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KBAHTOBAS BEPOSITHOCTDb U KBAHTOBASI CTATUCTHKA
(Urorn Hayxu u Texu. CopeM, mpobi. MateM. @ymnaam. Hanpapnenuss. BAHWUTH, 1991. 1.83. C. 3—132)

IIpeameroM o0630pa SBISETCS BEPOATHOCTHAS CTPYKTypa KBaHTOBOW TEOPHH.
MareMaTH4ecKHe HCCIIEIOBaHUsA B DTOH 00jacTH Havaauch B 30-e¢ rojbl, HO JIHIIL 3a
MOCIICTHUE JBA/INAT JIET YCHIIUAMHU psjia CHESIIUATUCTOB ObLTa, B OCHOBHOM, CO3/IaHa
KBaHTOBas TEOpUsS BEPOSATHOCTEH, OMUparOmiascsi Ha COBPEMECHHBIM ammapar
HEKOMMYTATUBHOTO (YHKIMOHATHHOTO aHaJlM3a M CBOOOJHAsA OT TPYAHOCTEH U
MMPOTUBOPEUYNI TMEPBOHAYAIBHOTO MOAX0Aa. OCHOBHBIC TOHATHS KBaHTOBOI TEOpUH
BEPOATHOCTEH paccMaTpPUBAIOTCA B 0030pe B COMNOCTaBICHHH C KIACCHUYECKOI
BEPOATHOCTHOM cxeMoil. [lomuepkuBarOTCd NPUHIMNHUAIBHBIE OTIWYUSA, B OCHOBE
KOTOPBIX JexaT O0ojiee CIIOKHBIE TEOMETPUS BBIMYKJIOTO MHOXECTBA KBAHTOBBIX
COCTOSHUIT U anrebpaudeckas CTPYKTypa MPOCTPAHCTBA KBAHTOBBIX HaOIOacMBIX.
OTH OTIIHYMS HAXOJAAT BRIpAXXKECHHUE B KOPPEIAIIMOHHBRIX HEPABEHCTBAX, MPOJIMBAIOIIHAX
HOBBI CBeT Ha MpoOIEeMy CKPBHITHIX MapaMeTpoB, a Takke B (yHAAMEHTaIbHBIX
OTPaHUYEHUAX Ha TOUHOCTh U MH(POPMATUBHOCTh U3MEPEHUMN, COCTABIISIONIUX MPEIMET
KBaHTOBOW TEOPHM CTATUCTHYECCKUX PEIICHUH.

IlenTpambHble  MaTeMaTHYeCKHE  IMOHATHS —  PaslIOKECHHE  UHUIIBI
(monoXxuTeNnsHas! ONepaTOpPHO-3HaYHAs Mepa) U BIIOJHE MOJIOKUTENBEHOE 0TOOpaXKeHue
— paccMaTpHUBAIOTCSA B €CTECTBEHHOM CBA3U ¢ mpwioxeHusMu. OCHOBaHHas Ha JTHX
cpencTBax 000OmIeHHAs CTATHCTUUYECKas MOJIeTh KBAaHTOBOW MEXaHWKH JIaeT KIIOY K
pAay BONPOCOB, HE HaXOJAMIUX YIAOBICTBOPUTENLHOTO pEHICHHS B paMKax
cTaHmapTHod  GOpPMYyITHUPOBKH. OTO — TmpoblieMa COOTBETCTBHS (KaHOHUYECKOI
COTPSKECHHOCTH), MapKOBCKas JMHAMHKA OTKPBHITHIX KBAaHTOBBIX CHUCTEM, mHpobiema
BOCIPOM3BOJMMOCTH B TEOPHUM KBAHTOBOTO H3MEPEHMS, MPOIECCHl HEMPEPHIBHOTO
u3Mepenus. HM3nararoTcsi OCHOBBI TEOPUM KBAHTOBBIX CIydalHBIX MPOIIECCOB, B
YaCTHOCTH, KBAaHTOBOE CTOXACTHUYECKOE HCUHCICHHE, Aaromniee d((PEeKTHBHBIA MeETOJ
pacuIMpeHus TMHaAMUYISCKUX MOIYTPYI U MPOIIECCOB HEMPEPHIBHOTO U3MEPEHUSL.
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IMNPEAUCJ/JIOBHE

TeopeTuko-MHOKecTBeHHAs KOHIemus, nojgoxennaa A. H. KoJ-
MOrOpOBBIM B OCHOBY TEOPHH BepOSITHOCTEH, oKasajach HeoObluai-
HO IIOJOTBOPHOH M NpojoJiKaeT ycmelilHo paspafartbiBaTbed. B TO
JKe BpeMsl 5BOJIIOIHS €CTeCTBO3HAHUS ¢ HeOGXOAHMOCTHIO NMPHBOJHT
K PacCMOTDEHHIO aJibTepDHATHBHHIX BEPOSATHOCTHBIX CHCTEM, B KOTO-
PHIX TEOPETHKO-MHOXKECTBEeHHAasi MaTeMaTHKa HrpaeT BCIOMOrartelib-
HYIO poJb, U HA HEPBHIH MJaH BBHIXOAST CBA3M ¢ (PYHKUHOHAJBHBIM
aHaJH30M M COBPEMEHHOH MaTeMaTHYeCKOH (PU3UKOH.

Passutne Gu3uky — 0T MeXaHHKH 4Yepe3 CTAaTHCTHYECKYIO MeXa-
HHKY K KBAHTOBOH TEOPHH ~— COIPOBOXKAAJZ0Ch BO3PAaCTaHHEM pOJIH
BEPOATHOCTHLIX NpeAcTasienuil. Habalonaemoe noBenende ¢u3H-
4eCKHX O0bCKTOB aTOMHOTO M cy6aTOMHOro ypoBHeH uMeeT BBIpa-
KeHHBI# cTaTUCTHYEeCKHH Xapaktep. COOTBETCTBEHHO, NPeICKA3aHKs
TEOPHH, ONHUCHIBaIOIIeH [OBeAeHHEe MHKPOOOTBLEKTOB, SBJASIOTCA IO
CBOEMY CYLIECTBY BEDOSITHOCTHHIMH H BBIpaXaloTCsl B TEPMHHAX
CpPeJHHX 3HaueHuH, Koppeasiln#l, BepoATHOCTEH nepexogoB M T. 0.
TIpuHUMIHMaAJAbHO BaXKHBIM, OJHAKO, SIBASeTCS chefywoliee o6CTos-
TEJAbCTBO: XOTS Pe3yJbTaT KaXXAOT0 OTAEJbHO B3SITOTO 3KCIEPHMEH-
Ta MOXKHO DacCMaTPHBaTh Kak OOBIUHYID CJAYYalHYIO BEJAMYHHY,
OKa3blBACTCSl HEBO3MOXKHBIM JaTb OMHCAHHE COBOKYIHOCTH pe3YJib-
TaTOB BCEBO3MOXKHEIX 3KCMEPUMEHTOB Haj JaHHBIM MHKPOOOBEKTOM,
XapaKTepH3YIOLIell ero COCTOSIHHE, B TepMHHAX KJACCHYECKOIO «IIPO-
CTPAHCTBA 3JIEMEHTApPHHIX cofbituii». I pyruMu caoBaMH, COCTOSI-
HHEe He MOxeT ObITb 3aJaHO, KaK B KJIaCCHYeCKOH CTATHCTHYECKOH
MeXaHuKe, pacupejencHueM BepositHoctelt P(dw) Ha HEKOTOpOM
¢a3oBoM HpocTpaHCTBe {2, OTPAXKAIXUIHMM HETOYHOCTb HJIH HEIOJHO-
TY 3ajaHus <«HCTHHHOrO» COCTOSHUA €. KBaHTOBasg CTaTUCTHY-
HOCTh HMeeT IIepBHYHBIA XapakTep W HeycTpaHnWMa 3a CUeT MOBHI-
HICHHS] TOUHOCTH U JI€TJbHOCTH M3MEepeHHH.

OzHa u3 IJ1aBHBIX OCOOEHHOCTEH KBAaHTOBOH (PU3HMKH, MpPEHsITCT-
BYIOHIUX «KJIaCCHUYECKOMY», T. €. TEOPETHKO-MHOXKECTBEHHOMY OIU-
CaHHUIO, COCTOMT B HAJHMYHHM B3aUMHO JONOJHHUTCJAbHB X Be-
JINYMH, KOTOpPbIE HE MOI'yT OJHOBPEMEHHO HMETh KaKHX-Jubo onpe-
Aefdenublx 3Hauenufl, Ilpw mocsnenoBaTenbHOM — H3MEDEHMHM TaKHX
BEJIMUUI De3yJbTaT OKa3blBaeTcs 3aBUCSHIUM OT NOPSIIKa u3Mepe-
Huit. C 3TuM ¢BsI3aHO TO OBCTOSTEILCTBO, UTO B OCHOBE MaTeMaTH-
YeCcKOr'o annapaTa KBaHTOBOH (DH3UKH JIEXKUT HEKOMMYTAaTHBHas ajl-
reGpa maTpHuIil uau onepatopos. [lepedbpasupysa ussectHoe ompene-
JeHHe TEeODHH BepOSTHOCTEH U, MOXKHO CKas3aTb, 4TO KBaHTOBasd
TEOPHSL BEpPOSITHOCTEH — 3TC TEOpHs ONepaTopoB B TH/ILGEPTOBOM
NPOCTPaHCTBe, «OAYIIEBJEHHaAS» CTATUCTHYECKOH HHTepIperanued
KBAaHTOBOH MEeXaHHKH.

Hayasao uccienoBaHHI0 BEPOSATHOCTHOH CTPYKTYPH KBAHTOBOH
TEOPHH OBLIO NOJI0XKEHO B H3BecTHOH MoHorpaguu k. ¢on Hedi-

) «Probability theory is a measure theory — with a soul» (M. Kac).



MaHa «MareMarHueckHe OCHOBBH KBaHTOBOH MexaHuku» (1932).
B 3T10# KHHre, mocayXuBuiefi HCTOKOM MHOTHX HAeH (YHKLHOHAJb-
HOrO aHajau3a, OblI0 HaHo OOOCHOBaHHe (OpManu3Ma, pa3BHTOTO
B IpeAllecTBOBABIIHX (u3HuecKHX paboraX, 0coO6eHHO B JHDPAKOB-
ckux «IIpuHnunax xkBaHTOBOH MexaHHKH». Kpome Toro, B Hell 6bla
HOAHAT PAA (PYHIAMEHTAJNbHBIX BOIPOCOB BEDOSITHOCTHOH CTPYKTY-
pPBl KBAaHTOBOH TeOpHH, KOTOpble B TO BpeMsi He MOIVIM HAHTH VIOB-
JIeTBODHTEMbHOrO peuteHus. B 60—70-e roab 3ra npo6/jemaTHka
BbI3LIBA€T HOBBIH HHTepec, KOTOPHIH CTHMYJHPYeT CO3JAaHHe, VXKe
Ha 0ase AOCTHUXKEHHH COBPEMEHHOI0 (YHKUHOHAJBbHOrO aHaJllu3a,
BEPOSITHOCTHO! TEOPHH, SIBJISIONIeHCS JIOTHUECKUM pa3BUTHEM CTa-
THCTHYECKOH HHTepIIpeTallMd KBaHTOBOH MeXaHHUKH H CBOOOAHOH OT
psiia TPYAHOCTEH H NPOTHBOpPEUHi NMepBOHAYaJbHOro moxpxojna. O6-
30p OCHOBHBIX TPHHUMIOB H PE3YJAbTATOB 3TOH TEOPHH M SBJSCTCH
NpeAMETOM HAaCTOSLIeH CTaThH.

KBaHTOBasi BepOSITHOCTb CBsi3aHa CO MHOTHMH pasjesaMu mare-
MaTHKH M (DH3UKH, H H3JlaTaTb €€ MOXHO ¢ pPa3HbIX No3uuuil. ABTOp
IPHAEPXKHBACTCH TOH TOYKH 3peHHs, 4TO HauGoJbIIHH HHTepec B
KBAHTOBOH BEPOSITHOCTH MPEACTaBIAIOT T€ (GAKTBhl, KOTOPHE MIPHH-
LUTHAJIbHO OTJIHYAIOT ee OT OOBLIYHOH (M 3aYacTyio IpOTHBOpEuar
KJ1ACCHYECKO! BEpOSITHOCTHOM MHTYHIMH). [10 3TOH TpUuHMHE KBaH-
TOBasi BEPOATHOCTh paccMaTpUBaeTcs 3jech B TECHON CBfA3H CO cTa-
THCTUKOH H3MepeHHH, B KOTOPOH 3TH OTJIHYUS HaxoasT HauboJgee
SIPKO€ TIPOSIBJIEHHE W HMMEIOT ONpeneleHHoe hU3uyeckoe CopepKa-
Hue. OCHOBHOe BHUMaHUe yjeJeHo He (OPManbHBIM TOHCKAM He-
KOMMYTaTHBHBIX aHaJOTOB Pa3JHYHBIX pe3yJbTAaTOB TEOPHU BEPOST-
HOCTEl, a2 PacKPHITHIO BePOSITHOCTHOM CTPYKTYPHl KBAHTOBOI TEOPHH
U HO0Ka3y TOro, KaK 3TO IOMOTraeT B PeUIeHHH KOHKPETHHIX mpob.ieM
(nonppoBuee c¢M. BBefeHUe),

C napyro#i CTOpPOHBI, KOHTPACT MeXKAV KJaccHueckofi ¥ KBaHTO-
BOHl BEPOSITHOCTBHIO IpOsIBJsgeTcs Ha (OHe ONpeJeJEeHHOro napad-
JIeIU3Ma MaTeMaTHUeCKUX CTPYKTYP. B moanoit Mepe 3ToT napande-
JIU3M pPAcKpHIBAeTCss B PaMKaX TakK HA3bIBaeMOi HEKOMMVTaTHBHOH
TeoPUH BepogdrHOcTeldl — obmiell adrefpauueckofl CXeMhl, RKJAIOYAMO-
meit B ce6st Kak KBAHTOBBIH, Tak U KJAACCHUYeCKHH (KOMMVTaTHB-
HBIfl) cayyau. Besyecku nopyepxKaBas KOHKPeTHBIE MNPOSBJEHNAs
3TOTO NapaJjiienusMa, aBTop OTkasajacs or cobsasHa H3J0KCHHS
¢ Gosee 06UIMX TMO3UIHH, TOCKOJbKY 3TO IoTpeboBano Gbl YCJA0MK-
HeHHsI MaTeMaTHueCKOoro aumapaTa, He CONpOBOXKAalollerocs 3a-
MEeTHHIM BBIUTPHILIEM B IOHHUMAHUHU CYIIHOCTH KBAHTOBOH BEePOSITHO-
ctu. BesencTBue Takoro moaxona, a TakXe OrpaHHYEHHOCTH 00Db-
eMa cTaThd HEKOTOPbIE KPACHBbiE pe3yJbTaThl HEKOMMVTAaTHBHOH
TEOPHH BEPOSITHOCTEH, Hocsiinhe OoJjiee TEXHUYECKHH XapakTep, He
Hawau 37eck NoApo6HOro orpaxkeHns. BsaMeH B TekcTe paloTcs
CCBIJIKM Ha ApYrHue ctathbd 06G30DHOro XapakTepa, rie 3THM BONDPO-
caM yzaeneHo GoJbllle BHHMaHHA.

BoJabinas uyacth TeM, BOWIEAIIHX B 3TOT 0030p, ofcvKiaaJgaack
Ha cemHHape «Asre6panuyeckde MeTOAB B KJACCHUECKOR H KBaH-
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TOBOH cTaTHCTHKe» B Martemartuueckom HHCTHTYTe MM. B. A. Crek-
goBa AH CCCP, u aBTOp BHIpa’kaeT BCEM €ro y4YaCTHHKaM CBOIO
HCKpeHHIOI 6./1aroapHOCTb.

BBeneHue

0.1. KoHeunomepHble cucTembl. ll3joxKeHde TEOpHH BepOSTHO-
cTell NPHHATO HauHHATH ¢ KOHEYHOH cxeMmbl. Ciaedysl 3TOH TpajaMIHH,
pPaccMOTPHM KOHEYHOe BepOSITHOCTHoe IpocTpaHcTBo Q. HwMmeror
MECTO TPH TECHO CBSI3aHHBIX MeXAy co6oll (akKTa, KOTOpHEe N0-Pas-
HOMY BBIPaXalOT KJAaCCHYHOCTb BEPOSTHOCTHOH CXeMBI:

1) mHOxKecTBo cobmTHiE A oOpasyer OyJeBy aarebpy;

2) MHOXecTBo paclpeleseHUil BepOATHOCTEH [py, ..., px] Ba Q
SIBJISIeTCS] CHMILJIGKCOM, T. €. BHIUIYKJBIM MHOMKECTBOM, B KOTOPOM
KaxJas TOYKa OJHO3HAaYHO TpeACTaBAsieTCH B BHjJe CMecH  (BHI-
NyKJI0#l KOMOHHauMu) KpalHHX TOUEK;

3) MHOXECTBO cAyyafiHbX BeJqU4YUH [Ai,...,Axy] Ha Q oOpasyer
KOMMYTaTHBHYI0 aire6py (OTHOCUTENbHO NOTOYEYHOIO  yMHOXKe-
HUS).

KsanTOBBIM anaJjioroM 3TOH cXeMbl fBAsieTcs MoXeldb N-ypoBHe-
BOH cHcTeMBl. AHajor pacnpefeseHusi  BepOSITHOCTEH —CcoCTO 4 -
HHe TaKoH CHCTEMBbl ONHCHIBAGTCS MAaTPHUUEH DAOTHOCTH—
spmuToBOil N X N-matpuueit S, yi0BJIETBOPAONIEH YCJAOBHAM 110.10-
KHUTEJIbHOH ONpeie/IeHHOCTH H eIHHHYHOCTH C.1ela

S=0, Tr S=1; (0.1)
aHaJor ciayyalHoH BeJMUMHBl —HabJaoflaeMas  OIHCHIBAETCA
NpoH3BOJabHON 3pmuToRoll N X N-marpunes X. ITycrs

n

X=X E; 0.2)
F=1

— CNeKTpa/ibHOe  pasfoxeHHe  3PDMUTOROH  vatpuusl X, rae
x1<Xp<T...—coOcTBennble uucaa, E,, Es ... — NpPOeKTOpbl Ha
COOTBeTCTByIOUIMe coOcTBeHHBe noAnpocrpaHcta. [HabGop E=
={E,;} o6pasyer OpTOTOHAJbHOEe pa3JOKeHHE CeIH-
H U II bl

j=1

rae I —enunnunast matpuna. Us ceoiicts (0.1), (0.3) caenyer, uro
COOTHOIUEHHE

pi(x)=TrSE; j=1,...,n, 0.4)

3ajlaer paclpeliejieHHe BeposiTHOcTeit Ha crnekTpe Sp X={x|, x,...}
HabmnonaeMolt X; B KBaHTOBOH MexaHHKe NOCTYJNHPYETCS, 4TO 3TO
€CTb pacnpejejieHHe BePOSTHOCTEH Habmai0naeMoil X B cOCTOSIHHH S.
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B uacTHOCTH, cpeaHee 3HaueHHe X B COCTOSIHHH S eCTb
Es(X)=Tr SX. (0.5)
Ecin B 3TOH MOJNH OrpaHHYHTBCS PAaCCMOTPEHHEM  TOJbKO
JUaroHaNbHBIX MAaTpHL

P 0 Mo 0
S: . ) ‘;\’: s ’

0 oy 0 2y

TO Mbl BO3BpalmjaemMcs K KJaccuueckod cxeme ¢ N 3JICMEHTApPHBIMH

cobuiTusIMH, e, B dYactaoctd, {0.5) cBomurcs kK Eg(X)=
N

=Zp1jkj. To xe camoe mbl mosyudsaun OB, paccMaTpuBasi  TOJBKO
]=

OJHOBPEMEHHO AMArOHaJM3yeMble, T. €. KOMMyTHpYIOIHKe (MepecTa-
HOBOuHble Mexay cobofl) matpuud. [lockosbky umeroTcs HabJio-
Jaemble, oNUCBIBaeMble HEKOMMYTHPYIOIUUMH MAaTPUUAMH, MOJeJb
N-ypOBHEBOH cHCTeMBl He CBOJAUTCS K KJaCCHUECKOH CXeMe.

Posb unauKaTOpoB COGHITHE B KBAaHTOBOM CJjydae HIrpaiT Hao-
JojaemMble, NpMHHEMame 3HadeHus 0 uax 1, T. e.  IPMHTOBLI
HAEMIIOTEHTHBe MaTprlbl: E?=F, BBoas yHutapHoe KOOpAHWHATHOE
npocrpancteo #£=CN, B Kotopom [HefctBylor NXN-maTpHuis, Ta-
Kyl MaTpuuy £ MOXKHO paccMaTpHUBATh KdK OPTOTOHAJbHBLIA MDOEK-
TOp Ha NoAnpocTpancTBo & B 6. Takum o6pasoM, KBaHTOBBI €
COBBITUS MOXHO OTOXAECTBUTH C INOANPOCTPAHCTBAMHU YHHTAp-
HOTO TNPOCTPaHCTBAa J6. MHOXKECTBO KBAaHTOBBIX COOBITHH, Ha3blBa-
eMoe KBAaHTOBOH JOTHKOH, 4YacTUYHO  yoopsifodeHo  (Imo
BKJIIOYEHHIO) H HajesieHo olepauusimMu &,\/&, (auHeliHas obosiou-
Ka MOANPOCTPaHCTB &1, &), &1 /\&» (nepeceueHue MOANPOCTPAHCTB
&, &9), & (opTOroHa/jbHOe IOIOJHEHHE) ¢ H3BECTHHIMH  CBOIfl-
crBamu. HekJaccHyHocTs Mogenun N-ypOBHEBOH CHCTEMBl  MOXKHO
BBIPA3UThL TPeMs Pa3JUYHBLIMH YTBEPKACHUSIMHU:

1) kBaHTOBasl JIOrHKA cOOBITHH He sBJsieTcs OyJeBod anirebpof,
MOCKOABKY B HeHl He BHIIOJHEHO TOXAECTBO AUCTPHOYTUBHOCTH

EN(ENE3) = (ENE)V (&1 N\E3).
BeseactBrue 3T0ro, HET «3jJeMEHTAPHBIX COOBITHH», Ha KOTOpble OZ-
HO3HAYHO pacnafanoch Obl M0H0e KBAHTOBOE COOBITHE;
2) BBHIOYKJOE MHOXECTBO COCTOSIHUE He SIBASIETCH CHMILIEKCOM,
T. €. NPeACTaBJCHHE MATPHIBI MVIOTHOCTH B BHAE CMECH KpaiHHX
TOYEK HeOJHO3HauHO;
3) KommiekcHasi 060jiouKa MHOXKeCTBa  HaOJIIOJaeMbIX  SIB-
JAEeTCH HeKOMMYTaTHUBHOH (acconuaTHBHON) anreGpod.
B GeckoHeyHOMEpPHOM cJyyae BMeCTO MaTpHI IPHXOLHTCS pac-
'1aTpUBATh ONepaToOpH, JAeficTBylOUlHe B HEKOTOPOM THJABOEPTOBOM
NpoCTPaHcTBe J6. MaTeMaTHueCcKH KODPPEKTHOE H3JIOXKEHHE OCHOB-
HBIX NOHSITHH KBaHTOBOA MeEXaHHMKH B I'HMJAbOEPTOBOM IIPOCTPAHCTBE
6bio Bnepsue AaHo k. ¢on Heifimanom [26]. On, B uacTHOCTH,
TNOAYEPKHYS CYUIECTBEHHOe pa3/iuuHe MeXAY 3DMHUTOBBIMH  (CHM-
METPHUHLIMH) H CaMOCONpPSIKEHHBIMH OIepaTopaMH, KOTOpoe, KO-
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HEeYHQ, He NPOBOJAMJIOCh B NpeAlIeCTBOBABIIHX (H3HYeckHX paborax
H yKa3aJ, ITO HMEeHHO YC/JIOBHE CaMOCOINPIKEHHOCTH obecreurBaeT
B cayuae dim#B=oco amanor cnekTpajpHoro  pasioxenus (0.2).
Jpyroii Kpyr Bonpocos B cayuae dim Jf=oo cBsizaH ¢ yTOUHEHHEM
MOHSITHA cllefia H COOTBETCTBYIOLLEro KJacca OllepaTopoB ¢ KOHeY-
HbIM cjefoM. MaremMaTHyecKasl cxemMa, HasplBaeMasg cTaHLapT-
HOH GOPDMYJTHDPOBKO#H KBaHTOBOH MeXaHHKH B THALGEPTOBOM
HPOCTPAHCTBe, paccMarpuBaercs B IV, 1.

0.2. OGuine mocTyJaTsl CTATHCTHYECKOro onucauus, Kaxpas us
MaTeMATHYECKUX CTPYKTYp — KBaHTOBas JOTHKa COOBLITHH, BHIMYK-
JI0€ MHOMXECTBO COCTOSIHUH ¥ ajre6pa KBaHTOBBIX Ha6Ji0faeMbIX —
MoXeT ObTh OXapaKTepH30BaHa ONpedeJEeHHOH CHCTeMOH aKCHOM,
HO BO3HHKAIWIIHE [IPH 3TOM XapaKTepU3aLHOHHbIe NMPOOJIEMBl OKa-
3LIBAIOTCH COBCEM HE TPHUBHAJABHBIMH H 1O CYLIECTBY COCTaBJSIOT
OT/Je/bHEE HANpaBJeHUs Hcc/lieLoBaHHH, 0630p KOTOPHX BBIXOJMT
3a paMKH Hacrosimelt cratbd (cM., B uacTHoctd, Curana {32], Mak-
ku [23], Bapanapatian [160], Jlrioxsur [125], Tanmep [95]). HMmesn
[eJI0 ¢ KOHKPeTHBIM OOBEKTOM — KBAaHTOBOH TeopHell BeposTHOCTEH
B ['#Jb0EpTOBOM INPOCTPAHCTBE, He NPHXOAHUTCH TNpHOeraTe K Tev
UJIH MHBIM CHCTEMAaM aKcHOM; 6oJiee TOro, HMEHHO 3HaHHMe CTPYKTYp-
HBIX OcOOeHHOCTell 3TOro 06beKTa H AaeT OCHOBaHHE /51 MOTHBU-
POBKH TOH MJIH MHOH aKchoMmbl., OJHMM H3 IOJE3HBIX YPOKOB  aK-
CHOMAaTHYECKOro MOAXOAa SBJAETCS, OJHAaKO, yKa3aHHe Ha IJ0J0-
TBODHBIA mapasyiesn3M B ONHCAHHHM KJIaCCHYECKHX H KBaHTOBBIX CH-
creMm. PopmynpyeMble HHMEe NOJOMKEHHS SBJSIOTCS MOAH(pHKA-
uuel MepBRIX YeThIpex aKcHoM MakKH, OAMHAKOBO NPHMEHHMBIX KaK
K KJaCCHYeCKUM, TAK H KBAaHTOBBIM CHCTEMAM.

(1) 3anausl MmHOXecTBO &, 3J€MEHTH KOTOPOIO Ha3LBAlOTCS CO-
CTOAHUAMU ¥ MHOXKECTBO ), 3JeMEHTHI KOTOPOTO Ha3HBAwTCH (Be-
niecTBeHHBIME) Habarwdaemoimu. [asa maoboit nape S€&, Xe€O 3a-
daHo pacnpefeneHue BepositHOcTeil us¥ (dx) Ha o-aareGpe #(R)
GopeJieBCKMX TOJAMHOXKECTB BellecTBEHHoN npsimoil R, nasbiBaemoe
pacnpejeJseHiem BeposTHOCTeH Habawonaemoli X B coctosiHuM S.

Cocrosiuvie S uHHTepIpeTHpYeTCs KaK GoJiee WUJH MeEHEee JEeTalb-
HOe OMHCcaHHe MPUrOTOBJIEHUSI CTATHCTUHYECKOTO aHcaMObas
He3aBHCHMBIX HHAWBUAYaJbHBIX NpeJcTaBHTeNel paccMaTpHBaeMOH
cUCTeMB!, a HabnwgaeMas X — Kak BeJHUHHA, ugMmepsieMasi onpene-
JICHHBIM NpHOOPOM /I Ka)KJIOIo INpeAcTaBHUTENIs B JaHHOM aH-
cambne. Akcuoma (1), Takum oOGpa3om, IpeanogaraeT BOCHPO-
H3BOJAHUMOCTDH HHAMBHAYaJbHBIX 3KCIIEPHMEHTOB W YCTOM UM -
BOCTb 4acCTOT NPH HX HE3aBUCUMBIX moBTOpeHusx. Chaenyronias
aKCHOMa BblpazkaeT BO3MOMKHOCTb CM €IIMB aHMUs ancambaeil,

(I1) s mo6eix Sy, Sy68 u moboro unucaa p, 0<<p<<l, cyie-
ctByer S6@, Takoe, uTO

p¥=ppf +(1—p)p¥.

A5 Becex X€D; S nasmBaercs cmecesro coctosHuil Sy, S; B nmpomnop-
uau p: (1—p).
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Caenymoouiass akcHoMa FOBOPHT O BO3MOXKHOCTH IpeoOpa3oBaHust
uH(pOpMANUH, MOJyYeHHOR Npu u3MepeHHH Habmiogaemoi. Ilycts f
6openeBckasg ¢yHkuds H3 R B R. Ecan X;, X,60 TakoBLl, 4TO AJs
Bcex S€&

p¥e (B)=pX (f1(B); BEZ(R),

rae f~1(B)={x:f(x)€B}, To Habmonaemas X, QYHKYUOHALOHO
noodurena Habmogaemoin X;. B 3tom cayuae Oynem mucath
X2=f°X1.

(111} Hdna moboit X0 u awoboft GopeneBcKOH (PYHKIHH [ Cy-
mecTByeT X969, Takas uto Xo=f-X,.

IMapy nemycTbix MHO)KeCTB (&, O), yAOBJCTBOPAIOUIMX aKCHOMAM
(ID)—(111), nasoBem crarucruueckot modeavro. CTaTHCTHUECKASA MO-
JleTb HasbIBaeTcs 0T0eaumod, eciu

(IV) Hs Toro, uto u?‘ =u§2 aas Beex X6D caeayer S;=3S;;
H3 TOro, 470 ug‘ =M§2 st Beex S6& caeayer X=X,

Jast otaenuMofi MOfeaH onepauds cMelmdBaHus B & M oTilolie-
HHe (YHKIHOHAJbHOH MOJUUHEHHOCTH B £ ONpefeseHn! O/1H031HaY-
HOo. TeM caMBIM MHOKECTBO cOCTOSIHMI & Haje/sercs BLIMTYK/10H
CTPYKTYPOl, a MHOXeCTBo HabJa0ZaeMmblx O MojyuaeT 4acTHYHYIO
VIIOPSIIOUeHHOC T,

Haobawiaemble X, ..., X,, HNasbBAIOTCH COBMECTUMbBIMU, €C.IH
OHH (QYHKIHOHANBHO NOJAUMHEHB HEeKOTOpo#l Hab.aiolaemoit X, T. e.
X;=f;eX, j=1,..., m, Cosmectumble Halmopaemble MOryT OBITh

u3MepeHbl B OHOM 3KcnepumeHnTe, HabmonaemMble, coBMeCTHMBIE CO
BceMH HabuofaeMbiMu X€9D, o6pasyioT yesTp CTATHCTHUECKOIl MO-
Jev. 3amac 3JeMeHTOB B IEHTPE OUpeAensieT CTeNeHb KIaCCHUHO-
CTH MOJIEH.

0.3. Knaccnueckne n KkBanToBbie cuctemsl. Ilycth (Q, #(Q)) —
H3MepHMOe TNpocTpaHcTBo, P(Q) — BEIIYKIOE MHOMKECTBO BCEX Be-
POSITHOCTHHIX Mep Ha @2, 2 ©(Q) COBOKYMHOCTb BCEX BEINECTBEHHBIX
CIy4aHHBEIX BEJUYHH C €CTECTBEHHBLIM OTHOLICHHEM (PYHKIIHOHAJBHOH
nogausennocti. Ilycers

np* (B)=P(X-1(B)) : BB (R)

— pacnpefencade BeposiTHocTell X60(Q) oTHocHTeapHO PER(Q).
ITapa (R(Q), O(RQ)) obpasyer OTAETUMYI CTATHCTHYECKYID  MO-
Jeb, KOTOPYIO MOXHO HA3BaTh KOJMOTOpPpOBCKOM. B artoit mo-
Ienu Bce HabgiojaeMble COBMECTHMBL M IeHTP coBnajfaer ¢ O(Q).
Hst IpOCTOTH TPOAEMOHCTPUPYEM COBMECTUMOCTb HAGJMI0aeMbiX ¢
KOHCUHBIM MHOXeCTBOM 3HaueHuid. Beskas Takasgs  Hafmdonaemas
uMeeT NpejcTaBaeHUe, aHatoruunoe (0.2)

5 (o) = }_j‘ x,E; (@), 0.6)

rie E;(w) ecthb uugukatop MHoxecTBa B;={w : X(w)=x;}. MHo-
xectBa B; o6GpasywoT pasCuenwe npoctpanctBa Q, a {E;j(w)} #B-
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JISIOTCSl aHAJIOTOM OpPTOTOHAJNBHOTO pasnioxeHus eiuHuns (0.3). Ec-
aun Xy, ..., Xm — npoH3BoNbHHIH Habop Takux Ha6JIOfaeMBIX, TO
AOCTAaTOYHO B3ATh pasbuenue {B;} Gonee MeskKoe, uem Bce  pas-
6HeHusI, COOTBETCTBYIOLIHe HabawgaeMbiM X, 4ToOH GHIJIO BO3MOXK-
HO IpeAcTaBHTb Bece X; Kak QyHKUHH HabaogaeMod X,  coOOTBerT-
cTBywwleH TakoMy pasbuenuio {B;}.

CratucTHueckas MoAedb N-ypoOBHEBOH  KBaHTOBOH  CHCTEMH
tdakTHueckd Oblia omxcaHa B m. I. Ecau HabGawopaemas X HMeer
criekTpaJjbHoe pasgoxernde (0.2), To nabaogaemas foX omnpele-
JsieTcsl KakK

foX=2F(x)E; (0.7)

KBautosble HaGawogaemble X, ..., X;, COBMECTHMHB TOT/J@ W TOJBKO
TOTJa, KOTA2a COOTBETCTBYIOIHE MATPHNLE NepecTaHOBOYHHI,
T. €.

XX, =X, X i j=1,...,m.

LeHnTp Tako# MozejH TPHBHAJEH: OH COCTOUT H3 MaTpHL, KPAaTHHX
eJAHHHYHOH, T. €. TOJBKO H3 IIOCTOSIHHLIX Ha0J/10/JaeMblX.

Jnsi coBMECTUMBIX HaOJMI0JaeMBbIX €CTECTBEHHO BBOAUTCA COBMeE-
CTHOe paclipefesieHHe BepPOATHOCTed OTHOCHTENBbHO JfOOro  Co-
crosiius S. Ecau xe X, ..., X,, HECOBMECTHMB, TO  COBMECTHOE
pacnpejelieHHe OTHOCHTENbHO IPOHM3BOJBLHOIO COCTOSIHHS HE Cylle-
CTBYET. 3TO OOGCTOSITEbCTBO OTPAXKaeT  KBAHTOBHIA MNPHHIHT
LONOJHHUTeJdbHOCTH Du3HyecKHe H3MepeHHS Haj  MHKpO-
00BEKTaMHU OCYIIECTBAAITCH  MAKPOCKONHYECKHMH 3KCIEePHMEH-
TaJbHBIMH YCTaHOBKaMHM, KaxXjaas H3 KOTOPHIX MpejrnoJaraer
(JIOKHYI0 H CIEeNH(HUYHYI0O OpraHH3alMio NPOCTPAHCTBEHHO-BPEMEH-
HOU cpenabl. PasHble cnoco6B TakKofl OpraHH3anuM,  OTBeYaMUIHE
pasHbIM HaOJ/ofaeMbM, MOTYT OBITb ~ B3aUMHO  HCK/IHOYAOUIHMU
(XOTS ¥ OTHOCATCA K OJAHOMY H TOMY e  MHKPOOODBEKTY), T. e.
NONOJHUTEeNbHBIMH. Hasuune ofwnpHOro 3amaca HECOBMECTHMBIX
HabJ/10faeMEX — epBoe H3 OCHOBHBIX OTJIMYHE KBAaHTOBOH CTaTH-
CTHKHM OT KJIaCCHUECKOH.

Onun u3 HauboJiee CIOPHHIX BOIPOCOB KBAHTOBOH  TEOPHH —
npobJeMa CKPHTBIX 11apaMeTpPoOB, T. €. BOIPOC O IPHHIMIMANbHOH
BO3MOKHOCTH OINHMCAaHHS KBaHTOBOH CTaTHCTHKH B TePMHHAaX Kjac-
CHYECKOro BEePOSITHOCTHOI'G IpocTpaHcTBa. [lepsas NonbiTKa AOKa-
3aTeJbCTBA HEBO3MOXKHOCTH BBEJEHHS CKPBITHX mapaMerpoB Oblia
npeanpuaara Jx. ¢on Helimanom B [26] u noaroe  Bpemsi  ero
apryMeHThl paccMaTpHBAJIHCh KaK pemawoiue. B 1966 r. JIx. bean
oOpaTuJ BHMMaHHe HAa HX HENOJHOTY H yKasaJ Ha Jpyroe QyHna-
MEHTaJ/JbHOe CBOHCTBO KBAHTOBOMEXaHHUYECKOrO OIHMCAHHS, KOTOpOe
MOXHO 0603HAYHTh KakK cBOHCTBO LesocTHOCTHY. MaremaTuue-
CKH OHO CBSI3aHO C NPHHIMIOM CYNEPIO3HIUM H C TeM 06CTOsITe/b-

) Adrnmickuii TepMHH — mon-separability.
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CTBOM, YTO COCTaBHHle KBAHTOBHIE CHCTEMBl  OIMCHIBAIOTCA C MO-
MOLUbIO TEH30PHOTO, a He AeKapToBa NPOU3BEJeHHs, KAK B KJaCCH-
4eCKO# TeopHH BeposiTHOCTeH. CBoHCTBa MONOJIHMTENLHOCTH H le-
JIOCTHOCTH JIeXKaT B OCHOBE HEraTHBHHIX pesyJbLTaToB B npobieMme
CKPHITHIX NapaMeTPOB, KOTOphle o6cyxKAaloTcs B KoHile I'i. 1.

0.4. Panpomu3anvsi B KJIacCHYeCKOW W KBAHTOBOW CTATUCTHKe.
BepHemcsi K KOJIMOropoBOH MOAENH H PacCMOTPHM caydalHyio Be-
Jguuddy (0.6). B kaxao#i Touke €S2 oHAa C BEPOSITHOCTBIO ! HpPHHH-
MaeT 0JHO U3 3HAueHH{ x;, B MaTemaTHYeCKoil CTAaTHCTHKe, B 4a-
CTHOCTH B TEOPHH CTATHCTHYECKHX peLIeHHH N0Je3HO paccMmoTpe-
HHe «paHJAOMU3OBaHHBIX» CJAydafiHBIX BEJIMYMH, KOTOpBle oOlpeje-
JAI0TCSl yKaszanuem BeposiTHocTe M;(w), (0<KM;(w)<1) npunus-
THSl 3HaYeHUs x; AAd JI0O0ro sieMmeHTapHOoro cobuitus . Habop
dynkuuii M={M,(w)} XapakTepusyercs ycaoBHAMH

n
My©)>0; X Ml0)=1; o€Q, 0.8)
i=1
U ONUCHIBAeT HETOYHOEe HU3MepeHUue cJydalinoil BeJuuuHu X, T. e.
H3MepeHHe co ciayyafiHEmMu omln6kamu. PacnpeneseHne BeposATHO-
CTe#i TaKOro H3MEpPEHUs] OTHOCHTEJbHO BEPOSITHOCTHOH — Mephl P
jpaetcss GopmyJiof

o (x) = | P (do) M, (o). (0.9)
Q

B yacTHOCTH, u3MepeHHe siBJAsieTcsl TOuHbM (0e301HGOUHBIM), eCcdH
M;(0)=E;(w). Takum oGpa3om BO3HHKaeT Apyras KJjaccuueckas
CTATUCTHUECKAsl MOJENb, KOTOPYIO 0 UMEHH CO3/aTe/st TeOPHH CTa-
THCTHYECKHX pelleHH# MOXKHO Ha3BaTb MOJeJibio Bauabaa.

EcTecTBEHHO pPaccMOTpeTh KBAHTOBHI aHaJsor Mojend Basnnja,
B KOTOpOH HalbJawogaeMast ¢ KOHEYHBIM MHOXECTBOM 3HaueHHH OIlH-
ChIBAETCH KOHEUHBIM pa3jioXeHMeM eAHHH B, T. e ceMmel-
crBom MaTpuy (omepatopo) M={M;}, yaI0B/JIeTBOPAIOLIUM YCJO-
BHAM

M;>00 M=l (0.10)
j=t

BeposTHocTb j-TO HCXOAa B COCTOSIHHH S onpefensiercsi $hopMyJof,
a”ajoruynoit (0.9)

ol (x,)=Tr SM,. 0.11)

ITH onpelesieHHs eCTECTBEHHO IepeHocATCs ¥ Ha HabaojaeMble ¢
NPOHM3BOJILHBIM MHOXKecTBoM 3Hauenuit, Tak BosHuKaer 0606-
HMeHHAas CTAaTHCTHYECKAasd MOAEJNb KBAHTOBOH MeXaHHUKH
(cM. § 2.1).

OO6uire pasyoKeHUs] eIHHHIL B KBAHTOBOH TEOPHH IOABJISAIOTCS
na py6Gexe 70-x romos. K aToMy He3aBHCHMO NPHBOIAAT HCCAeNOBA-
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HHA 1o KsaHToBo# akcuomatuke (I. Jloasur), mo  1npobiaeme
BOCIIPOU3BOJHMOCTH, CBSI32HHOH ¢  TOBTODHBIMH  H3MEpeHHUAMH
(3. B. Hssuc u JIx. JIpwHC); 00 KBAaHTOBOH TEOPHH CTATHCTHUe-
ckux pewenui (A. C. XoneBo) u npyrue paGorel. OfolmenHas
CTATHCTHUECKAS MOJeJib KBAHTOBOH MEXaHHKH SIBJSIETCS JIOTHYECKHM
CNeAcTBHeM ee BEPOSITHOCTHOH CTPYKTypH ¥ AaeT  OCHOBY  JIH
paccMoOTpeHHsl psAa BOIPOCOB, HE HAXOAALIMX YAOBJAETBOPHTEIbHO-
£O pellleHHs B pPaMKax CTaHRapTHOH GopMyJIHPOBKH.

0.5. BuinykJas reoMeTrpus pasjoXeHuil epuHHubl ¥ pyHpameH-
TaJdbHble NpeAedbl TOYHOCTH. XOTs ONHMCAHHOe BhiLle pacllHpeHHe
noHsiTHs HabJlofaeMoil (GOpMa/IbHO AHANOTHUHO BBEJEHHIO paHAO-
AM30BAHHHX BEJHYHH B KJIACCHYECKOH CTATHCTHKE, HEODPTOTOHAJb-
HBle PasJjIoXKeHHS eJHHHUH HMeIOT B KBAHTOBOH TEOPHH NPHHUMIIH-
anbHO 60Jiee BaxKHOe 3HAYeHHE, HeXeJu IPOCTO CPEeJACTBO OliMca-
HHUS HETOUHBIX H3MepeHHH. JIe10 B TOM, 4yTO ¥ ¢ MaTeMaTHYEeCKOH, U
¢ (usudeckol TodeK 3peHHA HauOOABIUHH HHTepec TNpeACTaBisioT
KpaiHHue TOYKY BBIIYKJOrO MHOXKeCTBAa  pas/OkKeHHH  eQuHHIIb
(0.10), onmchiBalOmHe CTATHCTHKY TIpeAeJbHO TOUHLIX H MaKCH-
MaJBHO HH(OPMATHUBHEIX U3MepeHHH. B  KiaccHueckoM ciyuae
Kpafinve Touku MHOxecTBa (0.8) coBmajgaloT ¢ HEpPaHIOMH30BaH-
HBIMH Hponedypamu {E;(®)}, cCOOTBETCTBYIOIIUME OOLIYHHIM cCaydaii-
HbIM BeduunHaM. OJHAKO B KBaHTOBOM cJydae KpaHHHe  TOYKH
muoxectBa (0.10) mpu n>>2 yiKe He MCYEpPNBIBAIOTCH OPTOTOHANL-
HBIMU Dpas3JioXeHdssMH efuHuubl. ClefoBaTesbHO, AJAS  ONHCAHHSA
npejeNbHO TOYHBIX KBaHTOBEIX M3MepeHHH Tpebyitorcst, B olllem
c/Iydae, HEOPTOTOHaAbHbBIE PA3JIOKEHHS €IHHUIBL.

C npyroi cropoHH, Kak nokasaja M. A. Hafimapk (1940), npo-
U3BOJIbHOE Pas3JjioKeHHE €UHHIIBI pacUIMpsSieTcs [0 OPTOrOHaNbHOTO
B HEKOTOPOM OOBeMJIOIeM THALOEPTOBOM  IIPOCTPAHCTBE.  JTO
II03BOJISIET MCTOJMKOBATH HEOPTOrOHAJNbHOE pAa3J/0oXKEHHe — eIUHHIN
Kak oOBbluHYI0 HabgiofaemMylo B pacUIMPEeHHU HCXOAHOA KBAHTOBOH
CHCTEeMBI, COJep:KalleM HE3aBHCHMYIO [ONOJHHTEJbHYX CHCTEMY.
Taxkum oGpasom, usmepenue Haj pacuipeHneM MoxkeT OHTEL GoJee
TOYHBIM H HH(OPMATHBHBIM, ueM J10060e TpPsMOe KBAHTOBOE H3Me-
peHne. DTOT NapajoKCaJbHBIl ¢ TOUKH 3PEHUS] KJIACCHUECKOH CTa-
THCTHKU (aKT CBA3aH C 3aTPOHYTbIM B M. 3 KBAHTOBBIM CBOHCTBOM
IIEJOCTHOCTH.

B 1940—50 roam B padorax M. 'abopa u JI. Bputosna 6b0
BBICKA3aHO IPEANOJIOKEeHHe, uTO KBaHTOBO-MeXxaHHYecKas HpHpoja
KaHa/la CBSI3U JI0JIKHA HaJaratb QyHJaMeHTaJbHBlE OIPAHMYCHHUSA
Ha CKODOCTb nepeldadH H TOYHOCTHL BOCIPOHM3BeAEHHS HHGbOpMAIHU,
ItoT Bompoc nproOpes aKTyadbHOCTh B 60-e ToAB ¢ IIOSIBJEHHEM
KBaHTOBBIX KaHAaJOB CBSI3H — CUCTEM Illepefaun HHPOpMalKH, OCHO-
BAHHBIX Ha CBOHCTBAX  KOTMEPEHTHOrO  JIa3€PHOTO  HU3JAyUEHHUS,
B 70-e roap Oblia co3faHa Ioc/efoBaTeNbHasi KBAHTOBAS TEOPHS
CTATHCTHYECKHX DPeuJeHHH, KOTopas jAaeT NPUHIMIHAJBHYIO OCHOBY
VISl paccMOTPEHHS BOIPOCOB NpeJejbHOH TOYHOCTH U MH(ODMATHB-
Hoctu H3mepenuit (cm. K. Xeacrpom [37], A. £ Xoseo ([43]).
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B 1Ol TeopHH pelaloulue NPOUEAYPH — H3MEPeHHs OMHCHIBAIOTCSH
Pa3JI0XeHHsIMH eJMHHMIB B THJAbOEPTOBOM NPOCTPAHCTBE CHCTEMH H
pewialoTcs 3ajadyd 00  OTBICKAHMM  3KCTpeMyMa  HEKOTOpOro
QyHKuHOHa/Ja (MepBH TOYHOCTH, IIEHHOHOBCKOH  HHQOpMauHH) B
KJacce KBAaHTOBHIX peHIalOIHX HpoUedyp, OOBIYHO  HOAYHHEHHBIX
IONOJIHHTEJIbHEIM OrDaHHYeHHAM (HECMEIIEeHHOCTH, KOBAPHAHTHOCTH
HT 1) (cM. 1. 2).

0.6. Mlpo6aema coorBercTBua. ONHA U3 TPYAHOCTEH B CTAaHAApPT-
HOH (OpMYJHpPOBKe KBAHTOBOH MEXaHUKH COCTOUT B HEBO3MOXKHO-
CTH COINOCTABJIEHUS HEKOTOPBIM Be/JHYMHAM, TakuM KaK  BpeMs,
yroJ, $asa 9 T. M. CaMOCONPSI)KEHHOTO onepaTopa B THAbOepToBOM
npoctpanctTse cHcereMbl. IlpHunHa Kpoercs B Teopeme €JHHCTBEHHO-
¢ty Croyna—dou Helimana, KoTopas Hanaraer XecTKHe OTpaHu-
YeHHS] Ha CHNeKTphl KaHOHMUECKH CONDSIXKEHHBIX HabJI0faeMBIX.

K sTOoMy e Kpyry BOIPOCOB MOXHO OTHECTH W TPYAHOCTH C
JOKaJH3yeMOCTbI0 (T. e. BBeJeHHEM KOBapHaHTHBIX HabJilOAaeMBIX
TIOJVIOXKEHHS) JUIsi PENSITTUBUCTCKMX KBaHTOBHIX YaCTHI[ ¢ HYJeBOH
Maccoll. Paccmorpenue B KauecTBe Hab/01aeMblX HEOPTOTOHANBHBIX
pasJioKeHHH eNMHHUB], IIOAYMHEHHBIX YCJAOBHAM KOBAPHAHTHOCTH,
aHaJNOrMYHBIX KOMMYTAIHOHHBIM coOTHOWeHHMsiM Beftns B Teopeme
Croyna—don Hefimana, no3BoJjisier B 3HAUHTENbHOH CTeneHH H3be-
¥*aTb 3THX TPYAHOCTEH (cM. ra. 2). B crnekrpanabHO#i  TeopHH
HEOPTOrOHaJIbHble Pa3/JolKeHUsl eAMHHIBl BO3HHKAKOT KaK 0000lieH-
HBEle CNIeKTpaJibHble Mepbl HecaMOCOMpPAXKEeHHEX omepaTopoB. B co-
OTBETCTBHH ¢ 3THM, HanPHMep, OllepaTop, OTBeualIUHfi Habawolda-
eMOlt BpeMEHH, OKa3biBaeTCsi MaKCHMaJbHHIM 3PMHUTOBBIM (HO HeE
CaMOCONpsIKeHHbIM ). MoXHO cKasaTb, 4To 000O6IIEeHHAst CTATHCTH-
yecKasi MoJeJb KBAHTOBOH MeXanHKH Ha HOBOM MAaTeMaTHUeCKOM
YPOBHe ONpaBABIBAET «HAHBHOe» IPEACTaBJEHHEe O BelleCTBeHHOH
HabJaofaeMol, Kak 00 3PMHTOBOM, HO He 00s3aTe/IbHO CaMOCOIpS-
KEeHHBIM, onepaTope.

0.7. NoBTOpHBIE K HENpepbiBHble U3Mepenus. B KoaMoroposckoil
MOJeJH npeofpasoBaHusl COCTOSHHA CHCTEMBl MOTYT GHTb ONHCAHBI
C [OMOIIbI0 YCJAOBHBIX BePOATHOCTeH. [TycTh B pe3ysbTare H3Mepe-
Husi cayuaitHoil BeawuuHbel (0.6) moaydeuno anaueHHe x;. IIpH 3TOM
KJaCcCHYECKOe COCTOSIHHe, T. €. BeposiTHOCTHas mepa P(dw) Ha Q
npeobpasyercst o dopmyJie
{ P(dw)E; (o)

A
P(A)~P(A|B)= [P (@) E; (@) AER (). (0.12)
e
OueBHIHO, UTO eC/IM Pe3yJ/bTAaT U3MepeHHs He NPHHHMAETCS BO BHH-
MaHHe, TO cocTosiHue P BoOOLIe He H3MEHHAETCS:

P (&)~ X P (A|B) P (B)=P (A). (0.13)
J=1
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B KBaHTOBOH CTaTUCTHKE CHUTYyal(Hsi KayeCTBEHHO GoJiee CJOXKHA.
Ananorom mpeoGpasosanusi (0.12) sBJisieTCs 3HaMeHHTHIH I POeEK -
HUOHHHA DocTy aT Jx. don Hefimana
E;SEy
TrSE;’
rie S omepaTop IVIOTHOCTH COCTOSIHUSI mepej U3MepeHueM, a S; —
nocjie n3mepeHus uabmwopaemoit (0.2), B pesynbraTe KOTOPOro HO-
JydeHo 3HadeHue x; OcHOBaHHMeM [JIsE 3TOTO TOCTYJNaTa CAYXKHT
dheHoMeHOJIOrHuecKas THNOTe3a BOCIPOH3BOAMMOCTH, TOJApasyMeBa-
10i1asi IpejieNbHYI0 TOUHOCTh U MHUHMMAaJbHOCTE BO3MYIUEHHS, BHO-
cumoro usmepenuem Habawogaemoit X. Eciau pesy/ibTaT H3MepeHHS
He MPHHHUMaeTcs BO BHHMAaHHE, TO COCTOsiHMe S npeofpasyercs HO
dopmyae, aHanoruunoi (0.13):

S— XSk (x)= E,SE, (0.15)
j=l1 j=1

Opnnako B o6uiem cayuae ZE,SE;#S; 3To o3HauaeT, 4yTO H3MEHEHHE
j

S—+S,= (0.14)

COCTOSIHHSI B XOA€ KBAaHTOBOTO H3MepeHHS! He CBOJMTCH TOJBKO K
npeoOpa3soBaHHX HHPOPMAUUN W OTpaKaeT TakXKe NPUHUHNHAJb-
HO HeycTpaHuMOe H HeoOpaTHMoe (hU3HUECKOoe BO3/JeHCTBHE H3Me-
puTeabHoOro npubopa Ha HaGawgaemywo cucremy. C IpOeKUMOHHBIM
IOCTYJAaTOM CBsI3aH ledblfl psig npobiem; He 3aTparusasi BOIIPOCOB
¢dunocoPckoro xapaxkrepa, KOTOpble BHIXOMAT 3a Npejeanl BEpOAT-
HOCTHOH HHTEpnpeTauuy, OCTaHOBHMCS HA KOHKpPETHBIX mnpobJemax,
KOTOpBIE YCHEMHO penatoTcst B paMKaX 06001eHHON CTATUCTHYECKOH
MOJeJH KBaHTOBOU MeXaHHKH.

TlpuHUMOHAABHYIO TPYAHOCTD NPEACTAaBJsieT POPMYJIHPOBKA MpO-
€KILHOHHOTO INocTynarta A/ HabJaiofaeMBlX ¢ HelPepPHIBHBIM CIIEeKT-
poM. JlJs ONHcaHHsi USMCHEHHS COCTOSIHHSI IpU  IIPOH3BOJIbHOM
KBaHTOBOM uamepenuu 3. B. [Issuc u J[x. Jlbtouc (1970) BBesn
NOHSATHe HHCTPYMEHTa-— MepPhl CO 3HaYeHUsIMH B MHOXKeCTBE
npeo6pasoBaHufl KBAaHTOBLIX COCTOSHHH. DTUM IOHATHEM OXBATHI-
BAlOTCS M HETOYHble H3MEDeHHs, He YAOBJETBOPAIOLIHE YCJAOBHIO
BOCIIPOM3BOJHMOCTH, UTO IO3BOJISIET BKJAIOUHTL U CJydal HelpephiB-
Horo cnektpa. C KaxJAbM HHCTPYMEHTOM CBfI3aHO pasjioKeHHe elu-
HUIBl, TIpUYEM HHCTPYMEHTaM, BO3HHKAIOIIUM H3 MPOCKIUOHHOTO
oCTyJgaTa, OTBeHaloT OPTOTrOHAJbHBIE Pa3J/oXeHHs eAHBHub. IloHs-
THE MHCTPYMEHTA OTKPHIBaeT BO3MOIKHOCTbL OIMMCAHHA CTATHCTHKH
JA60H Moc/e 0BaTeLHOCTH KBAHTOBBIX H3MepeHHUH.

Hogoe ocpeilleHHe NOAYYaeT BONPOC O TPaeKTOPHSX, BOCXOAS-
wHi K GefHMaHOBCKOH (GOpPMYJNHPOBKE KBaHTOBO! MexaHHKH. IIpo-
LIECC HENmpepLIBHOTO (BO BpeMeHH) H3MeDeHHs KBaHTOBOH HabJjlo-
JaeMOH MOMKHO NpEACTaBATh Kak Ipejes «CepHi» MocaeloBaTelb-
HBIX HETOYHBIX H3MepeHHH, MaTeMmaTHuecKoe ONHCaHHe TaKOro
npejena obGHapyXKUBaerT 3amMeyaTeJbHEe AHAJOTHH C KJ1aCCHUECKOR
cXeMO# CyMMHpOBAHHS CJYYafHBIX BeJHYHH,  (QYHKIHOHAJIbHBIMU
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npeje/ibHEIMH TEODEMAaMH B TEODHH BEPOSITHOCTEH H MNpelcTaBiie-
nueM JleBu—XHHUYKMHA [/ IIPOHECCOB ¢ HE3aBMCHMBIMH IIpHpalie-
HHSAMH (CM. TJI. 4).

0.8. Heobpatnmas aumnamuka. O6patumasi JHHaMHKa H30JHPO-
BAHHOH KBAHTOBOH CHCTEMBbl OIHCBIBAETCS YPaBHEHHEM

S—>USU,"1;, —oo<Ct<C oo, (0.16)

rie {U,} —rpynna yHHTapHBX omepatopoB. Ecau cucrema sBasieT-
¢ OTKPHITOH, T. € B3aUMOJAEHCTBYCT C OKPYXKEHHEM, TO €€ 3BO-
JIONMs sBJfercs, KaK INpasujo, HeoOpatuMmoli. IlpuMep Takoro
HeoOpaTHMOTO H3MEHEHHUS! COCTOSIHHS, OGYCJOBJIEHHOTO B3aHMOIeH-
CTBHEM C H3MepHUTEJbHBIM npubopom, gaercs coorHowenneMm (0.15).
HaunGosee o6uiuit BUX AHMHaMHYECKOTo OTOGpaxXeHHT,
3aJal0LIer0  KOHEYHYIO 3BOJIIOIMIO OTKDPBITOH CHCTEMBI, BKJXOUAET
kak (0.16), rak n (0.15):

S—>3V,SV,*, (0.17)
7

rae ZV*V;=1. Cpean BceB03MOXKHBIX adp(hUHHBIX npeoOpasoBaHuUit
j

BHIIYKJIOTO MHOXKeCTBa cocTosiHuf, otobpaxenust (0.17) BrIpensioT-
Cs CHCUH(pHYECKH HCKOMMYTATHBHBIM CBOHCTBOM N OJHOH NO-
JOXKHTEJNbHOCTH, BOSHHKIINM M HIPAIOIHM BaKHYK pOJb B
COBPEMEHHOH TECOPUH ONEePaTOPHBIX aredp.

HenpepeiBHast MapKoOBCKasi 3BOJIOUMS OTKPHITOH CHCTEMBI OIH-
chiBaeTcss JHHaMHYeCKOHU noJyrpyunmnofl, 1. e. noJyrpyn-
NOf AMHAMHMYCCKMX OTOOpaxKeHuH, YHAOBJICTBOPSAIOMIEH OIpejeleH-
HbIM ycJIOBHSM HenpepblBHOCTH (cM. D. B. Hasuc [78]). dunamuaec-
KHUe MOJYTPYNNE SIBJSIOTCS HEKOMMYTATHBHBIM aHaJ/JOrOM MapKOB-
CKMX I0Jiyrpynm B Teopuu BepositHocteil. B 1976 r. . Jlunabnax u
HE3aBHCHMO, B KOoHeuHoMepHoM cayuae, B. Topunn, A. Koccakos-
ckHi u 3. Cygapmiad NOJYUHJHM IOJIHOE ONHCaHWE HHGMHHHUTE3IH-
MaJbHOI'O ollepaTopa HelpephiBHOH IO HOpME AMHAMHUECKOH IOoJy-
IpyIOE. DTOT pe3yabTaT, JeXauuil B OCHOBE MHOTHX (PAakKTOB Teo-
PHH KBaHTOBBIX CJYYaHHBIX IIPOIECCOB, paccMaTpHBaeTcs B TdA. 3.

0.9. KBaHToBble cayuaiiHble npouecch, OfHUM H3 CTHMYJOB BO3-
HHKHOBEHHUS] TEODHMH KBAHTOBBIX CJAYYaHHBIX IPOLECCOB MOCJHYXKHJ/IA
npoGjiema pacWiHp e HH sl JHHAMHYCCKOHA NOJAYrpynnel o obpar-
MO AHHAMUKH «00JbIIOH CHCTEMBl», BK/AOYAIOILEefi OTKPLITYIO CHCTe-
My U OKpyXKeHue, BO3MOXKHOCTL TAaKOro pacllHpPeHUs O3HayaeT, B
YaCTHOCTH, COrJI&COBAHHOCTb MOHSTUS AMHAMHYECKOH IOJNYIPYIIIBI
C OCHOBHHIM [JHHAMHYECKHM IIPHHUMIIOM KBAHTOBOH MEXaHMKH, BbI-
paxeHHHM cootHoweHuHeM (0.16).

B Teopuu BeposiTHOCTel NMOAOGHOE pacillHpeHHe MapKOBCKOH Io-
JYPPYIOBEL O FPPYNIBEl BpEMEHHbIX CABHIOB B NPOCTPAHCTBE TPaEKTO-
pHH, COOTBETCTBYIOIIHX MapPKOBCKOMY cJydalHOMY Mpoueccy, ocy-
[(ECTBJSETCS H3BeCTHOR KoHcTpykuuedr KoaMoroposa—J[LaHusas.
TousiTHe KBAHTOBOTO CJYYaHHOrO IpomHecca, Hrpaiouiee BaXxHYIO
posn B npobJeMe paciiMpeHHs AHHAMHUYECKOH IIOJYrpYIIbl, OBLIO

18



chopmyarposano JI. Axkapan, A. Ppuaxkepno u k. JIsioucom
(1980). Posb MapkOBCKOrO cBOMCTBA 0COGEHHO MOLYEPKHBaJach
JI. Akkapau. B 80-e rombl TeopHusi KBAHTOBBIX CJAY4aHHBIX IpoLec-
COB NpeBpaTHJach B OOLIHDHOE CaMOCTOsiTe/bHOE IOJIe HCCJ/eL0Ba-
HHH (cM., B wacTHOCTH, cOopHHKH [141]—]145]).

ABajuTHYECKHH anmapaT KBAHTOBOTO CTOXAaCTHYECKO-
ro HCUYHCJ€eHHd, NO3BOJSIOLINNA, B YaCTHOCTH, CTPOHTh HETPH-
BHaJIbHBIE KJIACCHl KBAHTOBBIX CJAYYafHBIX MPOLECCOB H KOHKpPeTHbIe
pacliHpeHus  AHHAMHYECKHX  NOJYrpymm, ObJI  OpeLJOoXKeH
P. JI. Xanconom u K. P. Ilapracapatu (1982). KaHToBOe cToXxac-
THYecKOe HCYHC/IeHHEe BOSHHKAeT Ha MepeceuyeHHH JABYX KOHLeN-
HH{ — BpeMeHHOH (HUJAbTpPallyy B CMBICJE TEOPHH CJAYYAaHHBIX IIPO-
IleCCOB H BTOPHYHOrO KBaHTOBaHHusi B npocrpaHctse Poka. B kom-
ne 60-x rogos P. Crpurep n X. Apaku ykasajH Ha CTPYKTYpy He-
NPEePBIBHOTO TEH30PHOro HPOH3BEeJeHHsi, KOTopash JIeXHT B OCHOBE
CBSISH MeXAY 6e3rpaHdyHOf MeJHMOCTBHIO, MPOLeccaMy ¢ He3aBHCH-
MBIMH HpHpalieHusaMH H npocrparctsom Poka. bBaarogapsa atomy,
npoctpancTBo Poka 0Ka3bIBAETCS HOCHTENEM IIPOILECCOB «KBAHTOBO-
ro myma», KOTOpHe JAIT YHUBEpCaJbHYI0 MOIeNb OKpyXKeHUs OT-
KPHITOl KBAHTOBOH cHCTeMBl. KBaHTOBOe CTOXACTHUECKOE HCYHCJIe-
HHe HpejCcTaB/IsieT HHTEPEeC H ¢ TOUKH 3peHHsl KJ1aCCHUECKOH TEopHH
cayuaiiHbIx npoueccoB. OHo HepeGpachbiBaeT MOCT MeXIy HCUHcJe-
HveM HTO M BTOPHYHBIM KBAHTOBAaHHEM, OTKPLIBAET HEOXKHAAHHBIE
CBAI3W MEXK/JY HeIpPepHBHBIMH H CKayKooOpasHBIMH IIPOLeCCaMH,
M03BOJISIeT MO-HOBOMY B3IJISHYTb Ha IOHSITHE CTOXACTHICCKOrO HH-
Terpajsa. HakoHen, Ha 3Tofl 0CHOBe pa3BHBAKTCS NOTEHIHAJBHO
BaXKHble NMPHJOXKEHHs], OTHOCSIHECST K TEOPHH yNpPaBJeHHs H (HJb-
Tpalmuu JJs KBAHTOBBIX CJAYYAafHBIX NpPOIeccoB (CM. I 5).

T'rasa 1

CTAHJAPTHASl CTATHCTHYECKAA MOJIEJb
KBAHTOBOM MEXAHMUKH

§ 1. OcHOBHBIE MOHATHHA

1.1. Onepatoprl B ruanGepToBOoM mnpoctTpaHcTBe. [3loxeHuio
TEOPHH ONEPATOPOB B I'HJALOEPTOBOM IPOCTPAHCTBE, B 3HAUHTEJIbHOH
Mepe CTHMYJAHPOBAHHOH nmpo6JeMaMH KBaHTOBOH MEXAaHHKH, HOCBS-
IIeHO MHOTO NPEKPACHHIX KHHr (cM., B wactHOCTH, [2], {30]). Huxe
MBbl JIHIUb HallOMHHaeM HekoTophle ¢akTel H HHKCHpyeM oOo3Hadge-
HHS.

Ilanee 3¢ o6GosHauaer cenapabejibHOe KOMILIEKCHOe T'HJbOepTo-
BO MpPOCTPaHCTBO. Jl/isi CKa/JsipHOTO MPOH3BENEHHs! B Jf HCIOJb3YeT-
csl JHpakoBCcKoe obo3HaueHHe (|, IpHUeM CUHTAETCs, 4TO (op-
Ma (@|}) JuHefiHa 1o ' n aHTHAHHeliHa no ¢. Cumson |¢)<¢|
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o6o3Hauaer omepatop, AeHCTBYILIHA Ha BeKTOp ¥656 mo dopmyJe

[P [x=vp | %

B uactHoct, ecam (P> =1, To |P)<{P| ecTh NpOeKTOp Ha BEKTOP
PEJE. JluneitHas obosouka MHOMKecTBa omepatopos Buaa |P){g¢|
COBIIafaeT C MHOXKECTBOM ONEPAaTOPOB KOHEYHOTO paHra B 6.

Ecin X — orpannuensslil oneparop B 36, To X* o6oaxauaer co-
npascennbil oneparop, onpeaesseMblii COOTHOLIEHHEM

(@I X*9>=<Xo|p>; ¢, peb.

MmuoxectBo B () Bcex OrpaHHUEHHBIX ONEPaTOPOB B J€ sBJSETCS
6anaxoBo#l aare6poli ¢ HuBoJIOUMEH *. Onepatop X€B () apmuros,
ecsii X=X* Ynurapueim oneparopom Haseisaercs omepatop U,
takoil uro U*U=UU*=]1, rne | —enunnunbiii oneparop. [1poex-
TOPOM HA3BIBAETCS 3PMHUTOB onepatop E, takofl uto E?=E. Jpmu-
ToB omneparop X noaoocuresen (X=0), ecan (Pp|Xp)=0 nns Bcex
Y6J6. [1as MOJOKHTEJIBHOrO OHepaTopa OAHO3HAUHO ONpeeseH Mo-
JIOKHUTEIbHBI KBAAPATHBIN KOPEHD.

Ilnst BCAKOrO OrpaHHYeHHOrO MOJOXKUTEJBHOro omeparopa I
OJHO3HAUHO ONpejeseH cAeo

o
TiT = (e|Te;) <+ oo, (1.1)

i=l
rae {e;} 1UpOH3BOJBHBIH OPTOHOPMHPOBaHHBIH 6asuc. Omepartop T
HasblBaeTcst A0epHoim (ONEPATOPOM CO CAEAOM), €CJH OH SBJASETCSH
JuHedHOH KoMOuHanHel IOJOXKUTEJbHBIX ONEepPaTOPOB C KOHEUHBIM
cjaefoM. [ns TakKoro omeparopa cJjej ONpeiesasieTcs OJHO3HAUHO,
Kak cymMMa abcCoJiIOTHO cXOpsuierocs psiga Buia (1.1). MHoKecTBO
AepPHBIX onepaTopoB T () sBasieTcs 6aHAXOBBLIM IIPOCTPAHCTBOM
ortHocuteabho HopMbl || T{=Tr}yT*T, upuueM MHOXECTBO omepa-
TOPOB KOHEYHOTO paHra miaoTHo B T ().

MiuoxectBo T (s6) ofpasyer ABYCTOPOHHHI HAeasn B aJarebpe
B(54). ConpsixxenHoe K 6aHaxoBy npocTpaHcTBy T (J6) u3oMopdHO
B (s#), npuueM ABOHCTBEHHOCTb Onpefe/seTcss OHMHHEHHOH (opMon

(T, X>=Tr TX; TeXT (), XeB(HH). (1.2)
HuxxHufl MHAeKc & B 0003HaueHHH MHOXKECTBA ONEPATOPOB O3Haua-
€T, 4TO pPacCMaTpHBAeTCsi COOTBETCTBYIOLlee TOAMHOXKECTBO 3pMHU-
TOBHIX OIlepaTopoB, Hampumep, B, () ecTb BemiecTBeHHoe GaHaxo-
BO MPOCTPAHCTBO OTPAHHUEHHBIX 3PMHTOBHIX OMepaTopoB B 6. Ot-
MeTuM, uTo %5 (76)* =9, (56), npudeM ABOACTBEHHOCTb MNO-NpPexXHe-
My 3anaercsi ¢popmoit (1.2).

Kpome cX0aHMOCTH 10 OllepaTopHOi Hopme B B(JF), wacro Hc-
HoJb3yloTcs Gosiee caabble MOHATHS cXoAuMOCTH. llocsaenoBareln-
Hoeth {X,} cxomures K X cuasno, ecaum lim [ Xop—Xpl|=0 pas

n—»oo

Beex €36, caabo, ecan Hm{p|X p)=<@|Xp) nasa Bcex @, p&t,

n— 0o

" w* — caabo (yabrpacna6o), ecan limTr 7X,=Tr TX nmas Bcex

n->oo
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TeX (). Ecau {X,} orpannueHHas mo HOpMe MocC/eAOBaTeJbHOCTh
oneparopos, takas 4t0 X,<<X,41, T0 X, CXOAHTCS CHJBHO, ca1ab0 H
w* —cnabo x orpaHnyeHHoMmy omepartopy X (oGosnauaercs X,}X).

1.2, Onepatop naorHocTH. Tak Ha3bIBAaeTCH BCSAKHI MOJOXKHTEJb-
HbI onepaTop S ¢ €AHHHYHBIM CJEIOM:

S=0; TrS=1.

MHoXxecTBO 0HepaTopoB IIOTHOCTH &(J#) sIBAseTCA  BBITYKJBIM
IOJMHO¥XeCTBOM BeLIECTBEHHOro JHHEHHOr0 npocTpaHcTBa $h(d6);
GoJiee, TOro, OHO ABJISETCS OCHOBAHHMEM KOHYCA NOJOXMHTEJbHEIX
3JIeMeHTOB, nopoxaawiero T,(76). Touka S BHIIYKJIOTO MHOXKECT-
Ba © HasmBaercsi xpafined, ecnu u3 toro, uro S=pS;+ (1—p)S,,
rae Sy, $.68, 0<p<<l, caepyer S;=S8,=S. Kpafinumu touramu
MHOKecTBa & () ABJAAIOTCH OJHOMEDPHBIE TIPOEKTOPH

Se= [P><% [, (1.3)

rae $E€7E, {plypy=1. Beskufi omeparop NJOTHOCTH MpeLCTaBHM B
BHJe CYeTHOH BBHINYKJIOH KOMOHHAIHU

S=2 pilws)

rae {P;|¢p;>=1, p;=0, T p,=1. OaHO u3 TaKUX HpeICTaBJeHHH
j=1

JaeTcsi CIIeKTPaJ/JbHBIM Das/oXKeHHeM olleparopa S, KOraa ; sfBJs-
IOTCA ero COOGCTBEHHBHIMH BEKTODAaMH, a pP; COOTBETCTBYIONIHMHU cO6-
CTBEHHBIMH UYHCJIaMH.

PaccMoTpuM MHOKecTBo @ (J) IpoeKTopoB B J6, nsoMopduoe
KBaHTOBOH JiorHke coObITHH (3aMKHYTRIX JIHHEAHBIX [OIIPOCT-
paHcTB J6). Bepoarnocruol mepoii Ha G (J€) Ha3BIBaeTCs BelIeCT-
BeHHast GYHKIHS b co cBofictBamu: 1) O0sSp(E) <L, E€G(H); 2) ec-
au {E;}=G(56), npuuem E;E,=0 npu j¥k u ZE;=1, 10

J

Su(E;) =1
7

OrBeuast na Bonpoc MakkH, ['iucon (1957) nokasan ciaeayioulyio
TeopeMy.

Teopema. Ilycre dimd==3. Torma Bcsikas BePOATHOCTHAA
Mepa na G(J6) nmeer BHI

w(E) =Tr SE, (1.4)

raie S — oHO3HAYHO ONpefeasieMblfi ONepaTop MJIOTHOCTH.

Cnyuait dim J6=2 siBasiercss 0CoObIM — I/ HETO JIETKO YKasaTh
Mephl, He IpeAcTaBUMBle B BHAe (1.4), ONHAKO OHU HE HCIOJbL3YIOT-
csi B KBaHToBOoH Teopuu. [JokasartenncTBO TeopeMbl I'JIHCOHA cOBep-
HIeHHO HeTPHBHA/JbHO H MOPOAHJIO HeJ/oe HalpaB/eHHe B HEKOMMY-
TaTHBHON TEOPHH MEpH!, MOCBsIIIEHHOEe BCEBO3MOXHBIM 0000IIEHHAM
H yopouleHHsM 3Tofi Teopemnl (cM. 0630p Kpyumabckoro B [141]).
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{lo noBojly HEKOMMYTATHBHOH TEODHH MeDH H HHTErDHPOBAHHS CM.
o6zopnl II. A. AwnoBa u A. H. IllepcTHeBa H apyrue crarbH B
cbopHukax [18], [34].
© 1.3. Cnektpanbnas mepa. Ilyctb & MHOXKeCTBO ¢ g-anre6pofi
H3MepHMHIX NoaMHoxecTB B (&). Oproconanrsuoim passosteruem
edunuyst B J¢ HasplBaeTcsi NMPOEKTOPHO-3HauHas Mepa Ha B (&),
T. e. Qyuxuus mHoxectB E: % (L)—E(H), ynosaersopsouas
YCJIOBHAM:
1) ecnmn By, B6K(#) u B\NB;=@, 1o E(B))E(By)=0;
2) ecam {B;} — KoHeuHOe HJH cYeTHOe pa3bueHHe & Ha momap-
HO-HellepeceKalomuecs H3MepHMble MOIMHOXKECTBa, TO

?E(Bj) =1,

TAe PSL CXOIHTCS CHJBHO.

[lycrs X —onepatop ¢ maoTHOH 06JacTbio  OMpee/eHHs
D (X)=&. Obosnaunm 2 (X*) MHOKECTBO BEKTOPOB ¢ TAKHX, UTO
cyuecTByeT €76, 15 KOTOPOro

(@l Xp>=Lx]p); veD (X).

Onpenenum onepatop X* ¢ obJaacTtbio onpepesnenus P (X*), noaa-
ras X*@=y. Onepatop X HasbiBaeTcs IpMuUTo86im (CHMMeTpHUEC-
KuM), ecan X=X*, u camoconpscernoim, ecan X=X*,

CnektpaabHas teopema (pon Heiiman, Croys, Puce,
1929—1932) ycranaBiHBaerT B3aMMHO OLHO3HAUHOE COOTBETCTBHE
MEKAY OPTOrOHAJbHBIMH PasjoXeHHssMH elHHHIBI E Ha g-anrebpe
& (R) GopeneBckrx MOIMHOKECTB BellecTBeHHOH mpsimol R u ca-
MOCOIPSIZKEHHBIMH OIlepaTopaMH B #6 10 popmyJe

[es]

X— S xE (dx), (1.5)

—0

rle HHTerpaJ NMOHHMaeTcs B moaxofsiieM cMeicae (cM. {30]). Pas-
JioxkeHHe eNHHHIB E HaspBaeTcs CNesKTpaabHol mepoi onepato-
pa X. Has aw6oii GopeneBckoil GYHKUHH [ ompenesied caMoCONps-
JKeHHBI omepaTtop

FoX— oso xE (dx),

cuekTpajbnass Mepa F Koroporo cBsizaHa cO CHeKTpa/JbHOR MepoH
onepartopa X COOTHOUIEHHEM

F(B)=E(f~'(B)), BEB(R).

COBOKYIHOCTh BCeX CAMOCOIPSIKEHHBIX ONepaTopoB B 6 0603Ha-
gum D (7).

1.4. Craructuueckuit nocryaar. C Kaxjaoif KBaHTOBOMeXaHHUec-
KO cHcTeMOH CBsi3biBaeTcst cemapabesnbHOe KOMILJIEKCHOe ruiabbep-
TOBO MPOCTPaHCTBO FB. COCTOAHUS CHCTEMbl ONMUCHIBAIOTCS OMepaTo-
pPaMH NJIOTHOCTH B #8. Bewecreennotl Habawdaemori Ha3biBaeTCs Ji0-

N
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OO caMocONpsiKeHHBIH omepaTtop B J¢. PacnpefeseHHe BepOsTHO-
crell HaBawgaeMor X B COCTOSHHH S 3ajaerTcd COOTHOUIEHHEM

u¥ (B)=Tr SE(B), BéZ(R), (1.6)

rae E — cnekrpaspnas mMepa X. Onpene/leHHY10 TakuM o0pasom OT-
JeJHMYI0 CTaTHCTHUECKYi0 Moieib (&(d6), O(56)) Oymem Ha3bl-
BaTb CTAHOAPTHOL CTATUCTUHECKOL MOOEAbI0 KBAHTOBOU MEXAHUKU.

Hs (1.5), (1.6) BbiTexaer, 4to cpeonee 3uavenue HabmOLaeMOH
X B cocTOsIHHH S,

oo

Es (X)— 5 xpd (dx),
paBHO
Es(X) =Tr SX (1.7)

(mo xpaiineil Mepe, AJs OPPaHHYEHHBIX HaOJIIONaEMBIX).

Kpa#inne toykn mMHoxecrBa & (7€), onHChIBaeMble onepaTopaMu
miaotHocTH (1.3), Has3BIBAIOTCH 4UCTHIMU COCTOAHUAMU, @ BEKTOP
HaswBaeTcs gekTopom cocrosnus, CpenHee 3HaueHHe HalbJi01aeMof
X B TaKOM COCTOSIHMH PaBHO

Es, (X)= (p[X9).

Hornyckas BOJBHOCTb PedH, OrpaHHYeHHOl HabJ/II01aeMoil HHOrAA
Ha3bIBAKOT NPOH3BOJbHBIH X€B(J6). CootHowenue (1.7) onpemens-
€T JIHHeHHbIH 10J0XKHTeAbHbH HOpMHpOBaHHEE (Es(I)=1) ¢yHk-
uHoHas Ha ajarebpe B(JH), T. e. COCTOSSHHE B CMBICJAe TEOPHH
aare6p (upepAyliHe DacCyKAEHHS HOSICHSIOT NMPOHCXOXK/EHHe
3TOro MaTteMatHueckoro tepMuHa). Cocrosinne na B(H), oupene-
JsieMoe OnepatopoM MJIOTHOCTH mo ¢opmyae (1.7), aBjasiercs Hop-
MQALKbLM B TOM cMbicae, 4To ecaH X,1X, 10 Es(X,)—Es(X).

Anze6poil ¢on Helimana HaspiBaercs Besikas anrebpa orpaHu-
YEeHHBIX ONepaTopoB B J6, comepxamasi eIHHUUYHBIH omeparop,
3aMKHYTasl OTHOCHTE/bHO HHBOJIIOLHH H IpeleJbHOro Nepexofa B
cHJbHOH (caaboft) omllepatopHOof TomoJorud. C awb6oii anreGpoit
tdon Heiimana B, kak u ¢ B(J), acCOUHHPYeTCs CTATHCTHYECKAs
MOJieJIb, B KOTODOH COCTOSIHHSIMH SIBJSIOTCS HOpMaJ/bHBIE COCTOS-
HHsl Ha B, a HabAIAaeMBIMH — CaMOCONPSXKeHHble OllepaTophl, NMPH-
coennneHnnple K B. Takue Mogenu 3aHHMAOT IPOMEXYTOYHOE IOJIO-
JKeHHe MeXJY KBaHTOBOH H KJaCCHUECKHMH (COOTBETCTBYIOUIHMH
KOMMYTAaTHBHbIM ajire6paM B), H WUIPAT BaXKHYK pPOJb B TEOPHH
KBAHTOBHIX CHCTeM C OecKOHe4HO GOJIbIHHM YHCJOM CTeleHel CBO-
Goabt — noJedt u cpen (cM. [7], 91, [61]).

1.5. CoBMectumble Habaogaemble. Kommyraropom orpaHHUeH-
HBIX omnepaTtopoB X, Y nasbiBaeTcs omepatop

[X, Y]=XY—YX.

Onepatopnl X, Y€B(F6) — nepecranosoutst (KOMMYTHDYIOT), €CaH
[X, Y]=0. Camoconpsi:kennsle omepartopnl X, Y nasblBaioTcsl Iepe-
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CTaHOBOYHBIMH, €CJIH NMEePECTAHOBOUHH HUX CIeKTpal/ibHbie MephI.
Cﬂeny}omue YTBepPXK/IeHHsA 3KBHBAJICHTHHI:

1) Hab6awonaembie Xy, ..., X, cosmecTume, T. €. CYHIECTBYET
Habmonaemas X u GopeneBckue dyHkuuy fi,...,f, Takue, uTO
X;= fJoX i=1,...,n

2) OnepaTopr Xl, ..., X, NepecTaHOBOUHH.

Ecau E,...,E ,— cnexTpaJjbibie Mepsl COBMECTHMBIX HaOJI0-

naeMelx Xy, ..., X,, To COOTHOILEeHHE
E(B/X ... XB,)=Ei(By)- ... -E.(B,); B;¢%& (R),

OJIHO3HAUYHO OIpEJesieT OPTOrOHAJbHOE pasfiokenue eAuHunb E
Ha #(R*), HasbiBaeMoOe COBMeCTHOH cleKTpasbHOH Mepofl oneparo-

pos Xi,...,X,. Iuns moboro omepatopa HMJIOTHOCTH S ONpPeeNeHO
CO8MECTHOe — pacnpedesenue gepoaTHocrel Habm101aeMbIX
Xy, ..., X,
ws ¥ n(By="Tr SE (B), BE% (RY).
Hans mobof GopeseBckod ¢yHKUHH f(Xxy,...,X,) olpejeneHa Ha-
6awaeMas
f(X, ...,Xn):S S Fxy oo XV Edxy ... dxp),

InpHyeM

S(f(/\‘lv ---’/\\n)):g‘o § f(xlv coes Xp) X

nggl....,xn (dxy ... dx,).

CyuiecTBoBaHHe HECOBMECTUMBIX Ha0J0JdeMBIX OTpa’kaeT KBaH-
TOBBIH NPHHUUN AOMOJHUTeNbHOCTH. KosnuecTBEeHHOe BbIpaXKeHHE
3TOro MPHHUMIA AAET  COOTHOUleHue Heonpedeaennocted.  Jlas
Habmawnaemblx X, Y, HMEIONHX KOHEUHBIH BTOPOH MOMEHT OTHOCH-
TEJILHO COCTOSIHUS S, KOPPEKTHO ONpeaessioTcss GHIHHeAHbIe GOPMBbE

(X, Y)>s=ReTr YSX, [X, V]s=2Im Tr YSX
(cm. [43, ra. 11]). Myers X=[X,,...,X,] —Haop NPOH3BOJBHBIX
Hab/JIonaeMbiX ¢ KOHEUHBIM BTOPEIM MOMEHTOM. BBeieMm BemiecTseH-
Hble MAaTPHIIBI
Ds(X) =[(X:i—I-Es(X:), X;—1-Es(X;) dslusi=t, - -y

Cs(x) =[[X,-, XJ']S]{;J'=1: cve e
M3 1o/oKuTeNbHOH ONMpefeNeHHOCTH HOJYyTOpaJHHeHHBX (GopM
X, Y>Tr Y*SX, Tr XSY* BuiTekaer HepaBeHCTBo!

D (X)> =+ -é— Cs (X), (1.8y
D) Brieppnie Takoe HepaBeHCTBO GOm0 ykasaHo PoGeprconom (1934); Bno-
CHeJICTBHH OHO HEOZHOKDParTHO NepeorkKpHBajoch (cM. [17]).
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Ifle JeBpas W NMpaBasi 4acTH PacCMaTPUBAIOTCH KaK  KOMIJIEKCHBIE
3pMHTOBbl MaTpHUBl. [as nByx Habuaonaembix X=X, Y=X, Hepa-
BeHCTBO (1.8) paBHOCHABHO  COOTHOIIEHHIO  HeolpeleseHHOCTeH
[ pénurrepa—PobepTcona
Ds (X)-Ds (¥)> ( X—1-Eg(X), ¥ —I-Es(¥) ) 2+
| (1.9)
+~4“[/\, Ys

)

rae
D (V)= 3 (x—Es (X))2p5 (dx)

— ducnepcus nabawgaemoit X B cocrosimuu S. Ecan X, ¥ — coBMme-
CTHMBble HaGJaI0IaeMble, TO BEJHUHHA

(X—1-Es(X), Y —1-Es(Y) ) s=

o o0

ZS 5 (x—Es (X)) (g —Es ) ps " (dxdy)

—o0 —00

npeacrasasier coboil kogapuayuio X, Y B COCTOSIHHH S; HPH 3TOM
[X, Y]s=0 u (1.9) mpeBpawaercs B HepaBeHcTBO Komn—IlBapua
JUISl KOBAPHAIMH CAYUAAHBIX BEJHUNH.
Heranbubli 0630p MHOro0OpasHbIX BapHAaHTOB W obobuieHHil co-
OTHOILIEHHs HeolpejeseHHocTell cM. B [17].
3ameTrHM, uto ecau X, Y — NpoH3BoJIbHBIE (OrpaHHueHHbIE) olle-
paTops, TO
X, Yys=Tr SX-Y, (1.10)
rue :
Xo¥= 5 (XY4YX)

— tlopdanogo (cHMMETPH30BaHHOE) npoussederue onepatopoB X, V.
Besnunna suzaa (1.10) B kBaHTOBOIl CTaTHCTHUECKOH MexaHHKe Ha-
3bIBaeTCsl KOppeJsinHed, xots ecau HabmonRaemble X, Y He cosMme-
CTHMBI, OHa He CBfi3aHa KaKHM-Au00 HpOCTBIM 00pasoM C H3Mepe-
Huamu X, Y.

1.6. Mpocrefmuii npumep. [lycte dim #=2. Basuc B O(H)
o6pazoBaH MaTpHLLaMH

_[ro 01 0 —i 1 0
=lo 1] 91=|1 0} %2=|; of B=|0 —1)

3
rae o, —umampuys. Hayaru. Tonaras X(a)=2 a;6;, Tie a=—
i=1

= (a;, @y a3)ER3, nMeem
X(a)-X(b)=(a-b) I4iX (aXb), (1.11)
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Tae a-b —ckaaspHoe, a)Xb -—BeKTOpHOe NMPOH3BelleHHss  BEKTOPOB
a, b. Orcioaa

Tr X (a) X (b) =2a-b. (1.12)
Bceskas MaTpuna NJOTHOCTH OJAHO3HAUHO 3amHchbiBaeTCsd B BHIE

S(a) =5 (I+X(a)),

rae |a|<Cl. Takum obpasom, ©(J6) Kak BHIyKJOe  MHOMXECTBO
13oMopdHO enuHHUHOMY mapy B R3 npuuem uHcTble cocTOsiHHS CO-
OTBETCTBYIOT TOUKaM Cheprl |a|=1. B stom cayuae

S(a)=|vp(a)>p(a)],
rie  Y(a) —eIMHMUHBIA  BEKTOD COCTOSIHHA. [TockoJbKy
{p(a)|yp(—a)>=0, To cooTHOWEHHE

X(a)=[p(a)>(p(a) [—[p(—a)Xp(—a)|, (|a|=1)
IlaeT chekTpaJbHOe pa3joxenue Habuawpaemoll X (a). Mrak, vaburo-
nLaeMas X(a) nmpuHMMaeT 3HaueHHs =1, UIpHUeM BepOSTHOCTH 3HA-
ueHHs1 1 B cocroannu S(b) (|b|<1) ectp
Tr S(b)S(d=a) = (1£a-b), (1.13)

TaK uTo X (a) HMeeT pacupepneieHne bBepHyim.

B ¢usuke KoHeuHOMepHOe THAbGEPTOBO NMPOCTPAHCTBO OOLIUHO
OMHCHIBAET BHYTPEHHHe (CIIHHOBBIE) CTelleHH CBOOOJABI KBAHTOBOW
cuctembl. Cayuaii dim J6=2 oTBeuaer MHHHMaJibHOMY cmuHy 1/2.

1
ManHua§ X(a) onuceiBaer HabJawlaeMyw  CIOHHA B HalpasJe-

HHM a, a ollepaTop IJoTHocTH S(a) (]a|=1) — «nonHOCTBIO HOJHA-
pH30BaHHOE COCTOSIHHE», B KOTODOM CIHH B HampaBJeHHH a HMeeT

1
TOYHOe 3HaueHHe z . Onepatopsl IJIOTHOCTH € la| <1, npencras-

JsIonie coG0H CMecH TOJHOCTBIO NMOJAPH30BAHHBIX COCTOSTHHH, ONH-
CBIBAIOT «YACTHUHO HOJSPH30BAHHBIE» COCTOSHHS, B YACTHOCTH,

a=0 COOTBETCTBYET Xa0THUECKOMY COCTOSIHHIO S (0) ——I

Wz coornomenus (1.11) caemyer, uto Ha6monaebee X(a),
X(b) coBMecTHMEI TOMJa H TOJbKO TOrAa, Korja a Hb KoJJHHeap-
ubl. C Apyro# CTopoHbl, Aus Bcex a, bER3

X(a)X (b)-+X (b) X (a)=2(a-b)L. (1.14)
CDHKCpreM HEKOTOpOe COCTOsSHHE H paCCMOTpHM COOTHOLIEeHHE
X (a)+X (b) =X (a-+b). (1.15)

Ono nokasbiBaeT, YTO pacipefesnende DepHYJNJIH ycTOHYHBO Ho OT-
HOLUEHHIO K CJIOKEHHIO HabAIAaeMBIX, NOAYHHEHHBIX COOTHOLIEHHIO
anTHKkoMMyTanun (1.14), 0 uTo B KBaHTOBOH TeOpHH BePOSATHOCTeH
CYUIECTBYeT BEKTODHOE MpPOCTPAHCTBO OePHYJ/IHeBCKHX CJAy4YaidHHX
BEJIHUHH PAasMEpPHOCTH, GoJblleli elHHHUB (B OGBIUHOH TEOpPHH Be-
pPOSITHOCTEH TaKuUM CBOHCTBOM 00/1a1310T TOJbKO TI'aycCOBCKHe CJIy-
yafiyble BeJHUHHbI).
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Ha camom gese Takoe NpOCTPAaHCTBO CyulecTByeT mJisi JI0GOH
KoHeyHOH  pasMepHoctH n. Ilycts % (n) — KoHKpetHas a4eebpa
Kaugpgopda, 1. e. komnnekcHas anre6bpa MaTpHu, IOpPoXkaaeMasi 3p-

MHTOBBIMH o6pasyomumMH Xy, ..., X,, yA0BAeTBOPSIOUIMMH COOTHO-
UIeHUSIM

X3=I, A A+ X X;=0; k£j5 ky j=1,...,n  (L.16)
boJsiee To4HOe ompesneseHHe H AajbHefilnHe cBedeHHss o6 anrebGpax

n
Kmuddopna cm., nanpumep, B [160]. [lonaras X(a)= % a,X; s
=1
a=(ay, ..., a,)€R", coorHowenus (1.16) MoxHO saanJaTb B (op-
Me (1.14). [Ipu arom, KoHeuwo, BeimoaHsercst (1.15). HaGuio-
nLaeMble X(a), a€R", npuHHMaT TOJABKO 3HAaUEHHH o4=|a| u mO3TO-
My HMEIOT pacnpegeseHHe Depuysiu oTHocuTenbHo Jawoboro — co-
cTOAHUA Ha ajdrebpe € (n).
Ha anre6pe Kaudodopaa ecrectsenno ompefensiercss «GepHy-
JIHEBCKOE COCTOsIHHE», MoA00HOe MHOrOMEPHOMY FayCCOBCKOMY pac-
npeleseddo B 0ObIYHONA TEOpHH BeposiTHOCTed (T. H. KBasHCBOOOA-

;:{5086] C?CTOﬂHHe KaHOHHUYECKUX aHTI/IKOMMyTaHI/IOHHbIX COOTHOI.IIGHI/I';I
150])
E ) .

§ 2. CumMmeTpHH, KHHEMATHKA, JHHAMHKA

2.1, Fpynobl cummeTpuid. PaccMOTpUM OTAEIHMYIO CTaTHCTHYE-
ckyro Moxenb (&, D). Ilycrb 3agana napa B3aHMHO OJHO3HAYHBIX
npeoGpasoBannii: ¥, orobpaxatomee & Ha & u @, orobpaxarniee
£ Ha O, npuueM

pO(X) (B)=uX (B); Be# R)

a5 Bcex S66, X6O. Orcwoaa caenyer, uto ¥ sisasiercs adPUHHBIM
oTtobpaxeHHeMm, T. €.

’

¥ (i JZNY )——ipily (S,

i=1 i=l1

n
ecan p,>=0, 2 p,=1. [Ipeo6pasosanne ¥ nasoBeM cummerpuei B
=1

IIPOCTPaHCTBE COCTOSHHIL.
Teopema (Buruep, 1931). Besikas cumMMmeTpHst HpOCTPaHCTBA
KBaHTOBHIX COCTOSIHHH HMeeT BHI

Y (S)=USU*, (2.1)
rae U yuuTapHbifi HIH aHTHYHHTapHBIA omepaTtop B J6.
s cpeanux 3sHauyeHHH HaOJIOaeMbIX HMeeM

Tr ¥ (S) X=Tr SW* (X),
rjae
Y (X)=U*XU. (2.2)
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C TouKH 3peHHss HA6JI04aeMO CTaTHCTHKH npeobGpasosanHe (2.1)
COCTOSIHHH 3KBHBaJIeHTHO HpeobpasoBaHuio (2.2)  Hab/aojaeMbX.
B mepBom cayuae roBopaT o xapruxe llIpédunzepa, a Bo BTOPOM —
o kaprune Ietizenbepza.

[lycte G —rpynna u gV, — npexncraBiaernde G B rpynny ciM-
merpuil &(J6), tak 4to

Ve eo="¥e, Yeu; &1r §6G.

Ecnmu G — cBsA3Has TomosIOTHYecKas rpymia, a  [peiacraBjenie
g—¥, nenpepriro, To W, HpeacTaBasercs B BHIe

Wy (S)=USU,*,
rie g—Ug,—npoekTHBHOe yHHTapHOe MpeAcCTaBjeHHe  Tpyil-
nel G B IPOCTPaHCTBe 6, T. e. onepatopbl U, yHHTapHBI U yAOB.IET-
BOPSIIOT ypaBHEHHIO
UgUg, =0 (g1, &)Ug, ¢, (2-3)

rie o (g, g2) — MHOXHTEb HPEACTaBJeHHs — KOMIJIeKCHas (DYHK-
IIHS, YAOBJETBOPAIONIAs ONpeeseHHbM anreGpanyecKHM COOTHOIIE-
HHAM (cM., HanlpHMep, Bapanapaian [160]).

2.2, OpnonapamerpuyecKHe rpynnnl. B caydae G=R, kak moka-
3a1u Burwep u BaprmanH, Bcerga MOXKHO BHOpaTh (g1, g2) =1,
TaK 4TO OfHOMapaMeTpHUECKas Trpylia CHMMETPHH olpeiesercs
VHHTADPHBIM IIpefcTaBjeHHeM R B €.

Teopema (Croyn, 1932). Ilycts t—U,, t6R — cuabHO Hempe-
pbIBHas Tpyfla YHHTapHBIX ONepaTopoB B ¢, Tak 4To

Ui Ut,= Uy 41,5 t, LER.

Torga cymecrsyer caMoconpsiKeHub#i onepatop A B 46, Takoét uro
U;=e"4. O6patHo, Anst A0060ro caMoCONpAKEHHOro omeparopa A
cemeiictBo ¢'‘*, teéR, o6pa3yeT CHABLHO HelPEPHIBHYIO OJHONapaMer-
pPHUECKYIo rpynmy.

Hrak, npeanosoxkus, HalpuMep, YTO CTATHCTHUECKOE ONHCAHHe
H30JIMPOBAHHOH KBAHTOBOH CHCTeMBI HHBAapHAHTHO OTHOCHTEJIBHO
BbiGopa HawaJa OTCcueTa BPEMeHH, MBI NPHXOXHMM K BEIBOAY, YTO B
J6 CyniecTByeT caMOconpsiKeHHb# onepaTop H Takoifi, uro cocros-
HHe CHCTeMbl B MOMEHT BPeMeHH [ OHHchiBaeTcss QopMyJioi

Si=e—it§ gillt, 2.4
Omnepatop H HasbiBaeTcs  e2amuavToxuarom (HJAH HabMoLaeMoH

3HEPrud) cucremul. Mz (2.4) cienyeT ypaBHeHHEe 3BOJIOLMH (B Kap-
tuse llpénunnrepa)

i=t_[H, S, (2.5)

Ecan Sp= o> <1o| — YHCTOE COCTOSIHHE, TO S,=|P;> <],
rae {Y:} — ceMeHCTBO BEKTOPOB B J§, YAOBJIETBOPSIOLIEE YPABHEHUO
LIpédunzepa

L dPy

l—tﬁ= H'\bt. (2.6)/
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Kak npasusio, H — HeorpaHHueHHRIH onepaTtop (MoJyorpaHuyeH-
HBI{ CHHU3Y), TaK uTo B COOTHOWleHHsX (2.5), (2.6) camenyer mosabo-
THTbCS 00 06JacTax oNpepe/eHHs.

YpaBHeHue 3BOJIIONHH B KapTuHe I'efiseHbepra uMeeT BHJ

. o ,dXy .
At:ethAoe_zH:; LQTZ[‘X” H].

AHasoruuHo, ¥3 NpPeANoJOKeHHs 0 NPOCTPaHCTBEHHOH OXHOPOA-
HOCTH BBITEKA€T CYyLIeCTBOBaHHE caMOCONpSkKeHHoro omnepatopa P,
TAKOT0 YTO COCTOsSIHME KBAaHTOBOH CHCTEMBI B CHCTEME OTCUeTa,
CABHHYTON Ha DacCCTOSIHHE X BAOJb [MaHHOH KOOpPAHHATHOH OCH,
onipeneJisieTcsl YpaBHeHHeM

S,=e—iPx§eiPx, 2.7)

Onepartop P Ha3piBaeTCsi ONEPATOPOM UMNYAbCA BIOJAb 3TOH OCH.
Boo6uie, BcsKOH ogHONapaMeTpPHUECKOH IPYHIe CHMMETPHH reoMmert-
PHYECKOrO HJIH KHHEMAaTHUECKOTO XapakTepa OTBeuaeT CaMOCOIps-
XKeHHBII onepaTop, NOPOXKAAUINA o dopMyaM tuna (2.4), (2.7)
ApeobpasoBaHHs KBAHTOBHX COCTOSIHHH.

2.3. CoorHomenus I. Bedass. KuHeMaTHKa HepeJsITHBHCTCKHX
CHCTEeM KakK KJIaCCHUeCKHX, TaK M KBAHTOBHX, OCHOBAaHA Ha MNpHH-
I[He OTHOCHTEJNBHOCTH [ajW/es, COrIacHO KOTOPOMY ONHCaHHe
H30JMPOBAHHOH CHCTEMBl OJJHHAKOBO BO BCE€X HHEPIHAJbHBIX CHCTE-
max orcuera. llycrs W, ,— yHHTapHBIH oneparop, nopoxKaaloulHi
npeo6pa3oBaHue COCTOSIHUH NpPH Iepexofe B CHCTEMY OTCueTa,
CABHHYTYIO Ha PACCTOSIHHE X ¥ JBHKYHIYIOCH OTHOCHTEJHHO HCXOX-
HOH €O CKODOCTBIO U BJOJIb BHIIeJEHHOH KOOpAHHaTHOH ocH. Torma
(x, v)>W,, , ecTb NPOEKTHBHOe nNpeacraBjeHHe rpynnsl G=R? B
rTHb0CPTOBOM MPOCTpaHCTBe J6. MOXKHO J0Kasarth, YTO COOTHOIIE-
Hue (2.3) IpHUBOAUTCH K BHILY

W oW ass—=xp | (5,03~ 500 | W s oion (2:8)

rie m — BeHleCTBEHHBIH napaMmerp (CBSA3AHHBIA ¢ MacCcOH YaCTHIH)
M Jajiee CTPOTO TOJOXHTeNbHBIHA. Benensis ofHOmapaMeTpHuecKue
HNOATPYIIIEl — CPYHNY HPOCTPaHCTBeHHbIX cABHroB V,=W_ ¢ 1 rpyn-
ny «rajaumaeeBnx 6ycroB» U,=W, ,, cootHoweHnue (2.8) MoxHO me-
penucaTb B BHJE

Uy, .=emV U, x, v€R, 2.9
npuueM W, ,=eimeo/?/ J .  CoorHomeH#e (2.9) HassiBaeTCd
KAKRORULeCKUM HOMMYMAYUOHHbIM — coomnoweruern (KKC)

I'. Beiias [10].
Cornacio teopeme CroyHa,

Uv — eiva’ Vx — e—le’

rie Q, P — camoconpsikeHHBe Omepatopsl B J6. Paccmarpusas Q
KaK BEHIECTBEHHYIO HabJlofaeMyl0, 3aMeTHM, U4TO COOTHOIIEHHE
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(2.9) paBHOCHJIBHO ypaBHEHHIO
V.*E(B+x)V.=E(B); BEZ(R) (2.10)

AJs cnekrpasnpHoi Meprl E omepatopa Q. 310 e paBHOCHJABHO TO-
My, 4TO pacipejejeHHe BeposTHocTell HabJawogaemoll npeoGpasyer-
Csl KOBAPHAHTHO MPH NMPOCTPAHCTBEHHBIX CABHrax (2.7):

ps, B+ x)=pg (B); BEH (R),

st Jiroboro cocToAHuA Sp. DTO faeT ocHOBaHHe HasBaTh Q Habaro-
daemod KoopOuHaTe. BROJAb BbiieNeHHOH ocH. CHMMeTpHYHOe pac-
CyXKJeHue TIOKasbiBaeT, uTo P/m ectb nHaGawdaemas ckopocru
H30JIHPDOBAHHOH KBAHTOBOH CHCTEMHBI.

IIpencrasnennem KKC cunraercss mamo6asi KOHKpPETHas napa
(V, U), ynoBnetBopsioniiasi cootHowerusim (2.9). Tlpencrasnenue
Ha3bIBAETCSH HENPHBOAMMAEIM, €CJH B Jf HET 3aMKHYTOIO MOJAMIPO-
CTpPAHCTBa, HHBAPHAHTHOTO OTHOCHTENbHO V. U, HenpHBogHMEIM
ABJasercs npedcrasaenue L péduneepa B #=L%(R)

Vap (8) =9 (E—x), Unp(E) =™ ().
B stom mpencraBieHHn @ 3ajaeTcs omepaTopoM YMHOMKEHHs Ha E,

a P — onepartopom i“zdr-.
>

Onepatopst P, Q umelor 001y NJIOTHYIO HHBapHAaHTHYIO 00-
JacTh onpeneseHUs H ypoBJaerBopsiior Ha Hedl KKC [edsendepeaV:

[P, Q]=il. (2.11)

Onepatopsl P, Q Ha3HBAWTCH KAHOHUHYECKUMU HAOA00aembiML.
O6patHBit mepexoj OT cooTHoUeHus [efizenfepra K COOTHOLIEHHIO
Befuiss (skcrnoHeHIMHpoBaHKHE) HMeeT Psid AaHAJAHTHUECKHX TOHKO-
cTed, CBf3aHHHIX C HEOrpaHHYEHHOCTBIO olepartopoB P,  H mopo-
AuJ oGUIMPHYIO MareMaTHueckKyl Jutepatypy (cM. Floprences,
Myp [112]).

IlpuHnunuanbHoe 3HaueHNe AJS KBAaHTOBOH MeXaHHKH HMeeT TOT
¢akr, uto KKC onpezessior KaHoHHdeckHe Habaogaemble P, Q
IpaKTHYECKH OJHO3HAYHO.

Teopema (Croyu-don Hefiman, 1931). Beskoe cHJIBHO He-
upepuBHoe npeacrasaeine KKC sBasiercss npsiMolt CyMMOH HenpH-
BOJMMBIX NPEACTaBJEHHHA, KaXI0e H3 KOTOPBIX YHHTApHO 3KBHBa-
J1edTHO upexacrasiaenuto Hlpénuurepa.

B uwactHoctH, B awbom npeacrasaenay KKC onepartopst P, Q,
Kak u B npeacraBiaenud lllpénnurepa, HeorpaHHYeHb H HMEIOT Je-
6eroB CIekTp, NPOCTHPAINIHACSA HA BCHIO BELIECTBEHHYIO HpPAMYIO.
C 3THM cBsi3aHa M3BeCTHAas TPYAHOCTb C YCTAHOBJEHHEM Da3yMHOIo
IPHHIIMIA COOTBETCTBHSl B KBAHTOBOH MexaHHKe. Bompoc cOCTOHT B
olpeleJeHHH KaHOHHUECKH CONPSKEHHbIX KBaHTOBHIX HalJmojae-
MBIX, aHaJOTHYHBIM 0000IieHHBIM KOOpJAHHAaTaM H HMOyJbcaM B

) CootHoluenne (2.11) Bnepsrle 6u0 paccMoTpeHo B 50-x rozax npouwioro
BeKA HpPJAHACKHM MaTteMaTHKoM I pefiBCOM, KOTODHH pa3BHJ COOTBeTCTBylOLlee
CHMBOJIHUECKOE HCUHCJIEHHE,

30



raMiuJbTOHOBOM (opMaJiuaMe KBAHTOBOH MEXaHHKH, M CBS3aH C
npobJieMOfi KBAaHTOBAHHA KJACCHYECKHX cHcTeM. Tak, B KjacCHuec-
KOH MeXaHHKe BPeMs H 3Heprus, Iofo6HO KOOpAHHATE H HMIYJLCY,
ABJAITCS KaHOHHYECKH CONDPSKeHHBIMH BeaunynHamMu. OpHako Ha-
6awojaemMas sHepruH H HMeer orpaHHYEHHBI! CHH3Y CIIEKTP, MO3TO-
My u3 teopeMsl CtroynHa—o¢on HefiMaHa BbITekaeT, 4TO He CYHIECT-
BYeT CaMOCOIDSXKeHHOro onepatopa BpeMeHH I, KOTOPHIM OBLJI GBI
cBsi3aH ¢ H KaHOHHUECKHM KOMMYTAaIlHOHHBIM COOTHOLUEHHEM. ITH
TPY/MHOCTH, BO3HHKAIOHIHE W AJs JIPYrHX KAaHOHHUYeCKHX Iap, pas-
pemianTcs B paMgax 0600uieHHOH CTaTHCTHUECKOM MOJETH KBaH-
TOBOH MexaHHKH (cM. ra. 2, § 3).

Ananornudo ¢opmyanpyworces KKC nas cucreM ¢ NpoH3BosbHEIM
upcaoM cremeHedt cBoboabl. Ilycrs {Z, A} — cumnaexruueckoe npo-
CTPAHCTBO, T. €. BeleCTBEHHOe JHHelHoe MPOCTPAHCTBO ¢ GHIHHel-
HO#l KocOocHMMeTpHUHOH Qopmoil A (2, 27); 2, 2/€Z. IlpeacraBieHueM
KKC HasniBaercs cemeficTBo z—W (2) YHHTapHBIX ONEpPaTopoB B
ruibGepToBOM MpocTpaHCcTBe J6, yaosaerBopsioiiee KKC Beliaia—
Cueanra

W (W (2)=exp+A (2, 2) W (24 2)). .12

Ecan ¢gopma A HeBBIDOXK/JA€HA, a Z KOHEUHOMEPHO, TO OHO HMeeT
YeTHYI pasMepHOCTh d, H cyllecTByer 6a3Hc, B KOTOPOM

d

| ’ r
Az 2= 2 (e — b)),

-
IIpn aToM omeparopel CHJBHO HeINPEPBIBHOrO INpejAcTaBieHHs Befiuas
3allUCHIBAIOTCA B BHAE

d
W(z):——-expiz (x,P;+y;Q), (2.13)
i=1

rie caMoCOMpSXKeHHHEe oneparopel P; (; yIOBAETBOPSIIOT MHOrO-
mepuomy anajory KKC Teiizenbepra (2.11)

[P:i’ QhJ=L6JhI’ [Pj’ Pk]=0’ [Qj7 Qk]=0

B stoMm cayuae TeopeMa enuHctBeHHoctH CroyHa—don Hefimana
COXpaHseT CHJY.

Huast cucreM ¢ 6eCKOHEUHBIM YHCJIOM cTeneHefl CcBOOOABI €IUH-
CTBEHHOCTh Hapylaercsi M CYLIeCTBYeT KOHTHHYaJbHOe MHOXKECTBO
HE3KBUBAJIEHTHBIX IPEACTABJEHHHA, UTO SBJSETCS NPHUMHOH «HH-
¢bpakpacHbiXx pacxofAHMOCTeidi» B KBAHTOBOH TeopuH Hoas (cM. [7],
[32], [51]).

Heepuncteennocts npenacrapaennii KKC tecHo cBsizaHa ¢ He-
3KBHBAJIeHTHOCTBIO) BEPOSITHOCTHBIX Mep B OECKOHEUHOMEpPHHX TpPO-
CTPAHCTBaX H MOCJYXHJ/JIa OJHHM H3 IepBOHAYa/bHBIX CTHMYJOB MJIst
H3y4eHHS 3TOrC BOMpPOCa, 3aHHMawuiero GOJbIIOe MECTO B KJACCH-
YeCKOH TEeOPHH CAyuyaiHbIX IPOLECCOB.
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2.4. Tayccorckne cocrosnus. HepaserctBo (1.9) u KKC (2.11)
BJIEKYT COOTHOWeHUe Heonpedeaennocrel [elisenbepea

Ds (P)Ds(Q)=>1/4, (2.14)

H3 KOTOPOro BHAHO, UTO HE CYNIECTBYET COCTOSIHHsA S, B kKoTOpoM P
H @ onHOBDEMEHHO HpHHHMaJH Obl HEKOTODBIE TOUHBIE 3HAYEHHUS C
BeposTHOCTBIO 1. CocTostHuSA, AJs1 KOTOPHX B (2.14) pocrtHraercs
PABEHCTBO, HA3HIBAIOTCH COCTOAHUAMI MUHUMAABHOL Heonpedeien-
HOCTU. DTO UHCThIE COCTOSHHA S, ,, oNpefessieMble BEKTOpaMH

‘bx, v Wx, v'[IJO, 05 (x, U) 6R2, (2.15)

rae Yo, o — BEKTOP OCHOBHO20 COCTOAHUA, B npeactasyenun Llpé-
JUHTepa HMEIOUHHA BU

Po, 0(§) = (2ma?) ~*exp (—E&*/40?).
CoctosiHnst S, , XapaKTepH3YIOTCA TpeMsi napaMeTpaMH
x=Es, (Q), v=Es, (P),
02 = szﬂ/ (Q)== HDSx.v (P L

Ilpn ¢ukcupoBanHOM ©? BEKTOPH Wy, , 00pa3ywT ceMeficTBO, H3-
BECTHOE B KBAHTOBOH ONTHKE KaK ceMeHCTBO KOT€PeHTHHIX COCTOfA-
uufi [12], [21]. Oas 31X cocTOSIHUM

(Q—Es, ,(Q-1, P—Es  (P)l ) 54,0 (2.16)

Bosee uinpokuil xiaacc o6pasylT UHCTble COCTOSIHHS, LJsi KOTOPBIX
JIOCTUTaeTcsl PaBeHCTBO B COOTHOLIEHHM HeompejeseHHocted (1.9)
(nass P u Q), Ho ycnosue (2.16) He 0653aHO BBINOJAHSATHCA. ITH
COCTOSIHHS IIHPOKO OOCYXKAaauch B (QU3HUECKOH JHTepaType IO
HMeHeM cxaTh X (squeezed) cocrosiuufi (cM., wanpumep, [140]).
C maremarnueckofl TOUKH 3PEHHsl BCe 5TH COCTOSIHHSL BXOJSAT B
KJ1acC COCTOSIHME, SIBJASIIOUIMXCS €CTeCTBEHHBIM KBAHTOBBIM aHAJO-
rOM FayCCOBCKHX pacipeje/ieHH#l B TEOPHH BePOSTHOCTEH.

IMycrb {Z, A} — KoHEUHOMEPHOE CHMILIEKTHUECKOE IIPOCTPaHCTBO
C HEBBIPOXKJAEHHOH KococuMMeTpHuHOH dopmoii A u z—W (2) — ne-
npusogumoe npenctasiedne KKC B ruas6eproBoM HpOCTPAHCTBe
6. Xapaxrepucruueckas (yuxkyus omnepatopa TJIOTHOCTH S B 96
olnpenessieTcsl COOTHOIIEHHEM

() =TrSW(z); z¢Z, (2.17)

u obsamaer psjoOM CBOHCTB, dHAJOTHUYHBIX CBOMCTBAM XapaKTepH-
cTHUECKHX (YHKUHH B Teopud BepositHocTed [43, ra. V). B uacrtHo-
CTH, aHAJIOT YCJOBHS IOJIOXHTENIbHOH ONPENEJEeHHOCTH HMEET BHJ,

E;fck(P (z;—2r) €xp %A(z,-, 2,) >0 (2.18)
ik

IJ151 Bcex KoHeunhx HabopoB {c;}=C, {z;}<Z. Cocrosiine S Hasbl-
BAETCH 2QYCCOBCKUM, €CJIH ero XapakTepHCTHUeCKas (QYHKIHA HMe-
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€T BHI . R
P (2)= exp[tm(z)——oc(z z):l

rae m(z) — nuHeitnas, a a(2, 2') — OniauHeliHass popmu Ha Z. 310
COOTHOLICHHE 3aJ8eT XaPaKTePHUCTHUECKYIO QYHKIUHIO TOTAA H TOJb-
KO TOTZa, KOI[a BHIOJHEHO YCJOBHE

a(z,2)a(z’,2') > %—A (z, 2V 2, 2'6Z,

HemocpejAcTBeHHO cBA3aHHoe ¢ (2.18). Obulee onpegesieHue AJA
6eckoHeuHoMepHoro Z Ovlio gaHo B [127]. B kBaHTOBO® TEOpHH NO-
Jis TaKHe COCTOSHHSI ONHCBIBAIOT KBa3HCBOGoaHBle (060011eHHO-
cB00QHBIE) MOJS ¥ HOCAT TaKoe e Ha3BaHWe. B craTHCTHUeCKOH
MeXaHHKe OHH BO3HHKAIOT KaK PAaBHOBECHBIE COCTOSTHUA G0O3e-CHCTEM
‘C KBAa/JPAaTHUHBIM TaMHJbTOHHAHOM (cM., Hanpumep, {70], [51]).

§ 3. CocraBHbie cHcTeMbI

3.1. TeH3opHoe npousBeneHHe rHJIbGEPTOBBIX IIPOCTPAHCTB,
Ilyers 6, 6> — ranbbepToBble HPOCTPAHCTBA CO  CRAJSPHBIMH
npousBeIeHHAMH ¢ - | - >y ¥ { - | - >2. B MHOXecTBe & (opmanb-
HEIX JHHEAHBIX KOMOWHANHU#H 3jeMeHTOB P X676, XH,  BBelueM
NOJOKHUTEILHO ONpefeeHHYI0 3PMHTOBY (POPMY, Tlosiaras

1 X o] P X o> =<1 {h1D1{P2 | P22

U npoioskas ee Ha & no JauHefiHoctd. [lomosnHenne (daxtopuso-
BAHHOTO MO HVJEBOMY HOANPOCTPAHCTBY QOpPMBI) mpocTpancrea &£
SIBJISIETCS] THJABOEPTOBBIM TPOCTPAHCTBOM, KOTOPOE HA3HIBAETCH TEH-
30pHbiat npoudsedenuem #6,, s u oboznauaercs ) ®I6:. Bextop
npocTpaHctsa #6;Q6,, COOTBETCTBYIOHIHH KJacCy SKBHUBAJIEHTHO-
cti BeKTOpOB P X €%, o603HauaeTcs ;@ Ps.

Ecnu #6,=L%(Q, uJ) j=1, 2, To mnpoctpaHCTBO b QFMa=
=12(Q XQQ, w1 X h2) COCTOHT H3 Bcex GYHKuuH P(w;, w2), KBAA-
pPaTHUHO HHTETPUPYEMHIX o Mepe i Xpg, HNPHUEM BeKTOP P QP
onpencasercs QyHriHed P, (01) Yo (w2).

TensopHoe npoussenenne omeparopoB X;®X,, rpe X; — omepa-
TOp B #6;, onpedensiercsi popmMysioh

(X1®X2) (41 ® o) :X11IJ1®X21P21
Ecan #6; — KoHeunoMepHbie (KOMIJIEKCHBIE) THJIBGEPTOBHI  HPO-
CTpaHCTBAa, TO
dim D (#,®62) =dim O (54,)dim Q(%g)
Ecun xe J6; — BenieCTBeHHbIe IHAbOEPTOBH NPOCTPAHCTBA, TO 3/€Ch
_MMeeT MeCTO 3HaK >, & JJIsi. . KBATEPHUOHHBIX T'HIBOEPTOBBIX IPO-

CTPaHCTB (NPH HEKOTOPOM DPa3yMHOM OMNpeJiesieHuH %1®%2)
3HAK <. DTO OBGCTOATENLCTBO PACCMATPUBAETCS. KaK KOCBeHHBIH
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8pryMeHT B IIOJIb3Y NOJIsI KOMILIEKCHHEIX YHCEJ B aKCHOMAaTHUYECKOM
KBAHTOBOH MeXaHHKe.

AHanornyHo onpefessieTcss TEH30PHOE NPOH3BeAeHHE JI0GOro Ko-
HEYHOTO YHCJa I'HAb0epTOBHIX NPOCTPAHCTB J6:1Q ... ®F6.. B kpau-
TOBOfi MeXaHHKe 76, ® ... ®J6, ONHCHBAET CHCTEMY H3 N pa3JjIHYH-
MBX 4acTull. B craTHcTHYecKofi MexaHHKe NPHXOLHTCA paccMaTpH-
BaTb CHCTEMBl Hepas3/HYHMBIX HacTHL — 6030HOB HMJIH (DEPMHOHOB.
B n-KpaTHOM TeH30DHOM MPOH3BeJEHHH F°" BHACJNAIOTCH LBa MOX-
IPOCTPAHCTBA: CHMMETPHYHOE TeH30DHOE Npou3BejeHue FB5", OmHH-
chiBamoouee 6030HH, H aHTHCHMMETPHYHOe TEH30PHOe NPOH3BeleHHe
¢ “", onucuiBaomee QepMHOHN (B ciyuae F=L2(Q, p) nepsoe
COCTOHT M3 CHMMETDHUYHBIX, a BTOpPO€ — H3 aHTHCHMMETPHUHBIX
¢yHKIME (w1, ..., ®,) aPIYMEHTOB oy, ..., ®,6Q). CucreMb U3
nepeMeHHOro (HeOIPa@HHYEHHOTO) HYHCJA YaCTHIL ONHCHIBAIOTCH IMPO-

oc
crpaHcTBaMu Poka: CHMMETPHUYHHIM INpOCTpaHcTBOM [, (H6) =P
n=0

®3°" B cayuae 6030HOB H AHTHCHMMETPHYHBIM IIPOCTPAHCTBOM
I.(38)= T ®#"" B cayuae pepMuoHOB. B 3THX NpoCTpaHCTBAX
n=0

OeACTBYeT ClielHa/JbHOEe MpeJcTaBjdeHne KaHOHHUECKHX KOMMYTalH-
OHHBIX (COOTBETCTBEHHO, aHTHKOMMYTANHOHHEIX) COOTHOIIEHHH, CBA~
3aHHOE ¢ NpOoLEeNypPOll BTOPHUHOIO KBaHTOBaHHs (cM. [6], {51], {70]).

3.2. NpounsBenenne KBaHTOBHX cocTOsHMA. Ecan S; — omepaToph

IVIOTHOCTH B 6;, To S;®S:— onepatop miaotHoctd B 61 Q s,
npHYeM

Tr(S;®SQ) (X1®X2) =Tr SIXl -Tr SQXQ; X,eg(%,)

Oneparopnl Buaa X®I,, rae X€B(H#,), a I, — enuununbfi oneparop

B J62, oO6pasyior noxanrebpy BB (36, ®H:2), nusomopduyo B(4).
dopmyaa

g(X1®X2)=X1®(TI‘ SQXXQ) IQ (31)

onpegessier orobpaxenue & H3 B(H1QH2) Ha B(H,), obnanalo-
ljee CBOACTBOM Y CJAOBHOTO OXHILAHHUSA

Es(XY)=Es(&(X)Y); XEB(H,QH,), YEB,,

OTHOCHTeJIbHO cocTosiHust S=38,®S;. B KBaHTOBO# TEOPHH BepOAT-
HOCTEd YC/IOBHBHIE OXKHAAHHA HUIpal0T MeHbUIYI DOJb, YeM B KJac-
CHUECKOM, MOCKOJIbKY B 00IeM ciyyae YCJOBHOE OXKHJAaHHe Ha [gaH-
HYI0 Togaire6py B OTHOCHTEJNBHO JaHHOFO COCTOSIHHS S CylIecTByeT
JHIIL NPH BECbMa OTPaHHYHTEJHLHOM COOTHOIIEHHH MexaAy B u S,
B ONpeJesIeHHOA Mepe, CBOASUIEM CHTYalHIO K KJAaCCHUeCKOH; Tou-
Hee cM. m. 3.1.3.

Ecan S — npou3Bo/bHH{A oNepaTop MJOTHOCTH B J6; @6, TO
B 6, HaliieTcsl eAMHCTBEHHHA ONepatop MJIOTHOCTH Si, Takof uTo

Tr S X=Tr S(X®1,); XeB(36)).
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310 XKe BepHO AAsA JNIOOOH JHHeAHOH KOMOHHALHMH ONIepaTOPOB MJIOT-
HOCTH, T. e. Iad Jioboro sigepHoro onepatopa T B #6;®76,. Orobpa-
xkeHHe T—T; HaswBaercs 4acTuunoim caedom oneparopa T (0bo-
suavaercss T1=Trg, T). Onepannst YacTHYHOro CJeAa aHaJOTHYHA
HaXOX/IeHHI0O MaprHHaJbHOrO pachpefie/ieHHss B TEOPHH BEpPOATHO-
cTed.

3.3. HesaBucumocTh M npeleJbHbie TeopeMbl. PaccMoTpHM cHa-
yaja CHTYaLHIO, COOTBETCTBYIOIYIO OJHOMEPHON LEHTpa/JbHOH Mpe-
JeJbHON TeopeMe B TeopuH BeposTHocrefi. [lycte S — durcuposan-

HOe cocTosiHHe. BemecTBennne HabaiogaeMble Xi, ..., X, ... Ha-
3HBAIOTCH HE3ABUCUMbBIMU, €CIH
Es((Pl(le)‘...'(pm(ij))= (3.2)
=ES(Q>1(X11))' cen 'ES(‘Pm(X:'m))
s gio6bix m=1, 2, ..., JO6HX OrpaHHYeHHEX 6ope/IeBCKHX QYHK-
LU @1, ..., Pm H MOOBIX HOMEPOB Ji, ..., jm, TAKHX 9TO [,7 [, IIpH

k#1. Tlpennonaraercs, 410 X; OMMHAKOBO paclpelejeHbl H HMEWT
BTOpo# MoMeHT, npuueM Eg(X;) =0, Dg(X;) =1. UTo MOXKHO cKa3ark
0 mpefebHOM pacHpele/eHHH HODMHPOBAHHBIX CYMM
n
1 -
n Vﬂ jzzl ]
Ecan Xy, ..., Xp, ... — IOMapHO NepEeCTAaHOBOYHE, TO
exp (X1 ... +X.) =exp itX, ... exp itX,; t€R, (3.3}

H NpHMeHEHHe XapakTepHCTHUeCKHX (YHKIHA CBOAHT BONPOC K
KJaccHuyecKolt LeHTpaJbHOHA NpeaesJbHOH TeopeMme, CO CTaHLapTHHIM
HOpMaJIbHBIM paclpejiej]eHneM B KadecTBe NpejesabHOro. B obuiem
caydae (3.3) He BHINOJIHSIETCS W NpeAesbHOE NOBeLEHHE CYMM Cy-
[IECTBEHHO 3aBHCUT OT ajarebpaHdyecKHX CBOHCTB IOC/eJOBaTeJbHO-
ctu caaraemuiX. [1yctes, vanpumep, X;, ..., X,, ...— aHTHOepe-
CTAHOBOUYHBH B TOM CMEICJE, UTO

X, X,=—X:.X; npu j*k.

Torpga npsiMo# mocdeT (B NPEANOJIOXKEHHH KOHEUHOCTH 4-r0 MOMEH-
ta X;) mokasbiBaeT, 4TO

Es (Sa*) —(Es(S4%))*—>0,

OTKyZa caepyert, 4to S,2—1 no BeposAtHocTH. [Tockoabky Es(S.)=
=0, 1o pacnpenejenue S, CTPeMHTCA K CHMMeTPHYHOMY pacHpeje-
JeHuo BepHyJsuH, cocpefroToueHHOMY B Toukax ==1V. D10 coria-
cyercs ¢ HabJojleHHeM, 4TO pacnpeiesneHHe DepHyaan ycrofiuMBo
OTHOCHTEJNIBHO  CJOXKEHHs aHTHIIepeCTaHOBOUHHX HAa0JI0JaeMbIX
(n. 1.6).

boratcTBo HOBBIX BO3MOXKHOCTeH, OTKDHBAIOUIHXCS B HEKOMMY-
TaTHBHOH TeOpHH, AeMOHCTPHPYIOT IOHATHE CBOGOAHOA HE3aBHCHMO-

D Dro paccyxpenne coofueno aBropy B. don Banabpendpenncom.
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-CTH H:COOTBETCTBYIOHIas INpejeJbHasi TeopeMa, OTKPbiThie BOHKY-
-JIeCKY. [162} {cM, rakxe lnafixep [151]). Beunlecrsennsie Habmoaae-
Mbie Xj, <. ., Xug... Ha3bIBAOTCSA CBOGOOHO He3aBUCUMBIMU, €CJH
,COOTHOIHEHHS - {3.2)  BHIOJIHAIOTCS A BCEX HOMEPOB ji, ..., fm, Ta-
KHX UTO 37 fpt1, R=1, m—1.

TeopeMa. HyCTb X —CBo6011Ho He3aBHCHMble HalJmoaeMble,
MIXll<e; j=1, ..., n, Iycts X; onmHakoBO pacmpejesieHH H
ES(X)_O D (X ,)—1/4 Torna pacnpeznejeHHe HOPMUPOBAHHBIX
CYMM S, CXOAHTCS NPH N—>00 K MOJYKPYrOBOMY SaKOHy Buruepa c
_HJIOTHOCTBIO

ZyT==2, |x|<1,
0, x> 1,

Iloxa3aTeJbcTBO 3TOH TEOPEMBI METOAOM MOMEHTOB Tpefyer
'IOBOJIBHO CJIOXKHBIX KOMOHHATOPHBIX 1OACYeTOB. JIpyroH MeTox fo-
Ka3aTeJbCTBa — HCIOJb30BaHHe Npeobpasosaunss KoiwH, KoTopoe
Urpaer poJb Jorapupma XapakKTEePUCTHUCCKOH (QYHKLUHH AJs CBO-
"6ORHO He3aBHCUMBIX BeJnunH [163].

Ilpu nepexosne K MHOTOMEPHOW mpeienbHOR TeopeMe BO3HUKAET
NPHHOUIIHAJIBHO HOBAsl CUTYaliHsl, OOYCJOBJEHHAs] BO3MOXKHOCTBIO
pasauuHelx aJre6panvyecKuX COOTHOIIEHHH MeXAY KOMIOHEeHTaMH
Kax1oro us caaraeMelx. B pa6ore Kaumerna, Xancona {77] {coorBer-
cTBeHHO, Xanacona [106]) mpennosiaraercs, 4TO KOMIOHEHTH cJarae-
MEBIX [OAUYHHEHbl KAHOHHUECKHM KOMMYTalHOHHBIM (aHTHKOMMYyTa-
IMOHHBIM) COOTHOUICHHAM H AOKAa3bIBAETCs, UTO COCTOSHHS, ONHCHI-
.BawHe HOPMHPOBAHHYIO CYMMY, CXOAATCS K KBAa3HCBOGOMIHOMY CO-
CTOSHHIO KAHOHHYECKHX KOMMYTalHOHHBIX (aHTHKOMMYTAIHOHHBIX)
COOTHOIIEHHH, T. €. K KBaHTOBOMY FraycCOBCKOMY (OepHY//HeBCKO-
My) cocrosinnio. I1pu atoM B ciayuae aHTHKOMMYTAIHOHHBIX COOTHO-
‘IleHUH BMeCTO OOBIUHOIO TEH30PHOro IIPOU3BefeHHsT anarebp, Mopox-
JEeHHBIX KOMIIOHEHTAMH KaXJAOro cJaraeMoro, Heo6X0AUMO HCHOJb-
30BaTh Tak HasplBaeMoe rpafiyHpOBaHHOE TEH30DPHOE NPOH3BencHHE,
obofuiaiolliee NOHATHE AHTHIIEPECTAHOBOUHOCTH. Dosee uHTEepecHB
pesyabrathl pabor ['upu, dou Banbrendennca [90] u Banbpendennb-

a [164], B XOTOpBEIX TOKAa3aHO, UTO KBa3uCBOOONHOE COCTOsHHE Ha
anrebpe KaHOHHUECKHX KOMMYTAlHOHHBIX (COOTBETCTBEHHO, @HTH-
KOMMYTAIlHOHHEIX) COOTHOUIeHHH BO3HUKaeT B KBAHTOBOH IeHTPaJb-
HO# mpenesbHOI Teopeme Oe3 alpHOPHBIX NPeANOJOXKeHHH 06 ajre-
Gpauueckoil MpPHPOIE cJaaraeMblX, a JHIIb B 3aBHCHMOCTH OT BbIGO-
pa 06BYHOro (HJH IpafiyHPOBAHHOr0) TEH30PHOrO IIPOH3BEJEHH.
"OnHako MeTofi A0Ka3aTeJbCTBA B 3THX paboTax, OCHOBaHHHIH Ha
BHIYHCJEHHH MOMEHTOB, NpPeANoJaraeT OrpaHHUHTEJNLHOE B AHaJH-
"THYECKOM IIJIaHe YCJIOBHE CYIIeCTBOBAHHE MOMEHTOB BCeX MOPSIKOB.
B psire pabor paccmarpuBajcsa cayuail cnao 3aBHCHMBIX Ha-
6monaembix. M. III. ToipamTefin f0Ka3an CXOAHMOCTb K HOPMalb-
"HOMY pacnpelleJIeHHIO B cnyqae MOCJIe{OBATEbHOCTH BeIIEeCTBEHHBIX
nabawonaembx Xy, ..., X, ..., YIOBJETBOPAKIHeH - -yCJOBHAM CJia-

p(x)=
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6.0#1- 3aBHCHMOCTH ¥ ACHMHATOTHYECKOH MePecTaHOBOYHOCTH THNA yc+
JgoBuA Posenbiarra (cM. 0630p B. B. Armenesuua u M, Ul. Toapp-
wretina B c6opHuke [34] u xHury T. A. CapsimcakoBa [31}). OGo6-
UieHWe pe3ysabTaToB ¢oH Basbendesnsca 06 acCHMOTOTHYECKOH KBa-
3HCBOGONHOCTH Ha cayuail c1aG0 3aBHCHMbBIX CJaraeMblX JaHb B
paGore Akkapau u Baxa [53] (anre6py ® B sT0#l pabore cleayer
CUMTaTh KOMMYTaTHBHOH). Hanbosee nonublfi peayasrar mis cjiabo
3aBHCHMBIX (MepecTaHOBOUHBIX) cJaraeMblXx mnoJaydeH lomgepucom;
BepGepowm, -Bercom [92]. Caenyer oTMeTuTh, uTo #cToKoM paGor
[90], {92] mocaryxkuan usseetnrte paboTe Xenna # JIu6a o daykrya-
nusax B Masepe [IHKKe, KOTOPHE LalOT HEKOTOPYIO (hH3HYECKYI0 MO-
THBAIHI0 KBAHTOBOH Il€HTPAJbHOH Hpe}IeJIbHOH TeopeMbI [t mepe-
€TaHOBOYHBIX CJ1araeMbiX. -

Pasnuunrie anre6paunyeckue 0606H1€HI/IH HeHTpa.HbHOH npe1en-
HOH TeopeMbl (CBSI3aHHBIE, B UACTHOCTH, C MOHATHEM 0e3rpdHHUHOH.
AeJUMOCTH) paccMaTpuBaduch takxe Xerepgeasarom {97}, Tapra-
capatu u HImunrom [138], (DaHHeCOM u KyareéepOM (cratba B
cbopHuke [142}]). ’

§ 4. Hboﬁ.ﬁema CKPBITHIX MTApaMeTPoB

IIpo6aema CKpPBITHIX NapaMeTPOB — 3TO BONPOC O MPHHIHIHAJD-
HOH BO3MOXKHOCTH ONHCAHHA KBAHTOBOH MeXaHHKH B TepMHHAX
KJaaccHueckoro ¢agosoro mnpocrpascrsa.  Hecmorps wa verosis-
meecs cpeld (H3NKOB MHEHHE 0 HEBO3MOXKHOCTH TAKOI0 OMHCAHUS,
KOHCTPYHPOBAHHE TeOPHUil CO CKPHITBIMM IlapaMeTpaMH He HpPeKpa-
maercsi (0JHOH H3 HEJaBHUX U HaunboJiee HMHTEPECHBIX IOMBITOK HAB-
Jsercs croxactuueckas Mexauuka {132]). droit npobieme nocssie-
Ha obwHpHas JutepaTtypa (cM., HanpHMep, [14]). 3nech Mul orpauun-
yuMcst  oOcyXAeHueM  HauboJsiee  CYIIECTBEHHBIX  JIOTHUECKHX
apryMeHTOB NPOTHB «CKPLITHIX NMapaMeTpPOB>.

CKkpbiThle napamMeTpsl M KBAHTOBAast JOHOJHHMTEJNBHOCTb.
C MaremaTHuecKoil TOUKH 3peHHS B npolJeMe CKpPBITHIX HapaMmeT-
POB peub HAET O BO3MOXKHOCTH  YCTAHOBJEHHS COOTBETCTBHH

S(dw)—S, X(w)—>X MexX1y KJAaCCHUECKHMH COCTOSHHAMH, T. €.
pacnpefenenusamMu BeposATHocTed S(dw) Ha uaMepuMoM «basoBoM

npoctpanctee» (2, £(Q)) u onepaTopaMH IJIOTHOCTH SB mﬂbéep-
TOBOM NMPOCTPAHCTBE # KBAHTOBOH CHCTEMBI, H MEKAY CAYYaiHBIMH
BeanunHaMu X (0) ¥ HabaogaemevMi X B 2, KOTOpEIE BOCIIPOK3BO-
JMHIH OBl CTaTHCTHYECKHE IpeJCcKa3aHus KBaHTOBOH TEODHH H YHAO-
BJAETBOPS/IN HEKOTOPHM (H3UYECKY  MOTHBUDOBAHHBLIM YCJIOBHAM.
TakuMH yCJOBHSIMH, €CTECTBEHHO BO3HHKAIOIIHMH H3 06lero MmoHs-
THs cTatHcTHueckol mofenu (m. 0.2), B mepBylo. oueDesb SIBIAAIOTCSH
coxpaHenHe (YHKUHOHAJIBHOH MOJAYHHEHHOCTH B HPOCTPaHCTBe Ha-
dmo;u,aeMbe 4 TakXKe BHIMYKJIOH CTPYKTYPH B MHOXeCTBE COCTOSA-
Huil.. O630p ¢ 3TOH TOUKH 3PEHHS OCHOBHBIX «Jl0Ka3aTeNbCTB HEBO3-.
MOXHOCTH» CKPHITBIX MapameTpoB naH B .[45].  Tak, pesy/bTaTek
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Beana [66] 1 Komena, Hlnexkxepa {115] paBHOCHABHH caeAYIOLEMY
YTBepKAECHHIO.

Fpennoxenune. Ilycts dim#6>3. He cymecrsyer omgHo-
snauHoro oro6paxkenns X—>X(w) MHOXecTBa HabJI0JaeMbIX
() B MHOXKECTBO CJAYYaHHBIX BeJHYHH Ha KaKOM-1u60 H3MepH-
MOM IIpOCTpaHCTBE 2, YAOBJETBOPSIOIIETO YCAOBHIO:

1) ecan X—X(w), 10 foX—f(X(w)) mas no6oii GopeseBcKOA
¢yHKuHH f.

HdokasaTeabCTBO. MOXHO CUHTaTh, Yro dim 76 < oo. IlycThb
Takoe oro0paxkeHHe CYHleCTBYeT, Torga M3 1) BBIBOASTCA cJaeaylo-
11He CBOHCTBA

2) X(w)€Sp X nasa awboro wE€Q;

3) Ecm X, —coBMecTuMsle HaGmojaemsie H X, X, t0), 10
. R

PRIED R AT

7 7

durcHpyeM ©€Q H pacCMOTPHM (YHKUHIO npoekTopoB p(E)=
=FE{w), rne £E~L(w). U3 2), 3) BHTeKaeT, 4TO | ABJSAETCS BepoO-
ATHOCTHOH Mepoit Ha §(56), npuHuMaroweil ToJbko 3Hadenus 0,1

Ilo teopeme T'mucona w(E£)=Tr SE, rpe S — onepaTop MJIOTHOCTH,
HO Takas QYHKIHS He Moxer GbiTh ABY3HaqHOH MepOH.

Hezocratok aprymenrauun ¢on Heiimana [26] cocrour B TOM,
Y70 OH Tpe6OBad BBEINMOJHEHHS CBOHcTBA 3) i NDPOH3BOJb-
HBI X, a He TOJbKO COBMeCTHMEIX Halaionaembix X; PaccyxkieHHe
¢ aJJHTHBHOCTbIO CPeJHHX 3HAUEHHH, KOTOPOoe OH NMpHBeJa RJsi 000-
CHOBAaHHS 3TOro TpeCOBaHHSA, MO CYUIECTBY, 3apaHee HCKJIOYaer
TEOPHH CO CKPHITHIMH napamerpami [45], [14].

[IpaBeneHHOe BHIIIE [0KAa3aTeJbCTBO O3HAYAET HEBO3MOMKHOCTh
BBEJ€HHsI CKPBITHIX MapaMeTpoB N0 CXeMe YaCTHYHOH HabJiogaeMo-
CTH, peajiH3yeMoH, HalpHMep, B KJACCHYECKOH CTaTHCTHYECKORN
MeXaHHKe, IJe HMeeTCs B3aHMHO OJ(HO3HaYHOE COOTBETCTBHE MeEXK-
Ly «MaKpPOCKONHYECKHMH» HalJIOfaeMbIMH # HEKOTODHIMH (DyHK-
HHSMH Ha ¢(as3oBoM npoctpaHctBe. OLHAKO OHO He HCKJOuaer 60-
Jiee CJOXKHBIX KOHCTDYKUHHA, B KOTOPHIX OJHAa H Ta ¥Xe& KBaHTOBas
nabuonaeMasg X MoxeT OHITb H3MEPEHAa MHOXKECTBOM pa3HHIX CIO-
co6oB # coorBeTcTBHE X (w)—X, TakuM 06pa30oM, HE B3aHMHO Of-
HO3HauyHo. Ha caMOM Jese B KBaHTOBOH MeXaHHMKe HMeeTcs IO
KpafiHeH Mepe CTOJIbKO DPa3JHYHBIX crnocobOB HM3MepeHHs HabJio-
naemo#t X, CKOJIBKO eCTh mpefcTaBieHnii £=f-¥ B Bule ¢yHKuui
ot Apyrux nHabaopaeMhx P. Ecan X umeer KpaTHOe cOoBCTBeHHOE
3HAaYeHHe, TO 3aBENOMO HafjyTcsi HecOBMecTHMEe HabuojgaeMble
?, v P, Takme, yto X=floY,=f2o3’2. Tpe6oBaHHe B3aHMHOR OXHO-
3HAYHOCTH BXOJHT TOTJa B MpPAMOe NPOTHBOpPeYHe ¢ KBAHTOBHIM
CBOHCTBOM IOMNOJIHHTENBHOCTH . OTCI0oNa BHITEKAeT, YTO B TEOPHAX

Y Ecan dim #=2, 10 HabMojaeMue € KPaTHHM CHEKTPOM — 3TO NOCTOSH-
Hhle BEJWYHHE, TOTAA TaKOTO NDOTHBOPEYHS He BO3HHKAET, H TEOPHS CO CKPH-
THMH NapaMeTpaMH, YHOBJETBODSIOIIAs YCJOBHAM MOKAa3aHHOTO NPEAJNOMKEHHS,
cTpouTcs ABHWM oGpasoM [66].
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CO CKPBHITHIMH IapaMeTpaMH cJelyeT OCTAaBHTb BO3MOXKHOCTb [JIst
Pa3JIHYHBIX KJACCHYECKHX IIpeAcTaBJieHHH OXHOH H TOH Xe KBaH-
TOBO# HalJilonaeMofi (Takoro poaa Teopus JIx. BeJsur Ha3Bas KOH -
TEeKCTyaJbHHMH). AHAJIOTHYHOE 3aMeyaHHE MOXKHO OTHECTH H
npeacTaBjenHe kBaHTOBHX coctosiHHH. A. C, XoseBo nas siBHOe
OINHCaHHe TakKOH (OpPMAaJbHOH KOHCTPYKIHH, COXPaHAIOLIEA CTPYK-
TYPHl CTaTHCTHUYecKOH monenu [45], [101].

IIpeannoxenne. Ilycrb 26 — ruian6epToBo MPOCTPAHCTBO.
Cywectyer H3MepHMOe MPOCTPAHCTBO Q H oTo6paxenns X (@)X
HEKOTOPOro MHOXKeCTBa CJyYyaHHHX BeJHUHH HAa O(H) H S(dw)—3
HEKOTOPOro MHOXKeCTBA BEPOSITHOCTHHX Mep Ha &(J6) Takue, urto

1) Ecm S,(a’m)—>:9,- H {p;} —KOHeuHOE pacmpeje/eHHe BEPOAT-
nocred, 10 N p,S;([de)> 2 p,S;
r -

. J

2) Ecm A (@) A u f—Gopenesckas dynkuus, 10 f (X (@)~
— foX; , .

3) Ecm X (@) A v S(do)=S, ToO

S X (0) S (do)=Tr $ X.

Q

B cayuae dim #6223 oroGpaxetus X (o)X, S(do)—S ¢ Heol-
XOLHMOCTBIO He SIBJISIIOTCS B3aMMHO OJHO3HAYHBIMH. JTOT pe3yJlb-
TaT MOKa3blBaeT, YTO MNPUHIHUN AOMOJHHTEJIbHOCTH IPeNsiTCTBYeET
KJIaCCHYECKOMY OIHCAaHHIO KBAHTOBOH CTATUCTHKH JHIIb NPH JO-
MOJIHHTEILHOM TpeGOBAaHHH B3aWMHOH OJHO3HAYHOCTH (HEKOHTEK-
CTYaJIbHOCTH).

4.2, CKpHTHE mMapaMerpnl H KBaHTOBas LeJOCTHOCTb. PaccMmor-
PHM KBaHTOBYIO CHCTEMY, COCTOSIIIYIO H3 ABYX KOMIOHEHT J6;, J6s.
UncTble COCTOSIHHSL TAaKOH CHCTeMbl 3aJal0Tcsl €AHHHYHBIMH BEKTO-
paMu €56, ®H2, KOTOPbe SIBJSIOTCHA JHHEHHBIMH KOMOGHHAIlHAMH
(cynepmosuuusamu) (aKTOPU3yeMbIX BeKTOPOB Y1®ye. Ecian $=
=1; @y, TO 06 KOMIOHEHTH CHCTEMbl HAaXOJATCA B OAHO3HAYHO
onpelesieHHLIX UHCTHIX COCTOSIHHAX; ecJH xXe ¢ HedaKTOpH3yeMo,
TO MeXJAy KOMIOHeHTaMH OOHapyXHBalOTcs clelH(HYEeCKHe KOop-
peJISIllHH, KOTOpPhle HeBO3MOXHO CMOJEJNHPOBATL HHKAaKHM KJIacCH-
YeCcKHM MeXaHH3MOM cJyuaiiHocTH. Ha 3To oO6paTHi BHHMaHHe
Dens, nokasaBuiuii, 4To Jaxe B KOHTEKCTYaJ/bHOH TEOPHH CO CKpbI-
THIMH NMapaMeTpaMH HeJb3sl YAOBJIETBODHTH eCTeCTBEHHOMY Tpe(o-
BaHHIO, HA3BAHHOMY HM <3HHIUTEHHOBCKOH JIOKaJbHOCTbIO» [66]".

O6cynum Guuskoe, HO GoJiee ofliee YycJoBHE Pa3A€JHMOCTH
{45}

) B 370if cBA3H CM. Takxke cTatbio . Buriepa «CKpHTHe napamMerpH H
KBaHTOBOMeXaHHUECKHEe BeposTHOCTH» B ¢6. [11].
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Paccemotpum HaémonaeMbI'e :

’ Xj—-—X(I)®I() jk——‘l , 1

: | Ve=1el®, £=1, ..., m, ' (4.1y
rae 1) — e mEnyns oneparop B J6; TaKk UTO
[X;, ¥Vi]=0, (4.2)

T. e. Kaxjag HaOmojgaemas Xj coBMecTHMa ¢ kxaxaofi Vi Tloaro-
My JJs JI0GOT0 coctodanug S B ;0 #bo onpejieneHsl KBAHTOBMIE
koppemuun  ( X; V) .. Marpuna C=[( X}, Yk > s li=th o,

=1, m
ONHCSIBAeT CTATHCTHUECKHE Pe3yJ bTATH 771 pas/IHuHbIX 3KCIepuMeH-

TOB, BOOOILe 'OBOPS, HECOBMECTHM-IX Mexay CoOOfi.
Hpennoxenue. [lycts #, m>2. He cyuiecrByer H3MepH-

MOTO npocTpaHcTBa Q2 u oToGpakeHui S(do)—+S, X (o)~ X‘ Ta-
KHX, 4TO: -
) ewm X (@)= X, To X(m)eSp X; )
9) mit mo6oro S u modux Xy ...y X f", o s Yy Buna (4.1)
Hafiaytea X (o), V(o) rague, urto Xj(m)_>Xj, Yk(m)aYk

(Xj, Yk)S;:SXj(o))Vj(m)S(dm); j=1,...,n, k=1,...,m,
b

A kakoro —Jjm6o S (dw)—- S.
Joka3aTeabCTBO. [LOCTATOUYHO OTPAHHUHTBLCA CAyudeM 7=

—m=2. PaccvoTpuM naGmonaeMse X, X,, Yy, ¥y Buja (4.1) u
Takue, 4TO

1X,1<1, | Pel< . (4.3)

[Ipenno/soxuM, 4TO yKa3aHHbIE 0T06pa)KeHH$I CYLIECTBYIOT H NYCThb
X;, Y, — cooTBeTCTBYyIOI{®e cJayyaiiHble BeJIHUYHHB Ha BEPOATHOCT-
HOM npoctpaHcTBe (Q, #(RQ), S(dw)). B cuay ycaoBus 1),
[ X;(0) <1, [Yi(o) <], oTkyna

Xi(0)Yi(0) +X1(0) Yo (0) +X2(0) Vi(0) —X2(0) Vo (0) <2, ©€Q,
Ycpenusas no S(dw) u ucnoab3ys ycjaosue 2), noayyaem Hepa-
sencmso beara— K aaysepa—Xopna— [lumonu (BKXIL])

<A1’Y1>§-+ <)‘1vy2>§+ <A2’Y1>§—» (A27Y2)§<2.(4.4)

OcraeTcs yxa3aTh KBaHTOBSe HaGmomaemsle }\;j, Y, u cocros-

HHe S, I KOTOpPsIX HepaBeHCTBO (4.4) HapymaeTcs. PaccemoTpum
CHCTeMY H3 [BYX 4aCTH co cmuHoM 1/2, Tak wyro dim 96, —

—dim #,=2. (‘M. 1. 1.6). TTycte $—uncroe cocrosume cocTas-
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HOH CHUCTEeMp! C BeKTOpOM
‘ | = VQ‘ [‘t)l (e)®¢2(_e)—1l’1 (—e)®1l92 (e)]

rae 1;(e)— enMHHYHBI BEKTOD - j-fi KOMIOHEHTHl, ONHCHIBaIO HMA
NOJHOCTBIO MO/ PU3OBAHHOE COCTOANHE C HANpaBleHHeM COHHA e.
Tonoxum

A@=X@a1%, ¥m)=1"e 1% ®),
rae A (a)— naGmonaemie ciuHa B % (cu. m. 1.6). Koppesauuu
MeX 1Y KOMINOHeHTaMM MMelOT BH /
(X@), Y )= 1@ Xy y) ——a-b.

Ilycts BekTOpHI a;, b, oﬁpasy}OT KOH(pHUTYpaluHio, 0003HaYeHHyl0 HA
PHCYHKe, TOrja 3HAYeHHe JeBOH wyacTW HepaBeHCTBa (4.4) A
HabmoaeMbx X ;=X (a;), V=V (b,) paBno 2}'2, uro npothBo-
PeuHT HepaBeHCTBY H Jloka3-iBaeT mpejioxenue).

a,

i

-,

&

B [114] ykaszauo ofulee HepPaBeHCTBO
(XY 4 K o+ XV — 2V < Al [ X, Xyl [V, Yo,

cpaBeA/MBOe /g JO0sIX ONepaTopos, YAOBJIETBOPSIOUHX YC.JI0-
BuM (4.2), (4.3). M3 Hero BelTekaeT Kak HepaBeHCTBo BKXMI
(npn [Xl, XQ]._[YI, Y,]==0), Tak u rpanuia
' | XV s+ X Vot X, — KoY, || <212,
H3 KOTOpOH BHAHO, 4TO B MNOCTDPOEHHOM IIpUMepe HEpPaBeHCTBO
BKXIIl napymaercs MakcHMaJbHBIM 06Da3oM.

. D Pagotw Jx. Beina cTuMyniMpoBasy psAJ IKCIEPHMEHTOB, B KOTOPHIX na-
pyutenue nepasencrBa BKXIIl noayys/io moxtBepxieHHe (CM ﬂanpmaep, [l4])



[TockoJbKYy KOMIIOHEHTbI COCTAaBHOH CHCTEMB MOIYT IpeaCcTaB-
JsTh cOGOi YacTHIb, MPOCTPAHCTBEHHO OTAeJeHHHe IPYr OT Apyra
MaKPOCKOIIHYeCKHM pAacCTOSIHHEM, TO ONHCHIBAlOIas HX TEODHA CO
CKPHITBIMH HapaMeTpaMH J0Ji#Ha OBhTb CyLIECTBEHHO HEJOKaJb-
Hoit?. B pa6Gore Cammepca u Beprepa [156] nokazano, uto moJo-
JeHHe He CllacaeT H Mepexo] K JOKaJbHOH KBAHTOBOHR TEODHH INO-
Jsi, rae HepaBeHctBO BKXIIl TakXe HapymaeTrcsi MaKCHMaJbHBIM
oGpasoM.

4.3. CTpyKTypa MHOXeCTBAa KBaHTOBHIX Koppeasuufi. B pa-
:6ote B. C. Llupesbcona [48] G-10 n3ydeno Bbmyx.noe MHOXeCTBO
Cor (1, m) ksanmosonpedcmasumsLx MaTpHH _[CI"]k=1,"',mv

9/IeMEHTBl KOTOPBIX MPEACTaBHMSI KaX KOPPEUMH € = )& Yeds

KaKHX-JHO0 KBAaHTOBHX Ha6uiopaemuix X;, ¥, yIOBJETBOpPSIOUIHX
ycioBHsM (4.2), (4.3). OkasniBaeTcs, 4to ¢opmanbHO GoJiee CHJb-
Hoe, 4eM (4.2) (M ¢H3HYecKH cojaepiKaTeJbHoe), ycaoBue (4.1)
NPHBOJHT K TOMY e MHOMXEeCTBY KOppessiHOHHbX MatpHU C. 910
BHAHO H3 J0Ka3aTesbCTBa CJEAYIOILEH TeopeMBl, KOTOpas Aaer Npo-
3payHoe reoMeTpHuecKoe onucaHue MHOoXKectBa Cor(n, m).

Teopema. Marpuna C npuHapnexur muoxectsy Cor(n, m)
TOrja H TOJBKO TOrAa, KOTJa B €BKJHJOBOM NpOCTPAHCTBE pa3Mep-
HOCTH min(n, m) CyILECTBYIOT BEKTOPH aj, ..., 4.} by, ..., b, Ta-
kde, uTo ||a;l| <1, ||b,y|| <1 u a;-by=c;, 0712 Bcex f, .

HanuM Ha6POCOK KOHCTPYKIHH, CYUIECTBEHHOH AJIS JOKa3aTelb-
ctBa. Ilycts % (n) — kommiekcHas ajre6pa Kianddopra ¢ n sp-
MHTOBHIMH 00pasywomuMu X, ..., X,., YyAOBJIETBOPSIOUIHMH COOT-
HOHIEHHSIM

Xo=1, X,Xp+X:X;,=0; j, k=1,....n, j+k.

[MTockoabky snemenTsr X;®X; anre6pul & (n) ®% (n) mepectanoBou-
HEl H HX CHEKTP COCTOHT H3 =1, To 1 ABAsSleTcss TOUYKOH cHmekTpa
‘3J1eMeHTa

1
= (X, ® X+ ...+ X,8X,)

(kpatHOCTH 1). IlycTh = -— HEeNpHBOA¥MMOE MpeAcTaBJeHHe aJrel-
pel €(n)®E (n), Torna B mpocTpaHCTBe NMpPeLCTaBJEHHS CYUIECTBY-
€T eJHHCTBeHHBIH C TOYHOCTBIO JO MHOXHTEJs! BEKTOD v, TAKOH UTO
w(A)p=1. IlokaswiBaeTcs, 4TO

{pln(X(a)®X (b))yp)=a-b; a, beR",

BekTop ¢ ompeleasieT cocTosiHine S B TOYHOM INpeACTaBJIEHHH aJl-
reGpel @ (n) @ (n) rtaxoe, uTo

( X}a }}k > g=a; by

D [lo TMOBOAY HEJOKAaJAbHOCTH B CTOXacCTHYECKOA MEXaHHKE CM. CTaTbio
3. Heancona [132].
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rue X =X (a,)@l Ye=I1®X (br) yrmosrersopsior ycaosuio (4.1),
a aﬂaqm, u (4.2

U3 sto0ii TEOPEMH B [48] noaydeHo onHcaHHe KpaHHHX TOUYEK
mHOXectBa Cor(n, m), a TakXe yKa3aHbl HepaBeHCTBa, 3a1al0-
mue mHOXectBo Cor (2, 2).

O6osnauasg Cor;(n, m) MHOXKECTBO KAQCCUYECKU-NPEOCTABUMBLY
Matpul C, TaKHX UYTO

cjk=fX5((0) YR(OJ)S(d(O),
rae X, Y, —ciayyafiHble BeJMuHHB, TakHe uto |X;(e)|<l,
[ Yi(®) |1, uMeeM, oueBHAHO,

Cory(n, m)& Cor (n, m).
HecoBnaaenne 3THX MHOXECTB MaTeMaTHYECKH BblpamaeT CBOii-
CTBO KBaHTOBO# neJoctHocTH. HepaBenctBo BKXII 3agaer rpanuy-
HYI0 THOEPIJIOCKOCTb, OTxesawlnylo MHororpadHuk Cor;(2, 2) or

11

KBAHTOBO-PEAJIH3yeMOH MaTpPHIb E[I_I]ECor (2, 2). EcrectBenHo

HOCTaBHTL BOIPoC, HacKoJdbko Cor (n, m) npesocxonur Cory (n, m).
Ilycte K(n, m) — nanMedbinee uncao, ofJagaloliee cBORCTBOM

Cor(n, m)ycK(n, m)Cor;(n, m).

TMocnenosaremsuocts K (7, m) BospacTaeT ¢ pocToM n, m. Kax
oTMeyaercs B [48], u3 reoMeTpHUeCKOro ONHCAaHHA MHOXECTBa
Cor (n, m) Burexkaer, uto K= lim K (n, m) coBnajaer ¢ H3BeCTHOM

n,m-—oo
B TEODHH HODMHPOBaHHEIX INPOCTPAHCTS KOHCTaHTO# ['poTeHAHKa
Ko< —2 0 ~1,782.
S o ma+v?Y ’
Taasa 2

CTATHCTHKA KBAHTOBbLIX H3MEPEHHHA

§ 1. O6o6wennbie HaGuronaemMple

1.1. Pasnoxennss emmuuupl. [Iycrs (&, #(Z)) — namepumoe
npocTpaHcTBO. B maJibHefimem wacto & cTaHAAapTHOe H3MEpPH-
Moe INPOCTPAHCTBO, T. €. GopesieBcKOe MOAMHOXKECTBO MOJHOTO ce-
napa6GesqbHOTO MeTpHUeckoro mpocrpaHcrsa. CraHAapTHbie H3MEpH-
Mbl€ NPOCTPAHCTBA OJHHAKOBOH MOUIHOCTH H30MOPGHH (CM., Ha-
npumep, {160, ra. V]), mo3ToMy ¢ TOUKH 3D€HHsi TEODHH MEPH OHH
3KBHBAJIEHTHH OOpEJeBCKHM IOAMHOXeCcTBaM BeUleCTBEHHOH Nps-
Mol R.

Pasaoxernuem eduruyor B ruib6epTOBOM NpPOCTPaHCTBE 6 Ha-
3blBaeTCH HOPMHDOBaHHAsl NOJIOXKHTENbHAs! ONePAaTOPHO3HAYHAS Me-
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pa Ba B(&); 1. e. dynxuns mHoMects M: .%(&’)—%(%) YI0BJE-
TBOpﬂlOHlaﬂ YCJIOBHAM

1) M(B) — nojoXuTeabHEIli OnepaTop B 9’6 s J060ro
Beg (36);

2) Ecaum {B,} — xoHeuHoe WIH CueTHoe pasbuenne & Ha monap-.
HO-HellepeceKaluyecs -H3MepHMble . HOAMHOKECTBA, TO o

> M(B
j
rae psill CXOAHTCS CHJIBHO.

"Ecn M(B)2=M(B) ana Bcex BeR(Z), o M — optoronans-
HOe pasjoxeHde eauHunbl (cM. n. 1.1.3). HeoprorouaasHee pas-
JIOXKeHHs1 efMHHNEl (Ha R) nmosiBunuce B pabore Kapaemana (1923),
B cBA3K ¢ mpobieMofl CHEKTPaJbHOTO PasloXKeHHd HecaMoconps-
KEHHBIX OnepaTopoB U ObIIH peTalbHo u3ydeHul B 1940—60-e roas
(cm., Hanpumep, [2], [30], [68)).

TeopeMa (M. A. Hafimapx, 1940). Beskoe pHSJIO}KeHHe enu-
HHIE B g6 MOXeT ObiTb DAacLIMPeHO 10 OPTOrOHAJIBHOrO pasioxke-
HHS €/IHHHIE, T. €. CYUIeCTBYeT rHJb0epToBO MPOCTPAHCTBO H DI
H OPTOTroHa/lbHOe pasioxkeHHe eaunuunl E : B(F)—>C(H) B H#
TaKoe, uTo

M(B) =PE(B)P; Bt¢R (&), .
rie P——npoeKTop U3 # Ha . Eciu 6 — cenapabensHo, a & —

CTAaHAAPTHO, TO 6 MOXKHO BHOpaTh cemapaGenbHbiM. CyiiecTByer
eVHCTBEHHOE ¢ TOYHOCTbIO [0 YHHTApHOH 3KBHUBAJEHTHOCTH MHHH-
MaJibHOe pacuiupenye, XapaxkTepusywliieecs TeM CBOUCTBOM, YTO
muoxectso {E (B) Py; B6B(X), v66) nuotho B 6.

Ecau cyuiectByer o-koHeuHas Mepa p, Takadg urto ||M(B)I<
<Cu(B), 10

M (B)———SP(x)p,(dx); BEF (%), (1.1y
B

rre P(x) — u3MepuMas orpaHdueHHas (QYHKIHA CO 3HAYEHHSIMH B
B (76), HasbiBaeMasi nAOTHOCTHHO M OTHOCHTENBHO MEpHl | (MHTer-
paj CXOAMTCA B CHJIBHOH omepaTopHOH Tomosorud). Ecau dim d6=
=00, TO OPTOTOHAJbHOE DAa3JoXKeHHe eIHHHIb He MOXeT HMeTb
IJIOTHOCTH OTHOCHTEJBHO KAKOH-NHOQ O0-KOHEYHOH MepHl.

IMTpumep. llepenoanennoii cucremoii [21], [6] B # HasbiBaeTcs
cemeficTBo {e.; X6 }J6, yROBACTBOPAIOUIEE YCIOBHIO

nxpu2=51<exw>l2p<dx>; 68,
&

rne W — HEKOTOpasi 6-KOHeUHasi Mepa Ha .93(55) T. €.

S:en (exludx)=
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HacTHBIM cayuaeM -MepelNOoNHEeHHOH CHCTEMbl ABJSETCH I0JHAs Op-
TOrOHaJbHast CHCTeMa B J6, OAHAKO B ODEM cJyuyae BEKTOPH &,
MOTYT OBITb HE ODTOTOHAJBHLI W JHHeHHO 3aBHCHMH. Besruii Bex-
TOp PEFE uUMeeT pasaoKeHHe

v=\ Cexl) ewni@n) (1.2)
) ‘ |
110 BeKTOpaMm HepenoJiHeHHO# cucTeMbl. COOTHOLIEHHE
MB=\le.) Ceclnldn) (1.3)

B

ONpeLesieT PasjioXkeHne €IHHHIE ¢ NJOTHOCTbIO P (x) = |e.) {e,].
Hanum a4s Hero ABHYIO KOHCTPYKHHIO MHHHMAaJbHOTO PacUIHPEHUS
Hafimapka (cum. [78, ra. 8]). OnpeaesuM OPTOTOHAJNLHOE pasJoKe-

Hue eauHunsl E B 55=L2(5v”, W) COOTHOLIeHHEeM
E(B)[(x) =1s(x)[(x); x€&,

rae lz(-) — unaukatop MHOXectBa BEF(Z). B (1.2), (1.3) cae-
AYeT, YTO COOTHOLIEHHE

¢

(Vi) () = Cex| )
3aJaeT H30METPHUECKOe BJIOXKEHHE J§ B J6, IpHUEM
M(B)=V*E(B) V.

O6pas V# npocrpaHcrBa 76 B L2(&, p) sABasercs ruib0epTOBEIM
IPOCTPAHCTBOM ¢ BOCIPOM3BOASIIUMM siApoM K& (X, y) =<e.|e,), T. e.
npoekrop P u3 L*(#&, p) Ha V3 apnaerca UHTerpasbHBIM OmNepa-
TOpOM ¢ siapoM K (x, y).

1.2. O6o61eHHas cTATHCTHYECKAS MOJeJb KBAHTOBOH MEXAHWKH.
Jr10 oTAaeaHMas cTaTHCTHuYecKas Moaeab (cM. n. 0.2), B KOTOpOH#
COCTOSIHUS ONMHCHIBAKTCH ONEPATOPAMH IJOTHOCTH, a BElleCTBEHHbIC
HabJpaeMbie — pasnoXenusMu equHuisl Ha %(R) B ruasbepro-
BOM IHpocTpaHcTBe 6. PyHKUHOHAMbHAA NOLUYHHEHHOCTH HabJto-
naeMBix onpefeasiercsi cooTHoweHueM (foM) (B)=M(f-1(B)). Ec-
JIH & — U3MepHMOe NpPOCTPAHCTBO, TO 0600uwjentol Habarodaemol
(Habarodaemoil) co 3HaueHHsMH B & HAa3HBACTCs NPOH3BOJbHOE
(opToronaabHoe) pasjoxeHue efHHAUH M Ha % (&Z). Pacupenene-
HHE BepOSATHOCTeH 0006lleHHOA HabaopaeMolt M B cocrostmuu S
onpeneasiercss GopMyJIoK

u (B)y=Tr SM(B); BERB(Z). (1.4)

OcHOBaHHEM [JI1 3THX ONPEAEJEHHH CHYXKHT

Mpeanoxenue ([143, ra. 2]). CoorsercTsue S—>p ' apaser-
csi apdUHHBIM OTOGpaKeHHEM BBIMYKJIOIO MHOXECTBA KBAHTOBBIX
cocToanull & () B MHOKECTBO BEPOATHOCTHHIX Mep P(&). OGpar-
HO, BcsIKOe a(duuHoe oTob6paxeHHe us &(H) B R(X) nmeer BHJ
S—>uM , rie M — oHO3HAYHO ONpejleleHHOe Pa3JIOKEHHE eUHHIbI

Ha B(X).
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AdouHHOCTD 0O3HAYAET, YTO CMECh COCTOSIHHA NEPeXOAHT B COOT-
BETCTBYIOLLYIO CMeChb pacHpeleleHuil

M
B3p,5, = ; Pjsy
7
g o6eix S;€6(); pi=0, Ep;=1, H HMeeT NpsMOe HCTOJKOBA-
j

iHE B TepMHHAX CTATHCTHYeCKHX aHcamOJedl. MoXXHO ckasaTh, 4TO
paaJioxeHue eIHHHIB jaeT HaHGoJee obliee ONMHCAaHHE CTATHCTHKH
HCXOLOB KBAaHTOBOrO H3MepeHHsl, COBMECTHMOE C BepOSTHOCTHON
HHTepNpeTanHed KBaHTOBOH MeXaHHKH.

Omnnpasice Ha teopemy HafiMapka, MoXHO JoKa3saTh, 4YTO AJid
Jo6oro pasJioXeHHsi eXHHHIHI M B 56 Hafiagyrca ruiab6epToBO
OpOCTPaHCTBO My, ONepaToOp MJIOTHOCTH Sg B By H OpTOroHaJjpHOE
pa3snoxeHnde exuHuubl E B 56 ®74y, TakHe uTO

wM (BYy=Tr (S®S,) E (B); BERB (&), (1.5)

1Js Beex S€&(H) unu M(B) =&y (E (B)), rae &y — ycJoBHOE OXKH-
JaHHe OTHOCHTeJLHO COCTOSIHHSL Sy, ONpejesisieMOoe aHaJOrHYHO
dopmysie (1.3.1). Takum o6pasoM, pasJjoxKeHHe €IHHHIBL OIMHCH-
BaeT CTATUCTUKY H3MepeHUA oOHUYHON HabJopaeMoii B HEKOTOPOM
paclWIHpeHHH HCXOJHOH CHCTEMBI, COZEpKallleM BCIOMOTaTeILHYIO
He3aBHCHMYIO CHCTEMY B COCTOSIHHH Sy, YTO TOBODHT O COIVIACOBAH-
HOCTH NOHATHA 0600OLIeHHOR HabJI0JaeMOH co cTaHZapTHOH ¢op-
MYJHPOBKOH KBaHTOBOH MeXaHHKH.

I[IpuMep. BekToph COCTOSIHMA MHHHMAaJIbHOH ONpeNe]eHHOCTH
(1.2.15) o6pasyioT mepenoJHeHHYIO cHcTeMy B J6=L?(R),

5n S Slwm> { Pr,o | dxdo =1

RE

([12], [21]), uTO no3BOAsieT onpeAenHTh 0GOGIUEHHYI0 HAGMAIONAEM VIO
co 3HaueHHsMH B R?

MB) =52 § {1 0e) e[ dxav. (1.6)

B

YKkaxeM KOHCTpyKIHIO, KOTOpasi cBsf3biBaeT M ¢ mnpuGJHKeHHBIM
COBMECTHHIM H3MepeHHeM KOODJHHATH H CKOPOCTH KBAHTOBOM dac-
tunsl. Ilyers d6o=L%(R), Py, Qo — KaHOHHYeCKHe Halai0gaeMble B
Hbo 1 So=|YPo,0){Poo| — ocHOBHOE cocTosiHHe B JB,. Camoconps-
JKEHHble OMEepPaTOpH

= 1 5 1
Q=0Q®l,—1®Q,, ;P-:;[P@IO—{-I@PO] (1.7y
B #6 Q3 nepecTaHOBOUHBI ', a 3HAYUT, HMEIOT COBMECTHYIO CIEKT-
panbryio Mepy E(dxdv). Mcnonbaysa anmapart xapaKTepHCTHYECKHX
) Ha sto ykasan H. Bop B crarbe «O NOHATHAX NPHYMHHOCTH M JIOMOJHH-
reapHocTH» (1948) (cm. MsGpanbie Hayynble Tpyabn.— M.: Hayka,.1971.— 2.—
C. 391—398).
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pyHkuui u3 . 1.2.4, MOXHO H0Ka3aTh, YTO sl JIOGOTO COCTOSIHHST
S pacnpesenenue BepositHocTel o6o6ulenHol Ha6uiogaemoii (1.6)

w2 Br=g { § e | Stpeo ) dav
B

YIOBJIETBOPSIET COOTHOWEHHIO (1.5), T. €. COBNAaJaeT ¢ COBMECTHHIM

paclpefiesieHHeM BeposiTHOcTell HaGuaiogaeMbiXx Q, P/m B COCTOSHHE.
S®So (cm. [43, ra. 3]). OTHOCHTEJBHO TNPHOIHKEHHBX H3MEpeHHUH
, P cMm. takxke (78], {37], {169] u uuTupoBaHHBE TaM pPaGOTH.
1.3. Teomerpust muoxectBa 06o6GueHHbx Habaopaembix. AHa-
JoroM o6o6uieHHOH HaOJdIOgaeMO# B KJaCCHUECKOA CTaTHCTHKE SIB-
JsieTcsl PaHJOMH30BaHHAsl cayualiHas BeJHYHHA, T. €. NepexopHas
BepositHOCcTb II(B|w) H3 mpocTpaHcTBa 3jleMEeHTapHBIX coObTHH Q
B npocrpaHctBe 3HaveHuit X. Bynem panee mpennosarats, 4to & —
CTaHAAPTHOE MPOCTPAHCTBO. TorAa cooTHOWeHHe

I(Blo)=1s((w)); 0Q,

ycTaHaBJAHBAaeT B3aHMHO OXHO3HAYHOE COOTBETCTBHE MeXIYy CJAY-
yafiHHIMU BeJIHYHHAMH [ cO 3HAYeHUAMH B & H JeTepMHHH-
POBAaHHB MH  IIepeXOLHBIMH  BEPOSTHOCTSMH, TAaKHMH YTO
II(B|o)=0 uau 1, 1. e. [I(B|0)?=I1(B|w). [lepexoxHsie BeposT-
Hoctd H3 Q B & 006pasyioT BHIIYKJIOE MHOMXKECTBO, Kpa#HHMH TOUY-
KaAMH KOTOPOIO SIBJSIIOTCS JeTepMHHUPOBAaHHBlE NePEeXOJHble Bepo-
ATHOCTH H TOJIbKO OHH (cM., Hampumep, {41, ra. I1]).

CoorHolleHne MexXay HalaomaeMbIMH U 000611eHHBIMHE HaGJI0-
NaeMBIMH B KBAHTOBOM CJyuae 3HAUHTEJNbHO CJOXKHee H HHTepec-
Hee. O6o3naunM M(Z) BuIIYKIOE MHOXKECTBO 0606HIEHHBIX Ha-
6aonaeMBIX co 3HaueHusiMH B &, Extr M(Z') MHOKecTBO ero Kpaf-
HEX  rTouek, Convi} BHOYKIAYK  000JOYKYy  TOAMHOXKECT-
Ba DMcM(F). B M(Z) BBOAUTCA  ecTecTBEHHAs  TO-
TOJIOrHs: nMocJjefoBaTenbHocts {M™W}CM(F) cxoxures k M, ecin
s J1060r0 cocTOAHES S MOC/Aef0BaTEIbHOCTh BEPOSATHOCTHEIX Mep:
us™ (B) =TrSM™(B)  cxomurcsi mno BapHauud K ps(B)=
=Tr SM(B); M o3HauaeT 3aMblKaHue mMogMHoXectBa M B 3TOH TO-
noJjiorus. Ilycte My(&) — noAMHOKeECTBO OOBLIYHBIX HaAOJIOKAEMBIX
u M (&) — noamHoxkectBo 06061leHHHX HabGawogaeMux M, Takux
yro [M(B), M(B2)]=0 nns Bcex By, B,6%(Z). B pabore A.C. Xo-
jgeBo [38] moxasano, uro MEM, (&) Torna H TOJILKO TOrAa, KOria

M B)= \1L(B|x) £ (dxy), (1.8)

rie E — nabiiogaemas co 3HaYeHHSIMH B HEKOTOPOM IIPOCTPaHCTBE
&, 11(B|x;) — nepexoaHass BeposATHoCTh H3 &1 B &. Ilo anaJo-
THH ¢ KJacCHYecKofl CTaTHCTHKOH, HabaiojaeMble, ONUCbIBaeMble
OPTOrOHAJIbHEIMH  pasJioXeHHsiMH exuHuusl E (E(B)?=E(B)),
MOXHO paccMaTpHBaTh KaK JeTeDMHHHUpDOBaHHBe (6oJee
ToyHoe obcyxnaeHue cM. B [101]). Habmopaemne uz Yy (£), Koro-

47



phie 3aRal0Tcsl NEPECTAHOBOYHBIMH DAa3JIOKEHHSAMH €JHHHIL, sIBJIs-
0TC  KAOQCCUHECKU-DOHOOMU30BAHHbIMI B TOM CMBICIE, 4YTO
MeM, (&) nonyuaercs H3 o6niyHON HabmogaeMod myTtem mpeoGpa-
3o0BaHust (1.8), conepikaulero -BHEIIHHH KJACCHYECKHH HCTOYHHK
HeoNpeneJeHHOCTH. Beskyio o6o6uieHHy0 HabawonaeMylo MEM (L)
MOXKHO PacCMaTPHBATb KaK KBAHTOB0-paHOOMUBOBAHHYIO B CMEICIE
npeacrasiaeHuss (1.5): oHa 3kBuBaJeHTHa o6GbLIYHOH Ha6J0AaeMOM
B DAacIUMPeHHH HCXOAHOH CHCTEMbl, BKJIOUAIONIEM He3aBHCHMYIO
KBaHTOBYl0 cucreMy. Hakoreu, toukn u3 Extr M(Z) npencrasis-
10T coboli o6o6uieHHEle Habaio aeMble, B KOTOPBIX HeONpepeleH-
HOCTh, 00ycJOBJeHHAs NPOLEAYpPOH H3MEpeHusd, CBefeHA K MUHH-
MYyMY.

O6o3naunM m MOUIHOCTh MHOXECTBa 3HaueHHH .

Teopema. ECJIH m=2, to M, &)=Extr ME) v M (@)=
=Conv N (&)= N(@). Ecm m>2, o M&)FExtr M) n
My (&)=Conv E))?U &y (&), npuuem eom dim# < oo, TO

noc/esHee BK/IOYEHHe TOuHO. EcmH ke dim d6= oo, T0 M(F)==
= M(X).

Takum 006pasoM, CHTYaHHsl aHAJOTHYHA KJACCHYECKOH JHLIb B
caydae 0606meHHbIX HabaOnaeMbIX ¢ AByMs 3HaueHusMu V. B sTom
cayuae M={M,, M}, tne M;=1—M; u M(&) xaKk BHNYKJIOe NOJ-
MHOXKEeCTBO H3OMOpGdHO mOopsiikoBoMy uHTepBaay {M,: My%, (H),
0<<M<1}, kpaliHe TOUKH KOTOPOTO COBMAZAIOT C MPOEKTOPaMI
B % (cM., Hanpumep, [78, ra. 2]).

Urobb gokaszatb, uto Mo(& ) #Extr M(Z) npu m>2, pocra-
TOYHO cjiesiaTh 3T0 B ciayuae m=3 u dim =2 (cm. [43, § 1.6]).
PaceMOTpUM HEOPTOrOHAJbHOE Pas3JIoKeHHe edHHHIBI

M= 519 (e)>C0(e) 15 k=1, 2, 3, (1.9)

rae +(e,) — BEKTOPB COCTOSIHHH CHCTEMbl CO CIHHOM !/; (cM.

1.1.6), npuuem e,, k=1, 2, 3, 06pasyioT NPaBHJbHBI TPEYroJb-
HBK. Tor ¢akt, uto (1.9) sBasercss kpaliHed TOYKOH, MOKHO yCTa-
HOBUTb HENOCPENCTBEHHO, JHOO BOCNO/b30BABUIHCh KPHTCPHEM H3
cratb llrepmepa B [85]: KOHeuHoe pasnoxeHHe eIHHHIBl M=
={M,, ..., M,} aBasieTcst Kpa#Hell TOUKOH TOTJA& W TOJNBKO TOrAa,

koraa aas awbeix Xi, ..., Xn€8(#) us 2 EX.E,=0 cacayer
i=1

E.X.E.=0, rae E; — Hocuteap M, 7. €. IPOEKTOP HA OPTOrOHAJBEOE
JOomoJiHeHHe K HyJeBoMy noanpocrpanctsy M, Ecau dim 6 <o,
TO M3 HaJHuYHsA KpafiHUX TOUeK, He Momajawumx B My(&F), caeny-
er, uto Conv My (L) *=M(X).

HurepecHnii mnpuMep KpaliHefl TOYKH JaeT HeOpTOroHa/lbHOE
pasnoxeHHe enHuHOH (1.6).

) Takue HabmoJaeMble, HA3EBAcMble «3(G@(eKTaMU», UTPAIOT LEHTPAJBHYIO
podis B akcHoMaTHieckoM moaxoze Jlioxsura [125], [118]. .
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Hokasareabctso Toro, uro Mo(F) =M(L) B cayyae dim H=
== 00, OCHOBHIBaeTcsl Ha TeopeMe M. A. Haifimapka. [lycte MEM(Z)
H {P™} — nocjie10BATEJIbHOCTL KOHEYHOMEPHBIX NPOEKTOPOB B o6,
cHAbHO cxonsiuasca K I. Torma M™ (B)=P"™M(B)P"™ — pasjo-
KEHHe elHHHIBM B KOHEUHOMEpPHOM mpocTpaHcTBe #4™ =P8,
KOTOpOEe MOXKHO PACIIHPHTb A0 OPTOrOHAJBHOTO PAasJOXKEeHHA eJH-
uunsl E B cemapabenbHoM rujin0epTOBOM NpOCTpaHcTBe 6™ D

Dd6'™. Tlockonbry dim # =00, MOXKHO cuuTaTh, 4TO H™ =34,
Hmeer MecTo oneHka
var (ps™—ps) <6/ (I—P™) S|,

rae ps'™(B)=Tr SE™(B), ps(B)=Tr SM(B) [44], nokasblBaio-
masi yrBepxaeHne, HMrag, B cayuae dim #=oo, Bce 0606ucHHbBIE
HabJio1aemMble SIBJISIIOTCS NpefeJbHBIMH TOUKAMH MHOXKECTBA Ha-
6J110/1ae MBIX.

§ 2. KBanToBasg TeopHA CTATHCTHUYECKHX PelIeHHH

2.1, Ilposepka runore3. B rujb6epToBOM NpPOCTpPaHCTBE 6 Ha-
6aogaeMoil KBAHTOBOH CHCTeMHB 3aJaHbl ONEpPaTOphl IJOTHOCTH S,

6=1, ..., m, onucHBawNlHe OAHO H3 BO3MOXHBIX COCTOSHHH CH-
ctembl. Beifop onHo#l u3 rumorte3 6=1, ..., m OCYLIeCTBJsETCS Ha
OCHOBE peuiarouje2o npasulq, 3a1aBaeMOro pasJ/oXKeHHEeM eJHMHHIIH
M={M,, ..., M,}. [Ipu 3ToM BepPOATHOCTb NPHHATHUS THIMOTE3H U=
=1, ..., m, eclH CHCTEMa HAXOAHTCA B COCTOSAHHH S, paBHa
g.g"(u):’l“r SeM,. 2.0

Kak u B kjJaccHueCKOH CTAaTHCTHKE, 3a7aeTcs HEKOTOPHIH (QYHKHHO-
Haj OoT BeposaTtHocTed (2.1) ¥ BOMPOC COCTOHUT B HAXOMKIAEHUH 3KCT-
peMyMa 5TOro (pyHKIHOHAJa B TOM HJH HHOM KJiacce pelarmux
npasusi. B $usuueckux 3azauax KBAaHTOBasg cHCTeMa fABJsETCs HO-
cuTeneM HHPOpMANHH, COCTOTHHA KOTOpPOro S, 3aBHCAT OT «lepe-
JaBaeMoro cHrHagda» 6. «IIpHeMHuK» OCymecTB/Is€T KBAHTOBOE H3-
MepeHHe, CTATHCTHKA KOTOPDOTO ONHCEIBAeTCH pa3JoXeHHeM elH-
HHubl M B 4. Peub ugeT 06 OTBICKAHHH KBAHTOBBIX OrDaHHYEHHH
Ha KayecTBO H3MepeHH#s M O €ro ONTHMH3AHHM.

IIpn 6GaliecoBckoM MNMOAXOAE 3aJalOTCH aNpPHODHHIE BePOSTHOCTH
runote3 me M QyHKOUs oTkJoHeHHs We(u); 0, u=1, ..., m. Bafe-
COBCKHH PHCK ollpeae/sercss o0bluHON dopmyJof

RMY= D, 70 2, W (1) p? (). 2.2)
=1

u=1

Pewaromniee npasuno, MHEHMH3Hpylowee #{M}, HaswiBaercs 6aile-
cosckum. Yacto paccmartpuBaior cayyat We(u)=1—8e, H 1=
=1/, Torma peub HAET O MAKCHMH3AaHHUH cpelHefi BEpPOSTHOCTH
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MpaBHJALHOrO DeIleHHs

P M) = ?;1 u 6); (2.3)

4TO fABJsSeTC] AHCKPETHEIM  4aHA/JOTOM MeTOoja MaKCHMaJbHOro
npasaonoxoOus. Hakonen, BaXXHOH MepoH KadecTBa pernaloulero
npaBuJia ABJAsETCS MIEHHOHOBCKAs HHQOPMallHs

mom uit ()
I M} = 2 ) E (@) In ————. 2.4)
=1

g @)
A=l

[lepBoHauanbHasi HOCTAHOBKA KBAHTOBOH 3ajaud pasjHyeHHs
runote3 (Xeacrpom, 1967) ocHoBEIBaaach Ha CTaHAapTHOM KBaHTO-
BO-MexaHHueckoM GopMaJHaMe, B COOTBETCTBHH C KOTOPbIM peila-
IOlUlHe TNpaBu/ia ONHCHIBAJNHChL OPTOTOHAJbHBIMH  Pas3/ioXKEHHSMH
enuHHNE. POPMYSHDOBKA KBAHTOBOH TEOPHH CTATHCTHUECKHX pe-
IleHUH, ocHOBaHHAasi Ha 00o0nieHHHX HabJ0gaeMblx, Oblia Open-
doxena A. C. Xoaeso (1972). O6osnauum M KJaacc Bcex pewraro-
wux npasu1 M={M,, ..., M,}, D —kaacc KJIacCHYECKH-PAHLO-
MHU3HPOBAHHLIX [paBua (T. e. Takux, uto M;M,=MM,) u My —
KJacc NeTepMHHHDOBaHHBLIX pelalomux npasua (M;M,=6,M,).

[Ipumep ([38]). Paccmorpum 3amauy pas3/HuyeHHsi PABHOBEPO-
SATHBIX THIOTE3

=1

Se=|p(eo) XY (es) |5 0=1, 2, 3,
rae Y(es) — BEKTOPHI COCTOSIHHH CHCTEMBI CO CIHHOM !/;, BO3HHKA-
owhe B (1.9). Torna

max & (M) = max # (M=~ @+ V/3) < == max & (M},
BINY P B3N

NMpHUYEeM MaKCHMYM JOCTHraeTcsl Ha pewaioulem npasuie (1.9). Bo-

JIee TOrO,

max 7 {M}=max 7 (M} <max 7 {M}.
Do B BN

3rtor u apyrue nojgo6Heie npumeps (cM. [80]) zemoHcTpupylOT
HEOXKHJAHHBIA ¢ KJIacCHUECKOH TOUKH 3peHHsT aKT: KBaHTOBas
PAHAOMHU3AN AR MOXKET YBEJHUYHUBATH HHPOPMALHIO O COCTOSIHHH CH-
crembl. X0Tst 3TOT 5QQEKT NMPOSIBASETCS TONBKO B KOHEUHOMEPHBIX
rHAbGEPTOBLIX NPOCTPAHCTBAX (CM. NMPEeABAYIWHA NYHKT), OH $ICHO
YKa3bhlBaeT Ha HeoOXOJAHMMOCTb HCHOJb30BAHUA 0O0OOLIEHHBIX Ha-
6JII01a€MBIX.

2.2, BaitecoBckag 3apaua. BafiecoBckult pHcK (2.2) mpencrasisi-
ercs B BHJE

RM=Tr X W, M,
u=1
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m

rae W,— z oW o (1) So— onepaTopHas anocrepHopHas (YHKIUS
0==1

otknonenns. [Tockonbky R{M}— apdUHHBIA QYHKUMOHAT HA BHI-
NyKJOM MHOXecTBe I, 3a/7aya o e€ro MHHHMHU3ApHH MoXer ORITh
paccMoTpeHa ¢ MOMOmbK METOMOB JIMHEHHOrO NMPOrpaMMHpPOBAHUS.

Teopema (A. C. Xoneso, IOH). Mmeer mMecro cooTHoWeHHE
ABOHCTBEHHOCTH

min & {M}==max {Tr n: ACZ (J6), AW, u=1,..., m}. (2.5)
m

Cnezly}oume YTBEPXKACHHSA 3KBHBAJECHTHDBI:

0) MO={M "} — GaftecoBcKOe pemaiolliee MPaBuIo;
1) cymecrsyer A2 (54), Takoit uTO

AW, (Wu——AO)MuO:O; u=1,...,m
2) omepartop A":EW/'”MJ spmuros u A°<W,; u=1,...,m.
u=1

3azmaua B mpaBofi wactH (2.5) HMeer eIHHCTBEHHOE pellieHHe,
KOTODHIM fABJsieTca onepatop A% Bxoasiuuil B ycaoBus 1), 2).

HanbGosiee qacTo HCNOJMb3yeTcs JOCTATOYHOCThL YCJaOBHsA 1), KO-
TOpast JOKas3blBaeTcs JeMeHTapHo: AJs aioboro M={M,}

RMy=Tr 3 W, M, > Trd F M= Ts WM, =R W)
P U= u=1

C moMoumbio 3TOro yCJAOBHA JIerKO NMPOBEPSIETCs ONTHMAaJbHOCTh pe-
matowero npasuJa (1.9) B npumepe npeablIyIEro NyHKTA,

Mpumep 1. HyCTb oneparopsl W, WW, u, v=1,...,m,
nepecraHoBOYHEl, T. €. W »—C—}—Wu , e W Y mepecTaHOBOU-
Hole omepaTopel. Torja cymecTsyeT CaMOCONPS:KEHHHIH onepaTop
X n dynkumm W,'(x) na R, takue uto

W L0=W,0 (X).

Mycts {%:}— pasouense R, raxoe uto W (x)<W,(x) npu
X6Zr jFk, H noN0KAM A0~ .C_l_mka (X), MP=1g: (X).

Toraa ycioshus 1) BoimoaHeHel, Ecan C-_O, TO 3T0O COOTBETCTBYeT
BEIUMCJIEHHIO 6ajieCOBCKOrO pellaolero NpaBWia B KJIaCCHYeCKOR
CTaTHCTUKE: MNPaBHJIO #BJIAETCH JEeTEePMUHHPDOBAHHBIM H [/ KaX-
IOF0 X TMpeANHChIBa€T BHIOHpaTh pelleHHe «, 148 KOTOPOTO
anoctepHopHoe oTkIoHeHHe W, (x) MunEMaibho [37, ra. IV].
I[TpuMep 2. YcaoBust mpeablayniero NpuMepa aBTOMAaTHYECKH
BBHIIIOJIHAIOTCS. B cydae ABYX rHmorte3 So, S;. Ias mpocrorsl pac-
cMOTpEM (YHKUHIO noTeph We(u) =1—38¢u, TaK YTO peub HALT O
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MHHHAMH3alHH cpefHel oWHOKH. BalecoBckoe pelaroniee NpasHJIO
YIMeeT BHI

0 0
Mo=1(0,0y(74,S;— 7, 81), Mi= L(m,01 (1S g — 1 S1)s
1 MHHMMaJbHas omHOKa

1
2 {MO}=7(1 — 1 6Sp— Sy |] 1)
Ecmn Sy, S;—uHCTHI® COCTOAHHA C BeKTOPaMH Yy Py, TO

RN =2 (1= VT A [0 [ ).

B ofueM ciyuae YPaBHEHHs ONTHMAJbHOCTH CBOASATCH K CJAOXK-
HOM HeJMHEHHOH 3ajaye, yacTO eOMETPHUYECKOro XapakTepa. MHo-
ro HHTEPECHBIX ABHO peIlaeMblX CJAyuaeB, B KOTOPHIX YCJOBHS NPH-
mepa | ne  BhmosHsIOTCH,  paccmorpeHo  Xeactpomom  [37],
P. JI. CrparonoBuuem [155] u B. Il. BeaaBkunbiM [63].  Ocrano-
BHMCSl Ha 3a/jaue pas3JiHueHHs] M UYHCTHIX COCTOSIHUH} ¢ JHHEHHO He-
3aBUCHMBIMH BEKTODAMH o H ANPHOPHBIMH BEPOSTHOCTAMH o >0,
MoXHO cyHTaTh, UTO #6 NMOpOXKIaeTcsa BeKTOopamu $o; 0=1,...,m.
KenHenu nokasaJj, uto B 3TOoM cJaydae OalecoBcKOe — peliarouiee
NPaBHJIO HMeeT BUJ

My=\eyu){eu|; u=1,..., m, (2.6)
rie {e,} — HEKOTOPBLIH OPTOHOPMHPOBAHHBIA 6asuc B &6 (cm. [37,
ri. IV]). Takum o6pasoM, 3ajaua CBOAHUTCH K HAaXOXKJAEHHIO OPTO-

HOpMHpoBaHHoro Gasuca, HauayuyuiMM ofpa3oMm TNPHOAUKAIOUIErO
cucreMy {{,} B CMBbICJIe KDUTEPUS

RM= D a0 (I—| (yoleo) [2). @2.7)

0=1

B [63] u3 oOmux ycnoBHi ORTHMAaJBHOCTH 1), 2) mosydyeHO HeJH-
HefiHoe ypaBHenHe jJs 6asuca {e,} M yKasaH cJjyua#f, Koraa OHO
pewaercst aBHO. IlycTh AuaroHafbHble 3/71eMeHTHl  MaTpHuu Q2

rae Q=[Vm;mulP;| $u>};» r=1,..., m, coBmamaror u paBuel Ygq.Toraa
ONTHMAJbHBI 6Gasuc

m
) e
j=t
rie [A;]=QV?, npruuem MHHHMAaJbHAs oWIHOKa
min Z{M}=1—mgq.

B uacTHOCTH, B «paBHOYroJIbHOM» cayuae, Korjga {g;|{p.y=y npu
j7k, a ne=1/m, nonyuaercsa dpopmysa KOna—JIskca

min @M=L (T (m—Dy —VT—7)".

52



A. C. XoseBo zamerua [42], uT0 B ciiyyae paBHOBEPOSTHH X
YHCTHIX COCTOSIHHH HMEEeT MECTO OLEHKa

%{M}<%92_] I po— e 2.

Basuc, MHHHMH3HPYIOMHUT NPABYIO YacTh, HMEET BHJ
m
ex= a0, 2.8)
j=1
rae [@;] =T u T=] (P;|be ) |, npuuen

min X, || po—en || 2=Tr (| — ['/H2=2Tr 1 —T'7)
} a=1

{¢0
(reopema M. T. Kpeiina). OTciona

min 2 (M) < — Tr (—T')2. 2.9)

Pemarontee npasugo, orBeuatoniee 6aszucy (2.8), acHMITOTHUECKH
ONTHMAJbLHO B MNpejese MOYTH OPTOTOHAJbLHHIX cocroanuli, I'—I,
npuyem mpasas yacTb B (2.9) jgaer mepBHIH uJieH  ACHMITOTHKH.
B «paBHoyroamsHOM» ciayuae (2.9) olpaulaetcst B paBeHCTEO.

2.3. MponyckHas cnocoOHOCTL KBAHTOBOr0 KaHaJja cBsisu. Ha-
6op omepatopoB mIoTHOCTH {Se} ompesnensier NpocTeRIIVI0 MOAeb
KBAHTOBOTrO KaHaJa cBsasu (cM. [39], [98]), nas KoToporo O urpaer
poJib «CHTHaJa», npoferawniero sxoano# aangasur 1,...,m. Ko-
JUpOBaHHEe 3ajaeTcs paclpeleseHHeM BepoaTHocTed m={m,} Ha
BXOMHOM aJdaBiTe, a HEKOAHPOBaHHE — pa3J0oKeHHeM eJKHHHID
M={M,}, rge u npobGeraer BHXoAHOH anadasur I,...,p. Bepoar-
HOCTb MOJIYYHTb HA BBIXOJE CHMBOJ ¢ NPH YCJOBHH, YTO HA BXOJe—
curdaJ 6, naercss gopmymoit (2.1). Takum o6pas3om, KBAHTOBHIA Ka-
HaJ CBSI3H MOXHO paccMaTpHBaTh Kak OOBIUHBIH KaHaJ 1 CO ClelH-
¢HUeCKHMHU OrpaHHUYeHHSIMH Ha NEpPeXOJHble BEPOSTHOCTH, HESBHO
BuIpaxKeHHbIMH ¢opmysaol (2.1). Hemy paBra nponycknas crnocod-
HOCTh TaKOTO KaHaJja CBS3H?

PaccmoTpum undopmannonnoe xosmuectso Jy (%, M), onpene-
Jaemoe dopmytoit tuna (2.4) (rpe u npoGeraer ot 1 1o p) m
BemulHy C,;=sup J, (%, M), rae cynpemym OepeTci IO BIeBO3-

M
MOXHIM KOJAMPOBaHHAM H JeKOJHpoBaHHAM. B panuux paGoTax
IJg OUEHKH MPOMYCKHOH CNOCOOHOCTH HCNOJb30BaJach BeJHUHHA

m m
C=sup| H| DeSo|— X maH (So) |, 2.10)
T 0=1 fa=1

rie H(S)= —TrSInS—surpoma ¢on HeiiMana xBaHTOBOrO
cocroanug S. B [40], [121] noxasano, uTOo Ads MOGOTO KOAHDO-
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BaHHg © H JeKoAupoBaHHg M

m m
Im M<H| Y mSe | — X mH (So), (2.11)
0=1 g=1

nmpHYeM ecJqH OnepaTopel S, HelepecTaHOBOUYHEl, TO HEPABEHCTBO
crporoe?. IMo-BuauMomy, npu ToM ke yeosun C,<<C, X0OTs B NOJ-
HOH OOMIHOCTH 3TO He ObLIO ycTaHOBJeHo. OfHAKO KaK NOKashbl-
BAIOT CJElyIoLie paccyxkjeHus, BeqnuynHa C; TakxKe He  MOXer
paccMaTpHBaThCsl KaK NPONYCKHAst CHOCOGHOCTD.

[pasumpHOe ompenesenue MPOMYCKHOH CIOCOGHOCTH AOJDKHO
ObITh CBH3aHO C NpelesbHOH CKOPOCTLIO ACHMITOTHYECKH 6e30MH-
Gounoii mepenaun uagopMmaunuH. PaccMOTpPHM #1-10 CTelleHb KaHAJA
B NPOCTpaHCTBe J6,=F®", onpeierseMylo COCTOS HHAMH S,=
=50,@...050,, rae v=(8, ..., 8,) — BCEBO3MOXHbIE CIOBA BXOJ-
Horo andaeata mmmubl . Ilycte 7, (%, M) u C,=sup J,(x, M)—

M

BeJUYMHbH, oNpejengeMdle a8 n-fi CTeNeHH KaHaJa aHAJOTHYHO
J1(=, M) u C,. Mudbopmaunonuroe xomuecrso J, (=, M) o6ragaer
CBOHCTBOM ajauTHBHOCTH [40]
SUP Ty (®0D X m), MW @M(m)) —
ml2)rmlm)
=sup J, (=", M) | sup T, (=(™, M(m),
mla) mlm)
OTKYAa CleAyeT, 4TO HNocsenosatesmmHocth {C,} cyGaaIuTHBHA,
C,+Crn<Cpnu a CleloBaTesbHO, CYIECTBYET
C=Ilim C,/n=sup C,/n. 2.12)
n—-co n
OCHOBbLIBasICh 113 KJACCHYECKOH Teopeme KOJIMPOBAHUS, MOXHO HO-
Ka3aTth, uTo Opu R < C CymeCTByIOT Tdkue€ KOJHPOBAHHS H JEKO-
JupoBaHua ob6beMa N = |2"R], uyro cpeanaa omnOKa

N

— 1 -

K, Ny=5 2 (1=TrS, M)
=

CTpPeMHTCS K HyJIO NpH n—o0o, TOrAa Kak npu R>C ona He cTpe-
MHTCA K HyJi0 OpH Ji000oM BbIOOpe KOAHPOBAHHA H JAEKOTHpOBa-
HHs [42]. D10 paer ocHOBaHWe HasBaTb BeqHuHHy C nponyckHou
CNOCOOHOCTHI0 NAaHHOTO KBAHTOBOTO KaHana CBSA3H.

Cuenlyer OTMeTHTb, YTO /Il COOTBETCTBYIOIMIErO KJacCHUECKOro
KaHa/la «0e3 namsATH» mnocJaegosarteabnocTs {C,} anauTHBHA H
nostomy C=C,/,=C,. OkasblBaeTcsi, YT0 B KBAHTOBOM  cJyuae
BO3MOKHO CTPOroe HepaBeHCTBO

C,<C, (2.13)

D 310 yrBepXKAeHHe Obli0 BuickaszaHo JI. B, Jlesurunmm B 1969 1.



YTO COOTBETCTBYeT NapafoKCcalbHOMY ¢ KJAaCCHUECKOH TOUKH 3pe-
HHUS HAJHYHIO <NIaMSATH» B IPOH3BeJeHHH He3aBHCHMBIX KaHAJIOB.
HsMepenre B TaKOM NpOH3BeleHHH MOXKET HecTH GoJibllie HHpOpMa-
LHH, YeM cyMMa MHGpOpMauHH, MoJyyaeMblx B KaxjoH KOMIIOHEHTe.
Stor dakT, pasyMeercsi, 06yca0BIeH HeOOBIYHBIMH CTATHCTHIECKUMH
CBOACTBAMH COCTaBHBIX KBAaHTOBBIX CHCTEM H SIBJSIETCS elle OAHHM
nposiBJIeHHEM KBAHTOBOH HeJOCTHOCTH.

HokasarenscrBo storo axkra, npanuoe B padore A. C. XosieBo
[42], ucmosbayer caeayouryo omeHKy mpomyckhoii cnocoGroctd C
IJISl KaHasa ¢ YHCTBIMU COCTOAHHSMHE So= [Po){Pe]:

m
C}-CE——lnmln z ﬂjﬂkl<¢jl¢k>!2 ’
(O I |
B OCHOBe KOTODOIl JIEKHT HepaBeHCTBO (2.9) Anis cpeiHell oHOKH
u MoaudHKanusa MeToJa  CJAy4afiHHX  KOJAOB, NpeAJoXKeHHasd
P. JI. CrparonoBuuem u A. I'. Banusu B [36]. s nBonuHOro Ka-
Haja (m=2)

C=1—In(14e)>1-—e2/In2,
rie e=|<{y|P2p|. B cayuae «HOYTH OPTOrOHAJbHBIX COCTOAHHHY»

1
c, <1 —|——8—a?lr182+o(821n82), e~ 0,

OoTKyJa ciaeayer (2.13) ans A0OCTATOYHO MAJIBIX &.

B stoli obsactu ocraercs psig TPYAHBIX HEpELIEHHHIX BONPOCOB
[98]. Onpenenenuan dopmysoir (2.12) npomycknas crnocoOHOCTb He
BEIYHCJIEHA B TOYHOM BHJe jaxe s JABOHYHOrO KaHasa. Bsuay
Cepbe3HbIX aHAJHTHUECKHX TPYAHOCTEH, NMpeAcTaBAsAloT  OoabLIo#
HHTEpEeC BCEBO3MOXKHbBIE OLEHKH M MPHOJHIKEHHble pe3yabTaThl (CM.
Benmx6annax u Yap6ur [67], B. I1. Benaskuu [63], HWurapaen
[110}, Jlunnonax {121], UemGepc [74]). B obuwem caygae C<C,
OJlHAKO HEH3BEeCTHO, AOCTHraeTcd JH 3JeCh DABEHCTBO JJs Hemepe-
CTAHOBOUHBIX OIEPATOPOB NJIOTHOCTH S,

2.4. O0was dopmyauposka. Kak u B KJacCHUeCKOH  TEOpHH
craTHcTHUecKHX pewteHuil [50], 3anaercss MHOXecTBO 3HaueHH# O
HEH3BeCTHOro mapamerpa 6, MHOxecTBo & pemenudi x  (dacro
&=0) u byHKuus oTkjJIoHeHHs W, (x), onpenensitoniass KauecTBO
pelueHuss x NpH JAHHOM 3HAueHHH napamerpa 0. MHoxkecTBo &—
usMepumoe (0ObIUHO cTaHAApTHOE) NmpocTpaHcTBO B We(X) orpanu-
yeHa CHU3Y U M3MEPHUMa Mo ¥ NPH QUKCHPOBAHHOM DEO.

KaxaoMy 3HaYeHHIO O COOTBETCTBYeT ONMePaTop IIOTHOCTH Se
B rUJAL0EPTOBOM NPOCTPAHCTBE paccMaTpHBaeMOH KBAHTOBOM CHCTe-
MBI, a pewiaroujee APAGUA0 3ajaeTcs  passoXKeHHeM  eIHHUIH
M: B (Z)—->B(#) B . OproroHaspHbie DPA3JNONKEHH eNHHHIBI
OMUCHBAIOT OeTepMUHUPOBAHHbLe pellaloniue npasmia. [lpu  AaH-
HOM 3HayeHHH mapamerpa 8 H JaHHOM pemllamnleM npasujie M pe-
1leHHe BBLIGHPAaEeTCst B COOTBETCTBHH ¢ paclpefeseHieM BepOSITHO-
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cTelt
wo (B)=Tr SeM (B); BER (Z).
CpenHee OTKJOHeHHe, onpejenasieMmoe Gopmyol

Ro M= | Wo () 3t (@),
&

ABJsAeTCs AJ8 Kaxjaoro 0€0 ad¢HHHBIM (YHKUHOHAJIOM Ha  BH-
NyKJOM MHOXKECTBe pellamoniux npasua M(Z).

Pewaiomee npasuno HaswiBaeTcs 6aliecOscKum, ecH OHO MHUHH-
Musupyer 6aflecOBCKHH PHCK

R )= { Ro (M) (dB)
[¢]

JJISl IAHHOTO allpHOPHOrO paclpefeseHus m Ha O, U MUHUMAKCHbLM,

ecqd OHO MHHHMH3HDyeT MaKCHMaJbHOe CpejHee  OTKJOHEHHE

max #,{M}. Kak knaccuueckas, TaK H KBAHTOBAsl TEOPHH CTATHCTH-
0

YecKHX pelleHHl BKJIOUAlOTCsi B OONIYI0 CXEMY, B KOTOPOH cOCTO-
SIHHSL ONHCLIBAIOTCS TOUKAMH NPOH3BOJLHOTO BHINYKJOrO — MHOXKeE-
crBa &, mpuyeM 3HAYUTENbHAs YacThb Pe3y/bTATOB  KJIACCHUECKOH
TeopHd Banpia MEpPeHOCHUTCS HA 3TY CXeMy, AOCTHTasi €CTeCTBEHHBIX
rpanxn obmuoctH (A. C. Xoneso [41]). Ilpn muuuManpnbix Tpebo-
BaHHAX Ha (QYHKUHIO OTKJIOHEHHH YCTaHOBJIEHbl QOlHe YCJIOBHA CY-
mecTBoBanua Gafecockoro (OsaBa [133]) W MHUHHMAaKCHOTO pe-
IIalOWIKX NpaBuJ, MOJMHOTA KJaacca OafleCOBCKUX pelIalmiuX Hpa-
Bun (H. A. Boromonos [8]), ananor teopemsl Xanta—Creiina [43],
[8]. OGo6uiensss MOHATHSI AOCTATOYHOCTH usyyand Ywmeraku [158],
A. C. Xoneso [41], ITetu [139]. B cuay orpanudeHHOCTH NOHATHA
YCJIOBHOI'O OXKHIAHUM, B KBAHTOBOK TEOPHH CTATHCTHHYECKHX pelle-
HHH JOCTATOYHOCTL HIpaeTr ropasi0 MEHBIIYIO PoJb, YeM B KJaccH-
YyecKoH, 3aTo Ha TepBbLIfi IJaH BBIXOAAT CBOfICTBA MHBAPHAHTHOCTH
OTHOCHTEJILHO NMOAXOAAIUMX Ipynn cAMMerpuil (cMm. § 3).

Ha ocHoBe cooTBeTcTBylOLero amnmnapaTd  HHTEIDHDOBAHHUS B
[41] mosyuensl HeoOXOAMMBlE H JAOCTATOYHbIE YCJIOBHUS ONTHMAalb-
HOCTH W COOTHOLUeHHe ABOHCTBeHHOCTH B OaflecoBCKOdl 3ajaue ¢
NpOH3BOJNBHBIME @, &, obobmawiike TeopeMy H3 1. 2.2.  Irtn
YCJIOBHSl TIQ3BOJISIFOT, B YaCTHOCTH, AaTh HCHEPNBIBAIOLIEE pelIeHHE
MHOroMepHol 6afiecOBCKOH 3aJaul OLCHHUBAHHS CPEAHETO 3HAUYCHHA
rayccoBckux cocroanui (B. Tl. Benasxkun, B. A. puwanun [5],
A. C. Xoneso [41]), koTOpOE HJIIOCTPHPYETCS 3[4eCh OJHUM IIpH-
MepoM.

B sangaue oueHuBanus O = saBasercs KOHEUHOMEPHBIM MHOIO-
obpasueM, B uacTHOocTH, o6aacTbio B R*. B sTOoM cayuae nerepmu-
HHPOBaHHOE pelllaliee NpaBHJI0 MoXer OHTL 3afaHO  HaGopoM
COBMECTHMHX BellecTBeHHHIX Habaiogaemblx X, ..., X, B Jb.
CornacHo n. 1.2, npoH3BoJIbHOE pewlaloulee MpaBHJIO 3ajaercd Ha-
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Gopom coBMecTHMBIX Halaopaembix Xi,...,X, B pacllupeHuH 6
BUlA R, rae Hbo— BcnoMoraTesNbHoe TAJILOEPTOBO NMPOCTPaH-
CTBO C omepartopom maoTHocTH Sp. Ilpu TakoM cmocofe 3anaHus pe-
Iaulee NpaBuUJo HasbHIBaeTCs OYeHKOU MHOTOMEpPHOro mapamerpa
6=1(0,,...,0,). B XKBaHTOBOH 3ajJaue OIEHHBAHHA, B OTJHYHE OT
KJacCHyecKoH, 6alHecoBCKHE OlEHKH MOTYT OKa3aThCHd CYLIECTBEHHO
He/leTEpMHHHPOBAHHBIMU,

[Tpumep. Ilycrb {S.p; (a, B)€ERZ} — cemeHicTBO TraycCOBCKHX
cocTosiHHR (cM. m. 1.2.4) ¢ xapakTepucTuueckoll ¢yHKIHeH

Tr Sa,pexp[i (Px-+Qy)]=exp[i (2x +Py) —
: (2.14)

1
rae P, Q — KaHoHudecKue HabJumopacMale, 02>2“. Paccmorpum Galte-

COBCKYIO 3ajauy OleHHBaHusi mapamerpa 6= (a, B) ¢ ¢yvHKuued
OTKJIOHEHHs

W, B)=g (@ —a)2 4 g, (B—p)?

H T'ayCCOBCKUM aHpPlOprIM pacnpeneJeHHeM BEPOSITHOCTefl C NAOT®
HOCTBIO (2m)7! exp< (a?+ﬁ?)) Pemenue 3Toi 3aiaun kadect-
BEHHO 3aBHCHT OT Beququx g1/8s Eomt g1/2, < (25972 §1/8:>
> (2592, rae $2==02+4 0}, TO GalleCOBCKHE OLEHKH JeTepMHHHPO-
BaHHl, T. e. 3a7al0TCq Napoil MepeCTaHOBOUHLIX CaMOCONPHKEHHBIX

onepatopos A, B B . B nepsoM ciyuae A:(%YP, B=0, a

0 \2
B0 BTOpoM A=0, Bz(—g—) Q. Eom ke (2s)72<g1/8 < (2592,
\
TO OLIEHKH 3aJa!0TCi NepeCcTaHOBOUH-IMH ONepaTopaMu
A=k (Pl) +ky(IoPy), B=k(Qx])— £, (18Q)

B HRH, (cp. (1.7)), rae ki, ky—xoddduuuentsl, HemHeiHo 3a-
BHCsiIlE OT S2, gy, &2, @ ONepaTop MIOTHOCTH S, B J6, rayccos-
CKHIi ¥ MMeeT XaDaKTepPHCTHUECKYI0 ¢yHKUHIO

Tr S, exp [i (Pox < Q)| =

1 g, ky 2 /g, ka ):l
:eXp[_TO/gl T T ) 2 o wm V)
CooTBeTcTBYyIOIEE pa3JioXKeHUe eIUHHIBl B g6 ornnHuaercs ot (1.7)
JHHeHAHOH 3aMeHOH NepeMeHHbIX. B oT/nYHe OT aHAJOTHYHOH KJjac-
CHYeCKOH 3ajJauH, 3aBUCHMOCTh 0aflecoBCKOro PHCKa OT BeCOB gy,
go TaKXKe HMeeT CYUIeCTBEHHO HeJHHEHHBLIH Xapakrep.
2.5. Ksanrosbie HepaseHcrsa Pao—Kpamepa. Paccmorpum 3a-

Jauy OHEHHBaHHA B ceMeiictBe coctosiHuil {Se}, rae 6=(0;, ...
, 0,) €R*. Pematoniee nmpaBHio M HasoBeM HeCmeujeHHbLM, €CH
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AJs Bcex 0€O

oo et deg =65 j=1,....k.

B npeano/OKEHHH KOHEYHOCTH BTOPBIX MOMEHTOB onpejeJsieHa MarT-
puLla KOBApHauuu

De{M}:D S(x,-_ei)(x,.~e,.)pg‘ @xyee.dxa) | i, J=1, ... k.
B KJacCHUECKOH CTATHCTHKe XODOLIO H3BECTHO HepaBeHCTBO Pao—
KpaMepa, orpaHHuMBalllee CHH3Y MAaTPHIY KOBAapHALHUH HecMe-
[eHHBIX OHEHOK. BXOAdAuiasd B 3Ty rpasHiy HHGOpPMANHOHHAS MaT-
pua Puumiepa OAHO3HAYHO OMNpEAEJACTCS METPHUECKOH TeoMeTpH-
el CHMILIEKCA <«KJACCHYECKHX COCTOSIHHH», T. e. pacupejeseHHi
BepOSATHOCTEHl Ha NPOCTPAHCTBE 3JeMeHTapHBIX cobuTuit § [50].
B KBaHTOBOH CTaTHCTHKE HMeeTCd MHOIO HESKBUBAJIEHTHHIX Hepa-
BeHcTB THna Pao—Kpamepa, uro cBsi3aHO ¢ cCymlecTBeHHO GoJsee
CJIOKHOH TeoMeTpHeH# MHOXKeCTBa COCTOSHHH.

[Tockoabky HepaBeHcTBO Pao—Kpamepa uMeeT JOKaJbHBIH Xa-
pakrep, 10CTaTOYHO NpPeANoJaraTh, 4To ceMeACTBO COCTOSIHHI Ompe-
JeJeHo B OKpecTHOCTH (pHKCHPOBaHHOH Toukd 6. BBejneMm BeuecT-
BeHHOe THALOEpTOBO NpocTpaHcTtBo L2(Se), ompenensieMoe Kak Mo-
noJiHeHHe MHOXKecTBa By (FE) orpaHHUeHHHIX BelleCTBEHHBIX HAOJII0-
HaeMBIX OTHOCHTENbHO CKaJsiPHOrO NPOU3BELEHHUs

(X, Yye=ReTr YSoX=Tr S,X-Y, (2.15)

rIe XoYzQl (XY+YX) — jopnanoBo mnpoussegensne X, Y. Ilpenno-
JIOXKHM, 4TO

1) cemefictBo {So} cuiIbHO aubdepeHHHpPYeMO B TOuke 6 Kak
¢GyHKUHA co 3HaueHHsAMH B T(J6); S

2) auHefiHble GyHKuHOHaAs X—-Tr Z—GGX HENpPePBLIBHEl OTHOCH-

TeJILHO CKaJsipHOro npopsseneHus (2.15).

[lpu »THxX ycnoBHAx no Teopeme P. Prcca cymecTByloT cum-
MeTpU308aHHble A0eapupmudeckue npoussodnoie Lo/€L%(S,), onpe-
peJisieMble M3 yCJIOBHY

08y . ; .
Tr 36, X={Lap X)), X€B,(H). (2.16)
dopmaibHo,
08 ;
——de‘; — SeoL4. 2.17)

Torza ans Jjwoboro pewraroniero npasuna M, pMemnoniero KoHeuHbIe
BTOpbie MOMEHTH H YJOBJETBOPSAIOUIEro YCJOBHIO JOKaJdbHOH
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HeCMEIEeHHOCTH
opf! .
j...Sxi-oe—j(dxl...dxk):a,.j; =1, ..k (2.18)

ou' 93
rlie E}T(B)zTr EM(B), UMeeT MeCTO HepaBeHCTBO

Do (M) > J5. @.19)

3neck  Jo=[(L¢', L¢’De]; j=1, .. » — BelleCTBeHHAN CHUMMETPHYHAs
MaTpHIa — aHaJ0r MHQOpMAaUKOHHOH MaTpuubl Dumepa as CHM-
METPH30BAHHOU JOrapH()MUUECKOH NMPOU3BOJLHOH.

C Apyro#i CTOPOHBI, BBeAeM KOMILIEKCHBIE THALGEPTOBE IPOCT-

pancrBa L,2(Se) xak nomonnenns B(F6) OTHOCHTENBHO CKaJspHBIX
IIpOu3BeeHn

<X, Y>9+=Tr X*SQY, <X, Y>e_=Tr YSQX*

H ONpEle]HM Npasyro H Aesyr A02apupmuueckie npoussodHsie
Le™ kak pelieHusl ypaBHEHHH

aS i + -
Trggr X= (Li', X) &, X6%(58),

(cymecTBylowine npH Tex Xe ycaoBusax 1), 2)). ®opmaJbHo

%—:SQL“&" = L5’Ss.
Toraa, npu ycaosuu (2.18)
Do (M} > (7)™, (2.20)
rae J5=[ (¢ L&', Ls’ ) §)i.j=1,....r—KOMDIEKCHbIC SPMHTOBHL MaTpH-

uel, ¥ (2.20) paccMaTpHBaeTCi KaK HEPABEHCTBO [ 3PMHTOBHIX
MaT pHIL.

@®opmanabHoe onpenesneHne (2.17) cuMMeTpH30BaHHOH Jorapud-
MHYECKOH MPOU3BOAHOH H HepaBeHCTBO (2.19) mnpunapnexur XeJ-
crpoMy, a HepaBeHcTBO (2.20) — HOny u Jlskey (em. {37, ra. VIII]).
Jpyrue HepaBeHcTBa Gblin noayuenn P. JI. CrparonoBuuem [155].
MarteMaTHUYeCKH KOPPEKTHBlE ONMpeJeJcHHS Jorapu(pMHUUeCKHX Ipo-
H3BOJHBIX H BBIBOJ COOTBETCTBYIOIIHX HEpPaBeHCTB JaH B KHHIE
[43, ra. VI]. Ilpocrpancrea L%, accouwupoBaHHBIE ¢ KBAHTOBBHIM CO-
CTOSIHHEM, IIOJIE3HBI H B APYTHX BOmpocax. DJEMeHTH 3THX MpOoCT-
pPAHCTB MOTYT OBITb HHTEPIPETHPOBAHBI KaK (KJacChl 3KBHBAJEHT-
HOCTH) HeorpaHHyYeHHHIX onepatopoB B J€ ([43, ra. II]).

HepasencrBa (2.19), (2.20) nawoT cyluecTBeHHO DAasJHYHbBIE,
HecpaBHuMbie rpaHunn A De{M}. B cayuae oxnomepnoro mapa-
Merpa (k=1) Bceraa Jo<l/o*, MpuueM paBEHCTBO HMeeT MeCTO TOr-

dog
Ja M TOJIbKO TOrAa, KOTrAa [S"’Ee— ]=0. B a1OM caydae HepaBeHCT-
BO, OCHOBaHHOe Ha CHMMETPH30BaHHO#l JIOTapHGMHYECKOH HPOH3-
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BOJIHOH, OKasbiBaeTcs HauayuwuM [37, r. VIII). C gpyrofi ctopoHH,
AJNf  ABYNapaMeTDHYECKOro ceMeHCcTBa TaycCOBCKHX —COCTOSTHUE
(2.14) nepaBenctBo (2.19) naer Tr Do{M}>2¢2, torga Kkak 3
(2.20) Borekaer Tr Do{M}>=20%2+1. Tlocnepdsis rpamuna J1o-
CTHraeTcs JJI HeCMelleHHBIX OLEHOK, ONpejessieMhX OllepaTopaMH
tuna (1.7). Hepaserncreo (2.20), ocHoBaHHOe Ha TpaBoél (unau Jje-
BO#) JorapudMudeckofl NPOH3BOAHOH, Booblue Jaydile NPHCNOCOO6-
JEHO K 3ajiayaM OLeHHBAHHSI, B KOTOPHIX MapaMeTp /OMYCKAeT ec-
TeCTBeH}){YIO KoMIJiekcuukanuio (B HocReqHeM MpHMepe b=
=a-+ip).

Bripaxenne

d(S1, Sa=12(0— VS, VS,

onpelessieT METPHKY B MHOXKECTBe OlepaTopoB InaoTHOCTH &(34).
B 6Gonee mupokom kKoHTekcte aare6p ¢on Helimana ata MeTpuka,
H3BeCTHAsl KaK paccrosHue DBiopeca, moapo6uo u3ayuansach Apaxy,
YabManom u ap. (cM. 0630p Panxuo B [141]). Ecan {Se¢} — cemeit-
CTBO, YIOBJETBOpsiioilee ycaoBuaM 1), 2), ro npu A8—-0

k

d (S0, Sorad)~- % (Liv Lh) 0 A0A9;. @.21)
i,j=1

Takum o6pasoM, paccTosnne Diopeca 5KBHBaJeHTHO B MaJjoM pPH-
M2aHOBOH MeTpHKe, ONpeje/sieMOd KBAHTOBHIM aHaJoroM HHpoOpMa-
nHoHHOH Marpuus Pumepa. E. A. Mopososa u U. H. Uenuos B
[35] omnucasun BCEBO3MOXKHBIE PHUMAHOBBL MeTpHKH B & (H)
(dim 6 <Co0), MOHOTOHHO HHBADHAHTHHE B KATErODHMH MapKOB-
CKHX Mop¢HuaMoB (ad¢puHHbIX oToOpakeHuid ©(34) B cebs). Mu-
HHMAJbHOH B 3TOM KJacce SIBJISIeTCSl PUMaHOBA MeTPHKA B NPaBOH
gactu (2.21).

§ 3. KoBapuantHoie HabJiofnaeMole

3.1. ®opmyanposka npobaembl. [lycrs G — I0KaNIBHO KOMIIAKT-
Hasi rpynna, AefiCcTByollass HENPePbLIBHO Ha TPaH3UTHBHOM (G-mpoct-
pauctee & u V:g—V, g6(,— HenpepplBHOe (IPOEKTHBHOE) YHH-
TapHoe npelcTaBienye Tpynnsl G B ruAb6GepTOBOM TpOCTpaHCTBE J6.
Pasnoxenne exuuuusl M : B—>M(B), BER(ZL) B J6 Kos8apuanTHO
0O OTHoleHuio K V, ecan

Ve*M(B)V,=M(g~'B); gt¢G, BeER(Z). (3.1)
B xBaHTOBO# MexaHHke & 4BJASETCS NPOCTPAHCTBOM 3HAUEHHH
¢busnueckoro napamerpa (oGobimeHHON KOOPAMHATH) X, 06aanaio-

wero rpynmoi cummerpuii (aBuxkenu#t) G. DukcHpyeM X €& u
onepatop naoTHoctH Sp. CooTHOLIEHHE

S:=VgSOVg*, rpe Xx=gXxo, (32)
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OMHUCHBaeT npeoOpa3oBaHHe KBAHTOBOIO COCTOsIHHS, OTBedalollee
JBuxenuio g. PaccMorpuM 0606mieHHyI0 HabJ101aeMyio M yJIOB-
JIETBOPSAIONLYIO YCIOBHIO KOoBapHaHTHOCTH (3.1), B mycrs pM (B) =

=Tr S;,M(B) —ee pacnpeaeseHne BEPOATHOCTEA B COCTOSIHHH S..
Torza ycaosue (3.1) paBHOCHABHO CleyOLIEMY:

phy, (@B)=upl (B); BER (&), gea, (3.3)

A m0Horo cocTosiHAA S;. JTO 03HAYaeT, yTO CTAaTHCTHKa HabJo-
daemoit M npeo6pasyeTcs: corJlacHO ABHXKEHHSM g B NPOCTPAHCTBE
ofobuienHo# koopiauHatel & (cm. mpuMep B 0. 1.2.3). ¥caosue
KOBapHaHTHOCTH, TAKHM 06pa30oM, Haer NPABHJIO AJNS YCTAHOBJIEHHSA
COOTBETCTBHS MeEXJY KJaCCHUECKHMH napaMeTpaMH M KBaHTOBBIMH
HaOJI0AaeMBIMH.,

Taxkoe coorBeTcTBHE $BJASETCH, KOHEWHO, [aJEKO He OJHO3HAY-
HbIM. Cpelld MHOXeCTBa KOBapHaHTHBIX 0000wleHHBX  HalbJamona-
eMbIX OCHOBHOH HHTepeC MpPeACTaBJISIOT Te, KOTOpPhi€  OMHCHIBAIOT
npenesbLHO TOYHBlE H3MEpEeHHs COOTBeTCTBYyOLlero napamerpa. Pac-
CMOTDHM 3ajauy OIleHHBaHHs mapaMmerpa x6& B ceMeiicTBE COCTO-
sHuit (3.2). Ilycts na MuoxectBe & =0 3agaHa (YHKUHS OTKJIO-
nennst Wo(x), takas uto Wge(gx) =W, (x). Cpennee OTKJIOHEHHe

R (M) — f Wo(x) u (dx) (3.4)

npu ycaosuu (3.1) He 3asucur OoT 0. MuHHMYM adHHHOrO PYHK-
nuoHasaa (3.4) mocTHraercs B KpalHell TOUKe BBIIYKJOr0 MHOXKe-
crBa MGV (L) koBapuaHTHBIX 06o0mieHnblx Habaoxaempix. O6o-
3HauuM MGV (F) MOAMHOXKECTBO KOBAPHAHTHHIX HAGMIOAAEMBIX,
3ajlaBaeMbIX OpPTOTOHAJBLHBIMH Da3JoxKeHHAMH eAnHHubL. [Ipobaema
COOTBETCTBHS B MaTeMAaTHUYECKOM IlJaHe CBOAHMTCH K H3YUeHHIO 3a-
maca JeMEeHTOB W CTPYKTypel Muoxects MGV (&), M-V (ZF).
B ofmem ciayuae

oY (%)SExtr MOV ().

Lenwfi psap napagoKcoB B craHAApTHO! GHOPMYJHPOBKE KBAHTOBOMH
MeXaHHKH 00yCJOBJEH TeM, uTo MHOXKecTBo TG V(&)  okasbl-
Baercs nycteiM. C apyrofi ctoponbl, Exir M6V (&) umeer 3HayH-
TeJibHO OoJice OOLIMPHBIN 3anac 3JeMEHTOB, CPeAH KOTOPHIX H Ha-
xonutTes o6obmenHasg KBaHToBass HalOJofaeMast, oTBeYalowas gau-
HOMY KJ1aCCHYeCKOMY IapaMeTpy.

3.2. CTpyKTypa KOBapMaHTHOTO  pPa3JjoKeHUs  eaunuubl. Ilpu
CHellHaJbHbIX NMPeLNONOXKeHHsAX OTHOcuTenbHo U, &, V  MOXKHO
AaTb TNpsIMOe pellleHHe ypaBHeHHs KoBapuaHTHoctH (3.1), mpoJm-
Balollee cBeT U Ha o6Hit cayyal.

[lycte G — ynumonyaspra, a Go=G/%& KOMNaKTHa, TOrja
Ha G cyiiecTByeT o-KOHeYHasi HHBADHAHTHAA Mepa W, a HA & Ko-
HeyHasi UHBapuaHTHas Mepa v, takas uro v(B)=p(A"1(B)), rie
A g—gx,.
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Teopema ([78], [43]). Ilyctb V — KoHeuHOMEpHOEe HpeACTaB-
neuue rpynnu G. Jlad 71060rc KOBapHAHTHOrO Pa3j0KeHHA eJuHH-
nel M Halfizerca MOJMOXHTeJbHBIN omepartop Py,  Tako#  4TO
{Po, Vg]=0, gEGO H

M(B)={ P (x)v(dx),
R
rie MWJIOTHOCTL P(X) onpenensieTcsi COOTHOUIEHHeM

P (gxo) =VgPoVg* (3.5)
HJokasaTteancTBo. M3 ToxaecrBa

S TrV ,SViM (B)y (dg)—=v (B), SES (36),

a
(em. [43, ra. 1V]), nonaras S= (dimJ6)-'1, nonyyaem Tr M(B)=
= (dim ) -'v(B). [ToaTomy cymectByer maoTHocts P (X) co 3Ha-
yepnssMd B S(F). CootHomende (3.5) BHTekaeT H3 YCJAOBHSA KO-
BApHAHTHOCTH.

Orpannyenne Ha P, BbITEKAollee H3 YCJAOBHS  HOPMHDPOBKH
M(Z) =1, udorga ynaercst Bbipa3utbh  gBHo. QueHb  IPOCTO
ycTpoeHo MuoxectBo MGV (F) B cayuae, Korga V ecTb HENPHBO-
JHMO€ KBaJpaTHYHO-HHTerpHpyemoe npejcrabiaenne (dim #<K+ o)
yHUMOAYAsipHOH rpynnnt G=Z. W3 cooTHOmIEHHN OPTOTOHAJDbLHO-

ctd aas V (em. [126]) caenyer, uto mpu Hajgjexallefl HOPMHpPOB-
Ke

S VSV eu(dg)=1

G
s Jymoboro onepartopa miaotioctd Sy Takum ob6pasoM, ¢opmyana

M (B)= S VgSoV;PI (dg)
B

yCTaHaBJ/MBaeT B3aHMHO OJHO3Ha4Hoe ad¢HHHOE  COOTBETCTBHE
mexay MGV (G) u G(56). B uacTHOCTH, KpafiHHe TOMKH MHOXe-
ctBa MGV (G) onHcuiBaroTes hopMmyo

M©B)= @) (s @8, (3.6)

B

rie ¢ (g)=Vgpo, @ Po— OPOU3BOJbHHIH €IHHHUHBIH  BEKTOp B
F#. CemetictBo {{(g); g€G} obpasyer IHepenosHEHHYIO  CHCTEMY,
HAa3blBaeMYI0 B (DH3HKe OOOOWEHHbIMU — KO2EPEHTHbIMU  COCTO-
anusmu (0OblYHBIe KOTE€PEHTHBIe COCTOSIHMSE OTBeYalOT HENPHBOJH-
momy npeicrasiedHio KKC u cmenuasbnomy BHIOODY BekTopa o,
cM. o 1.2.4).

3.3. O6001LUeHHBIe CUCTEMbI UMNOPHMUTHBHOCTH. Ecau M B cooT-
HOWIeHHH (3.1) opToroHadbHOE pasjioXkKeHHe eJHHHIIB, TO IIapa
(V, M) HaspBaercst cucrtemoud UMAPUMUTUBHOCTU. DTO  TOHATHE,
BBegeHHoe K. Makku (cM. [126]), urpaer BaxHy0 poJib B TEOPHH
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OpejcTaBJeHHi Tpynn: NpejcTaBjienHe V NPOJOJIXKAETCA IO CHCTe-
MBI HMIDHMHTHBHOCTH TOrJa H TOJbKO TOTJ4, Korja OHO HHIyLH-
posaHo ¢ moarpynnel G/&. Ecan xe M —OpousBosibHoe — KOBa-
pHaHTHOe pasJyioxeHHe elduHHUB, To (V, M) HaswbBaercs o6obuieH-
HOH cucreMoll mMnpuMHTHBHOCTH. MMeer Mecro crmenyiomee 0606-
meHue TeopeMul M. A. Haiimapka o paciinpeHuu.

Teopema ([72], [148]). [Iycte G — ;I0KaNbHO ~ KOMIAKTHAst
rpynna, yAaOBJETBOPAIONlAA  BTOPOH  aKcuoMe CUETHOCTH,
(#, B(&)) — crannaprHoe H3MepHMoe  npocrpaHcTBo.  Ilyers
(V, M) — o606uienHass cucteMa MMIDHMHUTHBHOCTH B J6, TOTja Cy-
LIECTBYIOT H30MeTpuuecKoe BjokeHHe W mpocTpancrBa J6 B HeKo-

TOpoe ru/ibfepToBO MPOCTPAHCTBO J M CHCTeMa MMIPHUMHTHBHOCTH
(V, E) B 46, Takde 4TO

V=W W; M(B)=W*E(B)W.

Ecmi muomecrso {E (B)Wy| BEB (X)), ped6} mioTHO B #, 1o
(V, E) yHHTADHO SKBHBANEHTHO CHCTEME HMIPUMHTHBHOCTH, APO-
JoJiKdiollell npeacTasleHue B %=L?]f (Z, ), uHAYUMDOBaHHOE
¢ noarpymst G/& .

Has wimoctpanund pacemorpum napy (V, M), rae V— Henpu-
BOZUMOE KBaAPAaTHUHO HHTErpHpyeMoe Npencrasgenune, M gaercs
tdopmysoii (3.6). Hickomoe pacminpenve B J6=L%(G, n) siBagercs
MoaHduKanuei KOHCTPYKUHH MJIsi TPOH3BOJABHOH  IepeHosHelH O
cucTeMnl (cM. . 2.1.1), umeHHO

Vef (0)=f(gx); E(B) f(x)=15(x) f (),

npudem BaoxeHne W nefictByer no ¢opmynae Wi (g)=<{yp(g) |y>.
[MoznpoctpanctBo WH —L?(G, u) cBSI3aHO ¢  BOCIPOU3BOASLLIHM
anpom H (g, ") =< () 14 (g")>=<pol V(g~'g")po>. Crsisb mexny
0000UIeHHBIMH KOTeDEHTHBIMI ~ COCTOSIHHSIMH H HHAYUHPOBAHHBIM
npeicTaB/deHHsIMH NMOAPOOHO uccaenosas Ckyrapy [148]. B obiuem
ciyvae Karrameo [73] nmokasan, uto M HMeer  orpaHHUeHHYIO
NJ0THOCTh P (x) OTHOCHTENbHO KBA3HHHBADHAHTHON Mepbl u HA &
TOTJA W TOJBKO TOTJa, Korja HoAmpoctpanctso WL g (&, n)
ABJsercs ruabOepTOBBIM HPOCTPAHCTBOM C BOCIIPOH3BOASILHM fj-
pom (co 3HaueHHsaMHU B B(H}).

3.4. Cayuaii aGenesoii rpynnel. Cayuali, korga G=Z — abeae-
Ba JIOKQJbLHO KOMIAKTHAs TPyNna, IpeicTaBlisieT HHTepec, B 4acT-
HOCTH, B CBs3M ¢ HNP06JIeMO KAHOHHYECKOH COIpPSKEHHOCTH B KBaH-
TOBOH MexaHuKe. [losHoe onucaHHe KOBApHAHTHBIX  pa3JoXKeHUH
eIMHHUIBl [JIf NPOU3BOJBHOTO (HENPEepPBIBHOTO) HpejicTaBjieHHst V
Jaercsi B TepMHHAax npeo6paszoBaHus Dypbe; NpH 3TOM 3HAYEHHSA
«IJIOTHOCTH» P (x) OKa3bBaloTCH, BOOOlIEe TrOBOps, HeorpaHHYEHHBI-

D Ly (&, n) o6osmavaer runb0epToOBO MPOCTPAHCTBO QyHKIHA Ha & co

3HaYeHHAMH B HEKOTOPOM THJBGEPTOBOM NPOCTpAHCTBe K, KRaAPATHUHO HHTETPH-
PYEeMHX IO Mepe W.
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MH NOJOXKHTeJbHO-ONlpefenenubMu (popMamu. Msaaraemele Zanee
pe3yabTaThl MOryT OBITH NOJYYeHB KakK NPSIMBIMH METOILAMH rap-
MOHHYECKOTO aHaJIH3a, TAK W C MOMOLIbIO TeOpeMbl O PACIIHPEHHH
H3 mpexbiaymero nyHkra (cum. crathio A. C. XoreBo B [141}).
QOb6obwenre na HeabeseBbl rpynnbl THOA | AaHo B paborte [46].

Mycrs G — ABOHCTBEHHAs rpynua dg— Mepa Xaapa B G.
Mpentoxenne 1. M”Y(G)s£ @ Toraa u ToMbKO TOTIa,

Koraa coektp V aGCOMOTHO HempepslBEH OTHOCHTE/JbHO dg.
Ec/mu 3T0 BbINOJHEHO, TO V pasjaraercs B NpAMOH HHTerpal
(aKTOPHBIX NpeACTaB/1eHHH, HMeHHO

%:S @36 (1) dh,

A

rae .\ —wusMepiiMoe MOAMHOXECTBO G, {36 (M); AEA}— uaMepumoe
CeMelCcTBO rubGepToBblX mpoctpaHers ¢ dim g6 (A)>0 masa m. .
AGA, npuuem

Vo= S SR (@) Y (1) dh, ecm p— S Doy (1) dh.
A A

3necek % (g)-—3HaueHHe Xapakrepa A6 Ha 31emeHTe g6G. Cae-
pyiollee YTBEDXKICHHE BhITEKAET M3 TeOPeMbl HMAOPHMHTHBHOCTH
Makxu, kotopas o6ofilaeT Teopemy eauncrsedHoctH CrToyHa —
don Henmana (m. 1.2.3).

[Mpenaoxenue 2. M’ (G)5= @ Torma U TOJBKO TOT 1a,
korga A—C} ¢ TOUHOCTBIO O MHOXeCTsa HYJAEBOH Mepsl  H
dim 76 (,)=const nna m. B. ke(‘i

Sopose 6ynem HassiBaTh  ceMmeficTBo {P (A, A'); A, A'EA}, rae
P (M, 1) — cxkuMalollie omneparopsl u3 JE(A') B (L), TNpHUEM
KoMiieKcHas  pyaxuus (@ (A) | P (A, M) P (A') ) 4 U3MepHMa  TIO
Mepe diXdL pag M06-X cp:S@(p(l)dk, w:SEBxp(%)dAE%

({ -] ) a ofo3HauaeT CKalapHOe mpoH3Belenne B 6 (1)). Sapo
ROAONCUIMEAbHO ONpedeneHo, eClt

{§ Com 1P, m00n ) sarar =0

A A

G,V

AJa BCeX PEHG, = ¢ { S}[(P(K)}[xd?u < ool Jlag rtakux sgep OJHO-

3HAUYHO C TOUHOCTHIO 110 SKBUBAJEHTHOCTH ONpeJesseTcsl JHaro-
HaibHOE 3Hauenne P (A, A) (em. [141]).  OGosmaumm 1z ()=
:Sx(g) dg, rine dg—wmepa Xaapa B G.

B
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T e opewma. CooTHouenne

ColMmBw) = § Com PO 290y s —n) dhar,
XA
riae B npo6era€T KOMODaKTHele NoaMHOxectBa B @, @, pE€FH,,
YCTaHaBAMBAET B3aUMHO OJHO3HaYHOE COOTBETCTBHE MeXaY KO-
BapMAHTHSIMH Pa3/I0XKeHHIMH eJMUMIEl B S M KJaccaMH 3KBH-
BaJEHTHOCTH MOJOXKHUTEJILHO omnpedeneHusx aznep {P (A, 1)},
Takux 4Tto P (A, A)=I; (exunnunsiii oneparop B 7 (1)).

dTa TeopeMa CBOAHT BONPOC 06  ONHCAHHH  MHOXECTBa
Extr MV (G) K HaxoxkIeHHI0 KpafHHX TOYEK BHINYKJIOIO MHOXKe-
CTBa MOJIOXKHTeJbHO ompejesneHublx saep {P(A,A’)}, yroBierBopsi-
womux yeaosuo P(A A)=I1,. B nosnom ob6beme »Ta 3ajava ue pe-
wena gaxe Anas KoHeyHoro A, MoXHO, OJHAKO, BHIAGJIUTb  TOI-
knacc MHoxectBa Extr MGV (G), cyuiecTBeHHBH AJ15 KBaHTOBOMe-
XaHHYECKNX MpHJIOXKEHHH.

HOas npoctoTel  orpaHuuuMces  gajee  cJaydaeMm, — Korja
dim #6 (1) =const, A6A. OGosnauum M.GV (G) KIacc koBapHaAHT-
HBIX Pa3J0XKeHHH eIHHMIH, $jipa KOTOPHIX YIOBJETBODSIOT COOTHO-
[EHHIO

PO AMYPO MY =P (A A7) AN, A GA.

Ecm A=G, To 3ToT Kaacc cOBHmajgaetr C %g’V(G), ¢ apyroi#t

cropoust, MY (G)cExtr M»Y (G), npuuem coemajenne uMeet
MECTO TOJBKO, eCAH A COCTOHT H3 JABVX Touexk. Bce 3JeMenTsl
MY (@) no.ywaiores ApYr M3 APYra KaJMGPOBOUHHIMH TIpeoGpa-
30 BAHUSIMHU

M’ (B)y=U*M (B)U, (3.7)

rie UiSEBU (X) dA — pa3noXHMeIl YHUTADHEI OllepaTop B J6=
A

— S S () dh.

A

Ecau peasmsosate 96 Kak Lo (A, dA), rtae B (R)=X, he.\,
TO B K1acce SUECG’V(G) BrleaeTCd  pa3noxeHue eaunuusl M,
onpenesiemoe sipoM P (h, Ay=1; (enuunun-ii oneparop B K°),
A1 KOTOPOTO

CpiMBYeY =\ | (9@ 00 51 (=) dhdh. 3.8)
AA

Beakoe MeMEY(G) mmeer sazpo suma U @R)*U(A), rae
{U (\)} —usMepnmoe CeMeRCTBO YHHTAPHEIX OTNepaToOPOB B K.

3.5. KaHoHHuecKas CONpPSIZKEHHOCTb B KBAHTOBOH MeEXaHHKe.
IlyecTh x — omHoMepHBIEl TiapaMeTp, Tak 4To G=& sBJAseTCsS Be-
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mecTBeHHOH npaMol R (ciyuall mapamerpa ciaBura), HAH eiHHHY-
HOR OKpyXHoctbio T (cayyalt mapamerpa moBopora), H IyCcTh X—>
—V.=e"** — yHurapHoe npesicrasienne rpymun G B 6. Cnekrp
A omepatopa A comepxuTcs B ABOHCTBeHHOH rpymme (i, KoTopas
coBnagaer ¢ R B caiyuae G=R # ¢ MHOXeCTBOM LeJBX uucesa Z B
ciayyae G=T.

Ycnosue KoBapuHaHTHOCTH o6o6uleHHOH HabarogaeMol M mHMeeT
BH[

V.*M(B)V.=M(B—x); BE&(G), x€G, (3.9)

rie B—x={y:y-+x€B}, npuyem B cayuae G=T uMeercsi B BHAY
CJI0KeHHe N0 MOAyJIo 2n. BBoas omepatoph

U,= S ev* M (dx), y6a,
a

noay4yaeM, uto (3.9) paBHOCHJIBHO COOTHOWEHHIO Befrs (cM.
n. 1.2.3)

UyV,=e®V U, x6G, yea, (3.10

B KOTODOM, OAHaKo, oneparopsi U,, BooOule roBopsi, HEYHHTAPHHL.
B stom cmbicae ofobuienHas HabJogaemas M siBasieTrcst KaHOHH-
9eCKH CONpsiKeHHOH K HaGawogaeMon A.

Hnas 06o6mennoli kanonunueckoit nmapol (A, M) uMeeT MecTO CO-
OTHOlUeHHe HeompexeseHHocTed [100]

AY (1)-Ds(A)>1/4; yed, @3.11y

rae A¥ W=y 2{TrSU,[2—1}, y+0, ectb HeKoTopaa (YHK~
UHOHaJbHAS Mepa HeOoNpexe]eHHOCTH KOBapHaHTHOHR o6obmeHHON
HabaojgaeMoli M B cocrosHuu S (e, [43, §IV.7]). Eem G=R

u M uMeer komeunyo amucmepciio Dgs(M), o lim AY (y)=Ds (M),

0

tak yTo u3 (3.11) crenyer oGoGlleHHe COOTHOINEHHA Heolpeje-
Jennocrefl [eifsenbepra
Ds (M) Ds (A) > 1/4.

HOasi mapamerpa mosopotra (G=T) pgucnepcus He sBJsETCS aJCK-
BATHOH Mepo# HeONpejeJeHHOCTH, H HepaBeHcTBO (3.11) caenyet
paccMartpuBaTh KaK OKOHuarejbHoe. Pasanudne (GOpMBI coOTHOLIE-
HHS HeompejieleHHOCTEeH [l YIJIOBBIX IepeMEeHHHX 00CyXaaJHCh
B o63opax [19], [17]. Cnenyer ormerutb, 4to o6obiueHHas Hal.io-
Jaemasi yrja HOBOPOTa CYIIECTBYeT BCerid, IOCKOJbKY YCJOBHS
npeasoKeHHs: 1 H3 MPeAbIAYLIEro MyHKTA BBIMOJHAIOTCS aBTOMATH-
yeckH (G=Z). C apyro#i CTOPOHH, YCJOBHS HNpeAJOXKEHHs 2 He
MOryT OBITb BHIIOJIHEHB, ecan dim < oo (KaK [1Js CHCTEM C KO-
HeuHhIM CNMHOM), H B 3THX cJydadx oObluHO# HabawopaeMof yria
HOBOpPOTA He CYLIECTBYeT.

Haunboabiinii MHTEpEC NPEACTABJIAIOT KOBAPHAHTHHE 0006IUeH-
Hble Ha6JionaeMbie, HMEIOUIHE MHHHMAaJbHYIO HeOHmpPeAeJ/eHHOCTD.
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Teopema ([100]). ITycrs S=|y){P| — yncroe cOCTOsIHHE,
TOra

MemG,V(G) &

B uwacrrocru, gag G=R

min AN <y>=y-2[(f ") I |lw<y'+y>udy')‘2—1]. (3.12)

i J— i i :
o Ds (M)—lg(dy Lo} av, (3.13)

rie {P(y) — KOMIOHEHTH BEKTOpa 1 B NPEJCTABJECHHH, JHATOHAJIH-
syomeM onepatop A. MHHHMYM [ocTHraeTcss Ha KOBApDHAHTHOH Ha-
6mogaemoii M* kmacca MGV, Koropasi samaercs sapom P*(y, y’
rakuM,  yto  P*(y, ¥ )(y") /e (g) 1= (9) /() s g y €A

Beauuunsl (3.12), (3.13) naior BHYTPEHHIOIO Mepy Heompeje-
JeHHOCTH IapaMerpa X B COCTOSHHH S.

TakuM o06pasoM, Tpe6OBaHHs KOBAPHAHTHOCTH H MHHHMaJbHOH
HEeOMNpeeJEeHHOCTH (OTHOCHTEbHO UHCTHIX COCTOSHHE) ONpeneJs-
I0T KAaHOHHYECKH CONPsikKeHHYI0 06001eHHyl0 HabJ/I0 aeMyi0 OLHO-
3HAYHO ¢ TOYHOCTBIO JI0 KaJufpoBouHoro npeobpazoBanus (3.7).
Crepyer oTMeTHTbh, UTO AHAJOTHYHAA CTENEHb NPOH3BOJA OCTAeTCH
H B CTaHJapTHOH (POpMYNHpPOBKEe KBAHTOBOH MEeXdHHKH, NOCKOJbKY
B cayuae A=(0 kracc M*V (G) coBmajmaer ¢ KJIAaCCOM KOBApHAHT-
Hux HabawogaeMux M®V (G).

[Tpumep. PaccMOTPHM KBAHTOBYIO CHCTEMY C IOJOXKHTENTb-
HbBIM ramujibTonnaHom H. Tlpexcrasienne {—V,=e 'H! rpynmel
BPeMEeHHBIX CABHTOB He YIOBJETBOPSET YCJHOBHSM TpPENJONKeHHs 2
npeaplAyliero myHKTa, Nockodbky ACR.. [lostomy KoBapuanTHOM
HabGaonaeMolt BpeMeHHOro caBura He cyuiecrsyer V. Tlpexnosoxum
IJtst mpoctoTsl, 4To A=R4 H uto cnmektp 1 ojgHOpojeH (T. e. UMeeT
NOCTOSIHHYIO KPATHOCTh jijs I.B. A6A). Torma H yHHTapHO 3KBH-
BaJeHTeH olepaTopy YMHOXKEHHMS Ha A B TH/Ib0epTOBOM NpPOCTpaH-
CTBE %=L;;2g(R+) KBaJIpATHYHO-HHTEIPUPYyEMBIX (PYHKUUH =
={y(1)] Ha Ry cO 3HaYeHHSIMH B HEKOTOPOM T'HAb6EPTOBOM IIPOCT-
panctBe . Kopapuantaele o06o6uieHHble HalJofaeMble KJaacca
MRV (R) ¢ TouHOCTBIO A0 KanuGpoBouHoro mpeobpasosanna (3.7)

3KBHBaJeHTHB Habaopaemolik M, onpepenseMOH COOTHOIIEHHEM
(3.8), 1. e.

(Y| M (B)e) = S S <xp(k)|q)(7»')>gfg ei(*’-m%. (3.14)
R.R; B

Paasnoxenue exuaunsl M, ABasieTcss 0606LIeHHOH ClIeKTpaJbHOH Me-
poit B cMEBIcie [2] MaKCHMaJbHOrO CHMMETPHYHOro (HO He caMoCO-

b Ha tpyanocTd ¢ onpejelieHueM HabmojaeMOfi BpeMEHH B KBaHTOBOH Me-
xanuke ykaswmBan Ilayau (cm. Handbuch der Physik.— 1958.— 5/1.— C.60—63).
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NpSIXKEHHOr0) omeparopa
T—i2, D (Ty={p:¢p abcomoTHO HempepbiBHa, P (0)=0

dr
Sl o <o)

MunuManbHoe pactnpetiie Haiimapka passoxeHHS eJHHHIB
M. B mpoctpancTBe 6= LW(R) paercd GOpMyJoH, aHaJOTHYHOH
(3.14), c samenoit R, ua R, u sBaAsiercs cnekTpatbHOH Mepoll ca-

. d 2
MOCONPSXEHHOrO ONeparopa i —5 B L4 (R).

3.6. Jlokaansyemoctb. Ilycte W — yHHTADHOE MHpejCTaBJEHHE
IDYHONObI, ONUCHBAKIIEA KHHEMATHKY JaHHOH KBAaHTOBOH CHCTEMH
(yHuBepcaabHOf HakpbIBawomiel rpynnbl [ajujes B HEPENATHBHCT-
CKOM HWJH rpynmel [lyaHKape B PeJSITHBHCTCKOM cJydae), B THJb-
GeproBoM mpoctpaHcTtBe 6 u mycth U - orpanuuenne W Ha YHH-
BepCaJbHYK HakphiBaollylo G Tpynns eBKJAHAOBBIX NpeolpasoBa-
HUA g : x—>Ax+b, x€R® CucreMa Ha3blBaeTcsi 20KQAAU3YeMOU RO
Batitmany, eciy B K CYlLIeCTBYeT OpPTOTOHAJIbHOE DPa3JIOKEHHE ei-
auusl E Ha g-aarebpe % (R3) GopeneBckux NMOAMHOKECTB KOODAH-
HaTHOrO mpoctpaHcTBa R3,) yroBrerBopsiioniee YCA0BHIO €BKJIHIOBOM
KOBApHAHTHOCTH

U E(B)U,—E (g~} B); g€G, BER(RY).

[lpu stOoM ycioBuu AJdst moboit o6aactu BCR? nafiaerca Bekrtop
coctosinus ¢ tako#t, uro (P|E (B)¢p)=1, T. e. BepoaTHOCTb 0OHApY-
JKeHHs cucTteMbl B o6nactH B paBua 1. [Juas nokajiusyeMoR cHcre-
MBI ONlpefesieHsl COBMECTHMEIE HalJonaeMble KOOpAHHAT

Q,= I f fx,E (dxdxadxs); j=1, 2, 3. (3.15)

KOBADHAHTHBIE OTHOCHTEJBHO eBKJHAOBHIX HpeoOpasoBaHH.
Hemoansyss 1o obcrostennctBo, uro (U, E) — cucrema umnpu-
MUTHBHOCTH, MOXHO J0Ka3aTh, YTO JOKAJH3VEMBIMH nMo BaATMany
SIBJISIIOTCST BCE MACCHBHBIE UACTHIIH H PEJISITHBHCTCKHE (e3MacCOBbIe
YACTHUBl C HYJEBOH CHHPaJbHOCTBIO. DeamaccoBbie YacTHIBI C He-
HyJeBo#l cnupajbHOCTBIO ((POTOH, HEATPHHO) OKAa3BIBAIOTCS HeEJO-
kaauayembiMu (HblotoH, Burnep, 1949, Baiitman, 1962). Tako#l BH-
BOJl He COrJiacyercsl ¢ SKCIepUMEHTaJbHOH JIOKAJU3yeMoCTbio (hoTo-
Ha; OoJsee TOro, Kak Nokasasa XerepgenbAT, TaKoe MNOHATHE
JIOK2TH3yeMOCTH PHBOJHT K NPOTHBOPEUHIO ¢ TPeGoBaHHeM MPHYHH-
HOCTH B PEJISITUBHCTCKOH JMHaMuKe (cM., HanpuMmep, [55]). D1 Tpya-
HOCTH CHHMAOTCsl, €CJAH B ONpejeJeHUH JOKAJIH3yeMOCTH JOIyCKa-
IOTCSA HNPOH3BOJIbHEIE Pa3JIOXKeHHs elHHHANL. HeoproroHaabHoe pas-
JOXKeHHe eIHHuub M, onuchiBalollee JoKaJjusauuio ¢oToHa, OBLIO
yKasaHo, B 4actHocTH, B paborax Kpayca (B ¢6. [159]), A. C. Xo-
aeso [99]. Tonwas kaaccHHKANKMA COOTBETCTBYIOUIHX 0006IIEeHHBIX
CHCTEM HMIPHMHUTHBHOCTH, NPH JOMNOJIHHTENBHOM YCJOBHH KOBa-
PHAHTHOCTH OTHOCHTE/BHO NpeobpasoBaHuid mogo0Hs, BKJAIOYAOIIASA
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XapakTepH3alUHIO KpafHuX Todek, ngaHa KacrpuxbsiHo [71]. Peas-

THBHCTCKHE $e3MaccoBble YACTHLBl OKasbIBAIOTCS MPHOJHIKEH-

HO JOKa/JH3yeMBIMH B TOM cMHICIe, yto sup {|M(B)y)=1 naa
thelj=t

ao60i obractn B R3. HabsogaeMbie KOODZHHATH, OlpejeseH-
HBle COOTHOIIeHHeM (3.15), sIBAAIOTCS CAaMOCONPSIKEHHBIMH, HO He-
NepecTaHOBOUYHHIMH ONEPATOPAMH H NMO3TOMY HE HMEIOT COBMECTHOH
CHNEKTpaJbHOH MepHl.

B psaze pabor, 0630p KOTOpHX HMeeTcsi B crathaX Auu, [Ipyro-
Beuku [55], pasBuBajsach Hjess CTOXACTHUECKOH JIOKAJH3YeMOCTH B
taszosom mpoctpaHcTBe. PesynbTaThl 3THX paboT TakKe yKAasHBa-
I0T Ha TO, 4T0 0000IIeHHAas CTATHCTHUECKAs MOJeJib KBAHTOBOH Me-
XaHHKH JlaeT BO3MOXKHOCTb, IO Kpafinell Mepe, CMSIFYATL H3BECTHHIE
OPOTHBOPEUHS MeXAY PpeNSTHBHCTCKOH HHBAPHAHTHOCTBIO H HeJO-
KaJbHOCTbIO KBAHTOBOMEXaHHYECKOTO OHHACAHHA.

T'rasa 3

3BOJIOIHA OTKPBITON CHCTEMBI

§ 1. Ilpeo6Gpa3oBannss KBAHTOBBIX COCTOSTHHI
1 HabOJa101aeMbIX

JuHaMHKa W30JHUPOBAHHOH KBAHTOBOH CHCTEMBI, OMHUCHIBAEMAs
OJHONAapaMeTDHYeCKOH CPYNNOH YHHTApPHBIX OMepaTopoB, 06paTHMa
BO BpEMEHH. DBOJIONHS OTKPHITOH CHCTEMBl, MOJBEPMKEHHO! BHEIl-
HHM BO3jelcTBHsIM, Oyabh TO MPOLECC YCTAHOBJEHHSI PABHOBECHS C
OKpYKEHHEM HJIH B3aHMOJEHCTBHE C H3MEpPUTeJbHBIM mpubopoM,
o0HapyKuBaeT uepTHl Heo6PaTHMOCTH. B MareMaTHY4eCKoM MJaHe
Takyue HeoOpaTUMbie W3MEHEHHS ONMUCHIBAIOTCS BIOJIHE TOJOXKUTEIb-
HBIMH 0TOODaXKeHUsIMH,

1.1. Bnoane moJoXuTedbHble oToGpaxeHus. [lycte =B (H) —
HexoTopasi C*-aneceb6pa onepaTopoB, T. €. noanpocTpaHcTBo B(H),
3aMKHYTO€ OTHOCHTENBHO ajre6panvyecKHX oHepanH#, HHBOJIOLHHU
H [epexojia K Npejedy Mo OnepatopHod Hopme (cM., HampuMep,
[32], [9]). O6Go3uaunm M, ajre6py KoMiieKCHBIX nX#n-Matpull. JIH-
HeifHoe ortob6paxkenne ® u3 ¥ B B(K) (rae # ruabbeproBo mpo-
CTPAHCTBO) HA3BIBACTCA HOAOKUTEAbHbIM, ecan u3 X€U, X>=0 cae-
ayer ®O[X1>=0, u snosne noacscutTesvHoim, €Cay fAs xoboro n=1
oto6paxenue @, C*-amarebput ARM, B C*-aarebpy B(X) M.,
onpeaenaseMoe ¢opmyloll P, (XQ®Y)=0,(X)Q®Y, asagerca nojo-
KuTeabHpIM. JIpyruMu cioBamy, 4Jst 060 MatpHUB [Xu) w—1 .«
¢ aaeMeHTaMH X;6%, MOJOXKHUTENBHO ONpEJEJEHHON B TOM CMBbICJe,

n
uto 2 {@;| Xn@y==0 npas moGoro Habopa {@;}c36, maTprua
1, k=1

[@® (X)) se1, . » TaKKe SBAAETCS IOJIOXKHTEJIBHO  ONpEIeNeHHOH.
Ewe o/Ho 3KBHMBaJieHTHOE OTpefesieHHe: IJs JIOOBHX KOHeuHHX Ha-
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Gopos {X;}c¥ u {y}cH
2 by O[XF X Jpe ) >0, (1.1
Jok

151 OJIOKHUTENLHOTO 0TOOpPaXKEeHHS HMeeT MECTO HepasencTso
Ksducona—Illsapya

OXT* QX[ @ [|O{X*X] (1.2)

2Js Bcex X6¥ takux, yro X*X=XX* Ecau @ BHOJIHE NOJOXHTENb-
HO, TO 3TO HEPABEHCTBO BHIMOJHSercd jiasi Bcex X€Y. [Ipumep mo-
JIOXKHUTENBHOTO, HO He BHOJHE TMOJOXKHTEJBHOTO OTOOGPAakKeHHd —
TpaHcrnonupoBanue B M,. Ecaun @ noaoxuresnsHo u ¥, aubo O (%)
KoMMyTaTHBHE, TO @ BHOJHE mHOJOXKHTEIbHO. Takum ofpasom,
CBOUCTBO TOJIHOH MOJIOXKHTEJNbHOCTH TPOSIBJAACTCA JIHIIDb B HEKOM-
MYTAaTHBHOH CHTYallHH.

OroGpaxernne m:%—>B(K). HaBIBACTCA  *-20MOMOPPUIMOM
(npecTaB/ieHHeM), €ClM OHO COXPaHAeT ajre6paHyecKHe OfepalHH
¢ HHBQJIOLHIO.

T e o p ema (Crafincnpunr, 19565). Ilyers 4B () — C*-arebpa
¢ epunnneit u O:Y-» B (K)—auueiinoe oTobGpaxenne. @ BnoJHe
1I0JI0XUTEJLHO TOrJa M TOJBKO TOTJAa, KOrja OHO JAomycKaeT
fipeACTaB/ICHHE

O[A]=V*z[X]V, (1.3)
rie V —orpanHyeHHOe JHHefiHOe OTOGpaxeHHe M3 K4 B HeKO-
TOpoe TrHGEPTOBO HpPOCTPaHCTBO K, n-—s#-roMoMopdusm %
B B (X).

CyuiecTByeT €XHHCTBEHHOE C TOUYHOCTBIO 10 YHHTapHON 3KBHBA-
JIeHTHOCTH MHHHMaJbHOe npeicrasieHue (1.3), xapaktepusymoiie-
ecst CBOACTBOM: OANPOCTPaHCTBO {1t [~ Vp: XE¥, yEXH'} nnoTHO B X,

JokaszatenbCcTBO NPSAMOTO YTBEPXKAEHHs NpeacrasaseT coboid
o6o61ienne korcrpykyuu Ieavpanda—Haiimapka—Cuzara (FHC),
KOTOpasi COOTBETCTBYET CJYyYaro IOJIOKHTEJbHOTO JHHEHHOro (QyHK-
uuoHasa Ha ¥ (dim Z'=1) [32], [9]. Ha anre6panueckoM TeH30pHOM
npousBefeHHH ARHA onpepensiercss (MCeBAO-) cKaJjsipHOe IPOH3Be-
JeHHe, TaKoe 9T0

AR YY) =<p|D[X*Y]p) s X, YEU,; @, YEX.

HeorpulatensHoCTh cKaJApHOro KBajgpata cienyer us (1.1). Ilyers

J# runp0epToBO HNPOCTPAHCTBO, MOJydalomleecs B pesysabrare (ak-
TOPH3AaLHH H NOHOJHeHHs AR FE 1O 3TOMY CKaAJIPHOMY NpPOH3BEJE-
Huto. COOTHOILIEHHS

UXI(Y®¢) =XY®,
Vo=1Q¢
OINpeAessiloT nepexoaoM B # ob6bekTn V, m, yAOBAETBOPHAIOILIHE CO-
orHowennio (1.3).
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Bameuanune Ecan & — merpusyemslit Komnakt u M — pas-
JIOXKEHHE eJHHHUB B J Ha g-aarebpe GopeseBCKHX MOAMHOXKECTB
R(Z), 10 orobpaxkeHue

f~{frmMax; rec @)
&

C*-anre6pel C(&) HempepeIBHBIX KOMIJIEKCHHX (yHKuui Ha & B
B(H') saBasercs (BHoJHe) mosoxureabubM. TeopeMa CrafiHcnpuH-
ra B 3TOM cJjyuae gaeT pacminpende Hafimapra nas M, mockosabky
«-roMmomMopuam C(Z) sanaercs OPTOrOHAJNBHBIM  Pa3JOKEHHEM
€JIMHHILBI.

Beakas anrebpa ¢on Heitmana 9 sasasierca C*-anre6poit ¢ efu-
Huned. TlonoxkurenbHoe oroOpaxkeHne @ aare6pel B HasbBaetcd
HopmassHoim, ecau U3 X 4X B B caenyer O[X,]4@[X].

Cuanencreue ([117]). Besikoe HopMasibHOE BIIOJHE MOJOXKH-
TeJbHOe oToGpakenne @ : B(H#)—~>B(J6) uMeer Bux

O[A]= X VikV,, (1.4)

n=l

oo
Tile pal EVZVH CXOJUTCA CHILHO B B ().
n=1

JlokxasateabcTBo. Ecyim @ HOpMaibHO, TO NpeaCTaBieHHe
n B dopmyse (1.3) takke MOXKHO CTHTaTh HOpMasbHbIM. M3pecTno,
4TO BCiKOe HOpMaJbHOE INpejacTaBjenHe aJjrelpel B (F) B mpo-
crpaHeTBe J KPaTHO eNHHUUHOMY, T. e. K — 8, n n[X]=
= X®l,, rae J6,—uekoTopoe THOEPTOBO NPOCTPAHCTBO,
I,— enuHuunsiii omepatop 8 6, (cM., nanpumep, [78, ra. 9}). ITyers

(o)

{e;}— opTOHOpMHpOBaHHbIl GasHC B #6,, TOTMa Vzpzz Vap®e, a
n=l1
cootHolredne (1.3) mepexoaut B (1.4).
O0630p CBOHCTB BIOJIHE MOJOXKHTEJbHBIX OTOOpDaXKeHHH HMeeTcs
B cratbe lrepmepa B c6bopuuke [85]. Auno u Yok [57] paceMoTpednn
HeJ HHeHHB € BIOJIHE IOJOXKUTEIbHbE OTOODAXKEHHS H yCTaHO-
BHJM AJis1 HUX 06Go6uienne teopemnl CrafiHcnpuHra.

1.2, Onepauus, AMHAMHYecKHe oToOpaxkenus. Aurebpa B(J6)
Kak GaHaXoBO IPOCTPAHCTBO SIBJSIETCS CONPSIKEHHBIM K NpPOCTpaH-
CTBY sajepHBIX omepatopoB $(s6) (cm. n. 1.1.1). Ecan ¥ — nunedi-
Hoe otTobpaxkeHHe B T(JF), MOJOXKHTeJbHOE B TOM CMbicJe, UTO
Y{T]=0, ecan T==0, To ¥ orpaHnueHo (cM., Hanmpumep, [78, ra. 2])
H TO3TOMY HMeeT cOonpsikeHHoe oToGpaxeHne O=W*:B(H)—
—B(56), Koropoe sIBJAsETC JHHEHHBIM II0JIOXKHTEJIbHBIM HODMalib-
HBIM oTo6paskeHueM; GoJiee TOTO, Besikoe @ ¢ TAKHMH CBOHCTBAMH
siBJsieTcs conpsikeHHBIM K Hekotopomy W. Ecam W mosoXuredbHO
u, kpome Toro, Tr W[TIKTr T aas Bcex T€Z(#), T=0, o ¥ Ha-
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3niBaeTcA onepayuell (B IPOCTPAHCTBE COCTOAHHE). ITO paBHO-
caabHO ToMmy, uto O[I]<I. Orobpaxkenne ® rtakxe Ha3bBaeTCs
onmepanueit (B airebpe HabJI01aeMBbIX).

B KBaHTOBOH CTATHCTHKE OMNEpalHH OMHUCHIBAIOT H3MEHEHHs CO-
cTosiHUll (HabnofnaeMblX) OTKPHTON CHCTEMB B pe3yJ/bTaTe 3BOJIO-
LIHH HJIH MaKPOCKONHMYeCKOro BO3JeHCTBHA, BKJOYasi oTbop Mo Ka-
KOMYy-iu60 NpH3HakKy (HAampuMep, IO pe3yJbTaTy H3MepeHHs) B CO-
OTBETCTBYIOHIEM CTaTHCTHYECKOM ancaMmbae. Ecau S — omepartop
IJOTHOCTH HCXOMHOTO COCTOsIHHS, TO uHceao Tr W[S] uHTepmperH-
pyercss Kak poJsi oTOGpaHHBIX HpexcTaBHTesedl aHcaMOJas, a
W([SY/Tr W[S] xak oneparop MJIOTHOCTH, ONMHCHBAIOULEH HOBOE CO-
crossHHe oTo6paHHoro aHcamOuas. TepMuH «omepalusi» 6Bl BBEIEH
B u3BecTHOl pabore Xaara u Kacriepa (1964), nocssierndol o6oc-
HOBAHHIO KBAHTOBOH TeOpHH moJst. basupywomuiics Ha HOHATHU
olepanuy aKCHOMaTHUECKHH MOAXOJ K KBAHTOBOH MeXaHHKe Obl
passur [sBucom u JIpioucoM, JIIOABHIOM u ApPYTHMH  aBTOPaMU
(cm., Hanpumep, [78], [125], [116], [85]).

B nuHaMHueCKOH TeOpHH 0COGEHHO BaXKHBI oONeDalHH, NepeBo-
HAIIHE COCTOSIHHE B COCTOSIHHE. ITO PAaBHOCHJIBHO TOMY, 4TO
Tr W[T]=Tr T pns scex T€X(6) nan xe OI]=1, rne O=V*. Ecax,
Kpome toro, ® — BrnoJsiHe MoJOXKUTEJbHO, TO ¥ (uan @) Ha3blBaeT-
e OJunamuueckum otobpamcernuem. M3 rteopeMbl Buruepa
(m. 1.2.1) caenyer, yto oOpaTHMBle IHHAMWUYECKHe OTOODaXKeuwus
OHHCHIBAIOTCA (popMyJaaMH

YIT=UTU*, O[X]=U*XU,
rie U — yHurapHbfi oneparop B 6 (ecau U anTuyHHTapHb#, TO @
He MOXKeT OHIThb JHHeHHBIM oTOOpa)KeHHeM). B ofuieM cayuae au-
HaMH4eCKHe OTOOpaKeHHs OMHCHLIBAIOT HeOOpaTHMble 3BOJIOLHH H
ABJIAIOTCS HEeKOMMYTATUBHBIM AaHAJJOrOM MAapKOBCKUX 0T06pame-
HUH B TeOpHUH BepoATHOCTeH. Mepoii HeoOpaTHMOCTH MOXKeT Cay-
XKUTb OTHOCUTEAbHAA IHTPONUA KBAHTOBBIX COCTOSIHUMA

H(S2|S))=TrSi(InS;—In S,).
O cpofictBax OTHOCHTeNbHOH 3HTpomHu cM. JluHnbaaxn [122], Bepab
[166], Tlern [139)). Baxuefimuum apasiercs 0600 LeHH s
H-teopewma: pas awoboro guHaMHyeckoro oroOpaxenus W:

H(W[S ]| W[Si) =H (S2]81).
CorsacHo caejctBuio u3 0. 1.1, auHamupueckoe oToOpaxeHHe
JOTIyCKaeT NpeACTaBJeHHe

¥ [T]:Sjo V,TV:, O [X]:zov;x'vn,

rie 2 V:V,=1. Orcoga nerpyano no.ydurs

n=0

) Ha CBOACTBO HOJHOR I[OJOMHTEJLHOCTH 3BOJIONHH OTKPHTOH CHCTEMBL
6HJI0 yKasaHo, B uacTHOcTH B paGorax [117], [39].
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Caenpmcreue ([123]). Oro6paxenne ¥ :Z(H)—>T(H) saBas-
eTcA AHHAMHYECKHM TOT[Ia W TOJBKO TOIJNA, KOrZa CYIIeCTBYIOT
THIbGEPTOBO IPOCTPAHCTBO By, COCTOSHHE So B F6y H YHHTAPHBIH

onepatop U B J=36QH#,, Takue uto
V[S]=Trge U SeS,)U*,

rae Trzg, — vactuunbiit cien B .

Takum o6pasoMm, nuHaMHuecKOe O0TOOpaXKeHHe pacIIMpsieTcs 10
06paTUMOH 3BOJIOIHHE COCTABHONR CHCTEMBI, BKJIOYAKNIEH HCXOL-
HYIO OTKPBITYIO CHCTEMY H «OKDYXKEHHEe», MPHYeM BO3MOXKHOCTb Ta-
KOro pacIInpeHHsi 006yC/OBJM€HA CBOWCTBOM MOJHOH MOJOXKHTEJb-
HOCTH.

1.3. YcnoBubie oxunanus. Tak HaswiBaloTca OTOODaKEHHSA
& :B(H)—~>B(56), ssasuonmecs uugeMmnorentamu (&2=&) c enu-
HUYHOH HODMOH. & ortobpaxaer B(F#) na C*-nopaarebpy %=
{X:XeB(#), &[X]=X}. Ecam & HopMmaabro, 10 % — anrebpa
doH Hefimana. YcaoBHoe 0XHZAHHE CO2AQCOBAHO C COCTOSHHEM S,
ecan Tr SE[X]=Tr SX; X€B(56). TomusiMa mokazas, yro yCJOBHOE
OXKHJaHHe sBJsieTcst MOJIOXKHTENbHBIM OTOGpaKeHneM H ob6Jgagaer
CBOHCTBOM

&(XYZ)=X& (Y)Z; YeB(H); X, Ze,

KOTOPO€ BKJIOUAJOCh B MepBOHAYajJbHOE OlNpejeseHHe, HRaHHOE
Ywmeraku [158]. Ha caMom fesie Beskoe YCJIOBHOE OKMpAHHE BIIOJHE
NOJIOKHTEJIBLHO.

O61iuit KpuTepH#H CYIIECTBOBAHHSA HOPMAJbHOTO YCJIOBHOTO OXKH-
naHus B ajare6pax ¢ou Heimana pan Takecaku [157]. B cayuae
B(H) storT KpuTepuH HMeeT chaeiyOly0 ¢GopmMyaHpoBKy. Ilycth
S — HeBBHIPOXKJAEHHBIH ONEpPaTOpP MIOTHOCTH, TOLAA C HHM CBfi3aHa
MOLYJAApHas rpynna astoMmopdusmos B(H)

afX]=S*XS-"*; XeB(36), tER.

YenoBHoe oxuaanne & Ha nofanrebpy B (H), cormacopanHoe ¢
COCTOSIHHEM S, cyliecTByeT TOTAa H TOJBKO TOrja, Korja % HHBA-
pPHAHTHA OTHOCHTE/]BHO ¢. B HaCTHOCTH, 3TO BLIMOJHSACTCS, €CJH
[S, X]=0 nns Bcex Xe€¥.

[TpuMep HOpMa/bHOrO YCJAOBHOTrO OXHUAAHHS (yCPeAHEHHe 1O
NOJCHCTEMe COCTABHOH cHcTeMbl) Owii gan B m. 1.3.1. Ilpusenem
Apyro# BaxHblll npuMep. Ilycts {£,} — OpTOroHa/JLHOe Pa3/oXkeHHe
enuHHnH B #6. Torna

E[X]= D E XE, (1.5)
n=1

AIBJISIETCS HODMAJBHEM YCJOBHBIM  OXHJaHHeM Ha nojaaredpy «A
onepatopoB BHjua (1.5), cornacoBaHHBIM ¢ JIOOBIM  COCTOIHHEM,
onepaTtop MJAOTHOCTH KOTOPOro NpHHaAjexHuT A. Anre6py ¥ MOXKHO
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‘onucaTh Takxke cootHoweHnem A={E,; n=1,2,...}, rge W
-0603HAaYaeT KOMMYTaHT NOAMHOXKecTBa MB(FB), 1. e. coBo-
KyIHOCTb BCE€X OrDaHHYEHHHIX 0NepPaTopoB, KOMMYTHPYIOUIHX C olle-
paropamu u3z M.

O630p pesysabTatoB 06 yCJAOBHBIX OXHJIAHHAX B ajarebpax ¢oH
Helimana umeercs B crarbsax Yekkunu B c6. [141] u [letua B c6.
[143]. B Hux xe uasiaraercs HeKOTopoe 0GOOLIEHHE MOHATHS YC-
JIOBHOTO OXHUIaHHS, NPHHaAJexalnee Axkapan v YUekkuHH.

§ 2. KBaHTOBble IHHAMHYECKHE MOJYTPYMIbI

Onpeneaenne M npuMepbl. [[MHAMHUecKas MOJyrpynna sB-
JfeTc HEKOMMYTATHBHBIM 000OCIeHHeM MOJYyTpyniie  NepPexoXHbIX
ONEepaTopoOB B TEOPHH MAPKOBCKHX CJy4aHHBIX HpouneccoB. Boamox-
HEl JiBa 3KBHBaJIEHTHHIX cHocoba 3aJaHHsi AHHAMHYECKOH  HOJY-
IpYNIH — B MPOCTPAHCTBE COCTOSIHHE W B ajre6pe HabJi0jaeMbIX
cucreMbl. K8anTog0l Juxamuueckoil noayepynnoi B NpOCTPaHCTBe
COCTOSIHHH Ha3biBaeTcsl CeMEHCTBO JHHAMHYECKHX  OTOo0parkeHHH
{¥:; t€R,} OaHaxoBa NpOCTpAaHCTBA SIIEPHHIX omepaTopoB £ (JF),
TaKOe YTO

1) ‘I"t-‘FS=‘I"t+s; t,_ SGR+;

2) Wo=1Id (toxpecTBeHHOe OTOOpaIKeHHe) ;

3) {¥,} amHO wHempepsiBHA, T. €. 11m||‘l’ [T]—T ;=0 am
Jnoboro TEL (F6).

W3 ofmell Teopuu mosyrpynm B 6aHaXOBOM NPOCTPAHCTBE (CM.,
Hanpumep, [9, ra. 3]) BbITEKaeT, uTo cymecTByeT HJIOTHO ompele-
JIEHHBI MH(UHHUTE3NMAJbHBIHA oneparop

. Yy (T)—T
K [T]=Ilim 2T =T
{0 ¢
Ecau W, nenpepoisna no wopme, t. e. lim |W,—Id|=0, To # —
-0

BCIOJlY OIpeleJieHHOe, orpaHnyeHHoe oToOpaxenue T (). Ecan S
HauaJbHOe  cocTosinHe, TO0 GyHkuus S;=W,[S,] yaoBaerBopsier
KBAHTOBOMY MapKOBCKOMY YnpasAsouemy ypasnenuoh

as
AN 2.1)

KOTOPOe fIBJsieTCs HEKOMMYTATHBHBIM aHaJjoroM ypasHeHusi Koa-
MoropoBa—YenMena. B ¢H3HuecKUX NPUIOKEHHsX AHHAMHYECKHE
IOJMYTPYNINB H BO3HHKAIOT KaK pelleHHs MApKOBCKHX  YHpaBJsi-
IOLIHX yPAaBHEHHUH,

JuHaMuyeckas noJyrpymma B ajaredpe HabmonaeMslX — 3T0 M0Jy-
rpyma JuHampueckux otobpaxennfi {@; ?€R,} aare6pe B ()
Taxag 40 Qy=Id u w*—hm O, [X]=A& pm moboro XEB(H).

) Amranfickuii TepMuH — master equation.
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Mer Gysiem B OCHOBHOM paCcCMatpuBaTh no.nyrpynnbr Hellpe pbIBHEIE
o HOpMe, T. e. TakHe, 4TO ]1m || @, —Id||=0.

IMMpumep (J116)). nych G—cerxapaéem:uaﬂ JIOKaMLHO KOM-
NaKTHas rpymna, £ -V ,— HenpepeBHOE yHHTaPHOE NPeCTaBleHHe
G B 3 u {u; t€R+}—HereprBHa$I CBEPTOYHAA NoJyrpynila Bepo-
ATHOCTHBIX Mep Ha O (cM., HanpuMep, [13]). CooTHOmeHHs

¥, [S]_§ VSV 2 (dg); @, [X]= SVZXVgp,(dg)

3a74I0T KBaHTOBble AHHAMUYECKHE TOJYrPYINIbl, COOTBETCTBEHHO,
B $(#) u B B(58).
B uyacrHocTH, mycTh A - 3PMHTOB ONepaTop B J6, TOTAA Bblpa-

Kelne

oo x2

Y, [S]= _/_1__ S e Ye—iAxSpidx
V 2nt

-_—0
‘COOTBETCTBYIOINee TayCCOBCKOH cBepTOuYHOM moJayrpynme Ha R, om-
penesser AHHAMHYeCKyi0 MOJYTPYHIly ¢ HHQUHHTE3UMAJbHBIM oOlle-

patopom
H[S]=ASA—A2S. (2.2)
Ecau U — ynurapHbiit onepaTop, A>0, To

¥, [S]— “ B g yen

n=0
SIBJAsIeTCS JHHAMH4YeCKOH MOAyTpyIINok, oTBeyaloel HyacCOHOBCKOM
CBEpPTOYHOH moJyrpynne Ha Z, ¢ HHQHUHHTE3HMAJbHBIM ONEpaTo-
poM
H[S]=MNUSU*-S8]. (2.3)

TMoHaTHe auHaMHUecKOH moayrpymnmsl Gbliio npepnoxero Kocca-
KoBCKHM [116] (cM. rakxke JlaBuc [78]), oxnako Ge3 yc/OBHA MOJ-
HOH TOJIOXHTEABHOCTH, KOTOPOEe HO37Hee ObLio BBejeHo JIMHubaa-
nom [123]. MHorHe ¢H3HyecKne NMPUMeDHl YKJ/IAAbIBAIOTCH B OOULYIO
CXeMy KBa3HWCBOOOIHBIX NHHAMHUGCKHX MNOJYIPYII, KOTOpble SBJS-
I0TCS KBAHTOBBIM aHAJOMOM FayCCOBCKHX MapKOBCKHX HOJYTpYIIm.
B cayuae KKC takue moayrpynmel XapakTepH3YIOTCs YCJOBHeM,
4YTO OHH IIepeBOAST I'ayCCOBCKHE COCTOSHHSI B rayccOBcKHe — (CM.
n. 1.2.4). B craTHCTHUYeCKOli MeXaHHKe OHH ONHCHIBAIOT HeoOpaTH-
MYIO HHHAMHKY OTKpHITHIX DBose- uan ®epMu-cucrem ¢ KBaipaTuy-
HbiM B3auMojelicteueM (cM. 0630phl [27], [56]).

2.2, UnpuunTesumMaldbubiii onepatop. TpeGosanue NOJHO#A MOJO-
JKHTENBHOCTH HaJaraetT HeTpUBHAJbHble OrpPAHHUEHHS HA HHOHHH-
TE3UMaJIbHBIA onepartop moJyrpynnbl. OnucaHHe HHOHUHHTE3HMAJb-
HOTO OIEepaTopa HelpepLIBHON N0 HOPMe KBAHTOBOH JAHHAMHYECKOH
HOJAYTpyNNbl OBUJIO HOJYYeHo JIHHAGJIAanoM H, HE3ABHCHMO B clyyae
dim #6 <C oo, T'opunn, KoccakoBckuM u CypapiiaHom.
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Teopema ([123]). Aast toro uto6el orpaHHyeHHoe OTOGpaxe-
Hue K npocrpanctBa (/) 6bl10 HHPHHATE3HMANBHBIM OMEpPaTo-
POM HeNpephBBHOH NO HOpMe KBAHTOBOH JMHAMHYECKOH NOJyrpyi-
nbl, He00X0UMO H AOCTATOYHO, YTOOH

. \ " *
K [Sl= —i[H, S|4+ 2, (L;SLj— L;LpS), 2.4
j=1

J

rae H, LB (), H=H* u pan 2 LjL; CXOZUTCA CHIBHO.
f=1

J
[Tepsoe craraeMoe B (2.4) oTBewaer OGPaTHMON 3BOJIOLHH
C raMWbTOHHaHOM /7, a BTOpOe 3ajfiaeT JAUCCHNATHBHEIE YJEHSI.

o0
Omnepatop Z L;L; cBAsan co CKopocThio jauccumauuu. [lepexons
j=l
K GopMy/MpPOBKe B aare6pe HaGMIOAdeMsX, uMeeM AJ1a HHbUHHUTE-
3UMa/bHOTO olnlepatopa & — HK'* moayrpymms @,— ¥y

L X]=i[H, X]+ X (LiAL;— LiLpX). 2.5)
j=1

B ocHOBe noKasaTesbCTBA TEOPEMHL JieKaT CJAELYIOLIWE  JBA
dakra [123], [84].

[Ipennoxenne Ilycts & — orpanuuenHoe  otobpakeHue
B(#) B cebs, Takoe uro L[1]=0. Caenyiomune yTBepKACHHS 3IK-
BHBAJIEHTHHI:

1) exp {% Bnosne MONOXKHTENbHO 415 BeeX 16R,;

2) & snoane duccunarusno, T. e. L[ X*]=ZL[X]}* u

N (@ X X~ KL [ X — L[N X e ) =0
JIk

I JIIOOBIX KOHEUHbIX HaGopoB {;} =, {X;}=B(H);
3y Z[X*=Z|X]* u & ycaosHo snosxe MOAOHUMEALHT
T. €. H3 2 Xpp;=0 caenyer
j

N 9| LXK A ) >0,
Jak

dro yrBepkAenue poAcTBeHHO TeopeMe lllenGepra B TeopuH yc-
JIOBHO IIOJIOKHTENBbHO ONpejlesdeHHbX (yHKuu# (cM.,  HaIpHMep,
[138], a Takxke m. 4.2.4).

Teopema. Ilycts & — orpannuenHoe oroGpaxenue B(H) B
ce6s, takoe uro Z[I]=0. Hdas toro uto6n & OBIO BNOJHE AHCCH-
TAaTHBHBIM, HeGOXOANMO B AOCTATOYHO, UTOOHI

PIX]=O[X]+K*X+XK, (2.6)

rie @ — BNOJHe HOJOXHTEIbHOE oToOpaxeHue, KB (6).
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Coornomenne (2.5) moayuaercs toria u3 dopmydn (1.3) mas
HOPMaJILHOT'O BIOJIHE MOJOMKHTEJbHOr0 0TOGDAKEHHUH.

HoxkasatesbcTBo (GopMyasl (2.6) moxker GbITb CBsI3aHO C KOTO-
moJsiorusamMu ajnrebpel B(H). Koncrpykuus tuna FHC conmocrassser
BIOJIHe AMCCHIIATHBHOMY oToOpakeHuio & JuHeliHoe ortobpaxe-
HHe B auare6pnl B(H) B npocTpaHCTBO OrPAHHYEHHBIX OMEPATOPOB
U3 J6 B & (npyroe rasib6epToBO MIPOCTPAHCTBO), TAK UTO

L[ X*Y—X*@[Y]|—Z[X]*Y=B[X]*B[Y].

Bosee Toro, orobpaxeHne B okaspiBaeTcss KOL U KJOM HEKOTOPO-
ro mpejacrasJjenus (*-roMmoMopduama) m anrebpel B(FH) B B(K),
T. e, YIOBJETBOPseT YpaBHEHHUIO

B[XY] = X]B[Y]+B[X]Y; X, Y€B(56).

OCHOBHYIO TPY/JIHOCTb IIPeACTaBJsieT A0KA3aTeJbCTBO TOrO, YTO BCS-
KHfi KOLHKJ TpHBHAJeH, T. e. uMeeT BUA B{X]=n[X|R—RX, rue
R — orpanuyeHHbl# onepartop u3 J6 B #. Kpucreucen u dpanc [76]
0606ILINIH 3TOT NOAXOA M MOJIYUHJH aHaJor npejacrabieHus (2.6)
JIJ18 IpoH3Bo/bHOH C*-anre6pel onepaTopos.

2.3. CBoiicTBO KOHCepBaTMBHOCTH., [IpoOsema xapakrepusaiuu
HHQHHHTE3HMAJIBHOTO OllepaTopa DHHAMHYECKOH moayrpynnsl 0es
Tpe6OBaHHa HeNpPepLIBHOCTH IO HODMe TPYJAHa H OCTAeTCs OTKPHI-
to#. HeTpuBHaJ bHOR §BJSETCS M 3ajaua NMOCTPOEHHS AHHAMHYECKOH
MOJIYTPYNNbL Mo (POpPMaJLHOMY BbIpaxkeuuio tHna (2.5), rae H,L,—
HeorpaHMueHHbe onepaTophl. [sBuc [79] ykasas xoBOJbHO ofbLIxe
yCJIOBHSA, MpH KOTOPHX ¢ (OpMaJibHBIM BBHIpaxeHHeM (2.4) acco-
UHHPYETCS CHUJBHO HENpepHIBHAS HOJYTPYMNa BHOJHE MOJIOXKHTENb-
HBIX oroOpaxenuil {Dy; t€R,}, Takas urto

O[I]<I,

H ABJsIOIAsICH AHAJOrOM (e1JepOBCKOr0 MHHHMAJBLHOTO pelleHus
B KJIaCCHYeCKOH TeOpHH MapKOBCKHX mpoueccoB. Ecid muHHMAB-
Has TOJYTPyNNa kKOoHcepsarusne B ToM cMbicae, uro D,jI1=I, To
ona fABJAseTcs €JUHCTBEHHON IHHAMHUeCKOfd nosyrpymnofi, nHQHHHA-
TE3UMAJbHBI omepaTop KOTOPOf SIB/ISETCSl 3aMBIKAlMeM olepaTopa
(2.5). HekoncepBaTuBHOCTb, KaK M B KJAaCCHYECKOl TEOpHH, CBA32-
Ha C BO3MOJKHOCTBIO «yX0JA4 HA HECKOHEUHOCTh» 3a KOLEUHOoe BpeMs.

MMpumep 1 ([79]). Ilycts F6=1[2— rusnbeproBo  mpocTpan-
CTBO mnocjefoBaTenbHocrefl {Y,; n==0} u «omepaTopbl PpOXKIEHHSA-
YHHUTOXEHHA> a*, a onpeneseHsbl COOTHOIUIEHUAMH (a*) =
=Vapa-1, (ap),=Vn-+1 P,y PaccMoTpum ympaBasiioliiee ypasue-
HHE

as
—d—t-‘——_—LStL*—L*LoSt,

rie L=a*2 L*=qa? a S;— AnaroHajpHBi Oomeparop  IJOTHOCTH
B [2. JluaronasibHbie 3JeMeHTH p,(t); n=0,1,..., omeparopa S;
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YAOBJETBOPAIOT YPABHEHHIO YHCTOIO POXKACHHSA

dp;tm = — (14 2+ 1) P, () Fr(n—1) pos(®),

MHHHMa/bHOE pelleHHe KOTOPOro HeKOHCePBATHBHO, zp,, (H<1

n=0
pu ¢>0,

J3BHC faj JOCTATOUHBIE YCJIOBHSI KOHCEDPBATHBHOCTH, IPHIOX-
Hble AJs Kjacca Mojeseli KBaHTOBOH AM(Oy3uH.  OpHIrHHaJbHBIE
o01He ycJaOBHSI KOHCEPBATHBHOCTH, OCHOBAHHBIE HA AHAJOTHAX C
KJ4aCCHYEeCKOH TeopHell ~ MapKOBCKHX  TIPOIECCOB,  MPEAJOXKHJI
A. M. Yeb6orapes B [49], [35]. Paccmotpum n/st mpoctoThl ciayyal
(bopMasIbHOrO HH(PHHHTE3HMaJbHOTO ONepaTopa

PIX]=L*XL+K*X+XK,

rge L, L* K, K* — omepaTtopbl, HMeWIHe MIOTHYI0 06I0yl0 HHBA-
pranTHyi0 objaacts ompefesienus 9. Ilpenmonaraercsi, uto 2D —
cyluecTBeHHass obJacTh ompejleseHus auas onepatopos K, K*, xo-
TOpble SBJSIOTCS HHGHHHTE3HMAJbHBIMH  ONEpaTOPAMH  CHJBHO

HelpepbLIBHBIX CXKUMAIOUIHUX MOJYIpynn B J6, U 4TO K=—§ L*L+4-

+iH, rne H — caMoconpsKeHHBI#l omepaTop. YCJOBHS KOHCEpBa-
THBHOCTH HMEIOT BHJ

(L, L¥]=—cl, i{[L*L, H]>>—cL*L,

rie ¢>>0 ¥ HepaBeHCTRA HMOHUMAIOTCSI KAK HEPABEHCTBA IJIfi COOT-
BETCTBYIOIIUX (popM, omnpejedeHHbX Ha 9. IlpeacrtaBaenne o
JHanasoHe NPHMEHHMOCTH 3THX YCJOBHH JAIOT JBa IPUMEpA.

Opumep 2. Ilyers #=L*R), Q—onepatop YMHO:KeHUs
Ha x, P=i" Iddx, @ (x) — nBax el HenpepsiBHO anddepeHuupye-
maa Gyukuus. PaccMoTpuM dopMambHoe BsIpaXeHHe

ZL[AXl=Pa(Q) Xa(Q)P —Pa(Q)2P-X. 2.7
Ecin A —onepaTop YMHOXEHHa Ha ABaxJs HelpepsiBHo audde-
peHuupyemyo gyskumo f (x), to £ [A] ecrb onepatop YMHO ke-

L 4 2 21
HHSL HA 5 —= {&(X) e ), T. €. COBHajaeT ¢ HH(MHHATe3uMa JbHbM

onepaTopoM CHMMeTpPuuHOH IubddysHH Ha KOMMYTATHBHON MOaa-
re6pe L™ (R)CD(L2(R)).

¥YcnoBua A. M. UYeborapesa BGITIOJHA FOTCA, ecu
supa(x)a’(x) < co.
X
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[Tpumep 3. B oGosnauenusx npeibiAyliero NpHMepa pac-
CMOTDHEM BbIpaXeHue

Z[X]= | m@e)e@ &Vixve@, o—

—_C0

— | m@e)|c@Q 524, 2.8)

-—00

rie V.=exp(—ixP), m — BeposiTHOCTHasi Mepa Ha R, ¢ — Kom-
IJIeKCHAast H3MepHMas (yHKUMs, TakKas uro x(x)=Jm(dg)|c(x,
E) |2<C oo gas Bcex x. Ha komMyraTusHOH nogagre6pe L= (R) (2.8)
COBHIAfaeT ¢ HHpHHHTE3UMAJBHBIM ONEPaTOPOM CKAukooOPasHOro
MapKOBCKoro mpouecca B R ¢ HHTeHCHBHOCTBIO craukoB x(x). o-
CTaTOYHbLIE YCJOBHS KOHCEPBATHBHOCTH BBLINOJHSAIOTCS, €CAH

sup | m (x| d8) [ (¢ + ) —# (9)] < co,

rae m(x|dg)=m(dE)|c(x, E)|*/=(x) — ycaoBHEIE BEPOSATHOCTH
CKaUYKOB,

ITonyuennsie B {49] yc/ioBUSI KOHCEPBATHBHOCTH IIO3BOJISIIOT pace
€MOTDETL TAKXKe CYMMHI BhIpaxkeHn# tuna (2.7), (2.8) u ramuas-
TOHOBHIX uWeHoB BHAa i[H, X] ¢ HeorpanuueHHsiM H.

2.4, KomapuantHble sBoawouud, Ilycre g—V,— npencrannenne
B ¢ rpynnu G, omHCHIBAKOILEH CHMMETPHH OKPYXKEHHS OTKpHITOH
KBAHTOBOH cHcTeMBl. JluHaMuueckast moayrpynna {¥,; t€R,} Ha3wl-
BAeTCS KOBAPUAHTHOH, ecllu

W V.SV, =V, W [S]V,*

Ias Bcex S€& (), geG, teR,. CrpyKTypa KOBADHAHTHBIX BIIOJIHE
MOJIOXKHTEJIbHEIX OTOOpaxenuii paccMorpeHa B [149]. B koneuwno-
MepHOM cJiydae MOJyYeHa AOCTATOYHO TOJHAsh KJdaccuduxalus HH-
(HHHTE3HMMAaJAbHHX ONMEPaTOPOB AMHAMUYECKHX INOJYrpynl, KOBapH-
aHTHBIX OTHOCHTEJLHO TPYIN NIpOCTpaHCTBeHHHX cumMerpui {93], [1].

IIpumep. PaccMorpum sBosonnio (2.1) OTKPBITOH CHCTEMBI CO
cnyHoM 1/2 (dim #=2; cM. n. 1.1.6), KOBapHaAHTHYIO OTHOCHT@JIb-
HO pefictBusi rpynnsl SO (2), cooTBeTCTBYIOILEH aKCHANBHO CHMMET-
pUUHOMY OKpyxeHuwo. IlpencraBieHue uMeeT BHL ¢—>€%%, rje
@€[0, 2rt). O6muit Bux UHPUHATE3HMAJBHOTO ONlePaTopa KOBAapHAHT-
HON AMHaMHYECKOH IOJYrpYHINbI

1
L(S|=—i[H, S|+ X c;(L,SLy—LiLpS), 2.9)
j=—1
rae Cj>0, H:%’(ﬁ)ocg, L—-l ———‘712:-(0'1—i0'2), LO—:Gg, L1=

(o) +i0y). Tlonaraa S,=S (a;), A1 BekTopa a, HMeeM

S
—7F
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YypaBHeHue Buoxa

o [ =TT e 0 0
-1
= —o —T7T 0 la+| o | (2.10)
0 0 Ty | oo /T

-1 —1
rne 77 =2¢,+(ci+ca) Ty =2(q+cy),  co=2T (c;—cy).
Ypapnenue (2.10) onuchiBaeT peJaKCalui0 COMHHZ B aKCHAJLHO-
CUMMETPHYHOM MarHHTHOM moJqe. Ilapamerp Ty (7)) uMeeT cMbICT
BpEMEHH NPOJAOJBbHON (molepeuHol) peJsakcanud. [lpu £ — -+ oo
0
a,~| 0 |, rak ytro S, cTpeMuTCs K HOpeneIbHOMY COCTOSAHHIO
Coo

Seo =2 (I cat).

Un¢pnunresumannubiét oneparop (2.9) BHoane pHccHUNaTHBEH,
YTO HaJjaraeT HETPHBHAJbHbIE OrDaHHUEHHS Ha (pU3MYECKHe mapa-
Merpel 3Bosonud. Mwmenno, 27, -'—T "1=2¢0=0, orkyna 2T =
=T, [93].

B cepun pafor, 0630p KoTOpHIX HMeetcs B [83], omucaun uudpH-
HUTE3HMaJbHble ONlepPATOPbl HHBAPHAHTHBIX JAHHAMHUECKHUX IOJY-
rpynn (He o6s3aTeNbHO HeNpepBLIBHLIX MO HOPME), JAEHCTBYIOLINX
TOXKIECTBEHHO Ha ajre6pe HHBAPHAHTHBIX 3JEMEHTOB.

2.5. dproguyeckue cBofictBa. Ecau @ — pquaamuueckoe orobpa-
xeHne, to cemMeiictso {®* k=0, I, ...} MOXHO paccMaTPHBaTh KakK
JHHAMHYECKYIO MOJYTPYNNY C AUCKPETHHIM BpeMeHeM. ACHMOTOTH-
YeCcKHE CBOHCTBA TAKUX MOJYIPYIN NPH k—-00 SIBJASIIOTCS HETPHUBH-
anpHbIM 0600LIEHNEM 3PTrOAHUYECKOH TEOPHU AJSi KJIACCUUYECKHX Ile-
neit MapkoBa. CBOHCTBO MOJIHOH TIOJIOKUTEJNBHOCTH HCIOJNB3YETCS
IIpY 3TOM JIHUWbB TOCTONBKY, MOCKOJBKY OHO BJI€UEeT HEePaBeHCTBO
Kaaucona—IllBapua (1.2), a sproandeckue TeopeMul AJsS CpPegHHX
BEPHBI JUJISI TIOJIOKHTENBHBIX OTOOPaXKeHHH.

B SoapminHcTBe paboT B TOH WAHM HHON ¢opMe IPHCYTCTBYeET
Nnpeano/JoKenne, 4ro @ HMeeT TOYHOE HOPMasJbHOE HHBApHAHTHOE
COCTOSIHHE, T. €. COCTOSIHHE ¢ HEBBIPOXKIECHHHIM OINEPATOPOM MJIOTHO-
cti S., Takoe, uto Tr SO[X]=Tr S.X nas Bcex X€B(54). Unmeer
MECTO 3ProjHUecKast TeopeMa AJst CPenHly

k
w* —fim — 3 O [X]- & [ X], @.11)

B >0 7=0
rie &. — ycJoBHOE OxHjaHUe Ha nopanrebpy ¥. HHBAPHAHTHHX
sneMenToB @. B pasHoi cremenu OOIIHOCTH 3TOT pe3y/bTaT OblLI
noayued . I'. Cunaem, E. A. Mopososoil u H. H. Uennoseim, Kiom-
MepepoM H ApyruMu aBTopaMu (cM. o63op [27]). CoorHomenue
(2.11) MoxHO paccMaTpuBaTh KakK 0006IieHHe 3aKOHA OGOJbIIHX
yycena. MHoro BHUManusi ObIJIO y/JE€JEHO paclpOoCTPaHEHHIO TeopeM
tuna (2.11) Ha HeorpaHHUYeHHBIE ONEPATOPbl H H3YYEHHIO HEKOMMY-
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TATHBHOI'0 aHAJOTra CXOAMMOCTH NOUYTH HaBepHoe B aJjre6pax ¢ox
Hefimana. Tlonpo6ubiii 0630p 3THX pe3yabraTos aaH B. B. Anuiese-
Buyem H M. II. T'oabamrefinom B [34], Tletuem B [141], dire [111].

Oro6paxenue ® wenpusooumo (Issuc, dBanc), ecau He Cy-
wectByer npoekropa P#0, I, Takoro uro ®[P]=P. TlocaegHee pa-
BEHCTBO PABHOCH/JBHO TOMY, uYT0o mojaarebpa omepaTopos BHAA
PXP;, Pe®(5) wnBapuantHa ortHocuresbo @. HenpuBogumocts
SKBHBaJIEHTHA €IHHCTBEHHOCTH MHBAPHAHTHOIO COCTOAHHA S. H OJ-
HoMepHOCTH nojanrebpsl ¥.. Ilpu atom B dpopmyae (2.11) &.[X}=
=(Tr S.X)-1. das HenpuBoAuMOCTH oro0paxenus @, 3anHCaHHO-
ro B Buie (1.4), Heo6X0AUMO H JocTaTOuHO, uTobH {V,; n=1, 2, ...
oo Y'=9B(H), rae A= (W)’. [as HENPHUBOIAUMOIO OTOOpPaXKEHHS
uMeeT MecTo anajor teopeMbl [leppona—®Ppobenuyca, oTBeyar Ui
Pa3oKeHHIO 3aMKHYTOTO KJacca COCTOAHUA end MapkoBa Ha HOJ-
Kjaaccel (3OBaHc, Xer—Kpon, Anbbesepuo; cM. o630p [27]). Cayuait
dim 6 << oo geranbHO paceMorpeH takXe B kuure T. A. CapriMca-
koBa [31].

[Mycre Teneps {®@,; t€R,} — xBaHTOBas [QHHaMUYecKas MOJY-
rpynna, HMewlinas TOYHOEe HOpMaJjibHOe HHBADHAHTHOE COCTOAHHE
S.. Has nee rakxke uMeeT MecTo 3proauyeckas reopeMa JJsi cpef-
HuX (cMm. o63opel [27], [94]). Henpuoiumble NOAYCpPYNIBl H3YYAJAH
Hspuc, Isaunc, lnon, @punxepuo (cm. {78], [152]). Heobxopumoe
H J0CTATOYHOE YCJOBHE HENPHBOAMMOCTH AHHAMHUYECKOH MOJYTpyI-
bl ¢ HHGHHHTE3UMaNbHBIM onepatopoM (2.5) cocTOHT B TOM, 4TO

{H, L, Lj*; j=12, ... Y=9(#).

JIsi HeNpUBOAHMBIX KBAHTOBHX JUHAMHUECKHX IOJYIPYNI ¢ He-
IpepbIBHEIM BpeMeHeM HMEET MEeCTO cyIIeCcTBeHHOe YCHJeHHE 3DPro-
Auueckol teopeMbl (cM. [94])
w* — lim &, [ X]=(Tr S X)-1.
t—>4o0

I1oT (PakT He MEPEHOCUTCSI HA JHHAMHYECKHe IOJYrpPYNIbl B IIPOH3-
BOJbHEIX anre6pax ¢oun Heiimana. O6o6iieHns Ha 3ToT caydadl apy-
IHX aCUMITOTHYECKHX CBOHACTB, CHEKTPaJbHOH TEOPHH H TeOPEMH
ITeppona—®Ppobennyca moapobHO paccMOTpeHH B o6G3ope I'poxa
[94].

OcHoBHble (H3HYECKYE PHMEpPHl 3ProAHYeCKHX [IHHAMHUYECKHX
NOJYIPYNI OTHOCSITCA K KJacCcy KBA3HCBOOOJAHBIX MOJYrpynl, /s
KOTOPBIX 3PTOAHYHOCTb YCTAHABJHUBAETCS HENOCPEACTBEHHO (cM. 00-
sop [27]).

2.6. Pacumpenus anHamMuyeckux moayrpynn. C TOUKH 3peHHSA
CTATHCTHYECKOH MeXaHHKH 3aKOHOMEDEH BONPOC — HAaCKOJIbKO MO-
HATHE JHHAMHYECKOM MOJYrPYINOEL corjiacyeTcd ¢ GoJsiee yHpaMeH-
TaJbHBIM 33aKOHOM 00paTHMO# 3BOJIOLHH NAJ5 H30JHDOBAHHOH CH-
cTeMbl. B (¢u3MYeCKHX TNPHUIONKEHHSIX YIOpaBJsdwllee YpaBHCHHE
(2.1) moayuaercs npH pacCMOTPEHHH B3aHMOAEHCTBUSI KBaHTOBOH
CHCTEMHl C OKDYKEHHEM B MAapKOBCKOM NPHOJHXKEHHH (Ipenenan
caaboro uauM CHHryJsipHoro BaauMojefictBusi). Crtporoe o6ocHoBa-

6—9280 81



HHe Takoro npub/HKeHHs TpefyeT AOCTATOYHO rPOMO3JAKHX OLEHOK
haxe AJs mpocthix mozenell. Mimeercs psim o63opos [152], {56}, [93],
[27], [52], B KoTOpHX 3Ta mpobjeMa KBAHTOBOH CTATHCTHYECKOH Me-
XaHHKH HOJYYHJa BCECTODOHHEe OCBelleHHe, M JydlIee, 4To 3Jech
MOXKHO NPEJJOXUTb — 3T0 0OpaTHTBCSA K OJHOMY H3 3THX 0030DOB.

B mpuHIHNHAJLHOM IJaHe HPEICTaBJIseT HHTEpPeC TaKxke Io-
CTaHoBKa 06paTHOH 3ajfa4yH O PaCIIHPEHHH AHHAMHYECKOH IHOJY-
rpynnsl Ao TpPyNnel aBTOMOp®H3MOB, T. e. mpejicraBjieHHe MapKOB-
CKOI JHHAMMKH 4epe3 OODaTHMYK AMHAMHKY OTKPBITOH CHCTEMHI,
B3aHMOJAEHCTBYIOUIEH C OKpYKeHHeM. BO3MOXHOCTD TAKOro pacuiu-
pensst ofycJioBJeHa, raBHbHIM 006pa3oM, CBOHCTBOM HOJHOH MHOJIO-
xkurteabHocTH (IaBuc; Idsanc, Jlbiouc; cm. [84]).

Teopewma. Ilycty {¥,; 16R,} — HenpepHiBHas [0 HOpMe AHHA-
MHuecKas HoJyrpynna B mpoctrpaHcTse cocrosunit & (56). Halnyres
ruab6epTOBO MPOCTPAHCTBO JGo, cOcTOsiHME Sp B #6p M CHIBHO He-
npepHBHAs TPyNa YyHUTapHeX omepaTtopoB {U;; t€R} B QR Ho,
TaKHE YTO

II‘rt([S]=Tr%0Ut<S®So)Ut*, SG@(%),

nas Bcex t€R,.

B n. 5.2.2 Gyner npuBeAeHa dBHAsT KOHCTPYKLHsSI pacIIHPeHHS,
JNONYCKAINAA IIPO3pauHOe AHHAMHKO-CTATHCTHUYECKOE HCTOJKOBA-
aue. Caenyer OTMeTHTb, YTO OJIHA W Ta Xe AHHAMHYECKas MOJy-
rpynna MoXer UMeTb MHOTO He3KBHBAJEHTHHIX pacUIMpeHHil (Aaxe
ecad Tpe6OBaTh MHHHMAJbLHOCTD pacmupenus). JlONOJHHTENbHBIA
CBET Ha CTPYKTYPY BO3MOXKHBIX PaclIHDeHHH# NPOJHBaeT NOHATHE
KBAHTOBOTO CjyyaiHoro mpoiuecca. CoriacHo onpejpesieHHI0 AKKap-
au, Ppusxkepuo u Jlpwouca (1980), ksanroseild cayuatinbii npoyecc
sanaercsa tpoikon (¥, (j.), @), rne ¥ — C*-anrebpa, (j.)..r — ce-
MeHCTBO *-TOMOMOP(H3IMOB HEKOTOPOH GuKcHpoBaHHO# C*-ajre6pHl
B B ¥, ¢ — cocrosnye Ha Y. Ilpu onpenesieHHLIX YCIOBHSIX peryasp-
HOCTH KBAHTOBHH CJy4YaHHBIH nmpolecc OAHO3YaYHO C TOUYHOCTBIO A0
3KBHBAJEHTHOCTH BOCCTaHABJMBAETCA HO KOPPEASUUOHHbIM [OpaM

'Zﬂ)tl,,..,t,, (Xl’ e ey ‘X’n; Yl’ ""Yn):

=@ (X)* o Je (X)¥ e, Vo) o, (V1)

(HexommyraTuBHblil aHajnor teopemnl A. H. Kosamoroposa o mpo-
JOJKEHHH CHCTeMBl KOHEUHOMEDHHIX paclpeieseHnuii) (cMm. c6op-
HHK [20]). B kaaccuueckoM ciydae % H 8 KOMMyTaTHBHHE ajreGpHl
H3MeDHMBIX OTPaHHYEHHHX QYHKIIHH, COOTBETCTBEHHO, Ha HPOCTpaH-
CTBE 3JIEMEHTapHBIX HCXOHOB £ M Ha (Pa3oBOM HPOCTPAHCTBE CHCTE-
Mul E, (j:) ompenensieTcst ceMelicTBOM cJ/ydaiiHbIX BeJHYHH Ha
co 3HaueHMsAMH B E, a ¢ — GYyHKIHOHaA MaTeMaTHYeCKOTO OXHAa-
HHS, COOTBETCTBYIOUIU} BEPOATHOCTHON Mepe Ha Q.

C KBaHTOBHM cCJy4YafiHBIM TIPOLLECCOM CBSSHIBAIOTCSA ceMeHcTBa
noganrefp <«mIpoILIOro», «HACTOSANIEro» B «OyNyIIero»

A=V j(B), =j,(®), A=V j;(B).
st ) s>t
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ITpouecc HassiBaeTCs MapkoscKum, ecd CyllecTByeT corJaco-
BaHHOE C ¢ CeMeHCTBO YCIOBHBIX OXHUIAaHUH (_gt])/ER 3 % na Yy,
Takoe 4TO

é9’] (Q[[f)_c_%tv

KOBAPUAKMHKBLM MAPDKOSCKUM, €CIH AONOJHHTENbHO CYLeCTBYeT
rpynmna #-aeToMop(HaMOoB (%)tgr T eGpei A, raxas uyro a, (¥ =
=tsp; £, 56R, ¥ oy Espra_ =&r15), U cMAYUOHAPHOIM NAD-
KO8CKuM, €M ¢ HHBAPDHAHTHO OTHOCHTEJbHO (o). Jlis KoBa-
PHAHTHOT 0 MapKOBCKOI'O NPOIecca COOTHOUIE HHE

O,[X]=j7'&njlX] 2.12)

NPH BHIOJHEHHH HEKOTOPBIX YCJAOBHH HEPEPHIBHOCTH ONpelesisieT
JMHAMHYecKylo noayrpynny B 8. O6paTHo, BCsikasi HeIpephiBHAsi IO
HOPMe KBaHTOBasl AMHaMuueckas noJayrpynna {®.} pacmupsercs 1o
KOBADHAHTHOTO MapPKOBCKOIO IIPOIlecca, YAOBJISTBOPSIOIIETO COOT-
nowenuw (2.12). Ecan xe nuHamuueckas NOJYTpPyNNna yAOBJETBO-
pAeT YCJNOBHIO NEeTaJbHOTO DaBHOBECHs, TO OHa pPaciHpseTcs A0
CTAIlHOHADHOrO MapKOBCKOIO KBAHTOBOTNO c/aydyallHOro mpolecca
(Fopuun, Ppuaxepno). Ycaosue 0eTasbH020 pABHOBECUSI OTHOCH-
TeJbHO cocTosiHusg S aas moayrpynnsl {®.} B () osHauaer, 4TO
CYILECTBYeT Apyrasi jHHamuueckasi noayrpymna {®,+} B B(H#), Ta-
Kaf 4ro

Tr SOAX]Y=Tr SXO,[Y]; X, YeB(36),

¢ MH(UHHTE3UMaNbHHM oneparopoM £+, yAOBJIETBOPSAIIAM COOT-
HOULIEHHIO

PIX—ZHX]=2i[H, X],

rne H6B, () (cocrosinve S ¢ HeOGXOAHMOCTBIO OKa3bBaeTcs CTa-
uuoHapHuM 1ast @, u @,+). o cuX IIOP OTCYTCTBYET IIOJIHOE OIH-
CaHHe AMHAMHYECKHX MOJYTpPyNN, JOMyCKAIOIIHX CTalHOHapHHe
MapKOBCKHe PacilipeHHs.

®punxkepuo 1 Maaccer [87] ykasanu mupokufi Kracc Inoay-
IPYNI, He YIOBJETBOPSIOIHX YCJOBHIO AeTaJbHOTO PAaBHOBECHS, HO
JMOMyCKAIOUHX PaclIHpeHHe ¢ NOMOUIBIO «KBAHTOBOI'O Iy aCCOHOBCKO-
ro npoiecca»., CucreMaTHUeCKOe HCCJAEA0BaHHEe CTALHOHAPDHHX Map-
KOBCKHX pacmupenuii npegnpunsa Kiommepep [119]. On ycranosun
NpPSAMYIO CBSI3b MEX]y 3PrOAHUECKHMH CBOHCTBAMH [HHaMHYECKOIO
0T06paxKenHs (HENPUBOAMMOCTD, c1aGoe, CHibHOE TiepeMelIHBaHue)
H €ro MHHHMAJbHOTO CTAIHOHAPDHOTO MADPKOBCKOIO pacllHpeHHUs.
KioMmepep u Maaccen [120] moxasaJsu, 910 KBaHTOBas AWHAMHUEC~
Kasi IOAyrpynna B KOHEUHOMEPHOM THJILGEPTOBOM IIPOCTPAHCTBE AQ+
OyCKAaeT CTAlHOHADHOE MApPKOBCKOE PacIiHpeHHe ¢ MOMONIbIO Kjaac-
CHUYeCcKOro cayda#HOro mpouecca TOoraa H TOJNBKO TOrAad, KOraa ee
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‘UHOpUHUTE3UMAJIbHBIA OTIepaTOp HMEeT BUM
k
LX|=i[H, X]+ 3 (AXA —A%X)+
s=1
‘ (2.13)
+ D0 (U XU, — X),

r=1

rae A, — spmuToBnl, U, — yHHTapHBEIE Omepartopsl, A.>>0. Omeparop
(2.13) sBasercs cymMol Bhipaxenuit (2.2), (2.3), coorBeTcTBYIO-
UIHX FAyCCOBCKUM H NYacCOHOBCKHM IOJYILPYIIaM, a pacHIupeHHe
[OJIy4aeTcst ¢ MOMOILBIO CayyalHOro OJyXKAaHHS Ha CpylNe aBTo-
Mop¢pusmor anreGpur M,.

HeonHoaHayHOCTh pacluMpeHHss AMHAMHYECKOH NOJYTPYIIbl [0
clyyafiHOro mpoiecca cBs3aHa ¢ TeM, YTO 3HaHHe moayrpynnsl {@.}
[O3BOJIAACT BOCCTAHOBHTH JHIIb XPOHOJOIHYECKH-YIIOPSI0UeHHEIE
KOPpeasiliHOHHbIE fADa

wh....,in («le ey Xn; Yl’ caey Yn)z

=, ((Dt‘ [Xi:(th_tl [ . .(Dfn__fn_l [X;L Yn] . ']YI])’

o Kotopeix O0<Zfi<C ... <<f, (3mecs o= |¥ — HAYaJbHOE CO-
CTOsIHHE). B KaaccHueckofl TeOpHH BepOATHOCTEH KOppeNsllHOHHbIE
sAapa 3aBHCSAT OT BpeMeH fy, ... f, CHMMeTPHUHBIM O0Gpa3oM; U3
BecTHas KOoHCTpYKIus KosmoropoBa—[lanusng oxHO3HAYHO cOMO-
CTaBJISIET MOJYTPYIIIE MEPEXOAHBIX BEPOATHOCTEH MapKOBCKHHA Mpo-
ecc, ABJAKUIHACA ee MUHAMAJBHBIM DACHIHPEHHEM AO TpPYANBl Bpe-
MEeHHBIX CJABHFOB B HpoOCTpaHcTBe TpaeKropu#l. Onpenenenue
KBAHTOBOrO cJyyaHHOro mpolecca, OCHOBAHHOE TOJHKO HAa XPOHOJIO-
THYECKH-YIIOPANOUEHHBIX sApax, Obuio npeanoxenHo JluHpbmaagom
[124], HexomMMyTaTHBHBIE 0000UIeHHST KOHCTPYKUHH Konamoropora—
Haunsnst paccMatpuBanuch Buncenr—Cwmurom [161], B. I1. Benas-
kuneM [3], CoBaxo [146].

Anuukn u Meccep yCTaHOBHJHM CYILIeCTBOBaHHE H eJHHCTBEH-
HOCTh PelIeHHS KJacca HeJ HHeE I Hbl X KHHeTHYECKUX YDaBHEHHH,
B UACTHOCTH, KBAaHTOBOTO ypaBHeHHs DosplMana:

Dl —Tre)W (S:@S)W*—(TrS)- S, .14
rae W — yHuTapHbIi <ONEpaTop MapHBEIX CTOJKHOBeHUH» B J6QIF,
Tre, — 4acTHYHBIA CJef 70 BTOPOMY MHOXHTENI0 B Q. Orse-
yas Ha Bonpoc, noctasjeHunft CrputepoM B [143], Ppuaxepuo H
Apartapu NOCTPOUJIH PaCHIHPEHHEe «HEJHHeHHOHN KBaHTOBOHR AHHAaMH-
gecKofl MOJYIpyNnel», onpeaenenHoll ypaBHenuem (2.14) mo yHu-
TapHOHM SBOJIOLHH B KBAHTOBOH cHCTEMe, COCTOsAIel U3 6eCKOHEeUHO-
'TO 4HCJa YAaCTHI ¢ MapHBIMH B3aHMOJEHCTBHSIMH (KBaHTOBOE 06006-
niende «kapuratypsl Mak—Kuna» kiaccuueckoro ypaBreHus boub-
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uMana). B. I1. BeaaBkun [4] gan KOHCTPYKIIHIO KBAaHTOBOIO BeTBS-
IErocs mpouecca, B KOTOPOM OJHOYACTHUHAA JHHAMHKA ONHCHIBAET~
csi MOJNYTPYNIOH HEJHHEHHHX BIOJIHE NOJIOKHTENBHBIX OTO0paxe-
HUH o61ero BHAA.

T'rasa 4
HNOCJIEAOBATEJIbHBIE U HEHNPEPBIBHBIE HPOUECCHLI U3MEPEHUA

§ 1. CrarHcTHKA NocCJaenoBaTeNbHBIX H3MEpPeHHH

1.1. Monsatne mHcTpyMeHTa. PacCMOTPHM MNOCJe10BATENbHOE H3-
MepeHHe ABYX BelHYHH X, Y, NPHHHMAIOINHX 3HAUEHHS, COOTBET-
CTBEHHO, B MHOXecTBax & U %, Koropoe ocyllecTBJsercss Hal CH-
cremofi B coctosaun S. CoBMecTHasi BEPOSITHOCTE TOrO, YTO HCXOJ
IepBOro M3MepeHHs X NOoNajaer B MHOXKecTBO A, a HCXOJL BTOPOTO
y nonanaer B B (rae A&, B9 ectn

ns(4; B)=ps(A)us(B|4), (1.1)
rie pus(A) =ps(4; %) — BeposarHocTs TOro, uro X€A, a us(B|A) —
COOTBETCTBYIOIIASl YCJAOBHAsi BeposiTHOCTh. OOo3nauuM S, cocrof-

HHe CHCTEeMBl IIOCJe MEPBOro U3MEepeHHs (OHO 3aBHCHT TakXke OT
S, vo ue sasucur or B). Toraa, cornacuo (2.1.4),

us(B|A) =Tr S,M(B), (1.2)

rae M — pasnoxenue elHHUIIB, oTBevamwiee Beanunne Y, Ma (1.1),
(1.2) BHAHO, 4TO (PYHKLHS MHOXKECTB

M (A)[S]=ps(A4)S4

JNOJXKHA ObITh G-aAAHTHBHA M0 A. DTO MOTHBHPYeT cjeayiollee ofl-
pexenenue (Issuc u Jlvouc, 1970).

[Tycrte & -~— MHOXeCTBO C ¢-ajare6poH H3MEpPHMBIX IOJAMHOXKECTB
RB(Z). Hucrpymenrom (B MPOCTPAHCTBE COCTOSIHHHA) CO 3HAUEHHAMH
B & HaswnBaercs QYHKIHS MHOXKecCTB J, 3afaHHasi Ha & (&) u yno-
BJIETBOPSAIOILAS YCJAOBHAM:

1) 4 (B) — omepanus nas mwoboro BER(F);

2) JM (X)) — nunamuueckoe orob6paxenue, 1. e. TrA(F)[T]=
=Tr T pnsa Bcex T€T(H),

3) ecau {B}cH (&) — KOHeuHOE HJM CueTHOe pa3bHeHHe MHO-
)ectBa B6A (&) wa momapHO HedepecekalulHecs TMOAMHOXKECT-
Ba, TO

M (B)[T]= 2, (B)[T]; TeL(8),
i

rae psja cXOfuTcsi Mo HopMe T (J6).
IToctyaupyercs, 4To ecid S — omepatop MJAOTHOCTH, ONMHUCHIBAKO+
IMHH COCTOSHHE CHCTEMBI MEpej H3MepeHHeM, TO BepOSTHOCTh COOhis
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THSl, YTO HCXOJ M3MEPEeHHs monafaeT B MHOXecTBO BEF(Z), pasua
ws(B) =Tr A (B)[S], (1.3)

a COCTOAHHE JOJH CTATHCTHYECKOIO aHC3M6JIH B KOTOpOH 3aperu-
CTPUPOBAHO 3TO CO6bITHe AaeTrcsa oneparopoMm IJIOTHOCTH

Ss=o (B)[S)/Tr A (B)[S] (14)

(npu ycioBun, uro ps(B) >>0). B 4acTHOCTH, H3MeHEHHE COCTOSHHS
BCEro CTATHCTHYECKOrO aHcam0.s 3ajaeTcs JHHAMHYECKHM oTo6Gpa-
weuvem S—M(Z)[S].

[lepexoas x conpsixeHHHM ortobpaxkenusm A (B) =44 (B)*, no-
JyyaeM (OpMYJHPOBKY B ajarefpe HaGJIONaeMbIX: MHCTPYMEHT
3T0 ¢PyHKUHNA MHOXKeCTB A Ha F (&), Takasa uro

1) A°(B) — nonoxurejbHOE HOPMajbHOe OTOGpamenue B(H)
B ceba pas jwoboro BER(E);

2) ¥(&)ll=1
3) ecan {B}cH (&) — pasbuenne vHOKecTBa B, TO
N (B)[X]=Z4 (B))[X]; XeB(56),

TAe psaj cxoauTcsi w*-caabo.
Kaxpgomy uucrpymenty otsBeyaer o600meHHass HabawogaeMas

M(B) =4 (B)[l]; BeR(Z), (1.5)
Takasl, 4Yro
us(B) =Tr SM(B).

Osaga [135] mokazaJi, uro aasa J0O60ro HHCTPyMeHTa J H Jn10060-
TO COCTOSIHHSL S CYLIECTBYET CeMelCTBO QnOCTepUOPHBIX COCTOAHUL
{S,,, X€&}, T. e. ONEpPaTOPOB WJIOTHOCTH S,, TAKHX YTO:

1) dyuxuus x—Tr S.Y ps-uamepuma anas Jjw6oro YeB(F);
2) Tr A (B)[S]Y= I(TrS Yyus(dx).

OrmnepaTop NJAOTHOCTH S,c OMMHCHIBAET COCTOSIHHE JOJIH CTATHCTHUECKO-
ro aucamB/is, B KOTOPOH HCXON H3MepeHHs paBeH X, a BCJIHYHHA
Tr S.Y=Es(Y|x) ectb anocrepuopnoe cpednee pabawopaemoli Y
TNPH YCJOBHH, YTO HCXOJ NpPeABIAYIIEro H3MEPeHHs paBeH X.
Uncrpyment A (uau A°) HasblBaeTcs s8nOAHE NOAOHCUTEALHLIM,
ecau orobpaxenus A (B); BEF(Z), BnojaHe NONOXKHTENbHEL.
IHpumep 1. Ilycrs A=ZixiEi— BelecTBeRHass HabuawnaeMas ¢

JHCTO TOYEUHHIM CIEKTPOM. CooTHOIIEHHE

M (B)[S]= D E.SE (1.6)

iszB

ONpeAEaAET BIOJHE NOJOXKHUTEAbHE HHCTPYMEHT CO 3HaUeHHSIMH B
R, COOTBETCTBYIOWIHE npoexyuonHomy nocryrary don Helimane,
KOTOPHIH OMUCHBAET IPENEbHO TOYHOE H3Mepenue HabogaeMol A.

Y
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Pacnpesnenenne BeposiTHOCTEH B COCTOSIHHU S eCThb

ps(B)= X, TiSE,,

bx;GB
a anoCTepHOPHBIE COCTOSHUSA AaTca HopMynon
S;=ESE,/Tr SE.. (1.7)

Mpumep 2. Ilycrs A — BewecrBenHas  HabaiojaaeMas H
p(x) — naoTHOCTb pacnpejeseHuss BeposTHocTed Ha R, Takas uro

S xp(x)dx=0, S x2p(x)dx=02< oo. (1.8)
Brnoane mosioxuTeabHp# HHCTPYMEHT
J{(B)[S]zSVp(xI—A)Sl/p(xI—A)dx (1.9)
B

ONHCHIBAET HETOUHOe H3MepeHue HabuworaeMod A co  cayualiHOH
omu6GKOMH, pacnpeeseHHol ¢ IVIOTHOCTEIO p(X). B camom nene

ps (B)= S TiSp(xl—A)dx=

B

=S Sp(x—y)p«? (dy)dx

Tae s — pacnpeseneHue BEPOSITHOCTEH HAGJ0LaeMOM A B cocrosi-
Hun S. AmocrepHOpHbBIE COCTOSIHHSI CYTh

s _VpGI=AHSVp (T—4)
* TrSp(x1—4)
UeM MenblIe ¢, T. e. ueM OJHXKe p(X) K 8-QyHKIHH, TeM TOUHEE
uaMepeHue nabawopaemont A. Jdaa nabaiopaemofi A ¢ 4HCTO Toued-
HEIM CIeKTpoM cayyail ¢2=0 cooTBercTBYeT npumepy l; ans nabaio-
JaeMOH ¢ HeNpepbIBHLIM CIEKTPOM BO3HHKAIOT TNPHHIHIHAIbHEE
TPYAHOCTH, He HO3BOJISIOIIHE HEMOCPEeACTBEHHO OO0OOIIUTD IIPOEK-
IIMOHHBIA MOCTY/AT Ha 3TOT ciayyal (cM. paajee m. 1.3).

1.2. MpencraejieHye BHOJHE TMOJOXHTEJIbHOT0 HHCTPYMEHTA.
MHor#e peanbHbie TPOLECCH YKIAABIBAIOTCH B CJAEAVIONYIO CXEMY
KOCBEHHOTIO U3MEPeHUs: pacCMaTpHBaeMas cUCTEMa B3aUMOAEHCTBY-
eT ¢ «IpoOHOH» CHCTEMOH, IOC/e Uero Haj HPoGHOH CHCTEMOH mpo-
H3BOJHTCS MPsSAMOE H3MepEeHHE HEKOTOPOH KBaHTOBOH HabJlopaeMoH.
Ilycte 69 — runb6epToBO NMPOCTPAHCTBO MPOGHOH CHCTEMH, So—
omepaTop MJIOTHOCTH, OMHCHIBAIOIIHMH €e HCXOAHOe coctosinue, U —
VHUTApHbIE oneparop B #£Q®HMo, 3ananowuil B3auMmojelicTBHe H
Ey — oproronasibHOe pasfioXkeHue eIHHHUL B #fo, COOTBETCTBYIONIEE
HaMepsieMoH BeJH3uHe, PacnpenesieHHe BepOATHOCTEH TAKOro HaMe-
peHHd naeTcsi (popMyJoi

us(B) =Tr U(S®S0) U* (IQEo(B)); BER (%),
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rae S — oneparop IVIOTHOCTH CHCTeMH nepej usMepenueM. OHO
MoxeT ObITb 3anucaHo B Buge (1.3), rge

M (B)[S]=Tru,U (SeS) U* (IE,(B)) (1.10)

— BIOJIHE NOJIOXKHUTEbHBIH HHCTPYMEHT B MPOCTPAHCTBE COCTOSIHHH
cHcTeMbl #6 (3pech Trgg — wacTuunbi cien no J6y). BepHo # 06-
parHoe.

Teopewma (OsaBa, [134]). Tlycth A — BIOJHE MOJOXKHTEAbHBIH
HHCTPYMeHT co 3HaueHHamu B &. Hafigerca ruapbeproBO  IPO-
CTPaHCTBO My, ONEpaTOP NMJAOTHOCTH Sp B #p, yHHTApHBIH omepartop
U B #Q®36, n oproronanptoe pasjoxense eiunuusl Eq B o, Ta-
KHe UuTo AJs JIGOro omeparopa IJIOTHOCTH S B J6 HMeeT MecTo
dopmyna (1.10).

B ocroBe 370l TeopeMBbl JIEXKHT cllefyiolnas KOMOUHAIHS Teope-
Mbl Halimapka u Teopemnl CraliHchopuHra: ecin A — BIOJHE NOJO-
XKUTeJbHBIH HHCTPYMEHT (B anrebpe HabaiomaeMbIX), TO CYILECTBY-
er ruib0epToBO NPOCTPAHCTBO J, H30MeTpHUecKHH onepaTtop V us
6 B K, OPTOrOHAJNILHOE DasJOXKeHHe equHuisl £ B & H HOpMaJb-
HBIH *-roMoMopdu3M 1t U3 B(FE) B B(K'), takue yro [E(B), n[X]]=
=0 gas Bcex BeF(E), XeB(H) u

N (B)[X]= V*E(B)n[X]V. (1.11)

TIpocrpancrBo J# mpeBpamtaercsi B #6 ®@HF, ¢ NOMOIUBIO paccykie-
HHH, KOTOpble OBblJIM HCIOJb30BaHBl NIPH JOKazaTeJbCTBe (GOPMYJH
(3.1.4).

W3 (1.11) BeBoAMTCH aHajJor mnpeacraBnenus (3.1.4) paas
BIIOJIHE TIOJIOXKHTEJBbHOIO MHCTPYMEHTA

# B)[X]=§ DV (0* XV, () (o),

B n=1

rae p—o-koHeunaa mepa Ha &, a V,(x) — p-usmMepuMble QYHKUHH
Ha & co 3HaueHusiMH B B (), TakHe UTO

S 2 Vi (x)*V, (x) p(dx)=1
-t

CoOTBeTCTBYIOIMH HHCTPYMEHT B HPOCTPAHCTBE COCTOAHHH HMEET
BHJ

A B)ISI={ 3 Va0 SV, (0% 1 (@) (L12)
B n=l1

[Ipu sToM pacnpejieeHHe BEPOATHOCTEH B COCTOSHHHM S paercd
dbopmyaon

b (B)—_—S S Tr SV, (5)* Vi (0) (), (1713)
1

B n=
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a aHOCTepHOPHbIe COCTOAHHUA —
Sa= X V@) SV, (x)* [ D TrSV,(x)* V,(x). (1.14)
n=\ n=1

1.3. Tpu ypoBHs onMcanus KBAaHTOBBIX u3Mepennil. Teopema
OsaBa umeer NPHHLUHUNHANLHOE 3HAUYCHHE, NOCKOJBKY HEMOHCTPHpY-
€T COIVIaCOBAHHOCTh TOHSTHS (BHOJIHE NOJOXKHTENIBHOr0) HHCTPY-
MEHTa CO CTanZapTHbIM GOpManH3MOM KBaHTOBOH MexanHku. Onu-
caHHe u3MepeHHs B OO0OIIEHHOH CTATHCTHUECKOH MOJeNH KBaHTO-
BOH MEXaHHUKH MOXeT OBITh OCYILECTBJEHO C Da3JHYHOH CTENeHbIO
noapo6noctH. FmMeercs TPH OCHOBHBIX yDOBHsI ONHCAHHS, KAXKIOMY
H3 KOTODBLIX OTB€YaeT ONPEAENEeHHBIH MaTeMaTHuecKHl OOBeKT B
THJAL0EePTOBOM NPOCTPAHCTBE CHCTEMBI:

1) 3apana TOMBKO CTATHCTHKA HCXOJOB H3MepeHHsa. Kak moka-
3aHO B 1. 2.1.2, 3TO 3KBHBaJIEHTHO 3ajaHHI0 o6o0wenHolr HabJa10-
JaeMOii, T. €. HEKOTOPOro pa3JoXeHHs €IHHHLUB B F6.

2) Kpowme craTuCTHKH, 3aaH 3aKOH npeo6pa3oBaHHsl COCTOTHHH
B 3aBHCHMOCTH OT HcXoja usMepenus. Ha 3ToM yposHe ajekBaTHOE
ONHCcaHHe U3MEpEeHHs JaeTcsd NOHATHEM HHcTpyMeHTta., KaxkaoMy uH-
cTpyMenTy mo ¢opmyde (1.5) orBeuaer ob6obuieHHasi HabutogaeMas,
OIHAKO 3TO COOTBETCTBHE HEe B3aHMHO OJHO3HAYHO, MOCKOJBKY HH-
CTPpYMEHT AaeT OoJiee MOAPOOHOE OMUCAaHHe U3MEPEHHS, HexKendaH Ha-
oJropaeMas.

3) 3amaHo AHHAMHUeCKOe ONHCcaHHe B3aHUMOAEHCTBHSA CHCTEMBI C
Npo6HOH cHCTEMO#. JTOT YPOBeHb siBAsieTcd eile BoJgee NOAPOCHBIM:
KaXaoMy uHcTpyMeHTy 1o ¢opmynae (1.10) mMoxXer cooTBeTcTBOBATh
MHOXECTBO pa3/jHuHBIX NPOLEAyp KOCBEHHOTo H3MepeHHs. [leraJtb-
HOCTb CXE€MLI KOCBEHHOTO H3MEPEHHS 3aBHCHT OT TOro, Ifie B H3Me-
pHTeJbHOM NpHOOpE MPOBOAUTCS YepTa MEXAY «NPOOHOH cHCTeMOMH»
H «IeTEKTOPOM>, OCYIIECTBJSIONIUM NPSMOe H3MepeHHe.

C Touku 3peHusi QU3HYECKHX NPHIOKEHHI Npeiacrasiser 60Jb-
INOH# HHTepec BOINPOC O peasH3yeMOCTH TOH HJAH HHOH TeopeTH-
YeCKOH cXeMbl KBAaHTOBOTO H3MepeHHs. BbicKa3pBaJjiach MbICJab (CM.,
nanpuMep, crarpio «IlpoGrema namepenus» B cOopruke [11]), uro
XOTs1 KBAHTOBAs MEXaHHKa NPABUJBHO OTPa*kaeT HEeKOTOpPble YepTH
MHKDPOMHpa, 1aJeKO He Bce, 4TO COLEPKHTCS B €e MaTeMaTHYeCKOH
MOJEJIH, MOXKET HMeTh CBOH HPOTOTHII B peaqbHoCTH. VaBecTHEl 00-
IHe OTPaHHuYeHHs THIA NpaBHJ cyneporbopa (cM., Hanpumep, [23]),
KOTOpble NOCTYJHPYIOT H3MEPHMOCTb TOJABKO HabJa10JaeMblX, COB-
MECTHMBIX ¢ HEKOTOpO#i BHIIeJICHHOH BEJHMUHMHOH THNA 3apgaja.
B cBsiSH €O CXeMOH KOCBEHHOI'O H3MepeHHs BO3HHKAKOT cjaefyloulHe
BOIPOCHI:

1) CooTBercTByeT JiM JaHHOMY yHHTapHOMY omepatopy U peaib-
HOE KBaHTOBOMEXaHHYEeCKoe B3aHMOJAeHCTBHE?

2) CoorBercTByer au nawHofi HaGmonaeMoi A peanbHO HaMe-
puMasi ¢pH3HUecKas BeJHUHHA?

ITonpo6uoe o6cyXaeHne TaKHX BONPOCOB BHIXOJHT 33 PaMKH
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HacTosimero 0630pa, Ho HEKOTOphle KOMMEHTADHH 3[eCh BCe XKe He-
o6xonumu. B paGorax Banerckoro [165] u Meabnnka [129] moka-
3aHO, YTO BCSKHA YHHTADHHH oNepaTop MOxeT OHTb IMOJY4EH H3
WpETHHIEPOBCKOH 9BOJIIOLHH C HEKOTOPHIM MOTeHLHAJOM, 3aBHCH-
m#M oT BpeMeHH. TakuM o0pa3oM, nepBhli BOIPOC CBOJAHTCA K pe-
a/M3yeMOCTH MOTeHIHaJoB B KBaHTOBOH Mexanuke. C mpyro#t cro-
poHsl, B 1. 1.5 Gyner mokasaHo, UTO BTOPOH BOUPOC CBOJAHTCH K Iep-
BOMY JAJis B3aMMOJEHCTBHH CIlelHadbHOr) BuAa. IIpakThueckd,
KOHEUHO, 5TH BONPOCH MOTYT GbITh COBCEM He MpocTH H TpeGyioT
OTHEJbHOrO PaccMOTPEHHsi B KaXKIOH KOHKPETHOH 3ajaue HaMepe-
Hus (CcM. B 3TOH CBfI3W NOYuHTeJbHOe OOCyXJeHHe <«INPHEMHHKA
Honunapa» B [37, ra. VI] u B [18]).

1.4. Bocnpoussogumocts. Ilyctb S — omeparop mJaOTHOCTH,
My, ..., Mn,— TOCNEIOBATETHHOCTE HHCTPYMEHTOB CO 3HAYEHHSIMH
B H3MEPHMHX MpocTpancrBax &, ... &.. H3 nocrynatos (1.3),
(1.4) caenpyer, yro BesMYHHA

wHo o MAn(Bi .. X By)=
—Tr My (Ba)[.. .M, (B)]S]...], (1.15)

rae B;€%B(Z;) ectb BepOATHOCTH TOTO, YTO B IOCJELOBATENLHOCTH
H3MEPeHHH, 3a7aBaeMblXx HHCTPYMeHTaM#u A, ..., M, HAA CHCTE-
MOIJi, NePBOHAYA/IBLHO HAXOAMBIIEHCS B COCTOSIHHM S, 6yAyT noayue-
HBl Hcxoaw x;€B; j=1, ..., n. Ecan &), ..., £.— cranpapTubie
H3MepHUMble MPOCTPAHCTBA, TO (GYHKIHI MHoxkectB (1.12), 3anan-
Has ma mapajenenunenax B;X ...XB,, 0IHO3HAYHO TIpOAOJ]-
J}Kaercs 10 BEPOATHOCTHOM Mepnl Ha o-auarebpe H(Z1) X...
o XB(Z.) (M. [78, § 4.2]). CoorHouwrenne (1.15) moxHO 3amn-
CaTb TaKXKe B BHJE

pllo o Mn(Bi X . X B,)=
=Tt SH (B [.. . Kr(BH]...]. (1.16)

B cayuae uHCTpYMEHTOB, COOOTBETCTBYIONIHX HPOEKLHOHHOMY IO~
crynary (1.6), coorHomeHnye (1.15) mepexonut B ¢opmyay Burmue-
pa {cMm. crartbio «I[IpoGaema usmepenus» B c6opuuke [11}]).

PaccMoTpuM MOBTOpHOE H3MEPEHHE, OITHCHIBAEMOE HHCTPYMEH-
TOM M. VIHCTpYMeHT 4 Ha3bBaeTCsl 80Cnpou3600umoiM, ecau

M (By)[A (B2)[S]] =4 (BiNB:2)[S]; Bi, B:6RB(Z) (1.17)

Jag awoboro oneparopa MJIOTHOCTH S. DTO CBOACTBO SBJINETCH Ma-
TEMaTHUYECKHM BHIpAXKEHHEM THIOTe3H BOCHPOH3BOLHU-
M O CTH, rnacsanieli, UTo «ecJH (pU3HUecKas BEJHUHHA ABAMIBI H3-
Mepsercs Ha cucreMe &, NIPHUEM H3MEPeHHS CJAEAYIOT HEHOCPEeACT-
BEHHO OJHO 3a JPYr#M, TO B 00OUX cJAy4asx NOJyYaeTcs OJHO H
TO Xe 3HadeHue» (cM. [26, ra. IV, m. 3]).

PaccMOTPHM HHCTPYMEHT €O CUETHBIM MHOXXECTBOM HCXOnOB &=
={x1, Xs, ...} 1 nonoxum ;=M. ({x:}).
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ITpenanoxenune ([134], [78]). Beskuit uncrpyment suga (1.6)
obnagaer CBOHCTBAMH:

1) AJM SN =06:H4{S] (BocnponssoguMocTs);

2) ecan TrA{S]=1, o A{S]=S (MuHHMAaJBHOCTL BO3MYIIle-
HHUsA);

3) ecnmn X=0 u AF[X]=0 mna i=1, 2, ..., 10 X=0 (ueBH-
POXIEHHOCTD).

OObpatHo, BCAKMHE HHCTPYMEHT C 3THMH CBOHCTBAMH MMeeT BHJ
(1.6).

Takum o06pa3oM, NPOEKUHOHHBH mnoctyaar (1.6) moxHO pac-
CMaTpUBaTh KaK CJEeACTBHE psga (UHYECKH COAePKAaTeNbHBIX
CBOWCTB COOTBETCTBYIONIEIr0 HHCTPYMEHTA, BKJIOUAIOLIMX BOCIPOU3-
BogHuMocTh. Kak ye 0TMeHaJsoch, B cjyuae HEHPepBIBHOTO CHEKTPa
BO3HHKAIOT NPUHIUIHAJbHEE TPYAHOCTH, KOTOPHE B HaHGoJjee sc-
HO# ¢opMe BHIpaKaKTCs CACAYIOUIEH TEOPEeMOH

Teopewma (Osapa [134]). [Iycte & — cranpapTHOE H3MEPHMOE
NPOCTPAHCTBO. Besiku# HHCTPYMEHT cO 3HaueHusimu B &, obaana-
omui cpoiictBoM BocnpousBogumoctH (1.17), ¢ HeoO6XoIHMOCTBIO
AIBJASeTCH [IHUCKPETHBIM, T. €. CYIIeCTBYeT CYeTHOe [OAMHOXKECTBO
& =&, takoe uto M (Z \Zo) [S]=0 nas Bcex S.

JokasaTteabcTBO. PaccMOTpUM TOUHOE COCTOSIHHE, 3a7aBa-
eMoe HeBHIpOXKAeHHbIM omeparopom maorHoctH S. Corsacho n. 1.1,
CYIIECTBYET CeMeHACTBO anocTepHOpHBIX  cocrosHudl {S,}. [lycrs
{B.} —cuetHasn mopaarebpa, mopoxiawmas H(Z). Obosnauas
M(B)=u (B)*[I] u ucrmob3ysi BOCIPOHM3BOJAHMOCTb, HMeeM

S Tt S M (By) g (dx) =Tt M (B)[S]| M (B,)—

B

—Tr A (BNB)[S]={ 15, (x) s (d0)

B
otkyna Tr S;M(B,)=1p,(x) ana ps-noutH Bcex x€Z. Ilostomy
Haljercs NoAMHOXecTBO &y &, Takoe uto JA (ZN\Z,) [S]=0 un

Tr SxM(B) =1,(x); x6Z, BEF(Z).

Ho rorapa Tr S;M ({x}) =1, x€&,, 1. e. M({x}) #0 u ns({x}) #0, or-
Kyla ciaefyert, yTo & CUETHO.

B mnpumepe 1 anocrepHopHble cocTosiHHA (1.7) TakoBHL, uTO B
3THX CcoCTOsiHHAX (AuCKperHas) HaOawojdaemasts A ¢ BeposiT-
HOCTBIO 1 HMmeeT olpejeJieHHOe 3HaueHHe X; [lpHuuMHa TpyAHOCTeH
C HellpEepPLIBHHIM CIIEKTPOM CBsf3aHa ¢ TeM, 4to (aJjrefpauueckoe)
COCTOSIHHE, B KOTOPOM HelpephiBHas Habuaionaemas A uMeeT ompe-
AeJeHHOe 3HAUeHHE, He MoxeT ObTb HOPMaJibHBIM (T. €. 3aJ1aBaTb-
¢ KakaMm-1160 onepaTopoM IJOTHOCTH).

1.5. M3mepenns HenmpephBHHIX HabJwaaeMbx. B paGortax
HIpunusasa [153] 1 O3aBe [136] ykasaHa BO3MOXKHOCTb ONHCAHHS
BOCIIPOH3BOSUMBIX H3MEDEHHH HelPephBHbIX HalaogaeMbX,  HC-
HOJIb3YIOIIAsi COCTOSIHUS M HHCTPYMEHTHI, He YJZOBJETBOPSIOIIHE YC-
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oo
JoBH0 HopMmanibHocTH. Ilyers A= [ xE 4 (dx) — BelecrBennast Hal-
—0

JfaeMasi ¥ IycThb 1 — Kakoe-1H00 MHBapHaHTHoe cpeianee!’  Ha
npoctpauctBe C(R) orpaHHueHHBIX HeNmpepHBHBIX ¢yHKuui Ha R.
Cneays [153], paccmorpum oToOpaxenHe &,4 aarebpm  B(H) B
cebs, onpepenasieMoe GOpMYaoH

Tr Sg«‘r? [X]:’rly(Tr Seig/AXe_iyA),

rie MHAEKC y O3HauaeT, YTO yCPeJHEHHe NPOHCXOJHUT IO NepeMeH-
HOH y, H (GYHKHHIO MHOXKECTB
KN 4(B)[X|=EA(B)&n1Xl: B&% R). (1.18)
Orobpaxenye &, A sBjsiercsi YCJAOBHBIM OXKHIAHHEM HA KOMMY-
tratuBuyo  nopanare6py {E4(B); BEBA(R)} =B, TOPOKIECHHYIO
na6monaemoit A. Ecan A uMeer UHCTO TOUEUHBIH cnekTp, TO &y
eCTh HOpMaJbHOE YCJAOBHOe OXHJaHHe, 3ajaBaeMoe  (PopmyJoH
(3.1.5), a coornouienne (1.18) coBnagaer ¢ NPOEKIHOHHBIM NOCTY-
aatom (1.6). B ofuwem cayuae orobpaxeHde &,4 He HOPMaJbHOE,
a ¢gyukuus mHOxkecTB (1.18) ob6mapaer BceMH CBOHCTBaMH BOCIPO-
H3BOJIHMOrO HHCTPYMEHTA, KPOMe HOPMAaJIbHOCTH.
BeposTHOCTH MOC/AENOBATENBHOTO H3MepeHHst  HabJH0JaeMbIX

Ay, ..., A, nawrca obobmennem dpopmydan (1.16)
b A (ByX L. X By)=
—Tr S, (B)... ¥ B ..] (1.19)
Ecm Ay, ..., A, COBMECTHMH, TO é’;‘f [Ea,(B)l=Ea4,(B), otxyna

pe' T M(ByX .. KX B)=TtSEa,(B)...Ea,(By), (1.20)

T. e. pacnpeleneHde BepOATHOCTEH MOC/eN0BATEJbHBIX TOUHBIX H3-
MepeHHIl COBMECTHMBIX HabMIOJaeMBIX COBmAjaeT ¢ pacrnpenele-
HHEM TOYHOrO COBMECTHOT'O H3MEpEeHHsI 3THX HabappaeMbix (CM.
n. 1.1.5) — pe3syabrar, KOTOPHIH MOATBEPKAdeT  NPAaBOMEPHOCTH
«0600111eHHOro NPOeKUHOHHOTO nocryaaTay (1.18).

C mpyro#t croponbl, ecqu A; HECOBMECTHMBI, TO H3-32 He HOD-

ManpHOCTH OTOOpaxeHn#t &', OyHKuus mHoxkecTB (1.18) wmoxer
0Ka3aThCA JHIIb KOHEUHO aaiuTusHoi Ha H(R). Haa toro utobH
BOCCTAHOBHTb G-3JJAHTHBHOCTb, HEOOXOJHMO pacCMaTpHBaTh pac-

npefeteHdHe Ha KOMNAKTH(OHKALHY BeLleCTBEHHOH  npsaimMol R=
=RU{—oo}{oo}. Hampumep, mocJsie TOYHOro H3MepeHus Haba0[a-
eMOll KOODAMHATH Q CHCTEMa NepeXOAHT B He HOPMAJbHOE COCTO-
siHHE, B KOTOPOM HMIIyJIbC P ¢ TOJIOXKHTENIbHBIMH BEPOSTHOCTAMH
NpHHUMaeT 3HaueHus oo [153].

) CM. &. I'purang. MHBapHaHTHHE cpeJHHE Ha TOMNOJOTHYECKHX Trpymax
H HX npujokeHHs.— M.: Mup, 1973.

92



OsaBa [136] mocTpouns npouecc KOCBEHHOTO H3MEpEHHs, OTBeya-
IOIHH 0600ILeHHOMY NPOEKUHOHHOMY mocTyjaarty (1.18) u paswbsic-
HUJI pOJib MHBapHAHTHOro cpelHero 1. PaccMorpum nabiaionaemble
Q, P Bo BcmoMorartenbHOM THJIBGEPTOBOM npocTpaHcTBe =
=[L2(R), xoropoe Gyjxer ONHCHBAThH «IpolHYyw cuctemy». Iloab-
3yachk TeopeMol Bawaxa o NPONONKEHHH, MOXKHO II0Ka3aTb, 4TO
anst mo6oro v Ha aare6pe B(H,) cymectByer (He HOpMaJbHOE)
coctosgnue E,, Takoe, 4To

EL(F(Q))=HQ), E(f(P))=n(f),

s mo6olt feC(R). Iycrs Uy=exp (—ifH nt) — yHHTapHASA 3BOJIO-
uua B 3 @b, Tle

Hmtzk(A(gP), (1.21)

npuieM A MoxerT ObITL BHIOpaHO IPOH3BOJBHO OOJBLUIMM,  YTOOLI
npeHeOpeub cBOGOAHON AHHAMHWKOH cHcreMbl H npubopa. B [136]
NIOKa34aHo, UTo 1Js ni000ro (HOpMaJbHOIO) cocTosiHust S U sMwboro
X€B(8)

Tt SH4(B)[X] = (Es®En) (Ui (X®EQ(B)U11); BER(R).

Takum obpasoM, npobHasi cucTeMa, HaXOAAILASACA B cocTOSIHHH E, ¢
TOYHO ONpee/ eHHOH KOOPJAHHATOH, B TeueHHe BpemeHH 1/A B3auMo-
JefictByer ¢ HabGawAaeMoi cucreMoll coraacuo (1.21), nocje dero
NPOH3BOAUTCS TOUHOE H3MeDeHHe KOOpIHHATH NPOGHOH CHCTEMBI.

Takasa cxema siBnsieTcsi 00OOIIEHHEM MPOUEAYPHl  KOCBEHHOTO
H3MepenHs, paccMoTpeHHOR ¢ou Helimanom B ciyuae 4nuCTO TOYey-
Horo cnexktpa ([26, ra. VI, n. 3]). B npuHuunuajabHoM NjaHe OHa
CBOJAMT H3MepeHHE INPOHM3BOJILHOH KRAHTOBOH HabmwojgaeMofi K H3-
MEpPEeHHI0 KOOpAHHATH NPOOHOH CHCTEMBI, IPH VCJAOBHH peaJsH3y-
€MOCTH raMHJbTOHHAHA B3aumoneiicteusa (1.21).

§ 2. Mpoueccy HeAPepPLIBHOTO U3MepeHHd

2.1. Hepa3pyuwaroine usmepennsi. PaccMOTpUM H30JHPOBAHHYIO
KBAHTOBYIO CHCTEMY, 3BOJIONHA KOTOPDOH ONMHMCHIBaercd Ipynnof yHH-
tapubix onepatopoB {U;; t€R} B runp0epTOBOM mNpocTpaHcTBe 6.

[ycre {A; j=1,...,m; t€T}, rne TR — cemelicrBO BellecTBEH-
HBIX HabawoaaeMblx. O603HaUYUM
A(6y=UAU; 16T, 2.0
M NPEANONONKUM, 4TO /8 MOGLIX MOMEHTOB BpeMeHH #<...<f,
" MOGIX Jy, ..., j, HaGmopmaemsie Aj (fy), ..., 4; (f,) coBMme-
ctuMel. Corgacio d¢opmyae (1.20), nocrenosate/bHOE TOYHOE
usMepenye HabmojpaeMsix Aj (), ..., A; (£5) (Je=1, ..., m)umeer
paclipe jesieHre BepogTHOCTelH
Be(BiX oo . XB)=TrSE,(B1)...E, (B (2.2)
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rae B &Z(R™) u E(,—CoBveCTHaa CIeKTpa/bias Mepa Halumo®

naemelx A;(te); j=1,...,m.
CemMeficTBO BEpOSATHOCTHBIX Mep (2.2) HpH BCEBO3MOXKHHIX n=
=1,2,...; t,...,t, sABJsieTcs] COr1acoBaHHbIM. Vcnonab3ys rteope-

my A. H. KosnMoropoBa o IpOJOJIKEHHH, MOXKHO [0Ka3aTb, UTO
CYIIECTBYeT €IMHCTBEHHOE OPTOronasbHOe passioxeHHe eaHHHUb E
Ha % (RT), rie Z(RT) — o-anrebpa MUIHHIPHUCCKHX MHOMXECTB Ha
npocrpaicTBe TpaekTopuit RT taxoe, yTo

E(x(-):x(8)€Bys .oy X(E)EBY) = E 1) (BY). - - Et,) (Bh).

OHO OMHCBIBAET CTATHCTHKY HENPEPHIBHOTO (BO BpPEMEHH) TOUHOrO
H3MepeHHsi ceMeHCTBa COBMECTHMHIX HaOamopaemMblx (2.1), B TOM
CMHICJIE, YTO BEPOSITHOCTb MOAMHOXKECTBA B B mpOCTpaHCTBE Tpaek-
TOPHA ecTb

us(x(-)€B) =Tr SE(B).

B ¢usuke noloOHble H3MepeHHs INOJYUYHJIN Ha3BaHHE Hepaspy-
Waowux 1 NpHBJACK/IN BHHMAaHWE, B CBA3H C 3afaucii oOHapyXKeHus
ciabof cuabl (rpaBHTAIIMOHHONH BOJIHBI), AeficTByIOmel Ha IPoOCHYIO
cucremy [69], [140].

ITpumep. KBanToBOMexaHHUeCKUH OCIHM/IATOP MAacCChl M H C
YacTOTOH o, BO30yxK/Jaemblil CKaaspHO# CHJOH ¢(!), omHcBIBaeTCs
ypaBHEHUSAMH

Qt)y=m'P ), P(t)=—moQt)+o()], 2.3)
rre Q (0)=Q, P (0)=P —xaHoHuyeckHe HaGHOJaeMble, T. €.
[P, Ql=il. Tlosowmm Ay,=Q cos of —(P[mw) sin of, Tak 4T0

Ay (8)=Q () cos of — (P (t)/ mw) sin wf.
W3 ypasueunit (2.3)

Ay (H)= —(9()/mw) sin 0t I, (2.4)

nostoMy Habmopaemble A;(f) cOBMECTHMBl NMpH pas3HbIX f H BO3-
MOXKHO HelpepLIBHOe Hepa3pyuiamoliee  H3MepeHHe  ceMelcTBa
{A1(1)}. Cuna @(t) Moxer GbITh ONpeAesieHa N0 JMIOGOH TPaeKTOPUH
U3 COOTHOUIeHHs (2.4).

Ananoruuno, ans Ay=P cosef+meQ sin f noayuaeM cemeil-
CTBO COBMECTHMBIX Ha0JI0JaeMbIX

Ay (t) =P (t)cos ot+moQ (f)sin of,

ans kotoporo Ay(#)—o@(f)cos ofl. 3aMerum, uto A (£) u Ay (f)
HECOBMECTHMbl, HOCKOJBKY [Aj;(£), Ay (f)]=il. [epctBya B ayxe
m 2.1.3, paccMOTPHEM CEMENCTBO COBMECTHMSIX HaG/IO(aeMEIX

A (=4, 8, —18Qy; A (t)=A ()R, F18P, (2.5)
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B mpocTpaHcTBe BRI, (cM. [103]). Cuaa ¢ (f) onpepensiercst Tor-
Za H3 COOTHOIUIEHHS

@ (£) = cos wt Ay (£) — mo sin ot A, (#).

2.2. «<KpanToBnii mapanokc 3enona». [loneiTku paccmorpeHHs
HENPEepPHBHEIX U3MEPEHHH HEeCOBM e C T UM bl X HabJ0]aeMblX, OMH-
pamliHecss Ha MPOEKIHOHHBIA NOCTYJAAT, HPUBOJAAT K MapajoKcalib-
HBbIM BBIBOAAM, B OCHOBE KOTODBIX JIEXHT CJACAYIOUIMHA MaTeMaTHuec-
ku¥ ¢akr. Ilycrs H — camoconpsikeHHbI# onmepatop us B(H6), E —
IPOEKTOP, TOrAa

lim (E exp (itH |n) E)*—E exp (itEHE). (2.6)

n—o00
dro caepyer u3 Toro, uro |exp(itH/n)—I—itH/n|=0(l/n) u E?2=
=E. O6o6uienye 3TOrc pesyapTaTa Ha CJaydYall HEOrpaHUUYEHHOTO
H siBnsiercst HepoCTo# 3ajauell; HEKOTOPHIE YCJAOBHSA GBIJIM MOJYYe-
Hel OpuamanoMm [86]. Ero pesyabTarsl BKJOYAOT chaydal, Korga
H#=L?(R"), H=—A/2m — raMunbTOHHAH CBOOOJHOH YaCTHIIH B
R", a E=1g(+) — uHpuxkarop orpaHuuyeHHoit ofaactu DR” ¢
ri1ajlkoH rpaHuuei.

PaccMoTpuMm cBOGOJAHYIO YACTHILY, BOJIOLHOHHPYVIOILYIO Ha Bpe-
MeHHOM HHTepBaJe {0, {}, U TIPEAINOJOXKHUM, UTO B KaXKABIH MOMEHT
BpeMenu tkfn, k=0, 1, ..., n, IPOU3BOAUTCA TOUHOE H3MepEHHE Ha-
6aonaeMolt £, onmuceiBaeMoe NpoekIHOHHBIM moctyjiatoMm (1.6). Ec-
JI1 HCXOJ H3MepeHHs paBeH |, TO 3TO O3HadYaeT, YTO 4aCcTHIA HaXo-
nutcs B obnacta . BeposiTHOCTh TOro, uTto BO Bcex n-+1 HaMepe-
HHsIX TIOJIyUeH Hcxof 1, ectb

us(l, ..., 1)=Tr(E exp(itH/n)E)"S(E exp (itH[n)E)"
H IpH n—>o0 B culy (2.6) crpeMmures k
Tr E exp(i(tEHE)Sg exp(—itEHE)E=Tr S,E, (2.7)

rae Sp — HadasjbHOE cocrosiHue. Eciu B HauaJbHBIH MOMEHT YacTH-
Ia HaxopHTcd B objacru &, To BepoATrHocts (2.7) paBra | He3aBH-
CHMO OT 3BOJIIOLUH, T. €. IPH HENPEPHIBHOM TOYHOM H3MEPEHHH Mec-
TOTIOJIOXKEeHHSl YacTHIla HHKOrjaa He mokHpaer obaacts & (cM. Tak-
xe JsBuc [78, n. 7.4]). HeoOniunble Gusnyeckue caeICTBUS COOTHO-
meHusi (2.6) 6w moppo0HO paccMoTpeHnl B paGore Mucp H
Cynapmana [130], rae a/s HUX GBLIO NPENJOXKEHO 0obllee Ha3BaHHE
«KBAHTOBBIH Iapagokc 3eHOHa».

IlpuuuHa mapajokKca COCTOHT B TOM, 4TO H3MEpPEHHE, ONHCHIBaE-
MoOe NPOeKUHOHHBIM IOCTYJAaTOM, MepPeBOAS COCTOSIHHE CHCTEMBI B
COCTOSIHHE, OTBEUaloillee TOUHO OMNpeAeJeHHOMY 3HAueHH HabJalo-
JlaeMo#, IPOH3BOANT KOHEUHoEe H3MeHeHHe, Ha (OHEe KOToporo ag-
deKT 3BOJIIOLHH 32 BpeMsd {/n sBJsgeTcH NpeHeOPeXRHMO MaJjbM NpHU
n—>oo. Uro6bl u36exaTh 3TOTO M HOJNYUHTH HETPHBHAJABHHIH Ipe-
IeJbHBIH NMpouecCc HelpepPHBHONO U3MEPEHHS, BKJAYAIGIIHE 3BOJIO-
nuio, Bapkuennan, Jlany u Tlpocmepu [59], [60], npensoxuau pac-
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CMATPHBATh MOCJEAOBATENIbHOCTh HETOYHBIX H3MEPEHHH, TOUYHOCTh
KOTODHIX YOBIBaeT NPOMOPLHOHANBHO YHCAY H3MepeHH# n. Ilepso-
Haya/bpHO ONHCAaHHE NpeJes]bHOro Mpolecca B YacTHHX CAydasx
CBA3BIBAIOCh ¢ (EHHMAHOBCKHM HHTErpajoM HO TPAEKTOPHAM (Cp.
B 3TO¥ cBsi3M Takxke MeHckui {25]), ogHako ofmas KapTHHA TPAMO
OCHOBBIBAETCS HA HJESX, H3J0XKEeHHHX B § I, B yacTHOCTH Ha TNOHS-
THH HHcTpyMeHTa. B pa6orax A. C. XoaeBo [47], [102] 6b110 ykasa-
HO Ha napaJjJesb TaKOro MOAXOAA C KJACCHUECKHMH MpeeJbHBIMH
TeopeMaMH B CX€Me CepHil, IpHUeM NpeebHbIE NPollece HelpepPhIB-
HOI'O H3MepeHus OKashiBAeTCsi HEeKOMMYTaTHBHEIM aHaJ0IOM NPOILec-
€4 C HE3aBHUCUMBLIMHU TpupalleHHaMH. [Togo6HO K1accHUYeCKOMY CJIy-
Yyaio, BCe TAKHEe IIPOLECCHl ONHCBHIBANOTCS HEKOTOpOH ¢(opMyJao# TH-
na Jlesn—Xununna [102], [35]. KBanroBele cayyalinble mpolleccs B
cmbicie J1aBuca {78] ¢ 370 TOUKH 3peHHS COOTBETCTBYIOT CJOMXKHOMY
IyaccOHOBCKOMY mpoieccy. Jlanbile KpaTKO H3J14ralpTcs pe3ynabTa-
Thl 3THX paboT.

2.3. MNpepenbHag Teopema A/ CBEPTOK HHCTPYMEHTOB. [las mpo-
CTOTHl OTPAHUYHMCSH H3MepeHHAMH co 3HaueHusMH B R (cyuecrBeH-
HO JIHIIb, YTO HPOCTPAHCTBO 3HAUEHHH sBJsieTcsi abeseBOH JOKasb-
HO KoMmakTHoli rpymnmnoi; cM. [102], [35]). Tlycts A%, ..., A — uH-
cTpyMenTH (B ajireGpe HabaogaeMbix) co 3HauyeHusmu B R. Cy-
LIECTBYET eAMHCTBEHHBIH HHCTpymeHT A4 co 3naueHHaMmu B R”, Ta-
KOH uTO

N (BiX ... XB)XI=H1(B)] ... #u(Bo)[X]. .. ], B€F(R).

Cseprra uMHCTpyMeHTOB A7y, ..., A, onpelelserca COOTHOHMICHHEM
N e (B X]=A (%), .., %) s x4+ ... +x.6B); BEF(R).

u, coraacuo dopmyae (1.13), omucelsaeT CTATHCTHKY CYMMSI HCXO-
OB 7 T0CJeZ0BaTeNbUSIX H3ME PeHHH, OTBEUAIIINX HHCTPYMEHTaM
Ny ..., N, VHctpyment A co 3HaueHusMd B R HassiBaeTcs
Geszpanutno-OeaumbLst, eCa A moboro n—1,2, ... Halgerca
HHCTPYMEHT N (ny TakKoH, UTO N =N(n)*. ..+ (ny=N (7). TIpobie-
Ma HeNpepsIBHOTO H3MepeHHMs  OKassIBaeTCss TeCHO CBsi3aHHOH
C mpejesaMy /7-KPaTHHX CBePTOK BuAa A4y Opd H—>o U CO
CTPYKTYpO# 0ear paHHIHO-IeMMLIX HHCTDPYMeHTOB. Pemrexne atHx
BONPOCO3 ONHMpAeTCss HAa HeKOoTopoe o0folbllenHe METOona Xapak-
TePUCTHUECKHX (DYHKIME B TEOPHU BEPOATHOCTE.

O6o3naunm §, 6aHaxoBy ajare6py w*-HenpPepHBHBIX JHHEHHBIX
orobpaxenuit B(H) B cebs c npoussegenneMm @ - ¥V[X]=0O[¥[X]].
Enununedt B sToi anrefpe ABASETCS TOXKIECTBEHHOE OTOGDaXKeHHE,

- o6o3Havaemoe Id. B aarebpe &, BBOAHTCS TONOJIOTHsI T, OLpeje-

JsieMasl CEMeHCTBOM MOJYHODPM
| @|ls= sup | Tr SO[X]], SES (). -
nXiji<t
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Xapakxrepucruueckas Gyuxyus ancTpyMmenra A omnpenensiercs
COOTHOIIEHUEM

® () [X] =\ e (@) [ 1], (2.8)
R

rie HHTEerpaj cxofurcs B tomosordu t. Oyskuus O (L) co sHavge-
HHSIMH B §, IBJASIETCS XapaKTepHCcTHUeCKOA (QyHKIHER BIOJIHE NMOJO-
)KHTEJBHOrO HHCTPYMEHTA TOT/Aa M TOJBKO TOrga, KOria

1) ©(0)[I]=1;

2) ®(2) t-HenpephBHA B Toyke A=0;

3) ®(A) noaosureabno onpedeseHHa B CJAEAYIOIIEM CMBICJe:
AAs o0hIX KoHeunwx Habopos {y;}ca8, {A}<=R, {X}c=B ()

S0 G — ) [N K el ) =0,
J.k

(ananor teopemn Boxnepa-—XwuHYHHA, CBOAsMIMACA K HeA B CJay-
yae dim #=1).

Xapakrepucruyeckas ¢yuxuus  cBeptku Ay, A°, ecTs
NOTOUEYHOEe IPOU3BeAEHHE COOTBETCTBYIONIHX XapaKTepHCTHYeC-
kux  pyukpi Oy (A)-...-®,()), mo3TOMY #-KpaTHag CBEPTKa
N{) uMeeT xapaKTepHCTHUECKYIo (QYHKIHIO D(qy(A)?, rae Oy (Ah)—
XapakrepucTHyeckas Qypxuua HucTpymeHTa A°(,). Pacnpenenenne
BepoaTHOCTeH p{") CYMMsl 72 IOBTODHLIX H3MEpeHHH, ONHCHIBAEMLIX

uncrpymentoM AN (), onpefesercs ¢opmyaoh

{ emu) (d) = Tr SOy (1.
R
Cnenywollee yTBEep:KIeHHe sBJsSETCS aHaJOrOM LEHTPaJbHOH
npefesbHON TeopeMHbl B CXeMe CepHil.
Ipennoxenune. Ilycrb {AN,} — nocrenoBarejbHOCT BIIOJ-
He NOJIOXHTEJ/IbHBIX HHCTPYMEHTOB H NYCTh CYILECTBYeT T — Henpe-
PHIBHBIH Tpeled
T —lim n (O (A) —Id)=Z (A). (2.9
n—+oo

Torxa cBeptku N (o) *" cnabo cxoastcs K 6e3rpaHHYHO AEAHMOMY
HHCTPYMEHTY A° ¢ XapakTepucTHYeckol Gyukuuel exp Z(A)" B
TOM CMBICJE, YTO

ve-tim {f () Hay @0 = 7 (04 (@)
TR R

1715 BCeX HeNPEPHBHHIX OrPaHHYEHHBX QYHKuui f(X).
3aMeTuM, YTO aHAJOr KJAaCCHYECKOIO YCJAOBHS aCHMIATOTHYECKOR
npeHebperaeMocTH

fim [| ®ny(W) —1d [} =0

) HwmeeTca B BHAY 3SKCIOHeHTa B GaHaxoBo#t agrebpe %o.
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B ofmeM cviyyae He BjeueT (2.9). Bompoc 06 onHcaHuH BO3MOM-~
HbIX Tpenenos t—lim @) (2) upy OAHOM 3TOM YCAOBMH OCTaeTcst
n—>oo

OTKPLITHIM.

ITpumep. Ilycts A, H — (orpaHudeHHbe) BelECTBEHHHE Ha-
6mofaemue, p(X) — IJOTHOCTL pacnpefeneHus BepositHocTed Ha R,
ya0BJeTBOpAKIIAA ycjoBHsAM (1.8). PaccMoTpHM  BHOJIHE TOJIOXH-
TeJbHHN HHCTPYMEHT

Ky (B) | X] =110 Y 7 S Ve (Vﬁxl—-vln:A) X
B

)&V p(VE xl——= A)dxe-ierin, (2.10)
Van

CpepTka N(n) uMeer CIeAYOIYIO CTATHCTHYECKYIO HHTe PIPETALHIO.

PaccMOTDUM KBaHTOBYIO CHCTEMY, [HMHaMUKa KOTOPOH Ha HHTep-

Bane [0, £] omucsiBaeTca raMuibTOHHanoM /7. B MoMeHTH BpeMeHH

t,;=jt/n; j=0,1,...,n—1, npoussoaurca MpHO/MIMKEeHHOE H3Me-

peHHe HaGmoxaeMolt A ¢ aucnepcHed nc2=nSx2p (x)dx, a3zarem
n—1

GepeTca cpeasee —2 a (¢59) noayuennux pesymraton o (¢')

(xoTopoe umeer ,aucnepcmo 0?). Tlpengen npu n-> oo cooTBET-

CTBYeT CpelHeMmy TSO‘(T) dt peaymtaToB @ (T) HeEKOTOPOTO
0

«HENpepPhIBHOTO H3MepeHHus» HabmozaeMoit A. Bouncaenus mnoka-

35IBaKOT, YTO AJs AOCTATOYHO TJaAKOH WIOTHOCTH p(X) mpened

(2.9) paseH

F W[ X]=it[H, X]+
F4 T (AXA— A%X) +ihAX — L o?h2X, .11

rae J=Ip’(x)%p(x) ~'dx — undopmaunonsoe Kosuuectso Puimepa
Ansd cemeficrBa naorHocredl {p(x-+6)} ¢ mapamerpoM caBHra 6€R,
TaK 410 o%/>=1.

2.4, CpeproyHnie moayrpynnu HHcTpymenroB. Cienyomufi pe-
ayabraT THna teopemul llenGepra (cM., Hampumep, [96], [138]) nepe-
6paceBaeT MOCT MeX/JY CKaJsPHHIMH YCJAOBHO MOJOXHTEAbHO OIpe-
JEJCHHHMH (QYHKIUSMH H BHOOJHE JUCCHTATHBHHIMH OTOODaXKeHHs-
MH (1. 3.2.2).

I[Ipepaoxenune. Ilycte & (A) — OYHKUHSA CcO 3HAUYEHHSIMH
B e
Caeaylouide yCJ0BHS 3KBHBaJICHTHHI:

1) exp {# (M) nmoaoXKuTeNbHO OUpeneseHHa AJs Bcex (=0;

2) ¢yukuns £ (A) spmurosa, T. e. L(—A)X*]= Q(X){X]*
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H YCAOBHO NOAONUTEALHO ONPedeseHNaAs, T. €. AJs JIOOHX KOHed-
HeX HabopoB {}=d€, {(A}=R, {X;}=B(H#) rakux, uro ZXp;=0
J

BHIIIOJIHAETCS

Z (| L Pa—2A ) [N Xe] e ) >0.
Ik

Ias toro 4ro6H GyHKUEA £ (M) mpeicraBisiach B BHAS Npeae-
na (2.9), Heo6XOLHMO H AOCTATOYHO, YTOGHI OHA YAOBJETBOpAJIA
OJlHOMY H3 YCJIOBHH 3TOro HpefsoXeHHd, OblJia T-HENPEphIBHA H
Z (0)[1]=0. Taxne dyuxuuu 6ygeM HA3HBATb KEA3UXAPAKTEPUCTU-
YecKuUMU.

CemefictBo uHCTpyMeHTOB {A°;; f€R.} obpasyer csepTounyro
noayzpynny, ecin N * N =N, t, S6R;. OuepuaHO, YTO Bce HH-
cTpyMeHTH J°; Ge3rpaHuyHo menumul. Ilycts @, (M) — xapakrepH-
cTHYeckasl GyHKUHSA nHctpyMenta A, COOTHOIIEHHE

O, (1) =exp tZ(A); t€R,, (2.12)
VCTAHABJIHBAeT B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXIY KBAa3H-
XapakTepHCTHUECKUMHE $YHKuuaMu £ (A) ©H CBepTOYHHMH NOJAY-
rpynnaMy BHOJHE IOJOXHTENbHBIX HHCTPYMEHTOB, YIOBJIETBOpSIO-
IIMMH YCJOBHIO HelpepHBHOCTH

lin;{(./ﬂ(UO)—Id((:O (2.13)
£
11 a06oi okpecTHoCTH Hysis U,

Caenyromuil pe3yiJbTaT MOXKHO paccMaTpuBaTh Kak ofollieHHe
npexctaBienus Jlesn—XuHunHa AJAd jJorapudMa xapakTepucTayec-
KO# dyHKIHH 6e3rpaHHYHO JEJHMOro pacnpefelieHus.

Teopewma. [lag Toro utobb GyHruusa £ (L) cO 3HAUCHHIMH B

%, OGuJIa KBasHXapaKTepHCTHUECKOH, HeoOXOLHMO H [OCTATOYHO,
4yToOpl OHA AONMYCKana IpefCcTaBJeHHe

PR =Lo+2Z1 (M) +L2 (M), (2.14)

rie o — BIOJHe [QHCCHNATHBHOe orobpaxeHne Buia (3.2.5),
P, (W [X] =02 [(L*A'L—— L*LoX)4+ih(L* X + X L) —lezX], (2.15)
npuueM ¢2=0, LEB(JE), T. e. dynkuns tuna (2.11);

Z,0)[X]= X | VIXV,.e™ —VV,0X)p, @)+

rys=1 R\0

+ R VX S (€ — 1) pys (A0} +-

s=l1 R\0

+2 XV, S (@ —1) pry (dx) -
r=1 RN\0O

+[ S (e”v*—l———l—i_:%>poo(dx)+iax] X, (2.16)
R

\0
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rae a€R, V698 (), a [, JJr.s=1,2,... — IOJOKHTE/LHO OINpeAE/eH-
Has MaTpHUa KOMIVIeKCHoiX Mep Ha RN\0, Takag, 4To Ppal

2 ks RNO)VIV, cxoaurea w*-cria6o, u

r,s=l1

42
S Wp,oo(dx)< o,
R\O

HokasatenbcrBo dopmyusr (2.14) Hcmoassyer pasHOBHIHOCTD
koHcTpykuud FHC, xoTopas conocraBJsier YCJOBHO NOJ0XKHTEIbHO
onpefeneHHOH GyHKUHH £ (A) Iapy KOMMVYTHPYIOIIHX KOIIHKJOB
anredpsl B(H6) u rpynnel R, a TaxiKe CBeJEHHS 0 CTPYKTYpe 3THX
KouukaoB [96], [84], [76] (nmokasarenbcTBO mpoxoauT Aasa J060H ad-
rebpet gon Hefimana u abeseBoii JIOKAAbHO-KOMMAKTHOH TpyNIBL).,
[lepernecenne BepoOSTHOCTHOrO METOZA, OCHOBAHHOTO Ha MOHSATHH CO-
[IPOBOX/IAIOLIEr0 3aKOHA, TpeACTaBjadeTcss B HEKOMMYTAaTHBHOH
CHTYaIlMH 3aTPYIHHTEJIbHBIM,

BepoATHOCTHHIH CMBICJ KaXJOro M3 cjaraeMeix B QoOpMyJe
(2.12) BmificHAeTcs B CBSI3H C MPOLECCAMH  HENPephIBHOTO H3Me-
pEHHS.

2.5. HucrpymentaabHble nponecchl. Ilycrs % — npocrpakcTBo
BCEX BelecTBeRHbX (yHKuuit Ha R, %, , — g-aareGpa, nopoxjiae-
Mad TpupameHusMu y(s)—y(t); ai<<s<(h. Hucerpymenrarvtoim
ApOYECCOM ¢ HE3A8UCUMBIMU NPUPAULEHUINY (U. -NpOYyeccOm) Ha3bl-
Baercsi ceMeHcTBO {AN% »; @, DER, a<Cb}, rue N, , — HHCTpYMeHT
(B anrebpe nabimofaeMblX) co 3HaYeHHSIMH B (%, K. ), NpuueM

Na s (E) <Ny, (F)=N., (ENF), (2.17)

ecan a<b<c u £€4, ,, F€B, .. Ecan Bce uHCTPYMeHTH AP, , BIOJ-
He TOJIOXKHUTENbHEl, TO H.-IPOLECC HA3BIBAeTCHd BHOAHE MOAOKU-
Teavubim. s noboro onmepatopa IJIOTHOCTH S H BpeMEHHOro Ipo-
MexXyTKa [a, b] u.-mpouecc ompenensieT pachpelejeHHe BepOSTHO-
creft

us(E) =Tr SHu o (E)1]; E€H, , (2.18)

Ha mpocrpaHcTBe TpaekTopuit y(f); t€[a, ). C usnueckol TOUKH
3peHHs], HCXOJOM HeIpPEPLIBHOIO M3MePeHHs SIBJSETCH NPOH3BOLHAS
y(f), olHAKO OKashBaeTcs, 4To pacnpenenenue (2.18) cocpemoro-
uyeHo Ha HeiubdepeHUHPYeMBIX QYHKIHAX. DTO OnMpelesieHHe, LaH-
Hoe B [102], siBasteTca MojubuKanHel olpeleneHus J[Jssuca [78],
MCNOJb30BABILErO JHIIb IIPOCTPAHCTBO CKaykKOooOpasHHX ¢yHKIHHA
u GoJee obuero onpedentenus bapkuenann, Jlanuna, Ilpocnepu [59],
OCHOBaHHOI0O Ha mpocTpaHcTBe 0600iIeHHHX GyHKuHHE. B cayyae
dim#=1 wu.-mpouecchl — 3TO OOLIUHBIE BEUIECTBEHHHE [IPOLLECCH
C He3aBHCHMLIMH HpHpalleHHAMH. BcegkMB H.-mpoumecc OZHO3HZHHO
omnpejenseTcss Ha6opoM CBOHX KOHEUHOMEDHBIX pacnpefefieHHH, Ko-
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Topbie B cHaly (2.17) uMeloT CJeflyIolyio CTPYKTYpy
Ko, (0 ()19 (0) —y (3)EBy, ..., § (v,)—y (1,.)6B,) =
=N, G () y () ~y (t)€EBy). .
/Y’pﬂ,r Y (): y(rp)—y('rp_l)eBp),
rae 7,<1,<. 155 By ..., B,EF (R).

H. npouecc HA3bIBAETCA OOHOPOOHLIM, €CHAH iJJad JobHX a, b,
T1€R Buimosingercs

KNoivo4e T2 (EN=WKa,s(E), ECRBas,
rae (7y)(ty=y (¢t 4 1). CooTHOLIeHHE
Ni(B)=Kout(y(-):yl@a+t)—y(@€B); BEFZR), (2.19)

onpeneder TOrga CBePTOYHYIO NMOAYTPYINNY HHCTPYMEHTOB, depes
KOTODPYIO KOHEYHOMePHHe pacnpellesie s BbIpaxaloTtcs o QopMmyJie

Fror, (0 ()Y (W) =Y (1)€By, - .., 4 (1,) — ¥ (t,)6B,) =
=Nt (By) ... Ny o (By). (2.20)

Ecan n.-mpouecc HenpepeiBen B TOM CMBICJE, YTO
lim | fo,aie (4 ():]y @+D)—y (@) | >e)—1d| =0 2.21)

aas go6oro £>>0, ToO COOTBETCTBYIOIiAsl CBEPTOYHAsi HOJYrpynna
HelnpephiBHA B cMblcie (2.13), H, cJe/0BaTeNbHO, €€ XapaKTEePHCTH-
JeckHe QyHKUHH HMewoT BHJ (2.12), rne & (A) — HekoTOpas KBa3H-
XapakrepHcTHueckas QyuHkuus. OO6patHo nycre & (L) — KBasuxa-
paktepHcTHUecKas GYHKUHSA, {/’;} — cOOTBeTCTBYyIOIIAS CBEPTOUHAS
noJyrpynna, toraa cooTHoilieHne (2.20) ompenesisger KOHeYHOMep-
HEIE paclpejiesieHus, MPOJOAKAIUIHECS OO0 OJ(HODOJAHOIO, Helpe-
PBIBHOTO, BIOJIHE TOJOMKHTENbHOTO H.-ipouecca {A. »}. Boxee Toro,
MOJHGMHIHPYS TEXHHKY INPOJOJIKeHHS TEOPHH CcJydyalHBIX MNpolec-
coB U, MOXHO 10Ka3aTb, 4T0 H.-mpouecc {AN’ »} CcocpenoToueH Ha
noxnpocrpanctee D%, cocrodiieM u3 GyHKuuH Oe3 paspHBOB
BTOpOTO poja. PyHkuus &£ (L) Ha3HBAETCS 2eHepATOPOM H.-IPOLEC-
ca {./Pa, b}-

Caaraemoe &y B popmyne (2.14) onucuBaer 3BOJNIOUHIO (B 00-
IeM cjydae Heo6paTHMYIO) paccMaTpHBaeMOH KBAHTOBOH CHCTEMEI,
NPOHCXOASALIYI0O HE3aBHCHMO OT INpollecca H3MepeHus. B kiaaccu-
geckoM cayuae (dimaB=1) sto cnaraeMoe BooOule OTCYTCTBYeT.
Bropoe caaraeMoe &;(\) OomHCHIBaeT HpOLECC HENPEPBIBHOTO NPH-
GauKeHHOTO uaMepeHus Habmogaemoii A=o?(L-+L*). Coorser-
CTBYIOUIH#H H.-MPOIECC COCPENOTOYEH Ha HeNMPePHIBHHIX TPaeKTOPHAX
H OTBeuaeT KJacCHYECKOMy BHHEPOBCKOMY Ipolleccy. MHoromepHoe
06061uieHue — CyMMa ciaaraeMHX BHZa (2.11) c¢ pasHeIMH oneparo-
paMH Ly, ..., L, — 3ajgaer mpolecc HempephIBHOrO MPHOJIKKEHHOTO

1 Cm. U. U. T'uxman, A, B, Ckopoxoa. Teopus c.nyqanﬂux npoueccoB.— M.:
Hayka, 1973.— 2.
101



H3MePeHHs HEeCKOJbKHX (BoOOule roBOps, HECOBMECTHMEIX) Ha6Jio-
naembix [60]. Hakonen, ciaraemoe £, (M) onuchiBaer cKaukooGpas-
HYI0 KOMIIOHEHTY IIpoLecca H3MepeHHH.

Ipumep (cp. {78, ron. 5]). lycrs B—>P(B); BEF(R\0) —
QYHKIHA MHOXKECTB, YIOBJETBOPSIOMAs ONpefeseHHo (BIOJHE MO-
JIOXKHTEJBHOTO) HHCTPYMeHTa (cM. m. 1.1), 3a HCkaIOueHHEM ycao-
BHSL HOPMHPOBKH 2). Takum o6pazom, C=% (R\0)[I] — HekoTopHIil
NOJIOXHTeAbHHH oneparop. CooTHOWEHHE

P (1) [X]= S e P (dx)[X]—CoX +i[H, X]  (2.22)
rR\0

onpefie/sieT KBa3HXaPAKTEPHCTHUECKYIO QYHKIHIO, [PEACTaBJsIO-
uyo cobofi nepBoe caaraemoe B ¢opMyse (2.16). OXHOPORHBI
u.-nponecc {A%, ,} ¢ remepatopom (2.22) HMeeT KyCOYHO-TIOCTOSIH-
Hble TPAEKTOPHH; MyCTb, HanpHMep, F 9 — MOIMHOXKECTBO TpaeK-
TOPHA, HMEIUINX POBHO m CKA4KOB Ha OTpe3ke [a, b], mpuuem j-I
CKayoK IPOHCXOJAHT Ha HHTepBate A;[a, b} 1 uMeer BeduuHHY
hi€B,, rne B;6#(R\0). Ecau unreppansl Ay, ..., A, cClIeLyIOT IpyT
3a apyroM 0e3 nepeceyeHHil, To

KapF)={ ... [ 202 B).....# (B X
A

Ay m

X el ImPogt, ., dit,,

rae Lo[X]=—CeX+i[H, X]. OcoGesno npocto yCTPOEH aHaJjor
IIyaCCOHOBCKOTO IpOIlecca ¢ TeHepaTopoM
Z M) X]=p(e™U*XU—X) +iH, X],
rie U — #H3oMeTpHUecKH# omeparop. DTo cuurarouuii npoyecc [154],
AT KOTOPOrO CKAYKH TPAeKTOPHH (DHKCHPOBAHHOH BeJHYHHH A
OPOHCXOAAT B Ciayuyafiible MOMEHTH BpeMeHH, UMeIOUlHe 3KCIOHEH-
IHaJbHOEe paclpefeseHHe ¢ napaMerpoM p>>0. B MoMeHT ckauka
cocTosinne npeo6pasyercs no gopmysae S—USU*, a Mexnay ckau-
KaMH 3BOJIIOIHOHHPYET COTVIaCHO 3aKOHY

S—rp-Wip-iHIS gl

PaccMoTpuM BKpaTile BOIPOC O CXOAHMOCTH NOBTOPHBIX H3Mepe-
HHA K Mpoueccy HenpepelBHOro HaMmepesns. Ilycts BpeMeHHas
ocb R pas6ura Ha nmpoMexyTtku {f;™, t(i’j&] JIUIHEBL 1/n, B RaxX7a0-
My MOMEHTY BpEMEHH OTBeuaeT H3MepeHHe, ONMHCBIBAeMOe BIIOJIHE
NOJIOXKHTEJILHHM HHCTPYMEHTOM A, C XaPaKTepHCTHUeCKOH (YHK-
uueft @, (A). CepHs TAKHX NMOBTODHLIX H3MEDPEHHH €CTCCTBEHHHM
o6pasom onpenenasier H.-npouecc {A’%,»}, TPAEKTOPHIMH KOTOpOro
SIBASIOTCA KycouHo-ocTossHHble GyHkuax (cM. [102]). O6osnauum

p (B)=Tr S} (EY[X]; E€Ha,
rre X=>0.
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Teopewma. [lycts cymecTByer 1-HenmpepwBHHIE Ipefes

-limn ((I)(n) (7\) — Id) =2 (}v),

npuyeM sup 155}1121”“ ®ny(M)—Id]| < 0. Torpma nocienosaTelbHOCTh
n <

Mep {u{"}} cxopurcs B Tomosoruu Ckopoxoga K Mepam
s, x (E)=Tr S 4,5 (E) [ X],

rae {A’ :} — OJHOPOAHBIA BIOJIHE MOJOMKHTEJBHHI H.-Ipolecc ¢
regepaTopoM & ().

B 4acTHOCTH, MOCJEN0BATENbHOCTh NOBTOPHBIX NPHOGJIHMKEHHBIX
uaMmepeHnit Habaiogaemoi A W3 npuMepa m. 2.3 CXOAHTCH K IIPO-
LecCy HempepHBHOTO H3MepeHHst ¢ reHepatopoM (2.11).

B cayuae dimJ6=1 3TOT pe3ysbTaT NepPexXOLHT B TEOpPEMY
A. B. Cxopoxosa 0 ¢XOAHMOCTH CYMM HE3aBHCHMBIX CJyYaiiHBIX Be-
JIHYHH K TIPOLECCY ¢ He3aBHCHMBIMH NpHpaUleHHSIMH.

3HaHHe TeHepaTopa H.-Ipoliecca I03BOJsseT B NPHHUUIE oOIpe-
JEJUTb OCHOBHHIE BEePOSATHOCTHBHIE XapaKTePUCTHKH paclpeieseHHs
(2.18) B mpocTpaHCTBe TpaeKTOPHiH, B HacCTHOCTH, NPOH3BOJbHHE
cMemanuble MoMeHTHl [60]. Ha 3TOM oCHOBaHBEI KBaHTOBO-CTaTHCTH-
JeCKHe MPHJIOKEHHs paccMarpuBaeMoii Teopuu. B pabore [103] mnpo-
BeJeHO CpaBHEHHe OLEHOK HEeH3BEeCTHOHN CHJBI, HeHCTBYIOLIleH Ha OT-
KPBHITYI0 KBAHTOBYK) CHCTEMY, NOCTPOEHHEIX HAa OCHOBE Pa3JHUYHBIX
IPOIECCOB HENMpepHBHOTO H3MepeHusd. CTaTHCTHKA CUHTAMIIHX Npo-
eccop paccMarpupaiacs B paborax [154], [18].

T'zasa 5
MPOLKECCHI B MPOCTPAHCTBE ®0OKA

§ 1. KBaHTOBOE CTOXAaCTHYECKOE HCUHCIIEHHE

1.1. OcHoBHbie onpepenenus. [Iycts ) — ruapbepToBo MpOCTpaH-
ctBo. Cummerpuunoe npocrparncrso Doka, accouuupoBahHOe ¢ b,
omnpejessercd Kak

T (H)= 20 ®T, (),

rie Ty(h)=C, T.(h) =P"—cuMMeTpH3OBaHHAA n-1 TeH3OpHAs
creneHp npoctpaHcrsa § (cM. m. 1.3.1). I',(h)) HaswBaercs n-«a-
cTuynbiM noonpoctpancreom, I'o(h) — saxkyymubim  noonpocTpan-
créom. B kBaHTOBO! ¢usuke I'(h) ommceiBaeT cHcTeMy M3 IepeMeH-
Horo (HeorpaHmueHHoro) uucsa dYactui (6osoxos [6], [7]).
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B uHTepecyiomeM Hac cayuae, korga h=L2(R,), nmpocTpaHCTBO
®oxa I'(h) cocrout H3 GECKOHEUHBIX INOCJEeLOBATEIbHOCTEH
V=[For F1(®)reeer Faltrserrrt)ses.],

rae f,6C, fa.(t,. .., ¢,)—KOMIIeKCHas CHMMETPHYHAs KBaipaTHy-
Ho-HHTer pupyeMaa ¢yskums ot fy,...,f,6R,, IpuueM

Cplv) Ezonilg...g:fn(tl,...,tn)|2dt1...dtn<oo.
n= 0 0

YnobHag MoaudHkauks 3TOro NpencTaBleHHd Oblia HOpeJJJ0MXKeHa
Maaccenom B [142]. Tlyets T={f,,...,¢,}—uem B R,, T. e. nO1I-
MHOXeCTBO R, KOHeuHo#t MOIIHOCTH |T|=r, YHOpALOUYEHHOE TaK,
ur0 £ ... <#,. OGoswauan P MHOXecTBO BCeX uenes, §,—

MHOXECTBO LeNel MOUHOCTU 72, HMeeM P= U P, rae P,={}.

o

OmpeliesuM Ha P o-KoneunYio Mepy u{dT), KOoTOpas coBmagaer
c Mepo#t dt,...dt, wa P,, n>0, u p()=1. daa eI (h) moao-
wiM P (1) = [, (¢,...,¢,), ecan |T{=n>0 n (@)= f, Cummer-
pruunas QYHKuus fn O,ZLHOSHaI-IHO onpeﬂenﬂeTcx CBOUM OTpaHHUe-

HUeM Ha P,, TpuueM —,S Slf (-t l2de .. dE,=
0
= S | ¥ () |2 (d7), TaK 4o
Pn

o]

Colpy =3 § W(T)l"’p(dr)———gIw(r)W(dr)- (L.1)

n=0P,

st mo6oro ¢>0 onpegeinM omepartoput A(f), AT (£), A(f)
COOTHOILIE HUAMH
t

(AOW @ pEuishds
0

AT @O @)=, Lo () 9 EN{s),
s@'t

W@ ) ()= L1 () (7). (-2
s@T

Oneparop A (f) nepepogut I'n=T,(L*(R.)) B I's-1, A*(f) mepeso-
aut I'n B Tayy, # A(f) mepeBopur I', B I'n. B kBaHTOBOH Qu3nKe
A(t) aBaserca oneparopom yuuuyroscenus (6030Ha HA BPeMEHHOM
orpeske [0, ]}, A*(¢t) — oneparopom posicdenus, A(t) — oneparo-
pom wucaa wactuy (6ozonoB). Obuiell MHBapHAaHTHOHX 006J1aCThbIQ, OM-
pelelieHHs ABAfAeTCs NMOANPOCTPaHCTBO I'w, cocToflliee H3 BEKTO-
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pos V€T (h) Takux, yto

VA 9@ 20 @) < w
P

aas Bcex A>0. Onepatops A(#), A*(f) opno3Hauno npomosXKa-
IOTCSl 10 3aMKHYTBIX B3aHMHO COTPSIXKEHHBIX ONEPaTOpoB (IJs KO-
TOPBIX COXpaHAWTCSA mnpexHue obozHauenus). Omnepatopun A(f), a
TaKxKe

QY =A()+A" (1), P(t)=i(A*()—A(t)) (1.3)

ABJSAIOTCA CYUI€CTBEHHO CaMOCONPAXKEHHBIMH HA I's (CM., HaIpH-

mep, [6], [29]).
M3 onpegesnenni (1.2) BEITEKAOT CJAeLYIOUIHE KOMMYTalHOHHHE
cooTHomenuss Ha I

[A@), A(9)]=0, [A*(#), A*(3)]=0,
[A@), A ) ]=(ENs)], (1.4)
[A(®), A(8)]=0,
[A@), A= —A(EAs), [A@), AT (9)]=AT(ENS3),
rae tAs=min(¢, s). Orciona crenyer, 4to
[Q (t)’ Q (S)]:O' [ t)’ S)]_
[Q ), P(s)]=2i(tA9)], (1.5)
[A(E), Q(s)]= —iP(tAs), [A(?), P(s)]=iQ (£ A5s).
ITyets fEL2(R,). IKCnOHEHYUALbHOLM BEKMOPOM HA3LIBAETCH

BeKTOP Y€ (h) Takoi, 4TO Y (D)=1, ¢, ('c):Hf(t). Crans p-
tar
HO€ NPOH3BeNEeHHEe [IBYX 3KCHOHEHUUAJLHHSIX BEKTOPOB

<wf|wg>—exp§ g (6 dt.

3
t

Via (1.2) caenyer, uro A(?) %:(Sf(s) ds)-w,.
0

BekTop ¥y, cooTBeTcTBYIOWKHA f=0, HA3HIBAETCA BAKYYMHOLIM BEK-
ropom. a5 Hero

A1) po=0, A(t)po= (1.6)

Jlunefinyio 060/104Ky ceMefiCcTBA SKCIIOHEHIHAJbHHX BEeKTOPOB 060-
sHauuM I'.. Oua nmiorna B ['(h) (cM., Hanpumep, {96]).

1.2. CtoxacTHYECKHH MHTErpaJ. O1mo H3 OCHOBHHIX CBOHCTB NpoO-
crpancrtBa Poka —PyHKTOpHAJAbHOE CBOHCTBO

T (h:®%2) =T (5) ®T (he), (1.7)
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B YaCTHOCTH, 1ad Jwboro {€R,
T'(L*(R.))=T(L%(0,#)) ®T (L%(¢, 00)). (1.8)

TIpu 3TOM 3KCIOHEHUHAJAbHbBlEe BEKTODHI, BKJAIOUasg BAKYYMHBIH, TaK-
xe $aKTOPH3YITCH

Y= POt (1.9)

TTockoabky L2(R.) MOXHO paccMaTpHBaTb KaK HEIpPEPBLIBHYIO Mps-
My cyMMy (IpAMOH HHTerpaJ) OZHOMEPHBIX I'HJALOEPTOBHX IIPO-
crpancrs, npocrpancrBo I'(L?(R,)) aBasercss, B onpemeseHHOM
CMEICJ/Ie, HelPepHBHLHIM TEH30PHBIM NIPOH3BeJeHHEM. JTa CTPYKTypa
JIEXKHT B OCHOBe CBSI3H MeXIy npocTpaHcTBoM Pokxa, 6e3rpaHHuHOH
LeNUMOCTBIO H TpOLEcCaMy ¢ He3aBHCHMBIMH NpHpALIeHHAMH (CM.,
HanpHMmep, [96], {138]).

Hanee §=3QT (L?(R.)), rae 6 —HeKoTopoe  <«HayaJbHOE»
NPOCTPAHCTBO. DJEMEHTHl § MOXKHO pacCMaTpHBaTb KaK (QYHKIIHH
Y (1), TR, co sHauenusiMu B . Dyner yio6HO He passnyaTb B Ha-
IIHCAHHH ONepaTophl, JeficTByomHue B #4, uan B I'(L2(R,)), n nx
nofHATHA B §; Hanpumep, A (f) o6o3Hayaer Kak onepatop B
I'(L*(R,)), rak u onepatop IQA(t) B § (rae | — exnuAunbIl Olle-
parop B ). O6osnaunm HRT. anrebpanueckoe TeH30PHOE HPOU3-
BeneHHe 6 u I.. CemelicTBO (BOOGIIe roBops, HeEOrpaHUYEHHBIX)
oneparopos {M(t); t€R.}, onpelenenHux Ha BRI, Oyner HasH-
BATbCS npoyeccom B §.

Coornomenus (1.8), (1.9) 3anawT ecTecTBEHHYIO (DUIBTPANHIO
B npoctpanctBe §. [Ipouecc {M(¢); t€R,} B § Ha3mIBaeTcs coead-
cosanubim (¢ JaHHOH GHAbTpalyel), ecau a8 awboro f€R,

M(f):Mf]@IH, (1.10)

rae My —onepatop, ZHeicrsyomwui B Ml (L2(0, £), a I—
enuHuunbif onmeparop B I'(L2(#, o0)). Baaronapsa (1.8), (1.9), ompe-
deneHo orofpaxeHHe YCTIOBHOTO OXHAalHA &y B aarebpy omne-
patopos supa (1.10), corsacosaHHOe ¢ BaKyYMHbIM COCTOflHHEM
[P0 ) (Y. CorsacopaHHbifi IPOUECC HA3LIBACTCA MADMUHZALOM,
e &M (s)|=M(¢) npu s>¢. Ocuosuele mpoueccsl {A(£)},
{A* ()}, {A(#)} aBIAIOTCA MapTHHTaMaMH.

[Tapracapars 1 Xaacon [108], [20] mOCTpPOH/HM CTOXaCTHYeCKHH
HHTErpaJl OT COTJIACOBAHHLIX MPOIECCOB II0 OCHOBHLIM MapPTHHI4JaM
A(t), A*(¢), A(¥). Jamine usnaraercs MoAHGHKALWA 3TOH KOHCT-

pykumn (cM. crateio  A. C. Xosepo B [145]). Tlpomecc {M(¢)
t6[0, T]} HaseiBaeTCH npocmeLM, eCM CyHeCTBYeT pa3CHeHHe
O0=#,<t;<...<ty=T, Takoe uto M ({)=M(¢;,|) nma t€[¢; y,
). [ins 4eTBepKH MpPOCTHIX COTJacoBaHublx mponeccos {Me(?)},
a=0, 1, 2, 3, croxacTHueCKkHii HHTerpaJ onpeneJsercd COOTHO
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HieHHeM

I(T)y=\ (MdA+MdA+ Mpd At 4 Mydt) =

(St ]

2

g (M, () [A ) — At )] + w1

4+ My, 4)[AE)— At )]+ Myt ;) [AT(E)— AT (¢ )]+
+ Ms(t;2) (¢;—t;00))
U3 nepasencrs Kypae (cMm. [128, m. V.1.4|) errekaer ouenka

T
SR I Opebr|L<C 17 I)- lSlf(t)Px
T
X || Mo (&) e, ll2dt + § [l My (rpa, [+ (1.12)

T 2)
+ | Mo () o, | 1dt+l§ | Ms (t)wwflldt] i
0

rae Y67, fEL2(R,). Hazosem {M,(#)} donycmumols dernepgo#,
ec Ia moboro € >0 Hafiierca dersepka {Mq(f)} mpocTeix cor-
JIACOBaHHBIX MPOLECCOB, TAKag 4TO
ess sup || [M, (&) — M, (1) o, || <e,
0<ILT
T

§ 110012 &) — A s @] v, IR at <,

0

T
§ 1156 — i, ] we, [ dt <e,

0
U CUAbHO Oonycm umoll 4eTBePKO#, eC/H 4a moboro £>0 Hafinercs

yetBepKa {M,} MPOCTLIX COraCOBAHHBIX NMPOUECCOB CO 3HAaYEHU-
mu B B (H), Takaa 4TO

ess sup || M, () — M, (1) <&,
0<ET

T

§ 18120 — B 02 at <,
0 (1.13)
T

S | M3 (&) — M (8| dt <e.
0
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U3 nepasercrsa (1.12) suiTexaeT, uro aja JmoGofi  gomyCTHMOR
HeTBEPKH CTOXaCTHUECKHH WHTET pas
T

I(T)= S (ModA - Md A+ Myd A+ Mydt) 1.14)

0

onpenesed Ha JEQT, Kak CHAbHHIH Mpeles CTOXAaCTHYECKHX  HH-
TerpagoB Buaa (1.11) or mpocthix npouecos {M,} H  sABafercs
corsacoBanHbIM npoueccoM. Ecan M;==0, 1o /(f) siBaseTcs MapTHH-
rajoM; Q0Ka3aHo, YTO AOCTATOYHO IIPOM3BOJbHBIA  OrPaHHYEHHBIH
MapTHHIaJ 1 B IpocTpaHcTBe PoKa fABJASeTCH CTOXACTHYECKHM  HH-
terpasoM (Ilapracaparu u Cunxa). [Ipumep HeorpaHHUeHHOro Map-
THHTaJ/1a, He MPEeJCTaBHUMOr0 B BH/E CTOXAaCTHYECKOrO HHTerpaJia 1o
OCHOBHBIM TpolleccaM, colep:kutcss B pabore )Kypne [113].

U3 onpepenenuii (1.2) OCHOBHBIX MapTHHrajoB BHITeKaeT fB-
Has gopmyna (B. I1. beanaskuu [35])

t
(7 ()9 @)=\ [Ms(5) 9+ M, (5) ] (3) ds +
0

+ 2 [M2(5) -+ My ()] (2 \{s)),
sGT
st
rae ¥ (t) =y (tU{s}), KoTopasd MOXKeT CJYXKHUTb AN aJbTepHATHB-
HOro ONpejeseHHsl CTOXaCTHYeCKOIo HHTerpaJja, HMEIOUlero CMbci
AJs1 60/lee MIHPOKHX KJACCOB IPOLECCOB (BKJKOYasd HecOor/acoBaH-
Hble TIPOLecChl).

CroxacTHuecKHit HHTErpaJ nmo HmpoyeccaM B aHTHCHMMETPHUHOM
npoctpaHcTBe ®oka paccmaTpusajics  bBapueromM,  CrpurepoM,
Ya#apowm [62], [141], Xanconom u Dnnadaymom [107].

1.3. KBaurosas ¢opmyna Hro. Cooruomtenne (1.14) mnpunsito
3allMchIBaTL B MG (epeHIHANbHOA hopMe

dl=ModA+M,dA+MsdA++Madt. (1.15)

Ilycts J(¢) — Apyro#i croxacTHuecKHii HHTerpas, tak uyro dJ=
=NodA+N,dA+NodA*+N;dt,
Teopema. Ecau yerBepkn {M,}, {N,} CHIbHO RONYyCTHMH, TO

npoussenenne [ (t)J (¢) siBAsieTCH CTOXACTHUYECKHM HHTErpajioM, IpH-
geM

d(17)=1(d])+ (dI)J+ (dI) (d]),

rjlie NpOH3BeJeHHe BHIUHCIAfCTCA HO CJAeAYIOIHM (opPMaJbHbBIM Tpa-
BHJIAM: 3HadeHHd J1060ro COrJacoOBAHHOTO MpoilecCa B MOMEHT ¢
KOMMYTHPYIOT €O CTOXaCTHYeCKHMH AuddepeHNHaNaMH OCHOBHBIX
nponeccoB dA (f), dA(t), dA*(t), dt, a B cnaraemom (dI) (dJ) wpo-
H3BeleHAS CTOXACTHYeCKHX AH(Q(epeHHHAJOB OCHOBHEIX MPOLECCOB
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HaxomsTCH corjacHo Tabianue YMHOXKEHHS

|dA* dA dA dt
dA | df dA 0 0
dA |dATdA 0 0. (1.16)

dAfT0 0 0 O
dt |0 0 0 O
Anrebpa croxacruueckux auddepennuanos (1.15) ¢ Tabanned
ymHOXKeHua (1.16) Haomopdra HeKoropoH aJarebpe 3X3-MaTpHll.
OcobenHo yano6ua peaaunsanus, npeanoxentas B. I1. Benaskunbiv
B [35]: cooTBeTCcTBHE

dl = MydA-+MdA+ Myd A" Madtes

0 M, M,
M=lo M, M, (1.17)

000

OKAa3HIBAeTCH HHBOJIOTHBHHIM ajre6paHyecKHM H30oMOphH3MOM, Ie-
2. 2. *
pesoasiuium upBoaonnio  (dl)*=Mo*dA-+My*dA +M,*dA++M;dt

B HHBOJIOLHIO
0 M, Mk 0 M; M,
oM, My| =|0 M; M|
0 0 O 0 0 0

I1 pHMeEp. paCCMOTpHM CTOXA4CTHUYECKHE HHTErpaJinl
4 ¢

B(t):S J(5) dA(s), B*(t):S J (s) dA*(s),
0 0

rae J(#)=(— 1A —cwmHo HomyctuMsift mpouecc. K3 dopMyner
(1.24) crenywomero nyHKTa BblTekaeT, uTo J (f) ynaoB.reTsopser
y paBHE HHIO
di=-—2JdA.
ITonbaysics Tabauneit (1.16), HaxoouM
d(BJ+IB)=—2(BJ+JIB)dA.
ITockoabky B(0)=0, To H3 TeopeMbl CJELYIOULEr0 IYHKTA BBITE-
kaeT, uto B(t)J(t)4J(¢)B(f)=0. CrHoBa moab3ysicb rtabaHied
(1.16), naxoaum d (BB*--B+B)=d!, oTKyna
B(t)B*(t)+B* (1) B(t) =t,
T. e. onepatopsl B (f), B¥(l) yooBJeTBOPAIOT KAHOHHYUECKOMY aH-
THKOMMYTAaUHOHHOMY COOTHOMIEHHIO IJsi $epMHOHHBIX ONEpPaTOpOB
pPOXIeHHA—YHHUTOXEHUs. DTOT QAaKT JIEKHUT B OCHOBe H30MOpdH3-
Ma MEXAY CHMMeTpHYHbIM (6030HHBIM) H  AHTHCHMMeETPHUHBIM
(depMHOHHEIM) mpocTpaHcTBaMH DoKa, YCTaHOBJAeHHOTO XaJNCOHOM
u Ilapracaparu [109].
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KpauTtoBb# croxXacTHyecKu# nHTterpan H ¢opmyaa Hro umeror
ecTecTBeHHOe 0000LIeHHe Ha CJayuall MHOrMX cremenefi  cBobonwl,
Korga ocHoBHble mpoueccsl A;(t), Ay*(t), Ajx(f) MHOrOMepHH H
ReficTBYIOT B mpoctpanctse ®Poka I'(Lx?(R,)), rome H — ruanbep-
TOBO NPOCTPAHCTBO, Pa3MePHOCTb KOTOPOro paBHa YHCJY CTeleHed
cBobonnl (Xazcou, M. TI. dsanc [143], B. I1. Beaaskuu [35]), a
TaKKe B He(DOKOBCKHX IPOCTPAHCTBAX, CBA3AHHBIX ¢ IayCCOBCKHMHU
COCTOSHHSIMH KaHOHHYECKHX KOMMYTAIHOHHBEIX cOOTHOMIeHni (Xaa-
con, Jlnnacei [142}]).

1.4. KBaHTOoBBle CcTOXacTHuYecKHe aMbdepeHiinanbHble YypaBHE-
HHa. PaccMoTpuM JHHeHHOe OJHOPOLHOe KBAaHTOBOE CTOXAaCTHYe-
ckoe puddepeHnnaJbioe ypaBHeHHe

dV=[LodA+L,dA+LydA*+Lsdt]V, 10, (1.18)

¢ HauaJabHeM ycaoBHeMm V(0)=I, kotopoe sBasieTcs KpaTko# 3a-
MIHCBIO HHTErPaJbHOrO ypaBHEHHS
?

V(0= §[Lo(9) dA) + Li () dA(9) + Ly (9) dA™ (5) +

Q
- Ls(s)ds]V (s).

Monnduuupys paccyxkjaenne Xagcona u Ilapracaparu [108], oc-
HOBAHHEIE Hd METOjIe [OCJEeN10BATENbHEIX TPHOIHKEHHH, MOXKHO I0-
Ka3aTb CJeAYIOLLYI0 TeopeMy.

Teopewma. Ecan {L.}— cCHABHO JOMycTHMas 4eTBepka, TO pe-
wenne {V (t); t€R,} ypaBHenus (1.18) cyuiectByeT, eHHCTBEHHO H
AIBJIETCSI CHJbBHO HENpepHIBHBIM COTJIACOBAHHBIM IPOLECCOM.

O6osnauum &, omepatop BpeMeHHOro cisura B §: F(1)=

=y (1:), rae .={H1+¢, ..., t.+1}, ecan v={f,...,t,}. Peuenne
V (f) yioBnaeTBOpsieT YpaBHEHHIO KOLLHK /1 a
V(ttu)= (P V()P V(u); t, u€R,. (1.19)

Ocofbuiit uuTEpec mpeacrasJsieT cayuail, korna V(f), t€R,, sdaBas-
I0TCSl YHHTApHBIMH onepaTtopaMH. lns satoro Heo6xoaumo u jocta-
TO4HO, 9T0OH ypapHexue (1.18) umedo Bug

dV =[(W —1)dA+ LdA*— L*Wd A—

(iH.-{~ A )dt]v, (1.20)

rie W —ynurapHbiii, a H— caMoconpsiKeHHBIH  onepaTopsl H3
B(6).

Becbma BaxHo# sBJAsieTcs 3aZauya o6oOuIEHHS TeOpeMH Cylie-
CTBOBAHHS H eJMHCTBEHHOCTH peIleHHs ypaBHenus (1.18) ma cay-
Yyaf HeOrpaHHdeHHBIX K0a(ddunueHToB L, (f). HexkoToprle pesyibra-
TH B 3TOM HaNpaBjJeHHH HMewTca B paborax Xazacona u [lapraca-
patu [108], Xypne [113]), ®puaxepno, Panvonr, A. M. Uefora-
pesa [75]. B pa6ore {113] wacTHuHO pelleHa 3agaua ONHCAHHSA CHJb-
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HO HeNpephIBHHIX YHHTApHBIX pellleHHii ypasHenus (1.19). Iror
BOIIPOC TE€CHO CBf3aH ¢ MpoOJeMOH KOHCepPBAaTHBHOCTH, 00CyXIaB-
mefca B . 3.2.3.

¥YpasHenusa tuna (1.18) cBsA3aHH ¢ JHHEAHBIMH CTOXACTHYECKH-
MH aH(¢epeHuHaJbHBIMIA YPAaBHEHHAMH B THJBOEPTOBOM IPOCTPAH-
ctBe (cM., B yacTHocTH, A. B. Ckopoxox [33]), u MOXHO HauedaTbCd,
YTO 3TH JBa HalpaB/ieHHS B3anHMHO oboraTaT APyr Apyra. Pelilenuns
ypaBHeHHs (1.20) sBasAOTCA HEKOMMYTATHBHBIM 4HAJOTMOM MYJb-
THIIMKATHBHOrO Npoilecca ¢ He3aBHCHMBIMH CTAaUMOHAPHBIMH TPH-
palleHHsIMH B Tpynlle YHUTAapHBIX olepaTopos. OO0umas Teopus Ta-
KHX IpoleccoB paspHra Akkapau, ¢on Banbpendenbcom u Iyp-
MaHoMm [54]. Tocnennuit mokasan [144], [147], uro BcAKui TaKoii
npouece, yAOBJETBOPAIOMIUA YCJIOBHIO paBHOMepHOH HelnpephIBHO-
CTH, sBJseTcS pelleHueM ypabHenus tuma (1.20). Mcnonbaysa ana-
JIOTHIO ¢ KBaHTOBHIMH Hpoueccamy, A. C. XoJseBo yKasaJ cTOXacTu-
yeckoe AuGpdepeHnranbHOe ypaBHEHHE, KOTOPOMY YAOBJETBOpSAeT
INPOU3BOJNBHHA KJACCHYECKHH MYyJ/IbTHIJIMKATHBHBIA IIpollecc ¢ He-
3aBHCHMBEIMH CTalHOHApPHBIMH NpHpAaNeHUsMH B rpynie JIn (MyJb-
THIJIMKATUBHAEIHA anaJjor pasioxenus Mro) [104].

Harnsanoe mpencrasieHHe pemeHuil ypaBrenHs (1.18) paroTr
XPOHOJIOTHYECKH YHOpPSALOYEHHbIEe SKCIIOHEHTH, POJCTBEHHBIE MYJ/IbTH-
NJIHKATHBHOMY CTOXACTHYECKOMY HHTErpaJjy B KJaCCHYECKOH TeOpHH
CaydadHBIX TpouUeccoB (Mo MOBOAY mocjaelHero cM. dmepH [82]).
Ilycty {M, (¢)} — 4eTBepKa NpPOCTHIX COMJACOBAHHBIX INIPOIECCOB Ha
[0, T] co 3Hauenusimu B B (). [Tosoxum

V= exp [M(¢_) (A (£) — A (t,q) +
4 My () (AE) — A ) + Mo (E,00) (AT () — A (E0) +

My (E) (Ej—E9)]
H 0003HaUNM
T
exp S (M dA+ M d A+ MpdA™ L Mydt)—
0

—Vreeoo Vo (1.21)

Omnepatop (1.21) ompenmenen na # Q.. B pabore A. C. Xoaeso
(cM. [145]) mokasaHo, uTo ecan {M,}— cHiabHO AOMyCTHMas YeT-
BePKa COrJIACOBAHHBIX NPOIECCOB €O  3HAYeHHSMH B B(H)
{M.™¥} — mocsie0BaTEJbHOCTh YETBEPOK MPOCTHIX IPOIECCOB, amn-
npokcumupyomas {M,} B cMmbicie (1.13), To cyulecTByeT CHIbHBIX
npefien Ha JBQT. BHpaxkenud Buna (1.21), KoTOpHHA HasbBaercH
XporoAocunecKky ynopadouenHot axkcnowentod. TIpu atom cemel-
CTBO XPOHOJIOTHUECKH YNIOPALOYEHHBIX 3KCHOHEHT
T

V (£)= exp S (MydA + M dA+ MydA* 4 Mqdt), teR,, (1.22)
0
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ABJISeTcA CHJIBHO HENPEPLIBHHM Ha #H®T,., COrNMacoOBaHHBIM IIPO-
16CCOM, KOTOPHI Y/IOBJETBOpSAeT CTOXACTHUECKOMY JH(Q(epeHIH-
aabHoMy ypaBHeHuwo (1.18), rme {L.} u {M.} cBSi3aHH cOOTHOLIe-
HHUSIMH
L0=a(Mo), L1=M1b(M0), L2=b(M0)M2,
L3=M3+M1€(M0)M2.

3neck a, b, ¢ — ueavie HyHKIHH
ez—1

a@@=er—1, b()= . c(@=""1F 200 (1.29)

4

Ucnonbays usomoppuam (1.17), 3TH cOOTHOIIEHHS MOXHO 06belH-
HUTH B OJHO MAaTpPHYHOE PaBEHCTBO

L=e"—1I.
Ecnu xosddunuentst M, (f) xomMMmyTupylor Mexnay co6off npu

BCEBO3MOXHBIX 3HaYE€HHAX BPEMEHHBIX aprymMeHTOB, TO XPOHOJIOTH-
YECKH YIIOpAAOUCHHAA 3KCIIOHEHTa IpeBpaulaercs B 06quHle

t
V(&)= exp § (M dA+ M dAL Md A+ Madt),
Q

u jJaer, Takum 00pa3oM, siBHOe pelueHHe ypaBHenus (1.18).
ITpumep. PemleHue ypaBHeHHSA

di,=zJ.dA; J1.(0)=I, (1.24)
npu 27 —1 3alHCbIBAETCAd B BHIE
S, (t)=(z+ 1)}, tER,.
Ecm z= —1, 1o pemenune ypasHeuus (1.24) uMeeT BHI
J_1 (£) = 0,1

rae 9;, ;-—cumsoa Kpounexepa. INockosky J_; (f) o6pamaetca B
HYJb, OH0 He MOMXeT GblTh 3amHCaHO B BHJE 3KCIGHEHTHI.
XpoHOJOTHYIECKH YIOPS 10UeHHbIE SKCIOHEHTH
t

V(t):&pg (LdA*— L*d A—iHdt) (1.25)
0

paccMatpuBamch doH BangemdesscoM, a Takxe XaaCoHOM H
MMapracapatu B [141], [20]. DTH 3KCNOHEHTH SABIMIOTCH YHHTAPHBI-
MH OTlepPaTOPaMH, yI0BJETBO PSAIOIHKMH yPaBHEHHIO

dV:[LdA‘”—L*dA——(iH+%L*L)dt]V; VO)=1 (1.26)
I[Tpumep. llycrs dim =1 u f6L2(R,). DkcronenTa
t
Vi)—exp | (f (5)dA* (5) ~F 5 dA(5) .

0
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ABJAETCA YUHTAPHbIM PelliecHHeM ypaBHeHHs
dV ,()=[f @) dA*(t)— f (H)dA (t)_l7 | f (B))2dt]V, (#) (1.27)
B I'(L2(R,)). Vi3 aroro ypasHeHus u ksaHTOBOX ¢opMmyml Hro
t

BeITekaeT, uTo npoueccs V (O)V, (¢) u V ;¢ (8) exp iImS Fs)X
0
X g(s)yds, rpe g—apyras dyukuua u3  L2(R)), yuaos-
JACTBOPAIOT OQHOMY H TOMY XKe ypaBHeHmo; KpoMe TOI'o, OHH
coBnagator npH f{=0 H, crenoBaTe bHO, TOWAECTBEHHO paBHH,
T. €.
t

V,(OV, () =V, (£) exp [ilm 3 f(s)mds]. (1.28)

0

Pacemorpum L2 (R,) Kak BelllecTBeHHOe JuHelHoe TNPOCTPaH-
CTBO Z C KocoCuMMeTpuuHo#l opmoi

[e=3

Afg=2im\ £ ()2() ds.

[

M3 (1.28) rtorapa caeayer, uto onepatopul W (f) =V,(o0) obpasyior
(nenpusoauMoe) InpejcTaBj]eHHE KaHOHHYECKOTO KOMMYTaUHOHHO-
ro coorHoulenusa Befias (1.2.12) B cumMmerpuuHoM (6030HHOM) IIpo-
crpanctee Poka ['(L2(Ry)), a dopmyam (1.4), (1.5) naor uudu-
HHTE3HMaJbHYI (OPMY KAHOHHUECKOIO KOMMYTAlHOHHOTO COOTHO-
mweHnd. [Ipu 370M 3KCNOHEHIIHAJbHbIE BEKTOPBI HIPAIOT TY Ke POJb,
4TO H KOT€pCHTHBIE COCTOSIHHS B CJydae KOHEYHOTO YHC/Ia CTerneHed
cBobOOabl, a oToOpaykenue ayadbHOcTH (cM. . 2.1} COOTBETCTBYeT
nmepexony K npedctasgeHnro llpénunrepa, QHaroHaJH3HPYIOILEMY
onepartophl Q (f).

JanbHeiinmue cBeaeHHs 0 KBAaHTOBOM CTOXaCTHUECKOM HCYHCJe-
HHH MOXHO HallTH B 0630pe Mefiepa [128], a TakKe B cOOpHHKax
[142]—[145], oxBaTLIBAIOUIHX TaKHe TEeMBI, KaK CBf3H ¢ HEKOMMYTa-
THBHOH reomerpHell (XaxcoH, dunabaym, PoOGHHCOH), HpHMeHeHHe
B TEOPHH KpaTHOTO CTOXACTHYeckoro mHterpana (Maaccen, Meifiep,
[Mapracaparu, JIHHICel), HEKOMMYTaTHBHbie CJaydafinue OayxKjia-
HHsi B «MIpyHIeyHOM npoctpaHcTBe PoKa» U HX CXOJHUMOCTh K OC-
HoBHEIM npoueccaM (Ilapracapats, Jlunaceil, AKKapaH) H apyrue.

§ 2. Pacumupenus B npocrpanctse Poka

Biaropaps cTpYKType HelPepPHIBHOIO TEH30DHOTO NPOH3BEIEHHS,
npocTpancteo POKa ABASETCA €CTECTBEHHBIM BMECTHJHLIEM pasJind-
HBIX «6earpaHHiHO AeaHMEIX» 00beKToB. B KoHue 60-x romos Apa-
ki u Crpurep paccMarpuBasn Ge3rpaHnyHo AeJHMHe IpeAcTaBJe-
HHS TPYNI M NOKAa3aJ/H, YTO TaKHe NPeNCTABJEHUS BKJAJKBAITCSA B
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npocrpancTBo Poka. Ilockoabky npencrapjiende TPyNnel onpene-
JsieTcsi HEKOTOPOH IOJIOXKHTEIbHO ONpejieleHHoH (pyHKHHeH, TO 3TOT
pe3yabTaT JaeT 3anHuch O0e3rpaHHyHO JEJHMO MOJIOKHTEJBHO ONpe-
JehenHoft GyHKIMH Yepe3 QOKOBCKOe BakyyMHoe cpentee (cM. [96},
{138]). Orcioma Takxe caelyeT, 4TO0 BCAKOe GearpaHHUHO-IEHHMOE
pacnpeZesieHHe BepOosiTHOCTeH MOXKerT GBHITh peajii30BaHO Kak pac-
npefefeHde HeKOTOPOA KBaHTOBOH HabJa0OZaeMOft OTHOCHTEJIbLHO
BaKyyMHOTO COCTOsIHHSL B mpocrpaHctBe ®oka. TakuMm obpasoM,
npocrpancTBo Poka BMernaer B ce6s Bce MPOyecCH ¢ HE3aBHCHMBI-
MH IpHpalleHHsIMH, a TaKXKe IPOUECChl «KBAHTOBOIO UIyMa», KOTO-
pHle [alOT YHHBEPCAJbHYIO MOJeJb OKPY:KeHHS OTKPHITOH KBaHTO-
BOH cHCTeMH. JTO 00CTOATENBCTBO JEXHT B OCHOBE KOHCTPYKIHH
pacUIHpeHHs, HCMONb3YIOMNX (DOKOBCKOe MPOCTPaHCTBO.

2.1. BuHepOBCKHH M NyacCOHOBCKHH MNpouecchl B NPOCTPaHCTBE
®oxa. Ecaun {X(f); t¢€R} — xoMMmyTHpYIOLlee ceMeHCTBO caMocomps-
JKEeHHBIX ONEePAaTOPOB B THJALOEPTOBOM IPOCTPaHCTBE §, TO OHO Juad-
20HAAU3YEMO: CYIIECTBYeT NPOCTPAHCTBO ¢ Mepod (L, #(Q), u)
¥ YHHTapHHI omepatop J u3 § Ha L2(2, u), Takne uToO

(JX(t)1'9) (0) =X, (o) p(0),
aas @€L2(Q, u), rne X:(w) — BelleCTBeHHLle HU3MepUMble (YHK-

uuu. [Ipu stoM nas mwoboro $€H H orpaHHueHHOH OGopeseBCKOH
bYHRLEH [(X1, ..., X.)

CHLF XN s XEDY) = (Xe @), s Xy, (@) P (do)

rae P(dw)=](J¢) (®) |?n(do) — BeposiTHocTHast Mepa Ha Q.
B stom cMmucae cemeiictBo {X ()} B ruabn6eproBoM mpocTpaHcTBe §
C BHIJI€NeHHBIM BEKTOPOM 1 CTOXQACTUYECKU IKBUBANEHTHO caydak-
#omy npoueccy {X:(w)} B BeposTHOCTHOM IpocTpaHcTBe (L,
£(Q), P).

Paccmorpum kKomMyTHpylomee (B cuay (1.5)) cemeficTBo camo-
conpsixkenunx  omeparopoB {Q(f)} B I'(L%2(Ry)). Ilyers {Wy;
teR.} — craupaprTupiit BHHepoBckud npouece, L2(W) — ruabbepro-
BO NPOCTPAHCTBO KOMIJIEKCHBIX  KBaJpPATHYHO HHTEI'PHPYEMBIX

(YHKUHOHAJA0B OT BHHEpOBCcKoro npouecca. Orobpaxenue dyarsto-
cru (Curan)

n=1

Ho=r+ 2| . ( faltr o tyawe, ... aw,,

rae B npasofi yacTH GoPMYJbl — KPaTHbIE CTOXAaCTHYECKHEe HHTEerpa-
Jol B cMucie Hro, asiasercs uzomopduaMom mnpocrpanctBa Poka

$=T(L*(R.)) u L*(W), npuuem
Ipo=1; 1Q(HI'=W,.

Hostomy cemeficteo {Q(#)} B T'(L?*(R4)) ¢ BakyyMHBIM BEKTOPOM
o CTOXACTHYECKH 3KBHBAJIEHTHO BHHEPOBCKOMY mponeccy W,. AHa-

JIOTHYHOE YTBEPXKAEHHE CNPaBeIJIHBO H 1Jii KOMMYTHPYIOLIETO ce-
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meficrea {P(f)}. 3ameruM, ato B cuay (1.5) omeparopu Q(¢) =
P(s) He KoMMyTHpYIOT MeXZAy co6ofi H mostomy cemefictBo {Q (),
P(f)} He 5KBHBAJIEHTHO IBYMEPHOMY BHHEPOBCKOMY mpoueccy. Y HH=
tapHuii oneparop Uy (t)=i""p(t) nepeBoAHuT Yo B o H

P(H)=UQ () U-.

Omle)pa'ropy U B L?*(W) orBeuaer npeo6pasoBanue dypbe—Bune-
pal.

PaccMOTpHM Tenmepb KOMMYTHpYIOllee CeMeHCTBO CaMOCONpsi-
XKeHHux omeparopos {A(f)}. Ilycts {N,; t6R;} — nyaccoHOBCKHH
npolecc HHTEHCHBHOCTH A Ha BEDOSITHOCTHOM lIpocTpaHcTBe (9,
#(Q), P,) u L2(N)=L?*(Q, P,). Oto6paxenue

J(M‘P:fo"{‘E_]S-g;- (faltyy o tdxe, .. .dx.,

roie X,=A"12(N,—Af) — KOMINEHCHPOBAHHHH NYacCOHOBCKHH IIPO-
mecc, siBjasgercs H3oMopguaMoM npocrpanctBa Poka ['(L%2(Ry)) mu
L2(N), npuuem

JMhy =1, JWPOM (g gt N
rune
™M () =A )+ V7 Q(£)+At. 2.1y

TaxkuMm o6pasom, ceMeiicto {II™ (¢)} B I'(L?(Ry)) ¢ BaKyyMHEIM
BEKTOPOM 1o CTOXACTHYECKH SKBHBAJEHTHO IyaCCOHOBCKOMY IIpO-
neccy [108].

C TOuYKH 3peHHs KJIacCHUeCKOH TEOPHH BEPOSITHOCTEH COOTHOLIE-
HHe (2.1) He MOXKeT He BHI3BaTb YIHBJEHHS — IY4CCOHOBCKHIl Npo-
[ece MpeacTaB/eH KaK cyMMa BHHEDOBCKOTO Mpouecca ¢ MOCTOSH-
HBEIM CHOCOM H Ipoliecca A(f), paBHOTO HYJIIO IOYTH HaBepHOe (OT-
HOCHTEJIBHO BaKyyMHOro cOCTOsiHHA). [lesio, KOHeuHO, B TOM, YTO
craraeMble He KOMMYTHPYIOT H NO3TOMY He MOTYT paccMaTpHBaTh-
€l KaK KJacCHYecKHe C/yyaliHble IPOHECCH HAa OJHOM BEPOSITHOCT-
HOM NIPOCTpaHCTBe. 3aMETHM, YTO NOJOOHA® CBA3b MEXKAY Nyacco-
HOBCKHM H HOpPMaJbHBIM pachpelesieHHeM XOpOIIO H3BeCTHAa B
KBaHTOBO# onTHke [21].

B moaxoxsiee npoctpadcTBo Poka I‘(L;{(R+)), rae L ;[(R+) —
NpPOCTPAHCTBO KBAJPATHYHO-HHTerpHpyeMHX (YHKLOHA cO 3Haue-
HHSIMH B HEKOTOPOM THIbOEPTOBOM NPOCTPAHCTBE 4, MOXKeT OBITh
BJIOXKEeH IPOH3BOJBLHEIH CTOXaCTHUECKH HeNPephIBHHEI mpouecc ¢ He-
3apucuMuMH npapameHnaamu (ITapracapatu, cm. [128]). Tlpeacras-
JieHHe Takoro mpouecca Tpebyer, BooOlie TrOBOPS, GECKOHEYHOro:
YHcla  HEe3aBHCHMBEIX IIPOLECCOB  DOXKAEHHA-YHHUTOXKEHHA-UHCTA
JaCTHIL.

Cpenu ImpoueccoB ¢ He3aBUCHMBIMH NPHPAUIEHUSMH TOJIBKO BH-

» Cm. T. Xuna. Bpoynosckoe apuxkenne— M.: Hayka, 1987.
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HEPOBCKHH H NYaCCOHOBCKHH 00/1aJal0T CJOELVIOIHM CBOHCTBOM
XaoTu4ecKol npedcTA8UMOCTY: THAbOEPTOBO IPOCTPAHCTBO KBAAPa-
THYHO HHTErpHPYEMHIX (DYHKUHOHAJOB OT Mpouecca ABJAseTCH NpH-
MOH CYMMOH MOANPOCTPAHCTB, HNOPOXKAAEMBIX M-KPaTHHIMH CTOXAcC-
THYECKHMH HHTerpasaMu (Bunep, HMro). Bompoc — kakue apyrue
MapTiHrane 06/1a4al0T 3THM CBOHCTBOM — NPHBJEK BHHMaHHE Cre-
LLHAJHCTOB TI0 TEOPHH CJYYaHHBIX NpoleccoB. B wactHOCTH, DMepH
IIOKa3aJ, 4To 3THM CBOHCTBOM 06JlajlaeT MapTHHraa A3eMbl

X,=sgnW,) TC—g), (2.2)

rie g,-— NOCHeJHHA Hy/Jb BHHEPOBCKOro npolecca W, nepej MOMeH-
tom f. [lapracapatu [137] paccMoTpes KBaHTOBOE CTOXACTHUECKOE
AnddepeHunanpHoe ypaBHeHHe

dX (t) = (c—1) X (1) dA(¢) +dQ(t), X(0) =0,

U ToKasaJj, 4To npH Jiobom cE€[—I, 1] oHO HMeeT peiuenHe, FBJASIO-
nieecss KOMMYTHPYIOIIHM CeMeHCTBOM ¢aMOCONPSIKeHHbIX OMeparto-
POB U CTOXAaCTUYCCKH 3IKBHUBAJCHTHOC (OTHOCI/ITeJIbHO BaKyyMHOI'O
BEeKTOpA) MapTHHraJdy co CBOHCTBOM XaOTHUECKOH MpejcTaBHMOCTH,
Kak 3amerun Meftep, npu ¢=0 peuenune X ({) cTOXacCTHYECKH 3KBH-
BasieHTHO MapTuHrany Asembl. TakuM o6pasom, B BhICiIeH CTEeTEHH
HeJHHeHHOe npeobpasosanue (2.2) BHHEPOBCKOrO mpoluecca OKasbi-
BaeTcsd TECHO CBA3AHHBLIM C JHHEHHBIM CTOXaCTHUYECKUM AHp@epeH-
[Ha/JbHHIM YpaBHeHHEM [/ HEKOMMYTHPYIOILHX NPOLEcCOB.

2.2 CroxacrHyeckne 3BONIOLMH M pacHIMPeHHs] AMHAMUYECKHX
noayrpynn. HurepecHBIl KJacc Oe3rpaHHYHO JCJIHMHX OOBEKTOB
BO3HUKAET B CBS3H C AMHAMUYeCKHMH mojyrpynnamu. [lycte 6 —
ruJab6epToBo NpocTpancTBo, @ — AHHaMuueckoe oToGpakeHne B aJj-
rebpe B(54), T. e. HOpMaJbHOE BIOJHE INOJOXKHUTEJIbHOE O0TOOpaxKe-
uue, takoe uro Q@[l}=1. HaszopeMm @ 6esepanuuno deaumeim, eciu
a4 Jgo6oro =1, 2, ... ®=(D,)", rae ©, — AUHaMHYecKoe 0TOG-
paxenne. Eciu {@,; 1€R;} — AHHaMHueckas MOJYyrpymnna, TO Bce
otobpaxenusi @, Ge3rpaHUYHO ACJHMBI, NOCKOJAbKY @,= (D,/)"
C npyro#t cropohl, ecan dim 6 <Coco, T0 BcAKoe Ge3rpaHHUYHO Jle-
JHMOe IHHAMHuecKoe otobpaxenue uMeer Bufi O=&-eZ, rape & —
YCAOBHOE OXKHJaHHe Ha HeKoTopylo mopairebpy BB (H#), a £ —
BIIOJIHE JHCCHIIATHBHOE OTOGpaXeHHe, OCTaBAasOllee Inojaaarebpy
B nupapuauthon [15]. Oto6paxente & wurpaer Pojb, aHaJOTHUHYIO
H/EMIOTEHTHOMY AeJHTENI0O B TEOpHH 0e3rpaHH4HO JeJHMHX MO0J0-
XHTeJbHO onpeleseHHbix GyHkuuil Ha rpynnax [138]. Ecan & =1d,
To dYepes (O MOXKHO NPOBECTH KBAHTOBYIO [IHHAMHYECKYIO IOJY-
Tpyuiy.

B pa6ore Xajcona u Ilapracaparu [108] 6b1710 mocTpoeHo BJo-
KEHHE HENpEepBIBHOM [0 HOpMe KBAHTOBOH JAHHAMHYECKOH IOJY-
rpyninsl B npocTpactBo Poka, KOTopoe MOXKeT ObiThb HCTOJKOBAHO
KaK paculMpeHHe JO MapKOBCKOrO KBAHTOBOIO CJY4aHHOro Npoilec-
ca B cMbicie . 3.2.6 (cM. ctatbio ®puaxepuo B [142]). Hasa fipoc-
TOTH OTpaHHYHMCS ONHCaHHEM KOHCTPYKIHH paGotwm [108] maist mo-
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JYTpynnel ¢ HHQHHETE3UMaJbHBIM ONMEepaTOPOM BHIA :
PXl=iH, X]+L*XL—L*L-X, (2.3)

rae H, LeB(36), H*=H.
Mpexnoxenne. Iycrs {®,; tER,} — KBaHTOBasA IHHAMHUEC-
?aﬂ nojayrpynna B 8(54) ¢ nHQUHHTE3HMaJbHEIM onepatopom (2.3).
orga

O[X]=& [V ()" (XQ) V(1)], X¢eB(8), (2.4)

rae {V(f); t€Ry} —ceMelicTBO YHHTapHHX ONlepaTopoB B §H=
=#QI'(L?(R,)), ynosaersopsioliee ypaBHenuto (1.26), a or1o6-
paxenne &g :B(H)—>B(F) — ycpenHeHHe N0 BAKYYMHOMY COCTOS-
HHIO, onpejenasieMoe (GopMyioh

Tr S&[Y]=Tr (S® [bop<1o|) Y.

414 Jro60ro onepatopa IVIOTHOCTH S B 76 u Jo6Goro Y€B($H).
HlokaszarteabctBo. W3 ypasHeHus (1.26) W xBaHTOBO#H

dopmyanl Mo BHITEKaeT K8aHTOB0e ypasHeHnue Jlawscesena pAs

X(1): '

dX (1) =[L(8)*, X()[dA(t)+[X (), L(H)ldA+ () +
FUTH (1), X ()] (L) *X () L(H) —L(1) *L(1)=X (1)) }dt.

YepenHsis N0 BaKyyMHOMY COCTOSIHHIO H YUYMTHIBasi mepBoe H3 CO-
OTHOMIEHHH

dA(t)$o=0, dA(t) =0, (2.5)

BbITEKAIOLIHX U3 (1.6), moaydaeMm, 4YTO CeMelCTBO HabM0LaeMbIX
O X =&,V () (XQ)V ()] B aarebpe cucrems B(H#) yros-
JETBOPSi€T YPaBHEHHIO

dO, [ X]=0,|Z[X]]dt; D,[X]=X.

Orcioma ¢crenyer, uro @,[X]|=exptZ [X]=,[X].

Mycere Temeps {¥,; €R.} — cooTBeTcTBYIOIlAs IHHAMHYECKas
MoJyrpynna B HPOCTpaHCTBe coCTOfHHA. M3 npexcraeienns (2.4)
BLITEKaeT KOHCTPYKTHBHOE J0KAa3aTeNbCTBO TEOPEMEl O pacilupe-
HHH, copMyaupoBanHo# B m. 3.2.6. OG6osnaunm Ho=I(L?*(R))
npoctpanctBo Poka, accouunpoBaHHoe ¢ LZ2(R), u myctb So=
= [Po){VPo|, TOE VYo — BakyymHBIH BekTOp B LZ(R). B nmpocTpancTBe
HRHy NeHcTBYeT rpynmna YHHTAPHHX OlePaTopoB BPEeMEHHOTO
capura {&#,; t€R}, onpenensemeix kak B I. 1.4. ITockoabky o=
=T'(L2(R.))®T(L*(R+)), rne R.=(—o0, 0), neficTBHe OCHOBHHX
npoueccoB A(t), A*(t), A(t); tE€R,; ecTeCTBEHHO NepeHOCHTC B
I @36y. Pemenne ypaBHeHHs (1.26) sBisercd torza ceMefiCTBOM
yHHTapHHX onepaTopos {V (f); t€R.} B #Q6o, yIOBIETBOPAIOIWHUN
cooTHoweHu0 Kouukaa (1.19). M3 atoro cooTHOIMeHHs BHTEKaer,
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910
PV (), teR,,
v f={V?~t)'9,, #6R.

ABAFETCA TPYNNOR YHHTAapHHX onepatopor B O, Ilockomky
i (X®N)P,=XOl, nu3 (2.4) crenyer, uro

¥, [S]=Try, U, (S®S)US, teR,.

IMocTpoeHHoe pacuiHpeHHe HMeeT NPO3PAyHYID (PH3HUECKYIO HH-
Tepuperannio. I'pynma omepaTopoB BpeMeHHOro casura {&#;} omu-
CHBaeT NHHAaMHKY KBaHTOBOTO IIYMa, KOTOPHIA HrpaeT PoOJb OKpY-
XKeHHsl paccMaTpHBaeMOH CHCTeMH. 3anuceiBasg omepatopu V(f)
B BHJe XPOHOJIOTHUECKH YNOPALOYEeHHOH 3KcmoHeHTH (1.25), Mox-
HO BHJIeTb, 9TO OHH 3aJai0T 3BOJIOLUHIO CHCTEMEl € raMHJIBTOHHA-
HoM H, B3auMozeACTBywweR C OKPYXeHHEM INOCPELCTBOM CHHIY-
JASPHOTO TaMHJLTOHHAHA

Hw=i(LA*(t)—L*A(t)). (2.6)
Ycpennenne yuutapHo# sposouud {U;} Mo BaKyyMHOMY COCTOSIHHIO
mWyMa H Jaet JHHAMHYecKyio Noayrpynny B B(H8).

AHa/IOrHYHOEe YHUTApPHOE pAaCHIMPEHHE HMEEeT MeCTO A8 IPOH3-
BOJIbHOA KBaHTOBOM JUHAMHYECKOH TOJYTPYNIH € HHQHHHTE3H-
MaJbHBIM onmepaTopoM (3.2.4) —Halo TONBKO HCIOJH30BATb KBaH-
TOBO€ CTOXacTHYeCKOe HCUHCJeHHe ¢ GecKOHeuyHHIM HafopoM ollepa-
TOPOB POXKJEHHS-YHHUTOXKEHHS.

C TOUKH 3peHHS CTATHCTHYECKOA MeXaHHKH IpelCcTaB/sfeT HHTe-
pec BHAICHEHHe TOYHHX YCJOBHH, NPH KOTOPbIX Takas B BHIclIeR
CTeNeHH HIeaNH3UPOBaHHAs [HHAMHYECKas CHCTeMa, KaK KBaHTO-
BHH UIYM, BO3HHKaeT H3 GoJjiee PeaJIACTHUHHIX PU3HUECKHX MomeseH
OTKPHTHX cucreM (CM. B 3TOR cBs3u pabory [62], roe obcyxnaioT-
csi npubaHXKeHHs ciaboro B3aMMOLEACTBHS H MaJof NJIOTHOCTH).

M3 popmyan (2.4) MOKHO MONYUHTb NPEACTABIEHHS KBAHTOBOM
JHHAMHYECKOA TOJYTPynns depe3 pellleHHs KJIAcCHYECKHX CTOXac-
THYeCKHX AH(depeHUHa bHBIX ypaBHEHHH B THJAbOEPTOBOM IIPOCT-
paHCTBe. P (cm. cratbio A. C. Xoseso B [35]). Ilyete W, -—cran-
AapTHHi  BuHepoBcKHA mpouecc # {V.V(W); t6R+}-—cnyqazHuf1
npolecc co 3HaueHHsMH B B(F6), YZOBJETBOPAIOIIHE CTOXacTHIeC-
KoMy IHG(epeHHHATBHOMY ypaBHeHmo

V$”(W)=[ (¢H+ L*L)dt]vﬁ”(W),
Vé‘ W)=1. @.n
Torna
O, [X]=Mu,V W)* av (W), 2.8,

rie M()—MaTteMaTHuecKOoe OXHJaHHe, OTBeyawllee pacnpegelne-
HHI0 BUHepOBcKOoro mnpomecca. C apyrof cTopoHel, mycts N,—

TNYaCCOHOBCKHA Mponect ¢ €IHHHYHOH HHTEHCHBHOCTBIO H {V,"’(N)
r
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¢€R,} ynosnetBopsieT ypaBHEHHIO
001 a1 1)V

V& (N)=L. (2.9)
Torna
O, [ X]=Me)V i (N)* AVEP (), 2.10)
rae Mg — MaremaTHuyeckoe OXHIaHHe, OTBeyaiollee paclpenese-
HHIO ITyacCOHOBCKOTO Impolecca.
3aMeTHM, 4yTO pewleHusi ypaBHeHH#A (2.7), (2.9) MoryT 6bITh 3a-

{IHCaHbl B BHAE XPOHOJIOTHYECKH-YIIOPALOYECHHEIX 3KCIIOHEHT (My.ﬂb-
THIIJIHKATHBHBIX CTOXaCTHYECKHX HHTel‘paJIOB)

|4

V(W)= exp S {Law,— (i +5 @+ D L] ds}, @.11)
0

t
VD (N)=exp S{(ln L)dN,— [iH+%(L*L—I)] ds}. @.12)
)
OrpaHnunmcsa BeIBOZOM npencTaienus (2.8). BeeaeM cemeficTBO

1
H30OMeTpHUUeCKHX OnepaTopos V) w3 # =B H=363T (L2(R,)),
onpexeiaeMsX COOTHOLIEHHEM

Vo=V (¢) (¢®y,); ¢E6. 2.13)
W3 ypasnenns (1.26) crenyer
(1) . | - (1)
avs :[LdQ(t)-—(LHJr?L L)dt]Vt , 2.14)

nockoabky B cuiy (2.5) koadpouunent npu dA(f) Moxer OHTH
npon3poJbHEM. EcaH Bocmosb3oBaTbes Telleph Npeo6pasoBaHHEM
AyaapHOCTH, TO Qopmyna (2.4) nepefigzer B (2.8), a ypaBHeHHe
(1.26) — B ypaBHenue (2.7). AHasOruuHo, BBIBOJ MNpeicTaBJeHHdd
(2.10) us dopmyas (2.4) ocHoBaH Ha npeo6pasoBanun J™ u3
n. 2.1 (npu A=1) (cMm. . 2.4).

2.3. PacumpeHuss HHCTPYMeHTaAbHbIX npoueccoB. IIpn paccmor-
PEeHHH NPOLecCOB HeNpephbiBHOTO M3MEpeHHs ecTeCTBEHHO BO3HHKAeT
nousTHe Ge3rpaHHYHOH NEJHMOCTH HHCTPYMEHTAa, KoTopoe o6benH-
Hsiler Oe3rpaHH4YHYI0 AeJHMOCTb pachnpefelJeHHH BepOSITHOCTEH H
AHHaAMH4YeckHX oro6paxeHndi. B pabore Bapkuennn u Jlynuepu
(cM. {61], [142]) yxasaHO COOTBETCTBYMOUlee paclIHpPeHHE B HpPOCT-
padcrBe Doka, KOTOpoe MOXKHO paccMaTpHBaTh KaK KOHKpeTH3a-
uuio obmero pesyabrata OszaBa (n. 4.1.2) Ansa nmpoueccoB H3Mepe-
HHSH, MPOTEKaMHX Bo BpeMeHH. OrpaHuyHMcs 3fech JByMsl Hau-
6o/1ee BaXKHHIMH NIPHMEpAaMH.
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Mpumep 1. Paccmorpum u.-mpouece {4, )} ¢ reneparopom
VW) [X]=Z [ K]+ (L* X+ XL)— 51X,  (2.15)

rie L, H=H®*—orpanvyeHusie onepatopsl B TruibGepTOBOM
npoctpanctee J6, a £ [X] naerca dopmyaoin (2.3). CoraacHo
n. 4.2.3, 3T0 ecTb OpoliecC HeNpepeIBHOTO H3MepeHHS Hal./1101aeMoH
A= (L L*) B cuCTeMe, 3BOJIOLHOHUPYIOLLEH ¢ raMHALTOHUAHOM f7.
M3 pesyiwrata Bapkuesm w Jlynuepu caenyer, 4to

! - - l

FEHE) [ X)=&, IV (H* (XSPENENWY ()], E€Bo:, (2.16)
rie {V (f)} —cemefiCTBO YHHTAapHHIX ONEpPaTOpPOB B TI'uIb0ePTOBOM
npocrpaHcTBe =T (L2(R,)), YAOBAeTBOPAIOILEEe KBAHTOBOMY
croxacTHueckoMy auddepennnatmuoMy ypasuenmo (1.26), a P{{}(E);
E€%,4, cuiekTpajbiasg Mepa CceMeHCTBa COBMECTHMuX HalJ01aeMbX
Q(s); 0<s<t, B I(L2(RY) (eMm. m. 4.2.1) (B cuay OZHOPOAHOCTH
aHAOTHYHOE TpeNcTaBieHHe MMeeT MeCTo M s AL ), rie a<b).
Myers {#" )} — cooTBeTcTBYIOWMI H.-IPOLeCC B NPOCTPAHCTBE
coctoanuii. Torma coorHowenue (2.16) npuobperaer  BHA

dopmyan (4.1.10)

(1)
Mo, (E) [S]=Trr® )V (O (SSp ) ()<
1

XV (6)* (18 PLE)), (2.17)
KOTOpasi HMeeT sCHYIO (PH3HYECKYIO HHTepnpeTanuio: HabamogaeMas
cHcTeMa, MepBOHAYAJLHO HaxXOAHBLIAACS B COCTOSIHHH S ¥ 3BOJIO-
LHOHHDYIOIad ¢ aMu/JbTOHHAHOM H, B3aUMOJEHCTBYeT C KBaHTO-
BBIM [IYMOM IOCPEICTBOM CHHIYJSPHOTO TraMH/JbToHuaHa (2.6).
[lpr 3T0M Haa KBAHTOBBIM HIYMOM, KOTOPBIH HrpaeT poJib HPOGHOH

CHCTEMBI, MPOU3BOIUTCA HeNpeDbIBHOE Hepaspylialolliee H3MepeHHe
cemelcTBa COBMECTHMBIX HAOMOgaemblx @ (s); O0<Cs</.

Mpumep 2. U-nponece {AY)} ¢ reneparopom
PON[X]=i[H, A+ (L* XLe* — L* Lo X), (2.18)

rae H, L6B(H), asmmercs eCcTeCTBeHHLIM 06o6lleHHeM CHMTAIO-
mero npouecca u3 nm. 4.2.5. Jlag 3Toro rnpouecca paclIMpeHHe
uMeeT BHI

KENE)=&,[V (O ASPEHENV (B)]; E€%o.,  (2.19)
rae P(()?,)(E); EG%o,, CIeKTPalbHasg MEpPa CeMeHCTBA COBMECTHMAHIX

Ha6mogaemsx A(s); 0<s<¢, B T(L2(R,)). CooTsercTBYyIOIlEE
npeaCTaBjleHHe B NPOCTPAHCTBE COCTOSHHI

HEVE)=TrrasmenV OUS®lp ) (ho)V (#)* (@LF (E)) (2.20)
HMeeT MHTEpPNpeTalHio, aHaJOTHUHYI0 cooTHOUeHuto (2.17).
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Heckomko cnos o MerTome nokasaTemcrsa  cooTHomennft
(2.16), (2.19). O6o3nauum

KB =& IV (1) (®PF) Y (-):y () —y OEBYV ()],
rae BEZ (R), u BBeseM xapakTepuCTHUeCKHe (YHKUHH

04" (1) = | el (),
R
Toraa

O [ X]= &,V (&) (x0T Y ()] (=2.21)

rre YO ()=Q (t) u Y ()= A (¢). Ucnomays santosyio o p-
Mysy VITo, MOXHO 1OKasaTh, 4TO (YHKuHM (2.21) yn10BACTBOPSIOT
ypaBHeHHAIM

doi Ry =F (). B (1) dt,

@i ()= exp tZV ().
Orciona BeITeKaer, 4TO {./Y’(”} €CTb CBEPTOYHAsw MOJAYFpYima, OT-

Beyqamlag H.-lpoueccy {./V b} B cuay B3auMHO# 0JXHO3HAYHOCTH
COOTBETCTBHI MEXAY H.-POLECcCaMH H CBEPTOUHHIMH MOJYT P YIIaMH
(m. 4.2.5) otcioga caeaywr cootHomenus (2.16), (2.19).

2.4. CroxacTH4yecKHe MPEeACTABJEHHS NPOLECCOB HENPepPhBHOTO
H3Mepenusa. Mcnoab3ysi npueM, KOTOPBIH [O3BOJIMJ NOJYYHTH B
n. 2.2 croxacTHYecKHe MNpencTaBJeHHS KBAHTOBOH AHHAMHYeCKOH
HOJNYTPYIIB, HAHJeM COOTBETCTBYIOIHHE CTOXACTHUeCKHE IpeacTaB-
JeHHSl [IJs NpOUeccOoB HelpephiBHOTO u3Mepedus [105]. M3 sTux
NpenCcTaBJeHHl BBITEKAeT SIBHOE ONHCAHHE Dachpeje/eHHH BepodT-
HOCTeHl B MNPOCTPAHCTBE TPAeKTOPHH — HCXOZ0OB HENPEepHIBHOTO M3-
MepeHHSl M alOCTePUOPHHIX COCTOAHHME HabJIOgaeMOH KBaHTOBOHA
CHCTEMHI.

PaccMoTpHM cHauaJa H.-Tiponecc ¢ redHepatopom (2.15). Kak
oTMeuaJsoch B I. 4.2.5, OH COCPeROTOUYeH HA HelnpephBHHIX TPaeKTo-
pusix. Ilyctb p, —Mepa BrHepa B HpPOCTPaHCTBE HENPEPHIBHHIX
byHKuMH %, oTBedaloulas CTaHAAPTHOMY BHHEPOBCKOMY TpOLEC-
cy Wt

Mpeananoxenue 1. HM.-npouecc {./I(f,l,),,} a6COJIIOTHO Helpe-
peIBEH MO Mepe g, B TOM CMbIC/Te, HTO

A§UE)[S]= Svm W) SV W)y, (W) E6BosN%E, (2.22)
rae {V (W) —cemefictBo orpaHMueHHbX omepaTopos B M,

YIOBJeTBOpAOIlee CTOXaCTHIECKOMY au((epeHUHalLHOMY YpaBHe-
HEIO (2.7) OTHOCHTE/BHO MepHl ).

121



JloKa3aTe/bCTBO OCHOBAaHO Ha NPHMEHEHWH NpPeOGPa30BAHNAR
AYa/bHOCTH K mnpexctabiaeHuio (2.17). Tlpu 3Tom, kak B m. 2.2,
TOABJAAIOTCA ONlePaTOPH! Vﬁ”(W), a CleXTpalbHag Mepa P{!) ce-
mefictea Q(s); 0<s< ¢, puarosaiMayercs, TaKk uTO npoéKTop
P§)(E) nepexoaur B HHIMKAaTOP MHOXeCTBa FGHo,:NB.

CooTHowenue (2.17) naeT KOHKPeTHOe NpejCTaBJeHHe BIOJHE

1
TNO/IOKHTEILHOTO MHCTPYMeHTa A § ) B BHIe (4.1.12). Orcwona
fosyyaeTca pacrnpele/leHHe BepPOATHOCTeH B NPOCTPAHCTBE Ha-
6moaaeMsiX TPaeKTo pHA

ng (E)= 5 Tr SV W)V (W) dp,(W);  E€%0:NS.
£
Ono a6conoTHO HenmpephlBHO Mo Mepe BHHepa pj,, mpHYeM NJIOT-
HOCTb fAaetcst QopMmyJiod
2 (W)=Tr SV W)V (w)*, (2.23)
¥ NIOYTH HaBepPHOE MNOJOXKHTeJbHA. ANOCTEPHOPHOE COCTOfHHE,
oTBevaioilee HabaogaeMoli Tpaekropun W3 0<s'<{, ects

(1 1 — 1 i
S W= pi Wy Wi (W) SV (W (2.24)
OrMmeTHM, 4TO eC/M HavalbHOE COCTOSIHHE YHCTOe, S=|1|:1> (Pl
TO aNoCTepHOpHHE COCTOAHHS ABJIOTCH uwncTeMH S§ (W)=

= W) ) (PO W)|, rae

b W)=V W) p/ |V W)l
[lepefizeM & ciyuao cudTaomiero npouecca C T'eHepaToOpoOM
(2.18). Iycts 4 ,,—mepa B mpocrpancrse £, OTBeualolllas nyac-
COHOBCKOMY TpOLeCCY eAMHHUYHON HHTEeHCHBHOCTH.
Mpennoxenue 2. V.-npouecc {AS}} abcomotHo Hempepsl-
BeH N0 Mepe y.,, 8 UMEHHO

ACUE)[S]= S VO (N) SV (Ny*dp gy, (N); E€BoND,  (2.25)
E

Tae {Vf”(N)}—ceMeﬁcTBo OT paHHYEHHBIX OTepaTopoB B 6, YAOB-
JeTsopAlniee CTOXaCTHueCKOMY auddepeHnHaNEHOMY YPaBHEHHIO
(2.9) OTHOCHT@ABHO MepHl B o).

JloxasaTeabcTBO cooTHOweHHs (2.25) TpeGyer Hekortoporo mpe-
o6pasoBanus npeacraBiaeHus (2.20). PaccMOTPHM YHHTapHHEE ome-
partopu Beina V, () =exp[2A+(t) —2A (1)), rae z6C. Ilpu s<! ume-
eT MeCTO COOTHOLUEHHE

Vo (8)*A(s) Vo (£) =A(s) +2A (s) +2A%+(s) + | z|*s=IL(s),
KOTopoe NpoBepsieTcs C HCNOJIb30BAHHEM ypaBHEHHA (1.27) u xpan-

ToBoit popmyast Hro. Ilosoxum z=1, torna II(s) aBasercs myac-
COHOBCKHM TNpoleccoM €JHHHUHOE HHTEHCHBHOCTH B NpPOCTPAHCTBE
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®oxa. O6oanauan U,=V,(t)*V (1), nepenuwem (2.20) B BHae
(2)(E)—Tfr(L=(R+))U (S®lpe) (o) Us (18P5)(E)), (2.26)

rae P} — cnexkTpamuan Mepa CeMeHCTBA COBMECTHMHIX HaG/0Aae-
MBIX H(s) 0<s<t. M3 kpantoBofi dopMmy/t Hro BuiTekaer

YpaBHenue aaa Uy
a0, ={L—D) dA* () —(L—D*dAt)—
_[iH—}—%(L*L-—QLJrI)]a’t} U,
Bpoas usomeTpHUeCKHe ONepaTopb VP us 36 8 § no dopmyne

Vile=U, (@®y,); 9656,
M YuuTHIBag COOTHoOIeHH (2.5), MoJyuaeM ypaBHeHHe

dv(2>={(L_I) dll (¢)— [iH—{—i(L*L—I)] athvi?. (2.27)

Yuurapuuii onepartop J' u3 n. 2.1 nepesoxur NpOCTPAHCTBO. doka
F(L2(R:)) B L'-’(N) rae N, — KJacCHYeCKHH MyacCOHOBCKHH MHpo-
yecc eIHHHYHOH HHTCHCHBHOCTH OpH 3TOM ypaBHeHue (2.27) mepe-

XoauT B (2.9), npoekrtop P ) (E) —s HHIHKATOp MHOXecTBa E, a
dopmyna (2.26) —B npencw‘aaneﬂne (2.25).

Has pacnpejesneHHsl BepoSTHOCTEH B NpOCTpaHCTBe Habaioxae-
MHBIX TPaeKTOPHH H aloCTEpHOPHHEIX COCTOSAHHH MoJaydaioTcss Gopmy-
JIB, aHajoruuunle (2.23)—(2.25).

2.5. HeanHeliHble cTOXacTHYECKHE YPABHEHHS anOCTEPHOPHOH M-
Hamuku. ITonyuum croxactHueckue nuddepeHuHaNbHEE YpaBHEHHS,
KOTOPBIM YIOBJIETBODPSIIOT HalmaiogaeMble TPAeKTODHH M anocTepHop-
HEle COCTOSHHS B NpoOLecce HeNpepHIBHOrO KBAHTOBOTO H3MepEeHHs.
Paccmorpum cHauana npouecc HaMepeHus HabawogaeMolt A=L4-L*
¢ reneparopom (2.15). Hs ypaBHenns (2.7) aJas cemelcTBa
Viv(W) u dopmyas (2.23) BbeITekaer, uto IIoTHOCTH P (W)
pacnpegejieHHs1 BeposiTHocTed Ha6JiiogaeMBIX TPaeKTODHHA us OTHO-
CHTeJbHO MepH BHHepa w1, yAOBJETBODPSIET CTOXACTHUECKOMY IHH-
tepesuHaJbHOMY YpPaBHEHHIO

dp (W)= m, (W) pO (W) dW,, (2.28)
rae
m,(W)=Tr S{" (W) A
— anocTepHOpHoe cpeaHee Habawogaemoit A. Otcioga caeayet ',
uro HabaopaeMbli npouecc Y (f) aBiasercs npoumeccom JHGPY3HOH-
HOTO THINAa, yJAOBJETBOPHMOIIUM CTOXacTHYecKOMY AHdepeHUHaNb-

HOMY ypaBHeHHIO
dY (t) =m(Y)di-+dW,. (2.29)

Y Cm. P. 0. Jiunuep, A, H, Hlupses, CraTtHcTHKA CAyYa#HHX NPOLECCOB.—
M. Hayxa, 1974, § 7.2.
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Ilpumensis cToxactHuecKoe HcuncieHne MTo, mosyuaem ypaBHeHue
JUIST anOCTEPHOPHOTO cOCTOSIHUS (2.24)

dsi W) —# [S1" )] =[(L—m, (1) SV (1) -+
+ SV (L~ (YD*][AY (8)— m, (Y) di], (2.30)
rie
H[S]—= —i[H, S|+ LSL* —L*L:S.

dto ypasueune G0 noaydeno B. [1. Besasxuusm us pac-
CMOTpeHH KBAaHTOBOTO QHA/IOTa 33Jaud QUILTPANHHM  CJAY4YafHeX
npoiueccos [64]. B ciyuae uMCTHIX COCTOSTHHH YpaBHeHHe Jd
BEKTOPA aMOCTePUOPHOTO COCTOSIHH HMEET BHJ

Ay (V) =[L—m, HpM ) [aY ({)— m, (V) dt]—
_[zf-/jt% L*L—QLmt(Y)—kmt(Y)2)]¢§‘>(Y)dt. 2.31)

Henunetinocts ypaBHenuft (2.30), (2.31) oOycioBjieHa HOPMHPOB-
KOH anocTepuopHBIX cocTosiHui (2.24), B OcHOBe XKe JIEKHT
JHHeHHOE cTOXacTHYecKoe ypaBHeHHe (2.7) Tuna ypaBHeHHs 3aKaH
B KJACCHUCCKOH TEOPHH PUABTPALHH.

Bosbwiolt nHTepec mpeacTaB/asieT 3ajaua BLIBOJA M HCCIENOBa-
Hua ypasnenuii (2.30), (2.31) B cayuae, korjpa L, H — HeorpaHu-
ueHnple oneparopel. B pa6ore B. Il. BesaBkunna u CralueBckoro
[65] paccMoTpeHo ypaBHeHHE

dpi () =(Q — m, (M) p{OY) [dY (£)— m, (V) dt]—
— [ 1P212m+ 5 (Q—m (V)2 | D (V) at, (2.32)

KoTOpoe mnojaydaercs us (2.31) dopmanbHoft samenoit H=P?[2m,
L=Q, rae P, Q— KaHoHHuecKHe HA0MI0OgaeMble HEPeJSTHBHCTCKON
JacTHUB! MACCHl M. JTO COOTBETCTBYET HENpephIBHOMY NMpHOJHKEH-
HOMY H3MepeHHI0 KOOpAHHATBI cBOGOAHOH uactHubl. Hailineno as-
HOe pelleHHe B CJyyae TayCCOBCKOTO HavaJbHOrO COCTOSIHHA M IIO-
Ka3aHo, 4TO OHO fBJSETCS T'dayCCOBCKHM ¢ JHCNepCHeH, cTpeMsArlei-
¢ K KOHeYHOMy Ipepesy npH {-—+ oo, Takum oOpasoMm, ypaBHe-
Hue (2.32) cHHUMaeT H3BecTHBIH KBAaHTOBOMEXaHHUYECKHH NapajoKc
C pacnJibiBaHHEM BOJHOBOro NakeTa cBOOOAHOH YacTHLH.
HurepecHo, uto CXOAHBIe HeJUHEHHble ypaBHEHHS, OJHAKO C CO-
BepUIEHHO HHOH MOTHBHDOBKOH M HHTepIpeTalHed, BOSHHKJH IPakK-
THUECKH OJHOBPEMEHHO B paborax psiza aBTOPOB, 3aHHMAKOIIUXCS
MOHCKAaMH aJbTePHATHBHOIO KOHLENTYaJbHOTO OOOCHOBaHHSA TeO-
PHE KBaHTOBOro Hamepenusi. B paGore, ony6inkopaHHOR B cbop-
Huke [142], Tupapan, Pumunu u Bebfep nocrasuad BOOpoc O Ha-
XOKIEHHH ypaBHEeHUH, AAOIUHX eANHOE OITHCAHHe MHKPO- H MaKpo-
CHCTEM, H3 KOTOPHIX, B YacTHOCTH, BHITE€KaJH OB Kak obpaTuMmas
KBAHTOBas OHHAMHKA, TaK H HeoOpaTHMble H3MeHEHHS THUIIAa GPOeK-
UHOHHOrO HocTyaata. Ilpegnaranauch pas3jHyHBIE pelleHHA 3ITOTO
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Bonpoca; B pabGorax [Jlxkusena [91), 'mpapan, Ilupaa u PuMHHH
[89] BBeneno ypasuenne tuna (2.31), rae, oxnako, BMecro dY (¢)—
m,(Y)dt ¢urypupyer croxacTHuecKHH nH}PepeHuHas HEKOTOPOro
allpuopHO AaHHOro BHHEPOBCKOro npouecca (ypasHenue B [91] o7-
JHyaeTcs 3a cyeT BhGOpa ¢asoBoro MHoXHreas y V). Ilycts
H=0, L=3x,E;, — caMOCONpPSKEHHBI OLePaToOp C YHCTO TOUCUHHIM

cnektpom. B [91], [89] oTMeuaercs, uyro moayuarouieecsi ypaBHeHHe
1
dp=(L— (L) )pdW,—5(L— (L) Pypdt,  (2.33)

rae (L), =y | L.y, naer nuHAMHYeCKOe ONHCAHHE TPOEKIHOHHOTO
nocrynara —=>y;=E/|[Eqpl, B TOM cMBiCTe, 4o npu {—> 0o
peuiesye 1, CTPEMHUTCS K OJHOMY H3 COCTOSIHHE ;. B pabore I'ara-
peka u l:km3ena [88] naHo mMateMaTHUeCKOe HecJ/eaoBaHue ypaBHe-
HHA (2.33) 147 HeoTpaHHUEHHOT O oleparopa L, a Takxe
ypaBHeHus tHHa (2.32). Hasg QoKaszaTeibCcTBA CYLIECTBOBAHHS CJ/a-
60ro petieHHs 3TH aBTOPB HCIOJb30BaJMH (POPMaAJBHBIR HPHEM Tpe-
00pa3oBanusl BePOATHOCTHON MepHl (TeopeMmy ['HpcanoBa), KOTOPHIN
B CXEMe HEeNpPEepbIBHOIO H3MEepeHHS MMeEeT COHepPXKaTeNbHBIH CMBIC
nepexoja oT npouecca Y(f) K BHHEPOBCKOMY mpoueccy W,, ompe-
neasiemoro gopmynoh (2.29).

B cayuae cudTaloumero npoliecca ¢ reHeparopom (2.18) croxac-
THUECKOE ypaBHEHHE [Js MJOTHOCTH B INPOCTPAHCTBE TPAEKTOPHH
HMEeT BHI

dp® (N) =2 (N)—1] p{"(N) (dN —dt),
rae
A (N)=Tr S¥(N) L*L

—anocTepHopHasi HHTEHCHBHOCTH  CKAuKOB.  YpaBHeHME [/
anoCTepHOPHOT O COCTOS Husl

dSP (N —H S (V)] dt —

LS ryL*

:['—WY)—

B crarbe B. Il. Benasuna B cGopuuke [35] mpuBepeHo ofiee He-

JuHeliHOoe ypaBHeHHe KBAaHTOBOH (GHAbTpauuH, BKAOUaollee B cebs
Kak ypaBHenue (2.30), tak u (2.34).

_1] [dY (£)— 1, (V) dH]. (2.34)

JUTEPATVYPA

INpusesennas Huxke OGuGauorpadus He TNpeTeHiyeT Ha nojoTy. YTobel 06-
JIeruuTh MOJb30BAHHE CIHCKOM JUTEPATYPhHi, NPH €ro COCTaB/JCHHH HAPEANOUYTEHHe
orzaBajoch moHorpaduam, c60pHHKaM craTeit U 0630pHbIM paGotam. CcHlIKH Ha
oTZe/bHBle CTAaTbH HOCAT, B OCHOBHOM, AOMOJIHAKIIEA Xapaxkrep H aarorcd OOHY-
HO B TexX cJyyasiX, KOTj[a cOJep:KaHHe 3THX crTaTefl He OXBaThBaeTcid B JOCTa-
TOUHOH Mepe MepedHCJeHHBIMH BHAaMH OGobmamumux mybiukanufl. B wacTHOCTH,
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BHAYHTE/bHAA A0/ CTaTell COAEDPXKUTCA B TPyAax KOoHbepeHUHE 1O KBAaHTOBON
TEODHH BePOSTHOCTEH M ee npHjoxeHusM [141]—[145] (cm. Takxke c6opmHk ne-
peBonos [20]). B rakux cayuasx B TeKCTe NPHBOIHTCH MM#A aBTOPA OPHrHHaJb-
HOA paGOTH H JaeTcsi CCHUIKA HAa COOTBETCTBYIOWHA cGOPHHK HaH 0630p.
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