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INPEJANCJIOBUE K HETBEPTOMY U3/IAHUNIO

Ocuogroe copepxkanue 91oit kuuru (riassr 1 111 V) mano uzme-
HUJIOCH 110 CPABHEHUIO C TEM, KAKUM OHO ObLIO HAIMCAHO JJjis Iep-
BbIX JIBYX m3ganuii (1944, 1953 rr.), B KOTOPBIX TEOPHsi yIPyTrOCTH
OblTa, TO CAyYaiHBIM TpUYUHAM, 00bEIWHEHA C TUIPOJUHAMHUKON
B Buge «MexaHnKM CIJIONIHBIX Cpel». Takoe TOCTOSIHCTBO — ecTe-
CTBEHHOE C/IeJICTBHE TOTO, UTO OCHOBHBIE YPABHEHUS W PE3Y/IHTATHI
TEOPUW YIPYTOCTH Y3KE TABHO «YCTOSIUCH.

B tperbem mzmanun (1965 1.) Ghita jpobaBiena raaBa O TEOPUN
muctokanuit B kpucramiax (manucannas copmectno ¢ A M. Kocesu-
YeM); 9Ta TJIaBa TOJBEPTIach Terneph JIMIh CPABHUTEIBHO HEOOJIb-
MM T3MEHEHUSIM.

B macrosmem w3mannn go0aBjaeHa HOBasl TVIABA, TOCBSIEHHA
MeXaHWKe KUJIKUX KPUCTAJIOR; OHa Hanncana copmectro ¢ JI.IT. TTu-
TAEBCKUM. DTa HOBag 00JIACTh MEXAHWKH CILIOIIHBIX CPeJ HECeT B
cebe OIHOBPEMEHHO YEPThI, CBOMCTBEHHBIE MEXAHUKAM KUIKUX U
yupyrux cpez. Ilosromy mnpejcrasiisiercs 1e1ecoobpa3HbiM B JIaH-
HOM KyPCE PACIOJIOKUTD €€ MOCIEe U3JI0KEeHNS KAK THPOJINHAMUKH,
TaK ¥ TEOPUM YIPYTOCTU TBEP/BIX TEJI.

Kak Bcerga, s u3Bj1€eK MHOTO 110JIB3bI 13 00CY K I€HUS PAIA 3ATPO-
HYTBIX B 9TOI KHUT'E BOIPOCOB CO CBOUMU JIPY3bSIMU U TOBAPUIIAMUI
no pabore. B sroit cBa3m g xores Ob1 € OJAr0IAPHOCTHIO YIIOMSI-
nytb [ E. Bomosuka, B.JI. 'uuz6ypra, B.JI. Uagenboma, E.U. Kamna,
FO.A. Kocesuua, B.B. Jlebenea u B.II. Muneesa, ciejapmmx psiji
[0JIE3HBIX 3aMEYAHUI, YITEHHBIX B pab0oTe HAJl KHUTO.

Mucruryr dusnvecknx npodaem AH CCCP E.M. Jlugwuy,
HArsaps 1985 1.

13 MPEANCJOBUA K «MEXAHUKE CIIJIOIITHBIX
CPE/l»

... B knwure, nanucannoit ¢uzukamMu u B MePBYIO0 0YEPEIb s
bu3uKOB, HAC, ECTECTBEHHO, HHTEPECOBAJIN BOIIPOCHI, KOTOPbIE 00bIU-
HO HE M3/1araloTCd B KypPCax TeOPuu yIpyroCTH; TAKOBbI, HAIPUMED,
BOIIPOCHI TEILIOMPOBOIHOCTH U BA3BKOCTHU TBEPJIBIX TEJI, PsJl BOIPOCOB
Teopun ynpyrux kojedbanuii u BogaH. B 1O 2Ke BpeMsi Mbl JIAIIb OYCHB
KPATKO KACAEMCs Pslia CHeNUaIbHbIX npobsem (Hampumep, Ca0xK-
HBIX MATEMATUYECKUX METO/I0B TEOPHUHU yIPyroCTH, Teopuu 000s0-
YEeK M T. I1.), B KOTOPBIX K TOMY K€ ABTODbI HU B KAKOH CTEleHu He
SABJISIIOTCs CIEIUATUCTAMHY.

1953 . JI. Jlanday, E. Jlugpuiuy
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BEKTOPHBIM U TEH30DHBIM HHJIEKCAM: [0 BCEM JIBAXKbI TOBTOPSIO-
HIMMCS B JIAHHOM BBIPAKEHUM («HEMBIMY» ) MHJIEKCAM I0JIPa3yMeBa-
eTcs CYMMHUPOBaHUE 110 3HadYeHusaAM 1, 2, 3.

B rnase VI ucnonssyercss o6oznauenune 0; = 0/0x; nnga onepa-
Topa auddepeHITnPOBAHNs 10 KOOPANHATAM.

Ccebuiku Ha HOMepa naparpados u GopMyJI B IpyIUX TOMAX ITO-
ro Kypca caabxennbl pumcknmnu mndpavu: 1T tom 11, «Teopus mo-
asi», 1989; V. rom V, «Crarucruueckas ¢uszuka, dacrs 1y, 1995;
VI rom VI, «'mppopunamukay, 1988; VIII  tom VIII, «Duek-
TPOJAMHAMUKA CIUIOMIHBIX cpejy, 1982,



FTABA 1

OCHOBHBIE YPABHEHUA TEOPUN YIIPYI'OCTHA

§ 1. Tenzop nedopmanuu

Mexannka TBEPABIX TeJI, PaCCMaTPUBaEMbIX KaK CIIJIOTITHBIE Cpe-

J1bI, COCTABJISIET COJIEPIKAHUE MEeOPUL Ynpy2zocmu ).

[Tox BAustHEEM TTPUIOKEHHBIX CUJI TBEP/IbIE TeJIa B TOM W WHOMN
crerenn 1ePOPMUPYIOTCS, T. €. MEHAIOT CBOIO (popmy u obbem. [lisg
MaTEeMATHIECKOTO OMHUCAHUS J1eOPMALK Te1a TOCTYIAIOT CIeIYT0-
muMm obpazom. [lomoxkerne KaxkKI0# TOYKW Teaa OMPEIessIeTCst ee
PaJMyC-BEKTOPOM I (C KOMINOHEHTAMU X1 = I, Ty = Y, T3 = 2)
B HEKOTODO# cucreme Koopaunar. [lpu nedopmupoBanun Tesia Bce
€ro TOYKM, BOOOIIE TOBOPSI, CMEIIAI0TCst. PaccMOTprM Kakyo-HIOyIb
OIPEJIEJIEHHYTO TOYKY TEJIa; eC/Id ee PAJUYyC-BeKTOP 110 j1ehOpMUpOo-
Banug ObLI T, TO B JeOPMUPOBAHHOM Teje OH OyI1eT MMeTb HEKO-
Topoe jpyroe 3navenue r' (¢ kKommonentamu z;). CmMernenne ToUKu
Tesia npu AeOpMUPOBaHUK N300Pa3UTCs TOI/1a BEKTOPOM I’ — T, KO-
TOPBIIT MBI 0003HAYNM OYKBOH U:

up = T — T (1.1)
BekTop u HasbBaOT 6exmopom dedopmanuu (NI 6EKMOPOM CME-
wenua). KoopauHarel ¥, CMEIEHHOR TOYKU SIBJISIIOTCS, KOHEYHO,
GyHKIUSIMEU OT KOODIAUHAT Z; TOH »Ke TOUKM J0 ee cMmererust. [1o-
9TOMY W BEKTOD jedopmanun siBjisiercst (pyHKIUEH KOODIUHAT ;.
Bajlanre BEKTOPa U KaK (DYHKIUU OT T; MOJHOCTHIO OIPeJIeJIsieT J1e-
dopmario Tena.

[Ipu medopmupoBaHUM TEIa MEHAIOTCS PACCTOAHWUS MEXKIY €ro
Toukamu. Paccmorpum Kakne-Hubyah aBe OECKOHEeUHO OJIM3KIe TOY-
xu. Kcnm pagnmyc-BeKTop Mexk 1y HuMU 10 AehOpMUPOBaAHWSA OBLT dT;,
TO B 1e(DOPMUPOBAHHOM TeJI€ PAINYC-BEKTOP MEYKY TEMU YK JIBYMSI
roukamu Oyner dz; = dz; + du;. Camo paccrosiame Mexy TOUYKaMu
110 nedopMupoBaHns OBLIO PaABHO

dl = \/da? + da + d3,

a miocse 1ebOpMUPOBAHUST

dl' = \Jda'3 + da'3 + da'3.

1
) Ocrosnble ypaBHEHWS T€OPUM yrnpyroctu obLm ycranonsienbl Kowu v ITyac-
conom B 20-x romax XIX Beka.



10 OCHOBHBIE YVPABHEHNA TEOPUU VIIPYVIOCTU .1

Coryrtacao 001IeMy TPABUILY HAIMCAHUS CYyMM HMEEM

di? = dz?, dI'* = dz!? = (dz; + du;)?.

Tak xax du; = %dmk, to nepenumenm dl’? B Buge
T
di’” = di> +22% du; duy + 249 Gy, dur.
6.1:k 6.1:k 6.7:1

[TockonbKy BO BTOpOM wjieHe 00a WHIEKCA | U k ABJISIIOTCA HEMBIMH,
WX MOYKHO TIEPECTABUTH W COOTBETCTBEHHO 3ANMCATH ITOT UIEH B
SIBHO CUMMETPUIHOM BUIE

i %) daid

B tperhem ke umere moMersieM MecTtaMn WHIEKCH ¢ 1 [. Torma okon-
qaTeabHO T0/TydaeM

dl'? = dI? + 2u;y, dz; dzy, (1.2)

rae

1(am +%+%%)- (1.3)

/II‘ik = —
ODTUMU BBIPAYKEHWSIMHU OIPEJIE/IAETCT M3MEHEHWE IeMEHTa [IJINHBI
npu gedopvupoBannn Teaa. TeH30p u;; HABBIBAIOT MEH30POM Oe-
PopMayuL; IO CBOEMY OINPEJIEJIEHUIO OH CUMMETPUYEH:

Kak u BCcsikmit cuMMeTpUYHBIN TEH30D, MOMXKHO [PUBECTH TEH-
30p Uik B KaXKJOH JAHHOW TOYKE K I[JIABHBIM OCSIM. ODTO 3HAYUT,
9TO B KAXKJIOW JIAHHOUW TOYKE MOXKHO BBIOPATH TAKyI CUCTEMY KO-
OpJuHAT  I[JlaBHbIE OCU TE€H30Pa, B KOTOPOI U3 BCEX KOMIIOHEHT
Ui OTJIMYHBL OT HYJId TOJBKO JUarOHaJ/IbHble KOMIIOHEHTDBI U1], 1429,
U33. DTU KOMIIOHEHTHI  [JIABHBIE 3HAYEHUs] TeH30pa Jedopmarun

o6oznaunm wepes M), u@, w3 Hano, koneuno, momunts, aro ecim
TEH30p U;; TPUBEIEH K TJIABHBIM OCAM B HEKOTOPOIT TOUYKe Teja, TO
OH, BOOOIIIE TOROPS, HEANATOHAJIEH BO BCEX JPYTUX TOUKAX.

Ecmm terzop medopmannn mpuBegeH B JaHHON TOUKE K TJIABHBIM
0CsIM, TO B OKPYKAIOIIEM ee 31eMeHTe 00hbeMa aaeMeHT Janabl (1.2)
nprodpeTaeT BUI

dl'? = ((Sm + 2uik) dz; dz =
= (14 2uM) da? + (1 + 2u?) da? + (1 + 2uP)) da?.

MbI BUM, 9TO 9TO BBIPAYKEHUE PACHAAETCS HA TPU HE3ABUCUMBIX
WjIeHA. DTO ZHAYUT, 9TO B KAKJIOM 3jieMerTe o0beMa Tejia jgedopmar
A0 MOYKHO PACCMATPUBATH KAK COBOKYITHOCTH TPEX HE3aBUCUMBIX
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TEH30P IEGOPMALUAU 11

gedopManmii M0 TPEeM B3aMMHO NEPHEeHINKYISPHBIM HAIPABJICHY-
AM  [JIaBHBIM OCaM TeHzopa gedopmanuu. Kaxaas nz srux je-
dbopmanuit npegcrasasier coboii mpocToe pacrszkenue (uam cKaTue)
BJIOJIb COOTBETCTBYIOIIErO HANPABJICHUS: JUIMHA dZ1 BJOIbL TE€PBOM
M3 [JIABHBIX OCeli NPEeBpaniaeTcs B JAJIMHY

dz| = V1 + 2uMdz,

" aHAJIOTUYHO a4 ABYX APYTUX oceit. Beanmuamanr

14 2u(® —1

OPEeJCTABAAIOT CO0OOM, CIeI0BATEILHO, OTHOCHTEIbHLIC YATHHEHHS
(dz!, — dz;)/dz; Brons srux oceil.

[IpakTnuecku mMOYTH BO BCEX CIyUasX AehOpMUPOBAHUS TeJ Je-
dopManmy 0Ka3bIBAIOTCS MAIBIMU. JTO ZHAUUT, UTO W3MEHEHUE JIF0-
6OTO PACCTOSTHUSI B TEJIE OKA3BIBAETCS MAJIBIM TI0 CPDABHEHUIO C CAMUM
paccrostavieM. pyrumMu ciopaMu, OTHOCUTEIbHBIE YITUHEHWST MaJIbl
1Mo cpaBHeHNIO ¢ eannuieil. Huyke Mbr 6ygem paccMaTpuBaTh BCe Je-
dopmarm Kak Masbie.

Ecam teno momrepraercst mMajioii gedopMalini, To BCe KOMITOHEH-
ThI TeH30pa AedOpMAaIINH, OTIPEIEISIOIIEr0, KaK Mbl BUIEIN, OTHOCH-
TeJIbHbIe M3MEHEHUsT JIJINH B TeJIe, sIBJISTIOTCS MajIbiMu. UTo ke Kaca-
eTCcst BeKTOpa JeOpMAaIiii, TO OH MOYXKET OBITh B HEKOTOPBIX CJIyYastX
GOJIBIIINM Jlayke TPH MaJIbIX JedopMarnusax. PaccMoTpnMm, HanmpuMep,
JUIMHHBIA TOHKHH CTep:KeHb. Jazke mpu CrIbHOM m3rube, KOraa ero
KOHIIBI 3HAYUTEJBHO IIePEMECTITCI B NPOCTPAHCTBE, PACTAKCHUS W
CKATHSA BHYTPHU CAMOrO CTEPKHS OyayT HE3HAYUTE/ILHBIMHE.

Ba HCKIIOYEHneM TAKIX 0COBBIX Cilydaes '), npu Masbix gedop-
MaIMAX ABJISETCs] MAJbIM TAKXKe U BeKTOp jedopmaruu. leiicTeu-
TEJIbHO, HUKAKOE «TPEXMEPHOe» Te10 (T. €. TeJI0, pazMepbl KOTOPOro
HE CIENUATLHO MaJIbl HU B KAKOM HANPABJIEHWM) HE MOXKET ObITb,
09€BUIHO, JehOPMUPOBAHO TAK, YTOOBI OTJEIBHBIE €r0 YaCTU CUJIb-
HO MEPEMECTUJIUCH B IIPOCTPAHCTBE, 663 BOSHUKHOBEHUSI B TEJIE CUJIb-
HBIX PACTAXKEHUI 1 CKaTU.

Toukue crepxkuau OygayT HAMU PACCMOTPEHBI OTAEAbHO B 1. 1l.
B ocrasnbabIX 2Ke cydasix, CIeJ0BATEIBHO, TPU MaJjibiX jiehopMaliu-
sIX CMEIIeHUsl U; , & C HUMU U UX TPOU3BOJHBIE [0 KOOPJAUHATAM,
masibl. [Tosromy B 00mem Boeipaxkenuu (1.3) M0kHO npeneGpedb 110-
CJIEJIHAM 9JIEHOM KAaK MaJjioif BEJIMYUHON BTOPOro nopsijaka. Takum
obpazomMm, B cirydae MasbiX jgedopmarnuit Ten3op aedopMainuu onpe-
JIEJISIETCSl BhIPAKEHUEM

1 [ Ou; Ouy, )
Ujp = — | — + — ] . 1.5
ik 2 (c%k + 89&1 ( )

1) Kpome nedopmanmii TOHKHX CTEp:KHEH CIOa OTHOCSTCS M3TUOBI TOHKHUX
IJIACTUHOK B IUIHHAPUIECKYIO MOBEPXHOCTE. Cleayer MCKIIOYUNTh TaAKKe CIIy-
gaif, KOrja <«TpexMepHoe» TeJjo Hapsiay ¢ jgedopmManmeil 1moBOPavYMBaeTCs Kak
es0e BOKPYT HEKOTOPOH OCH Ha KOHEYHBIN yroJl.



12 OCHOBHBIE YVPABHEHNWA TEOPUU VIIPYVIOCTU TJI. 1

OTHOCUTEILHBIC YJTMHEHUA 3/eMEHTOB JIIMHBI BJI0/Ib HAIPaBJICHU
LJIABHBIX 0cell Tenzopa gedopmanuu (B JaHHON TOUKE) PABHBI TENEPh
€ TOYHOCTBIO JI0 BeJIMYUH BBICIINX HOPHAIKOB

14206 —1 2 y®

)

T. €. HETTOCPEACTBEHHO TJIABHBIM 3HAYECHUAM TEH30DA U} -
Paccmorpum kakoii-anbyapr O€CKOHEUHO MaJIblii 97eMeHT 00b-
ema dV wm onpemenmm ero seqmuwnny dV' mocne gedopMmpoBanms
Tena. st 3TOTO BRIGEpEM B KavecTBe Oceil KOOPAWHAT TIABHBIE OCH
Tern3opa jgedopMaIni B paccMaTprBaeMoit Touke. Torma amemMenTh
mnHbl dxy, dxo, drs BIOAL 9TUX Ooceil mocie medopMUpOBaHNs TTe-

peiinyr B dr} = (1 + u(]))dml n T g1 Obbem dV ecrts mpoussege-
uue dzidredrs, oobem xe dV' pasen dx)drhdzl. Takum o6pasom,

dv' = dv (1 +uM)(1 +u@) (1 +u®).

[Ipenebperas BesimauHAMY BBICIINX MOPHAIKOB MAJIOCTU, HAXOIUM OT-
croz1a

dvV' = dv (1 +u" +u® + ).

Ho cymma u —|—u(2) —|—u(3) TJIABHBIX 3HAYEHWI TEH30pa €CTh, KaK W3-
BECTHO, €r0 MHBAPWAHT W paBHA B JIFOOOH crcTeMe KOOPIUHAT CyMMe
JMArOHAJIBHBIX KOMIOHEHT Uj; = U1 + U992 + U33.

Taknwm obpazowm,

av' = dV(l + ’Umj). (16)

MbI BUUM, 9TO CyMMa JIMArOHAJIBHBIX KOMIIOHEHT TeH30pa J1edop-
Mallu J1aeT OTHOCHTENbHOE u3Menenune oobwema (dV' — dV)/dV.

Yacro OpiBaer yao6HBIM MOIB30BATHCA KOMIIOHEHTAMEU TEH30PA
gedopMaliy He B JIEKAPTOBBIX, a B CEPUIECKUX WU [UJTUHIPU-
JecKuxX KoopJuHatax. [IpuBejem 3/1ech /st COPABOK COOTBETCTBYIO-
e hOPMYyJIbl, BEIPAYKAIOIIUE 9TU KOMIIOHEHTHI Y€pe3 TPOU3BOIHBIE
0T KOMIIOHEHT BEKTOPa CMEIEHUsl B TeX YKe KoopauHarax. B chepu-
YeCKUX KOOpAWHATAX T, 0, ¢ nMmeem

Ou, 1 Quyg Uy

e = T M0= g T

1 8u¢ ug Ur

Upy = —— —2 + —ctgh + =

vy rsinf Oy T & r’

1 (0u 1 Oug
2u :—(—“”—u ct 9)+ — 1.

be r \ 00 v 18 rsinf dg ( 7)

_ Oug _wg | 10u,

or r r 90’

1 Ou ou u

QU = .
or rsinf dy ar T

2Uypg
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B mununapudeckux KoopauHaTax r, o, 2

10u Uy Ou.
Upyr = s bpp = ;674: + T Uyy = 9z
1 Ou, ou ou ou
Uy, = E4+ 2 U, = —L + = .
vz r Op 0z " 0z or’ (1 8)

2Upy = —2 — 2L 4+ = .
e ar r r Jp

§ 2. Tenzop Hanpsi>KeHuii

B memedopmupoBanHoM Tesie PACIOIOKEHUE MOJEKYJ COOTBET-
CTBYeT COCTOSIHWIO €ro TemjioBoro pasHoBecus. [Ipu srom Bce ero
YaCTU HAXOMATCHA JPYr C APYTOM W B MEXAaHUYECKOM PABHOBECHH.
DT0 3HAYUT, YTO €CJIU BbIJIEJIUTH BHYTPU TeJIa KAKOW-HUOYIb 00beM,
TO PABHOJEUCTBYIONIAS BCEX CUJI, JIEUCTBYIOMMUX HA 9TOT 0OBEM CO
CTOPOHBI APYTUX 4YacTell, paBHA HYJIIO.

[Ipu nedopmupoBanun ke paco/iOKeHUE MOJIEKYJ MEHSeTCs U
TEJI0 BBIBOJIUTCH U3 COCTOSAHUSI PABHOBECHUsI, B KOTOPOM OHO HAXO/IU-
JIOCh TIEPBOHAYAIBHO. B pesysibrare B HEM BO3HUKAIOT CUJIbI, CTPE-
MSIIITUECS] BEPHYTH TEJIO B COCTOSIHUE PABHOBECHUsI. DTU BO3ZHUKAOIIINAE
npu AepOPMUPOBAHUY BHY TPEHHUE CHJIbI HABBIBAIOTCA GHYMPEHHU-
Mmu Hanpasjtcenuamu. Ecmm teno ve 1epopMupOBaHO, TO BHYTPEHHUE
HaMpsIKeHWsT B HEM OTCYTCTBYIOT.

Buyrpennune wmamnpsiykerusi 00yCIOBIMBAIOTCS MOJEKYJIAPHBIMA
CUJIAMW, T. €. CHJIaMN B3aWMOJEHCTBUsST MOJIEKYJI Tejia JIPYT C Jpy-
rom. Becbma CyIeCTBEHHBIM JIjIsI TEOPUN YIPYTOCTH SIBISIETCS TO
00CTOSITEIHCTBO, UTO MOJEKYJISIDHBIE CUJIbI 00/1a/1al0T OYeHb HE3Ha-
AUTETLHBIM paanycoM geiicteus. VX BansHME TPOCTUPAETCA BOKPYT
CO3/IatoMeil MX YaACTUIIB JIUIH HA PACCTOSTHUSAX TIOPSIIKA MEYKMO-
Jekyaspubix. Ho B Teopum ympyrocTtu, Kak B MaKpPOCKOMUYECKO
TEOpnn, PACCMATPUBAIOTCST TOJIBKO PACCTOSTHUA, OOBIITHE TI0 CpaBHe-
HUIO C MEXKMOIEKYIApHBIMI. [loaToMy «paguyc meficTBUsT» MOJIEKY-
JIIPHBIX CUJI B TEOPUN YIIPYTOCTH JOJKEH CANTATHCA PABHBIM HYJIIO.
MoxHO cKa3aTh, 9TO CUJIbI, 00yC/IOBIMBAIOIINE BHYTPEHHWIE HATIPSI-
JKEHWs, SBASIOTCS B TEOPUM YIPYTOCTH CHJIAMU «OJIM3KO/IeiiCTRY0-
MIAMU», TTePeJAOMINMUCA 0T KayKJIOH TOYKHU TOJBKO K OJIMZKANTIIIM
c nero. OTCIO/Ia CIEAYET, YTO CUJIRI, JEHCTRYIOIINE HA KaKy0-HUOYIh
YacTh Tejla CO CTOPOHBI OKPYZKAIOIIUX €€ YacTeil, NPOABJISIOT ITO
JlefiCTBrE TOJBKO HEIMOCPEJICTBEHHO Y€Pe3 MOBEPXHOCTb TON YacTu
Tesa.

3j1ecb HEOOXOIUMA, CIEJYTOIIAsST OTOBOPKA: CAEJAHHOE YTBEPK -
HUE HEeCIPABEeJINBO B TEX CJydasx, Korjaa 1eOpMUPOBAHUE TeJia
COIMPOBOXKIACTCH MMOABIEHUEM B HEM MAaKPOCKOIUYECKUX 3JIeKTPUUIE-
CKuX noJieif; Takue (Tak HAZBIBAEMBIE HPO- U MIbE30TEKTPUIECKHUE)
tesa paccmarpusatorcea B T. VIII sroro xypca.
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Boigenum B Tesie kakoh-uubyib 06beM 1 PACCMOTPUM JIEHCTBYIO-
LIyT0 HA Hero cymmapuyio cuiy. C OfHON CTOPOHBI, 9Ta CyMMapHas
Cujia MOYXKeT OBITH MPEJACTAB/ICHA B BUJE 00bEMHOTO MHTErpasia

[Fav,

rae F cujia, JIecTBytomas Ha eauHuily oobema tesa. C npyroi
CTOPOHBI, CUJBL, ¢ KOTOPBIMH JICHCTBYIOT JAPYT HA Jpyra pPas/IM4Hble
9acTy CaMOro PaccMaTpuBaeMoro oobemMa, He MOTYT IPUBECTH K T10-
ABJICHUIO OTJIMYHOIN OT HYJIsd CyMMapHON paBHOACHCTBYIONIEH CUJIBI,
MOCKOJIBKY OHM B CWJIy 3aKOHA PaBEHCTBA JeiCTBUA M NPOTUBO/IEH-
CTBUSA B CyMMe YHWUUTOXKAIOT Jpyr apyra. [TosTomy MCKOMYIO TIOJ-
HYIO CHUJIy MOXKHO pacCMaTpuUBaTh KaK CYMMY TOJBKO Te€X CWUJ, KO-
TOpBIE JEHCTBYIOT Ha JAHHBIN 00HeM CO CTOPOHBI OKPYKAIOIINX €10
qacreit Teqa. Ho, corytacHO cKazaHHOMY BBITIE, 3TH CHJIBI JIeHCTBY-
[OT Ha PACCMATPUBAEMBIN 00bEM Yepe3 ero MOBEPXHOCTh, U TOTOMY
PE3YILTUPYIONIAS CHIa MOYKET OBITH MpEJICTABIEHA B BUIE CYMMBI
CHUJI, IEWCTBYIOMNX HA KAXKIBII 9JIEMEHT MOBEPXHOCTH 00hema, T. e.
B BHU/I€ HEKOTOPOr'O MHTErpaJja Mo 3TON MOBEPXHOCTU.

Taxwum obpazom, a/1s1 1I060TO 06 HeMa, Tea KayK ast N3 TPeX KOM-

TIOHEHT f F; dV pasnogneiicTByOII€EH BCeX BHYTPEHHUX HAMPSKEHUT

MOYKeT OBITH TTPE0OPA30BAHA B WHTErPAJI MO TIOBEPXHOCTH 3TOTO 00h-
ema. Kak m3BecTHO M3 BEKTOPHOTO aHA/IN3a, WHTETPAT OT CKAJIsIpa
110 TIPOM3BOILHOMY 00HEMY MOXKET OBITH TTPeoOpa30BaH B WHTErpa
710 TIOBEPXHOCTU B TOM CJIy9ae, €CJU ITOT CKAJISAp SBJISETCS TUBEP-
TeHInell HEKOTOPOTO BEeKTOpa. B maHHOM Caydae Mbl UMeeM €0 C
WHTErpaJioM He 0T CKajspa, a oT BeKTopa. [losTomy BekTOp F; mo-
JKEH SIBJIATHCST TWBEPTEHINeil HEKOTOPOTO0 TEeH30pa BTOPOTO paHTa,

T. €. UIM€Tb BI/I,II])

Dok
F;, = . 2.1
= o (2.1)

Toraa cuna, neficrByiomnas Ha HEKOTOPbBIR 00beM, MOXKeT ObITh HAIIU-
CaHa B BU/Ie HHTEIPAJIA 110 3AMKHYTOM OBEPXHOCTH, OXBATHIBAIOIIEH

3TOT 06BbeM 2):

) - 00k N ‘
[ Fav = / oAV = § ouk dfi (2.2)

1) Bekrtop df smeMeHTA TIOMALM HAMPABICH MO HOPMA/M, BHEITHEH MO OT-
HOIIEHWIO K OXBATHIBAEMOMY TOBEPXHOCTHIO 00bemy. VHTErpas 1o 3amkHyTOMN
MOBEPXHOCTH MTPe0bpas3yeTcss B MHTETPAJI 0 00beMy IIyTeM 3aMeHbI df; omepaTo-
pom dV - 0/0x;.

2) CTporo roropsi, Mpm OTNpeIeIeHnH TIOTHON CUJIbl, AeficTeyioneit na gedop-
MUPOBAHHBIM 00beM Tejla, MHTErPUPOBAHNE JOJIXKHO TPOU3BOAUTHCS HE I10 CTa-
PBIM KOODAWHATAM T;, a TI0 KOOpAWHATAM I, TOUeK aedOPMUPOBAHHOTO Tesa.
CooTrercrrentio aToMy 1 mponssoanbe (2.1) momKubr GpIM GBI GpaTHCA TIO T},
Ho BBuay Mamoctu gedopManyui IPOR3BOAHEIE TI0 T U TI0 T}, OTIATIAIOTCS IPYT
OT APpyTra Ha BEJIMYUHBI BHICHIUX TTOPAJKOB MaJIOCTU, U TIOTOMY MO>KHO BCe€ ,Hﬂ(i)-
depeHIIMPOBaHMS TTPOU3BOIUTD [0 KOOPIANHATAM Tj .
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Tenzop o0 mazpiBaioT mensopom nanpasicenuti. Kaxk Bugno us
(2.2), 0j1df €cThb i-1 KOMIOHEHTA CUJIbl, JeHCTBYIOEH HA 31eMeHT
nosepxuoctu df. Beibupasi 3/ieMeHThI TOBEPXHOCTH B IJIOCKOCTSIX TY;
YZ; TZ, HAXO[IUM, 9TO KOMIIOHEHTA 0;;, TEH30PA HAIPAKEHUN eCTb i-5
KOMIIOHEHTA CUJIbI, JIeUCTBYIOMIEH HA €UHUILY TOBEPXHOCTH, IIE€PIIEH-
IUKYJISAPHYIO K OCU Tg. Tak, HA €IMHUYHYIO ILIOMIAJIKY, HEPIEH1-
KyJAPDHYIO K OCH I, JeHCTBYIOT HOpMaJibHAs K Heil (HanpasjienHas
BJI0JIb OCH I) CUJIA Oy M TAHTEHIMAJIbHBIE (HATPABIEHHBIE 110 OCAM Y
W 2) CUIIBI Oy W 04y

Heobxoanmo caenmars 37eCh CAeayomee 3aMedanue 1Mo TMOBOILY
sHaKa cusbl 0y dfy. B (2.2) uaTerpas 1mo noBepxXHOCTYU IPEICTABISIET
coboit cuity, [efCTBYIONIYIO HA OIPAHUYEHHBIN ITONW MOBEPXHOCTHIO
o0beM cO CTOPOHBI OKpyzKarommx dacreit tena. Haobopor, cuna, ¢
KOTOPOit 3TOT 00beM JIefiCTBYyeT caM Ha OKPYIKAIOILYI0 ero MoBepx-
HOCTH, mMeeT obparHbIii 3uak. [losTomy, Hanpumep, cuia, JIeiCTBY-
fOIast CO CTOPOHBI BHYTPEHHUX HAMPSAKEHWI HA BCIO TTOBEPXHOCTH

TeJaa, eCTh
— § 0w dfi.

rjle MHTerpaji 0epercs 1Mo MOBEPXHOCTH Tejia, a df Hampapjen 1o
BHEIIHEN HOPpMaJIu.

OnpejieuM MOMEHT CHJI, JEHCTBYIONIUX HA HEKOTOPBIH 00beMm
resia. MomenT cusibl F MOYXKHO, KAK W3BECTHO, HAIUCATH B BUJIE aH-
TUCUMMETPUIHOIO TEH30pa BTOPOrO paHra ¢ KOMIOHEeHTaMmu Fjxj —
— Fz;, T11e &; — KOOPIMHATH TOUKHM TIPIIosKernst ¢l 1), [Tostomy
MOMEHT CWJI, JeHCTBYOMMX Ha 3aemMeHT obbema dV, ectb (Fjxp —
— Fyx;)dV | a na Bech 00beM 1eficTByeT MOMEHT CHJI

Mikz = f (Fsz: - Fk:'rz) dV.

Kak u nmonnag cunia, meiicTByromast Ha 000 00beM, MOMEHT ITUX
CUJI TOXKE JIOJIZKEH BBIPAXKATHCS B BUJE WHTEIPAJIA 10 MOBEPXHOCTU
obbema. Hogcrasnsa aus F; seipaxenune (2.1), naxoaum

<8aumk ~ Odop Tz) AV =
6.1:1 6.7:1

= /—a(””” —ouTi) gy / (Uil% - akzami) dv.
) Oz, . Ox; Oz
Bameuaem, 4T0 BO BTOPOM 4JIeHE POU3BOAHBIE O /02 COCTABAAIOT
eJIMHUIHBI TEH30D ). B mepBoM ke djieHe 10j HHTErpajaoM CTOUT
JIMBEPIEHIUs HEKOTOPOTO TEH30pa; ITOT MHTErpaa npeodpasyercsa B
MHTErpaJi 1o moBepxHocTu. B pesysibraTe HAXOIUM

M, = 3§ (oixy — opa;) df) + f (Oki — oig) dV. (2.3)

M;

') Moment cumst F ompeniensgeTca Kak BekTopaoe npousseaenne [Fr]. Kommo-
HEHTHI BEKTOPHOTO TTPOU3BEACHNA ABYX BEKTOPOB COCTABJIAIOT aHTUCUMMETPDWY-
HBIII TEH30pP BTOPOTO PaHTa, KOMIIOHEHTHI KOTOPOTO HANMCAHBI B TEKCTE.
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Tenzop M, Oymer BbIpayK€H B BUJE MHTEIPAJIA TOJBKO 110 ITOBEPX-
HOCTHU, €CJIU TEH30D HAIPAKEHUN CUMMETPUIEH,

Oik = Oki, (2.4)

TaKk 4T0 00beMHbI mHTErpas ncuezaer (K 000CHOBAHUIO BazKHOTO
yrBepxaenus (2.4) Mbl BepHemcs eme B Kouue naparpada). MomenT
cuJ1, JIefCTBYIOIMX Ha HEKOTOPBIH 06'beM Te/1a, MpejcTaBuTCs TOTAa
B IIPOCTOM BUJI€:

M, = f (Firy — Fyz;)dV = f (Cazk — ogws) dfy. (2.5)

Jlerko mammcaTh TEH30P HANPSIKEHWI B CIydae paBHOMEPHOTO
ececmoponnezo coicamua Teaa. [Ipu Takom crkaTnm Ha KayKIyIo eIu-
HUITY TTIOBEPXHOCTH TeJja AefiCTBYeT OJIMHAKOBOE TI0 BE/JINUNHE JTaBJIe-
HUe, HATIPABIEHHOE BE3Je M0 HOPMAJIN K TIOBEPXHOCTH BHYTPH 00b-
ema Tesna. Kenmm 0603HaunTh 970 HaBaenne OyKBOii p, TO HA DJIEMEHT
noBepxHOCTH df; neiicteyer cuna —p df;. C npyroit cTOpoHbI, 3Ta Ch-
J1a, Oyaydn BbIpaykeHa depe3 TEH30p HANPAXKEHWi, TOJKHA UMEeTh
U 0rdf. Hanmucas —pdf; 8 suge —pd;pdfy, Mbl BUAUM, 9TO TEH-
30p HAMPSIYKEHUI TPW PABHOMEPHOM BCECTOPOHHEM CYKATUHU BHITJIS-
AT CJIEIYIOMIUM 00pa3oM:

Oik = —POi- (2.6)
Bce ommanbie ot HyJIst €00 KOMIIOHEHTBI PABHBI TTPOCTO JABJIEHUTO.

B obmem ciydae mpousBosibHOM JgedopManu OTJIUIHBI OT Hy-
JIsT TakyKe W HeJnaroHaJbHbie KOMIOHEHThI TEeH30pa HATPSIYKEeHMIA.
D70 3HAUUT, UTO HA KAXKIBII 3JEMEHT TOBEPXHOCTH BHYTPHU TeJja
JIefiCTRYeT He TOJBKO HOpMajbHasl K HeMy CHJIa, HO TaKyKe U TaH-
TeHIINAIBHBIE, CKAABIGANOULUE, HATIPSIYKEHUS, CTPEMSIIIINECS CIBUHYTH
napasae bHbIE JIEMEHTRI TIOBEPXHOCTH JIPYT OTHOCUTEIHHO JIPYTA.

B pasHOBECHY CHIBI BHYTPEHHUX HATIPSIYKEHWH JOPKHBI B3ANMHO
KOMTIEHCHUPOBATHCS B KayKJIOM 3/IeMeHTe o0beme Tena, T. €. JOIKHO
oprTh F; = (. Takum obpasom, ypaBHeHUs paBHOBeCHs gedopMupo-
BAHHOTO TeJjIa WMEIOT BW/I

Ooik _ ), (2.7)
oxy

Ecnu Teno naxomnTest B TOJI€ TSIKECTH, TO JIOJIKHA NCIE3aTH CYM-
va F + pg cijl BHYTPEHHUX HATPSIP)KEHW U CUJIBI TSIXKECTH p g, JAeii-
cTRyIOMEi Ha exmHUIy obbhema Tema (p — TIOTHOCTE ), g — Bek-
TOP YCKOpPEHUsI CBOOOHOrO TajeHvsi, HAPaBJIEHHBI BEPTUKAILHO
BHU3); YPABHEHMsI DABHOBECUS B 9TOM CJIydae UMEIOT BU]L

Joik

T

b CTporo roBopsi, IJIOTHOCTH TEA TIPH €10 AeOPMUPOBAHUT MEHSIETCs. Y 9eT
3TOT0 U3MEHEHWS ITPUBOJINAT, OJIHAKO, B CIyYvae MaJjbix AedopMannii K BeJInauHaM
BBICIIUX MOPAAKOB MAJIOCTH U TIOTOMY /I HAC HeCyIlecTBeH.
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Yro Kacaercst BHEITHUX CUJI, IPUJIOKEHHBIX HEIOCPEICTBEHHO K
HNOBEPXHOCTH TeJa (KOTOPBIE U ABJASIOTC OOBIYHO MCTOYHUKOM JI€-
dopmarmu), T0 OHM BXOJAAT B TPAHWYHBIE YCIOBWS K YPABHEHUSIM
paBuoBecusd. [lycts P ecth BHemHSS crita, IeficTBYONAS HA €INHN-
Iy TIIOIIA/IN TIOBEPXHOCTH T, TaK ITO HA IJEMEHT TTOBEPXHOCTH df
neiicrByet cunia P df. B paBroBecun ona 1017KHA KOMITEHCHPOBATHCS
cuioit —ojdfy, neficTByIOIeil Ha TOT Ke JIEMEHT MOBEPXHOCTH CO
CTOPOHBI BHYTPEHHUX Hanpsizkenuii. Takum obpazom, J0/2KHO OBITH

P;df — oy, dfy, = 0.

Hanwucas df; B Buzme df, = npdf, rme n — eauHUYHBIIN BEKTOP, Ha-
MIPABJIEHHBI 110 BHEITHEH HOPMAJIN K MOBEPXHOCTH, HAXOIUM OTCIOIa

OikNp = PZ (29)

DTO0 U eCTh YCIOBUE, KOTOPOE TOIXKHO BBHITIOHATHCS HA BCEI MTOBEPX-
HOCTH HAXOSIIErOCd B PABHOBECUU TeJIA.

Broisesem 31ech emte popmyiiy, OIPEIEILIONIyI0 CPeIHee 3HaTe-
HEe TeH30pa Hanpsikeauit B gedopmupoBannom teje. s 3roro
yMHOKUM ypaBHenue (2.7) HA Tj ¥ IPOUHTErPUPYEM 110 BCeMy 00b-
eMy TeJa:

/%fﬂk av _/8((711%1«) dV—/Uil% dVv = 0.
ox; O Oz

IMeprbiit mATErpan cnpara npeobpasyemM B WHTETPAJ MO TIOBEPXHO-
CTW TeJa; BO BTOPOM WHTErpaje MMeeM BBUIY, 9T0 0%y /0r; = Of.
Orcroma moryaaem

f(fz‘l-’ﬂk; dfy — f(fz‘k; dv = 0.

[MozgcraBisisi B epBbiii naTerpas (2.9), Haxoanm

qu:fEk df = f(fz‘k AV = Vo,

rome V. — obbem Tenma, a 0, — CpegHee M0 BCeMY O0beMmy 3Hade-
HUEe TeH30pa HaMpsiKeHnit. BocmoIh30BaBIINCE TEM, UTO 0k = Ok,
MOKHO HaIlluCaTh STy (bOpMy.Hy B CUMMETPUYIHOM BUIE!:

ik = % ¢ (P + Poi) df. (2.10)

Takum obpazoMm, cpeHee 3HAUYEHWE TEH30PA HANPSKEHWH MOMKeT
OBITH OTIPEIETIEHO HETTOCPEACTBEHHO 10 AefiCTBYIOIINM Ha TEJI0 BHEII-
HUM crjiaM 0e3 TTpeIBapPUTENHHOTO PEIIeHNsT YPaBHEH I PABHOBECHSI.

Bepuemcst x mpuBeieHHOMY BBITIE JOKA3ATEIHCTBY CHUMMETPUY-
HOCTW TEH30pa HATPSIXKEHWIT; OHO HY’KIaeTcsd B yrounenwnu. [locTas-
JenHoe (husnyeckoe yciorre (MpeacTaBuMoCTh Tenzopa M, B BHUje
MHTErpaja TOJbKO 110 NOBEPXHOCTH) OyJeT BBIIOJHEHO, HE TOJBKO
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eI AHTHCMMMETPUYHAsT 9aCTh TEH30pa 0 (T. €. MoJbIHTerpaib-
HOe BBIpaykKeHWe B 0ObeMHOM WHTerpase B (2.3)) paBHa HYyJ0, HO
W €C/IV OHA TIPEJICTABJISIET OO0 HEKOTOPYIO MOJIHYIO JWBEPTEHIIHIO,
T. €. ecan

0
Oik — Oki = 2_6 Gikl,  Pikl = —Pkil, (2.11)
€]

TIe Pkl HPOU3BOJIbHBIA TEH30D, aHTUCUMMETPUYHBIN 110 epPBOI
nape MHJIEKCOB. B jjaHHOM cjiydae 3TOT MOCIeTHUN TEH30D J0JIZK-
€H BBIPAKATLCS 4epe3 NPOU3BOAHbIE Ou;/0Zr M COOTBETCTBEHHO B
TEeH30Pe HAIIPA?KEHUN BOZHUKHYT 4J1€Hbl ¢ BBICIIUMU TPOU3BOJHBIMU
0T BeKTOpa cMmerenus. B paMkax m3jiaraemoit B 9T0# KHUT'€ TEOPUU
YIPYTOCTU BCE TaKue YJIEHBI JIOJI2KHBI PACCMATPUBATHCA KaK MaJible
BBICIIECTO NOPAJKA U OIYCKATbCH.

C UpUHIUOUAIBHON TOYKM 3PEHWs CYIIECTBEHHO, OJHAKO, 9TO
TEH30D HANPIKEHUN MOMXKeT ObITh HPUBEIEH K CUMMETPUIHOMY BU-
7y w 6e3 stux mpenebperxenwii |). Jle0 B TOM, 9UTO OMpeeseHme
9TOr0 TEH30pa, coryacHo (2.1), HeOJHO3HAYHO — JOMYCTUMO JII060€e
npeobpas3oBaHUe BUIA

~ 0
Oik — Oik = ——Xikls  Xikl = —Xilk> (2.12)
Bacl
rje Xikl — TPOW3BOILHBIN TEH30pD, AHTHCUMMETPUYHBIH 110 TI0-

CIeJTHEll TTape WHJEKCOB; OYEBWIHO, UTO MPOW3BOAHBIE Jojk/0x) W
00,1 | 0z, onpenensitone cuny F, ToxkaecTeenno cormagaior. Ecim
AHTUCUMMETPUYHAS 9aCTh TeH30pa o;; umeer suj (2.11), To necnwm-
METPUYHBIN TEH30D 0k MOXKET OBITh MPUBEIEH K CHMMETPUIHOMY
BuLy npeobpazoBanreM Takoro Buja. CUMMETPUUIHBI TEH30D uMe-
eT BUJI

~ 1 0
Tik = E(Uik + o) + aTﬂJ(‘Pilk + Pkii)- (2.13)

JleficTBuTeIbHO, JIErKO yOeuThCst, 4TO PA3HOCTD 0 — Ok UMEET BUJL
(2.12) ¢ Tenzopom
Xikl = Pkli + Pilk — Qiki (2.14)

(P.C. Martin, O. Parodi, P.S. Pershan, 1972).

§ 3. Tepmoamuamuka gedopMupoBaHUA

Paccvorpum kakoe-HUOYIH 1eOPMUDPOBAHHOE TEIO W TPEJINO-
JIOXKUM, 9TO ero jedopManus MeHsaeTCs Tak, 9To BeKTop jgedopma-
AW u; W3MEHsIeTCsl Ha MajIyio Beqnanny du;. Onpemennm padory,

') B coorsercTBIM ¢ 06mIMME YTBEPKIAEHUAMA MUKPOCKOTTMIECKOW Teopun —

cp. 11, § 32.
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NPOU3BOAUMYTO TIPU STOM CHJIAMU BHYTPEHHUX HANPSIKEHUIA. Y MHO-
xkast cuny Fy; = Joj,/Oxp na nepememienue 0u; U MHTErPUPYsl HO
BCeMy 00ObeMy Tejia, UMeeM

[6Rav = / 09k 50, dV.
oxy

Cumsostom dR mbl 0603HaumIn paboTy CUJI BHYTPEHHWX HAIPsIyKe-
HIii B eguHUIE 0O0hema Teja. VHTerpupyst mo 4actsiM, mojydaeM

[6RaAV = § oydui dfy, - / o 2% gy,
. k

ox
PaccmarpuBast meorpanmvueHnyo cpeiay, He j1edopMUpOBAHHYIO
Ha OECKOHEIHOCTH, YCTPEMUM TOBEPXHOCTH MHTEIPUPOBAHUS B TEP-
BOM MHTeTrpaJje K DeCKOHEIHOCTH; TOTAa Ha Hell g, = 0, m mHTerpan
ncgeszaer. BTopoit ke nHTEerpa MOXKHO, BOCIOIB30BABIINCH CUMMET-
pueil TeH30pa 0k, HepenucarTb B BUJIe

Jorav = /ok (B Bue) gy —

_ 1 ) Ou; Ouy, _ ) )
_ 2/%5 (axk + 871_) AV = — [ obug, dV.
Taknwm obpazom, HaXOINMM
0R = —aikéuik. (31)
Dra dopmysia onpegensier pabory dR 10 M3MEHEHUIO TEeH30pa je-

dbopmarnnm.

Ecnn medopmanms Tema g0CTAaTOIHO Masia, TO O TTPEKPAIEHNUN
eWiCTBUS BBI3BABINX /1e(DOPMAIMIO BHEITHUX CHJI TEJI0 BO3BpAIla-
eTcst B Mcxomroe HemedopMupoBanHoe cocTtostane. Takne medopma-
W HA3BIBAIOT ynpyzumu. [lpn 6onbmux gedopMarusax mpexkparie-
HUe JefiCTBUsT BHEITHUX CUJI HE TTPUBOJAUT K TIOJTHOMY MCUYE3HOBEHUIO
nedbopMaIii, — OCTAETCS, KAK TOBOPST, HEKOTOPAas OCTATOYHAs JIe-
dopmanns, Tak 9TO COCTOSHNE Tejd OTJANYAETCS OT TOr0, B KAKOM
OHO HAXOMJIOCH 10 MPUJIOXKeHus K Hemy cmi. Taxkwe medopmannm
HA3BIBAIOT NAGCMUYeckumuy. B naapHeiimem Be3e (3a NCKII0UYeHeM
ri. IV) mbl 6ygem paccMarpuBaTh TOJIBKO ynpyrue gedopmarmu.

[Ipemnonoxum majee, aro nporecce 1edOpMUPOBAHUS COBEPIIA-
eTCs HACTOJIBKO MEJJIEHHO, 9TO B KAXKJIbli MOMEHT BPEMEHU B TeJie
YCIIEBAET YCTAHOBUTHCSI COCTOSTHHE TEPMOJIMHAMUYECKOTO PABHOBE-
CHsi, COOTBETCTBYIOIIEE TEM BHEITHUM YCIOBUSM, B KOTOPBIX TEJIO B
JAHHBI MOMEHT HaxoauTcst ((hbakTHUecKn 3T0 yCIOBWE TIOYTH BCe-
raa seinosiagercs ). Torga npouece Oyer TepmojgnHaMuIecku 06pa-
TUMBIM.

VCa0BUMCsT OTHOCUTD B JIAJIBHERIIEM BCE TAKUE TEPMOJIUHAMUIE-
CKHUe BeJIMYUHbBI, KAK SHTpOnus S, BHyTpeHHss: SHeprus £ u T. II.,
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K eauHune oobema Tesia (a HE K eJUHMIE MACCHI, KAK 9TO NPUHATO
B TUAPOJMHAMIKE) W 0603HAYATH WX COOTBETCTBYIOMIMMHU GOIBITTAMHI
OyKBaMI.

B s1oit cBa3m mHeoOXOAMMO CcAesaTh CAeAYIONee 3aMedaHue.
Ctporo roBoOpst, HAJO0 PaA3JINIATh EANHUILI 00bheMa JI0 W MOCIe J1e-
dbopmupoBanmst; TH 00LEMBI COIEPYKAT, BOOOIIE TOBOPS, PA3TMIHBIE
KOJIMYECTBA BEIecTBa. Bce TepMoanHaMUdecKue BEJIUINHBI MBI 0Y-
JIeM B JaJsibHemeM Be3ge, kpome 1. VI orHOoCuTh K euunme 06b-
emMa HeJeOPMUPOBAHHOTO TeJia, T. €. K 3aKJI0UYeHHOMY B HEM KOJIH-
YeCTBY BEIIECTBA, KOTOPOE TOCae 1eOPMUDOBAHUST MOYXKET 3aHSITh
00'beM, HECKOJIBKO OTJIMIHBI OT IepBOHAYAILHOTO 00 bema. CooTBer-
CTBEHHO 9TOMY, HAIIPUMED, MOJIHAS IHEPIUsI TeJIA [MOJIyYaeTCsl BCeraa
uHTerpupoBanneMm £ 10 00beMy HejiepOPMUPOBAHHOIO Tejia.

Beckoneuno majioe uzmeHenune dE BHYTPEHHEH SHEPIUEM PABHO
PA3HOCTHU TOJIyYeHHOIO JTIAHHON eJuHUIeil 00beMa Tejia KOJInIecTBa
Teria W MPOU3BEJEHHON CUJIaMU BHYTPEHHUX HAIPsiKeHWt pabo-
o1 dR. KomuuectBo remnyia pagao npu obparumom mporecce 1'dS,
riae T remmneparypa. Takum obpazom, d€ = T'dS — dR; B3sis dR
u3 (3.1), nonyuum

d€ =T dS + oy, dugy. (32)
DT0  OCHOBHOE TEPMOJIMHAMUYECKOE COOTHOIIEHUE st j1epopMu-
PYEMBIX TeJl.

[Ipu paBHOMEPHOM BCECTOPOHHEM CXKATHUU TEH30D HANPAKEHU

pasen o, = —pdi (2.6). B arom cayuae

Tik dujp = —poik dugk, = —p du;.
Ho wmbi Bugesn (em. (1.6)), uro cymma u;; npejacrasisier coboit oTHo-
cuTesibHOE u3Menenue oobema npu gedpopmuposanuu. Eciu paccma-
TPUBATH €IMHUILY O0beMa, TO U;; OyJeT MPOCTO M3MEHEHHEM 3TOrO

obwema, a duj;  amemenToMm dV 3TOro maMmeHeHns. TepmogmHaMM-
4ECKOE COOTHOILIEHKUE PUHUMAET TOIA OObIYHbBIA BU/IL:

d€ =TdS —pdV. (3.2a)

Brojst BMecto sHepruu £ cobouyto suepruio reja F =& —TS,
nepenuchbiBaeM cootHouienue (3.2) B Buje

dF = —SdT + o, dup. (3.3)
Haxomerr, repmoanravuaeckuit moreriman P rejia onpeessieTcst Kak
dP=E£-TS85— OikUilk = F — OikUWik - (34)

D10 — o6obmenne 06baHOTO BRIpaenns ® = £ — TS + pV 1),

') IIpu BeecToporHeM CxxaTum BEIpaxkenue (3.4) mepexoant B
P =F + pui; = F+p(V— V(]),
roe V — Vo n3MeHeHne oObema B pedynbrare medopmarmu. OTcioga BUIHO,

YTO TIPUHUMAEMOE HaMM 3€Ch OlpeaesieHne @ OTJINYAE€TCA OT NPUMEHAEMOTO
06braH0 B Tepmomuuaamuke ¢ = F + pV gnenom —pVy.
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[Moxcrasus (3.4) B (3.3), HaxXOAUM
dd = -5dT — Uik dozk (35)

Hesasucumbivu nepemennbivu B (3.2) u (3.3) siBaistrorcst cooTBer-
ctBeHHO S, Ui 1 T v KoMmouenTs TeH30pa HATIPSZKEHNH MOXKHO
noyauth, guddepennupys F wim F' 10 KOMIIOHEeHTaM TeH30pa Jie-
dopmanmE COOTBETCTBEHHO TPH TOCTOSHHON IHTPOTHN S WM TeM-

> > T
ik Ouir/ s oui ) ’

Ananoruano, guddepennupyss @ 110 KOMIOHEHTAM 05, MOXKHO
[OJIy9UTHh KOMIIOHEHTBI U

wip = — ( oe )T. (3.7)

Jdoix

§ 4. 3akon I'yka

st Toro 9rtoObl UMETh BO3MOXKHOCTH MPUMEHSTH ODOIIme Tep-
MOJMHAMUYECKUE COOTHOIIEHUSI K T€M W/ WHBIM KOHKPETHBIM CJIy-
qagam gedopmanuii, He0OX0AUMO UMETh BbIPAXKEHUE J1jig CBOOOIHOT
sHeprum tesia F' kak QyHKIUE 0T TeH3opa jjedopMarun. ITO Bbipa-
JKEHUE JIETKO TI0/IY YU Th, BOCIO/Ib30BABIINCE MAJIOCTHIO jiecbopmariuii
U COOTBETCTBEHHO STOMY PA3JIOXKUB CBOOOJHYIO SHEPTUIO B PsJI 110
creneHsM ;. [lpu 91oM Mbl OyjieM 1OKa pacCMaTpUBATH TOJBKO
M30TPOIHBIE TEJ1a; COOTBETCTBYIOIINE BBIPAXKEHUS [IJid KPUCTAJLIOB
OyayT nosydensl Huxke, B § 10.

Paccmarpusas medopmMupoBaHHoe TEJI0, HAXOISAIIEECT IIPU HEKO-
TOpoit (NOCTOSTHHOIN BIO/Ib TEsIa) TemuepaType, Mbl OyJeM CYUTATDH
HeIehOPMUPOBAHHBIM  COCTOSIHUE TeJjia MPU OTCYTCTBUHM BHEITHUX
CHJ1 IpU TOH 2Ke Temneparype (31a 0roBopka HeoOX0AuMa BBUJLY Tell-
JI0BOrO pacimupenusi; cm. noapobuee § 6). Torpa npu ui, =0 posmk-
HBI OTCYTCTBOBATH TAKXKE U BHYTPEHHUE HANPSIXKEHUsI, T. €. JOJ2KHbBI
Obirh 0y, = 0. [Mockonbky o = OF /Oujk, T0O oTcioga ciaemyer, 9to B
pazjoxkenuu F' 10 cTemeHsiM 1 JOJIKHBI OTCYTCTBOBATH JIMHEHHDBIE
“JICHBI.

Jajee, TOCKOIBKY CBODOIHAS SHEPTUS ABJIACTCA BEJIUUIUHON CKa-
JIAPHON, TO W KAXKJIbIl 4jeH B pazjoxenuun F Toxke m02KeH ObITh
cKaagpoM. V3 KOMIOHEHT CHUMMETPUYIHOIO TEH30pA Ujp MOXKHO CO-
CTABUTH JIBA HE3ABUCUMBIX CKAJISPa BTOPO CTEIeHN; B KAYeCTBE HUX
MOYKHO BBIODATH KBAJPAT U2 CyMMbl JMATOHAIBHBIX KOMIOHEHT H

CyMMy ufk KBaJIpPaTOB BCEX KOMTIOHEHT TeH30pa U;k. Paszmarasg F' 1o
CTeIIeHAM Ujf , MBI IIOJIYyYUM, CJI€J0BATEJIbHO, C TOYHOCTBHIO 10 YJIEHOB
BTOPOIO TIOPS/IKA BbIPAzKEHUE BU/IA

F=F,+ %u?i + . (4.1)
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D10 ecTb 00IIee BbIpaXKeHUe Jijisi CBOOOJHON sHeprun 1edOpMUpo-
BAHHOIO M30TPOIHOTO Teja. BeJnunHbl A U [ HAZBIBAIOT K0aPduu-
enmamu Jlams.

Mbri Butesin B § 1, uro usmenenue obbema npu jgedopMaium onpe-
JleJIsieTcst CyMMO#t ;. Eeim 9ra cymMma paBHA HYJIIO, TO 9TO 3HAYUT,
aTo IpHu AedOpMUPOBAHUN 00BEM JJAHHOTO TeJIa OCTAETCs] HEU3MEH-
HBIM U MeHgeTcs ToJabKo ero dhopma. Takue gedopmaruu H6e3 nzme-
HeHUsl 00beMa HA3BIBAIOT COBUZOM.

Ob6patubIiM caydaeM sBJsgeTcsa aedOpMalins, COMPOBOK IATOIIA-
cst m3MeHenneM obhema, Ho 0e3 mamenennst (bopwmbl. Kaskawrit sme-
MEeHT o0beMa Teja Tph Takoil medopMarnm 0CTaeTCst MoI00HBIM Ca-
Momy cebe. M3 § 1 ciaemyer, aTo TeH3op Takoii gedopManny nuMeeT
BUI U = const-d;;. Takyto medopmarmio Ha3pIBAIOT 8CECTNOPOHHUM
COCATNUEM.

Begxyro medopmarinio MOXKHO TIPEICTABUTH B BUIIE CYMMBI Je-
dopmanmit YNCTOrO CIBUTA W BCECTOPOHHErO cxkatus. /s 3Toro mo-
CTATOYHO HAUCATEH TOYKIECTBO

1 1
Ui = (Wk; - 551‘/&“11) + géik“‘ll- (4.2)

[Teprwrit wmen cmpaBa mpeacTaBaseT cobOi, OYEBWIHO, UNCTHIN
CJIBUT, TIOCKO/IBKY CyMMa €ro JIMarOHaJbHBIX YJIEHOB paBHA HYJIIO
(manomuuaem, uto d; = 3). Bropoii ke 4nen cBg3aH €O BCECTOPOH-
HUM CXKATHEM.

B kauecTBe obmiero BeIpaykeHWs s CBOOOTHON 3HEpPrum Je-
bopMupOBAHHOrO M3OTPOIHOTO Tea y106HO HanucaTh BMecTo (4.1)
JIPYTO€, BOCIOJIb30BABIIUCE YKAZAHHBIM PA3JI0KEHUEM TPOUZBOJIB-
HOI JecdbopManmm HA CABUT W BCECTOPOHHEe cxkatne. VIMeHnHo, BhiOe-
PEM B Ka4ecTBe JIBYX HE3aBUCUMBIX CKAJISIDOB BTOPOIl CTENEHU CyM-
MbI KBaJIPATOB KOMIIOHEHT COOTBETCTBEHHO MEPBOTO W BTOPOTO UJjie-

woB B (4.2). Torma F Gymer wvers B ')

1 2 K
F=u (uik — géiku”) + Eufl. (4.3)

Benwaunaer K w j4 HA3BIBAIOT COOTBETCTBEHHO MOOYAEM 6CECTOPOH-
Hezo corcamus u modysem coeuza; K cBazano ¢ Koadduuuenramu
Jlama coorHoOIIeHEEM

K=\+ %u- (4.4)

1) Tlocrostammii wien Fy — crobommast Ireprust HeaedOPMUPOBAHHOTO TeJjIa —
B JasibHEieM He Oy/eT HAC mHTepecoBaTh. [lo3ToMy MBI GymeMm 1isi KPaTKO-
CTH BCerAa OMyCKaTh €ro, mogpa3dyMeBas moja F OgHy TOMBKO WHTEPECYIONLYIo
HAC CBOOOMHYIO dHEPruio AedopMamuu mjin, Kak TOBOPST, YIPYTYIO CBOOOIHYIO
SHEPTHUIO.
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B cocTostHun TepMOAMHAMIUYECKOTO PABHOBECHsT CBOOOTHAS SHEP-
IUsl, KAK M3BECTHO, MUHUMAaJbHA. Keim Ha Teo He JeficTBYIOT HU-
KAKWE BHEIIHUEe Cujibl, T0 F Kak QyHKIUS OT U;p JOJKHO HUMETh
MUHUMYM 11pH Ui, = 0. D10 3HA4UMT, uT0 KBaApaTudHas dhopma (4.3)
IO/2KHA OBITH 1oI0kuTeIbHA. K BIOpATh TEH30D Ui, TAKUM, 9TO
uy = 0, To B (4.3) ocTAHETCS TONBLKO NEPBBIT Y1EH; eC/u 7Ke BhIOpATh
TEH30D BUJA U, = const - d;p, TO OCTAHETCs] TOJBKO BTOPOI UJIeH.
Orciona caepyer, 910 HEOOXOAUMBIM (M, OYEBUJHO, JOCTATOYHBIM)
YCJIOBUEM TOJIOKUTENBHOCTH (DOPMbI (4.3) SBISETCA MONIOKUTEb-
HOCTH Kax 010 u3 Koadpdunmnentor K u p.

Takum 06pa3zoM, MbI IPUXOJUM K PE3YJIBTATY, 9TO MOJIYJIH CXKa-
THS U CIBUTA BCErJIA TOJ0XKUTE/IbHbI:

K>0, p>0. (4.5)

Bocnosibzyemcst renepnb 06muM TEPMOAMHAMUIECKUM COOTHOIIIE-
nuem (3.6) u onpeseuM ¢ ero NOMOIIbI0 TeH30p Hanpsikenuii. s
BbIMUC/IEHUs] TPOU3BOAHBIX OF/Ou;, nanumem nonnbiii auddepen-
mnas dF (npu nocrostuHOi Temneparype). Mveem

1 1
dF = Kuy duy + 2p <U7k - gullaik) d (uzk - gull(sz'k) :

Bo Bropom uiere ymMHOMKeHVE TTEPBOil CKOOKW Ha ;5 JTaeT HYJIb, Tak
9TO OCTAETCH

dF = Kuy duy + 2u (Uz‘k — %ulléik) duy,
nin, Hanucas duy B Buje O, duy,
dF = | Kuydi, + 2p <U7k - %Ullaik)} dug,.
Orcroma nMeeM 1 TEH30Pa HAIIPAZKCHHI
oi, = Kupdi, + 2 (uzk - %@'kuu) : (4.6)

DT0 BBIpAXKEHUE ONpeJesisder TeH30D HANPSIKEHU depe3 TeH30D je-
dopmanum it m30TPONHOro Ttesia. 3 Hero BuaHO, 9TO ecim Jie-
dopmanug gBIIETCA YUCTHIM CIABUTOM WM 9UCTBIM BCECTOPOHHUM
CXKATUEM, TO CBSI3b MEXKJY Ok U U, ONPEIeIAeTCd COOTBETCTBEHHO
OJIHUM TOJIbKO MOJYJIEM CJIBUIA WU MOJIYJIEM BCECTOPOHHErO CrKa-
THS.

Herpymuo mosyuurs u obparabie (hOPMYJIbl, BHIPAXKAIOIINE U
qepes 0. g 9Toro maiigem cymMmy JIuaroHaJbHBIX 4I€HOB 0. [lo-
CKOJIbKY /111 BTOporo wiena (4.6) ara cymma ofpammaercst B HyJib, TO
045 = 3K’11,7j7j, nJji 1

Uii = 3= (4.7)
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[MoxcraBasis 310 BeIpaxkenue B (4.6) u onpenessis OTTYAA ), HAXO-
UM
i, = ——diou + — (Uik - l@kazz) : (4.8)
9K 2u 3
UTO W OMpeseasieT Ten30p aedopMannn o TeH30Py HATIPSA KEeHMil.
Parerncreo (4.7) moka3bIBaeT, 9TO OTHOCHTENIHLHOE W3MEHEHVe
obmema u;; TPW BCAKON gedOopMamni W30TPOTTHOTO Tesla 3aBUCUT
TOJIBKO OT CyMMBI 0y AWATOHAIRHBIX KOMITOHEHT TEH30pa HAIpsiyKe-
HUil, TPUYEM CBA3H MEXKIY Uj; W 0;; OTPEIETIACTCA TOJIBKO MOIYJIEM
BCECTOPOHHETO CxKaTws. [Ipn BcecTopoHHeM (PaBHOMEPHOM) CYKATHN
TeIa TEH30p HANPSKEHUI mMeeT BUa o, = —pd;g. 1103TOMY B 3TOM
caygae nmeem u3 (4.7):
Ug; = *2. (49)
K
TMockonrKy gedopManmm Majbl, TO Ui W P — Maable BEJIWUNHBI, 1
MBI MOYKEM HAMNCATh OTHOIIEHWE Ujj /P OTHOCUTEIHLHOTO W3MEHEHVsT
obbema K maBiennio B anddepeHna bHOM BUIe; TOTIA

1 1 [ov

K v\ap),

Besmuuny 1/K HasbBaior £0afuyuenmom 6Cecmoponnezo coca-
mus (M pocTo KO3 MDUIMEHTOM CKATHS ).

13 (4.8) Mbl BuguM, 910 T€H30D geDOPMALUY U SABAAETCS JIU-
nelinoit pyHKIMel TeH30pa HaNpskeHuit o;,. JApyrumu ciosamu, jie-
dopmanys NponOpIUOHAIBHA TPUIOXKEHHBIM K TEJy CHUJIAM. DTOT
3aKOH, UMEIOIUIl MeCTO Jjid MajbiX gedopMaliuil, Ha3bIBAIOT 3GK0-
nom I'yka ').

[IpuBenem emre moe3nyio GOpMY BBIPAYKEHUsT s CBOOOIHOMN
sueprun 1eOPMUPOBAHHOTO TEJIA, MOJIYYIAIONIYIOCS HETIOCPEICTBEH-
HO m3 KBaJpaTtndHocTu F 1o Terszopy medopmarmu. CoryiacHo Teo-
peme Diiepa mveem

u OF

ik
Ouig
OTKyza, BBUAY TOTO 910 OF /Oui, = 0,

=2F

)

F = % (4.10)

Eciu B 51y bopmysty MOACTABUTH U, BHIPAYKEHHBIE B BUJIE JIH-
HeWHBIX KOMOMHANNN KOMIIOHEHT O, TO yHUpPyrasg SHeprus Oymer

) GaxTuueckn 3aK0H I'yka mpumennm ko Bcem ynpyrum gedopmarnusam. Jero
B TOM, UTO medopMarnuu 00BIYHO MepecTanT OBITh YIPYTUMH €Ie TOrda, KOTaa
OHUW HACTOJIBKO MaJIbl, 9TO 3aKOH FyKa ABJIACTCA JOCTATOYHO XOPOIIUM HpI/I6IH/I—
JKeHUeM (MCKTIOYEHUE TTPEJICTABIAIOT TE/IA THNA PE3UHBI).
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NpeJicTaB/ieHa KaK KBajpartudHasi (yHKIus Beandud o;,. CHOBa

npuMeHsisi Teopemy Ditjepa, Oyjgem nMersb
Uzkai = 2F

0ok
n cpasuenne ¢ (4.10) mokaswiBaeT, 4To
Usf = or . (411)
doik
Caenyer, 0JfHAKO, OAYEPKHYTh, 9T0, B TO BpeMsi Kak hopMyJia o =
= OF/0u;, siBasiercss 00MIMM TEPMOAMHAMUYECKUM COOTHOLIEHUEM,
cripaBeiInBOCTh 00paTHOit hopmysanl (4.11) cBsI3aHa ¢ BBITIOTHEHTEM
3akona ['yxa.

§ 5. Oagnopoaubie gedopmaiiumn

PaccMmorpuM HECKOJIBKO HPOCTERIINX CILYYaeB 00HOPOOHBLT de-
Ppopmayuti, 1. e. pedopmannii, Ipu KOTOPHLIX TEH30P AedopManuu
[OCTOSIHEH BJOJIb BCEro o0beMa Tea ). Opsopoanoi gedopmanmeri
SABJISIETCS, HALIPUMED, YK€ PacCMOTPEHHOE HAMKU PABHOMEPHOE BCe-
CTOPOHHEE CZKATHE.

PaccmoTpuMm Temepp Tak Ha3BIBAEMOE NPOCMOE PACTNANCEHUE
(mam cxkarme) crepxkus. [IycTh cTep:KeHb PACMONOXKEH BIOIb OCH Z
W K ero KOHIAM TNPUJIOKEHBI CUJIbI, PACTATUBAIONINE €ro B MPOTH-
BOTIOJIOYKHBIE CTOPOHBI. DTH CUJIBI JIEHCTBYIOT PABHOMEPHO Ha BCIO
MOBEPXHOCTH KOHIIOB CTEPYKHS; CHUJIA, TeHCTRYIOMAsT HA eJINHNILY T10-
BEPXHOCTH, MYCTh OYIET p.

[TockonbKy medopmaryist OHOPOIHA, T. €. Ui, OCTOSTHHBI BIOIH
TeJia, TO TIOCTOSTHEH TAK Ke W TeH30P HATIPSIYKEHUH o), & TTO9TOMY €ro
MOYKHO OTPEJIEINTH HEMOCPEICTBEHHO M3 TPAHUIHBIX yeaoBuii (2.9).
Ha 60x0BOI1 TOBEPXHOCTH CTEPIKHS BHEITHUE CUJIBI OTCYTCTRYIOT, OT-
Kyaa caeayer, ato oipng = 0. [loCKOIbKY eInHNYHBIIN BEKTOD N HA
GOKOBO# TTOREPXHOCTH TIEPTIEHANKYJISTPEH K OCH Z, T. €. UMEET TOJIHKO
KOMTIOHEHTHI Ty, Ty, TO OTCIOA CIELyeT, UTO BCe KOMIOHEHTHI Ojf,
3a VICKJIIOUEHNEM TOJILKO O, ,, PABHBI HYJII0. Ha MOBEpXHOCTH KOHIIOB
CTEPKHST UMEEM 0 ,;N; = P, OTKYIA 0,, = P.

13 obmiero Bhipaxkennsi (4.8), CBA3BIBAIONIET0 KOMIIOHEHTHI TEH-
30POB ﬂecboplvfa]_mn W HATIPSAYKEHNT, MbI BUJIMM, YTO BCE KOMTIOHEHTHI
Uik C 1 # k paBHBI HYJI10. 1151 OCTAIBHBIX KOMIIOHEHT HAXOINM

1/1 1 1
— — = — .1
HYaa = Uyy 3<2u 3K)p’ ez 3<3K + p) (5-1)

') Komnonentsr Ten3opa gedopMamuy Kak GpyHKIMN KOOPAMHAT HE SBISIOTCS
BIOJTHE HE3ABUCHMBIMU Be/IMYNHAMHE, IOCKOIbKY MIECTh PA3MAYHBIX KOMIIOHEHT
;) BBIPAXKAIOTCS Yepe3 MPON3BOIHBIE BCETO TPEX HE3ABUCUMBIX (DYyHKIMI — KOM-
MOHEHT BeKTOpa u (cM. 3amaqy 9 § 7). Ho mecTh mOCTOSHHBIX BETUEWH 1) MOTYT
OBITH B IPHUHIIUIIE 33JaHbl IPOU3BOIBHBIM 00pPA30M.
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KommonenTa u,, onpejenser 0THOCUTENBHOE YIJIMHEHUE CTePIK-
Hsl BIOJb ocu z. Koaddunmenr npu p HAZBIBAIOT Kosdhuyue-
MOM PACMANCEHUA, & OOPATHYIO BEJIMUUHY  MOOYAEM PACTIANCEHLA
(wm modyaem FOmnza) E:

Uy, = % (5.2)
rae
_ 9Kp (5.3)
3K+

KOMNOHEHTHI Uy, W Uyy ONPEJeNAaoT OTHOCUTEIBHOE CXKATHe CTeprK-
Hsl B nonepedrom Hamnpapjaeruu. OTHOIIEHUE TONEPETHOIO CXKATHS
K TPOJOJBHOMY PACTSI?KEHUIO HA3BIBAIOT Koaddpuyuenmonm [lyacco-

na ol):
Ugy = —Olyy, (5.4)

rje
- 13K —2p

23K +4p

[Mockonpky K w p BCerma moOXKUTENbHBI, TO Kodddumument [lyac-
COHa MOYKeT MEHSIThCH JJIs PA3JINIHBIX BEIIECTB TOJHKO B MpeJeaax

or —1 (mpu K = 0) 10 1/2 (npu g = 0). Taxum o6pazom 2),

(5.5)

1<o< % (5.6)

Hakower, oranocuTesibHOe yBemmdeHne 00beMa CTEPXKHs IIPU ero pa-
CTSIZKEHUN PABHO

—
Wi = o (5.7)

CBOOOIHYIO SHEPTUIO PACTSIHYTOTO CTEPIKHSI MOYKHO HAIMNWCATH, BOC-
MOJIB30BABIINCE HerocpencTrenno dopwmyoit (4.10). TTockoabky or
HyJIS OTJIMYHA TOJIHKO KOMTIOHEHTA O, ,, TO

2

1
F = U202z = QP—E. (5.8)

B nanbneiiniem Mbr OyjeM moJib30BATHCS, KAK 9TO OOBIYHO MPU-
HsITO, BejinunHavmu F u o BMecro moupyseit K u p. DTu nocjae Hue,

1) OGosmauenne xkoaddurmenta Ilyaccona gyepe3 o, a KOMIOHEHT TE€H30pa Ha-
NPsKEHNH Yepes o, He MOXKEeT NPUBECTU K HeJI0Pa3yMEHUIO, MOCKOIbKY MOC/Ie 1
HUE, B OTJIMYME OT TEePBOro, BCerga MMerT MHIEKCHI.

?) @axtuueckn kosdduument Ilyaccona MeHSETCS TOABKO B Tpeesax or ()
10 1/2. B macrosmee BpemMsa HEM3BECTHBI TETA, Y KOTOPBIX ObLI0 Obl 0 < 0, T. €.
KOTOPBIE OBl yTOJIIIAINCH TIPH MTPOJOIBHOM PACTSIZKEHNH. Y KAXKE€M TAK¥Ke, ITO
HepaBeHCTBY o > () orBewaer A > (; APpyruMHU CJIOBAMU, BCETA TOIOKUTETHHBI
06a 4neHa He TONBKO B Bhipaykernu (4.3), no u B (4.1), xoTs 9310 1 He Tpebyercs
repmoanHaMukoil. Bamskue x 1/2 3uavenns o (manpumep, y PE3UHBI) COOTBET-
CTBYIOT MOJYJIIO CIBUATA, MAJIOMY 10 CDABHEHUIO C MOJIYJIEM CYKATHUI.
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a Takzxke BTOpoi#l ko3ddunuent Jlamd A Beipaxatorca depes E u o
dopmysiamu

Ea __ B __EF
(1-20)1+0)’ H= 2(1+0)’ 3(1 —20)° (5-9)

Boimummewm 3eck ob1ue dhopmysibl ipeiblayiiero naparpada ¢ koad-
dunmenramu, Boipakenubivu depe3 F u o. s cBoboanoit snepruu
nMeeM

E 2 o 2
e () 5.10
2(1+0) \ ik e (5.10)
Ten3op HANPSKEHWI BLIPAXKACTCA UYepe3 TEH30p AedOopMannm co-
TJIaCHO B
o
Oik = 4o (“zkz + - 20’11,”(Slk) . (511)
O6parwo:
1
Uk = E[(l + (T)O'Z'k - O'O'”(Sik]. (5.12)

[Mockonbky dopmynamu (5.11) u (5.12) npuxoauTcss MOCTOSHHO
MOJIB30BATHCSA, BBIMUIIEM UX 3J€Ch 15 yA00CTBA B PACIIMCAHHOM 110
KOMIIOHEHTaM BUJIe:

E
Opw = m[(l — 0 )Ugy + 0 (Uyy + Us,)],
— E J—
Oyy = m[(l O)tyy + 0 (Ugy + uzz)l, (5.13)
Ozz = #[(1 — 0y + 0 (Uge + Uyu)]a

(1+0)1—20)

Oxy = m“mya Ogy = m“mz: Oyz = m“yz

n obpatubie HOPMYJIBI;

1
Uz = E[UM —o(oyy +022)],
1
Uyy = E[Uyy —0(040 + 022)],
! (5.14)
Uyy = E[ozz —0(0gz + ayy)},

140 1+o 140

Ogzy,  Uyz = Tayz-

Ugy = Tawy: Ugy =

Paccmorpum Teneps cxkaTme creprkHs, OOKOBBIE CTOPOHBI KOTO-
POro 3aKpPEIIEHbl TAK, YTO €r0 MONEPEYHbIE PA3MEPHI HE MOI'YT Me-
HATbC. BHEITHNE Cribl, TPOU3BOISAIINE CXKATHE CTEPIKHS, TPUIOZKE-
HBI K €r0 OCHOBAHUSIM U JEHCTBYIOT BJOJIb €r0 JIJIMHBI, KOTOPYIO MbI



28 OCHOBHBIE YVPABHEHNWA TEOPUU VIIPYVIOCTU TJI. 1

omnsTh BRIOEpEM B KadecTBe ocu z. Takyio medopMaInio HABBIBAIOT
odnocmoporHum cotcamuem. I1ockonbKy crepKenb jgedopMupyercs
TOJIBKO BJIOJIb OCH Z, TO W3 BCEX KOMIIOHEHT 1, OT HYJsl OTJIUIHA
TOJIBKO U,. VI3 (5.13) umeem renepb

FEo E( -o)

g = O = Uy, g = .
T a1 -20) 7 T 1+ o)1 - 20) F
Oboznavast OMATH CKUMAIOIILYIO CUIY YEPe3 P (azz = p; p oTpHUIA-

TEJbHO IIPpU C}KaTI/H/I), uMeeM

_ +0)(d-2) (5.15)
E(1-o0)

zZZ

Kosdbdumment npu p HazpiBaeTcst KO3 UIIMEHTOM OJHOCTOPOHHETO
ckatus. st HanpsizkeHuil, BOSHUKAIONIUX B IOMEPEIHOM HAIPABJIE-
HUU, UMeeM

Ozx = Oyy =P 7. (516)

1—0
Hakowern, gia cBoOOAHON SHEPIUM CTEPKHA UMEEM

2(1+0)(1 72(7).

F=p 2E(1 — o)

(5.17)

§ 6. /ledbopmanuu ¢ u3MEeHEHUEM TE€MMEPaTypPbl

Paccmorpum Teneps gedopmarnm, cOmpoBOKIATONIIECT N3MEHe-
HUEM TeMIIePATYPhl TEJIA; U3MEHEHUE TEeMIIEPATYPbl MOXKET IIPOUC-
XOJIUTH KAK B PE3yJIbTaTe CAMOr0 Mporecca aedpopMupoBanus, TaK 1
110 IOCTOPOHHUM TTPUYUHAM.

Bynem cuunrars HegedOpMUPOBAHHBIM COCTOSHUE TeJjia HPU OT-
CyTCTBUAM BHEIHUX CUJI TIPU HEKOTOPO#l 3amannoit Temneparype 1p.
Ecnu reno naxomurces npu remueparype 1, orimmanoit ot 1j, TO maxke
Ipyu OTCYTCTBUHM BHEIIHUX CUJI OHO Oy/er, Boobiie roBops, aedop-
MHUPOBAHO B CBS3U C HAJUYUEM TEILJIOBOrO paciiupenus. [loaromy
B pasyoxkenue coboauol suepruu F(T') OygyT BXOAUTH HE TO/Ib-
KO KBaJIpATUIHbBIE, HO U JIMHEHHBIE 110 T€H30PY AedopMaluu 4aeHbI.
N3 xommoHeHT TEH30pa BTOPOrO PAHTA U;p MOXKHO COCTABUTL BCE-
0 TOJBKO OJIHY JIMHEHHYIO CKAJIIPHYIO BEJUUYUHY  CYMMY Uj; €0
IMAroHAJbHBIX KOMIOHEHT. Jlaee Mbl Oy1em mpe/mnosiaraTts, 9T0 Co-
npoBoxgaroree gaedopmanuio namenenne 1 — Ty TemmepaTypsl Ma-
j10. Torga MOXKHO CIUTATH, UTO KOIDMUIMEHT TIPU Uu;; B PABIOIKE-
Hun F (KoTopwiii gomken obpamarhest B Hyib npu T = Ty) mpocTo
npomoprmonasien pasunoctn 1T — Ty. Takum obpaszom, moaydanuM st
cBOGOIHOM 3Heprun ciaenyronryio dpopmyy (3amensitornryio (4.3)):

1 2 K
F(T) = Fo(T) = Ka(T = ToJuy + i (win = o) + S, (6.1)
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rae koadgdunment npu 1’ — 1y nanucau B Bujge —K a. Benuuaunnbn p,
K, a Haji0 caurarh 3/J1eCh MOCTOSTHHBIMU; YUeT UX 3aBUCUMOCTH OT
TeMIepaTypbl TPUBe/ Obl K BEJIMYUHAM BBICIIETO MOPSIKA MAIOCTH.

Hubdepentupys F 10 uj,, NOAYIUM TEH30D HAIPAKEHUIA.
Nmeem

1
oir = —Ka(T — To) b, + Kuydig, + 2p (uzk - 55ikulz)- (6.2)

[Tepsoiit wien 37eck npeacraBsger co00i JIOMOJIHUTEIbHBIE HAPS-
JKEHUsl, CBA3aHHBIE C UBMEHEeHWeM Temueparypsl Tena. [Ipu cobos-
HOM TEIIOBOM pPacHMpenun Tesia (Opu OTCyTCTBUU BHEIIHUX CHLI)
BHYTPEHHME HANPSKEHUS JIOJ2KHBI OTCYTCTBOBATH. llpupaBHuBas
O HYJIIO, HaliIeM, UTo u;; WMeeT BUI: const - §;5, TpuUIem

Uy = ()’(T - T()). (63)

Ho wuy npejacrasisier coboit orHOCHTEIbBHOE M3MEHEHUE 00beMa Ipu
pedopmanuu. Takum 06pazoM, a SIBJISIETCS HE YeM UHBIM, KakK Ko3@p-
PuyueHMOM MENAOBO20 PACIIUPEHUA TEJIA.

Cpeau pasauunbix (B TEPMOJMHAMUYECKOM CMBIC/IE) TUIIOB J1e-
dopmanuit CyIecTBEHHbI U30TEPMUYECKHEe U auadaTudIecKue Jie-
dopmanuu. [Ipu nzorepmudeckux pedopManmugax TeMIepaTypa Teaa
ne mensiercsi. Coorsercrrenno sromy B (6.1) nago nonoxurs T = Ty,
7 MBI BO3BpAIaeMcst K 00bIaHBIM (hopmytam; Koaddunmnentsr K n y
MOKHO TTIO3TOMY HA3BATh U3OMEPMULECKUMU MOOYAAMU.

A mabatuyecknmu  SIBJISIOTCS  AehbopMalini, TPU KOTOPHIX He
MPOVCXOANT OOMEHa TEeIIOM MEYKIAY PA3IUIHBIMU yUaCTKAMW TeJa,
a TakyKe, KOHEYHO, W MEXKJy TeJOM W OKPYJKaloIlel cpemoii. JH-
TpOMust S 0CTAETCst IPU 3TOM TTOCTOsTHHOM. Kak m3BecTHo, SHTpONs
paBHa mpon3BogHoit —JF /0T ot cBOOOIHOI SHEPTHW MO TeMmrepa-
rype. Tudbdepentupys seipaxenune (6.1), HAXOAUM ¢ TOYHOCTBIO J10
4JIEHOB TIEPBOTO MOPSIIKA IO U

S(T) = S()(T) + Kouy. (64)

[IpupaBHsiB 5T0 BbIparkKeHUE MOCTOAHHON, MOXKHO OIPEIEIUTH U3Me-
HEHMe TeMIeparypbl npu gedopMaln, KOTOPOe OKA3bIBAETCS IIPO-
MOPIUOHAJIBHBIM 1]

C?J
—(

0

T — TO) = —Kaull. (65)

[MoxcraBus 310 BhIpaxkenue B (6.2), MOAyYUM JJisi 0 BbIPAZKEHHE
0OBIYHOIO TUIA

1
oi = Kaguydi, + 2p (“ik - g‘sik“ll) (6.6)

C TeM JKe MOIyJeM CIBWTa, HO C JIPYTUM MoaynaeMm cxkatns Ky.
Ceasp aznabarndeckoro Mouyiis Kay ¢ O0BIYHBIM, H30T€PMUYECKUM
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MoxaysieM K MOYXKHO, OJHAKO, HANTH W HEMOCPEJCTBEHHO 10 00Ieit
TEePMOJIUHAMUIECKOH hopmyie

()= (3, 5 ()
op/s ap)T  Cc,\ar/p

(Cp — TemI0eMKOCTh TIPW TIOCTOSTHHOM JIABJIEHUN, OTHECEHHAsT K €/I1-

nute obbema tesa). Eciim nounmars nog V o6bem, 3aHuMaemblii Be-
[IECTBOM, HAXOAUBIIUMCs J10 jiebopMaliuu B ejuanie oobema Teja,
T0 npoussogubie OV /0T u OV /0p onpenessiior OTHOCUTE/ILHBIE M3~
MeHEeHHUsI 06beMa COOTBETCTBEHHO NP HATPEBAHUU U TPU CXKATUU.
pyrumvu cioBamu,

(‘LV) ~ (‘LV) =1 (‘l‘/) _ 1
aT /p 7 op/s Kan’ op/T K’

Takum obpazom, moaydaeM i CBsA3U MEXK/y aanadaTudecKumMu u
M30TEPMITECKIMI MOTY/ISMI )
1 1 Ta?
= - —— an = M. 6.7
Kan % c, Ham = [ (6.7)
st aduabamuyeckur Mooyt pactsKkeHus u KodhduimenTa
[lyaccona jierko mosy9yaeM Cjie/1yioImne COOTHOTITeHNSI:
E o+ ETa?/(9C))
1— ETa?/(9C,) 1— ETa?/(9C,)
B peanpHBIX cydagx BeUUnHA ETaQ/Cp 00BITHO MaJjIa, U TTO3ITOMY
C JOCTATOYHON TOYHOCTHIO MOYKHO HAIKUCATH:

Tao? Tao?
Ean=E+E*"% oyy=0+(1+0)E—>. 6.9
y M mmmo+(+a)BIT (69)
[Tpm mzoTepmuaeckoit medbopManmm TEH30D HANPSIKEHN BbIpa-
JKAeTCsl B BUJIE ITPOU3BOJIHBIX OT CBOOOIHON IHEPIUM:

o _<8F)
ik Ouik T.

ITpu nocrosiHHOM ke SHTPONIMU HALO Hanucatb (cM. (3.6)):

o — ( o0& )
ik Ouir Su

rne £ — BHyTpeHHsist SHeprusi. COOTBETCTBEHHO 3TOMY TIpH aIrada-
THYecKux JedopManysx Bhipaykenne, anajornanoe (4.3), onpejens-
eT He CBOOOIHYI0 SHEPTUIO, & MMPOCTO BHYTPEHHIO SHEPTUIO € INHUIHI
obbema Tesa:

(6.8)

2
£ = K;ﬂ “‘l2l +u (’ll,ik — %u”dik) . (610)

') dns roro urobser moayunts sti hopmyast u3 (6.5), (6.6), Hamo G0 GBI HC-
HOTB30BATH €IIe ¥ N3BECTHYIO TepMoauHaMmdecKyio dopmyny Cp —C, = T’ K.
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§ 7. YpaBHeHUsi paBHOBECUsI M3OTPOMHBIX TEJI

BoiBejeM Tenepb ypaBHeHUs PaBHOBECHS U30TPOIHbBIX TBEPbIX
rest. st 310ro Hago nojctaBuTh B 00mue ypasnenus (2.7)

JDoix

ox

Boipazkenne (5.11) ais renszopa manpsikennii. Vimeem

+pgi =0

0o Eo Quy E Ouip
dry  (1+0)1-20)0z; 140 dxp

ou; 4 %

5 5 ), MOJIy9UM YPaBHEHUS PaB-
T T

.
[TogcraBass cioga u;p = 2
HOBECHS B BHUJIE
E  0%u; E 0’y
2(1+0) 0z 214 0)(1 — 20) 0x; Oxy

+ pgi = 0. (7.1)

OTu ypaBHeHUs yJI00HO MEpenucaTh B BEKTOPHBIX 0003HaueHusX. B
3TUX 0603HAYEHHAX BemanHbl O2u; ) azz SIBJISTIOTCST KOMTTOHEHTAMU
BekTOpa Au, a Ju;/dz; = divu. Taknm o6paszom, ypaBHEHWsT paB-
HOBeCHUsi TIPUOOPETATOT BU/I
210+ 0

(1+0) (7.2)

1 .
dd = —pg———.
T, graddivu PE——

Au +

Nuorga 6niBaeT ya00HBIM IHCATH 9TO YPABHEHUE B HECKOJBKO MHOM
BU/I€, BOCIIOJIB30BABIINCH U3BECTHOM (hOPMYJIOif BEKTOPHOIO aHA/INA3a:

grad divu = Au + rot rot u.

Torpa (7.2) npuoGperaer Buj

(1+0)Q —20). (7.3)

129 otrotu=—
P& B0 — o

2(1 — o)

Mpbl niuiiiem ypaBHEHUs] PABHOBECUsI B OJIHOPOIHOM TIOJIE CHJI Tsl-
JKECTH, UMesi B BUJTY, YTO MOC/IE/IHAE ABJIAIOTCH Hanboiee 0ObI9HbIMUT
B T€OpUH yIpyroctu obbemubivu cuiiamu. [Ipu Hammaun kakux-amn60o
WHBIX 00EMHBIX CHUJI BEKTOP pg B MPaBOil 4acTW ypaBHEHWS TOJIK-
eH OBITH 3aMEHEH COOTBETCTBYIOIIEH IPYTroif MIOTHOCTHIO 00 hEMHBIX
CUJI.

HawubGomnee cymectBen ciaywuail, korga gedopMarus BbI3BIBAETCS
He 00bHLEMHBIMU CHUJIAMHU, & CUJIAMU, MPUIOKEHHBIMIA K TTOBEPXHOCTHU
Tena. Torma ypaBHeHNE PABHOBECHUS TJIACUT

(1 —20)Au + graddiva =0 (7.4)

graddivu —
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WU B JIDYIOM BHJIE
2(1 — o) graddivu — (1 — 20) rot rotu = 0. (7.5)

BHerare cuibl BXOJSIT B PEIIeHe TOJHKO Yepe3 MOCPeCTBO Tpa-
HUYHBIX YCIOBWA.

[Tpumensis k ypaBuennio (7.4) onepannio div v TOMHS, 9TO
divgrad = A, naxoanm

Adivu =0, (7.6)

T. e. Beqmunna divu (onpepesnsionias n3MeHeHne obbemMa Mpu Jie-
dopmanun) asnsiercs rapmonuueckoii dynkuueir. [Tpumensia xe
ypasnennio (7.4) oneparop Jlamnaca A, nojay4unm renepb

AAu =0, (7.7)

T. €. B paBHOBECHUM BEKTOP J1ehOpMAINH YIOBJIETBOPSIET OUZ2aAPMOHU-
YECKOMY YPA6HEeHU10. DTN PEIYIHTATH OCTAIOTCS B CUJIE W B OITHOPOJI-
HOM TI01Ie TsikecTr (mpu onepanusx auddepeHnnpoBanns npaBas
4acTh ypaBuenus (7.2) ucdesaer), HO OHU HECIIPABEJJIUBLI B 00OIIEM
CIydae TIeEPEMEHHBIX BIOJIb TeIa 00HEeMHBIX BHEITHUX CHJI.

Tot daxT, uTo BeKTOp AedopMaIny yI0BJIETBOPSIET OUTAPMOHM-
YeCKOMY YPABHEHWIO, HE 03HAYAET, pPa3yMeeTcs, 4TO OOInii mHTe-
rpaJji ypaBHeHWi paBHOBECHsT (TPW OTCYTCTBUN OOLEMHBIX CHJI) €CTh
MPOM3BOIbHAS OUTAPMOHUYECKAsT BEKTOpHAsT (DYHKIIN; CAEAYeT T0-
MHWUTH, 9T0 (hyHKIWMSA U(x,y,z) JOIKHA B AEfiCTBUTEILHOCTH YJI0-
BJIETBOPSITH ernie u anddepeHnnals-HOMy YPaBHEHNIO 001ee HI3KOTO
nopsinka (7.4). B To Ke Bpemsi OKa3bIBAETCS BO3MOXKHBIM BBIDa-
3UTH OOIINiI WHTErpa yYpaBHEHWIT PABHOBECHs U€pE3 TMPOU3BOIHBIE
0T TIPOM3BOILHOTO OUTAPMOHWYECKOTO BekTopa (cm. 3agady 10).

Ecnn teno HepaBHOMEPHO HATPETO, TO B YPABHEHWN PABHOBECHS
TOIKEeH OBITH J00aBIe€H JAOTOMHUTE/IBHBIN wieH. B Ten3ope Hamps-
Kennit qomken 661Th yaren wien —Ka(T — Ty)d (em. (6.2)) u co-
OTBETCTBEHHO B 00;), /0T), BO3HUKAET JIEH

kT _ Fo T
O 3(1 — 20) dz;
B pesyamTaTe mosyvdaeM ypaBHEHWs PABHOBECHS B BUJIE
3=q) grad divu — 30229) ot rot u = aVT. (7.8)
1+o 2(1+0)

OcTraHoBMMCST HA 9aCTHOM CIyvae naockotl dedopmayuu, mpu Ko-
TOpOit BO BCEM Tejle OJIHA W3 KOMIOHEHT BEKTOPa CMEIIEHNs PABHA
Hyio (u, = (), a KOMIIOHEHTHI Uy, U, 3ABUCAT TOJIBKO OT z, y. [lpn
9TOM TOXKIECTBEHHO OOPAIAIOTCH B HY/Ib KOMIIOHEHTBI Uy, , Ugy, Uy;
Ten30pa JedopMalu, a ¢ HUMHU M KOMIIOHEHTBI 0y, Oy, TEH30PA Ha-
npsiykennii (HO He IPOJI0ILHOE HATIPSIKEHNE O, ,, CyIIECTBOBAHNE KO-
TOPOrO JOJIZKHO 00€CIIeUnTh MOCTOSHCTBO JJIMHBI TEJIA BJIOIb OCH Z).
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ITockoMbKY BCe BEJMYMHBI HE 3aBHCAT OT KOOPAMHATLI 2, TO
yPaBHEHUsI PABHOBECUs (IPU OTCYTCTBUM BHEITHUX O0HEMHBIX CHJI)
00k [0z, = 0 cBOAATCS B JAHHOM CIy9ae K JBYM YDaBHEHWSIM:

6(7.1.7: ao’my 6(7' x 6(7'
Cer g S0 ), g Ew =, 7.9
Ox - dy ’ Ox + dy (7.9)

Haubonee obmmm BugoM QyHKIMM 04y, Oy, Oyy, YAOBIETBOPAIOIINX
9TUM YPABHEHUSIM, SABJISIETCS
9”x ”x 9”x

—= = ——=, = =, 7.10
8y2’ Ty Oz dy’ Tyy ox?’ ( )

Oxy —
e Y ~ npou3BosibHAag (pyHKIMA OT & 1 Y. JIErko noaydnTs ypasHe-
HUE, KOTOPOMY JIOJ?KHA YJI0OBJIETEOPATH 9Ta (pyuknms. Takoe ypas-
HEHUE JOJIZKHO CymeCTBOBaTI) B CI/I.Hy TOFO, qTOo TpI/I Be€JIMYUHDBI Oxax,
O-Ty, Uyy Bpra}KaIOTCH B ,ZL@I?'ICTBI/ITGJIBHOCTI/I BCEero qepeB JIB€ BeEJIN-
YUHBI Uy, 'U/y 141 HOTOMy HE ABJIAIOTCAd HE3aBUCUMBIMUA. C TTIOMOIIIHIO

dbopmyn (5.13) maitgem ans miockoit pedbopmarun
E

=~ (u Uyy ).
Tar Ty = 1 = 20) (i + 11y
Ho
ou ou .
o Oyy = A\ U Uyy = — + —2 =divu

u nockonbKy divu ects, cormacuo (7.6), rapmonmnueckast pyHKums,
TO MBI BaKII0YaeM, 9T0 PYHKIUS X YAOBJIETBOPIET YPABHEHUIO

AAY =0, (7.11)

T. €. SIBJIAETCA OurapMoHmYecKoii. GyHKIINIO Y HABBIBAIOT PYyHKUUCT
nanpascenud. Ilocie Toro kak mIoCKasg 3agada perreHa n HyHK-
ud Y U3BeCTHA, IIPOJOJIbHOE HAIPAXKEHUE 0,, OIpelesdeTcd Heo-
CPEeJCTBEHHO 110 hopMyJIe

ok

UZZ = T 1 a v
(1+0)(1—20)

(uxw + uyy) = O(U$I + Oyy)a
nJjan

0., = o Ax. (7.12)

Bagaum

1. Onpenesnth medOpMAnVIO AJIMHHOTO CTEPKHAS (IJIMHBI [), CTOAIIEro Bep-
TUKAJIBhHO B T10JI€ TAXKECTH.
Pemenue. Hanpasnsem ocbh z 10 OCH CTePXKHS, & IJIOCKOCTD £Y B ILJIOC-
KOCTHU €Ir0 HU>KHETO OCHOBAHUWA. YpaBHeHnsr paBHOBECHUA
6(7'“' _ 601,1' -0 60'“' =g

2 JI. J1. Jlangay, E.M. JIndmu, Tom VII
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Ha 60K0B0ii TOBEPXHOCTH CTEPKHA JT0MKHBI 06paIaThCA B HY/Ib BCE KOMIIOHEH-
TBI Ok, KPOME 0., & Ha BepxHeM (z = [) ocHOBaHWM O,. = 0y = 0., = 0.
VIOBAETBOPAIOIIEE STUM YCIOBUAM PENeHne YPABHEHW PABHOBECHS €CTh

0. = —pg(l—2),
a Bce octanbubie g, = 0. Ilo o, onpenensem u;; B BUIE
_pgll—=2)
= ;

a OTCI0Ja MHTETPUPOBAHMEM — KOMIIOHEHTHI BEKTOPA ,HECI)OpMaHI/H/I

a
Upz = Uyy = Epg(l - Z), Uyz = Uzy = Uzz = Uyz = 0,

o
Uy = — l—2)x,
: Epg( )

o
w = Zpgli =)y

uy = ,%{12 — (=2 —a(x®+yH)}.

Beipaxenue ams wu. yJOBIETBOPsieT TPDAHUYHOMY yCIOBHIO 4, = ( TOIBKO B
OIHOW TOYKE HMIKHEN TOBEPXHOCTH CTepkHs. [losTomy mosrydennoe perrermne
HEMPUMEHNMO BOJIM3YM HUZKHETO KOHITA CTEPIKHS.

2. OnpegenmuThb nedopManuio moIoro mapa (HapyKHbBIA U BHY TDEHHUI paIu-
yebl Ro w R1), BHYTPHM KOTOPOTO JEHCTBYET JABJIECHNE P1; JABJIECHUE CHAPY KW P2.

Pemenwne. Brommm chepuueckne KOOPANHATHI C HAYAIOM B IIEHTPE MIapa.
Hedopmanus u mHanpasieHa Be3e M0 PAANYCY U sABASAETCS GYHKOUEH TOIHKO
or r. ITostomy rot u = 0, u ypasrenwme (7.5) npuobperaer Buzm

Vdivu =0.
Orciona
1 d(r?
divu = —M = const = 3a,
r2 r
adzs )
uw=ar+b/r’.
KowmnonenTs Tersopa gedbopmamun (cm. dopmyns (1.7)):
_ _ _ b
Upp = @ — 7;, UGy = Upp = a + F
PagmanpHoe nampsizenue
E E 2E b
Oy = —————[(1 — 0)thyr + 20upg] = ————a — —.
(1+0)(1-20) 1-20 14013
TTocrostiabie a n b onpe1eAsT10TCs U3 TPAHUYHBIX YCIIOBUH: 0.p = —p1 IpU T = R
u orp, = —pp Tipu 7 = Ry. O1cioga HAX0IUM
_ R -pR31-2  RIR(p—p2) 140
R3 — R3 E R3 — R3 2F

Taxk, pacupenesnenme HAPSIKEHUH 110 TOIIWHE MIAPOBOTO CJI0S, BHYTPH KO-
TOPOTO JEHCTBYeT maB/eHue pi = p, a CHapyxku p2 = 0, maerca dopmynamu

. _ﬂ(l,lﬁ) N _ﬂ<1+fﬁ)
" RI-R} p3 ) 0% T T Ra _Rs o3 )
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s Toukoil cdepudeckoit 06om0urn Tommuasl h = Ry — R1 € R nmeem tipu-
OJIMKEHHO
2
pR*(1— o) pR  _
U= —"7"7", 006 =0pp =7, O =7
2Eh 2h
(@rr  cpemmee o TOMMEHE 06ONMOYKHN 3HAYEHUE PAJUATHLHOTO HATIPSZKEHWS ).
Pacnipepenenvie HanpsikeHnii B HEOrpaHWYEHHOW yIIPyToi cpejie ¢ 1mapooo-
pasnoit mosocteio (pagnyca R), mogsepraeMoili paBHOMEPHOMY BCECTOPOHHEMY
CXKATHUIO, TIONTYYuM, OT0KUB R1 = R, Ry = 0o, p1 = 0, p» = p:

R R®
Opp = —P lfTT , 09 =0pp = —D 1+% .

Ha rpannue mosoctv TanrennnaahbHble HATPSIKEHWUS] 049 = Opp = —3p/27 T. €.
TIPEBHIMIAIOT JaBJIEHWE HaA 6eCKOHeqHOCTT/I.

3. Onpenemuts nedopmanuio crtonrroii cdeps (paanyca R) o BiugaueMm
COOCTBEHHOTO TPABUTAIIMOHHOTO TIOJIS.

Pemenwne. Cuna tarorenus, 1eifcTBYIOMAs HA € IMHAIY MACChl cdhepute-
ckoro rena, pasua —gr/R. IlogcraBus 910 BhIpAXKEHNME BMECTO g B ypaBHEHHE

(7.3), momyanM A1 pAIMATBHOTO CMENICHHs CIEYIONEe yPABHEHHE:

E(l—-0) d <1 d(rzu)) —

(I1+0)1—20)dr \r> dr R
Pemenne, koneunoe npu r = ( 1 y10BI€TBOPLIONIEE YCIOBUIO 0, = 0 ipu 7 = R,
ecTh )
_ _ng(l—?U)(l—}-U)T {3—0 _ i}
10E(1 — o) 1+0 R2]

1/2
3—o
OTrmeTnM, 9T0 BHYTPH ChepraecKoiil TOBepXHOCTH paauyca R —————
3(1+4+0)
BemecTBo CKaTo (ur, <0), a Bue ee  pactanyTo (urr > 0). laBnenue B eHTpE
Tmapa OKa3hIBAeTCsl PABHBIM

3—o
10(1 — o)
4. Onpenenutsd nedbOpMATHAIO MOIOH TUIAHAPAIECKONH TPYObl (HADYKHBIA 1
BHyTpeHHWI paanychl Ro n Ri), BHYTPH KOTODO#i IefiCTBYeT naBaenne p; 1aBJie-

gpR.

HHUE CHAPYXKU OTCYTCTBYET .

Pemenue. Bromum mummHApUYIECKHe KOOPAUHATHI C OCHIO 2z IO OCH TPY-
ob1. [Tpu ogHOpOAHOM BI0/IH TPYOBI JaBiaeHnn gedopmanms rpeacrasiser co0oi
YUCTO pasmanbHoe cMemenue u, = u(r). AHATOruaHO 3a7a9€ 2 UMEEM Tenephb

. 1d(ru
divu = —u = const = 2a.
ror
Orcrona
b
u=ar-+ —.
r
Ormananie 0T HyJIst KOMTIOHEHTRI Ter30pa aedopvanmn (cm. dhopmyssr (1.8)):
_du b u
Ury = 57(1,77"—27 Upyp = ;7(1-{—7"—2.

1
) B zamauax 4, 5, 7 UPEANONAraeTcs, 9TO UMAMHAPHL yAEPKUBAIOTCS TIPH
MOCTOSTHHOM JI/TMHEe, TaK 9T0 MpoAoibHas AedopManus OTCYyTCTBYET.

2%
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W3 ycnosuit 0rp, =0 npu 7 = Ry 1 0, = —p npu r = R; HAXOAUM
_ pR]  (1+0)(1—20) b pRIR: 140
R - R? E ' R:—R? E

Pacnpenenenne nanpskeHuii mo TonmuHae TpyObl HaeTcs HopMmyTaMu

pR? R3 pR? R)
o=\ T ) dee T m (It )
RZ — R? r R — R? r

2
PRy
2 2"
R; — R
5. Onpenenurs gedopManuio MUIXHIAPA, PABHOMEDHO BPAIIAIOIIETOCsS BO-
KPYT CBOEU OCH.
Pemenue. Hanucas B (7.3) mearpobexnyio cumy pQd°r BMECTO CHBI Ts-
xkectu (£ — yraosasi CKOPOCTH), TIOJIy9aeM B TMJIMHIPUIECKUX KOOPAMHATAX ISt
cmemenns uy = u(r) ypaBHeHHe

E(1-o0) d (1d(ru)\ _ 2,
(1+a)(1—2a)$<? dr )* PR

Pemenne, koneunoe npu r = () n ygoBaeTBOpsionee yejaoBuo o, = 0 ipur = R,
ecTh
pQ’(1+0)(1 — 20)
= T
8E(1— o)
6. Onpegesnts gedopMannio HEPABHOMEPHO HArpeToro mapa co cdepude-
CKW CMMMETPUYHBIM DacClpeie/JIeHneM TeMIepaTyphbl.

Pemenwme. B chepuuecknx koopauaaTax ypasaenue (7.8) mia amcTo pa-
AnajbHON faedopmanum raacuT:

d (1d(r211,))_a 140 dT

dr 31—0) dr

[(3—20)R* —r7].

r2 dr

Pemenmne, koneunoe npu r = 0 1 yI0BI€TBOPLIONIEE YCIOBUIO 0, = 0 ipu 1 = R,
ecTh

r R

ail R l /T(?")r2 dr + 2 =20) 1 /T(?")r2 dr
31—a) | r2. 140 R?.
0 0

Temnepatypa T'(r) OTCINTBIBACTCA OT 3HAYEHUSA, TPU KOTOPOM PABHOMEDPHO Ha-
rperwril map cuntaercs HenedOpPMUPOBAHHBIM. B KadecTBe 3TOM TeMmepaTypbl
37€Ch BBIOpAHA TEMIIepaTypa BHENIHEH MOBepXHOCTH mapa, tak 1to 1T'(R) = 0.
7. To ke j1j151 HEPaBHOMEPHO HATPETOTO0 MUJINHIPA C OCECUMMETPUIHBIM Pac-
MpeJIeJIeHNEM TEeMTIEPATYPhI.
Pemenue. AHATOIMYHBIM IyTEM B MUIUHAPUIECKUX KOOPJAMHATAX TIOJTY-

qaem
T R

u = (1414_7(7 B /T(T)rdr +(1- 2(7)L /T(T)rdr
3(1—0o) | 7. R?,
0 0
8. Onpenenurs nedopmMannio HEOrPAHUYEHHOM YIIPYTOH CPejbl C 3aJaHHBIM
pacupeneneauem temnepatypbl 1'(z,y, z) TakuM, 9TO HA GECKOHETHOCTHU TEMIIE-
parypa CTPeMHTCsi K MOCTOsTHHOMY 3Hadennio To m nedopmarms OTCy TCTBYET.
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o
-

Pemenwe. Ypasuenue (7.8) umeer, 0O9€BUIHO, PENIEHUE, B KOTOPOM

. 140
rotu=0, divu=a———[T(z,y,z) — To).
sy Ty, 2) - T

BekTop u, auBeprennus KOTOPOTO paBHA 33aHHON (DYHKIINM, OMpeIeIeHHON BO
BCEM MIPOCTPAHCTBE U 00PATIAIONIEHCS B Hy/Ib Ha OECKOHEIHOCTH, 3 POTOP KOTOPO-
0 TOXKJIECTBEHHO MCYE3aeT, MOYXKET ObITh HANMCAH, KAaK W3BECTHO U3 BEKTOPHOTO
aHau3a, B BUJE

u(x:y:z):_%v/ div u(myy;z)dV/:
iy T

2 2 2 2
rne r’ = (x —2')° + (y —y')° + (2 — 2')°. THosromy nosyaaem obmiee penrermne
MOCTAB/IEHHON 337290 B BHIE

__Ot(1+0) T’—Tg ,
o 127(1— a)v/ r v, M

rne T' =T(z',y', 7).

Ecnu B oyenb ManoM ydacTke 06beMa HEOrPAHMYEHHON Cpefbl (B Hagae
KOOP/IMHAT) BhIJIE/ISETCH KOHEYHOE KOJMYECTBO TeIjia ¢, TO Pacipejeenue Tem-
nmepaTypbl MOXKHO HanmcaTh B Buge (C TEmmoeMKOCTb Cpesibl)

Tf%:gwmwwa

rae d obozragaer d-dynknuio. Uarerpan s (1) pasen rorma q/Cr, m nedopmanus
naercsi popmyJIoi
_a(l+o)g r
127(1 —o)C 13
9. BeBecTn ypaBHEHWs DABHOBECHS M30TPOMHOTO Tena (MpW OTCYTCTBUM
00'LEMHBIX CHUJI), BRIPDAKEHHBIE Yepe3 KOMITOHEHTHl TeH30Pa HANPsIyKEeHn.
Pemenwne. UVckoMas CHCTeMa YDABHEHWH COMEPKUT HAPALY C TpeMs
YPaBHEHUSIMUA
Aok
ox
€Ie ypaBHEHWs, ABNAOMACC CIEACTBAEM TOTO (DAKTa, 9TO MECTh PA3TAIHBIX
KOMIIOHEHT U;r HE ABJIAOTCA HE3ABUCUMBIMU BEJIMYWMHAMMU. Z[.Hf[ BBIBOJA 3TUX
ypaBHEHWIT TAIeM CHadamna cuctemy auddepeHnranbHbIX COOTHOMEHNN, KOTO-
pBIM y,[LOBJ‘[ETBOpﬂIOT KOMITOHEHTHI TeH30pa Uik - .HeFKO BT/I,HeTB: YTO BEJIMYUHBI

" _1<%+%)
79\ | O

TOXKIECTBEHHO yﬂOBﬂeTBOpﬂ}OT COOTHOIIIEHU AM
O’ uin D 0ug 0 Ukm
0x; 0rm  Ox; Oxp 0xry 0rm  Ox; Oxy

3/1ech UMEeTCs BCErO MIECTh CYMECTBEHHO PAa3/UYHBIX COOTHOMEHui (COOTBeT-
cTByOINX 3Havennswm i, k, [, m: 1122, 1133, 2233, 1123, 2213, 3312); mb1 coxpa-
HUM UX BCE, YIPOCTUB HANCAHHOE TEH30PHOE PABEHCTBO II0 MHIAEKCAM [, m:

2 2 2
A + 0 uy _ 07 uy + 0y ‘ 2)

=0 (1)
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IloncraBngas coma ik, BIPaXKeHHOE 9epe3 ok cormacuo (5.12), u yanromaga
(1), momyunm MCKOMBIE yDAaBHEHWST

2
0“0y —o (3)

DTy ypaBHEHUs OCTAIOTCS B CUJIE W TTPU HAJIMYUU TIOCTOSHHBIX BJIOJIb T€J1a BHEII-
HUX 00bBEMHBIX CHIL.
Vnpocrus ypasrerne (3) mo wagekcam i, k, Haiigem, ato

(14+0)Acik +

Aoy =0,
T. €. 0 — rapMoHndeckas Gyukuns. [Ipuvmenns xe Teneps K 9TOMY yPaBHEHUIO
omepanmio A, HaiimeM, 9TO
AA(U}C = 0,

T. €. KOMIIOHEHTHI 0}, — OWUrapMoHWYecKne QYHKINN; 3TU PE3yJIbTaThl CJIEIYIOT,
BIpOYEM, y¥Ke HernocpeacTBeHHO u3 (7.6) u (7.7) BBUAY NUHEHHON CBA3U MeXKI1y
Oik U Uik .

10. Boipasnth 00mmii maTErpan ypaBHeHWil paHOBecHsi (TTPW OTCYTCTBUM
0G'bEMHBIX CHII) Yepes IPOU3BOIbHBLA Gurapmonndeckuii Bektop (B.I. Taaéprun,

1930).

Pemenwue. Ecrecrsenno nckars peumenue ypasaenus (7.4) B Buze
u=Af + Agraddivf.
Orcona divu = (1 + A) div Af. Tloacrapnsist 3o B (7.4), nomyanm
(1 -20)AAf +[2(1 — o)A + 1] grad div Af = 0.

Orcrona Bugmo, 9to ecin £ pOM3BOMBHBIN OUTAPMOHUYECKHIT BEKTOD
AAf =0,
TO 1
u=Af - ————graddivf.
2(1 — o)
11. BeIpa3uTh HANPAKEHWUS Orr, Ty, Ore TPHU TIOCKOH medopmanmu (B
TOJIAPHBIX KOOPJIMHATAX T, ) B BHUJIE MPOU3BOAHBIX OT QyHKIMM HANPAKEHWH.
Pemenune. ITloCKOMBKY MCKOMBIE BBIDAYKEHUS HE MOT'YT 3aBUCETH OT BBIOO-
pa Havasa oTcYeTa NoJsPHOIO yIila ¢, TO OHU HE COJEPIKAT €ro siBHBIM 00pa30M.
TlosToMy MOXKHO TPUMEHUTDH CJIEIYIOMNI TPUeM: Mpeobpa3yeM JIeKapTOBLI TPO-

m3Bomubie (7.10) B MpOM3BOIHBIE TIO TIEPEMEHHBIM T, (¢, TIOCIE €€r0 3aMedaeM,
qT0

Orr = Ozay, Opp = Oyy, Orp =0z 1upn @ =70

(yrom ¢ orcumrriBaercs ot ocn x). Taknm 06pa3om, MmoLyanm

10y N 1 0%y 9%*x 3] (18_)()

—_—=, o — _'7 Oprp = ——
ror  r?ip? T o2 ’ or \r dy

12. Onpenenurs pacnpejesienre HANPsi)KEHUI B HEOIPDAHWYEHHON yIpyTroi
cpefie ¢ MapoBoii TOIOCTBIO, TOABEPTraeMoii (Ha GECKOHETHOCTH) OTHOPOIHON /16~
dbopmannm.

Pemenune. O6mas ogaopomHas medopMarus MOXKeT ObITH TTPEICTABICHA
B BHUJI€ HAMOKEHUSA OJHOPOJHOTO BCECTOPOHHETO PACTSKEHWs (MMM CKATHUSA) W
omHOpOAHOTO caBura. Ileproe OBLI0 pacCMOTPEHO B 33/1a49€ 2, TaK ITO JJOCTATOTHO
paccMOTpeTh OJHOPOIHBIN CABUT.
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(0) .
Ilycts oy, OJTHOPO/THOE TIOJIe HAMPSAKEHU, KOTOPOe UMesI0 Obl MeCTO BO

BCEM IPOCTPAHCTBE MIPU OTCYTCTBAM TMOJIOCTU; IPU YMCTOM CIABHUTE 0( )= 0. Co-
OTBETCTBYIONINI BEKTOP CMeIIeHns] 0003HATaeM KakK u® u wmem nckomoe pe-
IIeHAe B BAJE U = u® 4 u(l), rae oOyC/IOBIeHHAS] HAMUYUEM IIOI0CTH (DyHKINST

u® ncuesaer HA GECKOHETHOCTH.

Besikoe permenvre OGMrapMOHHUYECKOTO YPABHEHHS MOYKET OBITh HANWCAHO B
BUIE JIMHEMHOT KOM6I/IHaHT/II/I HEHTPAJIBHO-CUMMETPUYIECKUX peHIeHT/Iﬁ 1 X 1Ipo-
W3BOHBIX PA3IUYHBIX TOPSIIKOB 0 KOOpanHaTaM. He3aBucuMbIMU TI€HTPATHHO-
CUMMETPUYECKMMN PEIEHUSIMU ABIAIOTCS 12, T, 1/r, 1. Tlosromy nanbosee 06-
muil BU, KOTOPHII MOYXKeT MMeTh OMTapMOHUYECKU BEKTOD u(l), 3aBUCAIININ,

KaK 0T mapaMeTpoB, TOJHKO OT KOMIIOHEHT TTOCTOAHHOTO TEH30pa O'(k) " 06pa—

HIa}OIIH/IT/ICS{ B HYJIb HaQ 6eCKOHe‘IHOC’TPI7 eCTh

Ol o 1 o 9
6mk r kt Ox; Oz Oxy T Tk Ox; Oxy, 61‘1

Tlomcrasus 370 BRIpakenne B ypaBaerne (7.4),; momsyanm

0% u; 0 6711 (0) o? 1
+ — =[2(1 —-20)C + (A+2C P
Oz} ox; Ox; [2( 7) ( N Ox; Oxy Oxy

= Ao (1)

(1-20)
OTKyma
A=—-4C(1 - o).

Ewme npa coornomennst mexay nocrosinabivu A, B C' nojy4aiorcst u3 ycjioBust
Ha TPAHAIE IOTOCTH:

((0)+0(1))nk—0 ompu r =R

(R — paamyc nosiocTn, Ha9a/10 KOOPAMHAT BEIOPAHO B €€ LUEHTPE, N — eAMHUY-
HBIA BEKTOD B HAIPABICHUN T'). [[0BOIBHO JAJUHHOE BBIYUCICHUE ¢ ITOMOIIBIO (1)
MPUBOANT K CJICAYIOINUM 3HAYCHUSAM:

2 3
p-CE o _E(+0)
5 2E(7 — 50)

OxoHYaTeTbHOE BBIPAXKEHUE /s PACIIPE/IeIeHNS HATTPSAKEHNA TJIACUT:

5(1—2 R\? 3 R\’
o = o |14 50 720) (—) +—<—) +
7— b0 r 7—50 \r

15 (R\® R\’
+ e (—) o — (—) (al(lo)nknl + o,(c?)mni) +
— 50 \'r r

1 N - 2
+ _ <B) -5+7 (E) ( )nznmnmk +
2(7—50) \r r

3 2
2(7—50) \r r o

1715t TOro 9TOOBI IOYYUTh PACIIPEIETIEHNE HATIPSIKEHUN TTPU TTPOU3BOTHHBIX

0 0
(He 9uCcCTO C,ZIBI/IFOBBIX) O'(k) HaJA0 3aME€HUTH B 3TOM BbIpazK€HUU O'( ) Ha (7'( )
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— 7(51k0” v mTpubaBUTH BhIpAXKEHUE

o) R’
Ty [51'1« + ﬁ(éik — 3ning)

COOTBETCTBYIOIIEE PABHOMEPHOMY OJHOPOJHOMY DACTSKEHUIO HA 6ECKOHETHOCTH
(cp. 3agaqy 2). Beinumem 3/1€Ch pe3yabTart, MO/LyHaiomuiicss B 001memM ciiy«ae mist
HAITPSIPKEHNI Ha TDAHULIE TTOJIOCTH:

1
ok = %{(1 — (7)((71.(2) — J(P)nmk — ‘71(«1)””71) + 0 mnmn ny —
— 5o

Ho
— 0’0’,( )nmmﬁzk =+ T (0)(511« nlnk)}

Bo6sm3n orBepCTHS HANPSIXKEHNST 3HAMNTEIHLHO MTPEBBIIAIOT HAPSIKEHNS HA
0ECKOHEYHOCTH, TTPUYEM ITO YBETUUEHNE HAPSIKEHUN MMeeT PEe3KO BhIPAKEeH-
HBIT MECTHBIT XapakTep, 6bICTPO yOBhIBas ¢ paccTosiHueM (Tak Ha3biBaeMast KOH-

MEHTPANUs HATPSIKEHWI y 0TBepcTnd). TaK, ecim cpeia moIBepraeTcs MpOCTOMY

0
OJTHOPOJHOMY PACTSIKEHWIO (OTJMIHO OT HYJIsl TOJTHKO aiz)), TO HAMOOJIbINNE Ha-
npsi’KeHnst Oy1yT UMEeTh MECTO Ha IKBATODPE IIOIOCTH, IIPUIEM 31eCh

27 — 15
0 = —— 2 50,

2(7 — 50)

§ 8. PaBHOBecue ynpyroii cpensbl,
OTPaHUYEHHOI IJIOCKOCTBHIO

Paccmorpum ynpyryto cpejy, 3amoHAIONy 10 OECKOHEYHOE TTOJTy-
MMPOCTPAHCTBO, T. €. OTPAHUYEHHYIO ¢ OJHON CTOPOHBI HECKOHETHOM
m10ckoCThi0. Onpeennm JedOopMALUi0 Cpejbl TI0J] BJAUSHUEM CHI,
IPUIIOKEHHBIX K €€ cBOGOAHOM nosepxuocty ). Pacnpenenenne srux
CUJI JIOJI?KHO YIOBJIETBOPATH TOJIBKO OJHOMY YCIOBUIO: OHU JIOJI7K-
HBI MCYe3aTh Ha OECKOHETHOCTN Tak, U9TOOBl Ha OECKOHEUHOCTH JIe-
dopmanms orcyrcTBoBasia. s Takoro caydasi ypaBHEHUS PABHOBE-
cust MOTYT ObITH TIpOMHTErpupoBanbl B obmiem suge (J. Boussinesq,
1885).

Bo Bcem obbeme, 3aHmMaeMOM CPeoit, UMeeT MECTO ypaBHEHUE
pasrosecus (7.4)

graddivu + (1 — 20)Au = 0. (8.1)
Eyﬂel\/f NCKaTh PeEIeHne 3TOT0 YpaBHEHNA B BUJIE

u="f+ Vo, (8.2)

') Haubonee nPAMOI M CTanJapTHBI MeTO/ pemeHns TOCTaBJIEHHON 3a1a4dn
3aK/TI09AeTCA B IpuMeHennn K ypasaernio (8.1) meroma @ypee. Ilpnm sTom, oama-
KO, TPUXOAUTCS BBIYUCTATDH JOBOIBHO CJIOXKHBIE MHTETpabl. V3maraeMbprit HuXe
MeTO, OCHOBAHHBIN HaA TMIPUMEHEHNN DPHAJa MCKYCCTBEHHBIX TTPUEMOB, CBA3aH C
60s1ee TPOCTHIMU BBIYUCTICHUSIMUA.
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rje (o HEKOTOPbI CKajsap, a BekTop f yjpoBjerBopsier ypaBHEHUTO
Jlamnaca

Af = 0. (8.3)

[Moxcranoska (8.2) B (8.1) npuBogMT TOrA K CIEAYIONIEMY yPaBHE-
HUIO 151 (:

2(1 —0)Ap = —divf. (8.4)

Bribepem ¢BOOOIHYIO TOBEPXHOCTH YIPYTroil Cpeabl B KadeCTBe

IUIOCKOCTH ZY; 00JIacTH CPebl COOTBETCTBYIOT IOJIOKUTEJILHBIE Z.
Hanumem dbynxnun f, u f, B Buje Ipou3BOJHBIX 110 2 OT HEKOTOPBIX

bynkumit g, n gy:

08 0
fo=2, =% (8.5)

[lockonbky f; u f,  TapMoHmYecKue QyHKIUH, TO MOXKHO BCEIJa
BRIOpATh DYHKINT g, & TakK, 9TOORI W OHU YOBJICTBOPAIN ypaB-
Hennio Jlamnaca:

Agm =0, Agy =0, (86)

VYpasuenne (8.4) npuHUMaET TEneph BUI

0 [0g. , O
2(1 — 0)Ap = — 8z<£+;j+fz>.

Nnes B BUILY, 9TO 8y, 8y, f»  TapMoHmueckue QpyHKIHUH, JIETKO yOe-

JIIUTHCS B TOM, 9TO YA0BJIETBOPLIONIA STOMY YPABHEHUIO (DYHKIUS
MO2KeT ObITh HAMCAHA KAK

= 4(1_ (fz agT g;)-i—@b, (8.7)

e 1)  OmaTh TapMOHWYecKast (DyHKITUS:
A = 0. (8.8)

Taxknwm ob6paszom, 3amava 06 onpegeaennn gedOpMaInn U CBeJeHa

K HaXOXKJIeHNI0 PyHKINit gz, gy, f2, 1, KOTOpBIE BCe yIOBIETBOPSIOT
ypasuenwuto Jlamnaca.

Boiumem renepb rpaHudHble yCIOBUs, KOTOPbLIE JIOJKHbLI Bbl-

MOJIHATHCS HA CBOOOIHOM TIOBEPXHOCTH cpeibl (Ha maockocTn z = ().

[TockonbKy eIMHNIHBIN BEKTOD BHEINTHEH HOpMaJIi N HATIPaBJIeH

B OTPUIATEILHOM HAIMPAaBJIEHWH OCH Z, TO, COTJIACHO obreit hopmy-

e (2.9), nomxkuo ObITH 0;, = —P;. Bocnonw3oBaBmmcs st 0 00-

mwmM BeipazkerueM (5.11) u BbIpazkast KOMIOHEHTBI BEKTOPA U Yepes3

BCIIOMOTATe/IbHbIC BEJIMUUHBI gy, 8y, [, 1. HOLydYHM HOC/IE IIPOCTOrO
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BbBIYUC/IEHUA I'DaHUYHbIC YCJIOBUA B CJIEAYIOIIIEM BUIE!

0%g. 0 1—20 1 08x ogy oY
9 _ 98y | 4 99 —
02> :0+8x {2(1 — a)fz 2(1—o0) ( ox + dy + 0z J |,
2(1
- ( ;0) -Pma
(8.9)
g, 0 1-20 1 0g |, Ogy o
072 :0+5)y {2(1 — a)fz 21 — o) ( Ox + Oy + 0z )|,
2(1+0)

i{fz_ (%Jraﬁ) +23_¢} _ _2+9)p (8.10)
0z ox dy 0z E

Kowmnonentor Py, Py, P, BHEMHNX CUJI, TPUIOKEHHBIX K MOBEPX-
HOCTHU, ABJIAIOTCH 3a[aHHbIMU (DYHKIUIMUA KOOPJAUHAT X, Y, obpara-
IOMUMUCS B HYJIb HA OECKOHEYHOCTH.

DopMyJIbI, C TTOMOIIIHI0 KOTOPHIX BBEIEHBI BCIIOMOTATE/IHHBIE Be-
JVYSUHBL g, 8y, f2, ¥, He ONpeJensaioT WX BIOJIHE OJHO3HAYHBIM 00-
pa3oMm; B ux BbIOOPE OCTAeTCsd erre HeKOTOPbIil mpoussos. [Toaromy
MOXKHO HAJIOXKATh HA DTH BEJUYUHBI EIIe KAKOe-JIuO0 MPOU3BOJIb-
HOE JIOTNOJHUTEIbHOE yCjIoBre. B KadecTBe TAKOBOrO y100HO moTpe-
6oBaTh OOpalleHus B HYJIb BEJIMYUHDI, CTOAIIENH B (DUTYPHBIX CKOOKAX

B ypasuennsx (8.9)1):

2=0

_ _ (98 , 98y _ 9% _
(1—20)f. (am+ay>+4(1 o)az 0. (8.11)

Torga ycaosust (8.9) ynpomiaoTest u garoT

0?2 8
022

2(1+a)P 9’g,
Zs A o

2(+9) _ _20+9)p
2=0 E ’ 022

2z=0 E Y

(8.12)

Ypasuenusi (8.10), (8.12) mocrarousbl Jyisi HOJHOO BBIYUCIEHUSI
rapMOHMYECKUX DYHKIWN gy, 8y, fz, ¥

s ynporenns 3amicy gaabHeidnmx hopMyJsr Mbl paccMOTPUM
cydail, Korja Ha CBOGOIHYIO TOBEPXHOCTh YIPYTOrO MOIYTPOCTPAH-
cTBa zeficTByeT cocpedomoyennas cuaa F, 1. e. cuna, npuioskenHas
K BEChbMa MaJIOMy Y4YacTKy MOBEPXHOCTH, KOTOPHI MOXKHO CYMTATH

1) MBI He TOKA3BIBACM 3716CH BOSMOKHOCTH HATOKEHUS TAKOTO yCIOBUA, OHA
Oyzer siBCTBOBAThH M3 TOTO, 9TO B PE3yJIbTaTe Mbl HE MMPUJIEM HU K KAKUM ITPOTH-
BOPEYUAM.
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TodeunbiM. /leiicTBre 310l cruiibl MOXKET OBITH OIUCAHO KAaK JeficTBIE
HOBEPXHOCTHBIX CUJI, PACHPE/IEJIEHHBIX 110 3aKOHY

P =Fo(x)o(y),

’

rae 0 obosnavaeT J-(HyHKINIO, a HAYaJI0 KOOPANHAT BHIOPAHO B TOU-
Ke TTPUJIOYKEHNS CUJIbI. 3HAsT PEIeHre 3aa9n JIJIs COCPeJIOTOYEHHOI
CMJIBI, MOYKHO HETIOCPEACTBEHHO TTOCTPOUTH PEITIeHne IjId TTPON3BOJIh-
Horo pacnpegenenns cua P(xz,y). imenno, ecin

u; = Gik(z,y, 2) F (8.13)
ecTh sedpopMalusl Noj, JeficTerueM cocpegoToueHnoft cuasl F, npu-

JIOYKEHHOI B HAa9ase KOOPAWHAT, TO aedopMamust moj, IeiiCTRIeM CHII
P(z,y) naerca unarerpanom '

ui = [[Gir(z —z'y —y', 2) P(a',y") da'dy’. (8.14)

N3 Teopum moTeHImana W3BECTHO, UTO TapMOHUYecKass (HyHK-
mns f, obparamriasics Ha O0eCKOHEYHOCTH B HYJIb W 00/1aat0Iast
3a/IaHHOI HOpMaJsIbHON Tpon3BoaHOl Jf /0z wa mmockoctn z = 0,
ompeensiercss hopMyJIoit

f(m:yaz):zlw//

r=V(z—a)?+ (y—y)? + 22
[Mockonbky Beamunnsl 08, /0%, 08y /0% n Beqmunna, crosmas B bu-
rypHBIX CKOOKax B ypasHenuu (8.10), yI0BJIE€TBOPSAIOT ypPAaBHEHWIO

Jlamiaca, a pasencrsa (8.10) u (8.12) kak pas onpejessorT 3Hade-
HHsI UX HOPMAJIbHBIX [IPOU3BOJAHBIX HA 1I0cKocTH 2z = (0, nmeem

[ Og= | Ogy 6'9[1 140 P.(z',y") d/:1+0&
I <8z+8u>+ 0z // Ay B r’
8.1

g« _1+o0F, g _1+0F,

0z mE 1’ 0z rE 1’
rae Teneph r = \/x% + y? + 22.
B BhIpaykeHna 718 KOMIIOHEHT MCKOMOTO BEKTOpa U BXOJAT He
CaMBble BEJIMUUHBI gy, &y, & TOJIBKO WX MPOM3BOJHBIE 10 T, Y, 2. s

Borancienns 0g,/0x, 0g,/0y muddepennupyem pasencrsa (8.16)
COOTBETCTBEHHO 110 T U 10 Y:

dz' dy’
=0 r

0’g. _ 1+toFx 2’g, 1+0 F,

0x 0z xE 7 9ydz ©E r?

1 .
) Corytacno maremarnveckoit repmunosiornn G ecth Tenzop I'puua st
yPaBHEHWIT PABHOBECUs TOTYDECKOHETHON CPEJIhI.
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Nuarerpupys Teneps 1o dz B npejesax 0T oC J0 2z, MOy 9aeM

0. _ 140 Fix Ogy _ 140 Fyy (8.17)
Ox 7E r(r+z)  dy mE r(r+z) ’

Mpbl He cTaHeM NPOM3BOANTEL 37€Ch JMATBHEHRIINX MPOCTHIX, HO
JOBOJTBHO TPOMO3JIKWX Bhranciaenwii. 113 yparnennit (8.11), (8.15)
u (8.17) oupenensiem f, u 0/0z. Buas 01p/0z, NErKo BHIYUCIUTH
oY /0x, 01 /0y, narerpupyst cHadaaa 1o z, a 3arem anddepentm-
pysi 10 & m 1o y. Tak MBI MOJIyYnM BCe BEJWUWHBI, HYKHBIE JJIst
BbIUMCIIeHUsT BekTopa jedbopmannu corsacio (8.2), (8.5), (8.7). B

pesy/bTaTe MOJIyunuM CJIeyIOMre OKOHIATe/IbHbIE (POPMYJIbL:

e = 12;;{ {% a (:(;iaz)ﬂFz + Q(IT(_TU-I-)Z;—ZFI i
),
X [27"(::(:?:)'222]?1 (zFy + yFy)}=
w, = 12:—;{ [2(1707_”) + i—:}FZ + [% + 2| (@Fy + yFy)}-

B wactrOCTH, cMmerienme TOUEK camoii CBODOIHON TTOBEPXHOCTH Cpe-
Bl 1aetcst (bopMyIaMu, oMy YaIoMMucs oTciofaa nmpu z = (:

2rE r r 72
1401 1-2 2
=B o+ B+ ),
u. = 2121~ 0)F 4+ (1 - 20) L (s F, + yF) | (8.19)
2nE r r

3agaua

Onpegennts nedopMannio HEOrPDAHWYEHHONW yNpPYroi Cpeabl, K MajoMmy

y4acTKy Koropoi mpunoxena cuna F (W. Thomson, 1848) 1).
Pemenwne. Paccmarpusaga gedbopMaimio Ha PaCCTOAHUAX ', OOTBIIAX O
CpaBHEHI/IIO C pa3MepaMH yqaCTKa an/U_[O)KeHT/Iﬂ CT/IHBI: MbI MOXXe€M CqT/ITaTB: q9To

1) Amanormanas 3a7la4a /1719 OPOU3BOJBHOU HEOTPAHUYEHHON aHU30TPOITHOM
cpenpr pemena 1. M. JTupwuyem v JI.H. Pozenuysetizcom (ZKOTD. 1947. T. 17.
C. 783).
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CHUIa IPUIOXKEHA B TOYKe. Y paBHeHue pasHoBecus rnacut (cp. (7.2)):

. 2(1
graddivu = — (74_0)
1—-20 E
(rme d(r) = §(2)d(y)d(z), a HAwaNO0 KOOPAMHAT BHIGPAHO B TOYKE MPHUIOKEHUS
cugnr). Vlmem pemenve B BUe U = Ug + U1, TJ€ Ug YAOBJIETBOPSAET YPABHEHWIO
Tuna [lyaccona:

Au +

Fo(r) 1)

2(1

Aug = —%Fé(r). 2)

COOTBETCTBEHHO JTsi Uy TOJIYYUM ypaBHEHUE
Vdivu; + (1 — 20)Au; = —V div ue. (3)

O6pamatomeecst Ha 6ECKOHEYHOCTH B HYJIb Pelenne ypasaeans (2) ecTh

1+0F

Ug = —.

2nE r
TIpnvenns k ypasrenwnto (3) onepammio rot, moayumm Arotu; = 0. Ha Gec-
KOHEYHOCTH JOJKHO ObiTh rotuy = 0. Ho dyskums, rapmoHndeckas BO BCeM

POCTPAHCTEE U 00pAIAOWAsiCsl B HyJIb Ha GECKOHEUHOCTH, DABHA HYJII0 TOXK1e-
creenno. Takum 00pazom, rot uy = 0 W COOTBETCTBEHHO ITOMY MOXKHO THCATDH
u: B Buze up = grad ¢. U3 (3) momyaaem

V{2(1 —o)Ap +divug} = 0.

Orcropa ciemyer, 9T0 CTOSAINAsA B CKOOKAaX BEJMYWHA €CTh TMOCTOSTHHAS, W TI0-
CKOJIBKY OHA JIOJIZKHA MCYe3aTh HA OECKOHEYHOCTH, TO BO BCEM MPOCTPAHCTBE

Ap=— divug _ 1+o0 F 1
2(1 — o) drE(1 — o) r
Ecsmm 1) — pemenne ypasnenuss Ay = 1/r, o
140
4xBE(1-0)
Bribpas e umeromee ocobennocreil pemenne ¢ = r/2, nonyanm
_ 140 (Fn)n—F
- 8nE(1 - o) r ’
rje N — eJAMHUYHBIA BEKTOD B HaNpaBJjeHnn pajnyc-sekropa r. OkoHuaresrHo
reent 140 (3—40)F + n(nF)
- 87E(1—o0) r ’
IIpencrasus sty dbopmymny B Buze (8.13), momyunm tensop I'puna ypasnennii

o= FVy.

u; = Vo

PaBHOBECUS HEOTPAHWYEHHOU M30TPOITHON Cpebl 1)

Gik

1+0o 1 1 [&-k 1 ? T]
T 4(1 — O’) 8.171 8wk ‘

=% [(3-do)di +mimg]” = ——
87TE(1—0’)[( o) nnk]r drp

1) Tor daxr, uTo KOMIOHEHTH TeH30pa G OXHOPOIHBIE byHKIIUT 1€PBOTO
1opsijiIka OT KOOPAWHAT T, Y, Z, 3apaHee 0YeBUIEH U3 COOOparKeHUH OJHOPOIHO-
CTH B CB#A3M C BUAOM ypasHeHns (1), B j1eBO ©acTn KOTOPOro CTOWT JMHEHHAsT
KOMOWHAIUS BTOPBIX MPOU3BOIHBIX OT KOMIIOHEHT BEKTOpa U, a B NPaBOi
ommoposnas dynkmus Tperbero nopsaxa (§(ar) = a~2§(r)). Do croiicTBo ocTa-
ercd U B 00IEeM CIydae MPOU3BOIbHON aHU30TPOIMHON CPEeIb.
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§ 9. ConpuKOCHOBEHIE TBEPIbIX TeJI

[Tycts gBa TBEpBIX Tejia COMPUKACAIOTCS JIPYT € IPYTOM B TOY-
Ke, He SBJIomedcss 0co6oit Toukoii nx noepxuocreii (ma puc. 1a
n30b6parken pazpes uepe3 06e moBepxXHOCTU BOIN3U TOYKHU COMPUKOC-
nosenus O). B 310ii Touke 06e NOBEPXHOCTH UMEIOT OOIIYI0 Kaca-
TEJBbHYIO ILIOCKOCTH, KOTOPYIO MbI BbIO€pEM B KAYECTBE ILJIOCKOCTHU
zy. llonoxkurenbHOE Ke HANPABICHUE OCH
Z YCJOBWMCST CUMTATh PA3ANIHBIM I 000-
UX T, — JJIS KayKJIOT0 W3 HUX Oy/iem oT-
CUNTHIBATH 2-KOOPJAWHATY TI0 HATIPABJICHUIO
B TyiyOh Tesa, 0603HavYasi ee COOTBETCTBEHHO
Kak z m 2'.

Kaxk wm3BecTro, BOMM3M OOBIKHOBEHHOI
TOYKM KACAHWs KOODPJAMHATHON TLJIOCKOCTH
(mockocTH zy) ypaBHEHWE TIOBEPXHOCTH MO-
JKeT OBITH HATMCAHO B BUIE

2 = HoBTalg, (9.1)

rJIe 10 JIBAKJIbl MOBTOPAIOIIUMCA WHIEKCAM
@, [ noapazymeBaercs CyMMHPOBAHHUE 10
sHavenusaM 1, 2 (21 = &, T2 = Y), a .3
Puc. 1 €CThb JABYMEPHBIA CMMMETPUYECKUIl TeH30D,
XapakTePU3yIOMni KPUBU3HY NOBEPXHOCTH
(raBHBIE 3HAYEHUs] TEH30pA »ag PaBHbl 1/2R; u 1/2Ry, tne Ry,
Ry — riaBHbIE PaJnyChl KPUBU3HBI TOBEPXHOCTH B TOYKE KaCAHWs).
Awnajornanoe COOTHOINEHNE JIJIst TTOBEPXHOCTH BTOPOTO Tejia BOIM3N
TOYKHU COMPUKOCHOBEHVST HATIUIIEM B BUJE

2 = 345TaTp. (9.2)

[Ipegmonoxnm Terneps, aTo 00a Teaa CAABINBAIOTCS MPUJIOKEH-
HBIMU K HUM CUJIAMU, B PE3Y/JIbTaTe Uero OHU COMMKAIOTCS HA HEKO-

Topoe Masoe paccrosiame hl).

Torma BOIM3W TOUKM MEPBOHAYATHLHOTO COMTPUKOCHOBEHWST HA TIO-
BEPXHOCTH TeJI BO3HWKAET BMATHUHA, W Teja OyJayT COMPUKACATHCS
y’Ke He B OIHOI TOYKe, a MO HEKOTOPOMY MaJjOMy, HO KOHETHOMY
yuacrtky ux nosepxuoctu. Ilyers u, u v,  KOMOOHEHTBHI (COOTBET-
CTBEHHO 1O OCAM 2z ¥ 2') BEKTOPOB CMEIIEHUs] TOYEK TOBEPXHOCTEl
obomx Ten mipn caapanBanun. Ha puwc. 16 TITPUXOBBIMWA JTHHUSIMA
n300parkeHbl TTOBEPXHOCTU TeJ, KAKUMW OHU OBLIN OBl TIPU OTCYT-
cTBUM JehopMaInu, a CTJIONTHOW JWHWEeNl — TTOBEPXHOCTH CIaBJIEeH-
HBIX TeqT; OYKBBI 2 M 2’ 0003HA9AIOT IIMHBI, ONMpeIeIseMble paBeH-

1
) Mznaraemast Tak HA3BIBAEMAs KOWMAKMHGA 300040 TEOPUH yIPYTOCTH OBLIA
Briepsbie pemena epuyem (H. Hertz, 1882).
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creamu (9.1) u (9.2). Kak HenocpeAacTBeHHO BUJHO U3 PUCYHKA, BO
BCEX TOYKAX 00/1aCTH CONPUKOCHOBEHUSI UMEET MECTO PABEHCTBO

(z +u;) + (2" +ul) = h,

uiu
(stap + %ﬁw)xaxﬂ +u, +u’, = h. (9.3)

B Toukax ke BHe 3T0it 0bstacTu, T/1€ 00€ TTOBEPXHOCTH HE COTPUKA-
CaloTCsl, UMeeT MeCTO HepaBeHCTBO z + 2’ + u, + u'z < h.

Bb16ePeM HaIPaBJIeHUs 0Cel T, Y TaKuM 00pazoM, 9T0ObI TEH30D
Hapf + nz ObUL IPUBELEH K IVIABHBIM OCSIM. Ob6ozHauasi TIaBHBIE

3HAUEHWs ITOTO TeH3opa uepe3 A u B, nepenuiiem paBeHcTRO (9.3)
B BUJE
Az? + By? +u, +u., = h. (9.4)

Beanunnbl A u B cBazanbl ¢ pagnycamn Kpususabl Ry, Ry u Ry, R}
obenx 1moBepxHOCTEN cyieayommmMu pOpMyIamMu, KOTOPbBIE TTPUBEIEM
0e3 BbIBO/IA:

2A4+B)= L+ 4+ L 1
R R, R, R,

9 2
4(A—B)2:(—1 ——1) +<—1 ——1) +
Ri R, R R,

+2(‘,082¢p<i1)<11>,
R. R,/ \R, R,

I ¢ yroa MeXKJy TeMH HOPMAIbHBIMU CeYEHUSIME TOBEPXHOCTEHH,
B KOTODPBIX PaJamyChl KpuBu3Hbl Ry u R)|. Buaku paamycoB Kpu-
BU3HBI MPEATIONATAIOTCS TTONI0KUTETHLHBIMA, €CIN COOTBETCTRYIOIINE
HEATPHI KPUBW3HBI PACTIOIOKEHBI BHYTPW COOTRETCTRYIONIETO TEJIA,
7 OTPUIATEIRHBIMI — B 00pATHOM CIydae.

O6osnaunm vepes P,(z,y) AaBjaeHne Mexkjay 00OWMH CIABJIEH-
HBIMU TeJAMM B TOYKAX MX CONPUKOCHOBEHMs (BHE 06acTH CONpu-
KoCcHOBeHwmst, pazymeercsi, P, = (). IIpu onpejeiennn 3aBUCUMOCTH
Mexk 1y P, u cMelmeHusaMu u,, u, MOKHO ¢ JIOCTATOYHON TOYHOCTHIO
paccMaTpuBaTh HOBEPXHOCTH Tejl KaK ILIOCKMe M BOCLO/Ib30BATbCs
LOJyYeHHLIMU B npejbuiyiieM naparpade dopmyaamu. CornacHo
rperbeii u3 dopmys (8.19) (yuurbiBas takxke (8.14)) cmewenue u,
MO BIUSTHUEM HOPMAJIbHBIX Cul P, (2, y) onpenessiercs: BhipaykeHu-

AMN
1—o’ P.(z,y
uy, = —2 // («.y) dx'dy’,
TE /. r

1-— (J"2 Pz(z' U’) ! !
= V) ' d
Yz TE’ // T Ty

(9.5)

'~
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(0, 0' w E;, ' xosddunmentsr [Tyaccona u Moaynu pacrsizke-
HUsT 000MX TeJl); TIOCKOJIBKY BHE 00J1aCTH CONpUKOCHOBeHWst P, = (),
TO WHTETPUPOBAHNE TPOM3BOINTCS 37€Ch TOTHKO TIO 9TOW O0IACTH.
Bamernm, uTo u3 3TnX (HOPMYJI CAeIyeT, YTO OTHOIIEHNE U, /u!, To-
CTOSTHHO ¥ PABHO
w, (1 —-a*E'
w, (1—o2)E’
Coorromennst (9.4) n (9.6) BMecTe HEMOCPEICTBEHHO OTIPEIE/ISTIOT
pacnpejesienue gedopManuu u,, u, 10 061aCTH CONPUKOCHOBEHUS
(camm ke dopmyant (9.5) u (9.6) oTHOCATCS, KOHEYHO, U K TOYKAM
BHE 910i1 obs1acTu).
[Toxcrarus BeIpakennst (9.5) B (9.4), momyamv

1 1— o2 1— o' P(a'y') o000 2 2
Tr( - + — )//71" dx'dy = h — Az” — By*. (9.7)

(9.6)

DT0 WHTErpaJibHOE ypaBHEHWE OTpEeJeIsieT pachpejesienne JIaBJe-
nnsg P, mo obysactn conpukocHOBeHUs. Kro perienne mMoxkeT OBITH
HaliIeH0 M3 aHAJOTUN CO CAEAYIONINMY M3BECTHBIMUA U3 TEOPUW TIO-
TEHINAIa COOTHOIMEHUsIMI. Ha MBICIH BOCTOIBL30BATHCA ITON aHa-
JioTueil HaBoauT TOT (PaKT, UTO, BO-TIEPBBIX, WHTETPAJI, CTOSIIUI B
JIeBoit actu ypasuenns (9.7), — Tuna 0ObIYHBIX B TEOPUN TTOTEHIH-
aJjia MHTEerpaJsioB, OTMPeIeISIONINX MOTEHIINA, CO3/1aBAEMbIii HEKOTO-
PBIM pacIpeie/leHneM 3apsiioB, U, BO-BTOPHIX, YTO TOTEHITHA TIOJIS
BHYTPW PABHOMEPHO 3apsyKEHHOTO 3/IIUTICON/Ia €CTh KBAPATUIHAST
byHKINST KOOPINHAT.
Ecawn o o6bhemy TpexocHOTO 3/LINTICON1a

2 2 2
T Y z

a? b2 c?

PABHOMEPHO pacupejiesied 3apsaj (¢ mOCTOAHHON 00beMHOM 10THO-
CTBIO p), TO TIOTEHIINAJ TIOJIsi BHYTPH JLIATICOMIA OTPEIISIETCsT BhI-
pazKeHnem

(10('7;’ y’ Z) =

—Wpabc/{l— r ‘y2 _ = } de i
/ a?+§  B+& +E) (@ +H* + (2 +E)

B npesieibHOM Ciydae CUIbHO yIJIOMIEHHOTO (B HATIPABJIEHUY OCH 2)
/UIATICOUJIA, YTO COOTBETCTBYET ¢ — (), MOJIydnM OTCIO/A

2 2
z,y) =mpabe [ 41— * Y s
el y) W'OM./{ a?+¢ b2+£} (a” +&)(b* + )¢
0
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(npu nepexoe K npegeny ¢ — 0 HAL0, pA3yMeeTcst, NOJ0KUTH PAB-
HOIl HYJII0O TaK»Ke ¥ KOOPJAWHATY 2z TO4YeK BHyTpH 3jymnconja). C
APYTOii CTOPOHBL, ToTeHInan @ (z, Y, 2) MOXKeT ObITh HANUCAH B BUJE
WHTErpasa

<p$yz /// pdzdydz
Va—a P+ ly—y)+(E—2)

rjle MHTerpupoBaHue IPOU3BOAUTCA 110 0ObeMy 3JLauincouna. Ilepe-
X0/ 37eCh K npejesy ¢ — 0, Mbl JIOJKHBI [OJ0KUTh 10/ KOPHEM
z = 72/ = 0; npoussojis unTerpuposanue 110 dz' B upejenax Mexy
12
T

1/2
+c (1 - = %) , TIOJLyIUM

aZ
! ’ 12 12
w@w)z%M//M%y -5 -
r a? b2

(r=+(z +(y—y)?),

rJle MHTerpupoBaHue MPOM3BOAMTCA 110 ILJIOMAJ/AM BHYTPHU SJLIMICA
2'%2/a? + y'?/b?> = 1. Tlpwpasnusast ob6a BeIpawenns muia ¢(z,vy),
HOJIyYUM CJIEIYIOIIEee TOKIeCTBO:

de'dy’ [ &y _
/. r a? b2

_w/{ ‘f} s . (9.8)
2 a2+E R (> +&)(b> + )¢
0

CpaBuuBasi 310 cooTHOIIEHWe ¢ ypasHennem (9.7), Mbl BUINM,
YTO B MX TPABBIX YACTSAX CTOST KBaJpaTnaabie GyHKIWNA OT £ U Y
OIMHAKOBOTO BUJA, & B JIEBBIX — WHTErPasbl OAWHAKOBOTO Trma. Ilo-
9TOMY MBI MOYKEM CPa3y 3aKJII0UUTh, 9TO 00/1aCTh COTPUKOCHOBEHTIST
rest (T. e. obacTh WATErpHpoBanust B wATErpase B (9.7)) orpanntena
SJLTATICOM BUJA

2 2
T 4+Y =1 (9.9)

a? b2
u uro byukuusa P, (z,y) nomkaa 6b1Th Buga

2 2

P,(z,y) = const - 1_2_2_.1;_2_

BriGupasi const tak, urober marerpan [[ P, dz dy mo obmactn co-
NPUKOCHOBEHUsI ObLI paBeH 3aJlaHHoil mosHol cujae F', ¢ koropoit
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CIABUBAIOTCA 00a Tejia, Moy IuM

3F

Pz(x,y) = omab

(9.10)

Dra dhopMmysia onpeenser 3aK0H PACTpeIeJIeHns TaBAeHNsT TT0 T1I0-
maa 061acTh CONpUKOCHOBeRNs. OTMeTHM, UTO JJaBJIeHNe B [IEHTPE
o61acTV B MOJITOpPA pasa TpeBwIaeTr cpennee nasiaenne F/(mab).

[Moxcrasus (9.10) B ypasuenue (9.7) u 3aMeHUB 110J1y 9AIOIIUTACS
B HEM MHTErpaJl ero BhipaykeHnem cornacuo (9.8), momydanm

FD [ 1-2%/(a®+¢) - y*/(0° +§) d¢ = h — Az? — By?,
T (a? + ) (b7 + £)€ '

rae

2 2
D:§(1 0+1 (7)‘
4 E E'

DTO PaBEHCTRO JOJIKHO BBITIONHSATHCS TOXK/IECTBEHHO TIPU BCEX 3Ha-
qeHnsax z, y (BHyTpn amnca (9.9)); moIToMy mOMKHBI OBITE TTOTIAP-
HO PaBHBI B OTJEJBHOCTH KO3 PUIMEHTH IPpU & U Y U CBOOOHBIE
wieHsl B 00enx gacrsax. OTCioma HAXoAuM C1eIyoIne COOTHOMIEHNUSI:

o

h=1P de (9.11)

o (a2 +€)(0? + )¢’

A= D 7 d€
] (a2 +&)/(aZ+ & +E)E
0 (9.12)

8

p_FD / d¢
™ (0% + &)V (a” + (1> + £)¢
0

Vpasuennst (9.12) onpeaensior moayocn a u b obaacTH COMPUKOC-
HOBeHus 1o 3aaannoil cue F' (A m B u3BecTHbIE Jisl JTAHHBIX
rest Besmanbl). [Toce sToro coornomenne (9.11) ompegennT 3aBu-
CUMOCTH MexK 1y cuyioif F' u BbI3biBaeMbiM €io cOsmkennem tes h.
WNurerpasl, crosiiue B MPABBIX YaCTIX 3TUX YPABHEHU, S/LJIAITH-
YeCKHe.

Taxum o6pazom, 3a/1a4y O COIPUKOCHOBEHUH TEJI MOYKHO CIUTATH
nosHOCTBIO pemtennoit. Popma noBepxuocTn Tesn (T. €. CMeleHus
U, u',) BHE 00JIACTH COTPUKOCHOBEHMSI OTIPEIeJISeTCsT TeMu ke (hop-
mysaamu (9.5), (9.10), npuuem 3HAYEHHS] MHTEIPAJIOB MOXKHO CPasdy
OIPEJIEJIUTh, UCXOJIs U3 aHAJIOTUN C MOTEHITHAJIOM T0JIs1 3aPS2KEeHHO-
o 3J/UIATICOU/IA, Ha 3ToT pa3 Bue ero. Hakower, mo dopmysiam
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npebIyiero maparpada MOKHO ObLIO Obl OUPEJAEIUTH TAKNKE U
pacnpenesnenne gedopmanuu 10 06bemy Tesn (HO, KOHEYHO, JIMMIb
Ha PACCTOSTHUSIX, MAJIBIX 10 CPABHEHWIO C pa3MepaMi TeJia).

[Mpumennm monyderrbie (HOPMYIbI K COMPUKOCHOBEHUIO IBYX
mapos ¢ pagnycamu R u R'. 3xech

2 \R R

w3 cOOOpaYKeHUit CUMMETPUN sICHO, 9TO OyjeT u a¢ = b, T. e. 06/1acTh
COTIPUKOCHOBEHWsT ecTh Kpyr. M3 (9.12) momyumm st paanyca g
001aCTH COTTPUKOCHOBEHNUST 3HAYEHEe

/ ]/3
a=F'/3 (D%) . (9.13)

B nannom ciaydae h ecth pasHocTb Mexky cymmoil R + R’ u pac-
crostHueM Mexky nertpamu mapos. 3 (9.10) nonyuum ciemgyiomee
cooTHotenne mexay F n h:

h=F [D? (% + %)} v (9.14)

Ormernm, garo h mponoprmonansio crenenn F2/3 cpapmmsaromeii

cutbl; obparno, cuna Fnponoprmonansna crenenu h3/2 nponsso-
auMoro ero cOymkenus: Tej. Hanuimem ere moreHruaibHy0 JHep-
ruio U CONPUKACAIOMIMXCsT [IAPOB. 3aMedas, 49T0 JIOJKHO OBbITh

(—F) = —0U/0h, nonyunm

_ 522 ( RR O\
U=h 5D<R+R’) ' (9.15)

Hakower, ykaxem, 9T0 3aBUCHMOCTH BHIa
h = const - F2/3, F = const - h*/?

MMeeT MEeCTO He TOJBKO JJIsl [MIAPOB, HO W HPU CONPUKOCHOBEHUU
JIDYTUX TeJ KOHEYHBIX pa3MepoB. B sTom jerko ybeanThcsi m3 co-
obpazkenuit nogo6us. Ecmu npoussectu 3ameny a’ — aa?, b? — ab?,
F—a3?2F, rne o — nponspoabHAst MOCTOSHHAS, TO YpaBHEHWA
(9.12) ocranyrcss HemsmennbiMu. B ypasuenum ke (9.11) mpasas
YacTh YMHOXKWTCS Ha (v, W JIJI TOrO 9TOOBI OHO OCTAJIOCh HEM3MEH-
HBIM, HAIO0 3amenuTh h wa ah. Orcioga n ciexyer, uto F 10/1KHO

6bITH TPONOPLIOHAILHO h3/2.
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3agaumu

1. OnpenenuTh BpeMs, B T€YeHUE KOTOPOTO COMIPUKACAIOTCS JBA CTATKUBA-
OIIMXCS YITPYTUX Tapa.

Pemenwne. B cucreme orcuera, B KOTOPO# 1eHTp MHEPUUU 000MX MTAPOB
MOKOUTCS, SHEPT U MAPOB 10 CTOIKHOBEHUS PABHA KNHETUIECKOM SHEPTUU OTHO-

CUTEeIbHO IBUXKEHUA /A’l)2/2, raoe v OTHOCUTENbHadA CKOPOCTH CTAJTKHUBAIOIIUXCA

nrapos, a g = mima/(mi + ma) — ux npusBeseHHas Macca. B TeveHne CTONKHO-
BEHUs TIOJIHAST SHEPIUsl PABHA CyMMe KWHETHYECKONW SHEPIMH, KOTOPYIO MOYKHO

narmcars B suge ph?/2, u norenmmansuoit snepruun (9.15). B cuny 3akona co-
XPaHEHWUs IHEPTUN UMEEM

2 ;N 1/2
n <%) +kh5/2 _ /LUZ, k= i <£) .
d 5D \R+ R’

MakcumasibHoe cOmzkenue mapoB hg COOTBETCTBYET MOMEHTY, KOTJAa WX OTHO-

cuTeIbHAS CKOPOCTH h obpamaercst B HyJIb, U PABHO

2/5
ho = <H) A
k

Bpewms T, B T€UEHHE KOTOPOTO [IIATCA CTONKHOBeHUE (T. €. h mengerca ot 0
710 hg m 06paTHO 110 HYJIs1), PABHO

1

ho
2\ 1/5
Lo /L >y (u_) /
J (w2 = kh3/2/p)1/2 k2v) .
0

0

W.ITHI

HOHBSyﬂCB Ipn penrenmnmn 3TOM 33491 TOJIYYE€HHBIMU B TEKCTE CTATUYECKUMU
dopMymamu, MBI TEM CaMbIM IpeHeOperaemM yrnpyruMu KojaebaHusiMu mapa, BO3-
HUKAIOMIUMU TIPU CTOTKHOBEHNN. BO3MOKHOCTH TAKOTO peHebpekeHnst Tpedyer,
4T0OBI CKOPOCTH ¥ BbLIA JOCTATOYHO MaJia 110 CPABHEHUIO CO CKOPOCTHIO 3BYKAa.
DakTUIECKH, OMHAKO, TPUMEHUMOCTH 3TOM TEOPUN OTPAHUYMBAETCS €Ie PAHbBIIIE
6s1aromaps TOMy, 9TO BO3SHMKAIOIIME TPU CTONKHOBEHUN ;1e(hOPMALN TTIEPEXOIAT
3a npejes1 ynpyrocTu BeUeCTBa.

2. OmnpenenmuTh pa3Mepsl 001aCTH COMMPUKOCHOBEHUS W PACIPEeIeHNe TaB-
JIEHWSI B Hell TIPU CIABJIMBAHUY [ABYX HUJINHIPOB BIOJIb UX 00DPA3yIOIINAX.

Pemenune. OO6macTb COMPUKOCHOBEHWS TTPEACTABISET COOON B 3TOM CIIy-
9ae y3KyI0 TOI0CKY B0 JIUHBI MUIUHAPOB. Ee mupuny 2a u pacmpenenenue
JABJIEHUs] B HEHl MOXKHO HAWTW W3 TOJyYE€HHBIX B TeKcTe (hOpMyJI TyTem Tipe-
neapHOTO epexona b/a — co. Pacnpenenenune masnenws Gymer dyHkmmeii Buma

(z KOODJIMHATA BJOJIb NIMPUHBI TIOJOCH CONPUKOCHOBEHNS ); HODMUPYS €€ Ha
OTHECEHHYIO K €JIMHULIE JIJINHBI IUJIUHIAPOB CAABIUBAIONLYIO cujy F', roayanm
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IloncraBngas 3T0 Boipazkenwe B (9.7) W NPOM3BOAA MHTETPUPOBAHKE C TTOMOIIHIO
(9.8), mmeem

_ 4ADF 7 d¢ _ SDF
3w (a2 +€)3/2¢  3ma?’

O%HH 3 PAANyCOB KPUBU3HBI HUINHIPUIECKON TOBEPXHOCTH OECKOHEYEH, a APY-
TOW COBITaJaeT ¢ PaAnyCcoM HUJIMHIPA; TTO3TOMY B JaHHOM CIyvae

1/1 1
A:—<—+—), B=o.
2\R R
OKOanTeHBHO HaXOﬂHM JJIA T/ICKOMOﬁ HII/IpI/IHBI TI0JIOCHI COHpHKOCHOBeHT/IS{Z
(16DF RR' )”2
a = — .
3r R+ R

§ 10. Yupyrue cBoiicTBa KPUCTAJIJIOB

N3menerne CBOOOMHON SHEPIUM TPH M30TEPMHUUECCKOM CIKATHN
KPUCTAJLIa SBJIAETCHA, KAK W y M30TPOIHBIX TeJ, KBAaAPATUUHOM
dyukiueit renzopa gedopmanuu. B npoTuBomoIoKHOCTE TOMY, 9TO
KMMEJI0 MECTO [Ijisi M30TPOIHBIX TeJI, 3Ta PYHKIUS COJEPAKUT TerepPhb
He J1Ba, a DOJIbIllee YuCI0 HE3aBUCUMBIX KO3 duinenTos.

O61mumit B ¢BOOOIHOM 3HEeprun 1eOPMUPOBAHHOIO KPUCTAJLIA
ecThb

F= 2>\7klmuzku/m (101)

TI€ Ajklm €CTh HEKOTOPBIH TEH30p 4-T0 paHra, HA3BIBAEMBIH MeH-
3o0pom modyaet ynpyzocmu. TTockonbKy Ten3op jgedopMarui CuM-
MeTpUYeH, TO MPON3BEJEHNE Uik U]y HE MEHSIETCS TIPU MepecTaHoBKe
WHIEKCOB 1 C k., | ¢ m nim napwt 4, k ¢ mapoii [, m. O4ueBngro moaTomy,
ATO M TEH30D Ajkjm MOKET OBITH OMPENEeH TAaK, ITO0bI OH 00181
TaKNMWM »Ke CBOMCTBaAMM CUMMETPHUN TTO OTHOIIEHWIO K TTepeCTaHOBKEe

TMHIEKCOB:
Xiklm = Akilm = Nikml = Nimik- (10.2)

IIyrem npocroro moacdera MOXKHO yOeIUTHCA B TOM, 9TO YHUCJIO
. . )
PABIMYIHBIX KOMIIOHEHT TeH30pa 4-10 panra, 00J1a1afolero TakKuMn

CBOIICTBAMU CHMMETpUN, PABHO B obmem ciaydae 21 1.

Coorrercrrenno Beipaykernio (10.1) mast ceobognoi SHEpTHY 3a-
BUCHMOCTH TE€H30pa HATPSI’KEHUi 0T TeH3opa gedopmalinm nMeeT B
KpucTasiax Buj (Cp. TakKe CHOCKY Ha c. 61)

OF
P = )\iklmulm. (103)
Uik

Oik =

B JIUTEPATyPE UCTONB3YIOTCH TaKKe 0003HAYEHNsI, B KOTOPBIX KOMIIOHEHTHI
Ter30pa 4-ro paHTa 3aMmMChIBAIOTCS KaK Aqg C JABYMST MHIEKCAMU, MTPOOEeralommmm
3radenud 1, 2, 3, 4, 5, 6, KOTOPBIM OTBEYAIOT COOTBETCTBEHHO MapPbhl UHIEKCOB
mm’ yy’ ZZ’ yz7 Zm’ "I"y'
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Hanuawe Toit win unoit cumMerpun KPUCTa/LIa NPUBOJAT K I10-
SIBJICHUIO 3ABUCUMOCTEN MEXKIy Pa3IUIHbIMU KOMIIOHEHTAMU TEH30-
Pa Aigim, TAK 9TO 9HUCJIO €r0 HE3ABUCUMBIX KOMIIOHEHT OKA3bIBAETCS
MeHbIuM, yem 21.

Paccmorpum 11 cooTHOMIEHUST JIJTsi BCEX BO3MOXKHBIX TUIIOB Ma-
KPOCKOIIUYECKOH CUMMETPUM KPUCTALIOB, T. €. JIJIsd BCEX KPUCTAJI-
JIMYECKUX KJIACCOB, PACIPEIEJINB UX 110 COOTBETCTBYIOIIUM KPUCTA/I-
mueckum cucremanm (em. V, § 130, 131).

1. Tpuknunuaga cucrema. Tpuxknunnag cummerpus (Kaac-
col C1 m C;) He HaKJIaJIbIBAET HUKAKUX OTPAHUYEHUIT HA KOMIIO-
HEHTHI TEH30PA Ajklm, & BHIOOD CHCTEMBI KOODIAWHAT C TOYKN 3pe-
HUS CUMMETPWH BIIOJIHE MPOu3BOJieH. [Ipw 3TOM OT/IWYHBI OT HYJIs
n He3aBuCcHMBI Bce 21 mojysib ynpyroctu. [IponsronkHoCcTh BRIOOpA
CUCTEMBI KOODJWHAT MO3BOJISET, OJHAKO, HAIOKNThH Ha KOMTIOHEHTHI
TeH30PA Ajglm JOTOJHUTETRHBIE ycaorus. [lockonbKy opuenTarms
CUCTEMBI KOODJIMHAT OTHOCWTEIHLHO TeJsia OTPEJEsieTCs TPeMs Be-
JUAUHAMH (yTJIAMU TOBOPOTA), TO TAKUX YCJIOBUI MOKeT ObITh TPH;
MOYKHO, HAITPUMED, TP M3 KOMITOHEHT CUNTATh PABHBIMA HYJII0. Tor-
[Ta, HE3ABUCUMBIMI BEIMIMHAMY, XaPAKTEPU3YIOIMINMI YIIPYTHe CBOi-
cTBa Kpucrtasia, 0yayr 18 ormimaabix OT HyJs MOmayJeit u 3 yria,
OIPEeIIONINX OPUEHTAIIUIO OCEHl B KPUCTAJLIE.

2. Mounoxknuuauag cuctema. Paccmorpum xiace Cg; BbOU-
paem cucreMmy KOOP/UHAT C IJIOCKOCTHIO Y, COBIIAIATIONIEH C ILI0CKO-
cTbio cumMerpuu. [lpu oTpakenuu B 9TOM MJI0CKOCTU KOOP/IMHATHI
MTOJIBEPTAOTCS TPE0OPAZOBAHUIO: & — X, Y — Y, 2 — —2z. Kommonen-
ThI TEH30PA MPEOOPABYIOTCA KAK MPOU3BEIEHUs] COOTBETCTBYIOIIUX
roopamHaT. [TosToMy sICHO, UTO TPM YKA3AHHOM TTPEOOPAZOBAHUHT BCE
KOMIIOHEHTBI Ajklyn,, CPE/IM MHIEKCOB KOTOPBIX UHJIEKC 2 COAEPIKUTCS
neuernoe (1 mam 3) umeso pas, nepeMeHdaT CBOH 3HAK, 4 OCTAIbHbBIE
KOMIIOHEHTBI OCTaHyTCsi Hen3MeHHbIMu. C JIpyroii CTOPOHBI, B CUJLY
CUMMETPUM KPHUCTAJLIA BCE XaPAKTEPU3YIOIIME ero CBOICTBA BejIU-
YMHBI (B TOM YHCJIE M BCE KOMIIOHEHTBI Ajkjy,) JOJZKHBI OCTATHCSA
HEM3MEHHBIMU [PU OTPAYXKEHUHU B ILIOCKOCTH cuMmmerpuu. [Toaromy
SICHO, 9TO BCE KOMIIOHEHTBI C HEYETHBIM UUCIOM UHJIEKCOB 2 JOJIZK-
HBI OBITH PaBHBIMT HYJ110. COOTBETCTBEHHO 3TOMY 001I€€ BHIPAYKEHNE
JLIsT CBOOOIHOM yIIpyTOii SHEPTUN KPUCTAJLIA MOHOKINHHON CUCTEMbI
ecTh

1 2 1 2 1 2
F = EAmmmum + gAyyyy“yy + 5)\222271122 + ApzyyUsaUyy +

2 2 2
+ ApgzaUpalzz +AyyzzUyy Uz, + 2)\mymyul,y + 2)pms, + 2)\yzyzuyz+

(10.4)
B stom Beipakennu 13 nmeszaBucumbix ko3ddurnumentos. Takoe xe

BhIpazkeHnue nosyuaerca i Kiaacca Co, a takxke u kiacca Cyp, co-
nepzxamero 06a snementa cummerpun (Co u 0p) BMecte. B uzsoxen-
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HBIX PACCYXKJIEHUSX, OJHAKO, COOOPaKeHUsI CUMMeTPUU (DPUKCUPYIOT
BbIOOD HANpaBJeHUs WL OJHON M3 ocell KoopamHaT (z), HAIPAB-
JIEHUS 2Ke OCell X, Y B LIePLeHIUKYJIAPHON IIJIOCKOCTU OCTAI0TCd 1IPO-
MU3BOJIBHBIMU. DTUM HPOUZBOJIOM MOXKHO BOCIIOJIB30BATHCSI JIJIsE TOTO,
9TO0BI HAJIEKAIIMM BBIOOPOM OcCeil 00paTuTh B HYJIb OJHY U3 KOM-
HOHEHT, CKAXKeM Agy,,. Torga 13 Beimumnamu, XapakTepusyomuMu
yupyrue cBoficTBa Kpucrajia, 0Oy ayT 12 oT/mudHbIX 0T HYyJId MOJLYJI€i
U OJUH yIroJl, OLUPeAe/IdA0MUil OPUeHTAUI0 OCeil B IIJIOCKOCTU XY .

3. Pombuueckasa cucrema. Bo Bcex knaccax 31oit cucre-
mbl (Cay, Dg, Dyy) BbIOOP 0Ceil KOOPAMHAT OJHO3HAYHO JIMKTYET-
cd cuMMeTpueil u it CBOOOIHON IHEPIUU IMOIYyIAeTCsl BhIPAYKEHUE
oamaakoBoro Buja. Paccmorpum, Hanpumep, kiaacc Dy, u Bbibepem
IUIOCKOCTH KOOP/JMHAT B TPEX IJIOCKOCTAX CAMMETPHUHU ITOTO KJIAC-
ca. OTpaxKeHus B KaxK IO U3 9TUX MJIOCKOCTE MIPEICTABIAIOT OO0
npeobpazoBaHusi, IPU KOTOPBIX OJIHA U3 KOOPJIWHAT MEHsIeT 3HAK, a
JiBe Jipyrue He MeHsfoTCst. QUYeBUIHO, MTOITOMY, 9TO U3 BCEX KOMIIO-
HEHT \jgiy, OTJIMIHBIMU OT HYJI OCTAHYTCS TOJIBKO T€, CPE/IN WH/IeK-
COB KOTOPBIX KayKJI0€ M3 WX 3HAUEHUN I, Y W 2 BCTPEUAETCI IETHOE
YUCI0 pa3; BCe OCTAIbHBIE KOMIIOHEHTHI JIOJKHBI ObLIN OBl MEHSITH
3HAK TP OTPAYKEHWHM B KAKOW-HUOY/h M3 TLJIOCKOCTEH CHUMMETPWH.
Taxum o6pazom, obIree BhIpaykeHue Jjist CBOOOTHOM SHEPTUN WMeeT
B POMOMTECKO crcTeMe B

(10.5)
OHO COEPKUT BCETO JAEBATH MOJYJIeHl yIPyTOCTH.

4. Terparomaasruasa cuctema. Pacemorpum kimace Cy,.
Buibupaem koopamrathl ¢ ockio z mo ocu (4, a ocw x, Yy — TEp-
MEH/IUKY/IAPHBIMUA K JIBYM U3 BEPTUKAJIBHBIX ILJIOCKOCTEH CHMMeT-
pun. Orpakenusi B 9TUX JIBYX IJIOCKOCTAX 03HAYAIOT COOTBETCTBEH-
HO mpeobpazoBanust £ — —%, Yy — Y, 2 — Z U & — I, Yy — —Y,
Z — Z; B CHJIy 9TOI0 MCYE3aI0T BCE KOMIIOHEHTBI Ajkjy, C HEYETHBIM
YUCIOM OJIMHAKOBBIX MHJIEKCOB. Jlasee, noBopoT Ha yroa m/4 BOKpyr
ocu Cy ipejicTaBjisier coboii mpeobpazoBaHue £ — Y,y — —, 2 — 2.
Orcro/ia BBITEKAIOT COOTHOIIEHUSI

Azaze = Ayyyy: Azzzz = )\yyzu Azzzz = )\yzyz-

Ocrajibabie npeobpazoBanust, Bxojgsgiue B Kiaace Cy,, HOUEro He Jio-
OaBidioT K 9TUM ycaoBugM. Takum 00pa3oM, BbIPAXKEHUE Jjisd CBO-
00HOI 3HEPTUN KPUCTALIOB TETPATOHAIBHOW CHCTEMBI UMeeT BU/I

1 2 2 1 2

+ ApayyUgaUyy + 2A$y$yu§y + 2)\$wz(uiz + uzz) (10.5)

OHO cOJIEepKUT TIeCTh MOJLYJIeH yIPYroCTH.
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Takoii >ke pe3yJIbTaT NOJTyIUTCS U JIJIst APYTHX KJACCOB T€TPAro-
HAJIbHON CHCTEMBI, B KOTOPBIX €CTECTBEHHBIN BHIOOD OCeil KOOpAumHAT
mukryercst cummerpueit (Dog, Dy, Dyp). B knaccax xe Cy, Sy, Cyp
OJIHOBHAYEH BBIOOD Jsmib oHol ocu (2)  Baoab ocu Cy miau Sy. [pu
9TOM TpeGOBAHUS CUMMETPHUN JOMYCKAIOT CYMeCTBOBaHWe (MOMWMO
dburypupyromux B (10.6)) eme u komMnonenT

A:L‘:m:y = _Ayyyw

Hagrexxammy BRIO0OpOM HApaBJAEHUN OCeil T, Yy 9TW KOMITOHEHTHI
MOTYT OBITH 0OpAIeHkl B HYJ/Ib, U TOTAA F' CHOBa MpWBEIETCS K TOMY
xe Bugy (10.6).

5 Powvbosapnueckas cucrtema. Paccmorpnm kaace Clg,
1 BRIOEPEM CHCTEMY KOOPAWHAT C OChIO Z BIOJIB OCH TPETHEr0 TOPSI-
Ka "M OChIO Y, nepneHﬂHKyHﬂpHOﬁ K OﬂHOﬁ "3 BEPTUKAJIBHBIX TIJIOC-
KocTelt cummerpun. [Is BhISCHEHWS OTpaHWYeHWil, HaJaraeMbIxX Ha
KOMTIOHEHTBI TEH30PA Ak, Haauuanem ocu ('3, yaoOHO Mpom3BeCTn
dopmaabHoe TTpeodpazoBane, BREIST KOMIIIEKCHBIE «KOOPANHATHI»
&, n corylacHo OTpeIeIeHnIo

{=w+iy, n=z—iy; (10.7)

KOOPJIMHATY K€ z ocrapjsieM 0e3 m3menenunii. K 9mum HOBBIM KOOD-
JIUWHATAM TIPeoOpPaszyeM Tak>Ke W TEH30D Ajkim; B €ro KOMIIOHEHTAX
WHEKCHI TIpODeraroT Terneph 3Hadenus &, 1), z. JIerko BUIETH, UTO
nipu oropoTre Ha 120° BOKpyT OCH z HOBBIE TIEPEMEHHBIE TTOIBEpTra-
TOTCsT TTPe0OpPa30BAHIIO

3, g

&= &P e
OTANIHBIMI OT HYJIS MOTYT OBITH B CHJIy CHMMETPHUHW KPHUCTAJIA
TOJIBKO T€ W3 KOMTIOHEHT Ajklm, KOTOPBHIE HE MEHAIOTCS TPH 3TOM
mpeobpazopannn. OUEBMIHO, ITO STUM CBONCTBOM 007a]AT0T TE KOM-
TTOHEHTHI, CPeJIN WHIEKCOB KOTOPHIX TPU pa3a MOBTOPSIIOTCST £ WM 1)
(obpamaem BauManme Ha 10, 9o (€27/3)3 = 2™ = 1) wm ungexc &
COJEPKUTCSL CTOJIBKO 7K€ Pa3, CKOJIBKO 7] (MOCKOIBKY e?mi/3e—2mi/3 —
= 1); TAKOBBIMU SIBISIOTCS KOMITIOHEHTRI

Azzzzy Aengns Aeenmy Aenzzy Aeanzy Aeegzs Apnz-

Jlanee, orpaxkeHue B TJIOCKOCTH CHUMMETPHUH, MEPTEHINKYISIPHON K
och Yy, ecTh Npeodpa3oBanne & — &, Yy — —Y, 2 — 2, WIN JIJIsd BeJH-
ann &, n: £ — n, n — §. IlockonbKy npu 3ToM NpeodpazoBannm Agge,
HEePEeXOJUT B Ayppz, TO STH JIBe KOMIOHEHTHI JIOKHBI OBITH DABHbI
apyr apyry. Takum ob6pazom, Kpucrta/uibl POMOO3IPUIECKO cucTe-
MbI 00JIaJIATOT BCErO MIeCThIO MOyJisiMu yrupyroctu. st Toro aro-
Obl HAKCATH BbIPAXKEHUE JIjisi CBOOOIHON SHEPIUH, HAJIO COCTABUTH
CYMMY Ajglm Wik Uim, B KOTOPOI mHAEKCHI npoberator 3uadenud &, 1,
z; TIOCKOJIBKY HAM HAaJI0 BbIpA3uTh F uepe3 KOMIIOHEHTHI TEeH30pa J1e-
dopmanuy B KOOPJAMHATAX X, Y, Z, TO Mbl JOJKHBI BbIPA3UTH Yepe3
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HUX KOMIIOHEHTBI B «KOOPJAUHATAX» &, 1), Z. DTO JIEPKO CeIaTh, BOC-
[O/Ib3OBABIIUCH TE€M, YTO KOMIIOHEHTBI TEH30PA U NPeodpasyioTcs
KaK [POU3BEJ/IEHNS COOTBETCTBYIONIUX JABYX KoopauHatT. Tak, u3

€€ = (z +iy)* = 2° —y* + 2ixy
CJIeIyer, 9To '
Uge = Uggy — Uyy + 20Upgy.
B pesysabrare naxonum gis F' ciaepytomee Boipakenue:

1
F= EAzzzzuzz + 2A¢nen (Uga + “yy)2 + Aegnn[(Uzz — uyy)2 + 4“.%3/} +

 2heyzz (taa + ttyy )=z + A Uz, + y,) +
+ Aea| (g — Uyy )ty — 2ugyuy].  (10.8)

Ono cogepxut 6 HezapucuMbIX KO3hurumenTor. Takoit ke pesyJib-
TaT TogyauTcsa s KiaaccoB D3 m Dsg. B kmaccax xe Cz u Sq,
B KOTODPBIX BBIOOD OCEil #, Yy OCTAETCS IPOU3BOJBHBIM, TpPebOBaHUST
CUMMETPUHU JIOMYCKAIOT TAKYKE M OTJUYHYIO OT HYJis PA3HOCTH

Afffz - )‘mmz-

Omna, oHaKo, MOYKeT OBITH 0OpaIlena B HYJIb HAJIIEKAIINM BHIOOPOM
ocelt x, y.

6. lexcaromanbuasg cucrtema. Paccmorpnm kimace Cg n
BbIOEpEM CHCTEMY KOOPIMHAT C OCBIO 2 10 ocu 6-ro nopsiika. Beegem
cuoBa koopaunatet (10.7). Ilpu noBopore Ha yron 27 /6 BOKpyr ocu
Z OHU MOJIBEPTAIOTCsT TPEOOPABOBAHUIO

£ 5627”'/6: n— n6727r7ﬁ/6.
Orcroa BUIHO, 9T0 OTJUYHBL OT HYJIS TOJBKO T€ KOMIOHEHTBL Ak,
Cpei MHIEKCOB KOTOPBIX MHJEKCHI & 1 7] BCTPEYAtOTCsl OJJUHAKOBOE
ancao pa3. TakoBbIME SIBJASTOTCS

)\zzzz: )‘fnfn: )‘Efnna )‘Enzza )‘Eznz-

Hpyrue BO3MOYXKHBIE 3JIEMEHTH CUMMETPUN TeKCaroHaJbHON CHUCTe-
MBI HIYETO He JI00aBISIOT K 9TUM orpanuvennsam. Taxkmm obpasowm,
MMeeTCst BCEro maTh MosyJaeit ynpyroctu. CBoOOIHAS SHEPTHUS NMeeT
BUT

1
F = 5)‘2222“3,2 + 2 enen (Uga + uyy)2 + Negnn| (Vg — uyy)Q + 471,2,11} +
+ 2X 22Uz (Ugy + Uyy) + 4)\52772(11?” + uzz) (10.9)

Caenyer ormernth, uto jgedopmainus B maockoctn zy (medopma-
oust C OTJIMYHBIMUA OT HYIA Ugy, Uy, umy) OTIPeIe/IgeTCS BCETO NTBY-
M$ YOPYTHUMH MOJIYJISMH, KaK W JJsd U30TPOIHOTO Teja; APYIUMHA
CJI0BaMH, B IIJIOCKOCTH, NEPHEeHINKYIIPHON K TeKcaroHajabHON# ocH,
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yIPYyTHe CBOMCTBA NEKCATNOHAJBLHOTO KPUCTA/LIA U30TPOHHBL. [1o 310i
npuarHe BbIOOP HANPABJIEHUN OCeil B 9TOMN IJIOCKOCTU BOOOIIE HECYy-
LIECTBEH M HUKAK He orpaxaercs Ha Buje F. Boipaxenue (10.9)
OTHOCUTCSI TIO9TOMY KO BCEM KJIACCAM MEKCATOHAJIBHOW CUCTEMBI.

7. Kybuueckaga cucrema. HampaBum ocu z, y, z 10 Tpem
ocsiM 4-10 mopgKa KyOU4IecKOoil CHCTEMBI. YKe HAJIUIUe TeTPAro-
HAJBHON cummerpun (C OChIO 4-r0 MOPsIJIKA BJOJIL OCU Z) OIPAaHU-
YUBAJIO YUCJIO PA3IUIHBIX KOMIOHEHT TEH30PA Akl CAEJIYIOMIUMA
eCTHIO:

Aa:a:ww: Azzzz: Azzzz; Azzyy Aa:yzya )\zzzz

[Tosoporsr Ha Y0° BOKPYTr OcCeit T u Yy JAIOT COOTBETCTBEHHO IPEOD-
pazoBanug ¥ — X, Y — —2, Z = YU T — 2, Y =Y, 2 = —I.
B cuny Hux w3 HANMCAHHBIX IECTU KOMIIOHEHT JI€/1al0TCs PABHBIMU
rmepBasi CO BTOPOil, TPeThsl ¢ UETBEPTOH m maTasi ¢ mectoit. Takum
00paz0M, 0CTAETCSI BCEIO TPU PA3JIMIHBIX MOy st ynpyroctu. CBo-

0oHAs IHEPTUSA KPUCTAIIOB KyOMIECKON CUCTEMBI MMEET BU]L 1)

1 2 2 2
F = §A$$$$(u’l"l‘ + uyy + uzz) + >‘$$UU (UIJTUUU T UggUzz + uﬂyuzz) +

+ 2)\mymy(u§y + uiz + “‘Zz)' (10.10)

Boimmienm erre pa3 YncIo HE3aBUCHMBIX MapaMeTpor (MojyJiei
YIPYTOCTH WJIN YTJIOB, OMPEIENSIONINX OPUEHTAINIO OCceit B KPUCTAJI-
JIe) J7Is1 KJIaCCOB PA3JINIHBIX CHCTEM:

TPURKIIAHHAS .. oo ottt 21
MOHOKJTAHHAST « .\ v vt vee et te e ie et ieeeeeeenn 13
POMOTUECKAST - . . veeit e i e e e 9
rerparonanbuaa (Ca, Sa, Cap) .o ... 7
rerparonanbiada (Cay, Daog, D4, Dap) ......... 6
pombGosapuaeckast (Cs, S6) .« oovieii i 7
pombosapuaeckast (Csy, D3, Dag) oo, 6
TEKCATOHATBHAST + vt vt te e e e e et ieeiaenennnnn 5
KYOMTOCKAST .« oo otiiii et e

MuHUMAIBHOE YKe TUCT0 OTJAUTHBIX 0T HYJsS MOJIYJIei, KOTOPOro
MOYKHO JOONUTBHCST HAJIEKAIIIIM BBIOOPOM 0Cei KOOPANHAT, OJNHAKO-
BO JIJIsI BCEX KJIACCOB B KaKJI0# cucTeMme:

TPUKIAWHHAA .. ..o 18
MOHOKIHMHHAS .« oo evventnnnnn 12
POMOMHYECKAST ..o v vveeennnnn. 9
TETPATOHAJIBHAST ... ........... 6
POMOOSAPUIECKAST ..o vve ... 6
TEeKCATOHAJIBHAS .. ............ 5
KYOMYEeCKAST .. ....oouvennn... 3

) B Kyomueckux knaccax T m Ty HeT oceil 4eTBepTOro mopsiaka. LoT ke
pe3yabTAT MOMYyYaeTCsl, OMHAKO, B 3TUX CAydasiX MyTeM PACCMOTPEHUs 0Cei Tpe-
THEro MmopsijKa, MOBOPOThl BOKPYT KOTOPHIX TIEPEBOAAT APYT B APyTa OCM BTOPOTO
nopsaka  OCH T, Y, 2.
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Bce ckazannoe oraocurcs, pasymeercd, K MOHOKpucTasiam. [1o-
JIUKPUCTALINIECKIE Ke Teja C JIOCTATOTHO MaJIbIMU PazMepaMu
BXOJISIIIUX B UX COCTaB KPUCTAJJIUTOB MOXKHO PACCMATPUBATH KaK
M30TPONHbBIE TeMa (MOCKOIbKY Mbl MHTEpecyeMmcst aedopManusiMu B
ydacTkax, OOJBINNX MO CPABHEHWIO C pa3MepaMi KPHUCTALIATOR).
Kak n Bcskoe m30TPOINHOE TEJIO, MOJNKPUCTALIT XapaKTepu3yeTcs
BCETO JIBYMsI MOJIYIsIMU ympyroctn. Moo ObL10 ORI Ha TIEpBHIit
B3IJISAZT TIOAYMATh, 9TO 9TH MOIYJIW MOXKHO TOAYYUTH U3 MOIYyJIeit
YIPYTOCTU OTAEJBHBIX KPUCTAJIUTOB TTOCPEJICTBOM IIPOCTOTO YCPEI-
HeHusi. B jefictBuTeibHOCTH, OJIHAKO, 3T0 He Tak. Ecau paccmarpu-
BaTh AeDOPMANNIO TOJIUKPUCTAIIIA KAK PE3YIBTAT JeDOPMAIINN BXO-
JSIIAX B HETO KPUCTAJJITOB, TO CIEIOBAIO ObI B TPUHITUIIE PEITATH
YPABHEHUST PABHOBECHSI JIJIsl BCEX ITUX KPUCTAJJIUTOB C yIETOM CO-
OTBETCTBYIOIIUX TPAHUYHBIX YCJIOBUI HA MMOBEPXHOCTSX MX Pasjlesa.
Orcroia BUJIHO, 9TO CBS3b MEXKJY YIPYIUMU CBOHCTBAMU KPUCTAJI-
Jla, PACCMATPUBAEMOr0 B TEJIOM, W CBOWCTBAME COCTABJIAIOININX €r0
KPUCTAJUITATOB 3aBUCHAT OT KOHKPETHO# (DOPMBI KPUCTALIUTOB U OT
KOPPEJISIIIUU MeXK/ly UX B3aUMHBIMU opueHTanusmu. [Toaromy He cy-
mecTByeT O0IIeit 3aBUCUMOCTH MeXKJIy MOIYJISIMUA YIPYTOCTH TOJIH-
KPUCTAJLJIOB ¥ MOHOKPHCTA/IA (TOr0 Ke BelecTBa).

Berancienune Momysieit m30TPOMHOTO MOJUKPUCTAIA IO MOHO-
KPUCTAJINYECKUM MOJIYJISIM MOYKeT OBITh TTPOM3BEIEHO CO 3HAUW-
TEeJILHOW TOYHOCTHIO JIMITh B CJIyvae c1aboil aHM30TPONNN YIPYTUX

CROWCTR MOHOKpHCTaLIa |). B meprom mpubimskennm MOJAYJN yIPY-
TOCTH TIOIMKPUCTAJIA MOYKHO TIOJIOKUTH PaBHBIMHU TIPOCTO «M30-
TPOTTHON WacTW» yMPYTUX MOMAyJel MOHOKpucTaana. Toraa B cie-
IYIOIIEeM TTPUOJIMKEHUH TOSIBSIIOTCST UJIEHBI, KBAPATUIHBIE TT0 Ma-
JIOM «aHM30TPOTHON wacTuy 3TuX Momay/eit. OKa3piBaeTcs, ITO 3TU
[OIPABOYHBIE UJIEHBI HE 3aBUCAT OT (POPMbI KPUCTAJIJIUTOB U OT KOP-
peJidny UX OPUEHTAIUN U MOT'YT OBbITH BHIYUC/ICHBI B O0IIIEM BU/IE 2).

Hakower, octanoBuMcs HA TEIJIOBOM DPACIHINPEHUN KPUCTAJLIOB.
B uzorponnbix Te/iax TeIIOBOE PACIIMPEHUE TTPOUCXOIUT OJIMHAKOBO
110 BCEM HAIPABJIEHUsIM, TAK 9TO T€H30D jedopMmanuu npu cBoOO/I-
HOM TEILIOBOM pacmmpenun uMeer suj (cum. § 6)

1
Ui = 504(T —To)di,

rae « — K03 DUIIMEHT TEII0BOTO paciupenns. B kpucramimax xe
HAJO0 MUCATh

’

Uiy = ?(Tng) (10.11)

rJle (), ~ HEKOTOPBIf TEH30P BTOPOr0O paHra, CAMMETPUYHBIN 110 WH-

1) Tak, mepoii aHE30TPOIAN YOPYTUX CBOWCTB KyOWUYeCKOTO KPHUCTATLIA SABJISA-
€TCsl PA3HOCTD Azzaz — Azzyy — 2Azyzy; €CJIM OHA PABHA HyJIIO, Bepaxkenue (10.10)
CBOIMTCS K BBIPAKEHUIO yTIPYTOH SHEPTUU W30TPOMHOTO Tema (4.3).

%) Cm. U.M. Jluguiuy, JI.H. Posenyeetiz. // KITD. 1946. T. 16. C. 967.
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nexcam 4, k. BeigcHuM 4mcio paz/indaHbIX HE3ABUCUMbBIX KOMIIOHEHT
9TOr0 TeH30PA B KPUCTAJLIAX Pa3HbIX cucrem. g 5Toro mpoime Bce-
I'0 BOCIIOJIb30BATHCI U3BECTHBIM U3 TEH30PHOH aiaredpol 06CcTosdTe b
CTBOM, 9TO BCAKOMY CUMMETPUYHOMY TEH30PY BTOPOT'O PaHIa MOXKHO
NPUBECTU B COOTBETCTBUE HEKOTOPBIH, KAK IOBOPAT, TEH30PHBINA 3JI-

smmcons V). VI3 cooBparkennii CMMMETPHN HEMOCPEICTBEHHO OUEBH -
HO, 9TO TIPW TPUKJIUHHOMN, MOHOK/INHHON M POMOUIECKON CHUMMeTpH-
SIX SJLINTICONJT SIBJISIETCsT, BOOOIIE TOBOPS, TPEXOCHBIM (T. €. JJIMHBI
BCex ero oceit pazauunsl). [Ipu rerparonanbhoii ke, pomGosapuye-
CKOW W I€KCArOHAJILHOW CUMMETPUAX JLIUICOUL JOJIZKEH ABJIATHCH
JLTMIICOMIOM BpamieHus (C 0CbI0 COOTBETCTBEHHO BJIOJIbL OCEl CuM-
merpun Cy, C3 wim Cg). Hakonern, KyOnueckasi CHMMeTpHsT TTPUBO-
T K BBIPOXK/IEHUIO jutuiconia B map. Ho TpexocHsblit ssiuncouny
ONPEeIENAeTC TPEMsI HE3ABUCUMbIMU BEJIMIMHAMY (JIJTMHAME OCeii ),
SJLIUTICON] BPAIIEHWsT — JIBYMsl, & Tap — BCEro OJHoi (pajamycom).
Taxum 06pa3om, 9uC/I0 HE3ABUCUMBIX KOMTIOHEHT TEH30PA (i) B KPHU-
CTaJIaX PA3IUIHBIX CUCTEM €CTh:

TPUKJIMHHAS, MOHOKJIMHHAS, POMOMTECKAST . . ..ot enieee e
TeTparoHa/IbHast, POMOO3IPUTIECKAs], T€KCATOHAMBHAST . ... .o.e.n...
5940 74 (1< ¥ S AU

— N W

Kpncramier mepBbIX Tpex CHCTEM Ha3bIBAIOTCS JIBYXOCHBIMU, a
BTOPBIX TpeX — OAHOOCHBIMU. OOpaTnM BHUMAaHWE Ha TO, YTO Ter-
JIOBOE pACIITUPEHNe KPUCTALIOB KyOndecKoil CHCTEeMbI OTIPeIeIsieTC st
BCEr0 OHOI BEJIMYWHOI, T. €. UTO OHU BEIyT cebsi B OTHOIIEHUN CBO-
€r0 TEeTJIOBOTO PACIIMpEHns KaK M30TPOMHBIE TeJa.

3agauu

1. BelpasuTh yOpyryio SHEPIUI0 TEeKCATOHAIBHONO KPHUCTALIA € IIOMOIIBIO
YIPYIUX MOAYJIEH Ajgim B KOODAMHATAX Z, Y, 2 (OCh Z — 0 OCH MIECTOrO MOpsiJi-

Pemenwne. Tlpu npomnssoabHOM (HE OPTOTOHAIBHOM) MPEOOPA3OBAHNYT KO-
OpAMHAT HAJO PA3INYaTh KOHTPA- U KOBADUAHTHBIE KOMIIOHEHTHI BEKTODOB U
TEH30POB; TEPBHIE MPEOBPAZYIOTCH KAK CAMH KOODIMHATH &' (X TPHHATO 060-
3HAYATh C BEPXHUMW WHIEKCAMW), & BTOPhIe — Kak onepatopbl mnddepennn-
posanus 0/0z" (ux obosmauaor ¢ mukHuME ungekcamu). Ckamap (10.1) mazo
3ANUCHIBATH IIPU 3TOM KaK

1 .
F = EAiklmulkulm.

B Beipaxenungax (10.8), (10.9) xoMmoneHTHI ;4 TPeoOpPA30BAHBI KAK KOHTPABa-
pHaHTHBIe; HOSTOMy JJIA yCTaHOBﬂeHT/Iﬂ CBA31 Me)KIly KOMITOHEHTAMW Alk]m B
Koopaunatax £, n, z M T, Y, 2 UX HaJ0 PAcCMaTpUBaTh Kak KopapuaHTHbie (B
JIEKAPTOBBIX KOOPAWHATAX TE€ W JAPYTHE KOMIIOHEHTBI, PA3yMeeTCs, COBMAIAIOT).
Jnst npeobpazosarns (10.7) nmeem

9_0 .9 3_,(3,&)
dx  0¢  on By  \o¢ In)

b TeH30pHBIN 3ATUTICONU OTIPEIeNIeTCs yPAaBHEHUeM (v, T Tk = 1.
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IIpeobpazys KOMIIOHEHTBI Ak, KaK TPOM3BEIEHUs ITUX ONEPATOPOB, HAMIEM
Avzze = Ayyyy = 4Xenen + 2Xeenn,  Awyay = 2Aeenn,
Azeyy = 4Xenen — 2Aeenn,  Avaze = Agyzz = 2A¢pze,
Avzaz = Ayzyz = 2Xgznz.

Croboanas sneprus (10.9), BeipakenHas 9epe3 3T MOJLyJIN, UMEeT BUJL

1 1 .
F - 5)\7‘77‘7(’“77‘ + uyy)Q + 5Azzzzuiz + )\T”I‘ZZ(/UTT + "yy)uzz +

+ 2)\“12(11,2Z + 7"§z) + (Aezze — )\MW)(Hiy — Upzlyy).

2. Haiitn ycioBust mOIOKUTEILHOCTA YIPYTON 3HEprnm KyOWdeCcKOoro Kpwu-
CTama.

Pemenwne. Tleprwie npa winena B (10.10) cocrapasitor kBaapaTnaayio Gbop-
MY TPeX HE3aBUCHUMBIX TIEPEMEHHBIX Upg, Uyy, Uzz. YCAOBUS TTOJIOKNTEIHHOCTI
310l (hOPMBI TPEOYIOT TOTOKUTETHHOCTH OTIpeIeTuTeNs ee Ko3hdOUIMeHTos, o-
HOIO M3 €ro MUHOPOB 1 KOddduumenTa gz Kpome 1010, 10/K€H ObITH 110710~
xkwurenen Tpernii wien B (10.10). DTr ycnoBus NpUBOAAT K HEPABEHCTBAM

A
A1 >0, A3 >0, 771<)\2<)\17

rae 0003HAYEHO A1 = Apzza, A2 = Azayy, A3 = Azyay-

3. OnpenenuTh 3aBUCUMOCTD MOIYJS PACTAXKEHUS KyOMIeCKOro KpHUCTALIa
OT HAIIPABJIEHNS B HEM.

Pemenwne. Brnibupaem ocm koopamHar B Hampan/eHusx pedep Kyba.
Ilycts och BBIpe3aHHOrO M3 KPHUCTAIA CTEPXKHS MMEET HAIPABJICHHUE eIHHUY-
HOTO BEKTOPa N. TeH30p HANPsKEHUN B PACTAHYTOM CTEPIKHE [I0JI’KEH YIOBJIe-
TBOPSATH CAEAYIOMINM YCJIOBUSIM: IOJIKHO OBITH 05Nk = PN;, TA€ P — IeUCTBYIO-
mas Ha €JUHUIY TIOMAIA OCHOBAHUI CTEPKHA pacTaruBaomas cuna (ycmosue
Ha OCHOBAHWSAX CTEDIKHH); /st HANTPABJIEHWH t, TepNenanKyIsPHBIX N, JOJIKHO
661t 05t = 0 (ycmoBume HA GOKOBBIX CTOPOHAX CTEPXKHA). TaKoi T€H30p JO/-
JKeH UMETh BUI 0,1 = PN;iNj. BRIAUCINB KOMIIOHEHTHI 05, auddepennupoBannem

Boipaxkenus (10.10) Dn CPABHUB WX C BBIPDAKEHUAMU O, = P1; N}, TOTYIAM TS
KOMITOHEHT TeH30pa Ae(hOopMaIinu BhIPAKEHUS

v = p (A1 +2X2)n2 — Ao e = plals
rr — Ty —
()\1 — )\2)()\1 + 2)\2)7 2)\3
M aHAJIOTUYHbBIE OJIA OCTAJIBHBIX KOMITOHEHT.
dl’ —dl
OrrOCHTELHOE TIPOIOILHOE YAJWHEHNe CTEPKHS eCTh U = — rae
dx; B

dl' maercs bopwmymoit (1.2) u dll = n;. D10 maer ans maibix gedopmanmii

1) Eciu BBIYUCAATD 0 HE HETOCPEeICTBEHHO TI0 (GOPMYAAM Tk = Ajklm Uim, &
nyrem auddepeHnupoBannst KOHKPETHOTO BhIpaykeHust F', TO TPOM3BOAHBIE TI0
wip € 1 # k [Aa0T yABOEHHbIE 3HAYEHUS 0. JTO CBA3AHO ¢ TeMm, 9T0 (hopMmya
oir = OF/0u;;, mmeer mo CymecTBy CMBIC] JWNIb KAK BBIPAXKAIOMAasd TOT (BakKT,
qa10 dF = 0 duik; HO B cymmy ok dux anennbt ¢ puddepernmanavm dugy Kaxk-
[0 U3 KOMIOHEHT € i # k CUMMeTPUYIHOTO TEeH30PA ;) BXOAAT IBAKJIBL.
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u = u;pn;ng. Momyns FOura onpemensiercs Kak KO3 UITHEHT TTPOTOPITHOHATH-
woctu B p = Fu, v jis Hero vaxoamm

E - (v +20)(h - M)

1 A A 1 2 . . 5
L+ A <— - 7) (ninz +nin?+ ninﬁ)
A3 A1 — Ao

Moy b MMeeT IKCTpeMaIbHbIE 3HAYMEHNd B HATIpABIeHUuax pebep (ocu z, y, z) n
MPOCTPAHCTBEHHBIX Auaronaseil kyba. B manpasnennn Baonib pebep Kyba

Al — A
E=(\+2)0) 222
AL+ A
IIpu 5TOM T0MEpPEUHOE CIKATUE CTEPKHS Upy = Uyy = —OU.; = —OU, TlE Be-
muamaa 0 = A2/(A1 + A2) mrpaer poms koaddummenta Ilyaccoma. Cornmacmo

TMOJIyY€HHBIM B MIpeAblAylieil 3a/1ade HepareHcTam: —1 < o < 1/2.



FTABA 1I

PABHOBECUE CTEPYKHEN U IIJIACTUHOK

§ 11. DHeprust N30rHyTON JIACTUHKUA

B sroit riraBe mbl OygemM 3aHUMATHCA W3YyUEHHEM HEKOTOPBIX
YaCTHBIX CJIy9IaeB paBHOBECHUsT 1e(DOPMUPYEMBIX TeJl I HATHEM C PaC-
cMoTpennst gedbopmannii TOHKWX TIacTHHOK. Korma MBI TOBOpWM,
YTO IJIACTUHKA ABJIAETCA TOHKOI, TO MOAPA3yMeBaeTCsd, YTO €€ TOJI-
MMHA MaJja 110 CPABHEHUIO C pa3dMepaMy B /IBYX APYIMX HAPaBJICHU-
ax. Camu jgedopManmuy HO-IPEKHEMY CUUTAIOTCH MaJibiMu. B gam-
HOM CJIydae KPUTepHeM MaJoCcTh aeOpPMaIlnd ABIAETCS MAJIOCTh
CMEIICHUNA TOYEK IJIACTUHKHU 110 CPABHEHUIO C €€ TOJIIINHOMN.

[Tpm npuMeHeHnM K TOHKUM TIJIACTUHKAM OOIIIe ypaBHEHNsT PaB-
HOBECHUsT 3HAYUTEJHHO YIPOIIAIOTC. YI00Hee, OJHAKO, BBIBOINTH
9TU YUPOIEHHBIE YPABHEHWS HE HEMOCPEJACTBEHHO U3 O0INX ypas-
HEHUil, a BBIYUCIATH 3aHOBO CBOOOTHYIO SHEPIUIO M30THYTOH Tiia-
CTUHKM U 3aTe€M IIPOBAPbUPOBATH 3TY IHEPIUIO.

[Tpm crubannm MIACTUHKNA BHYTPHU HEE B HEKOTOPBIX MECTaX BO3-
HUKAIOT PACTAXKEHUs, B JPYIUX cxkatusi. IMeHHO, Ha BBIMTYKJIOM
CTOPOHE TIACTUHKHU TPOUCXOANT PACTSIKEHNE; TI0 Mepe »Ke yriayoie-
HAA B TOJILY IJIACTMHKA 3TO PACTAZKEHHEe ITOCTEIIEHHO YMEHbIIAeT-
Cd, J1oCTUrad B KOHIIE KOHIOB HYyJId, BCIEJ 34 4Y€M B JAJIbHEHUIINX
CTI0SIX HAYMHAETCsT TIOCTENMEHHO YBEINIUBAONeecs cxkartue. Takum
06pa3oM, BHYTPU TIACTUHKNA UMEETCA HeUmpaibHai noGePIHOCTMb,
Ha KOTOPOil pacTszkeHne BOOOIIE OTCYTCTBYET, a 10 JBYM CTOPOHAM
ee medopmarmst mMeeT TPOTUROMOIOKHBIN 3HaK. QUeBNIHO, ITO ITa
TTIOBEPXHOCTH PACIIONIOKEHA TI0 CePEeIMHE TOJIIWHBI TJIACTUHKA.

Bwibepem cuctemy KOOpamHAT C HAYAJIOM B KaKOUW-HUOYIbL TOU-
K& HENTpaJIbHONW TTOBEPXHOCTN W OCHIO Z, HATTPABJAEHHONW TI0 HOPMAaJIN
k wmeii. [l1ockocTh xy coBmagaer ¢ MIOCKOCTHIO HeaedOpMupoBaH-
rvoit mractTuakn. (003HAUMM BepTUKAILHOE CMeIleHre TOYeK Heil-
TPaJILHON TOBEPXHOCTH, T. €. WX z-KOOpAWHATY, OYKBOit ( (pnc. 2).
YTo KacaeTcsd KOMIIOHEHT CMEIIEHWH 3TUX TOYEK B TIJIOCKOCTH X, TO
OHW ABJAIOTCA, OYEBUIHO, BEJIMYUHAMA BTOPOTO TOPAJIKA MAJOCTHA
110 CPABHEHUIO C ( W TIOTOMY MOTYT OBITH MTOJIOYKEHBI PABHBIMY HYJTIO.
Taxknm 06pazoM, BEKTOP CMEITIEHNST TOUeK HeRTPaIhHOW MOBEPXHOCTH:

WD =D =0, O = (o). (1.1

Jist manbHERNX BRIYACTEHUH He0OX0ANMO CIae/IaTh ClIeayolee
3aMedaHre OTHOCUTE/HHO HANPSKEHUH, JTefCTBYIOMNUX B 1edOpMu-
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poBanuoit mnacrunke. [ToCKOMBKY IJIACTUHKA TOHKAs, TO JJIsi TOTO
9T00BI U30THYTH €e TPeOyercs MPUJI0KUTh K €€ MOBEPXHOCTU CPaB-
HUTEJIbHO HEOOJIbIINE CUJIbl. DTU CHJIbl BO BCSAKOM Caydae OymyT
BHAYUTE]HHO MEHBIE, YeM T€ BHYTPEHHUE HAINPIZKEHUs, KOTOPbIE
BOBHUKAIOT BHYTPHU J1eDOPMUPOBAHHON ILJIACTUHKY OJj1arojiaps umMe-
FOIIUM B Heil MecTo pacTsiKeHusiM u cxkaTusiM. [loaromy B rpanud-
HBIX yea0Bugax (2.9) MoxkuO npeneGpeus cunamu Pj, Tak 4To ocraercs
oiknk = 0. [lockonbKy miacTuaKa €1a00 W30IHYTA, TO MOXKHO CUU-
TaTh, 9TO BEKTOP HOPMaJIW N HAPABJEH T0 ocu z. Takum obpazowm,

|Z Ha 00enX TTOBEPXHOCTSX TIACTUHKN JOIKHO OBITH
té{f Ogz = Oyz = Ozz = 0.
_'\_I '

Ho mockonpKy TOMMMHA MIACTUHKA MaJja, TO U3

PABEHCTBA STUX BEJNTNH HYJII0 Ha IBYX CTOPO-

Puc. 2 HaX IJIACTUHKU CJIEJIYeT, 9TO OHU MaJjibl ¥ BHYTPU

vee. Takum oOpazoMm, MBI TPUXOAUM K BBIBOLY,

9TO BO BCeil IJIACTUHKE KOMIIOHEHTBI Oy, Oy, 0,; MaJIbl 110 CDABHE-

HUIO C OCTAJILHBIMIA KOMITOHEHTAMW TeH30pa Hampsukennii. Ha sTom

OCHOBAHWW MBI MOYKEM TIOJIOXKWUTH WX PABHBIMHU HYJIO W OTTPEIENThH
KOMTIOHEHTHI TeH30pa 1ehOpPMAIIH W3 ITOTO YCIOBWS.

Corytacto obmmv dopmynam (5.13) nveem

ag = —— Uy, g = —Uu
2T 1+o 2T 2y 1+o 2Y>

B E
 (1+0)(1-20)

(11.2)
(1 — 0)uzs + 0(tgy + uyy)].

02z

[IpupaBuuBasi 91U BbIPAXKEHUS HYJIIO, HAXOIUM

O, ou. Oy ou. o
- = — —_— = — Uyy = ———Ugy + Uyy)-
0z oz’ 0z y’ 22 1-— O'( TT yy)

B nepebie a1Ba ypaBHEHHs] MOYKHO IS U, C JOCTATOYHON TOYHOCTHIO
nozcrasuth (2, y):

Ous _ _ 0¢ Ouy, _ _ 0¢
0z oz’ 0z oy’
OTKY/1a
0 0
Uy = fz—c, Uy = . (11.3)
Ox dy
[TocrostaHEbIE MHTErPUPOBAHMS TI0I0ZKEHBI PABHBIMY HYJIIO TaK, UTO-
opr mpu z = 0 mMeso MecTo u; = u, = 0. 3Hag U; U Uy, MOKHO
OTIpeIeINThH BCE KOMIIOHEHTHI TeH30pa 1ehopMaIlnm:
9%¢ 9%¢ 0%¢
Ugy = —Z—=, Uy = —2—>, Ugy = — >
TT w2’ yy Dy ’ Ty 9z 0y’
v (11.4)
0°¢ 0°C o
Ugy = Uy, =0, Uy, = 2( 2+ — .
ox? oy?/1—o
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Tenepp y2Kke MOXKHO BBIYUC/IUTD, BOCIOJIb30BABIIUCEH 00111eit (hop-
mysi0ii (5.10), coboanyio snepruio F' ejuauipl 06bema maacTuHKY.
[Ipocroe BbiumC/IeHEE TPUBOJAUT K BHIPAZKEHUIO

2 20\ 2 200\ 2 2, o2
po B f (00, 007 [Ty oo )
140 [2(1—0)\0z2 0y? 0x Oy 0x? Oy?
(11.5)
[Tonrast cBOOOIHAS SHEPTUS TIACTUHKY TOJIYIUTCST OTCIOAA WHTETPH-
poOBaHWEM TI0 BCeMy ee oObemy. VIHTerpupoBaHne 10 2 TPOU3BOIUTCSH

B npegenax or —h/2 no +h/2, rae h - ToMIMHA NJIACTHHKH, & 1O T,
Y 10 BCeil MOBEPXHOCTH IJIACTUHKH. B pesysbraTe HAXOAMM MOJI-

HYIO cBOOOAHYIO sHepruio Fy; = deV nebopMUPOBAHHOM TL1a-
CTUHKU B BI/I,ZIP

4 9%
Frun = 24(1—02 //{ ay) +

+2(1 0)[( 0°¢ )2 - ‘924524}} dzdy (11.6)

Oz dy 0x? 0y?
(11 371eMeHTa MOBEPXHOCTH MOYKHO BBUIY MajiocTh gedopmarmn
NUCATH C JAOCTATOYHONR TOYHOCTBLIO MPOCTO dx dy).

[Tocne Toro Kak MOJIy9eHO BBIPAXKEHUE [IJi CBOOOHOM SHEprum,
MO2KHO PACCMATPUBATH IJIACTUHKY KAaK HE 00/1aaf0ILy 0 TOJIIUHOM,
T. €. KAK I'eOMETPUYCCKYI0 IIOBEPXHOCTD, IMOCKOJbKY HAaC UHTEPeCy-
er TOJIbKO (hopMa, MPUHUMAEMAS €10 110/ BJAUSHUEM PUI0KEHHBIX
cuil, a He pacupejesenue gedopManuii BHYTPU CAMON ILJIACTUHKH.
Benuuuna ( sgBigercd Torga cMeleHrneM TO4YeK IJIACTUHKY, PacCMa-
TPUBAEMOIl KaK MOBEPXHOCTH, [IPU €€ U3rubaHuu.

§ 12. YpaBHeHHe paBHOBeCUs IJIACTUHKU

VYparHeHne paBHOBECHST TIJIACTUHKN MbI BHIBEJIEM U3 YCIOBUS MU-
HUMyMa ee CBOOOHOM sHepruu. [[1s1 3TOr0 HAZ0 BHIYUCIUTH Bapua-
o Beiparkernnst (11.6).

Pazobbem crosmuii B8 (11.6) uarerpan na cymmy AByX mHTErpa-
JIOB 1 Oy/1IeM BapbUPOBATh KAXKJIbI U3 HUX B OTAEALHOCTH. [TepBhIil
MHTErpaa MOKHO HAIMCATH B BUJIE

[ (a0 df,
e df = dxdy — snevent nosepxmnoctn, a A = 9%2/0z% + 9% /0y?

obozuavaer 31ech (n Be3ge B § 12 14) asymepnbiit oneparop Jlana-
ca. Bappupys 3TOT MHTErpaJl, uMeeMm

a%f (AQ)?df = [ AcAsCdf = [ A¢divgrad 6¢df =
= [ div(A(VEC)df — [ VICVACS.

3 JI. 1. Jlangay, E.M. JIndmur, Tom VII
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Bce BekTopable Omnepaiuu MpoOU3BOJSTCS 3/1€Ch, KOHEYHO, B JBYX-
MepHOil cucrteme Koopauuar xy. Ilepeoiit mnTerpas crnpasa npeod-
pasyeM B MHTErpaJl mo 3aMKHYTOMY KOHTYDPY, OXBATHIBAIOIIEMY ILIa-

cruaky 1):
[ div(ACVaC) df = ¢ A(ngrad 6) di = j{Ac‘?C dl,
mn
rae 0/0n oznauaer nudGepeHnMpoBaHue M0 HATPABIEHUIO BHENIHEH
HOpMaJIM K KOHTYPY.

Bo Bropom maTerpase npumeHsem Takoe ke mpeodpazoBaHue u
MOy 9aeM

[vocvacds = [V(CVAQ df — [ 6¢A*Cdf =
= §0¢(aV)ACdl— [6¢ACdf = 7§ 5:% dl— [ 6¢A%Cdf.
HO,HCT&BJIHH nonyquHme pesym,TaTm, nonyqaelvr
1 _ AN 8¢
(Sif(AC)de = [ocarcdf - j{(scandz +%Afandl. (12.1)

[IpeoGpazosanue Bapuanmu Broporo uarerpasa B (11.6) meckonnb-
KO OoJjiee JIMHHO. DTO npeobpazoBanue yja00Hee NMPOU3BOIUTH HE B
BEKTOPHOM BHJIE, a B KOMIOHeHTax. Vmeem

9%¢ 2 9%¢ 0%¢
S{es) -5
Ox Oy 0x? Oy?

_ / {26% 9¢ 9o awc} .

Oxrdy 0xdy  0x? 0y? dx? dy?

Hom,mTerpam,Hoe BhIpakKeHne 371eCh MOKHO HallnmCaTh B BUIE

9 (o5 o°c oo o (95 ' _ s o
Ox \ Oy Oz 0y Ox 0y? Oy \ Oz O0x 0y dy dx2 )’

T. €. KaK JIBYMEPHYIO JIMBEPTEHITNIO HEKOTOPOTO BeKTOpa. [TosTomy

b ®opmysna TpeoOPA3OBAHUS IBYMEDHBIX MHTETPAJIOB B TOYHOCTH aHAJIOT M-
Ha TpexMepHOil dopmyste. Posis smementa o6bema dV murpaer rTerepn 37eMeHT
noBepxHOCTH df (PacCMATPUBAEMBIH KAK CKAIAD), & BMECTO JEMEHTA TI0OBEPXHO-
ctu df crouT d7MeMenT AIMHBI KOHTYDPA dl, yMHOXKEHHBIM Ha BEKTOD N BHEMIHEH
HOpMaJu K KOHTYpy. [Ipeobpazosanme muTerpana mo df B muterpas mo dl ocy-
MIECTBAAETCA 3aMeHoi omepaTopa df /0z; ma Benmuamny n; dl. Tak, ecnm p ecTb

HEKOTOPBIU CKaJISAp, TO
[ vedr = ¢ enar
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MO2KHO TIEpPeNnucaTh BAPUAIMIO B BUJIE WHTErpaja mo KOHTYPY:
2 2, 52 2 2
J ~ P00 g b dising § 206 96 95,
6T 6y 0x? Oy? Oz Ox Oy Oy 0x?

2 2
—i—%dlcos(){aac % %M} (12.2)
. dy Ox dy dx 0y?

rae @ yroa Mexk/y OChbIo 7 M HOPMAJbIo N K KOHTYDY (puc. 3).

y IIpoussoanbie or 0 1O T U Y BbIpa3UM 4epes
. [IPOUBBOHBIE TI0 HANPABJICHUIO HOPMAJIA N K KOH-
o TYPY ¥ 10 HAIPABJIEHUIO KacaTeabuoit 1 Kk memy co-
Z9__  rtyiacao dopmysiam
0

— = cos 92 - sin@g, 9 _ sin@g + cos 92.
Oz on ol Jy on ol

X

Puc. 3 Torpa unrerpanst B dbopmyne (12.2) npuobperaror
CAeAyIOmuil BUI:

5/ df—

2 2
7§dla S {2sin9(zos€ o¢ —sin29£ — cos? —C}
, 9z 0 92 9y
0

z Oy T

¢ ¢ 9% 2 ¢
f{dl {qu)(‘o%()(ayQ (%2) + (cos? § — sin” 6) mav}

Bropoit maTerpas M02KHO BBIYUCIUTE, B34B ero 1o gactsam. [1o-
CKOJIbKY OH Oepercs 10 3aMKHYTOMY KOHTYDY, TO IPEIe/bl UHTEIPU-
POBaHUS CAUBAIOTCH B OJHY TOUKY, W IIOTOMY MbI IIOJIy4aeM IIPOCTO

~fascd P _ ) 1 (cos? 0 — sin? ) 26
j{dl 6C6l {sm@cos@(a > 6.1:2) + (cos” 0 — sin 9)6.1:63;}'

CRoast BCe TIOMyYeHHBIE BHIPAYKEHWsl BMeECTe W HalncaB Tepes
auMn KodddurmenTs cornacuo dopmyie (11.6), moayyaem okorua-
TEJIBHO CJIEIYIONIEE BHIPDAYKEHNE I BApUAIlMK CBOOOIHO SHEprum:

§ Foor _D{fA%scdf f&mz[‘mc

0 0 0* . o?
+(1— U)al (<1n0(‘0<9(ayi 5 i) + (cos? @ — sin® 0)893(;1;)} +

+%86( dl [AC—{— (1 —o)(291n9(‘0<9 <
Tay

~sin2 928 « —cos? 6 C)}}, (12.3)
ox? Jy?

3*
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rjae

3
p=_5" (12.4)
12(1 — 02)

Jlist TOro 9To6h! MOIyYUTh OTCIO/IA YPABHEHNE PABHOBECHUS ILIa-
CTUHKHU, HAJI0 TPUPABHATEL HYJIIO CyMMy Bapuainuu dF u Bapuaiuun
O0U moTeHIMaIbHON SHEPTUYW TIIACTWHKW, CBSI3AHHOW C HAIUYIHEM
IeCTBYIONMINX HA Hee BHENTHUX CHJI. DT MOCTEIHSIT BAPUANNA PaB-
Ha B3ATO# ¢ 0OpaTHBIM 3HAKOM paboTe BHEITHUX CUJI TP CMEIeHUN
mracTuaKu. Ilycth P ecTh JeiicTByIomas Ha TIJIACTUHKY BHENTHSS

CH/Ia, OTHECEHHAs K eIMHNIE TUIOMAIN ee TTOBEPXHOCT |) i Hampas-
JieHHast o HOpMmasn K Heil. Torma pabora, mpom3BeeHHasT CUIAMUI
MpU CMEIIeHNN TOYEK TIACTUHKN Ha 0(, paBHA

f P8¢ df.

Takum 06pazoM, nmeem B KA9eCTBE yCJIOBUSA MUHUMAIbHOCTH TIOJTHOM
CBODO/HOI IHEPTHUH TIJIACTUHKU yPaBHEHUE

0Fun— [ PoCdf =0.

B 7neBoit wactm 3TOrOo paBeHCTBA CTOAT KaK WHTErpasbl 1O TOo-
BEPXHOCTH, TAaK W WHTETPAJIBI O KOHTYPY. [ToBepXHOCTHBIN MHTETpaI
eCTh

[{D &% — P}acdf.

Bapuanust §¢ 8 Hem npoussosibaa. [loaromy nHTErpas paBeH HyJiio,
ecsin

DA*¢ =P. (12.5)

9TO — ypaBHEHNE PABHOBECHUS TLJIACTUHKN, M3THOAEMOil IefiCTBYIO-
IMUMU Ha Hee BHemHNMEU cuiavu. Kosadduiment B 95ToM ypaBHeHUN
Ha3BIBAIOT JICECTNKOCTNBI0 TIACTUHKY TIPU M3TN0e Win yuaundpuse-
cKotli stcecmrocmoio.

I'panngnable yCI0BUS 7151 9TOTO YpaBHEHWS TOIYYAIOTCd W3 pa-
BEHCTRA HYJII0 KOHTYpPHBIX wHTerpasos B (12.3). Tlpu atom ciemyer
paccMOTpeTh HECKOIBKO PA3JIMIHBIX YAaCTHBIX CIyYaeB.

[Ipemmonoxnm, 9TO 9acTh Kpas MIACTUHKU CBOOOTHA, T. €. HA
Hee He JIeHICTBYIOT HUKAKNE BHEIIHWE CUJjibl. Torjga Bapuanuu 6 u
0 (0¢/On) ma Helt NPOM3BOJNILHBI M JIOJIZKHBI ObITH PABHBIMU HYJIIO
KO3 DUIUEHTHI TTPU ITUX BAPUAIUSIX B UHTErPAJIAX 110 KOHTYPY. DTO

1) Cuna P MoxKeT aBnaTbes 371€Ch PE3y/IbTATOM AEHCTBHAS 060HEeMHBIX Crl (Ha-
MpUMED, CUJIBI TSIPKECTH) W PaBHA TOTJA WHTETPAJy OT TMOCJIeIHEN 10 TOIInHe
TTACTUHKH.
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NPUBOAUT K YPAaBHEHUSAM

—_ 9A¢ +(1 —0)% cosﬁsinf)(& - 62§)+

on 0x? 871)2
2
+ (sin? @ — cos? 0) 0% } =0, (12.6)
Oz Jy
2 2 2
Al+ (1 —o0) {ZSinf)cosﬁ ¢ sin292% — cos2928 L = 0.

Oz Oy Ox? 0y?

(12.7)

Onu JI0/2KHBI BBIIOJIHATHCS HA BCEH CBOOOHOT IpAHUIIe [ITACTUHKHY.
Kpaessie ycnorust (12.6), (12.7) Becbma CI0KHBI. 3HAYNTETHHO

BoJtee TIPOCTHI CITy[an, KOTJa Kpast TUIACTHHKY 3A0€AQHbL TV ONEePmbi.

Ecnm xpast muractuakn 3aje1anb (puc. 4 a), TO OHW HE MOTYT HCTIbI-

THIBATH HUKAKOTO BEPTHKAIBLHOTO CMEIIEHNsT U, CBEPX TOTO, He MOXKeT

M3MEHNThCST TAKYKe W HaNpaBIEHWE STUX KPaeB. YTOJ, HA KOTOPHIi

MOBOPAYNBAETCS JIAHHBIN YIACTOK Kpasl TIACTHHKN OTHOCHTEIHHO

CBOET0 TMEPBOHAYAILHOTO TIOJIOKEHWs, DPaBeH

(mpu  wmasibIx  cMerneHusax () MPOU3BOJIHON a

0(¢/0n. Takum 00pazoM, HA 33/EJAHHBIX Kpa-

X TTacTHHKY Bapuamnn 6¢C n 6 (0(/0n) paBHbI

HYJIIO, TaK 9TO KOHTYpHBIE WHTerpasibl B (12.3)

MCUE3AI0T TOXK/IECTBEHHO. ['paHWdHBIE YCTIOBWST

MMEIT B 3TOM C.quae npOCTOf/'I BUJI: 3]
¢c=0, %=y (12.8)
an

. Puc. 4
[TepBoe BBIparkaer coboit ToT GakT, ITO Kpas

MJIACTUHKY BOOOIIE HE UCIBITHIBAIOT BEPTUKAJIBHOTO CMEIIEHUs! TPU
pedbopManym, a BTOpoe  9TO HANPABJIEHUE KPas OCTAETCS TOPU3OH-
TAJILHDBIM.

Jlerko onpemesuTh CUIbl peaknuu, JeHCTBYIONME HA TJIACTUH-
Ky CO CTOPOHBI OIOPBI B TOYKAX 3AKPEIJIEHUS. DTU CUJIbl PABHBI U
MPOTUBONOIOKHBI CHJIAM, JIEHCTBYIONIMM HA OMOPY CO CTOPOHBI 11~
crunku. Kak m3BecTHo M3 MexaHuku, Cuja, JefHCTBYIONAa B HEKO-
TOPOM HAINPABJIEHUHU, PAaBHA NPOU3BOAHON OT 3HEPrUU MO KOOPIM-
HATAM, B34TOW 1O 3TOMy HaNpapaeHuio. B gacTtHocru, cuia, ¢ KO-
TOPOH IJIACTUHKA JeficTByeT Ha OLOpPYy, OLpeAeldercsd IPOU3BOIAHONI
OT BHEPIUM 1O CMEIIEHUI0 { Kpasd IJIACTUHKH, B3ATONH ¢ 00paTHBIM
3HAKOM, a oOparHas Cuja PeaKiuu TOHR 2Ke IPOU3BOJAHON C II0-
JIOXKUTETHHBIM 3HaKOM. HO 9Ta Mpon3Bo/HAst €CTh He UTO WHOE, Kak
koaddunment npu §¢ Bo Bropom muTerpase B (12.3). Takum obpa-
30M, CHJIa PEAKINW, OTHECeHHAs K eJNHWIIE JIINHBI KOHTYpa, PaBHa
BBIDAYKEHNIO, CTOAIIEMY B JIeBOH dacTu ypaBuenus (12.6) (koHeuHo,
HE PABHOMY TeNepb HyJI0), YMHOXKEHHOMY HA D. AHAJI0ru4HO, MO-
MEHT CHJI PEAKINU ONPEJEIdeTCsl BhIPAKEHUEM, CTOSIIMM B JIEBOIt
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yactu ypauenus (12.7), ymHOKeHHBIM Ha TOT K€ KO3bbunment D.
DT0 IeAyeT U3 W3BECTHOTO M3 MEXAHUKN 00CTOATENBCTBA, 9TO MO-
MEHT CHJIBl PABEH MPOW3BOIHON OT YHEPTHUN TI0 YIJIy MOBOPOTA TEJA.
Yo/ ke moBopoTa Kpas IJIACTUHKY PaBeH npousBoanoit d¢ /On, Tak
YTO COOTBETCTBYIOIIMI MOMEHT CHJI OTIPEENeTcss KOIDDUImenTom
upu 6 (0¢/0n) B rperbem unrerpase B (12.3). Ilpu srom oba vru
BhIpayKeHusi (JIst CUJIBI ¥ MOMeHTa) BBUAY ycaosuit (12.8) cuabHO
ynpormatoresi. Vimenno, mockoabKy ¢ n JC/On paBHBI HYJIIO BIOJb
BCETO KOHTypa Kpasi TJIACTWHKN, TO OOPAIIAIOTCS TOXKIECTBEHHO B
HYJIb TaKIKe 1 WX TTPOM3BOJIHBIE BCEX TOPSIIKOB TT0 HATTPABIECHWIO Ka-
carenpHOi 1. YunTteiBas 910 06cTOATETHCTBO M TIepexost B (12.6) n
(12.7) or NPOM3BOAHBIX MO Z M Y K NPOM3BOJHLIM B HANPABJICHUSIX
n u 1, noayunm cregyromme TPOCTBIE BBIDAXKEHUsT i Cuabl F u
MoMeHTa M peaxkium OTOPHI:

3 2
F—_p|2¢ 400 (12.9)
on? dl On?
2
M=npZE (12.10)
on?

Jpyroii BaxHBI cydaii — onepras miaacTuiaka (puc. 4 6), y Ko-
TOPOIT Kpasi TOJILKO ONUPAIOTCH HA HENOJBUXKHYIO OIIOPY, HO HE 3a-
KpenJienbl B Heil. B Takom ciydae Ha KOHType miacTuHku (T. €. Ha
JIMHWH, TI0 KOTOPOil TJIACTHHKA OMMPAETCS Ha OTOPY) BEPTHKAIBHOE
CMEIIeHre TOo-TIPEKHEMY OTCYTCTBYET, HO HalpaBJieHNe OTHIOIb He
ocraercst nemamernubiM. Coorsercreenno sromy B (12.3) B mHTErpa-
JIe TI0 KOHTYDY

§¢ =0,
HO

08¢

o #0.

[Mostomy m3 aByx yeiaosmit (12.6), (12.7) ocraercst TOJIBKO BTOpOE.
Boipaxkenue xe, crogmee B sesoit uactu (12.6), onpenensier, kax
W B NPEJBIAYIIEM CJydae, CHIY Peakiud, AeHCTBYIONLYI0 B TOYKAX
ONOPbI IJIACTUHKY (MOMEHT K€ 9TUX CHJ PABEeH TElnepb B PABHOBE-
cun myo). I'pannanoe yenorne (12.7) ynpomaercst, eciam nepeiTn K
MTPOM3BOIHBIM 0 HATIPABJIEHUSAM N U 1, MTpUdeM y4ecTh, 94TO B CUILY
paBernctBa ( = ( Ha BCeM KOHType OOpAIIAalOTCAd B HYJIh TaKyKe U
npomsromnsie 9¢C/0l w §2¢/0I?. B pesynnrate TOTyanM TDaHWTHEIE
YCJIOBWST B BUJIE

3¢ dg a¢ _

— +o0— 0. (12.11)
on? dl On

(=0,
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3agaumu

1. Onpenenntsh medopmanmio Kpyr/oi miactnakn (pagmyca R) ¢ 3agenan-
HBIME KPagMU, PACIOI0KEHHOH TOPU3OHTATBHO B TI0JI€ TAKECTH.

Pemenue. Boibupaem monsgpHble KOODAUHATHI C HAYATIOM B HEHTPE ILIA-
CTUHKWA. CI/U_[a: ﬂeﬁCTByIOmaﬂ Ha €JWHUWILY TIJIOIaJW TIOBEPXHOCTHU TIJIACTUHKH,
pasua P = phg. Ypasuenue (12.5) npuoGperaer Bu

3pg(1 —a*)
16h2E

(moyrozkuTenbHBIE ( COOTBETCTBYIOT CMENIEHUIO TI0 HATIPABIEHUIO JEeHCTBUS CUJIBL
Tsizkectn). ITockonbky ¢ ecth (DYHKIMS TOMIBKO OT T, TO A A B TOJSAPHBIX

A*¢C =648, B=

1d d .

KOOp/IMHATAX HAJIO ucath A = = P r . Obmumit vHTErpasI STOTO YypaBHEHUS
rdr T

ecTh

CZBT4+ar2+b+cr21n£+dln£.
R R

r
B nannom ciaywae vazmo nosoxkuth d = 0, tak kak In — obpamaercs npu r =0 B

GECKOHEYHOCTD, a TakkKe ¢ = (, TaK KaK 9TOT 9IeH NPUBOAUT K 0c060ii Touke y AL
npu r = 0 (5T0 COOTBETCTBOBAIO GBI CUITE, TPUIOKEHHON K EHTPY TIACTUHKH,
cm. 3agaay 3). TlocTosiHAbIE @ W b ONPEIENAIOTCA N3 TPAHNIHBIX yeaosuit ( = 0,

— = 0 npu r = R. B pe3ynbraTre HaX01UM

dr
(=B(R*—r?)

2. To ke 1151 IJIACTUHKN C OMEPTHIMHU KPASIMU.
Pemenwe. I'panmanbie ycnosua (12.11) B cny9ae Kpyryioi maacTHHKH
mpPUOOPETAIOT BHU/I

d od

¢ od¢ _
dr r dr

Pemrerne aHAIOTMYHO PEIIEHUIO 3a7a9U 1 U TPUBOJIUT K PE3YJIbTATY

<:ﬁuf—r%<§3532fﬁ).

¢=0, 0.

3. Onpenenutsb nedopMaInUio KPYrIoi IIACTUHKY € 3a/1e/IaHHBIMUA KPAasIMU,
K LIEHTPY KOTOPOH TpmJjIokKeHa cua f.
Pemenwme. Besme, KpoMe Hagama KOOPAWHAT, UMEET MECTO ypaBHEHUE

A’¢ =0.
Wurerpupys, Haxognm
C:ar2+b+cr21n1.
R

(anen ¢ In r omate onmyckaem). [lomaas cuma, meficTBYIOMAsA HA TIACTUHKY, PABHA

custe f, IPUJIOKEHHON K ee LeHTpPY; noyroMy uarerpan or A%¢ 1o mosepxHocTu
MJIACTUHKW JIOJKEH ObITh paBeH

R f
2 [rA°Cdr = —.
0 D
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Orciona nonyuaercs ¢ = f/(8nD). Ilocrosinuble a u b onpenensorcss U3 rpa-
HUYHBIX YCJIOBUH, U B PE3yJIbTaTE HAXOIAUM

(= I [1(1?2 —r?) —rzlnﬁ} .
87D |2 r

4. To e N1 TMIACTUHKY C OMEPTBIMU KPAsMU.

Pemenmne.

(= S {H—U(I# -1 =27 In E:| .
167D [1+ 0 r

5. Ompenenuts medopMaruio Kpyriaol MIACTUHKY, TTOJBEIIEHHON B CBOEM
[EHTPEe W HAXOASAIIEHCs B TIOIE TAKECTH.

Pemenne. VYpasuenwme gms ( m ero obmiee pereHme — TaKue Ke, KaK B
zagage 1. ITockonbky B mentpe cmemenne ( = 0, o ¢ = (. Ilocroguusie a, b
OTIpeJIEeTAI0TCS W3 TPAHUIHBIX yenosuii (12.6) u (12.7), nmerommx npu KpyToBOii
CUMMETPUHN BU/L

dA¢  d
dr dr

B pesyabrare mHaxognm

<d2< L 1dC

dr?  rdr

2
):0, T6 pode _y,
dr?  rdr

T 1+o

6. Ot Tesra oTpBIBAETCH TOHKUI C10M (TOMIMHOI ) IPUIOXKEHHBIMUA K HEMY
BHEITHUMUW CUJIaMU, JENCTBYIOIWMA IMTPOTUB CUJI TIOBEPXHOCTHOT'O HATAKEHUA HaA
MIOBEPXHOCTHU OTPBIBA. 1Ipy 3a1aHHBIX BHENTHUX CHIaX yCTaHABIUBAETCA PABHO-
BeCHe C OIpee/eHHBIMU BeTUYINHON IOBEPXHOCTH OTPHIBA 1 (HOPMOH OTpHIBaE-
Mot racturakm (puc. 5). Beiectn hopmyIly, CBA3BIBAIOILY IO BEIMIWHY TTOBEPX-
HOCTHOTO HATsKeHUs ¢ (OPMOIl OTPHIBAEMOIl TACTUHKY.

Pemenwne. OrphiBaemblil €0l paccMaTpuBaeM Kak IMJIACTUHKY, OJIMH W3
Kpaes KOTOpoil (imanst oTphiBa) 3amenan. Vzrnbarommii MoMenT, meficTByrommii

y 9TOro Kpas, ompezensiercss (Hopmynoi
h (12.10); pabora, mponsBoaAMMAast STUM MO-
MEHTOM IpH yIHHEHNH O0JIACTH OTPLIBA

— Ha 0X, paBHA

T 2 2 2
M%:M(M‘EZD(E) oz (1)
ox Ox? Ox?

Puc. 5 (paGora ke usrubatomeit cunbl F sapnser-

csl MaJIOf BEWYWHONW BTOPOTO TIOPSIIKA).

VenoBue paBHOBeCHsI COCTOUT B PDABEHCTBE 3TOH pAOOTHI M3MEHEHHUIO SHEPIUn

cucrembl. [lociiegree CKaaIbIBaeTCsi U3 JIBYX YacTeil: M3MEHEHWs TTOBEPXHOCT-

HOW 3HEPrnm M M3MEHeHWsl yIpPyTOil 3HepTuM OTPhIBaeMOl TUIAaCTUHKM 3a CYeT

yIATUHEeHWs ee M3O0THYTOI vactu. IlepBas paBHa 2adzx, tae o Kodddunment

TIOBEPXHOCTHOTO HATHAXKEHWA, a MHOXKHUTEJIh 2 yY49uThIBa€T BO3ZHUKHOBEHUWE TIPpU
OTpBIBE IBYX CBOOOIHBIX ITOBEpXHOCTeH. Bropas ke 9acTb paBHA

ol (55)

(smeprus (11.6), npuxoasmascs Ha JUIMHY 0T IJIACTUHKH), T. €. COCTABIISAET II0-
soeuHy paboTwl (1). Takmum 06pazom, moryanm

D (a?g)Q
a=—\|— .
4 \ 0x?

¢ = Br? {r2+8R21nE +2R23+70} .

O
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§ 13. IIpomosbubie medopManum NJaaCTUHOK

OcobbiM BujioM jledhopMaliuii TOHKUX ILIACTUHOK SIBJISIFOTCSI TTPO-
JIo/ibHBIE 1eDOPMAIIIY, TPOUCXO/IAIINE B CAMOM IJIOCKOCTH TLJIACTUH-
KW ¥ He CONMPOBOXKIAIOMIMECcs ee narubom. BreiBejiem ypaBHeHUsT paB-
HOBECHS, OMUCHIBAOIINE TaKue j1epOpMaIin.

Eciu nmpacrunka moctarodno TOHKA, TO geOPMALUIO MOXKHO
CUNTATH OMHOPOIHON 10 ee Tomammae. Terzop gedopMarum sBJs-
eTcst mpu 3ToM (hyHKIMeH TOJIBKO 0T & ¥ Yy (TJI0CKOCTh XYy BhIOpaHa
B IJIOCKOCTH IJIACTMHKM) M HE 3aBUCHT OT Zz. IIpoponbubie gaedop-
Malluu IJIACTUHKY BBI3BIBAIOTCH OOBIYHO OO CUIAMU, TPUIOZKEH-
HBIMH K €e KpasgM, jiubo JefCTBYIONUME B IJIOCKOCTU ILJIACTUHKHI
obbemHbIME cuyiaMu. ['paHuYHbIE YCI0BUsS HA 00EUX TTOBEPXHOCTIX
IUIACTUHKYU T[JIACIT TPU ITOM: 0Ny = 0, WM, MOCKOJBKY BEKTOD
HOPMaJ/Iu HAIIPABJIEH 10 Ocu 2: 0, = (0, T. e.

Oz = Oy, = 04, = 0.

Coegyer, ogHaKo, 3aMETHTh, U9TO B M3JIATaeMOil HIYKE TPUOINIKEH-
HOW TEOpWW 3TW YCJIOBUS OCTAIOTCA B CUJIE W B TOM CIyd9ae, KOT-
J1a paACTATURAIOIINE BHENTHUE CHJIBI TIPUJI0YKEHBI HEMOCPEJICTREHHO K
TIOREPXHOCTAM TJIACTWHKM, TaK KaK 3THW CUJIBI BCE PABHO OyayT Ma-
JIBIMW TI0 CPABHEHMIO C BOHWKAIIIMMA B TJIACTUHKE TTPOJOILHBIMY
BHYTPEHHUMN HAMPSIKEHNSIMI (Oyy, Oyy. Ogy). BYLyn paBHBIME Hy-
JII0 Ha TPAHWIAX, BEJININHBI Oy, Oy, 04, OYAyT MATBIMI W Ha BCEM
TPOTAYKEHUT MAaJIOH TOMIMIWHBI TIACTUHKW, B CUJIY YETO Mbl MOYKEM
MPUBINKEHHO CINTATH NX PABHBIMU HYJII0 BO BCEM 00HEME TIIaCTUH-
KW.

[TpuparauBas Hysa0 Bhipaskenns (11.2), nmomxyunm ciaemyrorme
COOTHOTITEHNS:

Uy, = *%(U‘m +tlyy),  Upy = Uy, = 0. (13.1)
— g

[Toxcrarue nx B obmme dopmysst (5.13), momydaem OTINYIHBIE OT
HYyJIS KOMTIOHEHTHI T€H30pa HAMPSKEHWH B BU/IE

E
Ogp = ﬁ(umm + U“yy);

Oyy = %(uyu + Uuzw)a (13.2)
Oay = —2 iy,
’ 1+o0 ™
Cnenyer obpaTuTh BHUMaHWE HA TO, UTO MyTeM (hOPMaIbHOI 3aMeHbBI
Ews P o7 (13.3)
1-— 0'2 1—0

9THU BBIPAYKEHWUS TIEPEXOAT B (DOPMYJIBI, OTIPEEISIONNE CBA3h MEK-
Iy HATPSIKEHNUSIMA O gy, Oy, Oyy T JEDOPMALNTAMI Ugg,, Uyyyy, Uz TTPA
n10ckoii gedopmanun (dopmyast (5.13) ¢ u,, = 0).
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ITocie Toro Kak MBI TAKUM 0OPA30M HMCKJIIOUMIN BOBCE CMeIIe-
HUE 1,, MBI MOXKEM PACCMATPHUBATH TJIACTUHKY TTPOCTO KAK HEKO-
TOPYIO ABYMEDHYIO cpeny (ynpyzas naockocms), He 001aga101LyT0
TOJIIIIUHOM, W TOBOPUTH O BeKTOpe JedhopManmi U KakK O IBYMEPHOM
BEKTOPE C JIByMd KOMIIOHEHTAMM Uy U Uy. Ecim Py, Py KOMIIO-
HEHTHI BHEITHEH 00beMHON CHJIbI, OTHECEHHONW K eIUHUIE TLIOIIAII
MJIACTUHKH, TO 00IIHe ypaBHEHUsT PABHOBECHUS TJIACAT:

Jdo Jdo 0o 0o
(o) e ()

[MoxcraBnss cioga Beipazkenus (13.2), nmosyuaem ypaBHEHUs PABHO-
BeCcHus B BUJIE

Eh 1 0%u, 1 0uy 1 82uy + P —0.
1—o02 0x2 214+ 0) 0y 2(1 — o) 0z 0y '
2 2 2
Eh 1 0%uy 1 0 uy 1 0 Uy + P, =0 (13.4)
1—o0? 0y? 2(1+ o) 0z 2(1 — o) 0z 0y
OTu ypaBHEHUs] MOI'YT ObITh HAIMCAHBI B JIByMEPHOM BEKTOPHOM BU/IE
. 10 1-0°
grad divu — rotrotu = —P T (13.5)

TJ1€ BCE BEKTOPHBIE ONEepaliu TTOHNMaIOTCA KaK ABYMEPHBIE.
B TaCTHOCTHU, B OTCYTCTBUE 00 LEMHBIX CIJI YpaBHEHNE PAaBHOBE-

CUdA TJIACUT:
1—0o

grad divu — rot rot u = 0. (13.6)

Ono ornmuaercs qumb 3nadenueM Kodddunuenta (B cOOTBETCTBUM
¢ (13.3)) or ypaBHeHWsi paBHOBECWs JIJIsi TLIOCKOW jedopmMannm

Heorpanmdentoro Baomh och z tema (§ 7)'). Tak e xak w st
TJI0CKO#  1ehOpMAIii, MOYKHO BBECTH 37€Ch (PYHKUUIO HANPAICE-
HUA, OTIPEJIETIEHHYI0 COOTHOTITEHUSIMH

0? o’ 0?
:_Xu Uzy:_—x ; Uyy:_X:
0y? Oz Jy Ox?

ABTOMATUYIECKN YIOBJIETBOPAIONINMU YPABHEHUAM DPABHOBECHA, Ha-
TTMCAHHBIM B BUJIE

(13.7)

Oz

ao’mm ao’my 6(7' x 6(7'
¥ — y v — ().
Jx + oy ’ Jx + Jdy

1) OaHOPOAHYIO BAOIb OCH z medOpMAInio, IPU KOTOPOH BO BCEM TeJe 0., =
= 0.y = 0., = 0, HHOIZA HA3BIBAIOT NAOCKUM HANPANCEHHDLM COCTNOAHUEM B
oTAMYMe OT TUIOCKOW Jedopmarmm, mpu KOTOPOi BO BCEM Tejle U., = U.y =
=u,, = 0.
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DyHKINs HANPZKEHUN TO-TIPEKHEMY yIO0BJIETBOPIET OUrapMoHude-
CKOMY YPAaBHEHUIO, TAK KakK jjisi A MMeeM COOTHOIIEHUE

AX = Opp + Oyy = i(uw + uyy) = B qiv u,
1—0o 1—0o
OTJIMIATOIIEECS JINITh MHOXKHUTEJIEM OT TOrO, 9TO Mbl WUMEJH JIJIsd
IJIOCKOH stecbopmariuu.

TMETUM 3J1eCh CAeAYIONee 00CTOSTEIbCTBO: PACIIPeIeeHne Ha-
TPSKEHUH B JIACTUHKE, HedopMupyemMoil MprIoKeHHBIMI K ee Kpa-
SIM 3QJIAHHBIMYU CUJIAMU, He 3aBUCHAT OT YIPYTUX TOCTOSTHHBIX BEIIe-
CcTBa TUIACTWHKA. JlefiCcTBUTENHHO, STH TIOCTOSTHHBIE HE BXOAAT HA
B OUTapMOHUYECKOE YPaBHEHNE, KOTOPOMY yIOBJIETBOPSET (OyHKITHST
HanpsiKernii, Hu B dopmysbl (13.7), onpegensiionmme KOMIOHEHThHI
0k 10 3TOf hyHKIMYU (a4 TOTOMY M B I'DAHUYHBIE YCJIOBUS HA KPAasiX
TJTACTHHKM).

3agauu

1. Onpenenuts gedopMaIuio ILIOCKOr0 AUCKA, PABHOMEPHO BPAIAIOMIEr0Cs
BOKPYT OCH, IPOXOSIIEH depe3 ero MeHTP U HMEPIeHINKYIsPHON K ero IIoCKo-
CTH.

Pemenne. Uckomoe pemrenne OT/iM9aeTCst SN 3HAYEHUSIMUA TTOCTOSTH-
HbIX K03(hOUUMEHTOB OT MoJyYeHHOro B 3ajade b § 7 pemenust st 1JI0CKON
medopManuu Bpamamomeroca nuauHapa. Pagumaneaoe cvemenne u, = u(r) ma-

ercst (hopmyJioit
201 2 ‘
L) (3 )
8FE 1+0

u

D10 — BRIpakenne, nepexoasuiee npu 3amene (13.3) B dopmysty, noayUeHHYO B
3agaqe 5 § 7.

2. Onpenemutsb nedopManuio noxyGeCKOHETHON TTACTUHKA (¢ TIPAMOTUHEH-
HBIM KPA€eM ) TI0JT BJIMSTHUEM COCPEJOTOUMEHHON CUITRI, TIPUJIOYKEHHON K TOYKe Kpast
IUIACTUHKHU U OEeUCTBYIOLIEH B ee ILJIOCKOCTH.

Pemenne. Brommm mosisipable KOOPAMHATHI C YIJIOM (O, OTCIATHIBAEMBIM
OT HANpaBJIEHUsI NEACTBUS MPUIOKEHHON CHJIBI;
on mpoberaeT 3uavenus ot —(w/2+a) no /2 —a,
rje @ — yroJl MeyK/ly HAlPABJIEHUEM CHUJIbI U HOD-
Masbio K Kpa mwiacTueku (puc. 6). Bo Bcex Tou-
Kax CBOOOJIHON I'PAHWIIBI, 32 UCKIIOYEHNEM TOYKA 7T
TPUJIOKEHNsT BHENTHEN CHJIbl (Ha9a/10 KOOPJAWHAT), /i
JIOMKHBL BBIIOTHATBCS YCIOBUSA Ogp = Opp =
= (. Bocriosir30BaBINMCH BRIPAKEHWSIMI IS Oy s
U 0y, ONy9eHHBIME B 330a49e 11 § 7, maitnem, aro v \ /

i
I

711 3TOTO (D YHKITNS HATPSAKEHUI TOTKHA YI0BIIE- N
TBOPSTH YCJIOBUSIM

[25% ox

1 ™
—~ = const, ——= = const 1pm =F——a. Puc. 6
or r Oy P 2

O6a st ycnosua Beinonasiorcd, ecmm X = rf(p). Ilpm Takoii mogcranoske 6u-
rapMOHUYECKOE yPaBHEHNE

[15<T5)+52r 0
rdr \ Or 0g? =
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maet nna f(p) pemenns Buga sin @, €OS ¢, @ sin @, ¢ cos ¢. 13 Haux nepsbie aBa
GUKTUBHBI, TaK KaK NPUBOAAT K TOXKIECTBEHHO PABHBIM HYJIIO HAIIPSKEHUSIM.
Pemenne, naromee mpaBuIbHOE 3HAYEHHE NMPUIOXKEHHON B HAYame KOODIUHAT
LR . 2F cosy

X=——rgsing, oy =———", Orpg =0, =0 (1)

7r T T

(F — 3HaYEeHNe CUJIbl, OTHECEHHOE K €JWHUWILE TOJIIUHBI mIaCTHHKI/I). Heiicrru-
TeJHhHO, MPOEHNpPYs CUJIbl BHYTPEHHWX HAINPSAKEHWN Ha HaITpaBJIeHWs, rmapaJi-
JIeTIbHOE W MIepIeHAuKYyIsgpHoe K cuie F| u naTerpupys mo Manoil momyokpyx-
HOCTW € HEHTPOM B Hadaje KoopamHaT (paauyC KOTOPOWH MOKHO MPEICTaBUThH

cefe CTPeMAIMUMCS 3aTeM K HYJIIO), TIOTyIuM

f orr cOSprdp = —F, f oy sin prde =0,

T. €. KaK pa3 Te€ 3Ha4Ye€HUd, KOTOPhI€ KOMIIEHCUDPYIOTCHA HpT/IJ’IO)KEHHOﬁ B Ha4daJie
KOODAUHAT BHEIIHEH CUIION.

Dopwmyanr (1) onpegensiior nckomoe pacnpeaenenne manpsikeanii. Oro oka-
3BIBAETCA YUCTO PAAWAIbHBIM: HA BCAKYIO MIOMAAKY, HePIEeHIUKYIAPHYIO K pa-
JUyCy, TeMCTBYeT TOMBKO paauanbHas CXKUMAOMIad cuia. JIMHusaMu paBHBIX Ha-
MIPSIZKEHNN SIBIISIIOTCS. OKPYYKHOCTH I = d COS ¢, IPOXOIsIINe d9epe3 HAYaI0 KO-
OPAIMHAT W MMEIONHe IEeHTPhl HA MPAMOM, BIOIbL KOTOPOH neicTtByer cuna F
(puc. 6).

KowmmonenTsr Tenzopa nedopmannm

u = Jr Upp = 00 Ury =0
rr = T o = —0rr, re = U.
E E

Orciona narerpupoBanueM (€ NOMOIbIO Beipaxenuii (1.8) 11t KOMIOHEHT ;) B
TIOJIAPHBIX KOOpﬂHHaTaX) MOYKHO HaWTH BEKTOD CMEIIEHWA:

2F r (1—-o)F .
U = ———cosgln — — ———psingp,
nE a
20F . 2F  r . (1-0)F, .
Uy = sing + — In —sing + ~————(sin p — Y cos ).
T mE  a TE

IlocTogHHEBIE MATErpUPOBAHUSA BBIOPAHBI 3[1€CH TAKHM 00pPa30M, YTOOBI MCKITIO-
YUThH HepeMemeHI/Ie (HepeHOC njian HOBOPOT) TIJIACTUHKU KaK HQHOFO; T/H\/I(?T‘IHO7
MPEATOIaraeTCsi HECMEIEHHON HEeKOTOPasi yCJIOBHO BBHIOPAHHAS TOYKA, HAXO.ISA-
Mascsd HA PACCTOAHAM @ OT HAYAIa KOOPAWHAT HA JIUHAW JEHCTBUS CHJTBI.

C TTOMOIIHIO HOﬂyquHOT‘O peHIeHT/Iﬂ MO>KHO HOCTpOT/I’T‘B peHIeHT/Ie JJIA HpO-
M3BOJIBHOTO PACIIPEIEICHns CHJT, AeHCTBYIOmuX Ha Kpail mnactuakm (cp. § 8).
Cawmo 1o cebe 0HO, pa3yMeeTcsi, HEMTPUMEHNMO B HETIOCPEICTBEHHON OKPECTHOCTH
Hadga/la KOOPMHAT.

3. Onpenenuts medopManuio 6ECKOHETHON KIMHOBUTHON TIACTUHKHA (¢ yT-
JIOM 2(v TIPW BEPIINHE) TIOJ] BJAWSIHUEM CHJIbI, TIPUJIOKEHHON K ee BepHinHe.

Pemenue. Pacnpenenenue Hanpsizkenuii onpeenserca GhopMyIaMu, OT-
JIMYAIOIUMHUCS OT TIOJIy9eHHBIX B IPEAbIAyIneil 3a1ade Juirb HopMupoBkoi. Ec-
Jm custa ieficTeyeT Baoah cpeaneil manm kanHa (cuna Fy \a puc. 7), 10 nmeem

Ficosg
r(a + (1/2)sin2a)’
Ecnm ke cna meficteyer B nepnenauKyaspaoM Hanpasiaeann (Fy wa puc. 7), To
F5cosp
r(a — (1/2)sin2a)

B KazK/I0M M3 3TUX ABYX C/Iy4aeB yroJj ¢ OTCHUTHhIBAETCH OT COOTBETCTBYIOLIETO
HaIIpaBJI€HUA ,I[eflCTBHH CHIBI.

Oryr = — Orp = 0pp = 0.

Trp = —
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4. Onpegenuts gedopManuio Kpyrioro qucka (paguyca R), kaToro aByms
PaBHBIMHW W TTPOTUBOMOJIO?>KHBIMU CUJIAMUW Fh‘ TIPUJIO?KEHHBIMU K JBYM KOHIAM
guamerpa (puc. 8).

Puc. 7 Puc. 8

Pemenne. Pemenne 3amaan mogyvaercs myTeM HAJIOKEHUsT TPEX PACIIPe-
JeleHni BHYTPEHHNX Hampsikenuit. /IBa pacnpenemennsi:

(1) 2F cos g1 (1 )
Oryry = 777"—7 Origr = Ogiep =0,
1
5 2F cos @2 2 2
0—5212 = _7’,’—: 0522;2 = 0&2)902 =0,
2

TIOe r1, 1 U T2, P2  TOJSPHBIE KOOPAUHATHI IPOU3BOIBHOMN ToUkHU P ¢ HavaaMu
COOTBETCTBEHHO B TOUKaX A m B (3T0 ecTh HANpsiKeHns, KOTOPble BO3HUK/IA OB
OT HOPMAJILHON cmiibl F'| IPMJIOKEHHON K TOYKE HA TPAHUIIE TTOJIYIJIOCKOCTH, CM.
zamaqay 2). Tperbe pacupenenenune
@ _ F
o = —50ik
TR
npeacTaBIsier co00M PABHOMEPHOE PACTsIKEHWE OMPEAeIeHHON MHTEHCUBHOCTH.
HeticTBuTeIbHO, €C TOYKa P 7TeKUT HA OKPYKHOCTH Kpas AUCKA, TO /I HEe
r1 = 2R cos g1, 1o = 2R cOS 2, TaK UTO
m o o __F
TR
IlockonbKy HATIpaB/IEHUS Iy U Iz B 9TOM TOYKE B3ANMHO MEPIEHIUKYISPHBI, TO
MBbI BT/I,ZH/IM7 qTOo HepBBIe ABe CUCTEMbI Hanpf{)KeHI/Iﬁ HpHBOﬂﬂT Ha KpaIO ANCKa
K PAaBHOMEPHOMY C¥KATHUIO; 3TU CUIbl KaK Pa3 KOMIIEHCUPYIOTCS PABHOMEDHBIM
pacTsi>keHnemM TpeTheil CMCTeMBI, TaK 9TO Kpail AnCKa OKa3bIBAeTCsl, KaK W CJIe-
JI0BAJI0, CBOOOIHBIM OT HAIPSI)KEHWH.

5. OnpenenuTh pacnpejie/ieHne HAPAKeHNn B HEOrpAHUYEHHON TLTaCTUHKE
¢ KpyrabiM oTBepetnem (paamyca R), moaeepraeMoil paBHOMEPHOMY DPaCTsizKe-
HUIO.

Pemenune. PaBHOMepHOMY PACTAKEHUIO CIJIONIHON TJTACTUHKHA COOTBET-

O _ 50 _ 50) T
CTBYIOT HANIPAXKEHUS Oqpy = 1, Oy = 02y = 0, TOE pacTATHBAIOMIAS CUIA.

Oryry T2T2 T
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UM oTBeuaer hyHKUMS HaATPAKEHUIT

o T o T o5 . o 1,

= —y = —r’sin = -Tr (1 —cos2yp).

SV =5 =1 ( ®)

IIpn HaMMYUU KPYTI0TO OTBEPCTUd (C TMEHTPOM B HAYATE TOMAPHBIX KOOPIUHAT
r, ¢) nmem HYHKIWIO HANPSPKeHUH B BUe

X

0 1 1
x=x XM x = f(r) + F(r) cos 2¢.
He 3aBucamuii oT ¢ uHTErpan GUrapMOHUYECKOTO ypABHEHHUS UMEeT BUJT
f(r)y=ar’Inr+br’> +clnr,

a B MHTErpasie, NPONOPIMOHAILHOM COS 2
2 4
F(r)y=dr  +er + %
r

(1) _ _
BXO,I[HH_[I/IG CIoaa IIOCTOAHHBIE OIPENeNATCSa yCIOBUAMU 0,,° = 0 opur =oc u

Orp =0y = 0 ipu 7 = R. B pesysinrare nosyanm

TR? R?
W — —1 +(17—)cos2 }
X 2 [ n 972 7]

¥ pacmpejieneHue HAIPAKEHUN onpenengeTcd Tak:

T R? 3R2) }
m=—(1—— ) |1+ |1———]cos2¢|,
7 2< TQ)[ < 2 v
T 2 4
aw:—{l—}—i—(l—}—ﬁ)cos?gp},
2 72 rd

T 2R>  3R'] .
1 + —2 — —4 Sin 2(1&
T T

Ory

B wacrrOCTH, HA rpaHuLe OTBEPCTHS Opp = 1 (1—2cos 2¢), anpu ¢ = £7/2
0pp = 31, T. €. B TpU pa3a IPEBOCXOJUT HANPsXKEHHUs HA OecKoHedHOCTH (Cp.
zamaay 12 § 7).

§ 14. CuapHbI n3rnd nNjaacTMHOK

Nznoxennas B § 11—13 Teopus n3rnda TOHKUX TIACTHHOK MTPH-
MEHWMA JIUITH K JIOCTATOYHO CIabbiM n3rnbam. 3aberas Bepes, yka-
JKeM yIKe 31eCh, UTO yC/IOBUEM TPUMEHUMOCTH 3TOW TEOpWUW SABJIsI-
ercsd MaJIoCcTh mporuba ( 1m0 CPABHEHUIO C TOJNIMIUHON h mjaacTuH-
ku. Teneps Mbl mepeiizieM K BbIBOJY YPABHEHUI PABHOBECUS CHJILHO
n3orayToit mractuaku. [Iporud ¢ npu 3Tom yxke He mpejmoaraer-
cg masibiM 110 cpasaenuio ¢ h. IloguepkuBaem, ogHako, 4T0 camas
nedopmalys MO-IPeKHEMY J0JKHA OBbIThH Majia B TOM CMBIC/IE, UTO
Ter3op gedopmaruu nomken ObiTh Masi. [Ipaktudecku 310 06bIU-
Ho o3navaer rpebosanue ( K [, T. e. mporud J0/2KeH ObITH MaJi 110
CPABHEHUIO C pa3mMepamu | [JIACTUHKH.
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N3rub npactuHky COMPOBOXKIAETCHA, BOODIIE TOBOPs, ee obIum

pacrsixenviem ). B ciryuae ¢1aboro n3rnba STHM pacTSIKeHTeM MOK-
Ho npenebpedun. [Ipu cuibHOM Ke m3rrbe 3TOr0 yIike OTHIOAbL HEJIh3s
ceaTh; B CUJIBHO W3OTHYTON TJIACTUHKE HE CYIIECTBYET MO3TOMY
HWKAKOM «HeHTpaJhbHONW TOBEPXHOCTH». Hanmdme pacTsakeHus, co-
TTPOBOYKAAIOIIETO MW3THO, SIBIASIETCST CTHEnnUIecKoil 0COOEHHOCTRHIO
TJIACTUHOK, OTJIMYAIOINIEH WX OT TOHKWX CTEPYKHei, KOTOphle MOTYT
OBITH TOABEPTHYTHI CUIBHOMY W3TNOY, HE UCHBITHIBASA TTPU 3TOM 00-
IIIer0 PACTSIYKEHUsl. DTO CBOWCTBO TJIACTUHOK SIBJISETCSA UUCTO TEO-
MerpudecknM. [lycTs, nanpumep, maockast Kpyrias TIACTUHKA N3TH-
faeTcst B MOBEPXHOCTH IMAPOBOTO cerMenTa. Keam mponssectn n3rnbd
TaK, 9TO0BI JJIMHA OKPYYKHOCTH OCTA/aCh HEM3MEHHOM, TO TOJKEH
pacTIHyThCA ee aumamMeTp. Ecam Ke auamerp TIACTUHKWA HE PaCTs-
TUBAETCsI, TO JOJIZKHA CKATHCS €€ OKPYKHOCTh.

Boranciennas B § 11 sneprus (11.6), KoTOpyio MOXKHO Ha3BaTh
SHEprueil YucToro u3ruba, npejcrap/ser coboii JUIb Ty 9acTh MTOJ-
HOl 9HEpruu, KOTopas O0YCJIOBIEHA HEPABHOMEDPHOCTHIO PACTSKE-
HUSI ¥ CXKATUS BJIOJIb TOJIIUHBI [JIACTHHKE [IPU OTCYTCTBUU KAKOTO-
00 TIOJIHOTO ee pacTsKenus. Hapsiy ¢ 310l SHEprueil B MOJHYI0
SHEPIUIO BXOJUT EIle 9aCTh, 00YCIOB/IEHHAS KAK PA3 HAJTUIUEM ITO-
1o 0OIIEero pacTsKeHUsl; ee MOXKHO HA3BATH SHEPTUEH PACTSIKEHUS.

Hedopmanun quctoro n3ruba u 4ucToro pacrsaKenus ObLIM Pac-
cmotpenbl coorBercrBeHHo B § 11, 12 u 13. Tlosromy temnepb Mbl
MOXKEM HEIMOCPEJICTBEHHO BOCIO/IB30BAThCS MOJIYIEHHBIMU TaM Pe-
gysibratamu. 1Ipu 3roM orTnagaer HEOOXOJUMOCTH B PACCMOTPEHUU
CTPYKTYPBI ILJIACTUHKHU TI0 €€ TOJIIUHE, U Mbl MOXKEM CPaszy paccMa-
TPUBATH IJIACTUHKY KAK JIBYMEPHYIO TIOBEPXHOCTH, HE 00/1aIafOILy 0
TOJIIIUHOMN.

[IpesBapuTe/ibHO BBIBE/IEM BbIpAaXKeHUE JIjist TeH30pa jiedhopMar
LUK, ONPENESSIONEr0 PACTAKEHNEe IMJIACTUHKY (PaccMaTpuBaeMOi
KaK TMOBEPXHOCTH), MOABEPTHYTON OJHOBPEMEHHOMY WM3ru0y u pa-
CTSIKEHUIO0 B CBOe#l mjiockoctu. Ilycrs u ecTb JBYMEpHBI BEKTOD
cMeneHnst (¢ KOMIIOHEHTAMH g, Uy) HOPH 9UCTOM DPACTSIZKeHHH;
TO-TIPeKHEMY 00O3HAYaeT ToTepedHoe cMmernenne npu u3rubde. Tor-
na snement aumaast dl? = dz? 4 dy? nenebopMUpPOBAHHO# TIACTIHKY
nepeiizer nocse gedopmaluu B 3aeMenT dl’, KBaJpaT KOTOPOro paBeH

dli'? = (dz + duy)® + (dy + duy,)* + d¢>.

Harmmcagr 3necw du, = %u’ dx + Ous

z dy
TOJIy9UM C TOYHOCTBHIO 10 YJIEHOB 60.Hee BBICOKOTO TTOPAIKA

dli'? = dI* + 2uapdadug,

dy n amanorwano ans du, w d¢,

') Uckmouennem SIBJISIETCSI, HATPUMEDP, N3N0 IMJIOCKON TJIACTUHKYW B IIWJINH-
JAPUIECKYIO TTOBEPXHOCTD.
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rje AByMepHbIil TeH30p gedopMaluu ompeaeasaeTcs Kak

1 [ Oua Oug 1 9¢ 0C
b = — —= - 14.1
Yap 2 <5).1:5 * (’“)1:0) * 2 0xq Oxp ( )

(B srom u cnegytomenm naparpadax Mbl Oygem 0003HAUATH Ipede-
ckuMu OyKBAMM MHAEKCHI, TPOGEralonme BCero 1Ba 3HAYEHUs T U Y
10 JIBAKJIBI MOBTOPAIOIINMCA MHIEKCAM, KAK BCErJa, NoApa3yMeBa-
ercs cymmupoBanue.) UjeHbl, KBaJPATUYHBIE 10 MPOU3BOJHBIM OT
Uy, 3/1€CH ONYLIEHBI; ¢ NPOU3BOAHBIMU OT { TO K€ CaMOe CAeNaTh,
pasyMeercst, HeJib3si, TIOCKOJIbKY UJIEHOB TePBOrO TOPSIAKA MO HUM
BOOOIIIE HE MMEETCs.

Tenzop HaNpsKeHnit 0,4, CRA3AHHBIN C PACTSIKEHNEM TLIACTIH-
K, onpesiesisieTcst (hopmyavn (13.2), B KOTOphIE BMECTO Unpg HAJIO
MOJCTABUTH MOJHBIH TeH30p AedOpManun, OnpeaeasaeMblii COrIacHo
dbopmyne (14.1). Dueprus uncroro uzruba onpeensiercs Gopmyoi
(11.6), KOTOpPYIO MBI HATIWITIEM YCIOBHO B BUJE

rae Wy(¢) obo3HavaeT BCe BhIpAsKEHWe, CTOSIIIEe TI0Jl WHTErPaIoM
(11.6). Dueprusi ke paCTsiZKEHUsI, OTHECEHHAsl K eJuHule 00bema
TJIACTHHKM, €CTh, COTJIACHO 00IMM (bOpMyIaM, Uag0a43/2. DHeprus,
TIPUXOATIASICS Ha eUHAILY TTOBEPXHOCTH, TIOIYYaEeTC 0TCIO/Ia YMHO-
KEHMEM Ha h.‘ TaK Y9TO TOJIHAdA SHEPTUA PACTAKEHUd MOXKET 6BITB

HamnCaHa B BUJE
f @2(71‘04[3) dfa
re

Uy = h“”ﬁ%. (14.2)

Taxwum o6pazom, moTHAsS CBOOOIHAS SHEPTHUST CUILHO W30THYTOM TITa-

CTUHKU €CTh
Fan = [ [W1(C) + Wa(uap)] df (14.3)

Panbiiie uem nepeiitu K BBIBOJYy YPAaBHEHUI PABHOBECHUs!, OLleHUM 00e
uyacrtu sueprun. [lepsoie npoussogubie or (  nopsaka (/I rae |

pasMephl TIACTHHKY, a BTophie — mopsaka ( /12, Tlostomy 3 (11.6)
Buno, uto Wy ~ Eh3¢?/1*. Tlopsjox e BeJMYnHbI TEH30pa Uaf

ectb (2/1?, u moromy Wy ~ EhC?/I*. Cpasrenne o60ux 5THX BHIPa-
JKeHul 1moka3bIiBaeT, 4To mnpenedbpexenne Vo, nesaemoe B npubiiu-
JKEHHON Teopuu u3ruda IMJIACTUHOK, 3aKOHHO TOJIBKO TPU YCIOBUN
¢? < h?

Venopue MuHUMaIbHOCTH 3HEpTrUE Tiiacut: F+dU = 0, roe U
[OTEHIUAJIbHAST SHEPTUs B [10JI€ BHEMHUX cuji. Mbl OyjemM canrarh,
UTO JIEHCTBUEM BHEIIHUX PACTATUBAONIUX CUJI, €CJIH TAKOBbIE UMe-
TOTCS, MO2KHO TpeHebpedb 10 CPABHEHWIO C CHJIAME MU3TUOAIONINMU.
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(DTO MOKHO BCerja Cearh, eI TOJABKO PACTATUBAIOIINE CUJIbI He
CJIMIIKOM BEJIUKH, TIOCKOJIBKY TOHKASs [JIACTHHKA TOPA3/I0 Jierde Tojl-
Bepraercst u3rudy, yem pacrskenuio.) Torga s U umeem 10 xe
BbIpaxkenue, 4ro u B § 12:

0U =~ [ Pocdf.

rae P BHemrHgsd cujia, OTHECEHHAsd K €JMHUIE [TOBEPXHOCTHU ILIa-
cruaku. Bapuarusa naTerpasia f W df ObLaa yxe perauncieda B § 12

u paBHA
o [ Wrdf =D [ ACocdf.

Wurerpanbl o0 KOHTYpY, crosmme B hopmye (12.3), Mbl He mimrem,
TTIOCKOTBKY OHW OTIPEIeNISTIOT He CaMO yPaBHEHTE DABHOBECHS, & TOTh-
KO TPaHWYHBIE YCIOBUSA K HEMY, KOTOPBIMU MBI HE CTaHEM 3]1eCh WH-
TePEeCOBATHCSI.

Haxkowerr, BeIAucIMM Bapualiio WHTETpaJa f Wy df . Bapsupo-
BaHMe B HeM JIOIPKHO TTPOM3BOANTRCS KaK 1O KOMTIOHEHTaAM BEKTOpa
u, Tak n 1o (. meewm

[ aw,
o [ wadf = [ 22 bugy .

[IpomsBogHEIe OT CBOOOTHON SHEPTUM eAMHUIBI 00heMa TI0 Ugg
PaBHBI 043; Mo3ToMy OWg/Oung = hosp. Tlopcrarnss Takke st
Uqp BRIpakenne (14.1), moxydaem

3 [ wadr =1 [ ous s df =
:h/aaﬁ{?ua+85u5+ agaagjLaaga_q}df’

2 3 O0To 0xq Oxp 0xq Oxp

N BBUAY CUMMETPUYIHOCTHU UQB

O, 06¢ 0
5/\1;2df—h/aa[3{ 6.:,3 +ﬁ6.¢i} df.

Nurerpupys Temeph MO 9acTAM, TOIydaeM

6/%df——h/ [‘f;’;:auﬁ%(aaﬂa ) g} df.

WMarerpaibl mo KOHTYPY, OrubaoIemMy MOBEePXHOCTD ILIACTUHKHT, MbI
ONSATH He IHIIEM.
CBoJist BMECTE BCE MMOJIYyYCHHBIE BBIPAYKEHUS, UMEEeM

0Fun +0U =
- {2512 (o ) -]} =0
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jist TOro 9ToOBI 3TO COOTHOIIEHNUE UMEJIO MECTO TOXKIECTBEHHO, J10J1-
JKHBI 00paIaThesi B HYJIb OTJAeAbHO Kodddunmentsl npu 6 u npu
0ug. Takum 0Opazom, TOaydIaeM CHCTEMY ypABHEHU

20 0 (o Y _
DA~ - (%5 ) P, (14.4)

O0Ta

99ap _ ), (14.5)

Ozp
B a1y cucremy BXoasT B KauecTBe HeM3BECTHBIX (DYHKIWiT Tpu
BEJIMUYMHBI JIBE€ KOMIOHEHTBI Uy, 1y BEKTOPA U M IHOIEPEYHOE CMe-
menue (. Ee pemmenne onpeessier oHoBpeMeHHO POPMY H30THYTOM
nnactuaky (1. e. pyakumio (1, y)) 1 BOSHUKAIOIIEE B PE3YJIbTATE 13-
rnba pacrsikenne. Ypapuernns (14.4) n (14.5) MOryT O6BITH HECKOTBKO
YTIPOIIEHBI TIOCPEJICTBOM BBEJI€HWs] B HUX (DYHKIINU ), CBA3AHHOI C
0ap coorrommennsivu (13.7). [Tocne moncranosknm (13.7) B ypasHenne

(14.4) oHO TPUBOANTCS K BUIY

DAQQ_;Z(‘?Z_X&+&&_2 Ox 0¢ ) — P, (14.6)
Oy? 0z>  Ox? 0y? Oz Oy 0z Oy
Yro kacaercs ypasuenuii (14.5), To Beipaxenusmvu (13.7) onn yg0-
BJIETBOPAIOTCS ABTOMATHYECKH. [103TOMY HEOOXOAMMO BBIBECTH eIe
OIHO yPABHEHME, KOTOPOE MOXKET ObITh MOJIY4eHO UCKJIIYEHUEM g
u3 coorHomenuit (13.7) u (13.2).

g sroro nocrynaem ciegyiomum obpasom. Beipazkaem tqg de-

pe3 0. M3 (13.2) nomywaem

Upy = l((f” — 00yy), Uy = l((fyy — 003g),  Ugy = Hiaamy.
E E E
[opcraBasisa cioga st a3 Boipaxkenue (14.1), a nns 043 — BbIpa-

xkenus (13.7), Haxouum paBeHCTBA

2 2 2
%4_1(%) :l(a— aax).
ox 2 \0x E \ 0y? ox? /"
%+1<%)2:1 Px _ 8_x)
dy 2 \ 0y E \0x? y2 /)’

O, _‘_%_‘_%%:72(1-}0) 62X.
oz Jdy dx Jy E  0zxdy

[Ipuvernv K TiepBOMYy paBercTRy omepanmio 02/0y?, kKo BTOpOMY

0?/0x?, k tperbemy 0?/0x Oy, nociae €ero CA0KUM IEpBOE paBeH-
CTBO CO BTOPBIM M BbIYTEM TpeThe. Toraa 4aenbl, COIepKalme Uy, 1
Uy, B3ANMHO COKDAIIATOTCS, U MBI IOIyYaeM yPaBHEHHE

2 coc () _
Ax+E{am26y2 (6m6y) —0. (14.7)
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Ypasuenusi (14.6) u (14.7) npeacrapistor coboil HOAHYIO CUCTEMY
ypaBHeHuii cuibHOro m3rnba ToHKUX maactuHok (A. Foppl, 1907).
DTN ypaBHEHWS BEChMAa CJIOXKHBI W HE MOTYT OBITH PEIEHBI TOYHO
nmayke B mipocteiimux caydasx. Qbpariaem BHUMaHWE HA TO, 9TO OHU
HEeJIMHEHHBI.

VromsareMm KOpoTko 06 ocobom cirydae gedopmariuit TOHKUX TiIa-
CTUHOK — O TaK Ha3kIBAeMBIX MembOpanax. Membpanoti HAa3BIBAIOT
TOHKYIO IJIACTUHKY, OJBEPIHYTYI0 CUJIBHOMY PACTIKEHUIO MTPUJIO-
JKEHHBIMM K €€ KpasM BHEITHUMU DACTAruBaiommmMu cujgavmu. B Ta-
KOM CJIy9ae MOYXKHO IIPEeHeOPedb JIONOJHUTEIbHBIMUA TPOI0IbHBIMY
HATSIYKEHUSIMU, BO3BHUKAIOMIMMU [IPU U3rUOE MJIACTUHKU, U COOTBET-
CTBEHHO 3TOMY MOXKHO CYMTATh, YTO KOMIIOHEHTbHI T€H30Pa 0,3 PaB-
HBI IPOCTO MOCTOSIHHBIM BHEITHUM PACTITUBAIONIAM HAIPIKEHUIM.
B ypasuenun (14.4) MmoxkHO Tenepnb npeHedpedb NEePBbIM YJIEHOM 110
CPABHEHUIO CO BTOPBIM, W MbI IIOJIy9aeM yPaBHEHUE PABHOBECHS

hows =25+ P =0 (14.8)
6.7:(, 6.735
¢ rpannunbiM ycosuem ( = 0 ma KouType Kpas mMemOpaHbl. 1O

ypaBuenwue juneiino. B ocobernnoctu npoct cirydait m30TPOIHOTO Pa-
CTAZKEeHNA, KOT'la HATAZKEHNE MeM6paHbI OIMHAKOBO I10 BCEM HaIIpaB-
sieangm. [Iycts 1" ectb abcotoTHAsT BeIMYNHA TPUJIOKEHHON K KPAio
TJIACTUHKN PACTATUBAIONIEN CUJIBI, OTHECEHHOW K eJIWHUIE IJIUHBI
storo kpad. Torma hong = Tng, W MBI TIONTydaeM ypaBHEHWE DaB-
HOBECUA B BUJIEC
TAC + P =0. (14.9)

Bagaum

1. OnpenennTh 3aBUCUMOCTh BeJIMYUHBI TPOruba MIacTuHKU OT JefHCTBYIO-
mei Ha Hee CUJIbI TPU M3rnbe HACTOIBKO CUJIbHOM, uT0 ( > h.

Pemewnwe. Ouenka unernon ypasmenns (14.7) mokasesaer, ato y ~ FE(C2.
IIpu ¢ > h nepsorit wnen B (14.6) Mag 0 CPABHEHUIO CO BTOPBIM, KOTOPBIH IMEET
nopsimox Besmanant h(x /1* ~ Eh? /1 (I — pasmepsr muacrunkn). Cpasamsast ¢

BHeIIHeH cunoit P, momy4daem
AN
¢ (E_h) _

OTcroa, B 9aCTHOCTH, BUAHO, 9YTO ( TPOMOPIMOHATHHO KyOMYIECKOMY KOPHIO W3
CHWJIBI.

2. Onpenemmars nedopmanmio Kpyraoii membpannsl (pamuyca R), pacmomno-
KEHHOUW TOPU30HTAJIHBHO B T10JI€ TAXKECTH.

Pemenwne. Wwmeem P = pgh; B nonspubix koopannarax (14.9) npuanmaer

BUJT
1d < ¢ ) pgh
-——|r= ) =-—=.
rdr \ Or T
Pemenne, koneunoe npu r = 0 n ynossersopsiioniee ycaosnio ( = 0 npu r = R,
€cThb
pgh o o
=—=(R" —1r").
=7 )
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§ 15. edopmaliuu 060o109eK

ToBopst j10 cux mop o jgedopMalusix TOHKUX [JIACTHHOK, Mbl BCE-
ra [oApasyMeBajii, 9TO B HeJeOPMUPOBAHHOM COCTOSIHUU ILIa-
CTUHKA SABJISIeTCsl TA0CKOH. Mexy mem jedopMarnuu IacTUHOK,
001 TATOIIMX B CBOEM €CTECTBEHHOM COCTOSIHUU UCKPUBJIEHHOM (hop-
MOfi (TAaKMe IUIACTMHKYM HA3bIBAIOT 000A0UKAMU), OOHADYKUBAIOT
0CODEHHOCTH, TPUHIUIHUAJBHO OTAUYAoNne ux o1 jgedopmaruii
TJIOCKUX TLIACTUHOK.

Pacrsixenne, comporoykgaroniee W3rnd MIOCKOW TIACTHHKH, STB-
nsercs 3hdeKTOM BTOPOTO TOPSIIKA MajOCTH MO0 CPABHEHWIO C Be-
JIMIWHOW CaMOro Mporuda. ITO TPOABISIETCsI, HAMPUMEP, B TOM,
uTo Ten30p pedopmarnn (14.1), onpegensiiommii Takoe pacTsizKeHve,
kpagparuder 1o (. COBEpITeHHO WHOE TOIOKEHNE NMEET MECTO TTPHU
nedopmanmsax 000/I0U€EK: 37eCh pacTaxkenne ecTh IM@EeKT mepBoro
TOpsiJika, W MOTOMY WI'DAeT CyIIeCTBEHHYIO POJIb JlakKe TPU Ca1aboMm
n3rube. [Ipoiie Bcero 3o CBOMCTBO BUIHO yIKe M3 CAMOTO MTPOCTOTO
pUMepa paBHOMEPHOTO pacTsKenns cdhepudeckoii obomouku. Ecan
BCE €e TOYKH TOBEPTAIOTCA OJUHAKOBOMY PATUATHLHOMY CMEIEHUIO
(, TO yBeqMUeHme IIUHBI 9KBaTOpa pasuo 27(. OTHOCHTENLHOE pa-
crsikenne 27¢/(2nR) = (/R, a notromy n Ter3op gedopMarnmn mpo-
TIOPIIMOHAJIEH TIepBOii cTenenn . DTOT 3DdEKT CTPEMUTCA K HYJIIO
npn R — 0o, T. €. TpU CTPEMJIEHUN KPUBU3HBI K HYJIIO, W SABJISIETCS,
TakuM 00pa3oM, crenuuIecKuM CBORCTBOM, CBSI3AHHBIM ¢ KPUBHU3-
HOIT 000/109KH.

I[Iycte R ectb HOPsi/IOK BEAUYUHBI PAJAUYCA KPUBUIHBI 000-
JIOUKH, COBIAJAONIEH OOBIYHO C TOPSKOM BeJIMYUHBI €e pazMe-
po. Torma Tenzop medopMaInm PaACTSKEHUSI, COMPOBOXKIATOIIETO
u3rubd, nopsizika ¢ /R, COOTBETCTBYIONMI TEH30pD HANPsZKEeHui
~ E(/R, a sueprusi nedopmanny (OTHECEHHAsT K €IWHUIIE TIIOMIA-
am), cornacuo (14.2), ~ Eh({/R)?. dueprus ke umcroro usruba
no-npeskaemy ~ Eh3(2/R*. Mo suam, W0 oTHOTIEHMe Teproii Ko

BTOpOit ~ (R/h)?, 1. €. ouens Besmko. IloguepkHeM, 4To 31O UMeeT
MECTO HE3aBUCHMO OT COOTHOIIEHWS MEXK/y BeaudnHoil ( m3ruba u
Toamumuoit h, B 10 Bpemd Kak npu u3rube MJI0CKUX ILJIACTUHOK DPa-
CTSIZKEHUE HAYMHAJIO UIPATH POJIb TOABKO 1pu { ~ h.

B nekoropbix ciydasgx MOKET CyIIeCTBOBATH OCOOBIN THUIT W3IH-
6a obosiouek, mpu KOTOPOM HUKAKOTO PACTSIKEHUS HE ITPOUCXOUT
BoBce. Tak, Hanmpumep, nUIMHAPUIECKAs 000/J09Ka (¢ OTKPBITHIME
060MMI KOHIIAMHU IUJIMHIPA) MOXKeT ObITh jedopMupoBana 0e3 pa-
CTSIYKEHUsI, eC/IM Bce 00pas3yloline MUINHIPa OCTAIOTCS TIPU W3rnbe
napasiebHBIMUA Apyr apyry (T. e. 000/0uKa Kak Obl BJaB/IMBaeT-
csl TI0 Kakoii-HuOy b 3 obpasytomnx). Takwe nedopwmaryn 6e3 pa-
CTSIZKEHUsT TEOMETPUIECKH BO3MOYKHBI, €C/IN 000I09Ka MMeeT CBOOOI-
HBIe Kpast (T. e. He 3BAMKHYTa) WM YK€ ecan 000I09Ka 3aMKHYTa, HO
ee KpWBM3HA B PA3HBIX MeCcTaxX MMeeT pa3Hblil 3Hak. Hampuwmep, 3a-
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MKHyTasg cdepudeckas 0000UKa HE MOXkKeT ObITh m3oruyra 6e3 pa-
CTSIZKEHUsI, €CM K€ B Heil npope3aHo orBeperue (mpudeM ero kpas
He 3aKperuienbl), To Takue 1edopMaIii CTaHOBATCS BO3ZMOXKHBIMU.
[TockonbKy HEPTHS IUCTOTO M3THOA MaJja MO CPABHEHUIO C SHEPTH-
eil pacTsaKeHns, TO SICHO, UTO eC/In JaHHasd 000/I09Ka JOMYCKAET e
dopmannm 6e3 pacTsayKeHns, TO UMEHHO Takue aedopmMaiun n OyayT,
BOOOIIIE TOBOPS, pPealTbHO OCYIIECTBIATHCS MPU BO3IEHCTBAN HA HEEe
NPOU3BOJIBHBIX BHEITHUX CUJI. 1 peboBaHMe OTCYTCTBUSI PACTSIKEHUsT
npu u3rube HAKJIAJABIBACT CYIIECTBEHHBIE OTPAHUYEHUS HA BO3MOXK-
HBIE CMEIEHUs Ug. ITU YCIOBUS ABISIOTCS 9UCTO TEOMETPUIECKUMU
¥ MOryT ObITH BbIpaKeHbl B Bujie nuddepeHiuaabHbiX yYPaBHEHUIT,
KOTOPBIE JIOJIZKHBI COJEPKATHCSL B MOJHONW CUCTEMe YpaBHEHUI pag-
HOBecust i Takux gedopmarnmit. Mbl He Oyaem 371ech OCTAaHABIU-
BAThCsl HA 9TOM BOIPOCE.

Ecinu xe nedopmaruss 000/109Ku COMPOBOXKIAETCI PACTAZKEHU-
eM, TO HAIPSXKEHUsI PACTsI)KeHWs1, BOOOIIEe rOBOPsi, BEJIUKU TI0 CPAB-
HEHUIO ¢ HANPSKEHUSIMU U3TM0a U TMOCeJHUME MOYXKHO NpeHebpedb
(ocHOBaHHYI0 HA TAKOM NpPeHeOPEKeHUH TEOPUIO 000JI0UEK HA3bIBA-
0T MeMOParHotl).

DHEeprusi PACTIKEHUsT 000JI0UKN MOYKET ObITh BHIYUC/IEHA KAK WH-

Terpas Y
Fun = Ef UapOap df, (15.1)

B3ATHIN 110 €e TOBEPXHOCTH. 3/€Ch Ua3 €CTh IBYMepHbBIH (o, [ =
=1, 2) Tensop gedopmanum B COOTBETCTBYIOIMINX KPUBOJIUHENHBIX
KOOPJIMHATAX, a TeH30D HaTPSAKEHNil 044 CBA3AH C Uqg DOPMyTamMn
(13.2), KoTOpHIE MOTYT OBITH HAMUCAHBI B JIBYMEPHBIX TEH30PHBIX
0003HAYEHNAX KaK
E
1—02
Ocoboro paccmoTpennsi Tpebyer ciaydaii, Korjga 000JI09Ka TIOI-
BeprKeHa, BO3J/IEHCTBUIO COCPEJOTOYMEHHBIX CHJI B MTOTIEPEYHOM K 000-
JIOUKe HAMpaBJIeHun. TakuMu CuiaMu MOTYT SIBJSITHCS, B 9aCTHOCTH,
CWJIBI PEAKIINN, JeHCTRYIOINE HA 0000YKY CO CTOPOHKI OTTOP B TOY-
Kax (wm jmangx) 3akperiernsi. CocpeoToueHHbIe CHIThI TTPOU3BO-
AT U3rud 000I0UKN B HEOOIBINOH 00/1aCT BOKPYT TOUEK WX TTPWIO-
kerus. [lycTh mopsiiok BeTMIWHBI 3TOW 001aCTH JIjIsT TPUIOKEHHOM
B TOuKe CciIbl f ecth d (Tak uTo ee miaomank ~ d?). [lockombKy m3-
b { CMILHO MEHSIeTCsl Ha MPOTSYKEHUN PACCTOAHWI d, TO SHEPTUS
n3rnba (Wa eJWHWIY TIOMaan) — Topsaka reamanant Eh3(¢2/d*, a
nosiHas sueprus uzruba (na miomanu ~ d?) ~ Eh3(? /d?. Tenzop xe
nedopMarmn pacTsyKeHNst o-TipexkHeMy ~ ( /R, v nosHast SHeprust
BBI3BAHHOTO COCDPEJIOTOUEHHON cujioii pactsukenns ~ FEh((/R)? d°.

[Tockonbky sHEprUug n3ruba pacTer, a IHEPIrusd PACTHANKEHU Ma1aeT C
YMEHbIIIEHUEM d, TO CHO, 9TO Pu onpezeserHun pedopmaruu BOIu-

Tap = (1 = 0)tap + 00aptyy,]- (15.2)
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31 MEeCTa MPUJIOKEHUS COCPEJOTOYEHHBIX CUJI JOJZKHBI OBITH ydTe-
bl 00e 31u suepruu. Besmauna objactu udruda d oupeesnTcs 1o
MOPSJAKY BEJMYUHBI U3 YCJIOBUS MUHUMYMA CYMMBbI 9THX JHEPIHil,
OTKY/J1a

d ~ VhR. (15.3)

[pw srom sweprusi ~ Eh?¢%/R. Bapeupys ee mo ( n npupaBHuBas

pabore cuanl f, Haitgem semmanny nporuba ¢ ~ fR/Eh?.

OsHako eciin efcTByomme Ha 000JI0UKY CHJIBL JIOCTATOYHO Be-
JINKU, TO B 000JI0UKE MOI'YT BO3HUKHYTH BbIIY UUBAHUS, CYIIIECTBEHHO
Mensitorue ee popmy. Onpejtesienne jjedopManuy B 3aBUCUMOCTH OT
NPUJIOKEHHBIX HATPY30K TPeOyeT B 3TOM CBOCOOPAZHOM CJIydae CIie-

HUAJILHOIO UCCIe0BAHUS | ).

[Tycts BBIMyKIast 0601049Ka (¢ KPasiMu, 3aKPEINJIeHHBIMU TAK, 9TO-
Obl TAPAHTUPOBATL €€ TeOMETPUYECKYI0 HeCrubaeMoCTh) HAXOUT-
¢t ToJ JleficTBreM BOJIBIION cOCpeloTOYeH O cuiibl T, HATIpaB/IEH-
HOIl 10 BHyTPEHHEN HOpMa/m K nmoBepxuoctu. s mpocToTsl Gyaem
CYUTATH, 9YTO 000JI0YKA IpecTaBiger co00it yacTb cepnl pajgumyca
R. O6jtactb BhIllyunBaHusi OyJeT MAPOBBIM CEIMEHTOM, OJIMZKUM K
BePKAJILHOMY M300PaXKEHWIO ero MepBOHA-
yabHON hopmbl (Ha puc. 9 uzo6parken me-
PUJIMOHAIBHBIN paspes3 06ooukn). 3aaava
COCTOWT B OTIPEJIeIeHUHN PA3MEPOB BBHITTY I~
BAHWS B 3aBUCUMOCTHU OT BEJIUUWHBI CHJIBI.

OcHoBrasti 4acTh yHOpyroit SHEPrun
CKOHIIEHTPUPOBAaHA B y3KOH mojioce BOJIU-
31 Kpag 00/IaCTH BBINYYUBAHUS, /i€ U3rud
060/109KHM CpaBHUTENBLHO BeuK (Oygem Ha-
3BIBATH €€ I0JI0CON n3ruda u 00603HAYNM €€
mmpuny uepe3 d). Ouenum 3Ty 3HEPruio,
npryem OyJieM mpejnoaraTh pasmMeps (pa-

!
l/ auyc) obactu Beinyunsanus r << R; Toraa
yron a < 1 (em. puc. 9). Ilpu stom r =
Puc. 9 = Rsina ~ Ra, a tnybuna npornba H =

= 2R (1 — cosa) ~ Ra?. Obosmaunmy ue-
pe3 ( cmerenne Todek 000M0YKM B Tojoce m3ruba. Toumno tax e,
KaK 3T0 OBLIO CIEMaHO BBIIME, HAXOAWM, UTO SHEPTUA W3Tnba BI0IH

MepuauaHa 1 PACTSKeHNs BJI0JIb [TapaJliesin 2), oTHEeceHHbIE K 1 cM?

1) Manaraemble Huzke pesyabraThl npuaaanexat A.B. ozopenosy (1960). Bo-
Jlee TOYHBIN aHAJIM3 TAHHOTO BOIPOCA, a TAKJKe [IPYrre aHaJIOTWYHbBIE 33/1a9H,
MOKHO HAiTH B ero Kuure «Teopus 060/10U€K TPU 3aKPUTUIECKUX J1eOpMATIH-
ax».  M.: Hayka, 1965.

2) Ha wmsrube mo MepUINaHy KPUBHU3HA OOOJOYKH B TEPBOM MPUOIUKEHUN
HE CKa3bIBAETCA, TaK YTO OH TTPOUCXOAWUT, KaK W TIPpU HWUJIMHAPWUYIECKOM I/I3T‘T/I6e
IIOCKOM TITACTUHKY, 06e3 00IIero pacTsKeHns 0 MEPUINaHY.
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[OBEPXHOCTH, 110 HOPSJIKY BEJIMYUHbI PABHLI COOTBETCTBEHHO

En3¢? . ER¢?

44 R? '

[Topsimok BeaWuUWHBI cMemennst ( ONMpeaeIseTcs B JAaHHOM CIydae
reoMeTpudecKu: HalpaBjeHle Mepuuana MeHsieTcs Ha mMupuHe d Ha
yroa ~ a, n notomy ¢ ~ ad ~ rd/R. YMHOXKWB Tak:Ke Ha TLIOIAIb
1n0y10cel u3ruba (~ rd), nojsyunm sHepruu

En?r® " Ehd?*r?

R2d Rt
U3 yciorusi MUHUMAIBLHOCTH WX CyMMBI cHOBa Haiijgem d ~ (hR)

1/2

a TIOJTHAST YIIPyTast SHEPTHST TTPU 3TOM ~ Er3(h/R)5/2 NI, NHaYe 1),
3/2

const - Eh5/2H?. (15.4)

B npomsseseHHOM BBIBOJE TOAPA3yMEBAI0Ch, 4TO d <& 7 MO3TOMY
dopmyna (15.4) cupasegyusa npu ycaoBuu

% <1 (15.5)

[Tpu obpazoBaHuy BBILYYUBAHUS BHEIIHUE CJIOW IAPOBOIO CErMEH-
Ta CTAHOBSATCS BHYTPEHHUMH M COOTBETCTBEHHO CZKUMAIOTCS, & BHY-
TPEHHUE  BHEHIHUMU U PACTAIUBAIOTCA. OTHOCHTEBLHOE PACTsIKe-
Hue (mm cxarue) ~ h/R, Tak 410 CBA3aHHAS C HUM [10JIHAS] SHEPIUsI

B obnactn meimyunranus ~ F(h/R)2hr?. Tpu yenornm (15.5) oma
MEfCTBUTETHLHO Mala 10 CPaBHEHWIO ¢ SHepTHeil B Toj0ce M3rnba
(15.4).

Nckomast 3aBHCMMOCTE MeXIy TiyOmHoi mpornba H w mpuio-
JKEeHHOW CUjIoi f ToMydnTCcs MpUpaBHUBaHMeM [ K MPOW3BOIHOI OT
sueprun (15.4) mo H. Taknm obpaszom, Haiigem

N fZ RZ .
E?h5
Ob6paTuM BHUMAaHWE HA HEJIMHEHHbBIH XapakTep 9TOH 3aBUCHMOCTH.
Hakonen, nycrs gedopmanus (BeinyduBanue) 000J09KH TPOUC-
XOIUT MO JefiCTBIEM PABHOMEPHOIO BHEIIHEro jiaBjienust p. Pabora
BHEIIHUX CHJI B TAKOM ciyuae pasua p AV, rue AV ~ Hr? ~ H?R
M3MEHEHUE OIPAHUYINBAEMOr0 060JI0YKOT 00'beMa [IPU BbIIY YUBAHW.
[Tpupasuss nysaio npoussoanyio 1o H or momHoit cBoOOgHON! dHED-
run (1. e. ynpyroii sueprun (15.4) 3a Beruerom ykazanuoit paborsbr)
[OJIY YUM

(15.6)

hoE?

~ (15.7)

1) Bosee TouHOE BHIYHCIOHAE AT TS IOCTOSHHOTO Ko3dbdumumenTa 3nademne
const = 1,2(1 — o)~ ¥/4,
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O6parnbiii xapakrep 3aucumoctu (yBeauuenne H npu ymenbiie-
HUM p) yKa3bIBAeT HA HEyCTONUMBOCTH BBHIMyYEHHOTO COCTOSTHUS B
srom cayuae. Oupenensiemoe dbopmynoii (15.7) suauenne H orBeva-
eT HEeyCTOHYMBOMY DABHOBECHIO TPU 33JJAHHOM P: BbIILyUUBAHUS C
O6abIMMK 3HaueHnsMu H caMONpPOM3BOIBHO PACTYT, a C MEHBIIN-
MW — YMEHbBITATCs (JIerko mpoBepuTh, uro (15.7) orBeuaer max-
CUMyMy, & HE MUHUMYMY NOJHOH cBOGOaHO# 3neprun). Cymecryer
TaKOe KPUTHYECKOe 3HAYEHUEe BHEIIHeH HAIPY3KH P = Pgp, 32 KOTO-
PBIM CaMOTIPOM3BOILHO BO3PACTAIOT Y3Ke Majble N3MeHeHusi (DOpPMbI

o6osoukn. Ero MOXKHO OIEHWTH KaK TO 3HAYUEHWE P, TPU KOTOPOM
dopwmyna (15.7) naer H ~ h:

ER?
R
Mpbr orpanuynMcs: B TeOpur 00009€K M3/I0KEHHBIMUA KPATKUMU

CBEJIEHUSIMU U HEKOTOPBIMU MPOCTBIMU [IPUMEPAMU, IIPUBEJIEHHBIMU
B 33jJ1a9axX K 3TOMy maparpady.

~

Pxp (15.8)

3agaumu

1. BeiBecTn ypaBHEHHMs paBHOBecHs mta chepmaeckoii obomouxu (paamyca
R), nedopMupyeMoii CHMMETPUYHO OTHOCHTEJRHO OCH, TPOXOISAINEH [epes3 ee
MEeHTP.

Pemenne. B kadecrBe AByMepHBIX KOOPAMHAT HA MOBEPXHOCTH 000JIOUKN
noJsib3yemest yryiamu 6 ¢ cdepuaeckoit cucreMbl KOOPAWHAT C HAYAJIOM B LIEHTDE
cepbl 1 MOAAPHON OCHIO TI0 OCU CUMMETPHUH J1e(DOPMUPOBAHHON 000JI0UKMY.

Ilycrs P, — oTHeceHHast K €AWHWIE TTOBEPXHOCTHU ODOJIOYKM parajibHast
BHEIIHSAS CUIA. DTa CHUIA JOJKHA KOMIIEHCHDPOBATHCS PATUANBHON PaBHOIEI-
CTBYIOMIEH CUT BHYTPEHHUX HAMPSAKEHUN, TeHCTBYOMNAX HA SJIEMEHT 000T0UKHI
B TAHTEHLIMAJIBHBIX K HEMY HaAIIPDABJIECHUAX. COOTBETCTBy}Omee ycjioBue 1JjIaCuT:

h
E((TWP + O'gg) = P,. (1)

DT0 ypaBHEHME B TOYHOCTH aHAJOIMYHO M3BECTHOMY ypaBHenuio Jlansaca, onpe-
JeSIoneMy Pa3HOCTh JABIEHUN ABYX CPel, CBA3AHHYIO C JEHCTBYIONINUM B II0-
BEPXHOCTH WX PA3IeTa MOBEPXHOCTHBIM HAIPSIKEHUEM.

Tlyctn, nanee, Q. (0) ecth HampaBaeHHas BAOIH MOAAPHOI ocn (ocwW z) pas-
HOZENCTBYIOMAas BCEX BHENTHUX CHUJI, AEHCTBYIOMNX HA YAaCTh 00OTOYKHU, PACIIO-
JIOXKEHHYIO HaJ| NapaJsuieibHbIM Kpyrom 6 = const. Dra cusa J0JKHA KOMIIEH-
CUPOBAThCS MPOEKIHe Ha 0Ch z Hanpsikenauil 27w R sin Ohogg, neficTByommx Ha
ceuernne 2w Rhsin f o6onouku o ykazauuoit okpyxuocru. OTciona

2 Rhsin’ fosg = Q- (8). (2)

Vpasrenusivm (1) m (2) onpenensieTcst pacrpeesienne HapPsiKeAWii, mocIe
qero TeH30p aedopMarum HaXOaUTCA 10 GOpMyIaMm
1 1
ugy = E(U"H —00pg), Upy = E(Usw —o0gs), ug, =0, (3)

a 3aTeM BEKTOP CMEIEeHUs ¢ TIOMOIIbIO YPaBHEHUT

1 (du !
u99=E<£+ur)y Uwp:E(UGCtgg‘*'uT)' (4)
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2. Ompemenuts AedopManuio Mo BAUSHUEM COOCTBEHHOTO Beca morycde-
pwaeckoit 000/109KM, PACIIONOKEHHONW KyTOJ0M BBEPX; Kpas KyToJja CBOOOIHO
TIEPEMEIAIOTCS 110 TOPU3OHTATBHOM omope (puc. 10).

Pemenue. Vmeem

P, = —pghcosf, Q.= —2xR*(1— cosf)pgh

(Q- ectb momHBI Bec 060M0YKM HAM OKpYyKHOCTBIO f = const). U3 (1) u (2)
HAXOIUM

_Frg , 0. = —Rpg (71 — cos 6) .
1+ cosf 1+ cosf

Ilo dopmynam (3) BBIUACASEM Uy U Ugg, TIOCTIE Yo U3 ypaBHeHuil (4) Beraucis-
emM ug m u, (MOCTOSTHHAS, BO3HWKAIOMIAS TTPY WHTETPUPOBAHNN TTEPBOTO U3 3TUX
YPABHEHWIA, ONIPeenaeTca TakK, 9To6bl pu § = /2 610 ug = 0). B pesynpraTe
TOJLY 9UM

096 = —

vy — R?pg(1+0) [ cos f
E 14 cosf
R*pg(1+0) {17 240
E 140

+In (1 + cos 9)} sin 6,

Up =

cosf —cosfln (1 + (’,086):| .

3uavenue u, npu § = 7/2 1aeT rOPU3OHTATLHOE CMEIEHUE OMOPHI.

Puc. 10 Puc. 11

3. Onpenemntes pedopmanmio noaycdepuaeckoil 060/JI09KM € 3aKPEerIeH-
HBIMU KPasiMW, PACHOIOKEHHOW KYIOJIOM BHW3 W HAMOTHEHHON JKUIKOCTHIO
(pmc. 11); Becom camoii 060I0YKM MOKHO TTPEHEOPETh M0 CPABHEHWIO ¢ BECOM
KUIKOCTH.

Pemenue. Umeem

P, = pogRcosf, Py =0,

3
72WR3 pog (1 —cos” 6)

0
Q- = 2«32/3 cos B sinf df =
0
(po  mnormOCTH KmMakocTn). Jamee, mo dbopmynam (1) u (2) maxomum

_ R’pog 1 — cos® @ oo — R?pog (=1 +3cosh — 2cos®6)
3h  sin?6 Y 3h sin’ § '

agee
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g cMmemenuit morydaeTcs

3
o :7R pog(1l+ o) sinf)[ cos +ln(1+cos€)} 7
3Eh 1+ cosf
3
Ur = Rpog(l+a) {cosHln(l—i—cosH)—l-i—w} -
3Eh 1+o

IIpn 6 = w/2 u, ocraercss KOHEYHBIM, & HE 00PAIAETCS B HyJIb, KaK JOJKHO
OBLTIO OBITH. DTO 3HAYUT, 9TO B AEHCTBUTEIHHOCTU BOMIM3W JIUHAN 3aKPEILICHUS
000JI0YKY TIPOUCXOIAT HACTONBKO CHJIBHBIN €€ M3rub, 9TO MOJy9YeHHOE PEeIleHne
CTAHOBUTCA HETPUMEHUMBIM.

4. O6o/m09Yka B BHUE MAPOBOTO CETMEHTA OMUPAETCH CBOUME CBOOOTHBIMU
KpasiMu Ha HenoarmxkHyto ornopy (puc. 12). Onpenesnth Beamuanny ee nporuba
oz geicTBreM COOCTBEHHOTO Beca, (.

Pemenune. OcnHoBHas medopmarnms MpPOUC-
xoauT BOMM3M KpaeB, OTruOAIOMNXCS B CTOPOHY
(mrpuxoBag smuaMa ma puc. 12). Ilpm stom cme-
LIEHUE 14y MAJIO 110 CPABHEHUIO C PAIUATHHBIM CMe-
menneMm u, = (. Ilockospky ( ObICTPO yOBIBaET 110
Mepe yAAIeHus OT JIMHAU OTIOPBI, TO BOZHUKATIOTILY 10
N 2a /R 1ehOPMAIINIO MOYKHO paccMaTpuBarh Kak aedop-

. MAIWIo TJIOCKOH mmHAON (mmmaer 27 R sin ) nua-
cTuHKU. DTa medopMarus CKIAIBIBAETCS W3 W3-
T‘T/Iﬁa N PACTHAKEHUA TIJIACTUHKUA. OTHOCHTeHBHOe

Puc. 12 VAIUHEHWE TIIACTUHKY B KAXKJO0H ee TOYKe PaBHO
(/R (R — paauyc 0060/10MKH), M NOTOMY SHEPTUsI
pacrsxenus (Ha egummiy obbema) ects E¢C?/2R?. Boms B KadecTBe HE3ABUCH-

MOUM mepeMeHHO paccTogHUe T OT JIMHUU OIOPBI, UMeeM /171 MOJTHOU SHepruun
pacTsaKeHus

N

. hE 5
F = 2rRsina—— f dz.
1T SR ¢
Oueprus xe m3rubda ecrThb
. WE ¢\’
Fong =2rRsina——— / <—<) dx
24(1 —0?) ) \dz?
Bapopupysa cymmy Fup = Finn + Fonn 1o (, moydanm ypaBHeHUe

d'¢  12(1 —o?)

— ¢=0.

dz? h?R?
IIpu £ — 0o ( mO/IKHO CTPEMUTHCS K HYJI0, a Tpu & = () ZOJIYKHBI BHITIOTHATHCS
IPAaHWYHBIE YCIOBUSA PaBeHCTBA Hysmio MomenTa cum: (' = 0, m ycinoBue paBem-

CTBA pasBWBAIONIeiics mpm m3rnbe CUIbl HOPMAJIHHONW K MTOBEPXHOCTH 0OOI0YKH
KOMITIOHEHTE CHIbI TAKECTH:

: h’E
2rRsina———— (" = Qcos a.
12(1 — 02)
V10BJIETBOPSIONIEE STUM yCAOBHUSIM PEIEHUE eCTh
— A —xx
(= Ae cos sz,
rae

L [3(1—02)}”4 4 _ Qctga [332(1—02)}”4
h2R? ’ Eh 8mh? '
Bennuuna nporuda 060109Ku €CTh
d = ((0) cosa = Acosa.
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§ 16. Kpyuenune crep>kueii

[Tepeiimem Tenepb K m3ydeHnio gedopManmii TOHKUX CTEPIKHEI.
DTOT Caydail OTIMIAETCST OT BCEX PAHEE PACCMATPUBABIIUXCS TEM,
9TO BEKTOP CMEIIeHWs U MOXKEeT ObITh DOJIbIIMM JjaxkKe npu ciaboit

nedbopManin, T. €. TPy MaJoM TeH3ope u;x ). Tak, nmpu crabom criu-
0aHUM TOHKOTO JIIMHHOTO CTEPIKHS €ro KOHIIBI MOTYT 3HAYUTE/THHO
TIEPEMECTUTRLCA B TTPOCTPAHCTBE, JIayKe eCJ OTHOCUTEIhHBIE CMelle-
HUS COCETHUX TOYEK B CTEPYKHE MaJIbl.

CymectByer aBa tuma gedopmaruii CTepKHei, MOTYIIINX COTPO-
BOYKJIATHCsT DOJIBITIM CMEIEHNeM OTIeIbHBIX JacTeit crepxus. -
HUM W3 HUX SIBJISETCS U3TUO CTEPYKHS, & BTOPBIM — ero xpyuenue. C
PaCCMOTPEHUsT 3TOTO BTOPOTO CIydasi MBI U HATHEM.

Jedopmannsa Kpydenns 3aKII0OYAETCS B TOM, 9TO B CTEPIKHE,
OCTAIOIEMCSI TP TOM TIPSIMBIM, KaKJ0€ TMOTIEPETIHOe CEUeHUe T0-
BOPAYMBAETCH OTHOCUTE/HLHO HUYKE JIEXKAIIMX HA HEKOTOPBIH yroJ.
Eciu crep:xenb AjauHHBIN, TO Hpu CIa0OM KPYUYEHUU JOCTATOYHO
YVAAJIEHHBIE IPYT OT APyra CEYEHUsi MOT'YT MOBEPHYTHCH HA OOJIBIION
yroa. Obpasyromue 60KOBOI TTOBEPXHOCTH CTEPXKHsI, apaJLie/bHble
€ro och, MPUOOPETAIOT MPU KPYIEHNH BUHTOBYIO (hOPMY.

Paccmorpum TorKuit IpsgMoil CTEPKEHB TPOU3BOJIHLHOTO CEUEHUSI.
Bribepem cucremy KOOpPAMHAT € OCHIO Z BJOJIb OCU CTEDXKHS ¥ HAda-
JIOM KOODAMHAT re-uulyab BHYTpu Hero. Beejem yzoa xpyuenus 7
KAK yroJl IOBOPOTA, OTHECEHHbBI K eJUHUIE JJINHbI CTePXKHsl. DTO
BHAYUT, YTO JABA DECKOHEYHO OJIMBKUX IOMEPEYHBIX CEYEHUs, HAXO-
JIAMAXCA HA, PACCTOAHUU dZ, TOBOPAYUBAIOTCH JAPYTI OTHOCUTEIHHO
apyra Ha yroa dg = tTdz (tak uro T = dyp/dz). Cama nedop-
Malusl KPYy4YeHus, T. €. OTHOCUTE/bHBIE CMEIIEeHUs] COCeTHUX dacTeit
CTEprKHs, MPENOIATAI0TCA MAJIBIMU. YCIOBUEM ITOTO SIBJIIETCI Ma-
JIOCTH OTHOCUTEJILHOTO ITOBOPOTA CEYEHUN, YIAIEHHBIX BIOJIb JAIUHDI
CTepyKHS Ha PACCTOTHWS TIOPSIIKA €r0 TIOTIEPETHRIX pa3Mepos R, T. e.

TR < 1. (16.1)

Paccmorpum mebosibinyio 00JaCTh JIMHBI CTEP2KHS BOJIM3U Ha-
4ajia KOOPJAMHAT U OIPEJEIUM CMEIIEHUs U TOYeK CTEPXKHs B 3TOH
obsiactu. B kadecTBe HeCMEIIEHHOIO BBIOEPEM IOIEPETHOE CEUCHUE
CTEepyKHd B KOODJAMHATHON ILIOCKOCTH xYy. Kak m3BEeCTHO, mpu Io-
BOPOTE PAJIMYC-BEKTOPA T HA MaJiblii yroj 0@ CMeIeHre ero KOHIA
onpezensgercs popmyJioit

(16.2)

rae 0@ — BEKTOP C aDCOMIOTHOI BEINYNHO, PABHON YIJIy TIOBOPOTA,
HAIPAaBJIEHHBIA BJOJIb OCU, BOKPYT' KOTOPOI MPOU3BOANUTCS TTOBOPOT.

dr = [dpr]

’

1) Uckmouenuer gBIseTcs TOIBKO MPOCTOE PACTIAKEHHE CTEDIKHS 6€3 H3Me-
HeHust ero (GOPMBI, — IPHU C1a00M PACTSIKEHUN HAPSIAY C TEH30POM Uj; BCETIA
MaJI TaK¥Ke W BeKTOp Uu.
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B namewm ciaydae noBopoT IPOU3BOJUTCS BOKPYT OCH 2, IPUYEM JIJIst
TOYEK ¢ KOOPAMHATON 2 yroja HOBOPOTA OTHOCUTEIBHO IJIOCKOCTH XY
paBeH 7z (yroa 7 B obsiactu BOJIM3M HAYAJIA KOOPAUHAT MOXKHO Pac-
cMaTpuBaTh Kak mocTostHHbii). @opwmyna (16.2) maer Temepsb st
KOMTIOHEHT Uy, U,y BEKTOPA CMEIIEHNsT

Uy = —T2Y, Uy = TZZ. (16.3)

[Ipu xpyveHun cTep:KHSA €ro TOYKN MCIBITHIBAIOT, BOOOIIIE TOBO-
ps, TakyKe W cMelieHne BAOAb och z. Ilockonbky mpu 7 = 0 370
CMEIeHNe OTCYTCTBYET, TO TIPU MAJBIX T €r0 MOYKHO CUYNTATH TPO-
MOpPIMOHAIRHBIM 7. Takum obpazowm,

Uz = T@b(fl],y), (164)

rae P(z,y) Hekoropast GyHKIMS OT X U Y, Ha3bIBaeMas GyHKyued
kpyuenua. B pesynbrarte onmchieaemoit popmymavn (16.3) n (16.4)
necbopMalM KarKI0e TOMEePedHOe CedeHre CTEPXKHS TTOBOPAYNBA-
eTCsT BOKPYT OCH Z, OJJHOBPEMEHHO WCKPURBJISISICh, MepecTaBast ObITh
mrocknM. Crieyer 3aMeTnTh, 9TO, BHIOPAB OMpPEIeTeHHBIM 00pa3oM
HaJaI0 KOOPAMWHAT B TJIOCKOCTH I, MBI TEM CaAMBIM «3aKPEerIsieM»
OTpeIe/IeHHYI0 TOYKY CEYUeHWsT CTEPYKHS TaK, YTO OHA HE CMEIIaeTCs
B 9TOH TIJIOCKOCTH (CMeIasiCh, OJHAKO, BI0Jb OCH 2); N3MEHEHNE BhI-
6opa Hadaja KOOpJAWHAT HE OTPa3mMIOCh ObI, padyMeercs, Ha caMoi
JgedopManuy KpyJdeHusl, TPUBEisl JUIIb K HECYIIECTBEHHOMY 001116~
My CMEIIEHUIO CTEPXKHS KAK IeJI0r0.

3Hasi U, MOXKHO HAWTH KOMIOHEHTHI TeH30pa jedopmaruu. [1o-

CKOJIBKY U B paccMaTpuBaemoil 00/1acTu MaJjio, TO MOYXKHO BOCIIOJIb-

30oBaTbCsd HOPMYJION U, = ! <6m + Ous

5 ) B pesyabrare naxomum

Ugy = Uyy = Ugy = Uy, = 0,

16.5)
_ T (0 ) _I(aw ) (
ez = 5 (8m Y). =\, T

Obpamaem BaMManue Ha TO, 9T0 u; = (; ApyruMu cioBamu, Kpy-
YeHne He COTPOBOXKIAETCS M3MEHEHNEeM 00heMa, T. €. NMPeJCcTaB/IsIeT
coboit mebopmanmnio INCTOTO CABWUTA.

JI1st KOMITOHEHT TEeH30pa HaNpPsyKEHWH HAXOINM

Oggy = Oyy = Ozz = Ogy — 0,

9 ) (16.6)
Opz = 2UUyy = T (a_lf_y) ; Uyzzzﬂuyz:,uT(ﬁ"i'x)
(3mech ymobHee MOMB30BATHC MOAyJIeM Casura g BMecto E m o).

ITocKOIBKY OTIMHIHBI OT HYJISI TOTHKO Oy, T Oy, TO OOIINE yPABHEHUS
paBHoBecust Jojy, /0xy, = 0 CBOASITCS K ypaBHEHWIO

004 00y
vy = (. 16.
P + 3y 0 (16.7)
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[MoxcraBus cioga (16.6), Mbl Haligem, uro dyHKIMA KPydeHUsT 10J1-
2KHA YJIOBJIETBOPATH yPABHEHUIO

Atp =0, (16.8)

rae A — nBymepHBIil onieparop Jlamiaca.
Heckonpko Gosmee ymobHO, 01HAKO, MOTB30BATHCS IPYTOil BCIO-
MorareasHOi dbyHKmeit x(xz,y), onpesenseMoil paBeHCTBAMI
Jx ox
Ogy = 2UT =2, Oyy = —2UT 16.9
Tz % 2y’ yz H ox’ ( )
It 3TOM DYyHKINUK MOy 9ai0TCs Oosiee yA00HbIE TPAHUIHBIE YCI0BUS
Ha KOHTYpe cedenus crepxkas (cM. Huxe). Cpasuus (16.9) ¢ (16.6),
[IOJLY 9UM
W ypoX W 90X (16.10)
ox dy dy Jx
Huddepentupys mepBoe PaBeHCTBO 10 Y, BTOPOE 1O & W BbIYUTAS
OJIHO U3 JIPYTOro, MOJIYy9IuM Jijist (PYHKINUN X CJIEIYIOIIee ypaBHEHUe:

Ay = —1. (16.11)

st onpejiesieHnst TPAHWYHBIX YCIOBWI Ha TIOBEPXHOCTH CTEPIK-
HsT 3aMedaeM, uTo 0Jarofapst MaJjoil TOJIIMHE CTEPIKHS JIeHCTRYIO-
e Ha ero HOKOBYIO TIOREPXHOCTH BHEITHVE CUJIBI MaJjIbl 10 CPaBHE-
HUIO C BO3HWKAIOIINMW B CTEP’KHE BHYTPEHHUMUI HATIPSIYKEHUSIMU W
HOTOMY MOTYT ObITh HOJIOKEHBI (IIPU OTBICKAHUU I'PAHUYHBIX YCI0-
BUil) PABHBIMHU HYJII0. DTO 00CTOSTENIHCTBO B TOYHOCTH aHATIOTHIHO
TOMY, UTO MBI IMeJIV TTPU PACCMOTPEHUN U3TM0a TOHKWX TIACTHHOK.
Taknwm obpazowm, Ha OOKOBOI TTOBEPXHOCTH CTEPIKHS JOJIKHO OBITH
ok = 0; TOCKOIBKY OCh Z HaTPaBJIEHA TI0 OCH CTEPYKHSI, TO BEKTOP
HOpMAJIM N UMeeT TOJBKO KOMIIOHEHTHI 7y, 7y, TaK 9TO HATTHCAHHOE
yPaBHEHVe CBOJANTCS K YCIOBUIO

O gy + Ozyny = 0.

[Mogcrasass cioga (16.9), momryuaem

0 0
—XWT — —Xny = 0.
dy Jx
Ho KOMTIOHEHTHI BEKTOpa HOPMaJN K MJIOCKOMY KOHTYPY (KOHTYpY
d dx
CeYeHUs CTEPIKHSA) PABHBI Ty = —d—ll/, Ny = d—;, rjie T,y KOOPJAWHA-

THI TOYEK KOHTYPA, a dl — smement myru. Takum obpaszom, momydaem
OX 4 + a—xdy =dy =0,
Ox dy

OTKyJa X = const, T. e. Ha KOHType cedeHus: PYHKIUS Y TOCTOSTH-

na. [Tockonbky B onpegenenus (16.9) BXoAAT TOJBKO NPOM3BOHbIE
or yHKIMH X, TO SICHO, YTO K ITONW (PYHKIUU MOXKHO TPUOABIATDH
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JiI00y10 TocTosiHuay0. Ecyim KOHTYD cedeHusi OHOCBSI3EH, TO MOYKHO,
CJIeI0BATE/IbHO, 0€3 BCAKOrO OrpanudeHus OOIIHOCTH TOJIOXKUTH Ha
HEM B KadeCTBe I'PAHNYHOIO yCJI0BUS K ypaB-

nermio (16.11) 1)

Co
@Cl x = 0. (16.12)

B ciydae ke MHOTOCBSI3HOTO KOHTYpa X
@ @ OyJIeT MMETh Pa3JIMYHBbIE MOCTOSHHBIE 3HAYE-
C HUA HA KaxkKJI0H M3 3aMKHYTBIX KPUBBIX, CO-
CTABJAIOINX KOHTYP. [103TOMYy MmOI0KUTH X
PABHBIM HYJIIO MOKHO OyZeT JIMIIb Ha OJHOI
U3 9TUX KPUBBIX, HAIPUMED Ha BHELIHeM KOH-
type (Cy ma puc. 13). 3navyenus xe Y HA
OCTAJIBHBIX YACTAX KOHTYPA ONPEJEJATCA U3 YCJAOBUS, ABJISIOIIETO-
Csl CJIICTBUEM OJIHO3HAYHOCTH CMemenus u, = 7 (x,y) xkak QyHk-
1y KoopauHat. IMeHHO, BBUJLY 0JHO3HAYHOCTH (DYHKIMU KPYYeHus:
(x,y) narerpan ot ee auddepenimana dip o 3aMKHYTOMY KOHTY-
py Aomxken ObiTh paBed Hy0. C nomombio coornomenuii (16.10)
UMeeM HO3TOMY

_ ¢ (% % gy ) =
j{di/)j{(amdx—i- aydy)
= —27{(6—Xdy— a—de) — %(mdy—ydm) =0,
J \ 0z oy :

%%ﬂ——& (16.13)
J On

Cs

Puc. 13

nJjin

rie Jx/0n ecth mponsBoaHast GYHKINN X 10 HATTPABICHWIO BHEITHE
HOPMAaJIN K KOHTYPY, a S — OXBaThIBAEMasi STUM KOHTYDPOM TIIOIIA/Ih.
[Tpumensis (16.13) Kk kaxk10# 13 3aMKHYTHIX KpUBBIX C, Cy, ... |, MBI
M TIOJIyYUM MCKOMBIE YCJIOBUS.

Omnpemenum  CBOOOIHYIO SHEPTHUIO TMOABEPTHYTOTO KPYIEHUIO
crepxkust. s sneprun ennHNIB 00 beMa nveeM

Oik Wik 1 2 2
F =70 = gty + 0yptly, = a(afpz +0,,)

1) Bamaua 06 ompemenennn nedopmarmm kpyvenuda no ypasaermio (16.11) ¢

rpaanarabivM yesosrem (16.12) dbopmannsro conagaer ¢ 3amaveii 00 onpegeseHnn
dopmbl Tporuba paBHOMEPHO HATPYKEHHOM MIOCKONH MEeMOPAHbBI TI0 YPABHEHUIO

(14.9

HOHE3HO 3aMETUTH TaKr»Ke T‘T/I'HPO'HHHaMquCKyIO AHAJIOTHUIO: ypaBHEHI/IEM BUOA
(16.11) ompemensieTca pacnpeeneHne CKOpocTeh v(x,y) BA3KON KUAKOCTH TIO

cedennio Tpy6wr; rparnaromy yeaosnio (16.12) coorsercrryer yciorne v = () Ha
HEIO/IBUKHBIX cTeHKax TpyOst (em. VI, § 17).
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u, nojcrasiss cioga (16.9):

F =2u7? [(?;)2 + (?;)2] =2ut?(Vx)?,

rae V o3HAvYAeT JABYMEPHBIN TPAJANEHT. JHEPTUs KPYUEHUs, OTHE-
CEeHHAs K INHWIIE JITMHBI CTEPIKHS, TIOIYINTCST OTCIOIa WHTETPUPO-
BaHMEM 10 ILIOIIAAM MONePeYHoro cedenus, T. e. pasna CT2/2, rie
ko3 durment C' pasen

C=dp [ (Vx)df

Bennunny C mnaszwiBaior kpymuavnoti oicecmrocmobiro crepxus. [1om-
Has yrpyras 9HepTus CTepyKHS paBHA WHTerpay

1
For = [ cr®dz, (16.14)

B3SITOMY TIO €r0 JIJIHE.
Hanwucas

(Vx)? = V(xVx) — xAx = V(xVx) + x

u mpeodpasysd MHTErpaji 0T MEPBOrO WiI€HA B WHTErpasl [0 JIMHUU
KOHTYpa CeYeHUs] CTEePKH, MOy INM

C = 4y %X% di+ 4 [ xdf. (16.15)

Eciu xonTyp cedeHus OJHOCBSA3EH, TO BBUJY T'DAHUYHOIO YCJIOBUSI
x = 0 1epBbIil YjleH ucYe3aeT U OCTACTCH

C = 4,ufxda:dy. (16.16)

Jns MuOrocBsi3noit ke rpanunp (cm. puc. 13), nomoxus x = 0 Ha
BHemHeM KOHType Cy u 0003HAYMB Yepe3 Y MOCTOSHHbIE 3HAYEHHS
X Ha BHyTpennux KoHrypax Cj, noayuaum ¢ nomompio (16.13)

C = 4NZXkSk + 4,ufxdx dy (16.17)
k

(cegyer TMOMHUTH, YTO TIPW WHTEIPUPOBAHWN B TIEPBOM UJI€HE B
(16.15) xouryp Cj 06x0aurcs B npsimoM, a Koutyp C B o6paTHOM
HAIIPABJICHUSIX ) .

Paccmorpum manbosiee 0ObI9HBIN ciydall KpydeHus, KOrga OJuH
13 KOHIIOB CTEPXKHS 3aKPEILIEH HEMOJIBUKHO, A BHEIIHUE CHUJIbl TTPU-
JIOZKEHBI TOJIBKO K MOBEPXHOCTH JIPYTOr0 ero KOHIA. DTU CHJIBI Ta-
KOBBI, UTO MPOU3BOJST TOJBKO KPYUYeHHE CTEepyKHsl 0e3 Kakoil Obl
10 HEU ObLIO Jpyroit ero pedopmanuu, Hanpumep uiruba. Apyruvmu
CJIOBAMU, OHU COCTABJISIIOT HEKOTOPYIO HApy CUJI, 3aKPYYUBAOILY O
CTepKeHb BOKPYT ero ocu. MoMmeHT 3T0it mapsl 0003HaunM gepe3 M.
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EcrecrBeHHO 0:KM1aTh, 9TO B TAKOM CJIy9ae yrOJl KPYUeHUsl T 110-
CTOSIHEH BJIOJIb JIJIMHBI CTEPXKHS. B 3TOM MOXKHO yOeAuThCs, HATIPU-
Mep, U3 YCIOBUSI MUHUMYMA MOJHOM CBODOJHON SHEPIUM CTep:KHsi
B paBuoBecuu. [lonnas sneprus nedopMuUpPOBAHHOTO CTEPXKHS PaB-
na cymme Fep + U, tne U morennumasibHasi dueprus, 00yCa0B/IEH-
Hasg jeiicrBuem BHemHux cuil. [opcrasiss B (16.14) 7 = dy/dz u
BapbUpYys 110 YIJIY (0, HAXOIUM

2
51/0(’1@) dz+5U:/c”*”d5_¢dz+aU:o,
2 d dz dz

¥4

WM, UHTEIPUPYS 110 YaCTsM,
— / 03—T(5<pdz + 46U + C1dp = 0.
Lz

B nocnegrem unene ciera 6epercst pa3HOCTh 3HAYEHNIT Ha Mpejieax
WHTErPUPOBAHUS, T. €. Ha KOHIAX cTepykuda. OInH 3 3TUX KOHIIOB,
CKayKeM HVYKHWI, 3aKperien Tak, 9To Ha Hem dp = (. Urto kacaer-
cs1 Bapuarmu U TOTeHINaIRHOW SHEPTUN, TO, B3sITast ¢ 0OpaTHBIM
3HAKOM, OHA TPEJCTAB/IAET CODO paboTy BHEITHUX CHUJI TIPU TIOBO-
pore Ha yroua dp. Kak w3pecTHO W3 MexaHWKH, paboTa maphl CHJI
TPU TaKOM TIOBOPOTE pamHa Tpom3eenennio My yria moBopoTa Ha
MOMEHT maphl. [10CKOIBKY HUKAKWX JIPYTUX BHEITHUX CUJ HET, TO
0U = —Mdp, n MBI TOTydaem

/CZ—T&,D dz 4+ dp(—M + C7) = 0. (16.18)
. [z

Bo Bropom wjene Gepercsi ero 3naueHue Ha BepxHeMm mpegesie. B
uHTErpase 1no dz Bapualus d@ MpOU3BOJIbHA, & TIOTOMY JIOJIZKHO OBIThH
Cdr/dz =0, 1. e.

T = const. (16.19)

Takum oOpazoM, yros KpydeHHUsl IOCTOSIHEH BJIOJIb BCeHl JJIMHBI
crepxkus. [Tommbrit yrom moBopoTa BEPXHETO OCHOBAHWS OTHOCUTE IH-
HO HWXKHETO PaBeH I03TOMY MPOCTO TMPOW3BENeHWIO T/ yryia T Ha
JUTHY | CTEPIKHSI.

B ypasuennn (16.18) mosken ncde3HyTh TaKXKe W BTOPOI HJIeH.
Orcioma HaxoguM cllefyiollee BbIDayKeHUe [JIsi MOCTOSTHHOTO YIJa
KpPYJeHWS:

T=" (16.20)

3agauu

1. OnpenenuTs KPYyTHUIBHYIO KECTKOCTH CTEPXKHS C KPYTOBBIM CeYeHHEeM
(paamyca R).

Pemenne. Pemenns 3amaa 1-4 dbopmaabHO COBMALAIOT € PENIEHUSIMI 3a-
a9 0 JBWXKEHUM BA3KOW KUIKOCTU B TPYOE COOTBETCTBYIOWErO CedeHmsl (CM.
npumed. Ha c. 94); KonmuecTBy () mpoTekaromel Yepes cedenne TpyOhl KHUIKO-
CTH COOTBETCTBYeT 371ech Bennanua C.
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Jlist crep:KHs KPyTrOBOrO cedeHusl nMeeM (HAa4ai0 KOODAUHAT B LIEHTPE Ce-
“eHns )

1 . .
X = Z(Rz—mz—?f)-

KpyTunbHaa KeCTKOCTb:
4

_ pmR

2
Jna byakmum ¢ monygaem u3 (16.10) ¢ = const. Ho nocrosumas 1) coorsert-
cryer, coracuo (16.4), TpoCTOMY CMEIEHUIO CTEPXKHS KaK LEJIOr0 BAOJIb OCH Z,
MO3TOMY MOYKHO CHMATATh, uT0 ¢ = (. Takmm 06pa3om, monepeuHbe CeaeHns Kpy-
TOBOTO CTEPZKHA TIPU KPYyYIE€HUN OCTAIOTCA TIJIOCKUMMU.

2. To ke s CTEPKHA SLIANTAIECKOTO cedenns (TIOnyocu a u b).

Pemenne. Kpyrnibpuas KeCTKOCTb:

C

313
a’b
C=mp——-r.
a? + b2
Pacnpenenenne npononbHbIX cMenieHnit qaercs GyHKIueil Kpydenns:
b? —a®
Y=oy
b2 + a?

(ocm KOOpIMHAT HATIPABJIEHBI TIO OCAM JJLITUTICA).
3. To e nnsa cTepKHS C CEUEHNEM B BHIE PABHOCTOPOHHErO TPEyTrOJIbHUKA
(mmaa cTopon a).
Pemenue. KpyTunbHas }KeCTKOCTb:
C= @ pa’.
80

QOyYHKIUA KPYICHAS
1
Y= &y(m\/?;+ y)(zvV3 —y),

MpUYeM HA9aI0 KOOPAWHAT BHIOPAHO B LIEHTPE TPEYTOJbHUKA, & OCh L COBIAIAET
C OJHOM M3 ero BBHICOT.

4. To ke mna CTEpKHs, UMEIONIET0 BUJT JJIMHHON TOHKOW miacTuHKy (1mm-
puna d, Tonmuaa h < d).

Pemenwne. 3amaya sKkBUBaleHTHA 3a7ade O TEYCHUU BA3KOM KUIKOCTHU
Me>K,ZLy HHOCKOHapaﬂHeﬂBHBIMH CTEHKaMMH. Pe3yﬂh’T‘aT:

dh®
o=t
3
5. To ke s TUIHHAPUIECKON TpyObl (BHYTpPEHHWIT M BHEITHUI PaIAyChl

R] n Bg)

Pemenue. @Oynknua
1, 2
=—(R;—r
x= (R, )

(B MOIIPHBIX KOOpAMHATAX) yA0BIeTBOPsieT yeaornio (16.13) ma obenx rparnmax
KONMBIEBOTO cedenus Tpy6ur. I1o dopmyne (16.17) maiimem

™ 4 4
C= 7#(R2 - R])
2
6. To ke /1711 TOHKOCTEHHON TPYOBI TTPOU3BOIHHOTO CEUCHUS.
Pemenue. Bsuay ToHKOCTH CTEHKH TPYOBI MOXKHO CIUTATh, 9TO HA TPO-

TSIKEHNN ee MuPuHbl h GYHKINS X MEHSIeTCsl OT HyJIsl HA OJHON CTOPOHE 10 X1
HA ApYroil o muHeiHOMy 3akoHy X = X1y/h (y  KoopamHATA BAOIB TONIIMHBI

4 JI. . Jlangay, E.M. JIndmmn, Tom VII
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crenkn). Torga yenosue (16.13) maer x1L/h = S, rne L pnuza nepumerpa ce-
uennst TpyObl, a S — oxBaThiBaeMasi UM TIomaah. B Beipaykennn (16.17) Bropoii
9JIeH MaJl I0 CPABHEHUIO C IePBBIM, U MBI IOTyYaeM
4hS%*pu

L

Ecnu TpyOy paspe3aTh MpOIOIBHO TIO0 OJHON M3 ee 00pa3yIomuX, TO KPYTHIhb-
Hasi KECTKOCTh PE3KO yMEHBINAETCs, CTAHOBACh PABHON (COTJIACHO pe3y/ihbTaTy

samaun 4) C = pLh*/3.

C =

§ 17. I3ru6 crep>kHei

B mzorayrom creprkHe B HEKOTOPBIX MECTAX €r0 MPOUCXOIUT Pa-
CTSI’KEHUE, a B JAPYIruX  Cxkarue. PacTdaHyThbl JUHUM HA BBIITYKJIOM
CTOPOHE MBOTHYTOI0 CTEPXKHS, & HA BOTHYTOW CTOPOHE ITPOUCXOIUT
ckarue. Kak u B cjiydae macTUHOK, BJOJIb JIJIMHBI CTEPYKHS BHYTPHU
HETr0 CyHIECTBYET «HEUTpaJbHAA» IOBEPXHOCTH, HA KOTOPOW HE IIPO-
WCXOIUT HU pacTsiykenus, Hu cxkatus. Ona ormenser coboit obaacTu
CcXKaThs OT 00J1aCTeil PACTAYKEHWA.

Haunem ¢ wmccnemomanmst gedopmarmn marnba B HEOOILITTOM
yYIacTKe JINHBI CTEPKHS, B KOTOPOM M3TM0 MOYKHO CINTATH CIa0BIM;
11071, C/1A0BIM MBI TIOHUMAEM 3/1eCh W30, TTPU KOTOPOM MaJI He TOJIBKO
Ter30p gedopmarui, HO 1 abCOMIOTHAST BETUINHA CMEIeHU TOUeK
crepxkuda. Beibepem crcremy KOOpAWHAT € HAYAJIOM B HEKOTOPOI TOU-
K€ HeHTpaNbHOW TOBEPXHOCTH BHYTPHW PACCMATPUBAEMOTO yYIacTKa
crepxkusi. OCh z HaMpaBUM TapajIeIbHO OCH CTepkHs (Hemedop-
MHUPOBAHHOTO); U3rU0O MyCTh NPOUCXOAUT B IJIOCKOCTH 2. Ilpm cia-
O0M M3rHOAHUN CTEPXKHS MOYKHO CIUTATH, UTO M3TUO TMPOUCXOINT B
OJTHO¥ TIJIOCKOCTH. DTO CBS3aHO C U3BECTHBIM U3 jupdepeHInaib-
HOI reoMeTpun 00CTOATETLCTBOM, YTO OTKJIOHEHUE CIa00 M30THYTOM
KPWRBOi 0T TJIOCKOCTH (TaK Ha3hIBAEMOE ee KPyYeHNe) sIBJISeTCs Ma-
JIOW BEJIMYMHON BBICHIETO MOPAAKA M0 CPABHEHUIO C KPUBU3HOI.

AHajormaHo TOMYy, YTO MBI UMEJIN B CAydae M3ruba MIacTHHOK
W KPYYeHUs CTEepPYKHEH, W TpU mM3rnbe TOHKUX CTEPIKHEN BHEITHNE
CUJIBI, JefCTBYyIONNe Ha OOKOBYIO TOBEPXHOCTH CTEPIKHSI, MBI 110
CPABHEHWIO C BO3HWKAIONINMY BHYTPHU CTEDPYKHS HATPSIKEHUSIMU, T
TP OTIpesie/IeHUN TPAHUYIHBIX YCJIOBUI HA 3TOW TOBEPXHOCTH WX
MOYKHO CUWTATh PABHBIMHU HYJI0. TakuM 0O6pa3oMm, BHOIL BCeil 60-
KOBO# TIOBEPXHOCTH CTEPXKHSA mMeeM o;pny = (), Wi, TOCKOIBKY
n, =0,

OgaNg + Ogyny = 0

¥ AHAJOTUIHO [jisd 4 = Y, 2. Bpibepem Takyio TOYKY Ha KOHTYPE
[OIEPEYHOTO CEeYEHUsI CTEPXKHS, B KOTOPOH HOPMaJjb N HAIPaBJeHA
napaJiiesabao ocu . JIpyras takas ke TOYKa uMeercs riae-uubyab Ha
TPOTHUBROTIONOKHO CTOPOHE KOHTypa. B obenx stux Toukax n, = 0,
¥ W3 HANKCAHHOTO BBIIIE PABEHCTBA MMEEM 0., = (. Ho mockonbky
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CaMblii CTEPYKEHb MPEJIOAraeTcss TOHKUM, TO, €CJU Oy, UCIL3AET
Ha JIBYX CTOPOHAX €ro CEeYeHHsl, OHO MAaJO U BJOJb BCErO CEYeHUS,
TAK 9TO MOYXKHO TMOJIOKUTH 0y = 0 BO Bcem crep:kHe. AHajiorud-
HBIM 06pa30M yOexK1aeMcsi B TOM, 9TO BCE KOMIIOHEHThI TEeH30PA Ha-
NPSIPKEHUH JIOJIKHBI ObITh PABHBIMU HYJITO, 32 UCKJIIOYEHUEM TOJBKO
KOMIIOHEHTBI 0,,. Jpyrumun cjioBamu, mpu u3rube TOHKOTO CTEPK-
Hs1 OOJIBIION SIBJISIETCS TOJABKO PACTATMBAONIAs (MM CZKUMAKONIA )
KOMIIOHEHTA TEH30pa BHYTPEHHUX Hanpsizkenwnii. ledopmanmst, B KO-
TOPOil OTIMIHA OT HYJIS TOJBKO KOMIIOHEHTA 0,, TEH30PA HATTPIZKE-
HWi1, €CTh He UTO WHOE, KakK jgedopMaliist mpoCTOTO PACTSIZKEHUST TN
ckarus (§ 5). Takum oOpazoMm, B KaKJIOM 3j1eMeHTe 06beMa W3-
6aeMoro CTepzKHsl MPOUCXOAUT MPOCTOE PACTsKEHue (MU CxKaTue).
Camast BejimamrHa 3TOr0 PACTSXKEHUsT, KOHEYHO, PA3IUIHA B PA3HBIX
TOYKAX KAXKJIOTO U3 HOMEPEYHBIX CEUEHUI CTePKHS, YTO U IIPUBOJIUT
B pesyJibTaTe K U3ruby BCEro CTEPIKHSI.

Jlerko omnpejesuTh BEJIUYUHY OTHOCUTEJBHOIO PACTSIXKEHUS B
KAXK /1011 TOUKe cTepxkHs. PaccMOTpuM KakOi-HUOYIb 3JIEMEHT JI/TUHbBI
dz, mapaJjiesbHbI OCH CTEPXKHA W HAXOAdIuiica riae-aubyap BOIu-
3u Hadasja koopauwuar. [Ipm m3rubanuwm creprkus jjuna dz u3me-
HUTCS, CJle1aBIIuch paBHoil dz’'. HeusMeHHbIMU OCTAIOTCH TOIBKO Te
SJIEMEHTHI JIJINHBI, KOTOPBIE PACIOJIOKEHBI HA HEHTPAJIbHON MOBEPX-
noctu. Ilycts R ecTh pajanyc KpUBU3HBI HEHTPAILHON TTOBEPXHOCTH
BOM3W Havana Koopauuat. Iamnbr dz m dz' MokHO paccmaTpmuBaTh
KaK 3JIEMEHTHI IyTH OKPYKHOCTEH ¢ paJiimycaMn COOTBETCTBEHHO R 1
R+ z, rie £ — 3navenne KOOPAWHATHI £ B TOUKE, B KOTOPOil BRIOpaH
snevent dz'. Tlosromy

I_R-l—.z‘

dz dz = (1 + 1) dz.
R

OTtHoCuTEIbHOE YAIUHEHNE PABHO, C/I€I0BATE/IHHO,

dz' —dz _ z

dz R’

C Apyroit ¢TOPOHBI, OTHOCUTEILHOE Y IJINHEHUE SJIeMEeHTa JIJINHbBI
dz paBHO KOMIIOHEHTE 1,, Ter3opa jedopmanuu. CregoBaTesibHO,

T
Uy, = 2. (17.1)
R
MbI MOZKEM HaAIIMCATh TEIEePb O0,,, BOCIOJAB30BABIINCH HEIOCPEI-

CTBEHHO COOTHOIIEHUEM 0,, = Fu,,, IMEIuM MeCTO pu IPOCTOM
pactskerun. Takum 06pazoMm,

Oyp = %E. (17.2)

o cux mop eme pacuoioKeHue HEeUTPATbHON TOBEPXHOCTH
B M30IHYTOM CTEPXKHE OCTaBAJIOCH HEOIPEJeJeHHbIM. Ero MOXKHO
OIPeIe/IUTh U3 YCJIOBUS, 9TO PACCMATPUBAEMAsl HAMU 31eCh 1aedop-
Malus JIOJIZKHA TPEJCTABIATE cO000#t uncThiil n3rud, 6e3 Kakoro Obl

4%
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TO HE OBLIO OOIIEr0 PACTSKEHWS WJIN CxKaTud crepkugd. [lag 3roro
[OJTHAs CUJIa, BHYTPEHHUX HAIPSZKEHU, JefiCTBYIOAs HA MOIeped-
HOE CEYEHUE CTEePXKHH, JO/KHA ObITh PABHON HYJIIO, T. €. JO0JZKEH
nCcYe3aTh WHTErpaJ

f 0, df

B3ATHIN 110 9TOi nmoBepxHOCTH. B cBsizn ¢ BuIpakennem (17.2) s
0, 9TO MTPUBOJINT K YCIORHUIO

[ zdf =o0. (17.3)

C apyroit CTOPOHBI, MOYKHO BBECTH TIOHATHE O IEHTPE WHEPIUN
cedeHnsT CTep’KHs, KaK O IeHTpe WHePINW OJHOPOIHOTO TIIOCKOTO
IMcKa cooTBeTCcTBYyOMEH (bopmbl. KoopamuaTsr 3T0T0O 11€HTpA:

[war [ yar

Ja [a
Takum obpazom, yciorue (17.3) o3Havaer, 9To B CHCTEME KOOPIAMHAT
C HAYAJIOM, JIeKAIIMM HA HEHTDPAIRHON TTOBEPXHOCTH, T-KOOPAWHATA
LEATPA WHEPIINN CEYEHNs CTEPYKHS paBHa Hy. 0. JIpyrumm ciosamn,
HeATpaabHasg MOBEPXHOCTH MPOXOAUT Yepe3 MEeHTPHl WHEPINU TIoTe-
PEUYHBIX CCYCHWI CTepIKHS.

TToMWMO U, OTIMYHBI OT HYJIS €IIE IBE KOMTIOHEHTHI TEH30Pa J16-
dbopmaiyn, Tak Kak Ipu HPOCTOM PACTSIKEHHH UMEEM Ugy = Uyy =
= —0U,,. 3Hast Ten30p AedOPMAIINN, JETKO HAWTH TaK>Ke W CMeIle-
aust Touek. [lurem:

Ou, T Oy Oy o
Uyy = ) = L T T 5
0z R Ox y R
O, 4 ou. _ 0’ O, 4 % _ 0’ % 4 ou. -0
0z oz Jy oz 0z oy

NurerpupoBanne 3TUX COOTHOIIEHWI TMPWUBOANT K CAEIYIONINM BhI-
PaKeHuAM 1711 KOMTIOHEHT TepEMEIIeHNS:

1 T T
Uy = fQ—R[ZQ +o(@® —y?)], uy= fo%, Uy = % (17.4)

TTocTOAHABIE MHTErPUPOBAHNS TIOJIOKEHBI PABHBIMY HYJIIO; 3TO 3Ha-
YUT, 9TO MBI 3AKPETJIIEM B TPOCTPAHCTRE TTOJIOKEHNE Havaaa, KOOp-
JIVHAT.

13 dbopmyn (17.4) BugHO, 9TO TOUKH, PACTIONOKEHHBIE B TIOTE-
PEYHOM ceueHnn z = const = zg, mocae n3rnba 3amoHSIIOT TTOBEPX-
HOCTH

z:zo+uzzzo<1+%).

Mpbl BujinM, 9T0 B PACCMATPUBAECMOM HPUOIUKEHUN CEYEHUs OCTa-
f0TCg TpU n3rube IJIOCKUMU, JIUITb [TOBOPAYUBAYACH HA HEKOTOPBIi
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YTOJ OTHOCHTEIBHO CBOEr0 IMEePBOHAYAIBHOTO mnosoxkenus. Popma
JK€ CeYeHUsl MEHSIeTCd; TaK NP U3rube CTEP:KHSA MPAMOYTOIBHOTO
ceuenus (co ctoponamu a u b) GOKOBBIE CTOPOHBI KOHTYDA CEYEeHUst
y = +b/2 nocsie n3rnba 3aHNMAIOT TTOJIOKEHTIST

b b ox
b -2 (1-2).
Y 2+uy 2 R

T. €. CTAHOBSATCS HAKJIOHHBIMM, OCTABasIiCh TPAMBIMA. BepxHsisi ke u
HWKHSIS CTOPOHBI & = Fa/2 n3rnbaioTcs B napaboanvyeckne KpUBbIe
(puc. 14):

a a 1 2 a2 2
x=+-+u :i———[z +0(—— :
2 " 2 2R [0 PR
CrobogHast sHePTUsT eINHNIIB 00heMa CTEepIKHST:
Oiklik _ 0wz, _ Bx®
2 2 2R?’

WuTerpupys 1Mo BceMy TOTIEPETHOMY CEYEHWIO CTEPIKHS, TMeeM

[ dr. (17.5)
2R?
DT0 ecTh CRODOIHAS SHEPTUS €INHUIIBI JJTHHBI W30THYTOTO CTEPYKHS.
Pagnyc kpwBmsubl R omnpejeneH 37ech Kak v
PanyC KPpUBU3HBI HEHTPa/IbHON NOBEPXHOCTU. t b
Ho B cimy TOHKOCTM CTepKHS 371eCh C TO XKe
TOYHOCTHIO R MOXXHO CUMTAThH TMTPOCTO PAJNY-
COM KPUBU3HBI CAMOT0 M30THYTOTO CTEPXKHS, | |i !
paccMaTprUBaEMOTO KakK He MMeIolast TOJIIIN-
HBI JiHAs (06 3TO¥ JTMHUT YaCTO TOBOPSIT Kak
06 ynpyzot aunuu). L l
B seipawennn (17.5) yao6wo sBecTn mons-
THe MOMEHTa WHEPIUU TJIOHIAJN TOIEepeyvHO-
ro cedenud crepkus. VIMeHnHo, onpeesimm Mo-
MEHT MHEPUHUHN CeYeHNsI OTHOCUTEbHO MPOXO/ISIeil Yepe3 ero maoc-
KOCTb OCH Y KaK MHTerpaJ:

I,= [ 2*df, (17.6)

T. €. AHAJIOTUIHO OOBITHOMY TTOHSITHIO MOMEHTA WHEPIINW C TOH TOIh-
KO pa3HUIIell, 9TO BMECTO 3JIEMEHTA MACCHI CTOUT IIPOCTO 3JIEMEHT T10-
Bepxuoctu df . Torga ¢cBoboiHAST SHEPTUS €JUHUIBI JIJINHBI CTEPXKHS
BAMUINETCS] B BUJIE

Pnc. 14

E
— 1y (17.7)
2R?

Omnpemenum ere MOMEHT CHUJI BHYTPEHHUX HATIPSIKEHW, [1eii-
CTBYIOIIMX B JAHHOM CEYEHUN CTEPIKHSI (3TOT MOMEHT HA3bIBAIOT W3-
rubarommm). K anementy df moBepxHOCTH CeYeHUs TPUIOKEHA CUIIA
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r
0., df = = Edf, nanpasnennasi Biojsib ocu z. Ee MoMmeHT OTHOCH-
. oY

TEJIHO OCHU Y €CTb 20 ,, df . [loaToMy HOJHBIT MOMEHT CHJI OTHOCH-
TeJIbHO 3TOI ocu ecrb
M, =% [o?df = B (17.8)
: R R

Taknum obpazom, KpusnsHa 1/R ynpyroii JUHUWM MPOTIOPIHOHAILHA
IeHiCTBYIONIEMY B JTAHHOM CEUYEHNN M3TUOAIONIEMY MOMEHTY.

Benwunna I, 3aBucuT OT TOTO, KakK HalpaBjeHa OCh Y B TLIOC-
KOCTHU cedeHus. ¥Y100HO, KaK 3TO MPUHATO B MEXAHUKE, BbHIPAYKATH
I, gepes nBa Tak Ha3BIBAEMBIX [VIABHBIX MOMeHTa uHepnun. Ecin 0
€CThb YyIOJI MEXK/Ty OChIO Y U OJIHOM U3 IJIABHBIX OCEll MHEPIUHU CEUCHUS
CTEpzKHS, TO, KAK U3BECTHO,

I,=1 cos? 0 + I, sin’ 6, (17.9)

rae I, Is  rnaBHBIEe MOMEHTHI mHepruu. [110cKoCcTH, TPOXOAsIITE
qepe3 0Ch z W TJIABHBIE OCH WHEPINN CEeYeHUs] CTEPyKHS, HABBIBAIOT
[JIABHBIMHY ILJIOCKOCTIMEU H3ru0a.

Ecnm, ranpumep, cevenne CTEPKHSA SBISETCS TPSIMOYTOJTBHIKOM
(co croponamu @ u b), TO €ro UEHTP MHEPIUMU HAXOJAUTCS B IEHTPE
MPAMOYTOJBHNKA, & TJIABHBIE OCH WHEPIIMHU TAPAJLIEIbHBI €10 CTOPO-
HaM. [ J1aBHBIE MOMEHTBI WHEPIINH PABHBI

_ w’

= = . 17.1
1 = (17.10)

12°
ITpu kpyrosom cedennn (¢ paanycom R) MEHTP WHEPIUU HAXOIUTCS
B ]_[eHTpe prra, a HanpaBneHne TJIaABHBIX OCGf/I r/mepm/m HpOI/IBBOJIB—
H0. MoMeHT mHepnnn BOKPYT JI000i OCH, MPOXOJAIIeHl B MI0CKOCTH
CEeYeHns Yepe3 ero MeHTp, PaBeH
4
TR
I="r5 (17.11)

§ 18. DHeprus medOPMUPOBAHHOTO CTEPXKHSI

B npegpigymem naparpade Mbl paccMaTpuBaiu TOJIBKO HEOOJIb-
Iy10 00/1aCTh BJIOJIb JJIMHBI U30THYTOTO crepkugd. [lepexoms renepnb
K HWCC/IeI0BaHUI0 jedopMaluu BO BCEM CTEPXKHE, HEOOXOAMMO Ha-
9aTh C BHIOOPA MOAXOISIIEr0 Criocoba onmncanns Takoi gedopmannm.

Cy1recTBeHHO, 9TO TP CUJIBHOM 1) w3ruGe crepikist B HeM OIHOBpe-
MEHHO BO3HWKAET, BOODIIIE TOBOPSI, TAKYKE M HEKOTOpast jedopmarius
KPYYeHWs, TaK YTO Pe3yAbTUpyiomas mgedopmaliis ecth KOMOWHa-
WS 9UCTOTO M3TNOA W KPYyIeHUs.

1 .

) Hanomunm, 410 1101 CMIBHOW MBI TTOHUMAEM 3/eCh Takyio jaedOopMarmio,

IpU KOTOPO#l BEKTOP U HE MaJl, TEH30p e m1edOpMAINN TO-TIPEKHEMY SBISETCS
MaJIBIM.
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s onucanus gedpopmaruu y00HO TOCTYIUTE CJIEYIOMUM 00-
pasom. Pazennm Bech creprkenb Ha Psiji OECKOHETHO MAJIBIX 3JIEMEH-
TOB, KaXK/JIblil 13 KOTOPBIX BBIPE3AETCS U3 CTEPXKHS JABYMsl HECKOHEY-
HO OJIM3KUMU TIOHEPEIHBIME CedeHUusiMU. B KaxKJI0M TAKOM 9JIEMEHTE
BBEeJIeM CBOIO cucTeMy KoopauHat &, 1), (; HAIpaBJEHUS OCeil Bbi-
bepeM TaknM 006pazoM, IYTOOBI B HEAeOPMUPOBAHHOM CTEpPXKHE BCE
9TH CUCTeMbI ObLIN MapaJLIEJbHbBI JIPYT IAPYTY, TpudeM Bce ocu ( Ha-
NpaBJIeHbl apajlIeJbHO ocu crepxKug. [Ipu nzrubanum crepkus B
KayKJIOM 3JIEMEHTE CHCTeMa KOOPIMHAT MOBOPAYNBAETCS, TIPUYEM B
Pa3INYIHBIX 3JIEMEHTAX, BOOOIIE TOBOPS, Pa3JInIHbIM obpazom. Kax-
ZIkle JBe DECKOHEeUHO OJM3KME CHCTEMBI OKA3BIBAIOTCS TIPH 3TOM TIO-
BEpPHYTHIMU JIPYT OTHOCUTEIHLHO JIPyra Ha HEKOTOPBIH OECKOHEUHO
MaJIbIil yTOoIl.

[lycts dp — BekTOp yrila OTHOCHTEIHLHOTO TIOBOPOTA JIBYX CH-
CTeM, HaXOJANINXCS Ha PACCTOSHUN dl BJIOIb JIWHBI CTEPXKHS (Kak
M3BECTHO, 6ECKOHETHO MAaJIbIil yTOJI TTOBOPOTA MOYKHO PACCMATPUBATH
KaK BEKTOP, HATIPABJIEHHBIN B0/IH OCH TIOBOPOTA; €0 COCTABJISIIOIINE
TIPEJICTABIAIOT COOOI0 YTJIBI TTOBOPOTA BOKPYT KAXKIO0M W3 TpexX oceit
KOODZWHAT).

st onmcanus medpopMaliy Mbl BBEJIEM BEKTOD

Q=12 (18.1)
dl

OTPeIeISIONINI  «CKOPOCTh» MOBOPOTA OCeil KOOpAWHAT BIOJb
IIMHBT cTep K. Ecan gedopManns siBISeTCs 9UCThIM KPYYeHreM,
TO TOBOPOT TOCIEIOBATEIBLHBIX CHUCTEM KOOPAWHAT MPOUCXOINT
TOJILKO BOKPYT OCH CTEp:KHs, T. €. BOKpyT oceit (. B sTom ciyuae,
cIe0BaTeIbHO, BeKTOp () HANpaB/eH BIOAb OCH CTEPKHSI W TPEeI-
cTaBjsieT coboit He UTO MHOe, KaK yroJ KPYYeHWs T, KOTOPBIM MBI
nons3oBaauck B § 16. CooTBETCTBEHHO 3TOMY 1 B 00IIEM CIydae mpo-
M3BOJILHOI edopmannn KommonenTy (2¢ BekTopa {2 MOYKHO HazRaTh
yrjiom Kpyuenusi. [Ipu umcrom ke usrube CTep:xKHs B OMHON T110C-
KOoCTH BeKTOp () He mMeeT KOMIOHEHTHI ()¢, T. €. JIeKHT B KazKJIOi
TOUKE MEJINKOM B TIOCKOCTH £7). Ecan nmpu 9T7oM BHIOpATH TIOCKOCTD,
B KOTOPOil TTPONCXOIUT M3TUO, B KAYECTBE TLIOCKOCTHU £(, TO TTOBOPOT
TIPOMCXOINT B KaKI0H TOUKe BOKPYT ocu 7), T. €. {2 mapaJiiesien ocu 7).
Brenem enwHUUHBIN BeKTOp t, HAMpaBIEHHBIN 1O KaCATEILHOMN

K CTEPYKHIO, pACCMATPUBAEMOMY 371€Ch TTPOCTO KAK YIIPYyTas JIMHUSI.
[Ipouszsonnas dt/dl waspiBaercs BEKTOPOM KDPUBU3HBI JIMHUU; E€r0O

abcosmoTHas BenmunHa paBHa 1/R, rae R — paanyc KpWBHU3HBI 1),
a ero HarpamJIeHWe Ha3bhIBAeTCsl HalpaBJeHWeM TJIaBHON HOpPMaJIN

b Hamomunm, 9710 Besikast KpuBast B IPOCTPAHCTBE XaPAKTEPU3YETCS B KAXKI0M
TOYKE CBOMMW TaK HA3BIBAEMBIMW KPUBU3HON M Kpydernem. D10 Kpydenne (Ham
HE MIPUETCH TTOMH30BATHCA M) HE CJIEyeT CMEIUBATE C TEM, 9TO Mbl HA3BIBAEM
31ech pedopmManmeil KpydeHns, TPeaCcTaBasomeil co00i 3aKkpyINBaHNIe CTEPIKHS
BOKDYT €ro OCH.
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kpuBoii. I3menenue BekTopa npu 6ECKOHETHO MaJjIOM [IOBOPOTE PaB-
HO BEKTOPHOMY MPOU3BEJIEHUIO BEKTOPA yIJla MOBOPOTA HA CaM PAaC-
cmarpuBaembiit BekTop. [losromy g paznocTu BeKTOPOB t B 1BYX
OeckoHedHO OJIMBKUX TOYKAX YIPYIOW JIMHUU MOYKHO HAUCATH:

dt = [dept],
wim, pazjaeaus Ha dl:
dt
— = [Qt]. 18.2
ot (182)
VMHOXKWB 3TO PABEHCTBO € 00EMX CTOPOH BEKTOPHO Ha t, moydaem
Q::h%}+tuﬂ) (18.3)

Hanpassienne BekTOpa KacaTeabHON B KaXKJ0# TOYKE COBIIAJAET C
HanpasjenueMm ocu { B 910i ke touke. [Tosromy (t€2) = Q. Bge-
N1 eIMHWYHBIN BEKTOP N TIaBHOI HOpMasn Tak, aro dt/dl = n/R,
MOYKHO, CJIeJIOBATEIRHO, HATTNCATH:

Q = L[tn] + tQ. (18.4)
R

[Teprriii wmen crnpapa TpeaCTaBIsieT cOO0# BEKTOD C ABYMsI KOM-
nonentamu ()¢, €1, Exnnuuneiii BekTop [tn| masbiBaeTcs, Kak u3-
BECTHO, €JIMHUIHBIM BEKTOPOM Ounopmasiu. Takum 0Opazom, KOMIIO-
HeHThl ()¢, (), 00pasyloT BEKTOp, HAIPABJICHHBIH 10 OMHOPMAIN K

CTEPIKHIO ¥ 110 abCOMOTHOT Besimuune pasblil ero kpususne 1/R.

Brens, rakum oopazom, BekTop 2, xapakTepusyormuii medopma-
[IWI0, U BBISICHUB €0 CBOWCTBA, Mbl MOYKEM BBIBECTHU BBIPAXKEHUE JIJIsd
yupyroit cBoOOHON SHEPIUU M30IHYTOr0 CTEPXKHHA. YUpyras JHep-
rusi (OTHECEHHAS K eJIMHUIE JIJIMHBI CTEPXKHS) ABJISEeTCA KBAAPATHY-
noit dyukiueit gedopmanun, T. €. B JAHHOM CIydae KBaAPATUIHOM
dyukiueit komnonent BexkTopa (2. Jlerko Bumers, 9T0 B 9TON KBa-
IpaTuaHO (bopMe JOIKHBI OTCYTCTBOBATE WJIEHBI, TTPOTTOPIINOHA -
upie Qe nan €, Q. HdeiicTBuTe1nHO, MOCKOIBKY CTEPYKeHb OJHO-
POJIeH BIOMb BCeil CBOEH INWHBI, TO BCE BEJIUUNHBI, B YaCTHOCTU U
SHEpTHs, He JOJYKHBI MEHITHCS MPU W3MEHEHWN HATIPABIEHUS MOJI0-
JKUTEJILHOTO OTCYeTA KOOPAWHATH (, T. €. ipu 3amene ( na —(; yKa-
BaHHBIE YK€ MPOM3BE/ICHNS MPU TAKOW 3aMeHe TepeMeHuIn Obl CBOi
3HAK.

Yo KacaeTcst 4ieHa ¢ KBaApaToM (22, T0 HaI0 TOMHNTE, UTO TP

Q¢ = Q) = 0 MBI HLMEEM JeJI0 ¢ YUCTBIM KPy4YeHHeM, ¥ TOIJa BhIpa-
JKEHUe JIJIst SHEPIrUd JIOJKHO COBIACTH ¢ BBIPAXKEHUEM, Oy YeHHBIM
B § 16. Takum oO6pazom, COOTBETCTBYIONINIT YjieH B CBOOOIHOI SHED-
TUU UMeeT BU/I

1

~COZ.

2

Haxonen, wiensl, kBagpatuuanbie 1o g, €}, MOXHO HaIu-

cath, ucxoad u3 Boipazkenusi (17.7) musa sueprum ¢1abo U30rHYTOrO
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HeDOJIBIIOr0 y9yacTka creprkus. [Ipeanosokum, 910 CTepKEeHb T10/1-
Bepraerca Jjmuinb ciaabomy usrudy. [lnockoctrs € Bribepem B m10C-
KOCTH m3ruba Tak, 4TO KOMHIOHeHTa ()¢ mcuesaer; KpydeHHe TaKiKe

oTcyTcTBYeT ipn ciabom n3rube. BriparkeHne JIst SHEPTUN JOJIKHO
B 9TOM Ciaydvae cormagath ¢ (17.7):

E
——I,.
2R?
Ho wmbr Bugenn, uto 1/R2 ABJSETCA KaK pa3 KBAJAPATOM TLJIOCKOTO
BekTopa (£2¢, €,)). [losTomy sHeprus J0/KHA NUMETh BUJL

E 2

[Ipu npousBosibHOM BBIOOPE OCeil £, 1) 9TO BHIPAXKEHWE HAIUIIETCS,
KAK M3BECTHO U3 MEXAHWKW, B BUJIE

E 2 2

5(17771977 + 20y Qe + IEEQE)

’

rae Iy, e, I KOMIOHEHTBI TEH30PAa MHEPIMK CeYeHUs CTePZKHS.
Vmobuo BRIOpaTh ocu £, 1 Tak, YTOOBI OHM COBMAJW C TJIABHBIMU
OCSIMU WHEPIINY cevuernst creps:kHsi. Torga Mbl Oy1eM UMeTh MpoCcTo

riae Iy, Is — raaBHBIE MOMEHTHI MHepInn cedenns. [[ocKOTBKY Ko-
s dUIMenTr Tpn Qg " Q% TTOCTOSTHHBIE, TO TIOIYyYEeHHOE BhIpAsKEeHWe

JTOJIPKHO WMETH MECTO W TPU CUJILHOM M3rnoe.

Haxkonern, waTerpupyst mo Bceil JInHE CTEP’KHS, TIOJYINM OKOH-
qaTeIbHO CeIyIONIee BhIpayKeHue st CBODOIHON yIpyToil SHepTun
W30THYTOTO CTEPIKHS:

LE ILE C
Fex = / {ZEaz+ 2Ea2 4 Cazt a (18.5)
anee, Beipazum 4epe3 2 MOMEHT CWJI, JEHCTBYIOIINX HA Cceve-
HUEe CTEepYKHS. DTO JIETKO CJeJ1aTh, WCTOIb3Yysi OMSTh PE3YAbTaThI,
ToJIyeHHbIe DAHee JIJisi 9NCTOr0 KPYYeH!si W CJ1ad0ro YMUCTOTO N3IH-
6a. [Ipm uncToM KpydeHnn MOMEHT CHUJI OTHOCUTEHHO OCH CTEPIKHS
pasen C7. [losromy 3axmodgaem, uro B obmemM ciaydae momeHnT M
OTHOCUTEIHHO OCH ( Jo/keH ObITh pasen My = C€Q¢. danee, npu
ciabom m3rube B miockocTu ¢ MOMEHT OTHOCHUTE/IBHO OCU 1) €CTh
EIy/R. Ho npu takom usrube BekTop 2 HANPABJEH 10 OCH 1), TAK
aro 1/R ects mpocto ero abcomorrast Beqnanua u Ky /R = Ely€).
[Tosromy zakarowaem, 9To B 00IIeM claydvae JOMKHO ObITh Mg =
= ELQ¢, My, = EI,Q, (ocu &, 1) BHIOGPaHbI 110 TJIABHBIM OCSIM HHEp-
nun cevenns). Takum 06pa3om, KOMNoHeHTbl BekTopa M MomeHnTa
CUJI PABHBI

M¢ = ELQe, M, = ELS,, M, =CSQ;. (18.6)
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Yupyras sueprus (18.5), BbIpakeHHas 4epe3 MOMEHT CHJI, MMEeT
BUJL

2 2 2
Fy = / Me | My Mot g (18.7)
. 21 E 21, E 2C

Baxubiv ciyuaem msruba crep:kHeil sBageTcd Caadbiil u3rub,
[Py KOTOPOM Ha BCEM MPOTSKEHUU CTEPXKHS OTKJIOHEHUE er0 OT [ep-
BOHAYAJILHOIO TOJIOKEHUsT MAJIO 110 CPABHEHUIO C JIJIMHON CTEPXKHS.
B sTom ciiyaae kpydeHue MOXKHO CIUTATH OTCYTCTBYFOMIAM, TAK 9TO
MOKHO 10102KuTh ¢ = 0 1 u3 (18.4) numeem mpocro

1 dt
Q= Litn] = [t— . (18.8)
R dl

Bsesiem HenoiBuKHYy0 B IPOCTPAHCTBE CUCTEMY KOOPAWHAT X, Y, Z C
0CBIO 2z BJOJb OCH HEAedOPMUPOBAHHOTO CTEPXKHS (BMECTO CBA3AH-
HBIX B KaxKJI0# TOUKe co crep:xkueM Koopauuar &, 7, (. Ob6ozHaunM
qepes X, Y koopauHarel E, Y TOYEK yHPYyroil JimHWUU CTEPKHs; X
u Y omnpeuesisiorT CMEIEHne TOYEK JIMHUU OT MX ME€PBOHAYAILHOIO
[OJIOXKEHHSL J10 u3ruda.

Bsuy Toro uro uzrubd ciab, BeKkTop Kacare/ipbHoi t nouTn mapaJi-
JIEJIEH OCH Z, TaK UTO MPUOINKEHHO MOYKHO CINTATH €r0 HATIPAB/ICH-
HBIM BJ0JIH 3TOI ocu. [lajee, e TMHUYIHBINT BEKTOD KacaTeabHOW paBeH
NPOU3BOHOM

dr
t=2
dl
0T PAJMYC-BEKTOPA I TOYEK KPuBOii 110 ee jumue. [loaromy nmeem
dt _ d’r _ d’r
dl dr? dz?
(MPOM3BOMIHYIO TIO JIJIMHE CTEPYKHSA MOYKHO TPUOJINKEHHO 3aMEeHUTh
npou3BOAHOI 110 2). B yacTHOCTH, - U Y-KOMIOHEHTBI 3TOTO BEKTOPA
pasHbl cooTBeTcTRenH0 d2X /dz? n d?Y /dz?. Koumonentor ¢, €1, ¢

TO¥1 K€ TOUHOCTRIO PABHKI Tereph KommouenTam (2, ,, n u3 (18.8)
oIy Iaem , )
d*Y _d’X

QE: dz2’ K P

(18.9)

[MoxcraBnsis 3tu Beipazkenus B (18.5), noayvaem ynpyryio suep-
ruio ¢1a00 M30THYTOIO CTEPXKHS B BUJIE

E a2y 2 22X\ 2
FCT—E./ 1]((122) +12(dz2) dz. (18.10)

Hamomuawnwm, aro Iy, Is  MOMEHTBI MHEPIIUN COOTBETCTBEHHO OTHO-
CUTEJIbHO OCEHl X, Y, ABJIAIONINXCS [JIABHBIMU OCSIMU WHEPIIUMN.

B wacrtnoctu, misi crepxkusa kpyrosoro cedenus Iy = I = 1
¥ B MOJBIHTErPAJBHOM BBIPDAYKEHUU IOJIY9aeTCd IIPOCTO CYMMa KBa-
JIPATOB BTOPBIX MPOU3BOJIHBIX, COBIAJAONIAT B PACCMATPUBAEMOM
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npubJInzKeHnr ¢ KBIPATOM KPUBU3HBI CTEPIAKHS:

’X\? y\? 1
(=) (&) =%
dz? dz? R?
Beugy sroro dopmyany (18.10) MoxkHO ecrecTBeHHBIM 06pazoM 0600-

mUTH s caaboro m3ruba crep:KHeil (KpyroBOro CevueHwsi), WMero-

HIMX B CBOEM eCTeCTBeHHOM (HenedOpPMUPOBAHHOM) COCTOSTHUU JIHO-
Oyto menpamosmaeitayio dpopmy. s 370ro Haj0 HANKCATH IHEPIUTO

u3ruba B BUIE
EI 1 1\2
Jo—l <___) 18.11
or 2_/R Ro dz, (18.11)

rae Ry — paamyc ecTeCTBEHHOW KPWBW3HBI CTEPYKHS B KaXKJI0M €ro
TOUKE. DTO BHIpAYKEHWE, KaK U JIOJKHO OBITh, 00/1a71aeT MUHUMY-
MoM B HesedopmuposanHom coctosiann (R = Ry), a ipu Ry — 00

nepexoaut B hopmysty (18.10).

§ 19. YpaBHeHusi paBHOBECUsI CTE€PKHEeIA

Mpr MOYKeM Tereph MepeiiTi K BBIBOAY ypPaBHEHWIT paBHOBECHS
W30THYTHIX CTepxkHeil. PaccmorpnM omaTh Kakoi-uHubyah m3 6ecko-
HEYHO MAJIBIX 9JIEMEHTOB CTEPYKHS, BHIPE3AHHBIN JIBYMsT OECKOHEUHO
OTM3KUMU CEUEHUSIMY, W BBIYUCIUM TIOJTHYIO TEeHCTBYIONIYIO Ha HETO
cuy. O603HAUNM CUJTy BHYTPEHHUX HATPAXKEHWI, TTPUIOKEHHYI0 K

IJIOIIAM cedenus crepkus, depes F ! ). KoMIIOHEHTBI 51010 BEKTOpa
PABHBI HHTETPATIAM OT 0j¢ 1O TIOMAAN CEUeHUS:

Fi= [oicdf (19.1)

Ecmm paccvarpuBath aBa 6€CKOHEUHO OIM3KUX CEUEHNST KaK TTOBEPX-
HOCTU OCHOBAHUMI BHIPE3a€MOTO MMU JJIEMEHTa CTEPXKHA, TO Ha BEPX-
nee ocunoBanme neiictyer cuna F + dF, a na amxknee — cura —F;
nx cymma ecth guddepennman dF. [lycrs nanee K ects mefictByio-
oIas Ha CTEPYKEHL BHEITHAA CHUJIa, OTHECEHHAd K €JUHNIE €T0 JTJINHBI.
Torma ma smement mgaunbl dl neiictByer Baemusas cuia K dl. Pasno-
TefiCTBYIONIAST BCEX CHUJI, MEWCTBYIOMINX HA DTOT IJEMEHT, €CTh, CJIe-
nosatensro, dF+K dl. B pasrosecnn sTa cuia Jo/KHa 00parmaThest
B HyJIb. Takum ob6pasom, mosydaem

‘% - K. (19.2)

Bropoe ypasuenne mosydaeTcs n3 yCI0BNS PABEHCTBA HYJIIO TTOM-
HOTO MOMEHTA CWJ, MPUJIOKEHHBIX K JAHHOMY 3jgeMmenTy. [Tycts M

1 .
) O6o3Havenne sroit cuin vepes F He MokeT NpuBecTy K CMENEHnIo ¢o CBO-
00HO dHEpTHeii, KOTOPOH MBI He ToMb3yeMcs Hmke, B § 19 21.
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€CThb MOMEHT CHJI BHYTPEHHUX HAIPSAXKEHU, AefiCTBYIONUX HA ILI0-
[AJIb CEYEHUs] CTEPKHs. DTOT MOMEHT HEepeTcst OTHOCUTETbHO TOY-
K1 (HaYasIa KOODAMHAT), JIEZKALIEH B CaMOil IJIOCKOCTH 9TOr0 cede-
HUS$T; ero KOMTIOHEHTRI onpejensiorcs dhopmynavn (18.6). Bygem Bbi-
YUCTAATH CyMMapHBIIT MOMEHT, TTPUJIOKEHHBII K JAHHOMY JIEMEHTY
CTepXKHsI, OTHOCUTEIhHO TOYKN (Ha3oBeM ee Toukoii (), jexkarieii B
MJIOCKOCTHW €r0 BEPXHEro OCHOBaHWs. Torjaa BHYTpDEHHWE HampsizKe-
HUs HA 9TOM OCHOBanum naioT moment M + dM. Mowment xe (o1-
HocuTebHO ()) CUJI BHYTPEHHWX HAMPSIKEeHWi B HIUYKHEM OCHOBAHWUN
S7eMeHTa CKJIaJhIBaeTCsd W3 MoMeHTa —IVI 9THX CHJI OTHOCHTEIHHO
HavasIa KOOPAWHAT B TJIOCKOCTH HUKHero ocHoranusi (touka O') u
momenTa (oraocurensuo O) cymmaphoii cunbl —F, neficreyiomeit na
9TOM OCHOBaHUW. DTOT BTOpOit MomeHT paseHr [(—dl)(—F)], rae dl —
BEKTOP ajieMenTa Jjnunbl crepxkusa or O' k O. Moment ke, 06yc10B-
Jiennblit BHemmHUMu cuiiamu K| gBjgercd Masioil BeJIMYuHONW BbIC-
mrero nopsyka. Takum 06pazom, HMOJHBIN 1efCTBYIOMN HA SJIEMEHT
crepxkust MomeHT cui ectb dM + [dIF]. B pasroBecun on joszken
OBITH PABHBIM HYJIIO:

dM + [dIF] = 0.

Paznenns 3ro paserncrso Ha dl w 3amedvas, arto dl/dl = t ects ean-
HUYHBIH BEKTOD KACATEJbHOM K CTEPXKHIO (PACCMATPUBAEMOMY KaK
JIMHUSL), TOLyYaeM yPABHEHHe
M _ Fe). (19.3)
dl
Ypasuenusi (19.2) u (19.3) npeacrapisor coboil HOAHYIO CUCTEMY
yDABHEHUIT PABHOBECHsI IPOU3BOJILHBIM 00PA30M U30IHYTOIO CTEPIK-
Hsl.

Ecin geficrByiomipe Ha ¢TepKeHb BHEIIHUE CUJIbL SABJISIOTCSH, KAK
TOBOPSAT, COCPEJOTOUYEHHBIMW, T. €. TMPUIOXKEHBI TOJBKO K OT/eNb-
HBIM M30JIMPOBAHHBIM €r0 TOYKAM, TO HA y9acTKaX CTEPIKHSI MeKJLy
TOYKAMN TIPUIOYKEHUST CUJI yPABHEHWsI DABHOBECHSI 3aMETHO YIpO-
matorest. 13 (19.2) mveem npn K = 0

F = const, (19.4)

T. €. CWJIbl BHYTPEHHUX HANPSAKEHUN OCTOSHHBI BJIOIb JJIMHBI KazK-
JIOTO U3 YKABAHHBIX YYACTKOB CTEPyKHsI. SHAYEHUS ITUX MOCTOSTHHBIX
onpejieadiorcd TeM, 410 pazHoctb Fa — Fy 3Hadenuit cujibl B TOY-
Kax 1 u 2 paBHa

Fy-F1=-) K, (19.5)

e cymMma bepeTcst o BCeM CHUJIaM, TPUIOKEHHBIM K OTPE3KY CTepK-
He MexKy Toukamu 1 u 2. O6palnaeM BHUMaHUE HA TO, YTO B Pa3HO-
ctu Fo — F1 Touka 2 aBasercst 6oee yaaaeHHOl 0T Havaaa OTCIeTa
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JUIMHBI CTEPKHsA (T. €. JyiuHbl ayru ), uem Touka 1; 310 3aMedanue
CYIIECTBEHHO TIPU OTpEJIe/IeHNT 3HAKOB B paBeHcTre (19.5). B wact-
HOCTH, €C/IVM Ha CTEePXKEeHb JefiCTBYeT BCEro OJIHA COCPeIOTOYEHHAs!
cuna f, npuioxkennas K ero cBobogHOMY KOHIY, TO F 10CTOSIHHO
BJIOJIb BCEil JIMHBI CTEPKHA W pasHo f.

Bropoe ypasuenne pasraosecus (19.3) Toxe ymnpomaercst. Hamn-
caB B HeMm t = dl/dl = dr/dl (rme r — paanyc-BeKTOp OT HEKOTOPOIt
3a/IaHHOM TOYKM K MPOM3BOJIBHON TOYKE CTEDPXKHS) U UHTErPUPYH,
MOJTy4aeM BBHJY MOCTOSAHCTBa F

M = [Fr| + const. (19.6)

Eciu 2xe orcyTeTByIOT TaK2Ke U COCPeI0TOYEHHbIe CUJlbl, a U3Iu0
CTePKHS IPOUCXOIUT 110J] JefiCTBUeM LIPUJIOKEHHBIX K HeMY cocpe-
JIOTOYEHHBIX MOMEHTOB (T. €. COCPeJOTOYeHHbIX nap cui), To F =
= const BJO/Ib BCell JUIMHBL cTepKHed, a M UCHLITBIBACT B TOYKAX
LPUJIOKEHUS] COCPEIOTOUEHHBIX 1ap CKAUYKU, PABHbIE UX MOMEHTAM.

Obparumcs, jajee, K BOIPOCY O I'PAHUYHBIX YCAOBUAX HA KOH-
HaxX U3rubaeMoro crepxKHs. 3J1eCh MOIYT IPeJICTaBUThCH PA3/IMYHbIe
CoIydan.

Kownerr crep:kHs Ha3bIBAIOT 3a1e1ainubiM (puc. 4 a, cm. ¢. 66), ec-
JIN OH HE MOYKeT MCIBITHIBATL HUKAKUX CMeIleHWi — HU MTPOJ0bHBIX,
HU TIONIEPEYHbIX, U, CBEPX TOr0, HEe MOYKET M3MEHWUThLCS ero Halpas-
nenne (T. €. HANTPARJIEHNE KACATEIRHONW K CTEPIKHIO B €ro Koume). B
9TOM ClIyvae TPAaHUIHBIE YCIOBUS 3aKII09YAI0TCA B TOM, UTO 3a/1af0T-
Cs KOOPJIMHATKI KOHIA CTEPyKHS W eJJUMHUYHBII BEKTOD KacaTe/lbHO t
kK memy. Cuya sKe W MOMEHT CHWJI peakInu, IefiCTRYIOIne Ha CTep-
JKeHb CO CTOPOHBI OMOPLI B TOYKE 3aKPEIJIeHUsl, ONpeie/dioTcs B
pesyJIbTaTe perenns ypaBHeHwil.

[TpOTUBOTIOIOKHBIM ABIAETCS CoyUail CBOOOIHOTO KOHIA CTEPIK-
He. B 3TOM cayvae KOOpIWHATH KOHIIA W €ro HalpaBJIeHWue TPOn3-
BOILHBLI. ['paRnuHbIe yCIOBUSA 3aKIIOYAIOTCA B TOM, 9TO cuiaa F n

MOMeHT cul M Ha KOHIE CTEPXKHS JOJIKHBI O0OPATUTHCA B HYJIb 1.

Ecimm xowerr crep:kHs 3aKperyieH Ha MIApHUPE, TO OH He MOXKeT
UCHBITHIBATH HUKAKWUX CMEIIEHUI, HO ero HallpaBJleHUue He 33aJ1aHO.
MowmeHT cu1, ZefCTBYIOMIX Ha TAKOW CBOOOIHO MOBOPAUNBATOIIAIICS
KOHEll, JIOJIZKEH UCYe3aTh.

Haxkonern, ecam crep:KeHb OMEPT B HEKOTOPOH TOUKE OTOPHI
(puc. 46), TO OH MOXKET CKOJBL3UTH 110 JTON TOYKE, HO HE MOKeT
WCTIBITRIBATE B HEll MomepevuHbiXx cMerienuii. B srom ciaydae Hesa-
JAHHBIMU ABJISIOTCA HanmpaBaeHne t 1 MOJIoXKeHe TOUYKN, B KOTOPOit
OTIMPAETCS CTEPYKEHB, M0 ero jjuHe. MOMEHT CUJI B TOYKE OMOphI
TOI’KEeH OBITh PABHBIM HYJIIO COOTBETCTBEHHO TOMY, UTO CTEPIKEHB
MOYKeT CBODOIHO TIOBOpPAUYMBATRHCS, a cuia F B 3TOi TOUKe HOIKHA

1
) Ecav k ¢BOGOIHOMY KOHILYy TIPMJIOJKEHA COCpenoTouennas cuia f, To rpa-
Hu4aHbIM yenoBueM Oyner He F =0, a F =f.
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OBITH NEPHEHIUKYJISIPHA K CTEPAKHIO; TTPOLOIbHAS KOMIOHEHTA CUJIBI
BbI3BaJIA Obl JlajibHEIIIee ero CKOJIbXKEHUE B TOYKE OMOPbI.

AnajorugabiM 00pa30M JIEMKO YCTAHOBUTH I'PAHUYHBIE YCJIOBUSI
¥ Ipu APyrux crnocodax 3akpervienns crepxusg. Mbr ne Oyzem ocra-
HABJIMBATHCSI 3JIECH HA 9TOM, OTPDAHUYUBIIUCH TPUBEJEHHBIMU TH-
[MUYHBIMUA [TPUMEDAMH.

Ve B Hauase npeaplayiiero maparpada ObLIo 0TMEYeHO, 9TO
CUJIBHBITT M3rU0 CTEPXKHS MPOUBBOJILHOIO CEYeHUsT COIMPOBOXKIAeT-
cs1, BOOOIIE TOBOPSI, OJHOBPEMEHHBIM €r0 KPYUeHWeM, JaykKe eCln K
CTEpPKHIO HE TPUJIATAETCd HUKAKUX BHEITHUX KPYTSIINX MOMEHTOR.
Uckmouennem sBIsI€TCA M3rnb CTEPYKHS B €70 TJIABHBIX TIJIOCKOCTSIX.
[Ipu Takom m3rmbe KpyveHune He BO3HWKAET. Y CTEPYKHS KPYTOBO-
ro CcevYeHunsi HUKAKOW M3rMb He COMPOBOXKIAETCsS KpydeHueM (eciin,
KOHEYHO, HET BHEIIHUX KPYTAIMX MOMEHTOB). B 3TOM MOKHO y06e-
JUThCs caepyomuM obpazom. Kpydenue onpee/isiercs KOMIIOHEH-
Toit Q¢ = () Bekropa Q. Beraucimm ero npousBoAHYyO M0 [UIHHE

crepxkus. st sToro numem, 3amedast, 410 e = M /C:

4ty = %% _ M gt
dl dl dl dl
[Tpu noacranoske (19.3) nepswrit ynen o6paniaercss B HyJib, TAK 9TO
ok _ Mt
dl dl

V crepxust kpyrosoro ceuennst [y = Iy = I; cornmacro (18.3) n (18.6)
MOKHO TIO3TOMY HalMCaTh M B BUIE

M = EI [t%} + 9. (19.7)

[Ipu ymuoxenun Ha dt/dl oba anena paior Hyb, Tak aro d¢/dl =
=0, orkyaa
Q)¢ = const, (19.8)

T. €. yroj KPyd4eHusl MOCTOSHEH BIOIb CTepxkHsd. Ecam K KOHIam
CTEP2KHA He IPUJI0KEHO KPYTAIIAX MOMEHTOB, TO {3 Ha KOHIAX PaB-
HO HYJIIO, & IOTOMY KPYYeHHe OTCYTCTBYET U 10 BCEH JIIMHE CTEPAKHS.

Jliist crepkHsa KPYyroBOIO CeYeHusi MOXKHO, TAKMM 00pazoMm, Ha-
MUCATH PU YUCTOM U3rubHe

(19.9)

M = BT [¢%] = pr [ 0+]

dl di?

[Moscranoska 3roro Bbipaxkenus B (19.3) npuBoauT K ypaBHEHUIO
quCcTOro n3ruba CTepKHENl KPYyroBOrO CEYEHUs B BUJIE

3
EI [@ﬂ} - [Fﬁ} . (19.10)
dl di3 dl
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3agaumu

1. IIpuBecTu k KBagpaTypam 3agady 00 onpegeneHnn GOpMBI CTEPKHSI KPY-
roBOTO cevennd (ympyroro npyra), CHIbHO W30THYTOTO B OJTHOM TLIOCKOCTHU TIPHU-
JIOYKEHHBIMH K HEMY COCPEIOTOYE€HHBIMU CUJIAMU.

Pemenwne. PaccmarpmBaeMm y9acTOK CTEPIKHS MEXK/1y TOTKAMHU IPUIOKe-
HUsI ciiT; Ha TakoM ydactke F = const. Beibepem miockocTs m3rnba B KadecTse
MJIOCKOCTH ZY, & 0Ch Yy — napasuiensro cuie F. Broanm yron 6 mex iy kacaresn-
HOI K JiuamM; cTepxkug U 0cbio y. Torma dz/dl = sinf, dy/dl = cos b, rne x, y
KOODAWHATHI TOYEK CTepKHs. PacKkphiBasi BeKTOpHBIE npon3Beaenns B (19.10),
moydaeM ypapHeHue fys  Kax GYyHKIUN JIUHBI yTh [

2
IEM — F'sinf = 0.
dl?

IlepBoe naTerpmpoBanme maer

2
E <d—9) + Fcosf = ¢
2 dl

W OTCIONA

|IE df
l=+4/— e 1
2 / Ve — Feosé . (1)

Oynuknna 6(l) MmoxkeT OBITH BRIPAKEHA OTCIOAA YE€Pe3 IUNTHIECKUE (hyHKITAM.

st xoopamHaT T = f sinfdl, y = f cos 0 dl nomyaa-

eM
T = i \/2IE\/C1 — F cos 6 + const,

2
IE cos 6 db , (2)
=4 + const’.
V 2 Ver — Feosf

Mowment M (19.9) manpasien 1o ocu z U paBeH

dae
M=I1E—.
di
2. Ompenenmuts GOpPMY CHIBHO U30IHYTOTO CTEPK- Puc. 15

HsI, OQWH KOHEII KOTOPOTO 3a/eJIaH, & K JAPYroMy, CBO-
6ommomy, mpunoxkena cuna f; nanpasnenne f nepneHAUKYIAPHO K IPsAMON Hete-
dbopmmposannoTo cTepxKEA (puC. 15).

Pemenune. Ha Bceit nnmmnre crepxkust F = const = f. Ha 3amenannom
korne (I = 0) § = ©/2, a ma cBobomuom (I = L, rue L JITAHA CTEPIKHA )
M =0, 1. e. 8 = 0. Beoga obozmagenne g = §(L), mmeem B (1) ¢1 = f cos bo:

w/2

IE‘ /
\/€cos 90 —cosf

OTcroa monydaeM ypaBHEHUE, onpege.nﬂmmee Bo:
/2

IE /
\/cos 90 —cos @

Dopma CTEPKHS OTpeIeIaeT s cbopMynaMH

P 2E = (Vcosby — Vecos by — cosf), y= IE cos f df
f \/cos 90 — cos @
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3. To xe, ecmu cuna f, mpunoxkenHass K CBOOOTHOMY KOHITY, HApaBJIeHA
napaJiieJIbHO JIMHUY He1eOPMUPOBAHHOTO CTEPIKHSI.
Pemenwme. Umeem F = —f (ocm xoopmmHAT BBIOpAaHBI yKA3aHHBIM HA

puc. 16 o6pasom). I'parmunsie yeaosusa: § = 0 mpu | = 0, §' = 0 mpu | =

Nnmeem .
e
B 2f ) vV cos 8 — cos fg

rae 6o onpenensiercs n3 [(0g) = L. dns x m y nonydaem

2IF I1E
T = (\/17(‘09907\/(*0997(‘0990 y= costH
f v/ cos 9 —cosfo

IIpu cmabom m3rude o <K 1 ¥ MOXKHO HAIUCATD:

[
o IE/O o o« [1B
REERCECEE N

T. €. §p BBINIAIAaeT U3 3TOr0 COOTHONIEHUsI. DTO MMOKA3BIBAET, B COIJIACUM C PE3YJIb-
TaToM 3a7aun 3 § 21, 9TO paccMaTpWBAaEMOE PEIIeHNe CYIIECTBYET TOJIHKO MPHU

f > n*IE/(4L%), . e. moC/Ie OTEPH YCTONYMBOCTH MPAMO/TAHEHHON hOPMOii.

Puc. 16 Pnc. 17

4. To xe, ecmu 00a KOHIIA CTEPKHS OMEPTHI, & K €r0 CeperHe MPUIOKEHA
cuia f; paccrosinne mexy Toukamu onopsr ecth L.

Pemenwne. Bnibupaem ocu koopamHar yka3aHHbIM Ha puc. 17 obpasom.
Cuna F nocrognna #a xKaxkjaoM n3 ydactkoB AB u BC, npudeM Ha KaxKJI0M U3
HUX TIEPHNEHANKYJIAPDHA K JIMHUN CTEPZXKHA B TOYKAX ONTOPHI — COOTBETCTBEHHO A
u C. Pazuocts 3uavenuii F na AB u BC pasna f, orkyza 3akmio4yaeM, 94To Ha
AB F'sinfy = —f/2, rne o — yron mexay oceio y n quauneit AC. B 1ouxke A

I =0) mmeem yenosua = /2w M =0, 7. e. § = 0, Tax uto na AB
y

1B 2 T g
l=|—-sinf / ,
< f 0) J Veosf'

IE 1/2 IE 1/2 w/2
T =2 (7 sin Hg cos@) NTIES <7 sinHO) / Vcos6db.
0
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Vron 6y onpenensiercss U3 yCaoBusi, 9T0 Npoekuus anuabl AB Ha npamyio AC
noskHa Obrth paBaa Lo/2, oTkyna nmeem

2
=0 _ (E sin 90) v M d6.
2 f ; V/sin 6

0

IIpu nexoTopom onpenesreHHoM 3Hadennn g, nexamem mexay 0 u w/2, npous-
Bogmasg df /dfg (rme f paccmarpuBaerca kak dbyHKnma oT fg) 06pamaerca B Hy b
" Jenaercs noJoxkureabnoit. Janbueiiniemy ymenbinenuio o, 1. €. yBeJndeHnIo
mporuba, COOTBETCTBOBANIO OBl yMeHbIeHne f. DTO 3HAYNUT, YTO HAWIEHHOE pe-
meHne gejiaeTcss HeyCTOMYNBRIM; CTEPIKEHb «TTPOBAJINBAETCA» MKy OTIOpaMM.

5. IlpmBecTn kK KBaapaTypaM 3aJa9y O MPOCTPAHCTBEHHOM CHJIBHOM M3rubde
CTEPXKHS IO/ TeACTBUEM COCPEIOTOYEHHBIX CHI.

P eneHnme. PaCCManHBaeM Y9aCTOK CTEPXKHA MEXKAY TOYKAMU TTPUJIOZKE-
muga cmn, #a Kotopom F = const. Uaterpupya (19.10), noxygaem

dr d’r
fo)  Fali NS 1
[dlde} [Fr] + cF; M

MOCTOsIHHAST WHTErPUPOBAaHWsI HamnucaHa B Buie Bektopa cF, mampassennoro
BIob F, OCKO/MBKY HajmekammuM BBIOOPOM Hadasia KOODAWHAT, T. €. mpubas-
JIEHWEM K I' HEKOTOPOTO TOCTOSTHHOTO BEKTOPA, MOYKHO MCKJIIOYUThH A JINTUBHBII

BEKTOp, TeprenAnKyaapubii k F. Yuvuoxkas (1) ckansgpHO W BeKTOpPHO Ha T’
(mTpux ozmauaer muddepermuposanmne 1o 1) u 3amedad, uto r'r’ = 0 (mo-
cxompKy r'? = 1), nomywaem

Flrr'] + c¢Fr' =0, EIr" =[[Fr]r'] + ¢[Fr'].
B kommonenTax (och z BRIOpaHa no Hanpasaernio F)
(zy' —ya')+c2' =0, EIZ' = —F(zz' +yy").
Brosst B 9TUX ypaBHEHUSIX UMJIMHIPUYECKNE KOOPAWHATHI T, 9, 2, TI0JLydaemM
r’¢ +cz =0, EIZ' =—Frr'. (2)
W3 BTOpOro ypasHeHust MMeem

/_i —T‘Z
= -4 =), 3)

rne A — nocrosunas. Kombuanpys (2) u (3) ¢ Toxxmecrsom

z

2 2 12 2
ro4rte T +2° =1,

[OJTy<I1aeM

2

Glr) = {rl’ - 45—2[2(# +)(A- ﬁﬂ .

rdr
G(r)’
nocste vero n3 (2) n (3) maxoanm

F /(A—TQ)T cF [ A—r?
z2=— ——dr, p=——— —dr,
2EI . G(r) 2EI J rG(r)

dl =

qeM u ompemensgercs hpopMa M3OTHYTOTO CTEPIKHS.
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6. CrepkeHb KPyTOBOTO CEYEHUS MOABEPTHYT KPYIEHHIO (yTOM KPyIeHWs T)
" N30THYT B BUHTOBYIO JIMHUIO. OHpeﬂeHHTB CUJ1ly 1 MOMEHT CHUJI, KOTOPpbhIE OJ0JI-
JKHBI OBITH TIPUIOKEHBI K KOHIIAM CTEPZXKHS JI/TsT TOTO, YTOOBI YIePKUBATH €r0 B
TaKOM COCTOSIHUM.

Pemenwne. Ilycrs R — paamyc umiameapa, Ha TTOBEPXHOCTU KOTOPOrO Ha-
BHTA BUHTOBag JuAWs (OCh z BBIOMPAEM IO OCH 3TOTO MUIWHAPA), 4 A YTOJ
MEeXKIAYy KacaTeJhHOW K JIMHUW U TIJIOCKOCTBHIO, HepHeHﬂHKyﬂﬂpHOﬁ K OoCu z; mar
BUHTOBON Jsimanm h cBsa3an ¢ a n R mocpeactsom h = 2nRtga. Ypasuenus
BHHTOBOW JIMHUUA:

x=Rcosp, y=Rsingp, z=¢pRtga

(¢ YTON TOBOPOTA BOKPYT OCH 2); aneMenT mmunabl ayru dl = Rdp/cos a.
TloacraBasst 9t BeIpaxkenus: B (19.7), Beramcisiem kommonents BexkTopa M, a
zarem 10 dopmyne (19.3) cuny F (mocTosiHHYI0 BAOIB BCEl AIMHBL CTEPIKHS).
B pesynbrare HaxoauM, 4To cuna F HampasieHa mo ocu z U paBHa

sinaa FEI 5 .
— 72 COS « S1n .

F.=F=0Cr

MomenT M umeeT COCTABAAIONLYIO TIO OCH Z:

M, =Crsina + Ecosgoz
R
n cocTarsionryio M, HanpasaeHHyo B KayK 109 TOYKe CTEPIKHSI 110 KaCaTeJhHOM
K OKPYKHOCTH IIONEPEYHOT0 CedeHnd NUIHHAPA, paBHyo M, = FR.

7. Onpenenuts dopmy TuGKO HATH (COMPOTHBIEHWEM KOTODOH Ha mM3rubG
MOKHO TIpeHEOpedh M0 CPABHEHWIO ¢ COMPOTHBICHUEM HAa PACTAKEHUE), TIOIBE-
TMEeHHOMN 3a ABE TOYKHW B TI0JI€ TAXKECTH.

Pemenune. Bribupaem mmockocTh, B KOTOPOil pACIOIOKEHA HUTH, B Kade-
CTBE TJIOCKOCTH XY C OChIO ¥, HAIPABJIEHHON BepTuKaJbHO BHM3. B ypaBHennn
(19.3) moxmuO0 nperebpeun wnenom dM /dl, nockonsky M nponopumonansao E1.
Torpa [Ft] = 0, 1. e. F nanpasieno B ka0 ToOUKe HUTH 110 t 1 MOXKHO HAmm-
cats F = F't. Ypasuenue (19.2) naer reneps

d (Fdar:):07 d (de):q
dl dl dl dl

(¢ — BeC eqWHMLBI AJIMHBI HUTH), OTKY/A

r . Py
dl dl
Orciona mveem F = (/c? 4+ ¢%1?, Tax uTo
dz A dy _ l

A VARIR d JATP

(rme A = ¢/q). UnrerpupoBanme naer

xr = AArsh%, y=+VA?+ 12
OTKy1a
=Ach L
Yy = ” A’

T. €. HUTH uMeeT (hopMy IenHoi tuHun. BeiO0p Hawa/a KOOpANHAT U TTOCTOSTHHAS
A onpenensioTcs TeM, 9TO KPpUBas J0/KHA TTPOWTH Yepes3 /IBe 3aJaHHbIE TOUYKHU
U JOMKHA UMeTh 3aJaHHYO JTHHY.
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§ 20. Cyabpbiit u3rubd crepkHei

VpaBHeHus paBHOBECHS 3HAYUTE/IHHO YIPOIIAIOTCI B MIPAKTUYE-
CKU BayKHOM ciiydae cjiaboro nzruba crepakueit. 3rub asisiercs ciia-
ObIM, ec/ii HAIpaB/eHUE KACATEIbHON t K CTEPKHIO MEJJIEHHO Me-
HSIETCsl BJIOJIb €r0 JUIMHBL, T. €. npou3sognas dt/dl mana. Ipyruvu
CJI0BaM#, PAJANyC KPUBU3HBI M30IHYTOIO CTEPYKHS B KAXKIOW TOUKE
JIOJ/2KEH OBbITH BEJIMK 10 CPABHEHUIO C JJIMHON crepxkugd. [IpaxTu-
YeCKW 9TO YCIOBHUE CBOANUTCS K TPEeDOBAHWIO MAJIOCTH TIOTIEPETHOTO
nporuda CTEp:KHs M0 CPpaBHEHWIO ¢ ero jyuHoi. [logaepkrem, aTo
TIpW 3TOM OTHIOIH HE TPEOyeTCs MajoCTH MPOrnda 1Mo CPABHEHWIO C
TOJIIIIMHON CTEPYKHsI, KaK 3TO JOIKHO OBLIO OBITH B MPUOINIKEHHOM

Teopwn c1aboro m3rnba MIACTHHOK, paszsuToii B § 11, 121).
[Tpognddepentmpyem (19.3) no pinne:

&M [dF dt
= [ﬁt} T [Fﬂ . (20.1)

" dt
Bropoit uien cogepkuT Masyio BEJIUUUHY L BCJIEJICTBUE 9E€Tr0 UM

00BIYHO (328 MCKJIIOUEHMEM HEKOTOPBIX 0COOBIX (JIyvaeB, 0 KOTOPbIX
pedb Ujer HUXKe) MOXKHO nmpeHebpeun. [lojcTaBisis B IEPBOM djieHe

dF/dl = —K, nonyuaem ypaBHEHUE DABHOBECHs B BUJIE
d°M
= [tK]. 20.2
M _ ik (202)

HanT/HHeM 9TO ypaBHEHUWE B KOMTIOHEHTAX, IJId 9€r0 TOJCTaBUM B
Hero, coriacuo (18.6) n (18.9),

M,=—ELY", M,=ELX", M,=0 (20.3)

(smax ' osmauaer Besme auddepennmporanve no z). Eaunuanbii
BEKTOP t MOXKHO cumMTaTh HaTIPABJIEHHBIM TIO OCHW Z. Tor;xa MBI TTOJTY-
quM

ELX" - K,=0, ELY" - K,=0. (20.4)

DTN ypaBHEHUS ONMPEIeNSTIOT 3aBUCAMOCTHL mpornbos X n Y ot z,
T. €. popmy €200 W30THYTOTO CTEPIKHS.

Cuny F BHYTpeHHWX HaNpsyKeHWii, AefCTBYONYIO Ha Momeped-
HOEe CeYeHme CTEePIKHSI, TaKyKe MOYKHO BBHIPA3UTh Yepe3 TTPON3BOIHBIE
or X n Y. IMogcrasass (20.3) B (19.3), nonywaem

F, = —ELX", F,=—ELY". (20.5)

1 . .
) MBI He M3/1araeM BOBCE CI0XKHOIT Teopuu n3ruba CTep)KHE, KOTOPHIE B CBO-
€M eCTeCTBEeHHOM, He1e(OPMUPOBAHHOM, COCTOSHUU UMEIOT HU30THYTYIO (hopmy
(orpaEMuUMBasiCh WML OJHUM TPOCTHIM TTPUMEPOM B 3a1avax 8, 9 3Toro napa-

rpada).
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Mpbl Bujiim, 9T0 BTOPbBIE IPOU3BOIHBIE ONPEIEIAI0T MOMEHT CUJI BHY-
TPEHHUX HANPIKEHUN, a TPETbU MPOU3BOHBIE ONPEIE/IAIOT CAMU
st cusbl. Cuny (20.5) maszwiBaior nepepeswvisaroweti curoti. Ecam
n3rub MPOU3BOAUTCH COCPEIOTOUYEHHBIMY CUIAME, TO [EPEPE3bIBAIO-
ast Cujia MOCTOSIHHA BJIOJIb KAXKIO0T0 M3 OTPE3KOB CTEPIKHIA MEXKY
TOYKAMU TPUJIOKEHUs CUJI, & B KAYXK/I0M U3 9TUX TOUYEK UCIbITHIBAET
CKA40K, PaBHbIN IIPUJIOZKEHHON BHEIIHEN cuJie.

Bennaunsr Els n B 1] Ha3pIBAIOT XKECTKOCTHIO CTEPYKHS HA U3TUO

COOTBETCTBEHHO B IVIABHBIX IIJIOCKOCTAX T2z U Y2z 1.

Ecmm mprnoykenabie K CTEPXKHIO BHENTHNE CUJIBI JIENCTBYIOT B O/I-
HOIl TIIOCKOCTH, TO W M3TU0 CTEPYKHsS TMPOM30iIeT B OJHON TMJIOCKO-
cTH. DTU JIBE TIJIOCKOCTU, OJHAKO, B ODOIIEM Caydae He COBIAIAI0T
JIPYT C IPYTOM; JIETKO HalTH yTroa Mex 1y HnMu. Ecim o — yron mexk-
Iy TLJIOCKOCTBIO TeHCTBUS CUJI M TIEPBOI TIABHO TLJIOCKOCTHIO M3THhHa,
(MIOCKOCTHIO ZZ), TO YpaBHEHUsI DABHOBECHST TPUHUMAIOT BW/I

XM — COSOAK’ ym — SinOAK‘
I2E I]E

Oba ypapHeHust OTIMIAIOTC TOABKO Ko3ddunmentom npu K. [lo-
sromy X u Y mpomopruoHaIRHBI APYT APYTY, MpUYeM

Y:Xétga.
I

Vros 0 Mex 1y TI0CKOCTHIO U3ruba U MJI0CKOCTHIO L2 ONPEeIesisieTcst
PaBEHCTBOM

tgf = ;.—Ztga. (20.6)
1

1) Vpasnennem Buma
DX"" - K, =0 (20.4a)

OTMCHIBAECTCS TAKKE B OMIPEJIEIEHHBIX TTPEIETbHBIX CIydasdX U U3rud TOHKOM mia-
ctuakn. [lycTh mpaMoyTonbHag TIaCTHHKA (C ITMHAMA CTOPOH a W b W TOMIIHI-
HOW h) ykperiema BIOJIh CBOMX CTOPOH a (HamnpapjeHue ) u n3rnbaercst BIoJh
cTopon b (0Ch z) OAHOPOIHOM BAOMB OCH y HATPY3KOii. B obmem coywae mpowms-
BOJIBHBIX @ 1 b j11s1 onipeiesienvst u3rnbda, J0JKHO ObITh UCITOIH30BaHO JIBYMEPHOE
ypasraerne (12.5) ¢ COOTBETCTBYIOIMMA TPAHUIHBIMYU yCIOBAAME HA YKPETLICH-
HBIX ¥ Ha CBODOOJIHBIX CTOPOHAX TIACTUHKK. B npegennaom ciydae a >> b nedop-
MaOnio MOYKHO CIYATATh OAHOPOAHON BJIOJIBL OCH Y, W TOTJA AByMEPHOE YPaBHEHHUE
paBHOBECUd TIepexoamT B ypasHenue uma (20.4a), mpudem posb KeCTKOCTH HA
n3rnb UrpaeT BeJMINHA

Vpasrenne (20.4a) npuMeHNMO U B 06PATHOM TIPEIETIBHOM caydae a <K b, Koraa
MIACTUHKY MOYKHO PACCMATPUBATH KAK CTEPKEHD JJIAHBI b ¢ Y3KUM TIPAMOYTO/Th-
HBIM cedenneM (Cevenne B BUJIe MPSIMOYTO/IBHIKA CO CTOPOHAMMU @ 1 h); TIPW 3TOM,
OJTHAKO, KECTKOCTh HA W3TH0 ONpPEeNaeTCs IPYTUM BhIPAZKEHUEM
3
p=pr="2"a
12
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Jlnst crep:kHst KpyroBoro cedenusi Iy = Iy uw a = 0, 1. e. uzrub npo-
HUCXOJUT B IJIOCKOCTHU JeficTBust cuii. 10 2Ke camoe mmeer MecToO u
JUI CTEP2KHS TPOU3BOJILHOrO cedenus npu « = 0, T. e. Korjga cu-
JIbl HAITPABJIEHBI B TVIABHON 110cKOCTH. [Ij15 abCOMIOTHON BeJIMInHbBI

nporuba
(=VvX?2+Y?

WMeeT MeCTO ypaBHEHUE
EIC”” — K I 11]2

VI cos?a + I3 sin® a

(20.7)

ITepepespiratomas cnia F jgexuT B Toit Ke miaockoct, ato n K, n
paBHa

F=_—EI(". (20.8)

Benmnanna [ urpaer poib 3¢hb@HEKTUBHOTO 3HAYEHWST MOMEHTa WHEP-
[N CEYEeHWsT CTEPIKHSI.

Harnummiem B sIBHOM BUe TpaHUYHBIE YCIOBUS JIJIST YpaBHEHUI
paBHOBeCHs c1ab0 W30THYTOTO CTepyKHs. Keanm KoHel| cTepKHst 3a/1e-
JIaH, TO HA HeM J0/1KHO OBITh X = Y = () u, cBepxX TOTO, HE MOYKET
M3MEHUTRLCA €r0 HalpaBIeHne, T. €. J0KHO OpiTh X' = Y' = 0.
Taxknm 06pazom, Ha 3aJe/JaHHOM KOHIIE CTEPYKHS JIOJIKHBI BHITION-
HSITHCST YCIIOBUSI

X=Y=0 X =Y'=0. (20.9)

Cuia ke 1 MOMEHT CHJI PEAKIIUU B TOYKAX OMOPbBI OMPEJIEATOTCS 10
u3BectHoMy pemenuio dopmyaamu (20.3) u (20.5).

[Ipu nocrarouno ciabom uzrube creprkHs 3aKPEIJICHUE ero KOH-
I1a B MAPHUPE W ONMPAHNE €r0 B TOYKE SKBUBATEHTHBI B OTHOTICHUN
TPAHUYHBIX yCJI0BUit. /le10 B TOM, UTO BO BTOPOM C/Iydae TPOI0/Th-
HOE CMEIIeHNe CTEPKHS B TOUKE OMOPHI ABJSIETCsT TIPpH ¢1aboM n3rnbe
BEJIMYINHON BTOPOTO MOPSTKA MAJOCTH 110 CPABHEHUIO C TIOTIEPETHRBIM
MPOrudOM ¥ TTOTOMY JOJPKHO CUYNTATHCS PABHBIM HYJI0. [ panudmbie
YCJIOBUST MCUE3HOBEHUSI MTOTIEPEIHOTO CMEIIEHNs W MOMEHTA CUJI Ja-
FOT B 9TUX CIydasax

X=Y=0, X"=Y"=0. (20.10)

Hanpasiienne ke KOHUA CTEPXKHSI M CHJIA PEAKIUHM B TOYKE OLOPBI
ONPEJIeJISIFOTCS. B Pe3YJ/IbTaTe PEleHKs] yPABHEeHUI.

Haxkownen, Ha cBOOOJHOM KOHILIE JJOJIKHBI 0TCYyTCTBOBAThH cuia F u
moment cust M. Corstacho (20.3) u (20.5) 970 NIPUBOAUT K YCJIOBUSIM

X"=Y"=0, X"=Y"=0 (20.11)

(ecsn K ¢BOGOJHOMY KOHILY TIPUJIOXKEHA COCpeloToYeHHas cusa, 10 F
JOJIKHO OBITH PDABHO 9TO CHJIe, a He HYJIIO).

Herpyano o606murs ypasuenus (20.4) na caydail crepueii ne-
PEMEHHOro cedeHus. Y TaKuxX CTep:kHelr MomeHThl wmHepiuu [ u Ip
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apasiorca Gyuxknusavu z. Popmysnr (20.3), onpegensiomume MOMeH-
Thl CHJI B KaXKJIOM JIAHHOM CEYEHWM CTEPKH, TO-IPEXKHEMY OCTa-
1orcst cnpaseaubivu. [logcranoska ux B (20.2) npuBoaur Tenepb
K yPaBHEHUAM

2 2
B (12
dz?

d’ ’X
dz? (I

) =Ky B (B2 dz?

= ) — K, (20.12)

B KOTOPBIX [ 1 Iy HeJb3st BRIHECTH W3-TI0J] 3HaKa MTpon3BoAHOMN. s
Tepepe3bIBAIOIIEH CUJIBI TMEeM

_  pd d°X _ pd (&Y
F,=-E (12 2 ) . Fy=—BL <11 o ) . (20.13)

Bepnemcs cnosa x ypasuenusim (20.1). IIpoussepennoe mamn
npeHedpeskeHre BTOPBbIM 4JICHOM B NPABOM 9aCTH PABEHCTBA MOKET
0Ka3aThCs B HEKOTOPBIX CJIy4asX HE3aKOHHBIM JIazKe MpH CaaboM n3-
rube. T0  Te Caydau, B KOTOPBIX BJOJb JJIMHBI CTEPXKHS JeHCTBY-
er OoJIbIIast CUJIa BHYTPEHHUX HANPsizKeHWi, T. €. F, o4eHnb BemKo.
Hanmame Takoil Cuabl BBI3BIBAETCS OOBIMHO CHJIBHBIM HATS?KEHHEM
CTEpPKHs MPUJIOZKEHHBIMU K €r0 KOHIIAM BHEITHUMH PACTATHBAIOIIH-
mu cunamu. O6o3HAYUM JeHCTBYIOMEe BIOIb CTEPKHS NOCTOSHHOE
narsizkenue depe3 F, = T'. Eciu crepkerb MOABEPraercs CHIbLHOMY
CKATHIO, a He PaCTsayKeHuio, 1o cuna 1 orpunarensua. Packpbipas
BekTOpHOE npoussegenue [F dt/dl], Mpl 1012KHBL TEIEPH COXPAHUTD

qjieHbl, cogepxkanme 1T’ anenamu xe ¢ Fy u Fy MOXKHO no-npexxnemy

npenebpeun. [logcrarmsist s KommoueHT BekTopa dt/dl coorser-

creenno X", Y"1, nonyunm ypaBHeHusl paBHOBECUS B BUJIE
LEX" —-TX" - K, =0,

(20.14)
LEY" —TY" -~ K, = 0.

K Beipaxenusm (20.5) ays nepepesbiBaionieil cujibl Ha10 TPubABUTH
Tenepb 4/eHbl, PABHbIE TTPOEKIUAM JeHCTBYIONIENR B/IOb BEKTOPa t
cuiibl T' HA ocu & U y:

F,=-ELX" +TX', F,=-ELY"+TY' (20.15)
O1n hopMyIBI MOTYT OBITH, KOHEUHO, TTOIYIEHBI U HETTOCPEICTBEHHO
u3 (19.3).

Bosbmas cuia 1" MOYXKeT B HEKOTOPBIX CIydasiX HOSIBUTHCH U B Pe-
3yJIbTATe CAMOI0 M3ruda, /1aXKe eCjau HET HUKAKUX CIEIUAIbHO MPU-
JIO2KEHHBIX PACTATUBAIONUX Cuji. PaccMoTpuM creprkerb, 00a KOHIA
KOTOPOTO 3aJieJIaHbl UJIN 3aKPeIJIeHbl Ha MIaPHUPAX B HEITOIBUKHBIX
0IOpax, TAK YTO HE MOI'YT UCHBITHIBATH IIPOJIOJILHOTO CMerenus. 1o-
raa nporub creprkHsd Hen30e2KHO COMPOBOXK/IACTCA €r0 Y/JIUHEHUEM,
9TO U NPUBOJUT K TOgBJEHUIO B HeM cuiibl 1. Jlerko onenutsb Be-
JmauHy mporuda, npu KOTOPOM 3Ta CHJIA JI€JaeTCd CYIIeCTBEHHO.
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Jnuaa L 4+ AL u30rHyTOro Crep:KHsi paBHA UHTEIPAJTY

L
L+AL= [V14+X"2+Y"?dz,
0

B3TOMY TIO TIPSIMOTiA, COeIMHSTOIIENH TOUKY OTopkI. [Ipu c1abom n3ru-
6e MOYKHO Pa3JI0KUTh KOPEHb B PsIJI, U MBI TTOJIyYaeM JIJIs1 Y IJINHEHUsT
AL BrIpaxkenne

L
AL = %_[(x'2 +Y"?)dz
0

Bosuukaromniasi npu mpocToM pacTIyKEHUU CUJIA HATIKEHUS PaB-
Ha OTHOCUTEJIBHOMY VJIJINHEHUIO, YMHOXKEHHOMY Ha MoJyJjib FOHTa u
Ha mwiIomaap S cedenns: crepxkus. Takum obpasom, cuna 1" paBaa

ES L(
oL )

T = X"? +Y"?) dz. (20.16)

Ecnu § ectb 1OpsiJIOK BeJIMUUHBL TOTIEPEYHOTO TPOrubda, TO mpo-
uzgoanbie X' uY'  nopsaka §/L, Tak uTO BeCh UHTErpast, CTOAIIMIA

B (20.16), mopsyka seqwaunb (0/L)? L =0?/LuT ~ ES (§/L)?.
[TopsiIoK BeIMUUHBI NEPBLIX U BTOPBIX wieHoB B (20.14)  coorser-
crenno TES/L* w TS/L? ~ ES§3/L*. Moment unepuuu I nmeer

nopsiok Besmuannbl I ~ b a S ~ h?, tme h — TonmmHA CTEpPIKHS.
[MoxcTaBmasist 310, JIETKO TOAyYaeM, 9TO MEPBble W BTOPHIE WIEHBI B
(20.14) cpaBHUBAIOTCS TIO TIOPSIJIKY BEJIWUUHBI TP 0 ~ h.

Takum obpazom, mpu m3rnde CTepyKHEeH, KOHIBI KOTOPBIX 3a-
KPEILJIeHbI, MOYKHO IOJIb30BATHCS YPABHEHUSIMU PABHOBECUsSI B BU-
ne (20.4), Tonbko ecim mporuG Mas MO CPABHEHUIO € TOJIIUHOM
crepkHusi. Ecam e § He Maio 10 cpaBHeHWIO ¢ h (HO, KOHEYHO, TI0-
npexaemy § < L), 10 Hago noap3oBarhes ypasnenusivu (20.14).
I[Ipu stom cuna T B 31Mx ypaBHeHusx 3apanee HemszsectHa. [Ipu
UX PelleHnn HaJ0 CHadaj a paccMarpuBarh 1 Kak 3aJIaHHBIA Hapa-
MEeTp, a 3aTeM II0 MOJIYYeHHOMY DPEIIeHUI0 OnpeieinTb 1’ corjiacHo
dbopmyne (20.16), uem u onpeesntcs ¢Bsi3b T ¢ NPUIOKEHHBIMU K
CTEPKHIO M3TUOAIONIUMY CUJIAMU.

Ob6paTHBIM IPEJETBHBIM  CJIYUAEM SBJISIETCsT TOT, KOIJIA COMPOTUB-
JIEHWE CTEPXKHS HA U3rud MaJIo [0 CPABHEHUIO C €0 COMPOTUB/ICHIEM
Ha pacTsiKenne, Tak 4To B ypasHennsx (20.14) MoxxHO npeHedpedn
TIEPBBIMU YJIeHAMU TI0 CPABHEHWIO CO BTOpbIMU. DuU3WIecKn Taxroii
CIydail MOXKeT OBITh OCYIIECTBJIEH JIMOO OYeHBb CUILHBIM PACTAZKE-
arem T, 6o Tipm mocTaTouIHO MaoM K, 910 MOXKET OBITH CBI3AHO
¢ MaJIoit TOMIMHON A (0 CHIBHO HATSHYTHIX CTEPKHSX TOBOPSIT KaK

0 cmpyHax). YPABHEHUS PABHOBECUS [JIACAT B 9TUX CJIy9dasiX:

TX"+K,=0, TY"+K,=0. (20.17)
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Kounnpr crpyssl Hazo npegcraBigarb cebe 3aKPENIEHHBIMA B TOM
CMBbICJIEe, YTO UX KOODJAMHATHI 3a/I1aHbl, T. €.

X=Y=0. (20.18)

Hanpassienne xe KOHIOB HE MOXKeT ObITh 33/1aHO MPOU3BOJIHHBIM
00pa3oM, a Onpejie/ieTCsl PEIleHreM ypaBHEeHH.

B zakiodenune mokaxkem, KakuMm 00pa30M ypaBHEHUS PABHOBE-
cust ¢1ab0 M30IHYTOr0 CTEPXKHS MOXKHO IOy YUTh, UCXO/d U3 Bapua-
MOHHOIO NMPUHIMIA, MCIOAL3ys Bhipazkenue (18.10) mns ynpyroii
SHEPrUn:

Fer = g‘f {11Y”2 + IQX”2}dZ.

B papmosecun gomkHA OBITH MUHMMATIBHA CyMMa 3TOW SHEPTUU U
NOTEHIVAJIbHON SHEPIrUN, CBA3aHHON C JeUCTBYIOIIMMI HA CTEPZKEHb
pHemaEnMT cnaamn K, T. e. TOIKHO OBITH

0Fer — [ (Ku6X + K,6Y)dz =0
(BTOpOIt Usien npejacTaBasier co6oi paboTy BHENIHUX CUJI nPHU OECKO-

HEYHO MaJIOM CMEIEHUuW JIMHUU CTepzkHs). [lpn Bapbuposanun Fep
MIPOU3BOAUM /IBAK/bl MHTEIPUPOBAHUE 110 YACTSAM:

1 "2 _ " " o ’
5(st dz= [ X"6X"dz = X" 6X

- f X"5X dz =

— X// (SX/

X" 5X‘ + [ X"™5X dz

T aHAJIOTHIHBIM 00pa3oM uist naTerpasa ot Y2, Cobupast pazmmd-
HBIE YJIEHBI, TIOJIYYNUM

[UBELY" — K,)0Y + (ELX" — K,)6X]dz +
+ EL(Y"S§Y' —Y" §Y)| + EL(X"§X' — X" 6X)| = 0.

N3 nepBoro, MHTErPAJbHOIO, 4ieHA CAeJyI0T BBUJY HPOU3BOIBHO-
cru Bapnannit 6X n Y ypasuenus pasrorecusi (20.4). Ocranbabre
JKe, TTPOMHTETPUPOBAHHBIE, UIEHBI TA0OT TPAHNYIHBIE YCIOBUS K STUM
YPaBHEHUSIM; TakK, Ha CBOOOIHOM KoHIe Bapwamnu 60X, 0Y, 6 X', Y’
MTPOWM3BOJILHEI I COOTBETCTBEHHO Moy vatoTcst yeaosus (20.11). B o
ke BpeMs koaddunmenTtst mpr X w JY B 9THX UNIeHAX JAIOT BHI-
pakenusi (20.5) j/isi KOMIOHEHT Tepepe3bIBAIOIIeil CHiIbl, a Ko3dh-
dunments npu §X' u §Y’ Boipazkenusi (20.3) a1 KOMIOHEHT
U3rndarOEero MOMeHTa.

Hakonen, ypasnenus pasuosecus (20.14) npu nanuunm pacrs-
ruBatoIeit cusibl 1I' MOXKHO MOJIyUUTh TEM YKe CIIocoboM, TPUOABUB K
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BapbupyeMoOil SHEPTUN BEJUUYUHY
TAL = % [ (X2 +Y"?)dz,

TMPEeACTABIATONTYI0 coboit pabory cuanl T wa mytn AL — yamnHennn
CTEPIKHS.

Bagaum
1. Onpenemnts dopmy npormba crepxkuas (aawanr 1) moa BaAUSAHWEM COO-
CTBEHHOTO BeCa MPU PA3TUIHBIX CII0CO0AX 3aKPEIIeHns ero KOHIOB.
Pemenwne. lckomas dbopma onpeenseTcs: pemeHreM ypaBHEHU

mr_ 9
¢ EI

(g Bec eMHUIBI JMHBL CTEPIKHSA) C TEMU UJW JIPYTUMA TPAHUYIHBIMHA yCIOBH-
sIMM Ha €r0 KOHIaX, chOPMy/IMPOBAHHBIMA B TeKcTe. IIpm passmmaabix crrocobax
3aKPeILTeHNs KOHIIOB CTEPKHS MOy Iai0TCs ceayiomune (popMbl nporuda u Mak-
CUMaJThHBIE CMEIeAns (TaK Ha3bIBAEMBIE CTPEJIKH MPOTN0a); HAYaI0 KOOPANHAT
Be3/ie BBIOPAHO B OJHOM M3 KOHIIOB CTEDPIKHS.

a) OGa KOHIIA CTEpKHS 3a7]eTaHbBI:

9 2 2 l 1 ql*
= ~- D2 M -
¢=qamr® G0 C(Q) 384 BT
6) Oba koHIA onepThL:
4
(= g ,2(2:3721,22+13)7 C(i) ii
24E1 2 384 ET

B) Oaun komen (z = [) 3azenan, a apyroit (z = 0) onepr:

4
C=—L 223122 +1%),  ¢(0,421) =0, 0054%.

48FE1
r) Oxnun xouer (z = 0) 3amenan, a apyroii (z = I) cBobGogen:
q 2,2 2 1 ql*
- ~ 41z +61%), n=-2
C=qapr” 7 RO (W= gy

2. Onpegenmuts dopMy mporuba CTEpKHS MO BAUSHUEM MPUIOKEHHON K
€ro cepejiMHe COCPeAOTOYeHHON cuibl f.

Pemenwmue. Besae, kpome Touxu z = /2, mueem ypasuenme (""" = 0. I'pa-
HUYHBIE yCIOBUS B KOHIax crepxus (2 = 0 m z = 1) onpenensorcs cnocobom
3aKpenienns; B Touke ke z = /2 gommkabr 66iTh Herpepusan ¢, (') ¢, a pas-
HoCTh TiepepesbiBaomux cua F = —EI¢" no o6e cTtoponst 3T0i TOUKYM 10KHA
ObITh paBHa cuie f.

Dopma crepxkaa (aa ygactke 0 < z < [/2) m cTpenka mpormba maoTcs
cieayiommuvu (hopmyaamu.

a) OGa KOHIIA CTEpKHS 3a7eTAHBI:

¢=—L @142, C(l)— /!

T 8EI 2)  192EI

6) ObGa KOHIA CTEPIKHS OMEPTHI:

c=-—L e, C(l)— s

T 8EI 2) = 48EI
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dDopMa CTEP:KHS CUMMETPUYHA OTHOCUTE/ILHO er0 CepeIUHBI, TaK 4TO (hyHKIUS
((z) na yuacrke /2 < z < | nosryaaercst orciona mpocTo 3amenoit z na | — z.

3. To ke g CTep:KHs, OJMH U3 KOHIOB KOTOporo (z = 0) 3anenan, a Apyroi
(z = 1) crOGOmEH, MpUYUEM K TTOCTIEIHEMY TIPAJIOYKEHA COCPEIOTOYeHHas cua f.

Pemenmne. Bmomn Bcero crepxus F = const = f, tak uro ("' = —f/EI.
C yenosuavu ( =0, (' =0mpu z =0 u ¢ = 0 mpw 2z = | monyqaem
3
(=L 2m-2 =1

6E1 3EI
4. Onpegennrs dhopmy npornba CreprKHsi ¢ 3aKPEIJIEHHBIMA KOHIIAMU 101
BIMSIHUEM COCPEIOTOUEHHOM Mapbl CUJI, IPUI0KEHHOH K €r0 CepenHe.
Pemenue. Bpaoms Beeit qmuun crepxuga ¢ = 0, a B Touke z = 1/2
voment M = EI(” wcnmiteBaer CKavok, paBHBIN MOMEHTY M MPUIOKEHHOM

cocpegoTodennoii napbl. C COOTBETCTBYIONMMHA YCIOBUAMHA HA KOHIIAX TIOJTY TUM:
a) 00a KOHIA CTEPIKHS 3a/e/IaHbl:

ngg'nzZ(l—Zz) mpm 0 < 2 <1/2,
C:—%(I—Z)Q[Z—Q(l—z)] mpu 12 < 2 < L;

6) 00a KOHIA 3aKPETJIEHBl B MTAPHUDAX:

(= 24H;Ilz(l274z2) ompu 0<z<1/2
(=2 (=2 =40l —2)? wpm 1/2<2<L

24E11

ITo o6e croponst or TOUKK z = [/2 CTEPXKEHb M30THYT B PA3HBIE CTOPOHBI.

5. To ke, ecnmu cocpefoTOYeHHAs Tapa MPUIOKEHA K CBOOOIHOMY KOHILY
CTEPXKHSI, IPYTroil KOHEL KOTOPOTO 3a/1eJ1aH.

Pemenwne. Buoan seeit gumun crepxus umeem M = EI(" = m, a B
Touke z = 0: ( =0, ¢’ = 0. ®opma m3ruba gaeTca GoOpMyTOi

m. 9
(= —2".
2E1
6. Onpenemtsh hopmy crep>kasi (KPYroBOTO CeUeHWs) ¢ 3aKPENJIEHHBIMU B
NIAPHUPAX KOHIAMH, PACTATHBAEMOTO CAIOH T 1 m3rmbaeMoro Cumoi f, mpumio-
JKEeHHOI K ero cepeaguHe.
Pemenwme. Ha orpeske 0 < z < I/2 mepepesbiBaomas cura pasHa f/2,
tak 1o (20.15) naer ypasuenue

<./// _ l<./ — _L
’ EI 2EI
I'panmanasie yenosust: ( = 0, ¢! = 0 mpu z = 0,1, a ipu 2z = /2 H0m1%KHO GBITH

¢'=0 (8 cuny nmenpepwmsrOcTH ('). [nst dopumbr crepwHs (Ha OTpesKe
0 < z < 1/2) nonyaum dbopmysry

i [,L} - (1)”?
2T kch (kl/2) ET

IIpu manbIx k 370 BhIpazxkeHne nepexoanT B (hopMy Iy, OIYUIeHHYO B 3aga4e 20.
IIpu Gospmx ke 3HAUEHNSX k OHO TIEPEXOIUT B

_ I
C=or®
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T. €., B cornacum ¢ ypasaerauem (20.17), rubkaa HUTh TPUHUMAET MO BIATHAEM
cuibl f (opmy, COCTABJIEHHYIO M3 ABYyX TPAMBIX OTPE3KOR, MEPECEKAIOMNXCH B
Touke z = [ /2.

Ecnu cuna T cama BO3HUKAET B pe3y/IbTATE PACTKEHUs CTEPKHS TOTeped-
HOW CMJION, TO /IS ee OnpejIesIeRnst Hal0 BOCMOIh30BaThcst dopmynoii (20.16).
IlomcTraBuB B Hee OMyYeHHOE BhIpAYKEHNE, HANIEM ypaBHEHNE

273
EINE IR WY A 0
kS 12 2 2 Kl 2 s

onpegessiioniee B HesiBHoM Buze T kak dyHKumio or f.

7. Crepxkenb (KpyroBoro cevenns) OECKOHETHON JITMHBI IEXKUT HA YyIIPYTOM
OCHOBAHWM, T. €. IpH u3rube HA Hero gedicrtByer cuna K = —a(, npomopimno-
HasbHas nporndy. Onpegesmts Gopmy, NPUHUMAEMYIO CTEPYKHEM NIPU AefiCTBUN
HA HEr0 COCPEIOTOYEHHON CHIIBL f.

Pemenwne. Boibupaem Hauaso KOOPAMHAT B TOYKE ITPUIOKEHUS CUJIbIL f.
Beszne, kpome Toukn z = (), UMeeT MeCTO ypaBHEHUE

nn
EI(" = —ac(.
Pemenne momxwo yaoBmerBopsaTh ycaopusam ( = 0 mpu z = too, a ipu z = 0
JomKHbL 66iTh Henpepbieabl (', (' pazHocTh ke 3HaveHMil TepepesnrBAOmIEit

camet F = —EI¢(" npu 2 - +0 u 2 — —0 gomkma OmiTh pasna f. Takoe
pelnenwe ecTh

¢ = I e 7 ljcas B3] + sin Bz 6—(i)1/4
8B EI" ‘ ’ 4EI)

8. BriBecTtn ypaBHenme paBHOBecHs st CAaDOr0 m3runba TOHKOTO CTEPIK-
Ha (KpyrOBOrO CEYEHWsd ), MMEIONEr0 B CBOEM eCTECTBEHHOM COCTOsHWH (BOpMy
Ayrn Opr)KHOCTI/I n I/ISFT/TﬁaeMOT‘O B CBOeﬁ TIJIOCKOCTHU HpT/U'IO)KeHHBIMT/I K HeMy
PaanuATBHBIMYA CATAMU.

Pemenne. Bribupas Ha1UaI0 TOISPHBIX KOOPAWHAT T, ¢ B IEHTPE OKPY K-
HOCTH, HANUIIEM ypaBHeHne 1edOPMUPOBAHHON JIMHIN CTEPIKHS B BUIE 2 = a4 +
+((p), rme a  paamyc nyrm, a (  MaJble paIUATbHBIE CMEIIEHNs TP U3ruoe.
BOCHOJ’[B:SOBH.BHH/ICB MN3BECTHHIM BBIpa)KeHT/IeM JJIA paﬂnyca KPHBT/I3HBI B Hoﬂﬂp—
HBIX KOOPAWHATAX, HANIEM C TOYHOCTHIO [0 UIEHOB MEPBOTO MOPSIKA 1O (

1 TZ o T‘T’” + 27",2 1 <+ CII
~

R (r2 +r'2)3/2 “a a?

(mTpux o3magaer quddepernuposanme no ). Cornacuo (18.11) maxoaum ympy-
ryIo SHEPTruio n3ruda:

¥o

©o )
EI 11 EI s
Fer = — - — = Ldp = —— + d
“ / (R a) “hy 2a? . (C+ ¢ de
0 0

(po  TEATpaNBHBIA YyTOT IyTH). Y paBHeHHe PABHOBECHS TIOTYHaeTCs U3 BapHa-
LMOHHOIO TIPUHIINTIA,
¢g
d0Fer — [6¢(K,adp=10
0

(K, OTHECEHHAsl K €JIMHUIIE JITUHBI BHEIIHAS PAIMATbHAA CUIA) C JOTIOTHH-
TEJbHBIM yCJI0BAEM

©o
J¢dp =0,
0

BBIPAZKAIONMNM COOON B paccMaTpWBAeMOM NPHUOIUKEHUN YCIOBHE HEM3MEHHO-
cTH O0MmIeil AIUHBI epuMeTpa CTEPXkKHs, T. €. YCIOBHE OTCYTCTBHSA OOIIEro ero
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pactaxerns. Cremys Meromy Jlarpamka, IpUpaBHUBAEM HYJTIO CyMMY
¢o ©o
dFcr — [aK,8(dy +aa [6(dp =0,
0 0

roe . mocrogHHad. IIpowsBoada BapbUpOBaHME B IOABIHTETPATHHOM BBIDAZKe-
wun B Fer w uaTerpupys wien ¢ 6¢” nBaxapl IO 9acTaM, TOLY9UM

/{%(<+2<1/+CHH)7GKT+Q(Z:| 0Cdp +

+ E e+ e
-

-2+ e =0
.

OTcroa HaxoAMM ypaBHEHWE PABHOBECHUS
EI
_4(4.////_}_24.//_}_()_I(T_{_a:(]7 (1)
a

BBIpAYKEHUeE [I7Is TePepPe3bIBAIONIEH CUIIbI
EI ! 1
P=—2l( + ")
a
" BbIDay>Ke€Hue Ijid H3FH6a}OmeFO MOMEHTaQ
El "
M=—(C+(")
a

(cp. xomer; § 20). TlocTosiHEAs (v ONMPENENAETCS yCJAOBUEM OTCYTCTBHsI 00mIero
PacCTaAXKEeHnd CTEePIKHA.

9. Onpenenmuts medopMauio KPyroeo-
ro KoJIbla, n3ru6aeMoro AByMsi COCPEIOTO-
YeHHBIMU CHJIaM¥ f, JeHCTBYIOIUMHU BIOH
nmamerpa (puc. 18).

Pemenne. Uuarerpupyss ypasHenue
(1) mo Bceii puHE KOMBIA, HANRZEM, 9TO

2raa = f K,adyp = 2f.

Besne, kpome Touek p = 0 u ¢ = T, uMeeM
ypasrenue (1) ¢ K, = 0:

3
" " f(l
+20" +¢+ 1% o,
¢ ¢ ¢ TEIT
Puc. 18 Nckomast medopmanmst KOAbIa CUMMETPUY-

Ha oraocurennHo auamerpos AB u CD, B
cuny wero B toukax A, B, C, D nomxuo
661Te (¢ = 0. PasHoCTh 3HaYeHMi mepepesbBaloNieil CHABl opH ¢ — £0 mon-
)kHa ObITh paBHa f. YIOBJIETBOPSIONIEE STUM YCAOBHUSIM DENIEHUE yDaBHEHUS
paBHOBeCHUs eCTh
™

3
1 1 1
C—fi(—+—<pcosap—§cos<p—isin<p), 0L
™

T EI 4

B gacTHOCTH, TOYkH A ¥ B B3aUMHO COMKAIOTCH HA BEJTNIUHY

) + ) =12 (z-2).
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§ 21. YcTONYNBOCTDh YyHPYTUX CUCTEM

[ToBesenue crepKHs, MOIBEPKEHHOI0 BO3AEHCTBUIO MIPOIOIbHBIX
C2KUMATOIIUX CUJI, TIPEJICTABJISIET MPOCTEHIHIil TpuMep BAXKHOTO SB-
JIeHUsl ynpy20t Heycmotinusocmu, BriepBble obHapykeHHoro JI. J1i-
AEPOM.

[Ipu oTcyTerBuM nonepedHbIX U3rudamumx sHemunx cul Ky, Ky
ypaBHEHWUsI paBHOBeCHsi cxkatoro crepxus (20.14) mmeor ouerw-
Hoe perreane X = Y = (), cCOOTBETCTBYIONIEE CTEPXKHIO, OCTAOIIIE-
MyCsl IPU BO3JIEHCTBUU [IPOJIOJIBHON cujibl 1 IPsIMOJIMHEHHBIM. DTO
pelenue, 0JIHAKO, COOTBETCTBYET yCTOMYIMBOMY DABHOBECHUIO CTEPIK-
HS JIMIIB JI0 TeX N0P, noka cxumaomas cuna [T’ ocraercs menbine
HEKOTOpOro Kpurnueckoro 3navenus Typ. [pn |T| < Ty npsivosn-
Helinast (popma CcTepKH yCTOWYUBA 110 OTHOIIEHUIO K TPOU3BOIbHO-
My MaJjiOMy BO3MYyIIeHuto. pyruMu caoBamu, €Cjiu IO BAUSTHUEM
KaKOT0-71u00 MaJjioro BO3AefiCTBUS CTEPKEHD MOIBEPraeTcs ciabomy
u3ruby, TO MO MPEKPAIIEHUU ITOr0 BO3JAEHCTBUS CTEPXKEHb Oy/er
CTPEMUTHCA BEPHYTHCA B UCXOHOE COCTOSHUE.

Hanporus, npu |T| > Ty, npsaMomnuneiinas ¢opma orBedaer
HEYCTONYMBOMY paBHOBeCHio. /locTaTodno yxke OECKOHEYUHO Majioro
BO3/IeicTBUST (M3rMba) JyIs TOro, 4TOORl PABHOBECHE HADYTINJIOCH, B
pesysbTaTe 4ero npousoitaer cuabHbiil u3rub crepxkug. fAcHo, uTo B
9TUX YCJIOBHUAX CKATHIA CTEPYKEHb BOOOIIE HE CMOXKET PeaibHO Cy-
[IECTBOBATH B HEM3OTHYTOM BH/IE.

[ToBesenue crep:xKHS MMOC/IE MOTEPU UM yCTONIUBOCTU JIOJI2KHO
OMUCHIBATHCSI YPABHEHUSIMU CUJIBHOTO n3ruba. OHAKO caMoe 3Hade-
HMe KPUTUYeCKOH HArpy3ku Txp MOXKeT ObITh HOJIy4eHO ¢ IIOMOMIBIO
ypasuenuii cnaboro narnba. Ipn |T'| = Typ npsavonmneiinas dpopma
CTEpKH COOTBETCTBYET HEKOTOPOMY 0e3pasz/indHOMY PaBHOBECHUIO.
D10 3HAYUT, 9TO Hapsiy ¢ pemerunem X = Y = ( JO/KHBI CyIIe-
CTBOBATBH €Ille W COCTOAHUS Caab0ro m3ruda, KOTOPBIE TOXKE SABJIs-
1oTca papHosecHbIMu. [losTomy kpurnyeckoe 3nadenue Ty, MOXKHO

onpeseuTh Kak TO 3uadenue |1, npu KOTOpOM y ypaBHeHuii
ELX" +|T|X" =0, ELY" +|T|Y" =0 (21.1)

MOSIBJISIETCsT OTJIMYHOE OT HyJist pernerne. CaMo Ke 9TO pelleHue
ompezeger xapakrTep aedopmariuu, KOTOPOH IOJBEPIHETCT CTEP-
2KE€Hb HEIOCPEeICTBEHHO T0C/E TIOTEPU UM YCTONYIUBOCTH.

B zamagax storo maparpada npuBeIeH psi TUITWIHBIX CIyIaeB
TOTEPH YCTONYINBOCTU PASIUIHBIMUA YIPYTUMHU CHCTEMAMI.

Bagaum

1. OnpenennTh KPUTUUIECKYIO CKUMAIONLY IO CUILY JJIsi CTEPYKHSI C IMAPHUPHO
3aKpPETJIEHHBIMW KOHIIAMW.

Pemenwme. IlockombKy HAC WMHTEpecyeT HamMenbinee 3Hadenwe |T'|, mpm
KOTOPOM TIOSIBJISIETCSl OTJIMIHOE OT HyJis pemenne ypasrennii (21.1); To mocra-
TOYHO PACCMOTPETh JIUIIb TO U3 ITUX ABYX YPABHEHHI, KOTOPOE COTEPIKUT MEHb-
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mee u3 I, Io; nycts I» < I;. Umem pemenue ypaBHeHUS
EIQX”” + ‘T|X” -0
B BUIIE
X = A+ Bz+Csinkz+ Dcoskz, k= (|T|/EL)"".
OTnmaHOEe 0T HyNd pellenHne, yAoBaeTBopaomee yeaosuam X = 0, X" = 0 npu
z=0wnuz=1, ecrn
X =Csinkz,
npuyem go/KHO ObiTh sin kIl = (. OTcoma HFaX0aMM NCKOMYI0 KPUTHHUECKY 0 CUILY
Txp = n°EL/I".

Ilocne moTepu yCTOMYMBOCTH CTepKeHB NpuMeT (GOpMy, W300parXkKeHHYI0 Ha
puc. 19 a.
2. To ke g CTEpXKHA € 33JeTaHABIMA KOHIaMu (puc. 19 6).

Pemenwe. Tkp = 4’ EL /17
3. To ke myist cTep»KHS, OJWMH W3 KOHIIOB KOTOPOrO 3aJieJIaH, a APYyroi cBo-
Gogmen (puc. 19 6).

Pemenwe. Tkp = 7’ EI J41°.

4. OnpenenuTh KPUTHIECKYIO CKUMAIONIYIO CUTy s CTEpXKHeA (KPyTrOBOTO
CeYeHns) ¢ MAaPpHUPHO 3aKPENJIEHHBIMIA KOHIIAMM, JIEKAIIEr0 Ha YIMPYTOM OCHO-
Banun (cM. 3amaqy 7 § 20).

Pemenwne. Bwmecro ypasrennii (21.1) 3mech Hamo paccMOTPeTh ypaBHeHNE

EIX"" +|T|X" +aX = 0.
Ananormanoe uccIe0BAHNE TTPUBOIUT K PEIIECHUTO

QEI . 4
X = Asin nl—ﬂz, Tkp = T <n2 + al ) ,

12 n’7*ET
npuYdeM i 1 AOTXKHO OBITh B34TO TO M3 IEJIBIX 3HAYEHUM, /I KOTOPOTO TMO-
sydaerca Hanmenbiiee sHaderne Txp. TIpu moctaTouno 6onpIMMX 3HAMEHUAX
moydgaercs n > 1, T. €. T0C/e TIOTepH YCTORIUBOCTH CTEPKEHBb MpUHUMAaeET Ghop-
My € HECKOJTbKUMHU Iy THOCTAMU.

5. Crep:keHb KPyroBOTO CEYEHWsI TOABEPTHYT KPYHUEHHIO, M €r0 KOHIbI 3a-
nenanbl. OnpenenuTh KPUTUIECKYIO BEIMYUHY KPYU€HUs, TOCTE KOTOPOH Tpsi-
MosmHeRHast hopMa CTEPIKHS JIeJIaeTCs HEYCTONINBOA.

Pemenne. Kpuruueckoe 3nadenme
yryia KpY4YeHus OIpeIensdeTcs TOsIBIEeHU-

.

Z eM OTJIMYHBIX OT HyJIsd pemeHnii ypapHe-
T HU ¢71a00r0 M3rnda 3aKpPyUeHHOTO CTEPK-
T r A Jlns BBIBOJA 3TUX yPABHEHUI MOJCTA-
Bsisiem Beipaxkenue (19.7):
dt
g 6 M=EI [t—}—i—CTt
T Il

(7 — MOCTOSTHHBIN Yyroa Kpy4ennsi) B ypas-

T
T uenue (19.3); sTo maer
2 2 2
EI {td zt} +Crdt — [Ft] = 0.
Puc. 19 di di

Huddepennupyem 3T0 ypaBHEHHE; II0-
CKOJIBKY m3rub c1abbiii, T0 npu aud depeHImpoBaHny EPBOTO W TPETHETO Wiie-
HOB MOYKHO CYMTATh t TIOCTOAHHBIM, PaBHBIM BEKTOPY tg, HampaBjaeHHOMY TI0
ocu crepxkHs (ocu z). [Tomus takxke, yro dF/dl = 0 (BHemmHue cunsl 0o amuHe
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CTEPKHSA OTCYTCTBYIOT), TIOJIy9aeM

3 2
ET [toﬂ} + CTd—‘t
dl?

= 07
dr?

NI B KOMIIOHEHTAaX:
" " " "
V' X" =0, X" V" =0,

rpae s = C71/(EI). Beens B kadecrBe HemsBecTHOH (ynkimo £ = X + 1Y, nomry-
YUM ypaBHEHUE

é.///l o 7;}{5/// — 0
WmeM pemrenne, yaosaeTsopaiomee yemosuaM £ = 0, £ = 0 mpu z = 0, [ B Buze
€ =a(l+ixz— ™) + b2,

¥ HAXOJAWM B KAYeCTBE YCIOBHUS COBMECTHOCTH s TOJYyYAOMUXCS s a U b
YPaBHEHUN COOTHOIIEHUE

o = —— — =tg—.
2 — a3l 2 2
Hanmenbmnit kopens 3roro ypasnenns: »l/2 = 4,49, tak 1o
8,98E1
KD = ————.
T

6. To ke [uIst CTEPYKHS C MAPHUPHO 3aKPEIJIEHHBIMIA KOHIIAM.
Pemenwne. 3mecs nmomyuaercsa

2
E=a <1 —e'* — %zz) + bz,

npuueM 3 onpenensiercs u3 e = 1, 1. e. s = 2. II03TOMY HCKOMBIH KPHUTH-
YeCKUil yroa KpydeHusd

Cl

7. Ompenenutsh mIpefies1 yCTOMYIUBOCTH BEPTUKATBHOTO CTEPKHS, HAXOISAIIIE-
rocs moji JIeicTBUeM COOCTBEHHOTO BECa; HUKHUN KOHEI CTEePIKHS 3a1e/IaH.
Pemenwne. Ecam npogosbroe narsizkenve F, = T mensiercst BIOIb JJIMHBI

dF,

CTepxKHs, TO B mepsBoM 4neHe B (20.1) # 0 u Bmecro ypasuenwuii (20.14)

MOJIy YaeTcst

LEX"" —(TX") — K, =0,

LEY"' —(TY') - K, = 0.

B namroM ciayuae monepedHbie m3rnbaroInne CUJIbl OTCYTCTBYIOT TI0 BCEH JIIMHE
crepxuda, a1 = —q(l — z), Tne ¢  BeC eWHUIBI ITUHBI CTEPXKHS, & 2 OTCUU-
THIBAETCS OT €ro HUXKHero Konuna. lIpemnosarasi, aro Is < I, paccmarpuBaem
ypaBHEHME

LEX" =TX' = —q(I-2)X'

(mpu z = | aBromaTmaeckn mveem X' = 0). O6mmit HATETpaT 3TOTO ypaBHEHHST
g byaxnmr u = X' ecTsb

u=n"[a]_5(n) +bJ1/a(n)],
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9 q 3)1/2
=— | —(- .
n 3<E12( z)

I'pannuansie yenosug X' = 0npu z = 0u X' = 0 npu z = | gator ana yHxmmun
u(n) ycnosus

rae

2 [ ql® 12
v=0 mnpu n:ngzg(ﬁ) , 11,'171/3:0 npu 17 = 0.
2

st Toro 94To6bl yIOBIETBOPUTH STUM YCJIOBHSAM, HAI0 MOMOKUTH b = 0, npu-
aem J_ 1, (n0) = 0. Hanmennmmit xopenn 3roro ypasnenns 19 = 1,87, orxyna
HAXOUM KPUTUIECKYIO [ITAHY CTEPIKHS

EI 1/3
Ixp = 1,98 (—2) .
q

8. Crepxkenn obsragaer BuITAHYTONH DOPMOI TIONEPEYHOrO CeYeHMs], TaK UTO
I> > I,. Oaun KOHeII CTEPXKHH 3a/e/1aH, a K CBOOOJHOMY KOHILY IIPII0XKEHA CHIa
f, m3rmbaromas ero B raaBHON TIOCKOCTH 2 (B KOTOPO¥H KECTKOCTHh Ha M3TM0
ects Ely). Onpenenuts KpUTHYECKOe 3HAUEHUE fxp, NOCIE KOTOPOTO ILIOCKASE
dopma m3rmba CTAHOBUTCS HEYCTONUMBON M CTEpP:KEHb OTTHOaeTcs B GOKOBYIO
cTOpPOHY (B TJIOCKOCTH YZ), OJHOBPEMEHHO MCTIBIThIBAsA KPYYEHHE.

Pemenue. Bsumy 6ompmoit Bemuannabl kKecTkocTu Ely 0 CpaBHEHUIO
EI, (n ¢ xecrkocThio na kpyuenne C)!) meycroumsocts mo oTHOmEHMO K
CrIIbHOMY OOKOBOMY M3rm0y BO3HUKAET B TO BPEMsl, KOTJa U3TU0 B MIJIOCKOCTH X2
ocraercs eme caabbiM. 15 onpeseneHns MOMEHTa HACTYILICHHS HEYCTONYINBO-
CTH HAJ0 COCTABMTH yPaBHEHHUS CIa00r0 ODOKOBOrO m3rmba CTEPIKHs, COXPAHs B
HUX 9JIEHBI, IPONOPIIMOHAIBHBIE IPOU3BEIeHUAM IeHCTBYONEHl B ITOCKOCTH T2
cunbl f HA Masble cMmemeHus. [IoCKOMBbKY COCpeZOTOUYEHHAS CHIA MPUIOXKEHA
JIMIITH K CBOOOZHOMY KOHILY CTEPXKHSI, TO BIO/Ib Beeill ero qimust F = £ a ma cBo-
Gomuom kouue (z = ) moment M = 0; o dopmyne (19.6) Haxonum KOMIOHEHTHI
MOMEHTA OTHOCUTE/IHFHO 3aKPENJIeHHOM CUCTEeMbl KOODANHAT T, Y, Z;

M, :07 My = (l—Z)f, M. = (Y—Y(])f,
rae Yo = Y (). TIpoenmpyem 3T MOMEHTHI Ha CBA3AHHBIE B KaKJIO0H TOYKE CO

CcTepxKHeM ocu KoopawHat &, 7, (; ¢ TOYHOCTHIO 70 UJIEHOB MEPBOTO MOPSIKA TI0
CMEMIeHUSIM TI0JIy UM

Mg = ¢(l—2)f, My=(-2)f,

M= (1= )f 2+ £V = Vo),

¥4

TJIe (¢ — TIOJIHBIH YTOJI TIOBOPOTA CEYEHNs CTEPYKHS TPW €ro 3aKpydInBannn (yroJr
kpy4enna T = dp/dz 371€Ch HE TIOCTOTHEH BAOMb AnuHbl cTepxkuda). C apyroi
croponsl, coracho (18.6) u (18.9) nmeem npu cnabom n3rnbe

Me = —ELY", M, = ELLX", M. =C¢

') Tak, m1s y3KOro NPSMOYTOMBLHOTO CEHeHus ¢ MUPUHON b 1 BHICOTOMN b > h

nMeeM X . X
EIL, = bh E, El, = ME C = bh 7
12 12 3




§ 21 YCTOUYUBOCTL VIIPYTUX CUCTEM 129

¥, CpaBHHUBAsd 3THU BBIPAYKEHWS, MIOTYYINM ypPaBHEHNS PABHOBECUSA
ELX" = (1 - 2)f,
ELY" = —p(l—2)f, C¢ =(-2)fY' +(Y - Yo)f.

IlepBoe m3 sTmx ypaBHeHUiI ompeaenseT OCHOBHON M3rnb CTEPKHS B ILIOC-
KOCTHU xz; TpebyeTcd HATH 3HAUeHME [, IPU KOTOPOM TIOSBISETCA OTJIUIHOE OT
HyJIsl DEIleHre y BTOPOro M TpeThero ypasuenwnit. Vckaogas n3 unx Y, Haiigem

2
"+ kK21 -2 =0, k’= o
@ (I—=2)¢=0, EL.C

OO0muit mHTErpas STOT0 YypaBHEHUS €CTh
k k
o =avi—zJy 4 (5(1 . Z)?) VT 2d )4 (5(1 _ Z)2) .
Ha zagenannom korne (z = 0) momknaO0 66ITH ¢ = 0, a Ha CBOGOAHOM KpyTAMIAi
mowment C¢’ = 0. 13 sroporo yciosus umeenm a =0, a neproe naer J_1,4(kl* /2) =
= (. Hanmenpmuit KOpeHb 3TOTO yPaBHEHUS: kl2/2 = 2,006, orkyna

4,01

l2

(EL,C)'?.

fxp =

5 JI. 1. Jlangay, E.M. JIndmu, Tom VII



FJITABA 1II

YIIPYI'VME BOJIHBI

§ 22. Yupyrue BoJIHbI B N30TPONHOI cpejie

Ecnu B gedopvupyemMom Tejie MPOUCXOINT JIBUYKEHUE, TO TEM-
rieparypa TeJia, BOOOIIe TOBOPsI, OTHIOAb He TTOCTOAHHA, 8 MEHSIeTCsI
KaK CO BPEMEHEeM, TaK M OT TOUYKW K TOYKE BJO0/b TeId. JTO 00CTOsI-
TEJHCTBO CUJILHO YCI0KHSAET TOUHBIE YPABHEHUsT IBUKEHUS B 00IIIEM
cjiydae NpOU3BOJIBHBIX JBUMKEHMUIA.

OOBIYHO, OJIHAKO, TIOJIOKEHUE YIPOIIAETCs OJ1aroapsi TOMY, 9TO
nepejava Temaa U3 OJHOrO y4YacTKa Tejaa B Jpyroil (mocpeacrBom
MPOCTO  TENJIOMPOBOHOCTH) TIPOUCXOANT OYeHbh MejaeHHo. Ecin
TEeTI000MEH TPAKTUIECKU HE TPOUCXOIUT B TEUEHUE TTPOMEXKYTKOR
BpPEMEHN TOPsIKA Meproga KoaebaTenbHbIX JIBUKEHNI B Teje, TO
MOYKHO PaCCMATPUBATH KAXK/IBI yIACTOK Tejaa KaK TerJIOu30/JnpPO-
BAHHBIN, T. €. ABWKeHwme Oymer agmadbarmvuecknm. Ho mpum agmaba-
TUYIECKUX AehOpMaINsIX 0, BBIPAYKAETCS Uepe3 Ui 10 hopMmyIam
OOBIYHOTO BWJIA C TOW JIWIIb PA3HWIEH, 9TO BMECTO OOBIYHBIX (M30-
TepMuvecKux) 3uavdenuii sesmuun F, o wago Gparb ux agmabaru-
uyeckne 3uavenust (cm. § 6). Huzxke mMbl Oygem cumrath 910 yeaoBue
BBITIOJIHEHHBIM, W COOTBETCTBEHHO 3TOMYy 10j F u o B 3T0i riase
OyyT HOAPA3yMEBATLCS UX aJuadaTrudecKue 3HAYEHUs.

JLiast Toro aTobbl MOJIyUnTh yPABHEHUs JIBUXKEHUs YIPYTOil cpe-
Jibl, HAJ10 IPUPABHATH CUJTy BHYTPEHHUX HANpsizKenuit 0oy, /Oy npo-
M3BEJICHUIO YCKOPEHWs 1; Ha MACCy eJIMHUIbl O0beMa Teja, T. €. Ha
ero mJA0THOCTD p:

pi; = ok 1), (22.1)
8mk

1) IMompasymeBaeTcst, 9TO CKOPOCT V TOYEK CPEebl COBIANACT ¢ POR3BOIHO
u or ee cMemenus. IoguepKHEM, OIHAKO, 9TO OTOXK/IECTBJIEHUE DTUX JIBYX Be-
JIMYUH OTHIOAH HE sIBASETCS TeM-TO caMo co0oil pazymeromuMmcs. B kpucramnax
BEKTOP U TPEJICTAB/sAeT COOON CMEIIeHne y3/I0B PENeTKN; CKOPOCTh ¥Ke V OIpe-
AeJIAEeTCAd B MEXaHUKE CIIJIOTTHBIX Cpe,n KaK T/IMITy,J'[BC €IMHUOBI MaCChl BEeIECTBA.
PagsemnctBo v = U cpaBeinBo, CTPOTO TOBOPS, JIUIIb [/ UI€ATHHBIX KPUCTA-
.]'IOB7 re B KaxXXJ0M y3ﬂe peIHeTKH (T/I TOJILKO B HT/IX) HAXOOUTCHA 110 a’TOMy. EC.]'H/I
K€ KPUCTALT COMEPKUT AedeKThl (He3anoTHeHAbIE Y3/Ibl  BAKAHCUW, WU K€,
HANPOTWB, JIMITHAE aTOMBI B MEYKJI0Y3JIMAX), TO MEPEHOC MACCHl OTHOCHTETHHO
pemerkn (T. €. OTAMYHBIA OT HyJIsl MMITYJIbC) MOXKET CyIIECTBOBATH W B HENIE-
dopmvupoBanHOil pemerke  3a cuer auddy3un q1eeKTOB «CKBO3b PEMIETKY .
Oroxpaecrsienne v u U nogpasymesaer rnpenebpexkenne srnvu 3¢ dexramm —
B CBS3W C M€JIJIEHHOCTHIO Auddy3un uam Maaoii KOHIeHTpannei qedeKToB.
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1o  obwmmit Bu ypaBHEeHHI JBUXKeHUs. B 4acTHOCTH, ypaBHE-
HUs JIBUKEHUS] M30TPOIHON yIPYToil Cpejibl MOXKHO HAIUCATH HElo-
CPEJICTBEHHO 110 AHAJIOTMH C ypaBHenuem pasHosecus (7.2). Mmeem

E E

=— - Au+-———pgraddivu. (22.2)
21+ o) 2(14+0)(1 —20)

pu
[Tockonbky BCe medopMaIuu TPEINONIAraloTCst MAIBIMIA, TO Pac-
CMaTpUBAaeMble B TEOPUN YIPYTOCTH JIBUKEHUs] TTPEJICTABISIOT CO-
Ooit Masbie ynpyeue koacbarusa wiau 6oanvl. Hauanem ¢ paccmorpe-
HUS TIJIOCKOIM yIIPYTOil BOHBI B HEOIPAHUYEHHON M30TPOIHON Cpele,
T. €. BOJIHBI, B KOTOPOii mecdbopmarus U siBaseTcs (pyHKIei TOIbBKO
OT OJIHO¥ M3 KOOpJAWHAT, CKaxkeM, oT Z (1 oT Bpemenn). Bee nmpons-
BOJIHBIE 110 Y U 2z ypaBHEHUsAX (22.2) uC4e3aior, U Mbl MOJTydaeM JI/1s
OTJIE/THHBIX KOMITOHEHT BEKTOPA U CJIEIYIONINe YPaBHEHWS:

2 2 2 2
Ou, 10 117 —0, 671:1, _ 19 111, -0 (22.3)
Ox? ¢} ot? Ox? c? ot?
(ypaBHEHUE ISl U, TAKOE XKe, KaK JUIs Uy ), T/1e BBeJeHbl 0003Haqe-
Hust L)
. 1/2 p 1/2
= |20z | | _E (224
p(1+0)(1—20) 2p(1+ o)

Ypasuenusi (22.3) npexacraBisior coboii 0ObIYHBIE BOJHOBBIE
YPABHEHUS B OJIHOM M3MEDEHUHU, U BXOJSIINE B HUX BEJUIUHBI ()
U ¢ SIBJIATOTCSL CKOPOCTSIMU PACIPOCTPAHEHUsT BOJHBL. Mbl BujnM,
YTO CKOPOCTH PACIPOCTPAHEHMST BOJTHBI OKA3BIBAETCS PA3JIMIHOMN st
KOMIIOHEHTHI 14y, C OJHOI CTOPOHBI, U KOMIIOHEHT 1y, U,  C JIPyTOi.

Takum obpazom, ynpyras BOJHA IIpeacTaBiser coboil mo cyie-
CTBY JIBE HE3ABUCUMO PACIPOCTPAHSATONINECS BOJHBL. B OIHOM 13 HuX
(1) CMeleHre HAPABJIEHO BJIOJIb PACIPOCTPAHEHUS CAMO¥ BOJIHBI;
TAKYI0 BOJIHY HA3BIBAIOT NPOJOAbHOU, OHA PACIIPOCTPAHSIETCS CO CKO-
pocteio ¢. B apyroit (uy, u,) CMEIEHNE HANPABJIEHO B ILJI0C-
KOCTH, MEPHeHIUKYJISIPHON HAIPABIEHUIO PACIPOCTPAHEHUS; TAKYTO
BOJIHY HAZBIBAIOT NONEPeuHOtl, OHa PACIPOCTPAHSIETCS CO CKOPOCTHIO

¢;. Kax sugro m3 (22.4), ckopocTh ¢ Beeraa GobIme CKOpOCTH ¢; 2):

o > (4/3)2¢,. (22.5)

1) Manum Taxsxe BoIpazkeHus CKOPOCTEd ¢ U ¢; depes ko3 pUImenTs cxxaTus
n casura n depe3 kodbdbunmentst Jlams:

o (3K+4H)1/2_ (A+2H)1/2 o <H)1/2
1= | ——— = ) t—\ :
3p p p

2) IIpu dakruaeckom n3venenun o B npegesnax or (0 go 1/2 (cm. npumes. na
c. 26) mmeer MecTo m Gosee CUIBLHOE HEPABEHCTBO ¢ > Ctﬁ.

5*
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Ckopoctu ¢ ¥ ¢; Ha3bIBAIOT Npodoavholl U nonepeunoti Ckopocmamu
36YKa.

Mpr 3HaeM, 9T0 m3MeHeHne obbema npu gedOpMaIun Onpee-
JISIETCsl CYyMMO# IMAroHAJIbHBIX 9JIEHOB TeH30pa jgedopmanuu, T. €.
BenmauHON u;; = divu. B momepedroit BoHE NMEIOTCS TOJIBKO KOM-
HOHEHTB! Uy, Uy, U IOCKOALKY OHM He 3aBUCAT HU OT ¥, HU OT Z,
i Takoit Bostael div u = (. Takum o6pazom, nomnepednbie BOJTHBI HE
CB{A3aHBI C U3MEHEHUEeM 00beMa OTJEJbHBIX ydacTKOB Tesa. Hampo-
TUB, JIJIs TPOA0AbHBIX BOJIH div u # 0; 9T BOJIHBI COMPOBOKIAIOTCSI
CXKATUSIMU U PACIIUPEHUIMU B TEJIE.

Paznenernune BoMHBI HA IBE HE3ABUCHUMO PACTPOCTPAHSAIONINECS C
Pa3HBIMI CKOPOCTSIMU YACTU MOYKHO TPOW3BECTH W B OOIIEM CIIy-
4yae TPOU3BOILHON (He MI0CKO#) ynpyToii BOJIHBI B HEOTDAHUIEHHOM
TIPOCTPAHCTRE.

[Mepenumem ypasrenue (22.2), BBeJIsi B HETO CKOPOCTH €] W Cy:

it = JAu+ (¢ — ¢}) grad divu. (22.6)
[TpescraBuM BEKTOP U B BUJIE CyMMBI JIByX YacTeii:
u=u + uy, (22.7)
M3 KOTOPBIX OJIHA YJIOBJIETBODPSIET YCIOBUIO
divu = 0, (22.8)
a Ipyras  yCJIOBHIO
rot u; = 0. (22.9)

3 BEKTOPHOTO aRa/In3a W3BECTHO, YTO TaKOe TPeACTABIEHNe BCeTaa
BO3MOYKHO (3TO €CTh TPEJICTABIEHNE BEKTOPA B BUJIE CyMMBI POTOpA
HEKOTOPOTO BEKTOPA M I'PAJMEHTAa HEKOTOPOro CKAJIspPa).

ITpu nozicraroske u = u; + u; B (22.6) momyuaem

iy + iy = A+ w) + (¢ — ) grad div u,. (22.10)

[Mpumennm k obemm wacTam 3toro ypasHenusi oneparnnio div. [To-
ckobKy divu; = 0, MBI moyanm

diviy = c?Adivu + (¢ — ¢2)Adivu,

nJjin

diV(fl[ — C%Aul) = 0.

C apyroii cTOpoHBI, TOt CTOAMEro B CKOOKAX BBIPAYKEHUS TOKE PABEH
Hy.110 B cuity (22.9). Ho eciu rot u div HeKOTOPOro BekTopa ncuesaor
BO BCEM TIPOCTPAHCTBE, TO 3TOT BEKTOP TOXKIECTBEHHO PABEH HY.IIO.
Taknuwm obpazowm,
GRRET
ot?

— Ay, = 0. (22.11)
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Awnanornuno npumenss K ypasuenuto (22.10) omepanuio rot n
noMus, 410 rotu; = 0 1 410 TOt BCAKOTO IrpaJIMeHTa PABEH HYJIIO,
HAXO0IUM

rot(iy — c2Auy) = 0.

[Tockonbky div crosimero B ckoOKax BbIPAXKeHMs TOYXKE PaBHA HYJIIO,
MBI TIPUXOJIUM OISATH K YPABHEHUIO TOrO Ke Buja, Kak u (22.11):

82ut
ot?

Yparuenns (22.11) n (22.12) npexacrarasiior coboit 06bIYHBIE BOJ-
HOBBIE ypaBHeHns (B Tpex m3mepennsax). Kaxkmoe m3 HUX COOTBET-
CTBYET PaCIpPOCTPAHEHUIO YTIPYTOi BOJHBI CO CKOPOCTHIO COOTBET-
cTBeHHO ¢ wian ¢;. OjHa m3 3Tux BOAH (Uy) He CBsi3aHa C M3MeHe-
nuem obbema (B cury divu, = 0), a apyras (uw;) conpoBoxkaaercs
O0OBEMHBIMU CoKATHAMU W PACITHPEHUSAMMU.

B MOHOXpOMATHYECKOI yIIPYTOii BOJIHE BEKTOP CMEIIEHHUS UMEET
BUI

— ZAu; = 0. (22.12)

u = Re {ug(r)e ™'}, (22.13)

e Ug — GYHKIUS KOOPAUHAT. JdTa (PYHKIUS YIOBIETBOPSIET ypaB-
HEHWTO

& Aug + (¢ — ) grad divug 4 w?ug = 0, (22.14)

nosydaroumemycs npu nojcranoske (22.13) B (22.6). Ilpoponbhas
U 1I0IepedHasi 4acTu MOHOXPOMATHYECKONH BOJIHBI Y/I0BJIETBOPAIOT
YDABHEHUSIM

Au; + l{:l?ul =0, Au; + kfut =0, (22.15)

e ky =w/e, ky =w/e;  BOMHOBBIE BEKTOPBI MPOJIOABHON U TOTIE-
PedHO BOJIH.

Haxonen, paccMoTpuM oTpazkKeHue U HPeIoMJIEHHe [LI0CKOH MOo-
HOXPOMATUYECKO YIPYIOil BOJIHbLI HA I'PAHULE Pa3jle/la MexKly ABYy-
Ml Pas/IMYHbIMU YUPYIUMU cpejamu. [Ipu 5ToM HaJlo UMeTh B BUJLY,
YTO IIPU OTPAXKEHUU U 1IPeJIOMJIEHUM XapaKTep BOJIHbL, BOOOIEe I'0BO-
pst, Mendercs. Ecjin Ha rpanully pasjea 1aJaeT 4UCTO LOLepedHas
WM 4KUCTO LPOJIO/ALHAL BOJIHA, TO B Pe3yJbrare [0J1y4arorcd CMe-
LIAHHbIE BOJIHbI, COJepzKalllie Kak I0LepedHble, TaK U LIPO0JibHble
yacTu. XapakTep BOJHbI HE MEHSIETCs (KAK 3TO ABCTBYET U3 CO0Gpa-
JKEHUIT CUMMETPHHU) TOJIBKO B CJIyHYae MePHeH/IMKYJISPHOrO NaeHus
BOJIHBl HA [OBEPXHOCTL pas3je/a U B Clydae LajeHus 110J] LIPOous-
BOJIBHBIM YIJIOM IOLEPEeYHOl BOJIHbI ¢ HAPAJIEIbHLIMY [LIOCKOCTH
pazjena KojebaHusaMu.

CoorHolenus, oLpeje/dionye HalpaB/leHus OTPaxKeHHOH u
LHPEJIOMJIEHHONM BOJIH, MOIYT ObITh [0/yYeHbl HEIOCPEJCTBeHHO W3
HOCTOAHCTBA YACTOThl U KACATE/IbHbBIX K [I0BEPXHOCTU pa3/le/ia KOM-
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noHEeHT BOJIHOBOrO Bektopa ). Ilycrs 6 u @' yros najgenust u yroo
oTpazkenus (Ujim npeaoMmenus), a ¢, ¢ ckopocTu 06enx paccma-
TpuBaeMbix BojH. Torja

sinf _ ¢ (22.16)

sin 0’ c
[TycTs, mampuMep, majaorias BoaHa nomepevna. Torma ¢ = ¢
€CTh CKOPOCTH TIOTIEPETHBIX BOJIH B TIEpBOit cpeje. g momepednoi
K€ OTPAsKEHHOM BOJIHBI BMeeM Toxke ¢ = ¢, u notomy (22.16) pacrt

0=40,

T. €. yTOJI TaJIeHNsT PaBeH YTy OTpakeHns. [ mpoaosnHoit Ke
OTparKeHHOil BOMHBEI mMeeM ¢ = ¢j| U MOTOMY

sin 6 _Cn

sin 0’ c

Jlj1s1 monepednoii yacTu NpeoMIeHHOM BOIHBI UMeeM ¢ = ¢jo U 1Ipu
NONePeYHON »Ke IMaJaroneil BOJIHE UMeeM

sin 6 _tn

sin 0’ Cto
AHaI0ru4HO [ HPOAOIBHON HPEJOMJIEHHON BOJIHBI UMEEM

sinf _ cn

sin 6’ cr2

3agauu

1. Onpenenuth K03 HUIMEHT OTpaKeHUs TPOIOTHHOI MOHOXPOMATHIECKOMN
BOJTHBI, TIAIAIOIIEH IO IPOU3BOIBHBIM yIJIOM HA IPAHMUILY Tesa ¢ BAaKyyMOM.
Pemenne. Ilpm orparkenwmnm 1mom mpPOM3BOIBHBIM yT-
Y - JIOM BO3HHKAIOT KAaK IPOJOIBHAs, TAK M IIONEpPEeTIHasl 0Tpa-
ey’ JKeHAne BOIHbL. VI3 coobpaskennii cnvMeTpun 3apanee sicHO,
YTO BEKTOD CMEIIEHUs! B MIONEPEYHON OTPaKeHHON BosiHE Oy-
JIET JIEZKATH TEeTUKOM B IIOCKOCTH nazennd (puc. 20; ng, ny,
n; — eAWHNYHBIE BEKTOPHI BIAOJIhL HANPaBJIEHWN Magaiomei,
6o 2L OpOAOIBHOMN U MOIEPEYHOI OTPAXKEHHBIX BOJH, a U, Uj, Uy
0¢ Auy COOTBETCTBYIOIHME BEKTOPHI cMmermenwii). [ToHoe cvemmenye B
U Tesie pasro cymme (o6mmit MrokuTeH € ¢! s kpaTroCTH
n; OITyCKaeM)

Q n,w u = Aonge™ " + Ane™t + A, [an;] ektr

Puc. 20 (a  eIUHUYHBIA BEKTOD, NEPHEHIUKYISPHBIA K ILIOCKOCTH
nagenns). AGCOTIOTHBIE BEJTMYMHBI BOJTHOBBIX BEKTOPOB DaB-
mel: ko = ki = w/cr, kt = w/ct, a yroel magerns 6o m orpaxkenns ), 0; cBa3aHbI

. . Ct
coornomenusimu 0 = g, sinf; = sinfg—. Husi komnonent renzopa medopma-
Cl

1
) Cum. VI, § 66. Bce n3ioxennbie TaM COOGPAKEHUST, TTOAHOCTHIO NPUMEHIMBI
7 376Ch.
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UM Ha TPAHUIE Tesa MoaydaeM
Uy = tko(Ao + A;) cos® 6o + i Ak, cos 6, sin 6,
wuy = iko(Ao + Ay),

Upy = 7,]17(] (A() — Al) sin 90 COSs 60 =+ %Atkt (COS2 9,5 — Sin2 61)

(o6mme IKCTIOHEHIIMATBHBIE MHOXKUTEIN OIMyCKaeM). KOMIOHeHThI TeH30pa Ha-
npsiyKeRnit Berancasiem no oomeit dopmyse (5.11), kKoTopyro ya06H0 THCaTh 376Ch
B BHjE

oL = 2pcfuik + p(cl2 — 2(3;2)11,”(51%.

'parwumnbie ycnoBust Ha CBOOOMHONW TMOBEPXHOCTH Cpebl: 0;rNi = (, OTKyZa
Ozz = Oy = 0, M JAIOT JBa ypaBHEHWs, U3 KOTOPBIX MOXKHO BBIDA3UTH Aj,
A; uepes3 Ag. B pesyabrare BbraucieHuil nosyvdaercs
cf sin 26; sin 260g — cf cos? 26,

b . . b )
¢? sin 26, sin 260 + ¢} cos? 26,

2¢;c sin 26g cos 26

0 . . b :

¢ sin 26, sin 2600 + ¢} cos? 26,

A= Ao

At:—A

TIpu 6g = 0 umeem A; = —Ag, Ay = 0, 1. e. BOJIHA OTPAYKAETCS METUKOM KaK
HpOﬂOﬂBHaﬂ. OTHOIHeHT/Ie Hepneﬁﬂﬂkyﬂﬂpﬂoﬁ K HOBerHOCTT/I Cpeﬂbl KOMITOHEH-
ThI IJIOTHOCTH TIOTOKA SHEPTUU B OTPAYKEHHON MPOJOIBLHON BOTHE K TAKOMY YK€
TOTOKY B TTaJaloeil BoJIHe ecTh

2
|l
Ao

Anasiornanoe oTHONIEHNE 7151 OTPAYKEHHO 110I1ePEeTHON BOJIHBI €CTh

2
cicos By | Ay

R=——|—

c;cosfg | Ag

Pazywmeerca, Ry + Ry = 1.
2. To xe, ecnu MamAOMAg BOJHA TOTEpeYdHas (M HATpaBIEHUE KOIeOaHmit

B Hell JIEKUT B TJIOCKOCTH TAJIeHNs ) h.
Pemenme. Bomma oTrpaxkaerca B BHIE IMONEPEYHON K€ M IIPOAOTBHOM
BoJIH, ipudeM 0; = g, ¢ sin 0; = ¢; sin 0y. [1oaHBIA BEKTOP CMEIeHN:
ik ik ik
u = [ang] Age" " + n A" + [an,] Aje" .

Z[ﬂﬂ AMIIJINTY/ OTPAKEHHBIX BOJIH TTOJIYYaI0TCA BhIPDAYKEHUA

é _ cf sin 26, sin 26y — c}z cos? 26,
Ag ¢ sin 26, sin 260 + ¢} cos? 26 '
ﬂ 2¢;ct sin 26 cos 26

Ag ¢ sin 26, sin 260 + ¢} cos? 26 '

1
) ECIH/I KOHe6aHI/Iﬂ HepHeH,IH/IKyIIﬂpHBI TIJIOCKOCTH I'[a.,ILeHI/Ifl7 TO BOJIHA O’T‘pa-
JKAETCS IIeJTUKOM B BUJE TAKOU Ke BOJHBI, Tak 910 Ry = 1.
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3. OnpemenuTh 9acTOTHI PAAUATBHBIX COOCTBEHHBIX KOJ€DAHWIl YyIPYyTroro
mapa pagnyca R.

Pemenue. Boibupaem cdepudeckue KOOPAUHATHI ¢ HAYAIOM B IEHTPE
mapa. IIpu paguanbHbIX KOME6AHUAX U HAIPABIEHO TI0 PAJIAYCY U 3aBUCUT TOJIb-
ko or 7 (mor t). TTosromy rot u = 0. Beegem «noTeRnnam» CMEIERNs ¢ COTJIACHO
Uy = u = ¢ /Or. Beipakennoe 9epes ¢ ypaBHEHUE NBUKEHWs CBOIAUTCA K BOJ-

HOBOMY ypaBHEHHIO ¢ Ay = ¢, WIH [ MePHOANYeCKUX 1m0 Bpemenn (~ e '“f)

KOJIe0aHmii: 18 5
2 2 w
Apg= —— 22 =—k"p, k= —. (1)
r2 or or c
Pemenne, konearnoe Bo BceMm 0b'beme mapa, BKJIOYast €ro HEHTP, €CTh
sin kr
o= ASRET
r

(BpeMeHHO} MHOXKUTENb He HmumeM). Paguanbable HATDSKeHUS:

arr = p{(cl — 26 uii + 2ciunn} = p{(cl — 2¢))Ap + 24"}
WM, NCTIONIh30BaR ypasrenne (1):

1 51
— Oy = —w2<,p — 4cf—<,p'. (2)
p T

Iparnunoe ycnosme o, (R) = 0 npuBOANT K ypaBHEHWIO
tgkR 1
kR 1— (ERcy/2¢:)?

Ero kopu#m ornpenessiior 9acTOThl COOCTBEHHBIX Kostebanmit w = ¢ k.

4. OupenenuTh 9acTOTy PaaMATbHBIX KOaeOaHUN chepudeckoil moocTu B
HEOTPAHWUYEHHON ynpyrou cpeze, [1jst KOTOPOH ¢ > ¢;.

Pemenmne. B meorpammuennoii cpeme paamanbHbie KOJI€0AHWS TOJIOCTH
COTIPOBOKIATOTCS U3y Y€HUEM TTPOJIOTBHBIX 3BYKOBBIX BOJIH, 9YTO IPUBOINUT K TIO-
Tepe IHEPTUN M TEM CaMbIM K 3aTyXaHnio Kosebanuii. Ipu ¢; > ¢; (1. e. K > )
3TO m3nydenue Oyaer c1abbIM M MOYKHO TOBOPHUTH O COOCTBEHHBIX 9ACTOTAX KO-
nebaHmit ¢ MaABIM KODDUITUEHTOM 3aTyXaHUS.

Mmewm pemenne ypasuerns (1) B Buge pacxogsimeiics cepraeckoil BOTHBI

ikr

T c

3)

7 ¢ moMOmpIo (2) moTy9IaeM U3 TPAHUIHOTO yCaoBHsA 0,y (R) = 0

(kRﬂ)Z = 4(1 — ikR).

Ct

2(31, < ,C‘f,)
w = 1—0— .
R Cl

BemectBennas 9acTh w gaeT COOCTBEHHYIO YacTOTY KOMeOaHmil, a MHUMAS
ko3ddunmenT 3aTyxaHusa; B HECKNMAEMOR cpene (¢, — 00) 3aTyxaHuWe, ecre-
CTBEHHO, OTCYTCTBOBAIO OBbl. DTu Konebanus  crernuduIecKuil pe3yabTaT Co-
TMPOTUBIAAEMOCTH CPEIBl IO OTHOmEHuIO K casury (u # 0). O6paTnv BHUManUE
Ha TO, 9TO it HuX kR = 201/01 < 1, 1. e. COOTBETCTBYIOIIAsSI STUM KOJIEDAHUSIM
JITAHA BOJTHBI BEJIMKA TI0 CPABHEHWIO ¢ R (MHTEpecHo CpaBHUTH 3TO ¢ KOomeGanm-
saMu ynpyroit cdepsl, st KOTOPBIX TIPH ¢; > ¢; TepBast COOCTBEHHAs YaCTOTA
onpezensiercs cornacuo (3) uz kR = ).

Orcrona (ipm ¢; > ¢;)
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§ 23. Yupyrue BoJHBI B KPUCTAJIAX

Pacupocrpanenne ynpyrux BOJH B aHU30TPOIHON Cpeje, T. €. B
KPUCTAJLIAX, MOMIUHAETCH 00JIee CI0ZKHBIM 3aKOHOMEPHOCTIM, YEM
pacupocTpaHeHue BOJH B W30TPONHOM Teje. g uccneqoBanus Ta-
KX BOJIH HAJI0 00PATUTHCA K OOIIMM yPABHEHUSIM JIBUYKECHUS

0o
8zk

M BOCTIONIB30BATHCS JIIst 055 001mmM Bhipaykennem (10.3)

pi; =

Oik = NiklmUlm -

CoOTBETCTREHHO CKAa3aHHOMY B Hadaje MpeIblaylnero naparpada
IO, Ajkm HAI0 BE3JIe MOoApa3yMeBaTh aanadaTnaeckne 3HATEHUST MO-
AyJaei yrmpyrocTu.

[ToxpcraBnds o;; B ypaBHEHNS JIBUKEHUS, TTOTyIaeM

. Ouim Aikim O ( oy 3um)
pPU; iklm e 2 amk Oz o
1 R 8%u
= A + /\ -
9 iklm 5 A~ 91% Oz iklm 5 5 e 67’1

[TockonbKy TE€H3OD ikl CUMMETPUYEH 10 WHAEKCAM [ u m, TO, Me-
Helsl BO BTOPOM UjieHE 0003HAYEHUE MHJIEKCOB CyMMUPOBAHUSA | 1 m
Ha 00paTHOEe, HAXOAUM, UTO IEPBbI U BTOPON WIEHBI TOXKIECTBEHHBI.
Takum obpazom, mojgydaeM ypaBHEHUS JIBUKEHUsI B BUIIE

0% tm
Back 8.%1 )
PaccMoTpnv MOHOXPOMATHYECKYIO YIIPYTYIO BOTHY B KPHUCTAJLIE.

JJ1st 3TOTr0 MBI JIOJIPKHBI WUCKAThH PEIEHNe YPABHEHWH JTBUKEHUs B
BUIE

u; = U()iez (kr—wt)
(ug; ~ MOCTOSIHHBIE), NPUYEM COOTHOIIEHUE MEXK/y BOJHOBBIM BEK-
TOpoM K u 9acToroit w JA0KHO OBITH OIPEJIEIEHO TaK, 9T00bI HAIU-
cannas yHKIMs JefiCTBUTENIBLHO YA0BJIETBOPsIa ypasHenuio (23.1).
HAuddepenunposanne u; n0 BpeMeHH NPUBOAUT K YMHOXKEHHIO Ha

—iw, a ;Lmbd)epeHuMpOBaHne Mo £ K ymHOXKeHwto Ha k. [ToaTo-
My ypaBHeHHe (23.1) mocsIe MOACTAHOBKYU TIPEBPAIIAETCS B

2
pw i = Nikimkrkitum
Hanucas u; = 0y, HepenucbiBaeM 370 PaABEHCTBO B BUJIE
2
(pw 5zm - )‘ikzlmkkzkl)“m =0. (232)

910 cucreMa Tpex OJHOPOJHBbIX ypaBHEHUI 1epBOH CTreneHu OT-
HOCUTEJIbHO HEU3BECTHBIX Uz, Uy, U,. Kak n3BecTHo, Takas cucrema
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MMEeT OTJIMYHBIE OT HYJIsl PEIleHus JIUIIb IPU yCJIOBUU PABEHCTBA
HYJII0 onpejeanTesis Ko3pduunenToB ypaBHeHuii

Nikimkrki — pw”ym| = 0. (23.3)

DTUM ypPaBHEHUEM OIPEJe/IAeTCsl 3aBUCUMOCTh YaCTOThI BOJIHBI
OT BOJIHOBOT'O BEKTOPA; 00 3TOI 3aBUCUMOCTH TOBOPAT KAK O 3aKOME
ducnepcuu BOJIH, a OMPEJIEISoNIee ero YpaBHEHNEe HABBIBAIOT OuC-

nepcuonnvim. Ypasuenue (23.3)  ypaBHeHue TpeTbeil creneHu 110

w?. OHO WMeeT TPW PABINIHBIX KOPHS W’ = w?(k) — TpW, KaK To-

BOPAT, BETBM 3aKOHA aucrepcun. [oacTaBisss MOoYepeiHO KarxK Ibli
U3 9TUX KOPHe# o6paTHo B ypaBHenus (23.2) u pemast ux, Mbl Haii-
JIeM HAITPaBJIEHUsT BEKTOPA CMEIeHns U B 3TUX BOJHAX,  KakK TO-
BODST, HAIPABJIEHUs] UX NOAAPU3GUUY (B CUILy CBOEl OIHOPOIHOCTH,
ypasHenus (23.2) He onpeessiioT, KOHEUHO, abCOTIOTHO BEJIMINHBI

BEKTOpA U, ocTaiomeiicss mpom3sombHoit) 1), Harmparierus mosspn-
3aIuu TPeX BOTH C OJIHUM ¥ TE€M K€ BOJHOBBIM BeKTOpOoM k B3amMuO
TIEPIIEHIUKYIAPHBI. DTO BAYKHOE YTBEPKIEHNE CIIEIYeT TPSIMO W3
TOT0, 9TO ypaBHenue (23.3) MOXKHO pacCMaTpUBATh KaK ypaBHEHWe,
OTIpeJIeNIAIoNIee TJIaBHbIE 3HAYEHNS CUMMETPUIHOTO TEH30pa BTOPO-

ro pasra \jgmkpk; 2); ypasuenns e (23.2) omnpesesnsior riaaBHbIe
HAIIpaBJIeHUs ITOI0 TEH30Pa, KOTOPble, KAK U3BECTHO, B3aUMHO Lep-
HeHUKYyIdpabl. Hyu 0JlHO M3 9TUX HalpaB/ieHuil, 0/IHAKO, He sBJiser-
¢, BOODOLIE IOBOPSl, HU YUCTO [POJO/ILHLIM, HU YKCTO IOLEPEeYHbIM
110 OTHOLLIEHUIO K HaupasjeHuio k.
CKOpOoCTh pacnpocTpaHeHusi BOJHBI (€€ 2pYynnosas CKOpocms)
JaeTcd ITPON3BOHON 5
(09}

=% (23.4)

(em. VI, § 67). B usorponnoii cpexe 3asucumocts w(k) cBopurcs k
NPOTOPIMOHATBHOCTH ADCOTIOTHOMY 3HAYEHUTO Kk, ¥ IIOTOMY HAIIPAB-
JIEHUE 3TON CKOPOCTHU COBIAJAET ¢ HAPABJIEHUEM BOJHOBOTO BEKTO-
pa. B kpucraniax 3mo He Tak, U HANpABJIEHUE PACIPOCTPAHEHWST BOJI-
HBI HE cOoBHajaeT, Boobie roBopg, ¢ nanpasiaenuem k. Bexrtopwr k
n U KoJIMHEAPHBI JIjIsi HEKOTOPBIX UCKJIIOUATEIbHBIX HATPABJIEHUN
oceil cuMMeTpuu Kpucrajiia.

B M30TPOIHOM TEJIE€ STUMH BETBAMHU ABAAIOTCA w = ¢k (Ipomoabuo moms-
PW30BAHHBIE BOJHBI) W [IBa COBMAIAIONMINX KOPHS W = ¢4k, OTBEYAIOINE BOJTHAM
C ABYMSI HE3ABUCHMbBIMHU TTOTIEPEYHBIMI HATIPABIEHUSIMU TOJISAPU3ALINN.

2) B CUJIy CBOWCTB CUMMETPUH TEH30PA Ajkly, TMEEM

XikimEkrki = Mimikiekr = Nnirikr k.

ITocnenuee BbIpazkeHUWe OTIUYAETCA OT TMEPBOTO TOJBKO 0O03HAYEHUEM HEMBIX
nHIEeKCOB k, [, 1. e. TeH30D Nikimkrk) J€HCTBUTEIHHO CUMMETPUYEH 110 WH/IEK-
cam i, m.
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13 aucnepcuonnoro ypasuenust (23.3) BUAHO, 4TO B KPUCTAJLIE W
SABASETCA OZHOPOAHON (DyHKIMEH MepBoro mopsijaka 0T KOMIIOHEHT
BekTopa k (ecsim BBeCTH B KAuecTBe HEM3BECTHON BEJIMYMHBI OTHOIIE-

ave w/k, 1o koahdunmenTsr ypauenus ve 3aucat ot k). [Tosromy
ckopocth U — ognopoanas GyHKINS HyJIeBOTO TOPSAIKA OT ki, ky,
k.. dpyrumu cioBaMu, CKOPOCTh PACITPOCTPAHEHUST BOJIHBI, SBJIASACH
dyHKIMEl ee HAMpPABICHNS, HE 3aBUCAT OT YACTOTHI.

Ecmn moctponts 8 k-poctpancTre (T. e. B KoopanHATax kg, Ky,
k,) moBepxHOCTH TOCTOsTHHOM wacTorhl, w(k) = const (115 KaKoii-
b0 M3 BETBell 3aKOHA JIMCIepCun ), TO HanpasJjeHne sekropa (23.4)
COBIAJIAET ¢ HOPMAJIbI0 K TOBepXHOCTU. OQUEBHJIHO, 9TO eCIu ITa
MOBEPXHOCTH BCIOJLY BBIIYKJIasi, TO CBSI3b MeXK/ly Hampajenusivu U
u k B3AUMHO OJIHO3HAYHA: KAXKJIOMY HAIPABJIEHUIO K oTBEYaeT 0JIHO
onpezenentoe nanpassienne U u mnaobopor. Ecin ke moBepxHocTb
MOCTOSTHHON 9aCcTOThI HEe BCIOJLY BBIMYKJIA, TO 3T CBA3b CTAHOBUTCS
He B3aMMHO OJIHO3HAYHOM: KaXKJ0My HampasjeHuio K no-npexuaemy
orBevaer (B JIAHHON BETBU 3aKOHA Jucnepcun) oaHo Hanpasaenue U,
HO 3ataHHoe Hanpapjerre U MOXKET OCYIIECTB/ISITHCS C PA3JIMYHBIMA
HamnpasjieHusaMu K.

Bagaum

1. OmpeieiuTh 3aKOH AWCHEPCUH YOPYTUX BOJTH B KYOMYECKOM KPHUCTAJILIE,
PACIIPOCTPAHAIOIIUXCA B KpucTannorpadmaeckoii mmockoctu (001)  mmockocTsb
rpann ky6a (a) u B kpucramiorpaduaeckom nanpasienun [111] — manpasnenne
nmaronanm Kyb6a (6).

Pemenne. B xyOwueckoM KpUCTaJLIE OTIMIHBI OT HYJIsl yIPYTHE MOLYJIN
Azzzz = A, Azayy = A2, Aayay = Az (M paBHBIE MM KOMIIOHEHTBI TEH30Da €
3aMeHO MHAEKCOB T, Yy APYrUMHA n3 T, Y, 2 — cM. § 10); ocn x, y, 2 HaTpaBJIeHBI
BIOMb pebep KyOa.

a) Beibepem mnockocts (001) B KadecTBe IJIOCKOCTH Ty U MyCTh yromn
MEXK/ly JIeyKallMM B Heil BOJIHOBBIM BekTOpoM k u ockio . Cocrasus aucnepcn-
omHOe ypasHeHue (23.3) W pemus ero, HalIeM TPHU BETBHU 3aKOHA JUCICDPCHN:

1 . -
pwi o= 51&{,\1 + A3 £ [(A1 — A3) = 4(A1 4+ A2) (A1 — A2 — 2X3) sin® A cos® 6]/},

pw§ = Ang.

Bonma Tperbeil BeTBH TOTIEpevYHA W TIOJISIPU30BAHA BIOJIb OCH 2. BOJIHBI TIEp-
BBIX JIBYX BETBEH TOISPU30BAHBI B MJIOCKOCTH Y. VI3 cooOpaxkeHnii CMMMETpPUHI
O9EeBHM/IHO, 9TO CKOPOCTHL pacupocrpanennst U = Jw /0K BCEX 9THX BOIH TOXKE
JIEZKUT B TIJIOCKOCTH ZY, TIO3TOMY [Jid €€ BhIYUCIeHUA JOCTATOYHO TIOJIYYE€HHBIX
BBIpaKeHU.

TIpn 6 = 0 (k Boosnb ocu ) mveem

pwlz = A1’4727 Pwé = A3k27

npudeM BOMHA I NpoaosbHA (NOIAPU30BAHA BAOIL OCH T), & BOJHA 2 [OIepedHa
(mosrsipu30Bana BAOJIB OCH ).
IIpu 6 = 7 /4 (k Bmonb quaronanm rpaHu Ky6a) mveem

1 ; 1 .
pw; = 5(,\1 + Ao+ 2X\3)k%,  pws = 5()\1 — X))k
Bonna 1 mpomonbHa, a BoTHA 2 TIONepedyHa W NOMAPU30BAHA B IJIOCKOCTU LY.
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6) B sToM cydae BOMHOBO#T BEKTOp MMEET KOMMIOHEHTHI ky = ky = k. =
= k/\/g Pemenne nucrepcnonHOro ypaBHeHust gaet

. 1. -
pwi = gkz(,m + 2 + 4X3),

1
§k2()\1 — X2 + A3).

2
pwW2, 3

Bonna 1 mpomonbHa, BOMHBL 2 U 3 MOMEPEYHbI.

2. OnpenennTh 3aKOH JAUCNEPCUM yIIPYTUX BOJIH B KPUCTAJLIE NE€KCATOHAIIb-
HOH CHACTEMBI.

Pemenne. lekcaronanbHBIIN KPHUCTAI UMEET MSATh HE3ABUCHUMBIX YIIPY-
rux mogayaei (cm. 3amaqay 1 § 10), a1 KOTOPHIX BBeIEM 0003HAUEHWSI:

Azazz = Ayyyy = @, Aayay = b, Azayy = a — 2D,

)\TTZZ - )\yyzz =C, )\TZTZ - )\yzyz - d7 )\zzzz - f

Och z HampaB/IeHA 0 OCU CHMMETPHUH MIECTOTO TOPSIIKA, HATTPABICHUS YKe 0Cei
T, Yy MOTYT OBITh BHIOpAHBI TPOU3BOILHO. BribepemM 1JI0CKOCTh £z Tak, 9T00hl B
Heit mexkan Bonuosoit Bexktop k. Torma k, = ksinf, k, =0, k. = kcosf, rae 6
yros mexay k n oceio z. Cocrarnsisi ypasrerne (23.3) m pemast ero, Haiiaem

pwi = k> (bsin® 6 + d cos” 9),
pws g = %k)Q{(ISiHQQ-I-fCOSQG-Fd:E

+[((a—d)sin® 6+ (d— f) cos® ) +4(c+d)* sin® 6 cos? 6]/},

IIpu 6 = 0 umeem , ) , ,
pPW1, 2 =k'd, pws=kf;

BOJIHA § TIPOJIOBHA, BOJMHBI 1 U 2 MOMEpevHbI.

§ 24. IloBepxHOCTHBIE BOJIHBI

OcobbIM BUJIOM yNpPyTUX BOJIH SIBASAIOTCS BOJHBI, PACIPOCTPA-
HAIONIMECsT BOJIN3M OBEPXHOCTH CPeJIbl W He MPOHWKAIOIINE B TUIy0h
Hee — eoanv, Paaes (Rayleigh, 1885).

Hanumewm ypasuenns aswxenus B suge (22.11), (22.12):

2
u 2Ny =0 (24.1)
ot?
(rme v kakag-1ubO M3 KOMIIOHEHT BEKTODOB U, Uz, & ¢ COOT-
BETCTBYIOIIAsS eif CKOPOCTh ¢ MWW ¢;), W OyIeM UCKATh Perenust, oT-
BEYaloIIe MOBEPXHOCTHBIM BOIHAM. [IOBEPXHOCTH yNMpyToil Cpejpl
Oyzem mpeanosaraTh MIOCKOM, W BHIGEPEM ee B KadeCTBe MI0CKOCTH
xy; 06JIAaCTH CpeJbl MyCTh COOTBETCTRYIOT 2z < (.

PaccMOTpUM  «TIIOCKYI0» MOHOXPOMATHYECKYRO TOBEPXHOCTHYIO
BOJIHY, PACTIPOCTPAHSIIONLYIOCS BJIOJIb och ;5 byHkumst u(t, z, z) B Heil
nMeer BUJ

u=¢e (kmfm)f(z).

3
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rae dyukius f(z) yaosaersopger ypasuenuio f” = 3 f: Beeseno
obo3naveHue 1/2
2
2= (k2 - ‘i) . (24.2)
C2

Ecin k? —w?/c? <0, 10 f(2) nepuoanmueckas GyHKIMs, T. €. Mbl
noyuman Obl OOBIYHYIO IIOCKYIO BOJIHY, HE HCUE3AIONIYI0 BO BCEM
obmenme cpenl. [ostomy majgo cantath, ato k2 — w?/c? > 0, w 3¢ —
BEIIECTBEHHOE YNCI0. YPaBHEHNE MMeeT Pernenus Bujaa exp (+xz);
W3 HUX HAJO0 BRIOPATH TO, KOTOPOE 3aTyXaeT Mpu z — —O00.

Taknum 06pa3oM, MBI TPUXOINM K CIEAYIOMIEMY PEIEHUIO YpaB-
HEHWI TBUKEHWA:

u = const - ¢! (K7~ g2, (24.3)

Owno cooTBETCTRYET BOJIHE, OHICTPO (IKCIMTOHEHIINAILHO) 3aTyXaIOIIei
BHYTPB TeJIa, T. €. PACITPOCTPAHSIONIEIHCS TOJIHKO BOJIM3M €ro TOBepX-
HocTu. Benmmamna 3¢ onpejiesiger CKOPOCTh 3TOTO 3aTyXaHWs.

WNctwaEBI BeKTOP mAedOpMAIid U B BOJIHE SBJISIETCS CyMMOt
BEKTOPOB U; U U, KOMIIOHEHThI KazK/J0I0 U3 KOTOPbIX YJI0BJIETBOPSI-
10T ypasaenuio (24.1) co CKOPOCTBIO ¢ = ¢; JJist W U ¢ = ¢; JAJIst Wy
B ciayaae oObeMHBIX BOJIH B HEOTPAHUYEHHONW Cpeje 3TU JBe YaCTh
MIPEJICTABIAIOT COO0M JIBE HE3aBUCHUMO PACTPOCTPAHSAIONINECST BOJI-
vBl. B caydae ke MOBEPXHOCTHBIX BOJH TaKOe Pa3eeHre Ha, JIBe
HE3ABUCUMbIE YaCTH OKa3biBaeTcs (61aroaps HAJIMYMIO PAHUIHBIX
YCJIOBWIT) HEBO3ZMOXKHBIM. BEKTOD CMelleHnst u J0JKeH ObITh Onpe-
TeJIEHHON JIMHeNHHoit KoMmOmHammeit BekTopoB w; n uy. Ilo momomay
3TUX MOCTEIHNX HA/I0 TaK>Ke OTMETUTh, YTO OHU OTHIO/H HE UMEIOT
Tenepb HATJISAHOTO CMBICAA MTApaJlJIebHBIX W TIEPIEHINKYIAPHBIX K
HAMPaBJICHUIO PACTTPOCTPAHEHWA KOMIIOHEHT CMEIICHW.

Jist onpenenennst IMHENHON KOMOWHAIINT BEKTOPOR U; W Uy, Ja-
FOTIEi MCTUHHOE CMEeIeHne U, HAI0 OOPATUTHCS K TTPEIETBHBIM YCJIO-
BusgM Ha rpanuie rejaa. OTcioga »Ke OIpeJeanTcs CBI3b MeXK 1y BOJI-
HOBBIM BekTOpoM k m wactorToit w, a cregoBaTebHO, W CKOPOCTH
pacrpocTpanenus BoaHBI. Ha ¢BOOOIHON MOBEPXHOCTH ITOJYKHO BbI-
nonHaaAThbess yenaosnue g;png = 0. ITockonbKy BeKTOp HOpMaJW N Ha-
npaBJieH 110 OCU 2, TO OTCIO/Ia CJIeJAYIOT YCJI0BUS

Ogz = Oyz = Ozz = 0,
OTKy/1a
Ugy = 0, Uy, = 0, 0 (Ugy + Uyy) + (1 —0)u,, = 0. (24.4)

[TockobKy BCe BeJIMYMHBI HE 3aBUCAT OT KOOPAWHATHI Y, TO BTO-
poe u3 3Tux ycJI0BuUil gaer

1 (0uy, , Ou. 1 Ouy
Uy, = — [ —= =-—L=0.
vz 2 ( 0z + dy ) 2 0z
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C yuerom (24.3) orciona ciepyer
1y =0, (24.5)

Takum 06pazom, B MOBEPXHOCTHON BOJIHE BEKTOP JedopManuu U Jie-
JKWUT B IJIOCKOCTH, MIPOBEJIEHHON Yepe3 HAPABJIECHUE PACIPOCTPAHE-
HUS EPIEHIUKYJIAPHO K TOBEPXHOCTH.
«Ilonepeunasi» 9acTb BOJHBI U; JIOJKHA YIOBJIETBOPATH YCJIO-
Buto (22.8) divu, = 0, nian
Oty 4 Oug. 0
oz 0z '

Beugay (24.3) 910 yci0Bue NPUBOJUT K PABEHCTBY

1k, + su, = 0,
OTPEIETSAIONIEMY OTHOIIEHNE Uy [Ur,. TaknuM 06pazom, nveem

Uty = sqaexp (ikx + sz — iwt) ,
(24.6)
uy, = —ikaexp (ikx + sz — iwt) ,

rJ€e ¢ NOCTOSHHAs.
«IIpogonbHasiy 4acThb W yJ0BaeTBOPseT yeaosuio (22.9) rot u; =
=0, uan
Ou,  Ouy, —0,
0z oz

OTKYy/1a

2

2\ 1/2
tku), — qu), = 0, ) = (I{;2 — w—) .
€

Taknwm obpazom, JOTKHO OBITH

_ ikx+3q2z—iwt
1z = kbe ! ,

u uy, = —ixgbettrtraz—iot (24.7)

riae b — mocTosHHAs.

Ternepb BOCMOIB3YeMCsl TIEPBBIM W TPETHUM W3 yCaoBwii (24.4).
Briparkast w;p 9epe3 Mpon3BOIHBIE OT U; W BRBOIS CKOPOCTH ¢ W Cy,
TIEPENMCHIBAEM 3T YCIOBUS B BUIE

6{;@ 4 8871,2 — 0,
ou z r B (24.8)
2 z 2 2 x
c + (¢ — 2c¢ = 0.
Loz ( ! t) ox
Croga Haj0 nOJACTABUTD
Uy = Uy + Uty Uy = Upy + Uy

B pesynbrare nepsoe u3 ycnosuit (24.8) gaer ypasnenue

a(k? 4 »2) 4 2bksg = 0. (24.9)
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Bropoe npuBoanT K paBeHCTBY
2ac} sk + bl (6 — k%) + 2672 = 0,

nJjan

2asik + b(E* 4 32) = 0. (24.10)

YcnoBre COBMECTHOCTH JBYX OJHODOJHBIX ypaBuennuit (24.9) n
(24.10) maer

(k2 + %3)2 = 4k? 553,

njm, BO3BeAd B KBaJIpaT U IMOJACTABUB 3HAYCHUA 27, 3!

2\ 4 2 2
(2k2 - L) — 16K <k2 - ‘“_) <k2 - L). (24.11)
e c? c?
DTUM YPABHEHUEM OIPEJIEISIeTCs CBA3b Mexk /1y w 1 k. QueBuiHO,
q10 w = const-k; g onpenesienns koddduiimenTa TpPONOPIUOHATb-

HOCTH, HAIUIIEM 3TO COOTHOIIEHUE B BUJIE
w = k€. (24.12)

" 8
Torpa obmmit MmuoxkuTe/ b £° COKpaIaercs u, pacCKpbiB CKOOKHU, 110~
JiyauM s € ypaBHEHUE

2 2
C &
56—8§4+8§2(3—2—t) . 16(1 . _?) — 0. (24.13)
o <

Orciona BUAHO, 9TO 9MCI0 & 3aBUCUT TOJIBKO OT OTHOIIEHUS ¢/,
SABJISIOIIEr0Cs HEKOTOPOI XapaKTEePHO [1/1s1 KAZK/I0I0 JIAHHOTO Bellie-
CTBA MOCTOSHHOM U 3aBUCHIIETO B CBOIO 0YEPEb TOJIBKO 0T K03 du-
nuenTa Ilyaccona:

A

¢ 21-0)
Benuuuna & pomkna ObITb, pa3yMeeTcs, BEMIECTBEHHON I0JI0XKU-
resbHOM, npuuem & < 1 (tak, 9r00BI 2, 3¢ OBLIM BEIIECTBEHHDI).
VYpaguenne (24.13) umeer TOJBKO OJWH KOPEHbB, YAOBIETBOPSIOINIL
9TUM YCJOBUSM, TaK 4TO /I KAZKJIOTO JAHHOIO 3HAYEHUS Cf/C; 1O~

Jly9aercst BCero OJHO OIpejesieHHoe 3uadenue & ).

Takum 06pazom, i MOBEPXHOCTHBIX BOJIH, KaK U Jjisd 00beM-
HBIX, YaCTOTA MPOIOPIUOHAIBHA BOJHOBOMY BeKTODY. Koaddum-
€HT MPOIOPIMOHAIBHOCTH MEYK/Iy HUMU €CTh CKOPOCTH PACIpPOCTpa-
HEHUS BOJIHBI

U = c. (24.14)

!) Ipu nepexone or ypasmenums (24.11) x (24.13) tepserca xopens w? = 0
(3522 = 30 = k), xoropomy oTBeuaer 3Havenne £ = (), TOXKE y/IOBJIETBOPAIOIIEE

yenosmio € < 1. U3 ypasuennii (24.9), (24.10) BuarO, 0THAKO, 9TO 3TOMY KOPHIO
COOTBETCTBYET PaBeHcTBO @ = —b, 1 MoTOMy noJiHoe cmemenne u = u; + ug = 0,
T. e. ABUYKEHHEe BOOOIIe OTCYTCTBYeT.
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DTUM ONpEeJessieTcs CKOPOCTh PACIHPOCTPAHEHUSI TTOBEPXHOCTHBIX
BOJIH 4Yepe3 CKOPOCTU C; U € LOLIEPEYHbIX U LPO-
JIOJIBHBIX 00beMHBIX BOJH. OTHOIIEHUE AMILIUTY ]I
LOLIEPEYHON U IIPOJOJILHON 4YacTell BOJIHBL OLIpeje-

0,95 / Jigercsd 1o 3nadenuto & popmyJioit
/ a_ _ 2-8& 24.15
0,90/ b 2@‘ ( . )

0,850 1 1C/’2 Ornomenue ¢;/c¢; dbakTnaeckn MeHsIeTCs s pas-

1,00[g

JIMYHBIX BEIIECTB B Ipejesax oT 1/\@ 1o 0, 9To
Puc. 21 coorrercTByeT m3menennio o or () 10 1/2; mpu sTom
& menserca ot 0,874 1o 0, 955. Ha puc. 21 mam rpa-

duk 3aBucuMocTu £ OT 0.

3amgaua

TInockonapasnenbrbrii ractT Tommuasl b (cpega 1) JeKUT Ha yIpyroM mo-
nmynpocrpanctse (cpema 2). OnpeaenmTs 3aBUCAMOCTH 9ACTOTHI OT BOJHOBOTO
BEKTOpa JI7Is1 TIOTIEPEYHBIX BOJH B TIJIACTE ¢ HANpPaBJIEHWeM Kosebanuii, mapaJ-
JIeJTHHBIM TDAHUIAM ILTACTA.

Pemenwne. BribepeM NI0CKOCTh pasgena MeKIy ILIACTOM ¥ IHOJIYIIPO-
CTPAHCTBOM B KadeCTBE MJIOCKOCTU Ty, MPUYUEM yOPYTOMY TOJIYIPOCTPAHCTBY
coorBercTBYIOT 2z < 0, a mmacty h > z > 0. B nmimacre nmeem

i(kz—wt
Uz1 = U1 = 0, uy1 = f(2)e ( ),
a B Ccpelie 2 mHIIEeM 3aTyXaloulyio B IjiyObh Hee BOJIHY:
wg 1/2
i (ko —wt 2
Uza = Uz = 0, Uyo = Ae*2%el (ke )7 9 = (k - ) )
Cio

Inst dyakumn f(z) mmeem ypaprenune

. wg 1/2
f”+%12f:0’ %1:<7*k2)

Ch1
(MBI yBUANM HUZKE, 9TO JIOIKHO ObiTh 3¢; > (), oTKyaa
f(z) = Bsinseiz + C cos s 2.
Ha cBoGoaHoit rpanune nnacra (z = h) 10mKHO 6bITE 0.y = 0, T. €. Juy1/0z = 0.
Ha rpanune e mexay obenmu cpegamu (z = () nmeem ycsioBus
8uy1 8Uy2
Uyt = Uy, I = po
! ! 0z 0z

(p1, p2 — momysm capura o6enx cpemn). VI3 3Tux yc/10Brii HAXOAMM TPU yPaBHEHN st
anst A, B, C, ycnoBue COBMECTHOCTH KOTODBIX JIaeT

[23t2
131

OTO ypaBHEHHWE OMpeensieT B HesIBHOM BHUE 3aBUCHMOCTh w OT K; OHO mMMeeT
PEIleHns JIUITh PH BEIMECTBEHHBIX 31 W 2, TaK 9TO BCETHA Cr2 > w/k > c41.

OTcroma BUAHO, 9TO PACpOCTPAHEHNE PACCMATPUBAEMBIX BOJIH BO3MOYKHO JIUTITH
IOPU YCIIOBUM Ct2 > Ct1.

tg%lh =



§ 25 KOJIEBAHUSA CTEPYKHEN U TITACTUHOK 145

§ 25. Kosiebanus crep>kHeit u NjaacTUHOK

Bossbl, pacrnpocTpassifoninecss B TOHKUX HJIACTUHKAX W CTEPK-
HSIX, CYIIECTBEHHO OTJUYAIOTCS OT BOJIH, PACHPOCTPAHSIIONUXCS B
cpejie, HEOrPpaHUIEHHO BO Beex Hanpasjenusix. [Ipu 3rom peus ujer
0 BOJIHAX, JIJINHA KOTOPBIX BEJIMKA [10 CPABHEHWTO ¢ TOJIIUHON CTEPXK-
Hsl WK TJIACTUHKUA. B oOpaTHOM HpejesibHOM Cjiydae JJIUH BOJIH,
MaJIbIX 10 CPABHEHWIO C 9TON TOJIIUHON, CTEPYKEHb UJIU TJIACTUHKY
MOXKHO OBLT0 OB BOOOINE paccMATPUBAThH KAK HEOTPAHWYEHHBIE BO
BCEX HATPABJIEHUSIX, U MbI TIOJIYUNJINA ObI CHOBA COOTHOTIEHMUSI, NMER-
e MEeCTO B HEOIPAHWYEHHBIX CPeJIax.

Heobxoanmo pazanvarh BOIHBI, B KOTOPBIX KOJIE0AHWST TTPONCXO-
JISIT TIapaJleIbHO OCH CTepPKHSI WJIN TIJIOCKOCTH TIACTUHKU, OT BOJIH
C TIepTeHINKYyIApHBIMI Koaebannsvu. Haunem ¢ n3ydenrst mpoo/inb-
HBIX BOJIH B CTEPIKHSIX.

[Tpomonshast gedopmatinst cTep:kus (OIHOPOIHAST BOJIb €ro Ce-
4enust), Ha OOKOBYIO MOBEPXHOCTH KOTOPOTO He JIEHCTBYIOT HUKAKUE
BHEIIHUE CUJIbI, IPEJICTABISET CODOI MPOCTOE PACTIAKEHNE UJIA CIKa-
tre. Takum 06pazoM, TPOJOIbHBIE BOJTHBI B CTEPXKHE MPEJICTABJISIIOT
co00it PACIPOCTPAHSIONIUECs] BJIOJIb €r0 JIJIMHBI TPOCTHIE PACTsIZKe-
Hust wn CKaTusi. Ho mpu npocToM paCTsiKeHUM OTJUIHA OT HYJIs
TOJLKO KOMIIOHEHTA 0, TeH30pa HanpsiKeHnit (0Ch z — BIOJIb JIIH-
Hbl CTEPXKHS ), CBsI3aHHAS ¢ TeH30pOM JedOpMAMu COOTHOIEHUEM

(cm. §°5) :

0, = Bu,, = Eauz.
0z
[Toncrarnsst aTo B obIIee ypaBHEHNE ABUKEHWS
. 00k
i, =
p z amk )
HaXO0INM
2 2
Ou. _ pOu: _ (25.1)
072 E 0t?

DTO0 ecTh ypaBHEHWE TMPOJIOIBHBIX KojJ1e0annii B cTepKHusax. Mbl BU-
JINM, ITO OHO MMeeT BUJ OOBITHOTO BOJTHOBOTO ypapHeHusi. CKOPOCTh
PacCrpoCTPaHEHNs MTPOJIOJIBHBIX BOJIH B CTEPXKHAX OKA3bIBACTCA PaB-

HOT 12
(%) . (25.2)

Cpasuus ee ¢ Boipaxkenuem (22.4) ja1s ¢, BUJANM, 9TO OHA MEHBIIIE
CKOPOCTH PaCHPOCTPaHEeHMUs MPOJOJIBHBIX BOJH B HEOIDAHWYEHHOMN
cpeze.

[Tepeitgem Temepsb K TPOIOJIBHBIM BOJHAM B TOHKUX ILJIACTUHKAX.
VpaBHeHus ABUKEHUs [IJIsl TAKUX KOJEOAHUN MOXKHO HAITUCATH CPa-
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2 2
3y, II0JICTABUB B ypaBHeHusX pasHosecus (13.4) —ph 68:; u —ph 68;;'”
BMecTo Py, m Py:
£62um o 1 0%us 1 0%y 1 6211,y
E 0t 1— o2 6’1‘2 21+ 0) 0y? 2(1 - o) 6T oy’ (25.3)
£62uy 1 QP 1 0%u, 1 0%u,

E 8¢ 1—02 8y2  2(1+0) 822 2(1—0)0zdy

PaccvoTpnM MI0CKyI0 BOSHY, PacTPOCTPAHSIONIYIOCS BIOML OCH T,
T. €. BOJIHY, B KOTODPO# jedbopMaliis 3aBUCAT TOJIHKO OT KOODIWHA-
THI Z, HO He oT y. Torga ypasHenus (25.3) CHIBHO yIPOIIAIOTCS W
TTPUHUMAIOT BU]

0%y E 0% uy 82uy FE 82uy

o p(l —0o?) Ox? =0 oz 2p(1 4 o) 0x2 =0 (25.4)

Mpbr mosryuaem, Takum 00pazoM, ONSTH MPOCTHIE BOJHOBBIE YPAaB-
nernus. Crodamme B HUX KOIMMOUINEHTH PASTWIHBI JIIA Uy T Uy.
CropocTh pacnpocTpaHeHus BOJHbBI ¢ KOJEDAHUSIMU, TapaJLIe/IbHbI-
MU HAIPABJIEHUIO Pacnpocrpanenus (uy), paBHa

5 1/2
(5) (25.5)

CxopocTh ke BOTHBI () ¢ KOIeOaHnsIMu, TepTeHINKYIAPHBIMI Ha-
NPABJIEHUIO PACOPOCTPaHeHusi (HO TI0-TIPEKHEMY JIEZKAIIUMHU B TJ10C-
KOCTH TIJIACTWHKH), PaBHA CKOPOCTH ¢; TIOTIEPEYHBIX BOJIH B HEOTpa-
HUYEHHON cpeje.

Mgt BuanM, TakuM 00pa3oM, UTO TPOIOIBHBIE BOTHBI B CTEPIK-
HSIX W TIJIACTUHKAX 00JIa/[al0T TaKMM Ke XapaKTepoM, Kak W BOJHBI B
HEOIPDAHWYEHHON Cpeze, OT/INYadACh JIMIIb BEJIUNYUHON CBOEN CKOPO-
CTH, TIO-TIPEKHEMY He 3aBrwucsieil oT vactorhl. CoOBCeM WHBIE COOT-
HOTIEHNsT TIOJIYYAI0TCS JIJI 6041 U32uba B TJIACTHHKAX W CTEPIKHSIX,
TIPW KOTOPBIX KOJIEOAHWS TTPONCXOIST B HAMPABICHUH, TIEPTIEHINKY-
JITPHOM K OCH CTepIKHS MM TIJIOCKOCTN TJIACTUHKM, T. €. COTTPOROK-
JTAIOTCS UX U3TUOOM.

VpaBuenus: cBOOOAHBIX KO/ieDaHU TIJIACTUHKYA MOYXKHO HANUCATDH
HENOCPEICTBEHHO HA OCHOBAHMM ypasHenus pasHosecus (12.5). Tna

9TOTO0 HaJ0 3aMEHUTHL B HEM —-P TTPOM3BEEHNEM YCKODEHUA g Ha

Maccy ph, TPUXOAANIYIOCS Ha, €UHUILY TIIOIIAIN TTOBEPXHOCTH TIIa-
cruaku. Taknm obpasom, mosrydaem

9°¢C | Do, _
o+ A =0 (25.6)

(A aBymepnsiit oneparop Jlammaca).
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Paccmorpum  MOHOXpOMATHYECKYIO YHPYIYIO BOJIHY, COOTBET-
CTBEHHO 4eMmy OyjieM ucKarh pemrenue ypasuenus (25.6) B Buje

¢ = const - ¢! (kr=«b) (25.7)

(BotHOBO# BekTOp K mmeer, KOHEYHO, BCEro JBe KOMIOHEHTBI Ky
n k). Iloncranorka B (25.6) MpUBOANT K ypaBHEHHIO

—pw? + §k4 =0.

Orcioga noaydaem Caeyiolee COOTHOLIEHUE MEXKJy 4YacTOTOR u
BOJTHOBBIM BEKTOPOM BOJTHBI:

woi ()" Zp (e \" (25.8)
ph 12p(1 — o2)

Taxknm obpazom, 4acToTa OKa3bIBAETCS MPOTIOPIIMOHAILHOM KBaJIpa-
Ty abCOJIOTHOW BEJIWIWHBI BOJTHOBOTO BEKTOPA, B TO BPEMs KaK B
BOJTHAX B HEOTPAHWIEHHOW Cpejle OHa MPOTOPNNOHATILHA TIEPROiT ee
CTETIEHN.

3wmas 3aK0H ANCTIEPCHN BOJIH, MOYKHO HAWTH CKOPOCTH WX PacCpo-
crparenus coraacHo dpopmysie (23.4). B manHOM Ccyudae HaXoauM

we |7
U=|—— k. 25.9
|:3p(1 02):| ( )

Taxknm obpazom, CKOPOCTh PACITPOCTPAHEHUST BOJH W3rnda 10 Tiia-
CTWHKE TTPOTIOPIINOHAIFHA BOJTHOBOMY BEKTOPY, a He TTOCTOAHHA, KaK
JJ1sl BOJIH B HEOI'PAHUYEHHON TPeXMEPHOU cpeje 1.

AHajiorugHble pe3y/IbTaThl CIIPABEIUBbI U JIJIsl BOJIH U3TH0A TOH-
KX CTEPKHEN; Kosebanus n3ruba mpernosaralorcsa MajabIMu. ¥ paB-
HEHUsl JBUKEHUS TIOJIyIrM, 3AMEHUB B YPABHEHUSIX PABHOBECHS CJla-
60 mzoruyroro crepxus (20.4) cunel —K,, —K, nponsseienusaMu

yekopennit X, Y na maccy pS eamnunpt gauunsl crepxkug (S mio-
maap ero cedenns). Takum 06pazom,

. 84X
pSX = B1,% .

. 4
pSY = B1,2Y (25.10)
0z4

Permenne stnx ypaBHeHI/Iﬁ CHOBa WIIEM B BUJIE

X = const - e’ (Fz—wt) Y = const - ¢! (kz—wt)

’ ’

') Boamosoit sektop k = 2w /X, tne A\ — nmmna Bosmbl. ITosTomy, cornacHo
(25.9), cxopocts U nomknaa 6bl1a Gbl HEOTPAHWYMEHHO BO3pacTaTh mpu A — 0.
Dusnueckast 6eCCMbBICIEHHOCTh 3TOr0 pe3yJ/ibraTta CBsizaHa € TeM, 4T0 dhopMysa
(25.9) B mefiCTBUTENBHOCTH HENPUMEHUMA K CJIUIIKOM KOPDOTKHM BOJIHAM.
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U HAXOJUM CJeJIyIoIuil 3aKOH JTUCIEePCUHN:
51 1/2 51 1/2
e e I I = I % (25.11)
pS pS
Jist Kojiebanuit Biosb oceit & u . COOTBETCTBYIOMIME CKOPOCTU PAC-
NpOCTPpaHEeHNd:

1/2 1/2
U@ — 9 (E?) ko oUW =9 (Eg> 3 (25.12)
P p

Haxkowerr, paccMoTpuM KpyTHJIBHBIE KOJIEOAHUsT CTEPIKHS. Y PaB-
HEHUe JIBUYKEHUsT CTEPYKHS, TIOJBEPraeMoro aedopMalni KpydeHms,
MosiyvaeTcst mpupaBHnBanieM Buipakerust CO1/dz (em. § 16, 18)
NPOU3BOHON 110 BPEMEHU OT MOMEHTA UMITY/IbCA €JUHUIbI JITHHbBI
crepxkHs. DToT MOMeHT pased pl dp/0t, rne dp/dt  yrnosas cko-
pPOCTh Bparienus (¢ — yroj moBOpoTa JAHHOTO CEYeHwst), a

I= [(&®+y°)df
— MOMEHT WHEPIUN CEeYEeHWdA CTEPXKHIA OTHOCUTEJIHHO €r0o IIeHTpa
uHepIn (P YMCTO KPYTUIBLHBIX KOJTEOaHUIX KayK0€e CeueHue COo-
BepIaeT BpallaTe bHble KOMe0aHNsd BOKPYT OCH WHEPIINN CTEPIKHSI,
ocraroreiicst HernoRKHOI). Hammcas 7 = dp/0z, naxognm ypae-
HEHUE JIBUKCHUA B BUIEC

2 2
0% = p1%¢, (25.13)
0z ot?
Orcroga BUIHO, 9TO CKOPOCThH PACTIPOCTPAHEeHNs] KPYTHIBHBIX KOJIe-
Ganuii BIOIb CTEPYKHS paBHA
1/2
( ¢ ) . (25.14)

ol

Samaun
1. OmpemenuTh YaCTOTHI MPOIOIBHBIX COOCTBEHHBIX KOTEOAHUIN CTEpIKHS
(mmumbt 1), 0MH W3 KOHIIOB KOTOPOTO 3aKPEILIeH, & APYToil  CBOOOIEH.
Pemenwne. Ha zakperiernom konue (z = 0) momxno 66Tk v, = 0, a Ha
csoGomrom koune (z = 1) 0., = Fu.. = 0, 1. e. Qu./0z = 0. mem pemenne
ypasuernns (25.1) B Buze

1/2
u, = A cos (wt + a) sinkz, kzw(ﬁ) .

E
N3 ycnoBus mpu z = | nmeem coskl = 0, orkyaa misi cOOCTBEHHBIX TaCTOT
HaXOIUM
E\ /2
w= <—) l(217, +1)
p 21

(n  membre amcna).
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2. To xe 1 cTeps:KHs, 00a KOHIIA KOTOPOr0 CBODOIHBI WK 062 3aKPEILIeHBI,
Pemenne. B oboux ciyuasx

EN'?n
p l

3. OnpemennTh 9acTOTHI COOCTBEHHBIX KOIEOaHMi cTpyHBI (AnHb 1).
Pemenne. VYpaBHenwe IBUIKEHUS CTPYHBIL:

X pSIX _
922 T ot*

(cp. ypaBrenme pasrosecns (20.17)). I'parnunbie yemorns: X = 0 npu z = 0, 1.

CobCTBEHHBIE YaCTOThHI:
1/2
pS ™
w=|— —.
< T ) l

4. OnpegeanTh 9aCTOTHI TONEPETHBIX COOCTBEHHBIX KOaebanuil creprkHs
(mmubl 1) ¢ 3a1€1aHHBIMU KOHIIAMY.
Pemenwne. VYpasnenne (25.10) npu noacranoske B HEro

X = Xo(2) cos (wt + a)

npuobpeTaeT BUJ
d'X ‘
0 :%4Xg, %4=w2£.
dz* EI,

OO0muit mHTErpas 3TOT0 YypaBHEHUS €CTh

Xo = A cosxz+ B sinsxz + C chsz + D shxz.

Iocroarnwie A, B, C, D onpenenaiorca u3 rpanwdanbix yenosuit X = 0, dX /dz =
=0 mpu z = 0, [. B pesynprare Haxoamm

Xo = A{(sin 3 — sh sl)(cos >z — ch 3¢z) — (cos »d — ch s)(sin sz — sh 3¢z)}

U ypaBHEHUE
cosslchsxl =1,

KOPHHM KOTOPOI0 ONPeAessifoT COOCTBEHHBIE YacTOThl Kojaebannii. Hanmenbimas
"3 COOCTBEHHBIX 9aCTOT PABHA

22,4 EI,
Ymin = T o
2 pS
5. To ke a7s CTEPKHS € ONEPTHIMHU KOHI[AMU.
Pemenne anmamormano pemennio 3amaqan 4. Pesyanrat:

Xo = A sin sz,

a 9acTOTHI OnpemensdioTcs u3 sin xl = 0, 1. e.

%:? (n=1,2,...).

Hawnmenbmas gacTora ecth
9,87 EI,
Winin = —.
min
2 pS
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6. To ke g cTep:KHs, 3aJ€aHHOTO HA OJHOM KOHIE W CBOOOIHOTO Ha

,IlpyT‘OM.
Pemenwue. Ilomyuaem ang cMmenieHus

Xo = A{(cos 3 + ch sl)(cos sz — ch 3¢z) + (sin scl — sh sl)(sin scz — sh ¢2)}

(3akpenyiennniii koren z = 0, croboaHbIN 2 = 1), n ypaBHeHne
cosxlchxl+1=0
71 COOCTBEHHBIX 9acTOT. HamMmensbimas 1acTtoTa ecTh
. _ 3,B2 FEI,
min = pS
7. Onpenenuth COGCTBEHHBIE KOMEOAHUA MPAMOYTONBHON TIIACTUHKHA (17TA-

HBI CTOPOH @ 1 b) ¢ ONepPThIMKU KpPasiMu.
Pemenwue. Ypasaenue (25.6) npu noacTaHOBKe B HETO

¢ = Co(z,y) cos (wt + a)

w

npuodpeTaeT B
212p(1 — 0?)
WE

Boibupaem 0cu KOOPJMHAT 10 CTOPOHAM TLIACTUHKY. ['parmaasie yenosua (12.11)
nPUOOPETAIOT BUI

AAC — %4C0 =0, w=w

9%¢
npn z =0, a: =0, — =)
P ; ¢ o2
9%¢
upu y = 0, b: ¢ =0, — =0
0y?
VaoBaeTBOpsAOmEe 3TUM YyCIOBUSM PEINIEHNE €CTh
Co = A sin ML G 1Y
a b

(m, n — neJsible UMCIA), TPUYEM 9aCTOTHI ONPEJEISIOTCA PABEHCTBOM

o= [(2) < (1) ]

8. Onpegennrs coBCTBEHHBIE YACTOTHI KOJIeOaHUIT MeMOPAHBI TIPSIMOYTOJIb-
moit dopmbr (¢ mmuHAME CTOPOH a 1 b).
Pemenne. VYpasuenne komebanmnit meMOpaHbl

T A¢ = ph¢

(cp. ypasrenne pasnosecns (14.9)). Kpast MeMOpanb! JOIKHBI OBITH 3aKPETIEHBI
Tak, aro ( = 0. CooTBETCTBYIOIEE PEMEnne 171t TPAMOYTOJIBHOW MEMOPAHbI €CTh

¢ = A sin

mmr

. nmy
sin — cos wt,

a
rae COOCTBEHHBIE YACTOTHI

2 T 2 ('fn2 nZ)
w =—n | —+ —
ph a? b2

(m, n  membre aucna).
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9. OmpemenuTh CKOPOCTH PACIPOCTPAHEHNs] KPYTUIBHBIX KOTEOAHUN TI0
CTEPXKHYAM C CeYE€HUEM B BUIE KPyTa, JIJIUTICA 1 PABHOCTOPOHHETO TPEYTOJIbHUKA
¥ TI0 CTEPXKHIO, UMEIOMEMY BUJ JTUHHON TPAMOYTOJIHHOM TOHKOM MIACTUHKH.

Pemenwme. J[Ina kpyrosoro ceuenms (pammyca R) momenT muepmmm I =
1/2

= 7R"/2; B3ss C u3 3amasm 1 § 16, momyummM uist ckopocTw 3rasernne (i/p)
COBTIAIAIONIEE CO CKOPOCTHIO C¢.
Anamornano (mcnonp3ys pesynbraTel 3ama9 2 4 § 16) monygaem fis cTepK-
HA JITATITUYECKOTO CeveHnd CKOPOCTh
2ab

—

a? + b2
JIJI CTEPIKH«A € CeYeHUEeM B BU/Ie PABHOCTOPOHHETrO TPeyroJbHUKa

1/2
(3/5)% ¢4
JJIA C’Tep)KHS[ B BUIE ,H.]'H/IHHOﬁ HpﬂMOyT‘OJ’[BHOﬁ TIJIACTUHKUW

2ﬁct.
Bce aTu ckopocTu MenbIe ¢;.

10. TTosepxHOCTH BECKOHEYHO TJIyOOKOW HECXKUMAEMON KUIAKOCTH TOKPBHITA
TOHKOH ympyroi mmacTuakoii. OmpeaennTsh CBA3b MEZXKIY BOTHOBBIM BEKTOPOM
W 9acTOTOW JJIsi BOJIH, OJIHOBPEMEHHO PACITPOCTPAHSIOMMWXCS TI0 TIJIACTUHKE W B
TMOBEPXHOCTHOM CJI0€ YKUJIKOCTH.

Pemenune. Bribupaem mmocKOCTb ITACTUHKY B KAYECTBE MIOCKOCTH 2 = (),
a 0Ch & BhIOMpaeM BOJIh HATIPABJIEHWUS PACTIPOCTPAHEHUS BOJIHBI; 00JIaCTU KU JI-
KOCTH TIyCTh COOTBETCTBYIOT z < (. Y paBHEHUE IBUKEHNS CBOOOTHOM TIIaCTUHKA

ecTn ) .
0°¢C 0*¢
poh——> = —-D_—
ot? ox*
(po — morHOCTL MaTepuasa nnactuakn). [Ipu HaaMaMYM KNuAKOCTH K TPaBOii 1a-
CTH 3TOTO ypaBHEHHs HAJO MPUOABHATE CHTY, IEHCTBYIONIYIO CO CTOPOHDI JKHIKO-

crr Ha 1 CM2 TIOBEPXHOCTHU TIJIACTUHKU!, T. €. JaBJIEHUE P )KNUIKOCTH. Ho JaBJIEHUE

B BOJHE BBIPAYKAETCA €Epe3 MOTEHNIMAT CKOPOCTH TOCPEICTBOM p = — p Oy /0t
(mosrem TsizkecTn peneGperaem). [Tosromy mosydaem ypaBHeHue
0* 0! 0
pon? 6 = pZ&  ,0e1 M)
ot? ozt ot |,_,

Hanee, HopMabHAsT KOMIIOHEHTa CKOPOCTH YKUJIKOCTU HA €€ MOBEPXHOCTH I0JI-
JKHa OBITh PaBHA CKOPOCTH TOYEK TJIACTUHKU, OTKY/Ia MOIYy9IaeM yCIOBUE

o¢ Oy
X_22 . )
ot 0z |,

Tlorennmasn ¢ J101KeH yI0BJIETBOPSATH BO BCEM 00heMe YKUIKOCTH yPABHEHUIO
0* 9*
SELCE (3)
Ox? 022

Nmewm ¢ B Buge Gerymeit somus ( = (oe ! coorBercTBeHHO 3TOMY Gepem

pemenve ypasrHerns (3) B Buae 3aTyxatomeil B ray0b KUJIKOCTH TTOBEPXHOCTHOM
BOJIHBI _ i(kr—wt) kz

® = poe e,
Tlomcranoska 3tmx Beipaskennit B (1) w (2) TpuBOAWT K ABYM YDABHEHWSIM JIJIsT
o m (o M3 yCAOBUSA COBMECTHOCTH KOTOPBIX TTOJLydaemM

2 _ K
(p + hpok)
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§ 26. Aurapmonunveckue koJjiebaHums

Besa uznoxkennas teopust yupyrux Kojaebanuit spsisiercs npubiim-
JKEHHON B TOM 2Ke CMBIC/Ie, B KAKOM TPUOJINZKEHHA BOODIIE BCS TEO-
pusi yOpyroctu, ocHoBaHHasi Ha 3akoHe ['yka. HamomuuwMm, aro B ee
OCHOBE JIEYKUT PABRJIOXKEHUE YIPYrOil 3HEPIUU B Pl 110 CTENEHSIM
Ter3opa gedopmanun, TpudeM OCTABJISIIOTCST YJIeHbl JJ0 BTOPOTO M0-
psiiKa BRFOUUTEIbHO. COOTBETCTBEHHO 3TOMY KOMIIOHEHTHI TEH30-
pa HANPSAKEHNI OKA3BIBAIOTCSA JTUHEHHBIMI (DYHKIIUSIMU KOMTIOHEHT
Ter30pa gAedopMaInn, U ypaBHEHNUs IBUKEHUS — JIMHEHHBI.

Hawbosiee xapakTepHoOil 0COOEHHOCTHIO YNPYTUX BOJH B 3TOM
NpUOINIKEHNN SBJISETCA TO, UTO BCAKYIO BOJHY MOYKHO TPEJICTa-
BUTH B BUJE TPOCTOTO HAJIOXKEHWS, T. €. B BUJE JNHEHHON KOMOMU-
HaINN OTAEIHLHBIX MOHOXPOMATHIEeCKNX BOIH. Kaskmas m3 3Tux Mo-
HOXPOMATUIECKUX BOJH PACITPOCTPAHSIETCS HE3ABUCUMO OT OCTAIh-
HBIX W MOYKET CYIIECTBOBATH TAKYKE W cama 1o cebe, He COTpOBOK Ta-
SICh KaKUMW-/IM00 TTOCTOPOHHUMHU JIBMKeHuaAMU. MOKHO cKazaTh,
9TO pa3INYHBIE MOHOXPOMATHYIECKNE BOIHBI, OTHOBPEMEHHO PACITPO-
CTPaHAIOIINEC B OJHON M TOW Ke cpele, «He B3aUMOIEHCTBYIOT»
JIDYT C JIDYTOM.

Bce st croiicTBa, 07HAKO, MCYE3AI0OT TIPU TTEpEX0jie K CAeyio-
muM pubInKennaM. DPdEKTH CASAYIONNX TPUOJIMKEHUH XOTSI
7 ABIAIOTCA MaJBIMUA, HO IS HEKOTOPBIX SIBJIEHWI MOTYT WTpaTh
OCHOBHYTIO POJib. DTu 3(M@HEKThl 0OBIYHO HA3BIBAIOT GH2GPMOHUYE-
CKUMU B CBSI3U C TEM, U4TO COOTBETCTBYIOIIME YDABHEHUS JIBUKEHUSI
HEJIMHEHBI M He J0IYCKAIT NPOCTBIX MEePUOAMIECKUX (rapMOHUYe-
CKUX) DEIeHuii.

Mpgbr paccMoTpuM 371€Ch aHTapMOHWYEeCKHe 3(PdEKTh TPeThero
TIOPSIIKA, TTPOUCXOISINE 0T Kybmdecknx 1o medopMaIuu 4aIeHOB
B ympyroii suepruu. B obiem Buige COOTBETCTBYIONINE YPABHEHUS
IBUKEHUsT OKA3hIBAIOTCST 0YEHb TPOMO3IKNMI. BBHISCHUTE ke Xapak-
Tep BO3HUKAOMNX 3(PHEKTOB MOKHO C MOMOIIHIO CIEIYIOMINX PAC-
cyxaennii. Kybudeckne WjaeHbl B ynpyroil 3HEpPTWH JAOT KBaJIpa-
TUYHBIE YJIEHBI B TEH30PE HAMPSIKEHWil, a MTOTOMY W B YPABHEHUSIX
nemkenus. [IpeacrtaBum cebe, 9TO B 9TUX YPABHEHUSAX BCE JTUHEHHBIE
4JIEHBbI [IEPEHECEHbI B JIEBbIE, a BCE KBAJpPATUYHBbIE B IPaBble da-
cTU paBeHCTB. Pelliast 9T ypaBHEHUSI METOAOM HOCIeJ0BATETbHBIX
npubJinzKeHuit, Mbl JIOJ2KHBI B IIEPBOM MPUOJIMKEHUN BOBCE OTOPO-
CUThb KBaJI[pAaTUUHBIE 4jieHbl. TOTa OCTaHyTCsi OOBIYHBIE JIMHEHBIE
YPABHEHWSI, PEIIeHUE Uy KOTOPBIX MOXKET ObITh IPEJICTABIEHO B BUJIE
HaJIOYKEHNsT MOHOXPOMATHIECKNX DEryInx BOJIH BUIa const-e’ (kr—wt)
C OTpejleIeHHBIMU cOOTHOMTeHnAMU Mexay w n k. Ilepexons x cie-
IYIOIIeMY, BTOPOMY, TPUOINYKEHNI0, HAI0 MOJIOXKUTHL U = Uy + Uq,
MpuYeM B TIPaBOil CTOpPOHe ypaBHeHWil (B KBaJApaTHIHBIX UIeHaX)
HaJI0 COXPAHUTH TOJBHKO WIEHBI C Ug. [I0CKOIBKY Uy yI0BIETBOPSIET,
10 OTIPEJIE/IEHNIO, OJHOPOIHBIM JIMHEHHBIM YPABHEHUSIM 0e3 TTPaBhIxX
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gacreil, TO B JIeBOI 4aCTU PABEHCTB 4YieHbl C Uy B3auUMHO COKpa-
marorcs. B pesysbrare Mbl MOIy9YuM Jjis KOMIIOHEHT BEKTOpa Ujp
CUCTEMY HEOJHOPOJHbIX JUHENHbIX ypaBHEHUl, B IIPaBOM 4acTu KO-
TOPBIX CTOST 3aJlaHHble (DYHKIMH KOOPJAMHAT 1 BpeMeHr. DT (PyHK-
LUy, HOJydaloluecd II0JACTaHOBKOR Uy B IIpaBble 4aCTu MCXOJHbIX
yPpaBHEHUI, TPEJCTABILIOT CODOM CyMMYy H/IEHOB, KAXK/bIil U3 KOTO-

PBIX MPOTNOpPLIORAIeH MHEOKUTemo Brga ¢! [(K1—k2)r—(wi—w)tl pyy

etllatke)r—(witw) ] pre 0y wo u ki, kg 9ACTOTBI M BOJHOBBIE
BEKTOPBI KAKNX-TM00 ABYX MOHOXPOMATHYIECKNUX BOJIH MEPBOTO TTPH-
OJIM2KEHS .

Kak u3Bectno, yactublit mHTErpas JUHEHHBIX YPABHEHUIT TAKOTO
BUJIA TIPEJICTABSIET COO0M CYMMY Y/IEHOB C TAKUMU Ke IKCITOHEHIIU-
AJTBHBIMEI MHOYKHUTE/ISIMU, KAKUE CTOST B CBOOOJIHBIX 4jieHax (IPaBbIxX
YaCcTSAX) YPaBHEHW, ¥ ¢ HAJJIesKaInM 00pa3oM MmoJoOpaHHBIMU KO-
s durmentavu. Kaxapiit 13 3TUX 9/JI€HOB COOTBETCTBYET Oerytmeit
BOJIHE € 4aCTOTOH wy £ wy u BOMHOBBIM BekTOpoM ki £ ko (wacro-
ThI, PABHBIE CYMME WJIN PA3HOCTH JaCTOT UCXOAHBIX BOJH, HABBIBAIOT
KOMOUHAUUOHHBLML).

Takum obpazom, 3hPeKTh AHTAPMOHTIHOCTH TPETHETO MOPSIIKA
MMPUBOIST K TOMY, 9TO Ha COBOKYITHOCTH OCHOBHBIX MOHOXPOMATHIE-
CKuX BOJIH (C 9acToramu wi, wy, ... W BOJHOBbIMU BekTOpamu Ki,
ky, ... ) HajararOTCs HEKOTOPbIE «BOJIHBI» CI1a00# WHTEHCHBHOCTH C
KOMOMHAIIMOHHBIMIA TaCcTOTAMW BUIA W) & Wy M BOJTHOBHIMI BEKTOPA-
vn k1 £ ky. MBI TOBOpUM 371€CH 0 HUX KaK O «BOTHAX» B KaBBITKAX,
WMes B BUJY, UTO OHU TPEJCTABIAIOT COOOW HEKOTOPBIN TOMpPaBOU-
HBIH 3 dEKT 1 He MOTYT CyIIeCTBOBAaThH caMu 10 cebe (3a MCKJIIo-
YeHWeM HEKOTOPBIX OCOOBIX CAydYaen; CM. HUXKe). Mexay wy + wy u
ki + kg He yaoB/1eTBOPAIOTCS, BOOOIIE TOBOPS, T€ COOTHOIIEHHSI, KO-
TOPHIE UMEIOT MECTO JJIsT TaCTOT W BOJHOBBIX BEKTOPOB B OOBITHBIX
MOHOXPOMATHIECKNX BOJHAX.

dcwo, ograko, UTO BO3MOXKHBI W TaKWe CHernaabHble TOI00PHT
sHavennit wy, k1 n wo, ko, mpm KOTOPHIX MEXKIY w + wo U k1 + ko
(6ys1eM TOBOPHUTH JIJIst OTIPEJIEJIEHHOCTH O CyMMaX, a He O PA3HOCTSX )
OyIeT BBITTOJHATHCS OJHO W3 TEX COOTHOIIEHW, KOTOPBIE IOJIKHEI
WMeTH MECTO JJIsT MOHOXPOMATHYIECKUX BOJIH B JaHHON cpeae. Broms
obozmavennst wy = wi + we n kg = ki + ko, MBI MOXKeM ckazaTh C
MaTEeMATHIECKON TOYKU 3PEHUs], 9TO w3, K3 COOTBETCTBYIOT B 3TUX
CIydasix BOJHAM, YIOBJIETBOPSIIONINM OTHOPOIHBIM JIMHEHHBIM ypaB-
HeHUsIM JIBHKeHns (6e3 mparoil yacTn) neproro npubsvkenns. Ecim
B TIPABOii 9acTW yYpaBHEHWI IBUIKEHWS BTOPOTO TIPUOIMIKEHUS NMe-

foTCs wienbl, nponopunonanasusie ¢! 837wt ¢ pakpvn ws, ks, 1o,
KaK M3BECTHO, YACTHBI MHTErpaj 9Tux ypaBHeHuii Oyjer mpejcra-
BAATH CO0O# BOJIHY 9TO 9acTOTHI C aMILIUTYAO0N, HEOIPAHUYEHHO
BO3pacTarolleil co BpeMeHeM.

Taxwum 06pazom, HATOKEHNE JBYX MOHOXPOMATHIECKUX BOJIH W1,

ki w9, ko, 1151 KOTOPBIX CYMMBI w3, K3 yIOBIETBOPAIOT yKA3aHHO-



154 VIOPYIUE BOJIHEL IJ1. 111

MY YCIOBHUIO, TPUBOJUT B pedyabrare 3ddekTa aHTapMOHUIHOCTH K
SIBJICHUIO PE30HAHCA  BO3HMKAET HOBas HACTOLAIAS MOHOXPOMATHU-
deckasi BOIHA wg, K3, aMImTyga KOTOPOi BO3pacTaer cO BPEMEHEM
U B KOHIIE KOHIOB Hepectaer ObiTh Maji0ii. OueBuHo, 4T0 ecau 1pu
HAJIOXKEHUW BOJIH wi, K; 1 wse, Ko BO3HMKAeT BoHA ws, k3, TO ipm
HAJIOXKEHUN BOJIH w1, K1 1 w3, k3 ToxKe Oymer nMers MEeCTO PE30HAHC
7 BO3HUKAET BOJHA Wy = w3 — w1, Ko = ks — k1, a mpn HANO)KEeHNN
BOJIH Wy, Ko n w3, k3 Bo3HUKaeT BosHA Wi, K.

B wactrocTn, B m3oTponmHOM Tesle w crsizano ¢ k mocpemcTBoMm
w = ¢k nm w = ¢k, npuaem ¢; > ¢;. JIerko BugeTh, B KAKNX CIyda-
SIX BO3MOYKHO BBITIOIHEHNE KAKOTO-IM00 W3 3TUX COOTHOTIEHWH ISt
KaXKI01 M3 Tpex BOIH: w1, K1; wo, Ko m w3 = wy + we, ky = kg + ko.
Ecmm ky n ko we cormagaior mo mampasiennio, To ks < ki + ko; sicHo
nosTomy, uto mpu Takux ki, ko pesonanc BO3MOXKEH /AL B CJIEIY-
IOIINX JBYX caydasx: 1) BOMHBI w, K m we, kg onepednsr, a BoiHa
w3, k3 npogonbua; 2) onHa u3 BoH wi, k1 win wy, ke npogosnbaa,
Ipyras momepedHa, a BosiHa w3z, k3 npogosbuaa. Ecin ke BeKTOPBI
k; u kg nmeror osmHAKOBOE HAINIPABJIEHHE, TO PE30HAHC BOBMOXKEH B
CAyvastx, KOTga BCE TP BOJIHBI TPOIOJIBHBI MJIM BCE TPU MTOTTEPEIHBI.

Db derT aHrapMOHUYHOCTH C ABJICHUEM PE30HAHCA BO3HUKAET HE
TOJIBKO TP HAJOXKEHUN HECKOJIBKUX MOHOXPOMATHYECKUX BOJIH, HO
7 TIPU HAJIMIUHU BCETO OJHOM TOJIBKO BOMHBI w1, Ki. B aTom caydae B
MpaBoil YaCTW ypaBHEHWH JIBUMKEHUsT MMEIOTCS YJIEHBI, MPOTIOPIIHO-

nasbable ¢ K1r—wit) Ho ecm i wi, Ky ymosieTBopsieTcst 06bIU-
HOE COOTHOTIEHE, TO (B CHJIY OJHOPOIHOCTH TIEPBOTO TIOPSIIKA 9TOTO
COOTHOITIEHNS) OHO yAOBIeTBOpsieTcst n jist 2wy, 2ky. Takum oOpa-
30M, 3 deKkT aHTapMOHWUIHOCTH TPUBOINT K TOSIBJICHUIO HAPSTY C
KayKJI0M W3 MMEIOMINXC MOHOXPOMATHIECKUX BOMH Wi, K1 TakXKe u
BOJTHBI 2w, 2K C yABOEHHBIMH YaCTOTON ¥ BOJHOBBIM BEKTOPOM,
MpUYeM aMIUINTY/1a 3TOH BOJIHBI PACTET CO BPEMEHEM.

Haxkower, octanoBuMCcst KOPOTKO HA TOM, KaKUM 00pPa30M MOTYT
OBITH COCTAB/IEHBI YPABHEHUST JBUKEHNS C yIETOM aHTAPMOHUIECKITX
ayieroB. Tenzop medopMamuu JIOKEH OMPEeIeasiThCI Terephb ToJI-
HBIM BhIpakenneMm (1.3)

1(%+%+%%)_

Ui = —

5 (26.1)

B KOTOPOM HeJIb3sl TpeHe0pevh KBAAPATUIHBIMY 110 U; waeHamu. Jla-

Jlee, 0bIIIee BRIpasKeHMe /ISt TUIOTHOCTH SFeprin & 1) JIst Tl ¢ ran-
HOW crMMeTpueit JTOMKHO OBITH HAMMCAHO KaK CKaIsp, COCTABJIEH-
HbI U3 KOMIIOHEHT TEH30pa Ui, U HEKOTOPbIX XapaKTepPHLIX JlJld Be-
LecTBa Tejla HOCTOAHHBLIX TeH30P0B, COAePXKallUX YeHbl JI0 KeJla-
eMoil crenenu no u;y. [oacrasnss 3arem Boipazkenue (26.1) mus g

1 . .
) Mbt roBopuM 31€Ch 0 BHyTpeHneit suepriv £, a He 0 ¢cBO60AHOH sneprun F
MOCKOTBKY PeYb uieT 06 annadaTudecKux KOTeOaHnusIX.
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n 0TOpachiBasi YIeHbl CJUIIIKOM BBICOKUX TOPSJIKOB TI0 U, TOJIYYUM
suepruto € Kak (DYHKIUIO NPOU3BOAHBIX Ju;/0T) ¢ XKejpaemoii cre-
NEHBIO TOYHOCTH.

JList TOro 9ToObl MOy YUTh YPABHEHUsI JIBUKEHUsI, 3aMETUM CJle-
ayroiee. Bapuanusa §€ MoxkeT ObITh HALMCAHA B BUJIE

o€ Ou;

A — L
6(6711/6Tk) 6mk

Wi, BBOA 0DO3HAYEHUE:

o€

= 8(0u:/0zr) (26.2)

Oik

nepenuckiBaeM 0& CIeIYIONIM 00pa3oM:

0 = o O0u; = i(oikéui) - (SUZ' amk.

K oz}, Oxy, Oxy,

Koaddumumentsr npu —du; npegctaBiasior coboil KOMIOHEHTBI CH-
JIbI, OTHECEHHOU K ejauHuile obbema rejia. Ouu nmeor GopMabHO
NPEXKHUN BUJ, U TOTOMY yPABHEHUs JBUXKEHUS MOTYT ObITh HAIIH-
CAHBI TO-TIPEXKHEMY B BUJIE

poit; = 27k, (26.3)
k

re pg — MJIOTHOCTE HerebOPMUPOBAHHOTO TeJIa, & KOMIIOHEHTHI TEH-
30pa 0 OTIPEJIEISTIOTCS Teneph, coryacho (26.2), ¢ £, HanmncaHHbIM ¢
JKeJIAeMOM CTETeHBI0O TOUHOCTH. TeH30p 0 Terneph He CHMMETPUYeH.

[Moguepkuem, 910 0, HE WMEET Temeph CMBICIA TJIOTHOCTH TI0-
TOKa uMIy/abca (TeH3opa Hanpsizkenuii). B oObranol Teopum Taxkoe
HUCTOJIKOBAHUE TIOJIYy9aJOCh B PE3yJibTaTe WHTErPUPOBAHUSI ILIIOTHO-
cru 00bemMHOl cunbl Jojg /Oxp 10 o0bemy tena. Ilpu 3rom cyme-
CTBEHHO, UTO [PU WHTEIPUPOBAHUYU Mbl HE JIEJIAN PA3JIAUUST MEXKTY
KOOPJIMHATAME TOYEK TeJia /10 u nocje pedopmMupoBanus, nperaedpe-
rast pazauneir Mexy HuMu. OJHAKO NMpU TEPexXojie K CAeLYOMuM
NpUOJIMKEHUSIM TAKOE TPEeHEOPEIKEHNE CTAHOBUTCSI HEBO3MOXKHBIM, U
[OBEPXHOCTh, ONPAHUYUBAONIAS 00JIACTH UHTErPUPOBAHUS, HE COB-
MajaeT ¢ peajbHO MOBEPXHOCTHI0 PACCMATPUBAEMOTO yIacTKa TeJjia
nocsie ero jgedopMupoBaHUs.

B § 2 661710 10OKa3aHO, 9TO CUMMETPUYHOCTD TEH30PA 0 CBSI3aHA
¢ COXPAHEHUEM MOMEHTA UMILyJibca. Ternepb 30T pesy/ibrar He UMeeT
MECTa B CBSA3U € T€M, YTO IJOTHOCTH MOMEHTA MMITYJIbCA JOJIKHA
BalNCBIBATHCS HE B BUIE T;Ug — Tpilj, & KaK

(@i + ug) iy — (zg + up) ;.
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3agmaua

Hamnmcars obuiee BbIpakeHme [isi yOpyroil SHEPruM M30TPOIHOTO Tena B
TPEThEM HPUOJIMIKEHNH.

Pemenwne. U3 KOMIOHEHT CUMMETPUYECKOIO TEH30pa BTOPOrO paHra
MOKHO COCTaBUTh ABa KBaAPATUYHBIX CKaJIsApa (ufk n ufl) U TPU KyOWdecKmx
(udy, uyud,, wigwiug). TosTomy manbosee OBIIMIl BUI CKAMSPHOrO BHIPAKEHNI,
COJIepyKALIEro YJIeHbl BTOPOW M TPEThel CTeneHei 1o u;; CO CKAJSIPHBIMU IKe
(m3oTpontHoe Teso!) koaddunmenTamm, ecTh

. K A . C
£ = Hufk + <— - E) ujy + Euikuilukl + Bujyun + E“?x

2 3

2 2
(ko3bdunmenTr Py uj;, W uj; BRIPAKEHBI Y€Pe3 MOAYJIN CKAThS W capura; A,
B, C  tpu sHoBble nocrosinubie). IlogcraBnss cioga Beipaxenue (26.1) mns

Ujx W OCTABJIASA YJIEHBI JO TPETHEro NOpsAaKa BKJIIOYUTEIHHO, TTOJIyYUM yIPYyTyIO
3HEPTHUIO B BUAJE

u( Ou; 611,k)2 (K ,u) (671,1)2
e=t +—=) +(=-E)[Z2) +
4 <6.’I,‘k ox; 2 3 ox;

+( +é) %%%+<B+K_g) @(@)Z
K 4 ) Oxy Ox; Oxyg 2 3/ O0x; \Oxp

+
A dui O dw B Ous du du  C (%)3
12 Oz, Ox; Ox; 2 Oxy Ox; Oxy 3 \9m /)




FrTABA IV

JNCJIOKAIIN ')

§ 27. Yupyrue nedopmaiiuy 0pu HAJIAYGAN TUCTIOKAIIAN

Vopyrue medopmarun B KpuUCTaLae MOTYT OBITH CBSI3aHBI He
TOJHKO C BO3/IEICTBMEM HAa HEr0 BHENTHWX CUJI, HO W C HAJIUIHEM
B HEM BHYTpPEHHUX Ae(PeKTOB CTPYKTYpbl. OCHOBHBIM BUIOM TaKUX
neheKTOB, CYMIECTBEHHBIX J/IsT MEXaHUYIECKNX CBONCTB KPUCTAJIOR,
SIBJITFOTCS] TaK HasblBaeMble ducaokayuu. VI3ydeHne cBOWCTB JUCIO-
KallMii ¢ aTOMapHOW, MUKPOCKOIMYECKON TOYKMN 3PEHUdA HE BXO/INUT,
pazyMeeTcs, B IJIAH 3TOH KHUTK; Mbl PACCMOTPUM 3/€Ch JIUIIb YUCTO
MaKPOCKOINYECKUE ACIEKTHI TOr0 SIBJICHUS C TOYKHM 3PEHUs] TEOPUH
yupyroctu. OmHAKO i JIydInero ysic-
Hennsg (PU3UIECKOIO CMBICIA W3/IArA€MbIX Y
COOTHOIICHMIT NPEJBAPUTE/IPHO HALIOMHAM o o o o 4 o o o o
HA JIBYX IIPOCTBIX IPUMEPAX, B 9€M 3aKJII0- o o o o 4
HAETCs XAPAKTeD JUCIOKAIMOHHBIX 1eDeK- o o o o §

TOB C TOYKH 3PEHUS CTPYKTYPBI KPUCTA- 4 o o o & o o o o
JUYecKol pemerka.  g—ra— e -

[IpencraBum cebe, 910 B KpUCTAJLITIE-
CKyi0 pemerky (paspe3 KOTOpoii m3obpa-
JKEH HA PUC. 22) BABUHYTA «JIUIIHASY KPU-
CTAJLIMIecKast TOJIyTIOCKOCTh (CORTIaIat0-
1asi Ha PUCYHKE C BEPXHEHl TMOJIyTI0CKO- Puc. 22
CTBIO Yyz). JIMHUST Kpast 3TOi MOIyI0CKO-
cru (MepneHuKyasapHas NJIOCKOCTH PUCYHKA OCb Z) HA3BIBAETCS B
9TOM ciiyuae kpaesoti ducaokayued. Ickaykenne CTPYKTYPbI perer-
KM B HEMOCPEJICTBEHHON O/IM30CTH K JUCIOKALMKA BEJIUKO, HO YIKE
HA PACCTOSAHUSAX MOPA/IKA HECKOJBKUX [MEPUOIOB KPUCTAJIUIECKUE
IJIOCKOCTH CMBIKAIOTCS APYT C JAPYTOM IMOYTH TPABUIBHBIM 00pa30M.
Hedopmaniust cyimecTByer, OHAKO, U Baju oT guciokaruu. OHa sic-
HO 0OHApPYKUBAETCs TPU 0OXO0/I€ B IJIOCKOCTH XY 110 y3J1aM PEmeTKu
BJIOJTh BAMKHYTOrO KOHTYPA BOKPYT Hadaja KOOPAWHAT: €C/IN OrMpe-
JIEJISITh BEKTOPOM U CMeIeHre KarkKJ0ro y3/a OT ero TMOJOKEHWsT B
nJIeaJIbHON pereTKe, TO TIOAHOEe TPUPAIIeHe 3TOr0 BeKTopa Mpu 00-
xoz1e OyeT OTINYHO OT HYJIS W PABHO OJIHOMY TIEPWOY BJIOJIb OCH .

1
) Dra raasa marmcana cosmectro ¢ A.M. Kocermaem.
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Jpyroit Tun AuC/JI0KAIUU MOXKHO HAIJISTHO IIPEICTABUTE cebe Kak
pe3yJIbTaT «pazpesay PemeTKn M0 TMOJIYIIOCKOCTH, TMOCIe Iero da-
CTH PENIeTKH 10 00e CTOPOHBI paspesa CABUTAIOTCS OTHOCUTETBHO
JAPYT APyTa HA OJIMH NEPUOJ MapaLIeIbLHO KpPalo paspesa (KoTopbiii
HA3BIBAETCS B 9TOM Cllydae 6unmosoli ducaokayueti). Hamnuane ra-
KO JIMC/IOKAIINY TTPEBPAIAeT KPUCTALINIECKNE TIJI0CKOCTH B PEITIeT-
Ke B IeJINKOWIAIbHYIO TOBEPXHOCTH (MOJ0OHYI0 BUHTOBOM JIECTHUIIE
6e3 crynenek). [lpu moaHoM 06X0/1e BOKPYT JTUHUU JUCTOKAIN (OCh
reJIMKOMIAJIbHOM MOBEPXHOCTH) BEKTOD CMEIIEHUs y3JI0B MOJIy4aer
npupalleHre Ha OJWH IEePHUo/l mnapaJjieabno 3roii ocu. Ha puc. 23
n300paXkeHa cxeMa OTMHUCAHHOTO paspesa.

C MaKpOCKONUYIECKON TOUYKM 3PEHUs] IUCIOKAIMOHHAS 1ehopMa-
nug KPUCTAJIA KAK CIJIONIHON cpejbl objazaer B 00IEM ciydae
CJIeAYTIOIIUM CBOMCTBOM: mpu 00X0/Ie 10 JI0O0OMY 3aMKHYTOMY KOH-
Typy L, oxBarbiBaiomeMy JUHUIO aucjiokanuu [, BEKTOD ympyro-
0 CMEIEHUsT U MOJIy9aeT OIPeejeHHOe KOHEYHOE mpupalienne b,

Puc. 23 Puc. 24

paBHoe (Mo BeJIMUMHE W HATPABJIEHWI0) OJIHOMY U3 TIEPUOJIOB perrer-
KW; TOCTOSIHHBIN BeKTOP b HazpiBaeTcs: sexmopom Bropzepca manHOM
JMCI0KALMU. DTO CBOMCTBO 3alUCHLIBACTCH B BUJIE

%dui - %%dwk = b, (27.1)
. J Oz
L L

IpUYeM MPUHUMAETCH, YTO HalpapjeHre 00X0Ja KOHTYDA CBA3AHO
PABUJIOM BHHTA C BbIODAHHBIM HAIPABJIEHHMEM BEKTOPA KacaTeJib-
HOIt K Jyimaumn jmcaokaiuu T (puc. 24). Cama JmHMS AMCIOKAIIUE
SIBJISIETCS TIPUA 3TOM JIMHUEH 0COOBIX TOYEK 10Jist jgedopMalium.
YHOMSHYTBIM BBIIIE TPOCTHIM CJIy4YasiM KPaeBoil 1 BUHTOBO# Juc-
JIOKAIWii OTBeYatoT MpsiMble Juaun D, Bjoab Koropbix 7 L b wim
7 || b. Ormernm Takke, 9T0 B W300parKeHHOW Ha PUC. 22 HATJIsII-
HOI KapTWHEe KpaeBble JINCIOKAINN € MTPOTUBOMOJIOKHBIMI HATPaB-
JIeHUsIME b pasinyaoTes TeM, 9TO «JIMITHSsST» KPUCTALInIecKas 1mo-
JIYTIJIOCKOCTh JIEYKUT CBEPXY WJIM CHU3Y OT TJIOCKOCTH Zy (0 TaKmx

JIMCIOKAIIMSAX TOBOPAT KAK O PA3IMYAIOIINXCS 110 3HAKY ).
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B obmem ciiyuae guciokanusi aBJsieTcss KPUBO JIMHUEH, BJIOJIb
KOTOPOit yroj mexay T u b mensiercst. Cambliit ke BekTop Broprep-
ca b Heu36eKHO MOCTOSIHEH BJI0JIb Beeil juHuu gucjiokanuu. OQue-
BUJIHO TAKZKe, 9TO JIMHUS JTUCIOKAIUU HE MOXKET MPOCTO OKOHYUTh-
cst BHyTpH Kpuctamia (cp. nuxke npumed. Ha ¢. 160). Ona momkna
BBIXOJWTH 0DOMMM KOHIIAMY Ha TIOBEPXHOCTH KpucTajia b0 (Kak
9TO 00BIYHO M OBIBAET B PeaIbHBIX YCIOBUSIX) TPEJCTABIATH COOO
BaMKHYTYIO TIETJIIO.

Yenosue (27.1) o3nauaer, ApYyruMu CJIOBAMHU, YTO NMPHU HAJTWYUH
MCTOKAITNN BEKTOP CMEIEHUsT BISIeTCS HEOHO3HATHON hyHKITHE
KOOPIMHAT, TIOTyIa0Ieil 3a/1aHH0e TTPUpAIIenre Tpu 00X01e BOKPYT
JuHUN aucaokannn. Pusndeckn, pa3yMeeTcs, HUKaKOH HeOIHO3HAY-
HOCTW HeT: mpupariinenne b o3navgaer J0TOIHUTEILHOE CMEIEHNE TO-
YeK PEIeTKN Ha OJWH W3 TEPUOI0B, UTO BOOOIIE HE MEHSIET ee CO-
crostamst. B wacTHOCTH, TEH30p HANPSAKEHNN 0,1, XapaKTePU3 YOIt
yIPyTOe COCTOSTHUE KPUCTALIA, ABISIETCS OJHOZHATHON 1 HETTPePhIB-
HOIl yHKIMEH KOOpanHaT.

st nanwueiimero 6ygaeT yaoO0HBIM BBeCTH 0003HAUEHNE

Wik = %’ (27.2)
c%i
C IIOMOIIBIO KOTOPOTo yciaosue (27.1) 3anuceiBaercs B Buje
fwz-k d’I'7 = *bk. (273)

L

Tenzop w;, (HECUMMETPUYHBIN) NPUHATO HABBIBATH MEH30POM OU-
cmopcuu. Ero cuvmMerprdHast 9acTh Jgaer oOBITHBIN TeH30D medop-
MAaIK .
Uiy = 5(wik + wgi)- (27.4)

TeH30pbl Wik W Ujr, — OAHO3HAYHBIE (DYHKIMK KOOPJAWHAT, B TIPOTH-
BOTIOJIOYKHOCTH HEOJHO3HAUHOW dyHKImm u(r).

Yenosue (27.3) moxkHO 3anucath u B audGepennuansbHoM Bu/IE.
st aToro mpeobpazyem mHTErpas mo KOHTYpy L B mHTErpas mo

KaKoif-160 moBepxHOCTH S}, OMMPAIOIIEiicst Ha 3TOT KOHTYp !):

f{wmkz dry = /eilm 6;1mk dfi. (27.5)
1

X
T, St

1) Cornacto Teopeme CTokca mpeodpa3oBaHre OCYMECTBISETCS 3aMEHOM d1e-
MeHTa WHTErPUPOBAHUS IO JIMHUW Xy, OTIEPATOPOM
1o}
dzm — €ilm dfl -,
o0x;
TOEe €iim eIMHUIHBINT AHTUCUMMETPUYIHBIN TeH30D, df IEMEHT ILIOIIAIN.
Hanomunm, 4ro BeIpaykenune BUaa €;maib; ecTh KoMmoHeHTa [ab}m BEKTOPHOTO
MPOU3BEIEHUs] BEKTOPOB a u b.
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[TockobKy TEH30D €1, AHTUCUMMETPUYEH 110 UHJEKCAM [, M, & TEeH-
30p Wk /01 = 0?up/0T) Oy, CUMMETPHYEH 10 STUM K€ MHICK-
caM, TO MOJBIHTEIPAJIbHOE BbIPAXKEHUE TOXKJIECTBEHHO PABHO HYJIIO
BesJle, 3a UCKJII0UYEHHeM TOYKHU [epecedenust jimann [ ¢ OBEPXHO-
cThio Sp; HAa caMOil JIMHUU JUCIOKAINN, KAaK JIMHUM 0COOBIX TOYEK,

MPEJICTABIEHNE Wik B BUJIE TIPOU3BOAHBIX (27.2) TepsieT CMBICI ). B
9TUX TOYKAX BEIUUWHBI W;; HAJIO OMPEIETUTH C TTIOMOIIHI0 COOTBET-
crytomei 0-gyHknn Tak, 9robsl waTerpasn (27.5) npuobpesn Tpe-
oyemoe 3uavenne —by. [lycts & — AByXMEpHBINH paanyc-BEKTOP, OT-
CYNUTHIBAEMBII OT OCW JVCIOKAIIMW B JAHHOIW €€ TOYKE B TJIOCKOCTH,
TIEPIIEH UK YIAPHON BEKTOPY 7. DJAEMEHT TLIOMIAIN ITOH TI0CKOCTH
BRIpazkaercs depes snement df mosepxuoctu Sy, xkaxk T df. [lo ompe-
JIeJIEHNI0 BYMepHOit d-dyukimm §(&) nmeem

[o@)rdf == [ s,6(8)dfi =1.

fcro mosToMYy, UTO JITA JTIOCTWYKEHWsT TTOCTABJIEHHON TIe/IM HaJI0 TIO-
JIOYKUTH

Cilm ——— = —Tibp0(€). (27.6)

9710 u ectb uckomas auddepennuanbuas 3anuch ycaosus (27.3).

[Tone cmerennit u(r) BOKPYT JMCIOKAIMKA MOYKET OBITH BBIpa-
JKeHO B 00IeM Buje, ecan m3BecTeH TeH3zop ['puua G ypaBHeHUit
PABHOBECHS JTAHHOW aHM30TPOMHON cpenbl, T. €. (DYHKIWs, Ompee-
JISTFOIIAsE CMEIIeHUe 14;, CO3JAHHOE B HEOIPAHUYEHHOW Cpeje cocpe-
JOTOYEHHOHR B HadaJ/le KOOPAUHAT €JUHUYHON CUJI0M, HallpaBJ/IeHHONI
BJIOJIb Ocu T (cM. § 8). DTO JIErKO CENATH ¢ HOMOIIBLIO CEYIOIEro
dopmasibHOro TpUEMa.

BumecTo Toro 4robbl HCKaTh HEOJHOBZHAUHBIE DEIleHus] YPABHEHU
pasHOBecusi, Oyjem paccmarpuBarh U(r) Kak OJHO3HAYHYIO (DyHK-
[0, YCJIOBUBIIUCH, 9TO OHA HCIBITHIBAET 3aJIaHHBIN CKauoK b Ha
HEKOTOPOI TPOUZBOJILHO BHIOPAHHON TIOBEPXHOCTU Sp, OMUPATOIIETi-

cd HA AUCI0KAIMOHHYTO mewiio D. Ecim uy mu_ 3navenus: QyHK-
UM COOTBETCTBEHHO HA BEPXHEM W HUXKHEM Oeperax paspbiBa Sp, TO
u;y —u_ =bhb. (27.7)

(«Bepxuwmii» n «HuKHMiT» Gepera onpeaesnensl Ha puc. 24. Hopmain
n K MOBEPXHOCTU Sp, HAPABJIEHHAS IO OTHOIIEHWIO K T YKa3aH-
HBIM Ha pUCYHKE 00pa3oM, JaeT HampaBjIeHWe OT HUXKHEro Oepera
K BepxHemy.) UaTerpuporanne 1o KOHTYpY L OT BepxHero dGepera K
HUZKHEMY JIaeT Toraa pesyabrar (27.3) ¢ npasusibabiM 3HAaKOM. TeH-
30PBI Wik W U, GOPMATBLHO OTMpeesiernnble coracHo (27.3), (27.4),

') Ecmwm 6Bl MTUHAA QUCIOKAIMN OKAHYMBAIACH B KAKOH-TA00 TOYKE BHYTpPH
Tesa, TO TIOBEPXHOCTh Sy MOrIa Obl OBITH BRIOpAaHA OXBATHIBAIOIIEH 3TY TOYKY
7 TEM CaMbIM HWTJE He nepecekatomeii mmanio D. Torga waterpan (27.5) o6pa-
TUACH Obl B HYy/Ib B MPOTUBOPEYHUH C TIOCTABIEHHBIM YCIOBUEM.
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OyyT UMeTh Ha IIOBEPXHOCTU PA3PBIBay 0-00pazHyI0 0COOEHHOCTH:
S S 1
’U)Z(k) = n;bpd({), uz(k) = E(nibk + ngb; ) (C), (27.8)

rae ( KOOpAMHATA, OTCYMTBIBAeMasi OT IOBEPXHOCTH Sp BIOJb
Hopmaym n (d¢ = ndl, tae dl  snement pnunbl KOHTYpaA L).

[Tockonbky HUKAKON (u3MIecKoit 0COOEHHOCTH B CPEIE BOKPYT
JIMCAOKAIIMY B JIEAICTBUTENLHOCTY HET, TO TEH30P HANDPSKEHUH o,
KakK yzKe ObLIO yKa3aHo, JOJKEeH ObITh OJHO3HAYHON Be3je Herpe-
peiBHOI dyrkumeii. Mexay tem ¢ tenzopom gedopmanun (27.8)
bopManbHO CBA3aH TEH30D HANPSKEHUI

UZ(}:) = Aiklm“l(i ;

TOYKEe MMEIOIINii 0COOEHHOCTh Ha ToBepxHocTn Sp. s Toro arobni
UCKJIIOYUTH €r0, HAJ0 BBECTH (DUKTUBHBIE 0ObEMHBIE CHJIbI, PACITIPe-

JIeJIEHHbBIE BJI0JIb IOBEPXHOCTH S ¢ OLPEAEAEHHO ILI0THOCTHIO £05),
VYpaBHeHUsT paBHOBECHS TIPH HAJINIUN OOBEMHBIX CHJI UMEIOT BU/I

8zk
OTcrona siCHO, 9TO HAZIO TTOIOKNATH
S o) ou'S)
FO = 2P =y, P (27.9)
a.’L‘k 6mk

Takum obpasom, 3agada 00 OTHICKAHUN HEOIHO3HAUHON (yHKINN
u(r) sKBUBaJIEHTHA 3aja9e 00 OTHICKAHUN OJIHO3HAYHON, HO PA3PhIB-
HOI (DYHKIINY TP HATMIUN O0HEMHBIX CUJI, OMPEIe/IAeMbIX (hOPMY-
namu (27.8), (27.9). Tereph MOXKHO BOCTOIB30BATHCsT (DOPMY.ION

wi(r) = [ Gile ) £V () av’.

[Mogcrasus cioga (27.8), MPOM3BOANM WHTErPUPOBAHUE TI0 YACTSIM;
WHTErpaj Mo OECKOHEYHO YIAJe€HHON MOBEPXHOCTH WCYE3AET, a B
OCTARTIIEMCS] WHTErpajie mo 00beMy J-hyHKINS YCTpaHSIeTCs] TPURH-

ampHBIM oOpaszom. Bamerns takxke, uto 0G;;/0x) = —0G;;/0xy,
MOy UM OKOHYATEIHHO
0
uz(r) = _Ajklmbm /m%Gij(r - I'I) df’. (27.10)
Sp '

TeMm caMbIM HOCTaBJIEHHAA 3a/lava penieHa ]).

1) Temzop G;; ans aHU30TPOIHON Cpebl HAleH B yKa3aHHOi Ha c. 44 cTaTbe.
DTOT TEH30p, BOOOIIE TOBOPs, OYEHH CJIOXKEH. B ciydae mpaMomTuHEHAHON auc-
JIOKAIMW, KOTJa Mbl MMEEM JIEJI0 C IJIOCKON 3ajadveil TeoOpuu yrpyrocTu, MOXKeT
0Ka3aThCs MPOIIE HEMOCPEICTBEHHO PEIaTh YPABHEHUsS PABHOBECHSI.

6 JI. 1. Jlangay, E.M. JIndmun, Tom VII
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Haubonee npocroii sBun gedopmanus (27.10) umeer Bmaau ot
3AMKHYTOH JIMCIOKAIMOHHON nerau. Ecim npeacrasinars cebe ner-
JIFO PACIIOJIOZKEHHON BOIM3M HAUAIA KOOPAMHAT, TO HA Ooabmux (110

CPaBHEHWIO C ee JIMHEHHBIMI pa3MepamMn) PACCTOSTHNUSIX B TPOU3BOJI-
Hoit 0G;j/0T) MOXKHO LHONOKUTL ' — I’ A ' U BBIHECTU €€ 3a 3HAK
unrerpasa. Torga nosyaum

ui(r) = —Ajkzmdzma%zlfr), (27.11)
e
dip = Sibg, S; = f n; df = lem tf]?k dz;. (27.12)
$p 2D

Kommonentsr akcraabHOro BeKTOpa S paBHBI ILIOMIA/ISAM, OUDAHU-
YEeHHBIM TPOeKHuaMU neryiv [ Ha IJIOCKOCTH, MEePHeHIUKYIIPHbIE
COOTBETCTBYIOIMIUM KOOPIUHATHBIM OCSIM; TEH30D dj; €CTECTBEHHO HA-
3BATh TEH30POM QUCAOKAUUOHHO20 MOMeHMA. KOMIIOHEHTHI TEH30pA
G';j ABIAIOTCSA OIHOPOAHBIMU (DYHKIIUAMEI TEPBOTO MOPsAIKa OT KOOP-

aumat ., y, z (eM. c. 45). Tlosromy n3 (27.11) Buamo, U0 U; o» 1/12.

CooTBercTByIOIIee Ke 10Jie HANPSIXKEHUH 0j) o» 1/r3.

JIErKo BBISCHUTH TaKKe€ XaPAKTeP 3aBUCUMOCTU OT PACCTOAHUSI
YHOPYTUX HANPsZKEHUN BOKPYT HPAMOJUHEHHON aucaokaruu. B nu-
JIMHJPUYIECKUX KOOPJIMHATAX 2, 7', ¢ (C 0CBIO 2 BJIO/Ib JIMHUU TUCTOKA-
i) ecpopmariyst 6y1eT 3aBUCeTh TOJIRKO OT r 1 . MaTerpan (27.3)
HE JIOJI2KEH MEHSATHCsH, B YACTHOCTHU, HPU MPOU3BOJLHOM IIOJ00HOM
M3MEHEHUU Pa3MepoB JII0OOro KOHTypa B mjockoctu xy. Ouepuj-
HO, 9TO 3TO BO3MOXKHO, JIMIIb €C/u BCe Wik o» 1/7. Tolt xe crenenn
1/r Gyzer mpOMOPIMOHANIEH W TEH30D Uik, & C HUM W HAMPSIKEHNSI:
Ojf o» 1/7‘ 1).

XoTd 10 CUX TIOP MBI TOBOPWUJIM TOJHKO O JIWCIOKAIWAX, TEM He
MeHee TIo/Tyennbie (hOPMYJIBI TPUMEHUMBI TAKZKe U K J1ehOpMATIAM,
BBI3BIBAEMBIM JPYTOr0 pojga gedexTamMu KpPUCTALITIECKON CTPYK-
Typwl. Juciokanmun — nuneitnsie mpedexkThl CTpyKTyphl. Hapsay c
HUMHU CYIIECTBYIOT JeeKThl, B KOTOPBHIX HapYIIEHNEe MPaBUILHOL
CTPYKTYPBI PaCIpOCTPAHSIETC MO 001acT BOJIM3W HEKOTOPOIl TMo-
BerHOCTI/IQ). C MakpOCKOIUYECKOW TOUKM 3peHust Takoi jgedekr
MOKeT OBITh ONKMCAH KAK [MOBEPXHOCTb PA3pbiBA, HA KOTOPON BEK-
TOP CMEINIEHUs] U UCIBITBIBAET CKAYOK (HANDPSIZKEHUS JKE i OCTa-

) Ob6paruM BHUMaHME Ha ONPEEJIEHHYIO AHAJIOTUIO MEXJY TO0JIeM yIpyroi
gedbopmManuy BOKPYT JUHUU JUCIOKAINYA W MATHUTHBIM I[IO/TEM JTAHEHHBIX IIPO-
BOJAHWKOB; POJIb CHMJIBI TOKAa Wrpaer npu 31oM BekTop Bioprepca. Oanako, ne
rOBOpPSI YK€ O COBEPIIEHHO PA3IUIHON IPUPOJE TeX U APYTUX (PUINTECKUX sIB-
JIeHnI, CTEIIeHb aHATTOTIYHOCTHA yMEHbIIACTCA TaKKe W PA3IA9YNeM B TEH30PHOM
XapakTepe COOTBeTCTBYIOIINX BEeJIWINH.

%) MsBecTHBIM MIPUMEPOM TAKOTO POAA AedEKTOB SBIISETCS TOHKAS ABOMHUKO-
Basd NPOCHONKaA B KPUCTAJLTIE.
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I0TCSl HENPEPBIBHBIMU B CUJly yCaoBuil pashosecus). Ecin na Beeii
[IOBEPXHOCTHU BeJiMYnHA b CKaYka OJMHAKOBA, TO B OTHOIIEHUU CO-
3raBaemMblx uM gedopmarnuil Takoil pa3zpblB HUYEM HE OTJIUIAETCS
oT aucnokanuu (PacionoKenHol B1oabL ero Kpas). Pazauna cocrout
JIWIIIb B TOM, 9TO BEKTOP b He paBen nepuomay pernerku. [Tonoxkenue
2Ke TIOBEpXHOCTH Sp, 0 KOTOPO# ObLIa peub BBIIIE, MEPEeCTAeT ObITh
IPOUBBOIbHBIM U JIOJI2KHO COBIIAIATh C (DAKTUYIECKUM PACIIOI0KEHN-
em puznueckoro paspbiBa. C Takoil TOBEPXHOCTHIO PA3pPbIBa CBI3aHA
ompesie/IeHHas TOTOMHUTEIbHAST SHEPTHUsI, YTO MOYKET OBITH ONMCAHO
TyTeM BBEIEHUsI COOTBETCTBYIONIEr0 KO3 uimenTa mOBePXHOCTHO-
0 HATSIYKEHUSI.

3agaumu

1. Hanucars auddepennnaababe ypaBHEHNsT PABHOBECHUS JJIst JUCIOKALIN-
oHHOI medopManuy B M3OTPOIHON Cpejie, BHIPDAYKEHHBIE UYepe3 BEKTOD CMeIle-
Hms L),

Pemenne. B repmmmax ten3opa HampsikeHuil nin TeH3opa aedopMannm
YPABHEHWS PABHOBECHS UMEIOT OOBIIHBIA BUI: 00 /01 = 0 MM, NOACTABUB 0
n3 (5.11):
8’&“« + ag 8’[1,11 -0 (1)
oxy, 1— 20 Ox;

Ho npm nepexoze k BeKTOPY U Hano yuecth auddepennmanproe yeaosne (27.6).

Vmuoxkus (27.6) Ha €ip, w ynpoctus 1o i, k, nomy«anm )

= —[7b].4(€). (2)

Ownr  Owpk

0T 0T n

Tlepenucas (1) B Bume
lawik l(’“}wki N o Owy _
2 Oxy, 2 Oxy, 120 Ox;
n mozacTaBuB coaa (2), Haxoanm
Owp; 1 Owy
oxy, + E ox;

= [7b]id(€).

Tlepexoas Tenepn K u, cormacho (27.2), HAXOAMM MCKOMOE yPaBHEHWE /IS HEeOI-
Ho3HAIHOM dyHKIMHU u(r) B BAIE

1 .
Au+ mv divu = [rb]4(€). (3)

Pemrerme 3T0ro ypaBHEHWs JOMKHO yIOBAETBOPATEL yCaoBmuio (27.1).
2. Onpegennrh gedopManuio BOKPYr NPsIMOJIMHEHHOW BUHTOBOW AMCJIOKA-
OUU B U30TPOITHON cpese.

1) ®usnueckmit cMbica 97108 1 IPYTHUX 33429, OTHOCSIINXCS K M30TPOTHON Ccpe-
e, YCTIOBEH, MOCKOTBbKY peaJbHble IUCIOKAINHA II0 CaMOMY CBOEMY CYIIeCTBY
CBOMCTBEHHBI JIUITH KPUCTALIAM, T. €. aHU30TPOITHON cpejie. DTU 3aa49u, OTHA-
KO, IPEACTABJIAIOT ONPE/IeJIEHHBIN MIIIOCTPATUBHBIN MHTEPEC.

%) Hanomanm Gopmy.ry
€ilmCikn = 6lk6mn - 61n6mk‘

6*
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Pemenue. Bribupaem nmunmHIpUYECKHe KOOPAWHATHI 2, I', @ C OCHIO Z
BJOJIh JIMHUW AWcjIoKaunn; Bektop Bioprepca: b, = by, = 0, b, = b. I3 coobpa-
JKEHNN CUMMETPUHU OYE€BHUIHO, 9YTO CMEIIEeHNe U TApaJIIeTbHO OCH 2 U He 3aBUCUT
OT KOOpDAWHATHL z. Y paBHeHue pasHoBecua (3) 3amaum 1 ceommrea k. Au, = 0.

Pemrenne, yaosaersopsomee ycaosuio (27.1) 1):

b
U, = —.
2
Y TEH30pOB Uk U O OTJIUIHBI OT HYJ/Id UMb KOMIOHEHTHI
b ub
Upy = ——, Opp = —,
zg ; zZp 3
4rr 2rr

Tak 4To jedopmManms mpeacTaBiasier co00N UMCTHIH CABWT.
CBoGomnag sHEprus AuCIoKanuy (Ha €JMHUILY €€ JIIHBI) JAeTCA WHTErPAIOM
b2 [ dr
= - f2“w‘7w dv = i —,
47 r

JsioraprupMUYecKn pacxoAsnMcs Ha 000mX Tipegesax. B kagecTBe HUKHEro mpe-
JIeIa CIeyeT B3ATh BeJIMIUHY MOPAIKA ATOMHBIX pacCToaamii (~ b), Ha KOTOPBIX
nedopmanms BeMKAa W MAaKPOCKONMMHYECKasi TEOPUsl HENMPpUMEHMa. Bepxuuii ke
npejiesr onpeesiercss pa3meparMu nopsigka aivabl L aucsiokanun. Torma

. L
il Py

4 b
Ouepruio ke medOpPManun B «CEPANEBUHE» TUCIOKAIAA BOM3M ee ocu (B 00/1a-

2 2

CTH ¢ IWIOmAABIo cevenus: ~ b”) MoxkHO ouennth Kak ~ pb. Ipu In (L/b) > 1

F=

3Ta IHEPTUs MaJa 10 CPABHEHWIO ¢ SHEPTHell monga ynpyroi aedbopManmm 2),

3. Onpegenurh BHyTpEHHUE HANPSKEHUsSI B aHU30TPOIHON Cpeae BOKPYT
BUHTORON [AMCI0KALUH, MEePHEHIUKYJISPHOM MJIOCKOCTH CUMMETPUN KPUCTAJLIA.

Pemenwne. Bribupaem cucTeMy KOODAWHAT T, Y, z TAK, 9TOOBI OCh 2z COB-
nagana ¢ guanel aucaokanmmn (m caosa nmmrem b, = b). BekTop u onsth nmeer
JIUIL KOMIIOHEHTY 4, = u(z,y). Tak Kak MIoCKOCTh Ty ABMAETCA MIOCKOCTHIO
CUMMETDPHUM, TO PABHbBI HYJIIO BCE KOMIOHEHTHI TE€H30PA Aikim, Y KOTODPBIX WHH-
JEKC 2z BCTPEYAETCsl HEUETHOE YMC/I0 pa3. 1103TOMy OTJIUYHBI OT HYJIsl TOJHKO
[Be KOMIIOHEHTHI TeH30pa Ok:

ou ou ou ou
zz:)\z _+)\z~~ ; z:)\ zzz_+)\zz_
7 “ox Y% oy o Y b 0 by

BBesiem IBYXMEpHBIE BEKTOP O W TEH30D Aag: Oa = Taz, Aaf = Aazg: (@ = 1, 2).
Torna

ou
Oa = )‘057:
Oxp
a ypaBHeHume paBHOBecwsi 3anmchiBaercs B Bujie dive = (. Mckomoe pemenne

3TOT0 yPABHEHUs JOKHO yAOBIETBOPATE yeaosmio (27.1): §Vudl = b.

1) BO BCeEX 3aJa4Yax O HpﬂMOHHHeﬁHBIX ANCJIOKAIUAX HpT/IHT/IMaeM BeKTOp T B
OTpHHaTeJ’[BHOM Hanpaﬂﬂeﬁﬂﬂ ocn z.

%) Dru oueHkm UMeIoT 06 XapakTep W CIPaBeINBhI 110 TTIOPAAKY BeJTMIUHBI
g Mool (He TOMbKO BUATOBOI) mucnokanmu. Chaemyer 0OTMeTHTb, 910 hakTh-
uecku 3nadenns In (L/b) 0OBIMHO HE CTOJIb BEIMKM, TAK 9TO SHEPIUs «CEPILIEBU-
HBI» COCTABJISET 3aMETHYIO YaCTh MOJHON SHEPTUN AUCTOKAIIUN.
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B TakoMm Buze 3amava coBOagaeT ¢ 3ajadveil 0 HAXO0XK/IeHUU WHIYKIIMU U Ha-
MPSAYKEHHOCTH MAarHUTHOTO NOJIsA (POJIh KOTOPOTO UTpaloT ¢ n Vu) B aHW30TPOI-
HOI cpefie (¢ MATHUTHON MPOHUIIAEMOCTBIO Ay ) BOKPYT MPAMOTIMHEHHOTO TOKA,
cuia koroporo I = c¢b/47. Bocnonb30BaBIICh M3BECTHBIM U3 3JIEKTPOJANHAMUKYI
pemeHmeM 3TOH 3a7a9u, HalgeM

b Aapepyaty
2 \/|)\|)\;,15,za/z5/ i

rae |A|  ompenmenurens tenzopa Aqpg (M. VIII 3amaua 5 x § 30).

4. Onpegennts nedopMannio BOKPYT NPsIMOJINHENHON KPAEBOI ANC/IOKALINN
B M30TPOIHOU cpefe.

P emenme. HyC’TB OCh z HallpaBJI€EHa BAOJIH JIMHUW JVC/IOKALIUU, a BEKTOPD
Broprepca: b, = b, by = b, = 0. 113 cummerpun 331291 OYEBUIHO, ITO BEKTOD
gedbopManuy JIeKUT B IJIOCKOCTH Y U He 3aBUCAT OT 2, TAK ITO MBI IMEEM JIEI0
¢ miockoit 3agageit. Hrke B 9T0i1 3a1a19€ BCe BEKTOPHI 1 BEKTOPHBIE OTIEPAITIH —
JABYMEpDHBIE B ILTIOCKOCTH LY.

Bynem nckats perrenne ypaBHeHUsT

Au + ;V divu = —bji(r)
1-20

Taz = —

(em. 3apady 1; j — equAWYHBIA BEKTOD BIOAL OCH YY) B BUAE U = ul® 4 w, rIe

11(0) — BEKTOD C COCTABJIAIOIINMN

©_ b o_Db
Uy = —p, u, =—Inr
' 27780 Y 2T

b .
(MAMMas M BEmEeCTBeHHAst 9acTh OT o In (z + iy)); r, ¢ — NOAAPHBIE KOOPIN-
T

HATHI B MJIOCKOCTH TY. DTOT BEKTOP yAOBAeTBOpgAeT ycnosuio (27.1). Ilostomy
3a7ava CBOAMTCS K HAXOXKIEHMIO OAHO3HA4YHOM dymnkmmm w. ITockonbky, kak
JIETKO yOeanThest,

divu® =0, Au® =pjs(r),
TO W y,ZIOBJIeTBOpﬂeT ypaBHeHI/IIO

1
Aw + ——Vdivw = —2bji(r).
1-20

DTO — ypaBHEHUME PABHOBECHS MO, JAHCTBUEM CUJI, COCPESOTOYEHHBIX BIIOIh
ocH z ¢ 00bEMHOH ILIOTHOCTHIO

Ebj
1+o

(cp. ypasuenme (1) B 3amaqe k § 8). C nomompio HallAeHHOTO B TOI XK€ 3amaqe
TeH3opa ['puHa 115 HEOrPAHUYEHHOMN Cpebl HAXOXKIEHUE W CBOAUTCS K BBIUUC-
JIEHUIO WHTErpana

4(r)

87r17(7

Tr3-4
0

B pesynbraTe nomyuum

b{ Y 1 Y }
Uy = — qaretg > + ———— 72— 4

2 r 2(1—o0)a2+9y?

” —fi{iln 2 + 2+#T72}
i o L 2(1 — o) RS TE RS CIEY
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Broranciennbrit OTCIOOa TEH30D HaHpH)KeHI/Iﬁ nMeeT JeKapTOBbI KOMIIOHEHTHI

y(3z” +y°) y(z® —y*) z(z® —y°)
0w = —bB =250 oy =bB o owy =bB om0
(=” +y?) (=” +y?) (=> +y?)
UJIA TIOJIAPHDBIE
Oy = 0pp = —bB 2P 5 =pB 2P
T T
n
rne B= ———.
A 27(1 — o)

5. Beckoneunoe 9uciio OAMHAKOBBIX TAPAJIIETbHBIX ITPIMOJTUHEHHBIX Kpae-
BBIX JIMCJIOKAUIl B M30TPOMHON Cpejie PACHOI0XKEHBI B OAHOM TJIOCKOCTH, TIep-
MEeHAUKYISPHON UX BEeKTOpaM Broprepca, Ha OIWHAKOBBIX PACCTOSHUSAX h ApyT
or apyra. Haiitu HanpskeHus CIBUTA, CO3JaBAEMble TAKON <«IUCIOKAIIMOHHOMN
CTEHKOI» HA PACCTOSIHMSAX, OOJIBIIKUX 10 CPABHEHUIO C h.

Pemenwue. Ilycts amcnoxamuu mapasienbHbl OCH 2z U PACHOIOXKEHBI B
mockoctn yz. CornacHo pesyabratam 3agavun 4 CyMMapHOE HaNpsiKeHHWe, CO3-
ZTaBaeMOe BCEMM JIMCJIO0KAIUSIMU B TOYKE T, Y, JAETCSI CyMMOU

o~ 2’ — (y—nh)’
oay(z,y) = bBx Z T . ngia-
P (y k)P

M

Ilepenumenm 31y cymMMmy B BHOe

)

: aJ(a
oay = BB {J(a, 8) +a%}

rae
7 oS

_ S S S
J(aﬁ)f Z (} +(/3 )27 - h /8 h

n=-—oc

Cornacuo dbopmyne cymmuposanus [lyaccona

z f= 3 [ s e
HalIem
< d o < 2mikg g
T = [ S ramey e [
oo + £ P oo + £
7T 2m - —27ka
=—+— e cos(2mkf3).
a o«
k=1
Ipu o = z/h > 1 B cymme no k MOXKHO OCTABUTHL JIUNIb MEPBBII 4i€H, U B

pesyJibrare oLy YuM

2 5,0T _ora/n Y
sy =41 B—e m2/h os(2n ).
h? h
Takum 06pa3oM, HAIpPAKeHus yOBIBAIOT TPU yIATEHAN OT CTeHKHU MO0 SKCIOHEH-
IHATHHOMY 3aKOHY.

6. Onpenenuts medopMannio M30TPOITHON CPEIbl BOKPYT AWCIOKAIMOHHOMN
nermu (J. M. Burgers, 1939).
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Pemenwme. Wcxonum uz dbopmynsr (27.10). Ternsop Aikim A1 B30TPONHOM
cpenpr coracho (5.9) m (5.11) MokeT GBITH TPEJCTARIEH B BUIE

2
Xikim = [ { —051'1«51"7, + §i10pm + 5im5k1} .
1— 20

Tenzop I'pmura ans m3oTponHOil cpeapl HaligeH B 3amade K § 8 m MoxkeT OBITH
MPEJICTABJIEH KAK

1
Gik(R) = ———{(8—40)dir + vivi }.
' 167ru(1—0)R{ ' i}
3aecs R = (r —r') — pammyc-sexktop ot anemenrta df (8 Touxe r') k Touxe
nabmonenna nedopmanmu (Touka r); ¥ = R/R  eIWHWYHBINA BEKTOP B 3TOM
nanpassennn. [loacrasus 3tu Beipakenus B (27.10) u npousses noa naTErpa-
oM Tpebyemble muddepeHnnpoBaHst, TOIYINM MTOCTE BHIUUCTEHUS

1—-20 1 ) ' /
u(r) = m E{b(udf )+ (bv)df —v(bdf)} +

N /-—umu ) (wdf). (1)

170

Crogmue 3/1eCh UHTETPAIBI MOKHO BBIPA3UTDH Y€Pe3 WHTErPATIbI TT0 KOHTYPY
D — no nerse aucnokanmu. st 310ro ncnonb3dyem ciemyionme (hpopmysint:

fl[bdl’]:/—{( v)df' — v(bdf)},
7{[b,, / {bdf’ + (bv) (vdf’)}.

I/IHTeraHBI B MIPABBIX 9aCTAX PABEHCTRB TIOJIYYIAaI0TCA N3 KOHTYPHBIX MHTETPAJIORB
B JIeBOI uacTu npumenenunem teopembl CTOKCa, COrIacHO KOTODPOI npeobpaso-

Banme ocymectsiasercs samenoit dl' — [df' - V'] (rne V' = §/0r'); nockonpxy
MOABHTErPAIBHOE BhIPAYKEHNE 3aBUCHT TOJIHKO OT PA3sHOCTH T — 1’| 310 11peod-
pasosanue skpuBajenTHo 3amene dl' — —[df' - V] (rme V = 98/0r). Beenem

TakyKe TesjecHbIi yroa €, nog Koropeim nersi D BuaHa u3 TOYKKM HADIIOHEHNs,
COTJIACHO OIIPeNeTeHUIO
1 /
= —uvdf .
R2

Torpa mose cvemenuit MpeaCTaBUTCS B BUJIE

um) =b 4+ L f Lpary + V%buﬂ
4 4n ) R 87r(
D

HeonnozraarocTh 3T0H DyHKINM 3aK/I09EHA B IEPBOM 9jieHe — yros §) MeHs-
ercs Ha 47 tipm 06xome BOKpyr auHnn D.
Bpanu or nernn Bepaxkenne (1) ceogmures x
(1) = 22— {8 (bv) + b (Sv) — v (Sh)} + ———— () (bw)
ufr)= —— v v)—v ——(Sv) (bv)v
87 (1 — o) R? 8w (1 — o) R?

Aty dbopmyny MoxKHO GBLIO GBI HOMYYUTH U HENOCpeaAcTBeHHO U3 (27.11), (27.12).
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§ 28. JleiicTBue moJisi HATIPS>KEHUI HA JUCJIOKAITUIO

Paccmorpum jpuciokanuonnyto nersiio D B mose ynpyrux Ha-

(e)

LPsKeHUi 0, , CO3JAHHBIX JIeHCTBYTONIMME HA T€JI0 BHEIIHUMH Ha-
IPY3KAMM, M BBIYUCAUM CHJY, JEHCTBYIONIYI0 HA HEE B 3TOM TOJIE.
Corytacio 06IUM TpaBUJIAM [IJIsl 9TOTO HaJl0 Haiitu pabory dRp,
NPOMBBOAMMYTO HAJ AUCAOKAIMEl nmpu GECKOHEYHO MAaJIOM ee CMe-
HIEHNN.

Bepuemcs k Begennomy B § 27 npeacTaBaeHuio O AUCIOKAIIMOH-
HO#t eryie D Kak JinHUM, HA KOTOPYIO OMHMPAETCs MOBEPXHOCTD (Sp)
pPa3phIBa BEKTOPA CMENIEHN; BEJMYNHA PAa3PhIBa gaercs hopmyJioi
(27.7). Cmewenne juaum aucaokanuu D NPUBOAUT K M3MEHEHUTO
nosepxuoctu Sp. Ilyers §X  BekTOp cMmenieHust Touek juHUE D.
Cwvemasich Ha 0X, 31eMeHT dl JMHBI JIMHUM ONUCHIBAET ILIOIIAb
0f = [ox - dl] = [0x - T]dl, wem wn ompenessieTcsi MPUpAIIEHWE TLIO0-
maan mosepxuocTu Sp. [1ocKoabKy peus niaer Terneph 0 peajabHOM,
dusrIecKOM CMEIeHNN JUCTOKAINN, HEeOOXOANMO YUeCTh, 9TO yKa-
3aHHAs OMepalnst COMPOBOXKIAETCS M3MEHeHNeM (hU3NIecKoro 06h-
ema cpeabl. [10CKOIBKY CMEIeHnst U TOUeK Cpebl 0 06e CTOPOHBI
MOBEPXHOCTH PA3JINIAIOTCS HA BEJIUUNHY b, TO 3T0 W3MeHEHNe J1aeT-
Cs1 TPON3REIEHNEM

0V =bdf = [0x - ] bdf = éx[rb]df. (28.1)

B CBA3M C 3TUM BO3MOYKHBI JIBE€ CYIIIECTBEHHO Pa3JINYHBIE (1)1/1—
suueckune curyanun. B ogHoit w3 Hux 6V = 0, cmemenne JWHWN
IUCTIOKAIINN HE CBA3aHO C m3MeHenmeMm obbema. Tak Oyzer, ecan
CMEIleHrne TIPOUCXOAUT B TJIOCKOCTH, OTPEJIe/sieMOii BEKTOpaM¥u T
n b. DTy MI0CKOCTH HA3BIBAIOT MAOCKOCTIIBLIO CKOADAHCEHUS TAHHOTO
snemenTa aucaokanun. OrubaroIryio cemeiicTBa TI0OCKOCTEN CKOIh-
JKEHWsT BCEX JIEMEHTOB JIUHBI TIeTIN [ HA3bIBAIOT N06EPLHOCTGIO
CKOADIICEHUA TUCTOKAIMKI; OHA MpeJcTaB/sier coO0il nuauHIpude-
CKYIO TIOBEPXHOCTH € 00PA3yIOMMMU, apa/uieibHbIMEI BEKTOPY Biop-

repca b 1), @usuueckas 0coGEHHOCTD TLIOCKOCTH CKOJIbAKEHUsT COCTO-
UT B TOM, 9TO TOJBKO B Hell BO3MOMKHO CPABHUTEIBHO JIETKOE Me-
XaHUYECKOe [epeMeleHne JUCIoKanun (0 KOTOPOM B 9TOM CJlydae

OGBIYHO TOBOPAT KAK O €€ CKOAbICEHUL) 2).
C uzMeHeHWeM IO OBEPXHOCTH Sp MPU CMENIEHUN JIUC-
JIOKAIMK CBA3AHO U3MEHEHWe CUHTYAsApHOl nedopmanun (27.8), co-

1) BOBMOKHBIE CHCTEMBI TIOCKOCTEH CKOJIhYKEHNST B AHM30TPOIHOM cpere dhak-
TUYIECKHU ONpenendioTcd CTPYKTYPOl ee KPACTATHIECKON peleTKH.

2) Tak, a1 mepeaBrKeHUs N300paKEeHHONH Ha PUC. 22 KPAEBOM TUCTOKAIIANA
B €€ TJIOCKOCTHU CKONMbXKeHUsA (ILI0CKOCTD 22) JOCTATOYHO CPABHUTEIHLHO HEGOTh-
MIUX TePeMeIIeHnil aTOMOB, B Pe3yabTaTe KOTOPBIX «JIUMTHUMH» OyIyT OKa3bl-
BaThCs BCe O0see yaaleHHbIe OT MI0CKOCTH Yz KPUCTALTAIeCKUE TTOTYTLI0OCKOCTH.
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cpeporodernoe Ha auaun D. Ero MOoXHO TpeicTaBuTh B BUJE

5“5:;“1) = %{bz‘[&( Tl + b[ox - T];}0(€), (28.2)

rie §(€) — BBegennast B § 27 naBymepnas d-dyukuns. [Toguepkrem,
910 3Ta JedopMalns 0JIHO3HAYHO onpenesiercs (opmoit anann D
W CMeIIenvieM 0X, B OTJINYMe OT Bhipakenusi (27.8), 3aBucsInero or
MPOM3BOILHOTO BHIOOpA TMOBEPXHOCTH Sp.

Bripaxenne (28.2) onnchiBaeT JOKaJIbHYIO HEYTPYTYIO OCTATOY-
Hyi0 gedopManuio (ee Ha3bIBAIOT NAGCTMUYECKOT), HE CONPOBOK-
JAIOIIYTOCd yopyrumu Hanpsikenusvu. CBa3anuas ¢ Heit pabora,
coBepriiaemMasi B KOHEYHOM CYeTe BHENTHUMW WCTOYHNKAMM, 1aeTCst
WHTErpaaoM

f Uz(l:) (S’ll,ik A%

(cp. (3.2) ), rme mog du;r HAJO TMOHWMATH TIOJHOE TEOMETPUIECKOe
n3menenue pecdopmarmu. OHO CKIAABIBAETCS U3 YIPYTOil U T1acTu-
JeCKOl JacTell; HAC MHTEpecyeT 37eCh TOJLKO paboTa, CBA3AHHAL C

(1)

ruiactTdeckoit wactbio ). Iloce noacranosku du;,  u3 (28.2), BBu-

Jly Hajimausi B HeM O0-(DyHKIUH, OCTAETCsl WHTEIPUPOBAHUE TOJBKO
BJIOJIb JIJIMHBI JUCAOKAIUOHHON neryin D:

(SRD = fggz)eilm (S.’Ille dl. (283)
D

Koaddumment npu §x; B HOABIHTEIPATBHOM BBIPAXKEHUU €CTh CUJIA
fi, neficTBytolasi Ha eJUHUILY JJIMHBI JIMHUU Jucaokanuu. Takum
obpazowm,

fi= eikﬂkalgbm (28.4)

(M.O. Peach, J.S. Kéhler, 1950). Ormernm, uto cuna f neprenan-
KYJISIpPHA, BEKTOPY T, T. €. JIWHUN JTUCIOKAIIH.

@opwmyia (28.3) gonyckaer HarasiaHy 0 nHTEpnperannio. Cormac-
HO CKa3aHHOMY BBINIE CMEIIeHrne 3JeMeHTa JTUHUN JTUCIOKAIIN CBO-
IUTCA K pa3pe3annio HeKOTopoit maomankn df m capury BepxHero
Gepera paspesa OTHOCUTENILHO HUKHero Ha aanny b. [Ipumoskernnast

(¢)

K df cnna BHyTpeHHUX HanmpsiKennit ecth o0, dfy, a MponsBoIMMast

91Ol cmiioit mpu caBure pabora ecTb bi(fgz) dfp.

[Mockonbky B HanucanaoM Buje hopmysa (28.4) orHocuTCs TOID-
KO K I[EPEMEIIeHNIO B IJIOCKOCTH CKOJIbXKEHUS, UMEET CMBIC/I CPaldy

!) Ilpu BBIBOJE YpABHEHWH IBVKEHWS BUPTYaMbHBIE IIACTHICCKYIO U yIIPY-
ryio gedopmanuu HaJ0 pacCMaTpPUBAThL KAK HE3aBUCUMbBIE TepeMeHHble. VHTe-
pecysiCh ypaBHEHMEM JBUXKEHUS JMCIOKAIUW, HaA0 PAaCCMaTPUBATh TOJILKO IJIa-
CTUYIECKYTIO AedOopMaruio.
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JKe HalucaTh HPOeKHuio cuibl f Ha 31y miockocrs. Ilycrs 2 enn-
HUYHBII BEKTOP HOPMAaJN K JIMHUW JUCIOKAIIUNA B TIJIOCKOCTU CKOJTh-
Kenus. Toraa

fir="fx= Bikz%ﬂkbmal(e)

m
uim
()
fL = Vlglmbm; (285)
rjge v = [»T]  BEKTOp HOPMaJM K ILIOCKOCTH CKOJbXKeHusi. Io-

CKOJIbKY BEKTODPbl b U V' B3aUMHO 1EPIEHIUKYJISPHBI, TO (BHIGPAB
BJIOJTh HWX JIBE W3 KOOPIWHATHBIX OCeit) MBI BUINM, 9TO cuaa f|

(e)

OIIPEJeIACTCS BCEro OHOM M3 KOMIOHEHT TeH30pa o, ..

Ecnu ke cwmemieHne JuC/IOKANAA POUCXOJUT HE B ILIOCKOCTH
CKOJIbXKeHust, TO 0V # (. DT0 3HAYUT, 9TO CMelleHre HEPeroB paspe-
3a npuBesio Obl K NOsiBJIeHNI0 M30bITKA BemecTsa (Korga oaun Geper
«TIepexJIECTHIBAET» JIPYTOii) WM K ero Hejpoctade (oOpasoBaHue Ie-
JIM MEXK/ly Pa3JBUIAIONIMMUCS DeperaMu). DTOro HeJib3si JOMyCTUTD,
eCJId TOJIAraTh, YTO B MPOLECCe JIBUKEHUs JUCTOKAINN CILJIOMTHOCTh
CpPeJIbl He HapyIaeTcs W ee TJIOTHOCTh OCTaeTCsl HEM3MEHHO (¢ Tou-
HOCTBIO J10 ynpyrux jgedopmanuii). Yerpanenue n30bTOUHOTO Beme-
CTBA WJIM 3al0JHEHWE ero HeXBATKM MPOUCXOJUT B PEAJTbHOM KDU-
craite auddy3uoHHBIM C110CO60M (0Ch JAUCIOKAIMU CTAHOBUTCS MC-

TOYHIKOM mmi cTOKOM A by3HOHHBIX TOTOKOB Bermectsa) ). O me-
PEMEIEHIN JIUNCIOKAIIMT, COTPOBOXKIAOIIEMCsT U y3UOHHBIM «3a-
JleauBaHueM» J1eheKTOB CIIONIHOW CPeJibl, TOBOPSIT KAK O ee nepe-
noazanu ).

N3 ckazaHHOTO $ICHO, 9TO, JOMYCTUB MEPENOI3aHue JTUCTOKAIITT
B KAQYeCTBE BO3MOXKHOIO €€ BUPTYAJbHOTO TepPeMelleHusi, HeohXo -
MO CYUTATH, UYTO OHO, KAK W CKOJIbYKEHUE, MPOUCXOIUT 0e3 JIOKAJIb-
HOTO M3MEHEHWs 00beMa Cpembl. JTO 3HAUNUT, UTO u3 jedopmarnn
(28.2) maj0 BHIYECTH OTBETCTBEHHYIO 3a M3MeHEeHne o0heMa 9acTh

1 i
g(sik“‘l(l ), T. €. OIHUCKHIBATH IJIACTHYECKYIO J1ePOPMALUIO TEH30POM

sult = {%bi[ax T+ %bk[éx T - %&kb[dx : T}} 5(€). (28.6)

CoorrercrrenHO BMecTO (28.4) MOIyUnM CIEAYIONLY 0 (DOPMYITY st

) Taxk, nuzobpakeHHas Ha PUC. 22 AUCTOKAIMS MOMKET IepeMemaThCs B II0C-
KOCTHU Yz JUMD 3a c4eT auddy3nOHHOTO yXOda BEIIeCTBA U3 «JIUIIHEH» MOJIy-
IJIOCKOCTH.

2 . .
) TlockoneKy Takoit nmpouecc muvntupyercs auddysneii, on moxer GakTu-
9eCKU UTPATh POJIb JIMIIb IPU JOCTATOYHO BBICOKAX TEMIEPATypax.
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AEHCTBYIOMEH Ha AMCAOKAIMIO CHUJIbBI ]):
e 1 >
fi = eirTibm (Ul(m) - g(slmar(;z)) (28.7)

(J. Weertman, 1965). Tlonwas cuia, jeficTByoIIas Ha BCIO JIUCTIO-
KAIMOHHYIO TIETJII0, PABHA

e 1
F; = eipibm 7{ (U,(m) - gélm(f?(ﬁg) dry. (28.8)
D
Ona oTaWaHa 0T HyJIA TOAHKO B HEOAHOPOJHOM TOJIE HATPSKEHW

()

(mpu o), = const unrerpan csoaurcs Kk ¢ dry = 0). Ecau na npors-
JKEHWW TIET/IW TIOJIe HATIPSIYKEHNii MEHsIeTCsT MaJIo, TO

0 (e) 1
F; = eiklbm—am (Uml - §5zm07(fn) f DTy dxy
P
(meTyito mpejcTaBsieM cebe pacroyioyKeHHOoi BOIM3M Havaia Koop-

aurat). Bxogasimme ciojia nHTerpaibl 06pasyioT aHTHCHMMeTPUIHBI
TEH30D

_fmp dry = *f.’[ik dxp.

Nmest 910 B Buly, JIETKO BBIPA3UTh CUJLY Yepe3 BBejeHHbIl B (27.12)
JIMCITOKALMOHHBI MOMEHT d; 2):
o0 1 (4 005 2ol
F;, =d,, glm + 3 (dil domn _ dy Oorni . (28.9)

T Ox; Ox;

B onropomroM mosie HAMPsIKEHMI 9Ta CUIa, KaK yke OBLI0 yKa3aHo,
obparmmaercst B Hy ib. [Ipu 3T0OM, OHAKO, HA TIET/II0 T€HCTBYET MOMEHT
CUJI

K; = eipm$xifm dl,

KOTOPBIN TOKE MOXKHO BBIPA3UTh Hepe3 JIMCA0KAIMOHHBIIT MOMEHT:

L (e) 1 (e)
K; = e din (o 351mann) . (28.10)

im

1) Ipencrapnsiercss 04eBHIHBIM, 9TO BCECTOPOHHEE (paBHOMEpHOE) CKAaTHE
KPUCTAJLIIA He JIOJKHO TPUBOANTH K TOSBICHUIO cuithl f; Beiparkenne (28.7) srnm
CBOICTBOM 00J1aa€eT.

2) IIpu BBIBOZE MCTIONB3yeTCsT TakxKe HOPMYIA €iki€imn = OkmOin — OknOlm W
YPABHEHHST PABHOBECHS 60;; /0% = 0.
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3agaumu

1. HaiiTn cuty B3anMoIeCTBAA JBYX TAPAJIIETbHBIX BAHTOBBIX JUCTIOKATIAN
B M30TPOITHOI cpeje.

Pemenwe. Cuna, neficTByOmas HA eIMHAILY JAIAHBI OMHON TUCTOKAIIAN B
1oJie HaNpsiyKEeHuil, Co3/1aBaeMbIX BTOPOH JMcaoKanueil, onpeessercs mno (op-
myse (28.4) ¢ momombo pe3ysbraTor 3amaun 2 § 27. Ona wMeer paamanbHOE
HAIIPABJICHUE W PABHA

f _ pb1b2
’ 27r

Jucnokanmu omgaoro 3uaka (bibs > 0) OTTANIKMBAIOTCA, a AUCIOKAIMA PAZHBIX
3HakOB (b1by < () MPUTATUBAIOTCA.

2. [IpsmonuHeliHAS BUHTOBAS UCIOKAIINS PACIION0XKEHA TAPATIIETHHO TLI0C-
KO#1 CBOOOIHOI TTOBEPXHOCTH MIOTPOIHOM cpeabl. Haittn meficTByIomyo Ha auc-
JIOKAIIAIO CUJLY.

Pemenwue. IlycTh mIOCKOCTD Yz COBHAMAET C TIOBEPXHOCTHIO TEJA, a INC-
JIOKaLWsl TTapaJijieJibHA OCA 2 U UMeeT KOOpJuHAaThl £ = xg, Yy = (.

TTone nanpsi>kennii, oCTaBASIONIEE TTOBEPXHOCTH CPEJIbl CBOOOIHOM, OTTMCHIBA-
eTcd CyMMOM IIOell TUCTOKAIINT M ee 3epPKaJIbHOTO OTPayKeHUd B IIJIOCKOCTH Yz,
KaK ecyi Obl OHU OBLIN PACIIOIOYKEHBI B HEOIDAHUYEHHOM cpese:

Oz = —

ub [ y B y
2w | (x —x0)®>+ 4> (x+x0)>+y?

ub { T — To T+ xo }
Oyz = - - ; .
2w [ (x —20)?2 + 9% (x4 20)? + 92
Taxkoe mosie geficTByeT Ha pacCMaTpUBaeMyIO JANCIOKALIMIO C CUJION, PABHON TPU-

TSKEHUIO CO CTOPOHBI €e 3ePKATBHOTO N300paKeHus, T. €. TUCTOKAINS TPUTHAT Y-
BaeTcd K IIOBEPXHOCTH CPEeIBbl C CUION

_ b’
47r$(] ’

3. Haiitu cuity B3anMomeiicTBUS IBYX MapasIeIbHBIX KPAEBBIX ANCIOKALIAN
B M30TPOIHOM Cpeje, PACHONIOKEHHBIX B Mapa/IeTbHBIX ITOCKOCTAX CKOTbXKe-
HUA.

Pemenwne. Tlycrs nmmockocTn CKOMbKEHWS TMAPAJLIEIbHBI TIJIOCKOCTIM T2,
a 0Ch z TapaJiiebHa JUHAAM TUCTOKANWI; KakK u B 3amade 4 § 27, momaraem
7. = —1, by = b. Torma cua, aeficrByOIas Ha €JIVMHWUILY JJIUHBI AUCTOKALNW B
ToJIe yIPYTUX HANPSAKEHUN 0, UMEeT KOMIIOHEHTHI

[z = bowy, fy = —bosz.

B mamboMm crmydae 0, OTpenensioTCs BBIPAXKEHUsIMY, HAaliIeHHBIMEA B 3a/1ade 4
§ 27. Ecniu omHa mmcmoKamms COBITAAAET C OCHI0 z, TO OHA E€HCTBYEeT HAa BTO-
PYIO AMCJIOKALMIO, TIPOXOISIYI0 Yepe3 TOYKY &, Y Ha TJIOCKOCTH T, C CUJIOH,
KOMIIOHEHTBI KOTOPOH B TOJSPHBIX KOOPJAUHATAX PaBHBI

fT: b]bZB: f<P: bleB Sin2807 B: N -
r r 27(1 — o)

HpOEKHI/IH 7K€ CHUJIBbl Ha IINTOCKOCTHh CKOJIb?KEeHUA PaBHA

COS  COs 2
fo = bibs prospeossy
r
Omna obpamaerca B Hy/1b ipu ¢ = 7/2 u nipu ¢ = 7/4. [lepBoe u3 3THUx MOMIO-
JKEHUI COOTBETCTBYeT yCToiunBOMy paBHOBecuio npu bibs > (), a BTOpoe — npm

biby < 0.
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§ 29. HemnpepsiBHOE paciipegesieHne aucJa0KaIuii

Ecnu B xpucrajie umeercss OJHOBPEMEHHO MHOIO JIMCIOKAIUIA,
HAXOJAIINXCS HA OTHOCUTEBHO MAJIbIX (XOTs, KOHEYHO, U OOJIBbIINX
M0 CPABHEHWIO C TIOCTOSIHHO DEIeTKN) PACCTOSHUAX, TO CTAHOBUT-
cs 1e1ecoo0pa3HbIiM UX yCpeaHnennoe paccmorpenne. JIpyruvm ciro-
BaMM, PACCMaTPUBAIOTCS «(MU3NUECKN GECKOHETHO MaJjIbley 3IeMeH-
Thl 00bEMaA KPUCTAJLIA, YePe3 KOTOPbIE MPOXOAUT JOCTATOYHO MHOTO
JIMCTIOKAIMOHHBIX JIMHUIA.

QopMyIMPOBKA YPABHEHUsI, BIPAXKAOIIEIO OCHOBHOE CBOHCTBO
JUCIOKAITMOHHBIX  AedopMalinii, JTOCTUTAeTCsT €CTeCTBEHHBIM 0000-
nienunem ypasuenus (27.6). Beegem Ttenzop p;r (mensop naommocmu
ducaokayuti) Takoit, 9TOOBI €ro MHTErpas 1Mo MOBEPXHOCTH, OTIMPAIO-
mieficst Ha 10001 KouTyp L, 66171 paBen cymme b BekTopos Broprepca
BCEX IUCIOKAMNOHHBIX JIMHUI, OXBATHIBAEMBIX STUM KOHTYDPOM:

fSL,Oik df; = by. (29.1)

HenpepoiBable OyHKINN pjp OMUCHIBAIOT PACHPEIECJCHHE IUCI0KA-
. ik

uuit B Kpucraaie. 9TOT TeH30P 3aMeHsieT COO0H Tenepb BbIPAKEHHNE

B IpaBoil yactu ypasuenus (27.6):

Own,
€ilm gx]k = —Pik- (292)

Kak BuznnO u3 31010 ypaBHEHUS, TEH30D i) AOJKEH YI0BIETBOPATH
YCJIOBHIO

Opir _ ) (29.3)
ox;

(B cilydae OJMHOYHON JIMCJIOKALMU 9TO YCJIOBHE BbIpaxKaer co6oii

npPOCTO MOCTOSHCTBO BeKTOpa Broprepca BAO/Ib IMHUN JUCIOKAIMN ).

[Ipu TakoMm paccMoTpeHuu AMC/IOKAIUN TEH30D W;; CTAHOBUTCS
[EPBUYHON BeJIMYUHOM, ONuUChIBaOINIeH gedopMaluio u ompeaesso-
uteit rensop pedopmanuu coracuo (27.4). Bexrop ke cmenienus u,
KOTOPBIH OBIT OBl CBSI3AH C wj), onpejesienreM (27.2), mpu 3ToM BO-
obuie He MoKeT ObITh BBeJIeH (ITO ICHO y2KE M3 TOTO, 4TO MPHU TAKOM
onpejiesiennn Jjiesast 3 6BM ypapHenus (29.2) TOKIeCTBEHHO 00pa-
THIACh OBl B HYJIb BO BCEM 0ObeMe KpHCTasa).

1o cux TIop MBI TPEITOoIaATaIN JUCTIOKAIINY HETIOABUKHBIMA. BhI-
SICHUM TETeph, KaKNM 00pa3oM J0/IKHA OBITH chOpMyTUPOBAHA CH-
cTeMa ypaBHEHWIH, MO3BOIAONIAST B TTPUHIINTIE OMPEIeTUTh YIpyTue
necbopMaIy W HAMTPSIXKEHUsT B CPEJie, B KOTOPOii INCIOKAITUN COBEp-

MIAIOT 3aaHHOE JIBUKEHNe | ).

1) Mbr me 3ammvaemcst 371ech BOTIPOCOM 00 OIPEe/IEHUN CAMOTO JIBUIKEHUsI
JUCTOKAINI TT0 MPUIOKEHHBIM K Tesly cuiaaMm. Pemenne 31oro Bompoca tpebyer
JeTaJThHOTO M3y4YeHWsT MUKPOCKOITMYECKOTO MEXaHM3Ma JIBMIKEHUS IMCA0KAIINIT
¥ UX TOPMOYKEHHUs Ha PA3INYIHBIX HedeKTax, KOTOPOe TOIKHO MPOU3BOIUTHCS C
yaeroM (hHakTUIECKUX JaHHBIX O PeaJIbHbIX KPUCTAJIaX.



174 JUCTOKAIIAN L1 IV

Ypasuenue (29.2) He 3aBUCHT OT TOrO, NOKOSITCS WM JBUXKYTCS
nuciaokaruu. [Ipu 9TOM TeH30D wj) IMO-TIPEXKHEMY OCTAETCS BEJIU-
YUHON, onpeesdionieil ynpyryio gaedopMamnuio; ero CuMMeTpUYIHasd
9acTh €CTh TEH30D yIpyroi gaedopManuu, CBI3aHHBIN 0OBITHBIM 00-
pazom 3akonoMm ['yka ¢ T€H30pOM HAIPAKEHWUIA.

D10 ypaBHEHWE, OJHAKO, Telepb HEJIOCTATOYHO Jjisl MOJHOTO

dopmysupoBanus 3agaun. [lomnas cucrema ypaBHeHUi [g0JZKHA
OIIPeIeIATh TAKZKE U CKOPOCTb V MEPEMEIIEHUs] TOUYEK CPEIbI.
Ho mpu sTom mHeob6x0amMMoO ydUecTh, 9TO JIBU-
L JKeHUe TUCIOKAIII COTTPOBOYKTAETCS, TIOMUMO M3-
\\ MeHeHWs ymupyroit gedopmannuu, TaKKe U U3-
|

MenenreM (OpMBbI KPUCTAJLIA, HE CBA3AHHBIM C
BO3HUKHOBEHWEM HAIMPSIKEHUN — NAGCTMUYECKOT
dedpopmanueti. Kax yke ynmoMuHaIOCH, TBUKEHNE
JMCIOKAINIT KaK pa3 7 MpeICcTaBasieT coboi Mexa-
| HI3M Ttactndeckoit necdopmannn. (CBsi3b aBmKe-
| HUST AWCAOKAINI ¢ TIacTHuIeckoit medpopmarineit
/

|

——1 |

SICHO JIEMOHCTPUPYETCS PUC. 25: B pe3yJIbTaTe Tpo-

XOXKJEHWS KPAEeBOW JIMCIOKAIMM CJeBa HAIPAaBO

BEPXHSST — HaJl TJIOCKOCTHIO CKOJIbYKEHNST — YaCTh

KPUCTAIIa OKa3hIBAETCS CIABWHYTON Ha OJIWH Tie-
|  PWOM DEMIETKM; TIOCKONEKY DEMETKA B DE3YIIhTa-

17 Te OCTaeTcsl MPABWIBHON, TO KPHUCTAJI OCTAETCS

il HEHANPSZKEHHBIM.) B IPOTHBONOIOKHOCTD yIIPy-
|

I
L1

roit gedopmannm, OJHOZHATHO CBA3AHHONW C Tep-
MOJAUHAMUYECKUM COCTOAHUEM TeJja, IjlacThde-
ckas nedopmanug aB/isiercs QyHKIMel mpoIecca.
IIpu paccmorpeHun HEMOABUNKHBIX JUCIOKAIINI
BOLIPOC O pasjiejleHuu YIPYyroil u IJ1acTu4ecKon
nedopmaruii He BOZHUKAET: HAC WHTEPECYIOT IPHU
3TOM JIMIIb HANPAXKEHUd, He 3aBUCALIME OT IIpe-
AbLAYIIEH UCTOPUU KPUCTAJLIA.

[Iycrs u BEKTOD NeOMETPUYECKOrO CMele-

Puc. 25 HUsl TOYEK CPEJIbl, OTCUUTHIBAEMbIil, CKaXKeM, OT
UX TIOJIOZKEHUs TEPEeJI HAYaJJIoM mporecca gaedop-
Malluu; ero mpom3BOjHAs 110 Bpemenu u = V. Ecimm obpazosars ¢

HNOMOIIBIO BEKTOPA U TEH30D «IOAHON auctopeuny Wi = duy /014,

()

TO MBI TIOJIYyYUM €70 «TJIACTUYECKYIO 9aCTh» wik , BhIYTA M3 W7k

TEH30p <«YMPYTOil ANCTOPCHU», COBMANAIONINIT ¢ (DUTYPUPYIONINM B
(29.2) renzopom w;k. Beegem oboznauenne

(1)
Ow;,,

= (29.4)

—Jik =

CUMMETPUYHASA YACTh J;; ONPeJesseT CKOPOCTh U3MEHEHUs TeH30Pa

(11n)

JIACTUYECKO# JedopMalun: n3MeHenue ;" 3a 6ECKOHeYHO Majioe
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Bpemst 0t paBHO
i 1,. .
ouly? = Lk + jui)ot (20.5)

(E. Kréner, G. Rieder, 1956). OrmeruM, B 4aCTHOCTH, YTO €CJIU 1A~
CTHYeCKas! zxed)opMauHﬂ NPOMCXOUT €3 HAPYIIeHUS CHIOMHOCTI
Tesa, TO CJIeJl TeH30pa ji; paBeH Hymo. lefcTBUTENRHO, TIACTHYe-
ckast jebopManusi He MPUBOAUT K PACTSKEHUIO MJIM CXKATHIO TEJIa
(kOoTOpBIE BCErIa CBSI3aHBI C BOBHI/IKHOBGHI/IGM BHyTpeHHI/IX HaIpsiyKe-

()

HUit), T. €.y, = 0, a moTOMYy W jij = —8u /8t = 0.
[MopcraBus B onpenesenne (29.4) wz(k 1) Wik — w;y, 3anuiiem
€Tr0 B BUJE YPABHEHUS
8wik c%k
= — 29.6
ot on + Jiks ( )

CBA3BIBAIOIIETO CKOPOCTU M3MEHEHHsl yIpPyTroil M IIacTHYecKoii je-
dopmanuii. 3aech Jj; HAIO0 paccMATPUBATL KAK 33/ aHHbIE BEJNYH-
HbI, KOTOPBIE JOJKHBI yI0BJETBOPATH YCJAOBUSAM, 00€CIIEIUBAIOIINAM
coBMecTHOCTH ypasHeHuit (29.6) u (29.2). Dru yci0Bus nosydanTcs
mnddepentmpoarrem (29.2) 10 BpeMeHN ¥ TIOJCTAHOBKOW B HEro
(29.6); oHM MMEIOT BUJ ypABHEHUS

Opir O
€ = 0. 29.7
o Moy, (29.7
Ypasuenusi (29.2), (29.6) BmecTe ¢ AMHAMUYECKUME YDABHEHUSIMU
. do;
pU; = 8(;:’ Tik = NiklmUim = AikimWim, (29.8)

COCTABJIAIOT TIOTHYIO CUCTEMY YPaBHEHWi, ONMMCHIBAIOIINX TUHAMU-
Ky ynpyroii cpejbl ¢ apmxkymmmucs aucaokanusvu (A. M. Kocesuw,
1962). Qurypupyiomnme B 9TUX yPABHEHUAX TEH30DBI Pk U Jik ABJIsA-
IOTCS 3aIAaHHBIMI (DYHKIMSMI KOOPANHAT (M BPEMEHM ), XapaKTepw-
BYIOMINMU pACTpeIeeHne W ABUKEHNE TUCIOKAINi. DT (HYHKIUN
JIOJIZKHBI YIOBJIETBOPATH YCJIOBUSIM COBMECTHOCTH ypaBHernii (29.2)
JIPYT ¢ Apyrom u ¢ ypasHennem (29.6), BbipaskaeMbIM pDaBEHCTBAMHI
(29.3) u (29.7).

Yemosue (29.7) MOKHO paccmaTpuBaTh Kak jnddeperinanbHoe
BBIpaKeHNe «3aKoHa COXpaHeHns: BeKTopa Bioprepcas B cpene. leii-
CTBUTEJILHO, TIPOMHTErPUPOBAB 0be yacTn ypasuenus (29.7) mo mo-
BEPXHOCTH, OTMPAIOIIEHCS Ha HEKOTOPYIO 3aMKHYTYIO JTUHUIO L, BBe-
a5t corsiacHo (29.1) momweiit BekTop Broprepca b oxBaveHHBIX JTMHWEH
L nmcmokamuii 1 BOCTIONB30BABIIUCEH Teopemoit CTokca, MoLyInm

db .
b= f L)k d’I‘Z (299)

dt
N3 Buma 510ro paBeHCTBA OYEBUHO, YTO UHTEIPAJ B €r0 IIPABOi
4acTy ONpe/ie/ideT BeJIMIuHy BeKTopa bBioprepca, «npoTeKaolieros
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B €JIMHUILy BPEMEHU 4epe3 KOHTYp L, T. e. yHOCUMOro JUC/JI0KALUA-
mu, nepecexarommmu juanio L. [Tosromy ecrecrBenHO HA3BATL i
TEHZ0POM NAOMHOCTAU NOMOKG QUCAOKAUU.
SlcHo, B 4aCTHOCTH, 9TO B CJIy4ae 0T b
HOM JIMCIOKAIMOHHON METIN TEH30D J;x UMe-
er Buj
Jik = €itmPikVim = €imTVmbrd(§) (29.10)
B COOTBETCTBUW C BhIpaykeHmem (28.2) mis
Puc. 26 1acTu4eckoii JedopMaluu py CMereHun
JMCJIOKAIMY; 31eCh V. CKOPOCTH JIMHUYM JAUCAOKAIMKA B JaHHON ee
rouke. [Ipu 3T0M BexkTOp noroka uepes anement dl kourypa L (j;,dl;)
npornopronanen dl [TV] = V [dlT], 1. e. mpoekimn ckopoctn 'V Ha
HANpARJIEHNE, TIEPTIEHANKYIApHOe Kak dl, Tak m T; 3 Teomerpmu-
TECKUX COOOpaKeHmii OUEeBMIHO, UTO TaK W JOJKHO OBLIO OBITH —
TOJIFKO 3Ta TMPOEKINS CKOPOCTH TIPUROANT K TIEPECEUEeHNIO INCIOKA-
mueit anementa dl.

Ormernm, uro creg rensopa (29.10) nponopunoHasen npoekiuu
CKOPOCTH JINCJIOKALINY HA HOPMAJIb K €€ MJI0CKOCTU CKOJIbKEHUdA. Bbi-
e G110 YKA3aHO, YTO OTCYTCTBUE HEYNPYTOr0 M3MEHEHUs MJIOTHO-
CTH cpenbl obecneunBaercss yeaoBueM j; = 0. Mbl BugnMm, 9T0 /1
OTJIENBHON JUCIOKALIMY 3TO YCJIOBUE O3HAYAET JBUKEHUE B TJIOCKO-
CTHU CKOJTb’KEHUS B COOTBETCTBUU CO CKA3aHHBIM BbINIE O (PU3MYECKOit

npupoje apukenns gucaokanmi (cm. npumed. 0) ma c. 168).
Haxkonen, ocranosnMcs Ha cydae, KOTa JUCTOKAIIMOHHBIE TIET-
JIM B KPUCTAJLIE PACTIPEIEIeHBI TAKUM 00pa3oM, 9TO WX CyMMapHBIi
BexTOp Broprepca (oGosmaumuv ero wepes B) pasen mymo ). 9To
YCJIOBWE O3HAYAET, UTO TPW WHTETPUPOBAHUW TO JIIOOOMY TOTeped-

HOMY CEYEHUWIO TeJIa
[ o dfi = 0. (29.11)

Orcroza ciemyer, 9TO MJIOTHOCTH JINCAOKAIINN B 3TOM CJIyYae MOYKET
OBITH TTpEJICTaBIeHA B BUIE
0Pk
8.%1'
(F. Kroupa, 1962); Torma nnrerpan (29.11) npeobpasyercss B nHTe-
rpaJjl 0 KOHTYDPY, TMPOXO/SIIeMy BHE Tesia M 00paIaercss B HYJIb.
Ormernm Takke, 9To BhIpaskenue (29.12) aBToMaTHyYeCKu yjoBJe-
TBOpsier ycaoBuio (29.3).
Jlerko BuUzETH, YTO OUPEEIEHHbINI TakuM oOpazom ter3op Piy
[peJICTaBigeT COOON IJIOTHOCTH JAUCJIOKAIIMOHHOTO MOMEHTA B Jie-
dopmuposanHOM KpuCTamie (€ro eCTeCTBEHHO HA3BATH MOITOMY

Pik = €ilm (29.12)

!) Hanuume QucaoKamuy CBA3aHO ¢ HEKOTODHIM M3rHGOM KDPHCTA/IA, KAK 910
CXeMaTHYIeCKn M300parKeH0 B yTPUPOBAHHOM Buie Ha puc. 26. Yciosme B = ()
03HAYAET OTCYTCTBHE MAaKPOCKOINMYECKOr0 M3ruba KPUCTAIa B IEIOM.
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ducaokayuonnoti nosspudayueti). JleicTBUTEBHO, MONMHBIR JAUCI0-
KAIMOHHBIN MOMEHT Kpucrajia Dj; paBeH 10 ONpeIeIeHrI0

Dj, = Z Sib, = %eilm Z bz dzy, = % f EilmT1Pmk AV,
5

Te CyMMUPOBaHUE TTPDOMU3BOAUTCA TI0 BCEM JUCJTOKAIIMOHHBIM TIET-
JISIM, & UHTErPUPOBaHMe — 10 Bcemy obbemy Kpuctasia. [lomgcrasus
crona (29.12), nmeem

1 0P, 1 0Pk OP;
D, == | eimempet—2dV = - | x ( — ) dv
ik 2/ ilmC€mpq Tl o, 2/ m oz, Oz,

" TI0CJIE I/IHTerT/IpOBaHI/IH 10 9aCTAM B KaXJI0M M3 ,ZIByX YJIEHOB
Djj, = fPZ-k dv. (29.13)

[InorHOCTH K€ TOTOKA JAUCAOKAIMI BBHIPAYKAETCS UEPE3 TOT Ke

Ten30p P, cormacuo

ot

B aTom nerko ybeaurbes, HanpuMep, BHIYUCIUB WHTEIPAJT f Jir AV

Jik = (29.14)

M0 TPOM3BOIBHON YacTh oObemMa Teja C TOMOIIBIO BBIDAYKEHUST
(29.10) Kak cymMMy MO BCeM 3aK/IIOUEHHBIM B 9TOM O0BEME JINCIO-
KannoHHBIM TieTiaM. Orvernm, uto Bhipakenue (29.14) Bwmecre ¢
(29.12) aBroMaTHyYeCKH yAO0BJIETBOPAIOT yCaoBuio (29.7).

Cpasuus (29.14) n (29.4), MBI BUINM, 9TO (5w§;€m) = 0Pj;. Ecm
YCJIOBUTHCST CUUTATH TIACTHIECKYIO J1ehOPMAINI0 OTCYTCTBYIOIIEH

B cocrostaun ¢ Py, = 0, To Oyzmer n wsgm) = Pjj. Tlogpasymenaercs,

9TO BeCh Tporiecce medopmannn mponcxoanT nprn B = 0. 9710 obcTo-
STETHCTBO HAJ0 TOTYEPKHYTH, MMOCKOJIBKY MeXIy TeHzopamu P n

(o)

w;;,  CyHIECTBYeT TPUHIWMNAIRHOE pa3Invdne: B TO BpeMs Kak P

(11n)

sABJIseTCst (DYHKIMEH COCTOSHUSA Tejla, TeH30D W, =~ He ecThb QyHK-
sl COCTOSIHMS, a 3aBUCUT OT IIPOIECCA, IPUBEJIIETO TEJIO B JTAHHOE
cocroguue. B atux ycioBusx nveem

() Oup

Wik = Wz - wik = — — sz (2915)
ox;

TJIe CHOBA U} — BEKTOP TOJHOTO TEOMETPUYECKOTO CMEIIEeHUs OT TI0-

JIOXKeHust B HeJlebOPMUPOBAHHOM COCTOsTHIN. Y paBHerne (29.6) npn

3TOM VIOBJETBOPAETCS TOXKIECTBEHHO, a JIMHAMUYECKOE YpaBHEHWE

(29.8) npuHMMaeT Buj

% um o 0P,

—Xikim

= (29.16)
Oz, Oz oxy,

PU; — Nikim
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Takum obpazom, ompejesienue ynpyroit gedopmanuu, CO31aHHOM
JBYKYIIUMUCS Juciokanusyvu ¢ B = 0, ceojurcs K 3ajade 00bId-
HO¥l TEOpUU yIPYTOCTU € OOBEMHBIMU CUJIAMU, PACIIPEIEICHHBIME 110
KPUCTAJLILY € IIOTHOCTBIO — N O Pl /O,

§ 30. Pacnpenesienne B3anMOOENCTBYOIMAX AUCIOKAIIIIA

PaccMoTpiM COBOKYMTHOCTH GOJIBIITOTO YHC/IA OJMHAKOBBIX MPSi-
MOJIMHEHBIX JINCIOKAIIN, PACTIONIOKEHHBIX TTapalIehHO APYT JIpY-
Iy B OJHOW M TOil YK€ TIJIOCKOCTH CKOJIbYKEHWsI, W BBIBEJIEM ypaBHe-
HUe, OTpeJlesisiiolliee NX paBHOBECHOEe pachpejesenne. [lycTh och z
napaJsie/bHa JUCIOKAINSAM, & TJIOCKOCTh X2z COBMAJaer C TI0CKO-
CTHIO CKOJIbYKEHWSI.

Byjem st onpeesieHHOCTH CYUTaTh, 9TO BEKTOPHI Broprepca
JMCTIOKAINTT HANpaB/IeHbl BIOAL ocn x. Torga cuia, geficTByiomas
B TIJIOCKOCTH CKOJIbYKEHUsI Ha eIWHWUILY JJINHBI JINCIOKAINN, PaBHA
boyy, TIE 04y — HANIPSZKEHNE B TOUKE HAXOXKIEHUS JIMCIOKAIINN.

Hamnpsixkenns, cozmaraembie OJHON MPSAMOJIWHEWHON IMCIOKAIIN-
eii (u JeficTByIOIME Ha JIPYTYIO JWCIOKAINIO), YOBIBAIOT 00paTHO
MPOTIOPIMOHAILHO PACCTOSTHUIO OT Hee. [To9TOMYy HampsizKenwe, Co-
371aBaeMoe B TOUKE I JUCIOKaNmeil, Haxoasameiica B Touke x’, mveer
Bug bD/(x — x'), rne D — nocrosinrast NOpsiIKa BEJIWYUHB YTIPYTHUX
Mojysteit Kpucraiia. MoxKHO ToKa3aTh, 9To 3Ta nocrosiaaas D > 0,
T. €. JIBe OJMHAKOBbIE JIMCIOKAIMKA B OJHOW W TOM Ke MIOCKOCTH
CKOJTLYKEHWsT OTTAJIKUBAIOTCS JIPYT OT Jipyra (JIsi W30TPOTHOi Ccpe-
JIbl 3TO TOKA3aHO B 3aja4e 3 § 28).

O6osnaunm vepes p(z) JUHEHHYIO TIOTHOCTH JUCIOKAIWi, pac-
npeJle/IeHHBIX Ha oTpeske (a1, as) ocu x; p(x) dx ecth cymMMa Bek-
TOpoR Broprepca anciokaruii, MpoXosAIMX Yepe3 TOUYKM WHTepBaia
dz. Torpa moHOE HATIPSIZKEHNE, CO3/1aBaeMoe B TOYKE & OCH L BCEMU
JIUCTIOKAIINSIMMT, 3aTNINeTCs B BUJe WHTerpaJia

Oay = —D/’)E(E%. (30.1)

Jlns Touek BHyTpu camoro orpeska (a1, a9) 3TOT HHTErpas J0JKEeH
MOHUMATLCA B CMBICJIE TJIABHOTO 3HAYEHHS /LIS TOTO, 9TOOBI MCKJIIO-
quTh GUIMUECKN OECCMBICTEHHOE JeHCTBUE JINCIOKAIIMKA CaMOi Ha
cebsi.

Ecim B Kpucraiie nMeeTcst TakyKe M TJI0CKOe (B MIOCKOCTH LY )

(e)

T0JIe HATIPSIAKEHWH 0gy (2, Y), CO3IAHHOE 3aJaAHHBIMI BHEITHIMA Ha-
Ipy3KaMu, TO KayKIasl JNCI0KAINs OyZeT HAXOAUThCS TOJ JeiCTRA-
em cuint b (04, + p(x)), Te Mbr 0603HaYMAN 17151 KpaTKoCTh p(x) =

(e)

= 0ay (£,0). YeioBue paBHOBECHS 3aK/II0YA€TCs B 00pAIEHUN STON
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CHJIbI B HYJIb: Ogy +p =0, T. €.
as
p&dé _ p(z) _
tes D = w(z), (30.2)

a

rjle rjaaBHoe 3HadeHue 0603HAYEHO, KaK 3TO HPUHSATO, [HePeUYepPKHY-
THIM 3HAKOM MHTErpaja. 9T0  HHTErpaabHOe YPABHEHHE JJIs ONpe-
JIeJIEHVsT PABHOBECHOTO pacnpejenenns p(x). OHO OTHOCHTCS K THITY
CWHTYJISIPHBIX WHTETPAIBHBIX ypaBHeHwii ¢ sapoM Kormm.

Permenne Takoro ypaBHEeHWS CBOAWTCSA K 3aJade Teopun (yHK-
it KOMILJIEKCHOTO TepeMeHHoro, hOpMyJINPyeMoil CaeayIonmmM 00-
pasom.

O6osraunm vepes (z) GOYHKINIO, OMPeIEJEHHYI0 BO BCei T10C-
KOCTH KOMILIEKCHOTO 2 (€ pa3pe3om nmo orpesky (a1, as)), KaK uHTe-
rpaJ

as
Qz) = | 2% (30.3)
E—z
a1

[Tpenennuble 3HAUEHNS 3TOM (GyHKINW HA BEPXHEM W HUKHEM Oepe-
rax paspesa oboznaunm yepes Q1 (z) u Q (x). Onu paBHbl TAKUM Ke
WHTErpajaaM, B3AThIM M0 0TPE3KY (a1, ag) ¢ 06X0J0M TOUKH 2z = I CO-
OTBETCTBEHHO CHW3Y WJIW CBEPXY 0 OECKOHEUHO MAJIONH TOIyOKpY K-
HOCTH, T. €.

f - 5imp( ). (30.4)

Ecmn p(€) ynosnersopsier ypasrennto (30.2), To raaBHOe 3HaUYEHME
WHTErpaaa paBHo w(z), TaK YTO MMeeM

Of(z) +Q (z) = 2w(z), (30.5)
Ot (x) — Q (x) = 2imp(x). (30.6)

Takum obpasom, 3amava o pemennn ypasuernns (30.2) skpupa-
JIEHTHA 33jade 00 OThICKaHuM aHaguTu4Yeckoit dyuxkmum Q(z) co
croiicreom (30.5), nocie wero p(z) onpenensiercss no (30.6). Tlpwm
9TOM (hU3MIECKNE yCIOBUS PACCMATPUBAEMON 31291 TPEOYIOT TaK-
xke, aro0bl 2(oc) = 0; 9T0 CIeAYI0T U3 TOTO, YTO BIAJIA OT CHCTEMBbI
aucnokamyii (z — £00) HANPSIKEHWsT Og, TOIKHBI 00PAIIATHCST B
Hyab (o ompezenennio (30.3), BHe orpeska (ai,a2): Ogy(x) = —
—DQ(z)).

PaccmoTrpnm cravana ciydail, KOrJa BHENTHUE HATIPSIKEHUST OT-
cyrcrByioT (p(z) = 0), a AUCTOKAINY CAEPKUBAIOTCA KaKUMU-JT00
npengrcreusamu (gedeKTaMu penerku) Ha KoHnax orpeska (aq, as).
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[pu w(z) = 0 umeem uz (30.5): QT (z) = —Q (), 1. e. bynkuus
Q(z) nomkHA MEHATH 3HAK TpHU 00X0je KaXKJI0# M3 JIBYX TOYEK a7,
(2. DTOMY YCIOBUIO YAOBJIETBOpsieT jiobast pyHKIUS BUIa

P(z)

(a2 — 2)(z — (1,1)’

Q(z) = (30.7)

rae P(z) — momurom. Yenorue ke (oc) = 0 dukcupyer (¢ Tou-
HOCTBIO 710 NOCTOsTHHOTO KO3dbdunmenta) eibop P(z) = 1, Tak uro

1
Va2 = 2)(z —ar)

Taxoit xke Buj Oyger umers, cornacuo (30.6), n uckomas dyHkuus
p(z). Onpenenns kKo3bdUINEHT B Hell COTIACHO YCIOBHUIO

O(z) = (30.8)

as
[p(&)dé =B (30.9)
a1
(B — cymma BeKTOpOB Bioprepca Bcex JMCIOKAINI), Oy IuM
p(z) = B . (30.10)

my/ (a2 — z)(x — a1)

Mubr BUANM, 9TO ANCIOKAIINN CKATINBAIOTCA TI0 HATIPABJIEHNIO K Mpe-
NATCTRUAM (PpaHWUIAM OTpe3Ka) C TJIOTHOCTHIO, 06PATHO MPOMOPIH-
OHAJIBHOI KOPHIO M3 paccTostanii 7o aux. 110 TakoMy e 3aKOHy BO3-
PACTAIOT TIpW MPUOINKEHUN K @ WIW a9 HATPSI’KEHUsT BHE OTPE3Ka
(a1,a9); Tak, ipn z > as

- BD

7S =) —an)

Jpyrumu ci0BaMu, KOHIEHTPANWs IWCIOKAIMI y TPAHUIBI TPUBO-
JIUT K Takoi Ke KOHIEHTPAINU HAMPSIKEHUi M0 IpyTyi0 CTOPOHY
IPAHWIIBI.

[TpeanonoRuM Tereph, 9T0 B TeX ¥Ke YCIOBUSX (MpensTcTRust
B 3a/IaHABIX KOHIAX OTPE3Ka) WMeeTCsl TaKyKe W BHEIHee ToJje Ha-
npsizkernii p(x). O6oznauum uvepes Qq(z) dyukuuto suga (30.7) u

nepenwiiem pasercTro (30.5) (pasaenvs ero Ha Q(T = —(), ) B BUIE

Qf(z)  Q (x) _ 2w(m)_
Ao %@ @

Cpasuus 310 paBenctro ¢ (30.6), ge1aemM BBIBOI, 9TO

az

Qz) 1 w(&) d¢ .

ai
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rne P(z) nonuuoM.  Pemenue,  yJ0BI€TBOPAIONIEE  YCIOBHIO
Q(o0) = 0, momyunm, BeIOpa B Kavectse Qy(z) dyukmmio (30.8)
u nosnoxue P(z) = C (C koncranra). Uckomas dbynxuust p(x)
HaxoauTest orciona 1o ¢gopmyae (30.6) n pasna

r) = — ! w a9 — — aq i
o(z) Wf VA 5)(50 e+

(a2 —z)(z —ar)

(30.12)

[Mocrosirnast C' onpegensiercss yeiaosnem (30.9). 1 3meck p(x) BO3-
pacraer mpnu & — ag (wm z — ay) 1m0 3axony (az — ) /2% a mo
APYTYIO CTOPOHY TIPENSATCTRHsI BO3SHWKAET TaKasi yKe KOHIEHTPALNsT
HAIPAYKEHNT.

Ecin npensgmcTrie MMeeTcst TOIBKO € OJHO CTOPOHBI (CKarKeMm,
B TOYKE (9 ), TO UCKOMOE PEIIeHNE JO0JIKHO YJAOBJIETBOPATH YCJI0BUIO
KOHEYHOCTY HANPsKEHUI 11PKU BCeX & < Gg, BKJIOYAsl TOYKY T = 1]
IPU ITOM CAMO MOJIOKEHUE MOCJAEJIHEeH TOUKN 3apaHee HEM3BECTHO U
JIOJIZKHO ONPEJEUThCA B PE3yJIbTaTe PeIleHus 3aJa9u. B repMuHax
Q(2) s10 3HAUNT, 910 (A1) A0MKHO ObITh KOHEUHBbIM. Takas dyHK-
st (yI0BIeTBOPSOIIAs TakKe 1 yeaosnio £2(oo) = 0) monyanrces mno

Toii e hpopmyie (30.11), ecin B kauectTre §2(2z) BrIOpaTh (DYHKINIO

Qo(2) = | ==,
ay — 2
To3Ke oTHocamyocst K suy (30.7), u momoxuth B (30.11) P(2) = 0.
B pesynarTare momyanm

R A a2~ § "5 (30.13)
w2\ as —x E—an )

Ilpu =z — a; p(r) obpamaercs B Hyﬂb kak v/ — a1. Ilo Ttakomy
JKE BAKOHY CTPEMUTCS K HYJIIO C JIPYTOil CTOPOHBI TOYKU (] IIOJHOE
HalpsiZKeHue 04y (x) + p(z).

Haxower, mycTh MpensiTcTBhsI OTCYTCTBYIOT B 060MX KOHIAX OT-
pe3Ka M JINCIOKALNK CIEPKWBAIOTCS JINTITh BHEITHUMU HAPSIKe-
ansimu p(x). Coorrercrrytomiee §2(z) momyamm, monoxus B (30.11)

Qo(z) = /(as — 2)(z —a1), P(z)=0.

Onnako ycnosue 2(00) = 0 tpebyer npu 310M COOIIOAEHUS 10TOJI-
HUTEJILHOTO yeaoBust: mponsseis B (30.11) npemeapHbIil mepexoa K
Z — oC, HaligeM

a2

w©dE  _ . (30.14)

(a2 = &)(§ —ar)
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Uckomas dynkuus p(x) naercs dopmy.oii

as

(Y ey — w(©) € (30.15
Vo)l —a) f s = (019

nprYeM KOOPIMHATHI 41, G2 KOHIIOB OTPE3Ka ONPeAeAi0TCs YCA0BUSI-

mut (30.9) u (30.14).

3agaua

p(z) =

iy

Haiitu pacnpenenenune auciokanuii B OJHOPOTHOM TIOJI€ HAITPSKEHUMA
(p(z) = po) Ha y9acTKe ¢ IPENsITCTBUEM HA OJHOM WM HA 06OMX KOHLAX.

Pemenwue. B ciyuae npensTcrBus Ha OJHOM KOHIIE (@) BBIYHUC/IEHUE UH-

rerpana (30.13) maer
po |z —ay
T)= [ —.
plo) D\ a>» —x

N3 ycnosus ke (30.9) onpenessiercst ayimHa yHacTKa PACHOJIOKEHNs IUCIOKA-

mnit: as — a1 = 2BD/po. B6m3n npenarcTBus, MO APYTYIO CTOPOHY OT HETO,
HAIPSIYKEHUs] KOHIEHTPUPYIOTCS 110 3aKOHY

az —ay
Try =~ Po 7$ a .
— a2

B cayuae ywactka (aamapt 2L), OrpaHU®eHHOTO ABYMS TPETSATCTBASIMU, Bhi-
Gupaem Ha4ajI0 OTCYeTa T B €ro cepeause u HaxomuM no (30.12)

pla) = — (%x+B).

/L2 — x2



F'TABA V

TEIIJIOITPOBOJHOCTH N BA3KOCTb
TBEP/bBIX TEJI

§ 31. YpaBHeHue TEIJIONPOBOAHOCTU B TBEPABIX TEJIAX

Hepasromeprast HarpeToCcTh TBEPIOil CpeIbl He TTPUBOANT K BO3-
HUKHOBEHWIO B HEll KOHBEKIINN, KAK 9TO OOBIYHO MMEET MECTO B YKUJI-
kocTsix. [loaromy mepenoc Teria oCyIecTBASIeTCs 3/eCh OTHOI TOIb-
KO TEIJIONPOBOIHOCTBIO. B CBsI3U ¢ 9TUM TPOIECCH] TEILIOMPOBOIHO-
CTU B TBEPIBIX TEJAX OMUCBIBAIOTCSI CPABHUTEIBHO HOJIee IPOCThIMU
YPABHEHUSIMU, UM B JKUIKOCTSIX, TJ1€ OHU OCJIOKHAIOTCS KOHBEKIIHEH.

VpaBHeHue TemI0npoOBOIHOCTH B TBEPION Cpelie MOMXKeT ObITh
BBIBEJIEHO HENOCPEJACTBEHHO W3 3aKOHA COXPAHEHUsI IHEPIUU, BbIPa-
JKEHHOTO B BUJIE YPABHEHUsI HEIPEPBIBHOCTH JIJIsi KOJTMYECTBA TEILIa.
KonuaecrBo Temnia, moriom@aeMoe B €JIMHUIYY BPEMEHU B €JIUHUIE
obbema rena, paguo 1T0S/0t, tne S suTponus eamHunb 06bema.
Dra BeaMuuHA JIOJKHA ObITh npupaBHena —divq, rjge q  JI0T-
HOCTB MOTOKA TeIjia. dTOT HOTOK HPAKTUYECKHU BCErJa MPOHOPINO-
HaJIeH TPAJUEHTY TEeMIIEPATyPhl, T. €. MOXKeT ObITh 3ANUCAH B BUJE
q= — VT (3 remnonposognocts). Takum o6pazom,

T%f = div (V7). (31.1)

Corytacuo dopmyiie (6.4) sHTponusi MoXKeT ObITH 3amnnucaHa B BUe
S = So(T) + Kaw;,

T7e (@ — TeMIepaTypHbIil KoadduImenT pacimpenns, a Sy — SHTPO-
st Tesa B HepedOPMUPOBAHHOM COCTOsTHUN. Bynem mpejmnonararhs,
9TO, KAK 9TO 00OBIYTHO MMEET MECTO, MMEIOIINECS B TeJie DPA3HOCTH TEM-
epaTyp AOCTATOYHO MAJBI JJIsT TOTO, YTOOBI MOYKHO OBLIO CUNTATH
TTOCTOSTHHBIMY TaKWe BeJIMYWHBI, Kak 22, a n T. . Torma ypasuenne
(31.1) mocsie MOACTAHOBKY HAMUCAHHOTO Jisi S BHIDAYKEHWS TTPUMET
BU]I

85‘0 8uu

T— + aKT — = »AT.

CortacHo M3BECTHOI, TepMOIMHAMUYECKOi (hopMysie nveem

C, — C, = Ka*T.
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[IpoussojiHyto 01T S§ MOXKHO HANUCATH KaK

0So _ 95T _ C. 0T
ot oT ot T Ot

(mpomsromnast 0S5y /0t Gepercst mpn ui; = divu = 0, T. e. mpn MOCTO-
STHHOM 00beMe).
B pesyabrare mosyuum ypasHeHUE TEMJIONPOBOIHOCTH B CIE1YT0-
IeM BUJIE:
Cvai + Lp —G Q
ot «a ot
s Toro 9TobBI TOMYyYUTH TOJHYIO CHCTEMY YPaBHEHWl, HAJI0
TMPUCOEIMHNTE CIOJIA €IIe yPaBHEHWE, OMpeaeasiomee aehopMannio
HEPABHOMEPHO HATPETOTO TEIa. DTUM yPABHEHWEM SARJIACTCA YPAR-
Henne pasHopecus (7.8)

divu = »AT. (31.2)

2(1 — o) grad divu — (1 — 20) rot rot u = WVT. (31.3)

U3 ypasuenns (31.3) Mmoxker GbITh Onpesesiena, B npunnune, gaedop-
Malusi TEJA PU TPOU3BOJBHO 3aJAHHOM PACHPEAEIEHUN TEMITepa-
Typsol. IlogcranoBka nmosydennoro takum obpazom g div u BeIpa-
»Kenust B ypasuenue (31.2) npusejier K ypaBHEHUIO, ONPEIE/ISIONIEMY
pacnpesie/ieHre TEMIEPATYPbI, B KOTOPOM HEM3BECTHON (yHKImMedd
saBaserca ogHa Toabko 1T'(x,y, z,1).

Paccmorpum, Hanmpumep, TenaonpoBOAHOCTH B HEOTPAHUYEHHOM
TBEPJIOH CPeJIe C PACIIPEIEIEHUEM TEMIIEPATYPBI, YA0BJIETEOPAIONUM
TOJIFKO OJHOMY YCJIOBWIO: HA BECKOHEIHOCTU TEMTIEPATYPa CTPEMAT-
ca K mocrosaHOMy mipegeny Ty m medopmanms orcyTcTryer. B Ta-
KOM ciydae ypasHenne (31.3) mIpuBOIUT K CIEYIONIEil 3aBUCUMOCTH
mexgy diva u T (em. 3amaqy 8 § 7):

. 140 -
dlvu—i?)(l_o)a(T Tp).

[Mogcrasisisi 9170 BhIpaykenue B (31.2), mosyunM ypaBHeHWre

(1+0)Cp+2(1 —20)C, OT _
3(2—o0) ot

#AT (31.4)

THTIA TPOCTOTO YPABHEHNS TETJIOMTPOBOJHOCTH.

VpaBHeHuneM TakKOro ke THIA OMUCHLIBAETCS U PACIPEIE/ICHIE
TeMIepaTypbl BAOJIb JIJIMHBI TOHKOI'O TPSAMOTO CTEPXKHS, €CJu XO-
T Obl OIMH W3 €r0 KOHIIOB He 3akperieH. Pacnpejenenue temire-
paTyphl BAOJb KaxKJOTO M3 IONEPEYHBbIX CEYEHUil CTEPXKHS MOXKHO
CUUTATH MOCTOAHHBIM, TaK 910 1" Oyaer dyHKIUEh TOABKO 0T KOOD-
JMHATHI 2 BJOJIb €ro JymHbl (1 0T Bpemenu). Temnosoe pacmmpenue
TAKOI'0 CTEPKH MPUBOAUT TOJIBKO K M3MEHEHUIO ero JIIMHbI 0€3 u3-
MEHEHU MPAMOIUHENHON (hopMbl 1 6€3 BOSHUKHOBEHUS BHYTPEHHUX
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HanpszkeHui B HeM. ZlcHO mo3ToMy, uTo npousBogHas S/t B 06-
mem ypasrennn (31.1) goskHa 6paThCst TP MOCTOSTHHOM JIaBJIEHWH,

u nockoibKy (05/0t), = Cp/T, 10 pacupeesenue reMueparypst Oy-
JIET OLUCBIBATHCS OJHOMEPHBIM YPaBHEHUEM TeIJIOIPOBOIHOCTH
orT o*T
p— = x—.
ot ox?

Hazo, Bripodem, oTMeTHTD, 9TO € TPAKTUYIECKN JOCTATOTHON TOU-
HOCTBIO pacrpeiesieHne TeMIepaTypbl B TBEPIAOM Tejle MOYKET BCer-
ITa, OTIPEJIEISITHCS MMPOCTHIM YPaBHEHWEM TeTIonpoBoaHocTu. Jlero B
TOM, YTO BTOPOii YjieH B JieBOi YacTn ypasuenus (31.2) npejcranis-
et coboit monpasky nopsigka (Cp — C,)/C, 10 CpABHEHNIO C TEPRBIM
ajieHoM. Ho y TBep/bIX TeJs1 PAasHUIA MEXKy PAa3JIMdHBIMUA TEILJIOeM-
KOCTSMHU OOBIYHO BeChbMa MaJjia, W €CJid [peHeOperaTb e, TO ypas-
HEHME TeIJIONPOBOAHOCTU B TBEPJbIX TeJax MOXKHO BCErla NUCATh B
BUJIE

%f — YAT, (31.5)

rae X — €CTh MeMnepamyponposoorocne, OnpejeasemMast Kak OT-
norenne ko3 duImenTa » K HeKOTOpoil cpeamneii Teroemkoctu C'
ennHATBL oObema, x = 3/C.

§ 32. Tens10MPOBOIHOCTH KPUCTAJIJIOB

B anmzorpornHom Tejle HanpaBeHne MOTOKA Tera  He JOIKHO,
BOODIIE TOROPSI, COBMAJIATH C HANPABIEHUEM T'PAINEHTa TEMIepaTy-
pol. [Tostomy BMecTo dopmynsl q = —3AT Mexay q v rpajgienToM
TeMIepaTypbl B KPUCTAJLIE NMeeT MecTo Oosiee 00Ias 3aBUCUMOCTh

Gi = — ik —- (32.1)

TeH30p BTOPOTO paHra 3¢ HA3bIBAIOT T€H30POM TETIOTPOBOIHOCTH
kprcrasa. COOTBETCTBEHHO 3TO 3aBUCHMOCTH ypaBHEHWE Terio-
nposogrocTn (31.5) Toxke Gyaer nMerh Gosee 00Nl BII
oT o*T
= Mg
ot Ox; Oxy,
TeH30p TEnIONPOBOJIHOCTH CUMMETPUYEH:

9TO yTBEpKIEHHE, K JI0KA3aTeJbCTBY KOTOPOIO Mbl TENephb Iepeii-
JIEM, SIBJISIETCA CJEJICTBAEM TIPUHIIAIA CHMMETPUHA KUHETHIECKUX KO-
s dunmnentos (em. V, § 120).

CKOpOCTh  yBeJIMYEHUs MOJHOW SHTPONUM Teaa Ojarogapst
HEOOPATUMBIM NPOIECCAM TEIIONPOBOJIHOCTH PaBHA

: _ divq _ - q l
Stonr = / " dVv /dldeV—i—/qgradeV.

(32.2)
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[Tepsoiit unrerpad, Oyayun npeodpPaz0BaH B MHTErPAJ IO TOBEPXHO-
cTu, ucdesaer. Takum 06pa3oM, moydaem

Smm—/qv dv = — /ﬂdv

nJjan
Shon = / _QZ av. (32'4)

B coorBercrBum ¢ obmuMm omnpejeseHueM KuHeTudecKux Kodddu-
npenToB ') MBI MOKeM Ha ocHOBaHuE (32.4) C/leaTH BBIBOI, UTO B
JTAHHOM C/IyYae TAKOBBIMU sTR/IsoTCs Koabdumenter T2, B coot-

HOTITEHUSIX
g = —T" sk (ial) :
T? Back
[TosTomy m3 cuvmmerpnn KHHETHIECKNX KO3MDAMUIMEHTOB HEMOCPe -
CTBEHHO CJIeJlyeT MCKOMOe cooTHoenue (32.3).
Ksagparuunas dopma
oT oT oT
Qi = Mk

Ox; 8& Az
JIOJIZKHA OBITH CYIIECTBEHHO TOJIOKUTEIbHOM, MOCKOJBKY TOJI0XKU-
TeJIbHON Jo/IzKHA ObITh npouszBogHas (32.4) OT 3HTpONMU 1O Bpe-
MEHHU. YCJIOBUEM CYIIECTBEHHON MOJIOKUTEIbHOCTH KBAPATHIHON
dopMBI SIBJIIETCS, KAK N3BECTHO, TIOJ0KUTEIRHOCTh TJIABHBIX 3HAUE-
Hui MaTpuilsl ee KoadduimenTor. [losromy Bce riaBHble 3HAYEHWS
TeH30pa TerJIONPOBOAHOCTH ¢ BCET/A TOJOKNTEJIBHBI, UTO, BIPO-
9eM, OYEBUJIHO W W3 MPOCTHIX COOOparKeHMH O HAMPABIEHUN TeTIo-
BOTO TIOTOKA.

Ywncno pa3andHbIX HE3ABUCUMBIX KOMTIOHEHT TEH30pa 3¢) 3aBW-
CUT OT CUMMeTPUN Kprcraia. [TocKombKy TeH30p s, CUMMETPUYEH,
9TO YWCA0 TAKOEe JKe, KaK y CUMMEeTPUYHOr0 TeH30Pa BTOPOTO PaHTa
a;k (Tersopa TemnioBoro pacmmupenust; cm. § 10).

§ 33. BaskocTh TBEpABIX TEJI

[Ipu n3yvennn ABUMKEHUST B YIPYTUX TEJIAX MBI 10 CUX TTOP CUH-
Tajau, 9To npouecc a1edOpMUPOBAHUS MPOUCXOAUT OOpaTUMBbIM 00-
pazom. B geificTBuresibHOCTH NIPOIIECC TEPMOAMHAMUYECKH 00paTuM,
TOJIBKO €CJIM OH MPOUCXOAUT C DECKOHEYHO MAJION CKOPOCTHIO, TaK
9TO B KAYK/IBIH JJAHHBINT MOMEHT B TeJIe yCIIeBAeT YCTAHOBUTHCS COCTO-
sHME TEePMOJIMHAMUYECKOTO paBHOBecus. PeajibHOe JBUYKEHHUE IIPO-
MCXOUT, OJJHAKO, C KOHEYHOI CKOPOCTHIO, TEJI0 HE HAXOUTCH B KAZK-
JIBIiT JIaHHBIT MOMEHT B PABHOBECHU, W TIOSTOMY B HEM HPOUCXOJSIT

1) Ucnonb3yercs onpenenenne B dhopme, mamuoii B VI, § 59.
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MPOIECCHI, CTPEMSIINECS TIPUBECTH €I0 B PABHOBECHOE COCTOSIHUE.
Haymame smux nporeccoB u mpuBOAUT K HEOOPATUMOCTHU JIBUKEHUSI,
NPOABAAIONIENCs, B YaCTHOCTH, B JUCCHUIIAINN MeXaHU4IeCKOi 3Hep-

UM, TIEPeXOsIeil B KOHIe KOHIOB B TErio ).

Jwnccunarnms sHeprun 00yC/I0BIMBAETCSA TTPOIIECCAMU IBYX POIOR.
Bo-mepBrIX, MpW HEOAWHAKOBOCTH TEMTIEPATYPHl B PaA3HBIX MECTaX
Teja B HEM BO3HUKAIOT HEOOPATUMBIE TTPOIECCHI TETIOMPOBOTHOCTH.
Bo-BTOp®IX, €cin B TE/Ie TPONCXOANT KaKOoe-HUOY/Ih BHYTPEHHEE TBU-
JKEHUE, TO TTPOUCXOISIT HEOOPATUMBIE TTPOIECCHI, CBABAHHBIE C KOHEU-
HOCTBHIO CKOPOCTW JIBWIKEHWS; 3TU TIPOIECCHI JTUCCUTIAIINT SHEPTUN
MOYKHO Ha3BaTh, KaK M B XKUJIKOCTSX, TTPOIECCAMW BHYTPEHHETO Tpe-
HUS WA BSI3KOCTH.

B GonpmuncTBE CIy9YaeB CKOPOCTH MAKPOCKOTMYECKOTO JIBUIKE-
HWS B TeJle HACTOJIHFKO MaJjia, YTO JUCCUATIAINS SHEPTUN HE3IHAUNTE Th-
na. Takwe «mouTtm oOpaTUMBIE» TMPOIECCH MOTYT OBITH OMUCAHBI C
NOMOIIBIO TAK Ha3bIBaeMoil quccunarusuoii dynxkmun (cm. V, § 121).

Nmenno, eciu nmeercs HEKOTOPAsd MEXAHUYECKAS CUCTEMA, JIBU-
JKEHUEe KOTOPOil COMPOBOXK/IAETC JUCCUTIAIINEH SHEPIUU, TO JBUKE-
HEE MOKEeT OBbITh OMUCAHO C MOMOIILIO OOBIYHBIX YPABHEHUN JIBUKE-
HUS, B KOTOPBIX HAJ0 TOJIBKO K JEHCTBYIOIUM HA CHCTEMY CHJIAM
J00ABUTH QUCCUNAMUBHBLE CUAbL W CUAbL MPEHUSA, ABJIATOIIIECS
JINHEHHBIMU (DYHKIUSIMUA CKOPOCTEH. DTU CUJIBI MOTYT OBITH HPEJ-
CTaBJIEHBI B BUJIE TPOU3BO/IHBIX 110 CKOPOCTAM OT HEKOTOPOIl KBaJipa-
TUIHONW DYHKIIUN CKOPOCTEH, HAZBIBAEMON TUCCUTIATUBHON (DYHKITN-
eit R. Cuyta tpenust f,, COOTBETCTBYIOIIAs KAKOH-HUOY b 13 0000-
[IEHHBIX KOOPJIUHAT @, CUCTEMbI, UMEET TOI/A BUJL

f, — _OR
a— T 5. ¢
0qa
ﬂHCCHHaTHBHaH (byHK]_U/IH ABJIAETCA CYyHIECTBEHHO TIOJIOYKUTEJIHLHOMN

KBJIpPATUIHOM (bopMmoil ckopocTeit ¢,. Hanmmcannoe cooTHotmenmne 3Kx-
BUBAJIEHTHO COOTHOIITEHUIO

0R == fudda, (33.1)

rae 0 R — w3MeHeHne IUCCUNATUBHON PYHKIINN P GECKOHEUHO Ma-
JIOM M3MEHEHWN CKOpocTeit. MOKHO TakyKe TOKA3aTh, YTO YIBOCHHAS
muccuniatuBHas HyHKINS 2R onpenenser yMeHBITIEHNE MeXaHude-
CKOI SHEPTUN CUCTEMBI B IUHUILY BPEMEHMN.

Jlerko 06o6mmnTh coorHomenne (33.1) wa caywail aBUKeHUs C
TPEHUEM B CILIOTITHOM Tejie. B 3ToM cirydae coCTOsTHIE CICTeMBI OTTpe-
JIeISIeTCsT HeTTPEPHIBHBIM PSIIOM 000OIIEHHBIX KOOPAUHAT. JTUMN KO-
OPIVHATAMH SIBJISIETCS BEKTOD CMEIEHUsT U, 3aIaHHBI B KaKI0M

1) Ilom MmexanWYeCKOi SHEPTUE 346Ch TI0/IPA3YMEBAETCA CYMMa, KUHETHIECKOH
SHEPTUN MAaKPOCKOTMYECKOTO JABMYKEHWS B yITPYTOM TeJjle W €ro MOTeHIna bHOI
(ynpyroii) sHeprum, 06ycn0BIeHHON HamuaneM nedopmanmu.
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touke rtesa. CoorBercrBenHoe ToMy coorHouenue (33.1) g0KHO
OBITh HAMCAHO B MHTEIPAJILHOM BUJIE:

6 [RaV =~ [ fidvidV, (33.2)

rnme v = U, a f — auccunarusHag cmia, AEfCTBYIOMAS HA €IMHUILY
obbema Tesia; 3anuileM MOJTHYI0 JUCCUTIATUBHY IO (DYHKIUIO BCErO Te-

Ja B BHUJIE f RdV, tne R — nuccunatneHas (QyHKINASA, OTHECEHHAS

K eInHnIe oOhemMa Tesa.

Onpegenum Teneph 00Nt BUJ AuCCHTaTUBHON (yHKINN R
st gecpopmupyembix te. Oyukins R, onmuchBaiomast BHYTPEH-
Hee TpeHme, TOKHA 00paIIaThCad B HYJIb, €CIN B TeJe OTCYTCTBYET
BHYTPEHHEE JIBUKEHME, B YACTHOCTHU, €C/AU TEJO COBEPIIAET TOJIbKO
[HOCTYHATE/JIbHOE WUJIM BPAIATe/JbHOE JIBUXKeHUEe Kak uesoe. dpyru-
MU CJIOBAMM, JAUCCANIATUBHAS (DYHKLM JOJKHA 00pallaThCsd B HYJIb
npu v = const u npu v = [Qr]. D10 3HAUMT, UTO OHA JOJKHA 3a-
BUCETHb HE OT CaMOil CKOPOCTH, a OT €e I'PAJUeHTa, LHPUYEeM MOXKET
cojlepzKaTh JIMIIb TaKue KOMOMHALMK IPOM3BOJHBIX, KOTOPbie 0Opa-
maTesa B Hysb npu v = [r]. TakoBbIMU ABAAIOTCS CyMMBI

1/ Ov; vy )
Vig = = | — + —
ik 2 (c%k 89&1 ’

1. e. mpousBoaHble Tenzopa gedopmanuu 1o spemenu ). Takum
obpazoMm, guccunaTuBHas (QYHKIHUA JOKHA ObITh KBAIPATHUIHOM
dyukuueit or v;;. Hanbonee obmmit Bujg takoit dpynxmu:

1
R = 5 TlikimVik Vlm. (33.3)

Tenzop deTBepTOrO PAHTA 7))y MOKET OBITH HAZBAH TEH30POM Bsi3-
KOCTH. DTOT TEH30p 06/1aJaeT CJIeIyIOIUMI O9eBUIHBIMEI CBOCTBA-

MU CT/IMMeTpI/II/I 2)
Nikim = Mmik = Mkilm = Nikml- (33.4)

Beipaxenue (33.3) anasoruano seipaxkenuto (10.1) mius cBobosu-
HOI sHepruy Kpucrasia: BMeCTO TeH30pa YIPYrOCTH B HEM CTOUT
Tenepb TEH30D 1ikim, & BMECTO ;g TeH30p V. lloaTomy Bce pe-
BYJILTATHI, TOAydeHubie B § 10 11d TeH30pa Ajkjy;, B KPUCTATIAX Pas3-
JIMYHOM CUMMETPUU, B IIOJHON Mepe OTHOCATCA U K TeH30DY 7ikim-

') Cp. amanormunse pacCyKIeHNUs 10 TOBOMy Ba3Koi xumkoctu (VI, § 15).

%) HanmoMumM, 9TO CyIECTBOBAHUE JUCCUNATHBHOM (DyHKIMH SB/ISETCS CI6-
CTBUEM NPUHIUIA CAMMETPHH KuHeTHdecKux Kodddurnmentos Oncarepa. men-
HO 3TOT NMPWHIWIT NPUBOANT K mepromy n3 pasercTs (33.4) (mnsa xosddrmmen-
TOB B IMHEHHBIX cOOTHONTIEHUAX (33.7)), 9KBUBaeHTHOMY (DAKTY CyIIECTBOBAHUS
kBaapaTnaroii hopmer (33.3). 1o GymeT NPsSIMO TTOKA3aHO 10 AHAJTOTUIHOMY TIO-
Bomy B § 41.
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B wacraocTu, B uB0OTPOIHOM TeJie TEH30D Nkl UMEET BCEro JIBe
HE3aBUCHMbBIE KOMIIOHEHTHI 1 R MOXKeT ObITh 3alMCcaHO B BUje, aHa-
JIOTMYHOM BbIpazkenuio (4.3) masg ynpyroii SHeprum M30TPOIMHOTO
TeJsa:

1 2
R=n (Uik — gdikv”) + gvfl, (33.5)

rne n u ¢ aBa koadpdunuenta Baszkoctu. [lockonbky R cyte-
CTBEHHO TOJIOKUTEeIbHAA (pyHKIM, KOdDdumuentor 1, ¢ JTOJIKHBI
OBITH TOJIOKUTETbHBIMUA.

Cootrrotmenne (33.2) aHATOTMYHO COOTHOIIEHUTO, NMEIOIIEMY Me-
CTO JIJisi CBOOO/THOI yIpyTOit 3HEprum:

6deV:—fFi5uidV,

e Fy; = 0oy, [0z cwuna, geificrByiomas Ha eguHuIly 00bema Tesa.
[TosromMy BbIpazkKenue s JAUCCUIATUBHON CUJIbI Y€pPe3 TEH30D Vg
MOZKET ObITh HAIIMCAHO HEIOCPEACTBEHHO 110 aHAJIOIMU C TeM, Kak F;
BbIPAXKAETCH Y€PE3 Uj):

oo}y,

fi= "%, (33.6)

8zk
IJie JJUCCUNIATUBHBINA T€H30D HALPSZKEHUil 0, OLPeeIsdercs 10CPe/-
CTBOM

OR
Oi = = 1ikimVlm- (33.7)
Ovig

Vder BA3KOCTH B yPABHEHUAX JIBUKEHUS MOXKET OBITH OCYIIECTBJICH,
CJIeJI0BATE/IbHO, IIPOCTO IyTeM 3aMeHbl TeH30Pa HallPAXKeHU#l o B
) /
9TUX YPABHEHUSX CYMMOW 0 + 0.
B w3oTporrOM Teste

1
i, = 21) (Uik - gaikvll) + Coydi- (33.8)

DTO0 BBIpayKeHMe, eCTECTBEHHO, (DOPMATHLHO CORTAJAET C BHIPAYKEHN-
em JIJIsT BA3KOTO TEeH30pa HATPSIYKeHW B YKUIKOCTH.

§ 34. IloryiomnieHue 3ByKa B TBEPABIX TeJIaX

KosddunmenT noriomnenuns 38yka B TBEPBIX TEIaX MOXKET ObIThH
BBIYUC/ICH BIIOJIHE AHAJIOTUYHO TOMY, KAK 3TO JI€JIAETCS /I KU KO-
creit (em. VI, § 79). TIpousseem 31eCh COOTBETCTBYIONIME BHIYUC/IE-
HUS JIJIg ©30TPOIIHOTO TeJIa.

Juccunanusa MexaHu4vecKol SHEPIruu B TEJIE JAeTCsA CyMMOM

Eex = f%f(VT)QdeZfRdV,

rje MepBbiil 4jaeH 00yCJIOBJIEH TEIIONPOBOJHOCTHIO, a BTOPOi
BSI3KOCTBIO. Bocnonb30BaBmuch Boipazkenuem (33.5), umeeM, Takum
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obpazom, dopmyty

. B 1 2
Buos = =2 [ (V1) v ~ 21 [ [ (o = Souon)” av = ¢ [ v,
(34.1)

it BI9UC/IEHUS TDAJIMEHTA TEMIIEPATYPbI MMOJB3YEMCA TEM, UTO
3BYKOBbIe KojieOaHust B mepBoM npubsvkenun ajuabarudnbl. C mo-
MOIIBIO Bbipazkenus (6.4) st SHTpONMM 3anuiem ycaosue aauada-
TUYIHOCTU B BUJIE

So(T') + Kauy = So(To),

rne Ty — Temmeparypa B HegedopMupoBanHOM coctostaun. Pazia-
rast pasrocth So(T) — So(Ty) B psax no crenensim T — Ty, nveem ¢
TOYHOCTHIO JI0 UJEHOB TIEPBOTO TTOPSIKA

28y _ Cu

So(T) = So(To) = (T = To) - =

T — T
Ty To 0)

(npousBosHas or 3HTpONMKU Gepercst npu u; = 0, T. €. NpuU MOCTOsTH-
HOM obObeme). Takum obpazom, nveem

T*T():*T(}'K

Ugj .

v

BocnoabzoBaBmuch TakkKe COOTHOIIEHUAMU

— C, a 2 4 9
K= G Kan_ 2 4,
n3 C angs P 1 3t7

p

TIEPETIMChIBAEM 3TO BBIpAKEHME B BUJE

T—T) = —% (c? — %c?) wis. (34.2)
p

Paccmorpum cHagasia morsiomnienue monepevHbix YIPyTuX BOJIH.
TerntonpoBogHOCTL BOOOIIE HE MOXKET MPUBECTU K MOIJIOMIEHUTO Ta-
KuX BOH (B paccmarpuBaeMom npubzkenun). JleficrBurensno, B
nonepedHoit BosiHe u;; = 0, 1 MOTOMY TeMmIiiepaTypa B Hell, corJac-
HO (34.2), nocrosuna. [TycTs Hanpasaenne pacpoCTPaHEHUsT BOJIHBI
BbIOPAHO B KA4eCTBE OCH T; TOTJIa

gy =0, wuy =ugycos (kx —wt), u, = ug, cos (kx — wt)

¥ U3 KOMIIOHEHT TeH30Pa 1eOpMalUy OTJIUIHBI OT HYJISI TOJIHKO

wo-k

uoyk Upy = — 5 sin (kx — wt).

Ugy = —— sin (kx — wt)

’
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Bynem orHOCHTS JAuccunamnuio SHEPruu K eAuHUIe 00beMa TEa;
A1t cpeero (o BpeMeHn) 3HAYEHUs ITOH BeJMHUUHBI [I0J1y9aeM U3

(34.1)

1
w9 2
Eyex = 97 (“‘Oy + ug,),

rae Mbl nogcrasun k = w/c¢;. Tonnas ke cpegnss sHEprusi BOJI-
Hbl paBHA YJBOCHHOW CpeJHEN KMHETUYECKOW JHEPruu; OTHOCA ITY
BEJIMYUHY TOXKE K €JUHUIE 00beMa, M0y duM

5 pw’, 9 2
FE = qu = pT(UOy + uOZ).

Kosddunument norsomenns 3ByKa ONpeIe/isiercss KaK OTHOIIE-
HUEe CpejHeil JIMCCUNIAIMA 3HEPIUU K YJIBOEHHOMY CPEeJHEMY TOTO-
Ky SHEPrud B BOJIHE; 9TA BEJUYUHA ONPEe/sder 3aKOH U3MEeHEeHWs
AMILTUTY/IBl BOJIHBI C PACCTOSHEEM, yObIBAIOIIEH TPONOPIHOHAIBHO
e 7. Taknm obpazom, HAXOAWUM I KO3 DUIMenTa TOTIOEHsT
TIOTIEPEYTHBIX BOJIH CJIEIYIONIEE BhIPAYKEHNE:

‘EMEX‘ 2
== (34.3)
2¢E 2pc}

B npoznosbHOit 3BYyKOBO# BOIHE Uy = Ug €08 (kT — wit), Uy = u, =

= 0. Arajornaroe BIYHCIEHNE ¢ TTOMoIThio (hopmys (34.1) n (34.2)
MPUBOANT K Pe3yJIbTaTy:

w? (4 ) »Ta?p?ct ( 4c? ) 2
= — {1l -—= . 34.4
M= e [\ ¢)+ o 3 (34.4)

D1u HOPMYJIbl OTHOCATCS, CTPOrO TOBOPSI, JIUIIb K HOJTHOCTHIO
n30TPOnHbIM aMopdubIM TesiaMm. [1o mopsiiKy BeJmauHbl OHM, OTHA-
KO, OIIPE/IeJIAIOT 3aKOH MOTJIONIEHUS 3BYKA TAKYKE U B AHUBOTPOIHBIX
MOHOKPUCTAJ/LIAX.

CroeobpaszHble 0COOEHHOCTH MPEJICTABJISET TOMJIOMIEHNE 3BYKA B
MOIMKPUCTAJLINYECKUX Testax. Eeiu yimaa BOHBI 3ByKa A MaJjia 110
CPaBHEHWIO C Pa3MepaMu ¢ OTIALILHBIX KPUCTAINTOBR, TO B KAXKIOM
KPUCTAJLIATE 3BYK TIOTJIOIIAETCST TaK YK€, KaK OH TOTJIONIAJICA OBl B
OOIBITTIOM KpUCTALIE, M KOIMDMUIMEHT TOTIOMIEHNsT TTPOTIOPITNOHA-
eH w2

Eciu ke A > a, To xapakTep nor/iomenns MeHsgercd. B Takoii
BOJIHE MOYKHO CUMTATH, 9YTO KAYK/IBI KPUCTAJIINT TTOBEPTaeTCs BO3-
TeViCTBUIO OJIHOPO/IHO pacipeeeHHoro nasaenns. Ho Beumy anm3o-
TPONWH KPUCTAINTOR W TPAHWIHBIX YCJIOBUI HA MOBEPXHOCTAX WX
COTTPUKOCHOBEHUST BO3SHUKAIOIIAS TP 3TOM j1ehOpMAaInst HEOTHOPOI-
Ha. OHa OyJIeT WChBITHIBATH CYIIECTBEHHbIE N3MEHEeHNUsT (M3MeHeH e

NOPsi/IKA BEJIMYMHBI €€ CaMOil) Ha MPOTIKEHUH PA3ZMEPOB KPUCTAJI-
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JINTA, a HEe HA MPOTIKEHUH JJIMHbI BOJIHBI, KAK 3TO ObLIO ObI B OTHO-
poxuaoMm Tejie. [ljig moryomnenus 3ByKa CyeCTBEHHBI CKOPOCTHU U3Me-
Henng JedopMaluy U BOZHUKAIOIINE T'PAJAUEHTH TeMieparypsl. 13
HUX TEPBbIE OyyT UMETH MO-TIPEYKHEMY OOBIYHBIN TOPSIIOK BEJIUYU-
wbl. ['pajimenTs! ke TeMueparypsl B Ipejiesiax KaxK0ro KpucTajiin-
Ta aHOMAaJIbHO Besinku. [lo3ToMy morsomenune 3ByKa, 00yC/I0B/IEHHOE
TEIJIONPOBOHOCTHIO, Oy/1eT BEJUKO 110 CPABHEHUIO C TIOIJIOIIEHUEM,
CBSI3AHHBIM C BSA3KOCTBIO, W JOCTATOYHO BBIYUCIUTH TOJBKO IIEPBOE.

Paccvorpum 1Ba pasamyuHbIX Tpeie/IbHBIX caydas. Bpewms, B Te-
YeHWe KOTOPOTO TPOWCXOJUT BBIDABHWBAHWE TeMIlepaTyp Ha pac-
CTOSIHUSAIX ~ @ TIyTeM TEerJIONPOBOJHOCTH (BpeMsi PeJIaKCAllnu JIjist

TEMNJIONPOBOJIHOCTH), — TIOPSIJIKA BEJIMUNHBI a2/x. ITpeamonoxum

cHauasia, 4To w <K x/a?. DT0 3HAYMT, UTO BPeMs PEJAKCAIMHE MAJIO
110 CPABHEHUIO C MEPUOJIOM KOjeOaHuit B BOJHE, W HOTOMY TEILio-
BOE PABHOBECHE B IpeJesiax KaxKJI0r0 KPUCTAJLUINTA B 3HAYUTEJHHON
CTENEHU YCIEBAET YCTAHOBUTHCS; Mbl UMEEM 3J1€CH JIEJI0 ¢ TOUTH W30~
TEePMUYECKUMU KOJIEOAHUSIMH.

[Tyctys T' — BOZAWKAIOMIME B KPWCTAJIATE PA3HOCTH TEMIepa-
Typ, a Tj) — pasHOCTH, KOTOPBIE BO3HUK/IN ObI TIPH anabaTnaeckoM
npouecce. Pacxon Tenia nmyrem temionpoBogHoctu (Ha eauHuiy 00mb-
emMa) ecTh /

—divg = »AT' ~ I
a2
KonuuecTro ke Teria, BuIgesIONIeeCsT TTpu gedopMarum, — mopsij-

ka Besmaunbl 15C ~ wTjC (C remnoemkocrs). Ilpupasuusas s1u
JIBa BBIPAZKEHUsL, TTOJTYIUM

T~ T
X

TemnepaTypa MCIHITBIBAET U3MeHeHne ~ T Ha MpOTSyKeHnn pasme-
POB KPHCTaJLINTA, TaK 9To ee rpajanent ~ T'/a. Hakonen, Ty Haxo-
M 13 (34.2), Tae Ha10 noaoKuTE Uj; ~ ku ~ uw/c (4 amMnamuTyaa
BEKTOPA CMEIIeHs ):

T ~ T()‘%u (34.5)
(oneHMBAS NOPSJIKY BEJUYMH, Mbl, €CTECTBEHHO, HE OTJMYAEM Pa3-
JIMYHBIE CKOPOCTH 3BYKa ¢). C NOMOIIBIO 3TUX PE3Y/IbTATOB BBIYKC-
JII€M JUCCHIIAINUIO SHEPIUd B €JUHUIE 00beMa;

— T 2
Buex ~ 29T ~ 2 ()

U, pa3jIe/INB ee Ha TOTOK HEpPTHn ¢k ~ cpw’u?, Tomyany NCKOMbIi

K03 PUIMEHT 3aTyXaHNST
To’pea® 2

o PP 2 mpr w A (34.6)
xC a?
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(C. Zener, 1938). CpaBHuBas 310 BbIPAKEHUE € OOBIYHBIM BbIPAZKE-
avem (34.3) n (34.4), MBI MOXKEM CKa3aTh, 9TO B PACCMATPHBAEMOM
cIydae TIOTJIOIIEHNE 3BYKa TTOJUKPUCTAINIECKUM TEJIOM TTPOUCXO-
IWT TaK, KaK €CIu OBl OHO 0071318710 BSI3KOCTHIO

Ta?p?cta?
xC

ropaszio OOMbINell, YeM NCTUHHASA BA3KOCTH COCTABJIAIONINX €0 KpPH-
CTAJLITUTOB.

Hamee, paccMOTPWM YacCTHBIN TIpeJIeTbHBIN  Ccaydail, Korja
w > x/a®. JIpyruuvm clI0BamMu, BpeMsi pelakCallii BeJINKO T0 CpaB-
HEHWIO C TIEPUOIOM KOJIeDaHmit B BOTHE, W 32 BPeMs KayKJI0TO TIePUO-
ITa, He yCTeBaeT MPOU30UTH 3aMETHOE BHIPABHUBAHNE BOSHWKAIOIINX
npu gedopmarun pazuocreit remmepatyp. beiio 661, oHaKO, HEmpa-
BUJIBHBIM CUNTATH, 9TO OMPEIE/ISAOIINE TTOT/IOMEHe 3BYKa TPaINeH-
TBI TeMIepaTypel mopsiaka Beandausbl 1) /a. TeM caMbiM MBI yIUTHI-
Ba/I OBI JIUITH TIPOIECC TEMJIOTTPOBOIHOCTH BHYTPHU KaYKI0TO KpH-
crajanTa. MexxIy TeM OCHOBHYIO POJIb B JAHHOM CAydae JOKEH
urparth Temnoobmen mMexy cocepanumu kpucrasnavu (M. A. Heaxo-
sun, 1948). Ecim 661 KpucTa/inThl ObIIN TEMION30JUPOBAHBI JAPYT
OT Jpyra, TO Ha TPAHUIE MEXK/y HUMH CO3IaBaINCh Obl PA3HOCTH
TEMIIEPATYDP TOTO ¥Ke TOpsi/IKa BenInHbl T(), 9T0 U PA3HOCTH TeMITe-
paTyp B TipezesiaX OTAEJbHOTO KPUCTALIUTA. B j1eiicTBUTe/IbHOCTH
YK€ TPAHWIHBIE YCIOBUS TPEOYIOT HEITPEPHIBHOCTH TEMIIEPATYPHI TTPU
Tepexoie Uepe3 TOBEPXHOCTH COTMPUKOCHOBEHUS MEXK Ty KPUCTAJIIN-
Tamu. B pe3yabrare BO3HWUKAIOT «PACTPOCTPAHAIONINECST» OT Tpa-
HWT[ BHYTPh KPUCTAINTA «TEeMIEpATypPHBbIE BOJHBI», 3aTyXaIOIINe

Ha PACCTOSHUU D) 12
5 ~ (K) .
w

B paccmarpusaemom ciyuae § < a, T. €. OCHOBHOI TPAIUEHT TEMITE-
parypbl  IIOPs/IKa BEJIMYNHDI Té/(s 1 UMeeT MECTO Ha PACCTOSTHUAX,
MaJIbIX 110 CPABHEHUIO ¢ 00IuMU pasMepamu Kpuctajiuta. CooTBer-

CTBYIOIIAasd 9aCTh O6'BeMa KPpUCTAJINTA ~ (12(5; OTHOCA €€ K TTOJTHOMY
06beMy ~ a?, HaiieM CpeHIOI IMCCHTAIINI0 SHEPTUH:
E x (T} 2 4% _ »T}?
mex ™~ S\ o 3 .
T \§ a Tad

Y

b Hanomuum, 910 ecnmu TemmonpoBOAdmas Cpela OrpAaHUYEHA ILTOCKOCTHIO
x = 0, n30pITOYHAs TEMIIEpaTypa KOTOPOH M3MEHSAETCs TIEPUOANIECKHN 110 3aKOHY

T' = Te ™!, 10 pacupeme/nenue TeMIEPATY Pl B CPEIE OMACHIBACTCH < TEMIIEPa-
TYPHOII BOJTHOMN»

T' = T exp [—iwt —(+d)z Mw/(?x)}
(em. VI, § 52).

7 JI. J1. Jlangay, E.M. JIndmu, Tom VII
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Honcrasus as T) seipaskenne (34.5) u pasgenus na cE ~ cpw’u?,

MOJIy9MM UCKOMBIH KO3(PDUIMEHT TOT/IOMIeHS

To’pe
v~ 2P xw npn w > X (34.7)
aC a?
OH 0Ka3bIBAETCsI TPOMOPINOHATIBFHBIM KOPHIO U3 YaCTOTHI ).
Taxum obpazom, K03hHUIMEHT TOTIONIEHNS 3BYKA B TIOJUKPH-

CTAJLTTIECKOM Tejle TIPH CaMBIX MasblX qacToTax (w <K x/a?) me-

Hsercs Kak w?; zareM B obmactu x/a? < w <K c¢/a on Mensercs

LPONOPLMOHAIBHO w'/? ) a mpu w > ¢/a xkoadbdunuenT noraomenns

CHOBA TIPOTIOPIMOHAJIEH W,

AHaJIOTT/IqHBIe COO6pa)KeHT/I§{ OTHOCATCA M K 3aTYXaHWIO TTOTIEPEY-
HBIX BOJITH B TOHKUX CTEPXKHAX W TIJIACTUHKAX. EC.HT/I h €CTh TOJIIIINHA
CTEpKHS WU TJIACTUHKA, TO TPU A > h CYIIECTBEH T'PAJTUEHT TeM-
TepaTyphl B TIOTIEPETHOM HAMPABICHUN U 3aTyXaHue 00YCIOBIECHO B
OCHOBHOM TeTJIONPOBOIHOCTRIO (CM. 3aja4un 31oro naparpada). Ec-

JIA 1IPU 9TOM BBIIOJIHAECTCA HEPABEHCTBO w K X/h?, 10 KOojebanus
MOXKHO CYMTaTh U30TE€PMUYECKUMU; 11I03TOMY LIPU OLIpeJle/IeHUuU, Ha-
[PUMEP, 9ACTOT COOCTBEHHBIX KOJ€0AHUN CTEPYKHS WJIN ILIACTUHKI
Ha/I0 B 9TOM CJly4dae 10/1b30BaTbCd U30TePMUYECKUMU 3HAYCHUAMU
MOJYyJIeil yIpyrocTu.

Bagauu

1. Onpenenmuth K03 dUMMEHT 3aTyXaHus TPOJOIbHBIX COOCTBEHHBIX KOJIE-
OaHmit CTep KHSI.

Pemenne. Kosddunnenrt 3aryxanns komebanuii co BpeMeHeM OIIpeaesisi-
eTcs Kak

Buex
2F
AMILTATYIa KOMeGAHTil yOBIBACT CO BPEMEHEM IIPOTOPIMOHATIBHO € PF,
B npo10/ibHOI BOJIHE B KayK/I0M MaJIOM y4YaCTKe CTEPYKHS MPOUCXOAUT TPO-
CTOe pacTd:KeHHe WU CXKaTHhe; KOMIOHEHTBI TeH30pa AedopMarun
ou. ou.

Uzpe = Uyy = —Oap ,

8z’ 0z

pU 3TOM U, = g €0S kz cos wt, rie

Uzz =

w

VEan/p

Brorancienns, aHajioruaHble TPUBEAEHHBIM B TEKCTE, TPUBOAAT K CJIEYIOMIEMY
BBIPAYKEHUTIO 171 KOIDDUIMEHTOB 3aTyXaHUsI:

5= (“j{ﬂ 3¢; — 4c} ¢e? »Tp*a? }
2p L3 (c] =cf)e}  (c] —c})(3c} — 4c}) 9C?

Buecto Eagn, Gay MBI BBEU 371€Ch CKOPOCTH 7, ¢¢ COTnacHo dhopmynam (22.4).

1) Takoit e YACTOTHOI 3aBUCHMOCTBIO XapaKTepu3yeTcs MOTIOIIeHNe 3BYKa,
PACTPOCTPAHSAIONIETOCS B JKUIAKOCTH WJIW B Ta3e BOIM3M TBEPAOi cTenkn (Harnpu-

Mmep, mo Tpybe); cm. VI, § 79.
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2. To ke a7s IPOJONBHBIX KOMEOAHMIT IITACTUHKMA.

Pemenmne. [lns BomH ¢ HampasjieHWeM KojiebaHWi, mapasjiebHBIM Ha-
TIPABJIEHUIO BOMHBL (OCH T), IMEEM CJICAYIOIHUe OTINIHBIE OT HY/I KOMIOHEHTBI
TeH3opa aedopMalum:

Oy _ gan auz

Uzz = 3 Uzz =

ox 1 — oan Ox

(cm. (13.1)). CkOpoCTh PACTIPOCTPAHEHUS STUX BOTH PABHA

|: Ea;[ :|1/2
p(1 — U%;{)

Brraucienne npuBoanT K pe3yabTaTy:

5= {773(’1 +4cf —6¢ic? ¢el n %Ta2p2(1+aa;[)2}
2p L3 cici(c} —«c}) e (e} —c}) 9C2

Jlist BOMIH ¢ HaTpaBeHWeM KOIeOaHUil, MepPIeHInKY /ISPHBIM HATIPABICHUIO
BostHbL, 4 = ( u 3aTyxanue 00yCIOBIEHO OTHOM TOMLKO BsA3KOCTHIO 7). Koaddu-
[WEeHT 3aTYXaHUs sl TAKAX CIy9IaeB BCET/Ia Ompeienisercs (hopmyaom

nw?
= 5
2pc;
K stum caygasiMm OTHOCMTCS Takyke M 3aTyXaHMe KDPYTHIbBHBIX KOge€OaHmil B

CTepIKHSIX.
3. Onpegennrs ko3dduULMEHT 3aTyXaHWs TOTIEPEYHBIX COOCTBEHHBIX KOJIe-
Ganmii CTepKHs (C YACTOTAME, YIOBIETBOPAIOIINME YCI0BHO w > X/h?, h
TOJIIWHA CTEPIKHS).
Pemenne. OCHOBHYIO PO/Tb B 3aTyXaHUH UTPAET TEILIONPOBOAHOCTE. Co-
rnacHo § 17 uMeeM B KaxKI0M 37eMeHTEe 00beMa CTEepIKHS

x T
Uzz = —, Ugzr = Uyy = —0ang—
R R

(w3rmb B IIOCKOCTH 2); IpH w 3> X /h? KoneGanus agmabatuanst. Ilpn crabom
usrube paamyc kpususabl R = 1/X" | tax uro

Ui; = (1 — 20’32[) zX”

(mTpux o3znavaer mmddepennmposanme no z). Hambomee OnicTpoe n3mene-
HUE TeMIepaTypa WCIOBITHIBAET B HANPAB/IEHUH MONEPEK CTEPIKHS; MOITOMY

(VT)? = (0T/0z)*. C momompio (34.1) u (34.2) nomyuaem misi cpemmeit muc-
CHTIAIIAN SHEPTUM BO BCEM CTEPIKHE

zTa Eaﬂ f <7 4
9C?

(S — muomaan cedenns crepxkas). CPeHIO MOTHYO SHEPTUIO MOKHO HAafTH
KaK yJBOCHHYIO MOTEHIUATBHYIO 3HEPTHUIO:

Eanl, [ X7z
OxoH4YATETHHO TOMYYIuM /11 KoddduimenTa 3aTyXaHus

%Ta2 SEa;[

b= "s,0

T*
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4. To ke 1/1a ONEPeYHbIX KOIeOAHNH TACTUHKY.
Pemenwne. Cornacro (11.4) nveem B KaXKI0M 3/1eMEHTE 00heMa TJIACTHHKA

172@%@

Wir = —
" 1—0ag Ox?

(n3ru6 B mutockocTn x2). Anccnmanmio sreprumn vaxogum no dopmymam (34.1) n

(34.2), a momuy1o cpemHion 3Heprui0  yasamBas Beipaxenue (11.6). Koaddn-

[UEHT 3aTyXaHUsA PABEH

5= 25Ta’Ean 1+ 0an _ 25Ta’p (3] — 4c¢})’c}
3C2h? 1 —o0an 3C2h2 (2 —c})e}

5. Omnpenenuth m3MeHeHWE COOCTBEHHBIX YACTOT TOMEPEYHBIX KOTEOAHUM
CTEPXKHSI, CBsI3aHHOE ¢ HeaanabdaTnaHOCThIO Kosnebanuit. Crepykenn umeer dop-
My IIHHHON TimacTuHKM Tommuuabl h. [loBepXHOCTH CTEpKHS TIpEInoIaraeTcs
TeII0N30IUPOBAHHON.

Pemenwme. Ilycrs Tan(x,t) ecTs pacnpenesieHne TeMIIEPATYPhl B CTEPIKHE
npu agnabaTuaeckux Komebanmax, a I'(z,t) HWCTHHHOE PACTIPEIETICHUE TEMIIE-
paTypbl B HEM ($ — KOOpJAuHaTa BAOJ/Ib TOJIMIWHBI CTEPXKHA; USMEHEHUEM TEeMIIe-
PATYPBI BAOIb IJIOCKOCTH Y2z TIpeHedperaeM Kak 6osree MeIeHHbiM ). [10CKOmbKyY
npu T = Tay Temnoo6MeH MeXIy OTAENbHBIMU y9acTKAaMHU Tesa OTCYTCTBYET,
SAICHO, 9TO YypPpaBHEHHWE TEIJIONTPOBOAHOCTH JOJI?2KHO MMETH BU/L

0 o*T

(1~ Tag) = x 2L,

ot oz?
ITpu neproanaeckux KomebaHUAX € 9ACTOTON W OTKIOHEHUS Tay = Lag—To, T =
=T —Tj TemnepaTypbl OT CBOETO PABHOBECHOTO 3HAYEHNs 1) TPOMOPINOHAIHHEI

e " MBr mveem

g W w
T + —T = —Tagx
X (
(mTpux o3magaer muddepenmuposanne no ). II0CKONBKY Tasx, cornacuo (34.2),
MPOTIOPIMOHAILHO %), & KOMITOHEHTHI %;; TPONopumorababl & (cM. § 17), To
Tag = Az, tme A MOCTOAHHASA, KOTOPYIO HET HAMOGHOCTH BBIMUCIATH (OHA
BBINIA/IACT W3 OKOHYATEIHLHOTO OTBEeTa). Pemenne ypasHenus
4+ E7' = ﬂAm
X X
¢ rpannunbIM yesosrem 7 = 0 ipn & = +h/2 (MOBEPXHOCTH CTEPIKHSA TETIION30-
JIMPOBAHA) €CTh

:A(fik) e (14d) ]2
kcos (kh/2) 2x

Mowment M, cmn BHYTPEHHWX HATPAXKEHUI B M30THYTOM CTEpXKHE (mM3rub
B IJIOCKOCTH TZ) CKJAJBIBAETCS M3 M30T€pMHUYIeckoil yacru Mypz (MOMeHT npu
M30TEPMUYECKOM U3Trube) U U3 9acTH, CBA3AHHON ¢ HEPABHOMEPHO HATPETOCTHIO
crepxkusi. Ecim Myan ects mMomenT npn aamabarmveckom m3rnbe, TO 1pm He
BIOJTHE a11abaTHIeCKOM IIPOIECCe IOMOTHUTETbHAS 9acTh MOMEHTA YMEHBIIa-
eTcd IO CPAaBHEHUIO ¢ BenuuuHoU My ay — My p3 B OTHOIIEHHH

h/2 h/2
1+ flw)= [ 2rdz [ zragdz.
—h/2 —h/2
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Omnpenenss npu TPOU3BOIBHOM dacToTe w MoAy b HOHTa E,, Kak K0ad durmument
nponopunonansaoctn mexay My u Iy /R (cm. (17.8)) u 3ameuas, aro Eang —

— E = E’Ta”/(9C,) (em. (6.8); E wmzorepmuueckuit Momysis FOmra), Moskem
HAINCATH: To?
21

Ba= B4+ @] B oo

Brerancnenne naer ans f(w) Bhpaxkenne

24 kh kh
= pg
() h3k3(2 6 2)

TIpn w — oc nostyvaem, Kak m J10J1KHO Ob1s10 ObiTh, f = 1, Tak ur0 Eo = Eap,
anpuw -0 f=0u Ey = E.

YHacTtorel cOOCTBEHHBIX KOIEOAHUN MPOMOPIMOHAIBHBI KOPHIO W3 MOIYJIS
FOwura (cum. 3amaum 4 6 § 25). Ilosromy nmeem

ETa2]
18C, |’

rjae wg  3HAaYeHWs COOCTBEHHBIX YACTOT MPHU IMOJTHON aamabaTUIHOCTH KomeOa-
HUil. DTO w KOMIIEKCHO. Paznends nefcTBUTENbHYIO B MHUMYTO 9acTh (w = w'+
+ i3), Noay9aeM OKOHYATEILHO /ISt COOCTBEHHON 9acTOThI
) ETa* 1 shé —siné
w =wo |1— —

3C, &3 ch&+cosé

w=woP+fW®

n st Ko3ddunnenTa 3aTyxaHns
2ET o’y [1 1 sh¢ +sin§}
3C,h? € ché+cosé]’
rze BBegeno obosuagenne & = h(wo/2x)'2.

IIpu 6onbmmx 3raveHnsx £ 9acTOTa W CTPEMUTCS, KaK M CJIEJI0BAJI0, K Wo, a
K03 dunmeHT 3aTyXaHus K

B =

2ETa’y

A=

B COIJIACHU C Pe3yIbTaTOM 3aJa4’ J.
Mausnsie ke 3ua4YeHNst £ COOTBETCTBYIOT MOYTH M30TEPMUYECKUM YCIOBUSIM;

B 3TOM CIydae .
( ETa2) ( E )” 2
wRwol|l-— X wWo s
18C, Eap

a koaddurmenT 3aTyxaHnst

ET?a?h®
B=——uwp-
180C, x

§ 35. Ouenpb BA3KUE >KUIKOCTHU

Mg tunumaaeix kugkocteit ypasuenus Hasne—Crokca mpume-
HUMBI JI0 TeX TIOp, TMOKa NMePUOAbl JIBUKEHNUS BEJWKN TI0 CpaBHe-
HUIO C MOJIEKYJISIPHBIMEU BPEMEHAMU. DTO, OJHAKO, HE OTHOCUTCS K
0YeHb BA3ZKUM KuakocTaM. J[s Takmx Kujakocreit 0ObIYHbIE THI-
pPOMHAMWYECKNe YPABHEHNSI CTAHOBATCS HEIPUMEHUMBIMU yrKe TIPHU
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ropasfo 60sbmux nepuogax jpukenusi. CymieCTBYIOT BI3KHE KU
KOCTH, KOTOPbIE B TEUEHUE JIOCTATOYHO MaJbIX (HO B TO Ke BPeMs
BOJIBIINX TI0 CPABHEHWIO C MOJIEKYISIPHBIMI) TPOMEKYTKOB BDEMEHH
BeayT cebsi, Kak TBepable Tena (HAanpumep, LJIUIEePHH, KaHu(OIIb).
Amopdmubie TBepabIe Tena (HATPUMED, CTEKJIO) MOXKHO PACCMATPH-
BaTh KAK IPEJEIbHBIN Cydail TAaKuX KUJIKOCTeH ¢ BecbMa 00JIbIIoit
BSA3KOCTHIO.

CroiicTBa 9TUX KUJKOCTEH MOTYT OBITH OMUCAHBI CJIELYONUM
criocobom (npejioxkenusiMm Makceeanrom). B redenue Maabix 1po-
MEXKYTKOB Bpemenu onu ynpyro gedopmupyiorcd. [locie npexpa-
mieHust jiepOpMalu B HUX OCTAIOTCsl HAINPSI)KEHUs] CIABUTA, 3aTy-
Xarolye, OJHAKO, CO BPEMEHEM, TaK YTO [0 MCTEYEHUU JOCTATOIHO
BOJIBIIIOTO MPOMEXKYTKA BPEMEHN HUKAKUX BHYTPEHHUX HAIPAKEHUI
B YKUJKOCTU MPAKTHIECKU He octaercsd. [lycTbs T ecTh NMOpsoK Be-
JINUUHBI BPEMEHHU, B TE€YEHUE KOTOPOrO MPOUCXOAUT 3aTyXaAHUE Ha-
npsizkenunii (7 Ha3bIBAIOT MHOIA MAKCBEJJIOBCKUM BPEMEHEM DEJIak-
canun). TIpeanonokum, 4To KUJAKOCTH MOJABEPTaeTCs BO3AEHCTBHUIO
HEKOTOPBIX [IEPEMEHHBIX BHEIIHUX CUJI, IEPUOJUIECKI MEHSFOIIIXCS
CO BpemeHeM ¢ 4actoroii w. Ecau nepuog 1/w uzmenenns cun ek
110 CPABHEHUIO C BPEMEHeM pejlakcanuu 7, T. e. wT K 1, 1o pac-
cMaTpuBaeMast KUJIKOCTh OyJIeT BeCTH cedst, KaK OObIUHAsT BsI3Kasd
KUJAKOCTh. HanpoTrus, npu goctaTouno 60ibmmx 4actorax w (Koraa
wT > 1) wugkocth Gymer BecTn cedst, Kak aMopdHOe TBepJIoe TeJIo.

COOTBETCTBEHHO TAKUM «TTPOMEKYTOUHBIM» CBOWCTBAM paccMa-
TPUBAEMBIX YKUJIKOCTEH WX MOYKHO XapaKTePU30BATH OJHOBPEMEHHO
K03 DUIMEHTOM BA3KOCTH 7) W HEKOTOPBHIM «MOIYJIEM CIBUTAY [i.
JIerko TOMyYuTH COOTHOIEHWE, CBSI3BIBAIONIEE NIPYT C APYTOM TIO-
PSIKY BEJIUYWH 7), j4 W BpeMmenu penakcanwu 7. [Ipu BO3meiicTeun
MEPUOJUIECKUX CUJI C IOCTATOYHO MAJION 9acTOTOM, KOIIa KUJIKOCTh
BejeT ceds, Kak 00bIYHAs, TeH30D HAIPKEHUI onpeieisiercs 0Obid-
HBIM BBIDAXKEHUEM JIJIsl BSI3KUX HAMPSI)KEHWUT B KUJIKOCTH, T. €.

Oik = 2N, = —2iNWl;g.

B obparnom npesenbaOM ciiydae OOIbINX YaCTOT KUIKOCTH Be-
ner cebsi, KAK TBEPAOE TEJ0, U BHYTPEHHUE HAIMPSZKEHUs JIOJZKHbI
onpeseadaThCd 110 (popMy/IaM TEOPHUH YIPYTOCTH, T. €. Ok = 2[Uk
(peunb mger Bce Bpemsi 0 «aedOpMaNUAX YUCTOrO CABUIA», TAK YTO
npeanonaraercst, ato u; = 0, o5 = 0). Ipn wacrorax mopsiaka
w ~ 1/7 HanmpsiKEeHWs, OMPENEsSIONINecsT STUMN JBYMs BhIpayKe-
HUSMU, JOJIZKHBI COBIAIATH TI0 TTOPSAIKY BEININHBL. TaknM obpa3om,
nmeeM Nu/AT ~ pu/A, OTKy1a

N ~ TH. (35.1)

OTO U eCTh UCKOMOE COOTHOIICHHUE.
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BriBesem, HAKOHEL[, YpABHEHUE JIBUKEHUSI, KAYECTBEHHO OIMUCHI-
BAIOIIEe IMOBEJ/IEHNE PaccMaTpuBaeMbIx kujakocreit. Jlas sroro Oy-
JIeM MCXOJUTh U3 Harbojiee IPOCTOTO MPE/INOJIOKEHN 0 3AKOHE 3aTy-
XaHWsl BHYTDEHHUX HANpPsizKeHuil (n0cae Npekpamienus BUKEeHUs );
UMEHHO, OyJIeM CUUTaTh, 9T0 OHO HPOUCXOJUT MO TPOCTOMY IKCIIO-
HEHIMAJBHOMY 3aKOHY, Y€MYy COOTBETCTBYET ypPaBHEHUE

doi, 710_
dt T k-
C apyroit cTOpOHBI, B TBEPJIOM Tejie ObLI0 Obl 0y = 21, ¥ TOTOMY
daik _ duik
i Ha
Jlerko BU/IeTH, 9TO ypaBHEHWE
daik 1 duz’k
+ —0i =2 35.2
a kT (35.2)

TMPUBOJINT K TIPABUILHBIM PE3yIbTaTaM B 000X TPEIeIbHBIX CIyda-

SIX MEJJIEHHBIX W OBICTPBIX JIBUKEHUH, a MOTOMY MOYKET CJIYKWUThH

WHTEPIOJSAINOHHBIM YPABHEHUEM JIJIsT TPOMEIYKYTOUYHBIX CIIYYaeR.
Tak, A1 NMeproanvyeckoro JIBWKEHWS, KOTAA Ujp W O 3aBUCAT

OT BPEMeHN MOCPeACTBOM MHOKuTes e ““l mveem n3 (35.2)
. 1 .
—iwaojk + 0 = — 29w,
T
OTKyJa
2p
Oifp = ———— Uk 35.3
ik 1+i/(wr) ik ( )

I[Ipu wr > 1 sra dopmyna maer o = 2k, T. €. 00OBIYHOE BbIPa-
JKeHMe Jjisd TBePAbIX TeJl, a npr w7 K 1

Ok — *272[&7’(4)71,“6 = QyTQZik

00ObIYHOE BbIpazKeHue JJid 2KUJIKOCTU C BA3KOCTBIO UT.



FTABA VI

MEXAHUKA YKNJKNX KPUCTAJIJIOB ')

§ 36. Craruueckune gedopmannum HEMATUKOB

Knakne KpuceTawabl TTPeCTaRISTIOT co00i ¢ MaKPOCKOMIIECKO
TOYKW 3PEHNST aHN30TPOMHYIO TEKYUyIO cpemy. Mexanmka 3Tux cpes
Hecer B cebe UEpThI, CRONCTREHABIE KAK OOBITHBIM >KUIKOCTAM, TaK
7 YyIPYTAM CPEIAM, U B 3TOM CMBICIE 3aHUMAET TIOJI0KEHNE, TTPOMe-
JKYTOIHOE MEXK/y THAPOJAMHAMUKONW M Teopuel yrnpyrocTu.

CymecTByoT pasMvHbIE THIbl JKUJKUX KPHUCTALI0B. Karero-
DUIO HEMAMUYECKUT HCUIKUT KPUCMAAL06 (MK, KAK TOBOPAT /s
KPaTKOCTH, HEMAMUKOG) COCTABIIAIOT CPeJIbl, KOTOPhIE B CBOEM He/Ie-
GOPMUPOBAHHOM COCTOSTHUW OJHOPOAHBI HE TOJBKO MAKpO-, HO W
MUKPOCKOTIMYECKW; aHW30TPOTIAS CPEAhl CRBA3AHA TOIBLKO C aHW30-
TPOMHOIT OpreHTaIyeil Mojieky 1 B mpocrpanctse (cm. V, § 139, 140).
TMogarnamomee GONBITMACTEO M3BECTHRIX HEMATUKOB OTHOCUTCS K
TPOCTEHTIIEMY WX TWTY, B KOTOPOM aHW30TPOTHUSA TOIHOCTHIO OTMpe-
JIEAACTCA 3aJaHNEM B KasKJIO0H TOYKE CPeahl eANHUIHOTO BEeKTOpa N,
BRIIEIAIONIETO BCETO 0RO M30paHHOe HATIPABJIEHNE; BEKTOP N HAZHI-
RAIOT dupexmopom. IIpu 3TOM 3HAYEHNT N W —N, PA3INYAIONINe-
CA JIMTTH 3HAKOM, (PU3WYECKN SKBUBAJIEHTHBI, TAK YTO BHIICICHHONI
SIBJISIETCS JIMITL ONPEJEJeHHAs OCh, & JBA MPOTUBONOJIOXKHBIX Ha-
NpaBJIeHUs BJOJb HEe SKBUBaeHTHBI. Hakonen, cBoficrsa 3Toro tu-
na HEMATUKOB (B KAXKJIOM 3JeMeHTe MX 00beMa) MHBAPUAHTHBI OT-

HOCHTE/ILHO WHREPCHV — M3MEHEHWsT 3HAKA BCEX TPEX KOOPIWHAT 2).
Hwxe Mbr paccmaTpuBaeM TOIBKO 3TOT THUTT HEMATWIECKUX KUIKUX
KPUCTAJLIOB.

Takum 006pazoM, COCTOsTHIE HEMATHIECKONH CPebl OMUCHIBACTCS
3ajlaHreM B KaKJ0il ee TO4YKe HAPAAy C OOBIYHBIMU JIJId YKUJIKOCTH
BeJIMYMHAMU  IJIOTHOCTH P, JIABJIEHUS P U CKOPOCTH V  €IIe U
nupekTopa n. Bee 3Ty BeIMUMHBI BXOAAT B KA9eCTBE HEU3BECTHBIX
GbyHKIMIE KOOPJUHAT 1 BPEMEHU B YDABHEHUSI JIBUXKEHUsI HEMATUKA.

B paBHOBECHOM COCTOSIHUUM HENOJBUYKHBIT HEMATHUK, HE HAXO-
JAAIMACS 10 JefiCTBMeM BHEIIHUX CUJl (B TOM 9HCIE CO CTOPO-
HBI OPPAHWYNBAIOIINX €r0 CTEHOK ), OJIHOPOJIEH: BO BCEM ero 00heme

') Dra rnasa manucana cosmectro ¢ JIII. ITuTaeBckuMm.

2) HemaTtukn, He MHBapmaHTHBIE OTHOCUTETHHO WHBEDPCUM, HEYCTONYUUBBI 10
OTHOIIEHNIO K jedopManym, peBpamaioneil nX B Tak Ha3bIBAEMbIE XOJIECTEPH-
Kk — cm. § 43.
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n =const. B nedopmupoBannoM ke HEMATUKE HAIIPABICHUE TUPEK-
TOPa MEJJIEHHO MEHSETCS 110 IPOCTPAHCTBY; MEJJIEHHOCTD ITOAPAa3Yy-
MEBAEeTCs 3/1eCh B OOBIYHOM 115 MAKPOCKOIIMIECKOH T€OpUH CMBICIE:
XapaKTepHbIE JIJIMHBI, Ha KOTOPBIX jedopMalius CYHIECTBEHHO Me-
HSETCsl, BEJIMKHU 110 CPABHEHUIO C MOJIEKY/IAPHBIMUA PA3MEPaMU, TaK
YTO NMPOU3BOJHBIE ON;/OT) JAOJKHBI PACCMATPUBATHCA KAK MAaJible
BEJIUYIUHBI.

B s10it riaBe mbl OyzieM 0THOCUTH BCE TEPMOIMHAMUYIECKUE BEJIH-
IWHBI K eIMHNIE 00heMa AedpOpMIPOBAHHOTO Teja, a He K eJUHNIe
obbema meaedopMUpOBAHHOTO, KaK B TIpeabaymnx raasax. Ompeme-
JIEHHAsT TaKUM 0OpPa30M TLJIOTHOCTH CBOOOHOI 3nepruu F HemaTn-
TEeCKOM Cpedbl CKIAIBIBAETCS M3 CBODOIHON 3Heprun HegedopMupo-
BanHoro nemarnka Fy(p, T) n suweprun nedopmarm Fy. Tlocieansis
TIpeJICTaBIAeT COOOI KBAAPATUIHOE TI0 TTPOU3BOSHBIM OT N BHIpaYKe-
Hue, obuwmii Bug xkoroporo (C.W. Oseen, 1933; F.C. Frank, 1958;
J.L. Ericksen, 1962)

Fg=F—Fy= %(div n)% + %(n rotn)? + %[nrot n?  (36.1)

(cm. V § 140); ormernM, 9T0 JIIst € IMHUYHOTO BeKTOpa n(r) B CHTy
ToxkaecTBa Vn? = ( crpaBejiinBo PaBeHCTBO

[nrotn] = —(nV)n, (36.2)

nosTomy mocieanuit wien B (36.1) Moxker OBITH 3anvcaH TAKXKe 1 B
sksuBasenTHON dhopme K3((nV)n)?/2.

Oueprus (36.1) urpaer B MeXaHWKe HEMATUKOB POJIb, aHAJIOTHY-
HYIO DOJIN yTIPYTOil sHeprun 1ehOpMUPOBAHHOTO TBEPIOTO Teja, W
MMEHHO ee CYIIECTBOBAHWE MPUIAET ITOH MeXaHWKe HEKOTOPBIE Tep-

THI TEOPUH YIPYrocTn ).

Tpu kBajpaTuunble KOMOMHAIMK TPOU3BOAHBIX B (36.1) Hezau-
CUMBI JIPYT OT JIPYyTa: KaXK/Jas U3 HUX MOXKET ObITb OTJIMIHA OT HYJIs
npu paBHBIX HYJIO AByX Apyrux. [losromy ycioBue ycroitunBocTu
He1ebOpMUPOBAHHOTO COCTOAHUS TPEOYET IOJIOKUTETHHOCTH BCEX
rpex ko3pduumenros Kq, Ko, K3 (byHKuuu miorHocTn u remie-
patyphbl); Mbl OyJIeM Ha3bIBATH WX MOOYAAMU YNPY20Cmu HEMATHKA
(ux Ha3BIBAIOT TaKkKe MOJyAamu Dpanka).

Vuoomgrem, aro gedopmMaruu, B KOTOPBIX OTJIUYHA OT HYJId JIUIIb
onHa u3 Besimuud divn, nrotn wiu [nrotn|, Ha3bBAIOT COOTBET-

1) JedbopMmpoBanme KUIKOTO KPECTANIA MPHBOIUT, BOOGIIE TOBOPS, K €r0
JAUSJIEKTPUYIECKON TIOJIAPU3alM M COOTBETCTBEHHO K BO3ZHUKHOBEHWIO 3JIEKTPW-
aeckoro nong (cm. VIIL, § 17); sTor achdexT 06brau0 cab, m Mt He Gymem paccma-
TPpUBATH €r0 BJIMAHWE HA MEXaHUYIECKUe CcBOMICTBA cpeanr. MBI He 6y,neM TaK>XKe
paccMaTpuUBaTh BJINAHNE, KOTOPOE OKa3bhIBAa€T HaA cBOMiCTBA KUIAKUX KPUCTAJLIIOB
BHEITHEE MATHUTHOE TIOJI€; BBHUy AHWU3OTPONWH MArHUTHON (hakTuaeckn ama-
MarHUTHON) BOCTIPUUMYHMBOCTY HEMATHUKA MArHWTHOE TIOJIE OKa3biBaeT Ha Hero
OpHeHTHpYyIoIlee neiicTBre.
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CTBEHHO NONEPEUHBLM U32UOOM, KPYUEHUEM WA NPOJOALHBLM U32U-

Gom'). B obmiem ciywae, koreuano, medopMaImst HEMATHKA COTEP-
JKUT OJHOBPEMEHHO BCE 3TW TpW 3j1eMenTa. JIsa MIIocTpamnm ux
XapakTepa yKaykeM MpOCThIe TpuMephl. [IycTh HemaTnueckas cpeia
3aMOIHSET TPOCTPAHCTRO MEYK Y By M KOAKCHAIHHBIMA IIJIAH IPW-
YECKUMW TIOBEPXHOCTAMUT; P, ©, 2z — IAIWHIPAIECKIE KOOPANHATHI
C OCBIO z TIO OCWM IWJIWHAPOB. ECIM INpekTop n B KaxXI0il ToYKe
CpeJibl HampaBieH BaoMb paanyca (n, = 1, n, = n, = 0), T0 ge-
dbopmanuga npeacrasasier co6oii nonepeunwiit n3ru6 (diva = 1/r).
Ecim n nanpasien B KaxkKa0#l TOUYKE BJIOAb OKPYKHOCTH C HEHTPOM
Ha ocn 2 (ng =1, ny =n, = 0), TO Mbl UMeeM YUCTHIH TPOIOTBHbIN
n3rn6 (rot, n = 1/r). Hakonemn, ecan mo toammnee (0Ch z) MIOCKO-
napajIelbHOTO C/I0S HEMATUKA HATPABJIEHNE JIWPEKTOPA MEHSAETCS
10 3aKOHY N, = €os p(z), ny = sing(z), n, = 0, MBI ¥MeeM €m0 C
qucTBIM Kpyuenuem (nrotn = —¢'(2)).

Crenkn, OrpaHMYMBAIONIME 3aHUMAEMbIH >KUJIKOKPHCTAJLINYE-
CKOHt cpejoit ofbeM, 1 gaxe ee CBOOOAHAS MOBEPXHOCTH OKAZBIBAIOT
HA Cpejly opueHTHpylomee Bo3aehcreue (06 3ToM Oyger roBOpUThHCs
noznpobuee Hmke). [TosToMy yike camo HaIM9INe TPAHWUYHBIX TTOBEPX-
HOCTEl NPUBOAMT, BOOOHIE roBOps, K AebOPMUPOBAHUIO HEIIOIBU K-
HOM KUJIKOKPUCTAINIECKON cpebl. BOBHUKAET BOIPOC 0 HAXOXK J1e-
HUM YPABHEHHH, ONPEJEIAI0NMX 3Ty 1ehOpMaluio; IPyruMu CJ10Ba-
Mu 00 ypaBHEHUSAX, ONPEJENSIOMUX PABHOBECHOE PACIIPEIEICHUE
n(r) npu 3agaHHbX rpaHndHbiX yeiaosusx (J.L. Ericksen, 1966).

JIist 3T0T0 MCXOAMM U3 OOIIEro TEePMOAMHAMMUYECKOTO YCJIOBHS
PABHOBECHS  MWHHMAJLHOCTH TOJHONW CBOOOJHON SHEPruM Tea,
T. e. marerpana [ FdV, npencrassiomero co6oit Gpyrkunonan or
dbynkumn n(r). TTockoapKy BEKTOP N eIMHNIHBII, STOT (DyHKINOHA

JI0JI7KeH OBITh MUHUMAJIEH HPH JIONOJIHUTEILHOM yCIo0BHKH n? = 1.
Criestyst m3BECTHOMY METOJY HEOIpeJIe/IeHHBIX MHOXKUTe el Jlarpan-
2Ka, HAJ0 NOTPpedOBATh PABEHCTBA HYJIIO Bapualun

B /{F - %)\(r)nQ} dv, (36.3)

A(r)  mexoropas dynxums. [TogbiHTErpaBLHOE BRIDAZKEHNE 3aBUCUT
KaK oT camux (yrkmmii n;(r), Tak u oT ux npom3BoaHbx. Vmeewm ?)

6deV—/{a oni + (akm)akénz}d‘/:
_ /{Makﬂ)}amdw %(ﬁamdfk. (36.4)

on; A(Okni

1 - .
) Tlo anrumiickoit Tepmunonornm: splay, twist mim bend.
2 .
) B sroit rmase ms yrpoierusi 3anucu (GopMyJsr Mbl OyaeM TM0JIb30BaAThCs
MPUHATHIM B COBPEMEHHOM TUTEePAType KPATKUM 0003HAYEHUEM OTIepaTopa aud-
dbepenunposanus no xoopamuaram: 0; = 0/0x;.
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Bropoit wien  mHTErpaJ 1mo moBepxXHOCTU TeJjia  CYIIECTBEH JIUIIb

JIJIsl HaXOXKJleHusi rpanndnbix yciaopuii. [lomaras noka én = 0 na
rPaHUIAX, HAXOAUM JIJId BAPUAIUU [TOJTHON CBOOOIHOM dHEPIrUuu
§ [ Fdv =— [Honay, (36.5)
rae H — BEKTOP C KOMITOHEHTaMM
OF OF
Hy = Opmpy — 25, = —0 . 36.6
POk T g TS g (36.6)

Besmmumnna H urpaer poas moss, CTPeMAIerocsd <BBIIPIMUTL» Ha-
TIpaBJIeHUS N BO BCeM 00beMe JKUIKOTO KPUCTAJIA; ero HA3BIBAIOT
MOAEKYAADHBIM TLONEM.

Vpasuenne ke (36.3) npuaUMaeT Bu

f (H+ An)dndV =0,

OTKyJla BBWJY MPOW3BOILHOCTH BapHallNi 0N HAXOJAWM ypPaBHEHNE
pasuoBecnst B Buge H = —An. Orciona A = —Hn, 1. e. mponoanHas
KOMTIOHEHTA 3TOTO yPABHEHWs YIOBJIETBOPSETCS 3a CUET BhIOOpa .
[TosTomy hakTrveckn ycmoBre paBHOBECHST CBOJUTCS K TPeOOBAHMIO
KOJIIMHeapHOCTN BeKTOPOB H n n B Kayk 101 TOUKE Cpeibl; TTPOI0Th-
nag ke komnonenta H ne mmeer dusuyeckoro cmbicia. Takum 06-
pa30M, YCI0OBUE PABHOBECUS] MOXKHO 3alUMCATH B BUJE

h=H — n(nH) =0, (36.7)
BBeIsT BeKTOP h, 119 koToporo nh = 0.
Haitnem sigHoe BhIpaykeHne MOJIEKYISPHOTO TOJIsT, COOTBETCTRYIO-

mero ceobonoi sreprun (36.1). dnst nposegenns anddepenmpo-
BaHWA 110 Jpn; 3aMedaeM, uTo

divn = 0;n;, rot;n = ey; Oxn;

(rme €5,  AHTUCMMMETPHYHBIA €JMHUYHBIN TEH30D), U MOITOMY
odivn 5 0 o
——— = Ok, ————Trot;n =ejyy,.
0(0rmi) A(0kms)

B pesynwrare mogyunm st TeH30pa T; BHIPAYKEHNe
i = Kq10;, divn + K2(n rot n)nlelki + Kg[[n rot n]n}l €lki- (368)

Hanbreitinee auddepennmpoBanne, cornacio onpeaesnennio (36.6),
TMPUBOJINT K CJAEAYIOMIEH TOBOJIHHO CJIOXKHOW (hopMysie s MOJIEKY-
JIAPHOTO T10JIS:
H = V(K; divn) — {Ks(nrotn) rot n + rot (Ky(nrot n)n)} +
+ {K3[[nrot n]rot n] 4+ rot [K3n[nrotn]]}. (36.9)
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['panwanbie ycnoBusi K ypaBHEHUAM PABHOBECHUsI HE MOTYT ObITH
YCTAHOBJIEHBI B OOIIEM BHJE: OHU 3aBUCAT HE TOJBKO OT YIPyroi
suepruu (36.1), HO U OT KOHKPETHOrO pOja B3aMMOAEHCTBUS KK/~
KOCTHU C OT'PAHUYMBAIONIEH €€ CTEHKOI; 9Ta MOBEPXHOCTHAS JHEPIUS
IO/KHA ObLia Obl ObITH BKJIIOYEHA B IOJHYIO CBOOOIHYIO DHEPIUIO,
MUHUMAJJIBHOCTH KOTOPOM OIpee/saior ycjioBug paBHoBecus. Pak-
TUYECKU ITU HOBEPXHOCTHBIE CUJIbI OOBIYHO HACTOJIBKO BEJIMKHU, UTO
MMEHHO OHHM yCTAHAB/MBAIOT HAIPAB/JIEHUE N HA IPAHUIE, HE 3aBU-
csitmee OT xapakTepa jgedopmarnn B odheme obpasma. Ecan rpannd-
Has TBepjasi MOBEPXHOCTH AHU30TPOTHA, TO ITO HAMPABIEHNE OKa-
3BIBAETCS BIOJIHE OMPeIeIeHHBIM (I OJHUM W3 HECKOIBKUX BITOJITHE
onpezienennbix). Ecin ke noBepxHOCTh M30TponHa (Cioga OTHOCHT-
csl M Caydail cBOOOJIHOMN TIOBEPXHOCTH), TO OKA3hIBAETCS 3aIaHHbBIM
JIVTITH yTOJT MEXKJIYy N U HOPMAaJbio K TOBEpXHOCTH. Ecam 3ToT yroma
paBeH HYJIIO, TO N WMeeT BIOJHE OMpEeIe/NeHHOe HATPABIEHNE — TI0
HOpMaJIM K TOBEpPXHOCTH. ECam ke yroa OTaWdeH OT HYyJIsl, TO J0-
MyCTUMbIE HATIPAB/IEHNWS N 3aTIOJHAIOT KOHUYECKYIO MTOBEPXHOCTH C
OTIpeIe/IeHHBIM YTJIOM PaCTBOPA.

B sToit mocmeaneit cutyannn HEOOXOIAWMO TOCTABUTH JIOTIOIHW-
TejibHOE TpaHuvdHoe ycaopue. OHO ycraHaB/uBaeTcss TpebOBaHUEM
ofpalenus B HyJIb IOBEPXHOCTHOTO uHTerpasa B (36.4) musa Bapua-
nuii dn, TpejCcTaB/IsoNmMX OO0l MOBOPOTHI N BOKPYI HOPMAaJju B
KaxKJIO TOYKE I[MOBEPXHOCTU C COXPAHEHUEM yIJjia HAKJIOHA K Heit
(T. e. Bapuanuii, He MEHAIONIMX TOBEPXHOCTHOI sueprun). Takas Ba-
puanmst nvMeeT BUJ 0N = [vn]dy, rae v — eaNHUYHBIN BEKTOP HOP-
Masm, a 0¢  TPOU3BOILHBIA (B KaxKJ0il TOUKE IOBEPXHOCTH) YTroJl
nosopora. Hanmcap Takke 3jeMeHT rnoBepxuoctu B suje df = vdf,
[IOJLY 9UM

f 7rkieimn'nn’/ml/k(S(,O df =0,
OTKy/1a BBUJLY TPOU3BOIBHOCTH 0 CEILyeT TPAHUIHOE yCIOBHE
Tki€CimnMnVmVi = 0, (3610)
njm, HallpaBUB OCb 2z BAOJIb V!
ToaNy — TzyNg = 0. (36.11)

Haxkowern, caenaem erme caeayromnee 3aMevanne 1mo moBoay (ury-
pupytomux B (36.1) momyseit ynpyrocru. TTocKoIbKY OHU BBEIEHBI
KaK KO3 PUIUEHTH B CBOOOIHON SHEPIUU, UMU OIPEIAEAIOTCH U30-
Tepmudeckue pedopmanmu Tesia. JIerko BUJAETh, OJHAKO, UTO Te JKe
K03 DUIUEHTHI ONPEIe/IAI0T B HEMATUKAX TAKZKE U 3 IMa0ATUIECKUE
npedopmanuu. JlefictBuresibHO, Mbl Bujen B § 6, 910 JJIsl TBEPIOTO
Teja PA3InIue MEXK/y M30TEPMUYECKUMU U anabaTuveCKuMu MO-
JIyJIsIMA BO3HUKAET B CH/Ly HAJUYUg B CBOOOIHON IHEPIUU <JICHA,
JIMHEHHOTOo 110 Ten30py pedopmanuu. g HeMATUKOB aHAIOTUIHYTO
POJIb MOT ObI UI'PATh YJIEH, JIMHEHHBII 110 TPOU3BOAHBIM Jgn;. Takoii
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“JIeH JI0J12KeH ObL Obl OBITH CKAJISIPOM U K TOMY K€ MHBAPUAHTHBIM
110 OTHOIIEHWIO K M3MEHEHUIO 3HaKa n. QUeBmMJIHO, UTO TAKOH YjieH
HNOCTPOUTH HEJB3st (MPOM3BEJIEHNe NTOt N NCEeBIOCKANSD, A €JMH-
CTBEHHBIN NCTUHHBIN ckasisap div n Mensier 3Hak BMecre ¢ n). [1o 9710it
MpUYNHE N30TepMUYecKne 1 aanadaTnyecKkne MOy N HeEMaTHKa COB-
MaJaloT JpyT ¢ JApyroM (Mojo0HO TOMY, KaK 9TO WMeeT MeCTO s
MOJLYJIst CIBUTA W30TPOTTHOTO TBEPJIOTO Teaa — cM. § 6). DTu paccy k-
eHnsT MOYXKHO CHOPMYJINPOBATHL W HECKOIHLKO WHAYE: B OTCYTCTBUE
JIMHEIHOTO dJleHa KBajpaTudHasi yrnpyras sueprusi (36.1) sBisier-
Csl TIEPBOI «MaJI0il MONPABKON» K TEPMOJAMHAMUYECCKUM BeJINYUHAM
He1ehOPMUPOBAHHOTO TEJA; B CUJIY «TEOPEMBI O MajbiX /100aBKax»
(em. V, § 15), Gyayun BeIpaskeHa depes3 COOTBETCTBYIOIINE TEPMO/IN-
HAMMYECKHE MePEMEHHbIE (TeMIepaTypy UJjM SHTPONUIO), OHA OJIU-

HAKOBA [IJIsi CBODOIHO SHEPIruM U ijid BHYTPEHHEN SHEePrum.

§ 37. IlpsamosinHeliHble AUCKJIUHAIIUA B HEMATUKAX

PaBHOBECHOMY COCTOSHWIO HEMATHIECKOW CpeIbl PN 3aJaHHbIX
IPAHMYIHBIX YCIOBUAX HE 00S3aTeIhHO COOTBETCTBYET BCIOLY Herpe-
PBIBHOE pacripejienienne n(r), B KOTOPOM BEKTOP N MMeJ Obl B KaK-
JI0i TOUKe BTOJIHE OTpejeIenHoe Hanpasaenne. B Mexannke Hema-
TUKOB HEOOXOIMMO paccMaTpUBaTh Takyke W AedbOpMamnm ¢ MOJIAMA
n(r), coepXKaiyMu 0coOble TOYKHU WM 0COObIE JIMHUY, B KOTOPHIX
HaNpaBJIeHne N OKa3bIBACTCA HEOMPeIeJeHHbIM. JInHeitnse ocoben-
HOCTH HA3BIBAIOT OUCKAUHAYUAMU.

Puc. 27

Bo3moxkHoCcTh BO3HUKHOBEHUSI NUCKIMHAIMI MOXKHO MPOUJLIIO-
CTPUPOBATH HMPOCThbIMU HpuMepamu. PaccMoTpuM HEMATHUK B JIIUH-
HOM IUJIMHIPUYIECKOM COCY/IE, IPUYUEM I'DAHUYHBIE YCI0BUS TPEOy-
0T MEPIEeHIUKY/ISIPHOCTH N IOBEPXHOCTH cocyda. KcrecTBeHHO 0XKu-
1aTh, YTO B PABHOBECUHU BEKTOP N B KaXKJION TOUYKe OyjeT JekaTh B
TMJIOCKOCTH TIOTIEPEYHOTO CeYeHUs [MUJINH/IPA W HATIPABJEH MO PaJan-
yCy B 9TOM cedennn (Kak 310 m300paykeHo Ha puc. 27 a); OYEBWJIHO,
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YTO Ha OCH [UJIMH/PA HATIPABJIEHUE N OYIET NPU 3TOM HEONIPEIEIEH-
HBIM, TAaK 9TO 3Ta OCh Oyjer jauckjuHanueit. Ecim ke rpaHudHbie
YCJI0BHUST TPEOYIOT NMapa/l/IeJIbHOCTH HANPABJIEHUs] N CTEHKE COCyjla
B IJIOCKOCTSIX €r0 MOMEPEYHOTr0 CEYeHUsl, TO YCTAHOBUTCSI PACIPEIe-
JIEHHE C BEKTOPAMHU N, JIEYKAIIMMEU Be3Je BJ0Jb KOHIEHTPUIECKIX
OKPY?KHOCTeHl B 3TUX IJIOCKOCTSAX C IHEeHTPAMH Ha OCH [UJIUHIPA
(puc. 276); u B 3TOM CJIyvae HANpaB/IeHUe N HA Ocu Oyjer Heonpe-
JIeJIEHHBIM.

DTH aBA TPUMEpPA — TPOCTHIE TACTHBIE CIyIan TPIMOTNHENHBIX
auckamHAN. MBI paccMOTprM 0OIITYT0 33/1a9y 0 BO3MOXKHBIX Pac-
npejiesiernsax n(r) B MPSMOIMHERHBIX TUCKINHAIMSX B HEOIDaHWYEeH-
HOiT HemaTuueckoii cpege. Ouesuano, 9To pacnpeenenue n(r) B ta-
KO JIUCKJIMHAIINN HE 3aBUCUT OT KOOPJUHATHI BJOJIb €€ JJINHbI, TaK
YTO JIOCTATOYHO PACCMATPUBATH €0 B IJIOCKOCTSIX, TEPIeH UK YIsIP-
HBIX OCH JUCKJIMHAIIMU. ByjeM cauTarh, 9To ¥ caM BEKTOP N JIEKUT
Be3Jle B 9TUX IJIOCKOCTAX. Takum 00pa3oM, Mbl UMeeM JIeJI0 ¢ TLI0C-
KOl 3a/1a9eit MexaHMKN HeMaTHUKOB. HeKoTophie ob1me cBoiicTBa pe-
ITEHUsT 9TOM 3a/1aUl MOTYT OBITH BBISICHEHBI y2Ke u3 00Immx coobpa-
JKeHuit, 63 pacCcMOTpeHUs] KOHKPETHBIX YPAaBHEHUI PABHOBECHSI.

Beejem muaMHAPUYIECKYIO CUCTEMY KOODJIMHAT ', 0, Z ¢ OChIO 2
BJIOJIb OCu jucKauHanuu. Kak yxke ormedeno, pacupegesnenne n(r)
He 3aBUCUT OT KOOPAWHATHI z. OHO He MOXKET 3aBHUCETh TAaK¥Ke M OT
KOOPJIWHATHI 7', TIOCKOJIBKY B MOCTABJIEHHO 3a/1ave (JIMCKINHAINS B
HEOIPAHMYEHHOI CPejie) HET HUKAKHUX MAaPAMETPOB ¢ PA3MEPHOCTHIO
JUIMHBI, C TOMOIIBIO KOTOPBIX Morjia Obl ObiTh mocrpoena Oe3pas-
mepHast (KakoBoil siBsisiercst n(r)) dyHkuus nepemensoit r. Takuwm
00pazoM, MCKOMOE pACIPEIe/IEHNe 3aBUCUT TOJIBKO OT YTJIOBOWH Ie-
pemennoit: n = n(p).

Beegem yrosm 9 Mexjy n u pajgmyc-BEKTOPOM, TPOBEJIEHHBIM

B IJIOCKOCTH 2z = const B gaHHyi0 TOUKy (puc. 28); KOMIOOHEHTBI
n JIBYMEPHOTO (B 9TOIf MJI0CKOCTH) BEKTOpa N:
v ny = costh, ng, = sini.

———— llonpgpublit yroa ¢ OTCUUTHIBAETCS OT

HEKOTOPOTO M30PAHHOTO HATPABIEHUST B

JIOCKOCTH  MOJIApHO#T ocu. Beejem tax-

Ke yros ¥ MexkJly N u MOJSAPHON OChIo;
Puc. 28 OYeBUIHO, ITO ¥ = ¢ + 1.

Uckomoe  perieHne  onpejesisiercs
dbynkumeii (). OHO TOMKHO YAOBJAETBOPATE yCI0BUIO (DU3MIECKOMN
OJIHO3HAYHOCTH — TPW W3MEHEHWW TIepeMeHHOi ¢ Ha 27 (T. e. mpn
06x0/1€ BOKPYT HAYa/1a KOOPAMHAT) BEKTOP N JJOJIZKEH OCTATHCS HEN3-
MEHHBIM C TOYHOCTRIO JI0 3HAKa (M3MEeHEeHWe 3HaKa JOTYCTUMO BBUJLY
busnueckoil SKBUBATEHTHOCTH HATIPABJIEHUH N 1 —n). DTO 3HAYNT,
9TO JIOJIXKHO OBITH

I(p + 2m) = I(p) + 27n,
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rje n  [ejaoe Wian HOLylea0e TMOJOKATETbHOE WK OTPULIATETbHOE
quneio (3uavenue n = 0 orBedaer «HEHeDOPMUPOBAHHOMY» COCTOSI-

Huio n = const). dust dyukunnm (@) = ¥ — ¢ nvmeem orcioga
Yo +21) = 2m(n — 1) + (). (37.1)

Yucsio n HaswbiBaior undexcom Ppanka JACKJIMHALIAN.
Ypasuenne paBaosecus (KOTOpoe OyJeT BBIIUCAHO HUZXKE) ONpPe-

JeJisieT TpOn3BoAHYI0 dip/dyp n nmeet BuI

W _ 1 (37.2)

de  f(¥)
ero npasad 4acCTb He COLEeP2KUT He3aBUCUMON IePeMEeHHON ¢  Kak
CJIEJICTBUE TOT'O, YTO yPABHEHHE JIOJIZKHO ObITh MHBAPUAHTHO 110 OT-
HOIIEHUIO K JIIOOOMY TI0BOPOTY BCeli cucreMbl (HEMATUKA) KAK 1EI0T0
BOKDYT OCH z (T. €. TI0 OTHOIIEHUIO K TTPe0Opa3oBaHmIo © — ¢ + ¢ );
dbyuxmms f (1) mepuognyHa ¢ MEPUOJOM T, MOCKOJIBKY 3HAYEHUs 1)
n ¢ + 7w dpusnyveckn ToxkaecTrennbl. OTcrona

P
= Off(x) dzx, (37.3)

/1€ IOCTOAHHAS MHTErPUPOBaHUA BhiOpana tak, aro ¢ = 0 npu @ =
= 0. Tloacrarwe 370 BhIpaxkenue B (37.1), Haiigem, 9To

— 1 K

F='fiydi= L (37.4)
T n—1

npu n # 1 (yepra ozuauaer ycpegnenue no nepuojy byHKIum).

Orcroga MOXKHO CAeaaTh BaxKHOE 3aK/II0YeHre 0 CUMMETPUU JIAC-

. 2
KJIMHAIIUW: IIPpU ITOBOPOTE BCEU KaPTUHLI Ha YTOJI (10(] - ﬁ BO-
n—

KPYT OCH z YTJIBI 1) MEHSAIOTCS Ha T, T. €. BCE PACTIPe/Ie/IeHNe OCTaeTCst
HEM3MeHHBIM. /leiiCTBUTEIRHO, ¢ yUeTOM MEePUOAMIHOCTH (OYHKITUN
f (1) 910 MpeobpazoBanHne MPUBOJANT K TOXKIECTBY

- Y+ ¥ - -
bt — = {f(x)dx:{f(z)dx—i— ;[f(@dx:(p_i_fﬂ__

n

Takum o6pazom, B pe3y/ibraTe OJHOTO JIHUIIb TPeOOBAHUS OIHO3HAY-
HOCTH OCb 2z aBTOMATUYeCKH OKazbiBaercs ocbio cummerpuu (Cp,)
opsiJIKa

m=2n—1[, n#l. (37.5)

«JluHuM TOKa» JAUPEKTOPA ONPEJEISIOTC KAK JTUHUU, B KAYK IO
TOYKE KOTOPBIX djeMenT jyuasl dl (dl, = dr, dl, = r dy) napamnie-
sier n. Iuddepennnanbioe ypaBuenue 3mux JIMHUII:

L

dl, n,
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d‘f*” = tg ). (37.6)
LInTr

OTcrona BUOHO, B YACTHOCTH, UTO CPEIN JWHWI TOKA MMEIOTCS
NPSIMOJIMHEHBIE, HA KOTOPBIX 1) = pm (P 1e10e Ynuc/0). DT JUHUK
MPEICTABISAIOT €000it 2 |n — 1| pagnanbubx JTydeii

ﬂ. P J— J—

@:mp:(pp, Y=pr, p=0,1,2 ...,m—1. (37.7)
[T10CKOCTH TIOTIEPETHOTO CeYeHNsT TUCKAMHAIINN JICITCS STUMW JIy-
YaMUW Ha 1M OIWHAKOBBIX, MOBTOPAIOIINX JAPYT IPyTa CEKTOPOR.

[TepeiizeM K KOHKPETHOMY MOCTPOEHMIO PEIeHns 11t HeMaTHKa,
sueprus gedbopMaruu Koroporo jgaercs dbopmyaoi (36.1)1).

JI/1st II0CKOTO pacnpeiesienust MMeeM

divn =19 4" = Loogy(1 + ),
r dy r r

rot,n = Cldne e lsin@b(l + '),
r dy r r

nrotn =20

(' = dip/dyp). B cBoGOaHOMN 3HEPrUM OCTAIOTCS TONBKO 4jeHbl ¢ K
n K32):

derdrdso—#/(1—acos2w)(1+w'2)—dﬁdr, o= KoK

Warerpan mo dr norapudvudecku pacxoauTtcs. B peaababix 3a-
mTadax OH o0pe3aeTrcss CBepxy Ha HEKOTOpPOil maunHe R mopsiaka Be-
JIMYUHB pa3mMepoB obpasma. CHu3y Ke wHTErpasa obpesaercs Ha
PACCTOSTHUAX TIOPSIIKA BEJIUYUNHBI MOJEKYISIPHBIX Pa3MEpOB d, TIe
riepectaeT OBITH TPUMEHUMOI MaKpOCKonmaeckas Teopus. [Ipm ompe-
JIeJIEHN WHTEPECYIOIIEr0 HAC perernst Ha paccTosdsunax a K r < R
MOYKHO CUNTATH MHOXKHUTEb

L= [%amE®

T a

!) Dra zamaua pemamace Oceemom (C.W. Oseen, 1933) u ®pankom
(F.C. Frank, 1958) mns wacTHOrO Ciayvas Hemartuka, B koropom Ki = K. W3-
nmaraemoe HuzKe obmee pemenune npuaammexut U.E. Izanomuuackomy (1970).

2) B mOABIHTErpANbHOM BBHIDAXKEHHN HUYKE OIYIIEHA [OIHAS IPOM3BOLHAS
(1 —cos29)-2¢" = (2¢) — asin 24))’, uro He BAUgeT HA HOPMYIUPOBKY BapHUa-
MMOHHOH 3a7a9uu. Mbl BBIBOAMM 371€Ch YPABHEHWE PABHOBECHSA 3aHOBO, HE TIPHU-
Gerasi k o0mmm ypasrernsm (36.7), (36.8), uro dbakTuyeckn norpeGorano Obr
Go/mee TPOMO3IKAX BBIMHAC/ICHHAIA.
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NPOCTO HEKOTOPO¥ MOCTOAHHOM, TAK 9TO PABHOBECHOE PaCIpejeie-
Hue (@) ONpesesseTcs MUHIMAIbHOCTHIO (OyHKIIMOHAIA

2f7r(1 — acos 2¢) (1 + 4'?) dp = min. (37.8)
0

VpaBrenue Jitjiepa 3T0M BAPUAIMOHHOM 3a/1a9u:
(1 — acos 2¢)9" = asin2¢(1 — o). (37.9)

Omo nveer, TpeXkIe BCETO, IBA OUEBMIHBIX PEITeHWS:

Y =0 (37.10)

"n
Y =m/2. (37.11)
STO — OCeCMMMETPUYHBIC DPEImeHnd, KOTOPhIM OTBEYAIOT COOTBET-

crRenro puc. 274 w 6 1). DT perenus 0IHO3HAUHDI, T. €. WHIEKC
®panka sTux auckanHammii n = 1 (cp. (37.1)).

st maxoskeHust periennii ¢ n # 1 3aMedyaeM, UTO ypaBHe-
rue (37.9) umeer nepseiii uHTErpa %)

(1 — acos 2)(1p'* — 1) = const = iz -1 (37.12)
q
Orciona naxogum pemenue B Buge (37.3) ¢ dyuxnueii
. 2 1/2
— (. COS
r)=q|—— . 1
o) =q| e ] (37.13)

Koncranra ¢q onpegensiercst yciornem (37.4)

= 1/2
(n— 1)q/ [M} dip = (37.14)
0

1— ag? cos 2y

(TTpw 3TOM JOMKHO OBITE ] g2 < 1). DT HOPMYIBI OTIPEIEAATOT HiC-
KoMoe permerne. [Ipn Kaskga0M 1 permenne enHCTBEHHO: TTOCKOIbKY
Jerast 4acTh ycaosus (37.14) — MOHOTOHHO BO3pacTaromasi (hyHK-
WS ¢, 3TO PABEHCTRO YJOBJIETBOPSETCS JINIIH OJHUM 3HATECHUEM (.
@Oyukuns f(x) yverna; mosromy (1)) — wHederHast HyHKIWs. ITO
3HAYUT, UTO TJIOCKOCTH ¢ = () ABIAETCS TIOCKOCTHIO CHUMMETDUN

') Ormernm, a0 B «BRIpOXKAEHHOM» Ciyuae K1 = Kz, o = ( cymecrsyior
pemenusi ¢ JIOObIME 1) = const.

2) Ecnu PACCMATPHUBATE NOJBIHTErPATbHOE Bhipazkenue B (37.8) kak hyHKImIO
Jlarparska OJHOMEPHON MeXaHW4IeCcKoi cucrempr (mpuvem 1) urpaer posab 0006~
MIEHHOW KOODAWHATHL, ¢  pPOJh BpeMenm), T (37.12) ecTh WHATErpan SHEPTUN.
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pacrpejiesieHust; B CULy CyIIecTBOBaHus ocu cumMerpun Cy, TeM ca-
MbBIM BO3HUKAIOT elle m — 1 HpOXOALAmuX 9epe3 0Ch 2z IMJI0CKOCTel
cummerpun. HakoHel, mI0CKOCTBIO CUMMETPUN, OYEBUJIHO, ABJISET-
cst ockocth z = 0. Takum obpazom, AUCKJIMHAINS C WHIEKCOM 7N
obsiagaer mosiHOM cumMerpueit Touednoit rpymmbl D, p.

ITpu n = 2 uz (37.14) oueBuanbiM o6paszom caepyer, uro q¢ = 1,
U COOTBETCTBYIOIIEE PEIIeHNe eCTh POCTO

PY=p="1/2. (37.15)

Jl1st BBISICHEHWST Ka9eCTBEHHOTO XapaKTepa TONYYeHHBIX perrre-
HUI UCCIeayeM TIOBeIeHNe JTUHUN TOKA BOIN3U paanaabHBIX JIydeit
@ = ¢, (37.7). Ha satux gyuax 9 = pm, a BOIM3W HUX ¢ X pw n

dbynkuumsa (37.13) cBoaUTCH K NOCTOSTHHOI:

d 1 1/2
= f(ih) = q (i)

dy 1-— ag¢?

A (37.16)

Orcrona
1
b —mp = (P~ @p).
Huddepentnaibioe ypaBHeHUE JTUHUN TOKA IPUHUMAET BU/I
dlnr — ctg1h ~ 1 ~ A ’
dg Y=t P

OTKY/a HAXOAUM [1jisi (POPMBI JIMHUI TOKA BOIU3U JIyda

r = const - [ — ¢, |*. (37.17)

Ecnu BBeCcTH 1eKapTOBBI KOOPAWHATHI C OCBIO & BIOJb JIyda, TO BOJIN-
31 TIOC/IEJIHETO: T R &, 0 — Y, R Y/T W ypaBHEHWE JIMHUI TOKA 3aITH-
CHIBAETCS B BUJIE

y = const - z' T/, (37.18)

Hasee waio paccmorpers pazinanbie ciydan. pn n > 3/2 mve-
emn — 1> 0, uwn3 (37.14) oueBugno, uro ¢ > 0, u noromy A > 0.
B sTom ciiyuae umHUEM TOKA BBIXOJAAT U3 HAYAIA KOOPJAMHAT, KACASICH
JIy9a.

ITpu n = 1/2 napamerp ¢ < 0, a ¢ aum u A < 0. Hucnennoe wnc-
ciegoranve ypapnenus (37.14) noxkaswisaer, uto ¢ > 1, a motomy n
|A| > 1. 3 (37.18) Buano, uro y pacrer Bmecre ¢ z. Obsacrs BOM-
31 HA4YaJ/1a KOOPJUHAT HEJIb3sl PACCMOTPETh 3TUM CHOCOOOM, TaK KaK,
cornacuo (37.17), npu A < 0 MaiblM 3HAYEHUSIM Q — @ OTBEYAIOT
OosibIive 3HAYECHUS T

Hakonen, npu n < 0 napamerp —1 < A < 0 u, cornacuo (37.18),
y — 0 npu z — oc. Jluaum TOKa ACUMITOTHIECKN MPUKUMAIOTCS K

JIy4Yy.
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Ha puc. 29 cxemarnyecku 110Ka3aHbl JIMHAK TOKA JJIsl JIMCKJIMHA-
it cm=3/2, n=1/2un=—-1/2.

n=3/2 n=1/2
m=1 _ m=1
P RN /// —
R o N P
e Sy ) /;//, —————
/ = ;.7 s
( \ \ e\\ [\\\(\\
\ - N\ N, e ——
N ) ~ -
\\ ~__ - ) \\\ ~——_
~ / N
~___- S
~
Puc. 29

§ 38. HecuHrysisipHoe 0CeCUMMETPUYHOE pPeIleHne
YPaBHeHUII paBHOBECUsI HEMAaTUKOB

Ocecummerpuunbie gedopmanun (37.10), (37.11) (cm. puc. 27),
npejicTaBagionme guckannanuu ¢ uuajgekcom @panka n = 1, gapis-
IOTCE TOYHBIMU DPEIICHUSIMU yPABHEHUN PABHOBECUs] HEMATUIECKOI
CPe/ibl C 3a/IAHHBIMYU TDAHUIHBIMU YCIOBUSIMU HA CTEHKAX COCY/Ia.
O/1HAKO OHM HE SIBJISFOTCS] €JIMHCTBEHHBIMU PEIIeHUSIMU ITUX 33/1a4.
OHU eIMHCTBEHHBI TOJIBKO B KATErOPUH ILJIOCKUX Pe-
menuit. Ecmm ke oTKazaTbCd OT NPEANONIOXKEeHHs 0 3\ ﬁ 2
PACIOJIOKEHNY BEKTOPOB N Be3Jl€ B IOMEPEYHBIX K N
0CH COCYyZa IJIOCKOCTSX, TO BO3MOXKHBI W JPyrue pe- . |
[IeHusi, TPUYIEM He 00J1aaf0me 0CODEHHOCTHI0 HA \
ocu. Tak, ecyiu rpanuvHbIe yCJI0BUSA TPEOYIOT TEPIEH- -
JUKYJISIPHOCTH N CTEHKE, TO JIMHUHU TOKA JUPEKTOPA N
B TakoM perreHnn 6e3 0COOEHHOCTH PACTOJIOKEHBI B
MEpPUIUOHATBHBIX TIIOCKOCTIX W MMEIOT TOKA3AHHYTIO0 \
na puc. 30 dopmy. Haumnascr Ha cTeHKe HOpMaIb-
HO K Hel, JUHUW TOKA M3TUOAIOTCS, CTPEMSICH K OCH '\
r =0, Ha KoTOpoif, TaknM 06pazom, HampapJeHne N \
OKa3bIBAETCs BIOJIHE OTIPE/IeIeHHBIM. Bosee Toro, Mbl N\
YBUJINM, 9TO OTCYTCTBHE OCODEHHOCTH B TaKOM pe-
MMEeHNN TPUBOAUT K ero OOJbIeil TepMoanHaMute- Puc. 30
CKOM BBITOJHOCTH (MEHBIIIEil TOIHOM yrpyroit cBoOo -

HOIl 9HEPruu) N0 CPABHEHMIO € PEIIeHueM ¢ OCOOEHHOCTHIO HA OCH
(P.E. Cladis, M. Kléman, 1972). Ilpucrynum K NOCTPOEHUIO TOTO
perenusi.

Bynem uckarh ocecummerpudHoe, OZHOPOIHOE BIOJIbL OCU 2 Pe-
[IeHNEe B NWIMHIPUYECKUX KOOPIAMHATAX T, (0, Z B BUJIE

ny =cosx(r), mne=0, n,=sinx(r) (38.1)
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(embica yroa x nokazan za puc. 30). I'panndnoe ycioBue Ha CreHke:

x=0 mpu r=R (38.2)
(R — paaunyc MUIMHIPUYECKOTO COCYIa), & Ha OCH TIOCTABUM YCJIOBHE
x=n/2 npn r =0, (38.3)
OTBeYaoIee, KaK yyKe yKa3aHo, OTCYyTCTBHUIO ocobennocTu. Mmeem
rot,n = fddn: = —Cos Xili_i(
divn = 1dm) _ —sinXﬂ 4+ SEX
r dr dr r

Cgobosinasi seprus pedopmalny (Ha eJINHWILY JJIMHBI BJOJIb OCH Z)
JAaeTcsd WHTErpajom

R InR
[2rrFydr = [ {(Kisin® x + K3 cos® x)x'> +
0

—0C

+ Kycos®xy — Kysin2y - x'}d¢, (38.4)

e wrpux o3uadaer auddepeHnupoBanme o nepementoii & = Inr ).
[lepBbiii maTErpas ypaBHeHUs PaBHOBecHsi (T. €. ypaBHeHus ii-
Jiepa BapuaIMoORHO 3a1aun 0 MuanMyMe dyrkunonaa (38.4)):

(K1 sin® x + K3 cos? x)x'? — K cos? x = const. (38.5)

Cortacho ycaosuio (38.3) nosmkuo 6biTh ¥ — 7/2 npu £ — —o0.
OueBnano, 9TO J7Ist 3TOrO JNOKHO ObITH X' — 0 mpn x — 7/2;
nosTomy const = (), Tak ITO

I v Kicosy
X (K1sin? x 4+ K3 cos?x)/2

OtTcioga HAXOaMM WCKOMOE perleHne, YAOBIETBOPSIONIEe  yCI0-
Buio (38.2), B BUzE

X
R 1 (K1sin2x+K3cos2x)]/2d

r VK1 cos Y X-

(38.6)

B nporuBononoxkuocts auckanranmn (37.10) aro pernenne He aBTo-
MO/JIEILHO: B HETO BXOAUT pa3MepHbIil mapameTp aanabl R. Mnterpan

b Ilocneauwmii wmeH B OABIHTETPATHHOM BBIPAYKEHUN HECYIIECTBEH 17 (hOp-
MyJITPOBKY BapMUALMNOHHON 33/1a9¥, HO HYKEH IS BBIYUCJIEHUS TOJHON CBOOOI-
HOU 3HEePrumn.
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(38.6) BhIpazkaercs uepes sjnementapuble GyHnkuuu. Bomumem orser
B mipeanonoxkennn, ato Kz > Ki:

1/2
r ) /1 K?sin® x — k'siny /
R

exp {75 arcsin (k sin X)}

/1 — Ek2sin® y + k' sin (38_7)
k2:K3*K1 k/2:1_k2:£
Ks K3’

[Tpn r — 0 pasHoOCTh 7/2 — X CTPEMUTCST K HYJIIO MPOTIOPIIHOHATBHO
[EPBOl CTenenn 7, a JIMHUU TOKA NPUOJIMKAIOTCA K OCH Z TI0 KCITO-
HEHIMAJIBLHOMY 3aKOHY T ~ exp (const - z).

st cBOOOIHOM SHEpruM, CBA3AHHONW C STUM PEIIEHUEM, BBIUKC-
JIEHUE JIaeT

R
JFa2mr dr = K, {2 + i arcsink} . (38.8)
0

OTmeTnM, 9TO 3TO BhIpasKeHWe BOOOIIE HE 3aBUCHT OT PANyCa CO-

cyna R. Dueprus xe juckanuanym (puc. 27 a; pemenne (37.10)):

R
[2nrFydr = 7K/ L, (38.9)
0

rae L = In(R/a) — Gonbmoit toraprdm, TPONCXOXKIEHNE KOTOPOTO
CBSI3aHO WMEHHO ¢ 0CODEHHOCTHIO Ha 0CH. MBI BHINM, UTO perienre
6e3 0CODEHHOCTN 3HepPTeTHYeckn 0oJIee BHITOAHO TT0 CPABHEHWIO C pe-
IMeHneM ¢ 0CODEHHOCTRIO (e TOMLKO Ko duiment K He aHo-
MaJIbHO MaJl).

[Tone n(r) paccMOTPEHHOTO 37€Ch OCECHMMETPUIHOTO 0e3 0co-
GEHHOCTH DEIeHNsl YpaBHEHWT PaBHOBECHsT MOYKET OBITH MOIYYeHO
u3 moJist n(r) B ANCKJINHAIK ¢ 1. = 1 TIyTeM HempephiBHOH (T. e. 6e3
BO3HUKHOBEHWUST KaKWX-JNOO0 paspbIBOB) jaedopMaryiu — TOCTeneH-
HBIM BBIBOJIOM BEKTOPOB N M3 TLJIOCKOCTEll z = const. D10 006CTOsA-
TEJILCTBO SIBJISIETCsI TIPOSIBJIEHNEM BeChMa O0IIel CUTyalni, KoTopast
OyJeT BhIsICHEHa B CIeylomneM maparpade.

Bagaum

1. Haiit; ocecuMMeTpudHOE pellleHue ypaBHEHUH PABHOBECHUS HEMATHYIECKOMN
Cpe/Ibl B IMIUINHIPUIECKOM COCyae 6e3 0CODEHHOCTH HA OCH, OTBEYATOIIee TPAHNY-
HBIM yCJI0BHSM puC. 27 6.

Pemenune. Umewm permenue B BUIe

n, =0, ng =cosx(r), mn.=sinyx(r)

C TPAaHUYHBIMU YCJIOBUAMU

Nmeem

dx
rot,n=—cosxy—, rot;n=
dr r Ir
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CBobonHas SHEPTHUS:
InR
f27rer dr =7 [ {Ka(sinx cosx — x')> + Kz cos” x} d¢.
IlepBEIii HATErPAT yPABHEHNS PABHOBECHL:

Kox'? — (Kasin® y cos® x + Ka cos” ) = 0.

MHaTerpupoBanmne 3TOro ypaBHEHWsi TPUBOANT K pesyabTary (mosaraem Kg > Ko):

1/2
ro_ /1 —k2sin® y — k' sin k2_K37K2 k/2_&
R /1 — Ek2sin® y + k' sin n Ks K3

IIpu r — 0 yroa x — 7/2 no 3akony

T ;T
T o
g X R

Csobonnasi sHEPTHUSA 3TOM medopMarun
B 1
J2mrFydr = K, {2 + — arcsin k} ,
0 kk'

MeXKy TeM KaK CBOOOIHAs SHEPTHUs II0CKOM auckauHanmu puc. 27 6: mK3L.
2. UccnepoBarh ycToHumBOCTh JAMCKJIAWHALIMK C WHIEKCOM N = 1 oTHOCH-
TeIbHO MambIX Bo3Mmyenuii suja on(yp) (C. 4. Anucumos, U.E. J[3arowunckud,
1972).
Pemenwue. a) Hesodmymennoe none paauanbHoil quckiunammy (puc. 27a):
n, =1, n, = n. = 0. Boamymennoe ke mosne numeM B BUIE

1 .
n, =cosfcos® =~ 1— 5(92 +®%), n, =cosfsin®x~®, n, =sinfx0,

rae yroet 0 u @ dyHKIINN yrmoBOi KOOPAWHATHL . DHEPIrus, CBI3aHHAS C
ITUM BO3MYILIEHUEM:

2
f Fardrde = BT f {K1®"” + K20"" + (K3 — K1)®” — K10%} dy.
Jns obmero ucciegoBanus HAA0 OBLIO OBl TOIOKUATH

0(p) = Zeev, B(p) = quv

s=—0C

" BbIpa3uTh 3Hepruio kak dynkunio Bcex #s, 5. Ho u 6e3 Toro cpasy Buano,
9TO paccMaTpUBaeMasi JIUCKIMHALNS BCEra HEYCTONYIMBA OTHOCUTEIBHO BO3MY-

menns G (anen — Ky 9% B 9HEPIWHN).
6) HeBo3amymieanoe mose mupKynapHoii auckauaanmu (puc. 27 6): ny, = n, =
=0, ny, = 1. Bo3myuennoe mose 3armchiBaemM B BUIE

Ty :cos€cos(§ +{>) ~ —®, n,=cosfsin (g +<I>) ~1 772(92+<I>2),

n, =sinf ~ 60
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(onpenenenme yrma ¢ m3MeHEHO TO CPABHEHUIO ¢ TIPEABbLIymuM caydaem). CooT-
BETCTRYIOIIAST SHEPTUS:

R’ ) )
f Furdrdg = " f (K30 +8%) + (K1 — K3)® + (K> — 2K3)0°} d.

HawubGomee «omacubr» Boamymienus fg u ®g; ycioBuss yCTONIUBOCTH 110 OTHOTIIE-
HUIO K 3TUM BO3MYIIeHUAM:

Ky > K3, Ks>2Ks;.

Ilonydaennoe B Texcre u B 3amade 1 yTBeprKieHHe, 9TO CBOOOIHAS SHEPrUs
gedbopmannn B ANCKIAMHALMAX C N = 1 NPEBBINTAET 3HEPrui0 HECHHTYJISIPHOTO
0CECUMMETDPUYHOTO DEIIeHHs 03HAYAET JUIIb, YTO ITH JAUCKIUHAINA MOLTH ObI
OBITH B JIydIem ciay4ae MertactadniabHbiMu. Termeph Mbl BUANM, ©UTO PaanaibHas
JMUCKIMHATIASA BOOOIIE HEYCTONYMBA, a IUPKY/IApHAd yCTOWINBA (OTHOCHTETHLHO
BO3MyILIEHUH yKA3aHHOrO BHU/JA) NPK COO/IOAEHUH ONMPEJE/IEHHBIX COOTHONIEHUH
MEKIy MOJIYJISTMHU.

3. Hemaruweckasi cpefa 3amlomHseT IPOCTPAHCTBO MeXKIy ABYMs IapaJ-
JIEJILHBIMU TIJIOCKOCTSIMU, TTPUYEM TDAHUIHBIE YCIIOBHST HA OHOM TIJIOCKOCTH TPe-
OyI0T HEepHeHJUKYISPHOCTH, a HA APYroil  HapasielbHOCTH OUPEKTOpa IIo-
Bepxuoctr. OnpenennTh paBHOBECHYO KOoHGHUrypammio n(r).

Pemenne. Pasnosecnas xoudwurypamnms Oyzaer, 0I€BUIHO, TIJIOCKON; BBI-
GepeM ee ITOCKOCTH B KAYEeCTBE IIOCKOCTHU Iz C OCHIO z IMePIeHINKY ISPHO rpa-
HUYHBIM 110CKOCTsIM (miockoctu z = 0 u z = h). Tlonoxum

n, =sinx(z), n. = cosx(z).
Croboxanast sueprust gedopmanum:

1
f Fidz = B f {K; sin® x + K> cos’ X}XI2 dz.

Ilepssrit mHTErpaAJI yPABHEHUS] PABHOBECHSI:
.2 2 2
(Ki1sin” x + Kacos™ x)x ~ = const,

OTKyJa C y9eTOM TPDAaHUYHBIX yCIOBU

X . /2
J (K sin® y + Kacos® y)"/?dy = J (K sin® y + K cos y)'/? dx,
0 0

z
h
- E(X;k) kZ (KZ_Kl)

NI

E(n/2,k)’ K

rae E(x, k) — saamnrudecknii MATErpas BTOPOTo poja.

)

§ 39. Tomosiornyeckme CBOMCTBA AMCKJIMHAIIAN

Hannoe B § 37 onpejgenenne nnjgekca Gpanka ObLIO CYIECTBEH-
HO CBSI3aHO C TIPEII0I0KEHUEM O ILJIOCKOM XapakTepe pedopManuu B
JUCK/IMHAIMY U OJJHOPOJIHOCTBIO BIOJIb ee jaaunbl. [lokaxem Teneps,
KakuM 00pa30M 3TO MOHATHE MOXKET ObITh BBEJEHO B 0O0IIEM CJIy-
9ae NPOU3BOJBHBIX KPUBOJMHEHHBIX AUCKJAMHALMI B HEMAaTUYECKON
cpeJe.

DHEprusi HEMATUKA HE MEHSIETCsI IPU OJJHOBPEMEHHOM [TPOU3BOJIb-
HOM IIOBOPOTE IMPEKTOPA BO BCEX €r0 TOYKaX. B 3TOM cMbICIE€ MOXKHO
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CKa3aTh, 9TO COCTOAHUS HEMATHUKA BBIPOYK/IEHBI 110 HAIPABJIECHUSIM
JIUPEKTOPA; 9TU HANPABJEHUS UI'PAIOT POJIb NAPAMEMPA SbLpOHcIe-
HuA. BBejieM nousitue o npocmparcmee suiposcdenus  0biactu g0-
MyCKAaeMOTO 0e3 M3MEeHEHUsI IHEPIUU U3MEHEHUsl TapaMeTpa BhIPOXK-
nennsg. VM gBjisiercss B JJAHHOM CJIy9ae MOBEPXHOCTH CEPbI €/1u-
HUYHOTO PAJIMYCA, KAXKIAd TOIKA KOTOPOI OTBEYAET OIPE/IETIEHHOMY
nanpassenuio n. Hamo ogHako y4decTs ere, 9T0 COCTOdHUsT HEMATHU-
Ka, OTJUYAIONInecsd M3MEHEeHWeM 3Haka N (DU3UYecKu TOXKIeCTBEH-
uel. JIpyrumn cjioBamu, arnaMeTpasibHO TTPOTUBOIMOIOKHBIE TOUKN HA,
chepe pusmdgeckn SKBUBAIEHTHBI. TakwMm 00pa3oM, MPOCTPAHCTBO
BBIPOYK/IEHWST HEMATHKA — cepa, Ha KOTOPOii KayK/Ible JIBE TUAMET-

PATHLHO MPOTHROMOIOKHBIE TOUKH CINTAIOTCS SKBIHBAJIEHTHHIMMA ©).

[IpencraBum cebe, 9TO MBI TTPOU3BOAUM B (DUBUIECKOM OOBHLEME
HeMATHKa 00XO0/ BOKPYT PACIOJOKEHHOW B HEM IMCKJIMHAIMOHHOM
JIMHWUU TI0 HEKOTOPOMY 3aMKHYTOMY KOHTYDY (HAa30BEM €ro KOHTY-
pom ). Byaem cieauth ipu 9TOM 06X0/1e 3a HANPaBJIEHNEM BEKTO-
pa n. Mzobpakaiomias ero ToYka B MPOCTPAHCTBE BBHIPOXKIEHNST —
Ha cdepe — OMHIIeT HEKOTOPKIH TOXKE 3aMKHYTHINH KOHTYD (Ha30BeM
ero kourypom I'). 3aech HaI0 pasauyaTh jBa Caydas.

B ogrom m3 mux xkouTyp ' 3amMKHYT B
OykBasibHOM cMbicie. Bozspamascs B uc-
XOJIHOE TI0JIOZKEHME, M300PazKaroIasi TOUKa,
OIUCBHIBAET HEKOTOPOE IEJI0€ HYUCI0 N Ie-
resb (Tak, ais KouTypos I'1 u I'y va puc. 31
9TO Y10 PAaBHO 1 1 2). D10 9nCI0 U siBJisi-
ercs 1eaounc/iennbiM uujgekcom Opanka.

B apyrom ciayuae koutyp I', BbIil-
Jlsi W3 HEKOTOPOW Touku Ha cdepe, 3a-
KAHYMBAETCA B JIUAMETPAJIBHO ITPOTUBO-
nosokuo#  Touke. Takoit KOHTYDP TOXKe
JIOJ2KEH PACCMATPUBATHCA KAK <«3aMKHY-

Puc. 31 TBIfl» BBUJY SKBUBAJEHTHOCTU JUAMET-

PaJIbHO IPOTUBOIOIOKHBIX TOYeK. VHmexe

Dpanka onpeesisiercs Kak MOJIYIHEa0e «9uCI0 MeTeby, OMUChIBAe-

MBIX IPU 3TOM M306pazKaromei To9koil (Tak, st MOJayOKpYKHOCTH
'y /o 310 Wm0 n = 1/2).

JI10001 3aMKHYTBHIIl KOHTYP HA OBEPXHOCTU CEPBI MOKET OBbIThH
npeppaiien B Jitob0it Apyroit 3aMKHYTBIN KOHTYD IIyTEM HEIpPepPbIB-
HOit (1. e. 6e3 paspeiBa koHTypa) gedopmanuu. Bonee Toro, ar06oii
BaMKHYTBII KOHTYP MOXKET OBbITb HEINPEPBIBHBIM 00PA30M CTIAHYT B

TOYKY 2).

1
) DToMy TeoMeTpmueckoMy 00pa3y OTBEUAET B TONOIOTMH TAK HA3HIBAEMAs
OPOeKTUBHAA IIOCKOCTD.

2) Hedopmamus KOHTYpa MOXKeT OTpaKaTh co00H KAK H3MEHEHHe KOHTYDA 7
B (usmHueckoM MPOCTPAHCTRE, TAK W M3MEHEHWe caMoro nons n(r).
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Takeke MoryT OBITH TPEBPAIIEHBI IPYT B JIpyTra JiF0Oble KOHTYPHI,
HAYMHAIOIIMECST U KOHYAIOIIMECsT B JIMAMETPABHO [MPOTUBOIIOIOK-
HBIX TOUKax cdepnl. Takne KOHTYPbI, 0THAKO, HE MOTYT OBITH CTSIHY-
ThI B TOYKY: IPU JePOPMUPOBAHUN KOHIIBI KOHTYPA MOLYT CMEIIATh-
Cs1, HO JIMIIIb OCTABAsICh TIPU 9TOM HA KOHIIAX KAKOTO-JI0O0 JuaMerpa
cdephr.

Taxum obpazom, ungexc Opanka He FABJIAETCH TOMOJOTHIECKUM
WHBAPUAHTOM. TOIOJOTMYECKN WHBAPUAHTEH JIUITL (DAKT €ro Iesio-
IV TTOJTYTIEJIOUNCIEHHOCTH.

N3 ckazanmoTo Caeayer, 9To BCE AUCKIWHANNNA B HEMATHIECKON
cpejie pacragaroTcs Ha JBe KATerOphh, B KaXKJIOW M3 KOTOPBHIX BCE
IVCKTUHAIIMT TOTIOJIOTHIECKN SKBUBAJIEHTHBI — MOTYT OBITH Tepe-
BeJeHBI IPYT B JIPyTa MyTEeM HEMPEPHIBHOTO AehOPMUPOBAHWS TIOJIST
n(r) (C.U. Anucumos, U.E. J[zarowunckuti, 1972). Ogny karero-
PWIO COCTABJIAIOT AUCKJIMHAINY C HeabiMu nHaekcamu Ppanka; 3mu
IUCKIWHAIME K TOMY YK€ TOTMOJOTHIECKN HEYCTOWIUBBI — OHU MO-
TyT OBITH BOOOIE yCTPAHEHBI MyTEM HEMPEPBIBHOTO 1ehOpMUpPOBa-
ans. JInckanHanms 1meioro nHIeKca MOYKeT 3aKaHINBATHCS B 00heme
HEMATHUKA.

Jlpyryio KaTeropwio COCTABJSIOT IWCKJIWHAIMHU C TOIYIIETBIMA
WHAEKCAMU. DTU JUCKJIWHAINW HEYCTPAHWMBI, OHU TOTIOJIOTHIECKHT
YCTOWYNBEI.

Bompoc o Tom, Kakast n3 TOMOJIOTUYECKN SKBUBAJEHTHBIX CTPYK-
TYP J0/IZKHA (DAKTUIECKH OCYIIECTBUTHCS B TEX UJIM UHBIX 33/ IAHHBIX
YCJIOBUSIX, 3ABUCAT OT OTHOCUTEIBHON TEePMOIUHAMUIECKON BBITOI-
HOCTH 3TUX CTPYKTYP. DTO 3a/1a49a BBIXOJUT 32 PAMKHU TOMOJOTHIE-
CKOI'0 aHAJ/IU3a.

Hapsiny ¢ nmuneiiabiMu 0COOEHHOCTSIMY, JUCKIMHAIIUSIMU, B HEMar-
THYECKON Cpejie MOTYT CyIIECTBOBATH TAKYXKE U TOYEUHbIE OCOOEHHO-
cru. [Ipocreitmnit npuMep Takoit 0COOEHHOCTH — TOYKA, U3 KOTOPOi
TOPYAT BEKTOPBI NI BO BCE CTOPOHBI («€2K» ).

st BbIsiICHEHUsI TOMOJIOTUYECKON KJIACCU(DUKAIIUU TOYCTHBIX
0CcODeHHOCTel CHOBa 0OPATHMCS K OTOOParKeHUsIM B MPOCTPAHCTBE
BBIDOXKJIEHUST HA €INHUYIHYI0 cdepy. Bribe-

PEM B 3al0JTHEHHOM HEMATUKOM (DU3UIECKOM \
npocrpascTee jie Touku A u B, coeauHen-

HbBIE HEKOTOPBIM KOHTYPOM 7Y, OKPYKAOIUM Ne)

ocobyto Touky (), Kak ToKazano Ha puc. 32.
Ha emwnuunoii cepe xouTypy 7y oTBeUaer
onpeieieHHbIil KouTyp I'. Bynem Tenepr Bpa- Puc. 32

MaTh KOHTYP 7y BOKpyT mpsimoii AB. Tlocre

TTOTHOTO 000pOTA, KOT/Ia KOHTYP COBMECTHTCS cam ¢ coboii, or onu-
mer B (PU3UUIECKOM TTPOCTPAHCTBE 3aMKHYTYIO MOBEPXHOCTH 0. He
oTobparkenwe Y, OMUCHIBAEMOE KOHTYpOM [', TOKpOET eInHWIHYIO
cdepy, Bo3MOXKHO, Ooee dem oanH pas3. ducio N MOKpBITHi eau-
HUIHONW cephl 0TOOparkeHneM Y. sIBISIETCS TOTOJOTUIECKON Xapak-
TepUCTuKOit ocoboit Toukm. Orobparxkenne X MOXKHO TPEICTABUTH
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cebe KaK HATAHYTYIO HA cdepy 3aMKHYTYIO ILJIEHKY; OYEBUIHO, UTO
€€ HUKAK HeJb3d (He MPOM3BOJS Ha Hell Kakux-mbo pa3pesos) Crsi-
HYThb B TOUKY. DTUM BBIPAYKAETCs] HEYyCTPAHUMOCTE OcobeHHOCTH. Fe-
gu N = 0, 10 mieHka BoobIe He oXBarbiBaeT cdepy. 1o oTBedaer
OTCYTCTBUIO OCODEHHOCTH WJIA €€ YCTPAHUMOCTH TAKYIO ILIEHKY
MOKHO CTIHYTh B TOUKY. [lg 0coObIX TOUek B HemaTtuke 3uak N He
MMEeT CMbBICJIA: er0 U3MEHEHWME O03HAYAeT JIWIh M3MEHEHUE HAIPaB-
JIeHW# N BO BCEM MPOCTPAHCTBE HA 00PATHBIE, YTO HE OTPAKAETCS
Ha, COCTOSTHUN HEMATHUKA.

Yucmo N, xapakTepu3yroniee TOYeIHYI0 OCOOEHHOCTH, MOYKET
OBITH TOBKO TEIBIM. JIerko BuIeTsh, uTo moaymeaoe N o3uavqano Obl
B JICICTBATE/ILHOCTYU CYIIeCTBOBAHNE HEYCTPAHUMON JIMHENHO, a He
TOUeUHON ocobennocTn. Tak, ecnim Y MOKPBHIBAET TOJOBUHY Chephl
(N = 1/2), To 370 3HAYWT, YTO, MPOCIEINB 3a KAKOH-TMO0 OTHO
TOYKOH Ha 7y, MBI HalZeM, 9TO ee OTOOpaKeHNe OMNCHIBAET Ha chepe
KOHTYD BUIa F]/Q (puc. 31), 9TO CBUAETETHLCTBOBAIO OBl O HAJIMYNH

HeyCTpaHnMOil TnckanHanmn ¢ wajgekcom @panka n = 1/2 1.

B cBs3m ¢ obcy K ieHnemM TomoJIOTHIeCcKnX CBOMCTR ocobeHHocTeit
B HEMATHWKAX OCTAHOBUMCSI KPATKO HA TOTOJOTHIECKOM HCTOTKOBA-
HUW JIUCIOKAINNl — OCOOBIX JIMHWIT B KPUCTAIMIECKUX PEITeTKaX.
[IpencraBum cebe HEOTPAHWYEHHYIO KPUCTAINIECKYIO PEITeTKY U
BBEJIEM OCHU I, L9, L3, HATIPABIEHHBIE BIO0/JIb TPEX OCHOBHBIX MEPHU-
OJIOB PEIeTKU; BEJIMIUHBI STUX MEPUOAOB TYCTh OyAyT G, G2, A3.
DHeprusi PereTku He MEeHsIeTCsl TP ee TapaJjijielbHbIX CIBUraxX Ha
JII00bIe PACCTOSAHUS BJIOJIb OCEl X1, To, £3. ObjacTu U3MEHeHuUs 11a-
pPaAMeTpPOB BBIPOXK/IeHUs (BEJIMYMH CIBUIOB) OTPE3KU JIJIMHBI (],
a3, G3, TPUYEM Yy KaXKJIOr0 OTPe3Ka 00e ero KOHIEBbIe TOYKHM PacCcMa-
TPUBAIOTCS KAK IKBUBAJEHTHbBIE (IIOCKOJIBKY CJBUI HA TEPUOJ] COB-
MEIIIAEeT PEIIeTKy caMy ¢ co0oii, T. €. 0OCTaBJIIeT COCTOsIHUE PElIeTKI
TOXKIECTBEHHO Hen3MeHHbIM ). OTPE30K ¢ IKBUBAJIEHTHBIMU KOHI[AMHE
TOIMOJIOTUYECKH COBIAIAeT ¢ OKPYyKHOCTbIO. Takum obpazom, mpo-
CTPAHCTBO BBIPOXK/ICHUS KPUCTAJLIMIECKON DPEIeTKr MPe/ICTaB/IseT
co00it TpexMepHyi0 00/1aCTh, MOCTPOEHHYIO HA TPEX OKPYYKHOCTSIX.
D1y 00/1aCTh MOXKHO TPEJICTABUTH cehe Kak KyO, MPOTUBONOIOKHBIE
rpaHu KOTOPOI'O MOMAPHO SKBUBAJIEHTHBI, WM, 9YTO TO XKe CaMOe, KaK

TPEXMEPHYIO IMOBEPXHOCTh TOPA B Y€TBIPEXMEPHOM MPOCTPAHCTBE 2).
Ha Takom Tope CyIIeCTBYIOT He CTITHBAeMble B TOUYKY KOHTYPHI [,
Ka)K,ZIBIf/'I "3 KOTOPBIX XapPaKTEPU3YeTCAd TPEMA HEJIOYNCIIECHHBIMU TO-
TTOJIOTUIECKUMU WHBAPUAHTAMUA N1, N9, 13 — UUCTAMEU OOXOI0B TPEX
obpasyrormmx Top okpyskuocTeir. Kenmm koutyp I' — o6pas konTypa 7,

') IIpn menom N 110106HBIE PACCYKAEHNS He MPUBEIH Obl K AHAJOTHIHOMY
BBIBOJY, IOCKOIBKY AUCKJ/IMHAINS [IET0T0 HHIEKCA yCTPAHNMA, a 0TODOparKeHne
¢ mensiM N OTBEUAeT HEYCTPAHUMON 0COOEHHOCTH.

2) Tlomo6HO TOMY, KAK KBAAPAT € HONAPHO SKBUBAICHTHBIMY IIPOTHBOIIOIOK-
HBIMHM CTOPOHAMHU TOIIOJIOTUYECKN SKBUBAJIEHTEH [IBYMEPHOI MMOBEPXHOCTH TOPA
B TPEXMEPHOM IIPOCTPAHCTBE.
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06x0a511ero0 B (PU3NIECKOM IPOCTPAHCTBE 0COOYIO JIMHUIO (JAMCI0KA-
[I0), TO TPW €ro WHBApHWAHTA COBMAJIAIOT C TPEMsl KOMIOHEHTAMHI
BekTOpa Broprepca (M3MepeHHbIMU B €JIMHUIAX COOTBETCTBYIOIINX
NEePUONIOB a1, Gz, a3). Takum 00pazom, AuCIOKAIIMU — TONOJOTHYE-
CKHU yCTONYMBBIE HEYCTPAHUMbIE 0COObIE JIMHUU, & UX BEKTOPbI Biop-
repca  TOMOJIOTUYECKNE WHBAPUAHTHI.

§ 40. YpaBHeHUs ABU>KE€HNSI HEMATHUKOB

CocrosiHne JABUMKYIIEHCs HEMATUIECKOW CPeJbl OIpeesisercs
pacipejie/IeHusIMU B TPOCTPAHCTBE YeThIPEX BEJIUUNH: JIMPEKTOPA 1,
IJIOTHOCTH MAacCChl p, ckopoctu v u mjaorHoctu saTporuu S. Co-
OTBETCTBEHHO 3TOMY MOJIHASI CUCTEMA MHJIPOJIMHAMUIECKUX YPaBHE-
HUil JBMJKEHWsl HEMATUKA COCTOUT W3 YeThIPEX yPaBHEHWIi, onpe-
JIEJISIIONUX  [TPOU3BOAHBIE 110 BPEMEHU OT YKA3AHHBIX BEJIMYUH

(J.L. Eriksen, 1960; F.M. Leslie, 1966)1).

Haunewm o ypasHenus jist qupekTopa. Ecim HemMaTnk HaXoanTes
B pasHOBecuu (Tak uro h = () m JABMIKETCS KaK IeJI0e C MOCTOSH-
HOIf 110 MPOCTPAHCTBY CKOPOCTHIO, TO 3TO YpPaBHEHWE JOJIKHO BbI-
pazkarh co00if TpocTo TOT baKT, UTO W 3HAYEHWS N MEPEeHOCSITCS
B TIPOCTPAHCTRE C TOW JKe CKOPOCThIO. JIpyrumu ciioBavu, Kaxkjas
YaCTHUIA YKUJIKOCTH TIEpEMeIaeTcss B MPOCTPAHCTBE CO CBOWM 3Ha-
YeHneM n. DTO BBIPAYKAETCS PABEHCTBOM HYJIIO TIOJHON (Wjn, Kak

rOBOPAT, CyOCTAHIIMOHAIBHOI) TPOU3BOIHOI 110 BpEMeH!

dn On
— = —4(vV)n =0. (40.1)
dt ot
B obmem ke ciydae npoOM3BOJBHOTO JABUKEHUSA B NPABOH 4acTh
YPABHEHUS NOABAAIOTCS YIEHBI, 3aBUCAIIne oT h u or nponzsogubix
CKOPOCTH 1O KOOPAMHATAM; B IEPBOM HEMCUE3ATOMIEM THIAPOJANHAM U~
YECKOM NPUOJIMKEHNN HAI0 OTPAHUYNTHCS YJIEHAMM, JIUHEHHBIMU 110
91uM BemuuaaM. [Ipoussogubie Jv; /0Ty COCTABASIOT TEH30D, KOTO-
phIifl MOKHO Pa3ge/JnTh HA CUMMETPUYHYIO M AHTUCUMMETPUYHYTO
qacTu:

1 1

Vil = 3 (8ka + 8k'Ui)7 Qi = 3 (8ka — 8k’UZ) (40.2)

Jns ycranossienus 3asucumMoctu OtT {2 10CTATOYHO 3aMETUTh, YTO
NPU PABHOMEDPHOM BPAIEHUM HEMATHKA KK [EJ0r0 C yIJIOBOH CKO-
poctbio €2, ¢ TOit Ke CKOPOCTBIO GyIeT Bpamarhesa u Bee 1moje n(r).
Takoe BpaleHue ONMUCHIBACTCA YPABHEHUEM

dn 1 dni

= —[rotv-n] wim
dt

— = Qping.
dt 9 killk

') Mo, wactuano, ciemyem usnoxennto D. Forster, T.C. Lubensky, P.C. Mar-
tin, J. Swift, P.S. Pershan (1971).
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JleficTBUTEeIbHO, CKOPOCTh TOYEK BPAIIAIMIErOCsd KaK HEeJ0e TeJa
v =[Qr]; rorna rot v=2Q u a1 CKOPOCTH M3MEHEHUs JUPEKTOPA
MOJTyvaeTcst Takoe ke Beipakenne dn/dt = [dn]. Ynenwr xe, 3a-
BUCAIINE OT Vjf, AOIKHBI OBITH COCTARIEHBI C y9eTOM TpeOOBAHWs
ndn/dt = 0, caexyromero n3 mocTosHCTRAa KRagpata n? = 1. Ta-
KM 06pasoM, TpUXOANM K CIEAYIOMEMY OOIeMy BUILY «ypaBHEHWs
JIBUKEANS TUPEKTOPa»:

dn;
(z = Qping + A0y — niny)ngog + Nj. (40.3)

e ')
N =h/y. (40.4)

Yien N onuchiBaeT peakcalnio JUpeKTopa K PaBHOBECHIO TIOJ J1eii-
CTBUEM MOJIEKYJIIPHOTO TOJIsA, a BTopoil uinen B (40.3) — opuenTu-
pyiolee aeficTBHUE TpaaneHTa CKOPOCTH Ha anperTop. Kosddnmm-
eHT 7y (¢ pa3MepHOCTBIO BaA3KocTH) 1 KO3bduiment A (Gespazmep-
HBI) B 3TUX 4/leHaX WMEIOT KWHETHIECKyIo (& He TepMOIMHAMUYe-
CKy10) mpupoy 2).

VpaBuenue Jijisi BpeMEHHO NPOU3BOIHON IIJIOTHOCTU KUIKOCTH
€CTh ypaBHEHNE HEPEPHIBHOCTH

% + div (pv) = 0. (40.5)

TMETUM, YTO 3TUM BHEHUEM, 110 C 3CTBY, OLIPEJeIdAeTcs I'U/l-
OrmeruM, 4T0 3TUM ypaBHEHHUEM, 10 CYIIECTBY, OMPEJIEIsieTc
poauHaMuyecKas CKOPOCTb KaK IJIOTHOCTbL IIOTOKA BellecTBa, OTHe-
CeHHad K eJJUHULEC er0 MacCChl.

VpaBHenue jjid BPEMEHHON MPOU3BOLHON CKOPOCTH €CTh JIMHA-
MUYECKOe ypaBHEHUe

p™Y =T, (40.6)

rne F — cuna, meiicTByromast Ha equauily oobema. B coorBercTBUM
C MBJIOXKEHHBIMW B § 2 OOMMMHN pacCyKICHUSIMU, 00HEMHBIE CHIbI
MOTYT OBITH TIPEJICTABJIEHBI B BUJIE TEH30PHON INBEPTEHITHN

F; = Opoip,

rje o, TeH30p nanpsikenuii. Torga JuHAMUYECKOE YpABHEHHUE 3a-
MUIIEeTCs B BUJE

dUi — (8111
dt p ot
Bux TeH30pa HaNPAKEHWNA 6yﬂeT YCTAaHOBJIEH HUIKE.

+ (VV)?)Z') = 0ok (407)

') OGosnauerne N BBeaeHO a5t 60sI€€ SICHOTO BBISIBJICHUS CTPYKTYPHI HEKO-
TOpPBIX (hOPMyYJT HUKE, & TaAK¥Ke BBUIY AajbHeHmux obo0menuii B § 43.

2) OrcyrcrBue B mpasoii wactu ypasraennd (40.3) ©/I€HOB ¢ TpaIMEHTAME TLIOT-
HOCTW W 3HTpPONMN (MM TEMTIEPATYDHI) CBA3AHO ¢ TPEOOBAHWUAMW MHBAPWAHTHO-
CTH yPABHEHUI 110 OTHOMIEHUIO K MPOCTPAHCTBEHHOW MHBEPCUU U 10 OTHOIIECHUIO
K m3MeHeHnio 3Haka n. CM. 06 3Tom moapobuee B § 43.
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Haxkowner, octaercs ere ypaBHeHue /711 SHTponnu. B orcyTcrBre
JUCCUTIATUBHBIX TTPOIECCOB IBUKEHNE YKUIKOCTH OBLITO OBl ajanabda-
TUIHBIM, TPUYIEM aAnabATUIHBIM B KAXKIOM 3JIEMEHTE KUIKOCTH,
KOTOPBIE TIePEeIBUTAINCH OBl CO CBOUMU MOCTOSTHHBIMIA 3HAYUEHUSIMU
SHTPONNUH. Y PaBHEHNE, BHIPAKATOIIEe COXPAHEHNE SHTPOTUN, 3alli-
CBIBAJIOCH OBI TTPOCTO B BUJIE YPABHEHUS HENPEPBIBHOCTHU /I HEe:

05+ div (Sv) =0,

riae S SHTpOIMS eJUHUIbL 00beMa, a VS  MJIOTHOCTH MMOTOKA

SHTPOTTNN 1). ITpm yvere AMCCHUTIATUBHBIX TIPOIECCOB SHTPOTMITHOE
YPaBHEHNE NMeeT BU/I

ﬁ—%div (Sv—i—g) = 2R
ot T T

Baeck R — mak HazwiBaemas auccnnarnBrast Gynkmms; 2R /T omnpe-

(40.8)

JIeJIsIeT CKOPOCTh BO3PACTAHNS IHTPOIKE 2); OHA [PeACTABIIsAeT CobOit
KBIPATHIHYIO (DOPMY, COCTABAEHHYIO U3 KOMIIOHEHT TEH30Pa Vi U
BexkTopoB h u rpajuenta temneparypst V1. BekTop ke q  mwioT-
HOCTB MIOTOKA TEIL/Ia, CBA3aHHOTO C TEIIOnpoBogHOCTHI0. KoMmonen-
THI 9TOTO BEKTOpa — JuHElHbIe DYHKIINN KOMIOHEHT BEKTOpPa TPa-
IMEHTa, TEMTIEPATYPHI

q; = —%ﬂﬁkT. (409)

B memarmueckoit cpeme Ter3op KOI(MMUIMEHTOB TETIOTPOBOIHO-
CTW 3¢, MMEET JIBe He3aBWCUMBIE KOMITOHEHTRI M MOYKET OBIThH TTpe-
CTaRJIEH B BUJE

Hik = 2 ning + 1 (dik — ning), (40.10)

TJI€ 3¢ W 3| OMHUCBIBAIOT TEIJIOTMPOBOJHOCTD B MPOJIOIBLHOM U TIOTIE-
I 1

pedHOM (110 OTHOIIEHUIO K 1) HAIPABJICHUSIX.
BaKOH COXpAHEHWsI SHEPIMU B TUAPOJAMHAMUKE BbIPAXKAETCsI
yDABHEHMEM BH/1A

2
217+ B +divq =0, (40.11)
ot 2
riae £ njioTHOCTHE BHYTpeHHe sHeprun, a @ [JIOTHOCTH MOTOKA

suepruu. [Lnornocrs sueprun E = Ey+ Ey, tne Ey(p, S) oraocurca

1) D10 ypasrenne MOXKeT GHITH MPEICTABIECHO B SKBUBAICHTHOM BUIE
ds 08 S
——=_—=4(vV)= =0,
dtp Otp p
BBIPAYKAIOMIEM TTOCTOAHCTBO TIEPEHOCUMOI 9aCTUNIAMU JKUJAKOCTH SHTPOITUH, OT-
HECEHHOW K eJIMHUIE MaCCHhI.
2
) Cama xe dynxmms 2R naer (xkak u B § 33) CKOPOCTh JMCCUMALINN MEXAHY-
weckoii sneprum (cp. VI, § 79).
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K HemedOpMUPOBAHHON, OJHOPOIHON cpere, a 3Heprust K, cBsa3ana
¢ uckazkeraueM nosist n(r). CornacHo ckazaHHoMy B KoHLE § 36 Besin-
unna F, conagaer co crobozHoii sueprueii Fy (36.1), ¢ Toit jwmn
pazuwuteit, yro momyamn ynpyroctu Ky, Ko, K3 moapa3yMeBaroTcd
BBIPAKEHHBIMY Y€pe3 TJIOTHOCTh W SHTPOINIO, & HE TEMIEPATYPY.

3aKoH COXPaHEHUs SHEPTUN COJAEPYKUTCS, KOHETHO, B YPABHEHUIX
JIBUKeHNst. MBI ke BOCIOJIB3YEMCSI UM JIJIs1 YCTAHORBJIEHWST CBSI3M MEYK-
Iy BBeJleHHbIME BbIle pynkmnueit R, renzopom o, u Bektopom N.

Packpoem npoussoanyio no spemenu B ypasaenun (40.11) ¢ yue-
TOM TEPMOJIMHAMUIECKUX COOTHOIIEHUI

<8E ) ( 8E)
_ = T’ —_— = M
0S/ p,n dp/ S,n

e [ — XUMWYECKN MoTeHmmall 1). Mmeem

O0E,

2
3[%“3}:" % w272y (2

) . (40.12)
ot 2 Ot p, S

Paccmorpnm oTaensHo nocaeaanit aien. Bregs obosnavenne m;
3 (36.6), nmeem

E. E i
(M) - (&) Oni | o
ot /p,S on; /p, 5 Ot

= {21 g} 2+ 0 (ma %) = —0 2+ 0y (mi )
{8ni KThi | 5y T Ok \Thi g, or T Ok ki g,

(Bmecro H 3pech mammcano h, nockonbky npogosibaas yacts H
cpasy BhITIaJaeT BBUIY paserctsa non/ot = 0). Iloacrasus cioga
On/0t n3 (40.3), nuiem
(%) 5 = (v Okni + Qigng — Avigng)h; — Nh+ div (- )
p7

W TIOCJIE€ BBIJICJICHUA eIlle OJIHOI TTOJTHOW AWBEPTeHIINnT:

9B — Qv — 12 L dive. ..
(W)p,q* Gy — LW - div (). (40.13)

') Tloguepxuem, uto E 0THOCHTCH K 331aHHOMY (emmaMaHOMY) 06BEMY, & Tie-
peMeHHBIM siBistercs unciao N dactuil (Momekyn) B 3ToM obbeme. B V. xumu-
9eCKWil MOTeHIMAJl Be3/1e OTHOCWJICS K OJHOW YaCTHIe, T. €. ONPEeIessiyICs Kak
u = 0E/ON. Ilockonbky N = p/m (m — macca MOJIEKyJIbl), TO IPUHATOE 31ECh
Ompeie/leHne OTINIAETCS OT ONpeJeIeHnus B T. V JNIIb MHOXKATeTeM m. Bo us-
OeXkaHve HeJoPa3yMEeHUH TPU CPABHEHWHW C TEPMOJAMHAMUYECKUM COOTHOTIEHN-

M (3.2a), HanoMHEUM, 9TO 37€Ch E eCTh BHyTpEHHAS SHEPTUSA €IUHALI 00HeMa
B TOYHOM CMBIC/IE 9TOTO C/IOBA, MEXKIy TeM Kak B § 3 Benmumua &£ onpeaeneHa
KaK SHEPTHsi KOJMYEeCTBA BEIIECTRA, 3aKII0YEeHHOr0 B eananie obbhema neaedop-
MHUPOBAHHOTO TeJa.
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rie
G; = —hpOin; + %&g(nzhk — Tbkhz) — %&g(nzhk + Tbkhz) (40.14)

3/1eCh 1 HEUKE MBI HE BBIIUCHIBAEM I[IOJTHOCTBHIO BBIPAYKEHUE II0]] 3HA-

KOM JIMBEPIEHIUH C IeJbI0 YMEHBIICHUsT IPOMO3AKOCTH (DOPMYIL.

D1y uieHsl (K KOTOPbIM Mbl BEPHEMCsl ellle B KOHLe naparpada)

He CYIIECTBEHHBI JJIsT PENIeHNs TIOCTABIEHHOTO BOMPOCA.
Bripaskenne (40.14) MOXKHO MpeICTAaBUTEL B BHJE

G; = 8kaz(£) + (8Z'Ed)p=5, (40.15)

rje
(r) A 1
O = —Tkl oin; — E(szhk + nkhz) + E(Tblhk — Tbkhz) (40.16)
[Ipu npeobpazoBanuu KUCIIOIB30BAHO PABEHCTBO
OFE
(0iE4)p, s = 2 L0ing + mip0iOyny,.
Bnk

(r)

Omnpezenenve Tensopa o’ HeomwozHawdHo: Bhipaykerne (40.15)

(r)

He W3MeHWTCst mpu jJobapjienun K o, ° J1000ro ciaraemMoro Buia
O Xilk, TAE Xik — TPOW3BOIBHBIN TEH30p, aHTUCUMMETPUIHBINA TI0
nociaeaHeit nape uHAEKCOB (Xik = —Xikl). Xors Tenzop (40.16) ne
CUMMETPUYEH, OH MOXKeT ObITh NPUBEJIEH K CUMMETPUIHOMY BUJLY
npubaBJIEHUEM YJIEHA YKA3aHHOTO BUJA C HAJJIEXKAIIUM 0Opa30M 110-
0OpaHHBIM TEH30POM X1k PaKTUYECKOE POBEJIeHUE ITOH, [TOBOIb-
HO I'POMO3JIKO#, omeparuu OTI0KUM JI0 KOHIIA naparpada, a ceitaac
MPOJIOJIZKUM BBIBOJI YPABHEHUI JIBUKEHUSI, TIPEJIIOIAras CUMMeTPH-

T .
BaLMIO 0" YK€ IPOU3BE/IeHHOT.

[Moxcrarus (40.15) B (40.13) u BBIgEASIST B OJHOM W3 WJICHOB TTOJI-
(r)

1
HYIO JIMBEPreHnuio (C y9eTOM CUMMETPUIHOCTH o ), ToLyunM )

(%) = *Nh"‘(fz(;)?)ik — (87;E)p“q v; + div () (40‘17)
3t ﬂ,S

Hakonen, nogcrasum B (40.12) dburypupyiomme tam npousso-
Hble 110 Bpemenn u3 (40.5), (40.7), (40.8) u (40.17), npuuem gacTHyO
(Mp¥ MOCTOAHHBIX p 1 S) MPON3BOJHYIO 0T F BHIpA3uM vepes MoIHY 0
MPOM3BOIHYIO COTJIACHO

OE = (0;E),, s + poip + T0;S.

1) Hockomsky Eg = Eo(p, S), 10 (8iEq)p, s = (0iE),. s.
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[Tocne psia npeobpazoBanuii (Bble1€HAS NOJHBIX JUBEPrEHIUT) 110-
JIyYUM B Pe3yJibTaTe

2
% [% n E} = —o! vy — Nh + %qVT + 2R +div(---). (40.18)

r7Ie 0}, CBSI3aHO C 0 (HbOPMYJIOit
Ok = —poip + (IZ(;) + Olgs (40.19)

a JaBJIEHHWE BBEAEHO COIJIACHO €ro TePpMOJNHAMUYECKOMY OIpeaesie-
HUIO:

p=pu—E+TS (40.20)

(pp = ®  TepMOAMHAMMYECKMH TIOTEHIMAJ €JAMHUIIB 00beMa Be-
MIECTRA); KaK W JOJPKHO OBLIO OBITh, UM OTPEIETAETCS N30TPOTTHAS
4aCTh TEH30pa HANPAYKCHUI.

Cpasuus (40.18) ¢ ypaBuenunem coxpanenust sneprun (40.11), mbl
BUJIUM, YTO

9R = o'y vy, + Nh — %qVT. (40.21)

Dra QYHKIMS ONPeJesiseT BbI3BAHHOE JTUCCUITATUBHBIME [IPOIECCa-
MU yBesmdenue 3uTponuu. cuo nosromy, uro seejgennbiii B (40.19)

TEH30p 0, TPEJCTAB/IAET CODOM JANCCHMATHRHYIO (<«BSI3KYIO») TaCTh

(r)

Ten3opa Hanpskennit. Tensop xe 0;,’ B (40.21) we BxoxWUT; OH MpEJI-
cTapJisieT cobOil HeNCCUTTATHRHYIO (MOMUMO CBSI3AHHON C JIaBJI€HM-
eM) 9acTh TeH30pa HANPsKeHHit | ), crenuduaecKyro s HeMaTH4ge-
cKoit (B oTsimame oT 0OBIYHOI) YKWUIKOCTH.

Ob6parum TakKe BHUMaHUE HA TO, UYTO B JUCCUNATUBHYIO (DYHK-

nuio He BXoanT Kodddurment A. XoTs omuchbIBaeMbIit 3TuM 6e3pas-
MepHbIM Ko3ddunuentom ahdexT nmeer IBHO KMHETHIECKYIO (a He

TEPMOJMHAMUYECKYIO) TIPUPOJLY, OH HE JIMCCUTIATHBEH 2),
[LroTHOCTH OOBEMHBIX CHJI B IBUMKYIMEHCS HEMATHYIECKON cpeje

F,=—0ip+ 3k:0§£) + oy = —Oip + Fi(T) + F.

B wenomsukHOI paBHOBECHOI (XOTH n ;Ied)opanOBaHHoﬁ) cpene

F' =0, a cornacuo ycnosuio pasnosecust (36.7) u h = 0. Cornacuo
(40.14), (40.15) mpw sTOM cHIA

F) = —(VEy)ys. F=-Vp—(VEd),s.

!) Ee unorma HA3BIBAIOT PEAKTHBHON YACTBIO (OTCIONA HHIEKC (T), KOTODHIM
MBI CHabImM ee 0603HAYEHNE).

2
) Dra curyanms e yHnkasmbma: HanomanM dddext Xoma B JIEKTPOIMHA-
MUKe MPOBOJSIINAX TEJ; OH TOXKE He CBS3aH C JUCCUMAINCH.
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Ecau cuurarhs MOy M ynpyrocTu NOCTOSTHHBIMU, HE 3aBUCSIIUMU
or p u S sBemmunuamu, 10 (VEq), s = VE; n toraa cuna F =
= —V(p+ E,). Ho B paBHOBecun 107kHO ObITH Takke 1 F = (0. Or-
crofa ciaeayer, 9To (B yKa3aHHOM TIPETNONIOKEHNN) PACTIPEIETEHIe
JIABJIEHUS BIOJIb HAXOJAIIENHCS B PABHOBECUM HEMATHUIECKON Cpeibl
naercst popmytoii 1)

p = const — Fy. (40.22)

HpOHSBeﬂeM TETEPH B ABHOM BHU 1€ YIIOMAHYTYIO BHITIIE OTIEDAITUIO

T
CUMMETPHU3AaIN TeH30pa (Iz(k). IIpex e Bcero, BbIYMCIUM B sIBHOM
BUJIE AHTUCUMMETPUYHYIO YacTh 9TOT0 TeH3opa. [Ipm Berauciennn

() _ (1)

PazHOCTH 0" — 0}, HAJI0 YY€CTh, YTO BbIPAKEHUE

0FEq
Big = 7 =ny + mi; Ongg — my ity

g

CUMMETPpUYIHO 10 uHjekcaM i, k. [IpoBepurh 3Ty cuMMETPUIO HEro-
cpesicTBeHHO Hesierko. lIpore caesars 370 KOCBEHHBIM IIyTEM, BOC-
[0/IbBOBABIIUCE TEM, 4TO dHeprusd Fy  cKajagp u TeM CaMblM WH-
BApUAHTHA OTHOCUTE/IBHO IMPOU3BOIbLHBIX BPAIIEHUN CUCTEMBI KOOP-
jgunar. [Tpu 6eCKOHETHO MAJIOM MOBOPOTE HA YO d@ KOOPIUHATHI
mpeodpaszyoTes Kak

r'=r+dr, dr=I[0p- 1,

0T; = €ixTk, Eik = k0PI = —Eki-
JIist m3Menenns BEKTOpa N 1 TeH3opa Ojn; NMeeM COOTBETCTREHHO
on; = €yny, 6(8k777) = €41 Oxny + €k O

Nusapuantaocts GyHKIUN Fj mpw 9TOM MOBOPOTE 03HAYAET, UTO
Bireir = 0. TTockombKy € MPOUBBOJIbHBIN AHTUCUMMETPUYHbBIHT
TEH30D, TO 0TCIOAA Cleyer, YTo Bj;i  cuMMerpudHbIil T€H30D, 9TO
u 1peboBaIOCh JOKA3ATH.

Nmesa 510 B Buy, JIETKO HPUBECTU AHTUCUMMETPUYHYIO YaCTh

(r)

Ten3opa o, K Buay (2.11) ¢ Terzopom

Pikl = NiTE — NET;.

!) Eciu me menarh yKasaHHBIX Ipeanonoxkenuii, 1o cuay F opu mocrosmmoil
Temmeparype MOXKXHO mpuBecTu K Buay F = —pVpu tak, 910 ycaoBue paBHOBe-
cust cBOOMTCH K 00bramoMy i = const. eiicrBurensno, anddepennnpys BbI-
paxenwme (40.20) a1s JABIEHUS W yIUTHIBAA TEPMOJUHAMUTIECKOE COOTHONIEHUE
dE =TdS+pudp+(dEq),, s, naiinem —Vp = —pVu—SVT +(VEq),, s, oTKyna
npu 1" = const u mony4daercsa ykazanHoe Bbipaxkenue g F.

8 JI. JI. Jlangay, E.M. JIndmur, Tom VII
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(r)

[Tocsie 3TOro cMMMeTpU30BaHHBIN TEH30P 0" 110/1y4aeTCs Helocpe/l-
crBenno no dpopumyie (2.13). Tloce HEKOTOPBIX NPUBEIEHWI MOy IrM

A 1
UZ(;:) = _E(Hihk + ngh;) — E(W'” diny + iy Opny) —
1
-5 (i + i)y — Tgyng — myng). (40.23)

Ormerum, 4T0 3TO BhIPAXKeHNE (DAKTUIECKH COIEPKUT TOJBKO MOTIe-
pevdHble (Ho UHJIEKCY k) KOMIIOHEHTBI TeH30Da ;). Kcjiu npeacraBuTh
TIOCTIETHUNA B BUJIE

_ ()
i = T, + TNENy
t t
(tak 4To ng)nk =0), To B (40.23) ocTaHyTCst TONBKO YJIEHBI C ng).

Hakonen, BepHeMCst K 4jl€HAM C IIOJIHBIMY JIMBEPIEHUMIMU, KO-
TOpBIE MBI J10 cux 110p He BbinuckiBaau. Cpasuus (40.18) ¢ (40.11),
BUJIMM, YTO BBIPAXKEHME, CTOdAIIee M0J 3HAKOM div B COBOKymHOCTH
9TUX WIEHOB, ONPeAeanT co00il II0THOCTH N0TOKA SHeprun. [puseem
3J1€CH MOJIYYAIOMMACH TaKUM 00Pa30M OKOHYATEJIbHBIH pe3yJbTrar:

2
Qi= (W+ %) v — Tk d — v Oy + Queny + Ang (Vg — NN V) T+

A
+ = (nihy — nghi) oy + E(Wihk +nghi)vg — ojvg — s, T,
(40.24)

rne W=p+FE  rtewioBag pyuknus. [lepsoiit wien coBnajgaer ¢ Bbi-
pParKeHUEeM MOTOKA SHEPIUU B MMAPOJUHAMUKE OOBITHON KUIKOCTH.

N | =

§ 41. IuccunartuBHbie KO3(pDUIIMEHTHI HEMATUKOB

Yaenst ¢ N u 0}, B ypaBHEHUsIX JABHKEHUs BBIPAXKAIOT OO0 pe-
JIAKCALIMOHHBIE MTPOIECCHI, BOBHUKAIOLIME BCIEICTBUE TEPMOIUHAM-
YECKOH HEPABHOBECHOCTU CPEJIbI; 9Ta HEPABHOBECHOCTH B CBOIO OYe-
peJib CBsi3aHa ¢ OTJIMIHBIMU OT HyJis1 h n v;;,. B 06brarom rujiponna-
MUYECKOM TIPUOINKEHNN HEPABHOBECHOCTE TIPEITIOIAraeTcs ciaaboit,
T. e. BeM9nHbI h, v;; — B onpeneseHHOM cMbICTe MasbiMu. Toraa
0}, SBIISIETCS UX JIMHERHBIMU DYHKIITSIM.

Opnako mipu pUHATOH HaMu (hbOpMe 3annuch ypaBHeHW i JIBUKe-
HIST 3aBUCAMINX OT h ujenos B o], mucath He Haj0. [leficTRUTEILHO,
TaKWe UJIEeHBI, COCTaBIEHHbIe W3 KoMmoHeHT h u n, wvenn Obl BU
const - (njhy + ngh;). Ho wien takoro Buja y»e eCTh B HEJINCCHTIA-
TUBHOMN 9aCTH TEH30pa HATPSIKEHUIT O'Z(Z) (40.23); nobasnaenne nogo6-
HOTO HJIeHa B 0 CBOAMJIOCEH OBI TOITOMY JIWIIh K TIEPEOTTPE/IETEHTIO

KO3 puImenTa .
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O6uuit By JIMHEAHO 3aBUCUMOCTI (I;k OT Vjf:

it = MiklmVim. (41.1)

[PUYEM TEH30P 9eTBEPTOrO PAHTA 1)k, 00J/1a/1a6T OUeBUIHBIME CBOM-
crBaMu cuMMerpun (CAeJCTBUSIME CUMMETPUE TEH30POB U;k u V)

Nikim = Mkilm = MNikmi- (41.2)

Kpowme Toro, sator Tenzop obsiagaer u 6osee riaybokoit cummer-
pueit, caegyromeit u3 06IIEro NPUHIANA CUMMETPUN KUHETUIECKUX
k03 dunmenros Oucarepa (cm. V) § 120; xak u B § 32, nuxe B
9TOM naparpade Mbl MOJIb3yeMcst (POPMYJTUPOBKOI STOTO MPUHITUIIA,
parroit B VI § 59 u BBeJIeHHBIMU TaM ONPeJIeJIEHUSIMU BEJIUIUH T4
u X,). U3 seipaxenns 2R/T nias cKOPOCTH yBEMYEHUST SHTPOIUH

BUHO ]), qTO eCJIF 1101 BeJIMYMHaMMU ’L'a IIOHUMAaThb KOMIIOHEHTHI TE€H-
30pa (I;k, TO <«TEPMOJUHAMUYCCKHN COINIPAZKEHHBIMUY» C HUMHW BEJIN-

auHamMu X, OyAyT KOMIIOHEHTHI TeH30pa 71)lm/T2). KowmmnonenTsl
2K€ TEHBOPA Nk, UTPAIOT POJIb KUHETHIECKUX KOIPDUIIUEHTOB Yqp.
[Mpwunamun Omncarepa TpebyeTr PaBeHCTB Yo = Vpa, T- €-
Niklm = Mimik- (41.3)
Tenzop Mk AOMKEH OBITH COCTABJIEH JIUIIL C IIOMOIIBIO €/1H-
HUYHOIO TEH30pa 0;p U BEKTOPA N C y4YeTOM yKa3aHHBbIX CBOHCTB
cummMerpun. VMeercs BCero ndrh JMHEAHO HE3aBUCUMbIX TaKUX KOM-
Ounanuii)
NN Ny MOl + MyNm O,
NN Okm + kN 0im + NN Ok + 1T 04,
OikOtms  OitOkm + Og1Oim.
CoOTBETCTBEHHO TEH30D 1)k lm UMEET MATh HE3ABUCUMBIX KOMIIOHEHT;
HPEJCTABUM COCTABJIEHHbBIN € €ro MOMOIILIO TEeH30D HALPSKEHUA B
Brze )

ol = 2mvik + (n2 — m)dikou +
+ (na +m — n2) (Sikunmvim + ningoy) +
+ (m3 — 2m) (nimvgs + ngngvy) +
+ (m5 +m1 + 12 — 213 — 2n4)NinEMNy UL, (41.4)

1) HamomunM, 9T0 3Ta CKOPOCTH BBIPAXKAETCS Yepe3 BETUUUHbl Lo, X, GHOp-

mynoit 2R/T = — > #aXa.

2 .
) B JIUTEPATYPE O BEINYNHAX L4 U X 9aCTO TOBOPSAT COOTBETCTBEHHO KAaK O
MePMOJUHAMUMECKUT TLOTOKAT U MePMOUHAMUECKUT CUNL.

3) Juccunarupuse K03GbGUIHEHTH HEMATHKOB OBLITM BBEJCHB (B APYrOM BH-
ne) Jecau (F.M. Leslie, 1966) n ITapodu (O. Parodi, 1970). O6menpuasThiii
BBIOOD ompesesienniit K03(hdUIMEHTOB BA3KOCTH HEMATHUKOB B JIMTEPAType, TO-
BUJAMMOMY, €Il HE YCTAHOBUJICS.

8*
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HenecoobpasznocTs MMEHHO TAKOTO ONpeesienns BceX Ko3hduiiu-
EeHTOB WJIIIOCTPUDPYETCsl CAEAYIOMUM BbIDAYKEHUEM JTUCCUITATUBHON
GyHKIUN, KOTOPOE OHO MPUHUMAET TPH BBIOOPE OIHON M3 Ooceit KO-
opauHaT (0CH Z) BJOJb HALPAB/IEHHS I

1 2
2R =2 (1)a5 — 55&31277) + 7}21)50 + 27731)22 + 21405, V00 +
1 1
+ 7}51)§Z + T {%H(azT)Q + %L(aaT)Q} + ;hQ, (41.5)

T7e WHIEKCH «, 3, 7 mpoberatoT npa 3uadeHus z, y. [lockoabKy m071-
KHO ObTh R > 0 (3uTponust Bozpacraer), 10 K03MDMOUIUEHTBI 1)1, 12,
N3, N5, ||, 1, 7Y NOJOKUTEILHBI 1, KPOME TOrO,

Tans > 1. (41.6)

Takum ob6pazom, HemMaTHUYIECKasi Cpela XapaKTepU3yeTcs BCEro
IEeBATHIO KWHETHUIECKUMN KO3 MUIMeHTaMn: msaThio Ko3hdnimen-
TaMU BA3KOCTH, IBYMsT KO3(DDUIIMEHTAMU TETLIOTPOBOIHOCTH, KOID-
dbummenTom y (TOXKe MMEIONINM Pa3zMEPHOCTh BA3KOCTH) W Ge3Inc-
CUTIATUBHBIM 0e3pa3MepHbIM Ko dhuimerTom .

Yuco Gurypupyomnmx B ypaBHEHUSAX IBUKEHUsT KOdhhuiimen-
TOB BSI3KOCTH YMEHBINTAETCS B BAYKHOM CAyvae, KOTAA IBUKYIILYIO-
sl JKUIKOCTH MOYKHO CUMUTATH HECXKUMAEMOii (115 4ero ee CKOpOCTh
JOJIZKHA ObITH MaJjia 110 CPABHEHUWIO CO CKOPOCTBIO 3BYKA). Y paBHEe-
HUE HeNPEPBIBHOCTU HECXKUMAEMON YKUJIKOCTHA CBOJUTCSI K PABEHCTBY
divv = v;; = 0. B rensope naupsizkennii (41.4) Bropoit unen spinaja-
er BOBCe, a Tperuii npuauMaeT Bug const - d; (NN, vy, ). 3amedaem,
UTO MOCJEHUN YJIeH He JlaeT BKJaJa B JUCCUTIIATUBHYIO (DYHKIUIO
(oH BbImagaer npu 0OPA3ZOBAHUM NPOU3BEJCHUS OjkVik, NOCKOIBKY
Vig0ik = vgr = 0). Kpome Toro, oH mMeeT Takyi e TEH30PHYIO
CTPYKTYPY, Kak W 9IeH —pd;p B TIOJTHOM TEH30PE HATPSIKEHWUH ojp.
Mexay Tem, B THAPOANHAMUKE HEC)KUMAEMON >KMIKOCTH JaBJIEHIE
BBICTyMAeT (Hapsily CO CKOPOCTHIO) TPOCTO KAaK OJIHA W3 HEW3BECT-
HBIX (DYHKINI KOOPANHAT W BPEMEHH, ONpEeIeIsieMbIX B Pe3yjhTare
peITienisi ypaBHeHW JTBUYKEHUs; OHO He SIBJISIETCS 3JIeCh TePMOIH-
HAMWYIECKO BEJIUINHON, CBIA3AHHON C JAPYTUMHU TIOZOOHBIMU BEJIN-
YMHAMU ypaBHEHWeM cOoCTostHus. [loaromy wjieHbl —pd;p u const -
- ik (MM VLy) B TEH30PE HATIPSKEHUH MOXKHO OOBEJAMHUTH JAPYT C
IPYTOM, YUTO CBOJHUTCS TIPOCTO K TEPEOTpPeIeeHnio JaBaerus. Ta-
KuM 00pazoM, BA3KUI TEH30D HANPSKEHUN HECKMMaeMOit HeMaTu-
YeCKON KUIKOCTU CBOJUTCS K BBIPAKEHUTO

oi = 2mvi, + (N3 — 2m1) (ningvg + ngngvg) +
+ (79 + M — 2m3)ningnnp vy, (41.7)

(rme Mg = Mo + 15 — 214) U CONEPKUT BCErO TPU HE3ABUCUMBIX KOI(D-
dunuenra psaskocru. Coorsercrsyromas juccunarusias QyHKIus
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OChb Z BJIOJIb N ):
( )
1 2 2
2R = 2m ('U(xﬂ - 56(1,8'0“/“/) + My, + 2773'0(12 +
+ % {(59/(0.T)? + 51 (0.T)?} + ~h?  (41.8)
0l

(HATIOMHUM, 9TO Vg + v, = 0); MOI0KUTENALHOCTE KOodhduImenTa
7o 0becnieunBaercst HepaseHcTBom (41.6).

3amgaua

OmnpesenuTs culy, JeHCTBYIONLY IO HA NPSAMOIUHERHYIO JUCKINHAIUIO (¢ UH-
nekcom ®@panka n = 1), ABUXKYLIYIOCS B NEPIEHINKYJISIPHOM €€ OCH HaITpapJie-
wun (H. Imura, K. Okano, 1973).

Pemenwne. PaccmarpuBaem IuCKIMHALWIO B CHCTEME KOOPAWHAT, IJ€ OHA
MOKOUTCA (M COBNAAET C OCBIO 2z), & KUIKOCTH JIBUKETCS C MOCTOAHHON CKO-

pocTbio V Baosb ocu x. Pacnpenenenme n(r) B auckauHAOMM B 9TON cucreme
CTAIMOHAPHO U Aaercs dhopMmynaMu (A8 IUCKINHALUY C PAAUATbHBIME «THHU-
MW TOKa JIMPEKTOPay, puc. 27 a)

Ny =COS@, Ny =sing,

rae nosspHblii yron ¢ = arctg(y/x). B ypasuenun (40.3) nmeem On/ot = 0 u
vir, = 0 (BBUIy OIHOPOAHOCTH MOTOKA), TAK UTO OCTAETCHA

Oon h
v

or v
OTciona HAXOAUM [Tt BOSHUKAIOIIErO B pe3yJbraTe JBUMKEHUs CI1aB0ro MOIeKy-
JISIPHOTO TOJIst
0
h = v [vn] _<p7
Ox

rge v €IMHUYHBIA BEKTOP B HANPABIEHUU OCU z (B OTCYTCTBHE JIBUKEHUS
MoJstekyistpaoe osie h = (), Tak Kak HernoJBUXKHAas JAUCKJIMHALNS TTPEACTABJISET
coboii paBHOBECHOE cOCTOsHEE cpembl). Inccunatusras byHnkmms

2R = h—2 ='y112 <8_<,p)2 Z’YUQL.
y oz (@ +17)?

SHepI‘I/IH, AuccunupyeMad B €IUHUIY BpEeMeHN (I/I OTHECE€HHad K €IJUHHNIE ITUHbL
JIMHUN ,HI/ICK.]'H/IHH,HI/H/I), JaeTCAa MHTETrPAJIOM

f 2Rdzdy = nyv’L, L=In B
a

rae R — monepednbie pa3vepbl 001aCTH IBUKEHUSA, a G — MOJIEKYJISIPHBIE Pa3-
Mepbl. DTa JUCCUTIANNS AOKHA KOMIEHCHPOBATHCs paboToit v f, coBepimaemoii
netictBytomeit Ha muckaunHanuio cunoit f. Orcroma maxoqum

f=myvL.

Jlns AMCKIMHATIY ¢ KPYTOBBIMA JIMHASAMEA TOKa (CM. puc. 27 ) momyIaeTcs
TaKOI 2Ke pe3yJ/IbTart.
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§ 42. PacnpocTpaneHue MaJjbix KOJeDaHUII B HEMAaTUKAX

[Monrast cucremMa TOYHBIX YPABHEHUN IUJIPOJIMHAMUKA HEMATH-
KOB 04eHb ¢jiokHa. OHa, eCTeCTBEHHO, YIIPOIIAETCs B CJIyYae MaJIbIX
KoJjiebanuit, KOrja JI0InyCTUMa JMHEeAPU3Allnd YPaBHEHM.

[Ipucrynas K wmcciaegoBanuio PACIPOCTPAHEHUs] MAJIbIX Kojieha-
HU B HEMATUYECKUX CPEJAX, HAOMHUM [IPEIBAPUTE/IBHO, KAKUE TH-
nbl (MOJBI) KOIeOaHMI CyNIeCTBYIOT B OOBIYHBIX KUJIKOCTSX. [Ipex-
J1e BCEro, 3T0 00BIYHbIE 3BYKOBBIE BOJIHBI C 3AKOHOM Jucnepcuu (CBsi-
3bI0 MEKJIy 9acTOTOi w W BOJHOBBIM BeKTOpoM K) w = ¢k m cKopo-

CTHIO PACTIPOCTPAHEHNsT
c= (‘1?) . (42.1)
S

op

Konebanusi B 3Byk0oBO#i BotHE ipoaosibubl (em. VI, § 64).

Jasee, CymecTByIOT CUIBHO 3aTyXaIOIINe BA3KNE BOJHBI C 3aKO-
HOM JIMCTIEPCHN

iw=TE?, (42.2)
p

riae 1 — koaddunment Bs3koctr (M. VI, § 24). DTu BOAHBI MOTE-
pednbl (CKOPOCTh V NepHeHAuKy/aspHa BeKTopy K), B CBa3u ¢ uem
UX 4aCTO HA3BIBAIOT ¢06u206biMu. OHU MOTYT MMEThH JBA HE3ABUCH-
MBIX HATIPABJICHUS MOAAPU3ALNN; 3AKOH JUCIIEPCAN OT HAIIPABJICHUS
NOJIAPU3ALNAN HE 3aBUCHT.

Hakonen, B HENOABUKHOM KUJIKOCTH MaJible KOJIE€OAHUS TEMIIe-
paTyphbl (M SHTPONNH) PACTIPOCTPAHSAIOTCS, KaK CTOJb YKe CUIHHO 3a-
TYXAIOIINE BOJHBI C 3aKOHOM JIMCTIEPCUN

iw = xk?, (42.3)

e XY TeMneparyponpoBogHOCTh cpegnl (em. VI § 52).

Bo/iHBI aHAJIOTMHYHBIX TUIIOB CYIIECTBYIOT U B HEMATHYECKHX CPE-
nax. Ho manmuune y HEMATHKOB JOTIOJHUTEIBHONR JUHAMUYECKOH 1e-
PEMEHHOIl  JMPEKTOpa N NPUBOAMT K MOSBJICHHUIO €Ie U HOBBIX,
crienmpraecknx st HUX TUnoB BosH (P.G. de Gennes, 1968).

Haunem ¢ 00BI9HOTO 3ByKa B HEMaTWKax. JIerko BUIETH, 9TO B
npejiesie JOCTaTOUHO JJIMHHBIX BOIH (T. €. JOCTATOYHO MaIbIX 3HAME-
Huii k) NONpPaBKU K CKOPOCTHU 3BYKA, CBA3AHHBIE C HAJMYMEM HOBO
JMHAMMYECKON MepeMeHHOM, MaJjibl, TAK 9TO CKOPOCTh 3BYKa JaeT-
ca npexHeilt npocroit dopmysoii (42.1). TlpeacraBum aupekTop B
KOJIEOTIOIEiicss cpejie B BUJe N = ng + 0n, rje ng  NOCTOAHHOE

BJIOJIb CP€JIbl HEBO3MYIIIEHHOE 3HAUeHne, a 0N MaJjiasi [epeMeHHast
gacth (nockonbky n? = n3 = 1, 1o ngdn = 0). Cpasnenue JjeBoit
vactn ypashernusi (40.3), ¢ TepBBIMM IBYMS$I YJIE€HAMHU B €ro MpaBoil
YaCTHU [I0KA3BIBAET, 4T0 win ~ kv, 1. €. on ~ v/c (wien xxe N = h/y
B PACCMaTPUBAEMOM NPUOJIUKEHUN SIBJISIETCS MAJIONH BEJIMIUHON 00-
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JIee BBICOKOI'O MOPsiIKA, MOCKOJIbKY, cornacuo (36.9), monexynsproe
nose h o k?). Tlostomy unen Fg B MIOTHOCTH SHEPTHH YKWUIKOCTH:

2
Ey ~ K(kdn)? ~ K(%) :
C

T. €. UMeeT NOPsiI0K k2 10 CPABHEHUIO C OCHOBHBIM U/I€HOM, KOTOPbIi
~ pv®. B paccMaTpuBaeMoM TIPUOIMIKEHUH ITOH SHeprueil MOXKHO,
CJIeI0BATEILHO, TTPEHE0PEeYDh, YeM ¥ JTOKA3hIBACTCS CIIETAHHOE BHITIIE
YTBEPKIEHNE O CKOPOCTH 3BYyKa.

B crnenyrommem o k npubanyKeHUHW TOSIBASIETCS CBSI3AHHOE C JINC-
CUIATUBHBIMU Mporieccamu norjomierue 3syka. Crenuduka HemaTu-
ka (N0 CPpAaBHEHUIO ¢ OOBIYHBIMU YKUJKOCTSAME) MPOSAB/IAETCS B aHU-
B0TPOINUU ITOTO MOTJIOMIEHUsI  €r0 3aBUCUMOCTH OT HAIPABJICHUSs
pacnpocTpaHenus: 3ByKOBO# BoHb (CM. 3amaay 1).

Ocrajibble TUITBI KOJIEOAHUIT B HEMATUKAX UMEIOT 3aKOH JUCIIED-
cun, nopobubiit (42.2), (42.3): w e k2. D10 3HAUMT, YTO UPH JOCTA-
TOYHO MaJIbIX K BO BCAKOM ciyuae Oyaer w < ck. B cBoto oduepenb
OTCIO/IA CJIEJIYET, UTO B 3TUX KOJEDAHUSIX KUJKOCTH MOYKHO PACCMa-
TPUBATH KAK HECKIMAEMYIO | ). YpaBHeHHe HepPepbIBHOCTH CBOIHT-
cg Torga K divv = 0 mam g mwiockoit Boanbl kv = 0. Takuwm
obpa3oM, B OTHOIIEHWN KOIeOaHuii CKOPOCTH paccMaTpUBaeMble KO-
Jiebanms MOMepeyvHbl — CJABUTOBBIE KOJIEOAHUSI.

Jlist mcemeoBanWs BCEX ITUX KOAEOAHMI TTPOW3BEIEM JIMHEAPH-
3allMi0 YpaBHEHWI JIBUYKEHWs, TIOJOXKWB B HUX N = ng + dn, p =
= pg+ 0p. B mepBoM npubIrKeHNNn MOJIEKYISTPHOE TI0JIe JIMHEHHO TI0
MPOW3BOAHBIM OT N U TE€M CaMbIM — JIMHEHHO 10 dn:

H = K,V divén — Ky rot (ng(ng rot én)) + K3 rot[ng[ng rot dn.
(42.4)

ITepmrwrit ke 4YleH B «pPeaKTWBHOW» YaCTW TeH30pa HATTPSKEHM
(40.16) kBagpaTUveH Mo dn u MOTOMY JOJKeH ObITh omymied. Jlom-
JKHBI OBITH OTYINEHBI TAKYKEe W KBAAPATUIHBIE UJIEHBI, BOSHUKAIO-

(r)

e npu 00pa30BAHUE TEH3O0PHOH juBepreHimu Oyo,, B ypaBHe-
aun (40.7) u wnen (vV)v B ero sepoii wactu. B pesysnbrare 310

YPABHEHUE CBOAUTCS K CJIEAYIONIEMY:
p(’“)m
ot

1 A
= —0;0p + 5(”0@' Okhy, — nog Ophi) — g(ﬂm’ Ohg +
+ nok Ophi) + Oy, (42.5)

1) Hanomemm (em. VI, § 10), 9T0 HECTATMOHAPHO ABHKYIIYIOCA JKHIKOCTDH
MOXKHO CUMTATh HECXKMMAEMON npm ycmoBusx v K ¢ u 7 > l/e, tne 7 n | —
MPOMEXKYTKU BPDEMEHHW W PACCTOSIHUS, HA KOTOPBIX CKOPOCTb KHUIKOCTH WCIIBI-
THIBAET 3aMETHOE m3MeHeHwe. /[ KomebaTenbHOr0 ABUKEHUs TePBOe YCIOBUE
BCErJa BBITIOJIHSETCS TP JI0CTATOYHO MaJIbIX aMIINTy1ax Koebanuii, a Bropoe
YCIOBHE KaK pa3 m 03Ha"aeT Tpebosanue w/k K c.
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B ypasuenun ke (40.3) mocraTouno 3aMeHuThb (B IEPBBIX JABYX UJIe-
HaxX B MpaBoii 4acTw) n Ha Ny W onycTuTh 4ien (vV)dn B JjieBoii
qacTm:
ddn;
ot

1
= Qrinok + A(di — noino) NokVk + ;hz (42.6)

Beuay parerncts ngén = 0, vk = 0 BeKTOpBI dn U v UMEIOT BCETO TIO
JIBE HE3aBUCHMBIE KOMIOHEHTRI. Y paBHernnst (42.5), (42.6) cocraniis-
IOT TI03TOMY CHCTEMY 9YeThIpex JIMHEHHBIX ypasHeHuit. VvMu onpeie-
JIFOTCS YeThipe KojiebarejbHble MOJbI, B KaXKJI0H M3 KOTOPBIX HC-
[BITHIBAIOT CBA3AHHBIE JAPYT C JIPYTrOM KOjiebaHust KaK CKOPOCTb, Tak
u pupekTop. OBbIYHO, 0JIHAKO, CUTYyallUsl CYIIECTBEHHO YIPOIIAETCs
BBH/Ly TOTO, 94TO Oe3pa3zMepHOe OTHOILIEHUE

_ Kp

! (42.7)
n

W

OKa3BIBAETCST MAJIOi BemanHoi ~ 10721074 (3mecw K v n — nopsij-
KW BEJIMUNHBI MOAYJICH yIPyrocTH HeMaThka n ero KoaddunmenTon
BSI3KOCTH 1)1, T)9, 73, 7). Kak Oyger mokazano HUKe, TPU 3TOM MOMK-
HO pa3audaTh JBa CyHIECTBEHHO PAa3JMYHBIX THUNA Kojebanuii, ais
KazKJI0r0 U3 KOTOpbIX ypashenus (42.5), (42.6) momyckaior onpeje-
JIEHHBIE YIPOIICHUSI.

B 0aHOM M3 HEMX YacTOTAa CBA3aHA C BOJHOBBIM BEKTOPOM COOT-

HOIIIEHUEM BHJIa
2

iw~ T (42.8)

’

p
anajornanbiM (42.2) (1m0 npuumHe, KOTOPas BBISACHUTCS HUKE, ITH
KOJIe0aHUST HABBIBAIOT ObiCMpPbLMU CABUTOBbIMI). B 06oux ypaBnenu-
ax (42.5), (42.6) mokHO TOT/IA TpeHeOpeYh BCEMU HIEHAMH, COJIEp-
xkammmu h. Jleiicturensuo, n3 (42.8) Bugno, 9To

on ~ F o LY.
w nk
" TTO3TOMY MOJIEKYJIAPHOE TIOJIE
puk K
.

Wcnonn3yst 311 o11eHKkn, J1erko yOeanThesl, 9TO 4jIeHbl ¢ h B ypasme-
HUSAX MaJIBI TT0 CPDABHEHUIO C YJIEHAMMU C U;;, B OTHOIIEHWH ~ . Takmm
obpa3oM, cucrtema ypaBHEHUI /i OBICTPHIX CABUTOBBIX KOIEOAHMI
CBOJNTCST K

h ~ KEk*6n ~

8%
-

= Qpinor + A(di — noinor) nokVk- (42.10)

= Oyoy, — 00, (42.9)

ot
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[TepBoe ypapHerue He COAEPKUT 0N U ONpeJesder KoJeOaHus CKO-
POCTH M 3aKOH JUCIIEPCUM, TIOC/IE Y€r0 BTOPOE YPABHEHUE HENOCPeI-
CTBEHHO JIaeT CONMyTCTBYyIonMe Koebanus qupexropa (cum. 3anady 2).
[Mepeiizem KO BTOPOMY THITY CABUTOBBIX KOJEOAHMI NPU yCAOBAN
p <1 K cuenuduyeckuM s HEMaTUKa MedaeHHbiM Koaeda-
HUAM JupekTopa. B 9rux kosebanusax nopsjaoK BeJUYUHBI TIEPEMEH-
HOM 4aCTH JUPEKTOPA ONPEJAETAETCA DATAHCOM MEXKJY MTPOUZBOIHOI
0dn /0t B nesoit wacrn ypasrenus (42.6) u wienom h/7y B ero npasoii
qacti: wén ~ h /7y, n nockonbky h ~ Kk2jn, 3axon aucnepcnn sTix
KoJIebaHmii KaueCTBEHHO JaeTCst COOTHOTIEHNeM
. Kk’
W~ . (42.11)
Y
Ouernano, uTo mponsBogHast pdv/dt ~ pvw B JIEBOI YacTH ypaBHe-
Hust (42.5) okaszbIBAETCs IPU ITOM MAJION 110 CPABHEHUIO ¢ YjI€HAMU
/ 2 s
Ok0;), ~ nuk” B ero mMpaBoit YacTH W MOTOMY MOYKET OBIThH OIMyIIeHa.
Yparuenue

1 A
— 0;0p + 5(’)701 Okhi — nok Okhi) — 5(’)701 Ophy +
+ nog Ohi) + 0oy, =0 (42.12)

ONpeJIENseT CBA3b MKy KOJeOAHUSMU CKOPOCTH M JIMPEKTOPA, T10-
CJ1e 4ero 3aKOH JUCIepPCuu onpenensiercsa u3 ypasnenus (42.6) (cu.
zazady 3).

Ob6paruM BHUMAHME HA TO, 4YTO OTHOmeHue dvacror (42.11)
n (42.8) wy/wg ~ p. Taknm obpazom, Mpw OJHOM W TOM K€ 3Ha-
yenun k 4acToTa Wy, Maja 10 CPABHEHUIO C Wg; ¢ ITUM U CBA3AHO
HA3BAHUE COOTBETCTBYIOMMX KOIEOaHUI MEIIEHHBIME 1 OBICTPBIMH.

Hakonen, remneparyphbie Kojae0aHUus B HENOABUXKHONW HEMATH-
YeCKOil Cpejie OTJIUYAIOTCs OT AHAJOTUYHBIX KosieOauuit B 0ObIYHO
JKMJIKOCTHU JIMIIb TOABJCHUEM AHM30TPOINU B 3aKOHE JIMCIEPCHUH,
anasorngaom (42.3) (cm. 3agaqy 4).

3agauu
1. Onpemenuts K03} GUMMEHT MOTIONMEHNs 3BYKA B HEMATHYIECKON cpeie.
Pemenne. Kosbdunment nornomenns ') Bhrancisercs Kak OTHOMIEHIE

R

cpv?

I =

(cm. § 34), mpuuem muccumatmeHas dyHkuma maerca dopmymnoit (41.5). Ipm
9TOM B HEW MOYKHO ONYCTUTH HJIEH h2/'y. HeiicTBuTeIbHO, KaK y¥Ke yKa3aHo,
MosekynapHoe nose h o k2, u moromy h?/y e k¥, Mexmy Tem, Kak ocTanbHbIe

1
) Mur oGosnauaem 31ech 5Ty Beswanny depes I, Bo m3Gerkanne MmyTaHnIbl ¢
JMUCCUTIATUBHBIM KO3 PUITHEHTOM 7.
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amensl B R TIPOIOPIHMOHAIBHEL G0Tee HU3KOM CTEIeH: BOMTHOBOTO BeKTOpa k2,
ITpocroe BhaMCIEHVE TPUBOANUT K CAEAYIOMIEMY PE3yabTaTy 1)
2

r=_" {(771+772)+2(773+774—771—nz)cos29+
2pc?

+(m+mn2 415 — 203 — 2n4) cos’ Hlzer + (3¢ — %i)(‘,()s2 6] <i _ i) } 7
Cy  Cp

rae 6 — yros mexay k (u rem cambiv V) n n. Beranciaenune temsonposogHOCT-
Hoﬁ YacTu T101JI0IIEeHnsA TIOJITHOCTHhIO aHaJIOTUYHO TaKOMy 7K€ BBIYUCJICHUIO OJIA
OOBIYHON KUIKOCTH cm. VI, § 79 (cp, co TETI0EMKOCTHA eJIMHUIBI MAaCChI
BEIIECTBA).

2. HaiiTn 3aK0H aucnepcnu OBICTPHIX CABATOBBIX KOJIEOAHMIA.

Pemenwne. s naockoii Boaael (v o exp i(kr — iwt)) ypasrenne (42.9)
in/IHI/IMaeT BU 3 3 i ,

—ipwv; = —ik;0p + ikyojy.

Jlns HeCKMMAaeMOTO HeMATWKA BA3KWI TEH30p HANpsKeHwi maerca (Gopmy-
sio#i (41.7), m mpocroe Buramenenne (¢ ygerom nonepeanoctn v, vk = () mpuso-

JUT ypaBHEHUE K BULY 2)

ipwv = ikép + a1k’v + ask’n(nv) + azkk(nv), (1)
e

1
a1 =m + 3 (ns — 2771)cos2 0,

(ns —2m1) + (g +m1 — 2n3) cos’ 6,

N | =

1
as = 3 (ns — 2n1) cos b,

rane # yron mexay k u n. Yvuoxus ypasaenune (1) ma k, nomyanm dopmyy,
Onpee IOy 0 KOJIeOaHust 1aB/IeHNst TI0 KOJIeOaHMsIM CKOPOCTH:

op = ik(nv)(as + a2 cosf). (2)

I/ICKOMﬁIﬁ 7K€ 3aKOH JuCTiepCrumn omnpeaeasaeTcd TIoTepevYHbIMU KOMITIOHEHTAMW
ypasHenus (1). YMHOXUB 5T0 ypaBHeHue Ha [nk]|, IOIy4YuM 3aKOH AUCIEDCUU

, kK’ K’ Lo, 1 >
wi = —ai(f) = — (771 sin” 6 + =ns3 cos 9) ,
p p 2
OTBEYAOINH KOJIE0aHUAM V, TIEPIIEHINKYJISPHBIM TIJIOCKOCTH, TPOXOISIIeil ve-
pe3 BekTOophl k u n. 3aK0oH XKe AUCIepCuu s KOIeOaHUi, MOASpPU30BAHHBIX B
YKa3aHHON TIJIOCKOCTH, TIOJIy9UTCsl yMHOYKeHneM ypasHerns (1) Ha n m MCKJ/I0O-

YEHMEM W3 HETO dp ¢ moMOMmbIo (2):
2

2
iw) = k—{a1(9) +as(6)sin® 6} = k- {i(m +7,)sin” 26 + %773 cos” 26} .
P p

]) HpT/I BBIYUC/IEHUN KBAAPATUYHBIX BEJINYUH BCE KOJ‘[eﬁﬂ}OmI/IeCH BEJINYUHBI
JTOJT?KHBI, KOHETHO, 3aNCBIBATHCA B BEIMECTBEHHOM BHJE WX 3aBUCAMOCTD OT #
n r gaerca mHOKuUTEnaMu cos (kr — wt).

2) st ynpomernst 3anucu GOpMysI MHIEKC y N BE3e HIUXKE B 33/1a9aX OIyC-
KaeM.



§ 42 PACTIPOCTPAHEHUE MAJIBIX KOJTEBAHUI B HEMATUKAX 235

O6a 3aKOHA HAXOAATCS, KOHEYHO, B COIJIACUU € KAYECTBEHHOI oreHKoi (42.8).
3. Haiitm 3akon aucrnepcnu MejieHHbIX CIABUTOBBIX KOJIEDAHMIA.
Pemenwe. [Ina mnockoit Bomasl (dn o exp (ikr —iwt)) mureapmusosannoe

MOJIEKyISPHOE II0JIe

h=H — n(nH) = —K,{k — n(nk)}(kén) — Kov(vén) — K3(kn)>én,
rae ‘
v=[nk] (v’ =k’sin’6).
Vpasrenne xe (42.12) (¢ o}, n3 (41.7)) npuanMaer Bux

1—A 14+

—ikdp —a1k’v — ask’n(nv) — askk(nv) + i n(kh) — zTh(nk) =0 (1)

(byuakuuu a,(6), a2(f) onpenenens: B 3amade 2). YMHOXKUB €ro Ha U, HAXOIUM
CBA3b MEXKIAY KOHE6aHT/I5{MH vnu (5117 TIOJIAPU30BAHHBIMU MEPTIEHANKYJIAPHO T1JI0C-
KoctH Kk, n:

1;}; (nlk) () = i LA

ar1(vv) = —i (kn)K | (vén), (2)
rue ‘
K, =K sin” § + K3 cos’ 6.

Janee, mumem ypasrerwne (42.6), yMHOKEHHOE HA V:

2

(14 A)(nk)(wv) — FEL (5m).

—iw(vén) = %
Y

Uckmouns orcioga (vr) ¢ moMompio (2), HaliieM 3aKOH TUCTIEpCHn KOTeGanuii,
TIOJITPU30BAHHBIX TEPIIEHANKYJ/ISIPHO MJIOCKOCTH K, n:

. 1 1 2 2
M:szL{,jLHA)in}.
¥ 4a,

Jnst HaxoXKAeHWsT 3aKOHA JAUCIIEPCUN KOJIE0AHWH, MOJISPU30BAHHBIX B T1IJIOC-
koctu kn, mpoenmpyem ypasuenue (1) Ha HATpaBIeHWE, IEPIIEHTUKYIAPHOE BEK-

Topy k (B mimockoctn nk) m ymMHOXKaeM ero Ha n; 3TO Jaer

(nv)(a; + azsin® ) = ,%(1 + Acos 26) K (kdn),
rie ‘
KH = K] Sin2 9 =+ Kg COS2 9
TIpownssens Takme e onepanun ¢ ypasaernem (42.6), moayanm

2

iw(kén) = %kQ(l + Acos26)(nv) + © K (kon).
v

Nckmoune (nv) n3 060MxX MOMYYeHABIX yPaBHEHWH, HallZleM 3aKOH aucrnepcnn

2
iy = KK {1 N (1+ )\cos.2?) } .
v 4(a1 +assin?f)
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O6a 3aKOHA HAXOAATCS B COOTBETCTBUM C KAUeCTBEHHOM omenkoi (42.11) ).

4. Haiitn 3aK0H OnCrIepCHm TEeMIEePATyPHBIX KOIeOaHWil B HEMOIBUKHOM
HEMAaTHKe.

Pemenwme. IlpeoGpasosanme ypasuennsa (40.8) n1s HECKHMAEMOro HEMA-
TUKa TTPOU3BOAUTCA B TOYHOCTHU TaK, KaK 9TO J€J1aeTCd B CIy4ae O6BIqHOﬁ KW~
xoctu (cm. VI, § 50) m mpuBOAMT K ypaBHEHUIO

aT Hik
= x0T,  xin = =& = xynimg + xL(in — ning).
ot PCp

Jna xome6anmii 67" o» exp (ikr — jwt) HAXOAUM 3aKOH TUCTIEDCUR

iw = kQ(X” cos” @ + x 1 sin” §).

§ 43. Mexanuka x0JIECTEPUKOB

Xoaecmepuneckue Kugkue KpUCTasibl (LOACCMEPUKU) OTINIA-
FOTCS OT HEMATUKOB OTCYTCTBUEM CPEJIM UX 3IEMEHTOB CUMMETPUU
LeHTpa MHBepcuu. Hanpapjienus ke n M —n JUPEKTopa H0-IPexK-
HeMy OCTAlOTCst dKBuBasenTHbiMu (cm. V) § 140).

OrcyrerBue neHTpa CUMMETPUM LPUBOAUT K TOMY, 4TO CBOOOI-
Has SHeprus gedopManuu MOXKET TelePhb COojep:KaTh JUHEAHbIN 110
MPOM3BOAHBIM WIEH  TICeBHocKaasap nrotn. Ee obmmit Bua moxker
ObITH [IPEJICTABJIEH B BUJIE

F, = %(div n)? + %(nrot n+q)+ %[n rot n]?, (43.1)

rje ¢ napaMerp ¢ pazMepHOCTHIO 00pATHO JIMHBL. DTO OTJIUIHE
NPUBOJKUT K PAJMKAJIBHOMY M3MEHEHUIO XapaKTepa PABHOBECHOTO (B
OTCYTCTBUE BHEIIHUX BO3JefcTBuil) cocrosinust cpeapl. OHO HE sB-
JISIeTCs1 Tereph TPOCTPAHCTBEHHO OHOPOAHBIM (N = const), Kak y
HEMaTHKORB.

PaBrOBecHOMY COCTOSTHWIO XOJIeCTEPWKA OTBEYAET pacrpesese-
HYWe HampaBJAeHWi ANPEKTOPa, /I KOTOPOTO

divn=0, nrotn=—¢, [nrotn]=0 (43.2)

(cBOGOmHAst sHeprus (43.1) MUHMMAIbHA — DABHA HYJIO). DTH ypaB-
HEeHUs] UMEIOT pelleHue:

ng = cosqz, mny=singz, n,=0. (43.3)

DTy CcTPYKTYpy (€€ HA3BIBAIOT 2eAUKOUIGAbHOT) MOXKHO NPEIcTa-
BUTH cebe Kak Pe3yJibTaT 3aKPyduBaHUS BOKPYD OCH 2 HEMAaTH4e-
CKOM CcpeJibl, IIepBOHAYA/IBHO OPUEHTUPOBAHHON CBOMMU N = const B

') Ilpu BemecTBeHHBIX k BelecTBEHHAS BeJIUYHHA iw JTOMKHA ObITH MOJOKH-
TEeMBHOW  KOMeOaHud TOMKHBL 3aTyXaTh (4 He CAMOIPOU3BOIHLHO yCUIUBATHCH)
co BpemeneM. Bee naiinennbie B 3a1a9ax 2 v 3 3aKOHBI JANCIIEPCUN 3TUM CBOMCT-
BOM 00J1a1a10T.
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OJHOM HAINpPaBJEHUN B MI0CKoCcTH Zy. OpueHTanMoHHas CTPYKTypa
XOJIECTEPUKA OKA3BIBACTCS MEPUOAMUECKON BJOIb OJHOTO HAIIPABJIE-
HUs B npocTpancTBe (ocu z). BeKTOp n BO3BpANIaeTcsi K MpeKHeMy
SHAYEHNIO Yepe3 KasK bl MHTepBas JJINHbBI 27/ BJOIL OCH 2z, HO T10-
CKOJIPKY HATIPABJICHUS N M —N 3KBUBAJICHTHBI, NCTUHHBII MTEPUOI TT0-
BTOPSIEMOCTH CTPYKTYDBI BJBOE MeHbIlle — paBeH 7/q. Pasymeercs,
MAKPOCKOMMYECKOE OMUCAHUE TeIUKOUIATBHON CTPYKTYPhl XOJIECTe-
puka dbopmynamu (43.3) uMeeT CMBICI, JIMIIb €CIN Al CTPYKTYPBbI
BEIWK 10 CPABHEHMIO ¢ MOJIEKYJIAPHBIMU pasMepamu. B peasbHbIX
XOJIeCcTepuKax 3To ycaoswe Bumoansercs (1/q ~ 107° cu).

[Tpn BBIBOZE ypaBHEHWiT PABHOBECWS W yPABHEHWIl IBVWKEHUS
HEMATUKOB HaJMYMe y HHUX LEeHTPA MHBEPCUU HE UCIOIB30BAIOCH.
[TosToMy Te ke ypaBHeHHs B MX OOLIEM BHJE CIPABEIIUBBI W s
X0/1eCTepUKOB. B TO ke BpeMs uMeercs u psj oranamii. [Tpexk e Bee-
ro, MEHAETCs BhIpazKenune Fy, ¢ KOTOPBIM JIOJIZKHO BBIYHCIATHCS, CO-
riacHo onpegenenuto (36.5), monexynspuoe noie h. JTanee, nanuune
JIMHEHHOTO 10 MPOM3BOJAHBIM HY/IeHA B CBOOOJHON SHEPrUuM NPHUBOIUT
K TOSBICHUIO PA3JINYMsa MEXKJy M30TEPMUYECKUMH M aguabarmde-
ckumu 3Hadenusmu Moy Ko (cp. xonen § 36). B cdhopmynupo-
Bannoi B § 40, 41 cucreme TMAPOAMHAMUIECKUX yPABHEHUI OCHOB-
HBIMH TEPMOAMHAMUYECKUMH MEPEMEHHBIMU ABJISIOTC MJIOTHOCTD 1
suTponus. COOTBETCTBEHHO 3TOMY JIOIKHBI HCIIOJb30BATHCS aa-
farnveckue 3uavenus (Kak GyHkumuu p u S) MOJYJ/Ist yOPYTrOCTH.

Hakonen, cyniecTBeHHOE HM3MEHEHHE B T'MAPOAMHAMUYECKUX
YPABHEHUSX XOJECTEPUKOB N0 CPABHEHHIO C yPABHEHUAMH JI1s1 HEMa-
TUKOB COCTOWT B TOSTBJIEHUW JOTOJTHATEIHHBIX YIEHOB B ANCCATIATHR-
HBIX 9aCTIX ypaBHEHNi — B T€H30pe HATIPSYKEHMIT 0}, TETUIOBOM TI0-

Toke q n Beananne N B niparoii cropone vactu (40.3) (F.M. Leslie,
1968):

ol = (o1 )uen + p(ni€kim + 1k€itm)nmO T,
N; = (Ni)HEM + vejno)T, (43.4)
a1 = (q)nem + v1€ingh; + 1 (emming + €mrni) nmvik

(4I€HBI ¢ MHIEKCOM «HEeM» 0D03HAYAIOT BHIPAYKEHUS U3 TUPOJIUHA-
MWKHU HEMATUKOR). /[OMONHUTEIHHBIE Y/IEHBI B 3TUX COOTHOTIEHMSIX
ABJISIOTCA He UCTUHHBIMU, a TMCeBJOTEH30POM U TCeBJOBEKTOPaMHU.
Tem caMbIM HAPYTIAETCA CUMMETPUST OTHOCUTEIHLHO TIPOCTPAHCTREH-
HOil WHBEPCUW, W WMEHHO TIO0 3TO TPUYWHE 3TH HIEHBl OTCYTCTRY-
0T B UApPOAMHAMKUKe HeMaTukos. QOpaTuM BHUMaHUe Ha TO, YTO
MOCTPOEHNE AHAJOTMYHBLIX UJIEHOB, KOTOpbIE ObLIN Obl UCTUHHBIMU
TEeH30paMW WJIN BEKTOPaAMHW, HEBO3MOYKHO B CWJIy TpebOBaHWs WH-
BAPMAHTHOCTU yPaBHEHWiT OTHOCWTEILHO W3MEHeHns 3Haka n. Tak,
unen Buga const (n;0pT 4+ np0;T) B o), wan aen Buga const-h B g
MeHsiId Obl 3HAK BMECTe ¢ N, MexK/ly TeM KaK TeH30p HallpsKeHuil
U TEIJIOBOH IOTOK JI0JIZKHbBI OblTh MHBAPUAHTHbLI 110 OTHOLIEHUIO K
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9TOMY TPeobpa30BaHUi0. AHAJIOIUIHBIM 00PA30M, djieH Buja const X
x VT 8 N HEBO3MOXKEH, MOCKOJIbKY OH MHBAPUAHTEH 110 OTHOIIECHUIO
K M3MEHEHMIO 3HAKA N, MeK/1y TeM Kak Besimauna N (onpeensiiomas
mpon3BOAHYI0 dn/dt) nomkHa O6bTa OB M3MEHNTH 3HAK.

Koadbdunuenrsr B Boipaxennsx (43.4) cBsa3anbl Apyr ¢ APyrom
COOTHOMIEHUAMM, Caeaytommvn n3 npuannna Oncarepa. g npw-
MeHenusi 9Toro npuHnuna (cp. § 41) BeiGepeM B KadecTBe Besv-
YUH £,  «TEPMOAUHAMHMYECKUX [IOTOKOB»  BeJIUYMHbI 0%, ¢, Nj.
13 Bupa puccunarusuoii dyukuun (40.21) (Tounee, u3 Buga GyHk-
i 2R /T, onpezensiomnieii pocT IHTPONNHN) BUIHO, UTO COOTBET-
CTBYIOIIMMA «TEPMOZUHAMUIECKUMY CUJIaAMU» X, OyIyT BEIMUNHbI
—vip )T, &;T)T?, —h;/T. Hajo TakyKe y9ecTh, UTO BETMUHHEI ol
YeTHBI, a ¢;, N; He4eTHBI TI0 OTHOTIIEHNIO K 00PAIeHNI0 BpeMern (Kak
9TO BU/HO M3 MECTa, 3aHMMaeMoro umu B ypasaenusix (40.3), (40.7)
n (40.8)). Eciin BeM9WHBI &4 W ) WMEIOT OJMHAKOBYIO Y€THOCTH T10
9TOMY TPeoOPa30BAHNIO, TO COOTBETCTRYIONINE KMHETHUECKNE KO-
GUINERTH CBA3AHBI PABEHCTROM Yap = VYpa; €CIAW YK€ UETHOCTH I
W T PASAVIHBL, TO Yap = —Vpo. CPABHWUE TEMEPH «TMEPEKPECTHRIEY

kosdbdunuentsr B coornomennsx (43.4) '), maitzem pasencrsa
vy =vT, pup =puT.
TakuM 06pazoM, MOKHO OKOHYATETHHO Tepenncarh (43.4) B BujIE
ik = (Oix)nem — u(1ni[nVT]g + 1 [nVT];),
N = Nyew +v[nVT], (43.5)
q = Quen + vT'nh] 4+ 2uT[n(v - n)],
rje cuMBog (v - n) 0603HAYAET BEKTOP ¢ KOMIOHEHTAMU V)T .

I/ITaK, B ME€XaHUKE XOJIECTEPUKOB IMOABIACTCA 3aBUCUMOCTHL TE€H-

30pa Hanpsizkenuit u sekropa N o1 rpaauenta remueparypsi 2). Pop-
Ma 9T10il 3aBucuMocTu (BekTopHoe npoussejgenue [nV7T]) o3nadaer,
YTO IPAJAMEHT TEMIePATYPbl HPUBOAUT K HOSBJICHUIO 3aKDPy4YUBATO-
LIMX MOMEHTOB, JEHCTBYIOMINX HA JUPEKTOD U HA MACCY KUIAKOCTH.
B 10 ke Bpemsi MosieKy/IsipHOE 10Jie (CONPOBOXKJAIOLIEE BPALIECHNE
JMPEKTOPA OTHOCUTENBHO YKUJAKOCTU) U TPAJUEHTBl CKOPOCTH XKUJI-
KOCTH IPUBOJST K T10SIBJIEHUIO B Heil TElJIOBbIX 110TOKOB.

!) Ilpu cpaBHeHHN HEOGXOIMMO TIIATENBHO CJIEIUTH 33 MOPAIKOM HHIEKCOB B
MHOMXKUTEJIE €1

%) Hanomunm (em. VI, § 49), uro cymecTBOBaHWEe CPEAN AMCCUTTATUBHBIX M1~
HOB B yPAaBHEHUSX ABUKEHUS TLI€HOB C IPAJIUEHTOM BTOPOi HE3aBUCHMOMN T€pPMO-
JMHAMPAYECKON BeIMUnHbI (HAPUMED, JaBJIeHNs ) 3alpPemeHo TpeGoBaHnsMI 3a-
KOHA Bo3pacTtanns suTponun. Hammuane Taknx <j1eHOB IPUBEJIO ObI K MOSBJIEHUIO
B IWCCUATIATUBHON GyHKIMHU wieHoB ¢ mpomssenenusvu VpVT, hVp, koropsie B
oTcyTcTBHe wienos ¢ kBaapaTom (Vp)? caemanm 651 HEBO3MOKHBIM ObeCIeteHme
nonoxurenapHOCTH R.
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OaHO n3 cBoe0Opa3HbIX, crenudUIecKuX 118 X0JIeCTEPUKOB TH/I-
POAMHAMUYECKMX SBJECHUNA MOXKET ObITh HAIVIAIHO ONUCAHO, KaK
«IPOCAYUBAHUE» JKUIAKOCTU CKBO3b OCTAIOILYIOCS HEIOABUKHOM Te-
mukongaabayio crpykrypy (W. Helfrich, 1972). Ono cocrour B cie-
JLYFOIIEM.

[IpescraBum cebe XOJIECTEPUUECKYIO CPey, I'€JIUKOUaIbHas
CTPYKTypPa KOTOPOil 3aKpernjieHa B NPOCTPAHCTBE (CKazKeM, 3a C4er
onpeaeseHHbIX 3 MEKTOB ClHenIeHns ¢ OrpaHuIUBAIONUME CPEJy
crenkamn). TTokaskeM, 94TO B 9THX YCIOBUSAX BO3MOXKHO CYIIECTBOBA-
HUe OJIHOPOJHOTO TIO MPOCTPAHCTBY PABHOMEDHOIO MOTOKA KUIKO-
CTV B HATPABJIEHUN OCH CTPYKTYPHI (0Ch z).

[Mockonbky crpykrypa (43.3) oTBEUaeT PABHOBECHOMY COCTOSI-
HUIO CPe/Ibl, OHA 00PAIAEeT B HYJIb MOjIeKy isipaoe nojie, h = 0. Hanu-
Yhe «IPOCAYUBAIOMIErOCs» TTOTOKA HECKOJIBKO MCKAXKAeT CTPYKTYPY
U COOTBETCTBEHHO CO3JAaeT MaJjoe (BMeCTe CO CKOPOCTBIO IIOTOKA V)
MosteKyagproe nosie. Oupegesnm 3To 1oJe, UCXOAA N3 yPaBHEHHs]
apuzkennst qupekropa (40.3). Iockosnbky nosie n(r) (B HyseBoM 10
CKOPOCTH TMPUOJNIKEHNN) HEMoABNXKHO, dn/dt = (), a TOCKOIBKY
MOTOK YKMJIKOCTH TIPEJIoaraercss OJHOPOJHBIM (v, = v = const),
n v, = 2 = 0. B pesyabrare ypaBHeHne CBOAUTCS K PABEHCTRY

dn h
80—

(vV)n =

dz 0%
C dyukmmeit n(z) 3 (43.3) Haxoanm oTcioa

h = v [qn], (43.6)

rje BekTop q (¢ abComoTHO BeIMunHOfl ¢) HAPABJIEH BJOJIb OCH Z.
B paccmarpuBaeMbIX yCIOBHSAX BBIPAKEHHE IUCCUTIATUBHON (yHK-

nun (40.21) csomutes xk 2R = h?/y u ¢ h uz (43.6):
2R = yv?¢?. (43.7)

DTUM JTaeTCst IHEPTHUsl, TUCCUTIUPYeMast B eJINHWIY BPEMEHW B €JI-
Hute obbeMa JKuUIKOCTU. [Ipu cranrmoHapHOM ABUYKEHUN 3Ta SHEPT U
KOMTIEHCHPYeTCst paboTOo BHEITHUX UCTOYHUKOR, TTOIIEPKIUBATOIINX
neficteyomuit BIob ocu z rpaguent gasiaenus p' = dp/dz. Tlior-
HOCTH JEACTBYIOIIUX B Ccpejle 00beMHBIX CHJI KaK Pa3 Jaercs I'pa-
muentom —Vp; pabora 3tux cun (B eIMHMIY BPEMEHU B €JIUHUIE
obwema) ecth —p'v m npupasHaB ee 2R HalieM CKOPOCTH «ITPOCAYN-

BaHW» ,
v =l (43.8)

vq?
ITo orHOWIEHNIO K YACTULE »KUJKOCTHU, IPOTEKAOIIEH «CKBO3bY Ie-
JIMKOUJJAJILHYIO CTPYKTYPY, AUPEKTOP N BPALIAETCA C YIJIOBOM CKO-
POCTBIO ¥g. DTO BPAIEHUE COIPOBOXKAACTCH «TPEHUEM», XapaKTepPu-
3yeMbiM KO(DMUIMEHTOM Y; UM U OMPEJIEISIeTCS CKOPOCTh TeYEHUS.
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B peasibHBIX yCI0BUSIX CKOPOCTH HE MOXKET ObIThH MOCTOSTHHON 110
BCell MMpUHE TIOTOKA  OHA JIOJIZKHA O0pAIaThCs B HyJIb HA CTEH-
Kax orpaHmumBariomeil motok Tpyokn. [lagernne ckopocTu mponcxo-
JIAT B CJI0€ HEKOTOPOil Tosmuibl . HO €IMHCTBEHHBIM TTApaMeTpoM
JIJIMHBI, XaPAKTEPHBIM JIJIsl PACCMATPUBAECMOTO JIBUYKEHUSI, SIBJISIETCS
Besmmuuna 1/q. Ecau npunsars, uro Bee k03 hUImeHTs BA3KOCTH X0~
JIECTEPUKA UMEIOT OJIMHAKOBBIN MOPSIJIOK BEJIMIUHBL, TO OTCYTCTBYIOT
TaK)Ke U Kakue-janbo Oe3pasMepHble mapaMeTpbl, KOTOPbIE HE ObLIu
661 ~ 1. OUeBnIHO, YTO B 9TWX YCIOBUSIX BO3MOYKHO JINIIL 0 ~ 1/q.
Takum obpaszom, mpu TedeHun 1Mo TPyOKe OOMBITIOTO 10 CPABHEHUIO
¢ 1/q pagnyca dopwmyna (43.8) OGyzer crnpasemavBa Be3je, 3a WC-
KJIFOYEHUEM JIMIIb O9€Hb TOHKOTO (TOJIIIMHA MOPS/IKA MIara IeJIMKO-
UIATHHO CTPYKTYPHI) TIPUCTEHOYHOTO CJIOS.

§ 44. Yupyrue cBoiicTBA CMEKTUKOB

[To mpuHATON TEPMUHOJIOTUN K KATETOPUU CMEKMUMECKUL K-
KUX KPUCTAJLIOB (MW CMEKMUKOS) OTHOCATCS aHU30TPOTTHBIE YKUJI-
KOCTHU PazHoobpa3uoii cjiouctoit crpykrypsl. Ilo kpaitneit mepe Heko-
TOpble W3 HUX HPEJACTABILIOT €000 Teja € MUKPOCKOMUYECKO
dbyHKIMEN TJI0THOCTH MOJIEKYJI, 3ABUCAINEH TOJBKO OT OJHON KO-
OpauHATHl (CKaXKeM, z) W nepuojnmveckoil no meit, p = p(z). Ha-
nomanM (eM. V, § 128), uro dyHKIMEH MIOTHOCTH OMpeaesseTcs
pacrpejiesienne BepOSITHOCTEH PA3INIHBIX TOJ0KEHNN TacTHIl B Te-
Jie; B JIAHHOM C/Iy9ae MOXKHO TOBOPHUTH O PA3JINIHBIX TOJIOKEHUSIX
MOJIEKYJT KaK IIeJ0T0, T. €. pdV eCTh BEpOSITHOCTH IEHTPY WHEPIINH
OTAEIHLHON MOJIEKYJIBl HaXOAUThCA B 3memente odobema dV . Temo ¢
dbyrkumeii mIoTHOCTH p(Z) MOKHO TIPEICTABISTEL cebe KaK COCTOsI-
1ee U3 CBODOIHO CMEIAIOIINXCST IPYT OTHOCWTEIHHO JIPyTa TII0C-
KWX CJI0€B, PACTOIOYKEHHBIX HA OJMWHAKOBBIX PACCTOTHUSX JIPYT OT
npyra. B ka)kaoMm w3 C/10eB PaCroioKeHwne IIeHTPOB WHEPIUU MO-
JIEKyJ1 OeCcropsiiouHo, W B ITOM CMBICIE KAaXK/blil M3 HUX MPE/I-
craBjsger coboil «JIBYMEPHYIO YKUJIKOCTbY, YKUJKWUE CJIOW, OTHAKO,
MOTYT OBbITh KaK W30TPOIHBIME, TAK U AHU3OTPOIHBIMEU. DTO Paz-
JITYUE MOXKET ObITh CBA3AHO C XapaKTePOM YIOPsJI0YeHHON OpueH-
TAUu MOJIEKYJI B Ca0gX. B mpocreiimem ciydae aHu30TPONUs PAC-
npejieJieHns OPUEHTAIUI 3a/1a€TCd BCEr0 OJIHUM HAINPABICHUEM N
(CKaXkeM, HANPABJIEHUEM <«JJIMHHON Ocum» MOJIeKyJbl). Ecim 310 Ha-
[paBJ/ICHUE TEPIEHIUKYJIIPHO IJIOCKOCTHA CJI0€B, CJA0U HU30TPOIHbI,
TaK 9TO OCb Z $BJISETCS OCHI0 AKCHUAJIBHON CHMMETpUU Teja; Ta-
KOBA, MO-BUAMMOMY, CTPYKTYpPa TAaK HA3bIBAEMBIX CMeKMukos A.
Ecnu ke mampassienre N HAK/JIOHHO K IUIOCKOCTH XY, TO B 3TO
IUIOCKOCTH TIOSBJIAETCA W30PAHHOE HAIPABJICHUE W OCEBAasg CUMMET-
pud MCYe3aeT; TaKOBA, IMO-BUIUMOMY, CTPYKTypa TaK HA3bIBAEMBIX
cmexmuxos C.
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Mpgi Oyiem paccMaTpuBaTh HUZKE TOJIBKO DOJIee TPOCThIE CMEKTH-
k1 A (1 rOBOPUTH 0 HUX MPOCTO KAK O CMEKTHKax). Bo Bcex m3Bect-
HBIX CMEKTUKAX A, MIOMUMO AaKCHAJbHON CHUMMETPUH BOKPYD OCH Z,
MMEeeT MECTO TAKYKe W SKBUBAJIEHTHOCTH ODOMX HANPABJIEHUN OCH Z.
Eciu cmexktuk obsiaziaer eme um meHTPOM WHBEPCHUM, TO €r0 MaKpO-
CKOIMYECKAst CUMMETpUs (T. €. TOUedHast IPyIa CUMMETPUN) TaKast
JKe, KaK Y HEMATUKOB; MUKPOCKOIIMYECKAsT YK€ CUMMETPHUsI, a C Hero
U MEXaHWYEeCKUe CBOWCTBA, KOHEYHO, COBEPINEHHO Pa3HbIE.

ITo moBomy cKa3aHHOTO /IO CWX TOpP HAJ0 CJeJaTh CAeYIOIIYIo
0YeHb BayKHYI0 oroBOpKY. CyIiecTROBaHME CTPYKTYPhI C HEMTOCTOSTH-
HO¥T BIIOJIH 0Obema Testa PYHKIHEH TJIOTHOCTH TIPeJIoIaraeT 10CTa-
TOYHYIO MaJIOCTh CMEIIEHW, NCIBITHIBAEMBIX MATBIMU YIACTKAMHI
TeJia B pe3yJibTaTe TEeryIoRhiX (hayKTyaruit. Mexx iy Tem s CTpyK-
TYyphl ¢ p = p(z) 91U BIYKTyalMOHHbIE CMEIIeHNs] HeorpaHnyIeH-
HO pacTyT npu ysesundenun pasmepos rena (em. V, § 137). Crporo
TOBOPsI, 3TO O3HAYAET HEBO3MOXKHOCTH CYIIECTBOBAHUS OJIHOMEPHOM
MEPUOUIECKOT CTPYKTYPbI B HEOIPDAHUYEHHOW 10 CBOUM pazMepam
cpese. PakTUUECKE, OJHAKO, CMBIC/ 3TOI0 YTBEPKI€HUS] OKABBIBAET-
sl BECbMa yCJIOBHBIM BBUJIY MEJJIEHHOCTH (BCEro iorapudMu4ecKoit )
Bozpacranusi payKTyanuii npu ysejauderun pasmepon resa. Onen-
K1 (MCIOIB3YIONINE TUIUYHBIE 3HAYEHUS MATEPUATLHBIX KOHCTAHT
U3BECTHBIX CMEKTHKOB) MOKA3BIBAIOT, YTO PAa3PyIIeHHe OJHOMEPHO
MEPUOUIECKOT CTPYKTYPhI MOIJIO Obl IPOU30NUTH JIUIIb IPU TPAKTH-
YeCKHU HepeabHbIX OIPOMHBIX pa3Mepax ¥, TAaKUM 00pazoM, B 00601
peasibHOI TOCTAHOBKE BOITPOCA CTPYKTYPa p (2) OKa3bIBAETCs OCYIIe-
CTBUMOI.

[Toguepkuem B TO ke BpeMs, 9T0 C pa3pyIIeHHON (DIyKTyarms-
Mu CTPYKTYPOit p(z) (T. e. B KOTOpOIt cTano yxe p = const) cpeaa
OTHIO/Ib HE CTAHOBUTCS OOBITHON KuJAKOCTHIO. [IpuHnnnuaasHoe o1-
JITYHUE COCTOUT B CBOMCTBAX KOPPEJANMOHHON pyHKINN (QrykTyarmit
IJIOTHOCTU B Pa3JIMYHBIX TOYKax npocrpaxcrsa: (dp (ry)dp(re)). B
OOBITHOM KUAKOCTU 3Ta (PYHKIWS U30TPONMHA W yOBIBAET TIpH T =
= |ry — r1| — oc 1o sKcnoHeHuuasbHOMY 3akony (cm. V) § 116). B
cucreme ke ¢ p = p(z) Koppeasuuonnasi pyHKIMsA ocTaercs (npu
YBEJIMYEHNN Pa3MepoR TeJjla) aHW30TPOMHO 1 yOBIBAET TIPU T — 00
JINTITh 110 MEJIJIEHHOMY, CTEMEHHOMY 3aKOHY, MTPUYEM TeM Me/IJIEHHee,
gem HIKe Temreparypa (cm. V, § 138).

[Ipucrymas K MOCTPOEHNWIO MEXAaHWKN CMEKTHYECKUX CPeJI, Ha0
HavaTh C OTHICKAHWS BBIPAYKEHWS JIJIsT TJIOTHOCTW CBOOO/IHOM SHEp-
run ux gedopmarun. Beugy MUKPOCKOTTMYIECKON OTHOPOIHOCTH Cpe-
JIbI B TIJIOCKOCTW ZY CMEIIEeHNsi ee TOYeK B ITO TJIOCKOCTH CBSI3a-
HBI C W3MEHEHWEM SHEPTHUU JIUIh MOCTOIBKY, TTOCKOIBKY OHU TMpH-
BOJSIT K M3MEHEHWIO TJIOTHOCTH BeIecTBa. lmvest 310 B BUIY, BbI-
fepeM B KauecTBe OCHOBHBIX I'MJIPOAMHAMUYECKUX MEPEeMEeHHBIX (T10-
MWMO TeMTIEPATYPhI, MTPEINOIaratonIeiics MOCTOSTHHOM BI0Ib CPeJIbl )
TJIOTHOCTH p U CMEIEHNE U, = U TOYEK CPEJIbl BJIOIb OCH 2. DHEPTHsI
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nedopmManuu 3aBUCHT OT U3MEHEHUs! JIOTHOCTH p — po (pg  MI0T-
HOCTH HeehOPMUPOBAHHO CPEJIBI) W OT TIPOU3BOIHBIX CMENIEHUS 1
no koopauuaram. IIpu 3rom nepsbie npoussoaubie Ou/0x, du/dy Bo-
00111e He MOI'YT BXOJAMTH B KBAaIPATUYHYTO 4acTh CBOOOAHOMN 3HEpruu:
€CJIM MOBEPHYTH TEJIO KaK LEeJ0€ BOKPYT OCel X WM Y, TO 3TH IPO-
M3BOAHBIE M3MEHATCA, MEXKIY TeM KakK SHEePTHus JOJKHA OCTaThCA

HEeM3MeHHO 1).

Kak Bcerma B Teopwm ymnpyroctu, M3MEHEHWs] BCEX BEJINYUNH B
TPOCTPAHCTRBE OY/IyT TPEITOIaraThCsl JOCTATOTHO MeIIeHHBIMU, TaK
qT0 HEPTHUs JAeDOPMAIINT OTPEIETSIETCS TEPBHIMU HEMCUE3AIOIIINMHI
qJIeHaAMU PA3JIOKEHUsT 10 CTEMeHsAM TPOCTPAHCTBEHHBIX TTPOW3BOI-
wbix. Kpome Toro, ognako, Oymer mpenoiaraThCs eie u bojee gaJte-
KO WIyIlee yCJIOBUE: CAMU CMEIIEHUs U MIPEJIIOIAraloTCsd HACTOIBKO
MaJIBIMU, 9TO CJIOU OCTAIOTCH BE3Je MOYTH NAPAJLICJTbHBIMUA OIHON 1
TOW K€ MJIOCKOCTHU TY 2).

B srtux npeanosoxkenusax u ¢ y4eTroM CUMMETPHUE CPeJibl CBOOOI-
Hag sHeprug jgedOopManuu CMEKTUKA [TA€TCd CJIEIYIONINM BbIPazKe-
HUEM:

Fy=F — Fy(T) =

= A ) )2 Bpo(éﬁ)2 KL A )2

2 P PO Clp=po) 2 =7 (50) 4 (A
”

=2 1% (441

ox? + Jy? ( )

Ynen Buga ) (Ou/0z)A | u 3anpemaercs TpeamonaraeMoil 31ech 9K-
BUBAJIEHTHOCTBIO 000MX HAINPAaBJEHUI OCH 2, T. €. CUMMeTpueil 1o
OTHOIIEHUIO K TPEOOPA3OBAHUIO U — —U, 2 — —2, T, Yy — T, y (0T1-
paXkeHme B TJIOCKOCTH TY) WV U — —U, 2 —> —2Z, Y —> —Y, T — T
(MOBOPOT BOKPYT TOPU3OHTAILHOI OCH BTOPOTO TOPSAIKA — OCH T);
10 3TOH 2Ke NPUYMHE OTCYTCTByeT wien Buga (p — po)Aju. Yuaer
MEpPBOTO YJIEHA PA3JIOKEHUsT 110 BTOPHIM MPOU3BOAHBIM (OTCYTCTBY-
I01uil B TEOpUM yIPYTOCTH TBEPABIX TEJ) HEOOXOIUM BBU/Y OTCYT-
cTBus B Fyy NEePBBIX NPOUM3BOAHBIX 110 2 U Y. YCJIOBUSA yCTORIUBOCTH
He1eOPMUPOBAHHOTO COCTOSIHUSA, T. €. YCIOBUSA TOJOKHUTEILHOCTH
suepruu (44.1), rnacar

A>0, B>0, AB>C?% (44.2)

Ay

B YOPYTYIO SHEPTHUIO TBEPABIX TE/T TU MPOW3BOIHBIE BXOIAT B KOMOWHA-
LWSIX Upz W Uy, C TPOWSBOAHBIMK OT Uy M Uy: ITW KOMOWHALWMW NMPHA yKAZAHHOM
MOBOPOTE HE M3MEHSATCH.

2) B stoMm cMBICTE 0GTACTD OPUMEeHNMOCTH Pa3BUBAEMOM 37€Ch MeXaHUKHI
CMEKTHUKOB 0osiee y3Ka, 9eM I PACCMOTPEHHON BBIMIE MEXaHUKW HEMATUKOB,
B KOTOPO# JOMYCKAJINCH MO/ IUpekTopa n(r), CKOIh yTOJHO CHJIBHO OTJINYAI0-
muecs OT HeaedOPMUPOBAHHOTO OJHOPOIHOTO PACIIPEIETEHNUS.

%) Takoit wren durypuposan B V, § 137.
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O6osnauenne kosddunnenta Kp B (44.1), coBnagaromee ¢ 060-
srauennem B (36.1), BriOpano e ciayuaiino. [leficrBurensho, gedop-
MAaIWIO CJIOWCTOM CTPYKTYPHI CMEKTHKOB MOYKHO OMUCHIBATH PacIpe-
JIeJIEHNEeM IUPEKTOpa N(r), TOHUMAas ero Kak HOpMasb K aedopMu-

DOBAHHBIM CJI0sIM, 3a/aBaeMbiM ypasHenusimu u(r) = const. [Ipu
MaJIOM MCKaYKeHUH CJI0eB
ou ou
Ng X —, Ny~ _—, ny~I1, (44.3)
ox dy
n tora (A u)? = (divn)?, T e. kak pa3 Ta BeqWUNHA, KOTOpas

dburypupyer B coorrercrryiomem unere B (36.1). Koaddunmento
ke B u C B (44.1) xapakrepnnl s crenuduaeckoil Kpucraiimae-
CKO¥i TIPWPOIBI CMEKTHKOR, OTIMYAIONINX WX OT HEMATHKOR ).
O6patnm BHMMaHWe Ha TO, 9YTO B npubamxkennn (44.3)
nrotn ~ rot,n = 0. ITosromy wiern Bumga nrotn B CBOOOTHOM
9HEPrum (& TEM CAMbBIM U XOJIECTEPUIECKOE MCKAYKEHUE CTPYKTYPBbI
§ 43) B CMEKTHKAaX OTCYTCTBYET BHE 3aBUCHMOCTH OT HAJIUYWS W
OTCYTCTRUSA CPEIN €ro 3JIEMEHTOR CUMMETPUN IEHTPA WHBEPCHN.
VparHenust paBHOBECUSA CMEKTHKA TIOJYy9al0TCd MUHUMU3ANWe
TIOIHOI CBODOAHO SHEPTWM 1O TIEPEMEHHBIM O W U TIPU JAOTIOIHM-

TeJTHhHOM YCJIOBUN fpdV = const, BhIpakaoIiemM coOXpaHeHmne ToJI-
HOI Macchl Tesa. MUANMM3UpPYS pa3HOCTh

Fydv —\ [ pav
J J

(rme A — moCTOSTHHBI MHOXKUTETH Jlarpanika) 1Mo p, NOJIyIuM pa-
BEHCTRO

A 0
Z(p—po) +C 2= A,
Po aZ

CBA3LIBAIONICE M3MEHEHWe TIOTHOCTH ¢ medopManmeii cmoes. Ioma-
rasi, 9T0 pg €CTh MIOTHOCTH Tipn Ju/dz = 0, mveem A = 0, n Toraa
ou Cpo

oy — ou — 2P0 44.4
P — pPo Pomaz, m A ( )

b Ilogaepkuem, 910 AUPEKTOp N (IOHUMAEMBIH KaK W30pAaHHOE HATTPABICHUE
OpueHTaAlu MOJIEKYJI B C.]'IOS[X) HE ABJIAETCA B CMEKTUKAX (CMeK’T‘T/IKaX A) HE3aBU-
CUMO THUIPOAUHAMUYECKON TIepeMeHHoi. s mepeMernnoil n B TuApoAnHaAMUKE
HEMATHKOB XapaKTEpPHO, 9TO OJHOPOIHBIA MOBOPOT momga n(r) BO BCEM Tese He
CB#3aH C UBMEHEHUWEM IHEPTUU. I/IMeHHO TIO3TOMY MeIJIEHHOE M3MEHEeHME N BIO0JIH
Tesla CBA3aHO JIUIIb ¢ MaIbIM W3MeHeHHeM SHePIHuH, MOCTeJHAS 3aBUCUT TOIbKO
OT TTPOMU3BOAHBIX OT 11 1 MOYKET 6BITB Ppa3/10KeHa 110 HUM. B CMEKTHUKaX K€ BCHA-
KW TaKO# TTOBOPOT MEHSeT OPUeHTAUNI0 OTHOCUTEIHhHO CAOMCTON CTPYKTYDPHI 1
OBLTT OBl CBS3aH CO 3HAYNUTETHHBIM U3MeHeHneM dHeprun. OTMeTnM, 910 B CMEK-
tukax C, rje AMPEKTOp HAKJIOHEH K HOPMAJIM 110 HEKOTOPBIM OIPEIeJIEHHBIM
YIJIOM, OJHOPOJHBII MOBOPOT HAIpPaBICHUI N BOKPYTr HOpMAaseil ¢ COXpaHEHU-
€M BeJIMYWHBI yI/Ia HAK/IOHA CHOBA He ObLI OBl CBA3aH ¢ M3MEHEHWEM SHEPTHH.
HOS’T‘OMy 371€Ch CHOBaA TOYABJAECTCA HOBasd TMAPOAVMHAMHUWYECKasd TIepEeMeHHad —
OPOEKNUA N Ha IIJIOCKOCTH CI0EB.
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Bespazmepnsbiit  koadpdunmerr m cBa3aH ¢ KOIDOUIHEHTOM
[Tyaccona o st «CTepxKHsI», BBIPE3AHHOINO U3 CMEKTHKA B HAIPAB-
siennn ocu z. [leficrBuresibHO,

pP=po _ V=W

= —(Ugy + Uyy + Uyy)
o Vo Yy

(cm. (1.6)), raoe u,, = Ou/0z, a uyy, Uy, — KOMTIOHEHTHI TEH30Da
nedbopMannn B IIOCKOCTH zy. Tlomarast tg, = Uy, nveem

Ugpy = — ——— Uy

W, CPaBHUEB ¢ onpejenernem (5.4):
g=1"m (44.5)

I[Ipu m = 0 ko3 dbunrenT o TpUHEMAET XAPAKTEPHOE JIJIsl KUITKO-
cru 3Havenune o = 1/2.

Ucknouns u3 (44.1) usmenenue mioTHoCTH ¢ nomoupio (44.4),
HOJLy9UM CBOBOJIHYIO SHEPIUIO, BBIPDAXKEHHYIO TOJBKO YepPe3 1u:

B [(ou\? K
Fy = p°2 (a_;l) + f(Alu)Q, (44.6)
rae
r_ c?
B'=B-". (44.7)

Bapsupys moaryio cBOOOIHYIO SHEPTUIO TI0 U, HAIEM Terneph MOCe
HECKOJILKUX WHTETPUPOBAHUIT TI0 YaCTIM:

0 [ Fydv =— [ F.éudv, (44.8)

e
10%u
0z
Ouesuano, uro F, ects (oTHECeHHAs K equnuie obbema) cuna, jaefi-
CTBYIOIAS B HAIIPABJIEHUN OCU Z B JIePOPMUPOBAHHOM CMEKTHUKE [PU
YCJIOBUH, 9TO U3MEHEHUE MJIOTHOCTU YKEe <IOJCTPOUIOCHY TOJ JIe-
dbopmannio.

B pasnosecun F, = 0, Tak 4T0 CMeIIeHUE U Y/IOBJIETBOPIET JIH-
netinomy juddepeHinaabHOMy yPABHEHUIO

F, = poB'%" — K|A%u. (44.9)

2
poB'% — K A2u=0. (44.10)

Ecin Ha mesio neficTByIOT elle U NPUJIOKEHHbIe K HeMy 00beMHbIe
BHEIIHME CHUJIbI, TO OHH JOJKHBI OBbITh J100ABJIEHBI K JIEBOH 4acTu
ypasaenust (cp. (2.8)).

Oruomwenue (K;/B'pg)'/? umeer pasmepuocts auunel u rpyGast
€r0 OIEHKA €CTh: (Kl/B',o())l/2 ~ @, IjJe a  11epuoj] OJHOMEpHOI
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CTPYKTYDbI (paccrosHue mexkay caogmu). Ecim cMeKkTuk mojsepr-
uyT gedopmalnum, CyIIeCTBEHHO MEHSIONIENCd B ILUIOCKOCTH XY Ha
paccrogausax ~ [ > a, To u3 (44.10) cneayer, 4o B HaNpaBIeHUN
ocu z nedopMaliusd UCHBITHIBAET CYNIECTBEHHOE U3MEHEHUE JIUIIb HA
paccrosmusx I ~ 1% Ja > 1, .

B kauectBe mpmMmepa HaiigemM TPpHHOBCKYIO (DYHKIUIO ypaBHE-
nust (44.10), 1. e. cmemenne u = G,,(r) = G(r) B nepemeHHoi Tou-
Ke I', BbI3BaHHOE €UHUYHON COCPEeJOTOUYCHHON CUI0M, IIPU/I02KEHHON
B Touke r = ( u gefictBytomeil B Hanpasienun ocu z (Cp. 3agady

K § 8). Dra dyHKINSA YIOBIETBOPSIET YPABHEHUIO

2
poB'Z C_K\A%G+5(r) = 0. (44.11)
Cogepriasi HaJl 3TuM ypaBHeHnneMm mnpeobpaszosanne Dypre (T. e.
YMHOXKUB €ro Ha e ‘KT y mpomHTerpnposan mo do), HaxoamM st

dypre-komnonent dhynkuuu G(r) BhpazkeHnue
Gie = [po B'E, + Kik1]™,

e k2 = k2 + kg O6parnoe dypbe-npeodpazoBaHme JaeT UCKOMYIO
GYHKIINIO B BUIE WHTErpaIa

ikr 3
G(r) = / ¢ k. (44.12)
. poB/kg =+ Klki (271')3

9ToT maTerpas jorapudmrtdeckn pacxoautcs npu k — 0. s mpu-
TaHUsT eMy OTPeIeIeHHOT0 CMBICIA HAJJI0 MCKIIOUATEH TIePeMeIeHne
Tesja Kak Ie/I0T0, TIPEATOI0KNE 3aKPEIIeHHOW HEKOTOPYIO YCIOBHO
BRIOPAHHYIO €r0 TOUKY, ' = I(; TOTJa B UNCIUTENE MOIBIHTErPATh-
HOTO BBIPAsKeHMsl HAL0 mucath €X' — e’¥T0 y pacxomumocts yerpa-
HSIETCS.

Bepurewmcs erre pa3 K BOIPOCy 0 BJAMSHUN TEIIOBBIX (DJIyK Ty
HA CBOICTBA CMEKTHUKOB HA 3TOT Pa3 Ha MX YIPyIue CBOMUCTBA.
Hanbomnee onpemenenHbiM 00pa3oM BOTTPOC MOKET OBITH MOCTABJIEH
CJIeYIOINM 00pa30M: KaK MEHSIeTCsI TT0J1 BiAusiHreM (hIyKTyaruit ge-
dopmanns, co3maBaeMast TPUIOKEHHON K TeIy COCPEI0TOIEHHON CH-
JIOit, T. €. KaK MeHsieTcsi TpuHoBCcKast bynkimst G(r)? OxaswiBaercs,

YTO ITO U3MEHeHHe CBOAMTCS K 3amene B Buipaxkenun (44.12) k2 u
kj‘_ COOTBETCTBEHHO Ha
—4/5 2/5
1 1
k2 (1n_) n kL <ln—) ,
ak. aky
rjle ¢ BeIMuYMHA MOPSAKA NepHoa CTPYKTYpsi ). B cBoio oue-

') Grinstein G., Pelcovits R.A. // Phys. Rev. Lett. 1981. V. 47. P. 856; Phys.
Rev. 1982. V. A26. P. 915; E.F. Kay // 2K9T®. 1982. T. 83. C. 1376. IIpu

WCCJIEJOBAHNN HEOOXOAMMO yUUTHIBATH TAKYKE M HYJI€HbI TPEThEro W YeTBEPTOTO
MOPSIKOB TI0 % B PA3IOKEHUN CBOOOIHON SHEPTHUN.



246 MEXAHUKA YKIJKNUX KPUCTAJIIOB 1. VI

pelib TaKoe U3MEHEeHHe MOYKHO HAIJISIHO HHTEPIPETUPOBATH KAK U3-
Menenue 3 eKTUBHBIX 3Hadenuil ynpyrux mogynein B’ u Ky npu
YMEHBIIIEHUN XapaKTePHBIX 3HAYEHUIT BOJTHOBOIO BEKTOPA JjiehopMar
1y (T. €. yBeJIMYeHUN ee XapakTepHoii nporszkennoctu ~ 1/k). Mbr

BUANM, 9TO 9P heKTUBHOE 3HAUEHTE B;(b yowBaer nipu k, — () Kak

[In (1/ak,)]~*/%, a K¢ pacrer npu k; — 0 xax [In (1/ak, )]?/".
QakTuydecku, 0IHAKO, 3TU IPDEKTH MOTJIM OBl CTATH CYIIECTBEHHDI-
MU JIMIIb TPU MPAKTUYECKH HEPEATbHBIX OIPOMHBIX PazmMepax.

YkaxkeMm B 3aKk/09eHne 3TOr0 naparpada, uro seipaxenue (44.6)
JUIS yIIPYTO# SHEPTUM CMEKTUKA MOYKHO HECKOJIBLKO 0000INTH BKJIIO-
YEHMEM B HEr0 HEKOTOPBIX 4JIEHOB DOJIEE BHICOKOTO MOPsIKa, HO 6e3
BEEJIEHUS MPU 3TOM JONOJHUTENbHBIX KOI(DDUIMEHTOR.

JLjist 3T0TO 3aMeTHM, YTO BKJIAJ B SHEPIHUIO, ONMCHIBAEMBIii mep-
BBIM wieHOM B (44.6), dusnueckn CBsI3aH ¢ W3MEHEHWEM DPaCcCTOsl-
HUSL G MEeXKJly CJI0sMM; NPOU3BOJHAs Ou/0z COBHAIAET € OTHOCHU-
TEJIbHBIM M3MEHEHUEM JTOT0 PACCTOAHUSA NPU CMEIEHUN U, = U, U

HOTOMY STOT 9IeH MOYXKHO 3allUCATh B BUJE 1,00B’((5(1,/(1,)2. Ho pac-
CTOSIHME MEXK/ly CJIOSIMHM MOXKET U3MEHMTHCsi He TOJIbKO U3-32 3aBU-
CUMOCTH CMENIEHUs! U OT KOODJAMHATHI Z, HO M OT €r0 3aBUCHMOCTH
OT 1 Y. DTO JIErKO MOHATH, IIPEJCTABUB Cebe BCE (JIOU OJJHOBPEMEH-
HO TI0OBEPHYTHIMU, CKazKeM, BOKPYI' OCH Y Ha yros 6 takum obpazom,
YTO BEJMYNHA TIEPUOJIA CTPYKTYDhI BIOJIb OCH z OCTAETCs PABHOI a;
PACCTOsTHME JKe MEXKJY CI0sIMI (M3MEPEHHOE 10 HATPABJIEHWIO HOD-
Masiell K HUM) OKa3blBAeTCsl 1IPU 9TOM paBHbIM @ cos §. [Ipn masbix
yriax 6 u3aMeHeHue pacCTOsHUST MEZKJLy CJOSIMU

2
da = a(cosh — 1) = —%.

ITockombKy B TO Ke BpeMs CMeIIeHne 4 TPW PAcCMaTPUBAEMOM TIO-
BOpOTE ecTh u = const 4+ x tgH =~ const + z6, To

da _ 1 (611,)2
a 2 \Ox )
B makom Buie 310 BhIpaYKeHue CIpapBeInBO Mpu JIE060 3aBUCHMO-

CTW U OT ; CTM YKe 1 3aBUCHT TaKyKe W oT y, To BMecto (Ju/0x)?

nagio nucats (V| u)?.
Takum obpazom, ¢ yuerom omucanHOTO 3hdeKTa CBOOOTHYIO
sHepruio (44.6) Hazso nncarb B BUje

2
, 2 2
, _ poB 8_u_1<3_U) _1(0u KA w)? (4413

d 2 0z 2 \ Oz 2 \ Oy +2( J_U) ( )

DT0 BBIPpAXKEHUE UCIOB3YeTCs B 3ajjade K 3ToMy maparpady.
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3agmaua

Cnoit cmexkTnka (TommmHBI h) € TJIOCKUMHW TPAHWUIAMH, TTaPAJLIEThHBI-
MU TIJIOCKOCTAM CJIONCTONW CTPYKTYPHI, MOABEPTHYT OZHOPOJIHOMY PaCTAKEHWIO
BJIOJTh TIEPIICHUK Y IAPHON €My ocu z. HaliTn KpUTHIeCKYI0 BETUUUHY PACTAKe-
HUA, 3a KOTOPHhIM CJI0UCTAsA CTPYKTypPa CMEKTUKA CTAHOBUTCA HeyCTOﬁqHBOﬁ mo
OTHONTEHHIO K Tonepeansiv BosmymenusmM ( W. Helfrich, 1971) ).

Pemenwne. OpaHOpomHOE pacTsiKeHue o3Ha4aeT gedopManuio u = vz,
rae nocrosiaaast y > (. dast mcenenoBanmst ycroifamBocTH mojlaraeMm u = yz +
+ du(z,z), tne du  Mamoe BO3MYyIIEHWE, YJAOBIETBOPAIONICE TPAHMIHBIM yCII0-
Busam 6u = 0 npm z = =£h/2 (nnockocrs zy BeIGpana nocepeaune cos). C
TOYHOCTBIO JI0 9JIEHOB BTOPOTO TOPSAIKA, TTOTHASA yIPYTas SHEPTUT BO3MY IICHUS
(oTHECEHHAS K €IMHMIE JITAHBI BJOIb OCH Y):

1 , 9u\ > , asu\ > 9%6u\’
0F drdz = ~ B — | - B — | + K dx d
/ ez 2./ po(@z) pw(ax) ]<8z2) vas
(1)

(anen ¢ y0du/dz BRIMazaer npu MHTErpUPOBaHMU 10 dZ B CHJy IDAHUTHBIX

YCIOBHIA).
Bynmem paccMaTpmBaTh BO3MYIIEHUS BUIA

du = const - cos k.z - coskpx, k., =mn/h, n=1 2 ...

(momepednHas MOy AN CJAOUCTON CTPYKTYDPHI). YCIOBUE YCTONIMBOCTU CTPYK-
TYPBI COCTOUT B TIOJOKUTENbHOCTU dHeprun (1). 3amMeHWB BCe MHTErpUpyeMbIE
MHOXKHTeNH sin®, cos’ UX CPeIHUME 3HAYEHHSIMI 1 /2, momy€mM 3TO yCIOBHE B

BUAE ! 2 2 4
B po(k)z — "}/km) -|-I(1kz > 0.

I'pannna ycroiauBocTr (M0 MEpe yBETMYIeHNd Y) ONPEEIAETCS TIOABICHAEM Be-

MECTREHHOTO KOPHST k2 TPEXUIeHa B JIeBOI TaCTH 3TOTO HEPABEHCTRA (KOMTLIEKC -
Hble 3HAYeHNs k, He YIOBJIETBOPSIOT yCJIOBUIO KOHEYHOCTH BO3MYIIEHNS BO BCEH
nnockocT zy). IlepBoe Takoe MOABICHWE TPOUCXOAUT I BO3MYIIECHUSA C 1 =
= 1. /151 Hero HaXOAMM KPUTHIECKOE PACTSKEHNE 1 COOTBETCTBYIONIEE 3HATCHIE

ko = kxp 2):

P 1/2 N 1/2
27r K] Vi pr

Ykp = 7 pOB’ s k}(p = — .

§ 45. Jlucaokanumm B CMEKTUKAX

[MousiTue nuciokaum B CMEKTHUKE MMEET TOT K€ CMBICI, 9TO U
B 00OBIYHOM KpucTasuie. Pa3Huiia coCTOMT JIMIb B TOM, 9TO BBU-
JIy OJJHOMEPHOH (BJIOIb OCH Z) NEPUOAMYHOCTH MUKPOCKOIMYIECKOM

') Dra HEyCTONYMBOCThH aHAJIOrMYHa paccMoTpeHHoit B § 21 neycroitansocTn
CKUMaeMOro IPAMOrO CTePXKHI.

%) Buauenue kxp ompenensger MUIIb aDCOMIOTHYIO BETUYHHY <BOJIHOBOTO BEK-
TOpa» BO3MYIIEHWS B TJIOCKOCTW TY, HO HE TIOJHYI0 CHMMMETPHUIO0 BO3HWKAIOMIEeH
nedbopmannn. Onpegesienue nociaeaneit Tpebyer BbIXOAa 3a I'DAHULBI TPUOIN-
JKEHWs, OTBEYAIONEr0 JUHEHHbIM (10 du) ypaBHEHWSM paBHOBECHS (CHTyanus
3/1eCh aHAJIOTUYHO TOM, KOTOpPasi UMEeT MeCTO [1JIsi KOHBEKTUBHON HEyCTONINBO-
CTH IJI0CKONAPAILIEIBHOr0 cios xuakoctu M. VI, § 57). Cm. Delriew J.M. //
Journ. Chem. Phys. 1974. V. 60. P. 1081.
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CTPYKTYPbl CMEKTHKOB BeKTOD Broprepca auciokanuu B HUX BCErga
HAIPABJIEH 10 OCU Z, a 10 BEJWYMHE PABEH LeJOMY KPATHOMY OT
HEepUOoJIa @ CTPYKTYPhI.

C yderom 3TOro 3amedanus s jgedopManuu BOKPYT JHACI0KA-
UM B CMEKTHKE OCTAETCS CHpaBeIauBOi moaydennas B § 27 dhop-
mysna (27.10)  npu HajmexkameM ONpejeseHUn TeH30pa MOLyJ/1ei
YIPYTOCTH Njgim. /18 3TOTO BBEIEM TEH30D HANPAKEHUN B CMEKTH-
K€ Oj; B COOTBETCTBUU C OOBIYHBIM OIPEAEIEHUEM, T. €. 110 (hopMy.Ie

F, = 8k02k: (451)

rne F,  obbemHasi «cujia BHyTpeHHUX Hanpsizkenuiis (44.9). Bge-
JIeM Tak»Ke TeH30p aedopMalinii, OTBEIAIONINN CMEIeHNo U, = U;
OTJIMYHBIE OT HYJIA €r0 KOMIIOHEHTHI:

__ 10u _ 10u

Uzy = 7y Ugz = -
0z

gy = — —— - 45.2
20z’ Hyz 2 Jy (5 )

Cuuia (44.9) moxer ObiTh npejcrasiena B suje (45.1), ecan Bbipa-

3UTH TEH30D HampszKeHnwuit depe3 Terzop pedopmanuu Gopmyiamu
_ 1
Oik = AiktmOtm ) ¢

>\zzzz = pOBI: )‘zzzz = Azyzy =—-K; AJ.;

(45.3)
Aza:zy = o2z = )\zyzz =0;
HEKOTOPhIe M3 ITUX KOMTIOHEHT — OTepaToph.
@opwmysia (27.10) mas cMeIenust v, = 4 TPUHAMAET BW]L
u(r) — _Azklzb/nlaiG(r — I'/) df’, (45.4)
T,

Sp

rie G = G,, — dyuxunsg (44.12).

PaccvoTpum jiBa 9acTHBIX Caydvasi INCIOKAIUI — TPSIMOTHe-
HbIE BUHTOBYIO 11 Kpaeryio. B mepromM cjiydae och JNCIOKAINH COBTa~
JlaeT C HaIrpaBaeHneM BeKTopa Broprepca, T. €. ¢ 0ChI0 z. DTOT CIy-
Jait BooOIre He TpebyeT KaKWX-J11nb0O HOBBIX BBIUMC/IEHWI. 3apanee
sicHo, uTo sedopmarmst « Oy/JIeT 3aBUCETh TOJBKO OT KOODJWHAT I,
y. Ho B muockoctn zy cpena mzorpornHa. [Toatomy mokHO cpasy
BOCIIO/TB30BATHCST PE3YALTATOM 3amadn 2, § 27, COT/IaCHO KOTOPOMY

u="2% (45.5)
2T

TJIe ¢ — TOJAPHBIA yroa paJnyc-BeKTOpa B TIJIOCKOCTHA TY.

1) Ocrasmabe KOMTIOHEHTHI Aiklm MOYKHO BbIOpaTh Tak, 9100hl ObLIO F, =
= F, = 0; B bopmyny (45.4) 3Tu KOMIOHEHTBI HE BXOIAT.
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Obparumest K Gojiee CJIOKHOMY CAyYal0 KPAEBOH JIUCIOKAIIIT
(P.G. de Gennes, 1972). B sTom ciydae OCb JMCIOKALMEM HEPIEH-
IuKyJisipaa BekTopy Bioprepca; mycrs ona coBmajgaer ¢ ocsio y. To-
rJ1a B KauecrBe nopepxuoctu Sp B uaTerpase (45.4) MOKHO B3ATH
NpaByio MOIYIJIOCKOCTE XY, a BEKTOD N HOPpMAJu K Heil Oyjer Jie-
2KATh BJIOJIb OTPULATEILHOTO HANpaBjeHus ocu z. 3 Beex KoMIo-
HEHT BUJA Ak, OTJIMYHA OT HyJsl TOJBKO A,,,, = B'pg, Tak uro
dbopmyna (45.4) npunumaer Buj

u(r) = bB'pg / /%_rl)dwldy'.
z

—oo 0

[MoacraBnsiem ciona dyukumio G u3z (44.12). duddepennuposa-
HIE 10 z JaeT MHOXKNTENh ik,, naTerpuporanve 1o dy gaet 2w (ky),
0-dynknus ycrpansercsa 3aTem wHTerpnporanuem 1o dk,. B naTe-
rpae

(o) ik ,
— !
[e " dy
0
711 obecriedenns: CXOAUMOCTH HaJI0 HOHUMATE ky Kak k, —10. Takum

o6pasom, 1ociie BolioHenus uurerpuposanuii no dz' dy' dk, nomy-
qaem

oC
exp (ikzx) dk,
ulr) = —b 71 k 4 s
(1) = b [ 2l o),
— 00
rIe
oC
I(ky, 2) = kze"pi(mﬁz)dkz’ A2 = LS| .
J kN on B'po
—0oC

[Mocieanuiit MHTErPAJ BBIYUCISETCS [y TEM 3aMblKaHUsl KOHTYDa
WHTErpupoBaHns GECKOHEYHO yIATeHHO TOTyOKPYKHOCTHIO B BEPX-
ueit (mpm z > 0) nan mwkHelr (npm z < () MOIYTIIOCKOCTH KOM-

TIIEKCHOM TlepeMenHoit k, m R3ATHs BRIUeTa B Tommoce k, = iAk2 win
2.
k, = —i\k3:
_ 4l 2
I= iE exp (—Mk2|z|)

rJ1e BEepXHUN WM HUYKHUN 3HAK OTHOCHATCS COOTBETCTBEHHO K 2 > ()
u z < 0. Takum obpazom, cmemienue

[e.e]
u(z, z) = :|:4Lm / exp { —\k2|z| + ikyx} % (45.6)
— 00
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BoJsiee maTepecno, ogHako, He CaMO CMEIIEHHUE, a €r0 MPOU3BOIHBIE
1o Koopauaaram. s npousBoaHoit 110 £ umeem

Oou
ox

2

oo
b .
=+ / exp { ~Mk2|z| + ik,w} dk, =
—0C

T
—————exp{——— . (45.7
2(mN )72 p{ 4A|z|} (45.7)
Corstacho (45.6) npousBogHas 10 z CBsi3aHA ¢ IPOM3BOAHBIMU O T
dopmy.ioit

2
u _ 4 0u
oz a2’
OTKy1a
ou bx { z2 }
U E———— - . 45.8
02 8N 22 P anjg (45.8)

Hedopmatns OBICTPO (3KCTIOHEHIINAIBLHO) CTPEMUTCA K HYJIO TPH
x| — oc 1 ropaszgo MeuierHee (10 CTeNeHHOMY 3aKOHY ) IpH |z| — oc.

§ 46. YpaBHeHus1 ABU>KE€HUSI CMEKTUKOB

Mexannka CMEKTHKOB MMeeT TO O0Ilee C MEeXaHWKOi HeMaTh-
KOB, 9TO B 00OWX CAyYasgX pedhb WIeT O TUAPOINHAMUKE C JIOTION-
HUTEJbHBIMI (10 CPABHEHUIO ¢ OOBIYHO KWMJIKOCTHIO) MepeMeHHbI-
vu. B caydae HeMaTWKOB 3TOi MEPEMEHHON SABJSETCS TUPEKTOP N,
a B CJIyuae CMeKTHKOB — cwmerrenne u cioes (P.C. Martin, O. Paro-
di, P.S. Pershan, 1972). Ilocnennee tpebyer noscuenusi. CKOPOCTH
OTPEJIEJISIETCS B TUJIPOJIMHAMUKE KAK UMITYJIbC €JIUHUIIBI MACChl BE-
mecrsa. Ee koMmoHenTa v, OTHIOAL He 00d3aHa COBIAJLATL B JaH-
HOM Cayvae ¢ npousBogauoii du/dt. Ilepenoc maccel (B manpasse-
HUM OCH Z) MOXKET OCYIIECTBJIATHCA B CMEKTUKE HE TOJIBKO 3a C4er
J1eOpPMUDOBaHUST CJI0EB, HO W IIyTeM <«IPOCAYUBAHUSY BEIIECTBA
CKBO3b OCTAIONLYIOCS HENOABUKHON OJHOMEPHYIO CTPYKTYPY (110100-
HO onmcanHoMy B § 43 awmasormunomy sddexTy B Xomecrepukax).
OTO0 sBJIeHWE He CHernMUIHO s KUJIKUX KPUCTAJLIOB, aHATOTHI-
HOe SIBJIEHVE BO3MOYKHO M B TBEPIBIX KPUCTALIAX, T/ OHO CBSI3AHO
c inddysneit nedexror (cm. nmpumed. Ha c. 130). Ho B cMekTHKax
OHO B TIPUHIIATIE HEYCTPAHNMO BRUAY OOJIBIIEH «Pa3MbITOCTHY MEPH-
OJIMYECKOI CTPYKTYpHI (Kak OBl CojeprKalleil 3HAYNTEebHOE YHCIIO
nedekToB  BakaHCuil) u GOJIBIIEH TOJBUAKHOCTH MOJIEKYJI.

[Ipu agmabaTwveckoM IBWKEHWH KAKIBINH JIEMEHT YKUIKOCTH
MEPEHOCUT CBOE TIOCTOSTHHOE 3HAYeHWe SHTPONUU § (OTHECeHHO K
eIMHULIE MACCHI); €CM B KAKOW-nb0 HAYa bHbBIE MOMEHT BPEMEHU
SHTPONUS § ObLIA IIOCTOSIHHA 110 BCEMY 00'bEMY CPeJIbl, OHA OCTAHETCS
nocroguuol u B masbneiiem. [lockonbky ycimoBue s = const crupa-
BEJIJINBO UMEHHO J1JIsl SHTPOINUN €JIUHUIbI MACCHL, OY1eT yJI0OHBIM 0T-



§ 46 VPABHEHWS ABUYKEHUSI CMEKTUKOB 251

HOCHTBH CHAYaJIa K €JMHUIE MACChl TAKXKE M BHYTPEHHIOI) SHEPTrUto
cpebl; obo3nadum ee gyepes €. g 1edopMupOBaHHOIO CMEKTHKA
9Ta BeJIMYMHA BbIpazkaercs hopmysioif, ananornanoit (44.1):

A c 0
ea =e—eo(s) = —(p—po)° + =(p—po) == +
Po po 0z

2
+ 2 () + Baw? (6)
2 \0z 2p0

rae pg — TJIOTHOCTH HeaeOPMUPOBAHHON cpeabl; Ko3dhdunen-
o1 A, B, C 31ech He coBnazaioT ¢ TakoBbiMu B (44.1) — ouum mipej-
CTABJISAIOT CODOI Tereph ajnabaTnvyecKkne 3HAYEHNsT MOIYJIE yrpy-
rocT (M TPeNoNaraloTCst BHIPAXKEHHBIMU B (DYHKIIUW OT §), a He
uzorepmuueckue, kak B (44.1); uro kacaerca kosddununenrta Kq, To
€ro M30TEPMUYECKOE U anabaTuIeCcKOe 3HAYEHNSA COBIAIAIOT 110 TEM

yKe TIPUarHAM, 9TO 1 J7isi HemaTukor (M. kower § 36) 1).

Eaununa macesr Bemectsa 3anumaer oobem 1/p. Tlosromy rep-
MOJMHAMUYECKOE COOTHOIIEHUE [1jisd auddepeHimaia SHEPruu:

de = Tds—pdV =Tds+ Ldp.
p

Japnenne B cpele MOXKHO, CIeIOBATENRHO, HaTn manddepermnpo-
BaHuem Bhipakenus (46.1)

—2(% ~ A(p— Ou
p—p(ap)sw‘l(p po) + poC = (46.2)

JanbHeiinee TOCTpOEHNEe yPaBHEHWIT IBUKEHNS CMEKTHKOB OYeHb
6JIM3KO TI0 WCTTOJIR3YEMOT TTOCIe/I0BATEIHLHOCTH OTlepalii mpon3ne-
nmenroMy B § 40 BRIBOY ypaBHEHUT IBUKEHUST HEMATUKOB. [l1s ycn-
JieHnst 370l awmasornn cHoma (Kak m B § 40) Gymem TOJB30BATHCS
sueprueit £ = pe m suTponmeit S = ps, OTHECEHHBIMU K eIUHUIE
obbema.

VpagHenne HeMpephIBHOCTH NMeeT OOBITHBI B 2)

‘;—f + div (pv) = 0. (46.3)
ﬂﬂHaMﬂquKoe ypaBHeHT/Ie JJIA CKOpOCTT/I IOJIZKHO MMETH BU/JT
dv;
L = Oro; 46.4
p gt kTik ( )

') Crporo rosops, B (46.1) Hax0 6BLT0 661 TACATH Ou/dz — d0(5) BMecTO Ou/dz,
rae do(s) — 3nauenmne Qu/0z B OTCYTCTBHE BHEIIHUX CUJI NPy SHTpOonmu S. Pac-
CMaTpuBas JBUMKEHUE [PU 33JAHHOM S, MBI MOXKEM BBIODATb B KadecTBe Heje-
dopmupoBarHOro MMEHHO 3TO cocTosiHMe M Noa0KNTh dg(s) = 0. Tloguepruem,
OZIHAKO, 9TO HOCJIE STOr0 y¥Ke Hesb3st, HanpuMep, quddepeHnupoBaTs BeIpazke-
uue (46.1) mo s ¢ nenbo onpegenenns remneparyps o dopmyse I’ = (9e/0s),!

%) XOTs MBI HHTEPECYeMCsi B KOHEIHOM CHeTe /I JTHHeAPH30BAHHBIMA YDPaB-
HEHWUAMU [ABUKEHWHA, Mbl HE TTPOMU3BOANM JIMHEAPU3AIINN Ha KaKJIO0M 3Tarle BbI-
BOJIOB, TAaK KAaK 3TO YCJIOKHUIO OBl 3aMuCh (DOPMYI.
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(cp. (40.7)); Bug Tenzopa Hanpsizkenuii GyeT yCTAHOBJIEH HUKE.
Eume oano ypaBHeHne CBA3aHO ¢ HAJTMYHMEM JOMOJHUTEILHON 11e-
peMenHoit u Beipazkaer coboii oramaue v, ot du/ot:

du
ot

Benununna N mpezcrtaBisieT cob0it CKOPOCTH «TTPOCAYNBAHNST» — CKO-
POCTH KUAKOCTHU OTHOCHUTEIHHO OﬂHOMepHOﬁ PpereTKn; OHa MMeeT
KWHETUYIECKYI0 TTPUPOJLY, U €€ BhIpaykeHune 0yIeT yCTAaHOBIEHO HIUKE.

Haxkower, ypaBHeHWE /1T SHTPONNAW, YIUUTHIBAIOIIEE JTNCCUTIATIB-
HBIE TIPOIIECCH B cpejie, nveer Bu (40.8)

— v, =N. (46.5)

0% 4 div (sv+9) =22, (46.6)
ot T T

Kaxk u B § 40, Borancisem mpon3BOLHYIO TI0 BPEMEHN OT TIO/IHOI SHEp-
TUW eJMHAIBI 00beMa cpeibl, GUTyPUPYIONIYIO B yPABHEHUH 3aKOHA
coxpanenns suepruu (40.11). Oinare BOBHUKAET TOJBKO B BUJIE TIO-

ciaepnero uinena B (40.12). meem Teneph 1)

0E, o 0E, 2@ ou _
(W)p,s - (a(azu)> o0 T K1 (ALY (Al 8t)

:_h_—i—dlv{ -} (46.7)

(kax u B § 40, YJI€HBI C NOJHBIMU JIMBEPIEHIIUSIMU HE BBINUCHIBAEM ),
TIIe BBEJIEHO 0DO3Hatvenme

9 ([ _OE 2 9(p = po) 2
= — - KiAfu = B C =2 — KA
0z <6(52u)> g ! 4= ro + 0z 1oL

(46.8)
Ecnu paccmarpuBath h Kak z-KOMIIOHEHTY BEKTOPHOW BEIWUMHEI

h = nh (n — egUHUYIHBIN BEKTOP BIOJIH OCH z), TO JIETKO YOEIUTHCS,
YTO 3TOT BEKTOP MOXKET OBITH MPEACTARIEH B BUAE AWBEPTEHITAN

hi = o'l (46.9)
(r)

rjae CI/IMMeTpI/ILIHbeI TEH30D U‘kj nMeer CaeAyronme KOMIIOHEHTHI:

r r 0
ol = Ug(;y) = K1AL6—:, o) = ,OOB + C(p — po),

(46.10)
gu O-:l(jr) N 671 (r) _

(r) _ _
Orz = K]AJ_ 81}’

1) Bhech n HEXKe MIMEHEHIEM MOy Il yIpyrOCTH BIOJIb CPE/Ibl TIPEHEOperaeM.
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[Moxcrasus B (46.7) Ou/0t u3 ypasuenus (46.5) u cHOBa BbliesIUB
B OJJHOM U3 YIEHOB MOJIHYIO JMBEPIEHIIUTO, [IUIIeM

(%) = AN —v; o) +div{- } =
g ﬂ,S

= —hN + 1)ik0§£) +div{---}.
Do BBIpaxkenne orangaercs ot (40.17) aume cMbicaoM 0603HAtTe-
mmit b m N 1), Tlocrymasi mamee Takske, Kak 3TO OBIIO OOHICHEHO
B § 40, nonyunwm npexxuee Bhipaskenne (40.21) mas auccunaTUBHOMN

dyHaKIINN
2R = ol vix + Nh — %VT, (46.11)

rjae U;k BA3Kad 9aCTh TE€H30Da H&Hpﬂ)KQHHfIZ

Ok = —pdik + o) + o). (46.12)
Junamnveckoe ypasHenne (46.4) ¢ 9TUM TEH30POM HAIPSIKEHWI
npuHUMAeT 1ociae jguHeapusauun (omyckaem died (vV)v) Bug

0 = —Oup+ by + Dy (46.13)

riae BekTop h = nh onpegenen Beipaxkennem (46.8).

Bazkuit Tenzop nanpskenuit U;k, TEIJI0BOM II0TOK q U CKOPOCTb
npocaunBanus N («TepMOJMHAMUYECKHE TOTOKKUY ) OOBIYHBIM 06pa-
30M TPEACTABIAIOTCS BBIPAYKEHUSAMU, JIMHEHHBIMU 0 «TEPMOIUHA-
mudeckuM cunamy —vip /T, T2 0;T, —h/T, nupuuem Koadbduimen-
Thl B 9TUX BBIPAKEHUSX CBA3AHbBI JIPYTr C JAPYrOM COOTHOIIEHUSIMU,
ciepyiommmu u3 npuanuna Ouncarepa. He moBTopsist 3aHOBO cOOTBET-
crBylomux paccyzxaennii (cp. § 41, 43), manumem pesysbrar. [Ipu
9TOM OyJIeM CUMTATh, UTO (KaK 3TO OOBIYHO MMEEeT MeCTO) CMEKTHK
o6/1a1aeT NEHTPOM MHBEPCUH ([0 CUX MOP 3TO EIle HEe MPEAnoiara-
jock). Torpa Bs3KMilt TEH30D HANMpPsIKEHWH jgaercs Toii ke hopmy-
noit (41.4), 910 M 715 HEMATUKORB, TPUYEM IO/ N CJIeJAyeT TTOHNMAaTh
HampagJieHne ocu z. TerjioBoit MoTOK M CKOPOCTh TTPOCAYNBAHUS J1a-
FOTCST BHIPAYKEHWSIMU

oT orT
G ==+ ph, dr = VIT, N=Xh- :%?’ (46.14)

z

NPpUYEM TOJOKUTEIbHOCTh JIUCCUIATUBHON (DYHKIUU TPEOYET Bbi-
MIOJIHEHWUSI HEPABEHCTB

|, 71, )\p > 0, ,LLQ < T)\p%H (4615)

1) A rakxe orcyrcrBuem unena v;(0; E). Taxoil wnen, ogHako, aBasnca Obl
B JAHHOM CJIydYae MaJjioi BEJIMYMHON TPEThero mopska, KOTOPOH MOYKHO ITpeHe-
Opednb M0 CPABHEHUIO C BETUIMHAME BTOPOTO MOPSIKA.
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SlBnenune npocaumBanus geaeT BO3MOXKHBIM CYHIECTBOBAHUE B
cMekTUKax 3hderTa, mojgobHOTO ONMUCAHHOMY B KOHIE § 43 j1Jist XO-
sectepukoB. Ecim nepuogmdveckasi CTPyKTypa CMEKTHKA KAKUM-TO
CocoboM 3aKperyieHa B NPOCTPAHCTBE, BO3MOXKHO CYyIIECTBOBAHUE
OJIHOPOJIHOTO CTAIIMOHAPHOTO Tedenus BAoab ocu z. 3 (46.13) cie-
Jyer, 9To jjist Takoro Tevuennust dp/dz = h, an3 (46.5) ¢ N n3 (46.14):

vy = —Aph = 4,,%. (46.16)

K ckazamnOMYy BBINIIE 0 KHWHETHYIECKNX KOIMDPUIMEHTAX CMEKTHU-
KOB HAQJIO CJIeJIaTh BAXKHYI0 OTOBOPKY. Y2Ke yIIOMUHABIIAsicsi B § 45
pacxoauMocThb GUIyKTyaluii B CMeKTUKAX B OCOOEHHOCTHU CUJILHO TIPO-
SIBJISIETCS WMEHHO B KWHETWYECKWX SIBJIGHWSAX, UTO MOYKET CyIIle-

CTBEHHO M3MEHUTH UX XapaKTep 1).

§ 47. 3ByK B CMEKTHKaX

B 00BIUHBIX JKUAKOCTAX (& TakyKe B HEMATHIECKWUX JKUJIKUX
KpHCTasIax) CyIecTBYeT JIMIh OJHA BETBh C1ab03aTyXaloInX 3BY-
KOBBIX KOIeOanmii — TPOJOIbHBIE 3BYKOBBIE BOJHBI. B TBepanIx
KpHUCTALIaX ¥ aMOP(MHBIX TBEPABIX TelaX CYIIEeCTBYIOT TPHU 3BYKO-
BbIe (aKyCTHYeCKne) BeTBI JIMHEHOTO 3aKOHA INCTIEPCHN KOTebaHii
(§ 22, 23). OgHOMEDPHBIE KPUCTALIBI  CMEKTUKHM U 3/1eCh 3aHUMA-
0T POMEXKYTOYHOE TOJOXKEHNE: B HUX MUMEIOTCS JIBE aKyCTUYECKUE
sersu (P.G. de Gennes, 1969). He unrepecysich 31ech k03bdunn-
EHTAMM 3aTyXaHWs ITUX BOJH, U MUMEs B BUJY JIUIIb ONPEJEJTEHUE
CKOPOCTElH MX PacnpoCTpaHeHus, MPEeHeOPeKeM B yPABHEHUAX JIBU-
JKeHMsl BCEMM JUCCUNATHBHBIMU djeHamu. [lojnas cucrema JjimHe-
APUB0BAHHBIX yPABHEHWI JIBUKEHUS CKJIAJBIBAETCA U3 yPABHEHUsI
HETIPEPHIBHOCTN

%”terdivv:o (47.1)
(3mech m HUKe WHAEKC y po omyckaem; p', p' — mepeMennble wacTm

NJIOTHOCTU W J1aBJjieHus), ypasaenus (46.5), koropoe cBoauTcs K

ou
V, = — 47.2
Y (472)
NPOCAYMBAHUE OTCYTCTBYET, M JUHAMUIECKOTO ypasuenust (46.13):
p%: — —Vp' + nh, (47.3)
npuyem, coryacHo (46.2),
v = Ap + pC Z—“. (47.4)
z

') Cwm. Kay E.H., Jle6edes B.B. /) KIT®. 1983. T. 85. C. 2019.
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B soipaskenun (46.8) pist b cieayer onycruts wnen Ky A% u, conep-
JKAINH TTPOU3BOIHBIE BBICIINX MOPSAIKOB, — OH OKA3AJICsT OBl CIUIII-
KOM BBICOKOTO TIOPSIKA TI0 BOJTHOBOMY BEKTOPY k, KOTOPBI JjIsT 3BY-
KOBBIX BOJIH CJI€IyeT PacCMaTPUBATH KAK MaJIyI0 BEJTMIUHY:
op'
9z

B peanbabix cMekTrkax Bejnunibl B u C 00bI9HO MAJIBI 10 CPAB-
venuio ¢ A. B aTux ycjioBusix, KOTOpble Mbl 1 OyJeM [IpejrnoiaraTh,
npupojia 00eux aKyCTUIeCKUX BETBEH B CMEKTUKAX CTAHOBUTCS OO-
Jlee HarJIgJHOM.

Ecnu npenedbpedb B ypaBHEHUSIX JBUMKEHUS BCEMU UJIEHAME, CO-
Jgepkamumu Majibie koaddunuentsl B u C, 1O OHU CBeIyTCsI K yPaB-
HEHUSIM JIBVKEHWsT OOBIYHON YKUJIKOCTH C ypaBHEHWEM COCTOSTHWS
p = Ap', 1. e. ¢ cxkumaemocriio (9p'/dp')s = A. CoorsercrByio-
e 9TOMY CIyvar0 KojaebaHus MpeICcTaBIA0T coO0il 0ObIUHbBIE 3BY-
KOBBIE BOJIHBI — TIPOJOIBHBIE BOIHBI CKATHST W PACITUPEHNST CPEIH.
CKOpOCTh WX pacIpOCTPAHEHUS

o = A'/? (47.6)

2
h=pB2" 4 (47.5)
022

n (B pacCMaTpuBaeMOM MPUOJIMIKEHNN) He 3aBUCHT OT HaTPABJICHWSI.

PazoBast CKOPOCTH C2 BOJH BTOPOi aKYCTHYECKOI BETBU, KaK MBI
YBUJINM, Maja 10 CPaBHEHWIO C ¢1: w/k = co <K ¢;. [losromy 1o
OTHOTIIEHWIO K 3TUM KOJIEOAHWAM CpPeIy MOYKHO CIUTATH HECIKUMAE-
MOit (cp. mpumed. Ha ¢. 231). VpaBHeHWe HEMPEPBIBHOCTH CBOIUTCS
npu 3TOM K yCioBuio mHeczkumaemoctu divv = 0; B (47.5) onyckaem
BTOPOI 4jeH, tak 4To ypasaenue (47.3) npunumaer Buj

I
o= Vp' + npB o (47.7)

[TpomnddepennmpoBas z-KOMIOHEHTY 9TOTO YPABHEHUS 110 2 W TTOJ-
CTABUB B Hero v, = du/ot, noayaum

%6 o%p’ 9%
= — + pB —,
022’

p8t2 022
rae § = 0u/0z. llpumenus xe k ypasuenuto (47.7) onepanuio div, B
CHJLy YCJIOBUS HECZKUMAEMOCTH TOJTY YUM
%6
822"
Hakowen, WCKIIOUMB W3 3TWX IBYX ypaBHEeHWil p’, MOIyYuM OIHO
ypaBHEHWE I BEJINIUHBI 0

9 o f 0% | &
@A(S_B{ @juﬁm}. (47.8)

Ap' = pB
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BaBUCUMOCTH CMELIEHUS] U OT KOODJMHATHI 2z O3HAYAET, YTO Me-
HAIOTCS PACCTOSIHUSL ¢ MEXKJly coceinumu ciosimu: da = (Ju/0z)a,
cama ke Beananna 0 = Ju/0z 1aeT OTHOCUTEILHOE N3MEHEHVE 3TOT0
paccrosinus. Takum o6pasom, ypasuenne (47.8) onuceiBaer pacnpo-

crpanenne nonepeunoii (kv = 0) BOIHBI, B KOTOPOIl MCHBITHIBAIOT
KOJIEOAHUST PACCTOSHAS MEZK/Ly CJAOSIMU MPH TTIOCTOSHHOM TLIIOTHOCTH.
Jlist n10cKo#i BOHBL, B KOTOPO# 0 oo exp{ikr —iwt}, u3 (47.8) nmeem

wk? = BE kK2,
OTKy,ZIa HaXOaM CKOPOCTH
¢o = B'/?sinf cos 6, (47.9)

e 0 — yron mexay k m ocbio z. DTa CKOPOCTH AHM30TPOIIHA, MTPH-
yeMm obpariaercs B Hy/Ib IS PACIpOCTpAaHEeHWs KaK BIOJh OCH Z
(0 = 0), rak n B TIocKOCTH Yy (0 = 7/2). Ilpn yriax, 6aM3KUX K
9TUM 3HAYEHUSAM, BO3PACTAET POJIb juccunaruBubix 3¢ dexton. (Cu.
sagaun 2 u 3 K 3romy maparpady.)

3agaumu

1. Haittu ¢da30Bble CKOPOCTU aKyCTUIECKUX BOTH B CMEKTUKAX MPHU TPOU3-
BOJILHOM coOTHOMmennn Mexay moaynsmu A, B, C.
Pemenwme. Ilpoguddepenumposas ypasuerme (47.3) mo ¢ W MUCKIIOUMB

nponssoanabie Ap' /Ot w du/dt ¢ nomompio (47.1), (47.2), nomyunm ypasHenne

2 2
a—v:AVdivfoVavz-l—n fcgdivv+B8v‘z
ot? 0z 0z 02>

JInst MIoCKo# BOJIHBI, B KOTOPOit V o» exp (ikr — iwt), 370 ypaBHenne crROAMTCS
K COOTHOIICHUIO

—w’v = —Ak(kv) + Ckk.v, 4+ n[Ck. (kv) — Bk v.]. (1)

TIyctn BorOBON BekTOp K pacnonoxken B muockoctn xz. Torma m3 (1) cnemyer,
9TO M CKOPOCTH V. HAXOAUTCA B TOM Ke TIJIOCKOCTHU, & - U Z-KOMITOHEHTHI JaI0T
CHCTEMY IBYX ypaBHEHHI
v.]c? — (A+ B —2C) cos” 0] + v, (C — A)sinfcosd = 0,
. 2 .2
v.(C — A)sinfcosh + vy[c” — Asin” 6] = 0,

rne ¢ = w/k  cxopocth BomHBL, a 8 yrom mexay k m oceo z. Ilpupasugas
HYJIIO ONPEAEeNTE/h 3TOW CUCTEMBI, TTOIy9YrM JIUCIEPCHOHHOE yPAaBHEHNE

' — PA+ (B —20)cos® 0] + (AB — C*)sin” fcos” § = 0.

Bésbmnii w MeHbImAi KOPHA 3TOTO KBAJAPATHOTO (110 (32) YPaBHEHUS ONPEIETAI0T
CKOPOCTH ¢] U ¢2. B gacTHOCTH
Al/? npu 0=m/2,
Cc1 =
(A+B-20)"?  wpn  6=0.

CKOpOCTDb K€ ¢y B 9TUX HATIPABIEHUAX 00OPAIIAETCS B HYIb.
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2. C y9eToM IHUCCUTIAIINN OMPEeTUTh 3aKOH JUCIEPCHU BTOPOM aKyCTHYe-
CKOM BeTBM IIPU PACIPOCTPAHEHHUU B ILIOCKOCTH CJ10€B (v = 7/2).

Pemenune. B ycmoBusix 3amagm CKOpPOCTHh V HAIMpaBJ/eHA MO OCH 2, a BCE
BEJIMYUHBI 3aBUCAT OT . IIpoermupys ypasaerme (46.13) ma och z, momydaem

—iwpv = —K1k*u + iko’,. (2)
C nomompio (41.7) mHaxoaum
oLy = LU} v.
2

Jlerko mposepuTh, uTo BEMY MasocTu napamerpa Ki1p/n3 (cp. ¢ (42.7)) moxmo
nperebpeds 1eBoii gacThio (2), a 3ddexTs npocaunBanusa Tpy Manbx k HECY-

LWIECTBEHHBI, TaK 9TO ¥ = —iwu. OKOHIATEJIBHO MO/ IaeM 3aKOH JUCHEPCHN:
. 2K 5
iw=—Fk".
3

3. To ke ans pacHpOCTPAHEHUs NEPHEHAUKYISAPHO II0CKOCTH cioes (1) =
=0).

Pemenwme. VcI0BHE HECKMMAEMOCTH NPUBOAMT B ITOM CJIy9dae K TOMY,
uro v = (0 U JBUXKEHHE CMEKTHKA [IPOMCXOJUT TOJIBKO IIyTeM [IPOCAYMBAHMUS.
13 (46.5) n (46.14) umeem Torga

Ou 0u

- = MpB

ot 022
nam )
iw = A\ppBE~.

Mpr npeneGpernmm B (46.14) <wneHoM ¢ IpaJmeHTOM TEMMEPATYPBL. DTO BO3-
MOKHO, €C/TH TeMIepaTypa pelakcupyeT ObICTpee, 9eM CMEIIeHWe U, T. €. €C/IH
X| > AppB. B aToMm crmydae, oaHaKo, Hy»KHO TIOHUMATD 107, B m3oTepmMmaecknit
MOY/Tb YIIPYTOCTH.

9 JI. JI. Jlangay, E.M. JIndmur, Tom VII
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