i. ToukH =i 06pasyoT Kak Pa3 TOT HCKJIOYH-
Te/bHHIA NPaBHIbHBIA MHOTOYTONbHHK, O KOTOPOM HIeT peds B 3a-
KJioueHHH TeopeMbl. UTto H Tpe6oBanoch A0Ka3aTh.

PaccMoTpum cayuyait, Korna saeMeHTH matpuus A (f) — oauo-
3HauyHble IBOAKONEPHOLHYECKHE MEPOMOP(Hble (QYHKUHH BpeMeHH
€C, HMelOlHe BHYTPH Mapanne/orpaMMa NepHOAOB TOJLKO ONHH
nosoc. MoxHo cuutath, 4T0 A(f) — MepoMmopdHas GyHKUHS Ha
KOMIIEKCHOM Tope X, MOJydeHHOM H3 KOMMNJIEKCHOH NA0CKocTH C
}akropusaumeit no pemwerke nepuosos. PaccMOTpHM aBa cumn-
MEKTHYECKHX OTOGpakeHHss g M g’ 3a mepHoiAn MaTpHum A(f).
[IpeanonoxXuMm, uto HX COGCTBEHHbHE 3HAYEHHS YILOBJETBOPSAIOT
ycrosusim Teopemul 18. Toraa mnsm Toro 4rto6m ypaBuenne (31)
HMEJI0 1 He3aBHCHMBIX aHANHTHYECKHX HHTErpajoB, Heo6XOLHMO,
4TOON ¢ H g’ KoMMyTHpoBaaH. CJie0BaTeNbHO, o6xoay oco6o#
TOYKH (3nemeHty gg'g~'g’~'€G) Gyamer OTBeyaTb TOXIECTBEHHOE
orobpaxkeHHe npocTpaHcTsa C2n.

[TycTb HenHHeliHas raMHABLTOHOBA cHCTEMa

z=IdH, zeC™, (32)

HMEeT YaCTHOE pelieHHe 2, (f), OAHO3HAYHOE HAa €ro pPHUMAaHOBOH mo-
BepxHOCTH X. TMonokum u =2z — zy(¢). Toraa ypaenenue (32) MoxuO
nepemicath B caelvioulem Buie:

u=[H"(zg(t)t+ .... (33)
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Jlunefinoe HeaBTOHOMHOE YpaBHEHHe
u=IH"(t)u

6yneT ypaBHeHWeM B BapHaLMaX Ias peuleHHs 2y(f). OHo pa3ymeer-
€4, 6yAeT raMWiIbTOHOBLIM C ¢yHkiuHelt ["aMHaAbTOHA

5 Cu H () .

Wnrerpany H (z) aBTOHOMHOM cucTemn (32) cOOTBETCTBYeT JHHEH-
HBll HHTEerpa/ ypaBHEHHH B BapHauluaX:

CH (zo(t))s 1) .

C ero moMoubio MOXKHO, HalpHMep, MOHH3HTbL YHCJIO CTeNeHed CBO-
6oan cucTeMH (33) Ha eAHHHLY.

[Tpeanonoxum, uto HeauHelHoe ypaBHeHHe (32) HMeer He-
CKOJILKO ~ HE3aBHCHMHX  TOJOMOP¢HHX uHTerpatoB  F(2)
(1<<s<<m). Torpa ypaBHenne (33) Takxe 6Gyaer HMeTb [MepBHE
uurerpann. Mmu 6yayr onHopoaHule GopMbl pasiokenuit QyHKUHHA
Fs B pAdH MO CTENEHAM u:

(Fs'(20(8)), ud+....

AtH ¢opMb — ronoMopdHLe GYHKIHH B TNPAMOM NPOH3BEACHHH
C2nx X. CnpaBepsHBa

Jlemma 7. Ecau ypaBheHHe (32) #MeeT m He3aBHCHMHX HH-
TerpaJjioB, T0 ypaBHeHHe B BapHauuax (33) HMeeT m He3aBHCHMBIX
NOJMHOMHAJbHBEIX HHTerpanoB ([73]).

Takum o6pa3om, 3afaya 0 NMOJHOA MHTETDHPYEMOCTH I'aMHJbTO-
HOBHIX CHCTEM B KOMIIEKCHOH 06/1aCTH CBOAHTCA K HCCJIELIOBAHHIO
HHTErpHPYEMOCTH JIHHEHHBIX KAaHOHHUYECKHX CHCTEM.

Cnenys A. M. JlanyxoBy, C. JI. 3HrIHH NPHMEHHJ] 3TH DPe3yJb-
TaThl K 3ajaue O BpAILEHHH TAXKEJOro TBEpPAOro Tejsa BOKPYr He-
noABHXKHOH ToukH. OKa3anoch, 4TO KOMONHHTENbHHH ronoMopHHIA
(v maxe MepoMmopdHBIi) HHTerpaJj CVIIECTBYeT TOJNLKO B Tpex
KJacCHUeCKMX cayuasx Dinepa, Jlarpauxa u Kosanesckodt. Ecan
3aHKCHpOBaTh HYyJIeBOe 3HaueHHe MNOCTOAHHOH mjowanei, To K
9THM cAyuyasM Halo A06aBuTb eiie cayyali I'opsueBa—Yanabruua.

C noMoUibI0 3TOTO METOAAa MOXKHO H0KAa3aTb HEHHTErPHPYEMOCThb
TaMHJbTOHOBOH cHcTeMbl X3HoHa — Xeitneca (npuMep 2, nm. 1.3
r. 5) He TONbKO B KOMIIEKCHOH, HO H B AEHCTBHTENbHOH 06.1acTH.
AHaOrMyHLIH pe3y/ibTaT CpaBelJIHB AJs OAHOPOAHOR ABYXKOMIO-
HEHTHON Mojenu ypaeuenutl fInea—Munaca, onHCHBaeMOR raMH/b-
TOHOBOH CHCTEMOH C FaMHJIbTOHHAHOM

1
H =5 (p?+ PP +929,"

Bonee TpyZHbI BOMpPoc O CyUleCTBOBAHHH JOMOJIHHTENBHOTO Be-
IIECTBEHHOr0 @HAJHTHYECKOro HHTerpaja NpH MPOH3BOJBLHOM pac-
apejesNeHHH Macc B TBEDAOM Teje OCTaeTcs NOKAa OTKPHTHIM,
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3ameuanne B nociensee BpeMss BHOBb BOIDOAH.ICA HHTEPEC
K HHTErpHpoBaHHIO anddepeHUHaNbHBIX YPABHEHHH MEXaHHKH B
0-pyHkunsax (rak Ha3biBaeMas «anrefpanyeckasn HHTErpHpye-
MOCTb»). OThickaHHe HEOOGXOMMMMX ycJIOBHH a.qrerauqecxoni HH-
TerpHpyeMoCTH CJel1yeT MCTORY C. B. KosaJeBcKoil, npHMEHEHHO-
My eio B 1888 roay B AHHaMHKe TBepioro Te.id. C coBpeMeHHbIM
COCTOsiHHEM 3THX BOMPOCOB MOXHO MO3HAKOMHTHCA 1O paboraM

[65, 136, 137].

§ 6. TononOrHYECKHE H reoOMeTpPHYeCcKHe MPEensATCTBHA
K MONHOW HHTErPUPYEMOCTH HATYPANbHBIX CHCTEM
C ABYMS CTeReHAMH cBOGOAH

Cor.1acHo pe3yJbTaTaM BapHaUHOHHOrO HCYHCJAEHHA, J1000# 01-
HOMEpPHBLIA 3aMKHYTHIl UHKJ Ha MHOrooGpasni MoJ0XKeHHH MOXKHO
pea.iH30BaTh B BHJe TPaeKTOPHH NMEPHOAHYECKOro pelleHHs ROCTa-
TouHO 60JbILOH (HKCHpOBAaHHON HepruH. C Apyroii CTOPOHbI, NOYTH
BCce NepHORHYECKHe pelleHHs BMNO.JHe HHTETPHPYyeMOil CHCTEMbl ¢
n cTeneHsIMH cBOOGOAbLI PACNOJIOXKEHbl Ha N-MEePHBIX TOpax, O6belH-
HEeHHBbIX B r1afkHe ceMmeiicTBa, TakuM 06pa3oM, J0CTAaTOYHOE CAOXK-
HOe TOMOJIOrHYeCckoe CTpOeHHe MHOroobpasns IOJOXeHHi HaTy-
paJbHOIl CHCTEMBl SIBASIETCA MPEMATCTBHEM K ee MOJIHOH HHTerpH-
pyemocTH. DTy HAelo yJacTcs NOJHOCTbIO pea’aH3oBaTh B Cayuae
ABYyX cTeneHeill cB060AI.

6.1. Tononorus NPocTPancTBa MNOJNOXKEHHH WHTErpHPYeMO CHC-
tembl. Tlyctb M — cBsi3Hasi, KOMNakTHas, OPHEHTHpyeMas, aHa.jH-
THYECKasi NOBEPXHOCTb, KOTOpast CJYXKHT MPOCTPAaHCTBOM MoJioXKe-
HHIl HaTypaNbHOIl MeXaHHYeCKOH CHCTeMbl C [BYMSl CTelleHAMH CBO-
60abl. XOpowWwO H3BECTHO TOMO/IOTHYECKOEe CTPOEHHe TaKHX MOBepX-
HOCTeH -— 3TO cdepbl ¢ HEKOTOPHIM YHCJIOM % NMPHKJEEHHBIX pYyueK.
YHcao x — TOMONOrHYeCKHH HHBapHAHT — Ha3blBAaeTCs ee pPOJOM.

[TpocTpaHcTBO cOCTOSIHMI — paccaoeHHoe npocTpaHcTBo TAM —
HMeeT eCTOCTBEHHYIO CTPYKTYPY HYETHPeXMEpHOro aHalHTHYeCKOTo
MHoroo6pa3us. Byaem cunratb, uto sarpavxuan L=T+V sBaser-
cA aHaJMMTHYECKOH BellecTBeHHON ¢yHKuueit Ha TM. Ha tpaexro-
pusix ypaBHcHMs ABHAaeHHA [L1=0 noanaa sHeprus H=T—-V,
pa3yMceTcsi, NOCTOSTHHA.

Teopema 19, Eciu pon M Goabvuwe 1 (1. e. A meromeomopd-
na cepe S? u Topy T?), TO ypaBHeHHe ABHXKEHHS He HMeST Mepeo-
ro HHTerpaJa, aHa.juTHueckoro Ha TM u He3aBHCHMOro oOT HuTe-
rpa.a sHepriH.

Xopolo H3BeCTHbl MHOTOYMCJEHHble NMPHMEPHl HHTErpHpPyeMHIX
cHcTeM ¢ npocTpaHcTBoM noaoxeHuit 8% nan T2 B Gackoneuno
dundoepeHunpyemMom cayyae teopema 19 ne cnpaselinsa: 1as .1i0-
60ii riaikoil noBepXHOCTH M MOXKHO YKa3aTb «HATYpa.Tblinbtii»
Jgarpanxkuan L Takoir, uto ypaBHenune Jlarpauma [LI=0 wua TM
HMCeT riaikuii HHTerpaJj, He3aBHCHMBbI (Toynee, He BCIOY 3aBH-
cinmblii) ¢ pyuxkuneir H (cm. [13]).
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Teopema 19 sBasercss caeACTBHem 60.1ee CHJABHOIO YTBCpXKae-
HHSl, YCTaHaBJHBAIOWErO HEHHTETPHPYEMOCTb YPABHEHHA 1BHXKEHHS
npH (HKCHPOBAHHHX AOCTATOYHO GOJBILHX 3HAYEHHUAX NOJHOW
sHeprud. Touynas ¢opmysnHpPoBKa coctout B caeayiomieM. Ilpu Bcex
h>h*=maxx(—V) MHOXECTBO YpOBHA nOJHOH 3HepruH M,=
={H=h} sBasiercA TpeXMePHHIM HHBapMAHTHHM aHaJHTHUCCKHM
MHOroo6pasueM, Ha KOTOPOM €CTeCTBEHHO BO3HHKaeT aHa.IHTHue-
ckoe AH(pdepeHunanpHoe ypaBHeHHe. 310 ypaBHeHue GyleM Ha3H-
BaTb npuBeleHHHM. CnpaBeA/nBa

Teopema 20. Ecan poa M Goaswe 1, To npu Bcex h>h* npu-
BelleHHOe ypaBHeHHe Ha Mj He HMeeT mepBOro HHTerpana, aHa.H-
THYeCKoro Ha Bcem M, (cm. [13]).

3ameuanne Teopemn 19—20 cnpaBeanuBbl H B HEOPHEHTH-
PycMOM cJayyae, eCaH JAONMOJNHHTENBHO HCKJAIOYHTb MPOEKTHBHYIO
nnockoctb RP? u Gythiaky Kaeitna K. elicTBHTeNbHO, CTaHAapT-
HOe peryJisipHoe ABYJHCTHOe HakphtHe N—M, rae N — opuenTH-
pyeMasi MOBepXHOCTb, HHAYLHPYET HaTypajbHYyl0 cHcTeMy Ha N,
KOTOpas 06,1aaaeT AONOJHHTEJbHBM HHTErpaJoM, €C/H HOBHIf HH-
Terpaa ectb y cHcrteMbl Ha M. Ocraercs 3aMeTHTb, 4YTO pOA mo-
BepxHocTH N Goablue 1, ecin M neromeomopdua RP?2 u K. A

[Tycts & — rayccoBa KpHBH3HA pHMaHOBONi MeTpHkk MonepTion
(ds)?=2(h+V)T(dt)? na M. Cornacio ¢opmyae I'aycca—bBouue
(P. O. Bonnet):

| kdo=2ny, (M),
M

rae x(M) —sinepoBa XapaKTCPHCTHKA KOMIIAKTHOIl MOBEPXHO-
ctd M. Ecan poa M 6Goabuwe 1, To 3 (M) <0 u, caeaosarte.bHo, ra-
yccoBa KpPHBH3HAa B cpelaHeM OTpHuUaTeabHa. Ecau KpHuBl3Ha OT-
pHuaTenbHa BCIOAY, TO AHHaMH4Yeckas cHcteMa Ha M, Oy.aer
Y-cuctemod W, B YaCTHOCTH, 3proauyeckoit Ha My (cM. [3]). ItH
3aKJIIOYEHHS CMpaBelJHBbl H B MHOTOMEPHOM cayyae (HyXKHO TO.b-
KO noTpe6oBaTh OTPHLATEJbHOCTh KPHBH3HB MO BCEM [ABYMEDHbLIM
Hanpasaenusim). TIpu stoM AuddepenunasbHoe ypaBHeHHe Ha Mj
He HMMeeT JaXe HenpepLIBHOrO HHTerpasa, MOCKOJAbKY MOYTH BCe
TPAeKTOPHH BCIOAY NJAOTHH Ha M,. KoHeyno, KpHBH3Ha, OTpHUA-
TenbHasi B CpelHeM, AaJeKo He Bceraa OyleT OTPHLATeJbHOIl
BClOAY.

YKaxeM OCHOBHHE MOMEHTH 10KasaTeabcTBa Teopemb 20. Co-
rMacHO NPHHUKNY HaWMEHbLIEro NeACTBHs, TpaeKTOpHH Ha M ¢
NONHON SHeprueit h ABAAIOTCA TeONAe3HYECKHMH JIHHHAMH PHMaHO-
BOii MeTPHKH Moneption ds. 3adukcupyeM Touky x€M u paccmor-
PHM KacaTeJbHble BeKTOpH UE€T M, ynoBaeTBopsioLlHe DPaBeHCTBY
H (v, x) =h. Bekrop v HaszoBeM KPHTHYeCKHM, ec/IH 3HaueHle nep-
Boro uHTerpana f:M,—R B TOuKe (U, x) SABASIETCA KPHTHYECKHM.
[MokaxkeM CHayana, YTO Pa3AHYHHIX KPHTHYECKHX CKOpocTe# Gecko-
HeyHo MHoro. Eciu 3To He Tak, TO OKpyXHOCTh Sy={v€T M:
H(v, x) =h} pa3bnBaeTcs Ha KOHeuHOe YHCJO HHTEpBaJIOB A;, Ta-
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KHX, YTO Bce UEA; — HeKpHTHYecKHe. [To Teopeme 3 ra. raasum 5
KaXJIOMy BEKTOPy U€A; COOTBETCTBYeT eAHHCTBeHHBIl Top T,2, Ha
KOTOPOM JIeXHT ABHXKeHHe 2(f) ¢ HayanabHbiMH AauHbiMH 2(0) =x,
2(0)=v. O6beaunenne D= ) T,2 aucddeomopdro, oyeBHAHO,
v i
A;XT2 Ilycte n:TM—>M —ecrecTBenHasi npOEKUHS; MOJOXHM
X.=n(D.). YtBepxpaercsa, 4ro rpynnbl romoqoruii H(X;)<
H,(M) HakpblBalOT «nOYTH BCIO» rpynny H,(M), 3a uckjioueHHeM,
6HTb MOXeT, 3n1eMeHTOB M3 H (M), npuHai/exaulHX HEKOTOpOMY
KOHEYHOMY MHOXECTBY OAHOMEPHHX MHOArpymn. 3OTO MOXHO BH-
BecTH H3 OidHOA Teopemot E. B. I'aiidykosa (1966): ans nw6oro
HeTPHBHAJbHOTO Kaacca cBOGOAHO roMoTonHux nyred Ha M cyuiect-
ByeT reojie3nyeckas nonyTpaeKTOpHS y(f), BHIXOAALLAA H3 TOYKH X
H aCHMATOTHYECKH NpUOGAHXAIOWAACA K HEKOTOPOH 3aMKHYTOIl
reoJe3H4eCKOR H3 NaHHOTO rOMOTOMHYecKoro K.aacca. Ecau cko-

poctb y(0) ne sABaserca KpHTHYecko#, TO y(f) 3amkHyta. Hckaro-
q9HTeNbHbie OJHOMepHHe moArpynnn B J;(M), o xOTOpHIX roBopi-
JIOCh BHILIE, MOPOXKAAIOTCA KaK pa3 3aMKHYTHBIMH TreOde3HYeCKHMH,
Ha KOTOpHe €HaMaTHIBAIOTCH» He COBMNajalolllHe ¢ HHMH aCHMNTO-
THYeckHe noayTpaekropkH. ITockosbky HenpephiBHOe oTOGpaxchie
D —X, nopoxpaer romomoppusm rpynn romosoruit H;(D;)—
—H(X;) v H\(D:)>~22, 10 rpynna H,(M) HaKphTa KOHEYHHM
YHCNIOM TPYMNIN, PAaHr KOTOPHX He nmpeBocXoauT AByX. Kl3secTHo, uTto
ecau x — poa M, to H,\(M)~2Z?, Tak Kak x>1, To noayuaem npo-
THBOpEUYHe.

HTak, pasnHyHbX KPHTHYECKHX CKOpocTefi 6eCKOHEYHO MHOro.
IMockoabKy BcAikasm aHaaHTHYecKas (GYHKUHS Ha KOMNAKTHOM aHa-
JHTHYECKOM MHOrooO6pa3HH HMeeT JIHLIb KOHEYHOe UYHCJIO KPHTHYe-
CKHX 3HaYyeHHH, TO HHTerpaa [(v, X) MOCTOSHEH HAa OKPYXHOCTAX
S:. CnenoBaresnbHo, f ectb QyHkuus Ha M. Tak kak M cBA3HO H
H KOMNaKTHO, TO Jio6ble ABe €ro TOYKH MOXHO COeJHHHTb KpaT-
yaiiwei reole3nyeckon M nostoMy f==const.

3ameuvanne. Jlasa Bcex H3BeCTHHIX MHOTOMEpHBIX BMOJIHE HH-
TEerpHpPyeMbiX HaTypa/ibHbiX MeXaHHYECKHX CHCTEM C KOMMaKTHBIM
aHaJHTHYECKHM MHOroo6pasuem MnoJ0XeHHH M BbinoJHMETCS Hepa-
BeHctso rangH,(M)<dimM.

6.2. TeomeTpHuecKHe MPENATCTBHA K HHTerpHpyemoctH. [lycTh
N — 3aMKHYTOe NOAMHOToo6pa3ue C KpaeM Ha aHa.IHTHYeCKOH no-
BepxHOCTH (yXe Heo6Gsi3aTeNbHO KoMnakTHOW). Uepc3 N, 06o3Ha-
YHM MHGXKECTBO BCeX TO4YeK Ha My, KoTopbie npH oOTOGpaKeHHH
n: TM—M nepexoasar B Toukd 3 N. Byanem rosoputb, uto N reo-
ne3HYeCKH BHIMYKJO, eCH KpaTuafilias reojae3nyeckas MeTPHKH Mo-
neprion Ha M, coeauHsIOWan GJH3KHE TOYKH TpaHHub ON, uennu-
KOM JeXHT B N.

Teopema 21. Ecan Ha aHaJHTHYECKOH NoOBepxHocTH M cv-
ILeCTBYeT KOMINAKTHAs Teole3HyeckKH Bbinykaas nogo6aacte N ¢
OTPHUATeNbHOH 3HJepOBOH XapaKTEPHUCTYKOM, TO NMPHBEAEHHAS CHC-
TeMa Ha M, He MMeeT aHaJHTHYeCKOro nepBoro Huterpana. bBoaee

266



TOrO, aHaJHTHYECKHA HHTErpaj OTCYyTCTByeT AaXe B OKPECTHOCTH
MHOXecTBa Nj.

HokasateabcTBo Teopemul 21 cneayer cxeMe pacCyXAeHHH, yKa-
3aHvoit B n.6.1. He3nauHTebHOE OTJIH4HE COCTOHT B TOM, YTO BMecC-
10 rpynnel romoJaoruii H,(M) Hcnoapsyworcs cBOGOAHO TOMOTOMH-
YyeCKHe KJacCH 3aMKHYTHIX nmyTe#t Ha M.

Teopema 21 ynauno npuMeHeHa C. B. BoJoTHHEIM A4S A0Ka3a-
TEJbCTBA HEHHTErpHPYEMOCTH 3a0a4i O ABHXEHHH TOYKH B IpaBH-
TAUHOHHOM NOJe n HenoosuXcKbix yewtpos npu n>2 (cM. [55]).
HanoMHuuMm, uto 3HaueHHsaM n=1 ¥ n=2 coOTBETCTBYIOT HHTErPH-
pyemble cayyan Kensepa u Jiinepa.

Taasa 7
TEOPHA MAJIbIX KOJIEBAHHA

Hsyyenne xose6aHHH CHCTEMB B OKPECTHOCTH MNOJIOXKEHHS paB-
HOBECHA HJH MEePHOAHYECKOTO NBHXKEHHA OOHYHO HaYHHaeTcs ¢ ee
NuHeapu3auuu. JIHHeapH3oBaHHas cHcTeMa HHTerpHpyercs. OCHOB-
Hble CBOiCTBa KoJeGaHHH B HCXOLHON CHCTeMe MnoOcJe 3TOro 4acTo
MOTYT ObiTb BbISICHEHbl C NMOMOIIbIO TEOPHH HOPMaJbHHX (OpM
[Nyankape—bupkroda. 3ta TeopHsi — aHAJOr TEOPHH BO3MYLIEHHM
(rn. 5 § 2). /IluHeapH3oBaHHAst CHCTEMA HrpaeT PoOJib HEBO3MYIUEH-
HOIl N0 OTHOIUEHHIO K HCXOAHO#. B Hacrosief rJsiaBe ONMHCAaHH
OCHOBHBIE 3JE€MEHTH 3TOro MOAXOAA.

LlentpanbHas 3amaya TeOPHH MaJsbiX KoJebGaHH# — HcClen0Ba-
HHE YCTO{YHBOCTH PacCMaTPHBAEMOro MOJIOXKEHHS PABHOBECHSl HJIH
nepuHoaHyeckoro ABHXKeHHA. TeopHH yCTOAUHBOCTH MNOCBsLIEHA
Gonbwiasi JauTepatypa (cM. o63op [11] u B. H. Apuoasn,
I0. C. Unbsitsenko, O6uiKHOBeHHble AH(depeHHaNbHbBe YPaBHEHHS.
Urorn nayku u rexn. BUHHTH, Cospemennnie npobaeMb MaTeMa-
THKH. PyHaaMeHTaabHble HanpaBienus, 1984, 1). Huxe kparko
paccMOTpPeHbl TOJIbKO HEKOTOpble pe3ysbTaThl 9TOH TEOPHH, MNO3BO-
JSIOILKe CYAHTb 06 YCTOAYHBOCTH HAa OCHOBAHHH H3YYeHHsI HOPMaJib-
Hbix ¢opM. OnucaHbl TakKXKe pe3y/bTaThl, CBA3aHHHE C MpoGJaemoi
oGpauienns TeopeMnl Jlarpanxka 06 ycToORYHBOCTH pPaBHOBECHS B IO-
TEHUHAILHOM MNOJIe.

§ 1. Jluneapuszauus
PaccMOTpHM HATYpaJbHYIO JlarpaHxeBy CHCTEMY

oL o
%(E)—g-;‘—‘o- L=T—U(q T=A@04%9/2. (1)

[Tonoxenuss paBHOBeCHA CHCTeMbl (1) — KPHTHYECKHE  TOUKH

noteuuuaibHoil sHeprud U. Urobu nuneapu3oBath cHcremy (1)
0Ko10 paBHOBecHA ¢=0, A0CTaTOYHO 3aMEHHTb KHHETHYECKyio
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snepruio T ec 3HaycuHeM T2 mpH =0, a NOTEHUHAJIbLHYIO 3HEPrHio
U — ec KBaapatHuHoii 4acTbio U, B OKpCCTHOCTH RYJIA.

lMpumep 1. Jlaa canomepHoRt cuctemul L=a(q)q* !, -U(¢),
L=T,—U.=(@aq® —bg®i2, a=a(0), b=02l' 04" ,-.

JHHEaPH3OBAHHUEC YPUBHEHHE ABHXCHHA eCTb ag+by=0.

Paccmorpuy Tenepn ramuabToHOBY cHcteMy. Ee noaoxenus
PaBHOBeCHSt — KPHTHYECKHe TOYKH ¢yHKuudH [amuabtoHa. YrtobH
JHHeapH30BAThH FAMHIbLTOHOBY CHCTEMY OKOJO 110.10KeHHsi PaBHO-
BECHA, 10CTAaTOYHO 3aMeHHTL TaMHAbTOHHAH ero KBd1PaTHYHOI
YacTbio B OKPECTHOCTH 3TOrO PABHOBECHS.

JInneapH3auus raMHJIbTGHOBOII CHCTEMH OKOJ0 3aMKHYTOIl Tpa-
€KTOPHH paccMOTpeHa B NMyHKTe 3.2.

§ 2. Hopmaabubie GopMbl auHelinbx KoaeGaHnii

2.1. Hopmaabuas ¢opma anneltHoli narpaHKeBoii HaTypanbHOR
cucTemnl. PaccMOTpHM AuMHAMIYeCKYI0 CHCTEMY ¢ KBalpaTHHYHOI
¢yukuunenr Jlarpawxka L;=T,—U,, T,>0. Ee konebaHusg Bur.as-
AAT OCOGEHHO NPOCTO B CMCUHANLHHIX KOOPAHHATaX, KOTOpHE Ha-
3LIBAIOTCH MMaBHHIMH HJAH HOPMaJbHBIMH.

Teopema 1. Jluuclinoii 3amenoii koopaunar Q=Cqg kBaapa-
THYHaA ¢yHKuHs JlarpaHxa NPHBOAUTCA K AHAroOHaJlbHOMY BHAY

Ly=(Qi ... +Q2—MQ2+ ... +4,Q.2)/2, 2
a ypaBHeunﬂ ABHXXEHUA — COOTBETCTBEHHO, K Bmly

Ql-__'-—A’IQ" i=1,...,n. (3)

Co6CcTBeHHNE uHCAA Ay SBAMOTCA KOPHAMH XapaKTepHCTHYECKOTO
YPaBHEeHHS

det (B—AA)=0, T,=(Aq ¢)/2 U,=(Bg, ¢)/2.

< [Ilapy xBaapaTHunnix ¢opm, T; u U,;, ofHa H3 KOTOpHX
(T2) nonoxuTenbHO onpeseneHa, MOXHO NPHBECTH K T.aBHHIM
OCAM eNHHOH HHefiHOM 3aMeHON nepemeHHHX. Koopamnatol MoX-
HO BHOpaTh Tak, 4to dopma T, npHBeseTcs K CyMMe KBaipaToB. [>

Caencreue 1. Cucrema, coBepmaiomas JHHeliHbie Koac6a-
HHS, €CTb NPAMOE NMPOH3BeNeHHe n JHHEAHHX OAHOMEPHBIX CHCTEM.

Has kaxnofi oaHOMepHOii cHcTeMb (3) MOryT mnpelCTaBHTbCS
TPH Cayyas:

1) Ai=0?>0, pewenne Q=c cosnt+cssinat (KoneGanus),

2) A;=0, pewenne Q=c,+cyt (Geapasniunoe paBHOBecHe),

3) Ai=—k?<0, pewennne Q=rcch kt+cosh kt (HeycToilYHBOCTD).

Caeacteue 2. INycth 0aHO H3 COGCTBEHHBIX YHCET MOJOKH-
TeIbHO: A=0">>0. Toraa cHcTeMa MOKeT COBepIaTh nepHOIHYe-
CKoe ko.aeGaHHe BHAA ¢ (t) = (c,c08 ol + cosinwl) §, rie ¢ — cooTser-
CTBYIOUiHii A coGcTBeHHut BeKTOp: BE=AAE.
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3710 nepHOAHYECKOe ABHAKEHHe Ha3biBaeTcss co6cTgeHnbim (HNH
raBHHM, HJIH HOPMaJbHBIM) KOseGaHues, a YHCIO © — COOCTEEH-
Hod (r1aBHOf, HOpManbHO#) ¥acrorod.

OTH pe3y/bTaThl CNPaBelJHBH H KOTAa CPeiH COOCTBEHHHX YH-
cesl eCTh KpaTHHe: B JlarpaHXeBOR HaTypaJbHOIl CHCTeMe, B OT.IH-
yHe OT obueil cHcTemMnl AHQdepeHunanbHbix ypaBHeHHH (H naxe
obulefi raMHJAbTOHOBOA CHCTEMH) pe30HaHCHbie WJeHH BHAA fsin wt
H T. . He BO3HHKAIOT Jaxke B Clyyae KpaTHbIX COOCTBEHHBIX YHCeN
(nHwWb npy A=0 BO3HHKAIOT XXOPAAHOBH KJETKH NMOpsAlKa 2).

2.2, Teopembi Penes—®Pumepa—Kypanta o noBeaeHHH co6-
CTBEHHBIX YaCTOT NPH YBEJAHYEHHHM XKECTKOCTH M HAJOXEHHH CBS3H.
M3 nByx .1MHelHBIX JiarpaHXeBHX CHCTeM ¢ ONMHAaKOBOH KHHeTHYe-
CKoi 3Heprieil 6oee XKeCTKOH Ha3blBaeTcs Ta, y KOTOPOH NMOTEHIH-
anbHas 3Heprus GoJbuie.

Teopewma 2. Ilpn yBeIHUeHHH KECTKOCTH CHCTEMbI, COBEpIIAIO-
e Maable KoneGaHus, Bce COGCTBEHHbIE YACTOTH YBEJIHUHBAIOTCH.

loBopsaT, yto NMarpaHKeBa HaTypaJ/ibHas cHcTeMa cn—1 crene-
HAMH cBOGOAH MOJYy4eHAa H3 CHCTEMHl C 7 CTeNeHAMH CcBOGOAH, CO-
Bepllajollleii Majible Kosie6aHHA, HAaNOXKeHHeM JIHHeHHOM CBSI3H, eCJ]H
€e KHHeTHYecKas H NOTeHUHAJbHaf 3HePrHH noJy4yaioTcs orpaHHye-
HHeM KHHeTHYeCKOH H NOTeHUHAJbHOWH SHEPrHH HCXOAHOH CHCTEMH
Ha n—Il-mMepHOoe MOANPOCTPAHCTBO.

Teopema 3. Cob6cTBeHHBe 4acTOTH ®,’, i=1,..., n—1, cHuc-
TeMhl €O CBA3bI0 Pa3nensior co6CTBeHHble YacTOTH ®; HCXOXHOH CHC-
TeMbl (pHc. 67).

W Wp .. Wn

el ad )
Wy Wy Wp-y

Puc. 67 Puc. 68

2.3.Hopmaabubie GopMb KBaAPATHYHLIX FaMHJAbTOHMAHOB. Pac-
CMOTPHM TaMHJbTOHOBY CHCTEMY ¢ KBaApaTHuHo# ¢yHkuued [a-
MHJIbTOHA

z=10H |0z, z€R?, H=1/,Qz, 2), I =(1g. _E)E")-

PaccMOTpHM XapaKTepHCTHYECKOe ypaBHeHHe
det (IQ —AE,,)=0.
Ero xopun Ha3bBAIOTCH COGCTBEHHHIMH YHCAaMH TaMHILTOHHEHA.
Teopema 4. CobCcTBEHHHIE YHCAA TaMHAbTOHHAHA HA MJOCKOCTH

KOMMN,IEKCHOrO MEePEeMEHHOT0 A PACMOJOXEHH CHMMETPHYHO OTHOCH-
TeLHO KOOPAMHATHOro Kpecra (puc. 68): ecau A —cobcTBenHoe

YHCAO, TO COGCTBEHHLIMH YHCAAMM SBAAIOTCA TaKKe A, —A, —A.
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< Ecmn A — coberBenHoe 4ICA0, TO
det (/Q —AEs,)=det (JQ — AE,,) =0,
det (JQ+AEq)=det(—IQ4+AE.,)' =0 D>

ChaeacrtBus. 1. YcToHYHBOCTL B cHcTeMe [aMHIbTOHA Bceraa
HeliTpa.pHas: ec.id paBHOBECHe YCTOHYIBO, TO BCLUECTBEHHblE YACTH
BCcex coOGCTBERHBIX YHCET PaBHB Hy.l0.

2. Ecai nMeeTCH YHCTO MHHMOe npocToe CcOOCTBEHHOe uHC-
J0, TO NpH Ma.J0M BO3MYUIEHHH TaMHJbTOHHAHA OHO OCTaeTCs Ha
MHHMOW OCH. AHAJIOTHYHO BelleCTBEHHOE INpOCTOe COGCTBEHHOE
YHCJIO NMPH MajaOM BO3MYIUEHHH OCTaeTCH BelleCTBeHHBIM.

3. Ecan A=0— cobcTBeHHOE YHCJ0, TO OHO 06A3aTeILHO HMeeT
YCTHYI KPaTHOCTD.

Coraacno Tecpexie 4, co0cTBeHHbie yitc1a GLIBAIOT UYCThIpEX TH-
NOB: BelllciBeutible napol (@, —a), uMCTO MuHMble napel  (ib,
—ib), uetBepkH (+a==ib) u Hy.JeBble COGCTBCHHbLIE YHC.a.

Chedypulee yTBepXKaeHHe 3aMeHsieT 4151 TaMH.IbTOHOBBIX CHCTEM
TeopeMy O NpHBeAeHHH MaTPHUbl JHHellHoro AnddepeHuHaIbHOIO
YPaBHEHHsl K XKO0p.1aHOBGI1 ¢dopMe.

Teopema 5 (Buabvsamcon (J. Williamson) [40]). Bewectsen-
HOH CHMM/JEKTHYEeCKOil 3aMeHOii NepeMeHHbLIX FaMHJIbTOHHAH NPHBO-
AHTCA K CyMMe YAaCTHYHBIX FaMHJIbTOHHAHOB ((QYHKUHIl OT Henepe-
CEKaIOMHXCA NOJIMHOXECTB CONMPAXKEHHLIX NEpeMEHHBLIX), a MaTpH-
a CHCTeMbl — COOTBETCTBEHHO K K.J1eTouHoMmy BH1y. Kaxiwlii yac-
THYHBIH FaMHIbTOHHAH OTBeyaeT J1HO60 BellecTBeHHOl nape, .60
MHHKMOIT nape, JH60 ueTBepke COGCTBEHHbIX YHCed, JHGO HY.1eBOMY
cobcTBeHHOMY YHC.y. YacTHyHble raMH.IbTOHHAHLI C TOYHOCTHIO [0
3HaKa onpejeflOTCA KOPRAHOBHIMH K.IeTKaMH onepartopa /Q.

CnucoK YaCTHUYHBIX FaMHJbLTOHHAHOB npHuBeaeH B [6], [64).

Y raMuabTOHHaHa o6lIEro NOJOKEHHs BCce COGCTBEeHHbE uYHC.1a
npoctuie. [IpocToit BewiecTBeHHOI! nape (@, —a) COOTBETCTBYET yac-
THYHBIi TaMHIbTOHHAH J6=-—ap,q;, NPOCTOil YHCTO MHHMON nape
(ib, —ib) — ramuabToHHaH H#=+b (p,2+¢,2)/2 (raMHILTOHHAHBI C
BePXHHM H HH)XHHM 3HAKOM He NepeBOAATCA APYr B Apyra), yer-
Bepke (*a=xib) — raMHAbTOHHAH =—a(p\q,+p2q2) +b(p1g2—
—p2q,). JIns MHHMOIi NapH 4acTO HCHOJb3YIOTCH CUMN.1eKTUYeCKue
noasapuele KoopOunte. p, @ :p=V2pcosqg, ¢=V2psing. Toraa
raMH.IbTOHHAH 36 = 1bp.

Cneactsus. 1. IlycTb uMMeercs npocToe YHCTO MHHMOe CO6-
CTBEHHOe uHca0 A=im. Toraa cucrema MoXXeT coBepllaTh NepHOAH-
yeckoe KoaebGanHe Bila z=Re(Eexp ({w(f+1))), rie & -- coorser-
CTBYIOUIHH cOOCTBeHHbII BekTop: (/Q2—iwEy,)E=0. 310 ABHXKeHHe
Ha3nBaeTcs co6cTBeHHbIM KO.1e6aHuem, a w — COOCTBEHHOU 4acCTO-
TOU.

2. Ecan Bce ccGeTBeHHble YHC/1a Pa3jiHUHblE M YHCTO MHHMBlE,
TO TaMILILTOHHAH NPHBOIUTCS K HOPMaJbHOR dopMmce
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H=0,(p2+0:2)/2+ ... + 0n(pa3+4.2)/2 4)

H.H, B CHMIJIEKTHYECKHX TOJNAPHHX KOOpAHHAaTax, H=o:p\+ ...
.« +@apa. JIBHXKEHHE ABASETCH cyMMOH COOCTBEHHHIX Ko.Je(aHHi.

3amevanne. Ecau raMuabToHHaH uMeerT BHA (4), TO paBHo-
BeCHe YCTOAYHBO HE3aBMCHMO OT TOro, NOJOXHTE/NbHO OfnpeieleH
raMHIbTOHHAH HIH HeT (AJA JIarpaHXKeBOA HAaTypaJbHOIl JHHEHHOMH
CHCTEMB paBHOBEeCHe YCTOHYHBO TOJbKO NPH MNOJOXHTEJIbHO omnpe-
AeJEHHOM MOJHON SHEPTHA).

Yacto GmiBaet HeOGXOAHMO paccMaTpHBaTh He MHAHBHAY2JbHHI
raMH;IbTOHHAH, a CeMeHCTBO, 3aBHCsllee OT NnapaMeTpoB. B Takom
ceMeACTBe NMpPH HEKOTOPHIX 3HAaYeHHAX NapaMeTPOB MOryT BO3HH-
KaTb, H NPHTOM HEYCTPAaHHMbLIM MaJLM LUeBeJeHHeM ceMeficTBa 06-
pa3oM, Oco6eHHOCTH: KpaTHhle COOCTBEeHHBie YHCAa H, COOTBETCT-
BEHHO, XOpPJAaHOBH KJeTKH Iopsixka OGoJbllero 1 y martpuuu CH-
cremb. B [64] ans aio6oro KoHeuHoro ! yxasaHnl OCOGEHHOCTH,
BO3HHKalOLIHe HeyCTPaHHMbiM oOpa3oM B [-napaMeTpHYeckoMm ce-
MeACTBe KBaJlpaTHYHLIX TaMHJIbTOHHAaHOB. BuluHcleHB TaKe Bep-
casJbHHe pgedopMauUHH 3THX ocobeHHOCTell — HOpMaJibHBe (OpMHI,
K KOTOPBIM MOXHO MPHBCCTH B OKPECTHOCTH OCOGHX 3HAYEHHH na-
paMerpoB Ji060e ceMelicTBO IJTaRKO 3aBHCALIMX OT nNapaMeTpos
KBaJpaTHYHLIX FaMHJbTOHHAHOB C NMOMOILBIO IJ1aAKO 3aBHCsIled OT
napaMeTpoB CHMILIEKTHYECKOfl NHHeilHOIl 3aMeHh nepeMeHHBIX.
B yactHOCTH, B OHON2paMeTPHUYECKOM CeMeiicTBe raMHJIbTOHHAHOB
BCTpeuaioTcs, Boobule roBOPS, TOJbKO cleaylollHe TPH ocobeHHO-
CTH: ABYKpaTHasi BelleCTBeHHas mnapa (=+a)? c ABYMSA >OpIaHO-
BHMH K.JeTKaMH nopsiKa 2, ABYKpaTHas MHHMasi napa (==ib)?
TaKkXe ¢ AByMs JKOPIAaHOBbIMH KJETKaMH NOPAAKa 2, ABYKpaTHOe
Hynesoe cob6ctBeHHoe uHc10 (0)2 ¢ 01HOM XKOPAAHOBOIl K.JI€TKOM
nopsnka 2. BepcanbHbnie nedopMaunu 3THX ocobeHHoCTeil caeayio-
1iHe:

(£a)?: B=—(a+52) (p1g:+p2g2) +P1g2+8ip2q), (5)
(Fib)?: 6=t (pi?+p2?) 12+ (b+82) (p291—Pi1g2) +81(q:2+62) /2,
(0)2: H=1p?2+86,9,%2.
3aech 9), 6 — napaMeTpbi .1ehopMaunH.

§ 3. Hopmaabhole opMb FaMUIbTOHOBBIX CHCTEM
O0KCJI0 [ABHOBECHSA

3.1. Mpusenenne & wHopmannHoii ¢opme. [lycTh Hayalo Koop-
AHHAT — NO.10XKEHHE PaBHOBCCHA  IHAIHTHYECKOH TaMH.JIbTOHOBOIN

CHCTeMH ¢ n cTenmeHsAMN cuoGe:'. HTvort Bce COOCTBEHHble YHCTA
KBajpaTHYHOM 4aCTH raMuisTCiltana k nkpPecTHOCTH  paBiioBecHs
Pa31xuyHble ¥ yHCTO MHHMMC. B cooireicisnn co cKa3aHHbM B § 1
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H 1. 2.2, TAaMHIbTOHHAH NPCACTaBHM B BH.1€
H=w01(p?+¢:?)/2+ ... +0u(pa2+4.2)/2+Hs+H+ ..., (6)

rae H, — popma crenenn m or ¢asosnx nepeMeHHHX p, 9. (Cpean
YacTOT ¢ MOTyT GbiTh H OTPHUATEJIbHLIE).

Onpenenenne. CoOCTBeHHHE 4acTOTH Oy, ..., W YAOBJET-
BOPAIOT pe30HaHCHOMY COOTHOWeHHI0 nopsaka [>0, eciu cymecr-
BYIOT Ueible WYHCAA R, AAA KOTOPHX K01+ ... +R,0.=0,
|k||+ v +|knl=l.

Onpenenenue. Hopmaronod gopmoi Bupkeoga crenenn L
ANA FaMHIbTOHHAHA Ha3bIBaeTCA MHOroyjaeH creneHH L ot cumn-
JeKThHyecKHX ¢a30BHIX nepeMeHHHX P, Q, spasiouiiiics B AelicTBH-
TE.IbHOCTH MHOrouneHom crteneHH (L/2] or nepeMeHHHX p;=
=(P2+Q3) /2

IMMpumep 2. Jlna cucteMn ¢ ABYyMS cTeneHsiMH cBOGOAW HOp-
maabHO# opmoit Bupkroda crenenn 4 Gyner

H=0ip1+ 02p2+ 011912+ 202p1p2 + 022p2%. (7)

KsaspaTHuHHe no p YJeHB ONHCHBAIOT 3aBHCHMOCTb YaCTOT KO-
ne6aHHi OT aMOJAHTYA. A

Teopema 6 (Bupkrop [22]). INpeanoaoxum, uto coGcTBeH-
HHe YacTOTh ®; He YJ10BNeTBOPAIOT HH OAHOMY Pe30HAHCHOMY CO-
OTHOlIeHHI0 nopaaka L u Menbule, Toraa cyirecTsyeT TaKas CHMI-
JNIEKTHYECKas 3aMeHa nepeMcHHHX p, ¢—P, Q B OKpecTHOCTH no-
JIOXXEHHs PaBHOBECHS, YTO B HOBLIX llepeMeHHuIX PyHKUHS [aMHu.b-
TOHAa NPHBOAHMTCS K HopMaJabHofi ¢opme Bupkropa cremenu L ¢
TOYHOCTBIO 10 YJIEHOB cTeneHu L+ 1:

H(p, q) =%.(p) +R, R=0(|P|+|Q])**. (8)

Ot6pacuBas B (8) HeHOpMA.TH30BaHHBE YJEHH, NMOJIydYaeM HH-
TErPHPYUMYID CHCTEMY, NepeMeHHLIMH IeACTBHe — Yroa ABJAAIOTCA
CHMILIEKTHYECKHE TNOJSpHBE KOOPAHHATH pPi, @i

P,=V?2p,cos4; Qi=V 2y sin®, ©®)

TpaekTOpHH O6MaTHBalOT TOpH p=const ¢ uyacrotamn 03%./dp.
Bosblias yacTb 3THX TOpPOB B oflleM cayluae CyIIeCTBYeT H B HC-
XOMHOH CHCTeMe; 3TO BbITCKaeT M3 pe3yabTatoB TeopuH KAM
(ra. 5, n. 3.5B).

Hopmaausauua Bupkroda cBoaHTCA K npoueaype HCK.IOYCHHSA
SuicTpux ¢a3 Jlunawreara (ra. 5, n. 2.2), eclH HOPMHPOBaTbL OT-

KJOHEHHS OT PaBHOBEeCHs Manofl BelHUHHON e(p=ep, g=eq, H=
=H/e?) K nepefATH K CHMNJEKTHYECKHM NONSPHHIM KOOPAHHATaM.

[Mpoueaypa HopManu3auuH onHcaHa HHXe Ana Gosee obuiero
cayyas (cM. OKa3aTenbCcTBO TeopeMbl 7). Hopmanusyiomee npe-
o6pa3oBaHHe CTPOMTCA B BHAe MHorouaena crenedH L—1 no ¢a-
30BhIM nNepeMeHHbHIM. H3MeHeHHe useHOB ctenenn [ B HCXOAHOM ra-
MH.IbTOHHAHE He HIMEHSeT Y.JeHOB CTenieHH MeHbuieil [ B HOpMa.ib-
HOlil ¢dopme M MeHbweii [—1 B Hopma.n3yloulem npeabGpa3oBaHHH.
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PaccmatpuBas HOpManH3aUMI0 npH L—>o0o, NPHXOAHM K MOHN-
THIO popmaabHOli HopmanbHOH (opmb, KoTOpoe o6CyKnaercs B
ra. 4, n. 1.3.

HOas cayuas, korga COGCTBEHHHle YacTOTH YAOBJETBOPHIOT He-
KOTODHIM PE30HAHCHBIM COOTHOLIEHHSIM, oNpehejeHHe HOPMaJbHOR
dopMu Hano MoauopuuHpoBaTbh. Takas xe MoAH(HKAUHA Lereco-
o6pa3Ha ¥ Ana yacToT, GJH3KHX K pe3onaHcHbM. Ilycts K —noa-
rpynna ueJoYHCJHeHHOH pelleTKH Z",

Onpenenenne. Pe30HAHCHOU HOPMAALHOL POPMOU TaMHIb-
TOHHaHa cteneHH L Ans pe3oHaHcoB M3 K Ha3nBaeTcs MHOTOUYJEH
crenedd L oT CHMMNJIEKTHYECKHX mepeMeHHHX P;, Q., KOTOpHH B no-
JAPHHX KoopAHHaTax (9) 3aBHCHT oT ¢a3s ¢; TOJNbBKO uepe3 HX
KoMOHHauuu (&, @), kEK.

Teopema 7 ([156]). ITpeanonoxum, 4To coGCTBEHHHE YacTO-
Tl He YLROBJETBOPAIOT HHKAKHM PEe30HAaHCHLIM COOTHOLIEHHSIM CTe-
nedHn L W MeHbllle, 32 HCKJAIOYEHHeM, GHITb MOXKET, COOTHOLLUEHHil
(k, ) =0, k€K. Toraa cyuiecTByeT Takas CHMIJIeKTHYeCKas 3ame-
Ha NepeMeHHHX p, ¢— P, Q B OKPECTHOCTH MNOJIOXKEHHSI PaBHOBECHS,
4YTO B HOBHIX NepeMeHHBIX QYyHKUHs [aMHJIbTOHA NMPHBOAHTCH K pe-
30HaHCHOIl HOpMaJbHOM ¢opMe cteneHH L ans pe3oHaHcoB H3 K ¢
TOYHOCTBIO J10 uJ1eHOB cTenedu L+1.

< Cnenaem B cucteMe ¢ ramuiabTonHaHom (6) 3ameHy nepe-
MEHHHX ¢ npoussoasiwen ¢ynkuueir Pg+S(P, q), S=S3+ ...+S..
HoBHii raMuJIbTOHHAH HMeEeT BHI

H =0, (P 4+ Q)12+ ... +0,(Pi+QI)I2+H5+ ...
3aech S;, #,—dopmu crenenn [ or (P, q) u (P, Q) coorBercTBeH-
HO. CTEpbIt ¥ HOBBIA F@MHIBTOHHAHB CBA3AHB COOTHOLUEHHEM

H (P +0819q, §)=3 (P, g+ 0S/0P).
TNpupasuuBas 31ech GOpPMB OLHHAKOBOTO mopsaka mo P, g, nonyuaem

n
N\ a8, CATAYE
%wl(Pl.d_q-[-—qleT)—%l—F" l’=31 o..’Lo
dopma F, onpeaeneHa, ecad u3ecTHel Sy, Hy, v<I—1. B cume
NNeKTHYECKHX TOJAPHLIX KOOPAWHATAX p, ¥ nocjefHee ypaBHeHHe
npiobperaer BUA

BriGepem
S;=2 i(f+ (o) (&, @) exp(i (&, 9)), k€K,

rie f, — koapduunentn paga Pypve Fi. Toraa 6 nmeer HYXHYIO
HOpMaabHylo ¢opMy. Tak MOXKHO MNOCJAEROBATEJIbHO ONpPEeNesNHTh
Bce §; 7, Bosspamasichb K AeKapTOBHIM KOODAMHATaM, noJyyaem
AOKaswsaemoe . >

[Tycth ramuabToHHan HMeeT PE30OHAHCHYIO HOpManbHyio ¢op-
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My. Ecau panr noarpynns KcZ», onpesensioineii Bo3MOXHbE pe-
30HAHCH, paBeH r, TO CHCTCMA HMeeT n—r HE3aBHCHMbIX HHTerpa-
JI0B B HHBOJIIOUHH, SBASIOLLHXCA JHHEeAHHMH KOMOHHAUHSIMH Be/H-
yuH p,= (P:24+Q:?)/2 (cp. ¢ Teopemon 12 ra. 5). B uacrtHOCTH,
€CJIH BO3MOXKHO TOJbKO OJAHO Pe30HaHCHOe COOTHOLIEHHe, TO CHCTe-
Ma B HOpMaJbHO# GopMe HHTErpHpyeMa.

Pe3oHaHCHass HOPMaJH3alHA CBOAHTCA K MNpouelype HCkJwoye-
HUS GHICTpHX Hepe3oHaHCHHX ¢a3 Llednens (ra. 5, n. 2.2), ecan
HOPMHpOBAaTb OTKJIOHEHHA OT PaBHOBeCHA MaJlOH BE.JIHYHHOH e H
nepefTH K CHMNJAEKTHYECKHM MOAAPHHM KOOpAMHATaM.

3.2. ®a3oBbie NOPTPETH CHCTEM ¢ ABYMSA CTeNeHAMH cBo6oAn B
OKPeCTHOCTH PaBHOBeCHs npu peloHance. CHCTeMa c 1ByMs CTeme-
HAMH CBOGOABI, FaMHJIbTOHHAHOM KOTOPOH $IBJISieTCH Pe30HaHCHas
HOpManbHas ¢opMa, HHTerpHpyeMa, MOXHO CBecTH ee K CHCTeMe
C OJHOH cTemeHblo cBOGOAB!, 3aBHCALLEll OT MOCTOAHHON HHTerpa-
Jla, Kak OT napaMerpa, ¥ NOCTPoHThL (pasosnie nopripersl. Ecamu
KO03GdHUHEHTH NPH MJAAUWHX 4ieHaX HOPMaJibHOli (OpMbl HaXo-
AsATcsi B OGlleM MONOXKEHHH, TO AN [JaHHOro pe3oHaHca CyuwecTBy-
€T JHWb KOHeYHOe YHcJOo THNOB (a3oBoro noprpera, H 3TH THOH
pa3HyalTCcs No MJAAALIKM YJeHam HopMaJabHOH ¢opmbl, Pa3oBHe
MOPTPeTH KAYECTBEHHO PAa3J/IHYaIOTCA JHWb AJS KOHCYHOrQ YHCAA
pesonancos. [lepeuncnenne NOpTpeToB AaeT HCYEPNLIBAIOWLYK HH-
¢opMaumio o ABHXKeHHH BOJIH3K pe3OHaHCa AJA CHCTEM B HOp-
MaabHOH popme B caydae obilero nosioxeHHss. COOTBeTCTBEHHO NO-
JyqaeTcss 3HayuTeJbHas HHQOpPMauHa O ABHXKEHHH .15 CHCTeM,
MJajlliKe YJeHbl TaMHJbTOHHAaHa KOTOPHIX TPHBOAATCA K JaHHON
HopManbHoii ¢opme. Huxe Raercsa cnucok ¢asoBbix MOpTpeToB H
ux 6udypxkaumii. M3-3a HepocTaTka Mecta Ml OrpaHifdHBaeMcs
cJyyaeMm, KOTAa YaCTOThl w; H wp HMEIOT pa3Hble 3HaKkH, Kak 6o.ee
HHTEDECHHM ¢ TOYKH 3PEHHS TEOPHH YCTOHUHBOCTH (CCJIH wjwe>>
>0, To yposenn 3Hepruk H=h<& 1 — cdepa, u paBHOBeche ycToii-
yuBo). Mudopmanus, Heo6XoauMas AJs NMOCTPOEHHS 3THX NOpTpe-
TOB, colepXHTCcs B palde pa6or Andpenpa (K. T. Aliriend), Xen-
papa (J. Henrard), Poaas, llImuara (D. S. Schmidt) u ap. Iopr-
perH 1,15 pe30HaHCOB MOpsika Buiie 4 cM. B [192].

[lycts k), k; — B3auMHO NpocTHe NOJOKHTEAbHble KO3DPHUHU-
€HTH Pe30HaHCHOro CooTHoweHHsi. CyLlecTBYIOT B3aHMHO NpOCTHE
L\, l; Takue, uto Rlo—kyly=1. [epeiineM B OKpPeCTHOCTH paBHOBe-
CHl K KaHOHHYECKHM MONSPHHIM KOOpAHHAaTam p, ¢ (9), a 3atem
cleJlaeM 3aMeHy nepeMeHHbIX

Pu P2, Q1. 92— G, 1, ¢, g
¢ npou3poasied QyHKuHeR
S= (hig1+kag2) G+ (Lip1+Lop2) 1:
$=kiQi1+kg2, G=1p,—I,p,,

x=hoi+lgs, [=—kyp\+kips.
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Tak xax, no NpeanosoXeHHIO, FAMHJBTOHHAH HMEET HOPMaJbHYIO
¢dopmy, To OH He 3aBHCHT OT X; COOTBeTCTBEHHO / — HHTerpaa 3a-
Aayn. Cres1aeM H303HEPreTHYECKYIO PeAyKUHMIO HA YPOBHE 3HEPrHH
H=h (cm. [6]), B KauecTBe HOBOro BpemenH BBeaem ¢hasy yx. ITo-
JYyYHM NMPHBENEHHYIO CHCTEMY C OAHOR creneHbl0 CBOGOAL, raMH.b-
TOHHAH KOTOPOH 3aBHCHT OT Nnapamerpa h. Ee ¢a3oBui noprper #
Hajo HccaenoBaTh. B caydae o6uuero noaomeHHs NOPTPET CYIUECT-
BEHHO 3aBHCHT €llle OT OAHOrO mNapaMerpa — Pe30HAHCHOH pac-
CTPOAKH 8=k 0+ kow2.

OkpecTHocTh Hauana KOOPAHHAT Ha NAOCKOocTH h, & pa36H-
BaeTci Ha 006J1acTH, COOTBETCTBYIOIIHE pasHLM THnaMm (a3oBoro
noprpera. 3TH pa3GHEHHA AJA PA3NHIHHX PE3OHAHCOB MOKA3aHb HA
puc. 69 a—74 a, a 6upypkauun ¢asoBoro moprpera npu obxoge
BOKDYr Haya/la KOOpAHHAaT no 4acoBofi cTpesnke —Ha puc. 69 6—
74 6 coorBercTBeHHOo. HyMepaumus moprperoB cooTBeTCTBYyeT HyMe-
pauun o6.aactei Ha NJAOCKOCTH mapamerpos. HenponymepoBanHbe
NOpPTPeTH COOTBETCTBYIOT pasjensiomium 06JacTH KPHBHM, OHH
npHBeAeHH TOJNbKO Ha puc. 69—71.

Hopmaabhuie ¢popmul, Ans KOTOPHX mnpHuBeleHH OGHdypaKuus,
HMEIOT BHR

Hiy o, =01p1 + 0,0, + F (p1s po) + Bph?fs/2 cos (ky®y -+ ko P -+ o).

3aecb F — MHOrousieH oT Py, pz, HAYHHAIOWHMACA C KBaApPaTHYHOR
dopmut Fa(pi, p2), B ramuabToHHane H,,, unen F Hajo OnycTuTh,
B u Po— nocrosniHe, HyXHHe ycAOBHS OGIIHOCTH MNOJOXEHHS
umelor BRA B0, A=Fy(k), k) #0 u, Ana ramuabToHHaua Hs, g,

|A]|3Y3|Bl. Pucynku coorBercTByioT Caydalo @,>0, A>0,
B>0 (310 He orpannHyHBaeT obuHOCTH), PHCYHKH npuBeAeHm AAs
CNEAYIOUWHX DPEe30HAHCHHX BEKTOPOB (R, k2): (2,1) — puc. 69,
(3,1) —puc. 70, ecnt A<<3Y3B u puc. 71, ecan A>3Y3B,
(4,1) —puc. 72, (2,3) —puc. 73, (3,4) — puc. 74. [Has peso-
HaHCHHX BekTopoB (l,n), n>5 6GudypKauuu Takue xe, Kaxk AR
(1,4), ansa (2, n), n=5—rakne xe, kak aasa (2, 3), Ho nponyc-
Kaercs oSnactb (5) Ha pHc. 73, ana (3, n), n=>5 — TakHe Xe, KaK
aas 3, 4), a ana (m, n) m=4, n=5 — takue Xe, Kak aas (3,4), Ho
nponyckaerca obnactb (2) na puc. 74. (KoHeuno, yncno oco6HX
TOYeK Kax</loro THNa Haj0 H3MEHHTb C YY4eTOM CHMMETPHH FaMHJb-
ToHHaHa). Ocb §=0 He sBAsfeTcA JAuHHedr Gudypkauun. Pacnono-
AKeHHe NHHHA GHdypKaUHH OTHOCHTE.bHO Hee MOXeT GbiTb APYrHM,
YeM MOKa3aHO Ha PHCYHKaXx.

Eute neckoabko 3ameuaHnit ¢ npeacTaBiesHdH HHGPOpPMaUHH,
YT06H (pa3oBble NOPTPeTH HE HMEH OCOGEHHOCTell, OHH H300paxe-
Hot a8 A>0 B NOTAPHBX KOOPAHHATAax pg, §/ks, a ansg h<<0—
B No.IsipHbIX KOOpAHHATax py, Y/ky. Jas h=0 ¢da3oBui nopTper Ha
puc. 69—71 n3o6paxkeH u B Tex i B APYrHX KOOpaHHaTax. Moxuo
C4HTaTh, y10 MpH A>0 Ha mopTpeTe H306paxKeHO ceYyeHHe TPexMmep-
HOro muoruo6pa3us YPOBHA 3Heprdu mjockoctelo @ =0, a npu
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ENECEE
P 8] 3o X | XX e

Puc. 70

h<<0 — ceyerne naockocTblo ¢2=0. [TosnoxeHusiM paBHOBecHs Ha
¢asoBoM noprTpete COOTBETCTBYIOT NEPHOAHYECKHE pELIEHHS HC-
XOAHOI CHCTEMBl C ABYMS CTeneHsAMH CBOGOABIY, 3aMKHYTHIM KpH-
BBIM COOTBETCTBYIOT IBYMepHble HHBapHaHTHble TOPH. [Ipu 3TOM
PaBHOBECHSAM, MONY4aIOUWHMCA APYr W3 ApPYyra NOBOPOTOM Ha Yrod

Y Tlpyu h=0 paBHoBecHio B LEHTpe nopTpeTa COOTBETCTBYeT pPaBHOBECHE HC-
XOAHOM CHCTeMH.
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2n/k; B o6nacth h>0 uan 2n/k, B obnactu h<<0, cooTBeTcTBYeET
OIHO H TO Xe NMepHOAHYeCKOe pelleHHe, NPOTHIKaioUuiee NOBEPXHOCTD
ceyeHHsi Ry (COOTBETCTBEHHO, k) pa3. TouHo Tak ke M AAR ABY-
MEDHHX TOPOB.

Ilnsi 3aBepuwienHsi aHa/lH3a Pe30HAHCOB B CHCTEMax C ABYMSA
CTeNeHsIMH CBOGOALI OCTaJOCh PACCMOTPETb ellle pe30HAHChl, CY-
LIeCTBCHHbBIE yXe B KBaJpPaTHYHBIX YJeHax raMHJbTOHHAHA: CJayuaii
KpaTHLIX COOGCTBEHHBIX YHCEJ H cJay4yalt HyJeBOro cOGCTBEHHOro
yuc.a.

[Tpu KpaTHBX COGCTBEHHBIX YHCJIAX B THOHYHOM CJyyae MaTpH-
La JHHEeHHOH raMHAbTOHOBOH CHCTEMB HMeeT 1Be XOPAAaHOBH KJET-
KH BTOporo nopsiaka (cm. m. 2.3). Ilpn co6CTBeHHHX uHCaaXx,
ONMH3KHX K KPAaTHHM, KBaJApaTHYHafl YacTb TaMHIbTOHHAHA [IpH-
Boautcs K BHAy (=ib)? u3 (5). Cornacho [117], B 3TOM cayuae
YJeHn TaMHJIbTOHHAHAa A0 4-r0 MOPSAKA BKJIIOYHTEJbHO MOXHO
NPHBECTH K CJeAyiolleMy BHAY, TaKKe Ha3hBaeMOMY HOPMaJbHOA
dopwmoii:

H=a(p}+p})2+0 (p:9:— prq2) +8(q7 +97)/2 -+
+(9; +49) 1D (47 +9D) + B (19— p32) +C (P} + P2
a= +1. (10)

DopmasibHas HOpMaabHas ¢opma—pad no g; +q:, pi+pi, pgi—
— pig:- Tlepeiinem, caeays [77], [119], k noispuuLiM KoopauHATAM r,
% Ha TJOCKOCTH ¢, ¢, ¥ BBEeAeM CCOTBETCTBYMLULHe UMNYabCu P, [:

qi=rcosy, p,=~Pcosy—/Isiny/r, 1

g=rsiny, p,=Psiny-+7cosyx/r. (i

B uoBuix nepemenHuix ravuastonnan (10) npunumaer Bui
1 0, 17, ) Iy

H=,a(P+ )+l +r2(§+Dr2 4Bl +C[Pr+ L)) (12)

Tak kak ramuabronHan se 3aBHCHT OT yraa x, 1o / — HHTerpad,
a 1as P, r noaywactcs cHCTeMa c OAHON CTeNeHblo cBO6OAM, 3a-
BHCfiluas ot aByx napametpoB, [/ n 6. Ee O6HdpypxkaunonHas [u-
arpamsia npuBejeda Ha pHC. 75 Aaa cayuad a=1, D>>0 H Ha
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PHC. 76 aas cnywas a=1, D<C0. Mpunsto, u9t0 /=0—310 He
OrpaHHYHBaeT OOIIHOCTH.

F
.

Puc. 75

5
1
% 2
1 2
J

Puc. 76

@ | » )

Puc. 77

Kpaiiune ¢asosbie noprpersl Ha puc. 75, 76 cooTBeTCTBYIOT
I=0. Y106L1 onn He HMeaM OCOGEHHOCTEH, MPHXOAMTCH CUMTATD,
4TO 7 NI MaeT 3Ha4eHHSI 000HX 3HAKOB. ClIMMeTpH‘lele OTHOCH-
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TeJdbHO OcH r=0 KpuBbie Ha NOPTPeTax COOTBCTCTBYIOT OIHHM H
TeM K€ HHBAapHaHTHbLIM MOBCPXHOCTSIM B (Pa30BOM  NIPOCTPAHCTBE
CHCTEMbI C ABYMs cTeneHsMH CBOGOAH. A

Haxkoueu, paccMorpnM Ciyyad HyJesoro COOGCTBEHHOro uyHcaa
(Bblpox 1cnuoro pasuoBecHsi). OH Bo3HHKaeT YXKe B CHCTeMe ¢ OA-
HOI1 cTenenblo cBOGOIBl; TAKYI0 CHCTemy H GyleM paccMaTpuBaThb!).
Byaem cuuTaTh, 4TO B JHIEAaPH3OBAHHOH CHCTEME HYJeBOMy €O0-
CTBEHHOMY YHCIY COOTBETCTBYeT X0OpAaHOBa KJETKa BTOPOro no-
psaka (n. 2.3). Ecan paBHOoBecHe 61H3KO K BLIPOXKIEHHOMY, TO €ro
Heb3sl NepeMecTHTh B HAUaJo KOOPAHHAT T.1ajKOH no fnapamerpam
3anayu 3aMmeHoii mepeMmeHHbX. [lostomy B raMn/ibTOHHaHe coxpa-
HAeTCcs JHHeWHas uacTe. UjeHbl raMHIbTGHHaHa A0 3-ro nMOpsika
BKJIOYHTEIbHO NPHBORATCA K BHAY

H=0q9+4+ap*/2+bq3, a=+1. (13)
[MpeanoaoxuM, uto a=1, b>0. Budpypkauns ¢aszosoro noprpera
npx nepexoje OT OTPHUATEJAbHBIX § K NOJOXKHTEIbHBIM NOKa3aHa
Ha pHuc. 77, [IBa paBHOBecHs CJIHBAIOTCS H HCYE3AIOT.

[MpuBejenHble anarpaMMbl HCUEPNBIBAIOT BCE CBsA3aHHHE C pe3o-
HaHcaMd OHypKaUHH, KOTOpble MPOHCXOAST B OAHOMapaMeTpHuec-
KHX CeMelCTBaXx FaMHJbTOHHAHOB OOLIEro MOJOKEHHA C ABYMA
cTeneHsiMH CBOGOAB H MOTYT OHITb BbIYHCJIEHH MO HOPMAJbHOH
dopme.

STy AHarpaMMbl noJe3nbl B NMpH 6O.blUeM YKCJe CTEREHEH CBO-
6oan. HeiicTBHTEALHO, NYCTb B THCTEMEe C n CTeNeHAMH €B060AH
NPHGJHKEHHO BLINOJHEHO €1MHCTBEHHOe Pe30HAaHCHOe COOTHOUIEHHe
MeXAy AByMs yacToTamH. Toria ee HopMaJjibHas ¢opMa HmeeT
n—2 HHTErpana p;=const u NPHBOAHTCH K CHCTeMe ¢ JABYMs CTe-
neHsMH cBo6oan. B pesyabrare mosydaeTcs 04HA H3 PaCCMOTpEH-
HbBIX HOpManbHHX (OpM, KO3hGHUHEHTH KOTOPOH 3aBHCAT OT na-
pametpoB pi<K 1.

HccnenoBanne KpaTHLIX Pe30HAHCOB B CHCTEMaX CO MHOTHMH
CTeneHAMH CBOGOAM TOJNbKO HauHHaercs. B [134] uccaenosan cay-
Yyail ¢ OTHoweHHeM uyacToT 1:2:1, HalineHH ero nepHoaHuecKHe
pelleHHss W JONOJHHTe/NbHble HHTerpaJjibl, BO3HHKaIOILLHEe NPH 0CO-
6bix 3HayeHusx nmapamerpoB. B [135] nokasaHo, yTo AnA pe3onaH-
ca 1:2:2 HopmanbHas ¢opma TpeThbero nOpsjikKa HMeeT NOMOJHH-
TeIbHYI0O CHMMETPHIO H COOTBETCTBYIOLlasi CHCTeMa BMOJHe HHTer-
pupyema. B [152] nokasaHo, yto Ans pe3onanca l:1:2 Hopmaasb-
Has (opMa TpeTbero NoOpsiAKa NOpOXKAaeT HEHHTCTPHPYEMYyIO CHC-
Temy?,

3.3. ¥YcroiiunBOCTb paBHOBECHH FaMHALTOHOBLIX CHCTEM C ABYMS

D [Tpu aByX cTeneHax CBOGOAB MOPRIOK MOHHKAETCHA 10 eAHHHULI € NOMOUILIC
HHTErpaja, COOTBETCTBYIOLIEr0 HeHyneBolt co6CTBeHHON YacToTe.

B stx paboTax npeamoaaraercs, UTO KpaTHOH co6CcTBendoil YacroTe co-
OTBETCTBYI0T B Marpiue JIHHEeZPH30BAaHHONI CHCTEMB YEThpe KoPIaHOBM K.JeT-
KH NepBOro Nopsiika, a He 1Be KJETKH BTOPOro mopailka, T. e. 1070.THHTE.IbHOE
BHDOAIEHHE: 178 peaju3aluil TaKoro C.1y428 3 CheTeMe oiileio  noJ0XKe-
HHS HYXHO 4 napaMerpa.
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cTenensiMH CBOGOAM mpu pe3oHaHcax. Misyuenue HopManbHo# dop-
MH JaeT 3HAYHTeJbHYI0 HHQOPMauMI0 0 ABHXEHHH HCXOLHON CcHc-
TE€MH, MJaJlliHe YJeHH TFaMH/JIbTOHHaHa KOTOPOH TPHBOAATCA K
aToii ¢opme. Hanpumep, ecin y HopmanbHO# (POPMBI €CTh HeBH-
POX/eHHOe NepHOAHYECKOE pellleHWe, To OGJH3KOe INepPHOAHYeCKoe
pellieHHe eCTb y HMCXOAHOH CHCTeMH. ITO CleAyeT H3 TeopeMbl o
HesBHOH ¢yHkuuH. Bosblllag YacTe MHBapHAaHTHHIX TOPOB, HMelO-
IIHXCA Y HOPManbHOH (OPMH, B oblieM cayyae eCcTb H Y HCXOAHOH
cucTeMH. 3T0 clelyeT H3 pe3yabTatoB Teopun KAM (Hazo Hc-
nonb3oBaTh Teopemy 14 u3 ra. 5, § 3). Kak Bceraa B cucteMax ¢
ABYMA CTEeNneHsIMH CBOOOABl H3 HaJHYMS HHBAPHAHTHLIX TOPOB C.e-
AYIOT BHBOAB 06 yCTOHYHBOCTH.

Ecan Mexay coGCTBEHHBIMH YaCTOTaMHM CHCTEMH ¢ ABYMS CTe-
NeHsIMH CcBOGOJN OTCYTCTBYIOT pe€30HAHCHbBIe COOTHOLIEHHS [0
4-ro nopsinika BKJIOYHTEIbHO, TO paBHOBecHe yCTOH4MBO (mpH A0-
MIOJIHHTEJIBHOM YCJIOBHH H309HEpreTHYeCKOH  HeBHIPOXK/1eHHOCTH);
3TOT pe3ysbraT yxe obcyxnpaiacs B ra. 5, n. 3.5b. Ias ocrasiue-
rocsi KOHEYHOro YHCJ/ia PE30HAHCHBIX CJyuyaeB CilpaBelJHB CJeayio-
LK pe3y.bTaT.

Teopema 8. ([77], [94], {117—119]}, [132]). Ecan co6cTBen-
Hble YacTOTH YAOBJETBOPSIOT Pe30HAHCHOMY COOTHOUIEHHIO NOpsA-
Ka <C4 H BBINOJHEHH YCJAOBHSl OGLIHOCTH mNOJOXeHHs n. 3.2, To
paBHOBeCHe MCXOJAHOH CHCTEMHl YCTOHYHBO HJH HEYCTOHYHBO OX-
HOBPEMEHHO C paBHOBECHEM HOPMaJbHOH GopMHI.

<] VYcroituuBocTb NOKa3biBaeTcs ¢ noMomsio teopun KAM, a
HEYCTOHYHBOCTb — CPaBHEHHEeM CKOPOCTH YyXOAa OT paBHOBECHS
IS HCXOAHOH CHCTEMH M HOpMaJbHOH GOPMHI, JHGO NOCTpOeHHEM
¢ynkuun Yeraesa. D>

B o6o3Hayennsax n. 3.2 uMeeM cJefylolliHe Pe3yJbTaThl.

CnenctBue 1 ([94]). IIpu pesonance (2,1) paBHOBecHe He-
ycToH4HBO, ecd B#0 (pHuc. 69).

Canenctsue 2 ([94]). lpu pesonance (3,1) pasHOBecHe
ycroitunBo, ecin |A]>3Y3|B|>0 (puc. 71) u Heycroituuso, ecsiu
0<|A|<3y3|B| (puc. 70).

Caencreue 3 ([77], [117], [119]). TIpu kpaTHOR Heny.aeBoil
YacToTe y JHHeapH30BaHHOI CHCTEMBl, HMeIOlleH Napy XopaaHo-
BbIX KJETOK MOpsiiKa 2, paBHOBeCHe MOJHOH CHCTEMbl YCTOMYHBO,
ecan aD>0 (puc. 75), u Heyctoftuupo, ecan aD<0 (puc. 76).

Cneacteue 4 ([118], [132]). Ilpu HyneBoii cobcTBeHHOM ya-
CTOTe y JHHeapH30BaHHOH CHCTEMbl, HMelOlled KOPAAHOBY KJeTKy
Nopsiaka 2, paBHOBecHe MOJIHOH CHCTEMBI HEYCTONRYHBO, ec.iH b0
(puc. 77).

Koraa nekotopnie H3 copMyJHPOBAHHBIX YCNOBHA COILHOCTH
NOJIOKEeHHs1 HapyuIaloTCA, YCTORYMBOCTD NMPOAHAIN3HPOBaHa B [94],
[117], [118], [132].

HMeiounecs na ¢pasoBbix nopTperax HOPMadbHOH GOpPMbI cena-
PaTpHCH npu nepexole K TOYHOIl CHCTEMe OKa3bIBAKOTCA, Boobiye
roBOPA, pacuiensieHHbHIMH, Kak omnucaHo B . 5, m. 3.3.B.
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§ 4. Hopmanbubie GOPMB ramMuJAbTOHOBBIX CHCTEM
0KOJIO 3AMKHYTBIX TPAEKTOPHii

4.1. Cpeaenne K PaBHOBECHIO CHCTeMbl C MEPHOAHYECKHMH KO-
spdpuunentamu. ITycTe ramMuabToHOBa cHcreMa ¢ n+1 creneHsMH
¢B060AN HMeeT 3aMKHYTYIO TPAeKTOPHIO, OTJAHYEYIO OT paBHOBECHS.
Takue TpaeKTOpHH He J1€KAT H30JAHpOBaHHO, a QOPa3yioT, Kak npa-
BHJIO, OJHoNapaMeTpHyecKHe ceMefictBa. [lpuBeaeM 3anady O Ko-
Ne6aHKAX B OKPECTHOCTH 3TOro cemeiictBa X yJ106HOMY BHAay.

[MpeiidoxeHHe 1. B oKpecTHOCTH 3aMKHYTOA TpaeKTOpPHR
MOXKHO BbIGpPaThb HOBBle CHMIJICKTHYECKHe KOOpPAHHATH ¢ mod 2x,
J u z€R?" Tak, 4TO Ha paccMaTpHBaeMmoii TpaeKTOpHH G6yaer J=0,
z=0, a o6xo1 no Heil U3MeHAeT ¢ Ha 27, HAa CaMOH TPaeKTOpPHH

¢ =cons!. B HoBHX KoopAMHaTax (pyHxuus ['aMH.IbTOHA NPHHHMA-
er i1 H=f(I)+3(z, ¢, I), [,’#0, pasnoxenne /6 no z, ] ua-
YHHAeTCs C YJEeHOB BTOPOro NMOPsiKa MaJoCTH.

Tenepr caenaem H303HepreTHueckylo peaykuuio (cm. [6]),
Bu6paB Ha ypoBHe 3HepruH H =h B KauectTBe HOBOro BpeMeHH ¢a-
3y ¢ (o6o3Hauath ee Temepb Oyaem ¢). [aMHIbTOHHAH 3alauH
npumer BUR F=F(z, {, h). [lpn h=0 Hayuano KOOpAHHAT — NOJO-
JKeHHe paBHOBecHs cHcTeMHl. [Ipeano/okuM, 4TO OHO HeBHIpOXKAe-
HO (BCce MYJbTHIJIHKATOPHI OTJHYHH OT HY.H, BHPOXJAEHHHH C.1y-
qaif paccmorped B n. 4.3). Toraa npu Maiblx Hh cHcTeMa TaKxe
#MeeT HeBbIpOXAEeHHOe paBHoBecHe. I'mankoit no napamerpy 3a-
MeHOii NnepeMeHHHX MOXHO NepeHecTH 3TO paBHOBeCHe B HayaJo
KoOpAHHAT. [aMUJIBTOHHAH NPHMeET BHA

F=(E(t, h)z, 2)/2+G(z, t, h), (14)

rie pasioxkeHHe G no 2 HaYHHaeTCd C YJCHOB TPeTbero MOpsiaka
MaJIOCTH, TaMHJIBTOHHAH KMeeT nepHoa 2m no ¢.

PaccMOTpHM JHHeapH30BaHHYIO CHCTEMY.

Teopema 9 (cm., Hanpumep, [133]). Jlnnefinas 2n-nepuoau-
4ecKas No BPEMEHH raMHJIbTOHOBA CHCTEMa NPHBOAHTCA K aBTOHOM-
HOMY BH1y .IHHEHHOI CHMIJIEKTHYECKOH 3aMeHOH nepeMeHHHIX.
Ecan cicrema He HMeeT BeleCTBEHHHX OTPHUATENbHBIX MY.Jb-
THIHK3TOPOB, TO MPHBOAALLYIO 3aMeHYy NepeMEeHHHX MOXHO BHI-
6paTh 271-NepHOIHYECKOH NO BpeMeHH, a eC.TH HMeeT, TO 4n-nepH-
ofuueckoii. Ecau cucteMa riaaiko 3aBHCHT OT fapamertpa, TO H
3aMeHa nepeMeHHbIX BblOHpaeTcs TJAafaKoll MO 3TOMy mapameTpy.

IMpeinonoxuM, yTo Bce MYJIbTHIVIMKATOPH .THHEAPH30BaHHOM
CHCTEMbl .€KaT Ha eIHHHYHOH OKPYXKOCTH M pa3aduHn. Toraa,
coriacHo cpopMyIMpOBaHHOI Teopeme H N. 2.2, ramMHJIbTOHHAH
(14) momkuo niHeiiHOil 2n-nepHoAHYECKOll 3aMeHOfi mNpHBECTH K
BHLY

(l):(nll(pf+q?)/2+-.- +(011(p/"1’+q;;)/2+‘y(/7. qv t: h)y (15)

rie pasioxenne ¥ no ¢a3oBLIM NepeMeHHHIM HauHHAETCA C 4.1e-
HOB 3-ro nopsaka Ma.gocTH, W uMeeT mepitold 271 1o BpeMeHH !
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4.2. Npusenenne cucremm ¢ nepuoauueCKHMH Ko3dpduunenTamn
K HOpMaabHOR dopme.

Onpenenenune. Co6CTBeHHHe YaCTOTH ©y, ..., Oa YAOBJAET-
BOPAIOT PE3OHaHCHOMY COOTHOWeHHIo nopsiAka [>0 ans 2x-nepa-
ONHYECKHX CHCTEM, eC/H CYLIECTBYIOT Weibie YHCAA Ro, Ry, ..., R,
ANA_KOTOPHX K@i+ ... +Ea@a+Ro=0, |k1|+ ... +|ka] =L

Teopema 10. (Bupxrod [22]). ITpeanosoxum, 4To co6CTBEH-
Hble YacTOTH ; 2n-mepHoaAHYecKOi cHcTeMbl (15) He ynoBJeTBOpA-
IOT HH OHOMY DE30HaHCHOMY COOTHOILEHHIO MOpAAKa L H MeHbille.
Toraa cumnaexTuueckoit 2n-nepHOAHYECKOA MO BpeMeHH 3aMeHOR
nepeMeHHnx ¢yHKuHs [aMuAbTOHZ NPHBOAKTCA K TaKOH e HOp-
MaabHolt popme Bupkroda crenenu L, Kak ecnn 6u cucrema Guaa
aBTOHOMHOM, ¢ TOM JIHIIb pa3HHUeil, YTO OCTaTOYHHE UYJEHH CcTeMme-
HH L+1 u Boiwe GyAyT 2n-nepHOAHYECKH 3aBHCETb OT BPEMEHH.

INpoueaypa nopmanusauuu axasoruyHa onucanuoit B n. 3.1. Ec-
JIH CHCTEMa TJ1aJKO 3aBHCHT OT MapaMmeTpa, TO IMIaAKHM MO napa-
MeTpy BbiGHpaeTcs H HOpMaJH3yiolulee npeo6pa3oBaHue.

Jnsa pe3oHaHCHHIX CJAy4yaeB HCNOJbL3yeTC pPe30HaHCKas Hop-
MajabHasa ¢opma. [lycts K — moarpynna uesfoyHCJIeHHOH peleTKH
Zn+l.

Onpenenenune. Hea8TOHOMHOU pe30HAHCHOU HOpMAAb-
Kod opuci raMHABTOHHAHA cTeneHH L ans pesonancos u3 K Ha3u-
BaeTCsi MHOrou.1eH cTeneHH L OT CHMIUIEKTHYECKHX nepeMeHHbix P;,
Q:, KOTOpHIii B NOAsAPHHX KOOpAHHaTax (9) 3aBHCHT oT a3 @, H
BPeMeHH ! TO.IbKO 4epe3 HX KOMOHHaUMH K@i+ ... +Ra@a+Rol,
rae (R, ..., Ra, ko)€K.

Teopema 11. Ilycts co6erBeHHble YacTOTH He YAOBJAETBOPS-
10T HHKAaKHM PEe30HAHCHBHIM COOTHOLIGHHAM nopsiaka L W Menblle,
3a HCKJIIOYEHHeM, OGHTb MOXET, COOTHOWEHHH Ryw+ ... +R.0.+
+ko=0, rae (ky,..., Ra, ko)€K. Toraa cyuiecTByeT CHMNJIeKTHue-
cKas 2m-nepHoiHYecKas 3aMeHa NepeMeHHLIX, NpPHBOAALLAA ra-
MHJbTCI'K2H K HEaBTOHOMHOH pe3oHaHCHOfi HopMmaabHOH ¢opme
cLTeneHn L ans pe3oHaHcoB H3 K ¢ TOYHOCTbIO AO YJIEHOB CTEMeHH

+1.

Ecau pasr noarpynnuei K paBeH r, TO CHCTeMa B HOpPMaJbHOf
¢opme aas pesoHaHcoB H3 K HMeeT n—r He3aBHCHMBIX HHTErpaJjioB
B HHBO.IOUHH, SBJASIOWKXCA JNHHEAHHMH KOMGHHAUMAMH BeNHYHH
Pp=(P2+Q:3)/2. B 4aCTHOCTH, eC/iH PE30HAHCHOE COOTHOLIEHHE
TOIbKO 01HO, TO CHCTEMa HHTErpHpyeMma.

4.3. ®a3zosnie NOPTPETH CHCTEM C ABYMS CTENEHAMH CBOGOAM
OKONO 3aMKHYTOR TpaeKTOPHH npH pe3donance. Kone6aHus o0koJo
3aMKHYTOIi TPaeKTOPHM B CHCTeMe C ABYMS CTeNeHAMH CBOGOAM
ONHCHIBAIOTCR NMEPHOAHYECKOH MO BPEMEHH CHCTEMOH C OJAHOH CTe-
NEHbIO cB0601bl, 3aBHcsLLe/i oT napaMeTpa (n. 4.1). CucteMa, uMe-
I0lIas pe3oHaHCHYIO HOPMaJbHYIO (OPMY A TaKoit 3anayH, CBO-
AHTCA K cHcTeMme ¢ OAHOI CTeneHbio CBOGOAB; MOXHO CTPOHTL ee
dasosue noptperdl. EciH Ko3Q(UiuHeHTHl NpH MIaawHx yJeHax
HOPMa.1bHO# popMbl HaxoAATC B O6LleM MOJOXKEHHH, TO AAsA JaH-
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HOTO pe3OHaHCca CyulecTBYeT JHIIL KOHEYHOe YHCJI0 THnoB (aso-
BOrO NMOPTPeTa, M 3TH THMbl PA3JHYAIOTCA MO MJARLNIM YleHaM HOp-
MaJjbHOH ¢(opMbl. Pa3oBble NOPTPeTH KaYECTBEHHO pa3.1HYAlOTCH
JHWb OJ8 KOHeYHOro uHc/aa pesonancoB. Mx cnucok H onHcaHue
6H}ypKaLHH, KOTOpble HCNLITHBAIOT MNOPTPETH NPH MNPOXOXKAEHHH
napaMerpoB CHCTeMbl 4Yepe3 TOYHLIH pe3OHAHC, CoJepxaTtca B
[59], [60] ¥ BOCNpOH3BOASATCS HHXe.

Hopmanbhne ¢opmbl M., Ans pesonaHcoB (R, ky) HMmeiOT B
nepeMeHHuX p, Y =@+ kot/R+ o BRI

Hs,, =6p+Bp¥2cos 3y,
Hya, =06p+p?A(p) +Bp*2cos kp, k=4.

3aech p H P — conpsxeHHble (Ha3oBHe nepeMeHHHE, §=w+Ro/R —
pe3oHaHcHas pacctpoiika, A — MHorousnen ot p; B, Yo — nmocTosiu-
Hue. HyXHble yc/10BHS OGLIHOCTH MNOJIOXKEHHSI COCTOAT B TOM, UTO
B0, A(0)5~0 ana k=>4, |A(0)|+|B| a1a k=4. Bce ko3¢-
¢uuMeHTH 3aBHCAT ewle oT mapaMerpa h. DByaem cuurtarth, uTO
d6/dh+0, Tak uTOo BMecTo h MOXHO Hcnonab3oBaTb 0. Ilpu cdop-
MYJIHPOBAaHHHX YCJOBHAX MaJjioe H3MeHeHHe B u ko3dduiuneHTOB
A He NPHBOAMT K O6HPypKaUHAM; NMO3ITOMY 3aBHCHMOCTh HX OT Mna-
paMeTpa MOXXHO He yYyHTHIBaTh. Bysem cuurtath, yto B>0 1 A(0) >
>0 — 3710 He orpaHuuYMBaeT OGUIHOCTH.

[Nepectpoiika ¢a3zoBoro noptpera npu pocrte § C NPOXOXKIEHHEM
uepe3 HyJb noKa3aHa 1asg k=3 — Ha puc. 78a, aas k=4 —Ha
puc. 78 6, ecan A(0)<B, 4 Ha puc. 788, ecniu A(0) >B, aas k=
=5 — Ha pHuc. 78r.

Hns k=6 nepecTpoiika Takas XKe, Kak Aas k=5, To1bKO 0CO-
6mix TOuek BOKPyr Hayana koopauHat He 10, a 2k. Ilpu k=5
3TH OocoOhle TOYKH pacnosioXXeHo! Ha PacCTOSHHH nopsaka Y8 or
Hayana xoopauHaT. OKpyXaloliHe YCTOIlYHBHIE TOYKH <«OCTPOBA
Kone6aHuii» HMeIOT IWKPHHY nopsiaka §*-2/4. CneloBate/bHO, NpH
k=5 ocTpoBa 3aHMMaIOT JHWIb Majyi0 JOMI0 PacCMaTpPHBaeMOH
OKPECTHOCTH Hayasa KOOPAHMHAaT, a OCTaflbHble (a30BHEe KpHBHE
6/H3KH K OKPYKHOCTSIM.

EcTb eme 1Ba pe3oHaHCHBIX Cay4asi, KOTOpbie NPOSIBISIOTCH yXKe
B KBaAPaTHYHHIX YJEHaX raMHJIbTOHHAHA. JTO CAyYau, KOraa My.lb-
THNJYKATOPH 3aMKHYTOH TPaeKTOPHH paBHb —1 uam 1.

Ecan MyabTHnaukatopsl paBHn —1, (pesonanc (2, ky)), TO
MJajlllie YJeHBl FaMHJAbTOHHAHAa B THITHYHOM CJyyae 4:-NepHOAH-
YeCcKo#H 3aMeHO# mepeMeHHbIX NPHBOAATCA K HOPMa.1bHOH ¢dopme

H=6q¢*+ap?/2+Dq*, a=+1.

[Tepectpoiika nokasaHa va puc. 79a aaa a=1, D>0 u Ha
puc. 796 ans a=1, D<O.

Ecnn myastunaukatopu pashn 1 (pesonanc (1, ko)), To Maaz-
lIHe YJeHnl TaMH.JIbTOHHAHa MPHBOAATCH K HOpMaJbHOil ¢dopme

H=0q4ap*/2+bg? a==+1.
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Puc. 78

Iepecrpoiika mokasana Ha puc. 80 (B MPEANOJOXKEHHH, 4TO a=]1,
b>0).

[TocTpoennnie ¢a3oBbe NMOPTPeTH NMO3BOJNAIOT BHACHHTL MHOTHe
CBOKHCTBa HCXOQHOH CHCTEMHB, Korjpa ee MJaillHe 4YJeHW MNPHBO-
RATCA K COOTBETCTBYIOWelt HopMaJbHOi dopme. Tak, HEBHPOXKaeH-
HHM DaBHOBecHAM Ha NOPTpPeTax COOTBETCTBYIOT NEPHOLHYECKHe
TPACKTOPHH NOJNHOM CHCTEMH, O6GXOAsII{He HCXOAHYIO MEpHOAHYec-
Kyl0 Tpaektopuio k pa3. [ins pe3oHaHca TPeTbero NOpAAka Takas
TPAeKTOPHA OjHa, oHa HeyCcTO#YyHBa H CJAHBAETCH C HCXOAHOIt B MO-
MEHT TOYHOro pesoqanca (6=0). [dna pe3oHaHCA nopsAlka k=5
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(2]

X

Puc. 79

L

—

Puc. 80

TAKHX TPAaeKTOPHHA JBe, OJlHA YCTORYHBA, Apyras HeycTONYHBa, OHH
OTBETB./IAIOTCA OT HCXOAHOA NPH NMPOXOXJEHHH Yepe3 pe30HAHC NO
och 6 c oxHOM onpejgeneHHO# cTOPOHH. [ns pe3odaHca uerBep-
TOrO MOpsi1Ka, B 3aBHCHMOCTH OT 3HAYeHHH mapaMeTpOB, KapTHHA
A16o TaKas, Kak AJds TPeTbero nopsjka, AM60 Takas, Kak 118 no-
psaka k=5. [Ipu nepexose uepes pe3oHaHC BTOPOro nopsika
(MynbTHNIHKATOPH —1) HCXOAHAs TPAEKTOPHA TepsieT H.IH NpH-
obpeTaer YCTONYHBOCTb, MPH 3TOM OTBETBJAETCA ABaXIb 06X01s-
was ee nepHoiMyeckas Tpaektopus. Hakoneu, npu pe3onance nep-
BOro nopsiaka (MYJbTHNJIHKATOphl 1) HCXO4HAas TPACKTOPHA HCye-
3aer, CJIHBUIHCH C Apyroil TpaeKTOpHeil TOro e nepioza (HJH,
eCcad JBHraTthCs € ApPYyroii CTOPOHB 10 NapaMeTpy, POK1awTcA ABe
NepHOAHYECKHC TPACKTOPHI).

Boasurell yacty 3aMKHYTLIX KPHBHX Ha (a30Bhix nopTperax
COOTBETCTBYIOT JIByMepHblc HHBApHAaHTHbLIE TOPHl MO.JHOI CHCTEMBI,
HeCYylle YC.IOBHO-IICPHOAHUYCCKHEe JBHAEHHS  (COrlacHO TEeOpHH
KAM).

VeTollunBocTL HaH HEYCTORUHBOCTL HCXO1HO{T 3aMKHVTON Tpa-
CRTOPII npl chOPMY.IHPOBAHNILIX YCJAOBHAX OGLIHOCTH MOJIOMKEHHA
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yCTaH?BNHBAETCA N0 HOpMaabHOR ¢opme (cp. ¢ TeopeMoit 8). INpa
k=3 G6yner HeycToAYHBOCTb, ecan B0, npH k=4 — ycToAyHu-
BOCTh, ecan |A(0)|> |BI>0, u HeyCTOHYHBOCTb, ecaH 0<<
<<|A(0) | <B, npu k=>5— ycroftumsocts, ecan A(0)Bs=0. Ilpn
MYJLTHIIKKaTOpax paBHHX —1 Gyxer ycToHunBOCTb, ecau aD >0,
H He) “TOHYHBOCTH, ecnu aD<<0. [Ipy MyJbTHNIHKATOpPaX, PaBHHX
1, 6yner HeycrofiunsocTs, ecan abs<0.

IIpn nepexose or HopmanbHOK GOPMH K TOYHOM CHCTeMe HMe-
ouHecs Ha ¢a3oBHX NOpTpeTax CemapaTpHcH, BooGlle rOBOPSK,
PacCIenysAoTC aHaNOTHYHO ONHCAHHOMY B 4. 5, n. 3.3.B.

§ 5. YcrofiuuBocTh paBHOBECHS B MOTEHUMAJALHOM noJe

Teopema 12  (Jlarpanx (J. L. Lagrange) — Oupuxae
(P. Dirichlet)). Ecan B nooXesun paBroBecHs NMOTEHUHAl HMeeT
CTPOTHH JIOKAJIbHHA MHHHMYM, TO COOTBETCTBYyIOIllee COCTOSIHHE paBs-
HOBECHSl YCTOAYHBO.

<l B xavectBe ¢yHKuHH JIinyHOBa MOXHO B3ATb MOJHYIO Mexa-
HHYECKYIO 3HeprHio. [

Ycnosue TeopeMn Jlarpanxka He ABAsAeTCS HEOGXOIHMBIM OAS
YCTOAYHBOCTH.

ITpumep 3 (Ilennese (P. Penleve) — Yuurnep).

PaccmoTpuM  GeckoHeyno  auddepeHuMpyeMBIfi MOTeHLHas
U(q) =cosg~'Xexp(—q~2), ¢#0, U(0)=0. PasHoBecne ¢=0
YCTOAYHBO, XOTA TO4Ka =0 He ABJAAETCH, KOHEYHO, JOKAJIbHHIM
MHHHMYMOM ¢ynkuuu U (puc. 81). A

Puc. 81

B 1892 roxy A. M. JlanyHos nocrasua 3ajauyy 06 o6palleHHH
TeopeMH Jlarpauxka aas cayyas, Korla Kosp¢uuHeHTH KBaipa-
TRUHON dopMu T=2a;;(g)q; ¢; w notenuuan U sBAAIOTCH aHAJH-
THYECKHMH QYHKUMAMH B OKPECTHOCTH MNOJIOXKEHHS pPaBHOBECHS.
Ora 3a%aua pewena noKa AHWbL B YACTHHX cayyasx.

Teopema 13, Mycrs nonoxkenue pasrosecHs q=0 He sBasAeT-
CA CTPOTHM JIOKa/bHBIM MHHHMYMOM aHAJHTHYECKOro MOTEHUHaJa
U. Coctosiuse PaBHoBecHsn (q,q ) =(0,0) HeycToiluHBO, eciu BH-
NOMHEHO OLHO M3 CJ1e1yIOUHX AOMOJHHTEAbHEIX YCIOBHiL:

1) uucno crenencit co6oam n<<2,

2) U_ ABJIACTCA KBA3SHONHODOAHOA HJAM NOAYKBa2HOAHOPOAHOM
$yHKuHed,
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3) nepsas wuerpuBnaabHas ¢opMma pasnoxenus Makaopena
¢yukunH U ge umeer B 0 10KaNbHOro MHHHMyMa.

Cayuait n=1 tpuBnaneH. HeycroiiuusocTs paBHOBecHs B cJy-
yae n=2 ycranosieda B. Il. Ilanamogosmm [112]. Mdoka3atens-
CTBO OMHpaeTcs Ha YTBepXKAeHHe, Bocxoaswee kK H. I. Yeraesy

130].

[ JI]emma 1 (cm. [112]). Tlycts Touka ¢=0 ne sBJAsETCA JoO-
KanbHuM MHHuUMyMoMm ¢yHkuMu U. Ilpeamosnoxum, uto B 06JaCTH
Z.={g:U(g) <0, |q|<e} cyuwectByer rnagkoe BeKTOpHOe moJe U
Takoe, 4TO:

1) <v, U'><0 B obaacru Z,,
2) (v’ E)=cCE, &) ang Beex EER™ i g€X, (¢>0),
3) lv(9)|=0(|q]) npu |g|—0.

Toraa cywectByer €,>>0 Takoe, uto ecnan ¢(-) — ABHXeHHe
MeXaHHYecKoi CHCTeMbl ¢ OTpHUaTenbHo# 3Heprued H q(0)€X, ,
TO |q(t) | >eo npu HekoTOpOoM ¢=>0.

3ameuanne. Ilycts g(-) — ABHXKeHHEe C HyJAeBOA MNO.THOH
sHeprueil. Ecnu paBroBecie ¢=0 H30aHpOBaHO, TO (B MpeAnojoxe-
HUAX JeMMH 1) Touka ¢(f) nn6o mokuiaer HeKOTOPY0 06.1aCTh
|g] <<eo 3a KOHeuHBlii MPOMEXYTOK BpPeMeHH, JIH6O CTPEMHTCH K
HYJIO MpH f—00. A

OcHOBHas TPyAHOCTh B AOKa3aTenbcTBe TeopeMu I[lamamonosa
COCTOHT KAaK pa3 B MOCTPOEHHH HYXHOrO HaM NoJs v.

Ecan U — kBa3nolHopoaHasi  ¢QyHKUHA  C  MOKAa3aTeNdsIMH
a1, .., 2,€N, To B KayecTBe MOJS U MOXKHO B3AThb noje Ax, rie
A=diag(ay, ..., an). B noaykBasHOLHOPOAHOM CJyyae moJje v
SIBASETCA HEKOTOpHM BoaMyluenueM noas Ax (nerann cM. B [80]).

3aveuaHnue B npuaoxenusx noreHudan U vame Bcero
33aBHCHT ellle oT napaMmerpoB, PyHKuHsa obllero BHAA, 3aBHCAAsA
He 6osiee yem oT 6 mapaMerpoB, B OKDECTHOCTH KPHTHYECKOH TOYKH
MOAXOAfLet 3aMeHOIll mepeMeHHhX NPUBOAHTCA K KBa3HOAHOPOA-
HoMy BHay (cM., Hanpumep, [47]). CienoBaTenbHO, ANA  TaKHX
NOTEeHUHaNoB CApaBel.uBa ob6paTHas Teopema Jlarpanxka. Has
NpakTHYeCKHX Ueseli 310 Gosnee yeM AOCTATOYHO, ORHAKO OOUIHH
cAyuyadl K ITOMY, KOHEYHO, He CBOJAHTCA. A

Hdoka3atenbcTBo TeopeMn 12 B caysae 3 OCHOBAaHO Ha JApYroi
MOee: ec1H ypaBHeHHs ABHXKEHHR HMelOT pelueHHe ¢(f), acHMmnTO-
THYECKH CTpeMslileecss K TOuKe g=0 npn ?—--co, TO paBHOBecue
(9,9 )=(0,0) neycroituuso, Ilpxn 3Tom Hamo pasaHyaTh TpH C.1y-
yas: pa3/ioXKeHHe MNOTEHLHala HAYHHAeTC C KBaJApaTHYHBIX 4ne-
HOB, ¢ GOpPMH HeYeTHOM CTeMeHH H, HaKOHel, ¢ 4eTHO# QopMH CTe-
nexu 6Goabwe AByx. [lepsuii cayuaii pasobpan ewe A. M. Jlany-
HOBbIM: ypaBHeHHe IBH)KEHHSI HMeeT AaCHMOTOTHYECKOe pelleHHe
q(t)=.‘.‘.xke"‘”, k}l, thR", A>0. Ecan U=U2m+|+...
... (m=1) u U1 ==0, TO aCHMNTOTHYECKOE pelIeHHE MOXKHO
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NpeACTaBHTL B BHAe pPsifa

Dxt™ k>1, u=2/2m—1), (16)
CXOAALIErocss NPH AOCTaTOYHO Goabwnx 3HaveHusx ¢ [82]. Ecan
xe U=Usm+ ... (m=2) u U0, 10 psia (16) 3amensiercs Ha
caenyiowni (cM. [86]):
. J
x;+(}"n_t'l)T'" xl,'eRn! i, j=01 19---;j<i/(m—l)-

M3 3sakmouenus 3 TeopeMn 12 MOKHO BHBECTH DAL CAEACTBUA:

a) Ilyets f:R">R n df (0)=0. Torna cocrosiHue paBHOBECHH
(4, 9)=(0, 0) HeycToRuuBO Av60 Kcraa U = f, mmbo xoraa U= — f.

6) Ecan B noaoeHHH paBHOBECHS AHAJHTHYECKHH MOTEHUHAN
KMeeT JIOKaJbHHK MaKCHMYM, TO DaBHOBeCHe HEYyCTOWYHBO,

B) PaBHoBecHs MeXxaHH4YecKOH CHCTEMH B NOTEHUHANbHOM CH-
JI0BOM floNle C TFapMOHHYECKHM NOTEeHUHaJAOM (YZOBJIETBOPSIOLIHM
ypaBHerHo Jlannaca AU=0) HeycroiiuuBu., YacTHHM cayyaeM sB-
aserca «reopema Hpuwoy» (S. Irnshaw): paBHOBecHe cucTeMbl
3.1eKTPHYECKHX 3apfifloB B CTAalHOHAPHOM 3JIEKTPHYECKOM MoJe
sceraa Heycroiyuso. [lo pa6or [82], [86] Teopema HpHuwoy 6naa
J0Ka3aHa JIHilb KOTAa XapakTepHCTHYeCKHe YHC/Ja NepBOro NpH-
6J1HXXEHHS OTJAHYHB OT HYJA.

[TycTe Ha MexaHAYeCKyi0 CHCTEMY AGACTBYIOT elle HenoTeH

UuaibHHE CHAN  F (¢, ); ABWXEHWE ONWCHLIBAETCA YypaBHEHHeM
Jlarpauxa

d (oL oL _ T
(57 )5 =F L=T—U. (17)

Onpenenenune. Cuny F OyneM HaswBaTh CHIOR BSSKOFO
TPeHHs C noaHoR Ruccunaumedt, ecan F(q,0)=0 u (T4U) =
=Fq<0 npu ¢+0.

[Tosoxenus paBHOBeCHs W mocne A0G2BACHHSA CHJ  BA3KOTO
TPEHHA CHOBa OYAYyT COBNAaAaTb C KPHTHYECKHMH TOYKAMH NOTEH-
unana U. Ilpu 3tOoM COCTOAHHS paBHOBeCcHs, YCTOWYHBHE MO Teo-
peme Jlarpahxa, OCTaHYTCS YCTOHYMBHMH C YYETOM IHCCHMALHH
aneprud. Bonee TOro, ecau noteHunan — aHanHTHYUeCKas QYHKUHS,
TO OHH CTAHYT ACHMNTOTHYECKH YCTOAYMBHIMH.

Teopema 14 (cm. [81]). Ilycth Touka ¢=0 He sBAseTCH J0-
KaabHHM MHHEMyMoM ¢yHkuun U, U(0) =0, CocTosiHHe paBHOBe-
cHa (¢,4.)=(0,0) cucTemu (17) HeycTOAYHBO, eCAH BHNONHEHO
ORHO H3 CJAEAYIOUIHX YCJOBHI:

a) ¢yuxkuus U aHaAHTHYHZ B OKPECTHOCTH TOYKH ¢=0,

6) ¢yukuua U rnagkas M npH HekotopoM >0 B obaactu
e={q:U(q) <0, |q| <e} Her ee KPHTHYECKHX TOYEK.

B ananuTHyeckoM cayyae ycnoBHe 6) 3aBeAOMO  BBINOJHEHO.
D> PaccMotphm nBHXKeHHe ¢(-) ¢ OTPHUATeNbHOR NOAHON 3Hep-
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rued u ¢(0)€Z..YTBepKAaeTCH,4TO 3a KOHEYHOE BpeMs TOYKa
q(!) nokuner I,. leficTBHTE/IbHO, Ha TaKOM ABHXeHHH § (f) %0,
CnenoBatenbHo, nosHas 3Heprus E=T-+U MOHOTOHHO YyG6HBaer.
Ecan q(t)€Z, nas Bcex t=0 u npu 3arom E(f) cTpemutcs K Ko-
HeYHOMy mnpegenay npH f—r--oo, to g (t)—0. Ho npu maaunx 3sha-
YEeHHSIX CKOPOCTH CHJIbl TPEHHSl MaJH N[O CPAaBHEHHIO C MOTEHIH-
aNbHLIMH CHJaMH, KOTOpHe coobliaT CHCTeMe JHOCTAaTOYHO G6oJb-
WYI0 CKOPOCTb. A




KOMMEHTAPUA K CITUCKY JIMHTEPATYPHI

OcHoBHbe nNPHHUMNH MeXaHHKH AOCTATOYHO MOJHO H NOAPOOHO N3JOMKEHHE
» kuurax [6], [20], [21], [39] C reHesHCOM OCHOBHBIX NOHATHA MeXaHHKH MOXHO
NO3HaKOMHTbCR no kuure [28]. B [26] comepxiiTcs OpHrumaibHOe NOCTpoeHHe
AHHaMHKH, B KOTOPOR OTCYTCTBYET NOHATHE YCKOPSIOWERA CHAL: HCKPHB.IEHHC
TPAEKTOPHA BHI3WBAETCA JHIWBb CBA3AMM, HANOKEHHMIMH Ha cHcTeMy. COOpHHK
cratef [10] Raer xopowee npeacTaBAeHHE O PA3BHUTHH BaPHALUHOHHHX METOAOB
KJaccHueckoit MexaHnku no 1950 roaa. B xmuure [23] pasmuBaerca cHcremaTtHde-
CKHR NOAXOA K TaMHJIbTOHOBOH MeXaHHKe, OCHOBAHHLIA Ha HCMOAb3OBAHWH HHTe-
rpanbHbix HHBapuaHToB. PaGota [25] comepXHT NOCTPOEHHE TEOPHH TaMHALTOHO-
BHIX CHCTEM CO CBA3fIMH.

PaGotu [34), {22] okasank pewaiolee BAMAHME Ha COBpeMeHHOe pa3BHTHE
TeOpPHH AH(depeHUNaNbHEIX YPABHEHHHA M KJAaCCHYCCKOA MexaHHKH. B HHX BBeleHss
HOBHIE NMOHATHSA M METOAH, CTaBlUHe Tenmepb KAAaCCHYECKHMMH. KauecTBeHHBIM acnex-
T4M TEODHH JNHHAMHYECKHX CHCTeM nocssweHn paGotw (1), (3}, [7), [12], (15]),
[31]. [33). [38].

C MaTeMaTHYeCKHMM acneKTaMn HeSecHON MeXaHHKH MOXHO NO3HAKOMUTHCS
no xuuram [24], [34), [37}, [42). B [37), [42] 3anaun HeGecHON MexaKHKH TPaKTylorcs
KaK 3alayll Ka4eCTBEHHOA H aHAAHTHYECKOA TeopHH AnddepeHUHANbHBIX ypaBHe-
HHA, a KHHra [24] conepmuT oGcTOATENbHOE BBEAEHHE B TEOPHIO BO3MYlLeHHUIT.
PaGota 2] sBaseTcA 0630pOM pe3yAbTaTOB, NOCBRUEHHMX KaueCcTBEHHOMY aHa-
7u3y QHHANbHLIX ABHXKEHHA B 3ajadve Tpex Tea (CM. takxe [31]).

Bonpocs nowuxenns nopsaka raMHAbTOHOBLIX CHCTEM MOAPOGHO 06CYXAAIOT-
ca B [23], [34) (cM. Takxe [168]). OTHOCHTENBHO NOHMKEHHRA nopaaka no Paycy
farpaHxesnx cucreM oM. [121], [124). PaGora [38] corepxur netanpHoe nccaeno-
BaHHe OTOGpaKeHHA 3HEPrHH-MOMEHTa.

Passugibie BONPOCH TEOPHH HHTErpHPYeMBIX CHCTEM OGCYXKAAIOTCA B (6], 113,
[19]), [27), [30], {32}, [65], [l36f {137). B [19], [27]), [30) noadepKHyTH aHaaHTHYECKNMe
acnextsl, a 8 [32], [65), [136}, [137), {178] o6cyxmaoTen coBpeMenHue anre6po-reo-
MeTpHYECKHe METOAL HHTErPHPOBAHHS TaMHJbTOHOBBA CHCTEM.

Teopun BOIMywewni B cHCTeMax AHQEpPeHUHANbHBIX ypaBHeRn# olwWwero
Buaa obcyxaaerca 8 [7), [8], [9), [16], [29), a AR raMHALTOHOBHX CHCTEM B [18),
[24), [34]. "KAM-Teopun nosoxuna navano paGota [14]. Pa6orw [4,5] conepxar
NCpBLe NOAPOGHHE NOKA3aTE/LCTBA TEOPEM O COXPAHEHHH HHBAaDHAHTHWX TOPOB
ravuabTOHOBRX cHCTeM. B [29] noctpoena Tteopus BosMywienwd ycnoBHO-nepHOZH-
YECKHX pelleHHA HeraMMALTOHOBMX CHCTEM AHGQEpPeHUHaNLHHX ypaBHeHHui:,

B pa6ote [13] uanoxenw Metoam NokasaTenscrea HEHHTErPHPYEMOCTH ra-
MHAbTOHOBHX cHereM. PaGotw [35), [36] comepxaT noapoGHsle RonasaTenbcrsa
WeMHTErpUpyeMOCTH ypasHennwi [aMubTOHa BGAN3N NOJOKEHHA paBHOBECHA.

ONPOCH  KaYeCTBEHHOTO ~ &HAJH3a NOBEACHHS TPAEKTOPHA B HEHHTErpHPyEMBIX
AMHAMHYeCKHX CHCTeMaX paccMaTpuBaiotcs B [l], [3), (31). [33]).

OG630p pe3sy.sibTaTOB NO TEOPHH YCTORYHBOCTH MOJOMKEHH ! PaBHOBECHS H CTa-
IU:OHADHEIX ABHKEHHA MEXZHWYECKHX CHCTEM COAEDKHTCS B [11). DneMeHTH Teo-
PHH KoneGanui ussomensl B [6), [7]), [39) Pabotm [40], {41] comepxaT noanoe
OGHCaHHe HOPMAaNbHHIX GOPM NHHEAHWX raMHJILTOHOBLIX CHCTEM.
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u Teopna KeaeGawufl. Peayantarw oGutero xapaktepa HPOKANIOCTPHPOBANN MHO-
TOUHCACHHBIMH NDPHMEPAMR K3 HeGocHOfl MCXIHMKR W ANHAMHKH TBEDAOro Teaa.
H3a04cHb Padanyunuie acNeKTBl 381aMH N Tea: CTOJINHOBCHHA, PEryASPHISUMSA,
HaCTHBHC PCWCHHR, GHHAABHBIC aBHMCOHHR H T. 1. O6CyxaaeTcH npuMeHeHne
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