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NPEAHCIOBHE

JaHHasi KHHra siBJseTCs BTOPOH yacTblo yuyeOHHKa 1O MaTeMarTH-
YeCKOMY aHaJIH3y M INOJIHOCTbIO OXBAaThIBAeT MaTepHaJs BTOPOr0 rofa
o6yyeHHs, NPefYCMOTPEHHBIH NPOrpaMMOil [AJsl CTYHLEHTOB YyHHBep-
curetoB CCCP u HPDB, obyualpomuxcs no cneuuansHocTsM «Martema-
tuga», «[IpuknanHas MateMaTHka» U «Mexanuka».

KHHra CORepKHT TEOPHIO YHCJIOBHX H (YHKIHOHAJBHEIX PSIOB,
TEOPHI0O COGCTBEHHBIX H HECOOCTBEHHLIX KPATHLIX MHTErpaJioB Pumana,
TEOPHIO KPUBOJIHHEHHHIX W IIOBEPXHOCTHBIX HHTErpa/ioB H HHTErpaJos,
3aBHCSIIUX OT NapaMeTpOB, TEOPHUIO NOJiA (B TOM UHCJE H TEOPHIO
muddepenunansHEX HOpM U €BKJIHAOBLIX IPOCTPANCTB), TEOPHIO PS-
J0B H npeobpaszoBanuii Pypee.

Kak wu B nepso#i wuactu (B. A. Hapun, B. A. CanosHuuui,
Ba. X. Cenpos. Matemartuueckuii aHanus. Havansami#i kypc. — M.:
Hsn-so MI'Y, 1985), u3inoxkeHHe marepuaja BeHeTcsi Ha TpeX JeErkKo
OTHesNsieMBX APYr OT ApYra ypoBHAX: 0G6JIeryeHHOM, OCHOBHOM H IIO-
BBLILIEHHOM.

OG6unerueHHblit ypOBEHh OTBENaeT INPOrpaMMe TEXHHYECKHX BY30B
CCCP ¢ yray6GJeHHHM H3yYyeHHEM MaTeMaTHYecKoro aHamausa, oc-
HOBHOH ypOBEHb H3JIOXKEHHsi — @porpaMme cHenuaJpbHOCTH <IIpH-
KJajHasi MaTeMaTHKa», MaTepHaJ IOBHIIEHHONO YPOBHSI H3JI0XKEeHUs
LONOJIHAGT MaTepHas OCHOBHOTO YPOBHSI DSIROM DasfeJioB, OGBIYHO
H3JlaTaeMHX Ha MEXaHHMKO-MaTeMaTHYecKHX (akyJbTeTax YHHBEPCH-
TETOB.

HOnsi noHuMauusi Marepuaja o6JIer4eHHOTO YPOBHS HM3JIOKEHHsS He
TpeGyeTcs uyTeHMe MaTepuaja OCHOBHOTO M NOBBIMIEHHOrO YpOBHel, a
IJis TIOHHMaHHs MaTepHasna OCHOBHOTO YDOBHSl H3JIGKE€HUsI He Tpeby-
€Tcs YTeHHSl MaTepHaJsa NOBLIMIEHHOTO YPOBHSI.

TexkcT, oTHOCAIMEACS K NOBBLILIEHHOMY YPOBHIO M3JIOXKEHHS, Bblle-
JIEH B KHHMre ABYMsl BepPTHKAaJbHBIMH YE€pPTaMH; TEKCT, OTHOCSILHICS
K OCHOBHOMY YDOBHIO H3JIOXK€HUsI, BhIAE/JIEH OfHOH BepTHKAJbHOH uep-
TOH, OCTAJbHOH TEKCT KHHUT'H COCTaBJSET COJep:KaHHe OOJEryenHoro
YPOBHS H3JIOMXKEHHS.

B uesom Mawepuasn nasHOH KHHTM BecbMa NPUOJHNKEH K TOMY
KypCy, KOTOPBId peaJbHO MOXeT OHTb IPOYHTAH IJISI CTYJAEHTOB
YHHBEDCHUTETOB. :

ITpn HanucaHuu 37Ol KHUIH aBTOPBl HCIOJIb30BAJH CAOKHBLINECH
B MockoBckom ¥ B COQMHCKOM YHHBEDCHTETaX JEeKIHOHHbE KyPChl H



6 IIpenucnosue

gacth Matepuasna H3 KHurH B. A. Habusa u 3. T. Ilosnska «OcHoBH
mMarteMaTHyeckoro aHaausa» (M.: Hayka, 1980).

ABTOpH BHIpaxaloT MMy60Kylo 6JarofapHOCTh THTYJbBHOMY pefaK-
TOpy 3TO# KHHrM akagemuky A. H. THxoHOBY 3a MHOrHe LEHHBIE CO-
Berbl H 3aMeuanus. Ocobylo 6/1arofapHocTb aBTOPH BHIPAXKalOT
H. C. JlomoBy u C. TposiHCKOMY, KOTOphle OKa3aJH HEOLEHHMYIO
[OMOIL Ha BCEX 3Tanax HamnuCaHHs 3ToH KHWUrH. BecbMa cymecTBeH-
HOMY YJYUIIEHHIO H3JI0XKEHHs MaTepHaja ydeOHHKa CHOCOGCTBOBAJ
Tpyn pepakrtopa T. M. Ky3HeloBOH, KOTODOH aBTOpH TaK¥Xe BHIpa)Ka-
10T riy60Kylo 6/1arofapHOCTD.

Mocksa, okrs6pb 1986 r.



F'masa 1

YHUCJIOBBIE PAJLbI

Eme B Kxypce cpepHefi WIKOJH YHTATeJI0 MPHXOAHIOCL CTaJKH-
BaTbCSi C CYMMaMH, CONEpXKAalUHMH OeCKOHeYHOEe YHCJO CJaraeMex
(Hanpumep, ¢ cymMMOH GeCKOHEYHOrO 4YHC/Ia YJEHOB TIeOMeTPHYECKOH
NPOTPECCHH).

HccaenoBaHue TakKOrO poja CYMM, HasbiBaeMHBIX DSALAMH, MOXeT
6LITH CBENEHO K HCCJIENOBAHHIO YHCJOBHIX IOC/]eLOBaTeJbHOCTEH, TeM
He MeHee 3TH CYMMhl TPeOyIOT CaMOCTOSITeJBHOTO YyIJyGJIEHHOrO H3Yy-
YyeHyus, TaK KaK CJAyXaT Ba’XHhIM BCIIOMOTATeJbHbIM CPEACTBOM JJIS
NpeacraB/eHHsi Pas3/IMYHEIX BCTPEYaIOMHXCS B aHaJH3e (QYHKIHH.

§ 1. NOHATHE YHCJOBOro PAJA

1. Cxopsimuecs M pacxojsiudecs psiagbl. PacCMOTDHM NpPOH3BOJb-
HYIO YHCJIOBYIO NOCJIELOBAaTEJbHOCTb Uy, Uz, ..., Uk, ... H (HOPMaJbHO
o6pasyeM H3 ee 3JeMeHTOB 6eCKOHeuHyl0 CyMMy BHAA

o0
u1+u2+...+uk+...=2uk. (1.1)
k=1
®opmasbHO cocTaBJeHHyl0 cyMMy (l.1) mpHHSTO HasbBaThb Y HC-
JOBHM pPSAOM HJIH NPOCTO PSIAOM. IIpH 3TOM OTHENbHHE CJja-
raeMble U, NPUHATO Ha3wBaThb YJeHaMH psaa (1.1). Cymmy nep-
BbIX n wieHoB psina (1.1) mpuHSTO Ha3wWBaThL N-H YaCTHYHOH CY M-
Mo# psajfau 0603HauyaTb CHMBOJIOM Sh.
Hrak, no onpeneneHuio

n
S,,=u‘+u2+...+u,,=z Uy (1.2)
k=1

Onpepnenenne. Pad (1.1) naseisaercs cxodawumen, ecau cxo-
durca nocaedosarenrvrocTe {Sn} wactuuneix cymm (1.2) sroezo pada.
IIpu atom npedea S yrazanroil nocaedosaresvrnocru {S,} naseiea-
erca cymmou pada (1.1).

Takum ob6pasom, pas cxopswerocs psapa (1.1), uMelomero cymmy
S, Mu MoXeM (GOpMaJbHO 3alHCaTh PABEHCTBO

S= Z Up.
k=1
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B cnyyae, ecam paa panHoro pspa (l.1) npenmena mocaenoBa-
TeJbHOCTH 4YacTHYHHX cyMM (1.2) He cymecTByeT, 3TOT psii Ha3H-
Baercs PacXOAAMHUMCH.

Mzl BHAHM, YTO TOHATHE CyMMBbI ONpEREJNeHO JHIIbL AJs CXOAsIUe-
rocs psija, npuyeM (B OTJHYHE OT NOHSTHA CYyMMBl KOHEYHOro 4HCJaA
cjaraeMblX) MOHATHE CYMMHl psiia BBORHUTCS IOCPEACTBOM ONEpalHH
npeje/bHOTO Nepexona.

B coBpeMeHHOH MaTeMaTHKe H B ee NPHJIOKEHHSAX 4acTO IPHXO-
JHTCSl CTaJKHBATbCS C PACXOASIIMMHUCS PsIaMH, JJS KOTOPLIX Npeje-
Jla TOCJef0BaTeJbHOCTH YacTHYHHIX cyMM (1.2) He cymectByer. [us
TaKHX DSANOB BBOAHTCS IIOHSTHE CYMMBI B HEKOTOPBIX 060G6IIEHHBIX
cMmucaax. B § 7 nHacrosme# raasm OGyRyT paccMoTpeHn Haubosee
ynoTrpe6uTesNbHEIE METOAH 06006IL1eHHOTO CYMMHDPOBAHHS PaCXOASILHX-
CS pSIHOB.

OnHHM M3 TJIdaBHHIX  BOINPOCOB  TEOPHH  YHCJIOBHIX  PsIOB
SIBJISIETCSl YCTAHOBJIEHHE INPH3HAKOB, NO3BOJSAIOMHX pPelIHTh BONPOC
O CXOAHMMOCTH HJIH PacXOLHMOCTH JaHHoro pspa. B § 2 rakue upn-
3HaKM OYAyT yCTAHOBJIEHBl AJSI PAJOB, BCE YJEHH KOTOPHIX $IBJSA-
I0TCSI HEOTPHUATEJbHEIMH YHCJIaMH, a B § 4 — [JIa PAROB C NPOH3-
BOJIbHBIMH YJIEHAMH.

IIpumepsn. 1°. M3ayyuM Bompoc O CXORMMOCTH psifia, COCTaBJIEH-
HOT'O H3 YJIeHOB reOMETPHYECKOH NpPOrpeccuH

1 4+q+@+... +¢t+...=Y, ¢+ (1.3)

k=1

Tak kak n-a yactHyHas cymMa S, 9TOro psina npu g1 HMeer
BHI
1—q"
l—g
TO OYeBHAHO, 4TO NPH |g| <l mocAeZOBaTEJNbHOCTb YAaCTHUHBIX CYMM
{Sn} umeer npepen, paBunii 1/(1—¢q). Takum oGpasom, npu |g|<1
psan (1.3) cxonurcs U umeer cymmy, paBuywo 1/(1—g).

Ecnu |g|>1, To u3 Bupaxenus (l.4) oueBHEHO, yTO Npejpena Loc-
JIE0BATEJBHOCTH 4acTHYHBIX cyMM {S.} He cyluecTByer, T. €. MpH
|g|>1 pan (1.3) pacxomutcs.

I MONHOTEL KapTHHBI OCTaercss paccMOTPeTh chayuai |g| =1,
T. €. cJyyai, Korga ¢ paBHO sau6o +1, au6o —1. B cayuae, korapa
g=+1, Bce unennl psapa (1.3) paBHB €JHHHLE H n-S 4aCTHYHAS CyM-
Ma 3toro pspa S, paBHa n. OTcloga ciaenyer, 4To H B cayyae g=-+1
npenesna mnoc/aenoBaTeabHOCTH {S.} He cymectByer, T. €. pax (1.3)
pacxopurcs.

Hakonen, B ciryyae g=—1 psan (1.3) umeer pug 1—1+1—1+...,
TaK YTO MNOCJEAOBaTeJNbHOCTb {S,} YaCTHYHHIX CyMM COBHajgaeT C 3a-
BEJIOMO pacxojsimencss nocsaeposareassoctoio 1, 0, 1, 0, .... CraJo
6eiTh, ¥ npH g=—1 pan (1.3) pacxomurcs.

Sp=14qg+...+¢ 1= . (1.4)
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2°. ®ukcupoBaB J06yl0 TOYKY X YHCJIOBOH NPsIMOH, PacCMOTPHUM
BONPOC O CXOAHMMOCTH TPEX YHCJOBHIX PsiioB !:

co

X x2 f—l _ {2_1
T O TisTT +...—21—(k_1)!, (1.5)
R N G Vol ot PR o G D i
R R s +...—;l o (18)
o (—1)f) 22 B > (— 1)k 22
T e T +..._Z‘—(2k_2)! L (1.7)

=1

O6o3nayas n-e yacTHuHHe cyMMH psapoB (1.5), (1.6) u (1.7) co-
orBercTBeHHO yepe3 S,V (x), SA?(x) u S,¥(x), moxem samucars:

W)= Xy 2 #7!
e TR TP S T (1.8)
X3 5 —1 n—1 _2n—I1
ng).(X)——x——s_!"}'%—..- %, (1.9)
0y 4 _1\n—1 2n—2 .
Sﬁs)(x)=l——;‘]—+%-—...+L—(12)T;-)!—-. (1.10)

ConocraBasia Beipaxenus (1.8), (1.9) u (1.10) c pasnoxenusivu
no ¢opmysne Makaopesa GYHKIOHH e, sinx ¥ cosx (cMm. m 2 § 9
I 6 4. 19), MH noJay4um

e* =5, (x) + RV (x),
sin x=S.® (x) + R, (x), (1.11)
cos X=3S:8 (x) + R (x),

rie R.(x), R.®(x), R.¥(x) 0603HAyal0OT n-e OCTATOYHbIE YJIEHHl
B pasgoxeHuu no ¢opmyJse MakiopeHa ¢yHKUHeH e*, sinx H cos X
COOTBETCTBEHHO.

B § 9 ra. 6 u. 1 nokasaHo, YTO B KaXKAOH TOYKe ¥ YHCJIOBOIi Nps-
MO yKasaHHble OCTATOYHbl€ UJEHh HMEIOT PaBHHY HYJIO MpereJ NpH
n—oo. CaepoBaresnbHo, B cuay coorHomenuit (1.11) B xanofi touke
x npsiMoit yactuunne cyMMbl S, (x), S.@(x) u S, (x) cxonarcs
K NnpefenaM, paBHHIM COOTBETCTBEHHO e*, SinXx H COSX. DTO O3HayaerT,

1) Cumpon 0! MH OTOXAECTBJAsEM C 9HCIOM 1.

2) 3nech H janee 4. 1 — 3To KkpaTkoe o6o3navenne Kuuru: Mabuu B. A,
Canosuuuuit B. A, CennoB Ba X. MaremarHueckui ananus, HayanbHuH®
Kypc, — M.: Haa-so MI'Y, 1985.
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yro pagu (1.5), (1.6) u (1.7) cxomaTcsa B Ka)KAOH TOYKe X YHCJOBOI
TIPSIMOH M HX CYMMH DaBHE COOTBETCTBEHHO e¥, Sinx H COS X.

3ameuanune 1. C ¢popManbHOH TOYKH 3pEHHST H3yUEHHE YHCJIO-
BHIX DSLOB MNpeAcTaBJseT co6ofi HOBy10 GOpMy H3yYeHHs YHCJOBBIX
nociejgoparesbHocted, Hu6o 1) kaxpomy paay (1.1) onmnosmauno
COOTBETCTBYET IOCJeL0BaTeJIbHOCTb {Sn} €ro YacTHYHRIX CyMM, 2) npo-
H3BOJILHOH 4YMCJIOBOH noc/enoBaTesbHOCTH {Sn} ONHO3HAYHO COOTBET-
ctByeT uyuciaoBoi pan (1.1) c unenamu u; =8, up=S;—S,-, 1pH
k>1, pas KOTOPOro 3Ta NOC/AEL0BAaTeNbHOCTb CJAYXKHT NOCJ]eJ0BAaTENb-
HOCTbIO YACTHYHHEIX CYMM.

3ameuanue 2. OTMeTHM [Ba NPOCTHX CBOMCTBAa NPOH3BOJILHOTO
psiia, HeNOCPEACTBEHHO BHITEKAlOLlHe H3 ONpeJeJeHHs ero CXOAH-
MOCTH:

I. Or6pacoisarnue Koneunozo 4ucaa 4senos pada (usu dobasierue
K pAOY KOHEYHO20 4UCAQ 4/AEeHOB8) He BAUAET HA CXOOUMOCT6 UAU pac-
X00umocTe 37020 pada.
II. Ecau ¢ — OTAU4HGA OT HYAS NOCTOAHMKARA, Uz =cup To pad
-] @
Z u, cxodurca To2da u TOAbKO TO020a, KO20Aa CXOOUTCA pPAQ Y up.
k=1 k=1

HOnas o6ocHOBaHHS NEepBOrO W3 3THX CBOUCTB JOCTATOYHO 3aMme-
THTb, YTO B p€3yJibTaTe YKa3aHHOrO OTOpachiBaHusl (MJIH HOGABJIEHHUS)
KOHEYHOr'0 4YHcJa YJeHOB BCe YacTHYHblE CYMMBI pAjfa, HauuHas C He-
KOTOPOTO HOMEpa, H3MEeHATCS Ha OLHY H TY K€ NMOCTOSHHYIO BEJTHUHHY.

Jas pnokasarennCTBa BTOPOrO H3 YKa3dHHHWX CBOMCTB 0603HAYHM

@ -

n-e YacTHYHEHIE CYMMBLI P$iJOB u, 4 Z U, COOTBETCTBEHHO uepe3
£ k=1

S»” u Sp u yureM, uto Si'=cS,, rae ¢#0. M3 nocaenHero paBeHcTBa

BHTeKaeT, yTo limS’ cymectByer TOrxa Hu TOJBKO TOrAa, KOrAa

n—+wo

cymecryer limS,.

n—+ow .

2. Kpnarepuii Komn cxoammoctu pspa. Tak Kak BOMPOC O CXOUH-
MOCTH psifa HO ONpeJeseHHI0 3KBHBaJEeHTEH BOINPOCY O CXOXMMOCTH
NOC/Iel0BATENIbHOCTH €r0 YaCTHYHHBIX CYMM, TO MH MOJYyYHM Heo6Xxo-
AMMO€ H JOCTAaTOYHOE YyCJOBHE CXOMHMOCTH AaHHOrO psifa, cdopmy-
JIHPOBAB KpHTepHH cxogumoctH KomH [AJis mocjenoBaTeJbHOCTH €ro
YacTHYHHX cymM. [las ymo6GcrBa mpuBejneM (OPMYJHPOBKY KDHTEPHS
Kommu s nocnenosatesbHOCTH (cM. 1. 3 § 3ra. 3 4. 1):

Has 1020 4T068L nocaedosaresvnocts {Sa} 6era  cxodawelics,
Heobxo0umo u 0ocTaroyno, 4robe. 0asi 406020 NONOHCUTENLHOZO
uucaa g Haweacs nomep N raxod, 4To Oas 8cex Homepos n, ydosier-
soparouwux ycaosuro n=N, u Oars scex warypasvkoix p (p=1, 2,
3,...)

|Sn+p—‘Sn| <e.

B xayecTBe c/eACTBHSI M3 3TOrO YTBEDXKAECHHA NOJYYHM CJEAYIOLLYIO
OCHOBHYIO TEOpeMY.
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Teopema 1.1 (xpurepuit Kown mas psina). [Has Toeo 4ro6bL
oo

pad 2 u, cxoduiacs, Heobxodumo u G0CTATO4HO, 41066l Oast 4106020
k=1

NOAOKCUTEAbHOZ0 yucAa € Hauweasca Homep N raxod, 4To 0as 8Cex HO-
mepos n, ydosaersopsaouyux ycaosuto n=N, u 0as scex HATYPALLHOLX
yucea p (p=1, 2, ...) '

n+p

| < e. (1.12)
k=n+l

Js1 nokasaTeJbCcTBa 3TOH TEOPEMEl HOCTATOYHO 3aMETHTb, UTO BEJH-
YHHa, CTOAIAS NMOJ 3HAaKOM MOAyJs B HepaBeHctBe (1.12), paBHa pas-
HOCTH YaCTHYHHIX CYMM Snyp—Sh.

OTMeruM, uTOo KpuTepHd cxomuMmocTH Kollu mpencrasjsieT B OC-
HOBHOM TeOpeTHYecKHi HHTepec. Ero mcnosnb3oBaHHe AJs HCCIERO-
BaHHs CXORHMOCTH HJH PacXOAMMOCTH TeX HJH HHEIX KOHKPETHHX
pANOB, KaK MNPaBHJO, CONMpPSXKeHO c TpyAHoctsiMH. [losToMy Ha/uuue
Kputephsi KomH He cHHMaer Bonpoca 06 yCTaHOBJIEHHH ADYTHX Npak-
THYECKH 3(QGeKTHBHBIX IIPH3HAKOB CXOJAMMOCTH H PACXORHMOCTH
PSALOB.

M3 teopembr 1.1 Jerko NoOAy4yuTh [Ba 3JI€EMEHTAPHEIX, HO BaXKHHIX
CJIe[ICTBHS. :

o

Cnepncreue 1. Ecau psad Z u, cxo0urcsa, To nocaedosarens-

=1

o

HOCTO rp= Z U, A845eTCA OECKOHEeYHo Maaol.
k=n+1

=]

[IpHHATO Ha3HBaTb BEJNHUHHY I, N-M OCTATKOM pfAfa 2 Up.
k=1

Yro6u HOKasaTh CJaeACTBHE |, HOCTATOYHO MOKAa3aTh, YTO IS
Jo6oro £>0 Hafinerca Homep N Tako#, uto |r.|<Ce npu n>=N. Iloc-
JieJlHee HEepaBeHCTBO HEeNOCPeJCTBEHHO BHITEKAaeT M3 HEpPaBeHCTBA
(1.12), cnpaBennusoro aas moboro p=1, 2, 3, ..., H u3 Teopemu 3.13
q. 1.

CnepncrBue 2 (Heo6XOLMMOE YCJIOBHE CXOLHMOCTH psna). s

.}

cxoBumocTu pada zuk Heobx00umo, 4robbr  NOCAEO0BATEALHOCTS
k=1

Uy, Uy, ..., Up, ... 4ACHOB 3TO20 pAOA ABAANACL OECKOHEYHO MaAol.
HocraToyHo [0Ka3aTh, YTO AJS AaHHOTO CXOASILErocs psfa H JIo-

6oro ¢>0 nafigercs Homep N, Tako#, uto npu n>=N, |un| <e. Tycrs

nano yoboe e>0. CornacHo TeopeMe 1.1 Haifimercsi Homep N Taxoi,

uro npu n=>N K Aga 11060ro HaTypaJbHOrO p BHIIOJHSETCS HepaBeH-

ctBo (1.12). B wacrHoCTH, npu p=1 3T0 HEpPaBEHCTBO HMeeT BHL

|unt1|<e (npu n>N). (1.12)
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Ecau teneps nosioxkutb HoMep Ny paBuum N+ 1, To npu n2>N, B cuiy
HepaseHcTBa (1.12°) monyunM |un|<e, uTo M Tpe6GoBaJoCh LOKa3aThb.
Hnaye cnencrsue 2 MOXKHO cHOPMYJIHPOBATh TaK: AJIS CXOLHMOCTH

-]

pana Zuk Heo6xoauMo, yToGel lim u,=0. Takum o6Gpasom, HpH

k=1 ko
HCCJIeJOBAHHH AAHHOrO pAfla Ha CXOAHMOCTb CJELyeT npexie BCero
NOCMOTPETh, CTPEMHTCS JIH K HYJIO k-H 4leH 3TOro psjaa nmpu k—oo.
Ecnu 310 e Tak, To pan 3aBepomo pacxoautcsi. Tak, Hanpumep, psnd

o

k2
E 7k? + 8000k
k=l

3aBeAOMO pacxOnHUTCs, HGO

2
lim g, = lim ——— L 0,
k> k+>w Tk2 4 8000~ 7

Ananoruyso PacxoauMOCTh YK€ BCTpeuaBUIerocs BbIIIE psAfa

(-]
2 (—l)k“‘abrrexaer 3 Toro, yro lim (—1)*" me CYIIECTBYyeT.
b=l ks>

OTMeTHM, YTO CTpeMJIeHHe K HYJI0 k-ro 4jeHa psifa Ipu k—oo
ABJISETCS JIHIIb HeOOXOAHMHIM, HO He NOCTATOYHHIM YCJOBHEM CXOMH-
MOCTH psAfia. B xauecTse npuMepa pacCMOTpPHM Pl

O ! 1,1 1
27’1+7+?+‘“+T+"‘ (1.13)
=]

AToT psl OOBLIYHO HA3LBAIOT FrapMOHHUYECKHM psagoM. OueBHA-
HO, 4TO [JIg 'apMOHHYECKOrO psifia BHIIOJHEHO HeOOXORHMOE YCJIOBHE
CXOIHMOCTH, HO (KaK moka3aHo B m. 3 § 3 ri. 3 u. 1) nocsiezoBaTesb-
HOCTb YaCTHYHHIX CyMM 3TOrO psiia PacXOLHTCS.

§ 2. PAABLI C HEOTPUHATEJbHbIMY YJEHAMH

1. HeoGxoaxmoe H JOCTaTOYHOE YCJOBHE CXOJHMOCTH pPSiia C HEOT-
pHUATEAbHbIMH YJeHaMH. Psnbl ¢ HeOTPHLATENbHBIMH UJEHAMH YacTO
BCTpEYaloTCs B NPHJOXeHHSAX. KpoMe TOro, X npeaBapHTeJbHOE H3Y-
geHHe OGJIeryHT uU3ydeHHe PSLOB C uJeHamHu Jioboro 3Haka. B panb-
HeHuleM, 4TOGH NORYEPKHYTb, YTO PeYb HAET O Psfie C HeOTPHIlATeJb-
HEIMH 4JleHaMH, MH yacto OyleM 0603HauaTb WieHbl TaKOro psifa
CHMBOJIOM pj; BMECTO Up.

MoxHO cpasy e OTMETHTh OCHOBHO€ XapaKTepPHCTHYECKOe CBOMi-
CTBO psila C HEOTPHLATENbHHIMM YJIEHAMH: nOCAed08ATeAbHOCTL 4aC-
TUYHBbIX CYMM Taxkoeo pada seanercs Heyboisaroujel. DTO MO3BOJSET
HaM J0Ka3aTh CJeAylollee yTBepIKIeHHE.
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Teopema 1.2. Zasa 1020 4T06bL pAd ¢ HEOTPUYATENbHOIMU Yie-
Hamu cxoduacs, Heobxodumo u OocTarouno, 4robsl nocaedosaresb-
HOCTb 4ACTUYHbLX CYmM 3T020 pada 6bLia Ozpanuyend.

Heo6xonuMOCTb C/lefiyeT W3 TOTO, YTO BCSKAas CXOAAIIASACA MOCJe-
LOBATeJIbHOCTh fBJIsIeTCS OrpaHHyeHHOH# (B cHiay Teopemn 3.8 u. 1).

HocTaToyHOCTL BBITEKA€T H3 TOrO, YTO MOCJEH0BATENLHOCTL yac-
THYHHX CYMM He yOhiBaeT H, CJleJ0BaTes]bHO, AJS CXOAHMMOCTH 3TOM
IOC/JIE€N0BATENbHOCTH AOCTATOYHO, 4TOOb! OHa OblJa oOrpaHdyeHa (B
cuay Teopemsbr 3.15 4. 1).

2. TlpusHaku cpaBHEHMsA. B 3TOM nyHKTe MH YCTAHOBHM pSIA NpH-
3HAKOB, NO3BOJIAIOUIUX CHAeJaTh 3aKJIOYeHHe O CXOAMMOCTH  (HJIH
PacXOZHMOCTH) pPaccCMaTpPHBAaeMOro psifia NOCPEACTBOM CPaBHEHHS €ro
€ APYTHM DsAJOM, CXORHMOCTb (HJH DPacXOJHMOCTb) KOTOPOrO H3Be-
CTHa.

@© -]
Teopema 1.3. ITycre kz pp H Z p,— Osa pada c HeoTpuya-
=1 k=1
reasnoimy waenamu. Ilycre, daree, Oas 8cex Homepos k cnpasediruso

HepasencTs8o

P<ps’. (1.14)

®

Tozda cxodumocre pada S p, 8ae4er 3a cobol Ccx00uUMOCT6 pAda
k=1

@ ®

ka; pacxodumocte pada 5: P, 8se4eT 3a cobol pacxoOumocTs

EE] Ra=1

-]
pada Z P
k=l
HoxasarteabcTBo. OG03HAaUHM n-€ YaCTHYHHIE CYMMH pPSJOB

o -]
zpk H Zp; COOTBETCTBEHHO uepe3 S, H S,’. M3 HepaBencrna
k=1 k=1
(1.14) sakarwuaem, uto S,<S.’. [locrenHee HepaBeHCTBO O3HAUaerT,
UTO OrpaHHYeHHOCTb MNOCJEHNOBATEJbHOCTH 4YacTHYHbIX cymMM {S,’}
BJedeT 3a co0Of OrpaHHYeHHOCTb MOCJENOBATENbHOCTH YAaCTHYHHIX
cymm {Sp} H, Ha060pOT, HEOTPAHHYEHHOCTb NOCJEJOBATEJLHOCTH Yac-
THUHBIX cyMM {S.} BJeuer 3a co00ii HEOpaHHYEHHOCTh IOCIENOBA-
‘TEJILHOCTH 4acTHYHHIX CyMM {S,’}. B cuny teopemer 1.2 teopema 1.3
J0Ka3aHa.

3ameuyanua K teopeme 13. 1) B ycroBun teopemm 1.3
MOXHO TpeGoBaTh, YTOOH HepaBeHcTBO (1.14) OHIJIO BHINOJNHEHO He
0Ji3 BCeX HOMEpPOB £k, a JHIIb HayHHas ¢ HBKOTOpPOro Homepa k.
B camom pene, B cuay 3ameuannsi 2 n. 1 § 1 cr6paceiBaHHe KOHEYHOTO
9HCJIa YJIEHOB He BJIHSEeT Ha CXOAUMOCTb psAna.

2) Teopema 1.3 ocraHeTcs cmpaBelJIHBOH, €CJH B YCJOBHH 3TOR
TeopeMb 3aMeHHTh HepaBeHCTBO (l.14) clenyloUHM HepaBeHCTBOM:
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pe<cpr’. (1.15)

rae ¢ — a106ag NoJoXuTeJbHast NOCTOSHHAS.
B camoM pnene, B cuay 3ameuanus 2 u3 n. 1 § 1 sonpoc o cxonu-
©

MOCTH psAja 2,0; 3KBHBAJIEHTEH BONpOCY O CXOAHMOCTH paAl3
k=1
©

2 (cp,). Tlpu aTOM, KOHEYHO, MOXKHO TpPeGOBaTh, 4yToOBl HEpaBeH-

k=al
cteo (1.15) GBIIO BHIOJHEHO JIHIIb HAYHHAS C HEKOTOPOrO AOCTATOY-
HO 60JbLIOTO HOMepa k.
-]
Cnencrsue u3 teopemu 1.3. Ecau Z py— pAd c HeorT-
k=1
0
PULATEAbHOIMU YACHAMU, z p,— PAG €O CTPO2O NOAOXCUTEAbHbLMU
k=1
4YAeHamu U ecAl cyulecTsyeT KoHedHblll npeden
lim-2& =1L,
k> pk
-

TO cxo0umocte pada Z p, saewer 3a coboi cxodumocte pada
[ ] =1 -]
2 Pr, Pacxodumocts psda Z[p,, gaeuer 3a co6oil pacxoOumocTs
k=1 k=1

(-]
pada E p,.
Py}
Hokasatenbctso. Tak kak lim 2=, 10 no onpezeJe-

k- Pp
HHIO nipefena IJs Hekoroporo >0 Hafijercs Homep N Tako#, 4TO
npu k=N

L—e< P < [ te.
Pr
CnenosaTenbHo, NpH k>N cnpasennuBo HepaBeHCTBO pr< (L+e)ps’.
IMocnennee HepaBeHCTBO coBnajaer ¢ HepasencteoM (1.15) npu c=
=[L+e. B cuny 3ameuanus 2 K reopeMe 1.3 CIeACTBHE NOKa3aHO.
-] -]

Teopema 1.4. ITycrs Z pr U Xp,;-— 0sa pada co cTpozo no-
k=1 k=1
aoxcutesonoimu 4senanu. ITycre Garee 0as 8cex Homepos k cnpased-
AUBO KepaseHCT80
Pt _ P
k41 \< k—j—l
P . Pr

(1.16)
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[« <]

Tozda cxodumocre pada Z p, sae4er 3a coboi cxodumocts pada
k=

® @
Z Pw pacxodumocte psada Z p. 8aeuer 3a coboid pacxo0umocre
%=1 k=1

@
pada Zp;.
k=1
HokasaTeabcTBO. 3anumeM HepaBeHctBo (1.16) nmas k=1,
2,...,n—I, raie n — nw060# HOMED:
Py
P < =,
P Py
Py
Ps 3 ,
P2 P2

’

p
_Pn_ g n

Py Prn—1

HepeMHO)KaH NOYJIEHHO BCe€ HaNHCaHHbIe HepaBeHCTBa, NOJYYHUM

’

p, ,
Pn L —%y uma p, <L~ pl.
P Py Py

[TockoabKy B NOCJeiHEM, HepaBEHCTBe BEJHYHHA C=pi/p,’ npeacTaB-
Jier coGofi NMOJIOXKHTEJNBHYIO MOCTOSIHHYIO, He 3aBHCAILYI0O OT HOMepa
N, TO B Cul1y 3aMeuaHus 2 x teopeMme 1.3 Teopema 1.4 nokasana.

3aMeuaHue Kk TeopeMe 1.4. B ycaoBun TeopeMn 1.4 MOXKHO
Tpe6oBaTh, yTOOE HepaBeHCTBO (1.16) OblJIO BEINOJHEHO He [JsI BCeX
HOMEpOB K, a JMIIb HayMHas C HEKOTOpPOro HoMmepa £k (cM. 3ameua-
HHe 2 . 1 § 1).

O6e nokasaHHblE B HACTOsIIEM NyHKTe TeOpeMbl HA3HBAIOT T € O0-
peMaMH CpaBHEHHS HIH NMPH3HAaKaMH CpaBHEHHSI.

[Tpumepn. 1° HccaepyeM BONPOC O CXOLHMOCTH psifa

<
kE}m, rpe b>0.

Ecmn b1, 1O k-ii uneH paccmaTpHBaeMOro psiia He CTPEMHTCA
K HyJI0 NpH k—-oco. CienoBaTesbHO, HapylieHO HeoOXOXHMOE YCJOBHE
CXOAHUMOCTH Psfa, H pan pacxomurcs. Ecau xe b>1, TO, NOCKOMBKY
Ana Jo60ro HoMepa k cnpaBelJJIHBO HEpaBEHCTBO
1L
2 4 bk bk
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e ]
H paf E% CXOAHTCS, TeopeMa cpaBHeHHs 1.3 NO3BOJIAET yTBEpHK-
k=l
0aTh CXORMMOCTb PacCMaTpHBaeMOro psia.
2°. HccaefyeM BOmpoc O CXOZHMOCTH Aas Jiio6oro a<ll cienyio-
mero psana:
@
N s (1.17)
ka -_ 2(; . s 0 k(l LAY .
kem)

STOT pAL 4acTo Ha3bBaloT OOOOIM EeHHHM TapDMOHHYECKHM
panoM. Ilockoabky npu a<il pjas mo6oro Homepa R CIpaBejJIHBO
HepaBeHCTBO
1 1
—_
"
&
. ]
H TapMOHHYECKHH pAL ZT pacxonutcs 3, To TeopeMa CpaBHeHHst
k=t
1.3 nosBoJsisser yTBepXpaTh pacxopuMocts papa (1.17) mas mdoGoro
o<l.

3. MNpusHaxu Jlanambepa u Komu. K mpH3HakaM cpaBHeHHs Hemno-
CPeACTBEHHO NpPHMHKAIOT [ABa BeCbM3 YNOTPeOHTENbHHIX TNpH3HaKa
CXOLHMOCTH DSifOB C MOJIOXHTEJbHHIMH YJeHaMH — MNpH3HakH [la-
Jambepa ¥ Koms, KoTopble OCHOBaHbI Ha CpaBHEHHH paccMaTpuBae-
MOro psjia C psfOM, COCTaBJIEHHBIM H3 3JIEMEHTOB TI€OMETPHYECKOH
NpPOrpeccHH, a HMEHHO CO CXORAIIMMCH PSAOM

Y =gt ...+ ..., 1<, (1.18)

k—l

HJIH ¢ pacCxoassllHMCsA pAROM

Yi=t1414...+1... (1.19)

k=l

Teopema 1.5 (npusnaxk Hanambepa) ¥. 1. Ecau dasn ecex no-
mepos k, no xpaiineli mepe HQYUHAS C HEKOTOPO2O HOMmepa, cnpaseod-
AUBD HEPABEHCTBO

3) PacxoaHMOCTb rapMOHHYECKOro psaa o6GOoCcHOBaHa B Kouue n. 2 § 1.
) Y XXak Jlepon [anambep — ¢pannyackui matemaThk H ¢umocod (1717—
783).
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P Prt1 ?
—— <9<l |—2=1], (1.20)
- Pr - Pr
mo psad E pr cxolurcsa (pacxodurcs).
k=1
II. Ecau cywecreyer npeden
p
lim &L —7, (1.21)

k>0 g

mo psd Epk cxodurca npu L<1 u pacxodurca npu L>1.
k]

Teopemy II o6biyHo HaswmiBaroT npusHakom Jlanambepa B npe-
denbHOH ¢opmMme. B sroit ¢popme oH Hanbosee YaCTO HCIOJb3Y-
ercsl.

JokaszatenbctBo. Jloxaxem OTHeJIbHO TeopeMbl I u IL

1) ,[l.rm 0Ka3aTeJIbCTBA TEOPEeMbI I nonoxkum pp'=gq* (p’=1).

Py P
B —g, rre g< 1 (—i”,-u— = ) U MBI MOXeM I[epenHcaThk
Pk P
paBenctso (1.20) B Buge
P P, P Pa
k+1 k—t—l ( k1 > k‘;}-l j. (1.22}
Pr Pr Pr Pe

Tak kak pagp X p,» coBnapawpowmi ¢ pagom (1.18) ((1.19)), cxo-
k=1

aurcs (pacxomuTcs), To HepaBeHCTBO (1.22) Ha OCHOBaHHH TEODPEMBE
o«

cpaBHeHHs 1.4 rapaHTHpPyeT CXOAMMOCTb (pPacXOAHMOCTb) psfa Z Pre~
=1
Teopema 1 pokasana.

2) Hokaxem Ttenepnr teopemy II. Ecau L<1, To Halizercs noJo-
JKHMTeJbHOE YuCI0 & Takoe, yto L=1—2¢ 1. e. L+e=1—e. [1o ompe-
JleJIeHHIO IIpefesia MOCJeNOBaTEeJNbHOCTH AJISI YKAa3aHHOTO & Hailaercs
HoMep N Tako#, 4TO NpH k>N

Lo M o] oo, (1.23)

Yneno L+e=1-—¢ urpaer posb g B tTeopeMe 1. Pax cxomures.

Ecan xe L>1, To Haliiercs noAoscurTessHoe YHCAO & TAKOE, 4YTO
L=1+¢ n L—e=1. B 3TOM c/lyuae Ha OCHOBAaHHH JIEBOTO H3 Hepa-
BeHcTB (1.23) nosyumm

%) Ilpn 3TOM, KOHEUYHO, NPEeANOJaraeTcsi, 4TO Bce UneHH paaa (MmO Kpafimelt Me—
pe HaYHHAA ¢ HEKOTOPOro HOMepa) CTPOrO MOJOMKKHTENbHH.
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Pt
——>L—e=1 (npu k= N).
Pr
@
Psan 2 P, pacxoautcs Ha ocHoBaHHH TeopeMbl 1. Teopema 1.5 moax-
k=l
HOCTBIO AOKa3aHa. ,
3ameuanune Kk teopeme 1.5. 1) O6paruM BHHMaHHE Ha TO,

p
gyro B Tteopeme 1.5 (I) HepaBeHCTBO ;’H <g< 1 (mna Bcex &,
k

p
HAayHHas C HEKOTOPOro) Hesb3s 3aMEHHTb Ha <.
Pe
B camom gmese, KaK [OKAa3aHO Beille, rapmMoHnueckuii psn (1.13)

Poyr _ &

pacxonurcsa, HO AJA 3TOro psifa —k+l

< 1 (mas Bcex HOMe-

poB k). :

2) Ecau B ycioBusix teopeMmbt 1.5 (II) L=1, To HeJb3s ckasaTb
HHYero ONpejieJeHHOro O CXOZMMOCTH psija (T. e. npH L=1 npusHak
Jlanambepa «He peicTByeT»). B camom pese, AJs TrapMOHHYECKOro
psma (1.13) L=1, npuueM 3TOT psii, KaK Mbl 3HaeM, paCXOLHUTCS.

Bwmecte ¢ Tem paa pagna
Z L (1.24)
k2

Takxke L=1, Ho 3TOT psif, Kak OyldeT NoKa3aHO B cjeflylolleM NyHK-
T€e, CXOLHUTCH.

Teopema 1.6 (npusnak Kowu). 1. Ecau dssn 6cex nomepos k,
no kpaiineil mepe HAUUHASL C HEKOTOPO20 HOMEpa, cnpasediuso Hepa-
BEHCTB0

k— k
. Ver<qg<l (Ve =1), (1.25)
mo psd 2 P cxoldurca (pacxodurcs).
k=1

1. Ecau cywecrsyer npedei

lim ¥ py=L, (1.26)

ko

mo psd z p.  cxodurca npu L<1 u pacxodurcs npu L>1.

k=1
Teopemy II o6bluHO Ha3bBalOT NpH3HakoM Komu B npenesb-
HO¥M dopwme.
INokasarteabcTBOo. JloKaxeM oraeabHo TteopeMu [ u IL
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1) Jas nokasartenscTBa TeopeMbl 1 nosoxum pe’=q* (p.’=1).
Torna u3 HepaBeHcTBa (1.25) mosyunm

PesSPr’ (Pe=pr’). (1.27)
Tak Kak psl z p,, cosmanaromuit ¢ pagom (1.18) ((1.19)), cxonur-
k=1

ca (pacxomurcs), To HepaBeHcTBO (1.27) Ha OCHOBaHHH TeOpeMbE
cpaBHeHHsi 1.3 rapaHTHpyeT CXOOHMOCTb (pacxOgMMOCTb) psla

Z pe. Teopema 1.6 (I) nokasana.
k=1

2) [na pokasarteabctBa teopembl (II) cnepyer pocnoBHo mosro-
PHTb cxeMy 'fokasartenbctBa TeopeMn 1.5 (II), 3amenuB Bo Bcex
Prp kp—
paccyxpeHusx —+— Ha }/ p,. Teopema 1.6 moJiHOCTBIO fOKa3aHa.
) Pr
3ameuanus Kk teopeme 1.6. 1) Kak u B teopeme 1.5 (I).

rlsz teopeme 1.6 (I) mepaBenctBo y p,<{g< 1 Henb3s 3aMeHHTb Ha
VrPk <l

2) Ilpu L=1 npusnak Komin B npenesbHOH (popMe «HEe JEHCTBY-
er». MOXHO cocJaThCs Ha ABa IpHMepa, yKa3aHHbie B COOTBETCTBYIO-
meM 3aMeyaHHH K NpH3Haky [anambepa.

I[Tpumepw. 1° HccnenyeM Bonpoc o CXOAUMOCTH psifna

O (VR
2T' (1.28)
k=1
Ilpumennm npu3Hak Ilanambepa B npepenabHoH dopme. Mmeem
k
Py VB Pep _ (VEFD 'm0

= = (1 4+ L\2 v_
B e E+FDIVEE VELID -_,_‘1+ k) C(1.29%

Ha ocHoBanun (1.29)

-3
P 5
lim —E£L { ‘_(1 L)Z}-:
kLw Pk kLn: Vk 1 + k
£
. 1 . 1\ 2 -
=1 —_— l —\ —] . =
fim e hm (1 )T =0 Ve=0<
T. e. pax (1.28) cxonurcs.
2°. M3y4nm BONIpOC O CXOMHMOCTH psiia
Y o (1.30y

k=1
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Ilpumenum npusnak Kown B npenesnbHo#i popme. Mmeem
ke— 1 ke
Vo= VE (1.31)

Ha ocroBauun ® (1.31) lim %/pk =L liml:/k =L< 1. Taxum
k> 2 ko 2
©006pa3oM, npuaHak Komu ycranaBiuBaer CXoaumMocTb psiga (1.30).
Bosunkaer Boopoc o TOM, Kako#l u3 ABYX npuaHakoB, JlanamGe-
pa nau KowH, sBjasiercs Gosee CHJIbHBIM. IlpoaHaJH3HpYyeM STOT
BOIIPOC B OTHOIUNEHHH npHsHaxoB Janambepa u Kouy, B3sTHX B Npe-
nenbHO# ¢(opme. Huke 6ymer pnOKa3amo, yTo M3 CYIIECTBOBAHUSA
npepena (1.21) BuTexaloT cymecrBoBanue npepena (1.26) u dakr
paBeHcTBa 3THX npepenoB. OGparHoe HeBepHO. B camom gene, Jer-
KO y6edHTbCSl B TOM, 9TO AJis psija

=y (—1)k+ 3
E‘(“ﬁﬁt— (1.32)

k=1

npenen (1.26) cymectsyeT u paBeH 1/2, B To BpeMsi Kak INpened
(1.21) Boo6ume He cymectsyer. Takum o6pasom, npusHak Kouwu
sBJ/isiercs GoJiee CHJBHHIM, 4eM npusHak [dasnamGepa, H60 BCSKHEH
pas, Koria pefcTByer npusHak jflanambGepa, geHiCTByeT H NpPH3HAK
Komn u BMecTe ¢ TeM CymecTBYIOT psann (Hanpumep, pan (1.32)),
/IS KOTODHX ReHCTByeT nmpH3Hak Komu W He JeficTByeT NpH3HaK
Hanambepa. Hecmorpst Ha 3to, npusnak [lanambGepa Ha npakTHKe
ynorpebJisierca yaile, yem npussak Ko,

Hrak, nokaxem

YrBepxaeHue. H3 cywyecrsosanus pasrozo L npedesa
(1.21) soirexaer cyugecréosanue pasuozo Tomy e L npedesa
(1.26).

JlOoKa3aTeJbCTBY yTBEpKIEHHS NPEANOUIIIEM [Be JIEMMHL.

Jlemma 1. Ecau nocaedosaresvrocts {a,} cxodurca k npede-
Ay I, 7o K TOMY e npedeny cxodurcs U nocaeG0BATEALHOCTb Gp=
=(a,tay,t.. . tan)/n cpednux apugpmerudeckux auces ay, ay,...,an.

JdokaszateabrcTBO. Tak Kak MOC/AeL0BATENbHOCTb {dn} cXO-
nuTcs K npefedy I, To mas moboro £>0 MOXKHO QUKCHPOBATH HO-
Mep N Ttakofi, uto |a,—I|<e/2 mas Bcex n>=N. Hcnoan3ys srtOT
(aKT H yYuTHIBasA, 4TO NPH Bcex n>N

0 —]= (a =0+ “”f‘(an—l):

n
n

8 Jlns  BHYHCAEHHSA lin;_ Paed ClefyeT  IpoJiorapH(GMHPOBaTh  BHpa:KeHHe
X—>+ © '
x'/* u npuMenuTs npasuno Jlonurans.
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=[ (@—h+ ...+ (ay—1D ]+ {(aN+1—z>+...+<a,.—z)}

n n

MBI TTOJYYHM, 4TO |0,—I|<<e npH Bcex n>N,.

B camom gese, Monynb npo6H, 3aK/MOuUeHHOH B (QurypHsie cKoG-
€ (n—N)
- Menbliero e/2. auee,
nockoJeKy Homep N ¢HKCHpoBaH, MOAyJb APOOH, 3aK/IOYEHHOH B
KBaJpaTHHe CKOOKH, He IIPeBOCXOAHMT &/2 npum Bcex n=N,, rae
N, — npocraTouHo 6oJsLIOE YHCJAO. JIeMMa g0oKa3aHa.

JleMMma 2. Ecau nocaedosarenbHOCT NOAOHUTEAbHBLX 4UCEN
{a.} cxodurca k npedeay L, To K TOMY e npedeay cxodurcs u

y —

KH, He NPeBOCXOAHT WYHc/IaA

nocaedosaresvrocts b, =V a,a,...a, CcpedHux ezeomeTpudecKux
wucea ay, ap, ..., Qg

Hokasareancrno. Ilpexae Bcero 3ameTdM, 4HTO B CHJIY
HenpepHBHOCTH Jorapupmuueckot ¢yHkuun ansg L >0limina,=

n—omo
=InL. Ho toraa mo nemMe 1 o mpexese cpeanero apudmerHuec-
KOTO CYIIecTByeT mpejeJ

lim In V—ala,...a,, —= lim Ina;+Inay+ ... +Ina, —1InL.

[ n-o n

H3 nocnensero paBeHCTBa B CHJIY HeNpepPHIBHOCTH IOKa3aTeJbHOH
GYHKUHH NOJYyYHM

np——
limy ag,...a, = lim Voo o gty
n=-soc, n—»ow
(9tH paccyxaenus cnpaBefyusH W npu L=0, ecan cuumrath InL=
=—o00.) JleMma 2 nokasaHa.
HoxasartenprcTBO yTBepXKAeHHs llpuMenss nemmy 2
K YHCAaM @1=pi, a=P2/P1, ..., @n=Pn/Pr-1, MH, ONHPAsCH HaA Cy-
IecTBoBaHHe paBHoro L mpegena (1.21), ycraHOBHM CyluecTBOBa-
HHE paBHOro Tomy ke L mpeznena (1.26).
4. Wurerpanvhbiii npusHak Kowm—Makaopena. Ilpusnaku [a-
Jiambepa H KollIH OKa3HLIBAaIOTCS HENPHTOJHBIMH [JISi BBISICHEHHsI BOI-
poca O CXOJAHMOCTH HEKOTOPBIX YacTO BCTPEYAloIiMXCsl PSAOB C MO-
JIOXHTEJbHHIMH 4YjeHaMH. Tak, HampuMmep, ¢ NMOMOINLIO 3THX IPH3HA-
KOB HEJb3sl BHISICHHTbH BONPOC O CXOZMMOCTH OOOGILEHHOrO rapMOHH-

YecKoro psija
= 1
2 —= (1.33)

k=1

(a — Jn1060€ BelyecTBEHHOE YHCJIO).
B xoHume n. 2 Mm ycraHoBmJH, uTo npu a<<l psax (1.33) pacxo-
JHTCS, ONHAKO OCTaeTcsi OTKPRITHIM BONMPOC O CXOAHMOCTH 3TOrO psifa
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npn a>1. B 3T0M nyHKTE MBl YCTAHOBHM ellle OJAHH OOLIHHA IpH3HAK
CXOAMMOCTH psifia ¢ HEOTPHUATENbHHIMH WIEeHaMH, H3 KOTOPOro, B ya-
CTHOCTH, GyZer BHTeKaTh cXomuMmoctb psga (1.33) mpu a>1.
Teopewma 1.7. (npusnak Kowm — Makaopena). [Tycre ¢ynkyus
f(x) neorpuyaresvna u He so3pacraer 6ctody HA NOAYNPAMOL x=m,

2de m — awboti guxcuposannsiy nHomep. Tozda wucaosoil pad
Y f®=Fm)+fm+D+[m+2)+ ... (1.34)
k=m

cx00uTCA 8 TOM U TOALKO 8 TOM CAYydae, Kozda cywecTeyer npeden
npu n—-oo0 nOCAe008aATEeAbHOCTU

a,= ff(x)dx. (1.35)

HokasarteabcrtBo. Ilycts £ — um060it HOMep, yHOBJIETBOpS-
IouA ycnoBuo k=>m+1, a x — m060e 3HaueHHe apryMeHTa M3 Cer-
menta R—1<{x<Ck. Tak kKak Io ycjoBHIO QyHKuMS f(X) He Bo3pacTaer
Ha YKa3aHHOM CerMeHTe, TO JJIA BCeX X M3 YKa3aHHOTO CermeHTa:
cIpaBeJIHBbl HePaBEHCTBA

[ (R)<F (%) <F (R—T1). (1.36).

@yukuus f(x), 6yayuyH OrpaHHYEHHOR H MOHOTOHHOH, MHTErpHpyeMa
Ha cermeHte [k—1, k] (cM. m. 2 § 3 ra. 9 u. 1). Bosee Toro, u3 uepa-
BeHctBa (1.36) u u3 cmofictBa 6) (cM. m. 2 § 4 roi. 9 u. 1) BhITekaer,
L) ’

k. k k
{fwdx< [ fwdr < | fle—1yax,
k—1 k—1 k—1

HJ/IH

k
f(k) < j f(x)dx < f(k—1). (1.37)

k=1
OTH HepaBeHCTBAa YCTAaHOBJIEHH HaMu IJs JioGoro k>=m-1. 3ann-

ieM HMX IJig 3HaueHHH k, paBHEIX m+1, m+2, ..., n, rae n — aw060ik
HOMep, NPeBOCXOAsHUHH m:

1
Fma 1)< | f0e)dx < Fm),

m+2
fm+2)< | f(xyde < f(m+1),
m+41
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Fm) < | Fode< Fin—1).

n—1
CKJlaIlblBaﬂ ITOYJIEHHO 3anHCanHbie HEPABEHCTBA, NOJYYHM

n—1

¥ i< (Fede< Y ey (1.38)

k=m+-1 m ‘k=m

HoroBopuMmcsi 0603HaYaTh CHMBOJIOM S, n-I0 YaCTHUHYIO CyMMY
psapa (1.34), pashyio

Sa= Y (8).

kw=m

Tlpunss 370 0603HaYeHHe H yuuTHBasi o6o3nauenue (1.35), MBL MOXeM
cjefylomuM o6pa3om nepenncath HepaBeHctBa (1.38):

Sa—f (M) < <Snr. (1.39)

STH HepaBeHCTBa I03BOJSIOT 6e3 TpyZda jJokasaTh Teopemy. B ca-
MoMm nene, u3 ¢opmyan (1.35) oueBHAHO, YTO NOCNEAOBATENBLHOCTH
{a,} aBasercs HeyOwBatomel. CienoBaTesJbHO IJIS CXOAMMOCTH 3TOR
TOCNeA0BAaTENBHOCTH HEOOXOAHMa M JOCTaTOYHAa ee OrpaHHUeHHOCTb.
Has cxonumoctr pspa (1.34) B cuay teopemn 1.2 Heo6XoauMa H JOC-
TAaTOYHAa OrpaHHUYEeHHOCTh INocJenoBaTtenbHOCTH {S.}. U3 HepaBeHcTB
(1.39) BuiTekaer, 4TO MOCJENOBAaTEJbHOCTL {Sh} OorpaHHyeHa Torjga H
TOJBKO TOrAa, KOrja OrpaHHueHa IOCHefOBaTeJbHOCTh {@n}, T. e.
TOrAa H TOJLKO TOrJa, KOrAa MOCJenoBaTeJbHOCTh {@,} cxomurcs. Teo-
peMa noKa3aHa.

[Tpumepn. 1° Tlpexne Bcero MpHMEHHM HHTerpasIbHBIH NPH3HAK
Komn—MaxkaopeHa pJisi BHSICHEHHS] CXOZMMOCTH 0606ILeHHOro rapmo-
uudeckoro psga (1.33). Ilockoasky psia (1.33) MoxKHO paccMaTpHBATh
kak psn Buaa (1.34) mpu m=1, f(x) =1/x* u dynxkuns f(x) y6wuBaer
H IOJIOXKHTEJbHa Ha NOJYIPAMON x¥~=>1, BONPOC O CXOAHMOCTH psna
(1.33) skBHBaJIeHTEH BONPOCY O CXOAMMOCTH NOCJeJ0BaTeJbHOCTH
{an}y Fﬂe

l—a |x=n 1—a
| x_ — n—l_ an a¢ 1’
— dx= l—a |x=1 l—a

x(l

a, =

Infi=f=Inn npu a=1.

e T

M3 Bupa s/1eMeHTOB a, BHITEKAaeT, YTO IIOCJEAOBATENBHOCTH {@n}
pacxojurcs npu a<<l M cxomurcsi npH a>1, npuueM B mocirenHeM
ciyyae lima,= T Taxkum obpasom, psag (1.33) pacxomurcsi npu

n—->o a —

a<<l (3TO MBI y2Ke YCTaHOBHJIM BhILIE JPYTHM CNOCOGOM) H CXOAMTCS




24 Ta. 1. UncnoBbe psifu

npu a>1. B uactHocTH, npu a=2 psag (1.33) nepexoxaut B psig (1.24),
CXOAMMOCTh KOTOPOTO MBl Tellepb MOXKEM YTBep¥AaTh.
2°. Hccaenyem BONIPOC O CXOAHMOCTH psiza

I
—_— 1.40
E k1nPk (1.40)
b2
rie B — ¢HKCHpPOBaHHOE MOJOXHTEJbHOE BellecTBEHHOe yHcao. Pan

(1.40) moxHo paccmaTtpuBaTh Kak psan Bupa (1.34) mpu m=2 u

[(x)= PTEE ITockosbky QyHKUHS f(x) HeoTpHLAaTeJbHAa H HEBO3-

pacraerT Ha HOJyOpsMOH x¥Z=>2, Bonpoc O cXOAHMOCTH psfa (1.40) 3k-
BHBaJIeHTeH BOIPOCY O CXOJHMOCTH IOCJeJOBaTeJbHOCTH {a.}, I'le

n ] In _ﬁx
dx =
j x InPx

2

x=n_ n~Byp _|n'—F2
=2 1—B

In lnxi,,_g_ Inlnn—InIn2 npu p=1.

npu B~ 1,

W3 BHma 3neMeHTOB a, BBEITEKAaeT, YTO INOCJAEIOBAaTEeNbHOCTh {a.}
cxoautcs npu B>1 u pacxoautcs npu B<<l. Takum o6pasom, psn
(1.40) cxomurcs npu B>1 u pacxoanrcs npH p<<l.

5. lpusnak Paabe. Ilpusnaku [lanamGepa u Kowwn 6bIH Oc-
HOBaHbl Ha CpaBHEHHH pacCMaTpHBaeMoOro psia ¢ psaoM, Ipes-
CTABJSAIOLHM CO60# CyMMy UYJeHOB I'eOMeTPHYECKOH I pOrpecCcHA.
EcrecTBeHHO, BO3HHKaeT HAes O NOJyYyeHHH GoJiee TOHKHX NpH3Ha-
KOB, 'OCHOBaHHbIX Ha CpaBHEHHH pacCMaTpHBaeMOro psiia C ApYru-
MH CTaHIADTHBIMH pslaMH, CXONSLIHMHCA MWJIH pacXOAsLIHMHCSH
«MejlUIeHHee», yeM psf, COCTaBJEHHBIH H3 BCeX YJeHOB GeCKOHEeYHO
y6nBamoued reOMeTpuueCKOA IPOrpPecCHH.

B 5TOM nyHKTE MH YCTaHOBHM NpH3HAaK, OCHOBAHHHIH Ha cpaBHe-
HHH paccMaTpUBaeMOro pslia C H3YyyeHHBIM B NpeNBlAylLeM NYHKTe
CTaHAAaPTHEIM PAICM

- 1 1 1

% .

'7=1+?+?+'“ (1.41)
k=1

Teopewma 1.8 (npusnak Paabe?). I. Ecau dasn scex Homepos
k, no kpaineil mepe HAYUHAA ¢ HEKOTOPO2O HOMEPA, ChpasedAUBO
HepasexcTseo

k (1—%)>q>1 (k(l—ﬂ) <1)8’, (1.42)

\ Pr
") Hosedp Jliogsur Paabe — wBeiinapckut matematuk (1801—1859).
o]

8) KoHeuHO, NIpH 3TOM IIpejnoJjaraeTcsi, YTO PSR X Pk, Nno KpainHeHd Mepe
k=1
HayHHAas C HEKOTOPOro HOMepa, HMeeT CTPOro HOJIOXKHTEJbHHE YJeHH.
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TO pAd Z P, cxodurca (pacxodurcs).

k=1
1. Ecau cyujecrsyer npedea
lim k (1 -—”—'“L> =1, (1.43)
ko Pr

@
TO pAd Zpk cxodurca npu L>1 u pacxodurca npu L<1. Teope-
k=1
My II o6nuHO HasmBaioT npu3HakoM Paabe B nmpepelpHOH
dbopwme.
HdokasateancTBO. [lokaxeM oraeisHo Teopemnt | u IL
1) Ons mokasartenncTBa TeopeMH | mepenumem HepaBeHcTBO (1.42)
B BHIE

Phs1 q { Pra 1
—\<1——(_—>1——). 1.44

P k pe k ( )
Taxk xak ¢>1, To HafileTCs HEKOTOPOE YHCJIO @, YAOBJETBOpsIOIlee
HepaBeHcTBaM ¢>a>1. Paznoxus ¢yHkuuio (14x)* mo ¢dopmyae
' MakJsopeHa ¢ ocTaTouYHHIM uJeHoM B ¢opme Ileano (cm. m. 2 § 9
ra. 6 u. 1), 6ynem umers

(14x)*=1+ax+o0(x).

o 1
ITonaras B mocaenuei popmyse x= ——,» oy

(1-‘7)“=1—% +o(—;-) (1.45)

o(1l/k)

HOCKOJIbe nmocJ/en0BaTeJbHOCTh siBJIsieTcsi OeCKOHEUHO Ma-

JIO¥, TO, HAauHHasE C HEKOTOPOro Homepa ko, CnpaBelJ/IHBO HepaBeH-

CTBO
+)
o|—
R/
1

&
Conocrasass (1.45) u (1.46), monyuum HepaBeHCTBO

< g—a. (1.46)

(1—-‘;)“> L~ (npn k3> ko). (1.47)

CpabHenue HepaseHcts (1.44) u (1.47) maer

Pri1 __l_ o Pr+1 _L
Pk \<<1 k) ( Pr >1 k) (npr k> ko)
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HOCJIB}IHHe HepaBeHCTBa MO2KHO NepenHcaTtbh B BHAE
L L
Pr & k
+1 < Pr+1 >
Pr 1 Pr
(k—1)* k—1

(npr k=ky).  (1.48)

Ilockoarky psig (1.41) cxomurcess mpH a>1 u pacxogurcst mpw
a=1, To HepaBeHcTBa (1.48) u TeopeMa cpaBHeHHs 1.4 MO3BOJSAIOT

yTBEPXKAAaTh, YTO PAX Zpk cxoputca (pacxonutcst). Teopema I
k=1
JIOKa3aHa.

2) Touno Tak xe, Kak H B npusHakax Jlanambepa u Koun, ME
ceefieM Teopemy II k teopeme I. Ilycte cnayana L>1. [Tosoxum
e=(L—1)/2, g=1+e=L—e. Ilo onpenenenuio npegena (1.43) pas
3TOr0 & MOXKHO YyKasaTh HOMep R, HauHHas C KOTOpOro

|k (1 — Prr)__Jl<e m crenoBaTensHO, CHpaBeJIHBO JeBOE
Pr
HepaBeHcTBO (1.42). Ecan xe L<I, To MBH nOMOXHM eg=1—L H,

HCIIOJB3yst onpefenenne npepena (1.43), monyuHm, 4TO, HayHHas
C HEKOTOpOro Homepa ko, CIpaBefJHBO NpaBoe HepaBeHCTBO (1.42).
Teopema 1.8 nmoHOCTHIO AOKa3aHa.

3ameuyanue. B teopeme 1.8 (I) B neBoM HepaBencrse (1.42)
HeJb3sl B3ATh ¢=1 (I[pH 3TOM CXOJHMOCTb Psiia MOXeT He HMeTh
mecta). Ilpu L=1 teopema 1.8 (II) «He peficTByeT» (BO3MOXHH K
CXOZMMOCTh H PacCXOAHMOCTh psila).

B kauecTBe mpuMepa HcciegyeM BONIPOC O CXOZHMOCTH psifia

w g ety

Zpk, rae p,=a ", a=const > 0.

k=2

Ilpusnaku [anamGepa n Kournm B mpuMeHeHHH K 3TOMY pSIAY «HE
ngercrByor». Ilpumenum npusHak Paabe. Jlerko mpoBepHTh, 4TO

k(l_ pk+1>= a *—1
Pr

INocnennsis npo6p npu B—>o0o CTPEMHTCS K IPOH3BOLHOH GYHKIUHE
a* B touke x=0, T. e. crpemurcs k lna. B cuny npusnaka Paabe
paccMaTpHBaeMBI pSil CXOAMTCS mpH Ima>1, T. e. mpH a>e, H pac-
xoautes npu Ina<l, 1. e. npu a<e. Ilpu a=e BONpoC O CXOAHMO-
CTH psaja TpebyeT MONOJHHTENBHOTO HCCJENOBAHHS, TaK KakK INpH-
sHak Paabe «ne pmefictByeT». IIpyruM mpumepom psiia, B IpHMeHe-
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HHH K KOTOPOMY <«He JeHCTByeT» NpH3HaK Paa6e, MOXeT CAYXHTb
psan (1.40).

6. OTcyTcTBMe yHHBEpCaJbLHOTO psiia cpaBHeHHs. MH yxe oT-
Me4asd, 4To npH3Hakd [ajsambepa H Kolnm OCHOBaHH Ha CpaBHe-
HHH pacCMaTpHBaeMOro psiia C PsJAOM, COCTaBJEHHBIM H3 BCex
wieHOB OeCKOHeYHO yOhiBamoumeH TreoMeTpHuUeCKOH IIPOTPecCHH, a
npu3Hak PaaGe — Ha cpaBHeHHH ¢ 6oJiee MeIJIEHHO CXOISLIHMCSH
(n1n pacxonsmumcst) psgom (1.41).

EcTecrBenHo, BO3HHKaeT BONPOC O TOM, He CYLIECTBYeT JIH Ta-
KOH yHHMBepcaJbHHH (mpemenbHO MelJeHHO!) cxoaswmuiics (HIH
pacxoasimipics) psifl, CPaBHEHHE C KOTOPHIM NMO3BOJHJO GH caelaTh
3aKJIOYeHHe O CXOAHMOCTH (HJH PacXOAHMOCTH) JI060ro Hamepen
B35ITOrO psila ¢ HEOTPHUATeJbHBIMH uleHaMH. JlokaxKeM, 4TO TakKo-
ro yHHBEPCAJLHOTO PAfia He CYIECTBYeT.

[lycrs RaHBl ABa CXOAAIMXCH PsiAa E Pr H Zp”’ 0603HauHM
k=1 k=1
CHMBOJIAMH T, H fn COOTBETCTBEHHO HX N-€ OCTaTKH. ByJIeM roBo-

PHTb, YTO Psif Zpk CXOIMTCS MeJeHHee, 4eM PSR Zpk, ecay
k=1 k=1

=0.

11m

n—--o n
VYreepxaeunune. Jaa kaxdozo cxo0suezocs pada cywecrsy-
er pad, cxo0awuica mediennee 3T020 pada.
@

B camom gene, mycTh Zpk— J1060H CXORSILMHACA Ppsd, 'n

k=1
©

(n>0) — ero n-# ocratok 9. [dokaxem, 4TO Pl Z Pk, TIE Pr=
k=1

_Vr,,_l —V'r, cxomuTcs MeiJeHHee, ueM pSii Zpk B camom pme-
k=1

Jie, ecJid r,’ — n-H OcTaTok psana Zpk: TO
k=1

= lim =0.

n+o T, n»o V’n

Tenepb JAOKaxeM OTCYTCTBHE YHHBEPCAJBHOI'O cCXonsiierocs ps-
Aa, cpaBHEeHHE C KOTOPHIM IO3BOJIHJIO OBl cHeJaTh 3aKJIOUeHHe O
CXOJHMOCTH JI060T0 Hanepen B3sATOrO Cxonsulerocss psiaa. B CaMOM

-]

9 3a ro NpHHHMaeM BCIO CyMMY Z Pk
f=t
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@
aese, ecid Obl TAaKOH yHHBEPCAJbHBIH CXOAALIMACA DAX Zpk cy-
k=1

@
IIEeCTBOBAJ, TO B35iB JJISl HEro NOCTPOEHHHH BHIIIE PAMd 2 DPr, MH

k=1
noJy4YuJyH OH, 4TO

lim 2 = lim —Z222 =% — lim (Ve + V1) =0.
k> Pp kv ¥V Tha —/’k ko

@

Takum 06pa3oM, H3 CPaBHEHHS C PSLOM Zpk HeJb3sl clleNlaTh
k=1

@
3aKJIIOYEHHS] O CXOLHMOCTH pfla 2 Pr. AHanoruuno nOKa3hHIBaer-
k=1
Csl OTCYTCTBHE YHHBEPCaJbHOTO pacxoAsiierocsi psifia, CpaBHEHHe C
KOTODBHIM IO3BOJIHJO Gbl CHeJaTh 3aKJAKOUEHHE O PaCXOAHMOCTH JIiO<
6oro Hamepex B3STOrO PacXOAAINErocs psia.

§ 3. ABCOJIIOTHO H YCJOBHO CXONAMHECA PAJ b

1. NoHsiTHs a6CONIOTHO M YCJNOBHO cXoAsmuxcs psfoB. Tenepb
Mbl [epefiieM K H3yYEHHIO PSIOB, WIEHH KOTOPHX SIBJSIOTCS Bellle-
CTBEHHHIMH YHCJaMH 4100020 3HaKa.

Onpenenenne 1. Bydem Hasviearo pad

Y (1.49)
k=1

a6COAIOTHO cx00Aauumcsa, ecau cxoourca pso

@

Y il (1.50)

k=1

3aMeTHM, YTO B 3TOM OINpeJeJeHHH HHYEro He CKa3aHO O TOM,
npeanoJaraercsi JH IPH 3TOM CXOOHMOCTb camoro psina (1.49). Oka-
3bIBaeTCs, TaKoe NpEANoJIOXKEeHHe O0Ka3aJoch Gbl H3JIHIUHAM, HGO
CpaBe[JIHBa ClleAyIOliasi TeopeMa.

Teopema 19, Ha cxodumocru pada (1.50) evirexaer cxodu-
MocTo pada (1.49).

HDokasatenbcTBo. Bocmoansyemcss kpurepHeM Kown 15
psana (7. e. Teopemoii 1.1). Tpebyercss moka3aTh, 4TO AJs JI060ro g>
>0 nafizercss HoMep N Tako#, 4TO AJs BCeX HOMEPOB 7, YAOBJETBO-
PAOIIKX ycaOBHIO n>N, 0 1Jsi J060r0 HaTypaJbHOrO p CNpaBelHBO
HepaBeHCTBO
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nip
| Yy ukl<e. (1.51y

k=n-+1
®dukcupyem aoboe e>0. Tak kak psig (1.50) cxomutes, TO B cCHIY
TeopeMul 1.1 HaBgercs Homep N TakoH, uTO AJA BCEX HOMEpOB 7,

YAOBJIETBOPSAIOIKX YCJOBHIO n>N, ¥ pisi JI0GOro HaTypaJbHOro p
CIpaBefJIHBO HEPaBeHCTBO

n+p
2 luk|<e. (1.52}
k=nt1
Tak Kak MOAy/Jb CYMMH HECKOJBbKHX CJlaraeMHX He IPeBOCXOLHT
CYMMBI HX MOAyJieH, TO

ntp n+tp
| Y u,,|< Y lusl. (1.53)
k=n+41 k==n+1

ComocraBasis HepaBeHcTBa (1.52) u (1.53), moayuuM HepaBeHCTBOr
(1.51). Teopema noka3saHa.

Onpenenenune 2. Pad (1.49) naseléaerca ycaroero cx'o0a-
W uMmC A, ecau 3T0T pad cxo00UTCA, 8 TO 8pPeMs KAK COOTBETCTBYOUiULE
pad u3 nodyaed (1.50) pacxodurcs.

IIpumepoM aGCOMIOTHO CXOASIIErOCsl Psiia MOXKET CJIYXKHTh PSL .

Y (—1)k 1,1
2_(—_123‘—:1__27_*”?——4“—4- ..., rme a>1.
k=1

dtor pan cxomurcs aGcomoTHO, H60 mpu a>1 cxommres pam (1.33).
ITpuBesem mpumep yCJOBHO cXOAsiierocsi psiga. [lOKaxeM ycjioB-
HYI0 CXOJHMOCTh Psiia

N T S N
2 =1 +... (1.54)

k=1

Tak kak cooTBeTcTBYWOUHMH pPsiji H3 MOAyJeid (rapMOHHYecKHH psn),
KaK MBI yXKe 3HaeM, DacXOAHTCH, TO AJs [JOKa3aTeJbCTBa YCJIOBHOH
cxomumocty psga (1.54) mocraTouHO AOKa3ath, UTO 3TOT DS CXOIHT-
ca. Jokaxem, uto psin (1.54) cxomutes K umcay In2, B n 2 § 9

ra. 6 u. 1 MBl MOJy4YHIH pasnoxende no ¢opmyie MakiopeHa (yHK-
LHH

In(l +xym=x—2p 2 2 — :
n(l +xy=x T3 " F o (=1 ~ + Rn+1(X)

Tam xe nnsa Bcex x u3 cermenta 0<x<1 monyuena cueiywomas OLeH-
Ka 0CTaTOYHOTO uJieHa:
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[Rnt1(x) | <1/(n+1).
Ilonaras B ABYX NOCJEZHHX COOTHOWIEHHsAX x=1, 6yleM HMETb

1 1 1 —])n-1
In2=1—p b o AT R (),
rae
[Ra+1(1) | <1/(n+1),
HIIH
1 1 1
[1—5+5—1
O6o3nauas uepes S, n-10 4aCTHYHYIO CymMMy psxa (1.54), MBI Mo-
JKeM mepenHcaTh IocjenHee HepaBencTBO (1.55) B Buae

|Sa—In 2| <1/(n+1). (1.56)

N3 (1.56) cxenyer, uyro pasnocts S,—In2 npeacraBiser coGofi Gec-
KOHEYHO MaJyl0 NOCJeJ0BaTeJbHOCTh. DTO H JOKa3hiBaeT CXOLHMOCTh
pana (1.54) k umcriy In2,

2. O nepecTaHoBKe YJEHOB YCJOBHO CXOAsiuerocs pspa. OmHHM
M3 BaXKHeHUIHX CBOACTB CYMMBI KOHEYHOTO YHCJA BelleCTBEHHHX CJa-
raeMblx siBJIsieTCSl NepeMeCTHTENbHOe CBOHCTBO. EcTecTBeHHO, BO3HM-«
KaeT BONpPOC, OCTAeTCs JIH CIPaBeMJIHBHIM 3TO CBOHCTBO MJsI CYyMME
CXOASILIErocs psiia, T. €. MOXeT JH H3MEHHThCS CyMMa CXOASILIErocs
psila OT mepecTaHOBKH 4WIEHOB 3TOrO psiia. B 3TOM nyHKTe MBI BHISIC-
HHM 3TOT BONPOC B OTHOIIEHHH YCJOBHO cXoAsuierocss psna, Haunem
PaccMOTPeHHe ¢ H3yYeHHs] HEeKOTOPOH KOHKPeTHOH IepecTaHOBKH uJie-
HoB pajaa (1.54). Oas yno6ersa sanuiueM psix (1.54) B Buae

1 1 1 1 1
(=) (F—)* ()

=y _
o } 1n2f<n+1. (1.55)

[y

B koHue mpeabaymiero nyHKra Mbl fOKasanW, uto psapx (1.54) cxo-
JOHATCSL YCJIOBHO H HMeeT cymMy In 2. IlepecraBuM Temnepn uJeHH psija
(1.54) Tak, 4yTOGHl IOC/TE OJHOrO MOJIOKHTEJHHOTO UJeHA CTOSJIH JBa
OTpHIATeNbHBIX 4YJieHa. B pesyspTaTe TakOH MNepecTaHOBKH 4YJIEHOB

MOJNYYUM PSIA
1 1 1 1 1
(1_7___4_).;_(_3___6__ o ).+_ +

oo m) (1.57)

Hoxkaxewm, uto psa (1.57), monyueHHbli B pesyJsbTaTe yKa3aHHOM
TepecTaHoBKH uieHOB psina (1.54), cXOOHTCSA H HMeeT CyMMy, BJIBOe
meHbuyio, yem psin (1.54). Bynem o6GosnauaTh m-e yacTHUHBIE CYyM-
mMu psapoB (1.54) u (1.57) cumBonamu S, ¥ Sm’ coorBercTBenHo. Mo-
MeM 3anHcaTh:
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m m
. 1 1 1 1 1 _
83’"=E ( ok—1 4k—2 —47)_2 ( sk—2 4k ) -
k=1 k=1
1 1 1 1
- —_\)=—38§
22(%—1 Zk) 2 "
k=1
Hrak,
s;,,,=%s,,,,. (1.58)
[anee, oueBHAHO, YTO
’ 1 1
S3m_1=-?32m +4—'m, (1.59)
’ , 1
Sam—2=Sam—1 + . (1.60)
4m—2

IMockoanky 1imS,,=S, B npenene npu m—>oo u3 ¢dopmyan (1.58),
(1.59) u (1.60) monyuum
N 1 o 1 o 1
2_fisam=73, lim Sz = '?S, lim Sam—s = S.

m—o m—o

Takum o6pasoM, psax (1.57) cXomHTcs H HMeeT CyMMYy, paBHYiO
%S. Tak kak S=In2+0, 10 TS#S. CnenoBarespHO, B pe-

3yJIbTaTe yKa3aHHOM BHILIE NEpecTaHOBKH WIEHOB CyMMa YCJOBHO CXO-
asuerocs psga (1.54) uameHnsach. PaccMOTpeHHEIH HaMH NpHMeEp
NOKa3BBaeT, YTO YCJOBHO CXOAAILMACA Pl xe obaadaer nepemectu-
TeAbHoLM ceolicTéom. T1oNHYIO SICHOCT, B BONPOC O BJHSIHHH NepecTa-
HOBOK YJIEHOB Ha CyMMy YCJOBHO CXOASINErocsi psiia BHOCHT CJeAy-
Iollee 3aMeyaTeJpHOe yTBEpKAeHHe, NpHHajnexaluee PHmany.

Teopema 1.10 (reopeMa Pumana). Ecau pad cxodurca ycaosHo,
TO, KAK080 6blL HU Obla0 Haneped 83sTOe 4uUCA0 L, MOXMCHO TaK nepe-
CTABUTb 4AeHbL 3T020 pAada, 4T0Obt npeobpa308antbll pAad cx00UACR
K wucay L.

Hokasateascrtso. [lycts

iuk (1.61)
k=1

IIPOH3BOJILHBEIH YCNOBHO cxoisdwuiics psax. O6o3HauuM 4Yepes3 pi, pa,
P3, ... NOJIOXHTeJNbHBE wieHH psxa (1.61), BeMHCaHHBIE B TAKOM IMO-
Psike, B KAKOM OHH CTOSIT B 3TOM psijie, a uepe3 §i, G2, §3, ... MOAY-
Jld OTpHUATEJbHBIX ujeHOB psiga (1.61), BrnHcanHEIe B TakoM Xe
nopsifike, B KAKOM OHH CTOAT B 3ToM psze. Psx (1.61) comepxur Gec-
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KOHEYHOe YHCJO KaK MNOJIOXKHTEJNBHBIX, TAK H OTPHUATEJHHEIX YJIEHOB,
360 ecau OB UJIEHOB OJHOTO 3HaKa OGHJIO KOHEYHOe YHCJI0, TO, OTOpO-
CHB He BJHSIOUIee Ha CXOJHMOCTH KOHEUHOE YHCJO NEePBHX YJEHOB,
Mbl OB NOJYYHJIH OBl PsiJ, COCTOSINHH H3 WIEHOB OJHOrO 3HakKa, MJfd
KOTOPOTo0 CXOAHMOCTH O3Hauyasa 6Bl 2GCOJIOTHYIO CXOJHMOCTD.
Hrak, ¢ pagom (1. 61) CBA3AHH 1Ba 6ecKOHeYHHX psja C NoJo-

JKHTEJbHBIMH WJIeHaMH Zpk qu Bysem o603nauath nepBHi
k=

H3 3THX PsAIOB CHMBoJOM P, a BTOpOH — cumBoaom Q. Jlokaxewm,
uto 06a psaga P u Q sBasiorca pacxoxsmumucs. OG0o3HauHM CHMBO-
Jom S, n- yacTHuHylo cymmy psga (1.61), cumsosom P, cymmy
BCEX MOJIOKHTEJNIBHEX YJEHOB, BXOASIUHX B Sn, CHMBOJOM Qn CyMMy
MOZyJiell BCeX OTPHLATENbHHIX 4YJEHOB, BXOAAWMX B S,. Toraa, oue-
BUIHO, Sp,=P,—Q,, u Tak kak no ycaosuio psa (1.61) cxoaurca K
HEKOTOpPOMy 4Hcay S, TO

lim (P,—Q,)=S. (1.62)

C npyro#t cropousl, Tak kak psig (1.61) He cxomurcs a6GconoTHO,
TO

lim (P, +Q,) = + oo. (1.63)

Conocrasass (1.62) u (1.63), moayusm limP,= + o0, limQ,=
n—wo n—oo

= + 00, T.e. AOKa3aHo, 4T0 06a psina P u Q pacxoasirca. M3 pacxo-
JHMOCTH psioB P u Q BHITeKaer, 4TO Jaxe Iocje yAaleHHs Jio6oro
KOHEYHOro 4YHcJa MepBhIX YJIeHOB 3THX PsAAOB, MBl MOXeM B3ATh H3
OCTaBUIHXCs WIEHOB Kak psifa P, Tak w psafa Q croap Goabplioe YHCNO
YJIEHOB, YTO HX CyMMa npeB3oHper Jio60e Hamepes B3siTOe YHCJIO.

Onupasice Ha 3TOT (aKT, AOKaxkKeM, YTO MOXKHO TaK IepecTaBHTb
'uJeHsl HexoAHoro psga (1.61), uto B peayaprare NOJYYHTCH PAL,
CXONAINMHCS K Hamepex B3sgToMy uucay L. B-camom nene, BriGepem
#3 ucxoaHoro psxa (1.61) poBHO CTOJBKO MOJOKHTENbHBIX YJe-

HOB Py, Pay - -+, Pk, YTOOBL HX cymMma p;+ ps+ ...+ Pr, TpeB3n-
maa L. JJo6aBHM K BBIOpAaHHEIM 4JeHaM POBHO CTOJBKO OTpPH-
HaTelIbHBIX 4YJEHOB —(§i, —§2, ..., —@k, 9TOOQH o06mas cyMma
Pi+ Pt oo +P—Gi—Ga— ... —(qs, okaszasach MeHpme L. 3a-

TeM CHOBa J06aBHM POBHO CTOJbKO MOJOXHTENbHHX 4YJIEHOB
Pryt1s Paet2y - o« Phy,y, UYTOOBH OOmast cymma py-+Pa-+ ... +Pe,—q,—
—Gg— .. —Gr, tPrrt + o oo Pry OKasanach 6o.nbme L. Tlpo-
JOJKas aHAJOrHYHBIE PacCyXIeHHs JaJjee, MH I0Jy4HM GecKoHeuHbIfi
pAl, B COCTAaB KOTOPOro BOHAYT BCe 4JeHH Hcxomuoro pspa (1.61),
TaK KaK KaX[HH pa3 HaM NPHIETCH A0GABJATH XOTs 6bl OfHH [OJIO-
XHTENbHBIH HIM OTPHUATENBHBIH WIEH HCXOZHOTO psla.

Ocraercs noKasaTh, 9TO MOJYUYEHHHH psf cXodurcs K L. 3amertum,
YTO B MOJYYEHHOM psje NOCJef0BaTEJbHO YepeAyloTcsi TPYHIbl Io-
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JIOXKHTEJNBHBX M TPYINIEl OTPHUATENbHHIX ujeHOB. Ecnu uacTuunas
CyMMa TOJIy4eHHOTO psila 3aKaHYHBAeTCS IOJHOCTHIO 3aBepIIEHHOH
rpynno, T0 OTK/JIOHEHHe 3TOH YaCTHYHOA CYyMMH OT yHcaa L ue mpe-
BOCXCAHT MOAYJs NocjienHero ero wiena'®. Ecau ke yacTHynasi cym-
Ma 32KaHYHB2eTCs He IOJIHOCTBIO 3aBepUIEHHOH IPYNIOH, TO OTKJIOHE-
HHMe 3TOH YacTHYHOH CYyMMB! OT uYHcJa L He IPeBOCXOIAHT MOAYJs IO-
CJefHero ujieHa npeinocaeiHefi u3 rpymn. JJs yCTaHOBJIGHHS! CXOMH-
MOCTH.psiia K L jgocraTodno y6eaHTbCss B TOM, 4TO MOAYJH NOCJEeN-
HHX YWIeHOB rpymn o6pa3ylor 6ecKOHeYHO MaJylo IoCleJ0BaTeNlh-
HOCTh, @ 3TO HEmOCPeJCTBEHHO BLITEKaeT H3 HeOOXOJHMOro YCJIOBHA
cxoxuMocTH HexogHoro psina (1.61). Teopema Pumana moka3aHa.

3ameuyaHue. Auajoruudo MOXKHO GbuUlO OB J0Ka3aThb, YTO €CJH
PSiL CXOAHTCA YCJOBHO, TO €ro 4eHb! MOXHO INepecTaBHTb TakK, 4TO
N0C1e]0BaTeJNbHOCTh YaCTHYHHIX CyMM Ipeo6pa3oBaHHOro psina 6yzer
GeckoHeyHO GOJBIIOH IOC/ENOBaTeNbLHOCTbIO, BCE 3JIEeMEHTH KOTOpPOH,
HayHHas C -HEKOTOPOI'O HOMepa, IOJIOXKHTENbHBl (COOTBETCTBEHHO OT-
pHLATeJbHH). ,

3. O nepecraHoBKe 4jieHOB a(COJIOTHO cxoasuierocss papga. B mpe-
ABAyHIIEM NYHKTE MBI J0OKa3a/H, 4TO YCJOBHO CXOASIUHMCH psfl He 06-
JlaflaeT TiepeMeCTHTeJNbHBIM CBOACTBOM. [lOKaxKeM, 4TO MJsi BCSKOIrO
abCONIOTHO CXOASIIErocst psiia CHpaBelJJHBO NlepeMecTHTeJbHOe CBOii-
CTBO. .

Teopema 1.11 (teopema Komwmmu). Ecau Odanrsui pad cxodurcsa
abCoOTHO, TO M0004 pso, noay4UerHsil u3 0aHHO20 nocpedcTeoMm He-
KOTOPOL nepecTAHOBKU 4HAeHO8, TAKNe CXOOUTCS abCOAIOTHO U umeer
Ty oice CYymmy, 4ro 1 OanHbll pad.
~ JdoxkasareasncTBo. Ilycrs psin-

®

Z u, (1.64)
=1

cxXoauTcst abconoTHO H cymMMa psina paBHa S. Ilycrs, nadee,

Euk (165)
k=1
pan, nonyyenHsiii W3 psina (1.64) mocpemcTBoM HekoTOpo# nepecra-
HOBKH useHoB. TpeGyercs moxasathb, uto: 1) psn (1.65) cxomutcs u
uMeeT cymmy, paBHylo S; 2) psa (1.65) cxoaumrcs a6contorno. Joxka-
XKeM cHavyana l). locraTouHo Aokasatk, uTo Aist Jjo6Goro >0 Hai-
nercst Homep N Tako#, yto npu n>N

| iu;—3l< €. (1.66)

k=1

10 Tak Kak MH Z0GaBJisieM B NaHHYIO TPYMIy YieHH POBHO JO TeX IOP, MOKa
o6as cymma «He mepeHper» uepes uHcaO L.

2 3ak. 25
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®ukcupyem npousBossHoe £>0. Tak kak psan (1.64) cxomurcs a6-
COJIIOTHO H HMeeT CyMMy, paBHYIO S, TO AJsi BH6paHHOro >0 MOXHO
ykasate Homep N, TakoH, 4ro 6ynyT cCnpaBemJHBbl HepaBeHCTBA

Notp

Z |uk[<% (p — no6oe HatypanbHoe umcao) (1.67)
E=Ny+1

\" 6 1)
‘Z”k—sl<7 . (1.68)
k=1

BuiGepeM Tenepr HOMep N cTob GOJBLIMM, YTOGH Jr06asi 9acTHI-
Hasi cymma S’ paaa (1.65) ¢ HoMepoM n, npeBocxomsimuM N, co-
JepxKaJna Bce nepBue Ny wieHos psiga (1.64) 12,

Ouennm pasHOCTh, crosimyio B JseBod uyacTH (1.66), ¥ Zokaxewm,
uro NpH n>N nJs 3TOH pasHOCTH cnpaBelJHBO HepaBeHcTBO (1.66).
B camoMm Jjene, yKa3aHHYIO Pa3HOCTH MOXKHO NPEACTaBHTh B BHAE

kgl u—S (Z e — y_"l )+(§luk—s). (1.69)

Tak kak MOAyJb CyMMBl IBYX BEeJHYHH HE IPEBOCXOJMT CYMMHl HX
MoayJe#t, To u3 (1.69) monyuum

’i”"‘-s|<|i ”;—giuk|+lguk—~.8|. (1.70}
h=1 k=1 k=1 b1

W3 nepaBencrs (1.68) u (1.70) oueBuAHO, UTO AN HOKa3aTeJbCT-
Ba HepaBeHcrBa (1.66) nocrarouno mokasats, uto npu n>N

|E uk—xuk| - (1.71)

k=1

Hns nokasatenncrBa HepaBencTBa (1.71) 3aMeTuM, uto npu n>N
nepBasi H3 CyMM, CTOSIIIHX B ero JieBOH 4aCTH, COAepKHT Bce N mep-
BHIX uJeHOB psfa (1.64). BCJIe,lICTBHe 3TOr0 pasHoCTh

Z Up— Z u, (1.72)

k=1

) Homep N, B Hepaaencmax (1.67) u (1.68) MOXHO B3fiITb OJHH M TOT Xe.
B camoM pgese, mpexBapHTEJbHO 3alHCAB YKa3aHHHE [Ba HEPABEHCTBA C Da3HHMK
HOMepaMH No, MK 3aTeM MOXeM B3sITb HaHOOJbIUHA M3 ABYX HOMepoB No.

12) Takoit HoMep N BHOpaTh MOXHO, H60 psix (1.65) mosyuaercs M3 psgma (1.64)
MOCpeACTBOM HEKOTOPOH NMePecTaHOBKH 4JIEHOB.
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npeacTaBJasier co6ofi cymmy n—Np uneHoB psiga (1.64) ¢ noMepamu,
xax0oll u3 koropbix npesocxoour Ny,

Ecau BHOpPaTh HaTypaabHOE P CTOJNB GOJBIIHM, 4TOGH HOMep Nyt
+p npeBocxomusn HOMepa Bcex n—Np UJEHOB TOJNBKO YTO YKa3aHHOI
CyMMH], TO Anst pa3HocTH (1.72) BO BCAKOM ciyyae clOpaBelJIHBO He-
paBeHCTBO

no N, Notp
'Zuk—Zuk|< Y - Il (1.73)
k=1 r=1 k=Nyt1

U3 nepasencts (1.73) u (1.67) BuiTekaeT HepaBeHcTBO (1.71). Tem
caMBIM JoKa3aHo HepaBeHcTBo (1.66), T. e. mokasamno, uto psx (1.65)
OXONHTCS H MMeeT cyMMmy, paBHylo S. Ocraercsi gokasaTb yTBepxie-
Hue 2) o tom, uro psanx (1.65) cxommtes aGceonrorno. Jloka3aresnct-
BO 3TOrO YTBEeDXJEHHSl CJelyeT H3 yTBepXKAeHHs 1), eCNH ero IpH-
MEHHTb K pAfaM

i lu,| u i|u,;|. (1.74)

k=1 k=1

Ilpu sTOoM MH JOKaxKeM CXOOHMOCTHL BTOporo M3 psjgos (1.74), 1. e.
HokaxeM a6cosoTHyI0 cxomuMocTh psiga (1.65). Teopema 1.11 moa-
HOCTBIO JI0Ka3aHa.

§ 4. IPAU3HAKH CXOJHMOCTH NPOHU3BOJIbHDLIX
PANOB

B § 2 MB ycrTaHOBHJIH psii NPH3HAKOB CXOAMMOCTH IJsi PSIOB C
HEOTpHLATEJbHBIMH 4YJIeHaMH. 3Jech MH H3yYHM BONPOC O NpH3Ha-
Kax CXOOHMOCTH AJsi psJoB ¢ uieHaMu Joboro 3Haka. HMrak, mycrs

@
Z uy, (1.75)
k=1
PAA, ujleHbB KOTODOIO HMeEIOT KaKue yroiHo 3Haku. [Ipexpe Bcero
3aMEeTHM, YTO AJSl YCTaHOBJeHHS abCOJIOTHOH CXOAHMOCTH 3TOrO pA-

Aa, T. e. QJs YCTAHOBJIEHHS CXOAHMOCTH Dpsida C IOJOXKHTEJbHHIMH
yJjieHaMH

|ug], (1.76)
1

s

k

MOXKHO [PHMEHHTHL JI060H u3 mpusnakoB § 2 (mpusnak [amnambepa,
Komn, PaaGe uiu wuurerpa/ipHbf npu3Hak). OIHAKO HH OJHMH H3 yKa-
3aHHBIX NPH3HAKOB He J[aeT BO3MOMXHOCTH BHISICHHTH 6osiee TOHKHIT
Bonpoc 06 yCJaoBHOH cxoauMocTH psifa (1.75) !9,

13) 3amersM, uyTo npHanakH ansambepa H KoM MOXHO NpHMEHATb AN yCTa-
HOBJIEHHss PAaCXOAXHMOCTH psAja Cc uneHaMH no6oro 3Haka (1.75). B ca-

9
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Huxe MH 4 3aiiMeMcsi OThICKaHHeM 6oJiee TOHKHX NPH3HAKOB, IIO-
3BOJIIOIHX YCTaHaBJHBATh CXOAHMOCTb psaa (1.75) u B Tex cayua-
AX, KOrJla 3TOT psAl He ABJAeTcs aGCONIOTHO CXOASIIHMCH.

Haunem paccMoTpeHHe ¢ BHIBOJA OJHOTO BaXHOrO TOXKJAECTBa,
npeacraBasiiomiero co60d OCHOBHOH HHCTPYMEHT JJsi YCTaHOBJICHHS
$HopMyJIHpyeMBIX HHXKe NPH3HAKOB.

Yreepxaenune. [ycre {ur} u {ve} — dee npoussosbrbie nocae-
doeareaprocTu, Sp=utust...‘ur, n u p — 0sa npou3eorvbHbIX HO-
mepa (n>0, So=0). Toeda cnpasediugo Toxndecreo

n+p n+p—1
Ul = Z Sk (Up—Vkt1) + SutpUntp—Snlntr, . (1.77)
k=n+41 k==n41

Hagvieaemoe npeobpasoeanuem Abeas.
Tak xak jjs Jq060oro k>1 cnpaBeinBO paBeHCTBO Up=S;—Sk-1,
TO JieBoH yactd (1.77) MOXHO NPHAAThL BHIA

ndp n-p . ntp
E ukvk: Z Skvk— X Sk__lvk. (1.78)
k=n+1 ke=n+1 k=n-t+1

B nocaenneft cymme npaBo#i yacTH (1.78) 3aMeHMM HHIEKC CyMMHpO-
BaHHA k Ha k+1. B pesysnbrare mosyunm

n+tp n+p n+p—1 n+p—1
z Uplp = Z Selp— 2 Sipt1= }: S (Ve—Vety) +
k=nt1 k=nt1 " hen —n+1

+ Sn+pvn+p - Sn”n-*—l .

Takum obpa3om, Toxzaecrso Abens (1.77) mokasaHo.

MOM JeJsie, BCSIkMiT pas, korja mpusHak [lanamGepa uau Kolis KOHCTaTHpPyeT pacxo-
[-2]

JAHMOCTb Dsila H3 MOZyJel E lup|, k- unen psina (1.76) |ux| He cTpemuTcs
=1

K Hymo npH k—>co, T. e. pax (1.75) pacxozurca. B kavectse mpHMepa ycTaHOBHM,
@

x \&
uTO PSR E k! (—k~) pacxomuTcst zast JIOGOro (pUKCHPOBAHHOTO 3HAYEHHS X,
k=1
YAOBJETBOPSIOIIEro HepaBeHCTBY |x|>e. OTMeTHM, YTO HeNOCpeACTBEHHAsi NpoBep-
Ka TOro, YTO K-H 4jeH paccMaTpHBaeMOro psila He CTPEMHTCS K HYJIO NpH k—»oco,
AIBJISIETCA 3aTPyAHHTenbHOH. IIpHMEHHM K paccmMaTpHBaeMOMy psiAy mpHsvak [la-
. lak+1|
nAambepa. O6o3Hayast k-fi u/eH 3TOro psima uepes dx, OyAeM HMeTb —Ia—l—=
k

| x| eyl kg
=—— [ k> OTyaa lim —— =——"1>1. PacxopuMocTb psifa AOKa3aua.
(l+—) koo |ag] e
k
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Onpenenenne 1. ITocaedosaresvrocrs {v:} Hazosem nocae-
008ATEAbLHOCTbOI0O C O2PAHUYCHHOLM U3BMEHEHUEM, eC-
AU cxo0uTcs pao

T |0et1— - (1.79)

k—]

OueBHAHO cJeAylollee

YTBepxaenune 2. Bcakaa nocaedoearerbHOCT6 € 02PAHU4EH<
HbLW U3MEHERUEeM ABARETCA CX00Aujelics.

B camoMm gese, u3 cxoauMocTH psiia u3 Moxyae#l (1.79) BuTekaer
CXOJHMOCTh pfifla 6e3 Monysek

@

Y [ — ol (1.80)

k=1

O6osnauus cymMmy psiza (1.80) uepes S, a n-10 yacTHUHYIO CYMMY
3TOro psiia uepe3 S, H YUHTHIBasl, uTO Sp,=U,+1—U;, IOJYyYaeM, UTO
limoy, = hm Unty CyLIECTByeT u paBeH S+v,. DT0 0O3HAYaeT, YTO IO«

n-—-»co
cne,uoaare.nbﬂocrb {ve} cxonures x npexeny S+uv,.
Teopema 1.12 (nepsnii npusnak Abens). Ecau pad

@

¥ u (1.81)

Reml

obaadaer ozpanu4eHHod nOCAe008ATEAbHOCTbIO 4ACTUHHbIX CYMM, O
{vx} npedcrasaser co6oi nocaedo6aTresbHOCT ¢ 02PAHUYEHHbIM U3Me-
Heruem, cx00AUYIocs K HYAt0, TO pad

-
Z TR (1.82)
k-l

cxoourcs.

HoxkxaszatenbctBo. ITo ycanosuio cymecrByer uncio M>0 Ta-
KOe, uTO MOCJeJOBAaTeNIbHOCTh uYacTHuHHX cymMm {S.} pszna (181)
yIOBJETBOPSIET YCIOBHIO |Sp| <

®ukcupyem npousBosibHoe €>0 H no Hemy HoMep N Takofi, uTo
Dpu n>N u aas n1060ro HaTypaJbHOTO p CNpaBefJIMBH HepaBEHCTBA

(1.83)
n+4p—1 .
2 Ok =0 < 72 (1.84)
heantl

(3necr MBI BOCHONIB30BANIHCH CXOAMMOCTBIO K HYJIO mocnefoBaTeNbs
HOCTH {vx} M cxoauMoctbio psina (1.79)).
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B cuay toxnecrBa Abenst (1.77) u B cuily TOro, YTo MOAYJb CyM-
Mbl TPex BeJIHYHH He MNPEeBOCXOJHT CYMMy HX MOJyJeH, rnoayuaem

ntp n+p—I1
| ¥ wo|<| ¥ Se@—verd)| + 1Sats] - [Untpl + ISl [Vnasl.
k=n+1 k=n-+1

Tak kak Aasi BCeX HOMEpOB n CrpaBelJIHBO HepaBeHCTBO |S,|<
<M, 1o

n+p ntp—1
| ¥ w0 <M Y (U=t + MUyl +Mvp, |-
k=nt1 k=n-+1

ConocraBasisi nociennee HepaBencTBo ¢ (1.83) u (1.84), moayua-
eM, uTO IpH Bcex n>N H /s N11060r0 HATYpPaabHOTO p
nip
| ¥ uw|<e (1.85)
ket 41

a 310 H o3Hauaer, 4T0 pax (1.82) cxomurcs (B cuay kpurepus Ko-
wy). Teopema 1.12 nokasana.

Teopema 1.13 (Bropo# npuanak Abenst). Ecau pso (1.81) cxo-
durca, a {v.} npedcrasaner cob0il cOBEPULEHHO NPOU3BOALHYIO NOCAe-
008aTeAbHOCTS € 02pAHUYEHHbIM u3merenuem, 10 pad (1.82) cxo-
ourcs.

HoxasateanbcTBo. Tak Kak cxonsmuiics psx (1.81) saseno-
Mo o6JajfaeT OrpaHHYEHHOH IIOC/IENOBATENBHOCTHIO YAaCTHUHBIX CyMM
{S»}, To cymecrByer nocrosiHas M>0 takas, uto |S,|<M naas
BCeX HOMEpOB .

O6o3naunM cymmy psiza (1.81) uepes S, a npexen nocsaenoBa-
TeNbHOCTH {v:} uepe3 v. Torzma MOXKHO yTBepXKAAaTh, YTO KaXIOE H3
npousBenenuit {Spvn} u {SpUn+1} CXomMTCH NPH n—>o00 K npexeay S-v,
a MOTOMY KaXJas M3 NOCJeLoBaTeNbHOCTe

{Snvn_Sv} H {Snvn-H_'SU} (186)

ABJsieTcss 6ECKOHEYHO MaJioH.

YuuTeBasi 3T0 M cxoguMocTh psiga (1.79) u HKCHPYS NPOH3BOJIL-
Hoe >0, MH Hafinem Homep N TakoH, yTo mpH Bcex n>N H aas Jio-
6oro HaTypaJbHOrO p

n4p—1
ISa0a—StI < ==, Sututi—S0l< -, Y] et wl < 5
| = (1.87)

Hepapencrsa (1.87), ouenka |S,| <M u toxnecrso Abens (1.77),
nepenHcaHHOe B BHIe
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n+-p n+p—1
Z Uplp = 2 S (vp— Uptr) + [Sn+pvn+p— SU] + [Sv—'snvn+1]:
hmmnt1 h=n--1

NO3BOJIAIOT HaM YTBepPXJaTb ChnpaBelIHBOCT, HepaBeHCTBa (1.85)
(mpu Bcex n>N H aas aA1060ro HatypajaeHoro p). B cuny kpurepus
Komn Teopema 1.13 nokasana.

CnencrBue 1 3 TeopemMn 1.12 (mpusHak J[upuxie —
AGenst). Ecau pad (1.81) obaadaer oepanuvennod nocaedosaresb<
HOCTbi0 4acTu4Holy cymm, a {ve} npedcragaser cobod Hesoapacraro-
wyro nocaedo8aresbHoCTs, cx00auyyrocs Kk Kwyato, to pad (1.82) cxo-
ourcs.

JIlocTaToOYHO 3aMeTHTh, UYTO HEBO3PaCTAOLIAf CXOASUIAsiCH K HyJIO
IOC/AeA0BATENILHOCTL SIBJASETCS MOCJEeN0BATEJBHOCTBIO C OrpaHHYeH«
HBIM H3MeHeHHeM, H6O s Hee n-s1 yacTHYHasa cymma S, psazna (1.79)
paBHA U;—Up+; H HMEET IpeleJl, PaBHBIH V).

Yro6s chopMynHpOBaTh eme ONHO CJeACTBHEe M3 TeopeMu 1,12
BBeJleM IOHATHe pafa JIedG6HH I a.

Onpeneneunne 2. Haszosem psd sHakouepedyrouumca,
ecAu 8ce e20 HAeHbL C HEYeTHbIMU HOMEepPAMU NOAONCUTEAbHbL, a B8Ce
YACHbL C YETHbIMU HOMEPAMU OTPUYATEAbHBL.

Onpenenenune 3. 3naxouepedyrouwjulica pad, MOOYau 4HAeHOB
KOTOpO20 00pasytor HEe803pPACTAIOWYto CXO00AWYIOCA K HYA0 nOcAedo-
8aTEeAbHOCTb, Ha308em padom JedCrHuya. .

CnenpcrBue 2 u3 teopeMn 1.12 (npushaku JlefiGuuua),
Beakui pad Jledbruya cxodurcs.

B camom nene, Bcakuit psig JleliGHMma MOXHO 3aiHMcaTh B BHe

@

Z (= 'y=v—vy+o3—0+ ..., (1.88)
k=1
rae {ve} — HeBo3pacrammas CXOAAMIAscs K HYJIO IOCTeA0BAaTebe

HocTh (Bce vx>0). Taxko¥ psax npexacrasisier co60fi yacTHHIA cayuad
psna (1.82) nmpu ur=(—1)*"! ¢ pagom (1.81), o6nanaoLUIEM OrpaHH«
YeHHOH MOCJIeJ0BaTebHOCTHI0 YAaCTHUHEIX cyMM 'Y, B Takom cayuae
CNpaBeAJHBOCTL NpH3Haka JlefiGHHuA BHITEKaeT H3 yXe JOKa3aHHO-
ro sipu3Haka upuxne — AGens (caencrBusi 1 u3 Teopemsr 1.12).

3aMmeuaHnue. Jlerko y6eauThCss B TOM, YTO AJIS NPOH3BOJILHOIO
psna Jleii6uuna (1.88) nocienoBaresbHOCTh {Szn} YACTHUHHIX CYMM
C YeTHHIMH HOMEpaMH sBJseTcs HeyOplBalwolled, a nocjenoBarelb-
HOCTb {Sgn—1} YaCTHUHBIX CyMM C HEUeTHHIMH HOMePaMH SIBJISI€TCH Hee
Bospacratowell, OTciofa 1 3 3ameuanusi 3 K Teopeme 3.15 4. 1 BhiTe«
KaeT, uyTd cymma S psaga Jleii6uuua (1.88) pas awGoro HOMepa n
YAOBJIETBOPSIET HEpaBeHCTBaAM

Son<S<Son1.

1) TTocnepoBaTenbHOCTb S, YacTHYHEIX cymm psama (1.81) c uneHamu  up=
=(—1)*—1 umeer B 1, 0, 1, O, ....
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Tak Kak Son—1—Son=0opn, TO Kaxaas H3 CyMM Sg, B Sgn—) OTKJO-
Hercs or S He GoJee 4eM Ha Ug,. OTCIONa M H3 TOrO, YTO Usp—1>
>Usn, BHTEKaeT, 4TO AJs JI060ro HoMepa n CHpaBedHBa OLEHKA
|Sn—S|<v,. DTa oueHKa HIpaeT BaXHYK POJb A NPHOIHKEHHOTO
BBIYHCJIEHHs CyMMHbl psafa Jlefi6HHia ¢ IOMOINBIO €ro YacTHYHOH
CYMMBI,

. Ilpumepu. 1°. Buue ¢ nomompio ¢opmyan MakiopeHa mjs
¢yukupy In(14+x) MB yXe JOKasaaH CXOAHMOCTH Psifa

1 1 1 1 1
=gty =3ttt

3ameTuM, 4TO CXOAHMOCTb 3TOrO psAa Cpa3y BHTEKaeT H3 NpPH3Ha-
Ka Jleli6HHuA.
2°. HM3yuum BOmpoc O cXOAHMOCTH psifa

1 2 1 1 2 1 1 2
I+ ——=¢ 2ty 24 = +.
T 2 3 + 4 + 5 6 T + 3k —2 + 3k—1 3k +

3rot psn siBasercss psigoM Buga (1.82) mpu vk=-1?, u=1, uy=

=l, Uz=—2, u4=l, U5=1, u5=—2,...

Jlerko BHIeTH, uUTO MNOCHAEAOBATENBHOCTb YACTHYHBIX CyMM psija
(1.81) ¢ Takumu u, umeer BHA 1, 2,0, 1, 2,0, ..., T. e. sABJAeTCH
OrpaHHYeHHOH. '

Tak kak nociaepoBaTenbHOCTH {1/k} He BospacTaer W CXOAHMTCA K
Xymo, TO HCCIeAyeMBlHi psifi CXORMTCS 10 npu3Haky Jupuxie —

6eus.

C ]
° cos kx
3°. BusicHHM BONPOC O CXOAMMOCTH psijia E —, + TAe x — He-

k=1
KoTopoe (HKCHpPOBaHHOE BewecTBeHHOe uucio. ITogb3ysics 06o3naye-

1
HHAMH TeopeMHl 1.13, nOVIOXKHM wup=cos kx, v,,=—k—. OuenuM mnocie-
@
JOBAaTeNILHOCTh YacTHUHHX cymMM {S,} pana Z Uy. IloCcKOJBKY 13151

k=l
Jio6oro HoMepa k

. 1 . 1 _ i X
sin (k+ —2—) x— sin (k—--?) x=2sin > cos kx,

TO, CYMMHPYS 3TO COOTHOIIEHHE 1o £ oT 1 10 n, noJyuum

n
. 1 . X . X . X
sin{n4+ — x—sm—=25m—2coskx=28 sin —.
( + 2) 2 2 k " 2
=1
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Orcroaa
¢ (n _1 'ini"
sin _+2 X —s 2
S,= —
2sin—
sin 2

Takum o6pasom, ans- 11060ro x, He KpaTHOTro 2m, NocjaenoBa-
TeJBHOCTb YacTHYHHIX cymMM {S,} orpannyena:

1
|Sal < ———.
sini '

2

Ilo Teopeme 1.13 paccmarpusaemoii psd cxodurca 0ia 06020
3Hayexusn x, ne kparnoeo 2n. Ecan xe x KpaTHoO 27, TO paccMaTpH-
BaeMblli psig HpeBpallaercd B rapmouuqecxnn H, KaK J0Ka3aHO Bbl-
e, pacXxoJHTCH.

§ 5. APUOMETHYECKHUE ONEPALLHH HAJ
CXOoAAlUMUCA PAOAMH

B sTomM maparpade Mbl pacCMOTPHM BONPOC O BO3MOMKHOCTH IIO-
YJIEHHOTO CJIOXKEHHsS! H [epeMHOXEeHHS CXOAAIIHXCH PSLOB.
@ @

Teopema 1.14. Ecau dsa pada Zuk u zvk cxodarcs U
k=1 k=1
umetor cymmol, cooreercreenso paswste U u V, 10 u pad
(-]

E (1, £ v,) cxodurca u umeer cymmy, pasiyro UV,
E=1
Hoxka3za T enpcTBo. 0603Ha'-IHM n-e 4aCTHYHbBIE CYMMBI DSJIOB

2 (1p 3= 1), )_‘ U HZ U, . COOTBeTCTBeHHO uyepe3 S, U, u Vi,
k=1 k=1
Toraa, oueBuaHoO, S, U +V,. Tak kak limU,=U, limV,=V, To

n—-w n—-»>o

corsacgo Teopemam 3.9 u 3.10 u. 1 cymectByer mpezpe limS,=

n—wo

=U + V. Teopema poka3sana. ,

Takum o6pa3oMm, Jio6He CXOASIIHECH PAAE MOXHO IOYJEHHO
€XJaAbBaTE M BhHyHTaTh. Ilepexoasi- K BONPOCY: O BO3MOXHOCTH IIO-
HIEHHOTO NIEPEMHOKEHHsS PSAOB, NOKaKEM Cleayiollee YTBEpKAeHHE.

Teopema 1.15. Ecau dsa psda 2 u, u 2 v, cxodsrcs abco-

k=1 k=1
AIOTHO U UMEIOT CYMMbL, COOTBETCTBexnHO pasHole U V, TO pR0, CO-
CTasnennbui us scex npoudsedenuli euda upv; (k=l1, 2, ...; I[=

=1, 2, ...), 3aHYymeposakHbix 8 KAKOM Y200HO nopadKe, TAKice CXO-
durcs abconioTHO U e2o cymma pasrna UV.
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HoxasareanbctBo. O603HaunM uepes Wi, Wy, Ws, ... NPOH3-
BeleHus Buaa upv: (k=1, 2, ...; I=1, 2, ...), 3aHymepoBaHHHE B
L J

KakoM yropHo mnopsake. JloKaxeMm, UYTO psif 2 |w;| cxomurcsa.
i=1

IMycrte S, — n-a yactuyHas cymma 3rtoro psiza. Cymma S, COCTOHT H3

uieHoB Buaa |4xv:|. Cpean HHIOEKCOB B W | TaKHX 4JIEHOB, BXOJASLIHX

B cymmy S,, Ha#ileM Hau60JbUI KK HHAEKC, KOTOPHIH MH 0603Ha-

ynM yepe3 m. Toraa

Sn< (|| +|to|+. . F|tm]) (|01]+ 02|+ ..+ |vm]).  (1.89)
B npasoii yactu HepasencTBa (1.89) crouTt mpousBeneHue m-x ua-

CTHYHBIX CyMM pSJOB Z |ug] u 2 |vy]. B cuay cxoauMocTH yKa-
k=l k=l

3aHHHIX PSIAOB C HEOTPHIATEJbHBIMH YJeHaMH BCE€ HX YacTHYHHIE CyM-

MH (a ci1eaoBaTeNlbHO, H MX NpPOH3BeAeHHe) orpaHnuenH. [lostomy

OrpaHHYeHa W MOCJEeA0BaTENbHOCTb YaCTHUHHIX cyMM {S.}, a 3To no-

e -]
Ka3elBaeT CXOQHMOCTb psna Z |w;|, T. e. aGCOMIOTHYI0O CXOAMMOCTH
i=1

©0
psia X w;.
i=l
Ocraercsi noKa3aTb, YTO MOCJAEAHHH PHAA UMeeT CyMMy S, paBHYIO
UV. Tax Kak 3TOT psi CXOAHTCH abGCONIOTHO, TO B CHJIY Teope-
M 1.11 ero cymma S He 3aBHCHT OT NOpsjKa, B KOTOPOM MBI €ro CyM-
mupyeM. Kakyio 6bl Mbl HH B3sJIH NOCJAEJ0BAaTEAbHOCTb (HJIH IOAMNO-
CJIe0BATEJbHOCTD ') YaCTHYHHIX CYMM 3TOrO psiga, OHA CXORHTCH K
o0

yncay S. Ho B takom cayuae cymma S psaa Z W; 3aBejOMO pas-
i=1

Ha UV, Tak Kak HMEHHO K 3TOMY YHCJIY CXOAHTCS MNOANOCJEAOBATENb<

HocTh W, YaCTHYHHIX CyMM 3TOTO psija BHAA

Wm= (u1+u2+. . .+um) (Ul+02+. . .+Um) .

Teopema mokxasaHa.

® ® .
ITponssenenne psigoB Z U, u Z U, DJS MHOTHX ueJeHl yao6-
A1 et}
HO 3alHCHIBATh B CMEIHAJbHOM BHIE:

(i uk) (i vk) =u0, + (U +ugvy) + .o (Ut Ul + ..
k=1 k=1

N AR e
15) CMm. yrBepxkpaense 1°m 1 §3 ra. 3 u. 1.
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Teopema 1.16 (Teopema MepTtenca!®), Pad, noayuennoil ne-
pemHosenuen 08yYx pAO08 YKAAHHOLIM CHREYUAAbHbIM CrOCcObOM,
€X00UTCA K NpPou3BedeHUI0 CYmm nepemnoraemoix pados 8 cayuae,
Ko20a odum u3 nepemnoxcaemolx pados cxo0urcs abcoAOTHO, a
dpyeoii — cxodurcs xoTa 66l YCAOBHO.

0

Hyc’l‘b, HanpuMmep, psan Zuk CXOOHuTCHA aﬁCOJI}OTHO, a pan
k==1

ka cxonutes xotst Gbl ycaoBHo. OGo3HAaYUM n-e YacTHYHHE
k=1

CYMMBl YKa3aHHBIX pAAOB coorBercTBeHHO uyepes U, u V,, a HX
cymmel cootBeTcTBeHHO yepe3 U u V. ITomoxum

Wnp=U1UpFUgUp_F...FTULUY,
Wo=w+wo+. . . +w,.

JocrarouHo pokasath, uro lim W,=UV. SnemeHTapHO mnpoBepste

n-+»o

ercd, 4to W=,V ,+u V. +.. . +u,V,.

B cuay cxomuMoctu psia ka ero ocratok op,=V—V, sB«
kel
Jasercs GecKoOHeYHO MaJsioH, a cjIefoBaTebHO, H OTPaHHYEHHOH IO~
C/IelOBaTeNbHOCTBIO, T. €. CYlecTByeT nocrosiHHas M Ttakas, 4yTo
|on| <M nns Bcex HOMepOB n. 3aMeTHM, 4TO

n=u1 (V—Ctn) +u, ( V—'an—l) +.. .+un (‘V—(Il) =Un V—ﬂn,
rue ﬁn—ulan+u2an_1+ Auqar.

Tak kak lim U,=U, To pocTaToyHo AOKa3aTh, YTO nocJjenoBa-
n—+o

TeNbHOCTh {Bn} siBAsieTcs GeckoHeuHo MaJsioH. Tak Kak psn Z uy
cxoaHuTcsi aGCOMIOTHO, TO, GHKCHPOBaB NpoH3BoJbHOe £>0, HalizeM
@

o €
JUIsT HEro TaKOH HOMep m, 4TO 2 lu, | < DR Kpome Toro,

k=m+1
MOXHO yTBE€pXKAAaTh CYIIECTBOBAaHHE MOCTOSIHHOH M1 TaKOﬁ, 4yTO
n

2 |uy| <M, ILns aoGoro Homepa n.
hﬂl
[TIpencraBuB Tenepsh Bp, B BHAE CYMMH IBYX CYyMM

ﬁn=[u1an+. . .-ljuman+1_m]+[um+1an_m+. . .+una1]

H BHIGpPaB MO HaHJIEHHOMY HOMEpY M HOMEp 7, HacTOJbKO GOJbe

'6) Meptenc ®panuy Kapn Flosep — uemeuxud marematux (1840—1927).
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8
muM, yto |o, | < e npu k>nj—m (3T0O MOXKHO CAeNaTh B CH-
1 .
Jay 6ecKOHEeYyHOH ManoCTH {an}), C MOMOWBIO YETHpEX HEePaBEeHCTB

- n
e e
Y i< g Y lul <My Jonl < Mo oyl < 52
kmm-4-1 k=1

(npu &> n,—m)

y6enuMcst B TOM, 4TO NPH n>1, Kaxjaasi KBaApaTHasi CKoOO6Ka B BhI-
paxeHuu AJs B, IO MOAYJIO MeHblue yucaa g/2. OTciona ciaenyer,
yTo |Bn|<e npu n>n;. B cuay npousBosbHOcTH €>0 chopmyin«
POBaHHOE yTBEpKJAeHHEe AOKa3aHo.

L] L]
3ameyaHHe B cayuae, ecqn paau Z U, H Z v, o6a cxo«
=1 k=1
JSATCSL TOJNBKO YCJOBHO, NOYJEHHOE MEePEMHOXKEHHE 3THX PAAOB Aa-
K€ yKasaHHHIM ChelHaJbHbIM Croco60M MpHBOAHT, Booblile roBops,
K pacxoasiuemycs psay.

Hocratouno B KauecTBe KaMAOro u3 pAmoB Y U H Y w
) k==l k=1
B3fITh YCJOBHO CXoAswuiics (mo npusHaky Jle#buuma) psan
[}
(_..])k‘l
——— ¥ ybeaurbcsi B TOM, YTO AJIsi TAKHX PSAOB ONpene-

Vi
k=1

JieHHBle BpIlIE€ BEJHUYHHBl W, HMEIOT BHA

. 1 1 1
w, = (—1) I[VT,/,T’L VeRr +“‘+\_V;T/T}'

Tak xak B QHTrypHHX CKOOKaX CTOHT 1 MOJOXKHTEJbHHX cJjarae-
MBIX, KaXK0€e H3 KOTOPhiX He MeHblle yucia 1/n, 1o |w,|>1, a 3to
O3HayaeT, YTO HapyLIeHO HeoOXOAHMOe YCJOBHE CXOAHMOCTH psila

©
W, — CTPEMJIEHHE K HYJIIO €ro n-ro 4JjeHa.

n=l

§ 6. BECKOHEYHBIE MPOU3BENEHHUA

1. OcHoBupie noHsitThas. K NDOHATHIO YHCJIOBOro psiia 6JH3KO NpH-

MBIKaeT noHsiTHe OGEeCKOHEYHOrO YHCJIOBOTrO MPOH3BeJ]e-
Hus. Ilyers nmaHa 6GecKOHeYHasi YHCJOBas IMOCJAeA0BaTeNbHOCTD
vy, Uy, ..., Up, .... 3anucanHoe ¢popmaJbHO BhHIpaXKEHHE BHAA

UUUs .. -Up... =[]0 (1.90)

k=1
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MPpHHATO Ha3bIBaThb 6eCKOHEUYHH M II POH3BEALEHHEM. Ornens-
Hble 3JIEMEHTHI U, NP:HATO HAa3HBAThb YJAE€HAMH JAaHHoro 6ecKoHed-
HOro NpOH3BEAECHHA. HPOPISBCZKCHPIQ IEPBHX 72 4YJE€HOB AaHHOro 6ecko-
HEYHOrO NPOH3BEAEHHHA IPHHATO HAa3bBATh N-M YACTHYHHM IpO-
n3BegeHneM H 0603HaYaTh CHMBOJIOM ’

n
Po=vt,...v,=]]0.
k=1

Beckoneunoe npomssenenne (1.90) Ha3HBAaWOT CXOASUHMCH,
€CJIH TI0C/Iel0BaTeJbHOCTh YaCTHYHHX NPOH3BeAeHHH P, HMeeT KoHeu-
HBIH npepen P, oTaHYHHA!Y oT myasa B cayuae cxomumocTtu
6eckoneynoro npounsBenenus (1.90) ykasauuwi npepen P uasniBaioT
3HayYyeHHeM 370r0 6eCKOHEYHOr0 NPOH3BEAEHHS M IH-
myT:

OTMeTHM, YTO NOCJefHee PaBEeHCTBO HMeeT CMBLICA JHIIb AJA CXO-
Jsuerocss 6eCKOHeYHOro Npou3BeldeHHsA. SICHO, yTO paccmoTpenHe Gee-
KOHEUHBIX NPOH3BENeHHH M0 CyLWecTBY MpeAcTaBlseT Co60H HOBYIO
¢$OpMy H3YUeHHS YHCJIOBHIX IOCJEeROBaTeNbHOCTEH, HOO KaXkaoMy Aa-
HOMY GecKOHEYHOMY NPOH3BEJEHHI0 OJHO3HAYHO COOTBETCTBYET INOCJ]e-
J0BATEJbHOCTh €r0 YACTHYHBIX MPOU3BENEHHH H KaXKHAOH YHCJOBOH Io-
caenoBaTeNbHOCTH {Pr}, Bce 3/€eMeHTh! KOTOPO# OTJHYHH OT HYJS, OA-
HO3HAYHO COOTBETCTBYeT GeCKOHEeYHOe INPOH3BeieHHe, IJsI KOTOpOro
3Ta NOCJeA0BaTEeNbLHOCTh SIBJSETCH MOCIEN0BaTENbHOCTHIO YaCTHYHBIX
npou3BeAeHHil (ZOCTATOYHO MOJOXHTL YJIeHbl GECKOHEYHOTO MPOH3Be-
JeHHs PaBHBIMH Ux=P,/Pp_ upn k>1 u v;=P)).

Teopema 1.17. Heo6xodumoim ycaosuem cxo0umoctu Eeckoneu-
#Hozo npoussedenun (1.90) nsasercs crTpemisenue Kk edunuye e2n
k-20 4aena npu k—oco.

HoxasateabcrtBo. Ilycts Geckoneynoe npounsBenenre (1.90)
CXOJHTCH M HMeeT 3HauenHue P, orsiinyroe ot Hyas. Toraa lim Pp_j=

k-0

=1im P, =P 0. Ilockonbky vr=P:/Pr—y, T0 limv, cymecrByer u
k>0 .

k—+o
PaBeH edHHHIE.

SaMeTHM, YTO Ha CXOAHMOCTb 6E€CKOHEYHOTO Npou3BeACHHA HE BJH-
et ynaJseHne J1060r0 KOHEYHOTrO YHCJa 4YJIEHOB 3TOrO0 NPOH3BEAEHHA
(eum CpeaH 3THX YJEHOB HET PaBHBIX HYJUO). HOCKOJIbe 6eckoney-
HOe MpoH3BeAeHHE, y KOTOpOro XoTs 6bl OoAHH uJeH paBe€H HYJIO CO-
TJIaCHO NIPHHSATOMY BHILIE OINpeAeJEHUI0O CYHTAETCs pacXoAsilUMCs, 10

i1 Tor ¢axkrt, uto npy P=0 GeckOneuHOe MpPOH3BEJEHHE NPHHATO CYHTATh pac-
XOAAUIMMEA, XOT H HOCHT YCJOBAHH XapakTep, HO TO3BOJSET NPOBECTH -YETKYIO
AHAJIOTHIO MEXAY CXOAHMOCTBIO PsJIOB H GECKOHEYHHX NPOH3BENEHHIL.,
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Mbl B JaJjibHeHlleM BooOIlle HCKJIIOYHM H3 pPacCMOTpeHHs OeCKOoHeuHHe
NpOH3BeleHHs, Y KOTOPHX X0Ts 6bl OQHH YJIeH paBeH HYJIO.
ITpumeps.

X X X
€0S —— = COS——COS— . cos— .. 1.91
2k 2 4 2k ( )
k=1

(x — moboe ¢prKCHpOBaHHOE YHCJIO).
Hoxkaxewm, uro Geckoneunoe npoussenexne (1.91) mpu mo6om x7

IToncuuTaeM rn-e yacTHyHOe

F=nn CXOAHTCH H HMEEeT 3HayeHHe

NpoH3BeAeHHe
P, = cos—-cos— . .. COS —. (1.92)
2 4 an

. X
YMHOoxas o6e yactn (1.92) Ha sm2— H II0CJeAO0BATEJbHO HCIOJb-
3y (bopMy.ny IJs CHHyca ABOHHOro yrsa sin2y=2sinycosy, noay-
9HM
. X 1 .
P,sin~—=—sinx.
271 271

U3 nocneaueir Gopmyas 18 umeem
( : )
sin x on
p=——{ =71

x .ox
271

ITockosbKy BhIpaxeHHe B GHIYPHBIX CKOOKaX CTPEMHTCH K eNHHHLE
IpH n—»co (B CHJYy IEPBOro 3aMeyaTes]bHOro Inpejeia), To lim P,

n—»o

. sin x
cyulectByetT H paBeH ——. TeM caMbIM J0Ka3aHO, YTO GecKOHeyHoe
x

nponssenenne (1.91) cxopuTcs B HMeeT 3HaueHHe npu J060M
XFEnn. -
-] o
[—[ T =Dkt 1 4 2 5
[ k(k—l—l)] \ T k(R 2 3 3 4
(k—l) (k+2)
k k+1 7 (1.93)

18) Mu cunraeM, 4TO x;eo Ec:m x= 0 TO BCE UJAEHB (1 91) H ero 3HaueHne
p&BHH eJHHHLe, .
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HokaxeMm, uto GeckoHeuHoe mnpomaBefenne (1.93) cxomurca
siMmeer 3HayeHue 1/3. ITogcunraem yacTHyHOe npousBeneHne Pn:

p =L .2 38  (=hr4 5 6 _(ﬁiii]:
"_[2'3'4"' n Hs'«x's"' (n+41)
_L n+ 2
T on 3
Takum o6pasom lim P,,=1im-n$+—2 cyuectByer H pased 1/3.
n—»wo n—+o n

2. CBA3p MEXIY CXOAHMOCTHI0 (GECKOHEYHBIX MPOHM3BENEHHH H pa-
aos. Ecan 6eckoneunoe nponssenenne (1.90) cxoaurtcsi, To B CcuaAy
TeopeMH 1.17 Bce ero ulleHH U., HauuHas C HEKOTOPOro HoMmepa, m0-
JIOXKHTEJbHH !9, [T0CKOJIBKY KOHEUHOEe UHCJIO NMEPBHIX YJEHOB BOOOIIe
He BJHSIET Ha CXOJHUMOCTb GEeCKOHEYHOro MpOH3BEAEHHS, TO IPH H3Y-
YeHHH BONPOCA O CXOAMMOCTH GECKOHEUHKIX IPOH3BEJEHHH MOXHO, He
OrpaHHyHBas OGILHOCTH, paccMaTpHBaTh JHIIb TakHe OeCKOHeuHhe
TNPOH3BEJeHHs], Y KOTOPHIX BCE YJIEHH MOJOXKHTEIbHBI.

Teopema 1.18. [Jas rozo urobs. GeckoHeuroe npoussedenue
{1.90) ¢ noaoxmuressnoinu wrenanu cxoduaocs, Heobxodumo u docra-
TO4HO, 4T06b6L CX00UACA pAD

i Inv,. (1.94)

=1

B cayuae cxodumoctu cymma S pada (1.94) u 3nauenue P npousse-
denusn (1.90) ceazansr opmyrod

P=es. (1.95)

HokasateabctBo. OGoznauuB uepe3 P, n-e yacTHyHOE NpO-
#3BefeHde OGeckoneuHoro npou3senenus (1.90), a yepes S, n-i0 ua-
CTHYHYIO cyMMy psga (1.94), Moxem 3amucarts:

Sn:‘lﬂpm Pn:esn-

B cuany HenpepuBHOCTH mokasatenbHOH (QYHKIHMH AJ8 BCeX 3Haye-
HUH apryMeHTa W HeNpephIBHOCTH JOrapHGMHUECKOH QYHKUHH AJA
BCeX MOJIOXKHTENIbHEX 3HAYEHHH aprymeHta IOcCjenoBaTelbHOCTh P,
CXOAHUTCS TOTAA M TOJbKO TOTAa, KOTAA CXOAHUTCH Sp, NPHYEM €CJH
1im S, =S, 1o lim P,=eS. Teopema nokasana.

Nn=wm n—»wo . ,
Hp}{ HCCJIEAOBAaHHH' HA CXOAHNMOCTH 6eCKOH€'-IHOFO [IPOH3BEACHHA
OKa3BIBA€TCS O4eHb YAOOHLIM IIPEICTABUTDb €ro B BHAE

19) Tax Kak lim v, = {.
k>
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ﬁ(l+uk)=(l+ul)(l+u,)...(1+u,,)'... (1.96)

k=1

ITpn 3ToM, KOHeYHO, B COOTBETCTBHH C NMPHHATHM BHILIE MPEANONOXKE-
HHeM 6yaeM CYHTaTh, YTO BCe up>—1.

Teopema 1.18 yTBepxjaer, 4To BOINPOC O CXOAMMOCTH MpOH3Bede-
Hua (1.96) skBuBaJsieHTeH BONPOCY O CXOAHMOCTH pfAla

@
z In(1 +uy). (1.97)
iityl

Tenepr MBI MOXKeM HoKa3aTh ellle OAHO yTBEpPXKAEHHE.

Teopema 1.19. Ecau sce ur (no kpaiineil mepe Hadunas c¢ He-
KOTOpO20 HOMEPA) COXPAHAIOT OOUH U TOT e 3HAK, TO OAfL CXOOUMO-
cru beckoneunoeo npoussedenus (1.96) neob6xodumo u Oocrarounn,
4T0606L cx00UACS pAO

7 (1.98)
k=l
ﬂ 0OKa3aTeJabCTBO. HOCKOJIbe ycjoBHE lim Uy = 0 saBaserca
k=

HEOOXOAUMBIM M AJisi CXoauMocTH psixa (1.98), u aJIsg CXOAMMOCTH
npouspenenns (1.96), MOXHO CYUHTATh 3TO YCJOBHE BHIMOJHEHHEIM KakK
NpH [0Ka3aTejbCTBe HEOOXOAHUMOCTH, TaK H IPH AOKa3aTeJbCTBe J0-
cratoyHocTH. Ho u3 ykasanuoro yc/oBHS W H3 aCUMITOTHYECKOH (op-

MYJIB 20)
In(l+y)=y+o(y)
BBITEKAET, 4TO

lim nUtu) (1.99)
k— o ug
R
‘ lim — 2% —1. (1.100)

k> 1D(1 4 up) =

[TockonbKy 1no ycioBuHIO TeopeMbl Bce ujeHn psgoB (1.97) wu
(1.98), nwaunnas ¢ HEKOTOPOI'O HOMEpa, COXPAHAIOT OJHH H TOT ke
sHak, ycaoBus (1.99) wm (1.100) B cHay CieACTBHS H3 TEOPEMEI
cpaBHeHHs 1.3 nosBoiAIOT yTBepXkAaarth, uto pax (1.98) cxoaurcs
TOTZa W TOJBKO TOraa, Koraa cxomutcs psi (1.97). Teopema noka-
3aHa.

Tak ke, KaKk ® AJs PSfoB, Ajasi CeCKOHEUHHIX NPOH3BeNeHHH BBO-
ASITCS MOHATHS a6CONIOTHON M ycJoBHOHN cxoaumocred. Bec-
KOHeyHOe npou3BejenHe (1.96) nHasnBaercs a6COJIOTHO CXOAsA-
W HMCSH B TOM H TOJbKO B TOM CJyuae, KOria CXOAHTCS abGCOMIOTHO

0 CM.n.6§10rn 6 u 1.
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psx (1.97). Teopemn Komm 1.11 u Pumana 1.10 nosBossior 3akfio-
4HTb, YTO aBCONIOTHO CcXOAsIleecs NpOH3BeleHHe obsajaer nepeme-
CTHTE@JIbHLIM CBOHCTBOM, B TO BPeMsi KaK YCJOBHO CXOASILEECS NPOH3-

Be/leHHe 3aBeJJOMO HM He ofJajaer.
Teopema 1.20. Beckoneunoe npoussedenue (1.96) cxodurcs ab-

COAOTHO TO20a u TOAbKO T020a, K020Q CXOOUTCA QGCOAIOTHO pAd
(1.98).

Has J0Ka3aTeJbCTBa 3TCH TEOPpEeMH JAO0CTAaTOYHO JAOKa3aTh, UTO:

o]
pan Z |tg] cXxoauTcs Torla M TONBKO TOrAa, KOraa CXOMMTCH P
k=1

e~}
Z |In(1 +u,)|. DTo mocienHee JErko BHTEKAET H3 CYLIECTBOBA-
k=1

uust openeaoB (1.99) u (1.100). Ideranm paccykmeHHH npenocTasis-

€M YHuTaTeso.
[Tpumepn. 1°. M3 pacxoguMOCTH rapMOHHYECKOro psiia H H3
Teopemsl 1.19 BhlTeKaeT pacXoAHMOCTb CAEAYIOMHX GeCKOHEYHHX Npo-

H3BEJEHHH:

[1(1+ 4 =asn (4 L) 1+ 3) (e 1)

k=1

f](l_ A== L) 1= (i)

Jlerko MOHSITH, YTO NEpBO€ H3 YKa3aHHBLIX IPOH3BEJEHHH PacCXORHTCH
K to0, 2 BTOpoe — K HYJIIO.

2°. U3 to#t xe Tteopemn 1.19 u u3 cxomumoctn psina (1.33) npn
a>1 BhITEKaeT CXOJHMOCTb IPH a>1 caeAylolHX GECKOHEYHHX IPO-

H3BEeJEeHH:

=)

[T (14 4) =0 (15 ) (1+ 3%)(1+7‘a-/

k=1

T ] (1 ) (1— 1) 1)
!_l[l <k+1)“]‘(1 2“)(1 3“/‘"‘( A
=1

3°. PaccMoTpuM GecKoHEYHOe IPOH3BEAEHHE

- x? x2 x? x?
xn(l_‘ k3n2)=x(l—?) (l‘-" 22“2)... (l_ k’n’)‘
k=1

(1.101),
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@®
1
Taxk xak pan E? cxoputes, To B cuay TeopeMm 1.19 n 1.20 Gec-
k=1
KoneuHoe npoussenenHe (1.101) cxomutcs abcosnoTHO Agas Jwoboro
HKCHPOBAHHOrO 3HaYeHHs x, oramyHoro ot In (rpe [=0, =1, ...).
B n. 3 Mo DOKaxeM, YTO 3TO NPOH3BEAEHHE CXOAHTCH K 3HAUYEHHIO

sinx. Tem cameiMm Gynmer o6ocHOBaHO pa3joxenHe QyHKUHH sinx B
HeCKoHeyHoe NPOH3BeJeHHe

©
. x3
smx=x[—[(l— ) (1.102)
ka3
k=1
4°. U3 pasnoxenus (1.102) ¢ momouibio COOTHOLIEHHS cosx =
sin 2x
=g 3J71eMeHTapHO MNOJy4YaeTcsl CJeAYIomee pasjoXeHHe:
sin x

o]

452 ’
Ccos X = n [1——(%-—1)2::2

k=1 .

(1.103)

AGcosoTHAas CXOAMMOCTb MPOHM3BEAEHHs, CTOsIIEro B NpaBoH ya-
<ty (1.103), nns Jr06oro x, OTIAHYHOIO OT %(21—1)0: 0,+1,...),
-]

BriTeKaer H3 TeopeM 1.19 u 1.20 1 u3 cXopHMOCTH psiAa 2

k=1
5°. Ionaras B pasnoxennu (1.102) x= —;—, HOJYYHM

1
(2k—1)3°

@

2 LNy ARl (k= D(2e)
= [1(1—4)=T1-—=I1 . (1.108)

(2k)?
k=l k=1 k=1

M3 (1.104) nonyvaercs rak Ha3wBaeMas ¢opMyaa Baaau-

A @2 _2 2 4 & o 2%
2 1 (2k—1)(2k+1) 1 3 3 5 77 (2k—1)  (2kE1)
(1.105)
ITyrem secnoxHunix npeoGpasosanuii ¢dopmyiny Bannruca Moxuo npu-
BECTH K BHLY
l= lim 1 [ 2“(’2!)’ ]2- (1106)
2 kv 2641 (2k)!

21 Jlxon Bannuc — anramitcknit Mmatematx (1616—1703).
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[TepBonauasbto ¢opmyny Bassnnca ucnosnssoBanu s npubiau-
JEHHOrO BBLIYHCJIEHHS YHCJIa 7. B Hacrosimiee BpeMsi AJ1si BHIYHCJIEHHS
yHCJa 7 CywlecTBYoT 6osee 3pdexruBHule Merons. Popmysna Banuau-
ca xak B Buie (1.105), rak u B Bume (1.106) mpencrasasier uHTEpec
IJ1s psfia TeOPEeTHYECKHX HCCJeNoBaHHH 22,

3. Pasnoxenne QyHKUHH sinx B GeCKOHeuHOe NpOH3BENEHHE.
Ilna yno6crBa pasobbem BoiBox ¢opmyast (1.102) Ha oraenbHue
3TalBL.

1) Tlyetb m — n060oe NONOKHUTENAbHOE HEYETHOE YHC-
Jgo: m=2n+1. Ilpexkne Bcero mokaxeMm, YTO AJs J106Or0 OTJIHYHO-

ro or kn (k=0, %1, ...) 3naueHus 02 cnpaseasiusa ¢opmyaa
sinmb 1— sin2 0 {1— sin? 6 1— sin3 0
msin @ . n 2w |7 .. nn
sin? — sin? — sin? —
m m m
,,=___'"2—’ , (1.107)

HOns BoiBoma ¢opmyas (1.107) GyaeM ucxomuth 3 (GOpMyJn
Myaspa 29 :
cos mB+i sin mb= (cos 6+isin 6)™,

PacnucoiBas npapyio wacTb 3Toi ¢opMyJs C NoMoulblo GHHOMa
HbloroHa u cpaBHHBasi MHHMbIE YaCTH, MOJAYYHM

m{(m—1) (m—2)
3!

sinm® =m cos™!10sin 60— cos™30sin%0 + ...

YunteiBas, yto m=2n+ 1, 6yneM HMeThb

sin m0

—coginp — (m—1(m—2) cos™—20sin%0 ... (1.108)
msin@ 3!

B npaBoit wactu (1.108) Bce mokasaTesn NPH KOCHHycax H CH-
Hycax YeTHble, TaK YTO €CJH 3aMeHHTb c0s?Q Ha 1—sin?H, 1O
B npaBofl yactu (1.108) mosmyuurcs muocOusex cTenexu n OTHOCU-
reabro sin®@. IlosoxuB z=sin?0, 0603HaYHM 3TOT MHOrOUYJEH
cumBoJioM F(z), a ero KOPHH CHMBOJIaMH q,, G, ..., Qs TaK Kak

) B 4acTHOCTH, OHa MOXeT OHTb HCNOJb30BaHa JJs BHBOJA TaK Ha3bBaeMOM
dopmyan Crupanura (cM. § 6 ra. 7). Ixxemc CTHPAHHr — aHFJIMACKHN MaTeMaTHK
(1692—1770).

23) B panbuefiiueM Hac GyIyT MHTEpecOBaTh 3HadenHs 0 JMIIL M3 HHTEpBaJOB
0<|0]| <.

24) Bta (opMyJa mojydaeTCss H3 ONpeJeJeHHS NPOH3BEAEHHS JBYX KOMIJEKC-
HHX qHcen (X1, Y1) (X2, Y2) = (X1X2—Y1yz2, X1yz+x2ys) (cM. m. 1 § 3 ra. 8 u. 1),
B camoM jese, C NMOMOIIbIO 3TOrO ONpejeJIeBHs MO HHAYKIMH JIETKO YCTaHOBHTb, 4TO
(cos 6, sin 0) ™= (cos n 6, sin n 6).
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npH 6—0 2=sin?0—0 u neBas yacty (1.108) cTpeMHTCS K eqHHH-
1e, To MHorouJieH F (2) MOXHO NPeACTAaBHUTb B BHIE

g = @=(1= ) (=) (1 -20)

OcraeTcs onmpeneauTh KOPHH @, Qo, @n. 3aMeYasi, YTO 3TH KODHH
COOTBETCTBYIOT HYJAM (QYHKUHH sin m0, nojsyunm

. n . 2n ni
a,=sin? —, a,;=sin? ~—, ..., a,=sin? —
m

m m
Takum o6pasoM, ¢opmyaa (1.107) ycraHosJeHa.
" 2) TIlonoxus B ¢opmyne (1.107) 0=% H cyuras, yTo 0<

<|x| <mm, npunagum 3o Gpopmysae BHA

sin? —
__sinx _l—[ . om . (1.109)
msm— sm"‘ e
m m

dukcupyeMm Ji060e (OTIHYHOE OT HYyJsi) 3HAYEHHE H BO3bMEM
JBa [POH3BOJBHEIX HATypaJbHEX '{HCJIa p ¥ n, yAOBJETBOPSIOUHX

HepaBeHCTBaM 2 —— le —<p<Ln= Toraa ¢opmyay (1.109)
MOJKHO 3allHCaTh B Byme

p sm"‘ —
x|t R, (%), (1.110)
msm— k=1 sm"‘—u
rae
n sin2f
R=[]{1——7) (1.111)
k=p+1 sinzT

]

Ilpexkne Bcero ouesum R_,,(x). ITockoabky 2'%<p< n=

— m—1

~ 75 ' TO apryMeHTH BCeX CHHYCOB, CTOSIHX B (opmyse
n n

(1.111), npuuannexar HHTEpBa€y (—.7, -2—) Kpome Toro, sc-

kn
HO, uTO AJA Beex k, yuactsylommx B stoft Qopmyne, |¥|<—-
H, CJIEIOBATEJLHO,
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x kn
siet = s 1 1
0< PRERS = <2
sin? —— sin? 4cos? —
m m

kn b ] kn n kn 1
TaK Ka&K — < —, T. €. —— < —, H I03TOMy €082 —— >—|.
( m < 2’ 2m < 4 My 2m > 2 )

Hast mo6oro B u3 uutepBata 0<B<1/2 cnpaBemJuBH HepaBeHCTBa
1>1-—B>e~% 25, nostoMy AJsi BceX HOMEPOB R, MPeBOCXOAAIIHX p,

2sin’im
sin? — - ik
1>1—-—T"‘—>e m, (1.112)
sin? =
m

IMounenno nepemHoxxas HepaBeHcTsa (1.112), sanucanHme paas
k=p+1, p+2, ..., n, noOAyYyHUM CJERYIOLIYI0O OUEHKY Ads Rp(x):

n

x 1
—-251“‘?}2 s—iE
1>R,(x) >e =t (1.113)
7 )
Tak kak aprymexr L nexur B nepBoi YeTBEPTH H JJs JAlO-
m
o i 2 26)
6oro B H3 nepBoi yeTBepTH 1> SWB =Z— , T0
n
1 1 m3 m? 1 1
< =TI ]
L. kn (2)2<kn)2 4r2 4 [k—1 k
sin? — —) {—
m n m
Takum o6pa3soMm,
n n
- 1 mt .. X 1 1
“sin ¥ —m —rem X [er ] m s
e k==p+4-1 m > e k=p+1 —e 2p m .
25) JIpaBoe H3 3THX HezpageHCTB ajleMEHTapHO BHTekaeT H3 (opmyam Makuo-
pesa: e — | —2ﬂ+L% —.<1—2f 2B <<1—B, Tak xak 2p2<P.
26) DTy HepaBEeHCTBA BHITEK3IOT H3 TOTO, YTO OTHOLIERHE NpH H3MEHe-
Huu P ot 0 go /2 y6usaer or 1 go 2/n. Parr y6mBaHusa QYHKUMH B CBOIO

oyepe/is BHTEKAET H3 TOTO, 4TO (

sin B \ _ cosP
uHreppaze 0<Pp<su/2: !

B m (B—tgp) <O : ncxogy Ha
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IMocnennee HepaBEeHCTBO NO3BOJSIET CJEAYIOIHM O0Opa3oM YCHJHTH
ouenky (1.113):

I>R(x)>e # ™ (1.114)

3) Tenepr B ¢opmyae (1.110) ycrpeMuM umcio m K GeckoHey-

~ HOCTH, OCTaBJIAs CbPlKCPIpOBaHHbIMH 3Haqeﬂne x u Homep p. Ilo-

ckoapky lim msin——=x, limm? sin? 2% —(k:'r)2 TO CYIIECTBYET
m—ao m m—>wo
. sinx
npegen jeso# uactH (1.110), paBHBIH , N Ilpelles] KOHEYHO-
X
. X
p sin? — p .
m o X
TO NPOH3BEAEHHSA l_[ l———k , paBHbIH l—l (l ~ )
T 14
k=1 sin? — k=1
m

Hanee Gyaem cyHTaTh, YTO MOCJAEAHHH Npefe] OTJAHYEH OT HYJS,
TaK Kak, KOria oH paBeH HyJio, sin x=0 u pasnoxenue (1.102)
ycranosaedo. Ho rorza cymecrsyer npepen lim R,(x). OGosHa-

m—>o
YyHM 3TOT npepes uepe3 R,(x). V3 HepaBencts (1.114), cnpasensu-
BHX AJs Jio6oro HoMepa m, u u3 TeopeMn 3.13 u. 1 BHTEKaeT, yTO

;I’i’p(x)>e_—27, (1.115)

®opmyaa (1.110) B npenene npu m—»oco Aaer

Sll’) X

:u

( h ﬁ)R (x). (1.116)

k=1

4) Ocraercs, coxpaHssi (HKCHpPOBaHHLIM X, yCTpPeMHTb B ¢op-

myae (1.116) Homep p k GeckoHeuHocTH. IloCKOJBKY JieBasi 4acTh

(1.116) ne 3aBucuT ot p, a npeaea limR,(x) B CHIy HepaBeHCTB
p—+®

(1.115) u TeopeMs! 3.14 u. 1 cyuiecTByeT M paBeH €AMHHIE, TO Cy-
IECTBYET H npeled

lim ( xRN sinx‘
p—»ao l_[ k%‘lﬁ X

Takum oGpasom, pasnoxenue (1.102) mns sinx ycTaHOBJeHO.

3ameuaHnne. B noaHolt aHajoruu c pasioxeHusmu (1.102)
aas sinx u (1.103) pas cos x MOXKHO NMOJYYHTh pa3JjioxeHHs B Gec-
KOHEYHHIe NPOH3BEAEHUS THIEePOOJHYECKHX GYHKUHH
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= x? = 4x2
th:x[—[(l —+ k%‘c")' Chle—[l:l —+ m]

k=1 k=1

3aMeTHM, uTO H3 pa3joXeHHH Aas sinx, cosx, shx, chx Hemen-
JIEHHO NOJIYYaloTCs Pa3jioKeHHd B OeCKOHEUHHE INPOU3BeNeHHS
¢yukuui tg x, ctg x, thx u cthx.

§ 7. OBOBIIEHHBIE METObI CYMMHPOBAHHA
PACXOLAILHUXCHA PSAAOB

Bo Bceit ra. | Mbl HasbiBaJH CyMMOH psiaa

Zuk=u1+u2+...+uk+... (1.117)

k=l

npeaes S nocJefoBaTENbHOCTH {Sn} YaCTHYHBIX CYMM 3TOro psija
(Ipu yCJIOBHH, YTO 3TOT NpejeJ CyLUeCTBYeT).

B psape 3ajay MareMaTHYeCKOro aHaJusa, MpEACTaBJSAIOIIHX
KaK TEOPeTHUYeCKHH, TaK H NPaKTHUECKHH HHTEpec, TNPHXOAHTCH
ONepHpPOBaTh C PSAAAMH, Y KOTOPHIX MOC/AEA0BATENbHOCTh UaCTHYHEIX
CyMM He CXOJAHTCH H CyMMa B yKa3aHHOM BpIlIe OOBIYHOM CMHICJIE
He cymecrtByeT. EcrecTBeHHO, BO3HHKaeT BOIpoC 06 0606ieHHH
NIOHSITHS CYMMBl psiia H O CYMMHDOBaHHH pacxoAsimierocsi B oOHIY-
HOM cMbicsie psaga (1.117) ¢ moMomiblo KakuX-1HGO 060G6IIEHHHEX
MeToJ0B. B HacrosimeM naparpade Mbl H OCTaHOBHMCSI Ha HEKOTO-
poiX 000OLIEHHBIX MeToJaX CYMMHPOBAaHHSI DPacXOASLIMXCH pSHMAOB,

IIpexxne Bcero AaauM OOGLIYI0 XapaKTEPHCTHKY TEeM MeEToAaM
CYMMHpDOBaHHs, KOTOpnle OyayT paccMmartpuBatbcs. PasymHOo Tpe-
6oBaTh, 4yTOOH 0000IIEHHOE TOHSTHE CYMMBI BKJIOYaJo B Ce6s
o0blyHOE MOHATHE CyMMBI. TouHee, psil, CXOAALIHHCA B OOBIYHOM
CMBICJIE H HMEIOUIHH OOHYHYI CyMMy S, HOJIXKeH HMeTb 00006LieH-
HYI0 CYMMy, # NPHTOM TakKxe paBHyl0 S. Merox CyMMUpOBaHHS,
06saalolInil YKa3aHHBIM CBOMCTBOM, Ha3bIBA€TCH PET Y J S P HE M.

Hanee ecrecTBEHHO MOAYHHHTHL NMOHATHE O0GOOMEHHOH CyMMBI

(-]

CIeAyIomeMY YCJOBHIO: €CJH Pl Z u, umeer 0GOOLIEHHYIO CyM-
- k=1

my U, a pan ka uMeer o6GoGuieHHyl0 cymmy V, T0 pan
k=1

a
):(Auk +Bv,), rae A u B — mo6bie mocTosiHHBIE, HMeeT 0606-
k=1

wennylo cymmy (AU+BV). Meron CyMMHPOBaHHs, YIOBJETBOPS-
I0IIHH YKa3aHHOMY YCJIOBHIO, Ha3hnBaeTcst JHHe HHH M, B ananuse
H B €ro NPHJIOXKEHHSX, KaK NPABHJIO, HMEIOT AeJO JHIUb C pPeryJsp-
HBIMH JIHHEHHBIMH MeToAaMH cyMMupoBauus. OcTaHOBHMCS Ha ABYX



56

Ia. 1. UncaoBhe psagH

MeToJaX OOOOLIeHHOro CYMMHDOBAHHS, NPEACTABJSIOMHX OCOOHIE
HHTepeC AJIS NMPHJOXKeHHH.

1. Metop Yesapo?) (meron cpegHux apudmeTHueckux). [oBo-
par, uro pag (1.117) cyMmmMupyem mMetronom Uesapo, ecan
CyliecTByeT npefes CpelHHX apuQMeTHUeCKHX CYyMM 3TOro psaa:

lim Sttt 45 (1.118)
n—wo n

ITpu 3tom npenen (1.118) na3wniBaercss 0 606G EHHONH B CMHC~
ae Uezapo cymmoint psaga (1.117).

JluneitHocTs Metona cymmupoBaHus Uesapo oueBmana. Ero pe-
ryJSipHOCTb BHITEKaeT H3 JeMMH 1, Joka3aHHOH B 1. 3 § 2. B camoM’
Jejle, H3 yKa3agHOH JIeMMBbl BHITEKAeT, YTO €CJH MOCJeAOBaTeb-
HOCTb {S.} yacTHuHux cymM psga (1.117) cxoagurcs K uyucay S, To
nperea (1.118) cyuiectByer n Takxke paBeH S.

[TpuBenem npuMeps pAAOB, He CXOASILIMXCS B OGEIYHOM CMEICJE,
HO CyMMHpYyeMEIX MeToAoM Yesapo.

I[Ipumepm. 1% PaccMoTpum 3aBenoMo pacxopsiuufics psit

®

Y (=1 =1—141—1+...
k=1

ITockosbKy Bce YeTHEH € YacCTHuHBE CYMMH Sj, 3TOro psiza pas-
HBl HYJIO, a BCe HeyeTHhle YaCTHYHHIE CYMMH Spn—) PaBHH €JHHHIE,
to npepea (1.118) cymectByer u paBeH 1/2. TakuM oGpasom, pac-
cMaTpHBaeMHHl pPsJ cyMMHpyeM MerojoM Uesapo, u ero cymma
B cMuicie Yesapo paBHa 1/2.

2°. Cyurasi, 410 x — J1I060e (PHKCHPOBAHHOE BeIleCTBEHHOE YHC-
Jo u3 uHTepBaja 0<x<2m, pacCMOTPHM 3aBeOMO pPaCXOASALIHH-
csi 28 psip

2 coskx=cosx 4cos2x +cos3x ... (1.119)
k=1

YacTnyHasi cymMMa 3Toro psja S, yXe IOACYHTAHA HAMH B IIpHMepe
2° § 4. .

'n( + l > in ad
§1 n — }X—sin——
S, = 2 2

x
2sin—
si 3

27) 3puecto Yezapo — HTaubsHCKHA Matemartx (1859—1906).
28) Pacxonumocte psaa (1.119) Ges Tpyaa ycmarpuBaeTcs H3 NMpHBENEHNOro HH-

JKe BHIDaXKEHHs JJs ero 4aCTHYHOR CYMMHBI,
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Ioncynraem cpensee apudmMeTHYECKOE YAaCTHYHBIX CyMM:

n

Sit+Set ... +Sn_ 1 i jsin(

1\ 1
- m'f“—)x:,—?:

: x 2
2n sin *2— “m=1

SR Z (cos mx—cos (m + l)x)]-%:

X
4n-sm27 m=1

cosx—cos(n;l—l)x _
x 2
4n sin? —
2
Orcioga OYeBHAHO, YTO
lim S1+Se+4 .. +Sa__ _ﬂ_-_l_.
n—+os n 2

Taxkum o6pasoMm, psng (1.119) cymmupyem meromom Hesapo, H
ero cymMMa B cMbicje Yesapo paBHa (—1/2).

2. Meron, cymmupoBanua Ilyaccona?® — AGens. Ilo nansoMy
pany (1.117) cocraBHM cTenmeHHOH pHA

[+

2 Ut Ve=u ugx fugx®+ L x40 (1.120)
k=1

Ecan 3TOT psig CXOAMTCS AJisl BCeX X M3 HHTepBasa 0<x<1

H ecau ero cymMma S(x) uMeer JneBoe mpenenbHoe 3HayeHue lim S (x)
xX—>1—0

B Touke x=1, To rosopAart, yto pag (1.117) cymmupyem meto-
aom Ilyaccona—AG6ens I[Ipum atom ykaszanHoe npegesbHoe
3HaueHHe Ha3mBaercd cyMMo#H psama (1.117) B cmbicae Ily-
accoHa—AbGens.

Jluneitnocts Metoma Ilyaccona—AGesns ne BH3HIBA€T COMHEHHH.
Hoxaxkem perynasipHocts 3Toro meroga. IIycrs psim (1.117) cxoaut-
csi B OOBIYHOM CMBIC/IE H HMeeT CyMMy, paBHyio S. Tpebyercst Ho-
Kasatpb yro: 1) psg (1.120) cxomutcs ans mwo6oro x H3 HHTepBaja
0<x<1, 2) cymma S(x) psma (1.120) umeer B Touke x=1 JeBoe
npejesbHOe 3HayeHHe, paBHoe S.

HokaxeM cHauasna yTBepxaenue 1). Tak kak pan (1.117) cxo-
HOHTCS, TO IIOCJEAOBATEJbHOCTb €0 YJIEeHOB fBJseTcd OeCKOHeyHo
MaJjod H, CJefOBaTeJbHO, OrDAHHuUEHHOH, T. €. HalijaeTcs Takoe
4icJa0 M, 4to AJst BCeX HOMepOoB &

| e | <M. (1.121)

29) Cumoun JHenu Ilyaccon — ¢panunyscknii matematik (1781—1840).
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Hcnoab3yss 3To HepaBeHCTBO, OLEHHM MOAYJb R-ro ujleHa psaa
(1.120), cunrasi, uro x — Ja0oe yHCI0 H3 HHTepBaJa 0<x<I.
[onyunm

| uextt | <M | x| *-L

@™
Tak xak |x| <1, To pan Z |x|*" cxonures. Iostomy B cuay
k=1

3ameyaHus 2 K Teopeme cpaBHenns 1.3 cxoantesa u psn (1.120).

Jokaxem temepr yrBepxaeHue 2). Ilycte S, — n-1 yacThu-
Has cymma psaga (1.117), a S — ero o6uuHas cymma. C noMoIbo
npeobpasosanus A6ess 3 jerko y6equTbcs B TOM, YTO AJs J06oro
x u3 uHTepBasa 0<x<1 cnpaBeiJIHBO TOXAECTBO

Y uit=(1—x) ¥ S, (1.122)
k=1

k=]

Briurem ToxpectBo (1.122) wu3 caeayiomero o4eBHAHOTO TOXK-
JecTBa:

S=(1—x) Z Sl
k=1

IMpu sTom, o6osHayas uepe3 rp k-i ocraTok pspa (1.117), Gynem
HMeTb

S— Y upit=(1—x) ¥ roet,
k=1

=1
HJIH

S—S(x)=(1—x) ¥ rpt—, (1.123)
k=]

Hama neap — nokasats, uto s Jjwo6oro ¢>0 Halgerca §>0
Takoe, yTo JeBas uactb (1.123) menbllle ¢ QA5 BCeX X, YIAOBJIETBO-
psilounx HepaBeHcTBaM 1—8§<x<1. Tak KakK ocraTok rp paAja
(1.117) cTpeMHTCH K HyJIO NIPH k—»00, TO JJsi TMOJOXKHTEJILHOrO
yucsa ¢/2 Hafigercs Homep ko TakoH, uTo |rp|<e/2 npu k=ko.
TakuMm oOpa3om,

I(l—x) i "kxk"|< %l(l—x) i Pl
=k

k=kg

€
<5

30) TIpeoGpa3osanue AGens (1.77) ycranoBieHo kamu B § 4. B paccmarpuaes
MOM caydyae caeayer moaoxuth B (1.77) n=0, S,=0 wu 3areM YyCTpeMHTb
P X OECKOHEYHOCTH.



§ 8. dneMeHTapHas TeOpHs ABOHHBIX H IIOBTOPHBIX PSIA0B 59

Ocraercs J0Ka3aTb, 4YTO AJs X, AOCTATOYHO 6JIH3KHX K €AHHHIE,
ko—1

1= Y] roxt=t|< 4,
k=TI

HO 3TO OYEBHAHO, TAK KaK CyMMa, CTOslasi B IIOCJHENHEM HepaBeH-
crBe, orpanuyena. PeryaspHocte Metona I[lyaccona—AGens noka-
3aHa.

B kayectBe npUMepa CHOBa PacCMOTPHM pacXoASWHHACS psl

Y (=) =111 (1.124)
k=1

Jlasi aToro psiAa coctaBHM creneHHod pazx Buaa (1.120)

o

Z (=) =l — 2 — a3 L

k=1

OuyeBHAHO, YTO NOCJEJHHH PsAA CXOAHTCH MJsi BCEX X H3 HHTEpBaA-
aa 0<x<1 u umeer cymmy, paBayo S(x)=1/(1+x). Tak kak

1

lim S(x)= lim
x—+1—0 x>1—0 14x 2

to psig (1.124) cymmupyem Metomom IlyacconHa — AGeass u ero
cymma B cmbicsie [lyaccona—AGens paBHa 1/2.

O6paTuM BHHMaHHe Ha TO, yTo cymMMma pspa (1.124) B cMuche
[Tyaccona — Abens coBmajaer c¢ ero cymMmoii B cMmucae UYesapo.
Srtor ¢akT He SBAAETCH CAYYaHHBHIM: MOXKHO J0Ka3aTh, UTO €CJH
psa cymmupyem MmetogoM Uesapo, TO OH CyMMHPYeM H METOAOM
ITyaccona — A6essi, npuueM cymMma 3Toro psiia B cMucje Yesapo
coBnajaer c ero cyMMoii B cMuicae [lyaccona—A6ens. Boaee Toro,
CyILECTBYIOT psAbl, cCyMMHpyeMmbie MeTogoMm Ilyaccona—AGeas, Ho
He cymmupyeMbie MetofoM Uesapo 3). JleTanpHoe H3yueHHe BCEBO3-
MOZKHBIX METOJ0B O0O0LIEHHOr0 CYMMHDOBaHHsSI PacXOASIIHXCs pS-

aoB mpoBoauTcs B MoHorpaduu I'. Xapau «Pacxopsuiuecs psibl»
(M.: WJI, 1951).

§ 8. 9JIEMEHTAPHASl TEOPHSI I BORHbBIX
H NMOBTOPHLIX PAAOB

PaccmoTpuM cyeTHOe MHO:KECTBO OECKOHEUHHIX YHCJIOBHIX IoOCJe-
JAOBaTeJIbHOCTeH

ayy, Qig, Q135 o ooy Qiny v vy

31) Takum 06pa3oM, MOIKHO cxasaTb, uTo Metoj Ilyaccona—AGeas ssasercs 60-
Jlee «CHJLHBIM® METOJOM CYMMHpOBauud, yeM Metop Uesapo.
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I'a. 1. UncnoBHe psan
Qgy, Qggy Q23 -+ vy Qony o- -y
a3y, Q32 A33y « vy A3ny -« oy
B (1.125)
Qm1, Am2, Am3, .. vy Amny o ooy

(TTepBHifi HHAEKC y YHCEN ap 06O3HaYaeT HOMeP paccMaTpHBaeMod
nocJe0BaTeNbHOCTH, @ BTOPOH — HOMep ee 3JeMeHTa.)
- Tlo nxpyroMy MOXHO CKa3aTb, YTO MH pacCMaTpPHBaeM MaTpHIY
(1.125), comepxkaluyio GECKOHEUHOE YHCJIO CTPOK M OecKoHeuHoe
ypcao cronbuoB. IlpousBoasi popmasbHOoe CyMMHPOBaHHE 3JieMeH-
TOB 3TOH MAaTpPHILB, MOXKHO COCTaBHTb H3 Hee Da3JHYHHE PSAH.
Ecan cHayajla NPOCYMMHpPOBaTh KaXAYI0 CTPOKY MaTpPHIH
(1.125)otnenpHo, TO noayuurci OGECKOHeyHas 1i10CJeA0BaTeJbHOCTh
PsiA0B BHAA

Y oo (k=1,2, ... (1.126)

=1

IMpocymMmHpOBaB 3Ty nOCJeN0OBAaTEIbHOCTb, MOJYYHM (OpMaJbHYIO

cymmy
(g ). (1.127)

3Ty CyMMy NPHHATO Ha3LBAaThb NOBTOPHHEM PAAOM.
Jlpyro#i moBTOpHRI PsA

k=1

(g ) (1.128)

MNOJYYHTCH, €CJAH CHayaJa NPOCYMMHPOBaTh OTAEJIbHO KaXKAbl#
cronben matpuum (1.125), a 3aTtem B3ATH CyMMY 3]1€MEHTOB noJsy-
YeHHON IPH 3TOM IOCJTIeJ0BATENBHOCTH.

Onpenenenue 1. Iosropuoi pad (1.127) rassisaercs
cxo0d0auumca, ecau cxoourcs kaxooid uz pados (1.126) u ecau
cxodurcs psd

-]
2 Alu

k=1

I!Mg

8 Koropom Ay obosna4qaer cymmy k-zo psada (1.126).
Onpeneaenune 2. [Tosropuul pad (1.128) naseisaercs cxo-
Jaujumcs, ecau cxodurcs Kaxdolld ua pados
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Ya, (=12 ..) (1.129)

k=1

u ecau cxodurcs pad

8 KOTOPOM A, o6o3nauaer cymmy l-e2o pada (1.129).
C marpuueii (1.125) kpome nosTopHuX psanos (1.127) u (1.128)
CBSI3HIBAIOT ellle TAK Ha3EIBaeMblH ABOHHOH psan

Y, au (1.130)

k=1

Onpenenenune 3. Heounod psad (1.130) nassisaerca c¢xo-
JAWUMCA, eCAL NPU HE3ABUCUMOM CTPEMAECHUU 08YX
uHdexcos m u n Kk GECKOHEe4HOCTU CYuyecT8YeT KOHedHblll npeden

lim S, (1.131)

m-x
n—-o

TaK HA36LBAEMLLX NPAMOYSOAbHOLX HACTUHHBIX CYMM

Sun= Y. Y. Gu. (1.132)

ITpu sTom ykasauuwiii npegen (1.131) HaswBaloT cyMMO A 1B OH-
Horo psanxa (1.130).

H3 s3toro onpeneneHHs cpa3y cjenyeT, 4TO €CJH ABOHHOH psl
(1.130) mosryyeH nocpeaCTBOM NE€PEMHOXEHHS YJeHOB JBYX CXOns-
IHXCS «OJHHApHBIX» PSNOB

Yboon Y, (1.133)

k=1 =]

T. €. ecJH uleHbl ABoiHoro psiza (1.130) paBHH @p=biCi, TO 3TOT
IBOHHOH PAN CXOXMTCH, a €r0 CyMMa paBHa IPOH3BENEeHHIO CYMM
psanos (1.133).

Hanee 3amerum, uto H3 (1.132) ciaemyer, uto 1Jas JI00HX
m>=2, n=>2

amn=Smn—Sm(n-1y— [Stm-1)n—Sim-1)(a-1].

[TocnenHee paBeHCTBO O3HayaeT

Vreepxpaenue Heobxodumbim ycaosuem cxo0umocru 080d-
noeo pada (1.130) ssasnerca crpemaenue K Hyato ez0 obujeeo uae-
HA, T. €. CYWeCT808aHUEe PABHOZ0 HYAO npedeia
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Ta. 1. YnciioBre psiant

lima,,
mex
n—o

npu He3a8UCUMOM CTPEMACHUU M U N K 6eCKOHEe4HOCTU.

JoxaxeMm ciaenyiouiee yTBepxJAeHHE O CBA3H MeXAY CXOIM-
MOCTBIO IBOHHOrO H IIOBTOPHOTO PsJOB.

Teopema 1.21. Ecau cxodurcsa dsoidnoid pad (1.130) u ecau
cxodarca ace pade. no ctpokam (1.126), ro cxodurcs u no8TopHbL
pad (1.127), nputem k 3TOL e cymme, K KOTOPOL cx00urcs 08oii-
Hoti pad (1.130).

HokaszateabctBo. Ilepexoms npu ¢HUKCHpPOBAaHHOM m
K Tpeneny Npu n—oo B paBeHcTBe (1.132) W yuHTHIBasi CXOQHMOCTb
psana (1.126) x cymme A, noayuum

lim S,,, = Z A (1.134)

U3 coorHomenuss (1.134) sicHO, uTOo cymMMa NOBTOpHOro psiia
(1.127), xoropasi onpeneisieTcsi Kak npefes NpH mMm—oo INpaBoH
uyactu (1.134), ecTb He UTO HHOe, KAK NOBTOPHHIH Npejen

lim (lim S,,).

m—>ow n>o

Ocraercss m0Kas3aTb CyLIECTBOBaHHE YKa3aHHOTO IOBTOPHOTO
npenesa B NPENNOJIOXKEHHH CyllecTByloilero npeaena (1.131) u cy-
LleCTBOBaHMs s nio6oro m npepeaa (1.134), a rakxke n0OKa3aTh,
UTO yKa3aHHbIH [OBTOPHBIA Npelesn paBeH npeneny (1.131).

U3 cymectBoBanus paBHoro S npenena (1.131) BHTekaer, 4TO
st a106oro e>0 HalHAyTCS HOMepa my U o TakHe, YTO NPH Mm_=mMy,
n>ng CIpaBelJHBO HepaBEHCTBO

ISmn_S | <e.

Hcnonbsysi (axr cyuiecTBoBaHHs IJst n1060ro HoMepa m Ipepesa
(1.134), u3 nocsemHero HepaBeHCTBA IOJyYyaeM, 4TO AJIs J1060ro
mZ>m, clpaBelJIHBO HepaBeHCTBO

[limS,,—S[<e

n—»wo

a 3TO H 03Hayaer, 4To NMOBTOPHHI npegen lim (limS,,) cymecr-

m— 11—-00
ByeT H paBeH S. TeopeMa nokasaHa.

Kak u a5 06bI4HOTO psifla ¢ HEOTpHUATEeJbHEIMH YJeHaMH chpa-
BeJUIHBO CJedylolllee yTBepKAeHHE.

Teopema 1.22. Ecau sce asementor marpuyss (1.125) reor-
puyareabtsl, TO OAA CXOOUMOCTL COCTABAEHHO20 U3 3TOL MQTPU-
ybL dsoiirozo psda (1.130) Heo6xod0umo u GOCTATO4HO, 4TO6BL €20
wactudnoie cymmor (1.132) 6o6iau ozparudenst.
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HNokasarteabcTso. HeobxomumocTs oueBHpHa. His xoka-
3aTeJbCTBA JOCTATOYHOCTH 3aMETHM, YTO H3 OI'PaHHYEHHOCTH MHO-
JKecTBa 4YacTHYHBIX CyMM {Snn.} BHITEKaeT CylleCTBOBaHHE TOYHOH
BepXHeil TpaHH 3TOrO MHOXECTBA, KOTOPYIO Mbl 0603HauHM uyepes S:

S= sup Sum-
I<m<o
I<n<ow

ITo onpeneneHu0 TOYHO! BepxHeil rpaHu ansi awoboro £>0 naii-

Je€TCSl yacTHuHas cyMMa Sp.,, Takas, uTo

S—&< S, < S. (1.135)

IOnsi Bcex HOMEpOB m H n, yIOBJETBOPSIOLIMX YCJOBHSIM mM_ =My,
n=np, B CHJIY HEOTPHIATEJbHOCTH 3JIEMEHTOB CIIPaBeJJIMBO Hepa-
BeHCTBO S, = Smon, -

W3 3toro Heparenctsa u u3 (1.135) BriTekaer, uTo

S—e<Sma<<S

IJISL BCeX M M n IPH mZ=Mly, N=>ng. DTO H 03HauaeT CylleCTBOBaHHE
paBHoro S npepena (1.131), T. e. cXORMMOCTb IBOHHOrO psna
(1.130).

Onpenenenune 4. Hsodnoid pad (1.130) naseisaercs ab co-
ANOTHO CX00 AWuMCA, ecau cxoourcs 0soLinol pad

Y., laul, (1.130")

k=1

cocrasaennsbll u3 modyaet sremenros marpuysbt (1.125).
Teopema 1.23. Ecau cxodurca Osotinod pad uz modyrell
(1.130), 70 cxodurca u dsodnoi psd (1.130).
lapi1l + ap

JokasateabcTBo. [Tonoxum pk,=f, Gri =

a —a
— LZHQ_H A Torlla

Api=Pri—qr. (1.136)

31ech pr M Gr HEOTPHUATEJbHH M 062 He NMPEBOCXORAT |ax|. Kpo-
Me TOro, B CHJay TeopeMmb! 1.22 M3 CXOIHMOCTH JBOHHOrOo psiaa
(1.130°) BBITEKaeT OrpaHHYEHHOCTb €ro 4YaCTHYHHIX CYMM, IOITOMY
H 4aCTHYHBIE CyMMBl KaXKJA0ro H3 ABOHHBIX PsiOB

): Pri B Y,, ri

k=1 k=1

orpanuueHel. Ho rtorma B cuny Teopembl 1.22 3TH psiibl CXOAATCH.
OG603HaYUM HX CYMMbl COOTBETCTBEHHO yepes P H Q. B cuay
(1.136) nsoinoi psa (1.130) cxomures k P—Q.
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PaccmoTpum Tenepb OOBIYHBIA psift
Y a, (1.137)

)
r=I

YJleHaMH KOTOPOTO SIBJSIIOTCS 3aHyYMepOBaHHble B KakKOM YTOJXHO
nopsiike 3jeMeHTH Matpuus (1.125).

Teopema 1.24. Paccmorpum uertipe pada: dea FOBTOPHLLX
pada (1.127) u (1.128), dsoiinot pad (1.130) u psad euda (1.137).
Ecau xors 661 00un u3 yKkasaHuelx 4eTsipex psados Cxo0uTCs npu
3ameHe ez0 4AEHOB8 WX QOCOAIOTHbIMU BEAUYUHAMU, TO 6Ce 4eTbipe
YKA3aHHbIX PAOE CXOOATCA U UMEIOT OOHY U TY Jce CYMMY.

HdokaszateabcrBo. CHayana JOKa)eM, YTO €cJH OJHH H3
yKa3aHHBIX YeThipeX pPSNA0B CXOQHTCS IPH 3aMeHe €ro 4YJeHOB HX
MOAYJSIMH, TO H OCTaJbHble TDH PSila CXONATCS NPH 3aMeHe YJIEHOB
HX MOXYJSIMH.

Tak kak nnas nostopubix psgoB (1.127) u (1.128) paccyxaenus
COBEpUIEHHO aHAJOrHYHHI (HYXKHO TOJIbKO NOMEHSTb DOJNSIMH Iiep-
BBIH H BTOPOM HHJEKCH Yy Y/JE€HOB), TO B najbHeHeM Mbl GyI1em
paccMaTpHBaTh TOJbKO NOBTOPHBEIA psx (1.127). ocratoyno no-
Ka3aTb TPH yTBePKIeHHS:

I) cxomumocts nosTopHoro psiga (1.127), y kxoroporo Bce uJjeHH
3aMeHeHbl HX MOJIYyJAMH, BJeyeT abCOJIIOTHYIO CXOAHMOCTb psifa
(1.137);

II) a6couaioTnast cxogumocTh psiza (1.137) Bijeyer abconoTHY:O
cxoauMocTh aBoiHoro psima (1.130);

I11) a6coatotHast cxogumoctb psipa (1.130) BJjeuer cxoauMOCTH
nostopHoro psixa (1.127), y xoToporo BCe uJieHbl 3aMEHEHBl HX MO-
LyISIMH.

Insi noxkasarenbcTBa yTBepxKjaeHHs 1 o6osmauynm vyepes S*
cyMMy noBTopHoro pspa (1.127), y KoTtoporo Bce 4jeHHl 3aMEHEHBI
HX MOIYJSIMH, T. €. pazna '

@

Y, (.‘me). (1.127")

k=1 I=I
Torna npu J106b1Xx m U n
m n
Y Yiaul<s. (1.138)
k=1 lex]

Ecniu  S;*=|a|+ |az| +...+ |a;] — npousBoabHag  uacTHYHAs
cymMMa psiga

s

la, [, (1.137)
1

r
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nosyyamuerocs npu 3ameHe yjeHos psaa (1.137) ux Moapyasmu,
TO 3aBEJOMO MOXKHO Ha#HTH CToJb 60JblIHE HOMEpa M H N, 4TO BCe
yieHs psga (1.137), BxoasiuiHe B ero yaCTHYHYIO CyMMy C HOMEpPOM
r, OyLyT comepXkKaTbCsl B MEPBBIX M CTPOKAaX H NEPBBIX 7 CTONONAX
MaTpuubl (1.125).

Ho Torna B cuay (1.138) Gyner cnpaBeniMBO HepaBeHCTBO

SHALS*

JT0 HepaBeHCTBO O3HAYaeT, YTO IMOCIENOBATENbHOCTh HYaCTHYHBIX
CyMM psila C HeOTpHUaTeabHbIMH uJeHaMmH (1.137') orpaHuueHa.
CnenosaTenbHO, 3TOT pPAJ CXOQHTCs (B CHIY TeopeMbl 1.2).

Hns noxkasarenbctBa yrtBepikueHus Il mpeanosioxum, 4Tto psix
(1.137") cxonutcsa. Torna B cuay TeopeMbl 1.2 nocienoBaTenbHOCTD
ero yacTH4Helx cyMM {S,*} orpanuueHa. QOukcHpyeM IPOH3IBONLHYIO
YaCTHYHYIO CyMMY Smn.* ABOHHOro psina u3 monynedt (1.130°). 3a-
BelOMO HaHJeTcss HOMep r HAacTOJNbKO OOJbLIOH, YTO r-s1 4acTHYHAS
cymma psapa (1.137) OGyner comep:kaTh BCe uJIeHH, BXOASUIHE
B YaCTHUHYIO CYMMYy Sp, psina (1.130). Ho torza yactuynas cymma
Smn* pama (1.130°) He NMpeBOCXOAHT 4yaCTHYHOM CyMMbl S,* psina
(1.137’). Tlo3TOMy MHOXKECTBO BCE€X YaCTHYHEIX CyMM JBOHHOrO psi-
na (1.130") orpanuyeno. Takum o6GpasoM, no Teopeme 1.22 3TOT
PSL CXOAHUTCS.

Ocraercsi noka3ats yrBepxcaenue III. Ilycrs cxonpurcst nBOMHOH
pan u3 monynaeir (1.130°). Hdas nokasaTenbcTBa CXOXMMOCTH MOB-
TopHOro psina u3 monyned (1.127') B cuny rteopemn 1.21 nocra-
TOYHO 10Ka3aTh CXOQHMOCTb KaM@(IOro H3 psiiOB

Yiaul, k=1, 2, ... (1.139)

I=1

Hdns aToro B cuny Teopembl 1.2 NOCTaTOYHO JOKA3aTh, YTO KaKAbIH
u3 panoB (1.139) umeer orpaHHYeHHYI0 NOCIENOBAaTEJbHOCTb 4ac-
THYHBIX CyMM, HO 3TO MOCJeIHee OueBHAHO, u60 NpH J060M 2 H
Ja1060M HOMepe n cymMma

n

Zlakzl

l==1

orpaHuyeHa CyMMO# ABOHHOro psiga u3 Moxy.eir (1.130%).
Tenepp HaMm ocTaeTcsi DOKa3aTb, 4TO CYMMBI BCeX TpeX psJO0B
(1.127), (1.130) u (1.137) cosnagmaior®. OGosHauum uyepea S
cymmy asofiHoro psma (1.130). OueBuprO, 4TO H CcyMMa psaa
(1.137) pasHa S, Tak Kak B cuiay aGCOMIOTHOH CXOAHMMOCTH 3TOTrO
psAlla ero CyMMa He MeHSIeTCS] IIPH H3MeHeHHH NopAlKa CJjelOBaHHs

32) ApasiorduHble pacCy:KIerH: [23BOJISIOT 3aKJIOUYHTb, 4TO H CyMMa NMOBTOPHOrO
psia (1.128) coBnmapaer ¢ cymMMaMH yKasaHHEIX TpPeX PSAOB.

3 3ak. 25
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Ta. 1. UncnoBue psipsl

€r0 WIeHOB ¥ 3TOT MOPSJOK MOMKHO M3MEHHUTb TaK, YTO YaCTHYHHE
CyMMBl TIOCJe H3MEHeHHs nopsiika OynyT CORepkKaTb B Kauyecrse
[OJMHOX€ECTBA YaCTHYHblE CYMMBI S, ABOHHOro psma (1.130).

Uro6el y6enuTbCs B TOM, YTO M CyMMa NOBTOpHOro psiza (1.127)
TakXe paBHa S, JOCTaTOYHO 3aMETHTb, YTO H3 CXOAHMOCTH pSAIOB
(1.139) BuTekaer cxoxumoctb psgoB (1.126), u cocnathcs Ha TeO-
pemy 1.21. Teopema 1.24 nmonHOCTBIO JOKa3aHa.



I'maBa 2

®YHKILHOHAJIbHBIE
MOCJHENXOBATEJIbHOCTH U PAJibl

Has npexcrasieHuss pasauyHeiX (GyHKUHH B MaTeMaTHYeCKOM aHa-
JIM3€ MIMPOKO HCIOJB3YIOTCSA PAAbl M I10CJEJ0BaTeJbHOCTH, YJeHaMH
KOTOPBIX SIBJSIOTCS He yHCJaa, a (QyHKIHH, ONpeJdeJIeHHble Ha HEKOTO-
pOM (UKCHPOBAHHOM MHOXECTBeE.

Takue psAALl M [0OCAENOBaTeabHOCTH, HasbiBaeMule ¢y HKIIHO-
#aJbHB MH BCeCTOPOHHE HM3y4yalOTC B HacTOsIeH TIase.

§ 1. IOHATHA CXOOHMOCTH B TCYKE H
PABHOMEPHOHN CXOAQHMOCTH HA MHO)XECTBE

1. Monatua (GYHKUMOHANBHOH NOCJENOBATENbHOCTH M (YHKUHO-
HanbHoro psapa. [lpeanonokum, yto Ha uHcaoBoit npsmor E!' wniam
B mM-MepHOM €BKJHIOBOM mpocTpaHcTBe E™ 3a1aHO HEKOTOpOe MHO-
2xkecTtBo {x}V.

Ecau KaxaoMy 4HMCIy n M3 HaTypaJbHOro psna uucea 1, 2, ...
..., N, ... CTaBHTCSl B COOTBETCTBHE IO ONpefesieHHOMY 3aKOHY HEeKO-
-Topasi GyHKUHS fn(X), OnpeleneHHass Ha MHOXKecTBe {X}, TO MHOXeCT-
BO 3aHyMepoBaHHHX GOYHKuHH f;(x), f2(x), ..., fa(x), ... MBI H Oynem
HasuBaTh (G YHKLUHOHAaJbHOH mnOCJENOBAaTEJbHOCTBHIO.

OrtgnenpHble QYHKIHMH fo(X) 6yaeM Has3bIBATb YJIE€HAMH HIH 3 J €-
MEeHTaMH paccMaTpUBaeMOH [MOCJENOBATEJbHOCTH, a MHOXKECTBO
{x}, va xoTopoM onpeneneHn Bce (GYHKUHH [n(X), OyZem Ha3bBaThb
06nacTbi0 ONpeLeJeHHS 3TOi MNOCJeNOBATeJbHOCTH.

3aMeTHM, 4TO ecqH 00jiacTb onpefesenus {x} sBJseTcss MHOXKecCT-
BOM B m-MepHOM €BKJHIOBOM IpoctpaHctse E£™, To kamkpas QyHKUHS
fn(x) sBasieTCs GyHKUHMEH m TNepeMeHHBIX fn(X)=fn (%1, X2, ..., Xm),
Te Xi, Xg, ..., Xm — KOOPAHHATHI TOYEK X.

Hast 0o603HaueHHst (PYHKIMOHAJIBHOH MOCJEN0BATENbHOCTH MBI, KaK
npaBuJo, GyfeM HCIOJb30BaTh (HUrypHble CKOOKH: {fn(X)}-

PaccMOTpHUM  (YHKIMOHAJBHYIO INOC/Ae10BaTeNbHOCTb {Un(X)}, 06-
J1aCTbIO ONpejesieHHsi KOTOPO# sIBJsSIeTCS HEKOTOpOe MHOXKecTBO {x}.

®opMaNbHO HANHCAHHYIO CYMMY

@©

2u,,(x)=u1(x)+u2(x)+...+u,,(x)+... 2.1)

n=l

1) B ciydae m-MepHOTO eBKJHAOBAa NMPOCTpaHCTBa EM o/eMEHTAMH MHOXKeECTBA
{x} ABAAOTCH TOUKH X= (X1, X2, .., Xm) C KOODAHHATAMH Xi, X2, .., Xm.

3*
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6eCKOHeYHOro 4mcja 4YJeHOB yKa3aHHOH (pYHKIIHOHAJBHOH MOCIeNoBa-
TeJLHOCTH OyneM Ha3niBaTh QYHKIHOHAaJdbHBIM pPsijoM.

[Ipu sTtoM oTnenbEHe (QYHRUHH U,(X) ME OyleM HasbiBaTh YJje-
BaMH paccMaTpHBaeMOro psja, a MHOXeCTBO {¥}, Ha KOTOpOM onpe-
nesieHH 3TH (GYHKUHMH, OyneM HaseiBaTb 06/ acThi ONmpeneJe-
H1I % 3TOrO pala.

Kak 1 B cayyae yHCJIOBOro psija, CyMMYy NepPBbIX n 4leHOB (yHK-
IHOHanbHOrO psifa (2.1) 6yneM HasbiBaTh n-H WACTHYHOH CyM-
MO H 3TOro psua.

OtmeTnm, 4TO H3yueHHe DYHKUIHOHA/ILHBIX PSIOB COBEPIIEHHO 3KBH-
BaJIEHTHO H3yuYeHHI0 (GYHKUHOHA/JIBHBIX MOC/Jex0oBaTeNbHOCTEH, HOO:
KaxI0My OQyHKUHOHaJbHOMY psaay (2.1) OZHO3HAYHO COOTBETCTBYET
(yEKIIHOHANBHAS TTOCJe0BaTeIbHOCTD

S1(x), Sa(x), ..., Sa(x), ... (2.2)

€ro 4aCTHUHbIX CYMM H, Ea060DpOT, KaxKJOoH (yHKUHOHAJBHOH mOCje-
A0BaTeJbHOCTII (2.2) ORHO3HaYHO COOTBETCTBYeT (DYHKIHOHAJBHEBIE
pan (2.1) c uneHaMu u(x) =S;(x), un(x)=Sn(x¥)—Sn.(x) npH
n=2.

IIpumepn. 1° PaccMOTpEM nOC/AeNOBaTeNbHOCTh  (PyHKUHE

{f~(x)}, kaxnass U3 KOTOpPHX oOIpeleNeHa Ha cermeHte O<x<l m
HMeeT BHI

( mnx R |

Icos - TIpH Oxx\\T,
fn(x)=i

1§

Ha puc. 2.1 npusenens! rpaduks ¢yHguui fi(x), f2(x) u fa(x). O6-
J1aCTbI0 OINpeNesIeHHss (PYHKIHOHAJBHOH MOcadefoBaTeNbHOCTH (2.3}

. (2.3p
0 Npx T<x\<1.

Flx) f2(x) fn‘(x)
1 7 7
\ | ]
0 7Tz 0 7 1z ol 1 7
2 n
Puc. 2.1

aBJsercs cermeHt [0, 1]. 3amerum, uto Kaxpas GYHKUHSA fn(x) He-
npepsiBHa Ha cermente [0, 1].
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-2°. PaccMOoTpHEM (YHKIIHOHAJbHBIH Psif

bk xR (x+g)" 04
1+2 - S B R 2

k=1

06J1aCThI0 ONpejeseHHs] KOTOPOro siBJsieTCs MJI0CKOCTh E2={—oo<
<x< oo, —oo < Yy< oo}
Hcnosbsyst pasnoxkenue no ¢opmyne MakaopeHa QyHKIHH

e”:l—}-i—}—i—f— +u_n+Rn+1 (u)
1! 2! n!

(cM. n. 2 § 9 ra. 6 u. 1), M npugemM K BeiBOLy, uTo (n+1)-s gac-
THYHAS] CyMMa

. 2
Sny1(x, y)=1+x:y + (x_;y) —F...—#—(%y)f1

pana (2.4) orinyaercd OT QYHKUHH e**Y Ha BenuuuHy Rny (x+Yy),
rae Rnyi(u) —ocraTounnit yned B Gopmyne Maknopena ais e

2. CxopuMOCTh (DyHKIHOHAJABLHOH NOCJAEN0BATENBHOCTH ((yHKIMO-
HaJbHOrO psijfa) B TO4YKe W Ha MHoxkectBe. llpemmosnoxum, 4ro 06-
JIacTbI0 OnpejesieHuss (QYHKIHOHAJbHOH MOc/AeN0BaTeJbHOCTH ((yHK-
LHOHAJILHOT'O psifla) SIBJSIETCS MHO2KEeCTBO {x} npocrpanctsa £7. Qux-
CHpyeM INPOHU3BOJBHYIO TOYKY Xo= (X1, Xg, ..., Xm) MHOXecTBa {x} M
PaccMOTpUM Bce ujieHbl QYyHKIHOHAJBbHOH MOCJeNOBaTeJbHOCTH ((YHK-
LHOHAJIBHOTO pPsiia) B 3TOH TOuKe Xo. IIpH 3TOM MNO/MyYyuM YHCJOBYIO
10CJIe10BaTeNbHOCTh (UHCIOBOH psill).

Ecnn ykasannas uncaoBasi noCJeLOBAaTeNbHOCTb (UHCJOBOH psift)
CXOOHUTCS, TO TOBOPAT, YTO GYHKUHOHAJLHAsI I0CJEN0BaTeJbHOCTD
(byHKUHOHANBHHH PSIL) CXOLUTCS B TOYKE X,

MHOKecTBO BCeX TOYEK Xo, B KOTOPHIX CXOAMTCS AaHHas (yHKIHO-
HaJbHAsl MOC/JeNOBaTeNbHOCTh ((GYHKIHOHAJBLHEIH psi), Ha3bIBaeTcs
06/1acTbhi0 CXONHUMOCTH 3TOH IOC/]ELO0BATeNbHOCTH (p7Ada).

B KOHKpeTHHIX cHTyalUusX 00JaCTb CXOJHMOCTH MOXKET COBIajfaThb
C 06J1aCTbIO ONipe/eJenHns, sSBJATbCS MOAMHOXKECTBOM 06JacTH onpe-
AesieHus WK BOOOmIEe ObITH NMYyCTHIM MHOXeCTBOM. COOTBeTCTBYIOLIHE
NpHMepH NpHUBEJEeHbl HUKeE.

[IpeanonoxuM, uto GYHKUHOHAMbHAS 1OC/TeLOBATEALHOCTE {fx (X))}
HMeeT B KauyecTBe O0JaCTH CXOZHMOCTH HEKOTOpOe MEOXKeCTBO {x}.
CoBOKYNHOCTE NpejesioB, B3ATHIX IJs BCEX TOYEK X MHOXECTBa {x},
NOPOKJaeT MHOMKECTBO BCeX 3HAUeHHH BIIOJIHE OIpeleseHHOH (yHK-
uuu f(x), onpeseseHHOH Ha MHOKecTBe {x}. DTy OYHKUHIO HA3BLIBAIOT
npenenbHO# GyHKUHel (QYHKUHOHAJLHOH IOCJENOBATENbHOCTH
{fn(x)).

Ananorauno, ecan ¢GyHKUHOHaAbHEE psig (2.1) HMeer B KauecTBe
06/1aCTH CXOXHMOCTH HEKOTOPOe MHOJKECTBO {X}, TO Ha 3TOM MHOeECT-
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Be omnpefenena ¢ysxuus S(x), fBAfOMmAscH NpeaelbHOH (yHKiIMeR
[OC/IEJ0BATENbHOCTH YaCTHYHBIX CYMM 3TOTO PsiLa M HasplBaeMas ero
CYMMOH. .

[TocnenosarensHocTs (2.3) M3 PacCMOTPEHHOrO B IpeABIAyLIEM
NyHKTe npuMepa 1° umeeT B KayecTBe 06/1aCTH CXOZLHMMOCTH Bech cer-
MenT 0<<x<{1. B camom nene, fn(0) =1 mas Bcex Homepos n, T. e.
B Toyke x=0, nocnenoBarejisHocTh (2.3) cXomMTcs K enmHuue. Ecan
Ke ¢ukcupoBath Jwoboe x w3 moaycermenta 0<x<{l, To Bce dynx-
IHH fn(X), HaUHHAs C HEKOTOPOrO HOMepa (3aBHCAIEro, KOHEYHO, OT
x), OyayT B 3TOi Touke x paBHH Hyxo. OTClona ciaelyer, uTo B JI0-
6oi Touke x moaycermenta 0<x<l mocaemomartenbhoctb (2.3) cxo-
JHTCS K HYJIO.

Hrag, nociemnosaTejlbHOCTD (2.3) cxopuTcsi Ha BceM cerMeHre
0<x<C1 x npenenpHol dyHKUHH f(X), HMeOUWeH BUL

{l npu x =0,

Fx)= 0 mpu 0 x< 1.

Ipaduk 310 yHKuHH H306paxeH Ha puc. 2.2. Cpasy Ke OTMETHM,
YTO 3Ta (QYHKUMSA He ABAAETCA HenpepolsHol Ha ceemente [0, 1]

(oHa uMeeT pa3puB B Touke x={0 cnpasa).
YO6enumcst Tenepb B TOM, UTO Psj

ﬂ@‘r (2.4) u3 pacCMOTpPEeHHOro B NpebIny-
1eM NyHKTe npumepa 2° uMeeT B Ka-
7 yecTBe 00J1aCTH CXOJHMOCTH BCIO Gec-

KOHEYHYI0 MJOCKOCTh E?={—oco<x<
<00, —co<y<oo}.
B camom pene, 8 m. 2 § 9. 6
4. | noxa3aHO, YTO OCTATOYHBIH UYJIeH
Rnyi(u) B dopmynse Makiopena ans
GyHKuHH e CTpeMHTCH K HYJIO IpH
— : > n—>o00 dan 4106020 8euLeCTBEHHOZ0 L.
0 1 z 910 u o3nauaer, uto (n+1)-1 uac-
Prc. 2.9 THYHAss cyMMa Snyi(x, y) paga (2.4)
T OTnAHYaercd OT e*tY Ha BeJHYHHY
Ray1 (x+y), crpemsimyiocss K HyJO
MPH n—-00 B KaXn0H TOuke (X, y) maockoctu E2,
Urak, pan (2.4) cxomurcs Ha Bceit miockoctH E2, u ero cyMMa
paBHa e*tv,
3. PaBHOMepHas CXOIMMOCTh Ha MHoXKecTBe., IIpeamo/oKiM, uTO
bynxnHOHaNbHAS MOC/IE0BATEILHOCTD

fl(x)v fg(X),...,fn(X), vee (25)

CXOAUTCA Ha MHoxectBe {x} mpoctpanctBa E™ K npenenpHOH (yHK-
ueH f(x).

Onepenenerune 1. Bydem 2080puts, 4ro nocaedo8areabHOCT
(2.5) cxodurca k pynkyuu f(x) paenomepro na MHOMecTae
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{x}, ecau dan awbozo e>0 nalidercs nomep N(e) 71akod, uro 0aa
gcex nomepos n, ydosaersoparouyux ycaosuto n=N(e), u Oan ecex
TO4eK X MHOJcecTaa {x} cnpasediuso HepasencT8o

|fn (%) —f (x) | <e. (2.6)

3ameuanue 1. B 3toM ompenesneHHH BecbMa CYIIECTBEHHO TO,
yTO HOMep N 3aBHCHT TOJBKO OT & ¥ He 3aBHCHT OT TOYEK X, T. €.
yTBEPKIAeTCs, 4TO AJs Jao0oro >0 Haligercss yHUBepcaJbHBIH HOMep
N (e), naunnas ¢ xoToporo HepaBeHCTBO (2.6) cnpaBensuso cpasy
IJ s BCeX TOYeK X MHOXKecCTBa {x}.

3ameuanue 2. OTMeTHM, 4TO paBHOMEDHAasi HAa MHOXecCTBe {x}
CXOAMMOCTb (YHKIHOHAJbHOH InocaenoBaTelbHOCTH {f.(X)} K ¢yHk-
UMK f(X) 3KBHBAJeHTHa GECKOHEUHOH MaJIOCTH YHCJOBOH IIOCJeNOBa-
TEJIbHOCTH {en}, KaX/BIH 4JleH €, KOTOPO NpeAcTaBisieT co60il TOUHYIO
BEPXHIO rpaHb QYHKUMH |f.(x)—f(x)| Ha MHOKecTBe {X}.

3ameyanue 3. 3 onpejesnenusi | HemocpeacTBEHHO BHITEKAET,
YTO €CJIH IOCJAeNOBaTe]bHOCThb {f+(X)} paBHOMepHO cxoxuTcss K [(x)
Ha BceM MHOKectBe {x}, To {f.(x)} paBHOMepHO cxomuTcs K f(X) H
Ha JI060M NOAMHOXKeCTBe MHOXKecTBa {x}.

[IpuBenem npumep, NOKasbIBAIOIKH, YTO H3 CXOLMMOCTH (DYHKLHO-
HaJbHOH mocsenoBaTelbHOCTH {fn(X)} Ha MHOXKecTBe {X} He BLITEKaeT,
BOOOIlle rOBOPsi, paBHOMepHasi CXOAMMOCTb {f.(x¥)} Ha 3ToM MHO-
JKeCTBe.

O6patumcs k mocnenoBatenbHocTH (2.3) B3 nmpuMepa 1° paccmor-
penHoro B n. 1. B n. 2 6mJIO nOKasaHO, YTO 3Ta MOCJeN0BATENLHOCTD
cxoauTcs Ha BceM cermenTte [0, 1] x npenenpHOH GyHKUHH

f(x)

_ [ 1 npu x=0,
Omu 0< x< 1.

HokaxeM, uTo 3Ta IOC/NENOBATENLHOCTL HE CXOOUTCS PABHOMEPHO
xa [0, 1].

PaccMmoTpum nociienoBaTesbHOCTb TOUek X.=1/(2n) (n=1, 2, ...),
npunamiexamux cermenty [0, 1]. B kaxno#t u3 atux tovek (T. e. 141
KaxK0ro HoMepa n) CnpaBeJJHBEl COOTHOLIEHHS

fn(xn)=005%=7-2, f(xn)=0

Takum o6pasom, aas n1060ro HOMepa n

Ifn(xn)—f(xﬂ) | =V272;

C/Ie10BaTeIbHO, NpH e<{}2/2 HepaBeHCTBO (2.6) He MOXET BHINOJI-
HATbCS Cpa3y IJisi Bcex Touek x cermenra [0, 1] HM npuw ogHOM HO-
Mepe n. 3TO K O3HauaeT OTCYTCTBHe paBHOMEpHOH Ha cermeHnTe [0, 1]
CXOLMMOCTH PacCMaTPHBaeMOH MOCJeJ0BaTeJbHOCTH.
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OTMeTHM, YyTO paccMaTpHBaemasi INocJjexoBaTes]bHOCTh (2.3) cxo-
IUTCS K NpeleJbHOR QYHKUHH [(X) pPasHOMEPHO HA KAXOOM CecMenTe
[8, 1], rme § — m06oe GHKCHPOBaHHOe YHCJO B3 HHTepBaja 0<8<1.
B camom pnene, mas awo6oro BoiGpaHHOro § Haijaercss Homep No, Ha-
YHHasl ¢ KOTOPOr0 BCE 3JIeMEHTH f,(X¥) paBHH HYJIO Ha BCeM CerMeHTe
[6, 1]. Tak xak u mpexeabHasi GyHKUHSA f(x) paBHAa HYJIO Ha CerMeH-
Te [§, 1], To neBas wyacte (2.6) paBHa HyJIO Ha BCeM CermeHTe
[6, 1], Hauunast ¢ HaBineHHoro Homepa N, Takum 0o6pa3om, HauHHas
c Homepa N,, HepaBeHCTBO (2.6) cnpaBeAJIMBO 41 BCeX X M3 CermeHTa
[6, 1] npu mobom £>0.

Onpeneanenue 2. Pynkyuonarvroii pad nasvieaercs pasHo-
meprHo cxodawumca Ha muomectee {x} Kk cymme S(x),
ecau nocaedosareabrocTe {Sn(x)} ezo wactuameix Ccymm cxo0urca
pasromepro Ha mHoxcectae {x} k npedesvHoli pynryuu S (x).

3ameruM, uTO (QYHKUHOHANBHHIA psix (2.4) u3 npumepa 2° m. 1
CXONHKTCS K CyMMe e*'¥ paBHOMepHO B Kpyre X2+ y?<r? npoH3BOJBHO-
ro ¢uKCHpOBaHHOro pajuyca r. B camom pene, Bciogy B 3TOM Kpyre
|x|<r, |y|<r, 1 notomy |x+y|<<|x|+|y|<2r, oTkyna B cuny
oueHKH (6.62*) w3 n. 2 § 9 ra1. 6 u. 1 moayvyaem, yTo BCIOAY B yKaszad-
HOM Kpyre

(2r)n+1' P

| Rot1 (x+ y) | <(n+—l)!e’-

Vi3 mocsienHero HepaBeHCTBa BHIT€KaeT, 4TO R.4i (¥+y) cTpemurcs
K HyJIIO IPH n—-oco PaBHOMEPHO B Kpyre x?+y2<(r?, a 3To H O3Hauyaer,
uto psl (2.4) cxomuTCs pPaBHOMEpPHO B 3TOM Kpyre K cymMme exy,

4. Kputepnji Komy paBHOMEpHO# CXOAMMOCTH HOCJENOBATENbHOC-
Td (paza). CnpaBenJuBH cJjenywoumHe ¢yHraMeHTabHble TeOPEMH.

Teopema 2.1. Jas 1020 410661 PYHKYUOHALLHAR HOCAed08QA-
reabrocTs {f.(x)} pasHomepro nHa muodcecrse {x} cxoduiract K HeKoO-
Topoil npedeasnoti ynkyuu, Heobxodumo u 0ocTATO4HO, 4T0ObL OAA
npoussosbroezo e>0 naweaca Homep N (e), eapanTupyroujuil cnpased-
AUBOCTL HEPABEHCTEA

|Fate () —fn(x) | <e (2:7)

Oan 6cex womepos n, ydosaergoparouux ycaosuio n=N (e), 8cex
narypaasuolx p (p=1, 2, ...) u 8cex To4ex x u3 muodcecréu {x}.
Teopema 2.2. [{aa 1020 410686l hyHKYUOHAABHGLL PAO

o

X Uy (%) (2.8)

k=1

PABHOMEPHO Ha MHOMecT8e {X} cxo00uAca K HEKOTOPOL cymme, Heobxo-
Oumo u docraro4ro, 41066l OAA npousdsoastozo >0 Haweacs Homep
N (¢), eapanrupyrouyuil cnpasediusocTs HepasencTsa
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| nip uk(x)'<s (2.9)

ka=nt1

Ora acex Homepos n, yOosaergoparouux ycaosuro n=N (g), 8cex Ha-
rypanvublx p (p=1, 2, ...) u 8cex Tosex x muoxuecrsa {x}.

JlocTaTOYHO NIPOBECTH MOKAa3aTeJbCTBO TOJBKO TeopeMbl 2.1, Tak
KaK TeopeMma 2.2 sBJsercs cJaeAcTBHeM teopeMbl 2.1 (3amMeTuM, 4TO
B JjeBOH yacTH (2.9) nox 3HaKOM MOAYJS CTOHT PAZHOCTh Spip(X)—
—Sn(X) 9YacTHYHBIX CyMM C HOMEpaMH n+p H n (GYHKIHOHAJLHOTO
psna (2.8)).

HokasartenbcTBo TeopeMu 2.1. Heobxodumocrs. Ipen-
NOJIOKHM, 4TO MOCJeNOBaTeJIbHOCTb {f.(X)} cXOmHMTCS paBHOMEPHO Ha
mHoxecTBe {x} Kk mpefenbHO# ¢yHkuuu f(x). Torma, ¢HuKCUPOBAB
npousBoJbHOe ¢>0, MBI HafigeM aJasi Hero HoMep N(g) Takoii, 4ToO
HepaBeHCTBO

fa()—F ()| < — (2.10)

OynaeTr crpaBefsMBO AJsi BCeX HOMEPOB 71, YAOBJETBOPSIOIIHX YCIOBHIO
n=N (e), 1 RJs BceX TOYek x MHOXKecTBa {x}.

Ecan p — mo6oe HatypanabHoe uucio, TO npu n>=N(e) Homep
n+p teM GoJiee OyleT yHOBJETBOPATH YycjaoBuio n+p=N(e), a no-
3TOMY JJsl BCeX HOMEpDOB 71, YAOBJIETBOPSIOMHX YCJOBHIO n=N (g),
BCeX HAaTypaJbHHX p M BCeX TOYEK x MHOkKecTBa {x} Tem GoJee Gymer
CIIpaBefJIMBO HEepaBEHCTBO

ot () —F ()] < -, @.11)

Tak kKak MoOmyJab CyMMB ABYX Be/HYHH He LPEBOCXOAHT CYMMBI
ux monyJe#, To B cuay (2.10) u (2.11) moayuum, 4To

ot () —Fu ()| = | [fatp () —F ()] + [F () —=F. (]| <
SN farp()—F )+ 1F () —fa ()] <&

(2751 Bcex HOMEpPOB 7, YIOBJIETBOPSIIOWIMX ycnosmio n>>N(e), Bcex
HaTypaJIbHbIX p M BCeX X M3 MHoXectBa {x}). Heo6xomumocTh ;0Ka-
3ama.

Hocrarounocrs. TIpennonoxuM, 4TO IS NPOH3BOJBHOLO &> 0 cy-
ectByer HoMep N(e) Takof, yTo HepaBeHCTBO (2.7) cIpaBelJIHBO
AJs BCeX HOMEpOB n, YAOBJETBOPSIOIHX YCJIOBHIO n =N (g), ncex Ha-
TYPaJbHbIX P H BCEX TOYEK X MHOXKecTBa {x}.

M3 mepapencrBa (2.7) u m3 kpurepus KOWIH CXOXHMOCTH 44CA0-
80U 1mocnenoBaTesbHOCTH (cM. n. 3 § 3 ra. 3 u. 1) BmITexaer cXomH-
MocTh mocJiepoBaTelbHOCTH {fn(X)} B Kaxmoi Touke x MHOIKeECTBA
{x} n cymecrtBoBaHMe ompenesenHoli B KaXxo#l TOUKe X MHOXKecTBa
{x} npexenvuoit byukunu f(x).
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QUKCHPOBAB NPOHM3BOJIbHBIH HOMED 7, yIOBJETBOPSIOLINH yCJOBHIO
n=N (e), 1 NpOHU3BOJIbHYIO TOUKY X MHOXKecTBa {x}, nepefinem B Hepa-
BeHcTBe (2.7) Kk mpeaeay Ipu p—-oo. Hcrnoabsys rteopemy 3.13 1. 4
§ 1 ri. 3 u. 1, MH MOJYyYHM, YTO IJsi [IPOH3BOJILHOTO HOMepa 1,
YAOBJETBOpPsOULero ycaoBuio n=>N (e), 1 NPOH3BOJBHOH TOYKH X MHO-
JKecTBa {Xx} cIpaBeNIHBO HEpaBEHCTBO

[F(x)—fn(x) | <e<2e.

3To H AOKa3HBaer, 4To IOCJaeaoBaTeNbHOCTh {fn(X)} cxomurcs
K npelenbHOil ¢yHKUMH f(x) paBHOMepHO Ha MHOXKecrtBe {x}. Jocra-
TOYHOCTb JAOKa3aHa.

Hannune xpurepus Komn He cHEmaer Bompoca 06 yCTaHOBJEHHH
YAOOHEIX JJSi NPHJIOMEeHHH NOCTATOUYHBIX NPH3HAKOB paBHOMEpHOM
CXOXHMOCTH (DYHKIHMOHAJbHEIX MOCJeNOBaTeJILHOCTEH H pAJOB, K KO-
TOPOMY Mbl CeHyac H NepexOpHuM.

§ 2. LOCTATOYHBIE NPU3HAKH PABHOMEPHOHA
CXOAUMOCTH ¢YHKIHHOHAJDbHBIX
NOCJIENLOBATEJIbHOCTEA U PAJOB

B n. 1§ 1 Mb ybepunuch B TOM, 4TO H3ydyeHHe (DYHKIIHOHAJBHBIX
PANOB 3KBHBAJIEHTHO HM3Y4eHHIO (YHKUHOHAJIBHBIX IOCJEN0BaTEJbHOC-
Te#i. C 3TOA TOYKHM 3peHHs] KaxKALIH NPH3HAK PABHOMEPHOH CXOXHMMOC-
TH HMeeT JBe 3KBHBaJEHTHHE (OPMYJHPOBKH: OZHYy B TepMHHAX
(yHKIHOHAJBHEIX DSAOB, a APYTryl0 — B TepMHHaX (YHKIHOHAJBHEX
nocnefosarenbHocTeld. B 3aBucHmocTH oT ynobera mbt 6yaem dopmy-
JIHPOBATh YCTaHaBJHBaeMue NpH3HaKH JuO0 B TepMuHaxX HOCIeNO-
BaTe/lbHOCTeH, JHOO B TepMHHaX DsNoB (a HHOrAa Oylxem NPHBOLHTH
o6e 3KkBHBaJNIeHTHbIe (POPMYJIHPOBKH).

Teopema 2.3 (npusHax Befiepmirpacca). Ecau ¢ynxyuonanrs-
HbLll pad

©

Y (%) (2.12)

k=l

onpedenen Ha mroxecrse {x} npocrparcréa Em u ecau cywecrsyer
cxodauutica 4ucao8oll pad

Y o (2.13)
k=1

Takol, 4T0 OAs 8cex To4eKk X MHoxcecTséa {x} u O0an 8cex HOMepos R
cnpasediuso HepasercT8o

|ue(x) | <c, (2.14)
TO PpynKkyuoHarbubll pad (2.12) cxodurcs pasHoOMepHo Ha MHONCecTee
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JloxasaTteanbcTBO. Pukcupyem npomusBosbHoe ¢>0. Tak kax
yucaoBod paa (2.13) cxomures, TO B cuay kpHTepusi Kown cxogumoc-
TH YHCJOBOrO psina (cm. Teopemy 1.1 u3 ra. 1) maiizetcss N (g) taxkoe,

yTO
n+p

Z <L e (2.15)

k=n+1

IS BCeX HOMEpOB £, YIOBJIETBOPSIOIUIHX YycJoBHIO n=N(g), H Bcex
HaTypaJbHBIX p.

W3 HepaBeHcTB (2.14) m (2.15) W u3 TOro, 4T0 MOAYJb CyMMH p
caaraeMblX He DPEBOCXOJHT CyMMY HX MOAyJeH, nosayuaem

o n+p n+p
| b) uk1\< Y lml < ¥ a<e
k=n-+1 k=nt1 k=n+1

(mas1 Bcex HOMEPOB n, YAOBJETBOpsIOmMX ycaoBHio n>=>N(e), Bcex
HaTypaJbHBIX p H BCeX TOYEK X MHOXKeCTBa {x}).

B cuny kpurepus Komm pasHoMepHO# cxonumocTH (cMm. Teope-
My 2.2) psa (2.12) cxoaurcsi paBHOMepHO Ha mHOKecTBe {x}. Teopema
JI0Ka3aHa.

3ameuvaHue l. Ilpusnak BeiiepmiTpacca KpaTko MOXKeT OHITh
chopMyIMpOBaH TakK: (PYHKYUOHAAbHbLL pAd CXO00UTCR pPABHOMEPHO
HO OGHHOM MHOJCECT8e, eCAU e20 MOXNCHO MAMOPUPOBATd HA 3TOM
MHOMCECTBE CXOO0AULUMCA HUCA0BbILM DACOM.

3ameyanue 2. [lpusHak BeiflepmrTpacca sBJasieTcss n0CTaTod-
HBIM, HO He HEOOXOOUMbIM nNPUBHAKOM pPABHOMEPHOU CXOOUMOCTU
pynxyuonarbrozo psada. B camom aene, GyHKIHOHANBHBIA Psii

Z (— 1::—1 xk

k==l

cxodurca pasnomepro na ceemerre 0<<x<l k cymme In(14x), mo-
CKONbKY (cM. 1. 2 § 9 ra. 6 u. 1) pasnocTs Mexay In(l+x) u n-it ua-
CTHYHOM CYMMOH 3TOro psija, paBHas OCTATOYHOMY wWieHy R,i;(x) B
¢opmyne Maknopena ana ¢yHxuuu In(l+x), aas Bcex x M3 cerMeH-
Ta 0<Cx<1 y/NOBJIeTBOpSET HEPABEHCTBY

. | Rns1 (x) | <1/ (n+1).

Onnako 0sf OJanmo20 (PYHKLUOHAALHOZO pABQ He CYuleCTéyer Ha
ceemente O0<x<C1 maxcopupyroujezo e2o €x00auiez0Cs 4UCA08020 pPR-
da, TaKk KaK /s KaXJ0ro HoMmepa k

(— 1)&1 xk

su
P k

x€f0,1)

=L
k ?

oo
1
a YHUCJIOBOH pan Z & pacxoaguTcCH,
ke=1
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IMpumenuM npusnax Befiepmrpacca A/si yCTaHOBJIEHHS paBHOMep-
HOH CXOXMMOCTH (YHKIHOHAJBHOTO pfla
-]
v sin (k?x + ky -} 2)

Eead k2
k=1

MoxHo yTBepXIaTh, YTO 3TOT DPSA CXOAHTCS pPaBHOMEDHO BO BCeM

TPeXMepHOM eBKJHAOBOM npocTpancTBe E3, Tak kak aJs Ji060# Tou-

KH (X, Yy, 2) 3TOr0 NPOCTPAHCTBA OH MOXeT GbITb Ma*KOPHPOBAaH CXO-
@

1
AAWHUMCA YUCJOBEIM pAIOM 2 ?.

k=ll

Teopema, 24 (npusHak Hunu?). Ecau nocaedosaresbrHOCTb
{fn(x)} ne yboisaer (uisu He 803pactaer) 6 KaxucAOL TO4Ke X 3AMKHY-
T020 oO2panuvennozo Mnoxcectea {x} npocrpancrea E™ u cxodurcs
Ha aTom mHodxcecT8e K npedeavrol ynxyuu f(x) u ecau sce 4irersl
nocaedosaressrocTu fn(x) u npedesvran @yukyus f(x) sesf0TCR
HenpepouleRLIMU Ha mHoxcecT8e {x}, TO cxodumocTs nocredosarebro-
cru {fn(x)} seanerca pasHomepnoil na muoxcectse {x).

HokasaTtenbcTBo. He orpaHnuuBas OGIIHOCTH, NpeANOJO-
XKHM, 4TO NOC/eN0BaTeNbHOCTh {f,(x)} He y6LIBaeT Ha 3aMKHYTOM
orpaHH4eHHOM MHOxecTBe {x} (ciyuall HeBo3pacTalomedl mocjenoBa-
TeJIbHOCTH CBOJHTCS K 3TOMYy CJy4ai0 YMHOXKEHHEM BCeX 3JeMEeHTOB
NOCJeA0BATEJbHOCTH Ha 4HCI0 — 1). ITonoxum rp(x) =f(x) —f.(x).
IMocnenosareasuocts {r,(x)} o6nanaer caenyOUHMH CBOHCTBaMH:

1) Bce r,(x) HeOTpHUATEJbHH H HENpepHIBHBI Ha MHOKecTBe {x};

2) {rn(x)} ne Bo3pacTaer Ha MHOKecTBe {x};

3) B KaXKJ0H TOYKe X MHOXEeCTBa {x} CyIlecTByeT mpejel

lim r, (x)=0.
n—oe

JlocTaTouyHO A0Ka3aTh, UTO MOCJIENOBATENBHOCTb {7, (X)} cxomuTes
K TOXK/JECTBEHHOMy HyJl0 pPaBHOMEPHO Ha MHOXeCTBe {x;, T. €. 4TO
Aas mo6oro >0 Haiigercs XO0TsS G ONHH HOMEP n Takoil, uTo
ra(x) <e nns Bcex x M3 MuoxkecTsa {x}. (Torza B cuay HeBospacra-
HHSA TOCJIeN0BaTeJbHOCTH {rn(x)} HepaBeHCTBO r,(x)<e Oyzmer cmpa-
BEe/UIMBO H JJIS BCEX NMOCJeNYIOHUX HOMEpOb.)

HonycTuM, yTo 1is HEKOTOporo e¢>(0 He HafigeTcs HH ONHOTO HO-
Mepa n TaKOro, 4T0 rn(x)<e Cpasy s BCeX X M3 MHOXKeCcTBa {x}.
Torpa pas mo6oro HOMepa n HaigeTcs XoTs GH OJHA TOYKAa X, MHO-

J}KecTBa {x} Takas, TO
rn (X5) >e. (2.16)

B cuny orpanuuenHOCTH MHOXecTBa {x} M TeopeMb Boabnano—
Beitepmitpacca (cMm. Teopemy 12.1 4. 1) H3 moc/ienOBaTeJBbHOCTH TO-

2) Ynuce Iuuu — HTanbsHCKuil MatemaTHk (1845—1918).
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4eK {Xn} MOKHO BLUIGJHTb NOANOC/IEIOBAaTENbHOCTb TOYEK  {%n,},

CXOAAILYIOCSt K HEKOTOPOH TOuKe xp, NMPHHAAJNexamed B CHJIy 3aMK-
HYTOCTH MHOXKecTBa {x} 3TOMy MHOXecTBy. Tak Kak Kaxaas (yHK-
uust rp(x) (c J106bIM HOMEpPOM m) SIBJASISICSt HeNPePHBHOH B TOuKe
Xo, TO AJis1 11060ro HomMepa m

,Iaim I (Xn,) = (%)- (2.17)

C apyroit cTOpoHb!, BHOpaB A5 KaXAOTO HOMepPa m NpeBOCXOAs-
JAUHI ero HOMep ny, NOoJyuuM (B CHJYy HeBO3PaCTaHHs I0C/eN0BaTelb-
HOCTH I'py (X))

r-h (x"k) > r"k (X"k)’

ConocTaBeHHe nocJefHero HepaBeHCTBa ¢ HepaseHcTBOM (2.16),
<CHPaBeNJIHBEIM 1Js1 JI060r0 HOMepa 7, NaeT OlEeHKY

T'm (%) =€ (2.18)

{nas a1060r0 HOMepa ny, NPEBOCXOAsiniero (HKCHPOBAHHBIN HaMH
TIPOH3BOJILHBIH HOMeEp m).
M3 (2.17) u (2.18) BhITeKaer, 4TO

rm(Xo) =€

{Ans mo6oro HomMepa m), a 3TO NPOTHBOPEUHT CXOJMMOCTH MNOCJEI0-
BaTeJbHOCTH {rm(x)} B Touke x, K Hyaio. [lonryueHHoe npoTHBOpeuyne
JIOKa3blBaeT Teopemy.

3ameuanune 3. B Teopeme [IMHH BecbMa CyllecTBeHHO Tpe6o-
BaHHe MOHOTOHHOCTH INoOcjenoBaTenbHOCTH {f,(x)} Ha MHOXxecTBe {x},
TAK KaK HEMOHOTOHHAfi Ha MHOXKecTBe {x} MOCJeN0BaTeJbHOCTb He-
TIpePLIBHEIX HA 3TOM MHOXecTBe (DYHKUHH MOXKET CXOAHMTBHCA B Kax-
JO# TOYKe X MHOXKecTBa {x} K HeNpephIBHOH Ha 3TOM MHOXECTBE
QyHEKUMH f(X), HO He CXOLHTBhCSI PaBHOMEPHO Ha MHOXecTBe {x}.

TTpuMepoM MOXKeT CJYKHTb IOCJAeN0BaTeJbHOCTb GyHRuUuH {f.(x)},
4as  Kotopod fn.(x) paBHa sinnx npH O<x<m/m W pasHa
HyJal0 IpH m/n<x<m. DTa NOCJEJOBATENBHOCTb CXOAHTC K f(x) =0
B Kaxno# Touke cerMeHTa 0<Cx<(m, HO He CXOJHMTCSI Ha 3TOM cer-
MEHTe DaBHOMEPHO, TaK KaK |fn(Xn) —f(%xa)|=1 npu xp,=n/2n
JUIS Bcex HOMepOB 1.

ITpuBenem 3KkBHBajIeHTHYI0 (POPMYJHPOBKY Teopembl IIMHH B Tep-
MHHAaX (yHKUHOHAJbHBIX PSNOB,

Teopema 24* Ecau gce unenst Qyukyuonaivbroeo pada He-
npepoleKbL U HEOTPULATEAbHbl (UAL HENOAONCUTEAbHbL) HQ 3AMKHY-
TOM O2paHU4eHHOM MHOXecT8e {X} u ecau 8 Kascdol TouKe MHONCeCT-
8a {x} atorT pAd cx00UTCA U CYMMQ e20 ABAAETCA HenpepoleHOl HA
MmHoxcectse {x} ¢pynxyued, To e20 cXOOUMOCTb ABAAETCA PABHOMEPHOL
Ha mHogcecTae {X}.
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B kauyectse npumepa npHMeHeHHss Npu3HakKa [lMHM H3yumM Bompoc
0 XapaxTepe CXOJIHMOCTH NOCJEeJ0BaTeNbHOCTH

{(£+5%)"}

B Kpyre x2+y2<1/4 pamuyca 1/2 ¢ ueHtpom B Touke (0, 0). Cxomu-
MOCTb sIBJIfieTCSl pPaBHOMepHOH B 3TOM Kpyre, Tak KaK paccMmaTpHBae-
Mas [0CJeJ0BaTEeJbHOCTb CXOAHTCS B KaXKJIOH TOYKe 3TOr0 Kpyra K
npeneabHolt GyHkuuu f(x, y)=0, He BO3pacTaeT B KaxHOH TOuKe
Kpyra H COCTOHT M3 (DyHKIHH, HeIpepHBEEIX B HeM.

Yro6er chopmyaupoBaTh eme ABa NPH3HaKa PaBHOMEPHOH CXOMIH-
MOCTH (YHKUHMOHAJbHBIX PSNOB, BBeleM HEKOTOphHE HOBHIE NOHSTHS.

Onpenenenne 1. [locaedosareavuocrs {fn(x)} Hasbisaercs
pasHomepHoO O2paHu4ernOl Ha mHOWeCTSe {x}, ecau cy-
wiecreyer taxkoe seujecrgerHoe qucio M>0, 410 dasn 8cex HOMEPOG
n u ecex TO4eK X MHoXMcecréa {x} cnpasediLsBo HepaseHcTs80

| Fa (%) | <M.

Onpenenenne 2. DYHKYUOHAALHAA  noCAe008ATEAbHOCTE
{vn(x)} naseieaercs nocaedosareasvHocTeto, ob6aradaroweldl Ha
Muoocecrse {X} pABHOMEPHO OePAHUYEHHLIM U3ME-
HeHUueM, ecal PYHKYUOHAAbHBLL PAO

o

Y [ten ()= (x)] (2.19)

k=l

cX00UTCA PasHOMEPHO Ha MHodcecTae {x}.

OTmeTHM cpasy ke, UTO 8CAKAR NOCAe008aTEAbHOCTb, 06.iadaro-
Was Ha mHoOMCECT8e {x} PABHOMEDHO 02DAHUYCHHOLIM U3MEHEHUEeM, CXO-
durca pasHomepHo Ha MwuogcecT8e {X} K HekoTOpoil npedenbrols
¢yunkyuu. B camom Jesle, H3 PaBHOMEeDHON HAa MHOXKecTBe {x} CXOIH-
mocTH psfa (2.19) m u3 kputepus Kommu BbiTeKaeT paBHOMepHasi Ha
MHOXKeCTBe CXOJHMOCTb psza

i [Vr41 (x) =0, ()], (2.19")

k=]

n-s qac)mtmaﬂ cyMMa S, (x) KOTOpOro umeeT BHIX Sn(X) =0Un4 (x) —
— U (x .

M3 nocnennero paBeHCTBA BbiTeKaeT paBHOMEpHAasl CXOAMMOCTS.
noc/nel0BaTeNbHOCTH {Un(x)} K mpemenbHON GYHKUMM v(X), paBHOR
S(x) +v,(x), rne S(x) — cymma psiga (2.19).

Tenepp Mbi MOxkeM copMyJsHpOBaTh W A0Ka3aTh CJAeNYyIOILHE NBa
NMpH3HAaKa.
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Teopema 2.5 (nepBbiii mpusnak AGensi). Ecau yukyuonars-
motll pad (2.1)

obaadaer pasHomepHo ozparuwennol Ha mHowcecTse {x} nocaedosa-
TEAbHOCT610 HACTUHHLLX CYMM, A (QDYHKYUOHAALHAA nocAedosaTenb-
HocTe {v,(x)} obaadaer pasHOMEPHO O02PAHULEHHLIM HA MHONCECT8e
{x} usmenenuem u umeer npedesbry0 PYHKYUIO, TONIECTEEHHO pas-
MY HYMO, TO GDYHKYUOHAAbHOUL psd

o]

Y [4n(x) 0, ()] (2.20)

n=1

«€X00UTCA PABHOMEPHO HA MHOJCecT8e {x}.

HdoxasatenbcTBo. [To ycaosuio cymecrsyer yucaio M>0 ra-
KO€, YTO IIOCJeNOBATENLHOCTh Sp(x) yacTHYHBIX cymM psga (2.1)
JUIST BceX HOMEpOB 1 M BCeX TOYEK X M3 MHOXKeCTBa {X} ymOBJIeTBO-
pAieT HepaBeHCTBY |Sy (x) [<M.

®uxcupyem npouspoapHoe £¢>0 M no Hemy Homep N Taxo#, uTo
IJIs BCeX n, MpeBOCXOASIIHX N, BCcex HaTypaJbHHX P H BCEX TOYeK X
‘MHOXKecTBa {x} cpaBel/IUBH HepaBeHCTBA

o, ()] < (2.21)
n+4+p—1
Y i w—n e <5 (2.22)
k=n+1

{3aech MH BOCNONB30BaJHCh PABHOMEPHONA Ha MHOXKeCTBe {X} cXo-
JHMOCTBIO MOCTeNOBaTeNbHOCTH {Un(X)} K HyJI0 M paBHOMepHOH Ha
MHOXKecTBe {X} CXOZMMOCTbI0 psina (2.19).)

B cuny ToxknecrBa A6ens (1.77) u B CHIy TOro, 4YTO MOZYJIb CyM-
‘MBI TPE€X BeJHYHH He MPEBOCXOAHT CYMMY HX MOXYJeH, HMeeM

. n+p n+p
| § @oWl|<| ¥ S o0 —ven (0] +
=n-1 k=n41
. + [Satp (X)]  [Un4p (%) + 1S5 (%)) - | Vg1 (%) ]

‘YuuTHIBasi, 4TO AJIs BCeX HOMEPOB n H BceX x M3 {x} CIpaBeiIuBO
siepaBeHCTBO | S, (x) | <M, nomyunm

n+p n+p—1
| ¥ w@w@l] <M Y o (6)—ovs (1)] +
ki1 k=nt1

+M |tnyp (X)| +M |Unps (x)].
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Conocrasnenue nocnenHero HepaseHcTBa ¢ (2.21) m (2.22), nos-
BOJISIET 3aNHCAaTh HEPaBEHCTBO

n+p
Y [ <

k=n+1

CpaBefnHBOe [JIsi BCceX HOMEPOB 1, npeBocxomsAmux N, Bcex uary-
pPalbHBIX p M BCeX TOYEK X MHOXKecTBa {t}, a 3TO M O3HAyaeT, 4yTO
pan (2.20) cxonuTca paBHOMEPHO Ha MHOxKecTBe {x} (B cHJy Teope-
Mel 2.2). Teopema AOKa3aHa.

Teopema 2.6 (BTopoit npusnak A6enas). Ecau @yukyuorars-
notd pad (2.1) cxodurca pasHomepHo na MuoXcecT8e {x} K cymme
S(x), oepanuuennol Ha 3ToM MHOXNeCT8e, a @QyHKyuonaibHas no-
caedosareasvroctt (U, (x)} ob6aadaer pasHOmepHO Oz2paAHU4EHHbIM HE
MHO%CeCT8e {X} UBMEHEHUEM U UMeeT 02PAHUYEHHYI0 HA 3TOM MHOJCe-
cree npedeabHyro Ppynkyuo v(x), 10 pyuxyuonasensui pad (2.20)
Cx00UTCA PABHOMEPHO HA MHOXcecTae {x).

HdokxaszatenbcTBO. Bygem HCXOOHTb H3 Toxkjaectsa Abens
(1.77). DTo TOXKAECTBO MOXKHO NepeNnucaTh B BHIE

n+p n+p—1
2 ty (x) v, (x) = y Sp (%) [0 () — v (¥)] +
k=n+1 hk=n+1

+ [Satp () —Sa (0] Uy p (£) + S (5) [0n15 (£) — U (1)].

(3mecp cumBonoM S, (x) o6o3naweHa k-s1 uacTHYHAst cymMa psiaa
(2.1))

U3 nocrexnero ToxkjaecTsa BhITEKaeT HepaBeHCTBO

n+p ntp—~1
| Y w@um|< § 1S@] [t () —vs (0] +
k=n+1 k==n+1

+ 1811 (1) =Sa () [Vn4p ()] + [Sa ()] - | Unsp (%) —TUnp (x) | (2.23)

Tax kax no ycnoBuio cymma S(x) psima (2.1) u npenpelbHas GyHk-
nusi v(x) NOCJNeN0BaTeNbHOCTH {v,(x)} OorpaHHueHBl Ha MEOXKECTBE
{x}, To HajinyTcst mocrosHHbe M; u M, Takue, 4TO I/ BCeX X H3
MHOXecTBa {x}

[S(x) <My, o (x) |<M.. (2.24)

Us nepasencTs (2.24) u M3 paBHOMEpHOH Ha MHOXecTBe {x} CXO-
IUMOCTH mocaenoratenbnocTefi {S,(x)} u {v,(x)} X npenenbrsIM
¢byukuusaM S(x) H v(x¥) COOTBETCTBEHHO BBITEKAeT CYIeCTBoBanue
TAKOrQ HOMepa Nj, 4TO MJIsl BceX TOYeK X MHOXKecTBa {x} H BCex HO-
MEpOB n, yAOBJETBOPSIOWHX YcaoBHIO n>>N;, OyayT chpaBeliuBLl
HepaBeHCTBa :

|Sn(x) <M1+, |oa(x) |[<Mz+ 1. (2.25)
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Hanee, n3 paBHOMepHOH Ha MHOXKecTBe {x} CXOZMMOCTH (byHK-
UHOHANBHBIX psAzoB (2.1) u (2.19) u u3 kpurepus Kommu pasnomep-
HO#l CXOLMMOCTH BHITEKaeT, 4TO IJIs NMpPOH3BOJbHOro e>0 HalxyTcs
HoMepa Ny(e) ¥ N3(e) TakHe, YTO HEPABEHCTBO

Sntp () —S e 2.26)-
| Sntp (%) —Sn ()] < ST D (2.26)
GyAeT cnpaBeAJHBO LJSI TOYEK X MHOMKECTBa {x}, BCeX HaTypaJbHHIX

p H BCeX HOMEpOB 1, YLOBJIETBOPSAIOIHKX YCJOBHIO n=>N,(e), a Hepa-
BEHCTBO

n4-p—1

153
R [0e 1 (%) —10, (%) | < m (2.27)

— LJIf BCeX TOYeK X MHOXecTBa {x}, BceX HAaTypajbHHIX p U BCEX HO~-
MEpOB 1, YIOBJETBOPSAIOIHX yCaoBHI0 n=>Nj(g).
Haxoren, H3 ToXxznecrsa

n4p—1
Un+tp (JC)—Un (JC) = X [Uk-H (X)_Uk (x)]'
k=an+1

H3 BBITEKAOIEero 13 Hero HepaBeHCTBA

n4p—I
1005 (1) =02 ()| <} |01 (%) — 0, ()]
k=n-+1

H U3 HepaBeHcTBa (2.27) moayuaem

le ;
|ntp (X)—0a (%) | < ETET S (2.28y

AN BCeX TOYeK x MHOXecTBa {x}, BCeX HaTypaJbHbIX p H BCeX HO-
MEepoB 71, YAOBJETBOPSIOUHX YCAOBHIO n>N3(e).

OGosuaynm yepes N (e) Hanbosbmni K3 Tpex HoMepoB N, N,(g),
H N3(e). Torza npu n=N(e) nJs BCceX TOUEK X MHOXKeCTBa {X} K
BCeX HaTypaJbHBIX p OymeT CIpaBelIHBO Kaxjoe K3 YeTEipeX Hepa-
BeHCcTB (2.25)— (2.28).

U3 3Tux nepaBeHCTB H #3 (2.23) BBEITEKAeT, YTO

n+p
© oy (%) v, (x) ‘< &

b=+l

OpH Bcex n=N(e), BCeX HATYpPaIbHLIX p H AJN9 BCeX TOYEK X MHO-
)ecTBa {x}.

B cuny xpurepus Komm psa (2.20) cXOAHTCS paBHOMEPHO Ha
MHoOxecTBe {v}. TeopeMa qoKa3zaHa.
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CnenctBue u3 TeopeMu 2.5 (npusnak Hupuxae — Abens).
Ecau pynxyuonaronei pad (2.1) ob6aadaer pasromeprO oepanuyen-
Hoti Ha MHONcecT8e {x} n0CAeJ0BATENbHOCTOI) HACTUHUHLLX CYMM, G
pyunryuonarsnan nocaedosaressHocts {v,(X)} He gospacraer 8 Kasc-
doti Touke MHONMECTSA {x} U PABHOMEPHO HA 3TOM MHONCecTee Cxo-
durca k HYya, 10 Pyrkyuonaserel pad (2.20) cxodurcs pasHo-
MePHG Ha MHOJcecT8e {x}.

JlocTaTouyHo 3aMeTHTb, YTO HeBO3pacTamlllasi B Ka)Xa0H TOYKe
MHOXecTBa {x} H cXozxsuiasics paBHOMepHO Ha 3TOM MHOXeCTBe K
HYJI0 NOCJeZO0BaTeJbHOCTh {vn(x)} 3aBefloMO o6JajaeT Ha MHOXKeCT-
Be {x} paBHOMEpPHO OrpaHHYEHHbIM H3MeHEHHEM, TaK KaK [Jis Hee
n-g yactuyHags cymma Sp(x) psma (2.19) paBHa vy (x) — Unyq(X).
JlosToMy cyuiectByer paBHOMepHBIH Ha MHOXKecTBe {x} mpexmen

lim S, (x) =lim [v, () —vnp1 (x)] =1, (x).

B kauecTBe mpHMepa H3yYHM BOIPOC O PaBHOMEPHONR CXOZHMOCTH
pana

sin kx ] (2.29)
k4 (14 |x|)k
k=l
Tak kak nocjegoBaTeJbHOCTh
1

o (D)= T

#He BO3pacTaeT B KaxKAoH TOYKe OeCKOHEUHOH NMpPAMOR —oo<x< 0o H
PaBHOMEPHO Ha 3TOH NPSAMOH CXOZHUTCS K HYJIO, TO B CHJY NPH3HAKa
Jupuxne—Abens psag (2.29) cxomuTcs paBHOMEPHO Ha J1060M MHO-
JKecTBe, HA KOTOPOM pfj

sin kx (2.30)

k=1

©061ajaeT paBHOMEPHO OrpPaHHYEHHOH MOCJeJ0BAaTeJbHOCTBIO YacTHY-
HEIX CYMM.

JIJ1s BbIYHMCJAEHHSI N-H YacTHYHOH CyMMH Sp(x) psma (2.30) mpo-
CYMMHPYEM TOXKJeCTBO

. . 1 1
2 sin-%- sin kx == cos (k ——) X— COS (k —i——-) X
2 2 2
110 BceM HOMepaM k oT | no n. IIpn 3ToM MOJYYHM COOTHOLIEHHE

2 sin%S,, (x)=cos—’2‘——-cos (n + —;—) X,
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H3 KOTODOI'o BbITEKaeT paBeHCTBO

c = cos | n —I—\x
052 S —}—2)

Sn (¥) =

x
2 sin—
2

CJ]EllOBaTEJIbHO, JJI1 BCeX HOMEpPOB 1 CIpaBenJuBO HEpaBeHCTBO:

1S, (x)| < ——

.xl’
in ——
sn2

KOTOpOe O3HauyaeT, YTO INOCJeJ0BaTeJbHOCTh YACTHYHHIX CYMM psAzna
(2.30) paBHoMepHO orpanHyeHRa Ha JI060M (HKCHDOBAaHHOM CerMeH-
Te, He COAep¥KalleM TOYeK Xnm=2mm, rae m=0, +1,... (TaK KaKk Ha

. X
JA1060M TaKOM CerMeHTe \sm7\ HMeeT MOJOXHUTEJbHYIO TOY-
HYIO HHIKHIOIO I'DaHb).
HUrak, pax (2.29) cxomutcsi paBHOMepHO Ha Ji060M ¢(HKCHPOBAH-

HOM CerMeHTe, He cOzepxkamleM TOYeK xm=2nm, m=0, *=1,...
B cuny Broporo mpusHaka AGessi MOXHO YTBEPXKAaTh, YTO PAL

o

Z{[ sin kx ]k—}—l—}—]xl}
B4 (14 |x|)k k4 | x|

=

TaKkKe CXOAHTCS PAaBHOMEPHO HAa JIO60M CerMeHTe, He cOJeprKallem
TOYeK xXp=2am, m==0, *1,..., nockoaeky pan (2.29) paBHOMepHOG
CXOOHTCS Ha TAaKOM CerMeHTe, MpHYeM K orpaHuYeHHOH CyMMe, a IIO-
k41 X
CJIeI0BaTeJbHOCTD vk=——_:+7|L—:( o6sajaer pPAaBHOMEPHO OrpaHH=-
X
YeHHHIM Ha JI060M cerMeHTe U3MeHeHHeM (Tak Kak psil

o

2 |Uk+1—‘UklEv ]

ek (ko |x]) (B 2]+ 1)
k=] k=1

Ha Bceil NpsAMOH MaXOpHUpyeTcs CXOASIUMMCH 4YHCJAOBHIM  PAJOM’
o

2%) M Ha BCed NpAMOil CXOZHTCA PaBHOMEPHO K OrpaHHUYECHHOH

k=l
¢yHkuHM v (x) =1.

§ 3. NOYJIEHHBIYT NEPEXOM K NPEIEJY

0
PaccMOTpHM MPOM3BOJIBHYIO TOYKY X IIpocTpaHcTBa E™ H mpous-
BOJIbHO® MHOXKeCTBO {x} mpocrpaHcTBa E™, AJs KOTOpOro 3Ta TOYKa
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0
siBasieTcss npexenpHoll. IIpH 3ToM Touka X MOXeT caMa He NpHHAal-
JiexaTh MHOXKecTBY {x}.
Teopewma 2.7. Ecau pynkyuonarsvreil pao

i 4 (%) (2.31)

k=al
€xo0urca pasromepro na muosxcecrée {x} k cymme S(x) u y ecex
0
4YNeH08 9T020 pAla cyujecTayer 8 To4Ke X npedea
lirgl U (%) = by,
XX

0
70 u cymma pada S(x) umeer 8 Touke X npedea, npusem

limS(x) =¥ [limy, (x)]:}" b, (2.32)
0 £ Q Fon
XX k=1 XX k=1
7. e. cumson lim npedesa u cumeos T CYMMUPOBAHUA MONHO nepe-

crasaare mecramu (UAU, KaK 2080pAT, K npedeny MOMHO nepexo-
OuTs NOY AEHHO).

HokdaarenbctTso. CHayana JIOKaxeM CXOAHMMOCTb YHCJIOBO-

[« ]
ro psna Ebk. B cuny xpurepus Ko, npumeHeHHOro K GyHKUHO-
k=1

HalbHOMY psiay (2.31), Ana soboro e>0 nafinercs nomep N(g) Ta-
KOH, yTo

|tnr (%) + tinya(2) + .. Fitnap(x) | <o (2.33)

AJIs BCceX HOMEpOB 7, yAOBJETBOPAIOWIHX ycjaoBuio n>=N (e), Bcex Ha-

TYpaJbHEIX p U BCeX ToYeK x MHoxecTBa {x}. CuuTas B HEpaBeHCTBe

(2.33) ¢uKRCHPOBAaHHEIMH HOMepPa n H p U NEepexohsi B 3TOM HepaBeH-
0

CTBe K Ipefeay INpH x—+~x (Takoi mpejesJbHbII Nepexol MOXHO
OCYylIeCTBHTh 1O JI000H INOC/IeJ0BaTeNbHOCTH TOYEK MHOXecTsa {x},
0

cxonsefcss K TOYKe X), MOJYYHM
[bngrtbnyot ... Fbpyp| <e<2e
(ans kaxporo nz=N(e) ¥ Kaxaoro HaTypajabHOro p). B cuay kpu-

Lwmt

OuesuM Temepb pa3HOCThb

S()—Y by

k=1
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AJS BCEX TOYEK X MHOXEeCTBa {x} H3 ZOCTaTOYHO MaJjOX OKpPECTHOCTH
0

TOYKH X. Tak Kak

@

S ()= 1)

k=l

AJs BCeX TOYEK X MHoxecTBa {x}, TO s A1060ro HOMepa n crpaBel-
JAHBO TOXIAECTBO

S(x)— 5‘ bk—'[z uk(‘)—z bk]+ z Uy (x)— Z by,

k=1 —=n-t1 k=nt1
H3 KOTOpOTO 1oJiyyaeM HepaBeHCTBO

|S(x)—z be| < |zuk<x) }:bk1+\ }; @]+ }: ] 239

CIpaBefJHBOE AJs BCeX TOYeK X MHOXKecCTBa {x}.

QukcHpyeM mpousBoabHoe e>0. Tak kak psan b, cxomuTes,
y p (3
ke=1

(-]
a pan Z U, (X) cXoauTcs paBHOMEPHO Ha MHOXecTBe {x}, TO A
k=l
¢uxcupoannoro >0 Hafjercs HOMep n Takolf, YTO MJsA BCeX TOYeK
X MHOXecCTBa {x}

| y b| <+ 1}] s (9| < (2.35)

—n—+1 k=n+1

Tak kak npexen KOHeYHOH CyMMH pPaBeH CyMMe MNpeZeJoOB ciarae-
MBIX, TO AJAs ¢HKcHpoBaHHOro HaMu e>0 M BeOpaHHOrO HOMepa n
MoxkHO ykasaTtb 6>0 Takoe, 4yToO

\iuk (x)—‘z bkl<-8§ (2.36)

k=1 k=1
JIs BCeX TOYeK X MHOXecTBa {x}, yAOBJeTBOPSIOIHX ycaoBuio 0<
0
< p(x x) <. U3 (2.34)—(2.36) caenyer, 4To AAst BCeX TAKUX X

@
|S(x)--z b,‘ <e.
Rexl 0
ATo JOKa3bIBaeT CylleCTBOBaHHe mpexena S(x) B Touke X, a

CJIefloBaTeNbHO, H CNpaBelJHBOCTb paBeHcrBa (2.32). Teopema moka-
3aHa.
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B TepmuHax (GYHKUIHOHaJbHEIX NOCJAEZOBaTeJbHOCTEH TeopeMa 2.7
3BYYHT TaK:

Teopema 27* Ecau ¢ynkyuornasonas nocaedo8aTesbHOCT
{fn(x)} cxoOurcs paswomepro Ha muoxmecrse {x} K npedeabroOit
pynxyuu f(x) uoace 3/AEMEeHTbL 3TOL Nnocae008aTesbHOCTU  UMEOT

npedes 8 Touke X, TO u npedeavras Pynkyus [(x) umeer npedes &
0

TOo4Ke X, npu4dem

]il’;l f(x)=lim(lim f, (x)) =1lim (lirré fa (),
0 noo n—o

XX XX XX

T. e. cumgoa lim npedesa nocaedosaresvHocTu u cumsoa lime
n—>o 13
X X

npedeisa yHKYUL MONCHO nepecTasanTe Mecramu (UAU, KAK 2080pAT,
0

K npedeay npu XxX-—»Xx MONCHO nepexoourTb ROYAEHHO).
CaneacrBue | u3 treopeMun 2.7. Ecau 8 ycrosuax Teope-
0

MoL 2.7 donoanuressHo noTpebos8arsb, 4TOOb6L TOYKA X npuUHAdieHa-
Aa MHONcecT8y {x} u #TOOLL 8Ce HAaeHbl Up(X) PYHKYUOHAAbHOZO pPAOE
0

(2.31) 6oLau wenpepoisrol 8 Touke x, TO U cymma S(x) 3rozo pada
0
6yder nenpepoléna 8 TOUKE X.

0
B camom jnene, B 3TOM cayyae b, =u,(x) 1 paBencTBo (2.32) npu-
HHUMaeT BHJ,

o

lir?S(x):Z uk(:?)=8(;).

X—>x k=1

0
a 3TO 4 03HAYaeT HEeNpephIBHOCTb CYMMH S(X) B TOUKE X.
CnenmcrBue 2 u3 teopeMu 2.7. Ecau 8ce unenst yuk-
yuoxasvrozo pada (PynKyuorasbHol nocaedos8aresbHOCTU) Henpe-
PULBHbL HA NAOTHOM 8 cebe muoocectse {x}® u ecau aroT pyukyuo-
Harvrodl pad (3Ta PYHKYUOHAAbHAA nOCA008ATENbHOCTb) CXOOUTCSR
PABHOMEPHO HA MHoOXcecTse {X}, TO U cymma Yyxkasauwwoeo pada (npe-
Oeavnan (PYyHKYUs YKA3AHHOU NOCAe008ATEALHOCTU) HENPepsleHa HA
mHuoscecrse {x}.
s ROKa3aTelbCTBa JOCTaTOYHO NPHMEHHTb NpexbiayLiee chel-

CTBHEe K KaXXIOH TOYKe X MHOKecTBa {x}.

% HanomHHM, 4TO MHOXeCTBO {Xx} Ha3mBaercs NJOTHHM B cefe, ecaw
KaXjasl ero TOYKa SBJSETCS NPefle/bHOH TOYKOH 3TOr0 MHOMKECTBa.



§ 4. ITowreHHoe HHTerpHpOBaHHe H NoOuJeHHoe AH(PepeHHHpOBaHHE 87

§ 4. NOYJIEHHOE HHTEFPUPOBAHHE H NOYJEHHOE
AHPOEPEHUHUPOBAHHE ®YHKI HOHAJIbHBIX
NOCJIEAOBATEJIBHOCTENA H PN OB

1. TlounenHoe WHTerpHpoBaHHe. JloKaxeM CJIeJyIOUIYyI0 OCHOBHYIO
‘TeopeMy.

Teopema 2.8. Ecau ¢ynkyuonassnas nocaedosaresvbHocTo
{fn(x)} cxodurca k npedeavnoi pyuxyuu f(x) pasromepro Ha cee-
MmenTe [a, b] u ecau xamdas pynxyus f,(x) unreepupyema na cee-
menre |a, b], To u npedesvran pynkyusn f(x) unrezpupyema Ha 3TOM
CeaMenTe, npuyem YKAa3anHYn nocae008aTeNbHOCTo MONHO UHTESpU=
poears Ha ceamente [a, b]l nouwarenno, 1. e. npedex

b

lim j fa (%) dx

b
CyuecTeyer U pasen (f(x)dx.
a

JoxkasateanbcTBo. CHayana AOKaXeM, 4TO npedesvHas (PyHK-
yusn f(x) unrezpupyema Ha ceemente [a, b].

®ukcupyeM npousBoibHoe £>0. JocraToyHo AoKasaTth, 4TO AJIA
npenenbHOM ¢GYHKUHH f(x) HalileTcss xoTd OH OAHO pas6GueHuHe cer-
MenTa [a, b], AJs BepxHeH CYMMH S H HHXHeH CyMMH S KOTOpOTO
CIIpaBeJTHBO HepaBeHCTBO S —s5<g (cM. m. 1 § 3. 9 4. 1), -

Jnst 3TOrO0 XOCTaTOYHO AOKa3aTh, YTO AJIs (PHKCHPOBAHHOTO HaMH
npousBoabHoro e¢>0 HaiigeTcss TakoH HOMep 17, 4TOo Jias A1 60Tro0
pasbHeHHsl cerMeHTa [a, b] BepXHAs cyMMa S H HHXHAS cyMMa §
<byHkuuu f(x) H BepxHAA cymMMmMa S, H HHXHAA CYMMa S, OYHKUHH
fn(x) cBsI3aHBI HepaBEHCTBOM

S—s\<(Sn—sn)+%. (2.37)

{B caMom pnene, ecan mis a06oro pa3GueBHs OyAeT AoKasaHa cpa-
BeVIHBOCTb [N HEKOTOPOro HoMepa n HepaBeHctBa (2.37), To B
CHJIy HHTErpHpyeMocTH Ha [a, b] dyskuuMu [,(x) pa3bueHue MOXHO

BeI6paTh Tak, 4YTO OyleT CnpaBelIHBO HepaBeHCTBO S, —s, < %
#3 KoTtoporo B cuay (2.37) caepyer S—s<eg, 4TO M 3aBepluaer JIo-
Ka3aTeJbCTBO HHTerpHpyeMoctdH Ha [a, b] ¢ynkumn f(x).) Paccmor-
PUM NpOH3BOJbHOe pasbuenme {xp} (k=1, 2,...,m) cermenra [a, b]
# 0003HaYHM CHMBOJOM g (f,) KONeOaHHe?® Ha k-M YaCTHYHOM cCer-
MeHTe [Xp_y, Xx] OYHKUHHE [,(x), a cHMBoJOM wx(f) KomeGanue Ha
TOM Xe YaCTHYHOM cerMeHTe NpeAesbHOH QYHKUMH f(X).

4) HanoMHHM, 4yTo KoOJeGauHHeM OGOYHKIUHH Ha JOGOM CerMeHTe Ha3H-
BaeTCsi Pa3HOCTb MEXKAY TOYHOX BepxXHeH M TOYHOH HHXHeH rpaHsSMH 3TOH (QyHKUMH
Ha YKa3aHHOM CErMeHTe.
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HepapenctBo (2.37) 6yneT nokasaHo, €CIH MBI YCT2HOBHM, 4TO
ANst DOCTAaTOYHO GOJIBIIOrO HOMepPa n CHpaBefJHBO HepaBeHCTBO

() < 0 (1) + 555 (2.38)

(B camoMm gese, ymHoxas (2.38) Ha MIHHY AXp==Xp — Xp—, YacTHY-
HOTO cerMeHTa [xx_i, Xx] M CyMMHpys mnojaydaiolieecs IpPH 3TOM He-
paBeHCTBO mo BceM k=1, 2,...,m, noayuuM HepaBeHcTBO (2.37).)

YcranoBuM mist J1060r0 4acTHYHOTO CerMeHTa [Xp—1, Xx] H LIS
Jgo6oro noctaTouHo 6OJBHIIOrO HOMepa n CNpaBelJIMBOCTD HepaBeH-
crBa (2.38). Ias so6oro HoMepa n ¥ JIOGHX ABYX Todek x' u x”
CerMeHTa [Xz—j, Xx| COPaBeLNHBO TOXIAECTBO

FE)—F &) =FE)—F. N+ [F () —F )] + [, () —F (£)],

H3 KOTOPOroO BbITEKAaeT HEepaBE€HCTBO

V) —F ) < V&) —=F ) o (@) —F () +1F, (") —F (+)]-
(2.39)

B cuny paBHoMepHO#l Ha cerMeHTe [a, b] CXOAMMOCTH IOCJIeZOBa-
TenbHOCTH {fn(x)} K QyHKuMH f(x) &I GHKCHPOBAHHOrO HaMH IpO-
u3BoJbHOrO e¢>0 HaigeTrcs HOMep n TaKOH, YTO OJS BCeX TOUYEK X
cermeHTa [a, b]

1
X)—fx) < ——. 2.40
a0 —=F ) < 5t (2.40)

HUcnonwszys B npaso#t uactu (2.39) HepaBeHcTBo (2.40), B3siToe

IJIs TOYKH x=2x' ¥ QJs TOYKH x==x", moayuuM u3 (2.39)

IF @)= < Ul =R + 50— (24D

(zn1s BLIGpAaHHOTO HaMH AOCTAaTOYHO GOJBIIOrO HOMepa n H AJs JI0-
ObIX IBYX TOueK x’ U x” CerMeHTa [Xa—1, Xi]).

Tak Kak npu JIOG0M pacrmoJOXeHHH Touek x’ M x” Ha cerMeHTe
[xr—1, xx] cupaBem1MBO HEepaBeHCTBO

[Fn (%) —Fn (x") |<onr(fn),
To u3 (2.41) moayyuM

)= F ) S onli) + 55" (2.42)

3aMeTuM, 4YTO HepaBeHCTBO (2.42) cmpaBeZsJuMBO INPH J160OM pac-
MOJIOKEHHH TOYeK x’ M x” Ha 4acTHYHOM CerMeHTe [Xp—j, Xn}.

OG6o3Hayass TOYHYIO BEPXHIOK H TOUHYIO HHXXHIOIO I'PaHH QYHKUHH
f(x) #a ykazaHHOM YaCTHYHOM CerMeHTe COOTBETCTBEHHO uepe3 M,
H my, B CHJy OmpeleseHHss TOYHHX rpaHefi HalfieM nBe moc/enoBa-
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TeNbHOCTH ToYeK {xp’} M {xp”} (p==1, 2,...) cerMeBTa [Xg_), Xz] Ta-
KHe, 4TO
lim x) = M, lim xﬂ =my,.

p—>® p—+x

B cuay (2.42) nas aoboro HoMepa p

. ” 1
IF(x)—F ()] <o (fa) + 26—a (2.43)

Tlepexons B HepaBeHcTBe (2.43) K mpeleJy IpPH p—oo H 3aMeuyas,
yro mpegen JeBo#i yactH (2.43) paBen My — mp=owx(f), monyyum B
npegene u3 (2.43) Tpebyemoe HepaBeHcTBO (2.38).

TakuM 06pa3oM, ZOKa3aTelbCTBO HHTEIPHPYeMOCTH IIpeje/ibHOH
¢ysruuH f(x) Ha cermente [a, b] 3aBepureHo.

3aMeTHM, 4TO ecjH Obl MH B YCJOBHSX TeopeMbl 2.8 NONMOJHHTENb-
HO moTpe6oBaJjii HenpepblBHOCTH Kaxnofl QyHKuMH fn(x) Ha cerMeH-
Te [a, b] (uro menaercs B GOJBIIMHCTBE y4eOHHKOB IO MaTeMaTHye-
CKOMy aHajJu3y), TO [J0Ka3aTeJbCTBO HHTErPHPYeMOCTH MpejesibHON
¢yskuun f(x) Ha cermeHnre [a, b] cTano 6H COBCeM TPUBHAJBHHIM:
B CHJY CJeACTBHSI 2 U3 TeopeMbl 2.7 mpH TaKOM JONONHUTEJIBHOM
Tpe6oBaHHH npexesbHass QyHKuus f(x) sBAsIace OH HempepHIBHOH
Ha cerMeHTe [a, b], a MOTOMy H HHTeTpHpPYyeMOH Ha 3TOM CETrMEHTe.

Ocraetcs n0Ka3aTh BTOpOe yTBepiKJeHHe TeopeMbl 2.8 0 TOM, 4YTO
HHTerpupoBaHue mnociegosatenbHocTH {f,(x)} Ha cermente [a, b]
MOXKHO NpPOH3BOAHTL IOYIeHHO. JlOCTaTOYHO QOKa3aTh, YTO AJA JIiO-
6oro ¢>0 naiigercs HoMep N (g) Takoi, uto 118 Bcex n=N (g)

b b
Hf,,(x)dx—jf(x)dx! < e.

Ho 3To BhITeKaeT M3 TOro, YyTO B CHJY paBIOMEpPHON CXOAMMOCTH
{f2 (%)} x f(x) Ha cermenTe [a, b] cyuwectByeT HoMep N (e) Tako#,
YTO AJIS BCEX ¥ H3 cerMeHTa [a, b] W Ans BceXx HOMEpPOB 7, yAOBJe-
TBOPAIOLHX ycJI0BHIO n>=N (g),

(=0 < 55— (2.44)

U3 nepaBencrBa (2.44) u U3 U3BECTHBIX OIIEHOK M3 TEOPHH olipe-
JeJIeHHOTO MHTerpasa® moJayuyum

5) HMmeloTcss B BHAY CJeAyiOlllHe YCTaHOBJEHHHEe B 0. 2 § 4 ra. 9 u. 1 oueHkH:

1) ecan lf(x} nmerpnpbyema Ha [a, b], T0 u |F(x)| nHTerpupyema Ha [a, b], npxu-

yeM IjF(x) dx]( jIF(x)Idx; 2) ecan f(x) m g(x) HHTerpHpYeMH Ha CermeH-
a a

b

Te [a, b] u BcioAy Ha 3ToM cerMenrte f(x) <g(x), TO \Yf(x) dx < \ g(x)dx.
a a1
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]ff,,m dr— f f(x) dx|=|§b [Fa () —F ()] dx|<

b b
< [U—fe e < gt fdr = <o

HoxasaTeabcTBO TeopeMul 2.8 MOJHOCTHIO 3aBEpLIEHO.

[Tpusenem ¢opmynnpoBky TeopeMmbl 2.8 B TepMHHAX (QYHKIHO-
HaJbHBIX PALOB:

Teopema 28* Ecau ¢pynkyuonarouoli pad

i Uy ()

k=1

cxodurca K ceoell cymme S(X) pasHomepHo Ha ceemenTe [a, b] w
ecau KaxcOvld uaen 3roeo paoa uy(x) npedcrasaser co6oud pyukyuro,
unteepupyemyro na ceemente [a, bl, o u cymma S(x) unreepupyema
Ha ceemenre [a, b], npuuem yxasaunoli pad MONHO UHTE2PUPOBATL
Ha ceemenTe [a, b] nowaennO, T. e. MOMHO yTBepHOaTs, 4TO 4UC-
20801 paod
® b
z yu,, (x)dx
=1 a
b
cxo0uTcs u umeer cgoell cyMmmotl SS (x) dx.
a

Sameuanue. B cieayome#t raase 6yneT ykasaH aHaJOr Teo-
pembl 2.8 (cMm. Teopemy 3.9) mas cayuas, Korga ¢yHKUHOHAJbHAR
nocne0BaTeNbHOCTh ONpejesieHa H HHTerpHpyeMa B HeKOTOpO#H 06-
NacTy m-MEepPHOro eBKJHZOBA NpocTpaHcTBa E™ (mpu m>2).

2, Nounennoe nuddepenuuposanue. B paibHefileM moa cjaoBaMu
«yHKuHA f(X) HMeeT NPOM3BOAHYIO Ha cerMenTe [a, b]» Ml Gynem
nogpasyMmeBarh, 4YTO QyHKuHS f(x) HMeeT OOHYHYIO (ZBYCTOPOHHIOK)
IPOH3BOAHYIO B JI050# BHyTpeHHell Touke cerMeHta [a, b], mpasyiwo
npousBonHyio f'(a+90) B Touke a H JeByo npoussoanyio [ (b—0) B
TOuRe b.

Teopema 2.9. Ecau xancdan pynkyus f,(x) umeer npoussod-
HYyo Ha ceemente [a, b], npuwem nocae0oBaTesbHOCTb NPOU3BOOHBLX
CXO0UTCA PABHOMEPHO KA ceemente [a, b], a cama nocaedosarens-
Hocto {fn(x)} cxodurca xors Gor 8 0OHOU Touke x, cezmenta [a, b],
To nocaedosarenvnocto {f,(x)} cxodurca K nexkoTopoi npedeavHoi
pynkyuu f(x) pasnomepno na cezmenre [a, b], npuuem 3Ty nocae-
dosarenbrocts modHo Oupepenyuposars na ceemenre [a, b] no-
“NeHHO, T. e. 8c00y Ha cezmente [a, b] npedesbnan Gyukyus
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umeer npoussodnyro® ['(x), asasrowyocs npedeavuotl ynxyued
nocaedosarenvrocru {f," (x)}.

JlokaszaTeabcTBo. JlokaxeM cHayala, 4yTo rocaedosarenb-
tocre {fn(x)} cxolurca paswomepro Ha ceemenre [a, b]. U3 cxoau-
MOCTH YHCJOBOH NOCJeI0BaTeNbHOCTH {f,(xo)} H U3 paBHOMepHOH Ha
cerMente [a, b] cxomumoctH {fn’(x)} cienyer, uro mas ao6oro £>0
Haiimercss HoMep N (&) Tako#, 4yTo

|nto (20)—Fn ()| < -, Wnl) —fa ()] < 5o (245)

Zas Bcex nz=N(e), Bcex HaTypaJibHHIX p H JIsl BCeX X U3 CerMeHTa
[a, b].

Ilycts x—npou3BoabHAs Touka cermeHra [a, b]. Tak kak
Ansg QYHRUMH [fp4p(f) —[n(f)] npu J106BIX (HKCHPOBAHHBIX HOMe-
Pax n M p BHIIOJHEHH Ha CerMeHTe, OrpaHHYEeHHOM TOYKaMH X H X,
BCe YCJIOBHSI TeopeMbl JlarpaHxka, TO MeXJIY X H Xo Hallgercsg TOYKa
& takas, uTO

[Fat-p () — F )] — [ntp (0) — F (o) = [Frp (8) — F (B] (x— o).

H3 3TOro paBeHCTBa M H3 TOrO, YTO MOAYJb CYMMbl ZBYX BEJHUHH
He INIPeBOCXOJHT CYMMY HX MonyJeH, MNOJYyYdM, YuuThiBasi (2.45) u
HepaBeHCTBO |x— xo|<b—a, uTo

|Fnin (x) — [a (x) | <e

{ansa moboro x u3 [a, b], ana awboro n>=>N(e) u Ja06oro HaTypaib-
HOTO p).

IT0 ¥ o3HauaeT B culy Kpurepus Kolux, uTo mocsenoBaTenbHOCTh
{fn(x)} cxonutcs paBHOMepHO Ha cerMmeHTe [a, b] K HEKOTOpo#l mpe-
nenbHOH GYHKUHH f(x).

Ocraercst nOKasaTh, YTO 3Ta mpejesbHas (GYHKUMA B JI0 60 &
¢uKCHpPOBaHHOH TOYKe x cerMeHta [a, b] HMeeT NPOH3BOAHYIO (B
TFPAHHYHBIX TOYKAX OJHOCTOPOHHIOI NPOH3BOAHYK) H 3Ta MNPOH3BOA-
Hasi siBIsieTcsi TpelenbHOR ¢yHkuue#i nocnepoBarenbrocTd {f,’(x)}.

dukcHpyeM IpPOH3BOJIbHYIO TOYKY X cermMeHTa [a, b] ¥ 1no Hed
6>0 Takoe, yTOOBl §-OKPECTHOCTh TOYKH X ILEJHKOM COJep}Kanach B
[a, b] (B cayuae, ecin x sABAsIETCS TPAHUUHON TOYKOH cerMenTa |a,
b] noa 8-oxpecTHOCTHIO TOYKH X OyZeM IOApasyMeBarh MpaBylo IO-
JIyOKPECTHOCTh [a, a-+38) TOYUKM a H JeByK0 IOJYOKpecTHOCTb (b —86,
b] Touku b).

OG6osHauuM cEMBOMOM {Ax} MHOXKECTBO BCeX uucead Ax, yLoBJe-
TBOPAKMHKX ycaoBHIO 0< |Ax| <8 mpu a<x<b, yciaosuio 0<Ax<d
fIpH x=a H ycaoBHio —8<Ax<0 npu x=b, u JOKaxKeM, 4YTO IIOCNe-
JOBaTeJbHOCTb QYHKUHH apryMenTa Ax

®) B rpauuumex TOukax [a, b] umeercs B BHIY ORHOCTOPOHHSSI NPOHM3BOAHAS.
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fn (x4 Bx) — fn(x) (2.46}
Ax

CXOJHTCS PaBHOMEDHO Ha yKa3aHHOM MHoxKecTBe {Ax}.

Jlas mpousBosnbHOro ¢>0 B cuay KpuTepusi Komu paBHOMepHOR
cxoguMocTH nocaegoBatensHocTs {f,’(x)} naftmerca noMep N (g) Ta-
KO#, 4TO

Pn (Ax) =

|t (X)—Fn (x)] <& (2.47)

LJst Bcex x H3 [a, b], Bcex n>N(g) ¥ Bcex HaTypaJbHHX p.
dukcupyem Temepb Ipou3BoJbHOe Ax H3 MHOXKecTBa {Ax} u npm
JI06bIX (PHKCHDOBAHHHIX HOMepax 7 U p MPHMEHHM K (YHKLHH

[Fatp (8) —fn(8)]

IO CerMeHTY, OrPaHHYeHHOMY TOYKaMH x H x+ Ax, TeopeMmy Jlarpan-
xka. CormacHo 3TO# TeopeMe Hafizercs yuciao 6 u3 uHtepsana 0<
<0< 1 Takoe, 4TO

[frap (x+ Ax) —fn (x + Ax)] — [fn,p (%) — fn (¥)] —
Ax

= Fto (% + BA%) — [ (x + BAx).
Hcnoansys o6o3nauenne (2.46), mocsenHee paBEeHCTBO MOXHO mepe-
nucaTh B BHIE
Prrp (AX)— @y (Ax) = frpp (x + BAX) — fu (x+ 0A%).
U3 storo paBencrBa u u3 (2.47) 3axaouaeM, 4TO

[@nip (Ax) — @n (Ax) | <e

ans mo6oro Ax u3 {Ax}, no6oro n=N (e) u Ja060ro HaTypaabHOTO
p. B cuny kputepus Komn (T. e. TeopeMn 2.1) mociemoBaTesbHOCTB
{pn(Ax)} cxomurcsi paBHoMepHO Ha MHoxectBe {Ax}. Ho Ttorma x
3TOH 1OCNenOBaTeNbHOCTH MOXHO NPHMEHHTh TeopeMy 2.7 O mOuJeH-
HOM mnpejesNbHOM mepexole B TouKe Ax=0 (B TepMHHaX ¢yHKIHO-
HaJbHBEIX TocjenoBaTesapHocTefl). CorsacHo 3Tofi TeopeMe OYHKIHs

fx+Ax)—f(x)
Ax !

fBJSIOmAsACA TNpenebHoR ¢yHKuMed mnocaefoBarenbHocTH (2.46),
uMeer npenes B Todke Ax=0, mpuueM 3TOT mpefes’ MOXKHO BHYHC-
JSATH NOYJEHHO, T. €.

lim JEESD=T® _ 1im [lim g, (Ax)] =

Ax—0 Ax AX -0 now

=lim [lim @, (Ax)]=lim [lim f"(x_"Ax)_f“(x)}=1imf,;(x).

n—-o Ax—>0 n—-o | Ax-0 Ax n—om
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dTo H AOKa3HBaeT, YTO NPOW3BOAHAs NpefenbHOH QYHKuHH f(x)
B TOUKe x cyuiecTByeT H paBHa liin f,(x). Teopema nokasana.
n—w®

B TepMuHax (YHKIHOHAJbHHX psgoB TeopeMa 2.9 ¢opmyian-
pyercsi Tak:

Teopema 2.9* Ecau kamdas pyuxyus uy(x) umeer npousgoo-

Hyto Ha ceemente [a, b] u ecau pad u3 npou3sodHrblx Y u, (x)

k=1
®

cxodurca pasromepro Ha ceemente [a, b], a cam pad y ug(x) cxo-
k=1
durcs xorsa 6vL 8 00HOU TOuKe X ceemenTa [a, b], TO aror nocaednuilt
pald cx00uTCA PABHOMEDHO Ha ceemenTe [a, b] & HekoTopod cymme
S(x), npusem aror pad moHro Oupepenyuposars na ceemenre |[a,
b] nousenno, 1. e. e2zo cymma S(x) umeer npoussoOnyr0, ABAAOUYIO-
oo

ca cymmoil pada t:3 npou3sodHsLx y u, (x).
k=1

3ameuanue 1. IloguepkueM, uto B Teopeme 2.9 mpennona-
raeTcsi TONBKO CYlUIeCTBOBaHHe HA cerMeHTe [a, b] TPOH3BOLHOK Yy
KaXI0ro 4jeHa IIOCJef0oBaTelbHOCTH f,(x). Hu orpanHueHHOCTb, HH
TeM Gojlee HeNpepHIBHOCTb YKa3aHHOH INPOH3BOAHOH (Kak 3To nXe-
Jaercss B GOAbIIHHCTBE YYeOHMKOB IIO MaTeMaTHYeCKOMY aHaJIH3Y)
He IIpeamnoJaraercs.

3aMeuanue 2. Eciu Bce e [JOMONHHTENBHO NPEANOJOXHTbL
HeIPpepEBHOCTh MPOU3BOAHON Y KaXKIOro 4jeHa IOCJAeAOBaTeJbHOCTH
Ha cerMeHTe [a, b], TO B cHay chaencTBHsi 2 U3 TeopeMsl 2.7 n Ipe-
nenvHas dynkuus [(x) OyAeT HMeThb NPOHSBOLHYIO, HelpEpPHBHYIO Ha
cermenre [a, b].

3aMeuanue 3. [lag QYHKUHH m IepeMeHHHIX TeopeMa 2.9 mo-
Xet OplTh cOpPMYJNHPOBAHA B CJEAYIOLIEM BHIe:

Teopema 2.9* . Ecau xandas us Ppyuxyuild fn(xY=fn(x1, %o ...
..., Xm) umeer 8 3aMKHYTOU oepawu4ennoil obaactu G npocTparcrsa
n
xp

fn

Xp |
cru G, a cama nocaedosareavrocre {f,(x)} cxodurca 8 kasdoli To4-
Ke obaactu G, TO nocaedosaresvHocTs {fn(x)} moxro Oupepenyu-
posare no nepemerrold xx 8 obaacrtu G no4AerHo.

Hs teopeMu 2.9 sierko BHTeKaeT CJIeyiOlIee yTBepkKIeHHE.

Teopema 2.10. Ecau ramdas ¢ynkyus f,(x) umeer nepsoob-
pasnyro na ceemente [a, b] u ecau nocaedosaressnocre {f,(x)} cxo-
durcsa pasromepHo wa ceemenre [a, b] & npedeavnoll pyuxyuu f(x),
TO u npedeavnas pynkyus f(x) umeer nepgoobpasHyro Ha ceemente
[a, b]. Boaee 1020, ecau xy— aw0bas rouxka ceemenra [a, b], To no-

E™ uacruyro npoussodnyro nO nepemenHOll x, U eciu nocae-

008aTebHOCTS NPOU3BOOHBLY }cxoauTc;z pasromepro 8 obaa-
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caedosareavtocrs nepsoobpastolx M, (x) pyuxyud f,(x), ydosae-
Teoparouwux ycaosuro Dy (x) =0, cxo0urca pasHOMepHO Ha CeemenTe
[a, b] & nepsoobpasuoi @ (x) npedenvroii pynxkyuu f(x), ydosae-
Teopaowell ycaosuro O (xy)=0.

JokaszareabcTBO. JlAf 1OCHeA0OBaTeJbHOCTH mepBoo6pas-
Heix  Dn(x) oyHruui  fa(x), ymoBaeTBOpAKOMWHX  TpebOBaHHIO
D, (x) =0, BHIONHEHH Bce ycaoBus TeopeMsl 2.9. dto obecrmeynBaer
paBHOMepHYIO Ha [a, b] cxoauMmocTs mocaenoBaTenbnocTH {0, (X)} K
npezenbHo ¢yHruuu @ (x), y KoTopo#i B Kax/aoH Touke [a, b] cy-
ilecTByeT NPOM3BOAHAS, paBHas NpeleJbHOH CQYHKUMH M[OCIEI0BA-
TenbHOCTH {fn(x)}). Teopema nokasana. ,

3aMeyanue K Teopeme 2.10. B Teopeme 2.10 ne Tpebyercs
HH OTpPaHHYEHHOCTb, HH TeM Gosiee HHTerpHpyeMocTh QYHKuMA fn(X)
Ha cerMenTe [a, b].

TeopeMnbl, IOKa3aHHble B ZAaHHOM H B NpexblAylleM naparpadax
TIO3BOJISIIOT HaM CHejaTh CJeAyIOUHE 3aMeyaTeJbHBIH BHBOI:

YrBepxxeHnue. PasHomeprHas cxoOumocte He 86.800ur U3
Kaacca Qyukyud, umerouux npedes 8 0annoid Touke (Teopema 2.7),
u3 gaacca Henpepoisrolx pynkyuil (caedcreue 2 us reopemol 2.7), u3
Kaacca untezpupyemolx pynxyuld (reopema 2.8), us xaacca Pyuk-
yuil, umerouyux nepsoobpasuyro (reopema 2.10) u (8 caysae pasuo-
MepHOLl cxO0UMOCTU npou3soOHbIx) U3 Kaacca Oudpepenyupyemolx
Pynxyuil (reopema 2.9).

3. Cxopumocte B cpeaneM. [lorpebyeM, 4TOGH Kaxpaas (yHKUHS
fn(x) ¥3 QYHKUHOHAJNBHOH NOCHEZOBATENBHOCTH {frn(x)} H GyHKuHA
f(x) aBasIECH UHTErPHPYEeMBIMH Ha cerMeHTe [a, b].

Torza (B cuny § 4 r1. 9 4. 1) u bpyHruua

[fa () —F ()] = fa (x) —2fa () F (x) + [2 (x)

Takxe 6yzer SBASAITbCS MHTerpUpyeMOH HA cerMeHnTe [a, b].
BBenem ¢yHzaMeHTalbHOE HOHATHE CXOLHMOCTH B CPEIHEM.
Onpenexenue 1. Bydem eogopurs, 4to (pynkyuonasbras no-
caedosarenvrocrs {f,(x)} cxodurcas 8 cpednem Ha ceemenre
[a, b] & @Pynxyuu f(x), ecau cywecrsyer pasnoul Hyato npedea

b
lim f [fa (x)—f (x)]dx=0. (2.48)

Onpenenenue 2. bydem eosopure, 410 pynxkyuonaroHoii pad

@

Z U (%)

k=l

cxodurca 8 cpednem Ha ceemente [a, b] k cymme S(x), ecas
n0c2e008aTEAbHOCTD 4ACTUYHBLY CYMM 3T020 pada cxodurca 8 cped-
Hem Ha ceemenTe (a, b] k npedenvwori ¢pynkyuu S(x).
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3aMeuanue U3 ompemenenuii 1 u 2 HemoCpeaCTBEHHO BHITE-
KaeT, 4To ecJH (YyHKIHOHAJbHAA NOCJHEAOBATeNbHOCTh  ((YHKIHO-
HaJbHBI# PAZ) CXOAHTCA B cpelHeM K f(x) Ha cerMente [a, b], To:
3Ta NOCJeJOBATENbHOCTh (3TOT PAX) CXOAKTCH B cpegHeM K f(x) u
Ha jro6oM cerMmeHTe [c, d], cozepxameMcs B [a, b].

BrisichuM BOmpOC O CBI3H MeXIY CXOJAHMOCTbIO B CPefHeM H paB-
HOMEpPHO# CXOZHMOCTHIO TIOC/I€L0BATEeNBLHOCTH.,

YtBepxaenue 1. Ecau nocaedosaressnocre {f,(x)} cxolurcs
K ¢pynkyuu f(x) pasnomepro Ha ceemenrte [a, b], T0 3ra nocaredosa-
TeabHOCTo cxo0urcs K [(x) u 8 cpednem na ceemenre [a, b].

®uxcupyeM mpoussoabHoe £>0. B cuny pasnomepHoii Ha cermen-
te [a, b] cxomuMmocTH TocaegoBaTesbHOCTH {fn(x)} K f(x) ang moso-

. € o o
KHTEeJbHOrO 4YHcIa 26—a Haizerca HoMep N(e) Takoii, uTo:
—a

/e
x)—f(x —_— 2.49
R L e (2.49)
AJsl BceX HOMEpOB 1, yIOBJETBOPAIOIIHX yciaoBHio n>=N (), u Bcex
Touek x cerMeHra [a, b].

Ho Tornma B cHiy M3BeCTHO! OLEHKH M3 TEOPHH OIIpefeseHHOro:
HHTerpana (cM. m. 2 § 4 ri. 9 4. 1)

b b
[l —feoprde< oot flar=—1 <o

LI BCeX HOMEpPOB 7, yIOBJETBOPAIOWMX ycjoBuio n=N(g). 10
03Ha4aeT CXOAHMOCTb IocaenosaTenbHOCTH {fn(x)} k f(x) Ha cermen-
Te [a, b] B cpenHeM.

YrBepxaenue 2. Cxo0umocts nociedo8aresbHOCTU Ha HEKO-
TOPOM CezMenTe 8 cpeOxem He 8.e4eT 3a cobOll He TOAbKO paBHO-
MEPHOLL HA 3TOM CESMEHTe CXO00UMOCTU, HO U CXO0UMOCTU x0TA 6ol &
00HOU TOUKE YKA3AHHO20 CezMenTq.

Paccmorpum nocnegoBartensHocTs mpHHagsexamux [0, 1] cer-
MeHTOB [, Iy, ..., n,..., UMEIOIIUX CJIeLyIOUIHE BUA:

I,=10, 1],}

12=[0, %] 13:[%, 1},
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OnpenenuM n-i uned [, (x) dyHKuHOHANBHOH MOC/HEAOBATENBLHOCTH
{fn (x)} cllenyolIHM COOTHOLIEHHEM:

I, <x)={

1 Ha cermente [,
0 B ocraneHbix Toukax [0, 1].

Y6eanMcs B TOM, uTo nocaedosaresvrocTs {f,(x)} cxodurca &
apedenvnold pyuxkyuu f(x)=0 8 cpedunem na ceemenre [0, 1].
B camom pene,

1
S [fn ()=} (X)]?dx= 5' dx= pnuHa cerMeHTa /,,
b i

n

TakK YTO CYUIecTByeT Ipejet
1

lim { [f, (0)—F (x)]* dx=0.
n—wo h

Y6eauMcsi, HaKOHell, B TOM, YTO ROCTPOCHHASA NOCAE008ATEAbHOCTS
#He cxodurca wu 8 odwol Touke ceementa [0, 1]. B camoMm nene, ka-
Kylo Gbl TOYKy x, cerMenTa [0, 1] Mb HM (PHKCHPOBAaJH, CpelH KakK
YyrogHo GoabUWHUX HOMEPOB n HalgyTcsd Kak TakHe, AJs KO-
TOPHIX CerMeHT [, COLEepPXHT TOYKY X, (AJIS 3THX HOMepOB f,(xp) =
=1), Tak U TaKue, QJs KOTODHX CerMeHT [, He COREpKHT TOUKY Xp
(o1 Takux HOMepoB fn(xo) =0). Takum o6pa3oM, mOcieaOBaTe]b-
Hocth {fn(X0)} comep:KUT GecKOHEYHO MHOrO YJeHOB, PaBHbIX eJHHH-
e, 1 6eCKOHEUHO MHOrO 4YJEeHOB, paBHbIX HyJai0. Takas mnocjefoBa-
TeNbHOCTD SIBJISIETCS pacXoAsllefics.

Oxka3sblBaeTcsl, CXOAHMOCTb IIOCHELZOBATeJIbLHOCTH B CpefneM oGec-
TIeYHBaeT BO3MOKHOCTb NOYJIEHHOTO HHTErpUPOBaHHS 3TOH IOCJHER0-
BaTeJbHOCTH:

Teopema 2.11. Ecau nocaedosaressrocte {f,(x)} cxodurcs &
cpednem K f(x) Ha ceemenre [a, b], TO 3Ty nocaredosaresbHOCTL
MONCHO NOYAGHHO UHTE2pUpoB8aTs Ha ceemenTe [a, bl, 1. e. npedea

lim ff,, (x)dx

n-ow

cyujecreyer u pasex jf(x) dx,

a
JokaszateanbcTBo. QurcipyeM mpousBonbHoe €>0. B cuay
CX0AUMOCTH mochefosatesbHocTd {f,(x)} k f(x) B cpeasem Ha cer-
MenTe [a, b] Haiimercs HoMep N (e) Taxo#, uto nas Bcex n=N ()

b

j [ (1) —F ()2 dx < —2— (2.50)

b—a

a
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2 B?
3amucaB OYeBHAHOE HEepaBeHCTBO 7 |A|-|B|<AT+TM$1 Be-

A=l 0~ Y 2 8=/

U= WIS~ AP 255+ 55— (@251)

W3 (2.51) u u3BecTHOH OuEHKH M3 TEOPHM ONpPENe]eHHOro HHTerpasna
cienyet

JTHYHH

IOJYyYHM

2e

b b
(12 0—Far < 272 () —F (] de+ -
Orciona u u3 (2.50) scHo, yTo npu Bcex n>=N (g)

b
(1 @—FNdr < £t =, (2.52)

Tak kak

b
| Fa ) de— § FOaar| = [ Ual—F1 d ] <

b
< [ |0 —F ()] dx,

To H3 (2.52) mosyuHM, yTO AJIs BCeX HOMepoB n>=N (&)
5 b ' '
|| a6 dx— [ F(x) ax| <.
Teopema pokasaHna.

§ 5. PABHOCTENEHHASl HENIPEPBIBHOCTbD
NOCJHENOBATEJNIBHOCTY ®YHKIHA

[TpennonoxuM, uro kKaxpas u3 Gysxrumil f,(x) OGyHKIHOHAJbHOH
nocnenoBaTeabHOCTH {fn(x)} ompeleseHa Ha HEKOTOPOM IVIOTHOM B ce-
6e mHoxecTBe {x} npocTpancrBa E™.

Onpenenenne, llocaedosaresvrocte {fn(x)} Hasvisaercs pas-
HOCTeneHHO Henpepol8roil Ha MHONecTB8e {x}, ecau
0as 2106020 >0 natiderca §>0 Takoe, 4T0 HepaseHcTE0

7) DTO0 HepaBeHCTBO SKBHBaJeHTHO HepaBeHctBy (|A|+|B]|)2>0.

4 3ak. 25
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|Fn (%) —fn (x") | <e (2.53)

cnpasedauso das écex HOMEPOs n u 6cex todex x' u x” MmHosxcecTsa
{x}, ceasannsix ycaosuenm p(x’, x”) <8.

W3 3rToro ompemeneHHsi OYEBHAHO, YTO €CJIM BCS MOCJ]eNOBaTesb-
HOCTh {fn(X)} paBHOCTeNmeHHO HempepHBHa Ha MHOXecTBe {x}, TO H
qi06asg ee MOAIOCAEAOBAaTEJbHOCTh PAaBHOCTENEHHO HeNpephiBHA Ha
3TOM MHOXKEeCTBe.

Iasa npoctotel 6yzeM pacCMaTpHBaTh NOCJAeZOBaTeNbHOCTb {f,(x)}
GyHKIUE OAHOH mNepeMeHHOH x, PaBHOCTENEHHO HeNpepHIBHYIO Ha
cermente [a, b]. Ilo ompenenenuio ans mao6oro e>0 Haigercs 6>0
Takoe, YyTo HepaBeHCTBO (2.53) cmpaBenanuBO AJs BCEX HOMEDOB 1 H
Bcex Touek x’ M x” cerMenta [a, b], cBs3aHHBIX ycaoBHeM |x'—x"|<
<8.

IlokaxeM yTBepxJeHHe, mpeicTaBisiomee co60il (YHKIHOHAMb-
HBIH aHajor TeopeMul Dosbumano — Befiepmrpacca.

Teopema 2.12 (teopema Apuena). Ecau ¢yrkyuonareras no-
caedosarenvtocts {fn(X)} pasrocreneHno nenpepoléHA U PABHOMEPHO
oepanuuena na ceemenre [a, b], TO u3 aTod nocaedos8aresbHOCTU MOXMC-
HO Bbl0eauTs noOROCAe008ATENbHOCTD, CXO0AUYIOCA DABHOMEPHO HA
ceemenre [a, b].

HokxasateasctBo. PaccMorpum Ha cermente [a, b] caeayio-
Y0 CHeIHaJbHYI0 NOCJHeJOBAaTENLHOCTh TOYEK {X,}: B KauecTBe X
BO3bMeM Ty TOUKy, KOTOpas JAeiluT cerMeHt [a, b] Ha nBe paBHble ya«
CTH, B KayecTBe X M X3 BO3bMeM Te J[Be TOYKH, KOTODHE BMecCTe C
X1 DensiT cerMeHT [a, b] Ha uyeThipe paBHEIE YaCTH, B KayeCTBE X4, Xs,
Xg H X7 BO3bMEM Te uYeThipe TOYKH, KOTODHie BMeCTe C X, Xz H X3 Je-
aat cerMmeHt {a, b] Ha BoceMpb paBHBIX yacTeH (cM. puc. 2.3), u T. I.

! I} } } } } it d i
L T =T U T T T —

1
a x & Ts &y Ts Ty & b

Puc. 2.3

IlocTpoennasi mocienoBaTenbHOCTh O6JazaeT CAEAYIOWHM CBOHCT-
BOM: Oan awboeo 8>0 naiiderca Homep ny Takod, 410 Ha A0O0A
npunadaexcaujem [a, b} ceemenre daunol & aexwur xors 6oL 00uH u3
SNEMERTOB X1, X2, ..., Xn, .

IIpucTynuM Temeppr K BHIENEHHIO W3 I[I0CJAEIOBaTENbHOCTH
{fn(x)} paBHOMepno na cermente [a, b] cxomsuefics moamociaenoBa-
TesbHocTH. CHavasa pacCMOTPHUM mocJenoBaTensHOCTs {f,(x)} B TO3-
Ke x;. [lonyduM oOrpanHyeHHyI0 YMCJIOBYIO MOCJ€Z0BaTeIbHOCTh
{fn(x1)}, u3 koTOpo#t Ha ocHoBaHuu TeopeMsl DBoabmano — Beiep-

8 Tlpo mocsepoBaTeJbHOCTb, O6MANAIONIYI0 TAKHM CBOHCTBOM, FOBOPSIT, YTO OHa
ABJIfeTC BCIOAY MJOTHOM Ha cerMente [a, b].
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wrpacca (cM. § 4 ra. 3 u. 1) MOXKHO BHIJENHTb CXOASIIYIOCS MOAINO-
CJIelOBATEJIbHOCTh, KOTOPYIO ME O603HAYHM TakK:

fu(x1), fiz(x1), .-, fin(x1), ...

Ianee paccMoTpuM (YHKUHOHAJBHYIO MOCJHELOBaTeIbHOCTD

fu(x), fiz(x), ..., fin(x), ...

B TouKe xp. [lo TeopeMe Bonbumano — Beliepmrpacca u3 Hee MOXKHO
BHI/IEJIUTh CXOASAINYIOCS IOAIOCJEeLOBaTeJbHOCTb, KOTOPYI0O MK 060+

3HAYHM TaK:
for(x2), foz(x2), ..., fon(x2), ...

Takum o6pasoM, pyHKIHOHAJLHAS MOCJEN0BaTeNlbHOCTh

fo1 (x), foa(x), ..., fon(x), .. (2.54)

sIBJISIeTCSl CXOAsIeHcs U B TOUKE X1, H B TOUKE Xo.

JIlanee paccvaTpuBaeM (YHKUHOHAJBHYIO NOCAENOBATEIBHOCTD
(2.54) B TOouKe X3 W BHeNsleM H3 Hee CXOAAIIYIOCS MNOANOCJEeLOBa-
TeJbHOCTh

fa1(x3), fae(x3), ..., fas(xa), ...

[Tpomonxkasi auajoruuHble pacCyXJeHHs, NOJYYHM OGeCKOHeuHoe
MHOXECTBO NOAIOCAe0BaTeJbHOCTEH

Fia(¥), fra(x), fra(x)y s Fin(®)s «. o5
fa1 (%), faa(x), fag(¥)y .oy fan (%), ..o 5
far (%), Faa (%), foa(x)s .oy fan(%)y oo o5

fIpHYeM [OJAMOC/Ae]0BaTENbHOCTh, CTOSIIlAast B n-H CTPOKE, sBJASeTCS
cxopsilleHcs B KaXJOH H3 TOYeK X, X2, ..., Xn.
PaccMoTpuM Temepbh Tak HAa3HBAaeMYIO «IHarOHaJbHYIO» IOCJeLO0-

BaTEJBbHOCTb
fui(x), fea(x), fas(x), ..., fan(x), ...

JlokaxeM, 4TO 3Ta NOCJEN0BaTeIbHOCTh PABHOMEPHO CXOAMTCS Ha
cerMente [a, b). Ilasa cokpauienus 3amucd 6yaeM B JajbHefilneM o6o-
3HayaTh 3Ty MAHArOHAJbHYIO IOCJAEAOBATENbHOCTb (KaK M HCXOLHYIO
TI0CJIe 0BaTeNbHOCTb) CHMBOJIOM

fi(x), f2(x), fa(x)y --vs fn(x), ...

(T. e. BMeCTO CABOEHHOro HHIeKca 6GyneM NHCAaTb OAHHApHHI).
®ukcupyem mnpousposbHOoe £>0. Tak Kak AHaroHajbHas NOCIENO-
BaTeJbHOCTh SIBJSIETCS PABHOCTENEHHO HENPEePHBHOH Ha CerMeHre

4#
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[a, b], To nas ¢ukcuposaunoro e>0 Halizercs §>>0 Takoe, yTO KaKo+
Bbl 661 HH GLLIM JBe TOYKH X H Xm H3 cerMeHta [a, ], cBi3aHHHe He-
PaBeHCTBOM |x—Xm| <8, LA BCeX HOMepOB rn CIPABELJHBO HepaBeH-

CTBO
| Fn () —fn (xm) | <e/3. (2.55)

3aMerHB 3TO, pa3obbeM cerMeHT [a, b] Ha KOHEYHO € YHCJIO OTpe3-
KOB IJIHHH, MeHbuIed 8, U3 mocaepoBaTenbHOCTH {Xn} BrI6epeM KOHed-

HOe YHCJIO fy MEePBBIX YIEHOB X1, Xz, ..., Xng HACTOJBKO GOJBLIOE, 4TO-
6B B KaXJOM H3 YNOMAHYTHIX OTPE3KOB cojepXajach XOTsi Gkl OfHa
H3 TOYEK Xy, Xg, ...y Xn,

QOueBHAHO, AHArOHaJbHAas MOCAEIOBATENbHOCTb CXOJAMTCS B KaX-
JOH H3 TOYEK X;, Xgy. ..y Xn, 1103TOMY AJs1 (PHKCHPOBAHHOrO BHIIE
>0 naiigercs Homep N TakoH, 4TO

| Frtp (Xm) —Fn (xm) | <e/3 (2.56)
st Bcex n>N, Bcex HaTypaJbHEX p M Bcex m=1, 2, ..., ng.

ITycrbh Temepp X — NPOH3BOJAbHAs TOYKa cerMenTta [a, b]. dra Tou-
Ka 0653aTeJbHO JIEXHT B OLHOM H3 YIOMSIHYTHIX BLIIIE OTPE3KOB AJH-
HEI, MeHblel §. IToaToMy s 5TOH TOUKM X HaHAeTcss XOTb OJHA TOYU-
Ka Xm (M — OAMH H3 HOMEpOB, PaBHHX 1, 2, ..., ngy), YAOBJETBOPSIO-
1asg YCJIOBHIO |X—Xm|<6.

B cuany Toro yro Mozysb CYMMH TpeX BeJHYHH HE IPEBOCXOLHT
CYMMH HX MOJZYJeH, MOXeM 3alHCaTh:

[frte (£)—Fn () <1 fatp (¥) —fato (¥m) | +

+ Voo $m)—fa (Xm) | + 1fa (%m)—Fa (¥)]- (2.57)

Bropoii unes npaBoil wacth (2.57) OHEHMM ¢ NOMOIIBLIO HepaBeH-
crBa (2.56), a AJA OLEHKH NMEPBOTO H TPeTbero 4JeHOB NPaBOH YacTH
(2.57) yurem, uto |x—xm|<8, ¥ ucmonb3yeM HepaBeHcTBO (2.55),
crnpaBejJIHBO€ AJs J060ro HoMepa n (a ciexoBaTe]bHO, H A J060-
ro n+p). OKoHYUATENBHO NOJYYHM, YTO AJIsi MPOH3BOJIbHOro ¢>0 Hafi-
jpercst Homep N Tako#, 4To

|Frte (%) —fn (¥) | <e

A5 Bcex n>N, Bcex HaTypaJabHHX p M J060# ToukM x u3 [a, b]. Pas-
HOMepHas CXOAMMOCTL QHArOHAJbHOR IOCAeZOBATEJbHOCTH JAOKa3aHa.
Teopema 2.12 nokasana.

3ameuanue 1. B treopeme Apuesna BMecTo paBHOMepHOH orpa-
HHYEHHOCTH mocJiegoBartelbHOCTH {f,(x)} Ha cermenre [a, b] mocraTou-
Ho moTpe60BaTh OrpaHHYEHHOCTH 3TOH NOCJHeJOBATEJbHOCTH XOTSH
6n B OONHOH TOYKeEe 3TOro cerMeHra. B camMoM jJeljle, cripaBelJiH-
BO cJeiylollee yTBepxkjeHHe: ecau nocaedosaresvrocrs {fn(x)} pas-
HOCTenexHo HenpepbisHa Ha ceemenre [a, b] u oepanuuena xora 6o
8 O0HOL TO4Ke Xy 3TO20 Ce2MeHTa, TO 3Ta nOCAed08aTeAbHOCTb PABHO-
MePHO oOepanuvena ua ceemente [a, b]. IIns nokasarenbcTBa 3TOrO
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YTBEDK/EHHS 3aMETHM, 4TO 110 ONpe/eJeHHI0 PaBHOCTENEHHOH Hempe-
puiBHOCTH Aas e=1 Haigercas 6>0 Takoe, aTo xoneGaHHe JI060MK
QyHxuHE f,(X) Ha mI060M cerMeHTe AJHHBI, He NMpeBbIIAOIeH §, He
npeBocxoAHT yHcIa e=1. Tak Kak Bech cerMesrt [@, b] MOXKHO MOKPHITH
KOHEUHHM YHCJIOM 7o CeTMEHTOB AJHHH, He NpeBHIIAIOMEH §, TO KO=
nebGaHHe J1060H QYHKUHH fn(x) Ha BceM cerMente [a, b] ue mpesoc-
xonauT uHcaa no. Ho Torma m3 HepaBenctBa |fn(x0) | <A, BhIpaxalo-
UIero OrpaHHYEHHOCTh NMOCJeN0BaTeabHOCTH {f,(x)} B TOuKe xo, BHITE-
KaeT HepaBeHCTBO |fn(x)|<A+n,, cnpaseidsnuBoe 4isi JI060H TOYKH
x H3 cerMenTa {a, b] u BHpaxalolllee paBHOMepHYI0 OrpaHHYEHHOCThb
paccMaTpHBaeMOH MOCJAeN0BaTeNbHOCTH Ha 3TOM CerMeHTe.

3aMevanue 2. YCTaHOBHM JNOCTATOYHBIHA NPH3HAK
PAaBHOCTEeNEeHHOH HENDEPHIBHOCTH: eCAU noCAed08arenb-
rocre {fn(x)} cocrour us dupgepenyupyemolx Ha ceamenre [a, b]
PyrKyull u ecau nocaedosaTresbHOCTs npoudsodnelx {f,’(x)} paswo-
MEPHO 02PAHUYEHA KA 3TOM Ce2MerTe, TO nocaedosaresvhocts {fn(x)}
pPasroOCTENneHHo HenpepouleHa Ha ceemerTe [a, b].

Ilns moxkasatenbpcTBa Bo3bMEM Ha cerMeHte [a, b] nBe MPOH3BOJIbe
Hble TOYKH x’ H x” H 3anHleM AJsi QyHKUMM [n(X) Ha cerMeHre
[/, x”] dopmyny Jlarparxka (cM. § 3 rar. 6 u. 1),

CornacHo TeopeMe Jlarpanxa Ha cerMente ({x/, x”] Hafigercs
TOuyKa E, Takas, 4To

[fa(x") —fn(xa") | = | s () | - | %" —x"]. (2.58}

ITockoapky nocaegoBatenpHOCTh Npou3BoAHEX {fn’(x)} paBHOMepHO
orpaHuYeHa Ha cerMeHte [a, b], Haiijmercs noctosiHHas A Taxkasi, 4TO
IJIS BCeX HOMEpOB 1 COpaBedJHBO HepaBeHCTBO

[fa" (En) | <A. (2.59).
Moncrasass (2.59) B (2.58), nomyuum
[fn (") —fn (x") | <A|x"—x"]. (2.60)

Qukcupyem a1060oe £>0. Torma, B3 6§=¢/A u Hcnonb3osas (2.60),
MOJyYHM, 4TO [IJsI BCeX HOMepoB n H 1ias Bcex x” u x” us [a, b], cBf-
3aHHHX yCJa0BHeM |x'—x”|<6, GyaeT cnpaBelJHBO HepaBEHCTBO

[Fn(x’) —fn (x") [ <e.

PaBHocTeneHHass HempephBHOCThL MHoOcJaedoBaTeNbHOCTH {fn(x)} OdOKa=
3aHa.

B kauecTBe npHMepa paccMOTPHM IOCJAEAOBATENbHOCTh {sinnx/n}.
Sra mociefoBaTeNbHOCTh PABHOCTENEHHO HeNpephBHA Ha JIO60OM cera
MeHnTe [a, b], Tak Kak Ha Jl060M cerMmenTe [a, b] mocaenoBaTesbHOCTh
H3 NIPOH3BOAHHIX {COS X} paBHOMEPHO OrpaHHYeHa.

3aMeuanue 3. [lousaTHe paBHOCTENEHHOH HEMPEPHIBHOCTH MO~
HO BBOJHMTH HE II0 OTHOIIEHHIO K IIOCJE€N0BaTEeJbHOCTH (PYHKIMH, a IO
OTHOLUEHHIO K JI060MY 6€CKOHEUHOMY MHOXECTBY (PYHKIIHA.
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§ 6. CTEITEHHDBIE PAJDBI

1. Crenennoit papn u o6aacth ero cxoguMocTH. CTeneHHH M P 1-
AoM Ha3bBaercsl (YHKUHOHaJbHHHA psn BHAA

a, + Za,,x":ao—{- ax+at+ ..., (2.61)

n=|

rae ag, ai, az, ..., Qp, ... — HOCTOSHHHEE BelleCTBEHHble YHCJAa, Ha3Bl~
BaeMHe Ko3Pduuuenramu psana (2.61). TlocrapaeMcs BHSsiC-
HHTh, KaK YCTpOeHa 006JacTb CXOAHMOCTH JIO60Oro cremeHHOro psja.

3aMeTHM, 4TO 8Cakull cTenennol pad cxodurcs 8 Touke x=0, mpH-
YeM CYWECTBYIOT CTeNneHHBle PSABI, CXOAsAIIHecs TOJbKO B 3TOHA TOuke

(nanpumep, psan Zm nixn).
n=1

CocraBuM ¢ nmoMomplo KO3 GHUUEHTOB a, psAa (2.61) caeayios
LyI0 YHUCJOBYIO NOCJIEeN0BaTENbHOCTD:

V) (r=1,2, ... (2.62)

MoryT npeacraBHTbcsi ABa caydasi: 1) mocaenoBatenpHOcTh (2.62)
SBJSEeTCH HeOTpaHHUYEHHOH; 2) mocrenosateabHocTs (2.62) sB-
JseTci OrpaHHYeHHO H.

B caysae 2) y nocnenosatenpHocTH (2.62) cymecTByeT KOHE Y-
HH I BepxHHi npeden (cM. m. 1 § 3 ra1. 3 u. 1), xOTOpHHA MBI 0603Ha«
yHM yepe3 L. DToT BepxHHil npejen L 3aBefoMo HeoTpHuaTtedeH (Tak
KaK BCe 3JeMeHTh nocjenoBaTeqbHOCTH (2.62) HeoTpHUmATENbHBI, a
clefoBaTeNbHO, W JI00asi MpejesbHasi TOYKAa 3TOH IOCJeA0BaTe/bHO-
CTH HEOTPHIATeJhHA).

TlopBoasi uror, MBI NPUXOJHM K BBIBOAY, YTO MOTYT NpPeJCTaBHThCH
caeaywomue Tpu caydas: 1) nociepoBartesibHOCTh (2.62) aBasiercs He-
orpannyenHoii; II) mocnepoBatespHocTh (2.62) siBAsieTcss orpaHHyeH-
HOH M HMeeT KOHeyHHIH Bepxuuii mpeaea L>0; III) mocaenoBatesns-
HocTh (2.62) sBisieTcsl orpaHMuYeHHOH M HMeeT BepxHHH mpenen L=0,

HoxaxeM Tenepp cleayiouiee 3aMeuaTelbHOE yTBEPIK/IEHHE.

Teopema 213 (reopema Komu — Apnamapa). 1. Ecau nocaedo-
sareabHocTy (2.62) He oepawuxena, to crenennot psd (2.61) cxo-
durcs auws npu x=0.

L. Ecau nocaedosareavrocre (2.62) oepanuterna u umeer eepx-
Huil npedea L>0, 1o pad (2.61) abcoatorro cxodurcsa 0as 3Ha4wenul
x, ydosaersoparowux nepagencrsy |x|<l1/L, u pacxodurcs Oisa 3Ha-
uenuil x, yoosaersoparouux nepasencray |x|>1/L.

III. Ecau nocaedosareasvrocrs (2.62) ozpanudena u ee 8epxruil
npedea L=0, to pan (2.61) abcoarrro cxodurca OaR 6cex 3Haxe-
Huil x.
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HoxasarteabctB 0. I. Ilycts nocaenoBatensHocTe (2.62) He
orpaunuena. Toraa npu x#0 nocienoBaTenbHOCTD

%1V Ta,] =V Ta"]

Takxe He OrpaHHYeHa, T. €. Y 3TOH NOCJIenoBAaTEJbHOCTH HMeIoTCs
4JIEHbl CO CKOJb YTOAHO OOJbLUIMMH HOMepaMH 7, yJOBJETBOPSIOLIHE

HEPaBEHCTBY "/la,,x"|>l, uig |apx™|>1. Ho 310 o03Hauaer, uyro
ans pspa (2.61) (nmpu x+0) HapymeHo Heo6X0AHMOe YCJIOBHE CXO-
aumoctd (cm. m. 2 § 1 ra. 1), 1. e. pan (2.61) pacxomurtcs npu x50,

II. Tlycte mocaenoBatenbHOCTh (2.62) orpanuueHa H ee BepxXHHH
npeaen L>0. Jlokaxem, uto psan (2.61) a6GconmOTHO CXOAHTCS NPH
|x{<1/L u pacxoaurcs nps |x|>1/L.

a) duxcHpyeMm cHauajga JI060e x, yJOBJETBOpsIOlLIEe HepaBEHCT-
By | x| <1/L. Torpa Hafinercs >0, takoe, yt0 |x|<1/(L+e). B cuny

n

CBOHCTB BEDXHEro npejena Bce 3JeMeHTH J|dn|, HauMHasi ¢ HEKOTOPO-
ro HOMepa 1, yAOBJETBOPSIOT HEPABEHCTBY

VTa.] <L+—.

Takum 06])330M, HayHHasg ¢ 3TOro HOoMepa n, CIpaBeJJHBO HepaBeHa

CTBO )
n L 2
VT = 12V Ta, < H- < 1,

T. e. pan (2.61) ab6comorHo cxoauTcs no npusHaky Komu (cM. m. 3
§2ra 1).

6) ®uxrcupyeM Temepr J1060€ ¥, YAOBJIETBOpsiiollee HepaBEHCTBY
|x|>1/L. Torna naiinercs ¢>0 Takoe, yto |x|>1/(L—e). Ilo ompe-
JleieHHIO BepXHero npeneja M3 NocjejloBaTelbHOCTH (2.62) MoxHO

’lk -
BRUIGTHTh IIOANOCIEI0BATeABHOCTE |V [@n,| J(k=1,2, ...), cxona

mylocss K L. Ho 370 03nauaer, 4TO, HauMHas C HEKOTOPOro HoMepa &,
CrpaBeJJIMBO HEpPaBEHCTBO

L—e< Va,[ < L+e.

Takum o6pasoM, HauHHas ¢ TOr0 HOMepa K, ClpaBeJJHBO HepaBeH-

CTBO
Y a— " L—e
VNl = 21V 1a,| >E=2=1,

HJIH
| ankxnkl > 1'

OTKyJa BHMJHO, YTO HapyllleHO He06XO0JMMOe ycJOBHE CXOAHMOCTH pf-
Aa (2.61) u 3TOT psAn pacxoaMTCs.
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II1. IlycTe mocaepoBaTesbHoCcTh (2.62) orpaHHYeHa M ee BepPXHHH
npefen L=0. Jokaxem, uto psa (2.61) abcomOTHO CXOAHMTCS NPH
J060M x.

®uxcupyem npousponbHoe x70 (mpm x=0 psa (2.61) 3asenomo
a6comotHo cxoautes). Ilockonpky BepxHHi mpeaen L=0 u mocJaeno-
BaTeJbHOCTh (2.62) He MOXXeT HMeTb OTPHLATEJbHHIX NPEAEJbHBIX TO-
yek, yncao L=0 siBasieTcs eJHHCTBEHHOH NpejeJpHOH TOYKOH, a
CJIe10BaTEJIbHO, SBJISIETCS NPEefeJOM 3TOH IOCJIe10BaTeNbHOCTH, T. €.
nocjejnoBaTeabHocTh (2.62) siBasiercst GECKOHEUHO MaJIoH.

Ho Torna masi moJoxuTenbHoro uHcaa 1/(2|x|) Hafinercs HOMep,
HaguHas ¢ KOTOpPOro
1

2|x| *

Vel <

Crano 6HTh, HaUHHasi C YKa3aHHOINO HOMepa,
n n,— 1
V |a,,x"|=|x|)/ |an| <?<1,

T. e. pan (2.61) aGcomoTHO cxoauTcss K npu3Haky Kommwm (cm. m. 3
§ 2 ra1. 1). TeopeMa MONHOCTBIO JOKa3aHa.

JokazaHHasi TeopeMa HeNOCPEJACTBEHHO NPHBOAMT K CJelyloleMy
¢GbyH1aMeHTalIbHOMY yTBepK/JEHHIO.

Teopema 2.14. [an kasdozo crenernnozo pada (2.61), ecau on
He R8aseTca padom, cxodaujumca auws 8 Touke x=0, cyuecrsyer no-
Ao UTEAbHOR 4UucA0 R (803MOdCHO, pasroe 6eCKkOHE4HOCTU) TAKOE,
4To 3TOT pad abcoaroTHo cxodurcs npu |x|<R u pacxodurcs npu
|x|>R.

ATo uHca0 R Ha3biBaeTcsi paJHyCOM CXOJHMOCTH paccMar-
pHBaeMOro CTeleHHOro psija, a HutepBaa (—R, R) HasplBaercs I p 0-
MEXYTKOM CXOJAHMOCTH 3Toro psjaa. [las BbYHCJIEHHS pajHy=
ca CXOJAMMOCTH ClpaBeJJHBa GHopMyJa

1
R=—L1 (2.63)
—U—ml/-|an|

n—>o

—r
(B cyuae, korga limy/ |a,| =0, R= oo).
n—>o
Sameuanue 1. Ha koHmax npomexyTka CXOJHMOCTH, T. €. B
TOykKax x=—R u x=R, cTeneHHo# psAA MoXKeT GHITH KaK CXOAALIHMCH,

TaK H pacxoAsmumcs 9,

9 OtmetEM cJaenylomylo TeopeMmy AGeas: ecau crenennoil psd (2.61)
cxodurca npu x=R, To cymma ezo S(x) ssrserca HenpepbisHoii 8 TO4Kke R caesa.
Bes orpanmyenHsi OGLIHOCTH MOMKHO CYHTaTh, 4TO R=1, HO B TaKOM BHAe TeopeMma
Abens (daxkTHYecKH YTBEpKAAIOLIaf pEryJspHOCTb MeTOZa CyMMHpOBarus Ilyac-
coHa—AGens) nokasana B n. 2 § 7 ra. 1.
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«©
Tak, naa paga 1 + zx" panuyc CXOAMMOCTH R paBeH elHHHIE,
n=1
MpPOMEXYTOK CXOAHMOCTH HMeer Bua (—1, +1), u 3ToT psan pacxo-
JIUTCS Ha KOHIIAX 3TOro NpOMEeXyTKa,
@

HOas psana 2 iz IIPOMEXYTOK CXOAMMOCTH ToT Xe (—1, +1),
n=1 "
HO OH CXOJHTCH Ha 06OHX KOHIAX 3TOr0 MPOMEXYyTKa.

3ameuauune 2. Bce pesyapraThl HacTosiuero IyHKTa CHpaBefs
JAuBb a5 psaaa (2.61), B XOoTOpoMm BellecTBEeHHasi IepeMeHHas X 3a-
MeHeHa KOMIIJIeKCHOH nepeMeHHOiH 2. Il Takoro psifia ycTaHaBJIH-
BaeTCsi CylleCTBOBaHHe IIOJOXHTEJbHOIO 4YHcaa R Takoro, 4To psj
a6comoTHo cxoautcs mpd |2| <R u pacxomurcs npH 2| >R.

s priyvcaends R cnpaBepauBa ¢opmyaa (2.63). Uucao R Ha-
3HBaeTCs pajJHyCOM CXOJAHMOCTH, a obmacTe |2|<R — Kpy-
roM CXOJHUMOCTH CTENEHHOro pfaja.

2. HenpepsiBHOCTL CYMMB crtenenHoro psapa. Ilycte cTeneHHoR
psan (2.61) umeer paguyc cxogumoctd R>0.

JleMwma. Kakoso 66l Hu 66110 noaoKHUTeAbHOE HUCAO T, yOOBAeT-
soparuee ycaosuro r<R, pad (2.61) pasHomepro cxodurcs Ha cee-
mente [—r, +r], 1. e. npu |x|<r.

HokasateabctBOo. B cuny teopemn 2.14 psanp (2.61) aGco-
JIIOTHO CXOAMTCSl IIPH X=T, T. €. CXOAHTCH DAl

|G| + ¥ aq]r™.

n=1

Ho sToT uncnoBO#l psij CAYXKHT MaxKOpaHTHEIM AJs psia (2.61) mpu
BceX X U3 cerMmeHta [—r, +r]. Ha ocHoBanun npusnaka Bernepmrpac-
ca pajg (2.61) cxonutcs paBHOMepHO Ha cermente [—r, +r]. JlemMma
Jl0Ka3aHa.

CrneactBHe M3 aeMMBl. B ycrosusx semmo. cymma psaoda
(2.61) seasnerca ¢ynkyuell, nenpepvisrol na ceemente [—r, +r] (8
cury Teopemol 2.7).

Teopema 2.15. Cymma crenennoco pada 8HYTPU e20 nPOMENYT-
Ka cx00UMOCTU RBARETCA HENPEepPLLBHOL (yrKyuel.
~ HoxkasateanbctBo. Ilycte S(x) — cymma crenensoro psaa
(261), a R — ero paauyc cxoaumoctu. PuKcupyeM J06oe X BHYTPH
NPOMeXyTKa CXOJHMOCTH, T. €. Takoe, uTo |x|<<R. Bcerma Halimercs
YHCHIO r Takoe, uTo |x|<r<R. B cuay cieactBHs U3 JeMMbl QYHKIHS
S(x) HempepsiBHa Ha cerMente [—r, +r]. CiepoBaresnHo, S(x) He-
npepuiBHA H B TOYKe x. TeopeMa joka3aHa.

3. TlouseHnoe mHTErpHpoBaHWEe M moYJeHHoe AHpdepeHuHpOBaHUE
CTENneHHOro psiaa.

Teopema 2.16. Ecau R>0 — paduyc cxodumocTu crenesHoz20
pada (2.61), a x ydoenersopser ycarosuwo |x|<R, 10 psd (2.61)
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MOJCHO NOYAEHHO UHTeepuposats Ha ceemenre {0, x]. IToayuexnoui 8
Pe3yrbTATE NOYACHHO20 UHTE2PUPOBAHUs PAG umeeT TOT e paduyc
cxodumoctu R, 410 u ucxodmoili pao.

HokasartenbcTBo. [las mo6oro x, yAOBIeTBOPSIOUIErO yCJO-
BHI0 |x| <R, Haiinercs r Takoe, yto |x|<r<R. Coriacuo jeMMe psj
(2.61) cxoauTcs paBHOMepHO Ha cerMeHTe [—r, +7], a cienoBaTelb-
Ho, H Ha cerMente [0, x]. Ho Torna B cuay teopeMnl 2.8 3TOT paR
MOXKHO MOYJIEHHO HHTErpupoBaTh Ha cermente [0, x].

B pesyabraTe NOYJEHHOrO HHTErpHPOBaHHs MOJYYHTCS CTENEHHOH
paa

a0x+—921—x2+... +%x"—l—...,

pandyc CXOAMMOCTH KOToporo (corsacHo teopeMe 2.14) ssasercs Be-
JHYMHOH, 06paTHO! BepxHeMy INpeJesy MocJeJ0BaTeJbHOCTH

n
i/lan—ﬂ — 1/n|ﬂ_r1:—_1| . (2.64)
n ]/n
Tax kak BepxHMi Npejes nocjaenoBareJbHOCTH (2.64) TOT Ke, yTO M

y (2.62) 9, To TeopeMa aoKa3aua.

Teopema 2.17 Crenennoii pad (2.61) sryrpu ezo npomesyrxa
cxodumocTu mosxcHO Ougppeperyuposare nousenno. Pad, noayenoiti
nourernoim OJugpeperyuposanuem, umeer TOT KHe Pacuyc CcxoouMo-
CTU, 4TO U UCX00HbLL PAd.

IlokaszateabcTBo. JlocTaTouHo (B CHIy TeopeMH 2.9 H JeM-
MBI) J0Ka3aTh JIMIIb BTOPOE YTBEPXKAEHHE TEOPEeMHI.

B pesyabrare nousennoro puddepennupoBanus (2.61) noayuum
pAn

ar+2ax+. . +naxr—1+ (nt+1) ap x4+ ..,

paauyc cxomuMoctu R koroporo (coriacHo TeopeMme 2.14) o6Gparen
BEepXHEMy NpeJeNy Mocjael0BaTeJbHOCTH

(Vi + Dlansl |- (2.65)

Tak kak nocnenoBatenbrocTs (2.65) MMeeT TOT Ke BepXHHH Mpejed,
uyto u (2.62) 'V, T0 TeopeMa noKa3aHa.

n-—w©

_—n,—
= lim y/|enl,
n—»wo

n
. n- —n,———  o—ntl,——  — n,———nFl
10) Tak kak lim r{/n: 1, nl_l:: "/Ian_l [= ’}er:o"+/|an| = nhj.la {r;‘/|a,,|}"+l=

n

y e, A
") Tax xax lim "2 T=1, Timy/Ta, 1= Tm /Ianl=n1_1’rr; {(V1aa}"" =

= n
= lim / |an).
n—w
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Cnencrsue u3 teopemu 2.17. Crenennoi pad sHyrpu eco
NPOMENYTKA CXOOUMOCTU MOXCHO Ougppepenyuposars nOYAEHHO CKOAb-
KO y200HO pa3. PR0, noiy4enHbll n-KPaTHols noYAennbim duddeper-
Yuposaruem UCXOOK020 CTeNneHHo20 pada, umeer TOT e paduyc cxo-
JUMOCTU, YTO U UCXOOKbLI paa.

§ 7. PASJIO)KEHHE ®YHKUHN B CTENEHHDBIE PAIbI

1. Pa3jioxkenre QyHKIHH B CTENEHHOH psf.

Onpenenenune l. Bydem zosopurs, uro ¢ynxyus f(x) Ha un-
repsasre (—R, +R) (Ha mHoocecTee {x}) modser O66LT6 pasio-
HeHa 8 cTenernHOU pad, ecau cyuecTeyer crenennoll pad, cxo-
dawuiica k f(x) Ha yxasarHom uxtepsane (YKA3AHHOM MHOXHCECTEE).

[TpuBeneM HeoGXomHMble H JOCTAaTOUHblE YCJOBHS TOro, 4TOOH
¢yHkuus f(x) Moria O6HTH pasjOXeHa B CTENEHHOH pAM.

YrBepxaeuune 1. [Jaa roeo urobor ¢ynkyusa f(x) moesa 66iro
pasromcena e crenennol pad na uunrepsase (—R, +R), Heobxodumo,
4T06bL 3TA (YHKYUA UMEAQ HA YKA3AHHOM UHTEpeare HenpepuieHbie
npoussodnsie ar06020 nopadka '?,

JleiicTBHTENBHO, CTENEHHOH PAJA BHYTPDH €ro IPOMeXYTKa CXOMIH-
MOCTH, KOTOPHIH BO BCSIKOM CJydae COAepXHT uuTepBal (—R, +R),
MOXHO IOYJEeHHO Au((depeHIHPOBATb CKOJbKO YrOAHO pas, NPHYEM
BCe MOJyYeHHble NPH 3TOM PSAAHK CXOAATCS BHYTPH TOTO Ke IIpoMe-
XKyTKa cXonuMocTH (Teopema 2.17).

Ho Torna cyMMbl psiioB, NMOJY4YeHHEIX CKOJb YTOJHO KpPaTHHM AH(}-
epeHypoBaHueM (B cuay Teopemn 2.15), mpeAcTaBAsOT co6o#
(QYHKUHH, HempepHIBHBIE BHYTPH YKAa3aHHOTO IpPOMEXYTKa CXOAHMO-
CTH, a CJeq0BaTe/]bHO, HeNpephBHEE Ha HHTepBale (—R, +R).

YrBepxaeuue 2. Ecau ¢pynxkyusn f(x) modxcer 66iTo HA unTep-
saze (—R, +R) pasaoxena 8 crenennol pad, TO AuULb eOUHCTBEH-
HolM 06pasom.

B camoM pene, mycte @yHkums f(x) MoxeT ObITh pasjoXKeHa Ha
uuTepBane (—R, +R) B crenennoit psaa (2.61). Iuddepenunpys sTor
PAR NOYJEHHO n pa3 (YTO 3aBelOMO MOXHO JenaTh BHYTDH HHTEp-
Bana (—R, +R)), noayuum

f™ (x)=apnltany (n+1)1x+. ..
Orciona npu x=0 Halinem
[ (0) =ann!,

(n
Han g, =120 (2.66)

n!

1) OTMeTHM, YTO CYWIECTBYIOT (PYHKILHH, HMEIOUHE HAa HHTepBaJe HemnpephHBHHE
NPOH3BOAHKE JIOOOro NOpAAKa, HO He pas/ioXKHMHeE Ha 3TOM HHTEpPBaje B CTeNeH-
HOA psaj. [TpumepoM TakOR (GyHKIHHE MOXET CJYXKHTb

—1

f(x)={e " npm x 540,
0 nmpr x=0.
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Taxum o6pasoM, kKoapdHHeHTH cTenmeHHoro psiza (2.61), B kKoTo-
PHI MOXeT OBITb pasyoXeHa QyHKuHf f(x), 0o0HO3Hauwo onpedeis-
rorcs gpopmyaoti (2.66).

[Ipeanonoxum Tenepb, yto GyHKuHs f(x) HMeeT Ha HHTepBaJje
(—R, +R) uHenpepHBHbIe NPOH3BOJHHE JI000r0 MOPSAKa.

" Onpenenenue 2. Crenennoid pad (2.61), xoagppuyuenror xo-
T0po2o onpedeaarorca ¢gopmyson (2.66), naseisaerca padom Teii-
Aopa ¢ynrkyuu f(x).

YTBepik/JeHHe 2 NPHBOAHT HAac K CJeAyOlIeMy yTBEPKIEeHHIO.

YrBepxaenue 3. Ecau ¢pynxyus f(x) moxer 6oito pasioxce-
Ha na unrepsase (—R, +R) 8 crenewnoii pad, To 3ror pad asaser-
ca padom Tetiropa ¢pynxyuu f(x).

U3 pesynpraTtoB § 8 ri. 6 u. 1 HemocpeacTBEHHO BHITEKaeT cJe-
nywouiee

Yreepxaenue 4. [Jaa tozo 410606t pynkyus f(x) moeaa 6oire
pasaoscena 8 pad Tetiaopa na unrepsase (—R, +R) (na mnoswcecr-
se {x}), Heobx00umo u GocTaTo4KO, 4TO6bL OCTATOUHOLIL 4AeH 8 ¢op-
myse Maxsopena Oan 310U YHKYUU CTPEMUACA K HYAO HA YKA3AQH-
HOM unTepsaie (YKA3aHHOM MHOJCECTEE).

2. Pa3NoxKeHHe HeKOTOPHIX 3jemeHTapHbX GpyHkunit B paa Tehao-
pa. B u.1 (cM. . 2 § 9 ra. 6) mokasaHO, 4YTO OCTATOYHHE UJIEHH B
tdopmysne MaxnopeHa s ¢yuruu#i e*, cosx H sinx crpemATcd X
HyJ1I0 Ha Bceldl UYHCJIOBOA NpSIMOH, a OCTAaTOYHHHA ujeH B ¢opmyae
Maxnopena ans ¢yuruud In(l+x) cTpeMHTCS XK HyJI0O Ha MOJYyCer-
MeHTe —1<x<1,

B cuny yTBepxnaeHHss 4 H3 NpeAbIAYUIEro NMyHKTa 3TO MNPHBOIHT
HaC K CJAEAYIONIMM Pa3JIOKEeHHSIM:

e‘=1+i ’:.

ne=1

_ hd (__1)nxm’
C"S"—”Z (2n)!

N

. hed (_1 )flxin+l
SIN X = —_—
2 (2n+ 1!
n=0

L -]

—1)ne1xn
In(1+ x) = E G i S
n
n=1

Tlepsble TpPH H3 5THX PasJOXKeHHA CXONATCH AJs BCeX 3HAYEHHH X,

a mocaenHee — AJs 3HaueHHH x u3 moaycermeHTa —I1<x<l.
OCTaHOBHMCS Telepb Ha Pa3JIOXKEHHH B CTeNeHHOH Pl (YHKUHH
(14x)*, mru Ha Tak Ha3wBaeMOM CHHOMHAaJbHOM pfle. Ecau

f(x)=(1+x)% 10
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f™M(x)=a{a—1) (e—2)... (a—n+1) (1+x)* =,

ITosTtoMy ¢opmyna MakaopeHa ¢ ocTaTOYHHM ujaeHOM B ¢opme Ko-
M uMeeT BHA (cM. § 8 1. 6 u. 1)

n
(Ll Y SERE=Renle =R 2 R (), (26)
k=1

e
Rug1 () = L2 s ()
_ (1—6)n

nl

- 1—0\8 (a—1)(ax—2)...(x—n) —1 1t
(l-}-ex) = a(1 4 0x)e—1xn (2.68)

Hea(a—1)(ea—2) ... (x—n) (1 +0x)e—"—1=

{6 — HeKoTOpOe uHCJO H3 HHTepBaaa 0<6<1).

CHayana y6epuMmcss B TOM, uto mpu «>0 BCloAy Ha HHTepBaJe
—1<x<1 ocTaToyHHI WleH Rnp4i(Xx) CTPEMHTCH K HyMIO (IpH n—>0o0).

B camoM gnene, Bce ulleHB MOCJENOBATEJbHOCTH {( 11-5_-_6?: )n}
BCIOy HAa YKa3aHHOM HHTepBaJjie He IIPEBOCXOAAT €AMHHIH; IOCJIeN0~

(a— 1) (x—2) ... (a—n) vy o

BaTeJbHOCTD . Jorpammeﬂa, a urHcio a(l+
+0x)*~! onpeneneno npH Jo6oM (PuKcHpOBaHHOM a>0 H NpH JI06G0M
X u3 uHTepBana —1<x<1; HakoHen, mocjefoBaTeapHOCTh {x™*!} sB-
Jsiercs: GeCKOHEUHo MaJiof Ajsi Jio6oro x M3 HHTepBana —l<x<l.

Takum o6pasoM, B cuay (2.68) ocraToyunf uneH Rn+i(x) crpe<
MHTCs K HyJI0 AJs j1060ro ¢GHKCHpOBaHHOro >0 u J060ro x H3 HHs
TepBana —1<x<1.

CnepoBatenpbHo, B cuay (2.67) npu a>0 BcloAy Ha HHTepBaje
—1<x<1 cnpaBefJHBO pa3JOKeHHE

. O a(a—1)(a—2) ... (a—k41) s
(l+xe=1+ Y ) 2. (2.69)
kel

IoxkaxeM Teneps, uto npu o>0 pad, croawud 8 npasod ua-
cru (2.69), pasHomepHo cxodurca k @yuxyuu (1+x)* na 3amKHY-
TOM ceemeHTe —1<x<]1.

Bclony Ha yKasaHHOM cerMeHTe 3TOT PsiJil MaXXOPHpyeTcs 4YHC-
JIOBHIM DSIIOM :

E Ial'“_al"k;“lk_l’—al- (2°7°)
ke
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B cuny npusnaka Bejieputpacca Assi ycraHOB/IeHHS paBHOMeEp-
HOA Ha cerMeHTe —1<x<1 CXOAMMOCTH psija, CTOSILEro B IpaBoil
yacTH (2.69), M0CTaTOYHO J0Ka3aTh CXOAMMOCTb MaXKOPHPYIOLIEro
psaaa (2.70).

CHoskayuM k-i uinen pama (2.70) cumBosoM p. Torna aas
BCeX J0CTAaTOYHO GOJBLIMX R MONyuHM

Praa _ k—oa =1— 140 (2.71)

Pr E4+1 k41
U3 dopmyan (2.71) BHTeKkaer, yTO

i __M)= im—*_
k_.rgk(l Pr (1+a);3_1.r2 B4 1 (I+a)>1,

T. e. psaa (2.70) cxoautcs B cuay npu3Haka Paabe (cM. m. 5 § 2
ra 1).

Takum o6pa3oM, nokasaHo, yto npu a>0 psj, cTOSIUHUHA B npa-
Boi uactH (2.69), cxomurcs paBHOMepHO Ha cerMeHTe —l<x<l.
Ocraercss A0Ka3aTh, UTO YKAa3aHHBIH P CXOAMTCH HA CerMeHTe
—l<x<1 K pyHkuuu (1+x)=

B cuny poxasaHHOro BhILIE CyMMa yKasaHHoro psiga S(x) u
¢yHkuusa (14+x)° coBnajalor Bcloay Ha uHTepBane —1<x<1. Kpo-
Me Toro, o6e ¢yukuuH S(x) u (l+x)® HempepHBHB Ha CErMeHTe
—l<x<1 (dpyHxums S(x) kKak CyMMa DaBHOMEDHO CXOASILLErocs
pPAla U3 HeNpepHBHHIX (YHKIHH; HenpepHBHOCTb (PyHKuuH (1+x)°
npu o.>0 oueBHAHa).

Ho rtorna 3uauenus S(x) u (l+x)® B Toukax x=-—1 u x=lI
06si3aHEl COBHIAjAaTh, T. €. psj], CTOSIUMH B mpaBod uactH (2.69),
paBHOMepHO cxoautcs K (l+x)* Ha 3aMKHYTOM cerMeHTe —l<x<
<l

3. BnemeHTapHble NpeAcCTaBIeHHA 0 GYHKIHAX KOMIJIEKCHOH Me-
peMenHo#l. Bhlie oTMeuasoch, YyTO Ha CJydyall CTelNeHHOro psaa
OTHOCHTEJILHO KOMIJIEKCHOH NepeMeHHOH 2

aptaz+agz?+. . Hazn+. ..

nepesocsaTcs TeopeMu 2.13 u 2.14 (0 cymiecTBOBaHHH H BeJIHYHHE
pajHuyca CXOJHMOCTH). Psilel TaKOro THIAa HCIOJbL3YIOTCH AJs onpe-
JlelleHHs: QYHKUHH KOMILIEKCHOH mepeMeHHOH 2.

DyHKIHH €%, cOSZ M SiNZ KOMIJIEKCHOH IlepeMeHHOH zZ ompeje-
JAIOTCS KaK CYMMH ClAeAYIOIIHX PSAAOB:

= n
=14 2l (2.72)
;l nl
_ s (—1)nzen
cosz=1+ e (2.73)

ne=1
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o
(—1)nzen#

(2n+1)!

n=0

sinz= (2.74)

Jlerko npoBepuTh, YTO 3TH PAAH a6CONIOTHO CXOAATCH JJs BCeX
3HaueHHH Z (HX pagHyc CXOAMMOCTH R=o0).

YcTaHOBHM Terneph CBs3b MeXAy GOYHKUHAMH €%, cOSZ H sinz.
3amensas B popMyae (2.72) z ua iz, noayyuM

iz)b

elz=l+lz+ (iz)Z + ([2)3 + ([2)4 + (

2! 3l 1 B T
28 P . 23 25
=(l——2T+—I!—-—...)+l(z"—7+—5!—-—.-.). (2'75)

ComocraBasisi npaBylo yacTb paBeHCTBa (2.75) ¢ pa3nioKeHHs-
MH (2.73) u (2.74), npupeM Kk cienyiomei 3amMeuaTespHOH (HopMy-
Je:

eiz=cos z+isin z, (2.76)

®opmyna (2.76) urpaer ¢GyHAaMEHTANbHYI0 pOJIb B TeOPHH
GyHxuui KOMIUIEKCHOR NepeMeHHO# H HasHBaerci GopMmyuaol
Ditaepa.

ITonarass B ¢opMyne Diepa mepeMeHHyl0 2 paBHOW CHadaJja
BEIlECTBEHHOMY YHCJAY X, a 3aTe€M BeUIeCTBEHHOMY YHCJAYy —x, IO«
JyYHM Claejyloliye (GopMyJIbl ‘

ei*=cos x+isinx, e **=cosx—isinx.

CknansiBass ¥ BHYHTass 3TH (GOPMYJH, NOAYYHM (OpMYJsl, BHpa-
XKalomHe cos x ¥ Sin x yepes MoKasaTeJbHYI0 QYHKIHIO:

Lx ~Ix
cos X = —e—%e——,
' pr i (2.77)
sinx = .
20

B 3akmioueHne OCTAaHOBHMCS Ha ONpeJeJeHHH Jorapudmuue-
CKOHf (PYHKUHH W=INn2Z KOMIJIEKCHO# nepeMeHHOH 2. ATy (YHKUHIO
€CTECTBEHHO ONpENENHTh KaK (PyHKuHIO, OGpaTHYI0 NOKa3aTelb-
HOH, T. e. U3 cOOTHOWleHHss 2=eY¥, [lomaras w=u+iv, 2=x+iy, no-
CTaBHUM nepej co6ofi UeJb — BBIPA3HTh U H U yepe3 z=x-+tiy.

M3 cooTHOleHUs

z2=xt+iy=e*tiv=e%{cos v+isin v)

NOJYYHM, HCIOJIB3YSl MOHATHA MOAYJA H apryMeHta KOMIIJIEKCHOrO

YyHcaa,
2] =V x* + y? =e", argz=uv—2nk,
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riae
k=0, =1, £2, ...

U3 noclielHHX PaBEHCTB HaXOJHM, YTO
u=In|z|=InV 2+ 43,
v=argz+2nk (k=0, =1, =2, ..)),
HJIH OKOHYaTeNbHO
Inz=In|z|+i(argz+2nk), rae k=0, =1, £2,... (2.78)

®opmyna (2.78) nokaseiBaer, yTo JorapudMuueckass (QYHKIHS
B KOMILIEKCHOH 006JaCTH He sA8aAeTca O0OHO3HAuHOU: ee MHHMas
9acTh AJSA OJHOI'O H TOrO e 3HauyeHHS 2 uMeeT OeCUHCJIEHHOE
MHOXKECTBO 3HaYeHHi, OTBeYalOIIUX pasjuyHeiM k=0, =1, +2, ...

Jlerko NMOHSITH, YTO aHaJIOTHYHAsi CHTyauusi OyneT HMeTb MecTO
H TIpH ONpejesieHHH B KOMIJIEKCHOR 06sacTH oOpaTHHIX TPHTOHO-
MEeTpPHYeCKHX QYHKIHH.

4. Teopema BeifiepmiTpacca 0 paBHOMepHOM npHOJHXKEHHH Henpe-
pbIBHOH (YHKUHH MHOTOYJEHAMH.

Teopema 2.18 (teopema Beiiepmitpacca) '¥. Ecau ¢pynxyua f(x)
HenpepoiHa Ha ceemenTe [a, b], To cywecreyer nocaedos8areasbHoCTs
muozousenos {P,(x)}, pasnomepro na ceemente {a, b] cxodawasnca &
f(x), 1. e. daa mobozo €>0 Hatiderca muozousen P,(x) ¢ Homepom
n, 3a8uUCAUWUM OT €, TAKOL, YTO

| Pa(x)—f(x)|<e

cpasy 0aa acex x u3 ceemenra [a, b).

HunMu cioBami, nenpepolsryto na ceemenrte {a, b] ¢pynxyuro f(x)
MOJMCHO POABHOMEPHO HA 3TOM Ce2meHTe NPUBAUSUTL MHO204NEHOM C
Haneped 3a0aHHOI TOLHOCTHIO &. '

JokaszateabcTBo. He orpaHuuHBas OGIIHOCTH, MBl MOXKeM
BMecTO cerMenTa [a, b] paccmatpuBaTth cerment {0, 1]!9. Kpome Toro,
JAOCTaTOYHO A0Ka3aTh TEOpPeMy [Js HeNpepbiBHON (GYHKLMH f(x), 06-
pauamulefics B HyJb Ha KoHuax cermeHdTa [0, 1], T. e. ynoBaerBopsio-
me#t ycaosusam f(0)=0 u f(1)=0. B camom nexne, eciu 6H f(x) He
YIOBJIETBOPsiia 5THM YCJIOBHAM, TO, HOJOXKHB

g (x)=f (x) = (0) —x[f (1) =F (0) ],

MBl moJiyynsid OB HenpepeiBHYlo Ha cermente [0, 1] ¢yukuuio g(x),
yaosaerBopsiomyio ycaosusaM g(0)=0 u g(1)=0. Torna 3 BO3MOXK-
HOCTH INpejicTaBleHHsi g(x) B BHle Ipelesla PAaBHOMEPHO CXOXSIEH-
Csl TOCJIef0BAaTEJbHOCTH MHOrOYJIEHOB BhiTeKaao GH, 4To M f(x) mpen-

13 Dra ¢ynnaMenrtaibHas TeopeMa Ona HokasaHa Beiiepmrpaccom B 1895 r.
'4 TTocKOJIbKY ONHH H3 5THX CErMeHTOB Npeo6pa3yercsi B APYrof JHHEAHOH 3a-<
MeHOR x= (b—a)t+a.



§ 7. Pasnoxenne GYHKUHA B CTelleHHBle PSAE 113

CTaBMMa B BH/e MpeJesa PaBHOMEPHO cXoasiefics IOCTIeN0BaTeNbHO+
CTH MHOrouJeHoB (TaK KaK Pa3HOCTb f(x)—g(x) sBAseTcs MHOroujes
HOM IIePBOH CTeNeHH).

Hrak, nycte ¢dynknus f(x) HenpepbiBHa Ha cermente [0, 1] ¥ yaoB-
aersopsier ycaoBusM f(0)=0, f(1)=0. Takyio dyuxuuwo f(x) MOXHO:
MPOAOJIKHTL Ha BCIO NMPAMYIO, NOJIOXKHB ee pPaBHOA HYJIO 3a Mpeje-
namu cermenta [0,1], u yTBepKaaTh, YTO TaK NPOAOJKEHHAs (YHKUHST
ABAAETCA PABHOMEPHO HenpepuleHol Ha aceil npamoil.

PaccMOTpHM clleayIolyl0 KOHKPETHYIO MOCJTEN0BaTeNbHOCTh HEOT=
pHIATeNbHBIX MHOTOUJIEHOB CTENEHH 2n:

Qn(x)=ca(1—x%)" (n=1, 2, ...), (2.79)

Y KaXJoro U3 KOTODBIX HOCTOSIHHas Cn BbIﬁpaHa TaK, YTOOH BHIOJ~
HAJIOCb PaBeHCTBO

S'.Q,,(x)dx=1 (n=1, 2, ...). (2.80)
=1

He BbluncAsis TOYHOrO 3HaUeHHs NMOCTOSIHHOH Cn, OLEHHM ee CBep=
xy. das storo saMeTuM, yrto AJs jgoGoro nomepa n=l1, 2, ... u Las
Bcex x u3 cerMenta [0, 1] cnpaBenuBo HepaBeHCTBO !®)

(1—x?) > 1—nx?. (2.81)

1
ITpuMensis HepaBeHncTBO (2.8]1) M yumrhBasi, uT0 —= <X | nmpu o=
v n

60M n>1, 6yaeM umeThb

+1 1 yve
S‘(1—x2)ndx=2 (1—x?)rdx > 2 S (1— x2)rdx >
-1 ZJ 0
Ve . ) :
— ) dy = —- 892}
>2 S (1—n)ds =i > e (2.82)

0

M3 (2.79), (2.80) u (2.82) sakniouaeM, 4TO /I8 BCeX HOMEDOB
n=1, 2, ... cnpaBeAJHBa CJejylomas OlieHKa CBePXy AJS IOCTOSHs
HOH Cp:

¢, < Vn. (2.83)

5) DTo HepaBeHCTBO BHITEKAET H3 TOrO, 49TO NPH Jio6oM n>1 byHkmHA @(x)=
= (1—x2)»—(1—nx?) neoTpuuaTenbHa BcroAy Ha cermente O<x<1, TaKk Kak 3Ta
¢yHkuMa obpamaercss B Hyabp nopd x=0 H HMeeT BCIOAY Ha 3TOM CerMeHTe He-
OTpHLaTeNbHYIO NMPOH3BOIHYIO @’ (x) =2nx[l— (1—x2)n~1].
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M3 (2.83) u (2.79) BhiTekaeT, yto npH Ji0b6oMm 6>0 aAas Bcex x H3
cermenTa 8< |x| <1 cnpaBeaJHBO HepaBEHCTBO

0<Qu(x) SV (1—&) (2.84)

U3z (2.84) camenyert, 4To npH J1060M ¢HKCHpoBaHHOM 6>(0 nocie-
JOBaTeJbHOCT, HEOTPHUATENbHBIX MHOrouaeHoB {Qn(x)} cxomurcs K
HYJI0 paBHOMEDHO Ha cerMenTe 8<|x| <119,

[Tostoxkum Teneppb AJis a06oro x u3 cerMenta 0<x <l

+1
Pu(x)= [ F(x+1)Qu(t)dt (2-85)
-1

n ybepuMmcs B TOM, 4TO jaas Jo6Goro n=1, 2, ... ¢yHKRuHa P, (x)
€CThb MHOTOWIeH crenenu 2n, npuueM {P, (x)} u aBaseTcs HCKOMOM mo-
ClIel0BaTeJbHOCTbI0 MHOI'OUJIEHOB, paBHOMEPHO CXojsulelics Ha cer-
menre [0, 1] ¥ dyuruuu f(x).

Tax xak H3yyaeMass QyHKUHS f(x) paBHa HyJIO 3a NpeJesJaMH cer-
Menta [0, 1], To ana Jo6oro x u3 cermenta [0, 1] uurterpan (2.85)
MOXHO 3allHcaTh B BHJe

I—x

Po(x)= [ 1(x +0)Qu(tdt.

—X

3aMeHsis B NOCJEJHEM HHTerpaJie nepeMeHHyIO ! Ha {—x, MBI NpH-
JajilM eMy BUA

1
P, (x)={f(t)Qu(t—2)dt. (2.86)
0

Us (2.86) u (2.79) sacHo, uto QyHKuHMs P,(x) npeacraBaser co-
00l MHOIOYJIEH CTeNeHH 2n. )

Ocraercs ao0Ka3aTh, YTo nociaefoBateabHocTb {P,(x)} cxoauTtcs K
f(x) paBHOMepHO Ha cerMeHTe O0<x<1. DHKCHPyeM NpPOH3BOJbHOE
e¢>0. lns (QHKCHDOBAHHOTO € B CHJYy DaBHOMEPHOH HeNmpepbIBHOCTH
f(x) ua Bce#i uncnoso# npamon Haiaerca 6>0 Takoe, 4TO

IF(x)—f(y) | <e/2 mpu |x—y|<8. (2.87)

3ameTuM emie, yTO TaK Kak f(x) HempepriBHa Ha cermente [0, 1],
TO OHa OrpaHHYeHa Ha 3TOM CErMeHTe, a CJeJ0BaTeJbHO, H BCIOJAY Ha

16) B camoM JfeJsie, JOCTATOYHO A0Ka3aTh, YTO MOCJEAOBATENBHOCTD @n=(1 —
—82)" ¥n CXOMMTC K HYJIO, a 3TO BHITEKAeT, HANPHMEp, H3 TOrO, YTO, NOCKOJbKY
@
..n . 1/2n ] a
lim yan= (1 —8?%) limn' = (1—8)<1, pan an CXOZHTCS 1O NpH-
n—o n—»-o

suaky Kowm (cm. teopemy 1.6.).

N==l
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YHCJAOBOH MpsAMOH. DTO 03HayaeT, YTO CYUIeCTBYeT NMOCTOsiHHas A Ta-
Kasl, 4TO JJs BCEX X
[f(x) | <A. (2.88)

Hcnoar3ys (2.80), (2.84), (2.87) u (2.88) u yuuTHBasg HeoTpuua-
tenbHocTh Qn(x), ouesum pasHocTh Pn(x)—f(x). Ins Bcex x k3 cer-
MenTa 0<x<1 6yneM uMeThb

1
1P (x)—F (x)] = | S [F (% -+ 8)— F(£)] Qu () dt| <
—1

1 —8
< S 1 (% + ) —F (x)]Qq (f) di < 24 SQn(f)dH-
—1

—1
£ 6 1 o 2\n} €
t5 [ Gatr24{Q.@a <eaVn(—ryi+ 4

—8 3

HJI?I 3aBeplIeHHsA NOKa3aTeJbCTBAa TEOPEMH OOCTATOYHO 3aAMETHTD,.
YTO IJis ECeX JAOCTaTOUYHO 60JbLIHX HOMEpOB 1 ClipaBeqJIMBO HEpDaBE€H-
CTBO

4AV n (1—8) < &2.

CnencrBue u3 teopeMn 2.18. Ecau He TO28KO cama
pynkyua f(x), HO u ee npoussodnbie do Hekoropozo nopadka k
sKAtO4UTeAbHO HenpepbiBHul na ceemente [0, 1117 10 cywecrsyer
nociedosaresbHOCTy muozodrenos {P,(x)} raxas, yro xaxdas us.
nocaedosaressrocreii {Pn(x)}, {Pn'(x)}, ..., {P®(x)} cxodurcs
pasromepro na ceemente [0, 1] coorsercreenno k f(x), f'(x), ...
ceey [ (x).

B camom mese, ne orpaHHuHBasi OGUIHOCTH, MEl MOXE€M CYHTAaTh,
uyro Kaxjas u3 Qysrumi f(x), f'(x), ..., f®(x) obpawaercs B.
Hyab npu x=0 u npu x=119, a npu Takux ycaoBusix QyHxuuio f(x)
MOKHO NMPOAOJXKHTL Ha BCIO NPSMYIO, IoJlarasi ee paBHOH HYJIO BHe
[0, 1], Tak yTo mpomomKeHHas (QYHKUHS H Bce ee NMPOH3BOAHBIE J0-
nopsijKka k BKJIIOUHTEJBHO OKaXXyTCSi PaBHOMEDPHO HeNpephIBHHIMH
Ha Bce# YHCJIOBOH MpSIMOH.

Ho torna, o6o3nauas uepes Pn(x) ToT xKe MHorouaeH (2.85),.
YTO W BBbILIE, H NOBTOPSSi PacCyXJeHHs, NpOBelleHHbIe NMPH M0Kasa-
TelbcTBe TeopeMbl 2.18, MBI JOKaXeM, 4TO KaxJas H3 pasHocTeRr

Pr(x)—f(x), Pd' (x)—f (x), ..., Pa® (x)—f*® (x)

7) Koneuno, sMecto [0, 1] moxuo B3sath (g, b].

18) Ecain 6 f(x) He yAOBJeTBOpsJia 3THM YCJHOBHAM, TO MBI HAlUIH GH MHO-
rowgen pg(x) cremeHH 2k Takod, uto mas ¢ysHkuBH g(x)=f(x)—pe(x) 3TH ycnoBus:
GHJTH OH BBINOJHEHH,



116 T'n. 2. ®yHKuHOHAMbHEE [OCJAJOBATENBHOCTH B PAAH

sBJaseTcss O0ecKOHeYyHO MaJjof, paBHOMEPHO OTHOCHTEJBHO x Ha
1 cermente 0<x<l.

3ameuanue 1. FH3amoxeHHOe HaMH J0Ka3aTeJbCTBO JeErkKo
obobmaercs Ha caydyadh QYHKUMH m NepeMeHHHIX f(x;, Xg, ..., Xm),
HenpephIBHOH B m-MepHOM Kybe O<x:i<1 (i=1, 2, ..., m).

CoBepllIEHHO aHaJOrH4YHo Teopeme 2.18 noka3mBaeTcs, 4TO Aad
Tako# QyHKuuH f(Xi, X2, ..., ¥m) CYLUIECTBYeT DPAaBHOMEPHO CXOJsI«
masicss K Heff B m-MepHOM Ky6e NOCJef0BaTeNbHOCTh MHOTOUYJIEHOB
OT m NepeMeHHHX Xy, X2, ..., Xm-

3ameuanue 2, 3aMetuM, 4TOo QUrypupyouHe B Teopeme 2,18
MHOrO4JIeHb MOXHO 3aMeHHTh DYHKUHSIMH OoJsiee O6IIeli MPHPOAHI,
COXpaHsis MNP STOM YTBEpXKJeHHe O BO3MOXHOCTH DaBHOMEDHOrO
npuOyHXeHHs TaKHMH (DYHKUHAMH JI0601 HENpepuBHOH (YHK-
UM f.

JloroBopuMcsi Ha3biBaTh IPOU3BOJbHYI0 COBOKYHNHOCTH A (yHK-
IUH, onpelesieHHEIX Ha HEKOTOPOM MHoxectBe £, anre6po#, ec-
a'9: 1) f+geA; 2) fgsA; 3) af=A npu npoussoapHHX [f=A
H §EA H IPH BelleCTBEHHOM C.

WubniMu cnoBaMu, anre6pa eCTh COBOKYNMHOCTh (DYHKUHH, 3aMK~
HYTasi OTHOCHTEJNbHO CJOXEHHS M YMHOXeHHS QYHKUHH H yMHOXe-
HHs QYHKUMH Ha BeleCTBEHHbIE YHCJA.

Ecan pns kaxpao# ToukdH x MHoxectBa £ Halinercsi HekoTopasi
¢byuruus g=A rtakas, yto g(x)*0, To rosopaT, uto aare6pa A
He HcYye3aeT HH B OLHO¥U TOukKe x MHOoXecTBa E.

T'oBopsT, yTo coBokynmHOCTh A (QYHKUHMH, ONpeJesieHHEX Ha MHO-
Kectse £, pasjensier TOUKH MHOoXecTBa E, eciu pas sio-
6bHX ABYX pas3iMYHBIX TOUEK X; H X2 3TOrO MHOXeCTBa HaMjeTcs
oynkuus f u3 A Takas, 4to f(x1)#f (x2).

ViMeer MecTo ciaeayoliee 3aMeuaTesbHOe YTBEpXKIeHHE:

Teopema 2.19 (reopema Beitepmrpacca — Croyna ),
Ilycre A — aneebpa Henpepol8Hblx Ha KOMNAKTHOM %)) mroscecTee
E ¢ynxyuii, koropas paszdeaser rouxku muoxecrsa E u ne ucue-
3aer Hu 8 OOHOU TO4YKe 3T020 MHOOIC@CT&G. Toz0a kamdan Henpe-
poisnan na mrowcecrse E ¢ynxyus f(x) moxer 6oire npedcrasae-
Ha 8 eulde npedesa PABHOMEPHO cxoénw,eucn nocaedosaTeabHOCTU
pyrnkyud areebpol A.

19 HanomuuMm, uto cHmBoJ feA o3nauaerT npHHamJIEXHOCTh f K A.

20) M. CToyH — coBpeMeHHHi aMepHKaHCKHH MaTeMaTHK.

3) HarmoMuuM, 4TO KOMNAKTHHIM HA3bIBaeTCi 3aMKHYTOE OIDAHHYEHHOE MHOMKe-
TBO.



I'nmasa 3

JBOAHDBIE U n-KPATHBIE HHTETPAJIbI

Bo BBOoAHO# riaBe 4. 1 GHJIH yKasaHH BaXKHHE 3aJaYd O BHUYHC-
JIEHHH IJIOIAAH KPHBOJHHeAHOH TpameuWH H O HaxOXJAeHHH NpOH-
JIeHHOTO MaTepHaJbHOH TOYKOH INyTH, MPHBOAAINHE K NOHATHIO OJHO-
KpaTHOrO OmpeJeJIeHHOTO HHTerpasa. AHaJIOTHYHEHE «MHOTOMepHHe»
3ajlayl, TaKHe, HallpHMep, Kak 3ajaya O BHUHCJEHUM OObeMa HJH 3a-
Jlaua o BHIYHCJIEHHH Macchl HeOJHOPOJHOro Tesa, ecTeCTBeHHHM ofpa-
30M NPHBOAAT K PacCCMOTPEHHIO JBOAHBIX H TPOHHEIX HHTErpaJjios.

B Hacrosime#t riaBe H3Jaraetcsi TeOpPHS n-KPaTHHX HHTErpaJjoB
(n=2). TlocTpoeHue TEOpHH N-KPATHHX HHTErpajoB IPOBOAHTCS B
NOJHOH aHAJOTHH C NMOCTPOEHHEM TEODHH OJHOKDAaTHOrO HHTerpaJa.
Ins Gonee 3(pheKTHBHOTO HCHOJBH30BAHHSA aHAJOTHH C OJHOKPAaTHHEM
HHTErpaJioM cHayalla BBOAMTCS NOHSITHe JABOHHOrO HMHTerpaja mJs
NpAMOYrOJbHHKA. 3aTeM BBOJAHTCH MOHATHe JBOAHOrO HHTErpaJa Io
IPOH3BOJBHOH 06JaCTH Kak C NOMOIIbI0 NPSAMOJHHEHHOro, TakK .H C
IOMOILIBIO NPOH3BOJbLHOrO pas3bumeHHs 3To# o6aactH. IlocTpoeHnHasi
TEOpHsI MEePEeHOCHTCS Ha cayuaif n-KpaTHOTO HHTerpaJsa. B KoHue ria-
BHl H3y4alOTcs KpaTHble HeCOOCTBEHHHEIe HHTErpaJiHl.

§ 1. ONPEAEJIEHUE U YCJIOBUA CYIHECTBOBAHMUS
ABOAHOro MHTEICPAJIA

1. OnpepeJsieHne IBOMHOrO MHTErpaJa nJa HOpaMoyroJbHHka. Pac-
CMOTPHM NPOM3BOJbHYI0 GOYHKUHIO f(x, y), ONpeaeJeHHYI0 BCIOAY Ha
npsaMoyroasiuke R=[a<x<b] X [c<y<d] (puc. 3.1). Bseaem mo-
HsITHE HHTerpajbHOH CYMMH (YHK-
uHu f(x, ¥). y

Paso6rem cerment [a, b] Ha n d=y,
YACTHYHBIX CErMEHTOB MOPH IOMO-
WH ToueKk a=X<X)<Xo<...<Xp= y
=b, a cermenr [¢, d] na p yacTHuU- !
HHIX CErMEHTOB IPH NOMOIIH TOYEK Y-
c=Yo<h<Yo<..<Yp=d. Dromy
pa30HEeHHI0O CEerMeHTOB COOTBETCT- C=4
ByeT pas0uenHe INPSIMOYroJbHHKA | -
R npsaMEIMH, napaJjieJbHEIMH OCAM 0la=xz Ty Ty b=z,z
Ox u Oy, Ha n-p 4YaCTHYHHIX
NpSIMOYTOJbHHKOB Prc. 3.1

A
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Ru=[x1 <x< )Xy <y<ylk=1,2, ...,n,1=1,2, ...,p).

YKazanHoe pa3bueHHe NpsAMOyroJbHHKa R 0603HayuM cumBoJoM 7.
Pa3buenne npsimoyrosbHuka R, noayyennoe u3 pas6uenus T poGas-
JeHHeM NpsIMHX, mapaJjenbHelx ociM Ox u Oy, Ha30BeM H3MeJb-
yeHHeM pa3bueHus T ¥ OyleM o60o3HauyaTh CHMBOJOM T7.

Bciony B 3Toit riiaBe mojJ TEPMHHOM <«NPSIMOYTOJBHHK» MBI 6yaeMm
IIOHHMATb NPAMOYTOJbHHK CO CTOPOHAMH, MapaJJieIbHEIMH KOODAHHAT-
HbiM ociM. Ha KaXXJoM 4acCTHYHOM INpsSMOYroJbHHkKe Ry BrOepem
NpOH3BOABHYIO TOUKy (Ep, Mi). Tlomoxkum Axp=xe—xp-1, Ay1=y1—Yi1
H 0003HayHM uepe3 ARy nuoumaab NpsAMOYroJbHMKa Ry OueBuiHO,
ARw=Ax¢ Ay, JnuHy JAuaroHaJH OpPSIMOYTONbHHKA Ry, paBHYyIO

¥ (Axk)?+ (Ay:)% HazoBeM AHaMeTpOM 3TOrO NPSIMOYrOJbHHKA.
HaunGoabwu# u3 mHaMeTPOB BCEX YaCTHYHBIX NPSIMOYrOJBHHKOB Ha30-
BeM AnaMeTpoMm pa3bueHnus T npamoyroirpHuka R u o6o3Ha-
YKM CHMBOJIOM A.

Onpenenenue 1. Jucao

A~}

o=0(f, T)= Z ‘ﬂ:f & M) ARy (3.1}

/

1=1

Ha306em UHTE2PALbROU cymmolil pynkyuu f(x, y), cooreer-
creyroweli dannomy pasbuenuro T npamoyeossHuxa R u darnomy
86:00py npomencyrownoix Towex (Er, M) HA YACTUHHOIX NPAMOYSOAbHU-
kax pa3buenusn T.

Onpenenesue 2. Jucao I Ha3vieaerca npedesom UHTE 2~
paasshox cymm (3.1) npu A—0, ecau dra 206020 nosOKHCUTEAL-
HO20 HUCAQ & MOXMCHO YKA3ATb TAKOE NOAOKHCUTEAbHOe wucao 8, 4To npu
A<<b6 nesasucumo or 8ei60pa npomescyrouroix touex (&g, m) Ha Ru
soinoanaerca Hepadencrso |o—I| <e.

OTMeTHM, yTO HHTErpajbHylo cyMmy (3.1) MOXHO paccMaTpHBaTh
KaK NpsIMOYTOJIbHYIO YaCTHYHYIO cyMMy Spp, NBOHHOrO psifa, a mpenea
uHTerpasbHelx cymM (3.1) mpu A—0 — xax npenea 1limS,, rnpr

et
HE3aBHCHMOM CTPEMJIEHHH N7 H p K OECKOHEYHOCTH, T. €. KaK CyMMy
COOTBETCTBYIOLErO JABOHHOrO psima. (DJEMEHTHl TEOPHH ABOIIHBIX
PSII0B H3JI0XEHH! B IJI. L)

Onpenenenne 3. Pynkyuna f(x, y) HasvleaeTcas UHTe2p u-
pyemoii (no Pumany) na npamoyeosvruke R, ecau cyujecrsyer
KOHeuHol npedea I unTezparvhblx cymm 3Tol pynxyuu npu A—0.

Ykaszannoui npedea I nHasviéaerca OB0UHOLIM UHTE2pPAAOM
or ¢pyukyuu f(x, y) no npamoyzorvruxy R u o0603Haxaerca o0HuM.
u3 caedyroujux CumMB0A08:

r={{10 wavay=[{ 1) do.
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3ameuaHnune. TouHo Tak Ke, KaK M AJf OAHOKPATHOrO Onpeje-
JaeHHoro uHTerpaia (cM. § 1 rm 9 u. 1), MeTogoM JOKa3aTesbCTBa
OT I'POTHBHOTO yCTaHaBJHBaeTcs, YTo Ji06as HHTerpHpyeMasi Ha nps-
MoyroJpHuKe R ¢yHKNusA f(x, y) sIBAseTcs OrpaHHYEHHOH Ha 3TOM
npsiMmoyroJbHuKe. [lo3ToMy Be3lle B 3TCH riaBe, KpoMe IOCJEIHEro
naparpag)a, He OoroBapuBasi 3TO JOMNOJHHTeJbHO, OyieM paccCMaTpH-
BATh JIAIIb OTPaHHYEHHHE (YHKIHH.

2. YciaoBHA CyliecCTBOBAHHSA ABOHHOTO HHTErpajga AJS NPAMOYIoJib-
nuka. Teopus Iap6y, passHTas B 1. 9 u. 1 AJaa OQHOKpAaTHOro ompe-
JleJIeHHOTO HHTerpajia, NOJHOCTbIO NepeHoCHTCd Ha ciayda#i ABOHHOrO
HHTErpaja B IpsMoyroJbHHKe R. BBuay NosHOH aHaJOrHH MH orpa-
HHYHMCSl yKa3aHHeM o6ilieH cXeMH pacCyX;eHHH.

CocraBuM aJsa jnasHoro pas6ueHuss T N[ fAMOYTroJbpHHKa R /Be CyM-
MBI: BEPXHIOI CyMMY

I
M=
™~

S My, ARy (Mkl=zUPf(x» )
kl

bl
Il
-
-
1
L

#H HUXKHIOIO CyMMY

i
™=
O

MuARy  (my =Lﬂff(% Y))-
!

k=11k R

-

CopaBeAnuBH CleAylOluMe YTBEpPXKAeHHs (JOKasaTeabCTBa HX
[IOJTHOCTBIO AHAJIOTHYHHL J0KAa3aTeJbCTBaM, IIPHBEIEHHBIM B M. 2
§ 2rn 9u ).

Yreepxaenue 1. Jan aro6oeo pasbuenuns T npamoyzosvHuxka
R npu arobom solbope npomescyrounsix Towexk (Er, M) HAQ 4ACTUUHbLY
npamoy2osbruKax Ry uHreepasvnana cymma o ydosiersopaer Hepa-
sercream S<o<S.

YrBepxaeHue 2. Jaa arwoboeo ¢uxcuposanrnozo pasbuenus T
u aroboeo uucaa £=>0 npomescyrounsvie To4kU (Eg, M) ERp  MOKHO
86l6pATb TAK, YTO UHTE2PAALHAA cCYMMa G 6ydeT yd0BA€TBOPATbL Hepa-
gerncréam 0<S—o<e.

Touku (Ex, M1) MoxHO 66l6paTe u TaKkum 06pa3oM, 41O UHTEe-
pasbraa cymma o 6yder ydosaersopars Hepasencréam 0<o—s<e.

YrBepxaeHHe 3. [lycre T’ — usmesvuenue pazbuenua T
npamoyeoavrhuka R u S, s' — cOOTBETCTBEHHO BepXHAA U HUNCHAA
cymmo. pa3buenun T’. Toeda cnpasediugo. HepasencTaa

s<s/, §’<S.

Yreepxpaenue 4. Iycro T u T” — arobole 06a pasbuerus
npamoyeosvruka R, S’, s" u 8", s” — eepxrue u HuixcHUe cYymMmol ITUX
pasbuenuti coorsercraenro. Toeda

¥ <S”, 5"<S".
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YTrBepxaeHue 5. Mroxecrso {S} sepxrux cymm dannod ¢ynk-
yuu f(x, y) O0aa 8ceB03mONHbIX pa3bueHuil npamoyzossHuka R oepa-
HU4eHo cHuldy. MHOKHEeCT80 HUNCHUX Ccymm {S} oepanu4eno ceepxy.

Takum o6pasom, cylecTBYIOT yHcIa

I=inf{S}, [=sup{s},

HasHBaeMHe COOTBETCTBEHHO BE pXHHM H HHXHHM HHTerpa-
namu [LapGy (or dynkuuu f(x, y) no mpsamMoyroJpHuky R). Jlerko
y6enutbcs B ToM, uto /<1.

Yreepxaenune 6. ITycro T' — usmenvuenue pasbuenun T npsa-
moyeonvHuka R, noasywennoe uz T dobasienuem p HOBbLx npAMbLX, e
nycre S’, s’ u S, s — @epxHue U HUNCHUE UHTEZPANbHLIE CYMMbL PAS3-
6uenuti T u T coorsercreenno. Toeda umeroT mecTo oyenku

[S—S8' < (Mg—mpg) pAd; s'—s < (Mg—my) pAd,

2de Mp=sup f(x, y), mR=igff(x, Yy), A — Ouamerp pasbuenus T,
R

d — Jduamerp npamoyeorvHuka R.

B nonHOH aHaJOTHH C NMOHSITHEM TIIpejesia HHTErPajbHBIX CyMM
(ompenenenne 2 nm. 1) BBOAHTCS NMOHSTHE NMpefesa BePXHHX H HHIKHHX
cymm. Tax, yucno I HasbiBaeTcss IIpeleioM BEPXHHX CyMM S nIpH
A—0, ecan gag moboro £>0 MoxHO YyKasaTb 06>>0 TakKoe, uTCG
|S—TI| <<e npu A<<b.

YrBepxaenue 7. Bepxuutl u Huscnull unreepasror Japby I ul
or ¢pynkyuu f(x, y) no npamoyeossruky R asaarworca npedesamu co-
OTBETCTBEHHO BEPXHUX W HUNCHUX cymm npu A—0.

M3 npuseneHHrnlx yrBepxaeHHH 1—7 BhITeKaeT cJeaylomas

Teopewma 3.1. [aa 1020 410686l O2parutenHan Ha NPAMOY20AbHU-
Ke R ¢pyukyus f(x, y) Ovlaa unreepupyema Ha 3TOM NPAMOY2OAbHYKE,
Heobx00uUMO U JOCTATO4HO, 4TOObL 048 At06020 £>0 Hawa0Co Takoe
pasbuenue T npamoyeossnuxa R, 0an Koropoeo S—s<e.

Kax u B ra1. 9 4. 1, reopema 3.1 B coeAiMHEHHH C TEOPeMOH O pas-
HOMEDHOH HeNpepHBHOCTH IM03BOJISIET BHIEJNHTb BaXKHEHIIHE KJaCChb
HHTErpHpYeMBIX (QYHKUHH.

Teopema 3.2. JIrvb6aa nenpepusnan 8 npamoyeorsruke R ¢pynx-
yus f(x, y) uxrezpupyema Ha 3TOM NPAMOY20AbHUKE.

Onpenenenue 1. Hasosem asaementapHoid ¢ueypoit
MHONMECTB0 TOuek, npedcrasaaroujux cobol o6vedunHeHue KOHE4HO2O
YUCAQ NPAMOYSONbHUKOS (CO CTOPOHamu, napassesvhoimu ocam Ox
u Oy).

3aMeTHM, 4TO B ompeaesJeHHH | MOXHO GpaTh NPSIMOYrOJBHHKH,
Kak HMelomue ofluiye BHYTPEHHHE TOYKH, TaK M HEe HMEIOUIHE HX.

Onpenenenme 2. bydem 2080pure, 4o pyrxyus f(x, y) obaa-
Oaer 8 npamoyzorvHuxe R (8 npouseoavuoil samknyrod obaacru D)
I-ceodcreom, ecau: 1) f(x, y) oepanudena 6 R (8 D); 2) dan aro-










































































































































































































































































































































































































































































































































































































































































































































