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[IPE/IVICJIOBUE PEJAKTOPA K YETBEPTOMY
N3 IAHUIO

B wmacroamem m3manum «KBaHTOBOU MeXaHUKN» WCIPABJICHbI
OIEYaTKN UM HETOYHOCTHU, 3aMe€YeHHble C MOMEHTA BBIXOJIa TpeThe-
ro u3gaHudg. BHeceHBI Takke HEOOJbINNE YTOYHEHUHA U JOOABJIEHO
HECKOJIBKO 3a/1at.

4l 6maromapeH BceM UMTATEIAM KHUTH, COOOIUBIINM MHE CBOM
3aMeYaHUs.

Maii 1988 r. J1. JI. [lumaescrkuti

INPEJINCJIOBUE K TPETBEMY N3JAHWIO

[Ipenpiayiee w3gaHWe STOTO TOMa OBIIO IOCJETHENl KHUTOIM,
HaJ KOTOPOil MHE JOBEJOCH pabdoTaTh COBMECTHO C MOUM yUHTEJIEM
JI. /1. Jlanmay. IIpoussegeHHass B TO BpeMd IepepadOTKa U JIOIOJI-
HEeHIe KHUTHU ObLIM BeChMa 3HAYUTEJHLHBIMIH U KOCHYJINCH BCEX €€
TJIaB.

EcTecTBeHHO, YTO [JI 9TOT0 HOBOTO M3aHN ITOTPedOBaJIACh CY-
IIIECTBEHHO MeHbINas rnepepaborka. Tem He MeHee 100aBIEHO (B TOM
qucjie B BUJE 3aJ1a4) 3aMETHOE KOJUYECTBO HOBOI'O MaTepHaja: OH
OTHOCHUTCA KaK K pe3yJIbTaTaM IIOCJETHUX JIeT, TaK U K TeM u3 06o-
Jiee CTapbIX Pe3yabTaTOB, KOTOPhIE B MOCJIEIHEE BPeMs IIPUBJIEKIN K
ceOe TIOBBIIIIEHHOE BHUMAaHUE.

denomeHaabHOE BaajgeHne JIbBoMm JlaBugoBudeM ammapaToM Teo-
peTudeckoil (pU3NKU MO3BOJIATIO €MY CILJIONIb U PAJOM OOXOIUTHCS
6e3 oOpallleHus K OPUTHHAJBHBIM paboTaM JjIs0 BOCIIPOM3BEIEHIUS
TeX WM WHBIX PE3YJbTATOB CBOUM IIyTE€M. DTO MOIJVIO CTATh IPUIU-
HOM OTCYTCTBUA B KHUTE€ HEKOTOPBIX HEOOXOIMMBIX CCHIJIOK; s TIO-
CTapaJjics B 9TOM M3JIAHUHM O BO3MOXKHOCTH J00aBUTHL MX. B TO 2XKe
BpeMsda g J00aBUJI CChLIKM Ha camoro JIpbBa JlaBuaoBuua B TexX Me-
cTax, TJie MU3JIarat0oTCsa Pe3yJIbTaTbl WM METOJIbI, MPUHAIJICKAIIHIE
eMy JIMIHO U He MyOJIMKOBABIINECS B CAMOCTOSTEIHLHOM BHJIE.

Kakx u B pabore Haa mepensaaHueM JIPYTUX TOMOB 9TOTO Kypcil,
s IMeJT TIOMOIIb CO CTOPOHBI CBOMX MHOTOYHUCJIEHHBIX TOBAPHUIIEI,



10 13 MPEAMCJIOBUA K IIEPBOMY N3JAHNIO

YKa3bIBABIINX MHE KaK Ha JIOMYIIEHHbIE paHee JIePeKThl N3JT0XKEHMUS],
TaK 1 HA KeJIaTeJIbHOCTb TeX MU MHBIX J00aBjeHu. Paa mome3Hbrx
YKa3aHUl, yITeHHBIX B 9TOM KHure, s noayama oT A. M. Bpomackoro,
[ ®©. Ipykapesa, I.I'. Kannana, B.I1. Kpaitrosa, . B. JleBuncona,
I1. 9. Hemuposckoro, B./JI.Ilokposckoro, .. Cobenrbmana, 1. C.
[MTamupo; BceM UM s1 XOTeJ ObI BhIPA3UTh CBOIO MCKPEHHIOI OJiaro-
JTAPHOCTD.

Bca pabora Ha 4 HOBBIM M3JIaHIEM 9TOIO TOMA IIPOU3BEeHA MHOI
npu osim3kom yaactuu JI. 1. [TutaeBckoro. B ero smiie mHe mmocuacT-
JINBUJIOCH HANTM TOBapwHINa IO paboTe, MPOIIEIIIETO Ty K€ IKOJIY
JlaHmay 1 BOOAYIIIEBJIEHHOTO TEMHU K€ HAyIHBIMU WJIeaJIaMMU.

Nucruryt dpusundeckux npodbsem AH CCCP
Mocksa, Hos16ps 1973 . E. M. Jlupuwuy,

N3 ITPENCJIOBNA K ITEPBOMY NU3JAHNIO

[Tpeanaraemerit Tom Kypca Teopernmueckoit (puU3MKM MMOCBAIIEH
M3J0XKEHNI0 KBAHTOBON MexaHWKH. BBumgy oueHb OOJBIITOr0 00be-
Ma OTHOCHAIIETOCS CIOIa MaTepruaJa IMpeCTaBUIOCh IEJIeCO00Pa3HBIM
paz3enuTh ero Ha JABe YacTu. [IybukyemMas mepBast 9acTh COJIEPIKHUT
HEPEJIATUBUCTCKYIO TEOPUIO, a PEJIATUBUCTCKAsT TEOPHUsI COCTABUT CO-
JepKaHne BTOPOil JacCTH.

[lox peaaTUBUCTCKOIM Teopueit Mbl TOApa3yMeBaeM, B CAMOM IITH-
POKOM CMBICJIE, TEOPUIO BCEX KBAHTOBBIX ABJIEHUI, CYIIIECTBEHHO 3a-
BUCSIINX OT cKopocTu cBera. COOTBETCTBEHHO 3TOMY B Hee Oyer
BKJTIOUEHA HE TOJILKO PEeJISTUBUCTCKas Teopud Jlupaka u cBsi3aHHBIE
C HEIO BOITPOCHI, HO W BCA KBAHTOBAas T€OPUS U3JTyUEHU.

Hapsay ¢ ocHOBaMI KBAHTOBOM MEXAaHHKH B KHUTE H3JIOXKEHBI
TaK>Ke M MHOTOYHCJIEHHbIE €€ MPUMEHEHUHA — B 3HAUUTEJIbHO OO0JIb-
Imeil CTemeHn, YeM 3TO OOBIYHO JejIaeTCs B OOIMX Kypcax KBaH-
TOBOU MeXaHuKH. MbI UCK/II09aIM U3 PACCMOTPEHUS, TOJHKO TaKUe
BOITPOCHKI, UCCJIEJOBaHNE KOTOPHIX TPpeOOBaJIO OBI CYyIIeCTBEHHBIM 00-
pa30M OJTHOBPEMEHHOTO ITOJIPOOHOTO AaHAJN3a IKCIIEPUMEHTAJTHHBIX
JIAHHBIX, 9TO HEM30EXKHO BBINIIO ObI 33 PAMKU KHUTH.

N3 moxkeHne KOHKPETHBIX BOITPOCOB MbI CTPEMUINCH BECTH C HAU-
60JTBITIEl TTOJTHOTOM. B ¢BA3M € 9TUM MBI CUNTAJINA U3JUIITHUMUA CCHLI-
KU Ha OPUTHUHAJIbHbIE pa0OThI, OTPAHNYNBAACH YKa3aHUEM UX aBTO-
pOB.

Kak m B mpeabLaymmx ToMaxX, U3JIOYKEeHNEe OOIINX BOITPOCOB MBI
CTapaJINCh BECTU TAaKUM 00pa30M, YTOOBI MO BO3MOXKHOCTHU SICHO
BBIBATH (PU3NYECKYIO CYIIHOCTH TEOPUU U HA €€ OCHOBE CTPOUTH
MaTeMAaTHYECKIH almapar. ITO B OCOOEHHOCTW CKa3aJI0Ch Ha Iep-
BBIX Maparpadax KHUTH, TTOCBSIIEHHBIX BbISCHEHUIO OOIINX CBOMCTB
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KBaHTOBOMEXAHUYECKMX OIePaTOpPOB. B pOTUBOIO/IOKHOCTE OOBIY-
HO NOPUHATON CXeMe W3JIOXKEHHUdA, UCXOAdNIeil W3 MaTeMaTHUYeCKUX
TEOpPEM O JIMHEWHBIX OMEpaTOpaxX, Mbl, HAO0OOPOT, BHIBOJIUM MaTeMa-
THU4decKne TpebOBaHUdA, MPeabsaBIdgeMble K OllepaTopaM U COOCTBEH-
HBIM (PYHKITHSIM, UCXOd U3 (PU3MIECKON MOCTAHOBKHU BOIIPOCA.

Henwb3a He oTMeTHUTh, 9YTO BO MHOTUX Kypcax KBaHTOBOII MeXa-
HUKHI U3JI02KEHUE CYIIECTBEHHO YCJIO0XKHUJIOCH IO CPaBHEHUIO C OPU-
I'MHAJBHBIMEA paboTaMu. XOTA TaKoe U3JIOKEeHNE OOBITHO apryMeH-
TUPYeTCs ODOITHOCTHIO M CTPOrOCTHIO, HO NMPU BHUMATEJHHOM pac-
CMOTPEHUU JIETKO 3aMETUTh, YTO U Ta U Apyrasg B AefICTBUTEJIbLHOCTH
9aCTO WJUJIFO30PHBI /IO TaKOM CTEIIeHH, YTO 3aMeTHad YacThb «CTPO-
TX» TEeOpeM sIBJdeTcs ommnbouHoi. [locKoIbKy Takoe ycJIo:KHEeHHTe
N3JI0ZKEHUS IIPEICTaBIIACTCS HaM COBEPIICHHO HEONPAaBJaHHBIM, MBI,
HA00OPOT, CTPEMUJINCH K BO3MOXKHOM IMPOCTOTE W BO MHOI'OM BEPHY-
JINCh K OPUTHHAJBHBIM PaboTaM.

Hekoropblie uncTo MmareMaTudeckne CBeIeHNsI BbIHECEHBI HAMU B
KOHEIlT KHUTU B BuAe «MareMaTmdecKmx JOMOJHEHUiT», UTOOBI, IO
BO3MOXKHOCTH, HE NPEPBIBATH U3JIOXKEHUA B TEKCTE OTBJIEYCHUEM B
BBIYNCJINTEIbHYIO CTOPOHY. DTH JIOMOJJHEHNs MPECAEAYIOT TaKXKe 1
CIPaBOYHBIC ITCJINU.

Mocksa, mait 1947 r. JI. /. Jlanwday, E. M. Jlugpwuy,



HEKOTOPBIE OBO3HAYEHUA
OmnepaTopsl 0003HAYAIOTCA OYKBAMH CO MIJISTKOI: f
DiaeMeHT oObeMa: mpocTpaHcTBa — dV, KOHMUTYPAITMOHHOTO
IPOCTPAHCTBA — dg, IMIIYJIBCHOTO IPOCTPAHCTBA — dop
MarpuvHble 3/1eMeHThI BenauHbl f (M. onpejesieHne Ha ¢. 51) —

frm mm (n|f|m)
YHacroTa epexooB wnm = (En — En)/h

KommyTarop aByx omeparopos {f,g} = fg — gf

lNamunpronman — H

da30Bble CABUTU BOJHOBBIX (DYHKIIUHN — J;

AToMHBIE U KYJIOHOBBI € MHUIIBI — CM. OIIpeeieHne Ha ¢.154, 155

BekTopHble 1 TEeH30pHBIE MHIEKCHI 0003HAYAIOTCS JIATHHCKUMUI
oykBamu ¢, k, [

AHTHCUMMETPUYHBIN €IUHUYHBIA TEH30Dp — €% (CM. ompejeJie-
HUe Ha c. 114)

Ccbraku Ha HOMepa maparpadoB u GOpMya B APYTUX TOMAaX 3TO-
ro Kypca cuabxkennbl pumckuMmu mmudpamn: [ —rtom I, «Mexanukay,
1988; II —Tom II, «Teopusa mosas», 1989; IV —rom 1V, «KBaHTOBad
JIEKTpOoAMHAMUKa», 1989.
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OCHOBHBIE [IOHATUYI KBAHTOBOM MEXAHUKN

§ 1. IlpuHIIMTI HEeoIpeAEeJIEHHOCTHU

Krnaccuueckme mexaHWKa M JIEKTPOAUHAMHUKA IIPU ITOMBITKE
IPUMEHUTh UX K OObSICHEHHIO ATOMHBIX ABJEHUIT MPUBOAAT K pe-
3yJIbTaTaM, HaXOIAIIUMCS B PE3KOM HMPOTHUBOpeYnu C ombiToM. Han-
OoJiee sICHO 3TO BHJIHO YK€ W3 IMPOTUBOPEYNs, MOJIYYAIOIMIET0oC IPU
IPUMEHEHNN OOBITHON JIEKTPOAMHAMUKHN K MOJIEJIN aToOMa, B KOTO-
POii SJIEKTPOHBI ABUKYTCS BOKPYT S1pa IO KJIACCUIECKIM OPOUTAM.
[Ipn TakoM ABUKEHHN, KaK U HPHU BCAKOM YCKOPEHHOM JIBUXKEHUIN
3aPSII0B, JIEKTPOHBI JOJKHBI OBLIN Obl HEIIPEPBIBHO U3JIYYaATh JIEK-
TPOMarHUTHBIE BOJIHBI. 3/1y4ast, 3JIeKTPOHBI TePSAIU ObI CBOIO SHEP-
IO, YTO JOJI2KHO OBLJI0 OBI MPUBECTU B KOHIIE KOHIIOB K UX I ICHUTO
Ha sApo. Takum oOpa3zoM, COTJIACHO KJACCHYECKON 3JIeKTPOIrHA-
MHUKe, aToOM ObLT ObI HEYCTOMYMBBIM, YTO HU B KaKOH CTEIeHU He
COOTBETCTBYET JIefiCTBUTEIHLHOCTH.

Takoe rryboKoOe IPOTHUBOPEYNE TEOPUN C SKCIEPUMEHTOM CBHUIE-
TEeJILCTBYET O TOM, UTO OCTPOEHHUE TEOPUH, TPUMEHNMOM K aTOMHBIM
SIBJICHUAM — SIBJIEHUSIM, TMPOUCXOASIINM C YACTHIAMU OYE€Hb MAJIO
MacCChl B OU€Hb MAaJIbIX ydacTKaxX IIPOCTPaHCTBa, — TpebyeT dpyHIa-
MEHTAJIbHOTO U3MEHEHIUA B OCHOBHBIX KJIACCHUECKUX IPEICTABJICHU-
SIX W 3aKOHAX.

B kauecTBe oTmpaBHOIT TOUKN [/ BBIICHEHUHA STUX M3MEHEHMI
yI00HO MCXOANTHh M3 HAOIIOAAEMOrO HAa OIBbITe SIBJIEHUsS TaK Ha3bl-
BaeMoii gudpakiun 37eKTpoHoB ') . OKa3biBaeTCs, 9TO MPHU MPOIYC-
KAHIM OJHOPOJHOTO IMYYKa SJIEKTPOHOB Uepe3 KPUCTAJII B IIPOIIEI-
IIeM MyYKe OOHAPYXKHUBAETCS KAPTHHA UePEeaYIONINXCA MaKCHMYMOB
1 MUHUMYMOB MHTEHCUBHOCTH, BIIOJIHE aHAJOTUYHAs JUQPPAKIINOH-
HOM KapTuHe, HabJIogaoreiicsa mpu Judpakiinm 3J1eKTPOMATHUTHBIX
BoJTH. TakuM 0Opa3oM, B HEKOTOPBIX YCJOBUAX IOBEJICHUE MAaTEPH-
aJIbHBIX YACTUIL — 3JEKTPOHOB — OOHAPYXKMUBAET UePTHI, CBONCTBEH-
HbIE BOJTHOBBIM ITPOIIECCAM.

1) ABnenne qudpakium 3J1€KTPOHOB ObLIIO B NEHCTBUTEIBHOCTU OTKPBITO MTOCJIE
CO3/IaHNs KBAHTOBOM MeXaHUKU. B HaleM M3J102)KeHUU, OTHAKO, MbI HE TIPUJIEP-
2KABAaEeMCsl UCTOPUYECKON MOCJEeTOBATEJbHOCTU PAa3BUTHUSA TEOPUH, & IbITAEMCHA
IIOCTPOUTh €r0 TaKMM 00pa3oM, 4ToObI HamboJiee sSICHO MOKAa3aTb, KAaKUM obOpa-
30M OCHOBHbIE TIPUHIIUIIbI KBAHTOBON MEXaHWKU CBSI3aHbI C HAOIIOJaeMbIMU Ha
OIIbITE SABJICHUSIMU.
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HackobpKo 11y00KO MPOTUBOPEYNUT ITO ABJIEHUE OOBIYHBIM IPEI-
CTaBJIEHHSIM O JBIDKEHWH, JIYUIIle BCErO BUIHO U3 CJIEIYIOIIETO MBbIC-
JIEHHOTO SKCIIEPUMEHTa, IIPEICTABIAIONIEr0 CO0O0I MIea n3aIuio
OTBbITA C JIEKTPOHHON mudpakiueit or kKpucrasia. [IpegcraBum ce-
6e HEempPOHUIIAEMBIH JIJIA JIEKTPOHOB 3KPaH, B KOTOPOM HPOPE3aHbI
nBe e, Habutro1ast mpoxoXK/IeHne My YKa SJIEKTPOHOB ') depes3 ojl-
Hy U3 IeJieit, B TO BpeMs KaK JApyras Iejb 3aKPbITa, MbI IOJIYYIM
Ha, ITOCTABJIEHHOM 3a IIEJbI0 CILJIOIIHOM dKpaHe HEKOTOPYI0 KapTu-
HY pacIpeaeseHns MHTEHCUBHOCTH, TAKUM K€ 00pa30oM MOy IrM
JPYTYI0 KapTUHY, OTKpPbIBas BTOPYIO IeJb U 3aKPhIBasgd IIEPBYIO.
Habustomas ke mpoxoXKJaeHne IMydKa OJHOBPEMEHHO depe3 obe Ire-
JIN, MBI JOJIXKHBI ObLIM OBbI, HAa OCHOBAHUHN OOBIYHBLIX IIPEACTaBJIE-
HUiT, 0XKUJATh KAPTUHY, ABJSIONIYIOCSI IPOCTHIM HAJIOXKEHHEM 00emX
IPEeIbIAYIINX, — KK AbIH 3JIEKTPOH, JBUTAACH IO CBOEH TPAEKTOPHUH,
IIPOXOIUT Yepe3 OJHY M3 Iejiell, He OKa3bIiBas HUKAKOTO BIUSHUA HA
3JIEKTPOHBI, IIPOXOAAINNE Uepe3 APYIYIO Ieab. fIBjaeHme 3J1eKTPOH-
HOM anppakiinm MOKa3bIBAET, OJHAKO, UTO B JeHCTBUTEIbHOCTU MbI
OJTyInM AudPaKIINOHHYI0 KapTUHY, KOTopas Ojaromapsa nHTepde-
PEHIINU OTHIOAb HE CBOJUTCA K CYMMe KapTHUH, JaBaeMbIX KaXK IO
u3 mesjeil B OTJeJbHOCTH. ZICHO, UTO STOT pe3yJIbTaT HUKAKUM 00-
pa3oM He MOXKeT ObITh COBMEINEH C IPEJACTAaBICHUEM O JIBUXKEHUN
9JIEKTPOHOB II0 TPAEKTOPUM.

Takum oOpazom, MexaHUKa, KOTOPOH IIOAUYMHSIIOTCSI aTOMHBIE
SIBJICHUSI, — TaK Ha3bIBaeMad KBAHMOB8AsA WIN 60AH08AA METLAHU-
xa, — JOJ>KHa ObITh OCHOBaHA HAa IIPEJCTABJIECHHUSIX O IBIKEHUU,
IPUHIIUNNAJIBHO OTJUYHBIX OT IPEJICTABJICHUN KJIACCUUECKON Me-
XaHUKN. B KBaHTOBOM MexXaHHWKe He CYIIECTBYET IOHATUS TPaeK-
TOPUHM YACTUI[. ITO OOCTOSATEIHCTBO COCTABJIAET COJEPXKAHUE TakK
HA3bIBAEMOT'O NPUHUUNG HEONPEIEAEHHOCTNU — OTHOTO U3 OCHOB-
HBIX IPUHIINIIOB KBAHTOBOM MEXaHUKH, OTKPBITOrO Iefi3enbepaom
(W. Heisenberg, 1927)?). OTBeprasi OObIYHBIE ITPEICTABICHUS KJIAC-
CHIEeCKOIl MeXaHUKM, IPUHIIAI HEOIPEIeJIEHHOCT 00J1a1aeT, MOXKHO
CKa3aTh, OTPUIIATEIbHBIM COAep:KaHmeM. KcTecTBeHHO, 9TO caM II0
cebe OH COBEPINEHHO HEJOCTATOYEH JJIsI MOCTPOEHUS Ha €ro OCHOBE
HOBOII MeXaHUKHI YacTHUIl. B oCHOBE TaKoil Teopuu JO/IKHBI JIEXKATh,
KOHEYHO, KaKNe-TO MOJIOXKUTEJIbHbIE YTBEPXKIEHUsI, KOTOPbIe Oy IyT
paccmotpenbl Huke (§2). Omnako st Toro 4tobbl chOPMYIUPO-
BaTh 9TU YTBEPXKIEHNA, HEOOXOTUMO IIPEeIBAPUTETHHO BhIICHUTD Xa-
paKTep NOCTAHOBKHU 3324, CTOLAIIUX Iepe KBAHTOBON MEXaHUKOIA.

1) ITy4ok mpezmosaraeTcsa HACTONBKO PA3PE’KEHHBIM, YTO B3aUMOEHCTBIE Ya-
CTHUI[ B HEM HE UI'PaeT HUKAKON POJIN.

%) IHTEpecHO OTMETHTH, UTO MOJHBIA MATEMATHYECKHH AIMapaT KBAHTOBOM
MexaHUKu ObLi co3man B. Ietisenbepzom u 3. Illpedunzepom B 1925-1926 rr., 10
OTKPBITHS IIPUHIAINA HEOMPEAEIEHHOCTH, PACKPBIBAIOIIEr0 (PU3NIECKOE COIEP-
JKaHNEe 3TOrO allaparTa.
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g 3TOoTO TMpeKae BCEro OCTAHOBUMCA Ha 0cOOOM XapaKTepe B3a-
MMOOTHOIIIEHNSI, B KOTOPOM HAXOJSITCA KBAHTOBAas M KJIACCUUIECKAs
MeXaHUKH.

O6brauo GoJiee oOIIast Teopus MOXKeT OBITH CHOPMYyJIHPOBAHA
JIOTUYECKN 3aMKHYTBIM 00OPa30M HE3aBUCUMO OT MeHee OOIell Teo-
pum, ABJIAIONIENCA ee TIpeJe/IbHBIM CaydaeM. TakK, peaTUBUCTCKAS
MeXaHNKa MOXKeT ObITh MOCTPOE€Ha Ha OCHOBAHUU CBOMX OCHOBHBIX
IPUHIIUTIOB 0e3 BCSIKHX CCHLIOK Ha HBIOTOHOBCKYIO MeXaHUKy. Dop-
MYJIUPOBKA K€ OCHOBHBIX IOJIOXKEHI KBAHTOBOM MEXaHUKH TPUHIIN-
MMaJbHO HEBO3MOXKHA 0€3 MPUBJIEUEHNS MEXaHUKN KJIACCUIECKOI.

OTcyTcTBUE ¥ 9JIEKTPOHA ') ONMPEEIEHHON TPACKTOPHH JIUIITAET
ero caMoro 1Mo cebe Tak»Ke U KaKUX-JIM00 APYTUX AUHAMUYECKUX Xa-
pakTepucTuK ?) . ZIcCHO moITOMY, UTO JJIsT CHCTEMBI U3 OJHUX TOJIBKO
KBAHTOBBIX 00bEKTOB BOOOIIE HEJIb3s1 OBLIO OBbI IIOCTPOUTH HIUKAKOI
JIOTHYIECKHN 3aMKHYTON MexaHnKn. BO3MOXKXHOCTH KOJIMYECTBEHHOTO
OTMCAHUs JBVXKEHUA JEKTPOHA TPeOyeT HAIUYUs TaKXKe U (PU3n-
JeCKUX 00bEKTOB, KOTOPHIE C JOCTATOYHON TOUYHOCTHIO TOTINHAIOT-
ca KJACCUYIeCKON MexaHuke. Kcau 3JeKTpOH MPUXOJAUT BO B3aNMO-
neficTBUE C «KJACCUIECKHM OOBEKTOM», TO COCTOSHHE ITOCJIEIHETO,
BOOOIIE TOBOPSI, MEHSIETCA. XapaKTep U BEJINYNHA ITOTO M3MEHEHU
3aBUCAT OT COCTOSIHHUS 3JEKTPOHA U IMOITOMY MOTYT CJYXKHTh €ro
KOJINYECTBEHHOI XapaKTePUCTUKOI.

B 37011 cBA31 «KIaccumuecKuit 00bEeKT» OOBIYHO HA3BIBAIOT «IPH-
60poM», a O ero MpoIlecce B3aMMOJIEHCTBUA C IJEKTPOHOM TOBOPAT,
KaK o0 «um3MepeHun». Heobxoammo, oHAKO, TTOTIEPKHYTH, UTO IIPU
9TOM OTHIO/Jb HE MMEETCHd B BUJY IPOIECC «U3MEPEHUsS», B KOTO-
poM ydacTByeT pusnuk-uadaogaTe b. 1loa namepernemMm B KBAHTOBO
MeXaHUKe TOIPa3yMeBAETC BCAKUI MPOIECC B3aUMOIEHCTBUAS MeXK-
NIy KJIACCUYIECKUM U KBAHTOBBIM O0bEKTAMU, ITPOUCXOISIINN ITOMIMO
M HE3aBUCHUMO OT KaKOTO-nb0 HabJogaTend. BoigcHenne rryOboKoi
POJIN TIOHATHS U3MEPEHNs B KBAHTOBOM MeXaHUKe MPUHALIeKUAT Ho-
py (N. Bohr).

Mp1 onpenenuin npubop Kak (PU3NIECKUH 00BEKT, C JOCTATOY-
HOII TOYHOCTBIO IOJUMHAIOIINNICS KJIACCHYECKOil MexaHuke. Tako-
BBIM ABJISIETCsI, HAIIPUMED, TEJI0 JOCTATOUIHO 60JbIoit Maccehl. OgHa-
KO He CJIeyeT AyMaTh, YTO MAKPOCKOIIMIHOCTD SIBJIAETCS 00I3aTeTbHBIM
cBoifcTBOM mpubopa. B M3BeCTHBIX yCJIOBUAX POJIb MpubOpa MOXKET
UTPpATh TaKXKe U 3aBEJOMO MHUKPOCKOIMUYECKUH OOBEKT, MOCKOJIBKY

1YB sToM u caeayromem maparpadax MBI TOBOPHM JJisi KPATKOCTH 00 3JIEK-
TPOHE, UMesi B BUJLY BOOOIIE JIFOOOM KBAHTOBBIM OOBLEKT, T. €. YACTHILY WU CUCTE-
MY YaCTHIl, MOJYNHAIONINXCA KBAHTOBONH M HE MOJYUHSIONIUXCS KJIACCUYECKON
MEeXaHUKE.

%) Peub umeT o BeIMYMHAX, XaPAKTEPUIYIOMINX [BUKEHNE SJEKTPOHA, & HE O

BEJINYNHAX, XapPAKTEPU3YIOIUX IJEKTPOH KaK JacTUIly (3apsj, Macca) U aBJis-
IOIIUXCS MapaMeTpaMu.
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MIOHATHE «C JOCTATOYHONW TOYHOCTBHIO» 3aBUCHAT OT KOHKPETHO IIO-
CTaBJIEHHOIT 3a1aun. Tak, JTBUXKEHNE 3JIeKTPOHA B Kamepe Buibcona
HaOJTFOJIAETCA IO OCTABIAEMOMY UM TYMAHHOMY CJIEJTY, TOJIITNHA KO-
TOPOTO BEJIMKA MO CPABHEHWIO C ATOMHBIMHU pasMepaMu; IMPU TaKOU
CTEIIEHU TOYHOCTU OIPee/IEeHNsS TPAEKTOPUHN SJIEKTPOH SBJISETCS
BIOJIHE KJIACCUYIECKUM OOBEKTOM.

TakuMm obpa3oM, KBaHTOBas MeXaHWKA 3aHUMAET OYEHb CBOEe-
oOpa3Hoe TOJIOXKEeHNE B pAAY (DU3HMIECKUX TEOPUil — OHA COJEPIKUT
KJIACCUYECKYI0 MEXaHUKY KaK CBOU IPEeIeJbHBIN Ccaydaill U B TO 2Ke
BpeMs HYXKJAETCHA B ITOM TPEJETHHOM Caydae JJIsi CAMOTO CBOETO
obocHOBaHUS.

Mpr moxkeM Tenepb cHOPMYANPOBATH MTOCTAHOBKY 331N KBAaH-
TOBOU MeEXaHWKMN. THUNWYIHAA MMOCTAHOBKA 33JIa9M 3aKJIIOUYAeTCd B
IpeJICKa3aHNN Pe3y/IbTaTa MOBTOPHOTO M3MEPEHUSA MO W3BECTHOMY
pe3yJIbTaTy MPEeIbLIYINX m3MepeHmUil. Kpome TOro, Mbl yBUJIUM B
JTAJTbHEHIIEM, 9YTO KBAHTOBAas MEXaHUKa, BOOOIE TOBOPSI, OTPaHNYN-
BAET, IO CPABHEHUIO C KJACCUYECKON MEeXaHWKOU, HabOp 3HAYEHWUII,
KOTOPbIE MOT'YT MPUHUMATH Pa3IMIHble (PU3NIECKUE BEJTUINHBI (Ha-
IPUMED, SHEPTHSA) T. €. 3HAYEHHIT, KOTOPbIE MOT'YT OBITH OOHAPY XKEHBI
B pe3yJbTaTe U3MEpPEHUsl JaHHOW BeanduHbl. Ammapar KBaHTOBOM
MEXaHUKH! JIOJIKEH JIATHh BO3MOXKHOCTH OITPEJIEJIEHNS STUX JTO3BOJIEH-
HBIX 3HAYCHUMN.

ITporecc n3mepenusa obaamaeT B KBAHTOBOIT MeXaHUKE OYEeHb CY-
IIIECTBEHHOT 0COOEHHOCTHIO — OH BCETJ/Ia OKa3bIBAET BO3JEMCTBUE HA
ITOJIBEPTaeMbIil M3MEPEHUIO JIEKTPOH, W 3TO BO3JIefiCTBUE TIPU JIaH-
HOIl TOYHOCTU M3MEPEHUA MPUHIIUITHAJILHO HE MOXKET OBITh CJIEJIaHO
CKOJIb YTOJIHO CJIaObIM. deM ToUYHee mM3MepeHUe, TeM CHUJIbHee OKa-
3bIBAEMOE MM BO3JIEHCTBUE, W JIUIIH TTPU U3MEPEHUAX OUYEHb MaJIoi
TOYHOCTHU BO3JeficTBUE Ha OOBHEKT M3MEPEHUA MOXKET OBITH CJIAOBIM.
DTO CBOMCTBO M3MEPEHNIT JIOTHUECKHN CBSI3aHO C T€M, 9TO JUHAMUIYIE-
CKMe XapaKTEePUCTUKU IJEKTPOHA TMOABISIIOTCA JUMIb B PE3YJIbTATE
CaMOTO M3MEPEHUs; sICHO, YTO e€CJU Obl BO3JEHCTBUE MPOIECCa W3-
MepeHusd Ha 00BEKT MOTJIO OBITH CJIeJJAHO CKOJIb YTOJTHO CJAaOBIM, TO
9TO 3HAYUIO ObI, UTO M3MepsdeMasl BEJIUUNHA UMEET OIpe e IeHHOEe
3HaUEeHNe caMa 1o cebe, He3aBUCUMO OT U3MEPEHUS.

Cpenn pa3angHOTO Pojia U3MEPEHUT OCHOBHYIO POJIb UTPAET W3-
MepeHne KOOPJIWHAT JIEKTpoHa. Hat 3/1eKTpoHOM, B Ipejesiax Mpu-
MEHUMOCTH KBaHTOBOM MEXaHWKMW, BCETJIa MOXKET OBITH IPOU3BEjIe-
HO'!) W3MepeHme ero KOOPJMHAT C JIF0OOH TOYHOCTHIO.

[TpeamomoxxmM, 9TO depe3 OIpeJieJleHHbIE MHTEPBAJBI BpeMe-
Hn At TPOU3BOAATCSA TOCIEI0BATEIbHBIE U3MEPEHNsT KOOPIWHAT

1
) Emie pas noguepkaeM, 4TO, TOBOPS O «ITPOU3BEJIEHHOM U3MEPEHUN», MBI UMe-
€M B BUJIy B3aUMOJEUCTBHE JIEKTPOHA C KJIACCUUECKUM «ITPUOOPOM>», OTHIOIL HE
MIPEIoJIaralnee HAJUIus TOCTOPOHHETO HAOJIOIATE s .
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s7mekTpoHa. VX pe3ymbrarsl, BOOOIEe TOBOPsS, HE JATYT Ha KaKyiO-
b0 MIaBHYO KpuBy0. HanpoTrus, ueM TOUHEe MPON3BOASITCS HM3Me-
peHusi, TeM 06oJiee CKaUYKOOOPa3HbIil, OECTIOPATOIHBIN X0 0OHAPYXKAT
X Pe3yJIbTAaThl B COOTBETCTBUM C OTCYTCTBUEM JIJIsI SJIEKTPOHA TOHSI-
THUsI TpaeKTopuu. BoJiee nan MeHee TJIaBHAsS TPACKTOPHUS TOJIYIUTCS
JINIIb, €CJIN U3MEPSITh KOOPAMHATHI JIEKTPOHA C HEOOJIBINON CTelre-
HBIO TOYHOCTH, HAIIPUMED, IO KOHACHCAITNN KalejeK mapa B KaMepe
Bunbcona.

Ecau xe, ocTaBjisid TOYHOCTb W3MEPEHUIT HEU3MEHHOU, YMEHb-
aTh HHTEPBAJIbI At MEX1y N3MEPEHUSIMHI, TO COCEIHNIE M3MEPEeHN
a1y T, KOHEYIHO, OJIn3Kne 3HatdeHnss KoopanHat. OIHAKO pPe3yIbTaTh
psia TOC/Ie0BATEIBHBIX U3MEPEHHT XOTs 1 Oy AyT JeXKaTh B MaJIOM
ydacTKe IMPOCTPAHCTBA, HO B 9TOM ydacCTKe OyIyT PacIOJIOXKEHbI CO-
BEPIITEHHO OeCHopsiIoYHbIM 00pa30M, OTHIOAL HE YKJIAJIbIBasCh HA
KaKyIo-JIN0O IJIABHYIO KpuBYI0. B wacTHOCTH, Tpu cTpemiiennn At K
HYJIIO Pe3yJIbTaThl OJM3KNX M3MEPEHN BOBCE HE CTPEMSTCS Jedhb Ha,
OJHY TIPAMYIO.

[Tocnaemmee 06CTOATETHCTBO IMIOKA3BIBAET, UTO B KBAHTOBOI MeXa-
HIKE HE€ CYIIECTBYET MOHSTUHA CKOPOCTU HACTHIIBI B KJIACCUIECKOM
CMBICJIE 9TOTO CJIOBA, T. €. KaK Mpejiesia, K KOTOPOMY CTPEMUTCS Pa3-
HOCTb KOOPJMHAT B JIBA MOMEHTa BPEMEHU, JeJIeHHAas Ha WHTEp-
Bas1 At Mmexay srumu MoMeHTaMu. OaHAKO B JaJbHEHUIIIEM MBI YBU-
JIUM, YTO B KBaHTOBOIM MeXaHUKe TeM He MeHee MOXKET ObITh JTaHO
pa3yMHOE OmpeesieHne CKOPOCTH YaCTHIIbI B JaHHBIIT MOMEHT Bpe-
MEHHU, KOTOpasl MPU MePexXojie K KJIACCHIECKON MeXaHUKe MEePEeXOTUT
B KJIACCUYIECKYIO CKOPOCTb.

Ho B TO BpeMa Kak B KJIACCHYIECKOM MeXaHWKE B Ka Kbl JaH-
HBII MOMEHT YacTUIa 00JIaJaeT OIIpeeJeHHBIMI KOOPIMHATAMMI
I CKOPOCThIO, B KBAHTOBOIl MeXaHHUKe JeJI0 OOCTOUT COBEPIITEHHO
nHBIM oOpa3oM. Ecim B pesynabTraTe m3MepeHUd SJIEKTPOH MOJTY UM
ompeieJIeHHbIe KOOPAUWHATHI, TO IPHU ITOM OH BOOOIEe He 00Ja1a-
eT HUKaKOll ompeaesaeHHOiT ckKopocThio. Haobopot, obiamas ompe-
JIEJIEHHOIT CKOPOCTBIO, 3JIEKTPOH HE MOXKET HMETh OIIPeIeIeHHOTO
MECTOIIOJIOXKEHUA B IpocTpaHCcTBe. JleficTBUTEIbHO, OIHOBPEMEH-
HOE CYIIIECTBOBAHHUE B JIFOOOIT MOMEHT BPEMEHH KOOPJWHAT U CKO-
pPOCTH O3HAYaJ0 OBl HAJUYNE OMPEeIAeSIEHHOW CKOPOCTU, KOTOPOit
9JIEKTPOH He o0jamaer. TakmMm o0Opa3oM, B KBAHTOBOII MeXaHHUKE
KOOPJANHATHI U CKOPOCTH IJEKTPOHA SBIAIOTCSI BEJIUUMHAMH, KOTO-
pble He MOTYT OBITH OJHOBPEMEHHO TOUYHO M3MEPEHBI, T. €. He MOTYT
OJIHOBPEMEHHO HMETh OIpPEIeJIeHHBIX 3HaueHWit. MoXKHO CKa3aTh,
YTO KOOPAMHATHI U CKOPOCTDH JIEKTPOHA CYTh BEJUUUHBI, HE CYIIe-
CTBYIOIIIE OJHOBpPeMeHHO. B maJjbHelieM OydeT BBIBEIEHO KOJIU-
JeCTBEHHOE COOTHOIIIEHWE, OIIPEJIE/ISIoNIee BO3MOXKHOCTh HETOYHO-
o M3MepPeHNnsd KOOPAMHAT M CKOPOCTH B OJUH M TOT XK€ MOMEHT
BPEMEHH.
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[TonHoe ommcaHme COCTOAHUSA (PUBNIECKONW CUCTEMBI B KJACCHU-
YeCKOIl MeXaHHKe OCYIIECTBJIAeTCd 3aJlaHhneM B JJAHHBIA MOMEHT
BpPEMEHHN BCEX €€ KOOPJUHAT M CKOPOCTEil; MO ITUM HavaJIbHbIM
JAaHHBIM YpPaBHEHUSA ABUXKCHUSA MOJHOCTBIO OIPEACIAIT IIOBEACHUC
CUCTEMBI BO Bce Oy/yIlime MOMEHTBHI BpeMeHH. B KBaHTOBOIT mexa-
HUKE TaKOe ONMCAaHUe IMPUHINNUAJJIBHO HEBO3MOXKHO, IIOCKOJIBKY KO-
OPAMHATHI U COOTBETCTBYIOIINE UM CKOPOCTU HE CYIIECTBYIOT OJHO-
BpeMeHHO. TakuMm o0pa3oM, ONMMCAHME COCTOSTHUST KBAHTOBOI CHCTEMBbI
OCYIIECTBJIACTCA MEHBIINM YUNCJIOM BEJUYUH, YeM B KJIACCUYECKON
MeXaHUKe, T. €. ABJISIETCS MeHee MOJIPOOHBIM, YeM KJIACCUIECKOE.

OTcrofa BbITEKAET OYEeHb BaXKHOE CJIEJCTBUE OTHOCUTEIHHO Xa-
paKkTepa IIpeacKa3aHmil, JeJaeMbIX B KBaHTOBOM MexaHuke. B To
BpeMs KaK KJACCHYIECKOEe OMUCAHUE JIOCTATOYHO JJIS TOTO, UTOOBI
IIPEJICKAa3bIBATh JIBMKEHNE MEXAHWIECKON CUCTEMBI B OYIyIIEM CO-
BEPIIIEHHO TOYHBIM 0OPA30M, MeHee MOPOOHOE ONMMCAHWE B KBAHTO-
BO# MeXaHUKe, OYEBUIHO, HE MOXKET OBITh JIOCTATOYHBIM JJIS STOTO.
OTO 3HAYUT, YTO €CJAU IJEKTPOH HAXOAUTCSI B COCTOAHUM, OIMCAH-
HOM HamboJiee TIOJTHBIM 00pa30M, TO TEM He MEHee ero MOBeJeHUE B
CJIEIVIOIINE MOMEHTHI BpEMEHN MPUHITUITHAJILHO HEOTHO3HATHO. []o-
9TOMY KBaHTOBasd MeXaHUKa HE MOXKET JeJIaTh CTPOr'0o ONPEICJIeHHBIX
IpeCKa3aHUil OTHOCUTETBHO OYIYyIIEero MmoBejieHns djaekTpona. [Ipn
3aJIJaHHOM HAaYaJIbHOM COCTOAHUU JJICKTPOHA IIOCJEIYIONIee U3Mepe-
HIIe MOXKET JaTh pa3JUdHble Pe3yJbTaThl. 3a1ada KBAHTOBON MeXa-
HUKHW COCTOUT JIMIIb B ONPEJICJCHUN BEPOATHOCTHU IIOJIYUYCHUSA TOTLO
TN WHOT'O pe3yabTaTa MPH 3TOM m3MepeHuu. Pasymeercs, B HEKO-
TOPBIX CJIYYagX BEPOATHOCTH HEKOTOPOI'O OIPEICJIEHHOI'O Pe3yJIb-
TaTa U3MEPEHUdA MOXKET OKa3aThbCAd PAaBHOU €IUHUIe, T.e. IepeiTu
B JIOCTOBEPHOCTh, TaK YTO PEe3YJIbTAT JAHHOTO W3MEpeHus OyJieT
OJIHO3HAYHBIM.

Bce mporiecchl m3MepeHnss B KBAHTOBOM MeXaHUKE MOXKHO Pas-
OuTH Ha JBEe KaTeropuu. B oHY 13 HUX, OOHUMAIOIIYI0 OOJTBITHHCTBO
U3MEpPEHU, BXOJAT W3MEPEeHUd, KOTOpPble HU NPU KAKOM COCTOS-
HAU CUCTEMBI HE NPUBOJAT C JOCTOBEPHOCTBIO K OJITHO3HAYHOMY
pe3ynbpTary. B Ipyryio ke BXOIAT W3MePeHWs, I KaXKJIOTO pe-
3yJbTaTa KOTOPBIX CYIIECTBYET COCTOAHNE, B KOTOPOM H3MEpEeHUe
IIPUBOJIUT C JIOCTOBEPHOCTBIO K JAHHOMY pe3ysbrary. VIMeHHO 3Tu
TTOCJIeTHIE U3MEPEHUs, KOTOPhle MOXKHO Ha3BaThb NPEICKA3YEMbLMU,
UTPAIOT B KBAHTOBOW MeEXaHWKE OCHOBHYIO poJib. Otmpesesisgembie
TaKUMU U3MEPEHUAMHU KOJNYECTBEHHBIE XapPaKTEPUCTUKHU COCTOL-
HHUS CyTh TO, YTO B KBAHTOBOI MeXaHWKe HA3bIBAIOT (PUBMIECKUMU
BemInHAMU. Ficjim B HEKOTOPOM COCTOSHHUU W3MEPEHHE JaeT C JO-
CTOBEPHOCTBHIO OJTHO3HAYHBIN Pe3yJIbTaT, TO MbI OyJeM TOBOPUTH,
YTO B 9TOM COCTOSTHUUM COOTBETCTBYIONIAA (pU3MUecKas BeJUINHA
nMeeT OomIpejiejieHHOe 3HadeHme. B majbHeiimem MblI OyzieM Be3ge
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IIOHUMATh BbIpaXKeHne «(PU3ndecKass BEJIMYNHA» MMEHHO B yKa3aH-
HOM 3J1€Ch CMBICJIE.

B manbHeiimemM Mbl HEOIHOKPATHO yOe UMCH, UTO JAJEKO He BCS-
Kas COBOKYITHOCTb (DU3MYIECKNX BEJINUNH B KBAHTOBOII MEXaHUKE MO-
J)KeT OBITh M3MEpPEeHa OJHOBPEMEHHO, T.€. MOXKET HMeTh OIHOBpe-
MEHHO OIpe/ieIeHHble 3HaueHns (00 OJHOM IpUMepe — CKOPOCTH U
KOOD/IMHATAX JIEKTPOHA Mbl YK€ TOBOPUJIN).

Boabiryio posib B KBAHTOBOIT MEXaHUKE UT'PAIOT HAOOPHI pusnde-
CKUX BEJIMYNH, 00J1aIa0IIe CJIEIYIONINM CBOMCTBOM: 3T BEJININHBI
M3MEPUMbI OJHOBPEMEHHO, IMPUYEM €CJIM OHH MMEIOT OJHOBPEMEHHO
oIIpeJieJIeHHbIE 3HAUEHNSI, TO YK€ HUKakKad apyras pusmdecKass Be-
nuanHa (He aBJoNasicsa nx PyHKIMel) He MOXKET UMeTh B 9TOM CO-
CTOSIHHHU OIpejieileHHOro 3Hadenns. O Takumx Habopax (pU3MIECKUX
BEJIMYUH MbI OyJIEM TOBOPUTH KaK O NMOAHBIT HAOOPALT.

Besikoe onmcanme cocToSTHIS 9JIEKTPOHA BOSHUKAET B PE3YJIbTATE
HEKOTOpOro maMepenns. Mbl cchopmymupyeM Temepb, 9TO O3HAYAET
IIOJTHOE ONMCAHNE COCTOSIHUSI B KBAHTOBONM MexaHmke. [TojgHBIM 00-
pPa30M OIIMCAHHBIE COCTOSHHUSI BO3HUKAIOT B PE3yJIbTaTe OIHOBpE-
MEHHOI'O M3MEPEHHsI MOJHOro Habopa du3ndecknx seamunH. llo
pe3yabTaTaM TaKOTO U3MEPEHsT MOXKHO, B YaCTHOCTH, OIIPEIE/INTh Be-
POATHOCTD PE3YJIbTATOB BCIKOI'O ITOCJIEAYIONIETO N3MEPEHNS HE3aBH-
CHIMO OT BCEro, YTO HPOUCXOIWIO C 3JIEKTPOHOM [0 IIEPBOrO
N3MEPEHNS].

B manbHeiimem Be3je (3a uckodeHneM ToabKo § 14) mos cocro-
SHUSIMYM KBAHTOBOM CHCTEMBI MBI Oy €M HOHUMAThb COCTOSTHHS, OIIH-
CaHHBIE NMEHHO ITOJIHBIM OOPa30M.

§ 2. IlpuHIIMII cCynnepno3uiiumn

PannkanpHoe n3meHeHne (pU3NIECKUX MPEICTABICHUN O JTBUXKE-
HUU B KBAHTOBOM MEXaHHUKE O CPABHEHMIO C KJACCUYIECKON Tpedyer,
eCTECTBEHHO, U CTOJIb K€ PaANKAJIHLHOTO N3MEHEHUST MaTeMaTUIeCKO-
ro amnmapaTta TeOpPUH. B 3Toil cBA3M Mpexk,/ie BCETO BO3HUKAET BOIIPOC
0 cImocobe OIMMCAHUsT COCTOSTHUSI B KBAHTOBON MeXaHUKe.

YcaoBuMca 0003HAYATh OYKBOI ¢ COBOKYITHOCTH KOODIUHAT
KBaAHTOBOH cucTeMbl, a dq — mpoussejieHne AU @EepeHInagoB 3TUX
KOODJMHAT (€ro Ha3bIBAIOT JIEMEHTOM OObeMa KohduypayuorHo-
20 MPOCMPAHCMBG CUCTEMBI); JIJIs OJHON YacTUIbl dq COBIAIAET C
s71eMeHTOM obbeMa dV OOBITHOTO MPOCTPAHCTBA.

OcHOBY MaTeMaTHYeCKOTO alapaTa KBAHTOBON MEXaHUKHU CO-
CTaBJISIET YTBEPKIEHNE, YTO COCTOAHNE CHCTEMBI MOYXKET ObITH OIICA~
HO OIpeJieJieHHol  (BooOIme TOBOpsi, KOMILJIEKCHON) yHKIImeit
koopauHatT ¥ (q), mpuueM KBaJpaT MOJYJIsSt STON (DYHKITIH OIpeIeIsi-
eT pacrpefiesieHlie BeposATHOCTel 3Havennit kKoopaunaT: |¥|? dg ecTn
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BEPOSTHOCTHL TOTO, UTO IPOM3BEIEHHOE HAJ CHUCTEMOIl M3MEpeHIe
OOHAPYKUT 3HAUEHNS KOOPAMHAT B 3jeMeHTe dq KOH(MUIYpPAIlHOH-
HOro mpocTpaHcTBa. PyHKINg V¥ Ha3bIBAETCA 604H060U PyHKyuet
CUCTEMBI ) .

3HaHMme BOJHOBOHN (DYHKIIUM MO3BOJISIET B IMPHUHIIUIIE BHIYNCIUTH
BEPOSITHOCTHU PA3JIUUHBIX PE3YJIbTATOB TaKXKe M BOOOIIE BCAKOTO M3-
MepeHns (He obst3aTebHO M3MepeHusi koopauHar). Ilpm sTom Bee
9THU BEPOSITHOCTH OIIPEIEIAIOTCS BhIpasKeHUIMHI, ONInHeTHBIMI 110 W
n U*. Haubosiee oOminmit B TAKOIO BHIPAXKEHUS €CTh

// “(¢)p(q,q") dgdq, (2.1)

rae dyHkua ¢(q,q') 3aBUCAT OT Poja U pe3ysbTraTa U3MEpPEHUs, a
MHTETPUPOBAHNA TPOU3BOASITCS IO BCeMY KOH(MUTYPAITTOHHOMY IIPO-
crpancTBy. Cama BeposaTHOCTh WW* pa3mudHbIX 3HAUEHUI KOOP/IU-
HAT TOXKE SIBJISIETCSA BBIPAXKEHNEM TAKOTO THIIA ?) .

C TedyeHMeM BpPEMEHH COCTOSHHE CHCTEMBI, 8 C HUIM U BOJHOBAS
dyHKIIMSI, BOOOINE TOBOPA, MEHAOTCA. B 3TOM CMBIC/IE BOJHOBYIO
JpYHKITNIO MOXKHO paccMaTpuBaTh KaK (DYHKIIMIO TakK»Ke U OT Bpe-
MeHU. Eciim BomHOBag PpYHKIIMS M3BECTHA B HEKOTOPBIN HaYaJJIbHbII
MOMEHT BPEMEHH, TO IO CAMOMY CMBICJY HOHSTHs IIOJHOTO OIINCA-
HHUsI COCTOSTHUA OHA TE€M CAaMbIM B NPUHIIUIIE OIPeJiejieHa U BO BCE
Oyayiime MOMEHTHI BpeMeHn. PakTuyeckass 3aBUCUMOCTb BOJTHOBOI
JYHKIIUE OT BpeMeHU ONpeIesIdeTcsd YPaBHEHUSIMU, KOTOpble OyIyT
BBIBEJICHBI B JaJIbHEUIIIEM.

CyMMa BEpOSITHOCTEH BCEX BO3MOXKHBIX 3HAUEHUI KOOPAUHAT CH-
CTEeMBbI JIOJI2KHA, IO ONpeaesIeHn0, ObITh paBHO# emunuie. [loaTomy

HY2KHO, YTOOBI PEe3yJIbTAT HHTETPUPOBAHUA |\Il|2 110 BCeMY KOH(HUTY-
PAIlMOHHOMY IIPOCTPAHCTBY OBLI PaBeH €INHUIIE:

/|\I!|2dq = 1. (2.2)

DTO paBEeHCTBO IPEACTABJSIET CODOM TaK HA3BIBAEMOE YCAOBUE HOP-

MUPOEKY, BOTHOBBIX byHKumit. Ecam maTerpan or |¥|? cxommres,
TO BBIOOPOM COOTBETCTBYIOIIETO TTOCTOAHHOTO KO3 duitneHTa pyHK-
nusg ¥ Bcerma MoxkeT ObITb, KaK TOBOPAT, HOPMHUpPOBaHA. MbI yBH-

UM, OJJHAKO, B JajbHeiimmem, uto maTerpaa or |¥|? moxer pac-
xomutca u torga ¥ He MOXKeT ObITh HOpMHpOBaHa ycjoBueMm (2.2).

1YOna 6bl1a BHEpBBIe BBeJeHa B KBAaHTOBYIO MeXaHUKY Ilpedunzepom
(E. Schrédinger, 1926).

%) Ono mosryuaercs u3 (2.1) mpu ¢(q,q’) = 6(g—qo)6(q' — qo), rie § obosHauaeT
TaK Ha3bIBaeMYIo §-(YHKIUIO, ONpeieNigeMylo HUXKe, B § 5; uepes qo 0603HadIeHO
3HAYEHNe KOOPWHATHI, BEPOATHOCTh KOTOPOTO MBI HIIIEM.
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B raxux crygaax |¥|? me onpeaesnser, KoHeTHO, aGCOMIOTHbIC 3HAMeE-
HIIs BEPOSTHOCTU KOOPAMHAT, HO OTHOINeHNe KBaapaTos |¥|? B 1Byx
Pa3IMYHBIX TOYKAX KOH(MUTYPAIMOHHOTO IIPOCTPAHCTBA, OIIPEIC/IIeT
OTHOCHUTEJIbHYIO BEPOATHOCTH 3HAYEHUI KOOPIUHAT.

ITocKObKY BCe BBIYMC/IAEMBIE C ITOMOIIBIO BOJHOBON (DyHKINN
BEJIMYNHBI C HEMOCPEICTBEHHBIM (DU3MYECKUM CMBICJIOM HMEIOT
Bug (2.1), B KoTopom ¥ BXOauT yMHOXKeHHOH Ha W*, TO gCHO, 9TO
HOPMUPOBAHHASA BOJHOBas (DYHKIUSA OMPEIEICHa JIUIIb ¢ TOUHOCTHIO

JI0 TIOCTOSTHHOT'O (ha306020 MHOXKHUTEIS BUIa €'Y, rae o — Jrboe Be-
IIIECTBEHHOE YHCJI0. DTa HEOJHO3HAYHOCTH MPHUHIINNHAJIbHAS U HE
MOXKeT OBITh yCTpaHeHa; OJIHAKO OHa HECYIeCTBEHHA, TaK KakK He
OTPaXKaeTCsT HI HAa KaKUX (PUBHMIECKUX Pe3yabTaTax.

B ocHoBe MOJI0XKUTEIHHOTO COJIepXKaHUA KBAHTOBONH MEXaHUKHI
JIEXKUT PsAJ YTBEPXKACHUNT OTHOCUTEIHHO CBOMCTB BOJIHOBOIT (DyHK-
1IN, 3aKJTIOYAIONINXCA B CJIETYIOMIEM.

[Tycts B cocTostHmm ¢ BoJsiHOBOM (dyHKImedt W1 (q) HEKOTOpOE M3-
MepeHUe MPUBOJIUT C JOCTOBEPHOCTHIO K OMPEIEJIEHHOMY Pe3yJIbTa-
Ty — pe3yabrary 1, a B cocrosiunn Wo(q) — K pesymabrary 2. Torga
IIPUHUMAETCSI, 9TO BCsAKad JImHeitHadg KomOuHanusa W1 u Wo, T. €. BCs-
Kasg pyHKnua Buga c1 Vi + coWs (c1, o — MOCTOAHHBIE), OMUCHIBAET
COCTOAHUE, B KOTOPOM TO XK€ U3MepeHme JIaeT JIMOO pe3yabrar 1,
o0 pe3yabtaTr 2. Kpome TOro, MOXKHO yTBEPKIAaTh, YTO €CJIU HAM
M3BECTHA 3aBUCUMOCTH COCTOSAHHIT OT BPEMEHH, KOTOpas AJisI OTHOTO
caydasa gaerca pyuknueit Ui(q,t), a aua apyroro — ¥a(q, t), To mro-
Oad X JUHEHasd KOMOMHAIINS TOXKE JaeT BO3MOXKHYIO 3aBUCUMOCTh
COCTOSTHUSI OT BPEMEHH.

OTHU yTBEPXKICHUsI COCTABJSIOT COJAEPXKAHNE TaK HA3bIBAEMOTO
NPUHUUNG CYNEPNOZUUUL COCMOAHUT — OCHOBHOTO TOJOKUTETHHO-
ro IPUHIINTA KBAHTOBOIT MexaHWKHU. VI3 Hero cjejyer, B 4aCTHOCTH,
YTO BCE YPaBHEHNUA, KOTOPHIM VAOBJIETBOPAIOT BOJTHOBBIE (PYHKITNH,
MOJI?KHBI OBITH JImHEeHbIMEI 110 W,

PaccMoTpuM cucTeMy, COCTOAINYIO M3 JABYX YacTeil, W IIpeJIo-
JIO’KUM, YTO COCTOAHHE ITOI CHCTEMBI 3aJJaHO TaK, YTO KaKIas
M3 vacTeil 3ammcana MOMHBIM obpaszom'). Torga MoXHO yTBep-
YKJATh, 9YTO BEPOSTHOCTU KOOPAMWHAT 1 IIEPBOIl YacTU HE3aBUCUMBI
OT BEPOSITHOCTEl KOOPAWHAT o BTOPOIl YaCcTH, W IMOTOMY pacIlpe-
JeJIeHIe BePOATHOCTEH JIJII CUCTEMBI B IIEJIOM JOJI?KHO OBITH paB-
HO MPOM3BEJEHUIO0 BEPOATHOCTEIl [MJId ee dacTeil. DTO 3HAUUT, UTO
BostHOBasg byHKIUA Y12(q1,q2) CuCTEMBI MOXKeT OBITH IPEICTABIIE-
Ha B BHUJIe TPOW3BeJeHns BOJHOBBIX dyHKumit ¥i(q1) m Va(ga) ee

1) TeMm camMbIM, KOHEYHO, JAHO U TOJIHOE OIIMCAHUE COCTOSIHUSI CUCTEMBI B IIe-
jgom. [lomuepkHeM, ogHAKO, 9TO OOpATHOE YTBEPXKIEHUE OTHIOAb HE CIPaBEIJIN-
BO: MOJTHOE OMHMCAHUE COCTOSIHWSI CUCTEMBI KaK IIEJIOTO ellle He OIMpeaessieT, BOO0-
I1le TOBOPS, IOJIHBIM 00Pa30M COCTOSIHUN ee OTJIeabHbIX YacTeil (cM. Takxke § 14).
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JacTen:
U12(q1,92) = Y1(q1)P2(ge). (2.3)

Ecau obe wacTnm He B3amMOJIEHCTBYIOT JAPYT C APYTOM, TO TaKOE CO-
OTHOIIIEHIE MEKJY BOJHOBBIMH (DYHKIIUAMH CUCTEMbI U ee JacTeit
COXPaHUTCS W B Oy yIre MOMEHTHI BPEMEHMU:

U12(q1,92,t) = Yi(q1,t)P2(q2,t). (2.4)

§ 3. OnepaTopsl

Paccmorpum HEKOTOPYIO (bU3UTIeCcKyio BeJnunHy f, XapaKTepu-
3YIOIIYI0 COCTOSIHHE KBAHTOBOM cucTeMbl. CTPOro roBopsi, B HUXKE-
CJIEAVIOIINX PACCYXKIACHUAX CJIETOBAJIO OBl TOBOPUTH HEe 00 OIHOI
BeJIMYNHE, a Cpa3y O IeJIoM IoJHOM ux Habope. OmHako Bce pac-
CY>KAEHHS OT 3TOTO II0 CYIIECTBY HE MEHSIOTCS, U B IEJIAX KPATKOCTHI
1 IMPOCTOTHI MBI TOBOPUM HHK€ BCErO JIMIIL 00 OJHO# pusmueckoi
BeJINYMHE.

SHadYeHNsI, KOTOPbIe MOXKET IPHUHHUMATh JaHHAdA (QU3UIECKasd
BeJINYNHA, HA3BIBAIOT B KBAHTOBOIl MEXaHUKE €€ COOCMBEHHLIMU
3HAYEHUAMU, & 00 UX COBOKYITHOCTU TOBOPAT KaK O Cnexmpe coO-
CTBEHHBIX 3HAYEHUIl JaHHONM BeaIMYMHBI. B KiaccumuecKoil MexaHUKe
BEJIMYNHBI ITPOOErafoT, BOOOIIE TOBOPS, HEIPEPHIBHbIN Psi1 3HAYEHMIA.
B xBaHTOBOIT MeXaHUKE TOXKEe CYIIECTBYIOT (PU3NIECKUE BEJTUIUHBI
(HarmpuMep, KOOPJAMHATHI), COOCTBEHHBbIE 3HAYEHUS KOTOPBIX 3aI0JI-
HAIOT HEIPEPBIBHBIN Psifl; B TAKUX CJAyUIasIX TOBOPSIT O HENPEPHLIBHOM
cnexmpe COOCTBEHHBIX 3HaveHuit. Hapsaay ¢ stumu BenmdmHamMu B
KBAHTOBOM MeXaHUKe CYIIEeCTBYIOT, OJHAKO, U JPYTue, COOCTBEHHBIE
3HAYUEHNsT KOTOPBIX 00pa3yIOT HEKOTOPHIN JAUCKPETHBIN HAOOP; B Ta-
KHUX CJIYYIasaX TOBOPAT O JUCKPEMHOM Cnexmpe.

Bynem cunmrarh cHauaja JJIg OPOCTOTHI, YTO PacCMATPUBAEMAasI
BeanunHa f o0JIagaeT AMCKPETHBIM CHEKTPOM; CAydail HermpephIB-
HOrO cIeKTpa paccMorperH B §5. CoOCTBeHHBbIE 3HAYUEHUS BEJIMUN-
HbI f 0003HAYUM Kak f,, rae uHaekc n mpoberaer 3Hadenus 0, 1, 2,
3, ...0O0603HaYNM BOJIHOBYIO (PYHKIIHMIO CUCTEMbI B COCTOSIHUH, B KO-
TOPOM BeJimunHa f mMeeT 3HadeHue f,, depes V,,. BosHoBbie hyHK-
nn W,, Ha3bIBAIOT COOCMEEHHBIMU PYHKUUAMY TAHHON (PU3MIECKOM
BesmuuHb! f. Kaxkgas n3 3rux QyHKIINH ITPenoaaraeTcss HOpMUPO-

BaHHOI, TaK 4TO
/|\Iln|2dq = 1. (3.1)

Ecau cucrema HaxoauTCss B HEKOTOPOM ITPOU3BOJIBLHOM COCTOSTHUNI
c BOJIHOBO# dyHKimeir ¥, To mpom3BeaeHHOE HAJI HEI N3MEPEHUE
BeJIMYUHBI f JaCT B pe3yabTaTe OJHO M3 COOCTBEHHBIX 3HAUEHUI f,.
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B cooTBeTCTBUM C MPUHIIUIIOM CYIIEPIIO3UIINNA MOXKHO YTBEPKIAThH,
YTO BOJIHOBask pyHKIMS ¥ HOJIKHA HpPeACTaBIATh COOOM JIMHEHHYTO
KOMOMHAITUIO TeX U3 coOCTBeHHBbIX (yHKIUit ¥,, KOTOphle COOTBET-
CTBYIOT 3HAYEHUAM [y, MOTYIIUM ObITh OOHAPYKEHHBIMU C OTJINU-
HOIl OT HYJIA BEPOATHOCTBIO NPU W3MEPEHUU, MPOU3BEJIECHHOM HAJT
CHCTEMOM, HaXo/dIeica B paccMaTpuBaeMoM cocTtosdgHnn. [losTomy
B O0IIIEM CJIydae MIPOU3BOJILHOTO cocTodumsI PYHKINA ¥ MOXKeT ObITH
IIpeJICTaBJIEHa B BUJE PAIa

U=> a,7,, (3.2)
n

r7e CyMMHPOBaHIE IMPOU3BOAUTCS IO BCEM T, & @, — HEKOTOPhIE II0-
CTOSAHHBIE KO3 DUIINEHTHI.

Takum oOpa3oM, MbI IPUXOANM K BBIBOAY, UTO BCAKAA BOJTHOBAA
dyHKIINA MOXKET ObITh, KaK TOBOPSAT, Pa3jIoXkKeHa 10 COOCTBEHHBIM
dbyuKIIIAM J1I0001 hrsmueckoit Bequanubl. O cucreme YHKIIIA, IO
KOTOPBIM MOXKHO ITPOBECTH TAaKOE€ PA3JIOXKEHHE, TOBOPAT KaK O NoA-
Hol cucmeme PYHKUUTL.

Paznoxenne (3.2) maeT BO3MOXHOCTD ONPEEINTh BEPOSTHOCTH
OOHapy kKeHus (IyTeM U3MEPeHUii) Y CHCTEMBI B COCTOSTHUH C BOJTHO-
Boit pyukIumeit ¥ TOro miam MHOrO 3HadeHus f, Beauuuubl f. Jleit-
CTBUTEJHHO, COTJIACHO CKAa3aHHOMY B MPEIbIAYINEM maparpade, 3Tu
BEPOSITHOCTHU JIOJI2KHBI OIPEAeTAThCA HEKOTOPHIMHU OUINHEHHBbIMI
mo ¥ u U* BhIpakeHHUSIMHU W TIOTOMY JOJIXKHBI ObITh OMJIMHENHBIMU
o an, M a,. /lamee, 3Tu BbIpakeHUs, pa3dyMeeTcs, JOJIKHBI OBITH
TOJTOXKUTENbHBIMU. HaKoHer, BepOsSTHOCTb 3HAYEeHUs f, JOJKHA
oOpalaThCs B €IWHUILY, €CJIU CUCTEeMa HAXOJAUTCA B COCTOSHUU C
BOJTHOBOM yHKiumeir ¥ = W, , u JoJXKHA oOpalaThbcd B HYJb, €C-
au B pasnoxkennn (3.2) BoaHOBO# dyHKImn W OTCYTCTBYeT YjeH C
nauuoit V,,. EQuHCTBEHHOI CYIIIECTBEHHO ITOJOXKUTEJIbHON BEJINYH-
HOIf, YIOBJIETBOPSIOIIEH STOMY YCJIOBHUIO, ABJISETCA KBaJIAPAT MOJLYJIA
Kod(durnenra a,. Takum obpaszoMm, Mbl TPUXOIUM K Pe3yJIbTaTy,
9TO KBaJPaT MOIYMA |a,|? Kaxkmoro ms koabHIMeHTOB pasioike-
Hus (3.2) ompeiesnisier BEPOATHOCTb COOTBETCTBYIONIErO 3HAYEHUS [y,
BeJIMINHBI [ B cCOCTOAHUM ¢ BOJIHOBOI dyuKmueit ¥. CyMmma BepOSIT-
HOCTEl BCeX BO3MOXKHBIX 3HAUEHN f, JT0/2KHA ObITh paBHA €IUHMUIIE;
JPYTUMH CJIOBaMU, JOJKHO UMETh MECTO COOTHOIIEHIE

D an)? =1. (3.3)

Ecmu Ob1 dyskiua ¥ He OblIa HOPMUPOBaHA, TO HE UMEJIO ObI
MecTa Taxxe n cootHomrenue (3.3). Cymma Y., |an|?* qomkHa 6bia
OBI TPU STOM ONPEAETATHCS HEKOTOPHIM BhIpaKeHueM, OMJTMHETHBIM
mo ¥ u U* u obpamaronmumMcsa B eQUHAILY IPH HOPMUPOBAHHOM V.
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TakoBbM siBasiercss ToabKO mHTerpasn [ WW* dg. Takum obpaszom,
JIOJI2KHO UMETh MECTO PaBEHCTBO

Zana: = /KII\I/* dg. (3.4)
n

C apyroit croponsl, yMHOXKUB Ha W pasioxkenne ¥* = > ay ¥y

KOMILJIEKCHO compsKeHHOIT ¢ ¥ dyrknmn ¥* u IpoOMHTErPHpPOBAaB,

TIOJTY 91M
/\IJ\II* dg = Za:/\ll;\lf dq.
n

CpaBHuBas 310 ¢ (3.4), nmeem

Zana; = Za;/\P;\I} dq,

OTKYJIa HAXOJUM CJIETYIONYI0 (POPMYJTy, ONMPEeAETAONy0 Ko3hdu-
IINEHTHI @, Ppa3jokeHnsd QPYHKIMH Y 10 COOCTBEHHBIM (DYHKITH-
am V..

an, :/\I!\I!:; dq. (3.5)

Ecnu moacraButh ciofa (3.2), TO mosydnm

Gy = Zam / v, dq,

OTKYyJa BUJHO, UYTO COOCTBEHHBIE (PYHKIIMU JOJIXKHBI Y I0BJIETBOPSTH
YCJIOBUAM

/ U, 0" dg = S, (3.6)

rae Opm = 1l Ipu n = m u Oy, = 0 ipu n # m. O dakre obpalenns
B HYJIb HHTErpajoB oT npousseernit ¥,, U* ¢ m # n roBopar Kak
O B3aMMHOI opmozoHnasvrhocmu dyraknuit V,,. Takum obpazom, co-
BOKYITHOCTB COOCTBEHHBIX (yHKIMiT ¥, oOpa3yeT MOJHYIO CUCTEMY
HOPMUPOBAHHBIX U B3AMMHO OPTOTOHAJIBHBIX (MM, KAK TOBOPST JIJIst

KPATKOCTHU, — OPMOHOPMUPOSAHHbILL ) (DYHKITHIA.

Bsenem monstue o cpediem 3navenHuu f BeIWIUHBI f B JAHHOM
cocTtossHuU. COOTBETCTBEHHO OOBITHOMY OIIPEIE/ICHUIO CPEJTHUX 3Ha-

yeHnil ompedenuM f KakK CYMMY BCeX COOCTBEHHBIX 3HAYeHUM fj
JTAHHOM BEJUYUHBI, YMHOXKEHHBIX KaXkJI0€ Ha COOTBETCTBYIOIIYIO
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BEPOATHOCTD |ay|?:

7= falanl” (3.7)

SanumeMm f B BuIe BhIPpAXKEHNA, KOTOPOE COAEPKAJTIO ObI He KO-
3 PunmeHTh paz3ioxennsa pyukrun ¥, a CaMYTO 3Ty dyukmumo. [lo-
CKOJIBKY B (3.7) BXOJSAT MPOU3BEIEHUS Gy Q,, TO SICHO, YTO UCKOMOE
BhIPpaXKeHNE JOJ2KHO OBITH OnnHeHbIM 110 W 1 W*. BBegeM HEKOTO-

PBIil MaTEMAaTHYIECKI 0nepamop, KOTOPBI MbI 0003HAYNM Kak f 1)
1 OITPEJIESTIM CJIETY FOIITIM o6pa30M [Tycrs (f \IJ) obo3HaYaET pesyb-
TaT BO3JeCTBUA OImepaTopa f Ha (byHKuI/IIo V. Mb1 ompemenm f
TaK, 9TOOBI HHTErpaJl OT Mpou3BeaeHust ( f \IJ) Ha KOMIIJIEKCHO COTIPSI-
KeHHyI0 GyHKIm0 ¥* 6bIT PaBeH CpeIHEMY 3HAUCHHIO f:

7= [ww)de (3.8)

Jlerko BueTb, 9TO B 00IIEM cjaydae omepaTop f ImpejcTaBiigeT
coboii HEKOTOPbIi JINHEIHBIN ?) WHTerpaabHbIil omepatop. JleiicTBu-

TEJIbHO, BOCIOJIB30BABIINCH BbIpaXKeHNeM (3.5) HJI Gy, MBI MOXKEM
HepenucaTh onpejeieHne (3.7) cpeHero 3HAUEHHU B BH/IE

f= anana:; = /\I/* (Z anfn‘]?n) d

CpaBauBag ¢ (3.8), MBI BUJUM, YTO PE3YJIbTAT BO3JEHCTBUS OmMepa-
Topa f Ha pyHKIIMIO ¥ TMeeT BUJ

= anfa¥n. (3.9)

Ecnmun mogacraBuTh ciofa BhIpaxkenue (3.5) Mg a,, TO MBI HaiiaeM,
YTO f eCcTh MHTETrpaJbHBIN OlepaTop BUIA

o) = [ K@ dvi)ad, (3.10)
riae dbyaxmusa K(q, ¢ (TaK Ha3BIBAEMOE SJIPO OIEPATOPA) €CTh

)
K(q,¢) =) f2¥5(d)¥n(q). (3.11)

1) MBI ycoBuMcs 0603HAYATE Be3Je OINEPATOPHI 6YKBAME CO IJTATKO.
) JIunefiHbIM Ha3BIBaETCS ONEPATOP, 00MAAOMui CBORCTBAMMY: f(\I!1 +U,) =

f‘Ill + f\Ilz, f(a\Il) = af\IJ rme Uy, Yo — mpousBosibHble (DYHKIIAHU, & G —
IPOU3BOJIbHASA TTOCTOAHHAS.
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TakuMm obpazoM, KaxKJI0i (U3NUecKoil BeJIUYNHE B KBAHTOBOI
MeXaHUKe OPUBOAUTCA B COOTBETCTBUE ONPEACJICHHBIN JINHENHBIN
omepaTop.

Uz (3.9) BugHo, uto ecnu pynknmeit ¥ apjsgerca ogHa U3 COO-
crBeHHBIX GyHKIUA ¥, (Tak 4TO BCE @y, KPOME OHOTO, PABHBI HY-

JI0), TO B pe3yJIbTaTe BO3IefiCTBUS Ha Hee omepaTopa f 9Ta pyHKIU
IPOCTO YMHOXKAETCsT Ha cOOCTBEHHOE 3Ha4deHue f,!):

U, = £,0,. (3.12)

Takum obpaszoM, cobcTBeHHBIE (DYHKITNT JaHHON (DU3MYIECKOi Be-
JUYUHBI f SABJISIOTCS PEIIEHUSIMI YPaBHEHUS

U =fv,

rae f— mocrodHHaA, a COOCTBEHHBIE 3HAYEHUS — 9TO T€ 3HAUECHU
MTOCTOSTHHOM f, TIpM KOTOPBHIX HAIMMCAHHOE ypaBHEHUE WMEET perle-
HIUSI, YIOBJETBOPSIONINE TPEOYyEeMbIM YCIOBUAM. KaK MbI YBUIUM HU-
’Ke, BUJ OIEPATOPOB I PA3JIUYHBIX (PUINIECKUX BEJIUINH MOXKET
OBITH OIpeJieJIeH M3 TMPAMBIX (PU3NIECKUX COOOparKeHWit, W TOrIa,
YKa3aHHOE CBOMCTBO OIEPATOPOB JAeT BO3MOXKHOCTH HAaXOJ/IUTh COD-
CTBEHHBIE (PYHKITUN U COOCTBEHHBIE 3HAYEHUS ITOCPEACTBOM PEIeHNST

ypaueHuit f¥ = fW.

Kaxk cobcTBeHHbIE 3HAUEHNS BEIECTBEHHOM (pPU3MYEeCKOi BeImdn-
HBI, TaK U €€ CPeJIHNE 3HAYCHUA BO BCAKOM COCTOSIHIU — BEIeCTBEH-
HBL. DTO 00CTOATEIBCTBO HAKJIAALIBACT OIPEICICHHOE OIPDAHUYCHIE
Ha CBONCTBA COOTBETCTBYIOIUX OMEpPaTOpoB. lIpupaBHaB BhIpaxke-
Hrie (3.8) KOMILJIEKCHO €My CONPSI?KEHHOMY, TIOJIYYHM COOTHOIIIEHNE

[v(Fwan= [vFe)an, (3.13)

AN

rae f* obo3HauaeT omepaTop, KOMILIEKCHO COMPSIKEHHBIN ¢ f?).
11 Tpon3BOJILHOTO JTUHEITHOTO OIlepaToOpa TaKoe COOTHOINEHHE, BO-
o0Ille TOBOpPsI, HE MMEEeT MeCTa, TaK UYTO OHO MHpPeACTaBJIAeT COo0Oit
HEKOTOPOE OTDAaHMIECHNE, HAKJIAbIBAEMOE Ha BOSMOXKHBIHA BHJ, OIle-

pPaToOpoOB f g Mpon3BOJILHOTO OIEPATOPA f MOXKHO yKa3aTh, KaK

/\

TOBOPAT, MPAHCNOHUPOBAHHHI C HUM omepaTop f, ompeneideMblit

1
) Huxke Mbr Gyzem Be3je, Tfie 9TO HE MOXKET MPUBECTH K HEJ0pPa3yMEHWUIO,

OTyCKaTh ckOOKu B Bbipaxkenuu s (fV¥), mpudeM OmepaTop Mpearosaraercs
,ueI/ICTByIOHmM Ha HAITICAHHOE BCJIEJ 38 HUM BBIDa’KeHHE.

>)Ilo ompeseneHmIo, ecyu UIA OTIepaTopa f nMeeM fw = ¢, TO KOMILJIEKC-
HO COIPSKEHHBIM ONEPATOPOM f Oyner omepaTop, AJjid KOTOPOTO UMEeT MeCTO

J?*w* _ SO*-
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TaK, ITOOBI N
[oFwyda= [ v(Fe)da (3.14)

rome ¥, & — aBe pasauusble GyHKIun. Ecim BbIOpaTh B KadecTBe
dbyukmun @ conpsxennyio ¢ ¥ dynknuio U*, o cpaBraenue ¢ (3.13)
TTOKA3bIBAET, YTO JOJKHO OBITH

~
A~ -~

f=f" (3.15)
OnepaTopsl, yI0BJIETBOPAIOIINE 3TOMY YCJIOBUIO, HA3BIBAIOT IPMU-
moswvimu ') . Takum 06pa3oM, omepaTopbl, COOTBETCTBYIOIINE B Ma-
TeMaTUYIeCKOM allapare KBAHTOBOM MEXaHUKHU BEIeCTBEHHBIM (-
3UYECKUM BEJUYUMHAM, JOJKHBI ObITh SPMUTOBBIMU.
®opMaJIbHO MOXKHO PAaCCMATPUBATL TaKXKe W KOMILIEKCHbIE (hU-
3UYEeCKHe BEJIUYUHBI, T.€. BEJIMYNHBI, COOCTBEHHbIE 3HAYEHUsT KOTO-
pbIX KOMILIeKCHBI. IlycTh f ecTb Takasg BeawmumHa. Tormga MOXKHO
BBECTH KOMILJIEKCHO CONPSIKEHHYIO ¢ Heit BequmuuHy f*, coOCTBEH-
Hble 3HAaUYEHUA KOTOPOIl KOMIIJIEKCHO COIPSI?KEHBI C COOCTBEHHBIMU
sHavenuaMu f. Omeparop, coorBeTcTByOmuit BegumduHe f*, 000-

3HAYNM depe3 f 1. Ero Ha3bIBAIOT CONpAdHCEHHbLM OmepaTopy f u
ero HeoOXOMMO, BOODIIE TOBOPsA, OTJNYATh OT KOMILIEKCHO COMPSI-

>KeHHOTO orepaTopa f*. /lelicTBUTEIBHO, IO OIPEaeIeHUIO OIIePaTO-

pa fT, cpenHee 3HaUeHHe BeJIMUHUHBI f* B HEKOTOPOM COCTOSHHH W
ecTh

= /\I!*f+\11dq.

C apyroit CTOPOHBI, IMEEM

*

(F)* = /xp*qudq :/\Iff*\p* dq = /\I!*f*\Iqu.
[TpupaBugaB 06a BbIpaKeHUs, HaiigeM, UTO

fr=r (3.16)

OTKyJa fCHO, 94To f, BooOIe TOBOps, He COBIaaaeT ¢ f*. YcaoBue
(3.15) MOXKHO HANMCATH TENEPh B BHJIE

f=r" (3.17)

Y Ina numeitnoro mmTerpampHOro omepaTopa Buga (3.10) ycaoBume spMuTO-
BOCTH O3HAYAET, U4TO AP0 ONEPATOPa JIOJIKHO OBITH TakuM, uTobel K (q,q') =

=K*(¢',q).
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T. €. OIEPATOP BEIIeCTBEHHON (pU3MUIECKOit BEIMINHBI COBIAIAET CO
CBOUM COIPSI2KEHHBIM (3PMHUTOBBI OMEPATOPHI HA3BIBAIOT TaK¥Ke CO-
MOCONDPAHCEHHHLMU ).

ITokarkem, KakKuM 0Opa3oM MOXKHO HEIIOCPEJACTBEHHO J0Ka3aTh
B3aNMHYI0 OPTOTOHAJBHOCTH COOCTBEHHBIX (DYHKITUI SPMUTOBA OITe-
paTopa, COOTBETCTBYIOIIUX PAa3JIUIYHBIM COOCTBEHHBIM 3HAYECHUSIM.
Ilyctb fn, fm —ABa pa3sandHbIX COOCTBEHHBIX 3HAYEHHS BEIECTBEH-
uvoit Besmuunnl f, a ¥,, ¥,, — coorBeTCTByIOIINE UM COOCTBEHHBIE

f\Ijn :fn\I’na f\Ilm :fm\I}m-
YMHOXKHIB 00€ JaCcTH MEPBOTO U3 STUX PaBeHCTB Ha V) | a paBEeHCTBO,

KOMIIJIEKCHO COIIPA2KEHHOE BTOPOMY, — Ha \Iln U, BbIYTA 3THU IIPOU3-
BE€ACHUA IIOYJIEHHO APYT U3 JApyTra, IIOJIY9IUM

\Ij:nqun - \Iln]?*qj;(n - (fn - fm)lpn\lj:n
IIponnaTerpupyem obe 4actu 3TOro paseHcTBa 1O dg. Ilockombky

f* = f, 10 B cuny (3.14) mHTErpas OT JIEBOH YaCTH paBeHCTBa obpa-
AeTCd B HYJIb, TaK YTO MOJIYIUM

(fu — fm) / W, dg = 0,

OTKY/J&, BBUAY fp # fm, CIIEIyeT UCKOMOE CBOMCTBO OPTOTOHAJIBLHO-
ctu dyuxmuit ¥, u V,,.

Mubl Bce BpeMsi TOBOPUM 3JIeCh TOJIBKO 00 OJHOM (PpU3MUecKoi
BeuunHe f, MEXIy TeM KakK CJIeI0Baj0 ObI TOBOPUTH, KaK OBLIO
OTMeYeHO B HadaJje maparpada, o MOJHON CUcTeMe OTHOBPEMEHHO
U3MEPUMbBIX (PU3NIECKUX BeJIUYUH. 10ra MbI HAITLIH OBI, UTO KaiK-

IO M3 ITHUX BeJWYuH [, g, ...COOTBETCTBYeT CBO# omeparop f,
g, ...Cobcrennnie Gynkiun W, COOTBETCTBYIOT COCTOSHHUSM, B
KOTOPBIX BCE paccMaTpPUBaeMble BEJUYMHBI MUMEIOT OIpejesIeHHbIe
3HAYEHUsI, T.€. COOTBETCTBYIOT OIIpeJeJIEHHBIM HabOpaM COOCTBEH-
HBIX 3HAYEHUH fp, gn, ...HN ABISIOTCI COBMECTHBIMU PEIICHUSIMU
CUCTEeMBbI ypaBHECHUIT

FU=fU, gU=g¥, ...

§ 4. CiiokeHne U YMHOX>KE€HUE ONeEPaTOPOB

Eciu f u g— onepaTopbl, OTBEYAOIINE ABYM CbI/IEI/I‘{eCKI/IM Be-

auunsaaMm f u g, To cymme f + g orsedaer omeparop f + g. Cwmbica
CJTOXKEHNUS PA3IMIHBIX (PU3NUIECKUX BEJININH B KBAHTOBOM MEXaHUKE,
OJTHAKO, CYIIECTBEHHO Pa3JIMYeH B 3aBUCHUMOCTHU OT TOT'O, U3MEPUMbBI
JIN 3TU BEJIMYUHBI OJHOBPEMEHHO WU HeT. Ecium Beauuumubl f u g
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OHOBPEMEHHO M3MEPUMBI, TO OMEPATOPHI f U § UMEIOT COBMECTHbIE
coOcTBeHHBIE (DYHKIINU, KOTOPbIE ABJISIOTCA B TO K€ BpeMs M COD-

CTBEHHBIME (PYHKIIUAME omepatopa f + g, a cOOBCTBEHHbIE 3HAUCHUS
TTOCJIETHETO OIIEPATOPa PABHBI CyMMaM fn, + gn.-

Ecnn ke Beauuuubl f U g HE MOTYT UMEThb OJITHOBPEMEHHO OITpe-
JIEJIEHHBIX 3HAYEHUI, TO CMBICJ UX CyMMbI f + g 0Oojiee orpaHUIEH.
MoxxHO UL YTBEPXKAATH, YTO Cpe/IHEe 3HAUEHNE ITOM BEJITUYNHBI B
MTPOU3BOJBHOM COCTOSHUHM PABHO CyMMe CPEJHUX 3HAUYEHUU KaxKJO0To
U3 cjaraeMbIX B OTJEJIBHOCTH:

f+e=f+%g (4.1)
Yo ke KacaeTcss cCOOCTBEHHBIX 3HAYEeHUU U (DYHKIUI oIepaTopa

f + g, To 3mech oHH, BOOOIIE TOBOPs, HE OYyAYT UMETh HUKAKOIO OT-
HOITIEHUSA K COOCTBEHHBIM 3HAUYEHUSAM WM (PYHKIIUAM BeJUYUH f U g.

OueBHIHO, YTO €CJIN OIEPATOPhI f U g — SPMHUTOBBI, TO IPMHUTOBLIM

Oyzer u omepaTop f + g, TaK 4YTO €ro COOCTBEHHBIE 3HAYEHUS — Be-
IIIECTBEHHBI U MPEJICTABIAIOT co00M COOCTBEHHBIE 3HAYEHUS OIIpeIe-
JIEHHO# TakuMm 0Opa3oM HOBOI BeaUduHbI f + g.

Ormerum cremyromiyto Teopemy. Ilycts fy, go — HamMmeHbIHe
cobcTBeHHbIE 3HaUeHus Besmund f, g, a (f + g)o — Toxke 1 Besn-
ynabl f + g. Torma MOXXKHO yTBEpPXKIaTh, UTO

(f +8)o = fo+ 8o (4.2)

3HaK paBEHCTBa MMEET MECTO, €CJIM BEeJINYHHbI [ U g OJIHOBPEMEH-
HO m3MepuMBbI. /lokazaTebecTBO ClleyeT W3 OYEBUIHOTO (PaKTa, YTO
cpeHee 3HAYEHNE BEJIMYUMHBI BO BCIKOM CJIydae OOJIbIlle MM PABHO
ee HaMEeHbIIIeMy cOOCTBEHHOMY 3HaUeHU0. B cocTossHNM, B KOTOPOM

BesmmunHa ( f 4+ g) numeer 3Havenue (f+g)o, mmeem (f + g) = (f+8)o

U TIOCKOJIbKY, ¢ Apyroii cropousl, (f 4+ g) = f+8 > fo+go, MbI nipu-
XOJINM K HepaBeHCTBY (4.2).

[Tycth Tenepsb cHOBa f U g — OJTHOBPEMEHHO U3MEPUMbIE BEJIHMYN-
Hbl. Hapsiiy ¢ mx cyMMOiT MOXKHO BBECTHU TOHSTHE W 00 UX MPOM3Be-
JIEHUH KaK O BeJINYNHE, COOCTBEHHBIE 3HAUYEHUSI KOTOPOil PaBHBI IIPO-
U3BEJIeHNSM COOCTBEHHBIX 3HadYeHmit BesnunH f u g. Jlerko Bujers,
YTO TAKOl BEJIMYMHE COOTBETCTBYET ONEpPATOp, JAeHCTBHE KOTOPOIO
COCTOUT B TOCJIEJIOBATEBHOM JeficTBUN Ha (DYHKIIMIO CHaYaJa OJI-
HOT'O, a 3aTeM APYroro omeparopa. Takoil omepaTop m306parkaeTcs

MaTeMaTHIeCK! KaK Mpou3BeaeHne onepatopos f u g. leiicrBuress-

HO, ecau ¥, — obmue cobcTBeHHBIE PYHKIIMKM OIepaTopos f u g, To
TMeeM

fA/g\\Ijn = f(g\I’n) = fgnan = gn]?\Ijn = gnfnan
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(cumBosl fg oGO3HAUaeT omeparTop, JeificTBHE KOTOPOTrO Ha (PyHK-
o ¥ 3aKJII0YaeTCs B MOCJEA0BATEILHOM JeMCTBUN CHAYAJIa OIle-
paropa g Ha dyskuio ¥, a 3aTem oneparopa f Ha dyuKIuio gV¥).
C TeM Ke yCIeXOM Mbl MOLJIM Obl B34Tb BMECTO OmEpaTopa fg
orepaTop gf, OWIMYAIIMUIACA OT HIEPBOr0 MOPASKOM MHOMXKUTEJEH.
OueBuAHO, YTO PE3yaAbTAT BO3AEHCTBUA 000UX STUX OIMEPATOPOB HA
dyukmun ¥, Oymer oamHakoBbiM. HO MOCKOJIBKY BCAKasdg BOJHOBAsI

dyukmua ¥ moxker ObITH HpeJACTaBIeHA B BUJE JIMHEWHON KOMOU-
Haruu yuknuit W,, To OTCI0Ha CJEayeT, YTO OAUHAKOBBIM OyaeT

pe3yJabTaT BO3AeHCTBUsS omnepaTopoB fg um gf M Ha MPOU3BOJBHYIO
byHKIMIO. DTOT PaKT MOXKET OBITH 3aIIUCAH B BUAE CUMBOJIMYIECKOTO

paBeHcTBa fg = gf wan
fe—gf=0. (4.3)

O Takux AByX omepaTopaxX f W g FOBOPAT, KaK O KOMMYMAMUG-
HuX ApYyT ¢ apyrom. TakmMm oO6pa3oM, MbI MPUXOJIUM K Ba KHOMY
pe3yJIbTATy: €CJAN ABe BeJUINHbI f U g MOI'YT UMEThb OJJHOBPEMEHHO
OIlpeJieJIEHHbIe 3HAUYEHNd, TO UX ONepaToOpbl KOMMYTATUBHBI JAPYT C

JIPYTOM.
Moxker ObITh JJOKa3aHa 1 obpaTHas TeopeMa (cM. § 11): ecyiu ome-

paTopsl f U € KOMMYTATUBHBI, TO Y HUX BCe COOCTBEeHHBIE (DYHKITUN
MOXKHO BBIOpATh OOIIUMH, UTO (PUBUUECKH O3HAYAET OJHOBPEMEH-
HYI0 U3MEPUMOCTH COOTBETCTBYIONINX (PUBMIECKUX BEJIUYINH. |aKmM
00pa30oM, KOMMYTaTUBHOCTb OIEPATOPOB SBJIAETCS HEOOXOIUMbBIM 1
JTOCTATOYHBIM YCJIOBUEM OJHOBPEMEHHON M3MEPUMOCTU (PU3MIECKUX
BEJIMYINH.

YacTHBRIM CIydaeM IPOU3BEAEeHNs OMEPATOPOB ABJIAETCA OIepa-
TOP, BO3BEJIEHHBINI B HEKOTOPYIO cTeneHb. Ha ocHOBaHMM cKa3aHHOTO

MOKHO CJIeJIaTh BBIBOJI, UYTO COOCTBEHHBIE 3HaUeHWs omeparopa fP

(p— mesioe YmMCI0) paBHBI COOCTBEHHBIM 3HAYEHHSIM oreparopa f,
BO3BEJEHHBIM B Ty 2Ke p-10 cTemeHb. Boobime, MOXKXHO ompeae/nTh

mr00yto dyHKIHo onepatopa ¢(f) Kak omepaTtop, COGCTBEHHbBIE 3HA-
JeHMsT KOTOPOTO PaBHBI Takoil ke GyHKIun ¢(f) coGCTBEHHBIX 3HA-

gennit oneparopa f. Ecim byukuus ¢(f) paznoxnma B pag Taitmo-
pa, TO TaKHM Pa3JIOXKEHHEM JIeHCTBUE OIepaTopa (p(f) CBOJIUTCS K
JEUCTBUIO PA3JIMYHBIX CTeIleHel fp.

B JaCTHOCTH, OIEPATOP f_l HA3BIBAETCA 00PAMHDIM OIIEPATO-
Py f O‘{eBI/I,ZLHO 4TO B PE3YJIBTATE MOCIIE0BATEIBHOIO BO3ENHCTBHS
OIIePaTOPOB f f 1 Ha . IPOM3BOJIBHYO (DYHKIMHIO TOCJIEAHSIST OCTa-
eTca HeM3MEHHOM, T. €. f f 1 f 1 f = 1.
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Ecan xe Beauunubl f U g HEe U3MEPUMbI OJHOBPEMEHHO, TO IIO-
HATHE UX IMTPOU3BEICHN HE UMEET YKA3aHHOTO BBIIIE TPSIMOTO CMbIC-

J1a. DTO MPOABJILAETCA YK€ B TOM, YTO OmepaTop f€ B 3TOM Ciydae
He OyJIeT SPMUTOBBIM, a ITO9TOMY HE MOXKET COOTBETCTBOBATH BEIIlE-
CTBEHHOI (bu3MyecKoit BequyunHe. /[eficTBUTEBHO, IO OIPEIeIEHUTO
TPAHCIOHUPOBAHHOTO OIIEPaTOPa, MUIIEM

~
-~

[ wigvao = [ wi@®)di- [ @o)(Fw)dn

~

31ech omepaTop f gefictByer Tosbko Ha ¢y ¥, a omepaTop
g Ha P, Tak YTO MO MHTETPAJIOM CTOUT IPOCTO MPOU3BEIEHUE JTIBYX

dbyuknmit: g® u fU. Ilpumenus eme pas ompeaeeHne TPaHCIOHU-
POBAHHOI'O OIIEPATOPA, HMUIIEM

[ vigvas= [(Fw@v)da= [ 837vae

TakuMm 0Opa3oM, MbI TOJYUYWJIN WHTETPaJ, B KOTOPOM TIO CPaB-
HEHUIO C TepBoHAYAJbHBIM MYHKIUU ¥ 1 ¢ moMeHsIUCh MeCTaMMU.
Jpyrumu cioBaMu, ornepatop gf eCTb omepaTop, TPAHCIOHUPOBAH-
HBIA ¢ fg, 1 MBI MOXKEM HAIIUCATh

fg=1r8g, (4.4)

T. €. OIIEPATOP, TPAHCIOHUPOBAHHbIN € Tpou3BejieHneM fg, eCTh Mpo-
M3BEJIEHNEe TPAHCIIOHUPOBAHHBIX MHOXKHUTEJE, HANNCAHHBIX B 00-
PaTHOM TOPsiIKe. B3sB KOMIJIEKCHO COMPSIZKEHHOE OT 06enX CTOPOH
paBercTBa (4.4), Haiigem, 9TO

(fe)t=g"f". (4.5)
Ecin kazxap1it u3 omneparopos fI/I g — 3PMHTOB, TO (f§)+ = gf
Orcroma caemyer, 94To omepaTop fg OyAeT 3pMUTOBBLIM, TOJIBLKO €CJIN

MHOXHUTEIN f U g — KOMMYTATUBHbI.

OrmerumM, uTo U3 mpousBeaecHuil fg u gf ABYX HEKOMMYTATHB-
HBIX 3PMHUTOBBIX ONEPATOPOB MOYKHO COCTABUTH IPMUTOB K€ Olepa-
TOP — UX CUMMEMPUIOBAHHOE NPOU3BEJEHUE

~(fz +2h). (4.6)

Jlerko Takxke yOeauThCSI B TOM, YTO PA3sHOCTL fg — gf ecTh
«QHTUIPMHUTOB» OMEpaTop (T.e. Takoii, JJIsi KOTOPOTO TPAHCIIOHUPO-
BaHHBIN OMIEPATOP PaBeH B3ATOMY C OOPATHBIM 3HAKOM KOMIIJIEKCHO
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conpsizkeHHOMY ). OH MOXKeT OBITH CJIeJIaH SPMUTOBBIM YMHOKEHUEM

Ha %; TAKIM 00pa3oM, PSR
i(fg —8f) (4.7)

eCTh TOXKEe SPMUTOB ONEPATOP.
B manpHeiiem MbI OyaeM MHOTAA HMOJb30BATHCA JJI KPATKOCTHI

0003HaYEHNEM R R R

{f.8t=fe—-58f (4.8)
JIJIS TAK HA3BIBAEMOTO KOMMYMAMOPa OIepaTopoB. JIerko ybe murhes
B TOM, YTO UMeeT MECTO COOTHOIIICHIE

{rg,hy ={f,h}g + {8, h}. (4.9)
3aMeTnM, ITO ecyu {j?, /l\z} =0mu {/g\,fz} = 0, To orcrooa, BooOIIe
rOBOPs, OTHIOJb HE CJIEJYeT, 9TO U f U § KOMMYTATUBHBI.

§ 5. HenpepbiBHBIN crieKTp

Bce BriBenennnie B § 3,4 COOTHOINEHMSI, OMUCHIBAOIINE CBONCT-
Ba COOCTBEHHBIX (DYHKITHI JTUCKPETHOTO CHEKTpa, 6e3 Tpy/1a MOTYT
OBITH 0DOOINIEHbI Ha Cjay4ail HEMPEPbIBHOTO CHEKTPa COOCTBEHHBIX
3HAYCHUI.

[Iycts f— dusudeckas BenmunHa, 00J1aIar0ass HEIPEPHIBHBIM
crieKTpoM. Ee cobcTBeHHBbIE 3HAUEHNST MBI Oy/IeM 0003HAYATH ITPOCTO
To#l »Ke OykBoOit f 0Oe3 mHjEKca, a COOTBETCTBYIOIINE COOCTBEHHBIE
dbynkmum Oygem obosnadats Wy. Ilogobno ToMy Kak HTPOM3BOJIb-
Has BoJiHOBas pyHKIus W MoxKeT ObITH pasjioxKeHa B ps (3.2) mo
cOOCTBEHHBIM (DYHKIUAM BEJIUYNHBI C JUCKPETHBIM CIHEKTPOM, OHA
MOXKeT ObITh TaK:Ke pas3Jio’KeHa — Ha 3TOT pa3 B MHTErpaj — U IO
TTOJTHOM CHCTEMe COOCTBEHHBIX (PYHKITNI BEJIMUUHBI C HEIPEPHIBHBIM
cnekTpoM. Takoe pasjioxKeHNe UMeeT BUT

U(q) = /af‘l'f(Q) df, (5.1)

rJle THTETPUPOBAHUE ITPOU3BOINTCA II0 BCell 00JIacTU 3HAYEHU, KO-
TOPBbIE MOXKET IPUHNMATL BEJINYNHA, f.

Bosee citoxxHBIM, YeM B ciydae JUCKPETHOTO CIIEKTPAa, SABJISIETCS
BOIIPOC O HOPMHUPOBKE COOCTBEHHBIX (PYHKITUIT HEMPEPBIBHOTO CIIEK-
Tpa. TpeboBaHIe paBeHCTBA €IMHUTE NHTErPAJIa OT KBaApaTa MOIY-
JIg (DYHKITUM 371eCh, KaK MbI YBUJIUM JaJjee, HEBBIIIOJHUMO. BMmecTo
3TOTO IOCTaBUM cebe IesIbI0 TPOHOPMUpPOBaTh pyHKIu Wy Taknum

obpa3zom, 9T00HI |af|? df mpescTaBnsano coboit BEpOATHOCTH PacCMaT-
puBaeMoil pU3NIECKON BeJUYNHE HUMETh B COCTOAHUU, ONUCHLIBAIO-
meMca BOTHOBOI (ynkimeit ¥, 3HaYeHHe B 33JaHHOM HHTEPBAJIC
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Mexkay f u f + df. IlockonbKy cymMMa BEpOATHOCTENH BCEX BO3MOXK-
HBIX 3HaUYeHUil [ J0/KHA OBbITH paBHA €IUHUIIEC, TO MMEEM

/ |af|2df 1 (5.2

(aHAJIOTMYIHO COOTHOMIEHNIO (3.3) /Ui TUCKPETHOTO CIEKTPA).
[TocTymasi B TOYHOCTH AHAJIOTUYHO TOMY, KaK MBI JEJIAJU TPH
BbIBOZIe popMYJIBI (3.5), M MCHOIB3Ys Te Ke COODPAXKEHMsI, THIIEM,

C OIHOI1 CTOPOHHI,
/\If\Il* dq = / las|? df,

", C APYyroil CTOPOHBI,

/w* dq = //a}i\ll;‘c\Ifdqu.

N3 cpaBHeHUsa 000UX BbIpaXKeHU HaAXOAUM (POPMYIIy, OIpeIesis-
IOIIYI0 KO PUIMEHTHI pa3I0KEeHNA

af =/‘I’(Q)‘I’}i(q) dg, (5.3)

B TOYHOCTH aHAJIOTHIHYIO (3.5).
s BBIBOJIA yCJIOBHSI HOPMHPOBKH IOJACTaBUM Temepb (5.1)

5 (5.3):
af = /af/ (/ Wy 0% dq) df’.

DTO COOTHOIIIEHNE JAO0JI2KHO UMETH MECTO IIPU ITPOU3BOJIbBHBIX af " 110-

TOMY JIOJI2KHO BBIIOJIHSTHCSA TOXKJIECTBEHHO. J[J1g 9TOro HeoOxXoammo
IpexK/ie BCero, 4YTo0bl KOA(P@PUIIUEHT IPH afr 1OJ] 3HAKOM HHTeTpaJia

(T.e. maTerpan [ ¥ ¥} dg) obpamancs B HyJIb IIPH BCeX f' £ f.Ilpn
f' = f sTor kKoaddunmenT m0KeH 0OPATUTHCA B GECKOHETHOCTD (B
IIPOTUBHOM CJIy4ae uHTerpaJ mo df’ 6yjer paseH nmpocto Hymo). Ta-
KnM obpasom, maTerpan [ ¥ fr\I’}dq ectb pyHKINA pasHocta f — f/,
oOpallaoIasicsa B HyJIb IIPU OTJIMYHBIX OT HYJIA 3HAUEHUSAX apryMeH-
Ta U B OECKOHEYHOCTDH IIPH PABHOM HYJIFO aprymenTe. O003HAUMM 3Ty

byukmo gepes 0(f — f):
[ vpwida=s(s' - 1) (5.4)

Crnoco6 obpamenus byuxmun §(f' — f) B GeckoHeuHOCTH TIPH
f' — f = 0 onpegenserca TeM, 9TO JOIKHO OBITDH

/5(]“ - f)afr df’ — ar.
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ZIcHO, 9TO JJI 3TOTO JOJIZKHO OBITH

[ot-par =1

OnpeneneHHass TakuM 00pa3zoM (QYHKINA HA3bIBAETCA O-PYHKUU-
eti ') . Bemmumem erme pa3 onpenensrioriue ee dopmysbl. Vmeem

d(x)=0 mpux #0, 6(0)=o0, (5.5)
IPUYEM TaK, 9TO e
/ d(x)dr = 1. (5.6)

B kagecTBe mpenesoB MHTEIPUPOBAHUS MOXKHO HAIMCATH JIIOOBIE
JIpyTHe, MEXKJIy KOTOphIMU Haxogutcs Touka £ = 0. Ecau f(x) ectnb
HeKOTopasd (PYHKIINd, HelpepblBHag npu T = 0, To

+o0o
[ s@)s(@)do = 5(0). (5.7)

B 6oJiee obmiem Buge sta popmysia MOXKeET OBITH HAIMCAHA KaK

[ 8- a)f(a)da = fa), (5.8)

rie 00JIACTh MHTETPUPOBAHUSA BKJIIOUAET TOYKY T = @, a f(x)—
HerpepbiBHA 1pn & = a. O4YeBUIHO Tak»XKe, 9TO O-(PYHKIUS YeTHA,
T. €.
d(—z) = d(x). (5.9)
Haxkownerr, Hanucas
o0 o0 d
Y 1
d(ax)dxr = / y)— = —,
/ af e
—Oo0 — OO
IPUXOANM K BBIBOAY, UTO
1
d(ax) = ﬁd(:p), (5.10)
e

rjIe o — JIo0ass MOCTOSHHAS.

Y Jenbra-dpysknus 6bu1a BBeJeHA B TEOPETHIECKYD Gu3HKy Jupaxom
(P. A. M. Dirac).
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@opmyna (5.4) BbIpaxkaer cobOil TPaBUIO HOPMUPOBKH COO-
CTBEHHBIX (DYHKIIHII HEIPEPBIBHOTO CIIEKTPAa; OHA 3aMeHdeT co0oit
ycqoBue (3.6) auckpernoro crekrpa. Mer BugnM, uro dbysknmn Wy

n Wy cf # f' mo-mpekHEMy OPTOrOHAJIBHBI APYT K Apyry. MH-
TerpaJibl ke OT KBaJpaToB |V f|2 dyHKIIIIT HETPEPBIBHOTO CIIEKTPA

PaACXOIATCA.
Oynkimn Vy(q) yIOBIETBOPSIOT eIlle OZHOMY COOTHOLIEHHIO,

cxomHOoMy ¢ (5.4). Hns ero BeiBoma mogcrasasiem (5.3) B (5.1), uro

o U(q) = /\I'(Q’) </ ‘I’}"c(q')‘I’f(Q)df> dq’,

OTKY/Ia Cpa3y 3aKJII0YaeM, YTO JIOJKHO ObITh

/@?(Q')‘I’f(Q) df =d(¢—¢'). (5.11)

AHaJOTUIHOE COOTHOIIIEHIE MOXKET OBITh, Pa3yMeeTCsl, BBIBEIEHO I
JIJIsT TUCKPETHOTO CIIEKTPa, TJie OHO UMEET BU/

> i (q)nlq) = 6(d —q). (5.12)

Cpasuus mapy dopmyna (5.1) u (5.4) ¢ mapoit (5.3) u (5.11), mbr
BH/IIM, 9TO, C OAHOI CTOPOHBI, GyHKInN V¢ (q) OCYIIECTBIAIOT pa3-
noxxerne ysxmun ¥(g) ¢ xoaddunneHTaMnI PA3JIOKEHUA G f, A, C
JIpyToii cTopoHbl, opMyty (5.3) MOXKHO paccMaTpUBATh KaK COBEP-

INEHHO aHAJOTUYHOE pazJyoxkenne dynkiym ar = a(f) mo dbyHKIH-

SIM ‘I!’}(q), IpuveM poJib KO3 UIMEHTOB pasyioxkenns: urpaet ¥(q).

Oyukius a(f), kak u ¥(q), BOOJTHE OMpeIEISeT COCTOSTHUE CHCTE-
MbI; O Heil TOBOPSAT KaK O BOJHOBOHN (pyHKIUHN B f-npedcmasaeHuu
(a o dpynrnun ¥(q) — Kak 0 BOJTHOBOH (DYHKIIUU B @-TIPEJCTABJIE-

amm). Ilono6H0 ToMy Kak |U(q)|? ompemesnser BepoATHOCTH I CH-

CTeMbI MMETh KOODAMHATEI B 33JaHHOM mHTepBase dg, Tax |a(f)|?
OmpejielisieT BEPOSITHOCTh 3HAYEHW BEJIMYMHBI f B 3aJaHHOM WH-
tepBase df. @yuknun xe V¢ (q) aBIAOTCA, C OAHON CTOPOHBI, COO-
CTBEHHBIMU (DYHKIUSAMU BEJIMYUHBLI f B ¢-TIPeJCTaBJIEHUN U, C JPYy-
roft CTOPOHBI, HX KOMIUIEKCHO conpsxennble W3 (q) mpeacTaBidaoT

coboit cobcTBeHHBbIE (DYHKIIMN KOOPAWHATHI ¢ B f-IIpeacTaBIeHUN.

[Tycrs (f) —HexoTopast GyHKINS BeJUIUHBL f, TPUTEM TaKasd,
ITO (p U f CBA3AHBI JAPYT C APYTOM B3aUMHO OJHO3HAYHBIM 00Pa30M.
Kaxayio u3 dyskmmit ¥y(g) MOXKHO TOrJla paccCMaTPHUBAaTh U Kak
cOOCTBEHHYIO (DYHKITHIO BeJIUYUHBI . [Ipm aTOM, OmHAKO, HEOOXO-
JIIMO W3MEHUTb HOPMHPOBKY 3TuX (pyHKIuit. leficrBurenpbHo, cob-
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ctBeHHble GyHKIUH ¥, (g) BESMUUHBI ( JOIKHBI OBITH HOPMHIPOBA-
HBI YCJIOBUEM

/ W Wy da = O[o(f) — o(f)],

MexK Iy TeM Kak dyskiun ¥y HopMHUpOBaHbI yciaoBueM (5.4). Apry-
MeHT d-dyHKIHUK obpamaerca B Hyab npu f = f. Ilpu f', 6imskom
K f, umeeM

olf) o) =L - )

Ucnonb3ys Beipaxenue (5.10), MoKHO HamucaTh ')

Slo(f) — o(f)] = —=—5(f" — f)- 5.13
e(F) =Nl = om0 = ) (5.13)
Cpasnenne (5.13) ¢ (5.4) mokasbiBaer Tenepb, uro bynknun ¥, n ¥y
CBSI3AHBI JIPYT C JIPYTOM COOTHOIIEHHEM

S — (5.14)

|\ —
e = Jlde(hydr !

CymiectBytorT Takme puU3NIECKUe BETUINHBI, KOTOPbIe 00J1a1a50T
B HEKOTOPOI 00JIaCTH CBOUX 3HAYEHUM JAUCKPETHBIM CIIEKTPOM, & B
npyroit — HenipepbIBHbIM. 7151 cobcTBEeHHBIX (DYHKIMIT Takoil BeJn-
YUHBI UMEIOT, PA3yMEETCsI, MECTO BCE T€ K€ COOTHOIEHUS, KOTOPbIE
ObLIN BBIBEJIEHBI B 9TOM U TIpeablayIiux naparpadax. Hamo Toabko
OTMETHUTh, UTO TOJHYIO CHCTEMY (DYHKIINII 0Opa3yeT COBOKYITHOCTh
coOCTBeHHBIX PYHKIHNI 060ux crnekTpos BMecTe. [losTomy passoxe-
HIE ITPOU3BOJILHONW BOJTHOBOI (DYHKITMHU IO COOCTBEHHBIM (DYHKITUAM
TaKOW BEJIMUYUHBbI UMEET BU/I

Vig) = 3 anlale) + [ ap¥sla)df, (5.15)

rJIe CyMMa OepeTcs 1Mo JUCKPETHOMY, & MHTETPAJI — IO BCEMY HeIpe-
PBIBHOMY CHEKTPY.

[TpumepoMm BemamyawHBI, 00JAJAIONIEH HEITPEPHIBHBIM CIIEKTPOM,
SIBJIAETCA caMa KOOpIuHaTa ¢. JIerko BuaeTh, YTO COOTBETCTBY IOIIIAM
eit omepaTopoM sIBJIsIeTCS TPOCTOEe YMHOXKeHHe Ha q. JleficTBUTENBHO,

1) Boobme, ecn () ecTh HEKOTOpas ofHO3HAUHAS DyHKIMS (OZHAKO 06paT-
Had el pyHKIUA MOXKET ObITh HEOJHO3HAYHOI), TO MMeeT MeCTO (popMyJia

6[p(z)] = Z ‘w,(la.ﬂd(:v — i), (5.13a)

r7e o; — KOpHU ypaBHeHus ¢(z) = 0.
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TIOCKOJILKY BEPOATHOCTD PA3JIMYHBLIX 3HAUYCHUN KOOPAUHATHI OIIPE/Ie-
naerca kBagpaToM |¥(q)|?, To cpemmee 3HATEHME KOODAWHATEI

1= [dvPar= [vevag

CpaBHUB 9TO BBIpAXKEHHE C OIPEJEJIEHNEM OIEePATOPOB COIJIAC-
HO (3.8), MBI BUAMM, 9TO")
q=q. (5.16)

CobcTBennble (DYHKIIMU STOTO OIEPATOPA JOJXKHBI OMPEeIThCA,
COTJIacHO 00IemMy npaBuiy, ypasHeHueM q¥,, = qo¥y,, TJ€ mocpe-
CTBOM () BPEMEHHO 00O3HAYEHBbI KOHKPETHBIE 3HAYUEHUHA KOOPIMHA-
Thl B OTJINYNE OT ImepeMeHHOH ¢. [ToCKOIbKY 9TO paBEeHCTBO MOXKET
yaoBJyIeTBOpAThECa yubo npu ¥, = 0, gubo mpu g = ¢p, TO ACHO,
YTO YIOBJIETBOPSIONINE YCIOBUIO HOPMHUPOBKHU COOCTBEHHBIE (DYHK-

ITIH €CTh )
Wy = 6(q — qo0)- (5.17)

§ 6. IlpenenbHbIl IEPEXO

KBaHTOBasg MexaHUKa COJEPKUT B cebe KJIaCCUIECKYIO0 MEXaHUKY
B KadecTBe MpeaebHOrO ciaydad. Bo3HHKaeT BOIPOC O TOM, KaKUM
06pa3oM OCYIIECTBIIAETCA ITOT MPEJIETbHBIN IIEPEXO/I,.

B xBaHTOBOIT MeXaHHMKEe 3JIEKTPOH ONNCHIBAETCS BOJTHOBOM (DYHK-
IAel, OmpeIesIdroneil pa3jInyHble 3HAYEHHS €ro KOOPJAWHATHI; 00
To#t (PYHKIIMM HAM W3BECTHO IIOKa JIMIIb TO, YTO OHA SABJIAECTCH
pelleHreM HEKOTOPOro JImHeHHoro auddepeHnnagspHoro ypaBHe-
HHUd B JYaCTHBIX MPOU3BOIHBIX. B KJIaCCHYECKOIl Ke MeXaHUKe 3JICK-
TPOH pacCMaTPUBAETCSI KaK MaTepuaJibHas YaCTHUIa, JBUXKYIIAICT
110 TPAEKTOPHUH, BIIOJIHE ONpeJIeJIdIonieiica YPaBHEHUAMN JIBUXKECHIS.
BzanMmooTHOIIIEHIE, B HEKOTOPOM CMBICJE AHAJOTMYHOE B3aNMOOT-
HOIIIEHUIO MeXKJy KBAHTOBOU MW KJIACCHYECKON MEXaHUKOU, MMEET
MECTO B JIEKTPOJMHAMUKE MEXKJy BOJIHOBOM U I'€OMETPUYECKON OII-
Tukoii. B BOJIHOBOI omTHKe 3JIEKTPOMArHUTHBIE BOJHBI OINCHIBA-
FOTCA BEKTOPAMU JJIEKTPUUECKOTO U MAarHUTHOI'O MOJIEH, YIO0BJIETBO-
PAIOIIMMEI OIIPEAEJIEHHON CHCTeMe JIMHEMHBIX auddepeHInaaIbHbIX
ypaBHeHnit (ypasHenuit MakcBesia). B reomerputeckoit xe onTuke

1 . .

)B MaJbHEHNIIeM Mbl YCJIOBUMCSH [ijisi TPOCTOTHI ODO3HAYEHUM MHCATH BE3JIE
ONepaToOphl, CBOJAIINECT K YMHOXKEHUIO HA HEKOTOPYIO BEJIMUNHY, IIPOCTO B BUJE
cCaMOM 3TOU BEJIMYNHBI.

?) KosddumueHTs pasaoskeHus TIpOU3BoJIbHON dyHKImH ¥ 110 9TUM COOCTBEH-
HbIM YHKITHAM paBHL aq, = [ ¥(q)d(q — qo) dg = ¥(qo). BeposaTHocTh 3Ha4e-

. 2
HUil KOODAWHATHI B JAHHOM MHTepBaje dgo PaBHA |ag, | dgo = |¥(go)|? dgo, Kax
1 JIOJIZKHO OBIJIO OBITH.
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paccMaTpuBaeTCd PACIPOCTPAHEHWE CBETa IO OMpPeEJIeJJEHHBIM TpPa-
ekTopusaM — JiydaM. [lomoOHas aHAJ OTHs TPUBOAUT K 3aKJIOUEHUIO,
9TO MPEACJBbHBIN Iepexo/ 0T KBAHTOBOM MEXaHUKU K KJIACCUYECKON
MTPONCXOIUT AHAJOTUIHO TIEPEXOY OT BOJTHOBOM ONTHKHA K T€OMET-
PUYECKOIA.

Hamomuum, Kakmm oOpa3oM MaTeMaTHUYeCKH OCYIIECTBIISIETCS
stor mocyeauuit mepexon (cm. II, §53). Ilycts u— Kakaa-HubyIb
3 KOMIIOHEHT TIOJIg B 3JIEKTPOMArHUTHOII BojiHe. e MOXKHO mpe/i-

CTaBUTh B BUJE U = ae'¥ C BEIIeCTBEHHBIMH AMILIUTYIONH a 1 da-
3011 ¢ (MOCTEMHIO HA3BIBAIOT B T€OMETPUYECKON ONTHKE SKOHA-
aoMm). [IpemenbHbIii caydail reoMeTpUYecKoli ONTUKU COOTBETCTBYET
MaJIIM JJTUHAM BOJIH, UTO MaTeMAaTUYECKU BbIPayKaeTcs OOJIBIION
BEJIMYNHON U3MEHEHUd ¢ Ha MAJIbIX PACCTOAHUAX; ITO O3HAYAECT, B
JaCTHOCTU, UTO a3y MOXKHO CUHUTATH OOJIBINOI MO CBOell abCOTIOT-
HOU BEJIMYUHE.

CoOTBETCTBEHHO 3TOMY, UCXOJIMM U3 TPEJITOJIOXKEHHUS, ITO TIpe-
JEJIBHOMY CJIy4al0 KJIaCCUYECKOIl MEeXaHUKN COOTBETCTBYIOT B KBaH-

TOBOII MexXaHHKe BOJHOBbIe (pyHKIMN Buga ¥ = ae'¥, rae a — men-
JIECHHO MeHdomasacd MYHKINUA, a ¢ TPUHUMAET OOJIbIINe 3HAYCHUSI.
Kax n3BecTHO, B MEXaHUKE TPAECKTOPHS YACTHUIL MOXKET ObITh OIpe-
JejIeHa M3 BaPUAIMOHHOTO IIPUHITAIA, COIVIACHO KOTOPOMY TaK Ha-
3bIBaEMOE JefcTBHE S MEXaHMYECKON CHCTEMBI JOJIXKHO OBITH MH-
HIUMAJIbHBIM ([TPUHIIMIT HAMMEHBIIIEro JeiicTBus). B reomerpuaeckoit
’Ke ONTHUKE XOJI JIydell ompeaendeTca TaK Ha3bIBAEMbIM TTPUHITUTIOM
Pepma, COTJIACHO KOTOPOMY JOJI2KHA, ObITh MUHUMAJIBHONU «OITHYE-
cKad JTMHA IIyTH» JIyda, T. €. Pa3HOCTH ero a3 B KOHIIE U B HaJaJIe
Ty TH.

Ucxons w3 Toit aHAJOrNH, MBI MOXKEM yTBEPKAaTh, ITO (asza ¢
BOJTHOBO#1 (PYHKIINM B KJACCHYECKOM TPEJIETHHOM CJIydae JTOIKHA
OBITh TPOIMOPIIMOHAJIHLHA MEXaHMYECKOMY JIeficTBHIO S paccMarpu-
BaeMoil PU3NIECKON CHCTEMBI, T. €. JOJXKHO OBITH S = const -p. Ko-
3G PUITMEHT TPOIOPIIMOHATILHOCTH HA3BIBAETCA NocmoanHot Ilian-
xa n obosHadaerca OykBoil A'). OHa uMeeT pa3sMEpHOCTH JEHCTBU

(MOCKOIBKY ( Ge3pa3MepHO) U pPaBHA
fi=1,055-10"2"spr - c.

Takum o0pa3oM, BoJHOBast (PYHKIIUS <«IIOYUTH KJIACCHYIECKOIT»
(M, KaK TOBOPAT, K6a3UKAGCCUMECKOT) (DU3MIECKON CUCTEMBI NMe-

C .
L U = qe®/h, (6.1)

1

) Ona 6bu1a BBeneHa B dbusuky [laanwkom (M. Planck, 1900). Ilocrosuuas A,
KOTOPOI MBI TIOJIb3yeMCH Be3Ji€ B ITOI KHUTE, €CTh, COOCTBEHHO TOBOPS, TIOCTO-
aunaga [Lranka h, nenennas Ha 27 (o6o3HavyeHme Iupakxa).
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[Tocroaunasa Ilnamka urpaer yHIaMEHTAJBbHYIO POJIb BO BCEX
KBAHTOBBIX ABJIEHUAX. Fle OTHOCUTE/IbHAS BeJIMYnHA (10 CPABHEHUIO
C JAPYTUMU BEJIUYUHAMU TOW Ke PasMEpPHOCTH) OINpeIessdeT «CTe-
IIeHb KBAHTOBOCTH» TOM WM WMHOM pusmdeckoit cucremsbl. [lepexon
OT KBAHTOBOM K KJACCHYECKONl MeXaHUKE COOTBETCTBYET OOJIBIIO
daze u MoxkeT OBITH (POPMAJILHO OMHUCAH KaK IEPexoy K IpeJieTy
h — 0 (momobHO TOMY KaK Mepexoj, OT BOJHOBOM K TeOMeTpPHIecKOit
ONITUKE COOTBETCTBYET TEPEXOJY K TPeAesly PaBHONW HYJIO IJIUHBI
BOJIHBI, A — 0).

Mpb1 BbIACHUIN TpeAeabHBIN BUJ BOJHOBOHW (PYHKIINH, HO e€IIle
OCTaeTCd BOMPOC O TOM, KakKuUM 0Opa3oM OHAa CBsA3aHA C KJIACCHYe-
CKUM JIBU2KEHUEM TI0 TPaeKTopuu. B obIeM ciaydae JBUXKEHHE, OIN-
ChIBAEMOE BOJTHOBOM (PYHKITHMEH, OTHIO/Ib HE TIEPEXOUT B JIBIKEHUE
IO OTIPEJIEJIEHHON TpaeKTopuu. Fe cBA3b ¢ KIIaCCUYEeCKUM JTBUXKEHU-
€M 3aKJYaeTcd B TOM, YTO €CJIM B HEKOTOPBIN HaYaJIbHBIIT MOMEHT
BOJTHOBad (DYHKIINS, & C HEIO0 M pacIpeieJleHne BEPOATHOCTEN KO-
OpPJAMHAT 33JaHbI, TO B JAJbHEHUIIIEM 3TO paciIpeaesieHue OyIeT «IIe-
peMeIaThCT» TaK, KaK 9TO IOJIaraeTcd 0 3aKOHAM KJIACCHYECKOit
MeXaHUKH (moapobHee 06 9ToM cM. KoHerr § 17).

g Toro uToORI TTOJIYYNUTH JIBUXKEHUE TI0 OTPEJeIEHHON TpaeK-
TOPHUHU, HAJA0 UCXOUTh U3 BOJHOBOIT (DYHKIIMU 0COOOTO BHUJIA, 3aMET-
HO OTJIMYHOIT OT HYJs JIUIIb B OYE€Hb MaJIOM YYIaCTKe MPOCTPAHCTBA
(Tak HA3BIBAEMBIl 604H060T NAKEM ); PA3MEPHI ITOTO YIACTKA MOXK-
HO YCTPEMHUTH K HYJI0 BMecTe ¢ h. Torma MoXKHO yTBEpK1aTh, UTO
B KBa3WKJIACCUIECKOM CJTydae BOJTHOBOM MaKeT Oy/IeT TepeMeniaThCs
B IIPOCTPAHCTBE TIO KJIACCUYIECKON TPACKTOPUH TACTHUIIHI.

Haxkoner, kBaHTOBOMEeXaHUYIECKIE OIEPATOPbI B Mpeaese JOJXK-
HbI CBOJUTHCSA MPOCTO K YMHOXKEHUIO Ha COOTBETCTBYIONIYIO (DU3U-
JECKYIO BEJTUINHY.

§ 7. BoaHoBaa byHKIUA 1 n3MEpeHUd

BepreMcs cHOBa K TIporieccy m3MepeHus, CBOMCTBAa KOTOPOTO ObI-
JIN KAdeCTBEHHO paccMOTpeHbl B § 1, m mokaxkem, KaKuM 0Opa3oM
9TU CBOWCTBAa CBA3aHBLI C MAaTEMaTHUYCCKUM allllapaToOM KBAHTOBO
MEXaHUKU.

Paccmorpum cucremy, cocTodryo m3 JBYX YacTeil — KJaccude-
CKOro Tpubopa W IJEKTPOHa (PaccMaTPUBAEMOTO KaK KBAHTOBBIM
06bekT). Ilpormecc m3aMepeHusi 3aKJIOYAETCA B TOM, YTO STU JBE
Y4aCTU OPUXOJAT BO B3aUMOACUCTBUE JPYL C APYIOM, B pe3yJbTa-
Te Yero mpubop MEPEeXOJUT W3 HAYAJbHOTO B HEKOTOpPOE JIPYyroe
COCTOAHUNE, WU MO ITOMY HU3MEHEHUIO COCTOAHUA MBI CyJIUM O CO-
CTOSTHUU 3jieKTpoHA. COCTOAHUsST TpHUOOpa pa3aIndaioTcd 3HAUEHU-
SIMHU HEKOTOPOI XapaKTepu3yIoleil ero pu3ndeckoil BeTUINHbI (11
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BEJINYNH) — «IOKa3aHusAMHU npubopay. OBGO3HAUNM YCJIOBHO 3Ty Be-
JUYUHY 4Yepe3 g, a ee cOOCTBEHHbIE 3HAYUEHUS Yepe3 gy, ; MOCJIeTHUE
IPO0OErafoT, COOTBETCTBEHHO KJIACCUYHOCTH IIPHOOpa, BOOOIIE TOBO-
psi, HEIPEPBIBHBIIN psi/ 3HAYEHUIT, HO MbI Oy €M — UCKIIOUUTEIbHO B
IIeJISIX VIPOIIEHNsT HATTMCAHUS HUXKECJIEeAYIONNX (popMyJT — CINTATh
CIIEKTP JUCKpeTHbIM. Onucanne cOCTOSHUM MPUOOPa OCYIIECTBIISAET-
CAd KBa3UKJIACCUIECKUMHU BOJHOBBIMH (DYHKIIUAMH, KOTOPbIe Oyaem
obo3HauaTh depes P, (), TIe WHIAEKC N OTBEYAeT «IOKA3aHUIO» gy
npubopa, a £ 0003HaYUAET YCJIOBHO COBOKYIIHOCTH €r0 KOOPAMHAT.
Knaccuunocts mpubopa TPOSBIISAETCA B TOM, UTO B KaXKIbII JaH-
HBIIT MOMEHT BPEMEHHU MOXKHO C JOCTOBEPHOCTBIO YTBEPKIATh, UTO
OH HAXOJUTCS B OJHOM W3 M3BECTHBIX COCTOAHUM P, ¢ KaKuM-J1100
ONpee/IeHHBIM 3HAYUEeHNEeM BEeJIUYUHBI g, A9 KBAHTOBON CHUCTEMBI
TaKoe yTBepKJaeHne ObLI0 Obl, pa3yMeeTcs, HECITPABE I TUBBIM.
[Tycte ®¢(€) ecTh BosHOBast (DYHKINSA HAYAJIHHOTO (/10 M3Mepe-
HUs) COCTOSHUsT Tpubopa, a ¥(q) — HeKOTopasi TPOM3BOJIbHAST HOP-
MUPOBaHHasT HaYaJbHAsI BOJIHOBast (DYHKIMS JIEKTPOHA (g 0003HA-

YaeT ero KOOPJAMHATHI ). DTH (PYHKIUH OMUCHIBAIOT COCTOSTHUE TPUOO-
pa U 3JEeKTPOHA HE3aBUCHUMBIM 00pa30M, U MOTOMY HadaJbHas BOJI-
HOBadA (PYHKIUA BCEH CUCTEMBI €CTh ITPOU3BE/ICHUE

U(q)®o(£)- (7.1)

Hamee, mpubop M 3JEKTPOH TPUXOJAT BO B3aMMOJEHCTBUE APYT C
apyroMm. [IpuMensist ypaBHeHNS KBAHTOBOM MEXaHUKH, MOXKHO, TTPUH-
ITUITHAJIBHO, TTPOCJIEIUTD 33 U3MEHEHNEM BOJIHOBOM (DYHKITMHU CHCTE-
MBI cO BpemeHeM. [locse mporiecca n3MepeHunst oHa, pa3yMeeTcs, yKe
He OyzeT mpomsBedeHueM pyHKIUM or £ n q. Pasgarag ee mo cob-
cTBeHHBIM (pyHKIuAM P, mpubopa (06pa3yoIuM MOJHYI0 CHCTEMY

DYHKIHMIT), MBI TIOJYIUM CyMMY BHJIA

S An(@)a(), (7.2)

rie Ay (q) —HekoTOpBIe (DYHKIIMT OT q.

Tenmeps BhICTyIIaeT Ha CIEHY «KJACCUYHOCTH» HPUOOpa M ABOII-
CTBEHHAas POJIb KJIACCUYIECKON MeXaHWKU KaK MPEJIeIbHOTO CJIydas 1
B TO K€ BpeMsd OCHOBaHUA KBAHTOBOIl MeXaHWKH. Kak yxKe yKa3bl-
BaJIOCh, OJIaroapsa KJIACCUYIHOCTH TPUOOpPa B KaXKJIbIfT MOMEHT Bpe-
MEHH! BeJUYuHA g («IoKa3aHue mpubopay) UMeeT HEKOTOPOe OIpe-
JIeJIEHHOE 3HadeHne. DTO TO3BOJIAET YTBEPXKIATb, UTO COCTOSTHUE
cucTeMbl TIPUOODP + 3JEKTPOH IIOCJe u3MepeHusd OyleT B JAelCTBU-
TEJIbHOCTU OIUCHIBATHCA He Beeit cymmoit (7.2), a Juib oJHuM djie-
HOM, COOTBETCTBYIOIINM <«IIOKA3aHUIO» g, Tpudopa:

An(q)®n(8). (7.3)
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Orcrona caemxyer, 9ro A, (q) mpomopIinoHaIbHa BOTHOBON QyHKIUN
SJIEKTPOHA TOCJIe U3MEPeHnsA. DTO He eCTh ellle caMa BOJHOBas QPyHK-
IHs1, 9YTO BHJHO yKe U3 Toro, 94to GyHkiusa A, (q¢) He HOpMHPOBaHa.
Oma BKJ/IOYAaeT B ce0d KakK CBEJEHHs O CBOICTBAX BO3HUKIIETO CO-
CTOSIHIS 3JIEKTPOHA, TaK U OMpeJe/IgeMy0 HadaJIbHBIM COCTOSIHUEM
CHCTEMBI BEPOATHOCTD IIOABJIEHUS N-TO «IOKa3aHUA» Ipubopa.

B cuny auHeitHOCTH ypaBHCHHN KBAHTOBOII MEXAaHUKU CBA3b
mexky Ap(g) m HadanbHON BoNHOBOI dyHKIMel s1exTpoHa V(q)
BBIPAYKAETCsA, BOOOIE TOBOPS, HEKOTOPBIM JIMHEHHBIM HHTETDAJIb-
HBIM OIIEPATOPOM

An(q) = / Kn(q,4)¥(q") dg’ (7.4)

¢ aapom K, (q,q'), Koropoe xapaKTepu3yeT JaHHBIN IMPOLIECC M3Me-
pEeHUs.

MbI mpeAmiosaraeM, 9TO paccMaTpUBaeMOe M3MepeHHe TaKOBO,
YTO B pe3yJIbTaTe HEro BOSHUKAET TIOJTHOE OIMCAHIE COCTOAHNIS JJICK-
tpoHa. Jpyrumu ciaoBamu (cM. § 1), B BOSHUKIIIEM COCTOAHUH BEpO-
STHOCTH JJIS BCEX BEJIMYHMH JOJIKHBI OBITh HE3aBUCUMBIMH OT IIPE/IbI-
JyIIero (0 m3MepeHnst) COCTOsTHAS 3JIeKTpoHa. MaremaTuaecku 510
o3HadaeT, uTo Buf, yHKIuit A,(q) J0KEH OmpeaendThCsa CaMUM
ITPOIIECCOM U3MEpPEHMs U He JIOJIXKEH 3aBUCETh OT HadaJIbHOM BOJIHO-
Boit pyukmun ¥(q) 37€eKTpoHA.

Takum obpaszom, A, TOTKHBI UMETH BHU/I

An(q) = anpn(q), (7.5)

rjie (p, — ONpeJesieHHble (DYHKIUN, KOTOPBIe OyJeM IPEeIoJiararh
HOPMHIPOBAHHBIMH, 8 OT HAYaJIbHOTO cocTosunsa V(q) 3aBUCAT TOJIb-
KO IIOCTOSIHHBIE a,,. B mHTErpasbHoii ¢cBsa3u (7.4) 9TOMY COOTBETCTBY-
er aapo K, (q,q), pasbuBaromieecs Ha Tpou3BeJeHne QyHKITHIA TOJIb-
KO OT q U ¢':
AN * /

Kn(¢,q) = on(@)¥7(q). (7.6)
Torna JuHelHAs CBA3b IOCTOAHHBIX 4, ¢ (ynkumeit ¥(q) Jaercd
dopMmyTamMu B

an = / W(q) ¥ (g) dg, (7.7)

rae W, (q) — HEKOTOpBIE OIpefeicHHBIe (DYHKIUU, 3aBUCAIINE OT
IIPOIECCa U3MEPEHUS.

OyHKIHA Py, (¢) — HOPMHPOBAHHBIE BOJHOBBIE (DYHKITMM 3JI€K-
TpOHa IOCJe m3MepeHnd. TakuM o0pa3oM, MBI BUJIUM, KaK MaTeMa-
THyecKuit (popMan3M TEOPHUH OTPaXKaeT BO3MOXKHOCTH ITIOJIYYUTH
IIyTeM H3MEpPEHUs COCTOsTHHUE JIEKTPOHA, OIMCAHHOE OIpe/IeIeHHOM
BOJTHOBOM (PYHKITHEIH.
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Ecin m3smepeHne NOpom3BOAUTCA HAJ JIEKTPOHOM C 3aIaHHOI
BOTHOBOM dyHKIHer V(g), TO TOCTOSHHBIE Gy, UMEIOT MTPOCTOI bu-

3MYECKUiT CMBICJ — B COOTBETCTBHH C OOITIME MPABIIAMH |a,|? ecTh
BEPOATHOCTb TOTO, UTO U3MepeHue JacT n-it pesyabrar. Cymma Be-
POSATHOCTEI BCEX Pe3yJIbTATOB €CTh €INHUIA!

> lan)* =1. (7.8)

n
Crupasegmusoctsb dopmyn (7.7) u (7.8) npu nmpousBosIbHON (HOPMU-
poBanHoit) dyukiun ¥(q) skeuBajsenTHa (Cp. §3) yTBEPXKJIEHUIO,
970 pon3BoJibHAsT DyHKIMA Y (q) MOXKeT OBITH pa3jioXKeHa 10 (pyHK-
musm ¥, (g). dro 3naunt, yro dyukmm ¥, (q) 06pasyoT MOJHBIH
HaO0pP HOPMHUPOBAHHBIX U B3aMMHO OPTOTOHAJIBHBIX (DYHKITHIA.

Ecan HavwanpHas BoHOBad PYHKIIUS JIEKTPOHA COBIIAIAET C O-
HOlt M3 ynknuit ¥, (q), TO, 09€BUIHO, COOTBETCTBYIOIIAS TOCTOSH-
Has a, PaBHA eINHUIIE, a BCe OCTAJTbHBIE — HY 0. JIpyruMn coBamu,
TPOM3BEIEHHOE HAJI JIEKTPOHOM B cocTosiann Wy, (q) n3MepeHne 1acT
C JIOCTOBEPHOCTBIO OIpeJIeJIeHHbIN (n-i1) pe3ysbTar.

Bce stn cBotictBa dynknuit ¥, (¢) MOKa3bIBAIOT, YTO OHU SAB-
JIAFOTCA COOCTBEHHBIMHI (DYHKIIUAMU HEKOTOPOIl XapaKTepu3yoIei
3JIEKTPOH (DU3NUIECKOl BeJIMInHbI (0003HaUNM ee f), a 0 paccMaTpu-
BaeMOM H3MEPEHNN MOXKHO TOBOPUTH, KaK 00 U3MEePEeHUN 3TOil BeJn-
YUHBI.

Ouenpb cymectBenHo, uTo byHKIMH ¥, (q), BoobImE TOBOpS, HE
COBIAIAIOT ¢ (DYHKIMAMU @p(q) (mocsesane, BooOIEe TOBOPSI, JaxKe
He B3aWMHO OPTOTOHAJBHBI U HE SIBIAIOTCA CHUCTEMOIl COOCTBEH-
HBIX (DYHKIHI KaKOro-Jubo omeparopa). ITo 00CTOSITETHCTBO TIpe-
JKJIe BCETO BBIPAXKaeT HEBOCITPOU3BOIUMOCTH PE3YJIBTATOB H3Mepe-
HUIT B KBAHTOBOM MexaHUKe. Ecim 3/eKTpoH HaXoaujcd B COCTO-
gann W, (q), TO MpOU3BEJEHHOE HAJ, HUM H3MEDEHWNE BEJIUNIUHBI f
0OHApPYKUT C JOCTOBEPHOCTHIO 3HadeHue f,. Ho mocae mamepenms
9JIEKTPOH OKAXKETCS B COCTOSHUU (pp(q), OTIIMIHOM OT HUCXOJHOTO,
B KOTOPOM BeJIMUMHA f y2Ke BOOOITle He MMeEeT KaKOTO-JIMOO Ompe-
JnejeHHoro 3Hadenns. IlosTomMy, mpousBeass HaJ 3JEKTPOHOM HEIO-
CPEe/ICTBEHHO BCJIEJ 3a IEPBBIM IMOBTOPHOE U3MEPEHUE, MBI TIOJIY-
ynan Obl Juia [ 3HaUYeHWe, HE COBIIJIafolee C OOHAPYKEHHBIM B
pesyabTare mepBoro uaMepenus'). [lmg mpejckazanus (B cMbICse

1) N3 HeBOCTIPOM3BOAMMOCTY U3MEPEHU CYIIECTBYET, OAHAKO, BasKHOE MUCKJIIO-
YyeHUe — €JUHCTBEHHOI BeJUYNHON, M3MEpPEHNE KOTOPOIl MOBTOPUMO, ABJIAETCH
KoopanHaTa. /|Ba n3amepeHns KOOpAUHATHI 3JIEKTPOHA, IPOU3BEIEHHBIE Yepe3 J10-
CTATOYHO KOPOTKHUM MPOMEXYTOK BPEMEHU, JOJIKHBI JaTh OJU3KNE 3HAUCHUI,;
MIPOTUBHOE O3HAYAJIO ObI, UTO IJIEKTPOH NMeeT OECKOHEUHYI0 CKOPOCThb. MaTtema-
TUYECKHU 3TO CBA3aHO C Te€M, YTO KOOP/IMHATA KOMMYTATHUBHA C OIIEPATOPOM JHEP-
My B3aMMOJIEHCTBHSA 3JIEKTPOHA M IPUOOopa, ABIdomelica (B HepeJaTHBIUCTCKOM

Teopun) PYHKIUER TOJTBKO OT KOODIUHAT.
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BBIUICJIEHIS BEPOATHOCTH) PE3y/IbTaTa MOBTOPHOI'O M3MEDPEHU 1PN
M3BECTHOM Pe3yJIbTaTe MEePBOro M3MEPEHHsd HaJ0 OT IEePBOTO U3Me-
peHIs B3ATb BOJHOBYIO (YHKIMIO ¢ (g) CO3JaHHOIO MM COCTOSI-
HISI, & OT BTOPOTO — BOJHOBYIO dyHKumio ¥,(¢) Toro cocrosnus,
BEPOATHOCTh KOTOPOTO HAC MHTEPECYET. DTO O3HAYAET CJIeJYTOIIee.
3 ypaBHeHN# KBaHTOBOW MEXaHUKH ONPEAEJIAEeM BOJIHOBYIO PyHK-
o (g, t), KOTOpas B MOMEHT BPEMEHH TEPBOrO M3MEPEHHd PaB-
Ha ¥ (q). BeposTHOCTH M-T0O pesyabTaTa BTOPOrO M3MEPEHMHs, IPO-
M3BEIEHHOI'O B MOMEHT BPEMEHH t, 1aeTcs KBaJApaTOM MO/ MHTe-
rpana [ ¢n(q,t) ¥y, (q) dg.

MBI BIINM, UTO IPOIECC M3MEPEeHNs B KBAHTOBOM MEeXaHUKE MMe-
eT «JIBYJUKHIt» XapaKTep — €ro POJIH IO OTHOIICHHWIO K IMPOIIOMY
n OyIyImeMy He coBmajaror. Ilo OTHOIMEHHIO K TPONLIOMY OHO «Be-
pUPUIIPYET» BEPOATHOCTH PA3JINYHBIX BO3MOXKHBIX DE3yJIbTATOB,
IpeICKa3bIBAEMbIE TI0 COCTOSIHUIO, CO3JAHHOMY MPEIbIAYIINM H3Me-
perneM. ITo oTHOmeEHUO X)e K OyaylieMy OHO CO3JaeT HOBOE COCTO-
arne (cM. Takxke §44). B camoit mpupose mporecca N3MepeHns 3a-
JIOXKeHa, TAKUM 00pa3oM, TyiyboKas HeoOpaTHMOCTD.

DTa HeOOPATUMOCTH MMeET BaKHOE IPUHIINIHAILHOE 3HAYECHUE.
Kak Mbl YBHINM B JaibHeiimeM (cM. KoHer § 18), ocHOBHBIE ypaBHe-
HIsT KBAHTOBOII MeXaHUKN caMH 10 cebe 00JIaJaroT CUMMETPUe 1o
OTHOIITEHWIO K M3MEHEHNIO 3HAaKa BPEMEH!; B 9TOM OTHOIICHUN KBaH-
TOBasg MEXAaHNKa He OTImdaercda oT Kiaccudeckoil. HeobpaTumocTsb
K€ TIPOIeCcCa M3MePeHNsT BHOCUT B KBAHTOBBIE ABJICHUA (DUBUIECKYIO
HESKBUBAJEHTHOCTh 0O0OMX HAIpaBJIEHUIT BpEMEHHU, T. €. IPUBOAUT K
MOSIBJIEHUIO PA3IMYHs MeXK Iy Oy IyIIMM U IPOIIEIIINM.
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§ 8. 'amMmuapTOHMaH

BoanoBas dpyukima ¥ moTHOCTBIO OTIPeIENsAeT COCTOAHNE (DU3N-
JEeCKOM CHUCTEMBI B KBAHTOBOM MEXaHHKE. DTO O3HAYAET, YTO 33 JaHIe
9TOI (PYHKITNN B HEKOTOPBIIT MOMEHT BPEMEHN HE TOJIHKO OITMCHIBAET
BCE CBOMCTBA CHUCTEMBI B 9TOT MOMEHT, HO OIIpeJiesigeT ee IIOBeleHne
TaKKe U BO BCe OyayIre MOMEHTHI BpEMEH! — KOHEYHO, JIUIIh C TOM
CTETEHBIO TIOJTHOTHI, KOTOPad BOOOIIE JIOMYCKAeTCsT KBAHTOBOI MeXa-
HUKOI. MaTteMaTnaeckm 3T0 0OCTOSATETHECTBO BBIPAXKAETCST TEM, UTO
3HaueHne mpou3BogHON OV /0t 0T BOJHOBOI (DYHKIIMM TI0 BpeMeH!
B KaXXJbI JaHHBIIT MOMEHT BPEMEHU JOJI2KHO OIIPEIeIAThCA 3Hade-
HueM caMoit pyHKImn ¥ B TOT K€ MOMEHT, MPUYEM 3aBUCHUMOCTH
9Ta JIOJI2KHA, OBITH, COTJIACHO TMPUHITUITY CYTIEPIIO3UITNN, JIMHEHHOM. B
Hanbosee o0IeEM BHIE MOXKHO HAIINCATH

i’ — go, (8.1)
ot

riae H— HeKoTOphIil JUHEWHBIN olepaTop; MHOXKUTENIb 1h BBeIEH
3J1eCh C II€JIbI0, KOTOpasd BBIICHUTCA HUXKE.

ITockosbky nnTerpan [ ¥*W¥ dq ecTh MOCTOSTHHASL, HE 3aBUCHIIAL
OT BPEMEHM BEJINYNHA, TO NMeeM

/|\py2 /a‘l’*w +/x11*8‘1’d

[TogcraBus coga (8.1) u mpuMeHWB B TIEPBOM WHTErpaJje oIpeje-
JIEHWE TPAHCIIOHUPOBAHHOTO OIEPATOpPa, MOJYYUM (OIyCTHB OOl
MHOXKHUTEJD 1/H):

/\Pﬁ*\IJ*dq—/\IJ*ﬁ\qu:

:/qf*ﬁ*wq—/qf*ﬁqqu:/w*(ﬁ*—ﬁ)\lquzo.

[TocKOIbKY 9TO PaBEHCTBO OJI2KHO BBITIOJTHATHCA IS TTPOU3-
BOJIbHOIT (pyHKIIMM W, TO OTCIOHA CJEAYET, YTO JOIKHO OBITH TOXK-

necrsesno HT = H, 1.e. onepatop H spMuTOB.
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BoergcanM, Kakoit pu3ndecKoil BeJIMmanHe OH COOTBETCTBYeT. [lisa
3TOTO BOCIOJIL3YeMCd IIPeJIeJIbHBIM BBhIPasKeHHEeM BOJIHOBOH (DYHK-
muu (6.1) u 3amuimem

ov 1 0S

ot h ot
(MeJIEHHO MEHSIOIIYIOCT aMIUTUTYAY a MOXKHO He mauddepeHmupo-
BaTh). CpaBHUB 3TO PaBEHCTBO ¢ ompejeaeHreM (8.1), Mbl BUIUM,

YTO B IPEJIEIbHOM Ciiydae orepatop H cBoanuTcd K TPOCTOMY YMHO-
KEHUI0 Ha BequndynHy —0S/0t. DTo 3HAUUT, YTO TOCJEHSAS U €CTh
Ta (HU3NYeCcKas BEJUYUNHA, B KOTOPYIO IEPEXOUT SPMHUTOB OIepa-

Top H.
Ho npoussoguas —AdS/0t ectb He uTo MHOE, Kak dyHKIWA [a-

MIIbTOHA H MexaHmueckoil cucreMbl. TakuM odpa3oM, H ecThb orme-
paTop, COOTBETCTBYIONINI B KBAHTOBOIT MexaHnKe PyHKIN ['aMuib-
TOHa. Kro Ha3bBIBAIOT 20MUALMOHOBHIM ONEPAMOPOM WM, KOPOUe,
2AMUADMOHUGHOM CUCTEMBI. Eic/In BUI raMIJIbTOHNAHA N3BECTEH, TO
ypaBHeHue (8.1) ompesessier BOJHOBbIE (DYHKIINN JTaHHON (dusnmde-
CKOIl CHCTEMBI. 9TO OCHOBHOE ypaBHEHIE KBAHTOBOM MEXAaHWKM Ha-
3BIBAETCA 60AHOBbIM YPAGHEHUEM.

§ 9. [AInddbepeniimpoBanue onepaTopoB MO0 BPEMEHU

[ToraTne o Mpou3BOAHOI (HU3MIECKON BEJTUINHBI IO BPEMEHU HE
MOXKET OBITH OINpPee/IEeHO B KBAHTOBOM MEXAHUKE B TOM CMBICJIE, Ka-
KOIf OHO MMeeT B KJIacCUIecKoit MmexaHmke. JleficTBUTEIHHO, OTpeIe-
JIEHWE TTPOM3BO/IHOM B KJIACCUYECKON MEXaHUKE CBA3aHO C PACCMOT-
peHreM 3HaUYeHU I BEJTUUNHBI B 1B OJTN3KHUX, HO PA3JTUIHBIX MOMEHTA,
BpeMeHH. Ho B KBAHTOBOIT MeXaHWKe BEJIMINHA, UMEIas B HEKOTO-
PBIiT MOMEHT BPEMEHHU OITPE/IEJIEHHOE 3HAUEHNE, HE MMEET B CJIE TYIO-
IIIIe MOMEHTBI BOODIIE HUKAKOTO OTPEAEIEHHOTO 3HAUEHNST; TI0IPO0-
Hee 00 9TOM Ijia pedb B § 1.

[TosToMy TTOHATHE TTPONBBOTHOI IO BPEMEHHU JTOJI2KHO OBITH OITpe-
JIeJIEHO B KBAHTOBOUW MeXaHHMKe WHBIM 00pa3oM. EcrTecTBeHHO ompe-

JIeTUTh TPOU3BOAHYIO f OT BeWYuHBI f KaK BEJUYUUHY, CpPeJIHee
3HaUYEeHNEe KOTOPOIl paBHO ITPOU3BOIHOI IO BpDEMEHU OT CPEJTHETO 3Ha-

vennd f. Takum obpazoM, mMeeM, MO OMPEIETEHUIO,

f=1r (9.1)
I/ICXO,ZLH N3 I9TOTO OIIpEaEJICHUA, HETPYAHO IIOJYYHUTH BbIPaXzKE-

HHE JJId KBAHTOBOMEXaHUYICCKOI'O OIIEpaTOpPa f, COOTBETCTBYIOIIETO
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BeJH/IqI/IHef:
e a
F=f=4 [viva-
:/\D*%\Iqu+/a\p*f\11d +/\If fa—‘l’dq

31ech 8}7 Ot ecThb omepaTop, Moy datouiica guddepeHInpoOBaHIEM

omepaTopa f IO BpeMeHH, OT KOTOPOr'0 MOCJIEIHAN MOXKET 3aBHUCETh,
Kak or mapamerpa. [loacrasissa jajst npoussogubix OV /0t, OU* /Ot
uX BBIpaykeHusi coryiacHo (8.1), mosrydamm

e [vPvig+ ! [ )Fvag - [ v e a
[TockoabKy omeparop H SPMUTOB, TO
/(ﬁ*\IJ*)(]?\I!) dq = /W*ﬁf@ dg;
TaKHM O6pa3OM nMeem
f= / + Hf——fH)\Ildq

[TockosbKy, ¢ APyTO#l CTOPOHBI, JOJKHO OBIThH, TIO OIPEIEIEHIIO

cpesunx 3Hadennit, f = [ U*f¥dg, To oTCrOma BHIHO, YTO BbIpa-
JKE€HIEe, CTOsIIee B CKOOKaX IIOJ HMHTErPAJIOM, IIPeICTaBjIgeT co0oit

ncKoMeIit onepaTop f1):

~

f= % n %(ﬁf— FH). (9.2)

1)B KJIACCUYECKOU MeXaHWKe HUMeeM MJid IIOJHOU NPOU3BOJHOI II0 BpEMEHU
OT BeJIMYMHBI f, aBjdromeiica pyHKIuel 0000IMEeHHBIX KOOPAUHAT ¢; U UMITYJIb-

COB pz CHUCTEMDBI:
d_ 0 f ( 8f ) )
Z 8% Di | -

(9p,-
O0H . OH
y Pi = — , IOJIy-

Op; 0q;
ﬁ:a—f—k[H,f], [H,f]EZ(afOH_afaH);

[loncraBnss, corsacHO ypaBHeHuaM ['amMuabToHA, ¢; =

UM

dt ot 0q; Op; Op; 0q;
[H, f] ectb Tak HasbiBaemas ckobka IIyaccona nnsa seqmaun f u H (cm. I, §42).
CpasHuB ¢ BbIpazkeHueM (9.2), Mbl BUJUM, 4TO TIPHU MEPEXOJIE K KJIACCUIECKOMY
upenesy oneparop i(H f — fH) B nepBoMm npubiamkeHun 00paIaeTcs, KaK 1 CJie-
JI0BaJIo, B HyJb, & B ciaenywomeM (no h) npubnvmxkenunn— B Beqmauny h[H, f].
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Ecau onmepaTop f He 3aBUCUT OT BpeMeHHU SIBHO, TO f CBOJUTCA, C

TOYHOCTBIO 10 MHOXKHTEJIsI, K KOMMYTaTOPy omepaTopa f ¢ raMmiIb-
TOHHUAHOM.

Ouenb BakHOM KaTeropueil (pu3nIecKNX BEJIUINH ABJISIOTCSI Te,
OIlepaTOPbl KOTOPBIX HE 3aBUCAT SIBHO OT BPEMEHU U, KPOME€ TOro,

KOMMYTaTHUBHbBI C TaMHWJIBTOHHAaHOM, TaK 9TO f = (. Takne BeTMYINHBI

Ha3bIBAIOT coxrpaHArowumuca. Hns wux f = f = 0, T.e. f = const.
Jpyrumu cjioBaMu, cpegHee 3HAYMEHNe BeJIUYNHBI OCTAETCS TTOCTOSTH-
HBIM BO BpeMeHH. MOXXHO TaK»ke yTBEPXKIaTh, UTO €CJU B JTAHHOM
COCTOSIHUY BeJIMYWHA [ MMeeT Olpejie/leHHOe 3HaYeHne (T.e. BOJTHO-

Bag DYHKIUS SIBJIAETCS COOCTBEHHOM dyHKIMeit onepaTopa f), To n
B JIaJIbHENTIIE MOMEHTHI BpEMEHU OHa OyJIeT MMETHh OIpeIeJIeHHOEe—
TO Ke caMoOe— 3Ha4YeHue.

§ 10. CraifmoHapHbI€ COCTOAHUS

FaMuIbTOHNAH 3aMKHYTOM CUCTEMBI (& TaK»Ke CUCTEMbI, HAXO/Isl-
Imeiicss B MOCTOTHHOM — HO HE B NEPEMEHHOM — BHEITHEM II0JIe) He
MOXKET COJIEp2KaTh BPEMEHU sIBHO. DTO CJEAYET U3 TOTO, UTO IO OT-
HOIIIEHUIO K TaKoil (PpU3MUIECKOIT cUCTeMe BCe MOMEHTHI BPEMEHU K-
BUBaJIeHTHBI. [[0CKOIBKY, ¢ APYyTOit CTOPOHBI, BCAKUI OIlepaTop, Ko-
HEYHO, KOMMYTATUBEH CaM C cOOO#, TO MBI IIPUXOJINM K BBIBOJIY, UTO
y CHUCTEeM, He HAXOJISIINXCSA B IEPEMEHHOM BHEITHEM T10JIe, (DYHKITUS
lNamuabTOHa coxpansgercs. Kak mM3BeCTHO, coXpaHAIOMAasics (PyHK-
st ['aMuabTOHa Ha3bIBaeTcs dHeprueit. CMbICT 3aKOHA COXPAHEHUS
SHEPTUN B KBAHTOBOM MEXaHUKE COCTOUT B TOM, UTO €CJU B JJAHHOM
COCTOSTHUU YHEPTHU NMeET ONPeIeJIEHHOe 3HAUEHNE, TO 3TO 3HAYEHHE
OCTaETCsI TIOCTOTHHBIM BO BPEMEHT.

CocTosiHns, B KOTOPBIX HEPIHs UMeeT OIpeae/IeHHbIe 3HAUCHN,
Ha3bIBAIOTCA CMAUUOHAPHBIMU COCMOAHUAMY cucTeMbl. OHI OIN-
CBIBAIOTCA BOJIHOBBIMH (DyHKIUAMI W,,, SABISIOIIUMICST COOCTBEH-
HBIMH (DYHKITHUSIMHU oreparopa ['aMuiIbTOHA, T. €. yI0BJI€TBOPSIOII-

ypaBaennto HV,, = FE,V¥, rne FE,— coOCTBEHHble 3HAYCHUSI
sueprun. COOTBETCTBEHHO 3TOMY, BOJHOBOe ypaBHenume (8.1) mis

OTOT pe3yibTAT CIpaBeIMB U [yl JOOBIX AByX BeqmdnH f m g: omepaTop
i( fe—3f ) B IIpejiesie TiepexoauT B Besauduny Al f, gl, rae [f, g] ectb ckobka [yac-

COHa
_ 0g Of 0Og Of
U@:Z( - .
- 8(];’ 0p¢ (9p¢ 8qi
DTO cjeayer M3 TOrO, YTO MBI BCErIa MOXKeM dopMaJIbLHO TpeacTaBUTh cede
CUCTEMY, TaMUJIBTOHUAH KOTOpOI/I COBIIada€T C g
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dbysakun ¥,

i 2
ot

— AV, = E,7,
MO2KeT 6I:>ITb HGHOCpeﬂCTBeHHO HpOI/IHTerI/IpOBaHO I10 BpeMeHI/I "

aeT :
v, = exp(—%Ent)zpn(q), (10.1)

r7e 1, — QYHKINS TOJBKO KOOPANHAT. DTUM OIPEJEIATCA 3aBUCH-
MOCTH BOJIHOBBIX (DYHKIHUI CTAITMOHAPHBIX COCTOAHHUIT OT BpeMeHH.

Mautoit 6ykBoit 1 MbI OyJ1IeM 0003HAYATH BOJTHOBBIE (PYHKITUH CTAa-
IIMOHAPHBIX COCTOSTHUIT 6€3 BpEeMEHHOTO MHOXKHUTEIA. DT (PYHKITUH,
a TaK2Ke CaMU COOCTBEHHBIE 3HAYUEHNS SHEPTUHU, ONPEIETAIOTCH YPaB-

HEHUuEM ~
Hiy = Ey. (10.2)

CranmoHapHOEe COCTOSHHUE C HAUMEHBIITUM M3 BCEX BO3MOXKHBIX
3HAYEHNEM SHEPTUU HA3BIBAETCSI HOPMAALHOIM TR OCHOBHBLM CO-
CTOSHUEM CHCTEMBI.

Paznoxenne mpon3BobHOIT BOTHOBOM MYHKIINN W 110 BOJTHOBBIM
PYHKIIUAM CTAITMOHAPHBIX COCTOSTHUIT MMeeT BUT

U= Zan exp(—%En(t)>¢n(q). (10.3)

KBaapaTsr |a,|? koaddunmenTos pasioxKeHns, Kak 0ObITHO, OIpe/Ie-
JIAIOT BEPOATHOCTHU PA3JINYIHBIX 3HAUYEHUI SHEPTUU CUCTEMBI.

Pacmipeiesienne BepodaTHOCTEN JJIsT KOOPJAWHAT B CTAITMOHAPHOM
COCTOSHHH ompeessercs KpaapaToM |¥,|? = |¢,]%; MBI BuanM, aTo0
OHO HE 3aBUCHT OT BpeMeHU. 10 2Ke camMoe OTHOCUTCS U K CPEITHUM
sHaueHuaM f = [ UF f0, dg = [} fi), dg Beaxoit dpusnmaeckoit Be-
auauHbl f (OmepaTop KOTOPOil He 3aBUCUT OT BPEMEHU FBHO).

Kaxk yka3pIBaJIOCh, OTIEPATOP BCAKOIN COXPAHSIONMENCST BETUINHBI
KOMMYTATUBEH C TaMIJIBTOHHAHOM. JTO 3HAYHUT, YTO BCAKAs COXpa-
HAIOMasACAH (PU3NIECKasd BEJIUINHA MOXKET ObITh M3MEpPEeHa OTHOBPE-
MEHHO C dHepruei.

Cpen pa3IuYHbBIX CTAITMOHAPHBIX COCTOSHUIT MOI'YT OBITH M Ta-
KHe, KOTOPhbIE COOTBETCTBYIOT OJIHOMY U TOMY K€ COOCTBEHHOMY
SHAUEHUIO SHEpPrum (Wjim, KaK TOBOPAT, IHEP2EMUYECKOMY YPOG-
H?0 CHCTEMBbI), OTJINYAACh 3HAYEHUSIMU KaKUX-Ju00 aApyrux (usn-
veckux BeandnH. O TakuxX YPOBHSIX, KOTOPBIM COOTBETCTBYET IIO
HECKOJIbKY Pa3JIMYHBIX CTAIlHOHAPHBIX COCTOSHUI, TOBOPAT KaK O
svipostcdentvir. Pu3ndeckn BO3MOXKHOCTH CYIIECTBOBAHUSA BBIPOXK-
JICHHBIX YPOBHEH CBsi3aHA C TeM, UTO SHEPTHUdA, BOOOIE TOBOPsI, HE
COCTaBJIAET caMa Mo cebe TOJHOI CUCTeMbl (PUMIECKUX BEJTUUNH.
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YPOBHU HEPTUU CUCTEMbI, BOOOIIE TOBOPS, BBIPOXKJICHBI, €CJIN
NMEIOTCS JIBe COXpaHdmomuecd (pu3ndecKne BeJUIUHBI [ U g, ore-
paToOphbl KOTOPhIX HEKOMMYTATUBHBI. /leficTBUTEIbHO, TIYCTh 1) €CTh
BOJTHOBaA (PYHKITUSA CTAITMOHAPHOTO COCTOSIHUsI, B KOTOPOM, HAPAIY
C dHeprueit, mMeeT onpeeeHHoe 3HadeHne BeananHa f. Torma Mox-
HO yTBEpKIATh, 9T0 (PYyHKIHA g1 HE COBMAIAeT (C TOYHOCTBHIO 0
TIOCTOSTHHOTO MHOXKUTEJISI) C 1); TPOTUBHOE O3HAYAJIO ObI, YTO MMe-
eT OIpeJie/IeHHOEe 3HAUEeHNe TaKXKe M BEJIMYNHA g, YTO HEBO3MOXKHO,
TaK Kak f U g He MOTYyT OBbITb M3MepeHbl oHOBpeMeHHO. C apyroit
CTOPOHBI, (DYHKIINA g1) eCTh cOOCTBeHHAsS PYHKINA FaMUILTOHIAHA,
COOTBETCTBYIOITasd TOMY K€ 3HaUeHUI0 F SHepruum, 4Tto u :

H(gy) =gHy = E(gY).
Takum oOpa3om, MBI BUJIUM, YTO dHePTum F cooTBeTCTBYIOT OoJiee
YeM OJIHa COOCTBEHHAasA (DYHKIINMA, T.€. YPOBEHb BBIPOXK/ICH.

dcro, uro mrobasa JuHeHas KOMOWHAIIMS BOJHOBBIX (DYHKITHIA,
COOTBETCTBYIOIINX OTHOMY U TOMY K€ BBIPOXK,ICHHOMY YPOBHIO HED-
', €CTh TOXKe COOCTBEeHHasi (PYHKITUsS TOTO K€ 3HAUEHUSA SHEPTUM.
JpyrumMn cjaoBaMu, BBIOOP COOCTBEHHBIX (PYHKITHIT BBIPOXKICHHOTO
3HAUEHUsT SHEPTUU HeojHo3HadeH. [Ipom3BosibHO BBIOpaHHBIE COO-
CTBEHHBIE (PYHKITUU BBIPOXKJIEHHOTO YPOBHsA, BOOOIE TOBOPsi, HE
B3aMMHO OPTOrOHAJILHBI. HasjgexkammmM moadopoM UX JIMHEHMHBIX
KOMOMHAITI MOXKHO, OJHAKO, BCETJa IOJYINTh HAOOP B3aMMHO Op-
TOrOHAJIBHBIX (M HOPMUPOBAHHBIX) COOCTBEHHBIX (QYHKIHIT') .

OTHU yTBEPKAEHUST OTHOCUTETHHO COOCTBEHHBIX (PYHKIIHIT BbI-
POXKJICHHOTO YPOBHSI OTHOCATCSI, Pa3yMeeTCsI, He TOJBKO K COOCTBEH-
HBIM (PYHKITUSIM SHEPTUH, HO U K COOCTBEHHBIM (PYHKITHSIM BCSIKO-
ro omeparopa. ABTOMAaTHUYIECKH OPTOTOHAJBHBIMU SBJIAIOTCS JIUIID
(pyHKIIMHI, COOTBETCTBYIOIINE PA3JIMIHBIM COOCTBEHHBIM 3HAYEHUAM
JIAHHOTO OIepaTopa; (PYHKINN Ke, COOTBETCTBYIOIINE OJHOMY U TO-
MY 2K€ BBIPOXK/JICHHOMY COOCTBEHHOMY 3HAUYEHUIO, BOOOIIEe TOBOPS, He
OPTOTOHAJTHHBI.

Ecau raMuIbTOHMAH CUCTEMBI TIPEICTABISIET COOOM CYMMY IBYX

(nmu Heckonmbkux) dacreit, H = Hy + Hy, ogHa U3 KOTOPBIX COMEP-
JKIT TOJBLKO KOOPAMHATHI 1, & APYyrasd— KOOPAUHATHI §2, TO COO-

cTBeHHbIe (hyHKIMU ormepaTtopa H MoOryT ObITh HAIUCAHBI B BUJIE

Ipon3BeIeHn coOCTBeHHBIX (byHKIMIT omeparopoB Hi u Ha, a cob-
CTBEHHBIE 3HAUEHNUS SHEPTUN PABHBI CYMMaM COOCTBEHHBIX 3HAUYEHMIT
STUX OIEPATOPOB.

1) Ilpudem 3TO MOKeT GBITH CAEIAHO GECUHCICHHBIM MHOMKECTBOM CIIOCOOOB;
JEeUCTBUTEJILHO, YUCJI0 HE3ABUCUMBIX KO3(DPUINEHTOB B JUHEHHOM Tpeobpaso-

BaHNE 1 QYHKIHH PABHO N°, & YHCIIO YCAOBUIl HOPMHPOBKH U OPTOTOHAIBHOCTH
n bysknuit pasao n(n + 1)/2, T.e. MenbIIe N2
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CriekTp cOOCTBEHHBIX 3HAUYECHHUIT SHEPIUUM MOXKET OBITh KaK JINC-
KPETHBIM, TaK U HellpepbIBHBIM. CTaIIMOHAPHOE COCTOSTHUE JUCKPET-
HOI'O CIIEKTPa BCErIa COOTBETCTBYET PUHUMHOMY TBUKEHUIO CUCTE-
MBI, T. €. JBUKEHUIO, IIPU KOTOPOM CHUCTEMA MJIM KaKas-I1nbo0 ee 4acTh
He yXOIUT Ha OeCKOHEeUYHOCTb. JlefcTBUTEbHO, MJII COOCTBEHHBIX
PYHKIUIT TUCKPETHOTO CIEKTPA MHTETrpaJI f |\Il|2 dq, B3ATBIH 110 BCe-
My TPOCTPAHCTBY, KOHEUEH. JTO, BO BCAKOM CJIydae, O3HAYAET, UTO
KBaJIpaT |\If]2 JIOCTATOYHO OBICTPO YOBIBaET, oOpaIasach Ha OeCKOHe -
HOCTHA B HyJIb. JIpyruMmum cjoBaMu, BepOSITHOCTH OECKOHEUYHBIX 3Ha-
JeHU KOOPJAWHAT paBHA HYJIO, T.€. CUCTEMa COBEpIIaeT (PUHUTHOE
JBUKEHNE WM, KaK TOBOPAT, HAXOIUTCA B C8A3GHHOM COCTOSHUN.

Jnst BOMHOBBIX (DYHKIMIT HEMPEPHIBHOTO CIEKTPa WHTETrpPaJ
[ |¥|?dgq pacxomurca. Keaapar sosmosoit dyuxmum |¥|? e ompe-
JIesideT 37eCh HEMOCPEJICTBEHHO BEPOATHOCTH PA3JIUYHBIX 3HAYe-
HU KOOPAWHAT W JOJ2KEH PacCMATPUBATHCA JINIIh KaK BeJIUYNHA,
IPOMTOPIMOHAIBLHAS 3TOIl BepoaTHOCTH. PacxoammocTh MHTErpaJia
[|¥|>dq Beerma Gbiaer ceazama ¢ Tem, uto |¥|? mHe obpamaercs
Ha OECKOHEUYHOCTH B HyJib (MW oOpalaercsa B HyJb HEJOCTATOTHO
6bicTpo). [losToMy MOXHO yTBepkKaaTh, uro mHTerpat [ |¥|2dg,
B3ATHII IO 00JIACTH TPOCTPAHCTBA, BHEITHEH M0 OTHOIIEHWIO K JIFO-
60if CKOJIb YTOJHO OOJIBINION, HO KOHEYHON 3aMKHYTOH ITOBEPXHO-
cTtu, OyJIeT Bce Ke PACXOIUThCSI. IDTO 3HAUUT, UTO B PacCMaTpHUBa-
eMOM COCTOSIHUU CHUCTeMa (MU Kakas-Tub0 ee 9acTh) HAXOIUTCS
Ha OeckoHeuHOCTH. JI/1s1 BOJTHOBOIT (DYHKITNU, TPEACTABISIONIEH CO-
60if CYIEePIIO3UINI0 BOJTHOBBIX (DYHKIUN PA3JINIHBIX CTAITMOHAPHBIX
COCTOSIHHII HEIIPEPBIBHOTO CIIEKTPa, WHTerpas [ |U|? dg moker oka-
3aThCA CXOAAIINMCS, TAK ITO CUCTEMa HAXOIUTCA B KOHEUHON 00J1a-
ctu mpocTpaHcTBa. OIHAKO ¢ TeUeHNEM BpeMeHH! 3Ta 00JacTh Oy aeT
HEOrPAHUYEHHO CMEIAThCs, U B KOHIE KOHIIOB CHCTEMa YXOJIUT HA
OECKOHEYHOCTb.

JleiicTBUTEIHHO, TTPOU3BOIbHAS CYTIEPIIO3UINA BOJTHOBBIX (DYHK-
I HETTPEPBIBHOTO CIEKTPA UMEET BUJT

\IJ:/CLE exp(—%Et)g&E(q)dE.

Ksaapar moxymra ¥ MoxkeT ObITh HAIHWCaH B BUJAE JIBOMHOIO HHTeE-
rpaJja

0 = | [ apapexp (3 (B~ BY)vu(a)bi (o) dBIE'

Ecau ycpeHUTBH 3TO BhIpaXkKeHHe M0 HEKOTOPOMY ITPOMEXKYTKY Bpe-
MeHN 1T m 3aTeM ycTpeMuTb 1 K O€CKOHEYHOCTH, TO CPeIHUE 3Ha-
YeHNs OCHUINPYIomuX MHOXuTeel exp{i(F — E)t/h}, a ¢ Humu
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U BeChb MHTErpaJjl oOpaTdTcs B Tpejese B Hydb. Ipyrumum cimoBamu,
CpeJiHee TI0 BpeMEHM 3Ha4YeHUe BEPOATHOCTU HAXOXKJEHUS CUCTEMBI
B JTFOOOM 33/ JTAaHHOM MeCTe KOH(MUTYpPAITMOHHOTO TTPOCTPAHCTBA 0Opa-
IIIAeTCs B HYJb; HO 3TO BO3MOKHO TOJIBKO, €CJIU JABUKEHNE TTPOUCKO-
JIAT BO BCEM OECKOHEYTHOM IIPOCTPAHCTBE ') .

Taxkum obpa3zom, cTanMoHaAPHBIE COCTOTHUSA HETTPEPBIBHOTO CITEK-
TPa COOTBETCTBYIOT MH(PUHUTHOMY JABUKEHHUIO CUCTEMBI.

§ 11. MaTpunami

[IpeamomoxxuMm mJig yaoOCTBa, 4TO paccMaTpuBaeMasi CHUCTEMA,
06J1a/1aeT JUCKPETHBIM SHEPIeTUYIECKAM CIEKTPOM (BCe TIOJIydaeMble
HIXKE COOTHOINIEHNSA HEMOCPEICTBEHHBIM 00pa3oM 0000IaTcd 1 Ha
caydail HempepbiBHOTO crektpa). Ilyers ¥ = Y a, ¥, ecTth pasio-
>KeH1e TPOU3BOJILHONM BOJIHOBO#N (PYHKIMU 10 BOJTHOBBIM (DYHKITH-
am ¥, cTallmoHapHBIX cocToAHMit. Ecn mogctaBuTh 3TO pa3iioxKeHne
B ompesiesieHne (3.8) cpefHero 3Ha4eHns HEKOTOPOIl BEJIUYMHBI f, TO

IIOJIY YUM
=YD aramfam(t), (11.1)

r7ie fnm(t) 0003HAYAIOT MHTErPAJIBI

frm(t) = / Uk £, dg. (11.2)

COBOKYIHOCTD BEJIUYHH [y, (1) cO BceMH BO3MOXKHBIMU N, M HA3bI-

BAIOT Mampuyet BeJUIUHBI [, a 0 KaXIOM U3 fnm,(t) TOBOPAT Kak
0 MAMPUUHOM IAEMEHME, COOTBETCTBYIOIIEM IIEPEXOAY U3 COCTOS-
HUS M B COCTOAHUE N ?) .

3aBHCHMOCTh MATPUIHBIX JIEMEHTOB fn,(t) OT BpeMeHHm ompe-

nensierca (ecau omepaTop f He COMEPNKUT t SIBHO) 3aBUCHUMOCTBHIO
ot Bpemenn dyuknuit ¥,,. [Togcrasnsaa aisa Hux Beipakerns (10.1),

1Y 3amernm, uro mna bymkmum ¥, mpeacTaBismomeil coboil CyNepIIO3HIHIO
byHKIHNIT TUCKPETHOTO CIEKTPa, ObLIO ObI

0T = Y anaiuexp { £(Bn — Bt fontin = 3 lantin(alf

n

T. €. TIJTIOTHOCTh BEPOATHOCTHU OCTAETCHA MPU yCPETHEHUU MO BPEMEHU KOHEYHOM.
2 .
) Marpuunoe npejcraBienue (pu3nMUeCKux BeJUInH ObLI0 BBeIeHO [ etizenbep-

ecom (W. Heisenberg) B 1925 1., eme 1o orkpsitusa I[IIpedunzepom BOJHOBOTO
ypaBHeHusd. «MarpuyHas mexaHukay ObL1a 3aTeM pa3Buta Boprom, I'etizenbep-
2om u Hopdarom (M. Born, P. Jordan).
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HaljileM, 9TO

Frm(t) = fame“rmt, (11.3)

rJie
W = 2 ;Em (11.4)

€CTh 9aCTOTa IIepexodga MeE2KJAY COCTOAHHUAMMHU T U 71, & BEJIUINHDBI

nmszﬁmwm (11.5)

COCTABJIAIOT HE 3aBUCAIINYIO OT BPEMEHHU MATPUILY BEJUYUUHBI f, KO-
TOPO#l OOBITHO U MPUXOIUTCS TOJTH30BATHCS ) |

Marpuunbie 371€eMeHThI TPOU3BOAHON [ mosyuarorca auddepeH-
IIUPOBAHUEM II0 BPEMEHN MAaTPUYHBIX IJIEMEHTOB BEJUYHHBI f; 3TO
CJIeIyeT HETTOCPEACTBEHHO U3 TOTO, UTO

F=7="3 aanfun(t). (11.6)

n

Beuay (11.3) nmeem, Takum 06pa3oM, Jijisi MATPAIHBIX 9JIEMEHTOB f:

fnm(t) = iwnmfnm(t) (11'7)

mn (cokparas ¢ 06enx CTOPOH BPEMEHHO MHOXKUTENb eXP (iwpmt))
JUIS He 3aBUCANINX OT BPEMEHU MATPUYHBIX 3JIEMEHTOB:
)

(f)nm — iwnmfnm - %

B nengax ynporenns obo3HaueHnit B (popMysiax Mbl BEIBOJIUM HU-
JKe BCe COOTHOINEHUS JJIs He 3aBUCAIINX OT BPeMEHU MAaTPUIHBIX
3JIEMEHTOB; B TOYHOCTU TaKHe K€ COOTHOIIEHNSA UMEIOT MECTO U JIJIsd
3aBUCAIIINX OT BPEMEHU MAaTPHII.

JL71s1 MATPUYIHBIX 3JIEMEHTOB KOMILJIEKCHO COTIPS2KEHHOI ¢ f Besn-
YUHBI f* ¢ y9eTOM OIpe IeJIeHUsT COTPSI?KEHHOTO OTIePaTOPa MOy IUM

(Fhom = [ 6 F bmda = [wiFvmda= [ wnf v da,

(f)nm = (fon)* (11.9)

1) B cBasu ¢ HeompeaeeHHOCTBIO (ha30BOr0 MHOXKHUTEIA B HOPMHPOBAHHBIX
BOJTHOBBIX (PYHKIHUAX (CM. § 2) MATPUYHBIE SJIEMEHTHI frm (U frm(t)) TOXKe ompe-

JleJIeHbI JIAIITb C TOYHOCTBIO JJO MHOXKUTesel Buna expli(am — axn)]. Y 3mech sta
HEONIPeAEeJIeHHOCTh He OTpaKaeTcs Ha (PU3NYIECKUX pPe3yJIbTaTax.
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11 BelecTBEHHBIX (DU3UYIECKUX BEJIUYNH, KOTOPBhIE MBI OOBITHO
TOJIBKO U pacCMaTpPUBAEM, UMEEM, CJIETOBATEIbHO,

fnm - f;’m (11'10)

(fr, crout BMeCTO (fmn)*). Takne MaTpuIpl, Kak U COOTBETCTBYIO-
e UM OTIEPATOPBI, HA3BIBAIOT IPMUMOEHLMU.

MaTpudHbIe 3JIEMEHTBI C 1 = M HA3BIBAIOT JUG2OHAALHOIMU. DTH
3JIEMEHTBI BOOOIIE He 3aBUCAT OT Bpemenu, a u3 (11.10) scHo, uTo
OHH BEIIECTBEHHBI. JJIEMEHT [y, IpeAcTaBjsgeT cobOi cpeaHee 3Ha-
YeHNe BEJIMIUHBI f B COCTOAHUH Y, .

HetpyaHo momyuuThs npasu.so ymHooscerus mMatpuil. aa sroro
3aMETHM TIPEIBAPUTEIBHO, ITO HMEET MECTO (DOPMYJIa

Fibn =" frmtm. (11.11)

DTO eCcThb He UTO MHOE, KaK pasjiokeHne GpyHKIuu fi), mo QPyHK-
UIM Y, C KO3ddUImeHTaMn, OnpeaeaaeMbIMIA COTJIACHO 0DIIeMy
mpasuwy (3.5). Mest B Buy o1y hopMysty, 3amuiinemM JJjisi pe3y/IbTa-
Ta BO3JeHCTBUA Ha (PYHKITUIO 1), TPOU3BEIEHUS JIBYX OIEPATOPOB:

F8Y%n = F@Yn) = 1D 8tk =D nftk =Y 8enfmk¥m.
k k kym
ITockombKy, ¢ APYroii CTOPOHBI, JOJXKHO OBITH

f§¢n = Z(fg)mn"vbma

m
TO MBI IIPUXO/IUM K Pe3yJIbTaTy, YTO MAaTPUYHBIE 3JEMEHTHI ITPOU3-

BeJleHUs fg omnpenensarorca (popMysioi

(f8)mn = mekgkw (11.12)
k

DTO MPaBUJIO COBIAIAET C MPUHATHIM B MaTEMAaTHUKE TPABUJIOM IIe-
PEMHOXKEHUS MATPUI]; CTPOKH TIEPBOIT B TPOU3BEICHNN MATPUIIHI TIe-
PEMHOXKAIOTCS CO CTOJIOIAMU BTOPOIA.

3alaHre MATPUIHI SKBUBAJIEHTHO 33JaHUIO CAMOTO OIepaTopa.
B gacTHOCTH, OHO TIO3BOJIAET B MPUHITAIIE OMPEIETUTh COOCTBEHHBIE
3HAYEHUA JTAHHOU (PU3MYIECKON BEJIWYUHBI M COOTBETCTBYIOIINE MM
cobcTBeHHBIE (DYHKITU.

Bynem paccmarpmBaTh 3HAUEHHsS BCEX BEJUYUH B HEKOTOPBIM
OIIpeJIeJIEHHBINT MOMEHT BPEMEHHU M Pa3JIOKUM TPOU3BOJIBHYIO BOJI-
HoBYI0 GyHKIMIO ¥ (B 3TOT MOMEHT BPEMEHH) O COOCTBEHHBIM
dyHKIIMAM raMUIbTOHUAHA, T. €. TI0 HE 3aBUCIIINM OT BPEMEHHU BOJI-
HOBBIM (PYHKITUAM 2, CTAITMOHAPHBIX COCTOSHMUIL:

T=> " cnim, (11.13)
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rae K03 UITNEHThI Pa3JI0XKeHNd 0003HaUEeHbI Yepe3 Cp,. IloacTaBum

9TO pasioxkeHue B ypaBHeHue fU = fWU, ompenensroriee coOCTBEH-
Hble 3HAUEHUsI U COOCTBEeHHBbIE (DYHKINN BeJuunHbl f. meem

Zcm(fwm) = fzcmibm.

YMHOXKHM 3TO ypaBHeHUe ¢ 00enX CTOPOH Ha 1) M IIPONHTETPUPYEM

no dg. Kaxapri us uarerpanaos [ ¢} fi), dg B neBoit qacTn paBeH-
CTBa €CTh COOTBETCTBYIOIINM MATPUUHBIN IJEMEHT fr.,,. B mpasoit
XKe JacTu Bce MHTerpaibl [ YXi¢, dg ¢ m # n ucuesanor B cuiy

OPTOTOHABHOCTH QYHKIWH Py, a [ PX51h, dg = 1 B cuity mx HOpmm-

POBKH ') :
anmcm :fcna (11.14)
m
JIN
Z(fnm - f5nm)cm =0,
r1e
0, n#*m,
5nm -
1, n=m.

Taxkum 00pa3oM, MbI TTOJYUUIN CUCTEMY AJTreOpanmdecKuX OTHO-
POJIHBIX ypaBHEHUIl TIEPBOil CTeeHn (C HEM3BECTHBIMU Cpy, ). Kak m3-
BECTHO, TaKasd cucTemMa o0JIa1aeT OTIUIHBIMHU OT HYJIsS PEHNIeHUSIMU
JIAIITH TIPYU YCJIOBUHM OOPAIEHNS B HYJIb ONPEAETUTE A, COCTaBIEHHO-
ro n3 K03 HUITMEHTOB B YPABHEHHUSX, T. €. TPHU YCJIOBUN

’fnm_f(snm| = 0. (11.15)

KopHu sToro ypaBHeHus (B KOTOPOM f paccMaTpUBAETCA KaK HEM3-
BECTHOE) M TIPEJCTABJAIOT COOON BO3MOXKHBIE 3HAUEHUS BEJTUYN-
HbI f. COBOKYITHOCTB K€ BEJIMUUH Cpy, YIOBJIETBOPSIONINX YPABHEHN-
am (11.14) ¢ f, paBHBIM KaKOMY-JIM0O0 U3 3TUX 3HAYEHUI, OTPeIeIsieT
COOTBETCTBYIOIIYIO COOCTBEHHYIO (DYHKITHIO.

1) B coorBeTcTBuM ¢ 06muM npasusioM (§5) COBOKYNHOCTL KO3 DUIUEHTOB Cy,
passoxenns (11.13) MOXKHO pacCMaTPUBAThL KaK BOJHOBYIO (DYHKIIMIO B «9HEPTe-
THYECKOM TPEJICTABJIEHNN» (IIpUYeM MePEMEHHON ABJIAETCA UHIEKC N, HyMePYIo-
muii COGCTBEHHBIE 3HAYEHNUS SHeprun ). Marpuna ke fny, UrpaeT mpu 3TOM pOJib

omepaTopa f B 3TOM INPEACTABJICHHUH, JeHCTBAE KOTOPOTO HA BOJIHOBYIO (PYHK-
I[UI0 OTPEJIEJIAETCA BbIpakeHNeM B JieBO# yactu ypasHenus (11.14). @opmysta

f =3 > ¢ (fnmem) cooTBeTCTBYET TOT/a OOIIEMY BBIDAYKEHUIO CPEJIHErO 3Ha-
YeHUS BeJUYMHBI Yepe3 ee ONepaTop U BOJHOBYIO (DYHKIIUIO JAHHOTO COCTOSHMUS.
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Ecnu B onpenenennn (11.5) MATPUIHBIX 3JIEMEHTOB BEJIMYUHBI [
B3ATh B KAYeCTBE 1, COOCTBEHHBbIE (DYHKIMU ITON Ke BEJIMUUHBI, TO

B cu1y ypaBHeHusa fi, = fn1, OygeMm nMerhb

fum = [ Vi Fmda = fn [ W16 e

BBuay oproromajJbHOCTH W HOPMUPOBKU (MYHKIHI 1, 3TO maeT
fam =0mpun #m u frm = fm. Takum 06pa3oM, OKa3bIBAIOTCS
OTJIUYHBIMHU OT HYJIsT TOJIbKO JUATOHAJBHBIE MATPUUHbBIE 3JIEMEHTHI,
pUYeM KaXKJbIfl M3 HUX PaBEH COOTBETCTBYIOIIEMY COOCTBEHHOMY
3HAYEHUIO BEJIUYUHBI f; O MATpPHUIle, y KOTOPOil OTJIMUHBI OT HYJIA
JINIIIb 9TH 3JIEMEHTHI, TOBOPST, KaK O NPHUBEIEHHON K Jua20HGAb-
Homy eudy. B dacTHOCTU, B OOBITHOM IIPEICTaBJIEHUN, C BOJIHOBBI-
MU PYHKIIUSIMEI CTAIIIOHAPHBIX COCTOSIHUI B KadecTBe (pYHKIHHA Yy,
JUAaroHAJIbHA MaTpHUIa dHeprum (a TakyKe MATPHIBI BCEX JIPYTHUX
duUsHIECKNX BEJINYUH, KOTOPbIE MMEIOT B CTAIMOHAPHBIX COCTOSI-
HUSAX ONpe/ieIeHHble 3HadeHns ). Boobie, o MaTpure BeJIU4UHBI f,
OTIpPeJeJEHHOI C TTOMOIIBIO COOCTBEHHBIX (DYHKITUIT HEKOTOPOTO OIIe-
paTopa g, TOBOPAT, KAK O MaTpHUIle f B IPEICTABICHUN, B KOTOPOM g
JAuaroHajibHo. Besne, rme 3To He oroBopeHO 0c000, MOA MaTpPHUIEit
dpusnyeckoit BeJUIUHbI MbI Oy AeM B JaJbHENUIEM TOHUMATHL MaTPH-
Iy B OOBIYHOM IIpPEJICTaBJICHNN, B KOTOPOM JgUArOHAJIbHA SHEPIHSI.
Bce, uT0 ckazaHO BBIIIE O 3aBUCUMOCTH MAaTPHIl OT BPeMeHU, OTHO-
CHUTCsI, PA3YyMeeTCsl, TOJIBKO K 9TOMY OOBIYHOMY IIPEICTABJICHUIO ') .

IIOMOIIbI0 MATPUYHOI'O IIPEICTABJICHUSA OIEPATOPOB MOXKHO
JI0OKa3aTh YIOMSHYTYIO B §4 TeopeMy: eciW JBa OIepaTOpa KOM-
MYTaTUBHBI JPYT C APYTOM, TO OHH 06J1a/1a10T oOIIeil TOJTHOM CH-

creMoit cobcTBeHHBIX GyHKIuA. [lycTts f u g OyayT aByMda TaKnMU
oneparopamu. U3 fg = gf u npaBuia ymuHoxkenus marpur, (11.12)

cJIeIyeT, 9TO
E , fmk:gkn — E gmk:fk:n-
k k

B3sgs B KauecTBe cucreMmbl (pYHKIHI 1, C TTOMOIIBIO KOTOPBHIX BbI-
YHUCJIIIOTCA MAaTPUYHBIE 3JIEMEHTBI, COOCTBEHHBIE (DYHKITUU OIEPa-

Topa f, Oynem mmerb fp,p = 0 mpum m # k, Tak 4TO HAIMCAHHOE
PABEHCTBO CBEIETCS K PABEHCTBY frm&mn = &mn[fnn WIN

gmn(fm - fn) = 0.

Ecan Bce cobcTBeHHBIE 3HAUEHUA f;, BEJUUNHBI f pa3/IMYHBI, TO IIPU
BCeX M # n umeeM fp, — f, # 0, TaK 9TO JOKHO OBITH Gppn = 0.

') iMes B BUAY AMATOHAJBHOCTH MATPHIIBI SHEPIHMH, JIETKO yOEJIUThCH B TOM,
uyTo paBeHCTBO (11.8) ecTh HaMMCAHHOE B MATPUYHOM BHJIE ONEPATOPHOE COOT-
Horrenue (9.2).
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Taxkum oOpa3oMm, MaTpPUIA g, TOXKE OKA3bIBAETCS AUATOHAJIBHOIM,
T.e. PYHKIIUHN 1), ABJSAIOTCA COOCTBEHHBIMU (PYHKIIUAMH TaK>Ke U
dpusnyaeckoit BenmunHbl g. Ecan xKe cpean 3HadeHUit f, ecrb oau-
HAKOBbIE (T.€. €CJIM eCTh TaKue COOCTBEHHBIE 3HAYEHHs, KOTOPHIM
COOTBETCTBYIOT TIO HECKOJIbKY Pa3JIMUHBIX COOCTBEHHBIX (DYHKIHIT),
TO COOTBETCTBYIOIINE KaXKJI0M TaKoi rpyiie PyHKIHN 1, MaTpHUd-
HBIE JIEMEHTHI gy, OKAXKYTCS, BOOOITIE TOBOPS, OTJTMIHBIMU OT HYJISI.
OpmHako JuHEeHbIe KOMOMHAIINN (DYHKITHN 1)y, COOTBETCTBYOIINAX OJI-
HOMY COOCTBEHHOMY 3HAYEHUIO BEJINIUHBI f, TOXKE ABJISIIOTCA €e COb-
CTBEHHBIMH (DYHKIIUSIMU; MOXKHO BCET/JIa BHIOpPATh 9TU KOMOWHAIINI
TaKuM 06pa3oM, 9ToObl OOPATUTH B HYJb COOTBETCTBYIOIINE HEIMA-
TOHAJIbHbIE MATPUYHBIE 3JIEMEHTBI gnpn, U, TAKAM 00Pa30M, MbI U B
3TOM CJIyYae TOJJYUIUM CUCTEMY (DYHKIIHI, ABJISIONINXCS COOCTBEH-

HBIMH (DYHKIINAMHI OJHOBPEMEHHO JIJI OIEPATOPOB f U g.
OTMeTuM MOJIE3HYIO B MPUIOKEHUAX (POPMYITY

(‘9—H) — 95 (11.16)
o\ O

re A— HEKOTOpBIH IapaMeTp, OT KOTOPOI'O 3aBUCUT TaMHUIbLTOHU-
aH H (a ¢ HUM u cobCTBeHHBbIe 3HaueHusi Heprun FE,). [leiicTBu-

TeabHO, npoauddepennuposas ypapaetne (H — E, )Y, =0 mo A u

3aTeM YMHOXKHB €T0 CJIeBa Ha 1), TOJIyINM

UoH — By 2o = g (O Oy,

[Ipu mHTErpupoBaHUM 1O dq JieBasg YacThb STOTO PaBeHCTBa obparia-
eTcsd B HyJb, HOCKOJBKY

[t - B2 dg = [ OB - B dg

oA

BBUIY SpMHUTOBOCTH omepaTopa H. IlpaBas ke gacTb JaeT MCKOMOE
PaBEHCTBO.

B coBpemeHHOIT IuTepaType MIUPOKO IPUMEHAETCS CUCTEeMa, 000-
sHaueHUil (BBefeHHas J[upakom), B KOTOPON MaTpUYHBIE 3JIEMEH-

TBI fpm 3AMUCHIBAIOTCS Kak ')
(n|f|m). (11.17)

OTOT CHMBOJI IOCTPOEH TaK, YTO €r0 MOXKHO PacCMaTPUBATh Kak
«COCTABJIEHHBII» U3 00O3HAYEHNs BEJWYNHBI f W CHMBOJIOB |m) u

1) Mb1 Gyiem TIoIb30BaThCS B 9TOH KHUTE 060MMH CITIOCO6aMI 060O3HAMEHIA MaT-

puuHbIX d71eMeHTOB. O603Ha4venue (11.17) B ocobeHHOCTH yIOGHO, KOT1a KaXK JbIi
13 MHIEKCOB HAJO IUCATHh B BHJIE COBOKYIIHOCTU HECKOJIBKUX OYKB.
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|n), obo3HAUAIONNX COOTBETCTBEHHO HAYAJIBHOE W KOHEYHOE COCTO-
AHUSA KaK TAKOBble (BHE 3aBUCHMOCTU OT TOTO, B KAKOM IIPEJICTAB-
JIEHUU WCIIOJIb3YIOTCS BOJTHOBbIE (DYHKIMH COCTOsTHHIT). C MOMOIIBIO
3TUX K€ CHUMBOJIOB «COCTABJIAIOTCS» 00O3HAUYEHUS M1 KOI(PUIHEH-
TOB PA3JIOXKEHUsI BOJIHOBBIX (PYHKITHIL: €CJIM Mbl IMEEM TOJIHBIN Ha-
60p BOJTHOBBIX (DYHKIIHIA, OTBEYAIONINX COCTOSHUAM |n1), |n2), ...,
TO KO3 PUIMEHTH! pa3ja0XKeHnd 0 HUM BOJIHOBOU (DYHKITUN HEKO-
TOPOTO COCTOSTHUS |m) 0DO3HAYAITCS Kak (n;|m):

(nitm) = [ 3,4 da (11.18)

§ 12. IIpeobpa3zoBanue maTpuil

Marpuunble 3jIeMeHTbI OJHOII M TOH ke (PU3NIECKON BETUYIH-
HBbI MOT'YT ONIPEIEeJATHCA IO OTHOUIICHUIO K Pa3INYHBIM COBOKYIIHO-
CTAM BOJHOBBIX (DYHKIIHII. DTO MOTYT OBITh, HAIIPUMEP, BOJHOBBIE
QPYHKINN CTAITMOHAPHBIX COCTOSHUN, OMHUCHIBAIOIINXCS PA3INIHBI-
MU HabopaMu (pU3NYECKUX BEJIUYNH, UJIU BOJIHOBBIE (DYHKITUHU CTa-
IMUOHAPHBIX COCTOAHUN OJIHON W TOM K€ CUCTEMbI, HaXOJAIIeicda B
Pa3JINYHBIX BHEITHUX TOJAX. B CBA3M C 9TUM BO3HHUKAET BOITPOC
O TIpeoOpa30BaHUM MATPHUIL OT OJIHOTO TPEJCTABJCHUSA K JIPYTOMY.

ITycts n (q) m 3l (q) (n = 1,2,...) — aBe MOJTHBIE CHCTEMBI OPTO-
HOPMHUPOBaHHBIX PyHKIIM. OHU CBA3aHBI APYT C APYTOM HEKOTOPHIM
JIMHEIHBIM ITPeoOpa30BaHNEM

IIPEICTABJISIONUM COOOH TTPOCTO pasyoxkeHne byHKIHUi 1)) MO TOJI-
HOIt cucTeMe (DYHKIHIHA 1),. DTO Ipeodpa3oBaHne MOXKHO 3aIUCATh B
OTIEPATOPHOM BH/IE

% = S’\wn (12.2)

OmnepaTop S [O/IKeH yI0BJIETBOPATDH OIPEAETeHHOMY YCJIOBUIO,
JIIT TOrO 9TOOBI 0GECTIEYnTh OPTOHOPMUPOBAHHOCTL (DYHKIHUi 1),
eCJIM TAKOBBIMU SIBJIAIOTCS (pyHKIUU 1,. HeiicrBUTeIbHO, IOICTA-

suB (12.2) B ycaosue [ /%! dq = 6pyp W yIuUTHIBAA ONpe/iesIeHNE
TPAHCIIOHUPOBAHHOTO omepaTopa (3.14), moaydum

/@mﬁﬁwszﬁmewm
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J11st TOro YTo6hI 3TO PABEHCTBO UMEJIO MECTO ITPU BCEX M, 1, TOJIXKHO

ObITL S*S = 1, unn

S*=8t=81 (12.3)
T. €. OOpPaTHBIN OIepaTop COBHAAAET C CONpsaxKeHHBIM. OmepaTopsl,
obJIaIaroMe TaKUM CBOWCTBOM, HA3BIBAIOT YHumMapkoimu. B cumy

9TOTO CBOiCTBa TIpeobpasoBanme ¥, = S~ 1)), obpaTHOE TPeobpaso-
Banuto (12.1), maerca dopmyioii

Pn = ZS;m@b,;n (12'4)

Hanmncas paserctsa 579 = 1 mmm SST = 1 B MaTpuaHOM BHIE,
TTOJTYYIM YCJIOBHS VHHUTAPHOCTH B BIIE

> StnSin = Smn (12.5)
l

nJjim

> SpiSnl = Smn. (12.6)
l

Paccmorpum Teneps Kakyo-amnb0 GU3nIecKyo BeIndnny f 1 Ha-
IIAIIEM €6 MATPUYHBIE 3JIEMEHTHI B «HOBOM» IPEACTABJIEHIH, T. €. 10
OTHOIIEHNIO K (pyHKImaM 1)) . OHEU Jar0TCs WHTErpajgamMu

[ nFunda = [(5765)(F5vn) da -
— [ w8 FSunda = [ 1,57 FSunda

OTcroma BUIHO, YTO MATPHUIIA ollepaTopa f B HOBOM IPEACTABICHUN
COBTIQ/IAET C MATPUIIEil omepaTopa

F=81%8 (12.7)

B CTapOM TIPEJICTABJICHUN * ) .
1) Ecom {]? g} = —ihC ecTb mpaBuUIIO KOMMYTallu JABYX OIEPAaTOPOB fug, To
nocJsie npeobpaszoBanug (12.7) momyunm { g '} = —ific’, 1. e. mpaBmsIO OCTAeTCA

npexxHuM. B mpumed. Ha c. 46 GbLIO OTMEYEHO, YTO C eCTh KBAHTOBBIH AHAJIOT
kJyaccuyeckoii ckobku Ilyaccona [f,g]. Ho B kilaccmyeckoii mMexaHuke CKOOKHU
[Iyaccona mHBapHaHTHBI IO OTHOIIEHUIO K KAHOHUYECKHUM ITPeoOPa30BaHUAM ITe-
peMeHHBIX (0600IIEeHHBIX KOOPAUHAT U UMIYJIbCOB) — cM. I, §45. B aTom cMmbIcse
MOKHO CKa3aTh, YTO YHHUTAPHBIE MPe0OPA30BaHUA B KBAHTOBOI MeXaHHUKE UTPa-
0T POJIb, AHAJIOTUYHYIO POJIM KAHOHMYECKUX MPeoOpa30BaHUMl B KJIACCUIECKOMN
MEXaHUKe.
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CyMMy IHMaroHAJIbHBIX JIEMEHTOB MATPHUIBI HA3BIBAIOT €€ CAe-
dom m 0bo3HAUAIOT KaK Sp f1):

Sp.f - ann (12'8)

OTmMmeTuM mpexkae BCEero, 4To CJeld MPOU3BEIEHUs JABYX MATPHII He
3aBUCUT OT MOPSAKa MHOXKUTe et

Sp(fg) = Sp(gf)- (12.9)

JleiicTBATENBLHO, IO MPABIIIy YMHOXKEHIS MATPHUIL HMEEM
Sp(fg) = Z Z fnk8kn = Z ngnfnk = Sp(g/f)

AHaJIOrHYHBIM o6pa30M JIETKO y6e,ILI/ITbCH B TOM, YTO JIJisI IPOU3-
BeJIeHIA HECKOJbKHX MATPHUIL CJIeJ He MEHAETCS IPH IMUKJINIEeCKOi
IIepecTaHOBKEe MHOXKUTEJIEH; TakK,

Sp(fgh) = Sp(hfg) = Sp(ghf). (12.10)

BaxxneitmmMm cBoiicTBOM cJjiefia sIBJIIeTCA €r0 He3aBUCUMOCTh OT
BBIOOpa cUCTeMbI (PYHKITUII, IO OTHOIIEHUIO K KOTOPBIM OIIPEIeIsI-
IOTCS MaTPUYHBIE 3J1eMeHThI. JleficTBUTEIBbHO,

Spf'=Sp(S7'fS)=Sp(SS™'f)=Sp/. (12.11)

OTmeTuM Tak»XkKe, YTO YHUTAPHOE TPeoOpa30BaHIEe OCTABJISIET MH-
BapUAHTHON CYMMY KBaJIpPaTOB MOYJeH Ipeodpa3yeMbiX (DyHKITHIA.
HeiictBurenbro, yuntbiBas (12.6), nmeem

DIl = ZSkzwkSzzwz—Z%wz%z > e’ (12.12)
¢ k

k2

Bcesknit yHUTapHBIN omepaTop MOXKHO ITPEACTABUTH B BUJIE

~
A

S =e'ft, (12.13)
rie R— spMuTOB omepaTop; JeiicTBuTenbHO, 3 RT = R caenyer,
ITO R R

Gt _ iRt _ —iR _ -1

OTmMmeTuM pasJioxKeHue

AN AN -~

J'=8F8=F+{F iR} + J{{F,iR}, iR} + ...,  (12.14)

1

) Ot Hemenkoro cjoBa Spur — cjen. Vcnosb3yerca Tak:xke obosHaderune Tr oT
aHTJInHCKOTO trace. Pasymeercs, paccMoTpeHune cjefla MaTPUIBI MIPEANIOIAraeT
CXOJIMMOCTB CYMMBI TIO N.
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B KOTOPOM JIETKO Y0 IUThCS TPAMOI IPOBEPKOLT IIyTeM Pas/IOzKeHUsT
MHOXKHUTEJIEH exp(j:zR) IO CTETICHSIM OIEPATOPa R. D10 pasioxkeHme

MOYKET OKA3ATHCS TOME3HBIM, KOT/Ia 2 TPOTIOPIOHAJIEH MAJTOMY TIa-
pamerpy, Tak 4ro (12.14) cTaHOBUTCS PA3JIOXKEHHEM IO CTEIEHSIM
3TOrO IapaMeTpa.

§ 13. I'etizeHOEProBcKoOe 1npe/icTaBJIE€HNE OIIEPaTOPOB

B msnaraemoM mMaTeMaTHUYECKOM almnapaTe KBAHTOBOII MeXaHH-
KU OIlepaToOpPhbl, COOTBETCTBYIOIINE Pa3JIUIHBIM (DU3UIECKUM BEJIN-
YMHAM, OefiCTBYIOT Ha (PYHKIIUM KOOpPAWHAT U caMHU I0 cebe siBHOI
3aBHCUMOCTH OT BPEMEHU OOBIYHO HE COAEPKAT. 3ABUCUMOCTDL CPEJI-
HUX 3HaQYeHnH (PU3NYIECKUX BEJIUYNH OT BPEMEHH BO3HUKAET JINIIIb
Jepe3 BPEMEHHYIO 3aBUCUMOCTb BOJHOBOM (PYHKITMU COCTOSHUS CO-
TJIacHO popMyJie

Fit) = / U (q, ) F¥(q, ) da. (13.1)

Amnmapar KBaHTOBOM MeXaHHKH MOXKHO, OJHAKO, COPMYJIHPO-
BaThb U B HECKOJIBKO JIPYTOM, 9KBUBAJIEHTHOM, BHUJE, B KOTOPOM 3a-
BUCUMOCTh OT BPEMEHM TepeHeCeHa C BOJIHOBBIX (DYHKITMIT Ha OTle-
paTropbl. XOTs B 9TOW KHHUre MBI He OyJeM II0JIb30BAThCI TAaKNIM
TpeJICTaBIeHNEM (TaK HA3BIBAEMBIM 2eU3eHOEP206CKUM B OTJIMYUNE
OT WPeduH2ePO8CKO20) OTIEPATOPOB, MBI CHOPMYIUPYEM €r0 37eCh,
nMesl B BUIY JajbHeilne mpuMeHeHns B PeJIATUBHCTCKONR TEOPHH.
BBesiem yuuTapusiii (cp. (12.13)) omepartop

S = exp(—%ﬁt), (13.2)

AN

rine H — ramunabToHnmaH cucrembl. [lo ompenesnenunio, ero cobCcTBeH-
Hble (PYHKIIUU COBIIQIAIOT C COOCTBEHHBIMHU (PYHKITUAMU OTEPATO-

pa H, T.e. ¢ BOJHOBbIMU (PYHKIHUAMH CTAIMOHAPHBIX COCTOSHUIIA
Yn(q), mpuyuem

Stn(g) = exp(—1 Ent ) ¥n(). (13.3)

Orcroma caenyer, uro passoxkenne (10.3) mpou3BoJIbHOI BOJIHOBOI
dysKIIIN ¥ 110 BOJTHOBBIM (DYHKITHSIM CTAITMOHAPHBIX COCTOAHUIT MO-
»KeT ObITh 3aIIMCAHO B OIEPATOPHON dopme KaK

¥(q,t) = S%(q,0), (13.4)

T.e. JeficTBHe omepaTopa S TPUBOAUT K MEPEBOIY BOJHOBOI (DYHK-
I[U1 CUCTEMBI B HCKOTOPBI HavyaJIbHbBIII MOMEHT BPpEMEHU B BOJTHOBY IO
JpYHKINIO B TPOU3BOJILHBINT MOMEHT BPEMEHM.
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BBess, B coorBercrum ¢ (12.7), 3aBucsaimuii oT BpeMeHHU omepa-
TOP

A~ AN 4 AN AN

ft)y=571f8, (13.5)

Oy/1eM UMeTh
70) = [ (0.0 70)¥(0,0)da. (13.6)

T.e. TPeACTaBUM QGOPMYJIY OIS CPeJTHEro 3HAYEHMsS BEJIUIUHBI f
(ABJISITOIIYIOCS OTIPE/IeJIEHNEM OTIEPATOPOB) B BHJIE, B KOTOPOM 3aBH-
CHMOCTBH OT BPEMEHH IOJIHOCTBIO IePeHeCeHa, Ha OIepaTop.

Ou4eBUAHO, YTO MATPHUYHBIE 3JIEMEHTHI omepaTopa (13.5), mo or-
HOIIEHUIO K BOJTHOBBIM (PYHKIMSAM CTAIIMOHAPHBIX COCTOAHMI COBIIA-
JAIOT C 3aBUCSIIAMA OT BDEMEHH MATPUIHBIMU SJIEMEHTAMUA [pp, (1),
ompeensiembiMu hopmystoit (11.3).

Hakowrerr, mpoguddepeniiuposas Beipaxkenue (13.5) mo Bpemenn

(mpesmosaras mpu ToM camu orepaTopsl f u H He comepxKaimmi t),
TTOJIy9UM YpaBHEHUE

~ A~ ~

L(HF() - FoH), (13.7)

O Fi4y = L
R

= f(¢)

ot

aHaJiornaHoe popmyste (9.2), HO UMeroIee HECKOIBKO WHOW CMBICI:

BbIpazkeHne (9.2) mpesacrasisier coboit ompejeneHne omeparopa f,

COOTBETCTBYIOIIEro (PU3MIECKOl BeIndnHe f, MEeXKIy TeM Kak B Jie-
BOIt yacTu ypaBHeHus (13.7) crouT mpon3BoIHAS IO BpEMEHH OT OTIe-
paTopa caMoif BETUIUHBI f.

§ 14. Marpuna mioTHOCTH

OmnmcaHne cUCTEMBI C TIOMOIIBIO BOJHOBOW (PYHKIIMU COOTBET-
CTByeT HauboJiee TTIOJTHOMY BO3MOXKHOMY B KBAHTOBOIT MeXaHUKE OTIN-
CAHUIO — B CMBbICJIe, YKa3aHHOM B KoHIIE § 1.

C cocTosHUSIMHU, HE JONMYCKAIONIUMU TaKOTO OINUCAHUSA, MbI
CTOJIKHEMCd, PaCCMOTPEB CUCTEMY, ABJIAIOIIYIOCA YaCTbIO HEKOTO-
poit OosbIieit 3aMKHYTOIM cucTembl. [Ipeamomoxxmm, 9T0 3aMKHYTas
cucTeMa B II€JIOM HaXOAUTCA B HEKOTOPOM COCTOAHWU, ONUCHIBaE-
MOM BOJTHOBOIT (byHKIIHEIR \If(q, x), TJe T 0003HAYAeT COBOKYITHOCTH
KOODAMHAT pacCcMaTPUBaAEMOIl CHUCTEMBI, & ¢ — OCTaJIbHbIE KOOP-
JUHATHl 3aMKHYTOI CHCTEMBI. DTa (DYHKIINA, BOOOIIE TOBOPSI, OT-
HIOJIb HEe pacrnajaeTcd Ha IIPou3BejieHrne (QYHKIIUN TOJBKO OT & U
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TOJIBKO OT ¢, TaK 4YTO CHCTeMa He 00JajaeT CBOel BOJHOBOI (DYHK-
el ') .

[Iycts f ecTb HekoTOpas pu3ndecKad BEJIUUNHA, OTHOCSIIASICS
K Hameil cucreMe. Ee omepaTop AefCTBYeT MTOITOMY TOJBKO Ha KO-
OpAMHATHI T, HO He Ha ¢. CpegHee 3HAUYEHNE ITOM BEJIUIUHBI B PAC-
CMATPUBAEMOM COCTOSTHUU €CTh

f= //lI!* (q,x f‘If(q, x) dq dx. (14.1)

Beesem dbyuknumio p(z, '), onpemensemyo cOOTHOIICHIEM

o(,7') = / T (g, 2)¥" (g, 2') dg, (14.2)

rJe NHTerPUPOBaHNE IPOU3BOJUTCA TOJIBKO IO KOOpAMHATaM (@; ee
Ha3BIBAIOT Mampuyet naomuocmu cucrembl. V3 onpenererns (14.2)
OYEBHUIHO, UTO OHA 00JIAJAeT CBOHCTBOM «3DMHTOBOCTH»

p*(z,2') = p(a', ). (14.3)

«/IlmaroHaJbHbBIE 3JIEMEHTBI» MATPUIILI IIJIOTHOCTH

pla,2) = | [¥la,) P da

OIIPEACJIAIOT paClIpegeJIEHNE BEPOATHOCTU JJId KOOPAMHAT CHUCTEMBI.

C TOMOIIBIO MATPHUILI TIJIOTHOCTH CPeaHee 3HadeHHne [ MOXKHO
HAIIUCATh B BUJE

F= [1Fow oo do (14.4)

3aecy f nmeiictByer B dyHKIMn p(r,x’') TOIBKO Ha IepeMeHHBIE ]
TI0CJTE€ BBIYUCJIEHUST PE3Y/IbTaTa BO3ICHCTBIS HaI0 TOJOXKNATL T’ = Z.
Mbl BHgmM, YTO, 3HAs MATPUILY IJIOTHOCTH, MOXKHO BBIYUCJIUTD
cpefHee 3HaYEHHUE JIO00N BEJIMYMHBI, XapaKTEPUIYIONIEH CHUCTEMY.
Otciofa cienyer, 9To ¢ OMOIIBIO P(T, ') MOXKHO ONpeIenTh TaK-
K€ U BEPOATHOCTW PA3JIMYHBIX 3HAUYEHUH (PU3NYECKNX BEJINUYUH
cucteMbl. TakuMm 00pa3oM, COCTOSHHE CHCTEMBI, He 00JIaJaroIeit
BOJTHOBOI (DYyHKITHEH, MOXKET OBITh OMMCAHO MaTPHUIEl IIJIOTHOCTH.
MaTpuna mJIOTHOCTH He COAEPKUT KOOPAMHAT ¢, He OTHOCAIINXCH

I)ILJIH toro urober ¥(q,z) pacmasock (B JaHHBIHT MOMEHT BPEMEHH) HA Ta-
KO€ IIPOU3BEJCHNE, U3MepeHNe, B pe3yJabTaTe KOTOPOTO OBLIO CO3JaHO JaHHOE
COCTOdHHUE, JOJI?KHO TOJHBIM OOPa30M OIHCHIBATH PACCMATPUBAEMYIO CHCTEMY
1 OCTaJIbHYI YaCThb 3aMKHYTOH CHUCTEMBI B OTJeJbHOCTHU. J[Jisg TOro ke 4ToObI
U(q, *) mpomoKaIo UMeTh TaKo# BUI B Oy IyIIIe MOMEHTHI BDEMCHH, Heo0Xo, 11~
MO TaKXe, YTOOBI 9T YaCTH 3aMKHYTON CHCTEMBI HEe B3aMMOEHCTBOBAJIM YT
C APyroM (CM. §2). Hu To, HM apyroe HaMM Temephb He IPEIIOJIAraeTCH.
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K JAHHOI cHCTeMe, XOTsd, pa3yMeeTCs, M0 CYIIECTBY 3aBUCUT OT CO-
CTOAHUA 3aMKHYTOU CUCTEMBI B IIEJIOM.

Omnmucanne ¢ TOMOIIBI0 MATPUITHI IJIOTHOCTH ABJISIETCA HanboJiee
obrrteit (popmoit KBAHTOBOMEXaHNIECKOTO OnMucaHust cucreMm. Ormmca-
HIE K€ C ITOMOIIBIO BOJHOBOI (DYHKITUM SIBJIAETCS YaCTHBIM CJIYYa-
eM, OTBEYAOINM MaTpulle mioTHoctu Buma p(x,z') = ¥(x)¥* ('),
Mexay 9TUM YacTHBIM CJAyYaeM M OOIUM CJIyYaeM UMEETCs CJie-
JyIoIiee BadkHoe paziamune. g cocTogHusa, 00J1aaI0Mero BoOJ-
HOBOI (pyHKIMEN (Takoe COCTOSHUE HA3BIBAIOT YUCMBIM), BCETIA,
CYIIIECTBYET TaKasd MOJHASA CUCTEMA U3MEPUTETbHBIX TPOIECCOB, KO-
TOpPBIE TIPUBOJAAT C JOCTOBEPHOCTBIO K OIPEIETEHHBIM Pe3yIbTaTaM
(MaTemMaTHYECKH 9TO O3Ha4aerT, uro W ecTh cOOCTBEHHAs (DyHKIIHUS
KaKoro-mbo omeparopa). Jljasa cocrosHmit ke, 006J1aJaf0MUX JIUIIIH

MaTpuUIeil I0THOCTH (X HA3BIBAIOT CMEUAHHMU), HE CYIIECTBYET
TIOJTHOH CUCTEeMbl U3MePEeHMUit, KOTOphIe TPUBOININ Obl K OJHO3HAYHO
IIpeJICKa3yeMbIM Pe3YIbTaTaM.

[TpeamosioXkuM, 9TO paccMaTpuUBaeMasd CUCTEMa 3aMKHYTa WJIN
cTaJia TaKOBOIl, HAUMHAs C HEKOTOPOTO MOMEHTA BPEMEHU; BhIBEIEM
ypaBHEHHe, OIpeaeIdrollee N3MEeHEeHNe ee MaTPHIlbI IIJIOTHOCTH CO
BpeMeHeM, aHAJOTMYHOE BOJIHOBOMY ypaBHeHHIo majs W-yHKINN.
BoiBog MOXKHO yHPOCTUTH, 3aMETHB, YTO MCKOMOE JIMHeiHoe aud-
dbepennmaabHOe ypaBHeHne 114 p(Z, ', t) JOIKHO yI0BJIETBOPATHCA
W B TOM YaCTHOM CJIy4ae, KOrJia CUCTeMa 00J1aTaeT BOJTHOBOM (DYHK-
e, T. e.

p(z,x' t) = U(z,t)T* (2 t).

Huddepernupys mo BpeMeHN U BOCTIOJIB30BABIIICH BOJHOBBIM Y DaB-
HenueM (8.1), umeem

G 0p ok O¥(z, 1) ow*(z',t)
zﬁat = ihT* (x ,t)—875 +zﬁ\IJ(zv,t)—8t =

= U* (2, t)HU(z,t) — U(z, ) H*U*(z', t),
rae H — raMHJIBTOHMAH CHCTEMBb, JedCTBYIONNI Ha (PYHKIINN OT T,
a H'— ToT e omeparop, meiictBytommit Ha ¢pyHKun ot &'. OyHK-
mun U*(z',t) m U(xz,t) MOXKHO BBECTH I0J| 3HAKU OIEPaTOPOB COOT-

~ AN

BercTBenHo H u H', u, Takum 06pa3oM, IMOJIYyYUM HCKOMOE ypaBHe-

HUE
Op(x, ', t)

ot

. 77 _-— /

ih = (H — H")p(z,z',t). (14.5)
IIyctn \I/n(x,t)— BOJTHOBBIE (DYHKITUU CTAIIMOHAPHBIX COCTOM-

HUIT CHUCTEMBI, T.€. COOCTBEHHBbIE (QPYHKIIMU TaMUJIbTOHHaHa. Pas-

JIOKUM MATPUITY TIJIOTHOCTH II0 STUM (PYHKIHSIM; Pa3JI02XKeHIe
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IIPeICTaBJIIeT CO0O0It TBOMHON psimd

p(z, x,at) = Z Zamn\IJ;(a;', t)\I!m(:I;,t) =
=3 Gt (@ )om(2) exp(%(En _ Em)t>. (14.6)

DTO Pa3jIOKEHNe UTPAET I MATPHUIIBI IIJIOTHOCTU POJib, AHAJIOTMY-
Hyt0 poJn pasnoxkenns (10.3) misa BoaHOBBIX dyHKIUA. BMmecTo co-
BOKYITHOCTH KO3I(PUITUEHTOB @, MbI UMEEM 31eCh JBOMHYIO COBOKYTI-
HOCTh KO3(PPUIIUEHTOB Ay DTU BEJIUYUHBI 00JI18IaI0T, OUYEBHUIHO,
KaK ¥ CaMa MaTPHUIA IIJIOTHOCTHU, CBOIICTBOM 3PMHUTOBOCTH

ay .. = Umn- (14.7)

J s cpeaHero 3HaYeHMsI HEKOTOPO BEJIMUUHBI f UMeeM, TOACTaBIIAS

(14.6) B (14.4):

f= ZZamn/‘Il:(x,t)f\I!m(x,t) dz

ZZamnfnm ZZamnfnmexp( (Ep—F )), (14.8)

T71€ fnm — MaTPUUHBIE 3JIEMEHTHI BEJIMUUHBI f. DTO BhIpAKEHIE aHA-
noruuaHo dopmyse (11.1)1).

BeuauHbl @y, JOJKHBL YIOBIETBOPATH OMPE/IEJIEHHBIM HEPa-
BeHCTBaM. «/lmaroHasbHBIE 3JIEMEHTBI» P(T,T) MATPHUII MJIOTHO-
CTH, OIpPeJIEJISIONINe PACIPeIeJIeHUe BEePOSITHOCTH JIJIi KOOP/MHAT,
JTOJIZKHBI, OUYEBUTHO, OBITH BEJIMYNHAMU TOJIOKUTEJbHBIMA. V3 BbI-
paxenusi (14.6) (¢ ' = ) mosTOMY CJIEIYET, YTO MOCTPOEHHAS HA
KO3 DUITHNEHTAX ypy KBAIPATUUIHAS POPMa BUIA

Z Z amng;;gm

(rme &, — IpOM3BOJIbHBIEC KOMILIEKCHBIE BEJNINHBI) TOJIZKHA OBITH Cy-
IIIECTBEHHO TIOJIOZKUTEJIBbHOM. DTO HAKJAJIbIBAECT HA BEJUYIUHBI Qypyp,
M3BECTHBIE 3 TEOPUU KBaJAPATUUIHBIX POpM ycaoBus. B gacTHOCTH,
JIOJIZKHBI OBITH TTOJIOKUTETbHBIMU BCE AUATOHAJIBHBIE 3JI€MEHTHI

appn = 0, (14.9)

') BeTMYUHbBI Gy COCTABJAIOT MATPHILY MJIOTHOCTH B SHEPTETHHYECKOM MpE/-
craBiaeHnn. OnucaHue COCTOSTHUI CHCTEMBI C ITOMOIIBI TaKOW MaTPHIBI OBbLIO
BBesieHO HesaBucuMo Jlanday u Baoxom (F. Bloch) B 1927 1.
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a KasKJIble TPHU BEJIUYUHBI Uny, Gmms Gmn JOJZKHBI YJIOBJIETBOPSTD

HEPaBEHCTBY
2

ApnOmm = |Gmn|” (14.10)

«HucroMy» caydaro, B KOTOPOM MaTpHUI IJIOTHOCTH CBOIUTCA K

IPON3BEICHNIO (PYHKIUI, COOTBETCTBYET MATPUIA Uyypn BUIA

Umn = Q0. (14.11)

YKazKeM TPOCTOil KpUTepwuii, MO3BOJISIONINIA JIETKO OIPEeaeJUTh 10
MaTPUIE Ay UMEEM JIU MBI JI€JI0 C «YACTBIM» WJIN «CMEIITaHHBIM »
cocTogHneM. B dmcToM cirydae mMeeMm

2 * * * 2 *
(a )mn = E AmkAkn = E ApAm A, 0 = Qma, E |ak| = ama,,
k k k

nJjm

2
(@%)mn = Gmn, (14.12)
T. €. KBQJ[paT MaTPUIIbl IIJIOTHOCTU COBIAJIACT C HEM CAMOIl.

§ 15. Umnyabc

PaccMmoTpum 3aMKHYTYIO CHCTEMY YaCTHIl, HE HAXOMSAIIYIOCH BO
BHeIlTHeM ToJe. [ToCKOIbKY BCe TIOJTOXKEeHU TAaKOi CUCTEMbl KaK Iie-
JIOTO B TPOCTPAHCTBE 3KBUBAJEHTHBI, TO MOXKHO YTBEPXKJIATh, UTO
raMUJIBTOHUAH CUCTEMbI HE U3MEHUTCH IPH MapasijiebHOM IIEePEeHO-
ce CUCTeMBI Ha MTPOU3BOJIbHOE paccTosiaue. JJocTaTouno moTpeboBaTh
BBITIOJTHEHHU ST ITOTO YCJOBUA JIJIS TPOU3BOJILHOTO OECKOHETHO MAaJIOTO
CMEITEeH N, TOT/Ia OHO Oy/IeT BBITIOJHSTBCS U JIJI BCAKOTO KOHETHOTO
CMEITIEHUS.

BeckoneyHO MaJioe mapaJiiesibHOe CMEIeHNe Ha PacCTodHUe Or
O3HAYaeT MPeoOpa3oBaHue, IPU KOTOPOM PaINyChI-BEKTOPHI ', BCEX
gacTuIr] (@ — HOMEp YaCTUIIBI) TMOJIYYAIOT OJMHAKOBOE MpHUpalle-
Hue or: r, — r. + or. [Iponssonbuas dyukiua ¥ (ry,re,...) Koop-
JIMHAT YACTUIL PN TaKOM MPeoOPa30BaHUN TEPEXOIUT B (DYHKITUIO

P(ry —|—5r,r2+5r,...)¢(r1,r2,...)+5rzva¢ =

= 1—|—(5I‘ZVQ ¢(r1,r2,...)

(V4 — omepatop auddepenimpoBanus 1o rg). Berpakenne

1+5r2va
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eCTh omepaTop OGECKOHEYHO MAaJIOro IEePeHO0Ca, MePeBOISIIN (yHK-

mio Y (ry,ry,...) B GyHKIUO ¥(r) + dr,ro + dr,. .. ).
YTBep:KIeHne, 9TO HEKOTOPOoe Ipeodpa3oBaHUEe HE MEHSAET TIa-

MUJIBTOHAAHA, O3HAYAET, UTO €CJIU IIPOU3BECTH ITO IPeodpPa3oBaHNe

Ha 1 pyHKIMeit H1), To pe3yabTaT OyaeT TaKUM Ke, KaK €CJIU TPOU3-
BECTH €r0 TOJIbKO Ha l (pYHKITHEt 1) 1 JIUIIH 3aTeM MPUMEHUTH K Hell

omepaTrop H. MaremMaTudecKu 3TO MOXKET OBITH 3aIMCAHO CJIEIYIO-
M obpa3oM. Ilycts O ecTh omepaTop, «IPOU3BOAAIIMITY PACCMAT-
puBaemoe npeobpazosanue. Torga nmeem O(Hy) = H(Ov), oTky1a

OH - HO =0,
T. €. TaMMWJIBbTOHNAH IOJI2KCH 6bITI) KOMMYT&TI/IBGH C onepaTopOM O

B nannoMm caydae onepaTtopom O dBJsieTcs onepaTop OeCKOHed-
HO MaJioro mepeHoca. 11oCKOIbKY equHUYHBII omepaTop (omepaTop
YMHOXKEHUS Ha 1) KOMMYTATHBEH, KOHETHO, CO BCAKUM BOOOIIE OrIe-
PaTOPOM, & MOCTOSHHBIN MHOZKHITEJTE Jr MOKET OBITH BBIHECEH M3-IIO/T

3HAKA H TO yCJIOBUE OH — HO = 0 coaurest 37€ch K YCJIOBUIO

S V. )H-H(Y V.| =0 (15.1)

Kak mbI yke 3HaeM, KOMMYTaTUBHOCTb HEKOTOPOT'O OIEPaToOpa,
(HE cozmepaKaIero BpeMeH! SBHO) € TaMUJIBTOHHAHOM O3HAYAET, UTO
COOTBETCTBYIOIASA ITOMY OIEPATOPY (PU3MUECKAT BEJIMUNHA, COXPa-
HdeTcd. BenmumHa, coXpaHeHHE KOTOPOH MJisi 3aMKHYTOH CHCTEMBI
cJaenyeT U3 CBOWCTBA OMHOPOTHOCTU IIPOCTPAHCTBA, €CTh WMIIYJIBC
cuctembr (cp. I, § 7). Takum obpazom cootHorenue (15.1) Beipazkaer
coboii 3aKOH COXpaHEHUS UMITYJIbCA B KBAHTOBOI MeXaHUKeE; OIlepa-
Top YV, JOJIZKEH COOTBETCTBOBATH, C TOYHOCTBIO JIO MOCTOSHHO-
ro MHOXKUTEJIA, [IOJHOMY MMILYJIbCY CUCTEMBbI, & KaxKJAbI U3 YJICHOB
CYMMBI — UMIYJIbCY OTJACJILHONW YaCTUIIDI.

KoaddurmenT mpomoprimoHaJIbHOCTH MeEXKIy OTMePaTOPOM WM-
IyJIbCA P U OMEPATOPOM V MOKET OBITH OIPEIEJIEH C IIOMOIIBIO IIpe-
JIEJTBHOTO TIepexo/ia K KJIACCUYIECKON MeXaHuKe U paBeH —ih:

b = —ihv, (15.2)
WM B KOMIOHEHTAX:
~ 4 0 ~ . 0 ~ . 0
— —ih— = —th— = —ih—.
T
p am ? py ay Y pz 82
JleficTBUTEIBHO, BOCIIOJIBL30BABIINCH TPEJIETbHBIM BbIPAYKEHUEM
BOJTHOBO# dyHKImm (6.1), nmeem

BU — —m%\ws — UV,
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T. €. B KJIACCUYECKOM MPUOJNAKEHAN JACCTBIE OIepaTopa P CBOAUTCS
K ymHOXKeHuio Ha V.S. Ho rpagumenT meiicTBus 1 eCTh KJIaCCUIECKUIT
UMITYJIbC yacTunbl p (cm. I, §43).

Jlerko ybenauthcst B TOM, 4TO omeparop (15.2), Kak u cyejoBa-
70, 3pMuTOB. JleficTBUTENBbHO, /JIs1 IPOM3BOJIBHBIX (DYHKIHU 1) ()
n p(x), obpalamuxcs Ha 66CKOHEYHOCTH B HYJIb, IMeeM

/gpﬁwzbdac - —iﬁ/(pa—wda: - ih/¢3idx — /wﬁ,’;godx,
Ox Ox
YTO U ABJISIETCA YCJIOBUEM 3PMUTOBOCTH OIIEPATOPA.
[Tockoabky pesyabraTr auddepeHmpoBanus (pyHKINH IO JBYM
Pa3IUIHBIM TIEPEMEHHBIM HE 3aBUCUT OT TOPsaKa AuddepeHInpo-

BaHN4A, TO ACHO, YTO ONEPATOPhI TPEeX KOMIIOHEHT MMMIYJIbCA KOMMY-
TATUBHBI:

PxDy — DyPz = 07 PzPz — PzPx = 07 PyDz — DzDy = 0. (153)
STO SHAYUT, 9TO BCE€ TPU KOMIIOHCHTBI MMIIYJIbCd YaCTUIbI MOT'YT
OJHOBPEMEHHO MMETH OIIPEACJICHHBIC SHAYCHUA.

Haiinem cobcTBenHble DYHKIINU U COOCTBEHHBIE 3HAUECHUA OIlepa-
TOPOB nMMyJbca. OHU ONPeIESIIOTCA BEKTOPHBIM YPaBHEHUEM

— AV = pib. (15.4)

Ero perennst umeroT BU
) = const -/ (15.5)

OIHOBpEMEHHOE 33JaHKE BCEX TPEX KOMIIOHEHT UMILYJIbCA, IIOJIHO-
CTBIO OIPEHEJIeT, KaK Mbl BHAJUM, BOJHOBYIO (DYHKIIUIO YaCTUIHL.
Jpyruvm cioBaMu, BEJIMYUHBL Py, Dy, P, COCTABIAIOT JJI JACTUIBL
OIMH U3 BO3MOXKHBLIX IIOJIHBIX HAOOPOB (PU3MYECKUX BeaudnH. VX
COOCTBEHHBIC 3HAUYCHUSI 00Pa3yIOT HEIMPEPBIBHBIN CIEKTD, IPOCTUAPA-
FOIIUIICA OT —OO JIO OO.

CorsacHO MpaBUIy HOPMUPOBKM COOCTBEHHBIX (DYHKIUI HEmpe-
peiBHOTO crektpa (5.4) mHTerpan [ Yp¥p dV, B3ATHIL 1O Beemy

npocrpanctBy (dV = dxdydz), nomxen ObITh paBeH O-pyHKIUHU
6(p' —p)").

HO IIprUYrMHaM, KOTOPbIE CTaHYT ACHBIMU U3 ILaJIbHeIL/'IIHI/IX IIpu-
MeHeHuil, 0ojee eCTeCTBeHHa, OJHAKO, HOPMHUPOBKA COOCTBEHHBIX
pyHKIMIT UMITYIbCa JACTUIBI HA 0-PYHKITUIO OT PA3HOCTU WUMITYJIb-
COB, JeJIEHHBIX Ha 27 h:

[ e =o(75)

1) HenbTa-pyHKIUA OT BEKTOPHOTO apryMeHTa a (TpexmepHasa J-byHKIus)
omnpeseNigeTcd Kak mpousBeaenne J-QyHKINM OT KaXKI0i 13 KOMIIOHEHT BEKTOpa:

d(a) = d(az)d(ay)d(az).
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UJIN, UTO TO K€,

/ Ypbp dV = (277)°5(p’ — p) (15.6)

(HOCKOJIBKY KazKJIblil M3 TPEX MHOYKHUTEJIEl, Ha KOTOPbIE PACIa aeTcs
TpexmepHas d-pynkus, o[(ph—pe)/(27h)]|=27hd(pl,—p;) n T. 10.).
HTerpupoBaHie MPOU3BOIUTCS C TIOMOIIBIO (POpMyJTBL ')

o0

1 1079

= = , 15.

- | d¢ = (o) (15.7)
— 0

I3 Hee 0YeBMIHO, UTO JJIT HOPMUPOBKH, coryiacHo (15.6), B dyHK-

muax (15.5) Hag0 mostoKuTh const = 12):

Yp = PR, (15.8)

Pazniozkenne mpou3BoJibHON BOJIHOBOI byHKIUM (r) mo cob-
CTBEHHBIM (DYHKITUAM €€ UMITYJIbCA, TTPEJICTABISAET COOOM He UYTO MHOE,
KaK pasJioiKeHue B uHTerpa Pypne:

vlr) = [ aplnlr) s = [a@eP I (150)

(d®p = dpdpy,dp.). B coorBercTBuE ¢ dbopmymoir (5.3) kxosbdurm-
€HTBI Pa3JI0KEHUs PABHBI

/ Y(r)k(r) dV = / Y(r)e PRy, (15.10)

Oynxnuio a(p) MOXKHO paccMaTpuBaTh (CM. §5) Kak BOJHOBYIO
dyHKIIIIO ‘—IaCTI/IU;bI B UMITyJIbCHOM TIP€/ICTABJIEHUN:
3
2_d’p
a
(P Gk

— BEpOSITHOCTb MMITYJIbCY MMETh 3HAUEHNs B MHTEpBaJe dop.

1) VenoBabrit cMbIc 9T0# POPMYIBI COCTOMT B TOM, YTO (DYHKIHS, CTOSIIAS
B JIEBOIf YacTW paBeHCTBa, objajaeT mpucymmuMm O-pyHKIuu cpoiictBoM (5.8).
HeiictBurenbHo, noacrasus GyHKuuoo §(r — a), BeIpaxkeHHyio B Buze (15.7),
B (5.8), moslyunM M3BECTHYIO MHTErpaJibHyO dhopmyny Pypbe

= /Zf(x)eif(w—a) dx%.

2 .
) O6paTuM BHMMaHHE Ha TO, YTO MPHU TAKOH HOPMHUPOBKE ILIOTHOCTH BEPOSIT-

HOCTU |1/)|2 = 1, T.e. PYyHKIIMST HOPMUPOBAHA HA «OJHY YACTUIY B €JIUHUTHOM
ob6beMe». DTO COBIQJIEHNE, PA3yMeeTCs, He CJIYyYalHO — Cp. HUXKE MPUMEYaHUe
Ha c. 221.
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[Tomo6HO TOMY KaK omepaTrop P COOTBETCTBYET UMILYJILCY, OIpe-
JeJisist er0 COOCTBEHHBIE (DYHKITMY B KOOPANHATHOM IIPEICTABJICHNUN,
MOYKHO BBECTH OIEPATOP T KOOPAUHAT YaCTUIBI B IMILYJILCHOM TIPEJI-
crapjeanu. OH I0O/2KeH OBITH OmpedeseH TakK, 9TOObI CpeaHee 3Ha-

YeHUuE KOOpAHUHaAT MOTIJIO OBITH 3aIIMCaHO B BUIE
3

f:/a*(p)?a(p)(;;;)?’. (15.11)

C mpyroii CTOPOHBI, 3TO Ke CpeaHee 3HAUYEHNE OIPeaeIAeTC s IO BOJI-
HOBOI QyHKINK 1) (r) BhIpAKEHIEM

T = /zp*wdv.

[Toncrasus ¥(r) B Bume (15.9) u mHTErpUpys MO YaCTAM, TMEEM

_ ipr/h A’ [ .. ipr/r0a(p) d’p
ry(r) = /ra(p)ep PEsEhe /zﬁep oo k)

C moMOIIBIO 3TOTO Bpra}KeHI/ISI u qu/ITbIBaH (15.10), Haxoaum

8“ & r/h _ Sp ok da(p) d°p
r= //¢ r)ih——=¢'P dv(zwh) /zﬁa (p) oo @rh)

Cpasuus c (15. 11), Mbl BUJIUM, YTO ONEPATOP PaNyCca-BEKTOpPa B
I/IMHyJ'IbCHOM Npe/ICTaBJIeHUN NMeeT BI/I,ZL
it (15.12)
op
OnepaTop Ke UMIYJIbCa B 3TOM IPEJICTABJICHUU CBOJUTCS K YMHO-
JKEHUIO Ha P.
Haxkonern, soiBegem pOPMYyILy, BBIPAKAIOIIYIO UYepe3 P OIepaTop
TapaJIJIeTHbHOTO TIEPEHOCA B TPOCTPAHCTBE Ha, JII000e KOHEeYHOoe (a He
TOJIBKO OECKOHEUHO MaJjioe) paccrosuue a. [lo ompeseseHnio Takoro

onepaTopa (06o3HaUMM ero depe3 Ty ) JTOJIZKHO OBITH

Tath(r) = P(r + a).

Pasmaras dyrknuio 1 (r + a) B pax Taitgopa, numeem

Plr+a)=p(r) +a”l 4

WU, BBEIs omneparop p = —thV:
11 )2
Y(r+a) = [1 - %ap -+ §<%ap> + .. .]¢(r).
BripazkeHue, crodriee B KBaIPaTHBIX CKOOKaX, IPeJICTaBIAeT cODOit
oTmepaTop R .
Ty = exp(gaﬁ). (15.13)

ITO U €CTh UCKOMBIIA onepamop KoOHeYH020 CMEULEHUA.
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§ 16. CooTHOIIIeHIsI HEOIIPEAeJIEHHOCTH

BriBegeM mpaBmia KOMMYTAIIUNA MEXKIY OMEPATOPAMHU WMITYJIh-
ca 1 KoopauHaT. [IocKOoIbKY pe3yabpTaT mocieIoBaTeTbHOTO audde-
PEHIIMPOBAHUSA TO OJIHOM U3 TEPEMEHHBIX T, Y, 2 U YMHOXKEHUdA Ha
JPYTYIO U3 HUX HE 3aBUCUT OT MOPSIKA STUX OMepaItuii, TO

ﬁwy - yﬁm =0, ﬁmz - z]/?\:c =0 (16-1)

1 aHAJIOTHMYHO IJIA Dy, D
s BeIBOIA MpaBHUjIa, KOMMYTAIUN Dy C & MUIIEM

(B — aB2)t) = —ifi (1) + iha " = —ifi.

MbI BuauM, 9TO pe3yJbTaT BO3JAEHCTBHUS OIMEPATOPa PpX — TP CBO-
AUTCA K yMHOXKeHHIO (PYHKIMH Ha —ifl; TO K€ CaMoe OTHOCHTCH,
KOHEYHO, K KOMMYTAIHU Dy C Y U Dy C 2. "Taxmv obpa3oM, mMeeM )

Da® — XDy = —ih, DPyy — YDy = —ih, D,z — 2D, = —ih. (16.2)
Bce coorHormenns (16.1) u (16.2) MOXXHO 3amucaTh BMECTE B BUJIE
DTk — TP = —ihdig, 1,k =2,y 2. (16.3)

IIpex e yeM mepeiiTi K BBISICHEHUIO (PU3UUECKOIO CMBICJIA ITHX
COOTHOIIICHUI U CJEJICTBUI U3 HUX, HAOUIIEM JIB€ MOJIE3HBIC IJId
nasbaeitiero dopmybt. [lycrs f(r) — HekoTopas dyHKIHS KOOP-

JIMHAT, TOT/Ia, R R '
pf(r) — f(r)p = —iAV /. (16.4)
JleicTBUTETIBHO,

(Bf — fP)Y = —if[V(f¢) — VY] = —ilpV f.

AHasOoTUYHOE COOTHOIIIEHNE WMeEEeT MeCTO JjId KOMMYTaTopa I C
dyHKIMEN OmepaTOpa UMITYJIHCA:

ﬂﬁﬁ—nﬂ@—~ﬂﬁ£ (16.5)

Ero MoxHO BbIBECTH Tak ke Kak (16.4), eciu Mpou3BOJUTH BBIYHC-
JIEHUsT B UMIYJIBCHOM TPEJ/ICTABJIEHNHN, BOCIIOIB30BABIINCE JIJIsT OTIe-
pPaTOPOB KOOPJAMHAT BhIpaxkeHuem (15.12).

Coorromenns (16.1) u (16.2) moka3pIBAIOT, 9TO KOOPAMHATA, Ya-
CTHIIBI BJIOJIb OJHOM M3 OCeil MOXKET MMETDb OIPEJICIEHHOE 3HAYCHUE
OHOBPEMEHHO C KOMIIOHEHTAMH WMMITYJIbCA MO JBYM JIPYTUM OCSIM;
KOODJIMHATA, 2Ke M KOMIIOHEHTa UMIY/IbCA BJIOJIh OJTHOI U TOI YKe och

1) OTHU COOTHOIIIEHNsI, OTKPBITbIE B MaTpudHoit popme [ etizenbepzom B 1925 1.,
IIOCJIY2KUJIM OTIIPABHOU TOYKO! B CO3JAaHUU KBAHTOBOM MEXaHUKU.



§16 COOTHOUIEHUSA HEONPEJIEJTEHHOCTU 71

He CYIIEeCTBYIOT OXHOBPEMEHHO. B 4YacTHOCTM, YacTHUIA, HE MOMKET
HAXOIUTHCS B OIMPEIEJEHHON TOYKE MPOCTPAHCTBA U B TO K€ BPEMSI
UMETH ONPeeJIEHHbINA UMITYJIbC P.

[IpenmosokuM, 9TO YACTUIA HAXOIUTCSA B HEKOTOPOIT KOHEUHOI
00JIaCTU MPOCTPAHCTBA, Pa3MepPhbl KOTOPOIi BIOJb TPEX OCEll opsiIKa,
Besimanbbl Ax, Ay, Az. llycrs, mamee, cpeanee 3HAYEHUE UMITYJIb-
ca JaCTUILI €CTh Pg. MaTeMaTUdecKd 3TO O3HAYAET, YTO BOJHOBAS
byuknus nmeer Bug i) = u(r)ePo™/? rae u(r) — byskuus, 3aMeTHO
OTJIMYHASA OT HyJId TOJBKO B YKa3aHHON 00JIACTH MPOCTPAHCTBA.

Pazmoxxum yHKIIMIO % 1O COOCTBEHHBIM (PYHKITHUSAM OIEPATO-
pa nmmyibca (T.e. B uaTerpai @ypre). Koaddurmentsr a(p) storo
pasJIoKeHus ompeIessaoTcest narerpajgamu (15.10) ot dyHKIuii Bua

u(r)e!®o—P)IT/A g Toro uTo6E TaKOH HHTErpaJ GBLI 3aMETHO OT-

JIMYEH OT HyJIs, HEePUOIbI OCIIH/LUILPYIOMIEro MHOXKUTEs ¢t (Po—P)r/h
JIOJIZKHBI OBITH HE MaJIBIMU 10 CPpaBHEHHIO ¢ pa3mepamu Az, Ay, Az
obsiacTi, B KOTOPOil oTiudHa oT HyJsis ByHKIuS u(r). DTO 3HAUMT,
410 (p) OyIeT 3aMETHO OTJIMYHBIM OT HYJIsl JIUIIh JJ1s1 3HAYUEHUIT P
Takux, 9To (pog — pz)Ax/A < 1,... Iockomsky |a(p)|? onpenenser
BEPOATHOCTD PA3INYHBIX 3HAUCHUI MMILYJILCA, TO MHTEPBAJLI 3HAUE-
HUN Dy, Py, Pz, B KOTOPBIX a(P) OTJIMYHO OT HyJIsI, — HE UTO MHOE, KaK
T€ MHTEPBAJIbI 3HAUEHNI, B KOTOPBIX MOI'YT OKa3aThCs KOMIIOHEHTEHI
MMITYJIbCA YACTUIBI B PACCMATPUBAEMOM cocTossHrr. Obo3HAYAs ITH
THTEePBAJBI Yepe3 Apg, Apy, Ap,, nMeeM, TaKIM 00pa3oM,

Ap Az ~h, Ap,Ay~h, Ap,Az~h. (16.6)

OTU COOMHOULEHUS HEONPEJEAEHHOCTNYU OBLIN YCTAHOBJIEHBI [ €1i3€eH-
bepzom B 1927 1.

Mpb! BuamM, 9TO YeM C OOJIBINEH TOYHOCTHIO M3BECTHA KOOPIM-
HaTa 4JacTurbl (T.e. deM MeHbie Ax), TeM OGOJIbIIE HEOIPE/IeJIeH-
HOCTHb Ap, B 3HAYEHUN KOMIOHEHTHI MMIIYJIbCA BJIOJBb TOIl Ke OCH,
1 HaobopoT. B wacTHOCTM ecom YacTUIla, HAXOAUTCA B HEKOTOPOIi
CTPOTO ONpeJiesieHHOI Touke mpocTpaHcTBa (Az = Ay = Az = 0),
T0 Apy = Apy = Ap, = 00. DTO 3HAYUT, ITO BCE 3HAUCHUSA UM-
MyJIbCa TIPU 3TOM PaBHOBepPOsATHBI. HaobopoT, ecam dacTUIla mMeeT
CTPOTO ONPEeIEJIEHHBI!T IMITYJIbC P, TO PABHOBEPOATHBI BCE €€ T0JIO-
JKEHUSI B IPOCTPAHCTBE (3TO BUJIHO W HEMTOCPEJICTBEHHO U3 BOJHOBOIA
dbyukmun (15.8), KBaIpaT MOIYIst KOTOPOI HE 3aBUCUT BOBCE OT KO-
Op/INHAT).

Ecau xapakTepu3oBaThb HEONPEIEJEHHOCTH KOOPJAWHAT W UM-
IyJIbCOB CPEIHUMU KB APATUIHBIMU (DIYyKTYAITSIMU

ox = (CU - 5)2, Opz = \/ (pflr - 1_956)2’
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TO MOXKHO JIaTh TOYHYIO OIIEHKY HAWMEHBIIIEro BO3MOXKHOI'O 3HaYe-
Hua ux npoussesenns (H. Weyl).

PaccmoTpuM ogHOMEpHBIH ciIy4dail — makeT ¢ BOJTHOBOM (PYHKITHU-
el w(aj), 3aBUCAINEA TOJBKO OT OAHOW KOOPAMHATHI; ITPEIIOJIOXKUM
JJId TPOCTOTHI, YTO CpeAHUE 3HAUYCHUA T U P, B 3TOM COCTOAHUU
paBHBI Hy 0. VcxoanM M3 09eBUIHOTO HEPABEHCTBA

T 2
/ ‘axw + i
dzx

rJe & — IIPOU3BOJIbHaAd BEIIECTBEHHaAd ITOCTOAHHAAD. HpI/I BBbIYHUCJIC-
HHUH 9TOI'O MHTEIrpaJia 3aMeda€eM, 9YTO

[ @l do = (527
/(azi—f@b—kxw*%) dx———/:z:dlczbn|2 dr = —/|w|2d:c= —1

dy* d X 1
/dtﬁda: /w wda:——/gb P2y do = —(3p)?,

1 II0JIyYaeM

dx > 0,

2
o?(6z%) —a + % > 0.

st Toro 9To6bI 3TOT KBaIPATHUIHBIH (10 () TpeXHeH ObLI IOJIO-
JKATEJIBbHBIM IIPU JIIOOBIX 3HAYEHUAX (v, €r0 JUCKPUMHUHAHT JIOJIZKEH
ObITE OoTpHIaTesbHBIM. OTCIOMa TTOIydYaeM HEPABEHCTBO

0xdpy 2 ﬁ/Q. (16.7)

HanmeHnbIllee BO3MOXKHOe 3HAYEHHE MTPOU3BEIeHNs PaBHO 7/2.
OTO 3HAYUEHUE JOCTUTAECTCS B BOJIHOBBIX MMAKETaX, OMUCHIBAEMBIX
dbyHKIIMIAME BUIA

1 ) x>

rIe po U 0 X — IMOCTOAHHBIE. BepOoSTHOCTH pa3JIMYHBIX 3HAYEHHUI KO-
OpP/IMHATHI B TAKOM COCTOSTHUU

2 z?
|¢| exXpl\ — 2 />
V2réz 2(0x)
T. €. paclpejie/ieHbl BOKPYT Hadaja KOOpJAWHAT (CpejHee 3HAYEHUE
Z = 0) mo 3akony laycca co cpeaHeil KBaapaTwudHOW (IIyKTyaIu-
eit dx. BoarHoBag (pyHKIIMA B UMITYJIbCHOM IIPE/ICTABICHUN

o(p2) = | ww)exp(i%2" ) da.
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Brerancaenne HHTETr'PaJia IIPUBOAUT K BbIPDA2KE€HHUIO BUJA

(0o (o = o))

a(p;) = const - exp (—

Pacrpeiesienne BeposaTHOCTel 3HaMeHM nMITyIbea, |a(py)|?, To-
JKe SBJIFETCS TAyCCOBBIM BOKDYT CDPEIHETO P, = pPg U CO CpPejHeil
KBaIpaTudHol duykTyarnueit dp, = h/20x, Tak 9TO MpOW3BeEIEHUE
dp. 0T UMeeT Kaxk pa3 3HadeHue h/2.

Haxonerr, BbiBegeM ele ogHO ToJie3Hoe cooTHorneHnue. [Iycts f
u g — IBe (pU3HUeCKre BEJMYUHBI, OIEPATOPhl KOTOPKIX YI0BJIETBO-
PSAIOT IPABUIY KOMMY TAIIH

/g — 8f = —ific, (16.9)
rjie ¢— OIepaTop HEKOTOpoi (u3nueckoil BesmduHbl c¢. B mpasoii
YaCTU PaBEHCTBA BBEJEH MHOXKUTEIb A B COOTBETCTBUM C TEM, UTO
B KJIACCMYECKOM Tpejienie (T.e. pu i — 0) Bce BOOOIIE OnepaTophl
(bu3MIeCKNX BEJUYNH CBOAATCH K YMHOMKEHHIO HA 9TU BEJUYUHBI U
KOMMYTATHBHBI APYT C APYroM. Takmm o6pa3oM, B «KBa3UKJIACCHIE-
CKOM» CJIydae MOXKHO B IIEPBOM IPUOJINKEHUH TIPABYI0 YaCTh PABEH-
crBa (16.9) cunraTs pasHoit HyI0. B ciemyromem ke mpubImKeHNNn
MOXKHO 3aMEHUTh OIEPATOP € OMEPATOPOM MPOCTOrO YMHOXKEHUST Ha
BeIn4uHy c. Torma moaydanTcs

fe —gf = —ihc.
DTO PABEHCTBO B TOYHOCTU AHAJOTHYHO COOTHOIICHUIO Ppl — LDy =
= —¢h c TOM UL Pa3HUIEH, YTO BMECTO IIOCTOSHHON /i B HEM CTO-
uT BeanunHa hc'). B cBA3m ¢ 9THMM MO aHAJOTMH C COOTHOIIECHW-
eMm AxAp, ~ h MBI IPUXOANM K BBIBOY, UYTO B KBA3UKJIACCHIECKOM

ClIy4dae€ IJid BEJIMYIUH f, g uMeeT MeCTO COOTHOIIECHUE HEOIIPpeaeJICH-
HOCTH

AfAg ~ fic. (16.10)
B wacTHOCTH, eciim O/IHOI U3 BeqinduH sBjsgercs sHeprust (f = H),
a omepaTop Jpyroii (g) He 3aBUCHT sIBHO OT BPEMEHH, TO, COTJIAC-

HO (9.2), ¢ = & U COOTHOIIIEHNE HEOIPEJIEJIEHHOCTH B KBAa3UKJIACCH-

JECKOM CJIydae
AEAg ~ hg. (16.11)

') Knaccuyeckas Besm4mHa ¢ ecTh cKobka Ilyaccona sesmuus f u g (cM. mpu-
Med. Ha c. 46).



I'TABA III

YPABHEHUE HHIPE/INHI'EPA

§ 17. YpaBueHue Illpeaunrepa

Bug BosmHOBOTO ypaBHEeHUSA (DU3UUECKON CHUCTEMBI OIIPEIEIsIeT-
cd ee TAaMUJIbTOHUAHOM, MTPUOOPETAIONINM B CUJIY 3TOr0o (pyHIAMEH-
TaJIbHOE 3HAYEHME BO BCEM MATEMATHUYECKOM alllapaTe KBAaHTOBOI
MEXaHUKM.

Bua ramuabToHMaHA CBOOOTHON YaCTUITBI YCTAHABINBAETCA YIKE
oOmuMu  TpeOOBAHUSMHU, CBSI3aHHBIMH C OJHOPOTHOCTHIO M M30-
TPONHUENH MPOCTPAHCTBA W IIPUHIIMIIOM OTHOCHUTEeJbHOCTH [ajmies.
B kaccudeckoit MexaHNKe 3TH TPeOOBaHUA TPUBOAAT K KBaApaTHd-
HO#f 3aBICHMOCTH SHEPIHH HYacTHILI OT ee mMIyabca: E = p*/2m,
r7ie IOCTOSTHHAA 1M Ha3blBaeTcsa Maccoit gactuisl (cM. I, §4). B kBan-
TOBOIl MeXaHUKe Te Ke TpeOOBaHUA MPUBOJAT K TAKOMY K€ COOT-
HOIIIEHUIO JIJIsI COOCTBEHHBIX 3HAYUEHUI SHEPTUU U UMITYJIHCA — OJTHO-
BPEMEHHO M3MEPUMbBIX COXPAHSIOMNXCS (/1 CBOOOIHON YaCTHIIHI)
BEJIMIMH.

Ho ay Toro uTo6nl cooTHomerne £ = p? /2m umeso mecto s
BCeX COOCTBEHHBIX 3HAUEHUIT SHEPTUH U UMITYJIbCA, OHO JTOJ2KHO OBITH
CIIpaBEJINBBIM U JIJIsI UX OIIEPATOPOB:

g 1,90 ~ =2
H = —(p, + Dy + D). (17.1)

[IoxcraBuB croma (15.2), TIOJIYIUM TaMIJIBTOHUAH CBOOOIHO JBUXKY-
IIeliCcs YaCTUIbl B BUJE

= LA, (17.2)

rae A = 0%/0x? + 9% /0y? + 0% /02> — onmeparop Jlammaca. Tanmmis-

TOHHAH CHUCTEeMBl HEB3aMMOJICHCTBYIOINX YaCTHIl paBeH CyMMe Ta-

MUJIBTOHIAHOB KaXKJIO0i U3 HUX:
A=-Py A

9
2 Me
a

(17.3)

rJIe MHIEKC a HyMepyeT JacTuibl; A, — omeparop Jlammaca, B KOTo-
pom guddpepeHImpoBaHre MPOU3BOINTCA 0 KOOPJAWHATAM a-f1 da-
CTUIIBI.
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B kiaccuyeckoil  (HEpeJATHBHCTCKOI) MeXaHHKE B3anMO-
JeiicTBHE YACTHUII ONNCHIBAETCA AJJUTHBHBIM UJIEHOM B (QYHK-
nmun  ['aMUIbTOHA — MOTEHIIUMAJBHON SHeprueil B3aWMMOIEHCTBUS
U(ry,re,...), aiaamomeiica dyHKIuell koopauaaT dactui. [Ipubas-
JIEHEeM TaKoM Ke (DYHKIINN K TaMIJIBTOHHAHY CUCTEMBI OIIMChIBAET-
Cd U B3aMMOJAENCTBUE YaCTUIl B KBAHTOBOM MeXaHI/IKel) :

- R’ A,
H=—— E —+U(r1,r2,...); (17.4)
2 Mg
a
IIEPBBIN YJIEH MOXKHO pacCMaTpUBATh KaK OIepaTOp KUHETHYECKON
SHEPTUN, BTOPOM — KaK OIepaTop MOTEHITNAJIbLHON sHepruu. B wacT-
HOCTH, TaMWJIBTOHUAH JIJId OMHON YaCTUIIBI, HAXOQAIIeNCd BO BHEIII-
HeM I10J1e,
=2

~ K2
H=_+U(x,y2) =~ -A+U(y,2), (17.5)
rie U(x,y,2) — moTeHnmagbHas SHEPTHsS YACTHIBI BO BHEIIHEM
ToJIe.

[TogcranoBka Beipakennii (17.2)—(17.5) B obiree ypasuenue (8.1)
JTAeT BOJIHOBBIE YDABHEHHS [JIsT COOTBETCTBYIOIINX CHCTEM. Bbimu-
IIIeM 37eCh BOJIHOBOE ypaBHEHNUeE [IJIs JaCTHI[bI BO BHEIITHEM II0JIE

00 h?
zﬁa = —%A\I' +U(x,y,2)¥. (17.6)

Ypasrenne xke (10.2), ompesensroniee CTalIOHAPHBIE COCTOSHUSI,
IPUHAMAECT BT

PN+ (B~ Ula,y, 2)p = 0. (17.7)

Ypasuenus (17.6), (17.7) 6bumm ycraunossensr Illpedunzepom B
1926 r. u Ha3BIBAIOTCA YpasHeHuamu LlIpedureepa.
st cBobomHOM yacTuibl ypasHerue (17.7) numeer Buj

" At By =0, (17.8)

OTO ypaBHEHHE MMeeT KOHEUYHbIE BO BCEM HPOCTPAHCTBE PeIleHUsd
IIpU JIFOOOM ITOJIOXKUTEJIbHOM 3HadeHum sHeprum F. Jlmaa cocros-
HU C OIpeJIeJIEHHBIMU HAIIPABJICHUAMU JBUXKEHUA STUMHU PEITEHU I-
MU SIBJIAIOTCS COOCTBEHHBIE (DYHKIIMHU OIlepaTopa MMIIYJIbCA, IIPUIEM

1

)9TO VTBEPKACHUE HE ABJIAECTCA, KOHEYHO, JIOTUIECKUM CJIEACTBUEM OCHOB-
HBIX IIPWHITUIIOB KBAHTOBOM MEXAaHUKHU U AOJI2KHO paCCMaTpPpUBATbCA KaK CJIECO-
CTBUE OIIBITHBIX JaHHBIX.
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E = p? /2m. TlonHbie (3aBUCSIIE OT BPEMEHHU) BOJIHOBBIE (DYHKITIH
TaKUX CTAIIMOHAPHBIX COCTOSTHUU MMEIOT BUJI

U = const - exp(—%(Et — pr)). (17.9)

Kaxxgas Takas (QYHKIIHSI — NA0CKAA 60AHA — OTMUCHIBAET COCTOSI-
HHUE, B KOTOPOM dYacTHIila 00JIaJaeT OIpeJaeIeHHbLIMU 3Heprueil F
u uMIysabcoM p. Hacrora 3Toit BosHBI paBHa E /A, a ee BOJHOBOI
BekTOp k = p/h; cooTBeTCTBYONIYIO JINHY BOJHBI A = 27wh/p Ha-
3BIBAIOT 0€OPOUAESCKOT DANUHOT BOAHDL HACTUUDL ") .

DHEPTEeTHYIECKHNI CIIEKTP CBOOOTHO ABUKYIIEHCS TaCTHIIbI OKa-
3bIBAETCA, TAKUM 0OpPa30M, HEMPEPBIBHBIM, IPOCTUPASACH OT HYJIsI
1m0 +o0o. Kaxgoe u3 9Tux coOOGCTBEHHBIX 3HAUEHUil (3a MCKJIIOYEHMU-
eM TOJbKO 3HaueHuss F = () BBIPOXKJIEHO, NMPHUYEM BBIPOXKIEHUE —
b6eckoHeuHO# KpaTHOCTHU. JlefiCTBUTEIbHO, KaXX/IOMY OTJIUIHOMY OT
HYJIsI 3HaYeHUI0 F/ cOOTBETCTBYET OECKOHEYHOE MHOXKECTBO COOCTBEH-
Hbix Gyukmuit (17.9), orimyatouxcss HAIPaBICHUSMHA BEKTOPa P
IIpU OJMHAKOBO# €ro abCoIOTHON BeJIMYMHE.

[Tpocieaum, KakuMm 06pa30oM MPOUCXOaUT B ypaBHeHun I1IpeuH-
repa MpeJIebHbIN Mepexo/T K KJIACCHYIeCKOM MeXaHWKe, pacCMaTpHU-
Bas JIJIsI IIPOCTOTHI BCETO OJTHY YACTHUILY BO BHemmHeM moJie. [lojcTa-
BuB B ypasHenue [IIpeaunrepa (17.6) npenenbHoe Bbipaxkenue (6.1)

BOJTHOBOM pyHKIun ¥ = aet/ h momyanm, nponssens auddepeHi-

pPOBaHUSI,

o2 _ir?2 (v~ PoAs — Pysva— P Aa+Ua=0.
ot ot  2m 2m m 2m

B OTOM ypaBHeHI/II/I NIMECIOTCA 9YNCTO BEIIECCTBECHHBIC 1 9YMCTO MHUMBIE
qJI€HbI (HaHOMHI/IM, ato S U a BemeCTBeHHbI); IIpuUpaBHUBad Te€ U
,ZprI‘I/Ie B OTAECJILHOCTHU HyJIIO, HOJIY‘II/IM ABa. ypaBHeHI/IE{Z

oS 1 9 h?
B + 2—(VS) +U —

m 2ma

Aa = 0,
9a | 2 A5+ Lvsva=o.
ot 2m m

[IpenebOperasg B TepBOM W3 STUX YpPaBHEHUI UWJIEHOM, COJIepKa-
M 72, TOSTyaimM
oS n 1
ot
T. €., KaK U CJIeI0BAJIO, KJIaccuieckKoe ypaBHeHne ['amuabToHa — KO-
ou jana jeticrBug S wacTuilbl. Mbl BujamMm, kcratu, 9To nipu i — 0

(VS)?+U =0, (17.10)

2m

1)HOH$ITI/Ie O BOJIHE, CBA3aHHOM C dYacTuieil, ObLJIO BIEPBbIE BBEIEHO
de Bpotinem (L.deBroglie) B 1924 r.
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KJaCCUYeCKas MeXaHUKa CIpaBeJInBa C TOYHOCTHIO 10 BeJIUINH Mep-
BOrO (a He HYJEBOro) MOPSIKa MO A BKIIFOUUTEBHO.

Bropoe n3 mosrydeHHBIX ypaBHEHUIT TTOCTEe YMHOXKEHUA Ha 24 MO-
JKeT OBITH MEePEnnCcaHo B BUJIE

2
% + div(azv—s) — 0. (17.11)

m

DTo ypaBHEHHE HMeeT HAIJISATHbIN (DU3MUECKHH CMBICT: a’ €ecTb

MJIOTHOCTb BEPOATHOCTU HAXOXKJIEHUsI YACTUIBI B TOM WJIH WHOM
mecre mpoctpancta (|¥|? = a?); VS/m = p/m ecth Knaccuteckas
ckopocThb v actuiibl. [losTomy ypasuenue (17.11) ectb He uTO UHOE,
KaK ypaBHEHHE HEMPEPBIBHOCTH, MOKA3bIBAOIEEe, YTO TIJIOTHOCTD Be-
POSITHOCTH «IIEPEMEINAETCI» MO 3aKOHAM KJIACCHYECKON MEXaHUKH C
KJIACCHYECKOI CKOPOCTBIO V B KaXKJIOH TOYKE.

agaua

Haittu 3akon npeobpa3zoBanus BOJHOBOM (pyHKIUN Mpu mpeobpa3oBannu [a-
JIJIed.

P e m1 e v u e. [IpousBegem mpeobpa3zoBaHue HaJl BOJHOBOI (hyHKIMEH CBO-
6OIHOTO JBUXKEHUSA 4acTUIbI (TI0CKO# BoJHOM). [Tockonbky Besakasa dyukiua W
MOKeT OBITh PA3JI0ZKEHA IO MJIOCKUM BOJHAM, TO TEM CAMbIM Oy €T HalileH 3aKOH
npeoOpa30BaHud U JJid TPOU3BOJILHOM BOJIHOBOM (DYHKITHH.

I1s1ockue BOJIHBI B cucTeMax orcuera K u K’ (K " nBukeTca oTHOCUTEIBHO K
CO CKOPOCTBHIO V):

¥(r,t) = const -expli(pr — Et)/h],
¥’ (r',t) = const - exp[i(p't’ — E't)/H],
npudeM r = r' + V¢, a UMIyJIbCHI U 9HEPIUU YaCTHILI B 06€UX CUCTEMAX CBA3AHEI
JAPYT C APyroM (popMyJsIaMu
p=p +mV, E=E +Vp +mV?/2

(cMm. I, § 8). [ToacraBuB 9TH BhIpaxkenusa B ¥V, mosydum

: 2
U(r,t) = ¥'(r',t) exp {% <mVr' + m;/ t>] —

— W — Vit ) exp [% (mVr _ m;ﬂ t)] )

B TtakoMm BHuZE 3Ta popMyJia yKe He COJIEPXKUT BEJIMYNH, XapaKTEPUIYIOIUX CBO-
00/IHO€e IBU2KEHNE YaCTHIbl, U YCTAHABJINBAET UCKOMBI OOIIMil 3aKOH mpeodpa-
30BaHNs BOJIHOBOU (PYHKIINY TPOU3BOJIBHOTO COCTOAHUSA dacTulibl. J{1g cucrembr
YaCTHUI[ B TIOKA3aTesie 3KCIIOHEHTHI B (1) MO/KHA CTOATH CyMMa TI0 YaCTUIAM.

§ 18. OcHoBHbIe cBoiicTBa ypaBHeHuda Illpeaunrepa

YcoBus, KOTOPBIM JTOJI?KHBI VJIOBJIETBOPATH PEITeHUsT ypaBHe-
nuda [IIpeaunrepa, mmeroT BechbMa obmuit xapaktep. [Ipex e Bcero
BOJTHOBasA (PYHKIUA JOJKHA OBITH OJTHO3HAYHONW M HENPEPBIBHOU BO
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BCEM MPOCTPaHCTBe. 1peboBaHMEe HEMPEPBIBHOCTU COXPAHSIETCA W B
Tex ciydasax, Korjga camo noje U(x,y, z) uMeeT MOBEPXHOCTH pa3-
pbiBa. Ha Takoit moBepXHOCTH JOJXKHBI OCTABATHCA HEIIPEPBIBHBIMU
KaK BOJTHOBast PYHKIINs, TaK U ee Mpou3BoaHbie. HempepbIBHOCTS 110-
CJIETHUX, OJHAKO, HE IMEET MECTa, €CJIN 38 HEKOTOPO MOBEPXHOCTHIO
moTeHIInaJIbHast Heprus U obparaerca B OecKkoHeIHOCTh. B ob1acTh
mpocTpaHcTBa, T7e U = 00, gacTuiia BoooIe He MOXKeT MPOHUKHY Th,
T. €. B 9T0#1 objacTn JoKHO OBITH Be3e ¢ = 0. HenmpepbiBHOCTE 9
TpedyeT, YTOOBI Ha TpaHUIE dTO obJlacTH 1 obpallajoch B HYJIb;
IIPOM3BOJIHBIE YK€ OT 1) B 9TOM CJIydae UCIBITHIBAIOT, BOOOIIIE TOBOPSI,
CKA'OK.

Eciu mone U(x,y,z) Hurge He obparaercs B GECKOHEYHOCTb,
TO BOJIHOBasi (PYHKIINSA TOXKE JOJKHA OBITH KOHEYHOI BO BCEM IIPO-
CTPAHCTBE. DTO K€ YCJOBHUE JOJ2KHO COOJTIOIATHCA U B TE€X CIAYYaAX,
korma U obpalmaercd B HEKOTOPOIT TOUke B OECKOHEYHOCTH, HO HE
CJIUIIIKOM OBICTPO —Kak 1/7°% ¢ s < 2 (cM. Takxke §35).

[Tyctb Upin €cTh MuHUMAJBHOE 3HadeHue dyukiun U(z,y, z).
[TocKOJIBKY TraMUJIBTOHHAH YACTUIIBI €CTh CYMMa JBYX YJIEHOB —

omepaTopoB KuHeTmdeckoit 1 m moreHmuaJbHONT U 3Heprmii, TO
cpeaHee 3HAYEHNE SHEPTUN B MPOU3BOJBHOM COCTOSTHUHM PABHO CYM-

Me £ = T + U. Ho Tak Kak Bce COOCTBEHHbIE 3HAUEHHsS OIEpa-
Topa T (COBHAIAOIEr0 C raMUJIBTOHMAHOM CBOOOIHON YACTHUILHI)
IIOJIOXKUTEJbHBI, TO U cpeaHee 3HadeHne 1 > (. Imes Ttakxke B BH-

ay odeBuaHOE HepaBeHCTBO U > Upjin, Haitgem, ato m £ > Upiy.
[TockobKY 3TO HEPABEHCTBO HMMeEET MECTO JJIA JHOOTO COCTOSHUH,
TO SICHO, 9TO OHO CIIPABEIJINBO U JJId BCEX COOCTBEHHBIX 3HAYEHIMIT
SHEPTUN

PaccmoTpum gacTuily, ABUXKYIIIYIOCS B CHJIOBOM TIOJIE, MCUE3AF0-
meM Ha Geckoneunoctw; dpyukiuio U(z,y, z), KAk OOBIYHO TPUHATO,
ompe e IMM TakK, YTOObI Ha OECKOHEYHOCTH OHAa OOparaJach B HYJIb.
JIerko BUIETh, UTO CIIEKTP OTPUIATEIbHBIX COOCTBEHHBIX 3HAUEHMIT
SHEPTUHU OYJIeT TOrJia JUCKPETHBIM, T.€. Bce cocTodHuda ¢ K < 0 B
MCYEe3aioNeM Ha OECKOHEYHOCTHU TOJIE SABJISIOTCA CBA3aHHBIMH. Jleii-
CTBUTEJILHO, B CTAITMOHAPHBIX COCTOSHUAX HEIPEPBIBHOTO CIEKTPA,
COOTBETCTBYIOINX WH(MUHUTHOMY JIBIKEHUIO, JaCTHUIA HAXOIUTCS
Ha Geckoneunoctu (cMm. §10). Ho Ha mocraTouno 60JbIINX paccTo-
SHUAX HAJUYINEM IIOJIsT MOXKHO TIpeHeOpeYb, W JBUXKEHHE YaCTHUIIbI
MOXKET pacCcMaTpPUBaTbCAd KaK CBODOOIHOE; MPHU CBOOOIHOM K€ JIBU-
YKEHUU SHEPTHUsT MOXKET OBITh TOJBKO MOJIOXKUTETHHOM!.

HanpotuB, mojoxKuTebHbIE COOCTBEHHBIE 3HAUYEHUA OOPA3yIOT
HEMIPEPBIBHBIN CIIEKTP U COOTBETCTBYIOT MH(MPUHUTHOMY JIBUKEHUIO;
upu £ > 0 ypaBuenne Illpemunrepa, BooOIe roBops, HE HMeeT
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(B paccMaTpuBaeMOM TIOJie) pelleHHil, /g KOTOPBIX Obl MHTerpaJ
[ |¥|*dV cxomuncat) .

ObpatnMm BHHMaHHWE Ha TO, UTO B KBAHTOBOI MeXaHWKe Tpu (Hhu-
HUTHOM JIBUKEHUN YaCTUIA MOXKET HAXOAUThCSI M B TeX 00JaCTAX
IIPOCTPAHCTBA, B KOTOPHIX F < U, BepoaTHOCTH |v|? HaxoxkaeHns
JACTUIIBI XOTA M CTPEMHUTCA OBICTPO K HYJIIO B TJIyOb TaKoil obJia-
CTH, HO Ha BCEX KOHEUHBIX PACCTOSTHUAX BCE K€ OTJIMIHA OT HYJIS.
B sToM oTHOIIEHNN MMeeTCs NPHUHIIMINAIBLHOE OTJIMYHNE OT KJIac-
CHYIECKOIl MeXaHUKU, B KOTOPOW dYacTUIa BOOOINE HE MOXKET IIPOo-
HUKHYTh B 00jacTh, T7ie U > E. B kjaccmieckoit MexaHUKe HEBO3-
MOKHOCTb MPOHUKHOBEHHS B 9Ty 00JIaCTh CBA3aHA C TEM, UTO MHpHU
FE < U xuHeTtmdecKasa 3Heprusi ObLIa ObI OTPUIATEIBHOM, T.€. CKO-
pocTh — MHHMO#. B KBaHTOBOI MexaHHKe COOCTBEHHBIE 3HAYUEHUSI
KIMHETUYECKON SHEPTUU TOXKE TOJIOKUTEIbHBI; TEM HEe MeHee Mbl He
MPUXOJINM 3/1eCh K TPOTUBOPEYNIO, TAK KAK €CJIM IPOIECCOM W3-
MepeHUd JaCTHUIa JIOKAJU3YETCd B HEKOTOPOI OIpeIeIeHHON TOYKe
IIPOCTPAHCTBA, TO B PE3yJbTaTe ITOTO K€ IPOIECCa COCTOSHUE Ya-
CTUIBI HApPYIIaeTcd TaKuM oOpa3oM, UYTO OHa BOOOIINE MEpPeCcTaeT
0b1aaTh KaKoi-JIn00 OIpeIeIeHHONM KMHETUYIECKO dHepTrueii.

Ecnu Bo Bcem mpoctpanctee U(x,y,z) > 0 (npuuem Ha 6ecKo-
weunoctu U — 0), To B cuiy HepaBeHncTBa (18.1) mmeem E, > 0.
[TockombKy, ¢ apyroit croponbl, ipu F > 0 crekTp Jo/KeH ObITh
HEMPEPBHIBHBIM, TO OTCIOJIa CJIEIYET, UTO B PACCMATPUBAEMOM CJIyUae
JIUCKPETHBIHN CIIEKTP BOOOIIE OTCYTCTBYET, T. €. BO3MOXKHO TOJIHKO MH-
(buHUTHOE JBUXKEHNE YaCTUIIhI.

[Tpeamnonoxum, aro U B HEKOTOPOIt TOUKe (KOTOPYIO BhIGEPEM B
KavecTBe Havaja KOOPAWHAT) 0Opalaercss B —00 M0 3aKOHY

U —a/r®, a>0. (18.2)

PaccmorpuM BosTHOBYIO (DYHKINMIO, KOHEUHYIO B HEKOTOPOM MaJioit
obsactu (pajmyca rg) BOKPYr Hadaja KOOPJWHAT W PABHYIO HY-
710 BHe ee. HeompemeeHHOCTh B 3HAUYEHUSIX KOOPIMHAT JACTHIIBI B
TaKOM BOJIHOBOM IIaKeTe MOPAIKA 7g; MOITOMY HEOIIpPeaeeHHOCTh
B 3HaYEHMN UMIyJbca ~ fA/rg. CpeaHee 3HAYEHNME KHHETHYECKOM
SHEPIWH B 3TOM COCTOSTHUH TOPSAIKA BEIWTHHLI hi2/mre, a cpesmHee
3HAYEHNE IMOTEHINAJIbHOM SHeprun mopsaaka —a/r(. Ipeamomoxnm
cHawama, ato § > 2. Torma cymma A2 /mri — a/r§ mpu goctaTouro
MAaJIbIX 7'( IIPUHUMAET CKOJIb YTOIHO OOJBINNE O aOCOTIOTHON BeJIN-
YMHEe OTpUIATe/IbHBbIE 3HadYeHns. Ho ecim cpeHsiss SHEPIrUs MOXKET
IPUHAMATH TaKNWe 3HAYEHHs, TO ITO BO BCIKOM CJIydae O3HAYAET,
YTO CYIIECTBYIOT OTPUIATEIbHBIE COOCTBEHHBIE 3HAYEHUS SHEPIUH,

1) C umcTo MareMaTHuecKo#t TOYKHM 3pEHHS HAJO0, OJHAKO, OTOBOPUTHCH, UTO
npu HeKoTOpbIX Buaax dyaknun U(z,y, z) (e umeromux GuU3nIeckoro 3Hade-
HU$A) U3 HEMIPEPBIBHOTO CIIEKTPa MOXKET BBINAJATh JUCKPETHBIN HAOOp 3HAYEHUIA.
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CKOJIb YTOHO OoJibIlie 1o abCOJIIOTHOM BeJUYNHE. Y POBHAM SHEP-
run ¢ OOBINM |F| COOTBETCTBYET JIBIXKEHUE YACTHUIIBI B OYeHb Ma-
JIOi 00JIACTH IIPOCTPAHCTBA BOKPYT HadaJja KoopamHaT. « Hopmasis-
HOE» COCTOsTHHE OyJeT COOTBETCTBOBATH YACTUIlE, HaXO/dIeiicad B
caMOM HadJaJjie KOOPJWHAT, T.€. IMMPOU3OHIET «IaJeHUE» YACTUIbI B
Touky 7 = 0.

Ecau xe s < 2, To sHeprusd He MOXKeT MPUHUMATh CKOJb YTO/I-
HO OOJIBIIIX TI0 A0OCOJIIOTHOI BEJUYNHE OTPHUIIATETHHBIX 3HAUEHUII.
JlmaroHaJbHBIM CIIEKTP HAYMHAETCS C HEKOTOPOTO KOHEYHOI'O OTPU-
1aTeJbHOro 3HaveHus. [lajgeHns JacTuibl Ha IEHTP B 9TOM CJAyYae
He npoucxoant. OO6paTnM BHHMaHNE HA TO, YTO B KJACCHIECKON Me-
XaHUKe I1a/IeHNe JaCTUIbI Ha IEHTP B MPUHIIUIIE BO3MOXKHO BO BCS-
KOM TIOJIe TIPUTSI?KEeHUsI (T. €. TIPH JIF0OOM MoJIoKuTeIbHOM § ). Cityuai
s = 2 Oymer paccMoTpeH 0cobo B § 35.

Hamee, nccaeayeM xXapakTep dHEPreTHYIeCKOro CIEKTPa B 3aBU-
CIMOCTU OT IIOBEJEHUsI MOJsA Ha OOJIbIMUX paccTosHusx. IIpemnmo-
JIOXKHMM, YTO HPH T — OO IOTEHIHAJbHAas SHEpPrus, OyAydm OT-
PHUIIATEIBHOl, CTPEMUTCS K HYJIIO MO CTereHHOMY 3akoHy (18.2)
(B aroit popMmysie Temephb r BeqnKo). PaccMoTpuM BOJIHOBOI Maker,
«3aTOJTHSIONIAI» TMapoBoOil cj10il OOJIBINIOTO pajanyca g U TOJIIUHBI
Ar < rg. Torma cHOBa MOPSATOK BEJHYNHBI KHHETUIECKON SHEP-
run Gymer h2/m(Ar)?, a morenmuanbholt: —a/r§. Bygaem ysemmran-
BaTh T, YBeJIU4YUBasi OJHOBpeMeHHO u Ar (Tak, 4Todbl Ar pocsio
IPOTIOPITMOHAIBHO 7). Eciu s < 2, To nmpm mocTaTodno GONBIINX 7
cymma fi2/m(Ar)? — a/r§ craner orpunatembroit. OTciofa crery-
€T, YTO CYIIECTBYIOT CTaIllMOHAPHBIE COCTOSIHHS C OTPHUIIATETbHO
SHEpPruem, B KOTOPBIX YaCTUIA MOXKET C 3aMETHON BEPOATHOCTBLIO
HAXOAUTbCA Ha OOJIBIINX PACCTOSHUAX OT HadaJa KoopamHaT. Ho
9TO O3HAYAET, YTO CYMIECTBYIOT CKOJb YTOJHO MaJble IO aOCOJIIOT-
HOI BeJIMYNHE OTPHUIATEIbHbIE YPOBHH SHEPTUH (HAI0 MOMHUTH, YTO
B oOJtacTu TpocTpaHcTBa, rae U > F, BosHOBBIE PYHKIIUU OBICTPO
3aTyxaior). Takum oOpa3oM, B pacCMaTPpUBAEMOM CJIyYae JUCKPET-
HBIIT CIIEKTP COAEPXKUT OECKOHEYHOE MHOXKECTBO YPOBHEMN, KOTOPHIE
CTYIIAIOTCA II0 HAIIPABJIEHNIO K YpoBHIO F = 0.

Ecan xe Ha GECKOHEYHOCTHU TOJIEe CHajaer, kKak —1/r% ¢ s > 2,
TO CKOJIb YTOJTHO MaJIbIX O a0COJIFOTHOIN BEJIMYNHE OTPUIIATETHBHBIX
ypoBHel HeT. JIMCKpeTHbI CIeKTP KOHYAeTCd YPOBHEM C OTJIUIHBIM
OT HYJIsT a0COJIIOTHBIM 3HAYEHUEM, TaK YTO ODIee YHUCJI0 YPOBHEMH
KOHEYHO.

Ypasuenune [lIpeaunarepa 119 BOTHOBBIX (DYHKITHIT ) CTaITMOHAD-
HBIX COCTOSTHHI, KaK M HAKJIaJbIBAEMbIE Ha €TI0 PEIICHUSA YCIOBUSI,—
BemecTBeHHO. [losToMy ero perreHus Bcerga MOryT OBITh BBIOpa-
HBI BelecTBeHHbIMI ') . UTO KacaeTcst COOCTBEHHBIX (PYHKIIHIT HEBbI-

1) DTO He CIIPaBEeIJINBO IJISI CUCTEM, HAXOIAINXCA B MArHUTHOM IIOJIE.
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POXKIEHHBIX 3HAUEHUI dHEPTHHU, TO OHU ABTOMATHUYIECKH OKa3bIBa-
IOTCSI BEIIECTBEHHBIMHU C TOYHOCTHIO JIO HECYIIECTBEHHOTO (Pa30BOTO
MHOXKHUTEId. B camoMm zese, ¥* yIOBJIETBOPAET TOMY K€ ypaBHe-
HUIO, YTO W 1), W TIOTOMY TOXK€ €CTh COOCTBEeHHAast (PYHKIUSA JJI TO-
r'o K€ 3HAYeHUsl SHEPTUU; MOITOMY €CJIU 9TO 3HAUEeHUEe He BBIPOXK-
JIEHO, TO % | Y* MOKHBI OBITH IO CYIIECTBY OAWHAKOBBIMU, T. €.
MOTYT OTJIMYAThCS JIUIIb TMOCTOSTHHBIM MHOXKHUTEJIEM (C MOJIYJIEM,
paBHBIM eJuHUIE). BomHOBBIE Ke (DYHKIUU, COOTBETCTBYIOIIHNE OJI-
HOMY U TOMY K€ BBIPOXKJIEHHOMY YPOBHIO SHEPrUH, He 00s3aTe/IbHO
BEI[eCTBEHHBI, HO IIYTEM COOTBETCTBYIOIIErO BbhIOOpaA MX JIUHEHHBIX
KOMOWHAITUI BCETr/Ia MOXKHO HOJYYUTh HAOOp BEIeCTBEHHBIX (DYHK-
IUIA.

[Tosubie ke (3aBucdAle OT BpPeMEHH) BOJIHOBBIE (yHKIun W
ONpEeNENIIOTCI ypaBHEHNEM, B KOI(M@UIITMEHTHI KOTOPOTO BXOJIUT 1.
DTO0 ypaBHEHNE, OJHAKO, COXPAHSIET CBOIT BII, €CJIM B HEM 3aMEHUTH ¢
Ha —t U OJHOBPEMEHHO MEPEeHTH K KOMILIEKCHO COMPSIXKEHHOMY ') .
[TosTomy MOXKHO Bcerma BbIOpaTh (MyHKIuM ¥ TakuMmu, 94TOOBI W
u U* oTInYanch TOJBKO 3HAKOM Y BPEMEHN.

Kaxk n3BecTHO, ypaBHEHIA KJIACCUIECKON MEXaHUKN HE MEHAIOTCST
IIPU 00PAULEHUU 8PEMEHU, T. €. IPU U3MEHEHNN ero 3HakKa. B KBaHTO-
BOM MeXaHWKE CHUMMETPUA MO OTHOIIEHWIO K 00OMM HaIpaBJIEHUSIM
BpPEMEHHN BbIPaXKaeTcd, KaK Mbl BUANM, B HEM3MEHHOCTH BOJIHOBO-
ro ypaBHEHHUsI IIPU U3MEHEHUN 3HakKa t m OgHOBpeMeHHOIt 3ameHe W
Ha U*. Hamo, ogHAKO, MIOMHHUTH, YTO 9Ta CUMMETPUS OTHOCUTCA 31€Ch
TOJIBKO K YPABHEHUSIM, HO HE K CAMOMY HOHSITUIO M3MEPEHNS, UTPAIO-
meMy (yHIaMEHTAJIBHYIO POJIb B KBAHTOBOI MeXaHUKe (Kak 00 3TOM

HOPOOHO TILIa pednb B § 7).

§ 19. IlnoTHOCTHL MOTOKA

B kjaccumueckoit MeXaHWKe CKOPOCTh YaCTUIBI V CBS3aHA C €e
UMIYJTBCOM COOTHOINIEHWEM P = mvV. B KBaHTOBOIT MexaHUKe, KakK
1 CJeI0BAJIO OXKUIATH, TaKas K€ CBA3b MMEET MECTO MEXKIY COOT-
BETCTBYIOIIUMH oIlepaTopamu. B 3ToM jierko yb6eanThbcsl, BBIYUCINB
orepaTop V = I 1o obmeMy mpasuiay audgdepeHnnpoBaHnsd onepa-
TOpPOB 1O BpeMeHn (9.2):

V= %(ﬁr—rﬁ).

Bocrosb3oBasmuch BeipazkerueM (17.5) ot H u gopmysoit (16.5),

1 IIpenmonaraercs, yro nmorennuajabHad 3Heprud U He 3aBUCUT IBHO OT Bpe-
)

MEHH — CHCTEMA JIH00 3aMKHYTa, JINO0 HaXOJUTCH B IOCTOSHHOM (HE MArHUTHOM )
I1oJIe.
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TTOJTY UM

v =p/m. (19.1)
Takue ke cooTHomeHus OyJIyT, OYEBUIHO, MMETh MECTO M MEXKIY
cOOCTBEHHBIMU 3HAYEHUSIMHU CKOPOCTU W UMITYJIbCA U MEXK/IY UX CPEJI-
HUMHI 3HAYEHUAMH B JIIOOOM COCTOSIHIM.

CKopocTb, KaK M HUMIIYJIbC YACTHUIIbI, HE MOXKET UMeThb OIIpee-
JIEHHOT'O 3HaUYEeHMsI OJJTHOBPEMEHHO € ee KoopauHaTaMu. Ho ckopocTs,
YMHOXKEHHasd HAa OECKOHETHO MAJIbIN 3JIeEMEHT BpeMeHH dt, ompee-
JIgeT CMeIeHne YacTullbl 3a BpeMs dt. [loaTomy dpaxT HecyIecTBo-
BaHUs CKOPOCTHU OJHOBPEMEHHO C KOOPJAMHATAMU O3HAYAET, UTO €CJIN
JaCTHUIIA HAXOAUTCA B OIIPeAeJIeHHON TOYKe IPOCTPAHCTBA B HEKOTO-
pbIif MOMEHT BpEeMEHU, TO OHa He OyIeT UMEeTh OHPeIeJIEHHOTO II0JIO-
JKEHHsS y2Ke B CJIeAYIONNi 6eCKOHEeYHO OJIM3KUiIT MOMEHT BPEMEHH.

OTrmeTum moJie3nyo opMyIy s oriepaTopa f MPOM3BOIHOMN IO
BPEMEHH OT HEKOTOPOI BEJIMYNHEBI [ (r), ABJIIOINIElCS PYHKIIMENR pa-
nuyca-BekTopa dactuibl. Vimes B Buy, aro f kommyratusso ¢ U(r),
HaXOJIUM

A
.

f=2(Hf-fH) = 5=(0"f - /),
1

2mh
a ¢ momorbio (16.4) mmeem

p°f=Db(fp—iliVf), [P = Bf+iliV)P

1 HAXOJIUM MCKOMOE BBIDAKEHUE
N 1~ ~
f=(®BVf+VfB). (19.2)

m
Hamnee, Haitnem ormepaTop yckopenud. Vmeem

_ Y(Hv—vH) = -~ (Ap — pH) = —(Up — pU).
\% ﬁ(Hv VH) mh( p — pH) mh( p—pU)
Bocmosibzosasiuck (opmyitoit (16.4), Haxommum

mv = —VU. (19.3)

1o omepaTopHOoe ypaBHeHHe 1o (hoOpMe B TOUHOCTU COBIQIAET C
ypaBHEHUeM JBIKeHus (ypaBHeHHeM HBIOTOHA) KJIACCHYECKON Me-
XAHUKH.

Unrerpan [ |V|?>dV, B3aTeiit O HEKOTOPOMY KOHETHOMY O0be-
My V', mpeacrasiger cobOil BEPOSTHOCTb HAXOXKJIEHWS YaCTUILI B
3TOM O6beMe. BbraucmM mponsBOAHYIO OT TON BEJTMYUHBI TI0 BpPe-
MeHn. meem

%/lezdvz/(wa‘l’*Jr\p*@—‘I’) dV:%/(\Ifﬁ*\P*—\D*fI\I’)dV

ot ot
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IToncraBus cromaa
A A 2
H=H"= —h—A+U(:c,y,z)
2m

1 NUCIIOJIB30BaB TOXKIECTBO

TAT* — U*AT = div(IVE* — V),

—/|\Il|2dV——/divjdV,

rje j obo3HaYaeT BEKTOP ')

MOJIY YUM

j= M (pgrad U* — O* grad ¥) = — (Up* " + T pY).  (19.4)
2m 2m

WNurerpan or divj MmoxkeT OBITH HpeoOpas30BaH, COrJIACHO Teope-

Me [aycca, B mHTerpaJ mo 3aMKHYTOH MOBEPXHOCTH, OKPYKaOIIei

oobem V:
w2y = — § jdf. (19.5)
dt

OTcrozma BUAHO, UTO BEKTOP j MOXKET OBITH HAa3BaH 8EKMOPOM MAOM-
HOCU MOMOKA 6EPOATMHOCMU WJIN IMPOCTO TMAOMHOCMDBIO NOMOKQA.
uTerpas or 3TOro BEKTOPa II0 MOBEPXHOCTH €CTh BEPOATHOCTH TO-
ro, YTO B TeUYeHUEe €JMHUIbI BpEMEHU YaCTHUIA IepecedeT ITY II0-
BEPXHOCTh. BEKTOp j 1 IJIOTHOCTH BEPOATHOCTH |\]E’|2 yVJIOBJIETBOPSIIOT

YPaBHEHUIO
o|v|? .
— +divj =0, (19.6)
ot
AHAJOTUTIHOMY KJIACCUYECKOMY VPaBHEHUIO HEIIPEPBIBHOCTH.
BomnoBasg ¢dyHKIIUA CBOOOTHOTO IBUXKEHUA — IJIOCKAsA BOJIHA,
(17.9) — MoxkeT OBITH TPOHOPMUPOBAHA TaK, YTOOBI OHA OICHIBA-
JIa TIOTOK YaCTUI] C PABHOI €IMHUIE IJIOTHOCTHIO (IIOTOK, B KOTOPOM
Uepe3 eANHNYHYIO IJIOMIAJIKY €ro IIOIEPEeYHOr0 CeUeHUd IIPOXOINT B
CPeIHEM TIO OJHOI YacTHIle B eJWHUILY BpeMmeHn). Takas pyHKIMs

U= % exp [—%(Et — pr)], (19.7)
rjie v — CKOpocTh dactuipl. JleiicTBuresnbHo, nojgcrabus ee B (19.4),

TOJYIUM j = p/mu, T.€. eIMHIIHBI BEKTOD B HAMPABJIEHUU JIBU-
JKEHUS.

1) Ecin npezacrasuts 9 B Buje |1]e’”, To

= ﬁ—|1/;|2gradoz. (19.4a)
m
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[Tonesno moka3arh, KaKuM 0OPa30M HETOCPEICTBEHHO U3 YPaB-
nenus [IpenuHarepa caeayer B3anMHasg OPTOTOHAJIBHOCTH BOJTHOBBIX
dyuKIMit cocTogHMit ¢ pasaudnoit dHeprueit. I[lycrs ¥, u ¢, — aBe
Takne (PYHKIIUM; OHU YJIOBJIETBOPSIIOT Y PAaBHEHUSIM

2
_h_A¢m + U'Qbm — Emwma
2m

2
_ Ay U = By
2m

YMHOXKUM IIepBOe W3 HHUX HA 1), a BTOPOe — Ha 1, M BHIUTEM
TIOYJIEHHO JIPYT U3 JApPyTa; 3TO JAeT

* hQ * * ﬁ2 . * *
(Em_En)wmwn — % (¢mA¢n_¢nA¢m) - % le(¢mV¢n—¢nV¢m)-
Ecau Tenepph mpomHTErpupoBaTh 00€ YACTU ypaBHEHUS II0 BCEMY

IIPOCTPAHCTBY, TO IpaBasl YacThb, Oyayun IPeoOPa30BaHa MO TEOPEME
[aycca, obpaTutcd B HYJIb, I MBI TTOJIYYUM

(B — E,) / bt dV = 0,

OTKYyIa, BBUAY Ipeamnogaraemoro K, # FE,, cieayeT UCKOMOE COOT-
HOIIIEHNE OPTOTOHAJBHOCTHU

/ bt AV = 0.

§ 20. BapumannoHHbI ITPUHITUAII

Ypasuenne [lIpeanarepa B obieM BuIe H v = E1 MoxkeT OBbITD
IIOJIyI€HO W3 BapUAIMOHHOTO TPUHITUATIA

5/¢*(ﬁ1 — EWpdg = 0. (20.1)

BBuy KOMIIJIEKCHOCTHU 1) BapbUPOBAHUE MO 1 1 ¥ MOXKHO ITPOU3-
BOINTh He3aBuCHMO. Bapbupys mo ¢*, mmeem

[ sv (@ - Bywda =,

OTKYy/a, BBHAY NPOU3BOJIBHOCTHA 0*, MOJIydaeM HCKOMOE ypaBHe-

une Hvy = FEv. BappupoBaHue 1o 1 He JaeT HUYETO HOBOTO. /[leii-
CTBUTEJIBbHO, BapbUPyd IO % U BOCIIOJH30BABIINCH IPMUTOBOCTHIO
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omeparopa H, mveem
/ W (H — E)ov dq = / Sp(H” — By dg = 0,

OTKY/Ia TIOJIYYIaeTCsd KOMIIJIEKCHO COTpPsiKeHHOe ypaBHeHue H** =
= Ey*.

Bapuanuonssiii mpunnun (20.1) TpebyeT 6e3yCI0BHOTO 3KCTPe-
MyMa HHTerpaja. Ero MOXKHO TpeacTaBUTh B JAPYroM BHIE, Pac-
cmatpuBag F kak MHOXUTEe b Jlarpanxka B 3ajade 06 yCIOBHOM
IKCTPEMYME

5/¢*?I¢ dg =0 (20.2)

Ipn AOIIOJTHUTEJIbHOM YyCJIOBUU

/¢¢* dg = 1. (20.3)

MunnmansHoe (mpu gonosHuTebHOM yegoun (20.3)) 3Hade-
rre uaTerpasa (20.2) mpejgcrapiger coboil mepBoe M3 COOCTBEHHBIX
3HAYEHNI SHEPIUH, T. €. SHepruo Fy HopMaJbHOrO cocTtosund. Ocy-
IIIECTBJIAIONIAA 3TOT MUHUMYM (PYHKIAA 1 €CTb COOTBETCTBEHHO
BOJIHOBas (DYHKIIHS 1)y HOPMaJbHOTO coctosuus'). BosaHoBBIE xKe
dbysaxIUn 1, (n > 0) cleaymnuX CTAIMOHAPHBIX COCTOSTHHUI COOT-
BETCTBYIOT JIAIb SKCTPEMYMY, a HE MUCTUHHOMY MUHUMYMY WHTe-
rpasa.

g Toro 4ToOBI MOJIYYUTH W3 YCJIOBUA MHUHUMAJBHOCTH WHTE-
rpaja (20.2) BOMHOBYIO (DYHKIUIO )] W SHEPTUi0 Fi CJIEIYIONIETO
ocjie HOPMaJIbHOTO COCTOSHUs, HAJI0 JOMYCKaThb B KadeCTBE KOH-
Kypupyiomux (QyHKIUN 1) TOJBKO Te, KOTOPbIE YJIOBJIETBOPSIOT HE
TOJIBKO YCJI0BHIO HOpMUPOBKH (20.3), HO M yCJIOBUIO OPTOTOHAJBHO-

CTH K BOJHOBOH (yHKITNN $p HOpMaIbHOTO coctosaus [ ihg dg = 0.

Boobie, ecin m3BeCTHBI BOJIHOBbIE (DYHKIUU g, Y1, ..., Yn_1 TIEP-
BBIX 7, COCTOSIHUI (COCTOSIHHMSI PACIIOJIOXKEHBI B IOPSIKE BO3PACTa-

HUsI WX SHEPIHii), TO BOJHOBas (DYHKIUSA CJIEIYIOIIEr0 COCTOSHUSI

OCYIIECTBJIsAeT MUHUMYM uHTerpaja (20.2) mpu IOMOJHUTETbHBIX
YCJIOBUAX:

/deq:l, /wipmdq:(), m=20,1,2,....,n—1. (204)

1) Huxe B 3TOM maparpade mbl Oy/1eM CYUTATh BOJHOBBIE (DYHKIIUU 1) Belle-
CTBEHHBIMH, KAKOBBIMH UX BCETJIa MOXKHO BBIOPATH (€C/u HeT MArHUTHOTO TI0JIA ).
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[IpuBesieM 37ech HEKOTOPBIE OOIHME TEOPEMBI, KOTOPbIE MOTYT
OBITH JTOKA3aHbI HA OCHOBAHWN BapPUAIMOHHOTO TMPHUHITAIA ') .

BoamoBas dyuKIus g HOpMaJIHLHOTO COCTOAHUST HE 0OpalaeTcs
B HyJIb (MM, KaK TOBOPAT, HE UMEET Y3JIOB) HU MPHU KAKUX KOHEUHBIX

3HAYEHUAX KoopawHat?). JpyruMmm cjoBaMm, OHA WMEET OJMHAKO-
BBIIf 3HAK BO BceM mpocTpaHcTBe. OTCIoma CeayeT, 9TO BOJHOBBIE
byukun ¥, (n > 0) APYruX CTAIMOHAPHBIX COCTOSHUIT, OPTOTO-
HaJIbHBIE K 1), HEIPEMEHHO UMEIOT Y3JI0Bble TOUKH (ECIH 1, — TOXKe
MOCTOSTHHOTO 3HaKa, TO mHTerpas [ Yoy, dg He MOXKeT oOpaTHThCH
B HYJIb).

Hamee, n3 dakxTa OTCYTCTBUS Y3JIOB yV Yy CJAEAYET, UTO HOP-
MAaJIbHBIM SHEPTeTUYIECKUH YPOBEHb HE MOXKET OBITh BBIPOXKJICHHBIM.
JeficTBUTENBHO, TPEANONOKIAM HIPOTHBHOE, W IYCTh g, YY) — ABE
pa3anvHble cOOCTBEHHBIE (DYHKIIUHM, COOTBETCTBYIOIINE YPOBHIO Fj.
Besakas smHeliHas koMmOuHanms cipg + ¢/, Toxke Oymer coOCTBEH-
HOM (PYHKIMEHN; HO, BHIONPas COOTBETCTBYIOIINM OOPA30M IOCTOSTH-
HBIe ¢, ¢, Bcerma MOXKHO JOOHTHCS OOpalleHus 3TOil (PYHKINHA B
HYJIb B JIFOOO# 3a/JaHHOII TOYKE MPOCTPAHCTBA, T.€. Mbl HOJYUUIH
OBbI COOCTBEHHYIO (DYHKIIUIO C Y3JaMII.

Ecau ppmxeHme TPOUCXOIUT B OrPAHUYUEHHON 00J1aCTU TIPO-
CTPAHCTBA, TO HA TPAHUIE ITOU 0OJACTU JTOKHO OBITH 1 = 0
(cm. §18). [lyia ompeeneHusi ypoBHeEH SHEPIWHM HYXKHO HAWTH W3
BAPUAIMOHHOTO TPUHIUIA MUHUMYM uHTerpasa (20.2) mpu 3Tom
TPaHUYHOM ycCJIOBUHU. TeopeMa 00 OTCYTCTBUHM Y3JO0B Y BOJHOBOIA
GYHKIINNT HOPMAJIBHOTO COCTOSHUS TJIACUT 37eCh, UTO Yy He obpa-
IITAETCs B HYJIb HUTJE BHYTPU YKa3aHHOI 00JIacTH.

OTmernM, UTO TpPH YBEJUUEHHHN Pa3MeEPOB OOJACTU JIBUXKEHUS
BCE YPOBHU dHepPruu F,, YMEHBIIAIOTCA; 9TO CJIeJyeT HEIOCPEeICTBEH-
HO ®3 TOr0o, YTO BO3pacTaHme oOJIACTU YBEJUUYUBAET KPYT
KOHKYPUPYIONMINX (PYHKINHA, OCYIITECTBIAIONINX MUHAMYM HHTErPa-
Jla, B pe3yJibTaTe Yero MHUHHMAaJIbHOE 3HaUYeHWEe WHTErpaJia MOXKET
TOJIBKO YMEHBINUTHCA. BbIparkeHune

[vfoda= [ 13 Epa+ v dg

2m
a

HJIA COCTOAHUMN AUCKPETHOI'O CIIEKTPa CHUCTEMBbI YaCTUIl MO2KET OBITH

1) HokasarempcTBo Teopem (cM. Takxke ciemyromuii maparpad) o Hy-
Jgx coOCTBeHHBIX (yHKIuit MOXKHO Haiitm B KHurax: M. A./laspenmves u
JI. A. Jhocmeprux. Kypc Bapuanumonsoro ncuncjaerus. — M.: T'ocrexusgar, 1950.
I'n.IX; P. Kypaum, /[. l'uavbepm. Metonsr maTemarudeckoit pusnku. — M.: ['o-
crexusaar, 1951. T. I, 1. VL.

2 .

) Dta Teopema (Kak u JaJbHEHIINE CJIEJICTBUS U3 Hee), BOOOIIE TOBOPH,
HeclpaBeJIuBa AJd BOJHOBBIX (PYHKIMH CHCTEM, COCTOANNX U3 HECKOIbLKUX
TOXKJIECTBEHHBIX 4acTUIl (CM. KoHer § 63).
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IpeoOpa30BaHO K JAPYroMy BUY, OoJiee y100HOMY JJId (paKTUIECKO-
r'o BapbUpOBaHUs. B mepBoM tiieHe MOABIHTEIPAJIBHOTO BBIPAXKEHU

ITNUITITEM
YA = dive (YVay) — (Varh)?

Unarerpan ot divy(¥Vay) mo dV, mpeobpasyercs B WHTErpas Io
OECKOHEYHO YIAJCHHON 3aMKHYTOIl MOBEPXHOCTH, W ITOCKOJIBKY Ha
O0ECKOHEYHOCTH BOJHOBBIE (DYHKIIMHM COCTOSHUI JUCKPETHOTIO CIEK-
Tpa O0OpAIAIOTCA B HYJIb JOCTATOYHO OBICTPO, TO 3TOT WHTErPAJI
ncuesaeT. TakuMm obpas3oM,

[ efivda= | [Z S (Va)? + U2 da. (20.5)

a

§ 21. OGiue cBoiicTBAa OJHOMEPHOIO JIBUKEHU S

Ecnn noreHmmaibHasg SHEPTrUsS YaCTHUIIbI 3aBUCUT TOJBKO OT O/I-
HOIT KOOPJAWHATHI £, TO BOJTHOBYIO (DYHKITHIO MOXKHO WCKATHh B BUJE
pon3BeJieHns (pyHKINN ¥y, 2 Ha PYHKINIO TOJbKO . VI3 Hux nepsas
onpeenserca ypaBHenueMm [llpeguurepa cBOOOTHOTO JBUXKEHUA, a
BTOpas — OJHOMePHbIM ypaBHeHHeM [lIpeannrepa

d*a
e —[E U(x)]y = 0. (21.1)
K TakuMm ke OJHOMEPHBIM ypaBHEHUSAM MPUBOIUTCH, OUEBUIHO, 3a-
Jada O JBIKEHWM B IOJI€ C MOTeHIaabHOi sHeprueit U(zx,y, z) =
= Ui(z) +Uz(y)+ Us(2), pasbusatorneiics Ha cymMMy (DYHKITHII, KaxK-
Jlasi U3 KOTOPBIX 3aBUCUT TOJILKO OT OJHON M3 KoopauHat. B §22-24
MBI PACCMOTPHUM psiJl KOHKPETHBIX MTPUMEPOB TaKOTO «OTHOMEPHO-
ro» JBUXKEHUA. 3I€Ch YK€ MBI TIPEIBAPUTEIHHO BhIICHUM HEKOTODbIE
o0IIe ero CBOMCTBA.

[Ipexie Bcero mokaxkeMm, 4TO B OJTHOMEPHON 3ajate Bce SHEpre-
THUYeCKNe YPOBHU JUCKPETHOTO CIIEKTPa HE BBIPOXKJIEHBI. [T JToKa-
3aTeJIbCTBA IMPEIMNOJI0XKNM IPOTUBHOE, W MYCTh Y| U Yo — JBE Pas-
JIMYHbIE COOCTBEHHBIE (DYHKITNU, COOTBETCTBYIONINE OJHOMY U TOMY
)Ke 3HaUYeHnto sHeprun. [lockoabKy 006e OHU Y/IOBJIETBOPSAIOT OJHOMY
u ToMy ke ypaBHeHnto (21.1), To nmeem

Il

11 2m
d)_ll = hZ (U E) 1/)2
i P pe — 19 = 0 (urpux o3Hagaer quddepeHInpOBaHNE TIO ).

I/IHTerpprﬁ 3TO COOTHOIIEHNE, HAXOINM

P 1y — YP19hhy = const . (21.2)
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[TockonbKy Ha OeckOHETIHOCTH P = P9 = 0, TO const JOKHA OBITH
PaBHOI HYJIIO, TaK YTO

¢1¢,2 - ¢2¢11 =0,

nm d’i/ Y1 = %/ Yo. nTerpupys« ere pas, mOJydInM ;1 = const -9,
T. €. 00e (PYHKIINHU MO CYIIIECTBY COBHAIAOT.

st BomHOBBIX DyHKIHI () JAUCKPETHOTO CIIEKTPa MOXKET
OBITh BBICKAa3aHa CJIEAYIOMAs (Tak HA3BIBAEMAsT OCUUAIAUUOHHAA)
TeopeMa: pYHKIWUS 1y, (), COOTBETCTBYIOMAA N + 1-My 10 BeJIMInHEe
cOOCTBEHHOMY 3HadeHuto F,, obpalaercda B HyJb (IPH KOHEYHBIX
3HAYEHUAX T) N pa3’).

Bynem cunrtars, uro dbyuknus U(z) crpemurcsa mpu r — 00
K KOHEYHBIM TIpejiesiaM (HO OTHIOb He JIOJIZKHA ObITb MOHOTOHHOM
dyukumeit). Ipegen U(+00) mpuMeM 3a HAYaJO OTCUYETA SHEPIUU
(1. e. mogoxum U(+o00) = 0), a U(—o00) obosuaunm depes Uy u Oy-
aeM cautaTtb, 9to Uy > 0. JIUCKpeTHBIN CIeKTp JEeXKUT B 00JIacTh
TaKNUX 3HAYEHUN SHEPruU, MPHU KOTOPBIX YACTHUIA HE MOXKET YHTh
Ha, 6ECKOHEYTHOCTD; JIJIsI 9TOT0 SHEPIud JOJIKHA OBITh MEHBIIE 000nX
npeienioB U(+00), T. e. JOKHA OBITH OTPUIATEIbHOI:

E <0, (21.3)

IIPU 3TOM, KOHEYHO, BO BCAKOM CJIyYae JOKHO ObITh K > Upjn, T. €.
dyuknusa U(x) mokHa UMeTh O KpaiiHell Mepe OJMH MUHUMYM C
min < 0.
Paccmorpum Tenepb 00J1aCTh TOJIOXKUTEIBHBIX 3HAUEHUM SHEP-
run, MeHbImux dem Ugy:

0< FE < Uy. (21.4)

B sroit obacTtu ciekTp OyIeT HEeIpPepPbIBHBIM, a ABUKEHUE JACTUITHI
B COOTBETCTBYIOIINX CTAIMOHAPHBIX COCTOTHUSAX — WH(MPUHUTHBIM,
IpUYIeM YaCTHUIA YXOAWT B CTOPOHY & = —+00. Jlerko BUaeTh, UTO
BCEe COOCTBEHHBIE 3HAYUEHUS SHEPTUN B STOM YACTH CHEKTPA TOXKEe He
BBIPOXKJIEHBI. J[JIsT 9TOT0 TOCTATOYHO 3aMETUTh, UTO JJIiA IPUBEICH-
HOTO BBIIIE (1 JUCKPETHOTO CIIEKTPA) JOKA3aTeJbCTBA JTOCTATOY-
HO, YTOOBI (hyHKIUU 1, 12 0OpaIaInch B HYJIb XOTd ObI Ha OTHOI
u3 6eCKOHeUHOCTEl (B JJAHHOM CJIydae OHU OOPAIAlOTCA B HYJIb IIPU
T — —00).

[Ipu mocTaToYHO GOBINNUX MOJOXKUTEIbHBIX 3HAYEHUAX T B YPaB-
nennn [IIpeaunrepa (21.1) moxuo mpenebpeus U (z):

2
"+ ﬁ—TEw = 0.

1) Ecan gacTtuma MoxeT HaXOIUThCs JIMIIb HA OTPAHUYEHHOM OTpE3Ke OCH X,
TO HAJI0 TOBOPUTH O HYJISX (PYHKIHUU Yy, () BHYTPU ITOrO OTPE3KA.
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OTO YPpaBHEHUE UMEET BEIIeCTBCHHBIEC PEIlleHUd BUJIa CTOAYEH IJIOC-
KO BOJIHBI
Y = acos(kzx + 6), (21.5)

rje a, § — IIOCTOAHHBIE, a «BOJHOBOI BeKTOp» k = p/h = v/2mE/h.
Droit  dopmysIoil  OmpesessieTcss ACUMITOTHYeCKUil  Buj (mpu
T — +00) BOJIHOBBIX (DYHKIUII HEBBIPOXKIEHHBIX yPOBHEN SHepruu

Ha yvacTke (21.4) HempepbIBHOTO crekTpa. llpm Gospimux orpura-
TeJbHBIX 3HAUEHUSIX T ypaBHeHue [lIpennarepa mpuHUMaeT BU/I

W-%&%—sza

Pemenne, me obpalaroiieecss opu £ — —o0 B OECKOHEYHOCTh, €CTh

P =be, = —\/2m(Up - B). (21.6)
DTO €CTh aCUMIITOTUYECKUHM BUI BOJHOBOIT (DYHKIINN MPU T — —OO.
Takum oOpa3om, BOJIHOBaA (PYHKIINS SKCHOHEHIIMAJBHO 3aTyXaeT
B riiyOb obstactu, tie E < Up.

Haxkomnerr, mpu B> U (21.7)
CIIeKTP OydeT HelpepPhIBHBIM, & JBUKeHIE — MH(MUHUTHBIM B 00€ CTO-
pOHBI. B 3T0it WacTn crieKTpa BCe YPOBHU JABYKPATHO BBIPOXKJIEHBI.
DTO cJeyeT W3 TOrO, UTO COOTBETCTBYIOIINE BOJIHOBBIE (DYHKITHHI
ONPEJIENAIOTCA YpaBHEeHNeM BTOpOro mopsaka (21.1), mpuuem oba
HE3aBUCHUMBIX PEIIEHUS 9TOr0 YPaBHEHUS YIOBJIETBOPAIOT JO2KHBIM
VCJIOBUSIM Ha GECKOHEUHOCTH (MEXKJIy TeM KaK, HAPUMED, B IPEeIbI-
JIYIIEM CJIydae OJHO M3 pemleHuil oOpaliaaoch pu r — —oo B bec-
KOHEYHOCTb U MOTOMY JOJIXKHO OBLJIO OBITH OTGpOIEHo). AcummTo-
TUYECKUil BUJ BOJHOBON (DYHKIIUN IIPU T — 400 €CTh

Y = a1e*® 1+ goe ke (21.8)

W aHaJOTMYHO Ay T — —oo. iten ¢ e'*® cooTsercTByer wacTuie,
JBIDKYyINeiics BIPaBo, a 4ieH ¢ e % — gacrurie, ABIKYIIeiics BIEBO.
[Tpeanomnoxum, aro dyukuus U(x) — gernaa (U(—x) = U(x)).
Torma mpm w3MeHeHNHN 3HaKa KoopawHATH! ypaBHenme lllpemmmre-
pa (21.1) me mengerca. OTcoofa ciaenyeT, ITO ecian () ecTh HEKO-
TOpOe DeIlleHNe TOTO YpaBHEHMs, TO Y (—x) TOXKe eCThb PeIleHHe,
coBmafamoree ¢ () ¢ TOIHOCTBIO 10 MOCTOSHHOTO MHOXKUTEJIS:
Y(—z) = c(z). Menss 3Hax z eme pas, noxyunM ¥ (z) = c*(x),
otkyzaa ¢ = £1. Takum 06pa3oM, pu CUMMETPUYIHOIT (OTHOCHTEIHHO
Toukr £ = () TOTEHIMAJIBHON SHEPIUU BOJIHOBBIE (DYHKIIUU CTAIH-
OHAPHBIX COCTOSIHUIT MOTYT ObITH JinbGo YeTHbIME (1)(—x) = 1(x)),
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ombo HederHbIME (YP(—xz) = —1(x))'). B wacrHOCTH, BOSHOBad
(byHKIMS OCHOBHOI'O COCTOSHNSA YeTHA: NeHCTBUTEHLHO, OHA HE MO-
JKEeT UMeTb y3JI0B, a HedeTHad (PYHKINA BO BCIKOM CJIydae obpalma-
ercsa B HyJb ipu = 0 (¢(0) = —¢(0) = 0),

Jl1g HOpMHUPOBKM BOJHOBBIX (DYHKIUIT OJHOMEDHOTO JIBUKCHUS
(B HEMPEPBIBHOM CIIEKTPE) CYIIECTBYET MPOCTOI CIOCO0, MO3BOJIAO-
Uit ONpeaeTUTh HOPMUPOBOYHBIN KOY(MMOUITMEHT HEMOCPEICTBEHHO
0 ACHMIITOTHYECKOMY BBIPAsKCHHUIO BOJHOBON (DYHKIMH JJIA OOJIb-
MUX 3HAYEHUI |T|.

PaccMoTpuM BOSTHOBYIO (DYHKITUIO JIBUXKEHUs, WH(OUHATHOIO B
OZIHY CTOPOHY (x — 400). HopMHUpOBOUHBIN HMHTErpal PacXOAUTCs
npu £ — oo (mpum £ — —oo0 (YHKIUS SKCIOHEHITNAIBHO 3aTyXaeT,
TaK 9TO MHTErpaj obicTpo cxomurcs). Ilosromy mpu onpeseneHun
HOPMHMPOBOYHOIN ITOCTOSHHON MOXKHO 3aMEHUTH 1) €€ aCUMIITOTHYE-
CKUM 3HadeHueM (g 6obmmx & > 0) U MpOU3BOIUTH WHTETPUPO-
BaHIE, BBIOPAB B KaueCTBe HMXKHETO Ipejea Jiroboe KOHEUHOe 3Ha-
YeHHUE T, CKaXKeM, HyJIb; 9TO CBOAUTCH K IMPEHEOPEXKEHUIO KOHEYHOM
BEJIMUNHOM IO CpaBHEHMIO ¢ OeckoHeuHO OoubImnoii. [loxkaxkem, 4To
BOJIHOBadA (PYHKIIMSA, HOPMUPOBAHHASA YCJIOBHEM

]{wgwp/ dr = 5(%) = 27hé(p — p) (21.9)

(p— UMIYJIbC YaCTHUIBI HA OECKOHEYHOCTH), JOJIKHA MMETh ACHM-
nrorudeckuii Bux (21.5) ¢ koaddurmenrom a = 2:

Wy = 2cos(kx + §) = ellhetd) 4 pmilka+d), (21.10)

[TockombKy MBI HE IMEEM B BU/IY MTPOBEPATH B3ANMHYIO OPTOTOHAJb-
HOCTHh (DYHKITHIT, COOTBETCTBYIONINX PA3JUIHBIM P, TO TMPHU MOJICTA-
HoBKe yHkimit (21.10) B HOpPMUPOBOUYHBIN MHTErpajl CIUTAEM UM-
IyJILCHL p U P’ CKOJb YTOIHO OJIM3KAMME; ITOITOMY MOYKHO IOJIOKUTh
§ = &' (§ asasercs, Boobie roBops, dyukimeit p). Jdanee, B moabH-
TErpaJbHOM BBIPDAXKEHUN OCTABJISIEM JIUMIbL T€ WJIEHBI, KOTOPbIE TIPU
p = p pacxogaTcs; APYrUMH CJIOBAMH, OIIyCKAeM YJICHBI, COAepPIKa-

mue muokuresn e (FHE)T Taxmv obpasom, momygaem
(©.@) 00 00
/¢;¢p/ dflf = /ei(k,—k)xdﬂ'}-l—/e—i(k’—k)xdx — /ei(k’—k).’rdm’
0 0 o

aro B cuity (15.7) coBmamaer ¢ (21.9).

1)B 3TUX PACCYXkKJIEHUAX NPEAIOJATAETCHA, UTO CTAIMOHAPHOE COCTOAHUE HE
BBIPDOXKJIEHO, T. €. He MH(PUHUTHO B 06e CTOpOHBbI. B mpoTUBHOM cjy4ae, Ipu U3-
MEHEHUM 3HaKa T JBe BOJIHOBBIE (DPYHKIIMU, OTHOCAIINECH K JTAHHOMY YPOBHIO
SHEPruu, MOTYT MPe0OpPa30BBIBATHCA APYT 4Yepe3 apyra. OgHAKO B 9TOM Cjydae
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[Tepexon K HOpMUPOBKE Ha, -(PYHKIINIO OT SHEPIUH COBEPIIAETCH,
coryacHo (5.14), yMHOKeHHEM 1), Ha

(d(p/2ﬂ'ﬁ)>1/2 1

dE Verhv’
rJIe ¥ — CKOPOCTh YacTUIbl Ha OeckoHevHOocTH. TakmMm obpa3oM,
1 1 i(kz+96) —i(kx+0)
= —9, = —(e € : 21.11
Ve V2mhv wp vV 2mwhv ( + ) ( )

3aMeTnM, 9TO IJIOTHOCTh ITOTOKA B KaXKJI0M M3 IABYX OEryIumx BOJIH,
Ha KOTOpBIe pasjessercs crosgdas Boira (21.11), pasra 1/(27h).

Taxkum obpa3om, MOXKHO CPOPMYJIUPOBATH CJIEAYIONIEE TPABIIIO
IIJIsT HOPMHUPOBKHU BOJIHOBOM (PYHKIINN MWH(PUHUTHOTO B OIHY CTOPO-
HY IBHKEHUS Ha 0-PYHKIIHIO OT SHEPTHH: MIPEICTABUB ACHMIITOTHIYE-
CKO€ BBhIpaXKeHne BOJIHOBOM (pYHKIIMNM B BUIE CyMMBI ABYX OeryImmx
B IIPOTUBOIIOJIOXKHbBIE CTOPOHBI TJIOCKUX BOJIH, HAJIO BBIOPATH HOPMU-
POBOUHBI KO3 DUITMEHT TaKUM 00pa30M, UTOOBI IIJIOTHOCTh OTOKA,
B BOJIHE, OeryIreli 0 HAIIPABJIEHUIO K HAYAJy KOOPJINHAT (MJIA B Ha-
IpaBJCHNN OT HAaJYaJa KOOpJAWHAT), Oblia paBHa 1/(27h).

AHajlorndHbIM 00pa30M MOKHO MOJIYYNTH TaKOe XK€ ITPABUJIO
IIJIsT HOPMUPOBKU BOJTHOBBIX (DYHKIIHI JBUKEHNUSA, NHPUHUTHOIO B
obe cTtoponbl. BoaHoBag dyHKIma Oyaer HOpMHpOBaHa Ha J-PyHK-
IO OT SHEPTHUH, €CJIM CYMMa ITOTOKOB B BOJIHAX, OETyIIUX 1O HAIIpa-
BJIEHINIO K HaYaJIy KOOPAMHAT C IMOJIOXKUTEJBHON U OTPUIATETHHON
CTOpOH ocu x, paBHa 1/(27h).

§ 22. IloreHnimanbHass ama
B kagecTBe mpocTOro mpuMMepa OJHOMEPHOTO IBUKEHHUS Pac-

CMOTPHUM JBHUKEHHE B IPAMOYTOJILHON NOMeHUuasvhol ame, T.e. B
noJte ¢ dyuxnueit U(x), n300paxKeHHON Ha

puc.1: U(z) =0upu 0 < z < a, U(z) = Uy U(x)
npu z < 0, £ > a. 3apaHee OYEBUIHO, UTO
npu FF < Uy criekTp OyaeT JTUCKPETHBIM, a Us

npu F > Uy nMmeeTcs HENIPEPBIBHBIN CIIEKTP
JIBYKPATHO BBIPOXKIEHHBIX YPOBHEIA.

B obsnactn 0 < z < a nMmeeM ypaBHEHHIE
[IIpenmuarepa

W i—TE¢ —0 (22.1)

Puc. 1

BOJIHOBbIE (DYHKIIUK CTAIMOHAPHBIX COCTOSHUM XOTd W HEe 00S3aTeJIbHO YEeTHBI
WM HEYETHBI, HO BCETa MOTYT OBITH CIEJIAHBI TAKOBBIMH (IIyTeM BBIOOpA COOT-

BETCTBYIOIIUX JTUHEHHBIX KOMOWHAINN UCXOTHBIX (byHKum‘/i).
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(mrrpux o3Hauaer auddepeHInpOBaHne 0 T ), & B 0OJACTU BHE MBI
2m
" — (B —Uo)p =0. (22.2)

[Ipu x = 0, a pelreHnsa 3TUX yYpPaBHEHUHN JOKHBI IEPEXOINTH APYT
B Apyra HEOPEpPLIBHO U C HENPEPLIBHOW IIPOU3BOJHON, a IpU T =
= 400 pemenne ypapaenus (22.2) JOJIKHO OCTABATHCA KOHEUHBIM
(msist quckperHoro crekTpa, E < Uy — obpamarbesa B HYJIb).

[Ipu E < Uy obpamaroriieecss Ha, 6€CKOHEYHOCTH B HYJIb PEIeHIe
ypaBHeHus (22.2) ectb 1) = const -eT**,

= %\/Zm(UO ) (22.3)

(3HaKM — U + B TOKa3aTeJie OTHOCATCS COOTBETCTBEHHO K 00JIACTIM
z>amuz<0). BepoaTaocTs |1)|? HAXOXKIEHUS YaCTUIILI SKCIOHEH-
IIIAJIBHO 3aTyXaeT B IIyOb obsiactu, B Koropoit E < U(x). Bmecto

HEIIPEPBLIBHOCTU 1) 1 1)’ Ha TpaHUIE MOTEHINAILHON AMBI yI00HO
n0TpebOBATh HEIPEPLIBHOCTH P U JIOrapudMUYECKON TPOU3BOIHOMN
Y' /. YuureBag (22.3), moaydaeMm rpaHUYHOE YCJIOBHE B BHJIE

W'/ = Foe. (22.4)

Mgbr He cTameM oCTaHABIUBATHLCA 3JI€Ch HA, OTNPEE/IEHUN yPOBHEMH
SHEPTUH B siMe TPOM3BOJIbHON Tyiybunbl Uy (cM. 3ama4dy 2) u pasbe-
PEM TIOJTHOCTBIO TOJIBKO TPEJAEbHBIN Cydail 6ECKOHEYHO BBICOKUX
crenok (Uy — 00).

[Ipn Uy = oo JABMKEHME TPOUCXOJUT JIUIIbL HA OTPAHUYEHHOM
toukamu = 0, a oTpe3Ke, U, Kak OBLIO YKa3aHo B § 18, rpaHmaHOE
YCJIOBUE B 9TUX TOYKAX

Y = 0. (22.5)
(JIerko BHsIETH, YTO 3TO YCJIOBHE TOJYYAEeTCs U U3 OOIINEro ycJo-
Bus (22.4). HeiictBurenbHo, npu Uy — 00 UMeeM TaKKe U 3 — 00
u noromy ' /1) — 00; mockoabKY ' He MoxkeT obpamarbea B Hec-
KOHEYHOCTh, TO oTciofa ciaeayer 1 = 0.) Umem pemienne ypasHe-
Hus (22.1) BHYTPH MBI B BH/IE

Y =csin(kx +6), k= ZTmE (22.6)
Yenosue v = 0 mpu z = 0 gaer § = 0, ocJie 9ero To ¥Ke yCJIOBHUE IPH

x = a maet sin ka = 0, oTky"a ka = nm (N — 1eJble OJIOXKUTETbHbBIE
YHCIIa, HAYMHAS C €IUHUIBL ') ) wim
232
m°h° 9
E, = -n", n=123,... (22.7)

2ma

Y ITpu n = 0 mosmyunaocs Gel TOXKAeCTBEHHO 1) = 0.
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DTUM OIPEICAIIOTCA YPOBHU SHEPIUHU YaCTHUIBI B IOTEHIIMAJILHOI
saMe. HopMupoBasHBIE BOJIHOBBIE (DYHKIIUN CTAIIMOHAPHBIX COCTOSI-
HUN —

Y = Zsin ( ™z ). (22.8)

Q Qa

Ha ocHOBaHNM 3TUX PE3yJIBTATOB MOXKHO HEIIOCPEICTBEHHO HAIINCATD
VPOBHM SHEPIHH JJiS YACTUILI B IPAMOYTOJBHOM «IOTEHIINAJIHLHOM
AIIUKE», T. €. JJI TPEXMEPHOTO JIBUXKEHUS B IOJIE€ C IMOTEHIIHAJJIBLHOM
sreprueit U =0npu 0< 2 < a,0<y < b, 0< z<cuU = oo BHe
910t obJiacTu. VIMEHHO, 9TH YPOBHU MPEICTABJISIOTCA CYMMAaMM

k2 (n? n3 n2
En1n2n3 = —(CL_; + b_22 0_23)7 n17n2,n3 — ]., 2, 37..., (229)

2m

a COOTBETCTBYIOIINE BOJTHOBBIE (DYHKITMHU — IMPOU3BEACHUSIMU

8 . . .
Yningns = 4/ — sin| =z | sin | Z2y ) sin [ =22 ). (22.10)
abc a b c

OTmeTuM, 9TO SHEPrus OCHOBHOTO COCTOSHUSI OKA3bIBAETCs, CO-
riacHo (22.7) mm (22.9), nopanka Eg ~ h?/ml?, rae | — munHeitable
pas3Mepbl 00/IaCTH ABUXKEHUsT JaCTHUIIbI. DTOT PE3yIbTaT HAXOIUTCS
B COOTBETCTBUHU C COOTHOIIIEHUSIMU HEOIIPeaeJIeHHOCTU: TIPH HeoIpe-
JIEJIEHHOCTU KOOPAWHATHI ~ | HEOTpeaeIeHHOCTh UMITYJIbCa, & C HElo
U TOPSAJIOK BEJMYMHBI CAMOTO UMITyJibca ~ Hh/l; cOOTBETCTBYIOIA

sueprus ~ (K/1)?/m.

agaumn

1. Onpenenuts pacupeaeeHre BEPOATHOCTA PA3JIUIHBIX 3HAYECHUN UMITYJIh-
ca JIJIs HOPMAJIbHOTO COCTOAHUS YaCTHUIIbI, HAXOIdIelicss B OECKOHEYHO TJTyOOKOit
NIPAMOYTOJIbHONM MOTEHIIMAJIBHONU AMe.

P e m e v u e. Koabpdurnuentor a(p) paznoxenus bynkumm 11 (22.8) mo
cOOCTBEHHBIM (DYHKIIUAM MUMITYJIbCA PABHBI

alp) = /¢;¢1 dz = \/go/asin (%) exp(—i%)daz.

Bpryuciaus mHTErpaa u BO3BEIdA €ro MOAYJIb B KBAJIPAT, MOJyYNM HCKOMOE Pac-
Ipe/iesieHne BEepOATHOCTeH

9 dp Arhla 2 pa
)| = — 555 COs” — dp.
2rh  (p“a” — w°h7) 2h
2. OnpesieuTh YPOBHU SHEPTHUU JJIA MTOTEHIUAJBHON SAMbI, ©300parKeHHOM
Ha puc. 2.
P e m e v u e. [luckperupim gBasieTcd cnekTp 3Hepruit £ < Ui, KOTOpHIi
MBI U paccmaTpuBaeM. B obnactu x < 0 BosiHOBag (pyHKIUS

'Lp = Clexlx, 1 = (1/ﬁ)\/2m(U1 — E),

la(p
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a B objlact T > a
’gb = 026_%230, o — (l/ﬁ)\/2m(U2 — E)
BayTtpu sambl (0 < < a) umeMm ¢ B BUze

U(z) Y =csin(kz +6), k=vV2mE/h.
VYenosue HempepblBHOCTH ' /1) Ha TpaHUIax
U2 dMBI TaeT ypaBHEHUS
Ui kotgd = 3 =
a €T 2
kctg(ak +0) = —s = ~ / ﬁ—ZLUz — k2,
Puc. 2
15801
sind = L, sin(ka + §) = —L.
2mU; 2mUs
Uckirouas §, mMOJIy4uM TPAHCIEHAEHTHOE YPaBHEHUE
kh
ka = nm — arcsin —— — arcsin —— 1
vV 2mU; 2mU> ( )
(rmen =1,2,3,..., a3Ha4ennd arcsin 6epyrca mexay 0 u 7/2), KOpHU KOTOPOTO

232
onpenessOT ypoBHU sHeprun E = k“A%/2m. Ina kaxmoro n umeercs, BoobIe
rOBOpS, OOWH KOPEHb; 3HAUYEHNA N HYMEPYIOT YPOBHU B ITOPAIKE UX BO3PACTAHUA.

ITockosbKy apryMeHT y arcsin He MOXKET IPEBBINIATh 1, TO ACHO, YTO 3HAYE-

HUS Kk MOTYT JieXKaTh TOJbKO B nHTepBasie mexay 0 u /2mU; /h. JleBas vacTb
ypaBHeHusd (1) eCThb MOHOTOHHO BO3PACTAIOIIAd, a PpaBas — MOHOTOHHO yObIBaO-
masa pyukuun k. [Tosromy a4 cymecrsoBanus KopHsa ypabHenus (1) Heobxomu-
Mo, 4T00bI Tipu k = +/2mU; /h npaBaga 4acTs 6bly1a MeHbIIe JieBoil. B wacTHOCTH,

HEPABEHCTBO
V2 .
aLUl > I _ arcsin | =, (2)
h 2 U,

moJIyJaroIneecs npu n = 1, ecTh yCJIOBHE TOrO, YTOOBI B siM€ CYIIECTBOBAJ TIO
KpaliHeit Mepe OAUH ypOBeHb 3Hepruu. Mbl Bugum, uTto npu gaHHbix U; # Us
BCErJia CyIIEeCTBYIOT HACTOJBKO MaJible 3HAYEHUs [UPUHBI @ MBI, TPU KOTOPBIX
He OyJIeT CyIIecTBOBAaTh HU OJIHOTO JUCKPETHOro ypoBHs sHepruu. Ilpm U; = Us
ycsioue (2), 04eBUIHO, BCET/1a BBIMOJHAETCS.
ITpu Uy = Uz = Up (cummerpuunas sama) ypasHenue (1) cBoguresa K
. hk nm — ka
arcsin = : (3)

VomU, 2

BBong nepemennyio £ = ka/2, nosiyunM npu HEYETHOM N yPABHEHUE

cos§ = 7€, ’VZE 2,
a \l mUp

(4)

IpUYEeM JOJI2KHBI OpaTbCAd T€ KOPHHU ITOrO ypaBHEHWs, JJsd KoTopbix tg& > 0.
[Ipu yeTHOM N MOJyYUM ypaBHEHUE

sin & = £~¢, (5)
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npuyeM HaJIo OpaTh KOpHH, a7 KOTopbix tg & < 0. ITo KopHSAM 3THX ABYX ypas-
HeHmii ompeensioTcs yposau sxeprun E = 26°A% /ma?, umcno yposmeit (npu
v # 0) KOHEUYHO.

B wacTHOCTH, A1 MeJKOiH sMbI, B KoTopoit Uy < A% /ma®, umeem v > 1, u
ypaBHeHue (5) He mMMeeT KOpHell BoBce. YpaBHeHHe ke (4) mMeeT OJUH KOPEHb
(mpu BepxHeM 3HaKe B mpaBoi wactnm), pasmbii & & (1/7)(1 — 1/2+?%). Takum
00pa3oM, B M€ UMEETCs BCEro OJUH YPOBEHb dHEPIUuu
ma?
2h?

2
E() ~ UO — Uo,
PaCIOJIOXKEHHBIN BOJIN3U €€ «BepXay.

3. OmpenesnTs TaBJEHNE, OKA3bIBAEMOE Ha CTEHKH MPAMOYTOJBHOIO «II0-
TEHI[MAJIbHOIO AMIKa» HaXOoAdlielicd B HEM YaCTUIIEMN.

P e m1 e uH u e. Cuna, neiicTByromas Ha CTEHKY, IEPIEHINKYIAPHYIO K OCH X,
eCThb CpeJHee 3Ha4YeHHe Tpou3BOIHON —OH/Oa OT raMuiabTOHOBON (GyHKIUHM
YaCTHIBI 110 JJINHE 4AIAKA BAOJIb OCH I; JaBJIEHUE K€ IIOJIyYaeTcs JIeJIeHU-
eM 3TOW cuyibl Ha mwiomanb be crenku. CornacHo dopwmysie (11.16) uckomoe
cpenHee 3HaUYeHHMEe HaxoAuTcs AuddepeHInpoBaHEM COOCTBEHHOTO 3HAYEHUS
sHepruu (22.9). B pesynbprare mosyunM JaBieHue

242
(z)y _ T h
yo = 3 ny.
ma”bc

§ 23. JIuHelHBIT OCHIUJIIJIISATOP

PaccMoTpuM gacTuiy, COBEpIIAIONLYIO OMHOMEPHbIE MaJIble KOJIe-
OaHus (Tak Ha3BIBAEMBIN AuHelHvl ocyuaramop). IlorenuaapHas

SHEPrugd TaKON YacCTHUIlbl paBHA mw?z? / 2, TJIe w— B KJIACCUYIECKOIt
MeXaHUKe cOOCTBeHHas JacToTa KoJebanuit. CoOOTBETCTBEHHO STOMY,
TaMUJIBTOHUAH OCIIUJLIATOPA
R ~2 2 2
H=F T2 (23.1)
2m 2
[TockonbKy TOTEHIMAJIbHAA dHEPrUsA oOparaercsad B 6eCKOHEYHOCTh
pu & = 00, TO JYaCTHUIIa MOXKET COBEPIIATH JIUIb (PUHUTHOE JIBU-
>)KeHne. B cooTBeTCTBUU € STUM BECh SHEPTETUYECKUIT CIIEKTD OCITHJI-
JIaTopa OyAeT JTUCKPETHBIM.
OmnpenennM ypPOBHU SHEPTUHU OCITMJIISITOPA C TTOMOIIBI0 MaTPUY-
Horo Metofal). Bymem mcxoanth n3 ypaBHeHuit JBukeHus B Hop-

Me (19.3); B JaHHOM CJIy4Yae OHU JAI0T

i+ w’z =0, (23.2)
B MaTPpHUYIHOM BHJAE€ 93TO YpPpaBHEHHUE MMEECT BU/

(%) mn + W2 Zym = 0.

1Y D10 6B110 caenano letizenbepzom (1925) eme a0 orkperrus Illpeaurrepom
BOJIHOBOTO YPABHEHUSI.
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Jljist MaTpPUYHBIX SJIEMEHTOB yCKOpeHWs umeeM, corjacHo (11.8),

(2)mn = 1Wrmn(Z)mn = —w2,, Tmn. [09TOMY HOTyHaEM

2 2 _

(w
Otcro/ia BUJHO, UTO paBHBI HYJIIO BCE MATPUYHbBIE IJEMEHTBI Ty,
32 UCKJIFOUEHUEM TeX, JJIsT KOTOPBIX Wy, = Fw. [IpoHymMepyem Bce
CTaIMOHAPHBIE COCTOSHUSI TaKUM 00OPa30M, UTOOBI YACTOThI tw CO-
OTBETCTBOBaJIM Iepexomam m — n F 1, T.e. wy p+1 = Fw. Torma
OTJIMYHBIMU OT HYJI MATPUYHBIMU JIEMEHTAMU Oy AYT UMb Tp pr1-
Bynem mpenmosiarath, YTO BOJIHOBBIE (DYHKIMU 1), BBIOpPAHBI
BeIeCTBEHHBIMU. [IOCKOIbKY X €CTh BeJIMYMHA BEMIeCTBEHHAHA, TO
TaKUMU Ke OyJIyT W BCE MATPUYHBIE IJIEMEHTBI Typp. YCJIOBUE IP-
muroBoctu (11.10) mpuBoaUT Temeph K TOMY, YTO MATPHUIA Ty
CUMMETPUIHA!

Imn — Lnm-

,ZLHH BBIYHUCJICHUA OTJIMYHBIX OT HYJIA MATPHUYHBIX 3JIEMEHTOB KO-
OpAHATBHI BOCIIOJIb3YEMCA IIPABUJIOM KOMMYTAallu1

Ta AT . h
TT=rx=—1—,
m
HalluCaB €I'0 B MaTPUYHOM BUJE

C momorpio mpaBuia yMHOXKeHust matpur, (11.12) mmeem oTcrona
T m =n

) . 2 . h
[ Z(wnlxnlxln - wnlwlnxln> = 21 anlxnl — _'Lg~
l l

B sToit cymMMe OTJIMYHBI OT HYJIS TOJBKO YJeHbl ¢ [ = n £ 1, Tak 9TO

TI0JIy 9aeM .
(@n41,0)? = (Tpn1)* = - (23.3)

2mw

N3 sTOro paBeHCTBa BUIHO, UYTO BEJUYMHBI (xn+1,n)2 obpa3sy-
10T apu@METUUECKYIO IIPOrPECCUI0, HEOIDAHUYEHHYIO CBEPXY, HO
HEIIPEMEHHO OIPAHMYEHHYIO CHH3Y, TaK KaK B Hell MOIyT comep-
YKaThCA TOJIBKO IOJIOXKUTEIbHBIE WiIeHbI. 1I0CKOIbKY MBI MOKa ycra-
HOBUJIA TOJBKO OTHOCHUTEJBLHOE PACIIOJIOMKEHNE HOMEPOB COCTOAHUIMA
M, HO He X abCOJIIOTHBIE 3HAYEHUS, TO MBI MOXKEM IIPOU3BOJILHO BhI-
OpaTh 3HA4YEHHE M, COOTBETCTBYIOIIEE IIEPBOMY — HOPMAJIBLHOMY —
COCTOAHMIO ocnuiagaTropa. Llomoxum ero pasabiM Hym0. CooTser-
CTBEHHO 3TOMY Z0,_] HAJO0 CUUTAThb TOXKJECTBEHHO DAaBHBIM HYJIIO,
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W TIOCJIeI0BaTe/IbHOEe TIpuMeHeHue ypasHenwnii (23.3) cn = 0,1, ...
IPUBOJUT K PE3YJIbTATY:

h

2w
Taxum 06pa30M, OKOHYATEJBHO TOJyYIaeM CJIeYIONIee BbIPAaXKEHUe
JJTsT OTJIMYHBIX OT HYJIsT MATPUYIHBIX 3JIEMEHTOB KOOPIMHATHI ') :

Ipnn—1 = Tp—1n = % (23.4)

Matpuma oneparopa H pgumaroHajpbHa W MaTPUYHBIE 3JE€MEH-
™ol H,, mTpeacTaBasioT cobOil MCKOMBbIE COOCTBEHHBIE 3HAYUECHUS
sHepruu F, ocumaasaropa. [Ijs ux BBIYUCICHUS UMEEM

Hy, = E, = %[(xQ)nn + w2($2)nn] =

m . . 2 m 2 2,2
=3 [Z Wl Tl WWinTin + W Z wnzwln] =3 Z(w + Wit )iy
! ! !

B cymme no [ oTJIMYHBI OT HYJISI TOJIBKO WieHbI ¢ [ = n + 1; mojcTa-
Bgst (23.4), mogydaem

E,=n+1/2)w, n=01,2,... (23.5)

Takum oOpa3oM, YPOBHU SHEPTUM OCHUJIIATOPA PACIOJIOXKEHbI
yepe3 paBHBbIE WHTEPBAJBI hw. DHEPrusd HOPMAJbHOTO COCTOAHUSA
(n = 0) paBHa hw/2; TOTUEPKHEM, YTO OHA OKA3BIBAETCS OTIMYHOMN
OT HYJIA.

Pesynbrar (23.5) MOXKHO MOJYYIUTh U yTEM PENICHUsT Y PABHEHU ST
[[Ipeunrepa. IT0 ypaBHEHUE JJid OCIULIATOPA UMeEeT BUJL

d*y 2m < mw2x2)

—+—(EF——— |y =0. 23.6

dz® = A 2 ¥ (23.6)
3mech ya00HO BBECTH BMECTO KOOPAMHATHI T Oe3pasMepHYIO Iepe-
MEHHYI0 £ COTJIACHO COOTHOIIEHUIO

£ = %az (23.7)

1) Msb1 BbIOMpaeM HeompeeeHHble (Dasbl y (CM. TpUMed. Ha C.52) TaKuM
00pa30oM, 9TOOBI TIOJYUYUTh BO BCEX MATPUYHBIX djeMeHTax (23.4) 3HaK + mepes
KOpHeM. Takoit BhIOOP BCErJla BO3MOXKEH JJd MATPHUIbI, B KOTOPOM OTJIUYIHBI
OT HYJIA TOJIBKO 3JIEMEHTHI JJIA MEPEXOJOB MEXKJy COCTOAHUAMH C COCETHUMU
HOMEPaMU.
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Torma mosyunM ypaBHEHIE
2F
W+ (32— )y =0, (23.8)
hw
(3mech mTpux ozHadaer auddepenupoBanme 1o £.)

[Ipu Gomemmx € MOXKHO omycTuTh 2F /fiw 1o cpaBHeHHIO C &2
ypaBHeHne 1" = £%1) UMeeT ACHMIITOTHYECKNE WHTErPAbl 1) =
— e*%/2, (duddepennupoBanne 370t GpyHKIMN TeHCTBUTEIBHO Ja-
eT, Ipu TpeHeOpeXeHun tjaeHaMu 0oJiee HU3KOrO TOPSaKa Mo &,
Y = £24).) TlockombKy BOMHOBaA (YHKIHS 1) JOIMKHA OCTABATHCS

pu £ = 00 KOHEYHOM, TO B TOKa3aTeJie JIOJ2KEH ObITh BHIOpAH 3HAK
MUHYC. B CBA3M ¢ 9TUM eCTeCTBEHHO cesaTh B ypaBHeHuu (23.8)

IIOACTAaHOBKY
P =e 2 (). (23.9)

Hnst dyukmun x(§) monydaem ypaBHeHEHe (BBOAUM OOO3HAYECHUE
2F /fiw — 1 = 2n; mocKoabKY HaM 3apaHee W3BeCTHO, uro F > 0,

ron > —1/2) X" —2&x" + 2nx = 0, (23.10)
npudeM (pYHKIUS Y J0JIKHA OBITH KOHEYHOIN Ipu BCeX KOHEUYHBIX &,
a pu £ = 00 MOXKeT obpalnaTbcss B OECKOHEYHOCTh HE OBICTpPee
KoHeYHON crenenn & (Tak, 9T0ObI (PyHKIM 1P 0OpaIagach B HYJIb).

Takue pernenus ypasuerus (23.10) cymecTBYIOT JIUIIb P Tie-
JIBIX TIOJIOXKUTEJIbHBIX (BKJIIOUas 3HAYEHUE HYJIb) 3HAYEHUSX YHC-
na n (cM. §a MaTeMaTUYeCKUX JOMOJHEHNI); 3TO JaeT JJIsd SHEPTUN
M3BECTHBIE yKe HaM coOcTBeHHble 3HaueHuda (23.5). CooTBeTCTBYyIO-
IMye PA3JINIHBIM IeJIBIM 3HAYEHUsAM N perreHus: ypasHenus (23.10)
UMEIOT BU/I

x = const -H, (§),

rie H,(£) — Tak Ha3bIBaeMble OJIMHOMBI DPMUTA, [IPEICTABIISIONINE
coboif TOJIMHOMBI N-# cTemeHn 110 &, onpeaeageMbie (POPMYJIOiH

dre=¢

g™
Omnpenenss const Tak, 9T00bI DYHKITUN )y, VAOBIETBOPSIN YCIOBUIO
HOPMUPOBKI

H,(€) = (—1)"e* (23.11)
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Tak, BomHOBast (PYHKITMS HOPMAaJBHOTO COCTOAHUSA €CTh

1/4
mw mw 9
T)=|— exp| ——x° ). 23.13
woie) = (57) e (- 5a’) (2313
Kak u ciemoBaJjio 0XKugaTh, OHA HE UMeeT HyJieil Tpu KOHEYHBIX .
+00
Boruncnas uaTerpagbl | Ynthm d€, MOXKHO ONpeneauTh MaT-
— 00

PUYHBIE 3JEMEHTBI KOOPJUHATBHI; TAaKOe BBIYUC/EHNE ITPUBOJINT,
pasyMeercs, K TeM e 3HadeHusM (23.4).

B zakiroueHme mokakeM, KaKUM OOPa30M MOXKHO BBIYUCIUTH
BOJTHOBbIE (PYHKIIUM 1), MATPUIHBIM METOIOM. 3aMedaeM, UTO B

MATPUIIAX OIIEPATOPOB & & iWT OTJIMIHBLI OT HYJIS TOJBKO 3JIEMEHTHI

(T —iwx)p-1,n = —(T +1WT)pn—1 = —iy | whin, (23.14)
m

Ucxonsa u3 obmeit popmyssr (11.11) u yuwmrwkiBas, uro 91 = 0,
TTOJTy 9aeM

(z — iwz)ho = 0.

~ .h d
ITocae monCcTaHOBKU BBIPAXKEHAA T = —i— -~ TOJyHaeM OTCIofia
m axr
ypaBHEHIE
dipo mw
—_— = ——2
da % ¢07
HOPMUPOBAHHOE pelieHre KoToporo ecth (23.13). damee, mockoabKy
S A . . . [2whn
(T +iwZ)Pp—1 = (T + iwx)pp_1¥n =1 — U,
MOJTyYaeM PEKYPPEHTHYIO POPMYIIY
m h d 1 d
= _——— wr _ = — | —— _ =
Un = [ (2w ) nor = (= b

_ & i( <_§) )

— V2n exp 2 de exXp 5 Qp'I‘L—l )
n-KpaTHOEe TIPUMeHeHNe KOTopoiil K ¢pyHkmun (23.13) mpuBOIUT K BbI-
pakenuto (23.12) nyist HOpMUPOBAHHBIX DYHKIUH 1y, .

3agaum

1. Omnpenenurh pacupeejieHne BePOSTHOCTEH Pa3JIMYHBbIX 3HAYEHUN HM-
MMYJIbCA JIJI OCIIUJLIIATOPA.

P e 1 e H u e. BMecTO TOro uTOOBI pasjaraTh BOJIHOBYIO (DYHKIIMIO CTAIlH-
OHAPHOTO COCTOAHUA MO COOCTBEHHBIM (PYHKIIUAM HUMIIYJIbCA, B CJIYYaE OCIUJI-
JISTOpA TPOIE UCXOAUTh HEMOCpeACcTBeHHO n3 ypaBHenusi [llpenwurepa B mm-
Iy bCHOM TipejicTaBiennn. [logcrasmass B (23.1) oneparop koopauHaTh! (15.12)
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T = ihd/dp, moayIrMM raMUJIBTOHUAH B MMITYJIbCHOM MPEICTAaBICHUN
R p2 mw2 ﬁ2 d2
H = - 5 -
2m 2 dp
CootBercTBytoiiee ypaBHenue lllpenunrepa H a(p) = FEa(p) nna BoJHOBOM

dbyskuuu a(p) B UMIyILCHOM TIpEJCTaBIeHNN Gy €T UMETh BUJ

d’a(p) 2 <E_ﬁ> a(p) = 0.

dp® mw?h? 2m

DT0 ypaBHEHHE — B TOYHOCTH TAKOrO XKe Buja, Kak u (23.6); mosromy ero pe-
IIEHNsI MOTYT OBITH HAIMCAHBI HEMOCPEICTBEHHO 10 aHajoruu ¢ (23.12). Takum

06pa3oM, HaXOUM HUCKOMOE pacCHpeesieHre BEPOATHOCTENR B BUJE
2
2 d 1 2
p__ exp (_p_) ek <L> ip.

2rh  2"n'Vmmwh mwh vmwh

2. OnpenennTh HUXKHUM TIPEIeST 19 BO3SMOXKHBIX 3HAYEHUN SHEPIUU OCIIAJI-
JIATOPA C TOMOIIBIO COOTHOIIEHNS HeonpeaeaeHHOCTH (16.7).

P em e 1 u e Bameuas, uro 22 = x> + (6z)%, p2 = P° + (dp)® u ucmosn-
3yd (16.7), nMeeM JIJId CPETHETO 3HAUEHNS dHEPTUU OCHUIIATOPA

|an (p)|

2 3 2 22 2

2 2m 2 2m 8(dp) 2m
Haiing MUHMMaIbHOE 3HAYEHUE TOrO BbIpaxKeHus (Kak pyHKUUA OT dp), mMOJIy-
UM HUKHUI TIpees JJjid CPeJHUX, a MOTOMY M Jijisi BCeX BOOOIIE BO3MOXKHBIX
3HaveHuit sHeprum: F > hw /2.

3. Haiitu BostHOBBIE (DYHKIINU COCTOAHUMN JTUHEHHOTO OCHUJLISTOPA, MUHU-
MHU3UPYIOIINX COOTHOIIEHNE HEOIPEeIeIEHHOCTEM, T.€. COCTOAHUIM, B KOTOPBIX
CpeJHVE KBaJpaTUUHble (DIIYKTYalu KOODAWHATHI ¥ UMITYJIbCA B BOJHOBOM Ha-
KeTe cBA3aHBI paBeHCTBOM 0p dx = K/2 (E. Schrédinger, 1926) 1) .

P e 1 e H u e. Ickomble BOJTHOBBbIE (DYHKITUN JOJI2KHBI UMETh B/

_ 1 pz  (z-7T)* ;
U(z,t) = ) P 52y 2 exp {z - —4(51')2 go(t)} . (1)

Nx KoopauHaTHad 3aBUCUMOCTh B KaXKJbIil JaHHBIE MOMEHT BPEMEHU COOTBET-
crByer ¢dopmyse (16.8), npuuem T = ZT(t) u p = p(t) = mx(t) — cpeanue 3Ha-
YeHWs] KOODJYMHATHI M MMILyJibca; corjacHo (19.3) s JmHEHHOro oCIuIsATO-

2.2 =~ 2 .
pa (U = mw x”/2) nmeem p = —mw x, a MOTOMY U JJid CPEJHUX 3HAYEHUN
- 2__

P = —mw“T um . g
T+wT=0, (2)
T.e. dyHkuusa T(t) yAOBIETBOpSET KJACCUYECKOMY YDABHEHUIO JIBUKEHUS.

ITocrosiuubiii  ko3ddunment B (1) ompenesnsiercs yCIOBUEM HOPMHUPOBKU
oo
24 .
[ |¥|*dz = 1; momumo sToro MuHOXKUTENs ¥ MOXKET COmepKaTh erme (HasoBblil
— o0
MHOXKUTEJIb C 3aBUCAINeH oT Bpemenu daszoii ¢(t). HemsBecTHble mocTosiHHAS I
u GysKuus ¢(t) onpesensaTca MoACTaHOBKOM (1) B BOJHOBOE ypaBHEHUE
R: 0*°T  mw?z? ., OV
— 5 U =ih—.
2m Ox 2 ot

1) DTH coCTOAHMA HABBIBAIOT K02EPEHMHBLMU.
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C yuerom (2) mojacTaHOBKA JAET

<% ) xf) <mﬁw ) 4(52)4) i [W;f? - 8(?2)4 * e %W)} -

Orciona maxoamm (6x)? = i/ (2mw) u 3aTem

. m -9 2_2 w 1 __ w
= —(r —w7T)+ —, = —px+ —t.
4 2fz( ) 2 i 2ﬁp " 2

Takmm 06pa3oM, OKOHYATEIBHO

R e S I

Ipu % = 0, p = 0 s1a bysKIUs nepexoaut B Yo (x)e~ /2 — poHOBYIO byHKIIIO
OCHOBHOTO COCTOSHUSA OCHUJIATOpPA.
Cpennaa sHeprud OCIUIATOPa B KOTEPEHTHOM COCTOSHUHI

o 5 2 5 _2 222 g 1
= ™ _ P +mwx+—zﬁw<ﬁ+—>; (4)
om 2 2m 2 2 2

BBeJI€HHAA 3/IeCh BEJIMYNHA 71 €CTh CPEJHEE «YHCJIO KBAHTOB» fw B JTAHHOM CO-
crogHuu. MBI BUAUM, YTO KOTEPEHTHOE COCTOSHUE TOJHOCTBIO OIPEJIEIAETCH 3a-
JIAaHMEM TOU WM WHOW 3aBUCUMOCTH Z(t), YAOBJETBOPSAIOMEH KJACCHIECKOMY

ypaBHeHuo (2). O6muii Bug Takoi 3aBUCUMOCTH MOXKHO 3aIHMCATh B BHJIE
mwz + 1D —iwt 2 —
Wy W _ ae ", |© =m. (5)
vV 2mhw

QOynkiusa (3) MoxKeT ObITH PA3JIOZKEHA 110 BOJHOBBIM (DYHKIIUAM CTAI[AOHAP-
HBIX COCTOSHUI OCIHUJIIATOPA

U = ganllfn, U, (x,t) = Yn(z) exp {—i (n + %) wt} .

KosddurmenTsr aToro pasioxeHund 1)

o0

an = /W;de (6

— OO

la

~—

OTciofa BePOATHOCTD OCHUIIATOPY HAXOAUTHCA B 7-M COCTOSHUM
N
2 2 —gNn
Wn = lan|”" =" = " —, (7)
n!

T. €. TaeTCd U3BECTHBHIM pacupenenaenneM llyaccona.

4. OnpenenuTh YPOBHU SHEPTUH JJIs YACTHUIILI, JBUXKYIIENCA B MOJeE C TO-
TeHIUAJIbHON dHeprueii (puc.3; Ph. Morse, 1929).

P e 1 e H u e. CrieKTp TOJIOKUTETBHBIX COOCTBEHHBIX 3HAYEHUI SHEPTUiT —
HENpePBIBEH (IPUYEM YPOBHU He BBIPOXKJIEHBI), a CIEKTD OTPHUIATEJbHBIX 3HA-
YEeHUH — JIUCKPETEH.

Ypapuenue Illpegunrepa raacur:

2
% + 2ﬁ—zl(E — Ae7?*" £ 24e” ")) = 0.

1) Cp. Buiuncjienus B 3amade 1 §41.
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BBoaum HOByIO mEpeMeHHYIO

- 2\/2mAe_a$

 ah
(mpoberatornyto 3Hadenusa ot 0 10 +00) u 0603HaYeHUsA (paccMaTpUBaeM J¥C-
KPETHBIN CHeKTp, Tak 4to E < 0)

vV —2mE vV2mA ( 1 )
s=—7"-—, n=——-—|s+—-].
ah ah
Torna ypasuenune lllpenunrepa mpuobperaer BUT

w1, 1 n+s+1/2 32>
e N (S S R
v gw ( 4 3 ¢ v
+e/2

I[Ipu & — oo dyukmua P Bemer cebsd ACUMIOTOTHYECKH KaK € , a TIpu
¢ — 0 dyukusa ) nponopruoHaabHa, & S cooOparkeHnii KOHEYHOCTHU JTOJIXK-
HO OBITH BBIOpDAHO pellleHue, Beaylnee cebdd
Ul(x) —£/2 s
KaK e npu £ — oo u Kak & npu £ — 0.
LemaeM 10/ICTAHOBKY
\ P =e 2 w(E)
U TIOJIyYaeM JJid W YPaBHEHUE
Ew" + (25 +1-w +nw=0, (2)
KOTOPOE JIOJIZKHO OBITH PEIeHO MPU YCJIOBU-
—A ax: w Koueuno npu & = 0, a mpu £ — 00
Puc. 3 w obpamaerca B OECKOHEYHOCTH HE OBICT-
pee KOHe4HO crenenu €. Y paBHeHue (2) ecTh

yDPaBHEHHE BBIPOXKJEHHOI rumepreomerpuyeckoii dyuknuu (cm. §d maremarn-
YECKUX JOMOJTHEHUI)

(1)

w=F(-n,2s+ 1,¢).
Pemrenne, ynoBierBOpsioiiee TpeOyeMOMY YCJIOBHIO, TOJYYAETCS IPU IEJIOM
HeoTpunaresbHoM n (npudeMm dyukiua F cBogurca Kk mosuHoMy). CoryiacHO
onpezeseHusaM (1) mosydaaem, CIeI0BATENBHO, JJis yPOBHEH SHEPruu 3HAYEHUS

2
ah 1
vV2mA 2
rJe n mpoberaeT Iesble MOJIOXKUTEIbHbIE 3HAYEHNU A, HaUYUHAsA OT HyJsd U JI0 Hau-
OOJIBIIIETO 3HAYEHUA, IIPU KOTOPOM €eIIe

V2mA 1
—>n+ -
ah 2
(Tak 9TO MApaMeTp S, B COOTBETCTBUU C €T0O ONpeJesIeHNeM, MmoJioxkuTeseH). Ta-

KuM 006pa30M, JTUCKPETHBIN CIIEKTP COAEPKUT OTPAHUIEHHBIN psi ypoBHeit. Ecan

vV2mA 1

b

ah 2
TO JAUCKPETHBIH CIIEKTP BOOOIIE OTCYTCTBYET.
U
5. To xxe nmpu U = —2—0 (puc. 4).
ch” az

P em e nue. CoeKTp IOJOXKUTEJIbHBIX SHEPTUil HENPEPBHIBEH, a OTPHUIA-
TeJbHBIX — AUCKPETEH; paccMaTpuBaeM mocjaeauuii. Y pasuenue [IIpemxunrepa

d2—¢+2—m(E+£>¢:o.

dz? K2 ch? az
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Henaem 3ameny nepementoit & = th ax u, BBoaa obo3HadeHus

€= —2mE, 277210;0:3(34-1), 8:l<—1+ 1+87721U20>’
ho a“h 2 a“h

OJTy YaeM
d 2 d¢] [ g2 ] |U(=)
— (1 — — |+ [s(s+1)— = 0. x
-+ s - 25w

910 — ypaBHeHUe 0000meHHbIXx JyHKuit Jle-

KaHjpa. [IpuBoauM ero K rumnepreoMeTpudecTo- — Uy

MY BUJY TOJACTAHOBKOM

= (1- 52)6/210(5) Puc. 4

1
U BPEMEHHOII 3aMeHOIl TepeMeHHO 5(1 — &) =

u(l —w)w” + (e +1)(1 — 2u)w’ — (¢ — s)(e + s + 1)w = 0.

Pemenne, koneynoe mpu £ = 1 (T.e. mpu £ = 00), €CTb

= (1-¢)"Fle—s,et+s+1e+1,(1-¢€)/2.

Jss1 Toro 4robsl 9 ocTaBaJoCch KOHEYHBIM U mpu § = —1(T.e. mpu z = —00),
JIOT2KHO ObITh € —s = —n, taen = 0,1,2,... (Torma F' ecTb MOJIMHOM CTEIIEHH N,
KOHEYHBIN npu £ = —1).

Takum 00pa3oM, YPOBHU SHEPTUU OTIPETEITIOTCI YCIOBUEM S — € = N, OTKYa

2
h2a? / 8mU
— —(1 + 271) +4/14+ aQ—hQO

8&m
NmeeTca koHEYHOE YUCJIO YPOBHEI, onpeesisemMoe ycaoBueM € > 0, T.e. n < s.

E, =

§ 24. /IBu>KeHne B OTHOPOJITHOM IIOJIE

PaccMoTpuM gBuKeHMe JacTHUIIBI B OJHOPOJIHOM BHEITHEM IIOJIE.
Hampasienne moJist BbiOepeM B KadecTBe OCH &, U MyCThb F' ecThb cu-
Jla, JefCTBYIOIAs B TOJI€ HA YACTUILY; B IJIEKTPUIECKOM IIOJIE€ Ha-
npsi>xkeHHOCTH I 3Ta cuyia paBHa F' = eF, rie e — 3apsa 9acTHUIIHL.

[ToTenmuaabHass dHEPTUA YACTUIBI B OJHOPOIHOM IOJIE€ HMEET
Bujg U = —Fzx + const; BbIOUpas MOCTOAHHYIO TaK, YTOOBI OBLIO
U =0mnpu x = 0, umeem U = —Fz. YpaBaenue lllpemunrepa
paccMaTpuBaeMoOn 3aa4YU UMeeT BUJT

d? 2m
% B+ Fa)p =0, (24.1)

[Tockonbky U crpemuTcs K +o0o mpu € — —oo u U — —o0
Ipu £ — 00, TO 3apaHee OYEBU/IHO, UTO YPOBHU SHEPrUU 0Opa3y-
FOT HEIIPEPBIBHBINA CIEKTP, 3aHOJHAIOINIAN BeCh WHTEPBaJI 3HAYCHUN
OT —00 JI0 +00. Bece 3T cobcTBeHHBIE 3HAUEHUS HE BBIPOXKJICHBI U
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COOTBETCTBYIOT JBUKEHUIO, (PUHUTHOMY CO CTOPOHBI & = —OO U HH-
JpUHUTHOMY B HampaBJIEHUU T — +00.
Bsenem BMecTO KoopanHATHI T 6€3pa3MepHYIO MEPEMEHHYIO

e~ (r+ £) ()" 212

ﬁZ
Torna ypasuerue (24.1) npunumaer BU
"+ & = 0. (24.3)

DTo ypaBHEHNE BOBCE HE CONEPXKUT MapamMerpa sHeprun. [losromy,
HOJIyYUB €ro pelleHne, yIOBIETBOPSIONIee HEOOXOIUMBIM YCIOBUAAM
KOHEYHOCTH, MbI TEM CAMBIM IOJYYUM COOCTBEHHYIO (DYHKIUIO I
IIPOU3BOJILHBIX 3HAYECHUI SHEPIUM.

Pemenne ypapaenuit (24.3), KOHEUYHOe NpPU BCEX T, UMEET B/
(cM. § b MaTeMaTHYECKUX JIOTIOJTHEHMIA )

h(§) = A®(=E), (24.4)

re

o) = \/LE 7cos(1;—3 + u§) du
0

eCTb TaK Ha3blBaeMas (DYHKIUA Diipu, a A — HOPMUPOBOYHBIN MHO-
YKUTEJIb, KOTOPBI MBI OIIPESeINM HUXKE.

[Tpu £ — —oo dyarnms Y (£) cTpeMUTCS K HYJIIO 3KCIIOHEHITUAJb-
HO. ACHMOTOTHYECKOE BBIpaXKeHme, ompefessoriee 1 (£) mpu 60Jb-
IMUX 10 aOCOTIOTHON BeJIMYrHE OTPUIATEILHBIX 3HAYCHUAX &, NMEeT

Bug (cm. (b.4))

(L) A _21¢13/2
4(&) ~ gae exp( 3 lEY?). (24.5)

[Ipu GOMBIIIX Ke MOJIOKUTEIBHBIX 3HAYCHUAX & ACHMITOTHYECKOE
BeIpakerne byskun ¥ (§) 6yaer caenyromum (cm. (b.5)1)):

W(€) = 5% sin@gm + %) (24.6)

CornacHo o6mmeMmy mpasuiay (5.4) HOPMHUPOBKM COGCTBEHHBIX
(DYHKIIIT HEPEPBIBHOTO CIeKTpa, mpuseaeM ¢GpyHKnun (24.4) K HOp-
MUPOBAHHOMY Ha, -(PYHKIINIO OT SHEPTUY BUILY

+00
[ w©w(e) =58 - B). (24.7)

1Y Ormerum, 3aberas BHepem, 4UTO ACHMOTOTHYECKHE BblpaXkeHus (24.5)
n (24.6) Kak pa3 COOTBETCTBYIOT KBA3UKJACCUYECKUM BBIPAKEHUSAM BOJIHOBOM
byHKIMEM B KJIACCHYECKH HEJOCTYITHON U JoCTymHO# obmacTtax (§47).
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B §21 Obl1 ykasaH mpocToif Crocob ompeaesieHnsT HOPMUPOBOU-
HOTO KO03(]pUiimeHTa ¢ TOMOIII0 ACUMITOTUYIECKOTO BBIPAXKEHUS
BOJTHOBBIX (pyHKIMit. Caenys sTroMmy crocoly, mpeacTaBiseM (DyHK-
o (24.6) B BUje CyMMBI JBYX GETYIIUX BOJIH:

016~ {26 3)] el (- D))

[I;moTHOCTH MOTOKA, BBIYUCEHHAA JJII KaXXJOTO M3 3TUX JBYX dUJje-
HOB, €CTh

() = 205 Foh) - #E

[Tpupasuas ee 1/(27h), Haxomum

(2m)1/3
71'1/2F1/6h2/3 )

A=

(24.8)

agaua

OmnpenennTh BOJHOBBIE (DYHKIIUN B UMIIYJILCHOM IPEJICTABICHUN JJId YaCTH-
IIbI B OJTHOPOJIHOM IIOJIE.
P e m1 e # u e. laMuabTOHMAH B UMITYJIBCHOM IIPEJICTABJICHUN

2
g=Pr _ ;5 Fi,
2m dp
Tax 4To ypasHeHue IllpenuHrepa s BOMHOBON dyHKINHU a(p) UMEET BUJ
2
_irrda (p—— )a:O.
dp 2m

Pemus 3T0 YpaBHEHUE, TIOJIYIYUM HUCKOMBIEC (byHKHHH

1 1 p° ) }
a = ——expy —F | Ep— — .
PP = p{hF < P™ 6m
O1u GYHKIUU HOPMUPOBAHLI YCJIOBUEM
+ o0

/ oy (p)as: (p) dp = 5(E' — E).

— o0

§ 25. KosaddbumnmueHT npoxoKaeHuns

PaccmoTpum gBUKEHME YACTHIL B TIOJI€ M300PaKEHHOTO Ha PUC. D
tuna: U(x) MOHOTOHHO BO3pacTaeT OT OJHOTO TOCTOSHHOTO Ipejie-
aa (U = 0 mpu x — —o0) mo apyroro (U = Uy npu z — +00).
CoryacHO KJIACCHUYECKON MeXaHmKe dJacTura ¢ sHeprueit F < U,
ABUXKYIAACA B TAKOM IIOJIE CJIeBA HAIIPABO, JONUIA 10 NOMEeHUUAAD-
HOUT CMEHKU, OTPAXKAETCI OT Hee, HAYMHAA JBUTATHCA B OOPATHOM
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HampaBJieHnu; ecan xkKe > Uy, To yacTuiia IpogoaKaeT JBUTaThCs
B IpexXHEeM HaIpaBJEeHUN C YMEHbBIIIEHHON! CKOPOCThI0. B KBaHTOBOI
MEXaHHKE BO3HUKAET HOBOE SIBJICHUE —
maxke npu FE > Uy yacTtuma MoxKeT
OTPAa3UThCs OT IMOTEHITNAJIBHON CTEHKU.
BepogaraocTh oTparkeHus I0JI2KHA BhI-
YUCJISITHCS B IIPUHITUIIE CJIEIYOIIUM 00-
T  pa30M.

Puc. 5 [IycTs wacTua ABUKETCs CJIEBA Ha-
npaBo. Ilpu OOMBIINX MOJIOXKUTETBHBIX
3HAYEHUAX T BOJHOBas (PYHKIUS JTOJ2KHA OMUCHIBATH YACTHILY, TIPO-
IIETINYI0 «HAI CTEHKO» 1 ABUKYIIYIOCA B IIOJIOKUTEIHHOM HaIIPaB-

JIEHUU OCHA X, T.€. JOJIXKHA NMETh aCUMITOTUYECKUNA BI,

mpu & — 00 : P~ AeR2® ky = %\/2m(E — Uy) (25.1)

(A— mocrosanas ). Haiina pemenne ypasuenus [lIpeaunrepa, ymo-
BJIETBOPSIOITEE STOMY IPEIEIbHOMY YCJIOBUIO, BBIYUC/ISIEM aCUMITO-
TUYUECKOE BbIPaKeHUe MPU T — —0O0; OHO ABJISETCA JUHEHHON KOMOM-
Haluel IBYX pereHnil ypaBHEeHNsT CBOOOTHOTO JIBUXKEHUS, T. €. UMEET
BUT

mpu T — —00 : ) & T 4 BemthT k) = % 2mE. (25.2)

[lepBhIit 4€eH COOTBETCTBYET MAAAlOINeil Ha CTEHKY YaCTHUIIEe
(mpejmosiaraeM 1) HOPMUPOBAHHON TakKuM 00pa3oM, 4TOOBI KO-
dburuenT mpu 3TOM UYjeHe ObLI paBeH eJIWHUIIE); BTOPOI XKe dJjIeH
n300parkaeT OTPaXKEHHYIO OT CTeHKH dacTuity. l[JoTHOCTH moToKa
B IaJAOIell BOJHE MPOMOPIMOHAIbHA k1, B oTpaxkeHHoit: k1|B|?, a
B mpomme/eit: kol A|?. Onpenemum xosduvuerm npoxoorcderus D
JACTUIBI KaK OTHOIIEHNE TJIOTHOCTU TMOTOKA B MPOIIEINeil BOJTHE K
IJIOTHOCTHU IIOTOKA B MadarOIE:

D =142 (25.3)
ki

AHaJIOTUYIHO MOXKHO ONPEIETUTh Koapduyuenm ompasrcenus R Kak

OTHOIIIEHUE TIJIOTHOCTU OTPaXKEHHOT'O MMOTOKA K T TAI0IIEMY; OUEBU/I-
HO, uTo R =1 — D:

R=|BP2=1- "4 (25.4)
k1

(3T0 cooTHOIeHne MeXay A u B BBINOJHIETCS aBTOMATUYECKU B
CHUJIy TIOCTOSTHCTBA TIOTOKA BJIOJIb OCH ).

Ecmun gactuna aBuzkeTcd cjieBa HampaBo ¢ sHeprueit F2 < U,
TO ko YMCTO MHMMO U BOJIHOBas (PYHKIINA SKCIIOHEHITUMAJIBLHO 3aTy-
xaeT mpu r — +00. OTpaxKeHHBbIN MMOTOK PaBeH IaIAOIIEMY, T. €.
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IIPOMCXOIUT TOJTHOE OTParKEHMe YACTHUIIBI OT HMOTEHIUAJIbHON CTeH-
k1. IloggepKHEM, OJHAKO, 9TO U B 9TOM CJIydae BEPOATHOCTh HAXOXK-
JIeHns 4JacTullbl B obsactu, rae B < U, Bce ke OTINYHA OT HYJId,
XOTS U OBICTPO 3aTYXAET C YBEJIUIEHUEM X.

B ofmem ciaydae NpPOU3BOJIBHOIO CTAIMOHAPHOTO COCTOSHUSA
(c smeprueit E > Up) acummrormdeckuil BUJ, BOJTHOBOHM (DyHKINH
KaK IIpA T — —00, TaK U MPU T — +00 MPEJICTABIAET COOON CYyMMYy
JIBYX BOJIH, PACIIPOCTPAHSAIOIINXCS B 006 CTOPOHBI OCH

Y = AeF1® 1 Ble T pu L — —00,

_ aiker | g ks (25.5)
Y = Aze'™?" 4+ Bae npu r — +00.

[TockoabKy 00a 3TH BBIpaXKeHUsT MPEJJICTABIAIOT COOON aCHMITOTH-
yeckne (poOpMbI OJHOIO M TOTO XKe pelleHus JUHeHHoro auddepeH-
MUAJILHOTO ypaBHEeHHus, Mexk 1y Kodddunuenramu Ay, By u Az, By
CYIIECTBYET JInHelHasA cBa3b. [lycrs Ay = A+ BBy, rie a, f—1o-
CTOsHHBIE (BOOOIIE TOBOPS, KOMILJIEKCHBIE), 3aBHUCSIIIE OT KOHKDET-
Horo Buma moJist U(x). AHaJormdaHoe cooTHOIeHe s By MOXKHO
TOT/Ia HAMNCATh HA OCHOBAHMHU COOOpaXKeHUil, CBI3aHHBIX C BeIIe-
cTBeHHOCTBhIO ypaBHeHus [lIpemunrepa. B cuny mocaemneit, ecau 1
ecThb pellleHne JaHHOro ypaBHeHusi IllpenwHrepa, TO M KOMILIEKC-
HO CONpsi>KeHHas PYHKIUS " eCTh pellleHne TOTO XK€ YpPaBHEHUI.
AcuMnrorrndeckuii Bu

Y* = Te_“"”’ + B’feikl"’ npu r — —o0,
Y = Aje %2 4 B2et*2® npp 4 — 400

orTamdaerca or (25.5) guib 0603HAYEHNEM MTOCTOSHHBIX K03(hhUIn-
eHTOB; modToMy umeeMm Bi = aBi + fA] win By = o*By + %Ay,
Takum o6pazoM, kKodddunmenaTsl B (25.5) cBs3aHbI APYT C APYTOM
COOTHOIIEHUSIMU BUIA

Ao = alq + ﬂBl, By = ﬁ*Al + a*Bj. (25.6)

YcII0BrE TOCTOSHCTBA TIOTOKA BJAOJb OCU I TIPUBOJIUT JJIst KO-
dburpenToB B (25.5) K COOTHOIIEHUIO

k1(]A1)? — |B1]?) = ka(]A2)* — |B2|?).

Beipasus 3meck Ag, Bs, uepe3 Ay, By cormacuo (25.6), mosydum
k
jo? — |B* = =

k2
C momompio coorHomiennit (25.6) MOXKHO MOKa3aTh, YTO KO-
urmeHTH OTpaXKeHus OJUHAKOBHI (Ipu 3a/1auHoi sHeprun £ > Up)
JUIA 9aCTHIl, JBUXKYIIUXCA B MOJOXKUTEJTHHOM WU OTPHUIIATETHHOM

(25.7)
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HampaBJieHnu ocu x. JleficTBUTEIbHO, IEPBBII CIIyYUail MbI TIOJTYYUM,
noJoxkuB B GyHKIuax (25.5) Be = 0; npu srom By /A = —f%/a*.
Bo Bropom ciyuae momaraem A; = 0, torma A2/By = /a*. Coor-
BETCTBYIOIINE KOI(MDDUIUEHTHI OTPAXKEHUST

m=| Bl 2|20 m=| Rl 2]
Al a* ’ B2 a* ’
OTKyda siCHO, uTo R1 = R».
Bemnunuwr xe By /A; = —p*/a* u Ay/By = B/a* ecTecTBeHHO

Ha3BaTb CLM’I%JLU?’)’Z@/(?CLM’LL ompaxcerus, COOTBETCTBEHHO IJIdA JIBU2KE-
HUA B IMOJIO2KUTEJIBHOM M OTPHUIIATEIBHOM HaIlIPpAaBJICHUAX. OTH aM-
IIJIUTYAbl PaBHBI IIO MOJYJ/IIO, HO MOI'YT OTJINYAaTbCA CbaSOBbIM MHO-
2KUTEJIEM.

3agaumnm

1. Onpenenutb KO3MDDUIUEHT OTPAKEHU YACTUIBI OT MPAMOYTOJIBHOI TTO-
TEeHIMAJIbHOW cTeHKu (puc. 6); sueprug gactunpt E > Uy.

P e m e H u e. Bo Bceit obmactu x > 0 BosiHOBasa

U(zx) dbyukuusa nmeer Bug (25.1), a B obmactn z < 0—

U (25.2). ITocTrosinable A 1 B onpefesisitoTcs U3 yCaOBUs
0
HenpepbiBHOCTH ) U dip /dx npu x = 0:

1+B=2A, kl(l—B):sz,

2k1 k1 — ko

A=—"— B=——7=.
Prc. 6 k1 + k2 k1 + k2
Kosddumuent orpaxenns (25.4) 1)

e () = ()
k1 + k2 p1 + p2

IIpu E = Uy (k2 = 0) R obpamaercd B eauHuIyy, a npu E — oo cTpemMurca K
uymo kak R = (Up/4E)>.

2. Onpenenuts KO03(pPUIMEHT TPOXOKIEHUA YACTUIBI Yepe3 MPAMOYTOIb-
HBI MOTEHIMAJIbHBIN 6apbep (puc. 7).

Pemenwne. Illycte £ > Uy u magaromasa 9acTUIA IBUXKETCA CJIEBa HaIpa-
Bo. Torma mMmeem Jjid BOJTHOBOIT (DYHKIIMU B PA3JIMYHBIX 00JIACTSAX BbIPAXKEHUS
BU/IA

r  OTKyJa

) = etF1T | pe— R mpu = < 0,
Y = Be'*?® 4 Blemh2® npu 0 < x < a,
Y = Ce*1? npu r > a

1) B mpenenpHOM ciydae KJIacCHYeCKOU MeXaHWKH KOI(PPUIIMEHT OTparKeHUus
JIOJI2KEH OOpaTUThCA B HYJb. MeX/1y TeM MOJIy4YeHHOEe BbIpaXKeHue BOBCE HE CO-
JIEPKUT KBAHTOBOM MOCTOAHHOM. DTO KaXKyIeecs MTPOTUBOPEYNE Pa3bsiCHIETC
cirenyomuMm obpazoMm. KiaccumueckoMy mpenesy COOTBETCTBYET cJiydail, Koraa
nebpoiiseBcKas JJIMHA BOJIHBI YaCTHUIBI A ~ fi/p Majia 0 CpaBHEHUIO C XapaKTe-
PUCTUYECKUMU pa3MepaMH 33/Ia49u, T. €. 0 CPABHEHUIO C PACCTOSTHUAMH, HA KO-
TOpBIX 3aMeTHO MeHsercda nose U(z). B paccmarpuBaeMoM 2Ke CXeMaTHIECKOM
IpUMEpPE 9TO PACCTOAHME PABHO HyJ O (B Touke & = (), TaK 9TO IpPeeJbHBIN
mepexo] He MOXKeT ObITh ITPOU3BEJIEH.
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(CO CTOPOHBI T > @ JOJKHA OBITH TOJIBKO MPOIIEAIIAas BOJHA, PACTPOCTPAHSIO-
mascs B MOJIOKUTEJIbHOM HampasjeHnun ocu ). [locrosuusie A, B, B', C ompe-
JIEeJIAIOTCA U3 YCJIOBHi HempepblBHOCTH ) u di)/dxr B Ulz)

Toukax & = 0, a. Koaddurment npoxoxiennusa onpeme-

nsercs kKak D = k1|C|?/k1 = |C|*. Berancienue npu- Uo
BOJIUT K PEe3YJIbTATY:

Ak k2

(k? — k2)%sin® aks + 4k3K5 a
Puc. 7

IIpu E < Uy ko — uncTo MHUMAasA BEJIMYNHA; COOT-
BETCTBYIOIIE BbIpasKeHud JJid [ mojydaroTcsa 3aMeHOU ko Ha 132, vae hio =

= \/2m(U0 — E):

4k3 52
(kf 4 »3)% sh? asee + 4k7 545
3. Omnpenennth KOIPPUIMEHT OTPAXKEHUS YACTHUIBI OT MOTEHI[NMAJHLHOMI
CTEeHKH, ompeeigeMoit popmyJioit

U(z) =Uo/(14+e %)

(cm. puc. 5); sweprus gactunsl E > Up.
P e m1 e u u e. YpaBuenue [llpenunurepa riacur:

dzlﬁ 2m Uo >

- |- — = 0.
dz? K2 ( 14 e 0% v

Mpb1 mo/KHBI HAMTHU peleHne, KOTOpPoe Tpu T — +00 MMeeT BUJ

ikox

1 = const -e
BBoauMm HOBYIO TIepeMeHHYIO
é- — _e—aa:
(mpobGeratontyto 3HaueHUsa oT —oo 10 0) U uIeM pelreHne B BUJE
=& (g,

rae w(€) crpemurca K mocrosHHONW mpu £ — 0 (T.e. mpu z — 00). Hdna w(§)
HOJy9aeM ypaBHEHUE TUIEePreOMeTPUIECKOro THUTIA

21 1
E(1 - &w" + <1 — —k2> (1—-&w' + —2(k§ — kf)w =0,
« «
NMeEIOIIee PelleHreM THIePreOMeTPUIECKYI0 (DYHKITHIO
1 1 21
w=F [—(lﬁ —k2), —— (k1 + k2), ——k2+1,¢
« o' o}
(mocTosiHEBIH MHOXKUTENH He TMmeM). [Ipu € — 0 sTa dyHKIUA cTpemuTcd K 1,
T. €. YZIOBJIETBOPAET MOCTABJIEHHOMY YCJIOBUIO.

AcuvmToTrdeckuit Bua dysknum o) npu £ — —oo (T.e. T — —00) eCTh ')

w ~ g—ikQ/a[Cl(—g)i(kz—kl)/a + Cz(_é-)i(kl—l-kz)/a] —
_ (_1)ik2/a[Cleik1w + Cze—iklw],

1 .

) Cum. dopmysy (e.6), B KaxkI0M U3 JABYX CJIaraeMbIX KOTODPOil HaJI0 OpaThb
JINIIB IEPBBIH YJIeH PA3JI0XKEHNs, T. €. 3AMEHUTh THIIepreoMeTpuiecKue PyHKIIAN
or 1/z enqununeii.
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- 0o D)k @ik + 1)
DG /a) ks + ke )T~/ (ks + ka) + 1)
Cy — I‘((2z’/a)k1)F(—(2i/a)kz2 + 1)

((i/a)(kr — k2))T((i/a) (k1 — k2) + 1)
Hckomerit koaddunnent orpaxenns ectb R = |C2/C1|?; Beraucienue ¢ momo-
MBI U3BECTHOM hOpMyJIBI

I'z)[(1-z)=—C

sinTtx

IIPUBOJAUT K PE3yJbTAaTY:

[ shl(nfa) (ks — k)]
R‘{sh[<w/a)(kl+kz>]} '

IIpu E = Up (k2 = 0) R obpamaerca B eauHuIly, a npu E — 0o cTpeMuTcsa K

HYJII0 TI0 (popMyJie
2
R = <7T—UO) 2—mexp (—4—7T 2mE> .
ah E ah

[Ipu mpemenbHOM Tepexojie K KJlacCUUeckoii MexaHwke R oOpalaercd, Kak u
CJIEJTOBAJIO, B HYJIb.
Ulz) 4. OmnpenennTb Koad)d)nuHS:HT ITPOXOXK IEHU
Uo YaCTUIbl Yepe3 MOTEeHINAJbHBIN Oapbep, ompeme-
JigeMbIit popMyJIOit
Uo

ch? ax

U(z) =

Puc. 8
(puc. 8); sueprusa wactuus F < Up.

P e m e H u e. YpaBuenne Illpenuurepa s 3Toit 3a7a4uu HOJyYaeTcd U3
paccMOTpeHHOro B 3aj7a4e 5 § 23 mpumepa uamenernuneM 3uaka Up, mpuyeM HEp-
ruto Y cuuraem Ternepsb MOJOXKUATETHHOM.

Tem ke criocoboM TOJIydaeM pelleHune

ik
-5~ k k k 1-—
1[):(1_&-2) 2aF<_%_57_%+3+17_ZE+17T§>7 (1)

rae

a’h?
DTO peleHne yxKe yJ0BJIETBOPSIET yCJIOBHUIO, 9TOOBI pu T — 00 (T. e. mpu & — 1,

(1 — &) ~ 2e ?*) BomHOBasi YHKIUS COMEPIKAA TOIBKO IIPOIIE/IIYIO BOJHY

(~ €*®). AcummToTHueckuii BuA BOHOBOH byHKIHM Tpu T —> —oo (€ — —1)
HAXOJIUTCS IIyTeM IpeoOpa30BaHUsd TUIEPreOMETPUUECKON (PYHKIIUU C IIOMOIIBIO

dbopmyer (e.7):
_ike L(tk/a)T(1 — ik /) ik I(—ik/a)T(1 — ik/a)

Ve I'(—s)['(1+ s) e I(—ik/a — s)T(—ik/a+s+1) @)

¢=thas, k= LvEmE s:%(_u 18mU>
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Boraucaus KBaJpaT MOJYJid OTHOIEHUSA KO3(PPUIMEHTOB B 3TOH (PYHKIUH, TTO-
JIy9UM CJEAYIOIee BbIparkeHue s Koddduimenta npoxoxaeuus D = 1 — R:

sh? Lk
D = o pu 8737(]20 <1,
h? == + cos T — —SmUO W
«
D = apu 8};}(]20 > 1
Q
sh? ==
o

[lepBasg u3 3Tux dopmysa oTHocuTca Takxke m K caydaro Uy < 0, T.e. korga
YACTUIA MPOXOJWT HE HaJl MOTEHIHAJbHBIM O6apbepoM, a HaJ MOTEHIHAJIbHOMN
amoit. ViaTepecHo, uto mpu stom D = 1, ecom 1+ (8m|Uo|/A%a?) = (2n + 1)?
T.€. TIPU OMPEJEJIEHHbIX 3HaYeHudaxX Tyomubl ambl |Up| mpoxomsamue Haja Hei
YaCTUIBI HE OTPAXKAITCA. DTO BHUJIHO y2Ke U3 BbIpaXKeHus (2), B KOTOPOM MpH

I1€I0M TIOJIOXKUTETHHOM S UJIeH C € **% BoOBIIe OTCYTCTBYET.

5. OnpenennTsb 3aKOH OOpalleHns B HYJIb KO3 PUIIMEHTa TPOXOK IEHUSA TTPU
E — 0, cunrad, 4yTo moTeHnuaabHasa sueprusa U(x) ObICTPO yObIBAET HA PACCTO-

AHUAX |x| >> a, TAe a — XapaKTepHbINH pasMep 06JIaCTH B3auMOJIeCTBUS.
P e m e v u e. B obmactu paccrosuuit k|z| < 1 MoxkHO TpeHeOpeYh SHEPTHU-

eit £/ B ypasuenun lIpeaunrepa. Eciu npu sToMm || > a, TO MoXHO niperebpedn
1 NOTEHIMAJIBbHON dHEPrueu, 1 ypaBHEHUE CBOOUTCA K

Ay
om dz? ’
peaienne KOTOPOro Mbl 3allUIIIEM KaK
Y =a1+biz, <0, Y =as+byx, x>0. (1)

Pemrasg ypaBHeHue Ha PACCTOSAHUAX |T| ~ @, MOXKHO HAlTU CBA3b MEXKIY a1,
b1 1 a2, by. DTa cBA3L JUHEIIHA U UMeeT BU
air = paz + ,ubz, b1 = vaq + 7bs. (2)
Kosdbdunuentst p, (4, v, T BEIIECTBEHHBI U HE 3aBUCAT OT SHEPTHUH, TaK KaK YHEP-
s yKe He BXOAUT B ypaBHenue ') . Permenue (1) Z0IKHO COBIAIATE C IEPBBIMI
JByMsl dJieHaMu pasJyioxkenns dyuknmii (25.1), (25.2) mo crenensam x, oTKyaa

al :1—|—B, b1:ik(1—B), a2:A, by = 1k A.

[MoxcraBisasa 9Tu BeipaxkeHus B (2) u pelias ypaBHEHUsS OTHOCUTEJBHO A,
HaXoAuM Tpu MaJjbix k : A = 2ik/v, oTkyna

DN_NE
1/2

Takum 06pazom, K03PPUIMEHT TPOXOKAECHUA 00paAIaeTca B HyJIb MPOIIOPIIHO-
HAJIbHO SHEPrUM YaCTUIbl. B mpuMmepax, pacCMOTPEHHBIX B 3aJadax 2 u 4, 310
ob11iee COOTHOIIIEHNE, PA3yMEeTCs, BBITIOJTHIETCH.

') B cuily HOCTOSHCTBA MOTOKA OHU yIOBJIETBOPSIOT COOTHOIICHUIO pT—uv=1.



' TABA IV

MOMEHT NMIIVYJIbCA

§ 26. MomMeHT UMILyJIbCa

B § 15 mpu BbIBO/IE 3aKOHA COXPAHEHUS UMITYJIbCA MbI BOCIIOJIB30-
BaJIUCh OJTHOPO/IHOCTHIO MPOCTPAHCTBA IO OTHOIIEHUIO K 3aMKHYTOI
cucreMe dacTull. Hapaay ¢ OTHOPOJHOCTHIO MPOCTPAHCTBO
obJia/laeT TaKXXe U CBONCTBOM W30TPOIUM — BCE HAIPABJIEHUsS B
HEeM SKBUBAJIEHTHBI. [lo3TOMYy raMmabTOHMAH 3aMKHYTON CHUCTEMBbI
JIOJI2KeH He MEHSTBHCS NMPU MOBOPOTE Bcell CUCTEMBI KaK IeJIOrTO Ha
IIPOU3BOJILHBIN YTOJ BOKPYT HPOM3BOJIBHOIT ocu. JlocTaToOYHO IIO-
TPebOBaTh BBITIOJHEHUA ITOTO YCJOBUS I MPOU3BOJBHOTO OECKO-
HEYHO MaJIor'o ITOBOPOTA.

[Iycts d¢ ecTb BEKTOp OECKOHEYHO MAJIOTO MOBOPOTA, PABHBI
10 BEJIMYUHE YIJIY 0 MOBOPOTa U HAMPABJIEHHBIN MO OCH, BOKPYT
KOTOPOil TPOU3BOAUTCS MOBOPOT. V3meHeHus dOr, (pajauycoB-Bek-

TOPOB YaCTHUI] I'a) IIp1U TaKOM ITIOBOPOTE PaBHBI
5ra — [5(P * I'a].

[IpousBosbHas dysKIUst 1(ri,ra,...) ODpU ITOM TpPeobpa30BaHUM
IIePEXOaUT B (PYHKITUIO

Y(ry +0ry,ro +0re,...) = Y(ry,ro,...) + Z5I‘ava¢ =
= Y(r1,r2,...) + Z[5¢ : ra]va¢ =

= (1 + by Z[rava]>¢(r1, ro,...).

BripakeHnue

1+ 5<p2[rava]

eCTh omepaTop OECKOHEYHO MAJIOro IOoBOpoTa. 1or dakT, 4To Oec-
KOHEYHO MAJIbIil ITOBOPOT HE MEHsSIET TaMWJILTOHUAH CUCTEMbI, BbI-
paxkaercs (cp. §15) KOMMyTATUBHOCTBIO OIll€paTOpa IOBOPOTA C

omepaTopoMm H. IlTockoabKy 0@ ecTh MOCTOAHHBIN BEKTOP, TO 3TO
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ycaoBue CBOAUTCA K COOTHOIIECHNIO

(Z[rava])ﬁ = ﬁ(Z[rava]) =0, (26.1)

a

BBIPaXKaIoIeMy coO0M HEKOTOPHIM 3aKOH COXPAHEHUS.

Benuunna, coxpaHeHne KOTOPOit 4j1 3aMKHYTOM CUCTEMBI CJIEIY-
eT U3 CBOMCTBA M30TPONUN HPOCTPAHCTBA, €CTH MOMEHM UMNYABCH
cucrembt (cp. I, §9). Takum obpasom, omepatop » [reV,| momxen
COOTBETCTBOBATh, C TOYHOCTHIO O MOCTOSHHOTO MHOXUTEJISI, IOJI-
HOMY MOMEHTY UMIIYJIbCA ABUXKEHUS CUCTEMbI, a KaXKJIbIi U3 UJIEHOB
cyMMBI |1y, V4| —MOMEHTY OT/IEMBbHON YaCTUITHI.

KosddumnmenT mpomnopruoHaJIbHOCTA JOJXKEH OBITh TMOJIOXKEH
paBHBIM —1fi; TOrJIa BbIPaXkeHUE JJIsT OIEPATOPa MOMEHTA YaCTUIIHI
—ih[rV] = [rp| OyseT B TOYHOCTH COOTBETCTBOBATH KJIACCHIECKOMY
BhIpaXKeHNo [rpl. B masnbHeiimem mMbl GyieM Bcerja MOJb30BATHCA
MOMEHTOM, M3MEPEHHBIM B eaumHunax h. OmepaTop ompeneIeHHOTO
TaKUM 0OOpa30M MOMEHTa OTIEJbHOM YacCTHUIIBI OyzeM 0003HAYaTh

yepes I, a omepaTop MomeHTa Bceill cucreMbl — depe3 L. Taxum 006-
pa30oM, OIEepPaTOP MOMEHTA, YACTHUIIHI:

AN

HI = [rB] = —iA[rV] (26.2)
nJin B KOMIIOHEHTAX:
hla: — yﬁz - zﬁgﬁ hly — Zﬁx - mﬁm ﬁlz — xﬁy - yﬁw-

st cucTeMbl, HAXOaAIIeHca BO BHEIITHEM TOJI€, MOMEHT UMITYJTh-
ca B 0o0IIeM caydae He coxpandercs. OmgHAKO cOXpaHEHNe MOMEHTa,
BCe K€ MOXKeT MMeThb MEeCTO IIPHU OIIPeIesIeHHOM CUMMETPUU MOJIs.
Tak, ecqm cucTeMa HAXOAUTCSI B IMEHTPAJHLHO-CUMMETPUIHOM IIOJIE,
TO BCE HAIIPABJIEHUA B IIPOCTPAHCTBE, UCXOASINNE 13 IIeHTPa, SKBUBa-
JIEHTHBI, I TIO9TOMY OyIeT COXPAaHIThCI MOMEHT KOJIMYIECTBA JBUKE-
HUSI OTHOCHUTEJBHO 3TOrO IEeHTPa. AHAJOIMYHO, B aKCHUAJIBHO-CHM-
METPUYIHOM II0JIE€ COXPAHSETCS COCTABJIAMOINAd MOMEHTa BIOJb OCH
cuMMeTpun. Bee 3T 3aKOHBI COXpaHEHHUsI, UMEIOIIe MeCTO B KJIac-
CHUUeCKOil MexaHWKe, OCTAIOTCS B CHJIe U B KBAHTOBON MeXaHUKE.

Y cucteMbl C HECOXPAHSIOIIUMCSI MOMEHTOM B CTAIlMOHAPHBIX
COCTOSTHUSIX MOMEHT He WMeeT Ompee/IeHHbIX 3HadeHwuit. B Takmx
Caydasx WHOTJA TPEJICTABIAET MHTEPEC CpeaHee 3HAUYEHUE MOMEH-
Ta B JAHHOM CTAIIOHAPHOM COCTOAHUU. JIerko BUIeTH, UTO BO BCH-
KOM HEBBIPOXKJIEHHOM CTAIIMOHAPHOM COCTOSIHUU CpejJHee 3HaYeHHe
MOMEHTa PaBHO HYyJ0. JlefcTBUTETBHO, TPU U3MEHEHUN 3HAKa Bpe-
MEHU SHEPrUsd He MEHsIeTCs, U MMOCKOJbKY JaHHOMY YPOBHIO SHEPTUU
COOTBETCTBYET BCETO OJHO CTAIMOHAPHOE COCTOsSIHUME, TO, CJIEeI0Ba-
TEJIbHO, IPU 3aMeHe t Ha —t COCTOSHIE CUCTEMBI JOJXKHO OCTATHCS
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HEU3MEHHBIM. DTO SHAYUT, 9TO JOJI2KHBbI OCTaTbCA HCU3MEHHBIMH 1
CpeaHHuE 3Ha4Y€HNA BCEX BCJIIMYMH, B YaCTHOCTU MOMEHTA. Ho npu
N3MEHCHNU 3HaKa BpeMeHI/I MOMEHT I/IMHy.HbCa MEHACT 3HaK, 1 MBI

noayunan 661 L = —L; orciona creayer, uro L = 0. Tor e pesyis-
TT MOKHO IOJIYYUTh M MCXOJS U3 MaTEMaTHIECKOIO ONpeJlesIeH s

CpeIHero 3HatueHns L KaK MHTErpaJa or ¢*L¢ BoanoBble dpyHKITUM
HEBBIPOXKIEHHBIX COCTOSHUIT BenecTBeHHb! (cM. KoHerr § 18). TlosTo-
My BBIpasKeHHe

L— it [ v (YlraVal) v dg

YHCTO MHHUMO, a IIOCKOJIbKY L JTO2KHO OBITH, pa3ymeeTcs, Belle-

cTBeHHO# BesmuuHO#, To L = 0.

BrisgscHuM npaBmiia KOMMYTAITUN OIIEPATOPOB MOMEHTA C Ollepa-
TOpaMU KOOPAUHAT U UMMy IbCoB. C momMomnibio cooTHorennit (16.2)
JIETKO HaXOIUM

{Zﬂax} — 0? {Zﬂay} — ’iZ, {Z;,Z} — _iyv
{Tyyy} =0, {ly,2} =iz, {ly,z} = —iz, (26.3)

{Il.,2} =0, {L.,a} =1y, {l.,y}=—iz.
Tax,

0 0 1, ~ ~ ~ ~ 1 Z (o~ .
Loy = Yla = ~(YPz — 2Dy)y — y(yP= — 2Py) 7 = —{Dy, y} = i2.
Bce coornomenns (26.3) MoryT ObITH HAIMCAHBI B TEH30PHOM

BUJIC —~ ]
{li, :Ck.} = 1€;klT], (26.4)

e €;r] — AHTUCUMMETPUYHBIA €JUHUYHBIII TEH30p TPEThero paH-
ra'), a mo JBayKJbl MOBTOPSIOIINMCS «HEMBIM» WHJIEKCAM I0JIpa-
3yMeBaeTCd CyMMHUPOBaHHUE.

1) AHTHCUMMETPUYHBIN €MHUYHBIN TEH30D TPETHErO PAHTA €,k (Ha3hIBAEMBIIT
TaKKe eIMHUYHBIM aKCUAJbHBIM TEH30POM ) OIPEIENIAeTCd KaK TEH30D, aHTUCHUM-
METPUYHBIN IO BCEM TPeM MHJIEKcaM, nmpudeM €123 = 1. OgeBugHO, YTO U3 27 €ro
KOMITOHEHT OTJIUYHBI OT HYJS TOJBKO Te 6, Y KOTOPBIX UHJIEKCHI ¢, k, [ 0Opa3yioT
KaKyH0-1100 IIEPECTAHOBKY 1uced 1, 2, 3. IIpu aTOM KOMIOHEHTHI PaBHBI +1, ecyiu
IepecTaHoBKa ¢, k, | mostydaerca u3 1 2, 3 YeTHBIM YHCJIOM TTAapPHBIX TepecTaHo-
BOK YHCeJI (TpaHCHOBI/IIJ;I/II/I) U pPaBHBI 1 IpU HEYEeTHOM YHUCJIe TPAHCIIO3UIINH.
OuyeBUaHO, YTO

€ikl€ikm = 201m, €iki€ikl = 0.

KowmmonenTsl BekTopa C = [AB], aBasomerocs BEKTOPHBIM IPOU3BEIEHIEM

AByx BeKTOpoB A u B, MoryT ObITh HAIMCAHBI C TOMOIIBIO TEH30PA €;k; B BUIE

C; = eiriArBi.
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JIerko Y6€,ZLI/ITBCSI, 9dTO aHAJIOTUYIHbIE COOTHOIICHUA KOMMYTalluN
HMEIT MECTO OJId OIIEPATOPOB MOMEHTA W UMIIYJ/IBCA

{li, P} = teippr- (26.5)
[Ipu momoru 3Tux GOpMyI JIETKO HANTH IpaBUJIa KOMMYTAIIIN
AJId OIIEPATOPOB KOMIIOHEHT MOMEHTa APYT C APYTOM. I/IMeeM

ﬁ( xly — lyla:) = lw(zﬁm - xﬁz) - (z]/?\a: - wﬁzﬂaz =
= (lgz — 2lp)De — (12D — D2lz) = —iypz + ixpy = ihl,.
Taxum obpazomM,

S

{lAy,l:«} —ily, {l,0} = z’lAy, {l},lAy} = il, (26.6)

{li, I} = teirli. (26.7)
B TOYHOCTHU TaKHe 2KE€ COOTHOIIIECHHNAd MMEIOT MEeCTO M JJIA OIle-

paTopoB Ly, Ly, L, mogHOro MOMeHTa CHCTeMbl. JleficTBUTENbHO,
ITOCKOJTBKY OTIePATOPhI MOMEHTOB PA3JIUIHBIX TACTHUIT KOMMYTATHUB-
HbI JPYT C JAPYTOM, TO, HATIPUMEP,

Zz\ay Zaz - ZZ;z Z,l\ay — Z(l\ay/l:zz _Z\azay) — ZZZm

a

nJjim

Taxmm obpazom,
(L, L.} =iL,, {L. L,}=iL,, {L., L,}=4L,. (268)
Coornoriernst (26.8) MOKa3bIBAIOT, YTO TPH KOMIIOHEHTHI MO-

ME€HTa HE MOT'YT OJHOBPEMEHHO NUMETH OIIPEACJICHHBIC 3HAYCHUA (3&
HNCKJJKYCHUEM TOJIBKO CJIy4dad, KOI'/Zla BCE TPpU KOMIIOHEHTBI OJ/IHO-
BPEMEHHO pPaBHBbI HYJIIO — CM. HI/I}Ke). B sToM oTHOIIEHHHM MOMEHT
CYmIECTBEHHO OTJIMYa€TCA OT UMIIYJIbCa, Y KOTOPOI'o Tpu KOMIIOHEH-
Thl OJHOBPEMEHHO M3MEPHUMEBI.

U3 onepatopos L, Ly, L, cocraBum omepaTop KBaJpaTa abco-
JIIOTHOM BEJIMUNHBI BEKTOPa MOMEHTA:

12 T2 T2 T2
L°=1L; + L, + L. (26.9)
DTOT oIepaTop KOMMYTATHBEH C KaXXJIbIM M3 OIEpPaTOPOB Zx, Ey,

L,: A L A
(L} L,} =0, {L*L,}=0, {L*L.}=0. (26.10)

HeiicTBurenbHo, ncnoab3ys (26.8), umeem, Hampumep,

AN AN AN AN

(L1} = Lo{Ly, L.} 4+ {Lo, L.} Ly = —i(Lo Ly + LyLy),
{Lg, L.} =i(LyLy+ LyLy),
{Ega EZ} — O
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CxitagpiBast 3TH PAaBEHCTBA, IOJYYHM IOCTETHEe W3 COOTHOIICHUIT
(26.10)

Dusmueckn coorTHorreHnsa (26.10) o3HaYAOT, YTO KBAIPAT MO-
MeHTa (T. €. ero abCOIOTHAS BEJNIMHA) MOYXKET UMETh OIPEJIeJIeHHOE
3HAUYECHHE OJHOBPEMEHHO C OJHOH U3 €TrO COCTaBJIAIONINX.

Bwmecro onepatopos L, Ly qacTo OpIBaeT yg00Hee MOIb30BaThCA
X KOMIIJIEKCHBIMU KOMOWHAITAAMMI

Ly=L,+iL,, L_=L,—ilL, (26.11)

Jlerko y6eiuThCs MPSIMBIM BBIUUCJIEHUEM C TIOMOIIBIO (26.8), uTo s
TUX KOMOWHAITNI CITPABE/ITUBHI CJIEIYIONTNAE TPABUIA KOMMYTAIIHN:

{E"H Z—} — 2ZZ7 {E27 E*f—} — E-H {EZJ Z—} — —‘/L\—' (2612)

HeTpyaso Takke MpoBEPUTH, UTO

L’=L,L +1>-L,=L_L,+L*+L.. (26.13)
H&KOHGH, BBIIIAIIEM Y9aCTO HCIIOJBb3YEMBbBIC BbIPDazK€HUA AJIA OIIE-

paTopa MOMEHTa OTJIEJIbHON JYaCTUIIHI B COEPUIECKUX KOOPIMHATAX.
BBosga mocseHME, COTJIACHO OOBIYHBIM COOTHOIIEHUSIM

x=rsinfcosp, y=rsinfsinp, z=rcosb,
MOJIYIUM TIOCJIE TIPOCTOTO BBIYMCJIEHUS CJIEIYIONTNE BhIPAXKEHNS:

[— (26.14)
dp’
Iy = W(i +ictgls ) (26.15)

[TogcraBus ux B (26.13), mosydum omeparop KBajpaTa MOMEHTa Ya-
CTHUITHI B BU/IE

T2 1 o2 1 8 < 0 )]
"= [sin208<p2 T sin 0 69 Slng&p (26'16)

O6paTHM BHHUMaHHUE Ha TO, 9TO 3TO €CTb, C TOYHOCTBIO O MHOXKHTEC-
JId, YIVIOBad 9aCThb OII€EpaTOpPa Jlamaca.

§ 27. CobcTBEHHBIE 3HAYEHUST MOMEHTA

Jlnsa ompeesieHrsT COOCTBEHHBIX 3HAYUEHUM TPOEKIIUM MOMEHTA,
UMITYJIbCA YACTHUIIhI Ha HEKOTOPOE HaIpaBJIeHUE YI00HO BOCIOJIb30-
BaThCsI BhIPpAXKEHUEM JIJIsI €€ OlepaTopa B CPepudecKuxX KOOPIMHA-
TaX, BLIOPAB IMOJIAPHYIO OCh BJIOJIb PACCMATPUBAEMOI'0 HAIIPABJICHUSI.

Cornacuo dopmyse (26.14) y paBHeHI/Ie [,1) = l,2) 3amuiiem B BUIE
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Ero pemnrenne ectn
) = f(r,0)e"=?,
rae f(r,0)— npousBosbHaa dyHKIWA or T u 6. Jga Toro 9ToObBI

dpyHKIMS 1) ObLjIa OJHO3HATHOM, HEOOXOAMMO, YTOOBI OHA ObLIa IIe-
PHOAMYHA TI0 ¢ ¢ mepuogoM 27. OTCroa HaxXo M ')

l,=m, m=0,+1,4£2,... (27.2)

Takum obpa3oM, cOOCTBEHHBIE 3HAYEHUA [, PaBHBI IIOJIOXKHU-
TEJbHBIM U OTPUIATEJIBHBIM IIeJIbIM YHCJIaM, BKJ/IKOYad 3HAYCHUE
HYJIb. 3aBUCAIIUNR OT (¢ MHOXKHTEJb, XapaKTEePHBIN I COOCTBEH-

HBIX (pYHKIMI onepaTopa [,, 0003HaYNM Uepes

1 .
— T imyp
D, (p) e (27.3)
9T (PYHKIINN HOPMHUPOBAHKI TaK, UITO
21
/ 8%, () B (1) dip = Sy (27.4)
0

CobcTBeHHBIE 3HAUEHUS 2-KOMIIOHEHTBI IIOJIHOT'O MOMEHTa, CUCTE-
MbI, O9Y€BHUJHO, TO2KE€ PaBHBI IIOJOXKHUTEJIbHBIM 1M OTPUIATECJIbHBIM I1€-

JIBIM YHCJIaM: L,=M, M=0,+1,+2, ... (27.5)

(3T0 CciemyeT U3 TOro, 9To oneparop L, ecTh CyMMa KOMMYTATHBHBIX

ZIPYT C APYTOM OIEPATOPOB [, 11 OT/AEJbHBIX JACTHUII).

[TockosibKy HalpaBJIeHHE OCHU z 3apaHee HUYeM He BbIJEJIEHO, TO
SICHO, 9TO TOT K€ Pe3yJbTaT MOayduTca Aad L., L,, n BooGmie aja
COCTABJIAIONIEN MOMEHTA TIO JIIOOOMY HAITPABJIEHUIO, — BCE OHU MO-
I'yT TPUHUMATH JIUIIb TeJble 3HAUEHUA. IDTOT Pe3yJIbTAT MOXKET
MTOKA3aThCsA, HA TEPBBIN B3IIA, MapaJOKCAJIbHBIM, OCOOEHHO, €c-
JIN IPUMEHUTDH €ro K JABYM OeCKOHEYH