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MaTeMaTHIeCKUN MUD

A.B. Xoayaés (1953 — 1999)

10 cenTsops 1999 roga yuren us xuzuu Aujgpeir PopucoBuya Xonyaés.

OH npejcTaBIsJICS MHE YeJI0BEKOM, ONEPEIHBIINM CBOE BpeMs, Y€I0BEKOM
XXI Beka. B Hém gpko coderasoch To, 9TO HbIHE CBOUCTBEHHO JUIIb M30paH-
HBIM: TAJaHT HccIefoBaTeNs-MaTeMaTiKa, NIyboKnil THTepec K eCTeCTBO3HA-
HUIO (11 HayKe BOOOIIE), C O THON CTOPOHBI, W HCKIIOYHTEIbHAS CIIa B TOM, 9TO
HazbiBaeTcs Hbine Computer Science — ¢ Apyrou.

...Ecan qesoBedecTBO cymMeeT CHpaBHTHCA CO CBOMMMI TpobiaeMaMu (9KO-
JOTHYIECKIMH, SHEPreTHIeCKNMI, HapONOHACEIeHIeCKIMI U T.II.), eCIH OHO
cyMeeT mobeluTh SI3BY TEppOpHU3Ma, ero AKIyT B CAMOM HelaJeKoM 6y IyiiemM
BeJIMKHE CBEepIIeHUs, O KOTOPHIX celldyac HEBO3MOXKHO JayKe MOMBICAUTE. Firé
HECKOJBKO I1aTr0B, U KK bl CMOXKET MOIeJupOBaTh 3By4YaHHE TOU MY3bI-
K, KOTOPYIO CABIIIUT €0 BHYTPEHHUU T'0J0C, TOKA3bIBATh MaTeMaTHYeCKIe
TeopeMbl, OTKPhIBATH HOBbIE sIBJIEHUS IPUPOIEL, CO3TaBaTh HHKEHEPHBIE TPO-
eKTHI U T.II., COBEMIAsiCh CO CBOMM HECPABHEHHBIM CONEPHUKOM IO PazyMy U
IPyroM B TBOpYecKou paboTe — komubioTepom. U mopory k sromy 6yiayT
npoJgaraTh Jiogn, nogobusie A.P. Xoxynésy.

AHpell 6bl1 HEOOBIKHOBEHHOW JUYHOCTBI0. PTO 04eHb BRIPAZUTEABHO O~
caJ ero JIpyr ellé co MKOJIbHLIX BpemMén — I'. A. l'aabmepun, cTaThi KOTOPO-
ro, nocBamieHHas XoayaéBy, neqaTaeTcs CAegoM 3a dTHM MOUM KPATKUM CJIO-
BoM. Po BOT elllé HECKOIBKO MOUX BOCIOMUHAHUH 06 BTOW 1o HeOOBIYHOCTH.
OH Kazajcs HECHOPTHBHLIM U TPOU3BOAUI BlledaTieHHe YVYEHOTO-HEYyMEXH.
Po na camom jese y Hero GbLin 3aMedaTelbHble DYKU, OH 3HAJ DJIEKTPOHUKY
TakK, KaK e€ 3Hal0T He Bce MPO(PeCCHOHAII, YTO B COYETAHUH € BHICOYAUIITHM
HHTELIEKTOM [aBaJ0 €My BO3MOMXKHOCTH PACCYHTHIBATHL U COGUPATH CXEMBI,
KOTOphIe He MOr Obl cienaTh HUKTO. OH OBLI MEPBOKJIACCHBIM T'OPHOJBIK-
HHKOM, BOIHOJBIXKHUKOM, BHHICEP(pUCTOM, cKedTGopTucToM. Ppu sToMm Bee
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NOJb30BAJIUCH €r0 YMeNbIMU pyKaMi, YToObl MCIPaBUTh BCAiKOe 00OpYyI0Ba-
Hie — JOJKH, JBIZKI, mapyca... Pe Hameq8HHBIH OT TPUPOJIEl KOIIAYhell JOB-
KOCTBI0, MPHUCYIIEel clopTCcMeHaM-TpodeccHoHalaM, OH ¢ HeOOBIKHOBEHHOU
CKOPOCTbIO OCBalBaJ BCe HOBbIE CIOPTUBHbBIE NPO(eccui 3a CYeT ONAThb-TaKN
CHJBI CBOEIO XapaKTepa U WHTeNIeKTa.

* % % * % %

Angpen Xomynés poauics 7 okTabps 1953 romna B ropoge Kanunune. Pu-
KTO U3 ero pOJHH He 3aHuMaJjcs MaTeMmaTuxoll. MaremaTuyeckas omapés-
HOCTh NPOABHIACH B CaMOM paHHeM fgeTcTBe. Kak-To OH pacckasbiBaa MHe,
YTO KODJa ero, MJajeHla, CIpallliBall 0 CKOJIbKUX THl yMeellb CYHTATh
(mo-BHANMOMY, Kejfas BOCXHTHTHCSA TeM, 9TO MAIbYUK yMeeT CIHTATh [0
TecSTH), OH 3aTPYAHIICA ¢ 0TBeTOM. Kak cKazaTh: 4nmciaM HeT mpefena, a
Ha3BaHUA DIe-TO OOPBIBAIOTCH — MULIHOH, MIJIIUAP, OH, KOHEYHO, 3HAJ U
TaJbHelllne Ha3BaHusi, HO He ObLT YBEpEeH, YTO 3HaeT Bce.

OdeHb paHO OH OIIYTHJ HHTEpeC K ecTecTBeHHBEIM Haykam. B 1968 romxy
Angpen nocrynaer B Koammoroposckuii uateptar. B caenyiomiem eger — me-
BATHKJIACCHUKOM — Ha oduMnuajgy B Pyxapect, rje noiydaer BTOPYIO Ipe-
MU0 (MepBON M3 HALIMX IIKOJBHIKOB OBLI HArPazkIeéH TOTAa JHUIlb Bomoms
Jpungenrss — Oyaymni GUIICOBCKAN JaypeaT, BTOPOH, BMecTe ¢ AHapeeM
Xoaynéseim, — Angpei 3eneBunckui u Augpeit Ppaconos). B 1970 rogy An-
Ipell CHOBa MPHHUMAeT y4YacTHe B MEeXKIYHApOHOU ojumnuajie B Keirenu
(Benrpus), rjge noaydaeT BBICHING Gall I TePBYIO MPEMHUIO.

B ToMm xe Tomy oH mocTymaeT Ha MexMaT. [iTO cpa3y yBJIeKaeT NpOTpaM-
mupoBanne. OH HadWHaeT paboTaTh B I'PYIIe CTYJIEHTOB, KOTOPHIME PYKO-
Boau1 Beeponon Cepapumopny [rapkman. Pocie okondatus YHuBepcuTera
Xoayaép mocrynaer B acnupaHTypy B MHCTHTYT npukiafHOW MaTeMaTHKH
nM. Keanwia, moToM ocTaércsa B aToM WHCTHTYTe 1 BCKOpe CTAHOBUTCH OJ-
HUM W3 CAaMBIX KPYTHBLIX CIeNHaJucTOB B 06JacTH TpoTrpaMMupoBannd. Pyc-
ckuit WTEX Bo MHOTOM, KaK OPHHATO CEHYaC IOBOPUTh, €10 «IPOIYKT.

* *k k * *k k

A nosznakommics ¢ Augpeem XoAyJéBBIM, KOI'Ia OH, OYIy4Yl CTYIEHTOM
4 kypca, cayinai Mmou Jeknuu mo «OnTuMalbHOMY yipaBienuioy. OH, 6e3ycaoB-
HO, OBLT CAaMBIM BHUMATETLHEIM CIyIIaTeleM 3a BCE BpeMs MOero mpenonaBa-
HuA B YHHBepcuTeTe. B 9acTHOCTH, OH YKa3aJd MHe Ha CYIIeCTBEHHYIO W JTO-
CTATOYHO TVIyOOKO CKPHITYIO OLUIMOKY NpU JOKa3aTelbCTBe NPUHINIA MaKCH-
MyMa, HCIpaBIeHIe KOTOPOU ChIMPAIO TOBOJBHO 3HAYUTEABHYIO POIE B MOEM
cOGCTBEHHOM MOHUMAHWUN CYTH feda. POTOM B TedeHWe HECKOJLKHUX JeT XO-
IyJAEB OLLI YIaCTHIKOM MOET'o ceMUHapa 10 TeOPUH annpoKCuManun. B aTom
ceMHUHape OH cliefiaj HECKOAbKO paboT, [Be U3 KOTOPbIX ObLIM ONyOJNKOBAHBI,
a OflHA 3aHUMaeT KpaeyroJbHOe MOoJ0KeHNe B BeCbMa CYIIeCTBEHHOM pa3iene
TEeopHn.



A.B. Xogyxés (1953 — 1999) 7

A Tenepb Mo3BOJAbTE MHE HPEIOCTABUTE CI0BO ero apyry I'puroputo Asek-
cangpoBudy l'anwenepuny, koTopomy 11 cenTsa6psa 1999 rona, depes genb mocie
cmepTn Augpes Popucoudya Xomxynésa (mo mpockbe MOKONHOTO) OBLIO TO e-
mail’y ormpasiaeno ero nociaernee nocranne (The last letter), Haannaimeecs
CJIOBaMU:

I have died...

B. M. Tuxomupos
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Mou apyr Anapen Xoay.aes

I'. A. laxpmepnn

O »KU3HU U TBOPYECTBE A.B.X0O1YJIEBA

Yiuéa us KusHE 3aMedaTelbHbI MAaTeMaTHK W BbITAIOIMIHUCH DKCIepT B
obiacTu nporpammupoBanus Angpein Xomnyaés. OH ObLI OMHUM U3 CAMBIX
onuskux Mue npyseir. CmeprTh Hactynuia 10 cenTsops 1999r., korma As-
apeifo OLLIO AWML HeMHOTUM Goable 45 deT. ETo cMepTh oleroMuaa MeHs.
AHgpell HaXoJWJACS B CAMOM paciiBeTe CBOMX TBopuYeckux cuj. Paie nuTeH-
CUBHOe O6IIeHNe MPOoI0MKaTI0Ch HellpephIiBHO ModTH 30 JeT, ¢ MOMeHTa MOero
sHakoMcTBa ¢ Anjgpeem B Koamoroposckom uaTepraTe Nel8 B 1969 romy,
Korja obGa Mbl OBLIN €l MIKOIBHUKAMU. Y:Ke Toraa AHApel MOpasmi MeHs
HE3aBHCHMOCTBIO W IPKOCTHIO CBOETO MEITILICHNS.

Angpenn XomynéB ObLT 3aMedaTeNbHbIM, TOOPBIM 1 CKPOMHEIM YeJ0BEKOM,
o6nanas Tpu DTOM TOUCTHHE HEOPAWMHAPHLIM U THOKIM YMOM, IIIIPOTa W TJIy-
O1Ha KOTOPOro Beerga nopaxaiu. OH, 6y Iy4u BhIJAOMIUMCE MaTeMaTUKOM,
nIyOOKO 3HAJT PU3UKY, aCTPOHOMUIO U XUMHUI0. S dacTo 3acTaBas AHjpes ¢
KypHaaoMm «Panmo» B pykax u HeOMHOKPATHO OBLI CBHIeTeleM, KaK OH NI pa-
091 COONPAJT CAOKHBIE DJeKTPOHHBIE (IIITYYKH, COCTOSAIINE U3 TPAH3NCTOPOB,
MUKPOCXeM U APYIUX yeTpoiicTB. BrimuchiBas AHpell Tak:Ke KypHaJ «3eMs
n Bcenennasy, 13 KOTOPOT'O OH MUTHPOBAT HHTEpeCHEEe CBelTeHU: O PACTION0-
JKeHUW IJIaHeT BIOXb OTHON TpsAMON («u3urnm ) B 1805, 1845, 1982 u 2357
rojax u BIUSHUU DTOTO COOBITHS HA 3eMHYI0 OPOUTY; O CONHEYHOU aKTHBHO-
CTH; O YEPHBIX JbIPax; U O MHOT'OM ApPYI'OM, HEe MeHee MHTepecHOM. AHipei
BEICUUTHLIBAJ BCE 3ATMEHUS U PacloJOXKeHNs 3BE31 Ha Hebe, I OH TaK MedTaJa
VBHUIETHL COIHedHoe 3aTMenne B aprycre 1999 roxa! B nagaie 90-x rogoB ML
KaK-TO Pa3TOBOPUINCH C HUM O CBA3W MaTeMaTHWKW, PU3NKH W aCTPOHOMUM,
u Angpein 3amerua: « vl 3aBBLI 1118 XUMU0, KOTOPas He MeHee WHTepecHa. K
COJKAJNEHNIO, f He CHIEH B OMOJOTHH, HO Cy[Is 10 NeHeTHKe (€€ MaTeMaTnde-
CKOIl 9acTn), 6HOJOTHIO TOXKe GBLIO OB 310pOBO N3y4nTh)» BoT BEIZepKKa N3
ero nuchbMa: «3aHumarock xumuen. Emé ynrato kuuru. Pocbiiato Tebe Heko-
Topbie poTorpadun (abeTpakTHbe). Pa 1ocyre MOKeIb MOLYMaTh, 9TO TaM
n300paxkeHo, 1 Tebe coobIaTh He OYIV».

Ppu obcy:xmennu TOU WA HHOU MaTeMaTHIeCKOH Teopuu AHapen sada-
CTYIO TpHBIeKAd U3BEeCTHLIEe eMy (PakKTHl W HAEeW U3 APYTUX eCTeCTBeHHBLIX

MaTemaTu4veckoe npocseljerune, cep. 3, Bbin. 4, 2000(8—32)



Mo gpyr Augpeit Xoxynés 9

HayK. BoT oguH npumep: Mbl MHCAJIH ¢ HUM COBMECTHYIO paboTy o HebecHou
MexaHuKe [1] (4acTHBIN caydald 3ajadnm 4eTHIPEX Tel ¢ HYJIeBOH Maccoil), 1
HY?KHO OBLIO [OKa3aThk OMHY JeMMY, KOTOpas He Cpa3y Aajgack Ham, HO TO-
clle HeCKOJIBKIX TONBITOK U OTHOTO 3aMedanns Augpes (koTopoe s cefidac
HE TOMHIO) DTO yIaJ0Ch CIelaTh. 1 cnpocmi, Kak eMy MpHILIO B [OJOBY Ta-
Koe coobpakenue, u o orBeTma: «Kak-To si HabIrOTaJ ABUXKEHHE POSi MYX
B KoMHaTe. Po-MoeMy, OHO HallOMHHAET [IBUXKEHHE TajJaKTHK: CHadada MyXu
pasjeTalTCs TaJeko, a MOTOM COMMKANTCA, HX CKOPOCTH BO3PACTAlOT, OHU
penator 1+ 1,5 o6opoTa Apyr BOKpYD Apyra U pa3fieTaloTcs, a mOoTOM cOJIu-
JKaloTed U pazbuBalOTCH HA IPYHIbI, KOTOPhIE 3aTeM JIBHKYTCH He3aBUCHMO;
B KaXK[OU Ke T'pyIlie MyXH JeTaloT BOKPYD HEKOTOPOro HeHTpa MO HJLIH-
OTHYeCKUM OpOuTaM, MPUYEM OHU, KAK U PaJakKTHKH, CTPEMSTCS TMOMacTh B
OJIHY ILIOCKOCTh, a He 00pa30BBIBATH, HalpUMep, HEYTO Bpoje Hiapa. PTo
HabJI0IeHle W MOJAJ0 MHE MbICIb, KaK MOMouTH K peiienuto. WHormga Obi-
BAalOT U TpOUHBIE cOanKenus. Jallle BCero OHH HNPOUCXOJAT 1O TAaKOU cXe-
Me: mocje B3auMOMeHCTBUA JTBYX MyX, OfHA W3 HUX, HE MOPACUB CKOPOCTH,
cpa3y ke cTajlKuBaeTcsi ¢ TpeTbed. Po-Bugumomy, cobpaB GOMBIIYI0 Ky4y
Myx — wTyK 1000 uan Goablile, MOXKHO HabAOAaTh ABJEHNUS, XapaKTepHble
[JsT ACTPOHOMUYECKUX MaclITaboB, — HEOTHOPOMHOCTb, CHHPAIH, BOJOKHAY.
B apyroit paz mbr 06¢cyx gaqan ¢ Augpeem oTpriBoK 13 kuuru Anpu Pyankape
«Payka n runoresas ([2, cTp. 122-125]), cBA3aHHBIN ¢ BePOSTHBIM paclpefe-
JeHWeM MaJbiX IlaHeT Ha 307nake. PyaHkape MoapoOHO paccMOTped CIydai
PAaBHOMEDPHOIO paclpefefeins MaTepii U JHIb BCKOIB3b YIOMSAHYI O €€ [1eli-
CTBUTENBbHOM paclpefeleHni, B KOTOPOM H300pazKaloliie TOYKH 00pa3yioT
KaK OBl AUCKpeTHbIe aTOMbI. AHIpel celdac Ke BHIIBHHY. Gojiee peajlbHY0
runoTesy («cdepnieckoe pacrupereneHney) 0 CTAl 3aHIMATHCA BBITHCIEHTEM
COOTBETCTBYIOIIEr0 HHTErPaia, HCIOJIb3Ys 110 XOMy BRIYHCICHUH Pa3HOOOpas-
Hble (pu3nYecKue coobpaKeHusd, IOMOrakIie YIPOCTHTE 3TH Bhivucaenus. B
pesyabTaTe OH MOJTBepAUT yTBepkKjieHiie PyaHkape o MaJoBepOATHOM pac-
mpejleleHil MaJblX [IAHEeT BJOJb CIIHPAJel ClelalbHol (POPMHI.
Pezagonro mo okoH4YaHus mkoJabl-uHTepHaTa AHapeil BhIOHpaJ, B KaKol
Mewx ayuapoguoin Quuminuaie eMy JIydllle y4acTBOBATbH — B MaTeMaTu4e-
CKOIl WIN (PU3NIeCcKOll, I OH BHIOpAI MaTeMaTHYecKylo (Ha KOTOpOH OH To-
JYYuJ TepBYIO MpeMuio, Kak J0 3TOro mnodydada Ha BcecolosHbiXx MaTeMaT-
Y9ecKNX OJUMNNAaLax I Ha (PU3NKO-MaTeMaTHIecKnX onnmMmnarax Pusrexa).
B pesyarTare Anjapen 6vu1 npunsT 6e3 vk3amenoB Ha mexmaT MI'Y, ¢ yene-
XOM BaKOHYII ero, a 3aTeM HOCTYnmI B acinupanTypyl) MPM (MacTnTyT

VP pu mocTywieHUn B acUpaHTYpy v AHIpes, KAK B y MHOIHX €r'0 COKYPCHUKOB, BO3-
HUKJIN TPYAHOCTH CO caaden skzamena 1o ncropmu KP CC. Cenmdac MOXHO TOJBLKO LIy THTH
110 TOMYy IOBOJAY, HO TOr'Ja HaM ObLI0 He g0 myTok. Po m B mcropmm KP CC Amgpen ymy-
IPSLICS. HAXOAUTH MATEMATUYECKUE 3aKOHOMEPHOCTH. BOT cocTaBaeHHas UM TabIUIA T010B
Che30B MapThu, HadmHasd ¢ X1V cwresga:
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NPUKJIAJHON MaTeMaTHKN), MOCTe OKOHYAHNSA KOTOPOH CTal COTPYIHUKOM
NP M.

JI1060Bb AHpes K MpOrpaMMUPOBaHUI0 TTPOSBUIACE €I1€ HA MEePBOM Kyp-
ce MexMmaTa, KOT'Jla HaM HadaJ YMTaThCsd Kypc HporpaMMupoBanus. AHiupei
Cpa3y cTaJ CPejii CTYIeHTOB IPU3HAHHBIM AaBTOPUTETOM B 3TOU OBGIACTH; 3TO
OPOABIANOCH, B YJACTHOCTH, B TOM, UYTO IYYTh JU He Bech KypC XOIUI K HEMY
CBePATHCA B MPABUILHOCTH COCTABICHNS TOTO AN HHOTO T OPUTMA UJIH TTPO-
rpammbl mis PBM. 3a nocaenyioiiime rofgbl TalaHT U MacTepcTBO XOIyJaEBa
B IPOTPaMMHPOBAHNN OTHLIN(OBAINCHL HACTOJIBLKO, ITO OH CTaJd OTHUM U3
KPYIHeNNInX CHeNnaJucToB B DToU obaacTu He Toabko B Poccuum, HO u BO
BCéM Mupe (ero mpurialialn KOHCYJIbTHPOBATH B pasHble CTpaHbl EBpOME!
n B fnonnio). Perapom Amugpeio 6vu1 mopyden B 80-x rojgax mepeBoj (BMe-
cTe ¢ ero 6eBIIMME cokypcHnkaMn Panen BoiokoBoi n Bonogen ["araTenko)
kauTn Jonansra KayTra «ckyceTBo nmporpaMmupoBanius ais PBM», a B 90-
X TojJlaX OH cTaa pegakTopom nepepoga japyroi kuuru /. Kayra «Concrete
Mathematics» (aBropsr R. L. Graham, D. E. Knuth, O. Patashnik), sermeguien
B m3garenbcTBe «Mupy (mepeBox P.P.Poxomses n A.P.Xoxynésa). Kpowme
TOrO0, XOMyJa€ER ABIseTCH co3gaTeneM pudToB mis pycckoro WIEX’a, o 4ém
s y3Haa BecHou 1999r. oT Hero camoro.

K ero xoMmbioTepHBIM TalaHTaM i OTHOUIY TakyKe 0co6yi0 COCOGHOCTD
i 11060Bb AHapes K romoBoiomkam. (nrara ns ero nucema: «Bo Bpems o1-
TBIXa I, OT HeYero melaTh, pacCInTas 09Kko (KapTodHyio Hrpy). S panbime
PaCCYHTHIBAJ €I'0 ¢ MeHBIIIed TOYHOCTHIO. B 3TOT paz pesyibTaThl OKa3aauch
CYIIeCTBEHHO IPYTHUMHU. PO BEIACHHIOCH, YTO U HEIHEMIHAA TOYHOCTE HETOCTa-
TOYHA — HAJO0 NMPHUBIEKATh KOMIBIOTEPy.) AHJIpen y4acTBOBAI, C MOMEHTA
IX BO3HUKHOBEHNS, B HECKOJBKAX MUPOBHIX IeMIONOHATAX IO T'OJOBOJOMEKAaM
(World Puzzle Championships), kax wien koman sl Pocenn, n HensmeHHO TO-
Ka3bIBaJ Ha 3THX COPEBHOBAHUAX BHICOKHU pe3yibTaT. U, HecMOTps Ha cMep-
TeNbHY0 O0/Me3Hb, KOTOpad CTajda NPOABISTHCH ViKe i BHElTHe, AHIpell peln
i B TOT, Mocae Hnn pas (1998), yqacTBOBATh B COPEBHOBAHMY W 3AHSII OTHO
n3 nepBex MecT. Kak Hamncana mue Ouabra JleonTseBa (mpeicenarenb KoOpH
BTOT0 YeMIHoHaTa B TOM IOy, XOPOIIO 3HaBIIas AHapes u yroBapuBaBIas
ero He e3/[UTh Ha copeBHOBaHHS 1998 roma), «TONBKO MOTOM S MOHAIA, Ha-
CKOJIBKO BTO GbLTO TPABIIBHO, BAXKHO W KPACHBO: OH YIIEM HETOGeK TEHHBIM )

Ne cpesga | XIV XV XVI XVII XVIII

Ton 25 27 30 34 39

Pasmocts 2 3 4 5

Ne cpesga | XIX XX XXI XXII XXIIT XXIV
Ton 52 56 59 61 66 71
Pasmocts 4 3 2 5 5

Py 4em me Tabmmra B cTume aHamormaHBIX Tabmun nz Kauru B. . Apromsna [3]7!
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O KOMIbIOTEPHBIX TajaHTax XOIyJAéBa MOJKHBI CBHIETEIbCTBOBATE €0
KoJuieru 1o padore. £ ke orpaHudychk TeM, 4TO HalmUcaJd BhHIIIE, I gajee KOc-
HYChb TOJIBKO €r0 MaTeMaTHYeCKNX TAJaHTOB I yAUBHTEIHHON (MHOTIa He-
TOCTHKIMON /IS MeHs) WHTYHIHN AHJIpes, ero CIoCOOHOCTH «BHIETHY OT-
BETHI Ha OYeHL TPY/JHBE MaTeMaTHIeCKNe BOMPOCH W OTHOBPEMEHHO Mpe/I-
YyBCTBOBaTh HallpaBieHUe, B KOTOPOM caejlyeT HcKaTh perienue. OcobenHo
3/JO0POBO DTO €MY Y/aBaJ0Ch, KOTTa OH OMUPAJICA Ha aHAJOTHH U3 APYTHX ecTe-
CTBeHHBIX HayK. QTHY U3 TaKUX aHAJOT U 5 yKe YIOMSHYJI, U HUKe s TPUBEITY
TpyrHe TpuMephl, 3aMMCTBOBAHHEIE MHON U3 Hallled ¢ AHApeeM MHOTOJeTHEH
TMepenncKy Mo Pa3HBIM BOMPOCAM.

Pra mepenncka 6v11a 0cOGEHHO MHTEHCHBHON B TOJIBI HAIETO CTYIeHTe-
cTBa I acuupauTypsl (1972-77) u B nociexnune 5 jget (1994-99) mo e-mail’y
(Bcero Gosee 100 mucem). B 80-e n B Hagamse 90-x rogoB MBI MO TePKABa-
JT WHTEHCHBHOE MHTENLIEKTYadbHoe OOIIeHne «YCTHOY, KOT/Ia BCTpedaanch B
MI'Y ma MockoBckom Matemarnaeckom ObrrecTse min ke y AHapes qoma (a
MHOTTa B peJaknni KypHaita «KBaHT») m 06CyXKIaan pasHble TEOPHH W KOH-
KpeTHBIe 3a1aqn. JacTb 5THX 06Cy K IeHNI BELINIACH B CTATHH (COBMECTHBIE 1
NOPO3HB), IPENPUHTHL I 3aMeTKN (HAalpuMep, B pellleHns 33,124 B 33 1aTHIKe
KsanTay, cum. [1], [4], [5]), emé Goablitas 9acTh «ocenay B 9epHOBHIX OyMarax,
MHOTHE M3 KOTOPHIX, YBHI, C TeIeHHEM JeT GecCIeHO MPOTaii, XOTAd Koe-ITo
Il COXPAHMIOCH).

Kax mpaBuio, ujgen un perenns Augpes XogyaéBa ObIIT He TOJBKO TIyHO-
KI, HO i 1300peTaTelbHbl — OH YMeJ HaXOMUTh (H3I0MUHKY» B [arKe, Ka3aJoCh
OBI, PYTHHHBIX BEIAHCICHUAK. AHIPEN JI00UA 0 «TyBCTBOBAIY TUCAA — CM. €70
peitienne 3aga4qu Ne12 Bo BTopoul 4acTu cTaThll. YIOMSHyTas yKe CTpacTh AH-
Jpest K TpOr paMMIPOBAHUIO (B IIHPOKOM CMBICJE DTOTO CJIOBA ), CIIABIEHHAS C
TIYOOKAMU 3HAHUSIME, TO3BOISAIN MY JeJaTh «CHHTEeTHIECKHEe XOAbIy B pellre-
HUW TPYAHLIX 3a0a49 U BUAETDh B HUX «HeBHANMOey. Ocobenno nsobpeTarenen
Angpeli 6611 B NPUIYMBIBAHINE TPUMEPOB W KOHTPIPUMEPOB, MOITOMY JT0-
BOJMLHO YaCTO OH HAXOMMT HEOXKHU JTAHHBIE BO3PAKEHUS K ACHBIM, Ka3aJoCh OB,
opMmyaupoBkam win runorezam. OIUH €ro HeOKUTAHHBIH MTPUMED COCTOSI
B TOM, ITO €CIH XOp/a, KaK JKeCTKAH OTPE30K, CKOAL3UT CBOMMH KOHIAMHU
Mo BHYTPEHHOCTH 6bINYKA0U TIATKON KPUBOH, TO (PHUKCHPOBAHHAS TOYKa Ha
XOp/le He 06A3aTelbHO Oy 16T OMUCHIBATE 6bINYKAYIO KPUBYIO!?)

A BOT KaKoll KOHTPapryMeHT npuBeJ AHAper M0 MOBOAY OOIIENPUHITOrO
B3MVIAa Ha noBenenue uryp Junccaxy ma skpane ocumriorpada. (1 onsts
5TOT CIJIAB MaTeMaTHKN W (PU3NKH, 0 Jaxke Helipodusnoaorun!). Ecan noma-
BaTh [Ba HE3ABHCHMBIX TapMOHHIECKUX KOJEHAHWS ¢ 9aCTOTAMN Wi N Wo HAa

2 o o
)LII/ITaTeJIb, MoOTTpoOYN W TH CAMOCTOATENBHO TpuBecTH Takou mpumep! Kaszamock 69,

npocTo Kak KomymM60BO ANIO, HO Cpasy He MOMYyUMTCA. A ecin He 3HATH O €ro CYHUIECTBO-
BaHNN, — TIPUMED C OKPYIKHOCTHIO BBOAUT B 3abIyiKIeHWe! — TO MOXKHO TOAYMATh, 9TO
TakKoro He OBIBaeT.
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FOPUBOHTATBHYIO U BePTHKAILHYIO PazBEPTKU oCHUILIOrpada, TO Ha dKpaHe
OymeT BHIHA KpHUBas (KaK MpaBHJIO, MeIIeHHO BPAIIAMOIIAACSH), TOXOKaA HA
napaboay, WIN DJLINIC, LI «(BOCHMEPKY», I HeCKOIbKO COeINHEHHLIX BMe-
cTe «BOCbMEpOKy. l3BecTHO (M. 3ataqdy Ha cTp. 26 kuurn B. N. Aproabaa [6]),
9TO ec/i OTHOIIIEHNE YaCTOT W = w1 /wy payuona.ibro, To purypa Jnccaky —
3aMKHyTas ajqrebpamdeckas KpuBas (IpH HeJOM w 3TO MpaduK MHOTOYIEHA
YebOnIméRa), & €CIN W UPPAYUOHAALHO, TO OHA 3ANOJHAET SKPaH OCIHUIIOrpada
Bcio1y mioTHO. (TakoBo e moBeIeHNme YACTHIHI B MPAMOYTOIBHOM GH/LIHAD-
ne). O1cioa, Ka3aaoch OB, TOMKHO CJIeI0BATh, 9TO MPH NPPAINOHATIEHOM OT-
HOIIEHUH YacTOT MbI JOJKHBI BHAETH BeCh DKPaH OCHILIOrpada HOTHOCTHIO
cBeTsmnMcst. KakoBo ke OBIIO MOE yINB/IeHHe, KOTIa i y3HaJ  OT AHIpes, 4To
HPPalNOHATBLHOCTH W HIKAKOI POJH He HI'PaeT U HIKAKOT'O CBeYeHUs DKpaHa
He oyzer!

Hutupyio Amjpes: «YTBep:KeHue o Bpalaouieics ¢purype Jlnccaxky Bep-
HO JUIIb B 04eHb Ipy6oil abcTpakini. Pa caMoM fele, BpallleHne CBA3aHO C
HHepIuel 3peHis, H YCJIOBHe BPpAllleH s MOYKeT ObITh 3aliCaHO B TaKOM BH/Ie:

w1 1 w2 1 2rnw) — 27mws 1
s -, s - Q < -,
2rm T 2mn T max(m,n) T
rge 7 — BpeMd HHepnuu raasa. Mb 6yieM BugeTh Bpallaolnyoocs (GUIypy
Jlnccaxky ¢ m KojeGaHUsAME MO OJHOH OCH W € N — TO JAPYToi, IPH DTOM

HeBayKHO, PallMOHAJLHO WIN HeT oTHoIIeHWe w. Boobile, KaK n3BecTHO, pa-
MHOHANBHOCTE WM HPPANUOHAIBHOCTH HEIPEPLIBHON (PU3NYECKOU BEJHYHHBI
HeTb3d YCTAHOBUTH € MOMOIILIO DKCTIEPUMEHTas.

Angapes Xonyiaésa qio0uiu Bce — ero Apy3bs, €ro y4uTels, ero KoJeri:
CO BCEMU OH IIeIpO TeANJICT CBOUMHI 3HAHUAMEI W MHOT OUHCJICHHLIMA T IeAMMA.
Emy Bcerma 6vLI0 HHTEpPECHO, YTO Ke TPOUCXOJUT B JeHCTBHTEIBHOCTH, OH
BCcerJa CTPeMUICT y3HATh KaK MOKHO OGOJbIle HOBOTO, I OH HEYCTAHHO IV-
MaJ 0 TOM, KaK ObI O pollle U dleranTHee 0OBACHITL TO UJIH WHOE sIBIeHHE,
OyIb OHO U3 MaTeMaTuKu, PU3UKH, XUMUEU WIH aCTPOHOMUN. AHAPE ¥ IajJ0Ch
COXPAHUTH 0 KOHIIA CBOUX [MHEN IOHOIIECKUH 3a,/10D, CTPeMIeHe KO BCeMY HO-
BOMY, YMeHHe VIUBIATHLCA U OJHOKPOBHO KuTh. OH 3apszKal CBOell dHepruei
BCEX, KTO OKAa3bIBAJCS PAIOM, U MBI, €10 Apy3bs, Odarogapisl AHape 3a To,
4YTO HaM MOCYACTIUBUIOCH C HUM OOIIATHCA U «I1013apAKaThCA» JacTULAME
€ro «HAY4YHOI» DHEPIUH.

MHe xo4eTcsi 3aKOHYHTE DTOT PACCKa3 CAeIYIONIed TUTATOU U3 MHChMa
Anpnpes ko mue, marnpoBaHOro 13 mions 1973 r.: «..Bckope (¢ 17 mious)
A yemy oTAbXaTh B ToUKy 44°34’ c.ur. u 38°12' B. 1. fI npobyay TaM CeKyH,I
1,8 - 10%, Tax 4To TH He cMoKellb HamucaTh MHe Bckope. /o cBuganus. An-
apeiy. PTo mucbMo — OJHO U3 JIeCSTKOB APYIUX TUIHYHO XOJIYJIEBCKHUX ITTH-
ceM, KOTOophie s odyduna oT Anmgpes.

Pocaennee w3 anx gatupoBano 11 cerTsbpsa 1999 rorna. ..
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SA,Z[A‘H/I, MPOBJEMDBI, NIEN, KOHCTPYKI NN

Meur ¢ AnzipeeM 06CYXKIadl MHOXKECTBO PazHOOODA3HBIX W WHTEPECHBIX
BOIPOCOB, 4aCTh 3 KOTOPHIX i u3aarato Huxke. QmgHako eile Gojblliee YUCIO
npoGieM (7 MOAXOTOB K NX PEIIeHN0) TakK N OCTAINCh HepelleHHBIMA. S pe-
IR B3ATh Ha celd CMeloCTh MPUBeCTH NpUMephl 00CYXK TABIINXCA BONPOCOB
0 ujgel u3 obeux rpyii.

N310KeHHBIN HIKe MaTepraJ HOCHT «MO3andHBIHY XapakTep B cTuiae «Ma-
TemaTudeckonn cmecuy K. JluTTaBysa u He npeTeHAyeT HA MOJHOTY WIAU 3a-
BepIIeHHOCTEL. B ero ocHOBY moNoXKeHo comep:xkanne npuMepuno 100 mmcem n
e-mail’0B, KOTOPBEIME MBI OOMEHSINCH, I TeX YePHOBHKOB, KOTOphLIE MHE Y Ia-
JOCh COXPaHUTh. 31eCh 5 ONUCHIBal0 HaubGojee sipKkue W UHTEpPeCHbIe 3aMa4i,
KOTOPBHIMH Mbl OOMEHUBAJANCh, & TaKzKe JaCTUYHbIe Pe3yabTaThl, KOTOPbIe Mbl
TOMYIUAN WIN HaTeAdnuch MoAy4InTh. K cokadenmnio, m3-3a oTpaHHIeHHOCTH
JKYPHAABHOTO 00BEMA, § MOTY TPUBECTH JHIL MAAYIO TOMI0 DTUX MaTepHha-
JoB. EcrecTBenno, si BRIOpaJ 3afa4dil MO CBOEMY BKYCY; BO3MOXKHO, AHjIpei
BbIOpaJa Obl Ipyroe ux moaMHOKECTBO.

¢ee

Nel (MHOTOYJEH OT MHOTOYJIEHOB). Pycmb f(z) u () — dea se-
wecmeennblr mnozouwtena. Beeeda au cywecmeyem maxotd mnozouser om
deyz nepemennviz R(u,t), umo R(f(z),p(z)) =07

PemweHUE. OtBet: «Bcergas. Pycrs deg f - degp = mn. Paccmorpum
«kBagpaHTy MHOrOwIeHOB {fF - ©°}, k,s > 0, u GOIBIION NPAMOYIOXbHbII
TPeyTroJbHUK, OTCeKaeMBIll MPAMOI OT KBajpaHTa (cMm. puc. 1). Torga cpemn
MHOTOYIEHOB, JEKAMNX B TPEYTOJbHUKE, JUIIbL TacTh JUHEHHO HE3aBUCHMA
B MPOCTPaAHCTBE MHOTOUJICHOB CTEMeHH < MN; AeHCTBATEIBHO, KOIMIECTBO

Puc. 1. KBagpanT 1 TpeyroJlbHHK MHOT'O9J€HOB
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TOYeK B TpeyroJbHIKe pacTeT KBaApaTHIHO, a IBUXKEeHHe I'IIOTeHYy3bl IIPOo-
ncxoanT JNHENHO. (jJIe,Z[OBaTeJH:HO7 nMeeTCss HeTpHuBUaJbHas JNHeRHasd KOM-
6I/IHaHI/IH MHOTI'OY/€HOB, TOXK J€CTBEeHHO paBHas 0. OHa 1 ecTb HCKOMBIN MHO-
I'ovJeH.

¢ee

Ne2 (IlIKA® B KOMHATE). Moacem au mpeyeoabnbili wrad axaunumoy
6 mpeyeoavnotl Komname (m.e. ne cywecmeyem dsudcenus wrada, ocma-
6ARI0WE20 €20 6nYMPU Komnamsl)? A mnoeoyzoavubil wrad 6 MH020ye0ab-
noti xomname? (O6a MHO20Y20AbHUKG — 6BINYKADIE. )

OBCYXKJEHUE. 3aMedanne XoIyaéBa: «f He coBceM HOHIMa0, ITO 3Ha-
YUT ,3aKIHHUTES. f cuyuTaro, 4TO TO O3HAYAET Cjeyiolllee: BCe BEPIIHHBI
mKada JekKaT Ha Pa3HbIX CTOPOHAX KOMHATHI — HO He B yIvax — U InKad He
MOYKeT OCYIIeCTBATH HHKaKoe MaJjoe nBI:KeHne. Muade nenuTepecro (puc. 2).

-

Puc. 2. «3axruunsiimes miKagpr (BEIPOXK JEHHBIH CLy Al )

B »Toii nocranoBKe si MOJMHOCTBIO pelind 3amaqy. OTBeT: Ipu n = 3 HE MO-
JKeT 3aKINHNTH, XOTH pelleHne HeMPOCTOe, C HECKONbKIMHI CAYIasMn (MeXK Iy
TPOTINM, HCTOAB3YETCS YTBEPK AeHNE, KOTOPOE MBI ¢ TOOOU OBGCYIK TATN: eC.al
ecmb 3 NOAYNAOCKOCINU, MO AUOO UT NEPECEUEHUE UMEET HENYCMYIO 6HY-
Mpennocmp, Au60 nepecevenue ur JONOAHENUT UMEET HENYCNYIO 6HYMPEH-
HOCb, AUOO UT 2PAHUYDL NEPECEKAIOMCR)Y.

Pa 570 s oTBeTHal AHIpelo, YTO BO3MOMKHO Takoe peleHne (puc. 3): ecian
mkad-Tpeyroabiunk ABC' gexxut BHyTpu kKoMHaThl oXYZ u A € XY, B €
€ Y7, 1o reomerpuieckoe Mmecto Todek (' BO Bpems ABUKeHus oTpeska AB
B/IOJIb CTEH — JIyTa 3JUIHICA ¢ TeHTpoM B Y (mpn sToMm Y — mepecedenne ocei

Y
B

X A

/C

Puc. 3. C' gBmxercsa mo gyre pIIaica
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B B

—

D D
a) 6)

Puc. 4. 3axrmunsimer mixagper (n > 4) (HeBBIPOXK JeHHBIH CIyTall)

siunca). Kycodexk sToil nyrn gexxuT BHYTPH A XY 7, MOSTOMY «IlleBeseHe)
mKada BHYTPH KOMHATHI OCYIIECTBHMO.

OH corgacmicst CO MHOU U He CTaJ MPUCHLIATH CBOEr'O pelleHus, 0 4éM s
ceityac coxadgero. /las n > 3 Xoay/aés nocTpouI NpuMepsl, B KOTOPHIX HIKad
sakananBaeT (puc.4). [las n = 4 gnaronans AC' MOXKeT MOBEPHYTHCA TOABKO
IPOTHUB YacOBON CTPEJNKH, a InaroHanlb BD — Toabko mo dacoBon (puc.4a).
Poay4ennoe npoTuBopedne u [OKa3biBaeT «3aKiauHupaHue» mkada. [lis Jio-
6010 n > 4 mpuUMep «3aKAUHUBILErO» MIKapa MOXKHO MOCTPOUTH, UCKOMS U3
sTOrO MpnMepa (puc.46).

S xody oTMeTUTh 3j1eCh Ty CaMy0 «U3FOMUHKY», KOTOPYIO Hatel AHpei:
OPOTHBOpEYHe BO3HUKAET U3-32 TOI'O, YTO «YTO-TO BpalllaeTcid HE B TY CTO-
poHy» (B mamHOM caydae, orpeskn AC' u BD).

B Takux BOT «M3lOMUHKAX» U MPOSBIASIACS TadaHT AHIpes.

¢ee

Ne3 (PPEREN). Pycmb z — womnaerxcuoe uwucao. Patimu npedea

m

1
lim
m—o0 Z z+n

n=—m

das mex z, 04 KOMOPHIE 0N CYUWECTNEYEMm.

PEWEHUME. PaccmoTpum crenymoryio 2r-nepnoandeckyo Gyukuno f(z)
BellleCTBEHHOIO TlepeMeHHOI 0!

J(2) = ¢ npu [a] < ,
fla+27) = f(2).

Paznoxum ee B pag @ypbe. KoappunuenT a, paBeH
K K
a, = L e—izwe—inl’ do = L e—i(z—l—n)ac do =
27 27
—T —T
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_ 1 (e—i(z-l—n)w _ ei(z-l—n)W) — ?mw <€—iz7r _ eizw) —
27i(z + n) 27i(z +n)
. (-n” QAT Tz _ (—=1)"sinwz
- 7(z 4+ n) 21 - 7(z 4+ n)
Pockonbky f(2) KycouHo HenpepbiBHa I mudpepeHnnpyeMa, neem
)+ £ . (=)'
x x : — sinwz
L 22 7 — im a,e™ = lim A A ——e e
2 m—y0c0o Z " m—y0c0o Z ﬂ'(z + n)
n=-—m —
sin 7z S (—l)nemx sin 7z < enle—m)
= lim = lim _—
™ m—o0 Z z+n T Mm—oo Z z+n
n=——m n=-—m

PogcraBum o = m B 3Ty (popMyy, TOrja B CHIY NepuoIuIHOCTH f

+ — — —— —izm 12T
f(= )‘;‘f(” ) _ Iz )+2f( )¢ ;6 = cosTz.

Takum obpaszom,

sinwz 4. 1
COS Tz = lim E

T m—00

OTKYIa

m

1
lim =r-ctgmz.
m—o0 Z z+n 8

n=—m

PaBeHCTBO BRIMOMHAETCS M5 JIOOOTN0 KOMILIEKCHOTO 2, [ KOTOPOTO 8in 72 #
# 0, T.e. s BCeX KOMILIEKCHBIX z ¢ Z. Ppu z € Z npenen He cyliecTByeT 10
OY€eBUTHBIM TTPUYMHAM.

¢ee

Ned (PIEKTPOHBL HA CPEPE). Pa enympenneii cmopone memadiuie-
ckoti cepol pacnoaazaomes N 24€KMPOHOE — TMOUEUHBIT HACTRUY, PAEHOT
(edunuunot) maccot u pasnozo ompuyamesbno2o 2apada (noaazaem €2o pas-
noln —1). B cuay ommaikueanus 34€KMPoOHOs, OHU CMPEMANCA YAETEMD
HA OECKOHEUHOCTIb, HO UM MEULGEM cPepa, U NOIMOMY IAEXMPOHBL (Ppa3be-
2a0omesy no cepe mar, UMoOvL MUHUMUBUPOSATND NOMEHYUAADHYIO IHEP2UIO

cucmembi
1
U= E Pk

— |7 — 7

i#]
3decv T; u T; — paduyc-sexmopsl, udywjue u3 yenmpa cepovl 6 IAEKMPOHLL
i u g, | — 7| — paccmosnue mexncdy snexmponanmu. Jas waxcdoeo uucaa
N =2,3.4,... 24eKMPoOHOE YKrA3aMb UT PACNOAOHCEHUL Ha cPepe, MUHUMU-

3UupyroUUe NOMERYUAABHYIO IHEP2UIO.
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TABJIUIIA PACIHOJOYKEHUS DJEKTPOHOB HA CHEPE

=
Il
e

MPABUALHBIN TETPad AP

N=6

@

NPABUALHBIN OKTAad P

N =238

= +34,09°

= —34,09°

@

KBaIpaThl pasBepHYTH Ha 45°

N =10

¢ = +25,00°

¢ = —25,00°

KBaIpaThl pasBepHYTH Ha 45°

N =5

HpaBI/IJIbeIIU/I IATUYTOJTbHUK B
BKBaTOpI/IaJIbHOIU/I IIJIOCKOCTH

@

+44,72°

—44,72°

HpaBUIbHBIE TPEYTOIbHUKH,
SKBATOPHAJLHEII pasBepHyT Ha 180°

N =11

© = +31,02°
¢ = +9,69°, ¢ = 29,74°

= —33,55°
= —53 70°
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TABJIUIIA PACIHOJOYKEHUS DJEKTPOHOB HA CPHEPE (HPOﬂOJI)KEHI/IE)

N =12

w=434,19°
© = +24,00°

w = —24,00°
= —34,19°

=
I

IpaBUIbHBIE TPEeYIOIPHUKHA Ha I'DaHAMH
TeTpasApa MMeT yraoson paszmep 30,7°,
KaX bl U3 HUX MOBEPHYT OTHOCUTEILHO
MPAMOU, COENUHSAIONIEN €0 TIEHTP U TIPOTH-
BOTIOJIOKHYO BEPUIMHY TeTpasapa Ha 7,29°

BCe TPEYIONbHUKUA — IIPABUIbHBIE;
KpalHUue Pa3sBEPHYTH OTHOCUTEIBHO
PKBATOpPHAMLHOTO Ha yroa +6,96°,

cpeanme paszBepHYTH Ha 180° &+ 5,62°

N =17 N =18
© = +37,56° © = 4+42,47°
© =411,74°
o= —11,74°
o = —37,56° © = —42 47°
BCe TATHYTOMbHIKIT — KBAJPATH TIOCTej0BATEIHHO CBEPXY BHIT3

IpaBUIbHBIE pasBopaumBaloTCA Ha 45°
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TABJIUIIA PACIHOJOYKEHUS DJEKTPOHOB HA CHEPE (OKOH‘IAHI/IE)

N =20
= +39,68°, ¢ = 29,62° o = +4391°
= +32,70° © = +32,83°
= = =50,02°
o = —4,05°, ¥ = 44,00° LU0 ,
= —11,34° A iy = 69,98°
© = —19,43° © = —32,83°
© = —55,36°, ¢ = 42,25° © = —4391°

ILIOCKOCTHU CUMMETPUN ITPpAaBUIbHBIX
TPEYI'OIbHUKOB COBIIaaloT C ILJTOCKOCTAMUI
CUMMETPUN MEHTPAJbHOI'O IECTUYTI OJIbHUKA

OBCYIKIAEHUE. Pentenue stou 3amaun gas N = 2,3,4,6 u 12 npusejgeno
B ctatbe P.P. AugpeeBa n B. A. FO nuna [7]. d npuBen 5Ty 3a1a4y 3mech s
TOro, 9T00LI MOKa3aTh pe3yabTaThl paboThl Ha PBM, mporerannon A. Xoxy-
aéBeiM. JI mocraBua »roT Bonpoc nepen Aunpeem B 1974 rogy Ha 4eTBEpTOM
Kypce MexmaTa, KODJja CTaJ IpenofaBaTbes Kype «OnTuMadbHOe YIpaBIeHes
(OPY) nopx pykoBomcTBoM «1ByX BiagnmupoB MuxannroBudeiny — mpodec-
copoB MI'Y B.M. AsekceeBa u B. M. Tuxomuposa. Mue o cpasy nputiesa B
TOJOBY, KOT'A A COSTNHNI MBe HIel — 3aJa9y O MUHUMUBAINN PACTON0KEeHT T
TOYeK Ha cepe, B KOTOPOU eneBas PyHKIIIA rrin |F; —7;| — max (vora 3a1a-

i#]

Ya YaCTHYHO HCCJIefoBajlack B uzBecTHOU KHUTe 10 reomeTpun Hlkaspexoro,
Yenuosa n Araoma [9]), n HoBBIe cBegenns us OPY. Aumgpeil ¢ pamocTbio
BOCIHPHUHSA 3TY 3a/a4y, HO dYepes HeKOTopoe BpeMsi Hamucaa mue: «<OPY ne
0COBEHHO MPUMEHHMO K 3a/[ade PO 3JIEKTPOHKI. 31eCh NOIUTCH TOIBKO OOBIY-
HOe KOHEeYHOMepHOe MpaBmio MHoxuTestei Jlarpanxka, Ho OHO MaJo MOMOIa-
eT. Pry sagasy moxuo pemnth Ha PBM». Yrto om ¢ GreckoMm n mpogenad!
(Cum. Tabauny pacnonoxenns N saextponoB mis N =4, ...,20 na cc. 17-19).
Saada mpo dIeKTPOHBI BOOAYIIEeBHIa AHIpes ellle i TeM, 9TO OH «. ..CMOD 110-
YepIHYTh HEKOTOpPhIe CBefeHls B yueOHUKe o xuMuu. Pacemorpum atom A,
umeroni N BaJeHTHBIX 3JeKTPOHOB U NyCTh OH oGpasyeT mojekyay ABp.
N3z coobpaxennit cumMerpuu, N aToMOB sieMenTa B pacrnojioxaTcs Ha paB-
HOM paccTosiiuu oT A, T.e. Ha HOBEPXHOCTH c(ephl, I MEXKJTY HUMH OyIeT
IefCTBOBATE CUJIA DIEKTPOCTATHYECKOT'O OTTajdkuBaHus. PKcnepumeHTadb-

HO YCTAHOBAEHH KOHMPUTYpPANUH TaKAX MOJeKyJ ¢ pasumiMu N = 1,...,7.
Tam ke mpuBefedbl KapTuuku: mii N = 4 — TeTpadap, aia N = 5 —
IBa TeTpasipa ¢ oOIlell TPeyrodbHOU Tpalbio; mis N = 6 — okTasap u

aas N =7 — nBe IATHYTOABHEIE TUPAMUIL], TPUKPEIIEHHEIe IPYT K APYTY
CBOUMU OBIIUME MATHYTOJLHBIME OCHOBAHUAMA. MOXKHO MPeNOJOKATE, ITO
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BIEKTPOHBI 3alMYyT Ha cdepe Takoe XKe notoxenne. Tak xumus momoraer
MaTeMaTHKey.

A canraro 3Ty 3a0a4y I0CTOUHON TOT'O, YTOOLI TepefoKa3aTh Pe3yabTaThl
XoaynéBa, 00BICHUTE NX TEOPETHIECKN (T. €. IePEOTKPHITH METO, KOTOPHIM
OH Hamén TIo6albHEe MIHIMYMBI) I MPOJIOKATEH Tabanuny ais N > 20.

¢ee

Ne5 (TMAXMATHBIH KOPOJL?)). Mlazuammusiii kopoav obowen éce Kaem-
KU wWarmamuot docky poeno no 0dHoMY PA3Y U 6EPHYACA 6 UCTOOHYIO KACTNKY,
npuuém on nuede ne nepecexan ceoezo caeda. Joxazams, WMo xopo.ab cde-
aan we menee 28 xopomrur rodos (ca. puc.b). Paiimu eeprnioio oyenky wucaa
Kopomrur rodoe das warmamuot docku m X n. Touna au ama oyenxa?

Tak Heabss! KOPOTKHU XOJ MINHHBIA XOJ

Puc. 5. Xogbl KopoJs

PEMEHUE. MapuipyT KopoJs — 3aMKHyTas HecaMolepeceKaiomascs Jo-
Manas. Kopoab mo6BIBaI Bes e, B 1aCTHOCTH, BO BceX 2m + 2n — 4 kjreTkax
nepuMeTpa. PTH KaeTkn pazbuBaioT BCio JOMaHYIO Ha 2m + 2n — 4 KYCKOB.
OcHoBHOE yTBepKIeHne:

Kaocdwii kycor coedunsem dee cocednue wiemiu nepusempa.

JleficTBUTENBHO, €T 6Bl KYCOK COSMNHAT He COCeTHNe KAeTKH, TO KIeTKH
mepuMeTpa 0Ka3aduCh ObI pa3feJeHHBIMI Ha ABe TacTh N KOPOIh He CMOT OB
no6BIBATH B 06€NX YacTsAX, He mepecekas Kycka (puc.6). OcHOBHOe yTBepK-
TeHre MTOoKa3aHo.

Temeph 3aMeTHM, 9TO COCeHTE KICTKN TepuMeTpa Pa3HONBETHRI, a e[NH-
CTBeHHAA BO3MOXKHOCTD IS KOPOJS MePeiTH Ha KIeTKY APYTOTO I[BETa — TO
clenaTh KOPOTKHH XOJ. JHA4HuT, B KaXKJIOM Kycke OyIeT 10 KpaliHed Mepe
OJNH KOPOTKHH XOJ, a KYCKOB IO KpaliHed Mepe 2m + 2n — 4.

3 o
)z muceMa Xogymépa: «Temeps y MeHs eCTh BpeMs coOOmNTL Tebe MO0 3amady, Mpo

KOTOpYIO A HefaBHO ropopui. Po-moemy, ona gocrouna Il Typa Mockosckon oammrmagbt
nm gaxe Bcecorosnom. [lencreurensno, gocromna! I TyT xe coobmma o6 >Ton zagade
P.P.Bacuibeny, u ona nonaja Ha 7-10 BceecowosHylo oiumnma gy no maremaruke (Knumués,
1973), a moTom 6blia olybanKoBaHa 104 HoMepoM 184 B cGopHuke 3agad [8].
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31eChb €CTh KJIeTKHN

wyeo®

n 31€Ch €CTh KJIECTKH

Puc. 6. OcHoBHOe yTBepK eHHe

Puc. 7. 2m + 2n — 4 xoja KOpOJIA, TOKPHIBAIOIIHX BCIO JOCKY

Postomy orBeT: > 2m + 2n — 4 xopomkux xoda. PTa omenka TovHas.
P pumep, u3 KoTOporo scHa o0IIas KOHCTPYKINs, TPUBeJEH HA puc. 7 (y3a1am
PEIIETKH COOTBETCTBYIOT HEHTPHI KIeTOK). Jlerko ybeqnThest, 970 TyT B Ka-
JKTOM KYCKe COMepyKUTCA POBHO OMUH Kopomkuid Xon. «P 1o, koHedHo, He CTpo-
ro J0Ka3aHo, HO 4TO Mojedaelliby, — jgobasiser Xonyaen. «OaHako B ciydae
OOBIYHOU ITAXMATHOU JOCKH HUKAKUX HESCHOCTEl, KOHEeYHO YKe, HeT».

¢ee

Ne6 (MUHUMAJBHOE qucio PAacnnaoBy). Hueemes nexomopoe me.o,
mpebyemcs pacnuaums €20 onpedeiéunvin odpazomn (U36ecmuo, no Kaxum
AUHUAM (6 deymeprom cayuae) uau noseprrocmamn (048 mpér u 6oavuieco
YUCAG UBMEPERUT) MO MEA0 HAdo nuAUMb). 34 KGKOE MUHUMAILHOE UU-
CAO PACTUAOE ITNO MONCHO COEAAMDb, ECAU PAZPEUAEMCA HAKAAIBIE AN UACTNU
dpye na dpy2a u nuaums ux emecme?

MBbr paccMOTPHM 3jeCh JUIIb YaCTHBIN caydail aTol 3agaqu: Pacnuiums
napaatesenuned m x n X k wa xyouxu 1 x 1 x 1. Anarocuunas 3adava dis
MHOL0MEPHO20 NAPAAAEAENUNEDE.

9B 70-e rogBl MBI yBIEKATACH ITeHAEM HeJaBHO IepeBe JeHHHX KHur MapTura [ap 1Hepa.

Mur ¢ Arapeem penman o6o6umTh 3agatdy |apgHepa o pachmie Ky6a Ha 27 MaleHBKUX
Ky6UKOB, ecian paspelllaeTcA HaKJlaTbBaTh paclUIeHHBIE YacTH OJHY Ha IPYTYIO.
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PemEHNE. CHadala OTBeT: MHHHMAJbHOE YHCIO PACHHIOB paBHO N =
= [logy m|+[logy n]+[log, k| (Takom ke 0TBET — TOMBKO ¢ GOIBIINM THCIOM
claraeMbIX — CIpPaBeLINB H B MHOIOMEPHOM IPOCTPAHCTBE).

SAMEYAHUE. (2] =inf{n | n > 2; n € Z} = —|—x|, rjge |-] — nenas
qacTh 4HCIA.

PpuBeném chadamsa peiienune rapiHepoBCKoU 3afadum: m = n = k = 3;
N = 3[logy 3] = 3 -2 = 6 pacnmioB. /loBOBHO KPacHBO MOKA3BIBAETCHA, UTO
3a MeHBIIIee YHCAO PACTIIOB HEMb3sl HoAyYuTh 27 Ky6ukoB. /leicTBUTEIBHO, ¥
HeHTPaAJbHOI'O KyOHKa Ha O BEITUIANTE Bce 6 TpaHell, a 3a O/UH PACIII HeJIb3s
BHIIIINTE cpa3y ABe Tpann! Pemenne B o0y cTpodKy!

Ternepsb o6mIuE caydai. Y KayKJIOW HacTH, MOSBUBIIEHCS B Mpollecce pas-
pesaHus, HMeTCS pa3sMephbl, KOTOphie 0603HAYHM &, Y W z. MBI cauTaeM, ITo
OCH KOOPTUHAT «BMOPOKEHB B OTY 9aCTh C CAMOT0O Hadada, Tak ITO pasMephl
T,y W z He MEHAIOTCSA TMpH eé MOBEPTHIBAHNN (KOTOPOe MOKET MOHAJOOUTHCS
JUIST O9epeTHOTO PACIuIa).

Pocne kaxgoro pacnuaa MbI BEIGepeM OTHY U3 MOJIYIeHHBIX 9acTed B CO-
OTBETCTBUN CO CASTVIONINM HHAYKTHBHLIM [TPaBUIOM:

1. /lo Bcex pazpesaHuil MBI BbIOUpaeM eJIHHCTBEHHYI CYILECTBYOIIYIO
YacTh — CaM NapaJaejenunen.

2. PycTh mocae mpennigyinero pacnuiaa 6wIa BHIGpaHa dacTh € pa3Mepa-
MU ¢, y n z. Torga mocie odepelHOTO pacluia 3Ta JacTh MOXKeT 6BITH
pacnmieHa Ha JBe, OTJIWYAIINECS JUIIb B OMHON Koopanuate. (Panpn-
Mep, eCcad 3Ta 4YacThb OblIa paclujeHa NapajelbHO MIOCKOCTH ZZ, TO
NoJy4aTcad 4acTH ¢ pa3MepamMu

[ A / r .

Ty =T =T, y1+y2_y7 Zl =R =5
MTPpUXHA 31eCh O3HAYal0T HOBBIE pa3Mepr). Pocae OvepeIHOoro paclnjia
BbI6I/IpaeTCH Ta U3 ABYX ‘{aCTeIK;I7 y KOTOpOfI «CIINJeHHad» KOOpIHUHaTa (B
JaHHOM CJlyvae y) boabue. (PaHpHMep, ecau 4acTh 1 X5X 7 pacnujeHa Ha

qacTn 1 X2x7 1 1x3X7, To BuGupaeTcst 9acTh 1 X3X 7). Ecin ogepegnoit
paciui He KOCHYJICH DTOU 4acTH, TO OHA Ke U OCTAETCS BHIOPAHHOM.

Takum o6pazom, y HaC MONyIaeTCd TOCAeTOBATENBHOCTH BHIGPAHHBIX YOLI-
BAIOIINX 9acTell, y KakK IO N3 KOTOPHIX HEKOTOpas (HO TOMbKO omHal!) Koop-
QHHATA MEeHbIle, YeM y TPkl Iyiiel, Ho He 6oJee, 4eM B [Ba pa3a; BO3MOKHO,
YTO ¥y HEKOTOPBIX YacTell Bce KOOPJMHATHI COBIAIA0T ¢ Hpeablayiuiumu. Po-
ClIe[HSA 4acTh, OYEBUITHO, nMeeT pasmep 1 X 1 X 1 (croBa «koopamHaTay u
«pa3Mep» CHHOHNMBI B JaHHOM KOHTEKCTE).

PaccMmoTpum Temephb mo-OTAIBHOCTH KaXK VIO W3 KOOpIWHAT Y BHIOpaH-
HBIX YacTell. POCKOIbKY KayKIbll PACITHI yMEHbIIAT KazK Iy KOOPJIHHATY He
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GoJee deM BJBoe, moTpebyercs He MeHee [log, m| pacmuioB, 9TO6bI yMeHb-
MIATH Z-KOOPANHATY ¢ m g0 1, n amajgorndso [logy n| u [log, k] pacnmios,
YMEHBIIAIOIINX Y- U 2-KOOpAUHATY 0 1.

Tak Kak KazKIBIIl Pacluj yMeHbIIAeT TOJbKO ONHY KOOPIUHATY (Hjin HUt
O[THOIT), TO BCErO MOTPeGYETCS He MeHee

N = [logy m] + [logy n] + [log, k]
PaCImIOB.

PpuBenénnoro ducia pacnmios focTaTodno. Pago coadaga Ipu IOMOIIH
[log, m| pacnmioB pazpes3aTsh mapajielenunes Ha caon 1 X n X k, 3aTeM cio-
JKUTh BCe CJIOM BMeCTe I pa3pe3aTh nx 3a [log, m| pacnmioB Ha MOTOCKH
1 x 1 X k, n HaKoOHeIl, CIOKHB BCe MOJOCKH BMECTe, pa3pe3aTh NX Ha KyOUKH
1 x1x1.

MuoroMepHLIi CIyiail pacCMaTpUBaeTCA aHaJIOMHIHO.

¢ee

Ne7 (COTHEYHAA CUCTEMA). Pexomopas coaneunas cucmema cocmo-
UM U3 COANUYA U 8 EPAUAIOUUTCS 60KPYS HE20 NO KPY206bLM opOUmMam n.aa-
Hem, KaHcAAA NAGHEMA €O C60€el nocmoannoti cropocmbio. Moocem au cay-
YUMbCA MAK, UMO 6 KAAHCOBIT MOMERT 6CE NAAREMBL PACTLOAG2AIOMCI 6 GEP-
wunaxr (dsudrcywezocs 60 epemenu) xkyba ¢ Purcuposannvim pebpom a?
(Llenmp wyba — ne obazameavno coanye. Coanye u 6ce naaHemvl npednosa-
2a10MCA MOYEUHBIMU U HE 63aumodeticmeyiom dpye ¢ dpyzou).

OBCYXKAEHUE. AHJpel U s NpuiyMaau IBa HE3ABHCUMBIX PeIlIeHUs >TO’
3ajaqn, oba NpuBeJeHbl HUKe. Posxke, pazoOpaBIINch B CyIIECTBe [efa, MbI
HAIICAIN COBMECTHYIO CTAThIO Ha BTy TeMy («YILIOIIeHNe B 3agade 9eThIPEX
Tem), onybankoBaHuyo B Bujge npenpunta UPM (cum. [1]). OTBer B 3a1a1e
OTPUIATENBHBIA: NAGHEMBL HE MO2YM 6 KANCOLIT MOMEHT PACNOAA2AMBCA 6
BEPUURAT HEKOMOPO20 JEUNCYULE20CH KYOQ PUKCUPOSANHO20 PA3MEPA.

¢ee

PewEHNE 1 (A.X0oayaEB). Ppegnosoxum nporusaoe. Pycts A u B —
BEPIIHHBI Ky6a, MIOCKOCTH OpOUT KOTOPHIX He COBMafaioT. PaccMoTpuM mpo-
U3BOJIBHYIO cdpepy ¢ MeHTpoM B corrte O u cupoenupyem Tovkn A u B pann-
aabHO Ha 5Ty cepy (puc.8a). Torga ux npoexunn C' n D 6ya1yT ABHTaTHCA
paBHOMEPHO TO ABYM HECOBMATAOMINM GOIBITEM KpyraMm, npudéMm jgyra C'D
oyaeT octaBaThes nocrosinnon: ~C'D = LZAOB u B Tpeyroabiuke AOB Bce
CTOPOHB MocTOoAHHBI. O603HAMNM Tepe3 vy U vy CKopocTn Todek C' u D, a
X TpaeKTOpHU — [epes 1 W Yo. PycTh P — ofma W3 ToYeKk mepecedenus
~1 N Y9, a YTOA MEXKJIY TpaeKTopuaMu paBed . /lomycTum, 9T0O B MOMEHT
BpeMmenn ¢ Todka C' npoxoanT depes P.
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a) B)

Puc. 8. /[[Buxenue npoexiuii mianer 1o cpepe i rerpasip O ABC

Bribepem magoe At > 0 u paccmorpum MomenT ¢ + At. Umeem
“C(t+ A)D(t+ At) = ~CD.
Posepuém nyry ~C(t + At)D(t + At) Boxpyr Toukn D(t + At) na cooTBeT-
CTBYIOIINH — OYeHb MAJEHBKIH — yIroa Tak, 9To6sr Touka C'(t + At) nonara
B HeKoTOpyio Touky C’ kpyra 7, (puc.8 6). Pockoabky yroa moBopoTa Mal,
MOYKHO CHHTaTh, 4T0 0Tpe3ok ayru C'(t+ At)C’ npuMepHO nepreH[uKy.IspeH
OKpyXKHOCTH 7vo. Torga ~C'()C(t + At) = vy At u ~C(t)C" = vi At cos p. U3
paBeHCTBa
TD(A+AHC" = "D+ AHC({t+ Aty = T D()C(1)
caenyer
TCM)C" =T D@E)D(t 4 At) = v At.

CaegoBaTenbho, vo At = vy Al cos @, OTKY T

Vg = V1 COS . (*)
PpoBens anamorndroe paccykaerne, Korga To4dka [ mpoxoanT €epes P, mo-
Jydaem

V] = vy COS @, (%)
T.e. cos ¢ = %1, 9To O3HATAET, 9TO OPOUTH | W Yo COBMagaioT. P poTnBope-
Yne. 3HAYAT, HICKOMOTO JIBUKEHNUS TJIaHeT He CYIIeCTBYeT.

¢ee
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PeEmwEHUE 2 (I'. PAnBNEPHH). Kio9oM K 5TOMY pelIeHHO SBISETCS

JIEMMA. Feau pacemosnue mexncdy d6yma naanemami nocmoinio 60 epe-
MEHU, O NEPUOIbL 0OPAULEHUA NAGHEM COENAAAIOM.

Wrak, nepuogbl obpaliieniisi BCeX BOCBMH ILJIaHET OMHHAKOBEI, U MYCTh OHU
paBHBI 1.

Bribepem uz kyba Takue ero Bepiinibl A, B u C', 406 Touku O, A, B u
C' me jexkanau B ogHON miockoctn (puc. 8 B). B Terpasape O ABC Bce pébpa
NOCTOsIHHBIE (X JINHBI HE 3aBUCAT OT BPEMEHN), TOITOMY HI B OJINH MOMEHT
DTH YeThIpe TOYKHU He JeKaT B oAHOU mIockocTH. ClefoBaTelbHo, CMellaHHoe
npoussenenne Bekropos OA" OB’, OC" (opuenTupoBanubiii 06beM mapad-
JeJennIea, HATAHYTOIO HA 9TH BEKTOPHI) HE PABHO HYJIIO:

V() ¥ OA, 08,00 # 0.

OgHako 4epes moanepuojga t = 1'/2, Bce MIaHETH TepeMecTsATCS B jIHa-

MeTpaibHO TPOTHBOMOIOKHEBIE TO3UINN 1, CIeI0BATEALHO, BCE BEKTOPHI O—Ai
O—Bi OC msmensT croit 3naK Ha npotusonogoxkusii. Orciona V (1/2)=-V(0).
Pockoabky V' menpepbIBHO 3aBHCHT OT TapaMeTpa t, HAHTETCS MOMEHT Bpe-
MeHT tg, B KoTophiil V () = 0. B osToT MomenT Touku O, A, B, C' cTaHOBATCA
KOMILTAHADHBIME U MBI OJAYTaeM MpPOTHBOpETe.

¢ee

Ne8 (BPAMEHUE U TOMOTETHA). B R'? pacnoaosceno 7-wmepnoe meao.
Moo au e2o max épawyams, WMobbl OPMOLOHAALHAL NPOEKYUS IMO20 Me-
aa («menvy) na nodnpocmpancmeo {€1,...,€7} ymenvwaiacs 6vi 20Mmome-
muuno?

PeEmEHUE. OTBeT: «Heab3siv. PycTh, HanpoTHB, MOXHO, U NycTh A —

COOTBETCTBYOIIHNN TOBOPOT. B 6asuce K = {&,...,€r,..., €2, €13} MaTpuua
A pasmepa 13 X 13 nmeer Bug (0 < A < 1 — Koa(pPUUTEHT NOMOTETHN):
A 0
0 A 0
0 0 0
A=1"0 o A
(223 ag7
Q131 eeee Q13,7

Pamuiem ycioBus opToroHaIbHOCTH MaTPUIEL A 11 IePBLIX 7 CTOJIGLOB:
. 2 2 _ 2 _
7 ypaBHeHHI g, t...tajs,=1-A (r=1,...,7),

21 ypaBHeHue agogp+ ...+ o,z =10 (1<r<k<T).
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PaccmoTpum Temeph ceMb 6-MepHBEIX BEKTOPOB

- - 6
ay = (048,17 .. -70413,1)7 ceey A7 = (048,77 .. -70413,7) eR
OMMHAKOBOH IIHHBL v/ 1 — A? U monapHO OpTOrOHAABHBIX. A TOIIa BEKTOPHI
i, ..., @7 1nHeiiHO HezaBucHMB B R® — npoTmBopedne.
‘oo

Ne9 (PALUMOHAJBHBIE PACCTOAHUSA 1 NUPATOPOBBL TPONKH).
B 1975 roay # mpemioxkui ciemyionlyio 3amady Ha Mexrynaporuyio MaTe-
MaTHIeCKYIO OJNMIHATY:

3AAAYA A. Moaceno au na oxpyscnocmu paduyca 1 pacnoaoxcums 1975
mouex mak, Ymobbl 6Ce NONAPHBIE PACCTNOANUL MENCAY HUMU ObLAYL PAYUO-
HAABHBLMY UUCAAMU ?

W pes pertttenust 5Toll 3ajadi OCHOBBIBAIACH HA TOM, YTO CYILIECTBYIOT IIH-
(paropoBul Tpoilki: a = ¢* — p*, b = 2pq, ¢ = p? + ¢*, TaK 9TO TPeyroOAbHIK
€O CTOpOHAMHU @, b, ¢ — TPAMOYTONBHBIN.

Posxe st mocraBua npyroi Bompoc:

3A0AYA P. Pycmb umeemces muoxncecmeo S mouex ¢ R™, 6ce nonapuvie
PACCTNOAHUA MENCAY KOMOPBIMU — PAYUOHAAbHBIE Yucad. Bepuo au, umo amo
MHONCECTNEO KOHEUHO UAY CUEMMHOT

S pertina 5Ty 3a1a4y MOMOKHTENBHO caenyioiumM o6pazoM. PycTh cHavaia
n = 2 (mrockocTh). Bosbménm 1Be Touku A, B € S u conocTaBHM KayK 0N TOY-
ke X € S napy paccrosiuuii o Todek A u B. Xots no paccrosuusm AX u BX
ToykKa X He BOCCTAHABIMBAeTCHS OMHO3HAYHO, HO — He 6ojee, YeM JIBY3HAY-
HO, KaK mepecedeHne ABYX OKpyKHocTen ¢ nenrpamu A, B u pagnycamu AX
BX (puc. 9a). Taknm o6pasom, kaxgas Todka X € S nveeT paunoHaJIbHBIE
KOOPHHATHE B MOCTPOEHHOW CUCTEMEe KOOPJUHAT, OTKY/a MOIIHOCTH MHO-
KecTBa S He npeBwinaerT Ng. Anagsoruvxo perienue u s R™: Beibupaem n
«6a30BBIX» TOYEK U3 S U NPUNHUCHIBaeM Kax o Touke X € S n koopauHar —
paccrosauil oT X 10 6a30BBIX TOUYeK. PojydaeM MHOXKECTBO «PaIMOHaJbHBIX)
todek B R™, Tak aro |S| < Ng. (Touka X onpegensieTcs HeoTHO3HATHO, HO
He Godee, YeM IBY3HAYHO, — KaK HepecedeHue n cdep pasmeprHoctu n — 1.
[eTaan TOBOIBHO XJIOMOTHO ONMICHIBATH, I MBI HX 3/[€Ch ONYCKaeM).

A npempnoxkua obe 3amaun Angpero XogyJaéBY U MOJYYHI OT HEr'o O4eHb
HHTEPECHbIH W HeOXKHU TaHHBIH 0TBeT. Peliai oH ux B o6paTHOM MOpSTKe, CHa-
yaga 3ajgady P, morom A. Ero peiliediie 0CHOBBIBaJOCh Ha CAeAVIOIIEH JeMMe.

JEMMA. Pa woboii cgepe S* C R” pazmeprocmu k = 0,1,...,n — 1 ¢
AOBBIM YERMPOM cOdePAHCUMCA He 6oaee ueMm CUEMHOE MHONCECTNEO MOUEK

u3 S.
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Xy

P,
P2 @ _ 1+
ghe

NP

Xo

Puc. 9.

JIOKABATEALCTBO. Muaykuns no k. Ecan ma chepe S* mmeercs memy-
JeBoe YHCJI0 TOYeK HAIIero MHOXKECTBa, TO BbibepeM omHy u3 Hux — X. Pa-
30666 S ma «mapamtermy SFT': kamgan chepa SF1 cocTonmt m3 Touek,
paBHOy1aéHHEIX 0T X (cM. puc. 96). Torga Bcé muONKecTBO S N Sk romxuo
OBITE COCPEOTOYEHO Ha He Godee YeM CYETHOM ducjie TakuxX k — l-MepHBIX
cep, COOTBETCTBYIOIMINX PallHOHAJbHEIM PACCTOSHUSAM, U Ha KaxK ol cdepe
cojiepKuTCcs He Gojlee, YeM CHUETHOE YHCJI0 ToYeK us S. (|

Bozbmém Teneps a06yio Touky O € S pacCMOTPHUM BCEBO3MOXKHEIE ce-
per S”7! ¢ menTpom O, 06beuHEHIe KOTOPHIX COAEPKAT BCE MHOKECTBO S.
B cuay panmonanbHocTn Beex paccrosinuit oT O 0 OCTAIbHBEIX TOYEK MHOZKe-
cTBa S, 4ncio cpep S ! ne 6oree gem cuérno. CornacHo JeMMe Ha KaiKI0il
cpepe S™7! mmeeTcs He Golee YeM cuéTHOE MHOXKeCTBO Toduek w3 S. Pe 6o-
Jee deM CIETHOe MHOKECTBO He GoJjee YeM CIETHHIX MHOKECTB TaéT HaM He
foJiee YeM CUETHOE MHOXKECTBO, H YTBEpXKAeHUe 0 CY4ETHOCTH S, TeM CaMbIM,
3aBepIIeHoO.

Pemns zagaay P, Augpen nepemen x 3agade A: «/lymas Ha g 53Ton 3agatden
(P), s, Bo-epBHIX, IpUAyMal CIETHOE MHOJKECTBO TOYEK Ha OKPYJKHOCTH C
PANNOHAJTBHBIMI PACCTOSHUAMNI MexX 1y HuMu (ycmienme 3ajgadn A). A Bo-
BTOPHIX, 1 MPAIYMaa OYeHb MPOCTOH CMocob MoKazaTeabcTBa (POPMYJI IS
I(aropoBEX TPoeK ducedr. BoT 4To on mpumryMa.l.

PEMEHUE 3A4AYM A. Bo3bMéM Bce palnoHaJbHBIE TOYKN Ha € THHITHON
OKPYXKHOCTH — YTJIBI (¢ C palWoOHAJbHBIM Sih & W CcOS . YIBOUM HX apry-
MEHTHl — TOJIYYNM [OIMHOKECTBO A MpersIyiero MHOKeCTBa (MMOCKOIBKY
sin 2« w cos 2« ToxKe OyAYT pANNOHATBHBIMEI dnciamn). Paccrosiume Mex Iy
JIBYMS TaKHMH TOYKaMU 2« 1 23, paBHO (KaK Jerko MpoBepHTh)

2sin(a — ) = 2(sinacos § — cosasin §) € Q.

Nrax, MuaoX)ecTBO A Ha OKPYKHOCTH VIOBJIETBOPAET YCAOBHUIO U CIETHO.
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BDOPMYJIBL I MNPATOPOBBIX TPOEK YNCEJ. Pudgaroposn Tpey-
TOJLHEKHI >TO BCé PaBHO, YTO pallMOHaJbHBEI€ TOYKHN Ha OKPYZKHOCTH.

Bo3bpMéM (1 B 9TOM COCTONT HEOKN TAHHOCTH!) TpOGHO-TNHEIHOE 0TOGPa-
141z - -
KeHie w = ——. O6pa3s BeriecTBeHHOW npsaMolt R npu »ToM oTobpazKkeHuun —
— iz

eIMHUYHAA OKPYKHOCThHIO S Ha KoMmlekcHoll miockocTu (puc.9s). OTobpa-
JKeHWe w OCYIIeCTBASET B3aUMHO OJHO3HAYHOE COOTBETCTBUE MeK Iy palllo-
HAJBHBIMI TOYKAMI PACIIipeHHOI KoMILIeKcHOi miockoct C 1, B 9acTHOCTH,
MeXKIY palioHaIbHBIME TOYKaMu npsaMoil R u okpyzxuocTsio S, nockoabky
mpsiMoe u 0GpaTHOE 0OTOOpPAKEHUS B JeUCTBUTENLHOU BANUCH TPENCTABISIOT
paliOHaJbHble (PYHKIUN C PAllUOHAJNBHBIMU KO3(PPUIneHTaAMN.

PoacraBass Temeps 2z = s U 3allMChiBasg B JeUCTBUTENLHOM Bl e, MOJIYyYa-

eM (popMyaBl Jasa nudaropoBLIX Tpoek: a = ¢ — p?, b= 2pq, ¢ = p? + ¢>.
CyThk BTOT0O paccyK/[eHusi COCTOUT He B TOM, 4TO IOJIYYeHHAs TPOUKa

nugaropoBa (3To GBLIO H3BECTHO € CAMOT'0 HAYaJa), & B TOM, 9TO 6€3 BCAKNX

YCIIUH MOKa3aHO, 9TO 3TN (POPMYIALI JAIOT 6ce MN(AropoBLI TPOTKM!

Ne10 (CONPOTUBIEHUE I'PA®A). Patimu conpomusaenue mencdy coced-
HUMU Y3AAMU

a) MPo6OAOUHOZ0 NPABUALHO20 MHO202PaHHUKA (mempasdpa, kyda, OkK-
maadpa, dodexardpa u uxocasdpa);

6) beckoneunoti npasuabnoli cemru Ha naockocmu (xeadpamuoi, mpe-
Y20abHOtl, WeCUY204bHOT).

Conpomuéaenue omdeavro 63amozo pebpa (mexcdy d6ymsa 6epuiunamu)
pasno 1 om. Pa xkaxue 2pagvr moxcrno obobuwums amy zadauy?

OBCYKIEHUE. /Ins xkyba u TeTpasapa OTBeTH IPUBOIATCE B HEKOTOPKIX
3ajadHuKax 1o ¢usnke B pastete «PaexrpudecTBor. [las pemenns 3agadu
Ha0 NpHUBIeYb 3aKOHEI Kupxroga o Tokax, NpoTeKalolnX depes BepIlnHbl
ceTH.

OTBeT: conpoTuBIeHNEe MeXKIy COCEIHHMH BeplIMHaMH 114 KyOa paBHO
Py = 7/12, a mast Terpasapa Prerp. = 1/2.

Mazke B »TUX ABYX cIydaAX pelleHle He oYeHb IIPOCTOe, I OHO HAMHOI'O
CJI0XKHee I OCTANbHBIX MHOIONPAaHHUKOB. OTBeTHI 118 HUX Takue: Foyrasmp =
= 5/12, Progexaonp = 19/30, 1 Prcocanzp = 11/30.

[lng KBapaTHON pelleTKN 3aada elé cloKHee, TaK Kak I'pad 6eckoHed-
mort. OJHAKO OTBeT [af pelleTKH He o4eHb cioxken. OH ecTecTBerHO 060061I1a-
eTcd Ha TaK HasbIBaeMble (IIPaBUILHLIe» Ipadbl. S Hallel >TOT zaMedaTelb-
HBEII OTBeT B OJHOM W3 IceM AHped H ceiMac NpHBeLy COOTBETCTBYIOIIYIO
BLLIEPKKY U3 DTOT'O IHCLMA.

«PegaBHo 1 moaydma o6oO6lIeHle OTHOIO WHTEPECHOro (PaKTa, KOTOPHIN
MBI KaK-TO ¢ To60il 06Cy:KTaan: HallTH CONPOTHBICHIE MeXKIY COCeIHUMH
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y3JaMu 6eCKOHEeTHON KBaIPATHON PEIIeTKH, COCTABICHHON W3 COMPOTHBICHTH
no ogHomy omy. OHo paBHO 1/20M, Kak u Iis TeTpasapa.

O606mmenne TakoBo. CHatqagaa onperenennus. BosbMem B rpade [ 1Ba cymex-
oeix pebpa AB w AC. PTu pebpa Ha30BeM 9K6USALEHMNbILMY, €CTH CYIIECT-
ByeT aBTOMOp(usM rpada, nepesojsiui A B A u B B C. Bepumuny rpa-
dha HazoBeM yenwmpom cummempuu rpada [, ecin Bce peGpa, HHIHIEHTHBIE
eft, skBuBaJdeHTHE. ['pad [ HasbiBaeTCs npasuibibim, €CIu BCe €ro BepIn-
HBl — TMEHTPH CUMMeTpHuN Tpada. PpuMepbl TpaBIIbHBIX TpadOB: TPABIIH-
HBle MHOTOTPAHHHUKN JI060T pasMepHOCTH; MpaBHALHBIE DEIeTKH Ha eBKAN-
JOBOH TAOCKOCTH T TAOCKOCTH Jl06adeBCKOTO 1 HX MHOTOMEPHBIX aHaJorax;
CHMMETPUUIHBIE peleTKn Ha cdepe wanm Tope W T.m. PeTpuBmabHbIil mpu-
Mep: rpad MHOTOTpaHHAKA, TOAYIEHHOTO N3 Kyba TPUCTaBICHIEM K Ka K I0H
IPaHN MO YeTHIPEXYTOAbHON mupaMute (MOBEPXHOCTH TOT'O MHOTOTDAHHMI-
Ka cocTonT n3 12 pom60B). OH HeTpHUBHAJEH TeM, 9TO €r0 BEPIINHBI NMEIOT
pasnyio crenens (4 u 6).

SAAAYA. Patdmu conpomusaenue mexcdy cocednumu eepuunamy X u Y
npasuabrozo 2paga ', ecau ece ez2o pebpa umerom conpomusaenue 1 o,

Pycrs n — obuiee dncio BepimH Tpada (ecam n = 00, TO moJaraem

1_ 0), k1 n ky — crenenn Bepmna X u Y. Torma
n

()Y,

ﬂOKaSaTeﬂbCTBO 2TOr o dpaKTa He OTIHNYaeTCs II0 CylleCTBY OT HOKa3aTeab-
CTBa OJs KB&,Z[paTHOfI pemieTKM».
A Ipeljaraio BCeM 3alHTepeCOBaBIINMCI 9TUM pe3yJAbTaTOM HOMNLITAaTLCA

ITOKa3aTh ero CaMOCTOHTeJIbHO5) .

¢ee

Nell (JIEMIMMOCTB YUCEN). Joxazams, umo 0as 4106020 HAMYPaibHo2o
wucaa k cyuecmsyem makoe Heyea0e YucAo o, UINo Oai 6CAK020 HAMYPU.ib-
Ho20 uucaa n uucao |a"| deaumes na k.

PEmEHNE. dukcupyem k. PazoBem ompezkom n-20 nopsadra 110600 OT-

1 2
Pe30K BH A ’\l/N + 3 ’\I/N + 3 | e N — HaTypaJabHoe 9HCI0, KpaTHoe k.

Taknm o6pasoM, ecan A — OTpPe30K n-Io MOPAAKA, TO LIs 060N TOYKH
X € A, | X"| xkpatHo k.

5 o
B CIeTYIONIEM TIMChMe AHIPEN HAINCAT MHE, 9TO eMY YAaT0Ch 0606IIITE 3TOT Pe3yib-

TaT [ HAXOXKJIEHUS COMPOTHUBICHUS MEXAY Hecocednumu Bepumuamn rpada. OgHako Ha
rpad eMy IPHUILIOCH HAJOKHUTH CYllleCTBEHHO 6ojiee CHIbHOE orpaHmteHme, U hopMyaa IJId
CONIPOTHUBJICHNUA TaKiKe CYIIeCTBEHHO YCIOXHIIACE.
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JIEMMA. Ecau A = [a,b] — ompesok n-20 nopadxa v a > 3k + 1, mo 6
A codepocumesn xkaxoii-mo ompeszox (n + 1)-20 nopadxa.

- 1
JIOKABATEJLCTBO. [leiicTrBuTEbHO, b” — a” = =, oTKyIa
3

1 1
bn-l—l_an-l-l>bna_an+1:a(bn_an):§a>k—|—§ .

+t1 gyt o6asaTenbHO HalifeTcs OTPE30K BIIA

PosTomy Mex gy duciamm a”

N + %,N—I—% ,rre N geantcs ua k. CiregoBaTelbHO, [’\I/N—I— ; ’{/N—I—%]C

C A. JlemMma gokasamna.

PaccMoTpnM Temeph BIOKEHHYIO (COTVIACHO JeMMe) CHCTEMY OTPe3KOB
mepBOT'O, BTOPOT'O, TPEThero, U T. . MOPpAAKOB. X mepecedenne HemyCcTo, 1
Jiboe dUCJI0 (v U3 DTOrO MepeceveHus [TaeT pellleHne Haied 3ajgadqu. [lei-
CTBUTENbHO, Y2Ke OTPe30K NepBOro NOpfAAKa He COJNePXKUT HelblX Todek, TaK
4YTO (v He MOXKeT ObITh LeJdbIM.

¢ee

Nel2 (POCHEAHNE UNPPBl CTENEHU YNUCHAA). Kak mensmomes nocaeo-
nue 200000 yugp wucaa

32

7
10°° 5*
N =11 -6
npu e2o ¢ozsedenuu 6 cmenenv n=1,2,3,...7

PemEHUE. OTBet: 200000 nocaednuzr yudp wucea N u N cosnadarom.
Papno moxkazaThb, 4TO /i KaXK OO HATYPAJIbHOTO N

N"=N (mod 102909, (1)

Paiizem caagara N mod 10%2°°°%°, Bocnoanayemcs mig sToro ¢-dpyrknuei Pii-
aepa: @(k) paeno uucay mHamypasbHuir uuced, He npesviuaowur wucia k u
62aummno npocmux ¢ k. Yncno ¢(k) 1erko HaxoanTes mo Takoi GopuyJe:

c,o(k):k-(1—pil) (1—]%2)(1—]%)

riae p; < pp < ... < ps — BCe pasandHbie npocThie geautenu k. Ecam k =
= 10299990 1o enuHCTBeHHBIe OPOCTLIE JeJNTeln k paBHLL 2 U 5, Tak 4TO

pk)=Fk (1 - %) (1 - %) = 41099999 PanoMHEM TaKikKe 3HAMEHHTYIO T€O-

pemy Pitiepa o @-(yHKIUH®:

TEOPEMA PHIEPA. Ecau wucaa a uk e3aumno npocmui, m.e. (a, k) =1,
mo a®*®) =1 (mod m).
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7
Tax xax 95 > 200001, wmcao 10%° Jeautes na (10200000

TeopeMme Purepa

, OTKYTa IO

87
11" =1 (mod 10%°9000),

2
O6o3naany m = 5%° , TOT T2
N=1-6" (mod 10%°9°%), (2)
Paum mocTaTodHo 10Ka3aTh paBeHCTBO (1) 11 n = 2, TOra OHO BEPHO W IIs
Bcex n > 2. BosBexem (2) B kBagpat:
N =146%"-2.6" =N +6*" —6™ (mod 107°9°%).
PosTomy gocTaTodHo JH0Ka3aTh, YTO
62m =gm (mod 10200000)
Pockoabky m > 200000, 62 = 6™ (mod 2209990} (o6e wacTu cpasunmb ¢ 0),
TaK 9TO JOCTATOYHO JOKA3aTh, YTO
6 =1 (mod 5209099, (3)
OnHaKO [OKa3aTeqbCTBO CpaBHEeHNs (3) Helb3s MOMYYHTH HEMOCPEeJCTBEHHO

w3 TeopeMbl Piljiepa, MOCKOIBKY M He [eIuTCS Ha 99(5200000) =4 . 5199999
PosTtomy mocTtynum Tak: pacnuineMm 67 kak 6WHOM,

6" = (1+5)"=1+Cp -5+C2 -5 4 ...+ CI.5™;
HAJI0 J0KA3aTh, 4TO

Cl.54+C* .52 4 ... +C™.5" pernrcsa na 5200000, (4)
O6osnadnm depes degy L HanGOMBIIYIO CTENEHD MATEPKH, HA KOTOPYIO MeJuT-

ca L, w nooboznaunm degs % = degy L — degs M. Torma

; —1)...(m—r+1
degy; C7 = degs m(m 1.)2..(.7.71.7“ r+l) _
m—l‘m—Z‘ ‘m—r—l—l‘l)_

1 2 r—1 r

= deg; (m
m—r—+1

1 )

2 m—k
YauTniBag, 9T0 m = 517 rae | = 4%, nonrygaem, ato degs = 0 115 Bcex

k=1,2,...,r — 1. Pootomy degs C7 = degs =z SHavuT,
r
degs (C, - 57) = degs (™ +57) > deg; m = 47 > 200000.
r

Urak, yrBepx genne (4), a ¢ HuM u (3), fokazanbl. PTuM 3a1ada peliena.

¢ee
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Cosetcxas MaTemaTuka 30-x rogos (I1):
A.O.Tersorg u JI. I'. [llanperbman

B. M. Tuxomuposn B. B. Ycnencxun

Bo BTOpoM BHIMycke c6opHEMKa ¢MaTeMaTH9ecKoe NPOCBEIIEHNE), B
CBAIBM C TIPUCY XK TeHNeM MePBBIX (PHU/IICOBCKUX Mealell, Mbl PACCKA3bIBAIN
o Koamoropose n Iorrparune (cM. [3]). 3geck peds NOHAET 0 ABYX APY-
IUX COBETCKMX MaTeMaThKaX, MOJyIHBIINX BbIIAOMNECH Pe3yabTaThl B
30-e roawi: o lerbdponne n Ulanpenpmane.

ANEKCAH/AP OCcUOBUY 'EJBDOH/I U CEABMAA ITPOBJIEMA
I'nibBEPTA

KomnuexkcHoe 4icio Ha3biBaeTCS A.i2€Opaudeckum, eCau OHO ABIsSETCA KOP-
HEM HEeKOTOPOTO0 MHOTOWJIeHA ¢ TeJbiMu KodddunumenTtamn. TakoBo, Hampu-
Mep, YicIo \/2, aBidioleecs KopueM ypasaenus z2 — 2 = 0. Eme B janexoit
AHTHYHOCTH ObLIO JOKA3aHO, 9TO \/2 He ABIfSETCA PANHOHATBHBIM HHCIOM.
Yucna, He ABAAIONIHECS alTeGpanvdecKuMN, HAa3bIBAIOTCS MPAHCYEHIEHMHbI-
s, JIeHOGHUI YIOMUHAET, YTO YHCIO 9V2/2 «MHTEpPIeHJeHTHOY, He oNperenss
DTO ToHATHe. fABHOe yKazaHne Ha TO, 9YTO aV” TpaHCIeHIeHTHO, eCIn ¢ —
palmoHaJbHOe, & N — HaTypaJbHoe, He ABIfAoINIeecs KBaIpaToOM, COTePKITCI
v Pirepa.

PepBriit npumep TpaHcueHAeHTHHIX duces nocrpous K. JluyBuaie B
1844 r. On 1okasaJ, ITO aJredpandeckoe THCI0 He MOXKET «CANIIKOM XOPOIIIOy
AN pOKCUMUPOBAThCS palnoHasbbiMi [6]. Tak HazwiBaemoe «aucio JlmyBmi-
am oy 10", uMmerolee B JecATHYHON 3alUCH eJWHIIB HA NOBUIUAX C
HOMepaMu 1, 2, 6, 24, ... U HYJAN Ha OCTAJbHbIX, (CAUIIKOM XOPOLLIO» TPpud/In-
JKAeTCS CBOMMH «HAYaJbHBIMH KycKaMiy n moToMy (kak jgokasan JImyBumiib)
TpanciengeHTHO. CyllecTBOBaHUe TPAHCIEH TEHTHBIX YHCEN BhITeKaeT TakikKe
3 pesyiabTaToB KanTopa: MHOXKecTBO A anrebpandeckux qucega CI6THO, B TO
BpeMsi Kak MHOXKecTBO R meilcTBUTeNbHEIX dlcea HecuéTHO. MeTon KanTopa
TaéT 1 aJrOpuTM MOCTPOEHNS TPAHCIeH IeHTHHX dnceld. Po ecTecTBeHHO BO3-
HUK BOTPOC O TOM, IBASIOTCS AW TPAHCIeHTeHTHEIMI BCeM M3BECTHEIE UNCAA €
n 7. Bonpoc o TpaHcleHIeHTHOCTH 7 6511 0c060 aKTyaldeH, n6o OT OTBeTa Ha
HEro BO MHOIOM 3aBHCEJIO pellleHle OTHOU U3 U3BECTHEUIINX 3a /a9 aHTHIHOU
MaTeMaTHKH — 3aMadl O KBadpaType Kpyra. TpaHcHeHAeHTHOCTHL YHCTIA €

MaTemaTu4veckoe npocseljerune, cep. 3, Bbin. 4, 2000(33—48)
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mokazad Ppuut B 1873 1. Yepes geBaTh JeT, B 1882 1., JluugemMan Tokasana
TPAHCIEeH IeHTHOCTD ducena Buma €, rue a # 0 — aarebpanveckoe. Orciomna
BBITEKAET, 9TO T TPAHCIEeHTeHTHO (160 em = —1). Tem cambIM OBLIA pelreHa
(B oTpHIATEIHHOM CMBICTe) MPobieMa KBaJpaTyphl KPyTra.

(l'oBopsiT, JlnHTeMaH MOXYYHI 5TOT BHIAAIOIINICS PE3YIbTAT B J€Hb CBO-
ero TpugnaTuieTus. KTo-To U3 [Ipy3el, NPULIEAIIHX HA Mpa3THOBAHUE [THS
pPOXK TeHusA, cKasad eMy: « Bl BHITVIAMWINL TAKUM CYACTANBLIM, Kak OYATO pe-
g mpobaeMy KBaapaTyphl kpyraly JInaeMan oTBeda, 9To0 Tak OHO I €CTh.
B mocaenyiomine roaut JIungeman 6bLT peKTOpoM yHHBepcuTeTa B Mionxene
0 THITAJCA PelnTh npobiemy dPepMa — TOBOPAT, MO TaBIeHUEM XKEHBI, KO-
TOpas TpeGoBala OT MyKa He OCTAHABINBATHCSA HA JOCTHIHYTOM.)

Cpeau 23 maremarudeckux npobdiem, koropeie ['niabbepT chopMyanpoBa
B CBOEM 3HAMEHHTOM JOKJame Ha mapmkcKoM Kourpecce 1900 T., cegbMas mpo-
OjeMa TOCBsleHa TpacleHeHTHHIM 4YucaaMm. ['napbepT cupaliiuBaeT, Beerja
MU TpaHCIeHJeHTHO 4ucio Bujga o, rae o n (3 anreGpandeckne, o OTIHTHO
or 0 u 1, a 8 He sBaAseTcH panuoHadbHbiM. B wactHOoCTH, ['MibbepT yKa3bi-
BaeT KOHKPeTHhIe qucia V2 e = 7% g mpejiaraeT I0Ka3aTh, 9YTO OHU
TPaHCIEH TeHTHBI.

Posicanm paBencTBo €™ = 1%, Ecln o He ABIfeTCS NOMOKHTETBHBIM Be-
IIeCTBEHHBIM HHCIOM, Bhipaxkenue af ompejeneno HeoqHosHadHo. Po ompe-
renennio of = ePlo8Y pre ¢ = > 2"/nl, a log @ — kakoe-aubo peliienie
ypaBHeHusi ¢’ = «. Pocaennee ypaBHeHUe uMeeT GECKOHEYHO MHOT'O pellle-
HUH, OTJHYAIINXCS MeX 1y co00ll Ha neloe KpaTHoe dncaa 2mt. Ecau 3 He
SIBJASETCH PAHOHAIBHBIM, OTCIOIa TOJYYaeTcs BECKOHEYHOe MHOXKECTBO 3Ha-
qennii 1as Boipakenna of . Tak xkax €™/2 = ¢, oqnum u3 3madennil gis log i

ABASETCA 70/2, & OTHUM U3 3HAYEHUN s i~% gBasercs e~ 2imi/2

=€,
I'masbepT cunTant cBoio cerbMyio npobaeMy odenb TpygHon. OH mogarad,
9TO e€ pellleHne IPHHAMISKHAT elié 6ojlee TaleKoMy Oy IVIIEMY, YeM pelleHne

npo6aem Pumana n depma. Po 31ech on ommubes.

PepBoe dacTuuyHOe pelienne ceinbMoul HOpoBaeMbl OBILIO MOJLYYEHO
A.O.Teapgpongom B 1929 r. u P.O.Kyspmunbim B 1930 1. B 1934 r. Teab-
(hoHT mOAYUHI OKOHYATENBHOE pelieHne. Peckolbko mo3xKe pellieHne ceibMON
mpobieMbl HezaBucHMO noay4ui Hemernkuin MaTemaruk T. luein tep.

Anekcaugp Ocunosud lenbdong pogmics 24 (11) okrabps 1906 r. B Pe-
TepObypre B ceMbe Bpada. OKOHYUB CPENHION MIKONY, OH HOCTYMNMJI B Y4U-
auiie uM. Paymana, HO BCKope TepeBedcsi Ha (PU3HKO-MaTeMaTHYecKUl (a-
kKyabTeT MockoBckoro Yuuepcutera. CryleHdeckie U aclUpaHTCKUe [O-
abl Anekcangpa OcunoBuda nponuin nog pykoBogcrsoMm B.B.CrenanoBa u
A 5. Xunuuna. Pemenne cegbMon npobiembl 'nibbepTa NpuHECIO eMy BCe-
MUPHYIO W3BecTHOCTH. B 1935 1. [eandoumy 6e3 3aIuThl AuccepTannn 6BI-
Ja TPUCBOEHA ydeHad CTeNeHb MOKTOpa (PU3NKO-MATeMaTHIeCKHX HayK, a
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B 1939 r. on 6bu1 uzbpan wienom-kKoppecnotjgeatom AP CCCP. C 1933 r.
A.O.Teabon g 6bLI CTAPIIUNM HAYYHBIM COTPYIHIKOM MaTeMaTunyeckoro mH-
crutryTa uMm. B. A. Crekioa AP CCCP, ¢ 1938 r. — zaBeaywouium Kadeapoi
TEOpHHN 4YHCed MexaHuko-mMaTeMmaTudeckoro ¢akxyiabrera MI'Y. A.O.Tenb-
¢ong ymep 7 HoAOpa 1968 1.

Ppusenem peitenne cegbmoin npobiembl ['mabbepra. OcHOBHBIE HOHSATHS
I onpefefeHns, CBA3aHHbIe ¢ alrebpanvdecKuMu YHCAAMEI, MbI [PEIIOJaraeM
M3BECTHRIMI; HAWTH WX, HApUMep, MOXKHO B KHUTaX [2, 6].

TeorPEMA ['EidbdoHaA — IHHERAEPA. [lycme o — aseebpauueckoe wu-
cao, omauunoe om 0 v 1, a f — as2ebpauueckoe uUCAO, HE ABALIOUEECH
payuonapnvin. Toeda xaxcdoe 3navenue svipaxcenus o mpancyendenmmno.

leabgon 1 6bLI NPUTIAIIEH TPUHATH yiacTHe B MeX IyHapoHOM KOHIpec-
ce B Ocio B 1932 rogay. Po on He noayuua paspeliienisi Ha Beies . KoHTaKThI
MEKTY COBeTCKHME MaTeMaTHKaMH I MaTeMaTHKaMH OCTalbHOI'O MUDPa B Te
rojibl PaKTHIeCKH NpeKpaTuanch. KammiaTyphl COBETCKHX MaTeMaTHKOB Ha
COUCKaHMe MeXIYHAPOIHBIX MPpeMuil He paccMaTpHBalluch. Po HeT HHKaKo-
I'o COMHEHHsI B TOM, YTO pellleHue ceibMoll mpobdeMbl ['uibbepTa MOTIO GBI
npeTeHI0BaTh Ha (PUIICOBCKYIO Medaab B 1936 romy.

N3 Teopembr Leabgonga — [lHenepa BoITeKaeT, B 4aCTHOCTH, TPAHCIEH-
TenTHOCTL umcen 2V2 (o1o mpeanonaranu emé Jleitbunm u Pitep!) n e™ =
=720 rue B # 0 BeuecTBenHOE aaretpandeckoe. OTMETHM, 4TO 10 CHX HOP
HEN3BECTHO, SBISIOTCS JH TPAHCIEHTeHTHBIME (AN XOTS OBl HPPAalNOHATb-
HBIMHU!) quCTa € + 7 0 €.

HokazateabcTBo Teopembl eabponga — llueirepa moxuo Hantu B [1],
[4], [6]. Becbma obmuii pe3yabTar 0 3HAYEHUAX (DYHKIHH, Y IOBIETBOPSIONIIX
anredbpamdeckuM AudpepeHnaibHbIM YpaBHEHISAM, 13 KOTOPOT'O BHITEKaeT
Kak TeopeMa [eabponia — lueigepa, Tak 1 Teopema JInugeMana, 1o0Kka3aH B
no6asaenn K [2]. Paiie nzioxenne sanMcTBoBano u3 crarhi A. U. lagoukuna
[1] (rme Teopema JImHmemana Tak:kKe OKa3aHa Ha CXOTHBIX HIESX).

O6uImii 3aMbIce JoKa3aTelbcTBa TakoB. JonyeTuM, 4To o anreGpamde-
ckoe. /I KayK10r0 HATYPaIbHOTO n > 1 MBI MOCTPONM HEHYJAeBYIO (hyHKIHIO
= Jn Buga

n—1n-—1
FE) =)0 anetHor, (1)

k=0 [=0
HMEOIIY0 HyJTh BEICOKOTO OPS fKa (TOYHEee, TOPS TKa > [n3/2]) B Touke z = 0.
Ppu sroMm koappuinenTsl GyHKInN f, — Hejable 9Hcaa, KOTOPhIe «He CANII-
KOM GBLICTPO» PACTYT ¢ POCTOM 1: CHpaBeIINBa OleHKa |agy| < n""™, rjie v, —
He 3aBUCSAIIAS OT 1 MOJOKHTENbHAS KOHCTAHTA (B JalbHeNIeM aHaJOT HIHBII
CMBIC UMEOT Y2, V3, -..). lorga wa mobom kpyre |z| < R ¢yaxkunn f, GbI-
CTPO CXOAATCA K HYJIO BMecTe co BceMn cBoumu npousBogubiMu. C apyrou
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Lt
CTOPOHBI, I HATYPaJbHbIX Z U { 3HaYeHWe MPON3BOIHON fé ) B rouxe x log «v
eCTh MHOIOUJIEH € [eNbIMi KO3PMUIUeHTAMI 0T airebpandeckKux ducea «, 3

u o”. OTciona BEIBOAUTCA ONEHKA CHH3Y Ha |f7gt)(x log a)|, mpoTuBOpedalas

OllEHKe CBEPXY Ha CKOPOCTh CXOJANMOCTH NOCAETOBATENBHOCTH (f,) K HY.IO.
P peanonoxum, 9To a1 Kaxk10ro n pyHKIUA f, ¢ YKa3aHHBIMI CBOICTBa-

MH yKe mocTpoena. PokaxkeM, KaK MOIYy9al0TCa yIOMAHYTHIE OIEHKH.
O6oznaunm vepes ord.—, F'(z) nopsagok Hyas pyakunu I’ B Touke z = a.

JEMMA 1. Hycmob wy, ..., w, — PA3AUUHBLE KOMNAECKCHBIE YUCAT,
Im(2) = a1’V 4 - a4y e,
2de xkoadpduyuenmol ay we ece pasnvl ny.ao. To2da
ord.—o gm (2) < m.
JOKABATEALCTBO. Nuayknus mo m. PpousBoanas
gm-1(2) = (7" g (2))’
nMeeT BILJI
gm_1(2) — ble(Wl—Wm)Z 4+t bm_le(‘ﬂm—l—wm)z‘

Po mpemmonoxennto nugykunu, ord.—g ¢,m—-1(2) < m — 1, OTKy1a BBITEKaeT
TpebyeMoe 3aKIoTeHTe. O
PycTh m, my n my — cTenenn anrebpantecknx ducer 3, a n o cooTBeT-
crBerno. Ponoxum X = 3mmymso + 6. 3apukcupyem Kakoe-HUOY (b 3HAYEHUE
log av. 3 memmer 1 BeTekaer, ato ord,—g f(2) < n?. Takum o6pazowm,
. 2
N = min_ord;—z10g0 f(2) < n°.
0<egX
JIEMMA 2. Jas wo6o20 R > 0 npu docmamouno 6oabwiur n cnpasedaneo
HEPAGEHCTNE0

max |f(N)(z)| < n—1/3n*2=1/3(X-6)N_
|2|<R

JOKABATEALCTBO. PYHKIHSA
g(z) = f(z)z_[”3/2](z — log oa)‘N v (2= Xlog a)_N

HMEeT TOJbKO YCTPAHHMbIE OCOOEHHOCTH U MOXKET pacCMaTpPUBATBCS Kak
BCIOJIY ONpejejéHHad netas PyHKus. PpuMenuM K >Tol (PYHKIHH TPUHIAI
Makcumyma. Pyers n rakoBo, uto R+ 1 < y/n. Torga

max z)| € max u
max l9(2)] \u:ﬁlg( )y
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OTKY A
M= max |f(2)] <
|| <R+1
3/2 N N
< max [f(u)]- max (i)[n/] z—loga}) [ z-Xloga
X ce
|u|=v/n |z|<R+1, | \u u—loga u— Xlog

ful=/n
(2)

. o 3/2
PepBrIll cCOMHOXKHUTEIb B NMPaBOU 4YacTH He TMPEBOCXOINT n2pnne(tlshn
(31ech n? — uucao caaraemerx B (1), "1™ — BepxHAs olleHKa 11 KO-

(PUIHEHTOB ag), U I 1106010 € > 0 BTOPOHl COMHOKUTENb He MTPEBOCXOMHT
n—(1/2—6)(n3/2—|—XN)

npu Goabmux n. OTcora
M < n—1/3n3/2—1/3XN‘ (3)

Naiee,
(N)( .y _ N f(¢)d¢
f (Z) T oom / (¢—- Z)N+1 '
|¢—=|=1
R umeeMm

(NYM < NNM < n*V M,

MODPTOMY sl JI060T0 2 € ||

|FM ()]

n u3 (3) cregyer yTBepiKIeHNe JeMMBI. (|

<
<

I/IS JeMMBI 2 BbEITeKaeT, 9TO IIpu OOJBLINNX N BHINOJHACTCS
N ~1/3032 _mmyma N _
|fM) (zloga)| < n=Y e N =, X (4)

Tenepb ycTaHOBUM OLEHKY CHH3Y Ha f(N)(x log @), HecoBmecTumyto ¢ (4). Pra
OlleHKa OCHOBaHa Ha CAedyIolIel JeMMe.

Pazosem gmmnoil MHOrodwiena P cymMMy Mogyaeil ero KosdpUIHeHTOB.
O6osnayum mruny muorodiena P uepes L(P).

JIEMMA 3. Ilyemb vy, ..., 05 — QAREOPAUUECKUE YUCAA CIMENENET COOM-
6EMCMEEHHO My, . .., Ms. To20a cyuecmeyem makas noAONCUMEAbHAS NO-
cmosannas C' = C(aq, ..., a5), wmo das a06020 mnozousena P(xy,...,z ) €
€ ZLlxy, ..., x5 aubo Ploq,...,as) =0, aubo svinoansemesn |P(aq, ..., o) >
> L= 04 ade d uw L — coomeememeenno cmenens t OAUHG MHO2O-
unena P(zq,...,25).

JIOKA3BATEIBLCTBO. PycTh @ — Takoe HaTypaabHOE TUCAO, ITO BCE TUCAA
any, ..., a0, Tedble adrebpandeckue. Tormga MeabiM aareGpandecKuM SBJIs-
erca 1 3 = a?P(ay,...,a;). Ppegmonoxum, 910 3 # 0. MuHIMAIbHBII
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MHOTOWIeH B(z) dncia [ nmeer neabie Koddduunentsl. PycThb
Bx)=a"+b,_12" " . dbo=(x =) ...-(x = Bn),
rae 3 = 3. Torga
1882+ ... Bal = [bo| > 1. (5)
Pycrs a1, ..., 0, — UHCHA, CONPSKEHHBIE ¢ aqrebpamdecKuM THCIOM
a; (1 <iv<s), Cp = amax;;(1,|a;;]). Kaxknoe §; conpsxeno ¢ f u nMeet
Bug alP(ay,,, ..., Qs ), TODTOMY
18i] = |a®P(agy,, ..., ax.)| < CLL. (6)

U3 (5) u (6) BeITEKAET

d d -1

LB B2 Bal € a®|Pay, .. e[ (CTL)" .
Tak kak n < mq ...+ mg, TO U3 >TOrO HepaBeHCTBa ClelyeT yTBep:KIeHle
aeMMbl ¢ C' = aC{nl""'mS_l. O

Po onpenenenunto qmcia N nHaligercs Takoe neioe z, 0 < z < X, 4ro

FM)(zloga) # 0. Tax kax

n—1

Z agy(k + 16)N e*+10)z,
% 1=0
TO

n—1
FM(@loga) =" ank+18)Na"™ (o) = P(8, a,a”),
k,1=0
rjge P — mMuOTOWIeH ¢ MeabiMu Kod(puiunenTaMu. Ppu sTom
L(P) < n*amm(2n)N, deg P < N 4 2nX.
N3 jemMMbl 3 moJdydaeM, 9TO IPH JOCTATOYHO OOIBIINX N
W (@loga) = P(B,a,a”) > (L(P))!mmmzCmdesl
> n—wgn(Qn)N(l—mmlmg)C—N > n—’VQTL—mmlmQN‘
Ppu 6oxbumux n 510 npoTnBopednT (4).

Octaercs mocTponts GyHKnmio f(z) = Y 7>/, U agpeF 0z pakyio,
q10 ord.—qg f(2) > [2%/?] u |ap| < nM".

JIEMMA 4 (Burens). [yemo a;; € Z, |a;] < A, €= (21,...,2,) u

(©)=> ajr;, 1<i<p, p<q
i=1

Tozda cucmema ypasnenui
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umeem nenyaesoe pewenue (rq,...,x,) € Z4, dan xomopoeo max; |z;| < 1+

+ (qA)P/(a=p),

JOKABATEIBCTBO. PaccMoTpuM Hallly CHCTeMy Kak JHHEHHOe ypaBHe-
une L(§) =0, rge L = (Ly,...,L,) — auneiinoe oro6paxkenne Z? — ZP. lnsa
BCAKOTO [[E0T0 MOI0KHTEIBHODO dncia B o6o3nadnM depes Z1(B) MHOKeCT-
Bo Takux BekTopoB & u3 Z9, uro |{| = max; |z;| < B. Toraa L oro6paxkaer
Z1(B) B Z*(gBA). Yucno saementos B Z?(B) pasuo (2B + 1)?. Paiigem 3Ha-
deHue B, [ KOTOPOIO CYILIECTBYIOT 1Ba Pa3indHbIX daeMenTa &, n us Z4(B),
HMEIINX OMUH 1 TOT Ke 06pas L(§) = L(n). [las sToro 1octaToIHo, 4TO6H
BBITIOJHSJIOCH HepaBeHCTBO (2B + 1;‘1 > (2¢gBA + 1)P. PTo HepaBeHCTBO BHI-
noxusercs npu B = [(1+ (¢A)?/(4=) /2], tak xak Torga 2B41 > (qA)P/(a=7)
u (2B+1)77P > (¢A)? > ((2¢qAB+1)/(2B+1))?. B katecTBe pelenns Halen
cucteMbr 6epeM BekTOp & — 77, ;s KoToporo |€ — | < 2B < 14 (qA)p/(q_p).

U

JIEMMA 5. Hycemv 3 — yeaoe anzebpavueckoe wuc.ao,

ﬁm:bm—lﬁm_l‘l"l'blﬁ—l_b(h b]€Z7 |b]|<B

Ecau k vl — neompuyamenpnvie yeavle wucia, ne npe6ocrodsue n, mo oia
6CAKO20 HAMYPUALHOZ0

(k+13) =™ P+ daBte, ¢ €L, || <(B+2)7".

ﬂOKASATEJIbCTBO. ﬂﬂﬁ Ha4daJa 3aMeTuM, 9TO OJAS BCAKOI'O HaTypPaJabHO-
ro ¢ BEIIOJHAETCS

Bl = b1 B b bio, by €Z, b < (B41)
Pto Bepro npu ¢ < m, a paBeHCTBO
Bt = bt,m—1(bm—1ﬁm_1 +...+bo) + bt,m—zﬁm_l + ... 4 biof

MO3BOJAET caenaTh nepexon oT t kK ¢+ 1.
Temeps w3 paBeHCTBa

(k+18)" ZCSk’f oI Z bsj 3’

clegyeT, 9To Koa(pUIIeHTH 1pH (3 He NPeBOCXOJAT

t
Y CHETIr(B41) = (k+1(B+ 1)) < (B+2)'n'
s=0
O

Y mac Bce TOTOBO [/ 3aBeplleHns TOKa3aTelbCTBa TeopeMHl lelbgon-
na — [luengepa. Mbl MOXKeM cHHTATh, 9TO 3 — [enoe ajrebpandeckoe 4ucio.
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Nuage kﬁ ABJAAETCA HeJabIM aJIFe6paI/I‘{eCKI/IM A1 HEKOTOPOI'o mejaoro k> 07
u ecJan Mbl JOKaKeM, 9TO Oékﬁ TpaHCIeH JeHTHO, TO TaKOBO XKe I Oéﬁ.
Meur xoTum IOCTPOUTHL HEHYJIeBYIO (l)yHKHI/IIO
n—1n-—1

f(z) = Z Z a e FHib)=

k=0 [=0

¢ kos(ppunuenTamu ay € Z, Takyio, 9o |ag| < 2" u fO(0) =0,0 <t <
< [n%/%] — 1. Tak xak

n—1 n—1 m—-1
FO0) =Y ank+18) =Y By k1,58 aki,
k=0 k=0 5=

HaM Ha IO HauTH nejqovrucjeHHoe pelleHne CucTeMbl JMHETHBIX ypaBHeHI/IfI

n—1
Y Bippsan =0, 0<t <[ —1, 0<s<m—1, (7)
k,1=0

cocTosIen u3 p = m[n3/2] ypaBHEHHHl OTHOCHTEIbHO ¢ = n?

ag;. Po nemme 5

HeU3BeCTHBIX

[Biial < (B+2)'nt <o

(MB1 Bocmosb3oBanck TeM, uro t < n*/?). Cormacno jemme 4, cucrema (7)
HMeeT Takoe HeHyleBoe [eJOYNCIeHHOe pelleHue (ay), 9T0 BCe HHCIa Gk 10
MOIY.IIO He IPEeBOCXOIAT 1—|—(qn73”3/2)p/(q_p) < P2 (02 =mn2)) i
Pro saBepimaeT 1okasaTelbcTBO TeopeMbl Leabdonta — Illueigepa.

JIEB 'EHPUXOBNY IIIHUPEIBMAH, AHTUIIONBI HA CHEPE N
KBAJIPAT, BIIMCAHHBIA B KPUBYIO

JleB T'enpuxosnu Illunpesbman poamicsa 2 auBaps 1905 roma B l'omere.
Tam on npoxua go 16 ser. Oren ero 6L yuuTeIeM PYCCKODO 3HIKA.

JleB 'enpuxoBud o4enb paHO OOHAPYKUI BhITatoluecs cnocobnoctu. OH
pHCOBaJ, MHCAJ CTHXH, B 12 JeT caMOCTOATENBHO MPOIIeN KypC dleMeHTap-
HOW MaTeMaTHKu. B TedeHne HECKOIBKUX MECAIEB MaJb4HK MOCEMIa] (PU3HKO-
MaTeMaTHYeCKHe KYPChl s OKOHYHBIIUX CpeIHION InKoay. Tam Ha Hero
o0paTuJ BHUMaHUE MpenofaBaTelb, KOTOPHIH AOOHICS TOTO, YTOOB Majb-
yiKa HanpaBuau B MOCKBY jis MpogoJKenuss 00pa3oBaHus.

B 15 seT on ucnpo6oBaJg cBou CUIbl B caMocTodsTenbHOU paboTe. Coraacuo
OHOW W3 JereHT (KOTOpBIe BCerja COMPOBOXK AT KIU3HEHHBIN MyTh BhIJa-
IOIIEroCsi 4e0BeKa), OH mpuexas B MoOCKBY B HIeCTHaIUATHIETHEM BO3pa-
cTe noctynaThk B MOCKOBCKUE YHUBEDCHTET, IPUBE3sS C COOOW 3allUCaHHYIO
B LIKOJBHON TeTpain (Ha yKacHOW 6ymare — Apyrol B Ty TPYIHYIO IO-
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py He GBLIO) TeopeMy O packpacke cdepbl (MBI 06CYINM €€ 9yTh Jafblie).
Pra Teopema chIIpajga OCHOBONOIATAONIYIO POJIb MIPH PelleHnn (Hal IeHHOM
laupeasmanom coBmectHo ¢ Jlazapem AponoBmdem JlocTeprnkoM) npobie-
MH Pyankape o Tpéx reofnesntdecknx. Pemenne npobiaeMur Pyankape caeraso
nusa [lanperbMana N3BeCTHEIM BCEMY MHUPY.

OxoHYUB YHUBEDCHTET 3a [Ba C moaoBuHOU roja, llluupeibman mocry-
OAJA B acUpaHTYpy «MHCTHTYyTa MaTeMaTHKH W MexaHukn Pepsoro MI'Vy.
On 6b11 yuennkom Pukonas PukoanaeBuva Jlysuna. Jlazaps ApoHoBuY Beuo-
vuHa, 970 Jly3uHy (Mo-BuIUMOMY, CKIOHHOMY B HEKOTOPOW Mepe K MACTHYe-
CKOMY BOCHIPHATHIO MUPa) KaK-TO IPUCHIICS COH, 9TO K HEMY NPHJET IOHOIIA
(«c TeMU yKe aHKeTHBIMU JAaHHBIMI, 9T0 i JleB ['enpuxoBnd, kak mucax JI. A.)
i peunT npobiemy koHTHHyyMa. VM Korma x Hemy siBuics toubii [laupenb-
MaH, Jly3uH BocmpuwHAJA ero KakK mocaanna nebec. ¥YBol, Ulnupeaoman mpo-
61eMy KOHTHHYYMa He PeIlua, pellleHus eé MPHILIoch K 1aTh n1o 60-X Tox0B,
xorja eé ocuana Pox Koow.

CBou camble 3aMedaTeibHble pe3yibTaThl UlHupersman onyGaukoBaa B
Tedenne ABYX JeT — 1929 u 1930. BoT ux popMyIupoBKH.

TEOPEMA 1 (O BOINCAHHOM KBAJPATE). B.106y10 3amknymyio xpueyio
HA NAOCKOCTIU MOANCHO 6NUCATD %6a0pam.

Todnee, MOKHO HalTH 4 TOYKH Ha KPUBOM, CAyIKalliie BepIINHAMEI KBaIpa-
Ta (ecan KpuBas OTpaHUINBAET HEBBINYKIYIO 061aCTh, TO KBA,IpaTy paspella-
eTcs BBLIE3aTh 03 Ton o6aactn). B pabore lllunpenbmana kpuBas npemgmnonsa-
raeTcs JoCTaTodHO Taajgkoil. Korga nutupyior Tteopemy Hlnuperbmana, eé
4acTO POPMYJAUPYIOT IJIsi TPOUBBOJILHON HenpepuleHot KpuBOi. ABTOpaM He-
H3BECTHO, OMYyOJINKOBAHO JIH T'Ie-HUOY b TOKAa3aTeAbCTBO IJs DTOTo ciy4as. B
1996 r. omun u3 Hac (B.B. Yenenckuit) copocnn suamerntoro Poaa Ppréma,
KaKOB CTATYC TeopeMbl O BIHCAHHOM KBajpaTe B cAydae MPOU3BOJLHOU He-
IpepLIBHON KpuBoli. Ppeil oTBeTI, 4T0 3TO OTKPHITas npobiemMa.

TEOPEMA 2 (O TPEX I'EONE3UYECKNX). [Ta w060 2iadkoi noseprno-
cmu, 2omeomopdroii cepe S?, umeemca no menvulet Mepe MPU FAMKEHYMbLE
2eodesuueckus.

Pangnre Ha Gepery Mopsi (MM MBICIEHHO) KaKOH-HUOYIh IMIAJKHI KaMe-
mek. M ToHkyl anTedHyi pesuHO4YKy. PompobyliTe HajgeTh PE3HHOYKY Ha
KaMeIleK, 9TOOL OHa «He choj3afay. [eam BaM 3TO yAACTCA, BHI HAILIH 3a-
MKHYTYIO Teofe3ndeckyio. Pa mapoobpazHoM MAUNKe 3aMKHYTHIE Te0One3n-
YecKine — OOJbllINe KPYT'H: ecjau Bbl YYyTh-4yTh coOBbeTech ¢ OOJBIIOTO KPY-
ra, pe3mHOYKa COCKOYHT. A Ha DJUIUNCOWTE — BCEr'0 TPH 3aMKHYTHIX T'e0-
Me3NYecKnX: ceYeHUs dTOr0 DIJIUNCOUIA MIOCKOCTAME, NPOXOIAIINME Yepes3
ero ocu. I'mmoTesa Pyankape cocTosna B TOM, 9TO «Ha J1060M TJaTeHLKOM
KaMeIlTkey nMeeTcsl He MeHbIle TPEX Pas3saniHBX 3aMKHYTHX Teole3ndecKuX.
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B 1929 rony Jlioctepuuk n laupeabMan mokazanum rumnoTe3dy Pyamkape, n
5TO CTAJO BCceMUpHOU ceHcaumen. (P pasma, BHocieicTBun B 10Ka3aTelbCTBe
OBIT OOHAPYKEH MPO6GeT, HO ero yIaloch 3aJaTaTh. )

TeoPEMA 3. Cywecmeyem wamypasvbroe N maxoe, umo .oboe namy-
PUAADHOE YUCAO €CTND cyMmma He Doaee uem N npocmuiz wuced.

Beskoe an HaTypaabnoe qncao, 6oabliiee NIH paBHOE MIECTH, MOXKeT OLITh
IpeJIcTaBIeHO B BHje CyMMBI TPEX mpocThix vucen? Takoil Bompoc nocTaBul
nepen Pisepom Xpucruan [onbabax — HeMenKHi MaTeMaTHK, TOJKU3HU
npoxusinuid B Poccun u ymepumit 8 Mockse. OH 3aad 3TOT BOIPOC B MUChbMe
oT 7.6.1742. B orBerHoM nuckme (o1 30.6.1742) Puaep ykaswiBag, 9T0 Ais
pellierust >Tol NpobJIeMBl JOCTATOYHO M0KazaTh, YTO JA060€e YETHOE YUCIO0
> 4 ecTh cyMMa IBYX TPOCTHIX.

PepBBIM CIBHTOM B HCCIETOBAHNN STHX TpoGiaeM (10 KOHIA He pelleHHBIX
no ceil genb) 6bln pesyabrar llHnperbmana. (Bupowem, k Tomy BpemeHn
OLLTN ONyGANKOBAHEI WccaenoBaHnd Xapiu u JIUTTABYTa, B KOTOPHIX THIIO-
Te3a ['onpgbaxa TOKasbIBaTaCh (s JOCTATOYHO OOJNBIINX HEYETHHIX UHCEN)
B TIPENOJOKEHIH, YTO BePHEl HEKOTOPHIE Apyrue (He TOKa3aHHBE M MO Cel
nenb) runoTessl. B 1937 rony U. M. Bunorpagos goxasan rumoresy ['onbi-
6axa I TOCTATOYHO DONBIINX HEYETHHIX 4ncen.) Po ocoboe 3Hadenne nmeln
He caM (paKT MpeAcTaBUMOCTH J060r0 Yucjia CYMMOU OTPaHUYEHHOT'O YHCAA
npocThix (TeMm 6oxee, 9To y camoro lllHuperbMana dncio craraeMbx OneHN-
BAJOCh B HECKOJBKO COTEH THICAY), & CBOEOOPA3HHBIN I OUeHb OPHTHHATBHBIN
MeTOM, ¢ TMOMOIILI0O KOTOPOT'O YIAJ0Ch CABAHYTH DTY W MHOXKECTBO APYTUX
npobaeMm. MuI pacckaxkeM 06 DTOM MeToOmTe HUXKe.

B 1931 rony lllanpeabman 6611 KOMaHINPOBAH 32 I'PAHUNY Ha TPU MecAIla
i TaM uMeJ orpomubii yernex. Ou paboTan HekoTopoe Bpems B ['eTTunrene —
Mekke MaTeMaTHKH TOTO BpeMeHH, T'fle »KUJ W TBOPUJI B Ty MHOPY BeTUKHE
l'mas6ept. (Ilanpenrbman 3amOMHUIICS MHOTHM TOT/A HE TOIBKO CBOUMHE (he-
HOMeHaJbHBIMU pe3yibTaTamu, HO u Tem, 4To «walked barefoot through the
streets of Gottingen» — nporyauBadgcs 6ocukoMm no yauiam [erTuHrena, —
kak mncana Koucrant Pug B kunre o Kypante.) EMy 66110 npepioxeno Ha-
nnucaTh MOHOTpaduio IId TPeCcTHKHOTO HEeMEeIKOTO U3 1aTelbCcTBa, HO DTOMY
He TaHo OBLLIO OCYIIecTBUTLCA: B ['epManmio MpuNILIn (paIincTH.

B 1933 roay llluupenbman ObL1 u36paH 4ieHOM-KOPpPECIOH TeHToM AKa ire-
mun vayk CCCP.

B 1934 rony PpaBaenne MockoBCKoT 0 MaTeMaTHIeCKOTO obIIecTBa TPH-
HSJIO pellleHlie O MpoBefeHnn mepBoil MOCKOBCKOH HIKOJBHOU OJUMIHA LI MO
MaTeMaTnke. B oprkoMuTeT mo mpoBefenunio oauMnuaab Bommea JI. . [nn-
peabman. O 6b1 ogHuM u3 mHHOHATOPOB llKosbHOrO MaTeMaTHYeCcKOTO
kpyxkka npn MI'Y (mapsngy ¢ Jliocrepankom n l'ennpangom). Tormga xe mpo-
deccopa W TpenogaBaTeIn MBa Pa3a B MecCAIl MO BOCKPECEeHbAM THTAJIN JeK-
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IUH B YHUBepCHTeTe 1iad mKoAbHUKOB. U cHoBa Hlnupenbman 6511 o1HIM 13
OpraHu3aTopoB 3Tux Jekiui. OH NpoYUTald, B YACTHOCTH, JEKIUN 110 MHOTO-
MEpHOW MeoMeTpHH, [0 TeOPUU T'PYII.

Ounuum uz neppeix HlHupenbman crad KyabTuBUpoBaTh B MOCKBe BEITYK-
ayio reomerpuio. OH HamucaJd 3aMedaTelbHYI0 PaAbOTy MO MPHIOKEHUIO Bhi-
NYKJIOH MeOMeTPHN K TeOPHH HAWIy4IIero NpuosuKeHns (OmyOJInKOBAHHYIO
OCMEPTHO).

Eute 06 oxuoit padore lllanpenbmana Hamo cKa3aTh — O ero crarThe (Ha-
nucanuon coBMecTHO ¢ JI. C. POHTPATHHEIM), TOCBAIIEHHON METPHYIECKOMY
onpenenennio pasMepHocTu. Pra pabora okaszana BIuAHHe Ha pa3paboTKy
KoHienmnuu e-3arponuu Koimoroposa. Crares Pourpsaruna u [laupesbmana
moMellleHa B KadecTBe MPUAOKEHHI K pycckoMy TiepeBony «Teopuu pazmep-
HocTmy ['ypeBnda u BoaMm>HA.

JleB l'enpuxoBud ovennb qpyxkua ¢ Jlioctepankoum, ['exbdontom, [eabdan-
poM. MHoTHe BCmOMUHAAN O HEM, KaK O JUIHOCTH GOJBINOTO MaciiTada, qe-
JoBeke MATKOM WU TeJNKATHOM, HMeBIIeM caMble MHOTOTPaHHEIE NHTENLIeKTY-
aJbHBIE 3ATTPOCH, Y6I0BeKe OCTPOYMHOM, HAOM0 JaTeAbHOM, O TyXOTBOPEHHOM
1 09eHb 06agTeIbHOM.

7Ku3nb ero o6opBatachk Tparnieckn: 24 cenTabpsa 1938 rora on MOKOHIWT
¢ coboii. Te nroqu cTapiiero moOKoJeHus, ¢ KeM HaM JOBOIHJIOCH NOBOPUTH Ha
DTV TeMY, CBA3BIBAIN DTOT IMar JIsBa ['enpuxoBuva ¢ KpoBaBHM Ge3yMueM TO-
r'o BpeMeHN: oHN ToBopuan, uTo JleB ['enpuxoBud nonasa B noge 3penus PKB /I
0, YCTPAIIUBIINCE DTOTO, PEIINd MOKOHINTDL ¢ JKN3HbI0. PLITE MOXKeT, ICTHHA
OTKpPOeTCs, KOrfa KTO-TO U3 e, KelalolnX y3HaThk npaBly, gobepeTcs
1o apxuBoB KI'P.

A Temneprb pacckaxkem 4yThk nojpobhuee o Teopemax [luupesbmana. Pa-
YHEM € yKe YIOMUHABILIErOCH Pe3yabTaTa U3 IOHOIIECKON TeTpali.

TEOPEMA 4 (O PACKPACKE C®EPH). ITycmo cfepa S? nowpima mpe-
MA 2AMEHYMBIMU MHodcecmeamu. To2da odno uz nur codeprcum napy anmu-
n0806 (m €. 8uaMempaAbH0 npomueonoaA0NCHvIL moue%‘).

Uubivu croBaMu, ecan cepy S? packpacnTh B TpH IBeTa, TO HallgeTcs
mapa OTHONBETHLIX aHTunogoB. [lHnpearsMan mokazan cBOO TeopeMmy U s
chep TPOM3BOIBHON PA3MEpPHOCTH: ecAt n-mepnat chepa S™ packpawena 6
n+ 1 ysemos (m.e. noxpvuma 3amkrymvimy mnoxcecmeamu Fy, ..., Foq1),
mo natidemcsa napa 00HOUGEMUBIL AHMUNOJ0E.

Teopema lllanpessmana >KBUBaJeHTHA APYTOH TeopeMe, KOTOPYIO JTOKa-
3aJW B TPUANATHe TOIR Nodbckue MaTeMaTuku K. Popeyk n C. Yiram: ecs-
roe omobpaxcenue [ cepur S 6 eexaudoso npocmpancmeo R™ cxaeusaem
nexomopyio napy awmunodoé. WHbIME cioBamu, HalizeTcs Takoe x € S™
aro f(z) = f(—=). (Bce oTo6paxennus 31ech n jgajee MpennosaraloTCs He-
npepuiBEbIME.) Eile onua sBnBageHTHAsS (POPMYINPOBKa TeopeMbl Popcyka —
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Yiama TakoBa: He cyujecmeyem Hewémmozo omobpaxcenus f: ST — S"TL,
Ppu sTom oTobpaxenne f HasbBaeTcs HeIETHHIM, ecan f(—z) = —f(z).

Poxkaxewm, Kak BEIBECTH TeopeMy O packpacke cdephl m3 TeopeMbl Pop-
cyka — Yaama. Pycte Fi, ..., F,41 — 3aMKHYTHIe TTOIMHOXKECTBa cpephl S™,
obbeIHHeHTe KOTOPHIX paBHo S™. Pam mago gokaszaTh, ITO TPH HEKOTOPOM
1, 1 <1< n+1, MEOXKecTBO F; coep:KUT Napy aHTHNOA0B. Ecin cyliecTByeT
TOYKa ¥, TpHHAIeKaIas BceM MHoXKecTBaM Fj, To Bce scHO: HeKoTOpoe F;
COMEeP:KUT TMapy aHTHTONOB x, —z. Ppennonoxkum, aro FyN...NF,4; nycro.
Mast xaxgoro ¢ € S™ nycrs fi(2) — paccTosHme OT TOYKH & MO MHOXKe-
crBa F;. Torga f;: S™ — R — HenpepbiBHasi HeoTpHlaTelbHAS PYHKIMSA, U
fi(z) = 0 Torma n ToabKO TOTAA, Korga x € F;. CoriacHO Hallemy Ipeirno-
noxennio, pyuakunn f;, 1 < i < n+ 1, aurge #e obpaiaoTcs B HYJIb OJHO-
BpEMEHHO, TODTOMY (PYHKIHUS h = Z?:"'ll 5 BCIOJIY TOJOKNTEeNbHA. Pomoxum
gi=fi/h,1<i<n+1,uG@) = (91(2),...,g.(2)). Torga G: S™ - R" —
HempepbiBHOE oToGpaykenne. PpuMenss k Hemy Teopemy Popcyka — Yiama,
HaxoanM Takoe x € S™, uro g;(x) = g;(—x) nupm xaxmgom ¢ = 1,...,n. Tak
KaK §p41 = 1 — Y ¢;, nMeeM Takxe ¢,41(2) = gny1(—2). Ecan i Takoso,
aro ¢ € I}, 1o g;(—2) = g;(x) = 0, Tak 4T0 F; COTEpKNT Mapy aHTHNOLOB &
n—x.

Yro xacaercs Teopembl Popcyka — Yiama, To efl MOXKHO TpHIATEH Gogee
CHABHYI0 POPMY, UCIOIL3YS MOHITHE CTeNeHn 0ToOpaKkeHnus cdephl B cebs:

TEOPEMA BOPCYKA. Beskoe neuémmuoe omobdpasxcenue f: 5™ — S™ ume-
eM HEUEMMHYIO CINENEHD.

Orciona cienyer, 4T0 6caxoe omodpaxcenue f: S™ — S™ uémmnoti cme-
newu cxaeusaem napy anmunodos. JleficTBUTEAbHO, ecan oTo6pakenne [ He
CKJIeWBaeT aHTHUIOMOB, TO €ro MOXKHO MpoaeOpPMUPOBATH B HEIETHOE OTO-
OparkeHne, a TPHU HEMPEPHIBHON AedOpMalnuy CTeNeHb 0TOOpaKeHnsA He Me-
usaeTca. JleopManuio MOXKHO OCYIIECTBATEH TaK: M8 KaXKToro & € S™ ToIKu
f(z) n f(—2) paBHOMEpHO IBUIAIOTCA B pa3Hble CTOPOHBI IO AyTe GOMBIIOTO
Kpyra, TTOKa OHM He 3aiMyT JHaMeTpPaJbHO MPOTHBOTOMOKHKIE MTO3NINN.

O6BacHIM Haeio MToKazaTeabcTBa TeopeMbl Popcyka. Pedérioe oTobpa-
kenme f: 8™ — S™ npuBogur K orobpaxkenuio g: RP" — RP”, ruge RP" —
BeIlleC TBEHHOE MPOEKTHBHOE MPOCTPAHCTBO, oAy datoreecs ns ceps S oTo-
K JIeCTBACHNEM aHTHNONOB. [l 0ToGpaKkeHHs ¢ OnpefefeHa CTeneHb M0 MO-
ayaio 2. Eean g raagko, To 5Ta cTeNeHb COBMAIaeT ¢ T6THOCTHIO THCIA TMPO-
o6pazoB Toukn obulero nojsoxenus. Ecau #¢g71(p) = k u Touka p € RP”
npecTaBIseTcs Napoil aHTHIONOB @, —a Ha cdepe, To #(f~H(2)Uf1(-2)) =
=2ku#f~Y(x) =k, Tak 94TO f M g UMEIOT OTMHAKOBLIC CTENeHN 110 MOTYJIIO 2.
PaM Hag0 ycTaHOBHTD, 9TO ¢ HMeeT HEHYJIEBYIO CTENEHb.

3amkuyTHe KpuBbie B RP"™ 6BIBaloT ABYX COPTOB: 06pasbl 3aMKHYTHIX
KPHUBBIX Ha cepe 1 06pa3bl KPUBBIX, COETUHIIONNX aHTAToAb. KpuBhie mep-
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BOT'O COPTa MOTYT ObITH CTAHYTH B TOYKY, KpUBBEIE BTOPOTO copTa HeT. OTo-
OpazkeHne g MepeBOANT HeCTArMBaeMble KpUBBIE B HeCTAMMBaeMble, TaK Kak [
epeBOANT KPUBBIE ¢ aHTHIOAAJbHBIME KOHIAME Ha c(epe B TaKue yKe KpH-
Bble. TakuMm o6paszoM, Bce CBOJAUTCS K CICIVIOMIEMY YTBEPKICHUIO: 6CAKOE
omoobpaxcenue RP™ 6 cebs, nepeodsujee HECMALUEAEMBIE KPUBIE 6 HECINA-
2UBaEMbIE, UMEET HEUEMHYIO cMeENneHb No Mody.ai0 2.

C KayKJIBIM KOMIIAKTHBIM MHOIoo6pasueM X MOMKHO CBA3aTh €0 KOAbYO
nepecevenuti no modyao 2. Prementamn 3Toro xoabia (0603HAYNM €ro Je-
pes A(X)) cayxkaT KIacchl TOMOJOTHYHBIX [UKJIOB 110 MOIYJIIO 2, & YMHOXKe-
HEe COOTBETCTBYET MepeceveHnio MHKI0B, HaXOAIINXCA B 0OIIeM MOJOKeH .
Orobpaxkennio h: X — Y MexIy KOMIAKTHBIME MHOIOOOPa3UsMi OTBeYa-
et romoMopdusm kogen h*: A(Y) — A(X) u romomopdusMm ajIuTHBHBIX
rpynm h.: A(X) — A(Y). Pru romoMopdu3Mbl MOKHO IPEJCTABIATH COOT-
BeTCTBEHHO KaK Iepexo/ K Npoodpasy Win o6pasy 1mukia. [oMOMOPMU3MBL f
1 h* cBSI3aHBI POPMYIOH

hu(B(n) =€) = m- 1 () (€ A(Y), € € A(X)). (8)

Pycrs Temeps X = RP” u A = A(X). [las kaxkgoro k = 0,...,n nmeercs
TOJBKO OJUH HEHYJeBOH Kiacc k-MepHHIX MukiaoB B RP”, mpegcTaBieHHBIT
nogMuorootpasuem RPF. Postomy koabno A cocrour us 2°F! siementos
BHIA Y . a;x’, TIe a; € Z /27, x coorBeTcTBYeT TunepiiockocT B RP™ a 2"
COOTBETCTBYET NOIMHOT006pasiio RP"™* kopasmepnocrn k. B wacTrocTH,
2"~ — krace oxpyxuoctn RP!.

Ppennogoxum, aro h: RP® — RP” nepeBomuT HecTsiruBaeMble KpHUBBIE
B HecTarnBaeMble. Torga h,(z"71) sBiaseTcs kiaccoM HecTATUBaeMoil KpH-
Boii h(RP'), Tak uTo h.(z""!) = 2”7, Posowum & = 2"~!, n = = u npn-
mennm opumyay (8). Ppasas qacth 1 - he(€) = 2 - 2”71 = 2™ oranuna ot
nyis. CregoBarensno, h*(n) = h*(z) oTan4no oT Hyls — HHade JeBasg 4acThb
h«(h*(n) - £) 6bL1a OB HyaeBol. Kiace h*(x) mpeicTaBiaseTcs QUKIOM KOPa3-
mepHOCTH 1. POCKOIBKY DTOT KIacc HEHYJEBOH, MOMKHO OHITH h*(z) = z.
Tak kax xoabno A mopoxpaeTcs sieMenToM z un h*: A — A — Koable-
BOT TOMOMOP(U3M, TO BTOT TOMOMOPGU3M TOTKeH OBITh TOXK IeCTBeHHBIM. B
dqacTHOCTH, h*(2") = 2™. Po 2™ — 5T0 KiIacc TOYKH, I MOC/Te[Hee PAaBEHCTBO
03HaTaeT, ITO h WMeeT HEeTETHYIO CTeleHb Mo MOIyaio 2.

MeToa HIHUPEALMAHA B AJJUTUBHON TEOPUM YUCEJ. Pycts Au B —
JBa MHOYKeCTBA HATYPaJbHBIX dncel (HaTypaabHbIil psag N 6ygeM canTaTh Ha-
quHAONMCA ¢ efnHnubl). Cymumoti A n B 0OBIYHO Ha3BIBAETCS MHOKECTBO
A4 B uucen Buga a+ b, rae a € A, b € B. Pam 6yjger yroGHee Ha3hiBaTh
cymmon A n B muoxectBo AGB = (A4 B)UAUB, nosydennoe fo6aBieHneM
K A+ B saementoB MuHOKecTB A n B. CkaxeMm, 9T0o MHOXKeCTBO A sABIseTcs
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6a3ucom HATYpPaIbHOTO pAga, ecan k-KpaTHad cymMmMa A®. .. P A npu HeKOTO-
poM HATypaabHOM k COBIaJaeT ¢ HaTypalbHEIM psigoM. Panpumep, ecin A —
MHOXKECTBO BCeX KBajpaToB, To A — Gasuc, nockoibky AG AP AP A=N
no Teopeme Jlarpamka. Pycts P — MHOXKeCTBO, cOCTOsINee U3 BCEX MPO-
CTHIX ducea W euHnnbl. fABisercs au P 6asucom? PoloKuTe bHbINT 0OTBET Ha
»TOT Bompoc 6BLT BuepBhie moayden lllnnpersmanom: P asagemes 6azucom.
Paccraxem 06 ocHOBHON Hjee MOKa3aTeIhCTBA.

Cruepsa BBejeM, caenys lunpersmany, moHATHE NAOMHOCTY MHOKECTBA
A marypaapubix qucen. [las kaxnoro n € N nycrs A(n) — 4uciao sreMeHTOB
MHOKecTBa A Ha oTpeske [1,n]. PazoBeM naommnocmuio d(A) muHOKecTBa A
HIKHIOIO TpaHb dncen Bujga A(n)/n mo Bcem n € N. Taknm obpasom, nioT-
HOCTH — DT0 Hamboublllee « Takoe, 910 A(n) > an npu Bcex n. lllnupersvan
TOKa3bIBAET CACTYIONINH pe3yabTaT:

TEOPEMA 5. Bcakxoe mmosxcecmso HAMYPAABHBIL HUCEA LOAONCUTNEADHOU
NAOMHOCTNU ABAAECTNCA OAZUCOM.

Pry Teopemy Henb3s HemocpeJcTBEHHO IPUMEHITH KO MHOKeCTBY P mpo-
CTBIX 4HCel ¢ J0OGABICHHON eJUHHICH, TOCKOJILKY OHO HMeeT HYJIEBYIO ILIOT-
HocTh. (Ymeno 7(n) mpOCTHIX dmceld, He NPEBOCXOJAIINX 7, pPacTeT Kak
n/log n: ornomenne 7(n)logn/n crpemures x egunune.) Oxmako [lunpens-
MaH ycTaHoBWI, 4T0 P & P nMeeT MONOKXHTENIBHYIO IIOTHOCTDL, OTKYJa BbI-
TekaeT, 4T0 P ABiserca 6a3mcoM. OcTaeTcs OTKPLITBIM BOIPOC, COTEPKUT
an P & P Bce 4érHble 4ncia (9To BapuaHT Bompoca Piirepa).

Joxaxem Teopemy 5. OHa BBITEKAeT U3 CIeAYIOMUX JemMM 1 i 2.

JIEMMA 1. Feau A, B C N ud(A)+d(B)>1, mo A@ B=N.

/TOKA3ATEILCTBO. adpukcupyem n € N. Ecan n € B, Ton € AGB. Ecm
n ¢ B, To paccMoTpuM [1Ba moaMHOXKecTBa orpeska [l,n]: {a € A:a < n}n
{n—=>b:b€ B, b<n}. Oun 06a3aHEl TepeCceKATHCA, TOCKOIBKY B TEPBOM 13
HUX He MeHbIe 7 - d(A) s1eMeHTOB, BO BTOPOM He MeHbIre 7 - d(B) sreMenToB
un-d(A)+n-d(B) > n. CregoBarerbno, ¢ = n — b Ipu HEKOTOPHIX a € A,
be B,orkyian € A®B. O

JIEMMA 2. Jas wodve A, B C N umeem mecmo nepasencmso llnupe.an-
Mana:

d(A® B) > d(A) + d(B) — d(A) - d(B).

JNOKABATENLCTBO. Ponoxum C'= A& B, a = d(A), f = d(B). 3apux-
cupyem n € N. Pam Hano onernts cuusy wuciao C'(n). Pyers ay < ... < a, —
BCe DJleMeHTH MHOKecTBa A n3 orpeska [1,n], rae r = A(n). Orpesox [1, n]
pasbuBaeTCs YNCIAME A1, . . ., 4, Ha 7'+ 1 OTPE3KOB (HEKOTOpPHIE N3 HUX MOT'YT
OBITH MyCTHIMA) AIUHBL [y = a1 — 1, 3 =az —a1 — 1,...,0L,41 = n — a,, npn
pTOM k-1 OTpe3oK cogepkuT > [l wucen uz C: upu k > 1 pTo 4mciaa BuIa
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ap_1+ b, raeb e B, b <lg, anpu k=1->sr10 yucia uz B, koropsie < [i.
Orcrona nofydaeTcs olleHKa

k=r+1

Cn)zr+p5- Z lk=r+pBn—-r)=0=0)r+pn> (1 - p)an+ fn,
k=1

osnavamomad, 910 d(C) > (1 — fla+ f=a+ § — af. O

BuiBemem Teopemy b m3 demm 1 u 2. PepaBencTBO JeMMBI 2 MOXKHO Tiepe-
nucath B Buge 1 —d(A®B) < (1-d(A4))(1—d(B)). B Takou Bue oHO pacnpo-
cTpaHsercs (0 MHAYKINH) Ha J060e 9ncio craraeMbix: 1 —d(A;&. . .G Ag) <
< Hle(l — d(A;)). Pyctb Teneppr A — MHOKECTBO MOMOKHTENBHON MIOTHO-
ctu u Ay = AP --- P A — cymma k craraeMmbix, paBabix A. Ppegbigyinee
HEePaBEeHCTBO MOKa3bIBaeT, 9T0 d(Aj) cTpeMuTCs K eUHIIe TPH BO3PACTAHIN
k. Pycrs k TakoBo, ato d(Ag) > 1/2. U3 remmer 1 BeiTekaet, aTo Ay = N.
Taxum o6pazom, A aBasercsa Gasucom. Teopema 5 1oKazana.

Ppu Beskom aun n € N muoxecrso W, = {1™,2", ...} Bcex n-ThIX cTe-
meHell siBasercs 6azucom? Pro — Tak HazwiBaemas npobuaema Bapunea. Ona
OBLIA TOJOKATENRHO pelliena [ minbepToM B Hatdale Beka. Periene okazanoch
BechMa, CTOXKHBIM. TeopeMa 5 Mo3BoseT MOAYINTH APYTOe pellenne: [ocTa-
TOYHO YCTAHOBHTH, 9TO k-KpaTHas cymma W, @ ... & W, upu Goabimx k
nMeeT MOMOKHTETbHYIO IIOTHOCTE. PieMeHTapHOe (XOTSA OY€Hb HENMPOCTOe)
peterne npo6ieMsl Bapumnra, ocioBannoe na Metoje llanpersmana, MoXHO
HANTH B KHIKKe XuH4nHA [5].

Bot dro mumer Xunvus [5] B cBf31 ¢ eMMOll 2 (IUTHPYeM € COKpAIeHH-
aun): «Ocenbio 1931 roga JI. I'. llnupeasman, pacckasbiBas o cBonx Gecegax
c Jlanzay B l'eTTunrene, cOOGIIMI, 4TO OHH YCTAHOBUIY CAENVIONIHE HHTEPEC-
HBII (PaKT: s BCeX IPHMEPOB, KaKiie HM YIaBaJOCh IPHAYMATh, HEPABEHCTBO

A(A® B) > d(A) + d(B) - d(A)d(B)
MOYKHO OBIJIO 3aMeHUTL OoJiee CUIBHBIM U HoJee IIPOCTBIM HepaBeHCTBOM:
d(A® B) > d(4) + d(B)

(mpu yeaoBum, 9to d(A)+d(B) < 1). Po 1oxa3aTeibcTBO 5TON THIOTE3H IPH
MepBHIX MONBITKAX He yTaBajJock. Ppobiema crasa MogHOU. YdeHble 0bIecTBa
mpejuiaradan eé Ha npemuio. Jlo6pas HoJoBrHHA AHMIHHCKUX MaTeMaTUKoOB, OT-
JOXKUB BCe [feja, 3aHsIach pelleHneM »>Tol 3aigadu. Po ona okazatach 04eHb
TPYIHOU U TEJIbIH P JeT He TO[[aBalack YCHIARAM CAMBIX HCKYCHBIX HCCJe-
npoBateqei. Toabko B 1942 1., HaKOHell, ¢ HEIO CIPABUIACST MOJOJION aMepUKaH-
ckuit MmaTeMaTuk Manny. [lokazareabcTBo runoresst Jlanay — [laupeabmana
MOKHO HaliTh y Xundnta [5]. MBI 04eHb cOBeTyeM YHTATEN0 TO3HAKOMUTHCS
€ DTOU 3aMevYaTeqbHOU KHUroll. Pe MeHee MoCTOlHa Baliero BHUMaHUS KHIH-
ra camoro lllaupenbmana [7]. U3 Heé BbI y3HaeTe U [OKA3aTEThCTBO TEOPEMBI
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Jlarpanika o cyMMe 9eTHIPEX KBaIPATOB, I pellleHNe BeJINKON Npobiembl Dep-
Ma 111 NoKa3aTelell 3 n 4, n MHoroe apyroe. O 3aTpOHYTHIX 3[ech TeMax,
kacafoumxcs TBopdecTBa JI. ['. llunpenssmana cm. Takxke [3].
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H. B. Bepermarun A. lllens

DTa cTaThd — COKPAIIEHHBIN BAPUAHT [VIABHL 13 KHUTH «Berdaucammbre
GYHKIII, M31aHne KOTOPOH TIIAHUPYETCA B OanKaliree BpeMs.

1. BBICKA3BIBAHUA U ONEPALIMU

«Ecmm 9ucao 7 pallioHalbHO, TO T — ajrebpandeckoe 4ucao. Po oHo He aJ-
rebpanveckoe. 3HAYNT, T He palloOHaILHO» . MbI He 00653aHbI 3HATH, ITO TaKoe
YUCI0 7, KAKHE THCIa Ha3blBAOT PAIMOHAILHBIME 1 KaKie aarebpandecKnMu,
9TOOBI MPU3HATH, 9TO DTO paccykAeHne IPaBUIbHO — B TOM CMBICIe, 9TO 13
JIBYX CPOPMYJANPOBAHHBIX TMOCHLIOK JTeHCTBHTEIBHO BbITEKAaeT 3aK/JII0UeHUe.
Takoro pojia cuTyanum — KOrjia HeKOTOpOe yTBep:K IeHlie BepHO He3aBUCHMO
OT CMBICIA BXO/AINN B HEMO BHICKA3BIBAHUI — COCTABJIAIOT MPEJIMeT A02UKU
6bICKA3BIE AHU.

Takoe Hadan0 (0COGEHHO €CaN y9eCTh, YTO KypC JOTHKH BXOJUT B MPOT-
pamMMy (PpHIOCOpCKOro (pakyabTera, Tje B CBOe BpeMs H3ydaaach I «IHaJeK-
THYecKas JOTMKa») HACTOPAKMBAET, HO Ha CAMOM el HAIIN PacCMOTPEHMs
OyAyT UMEeTh BIOJHE TOYHLIH MaTeMaTHYeCKHH XapaKTep, XOTS Mbl HadHEM
¢ He(OPMAaJbHBIX MOTHBHUPOBOK.

Buicka3vieanus MOTYT GBITh UCTIUHHLLMU T A0dcHuluu. Panpuvep, «216 4
+ 1 — mpocToe 9WHCIO» — HCTHHHOE BHICKashIBaHme, a «23? 4+ 1 — mpocToe
9UCaA0Y — JOKHOE (9T0 ynego geautcs Ha 641). Ppo BbickasbiBaHme «CyImecT-
ByeT 6ECKOHEYHO MHOI'O TPOCTHIX P, IS KOTOPHIX p + 2 — TakiKe MPOCTOey
HUKTO He OepéTcs CKasaTh HaBepHsiKa, HCTHHHO OHO WM JOXKHO. A ¢pasa
«r TeJUTCA Ha 2» B DTOM CMbIC/Ie He ABJIAETCS BbICKasbiBaHMeM, TOKa He CKa-
3aHO, YeMy PABHO ¥} IPU PA3HbIX T HOJIYYalOTCA Pa3Hble BLICKa3bIBAHUSA, OTHH
HCTHHHBIE (MPH 9ETHOM ), IpyTHe — JOJKHBE (IpH HEYETHOM ).

BbIcKasbIBaHIsA MOKHO COGIUHATH APYT € APYTOM € IOMOIIBIO A02UUECKUT
€6420%. PTHU CBA3KN UMEIOT JOBOJLHO CTpaHHBIe, HO TPaANIHOHHBIC HA3BAHS
n o6oznavenns (rtaba. 1). OTmernm Takike, 9T0 B A = B BHICKasbiBaHme A
Ha3BIBAIOT NOCHLAKOU, WIN AHMEYEIEHMOM UMNAUKAYUL, & B — 3axaouenuem,
HIH KOHCEKEEHIMOM.

ToBopsAT Takke, 4TO BHICKasbiBaHie UMeeT ucmunnocmuoe 3nauenue U
(ncTuna), ecan ono mcrnuHO, mian JI (1oxb), ecim ono soxHO. UHOrMIA BMe-
cto U ynorpebasiercst 6ykBa T (true) mam wmcao 1, a Bmecto JI — 6yksa F

MaTemaTu4veckoe npocseljerune, cep. 3, Bbin. 4, 2000(53—80)
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CBA3KA obo3Hadenne HazBaHme
AuB A&B AAB KOHLIOHKI S
A and B
A nmm B AV B A or B | musbonkuus
He A -4 ~A A OTpHIIaHHE
A HeBepHO not A

3 A cregyer B A— B A= B | uvmminkanus
ecin A, To B ADDB clemoBaHme
A Baeuér B if A then B

B — creactBue A

Tabu. 1. Jlorudeckue cBA3KH, 0603HATCHNA U HA3BAHUA

(false) mau wncio 0. (Pa mepseiil B3raan uges BuOGpaTh ducta 0 u 1 npoms-
BOJIBHBIM 00pa30M KazKeTCs IMKOI — KaKafd H0/b3a MOIa OBl OBITh, CKaKeM,
OT CIOKeHNA NCTHHHOCTHHIX 3HadeHHN? YINBHTeNbHBIM 0OPa3oM B IOCIE]-
HHe ToLl OOHapyXKMIOCH, ITO TaKafd II0Ab3a eCTh, U €CIH ONepHpoBaTh C
HCTHHON 1 JOKBbIO KaK dJIeMeHTaMH KOHeYHOI'O MOJ11, MOKHO NOXYIUTh MHOIO
HEOZKH TAHHLIX Pe3yIbTATOB.)

Jlormyeckne CBA3KH NO3BOJNAIOT COCTABAATH CJAOKHBIE BBICKA3BIBAHUA 13
IPOCTBIX. Ppl 5TOM HCTHHHOCTBH COCTABHOIO BHICKa3bIBaHUs ONpeJenseTcs
HCTHHHOCTBIO €0 YacTell B COOTBETCTBHH ¢ Tabiuiei 2.

A|B|AANB|AVB | A—=B

J | Ja J J n A -A
J |1 J n n J| !
n, Ja J n J niJa
nn n n n

Taéu. 2. Tad/H/IHBI HCTHHHOCTH A4 JOI'H9eCKHX CBA30K

Te ke npaBmia MOXKHO U3JOKUTH CI0BeCHO. BhickasbiBanue AAB HCTHHHO,
eciu 06a BeicKazbiBanus A u B uctunubl. BeickazwiBanue AV B uctuszo, eciu
XoTst OBl OJHO U3 BbicKasbiBaHuil A u B uctunuo. BreickazbiBanne A — B
JOYKHO B €IUHCTBEHHOM caydvae: eciin A uctunHo, a B noxHo. Pakowner, = A
HCTHHHO B TOM U TOJBKO TOM CIydae, Korga A JOxKHO.

Nz Bcex cBs30K GodbIlle BCero BOIPOCOB BhI3biBaeT UMILIHKalus. B camom
neje, He 049eHb MOHATHO, TOYEMY HA O CINTATh, CKayKeM, BEICKA3bIBAHIS «€CIH
2x2=05,102X2=4 necan 2X2=25,7103x3 =1y ncrunusivu. (Mvenno
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Tak roBopaT Hawn Tabauus: JI — U = J — J = W.) Crenytoumin npumep
MOKa3bIBAeT, 4TO B TAKOM ONpEIeJeHIN eCTh CMbICI.

OO6iIenpu3HalHO, YTO eCll YUCJAO & HeauTcs Ha 4, TO OHO JejuTcs Ha 2.
Pro o3navaer, 4TO BhICKazbIBaHUIE

(¢ meamres ma 4) — (z geamres Ha 2)

NCTUHHO TpH Bcex z. PomcTaBuM ciofga @ = 5H: 06e JacTH JOXKHLI, & HMILIN-
Kanusf HCTHHHA. Ppnm 2 = 6 mochbliKa UMIJANKANWE JOKHA, a 3aKI0YeHne
NCTUHHO, W BCA WMIINKANWsA WCTHHHA. PakoHen, mpu & = 8 MOCLLIKA W 3a-
KJI0YeHle UCTUHHBI U BCA uMILInKanus uctuaua. C gpyroi cToponsr, ob6pat-
HOe yTBepXK IeHne (ecian & TeIUTCs Ha 2, TO & TeINTCs Ha 4) HeBepHO, I 9HCIO0
2 ABAAeTCS KOHTpHpuMepoM. Ppu 5ToM MOCHIKA UMIANKANWE HCTHHHA, 3a-
KJII0YeHne JOXKHO, I caMa UMIIAKaNnd JoxkHa. TakuM o6pa3oM, ecid CINTaTh,
9TO WCTHHHOCTH HMIUIMKALNN ONpelelseTcs NCTHHHOCTBIO eé dacTell (a He
HAJIMIHeM MeXK[Ty HEMHI KaKNX-TO NPHIMHHO-CJIeNCTBEHHBIX CBf3el), TO BCe
CTPOKH TAOMUTIH NCTHHHOCTH OGOCHOBAHEI. dTO6H MOTIEPKHYTHL TaKoe y3-
Ko-(popMabHOe TOHNMaHWe UMIMUKALIUM, (PUAOCOMCKE HACTPOeHHbIe JOTUKN
HA3BIBAIOT €€ «MaTepUalbHOU HMILIHKAII ey,

Termepb 0T HeOpMaJbHEIX Pa3zlOBOPOB IlepeiléM K omnpenenenusm. Pae-
MeHTapHbIe BHICKA3BIBAHNUS (M3 KOTOPHIX COCTABIAIOTCH GOJee CIOKHbBIE) MBI
6y 1eM 0603HAYATH MAJTeHbKIMI JATHHCKIMA 6YKBaMHU (C MHIEKCAMI, eCIn Mo~
HAJOOUTCS) I HA3BIBATH NPONO3UYUOHAALHBIMY nepemennblnu. U3 HIX cTpo-
ATCA NPONOSUYUOHAALHBIE POPMY.abl (CTOBO (IPOTO3NINOHATBHBINY IS KPaT-
KOCTH GyeM ONyCKaTh) MO TaKHM TPaBIIAM:

> Besakag mpomosnnuonaabHas mepeMenHas ecTh PpOpMyJa.

> Ecian A — nponosuiuonaibHas popmyiia, T0 7 A — Npono3uuoHajbHas
dopMyaa.

> Ecim A m B — nponosnnnonanbhsie gpopmyasr, To (AA B), (AV B) n
(A — B) — nponosunnoHaJbHBE (POPMYJIHL.

MoxHO elllé ckKa3aTh TakK: POPMYJB — HTO MUHUMAJBHOE MHOXKECTBO,
oGrafamlnee YKa3aHHBIMI CBOHCTBAMN (CJIOBO «MIHIMAJIBHOE» 31IeCh CyIlle-
CTBEHHO: Beflb eciau OBl MBI OOBABIIN JIOOYIO MOCAETOBATEIBHOCTh MepeMeH-
HBIX, CKOGOK U CBA30K (POPMYJOI, TO DTH TPU CBOUCTBA OBLIN ObI TOXKE BbI-
TOJTHEHBI ).

Pycrth popmyiia ¢ cogep:kuT n nepeMeHHbIX pi, P2, ..., Pp. Bcin nomcra-
BHTH BMECTO BTHX MepeMeHHBIX HCTuHHOCTHBEE 3HaveHns (M mawm JI), To mo
TabauIaM MOZKHO BEIYUCAUTH UCTHHHOCTHOE 3HavYeHe POPMYJIbl B eqom. Ta-
KM 06paszoM, (popMyJia 3a1aéT HEKOTOPYI0 PYHKINIO OT N apryMeHTOB, Ka-
KB U3 KOTOPHIX MOXKeT MpuHuMaTh 3Hadenus Jl u WM. 3uadenus pyHxiunu
TakKe Jexkar B MmuoxecTBe {JI, A}, koTopoe MBI 6ymem oGosnadaTh B. Kak
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y2Ke TOBOPUJIOCH, MbI Oy IeM CJefoBaTh TPAMUIUN H OTOXK fecTBasTE U ¢ emnu-
wuted, a JI — c ayaém, rem cambim B ects {0, 1}. Popumyna ¢ 3a1aét 0T06pa-
xkernne B® — B. Takue orobpaKkeHus Ha3bIBalOT TaKkKe OYLe6bIMU HYHKYUAMU
om n ap2ymMeHmos.

[TpumMmEP. Paccmorpum dgopuyay (p A (¢ A —r)). OHa ncTHHHA B €JInH-
CTBEHHOM CJIydae — KOD[a p W ¢ HCTHHHBL, a r JOXKHO (cM. Taba. 3).

plalr|-r](gA-r) | (PA(gA-T))
0[0[0] 1 0 0
olo|1] 0 0 0
o[1fof 1 1 0
of1|1] 0 0 0
1/0]0] 1 0 0
1/0[1]0 0 0
1101 1 1
11|10 0 0

Ta6a. 3. Tabrnua ncruarOCTH KOHBIOHKIHNH (P A (g A —r))

PeKOTOpre q)OpMyJIbI BEIpazKaloT JOT'HYIeCKne 3aKOHbI — COCTaBHLI€ BLI-
CKa3bIBaHusl, HCTHUHHBIC HE3aBUCUMO OT CMBICIa UX qacrei. Takue q)OpMyJIbI
(I/ICTI/IHHBIQ Ipun BCeX 3HaYeHHAX BXOAAIINX B HUX HepeMeHHbIX) Ha3bIBaloOT
maemoao2usiMu.

[TpumEP. Dopuyra ((pAg) — p) ABAsETCSH TABTOIOTHEN (3TO MOKHO ITPO-
BEPUTH, HAIpPUMep, cocTaBuB Tabiuny). OHa BbIpazKaeT TaKOil JOIMYeCKH
3AKOH: N3 KOHBIOHKIMN YTBEepKIeHNH cAelyeT IepBoe H3 HUX.

3AJAYA 1. Kak BRITISAINT CHMMETPUYIHOE YTBEPKIEHHE MIA MU3HIOHK-
9
igiacll

lIBe POPMYJIbI HA3BIBAIOT IK6UEAAECHIMHBIMU, €CHH OHI UCTHHHLI MPH O/
HOX U TeX JKe 3HAYEeHMAX MepeMeHHBIX (IPYTHME CJIOBaMMU, €CJIH OHU 3aJal0T
OIHY U TY ke OyaeBy ¢pyuKuuio). Panpumep, popmyaa (pA (p — ¢)) ncrunna
auub opn p = g = U u moTomy skBuBajteHTHA dopmyae (p A q).

Pacemorpum dopuyry ((pV ¢) A ¢). Ona ncTHHHA, €CIn I TOIBKO eci
nepeMeHHas ¢ HCTHHHA. XOTeJOCh OBl CKa3aTh, 9TO OHA DKBHBAJCHTHA (HOpP-
MyJIe ¢, HO TYT eCTh (popMajbHas TPY,HOCTh: OHa COJEPKUT [Be TepeMeHHble
Il TOTOMY 3a1aéT PYHKIHIO OT ABYX apryMmenToB (Tuna BxB — B), B To Bpe-
MA Kak ¢ 3aJaéT PYHKIUIO OT OJHOTO apryMenTa. Mbl He OyjeM obpalliaTh
Ha TO BHUMaHWA W OyJeM CYNTaTh 5TH (POPMYJbl DKBHBaJeHTHBIMI. Boo6-
Iie, el eCTh CIUCOK MEePEeMEeHHBIX P, . .., Py, COJEPKAIIN Bce MepeMeHHbe
HEKOTOPON (POPMYJIBI ¢ (I, BO3MOXKHO, €IlIé KaKie-TO MepeMeHHBIEe), MOKHO
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CYNTATH, 9TO POPMYIA ¢ 33T PYHKIHIO OT N apIyMeHTOB, BO3MOXKHO, Ha
JIejle 3aBHCAIIYIO He 0T BCeX apryMeHTOB (IOCTOAHHYIO [0 HEKOTODHIM apry-
MEHTaM).

Pocre Taknx OroBOpOK JIeMKO NPOBEPUTH CIEIYIOUHH (PAKT: (POPMYIL
¢ U 1) DKBHBAJEHTHLL TODJa I TOJILKO TOrma, Korja dopmyra ((¢ — ¥)A
A0 — ¢)) aBagerca Taprogoruei. WUcnoabsys cokpamenne (p <> ¢) gis
((p = q¢) AN (¢ = p)), MOKHO 3aINCHIBATH YTBepPKIeHHs 00 HKBHBAJEHTHO-
cTi (OpMyaI B BHJe TaBTOJOIHI. BOT HECKOIbKO TaKHX SKBHBAJIeHTHOCTEIL:

TrOPEMA 1. Caedyoujue Gopmyibt A6AK0MCA MAEMOAOLUAMU

(pAq) < (gAp);

(qV p);
(pV(gVvr));

(rVyq
(pVag)Vvr

JOKABATEIBCTBO. PepBhle deThIpe 5KBHBAIEHTHOCTH BHIPAYKAIOT KOM-
MyTaTHBHOCTH H aCCONNATHBHOCTH KOHBIOHKINN I In3bIOHKINH. P poBepnu,
HaIpUMep, BTOPYIO: JeBas I IpaBas 9acTH HCTHHHEL B € [HHCTBEHHOM CIydae
(korja Bce mepeMeHHEIe HCTHHHEL), I TOTOMY SKBUBaJIeHTHEL. (/11 IN3BIOHK-
unn ynobHee CMOTpETh, KOTJfa OHA JOXKHA. )

[ Be caegyrolie S5KBIBaIeHTHOCTH YTBEPK JAIOT JUCTPHOY THBHOCTD — 3a-
MEeTHM, 9TO B OTJINYNe OT CIOKEHHs U YMHOXKEHHS B KOJIBIAX 3JeCh BePHEL
06a CBOMCTBA INCTPHOYTHBHOCTH. P poBepHTH SKBHBAIEHTHOCTH JEIKO, eCIH
OT[eIBHO PACCMOTPeTH CIydal HCTHHHODO U JOKHOTO p.

Cuaemyromne JBa CBOHCTBa HasbIBaloTcd 2axonamu de Mopeana. Ux xer-
KO [IPOBEpPHTH, BCIOMHHB, 9TO KOHBIOHKIHSA HCTHHHA, & JU3BIOHKIHS JOKHA
POBHO B OJHOM cly4dae. 3akoHbl jge Moprana HHOIZa BBIPAKAIOT CIOBAMIL:
(KOH'BIOHKIHA JBONCTBEHHA TH3BIOHKINNY.

Nazee cleyioT [Ba O9eBUIHBIX 3AKOHA NO2A0WEHRUA (OINH U3 HUX MBI yKe
YIOMUHAJI).

3a HIMI IJET IPABIIO KONMPANO3UYUlL, KOTOPOE I'OBOPUT, B YaCTHOCTIH,
9TO YyTBED/KJICHHA «€CIH & COBEPIICHHO, TO & HEYETHO» W «eCIH & HeIETHO,
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TO T HECOBEpPIIeHHO» PABHOCHABHLI. XOTA OHO W OUE€BHIHO TPOBepALTCA € TO-
MOILIBI0 TabAUI] HCTHHHOCTH, C HUM CBSi3aH JIOOONBITHBIN Tapanokc. BoT oH.
Puosor A BeIIBHHYI TUIOTE3Y: BCe BOPOHEI 4épHBIie. P poBepss e€, oH BhIIIeN
BO JBOp 1 OGHApPYXKUJI Ha gepeBe BopoHy. OHa okazaqaock 4épHoil. Bpoje 6w
vV HeT'o eCTh OCHOBAaHUS PaloBaThCA — THUNOTe3a MOITBepx AaeTcd. Puoxor P
nepedOPMYATPOBAT TUNOTE3Y TakK: BCe He-UEpHBLIE MpeAMeThl — He BOPOHEI
(IpnMeHNB Hallle MPAaBUIO KOHTPANO3NINN) W He CTal BHIXOINTH BO IBOP,
a OTKPBLI XOJOJWAbHUK U HAIIEa TaM OpaHKeBh npeiamer. OH oKazaJcs
anejbCUHOM, a He BopoHou. Puosor P obpamoBajcs — runoresa moaTBep-
Kpaercs — u nozorua 6uogaory A. Tor ymubiasercss — y Hero Toxe ecThb
anefbCiH B XOJOMUAbHUKE, HO ¢ €r0 TOYKH 3peHns HUKAKOrO OTHOLIeHud K
ero runoTese anelbCuH He MMeeT. ..

Pociennee (1 oveBHHOE) MPABIJIO HA3BIBAETCA CHAMUEM J601H020 OM-
PUYAHUA.

3ATAYA 2. Pepeducientbie >KBHBAJEHTHOCTH COOTBETCTBYIOT PaBEHCT-
BaM JIIs MHOYKECTB: HalpuMep, nepBas rapantupyet, uto PNQ = QNP gas
J06EX MHOXKecTB P u (). Kakue yTBepkKIeHHS COOTBETCTBYIOT OCTAJIbHBIM
DKBUBAJEHTHOCTAM?

3A0A4YA 3. JIBe popmy.sl, comepKaliie TOJbKO MepeMeHHbIe W CBABKH A,
V # -, DKBUBaJeHTHE. /lokaknTe, 9TO OHW OCTAHYTCA DKBUBAJICHTHBIME, €CIN
BCIOJIY 3aMeHNTH A Ha V W HaoOOpoOT.

3aMeTnM, 9TO JajJeKo He BCe TaBTOJOIHH MMEIOT ACHBIN WHTYHTHBHLIH
cmpica. Panpnvep, ¢popmyaa (p — ¢) V (¢ — p) sBasercs TaBTosoruen (ecian
OJIHO U3 YTBEepPKAeHUI P U ¢ JOXKHO, TO U3 HEro CAeayeT BCE, ITO YI'OJHO; eCan
06a UCTHHHEL, TO TeM GoJee (pOpMyJIa HCTHHHA), XOTSA U OTYACTH TPOTHBOPE-
9UT Hallell MHTYHIHH — N0YeMy, COGCTBEHHO, H3 JBYX HHKAK He CBA3aHHBIX
YyTBepx el oJHOo Baeder gpyroe? Emeé 6oiee 3ara1o09Ha TaBTOJOT IS

(p—=q)—p —p

(XOTH €€ HUYero He CTOUT IIpoBepuThL C IIOMOIIBIO Ta6JII/IH I/ICTI/IHHOCTI/I).

OTCTYNJIEHUE O MOJb3E CKOBOK. Pa caMoM fejie Hallll paccyK TeHus
COepXKaT Cepbe3HbIl mpoben. YToOb 00HAPYKUTL e€ro, 3alaluM cebe Bo-
IpoC: 3aveM HYXKHBI CKOOKH B (opmyaax? PpemcraBum cebe, 4T0 Mbl H3Me-
HUM OmpejejeHue (pOpMyJibl, i 6ya1eM roBopuTh, 4To PAQ u PV () aBiswoTcs
opmyaamu jgas aw06bix P u (. OcranyTcs Ju HAlll PAcCyzKjeHus B cuie?

Jlerko TOHATEL, YTO MBI CTOAKHEMCS ¢ TPYAHOCTBIO TIPH ONpefeqeHnn Gyae-
BOU (DYHKIHH, COOTBETCTBYIOIIeN popMmyae. B aToM onpeeneHnn Mbl MOACTa-
BJASJIN HYJU ¥ €IUHUIBI Ha MeCTO NepeMeHHbIX U 3aTeM BbIMUCIAAN 3HAYeHNe
GOPMYJIHI ¢ TOMOIIBIO TAOANT HCTHHHOCTH MJA CBA30K. PO Temepnb, KoTaa MEH
N3MeHWIN OlipeleneHne (GOpMyJasl, popMyaa p A gV r MoxKeT ObIThH MOJYIEHA
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AByMs croco0aMu — u3 (PopMya pA g U r ¢ TOMOIIbIO onepaunn V u u3 (pop-
MyJa p u ¢V r ¢ noMolkio onepanuu A. PTu gBa ToakoBaHUS TaJyT Pa3HBIM
pe3yabTaT NpHu NONBITKEe BHIYUCIUTH 3HadeHue 0 AQV 1.

W3 ckazannoro sicHo, 9To CKOOKH HYXKHBI, YTOOHK TapaHTHPOBATH OTHO-
3HATHOCTDL CHHTAKCHIeCKOT0 pazbopa popmyanl. TodHee roBops, BepHO TaKoe
VTBepkKIeHne:

TEOPEMA 2 (OJHO3HAYHOCTEL PA3BOPA). [Iponosuyuonaisnas gopuy-
A, HE AEARIOWAAC NEPEMENHOT, MONHCEM BLIMb NPEJCMaAs.AENa POSHO 6 00-
nom uz mpér eudos (AN B), (AV B) uau ~A, ede A u B — nexomopuvie
gopuy.avt, npuuén A u B (6 nepevix deyr cayuair) 60Ccmana6Au6aOMCs
00HO3HAUNO.

JTOKABATEJIBCTBO. DopMaabHoe JOKa3aTeIhCTBO MOXKHO MPOBECTN TakK:
oNpeIeJuM MOHATHE CKOOOUHO20 UMO2¢ KAK PABHUIE MEXKTY YHCIOM OTKPHI-
BAIOIINXCSA U 3akphiBatouiuxcs ckobok. MHaykinen no nocrpoenunio (GopMyJabt
JerkKo MoKas3aTh TAaKYylO JeMMY:

CkoGouHbIll uTOr J10601 (PopMyJibl paBet Hydto. CKOGOYHBIN HTOT
J1060T0 Hadata GOPMYIE HEOTPHUTIATENEH U paBeH HYTI0, JNITh €Can
HTO HATAJI0 COBMATaeT cO Bcel (PpOpPMYJIOH, MyCTO WIH COCTOUT W3
OJHUX CHMBOJOB OTPHIIAHTS.

CroBa «<MHIYKIHEH 110 TOCTPOeHNIoy 3Ha9aT BOT ITO: MBI IIpOBepAeM HHTepe-
cylolllee HaC yTBep:KieHne s MepeMeHHbIX, a TakyKe JOKa3bIBaeM, 9TO ecau
OHO BepHO i GopMya A u B, To ono BeprO u mias (popuya (AA B), (AV B)
u —A.

Pociae Toro kak JeMMa JokaszaHa, pazbop pOpMYJIbl MPOBOIUTCA TaK: €CAN
OHa HAYMHAETCHA ¢ OTPUIAHUA, TO MOKET ObITH 0O6pa3oBaHa JHIIb MO TPEThe-
My mpaBuay. Eciu ke oHa HadnHaeTCs Co CKOOKH, TO HaJ0 CKOOKY YIaJUTh,
a MOTOM HCKaTh HadaJo, nMeollee HyJeBOl CKOGOYHBIN nTor. Takoe Havalo
emnHCTBeHHO. (PTO Jerko nmpoBepnTsh, ucnonbsys gemmy.) Tem cambim dop-
MyJIa pas3bupaeTcs OHO3HAYHO.

B nanpmeiiniem mbl 6yjieM ONyCcKaTh CKOOKH, ecau OHE JHGO He HIpaloT
poan (HampuMep, MOKHO HAINCATHh KOHBIOHKINIO TPEX UJIEHOB, He YKAa3bIBas
NOPSATOK TEHCTBHI B CIIY aCCONMATHBHOCTH), NGO SCHBI N3 KOHTEKCTA.

3Aa1A4A 4. Poabckuit gorux JykaceBud npepraran o6xoquTbes 6€3 CKo-
60K, 3aliCHBadg B (POPMY.IaX CHAYAIA 3HAK ONEpAlNi, a TOTOM OlepaHHl (6e3
npo6eroB u pasgerutenei). Panpumep, (a +b) X (c+ (d X €)) B ero o6o3na-
HeHHAX BAlUIIeTCs Kak X + ab + ¢ X de. Pry 3anuch emié maselBaloT no.b-
ckoti 3anuceio. O6paTHas MONbCKas 3AlICh OTIXIACTCS OT HEe TeM, YTO 3HAK
omepannn LIET HOcIe olepaHfoB. PokaxknTe, 4T0 B 000X CIydasX MOPSIOK
IelCTBIH BOCCTAHABINBACTCS OLHO3HATHO.
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2. IIOJHBIE CUCTEMEI CBA30K

PaccmaTpuBaemas HaMu CHCTeMa MPONO3HIHOHATBHEIX CBA30K (A, V, )
NOAHG B CJAeYIOLIeM CMbICJe:

TeEoPEMA 3 (ITOTHOTA CUCTEMBL V, A, ). Jhobas 6yiesa gynryus om
N apeyMeNMos Moxcem Obimb ANUCAHA 6 6UdE NPONOIUYUOHAABHOU PHop-
MYADL.

JOKA3BATEABLCTBO. Ppotie Bcero noscHuThL 3T0 Ha TpuMepe. PycTh, Ha-
npumep, 6yaeBa yHkuus ¢(p,q, r) 3agana Tadannen 4.

plalr|epar)
0(0]0 1
001 0
0l1]0 0 (mpA=gA-T) v
011 1 V(=pAN gAT )V
Lpopor o V(pA gAT)
1101 0
1{1]0 0
111 1

Tabéia. 4. Tabuauia 3naqgennii 6yaeBoil GYHKIIME H 3ajaforas eé hopmy.ra

B rabanie ecTh Tpu CTPOKH € eINHUNAMI B IPABOH KOJIOHKe — TPH CIy-
dasd, Korga OyaeBa pyHKuus HCTHHHA (paBHa 1). Pamnimem Tpn KOHBIOHKINH,
KaKJasd U3 KOTODHIX HOKPLIBaeT OINH CIydall (a B OCTAJIbHBEIX CTPOKAX JOK-
Ha), Il COeINHNM X AU3BIOHKIHeN. Py:kuas popMy/Ia HOCTpOeHa.

flcno, 4TO aHatOrMUHAS KOHCTPYKINS IPHMEHHMa M 1A JTI000H TabIHIbL
(7 ¢ M0GBIM YHCIOM TTePEeMEHHBIX ).

Mlns gopmya nogobHOTO BHAA eCTh cliellaJbHoe Ha3BaHme: (POPMYIHL B
duavionkmuenot nopmaabrot Gopme. Poree mogapobuo: aumepaiom HaBHI-
BaeTCsl MepeMeHHass WA OTpUIaHUWE [MepeMeHHOU, KOHBIOHKMOM Ha3bIBaeT-
¢l TMPOU3BOJbHAS KOHBIOHKINS JHTEPAIOB, a TUIbIOHKTUBHOW HOPMAaJbHOU
(hopMOU HazbIBaeTCs MU3BIOHKIUA KOHBIOHKTOB. B Halllem ciaydae B KaK bl
KOH'BIOHKT BXOJUT N IHTePAToB (IjIe n — 9IHCIO MePEeMeHHBIX ), & IHCI0 KOHb-
IOHKTOB PaBHO YHCJIO CTPOK € €IMHAIAMA I MOYKET MEeHSAThCA OT Hy s (Tora,
npaBJa, ToaydaeTcs He cOBceM (POpMyaa, a «IycTad MU3BIOHKINAY, I €€ MOXK-
HO 3aMEeHNTH KaKOW-HUOYIb BCerjga JOXKHOH GopMyJson Tuma p A —p) mo 2"
(ecam GyneBa (PYHKINSA BCEra HCTHHHA).

3ATAYA 5. JliuHa MOCTPOEHHOU B MOKa3aTelbCTBe TeopeMbl 3 (pOPMYIbI
BABUCUT OT YHCJIa eTUHUIL: (popMyaa 6y IeT KOPOTKOU, eCau efUHUI] B Tabauie
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MaJo. A Kak HANNCATh (CPABHATEIBHO) KOPOTKYIO (POPMYILY, €Cn B TaOJIuIe
MaJio HyJell, a B OCHOBHOM e[HHUIEIT

HNHorga uCHONB3yeTCs KOHDIOHKMUSHAL HOPMAABHASL POpMa, KOTODas
TpeICTaBIseT COO0N KOHBIOHKINIO Ju3BIOHKMO6, KaK AN W3 KOTOPHX CO-
CTOUT W3 JUTEPaAJOB, CBABAHHLIX MU3BIOHKIUAME. TeopeMy 3 MOXKHO Telephb
VCUINTH TaK:

TEOPEMA 4. Bceaxas 6yaesa @ynrxuyus moscem Ovimb evipadcena Gopmy-
A0t, Harodauelics 6 JU3BIOHKMUSHOT HopMatbiol dopme, a makdice Gopmy-
40T, HATOJAUWETCA 6 KOHDIONKMUSHOT HOPMAAbHOTU Popme.

JOKA3BATEALCTBO. PepBas qacTh yTBep:K IeHHsS VKe ToKazaHa. BTopyro
YaCTh MOXKHO OKa3aTh aHAJOTHYHO TIEPBOI, HA MO TONBKO LIS KayK IOU CTPOKH
¢ HYJEM HAMUCATH TOAXOMSIIHE TH3BIOHKT.

Mo2KHO TaK:Ke TPefcTaBuTh PYHKIHIO ¢ B TU3BIOHKTUBHON HOPMaJbHOM
(opMe, a 3aTeM BOCIONB30BaThCs NpaBmiaMu jge MopraHna, 9ToOb BHeCTH
OTpHIIAHNE BHYTDb.

3ATAYA 6. PpoBenuTe Bropoil BApHAHT pacCyKIeHus MOAPOGHO.

Boo6ie rosops, omnpejenerie Mu3bOHKTHBHOW HOPMaJbHOU (POPMBI He
TpebyeTr, 9TOOH B KaikK/IOM KOHBIOHKTe (I JU3BIOHKTE) BCTPEYalnch BCe
nepemenuble. (PoBTOPATH MepeMenHy0 GOJbIIE OMHOTO Pa3a CMBICAA HET; €C-
an, HanpuMep, popMyJa n eé oTpUIlanne BXOAAT B OMHY KOHBIOHKIIHIO, TO 3Ta
KOHBIOHKINSA BCETJa JOKHA I €€ MOKHO BEIOPOCHTH. )

3ANAYA 7. PpuBenure npumep 6y/ieBoil (pyHKIUU OT 7 apryMeHTOB, ¥
KOTOpOU Jt06ast TU3bIOHKTHBHAA I KOHBIOHKTHBHAS HOpMaJdbHast PopMa CO-
TepyKUT JUIIb 9IeHbl IINHBL . (YKa3aHue: pacCMOTPHTe (PYHKINIO, KOTOpasd
MeHSeT CBOE 3HaYeHNe NPH M3MeHeHUN 3HAaYeHNs 060N MepeMenHON. )

SaMeTI/IM7 9TO Ipu JO0Ka3aTelbCTBe TeOpeMEL 3 MBI OOOILINCEH 663 UMILIN-
Kalllnn. Prou e YOAUBUTEABHO, TaK KaK OHa BbhIpazKaeTCs depe3 TU3BIOHKINIO
1 oTpulaHune:

(r—q) < (-pVa)
(mpoBepbTe!). Boobie-To MBI MODIN 6Bl OGOHTHCH TOJBKO KOHBIOHKIHEH I
OTpI/IHaHI/IeM7 TaK KaK
(pVaq) < —(=pA-q),
NJn TOJBKO r[[I/I3’I)IOHKHI/IGI(/JI n OTpI/IHaHI/IeM7 TaK KaKk

(pNq) < =(=pV-q),
(068 DKBUBaJEHTHOCTHN BBITEKalOT N3 3aKOHOB e MopFaHa; X JerkKo HpO—
BEpUTH W HemocpencTBeHHO). MOXKHO cKa3aTh, 9TO CHCTEMa CBA30K A, -, a
TaKzKe cucTeMa CBA30K \/7 -1 ABJAAIOTCA NOJAHBIMU. (PO OHpe,[[eJIeHI/IIO 2TO O3Ha-
9aeT, 9YTO ¢ UX MOMOIIBI0 MOXKHO 3aINCATh J00YI0 OyJIeBY (PyHKIHIO).
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3A1A49A 8. JlokaxuTe, 9TO CHCTEMA CBA30K —, — MOJHA. (YKazaHme: Kak
3aMNCaTh 9epe3 HIX AN3bIOHKIHNIO?)

A Bot 6e3 oTpunanus o6ouTHCh Heab3d. CucreMa CBI30K A, V,— HeNoJ-
Ha — U 110 OYeHb IPOCTOM NPUYHHE: eCJIH BCe epeMeHHble HCTUHHBL, TO J00asd
NX KOMOWHAINUS, COJepKallas TONbKO YKa3aHHbIe ¢BA3Kd, ncTunaa. (Kak ro-
BOPSAT, BCE DTH CBA3KH (COXPAHAIOT €JNHIILYY.)

3AMAYA 9. Jlerko mMOHATDH, 9TO JA00asd POpMyaa, COCTaBIEHHAS TOABLKO C
MOMOIIBIO CBA30K A 1 V, 3a1aéT MOHOTOHHYIO 6y/1eBy (PYHKINIO (B TOM CMBI-
cjle, 9TO OT YBeAndeHns 3HAYeHnd JI060r0 I3 apryMenToB 3HavYenne (pyHKInn
MOYKeT TOJBKO BO3PACTH — HJIN OCTAThCA MpexHnM). Pokaxknre, 4To podas
MOHOTOHHAA Oy/IeBa PYHKIUI MOXKET OLIThL BEIpayKeHa (POPMYJIOH, colepiKa-
1Iedl TOJbKO A I V.

3A0A4YA 10. Pyers ¢ — 3 — TaBroaorus. Poxaxure, 4T0 HaligéTcs
opmyaa T, KoTopas BKIIOTaeT B cebs TONHKO 06Ie M ¢ 0 i) TepeMeHHbe,
JUISE KOTOPON (POPMYJIBI ¢ — T U T — 1 siBasorcs Taprodorusvu. (Pomee
o6INT BaprmaHT HTOTO YTBEPKICHUS, B KOTOPOM (POPMYIHI GepyTCs B A3HIKE
NepBOTO MOpsIKa, Has3biBaeTcs demMon Kpeira.)

B mpunmnumne MbI He 06A3aHE OTPAHUINBATHCA T€THIPbMSA PACCMOTPEHHBI-
MU cBa3kaMu. Jliobas 6yiaeBa PpyHKINA MOXKeT UTpaTh poab cBA3ku. Pampn-
Mep, MOYKHO paccMOTpeTh CBA3KY (p notand ¢), 3a1aBaeMyio SKBHBAJEHTHO-
CThIO

(p notand ¢) < —(pAgq)

(croBamm: (p notand ¢) JOKHO, JUIIb €CAN P W ¢ UCTHHHBL). epe3 Heé BBI-
pazkaeTcs oTpuuanue (p notand p), Mocie 4ero MOKHO BEIPA3NTh KOHBIOHK-
07O, a 3aTeM, KaK MBI 3HaeM, I BOOOIIe J00yI0 GYHKINO. (SHAKOMBIE C TH-
(DPOBLIME JOMMYECKIME CXeMaMt MaJoro yPOBHS HHTErpaluil XOPOIo 3HaKO-
MBI C DTHM YTBepK IeHHeM: [0CTaTO9HOo 60abliol 3anac cxem U-PE nossossier
peann30BaTh A0y TpebyeMyo 3aBHCHMOCTH BHIXOTa OT BXOJOB.)

[pyras nHTepecHas MOJHAS CHCTeMa CBA3B0K — DTO CJIOKEeHHe M0 MOIY-
J10 2, KOHBIOHKINSA I KOHCTaHTa 1 (KOTOPYI MOXKHO cYuTaTh 0-apHON CBs3-
KOIl, 33 Jafoliell (PYHKINIO OT HYJf apryMeHTOB).

PazoBém Monomom KOWBIOHKINIO JTIOO0rN0 HaGopa MepeMeHHbIX WA KOH-
cTaHTy 1 (KOTOPYIO €CTECTBEHHO pAacCMaTpPHBATh Kak KOHBIOHKINIO HYJS Te-
peMeHHBIX). Pa3Banne 5TO ecTeCTBEHHO, TaK KaK IPH HANINX COTJIAIIEHUAX
(1 — mcrnua, 0 — J10XKb) KOHBIOHKINS COOTBETCTBYET YMHOKEHUIO.

PazoBém noaunomom CymMMy TakKnx MOHOMOB IO MOy 2 (3TO 3HAYMT,
110 04+0=0,0+1=140=1ul+1= 0). AcHo, 9T0 ABa MOBTOPAIONINXCS
MOHOMa MOYKHO COKDATHTH (Belb CIOXKEHHe MO MOV 2), Tak 4TO OygeMm
paccMaTpUBaTh TOJNLKO MOJHHOMBI 63 MOBTOPAIOMINXCA MOHOMOB. P pu oToM,
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ecTeCTBeHHO, IOPpAIJOK YJeHOB B MOHOME€ W IIOPpAJOK MOHOMOB B IIOJMHOME
HecylleCTBeH, X MOzKHO IlepeCTaBJsATh.

TEOPEMA 5 (HOJMMHOMBI ZKETANIKUHA ). Beaxas 6yaesa dymwkyus o0-
HO3HAYUHO npeé’cma@mzemc;z NOAUHOMOM YKASAHHO20 6u07a.

JTOKABATEJIBCTBO. YTOOH MoKa3aTh CYyIIeCTBOBaHNE NCKOMOTO TIOJAHO-
Ma, MOXKHO COCIATbCS Ha M3BECTHOEe W3 airedpbl yTBep:KAeHUe, YTO BCAKad
(QYHKIHS ¢ apryMeHTaMH U3 KOHEYHOrO NoJs (B JaHHOM Clydae 3TO JIBYX-
SJIeMEHTHOe TOJe BBYeTOB MO MOV 2) 3amaércs moamHoMoMm. PpaBia, B
aarebpe MoHATHe MofmHOMa Gojee obIlee, paspelleHbl cTemenn. Po »To He
BaxKHO, TaK KaK NepeMeHHble NMPUHUMAIOT Julllb 3Hadenus 0 u 1 u nmoTomy
CTeleHn POJiU He UT'PAIOT.

Jlanee MOXHO 3aMeTHTh, ITO TOJNHOMOB CTOJILKO JKe, CKOTbKO GYIeBBIX
dyrKnui, a mvenno 22 . B camoM jele, 6yieBa (pyHKINA MOXKeT TPHHUMATE
Jioboe U3 IBYX BHaYEeHUN B Kaxjgou uz 27 Todex OyaeBa KyGa B, a MHOrO-
qIeH MOXKeT BKJI0YaTh MIW He BKIIOYATh J060n u3 2" MonomoB. (MoHOMOB
CTOJNBKO, TOTOMY YTO KayKJI0U MOHOM BKJIOYAeT HJIH He BKJIIOYAeT JI00YI0 U3
n TmepeMeHHBIX.) PosToMy m36bITKa MOJNNHOMOB HET, I eCau J1o6as PyHKINS
npeicTaBUMa MOJUHOMOM, TO e IMHCTBEHHBIM 0O6pa3oM.

Moxk#o n #He ccrnaThbes Ha CBelleHNs U3 aare6phl, a 1aTh ABHYIO KOHCTPYK-
nuio. Pro ynobho caenars nHgyKiuedn mo n. PycTs Mbl yiKe yMeeM npencTa-
BAATH A1006y10 6yJeBY PyHKINIO OT 7 — 1 apryMeHTOB ¢ MOMOIIbIO TOJMHOMA.
Torma ¢(p1,. .., pn) MOKHO IPEICTABATH KaK

So(plv .. 7pn) :99(07])27 .. 7pn) +
+ [9‘9(07])27 B 7pn) + 9‘9(171)27 B 7Pn)]P1

(mpoBepbTe, 9TO BCE cxonuTes). OcTaéTes 3aMeTHTh, 9TO MPABYIO 9aCTh MOK-
HO MpeACcTaBUTh MOAMHOMOM MO NPeJNoN0KeHNI0 UHIYKINN.

Jlas emMHCTBEHHOCTH TakKXKe ecTh IPYroe MOKa3aTedbCcTBO: MYCTH B
MHOTO4/IeHa paBHBL. Torga nx cyMMa (WIn pa3HOCTb — BBIYHCJAEHHS TPONCXO-
JAT MO MOIYJIO 2) SBAAETCA HEHYJIeBBIM MHOTOWIEHOM (CONEPKHUT KaKHe-TO
MOHOMBI), HO TOXK/TECTBEHHO paBHA HyJX0. Tak He GbIBaeT, I 3TO JETKO [O-
Ka3aTh M0 WHAyKOnH. B camoMm gerne, moboin MaOTOUIeH A(p1, ..., Py) MOKHO
npeicTaBUTh B BUIE

A(p17"'7pn) — B(p?v--an)+p10(p27"'7pn)7

rie B u ' — MHOT'OWIEHBI OT MEHbINIEro YHCaa HepeMeHHbiX. Pojgcraisis
cHadagaa p; = 0, a zatem p; = 1, ybexkgaemcs, 4To MHOrowienbl B u C' pas-
HBI HYJIO BO BCEX TOYKAX, Ml MOTOMY (COTVIACHO MPEINONOKEHHIO HHIYKINHN)
PaBHBI HYJIIO Kak MHOTOWIEHBI (He COfepKaT MOHOMOB).

3A0AYA 11. PazoBém myabmuiunetinoti GyHKIHeH TONUHOM OT N Iepe-
MEHHBIX, B KOTOPOM BCe ToKa3aTelqn creneneil paBabl n6o 0, anbo 1. (Taxmm
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006pa3oM, KaxK bl MOHOM B Hell eCTh Ipou3BefeHune KOdPPUINEHTa U HEKO-
TOPOTO Habopa HepeMeHHBIX Oe3 moBTopeHni). Pycrs F — mpomsBoiabHOe
noxe. Pynem paccmarpuBarh B = {0, 1} xax nogmuoxkectBo F. /lokaxnTe,
410 BesKas 6yaeBa pyukuus B* — B ogHO3HAYHO NPOLOMKAETCH 10 MYJbTH-
JuHenHoW pyHknun F* — F, u Ko3p@uiuueHTH B MYJbTHINHENHOW (DYHKIUE
OyIyT TeJbIMU.

Ecan paccmaTpuBaTh Npou3BodbHLIE 6YJIeBH (PYHKINN B KadecTBe CBA3OK,
BOZHUKAET BOMPOC: B KAKOM CJAydae oHi 00pa3yioT noiHbi 6azuc? OTBeT naeT
cJelylollas TeopeMa.

TeEOPEMA 6 (KPUTEPHI [locTA). Iabop oyaesvir dynryui mozda u
MOAbKO MOo2da A6ALEMCA NOANBLM (MO 3Hauum, wmo wobas 6yseea Pyn-
KYUus NPeICMasAAEMCcas 6 6UJE UT KOMNOIUYUU, TN. €. 3ANUCHIGAEMCA 6 6UJE
Popmy.avi, ede ceazramu cayxcam Gynkyuu nabopa), Koeda on He codepircum-
CA HU 6 00HOM U3 MAMU (MPEINOAHBIT KAACCOE)

> MOHOMOHHDIE PYHKYUU;

> PYHKYUY, COTPAHAIOUUE HYAb;

> dynkyuy, corpansoujue eQuHuYy;
> aunetinble Gyrryuy;

> camodeoticmeennubie HyrryuL.

(Pyukuus f MoHOMONKG, €CIN OHA MOHOTOHHO HeyOhIBaeT MO KayKIOMY W3
cBoux aprymenToB. Dyukuns f corpansem wnyav/edunuyy, ecau f(0,...,0) =
= 0 (coorBercrBenno f(1,...,1) =1). Oynkuns f auneiina, ecin oHa Tpem-
CcTaBUMa MHOTOYJIEHOM, B KOTOPOM BCe MOHOMBI COjep:KaT He Gojee OJHOM
nepeMennoil. Pakonen, ¢pyukuus f HaszblBaeTCAa camod6oticmeennot, ecan

f(l—ph...,l—pn):1_f(p17---7pn)-)

Ecan Ha60p COIepPXKUTCA B OTHOM H3 KJaCCOB, TO U BCe KOMIIO3NINN TaK-
JKe He BLIXOIAT 3a IIpeleJbl 3TOI'0 KJaacCCa (JIQFKO IIpoBepuThb s KazKAoI'o
3 KJacCcOB B OT,Z[GJIBHOCTI/I) n IIOSTOMY Ha60p He ABJdeTCs IIOJHBbIM. ﬂOKaSa—
TeJbCTBO O6paTHOFO yTIBepxKIeHns1 onyCcTuM (‘H/ITaTeJIb MOzKeT HOHpO6OBaTb
ITOKa3aTh ero CaMOCTOHTeJIbHO).

3. CXEMBI U3 ®YHKINOHAJIBHBIX 2JIEMEHTOB

DopMyIBl IPeJCTABIAIOT COOON CHOCO6 3alncH KOMIOBUIHMH (DYHKIHIL.
Panpumep, ecin MBI cHavagda IpuMeHseM (QYHKOUIO f, a MIOTOM (PYHKIHIO ¢,
5TO MOXKHO 3anncaTh Qpopmyaoi ¢(f(z)). Po ectb n apyron cmoco6: MOKHO
1306pa3uTh KakAyio (PyHKIHIO B BUAe IPAMOYTOIbHIKA C (BXOIOM) M (BBIXO-
JTOM» ¥ COeIUHUTH BHIXOH (PYHKIUN f co BXogoM GyHKuuN ¢ (puc. 1).
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f g g(f(z))

Puc. 1. /IBa cnocoba n306pa3nTh KOMIO3HITHIO

Takoe npeacTaBIeHue OTHIONHL He ABISETCA TUCTO TeopeTHdecKnM. B Te-
YeHNe HeCKOAbKHUX JeCATKOB JeT DJeKTPOHHAS IPOMBIILICHHOCTh BBIIYCKaeT
MHUKPOCXeMbl, KOTOpPhIe BBLIIOAHAIOT JJOTHYecKe onepanun. Takas MIKpPOCXe-
Ma IMeeT dAeKTphHIecKne KOHTAKTHI, HallpAkeHne Ha KOTOPBIX KOIUpyeT JIo-
rudeckne 3Havenns W u JI. KonkpeTHoe Hanps:KeHme 3aBHCAT OT THIA CXe-
MbI, HO OOGLIYHO BTO eIMHUIBI BOABT, H BBHICOKHI MOTEHINAl (OTHOCHTENLHO
3a3eMIEHNs) CINTACTCS eNuHNIel, a HU3KUIT — HYJIEM.

O/HOl U3 THNNYHBIX cXeM siBisercs cxema U-PE, ona nmeer g1Ba Bxoga n
onni Buixon. CHrHal Ha BbIXOJe ABASETCA OTpUIaHNeM KOHBIOHKIUH CHT'Ha-
JOB Ha BxoJje. /I pyruMu c1oBaMu, Ha BBIXOe NOSBAAETCA BLICOKII MOTeHITal
(curuaq 1) Torga u TOJBKO TOTa, KOTAa Ha OMHOM U3 BXOTOB IOTEHIMAT HI3-
kuit (0). U3 Takon cxemsbl jerko noayauThb cxemy PE (nm3mensionryio ypoBenn
CHUTHAJA Ha MPOTHBOMOJOKHBIN), COETNHUB TPOBOIOM [Ba BXoxa. Ppu sToMm
Ha o6a BXOJa MOCTYIaeT OJHH I TOT yKe CUTHaJ, U omnepauus 1l ero me me-
usger (p A p = p), a PE menser ma nporuBonosoxubi. B3siB nBa sremenTa
I ICIONB3YS BTOPOH M3 HHUX B KadecTBe aleMenTa PE, mengromero curnar c
BLIXO/Ia IIEPBOI'O DJAEMeHTa, MOoJy9aeM CXeMy, KOTopas peaqusyeT (PyHKIIIO
. A ecim nocraBuTh ABa daemenTa PE mepen xaskabiM 13 BXOZOB dIeMeHTa
N-PE, noxy4aum cxemy, peannsytormyio pyaxunio WIN: =(-pA—g) < (pV¢q).

Teopema 3 0 MOJMHOTE CHCTEMBI CBABOK Telneph TapaHTHPYET, 9TO JI00YI0
GyaeBy (PYHKIHMIO MOXKHO peaqn3oBaTh B BHJe cxeMbl. Pajgo mMersh B BHIY,
O/THAKO, 9TO MpejiaraeMas B 6 [oKa3aTelbCTBe KOHCTPYKIHSA (U3 hIOHKTHB-
Hasi HOpMadbHas popMa) HMeeT CKOpee TeopeTHIecKHil HHTePec, MOCKOJIbKY
IPHBOAUT K cXeMaM OYeHb OOJBIIOr0 pazMepa Aazke A18 MPOCTLIX (PYHKIII
(ecam 4mCIO apryMeHTOB Beanko). Panpnmep, cxema, cpaBHEBaoImas 1Ba 16-
OUTOBBIX YHCAa, JOJKHA IMEeTh 32 BXOAa I TODTOMY B €€ PeaJu3alii ¢ TOMO-
IbI0 U3 HIOHKTHBHON HOPMAJIbHON (GOpMHL 6yJeT nopaika 232 51eMeHToB —
970 Magdo peaibHo. (MeXTy TeM Takyio cxeMy MOKHO MOCTPOHTH TOPa3 o
npolie, U3 HECKOJbKHX COTEH JIeMeHTOB. )

PosToMy Bompoc 0 TOM, CKOIBKO 2/1eMeHTOB HYZKHO [As pealu3alin TOoll
ILIM MHOH (PYHKIMHI, IIpeJcTaBafeT GOMbIION HHTepec — KaK IMpaKTHIecKui,
Tak u Ppurocopekui. (OmHa 13 HUeHTPaATbHBIX TPOGIEM MaTeMaTHKI I HH(POP-
MaTHKH, TaK HazbiBaeMas «IpobjeMa nepebopay, MOKeT OBITH C(POPMYINPO-
BaHa B DTHX TePMHHAX.)
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Mei celivac gaaum Gojee (pOpMAIbHOE ONpefeNeHe CXeMBI i Peal3yeMoi
eto 6yJeBoil (pyHKIuK. Po npex e Bcero oTBeTUM Ha TAKOU BOIPOC — MOYEMY
MbI BoOGIIe ToOBOpUM O cxeMax?! Beinb MOXKHO 3alicaTh KOMIOBUIHIO OYJIeBbIX
(yHKIUE B BUAe (POPMYJBI, He OYAeT Ju DTO TO XKe camoe?

Oxa3bIBaeTCs, He COBCEM, I Pa3HUIy Jerko BIIeTh Ha mnpuMepe (puc. 2).

g1

f h = Ma1(f(2)); 92(f(2)))

92

Puc. 2. DiaemenT BXOAUT B (DOPMY.ITY ABAIK b

31ech OMUH I TOT Ke dIeMeHT cxeMbl (f) IpUXomuTCs yKa3biBaTh B GOp-
MyJe IBazKJbl, TOCKOJAbKY €I'0 BbIXOJ HCIOJAb3yeTcs B KavecTBe BXOJa MBYX
Ipyrux saeMeHTOB. CxeMbl, B KOTOPHIX TaKOI'O BeTBIEHHS HeT (Ha MPaKTH-
Ke OHO BIIOJIHE BO3MOXKHO, XOTS W OPPaHHYEHO «HAT'PY30YHOH CHOCOOHOCTBIO
BBIXO/[a», KaK TOBOPAT WHYKEHEPHI), Kak pa3 M COOTBETCTBYIOT (DOPMYJIaM.
Po B obiem cayyae (opMmyaa MoxKeT OBITH MJIHHHOW, MayKe eClu CXeMa CO-
IePKUT HEeOOMBIIOe YHCIO BJIEMEHTOB, MOCKOIBKY YHCIO KOMUI MOXKeT pacTi
DKCIMIOHEHUNAJIBHO ¢ POCTOM TIYOUHBI CXeMBbl.

XoTsa uges o6pa3oBaHud cXeMBl U3 (PYHKINOHAJTLHEIX DIEMEHTOB, pPean-
3yolnx OyJeBbl (PYHKIWHU, TOCTATOYHO HaIvifglHA, TajfumM Oojgee (opMalb-
HOe omnpelenenne. PycTh nMeeTcs n OYJIeBHX TepeMEHHBIX Z1,...,T,, Ha-
B3BIBAEMBIX 6r0odamu. PycTh Takxke mMmeeTcs HEKOTOPOEe THCIO TepeMeHHBIX
Y1, .-, Ym, HABBIBAEMBIX Nposodnurami. PycTh MIIsS KaKIoTo TPOBOTHUKA
CXeMHI 3aJaHa 6yneBa PYHKINA U3 HEKOTOPOT'O MHOXKeCTBa B, BhIpaxKaiolas
ero 3HavYeHne Yepe3 Tpyrue TPOBOMHUKN W BXOAH. Ppu aToM TpebyeTes, 9To-
6bl He OLLIO HUKIOB (KOT[a Y; 3aBHCHT OT ¥;, KOTOPOE 3aBHCHT OT Y, ...,
KOTOpO€ 3aBHCHT OT y;). PycTh, KpoMe TOTO, cpenu NPOBOIHNKOB BHIIENEH
OJIMH, Ha3bIBaeMBIN 6bizodom. B TakoMm ciaydae ToBOpAT, 9TO 3afaHa crema
pazmepa m u3 GyHKyuOHabHLIE daemenmos 6 6azuce B ¢ n Bxomamu. (C
TOYKYU 3PEHUs WHXKeHepa pasMep — 3TO HHUCJA0 HCIOJb30BAHHBIX 3JeMeHTOB,
a 6asnc B — 5TO acCOPTHMEHT TOCTYNHBIX €My DJIeMeHTOB.)

OrcyTeTBie HUKJIOB TapaHTUPYET, 9TO eCTh ITPOBOTHUK, 3aABUCSAIIIUN TOJb-
KO OT BXOJOB (MHAdYe MOMKHO OBLIO ObI MPHATH K IHUKIY: BO3bMEM KaKOI-
TO TPOBOJHUK, 3aTeM BO3bMEM TOT TPOBOJTHUK, OT KOTOPOTO OH 3aBHUCHT,
n T.1.). Ero 3nadenne, TaknM 06pazoM, O THOBHATHO ONpEeseTCs CHIHATA-
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MH Ha BXOITaX. Cpe/m OCTaBHINXCA IIPOBOIHUKOB TaKzKe HeT IHKJaa, IIO3TOMY
MOXKHO HalTH OOUH N3 HUX, SaBI/ICHIHI/IfI TOJBKO OT y2Ke N3BeCTHLIX, I OIIpe-
IeJITh ero 3Ha'deHue. PepeHyMepOBaB IIPOBOIHNKN B TaKOM IIOpsAdKe, MBbI
MOZKeM 3allucaTh IIOCJAeJ0BaTelbHOCTH HpI/ICBaI/IBaHI/IfI (HporpaMMy)

Y1 = f1(---)§
Y2 = f2(---)§
Ym = S (.- -);

B MPaBHX JaCcTAX KOTOPHIX CTOAT (PYHKINN u3 B, mpuMeHEHHBIE KO BXOTaM
0 yyKe HallJeHHBIM 3HadeHUsiM. Ppu 3TOM MOXKHO CYHTATh, 9TO pPE3yJIbTaT
CXeMBI eCTh Y, (BCe IMocieiyioline MPUCBANBaHui ykKe He HyXKHBI). Taxas
nporpaMMa onpeneaseT 4, NPU U3BECTHBIX 3HAYEHUAX BXOMOB U TeM CaMbIM
sbluUCALET HEKOTOPY1O OyaeBy (pyHKIUIO.

P a6op 6yaeBoix pyHKINN B Ha3BIBaeTCA NOAHbIM, €CIU J0bas 6y1eBa PpyH-
KIS MOJKeT OBITh 3a/jaHa CXeMOH n3 B-d/eMeHTOB (CyIIecTByeT IporpaMMa,
€6 BRIYHCIAIONIAA, TPU DTOM B MPAaBbIX YaCcTAX MPUCBAUBAHUE CTOAT (DYHKIIHK
u3 B). flcHo, 9T0 5T0 paBHOCHIBHO BO3MOKHOCTH 3AMNCATH OYIeBY (QYHKIHIO
B Bije GOPMYJBl €O CBi3KamMu U3 B (KaK MBI TOBOPH/N, PA3HUIA TOIBKO B
TOM, 4TO ONWH M TOT XKe daeMeHT O6yneT (pUrypupoBaTh B (pOpMYyJe MHOI'O-
KpaTHO).

Caorcnocmvio GyaeBoll PyHKIHH [ OTHOCHTENBHO B Ha3zkIBaeTCH MUHU-
MaJbHBIH paszMep CxeMbl U3 B-3ieMeHTOB, BhvYucasionied pyukuuo f. Pror
pasmep 6yrem o6ozHavaTh sizeg(f).

TrOPEMA 7. [lyems By u By — dea noanvix nabopa 6yieevir @ynryui.
Tozda coomeememeyOUWUE UM CAONCHOCTIU OMAUNBIOMCS HE OOACE UEM HA
NOCMOANKBIT MHONHCUMEDL: Hatdémen maxoe uucao C, umo sizep, (f) < <
C'sizep, (f) u sizep, (f) < Csizep, (f) dan woboi Gynxyuu f.

JTOKABATEJIBCTBO. YTBep:KaeHne MOUTH OYEBUIHO: MOCKOABKY HAGOPEHI
By n By moansl, To Kaxad PpYHKINA OMHOTO W3 HaGOPOB MOXKET OLITL BHI-
YHCcAeHa KaKoW-TO IPOTpaMMOl, COCTaBIeHHOU U3 (PYHKIHU [pyroro Habopa.
Termepb MOxKHO B3sSTh B KadecTBe C' HAUOOJBLIYIO MJIHHY TAKUX MPOrPaMM, U
HepaBeHCTBa OyIyT BbINOJHATHCA: KaXK VIO CTPOKY NPOTrpaMMbl MOKHO 3aMe-
HnTh Ha C' (W7 MEeHbIIe) CTPOK € NCIOMB30BaHueM (PYHKINH IPyroro Habopa.

Y710 MOXKHO CKa3aTh O CJIOKHOCTH NPOU3BOILHON OyIeBON (PYHKIUE OT 7
aprymenToB? Ciaenywolilas TeopeMa MOKa3bIBaeT, 4TO OHA 3KCIOHEHIHAJBHO
3aBUCHT OT N (/IS «<HAyra[ B3STON» (PYHKINIH).

TEOPEMA 8. a) Cuaoxcrnocmv w1060t 6yae60ti Gynkyuu om n apeymen-
moe ne npesocrodum C™ das nexomopozo xoncmawmur C'. 6) Caoxcrnocms
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OOABUURCNGA BYACEHIT PYHKYUT 0M T AP2YMEHMOE He Menbule ¢ s Hero-
mopoti KORCMaHmbl C.

JOKABATEJNBCTBO. PepBoe yTBep:K [eHIe OYEBHIHO: Pa3Mep CXEMBbI, pe-
aqn3yIolen TH3BIOHKTHBHYI0 HOPMaTbHYI0 popMy, ecTb O(n2") (nveeTcs He
6osee 2" KOHBIOHKTOB pasmepa O(n)).

Yr1o6bl 10Ka3aTh BTOpPOE yTBepXKIeHHe, OIeHUM HYHCIO PA3JHYHBEIX CXeM
¢ n aprymerTamu pasmepa N. Kaxgas Takas cxema MOXKeT OBITH OMHCAHA
MOCJAE[OBATENBHOCTRIO U3 [N NPUCBAUBAHUN, BRIPAKAIOIINX OJTHY U3 TepeMeH-
HBIX depes mpebigyiue. /s Kaxk 1ol (opMyasl ecTh He 6odee 3(N + n)?
BAPHAHTOB (TpH THIA ONEPaNuil — KOHBIOHKINS, IN3BIOHKINSA, OTPHIAHNE,
H KayK[Iblll U3 He Gojee deM [BYX apr'yMeHTOB BHIGHpaeTCs cpefu He Godee
deM N +n BapnanToB). OTCIO1a JeTKO TOAYIHTH ONEHKY 20N 1ogN) ya qycio
Bcex PyHKINN caoxuOCTH He 6onee N (camras N > n).

Beero 6yneBbx (pyHKIHA ¢ n aprymenTamu mmeerca 22 . W3 cpaBHenus
5TUX (POpPMYJ BUIHO, 4TO 4TO OPH ¢ < 2 U IPU JOCTATOYHO OOJBLINX 7
OyJIeBbl (DYHKIUH CJIOKHOCTH MeHbIlle ¢” COCTABJIAIOT MEHBIIHHCTBO, TaK KaK
20(clog<™) \yoro menbure 22", (YMmeHbIIasi KOHCTAHTY €, MOXKHO JTOOHTHCH,
YTOOBI OHU COCTABJSIN MEHBITHHCTBO IIPH BCEX N, a HE TOJIBKO TOCTATOYHO
GOJTHIIINX. )

Pra Teopema, ojiHaK0, HUYEr O HE TOBOPUT O CAOKHOCTH KOHKPETHHIX Oy-
geBbix pyukuui. Curyaius 3gech TakoBa. EcTh pazHooGpa3Hble MeTO/bI i
OpUHEMBI TOJIYYeHUS BEPXHUX OleHOK. Po npo HUKHUE OHEeHKH HEeU3BeCTHO
mpakTudeckn HuYero. Ppo MHOrHe (PYHKIUU MBI TOMO3PEBaeM, YTO UX CI0XK-
HOCTH BeNKa (DKCIOHEHNNAIbHA), HO JOKA3aTh DTO MOKa He y1aércs. Bech-
Ma HeTPHBHAJBHBIE e MO3BOJSIOT MOKA3bIBATh HKCIOHEHIHAJbHEIE HUMK-
HIe ONEHKN [Jsi HEKOTOPhIX CHelNAJbHBIX KIACCOB CXeM, HallpuMep, CXeM U3
MOHOTOHHBIX 3JI€MEHTOB WIH CXeM OIPaHMYeHHON IIyOUHBI (MCIOMB3YIOMINK
saemenTsl 1 m WJIN ¢ nponsBoabHbIM dnciom BxonoB). Porydenne skcmoHen-
MHAJBHBIX OLEHOK Jis Gojiee OOIINX CXeM — OfUH 13 BO3MOXKHBIX MOIXOJI0B K
BHAMEHUTOU npod.iese nepebopa, NeHTPATBEHOU TPOoGIeMe TEOPUH CAOKHOCTH
BBHIYHCJICHUH.

Meur He 6ygeM yrayOasiThCs B BTy TEOPHIO, a HPUBEHEM JIHIIh HECKOJb-
KO BEPXHUX OIEHOK [ KOHKPEeTHBIX 3afad. Ppu 3TOM MbI He MpeTeHIyem
Ha MOJHOTY, a XOTHUM JUlIb MOKA3aTh HECKOJbKO UHTEPECHBIX WA U IPH-
€MOB.

Pacemorpum yaKke ynoMuHaBIIyOCs (PYHKIHIO CPABHEHUS MBYX N-OGUTOBBIX
qncen. OHa nMeeT 2n apryMeHTOB (n [ ONHOTO YHCIa W N IS JPyroro).
O6osnaynm o1y pyukuunio Comp,,.

TeEOPEMA 9. Hycmb B — noanvii nabop Pynxyui. Cywecmeyem maxas
konemanma C, umo sizeg(Comp,) < Cn.
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JOKABATEIBCTBO. 3aMeTHM, YTO NOCKOILKY B (DOPMYIHPOBKE TEOPEMEL
OlleHKa pa3Mepa MPOBOLUTCS ¢ TOYHOCTHIO 10 KOHCTAHTHL, TO BEIGOP KOHKPET-
HOro Gasica He HMeeT 3HadeHHA. [pyruMm cJIOBaMm, MBI MOXKeM IpeInoia-
raTh, 9TO J060€ KOHEeTHOe YHCI0 HeOGXOIMMEIX HaM (GYHKIHI B 5TOM Gasuce
ecTh.

CxeMa cpaBieHns 4qucel 6y1eT peKypcuBHOU (4TOOLI CPaBHUTH JBa THCIA,
MBI OT/JeJbHO CPaBHHBAEM WX JeBEEe I IPaBhle MOJIOBHHEL, & 3aTeM 0Obe TN Hs-
eM pesyabTaThl). Ppu 5ToM, Kak 9acTo GBIBaeT, Ha 10 YCHINTH YTBepXK JeHIe,
9TOOH HHAYKINS NPOILIa. A HMEHHO, MBI 6y JeM CTPOUTH CXeMy € 21 BXOTaMu
T1y.ey Ty Y1y -« -y Yo U JBYMS BBIXOTAMH, KOTOpAs YKA3BIBAET, KAKOI I3 TPEX
ciydaeB ¢ < y, & = Yy WIH & > Y HMeeT MecTo. (3ech & — 9HCIO, 3alHCh-
BaeMOe B IBOMYHON CHCTeMe KaK i ...&,). [IlBa BEIXOIHBEIX GHTa KOIUDPYIOT
deTEIpe BO3MOMKHOCTH, a HY’KHO TOIBKO TDH, TaK ITO €CTh HeKOTOPHIH 3alac.
Jlis onpeeléHHOCTH MOYKHO CYHTATh, 9TO IEPBHIl BLHIXOTHOH ONT HCTHHEH,
ecln 9icia paBHBL, a BTOpoll — ecin & < y. Torjga BO3MOXKHBEI TPH BapHaHTa
curuatoB Ha Boixoge: 10 (paBenctso), 01 (mpu z < y) u 00 (mpu 2 > y).

O6bscHuM Teneps, Kak co6paTh, CKayKeM, CXeMy CpaBHeHns JByX 16-6uTo-
BeIX uncel. CoGepéM oTAeNbHO CXeMy CpaBHEHHs CTapnX 8 GHTOB I MJIaj-
mux 8 6uroB. Kaxgas m3 Hux jgact orBeT B dopme aByx 6urtos. Temepn
U3 BTHX YeTHIPEX OHTOB HaTo cobparh ABa. (Ecam B crapmux paspsiax He-
PaBEHCTBO, TO OHO OlpefelseT Pe3yIbTaT CPABHEHN; eCIH CTapIlne pa3ps-
IBl PABHBI, TO Pe3yJIbTAT CPABHEHHA ONpeJelseTcs MJIAJUIEMH Da3psIaMiL.)
Panncannas B ckoO6kax ¢pasa onpegenseT 6yiIeBy GyHKIHIO ¢ 9eTHIPbMS OH-
TaMH Ha BXOJe H JBYyMs OGHTaMI Ha BHIXOZe, I MOXKeT OBITH peall30BaHa
HEKOTOPOH CXeMOIl (pUKCHPOBAHHOTO pazMepa. TakuM 00pa3oM, ecim depes
T(n) 0603HAYUTH pasMep CXeMBI, CDABHHUBAIOIIEN N-ONTOBLIE YHCIA, TO MOLY-
qaeM OIeHKY

T(2n) <2T(n) +c,

rje ¢ — HeKOTOpas KOHCTaHTa, 3aBHCAIIAas OT BhIGopa 6asnca. OTcioga cie-
ayer, ato T(2%) < /2% npu mexoTopom ¢’. B camom gene, Aas JOCTATOTHO
6000 ¢ MOKHO JOKa3aTh MO MHIYKINK, ITO

T(m)<dm—c

(MBI TOJKHBL yCHINTH HEPABEHCTBO, BEIUTS U3 IPABON 9acTH ¢, 9TOOHL HHIYK-
THBHBIH 1Al MpOIIEN; 6a3a HHIYKIHI OCTaeTCsi BEPHOM, ecial ¢ JOCTATOTHO
BEJINKO).

Ty xe caMyo OIEHKY MOMXKHO OOBACHHTH I HariggHo. Pala cxema mme-
eT BH[I HepapXmieckoro mnepesa. Pa KayK[IOM ypoBHe U3 ABYX IBYXOHTOBBIX
CUI'HAIOB TojydaeTcd ofud. OcTaéres BCIOMHITDL, YTO B HOIHOM JIBONYHOM
JepeBe YHCIO BHYTPEHHHX BepIINH (KOTOpOe olpelelseT pasMep CXeMbI) Ha
eIMHIUIY MeHBbIIle THCIa JHCTheB. (B TypHHIpe M0 01nMINHICKON CHCTeMe THCIO
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UI'D Ha JUHULY MeHble 9HCIa KOMAHJ, Tak KakK MOcIe KaK[Iol UphI OTHA
KOMaH 1a BBIOBIBAET. )

Kaxgas BHYTpeHHss BeplIMHA W KayK bl qucT (De CPaBHHBAIOTCS 1BA
6UTA) NPeJCTABIAIOT COGOI CXeMbl OIPAHNYEHHOIO pa3Mepa, OTKYfa I BbITe-
kaeT onenka T(2%) < /2.

OcTaroch JHilb CKa3aTh, 9TO AelaTh, €ClIn pa3Mep ducel (KOTOPHIH MBI
0603HAYANN Yepe3 1) He eCTh TOYHAs CTeNeHb JBOIKH. B 5ToM ciaydae MOKHO
YBEIUYIUTh pasMep A0 OauzKaillleil cBepXy cTeneHH IBONKH (He Gojee deM
B JBa pa3a) M NOJATh Ha CTapline pa3psisl BxogoB Hyian. Oba ITeflcTBHA
NpUBOIAT K yBEJINYEHUIO paszMepa CXeMBl He Golee 4eM B KOHCTAHTY pas.

Teneps paccMoTpuM 3a1ady O CJIOKEHNH TBYX n-6mToBHIX dncer. (Ctporo
roBopf, TYT BO3HHKaeT He OyJleBa (pyHKIUA, a pyaknus B® x B® — B*T!, no
BCe HAIIN OMpeJeJeHns OYeBIIHO MePeHOCHTCA Ha DTOT CAyJai.)

TeoPEMA 10. Cywecmeyem crema caoxcenus, d6yr n-6umosvle wuces pas-
mepa O(n).

JOKABATENBCTBO. Panomunm cmbict oboznadenns O(n): HaM HalLo 10-
CTPOUTEH CXeMy CJIOXkKeHHA n-OHTOBLIX YHceN, HMeollyl pasMep He Golee cn
[ HEKOTOPOTO ¢ U 414 BCexX 7.

PTo coBcem npocTo. PocmoTpum Ha clokKeHue B CTOIONK:

0 1 1
1 0 0 1
1 01 1
1 01 00
Bepxusist cTpoka — OUTHI epeHOCa, HUMKHAS — pPe3yabTaT. 3aMeTHM, 4TO

KayK bl U3 6UTOB epeHoca WIH Pe3yibTaTa OlpeleisieTcs TpeMs JIPyTruMu
6uTamu (6UT pe3yabTaTa paBeH CyMMe MBYX OHTOB ClaraeMbIX I OHTa mepe-
HOCA TIO MOIYAIo 2, a 6UT mepeHoca paBed 1, ecinm XOTA OLI IBa W3 DTUX TPEX
6uTOB paBHEL 1). P03TOMY MOKHO COCTaBUTH CXeMy, KOTOpas BHIYNCIAET ITH
OUTHI ClIpaBa HaJeBO U MeeT pa3Mep n.

3aMeTnM, YTO TpenblIyiliee yTBep:KiaeHne (Teopema 9) siBiasercs cief-
CTBHEM DTOr0: 9TOOGHI CPaBHATH 4HCAA & U Y, CAOKAM ducao (2" — 1) — z
(To ecTh YHCIO &, B KOTOPOM BCe INHUIBI 3aMeHEHBI HYIAMHI I Ha060pOT) I
Iucao y. Keanm B cTapieM paspsge MOABATCA eIHHANA, 3HATAT, 4 > &, & eCIn
Her, 10 ¥y < z. Ocraéres 3aMeTHTh, YTO U CAOXKeHWe, n obGpallieHie OHTOB B
YqHCAe T Peatu3yiTCs CXeMaMil JHHEHHONO pa3Mepa.

Tem He MeHee KOHCTPYKIINA, NCTIOAL30OBAHHAA IPH TOKa3aTeALCTBE Teope-
MbI 9, UMeeT HEKOTOphIe mpeumylnecTBa. PazoBém 2aybunoti cxeMbl MaKCH-
MaJbHOE YHUCIO DIeMeHTOB Ha MYyTH OT BXOJa K BHIXony. Lcam mpeacTaBuTh
cebe, 4TO CUT'HAJ Ha BBIXOJE DJeMeHTa NOABAAETCS He cpaldy [ocje Noaavn
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CHIHAJOB Ha BXOJBI, & C HEKOTOPOH 3a1epPKKOi, TO NIyOuHa CXeMbl OTIpeTelis-
eT CYMMapHYIO 3aMepikKy. JIerko moHATEH, YTO peKypCUBHASA CXeMa CPpaBHEHUS
nmena rayouny O(logn) (ducio ypoBHEH TPONOPHHOHATBHO JOTaApHPMY pas-
Mepa BXO[a), B TO BpeMs KaK MOCTPOEHHAS TOMBKO ITO CXeMa CIOKEHHS nMe-
eT TIyOHHY, MTPONMOPINOHAIBHYIO N (OUTH MepeHOca BHIYNCIAIOTC MOCTeN0-
BaTeNbHO, CIpaBa HaleBO). PO MOXKHO COETUHUTD DTH JBa Pe3yIbTaTa:

TeoPEMA 11. Cywecmesyem cxema caoxncenus 06yr n-Oumosuis uuced
pasmepa O(n) u eaybunst O(logn).

JOKABATEIBCTBO. Kak MBI Butexn, npobieMa B TOM, 9TO GHTHL lepe-
HOCA BBIYHCIAIOTCHA [OCIEI0BATENbHO, a He HMapaiielbHo. Ecinm yracres mx
BCce BBIYHCIUTL cxemoll pasmepa O(n) u ray6uust O(logn), To garbueiiee
OYeBH THO.

Kak MBI yKe [OBODIIIH, BEYNCIEHIEe GUTOB [€PEHOCA PABHOCIIBHO CPaB-
HEHHIO, TaK 9TO JOCTATOYHO HAYYHTHCS CPABHITH HapaIelbHO Bee «cy(pduK-
CHDY GHCEN, T.e. LI KayKIOTO § CPABHATD YHCAA ;Tiq] - - Lp 0 Yilit] - - - Yn-

BemoMmnm, 9T0 MBI fealn Ipu cpaBHeHHN quces (ckazxeM, panubl 8). Pa
HIDKHEM YPOBHE MBI CDaBHHBAIMN OUTHL:

Ty X2 T3 T4 Ty T Ty Tg
Yi Y2 Y3 Ys Ys Ye Y7 Ys
Pa cremyrorieM ypoBHe MBI CpaBHUBaJAM JABY3HaYHbBIE YHCIA,

TiTy T3lyg Iple 7L
Yiy2  YsYa YslYe Y7lYs

3aTeM qupréXSHa‘{HbIe

T1T2X3T4 T5TeL7LY
Y1Y2Ysys  YslYslYrlYs
1, HaKOHell, BOCbMU3HAaYHbIE:

T1T2X3T4L5TELTLY
Y1Y2YsYalYsYsyrys

Takum obpazom, misa cyppukcoB AINHL 8, 4, 2 1 1 pe3yAbTaTH CpaBHEHUA
vike ecThb. [Las cypdukca manHbl 6 pe3ysbTaT MOXKHO MONAYIUTL, KOMOHUHUPY S
pe3yabTaT CpaBHEHUS T3ZalysYs U TsTel7slysyelrys. Pociae »Toro y Hac
ecTh WHPOpMaIni o cyPpPpuKcax BceX YETHHIX IJINH, H COeTUHIAA e€ ¢ WHPOP-
Malliiell ¢ epBoTo dTala, MoJydaeM cBefleHus mpo Bee cyddukcul. Panpumep,
I CpaBHeHUd Cy(PPUKCOB IIUHBI 7, TO €CTh X9 ...Tg U Y2 ...Ys, MBIl COeIH-
HfieM pe3yJbTaThl CPaBHEHNS Zo U Yz C Pe3yabTaTaMU CpaBHeHUA Cy(pP(PUKCOB
MJIUHBL 6, TO €CTh T3...28 U Y3 ...Ys.

B ofmieM caydae KapTmHa TaKaf: TOCAe «CYKAIOMIerocs AepeBay MEL
CTPOUM «paciiupsiolieecs»; 3a k MIArOB M0 KOHIA Mbl 3HAaeM pe3yJbTaThbl
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CpaBHEHIA BCeX cy(PPUKCOB, JITHB KOTOPHIX KpaTHE 2¥. PTo 1epeBo mMeer
pasmep O(n) n riy6uny O(logn), 910 3aBepliaeT T0Ka3aTeTbCTBO.

3A4A4A 12, PokasaTh, 9TO BLMHTAHIE IBYX N-GHTOBBIX THCET IO MOJY-
110 27 Bemoausercsa cxeMoll pasmepa O(n) u ray6unst O(logn). (Ykasamue:
BEIYNTAHIE JeI'KO CBOINTCA K CIOJKEHHIO, eI 3aMeHNTh HyJIH Ha eJUHUIBL 1
Ha060pOT.)

Teneps 3aiimémcs ymuoxkenneM. CxeMa yMHOXKEHUS IBYX N-OUTOBBIX “H-
cel mMeeT 2n BXOZOB (IO N i KayK[IOrO MHOXKHTEIA) I 27 BBIXOIOB JJIf
IPOU3BEICHI.

PocmoTpum, xakme oumeHknm [TaéT OOBIYHBII CHOCOO YMHOKEHHA 4IHCEN
cTonbukoM. B HéM yMHOXKeHIe ABYX n-paspsjHBIX GHCE] CBOJUTCA K CJIOXKe-
HIIO 1 KOIHI NepBOro 4ucia (YacTHYHO 3aMEeHEHHLIX Ha HYJIH B 3aBHCHMOCTH
0T uudp BTOPOro UUCIa) CO CABHTAMHE.

Ponydenne >tnx kommii Tpebyer cxembr pasmepa O(n?) (obmee dncao
undp B komnsax) u raybuner O(1). Croxenne IByX n-paspfjHbIX GHCEN MBI
MOZKeM BBIIOJHHTL ¢ MOMOIIBIO cxeMbl pasmepa O(n) n ray6unst O(logn),
TaK 4TO HeOOGXOJUMBIEe N — 1 CIOKEHHH MOMKHO BBIIOJHHTBL CXEMOH pa3Me-
pa O(n?) u rayéunet O(log® n) (ecan ckiaabiBaTh cHaYal€a MOMAPHO, MOTOM
pesyJIbTaThl CHOBA HOmapHO U T.1.). OKa3biBaeTcs, HTOT Pe3yIbTaT MOXK-
HO yay4iuTh. Panbonee 5koHOMHBIE CIIOCOGLI OCHOBAHLL Ha IPe06Gpa30BAHIN
Dypbe I JaleKO BLIXOJAT 3a PAMKI HAIIEr0 06CYK IeHI, HO 1B Y1y IIeHHs
MBI TIPHBETEM.

TeoPEMA 12. Cywecmesyem crema ymnodncenus d6éyr n-6umosbls uuce
pazmepa O(n?) u 2aybunst O(logn).

JTOKABATEJIbCTBO. Kak MBI yKe TOBOPHJIH, YMHOKEHHE JIBYX N-OUTOBBIX
qUCeN CBOJIUTCHA K CAOKEHHIO N TAaKHX YHCET, U OCTAETCA BBHIMOJHUTH Takoe
caozxenne cxemoii pasmepa O(n?) n ray6uner O(logn). Kawouesbiv MoMenTom
3J1eCh SBISETCA CBeeHNe CAOKEeHNs TPEX YHceN K CJIOKEHNIO IBYX ¢ HOMOIIBIO
npocroii cxembl pazmepa O(n) u raybuast O(1). B camom gene, mycTh ecTh Tpn
qucaAa &, Y U z. Feau MBI 6y 1eM CKIIBIBaTh OTASIBHO B KayK JIOM pa3pijie, TO
B paspsjie MOXKeT HaKONMHUThCA Jtobas cymMMa oT 0 1o 3, To ecTh B JBONIHON
sanucu ot 00 mo 11. ChopMmupyeMm uz Maagunx GUTOB DTUX JIBYXOUTOBBIX
CYMM 9HCIO U, & B3 CTAPIINX (CABIHYTHIX BIeBo) — Jucao v. Tora, oueBuguo,
r+y+2z=u-+v. Porydenne nudgp qucia u 1 v NPOUCXOANT HapajielbHO BO
Bcex paspsgax u Tpebyer pasmepa O(n) n riaybnnsr O(1).

Tenepsb, ecan HaJ0 CAIOKATH N 9HCEN, MOKHO PazOUTh UX Ha TPOUKH U U3
KazKIbIX TPEX drceq MOAYy9IHTh M0 ABa. B cieayommi Kpyr, TakuM 06pa3oM,
BRILIYT (2/3)n ducen (npuMepHO — TpaHmdHBE SPQPEeKTH GOIBIION POIn He
nrpaioT). X cHOBa MOMKHO CIpyNNHpOBaTH MO TPOWKaM u T. 1. Poxyvaercs
JIepeBo, B KOTOPOM pas3Mephbl YPOBHEH 00pa3yloT TeoMeTpHyYecKyio mporpec-
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CHIO CO 3HaMeHaTeleM 3/2, MOYTOMY IMIyOHHA DTOTO jJepeBa JOTapH(Mue-
ckast. Jucjo BeplinH B HEM (CHnTas 3a BepIIMHY NpeobpasoBaHiie TPEX quce
B 1Ba) Oy/IeT NPUMEPHO N, TaK KaK MpH KazKJOM MpeodpasoBaHuil YUCIO Cla-
raeMbIX yMeHbIIaeTCs Ha efuHuny. MTak, Ta KOHCTPYKIHS MMeeT OO
pasmep O(n?) u ray6uny O(logn). Pago ToabKo oTMeTHTE, 9TO B KOHIE y
HAC MOMyYaeTcd He OJHO JHCI0, a IBa, I NX HAIOCAeT0K HaJ0 CAOKHTL — 9TO
MBI ymeeM Jgexats ¢ ray6unoi O(logn) n pasmepom O(n).

3a1Aa4A 13. [oxasaTh, 4TO cXeMa, BhMHCASOmIAs OyIeBy GyHKINO f OT
n apryMeHTOB, y KOTOPOU HII OMUH apryMeHT He fBIAeTCSH (PUKTUBHEIM, HMe-
eT pasMep He MeHee ¢n U IIyOHHy He MeHee clogn (rjie ¢ — HekoTOpas KOH-
CTaHTa, 3aBHCAIIAL OT BEIODAHHOTO HAGOPa 21eMeHTOB). (ApryMeHT (pyHKINT
Ha3bIBAIOT (PHKTUBHEIM, €C/IH [IPH ero H3MeHeHNN 3HadeHne (PYHKINH He Me-
HAETCS. )

Pra 3amavya mokaswBaeT, YTO ecqu B Mpollecce YMHOXKEHHA TBYX N-O6UTO-
BBIX YHCEN MBI CyMMHDYeM T claraeMbix, To omenkn O(n?) mis pasmepa u
O(logn) mist ryOGUHBL, TOJYyYeHHBIE IPH TOKa3aTeIbCTBE TeOpeMbl 12, cylle-
CTBEHHO YAYYIINTH Helb3d.

OnHako HEHKTO He 0OGS3bIBAET HAC CIEMOBAThH TPALHIHOHHOMY CHOCOGY
YMHOXKeHUA CTONOMKOM — OTKa3aBIINCh OT HEr'o, Mbl MOXKEM YMEHbBIINTh pPa3-
Mep CXeMBbl.

TeoPEMA 13. Cywecmeyem crema ymnodncenus d6éyr n-6umosbls uuce
pasmepa O(n'°823) u 2ayéunst O(log? n).

JOKABATEALCTBO. PaunéM ¢ Takoro 3aMedaHus. Berauciss mponsBee-
HIe IBYX KOMILIEKCHBIX THCEe]

(a+ bi)(c+ di) = (ac — bd) + (ad + be)i

OGBITHEIM CIIOCOGOM, MBI [elaeM deThpe yMHOXKeHHsA. Po MOXKHO 060NTHCH U
TpeMs ¢ MOMOIIBIO TAKOT'0 TPIOKa: BHYNCINTD ac, bd n (a+b)(c+d), a norom
HanTn ad + be kKax pasnocts (a + b)(c+ d) — ac — bd.

AHaJIOrHYHEI OKYC MOXKHO IPOTeNaTh I LI HelblX ducel. PasobbéM
2n-6GHTOBOE YHCIO HA [IBe N-OHTOBEE YAaCTH, TO €CTh NPeJCTABIM €ro B BIe
a2 + b. Temeps 3amuiieM Ipou3BeleHIe IBYX TaKHX GHCEI:

(a2" 4 b) (2" + d) = ac2* + (ad + bc)2"™ + bd.

OTciota BUTHO, 9TO sl ONpeedeHlst BCeX Tpex ClaraeMbiX B MPaBOH 9acTH
paBeHCTBaA JOCTATOYHO HAlTH TpH nponsBegenus ac, bd n (a+b)(c+d). Pory-
qaeTcs, 9TO YMHOKeHNe IBYX 2n-OMTOBBIX THCES CBOANTCA K TPEM yMHOZKe-
HISIM N-OUTOBBIX I K HECKONBKIM CJOKeHUsM U BerauTanusm. (Pa camom rese
npu ymaOKeHun (¢ +b) Ha (c+d) comHOKNTENn MOTYT OBITH (74 1)-6HTOBBI-
MH, HO DTO He CTpalIHO, TaK KaK 06paboTKa JUIIHEr0 pa3psfa COOTBeTCTBYeT
HECKOJBKHM CJIOKEHISIM. )
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Jlns pasamepa cXeMbl, TAaKIM 06DPa3oM, MOJYIaeTCs PeKypPCHBHASA OLeHKa
S(2n) < 35(n) 4+ O(n),

u3 KoTopoii caeayer, uto S(n) = O(n'°823). (B camom gene, 11s yMHOKeHUS
n-6UTOBLIX 4YHCE] NONydaeTcs JePeBO PEKYPCUBHLIX BLI3OBOB INIYyOHHEL logy n
H CTEINeHN BeTBJICHHA 3, TaK UTO THCIO €ro JHCTLeB I o6llee YHCIO BEPIINH
ecth O(3°827) = O(nl°#2?). OcTaéres monaTs TOMBKO, 9TO cpegHMIl pazMep
cxeMbl B Kaxkgol Bepumue ecth O(1). B camom gerne, on nponopuumonaien
qicly cKIafbiBaeMBIX 6HTOB. Ppu mepexome oT 0fHONO ypOBHS K CIEIYIO-
memy (6olee GIM3KOMY K KOPHIO) 4HCIO GUTOB pacTET BIBOE, a HHCIO Bep-
IIHH yMEHbBIIAeTCA BTPOE, HODTOMY 0Obllee THCIO DICMEHTOB Ha DTOM yPOBHE
yMeHblIIaeTcsa B HOATOpa pasa. Takum o6pa3oM, Ipu IBUZKEHHH IO yPOBHIM
OT JIHCTLEB K KODHIO MOJy4YaeTcs yObIBAlollad I'eOMeTpHYeCKas IPOrpPeccus
co 3HaMeHaTenleM 2/3, cyMMa KOTOPOU BCEro JHIIb BTPOE IPEBOCXOLUT eé
HEPBLIN “JIeH.

Onenka riaybHHBL TaKyKe OMEBHIHA: Ha KazJOM yPOBHE MBI HMeeM CXeMy
croxenns rayounst O(logn), a uncio yposueit ects O(logn).

PaccmorpuM Temepb QyHKIHIO 2o40cosanus (majority). Ona nveer He-
JETHOE YHWCAO apT'yMeHTOB, U 3Hadenne eé paBHo () mam 1 B 3aBHCHMOCTH OT
TOT0, KaKoe U3 JIBYX BHAYEHUU Yallle BCTPEYaeTCHd CPelil BXOI0B.

TeoPEMA 14. Cywecmsyem sbiuucamowas GyHKYuIO 2040C06ANUA CLe-
ma pazmepa O(n) u eaybunvt O(lognloglogn).

JOKABATEIBCTBO. Pa caMom fele MOXKHO Tazke BLIMHCIHTH OOljee 4n-
CJI0 eUHNL CPeJn BXOJO0B. PTo TeraeTcs peKypCHBHO: CHHTAEM OTIEILHO I
KaJK[IOH IOJOBUHLI, IOTOM CKIajibiBaeM. Poiydaercs jsorapudmuteckoe qu-
cio yposueil. Pa BepxieMm ypoBHe HaJo0 CKIaIbIBaTh THCIa pasMepa logn, Ha
clefyoleM — pasMepa logn — 1 1 Tak 10 caMOr'o HI3a, Ile CKJIAJbIBAIOTCH
0IHOGUTOBBIE YHCIa (TO ecTh 6UTHL BXoga). Kaxoil cpeqnuit pazmep cKaaLbl-
BaeMBbIX 4ncen?! PojloBiHa BepLINH B IepeBe IPUXOJUTCA Ha HUAKHIH yPOBEHb
(wwcna mrMHBL 1), 9eTBepTh — Ha caeayommi (dncaa LmHEb 2) n T. 1. Bemo-
MuHas, 9to pag > (k/2%) cxoamTes, BugUM, 9TO cpexHMil pazMep CKIaTbiBa-
embrx quncel ectb O(1) u obuiunit pasmep cxeMsl ectb O(n). A obuas riyouna
ectb O(lognloglogn), Tak Kak Ha KaxIOM 3 logn ypOBHEH CTOUT cxeMa
ray6uust O(loglogn).

3aMeTnM, 4TO HOCTPOCHHAS CXeMa BHIYHCICHUS (PYHKIHE MOJOCOBAHUS CO-
TepKUT B cebe HEMOHOTOHHBIE DIeMeHTH (TOCKOAbKY OTepalis CJIOKeHNs He
MOHOTOHHA). MbI yiKe TOBOPHIM, YTO BCAKYIO MOHOTOHHYIO (DYHKIUIO MOXK-
HO COCTaBUTh U3 KOWBIOHKIUI 1 Au3bloHknuid. [I1s GyHKOIE rolocoBanns
ecThb OYeBHIHLII CIHOCO6 DTO ClelaTh: HalUCaTh AN3BIOHKINIO BCeX KOHD-
IOHKIUH pasMepa (n+ 1)/2 (HamoMHIM, ITO 9HCI0 BXOJOB N IPEINOIAT e TCA
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HedérTHbIM). OJHAKO TPH BTOM MOJYYNTCA CXeMa HKCIOHEHINAIBHOT'O 1O 7
pasMepa.

TeEOPEMA 15. Cywecmeyem cxema pazmepa O(nc) u e2ayounv O(logn),
cocmas.aennas moavko uz aaemenmos H u UJH (¢ déyma srodamu), eviuu-
CARIOWAA PYHKYUIO 20.40C06AHUA.

JNOKABATEIBCTBO. [list Havala 3aMeTHM, 9TO OFpaHHYeHHe HA pasMep
ABJIAETCS CAEJCTBIEM ONpaHNYeHnd Ha IIy6uHy, Tak Kak srementst 1 u WJIN
UMEIOT TOJILKO [Ba BXOJa U YHCI0 BXOTOB cxeMbl Tay6unbl d ecth O(29).

Cxema 6yIeT CTPOHTBCHA U3 DIEMEHTOB GOJBUINHCTBA C TPEMi BXOITAMU
(3-6oabumucTsa). Kazk bl 13 HIX MOXKHO COOpAThb U3 KOHBIOHKIUH U JH35-
oouknni no gpopmy.e (aAb)V(aAc)V(bAc). Berxox cxembr 6y 1eT GOMBIIHECTBOM
U3 TPEX 3HAYEHNI, KayK0€e I3 KOTOPHIX eCTh GONBIINHCTBO I3 TPEX 3HATCHNUN
u T. 1. (puc. 3).

Puc. 3. /epeBo u3 saeMeHTOB 3-60IbITITHCTBA

PpojomKas 5Ty KOHCTPYKIHIO Ha k ypOBHAX, MBI HOIy4nM cxeMy c¢ 3F
Bxogamn. (OTMeTnM, 9TO 5Ta cXeMa He 6y/IeT BEIYHCAATH GOJBITHHCTBO CPe-
[ CBOUX BXOJOB — MO TOU YKe NpUYUHE, MO KOTOPOH pe3yibTaT HENpiMOro
I'OJOCOBAHNS MOKET OTINIAThCA OT MHEHHs OONbIINHCTBA.) Po MBI ¢remaem
BOT KaKyl0 CTPAHHYIO Belllh: BO3bMEM k paBHBIM ¢ logn npu gocTaTo4Ho 60J1b-
oM KOd((PUIeHTe TPOTOPIHOHATHHOCTH ¢ (IIPH 5TOM YHCJIO BXOTOB TAKOM
CXeMBI Oy1eT MOIMHOMHUATBHO 3aBUCETH OT ) I HAINIIEM Ha BXOAAX CIy9alHO
BEIOpAHHbIE TlepeMeHHble U3 TaHHOT'O HaM Habopa Zi,...,Z,. (Pepemenubre,
3alnChiBaeMble Ha Pa3HbIX BXO[IaX, BHIOMpaoTcs HezaBucuMmo.) OxasbBaeT-
csl, YTO C HEHYJEeBOW BEPOATHOCTHIO 3Ta cXeMa OyAeT BhIYUCAATE (PYHKINIO
OOJBUINHCTBA CPEIH L1, ..., Ty,, €CAH KOHCTAHTA € JOCTATOYHO Bedunka. Cie-
JOBaTeNbHO, HCKOMAA CXeMa CYIIecTByeT.

O6GpaTuTe BHUMaHUe: HaM yJacTCs JOKa3aTh CYIIECTBOBaHUE HHTEPECY0-
mell Hac CXeMbl, He TpenbsiBuB eé sBHO. (Takoe ncmonp3oBanne BeposTHOCT-
HBIX METOJIOB B KOMOMHATOPHBIX PACCyKIEHNAX 9aCTO OBIBAET MOJE3HO.)

Hrak, nmodemy ke cxema € MOJOKUTETBHOU BEPOATHOCTHIO BBIYHCASET
¢pyakuuio GoabinnacTBa? PTO J1OKazbiBaeTcs TaK: PACCMOTPUM KaKOU-TO
OJIMH HabDOp 3HAYEHHH Ha BXOJaxX M JOKaj)KeM, 4YTO Ha 3TOM KOHKPETHOM
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Habope ciydailHas cXeMa BBIaéT NpaBUIbHBIN OTBET ¢ BEPOATHOCTHIO, OYeHb
6M3KON K eqnHuIe (paBHON 1 — € TIpH OYeHb MAJIOM £).

Ecan 49ucio € HaCTONBKO MaJo, YTO OCTAETCAs MEeHBIINM eJIHHUIBI TarKe
noc/ie YMHOKEHTS Ha IHCJI0 BO3MOKHBIX BXOOB (2"), TO moxyyaem Tpebyemoe
(kaxgoe m3 2" cOOLITHH WMeeT BepOSTHOCTH He MeHblle | — £, 3HAYNT HX
nepecedeHne NMeeT BepOSTHOCTH He MeHblne 1 — 2% > 0).

Nrak, ocTagoch ONeHHTh BEPOATHOCTH TOrO, 4TO CIydalHasds cXeMa JacT
IPaBUALHLIH OTBET Ha JaHHOM BXoge. PycTh [0Js eIUHUI] Cpejn BCeX BXO-
0B paBHa p. Torjga Ha KazKIbIH BXOAHOH IIPOBOJ CXeMbI MOKA&TCA eIUuHIIA
¢ BepOATHOCTBIO P W HYJIb C BEPOATHOCTHIO 1 — p (BBHIOGOp CIyYalHON Tepe-
MEHHON [aéT eINHNIY ¢ BEPOSTHOCTHIO p), MPUIEM CHTHAJIBI Ha BCEX BXOAAX
He3aBUCHMBI.

Ecan wa Tpéx Bxogax dieMeHTa 3-O0JbIINHCTBA CUIHAJB HE3aBHCHMBI,
I BepOATHOCTH TOABJICHHS €IMHUIEL Ha BXOJAE €CTh P, TO BEPOATHOCTH MO~
ABJEHUs eIUHUIBLL Ha Bhixoje ecTh o(p) = 3p*(1 — p) + p® = 3p* — 2p°. Pa
CACNYIONINX YPOBHAX BEPOATHOCTH MOABJICHIS eINHIIBI Oy IeT paBHa

(o), elele()), -

I'paduk pyuxunu ¢(x) Ha orpeske [0, 1] (puc. 4) moxkasbBaeT, 4TO IpH HTEPa-
unsx GyHKIun @ gaucbananc (OTKIOHEHIe OT cepejiHBI) HapacTaeT. PodTo-
MY IOCJeI0BaTeIbHOCTh HTepalliil CTpeMHITCA K Kpalo oTpesaka. Pano Toabko
OLEHNTH YHCIO IAroB.

Puc. 4. Hrepupyemas pyaxmusg

Ecin BHaYa e e THHUIBL COCTABAAIOT GOMBIINHCTBO U3 N APIYMEHTOB (Ha-
TOMHUM, 7 HEYETHO), TO NX Kak MuHUMyM (n+1)/2, rak 9t0o p > (n+1)/2n =
=1/2+41/(2n). Takum o6pazoM, Ha9aTBHBIN THCOATAHC COCTABIAET KaK M-
HuUMYM 1/2n. A B KOHIle HaM HYKHO TPHOAN3UTHCA K Kpalo OTpe3Ka Ha pac-
cTosinue 277,
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I/IT&K7 HaM OCTaJIOCh JOKa3aTh TaKyIlo JeMMYy (OTHOCHIHyIOCH CKOpee K Ma-
TeMaTHIeCKOMY aHaJII/IBy):

JIEMMA. [Tyems gynxyus @ : [0, 1] — [0, 1] 23adana gpopmuyaoi
o(z) = 32% — 22°.

Ilycmov nocaedosameavnocms xp onpedesena pexyppenmuoti @Gopmy.aoi
Try1 = @(ak). Hyemv xg > 1/241/(2n). Tozda nocaedosameavrocms xy, mo-
HOMOHKO 603pacmaem u npubauxcaemes x 1 na paccmosnue 27" 3a O(logn)
wazose.

Pabpocok [okazaTeabCcTBa: MOCMOTPUM Ha MOBejleHne (PYHKIUH B Hero-
IBIKHBIX ToYkaX. B okpectHOCTH TOYKEN 1/2 dyHKIHS 6AM3KA K JHHEHHOL
I Tpou3BOTHAsA Goablie 1, mosTOMy yratenne oT 1/2 pacTéT Kak reoMeTpu-
qecKas MPOrpeccus, n ToYKa HepeiiéT KakKylo-To (PUKCHPOBAHHYIO I'DaHUIY
(rampumep, 0,51) ne mozjguee dem 3a O(logn) maros. 3arem moTpebyeTcs
O(1) mraros, 9To6sl gofiTn, ckaxkeM, 1o 0,99. B okpecTHOCTH eUHUILL Tep-
Basg MPOM3BOAHAS (PYHKIHUH paBHA HYJIIO, O3TOMY PacCTOAHUE [0 €THHUIBI
KazK bl Pa3 MpUMepHO BO3BOJIUTCA B KBaJpaT, U MOTOMY IS TOCTHYKEHUS
norpentrocTn 27" norpebyercs O(log n) maros (KaxK Ibiil pa3 9ncIo COBIA A~
IOIINX TU(P yBeANIHBaeTCs TPUMEepHO BJBOe, Kak B MeTo/e PhloToHa 0ThIC-
Kanua kopus). Beero noayuaercs O(logn) 4+ O(1) + O(logn) maros, 1ro un
TpeboBaAJIOCH.

Pa camom mene cnipaBeiunBo ropasno 6ojiee CUIbHOE YTBEPIK TeHHe: CYIile-
cTByeT cxeMma pasmepa O(nlogn) n rayouust O(logn), cocTosmmas TOIBKO 13
saemenToB N w UJIN, koTopas nMeeT n BXOMOB W 7 BEIXOAOB W OCYIIECTBIA-
eT COPTHPOBKY (9TO O3HAYAET, 9TO HA BHIXOJE CTOJBKO JK€ eIMHNUI, CKOIBKO
Ha BXOJe, TPUIEM BBEIXOIHAS MOCJIET0BATEIBHOCTD BCETTa HEBO3PACTAIONIA ).
Acho, 4To cpegHuit GUT BRIXOMA B TAKOU CHTYALHN peajnsyer (PyHKIHI GOdb-
HITHCTBA.

Ppu xaxyuieics npoctore (POPMYJIHPOBKI e[HHCTBEHHAsS U3BeCTHAsA KOH-
CTPYKUuUs Takol cxembl (coprupyiomas cerb AKS, mpmaymanuas Afiram,
Komaormiom u Criemepein cpaBHUTEIbHO HelaBHO, B 1983 FO,Z[yl)) BEChMa CJOZK-
Ha, W MOsIBJIEHIE KAKOU-TO Bojiee TPOCTON KOHCTPYKIHH OBLIO GBI 3aMedaTeb-
HBIM TOCTHZKEHHEM.

Boo6ie MHorue HeTpUBHAJBHBIE PE3YJAbTATHl MOXKHO mepedOpMyaupo-
BaTh B TEPMHHAX CJAOKHOCTH KaKux-To OyjaeBhIX (pyHkiui. Panpumep, ectb
BEPOATHOCTHBIH AJTOPHTM MTPOBEPKH MPOCTOTH GOBIIONO IHCIA (€ MOMO-
b0 KOTOPOT'O B KPUITOTpadpuu NPOBEPSIOTCA YUCIa U3 HECKOAbKUX THICHY
ungp). Ncmoassys 5ToT aaropuTM, MOKHO TOKa3aTh TAKOe YTBEPK IeHHE:

D Ajtai M., Komlés J., Szemerédi E. An O(nlogn) sorting network // Proc. of the 15th
Annual ACM Symposium on Theory of Computing. Boston, MA, 1983. P. 1-9.
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CYIIECTBYET CXeMa IPOBEPKH IPOCTOTH n-6UTOBOTO YncIa (Ha BXOT
nogalTcs n 6MTOB, Ha BBIXOJe MOABIAETCHA eTUHUIA, €CAU YUCIAO
poCTOE), pazMep KOTOPOH OTpaHHYeH MOJINHOMOM OT 7.

Bepuémcs xk o61mnM yTBepKIeHUIM O cXeMax u (opMmyaax. Mul yke ro-
BOPUJIN, 9TO C TOYKW 3PEHUS M3MEPEHNs pazMepa CXeMBl n (POPMYIABI — BTO
pasHble Belln (CXeMBl YKOHOMHUYHEe, TaK KaK B HHX OJNHAKOBEE MO T(POpMy-
JBI YIUTHIBAIOTCA TOABKO ONWH pa3). OKaseIBaeTCs, 9TO pasMep (POPMY.JIbI
MOYKHO CBSI3aTh ¢ TVMIYOMHON CXEMHI.

Pynmem mnaswiBaTh pasmepos GOPMYIBI THCIO JOTHIECKUX CBA3ZOK B Hel.
Mur mpefnonaraeM, ITo (GOpMyaa WCHOIb3YET KOHBIOHKINN, TU3HIOHKIHN
U OTPHUAHHUA, W B cXeMaxX GyjJeM WCHOJb30BAaTh Takue Ke dIeMeHTH. Pamo-
MHUM, 9TO Pa3MepoOM CXeMBI MBI Ha3BIBAIH THCIO DJIEMEHTOB, a CJIOKHOCTHIO
OyJIeBOU (PYHKINN — MUHUMAJAbHEI pa3zMep cxeMmbl, e€ Buuucasionied. Caoxk-
HOCTH (pyHKIUHN h obosnadanach size(h) (Trounee sizeg(h), rme B — nabop
paspeménubx PyHKINOHAILHBIX DIEMEHTOB, HO CeNtac MBI JOTOBOPUINCDH HC-
NOJH30BATh KOHBIOHKINN, JU3BIOHKINN I OTPHIAHNS I ONyCKaeM HHIeKc B).

MunnMatbHBIE pasMep PopMY.ILI, BEIpakalomen GyHknnio b, 6yieMm 060-
snadarh fsize(h). OueBugno, size(h) < fsize(h). Ponee unrepecto, ognaxo,
caefyiolliee yTBEPK IeHNe, CBABLIBAIONIEE pa3Mep CXeMbl ¢ TIyOnHou (GpopMmy-
abl. O6osnadnm depes depth(h) MUHIMATBHYIO TIYOHHY CXeMbI, BBIYHCIAIO-
e GpyHKnmio h.

TeEOPEMA 16. Humerom mecmo oyenxu fsize(h) < cilepth(h) u depth(h) <
< ¢z log fsize(h) (das mexomopuixr xoncmanwm ¢y u c3 u dasn 6cex h). /pyeumnu
caosanu, mepvt caoxenocmu depth u logfsize omavuaomes ne 6oqee uem 6
Koncmanmy pas.

JIOKABATEJIbCTBO. PepBas olleHKa O4YeBUIHA: €CJU MBI CKONUPYyeM Mo-
BTOPSATOIIHEC (PPATMEHTHI CXeMbl, YTOOLI Pa3BePHYTH €€ B [epeBo, TO Iyou-
Ha He uaMeHnTcs. Eciu ona paBHa k, TO B MOJIy4YeHHOM JAepeBe OyIeT He 60Jb-
me 2% — 1 oieMenTOB (HATOMHIM, YTO DJEMEHTAMH ABIAIOTCA KOHBIOHKIH,
IU3BIOHKINA W OTPUIAHNS, H TOTOMY BeTBaIeHHe He oabine 2). To ke camoe
MOZKHO CKa3aTh WHIYKTHBHO. PycTh niy6uHa cxembl paBha k. BIXog cxeMmbl
ABAAETCA BHIXOJOM HEKOTOPOIro dieMenTa. Tora Ha ero BX0/Ibl MogaoTcs 6y-
JeBbI (DYHKIUN DIyOUHEL He 6odbiie k — 1. Po npeamonoKenunio MHAYKIHH WX
MOZKHO 3amincaTh (opmytamn pasmepa 2871 — 1. Taknx (opMya MakcHMyM
IBe, TaK ITO OOMIUHI pa3Mep He MPEeBOCXOIHT 2(2’“‘1 -1)+1= 2k 1.

Bropas onenka 6ojee caoxkHa. Eciu Mbl 6yjeM Tpeobpa3oBBIBATL (Hop-
MYJIy B CXeMy eCTeCTBEHHBIM 00pasoM (BBeIs IO MepeMeHHOW I KaikKTOH
110(POPMYIbL), TO NIyOHHA TOJIYINBIIENCS CXeMbl MOKeT OBITH OJM3Ka K Pas-
Mepy (OpPMYJIHL, a He K ero jorapudmy. Panpumep, ecin popmyia nMeeT BHI
(...((p1 A p2) Ap3) A...py), TO y HAC TOAYIUTCH Henodka siaemMeHTOB I, y
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KOTOPHIX KaXK I CIeIYIONINE MOJIBEIIeH K JeBOMY BXOMY IPeIbIAVIIero, u
ray6una ecTb n — 1. KoHedHo, ecan HCIONB30BAThH ACCONUATHBHOCTL KOHD-
IOHKIIUM, CKOOKI MOYKHO NepecTaBUTh U NMOJAYYUTH Oojee cOalaHCUPOBAHHOE
IepeBo NIyOHHBI TpuMepHO log n, Kak u Tpebyercs. Po Kak BHIMOIHUTH TaKoe
mpeobpazoBaHie B CAydae IPOU3BOJIbHON (POPMYIELT

O6GosznavyuM maHHy0 HaMm Gopmyay depes . Boibepem y Heé HEKOTOPYIO
nogpopmyay G (Kak WMEHHO, MBI OOBACHHM To3xke). PaccMoTpum dopmy-
ay Fp, xotopas noaydantcs, ecan BMecto (¢ mogcTaBuTh 0 (M0KB), a TakKe
dopmyay Fi1, koTopas MOAYINTCA, €CIN MOACTABATEL 1. Jlerko moHATh, 910 F
paBHOCHUJIbHA (pOpMYy.JIe

(Fo A=G) V (Fy A G)).

Ecau Tenepb ypactes zamenuTh dopmyawl Fo, F1, G cxemaMu rayOuHBL He
6oabliie k, To mis I noaydurcs cxema raybunsl He Goabiie k + 3.

Takoe npeoGpazoBaHie MOJAe3HO, eciu Bce Tpu dpopmyast I, Fy, G umetor
3aMeTHO MEHbIIHH paszMep, yeM UcXomnHas gopmynaa F.

JIEMMA. VY woboi dopuyavt pazmepa n (npu docmamouno 60abuur n)
ecmb nodgopmyaa pazmepa om n/4 do 3n/4.

JTOKA3ATEJILCTBO. Kaxknas gopMyaa ecTh KOHBIOHKINA ABYX I0I(POp-
MY.JI, IN3BIOHKINA IBYX HOA(GOPMY.I WIH OTpHIaHie moapopMyabl. Padas co
Bcell (POpMYJbL, 6y IeM IepexoJnTh K eé noadpopMyaaM, Ha Kazk IOM Iare Bbl-
6upas u3 AByX momdgopmysa Hamboaburyio. Torga Ha KazKIOM IIare pasmep
yOBIBaeT He HGojee 9eM B ABa pasa, Il TOTOMY MBI He MOKeM MUHOBAThL IpOMe-
KyTOoK [n/4,3n/4], KOHIE KoTOpOro oTamdaooTcs BTpoe?). JeMMa gokasama.

Boioupas noagpopmyay G ¢ TOMOIIBIO DTOM JeMMbI, MBI TapaHTHPYeM, 9TO
pasmep Bcex Tpéx dopmya Fy, Fy, G He npeBocxoauT 3/4 pazmepa HCXOTHON
dopMyabl (MOICTAHOBKA HYJIS WIH eTHHUIE MOXKeT TOJNbKO YMEHBIINTH pa3-
Mep (POPMYJIbl — HEKOTOPHIE 9aCTH MOMKHO 6y/1eT BEIOPOCHTH).

Ppumenum xo Bcem Tpém dopmyaam Fy, F1 u G ToT XKe npuém, BhIgegAUM
B HUX MO/OPMYJIbI CPEHEr0 pazMepa I TakK Aajee, TOKa MBI He CIYCTHMCS
0 (POPMYJ MaJOTo pasMepa, KOTOpble MOKHO 3allcaTh B BHIe CXeM Kak
yrojato. B urore moiy4duTcs jgepeBo ¢ JoTapupMUIeCKHM HHCJIOM ypOBHEN,
Ha KazKIOM U3 KOTODPBIX CTOAT CXeMbl TJYOMHBI 3, a B JUCTbAX HaXOIATCH
exeMbl ray6uner O(1).

JpyrumMn cioBaMu, HHAYKIHEH M0 pazMepy (POPMYJbl, BhIparKalolen He-
KOTOpYIO (pyHKIHIO A, terko noay4anTsb onenky depth(h) = O(logfsize(h)).

2)TyT ecThb Heboablllagd HETOTHOCTH: pa3Mep (pOPMYJIBE MOXeT yOHBaTh IyTh OBICTpEe,

“eM B/IBO€, TaK KaK paszMep (pOpMYyJbl Ha eIUHUILY GOJbIIE CYMMBI PA3MEPOB YaCTEH, HO ¥
HAC eCTh 3allac, IOCKOJBKY KOHITHI IIPOMeXKyTKa OTINYaloTCca BTpoe, a He BABOE.
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3A0AYA 14. Oupeneanm 1iayb6uHy (POPMYJIE KaK MaKCHMaJdbHOE YHCIO
BJIOKEHHBIX Tap CKOOGOK; MJAs eTnHo06pasus GyjeM OKpYKaTh OTpHIAHHEe
ckoOKkamu u ncaThb (—A) BMecTo A, Pokaxknre, 9T0 Ipn 5TOM He HOXYIHTCHA
HUYero HOBOT'O: MUHAMAaJIbHAA TIYOHHA (POPMY.IHI, 3aNNCHBAIOIIEN HEKOTOPYIO
¢yuknnio f, coBoagaeT ¢ MEHEMAJbHON IMIYONHON CXeMbl, BLIMHCIAOMEH f.

Ompenenenne dopmyabHON ciaokuocTH fsize(h) 3aBucuT 0T BEIGOpa Ha-
anca. OKaspIBaeTCs, YTO 3jeCh (B OTINYNE OT CXeMHOH CJIOKHOCTH) BHIGOP
6asznca MOKeT n3MeHHTH fsize(h) Go/ee YeM B KOHCTAHTY pas.

3ATAYA 15, O6bsicHuTE, TOYEMY [OKA3ATEAbCTBO TEOPEMEBI 7 HE MEepPEHO-
CHTCS Ha caydail (popmy..

Ppumep Takoro poja gjoctaBiaseT GYHKIUS p1 B pad...Epn (3HaK P obdo-
3HAYAET CJIOXKeHNe Mo Monyaio 2). Pra GpyHKuns nveer GpoOpMyIbHYIO CIOK-
HoCcTh O(n), ecan crozkeHne Mo MOTyI0 2 BXouT B 6asnc. Oguako B 6asuce U,
WJIN, PE ona uMeeT GoabINyIO CI0KHOCTD, Kak gokazaqaa P. A. Cy66oToBckasi.
Wpess mokazarenbcTBa TaKOBa: eCaH 3aMeHUTH CJAYYalHO BHIOPDAHHYIO Iepe-
MEHHYIO B (DOPMYyJe ¢ KOHBIOHKIUAMU W AUIBIOHKIUAMHU Ha CIYYalHO BbI-
6panHoe 3Hadenne 0 mwiam 1, To poOpMyIa yOPOCTHTCA (HE TOABKO HTa Tepe-
MeHHasl TPOMALET, HO ¢ HEKOTOPOH BEPOATHOCTHIO MPOMagyT n apyrue). Ecrn
JefraTh Tak MHOT'OKPATHO, TO OT (POPMYJH oCcTaHeTcsa HebOJbIIags IacTh —
€ IPYrOH CTOPOHBI, BTa YacTh BCE PABHO MOJ:KHA PEaJU30BLIBATH CJIOKEHNE
OCTABIIIXCA apryMeHTOB MO MOIYJIIO 2.

3AMAYA 16. JokaszaTh, 9T0 PYHKIUA OOJBLIITHHCTBA MOXKET OBLITH BBRITH-
clIeHa He TOJALKO CXeMOU, HO I (POPMY.ION HOJHHOMHUAJILHOIO pa3Mepa, Comep-
JKalell Toabko cBsaaku 11 u WJIN.

3aaAa4A 17, [oxasars, 4urTo 3nadenus fsizej(h) u fsizey(h) mas ommoit
OyneBol (PYHKIUH h I Pa3jinYHBIX HOJHBIX 0A3MCOB MOIHMHOMHAIBHO CBA3a-
HBL: CYIIECTBYeT HOJInHOM P (3aBHCALINT OT BEIOOpa GAa3HCOB), LIS KOTOPOTO
fsizeq(h) < P(fsize;(h)) npu Bcex h. (Ykasanue: ncnoiabsosaTb Teopemy 16.)
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CJI0KHOCTD BBINCINTCIBHBIX 3ala'l

M. H. Baapir*

B mpomunom nomepe «MaTemMaTmieckoro mpocBellleHns» ObLTa OMyOGINKO-
BaHa cTaThs A. A. PaszbopoBa, B KOTOPOU H3Jarailich OCHOBHEIE AU Teopuu
CINOKHOCTH Bbiuucaenui. /lanHas cTaThd NPOMOIKAET ITY TeMyl). Pac 6y-
IYT WHTEPeCcoBaTh ABa BOMpoca: «dTo Takoe clokKHad BEIUUCAATENbHAS 32 1a-
ya?y u «Kak j1okazarTh, 4TO HEKOTOpas BhIYHCJAHTENbHAS 3aMa4da ciaokHa» B
NOJHOM OO'beMe 3TH BOIPOCHl CAUIIKOM HIMPOKH, HO3ITOMY MBI COCPENOTOYUM
BHUMAaHIE Ha CAMOM HHTEDECHOM clydae: TexX 3ajladaX, KOTOphIe Mo BCell Bi-
AUMOCTH CJAOKHBI, HO TIPU 3TOM HACTOABKO OJU3KM K TPOCTBHIM 3ajgadaM, 9TO
MOKa3aTelbCTBO UX CAOKHOCTH B HanboJee eCTeCTBEHHOM MOHUMaHWUU 3TOT'O
CJIOBA JIE;KUT BHE BO3MOXKHOCTEH COBPEMeHHOU HayKu. UTo6kl aHAJU3UPOBATH
CJOZKHOCTDH TaKUX 3ajad, NpUJIyMaHbl 0coOBe CIOCOOHI OTBeYaTh HA TEePBLIN
u3 cpopMyJUPOBAHHBIX BhIllle BOIPOCOB.

Pox BerduciauTenbHOl 3ajgadein 6yeM MOHUMATE CASAVIONIYIO TUIHYHY O
CUTYannio: MO 3aJaHHOMY 6200y HYKHO TOAYINTH, €CIH DTO BO3ZMOKHO, pe-
3yAbmam, yI0BIeTBOPSIONINI ONpEeTeNEHHBIM YCJIOBUAM U OTHO3HAYHO OTpe-
geaseMbiii BxojgoMm. JIpyrumMu cioBamu, pedb Bcerga OyaeT WATH O BhIYUCIE-
HUH HEKOTOPOU (PYHKIHH, OBITh MOXKET, YaCTUYHO onpejeqénnoi. Postomy B
TaJdbHerIleM Mbl 6yleM HUCIOJb30BaTh BHIPAKEHUA «PEIINTh 3aJady»y H «BhI-
YUCAUTDH (PYHKINIO» KaK CHHOHUMUYeCKHe.

Y106 He BBOAUTH YWTATeNd B 3a00VKAeHNEe OTHOCHTEILHO BO3MOMKHO-
cTell u3jaraeMoll TeOPHH, IPeJIyIpeNuM cpa3y 06 OCHOBHOM €& OT'paHUYeHHH.
Boiuucaenue 1106010 Gynkyuy 13 KOHEUHO20 MHONCECTNEA 6 KOHEUHOE MHO-
HeECMEO cuUMAEMcA mpusud.abubim. O4eBHIHO, YTO B TAKOM KOHTEKCTe Gec-
CMBICJEHHBIM CTAHOBUTCSH JI000H BONMPOC THIA: «CMOTIY JH S PelInTh BOT 3TY
3314y 3a Mapy 4acoB (Heleldb, JeT, BEKOB)7»

Mer 6ygem paccMaTpHBATH CJAOKHOCTH PEIleHns 3a1a4i Ha BceM (0OBIU-
HO GeCKOHEIHOM) MHO:KecTBe BXOOB. C «IpPaKTHIECKON» TOYKN 3PEHUS DTO
O3HAYaeT, 9TO HAC MHTEepecyeT KaK OBICTPO PACTYT Pecypchl (BpeMs, MaMATh
0 T.1.), TpeOyoIInecs IIs PelleHus 3aLadn MpH yBeINYeHNH IINHBI BXOJA.
Posee Tounoe obbsicHeHte >TOH (Ppasbl [AETCH HUZKE.

*Pabora BenOAHEHA Ipu moggepxkke GoHga PDDI (mpoekt Ne99-01-00122).
1 o
)OHa HammcaHa [0 MaTepHalaM IICPBOH TacTH KHUIH [4] m cymecTBeHHO OMmMpaeTca Ha
craThio [7], momeménnayio B 3ToM Bhimycke «MaTemaTnaeckoro P pocsemenusy.

MaTemaTu4veckoe npocseljerune, cep. 3, Bbin. 4, 2000(81—114)
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1. BBIYUCAEHUE KAKUX ®YHKIUNH PACCMATPUBAETCA

Bxon n pe3yabTaT npeinosaraloTcs KOHeTHBIMEI CIOBAMI B HEKOTOPOM KO-
HeYHOM aqadaBuTe (T.e. KOHETHBIMA TOCJTEI0BATENILHOCTAMHE DJ€MEHTOB HEKO-
TOPOTO KOHETHOT'O MHOXKeCTBa). Poslee TOro, 4acTo paccMaTpuBaeTCs TOABKO
nBOHMYHBIN addaBuT. Takoe orpaHuyenne Mo CyTH He CAUIIKOM 06PEMEeH U TeNb-
HO — [TaHHBIE JIOOOU JOCTYIHOW HaM 3ajJa4i MOXKHO C(OPMYJIHPOBATH CJIO-
BaMH, M 5TO 6y/IeT TeKCT B HEKOTOPOM KOHEYHOM alaBuTe (BKIOYAIOIIEM B
cebs, ToMuMo OYKB, NU(PbI 1 BCe MHbIe cllellHaJbHble 3HAKH, BCTpedatounecs
B TeKCTe — 3HAKN NYHKTyalun, MaTeMaTndeckKne 0603HAYEHNUS U MPOT. ).

EcTh HekoTOpas TOHKOCTH, CBA3aHHASL ¢ TeM, 9TO koduposox (CIoco6oB
IpPeICcTaBATh OOBEKT CJIOBOM B KOHEYHOM aldaBHTe) MOXKET OBITH HECKOIb-
KO, & CIOXKHOCTH 3a7Ma4l, OUeBHAHO, 3aBUCHT OT KoAupoBKu. Mol #He 6yiem
HOAPOGHO OCTAHABINBATHLCA HA DTOM BONPOCE, B MajdbHeHIleM KOJTUPOBKHU JIH-
60 OyIyT VKa3blBaThCAd ABHO, MO0 OyAYT NoApa3dyMeBaThCcAd Hambojee ecTe-
CTBeHHBIE KOJNPOBKN (CKayKeM, 3aHCh YHCIa B MO3NINOHHON CHCTEMe CHINC/Te-
HUSA; XOTA OT BBIOOpa OCHOBAHUA CHCTEMbBI HUYEI'o He 3aBUCUT, IO YMOJYaHUIO
IpeanosaraeTcs NCIOMb30BaHNe TBONIHON CHCTEMBI).

Poka mbr roBopuin 0 PyHKIUAX OT OAHOT'O aprymenTa. B ranwneiinem
OYIYT BO3HUKATDL W (PYHKINN OT HECKOALKIX apryMeHTOB. YBeantdenne aada-
BHTA Ha | cnMBOa (0GO3HAYNM ero #) MO3BOAAET 3aKOANPOBATH KOHETHYIO
MOCJAE[OBATENBHOCTh CJIOB O/, . . ., &, B addaBuTe A OTHEM CAOBOM

ot .. Hand (1)
B andasute A U {#}. PymeM umeTs B Bugy »To mpeobGpasoBaHue B Te€X CIy-
YasAxX, KOT'/a BO3HMKaeT XKelaHHe paccMaTpUBaTh (PYHKUUIO OT HECKOABKUX
apryMeHToB Kak (PyHKIUIO OT OJHOIO apl'yMeHTa.

PpuBenem neckoabko MpUMepOB BLIUYHCINTEILHEIX 3aMat.

PpumMmEP 1. JINHEAHBIE YPABHEHHUA HAJ Q.

Aanvt: mampuya A pazmepa m X n, s4eMEHMbL KOMOPOT — PAYULOHAAbHBLE
wucaa, sexmop-cmoabey b (Mampuua pazmepa m X 1), maxice cocmosut
U3 PAYUOHAABHBIY YUCEA.

Cnpawzwaemwt: pPaspeiuma AU 6 PAyUOHAALHBIL YUCAAL CUCTNEMA

Az = b? (2)

PpencraBum »1y 3agady B Buje 3a1a49i BEIYUCASHHS HEKOTOPOU (PYHKIHH.
Jlns madana HYXKHO ONHUCATH KOINPOBKY BXOJa B BHUIe CJIOBAa B HEKOTOPOM
andaBuTe. B kavecTBe andaBuTa BO3ILMEM

{07 17 #7 /7 _}'
HGJIBIG HUucCJaa 6y/:[eM 3alluCBIBATHL B rZ[BOI/I‘{HOIK;I cucreMe, HCHOJAbL3YA 3HaK «—»
IS obo3HaYeHns OTpHhlIaTeJNbHbBIX YHCEJ. PaHI/IOHaJIbHOG HYUCJO p/q 6y/:[eM
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3aNNCHIBATH CI0BOM kod(p) / x0d(q), a MOCIe[0BATEIbHOCTH Ynce] Oy IeM 3a-
MICHIBATH, Pa3je/as BAlUCH PA3IUIHBEIX YHCET BHAKOM Ff.

B onmncanHOll KOINPOBKe BXO[ 3a1a4n JUHEMHBIE YPABHEHUA HAZL Q —
cl1oBo k0d(Az = b), KoQUpYyIOIIlee MOC/IeI0BATEILHOCTD YHCEl

m7n7a117-"7a1n7a217-"7a2n7-"7am17-"7amn7b17"'7bm7

rje a;; — DJIeMeHTHl MaTpuubl A, b; — d1eMeHTH b.
DyurINA, KOTOPYIO HYKHO BHITACINTH, HMEET B

1, ecim t = xod(Az = b) mas HekoTOpHIX A,b
n Ar = b nmeer pelenns,
X(t) =< 0, ecan t = xod(Az = b) n1s nexkoTopuix A, b (3)
n Ar = b He uMeeT pelleHnn,

He olnpejiefeHo B JI060M JIPYroM clIy4dae.

P puBegenHbIil TpuMep OTHOCHTCA K OMHOMY N3 CaMBIX PaclipOCTpaHeHHbIX
B MaTeMaTHKe THIOB BHIYHCINTEIBHBIX 3aad — IIPOBEPKe pa3peliMOoCTH
CHCTeMBI ypaBHeHHI min, 6ojaee 06110, TpoBepke 3alaHHOTO CBOINCTBA Y 005
eKTa, ONICaHIe KOTOPOTO ABISETCA BXOAOM 3a1a49i. B Jornke npuuaTo roBo-
PUTH O mpoBepKe ucmunnocmu npedukama. Tak e, Kak 1 B ipuMepe 1, Takoi
3a/ade CONoCTaBageTcs (PyHKIHA, KOTOpas CTaBUT B COOTBETCTBHE ONMCAHMIO
o6beKkTa 1, ecin 06beKT yJI0BIeTBOPAET CBOUCTBY, W (0 B MPOTHBHOM CJIy-
qae. Ecim coBo He aBaseTcs onncanneM o6beKTa, (PYHKINA Ha TaKOM CIOBe
He ompejeneHa. PrTa (pyHKInA HasbIBaeTCA rapakmepucmuueckot @yuryuet
MHOKeCTBa ONMCaHNI 06LEKTOB, YIOBIeTBOPAIONINX 32,/ 1aHHOMY CBOICTBY.

Chopmyanpyem elné HeCKOAbKO 3aa4 0 pa3peliiMOCT! YPaBHEHIT B BI1e
3a/a9 BLIYUCICHHUS XapaKTepHcTHIecKol (PyHKIHMH HEKOTOPOro IpeJnKaTa.
Bo Bcex ymoOMAHYTBIX HUKe 3ajadax O pPa3peIlNMOCTH ypaBHEHHH MJIH CH-
cTeM ypaBHEHHH IIOJpa3yMeBaeTcs, 9TO BBIYUCIACTCA XapakKTephHcThIecKas
GyHKuns, anasorndras (3).

PrPuMEP 2. JINHEIHBIE YPABHEHUSA HAJ Z 7.

Aanvt: mampuya A pazmepa m X n, 34eMERMBL KOMOPOU — Yeable WUCAL,
sexmop-cmoabey b (Mampuua pasmepa m X 1), maxdice cocmoawul u3 yeaplr
UUCEA.

Cnpawzwaemwt: PaA3peUUMaG AU 6 HEOMPUYUAMEADHDIT YEABIL HYUCAAT CU-
cmema YypasHenul

Az = b7 (4)
PpumEP 3. CUCTEMA YPABHEHUI B Fy.
Aanvl: mno2ouaenst pyr, ..., pr € Folay, ... 2,].

Cnpauwusaemes: pazpeuwuna au 6 nose Fy cucmema ypasnenui

pi(z1, ..., 2,) =0, 1=1,...,k7 (5)
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Kak komupoBaTh MHOIMOUJIEH CJIOBOM B HekoTopoM addaBute? MoxHo, Ha-
IpUMep, YKa3aTh CTeleHb MHOrO4wIeHa d U KOJNUYeCTBO NepeMeHHEIX N, Tpe-
CTaBUTh MHOT'OYJEH B BHJe CYMMbl MOHOMOB

—_ Xl L, «
p(xlw"vxn) — E pal...anwl $2 ---xnnv
a1+...+on<gd

nocjie 9ero nepevncinTb KodP@QUIUEeHTH ero MOHOMOB B HEKOTOPOM OI'OBO-
penHoM 3apanee mopsjake. /Ipyroi ¢nocob cOCTOUT B TOM, 4TOOBI Iepedi-
CIUThH BCe HEHy/eBble MOHOMBI, YKa3biBas TaK:Ke WX Kod(puimeHTw. Pru
CIOCO0bl MOIYT MPUBOIUTL K 3AMUCAM BeChbMa PA3HOU [IMHBI: MINHA 3alld-
CH MHOT'OUJEHA &7 - ...- L, MEPBBIM CIOCOGOM MOpsifka 1", a BTOPbIM — He
bodblile, dem n log n.

PPUMEP 4. YPABHEHUE HAJ 7Z.
Aan: mnozouten p € Llxy, ..., x,].
Cnp(l’LLLUG(lemCﬂ.' €CMb AU PEWEHUA 6 YEADIT HYUCAAT Y YPAGHEHUSA

p(z1,. .., 2,) =07 (6)

2. CHOCOBHI PENIEHUA 3ATAY

Korga MBI yTBep:KfaeM, ITO 3a,1a4y PElnTh CIOKHO (B IpeaeTbHOM CIy-
qae — HEBO3MOMKHO), BCeI[a OCTAeTCsl COMHEHNe, YTO YITeHbl BCe MBICANMbIE
crocoOuI eé pernennus. /[o KOHTIA DTO COMHeHNe CHATDL HEAb3A — KTO MOXKET
BHATH, YTO NPUAYMAIOT Jt01u B 6yayiieM? Po Hy2KHO, 10 KpallHell Mepe, CTpe-
MUTbCS K TOMY, YTOOBI YYECTh BCE U3BECTHBIE HAa CETOMHAIIHUN JeHb CIIOCOObI
BBHIYHCJICHUH.

Ppu sToMm Hac nuTepecyioT TOABKO TaKle CIOCOOLI, KOTOPhIe MOXKHO ABHO
1 OMHO3HAYHO ONMHUCAThH U KOTOPHIE MOXKHO XOTs OLI B IPUHINIE PEaJn30BaTh.
Pocnennee oznavaer, 4T0O BCe fAelicTBUS, BXOAMAIINE B OMUCAHUE BbIYHCACHUS,
TOJZKHBL OBITh 9AEMEHMAPHBIMY, T.€. TOCTYIHBIMA BCAKOMY (Zarke caMOMy
TynoMmy) ucnoranTenio. Cnoco6 BEMUCIEHN, ¥ I0BIe TBOPSIOMINT TAKHM CBOI-
CTBaM, Ha3HBIBAECTCA AA20PUMMOM.

B 30-pte roganr Hammero (emé) Beka ObLIa MpOJelaHa OCHOBHAS 9aCTh pa-
60TH O (POPMATLHOMY ONpefeleHNio TOHATHSA alTopuTMa. B pesyibTaTe
HOSIBIJIOCH HECKOJNBKO Pa3JHYHBIX ONpefefeHnil W ObLIa JOKa3aHa WX DKBU-
BaJeHTHOCTL. Pocie dero 6bL1 cpopMyanpoBaH 3HAMEHUTHIN meaduc YEpua,
KOTOpHIN yTBep:KfaeT, 4To Gojee OOMINX ONpereleHnil, yI0BIeTBOPSIOIMINX
cPOPMYJINPOBAHHEIM BHIIIIE VCIOBHUAM, He cyImecTByeT. Teznc Yépua He aBad-
eTCca MaTeMaTHIeCKNM YTBepXKAeHNEeM, TOTOMY UTO MpHUBeIeHHbIe YCIOBHUA He
(opMaIN30OBaAHHI.
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2.1. UCIIOJHUTEJD

Ppexne 1eMm 1aBaTh popMaabHoe olpefeNeHne airopuTMa, BBeqeM B 06-
cyKaeHue HedopMaabHbill nepcoHaxk — Wcnonuureas. Pro moBoabHO orpa-
HIYEeHHOE CYIIeCTBO — Y HEro KOHeYHas MaMATh (pasMep KOTOpOIl, BIpoUeM,
MOYKeT OBITH CKOJIb YTOMHO Beank). Jocrynaere Ncnonunrenio meficTBus Tak-
JKe BechbMa TPOCTH. UcToMHuTeNb YMeeT Pa3inviaTh CAMBOIK HEKOTOPOTO KO-
HEeYHOrO ajadaBuTa (CKOIb YyIOMHO GOJABIIONO) U MPAaBHIBHO X 3ANNCHIBATH.
Kpome Toro, on ymeeT Toab3oBaThed Tabaunamu. PTo o3znavaer, 9To ecan
BBIIATh €My KHUXKKY, B KOTOPOH NpHUBeleHa Tabiulla HEKOTOPOH (PYHKIUK
I3 KOHEYHOI0 MHOXKECTBa B KOHEYHOE MHOXKeCTBO, TO lcmosHuTeab MoxkKeT
HaXOAUTh 1O apryMeHnTaM (PYHKINN e€ 3HAUeHHe.

Pouumo sToro y UcnoannTens ecTh KapaHjgalll, JacTHK W HeOT paHUIeH-
HOM (6eCKOHEYHOI) TOMMINHBL TeTpath. CTpaHNIBI TeTPALN HMEIOT OrpaHN-
JeHHBIH pasMep, Tak 9To WcnmorHuTens MoKeT 3alucaTh Ha HAX JHUIIHL O pa-
HUYEeHHOE KOIWIeCTBO CHMBOJAOB. Pa MepBHIX cTpaHuax TeTpa u 3alucaHo
3ajJafine — BXOJ TOW (PYHKIHUW, KOTOPYIO HY)KHO BEYHCANTH. Ucmoannrens
MOXKeT JHCTATh TeTpalb, CTUPATE CHMBOJbBI, 3alUCHIBATH HOBbIE. 3aKaHYH-
BaeTCd DTa ero MeATelbHOCTH TeM, 9T0 OH OTAaET TeTpalb ¢ Pe3yabTaToM
cBoell pabOTHL.

WacTpykunn, KoTopeM cienyeT McmoanuTenb, coOOpaHLl B OTAETLHYIO
KHIKedKy. MoXKHO cauTaTh, 4TO OHU 3a0al0T TaOAUNy 3HAYeHUH (PYyHKIHT

(coctosune Vcnonunrens, Tekymas crpannna) — (geictsus VMenoannrens),

rne <,Z[efICTBHH I/ICHOJIHI/ITGJIH> — 9TO HOBOe€ COoIeprKaHue TeKyHlefI CTpaHUObI
1 Kyda HOJZKeH Ncnoannrenn IpoaucCTaTh TeTpalb — K HaYaJy WJIN K KOHIY.

Pa6ora Ucnonnurens B HECKOIBKO KapHKaTYypHOU (hopMe OTpaxKaeT Te
peaJbHble KU3HEHHBIE CUTyallll, KOMJa Mbl CKJAaAbiBaeM YHUCIa B CTOJOUK,
OPUBOAUM TOMO0GHBIE WIEHBI B 3allUCU MHOIOUYJIEHA, BEIYUCASeM HAHGOIbIINNT
OOIIHU JeMUTeNb NBYX YHCEJS W T.I., T.e. KOTJa MbI «[€UCTBYEM IO AJaro-
PUTMYY.

C gpyroil CTOpOHBI, TaHHOE BHIIIE ONHCAHUE YXKe JerKo HpPeBpaTuTh B
opMaabHOe onpejefeniie, 4TO U OyJeT CAeJaHO B CAeAyiollleM Noapa3srede.
Brupovewm, monpobuocT 5Toro GopMaTbLHOTO ONpeaefeHls He TaK VK BayKHH.
EnuncrBennoe cyiiecTBeHHOe B fMajbHeMIlIeM CBOUCTBO COCTOUT B TOM, YTO
yTBep:K meHne «cnoiHuTent NpaBuibHO BHIIOJHII OY€pPeTHON Iar BhIYHCIe-
HUI» MOXKHO 3alUCaTh TOCTATOYHO KOPOTKOU JOTHYECKOU (POPMYJIOU, mepe-
MeHHBIe KOTOPOW KOAUPYIOT OMICaHne COCTOsHNN Hatren cucrembl (Mcmornn-
Tejb, TeTPa b, KHUKKA C HHCTPYKIHUAMI) IO U MOCJKe 0UePeJHOTO JTefCTBHsA
Hcnoauurens. PTo ¢BORCTBO XOPOIIO CONIACyeTcs ¢ He(POPMAJTbHEIM TTPeICcTa-
BieHUeM 00 DIeMeHTAPHOM JeUCTBUE — eCJH CAETaAHO KaKoe-TO IPoCcToe [Tel-
CTBHE, TO U YTBEPKJIEHHE O TOM, 4TO CIeIaHO UMEHHO DTO JTeUCTBUe, TOJKHO
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OLITH He CJANIIKOM CJIOKHBIM (MInHHBIM). /loKasaTeqbcTBO HTOr0 CBOHCTBA
I ACHOABL3YyeMOT O HIKe (POPMaIbLHOIO OIpeneleHns aJilOPUTMa JerKo H3-
BJedhb W3 MPHUBEJIEeHHOTO B paszfl. b HabpocKa MoKazaTelbCcTBa TeopeMbl Ky-
kxa — JleBuna.

2.2. MAmnHbl ThbIOPUHTA

PpuBenem (opmaibHOe onlpejeleniie alropuTMa, COITacOBaHHOE C Tpe-
IBITYIIHM HeQPOPMAAbHEIM OOCY XK TeHHEM.

Mawuna Teopunea (coxpamiénno MT) orroznavIHO 3a2€TCs yKasaHneM
Habopa (S,=, A, 9, qo,0), T e

> § — KOHeYHOe MHOXKEeCTBO, HasbiBaeMoe aqdasumon MT (B mpenbray-
meM OIIMCaHHHN JJeMeHTaM 3TOI'O MHOXKeCTBa COOTBETCTBYIOT BCe BO3-
MOZKHBIE 3alllUCH Ha OﬂHOfI CTpaHuOe TeTpaln, BbIr[[a,HHOfI Ncnoanure-
m0);

> A — Taxkke KOHEeTHOE MHOXKECTBO, Ha3HIBAEMOE 6HEUHUM AAPaA6UMOM
(B mpeTBIIyIIeM ONMCAHUT DIeMeHTaM 5TOT0 MHOKECTBA COOTBETCTBYIOT
CUMBOJBI, KOTOPLIMI 3alNCLIBaeTCA 3aanne misd VcnonrunuTens n pe3yib-
TAT ero paboTH);

> = — MycTON chMBOJI (mam mpoben), 5TO HeKOTOpHIN saemenT S \ A (B
IpeJbLIyIleM ONINCaHIK eMy COOTBeTCTBYeT IycTasd CTpaHnIa B TeTpaln
UcnomanTens);

> Q — KOHeYHOe MHOKEeCTBO COCTOAHNUII yupaBasioiero ycrpoicrsa MT
(necpopmanbro — Ucnonunrens);

> go € Q — HadalbHOE COCTOSHUE;

> 0: QxS —> QxS Xx{-1,0,1} — (vacTuunas) pynkuns nepexogo MT
(HepOpMATbHO — KHUKKA ¢ WHCTPYKIUAME 1 Venoaunrens).

Cocmosnue MT 3anaéres tpoukon (o, p,q), rjie 0 — GeCKOHETHOE CIOBO
B ajdaBuTe S, T.e. MPOU3BOJbHAS MOCAEJIOBATEIBHOCTD Sq, ..., Sy, ... 26
MeHTOB §; p — HeoTpHllaTelbHOE Hedoe duciao; ¢ € Q. CuMBOJbBL CJIOBa O
OyeM, KaK 3TO IPUHATO, NPEACTABIATh 3alNCAHHbBIMU Ha .4eHme, pazbuTon
Ha fueliKuy, 10 sdelike Ha CHMBOJ. Pa jJeHTe TakKe UMeeTcs: 20406Ka, KOTOPasi
pachogoxkeHa HaJ s49elkol ¢ HoMepoMm p. Parisguo 5To uzobpaxaercs Tak:

[Moroxenne romoBKn v
Awenkn ‘80‘81‘...‘8],‘...
[Momepa sueex 0 1 P

Poumumo menTwnl mMammua ThiopuHTa HMeeT ynpasAfiouee ycmpoicmeo, co-
CTOsIHHE KOTOPOIO 3aMaéTCH DIeMEHTOM ¢ MHOXKecTBa Q.
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Cocrosnns MT MeHSIOTCA JUCKPETHO. 3a OJUH Makm pabomuvl yIpaB/isi-
folllee YCTPONCTBO BHIOJIHAET Caeqytolie geiicTBus (nogsaraem, 47o MT Ha-
XOMUTCA B cocTOsHIE (0, p, q)):

a) uumaem CUMBOJ, HaXOISIINICA MO [OJOBKOM (T.e. OUpefelser s,);

6) eviuucasem 3uadenne GyHKumn mepexotos: 6(q,s,) = (¢, s, Ap) (ecan
(yHKIUSA IepexoloB Ha mape (g,S,) He ompeleleHa, TO OCTAHABINBAET
vatnny Thiopuara);

B) 2anucbléaem Ha JEHTY B f9eiiKy p CUMBOJ §, CIBUIAET NOJOBKY Ha Ap u
nepexoauT B cOCTOsHIE ¢ (IPYT UM CJIOBAMIl, HOBOE COCTOSHIE MallliHbI
- CI "y .
3agaéred TPOHKOU ((So, ..., Sp—1, 5, Spt1s--- ), P+ Ap, q'));

r) ecan p+ Ap < 0, ToO OCTaHABINBAET MAIINHY.

Pa6ota mammusl ThlopnHara HaunHAETCA U3 COCTOSAHNA (0. . ., 0, qo), T 1€
32 KOHEYHBIM CJIOBOM (v, COCTOSIIINM U3 CHMBOJOB BHeIIHero ajadasnTa, (MHO-
JKeCTBO TAaKHUX CJIOB obo3HadaeTcs A*) cireryeT GeCKOHETHOE CJIOBO, IETHKOM
cocTosAmee U3 TyCcTHX cuMBogoB. CroBo a0 Gyjgem HaszwiBaTh 6xodos MT. B
J060U MOMEHT BpPEMEHH CJAOBO, 3alliCAHHOe Ha JeHTe, OJHO3HAYHO 3aluChi-
BaeTcsi B BUJE Om..., I'JIe MOCAEIHHH CHUMBOJ CIOBa 0 — He MyCTOH, a 3a
HUM HJIYT TOJbKO MyCThle CHMBOJH. PyreM Ha3BBaTh CIOBO 0 UCNO.AbIYEMOT
YGCTNBIO AEHINDL.

Buimoanss onun TakT paboTH 3a APYTuM, Maminia ThIOpHHTA TOPOK TaeT
MOCJAEe[0BATENBHOCTE COCTOSHUY

(00707(]0)7 (Ulvplvql)v (0'27])27(]2)7 s

Ecan MT octanaBauBaeTcs, HCIOJIb3yeMas 9acTh JeHTH B TOCTHTHYTOM
mepejl OCTAHOBKOU COCTOSHUE HazbiBaeTCH pesyabmamon padorsr MT.

Kaxpas mamuna Teiopuara M sebviuucatsem JacTHUHYIO PYHKINIO Q) U3
A* B A*, oTobGpakaiolyio BXoI « B pesyabTaT padoTst MT wa Bxoge o mpu
VCJIOBUH, YTO Pe3yJbTaT PaboThl ABASETCA CIOBOM BO BHeIIHeM aJdaBuTE.
Jlns BXOMOB, Ha KOTOPLIX MallliHa He OCTAHABJINBAETCA WAHW Pe3yaAbTaT CO-
TepxKuT cuMBodbl u3 S \ A, QyHKIHUS @) He omnpeferena. V3 omnpenenenus
acHo, 4T0 Jobas MT Beraucaser poBHO onHy QyHKIHIO (6BITH MOXKET, HUTIE
HE OTIPeIeNEHHYIO).

ONPEAEJNEHUE 1. Yacmuunas ¢gynxyus f uz A* ¢ A* nasvieaemes 6bi-
wucaumot, ecau cywecmeyem mawuna Toiopunea M, das womopoii onr = f.
Ppu amom 6ydemn 2060pums, umo [ eviuucauma wa M.

Pe Bce Qpyuxnunm BoraucanMbl. PTo scHO W3 cpaBHEHUS MOITHOCTH MHO-
KecTBa (PYHKINH (KOHTHHYYM) W MOIIHOCTH MHOXkKeCTBa MallnH ThlOpHHTa
(caérHoe MHONKecTBO). ECTh 1 sABHBIE MpHUMepH HEBBIYHCIUMBIX (PYHKIIH.
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O,Z[I/IH 13 BayKHEHIINX — npod/tedwa OCmMaHoskKU: TaHa MallllHa TbIOpI/IHFa n
BXOOHO€ CJ0OBO; HYXKHO IIPpOBEpPUTL, OCTaHaBAHBaeTCd JH 5Ta MalllHa Thio-
PHUHT'a Ha TaHHOM BXO/e.

YOPAYKHEHUE 1. Onpedeaume Gynryuio na MHONCECMEE CA06 6 KOHEU-
oM aadasume, omeeuaowyro npobiene ocmanosku mauunbt Toiopunea.

Poackaska: xoTa mMamnna ThiopuHTa peaansyeT (PpYHKINIO Ha GecKOHed-
HOM MHOKecTBe, OHa MOXKeT ObITh ONNCaHa KOHEYHBIM CJIOBOM.

3. CIOXKHOCTb U CJO>KHOCTHBIE KJIACCHI

3.1. CI0YKHOCTH BBIUNCJEHUS

CoXHOCTD BBIYHCTCHNSA (T.e. pabOTHl aJrOpHTMa HA JAHHOM BXOJHOM
CJIOBE) OTpeeNseTcs pecypeanu, TpeSyoIIMICS I8 3TOro Berancaenns. /IBa
BaKHENIINX pecypca — 6pems (KOIMIeCTBO TAKTOB pabOTHI 10 OCTAHOBKH
WK, Ha J[PYrOM HCIOJAB3YEMOM HaMU fi3bike, — KojaudecTBo geictBuil Wc-
TOJHUTENsA) U namams (HauGOMBIINT HOMep S9elKH, Ha,T KOTOPHIM TOOBIBAIA
roaoska MT B mpomiecce BEIMHUCASHNSA, HAN KOJANIECTBO CTPAHNI, TPOCMOTPEH-
HbIX VcmonnuTenem).

Hrak, pecypc, TpebGyeMblil i KOHKPETHOT'O BEIYUCIEHUS, — 3TO YUCJIO.

3.2. CI0YKHOCTEL AJIOPUTMA

YTo6Br OXapaKTepn30BaTh CJIOKHOCTH PaBOTH aJropuTMa (T.e. cnocoba
BBIYHCJAeHNS PYHKINN), MBI TOJKHBI IPAHATH BO BHUMaHIe PabOTy alrOPUT-
Ma Ha Bcex Bxogax. CrenaeM MBI 3TO OJHUM U3 HauboJdee paclpoCcTpaHeHHBIX
cI1oco00B, KOTOPBIN Ha3bIBAETCHA «CJIOKHOCTH B HAUXYJIIIEM CIYTIaes.

Pynem rosoputs, uto mammmua Teiopuara M pabGotaer 3a Bpems Thas(n),
ecin MakcnMaJabHOe (IO BCeM BXOJAM [INHBI 1) KOANIeCTBO TAKTOB, KOTOPOe
npopabotaer M 1o ocranoBku, paBHO Ths(n). Aramornmdno, mammnaa Thio-
puura M pabortaer Ha mamsTn Sps(n), ecin Hamboldee yraléHHOe OT Hada-
Ja JeHTHl MOJOXKeHUe TOJOBKU MPH BBIYHCICHUAX HAa BXOJaX JJAUHBI 17 PaB-
1o Syr(n).

Hrak, cioxKHOCTE alropuTMa XapaKTepu3yeTcs HEKOTOPOU (PYHKIUEH OT
HATYpaJbHOIO HapaMeTpa.

3.3. CJI0KHOCTDb 3ALAYN

Po gaBaliTe BCOOMHIM, 9TO HaC HHTepeCcyeT CAOKHOCTDH BLITHCINTEeNLHON
sajadn. Pemars 3aady MOKHO Pa3sHLIME CHOCOOAME U ecTh pasHble (op-
MaJbHBle Momenn Bbranciennii. K tomy xe (cm. [6]), HAWBHBIM MOIXOT —
onpegendaTh CIOKHOCTDL 3a4avll 110 CJIOXKHOCTH HaWlydilero airopuTMa, eé
peliaomiero, He paboraer.
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Posromy npussT apyroi cnocob xapakrTepusalun caokKHocTH 3a aqu. On
COCTOUT B TOM, 49TO BBIAEIAIOTCH KAACCHL TeX (PYHKIINE, BEYUCJIEHTEe KOTOPHIX
BO3MOXKHO NpH 3aaBaeMbIX OT'paHUYeHNAX Ha NOTped/seMble pecypchl.

Pan6oaee BaxKHBEIe KTaCCH TOAYYIAIOTCA, €CJAN HAKAATLIBATE OTpaHUIeHT S
Ha POCT BpeMeHH PabOTHl U/WIH WCIOAb3YeMOH MaMSITH B 3aBHCHMOCTH OT
IJUHBL BXOTHOT'O CJIOBa. A Hauboee BasKHOe pa3iudie MeK, 1y H(PpPeK THBHbIM I
1 HedPPeKTUBHEIMA BHYNCACHUAMA 33 Ta6TCId PYHKIUAME NOAUHOMUAAILHO20
pocma. Pyuxuus f(n) — MOIMHOMIAIBHOTO POCTa, €CJAH I HEKOTOPOH KOH-
CTAHTHI d IPN KOCTATOTHO OOJMBIINX 7 BHIOMHSIETCS HepaBeHCTBO f(n) < n?.

B srom caydae 6ymem ncnoab3oBarh oGoznadenne f(n) = poly(n).

ONPEAENEHUE 2. Dynxyus [ npunadaexcum waaccy P (u nazvieaemes
NOAUHOMUAALHO 6BINUCAUMOL), €cau oHa sbiuucauma na mawure Toopunea
M, das komopoi Tyr(n) = poly(n).

ONPENENEHNE 3. @Pyuxyus f npunadaexrcum waaccy PSPACE (u naswi-
BAEMCA 6BIUUCAUMOT € NOAUHOMUGALHOT NAMAMBIO), €CAU OHA EBINUCAUMNA HA
mawune Tviopurnea M, das womopoii Sy;(n) = poly(n).

3.4. POYEMY NOJUHOMBEI?

Pod4ru Beskuit, KTO 3HAKOMUTCS C TeOpHel CAO0KHOCTH BBIYHCICHUU, 3a-
Ta€T B DTOM MeCcTe BOUPOC: «nodeMy >PPEKTUBHOCTH BBIYHCICHUH OTOXK -
CTBASETCHS ¢ NOAUHOMHUAJbHOCTHIO®? Takou BEIGOp He mpegcTaBiseTCS oOUe-
BHUIHBIM, U YK 3aBeJOMO OH He eJMHCTBEHHO BO3MOXKHBIN. POCKOIBKY B 1aib-
HellllleM H3J0KeHuu Mbl OyjgeM 6Ge3 ClHelHadbHBIX OI'OBOPOK OTOXKIECTBIAATH
HOJHHOMHAJIBHYIO BEIYUCIUMOCTE U 5P PEKTHBHOCTE, CTOUT CIeJaTh OTCTYII-
JeHue U JaTh XOTs OBl KaKue-TO MOSCHEHUS.

OcHoBaHus [AJisi TAKOT'O BHIOOpA JeJsTCH Ha [Be IPYIINBI TeOpeTHYeCKNe
1 npakTudeckne. PadHéM ¢ TTepBHIX.

> PoanHoMbI y106HBI TeM, ITO OHH 3BaMKHYTH OTHOCHTENbHO KOMIO3UIAN.
Pro o6cTosTenseTBo 6y1eT aKTUBHO DKCILIYATHPOBATLCA B TEOPUH, U3-
JaraeMoll HIXKe.

> Bemommum, 4To npu GpopMyInpoBKe BLIMHCIHTEILHON 33,141 Kak 3aja-
91 BEIYHCIEHNS (PYHKINH Ha CJIOBAX €CTh IPOU3BOJ, CBA3AHHBI ¢ BBIOO-
pPOM BO3MOXKHOIN KOJHDPOBKH BXOIa I pe3ylbTaTa. Pampumep, mepecta-
HOBKY I3 N 5I€MEeHTOB MOXKHO 3a1aBaTh TabJnlell 3Ha4eHnl (KaK (QyHK-
unio Ha MHOXKecTBe {1,...,n}) win marpuneir n X n. Pociennuit cnoco6
He okonoMen — myzkHo 3agaTh O(n?logn) 6uros BMecto O(nlogn) 6u-
TOB, KaK B ePBOM CIydae, HO 9acTO yAoOeH npn (popMyIHpOBKe 3a1ad
U alrOpHTMOB. XOTeIOCh Gbl, YTOOH! ONpefeeHle CIOKHOCTH 3aadl He
3aBICEI0 OT TaKNX (Melodeily, Kak yI06cTBO (pOPMYJINPOBKH.
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Kak HE cTpaHHO, OTOXJeCTBIeHHe >PQPEKTHBHONO I TOJXHOMHAILHOIO
BBEIYICIEHIS HMeeT CMBICHK I ¢ TOYKH 3DeHHs NPAKTHKH BEYHCICHIH, XOTS U
He Bcerja IpHMeHHMO. PamoMHIM, 4TO BCe HAIIN PACCy K JeHHs IPOBOIITCS
¢ TOYHOCTHIO 10 MYJbTHILINKATHBHOH KOHCTAHTHI, TaK ITO IPHMEHHMOCTH
paccMaTpPHBaeMOH TeOpHH K MPaKTHKe HYXKIAeTCd B CHeNNAIbHEIX 060CHOBa-
nusx. Tem ne mMenee, yxe k cepefune 60-bIX [OJOB ONBIT IPAKTHIECKOIO IPO-
IPaMMHEPOBAHNSA MOKA3al, 9TO eCIH [1If MOINHOMHAIbHBIX AIlOPHTMOB €CTh
CMBICT 6OPOTHCA 32 (pEeKTHBHYIO pealnsannio (IpakTHIeCKH BO3HHKAOIINe
3a/adll PelIaloTcs 3a pa3syMHOe BpeMs ), T I GOMBIINHCTBA Al OPUTMOB, He
HMEIINX TOINHOMIAJIBHEIX BeDXHIX OLEHOK, PellleHIe NPAKTHIeCKH BO3HIH-
KAIOIINX 3a/aY 3aHIMaeT HelpHeMJIeMo GOJbIIoe BpeMs I TOpa3lo pa3yMHee
1306peTaTh BBPUCTHYECKHE IPHEMBl DellleHls TaKnX 3a/1ad, pacCMaTPUBATH
NpubINKeHHBe TOCTAHOBKI I T. II.

B nocieyomine rogbl cMBICT TOHATHS «>((PEKTHBHO BEIYHCIUMBLIY yTOU-
HAJICA W HECKOJIBKO H3MeHMICH. POSBUIOCH, CKayKeM, MOHATHE (BEIYHCINMBIN
3a peanbnoe BpeMmsy. OHo Golee aIeKBaTHO ONICHIBACT CHTYAINH, BO3BHHKA-
[Ol[e B BLIYHCINTEIBHEIX CHCTEMaX, OT KOTOPHIX TpefyeTcs HO-HaCTOAIeMy
OBICTpas peaknus. P 0IHOTO MOJb30BaTeNs He YCTPOUT TEKCTOBHIH pelak-
TOp, KOTODHIl BCTaBIsfeT B TEKCT HOBHII CHMBOJ 3a BpeMd, JHHEIHO 3aBH-
cilliee OT pa3Mmepa TekcTa. [JaHHEE BHIIIE ONpeIeleHIs He MO3BOIAIOT (GOp-
MaJbHO OINCATH TaKie CHTYAlHl, HHTepecoBaTh OHN Hac He Oy1yT. O1mako
dUTaTel0 [OJe3HO MONPOGOBATH NOCTPONTH (POPMATbLHOE OlpeleleHNe, HC-
X0/ U3 IpPeJI0KEeHHOTO IpHMepa.

PousTue 5)peKTHBHOI O aITOPHTMa B IOCIe[HAE ['OIbl CTAI0 BKIIOYATh B
cebs I BePOATHOCTHBIE AJTOPHTMEL, pabOTAOIIHe 32 TOIHHOMHUAIBHOE BPeMs
(0 HEX cM. HuXKe, pasgen 8.1).

4. KAK PA3JIIMYATH CJOYKHBIE U MPOCTHIE 3ATAYN?

Yurarenb, He TOTEPSBIINN OCHOBHYIO HUTh PAcCy K IeHUN, JOJIKEH B DTOM
mecte yanBuThes: «Kak? PasBe ToabkO 9TO He GBLIO JaHO PA3bACHEHNE DTO-
ro Bompoca? PpocTee 3ajadn pemmaoTes 3a MOINTHOMUAIBHOE BPeMS, CJIOMK-
Hble — HeTh

YBBI, TaKOH MPOCTOH OTBET MPHMEHNM [TajJeKo He Bcerja. KoHewHo, ecTh
MHOT'O 3334, IS KOTOPHIX MOCTPOEHB MOJMHOMUAJbHEE aJropuTMbl. Bee
TaKme 3aJadnl MBI CYHTaeM NpOCThHIMA. M3 mpnMepoB, mpuBeneHHBIX BHIMIE,
NPOCTON ABAAETCS 3ajJada O Pas3pelinMOCTH CHCTeMbl JHHEHHBIX ypPaBHEHIH
B PalUOHAJBHEIX Yncaax (mpumep 1). PormHOMHATBHBIN aJTOPUTM pelleHns
STON 3aJadl CTPOUTCSA Jerko (INTaTelns, HHTepecyolerocs >PpQeKTHBHbI-
MU QITOPHTMAMHE, B TOM YHCJIe U aJTOPHTMaMU pelleHus CHCTeM JUHEeHHBIX
ypaBHeHUH, oTchLIaeM K Kauram [2], [9], [1]).
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B HEKOTOPHIX clIydasx JOKA3aHO OTCYTCTBHE AIlOPHTMA, PEIIAOIIero 3a-
Jady; mpuMep 4 — OJUH U3 HUX (5T BapHaHT LecaToll npobiemsl ['mibbepra;
JOKa3aTeJlbCTBO HeBBHIYHCINMOCTH COOTBETCTBYIOIIEH (DYHKINH CM., HAIpPH-
wep, 5 [5).

Po 11s orpoMHOrO 4HCIA €CTeCTBEeHHO BO3HHKAOIINX BBIYHCINTEIbHBIX
3afad He yIaéTcs HH NOCTPONTH 5(P(EKTUBHBIN (=IOIHHOMHAIBHBIN) AIr0-
PUTM, HH IOKa3aTh OTCYTCTBHE TAaKOI'O aIropuTMa. JIMeHHO TaKOBBI OCTAlb-
HBle IPHMepHL I3 pa3fera 1: pellleHne IHHEHHOTO ypaBHEHNA B HEOTPHIATENb-
HBIX [eJIBIX YHCIAaX I pellleHne CHCTeMbl ypaBHEHHI B MOJe W3 IBYX BJeMeH-
ToB. KoHeuHO, Hey1ada MHOTOIETHIX YCIIHI 110 TOCTPOEHHIO S PeKTHBHOTO
aJITOPUTMa [ HEKOTODPOI 3ajadl yXKe SBISETCS BECOMBIM apryMeHTOM B
NOJB3y €€ CIOKHOCTH. PO X04eTcs nMeTh TeopHio, B KOTOPOU TaKhe 3aladu
MOZKHO [TOKa3yeMo OTIeINTh OT IPOCTHIX 3aj1ad.

Ponxondias Teopus 6blia nocTpoeHa B Hadade 70-bIX [OJOB I MOJLYYILIA
¢ Tex IOp LINpOKoe pacipocTpanenne. OCHOBHAA HIes COCTOUT B TOM, 4TOOLI
BBECTH Ha MHOXKeCTBe 33]ad OTHOIIeHHe ceodumocmu («3agada A He CloXKHee
3agadi B») I XapakTepH30BaTh CIOKHBIE 33 a4l KaK 33,1291, K KOTOPBIM CBO-
IATCS BCe 3aadl I3 HEKOTOPOro Kiacca. Puzke B 5TOM pasjele ONNCBIBAETCS
CaMBIHl MOIYJISPHLIN BapHaHT TaKOH TEOPHH, OCHOBAHHEIN Ha KJacce Ipe-
KaTOB, BLIYHCIHMBIX 3a TOJMHOMHAILHOE BPEMs HEJCMepMunuposannvtuu?)
vammuamn Teiopnara (krace NP).

4.1. POIMHOMUAJBHAS CBOAUMOCTD

ONPEIEJNEHUE 4. CBOAUMOCTE IO Kaprny. @yukyus fi ceodumcs x
Pynryuu fy (0603nauenue fi < fi), ecau cywecmeyem maras Gynryus f €

€ P, umoVuz fi(z) = fol f(2)).

CBojgumocTs no Kapny Tak:ke HA3BIBAIOT MOJIHHOMUAJBHOU CBOTHMOCTBIO,
a 9acTo — MpocTo cBogumMocThio. OTHollleHe X 6yeM paccMaTpHBATh Kak
(popMaJbHBEIH BapHaHT OTHOIIEHUS «3ajada fi; He ciaoxkHee 3amadu fyy. Jlen-
CTBHTeNBHO, ecan f; € P, To u f; € P: moamHoMmanbHBIN alropuTM [Aas
BBRIYHCICHUA [ HCHONB3YET MOCIETOBATENbHO MOJHHOMUAJBHBIE AJITOPUTMbI

st f (Ha Bxoge @) u wist fy (Ha Bxoge f(z)).

4.2. Kiuacc NP

P pex e Bcero zaMeTnM, 9TO DTOT KJacC BKAOYaeT B cebd TOTLKO Xapak-
TepuCTHYecKHe GYHKINN (HATOMHUM, ITO 3aJa4l, COOTBETCTBYIONINE TaKINM
(YHKIISAM, COCTOAT B IPOBEPKe HEKOTOPOT'O CBONCTBA BXOIHOI'O CJIOBA).

2 o
)Mot He 00BACHSIEM, ITO 3TO TaKoe; HYXKHHN HaM Kiacc NP MOXHO ompeneinTb, He

HpI/I6eFa.E[ K HEICTEPMUHUPOBAHHBIM BBITUCJICHUAM.
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Tenepnr maguMm HedopMaabHOE ONHCAHHIE DTOTO KJAacca 3ajgad. Y Hac IIO-
sBasgeTcs HOBBHIE mepcoHak — CoBernuk. Ot Ucnoanmrens CoBeTHHK OT-
JHYAeTCH IBYMA YePTAMU: OH UHMEAAEKMYAABHO 6CEMO2YU T NPUCTPACINEN
(sT0 o3HavaeT, 4To COBETHNK X0YeT, YTOOLI ¥ PacCMaTPHBAEMOr0 OOBEKTa
OLLIO NPU3HAHO HAJIHINe HCCIeIYEeMOro CBOICTBaA, GE30THOCUTEILHO K NCTHH-
HOMY TOJIOKeHNo fen). Pociaennss ocobenHOCTh He mo3BoasieT Venonnnrento
cJIeno onupaThes Ha MEeHne CoBeTHHKA: OHO BCerJa o JnHakoBo. Mcmonrnnrens
MOxKeT 3a1aBaTh COBETHUKY BONPOCH U TeHCTBOBATDH, HCXO/A U3 MOJY I€HHBIX
oTBeToB. KaxK LIl BOOpPOC—OTBET CUNTaeTCca OIHHM AeldcTBHeM. Pemenne o
BHaYeHHH (PYHKINE IpHHHMaeT McooanuTensn.

3AMEYAHNE 1. B auteparype no Teopun cioxuoctn Vcnornnrens (He-
CKOJIBKO 60JIee CHIBHBIN — CHAO0KeHHBIN MOHETKOH IS IO IOPACKIBAHIIS ) MMe-
wyercsi Aprypom, a CoBernuk — MepauHowm.

dynkuns (xapakrepucrndeckasn) f(x) npunamrexnt kiraccy NP, ecan cy-
mecTByeT agaropuTM mis napel (Mcnoranrens, CoBeTHNK), KOTOPHIH Beerma
(mpu MIOOBIX BO3MOXKHBIX BapnaHTax anajnora Mexry VMemonrnnrerem n Coser-
HIKOM) 3aKaHYMBAeTCA 3a MOIMHOMUAIBHOE OT IIMHBI BXOJa BPEMs Il Pe3yib-
TaT paboOThl KOTOPOTO VIOBIETBOPSeT ciaelyioliemy yejoputo: ecan f(z) = 1,
TO CyLIeCTBYeT Takoll BapuaHT auagora mexny Mcnoannresem u CoBeTHu-
KOM, 9TO pe3yabTaT paBeH l; ecinm ke f(x) = 0, To mpm J11060M BapHaHTe
Jquajgora pesyabrar papen 0.

SAMEYAHUE 2. W3 ganHOro Bbille HedopMa/bHOIO ONpefeleHNs fACHO,
aro P C NP (Mcnoanurens MokeT HEHYero He CHpalluBaTh). fBisercs am
5TO BKIoYeHne cTporuM? [JoBOIbHO HHTEHCHBHBIE, XOTA 1 Oe3yclellnble, 10-
IBITKN OTBETHTH Ha 3TOT BONpoc npojgokaioTces yxke nodtn 30 get. C. Cumeltn

?

BKaAtoYIa mpobiaemy P # NP B 4icio Tpéx BaxKHEHNIINX MATEeMaTHYeCKIX TPO-
6JeM Caefyiouero croieTns (IBe Apyrune — runoresa Pumana m rumoresa
Pyanxkape), cm. [10].

Ppexne vem maBaTh popMagabHoe onpenenenne knacca NP, 3amMeTnm cae-
nytoriee. Ucnoguurens paboTaeT BIOJAHE onpeleséHHbiM oOpasom, a CoBer-
HUK — BceBenyil. PosTomy, nocmorpeB Ha Bxoj, COBETHHK MOXKET Cpasy
coo6muThL VcnomauTenio Bech UX AuaJjor, a McnoannTeab — y6eInTheA, ITO
Coernuk He coBpaJ; Ucnogsuurento Ha >T0 moTpedbyeTcs BpeMms, MOJHHOMIE-
aJbHO 3aBUCHlIee OT MJAUHBI THAJIOTA.

ONPENENEHNE 5. @yuryus f (co anavenusnu 6 mnoxcecmee {0, 1}) npu-
nadaexcum waaccy NP, ecau ona npedemasuma 6 gopme

f@) =3y ((yl < q(|z) A R(z,y)),

2de q(-) — noaunom, R(-,-) € P, a|-| — dauna caosa.
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31ech (1 BCIOIY [Tajee) MBI OTOXK IeCTB/ISEM JOTHIECKNe 3HATOHNS IOK b
n «ucTuHay ¢ 0 m 1 cooTBeTCTBEHHO.

B n1yxe npeabiayiiiero HepopMaabHOT O 06CYXK TeHHS DTO ONpeIenenne Hy K-
HO MOHUMAaTh Tak: y — 570 coobuienne Copernnka Ucnonunrento, a R(-, ) —
QJTCOPUTM IPOBEPKH, KOTOPLIA OCyilecTBIAeT McnoaunTenn.

3AMEYAHUE 3. PpuBemem elé HecKOAbKO He(pOPMAJbHBIX HHTEpPIpeTa-
nui kaacca NP. CnoBo y B JaHHOM BbIllle ONpejejeHnll MOXKHO MOHUMAaThb
KaK «MOICcKa3Ky» McnoqHuTent0, BOCIOAb30BaBIINCE KOTOPOU OH MOXKET Mpo-
BepuTh Buimoanenne NP-cBonicrBa. Jpyrumu cioBamu, y NP-zagatdn ectsh oT-
BET, KOTOpHIN, ObITH MOYKeT, TPYAHO HAUTH, HO MPOBEPUTH NPABUIBHOCTH
oTBeTa — Jerko. PonyaspHo TakKe mpejrcTaBieHne O ClIOBe i KaK O «IoKa3a-
TeJbCTBE HAJMYNA CBONCTBAY (MOApasyMeBaeTCs, 9TO H3YUeHHe JOKa3aTelb
CTBa 3aHNMAeT NOJMHOMHATBHOE OT €ro [INHBI BpeMs).

JIEMMA 1. Pyems fi < fo. Toeda
a)f1€P2>f2€P; 6)f2€NP:>f1€NP.

JJOKABATEJIBCTBO. PyHKT a) pakTHdeckn TOKa3aH BHIIIE.

MokaxkeM myHKT 6), mpuBIeKas He(POPMATbHBIX TePCOHAKeN U3 TPeIbIy-
wero o6eyx gennsi. CoBeTHnk coobmaet Ucnoauntento f(z) (ginua koToporo
orpaHnYeHa HEKOTOPHIM MOJINHOMOM f OT IIWHBL &, TOCKOIBKY f € P) u ciio-
BO ¥y, KoTOpoe y6ex taeT Ucnonunrens B Tom, 1aro fo(f(z)) = 1. UcnoranTens
MOYKeT NPOBEPUTH, 9TO €My JeHCTBATENbHO coobreno f(z).

ONPEAENEHUE 6. Dyuxyus [ € NP nazweaemcs NP-noanoi, ecau wo-

6an Pynryus uz NP x ned ceodumes® .

Eciun mekoropyio NP-nonrnyro ¢pyHKuImo [ MOXKHO BBLIYHCAATHL 3a BpeMd
T(n), To mobyio pyakunio g u3 NP MoxkHO BerameasTh 3a Bpems 1'(n¢), rie
9HCAO € BABACAT OT ¢, HO He OT BXO/a.

NP-nonnsle pyHKOUE CylIecTBYIOT, HalpuMep, (DYHKINA 3aafollad mpe-

JUKaT BBIMOJHUMOCTD a5 6yIeBLIX (pOPMY.I:
1, ecoim Jtq, ... tg s x(ty, ..., tg) = 1,
0 B IpOTHBHOM CIydae.

SAT(z) = {

B nepBoii cTpouke mpegnojaraeTcs, YTO T €CTh 3allUCh JOTHYECKOU (POPMY-
JAbl ¢ OyJeBBIMU NepeMeHHbIMU iy, ...,{; U NPOMO3ULNOHAJbHBIMU CBA3KAMHN
(=, V, A).

TeoreEmA 1 (Kvk, JEBun). 1) SAT € NP;  2) SAT — NP-noana.
CaneactBue. Fecau SAT € P, mo P = NP.

3
)PI/I)KG 6yrZ[yT HUCIIOJIB30BaAThCA aHAJOTMYIHBIEC TTOHATHUA IMOJHOTHI IO APYTI'HUX CI0XKHOCT-

HBIX KJIaCCOB.
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Pckus noxazatenbcTBa TeopeMmbl Kyka — JleBuna 6ygeT mpuBeneH B cie-
ayiolleM pa3siede.

A moka zamerum, 4To 60JbIIAs YaCTh HoKazaTelbcTB NP-TOTHOTHL uc-
N0Jb3yeT MONMHOMUAJIbHYIO CBOJIUMOCTL U CAEMVIOUIYIO JeMMY.

JIEMMA 2. Feau SAT <« L w L € NP, mo L — NP-noanas. H soobuye,
ecau Ly — NP-noanas, L4 < Ly v Ly € NP, mo Ly — NP-noanas.

JIOKABATEJLCTBO. [locTaTO4HO HPOBEPUTH TPAH3UTUBHOCTH CBOJTIMO-
ctu: ecaun Ly o« L9, Ly < L3, To Ly o« L3. OHa clegyeT m3 TOro, 9TO KOM-
HO3HUIUSA JBYX NOINHOMHAALHO BBIYUCAAMBIX (PYHKIUH TOJHHOMUAJBLHO BhI-
THCANMA.

5. IIABPOCOK JOKABATEJILCTBA TEOPEMBI KVKA — JIEBUHA

1) Pro yrBepxkgenne moarn odeBngno. CoBeTHHK coobimaer Memonnure-
JITO 3HAYMEHUs TepeMeHHEBIX, BXOAAMNX B (GOPMYIY, TPH KOTOPHIX OHa NCTHHHA.
HcnmoaunTenb cipaBUTCA ¢ TPOBEPKON HCTHHHOCTH TMOJYIEHHOTO BHICKA3hIBa-
HUA 3a TOINHOMHUAALHOE BpeMs.

2) Pycres dyuxuns uz NP, kotopyio HyxHO cBecTn K SAT, nmeer Buf
F(2) =3y (9] < glle)) A Rz, ).

Paccvorpnm matmnay Teiopuara, Berqucasomyo (-, ) 3a moInHOMIaIb-
Hoe BpeMs. PaM HyXHO samnmcaTh B BH/e JOTHIECKON (POPMYIBI YCIOBHE TO-
ro, 9TO NPH HEKOTOPOM y (M 3aTaHHOM BXOle Z), MAllNHA BBLIAET PE3Ylb-
taT 1. /las »TOTO MpejcTaBIM BeCh MPOIMEcC BHITUCICHNS, MIAIIET0CT BpeMs
T = poly(n) n ncnoabsyomero namaTs S = poly(n), mab.iuyei sbruucienus
paszmepa T' X S, nokazaHHOU Ha pucyHke 1.

t=20 FOJ
t=1
t=j A
t=j+1 §
t=1T
S KJaeTok
Puc. 1.

Crpoka ¢ HoMepoMm j Tabuuibl 3agaér cocrosuue MT nocie j TakToB
pa6orbl. Cumpoarl I';j, 3anmcanuble B Tabiuie, IpHHALIEKAT al(aBUTY
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Sx{@UQ@}. CumBox I'; ; onpegenser napy (cuMBOJI, 3alllCAHHLIA B k-1 s1ei-
Ke MocjIe j TaKTOB PabOTH; COCTOSHEE YIPABIAIONEr0 YCTPOUCTBa TOcke j
TaKTOB pabOThI, €CAN T'OJOBKa HaXOIUTCA HaJ k- fA9edKoH, B HPOTHBHOM
clIydae BTOPOH dieMeHT mapbl — ). /[uas MpoCTOTH TakKe CYINTaeM, UTO
ecJl BBHIYHCICHHEe 3aKaHIHBaeTcs MpH HeKoTopoM Bxoje 3a T’ < T TakToB,
TO CTPOKH ¢ HOMepaMu, 66abimumMu T, noBTOpsatoT cTpoky ¢ HoMepom 17,

CocrosiHne KazK 101 KIeTKN TabJIAIBl MOKHO 3aK0THPOBATH KOHETHEIM (He
3aBUCAIINM OT 1) IHCAOM OyJIeBHIX NepeMeHHbIX. MMeoTes wokatbnbie npa-
6UAG CORAACOBANUS, T.€. COCTOAHNE KaxK 0N KieTkn [ B cTpoKe HUKe Hy.le-
BOI OJHO3HAYHO ONPEJeNIeTCA COCTOAHUAMN KAETOK B MpeAblIyIiiell cTpoKe,
JeKalux HermocpeacTBenHo Hajg manuon (1), neBee mammont (1)) m mpaBee
nannoin (I'). Kax1oe Takoe ycioBHe MOXKHO 3alHCATh B BHIe JOTHYECKON
(HOPMYJIBI OT TepeMeHHBIX, KOANPYIOMINX COCTOSHUSA KAeTOK, IpHIeM pasMmep
5TON (POPMYJIBI OT N TaKzkKe He 3aBUCHT.

Eule HaM HYKHO 3amucaTh yCJIOBHE YCIENITHOCTH BBIYHCAEHHS (pe3yabTar
paBen 1). /last sToro 3ameTnM, 9T0 Ge3 OrpaHNYeHNs OGIIHOCTH MOMKHO CUI-
TaTh, 9TO COCTOAHUS KJICTOK TabJUILI KOAUPYIOTCA Tak, 9YTO OJHA U3 KON~
PYIOIINX MepeMeHHbIX paBHa 1 TOJBKO B TOM Clydae, KOT/la B s4eilKe 3alnca-
Ha 1. Torga smatenue sToil mepemennonl gis koga I'r o u 6ygeT pesyibTaToM
BLITHCACHMUS.

Onpenennm GOpMyay @, Kak KOHBIOHKINIO BCeX (POPMYJI, B KOTOPBIE 0/
CTaBJeHBI 3HAYCHNA TepeMeHHBIX, KOANPYIOMINX BXO £#Y, TOTOJHEHHBIH CHM-
BOJIaMI = 10 ganibl || + 1 4 ¢(|z|). 3nadenns, coorBeTcTByIOIINe T N F#, —
KOHCTAHTBI, TTODTOMY TepeMeHHble, OT KOTOPHIX 3aBUCAT dTa (POPMYyJda, OT-
BEYAIOT § M KOJaM BHYTPEHHUX fdeeK Tabauibl. Tak 9TO MOXKHO CYHTATh,
9TO (POPMYJIA P, 3ABUCAT OT Y U €IIE OT KAaKIHX-TO MepeMeHHbIX, KOTOPBIe Mbl
0003Ha4YNM Z.

UTak, MBI comocTaBmin cioBy & GopMyay ¢.(y,z), KoTopas Mo MOCTPO-
eHII0 00JaTaeT cIeIyMmnM cBoiicTBoM. Ecan Bemoausercs R(z,y), To Hal-
TeTcs Takoll HaGop sHadeHHn z(x,y), upnm KoTopoMm ¢.(y,z(x,y)) ucTuHHA
(sTm sHavenus ommchiBaloT padory MT ma Bxome ax#y). A ecin R(z,y) me
BBITIOJHSAETCA, TO @,(Yy,2) Bcerjga JoxkHA (MOCKOIBKY O CYTH YTBEPKIAeT,
9TO BBHIYHCIEHNEe HA Bxome (z,y) maér oTBeT «1a»). Takmm obpasom, mpn
f(z) = 1 Takas ¢gopmyaa mHOTAA (MpH HEKOTOPHIX 3HAYEHHAX YY) HCTHHHA,
upu f(z) =0 — Bcerga JI0xKHa.

6. IIPUMEPBHI NP-TIOJHBIX 3A1AY

O6mupubii cnucok NP-nofHbix 3aga4 cogepkutcs B Kuure ['spu u [:KoH-
cona [3]. Kax npasmio, ux NP-noiHoTa 1oKa3siBaeTCs ¢ TOMOIIBIO CBETEHUI.
PpuBeném HeCKOIBKO NPUMEPOB TAKHX [OKA3aTeNbCTB.
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6.1. 3-KPD

Pra 3ajgava 3agaércs npeanKkaToM

3-SAT(z) =1 = =z ectb 3-KP D, koTopas ucTnHHA MpH HEKOTOPHIX 3HA-
JeHnAX mepeMeHHbX. 3-KP® — 5T0o KOHBIOHKINA T35
IOHKITUU, KaKJas U3 KOTOPBIX COMEPKHUT TpU JUTepada,
a JJUTepajl — 3TO MepeMeHHas Win e€ OTpHIlaHlue.

3-9AT(z) =0 = =z ectp 3-KP®d, Koropas 10kHa NmpHm BCeX 3HAYEHUAX
mepeMeHHBIX.

3-SAT(z) ue ompejeseHa BO BCeX OCTANbHBIX CIydasX.

3-S AT raxxe NP-nogna. Pro yecranasiuBaercs cBegennem K e SAT.

TEOPEMA 2. SAT x 3-SAT.

JTOKA3ATEJIbCTBO. PaccMOTpuM BbIMHCIeHHe HCTHHHOCTH 3aJaHHOM
dopmyasl @(x1, ..., T, ), ncHoab3yollen cBa3kn (-, V, A). Pesyabrarsr mpo-
MeKYTOYHLIX BEIYUCICHUI OO03HATNM U1, . . ., Ys. JLI18 KazK 10 mepeMeHHOl Yy
BLITOJHEHO OHO U3 TPEX PaBeHCTB

Y = uV v,
Y = u A v, (7)
Y = 70,

rie u, v aubo nepeMeHHbie (POPMYJIbL, AUGO YKe Ol peeJéHHbIe BCIOMODaTellb-
HBIe [epeMeHHbIe, T.€. U, U € {&1, ..., Ty Ylye -y Yho1}-

Teneps zannuiem 3-KP®d, paBrocuibpayo ncxognon gopmyae ¢(-). B sty
KP® 6ynyT BXOAUTH TePpEMEHHBI® X1, ..., Ty T Y1, ..., Ys. POCTPONM BHaUaJIE
KOHBIOHKINIO K’ yeaoBuil, 03Ha4aloMUX, YTO KaxKjas U3 BCIOMOIaTelbHBIX
nepeMeHHBIX Yy NMeeT 3HadeHne, 3ajgaBaeMoe gopmynoi (7). Ects Tpn Tnma
TaKIX YCJIOBHN U KaxKAbIH MOMXKHO 3anucaTh B Buge 3-KPd:

(ye (m1Var)) = (1 Ve Vay) A(mer Vaa Vy) Az V -z Vy) A
A (mzy V—za V),
(ye (z1hz2) = (a1 Vo Vay) A (mer Vaa V-y) Az V oz Voy) A
A (mzy V—za V),
(ye—a)=(2Vy A(-zV-y).
Poacrasasa otu 3-KP® B K, noayanm 3-KP® K’. lckomas 3-KP D umeer
Bug K = K’ A ys. JleficTBuTeIbHO, HCTHHHOCTH K paBHOCHIbHA yTBEpPIKIe-
HUIO: BCe IPUCBANBAHNA BBHIIOJIHEHBI IPABIIBLHO I B Pe3yJbTaTe MOAyImiach |

(ys = 1). 3Ha4qnT, ecan npn KaKuX-TO 3HAYEHUAX [epeMeHHBIX &; (pOopMyIa ¢
nctunna, 7o 3-KP® K BrmosnumMa, 1 Ha060pOT.
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6.2. PA3BPENIIMOCTDL CUCTEMBI YPABHEHUI B ITOJE [y

Tenepsr gokaxkem NP-moanoTy sagadm w3 npuMepa 3. Bemomumm, 9TO
MBI MOXKEM 3alNCHIBATH MHOTOWIEH ABYMSA CYIIECTBEHHO Pa3anvdalolnMuCsT
no maunne cnocobamu. Tak 4To pedb maeT O IBYX, BoOOIe TOBOPSA, Pa3HLIX
BBRIYHCIUTENBHBIX 3agadax. OgHako oHu obe npunamgiexar kiaccy NP. Pro
BHIOJIHE 04eBUTHO — ecju COBeTHUK cOOOGIIaeT pellenne cucremel, To Uemoa-
HUTEAbL MOYKeT TPOBEPUTH BLIMONHEHTE BCeX PABEHCTB IPH TAHHBIX 3HATEHNIX
mepeMeHHBLIX 3a MOTNHOMHUAJbHOEe BpeMsA W B OMHOM, U B APYTOM cCaydae.

Ponee Toro, ob6e atu 3agaun NP-monrubl. /Jas gokazaTelbCcTBa MOJHOTH
cBefeM 3amgady BeoqHIMOCTH 3-KP®d k paspemmmoctn cucrembr Buga (5).
SanuieM cBs3kKu —,V, A B BHIe MHOIMO4WIeHOB. Kcan caurarb, 4T0 HCTHH-
HOCTHBIE 3HaveHnss — 570 0 u 1, To mis aboro mojs n a06eX z,y € {0, 1}
BEITIOAHEHO

(mz) = (1 —2),
(x Ay) = 2y, (8)
(zvy)=1-(1-=)(1-y).

Postomy Bemmoaunmocts 3-KPD AJ" | Dy paBHOCHIbHA PaspelImMOCTH HAJ
nogem Fy cucrembr

AD) +1=0, k=1,...,m, (9)

re A(Dk) 0003HaTaeT MHOMOWIEH, COOTBETCTBYOMINY AN3BIOHKIAN Dy mpn
COOTBETCTBUHU, 3aTaBaeMOM (pOpPMYyJaMu (8) PocKoJIbKYy MBI HCHONB30BAIH
IS CBOMMMOCTH MHOTOWJIEHBI CTeleHuW 3, TO MOJHOTA AOKa3aHa [I1i 06enx
KOJTHPOBOK: IJIf MHOTOWIEHOB CTeNeHN 3 JINHLI 3aliCedl MHOIOWIeHa DTHMH
cnocobaMu paszandarTcd He DoJee YeM KyOUMYIecKNn.

6.3. LEJOYUCJIEHHOE JUHENHOE NPOIrPAMMUPOBAHUE (LIJIP)

Tenepnr pazbepeMm 3ama4dy W3 TpuMepa 2, T.e. Pa3pelluMOCTh CHCTEME
JUHEHHBIX MHO(MAHTOBHIX YpaBHEHHH B HEOTPHIATENbHBIX YUCAAX.

SAMEYAHUE 4. PasBaHue «InHeilHOe NMporpaMMHpOBaHNEe) OTHOCHATCA K
3aJadaM MIHIMU3aINN IMHETHON (DYHKINN Ha MHOKeCTBe pellleHI# CHCTeMBbI
JNHeNHBIX HepaBeHCTB. C/10BO (eJOYNCIeHHOe» YKa3bIBaeT, YTO yINTHIBAIOT-
cf TOJNBKO Te pellleHNs, M8 KOTOPHIX 3HaYeHNsA BCeX NepeMeHHBIX — Ilelble.
C TOYHOCTBIO JO MOJIMHOMHAJIBHBEIX CBOIUMOCTEN 3ajaia pa3pelnMOCTH CH-
cremel (4) skBuBarenTHa 3atate LJIP. JokasaTeabcrBo »Toro ocrapisercs
4NTaTeNo B KadecTBe ylpasKHeHN .

TrOPEMA 3. 3adaua nposepru pa3peuiumocmy Cucmembl AURETHBIT YPa6-
Henutl 6 neompuyameabunir yeanx wucaar NP-noana.
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Kak u B mpegbrayuiux ciydasax, HaM HeoOXOMHMO MO0KazaTh [IBAa YTBEp-
JKIEHUS: 4TO DTa 3ajada OPUHALIEKUT Kiaccy NP u 9TO K Hell CBOJIsT-
ca Bce 3agadn u3 NP. Po Tenepr HeTpuBmWaabHBE 06a yTBep:XKAeHUs. Ecte-
CTBEHHO TBITATHCS JOKA3RBaTh NpuHaiekHocTs NP caenyiomnum obpasom:
nyctk CoBeTHUK coobuuT perienne, a Vcnoanurens ero npoeput. Po To-
ria pelieHne JOJKHO COCTOAThH U3 HE CIUINKOM OOJbIInX duces, 4Toob Ue-
NOJHATENb MOT TPOBEPHTH BHINOJHEHIE DAaBeHCTB (4) 3a MOIMHOMHIAIBHOE
BpeMsi.

Oxa3bIBaeTCs, 9TO TaK OHO I €CTh: N3 Pa3pelnMocTh cucTeMbl (4) cie-
IyeT CylllecTBOBaHUe He CAUIIKOM MIMHHBEIX perneHui. OnuiieM KpaTKO HIet
TOKa3aTelbCTBA.

OcHoBHast HcHOMIb3yeMas OlleHKa — DTO OleHKA BeJUYNHbI ONpereuTens
MaTPHIIEL Yepe3 MIuHY eé onucanus. OO03HAYNM JJIHHY 3alucu MaTpuibl A
(kogmpoBKa ykasaHa B mpuMmepe 1) depes s. Torga

n
[det Al < T (14 Jay]) < 2°, (10)
7,75=1
PepBoe nepaBeHCTBO ciefyeT HemocpeiacTBeHHO u3 onpeneienus det A, BTO-
poe — U3 TOTo, YTO 3aluch 4ncia a Tpebyer He MeHee 1+log |a| > log(1+4|al)
ONTOB.

MHOXKeCTBO BellleCTBEHHBIX PEIIeHNT CHCTeMbl (4) ABISTCA NoAuIdpom —
mepecevdeHeM KOHEYHOIO 4YUC/a HOJAYTPOCTPAHCTB. XOPOIIO U3BECTHAS TeO-
peMa BBIIYKJIOH MeoMeTPHH yTBEpkKIaeT, 4To Jibas TOYKa MONU3APA ABJIs-
eTcs BHINYKJION KOMOUHAIHEN ero KpalHHX TOYeK W TOYeK Ha ero KpamHmx
aydax. Kpanune Toukn moamsapa, 3a1aBaeMoro cucreMon (4), sBIsoTcs pe-
HIEHUSIMH CHCTEM JHHEeUHbIX YPABHEHUU BUIa

Ar =0,
. (11)
=0, 1€5,
st Kaknx-To nogaMmuoxkects S C {1,...,n}. KoopauHaTel >TUX TOYeK 1O

npasuity Kpamepa aB1g10TCA OTHOIIEHNAMI MIHOPOB PACHINPEHHOI MaTPHI[bI
ool cucremel. B cuny onenxu (10) onn ne npeBocxoasT 2stn’+n (B mokasaTe-
Jle HalcaHa MaKCIMaJabHO BO3MOMKHAA [INHA ONICAHIA MIHOPA PacIiipeHHON
MAaTPHIIHI).

Panpasisiomnine BeKTOpBI KpallHIX JIydell — HenylIeBble (6e3 orpaHndenns
OOIIHOCTH, LEJIOYHCICHEbIE) PelIeHHs OIHOPOIHLIX CHCTEM BH I

Az =0,
z; =0, 1€.5, (12)

IOSTOMY MOXKHO CIHTaTh, 9TO IJsd X KOODAHHAT BEINOJHAIOTCS Te Ke Hepa-
BeHCTBa.
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O6o3navyuM KpallHHe TOYKH HOJUDIpa x(l), .. .,x(N), HalpaBlsollne BeK-

topst kpaftanx ayuaeii y), ... yM). Pyers v cucreMer (4) ecTb HeTOYHCIEH-
HOe pelnenne x. Torma ero MoKHO 3alicaTh B BHIe

N M M
7 ; A .
=Y e gy = WL S = gy 4y, (1)
=1 7=1 7=1
rxe Ajp; > 0, Zﬁl A\; = 1, Bce xoopannars BekTopa z(") orpanmueHsr
25"'”2"'”, a BEKTOP y(“) — mHeJovncienusi. Po Torga u BeKTOp & — y(“) ABJIA-

eTCs [eJOINCIeHHBIM PellleHneM CHCTeMBI (4), a ero KOOpANHATE He TPeBOC-
xonar (M + 1)25+7° 47 Bamerum, uro M 3aBegomMo He mpeBocxomut 27 (a
ecan BCIOMHUTE Teopemy Kapateonopu, o M < n).

Hrak, Mbl JoKazaju, 9TO s Pa3peliuMOl B HEOTPUIATENbHBIX IedbIX
qpUcaax CHCTeMbl HaliJeTcs W Takoe pelleHne, TinHa sannc koToporo O(s?)
(MBI Tpy60 oneHmAN 1 Kak s). OTcoma cilenyeT NIpHHALIEKHOCTD DTON 34, TaqH
kraccy NP.

Jasi moxazaresbcTBa NP-MOMHOTH 3ajadn paspeliuMoOCTH CUCTEeMEBl JH-
HEIHBIX YpaBHEHHU B HEOTPUIATENbHBEIX IEJBIX YHCIaX CBeleM K Hel 3a-
pady 3-KPd. Pocrpoum no 3-KP® cucremy anHeliHbIX ypaBHEHUH B HEO-
TPHIATEIbHBIX TeJbiX duciax. PyaeBou nepemennou x; u3 3-KP P conocra-
BUM I[[€JOYHCAEHHYI0O HEOTPHUIATEIbHYI MepeMeHHYI0 p;, OTPHIAHUI Mepe-
MEHHOU x; — n;, HuabioHKIUN ) — nepemMenHyl ¢p. Kaximol nu3biOHK-
unn D = X; V Xy V X, (X, — anrepaibl) conocTaBUM TaK:Ke ypaBHEHIE
P;+Py+F, —qp = 1, Bxotopom P}, P, P, — nepemennble, ConocTaBleHHbIe
JUTepajgaM [U3BIOHKIHH.

NckoMas cucTeMa cOTep:KHT JAs BceX ¢ ypaBHeHUS p; + n; = 1, a Tak-
JKe BCce YpaBHeHUd, conocTaBiaertbie qusbionknusm u3 KPd. OdeBugno, 1ro
BRIMOMHUMOCTH 3-IKP d paBHOCHIbHA COBMECTHOCTU TAKOU CHCTEMBI.

6.4. 3-PACKPACKA

Jan rpad. CrnpammuBaercs, MOXKHO JH PACKPACHTh €I'0 BEpIINHLI B TPH
mBeTa TakK, 49TOOBl KOHIIBI KaxXJoro pebGpa OBLIN TOKpallleHbl B pasHbIe
uBera’?

Pynem cuurarh, 4To rpad zagaércs marpuieid cmexxkuoctu A. CTpoku u
CTONOIBL DTOH MaTPUIBl HHIeKCHPOBaHBI BeplnHaMu rpada, a;; = 1 ecin B
rpacge ecTh pebpo ij, B IPOTHBHOM caydae a;; = 0.

Jlerko nmoHsiTh, 4TO 3agada 3-PACKPACKA npunamgiexkut NP: CoBeTHuk
OpebsIBUT packpacky, a lcnoruuTens 3a TUHEHHOE OT [IIHHBL OMHCAHUA ['Pa-
(ha BpeMsi MPOBEPUT, YTO OHA MpPAaBUILHAS.

TEOPEMA 4. Jadaua 3-PACKPACKA NP-noana.
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0 1 &y T LAl
q ]
7—‘l3
2 2 ‘1
KOHCTAaHTHI nmepeMeHHad I3 BbIOHKINA
a) 6) B)
Puc. 2.

JIOKABATEJLCTBO. CBemeM K oToH 3ajate zagady 3-KP®. Pycrs ecTh
3-KP® u3 m muabioHKIUI, B KOTOpbIe BXOAAT N nepeMeHHbix. ['pad, koTo-
peiii conocrapasercs 3o KP®, umeer 7m + 2n + 3 Bepuiun. Jas onucanus
CTPYKTYPH Tpada yIoOHO MOMETHTEH YacTh BepInH. Bo-TepBHX, TOMeTUM
Tpu Bepiuinabl ducaamu 0, 1, 2. Bo-BTopbLIX, TOMeTHM KaXXILIM JUTEPAIOM
(mepeMeHHON WM €€ oTpumaHneMm) 1Mo ogHON BepinHe. OcTanbHBE T Bep-
INH pa3o0béM Ha TPYNIbl MO 7, KayKias IPYINa COOTBETCTBYET OJHOU U3
MU LIOHKITNH.

Teneps onuitiem péépa »Toro rpada. Kak mokazano na puc. 2a, BepIInHE
0, 1 u 2 coenunenbl Mex 1y coboil péopamu. Pa puc. 26 nokazaHb! eIié n Tpe-
VTOJBHUKOB B dToM T'pade. U, HakoHel, puc. 2B MOKa3kBaeT, KaK COeTHHEHB
pé6paMu BepIlHHbBI, COOTBETCTBYIOIINE KaxK [0l Tu3bOHKIuN. Pa >ToM pu-
cyHke [y, lo, I3 0603Ha9A0T BEpIIMHEBL, TOMEYEHHbIE JHTEPATAMEI, BXOISAIIHM I
B JTU3BIOHKINI. 3aMeTHM, YTO HEKOTOpble PEGpa MbI NEPEUYHCAUIN MO He-
CKOJNBKO pa3s.

O4eBu,IHO, YTO ONMHCAHHOE BHIIIE MOCTPOEHNE MOYKHO BBHIIOJHUTH 33 10-
JNHOMHUATLHOE OT 1 U M BpeMs. /lokaxKeM ero KOPPeKTHOCTD.

PaccmoTpnm, Kakne TpaBUIbHBEIE PACKPACKH B 3 TBeTA BO3MOXKHEL M Ta-
koro rpada. Pes orpanndenns ob6IIHOCTH MOXKHO CINTATh, UTO BepIIHHBL (),
1 w 2 mokpaiensl B nBeta 0, 1 m 2 (M3 miecTn packpacok, pasimdaiolInxcs
nepecTaHOBKAMM IIBETOB, MBI BEIOpa/n ofguy). Torga BepimHbl, moMedeHHbIE
x; U —x;, Tokpalensl B BeTa 0 u 1, npuiéM UX MBeTa MOJKHBI OBITEH TPOTH-
BOIOJIOJKHEL (CM. puc. 26).

PpauvbiM mepe6opoM BapuaHTOB MOYKHO MPOBEPUTH, U9TO T'pad, m3obpa-
JKEHHBIN Ha PHUC. 2B, YIOBJIETBOPSET CJAEJIYIOINIEMY CBOHCTBY: €CIH KPacuThb
BepINHLI, TOMeUeHHEIe JAuTepataMu, B nBeTa 0 mam 1, a BepIIUHEI, OTMe-
YeHHbIe OTPUNAHUAMHA JUTEPATOB, — B IIPOTUBONOJIOXKHEIe 1BeTa | mau 0, To
OpaBUIbHAA PacKpacka OCTAIbHEX BepIINH 3>TOT0 T'pada B 3 MBeTa CYIIeCTBY-
eT (1 eqMHCTBeHHA!) TOT A W TOABKO TOTa, KOT1a XOTs OBl OTHO U3 3HATEHIH
AuTepagoB oTAnIHO OT 0.
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PosTomy mpaBuibHbie 3-packpackid MOCTPOEHHOTO T'pada, MIf KOTOPLIX
Bepuinnbl 0, 1, 2 nokpaitiienbl B uBeTa 0, 1, 2 cOOTBETCTBEHHO, HAXOIATCA BO
B3aMMHO OJHO3HAYHOM COOTBETCTBHH C BHIOJTHAOIIMI HAGOpAMHI 3HAYEHU I
nepeMeHHbIX HcxonHon 3-KPdD.

3aMeTHM, 4YTO NPOBEPUTH pacKpalllliBaeMOCTh I'pada B 2 mBeTa MPOCTO.
PyxHo nmokpacuThk OJHY U3 BeplLIUH B KaKOU-HUOY/b [[BET, BCE CMeXKHbIE €
BTON BEPIIUHBI B MPOTUBOMOMOKHEIN 1 T. 1. Eciu elé He mokpalienHnbie Bep-
[INHBI He COeTUHEHBl HU C OMHON U3 yXKe MOKPAIIeHHBIX, ONSATh KPACHM OIHY
I3 HUX B NMPOUBBOJBHO BHIGDAHHBIN [BeT. MBI MOXeM CTOIKHYTBCS € TeM,
ITO KaKyIo-TO BepIINHY Heab3sd MOKpacuTh HHU B oamH uBeT. Torma rpad
Helb3sA TMPAaBUALHO pPAcKpacuTh B 2 mBeTa. /[oKa3zaTesbcTBO KOPPEKTHOCTH
5TOr0 (0YeBHTHO, MOJNHOMUAIBHOIO) AJTOPHTMA OCTABIAETCS YHTATENIO B
KadecTBe JeT'KOT O YIpaKHeHn.

SHaMeHUTast THIIOTe3a YeThIPEX KPacOK YTBEPKIaeT, 4TO JH60U MIaHap-
HBIH rpad (T.e. rpad, KOTOPHIH MOXKHO HapHCOBATh HA IMJIOCKOCTH 6€3 Te-
pecedennint pebep) packpaimBaercs B 4 nsera. Jlerko mocTponTh mpuMeps
NJIaHAPHBIX TPadoB, He PACKpAIINBaeMbIX B 3 IBeTa (CKayKeM, MOJHBIN rpad
Ha 4 BepIIMHAX, CM. pHC. 3).

OxkaszriBaeTcst, 4TO MPOBEPKa pacKpallliBaeMOCTH IJIaHapHOro rpada B 3
uBeTa NP-nonna. /JlokazareibcTBO NPOBOIUTCS TOJHHOMHAIBHBIM CBEJIeHueM
ob1eil 3agaun 3-PACKPACKA K 3ajade 3-PACKPACKA IJIAHAPHOT'O TPA®DA.
W nes cBenenus odeHnb mpocTa, HO UCHOJb3yeT HETPUBHAJIBHYIO KOHCTPYKIHIO,
1300payKeHHY0 Ha puc. 4 (MBI MO3aMMCTBOBAIN 3TY KOHCTPYKIHIO U3 KHI-
ru [3], B cBoto odepeanb I'spn u /Ixxoncon npunnceiBaor eé M. /. duiepy).

HNrak, Ham HYXKHO 1O NPOU3BOILHOMY T'pady (G MOCTPOUTH HEKOTOPHIH
MIaHAPHBI Dpad, 3-packpalliiBaeMOCTh KOTOPOIO PABHOCUIbHA 3-PacK pallii-
BaeMoOCTH ucxomnuoro rpaga. Papucyem rpadp G Ha miockocTu, fonyckas me-
pecedenusi pebep, HO He IPOBOAA pebGpa depes BeplluHEl. V3 HapucoBaHHOTO
¢ nepecedenusiMmu pebep rpada G UBrOTOBUM IIAHAPHEIN Mpad MO Cleryole-
My penenty. BmecTo KaxKmoll ToOYKH mepecedenus pebep BKIGUM IK3EMILISAD
rpada H, uzobpakeHHOro Ha puc. 4, Tak, 4To6bl BepIIHHbI, TOMeYeHHbIE &,
2’, oKazaJuch Ha OJHOM pebpe, a BepIINHEL, TOMedYeHHbIe ¥,y — Ha JIPYyroM.
C nmonydenHbIM (y:Ke IIAHAPHBIM) MpadOM TPOIeTaeM ellé OMHy Tpouerypy.
Bribpas pe6po wv ncxogHoro rpada, 6yaeM IBUMaThCt OT 4 K U U CTATUBATH
pebpa Tuna rx’', coeqnHAONINe BePIIHHBI U3 HAYIIHX TOAPS T BIOJL HAIIETO
myTH >K3eMiiaspoB rpada H. PaanapaocTs npu sToMm coxpatsercs. Crsnem
Tak:Ke pebpo, coeuHs0Iee BePUINHY & ¢ MepBol U3 BepiinuH rpadoB H Ha
nameMm nyTn. (Ecam Ha pebpe uv He ObLIO TOYeK TepeceveHHs € JIPYTAME
pebpamiu, TO He mefaeM HH4Yero.) PoBTopuB 9Ty mpouegypy miasi Bcex pebep
rpada G, noxyaum nckoMbiii rpad P(G). BaMeTnM, 9T0 MHOKECTBO BepIINH
P(G) comepxKuT 1o MOCTPOEHNIO MHOKeCTBO BepiunH (.
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Puc. 3. Puc. 4.

PonrmnoMuanbHOCTE TAKOT O CBeleHnd 0UeBU AHA. [[0Ka3aTelbCTBO eTo KOp-
PEKTHOCTH HCIOJb3yeT Clenyloliie nBa cBoiicTBa rpada H:

> mpu a0601 packpacke H B 3 mBeTa nBeTa BeplinH ¥ U &', paBHO Kak u
uBeTa y u ', coBnagaloT;

> eCcTh packpacku B TpH [BeTa, IPM KOTOPbIX BEPIINHBbI T U Y MOKpallle-
Hbl OJMHAKOBO, €CTh U TaKue, IPpH KOTOPHIX OHU MOKPallleHbl B pa3Hble
BeTa.

YuraTenio mpesocTaBIsgeTcs CaMOCTOATENbLHO TPOBEpUTh BHIOMHEHNE DTHX
CBOHCTB 1 y6emunThes, 9TO HpaBmibHas 3-packpacka P(G) mopoxmaer npa-
BIIBHYIO 3-packpacky (G (KpacuM BepIINHY B TOT e [[BET, B KOTOPHIN OHA
nokpamiera B P(G)) n HaoGopoT (r0bas npaBuibHas 3-packpacka Bepmnt G
IPONOMKAETCSA M0 TpaBmibHON 3-packpackn P((G)).

7. Knacc PSPACE

Kak yKe roBopuiock, B 3TOT KJacc MONaJfaloT Te (PYHKINN, KOTOPhIE MO-
ryT ObITh Bhivuciaenbl Ha MT, mcnodbsylolieil maMsTh, OrpaHUYeHHYIO T0-
JHHOMOM OT [JHHBI BXOIHOTO ca0Ba. PTOT Kiace BKJIKOYaeT B cebsi KiIacc
P (sa Bpems T MBI CMOXKEM HCIONB30BaTh MaMATh, He MpeBocxosiyio 1)
n kracc NP (mmamor CoBernnka ¢ McmonnuTensem 3aHnMaeT MOITHOMHATb-
HOe BpeMsi, nodToMy McnoniHuTenb, He OrpaHUYEHHBIN BO BpPEMEHU, MOYKET
mepe6GpaTh MO OYepelu Bce BapUaHThI 3alUcell TaKoT'o AHAJOTA, UCHOJb3Ys
[JISE DTOTO CPABHUTENABHO HEOOMBIIYIO — OMPAHHYEHHYIO MOJUHOMOM OT [JIH-
HBI BxOoMa — naMaTh). Po krace PSPACE, no-Bugumomy, ropasio mmpe dem
NP. K coxagnennto, 10Kka3arTh 3T0 HUKOMY [0 CUX TIOP He VIAJOCh.



CIOXXKHOCTH BRITHCIATEIBHBIX 3a,/ad 103

Kaaccy PSPACE, To4ynee roBopsi, XapakKTepucTuiecKuM (PYHKIUAM, BXO-
psauum B PSPACE, moxHo 1aTh caenyioiiiee HedpopMaibHoe onucanue. P pe-
CTABUM HECKOJbKO U JeaJu3UpPOBaAHHYI MO[elb cygonpouszBojgctBa. CiaoBo
x — OlUcaHle HEKOTOPOro [eja, HaXOMAIIerocss Ha PacCMOTPEHUN Cyaa, KO-
TOPBIH JTOJKEeH BHIHECTH BePIUKT: BUHOBEH /I OOBHHAEMBIN (3HaYeHNe Xapak-
TepucTHYeckoil GyHKIH paBHo 1). Cyabsi — y:Ke 3HAKOMBIN HaM TMOJHHOMI-
aabHO orpaHmdenubil McnoranTens (o 6y1eT paboTaTh BpeMms, He IPEBOC-
Xo/slllee MOANHOMA OT JINHBL onucanns mera). Ecrs Takke Ppoxypop, Ha-
CTAWBAIOIINNE HA BUHOBHOCTH OGBUHSEMOT'O, 1 A TBOKAT, YOEK MAIOIIUE CY B0
B o6paTHoM. O6a OHN MHTENIeKTYaJbHO BCEMOI'VIIH U 110 OYepeli TPUBOISAT
cBou aprymenThl. PpaBuia Befmenus cyje6HOro paszbuparenbcTBa 3a(UKCH-
poBaHbl B Yroaouo-P poneccyansiom Kogekce. Cyibst MOJABOJIUT UTOT pas-
OUpaTelbCcTBa, OCHOBHIBAACH Ha ONHUCAHUE [eja &, HAa COCTOSBIIENCS THCKYC-
cun mexkay Ppoxypopom n Ansokatom m Ha YPK (T.e. mo cyTn BhUmcaser
BHAYEHNE HEKOTOPOU MOMHHOMUAJABHO BBIYHCAUMON (PYHKIUU, ONperensieMoi
YPK, na Bxoe, onuchiBakoIeM cy1e6Hoe pazbupaTensCTBO — CAOBO X, TEKCT
mepBoro BeicTyILieHus Ppokypopa, TekcT mepBoro BhCTyILIeHHs A TBOKaTa,
TEKCT BTOPOI'O BHICTYILIeHHs P pokypopa u T.1.).

B rakom skerpaBaranTHoM KoHTeKcTe Kiacc PSPACE onpegensiercs cae-
IyIomM obpaszoM: xapakrepuctuieckas pyukuus f npunajgaexut PSPACE,
ecanm MOXKHO npuaymMarh Takoii YPK, 9to npn f(z) = 1 y Ppokypopa ectsb
cTpaTerus BefleHus MUCKyccuu, KoTopas ybexgaerT Cyabio B BHHOBHOCTH 00-
BIHAEMOTO NPH JI00KX BapnaHTax geficTBuil AjnBokara; a npn f(z) = 0 ana-
JOPUYHas cTpaTerus ecTh y AmBokaTa.

S3AMEYAHUE 5. OOGBIYHO ONMUCAHHYIO BBIIIE MO/Ielb H3JaralnT B Gojee Hell-
TpaJbHBIX TepMuHax. ['oBoOpsAT 06 Urpe MBYX JHUI, 3aBUCAIIEH OT BXOIHOTO
CJIOBA, U CYLUIECTBOBAHUH BBHIMDPHIIIHON CTPATEI NN Y OJHOTO U3 UT'POKOB.

TrOPEMA 5. Cmandapmuoe u 320406 HO-Npoyeccyaibhoe onpedeiens
xaacca PSPACE pasnocuabmbl.

JOKABATEJILCTBO. Pokaxem, uto a3bik uz PSPACE B cmbicie YPK
npunajuiexxutr PSPACE B cMmbicae ctangapTHOro onpepgeinerus. Pycrs qu-
CJI0 BBICTYILIEHHT CTOpOH orpanmdeno p(|z|). Oupegesnm mo MHIYKIHT Ha-
6op mamne Teiopuara My mis & = 0,...,p(|z]). Kaxgas My no sanan-
HOMY Ha4ajgy [UCKYCCUU &,ay,by,... gaunbl k omnpefenser Haaudue yoGe-
K gaollen crpaterun jgas Ppoxypopa. Pocientnen B »ToM psijy MalluHe
M,(|z)) Hy&HO mpocTO npomMUTHPOBaTh paboTy Cymabn n BREYMACIATH (yH-
kunio YPK(z,a1,...). Mammua My nepebupaeT Bce BO3MOMKHBIE BapHaHTHI
(k + 1)-ro BeICTyIIEHNST I KOHCYABTHPYETCs ¢ My 11 1O TOBOIY OKOHYATEb-
HBIX Pe3yJbTaToB cyneOHOTO pazbupaTenbcTBa. Ee olleHka mepcnekTus pas-
OUpaTelbCTBa COCTABASETCS OY€Hb MPOCTO: eCaH TeKyllee BhICTYILIEHUE 3a
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P pokypopoM, TO M0CTaTOYHO HAWTH XOTS Obl OJNH BApHAHT BHICTYILIEHUS,
nociae KOToporo My TapaHTHpYeT y6eknamllyio crparernto mis Ppoky-
popa. Eciu Tekyluee BeICTYIIEHNE 32 A TBOKATOM, TO MOCJe JHO6G0T0 U3 BO3-
MOMKHBIX BBICTYIIEHHNT M1 JOJKHA OOHAPYKUTH YOEXK TAOIy 0 CTpaTer nio
s Ppokypopa. Mammua My onpenenser Haamdne yOexkJalollell CTpaTe-
run mast Ppokypopa B caMoM Hadaje mpolecca W Iasi eé paboThl HYKHO
3a/[eflCTBOBATh BCIO TOCHe[OBaTelbHOCTH Mamind My. Po kaxmas us sTux
MAlllMH UCHOAb3YeT HeGOMbIIYI0 (MOIMHOMHAILHO OTPAHUYEeHHYIO) MaMSITh,
TaK 4TO BeCh Mpolece MoTpebyeT JHIlb TOINHOMUAILHO OTPaHUYeHHON Ma-
MATH.

A Teneph mokazkeM oGparHoe. Pycrh ecTh Mammua M, BRIYHCAAIONIAN
HEKOTOPYIO XapaKTepHCTHYecKyto (GpyHKINIO f Ha NOAMHOMUAJNBHON MaMsTH.
3aMeTHM Mpezk e BCero, 94To BEIYUCIeHe Ha TaMATH S 6eCCMBICIEHHO TTPOBO-
muTh goabire, Tem Bpems 2009 (Bce HadHET MOBTOPATHES TOCTE TONO, KAK MBI
HcuepaeM BCe COCTOSHIA Halllell CICTeMH, a nX He 6o/ee qeM | A|%-|Q|-S, rae
Q, A— cOOTBETCTBEHHO MHOKECTBO COCTOAHMI Y PABIAIONIEr0 YCTPONCTBA I
andasur paccmarpuaemoil MT). PosroMy MOXKHO cauTaTh 6€3 OrpaHideH s
OGUIHOCTH, 9TO BpeMs padoTs Maimmubl M orpanndeno 29, rae g = O(p(|z])).

[lis IPOCTOTH ONMHCAHNUS TOTPeGyeM, YTOOBI MOC/e 3aBepIIeHus BhITHcIe-
st MT coxpansia 6e3 U3MeHeHHIl TOCTHIHYTOe COCTOSHIE.

PpaBuia cyneGHON AHCKYCCHU COCTOAT B cieayiolneM. Ppokypop yTBep-
JKJTaeT, 9TO Ha BXOJHOM CJIOBe ¥ MallllHa BHIZAET pesyabrar 1, a AjgBokar
noaBepraeT »To COMHeHH0. B mepBoM cBoéM BhicTymieHun P pokypop 06s-
3aH OIMHCATh COCTOsHMe MalnHbl M (cTpoka, 3alicanHas Ha JeHTe, OJoKe-
HIle IUTAoIIell TOJOBKH, COCTOAHNE YIPABIAIIIEro yeTpoiicTBa) mocre 2971
TaKTOB paboThl. B oTBeTHOM CiloBe AIBOKAT YKa3biBaeT HA OJUH U3 NPO-
MexKyTKOB: oT Hadada jgo (2971)-ro raxra wiu ot (2¢97!)-ro Takra g0 KOH-
na. Pociie sToro Ppokypop 06s3an onucaTh cocrosiine M B cepeinte 3Toro
npomexyTka. [lasee Bcé moBTopsercs: AJBOKAT BHIOHpAET OJHY U3 MOJOBU-
HOK, Ppokypop omuchiBaer cocrosiiue M B cepenube BHIODAHHON MOJOBHH-
KI W T. .

Muckycenst 3aKaHYMBaeTCs, KOPMa [IINHA TPOMEKYTKA CTAHOBUTCS PaB-
Hoil 1. Cynbst MOABOJIMNT WTOD Tak: B TedeHHe Npolecca s 060HX KOHIOB
STOrO MPOMEKYTKA OBLIM OMUCAHBI COCTOsAHMA M, ecim cocTosHIEe MPaBoOro
KOHI[a TIOAYYaeTCs U3 COCTOAHUS JIeBOTO KOHIA 3a OINH TakT paboThl M, To
Cyibst CKIOHSETCSA K MHEHIIO PPOKypopa, B IPOTHBHOM CAy4ae — K MHEHUTO
Ansokara. Peo6xoanmvbie npoBepku 3aiMyT y Cynbl BpeMst, MOIMHOMIAIBHO
orpaHideHHOe [IHHON BXOJHOTO CJOBA.

Pycre f(2) = 1. Torga y6ex natouias crpaTerus iis Ppokypopa cocTouT
B TOM, 9TOGbI KazKIbill pa3 cOOBIIATh NCTHHHOE MOJOKeHHe Tel (HATOMHIM,
470 P pOKypop HHTE/LIEKTYalbHO BCEMOTYII, TaK 9TO OH B COCTOSHIH TPOMO-
JeqpoBaTh B yMe paboTy Maurntbl M).
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Pycrs f(z) = 0. Torga, aro 661 Hun roBopumi P pokypop, Ha OJHOM u3
IPOMEKYTKOB (H11 Ha 0601X) Oy1eT COTep:KAThCs OMmoKa. A TBOKAT TOKEH
VKa3BIBaTh KaXK Ikl pa3 KMEHHO TAKOU ITPOMEKYTOK — DTO MapaHTHPYeT eMy
yecnex.

B xaacce PSPACE cyiiecTBy 0T MOJHBIE OTHOCHTENBHO TOJHHOMUAIBHOM
CBOJMMOCTH 3a,fa4u. P pocTefnnit BapuaHT TOAyIaeTCA U3 TPUBEIEHHOTO BHI-
e JoKa3aTeqbCTBa.

3a1a49a TQBEF (Truth of Quantified Boolean Formula). 3amaéres mpe-
THKATOM

TQBF(z) < z ecTh NCTHHHAS KBAaHTH(GUIUPOBaHHAS OyiaeBa (Qop-
myaa (QBF), r.e. popmyaa Buga

Quyt - Quyne(yr, - -+ Un),
rie y; € {0,1}, ¢ — HeKOTOpas JorHIecKas GopMyJa,
a Q; — aubo Y, aubo 1.
Po onpejesenuio KBaHTOPH AeHCTBYIOT Ha (POPMYJbI CICIYIOMINM ecTe-
CTBEHHBIM 06pa3oM:

def

Vap(en . n) S o, 0) Ao, 1), (14)
Jed(a,....2) & g(ar,...,0) Vi(ar,..., 1)) (15)
TroPEMA 6. 3adaua TQBF PSPACE-no.ana.

Hror onucanuou Bl THCKYCCHH MOYKHO BHIDA3UTh B BHje KBaHTu(u-
HHPOBAHHOU (POPMYJIBI, €CJi 3anucaThb yciaoBue «ogHo coctostue MT noay-
YaeTCHd W3 APYLOoT'o 3a OJUH TaKT» B BUAe JOMMYecKOW (opMyabl. XOTs B
BTON JUCKYCCHH BBICTYIIEHUS ObLIN [MIWHHEee dYeM B OJUH OUT, UX HETPY/-
HO NpeBpaTuTh B OMHOOUTOBLIE, BCTABAAA MOCAe KaxKI0T0 6MTa HACTOAIIEroO
BBICTYILIEHUS OHOU U3 CTOPOH (PAHTOMHOE BBICTYILIEHHE TPOTHBOIOIOKHOM
CTOPOHHI («mOKamLInBaumey). Popmyna ¢ OT «IOKANLINBAHIIY He 3aBUCHT.

8. Kaacc IP

Bepuémes x mape (Mcmonunrens, CoBernuk). PaGoTa 5Toll mapsl mo3Bo-
JseT pemaTh 3agaqn u3 kiacca NP. A uaMeHuTCS JU 4TO-HUOY b, €CAU Bhi-
1aTh McnosHnTeN0 TeHepaTOp CIyIalHOCTH (MOHETKY IS O TOPachIBAHu)?
Krace ¢pynkunit, Beraucanmerx napon (Menoaanrens ¢ monerkoit, CoBeTHIK)
3a MOMMHOMHAJTbHOE BpeMs HasbiBaeTcsa [P (6onee Toqnoe onpenenenne 6ymer
rano Hike). ClpaBeinBa cieAyiomlas 3aMedaTe bHas TeopeMa.

TrorPEMA 7. PSPACE = IP.
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PoabpacriBanne MOHETKH 3HAUYUTEALHO yaAVUIIaeT d(PPeKTHBHOCTEL COBe-
ToB! B ocTaabHol 9acTw »Toro pasgena MBI MOTPOOGyeM OOBICHHTL 3TO He-
OKUTaHHOE ABJEHMNE.

8.1. JTONOJHUTEJLHBLIE BO3MOXKHOCTHU: MOJBPACBLIBAHUE MOHETKHU 1
KJjaacc BPP

Jlns HadaJga HYKHO MOHATDH, ITO H3MEHHTCS B OIpeleleHNN aJlOpPHTMa,
eC/II pa3pelinTh NCIOAb30BaHue MeHepaTopa CaydalHocTH. Pesyabrar pado-
7ol UcIoAHETEN, HCIOAb3YIOMIero Mo 0 pachIBAHIA MOHETKH, TEPECTaeT OBITh
OJHO3HAYHO OIpesetéHHbM. Kak ToTIa MOHEMaTh YTBEPKICHHE «aJITOPHTM
(BEPOSITHOCTHBIN) pelraeT 3a,1aqy»?

EcrecTBenno momaraTh, 9TO BEpPOSITHOCTHBIA aITOPUTM pellaeT 3atady,
ecIn BelWKa BEepPOsSTHOCTH IPaBUIBHOrO oTBeTa. KoHedHO, 5Ta BEpOSITHOCTH
BaBHCHT OT CBOHCTB reHepaTopa cIyianHocTH. MBI 6yaeM cInTaTh, ITO I'e-
HEPATOpP CAYIaAUHOCTH IIPOM3BOAUT MIOCAEIOBATEILHOCTDL HE3ABUCHMBIX CIY-
qanubix 6uToB (0 mwin 1 ¢ paBHBIME BeposiTHOCTSMHA). PpocTeimas pearbHas
MO/eb TAKOr0 MeHepaTopa — HoI6pachiBaHie MOHETKI.

Ecan nsBecTHa BepxHAA OlleHKa BpeMeHH pabOThI alTOPHTMa, TO eI'0 MOXK-
HO MpeoHpa3oBaTh K CAEIVIONeMY CTaHIapTHOMY BHIY: CIeIaeM TO0CTaTOYHOE
KOJAMIeCTBO MOA0PaChBAHNT MOHETKH U 3aMOMHHM UX Pe3yJIbTaThl, COCTABUB
TabJInIy caIyIanHbex 6nToB. Pocie bToro HadmeM 1eicTBOBATDH 110 aJCOPUTMY,
BaMeHAsA MOI0pachiBaHne MOHETKH OOpalleHneM K TabAnIle CIyIalHbIX 9HCel,
COCTaBACHHON Ha IMepBOM Iare. Bpems paboThl TakKOH BEPCHH aJlOPUTMa
nMeeT Ty XKe (¢ TOIHOCTBIO 10 MYJbTHILINKATHBHOI'O MHOMKITENS) BEPXHIOIO
OIEHKY. A BepOATHOCTL MOJYUEHHSA OTBETA ¢ MJAf aJiCOPHTMa B TaKOM (Pop-
MaTe HOJCINTHLIBAETCS IPOCTO: DTO OTHOIIEHNE KOANIeCTBA TeX TabANIl CIy-
YalHbIX 9HCEI, IPH HCIOIb30BaHUN KOTOPHIX IMOJAYYaeTCs TaHHBIA OTBET d,
K 06IIeMy KOINIecTBY TabAnIl, paBHOMY 27, Ille ' — KOJANIeCTBO CAYIalHbIX
6uTOB.

Pro 3aMedanne mo3BojseT m1aTh onpegenenne kKaiacca BPP — zanaq, pe-
[IaeMBbIX BEPOSITHOCTHBIMI aJCOPUTMaMHI 3a MOJAHOMIAJILHOE BpeMs, — aHa-
JOTUIHO onipefenennio b Kiacca NP.

ONPEAEJEHWUE 7. Dynuxyusa [ npunadaencum waaccy BPP, ecau cyuye-
cmeyrom makue noaunom ¢(-) u gywwyus R(-,-) € P, wmo doas cao6 r daunw
q(|z|), dan xomopuiz evinoaneno f(xz) = R(z,r), 6oavwe 2/3.

Ecau B 5TOM olpefefeHnn 3aMeHNTh 9uCI0 2/3 Ha X060€e (PUKCHPOBAH-
Hoe 4nciao, 66abinee 1/2; knacc BPP ne usmenutcs. Ecth mpocroit cnoco6
TOBUTHCSA BEPOSITHOCTH, CKOJIB YIOMHO Gin3Kol K 1. BozbMEM HECKOTBKO O -
HAKOBHIX MallllH, 3a0yCTHM HX BCe, a OKOHYATENbHBIM Pe3yJabTaToM OyjIeMm
CYHTATh MHEHUe GONBIITHHCTBA. Kcan BeposiTHOCTL MPaBUIBLHOT'O OTBETA [
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KayK TOT'0 DK3eMILIApa MAIUHBL paBHA ¢ > 1/2, TO BepOATHOCTH HENPaBUIb-
HOI'O OTBeTa Mocje T'OJOCOBAHUA 7o MAllIMH

Ln/2] Ln/2]

Z n Ck(l — C)n—k < Z om (C(l B C))n/2 (2)n/2—k .
k=0 k o c
(/2]
n 1 —c\7/2-k nfl—c n/2—|n/2] 1 B
<A ; ( - ) <A (T) "
=0(A") (16)

1g nogxogdamero A (24/¢(l —¢) < A < 1). Takum o6paszoM, rorocosaiue
SKCIOHEHINAIBHO OBICTPO YMEHBIIAeT BePOATHOCTH HENPABIIBHOIO OTBETA.

8.2. ONPEJEJEHUE KJACCA IP

Kaace 1P cocraBastor 3amadu, j1is KOTOPBIX CYIIECTBYIOT «MHTEPAKTUB-
HbIe JOKA3aTelbCTBa IPABIIBHOCTH OTBeTay. [ pyruMu cioBaMi, ecTh HHTe-
JEKTYaqbHO BeceMOTyIui u npuctpacThbiil COBEeTHUK, K YCIyTIaM KOTOPOTO
paspellieHo npuberaTh MOIHHOMUAJIBHO ONPAHUYEHHOMY BEPOSTHOCTHOMY aJ-
POPUTMY, a 3ajada NpHHALIeKUT Kiaccy 1P, ecin ecth Takol cnocob opra-
HI30BaTh paboTy mapsl (Mcnonaurens ¢ MoneTkon, COBETHHK), 9TO BEpOAT-
HOCTH MPAaBUIBHOI'O PE3YIbTATA JOCTATOIHO BHICOKA (6oublie 2/3).

Kak u B npe bl ayiux caydasx, Mbl XOTUM IPUBECTH PaBOTY Mapbl HAIIHX
mepcoHayKell K HEKOTOPOMY KaHOHHYECKOMY BHIY. 3aMeTuM, 4TO Telepb, B
orauyue oT Kiacca NP, CoBeTHUK He 3HaeT 3apaHee CIUCKA BOIPOCOB, KO-
TOpHIe eMy OYAyT 3ajaHbl: 3TH BONPOCH ONPEAEIAIOTCS, TOMUMO TPOYEro,
nojgbpaceiBanueM MoHeTku. QnHaKo, KaK u B caydae kiacca BPP, Ucnonuu-
Telh MOXKET COCTABAATEH TAOMUIBI CAYYANHBIX OUTOB H MOJB30BATHCS UMH.

Pynem cuurarh, uro COBETHHK BUIUT Pe3yJbTAThl MOJIOpACHIBAaHUS MO-
weTku. Posromy co croponsl UcnoanuTens GbL10 O HEOCMOTPHUTENBHO CO-
CTABASATH TAOMUIY CAYYalHEIX OUTOB HA Bce Bpems nuajora ¢ CoOBeTHUKOM.
OnHAKO OH HUYEro He TepsieT B BO3ZMOXKHOCTH KOHTpoJupoBaTk CoBeTHUKA,
eciu TaKas TabAHIa COCTaBAfgeTcs nepen KaxjgbiM BompocoMm. A CoBeTHUK,
DA HA TabAUIy, Y:Ke MOXKeT MOHAThb, KAKOW HMEHHO BONPOC 3aJacT eMy
Ucnoauurens, coobuiuts MenoanuTenato 3ToT BOIPOC U CBOI OTBET Ha HEro.

Posromy pabory mapel (Mcnonunrens ¢ monerkoi, COBeTHIK) MOXKHO
npeobpazoBaTh (C HE3HAYNTEABHON TOTEPEll PeCypcoB) K CIeIYIOMeMy KaHO-
HuYeckoMy Bumy: McnoanuTensb cocTaBisieT TabAUIy CAydallHBIX OHTOB, 1O-
KazbiBaeT eé COBETHHKY, TOT T'OBOPHT HedTO B oTBeT u T.na. KoaumdecTBo
TaKUX PAYHIOB OI'PDAHUYEHO 3apaHee 3aMaHHBIM MOJMHOMOM OT [JIHHBEL BXO/-
HOT'O caoBa. Pocie 3aBepiienus jguagora ¢ Copernukom, Ucnoanurens no 3a-
MHCH DTOTO AuajJora IpuHUMaeT pelerne. BeposTHOCTE TpaBHIBHONO OTBETA
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(moast mUAJOTOB, IPUBOIAIINK K TPABIIBHOMY OTBETY) MONKHA OBITH NOCTa-
TOYHO Beanka. Bce »Tu HedopMadbible coobpaykeHns YITEHLI B CaeTyIONeM
onpejeJeHt, B KOTOpoM [ — XapaKTepucrTudeckas (PyHKIIUS.

OnPEAENEHUE 8. f € IP o3nauaem, wmo ecmb maxue nosuHOMUAAILHO
sviuucaumas (rapaxmepucmuuecxas) @ynxyus V. (Henoanumenn), nexomo-
pas Pyuxyus P (Cosemnux) u noaunomvt ¢(-) (dauna mabauyvl cayuatinbie
wucen), s(-) (dauna duasoza), wmo |P(u)| = poly(|u|) (Cosemmnux daém no-
AUHOMUAALHO OZPANUNENHBIE CO6EMBL) U 0AA KaxHcD020 T doas mexr J60UNnbLE
noc.1edosamebnocme

11 T12 SN rlq(|x|)
721 722 T24(|=))
Pslet Ts(lz))2 "s(lela(lz)s

das Komopsl
J(@)=V(w,ry, P(r1),r2, P(ri,r2)s o rs(a)y P(rasras -5 Ts(ia)))s

boavwe 2/3.

Mur nenoapsoBanm 0603HANEHNE Tk = (Tk1, T2, - - s Tg(js) B €CTECTBEH-
HOe COIIallleHNe: KOTa MBI IpuMeHseM (YHKINIO K MOCIeOBATEIbHOCTH ap-
IYMEeHTOB, IPeINoJaraeTcs, 9TO HTa MOCIeJOBATEIbHOCTL IpeICTaBIeHA B
BH e, aHAJorHIHOM (1) (CM. HA9ag0 CTATHH).

3AMEYAHUE 6. Pabora VcnoanuTeiss B ONucaHHOM BhIlle (popMaTe MO-
xo¥Ka Ha paboTy CyIbH U3 YT OJOBHO-TPOIECCYAJTbHON HHTEPIPeTAlNN Kiacca
PSPACE. Tonkko Tenepb ojiHa U3 CHOPALINX CTOPOH — T'e€HEPATOP CIydal-
HbIX qucen. Teopema 7 noaydaer J10GOMBITHYIO HHTEPIPETALNIO: AHAJN3 UDPhI
TPOTHB CKOJIb YTOAHO YMHOTO TPOTHBHUKA € BEYUCAUTENLHON TOTKH 3PEHUA
SKBIBAJEHTEH aHAIN3y (APYyroil) NT'Phl MPOTHB HPOCTENIIEr0 NPOTHBHIKA:
remepaTopa caydainnix dncen?).

8.3. IP C PSPACE

Omnpegenenne [P noxoxe Ha yroTOBHO-TPONECCYATbHOE OMpefefeHne Kaac-
ca PSPACE. U nokazareabctBo IP C PSPACE nanoMmunaeT Ty 4acThb fokaza-
TeAbCTBA TEOPEMBI 5, B KOTOPOH CTPONTCA aJTOPUTM OTPETeNeHns BEIUT PHITI-
HOW CTpaTerun, HCHOIL3YONNH TOJNHOMAAIBLHO OTPAHIIEHHY0 TaMATh.

Pycrs f(z) € IP. CroBa nmo nugyKunu onpemensercs Habop Mami Thio-
puura My mas k= 0,...,s(|z|).

Kaxgas My mo 3aganHOMY HaYaldy JAUATOTA T, 71, Pl, ..., 'k, Pk ATAHB k
Mex 1y Menorantesem n CoBeTHUKOM OTNEHNBAET BEPOATHOCTHL OTBeTa | mpn

4
)ABTOp omarogaper A. KurtaeBy, o6paTuBIiileMy ero BHUMAHUE Ha 9Ty, W3BECTHYIO CITe-

mruaarucTaM IIo TeOopur CJAOKHOCTU, MHTEPIIpETAINnO TeOpeEMBL 7.
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npojoKeHnn guairora. Pocieguss B sToM pagy mamnna M|,y aMETHpYeT
pabotry UcnonnuTens, Beraucasier GpyHknuio V(z,ry, p1...) 1 cOOOIAeT B Ka-
JeCcTBe 0TBeTa eé 3Havdenne. Maiuna My, mepebupaeT Bce BO3MOYXKHLIE BapHaH-
Tl (k4 1)-r0 coobuienns n KOHCYAbTHPYeTCs ¢ My 1 IO TOBOLY OKOHYATENb-
HBIX pe3yibTaToB. Ecau cioBo za CoBeTHHKOM, TO olleHka My — Makcumym
oneHoK My4q IO BceM BO3MOXKHBIM BapuanTam coobienus CoBeTHuKa. Lciam
cioBo 3a UcnoanuTeneM, To onenka My paBHA cpelHeMy apudpMeTHIECKOMY
oneHoK Myy1 1o BceM ry (9T0 (pOPMYyIa MOTHON BEPOSATHOCTH).

AsropuTtm Bbrduchaenus [ Ha DOJMHOMHAJbHOU maMmsaTu sanyckaet Mo u
BBI[aéT B KadecTBe pesyabTara 1, ecinm omenka My Goabime 2/3; u 0, ecan
onenka My Menbime 2/3.

8.4. PSPACE C IP

JlaguM HaOPOCOK JOKa3aTelbCTBa, HOIPOOHO DTO I0KA3aTeILCTBO H3J0-
xkero B kanre Cumcepa [9].

JloctaTtouno gokazaTh, 9To PSPACE-noanas sagada TQBF mpumamie-
xuT IP.

Hrak, nycTh HYKHO IPOBEPHTL HCTHHHOCTL BHICKA3LIBAHHA

TO = Q1$1Q2$2 - .Qm$m§0($17 ey $m)7

B KOTOpPOM ¢(-) — HekoTopas Jdormdeckas gopmyra, Q; € {V, 3}, kBauTopsr
TeficTBYIOT Ha GopMyasl no npaBmaam (14)-(15).

OueHnTh HCTHHHOCTH BHICKa3bIBaHus T MOXKHO Caefyollell peKypcuBHOM
npouegypoit. O6osnatum sepes T;(xq, g, ..., 2;) BEICKa3bIBaHLe

Qj—|—1$j—|—1Qj—|—2$j—|—2 .- -memg‘o(xlv R R B PR xm)

Torma Ty = T1(0) #1 T1(1), rge *; — cBs3Ka, onpegensieMas KBaHTOPOM Q.
Pannem Bragagae T1(0), a satrem T (1), KaK b1 pa3 BRI3BIBasS PEKYPCHBHO Ca-
My ONICHIBaeMyto mnpouefypy (mis ompegenerus T, (21, ..., 2&,,) JOCTATOTHO
BBEIYICINTH 3HadeHNe POPMYILL ¢(Z1,. .., Ly ), TAK 9TO PEKypCHsS KOHeUHad)
u Beraueann 17 (0) «; T3 (1).

Pra mponerypa TpeGyeT BHYHCICHNS BeeX 2™ BOBMOKHBIX 3HaUeHHI (Op-
MyJBL (+), @ TOTOMY 3aHIMaeT HKCIOHEHIHAIbLHO GOJbIIOE 0 CPABHEHUIO C
pasMepoM BXO[Ia 3ajadi BpeMs. ParisiHo 5T0 BBEYHCICHIE MOXKHO H300pa-
3UTL B BH[E [IepeBa, KaK IIOKa3aHo Ha puc. ba. B mpomecce Boramciaenus Mbl
noJlydaeM He TOJBKO 3HadYeHHe B KOPHe, HO I 3HAUEHHS BO BCEX MPOMEKYTOU-
HBEIX y3/1aX [epeBa, KOIHIeCTBO KOTOPHIX DKCIOHEHINAILHO BEJIHKO.

Yem moxker nomous CoBeTHnk B TakoM Borduciennn? OH, KOHETHO, MO-
xKeT coobnTs 3uatenne Ty, Bupouem, nockonabky CoBeTHHK IPHCTPACTEH,
TO B I0060M ClIydae oH ckazkeT, 4T0 Ty = 1. Ponpo6yem npoBepuTs 5T0 006~
menne u sanpocum 3nadenns 77 (0) u Ty (1) — KOMKHO BBIIOIHATHCA COOTHO-
menne Ty = T1(0) %, T1(1). [anee Boibepem cIydaiiHO n PpABHOBEPOATHO THCIO
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Q1
Q2

Ty of\1o/\1 -

& 5
= g
Y =
a) 6)
Puc. 5.

r1 € {0,1}, sanpocum y CoBernnka snadenns 15(ry,0) n T5(rq, 1), mnpoBepum
Ty(r1) = T2(r1,0) %2 T2(r1,1) u 7. 1. Pa nocaegnem mare yxe 6e3 BCAKOTO
CoBeTHHKa MOKHO TPOBEPUThH, 9TO

Tm—l(rh .. .7T‘m_1) = Tm(rh . .7T‘m_170) ¥, Tm(rh ey Pm—1, 1)

Brrancaenus 6ynyr giunrses O(m) 4+ ®(n) = poly(n) rakros, rae ¢(n) —
KOJHYeCTBO TaKTOB, HEOOXOMUMBIX [Jsi BHIYUCJACHHS BHAYEHUS JOIHYeCKOU
(pOPMYJbI JIUHBI 7 NPH 3aJaHHBIX 3HaAYeHUSAX nepeMeHHbIX. OHU TPOUCXOAAT
BJIOJIb OJTHOT'O U3 IyTel OT KOPHS K JUCThSIM B AepeBe Ha puc. Ha, BhIOUpae-
MOT'O CJAYY9allHO U PaBHOBEPOSITHO.

C kaxoit BepositHocThi0 Wcnosuurens npunumaer peiieriie 06 HCTUHHO-
cru QBF? Ecau paccmaTpuBaemast popmyaa uctunua, 7o CoOBeTHHKY T0CTa-
TOYHO T'OBOPUTH HCTHHHBIE 3HAYEHHUS BCEX 3allpaliuBaeMbix Beaundut, Wemos-
HUTENbh He YBHIUT HUKAKOIO MPOTHUBOpEYHs U ¢ BEPOATHOCThIO | mpusznaeT
dopmyay uctunnon. dro 6yzer, ecin QBFE poxna? Yrobnr yoesunrs Memoa-
wurenss B obparnom, CoOBeTHHKY XOTsi OBl pa3 NPUAETCS CONTaTh, COOOIINB
HeBepHOe 3HaYeHHe OJHOU W3 Maphl 3alpalliBaeMbiX MepeMeHHEIX. PTa JoXKb
€ BepoATHOCTHIO 1/2 3amedena He OyjgeT, 9TO MOKA3BIBAeT HENPUTOJHOCTH
ONHCAHHOW MPOIEIYPHL s HaJe:KHOTO onpeneienus uctunnoctu QBE.

Kak Hu cTpanHO, ecTh cmocod HCIPaBUThH OMHCAHHYIO BHIIIE TPOLETYPY.
Ecau B mcxomnoM BapuaHTe U3 MOJHOTO OHHAPHOIO AepeBa nepebopa ciay-
YallHO BHIGUPAJCS ONUH NYTh, W DTO HUYEr0 HEe Jaflo, TO B HCIPaBIeHHOU
BEpPCHN [TepeBO CTaHeT Himpe (KaxK IBIH pas3 OygeT BHIOOP N3 P BAPHAHTOB, Iie
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p = Q(n*) — npocroe 4ncao) u rayéxe (raybuna jepesa GbLIa M, a B UCIPa-
BJIeHHOH Bepcun Gyger npumepro m?). PTo nepeBo msobpazkeno na puc. 56.

Yro6bl MOCTPOUTH Takoe pasBeTBISHHOE jJepeBo, Oyj1eM CYNTaTh HCTHH-
Hocrtuble 3unavenns 0 u 1 srementamn noas F, BordeTos no moxyio p. Jlo-
610 TOTIIecKY10 GOpMYILY @(Z1, T2, . . ., &) MOKHO 3ATMNCATH KaK MHOTOYJIEH
p(z1, 29, ..., &) Hag DoxeM F,, ncnoassys Boipaxenusd (8) nac. 97. Crenens d
5TOT0 MHOT'OU/IEHA He TTPEBOCXOUT JINHBI 3aNUCH (POPMYIBL @ (T1, T2, . - .\ Tin),
KOTOpas MeHbIlle 7 — pa3Mepa Bxoga 3agadn TQBE.

KBanTOpaM comocTaBuM cJeIyioline olepalii ¢ MHOTOYICHAME:

V oA f(or, .0 n) S far, ., 0) fla, .. 1), (17)
3 B f(r,. . 0) 1 — (1= flar,...,0) (1= f(z1,...,1)).  (18)

Tenepb gnciao

Po = (Q1)2: (Q2)ws - - - (Qm)wP(T15 - - Tm) (19)

PaBHAETCS HCTHHHOCTHOMY 3HAYEHNIO POPMYIBL ©(Z1, T2, ..., Tm) (Q; — ome-
palus, cOOTBeTCTByOMAs KBaHTOPY Q;). Beranciaenune sToro qncia oprann-
BOBAHO B [[€PEBO, AHAJOTHYHOE N300paKeHHEIM Ha puc. 5. CTeneHb BeTBISHS
y 9TOro jJepeBa paBHa p, a NIybuHa — m.

BrickasoiBanuam 15 (21, 2, ..., ;) IPH HTOM COOTBETCTBYIOT MHOTOUICHBL

pj(xh ceey $]) — (Qj—l—l)acJ.H (Qj—l—?)acﬂ_g cee (Qm)me(QCh R TRy RS PI xm)
Bamerum, 4To onepaunnu A,, F, yMeHbIIaoT 4YMcIo mepeMeHHBIX Ha 1, HO
yYABauBaloT, BOO6IH€ I'oBOps, CTelleHb Ka,)Kr[[Oﬁ 3 OCTaBIINXCA IIepeMeHHLIX,
TaK 9TO CTelleHn p] MOryT OBLITH BeJauKn. YTo6LI cTelenn MHOTOYICHOB He po-
CIN Ype3MepHO IIpH BLIYHUCICHUAX, MOXKHO BOCIIOJb30BaTLCA CJIe,Z[yIOHlefI olle-
panuen:

Lof(oy,....2) & af(ay, .. 1)+ (1 —2)f(ar,...,0). (20)

Muorounennt f u L, [ uMeoT ofuHAKOBOE KOIHYECTBO NepEeMeHHBIX, COBIa-
nator npn x € {0, 1}, a crenens nepementon x B L, f paBHa 1.
WTak, ncCTHHHOCTHOE 3HAYeHNe BLICKa3wiBaHusA 1 paBHO

Po = (Ql)lexl (Q2)1’2L1’1Ll’2 s (Qm)xmLxl Lxg .. -Lme(QUh RS xm)7

rie (; onpenensercs no Bxony sagadn TQBE (tak xe, kak B (19)). K mHOTO-
qeny p(-) IpUMeHSIOTCS B 3aKaHHOM Topsitke k = m+m(m+1)/2 onepanui
Buga A,;, B, mwin L,. PycTs nmociae npuMeHeHns NepBHIX k — ¢ ONepaliil MOIy-
qaercs Muorowten p;(ty,...,t;), 1 < ¢ < k. Pockoabky onepauns L ne memser
KOJAMYeCTBa MepeMeHHbIX B MHOI'OWIeHe, YHCI0 § He 0643aTelbHO PaBHO {.
Teneps onutem guanor Mexay Mcnoannrensem n CoBernnkom. Padnnaer-
cst oH ¢ Toro, 9To COBeTHNK COOOIIaeT 3HaYeHNe Py (KaK W paHblile, B CAMOM
Hagajde OH CKayKeT, 9TO Py = | HE3ABHCHMO OT er0o HACTOSIIErO 3HAYEHHN).
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3arem Ucnonnurens cupamnBaer y CoBeTHHKA, YeMy paBeH MHOTOWICH Py ().
Poxy4uB koopuuneHTH 5TOro MHOTO4YIeHa, VICIOIHITENb IPOBEpSeT, 9TO
po = (S1)¢p1(t) (6yzem onepauuio, crodliyio Ha i-M MecTe 0603na1aTh ;). Po-
cie 5Toro cnorHnTens clydaiiHO I paBHOBEDOATHO BEIOHpaeT dncio ry € F,
U IpUMeHseT PeKYPCHBHO Ty JKe IPOLeAypy [If NIPOBEPKH PABEeHCTBA

yai (7‘1) - Ll’l (QQ)ngxl Lxg s (Qm)xmLxl Lxg s Lme(JCh RN xm)

KonednocTh pexypcun obecmednBaeTcss TeM, 9TO 3HadYeHHe MHOTOYIeHaA
p(21,..., %) VcnonHuTess BEMHCASET CAMOCTOATENBHO. Ecian Bce mpoBepkn
TAf0T MOJOKUTENbHBIH pe3yabraT, NcnoiHnTenb BHIIAET B KadecTBe OTBe-
Ta 1, ecan XoTs 6bI pa3 oGHAPYKeHO HepaBeHcTBO — 0.

Terneps omneHuM BepOSTHOCTH OTBeTa 1.

Ecau pacemarpuBaemas QBF uctunna, To CoBeTHUKY ONATH JOCTATOYHO
rOBOPHTH MCTHHHBIE 3HAYEHUS BCEX 3alpallliBaeMbIX BeJWINH. A BOT ecan
QBF goxna, CoBeTHUKY XOTs OBl pa3 MpHAeTCS coaraTh. PockodbKy jaBa
MHOTO4IeHa cTenern d = O(n) coBnajgaooT He 6ofee deM B d TOYKAX, TO C
BePOATHOCTBIO He MeHbilell 1 — d/p Ha cienyioiiem 1are 6yIeT TPOBEPsAThH-
cst JIOvKHOE ycaoBue. Po MHIyKINN mofdydaeM, 9T0 BePOATHOCTh OOHAPYKHUTH
JOXKb B ONMMCAHHOM [HAJOTe He MeHbIIe

N
T
P
rae N = O(n?) — obuiee KoandectBo mpoBepok. Ppu p = Q(n?) sra Beposat-
HOCTHL 6ya1eT 6anska K 1.

9. BAKJIIOYEHUE

Wrax, moMnMo TpaMOTo cmocoba TOKA3HIBATH BHMTACANTEALHYIO CIOK-
HOCTD 3a/a4l, €CTh KOCBEHHBIe — MOKA3BIBATh MOJHOTY 3a0a9H B TOIXOIS-
meM CAOKHOCTHOM KJaacce. MbI mpuBenn ABa mpuMepa Taknx kiaccos — NP
u PSPACE. Ecau korga-aubyib B 6y IyiileM yIacTCs JOKa3aTh, YTO BKJIKOYE-
wus P C NP u/uan NP C PSPACE ctporue, To, Kak cieicTBue, Iis O4eHb
MHOTHX 3a7a4 TOABATCA JOKA3aTEThCTBA UX CAOKHOCTH.

CyliecTByeT MHOT'O IPYTIUX CIOKHOCTHBIX KaaccoB. Panpumep, B yroJos-
HO-TIPOTECCYaTbHOT MOTENN BBEITUCAEHNS MOKHO OTPAHNTIHThH YHCJIO0 BHICTYTI-
JeHIH CTOPOH HEKOTOPOH abCOAIOTHOH KOHCTaHTOH. PoaydnTcs meras we-
Paprus CIOKHOCTHLIX KIACCOB, BKATAOINIAA Ha OJHOM W3 HUKHUX YPOBHEH
ki1acc NP (exnucrBennoe BeicTymienne Ppoxypopa). Pomyaspra runoresa,
ITO BCe BKAOUEHUS B DTON MepapXun CTPOTHe.

YnomsHéM Takxke 0COOYI0 MOJelb BhIYUCJAEHUI — KBaHTOBBIE BhIYHC]IE-
uusi (M. [4]). PacckaspiBaTh 0 HEX MBI He OyjeM, 3aMeTHM JHIIb, YTO OHH
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cojgepxar BPP u conep:xkarcs B PSPACE. Po npuBegem 3amady, no BeI4Yi-
CAUTENbHOU ClJe dKBHBAJEHTHYIO KBAHTOBBIM BhIYHCASHUSM.

PpuMeP 5 (cM. [8]). OUEHKA KBAJAPATUYHON CYMMBL. /ana: (0,1)-
mampuya A pazmepa nXn, na Juazona.au kKomopoti cmoam edurnuyst (a; = 1).
CnpawU6aemCﬂ: Kak06 3HAK Y CYMMDBL

S= 3 (cnyE Beglelgnlil,

Az=0,z€{0,1}"

ecau uzsecmuo, umo |S| > 5"?

B npuBegénnoit popmyse MaTpuna B norydaercs us MaTpuis A 3aMeHON
BCeX DJIeMeHTOB Ha IVIABHON JIMArOHAIN W BBHILIEe HYJISMH, ||| — koimdecTBO
eMUHNI B 3alNCH .

C/ioBa «ecau M3BECTHO» O3HAYAIOT, YTO Ha BXO[AX, HE ¥IOBJIETBOPSIOMINX
ycaoBuio |\S| > 5", pyHKIUS He ompeeneHa, I allOPHTM MOXKeT paboTaTh Ha
TaKNX BXO/TaX KaK YI'OJHO.

PToT mpumep 3aMedaTelbHEIM 06pa3oM WILIIOCTPUPYET OO6CYK TABIINECH
HAMW WAed TOJHOTH W CBefleHusA. [lcanm WHTepecoBaThCA TOJLKO BpeMeHeM
pabOTH aITOPHTMOB € TOYHOCTBIO 0 MOTMHOMAY, TO BLIYHCINTEJIbHBIE BO3-
MOYKHOCTHM KBaHTOBBIX KOMIIbIOTEPOB COBIAJAIOT ¢ BO3MOXKHOCTAMUI BEpOAT-
HOCTHBIX MallliH, paboTalolINX MOJHHOMHUAJIbHOE BpeMs M UMEIOLUINX [TOTOoJ-
HATEIBHO MOCTYN K YCTPOHUCTBY (OPaky.y), pelamlieMy 3ajady o0 OleHKe
KBaJPATHIHOU CYMMHBI.
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O HpO6JIeMaX BBLIUICIITCILHON CI0KHOCTI

C. Cmertn

3amuck Jeknnn, mpodanTanHon B Beiciiem Koanenxe Martemaruku He-
3aBucnMoro MockoBckoro YuupepcuTeTa 20 masg 1999 rona.

Mul ceiivac obcyauM OJHY 3ajJady, KOTopas B dJAeMeHTapHONl (opmMe M-
JIOCTPUPYET OCHOBHBLIE TPYAHOCTH TEOPUH BHITHCANTENbHON caoxuocT. [as
nosnuoMa f € Z[t] onpenennm qncao 7(f) caexyrommnm obpaszom. Paccmorpnm
nocaeroBaTebHOCTh (1, t, U1, ... Uy = f), B KOTOPOI KayKIBIH MOCKETYIO-
UHI IeH MOXY9aeTCs U3 HEKOTOPHIX IBYX MpPeJUIeCTBYIOMINX: U = U; O Uj,
i,J < k; mox onepamuein o 31ech 0Apa3yMeBaeTCs OTHA U3 TPEX apu(MeTIae-
CKHUX omepaluii (clokeHne, Bel4nTanue, yMuokenne). MuBapuant 7(f) paBen
Ha¥MeHbIIeMY BO3MOKHOMY 7.

Nmeetcs caeayiomasn runoresa [lyba — CMelaa: KoAuUYeECN60 PA3AUUHBLE
yeaviz kopreti mnozoutena [ wne npesocrodum 7(f)°, 2de ¢ — nexomopas

abCoMOMHASL KOHCTNAHMA.
2 k k
[IPuMEP. PocrenoBaTensrocTs 1, ¢, t2, t27, ..., 2, 2

k o
aro 7(t¥ — 1) < k+ 1. Po npu 5TOM KOIMYECTBO pasziudHbIX KOPHEl MHO-

— 1 mokaswiBaeT,

k o
roarena t2 — 1 pasro 2F. PosToMy mif pasimaHBIX KOMILIEKCHBIX KOpPHEIl
aHaJOrMYHad I'UnoTe3a HeBepHa.

AHAJOTUYHBIN IPUMED MOXKHO MOCTPOUTH € MOMOIbI0 MHOT'OWYIeHOB Ye-
onieBa. Muorowienb YebbilieBa BEIYHCASIOTCS € TTOMOIIIBIO TPOCTON PEKYP-
perTHOU opmyabl. OHU TOXKe Tal0T MpuMep MHOTOYJIEHOB BRICOKOU CTeNeH I
¢ MaJeIM 7. Ppn ToM Bce KOpHH MHOTOUIeHOB JebnillleBa BellleCTBEHHLI 1
HOTapHO paziuydnbl. /s pasiudHbIX BellleCTBEHHBIX KOPHEH aHaJoTHYHad T'H-
noTe3a TOXKe HeBepHA.

TeoreEMA 1 (Illve — CMENT). H3 eunomeswr lllyoa — Cuetina caedyem,
umo P # NP/c.

Temnepsb HyKHO OOBACHUTD, 9TO O3HadaeT P # NP/c.

Ppex e Bcero ormMeTnm, 94T0 y ajJrebpaucToB HeTPUBHAAbHEIE TTPOGIEMbI
OOBIYHO HAYUHAKTCSA ¢ MUOPAHTOBLHIX YPABHEHUU, COOTBETCTBYIONINX aJdre-
OpamyecKuM KPUBBIM, T.€. ABYM MepeMeHHbIM. ¥ Hac NpoOJeMbl HauHHAIOTCH
yiKe B cIydae OJHON IepeMeHHON.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(115—119)
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Ecan 3abwire npo C, To npobiema P # NP — 510 ogHa n3 KiIo04eBBIX
mpobieM KOMIbIOTEpHOU MaTeMaTuKu. BMmecTe ¢ runoreson Pyankape u ru-
MOTe30i O HYJIsX J3eTa~PpyHKIuU PuMana OHA SIBASETCS OMHOW U3 BaXKHEHIITHX
mpobieM MaTeMaTHKH — 3TO MOAapoK OoT computer science.

Paccmorpum muOTOYReHBL f1(21,. ..y 20), -« -, fu(Z1, ..., 2n) HAL C. Cropa-
[MIMBAETCA, UMEOT JU >TH MHOPOWIeHbl obmmui Hyab? PTo — sajgada pac-
MO3HABaHUA CBONCTBA: B Ka4eCTBe YCJAOBUSA 3aMal0TCS MHOMOYACHBI f1, ..., [k
(ToTHEe TOBOPS, 32 1a8TCS HECKOIBKO KOMILIEKCHBIX THCeT — KOd(PQUIHEeHTOB
MHOT'OUJIEHOB), & Pe3yIbTATOM paGOTH NOMKeH OLITh OMNH U3 IBYX OTBETOB:
«ra» (ecTh OBMINH HYJIh) HIN «HeT» (0OIIero HyJIs HeT).

Teopema I'mabbepTa 0 HyJAAX AaéT CJACIYIOMNNE OTBET: OOLIEro HYJIS He
CYIIeCTBYET TOTjia i TOJBKO TOTJa, KOIJa CYIeCTBYIOT TaKie MHOIOYICHbI
g1y - -5 9k, 1TO Zngz =1.

Teopema 'manbepra o Hyasx — KpuTepnil, Ho He MeTon. OHa He TaéT
HIKAKOTO arropuTma. Po npuvepro 10 zeT mazas Ppayrsert!) moxasar, €10
B TeopeMe ['mibbepTa o HYAIX MOXKHO CIHTATh, 9TO

deg g; < max(3, maxdeg f;)",

OPUIEM DTOT Pe3yaAbTAT HEYJAYUIIaeM.
Teopema PpaynBensa TaéT airopuTM: BCE CBOINTCA K PEIIEHUIO CHCTEMED
JUHENHBIX YPaBHEHUN [ KO3PMUIUEHTOB MHOIOYJIEHOB ¢;.

SaiiMémMcs Temepb BOMIPOCOM O CKOPOCTH DTOT'O aJrOPUTMa: CKOIBKO apug-
METHYECKHX ONepaliil HY:KHO BHIOJHUTE, 9TOOB OTBETUTH Ha MOCTABJICH-
HBEII Bompoc. Pa3oBéM pazsepom BXOMTHBIX JAHHBIX KOJHYECTBO KODPMUIIH-
€HTOB MHOT'OWIEHOB f;, a épesmenesm pabOThl AITOPHTMa HA30BEM KOJAUYECTBO
apudpmMeTHdecKux onepanuii. PyjieM HazeBaTh JaHHBIU aJlOPUTM GA20PUI-
MOM € NOAUHOMUGALHBIM 6PEMENEM, eCIN

bpews < (pastep) 1)

rie C' — HeKOTOpas KOHCTaHTA.

AJTOPUTMEI ¢ TOANHOMAAJTBLHBIM BpEeMeHeM — 3TO KaK pa3 Te alTOPHUTMHI,
KOTOPBIE IMEET CMBICT MPAKTHIeCKN PeaIn30BLIBATH Ha BRITHCANTEILHON Ma-
muHe. Ecan, ckaykeM, BpeMs 3aBUCHT OT pasMepa dKCIOHEHIHAJbHO, TO TPH
YBEAUHMEHUN pasMepa BXOAHLIX JaHHBIX BpeMs GHICTPO BHIXOANT 34 Pa3yMHBIe
nperensl. Aaropury PpaymBenna sBIfeTCS alTOPHUTMOM € DKCIOHEHTHAIb-
HBIM BpeMeHeM. PKcmoHeHNnmaabHas BepXHAA OlMeHKa M1 DTOT0 alTopuTMa
JETKO BBHIBOUTCS, HATPAMED, U3 MayCccoBa METOIa NCKATOMEHUS A PerleHus
CHCTEeMBI JHHEHHLIX YpaBHEHNN.

Y Brownawell W. Bounds for the degrees in the Nullstellensatz /| Annals of Math., 1987.
Vol. 126. P. 577-591.
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'mmoTesa TakoBa: 3agata HN/c (cymecTByer au OGUINT HYJIb CHCTEMBI
NOJMHOMUAIBHEIX ypaBHeHn# Hag C) TpyIHOpaspelmma, T.e. He CYyIeCTBYeT
AJICOPUTMA ¢ HOJHHOMHAJIbHEIM BpeMeHeM s pellleHus DTOU 3aTadu.

3jech uMeeTCs B BUIY AJl'OPUTM He B CMBICJe MalluHbl [blOpUHDa, a aj-
roputm Hajg C B ciemgyiomieM cMmbicae. AJDOPUTM — HTO OPHEHTHPOBAHHEBIN
rpady ¢ OJHON BepUINHON, B KOTOPYIO He BeneT HU OJHOTO pebpa (6zxodom).
I'padp moxer umerh nuxibl. OH 3a1aéT paboTy BHIYHCAUTENBHOW MAIllUHbI
crenyiomnM obpazoM. Pa BXon moraéTcs 6eckoHedHas B 06e CTOPOHE TOCTe-
TOBATEIbHOCTh KOMILIEKCHBIX ducen (...,0,21,...,2,,0,...), cpenu KOTOpHIX
TOABKO 21, ..., 2, OTIHYHBEL OT HYJd, HIKAKUX OT'DAHUYEHHH Ha BEJUYUHY 7
He TpejlnofaraeTcs, Tak 4TO TakKad MOAeNb BEIYUCIUTENBHOU MAITUHBI MO-
XKeT paboTaTh CO CKOJAb YIOAHO JNAWHHBIMU HOCJAETOBATENbHOCTAMEU HUCE.
Bepmunnr Toro rpada oTHOCATCA K OJHOMY W3 TpeX THIIOB:

> Bbixoabl. U3 Hux He BegeT HU ogHOrO pebpa. Po mocTm:keHnnm Takon
BEPIINHEL paboTa 3aKaHINBaeTCH.

> BBIYUCAUTEIBHBIA Y3EJA. B BEYUCAUTENABHBIN Y3€1 BXOJIUT OJHO Pe-
OpO U U3 HEro BHIXOJUT TOXKe OJHO pebpo. B BeiduciunTenbHOM y3ie
OPOU3BOJIUTCH apu(pMeTHYecKas onepalis ¢ KAKEMUI-TO YIeHAME TOCae-
TOBATEABHOCTU W OMUH U3 YIEHOB TOCIENOBATEIbHOCTH 3aMeHseTCs Ha
pe3yabTaT BeducAeHni. KpomMe TOro, MOXKHO BCe WIeHbI MOCAe[0BATEN b
HOCTH YMHOXKUTb Ha OJTHO U TO K€ YHCIO0 WIH NTPOU3BECTH CABUD HOCIe-
TOBATEIBHOCTH.

> Y3EJ BETBJEHUA. B y3en BeTBJeHUs BXOINT OTHO pebpo, a BHIXOAAT
3 Hero 1Ba pebpa, Ha KOTOPLIX CTOAT TMOMETKH «Tay W «HeT». B yare
BeTBJAEHNUA BLIACHAETCSH, BepHO Jau 4TO z; = 0. Ecan z; = 0, To MBI ngém
Tagbliie o peGpy ¢ MOMETKOW «Iay, a ecin z; 7 0, TO MBI HIEM TaJjbliie 0
pebpy ¢ nomeTkon «HeTy. (/s Beramcaennit Hag R BMecTo 5TOT0 MOKHO
BBECTH NPOBepKy Tnma x; > 0 min z; > 0.)

Pa Brixome ajqropuTma ToxKe MOJyyYaeTcs MOCIeIOBaTeIbHOCTh vncen. B
nHTepecyolleM Hac aaroputve H N/¢ Ha BBIXOAe TOJHKO OTUH HEHYJIEBON
BJEMEHT, KOTOPhII MOXKeT HPUHUMATh POBHO [Ba 3HA4YEHHs, COOTBETCTBYIO-
e OTBeTaM «Iay U «HeT».

Taxkoe onpejeaenne aaropurMa 6bu10 gato JI. Patow, C. Cymeitaom u M. Hly-
6oM B KoHie 80-wix rogoB. CTpaHHO, YTO paHbIlle HUKTO HE TOIYMAJCH 0
BTOT'0 COBEPIIEHHO eCTEeCTBEHHOI'O ompejenetusi. PoaipoOHO 03BHAKOMUTHCH €
TeopHell TaKux airopuTMoB MoxkHO 10 KHure Blum L., Cucker F.; Shub M.,
Smale S. Complexity and Real Computation. Springer Verlag, 1997.

C onucaHHBIM BHIIIE aITOPUTMOM €CTECTBEHHBEIM 06Pa30M CBSi3aHa (PYHK-
s «Bxogaa — Bhixogay. OHa ompejielera Ha HEKOTOPOM MHOXKECTBe BXOMHBIX
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TAHHBIX (HAIpuUMep, MallliHa He MOYKeT MPOM3BONUTH [efeHne Ha HYyJb, [HO-
5TOMY NPH HEKOTOPHIX BXOTHBIX JAHHBIX OHA OCTAHABINBAETCH).

PazmepoM BXOJIHBIX JaHHBIX Ha30BeM 9YHCAO N, a BpeMeHeM paboOThl NpH
TaHHOM BXOfe — JINHY MyTH OT BXOAa K BHIXOAY (Ha PA3HBIX BXOJaX DTH
OyTH MOT'YT OBITH PA3MNIHBIME). ATTOPHTMEL C TOINHOMHUAJIBHBIM BpeMeHeM
YIOBIETBOPSAIOT HepaBeHCTBY (1) 11st HEKOTOPOH KOHCTaHTH C' PN BCEX BXO-
rax. Kiace Taknx aaropurMoB obosnadaercs P/c.

Pociae sToro onpejiesenuss BOIpoc 0 TOM, CYIIECTBYET AU MOJINHOMAAb-
HBIT aaropuTw™ aas sagadun H N /¢, npnobperaer CTpOruil MaTeMaTHYeCKIi
CMBICI. 3aMeTHM, 9TO yTBeP:KJIeHIe O TOM, YTO TaKOr'o alropuTMa He cylie-
CTBYeT, B TOYHOCTH SKBHUBaJeHTHO yTBepxaernio P # NP /¢ (onpenenenne
NP /¢ moka He gaBajgoch m Ha 5TOH JeKnnn He OyAeT JAHO).

Buecro moas € MOXKHO B3ATh NPOH3BOALHOE Tode K 1 onpejeinTh Bbl-
YACAATETbHYIO MAIIMHY HaJ NPOW3BOJBHBIM TodeM. Pamnpumep, noae K = Zg
COOTBETCTBYET ONpefeJeHnio alropuT™Ma, IPUHATOMY B JOTHKe I computer
science.

MozKHO TaKKe TOCTaBHThH BONPOC 06 OBIINX HYAIX MHOTOWICHOB HaT Zo.
I'mnoTesa o ToM, 9TO He CyIIECTBYeT MOJINHOMUAILHOIO aJlOPUTMa A pe-
LIeHHsT DTOW 3aja4d, DKBUBajdeHTHa runorese P # NP B eé kaaccumueckom
BapuaHTe.

[Mast aucna m € Z MOXKHO ONpefelnTbh WHBAPHAHT T(m) MO aHAJOTHU C
HHBAPHAHTOM T [ MHOTOWICHOB. A HMEHHO, PACCMOTPUM aHAJOTMIHYIO MO~
clIeoBaTenbHOCTh (1, my,...,m = m) u onpegeaum 7(m) KaK MIHIMAIb-
Hoe BozMmoxkHoe k. C nomolbio GpopMyabl CTHPIHHIa MOXKHO J0Ka3aTh, YTO
7(m!) < (Inm)Y. EcTb mpemonoxeniie, 9To BepHa I TPOTHBOMOIOAKHAS OTH-
Kka Takoro xe suga: (Inm)C < 7(m!); >Ta mpobiema cBf3aHA C pa3IOKEHTEM
Ha MPOCThIe MHOKNUTENN.

Pa mepBsiii B3nvistx 5Tn aBe mpobieMbl (06 WHBApHAHTEe T [/ MOJNHOMOB
W IS IHCeN) APYT ¢ IPYTOM He CBA3aHBI.

Bepuémcs k npobaeme P # NP/x. Mbr He GyneMm onpeensTh, 9TO TaKoe
NP/, BMecTo sTOr0 6yjeM ToBOpUTH 06 BKBUBaJeHTHOU mpobieme ['mib-
6epTa 0 HyaaX Haj mpon3BoibHbIM noneM K: HN/x ¢ P/k. (Ecan none ne
alrebpaldeckn 3aMKHYTO, TO TeopeMa ['mabbepTa o HyAAX HeBepHa, HO 3 /a-
4a, 06 OOUINX HYJIAX CUCTEMbl MHOTOYICHOB HMeeT CMBICA Haj MPOU3BOMbHBIM
noJIeM; 37leCh MMeeTCsi B BIIY HMEHHO DTa 3ajJada.)

B caydae He airebGpamyeckn 3aMKHYTOIO TOJAs JOKa3aHO Clegylollee yT-
BepK IeHne.

TEOPEMA 2. Feau nose K ne aszebpauuecku 2amxnymo u char K = 0,

mo P # NP /.

Nlns mons Zsg, KoTOpoe TOXe He aarebpanvieckn 3aMKHYTO, BOMPOC OCTa-
eTCsi OTKPHITHIM (XapaKTepHCTHKa STOTO MO OTANYHA OT HYJIS).
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Bepuémcst k aarebpandeckn 3aMKHYThIM moqasm. s aareGpandecku 3a-
vkHyTOro noas K (char K = 0) npo6aema P # NP/ skBuBansenTHa mpobire-
me P # NP/¢. Posromy Bcé cBoguTesi K OfHOMY Todito, Hanpumep, noao C
nim nomo Q (Tak o6o3naTaeTcs agarebpanieckoe sambikanie noas Q). Pro —
OJIH U3 OCHOBHBIX Pe3yJbTAaTOB YIOMSHYTOU Bhillle KHuru. /[JoxazaTenbcTBoO
HCIOJb3yeT MOHATHE BEICOTH aldrebpandeckoro ducia.

PpencraBisercs BecbMa mpaBronogodHbiM, 9to P/ = P/p, mis ao6o-
ro xkonednoro nojsi K. Po mis nojeil KoOHeYHOU XapaKTePHCTUKH BOIPOCOB
BoJIbllle, YeM OTBETOB.

PaccmorpuM Bonpoc 06 skBuBatenTHocTH npobirem vas Cu mag Q. Ogua
I3 OCHOBHEIX NPOGJeM NpHU Mepexoje 0T KOMILIEKCHBIX dHces K aarebpante-
CKHM CBf3aHa € Te€M, YTO HYKHO U36aBUTHCS OT KOMILIEKCHBIX KOHCTAHT, KO-
TOPBIE MODYT HCIOJAB30BAThCS PU BhiducaeHusix. Boobiie roBopst, OHM MODJIH
OBl CHJIBHO YIPOCTHTH Bhiducierus. O HAKO TOKa3aHO, 4TO TaKOT'O yIpOIile-
HUS HE TTPOUCXOMUT.

B ymomsinyToll BEIllle KHHIe He PacCMaTPHBAJICA BOIPOC O CBS3H NpobieM
P # NP/z, n P # NP/c. llmenno nepBast 3 HIX OTHOCHTCSH K KJIACCHIECKON
computer science. B nmperucioBun k spTon kuure /[nx Kapn Bbickasaa mpen-
MOJOYXKeHe, 4TO 3TH TpobJieMbl HUKAK ApYyD € APYroM He cBsizaHbl. Po yike
mocje TOro Kak KHUra Oblia Hanucana, CMeiJ 3aMeTul cleryiolee.

PamomuuM, 4T0o mHTEpeC K aJropuTMaM ¢ MOJUHOMHAJBHBIM BpeMeHeM
CBSI3aH C TeM, YTO HMEHHO HX MOXKHO 3(P(PeKTUBHO pPeaqTH30BHIBATH HA KOM-
mbioTepax. Po celivac ucnoab3yeTcs eilé oliH BayKHBI KJIACC alTOPUTMOB —
Tak HazkiBaeMble BPP-anmropuTMbl. B >Tux aqropuTMax paspeliaeTcs «Ho/I-
OpachblBaTh MOHETKY» W B 3aBUCHMOCTH OT HOJYYEHHOI'O pe3yibTaTa MpOous-
BOMUTH T€ WIH UHbIE BhIYHCIeHusi. Tpebyercs, 4TOOR MPaBUJIbLHBII OTBET 10~
AyYAICHd B «KBaJH(UINPOBAHHOM GOIbIIHHCTBe) caydaes®). Toria, IOBTOPHB
BBIYHCJICHUS MHOIO pa3, MOXKHO MOJYYUTE Pe3yJbTaT, KOTOPHIH 6yIeT mnpa-
BHJIBHBIM € O4eHb GOJBILION BepOsTHOCThIO. Panpumep, eciin NpaBuJIbHEIN pe-
3yJAbTAT MOAYIAETCSA € BePOITHOCTHIO 3/4, To moce 50 TOBTOpeHIH BhIYHCIe-
HUI BEPOSTHOCTH OIIUOKHN OyIeT paBHA eUHUIE, TeJEHHON HA YUCIO ATOMOB
Bo Bcenennoii.

C mareMmaTudeckoll Touku 3penus ycioBue BPP nakaanbiBaer menblie
orpaHHYeHul, deM ycioBue P, HO ¢ mpakTudeckon To4Yku spenuss BPP-airo-
PHTMBI CTOJb YK€ XOPOIIH, KaK i P-ajJropuTMel.

TeoPEMA 3 (CMEIN). Fcau BPP 2 NP, mo P # NP/c.

C Touku 3penus coBpemennoil computer science BPP 2 NP — 1o nedro
odeHb moxoxee Ha P # NP.

Y Bonee dopmanbHoe ompegerenne Kiaacca BPP cm. B crarbe M. Bsamoro ma c. 106. —

IIpum. pern.



Ilo-HOBOMY O cTapoM: (pparMeHTHI
KJIACCHIECKOM MaTeMaTHKHI

ITaBepcnn paBHOCTOPOHHEN TUITEPOO.IBI

A. Pymrckun

DaBHOCTOpOHHAS Tunep6oia (KaHoHudeckoe ypashenue z2 — y? = a?)
SBJAAETCH CHMMETPUYHON JHHHEN, OCH CHMMETPUH KOTOPOU B3aHMHO MepIeH-
IUKYJAApHEL. e WHBepcHLIME 06pa3aMi ABALIOTCS HEKOTOPHE N3BeCTHLIE M-
HIH.

DACCMOTPHM CJAEIYIONINEe ONpeNeJeHis i CBOUCTBA, KOTOPEIME MbI Oy jieM
NOJb30BaThCA B CTAThe.

OnpeAENEHUE 1. Jlunun &y u ®; Gymem Ha3bIBaTh WHBEPCHBIMU, €CJIH
CyIIeCTBYeT HHBepCHd, epeBoadinas Juunio ¢ B IHHUIO, KOHTDYSHTHYI0 $g,
n HaobopoT. O6pas aurnn ® mpu uEBepcHn ¢ HeHTpoM () U CTENeHbIO 1>
6y1eM oboznagarh I ().

OnpEAENEHUE 2. Jlunuto ® 6yigeM Ha3biBaTh UHBEPCHO-CHMMETPUIHOM,
ecli CyIIecTByeT WHBepcus, nepepogdiinas Juauio ® B cebs. llenTp Takon
nHBepcun OyJleM Ha3biBaTh WHBEPCHBIM LIEHTPOM JUHUMN.

OdeBuIHO, YTO NpH JIOO0N CTeNeHd WHBEPCHH HHBEPCHBIN 00pa3 JHHUN
OTHOCHTEILHO HHBEPCHOI'O HeHTpa ecTh JANHHsA, ToMoTeTnaHas P.

CBOICTBO 1. Ecin 1Be InHUE HHBEPCHBI TPeThell, TO OHM HHBEPCHBI IPYT
APYLY.

CBoiicTBO 2. [las Toro, 4To6n! aunns ¥ 6bL1a HHBEPCHO-CHMMEeTPUIHON,
HeoOXOAMMO U JOCTATOTHO, YTOOLI CylIecTBOBaAa CHMMeTpuIHad dunug P n
oKpyKHOCTH O(1), IEHTP KOTOPOU He JeXKHUT Ha ocH cuMMmeTpun @, Tak, 410
U = [9(®). Hentp nupepcnn muann ¥ cyts M = I2(0"), rae O' — Touka,
cuMMeTpudtas O OTHOCHTENLHO OCH CUMMeTpuu JuHun P.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(120—126)
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BAYKHOE 3AMEYAHUE. Ock cuMmMeTpnn Juann $, Ha KOTOpPOH He JeKUT
ueHTp O, MOXKeT OBITH He eIMHCTBEHHOU ochio cuMmMmeTpun Jauauu ®. CBoi-
CTBO 2 yTBEPKIAET, UTO cyuwecmsyem ocv cummempuu P, He cojgeprariasn
nenTp O. ITo 3aMedanne BaxKHO, TakK Kak ecan W 1 & — OKpy:KHOCTH, TO UX
OCH CHMMETPHUH MOKPHIBAIT BCIO MIOCKOCTD.

DOPMY.JILL IPEOBPA3BOBAHNSA KOOPAUHAT. Jycth 22 4 y? = r? — ok-
pyxnocts uusepenn u 19 (z;y) = (#; 7). Toraa

~ xrz ~ yrz
=53 Y= 3 3
oty o +y
«CTapbiey KOOPANHATH TPeobpasyioTcs B «HOBHIE) aHATOTHIHEIM 06Da30oM.

1. PABHOCTOPOHHAA 'MIEPBOJA, JEMHUCKATA PEPHY I U
VAUTKA PACKAJA

TEOPEMA 1. Hueepcuviii 0b6paz pasnocmopounetd 2unepbovl OMHOCU-
meabro ee yewmpa cymo aemnuckama bepnyaau. (Cu. puc. 1.)

JTOKABATEJIbCTBO. DaNOMHUM ypaBHEeHHe JeMHUCKATH DepHYJLIH:
(22 4+ y?)?* = 2k*(2? — y*) = 0.
YpaBHeHEIEe paBHOCTOPOHHEH rumep6orsl — z2 — y? = a?. Dpumensas dop-
MYl HHBEPCHH, TTOLYdaeM:
22,4 2t ,

_ _ 202 _ T2 2y
(z% 4+ y*)? (x2+y2)2_a = @4y az(x y?) =0.

Ecan r = a, To ypaBHenne JeMHUCKATH eme 60aee ynpomaeres: (z? 4 y?)? —
—a?(2? —y?) = 0.

Puc. 1.
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TEOPEMA 2. Hueepcuvii 06pa3 pasnocmoponnetd 2unepbovl OMHOCU-
meavno ee poxyca cymo yaumra Backaas. (Cu. puc. 2.)

JOKABATEJNBCTBO. DallOMHUM ypaBHEHUE YJIUTKH DacKaJs:

(2® +y* — ka)? — *(2® +y*) = 0.

dokycaMi paBHOCTOpOHHeil rumep6oiabl 22 — y? = a? gBagOTCA TOYKH

(—av/2;0) 1 (ay/2;0).
DaccMOTPUM HHBEPCHIO € eHTPOM B aeBoM (okyce (—ay/2;0) u crenennio
r? = a?. Depenecem HaYalo KOODIHHAT B IeHTp WHBepcHu: (z — ay/2)? —

= a2, 1.e. 22 =2 2az+a*—y? = 0. SpHMeHﬁﬂ (pOpMYJIbl HHBEPCUH, TIOJNYHaEM:

4,2
u_zm Lotal=0 =
x—l—y)

(
—  (2? +y?)? —2\/_(136(36 + %) +a?(2? — y*) = 0.
Brigeany mofHBIT KBaApaT ABYX MEPBHIX LIEHOB N MOJIYTAM:
(22 + y3)? — 2V2az (2? + y?) + 2a%2% — 2a%2® + d*(2? — y?) = 0
U
(22 + y* —V2az)? — a®(2* + y*) = 0.
DocieqHee ypaBHeHne ONpefenseT YIITKY Dackais ¢ k = v/2a, | = a. fcuo,

aro k = [\/2.

TEOPEMA 3. Yaumxa Backaas npu k = [\/2 unsepena aemnuckame Bep-
HYAAL.

Iy

Puc. 2.
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JTOKABATEALCTBO. Tak kax yanTka Dackars npn k = [v/2 u teMHnCKa-
Ta DepHYJLIN WHBEPCHB PABHOCTOPOHHEN THHepHOIe, TO OHH WHBEPCHBI APYT
Ipyry (cM. cBOMCTBO 1).

MokHO TOKa3aTh, ITO MEHTP HCKOMOHW WHBEPCHN ABAAECTCA (POKYCOM Jie-
MHUCKATH M OJHOBPEMEHHO TEHTPOM OKPYKHOCTH, KOHXONIOW KOTOPOH SBJIS-
eTcs yIUTKA.

TEOPEMA 4. Yaumxa Backais npu k = 1\/2 seasemes uneepeno-cui-
MeMPUYHOY Auruel.

JOKABATEILCTBO. Tak Kak yaurka Dackaid npn k = [v/2 sBiseTcs na-
BEpCHBIM 06pa30M CHMMETPHIHOHW JNHNE (THIepOOIbl) U eHTp NHBEPCHH He
JeKUT HA OCH CHMMeTpHu (MHEMAs OCh), TO, IO CBONCTBY 2, OHA — HHBEPCHO-
cuMMeTpHYdHas AuHUA. WHBEePCHLIH HeHTD YANTKH DacKajasd CyTh WHBEPCHbLIH
ob6pa3 Qokyca Fy; OTHOCHTENbLHO OKPYKHOCTH, TMepeBoAllel Tumepboay B
VIUTKY, a cTenenb uckomoil unsepcun |M Fy)%. (Cum. puc. 3.)

S3AMEYAHUE. U3BecTHO, 4TO dt0bas yiuTKa WHBEPCHA HEKOTOPOU KOHMU-
ke, mpndeM ecan k = [ (kapguona), To yIUTKa HHBepCHA mapaboge (B 5ToM
clydae [eHTP WHBEPCUU JEKUT HAa OCH CHMMETPUU U CBOUCTBO 2 He MOXKET
OLITH IPUMEHEHO), a TMPH BCeX APYTHX COOTHOLIEHUAX MeXy k u [, yIuTKa
DackaJjs WHBepcHa runepbote wan saianncy. Tak kak B »ToM ciydae HeHTp
MHBEPCHN He JeKNT Ha OCH CHMMeTpPHH (MaJjas OCh SJIJIAINCA I MHAMAs OCh I'I-
nep6oIbI), TO CIpaBeLInBO Oolee obuiee cBoiicTBo: Jobas yaumrka backaas,
Kpome Kapduoudvl, cymb UHEEPCHO-CUMMEMPUUHAR AUHUS.

2. PPOU3BOABLHBLIN UHBEPCHBIN OBPA3 PABHOCTOPOHHEN
CUIIEPBOJABLL

TEOPEMA 5. Jhoboti unsepcnvili 0bpaz pasnocmoponnet 2unepboavt, 3a
uckpouentem semuuckamut bepuyiau, unsepcno-cummempuuen. Feau yenmp
uneepcuu, npeobpasyroueti PasHOCIMOPOHHION 2UNeP6oLYy, He NPUNAOAEHCUM
0CAM 2UNEPOHOABL, MO NOAYUAOULAACE KPUSAA UMeem J6d UHEEPCHBLT UeH-
mpa. (Cu. puc. 4a.)

JIOKABATEJLCTBO. [lokasaTelbCcTBO DIEMEHTApHO CAeIyeT W3 CBONCT-
Ba 2, IPUMEHSEMOTr0 OTHOCUTENbHO JeHCTBUTEIHLHON ¥ MHUMOH OCEH THIep-
OO0JLI.

3AMEYAHUE 1. O4eBHAHO, YTO QHAJOIXYHOE CBONCTBO BBIIOIHACTCA [
IPOU3BONBHLIX THIEPOOJILL U DIINICA. Y MapaboIbl 1060 HeCHMMETPUHBLI
o6pas HMeeT OINH [eHTD HHBEPCHN, & CHMMETPIHIHLIN He HMeeT ero BOOOIIle.
(Cwm. puc. 46.)

S3AMEYAHUE 2. O4eBUIHO, YTO AHAJOTUYHbIE CBOUCTBA BEPHBI s J0-
601l CUMMETPUYHON JHHUH. JalpumMep, a0l 06pas TpexJenecTKOBOU PO3bI,
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!

Puc. 3.

a) 6)

Puc. 4. Pecummerpuarsrii 06pas a) rumep6obsl; 6) mapabosL.
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KpoMe o0pas3a OTHOCUTENbHO ee LEeHTpa, UMeeT MUHUMYM [IBa M MaKCUMyM
Tpu neHTpa uHBepcun. OOpa3 acTPOUAB MOXKET UMETh TPH WM YeThIpe Ta-
KUX TeHTpa. ¥ 06pa3oB CHHYCOUIL WIW MUKJIOWILI €CTh 6eCKOHEeTHO MHOTO
EHTPOB MHBEPCUN.

3. PABHOCTOPOHHAA I'MIEPBOJA U CTPODOU AL

YpaBHeH#e cTpopOuIbl B IeKapTOBOH CHCTEMe KOOPIHHAT:
(2% + y?) - (Az + By) + aA(2? — y?) + 2aBay = 0,
rie Az + By = 0 — ypaBHeHne Befyliell npsamoi (puc. 56), a — mapameTp.
Ouesuano, 4ro B caydae B = 0 moayuum z(z? + y?) + a(2? — y*) = 0, T.e.
ypaBHeHue mpsMon cTpodonasr (puc. 5a). Ecin B # 0, o k = -5 YyTIOBOH

KOO(PUIHEHT BeayIiel mpsMoi (y = k) u ypaBHeHNe HAKJIOHHON CTPOQON THI
npuobpeTaeT BUI:

(2® + y*) (kz — y) + ka(2* — y*) — 2azy = 0.
YpaBHeHHe HAKJIOHHOH CTPO(ON LI Bcerga MPUBOJUMO K BHIY:
2 2 2 _ 2
(@ +y7) (me —y) +b(a” —y7) = 0,

B KOTOPOM OTCYTCTBYeT WieH, COIepKalllil 2.

TEOPEMA 6. Hueepcuviii 06paz pasHocmoponned 2unepboavl Omuocu-
MEALHO M060T OKPYHCHOCTIU, YEHMP KOMOPOT A€HCUM Ha IMol unepboe,
cymo cmpodouda. Ecau yenmp oxpyscHocmu uneepcuy, — 6epuiuna unepbo-

avt, mo cmpogdouda — npamas. Bo ecex ocmaabuvir cayuasr cmpodouda —
HOKAOHHAS,.

Puc. 5.
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JOKABATEJIBLCTBO. DycTh TouKa (21;y) JexuT Ha runepboie z2 —y* =

= a?. Torga z? — y? = a®. Depenecs Havalo KOOpAWHAT B TOUKY (T1;y1),

IOy MM
(z+2) = (y+y)?=a> = 2?2422 —y*—2yy=0.

DpumMeHuM (QPOPMYJIbI HHBEPCHH:

G ) 2 @ 2 Y
——— + 220" ———— — 2y1r°————5 = 0.
@ +°) + 21 2ty " 24y
Ecan y; = 0, a 21 = 4a, To ypaBHeHHe onpeielseT NPAMYI CTPOMOUIY:

z(z? 4+ y?) & ;—a(xQ — %) = 0. Ecau y; # 0, To nocie HecIoxKHBIX MTpeobpaso-

BaHHH TTOJIYIIM:

2
(2% + y?) %w—y + ;;(ﬁ —y*) =0.

DociielHee YpaBHEHUE ONpejelsieT HAKIOHHYI0 CTPOMOUIY, [1is KOTOPO m =
2

= 5—17 b = ;E OueBu,HO, 4TO Befylas OpsMas CTPOQOUILI COBIAgaeT €
KacaTelhHON THIepGOIH B TEHTPE NHBEPCHH.

3AMEYAHUE. /lokazaHHasi TeopeMa yCTaHaBINBAaeT Pl HHBEPCHBIX
CBOUCTB NPAMON U HAKJIOHHOU cTPOQPOU L. IpsiMas cTpodOnia nHBEPCHO-CUM-
MeTpHIHA OTHOCHTENHHO OTHON OKPYIKHOCTH, TaK KaK MeHTp NHBEPCHH, epe-
BOJIAIIEN B Hee paBHOCTOPOHHIO THIEPOOIY, JeKNT Ha JeNCTBATEALHON OCH
runepbOIBl U He JeKUT Ha MHUMOW. JTOT HEHTP CYTh MOJIOC CTPOMOUIHI,
ITO DAEMEHTAPHO TOKA3KIBAETCA Ha OCHOBAHUW €€ TeOMETPHIECKOTO OTpe/e-
JeHUsl. DaKJIOHHAS CTPOQPONTa WHBEPCHO-CUMMETPHYHA OTHOCHTENBHO MBYX
OKpy:KHOCTell. Bee aTu yTBepKIeHus cieayoT u3 Teopembl 5. AcHO, 9TO U
mpsiMasi, 1 HAKIOHHAs CTPOPOUIBI HHBEPCHB JeMHUCKATe JepPHYILIH, YIAUTKe
Dackads, Ipyr Apyry U BceM Apyrum obGpazaM PaBHOCTOPOHHEH MHIepGOJIbI.

B saxaiotuenne mpuBegeM eire ogHy JIOGOTHITHYIO TEOPEMY, KaCatouTyiocs
OpAMON U HaKJIOHHOHW CTPOQOMI.

TEOPEMA 7. Ba o060t aunuu, uneepcnot pasnocmoponneti eunepbo.ie,
AEACUM OOHA U MOALKO 0OHA MOUKA, AEALIOWAACA YEHMPOM UNEEPCUL, nepe-
600AUUL JAHKYIO AUHUIO 6 PAGHOCTNOPORNIOI 2unepboay. Bee ocmaabuble un-
6EPCUU, YEHMPLL KOMOPBLE AENCAMN KO AUHUU, NEPESOOAM NOCAETHION 6 CIMPO-
Poudvt (nNpamMble UAU HAKAOHHDIE).

Wz »Tolt TeopeMbl caegyeT, 4TO LHEHTP HHBEPCHH J1000I0 06pasa paBHO-
CTOpOHHEH Tunepboibl, KpoMe cTpodous, He NPHHAMIEKUT DTOMY 00pasy.
DOHATHO, YTO aHAJOTHYHBIE CTPOMOUTAM KIACCHI JUHUN CYIIECTBYIOT B WH-
BEPCHEBIX CeMelCcTBaX APYyIuX JHHHH.
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Ynera Pudonatn n npoctoTta uncia 2270 — 1

A.P.Pynaxon

DTa cTaThA OCHOBaHA Ha MaTepHagax JeKINH, TPOINTAHHOW CTY IeH-
Tam Briciero Komtemxa Martematnkn DezaBucumoro MockoBckoro YHu-
BepcuTeTa 3 anpeas 1999 roxa.

1. BBEAEHUE

Yucao M = 2'27 — 1 goaroe Bpems 6BELIO B CIICKe PEKOPIOB, OHO C
1877r. mo 1951 r. aBaga0Cch caMbiM OOJBIINM M3BECTHBIM MPOCTHIM YHCAOM.
[Ipocrora 2'27 — 1 6p1a yeranosiena I1.JIykacom (E.Lucas). WNwm 6b11 Haw-
IeH 3aMedaTeNbHbIH c10Cco0 T0KazaTelbCTBa NPOCTOTH, HOTPEOOBABIIHE s
M = 2'27 — 1 okoso cTa yacoB BervncAennil (6e3 KoMnbioTepal), HO HUKaKNX
JeleHNll Ha MeHblIe npocThie uncaal). f cobupaoch W3I0KUTH MAaTeMaTH-
JeCcKyI0 CyTh agaroputma Jlykaca, o6cyTuB 3a01HO HEKOTOpPLIe H3AIIHLIE pe-
3yJAbTATH U3 KOoHedHOU apudmernkn. CaMu BHIYHCJIEHUS Mbl HPOBOJIUTH He
Oy meM.

Mue qudHO DTOT ClOXKeT Ka)KeTcs OUeHb XOPOIIUM TPUMEpPOM TOTO, ITO
I TOCTPOEHNUs XOPOIero ajropuTMa HYXKHA Xopollasd Teopus. Bmpodem,
CYIIeCTBYIOT W3J0XKeHud pesyabTara Jlykaca, TpuBIexalolne 3HAYATEIHHO
MEHBIIIe «TeOPUIy, 9eM MOE u3jaoKeHne 31ech (cM. [2] u [1]).

[Togpobuoe ncropuieckoe uccienoBanre padot Il. JIykaca n Haxox geHUS
IPOCTHIX dncen ¢M. B [3].

2. Yncaa PUBOHAYYN U OCHOBHAS TEOPEMA

Kax maBecTHO, mOCJIeNOBATENbHOCTE Unces PubGoOHATIN TOAyIALTCA Cle-
AVIOUINM 00pa3oM: MBI olipefenseM 4y = 1, ug = 1 U HaxXomMUM KaxKaoe caemny-
[olllee 9NCI0 IO (POPMYTIE Upy| = Uy + Up—1. ¥ THCea PuGOHATIN

1,1,2,3,5,8,13, 21, 34, 55, ...

HeMaJo 3aMedaTelbHBIX CBOHCTB. HaHpHMep, CHavaJJa BAyT IBa HeYeTHBIX Y-
CJla, IIOTOM I{éTHOG7 a I[IOTOM OIIATHL IBa HeYEeTHBIX U T. . IITo nerko yBuIeThb,

UIpo alropETMEL B TEOpHM €HCEN, B TOM HHCIE PO AIlOPUTMHL IPOBEPKH IPOCTOTHL
Hpcia, MOXKHO MPovecTh B ctaThe Hecmepenxo FO. B. Anropurmuteckue npo6aeMbl TeOPUR
=wucen // MaremaTuaeckoe npocsemenne, 1998. Cep. 3, Bum. 2. C. 87-114.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(127—139)
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ecJn paccMaTpuBaTh dncaa Pubonatdn mo Monyaio 2. Eean ME 3HaeM Uy,—1 T
Uy, IO MOIYIIO 2, TO Upqq OYAET UX CYMMOU 110 MOJIYJIO 2. CleToBaTeabHo,
Mbl UMeeM MocaeI0BaTeNbHOCTD:

w3 = 14+1 = 0 (mod 2)
gy = 041 = 1 (mod2)
us = 140 = 1 (mod 2)
mim 1,1,0,1,1,0,1,1,0,... IITo u o3magaeT, YTO KaxKa0e TpeThe TUCIO

I1éTHO7 a YUCJaa Iepel HUM KW IMOocCJe Her'o HeYeTHHI U T. .

Mo:kno 3aMeTuTL U 9TO KaxKjoe IIdToe YuCjo JeJUTCs Ha 5. ﬂﬂﬂ 2TOr o
Ha O TOJBKO BBEIUYNCIUTL YHCJAQ Ddudonav4n 1mo MOIYJaIO 5. Ilto 6y/:[eT nocJjae-
JOBaTeIbHOCTEL YHCe]

1,1,2,3,0,3,3,6,9=—-1,0, -1, =1, =2, =3, 0, =3, —3, ...

[Tocne 20-To 4daeHa Bcé HAYHET TMOBTOPATHCA, U PEryAIpHO, Uepe3 TeTHIpe
MecTa Ha MATOM UAYT HYJH.

3A1A4YA 1. IlokaxkuTe, 9T0 KaxKgoe TeTBEPpTOE dncao PuboHaIIn JeJIuT-
cq Ha 3.

SAﬂALIA 2. HOK&)KI/ITQ7 9TO ecanm m OeluT UL, TO m JOeldUT Uk, U3k,
Uaky - - -

MoxHO moNyduTh Takxke (popMmyay mis duces dubonaydu. OHa XOpOIMIO
M3BecTHa, HO MO3BOJLTE MHE HAOMHATH, KaK MBIl paccykaaeM. CIu MBI OT-
BIeYEMCA OT «HAYaJbHLIX TaHHBIXY, u; = 1, ug = 1, a paccMOTPUM TOJBLKO
ypaBHeHlWe Tepexo1a

Tp41 = Tp + 2z, (1)

TO, KOHeYHO, €CThb MHOI'O HOCJIQ,Z[OB&TGJIbHOCTeI(/JI7 Y OOBJAETBOPAIOIINX 2TOMY
YpaBHEHUIO. O,Z[Ha 13 HUX, Ha3blBaeMas HHOT'Ia YUCAGMU ﬂy%‘aca, 2TO:

vy =1, v =3, U3:47"'7vn+1:vn+vn—1-

Ectb u npyrue nocaenoBateabHocTH, npu stom ecan {a,} u {b,} — nBe Ta-
KIle TOCJAeI0BATeIbHOCTH, TO MOKHO NOCTPOUTH TPETHIO, B3SB HX JMHETHYTO
KOMOMHAINIO ¢ HEKOTOPBIMHI KO>(ppUIHeHTaMH, HANpUMep, ¢, = 2a, + 3b,
TyT crostT KOapPpuunenTH 2 1 3, HO OHX MOTYT OLITH JM06EIME. B JacTHOCTH,
ecan

1+f -5

n 3= —7

T.e. & U [ — KOpHU ypaBHeHus z° = & + 1, TO nociegoBaTelbHOCTH ¢, =
=a" n b, = " yIoBIeTBOPAIOT ypaBHeHNO epexoaa (1), a 3HA4nT, n a0dasd
X JuHellHas koMOuHamus objaajgaeT >TUM cBoucTBoM. Tak kKak o+ 3 = 1,

2



Yncna dnbonagynr n mpocrora ducra 27 — 1 129

a? 4 3? = 3, To cymMa >THX NocIefoBaTeIbHOCTel JaéT uncra Jykaca
n n
o + " = v, (2)
Nns ancen dubonavyun Hamo 6oJee UCKYCHO TOT0OpaTh KOdPPUIHEHTH. B
pesyabTaTe MOAYIUTCS
n n
o = p
uy = =0 (3)
oa—p
B wacTHOCTH, U3 >TOTO CIEAYET, UTO Uz, = Uy * Up.
MHe 6B XOTeI0Ch ceiidac cPpOPMYIUPOBAThL HAILY OCHOBHYI0 TeOopeMy, KO-
TOpas ecTh MO cylnecTBy Teopema Jlykaca (1876), xoTs oHa He GBLIa COp-

MyJanpoBaHa nM B Takoil gopme. CoOBpeMeHHOe M3JI0KeHNe NCTOPHIECKX e~
TaJen ecTh B [3].

TroPEMA 1. [Iyems ¢ — npocmoe wucao éuda 4k +3 v M = 29 — 1.
Tozda M npocmoe ecau u moabko ecau vm+1y2 =0 (mod M).

[Itor pesyabTar sBIASETCE OCHOBOU aJrOPUTMA, MO3BOJSIOUIEIO YCTaAHO-
BUTH npocToTy Yncia 2127 —1, oqnako Ha 10 emé 106aBUTh (GHICTPHIIY CIOCO6
BBIYHCICHIA U(py41)/2- MBL 5T0 06Cy 1M HO32Ke.

3. KOMOJEKCHBIE YNCJA B KOHEYHOU APUDPMETUKE

JlaBaliTe HEMHOXKKO U3MEHUM CIIOCOO BhIPAZKEHUS: BMECTO TOIO YTOOBI I'0-
BOPHTH «4 CPAaBHUMO ¢ b o mogyaio m, a = b (mod m)», 6ygeMm roBOpuTh «a
paBHO b B ,apudmeTnke Mo MOIyJI M, a =(m) by. DopMaJbHO 3TO HUYErO
He MeHseT, YYThb-IyTh APYTHUe CI0Ba, HO MOXKHO HAYaTh MPeACTaBAATEL cebe,
ITO eCTh HeKWe YHucaa «apudpMeTHKH MO MOIYJIIO 1M», KOTOPEIe IPOCTO 060-
3HAYAI0OTCA HeABIMI YHCAaMi, a caMu Mo cefe ecTh HedTo Apyroe. [lanpumep,
6 u —1 >T0 nBa 0603HAYEHUA I OTHOTO W TOT'O JKe IUCAA «APUPMETHKH MO
MOZIYAIO 7.

[Tpu TaxoMm moAxome MOYTH Cpal3y BO3HMKAeT BOMPOC, a HEIb3d JHU pac-
MIAPATE 06JACTh THCEN, PACCMOTPEB, HAIPUMep, «KOMILIeKCHLIe Ynciay. Bernb
KOMILIEKCHbBIE YUCJaa — 3TO Haphl JeiCTBUTENbHBIX, a Mapbl MOXKHO pacCMa-
TPUBATH U 3JeCh. /laBaliTe PAaCCMOTPHM «KOMILIEKCHBIE YHCAA MO MOV T».
Ompenenny Takoe KOMILIEKCHOe YHCIO Z Kak mapy z = (a,b), rge a mw b —
«aucaa no mogyaw 7». Caoxenne 3aaéresi 0OBIYHBIM 00pa30oM:

(a1,b01) + (a2, b2) = (a1 + ag, by + b2);
yMHOKEHIE ToxKe:
(a1,b1) - (ag,b2) = (arag — bibe, a1by + agzby).

JloBobHO TpOCTO y6GeINThCA, UTO DTO XOpolllee oNpefefeHue: eCTh HYJb,
eTMHNIA, aCCONUATHBHOCTL, KOMMYTATHBHOCTL. .. MOXKHO BHLIYHCIUTEL U



130 A. P. PyraxoB

0GpaTHBIN d/1eMeHT: ecan z = (a, b), To

1 a —b
2 =\m 22
a®+b°" a“+b
O1HakK0o MOXKET 0Ka3aThCs, ITO a’® + b? =(7) 0 # OOpaTHDLIN DIEMEHT He OIpe-
TeNEH.

Tak kax 7 — ovYeHb HeOOJABIIOE TUCJI0, MOKHO CIelaTh ABHYIO TPOBEPKY.
BceBoaMoxkHbBIe 2JeMEHTH IO MOIYAIO 7 JeT'KO BHINHCHIBAIOTCA, DTO:

0,1,2, 3,4,5,6.

Ksagparamu 6yayT 0, 1, 4, 2, 1 Bcé! CyMMBI IBYX KBaJpaTOB MOIYTAIOTCS
TaKne:
0,1,4,2; 1,2,5,3; 4,5, 3,6; 2, 3,6, 4.

T.e. 0 BcTpevaeTca Toabko ogun pas kak 0 = 02 4 02, Bce ocTaabuble CyMMBL
HeHyJeBble. 3HAYUT, ¥ HEHYJIEBOT'O KOMILIEKCHOT'O YHCJIa €CTh OOpaTHBIN BJe-
MmeHT. [Toryumaack xopoimas apudpMeTnKa €O BCeMH YeTHIPLMSA OTepalusiMu,
WJIN TO, 9TO NHa4Ye Ha3bIBAIOT MOJEM, & TOYHEE, KBaIPATUIHbIM pacllipeHueM
IPOCTOrO TOAd U3 7 2JeMEeHTOB.

KcTaTn, 7 Helb3s 3aMeHNTD Ha 5, TOCKOIbKY 124 22 =(5) 0 B apndmeTnre
no Monyaio 5. [Ipobaema, cobcTBeHHO, B TOM, KakHe InCIa B apudMeTHKe MO
MOAYJAIO P HaJO CYATATh OTpUllaTeNbHBIMHA.

BenomunM, mias mocTpoenns OOBYHBIX KOMIIEKCHBIX YHCea MBI 6epeéM OT-
putiaTenbHoe Yucao —1, 1adg KOTOPOT'o He CyllecTBYeT KBaAPaTHOT'O KOPHH, 1
«106aBIsieMy 3TOT KBaJIPaTHBIH KOPeHb (POPMaibHO, T.e. muileM z = & + b,
rjae i = —1. laaee npaBiia onepalnuil BO3BHUKAIOT caMi cO60il, 13 PaCKPBLITUA
CKODOOK:

(a1 4 b12) + (az + b2i) = (a1 + az) + (b1 + ba)1,
(a1 + bll) . (a2 + bzl) = (a1a2 + blbg(—l)) + (a1b2 + azbl)i.
Moxk#o B3sAThH U IpyTroe oTpunaTesbHOe YHCA0, HalpuMep —2, I paccCMOTPeTh
KOMILTeKCHbBIe 9icIa B BUIe 2 = a + bj, Tae j2 = —2. [oayduTcs Bcé To xKe

caMoe, B 9aCTHOCTH, OIepalliil TOXK€e BO3HUKAIOT caMi COOOHU, N3 PaCKPBITHSI
CK0oOOK:

(a1 4 b17) + (a2 + b2j) = (a1 + az) + (b1 + b2),

(a1 +b17) - (a2 + baj) = (araz + b1ba(=2)) + (arbz + azby)j.
OTJII/I‘{I/IQ BO3HUKaeT TOJBKO B OJHOM MecTe, I'le INpUuxoquTcia CHUTaThb jz.
dopMy.10il 118 06paTHOrO daeMeHTa 6y 1eT
b

piy-1 — a - .
(a+bj) 2 127 +a2+2b2‘]7

u Tak Kak a® + 2b* # 0 xax Toabko (a,b) # (0,0), To HEKakux mpobiem He
BOBHIKAeT.
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3A0A4YA 3. IlpoBepbTe, 4TO MOXKHO HOCTPOUTH KBapaTHUYHOE PACIIUpe-
HIle IPOCTOrO oA U3 5 DIeMeHToB, paccMaTpuBas ncia a+bj, rie j2 = —2.
Bce 4deTripe meiicTBusg apudmMeTHKH 6YIYT KOPPEKTHO ONpereNeHbl.

JlaBaiiTe 6y1eM HCIOJIb30BATH TaKOe OMpeIeleHle: CKayKeM, 4TO DJIeMeHT
a B «apupMeTHKe MO MOAYJIIO Py, TAe p — MPOCTOe UYUCIO0, ABIAETCI OTPHIA-
TeXBHEIM, eCIH ypaBHEHIe > =(p) @ HE MMEET DEIIeHN, Il NOJOKNTEIbHBIM B
IPOTUBHOM Ciydae (ecinm mpn 3TOM a ;é(p) 0). [Manpumep, mo Moxy.T0 5 4ncia
1 w 4 monoxuTenbHLIe, a 2 U 3 — oTpunaterbusie. Tak kKax —1 =(5) 4, TO 4U-
ci1o —1 ToxKe MOJOKUTEIbHOe, TAK YK HOJYyIaeTCs. 3aTO 10 MOAYA0 7 YHcaa
1, 2, 4 moaoxknuTeabuwie, a —1, —2 u —4, nan 6, 5 n 3, orpunaTteapuvie. To,
ITO HAM €CTeCTBEeHHO Ha3BATh «3HAKOM DJIeMeHTa», HCTOPUIeCKN Ha3biBaeTCs

a
CHIIMBOJIOM JIG)K&H,Z[pa —].Ilo onpengejgeHun o
P

41, ecanm a MOJOXKUTETHLHO IO MOIYJIIO P,
; = (¢ —1, ecaum a oTpUNATETHLHO IO MOIY.IIO P,
0, ecama = 0.

Mo:xkno IpoBepuTh, 49TO IJas HeYEeTHOT O IIPOCTOI'0 9UCJaa p POBHO IIOJOBUHA

(T.e. p;l) HEHYJEeBHIX UHCeN TI0 MOIYAI0 p NOJOKNATEeIAbHA I POBHO TOJOBUHA
OTpI/IHa”ZI‘eJIbHa I 9TO TPOW3BeleHHe MBYX OTPHIATETHHBIX BCETTa TOJOXKH-
TeJbHO.
a ab
3A0A4A 4. Jlokaxure, 4roecan (— | =—-1u (-] =—-1,10 | —] = +1.
p p p
3A0AYA 5. IlpoBepbTe, 4TO ecan L OTPULIATENBHO 110 MOAYJIIO P, TO YHCIA
a4 bj, rae j% = t, onpefendioT KBaIpaTHIHOE pacIIipeHHe IPOCTOrO NOJIA
13 p BaeMeHTOB (TJe Bce deThIpe JefcTBIA apupMeTHKN KOPPEKTHO OIpeje-
JeHBI).

I'nasnoe IpuaoXKeHne BhlllleCKa3aHHOT'0 414 HaC B CledyIoIeM. HyCTb pP—
IIpocTOE YHUCIO U YHUCIO 5 oTpulaTeJdbHO IIO MOIYJIIO P. TOF,[[& qHucgda o =

14++/5 V5

1—
T n ﬁ = T onpefeJeHbl KaK KOMILIEKCHbIe 9MCJaa IO MOAYJAIO P

(kak DIeMeHTBl KBaIpaTHYHOIrO paciinpenns) un ¢opmyasl (2) u (3) mig 4n-
cex Jlykaca n dubonatdn COXpaHAIOT CMBICA B KOMILIEKCHBIX THCIAX MO MO-

AYyJaro p.

4. KOMIOJEKCHOE CONPAKEHUE JJIsI YUCEJ IO MOAYJIIO p

CyliiecTBEHHON COCTABAAIONIEH CTPYKTYPhl OOBIYHBIX KOMILIEKCHBIX YUCe
SIBJAS€TCH ONepallis KOMILIEKCHOT O CONpSKeHus: ecan z = a—+bi, To z = a—bi.
Mpgzr 3raeM, 9TO COMPAKEHHOE CYMMBI €CTh CYMMa CONMPSIKEHHBIX U TO YKe 115
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IIpou3BeIeHns:

(14+2)=20+72, (21-2)=72"72%.
OTcroa Jerko 3aK/I09UTh, YTO €CIH ¢ eCTh KOMILIEKCHBIN KOPeHb YpaBHeHU s
C IelCTBUTEeNbHBIME KOD(QUIHeHTAME:

acz—l—aac—l—bzo7

TO & TOXKe Gyj1eT KOpHEM BTOrO ypaBHEHNS.
MEL MOXKeM OIpeelnTh CONPS/KeHNe I B KBaIPATHIHOM PaCIINPeHHN 0~
Js U3 p 5IeMeHTOB (pOpPMYJION
5~ def .
(a+bj) = a—bj.
flcno, 4TO compsxKEHHOE CYMMBI €CTb CyMMa CONPSIZKEHHBIX, CONPSZKEHHOE
IPON3Be/leHNs eCTh IPOU3BeIeHIe CONPAKEHHHX. Kpome Toro, nMeeT MecTo

cjelylollas 3aMedaTenbHad (popMya.
i

[Tycts p — mpocToe 4UucaO U ¢ OTPUIATEIBLHO MO MOIYIIO P, T.e. | — | =
= —1. Ilocrpoum KOMILIEKCHEIE 4YHCJIa KaK 4Yuciaa Bujga a + bj, rme a u b
paccMaTpHBalOTCA 10 MOAYIIO p U j2 = ¢,

[TPEANOYKEHUE 1. B amuzx ycaosusr ecau z = a+bj uz=a — bj, mo
z=z" (4)

Orcroga crenyer, 9to 2Pt = 2z = a® — tb? T.e. (p + 1)-1 cTenenn «koM-
JIEKCHOTOY 4ucaa 0643aTelbHO 6y 16T «IelCTBUTEIbHBIMY YUCIOM.

[nst moxazarenbcTBa GopMyasl (4) maBaiiTe BCIOMHEM, 9TO IS HAIIHX
qucea

(4 y)" =@ "+ 9"

p!
i) T -
ABIAIOTCA UeIBIMI 9ucaaMu, feismumucd Ha p npu 0 < ¢ < p. Torga Mbr
MOXKeM HalluCaThb

ITTo caexyet u3 Toro, 4To KoadpuunenTul 6unoma [IpioTona,

(a + bj)p =(p) aP + bP 4P,
Ucnoapays manyio Teopemy depMa, ML 3aK109aeM, 110 a =
Octaéres Boraucauts jP. Koneuno,

b.

a, bp :(

) )

§P = jp—l j = ((p—1)/2 -

ITam HYXKHO IOKa3aThb, 9TO AJd OTpuIaTeJIbHOI'O dJeMeHTa { BBINIOJHAETCS pa-

Bercrgo ¢ (P~1)/2 =(p) —1. OTmMeTnM, aTO YnCIO P neJsoe, u ecan s ABASETCA

IOJOXKUTEJIbHBEIM 3JIeMeHTOM, TO § = (12 n

S(p_l)/2 :(p) ap_l —

(» 1
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roe IocjegHee paBeHCTBO cjaelyeT U3 TeopeMbl CIDepMa. TeMm caMBIM TOJO-

P o
KUTEIbHbIC DIeMEHTbl 1PeloCTaBIAIOT HaM ~—— KOpHell NOINHOMHAILHOrO
ypaBHeHUs

B IIOJE «3JIeMeHTOB IO MOIVJIIO . [HonunoMuaabHoOE YpaBHeHUne, 110 TeopeMe

[leay, ne moxkeT uMeTh GOJbIlle KOPHEl, YeM €0 CTelleHb, I TeM CaMbIM s
OTPUIATENbHOIO dJeMeHTa { uMeeM

((p—1)/2 7§(p) 1.

B To ke Bpems tP71 =(p) 1, m Tax Kak
L (t<p—1>/z _ 1) (t<p—1>/2 i 1) 7

TO OCTA®TCH eJUHCTBEHHAS BO3MOKHOCTL: {(P~1)/2 =(p) —L. lIT0 3aBeprmaeT
JTOKA3aTeIbCTBO GopMyIsl (4).

CJIE,HCTBI/IE. Hycmb p npocmoe u 5 ompuyameaAbHo no ManJ”O p. Tozda
1+5 1—5
d/m o = T U ﬁ = T

1) o =) 8, B* =) o;
2) Pt =) B =) a - B =) L.

Mgzr MmoxkeM TIpUMEHUTDH 3TOT pe3yJbTaT K dncaaMm dubonadydn u Jlykaca.
B »>Tux ycroBuAx moaydaem:

UuMeeM?

p+1l _ gp+l
Upt1 = % =0 (mod p);

vp,=0P+pP=a+F=1 (mod p).

Y1061 TONB30BATLCA DTUMI CPABHEHUAME, HAM HAI0 YMeTh ONpenensiTh,
M1 KaKUX p 4UCa0 «by 6yneT MOMOKUTEeNbHBIM U I KaKUX OTPUIATedbHbIM
o Moyat p. Celidac MbI TTONPOOYEM B 3TOM pa3obpaThCs.

5. KBAIPATHBIN KOPEHB U3 5 1O MOAYJIIO p

CBolicTBO, KOTOPOE i X004y cendac CPOpMyJaupPOBaTh, JErKO ClelyeT U3
6omee OOINX W JOBOALHO NIYHOKWX pe3yabTaTOB o cuMBoJe Jlexkanapa, Ko-
TOpble 00BbeMUHAIOTCA T10J Ha3BaHNEM KBaAPATUYHOIO 3aKOHA B3aHMHOCTH?).
[Tam Hy:KeH TOJIBKO YaCTHBIN cJaydall »TOr0 06IIero 3akoHa, OOHAPYIKEHHO-
ro Ilitepom u Jlexkangpom, nokazanuoro l'ayccoMm u sBISIOIIErocs OTHOU U3
KEMUYKUH «IeMEeHTAPHOU» TeOPUN YHCE.

2 Cm. craTbio B. B.Ilpacomnosa, cc. 140-144. — Ilpum. pex.
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[IPENJIOXKEHUE 2.

(5) B {—l—l7 ecau p==+1 (mod 5),

p -1, ecaup==42 (mod?5).

Cuadaaa IBe O6HH/IX JeMMBbI.

JIEMMA  (JIEZKAHZP).
alP=1)/2 = (ﬁ) (mod p).
p

daxTHdIecKn 5TO 3HAYAT, 9TO (p — 1)/2-51 cTemeHb a MO MOLYJIIO P paBHA
41 madg TONOXKHUTENbHLIX @ W —1 [Ad OTPUNATENBHHEX a. [ITo MBI pazobpaan
B NIpeAblaylleM NyHKTe.

SaMeTI/IM7 470 Jboe HeHyJeBoe Y1CJI0 110 MOAYJK P PpaBHO C TOYHOCTBIO

-1
10 3HaKa OMHOMY M3 4ucena 1, 2, ..., pT' Ecan o6o3naduTh depes P MHO-

KeCTBO 5TUX YuUceda:
p—1
7?:{1, QT}

TO maf JI000TO HEHYJAeBOTO & 1O Momyaw p jaubo x € P, aubo —x € P.
DukcupyeMm p n HEKOTOpPOe a ;é(p) 0

JIEMMA  (I'avcce). Hyemb dank=1,2,..., Pl ucao £k pasno +1 wau

—1 u swbpano max, wmo a-k-cr € P no modywo p. Tozda
(p—1)/2
()= I =

[leficTBATENBHO, BO-IIEPBLIX 3aMeTHM, 9TO ecau ducaa k' u k" pazinanbr,
To npousBenenus a - k' - ¢y u a- k" - g Toxke 6yayT pasananbl. OHn Moran
Obl cOBNATATh TOABKO ecan a - k' =,y a-k" wan a-k" =, —a-k", no n neppoe
I BTOpOe HEBO3MOKHO. SHA4YUT, Korjga k npoberaeT BCcé MHOKeCTBO P, To u
npousBenenne a - k - £ npoberaer Bcé P. [lycts K ecTh mpousBefetniie Beex
saeMeHTOB U3 P. MbI nmeem:

(p—1)/2 (p—1)/2

K= H a-k-ek:(p)a(p n/z. {4 H k-

k=1
Coxpamwas na K, norydaem, 910 1 =(,) alP=1/2. H;fz_ll)/z €k, 9TO C YIETOM

JeMMbL JIG)K&H,Z[pa JOKa3bIBaeT JeMMYy Faycca.

S3AMEYAHUE. Moxuo CKa3aThb, 9YTO MBI 3[4eCh MOoOelnpyeM OIHO N3 HU3-
BECTHBIX TOKa3aTeJlbCTB MaJIon TeopeMbl CIDepMa.
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Tenmepsh MBI MOxKeM 06paTUTLCA K TpeatoKenuio 2. ¥ Hac 6ygeT a = b.
Jlns HeYETHOTO P

p=41 (modb) <= p=10n+1ump=10n+9,
p=42 (modb) <= p=10n+3ump=10n+7.

JlaBaiiTe npumenum aemmy laycca mias p = 10n + 1. 3xech P — 5n, 1 HAM
HyXKHBL k= 1,2,..., hn.
k 5k Ek
1,2,...,n 5, 10,..., 5n +1
n+1,...,2n | 5n+1,...,10n -1
2n+1,...,3n | (10n+1)+4,..., (10n+1)+5(n—1)+4 | +1
3n+1,...,4n -1
dn+1,..., 5n +1

Tem cambim —1 BeTpedaeres 2n pasz u [[ £ = +1. T.e. ecan p = 10n 4+ 1,

TO (é) = +1.
P

Mg carygags p = 10n + 3 MoXKHO paccyIaTh COBEPIIEHHO aHAJOTHYHO.

S;Lerp_l =bn+1.

k 5k Ek
1,2,...,n +1
n+1,...,2n -1
2n+1,...,3n +1
3n+1,...,4n -1
dn+1 20n+5=(10n+3)+ (10n+2) | —1
An+2,...,5n+1 +1

B pe3yabTaTe MBI IOJAydaeM Ha OINH JJeMeHT -1 6OJIbIHe7 BCero 2n—|—1 MHI-
5

HyC eJUHHNI, & 3HAYUT, (— = —1 B >TOM Clyvae. Mur IIpegocTaBJasgseM YUTa-
P

TeJadM CaMOCTOATeNBbHO IPOBEPUTH [IBa OCTAaBHINXCH CJAyYdasd 1 6y/:[eM CHYUTaTb
IIpeljoxKeHune 2 JTOKa3aHHBIM.

6. [JTOKABATEJLCTBO OCHOBHOII TEOPEMBI

Bosspatasch K [0Ka3aTelbCTBY OCHOBHON TeOpeMEl, ¢(hOPMY.THPOBaHHOMN
B KOHIle pa3fela 2, 3aMeTHM IpeK[e BCero, 9T0 Mbl MOXKeM BHIYHCINTE 3Ha-
genne M (mod 5). Mur snaem, uro 2* =1 (mod 5) u 4To

M=201-1=2"%P_1=2°_-1=2 (mod 5).

3amoMHuM To: B yeaoBuax TeopeMbl M =2 (mod 5).
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[pegnonoxum Teneps, 9o M — npoctoe uncio. Torga (%) = —1 u MBI
MOZKeM IPHMEeHHTh Ipeliokenne 1 u cleicTBre us nynkra 4. B gactHOCTH,
oM =Ml = 1 (mod M),

a BHAYNUT, vpr4+1 = —2 (mod M).
M+1

[ycrs N =271 =

, T.e. M +1=2N. 3amerum, 4T0

(on)? = (@™ + M) = o™ + BN 1 2(ap)N = van +2- (D). (5)
B mamewm crygae N 9éTHO, 3HAYNT,
(o) =van +2=-24+2=0 (mod M).
Tem caMbIM MBI HOJYYHJAH yTBEPK IeHHE TEOPEMEBI B BTOM CJIy4dae.

O6patHo, mycTh m3BecTHO, 9T0 vy = 0 (mod M). [lago gokasarhb, 4TO
ancao M mpoctoe. Bo BeskoMm caydae, MBI MOMKeM yTBEPKIaTh (MOCKOIBKY

M = 2 (mod 5)), aro He Bce mpocThie geauTenn p 4qucaa M umeroT BmI

p = £1 (mod 5); mafigércst mpocTon mernTenb p unciaa M, mis KoToporo
5

p = %2 (mod 5), 1 TeM caMbIM —) = —1, mosTOoMy HHUCIO 5 OTpULATENBHO
p

O MOJIYJI0 P U MBI MOXKEM HCIOAB30BATh Pe3yabTaThl NyHKTa 4. B wacTHOCTH,
aPtl =(p) prtl =(p) —1. B 1o xe Bpems p neanr M, sHadur,

UN = oy + ﬁN =(p) 0.
[ycts € = o/ F. Torga MBI TOJIYYHM, C OJHOU CTOPOHHI,
N
== L (6)

a ¢ gpyroii cropounsr, ePT! = L.

I3 pasencta (6) caegyer, aro £2V = £ =) 1

JEMMA. Iyemb e =,y 1 u gb =(p) 1. Henoawzys degenue ¢ ocmamrkoM,

anuwen a =) be+r. Toeda " =(p) 1.

NeiicTBuTensno, 1 =,y e =, (eh)ce” =@ 1" =@ <
[loBTOpAA 5TO paccyu menne, noxydnm, 9to e = 1, rae d — manGogbmImil
ol feanterb Lif ¢ n b. B HalleM cirydae 5TO 0O3Ha4aeT, 4TO
) ! y )

g4 =) L, rae d =110A(2%, p+ 1).
Tenepsb u6o p+1 =29 1.e. p= M u M — npoctoe ducio, mu6o p+ 1 < 24,
Bo Bropom caydae d = 2°, rue s < ¢. Torga d gerur N = 297! snaunr,
eV = (ed)N/d =(p) 1, 40 npoTuBOpPeunT pasencTsy (6). Teopema 1 1oxazana.

Taxum o6pazom, npoctoTa dncia M = 29 — 1 3aBUCHT OT 3HaYeHUS YHCIA
Ugg—1 TO MOnyao M.
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3aMedaTelbHBIM 06pa3oM MBI MOXKEM HCIOAB30BaTh popmyay (5) 11d Bbl-
qHCIeHUA qHCel Uyi. O6o3nadnMm r; = vyi. Torga rg = vy = 1. Teneps u3
popmyawr (5) umeem: ry = r3 +2 = 3 (agech N meuérno). llpn ¢ > 1 Mur
npumMenseM (opmyay (5) ¢ 4érabiM N:

2
rip1 =1 —2, r1=3.
N mair ocHOBHOW pe3yabTaT NPUHUMAET CJASJTYIOMINNA BU L.

TrOPEMA 2. FEeau ¢ — npocmoe wucao éuda 4k+3, mo wucao M = 29—1
npocmoe ecau u moavko ecau r,_; =0 (mod M).

7. OPTAHUBALNSA BLIYUCJIEHWN. I[IPUMEPLI

Brrauncaenue r; y1o6HO TpON3BOANTH B IBOMYHON 3amucu: r1 = 11 (B 1BO-
HIHOM CHCTeMe).

Takum obpazom, ro = 111, T.e. 7 B JecsiTu4HOU cucTeme.

Jlns ro monydaem:

+
=== == =

7‘2:1

Mast ra:

—_ = = | =
—_ = | = =

[E

— 10
rs =1 01111
Hrak, r5 = 101111, T.e. 47 B gecATHYHOU CHCTEME.
3jiech MBI yKe BHIUM OUH CIydall Hallled Teopembl: npu ¢ = 3, M =7 —
npocToe,  Kak paz rp =7 =0 (mod 7).
Crenytomum ¢ 6yger ¢ =7, M =27 — 1 = 127. KoHe4HO, MOKHO HCIOIb-
30BaTh OOLIUHEIE MeNeHud s aHAJAN3a TPOCTOTH Yncaa 127, Ho TOCMOTPHM,
KaK paboTaeT aJropuTM.
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[Tam Ha 1O MOCYNTATD Iy, 15 U g (mod 127). [IpusgTHO 3aMeTHTH, ITO MBI
MOXKEM MPOU3BOIUTH PEAYKIHIO M0 MOAY.It0 127 yaKe B mpolecce BEIYUCJISHHH,
H OHA COOTBETCTBYET «CIBUTY JBOUYHOU BaMUCHy HA 7 €MUHUIL

27=1 (mod 27 — 1), suaunt, 27tF =2%  (mod 27 — 1).

Tem cambIM 74 MO MOIYAI0 127 MOXKHO CIHTATH CAETYIONIIM 06Pa3oM:

101111
10111
n 1:0 111 1
10:1 111
101 1:1 1
- 10
[ocue mepenoca nonydaem
101111
1011110
0111101
1111010
1101011
- 10
Tenepsb MBI JOMKHDBL CINTATH (IUKINIECKI — IePEHOCH JI06YIO BHLIE3AIONIY IO
BIEBO 3a 7 paspAoB efnHnuKy Hanpaso. [lorydaem:
101101
1011110
r01 11101
1111010
1101011
1111111
1 1111
1
1 11111
1 1
0110000
Taxum o6pasom, rq = 0110000 (mod 127).
Tenepsb mas rs:
i 0000110
0001100
0010000
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To ecthb 15 = 2* (mod 127). Tenepn 16 = 2% —2=2-2=0 (mod 127). Tem
caMbIM 127 — npocToe 4ucIo.

AnmanorumiHbIM 06pa3oM OBLIO MOCHHTaHO, 9TO dnciao M — 1 opo-
croe. Toabko TyT Hal0 ObLIO OCYLIECTBIAATH UUKJINYeCKHe CIOKeHNd IBOUY-
HBIX 9ucen manabl 127. Kak o6bsacuser Buabsauc [3], Jlykac cnenan cebe mrax-
MaTHYIO TOCKY U 3allNCHIBaJ] IHCIa 110 IXHAAM 3TOU TOCKH, PAcCTaB/IAA 1a bl
Ha MecTaX e[UWHNI I OCTaBIASA IyCTHIMI KJIeTKH HyJell. llukimdeckne croxe-
HUS MOYKHO TOTJa OCYUIECTBIATH KaK «MTPY», CIeTys HECKOABKWM MPOCTHIM
npaBuaaM. [lorpe6oBanocs npuMepro 100 JacoB Taxoll UI'PHI, ITOOGH BHIYH-
CAUTDL 7197 MO MOTYJIIO 2127 _ 1.

— 2127
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loKkazaTearbcTBO KBaIPaTITHOI'O 3aKOHA,
B3AIMHOCTI TI0 30I0TapEBY

B. B. IIpacogos

KBagpaTuyHbiil 3aKOH B3aHMHOCTH BbIPA’KaeT CBABb MEXK Y CJeIYIOIIHM K
IBYMS CBOUCTBAMH MPOCTHIX HUCe] P U ¢:

> YUCJI0 p CpaBHUMO C HEKOTOPBIM KBadpaTOM IeJ0T'0 YUCaa 110 MOAYJIIO ¢,

> 4YUCJI0 ¢ CPaBHUMO C HEKOTOPBIM KBaJlpaTOM HeJa0r0 YuCaa 110 MOAYJIIO P.

PepBriM a1y cBs3b obHapyKua Pijiep u BeicKazad cOOTBETCTBYIONIYIO MHTIO-
Te3y, KOTOPYI0O B HEKOTOPHIX JAaCTHHIX CIydadxX mokaszana Jlexkauap, a mep-
BOe MOJHOE [oKazaTeabcTBO mnoay4mi ['aycc. Celivac u3BeCTHO MHOIO pas-
HBIX [OKA3aTelbCTB KBaJAPATHYHOTO 3aKoHa B3zaumuocTu. Qo u3 Haubo-
Jee MPOCTHIX MOKA3ATEAbCTB NPeMIoKiua B 1872 1. usBeCTHBIU PYCCKHE Ma-
tematik Erop Wsanosnt Boxorapés). Ero crarba [12] omy6GankoBaHa MMO-
dpannyscku. Uges 3onrorapéBa 06Ccyxfagack TOBOJBHO YacTO, HO TOJbKO B
paboTax WHOCTPAHHBIX aBTOPOB (CM. CIHCOK JUTEPATYPHl B KOHIE CTATHIH).

Jlisi TOJHOTEL MBI fOKayKeM KHTAUCKYI TeopeMy 06 ocTaTKax, HO clefy-
foiine 6ojee daeMeHTapHbe CBeIeHNA O CPABHEHUAX TPEINOJaTraloTcs N3BeCT-
HLIMH:

> ecJam 4YHWcAa M W N B3aWMHO TPOCTHI, TO JAd JI060TO Meloro dncia a
paspemnMo cpaBHerne ma = a (mod n),

> ecan p — MpoCToe, TO M 106oro nesoro yucta ¢ 0 (mod p) popumyra
2 mod p — ax mod p 3amaér nepecTaHoBKy MHOKecTBa {1, 2,...,p—1}.

PecioxkHo mokas3aTh, 4TO ecan p — mpocToe dncao, To a? = a (mod p)
(maaan meopema Depma). /leficTBUTEIBHO, HHTEPECEH JMHINB CIydall, KOTTa
a %0 (mod p). B sTom caydae popmyaa x mod p — ax mod p sanaér mepe-
CTaHOBKY MHOXKecTBa {1, 2,...,p— 1}. CaregoBarensHo,

1-2..-(p—D=a-(2a)-...-(p—Da=a""(1-2-...-(p—1)) (mod p).

Pocie cokpatenus noaydaem 1 = P! (mod p).

1)30J10TapéB (1847-1878) npoxma Toabko 31 roj, HO U 3a 3TO KOPOTKOE BPEMS OH y¥KE
yCIIeJ HaImcaTh A paboT IMepBOCTENeHHON BaXHoCTH. 26 mons 1878 . 3omoTapés moexan
Ha Toe3le Ha Aady K 3HAKOMBIM. Ha MpOMEXyTOYHOU CTAHIIMK OH BHIIIEI U3 BaroHA W,
KOI'jla TIOe3 1 TPOHYJICS, MOTAT MO/ apoBO3. o U3BIEKIN W3-TI0 [ KOJEC CO CMATOU CTYITHEN
U [EpPEeJOMAHHON BHIIE KoaeHa Horou. OH CKOHYAICsA mociae 12 mHel TAKeAbX CTPAJaHWM.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(140—144)
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JlokazaTeabcTBO Matol TeopeMbl PepMa TO0CTATOTHO XOPOIIO N3BECTHO,
HO MBI COMLIN HYKHBIM €70 HATTOMHUTE, TOTOMY 9TO OHO HMeeT MHOTO 06IIero
€ OCHOBHOI Hjeell 30J0TapéBa.

1. KUTANCKAA TEOPEMA OB OCTATKAX

TeOPEMA 1.  Ilyemob wucaa mq, ..., Mg NONAPHO 63AUMHO NPOCMBIE U
m=mq-...-mg. Toeda das 106b1T Yeavls wuces ay, ..., A, CUCTNEME CPAEHE-
nuti = a; (mod my), 1 =1,...,k, uneem pewenue, npuuém ecau rq u Ty —

dea pewenus, mo 1 — ry deaumes Ha m.

JTOKA3ATEILCTBO. Ponoxum n; = m/m;. Hucao n; ABIseTcs mNpous-
BefleHWeM YHCeJ, B3aNMHO MPOCTHIX ¢ m;, nodromy (n;,m;) = 1. B Takom
caydae MOXKHO BLIOpaTh Ieable 9ucila r; U §; Tak, 9To r;m; + s;n; = 1. Poao-
KUM €; = s;n; U & = ajey + - - + ageg. Acro, aro ¢, = 1 (mod m;) me; =0
(mod m;) upu j # ¢, novromy z = a; (mod m;),i=1,...,k.

Ecan x1 m x5 — pellenuns paccMaTpUBaeMOH CHCTEMBLI CPaBHEHHI, TO
r1 — 22 = 0 (mod my), ¢ = 1,...,k. HYucra my, ..., my HODApHO B3aNMHO
IpOCTLIe, IO3TOMY T1 — T AEIUTCA Ha T7.

2. KBAIPATUYHLIE BBIYETHI U HEBBIYETHI

Pycth p — mpoctoe dncao. Hucao a, ne mensineecs Ha p, HA3LIBAIOT K6d-
dpamuunbiu 6biuemom O MOAYIO p, ecan z2 = a (mod p) mis HekoToporo
MeJOro IACAa &) B TPOTHBHOM CAyYae THCAO ¢ HA3HIBAIOT K6adPamuunblm He-

6blUETNOM.

a
[last mpocToro qucaa p cumeon Jexwcandpa (— onpejenseTcs caelyommnm
p

obpa3oM:
a 0, ecam a meauTcs Ha P,
(—) = 1, ecam ¢ — KBaJpaTHYHBLIH BHIYET,
p —1, eciam @ — KBaJpaTHYHBEIH HEBHIYET.

CumBox JlexaHgpa MBI HHOT1a OygeM 0603Ha9aTh (a/p).

TeEOPEMA 2 (JIEZKAHAP). [Tycmb p — neuémmuoe npocmoe wucao. Tozda

(ﬁ) = a2 (mod p).

p

JJOKABATENLCTBO. Pycts F, — noae BbIYeTOB 1o MoJyao p, 0603Ha-
qum Fy = F, \ {0}. PaccmoTpum otobpakenne Fy — I, sagannoe dopmyroi
z — z2. Ppoo6pas KazxJoro s1eMenTa 1160 MycT, 1160 COCTONT M3 IBYX dIe-
MEHTOB & M —&, OTOMYy 06pa3 cocTonT u3s (p — 1)/2 srementoB. C apyroi

cTopoHH, ecan @ = 22, o aP~D/2 = zP~1 = 1, osTOMY BCe BeMEeHTH 06pasa
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ABJAIOTCH KOPHAMU YpaBHEHUS X-1)/2 — 1, koTopoe He MOXKeT UMeTh BoJgee
(p—1)/2 kopHueii. OcTagTcst 3aMeTHTH, ITO BCE DIEMEHTHI F} sBasioTCs KOHS-

M7 ypaBHeHNS XP~1 = 1, mo3TOMY HeBBIYETHl ABIAIOTCA KOPHAMH ypaBHEHNA
x-1/2 — _q.

cazernne 1. (%) = (2 (2).

CJIEICTBUE 2.
-1y _ 1 npup=4k+1,
p /) -1 npup=4k+3.

O6o6iennem cumBoda Jlexkauapa siasercs cumeos Arxobu, KoTopbiin 060-
3HavaeTCsd TOYHO TaK Ke W OonpefelfeTcs ciaelyiomuM obpaszoM. PycTts m =
=Dp1-... Pk, DA€ P1,..., Pk HEIETHBEIE TPOCTHE YHCAA (He 00A3ATENBHO Pa3-

amanre). Tora
()=o) ()

[TPUMEP. (%) = (;) (%) = (=1)(=1)=1, no 2 # 2? (mod 15).

30J0TapéB MpeIIoKII CAeIYIONIYI0 HHTepIpeTalnio cuMBoaa Jlexan rpa,
koTopyio 3aTem dpobennyc [4] nepenéc u Ha cumBoa fAko6wu.

TEOPEMA 3 (30J0TAPEB — PPOBEHUYC). [Tycms m — neuémuoe wuu-
CAO, @ — WUCAO, 63AUMHO NPOCNOE C M, U T4y 1+ ai mod m — nodema-
NOBKG Ha MHOANCECTIEE OcmamKkos om deaenus na m. Toeda sgnm, ., = (a/m),
2de SgN Ty — 3HAK NOOCTNAHOGKU Tq .

JOKABATEALCTBO. PaccMoTpuM MHOTOY/IeH
Az, o) = H (x; — ;).
1<i<y<m

Pon nmeicTBmeM €Y€THON MOACTAHOBKH MHOrOWIEH A He H3MEHIETCS, a IO
MeNCTBHEM HeYETHOW MOACTAHOBKH OH W3MeHseT 3HaK. PosToMy sHak a0601

NOJCTAHOBKH 0 PaBeH OTHOWEHHIO A(Ty(1),- -y To(m)) K A(T1, ..., 2p). Po-
dA0xKUM 1 = 1,..., 2, = m. Tormga
i 1) —m ] ar—aj
SgN Ty m = H am( ) ‘a,m(]) = H —] =
' - 1= - 1=
1<e<ysm 1<e<ysm
= H a=a™"?% (mod m).
1<i<y<m

YanreiBas, 9T0o @™ = a (mod m), moaydaem

sgn 7o = a2 = (a/m)  (mod m).
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3. KBAAPATUYHBIA 3AKOH B3AUMHOCTU

TEOPEMA 4 (KBAJPATHYHBIN 3AKOH B3ANMHOCTH). Ilycmb m un —
Heuémmubie 62aumMno npocmuvie yucaa. To2da

) -

JIOKA3ATEILCTBO. [11] Pyers P = {0, 1,...,mn—1}u P = { (a,b) |0 <
<a<m,0<b< n}. CornacHo KHTalCKOU TeopeMe 06 0CTATKAX 0TOOpazKe-
Hue ¢ — ¢ = (¢ mod m, ¢ mod n) ABIgeTCA B3AUMHO OJHO3HAYHBIM OTOOpa-
xennem P wa P.

PaccmoTpnm oTobpaxkenus i, v: P — P, sagannbie popmyramu p(a,b) =
=a+ mbu v(a,b) =na+b. flcuo, 4ro u(a,b) = (a, a+mb mod n), nosromy
oToOpazKeHne [ NepecTaBifeT dIeMeHTHl BHIA (ag,b), Iie g GUKCHpOBaHO.

m

— m m
CuenoBaTelbHO, (@ — MOJCTAHOBKa MHOXKecTBa P usgnu=|—] =[(—].
n n
n
Anagnoruyno sgny = | — .
m

PaccmoTpuM Temephb Ha MHO:KecTBe P nojgcTanoBky v~ 'u: na +b— a +
+mb. 3nak >Toil moscTanoBKH pasen (—1)* rre k — KoamdecTBo nap sieMen-
TOB MHOZKecTBa P, I KOTOPBIX BHIIOIHAIOTCS HepaBeHeTBa na+b > na’ + b’
na+mb < a + mb. Po ycrosuio [b —b| < nu|a—ad| < m, nootomy
NpUXOMUM K CAenyiolnM HepaBeHcTBam: a > a’ u b < b/. Takum o6pasowm,

k=(%)(3) = mz_ LI ; ! B mrore oJy aeM

() () s
— |l —) =sgnusgnv=sgnv  pu=(-1) 2 "2 .

n m

CAEACTBUE. Ilycmb m — neuémuoe uucao. Toeda

(%) = (—=1)(m*=1/s,

JTOKABATEJIBCTBO. Ppu m = 3 TpebyeMoe paBeHCTBO JeT'KO MTPOBepsAeT-
cda. Ppeanonoxum, 9To m > 3 — HeIETHOE HATYpadbHOE TUCI0, JI1 KOTOPOT'O
BHITIOJAHAeTCA TpebyeMoe paBencTBo. Torma

m-+1 m—1 m+1

) = Gra)(m) = o0 ()5

m-+1
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OTMGTI/IM7 9TO KaK IIpaBHJO B yqe6HI/IKa,X IO Teopun 4Hucegq CHa4daJda [JO-
2 (m2-1)/8
Ka3bIBalOT PaBeHCTBO — = (—1) , A YzKe 3aTeM JOKa3bIBalOT KBa-
m

rZ[paTI/I‘{HbII(/JI 3aKOH BzaumMHOCTH. PO 5TO PaBe€HCTBO He Tpe6yeT OoTIeJbLHOI'O
JOKa3aTeJbCTBa, OHO CcleAyeT U3 KBaApPaTHIHOI'O 3aKOHa B3aUMHOCTH.

CHucoK JUTEPATYPHI

[1] BrennerJ. L. Zolotarev’s theorem on the Legendre symbol // Pacific J.
Math., 1973. Vol. 45. P. 413-414.

[2] Cartier P. Sur unegénéralization des symboles de Legendre-Jacobi //
L’Ens. Math., 1970. Vol. 16. P. 31-48.

[3] DresslerR. E., Shult E. E. A simple proof of the Zolotareff—Frobenius the-
orem // Proc. Amer. Math. Soc., 1975. Vol. 54. P. 53-54.

[4] Frobenius G. Uber das quadratische Reziprozititsgesetz, 1. S.-B. Preuss.
Akad. Wiss., Berlin, 1914, P. 335-349.

[5] Lehmer D. H. The characters of linear permutations // Linear and Multi-
linear Algebra, 1976. Vol. 4. P. 1-16.

[6] Lerch M. Sur un théréme arithmetique de Zolotarev // Ceska Acad., Bull.
Int. Cl. Math., 1986. Vol. 3. P. 34-37.

[7] Morton P. A generalization of Zolotarev’s theorem // Amer. Math.
Monthly, 1979. Vol. 86. P. 374-376.

[8] Riesz M. Sur le lemme de Zolotareff et sur la loi de réciprocité des restes
quadratiques // Math. Scand., 1953. Vol. 1. P. 159-169.

[9] Rousseau G. Exterior algebras and the quadratic reciprocity law // L’Ens.
Math., 1990. Vol. 36. P. 303-308.

[10] Rousseau . On the quadratic reciprocity law // J. Austral. Math. Soc.
(Series A), 1991. Vol. 51. P. 423-425.

[11] Rousseau . On the Jacobi symbol // J. Number Theory, 1994. Vol. 48.
P. 109-111.

[12] Zolotareff G. Nouvelle démonstration de la loi de réciprocité de Legen-
dre // Nouv. Ann. Math. (2), 1872. Vol. 11. P. 354-362.



145

[[Ba 3aMec'aTeIbHBIX IIpeaela

10. 1. Jlrobuu

1. BBEIEHUE

Po JTaBHO yCTaHOBHBIHefICH TpalUInN «IIepBbLIM 3aMeYaTeJbHbIM IIpene-
JOM» Ha3bIBalOT

.  sinx
lim ) (1)
z—0 ¥
a (BTOPOU 3aMedaTeNbHbIN Npefen — 3TO
1
lIim(14+z)%. 2
lim (14 2) (2

Bropou 3amedaTesbHBIN Mpefes 3aMedaTeleH HE TOMBKO TeM, 9TO OH CYIe-
CTBYeT, HO W TeM, UTO ero BelWYNHA — DTO 3HAMEHUTOE HENEPO6O UUCAO
e = 2,71828 ... (ma3Bannoe Ttak B decThb [xomua Penepa (1550-1617), koTo-
phiil w306ped JlorapHCpMHl)). Yo kacaeTcs MepBOTO 3aMedaTeJbHOTO Tpe-
JTefa, TO, Kak M3BECTHO, OH Pa6eH eJUHUYE, HO NPU YCA06UL, UMO Y204 &
uzmepaemea 6 paduanar. A To 3HAYNT, 9TO W OH CBA3AH C APYyTUM He Me-
Hee 3aMevaTelbHBIM THCIOM — aprumedo6bim uucaom © (T — OTHOIIeHHe
IJAUHBL 060 OKPYKHOCTH K ee MHaMeTpy, OJHO H TO XKe [MJs BCeX OKPYK-
HOCTeN 10 cOoOGpaskeHnmsAM monobus). Pra Berndnua BeTpedasach B IPeBHIX
TeKCTaX HAMHOTO paHblile ApxuMena (287 — 212 10 H.5.), HO ee TPUOIMKEHHOE

22 -
SHatdenne — = 3,142 ..., naugenHoe Apxumenom, moJaroe BpeMms OCTABAIOCH

HENPeB3ON TeHHBIM IO TOYHOCTH (HamoMHEHM, ¥TO 7© = 3,1415...), He roBO-
psi yKe O TOM, YTO T PeryispHO NOABIAIOCH v Apxumena B ero oBUIMPHBIX
BEIYHCJAEHUAX TUIONIaKel i 00beMoB. (PTH BEMHCIeHHS TPeICTABISIOT COOOM
IPOTOTHI COBPEMEHHOT'O HHTErPATbHOI'O NCINCICHNS. )

Kax wuaMeHUTcs BelnmdmHa TepBOTO 3aMedaTelbHOTO Mpefpela, ecan
H3MEHUTh YDJIOBOU MacliTa®, T.e. MPOH3BECTU CKEUAUuH2, KaK JH00AT cel-
Yac T'OBOPUTH PU3UKE U HEKOTOpPhle MaTeMaTuku? Kciu, Hanpumep, yroa o

Y O6osnatenne e 6u10 BBegero Humepoum B 1736 r. Hassanme «HemepoBo “mcio» He BIIOJIHE
ompasjgano: Hemep mpu mocTpoenmn Tabauil jgoraprndmos, oOnySIMKOBaAaHHBIX B 1614 1., B
KaveCTBe OCHOBAHUA MCHOMH30BAN THCIO 0,9999999100000007 oveHb 6muskoe K wucry 1/e, Ho
He paBHoe emy. — [Ipum. per.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(145—153)
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m3MepseTcs B r'pamycax, To o = 180z /7, roe © — pajgnaHHas Mepa yria, u
TOT 1A
. sina 7 . SN i
lim = — =—. (3)
a—=0 o 180 z—0 =« 180
Ecau xe, Boobile, B HeKoTOpOM MaciiTabe o = kz, rje k — NOCTOSHHBIN
HOJOXKHTENbHBIN KOD(PMUINEHT, TO
. sina 1
lim =-. (4)
a—0 « k

dopmaabioe HecooTBeTcTBHE MexIy (3) u (4) GpocaeTcs B riasa dmTaTe-
10, TBEPIO MOMHSIIEMY TeopeMy eINHCTBeHHOCTH npefeta. Po obbicHseTcs
OHO TeM, YTO, H3MeHss YIJIOBOH MaciuTad, MBI IPOJOIKAEM CINTATh CHHYC
(dyHKUMEH yria Kak TeOMeTPHYIeCKON (DUIYPHl HE3ABHCHMO OT BEIGOpA Mac-
urraba. TakoBa Tpainius B DIeMEeHTapHON [€OMeTPHH, IjJe CHHYC OCTPOrO
yoia B IPAMOYTOIBHOM TPEyTOIbHHKE ONpelelseTcs KaK OTHOILIEHIe COOT-
BETCTBYIOIIETO KaTeTa K MUNOTeHy3e (OJHO W TO Ke IS BCeX TAaKHX Tpe-
YUOJIBHUKOB € JAHHLIM YIVIOM — IO cooGpaikeHuaMm nogodus). Ogmako oT-
HOIIIeHNe CHHYCa K CaMOMYy YUy JHIIEHO CMBICIA, IOKA He BHIOPAH yIIOBOI
MaciTab. B MaTemaTndeckoM aHalmse, B OTINYHE OT dIeMEHTapHON TeoMe-
TPHH, CHHYC paccMaTpHBaeTCsi KakK (PYHKINSA YHCIOBOIO apryMeHTa — pa-
AnaHHoN Mephl yriaa. CTangapTHOE T0Ka3aTelbCTBO CYLUIECTBOBAHUA IEPBOIO
3aMedaTelbHOrO Ipefela (I ero paBeHCTBA eQNHNIE) OCHOBAHO Ha TeoMe-
TpHIECKOM HepaBeHcTBe sinw < @ < tgw, CIpaBelIMBOM HMEHHO B DTOM
Macinrabe. TeM caMbIM, 5TO JOKA3aTeIbCTBO HYK IATCH B JOCTATOTHO CIOXK-
HOM TOHATHH JIWHL OKpyKHOCTHZ) . (OTMeTHM, 9TO 06llee NOHATHE JJIHHBL
KPHBOII, [0 CYIIECTBY, OTHOCHTCA K HHTEIPAILHOMY HCUHCICHHIO). OKa3bl-
BaeTCs, Ijes CKeMINHra (3TO HOHATHE OOCYKIAeTCH fgalee) MPUBOLHT K CO-
BCeM [DYIOMY JOKa3aTelbCTBY, XOTA U Golee IINHHOMY, HO OOlee BleMeH-
TapHOMY B TOM CMBIC/Ie, YTO OHO He 3aBHCHT OT HOHATHS [JIHHBL KPHBOIL.
YraoBoil MaciTab B 9TOM [IOKA3aTeIbCTBE OCTACTCA IPOU3BOJLIBIM, BEJINN-
Ha Tpejesa 3aBUCHT OT BhiGopa Macurtadba (cM. (4)). Pa sTom myTn pagnan
MOKHO ONpeIeInTh KaK TOT MaciITad, Ais KOTOPOI'O IepPBHI 3aMedaTelb-
HBIII Tpefel paBeH elnmHmIe. A Torja W 9HCIO T MOMXKHO onpedeiums IO-
HOBOMY, & HMEHHO, KaK yIBOEHHYIO paINaHHY0 Mepy IpsMoro yria. Eciu
Tellephb ONPeIeINTh [INHY OKPYKHOCTH OOBIYHBEIM 06pa30oM (I IPHMEHHTh
K DTOMYy clydaio obllee olpefefeHHe [INHbBI KPHBOH I COOTBETCTBYIOIIYIO
dopMyIy HHTerpalbHOIO HCYNCIEHNS) TO, KOHEYHO, MIHHA OKPYAKHOCTH Da-
aunyca R okazkercs paBHOU 27 R 1, BooOlle, IInHA IyTH OKPYAKHOCTH C ILeH-
TpaJbHLIM yIVIOM & pajuall okazkercsa pasuon [ = zR. B komeunom ciere,
MBI IPUXOINM K OOBIYHOH (opMmy/e mis paluaHHol Mepbl yraa: z = [/R.

2 o
)HTO 3aMevdaHue, IMoCayXKUBIIEE aBTOPY TOMYKOM K HallMCAHWIO HaCTOAIIEW CTaTbU, MIPU-

HagaexnT Apgamy Hmmrenny mz YamsepcmreTa mrata Heo-lopk.
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B wacTtHOCTH, pagnaH, onpeneneHHbIN BhIIE, OKA3bIBA€TCS OOBIYHBIM PalHa-
HOM, T.e. YIVIOM, [Jsi KOTOPOI'O JUIHHA COOTBETCTBYIOIIEN IYT'H OKPYKHOCTH
paBHa pajuycy.

Bech aToT maan peanusyercs HuKe u, 6ojee TOTO, CKEMJINHIOBBII M0IXO,T
pacnpocTpaHsieTcs Ha BTOPOU 3aMedaTelNbHBIN Tpefet, TouHee, HA DKBHBa-
JEHTHYI0 CUTYallH0, CBA3BAHHYIO € BEIUYHHON

() = lim =1 (a>1). (5)

r—0

B sToM koHTeKcTe YHCIO € ompefelseTcs KaK TO 3HadeHHe @, HIf KOTOPO-
ro l(a) = 1. OxaszpiBaercs, aro permanna a'/"?) we zapucur or a n pasma
e. Pro nerxo cregyer us (5), ecin mssectno, uro [(a) # 0, ogHako ToKa-
3aTeJIbCTBO NOCIEIHero HePABeHCTBa He BIOIHe TPUBHAILHO. B 3akiouenne
MBI PACCMaTPHBAEM MOKa3aTelbHYIO GYHKINIO € KOMILIEKCHOI'O IepeMenHo-
ro z, B pe3ylIbTaTe 4ero MPONCXOJUT eCTeCTBeHHOe OObeNHeHIe IePBOro I
BTOPOI'O 3aMe4aTelbHoro Ipejela.

2. CKEWJMHAT U BLINYKJBIE ®YHKIINA

Pynem roBoputh, uTo (pyHkuus f, 3ajaHHas Ha HEKOTOPOM HHTepBaJe
(0,) BelleCTBEHHON OCH, NOJUUHAENCA CKEUAUN2Y, €CTN OHA YIOBIETBOPAET
HepaBeHCTBY

fAz) <Af(z) (0<az<e, 0<ALT). (6)

/st mosiCHeHNsT NeOMEeTPHYeCKOTO CMBICIa HepaBeHCTBa (6) paccMoTpnM B
IIOCKOCTH € T€KapTOBBIMH KOOpJAMHaTaMi (;y) MHOKeCTBO &f TeX TOUEK,
nist KoTopeix y > f(x). Ono HaswiBaeTcss nadepagurom dyuxunu f. Pepa-
BeHCTBO (6) BBIOJHAETCS, €CIN I TOABKO eC/IN BCe MPeoOpa3oBaHis Mon00ms
(z3y) = (Az;Ay) (0 < A < 1) orobpaxkaior Hairpaduk B cebs (T.e. ecan
(z3y) € &, To (Az; Ay) € & mpm Beex 0 < A < 1).

Jlas Hac Kaace PYHKIUH, TOTIHHATONIAXCA CKEHJIUHATY, BayKeH MOTOMY, 9TO
IMeeT MecTO

TEOPEMA. FEecau na nexomopon unmepsaqe (0,<) gynryua f noduunsem-
ca cxetiauney, mo npu x — 0 omuowenue f(x)/x cmpemumes x nexomopomy
npedeay uau K —oo.

JOKABATEILCTBO. Pycrs 0 < ¢ < 2 < e. Poaaras B (6) A = t/x noxy-
qaeM

u TpebyeMoe YTBepXkKjeHHE BHITEKAeT U3 TEOPeMbl O Ipejejle MOHOTOHHOU
PpyHKIUH.
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3AMEYAHUE 1. Ecan f(z) 3agama Takixke n npu @ = 0 n HempepbiBHA B
sTon Touke, TO (6) B mpegere mpn A — 0 maer f(0) < 0. Ecan npn srom
f(0) <0, To f(z)/z — —oo upu 2 — 0. Ognako f(z)/z MOXKeT CTpeMUTLCH
K —oo 1 B cayiae f(0) =0.

puMEP. f(z) = —\/z noduunsemca cxeiauney, f(0) =0, no f(z)/z —
— —OQ.

3AMEYAHNE 2. U3 (7), B cBOIO 04epelb, clelyeT HEPABEHCTBO

M JDZTO <t <n<e), (8)

KOTOpOe TaKzKe 6y/:[eT IIOJ€e3HO B rZ[aJIbHeI(;IHleM.

B npusoxkenusx npegbiayiiieil TeopeMbl K IBYM 3aMedaTelbHbIM Hpeje-
JaM MBI 6y/IeM YCTaHABINBATH HEPABEHCTBO (6), MOMB3YACH HEKOTOPHIM Golee
CHJIBHBIM CBOUCTBOM, a HMEHHO, — BhINYKJIOCTHIO.

Dyukuus f Ha HEKOTOPOM HpoMeKyTKe | BelllecTBEHHOU OCH Ha3hkIBaeTCs
6bINYKAOU, eClU BBHIMONHAETCS HEPABEHCTBO

F =Nz 4+ Aa2) <A =N f(z)+ A f(x2) (0< A< (9)

npu Bcex 1,2y € I. TakoBa, nampumMep, (pyHKIHS f(ac) =az?+bx+c npu
10661x @ > 0, b, ¢ (B 9acTHOCTH, T106as AnHeHHAS (PYHKINSA BBIIYKJIA).

CyMmMa JIBYX BBIIYKABIX (DYHKIUH BHIIYKJIa. B dacTHOCTH, cCyMMa JI060I
BBEIIYKJIOU H JI000H JHHEHHOW (PYHKIUH BLIMYKJIA.

Feau gywryus f evinyraa na [0,2] w f(0) = 0, mo ona noduunsemcs
cxetiauney na (0,2), n6o (6) cregyer us (9) npu z; = 0, zo = z. Takum
o6pasoM, meopema o cyujecmeosanuu npedeaa f(z)/x eepua dasn evinykabie
Gynryui f maxuz, wmo f(0) =0.

leoMeTpHYecKuil CMBICA BBIMYKJAOCTH (DYHKIUK f COCTOUT B BBIMYKJIOCTH
ee naarpaduka . (Pamomunm, 1To MaokecTBo M B ILIOCKOCTH HA3BIBAETCH
6BINYKABLM, eCIT I8 KayK 1o napsl Todek A, B u3 M oTpesok AB ueinkom
npuHapexnt M).

Cieiytoliee npeiozKeHne CylecTBeHHO 06JerdaeT NPOBePKY BBIMYKJIOCTH
KOHKPeTHBIX (PYHKIIHH.

1
JIEMMA. FEcau nepasencmeo (9) evinoansemen npu A = 5 M- €

(Eam) T () o

u ecau Pynkyus [ Henpepuiena, Mo ona 6bInyKAa.

JTOKA3BATEILCTBO. PepasencrBo (10) osnavaer, 4TO mis JTIOOHIX TBYX
Toyek A, B u3 Hajgrpaduka & cepemuna C' oTpeska AB Takike IpuHale-
xut &;. PoBropas aTo paccyxienne, nonydaem, 4to cepepnusl Cp, Cy oT-
peskoB AC' n C'B npunagnrexar & u T. 1. Porydennble TakKuM nyTeM TOYKH
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C,C1,Cy, ... (dsouuno-payuonaavuvie mouky orpeska AB) pacmomaratorcs
Ha oTpeske AB BCIOIY MIOTHO, T. €. B JI060H 6AU30CTH OT JI060T TOTKH OTPE3-
Ka eCTh JBOMYHO-pallHoHadbHas Todka. Po HemnpepwBHOCTH QyHKINA f Bee
Toukn oTpeska AB npunamgiexar . [elicTBUTeNbHO, eCIN HEKOTOPas TOYKA
orpeska AB me nexutr B £7, TO B Hell BHIIOJIHAeTCA HepaBeHCTBO ¥ < f(z).
Torga oHO BHIMOJHAETCA W BO BCEX MOCTATOTHO OJU3KUX TOUKAX, T.€. OHU
Takke He JexkaT B &y.

3. IIEPBBIN 3AMEYATEJBbHBIN IPEIE

Pynem paccMaTpuBaTh sin @ KakK (PYHKIUIO 9MCIOBOrO 3HAYeHHd yIJIa IpH
KaKoM-HH6Y Ib BEIOpaHHOM MaciiTabe. JucioBoe 3HadeHne IPAMOro yraa 060-
BHaYINM depes d.

OueBnno, npu x1, 73 € [0,d]

. x4 x9 sin x1 + sin x2 sinzq + sin zo
sin = Z . (11)
2 1 =2 2

2 cos 3

Mgt Buganwm, ato gpynkuus — sinz Ha [0, d] yioBrerBopsier HepaBencTBy (10).
Po neMMme oHa OKasKeTcs BHINYKJION, eCH MbI JOKarxkeM ee HellpepbIBHOCTD.
Torma craner npuMeHnMoil u Teopema o npenere f(x)/x. Tem caMmbiM, MBI
YCTAHOBHM CYIeCTBOBaHHe NepBOI'O 3aMedaTelbHOr0 Ipejena, eCln TOJIbKO
cyMeeM HCKJIIOYHTH BO3MOXKHOCTH CTpeMmiaenus sina/x kK 4oo mpun x — 0.
(YenoBue x > 0 HecylleCTBEHHO, TaK Kak Sin /& — deTHas QYHKINS).

a) Pynryus sinz wenpepviena. [leficTBUTENBHO,

sin(z 4 h) —sinx:Qsingcos (w—l— g) . (12)
PosToMy focTaTOYHO NOKa3aTh, 9TO
lim (sint) = 1
751_1r)1r(1)(51n )=0 (13)

(HenmpepBIBHOCTH B HyJe). Ppu 5ToM, 04€BHIHO, MOKHO OIPAaHUYHTHCS 3HA-
gennsivu ¢ > 0. Po, kax BugHO m3 Toro xe HepaBeHcTBa (12), sint sBas-
ercs BospacTatotienn pyukumern npn 0 < ¢ < d. PosToMy cymectByer o =
= lim (sint) > 0. U3 dopmyabl yiBoeHus (ToxKe cCKelinHr!), 3anncaHHON B

t—+0
BH e

sin 2t = 2sintV 1 —sin’t (14)
npu ¢ — +0 nonyvaem

o=20v1-0? (15)

3
u, ecim 0 # 0, 70 2¢/1 — 02 = 1, oTkya 0 = g — NpOTHUBOpeYNe.
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6) Ommuowenue sin z/z oepanuueno. /leiicTBuTensro, B cuiy (8), mpume-
HEHHOTO K (PYHKIHMH — Sin &, NMeeM

(¢t + 2x) —sint In ¢ d—t
sin(t + 2z) 51n<su: (0<t<d,0<$< )7

2x 2

OTKY A

. -

s x Cos(t—|- x) < S

xr
Po

t+d

cos(t + x) > cos %

1, cjleioBaTeJbHO,
sin sin ¢ d—t
e ST i4d (0<$<T)‘
tcos 5

Cywecm606anue nepeoco 3aMe4ameAbHO20 npe@ena doxazano.

4. BTOPON 3AMEYATEJBLHLIN [IPEJIEJ

Kaxk YiKe I'OBOPpUJOCH BO BBeleHUN, Mbl paCCMOTPHUM BOIIPOC O CyLIeCTBO-
BaHHWN IIpelena

a® —1
l(a) = lim (16)
z—0 T
npu ¢ > 1. PocuejHee ycioBie HeCKOJIbKO YIPOIIaeT TaJibHENIINI AHATNS, HO
caMo 1o cebe HeCyIIeCTBEeHHO.
PepaBeHCTBO MeXKIY CPEJIHUM MeOMeTPHYECKIM U CPEIHIM apudMeTHde-

CKHIM

Vs <2 (0> 0) (17)
IpH MOJCTaHOBKe u = a”!, v = a”2 mpeBpalraeTci B
r14T2 T T2
a 2z < a_ ta” (18)

2

Po smemme 5T0 BiedeT BEIIYKIOCTH (pyHKINT a” (a, 3HAYHT, I GyHKIHN ¢” —1)
Ha BCell BEIIeCTBEHHON OCH, eClIH yiKe H3BeCTHO, YTO 5Ta (PYHKIHA Hempe-
peiBHa. Po Torga un cymecrBoBatiue npegena [(a) 6ygeT obectedero, n6o, Bo-
nepsoix, (¢” —1)/2 > 0 npun « > 0 (Tak 9TO cTpeMIeHIe K —00 HCKJIIOUEHO)

u, BO-BTOPbIX, eciu & < 0, ckaxem z = —{, { > 0, TO
.oa”—1 . _ta —1
lim = lim 7' =l(a). (19)
z——-0 t—+0 t

Jlns mokazaTenbcTBa HEIPEPLIBHOCTH (PYHKINUHU a” 3aMeTHM, ITO

a*th — % = a®(d" - 1) (20)
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(cp. (12)). PosTomy mocTarodno mokasaTh, 4TO

lim a" =1 (21)
—0

(HempepBIBHOCTH B HyJIe, cp. (13)). Ppu sTom mMoxkHO canTarh h > 0, Tak Kak
—h hy—1
a” "= (a")"".

Us popmyasr (20) BugHO, 9TO (pyHKUUA ¢” — BospacTamiai. PosTomy
cymectyer 7 = lim a® > 1. U3 Qopmyasl yiBoenns
h—+0
a? = (a")? (22)
crenyer 72 =71, T.e. T = 1.

Hoxaxkem, 9o [(a) > 0 npu Bcex ¢ > 1. C 5Tol nenbo IpUMeHNM Hepa-
BercTBO (8) k f(2) = ¢” — 1 u 3aTeM 3amennum ¢ wa z, a @ va &+ h (h > 0).
Poryanm

T _ z+h _
T (@ 0,h>0) (23)
T h
Orcroga
h —x
"h‘1>1“’ (z>0,h>0), (24)
X
gr1o npu h — +0 raetr
l(a) > 222 > 0. (25)

Ecan Teneps samennts B (16) @ na /l(a), To noxy4anres

et —1
et &
rie
e=a'l'®), (27)

Pa mepBuiil BanJsijg, BBeleHHOEe TAKHM HOyTeM YHCIO € 3aBUCHT OT a. B mei-
CTBATEIBHOCTH K€ OHO MOCTOSHHO. /|1 MoKasaTenbCcTBa 3aMeTHM, 9T0 (26)
ozHavaet, 4To [(e) = 1. Po, ¢ qpyroit cTOpOHBI, N3 COOTHOIIEHNS

(@) —1  a"—1,, b -1
T B T b + T (28)
npu x — 0 caegyetr
l(ab)y =l(a)+ 1(b) > l(a) (a,b> 1), (29)

T.e. pyHKIUA [ — BospacTaomads. PosToMy Kaxjoe cBoe 3HaYeHHe OHA MpPH-
HIMaeT JHUIIb B OMHOH To4uke. B wacTHOCTH, 3HaYeHNe | OHA IPHHEMAET NI
B OJIHOM TO4YKe, a 5Ta TOYKA I €CTh €.

Teneps Moo Beraneants {(a). Jorapupmupys (27) no ocnoBanuio e (co-
OTBETCTBYIOIINE JOrapH(pMbl Ha3BIBAIOTCA HAMYPAAbHLLMY 1 0OO3HATAIOTCS
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depes «ny), morygaem 1 =Ina/l(a), oTkyga
l(a) =1n a. (30)

(C oToll TOYKE 3peHUs PaBeHCTBO (29) CTAHOBUTCS COBEPIICHHO MOHATHBIM,
Ho B mameMm kouTekcTe (30) sormuecku ciegyer 3a (29)). Taxum o6pasom,
OKOHYATeJbHO

a® —1

lim
r—0 x

= Ina. (31)

Mpbr mokasann 3To npn @ > 1, HO JeTrKo BHAeTh, 9T0 3T0 BepHO 1 npn 0 < a <
< 1.
Crenaem Temepb B (26) 3ameny mepementoi: €’ — 1 =1¢. YegoBus 2 — 0
t — 0 skBuBateHTHLL. PosTomy (26) MOKHO mepenucaTh B B e
. t
lim ———
r—0 ln(l —+ t)

OTKYIa
limIn(1+ )"/ =1
t—0
1, cjleioBaTeJbHO,
lim(1+ )/t = 2
lim (14 )Y = ¢, (32

T.e. MBI TOAYYHUJAN BTOPOH 3aMevdaTelhHBIH MpeIes.
YMeCTHO MOT9epKHYTh, 9TO BCe SKCMOHeHTHI a” (a > 0) moaydatoTcs us
CTAHZAPTHOU €” CKeIIHHTOM,

a® = exlna7 (33)

T. €. BbIOOp OCHOBAHUSA € MOKHO paccMaTpuBaTh Kak (PYHKINWIO MaclliTada nu3-

MepeHHs, HO yzKe He YIJIOB, a JOrapuMMoB ducel. 3aMevdaTeqbHO, YTO 3TOMY

TOXKe MOXKHO MPHIaTh TeOMETPHIECKUH CMBICA, HO B He€6KAudo60l TeoMme-

tpun Jlo6adeBckoro (oTKperTON MM B 20-X N0OTaX MPOIIIOTNO BeKa).
OTmeTnM eirie, 9T0 paBeHCTBO (31) MOXKHO mepenuncaTh B BHIe

ke _ 1
lim “——L =k, (34)

z—0 T

aHAJOTHIHOM (4).

5. OBBEIUHEHUE B KOMIIJIEKCHOW ILJIOCKOCTH

HuraTento yxKe scHa TAyGOKas aHATOTHA MeXTY ABYMSA 3aMedaTelbHLI-
mMu npejgesaMmu. Per qu 3neck npsavon cBazu? Ppsamas cBsa3b, 1eliCTBUTEABHO,
ecTh, oHa 6bi1a yeranosiaena Moranwom Peprymin (1667-1748) n npo4aso Bo-
mia B MaTeMaTHKy nocie Praepa (1707-1783). YeTanaBinBaeTcs OHa paBeH-
CTBOM

€' = cosx + isinz, (35)
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KOTOpoe (POPMaIbHO MOJKHO PACCMaTPUBATLCA KaK onpededente DKCIOHEH-
TH €. P70 onpe/esenne oKa3biBaeTCs B BHICIIEN CTENEHN MOTHBHPOBAHHBIM
0 1enecoo0pa3ubiM. [lefcTBUTENbHO, paccMOTpHM, TmpuHEMas (35), BeIpa-
JKeHue

. .
e —1 cosx — 1 .sinx z {3 .sinx
= 4+ == - + == (36)
T T T 2 5 T

YerpeMiss @ K HYJH0 U HCIONB3YS MEePBBIH 3aMedaTelbHBINH peIel, To1ydaeM

lim ——L =i, (37)

z—0 T
SaMeHss 3JeChb T Ha kx ¢ nr06nIM BellleCTBeHHBIM k 7£ 07 IoJaydaeM
6ikx -1

lim &= = ik. (38)

r—0 x
PagencTBo (34) 0Ka3aloch BepHBIM He TOJIBKO [/ BEIIECTBEHHBIX, HO U [Is
MHUMEBIX 3Ha9eHun k!
EcTecTBenHbIM 3aBepllieHTeM M3J0KEHHOI0 X0a MBICIH ABASETCI PacCMO-
TpeHue DKCIOHEHTHI €° ¢ JMI00LIM KOMILIEKCHBIM 2z = & + 1. PxcTpamonnpys
TEOPEMY CJAOKEHU

eF1T%2 — g¥1e%2 (39)
Ha PacCMaTpPHBAEMYIO CHTYAINIO, ML JOIKHEL IPUHATH N0 ONPedesentiio, IT0
e’ = " = e"(cosx + isiny). (40)

(Pocre sToro Teopema cloxKeHHSs MOKeT OBITH TOKasaHA s JOOBIX KOM-
JIEKCHBIX MoKazaTeneil. TeM caMbiM, TPOUCXOAUT OOBEIUHEHE NBYX «Bellle-
CTBEHHDBIX» TeopeM CJOKEeHUs: A DKCIOHEHTHl U [ TPUTOHOMeTPpUYeCcKUX
¢yrkuni.) U Tenepb MBI TOMKHBI CIPOCHTDH ce6sl, COXPAHAETCS JI PABEHCTBO
(26) B KOMIIEKCHON TLIOCKOCTH, T.€. BEPHO JH, 4TO

Z
. e’ —1
lim =17
z—0 Z

(Onpegenenne npejesa B KOMILIEKCHOM aHAJIN3e (GOPMATBHO TaKoe XKe, KaK B
BerecTBeHHOM). OTBeT yTBepIUTeNeH, M TOKA3aTelbCTBA HYKHO HCIONb-
30BaTh 06a 3aMedaTelbHBIX Tpefesa. Mbl IpejfocTaBiseM YUTaTeN0 CAelaTh
5TO BO BCexX JeTafafx.

B 5TOM myHKTe MBI BILIOTHY IO HO/IOILIA K HadaJaM cpa3y HeCKOJIbKIX BaK-
HBIX MaTeMaTHIeCKHX TeopHil: KOMILIEKCHOI'O aHaJu3a, HeeBKJIHAOBOH Ieo-
MeTpHH, TEOPUHU TPyNN M T. ., HO DTO yKe, KaK roBopuTcs, another story
(mpyrast nctopus).



Haix CEMHUHAP: MaTeMaTHU'IE€CKHUeE
CIOXE€ThbI

Teopusa npenaATCTBUN A1 HATITHAIOIIIX "

/1. Penosit A. Cxomenkon

I should say it meant something simple
and obvious, but then I am no philosopher!

I. Murdoch  The sea, the sea

BBEIEHUE

Teopusi npensiTCTBUE ABJIAETCH BAXKHOU YaCThi0 alrebGpanvdecKol TOMOJd0-
U ¥ UMeeT MHOT'OYUCIeHHble TpUMeHEeHNUs B APYTIMX 001acTAX MaTeMaTUKH.
A paz Tak, OCHOBHBIE HJeH 3TOU TeOpuu HaBepHAKA MOKHO MOCTYINHO W3-
JOXKUTE 4Y€JOBEKY, He HMEWIIeMYy CHeMHaJbHBIX TMO3HAHWE B Tomogoruu. K
COXKaJEeHNI0, U3ydeHle TeOpUHU NPensTCTBUU MO CYHIECTBYOUIEH JHTEPATY-
pe BO3MOXKHO TOJbKO NOCJE MIUTETbHOT'O OCBOeHNUS HeMOTHBUPOBAHHBIX ad-
CTPAKTHBIX HOHSATUN U Teopuil. Pacrosinas xe craThs, HAIPOTHB, MOCBAIIIE-
Ha M3JOXKEeHUIO HIell TEOPUH NPeNsiTCTBHH Ha MPOCTENIINX YaCTHHIX Caydasx.
Ona npefgHa3zHadYeHa B MepBYI0 odepefb s YUTATeNel, He BIaJIeIInX TOIOo-
JOrHel, HO MBI CMeeM HaAesiThCs, YTO OHa OyIeT UHTEePEeCHA U CHeluajJucTaM.

B mwKoabHBIX (B 9aCTHOCTH, OMNMITHAIHBIX) 321a93aX HEGO3MONCHOCTID Pear-
JAU30BaTh HEKOTOPYIO KOHCTPYKINIO YaCcTO AOKa3biBaeTCd NyTeM MOCTPOeHUd

*Pabora JI. PemoBimia YacTWYHO ToAfepkKaHa WCCIeNOBATEILCKAM TpaHToM Mmumu-
crepctBa Paykm u Texmomorum Pecnybmmku Chosenmsi No. J1-0885-0101-98. PaGora
A. CronenkoBa 9acTHU9HO IO Aep:KaHa r'paHToM Poccmiickoro Pomga PymgaMeHTaIbHBIX
Mccregopamrm N°96-01-00009.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(154—180)
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aarebpamaeckoro NPEenAMCemeus, Wil uneapuanma (Hampumep, u3 coodpa-
KeHUH deTHOCTH). TOYHO Tak Ke HeIR6UEALEHMHOCTb KOHCTPYKINH 9acTo
TOKa3bIBAETCS MyTeM MOCTPOEHHUs aJrebpanvdecKoro ureapuanma, uX pasJi-
qa0MIero (9TOT MHBAPHAHT SBISETCA NPENAMCMEUEM K IKBHBAIEHTHOCTH).
MHorue Henoxoxue APYr Ha APyra 3agadid TONOJIOIHMH aHAJOTHYHBIM OOpa-
3OM €CTECTBEHHO MPHUBOJSAT K MOXOXKHM JAPYT' Ha Apyra npensmcemeusm. B
HACTOSIIEH CTaThe 3TOT NPOLECC MPOJIeMOHCTPUPOBAH Ha IpuMepe Haubodee
HATVIATHBIX TOMOJOIHYeCKUX 3a/1ad.

Mnst arenns cratbn (kpome §3.C,D) moctaTodHO reoMeTpuYecKON WH-
Tyuiun (MNCHOAb3yeMble HadaJdbHble TMOHATHS Teopnu rpad)OB MpHBEIEHHl B
KOHIIe BBejleHud, a UCHoab3yeMmoe B §3 moHsiTHE ABYMEPHOT'O MHOIOOOpazus
TaM KpaTKO 00bsicHAeTcs). B 9acTHOCTH, Bce HEOOXOMUMEIE alrebpandecKie
0OBEKTHI (CO CTPANIHBIMA HA3BAHUAME T'PYIITHL KOTOMOJOTHIT, TPENITCTBUS I
XapaKTepHCTHIeCKNe KIACChl) eCTeCTBEHHO BO3HMKAIOT M CTPOTO onpedeis-
10Mes B MPOIEcce JTOKa3aTelhcTBa TeopeM. MBI TakiKe IPUBOIUM Pe3yJabTaT
BBIYHCJICHUSA TPENATCTBIN, TAIOIINH HHTEPEeCHbIe NeoMeTpHYecKue CJaeJICTBUs
(caMO BBHIYHCJIEHNE OCTAETCSA YNTATENI0 B KadeCTBe 3ajadl, KpOMe BEIYHCIe-
unit B §3.C, D, 3a koTopbiMn MBI OTCHLTaeM 4dnTarens K [5]). Pomgdepknew,
YTO MbI He TpebyeM OT YHTATENS 3HAKOMCTBA C airebpaudecKuM MMOHSTH-
eM DPYIIBL, B TeKCTe MOXKHO BOCHPHHHMATE DTO CJAOBO KaK CHHOHUM CJIOBa
«MHOZKECTBOY.

YacTe MaTepuata cpopMyaupoBaHa B Bule 3aaad, 0603HaYaeMBIX KHP-
HBIMHU Y9HCJIaMu. JuTaTenbh TakKe MOXKeT pacCMaTpUBATh BOCIOJHEHHE TeTa-
el Habpockos dokaszamelbeme Kak MaTepnan IS CAMOCTOATENLHOW pabOTH.
CaejgyeT MOM4epKHYTh, 4TO 3a/a91 He HCIONB3YIOTCS B ocTalbHOM TekcTe. B
HEKOTOPHIX 3ajadaX MOIYT BCTPETHThCSH HE3HAKOMEIE BaM TEPMUHBI; TaKie
BaJladdl CJAeJIyeT MPOCTO HPHOPHPOBaTh., OTMeTHM TaKxKe, YTO [LIf pelleHus
3ajlad JOCTATOYHO MOHUMaHUs X (POPMYJAUPOBOK U HE MPeOyEMcs HUKAKIK
TOTIONHUTEAbHBIX TOHATHN U TEOPHH.

Paparpa@er cTaThil HE3aBHCHMBI APYT OT Ipyra (CCBHUIKH MeKIy HUME
MOCBAIIEHBI NCKIOINTENBHO CpaBHeHNTO MaTepnaa). OHH pacnoloKeHbl Ipi-
MEPHO B TIOpPsIKe BO3pacTaHus cloKHOCTH. B Kax oM naparpade npuBouT-
¢ KpaTKas HCTOpHs BOMpoca. KoHKpeTHBIE CCBUIKM JaloTCs TOIBKO 1O (K
COKAJIEHNI0, OTHOCHTENBHO MAJON3BECTHOMY) MaTepnary §2.

Jlast auTaTens, yKe 3HAKOMOT'O ¢ adreGpandeckoll TONOJIOI e, OTMEeTHM,
YTO MBI He UCHOJb3YeM CTAHITAPTHYI TEPMHHOJOTHI0 TEOPHH MNPensTCTBUI
TaM, I'/le Mbl CiHTaeM, YTO OHA Hey10OHa Juid HavnHatollero. P puBegem 3aech
IJst CpaBHEHHS DTY TepMuHogornio. PaccTaHoBKY sieMeHTOB Ipynnbl G Ha i-
CHMILIEKCAX TMoAndaApa K Ha3bIBAIOTCA 1-MePHbLMU Koyenamu Ha K ¢ xoaddu-
yuewmamu 6 G (y Hac OHI HA3BIBAIOTCSA POCTO paccmanoskamu). I'pynma Ta-
KX PaccTaHOBOK o6brdHO obosnataetes C(K,G). Muomxectso §C' 1 (K, G)
Bcex Korpammui obpasyer moarpynmy rpymnne C'(K,G), obosnadaemyto
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B'(K,d). Korga G = Zg, MBI nponyckaeM Kod(pUUUEHTH B 0003HAYEHN-
AX KOIelell, KOUNKJIOB, KOTPaHUI i (KO)TOMOJIOTHIL.

* % % * % %

PanoMHIM HcHoab3yeMble HadalbHble MOHATHA Teopuu Ipados. ['py6o ro-
BOpsi, rpadp MOXKHO NMOHHMAaTh KaK KOHEYHOE MHOMKECTBO TOYEK (ero «Bep-
UINHEBD ), HEKOTOPbIE Mapbl KOTOPHIX BhIAEJeHBl («CoemHeHbl pedpamin ). Mo
npuMeM caefyioiiee (opMaabHoe onpegenenue. Pazbuenuem (npecTaBiasio-
M rpad) Ha3zoBeM KOHEYHOe MHOMKECTBO TOUeK (Ha IIOCKOCTH ), HEKOTOPhIe
napbl KOTOPBIX COeIMHEHLI JOMAHBIMHU; DTH TOYKH Ha3bIBAIOTCH 6E€PUUHAMU
pasbuennd, a JoMaHble — ero pebpamu; pebpa MOIYT IepeceKaThCs, HO TOY-
KI mepecedenus (KpoMme IBYX KOHIOB pebpa) He MOTIYT OBITh BepIIMHAMH.
Paz6uenus GG; n (G5 Ha3bIBAlOTCA U20MOPEHHBIMU, €CIHU CYIIeCTBYeT B3anMHO
oJHO3HaTHOE oTOGpazkeHne f MHOKecTBa BeplinH pazbuennd (77 Ha MHOKeCT-
BO BepumH paszbuenns (79, yIoBIeTBOpsOllee yCIoBuIo: Bepmunbl A, B € G
coellMHeHbl peGpOM B TOM U TOABKO B ToM ciydae, ecan f(A), f(B) € Gy
coegnnensl pe6poM. Paz6nenns (G1 u (73 Ha3BIBAIOTCH 20MEOMOPPHHBIMU, SCIN
G| MOXKHO TONy4duTh U3 (o onepanusimu nodpasdedenus peopa (puc. 0.1) u

Puc. 0.1.

obpaTubMA. ['pagdon HasbIBaeTCH KIacC SKBHBAJEHTHOCTH pas3buenus (0 oT-
HOIIIEHN IO ToMeoMopdHOCTH). Pasbnenne (s1eMeHT Ki1acca SKBUBATEHTHOCTH)
HA3BIBAETCA pasbueHneM W TPHAHTYJISINEeN COOTBETCTBYOIIEro rpada (1o-
nycKas BOABHOCTB PeUH, MHOT [a KOHKPETHOe pasbneHne Ha3bIBAIOT TPadoM).
Yepes S o6ozmavaeTcsa rpad, roMmeoMopdHLI OKpy:KHOCTH. I'py6o ToBop,
nodepad TaHHOTO Tpada — DTO ero JacTh (TOYHOE ONpejeleHne MPUBeInTe
camn). ['padp HasbIBaeTCs depe6o.t, ecil OH CBA3EH N HE COJEPKIT MOATpada,
romeomoppuoro St. Cmenensio BepIINHEBI Ha3BIBAETCH YICIO BBIXOIANINX U3
Hee pebep. KoaumdecTBa Bepiiuh, pebGep U KOMIOHEHT cBf3HOCTU rpada K
oboznadatores V', F u (', cooTBeTCTBEHHO.

§1. B HANIPABJIEHUU XOIIdMA

Mlas nonmuokecTBa (Hanpumep, rpada) K C R? onpemenny noustue 6e-
mpa (WIu HenmpepbiBHOrO oTOGpakeHus B OKpy:KHocTh). Berep f: K — S1
COMOCTaBIAET KaK IO Todke & € K ermunvHbI BekTOp f(2) (TOYKY Ha OK-
pyxuOcTH). Bexrop f(z) momken HempepwlBHO 3aBuHceThb oT 2. /[Ba BeTpa
fo, fi: K — S maswBatorcs 2omomonmvimu (ob6oznavenue: fo ~ fi), ec-
Jn cylecTByeT ceMelictBo fi: K — S BeTpoB, HempepblBHO 3aBucsllee OT
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napametpa t € [0,1]. lns rpadpa K C R? o6osnaanm qepes [K, S| mnoxecTso
BeTpoB K — S ¢ TounocTbio 1o romoronuu. B nToMm maparpade pemaercs
3alada HaxoxwgeHus Muoxectsa [K, S1] (a B Buje sajgau B KoHue naparpada
IpeiIaraoTces ee 0G00IIeHNs Ha IPyTHe CIyYal).

Teopema Xomgda 0 rOMOTONNYECKOH KAACCUPUKAIUE OTOOPAKEHUH N-10-
amaapa B .S™ (T.e. «(MHOMOMEPHBIX BeTPOBY ) 6bITa JoKazaHa XanHueM Xomndom
okono 1930r. («mo 3akazy» Pasra CepreeBmua Anexcamgposa). mes mpn-
BOHMOTO HUZKE [TOKa3aTelbCTBa TeopeMbl Xolda npuHampiexkuT CrMoaino
Pitten6epry n Congepcy Makreiiny (oxkoso 1940r.). B3amada o roMoTonmnye-
CKOU KJIACCH(PUKAIMH TPOU3BOIBHBIX OTOOPaYKeHU — OJTHA U3 OCHOBHBIX B
agdrebpandeckoi Tonoaoruu. [lanksHeliee pazBuTue Teopema Xormda moayqu-
1a B paborax Popmana Cturpoma (1941r.), JIea CemenoBnda PonTpsrnaa
(1942r.) n Muxanra Muxaitosunia Pocrunkosa (okoto 1950r.).

1. [lnsa moboro mepeBa CYIIECTBYET POBHO OJWH BETEP C TOYHOCTHIO MO T'OMOTOIINH.

Cmenenvio deg f Betpa f: S! — S maswBaercs 4ncio 060poTOB BeKTO-
pa f(z) (BOKpYr CBOero HemoIBHKHOI'O Havala) IPH OJHOKPATHOM 06Xome
TOYKOIl & OKPYKHOCTH S IpoTUB YacoBoil cTpelKku.

OCHOBHASI TEOPEMA TOTOJOTUH. Omobpaxcenue deg: [S1, 51 — Z
Aeagemcea ouexyued.

Meur me IpuBOINM OJOKa3aTeJabCTBa (I/IHTyI/ITI/IBHO O‘ieBI/I,Z[HOfI) NHBEKTUB-
Hoct B OCHOBHOH TeopeMe TOIIOJOT'nH.

2. a) Jokaxure CIopbeKTHUBHOCTE B OCHOBHOI TEOpEME TOMONOIUH.
b) Busegure nz OcHoBHOU TeopeMbl Tononorun OCHOBHYIO TeopeMy alreGpHL.

3.a) Pycte K — HecBsizHOe 06begunenne wm GykeT k okpyxkHocTen (puc. 1.1). Puxcn-
Py€eM IMPOM3BOIBHO HAMpaBIcHNE Ha KaXJoH 13 >Tux okpyxuocTei. Jlma etpa f: K — S*
MOCTABUM HA KX IOU U3 3TUX OKPYKHOCTEN CTEMEHb CYKEHUs BeTpa f Ha 3Ty OKPYKHOCTD.
Pony4ennyio paccraHoBky k memsix =mcen o6osmasmm deg f. Torga deg: [, S'] = 7k —
OUeKIns.

b) Muoxectso [K,S'] ne Mensiercs npu crarusanmu pebpa.

o) [K,S' =7F-V+e.

St OyKeT OKPYKHOCTEN Ky

Puc. 1.1.
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Xomng moKazLIBaJ CBOIO TeopeMy NpH MOMOIIN 0606IIeHns MeToaa 3a,1a4
3b, 3c. PpuBegem npyroe mokazaTeabcTBO, pa3BUBatollee HiIet0 3ajadn 3a u
caenyroliee obIeMy MeTONY TEOPUE NPeNsiTCTBHM.

TEOPEMA XOT®A. Jas epada K omobpaxcenue deg: [K, S| — HY(K,Z)
A6Asemcs buexyuet.
Borancaenne. H'(K,7Z) =2 25-V+¢,

Onpenerenne H'(K,Z), deg u sokazareibcTBo. 3HAKOMCTBO ¢ DTHM J0-
Ka3aTelbCTBOM peKOMeHIyeM HadaTh co caydas K = Ky (puc. 1.1). duk-
cupyeM IPOU3BOALHLL eINHIYHLI BekTOp v. Ppoussoabusiii Berep K — S1
POMOTOIEH KACMOUHOMY BETPY, T.€. BETPY, g KOTOPOT'O B KayK IO BepIInHe
rpaga K crout BekTop v. PosroMy mocTaTodHo KiIaccH(PUIUPOBATH KAETOY-
uele BeTpel K — S ¢ TownOCTHIO 10 rOMOTOMHE, Bee oTOGpaKenns (BeTpH)
KOTOpOU He 06si3aTeJbHO KJIETOYHHI.

PuKkcnpyeM TPON3BOIBLHO HallpaBleHe Ha KaxK oM pebpe rpada K. Bo3b-
MeM KaeTodnwlili Betep f: K — S!. Pocrasum na xaxjgom pebpe e C K ¢
HAYaJ0OM 1 M KOHIOM k dncio o60poToB BekTopa f(z) mpnm 0o6xome TOUYKON &
pebpa e oT n K k. Porydennyio paccranoBky o6osuadnMm y(f). MuoxecTBO
BCeX PacCTaHOBOK IeNBIX Yicel Ha peGpax rpaga K o6osHaunm depes Z%.
PaccranoBkEm MOKHO CKAAMbIBaTh: JIsS 3TONO MPOCTO CKAAABIBAIOTCA HUCIa,
CTOAIINE Ha KayKJ0M pebpe (Takoe CIOKeHIe HA3hIBAETCA NOKOMILOHEHTIHBLM) .
Ecau f,g: K — S — rakue kaerounsie Berprl, uto v(f) = v(g), To no Oc-
HOBHOHU TeopeMe Tomoaoruu f ~ ¢.

O6paTHOe HEBEPHO, KaK MOKa3BIBAeT MPHUMep CIeAYIONel TOMOTONHN (CM.
puc. 1.2). Tas Bepuiabl ¢ rpada K usMennM Berep f Tak, 9TOOLI BEKTOD B @
cjenalt ofuH 060pOT MPOTHB YaCOBOI CTPENIKH, BeTep B MaJeHbKON OKPeCTHO-
CTH BepUINHBI ¢ (MIOTAHYJICA» 32 BEKTOPOM B @, a BHE DTOH MaJeHbLKOI OKpecT-
HOCTH BeTep He MeHsacs. B peayibTare noaydum setep g: K — S, romoron-
ubii BeTpy f. Ponsitao, 9T0 ¥(f) —7(¢) ecTh paccranoBka +1 (B 3aBHCHMOCTH
OT OpHeHTannn) Ha pebpax, CoJepKallnX BepluInHy a, n 0 Ha BCeX OCTAIbHBIX
pebpax. PTa paccTaHoBKa HasbIBaeTCA 2MeMEHMAPHOT Ko2panuyet 6epuiu-
Hbl @ M 0DO3HaTaeTCA Oa.

B okpecTHOCTSIX BepuiuH ai,...,a; ClejaeM ONUCAHHYIO BHIIE TOMOTO-
muio BeTpa f, MOBOpavuBas BEKTOPHI B DTUX BepIIUHAX HA Ny, ..., Nk 060pO-
TOB, COOTBETCTBEHHO. PTY IOMOTONNI0 MOXKHO 3a/aTh PACCTAHOBKOU 4uce
N1,..., N B BepIINHAX a1, . .., Ak, COOTBETCTBEHHO (1 HyJIell B OCTAJIbHBIX BEp-
muHax). O603HATNM TOIYIeHHYIO PAaCCTAHOBKY depes ', a moaydeHHBIN BeTep
yepes fr. MHOXKeCTBO Bcex PacCTaHOBOK HENBIX YHCeN Ha BepliuHax Ipada
K ¢ omepanneil TOKOMIOHEHTHOTO CIOkKeHIs 0603HadnM depes Z" . Kax oil
BepIIIHE ¢ OTBeYaeT (XapaKTepHCTHUecKasy PacCTaHOBKa a € Z' eluHn-
bl B BepliHe ¢ U HYJs B OCTadbHBIX BeplinHax. Qupegeinm oToGpaKeHue



Teopus npensTcTBull Jag HATHHAIOIIHX 159

Puc. 1.2.

§: ZV — ZF dopuynoit §(nyay + ...+ npag) = niday + ...+ npday. Toraa
v(f) =v(fr) = oI,

PasoBeM paccTaHOBKI 1,72 € ZF xocomonoeuunvimu, ecin vy — v = 6T
nas mexotoporo I' € ZV. I'pynma HY(K,Z) = Z¥/§(ZV) paccramoBox c
TOYHOCTHIO JO KOTOMOJOTHYHOCTH HABBIBACTCA 0IHOMEPHOU 2pynnoi Ko2o-
moaoeui epagpa K ¢ xosfduyuenmanu 6 Z. Obosznadnm deg f = [v(f)] €
€ H\(K,Z).

Teneps paccMoTpuM ToMoTonnio fi: K — S Mex Iy KIeTouHBIMEI BeTpa-
Mu fo, fi. PocTaBum Ha xaxk ol BepiimHe ¢ qncio 060poToB BekTopa fi(a)
npu usMenennn ¢ ot 0 1o 1. Poaydenunyio paccranoBky o6oznadum I'({f;}).
Jlerko mpoBeputh, uto ¥(fo) — v(f1) = SU'({fi}). 3naunt, deg f; = deg fo.
Postomy otobpaxenue deg: [K, S — H'(K,Z) koppexTHo onpejenero. Ec-
mu deg f = degg, To v(f) — v(g) = O aas mexoroporo I' € Z¥ smaunt
f ~ fr ~ ¢g. Pooromy orob6paxkenne deg nubekTuBHO. [JOKa3aTeIbCTBO €ro
CIOPBEKTHBHOCTH OCTABASEM YNTATEN0 B KadecTBe 3aatdi. O

BameTnM, 4T0 mocTpoennoe orobpakenue deg: [K, S — HY(K,Z) saBu-
cUT OoT BeIGOpa HampaBieHuil Ha pebpax rpada K. /luas Berpa f xaacc deg f
ABJAAETCS NPensmemeuem K TOMOTOMHOCTH BeTpa f BETPY € MOCTOAHHBIM Ha-
mpaBIeHTEM.

4. a) I'pymma H 1(K,Z) 3aBUCHT TOJBLKO OT TOIOJOrmdeckoro tuma rpada K, T.e. on-
HOMEpHEIE TPYIITE KOTOMOJIOTHIT TOMeOMOP(MHBIX I'padOB N30MOP(hHHI.

b) Orobpaxernne deg: [K,S'] — H'(K,Z) spasercs uzomopduamom rpynm (S' apis-
eTcsa rpymmoii, nosromy [K,S'] aeaserca rpymmoi).

5.a) Ucnombays [S', RP?] 22 Z,, maiigure [K, RIP?] ars rpada K, T. e. ompeaennTe oamHo-
mepuyio rpymy Koromonoruit H'(K) ¢ Zo-kosbdummentamu u 6uexmmio deg: [K,RP?] —
— H'(K).
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. . L - ol
b) s rpada K ¢ 5KBUBApUAHTHOUN MHBOIIOLMEN HaHAUTe MHOXeCTBO [[{, S ]|cq oKBU-

BapHaHTHEIX (T.€. IEPECTAHOBOYHHIX C JaHHOHM MHBONIONWEN Ha K U aHTUIIOIAJILHON UHBO-

mroredt Ha S') oTobpaxkermnit K — S ¢ TOTHOCTLIO [0 SKBWBAPMAHTHON TOMOTOIHM.

6. a) Oro6paxeHue 9D? — S roMoTOIHO 0TOGPAKEHTIO B TOUKY (T.e. mMeeT cTeneHb
HOJB) TOTJa W TOABKO TOT[a, KOTJa OHO TIpojJomKaeTca Ha D2,

b) Ucnomnays [S?, S'] =2 0, naitaure [K,S'] qas nosepxuoctu K, T.e. onpegemure oj-
HOMEPHYIO TPYIITy KoroMmoorutt H'! (K,7Z) ¢ Z-xospdurmenramn u 6uekunto deg: [K,S ==
~ HY(K,Z).

c) Paitqure H'(K,7Z) ans ceasHoro 2-mHoroo6pasus K ¢ TpuanTyaammedn T, mMetomer
V, E u F BepumH, peGep u I'paHell, COOTBETCTBEHHO (CM. ollpefeneHne B Havaje §3).

d) KoHeuHBIT n-noamsAp MOXKHO IPEACTaBIATL cebe Kak 06bejUHEHNEe HEKOTOPOro KO-
JuYecTBa IpaHell pasMepHOCTel He Gonee n B pazbuenun npocrpancTBa R™ Ha efuHnYHEIE
ky6s1. Ucnomsays [S¢, '] 22 0 gas ¢ > 2, mangure [K, S'] gas xomewsoro n-nomsgpa K, T.e.
omnpefeanTe OTHOMEPHYIO IPYIILY KoroMmoJoran [ 1(K7 Z) ¢ Z-x0>dPunueHTaMu U GUEKIINIO

deg: [K,S'] = H'(K,7).

~

7. a) (n-mepnas Teopema Xorda) Mcnoabsys [S,8"] =0 gna i < nu[S",S"] = Z,
mangure [K,S™] maa xoredHoro n-moimsapa K, T.e. onpeneanTe n-MepHYO TPYIILYy KOTO-
monorunt H"(K,7Z) ¢ Z-kosdpdurmenramu u 6uexruto deg: [K,S™| =2 H"(K,Z).

b) Jdas xoneuHoro momsgpa K onpegenure n-MepHyo rpyumny xoromouorun H"(K,Z)
¢ Z-xosddurmentamu Tax, 9Tobb oTobpaxenue deg: [K,S"] — H"(K,Z) 6b110 mo-nipex-
HEMY KOPPEKTHO OTIP€/IeIEHO.

¢) Ecmu dim K = n 4+ 1, 1o deg: [K,S"] — H"(K,Z) clopbeKTUBHO.

8. a) Ponsrraiitech 06061MTH Balll BHHYUCIEHNA MHOXKECTBA [/, RP?] Ha 2-mommsgp K
u Haiiure Takon 2-nommap K, uro [K,RP?] # H'(K).

b) Ucnompaysa [S',RP"?] = Z, u [SY,RP™?] = 0 gua ¢ = 2,3,...,n, LOKaXuTe
[K,RP"?] =~ HY(K) ana n-nommapa K.

¢) Ucnomeays [S?,CP"] = Zu [S%,CP"] =0 gani =1,3,4,...,n, gokaxure [K,CP"] =
~ H*(K,Z) gas n-nomoapa K.

1

9. (Teopema Crunpoaa s n = 2) Pamomuum, aro [S°, 5] = Z.

a) Jlaa 3-nommapa K wxnacca v € H?(K, Z) nocrpoire 6uexmuio deg™' v — H* (K, 7).
Poayuurcs 6uexmus [K,S5%] = H*(K,Z) x H*(K,Z).

b) dus 4-nommsapa K u oTobpaxenus f: K®) 5 52 HOCTPONTE IpemATcTBHE Sq° (deg f)
u3 H4(K7 Z) k npo jomKeHuo oTo6paxeHus f: K®) 5 52 napee K. Poayunrcsa orobpaxe-

mre Sq, IIA KOTOPOTO ToCAe0BaTe bHOCTL [K, S7] deg, H?*(K,Z) i} H*(K,Z) Touna.
c) Jasg xormkaa a € Z*(K,Z) snement Sq°[a] npegcraBaseTcs xormkaom b € Z* (K, 7Z),
onpegeneHHBIM 110 dopmye b(oo1234) = a(oo12)a(o2aq).
d) Pyctes K — deTwHpexmMepHOe MHoOrooGpasme U KiaacC a € H2(K,Z) IBONCTBEHEH
no Pyanxape kmaccy Da € Hy(K,7Z), npejcraBisiomemycss norpyxernem h: N — K
2-muoroo6pasusa N. Torga Sq® a ects cymma Todek (co smaxom) B R(N) MR/ (N), rae b’ —
orpy xenmne, 6imskoe K h.

10. (Teopema Crunpona) Pycrs po: H"(K,Z)— H"(K) — npusejienne o Moy 2.
P amomemnm, =To [S™T!, 8™ 22 Zy ana n > 3.

n+1)

a) Jug n > 3, (n + 2)-mommsgpa K u orobpaxenus f: K — S™ moctponTe

npenarctiue Sq° pa(deg f) € H"P?(K) x npomomxenuio orobpaxenms f: Koty gn

- - deg
Ha Bce K. Ponyumrca oro6paxenne Sq°, mis KOTOporo mociesoBaTembHOCTh [, S™] —

Qa2 °
— HY(K,Z) EENLLEN H"?(K) Touna.
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b) Jug n > 3, (n + 1)-nommsgpa K u snementa v € H"(K,Z) nocrpoire 6uex-
mmo deg™' v — H™"(K)/Sq® po H" (K, Z). Poayunrcsa 6uexrmsa [K,S"] = H"(K,Z) x
x H™(K)/Sq® pa H' (K, 7).

11. P anomanM, 9T0 At m06oro n cymectsyeT (Geckorewns) mommsgp K (Z,n), Takon
aro [S™, K(Z,n)] =2 Z u [S*, K(Z,n)] 2 0 gaa moboro i # n. Panpumep, K(Z,1) = S u
K(Z,2) = CP™.

a) H"(K,Z) = [K, K(Z,n))] gna xoboro noausapa .

b) Ecm o € H?*(K,Z), 10 fsqza = fro fa, THE 1 € H*(CP®,Z) = H>(CP* Z) =
& 7 — obpasyomtag u oTobpaxenns fgz,: K — K(Z,4), fi: CP° - K(Z,4) u fo: K =
— CP® coorsercrrytoT kKnaccam Sq° o, 1 u ov ipu maomopduamax H*(K,Z) = [K,K(Z,4)],

HA(CP®,7) = [CP?, K (Z,4)] u H2(K,Z) = [K,CP?].

§2. B HANIPABJEHUU BAH KAMIIEHA

PonaTne npensaTcTBus, NO-BUAXMOMY, BIepBble BO3HUK/IO HMeHHO y Ban
Kamnena npu pemennu mpo6aeMbl O BIOKHMOCTH 7-MEepHBIX IOAMIPOB B
R2" [6], [4], [9, §2], [11, §2], [12, §2]. Po moka3aTh OCHOBHYIO HJeI0 IOpa3io
npouie Ha npobleMax allpOKCHMHPYEMOCTH MYTH BIOXKEHUSAME ¥ ILIaHapHO-
ctu rpados [14], [9, §9], [3, §4], [10, §1], [1, §4]. Prum npobaemam (akkypaTHO
cPOPMYINPOBAHHBIM HIZKE) I TOCBSAIIEH HACTOAIINE maparpad.

1. a) OXOTHHK IIpOIIE] IO JECHOH AOPOXKKE B pOpME OKPYKHOCTH JUAMETPOM 1 KM,
crenas nBa o6opota. OH Ben Ha TOBOJAKe HauHON 1M co6aKy, KOTOpas B KOHIIE [BUKEHUs
BepHyJIach B UCXOAHYIO TOUKy. Torjga cobaka o6sS3aTelbHO IepeceKala CBOH clel (B HEKO-
TOPHIII MOMEHT BPEMEHH, OTIUYHBIA OT KOHEYHOIO).

Ppusegem apyryio ¢GbopMyanpoBKy 3TOHN 3afa<y (SKBUBAIEHTHOCTH oKasaHa B [8]).
PaccmorpuM gBe moasHku (T.e. gBa Kpyra), COeAUHEHHBIX ABYMS TPOMMHKaMu (T.e€. IO-
nockamu) a u b, kak Ha puc. 2.1. Cofaka Gerana 1o moJAsSHKaM U TPOIMHKAM U BEPHYJIACH
B UCXOIHYIO TOYKY. Kaxabm pas, Korjga cobaka rnepeberaia ¢ NOJIAHKNA HA TPOIUHKY, OHA
3aMucHBaia 0603HAYMEHNE >TON TPONUHKY. Fciu moayyuminack 3anuchk abab, To cobaka o6s3a-
TENBHO IepeceKalla CBON Clef (B HEKOTODHI MOMEHT BPEMEHH, OTIMYHEBIN OT KOHEYHOIO).

b) Bepro au a) 6e3 IpeAIONOKEHIS O TOM, 9TO co6aKa B KOHIIE JBIDKEHUS BEPHYJIACEH B
WCXOMHYKO TOYKY?!

¢) Jokaxure a) Aas ciy<as, KOIja OXOTHHUK Clelal mpu 060poTa.

d) Jus xakoro wmcia o60poToB B a) cobaka 06s3aTelbHO LiepeceKala CBON caes?

Py ¢: I — R? na MI0CKOCTH Ha3bIBACTCH ANNPOKCUMUPYEMBLI 6A0IHCE-
HUAMU, €CIU CYIIeCTBYeT CKOJIb YI'OJHO OAM3KHII K HeMy IIyTh 0e3 caMolepe-
cedeHui, T.e. s JI060r0 € > 0 cyllecTBYyeT TaKol HecaMolepeceKalomuics
nyTh (T.e. Baoxkenne) f: I — R?% 4ro paccrosmme mexny Toukamu f(z) u
¢(z) MenbIme £ st 10601 TOYKN & € [. AHATOTTYHO ONpeTenseTcs almpoOKCH-
MIIPYeMOCTh BIOKeHHAMH yukaa @: ST — R2 Pycts I — rpad ¢ BepimaaMu

ag, @1, . . ., Ay U PEOPAME Aoy, .. ., Ap_10y. PyTh 1 I — R? HasbBaeTCs cum-
navyuaabnoim, ecan p(a;) € p(a;—1a;) guig mobLx ¢, j = 1,...,n 1 cyxKenne
®l[a;_1,a; TUHEHHO A15 Mo6oT0 ¢ = 1,...,n. Bee BeTpedalonmecs mam myTn

Oy Iy T CHMILININAIBHBIME (C PA3HBIMA 7).
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Crporas dopMyaupoBKka 3afadn la) TakoBa: kommnosunnd ¢: ST — St C
C R? gBykpaTHOll HAMOTKH U CTaHJapTHOI'O BKIIOYEHHS He alllPOKCHMUPY-
ercsd BAOKeHHAMH. UToObI OOBACHUTE UJeI0 MOCTPOCHUsA NpendaTcTBus Ban
Kammnena, npuBemem HaGpOCKN ABYX pellleHn# 3ajgaqn la). Pasosem myTh co-
OGaKM He3aMeUAU6blM, eCTH BO BpeMs JBHKEHIS 0 TPONNHKAM OHa He [mepece-
KaJa cBou caeabl. [ HezaTelauBoro nyTn f mocTaBuM Ha KayKjJIOHW MOAAHKe
0, ecim TOYKHM BXOj1a COOAKN Ha MOJAHKY U ee BBIXO/a ¢ MOJAHKH paciogara-
I0TCA KakK Ha puc. 2.2a, n 1 B mporuBroM caydae (puc 2.2b). Pycts v(f) 6yaer
CYMMON 1O MOayao 2 5Tux aByx wmncen. [las nytn f wa puc. 2.1 v(f) = 1.
flcuo, uTo v(f) 3aBUCHT TOIBKO OT PACIONOKEHNUS OTPE3KOB My TH COOAKN Ha
TPONUHKaX. Ppi H3MeHeHI N TaKoro pacnoloKeHns Ha OHON TPOTNHKEe THCIO
Ha KaK TOH MOSHKe H3MeHNTCs, noyromy v( f) He mamennTes. Tak Kak or J1io-
600 pacHoNoKeHns OTPE3KOB MYyTH Ha TPONHHKAX MOKHO HepeidTH K JI000MY
IPYrOMY yKasaHHBIME omepaunsimu, To v(f) = 1 118 406020 HE3aTERINBOTO
nytu f. Posromy cobaka o6s3aTelbHO MepeceKaia CBOH CJe.

Tenepn npuBejgem apyroe peiienne. BoszbMeM M10601 MHKI 0OIIEr0 MOJIO-
wenusa f: ST — R?, 6amskuii x komnosunuu ¢: St — St C R? aBykpaTnoit
HAMOTKHU W CTAHJIapTHOTO BKJIOYeHus. [as J0OLIX IBYX pebep i, j nepecede-
une f(1)Nf(j) cocronT u3 KoHedHOroO Ynciaa Tovek. Pycrs v(f) 6ymeT cymmon
no mMoxyso 2 dncen | f(#) N f(j)| mo Bcem HeymopsitodeHHBIM mapaM {i,j} He-
cMesKHBIX pebep rpada St s nukaa fy, nokasannoro na puc. 2.3, v(fo) = 1.
Ecau B mpouecce HempepbiBHOTO u3MeHenus f;, t € [0, 1], 1BUKeTCS TOIBKO
BHYTpeHHOCTH pebpa e C S, o v(fo)—v(f1) paBHO Yncay TOUeK nepecevenus
nukaa fo(e)U fi(e) ¢ myrem fo(S' —€) (rge € — obbequnenne pe6pa € u IByX
cocepnux ¢ Hum). Tak kax nyTh fo(S! — €) MoKHO 3aMKHYTH, He goGaBIAs
HOBLIX mepecedennit ¢ fo(e) U fi(e), To v(fo) — v(f1) = 0. Pro nurynrusno
O4YeBHHOE YTBep:KIeHne caeqyeT u3 (popMyasl Pillepa; apyroe jJokazaTeinb-
crBo em. B [2]. Jloboil uuka fi: S — R? obuiero nonoxkenus, GausKuii K

c--=~ _Jole)

fo(Sl — é)

Puec. 2.3.
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©, MOXKeT OBIThH Mpeobpa3oBal K fy MOCAETOBATETHEHOCTHIO HECKOIBKIX H30-
Tonuii miockocT R? 1 HeCKOALKHX T'OMOTOINNI, OMMCAHHLIX BhIIIe. SHAYUT,
o(f) = 1 nas wobozo mukaa f: ST — R2 6auskoro x ¢. CaemobaTenbho, ¢
He alTlpPOKCHMUPYETCS BIOKEHUIMN.

2. a) Ecim o6pasom (1) nytu ¢: I — R? apaseTca OTPE30K MM OKPYIKHOCTE, TO 3TOT
IyTh allpOKCIMIPYeM BJIOXKEHUAMU.

b) PyTu u nukisr Ha puc. 2.4 He allIpOKCUMUPYEMbI BIOKEHUAME (/8 HADISATHOCTH MBI
PHCYEM He TOJBKO CaM IyTh f, a GIU3KHUI K HEMY IIyTh (p OOLUErO HOJOKEHUs). YKasaHUe:
€CiIU He NOJy<aeTcs, UCIOIb3yUTe HIDKECIEAYIOUIYI0 TeOpeMy WU 3ajady 4a).

¢) PirepoB my T niu UK Ha MIOCKOCTH ALIIPOKCUMUPYEM BIOKEHUAMU TOI1a U TOIBKO
Torza, Korja OH He UMeeT TPAHCBEPCAIBHEIX caMollepecedeHnt (puc. 2.4a).

d) T'opog N cocTonT M3 HECKOJIBKHUX ILIOLIafel (KPYI'OB), COEANHEHHBIX HElEPECEKAO-
mpMucs goporaMu (IpsMOIMHENHBIMU oTpe3KaMmu). V3BecTHO, 4TO CyIIECTBYeT MaplpyT,
HPOXOASLINI 110 KaXX oW JOPOr'e POBHO OJUH pa3 (3TOT MapLIPYT MOXKET IPOXOAUTH II0
IIOLIAAAM HECKOJABKO pa3). [lokaXuTe, 4TO CYHIECTBYET HECAMONEPECERAIOUWUECA MAPIII-
PYT, IPOXOJSIUKIl 110 KaXk JOU J0pore poBHO ofuH pas. (VIHbIMU cloBaMu, B 11060M Hapuco-
BAHHOM HA ILUIOCKOCTH 6€3 CAMOIIEPECEUEHUN SUIEPOBOM T'pade CYIIECTBYET SUIEPOB UK,
AIIIPOKCUMUPYEMBII BIOKEHISAMU. )

TEOPEMA. Cumnauyuatsnsid nymo ¢: I — R? annpoxcunupyen 610aice-
HuAMY mo2da u moavko mozda, koeda npensmemeue Ban Kamnena v(yp) €
~ 2( 7%
€ Ho(A) = H*(1}) nyaesoe.

f(I2)

Puc. 2.4.
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Onpegerenne Ho(A), H*(I%), v(p) # A0Ka3aTeIbCTBO HEOOXOMMOCTIL.
3HAKOMCTBO € DTHM JOKa3aTeIbCTBOM PEKOMEHIyeM HadaTh ¢ 0TOOpasKeHnH
¢ u fcpuc. 2.4c). O6o3nadnM pedbpo a;_ja; rpada [ quciom i.

Poctpoenne npenstcrBust Ban Kavmmerna v(p) € Ho(A) sBasercs 06061e-
HIIleM IlepBoro pemenns 3afgadu la. Jas cumminuuanbuoro nytu ¢: I — R2?
NOCTPONM ero cunayaapruiti epad A (puc. 2.5 Ha c. 165 q1s myTn Ha puc. 2.4c¢).
Bepumusr rpaga A — Takme napsl (a;, a;) Bepunn rpada I, 1to ¢(a;) =
= ¢(a;) ni—j > 1. Bepumunt (a;,a;) n (@;+1,a;41) coefunensl pe6poM B
rpade A, eciu OHN MpHHAIIEKAT eMy (3HaAKH + BEIGHPAIOTCSA HE3ABHCHMO).

PacemorpuM npousBoabHbN HesaTediuBul nyTh f. B Bepmmnne (a;,a;)
rpada A mocraBum dncao 0, ecanm TOYKH BXojga MyTH f Ha MOAAHKY ¢(a;) =
= ¢(a;) 1 TOUKN ee BEIXO/a ¢ HTOI MONAHKH PACIONaraloTcd Kak Ha puc. 2.2a,
n 1 B nporuBHOM ciydae (puc. 2.2b). PonydenHyo paccTaHOBKY 0603HATHM
depes v(f). PocTaBnM Ha KaKI0H KOMIOHEHTe CBS3HOCTH Tpada A, He co-
TepKaleil Touek (a;,;42), CYMMy (M0 MOJIyIIO 2) Yncen B BepIINHAX DTOH
KOMTIOHEHTHI. MHOKeCTBO BCex pacCTaHOBOK HyJel i eNHII Ha KOMIOHeHTaxX
rpada A obosnaunm depes Hyo(A). Poaydennyio paccranoBky v(yp) € Ho(A)
HazoBeM npenamemeuem Ban Kamnena (¢ koadduyuenmanu 6 Zz) K amnpok-
CUMUPYEMOCTH IYTH ¢ BJIOKEHUAMHU.

flcwo, 9to v(f) = 0 Torjga m TOABKO TOTJa, KOTJa MyTh f MOXKHO TakK M3-
MEHITH Ha MOASHKAX, YTOOLI OH CTaJ HecaMollepecekarounMces. fcHo Takxe,
970 v(f) 3aBHCHT TOABKO OT PaCHONOKEHNS OTPE3KOB IyTH Ha TPONMHKAX.
Ppu nsMeHeHn TaKOT'0 paclofoKeH s Ha OTHOH TPONNHKe € s JI0OBIX IBYX
pebep i u j rpada [ Takux, 9T0 ¢(i) = ¢(j) = €, N3MEHATCSA YnCIa B BEpIIN-
Hax (a;, a;) 1 (@41, a;41) (mnn (a;, aj41) 1 (@41, a;)) rpada A. Posromy v(e)
He naMennTcsA. Tak Kak oT J11060r0 pacHoIOKeHIs OTPE3KOB My TH Ha TPOMTH-
KaX MOMKHO MepeliTH K JIo60MY ApPyroMy YKa3aHHBIME ONepannsiMi, TO v(p)
He 3aBuUCHT OT f. 3HA4YUT, ecau v(p) # 0, TO NYTh @ HE AMIPOKCHMUPYETCS
BJOYKEHUAMH.

Poctpoenne npensitcrBust Ban Kammerna v(p) € HQ(Iz) apasgeTcs 0606-
[eHIeM BTOPOT'O pelleHns 3ajga4qn la. PTo mocTpoenne 6ojee CIOKHO, qeM
npejbiayliee, Ho UMEHHO OHO MOYKET OLITh 0G0OIIEHO [0 HACTOAIIErO Mpe-
naTcTBus Ban Kaummerna (k BroxmMocTn rpadoB B MIOCKOCTH). O603HATNM
depes [* BepxXHIOW «Ha I AHaroHa by TaOAUIBI 7 X N, T.e. 00beInHeHne KIeTOK
iXjci < j—1,orBevamomnx napaM HecoceTHHX pebep rpada I (puc. 2.5). las
ao6oro nytu f: I — R? obuero nojoxenus, JoCTaTOYHO GIN3KOIO K @, 1
T06BIX IBYX HecoceTHnx pebep 1, j nepecedenne f(i)Nf(j) cocronT us Koned-
HOr'O 4nclIa Todek. PocraBuM B kietke ¢ X j € I wncio | f(¢) N f(j)| mod 2.
Poaydennyio paccTaHOBKY Ha30BeM npensmcemeyiowet u 0603HAINM depes
v(f): ecim myTh f Hecamomepecekatommuiicst, To v(f) = 0. MHOXKecTBO pac-
CTAHOBOK HyJIeil W eJHHUI B KI€TKaX «Hafmaronarm [* (B mem 207~ 1(n=2)/2
>aeMeHTOB) o6oznadaercs depes C?(I*). PaccTaHOBKH MOMKHO CKJaIbIBaTh:
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1 2 3 4 5 6

: |
7 a a
6 AN
4
I*
3
a) b)
Puc. 2.5. Puc. 2.6.

I8 DTOr'O IPOCTO CKIALBIBAIOTCA THCIa, CTOANINE HA KaxKIOM pebpe (Takoe
CIIOXKEHNe HA3BIBACTCH NOKOMNOKENmMNubLI). POKpacuM B YepHEII IIBET KI€TKH
i X 7 Tabanusl [*, mis koTopeix ¢(i) N¢(j) = @. Tak kak nyTh f 6am30K K
@, 10 v(f) = 0 B wepubix Kierkax. OGosnadum depes C2(I*) mogmuoxecTBO
muokecTBa C%(1*), cocToslee U3 paccTaHOBOK ¢ HYJAMH B YePHBIX KJeTKax.
Urak, v(f) € CZ(I*).

Ppu npeobpazosanuu Patidematicmepa nytu f ma puc. 2.6a paccTaHOBKa
v(f) n3MeHsieTCst POBHO B JIBYX COCETHUX KJIeTKax 1 X j m i X (j+1) (mam j X ¢
u (j+1) x 7). Ecin ogna u3 5TuX IBYX KJIETOK He JeKUT B [*, To 41cIo B Hell
He CTOUT I He MeHseTcs. PaccranoBka 1 B KiaeTkax Tabauisl [, coceqnux ¢
pebpoM e, 1 0 B OCTAIbHBIX KIETKAX TabINILL [* Ha3BIBACTCA dAeMeNMAPHOT
roepanuyeti pebpa e mabauyvt [* n obosnataeTcs de.

Creraem ykasannoe npeo6pasosaune Paiitemaiicrepa 1is pebep €1, . . ., €
Tabauust [*. PTy omepanmio MOXKHO 3aIaBaTh DAcCTAHOBKOIN €IHHUI Ha pe-
6pax ejy,...,e; (1 HyJlell Ha OcTaIbHLIX pebpax). O603HAYNM MNONIYIEHHYIO
paccTaHOBKY depe3 N, a mOJMydeHHLIH IyTh 4depes fy. MuoxecTBo paccra-
HOBOK HYJell i eIWHWI Ha pedpax Tadmumubi 1* (B Hem 27 ~"~2 5reMeHTOB)
C omepalueil MOKOMIOHEHTHOTO caokenns obosznadaerca vepes CH([1*). Ka-
KJIOMY pebpy € OTBeTaeT «XapaKTepHcTHIecKasy paccTaHoBka e € CL(I¥)
eIMHNNLL Ha pebGpe € U HyJd Ha OCTAIbHLIX pebpax. OupegeinM oTobpaKe-
nue &: CH(I*) — C*(I*) popmyaoit §(eq + ...+ ex) = dey + ...+ deg. Toraa
v(f) —v(fn)=0N.

Pokpacum B uepHBIil 1BeT pebpa ¢ X a; 1 a; X ¢ Tabaubl [*, 118 KOTOPHIX
o(a;) € (1) (Taxum o6pasoM, IpaHila IepHON KICTKH COCTOUT U3 UePHLIX
pebep, HO MOTYT OBITH U IpyTHe depHble pebpa). O6o3HAYNM UYepes C’é([*)
nosMHoKecTBo MHOKecTBa C' (1), cocToslIee U3 paccTaHOBOK € HYJIAMHI Ha
depubIx pebpax. Tak kak f 6au3ko K ¢, To yKkasannoe npeobpasoBanne Pai-
remaiicrepa Boamozuo itk npr N € CL(I1*). fcno, aro 6C(I*) C CZ(I*).
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PaszoBeM paccTanoBku vy, vy € CL(I*) xozomoiozuunpliy, eciu vy — vy =
= 6N prs mekoroporo N € CL(I*). I'pynma H2(I*) = C2(I%) /6(CL(I*)) pac-
CTAHOBOK € TOYHOCTBIO JO KOIOMOJIOTHYHOCTH Ha3bIBaeTcH deymepnot epyn-
not koeomonozuti (¢ rosfduyuenmanu 6 Zg) npocmpancmea 1™ omuocu-
meavno e2o uepnozo nodnpocmpancmea. Ppenamemeue Ban Kaunena (¢ xo-
sfpPuyuenmanu 6 Zy) onpenersercs kak v(p) = [v(f)] € HZ(I).

YT068bl JOKa3aTh KOPPEKTHOCTH DTOIO OIpeIeIeH s, T. €. He3aBHCHMOCTD
v(p) or BLGopa myTH f, pacemorpum nyTH fo, f1: I — R? obuiero noaozxe-
Hnd, 6an3KNe K . BoabMeM mpoussoabHyio roMoronnto fi: I — R2 ¢ € [0,1]
obulero nojlokennd, OAU3Ky1o K ¢. Pa Kax oM pedpe ¢ X a; WK a; X ¢ Tad1u-
unt [* mocraBuM 4mcaI0 (IO MOAYIIO 2) MOMEHTOB BpeMeHH !, 11f KOTOPBIX
fi(a;) € fi(¢) (9ro uncao KOHEUHO MO COOOPAKEHUAM OOIIErO MONOKEHIS).
Poaydennyio paccranoBky Hy’ell n exmuun Ha pebpax Tabaunnsr [* o6o3na-
anmM depes N ({fi}). Tak kax f;(z) 6ausko x @(z), To u3 ¢(a;) ¢ (i) BB-
Texaer fi(a;) € fi(i). Posromy N({fi}) € CL(I*). Jlerko mpoBepnth, 910
v(fo) —v(fi) = OIN({fi}). Posromy v(y) ne 3aBucut ot f. flcmo, 1ro v(y)
ABIAETCH NPEIATCTBIEM K AIIPOKCUMUPYEMOCTH IYTH (9 BIOKEHHAMI.

Moxaszarenberso usomopduama Ho(A) = H*(I};) (on HasbBaeTCH H30MOD-
¢usmom Pyankape) n TOro, 4To ABa HOCTPOEHHBEIXK mpenaTcTBuA Bam Kam-
IeHa NePexXOJAT APpYD B APYra IPH HTOM H30MOpPQH3Me, OCTABIAEM THTATEIIO
B KadYecTBe 33jJaqu (pelInTe cHaYala 3ajady 3). a

Koncrpykuust npensitctust Ban Kavnena v(y) € Ho(A) n 1oxkasarenb-
CTBO [IOCTATOYHOCTH B TeopeMe (KOTOPOrO MBI 3jeCh He NMPHBOAHM) OBLII
MOy YeHBl CIyILIaTeleM Kypca, [0 MaTephalaM KOTOPOro HalHCaHa HACTOs-
masi cTaThs [15].

O6osuatum tepes [*¢ obbegunenne 1epubx KieTok u pebep. Cramgapt-
mevu o6osnadennavu rpymn CE(1%, ) n H2(I*,-) apasorca CF(I*, %%, -) u
H?(I*, I*%.), cooTBeTCTBEHHO.

3. (Beraucienne) a) H Z([ *) =2 Z5 rpe k — =mcio xyckor Tabmmrer [*, orpaHMHMeHHBIX
“epHBIMHI pebpaMu U CofiepKallliX XOTs 6B 0MHY 6eayio KIeTKY.

b) /lns KakIoro Kycka M3 a) COCIMTaeM CyMMY CTOAIINX B HEM 9HCE] PacCTAHOBKH
v(f). Torga v(p) ecTs Habop U3 k Takux CyMM.

o 2
4. a) Ecin cummumnmansHei nyTh ¢: [ — R anmpokcuMupyeM BIOXKEHUSMU, TO

A8 T060r0 HEPepHIBHOTO JBUXKEHUS TOYMEK T W y o oTpesKy I, B Ipolecce
kKoToporo ¢(xr) # ¢(y), a B KOHIle KOTOPOr'o TOYKU ¥ W Y BO3BPAIAIOTCA Kaxkaasd

(R) B cBOe HCXOAHOE TIONOXKeHHE (T. . IS JI060ro HelPePEBHOro oTobpakena S —
= {(z,y) € I x 1| ¢(z) # ¢(y)}), wumcao oboporos BexTOpa oT ¢(z) kK ¢(y) B
IIpoliecce TOro ABUKEHUS PaBHO HYJIIO.

b) To xe BepHO 14 IUKIA @ St — R? u gua oTobpaxenns ¢: K — R? npoussoasHoro
rpada K.

c) TpexxpaTnas mamoTka : S — S' C R? He anmpoKCHMHPYeTCS BAOKEHUAMH, XOTSA
[ Hee BBINOJHEHO yciosue (R).
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Puc. 2.7.

d) B xaxgon Touxe (x,y) Ha pe6pe Tabamumel [ MOCTABUM BEKTOP C HATIPABICHUEM OT
f(z) x f(y). Torga B Kax goll KieTke TabAUIBL [* CTOUT YUCIO ¢IETHOCTH YHCIa 0GOPOTOB
BeKTOpa Ipu 06Xo/e 10 ee TPaHUIIE).

e) Paccmorpum Gonee cuabyo dopmy (r) ycaosus (R): wmcao o6oporos weTHo. Torga
(r) & (v(p) = 0). Takum o6pasom, npernsrcrene Ban KaMiieHa sBisteTCsA YaCTHBIM ClIydaeM
IPenATCTBHI, pacCMOTPEHHBIX B §1, T.K. Tabmry /™ MoXHO paccMaTpuBaTh KakK ABYMeEp-
HBIH TOMU3JP, a KAETKH § X J KaK ero AByMepHbIe KJICTKH.

5. Pocrponre npensrcreue Ban Kamnena V() ¢ Z-koaduiinenTaMu 1 10KaXUTe A1
HeT'o aHaJgoT 3a1ad 3 1 4.

6. PocTpoirre ananor npenarctsnit v(y) m V() a1 alpoKCHMIpPYeMOCTH ITHKJIOB BIIO-
KeHMsAMU. [[OKakuTe WX HETOMHOTY ([Aake Al 0TOGPaKeHHH, 06pa3aMi KOTOPHIX ABIAIOTCA
TPUOAEL).

TEOPEMA. Cuedyowue ycaosus pasnocuibubt 0as koneunozo epaga K:

(P) K naanapen (m. e. y neeo cywecmeyem pazbuenue, pebpa £0mopozo
NONAPHO He NEPECEKAMCA),

(K) K mne codepawcum nodepagos, eomeomoppuvir epagan Ks (noawviii
epag ¢ 5 eepuwunanu) u Kz 3 (domuru u xoaodywt) (puc. 2.7),

(v) npenamemeue Banw Kawnena v(K) € H?*(K*) nyaesoe.

Yenosue (K) mpore, 9em (v), Ho He 0600611aeTCS Ha BBICIINE PA3MEPHOCTH.

Ha6pocok onpegerenns H*(K*), v(K) n gokazareiscrtba. ITo6b 06D-
SACHUTDH W€ TOCTpoeHns npenaTcTBus Bam Kammena, gokaykeM HemtaHap-
HoCTh rpatha K. Bozbmewm n06oe oTobpaxkernue obilero nojoxenus f: K5 —
— R2. las mo6wix 1Byx pebep o, T nepecedenne f(o)Nf(7) cocTout us Koned-
HOTO 4nciaa Todek. Pycts v( f) 6y et cymmon mo moayaio 2 qucern | (o) f(T)]
0 BCeM HeyMOpSI0YeHHBIM mapaMm {0, T} HecMeXHBIX pebep rpada Ks. /s
oTobpazkenns f, mokazanHoro Ha puc. 2.7, v(f) = 1. [as kaxmgoro pebpa
rpada K5 ¢ Bepuinnamn a, b rpad K5 — {a, b}, noaydenuniii yraaennem u3 Ky
BEPIHH @,b N BHYTpeHHOCTEH pebep, BHIXOAMNX U3 ¢, b, eCTh OKPYKHOCTH
(sT0 TO camoe cBoficTBO rpada K5, KOTOpoe HEOOXOANMO IS TOKA3aTelb-
cTBa). PosroMy anasorniHo BTOpOMY pelleHuio 3ajgadn la v(f) He s3aBmCHT
ot f.3uauur, v(f) = 1 gas wobozo orobpaxkenus f: K5 — R Caegosarens-
Ho, K5 ne maanapen. PennanaprocTs rpada K33 Jokas3blBaeTcs aHAJOIHIHO.
Nrak, (P) = (K) gokasamo.
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Moxaxkem Teneps (P) = (v). 3apukcupyem Tpuanryasuunio 1T’ rpada K.
Nas moboro orobpaxkenns f: K — R? o6uero nosoxenus u J06BIX IBYX
HecMeKHBIX pebep o, T n3 K nepecedenne f(o)N f(7) cocTonT n3 KOHEIHOT O
qucaa toek. Pycrs v(f),r = |f(0) N f(r)| mod 2. Torga v(f) € C*(K*),
rae C?(K*) ecTh MHOZKeCTBO paccTaHoBOK () 1 1 Ha HeymopsAI0YeHHBIX Mapax
Henepecekalomunxcs pedep rpada K ¢ omepanueil TOKOMIOHEHTHOTO CJIOKe-
HUS.

Ppu nemxenun Paiinemaiicrepa Ha puc. 2.6b x v(f) mobaBasercs pac-
CTAaHOBKA €IWHUIBLI HAa mape o X [ mis @ € « W HyJsS Ha OCTAJbHBIX Ma-
pax. Pty paccranoBky HasoBeM auemenmaproti xoepanuyeti 6(a x ) Heymo-
psrodennon mapwl {a,}. I'pynna paccTaHOBOK HyJell W eNWHUI Ha TMapax
{v, 3} ¢ onepanueii TOKOMIOHEHTHOIO cloKeHus obozHadaeTcs Yepes C'L(K*).
Urak, N({f:}) € C1{(K*). Oupenerum oro6paxenue §: C1(K*) — C*(K*),
orHomenne kKoromoaornaroctn Ha C?(K*), deymepnyio epynny xozomoso-
euti H*(K*) = C*(K*)/§(CY(K*)) u npenamcmeue Ban Kaunena v(K) =
[v(f)] € H*(K*), kak u B I0KazaTelbcTBe MpebLIyllell TeopeMbl.

Jl1e 3aTaHEBIX 0TOGpaKeHni fo, fi1: K — R? o6Imero moroxennsa paccMo-
TPUM NPOU3BOJBLHYI0 romoronuio f;: K — R? obuero nonoxenns. Pa xa-
K101 mape {a, } mocraBuM 4nc1o (MO MOIYIIO 2) MOMEHTOB ¢, MIsi KOTOPBIX
fi(a) € fi(B). Ponydenunyto paccTaHOBKY HyJed U enuHui Ha napax {v, [}
o6oznaunm depes N({f;}) (3amernm, aro B [11, §2] paccranoBka N ({fi})
ompejeneHa HelmpaBmibHO). Jlerko nposeputs, 9o v(fo) — v(fi) = SN ({ fi}).
3uadnT, v(K) He 3aBHCAT OT f, N MOPTOMY SBIAAETCSA MPENATCTBHEM K BJIO-
KAMOCTH Tpada K B IIOCKOCTh.

Umnankanus (K) = (P) 6blra gokasana Kasumupom KypaToBekum B
1930r. (cMm. mpocToe gokazaTeabcTBO B [7]). [okasaTelbcTBO MMILIHKALNH
(v) = (K) ocTaBiseMm 4nTaTeNO B KadecTBe 3a1a4n. P pivoe qokasaTesbcTBO
umninkanui (v) = (P) n (K) = (v) cm. B [13]. a

7. a) Pocrponre npensrcreue Ban Kamnena V(K) ¢ ueasimu xosddurmeHTaMu.

b) Pocrponre npensrcreue Ban Kamnena v(K') k BroxumocTu n-omsgpa i B R?" i
JOKAXKHUTe, 9T0 n-0CTOB (2n 4 2)-cuMmriekca ne BaoxuM B R*™,

§3. B HANIPABJAEHUU IITUDEAA U YUTHU

PamomuuM ompenmesenne yTOMIEHUS W ABYMEPHOT'O MHOTOOGpa3us, HC-
noab3yeMbie B >ToM maparpade. [lias rpadpa K paccMoTpum obbelnHeHne
IUCKOB, IMCA0 KOTOPLIX paBHO YnCIy BepmnH rpadga K. Pa KaxmaoM Takom
JUCKe BBeJeM OpPHEHTAUWIO (MIH, 9TO TO JKe caMoe, BIOXKHM DTH IHCKH B
IJIOCKOCTH ¢ (PUKCHPOBAaHHON opnenTanueir). Torta rpanndHbe OKpyKHOCTH
IHCKOB TOYKe OYIyT OpUeHTHPOBaHbl. Pa Kax ol Takou I'paHUudHON OKPY K-
HOCTHM OTMeTHM HelepeceKalollnecs OTpPe3KH, OTBedalollne BHIXOAANIUM W3
cooTBeTCTBYWIIeH Bepiinubl pebpam. /lis kaxgoro pebpa rpada K coeru-
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HIM (He 00s3aTeNbHO B ILIOCKOCTH) COOTBETCTBYIOIINE €My JBa OTPe3Ka JeH-
TOYKOU. PTa jJeHTodKa Ha3bIBAETCSH NEPEKPYUEHHOU, €CAU CTPEIKH Ha JIBYX
ee TMPOTHBOTMOJOKHEIX KOHIAX, JeXKallnX B IHNCKaX, COBMagaioT. JlenTouka
HA3BIBAETCS HENEPEXPYUEHHOU, €CIU ITH CTPEIKH NPOTHBONONOKHBL. PycTh
N — oObenuHeHne TOCTPOEHHBIX JMUCKOB U JeHTo4dek. Tonojorudeckas mapa
(N, K), cocrosimiast w3 N u rpada K, ecrecTBeHHO BIOKeHHOT0O B N, Ha3BI-
BaeTcs ymoauenuenm rpadpa K. MHorma mis KpaTKOCTH MbI OyIeM Ha3hiBaTh
yroiienuneM nopepxuocth N. [Ba yroaiienus ogHoro rpada K sxeusa.cenm-
Hbl, €CJH MOKHO U3MEHUTh OpHEHTANWM Ha WX [UCKAaX TaK, 4TOObI

1) meHTOYKN B ABYX YTOJIIEHHUAX, COOTBETCTBYIONINE OTHOMY W TOMY ¥Ke
pebpy rpada K, 65an 661 0 THOBpeMeHHO MepeKpyIeHbl UAN HET, 1

2) must m0601 BepuinHbl rpada K HemepeceKalounecs OTPe3KN Ha T'PAHMY-
HOM OKPY:KHOCTH COOTBETCTBYOIIETO ANCKAa HIYT B OMNHAKOBOM (OpH-
eHTHPOBAHHOM) TOPS TKe.

3aKIenB Bce TPAHUTHBIE OKPYKHOCTH YTOMMEHNAS THCKAMH, TOIYIIM 3a-
MEHYMOE 2-MHo2006pazue. Y TOMIIEHNE HA3KIBACTCS MPpuanyiayuet COOTBeT-
CTBYIOIIEr0 2-MHOI00Opasus, ecii KayKjad I'paHndHas OKPYKHOCThH DTOr0
YTOJIIEHUS TPOXOANT POBHO MO TpeM JeHTOYKaM, POBHO 10 TPeM IHCKaM
I TIPH DTOM KayK Y0 JeHTOYKY H KaxK bl IUCK MepeceKaeT POBHO 1O OTHOMY
oTpesky. Kaxgoe 3aMKHYTOe OpHEHTHPYeMOe CBA3HOe 2-MHOT006pasue DKBI-
BaJeHTHO (MBI He yTOYHsEM, B KAKOM CMEBICTE) cpepe ¢ ¢ pydKaMu. 31ech ¢ —
HEKOTOPOe YICI0, OJHO3HATHO ONpefeaseMoe 10 MOBEPXHOCTH W Ha3bIBaeMoe
ee podom.

A. OPUEHTUPYEMOCTL

YToaulenne Ha3LIBAETCA OPUEHMUPYEMbLM, €CIN OHO DKBUBAJEHTHO yTOJ-
LIEHWO, He UMEIONIeMy MepeKpyYeHHbBIX JeHTOYeK. 3AMKHYTOoe 2-MHOroo0Opa-
3He, MOJYYeHHOe U3 HEKOTOPOU TPUAHDYJISAIUN, HA3EI BAETCS OPUEHIMUPYEMDBLIL,
ecii 3Ta TPUAHTYASIHs OpueHTHpyeMa. P pu oMol nepexona K JBOUCTBEH-
HOMY KJeTOYHOMY Pa3bUeHni0 MoKa3biBaeTcd, YTO 3TO olipefeleHne pPaBHO-
CHJABbHO CTAHJIAPTHOMY: MOYXKHO BBECTH OpHEHTAUWIO Ha BCeX 2-CUMILIeKcaX
TPHAHTYJAANNN (B OOBIIHOM CMBICJIE), TaK YTO OPHEHTALNN COCETHUX 2-CHM-
IJIEKCOB cOracoBaibl. OpHEHTHPYEMOCTh He 3aBUCHT OT TPUAHTYAAINA (KTO
He X04YeT 2TOI'0 NOKa3biBaTh, MOXKeT CYUTATh, YTO HUXKE Be3je paccMaTpuBa-
I0TCA 2-MHOT006pa3ns ¢ (PUKCHPOBAHHON TPHAHTY.IANHEN).

1. Yromuenue okpyxHocTu Ha puc. 3.1 (mmct Mé6uyca) HeopueHTHPY€EMO.

2. l'omeomopdubie TpadBl UMEOT 0AUHAKOBOE KOIUYIECTBO (OPHEHTUPYEMBIX) yTOJILE-
HUI C TOYHOCTHIO 0 SKBUBAJIEHTHOCTH.

3. CkonbKo (OpMEHTHPYEMBIX) YTOMMIEHAN C TOIHOCTHIO IO AKBUBAIEHTHOCTH Y
a) okpyXHoCcTH, b) Tpmoga, c) kpecra, d) n-oga, e€) BocbMepku, f) Gykew O
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S'Cc N StvsStc N ©OCN

Puec. 3.1. Puec. 3.2.

P pomantocTpupyeM MeTon TeOpHH NPeNsTCTBHH Ha IpHMepe MOJIydeHns
KPHUTEepHs OPHeHTHPYEMOCTH yTollleHns. PToT KpuTepuil ABIsfeTCs IO CYyTH
JHUIIb [epedOpMYyIHPOBKON ONpeIeleHs OPHeHTHPYeMOCTH Ha alrebpamde-
ckuil g3bIK. KpoMe Toro, cymecTByeT 6olee IPOCTON KPUTEPHIl OPHEHTHpYe-
MocTH (3agada 5). PosToMy mpuBOINMBIH KPUTEPHH OPUEHTHPYEMOCTH YTOI-
I[eHNs BayKeH He caM 1O ceGe, a NMEHHO KaK MLIIOCTPAlNS MeTOIa TeOpHuH
npenaTcTBHil. M ges mokazaTelbcTBa 5TONO KPHTepHA HY/KHa IPH KIaccudu-
Kallun yToaumennil (3agadn 8 u 9).

TEOPEMA. Ymoawenue (N, K) (uau deymepnoe mnozo006pazue N) opu-
enmupyemo moada u moavbko moeada, xozda e2o nepeviti xaacc Hmuddeas —
Yumnu wi(N,K) € HY(K) (uau wy(N) € HY(N)) nyaesoii.

Boraucaenne., HY(K) =2 Z2-V+4C (HY (N) = 22 = 227X, 2de g u x —
pod u sliteposa zapaxmepucmura noseprnocmu N, coomeememeenno).

Onpegerenne HY(K), wi(N,K), H'(N), wi(N), H'(N) u gokazarers-
crBo. PaccMoTpuM cravana ciydail yroamenunii. BosbmeMm mabop opuenTa-
Oud 0 Ha Auckax gamaoro yronmenus N. Pa xaxgom pebpe rpada K mo-
cTaBHM 1, ecil COOTBETCTBYIOMIAS JeHTOUKa epeKpydena, 1 0 B IPOTHBHOM
ciydae. Porydennyio paccTaHOBKY HAa30BeM npenamemeyouet 1 0603Ha1nM
w(0): ecn w(o) = 0, To yrommenne N opuentupyemo. Kouneuno, w(o) 3aBu-
cutT Takke oT yroamenud (N, K), Ho Mbl He yKa3bBaeM 5TO B 0603HAYCHHAX.
MuozkecTBO Bcex pacCTAHOBOK HyJell U efnuul ma pebpax rpada K ¢ omepa-
eil TOKOMIOHEHTHOTO CI0KeHus 0603HaInM Tepes ZY. Pacctanoskn MoxHO
CKJIaIBIBATDL: I DTOrO MPOCTO CKIAIBLIBAIOTCA MHCIa, CTOAIINE HA KAk IOM
pebpe (Taxoe CIOKeHIe HA3BIBACTCS NOKOMIONEHITHBLAL).
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Pasandne Mexay HaGopami opueHTannii o n o/ MOXKHO W3MepsTh (4 3a-
raBaTh) Tak. Pa kaxgon Bepuinae rpada K nmoctaBum 0, ecan opueHTANNH
COOTBETCTBYIOIIErO ANCKa B 0 I B o' coBmajgaioT, 1 1 B IpOTUBHOM CIydae.
Poaydennyto paccTaHOBKY HasoBeM pasduuaiowet n obosnadnm d(o,0'): ec-

an d(o,0') = 0, To 0 = o (m Haobopot). I'pynny Bcex paccranoBok 0 u 1
Ha BepiinHax rpagda K ¢ onepalieil TOKOMIOHEHTHOTO CIOKEHUS 0O03HATIM
qepes ZY .

Ecin w(o) # 0, To 0 He ompefenseT OpHEHTANNN YTOIIMEHN, HO ellle He
BCe MOTEepSHO: MOXKHO HONBITATHCA H3MEHHTH 0, TaK YTOOBI MPeNiTCTBYIO-
masg paccTaHOBKa CTala HyJXeBoll. Bericuum, kak w(o) saBucuT oT o. Ppu
U3MEHEHNN OpHeHTAlNH OJHOIO [JHCKa, COOTBETCTBYIOIIEr0 BepllinHe ¢, K
w(o) mpubaBiseTcs pacCTaHOBKa | Ha pebpax, BhIXOAAMNX u3 a, n 0 Ha
BCEX OCTANbHHIX pe6pax. PTa paccTaHOBKA HA3BIBACTCH IAEMEHMAPHOU KO-
epanuyets sepuwunbt @ 1 0603HadaeTcs da. KaykIoi BepllnHe ¢ OTBedaeT «Xa-
pakTepUCTHIeCcKasd)y pacCTaHOBKa ¢ € Z eANHUINBI B BeplUNHe a W HyIi B
ocTarbHEIX BepimiHax. Omnpegerny oTobpawkenue §: Zy — ZEY dopuyaoii
d(ar+ ...+ ar) =d0a1 + ...+ day. Torga w(o) — w(o') = dd(o, o).

PazoBeM paccTanoBKH wi,wy € ZY xozomoaoeuunsiiu, ecam wy —wy = §Q
115 Hexkoroporo 0 € ZY. I'pynna H'(K) = ZY/5(ZY) paccranosok ¢ Toano-
CTBIO [0 KOTOMOJOIHYHOCTH HAa3BIBAETCA OOHOMEPHOT 2pynnotll ko2omoao2ul
epagpa K ¢ woadduyuenmanu 6 Zs. 3 popumyast w(o) —w(o') = dd(o, o') cie-
ayer, ato nepeviii xaace mugdeas — Yumnu wi(N, K) = [w(0)] € H' (K) ue
3aBICHT OT o. 3Ha4uT, w (N, K) ABIseTCs NpeNaTCTBHEM K OPHEHTHPYeMO-
ctu yroamenus (N, K). Tak kax d(o,0') MoxKeT NpHHEMATH 41060€ 3HAUEHITE
w3 rpynnt §(Zy ), To B caydae w(o) € §(ZY) MoxHO TaK H3MEHNTHL 0 Ha o,
47065l HoxyunIoch w(o') = 0. 3uaant, wy(N) ABILETCA NOANbLM TPEIATCTBH-
eM K OpHeHTHPYeMOCTH yTouieHns N.

Kpurepuil opneHTHPYyeMOCTH MHOI00OODA3Nil MOXydaeTcs aHAIOIHYHO. B
STOM CIydae I NPelsTCTBYIOMIeNl PacCcTaHOBKH w(0) cyMMa dHCel Ha Tpex
peGpax, 06pa3yoINX TPaHNIY HEKOTOPOrO MPUK/IEeHHOIO IICKA, DaBHA HY-
10. PaccTaHOBKI ¢ TaKUM yCJIOBHEM 06PasylOT MNOATDPYIIY OOHOMEPHBIE KO-
yuraos Z'(N) < ZE. Pposepsercs, uto §(ZY) C Z'(N). Pepsviii xaacc
HImugeas — Yumnu wi(N) = [w(o)] noaydaercs gexamum B 0dHOMEPHOU
epynne xozomonozuii 2-muorootpazns N (c kosdduuuenrtamn B Zo) H(N) =

= Z'(N)/8(Z3).
Mg muoroo6pasus N kaace [w(o)] € C1(N)/6(ZY) = H'(K) raxxe sBirs-
eTcst (MOJNHBIM) NPENsATCTBAEM K OPHEHTHPYEMOCTH, HO OH J€XKUT B Ipylie

H'(K), koTopast cIUIIKOM BellKa U TONOJOIHYecKH He HHBaphHaHTHa, T.e.
3aBUCUT oT Tpada K, a He oT MHOroobGpazns V.

1 - -
4. I'pynna H* (K') saBucuT TOIBKO OT TOMOJOIHYecKoro Tuila rpada K, T.e. ogHOMEP-
HBIE T'PYIIIBL KOTOMOJOIMHA MOMeOMOPMHBIX TpadoB U30MOPQHH.
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5. Creayrommne ycnosus Ha yromuenue (N, K') paBHOCHIBHEL OPUEHTUDPYEMOCTH:

H) nepsuiii xaacc MImugean — Yumnu wi(N, K): H(K) — Z; nyneson,

M) (N, K) He cogepKuUT OAYTOIIEHN, TOMeOMOPQHOro usobpaxeHHOMY Ha puc. 3.1
aucty Mébuyca.

3pecy Hi(K) — muoxecTBO moarpados rpada K, y KOTOPBIX CTEIEHb KaikK 0K BEPIL-
HBL 9eTHa (WM, 9TO TO JK€ caMoe, MHOXKECTBO Takux paccraHoBok 0 u 1 Ha pefpax rpada
K, uro guas no6ol BepmmHEL ¢ <uciao 1 Ha pe6pax, BHIXOASIUUX U3 BEPLINHBL @, 9ETHO).
Ouneparus CHUMMETPUYIECKON PA3sHOCTU (MM, 9TO TO XK€ CAMO€, IIOKOMIIOHEHTHON CYMME! 110
MoJyio 2) mpeBpaiaeT 5T0 MHOKECTBO B aGeleBy IPYIILY U B JUHENHOE IPOCTPAHCTBO HAJ
Zo. Mas moboro nogrpada g € Hi(K) cymma w(o) - g sHadeHnit w(o) mo BceM pebpaM Hoj-
rpada g He 3aBUCUT OT Habopa opueHTaiuit o. Posromy dopmyna wi(N,K)(g) = w(o)-g
KOPPEKTHO 3ajaeT auHenHyo qyukimo wi (N, K): Hi(K) — Zo. Yromuenus (N,K) n
(N',K') comeomopdupt, ectu oT ONHOrO MOKHO NMEPEHTH K APYTOMY ONEPAIUAMHE OJIHO-
BPEMEHHOT'O TTojpa3encHus pebpa rpada U COOTBETCTBYIOIIEN JEHTOUYKN YTOMIIEHUA UIN
ob6parumimu. Ecan L — moarpad rpada K, To yromuenne N rpada K cofgepKuT yTolIeHAe
rpada L, HazbiBaeMoe nodymoasuwenuen yroamenns N. Ykasanue K gokasaTeabcTBy HeM:
HecaMolIlepeceKaoIInecs IUKIE 06pa3yoT 6asuc B JuHenHoM npocrparcTse Hi(K) Hag Zo.

6.a) Hi(K)=ZF-V+° = gY(K).
b) Orobpaxenue ¢: H' (K) — (Hi(K))*, saganmnoe dpopmy.oi ¢[v](k) = v-h koppekT-
HO ONpe[eseHo, ABIAeTCA N30MOPQU3MOM U TIepeBOANT w1 B wi (cM. 3agady 5).

7. Iasg rpada K obosnaqmum wepes ST (K) (T2 (K )) MHOXeCTBO OpHeHTHPYeMBIX (BCex)
yromuenni (N, K) ¢ TowHOCTBIO 10 2KBHBaleHTHOCTH. [lIs CBABHOIO creyuaabnozo (T.e.
MMEIONTero TOMbKO BepimHEr cTemenn 3) rpada |ST?(K)| = 2V 7! u |T?(K)| = 27 (s10
HEBEPHO 6€3 TIPeINo0KEHNA O CENUalbHOCTH — CM. 3ajJady 3).

8. /lns ceasHoro rpada K (He ToMeoMOpdHOTO TOUKE, OKPYKHOCTH WU OTPe3Ky) ¢ V
BeplmHamMu creneren ki,..., kv a) |ST2(K)| = %(kl =Dt (kv = DL
b) mepsrnii kaace Mltudens — Yurnu onpegerser masapuant wi: T2 (K) — H'(K).

o) [THK) =25V (ke — 1)t ... (kv = 1)), re F = %(k1 +...+kv).

9. /lna rpada K paccMoTpum 06befUHEHIE TPEXMEPHBIX IIAPOB, YHUCI0 KOTOPHIX PABHO
V. Pa kax1oM TakoM IIape BBeeM OPHEHTALNO (UL, 9TO TO KE CAMOE, BIOKUM 3T IIaphl
B IPOCTPAHCTBO ¢ (PUKCUPOBAHHON opueHTarmen). Torga rpaHudHele cephbl IUCKOB TOXE
6yyT OpueHTUPOBAHbI. Pa KaX ol Takol TpaHuYHON chepe OTMETUM HEMEPECEKAIOIINECS
IBYMEDPHBIE [IUCKHU, OTBEYAONINE BEIXOISAIINM U3 COOTBETCTBYIONIEN BepIuHbl pebpam. [lus
Kaxjoro pebpa rpada I coegunum (He 06A3aTEIBHO B TPEXMEPHOM LIPOCTPAHCTBE) COOT-
BETCTBYIOIINE €MY [ABA AUCKA TpyOkon. Pra TpybKa Ha3BIBAETCA nepexpyuennot, eciu opu-
€HTAITUN Ha JIBYX €€ IMPOTHUBOIOJIOKHBIX OCHOBAHUSIX, JEKAIUX B IIapax, coBnagaoT. Tpy6-
Ka HA3BIBAETCS HENEPEKPYUEHHOTU, €CU 3TU OPUEHTAIINN TPOTUBOMOJIOKHEL. Pycth N —
06beJUHEHNE TIOCTPOEHHBIX 1IapoB 1 TpyGok. Tomonorudeckas mapa (N, /), cocrosuas us
N u rpada K, ectecTBeHHO BIOKeHHOr0 B [N, HaspIBaeTCA 3-ymoaujenuem rpada K. [Isa 3-
yrouuierns rpada K sKxe6usasenmust, eCIM MOXKHO U3MEHUTH OPUEHTAIINN HA UX JUCKAX TaK,
49TO6B TPYOKM B ABYX YTOIUIEHUAX, COOTBETCTBYIONIUE OJHOMY W TOMY XKe peGpy rpada
K, 6b1m1 6B OMHOBpEMEHHO TepeKpyyeHbl man HeT. O6o3HaYNM €epes TS(K) MHOXKECTBO
3-yrommenuit rpada K ¢ TouHOCTBIO M0 sKBUBatenTHOCTH. Torma wi: T°(K) — H'(K)
ABJAETCS B3AUMHO OJHO3HAYHBIM OTOOpAaXKEHWEM HA.

10. Kakmne n3 yromuennn 3aga< 3e, 3f BIOKIMEL B ILIOCKOCTD?

11. PonsTre yTOMIEHN BOBHUKIO ITPY WCCIEIOBAHNN BAOKUMOCTH Tpada B IIOCKOCTD
u B noBepxHocTH (cp. §2). [elicTBuTensHo, Korja rpad BIOXKEH B IIOCKOCTE (I B IIOBEPX-
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HOCTB), JErKO BHIGpaTh OKPECTHOCTH 3TOI0 I'pada, SBIAIOIIYIOCS €0 yToJlleHneM. Fcim
namo oTobpaxenue obilero momoxenus rpada K B IIOCKOCTH, TO AHAJOIMYHO MOXKHO II0-
CTPOUTHL OpHUEHTHpyeMoe yTodileHne rpada K, COOTBETCTBYOIIEE 3TOMY OTOOPAKEHUIO.
Tak kax 1060l rpad NMeeT KOHEUHOE HUCIO YTOMLEHNH (3afada 8), TO BOIPOC O BIOKI-
MoCTH IpadOB B INIOCKOCTDH CBOAUTCSA K BOIPOCY O BAOKUMOCTH OPUEHTUPYEMBIX Y TOMIIIEHU
B ILIOCKOCTb.

Curenyrommne ycnosus Ha yromuetne (N, K') paBHOCHIBHEL:

P) N BIoXHMMO B ILIOCKOCTH,

E)V—-FE+4+S5=2,rae VuFE — koaudecrBa Bepiiut u pebep rpada K, a S — uucio
IPAHUHHBIX OKPYXKHOCTeN yTomenus N,

S) (N, K) He cogepuT 1oy TOJIIEHUI, TOMeOMOPMHBIX N306paKeHHBIM Ha puc. 3.2.

12. CopmyaupyiiTe u pelmnTe aHajlorn safa4n 11 gus BIOXKEHUN B IIOBEPXHOCTH (aHa-
JIOI KPUTEPUs S — TOABKO [ CHEIUATLHEIX I'padoB U BIOXKeHNUN B Top u auct Mébuyca).

B. D0CTPOEHUE EANHNYHBIX KACATEJBHBIX BEKTOPHBIX [OJEN

Te, KTo He 3HAIOT, YTO Takoe n-MepHOe MHOT006pa3ne, MOTYT CINTAThH,
970 N = 2. FOuHuunblm KacameabubimM 6€EKMOPHbIM NOAEM HA TOTIMHOKECTBE
K raankoro muoroobpaszusi N Ha3bIBaeTCs HelPEpPbIBHOE CeMelCTBO eTHHMI Y-
HLIX KacaTedAbHHX K /N BeKTOPOB B TOUYKaX MoJIMHOXecTBa K, riamko 3aBu-
cauux or Touku ¢ € K. MccienoBanie BEKTOPHBEIX TOJel ObLIO HaYaTo AHDPU
Pyankape B kadecTBeHHOU Teopuu nudepeHnalbHbIX ypaBHeHui. B srom
naparpade, cienys ujgesm XaiHina Xomnda, Mbl TOCTPOUM MPensTCTBUE K CYy-
IECTBOBAHNIO €IMHNIHOTO (& HEHYJIeBOTO) KacaTelbHOI'0 BEKTOPHOI'O OIS
Ha JaHHOM IJIa[KOM 3BaMKHYTOM MHOT00Gpazuu. CJIoBo «1oje» 6y 1eT 03Ha4aTh
«eINHUYHOE KacaTelbHOEe BEKTOPHOE MoJey.

TEOPEMA DUJEPA — DYAHKAPE. Cpedu cdiep ¢ pyuxamu moabko mop
uMeem eQUHUUHOE KACAMEABHOE 6ECKIMOPHOE NOAE.

Ha6pocox qokazaterbcTBa. PocTpoenne mojsa Ha TOpe OCTaBAgeM INTaTe-
10 B KadecTBe ynpazkuenus. /Jokazxem, 4To Ha cdepe S? He cylecTByeT Hos
(caygan cdep ¢ g > 2 pydKaMu paccCMaTpHBaeTCs aHAJOTHYIHO). PaccmoTpnm
na cdepe rpad S c gyms sepumaamu (puc. 3.3). Poctpoum noje Ha MHOMKe-
crBe SU orux aByx Bepiinn. O4eBHIHO, YTO DTO MOKHO ClelaTh, IPHIEM OJ-
HO3HAYHO (C TOYHOCTBIO [0 HENPEPHIBHOH Te(OpMAlNi B KJIacce eTHHUIHBIX
KacaTelbHBIX BEKTOPHLIX Modeil). PosTomy cylecToBanne nois na S% paBHo-
CHIBLHO PO TOKIMOCTH nocTpoennoro noid ¢ SU na S?. Maayio okpecTHOCTE
KaKJI0ro u3 1ByX pebep rpada S' MOXKHO paccMaTpuBaTh KaK 4acThb ILIOC-
kocTu. Posromy node na SO npogomkaercs no noas ma S (neiicturensho,
noJjie Ha pebpe ecTh TO XKe camoe, 4To oToOpakeHue pebpa B OKPYHKHOCTD!
KayKTOMY BEKTOPY COIOCTABAAETCA TOYKa HAa OKPYKHOCTH C HallpaBJieHUEM
2TOT'0 BeKTOPa; J1000e oToOpaKeHe I'PAHNIBI OTpe3kKa B OKPYKHOCThH IPO-
TOJZKATCS Ha OTPE30K). 3aMeTHM, 9TO TaKoe NPOAOJKeHIe HeOTHO3HATHO.
O603na4um nonydennoe noje na S' epes v. Maayio OKpecTHOCTD KazK 10l U3
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Puc. 3.3.

JIBYX TMoaycdep, Ha KOTOphle JaHHas OKPYKHOCTH pazbuBaeT c(epy, MOKHO
paccMaTpUBaTh Kak 9acTh IMOCKOCTH. AHAJOIMYHO PACCyKIas O TPOJIONKe-
HUM [0S ¢ Tpanniubl dA noiycdepsl A Ha camy noaycdepy A, NpuxognM K
3ajade o npojomkennu orobpaxkenns JA — S na A. Pocrennee npogo-
JKeHIe BO3MOKHO TOTIa M TOJBKO TOT/a, KOTa CTeNeHb A (V) 0TOOpaKeHns
OA — S' papua Hyno. Poroxnm e(v) =ea, (v) +ea_(v). fcho, 4ro aus no-
as v’ onpegenenHoro Ha 6cet cdepe, e(v') = 0. [as mons v, n306paKeHHOTO
ua puc. 3.3, e(v) = 14+ 1 = 2 (pasbepurecs, nodemy e 1 — 1 = 0!). Pasin-
que Mexk 1y noasmu v n v’ ma St copnagatomumu na S° Moxno nsmepaTh (u
3ajaBaTh) nmapon wncen (dy,d_): 4ncao dy paBHO YHCIY 0G0OPOTOB BEKTOPA
IpH IBUKEHNH OT Hadana pebpa ai K ero KOHIY (Ipu 5ToM 6epeTcs BeKTOP
nepBOTO TOJs) 1 06paTHO (MpH TOM GepeTcsi BEKTOP BTOPOro mois). fcuo,
910 ea, (V) = ea, (v) £ dy £ d_. Postomy e(v) = e(v') — nporusopedne. O

TeoPEMA XoHndA. Pa opuenmupyemon n-muo2o06paszuu N cyuwecmsy-
em eJUNUUNOE KACAMEABHOE 6EKMOPHOE Node Mo2dd U MoabKko moada, ko2da
waace Piiaepa e(N) € H"(N,Z) nyaesoti.

BBIYMMCAEHUE. Feau N ceazno u umeem nenycmot xpai, mo H™ (N, Z) =
>~ 0 ue(N)=0. Fcau N cea3no u 3amxuymo, mo H*(N,Z) = Z u e(N) =
=y =2-—2g, 2de Y u g — 2Uaepo6a TapaxKMeEPUCIMUKG U POJ MHO2000PA3UA

N (6mopoe pasencmeo wmMeem cMbicA U CNPAGENAUEO MOABKO Oaf n = 2).
Aaee, e(N¥H1) =0 u e(S%) = 2.

Onpegerenne H"(N,Z), e(N) n gokazarerbcro. PaceMoTpuM TOIBKO
ciydail n = 2 (o6Wuil ciIydall paccMaTpHBaeTCs aHAJIONHIHO). BosbmeM He-
KOTODYI0 TpHanryadnuio ' MHoroo6pasus N. Pocrponm noste Ha MHOXKeCTBe
T° ee Bepumn. O¥eBUAHO, ITO HTO MOKHO CIeIaTh, IPHYEM OTHOIHATHO (C
TOYHOCTBIO JO HENPEepHBHOH nedOpMalnil B KIacce eJHHUYHBIX KacaTelb-
HBIX BEeKTODHHIX mouell). Posromy cymecrBoBanme nois Ha N paBHOCHIBHO
POTOMKAMOCTH TocTpoernnoro noas ¢ 79 ma N.
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Teneps mpogomxuM mocTpoernoe morxe ¢ 10 ma obwemmuenne T pe6ep
rpuanryasuun 1. Jlioboe pe6Gpo TpHAHIYJAANNE UMeeT Malyl OKPECTHOCTh,
nudpeomoppuyo maockocT. PosToMy nose Ha MOIMHOXKECTBE 3TOU OKPECT-
HOCTH (WJIH, 9TO TO JKe caMoe, Ha MOIMHOKeCTBe ILIOCKOCTH) OTOXKIeCTBIs-
eTcst ¢ 0TOOpayKeHneM 5TON JacTH (B TaHHOM clIydae, peGpa) B OKPY/KHOCTD:
KayKIOMY BEKTOpY CONOCTaBJASeTCS TOYKa Ha OKPYXKHOCTH € HalpaBJIeHHeM
»TOr0 BeKTOpa. Jlio6oe oTobGpakere MpaHUlBl OTPe3Ka B OKPYKHOCTb MPO-
JOJKATCA Ha OTPe30K, HODTOMY IOCTPOEHHOe MoJde MOKHO NpoopKuTh ¢ 170
na T''. 3ameTum, 4TO Takoe NPOJOIKEHIe HEOHO3HATHO.

Pyctb Teneps Ha T 3agano moge v. Ponpo6yeM IpoIopKITh ero Ha N.
AHaJOTHYIHO paccyXaas O MPOJOIKEHUH MoAA ¢ TpaHninsl JA rpann A Ha
caMy I'paib A, IpUXOIUM K 3ajaie o NpojolkKennn oTobpaxenus 0A — S1
Ha A. Pocaejnee npomogkenne BO3MOXKHO TOI[a U TOJABKO TOI'[a, KODJIa CTe-
nenb orobpaxkenns JA — S pasna mymo. BebepeM opleRTalmio Ha MHOTO-
obpasun N u oxpyzxuoctu S'. PocTaBum Ha KazJoil MpaHll TPHAHTYIAINLN
T crenenn yxazannoro orodpaxenus 0A — S1. Poayuennyio paccTaHoBKy
HeJNBIX YHCe]l HAa MpaHdaX TpuaHryasuuu 1 HazoBeM npensmcemeyoued u 060-
3HAYNM depes £(v): moge v npogoaKaeTcs Ha N TOrIa I TOIBKO TOTa, KOT Ta
£(v) = 0. I'pynny Bcex paccTAHOBOK HeNBIX 4HCeN Ha T'PAHAX TPHAHTYISIAN
T ¢ omepamnueli MTOKOMIOHEHTHOI'O CIOKeHns 0603Haqnm depes Z1, roe F —
KOJUYeCcTBO I'paHell TpuaHryasuuu 1.

Pasauune mexay noasmu v u o' ma 71, copmagaromumu na 170, moxno
n3MepATh (1 3a7aBaTh) Tak. Pa kaxmom pebpe Tpuanryasuun 1 mocTaBnM
YHCAO0 MOBOPOTOB BEKTOpa IPH JIBUXKEHHH OT Hadajda pebpa e K ero KOHILY
(mpnm ®TOM GepeTcsi BeKTOp MepBOTO MoJs) U 06paTHO (IpH >TOM GepeTcs
BEKTOpP BTOPOro mous). PorydeHHy0 pacCTaHOBKY HA30BEM PA2AUNGIOWET T
o6osnadum d(v,v’): ecan d(v,v’) = 0, TO MOJE ¥ MOKHO HENPEPLIBHO NPOIe-
(hOpMHUPOBATH B KAacce eIMHNYHBIX KacaTelbHbIX BEKTOPHBIX MoJel B noje v’
(o6paTHOe TakkKe cupaBeMInBo). ['pynmy Bcex pacCTaHOBOK HEJNBIX 4HCeN Ha
pebpax TpuaHryasnuu T’ ¢ omepaiiell HTOKOMIOHEHTHOI'O CJOXKeHHs 0603Ha-
anm wepes ZY, rae F — KoamdecTBo pebep TpHaHryaannm 1.

Ecan £(v) # 0, To v He mponoaxkaerca Ha T2, HO elle He Bce MOTePAHO:
MOKHO TONBITAThCA U3MEHHUTL mote v Ha 11, Tak 4To6LI mpenaTcTByIOMAn
KOllellb CTada paBHOU Hy.0. /s 5TOro BBIACHIM, Kak £(v) 3aBHCHT OT v.
Ppun msmenenun mosst Ha ofHOM pebpe € «Ha OAUH 060pOT» K £(v) MpubGaBIs-
eTcst paccTaHOBKa +1 1 —1 Ha IBYX IPHMBIKAIONINX K € IpaHsX (BEIGOp 3HAKA
onpegensieTcss opueHTannsvn) n 0 Ha BCeX OCTAlTbHBIX I'paHax. Pra paccra-
HOBKa, Ha3BIBAETCS ageMenmapnotli xoepanuyetd pebpa e m obozHadaeTcs de.
Kax oMy pebpy e oTBedaeT «xXapaKTepHcTHUecKas» paccTaHoBKa e € ZF
eJIMHUIILI Ha pebpe € W HyJs Ha ocTalbHbIX pebpax. Onpenenum oTobpayke-
ane &: ZY — ZF popuyaoi d(niar +. ..+ ngar) = nidas +. ..+ ngdayg. Torma
g(v) —e(v') = dd(v,v").
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PasoBeM paccTaHOBKE £1,89 € Z1 kocomonozuunvinu, ecin g1 — g9 = 6X)
nas wexotoporo € Z¥P. I'pymma H?(N,Z) = Z*/§(Z*) paccranosox ¢ Tou-
HOCTBIO [0 KOTOMOJOTHYHOCTH Ha3bIBaeTCS d6yMepHOt 2pynnot ko20mo.402ul
noseprrocmu N ¢ kosdduyuenmamu 6 Z. N3 popmyist £(v)—e(v') = dd(v,v')
caeayer, uto kaace Plisepa e(N) = [¢(v)] € H*(N,Z) ue 3aBucut ot v. 3Ha-
qnT, e(/N) ABIfeTCs NPensTCTBHEM K CyllecTBOBaHHio mouasi Ha N. PesaBn-
cUMOCTh Kaacca Piiepa or T' MBI OocTaBiseM YHTATEN0 B KadecTBe 3ajadu.
Tax kax d(v,v') MoxeT TPUHEMATH 41060€ 3Hadenne w3 rpynnsr §(ZF), To B
caygae £(v) € 6(ZF) momno namennTh v Ha v/, 9TO6H MOMyIHIOCH £(V') = 0.
PrTo goxkasbiBaeT 4acThb «TOTIay. [l

13. Oupegenure n-t kaacc Mmugeas — Yumnu w,(N) € H"(N) kax moiHoe mpensr-
CTBUE K TIOCTPOEHHUIO €IMHIYIHOIO KacaTelbHOI'0 BEKTOPHOI'O TOJS Ha HEeOPHEHTHUPYEMOM
n-muoroo6pasuu N. Beraucare ero mia n = 2.

C. DOCTPOEHUE OPTOHOPMUPOBAHHBIX CUCTEM BEKTOPHBIX IOJEN

Yuennx Xonda Pryapa Hltudenrs paccMoTpen 3a1ady O TOCTPOSHAN Na-
pul, Mpoliku W T.[T. OPMOHOPMUPOSAHHBIL KACATENbHBIX BEKTOPHBIX IMOJe’
HA MAHHOM MHOT000pa3un (BBHIY KAHOHHYHOCTH MPOIEcca OPTOrOHAIN3A-
nun 'pama — HIMugra opTOHOPMUPOBAHHOCTH MOYKHO 3aMeHUTh Ha JUHEH-
HYIO He3aBHCHMOCTH). PasBuBas mgen Xonda, okono 1934r. on mpumern x
OTIpeeNeHNI0 XapakKTepHCTHIeCKNX KIACcCOB (OKOHYATeNbHAsS (POPMATH3AINI
6bira 3aBepiiiena Popmanom Cruaponowm). Jlo6onsrtwo, uro UlTndgers na-
YaJ ¢ 4aCTHOIO CJydasi OPHEHTUPYEMBIX 3-MHOT000OPA3HH U MBITAJACH TOCTPO-
HTh IPHMep TaKONO MHOI00Opa3us, Ha KOTOPOM He CYIIeCTBYeT maphl (<
TPOWKN) OPTOHOPMUPOBAHHBIX KacaTeNbHBIX BEKTODPHBIX NOJEH. 3aTeM, HC-
HOJAB3YA CBOIO TEOPHIO, OH MOKa3ajd, ITO TaKoro MHOT0oo6pa3us HeT. Posike
OBLIO MPOAENAHO MHOT'O IPYTIUX KOHKPETHBIX BRIYUCIEHUN, TAIIIHX HHTEPEeC-
Hble CJIeJCTBUS (HAIpUMep, HeCyIIeCTBOBaHMe aire6p ¢ rerenmeM Ha R™ mis
n # 2%).

Hepes Z ;) obo3naduM rpynny Z Jis 4eTHOrO ¢ U Zyg s HEYeTHOTO 1.

TeoPEMA HITU®EIA. Pa 3-mnozoobpazuu N cyuecmeyem napa opmo-
HOPMUPOSAHHBIE KACAIMEABHBIT SEKMOPHBIL Nodeli mo2da u moabko moada,
Ko2da 6mopoti xaacc Mmugeas — Yumnu wz(N) € H*(N) nyaesoii.

BBYUCTEHUE. we(N) =0 dasn opuenmupyemozo 3-mnoeoobpazus N .

Hab6pocok onpegerenns wy(N), H*(N) u qoxaszarerscrsa. Tpuanryaupy-
eMm N. PocTponM mapy BeKTOPHBLIX IOJell Ha HyabMepHoM ocToBe. [las mpo-
JTONZKeHNs Naphl oJdell Ha pe6po IMOKPOeM ero OfHOH KapToil, TOrAa KaK Joi
nape BEKTOPOB B TOUKe T Ha DTOM pebpe COMOCTaBUTCA Hapa BeKTOpoB B R,
a BceMy CHMILIEKCYy oTobpazkenue pebpa B Vi o (IPOCTPAHCTBO OPTOHOPMHU-
poBanuBIX 2-penepoB B R?). I3 cBssnocTn npoctpanctsa Vs caeayer, 9To
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NOCTpOeHHAsA Napa BeKTOPHLIX HOJeH HpojgoipxaeTcs Ha 1-ocToB. OTobpake-
Hie rpamnnsl 0A rpamn A B Vi, CTaBUT eMy B COOTBETCTBHE DIEMEHT U3
m1(Vs,2) =2 Zjy. TakuM o6pa3om, 3aJaHnIO Napbl W OPTOHOPMHPOBAHHBIX BEK-
TODHBLIX HOJIell Ha 1-0CTOBe COOTBETCTBYET NPEINATCTBYIONIAA PacCTAHOBKA
£(w) mynen u equnul Ha rpanax. B nammeM ciydae pis npenaTcTBYIOUIEH pac-
CTAHOBKH £(w) cyMMa 9HCel Ha I'PAHAX JI060r'0 3-CHMILIEKCA paBHA HYJIO.
PaccranoBku ¢ TaknM ycioBueM 06pasyioT HOAIPYIIY J6YMEPHbLE KOYUK.LO6
73T < Zg. Jlanee aHAJOTUIHO TIPEILIIYIIEMY OTpeeaseTcs oToOpaKenne
§: ZY — 75 u noxaswiBaercs, uro §(Z¥) C Z*(T) u aro emopoii xaace Mmu-
Peas — Yumnu wy(N) = [¢(w)] € HX(N) = Z*(T)/§(Z¥) pasen nymo Torma u
TOJBKO TOI'a, KOT'Ja W MOKHO IPOJOIKUTE Ha 2-0¢TOB. Paprr w opTonopMu-
POBAHHBIX BeKTOPHBIX HOJEH Ha 2-0CTOBE BCer'[a MOMKHO IPOJOKATE Ha BCe
MHoroo6pasie N, nockoabky ma(Vaz) = m2(S03) = ma(RP?) = m3(5%) = 0.
U

TEOPEMA. Feau wa n-muo2oo6pazuu N cywecmeyem k opmonopmupo-
BANHBIT KACAMEALHLIT 6€kmopubir noaet (1 < k < n), mo (n—k+1)-i rkaacc
HImugens — Yumnu

Woog1 (N) € H' N, 2,y

ABAAETNCA HYAECEBIM.

DPUMEP BbIUUCIEHUA. w;(RP") = C% mod 2, ede w;(N) € H'(N,Zj3) —
npusedenue no modywo 2 npensmemeus W;(N) (komopoe aezue sviuucas-
emea).

Ha6pocox onperererms H”_k"'l(N,Z(n_k)), Wi—k+1(N) n gorxaszarers-
cTBa. AHanornyno npensiaymemy, u3 coorrotmennit 7; (V) = 0 ms ¢ < n—k,
caenyer, 4To k noaeil GecnpensiTCTBEHHO cTposTcs Ha (n — k)-ocToBe. Po-
cKOIbKY Tk (Vik) = Z(nepy a1 1 < k < m, To UpH NpOJONKeHHH N0
na (n — k + 1)-ocros nossasercs npenstcrsue W,y € H*FH1(N, Z(n—1))
(koTOpOE yiKe He SIBIASETCS MONHBIM). O

14. a) OmnpejfeanTe ONUCAHHBIM BHILIE CIOCOGOM W] U IOKAXKUTE, YTO 3TO OLPEIeIeHIe
COBHAJAET C MOJIyHYeHHBIM B §3.A.

b) B 1942r. Jles CemenoBud P oHTpAruH NpugyMal HOBBIE XapaKTePUCTUYECKUE KIac-
co1. Bragmvup A6pamosr Poxana mokaszan, 9To 3TH KITACCH €CTECTBEHHO TOSABISAIOTCS TIPU
MMOCTPOEHUN CUCTEMBI KACATENbHBX BEKTOPHBIX TIOJNEH, HEKOTOPHE (PUKCUPOBAHHBIE TI0ICH-
CTEMBI KOTOPOU UMEIOT PAHT, HE MEHBIINI 32 IAHHOI'O PaHra IS KAk JOU U3 d>TUX (PUKCUPO-
BaHHHIX HogcucTeM (06o6uenne 3aga4uu [ltndend). B gansHellemM okazalocs, 9T0 KIacCH,
paccMoOTpeHHBE P OHTPAIMHEIM, 3aBUCUMBEL (MBI HE yTOYHAEM, B KAKOM CMBICIE) MEX Y CO-
6ou u ¢ kaaccamu lTudens — Yuruu. Posromy cpean Bcex >TUX KJIACCOB BbIIEJIEHBl KAXLCCH
Honmpaeuna, 06pasyionme «MaKCUMAJIBHY O HE3ABUCUMYIO CUCTEMY).

OnpegemnTe j-it Kaacc Portparuaa p;(N) € H*(N,Z) xax TpemaTcTBUe K TOCTPO-
€HIIO CACTEMHL M3 1 — 2j + 2 BEKTOpOB, NMeIOIIe paHr He MeHee n — 27 + 1 B KaxKgon
TOYKe.
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D. Dorpy3uMocCTh U BJIOXKUMOCTH MHOT'OOBPA3MN

I'nagkoe orobpaxkenue f: N — R™ riagkoro muoroob6paszusi N Ha3bIBa-
eTcst noepyrcenuen, ecan df (x) # 0 mis aobon Toukn & € N. Porpyxenne
f: N — R™ Ha3blBaeTCH 6.40XHCEHUEM, €CIU OHO HHBEKTHBHO. Po coobpaxke-
HIAM OGLIero MoJoKeHus, 10b6oe n-MHOrooOpasne BKIajgbiBaeTcs B R i
norpy:xaetca B R*?. B 1935r. Xond pacckazanr o pesyabratax llTmders
Ha Mex ayHapogHou Tononormdeckoin kougepennun B MockBe. TaMm BhisicHu-
JOCh, 9T0 Xacciaep YuTHu okoao 1934 r. Toxke ecTeCTBEHHO MpUIIeN K Olpee-
JEHWUI0 XapaKTepUCTHIeCKUX KJIaCCOB, U3ydas BJIOKUMOCTH U HOTPY3UMOCTH
n-muoroo6pazuin B R™ ¢ m < 2n+ 1 u m < 2n, coorBercrBenno. Ucnoabsys
CBOIO TeopHIo, YUTHH NOKaszal BJIOKIMOCTL n-MHOroo6pasuii B R??, ux no-
rpysuMocTh B R?"~1, a Taxike HeBIOKIMOCTE I HEIOT Py3UMOCTh HEKOTOPHIX
MPOEKTHBHEIX HPOCTPaHCTB. P o3iKe ObLIO MPOIeJaH0 MHOT'O IPYIHX KOHKPeT-
HBIX BBIYHCJAEHUN, TAlOMUX HHTEePEeCHBIe CleICTBUS.

TEOPEMA YUTHU. Feau n-mmozoobpazue N nozpysumo e R™, mo
(m —n + 1)-ti nopmasvnoii kaace Hmudean — Yummnu

Win—ni1 (N) € HmoH (N, Z(m—n))
AEASLEMCA HYAEEDLM.

k .
DPUMEPBI BLIUUCABHUI. > CE~w;(RP™) = 0, 2de k > 1 u w;(N) €
=0
€ H'(N,Zz) — npusedenue no modywo 2 npensmemeus Wi(N). FEcau g
MEHBULE KOAUNECTNEG €DUNUY 6 J60UNNOT 3ANUCU YUCAG T, MO Wy_qe(N) = 0.

Hab6pocok onpeerenus H™ "1 (N, L)), Won—na1(N) 7 goxasatens-
crBa. Ecin N morpysmvo B R?77! 1o gia kommosumnun N — R?%~! ¢ R?”
TOTPYKEHNA W BKIOUEHUSA CYIIECTBYET €IHHATHOE HOPMAAbHOE BEKTOPHOE
nojfe. AHATOTHYIHO TeopeMe XomMda MOKHO ONPETETHTh HOPMAAbHbIL KAGCE
Piisepa €(N, f) € H"(N,Z) kax upensTCcTBHE K MOCTPOEHUIO €THHUIHOTO
HOpPMaJbLHOI'O BEKTOPHOTO Moas aas norpyxenus f: N — R?7. Urak, ecin
N norpyxaerca B R*"™ o é(N, f) = 0 nas nexomopozo otobpakenus f, a
uMenno, ais komnosumuu f: N — R?"71 C R*" (cum., Bupouem, sanady 16a).
Ananormano mra xkomnosunuu f: N — R?1 5 RM norpyxenus n Brirode-
HIA PABHO HYM0 Zo-TIPENATCTBHE K TocTpoernio M —2n+1 opToHOpMUpOBaH-
HBIX HOPMAJAbHBIX BEKTOPHBIX TOJEH, Ha3bhIBAEMOE N-M HOPMAALHBIM KAGCCOM
Hmugeas — Yumnu w, (N, f) € H*(N). Anarorndno, ecin N morpysumo B
R™, 1o mra koumnosumun f: N — R™ — RM norpy:enus n Bxaodenns
paBHO HYJII0 MPENATCTBHE K TOCTpoeHnio M — m InHelHO He3aBUCHMBIX HOD-
MaJbHBIX BEKTOPHBIX MOJEN, Ha3biBaeMoe (1M — n+ 1)-1 HOPMALbHbIM KAGCCOM
mugean — Yumnu Wy, _py1 (N, f) € H™ "N, Z,,_,). Ocrazocs jroxa-
3aTh HesaBucuMocTb Wy, i1 (N, f) ot f. Knace W, _, 11 (N, f) coxpansercs
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npu kommosuunn f: N — RM ¢ sxmovenmem RM ¢ RM/, MOCKOJBKY TO-
MOMOPMU3M BKIOUEHUA Ty —n (Var—n M—m) = Tmen (Var—n pr—p) BIgeTCH
mzomoppuzmom npu M > m + 2. BoabMeM Teneph nBa pasHBIX MOIPYKEHUs
fig: N = R” Tak xak T vy = 70 vy, = m, To vy &m = v, Gm, u
Wm—n—l—l (N7 f) = Wm—n—l—l (N7 g) U

3aMeTnM, 4YTO JOKa3aTeIbCTBO JeMMEl 1 Ha ¢. 178 [5] HemosHO: MOKa3aHo,
qTO KJaCChL HITI/IdI:)eJIH — YuTHE cTabUIbLHO DKBUBAJCHTHBIX pa,CCJIOGHI/Ifl OIHO-
BpeéMeHHO paBHBI HYJII0, @ HEe TO, 9YTO OHHU COBIIa JalOT. B ITOKa3aTeJabCTBe Teo-
pPeMBbI Yurun dpa,KTI/I‘{eCKI/I CTpouTcsd npensarcrBue K CymleCTBOBaHUIO TaKOI'O
paccaoenns v Hag N, 9To v @7 = m. Pa oTou ugee ocHoBana (pOPMYIAPOBKa
Teopembl CMelsa — Xupiia 0 KIacCu@uKanun morpyKeHui.

15. Amamoru+no HopMaabHBIM Kiaccam llltudgens — Yuran wnopmaabusie xaaccwr [Ton-
mpA2una TIPEMATCTBYIOT TOrPY3UMOCTH: €CJAW OPUEHTHPYEeMoe n-MHoroobpasue N morpy-

aumo B R™, To k-ii nopmaaoneii xaacc Howmpacuna pr(N) € H**(N,7) nyneronn aus
2k > m —n.

16. Pycts f,f': N — R™ — gBa morpyxeHns n-MHoTroobpasma N, HaxoJdllecs B
OGIIEM TIOJIOKEHWH.

a) Ectm N opmenTnpyemo m m = 2n, To f(N)N f'(N) ecTh KoHe"IHOE 9WCIO TOYEK CO
BHAKaMU, CyMMa KOTophHx pasHa 0 u pasHa (N, f).

b) Ecau f, f — snoxenus, To £~ (f(N)Nf/(N)) ecth nogmuorootpasue MHOT006pazms
N, romonoruveckuit kiaacc Koroporo paset 0 u 1BolcTBeHeH 10 PyaHKape K Wpm—n (V).

c) Torga f~H(f(N)N F(N) uX(f) = Cl{x € N : [f71(f(2))| > 2} ecTb morpyxemmbie
oAMHOT006pasna MHOroo6pasus N, MpudeM TOMOJOTHYeCKAN KJIacc mepsoro paseH 0, a
BTOPOI'0 — ABOHCTBEHEH 10 PyaHKape K Wm—n(N) (1 He 3aBucur ot f).

17. a) Eciu n-muoroo6pasue N Broxumo B R™, 10 @Wym—n(N) = 0.
b) Ecm x Tomy xe N OpHEHTHPYEMO M M — N <METHO, TO P(m—n)/2(N) = 0 (cM. 3ama-
ay 14b).

BaaroazapHocTH

Pra crarhs ocHoBaHa Ha crenceMHHAapaX, KOTOpPbIe BTOPOU aBTOp Bed B
1994-1999rr. va mexmare MI'Y u B uione 1999 roma B Kuposckou JleTnei
Marematudeckon Illkoae. Apropsr Gaaromapusr A. P. Cocunckomy, M. P. Bs-
gomy u B.B.flmenko 3a Goablioii Tpym MO pelakKTHPOBAHUIO PYKOIUCH,
C.M. 'ycenn-3aje 3a 3amedanus, B. Kypauny u P.CanpikoBy 3a npejgocra-
BJeHWe 3anuceid HeKOTOPHIX Jekiuii, M.CkomnenkoBy 3a ob6cyxkinenus mo §2.
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Saga}la 00 oOBbeMe CIMMETPU3alllIN BBIITYKJIOI'O
MHOZKECTBa

P.P. Kapacen

CuMMeTpu3anmeil BEIMTYKJIOT O MHOKECTBA HABHIBAETCA MHOKECTBO, CO-
CTABIEHHOE U3 CEePENUH OTPE3KOB, COENUHAIONINX TOYKH MHOXKECTBA U
[EHTPAIbHO-CHMMeTpHIHOTrO emy. B 1985 roxy aHramiickme MaTeMaTH-
xu Poaxepc u llemapn goxazanm, 970 06beM CHMMETPH3ANNH BBITYKJIO-
0 KOMIIAaKTa B N-MEPHOM MPOCTPAHCTBE He MPeBOCXOAuT 2~ 7 (2:) obBemMa
MCXOMHOT O KOMITaKTa. B cTaThe MoKa3bpiBaeTCA 3TOT Pe3YALTAT IPU N = 3
1 06CYXKIAI0TCA HEKOTOPBIE BOMPOCH M HJ€N, BOZHUKAOIINE B IIPOIECCE
MOKa3aTeThCTBA.

1. POPMYJIUPOBKA OCHOBHOI'O PE3YJBTATA

Pycrs Au B — MHOKecTBa (PUTYPHI) B TpexMepHOM mpocTpancTe. Cym-
Mot Munkosecko2o dDTHX MHOXKECTB Ha3LIBAeTCI MHOXKECTBO

A+B={a+b:a€ Abec B}.

Ono cocTouT U3 oG'beIUHEHNS] BCeX TOYEK, 06PA30BaHHBEIX CABUMAME MHOZKe-
cTBa A Ha BekTOpH M3 B (man HaoGopoT). Onpegesum onepannio yMHOKEHHS
durypsl Ha qucao. Pycrs A — mHOXKecTBO, A — 4uchao. Torjga mo onpenene-
HUTO

M ={da:a € A}.

Prto 06pa3z ¢urypsr npu romoreriu ¢ KO>XHPUIHEHTOM A U HEHTPOM B HadaJje
KOOPINHAT.

MmuoxkecTBO, cocTaBieHHOE U3 CepeINH OTPe3KOB, OJNH U3 KOHIOB KOTO-
PBIX JEKUT Ha UCXOJTHOU (purype, a BTOPOU — Ha QUI'Ype, ell IeHTpatbHO-
CHUMMEeTPHYHOIN, Ha3bIBaeTCA cummempuaayuet (no Munkosckomy) nexo o
purypsi. Jlerko moHATH, ITO CUMMeTpu3anus GUTYPH X — >TO MHOXKECTBO

1 1
-X — =X; 3aMeTnM, YTO OHO BCeTJa MeHTPATbHO-CAMMETPUIHO W BHITYKJIO,
2 2

ecan X BHITTYKJO.
Ob6osnadnm o6beMm MuHONKecTBa X depes |X|. leabto paboThl siBisieTcs
IOKa3aTeIbCTBO CJAEIVIONIEr0 HepaBEHCTBA!

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(181—187)
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TeorPEMA 1 (Pomxkepc — HlEnarn). [Hyemos X — svinykavii komnaxm
6 R%. Tozda

X X| < 20/], 1)
npurem 0As NPAsUALHO20 CUMNAEKCE QOCIMULAETNCA PABEHCTNEO.
Pockoabky |AX| = |M?|X], To 115 o6bema cuMMeTpu3anun
1 1 5
[7X = XTI < SIX] (2)

Caydail paBeHCTBa B (2) cOCTaBIsieT cofepikKaHHe ClIeIyollen 3aradn,
mpe/LioykeHHo Ha Bceepoccuiickoll onumnuane mMKOIbHUKOB MO MaTeMaTHKe
B 1998 rony:

3a1a49A 1 (A 5. KAHERB). Janet dea yenmpaibro-cummempuuno pac-
NOAONCENHBIT NPASUALHBIE Tempasdpa ¢ pebpom V2 — Ty u Ty. Haiidume
o6vem ueypul, cocmoaweti uz cepedun ompesroé ¢ xonyamu 6 Ty u Ty co-
0MEEMCINE EHHO.

Perienue sToi 3amadu B oOUIMX YepTax TAKOBO. 3aMeTHM, YTO HCKOMas
durypa ® npn mapaJresbHEIX TepeHocax OMHOTO U3 TeTPadaIpOB TakiKe TMOI-
BepraeTcs MapaljelbHOMY TepeHocy, ITO He BIUAeT Ha ee o6beM. Tor 1a MoxXK-
HO pa3MecTuThb 00a TeTpa’ipa B eTHHHYHOM Kybe Tak, 9TO KayKIblll 6yi1er
CBOUMU BepIINHAME yIHPAThCS B 4eThipe BepliuHbl Kyba. C HOMOIbI0 He-
CIOXKHBLIX BEKTOPHEIX PABEHCTB MOYKHO TOKa3aTh, YT0 ® BHINyKAa U ABASETCA
BBEIIIYKJIOI 060J0YKON cepeln pebep kyba. Tem cambiM @ ecTh KyGOOKTa’1p,
00beM KOTOPOTO JIeTKO BHYUCISeTCs W paBeH H/6, 9To coctaBiseT 5/2 oT
o0beMa TeTpadapa.

Jlis mpocTpaHCcTBa TPOU3BOALHON Pa3MEpPHOCTH 72 TeopeMa 1 BepHa B cJe-
ayiolien (popMy.InpOBKe:
2n
X - X[ < | X
n
[okazaTeabCTBO 06IIero caydas MoxKHO HaliTu B [1]. O6o6ienne npuBomu-
MO0 HHXKe JOKa3aTelbCTBa Ha CIydall MPOU3BOJBHON pasMepHOCTH TpebyeT

TOKA3aTENbCTBA OUEHKN IS CMEUAHHBIL 00BEM06, KOTOPAsS B MHOTOMEPHOM
clIydae BCe ellle ocTaeTcs rumoTeson (cum. [2, ru. 4, §7] u [3]).

2. CMENIAHHBIE OB’ bEMBI

JIEMMA 1. Dynryus |A+tB| nput > 0 ge6asemes muo2ouienom mpembed
cmenenu co + cit + cot? + cat® das mobvir deyr evinykavir mHoxcecme A u B.

BuvecTo gokasaTelbcTBa JEMMBI pacCMOTPHM B KadeCTBe WIAOCTPAINH
TaKOU mpuMep: A — HEeKOTOpPHIH MHOTOIPAHHUK, & B — eInHuYHBl 1ap. B
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BTOM caydae MHOXKecTBO A + £B dBiseTcs £-0OKPeCTHOCTbI0 MHOIOIDaHHM-
Ka (T.e. MHOXKeCTBOM TOYeK, yAaleHHBIX 0T A He 6osee, deM Ha £). MoxHO
ONHCATh DTO MHOXKECTBO TaK: DTO caM MHOTOTPAHHUK, CJAOUW TOJIIUHON £ Ha
IpaHAX MHOTOTPAHHUKA (3TO B TOYHOCTH TOYKH, MIsi KOTOPHIX OJMKalIas
TOYKa MHOTOTPAHHUKA JeKHUT Ha I'paHN), NNINHIPAYECKHIe CEKTOpa Ha pe-
6pax MHOTOTPAHHUKA (/I 5THX TOYeK OJMKalllne TOYKN — Ha pedpax), u
KYCKH [IapOB paluyca £, OrpaHUYeHHble BBIXOAAIINMY U3 BePIUINH MHOT'OT' paH-
HBIMH yTJIaMn (9TO MHOXKECTBO TOYEK, OIMKAHIINMA K KOTOPHIM SBISIOTCH
BepIInHEl MHOTOTpanunka). CTpoenne A 4+ B cpasy naer dopmyny:

|A+eB|=|A|+ c1e+ coe? + %7753.

31ech ¢; — IJOIIATb MOBEPXHOCTH A (Ha caMoM Jele naowads TOBepX-
HOCTH HekoTopou Gpurypel ® no Muwxosckomy omnpejensercs paBeHCTBOM

S(®) = | + < B| npn € = 0).

Kooddunnent co paBen » %li(ﬂ' — ), rae l; — mamHa -ro pebpa, a; —
JIBYTPAHHBII YyIoJ IpH 5ToM pebpe, cyMMa 6Gepercs mo BceM pedpam. OTme-
THM, 9TO €CA MBI HapucyeM (QpUKTHBHOe pebpo Ha T'paHd MHOIOIpaHHUKA,
TO OHO BHECET HYJeBOH BKJAaj B CYMMY, TaK KakK ABYI'PaHHBIN YyroJ IPH HeM
OyneT paBeH T.

Koopduuuent c3 npu 3 pasen (4/3)7, Tak Kak IpH GOJBIIHX £ DTOT
KO>(PPUIHEHT UTpaeT NJIaBHYIO Poldb B Bbipamkenun, a A 4+ B — »To novrn

map €5, 06beM KOTopoTo 1 eCTh 57753.

O6paTnM BHEMaHHEe Ha TO, YTO jJazKe ecin A He sABAACTCS MHOMOIDaHHH-
KoM, To |A+<B| TeMm He MeHee fBIseTCsI MHOTOWIeHOM. B caMoM [1efe, MOXKHO
HaUTH MHOTOTPAHHUKHN, CKOJIb yrojgHo oamskue kK A. O6bembl cymm MuH-
KOBCKOT'O /LIl TAKNX MHOTOT'PAHHUKOB (MHOTOWIEHET) Oy IyT MPHOAIKATHC K
|A+¢B|. Tenepb 10CTaTOYHO MPOIEIATH HEGOIBINOE YIPaKHEHNE O AHATT3Y
I TOHATH, 9TO eCan (PYHKIUSA CKOIb YIOTHO OAN3KO NPUOANKAeTCS MHOTOYUIe-
HOM (PUKCHPOBAHHON CTeNeHl, TO OHa cCaMa MHOTOYJIeH TOH Ke AN MeHbIlel
CTeNeH .

Amnajorudtoe paccyz/jeHne MoKasbiBaeT, 9YTO KOdPMUIHEHTH ¢; OIAN3KH
JUIs OIU3KUX IPYT K JAPYTY MHOTOTPAHHUKOB, 9YTO He TakK YK OYEBHIHO IIPH
BbIpaKeHUNn DTHX KO>PQPUIHEHTOB depes ILIOHajl MOBEPXHOCTEN W IIANHBI
pebep.

3aMeTnM TakkKe, 9To eciu A — niagkas BHIIYKIas GUrypa, a He MHOT'O-
I'PaHHUK, TO €3 — 3TO WHTErpaJ OT NayCCOBOH KPHBU3HBI (MO MOBEPXHOCTH
QUTypHI), @ €3 — WHTerpag OT CpeJTHel KPUBH3HBEL. Beamdnubl ¢, mMHOTIa Ha-
3BIBAIOT Pynkyuonaiamu Munkosckozo.

Ponsitue camewannozo obvema (cum. [4]) BoBHHKaeT TpH paccMOTPEHIH
CYMM HECKOJAbKHX MHOMKeCTB. PpuBegeM cooTBeTCTBYOIIee ONpe/IeleHue.
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PaceMoTpuM 1St 7 BBITYKJIBIX KOMIAKTOB (T.€. OTpaHUYeHHBIX I 3AMKHY-
THIX MHOXKecTB) X; B n-MepHOM IpPOCTpaHCTBe 06beM cyMMBl MHUHKOBCKOTO
X1+t Xo+.. . +6,X,, t; > 0. YTBep:K TaeTCs, 9TO DTO MHOTOUNEH CTENeHN
7N OT HEePEeMeHHBIX {;, MTOPTOMY €r'0 MOXKHO 3a0UCaTh B BHIE:

WXy + X+ X = D VX, Xy, Xi )i by - iy

1<;€<n

e Koo(ppuuueHTHl IPpH PaBHLIX OJHOYJIEeHAaX NoJaraeM paBHbIMI. P koad-
dunumentsr V(X;,, ..., X; ) I HA3BIBAIOTCA CMEUAHHLIMU 00 bEMAMU.

AHajlorm4Ho cymMMaM [IBYX MHOXKeCTB, CyIlleCTBOBaHNE CMelIaHHBIX 00b-
eMOB Jlerde [oKa3aTh JIf caydasd, korja X; — MHOrorpansHuxu. B sTom ciy-
qae 06beM cyMmMbl MIHKOBCKOIO fomycKaeT ABHOe (HO JOBOJIBHO Heyno6HOe)
BhIDakeHHe depe3 oObeMbl I'PaHell pa3HbIX pasMepHocTen. [l1d mponssogb-
HBIX BBIIYKJIBIX KOMIIAKTOB 5TO YTBepuK JeHne TakkKe OyIeT BepHbIM, TaK Kak
1106011 BBIMYKIBIN KOMIAKT NpubInKaeTcs MHOIOTDAHHUKaMU, a Ollepanusd
pasHocTH I PYyHKINA 06beMa B ONlpejeleHHOM CMbIC/Ie HellpepbIBHEL. P osTomy
o6beMBbl cyMM MHIHKOBCKOI'O KOMIIAKTOB 1 NPUOINZKAIOIINX MHOI'OT DAaHHIKOB
6y IyT MaJo pa3indaThbCs.

Po ompenenrennio cMemannble 06beMbl He 3aBUCAT OT NePeCTAHOBKN CBO-
X apryMeHTOB H 06JaJaloT HEKOTOPBIME IPYTHMI HHTEPECHBIMH CBOICTBa-
M, HallpuMep, HOJININHENHOCTBIO IO CBOMM apryMeHTaM. Eile o1HO BaKHOe
CBOICTBO CMeIIaHHbIX 00BEeMOB — MOHOTOHHOCTD!

VX1, Xaro o, X)) SV, Y, .., V) (3)

npu ycaosuu, 4To X; C Y;. Ero MOXHO f0Ka3aTh, paccMaTpuBas U3MeHeHUe
CMEITaHHOT 0 00beMa P 3aMeHe TOJbKO OJHOrO 3 X; OOJAbIIHM TOIMHOKE-
cTBOM. UT06BI MOKa3aTh MOHOTOHHOCTH [Jsi MHOMOIPAHHHKOB, PACCMOTPUM
3aMeHy B CMeIIaHHOM oObeMe mepBoro aprymenta Xp Ha Y7 (X7 C V7). Pac-
cmaTpuBas crpoenne 1 Xy + ...+ £, X, MOXKHO yBUIETH, YTO B BhIpasKeHUN
IJst 00beMa DTOTO MHOXKECTBA JUHEHHBIW 10 {] YieH — 3TO cyMMa IIOLIa-
nent rpatei {9 X9 + ...+ 1, X,, YMHOXKEHHBIX Ha PACCTOSHIE MEXKY HA4aloM
KOODPIUHAT (KOTOPOE CINTAETCA PACTIONOKEHHBIM BHYTPH X1) 1 MJIOCKOCTHIO,
ONOpHON K X1 I Hapa/JelbHOH JaHHON TPaHN (CpaBHHTE CO CIydaeM IBYX
MHOKECTB, OHO U3 KOTOPHIX — eIUHNYHBIN [Iap, ero poJab BHIMOTHAET X7q).
Ppu zamene X; 64JbIIHM MHOXKECTBOM pPACCTOSHEE OT Hadajda KOOPJHHAT
I0 onopHOU K X MJIOCKOCTH B MaHHOM HAMpPaBIeHHH YBEJAUYUTCH, & 3HAYUT,
VBEJIUYUTCS U CMEIIaHHBIH 00'beM.
BozBpalasick K cyMmMe IBYX BBIIYKJIBIX MHOXKECTB, MOYKHO HANUCATh

A+1B| =Y Z V(A,..., A B,... Bt
k

n—k

CuMemaniaple 00bLeMBl C IIOBTOPpAKOIIKUMUCA apryMeHTaMn B rZ[aJIbHeI(/JHHQM
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6y nem oboznavtath V (A, n—k; B, k). /last cyMM [BYX MHOJKECTB MOHOTOHHOCTH
CMeIIaHHOro 00beMa MPUBOINT K He TaKOMY YK TPUBHAILHOMY (DAKTy: MpH
3aMeHe A Ha MHOXKECTBO, B HeM cojlepzkalieecs, KoapPpuIneHTs MHOIOYIeHa
|A + tB| ymenbinatoTcs.

3. TOKA3ATEJIbLCTBO TEOPEMBI (1)

OG6o3HAYNM 15l BRIIYKJIONO MHOKeCTBa X
X*=-X={-z:2¢€X}.

Pac unrepecyer suadenne muorodiena | X+t X*| npu t = 1, mosTomy Hy K-
HO OIEHUTH CBEPXY er'o KOdPPUIHEHTHI, KOTOPble MBI ODO3HAYMWIN Yepes ¢;.

Tak xkak | X 4+ tX*| = [tX + X*|, r0 ¢g = ¢3 = |X| 1 ¢ = ¢3. 3naunr,
TeopeMa | PaBHOCHIbHA OlleHKE:

JIEMMA 2. B npusedennviz eviuie obo3nauenusr ¢1 = ¢z < 91X/

Jloka3aTeabcTBO JeMME 2 UCHOAL3YeT CAeMVIONIVIO JeMMY, KOTOPYIO MBI
cpopmyanpyem aag MHOKecTBa X B R™ mpu nmpousBoabHOM 7.

JIEMMA 3. /Jas npouseoavnozo mmuoxcecmsea X 6 n-MeEPHOM NPOCTPAH-
cmee MHoxncecmeo X MmoxHcHo nomecmumsp 6 X, ymenvuiue X* 6 n pas.

JOKABATEJIBCTBO. PacemoTpnm cumiiexe S (B TpexMepHOM caydae mpo-
CTO TETPadIp) HanbOIbIIEr0 06'beMa, KOTOPHIN MOKHO TOMECTHTH B X , MyCTh
ero BepIIAHE — 3TO Po,P1, - - - Pr- JICHO, ITO TOUKHI p; JeKAT Ha TOBEPXHO-
ctu X . PpoBegem depe3 KakIyio p; MIOCKOCTH (v;, TApPANIeqbHYIO IIOCKOCTH,
Npoxo1dllell Yepe3 ocTalbHble p;. Ecan xors 661 ogHa ToUKa p € X JeXKUT 10
APYIYIO CTOPOHY OT (v; IO CpaBHEHNUIO ¢ p; (j # ¢), TO, BAMEHUB p; Ha P, MOXKHO
YBEJIUYUTh 00'beM CUMILIeKCa S. 3HAYUT, BCe MIOCKOCTH «; — ONopHEie u X
COMEPXKATCA B CUMILIEKCE, OT PAHNIeHHOM MJIOCKOCTAMEA ;. JIerko BUIeTh, 1TO

BTOT CUMILIEKC oj00eH S ¢ kod(pdunuenTom —n, 3Haqut, S O X D ——X™.
n
JTOKABATEILCTBO JEMMEL 2. Ouenka
cq=c=3V(X, X, X")=3" 3V(X,X7§X*) <IV(X, X, X)=9|X|

claenyeT W3 MOHOTOHHOCTH BXOMAIINX B Hee CMeIIaHHEX 06beMoB. MonoToH-
HOCTH B JAHHOM CJIydae MOKA3bIBAETCA AHAJTOTHYHO JOKA3aTeqbCTBY (3).

Kak u Brillle, 1OCTATOYHO PACCMOTPETH CIy4Yall MHOTOMPDAHHHKOB. 3aMe-
THUM, 4TO

1d
V(A A B) =244 418
3dt
t=0
Yiaen nepBoro nopsitka B |A + tB| ecTh cymma 1o BceM TpaHiM A mpousBe-
r[[eHI/H(/JI I1oma Al I'paHl Ha paCcCTOossHUEe MeXXK Ay IIJOCKOCTAMH, IapaJaeJlbHbBIMI
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BTON I'paHM, OJHA U3 KOTOPHIX MPOXOIUT Yepes (PUKCUPOBAHHYIO TOYKY BHY-
Tpu B, a aipyras — onopHas K B ¢ Toll Ke CTOPOHBI, I'Jle HaXOUTCS COOTBET-
crByMolas rpaib A. PaccTosHie MeX Ty TaKUMU IIOCKOCTAME YMEHbBIIHTCS,
ecan B 3aMeHUTHL Ha cofepxKallleecs B HeM MHOXKECTBO, a 3HATHT, BCA CYMMa
TaKxKe YMeHbIINTCH.

4. 3AMEYAHUA U OJOIMOJHEHNA
1. MeTo, ucnoab3yoiui jeMmy 3, JonyckaeT oboOlieHe Ha MHOTOMep-
HBII CIyYal, IPUBOAA K OIeHKe
n
k‘ 1
KOTOpas npuBeiena B [5]. PpaBia, mis cuMiiekca B n-MepHOM TPOCTPAHCTBe
BTH KO>(PPUIUEHTHI, BHIUMO, HMEIOT MeHbIIle 3HaYeHus. KeTek runoresa, 4To

¢ < nmln{z,n—z}

2 .
¢i < (3)°1X] (cm. [4]), T.e. caydail cuMnIekca ABILETCH DKCTpeMalbHBIM. B
TepPMUHAX CMeIIaHHBIX 0OBEeMOB

n
V(X,5; X" n—1) < . | X |
I TOTJIa, B CUIY PaBEHCTBA
n 2
> () = (7
- 1
k n

k=0

CYMMUIPOBaHHUEM TOAY9aeTCs CIeIyIollee COOTHOIIEH e

2n
X+ X< ()X

K coxagnennto, TpoBecTH JOKa3aTeThCTBO IS 1 > 3 MoKa He yIaeTcs, Tak
KaK TOJy4YeHHas HaMH OMeHKa M OlMeHKa B MUIOTe3e COBNAMAIOT TOJbKO MpH
1=1,n—1.

Prinio 661 uHTepecHO TakKe MONYYHTH OIEHKH CBEPXY IS CMeITaHHbIX
00'bEMOB, B KOTOPHIX (PUIYPUPYIOT [Ba WK OOJMee BEIYKJIBIX Tela, B OTJINYIe
oT caydas X u X*.

2. Usy4as Beipaxkenue |A+cB|, rie A — napaaienenunef, a B — e1nuud-
HBIH [1ap, MOJKHO PEeNINTh CIeAyollyio nuTepecayio 3ataqdy (Typuup L'opogos
1998 roga):

3a1a4A 2 (A lllEHB). Moxcno au nomecmums napateienuned ¢ 60.4b-
wum nepumempon 6 napasiesenuned ¢ menvwum nepumempon? (Illepu-
Mmemp — cymna daun pebep.)

OTBeT Ha BONPOC 3TOU 3aa49i OTPUIIATENEH, TaK KaK CyMMa JIBYIPaHHbBIX
YIJIOB 1IpHU NapaJielbHbiX pebpax napaJdienenunena paBHa 27 1, cleloBaTelb-
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HO, KOD(DPUIHEHT ¢y paBeH 7 /4, yMHOKEHHOMY Ha mepumeTp. B camom rmede,
OPeNMONoKIM TTPOTHBHOE. Y IUTHIBas

|A1—|—€B|<|A2—|—€B| (Al —|—€BQA2—|—€B)

U paBeHCTBO KO(P(PUIMEHTOB €3 B dTUX BhIparKeHUdx, Jer'KO BbIBOJIUM, 4TO
HepBHId HepuMeTp He Gojiee BTOPOTO.

Eitie onro, 6ogee npeitHoe, pellenne 3TON 3a /a9 HOJyYaeTC TPUMEHEHH-
eM MOHOTOHHOCTH CMellaHHbIX 00BheMOB.

3. EcTb MHOTO OpyruX WHTEPECHLIX BOMPOCOB 0 cyMMaX MUHKOBCKOTO.
Pampumep, xapakTepusanus MHOXKECTB, ABIAOMEXCA cyMMaMin MUHKOBCKO-
o OTPe3KOB. Kcan nBa oTpes3ka Ha MIOCKOCTH He MapaelbHbl, TO HX CYMMa
MuHKOBCKOT'O — TapasielorpaMM. Eean Tpu orpeska B R? HexkoMmranapHsL,
TO UX cymMmma MuHKoBcKOro — napadaieienumnes. OQnHaKko, ecjan B3sTh OOJbIIIE
OTpe3KkoB (/I ompegereHHOCTH GyTeM pacCMaTpHBaTh TPEXMepHOe MTPOCT-
PAHCTBO), TO MOAYYAIOTCS MeHee TpHUBHAAbHBIE TpHMepbl. OKa3bIBaeTCs, 9TO
MHOTOT PAHHNK ABISETCS CYyMMOT MHHKOBCKOTO OTPE3KOB, HAN 20H020POM, €C-
JW BCe er'0 IpaHil NMeOT HeHTP CHMMeTpPHN (3TO HETPYAHO JoKa3aTh). MHade
MOYKHO CKa3aTh, YTO 30HO3JAPbl — 3TO NPOEKINN MHOT'OMEPHBIX NapaJaeno-
TOmoB. PTO Takxke B TOYHOCTH Te MHOTOTPAHHUKN, KOTOPHIE MOXKHO pa3pe-
3aTh Ha Hapadiedenunelbl. canm paccMaTpuBaTh MPOU3BOJLHLIE BHIYKIHIE
pUrypbl, To Te U3 HUX, KOTOPble MOKHO CKOJb YIOJHO NPUOAU3UTH 30HOD Ipa-
MU, Ha3BIBAIOTCS 30noudamu. B KadecTBe ympaskKHeHNS MOXKHO OTBETHTH Ha
BOIPOC: KAKHMU CBOUCTBAMHU XapaKTepU3YITCS 30HOUABI CPEIH OCTAIbHBIX
BBIMYKJIBIX (PUryp?
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1o Takoe mpeobdpazoBanue Pypoe’

M. KennbepT

1. Baabl ©YPLE U JUCKPETHOE IPEOBPA3OBAHUE PVYPLE

Metox npeobpasoBanns Pypbe urpaeT UCKIOIATEILHO BAXKHYIO POIbL B
MaTeMaTndeckon (gusuke: Popbept Bunep canran ero ofunM n3 BaKHeHIINK
TOCTHKeHN denoBedecTBa (cM. KHUTY P.Bunepa «fl — maremaruky).

C momortrbio mpeobpasoBaing Pyphbe MOKHO HCCASTOBATH XUMUTECKOE
CTpOeHNe OTITaJeHHbIX IIaHeT (CHeKTPaJbHBIN AHAIN3 CHIHAJIOB PajrHoTe e-
CKOIIOB), HCCJA€I0BATH (PYHKINOHAIBHEE CHCTEMBI 9€I0BEYECKOTO OPraHN3Ma
(CeKTpaJbHBIN aHAIN3 KapIHorpaMM, SHIedatorpaMM) o T. .

Muoro KHUT HANHCAHO O CO3JaTelNe DTOT0 MeTona — (PPAHIy3CKOM MaTe-
vatnke zKane Patucre 72Kosedpe Dypoe (cu., Hanpumep, [2]). B Hux paccka-
B3BIBAETCA, B JaCTHOCTH, O €ro MYyTeIIeCTBUH, BMeCTe ¢ IPYTUMHU YIeHBIMHU,
B Erumner, B coctaBe 3naMenuTOon skcneannun Pamnomeona. Bo BpeMs sToro
MY TEeIIeCTBHS OH He TOABKO 3aHUMAJICA MaTeMaTHKON, HO U € YCIEeXOM y9IacT-
BOBaJ B paciimppoBKe ernmeTckux neporindon. Pa ob6pariom nytn Bo Ppan-
nnio Pyphe 1 ero KoJgeri, KOTOpEe Be3In ¢ COO0H apXeoJorniecKne Haxo -
KN, 6bLTH 3axBatdedbl antandanamn. Crenys 6.1aropofHOMY IyXy TOH BIOXH,
aHTVIMYaHe BBHICAIIIN yIeHbIX Ha 6e3onacHbii Oeper (B 1801 rogy dypbe Bep-
uyacs Bo dpannnio Ha anraninckoMm 6pure “Good Design”), a BrnocregcTsun
BepHYIN Bo PpaHINIO 3aXBadeHHbe IMI [paroleHHble IpeBHie pykomuc®).

Mg magreM 0630p oTKpeITOoro Pyphe MeTOTa ¢ TaKk Ha3BIBAEMbIX pAdos
Dypve. BeipakeHns BUIa

ag+ajcosx +bysinx + ...+ a, cosnx + b, sin nx

HA3BIBAIOTCS MPUSOHOMEMPUNECKUMU NoAuHOMamu (cTernenn n). OKa3bIBaeT-
cst, 9TO T0b6asi HelpephIBHAs (M He TOABKO HelpepuiBHAS) GYHKIHA HA (—7, )
MOXKeT OLITh allllPOKCHMHIpPOBaHa C Halepe] 3aTaHHON TOYHOCTLIO TPUTOHO-
MeTPHYECKIMH IOJMHOMAMH € HOAXOAAMINME KOd((PUIHEHTAME g, . . . , Oy,
bi,...,bp.

PTo yTBepK jenne MOXKHO IPONLIIOCTPUPOBaTh, CpaBHIBas Ipapuku gpyH-

knuii y = =z, y = l|z|, ¥y = 2% ¢ rpadukaMm TPHTOHOMETPHYECKNX

1 o
) Dpanmyssl «6IaropoIHON SIOXU BO3BpAllaTh 3aXBAUCHHBIC PYKOIICH CTUITAHAM HE
crami. — [lpum. per.

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(188—202)
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MOJMHOMOB, AlTPOKCHMUPYIOMNX >TH GyHKIHA (cM. puc. 1):

. . 2 . 1 . 2 . 1 . 2 .
y:2smw—sm2x—|—§sm3x—531n4x—|—gsm5x—gsm6x—|—;sm7w,

3

4 4
Yy=—— —cosx — — Cos 3z,
2 it h:e

72 4 1

4
= — —4cosz +cos2x — —cosdx + —cosdr — — cos bz
Y 3 + 9 +4 25

(moramafiTech, MOYeMy B MEepPBOM CIydae MOSBISIOTCS TOJHKO CHHYCHL, a B
OCTAJTBHBIX TOABKO KOCHHYCH). IHTepecHO 3aMeTnTh, 9TO s MpHOINKEeHHs
Gyaknui y = |z| m y = 2? ¢ yI0BIETBOPUTEIBLHON TOYHOCTLIO TpefyeTcs
MeHbllle FapMOHUK, YeM B caydae (PyHKUUN Y = Z.

o . . kz kx
JII/IHQI/IHBIG KOM6I/IH&HI/H/I dpyHKHI/H/I BHIa S1i ? n Ccos ?7 TaKzKe Ha3bIBa-

eMble TPUTOHOMETPHUIECKNME NOAWHOMaMu, uMeloT mepuon 2771. PosTomy
MOYKHO TaK mepedopMyJIHpOBaThL Hallle YTBEPK JeHHE: 410604 nepuoduneckas
Pynryus MoKHcEM OLIMD ANNPOKCUMUPOSAHA MPULOHOMEMPULECKUMU TLOAUHO-
MAMAU.

Pror ¢daxr, obHapyxkenubii Pyphe B X0mMe ero HCCAeJOBaAHUU 1O pac-
OPOCTPAHEHUIO Tellla, HMeeT BaKHOe 3HadeHue s Qpuauku. /ledcTBUTENb-
HO, (PYHKIMEU CUHYC M KOCHHYC OMUCHLIBAIOT NPOCTEHIne BOJHEI, Ha3blBaeMble
MOHOTPOMATNUNECKUMU, T.€. BOJHBI (PUKCHPOBAHHON [INHBI (MJIH (PUKCHPO-
BAHHON YaCTOTHI, €CIN PACCMATPUBATh & Kak BpeMd). Pockoabky mobyio me-
pPHOIMYECKY 0 (PYHKIHIO MOXKHO HHTEPIPETHPOBATE KaK NpOMuIb HEKOTOPOU
BOJHEI, OTKPHITHE Dypbe MOKHO BHIPA3NTL CAeTYIONINM 06pa3oM: Jiobasd BOJ-
Ha MOXKeT OBITh IpeJICTaBleHa KaK CYNeplo3uius (CyMMa) MOHOXpOMATHde-
CKMX BOJH.

Wz mikoabHOro Kypca (QU3NKH BbI, BEPOSTHO, 3HAKOMbI C U3SITHOW [e-
MOHCTPAIHell 3TOro (akTa B ONLITE CO CTEKASHHOU npusmMoi. Pa mnpusMmy
HalpaBiAseTCs MyYOK Geloro cBeTa, KOTOPBIH MpeAcTaBiseT 3 cebs cMech
BIEKTPOMATHUTHBIX BOJH pa3judHbix 4acToT. C Apyroi CTOPOHBI TPU3MBI
MOXKHO YBUIE€Th HECKOJIbKO Jydel cBeTa PasiudHbIX IBETOB OT (PUOJIETOBO-
ro r1o KpacHoro. KaxKibiii u3 »>TuX Jy4Yel COOTBETCTBYET DJAEKTPOMalHUT-
HBIM KOJIeOAHUSIM OIPeIeIeHHON 4YacTOTHI, T. €. MOKET PacCMATPUBATHCH Kak
MOHOXpOMaTHYecKasd BoAHa. Tak, 5TOT ONBIT SKCIepIMeHTATLHO TOKA3LIBa-
eT Pa3fokKUMOCTh TTaJalollero MyYka Ha MOHOXpOMaTHYecKne BOAHE. Dusnk
Ha30BeT KOY(PPUIHEHTH DTOTO PABTOKEHUS AMNAUMYIAMU MOHOTPOMAITIUNE-
CKUT 60.4H, & MATEMaTUK Ha3o0BeT ux xoadduyuenmanuy Pypve.

Nnvenno xoadppuunenTel Pypbe CTOAT B TPUTOHOMETPHIECKHX MOMUHO-
MaX, "papuKi KOTOPHIX IpUBeaeHbl Ha puc. 1.

Kak nantn st koadpdunnentr? Paccyxnenne dypbe [1], koTopoe ¢ co-
BPEMEHHOU TOYKH 3DeHUs] Helb3s HazBaTh CTPOIHMM, COCTOUT B CJeMyIOIIeM.
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Puc. 1.
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Pycrs dyakuns f(z), nmetomas nepuon 271", npegcrabiena psgom Pypbe

flz)= —ao + g ay cOS = —|— b, sin ? (1)
Jlisi TpUTOHOMETPHYeCKHX (l)yHKHI/II/I BBITIOJHSIOTCSA COOTHOIIEHMS
7T 7T 7T
nt . mt nt mit .. nt . mt
cos —sin —dt = 0, cos —cos — dt = | sin —sin — dt = &, 7T,
T T T T T T ’
—nT —nT —nT

(2)

rie 6,, = 1, 0, ,, = 0 oupu n # m. PosToMy, ecin ¢popMaIbHO YMHOKATH
mx . mx

paBercTBo (1) Ha cos 7~ W Sill = W TO'LIEHHO NPONHTErPIPOBATE OT —7T

po 7T, «IUIIHTey TapMOHUKHN NCYE3HYT W MOAVIATCS opMyta Iad Kodpdu-
UEeHTOB

T T
1 mt 1 . mt
—aT —nT

SameTum, 4To B cuay qopmyiasl Piepa €' = cosz + tsina awoboit Tpu-
POHOMETPHYECKUT TOJHHOM MOXKeT OBITh 3alUcaH B CJIe,Z[yIOHIeM Bl e

c_ne_””’—l—...—l—c_le i —I—Co—I—Cle + ...+ e’
rae ¢ = %(ak + b)), k > 0, cog = ag, ¢ = %(ak — iby), k < 0. Posromy

dopmyust (1) u (3) MoxkHO nepenucars B 6oiee yrobuom Buge (monaras 1’ = 1)

flz)= Z cre® e = (2m)7! /f(x)e_ikxdx. (4)

k=—c0

Eciam 6o1ee BEIMATEIbHO NPULIAIETHCS K ONBITY C IPU3MON, TO MOMKHO
3aMETHUTb, 9TO TOJLYIaeTCA «HellpepLIBHBII CIeKTp», a He JNCKPeTHLI Habop
aydei. [nf onnMcaHMA TaKnX pasfoKeHHI HMeeTCS UHME2PAIbHAA Hopuy.aa
Dypve. Ee MOXKHO TOJNyYINTH, MOACTABIAA BhIpaxkenus (3) B gopmyxay (1) un
nepexos (popMaabHo K npejgeny T — 0o

o0

- % /Oodu /Oof(t) cosu(z — t) dt = /[a(u) coszu + b(u) sinzu] du,  (5)

rie

= % /f(t) cosut dt, b(u) = % /f(t) sinut dt.
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Teopusi psjgos Pypre u HenpeprBHOTO NpeobGpaszoBanus Pyphbe JocTa-
TOYHO CJIOXKHA U TPENnoJHOCUT HeMaJjo HeoxupaHHocTen. OQnHako He obs3a-
TeIhHO BIAJeTh DTOU Teopuel B HOJHOM O0OBeMe Ui TOT'0, 9TOOBl YCIeNIHO
HCIOIb30BaTh MpeobpasoBanne Dypre (MM, KAk TOBOPAT MATEMATHKN, Map-
MOHIYeCKUT aHAJIN3) s pellleHns MpakKTHdeckux sagad. [lemo B Tom, 4T0
DKCIIepUMEHTANbHbBIE TaHHBIE, KOTOPhIe 06pabaThIBAITCA Ha KOMIBIOTEPAX,
OOGBITHO TIPENCTABIAIOTCA B BHIe KOHEYHOU (OBITH MOXKeT, OYeHb [INHHOI)
MOCJAEOBATENBHOCTH 4Yuced. B 3ToM ciaydae npumMeHseTcs THCKPeTHOE Tpe-
o6pazoBanne PDypbe, ¢ KOTOPHIM paboTaTh ropasmo Jerde. Mbl HadHeM ¢
onpejieJeHus MHCKpeTHOTo npeobpazoBanus Pypbe u 06CYJIUM €ro CBi3b €
npoGaeMoil c:KaTus (peIyKInn) TaHHBIX.

Yro Takoe muckpeTHbd aHajgor psga Dypbe? Pepuogudeckue pyHKIuM €
HepHOIOM 27 MOYXKHO PACCMaTPHBATh KaK (PYHKIUEN HA OKPYKHOCTH €THHUY-
HOTO pajnyca. PycTs 2z = emi/m JINCKpEeTHBIM aHAJOTOM DTOH OKPY:KHOCTH
CIYKIT HabOp TOUeK 2/ = ezWij/m, (7 =1,...,m), a nepnoguIeckon (PyHK-
NI — NePHOINYecKas MOCIeJ0OBATENbHOCTD (Y1, Y2, - - . ), Yk = Yktm. I a30BeMm
duckpemmuvim npeobpazocanuen Pypve TOCTETOBATENLHOCTH §J = (Y1, .. ., Ym)
cey oIy (BoobIie ToBOps, KOMILUIEKCHYTO) TOCIeTI0BaTENbHOCTD

Cj:Zykzkj, j=1,...,m. (6)
k=1

Jlrobas Takas mocaeToBaTENBHOCTE MOXKET OHITEH Jerko BOCCTAHOBIEHA C TO-
MOIIbI0 POpMYILI obpalienns Pypbe

m
1 ki
Yy =m E c;z (7)
i=1
rae ¢j, j=1,...,m, — kosppunuenter Pypbe, onpeeleHHbE BEIIIe.

MubIME cIOBaMH, HCXOTHAS MOCIEI0BATENBHOCTD YHCel § (KOTOPYIO MOXK-
HO IIePHOJHYECKH IPOJOIKITE B 06e CTOPOHHI) IPeICTABILeTCS B BUIe PAIA
O @JeMEeHTAPHBIM MapMoHIKaMy €~ 2™/™ ¢ xospunuentamu c;. Pabencrsa
(6) u (7) ABAAIOTCA TUCKPETHLIME aHAJOIaMU COOTHONICHUI (4).

PpuBegem npuMepsl JHCKPeTHOTO IpeobpasoBaHns Dypbe IPH MAaJbIX
3HAYEHUAX M

(m=2) c;1 =y2 —y1,¢2 = y1 + Ya;
1 A3
(m = 3) €1 =Y3 — 5(92+y1)+22£(y1 —yz),
1 A3
@Z%—jw+m%wg@rwﬁ c3 =1y + Y2 + ys;

(m=4) c; =ys —y2+ i(y1 — y3), Co =12 — Y1 — Y3+ Y4,
3 =1Yys— Y2 + (1 — ys), ca =+ Y2+ ys+ Ya.
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PpoBepbTe, 4To 0 B 061IeM ciydae ¢, = y1 + 42+ ...+ Ym.

3A0A4A 1. JlokaxuTe, 9TO 1S albTEPHUPYIOIIETO MTUCKPETHOTO CUT'HA-
aa yr = (—1)’“7 1 <k € m, u 94eTHOrO M BHIOJIHEHO Cpj2 = m, ¢ = 0,

k#m/2.

3Aa0A4A 2. Jlokaxure Gpopmyay obpalieHus.
[ToncKA3KA. PpoBepbTe, 4TO, KaK 1 B clIydae psigoB dDypbe, «IUITHHE)
PApMOHUKH MCYE3HYT MPH CYMMUPOBAHUH.

Moxkno ckazaTh, 1T0O popMyaa obpallleHnsd 3aaeT TpelcTaBIeHne TOCTe-
JOBATENbHOCTH B BHUIe TPUI'OHOMETPUYECKOIO TMOAMHOMA, B TO BpeMs Kak
dopmyaa, onpegensdionias npeobpasoBanne Dypbe, TaeT KOdPPUIHEHTH DTO-
o MoJnHOMA.

Bo muorux mupuioxkenusix obbeM HeOOXOIUMOUW YHCJIOBOM HHMOPMAIUM
CANITKOM BeJUK fayke TIS COBPEMEHHBIX MOIIHEIX KOMIBIOTEpOB. B 3ToM cIy-
qae BO3HUKAET HpobieMa cocamus daunbiz (T.e. COKpAIIEHNS IHCIOBOTO Mac-
CHBa TaKUM 06pa3oM, YTOOkI MOXKHO ObLIO BOCIPOU3BECTH MCXOMHBIE TaHHbIE
¢ JIOCTATOYHON TOYHOCTHIO). P pubinxenne GpyHKINH ¢ MOMOIIBIO TPATOHO-
METPUYECKHX TOJMHOMOB HaCTO OKA3BIBAeTCS MOJE3HBIM IIPH PeIleHun DTo’
npobIeMBbl.

P pennonoxknm, aro swadenns y; = f(21),...,Ym = (@) Gyaxkunn f(z),
ABHOE aHaJINTHYECKOe BLIpayKeHue JIf KOTOPOHl He W3BeCTHO, H3MepAITCA B
HEKOTOPOM DKCIepHMeHTe H MO TaHHLIM ¥i,..., Y, HaM yIaloCh YHCICHHO

oneHnTh KodpPpuunenTs Pypve yukunn f(z).
YacTo okasbiBaeTcs, ITO PYHKIUA

f(x) =ag+ajcosxz+bysinz + ...+ a, cosnx + b, sin nx

Xopolo npubamKaer Gyukunto f(x), raxe Korma 9ucIo BIeMEeHTAPHBIX Map-
MOHHK 7 3HAYATEIBHO MeHbIle o0beMa JaHHBIX m. B 5ToM ciydae gocraTod-
HO 3alIOMHUTDL B TaMATH KOMIIBIOTEpa TOALKO KoadpuunenTel Pyphbe BMecTo
ICXOAHOI0 06beMa TaHHbIX.

Pockoabky suadennss GyHkunn y; = f(2;) U3BECTHB dKCIEPUMEHTATOPY
JHUIIb B OTJEIbHLIX TOYKax ¥;, ¢ = 1,...,m, koopdunnentsl Pypbe PyHK-
unu f(2) HONKHBEL ONPeneIsiThCs 0 DTOH MOCIe[0BATENLHOCTH. AHATO HYHAS
CHTYallns BO3HHKAeT NMpH BLIYACACHUAX Ha KOMIbIOTEpax, ecAd aHaJnTHde-
CKOe BbIpakenue mist GyHKunu f(2) HENOCTYIHO WIH SABISETCH MOCTATOYHO
CIOXKHBIM.

PooTomy B manbHeilnieM Mbl OygeM HHTepecoBaThCA He KOd(p(pUuIueHTaMu
dypbe HeIpepLIBALIX (PYHKIHI, a KodpdununenTamMmn Pypbe KOHETHBIX TOCIe-
nroBaTelbHOCTeN § = (Y1, ..., Ym). POPexTuBHas Tpouegypa uX BHIYUCIEHHs
nMeeT GOJbIIOE MpaKTHdeckoe 3Hadenue. OHa HA3BIBACTCA ObICMPbIM Npe-
obpazosanuemn Pypve (PP D).
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2. KUTANCKAA TEOPEMA OB OCTATKAX

Jltoboe HaTypajdbHOe 4Hca0, He npeBocxonsdiiee M = H§:1 m;j, TAe 9u-
clla m; — MONapHO B3aUMHO IPOCTHIe, MOXKeT OBITH €JUHCTBEHHBIM 00pa-
30M BOCCTAHOBIEHO, €I H3BECTHB OCTATKH OT JeleHHs >TOr0 4HclIa Ha M,
j=1,..., k.

Pra Teopema 6bita oTkphiTa B ApeBHeM KnTae B mepBOM cToJeTHH Ha-
el ®pHI, ee OOBITHO HA3HIBAIOT kKumatckold meopemot 06 ocmamiar WIH
meopemoti Con-Ilu.

Jlas rokazaTeabcTBa DTON TeopeMBl HaM TOTPeOyIoTCs HeKOTOphIe (PakThI
13 BJIeMeHTApHOH TeOPHN Yncel (B 9aCTHOCTH, N3 TEOPHH OCTATKOB).

YNPAKHEHWUE. PaiianTe octaTok oT merenns uncra 62°° ma 5.

MBI oIycTHM HEKOTOpBIe OllpejeleHns, OTHOCAIINeCH K DIeMeHTapHON Te-
opun dncen. MIx mMoxuO HauTH B J1060M yuebHuKe (Hampumep, [3]). Pam mo-
TpebyeTcs Tak:kKe clefylollas TeopeMa, T0Ka3aTelbCTBO KOTOPOH COBETYeM
IpHIyMaTh, BCIOMHATHL WIH NPOYNTaTh B yIeOHUKeE.

TeEOPEMA 1. Pycmbv M u m — ezaummno npocmsie yucaa. Toa2da cyue-
cmeyrom yeavte vucaa N u n maxue, umo NM 4+ nm = 1.

CoopmyaupyeMm Tenepbh KUTAUCKYIO Teopemy 06 ocraTkax. Pockonbky
2Ta TeopeMa HMeeT KJIOYeBOe 3Ha4YeHUe MJd HAc, MPUBeleM ee JMOKa3zaTelb-
CTBO.

TEOPEMA 2. Pyems M = H§:1 m; — NPou3sedeHUE NONAPHO 63CUMHO
npocmuiz wucea. Toeda das mobvix c;, 0 < ¢; < mj, cywecmeyem edun-
cmeennoe peuwenue caedyroueti cucmemvl cpasrenul

c=c¢; (modm;), j=1,...,k, (8)
maxoe ymo 0 < ¢ < M.
JOKABATEJNBCTBO. Ppexjie Bcero nokaxkeMm eJIHHCTBEHHOCTH pellleHUs.
Pyctb ¢ n ¢ nBa pasnudnbix peutenus (8), ve npesocxomsiuux M. Tora
/ / .
c=Q;m;+cj, c=Qymj+c, j=1,...,k
Yucao ¢ — ¢ = (Qj — Q;)m] JennTca 6e3 ocTaTKa Ha J10060e m;, a, 3HAYHT,

nua M = H§:1 mj, MOCKOAbKY 4HCIa 1m; He HMeloT obmux gernTenei. C
apyroit croponsl, 0 < ¢,¢/ < M, 1.e. =M < c—c < M. Posromy ¢ — ¢ = 0.

Jlns mokazaTelbCTBa CYIIECTBOBAHUA pPeEIIeHNs HCIONb3YeM TeopeMy 1.
Ponoxum M; = — u HaigeMm Taxkue N; u n;, 9to M;N; +m;n; = 1. Poxa-
JKeM, ITO !

k
c= ZCTN,,M,, mod M (9)

r=1
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i ecTh perrerne cucteMsl (8). [eficrBuTenbro, ais kaxgoro j =1,...,k

k
c= ZCTN,,M,, =¢;N;M; (mod m;),
r=1
nockoabky M, geaumrcs 6e3 ocraTka Ha m; (mpu Bcex r # j). A Tak Kak
M;N; +m;n; =1, o M;N; =1 (mod m;) u noromy ¢ = ¢; (mod m;). Pro
3aBepIIaeT JOKA3aTeIbCTBO TEOPEMBIL. a

YUPAXKHEHUA. 1. Pycte my = 3, mg = 4, m3 = 5. Paligure Takoe 4ucio,
He npeBocxodlilee 59, 4To ero ocTaTKM Npu fedeHun Ha 3,4 1 5 paBHbI ¢ = 2,
co = 1w c3 =2, COOTBETCTBEHHO.

2. Paso6pem qBOMYHYIO 3aMICh HEKOTOPOTO dncaa A = (...ajag)z Ha 6710
K mannbt k. O6osnadnm Aj = ag_yy, +2aG_1ykp1 +- -+ Qk_lajk_l. Pampn-
Mep,
47=101111, k=3, A1=14244, A, =1+4+4.
JlokaxkuTe, 1TO OCTATKH OT gefeHus duciaa A mHa 2F 1 u na 2% + 1 Taxue xKe,
Kak y uncean A1+ As+... 1 Ay — As +..., coorBeTcTBeHHO. B npuBegenmom
BHIIIIE IPHMepe

AT=(7T+5)=5 (mod7), A7=(7-5)=2 (mod9).

3. PycTb 3agambl ocTaTKi uq,..., U, OT IeleHHA HEKOTOPOIO 4YHCIA HA
MONApPHO B3aMHO MPOCTHIE HHCIA Mg, ..., M. TO 9HCIO, KOTOpOe MOMKET
OBITH BOCCTAHOB/IEHO IO KHTAHCKON TeopeMe 00 ocTaTKax, 6yeM 0003HA4aTh
(upy ..oy ug) 13 ((U)my - oy (Wk)m, ). [JOKaxuTe clenyonie paBeHCTBA

a) <u17"'7uk>i<vlv"'7vk>:<u1ivlv"'7ukivk>7

6) (ur, ..., up)(vy ..., ) = (U101, ..., URLE)
(31ech mpou3BeeHte YHceN TOHNMaeTCst 1o Monyaio M = my ... -mg).

Yurareab MOXKeT celvac CIPOCHTB: MOoYeMy 3TH (PAKThI WHTEPECHBI U
KaK OHU CBA3aHbI ¢ peobpazoBaniieM Pypbe? OxazbiBaeTCH, 4TO KUTAUCKas
TeopeMa 06 ocTaTKaX MaeT CHocod GHEICTPOrO BhIYUCAEHUS KOXPPUIHEHTOR
Dyphe.

3. BBICTPOE IPEOBPA3OBAHUE DPYPLE

[nst mpsiMoro Beraucaenns npeobpasoBanus Pypre mo popuyre (6) HyK-
HO OCYIIECTBUTH MOPALKa m? ollepalliil yMHOKEHHS I NOpAIKa m? omepanmii
caoxenus. Pro MHOro mwan mano? PyjgeMm paccyKiaaTh B TepMUHaX BpeMeHU
BEIUUCAEHUSA M18 KOMIbIOTepoB. PepeMHOXKeHNe NBYX YNCEN HA TePCOHATBLHOM
KOMIbIOTepe cpefHero GeicTpofeiicTsusg 3agmMaet 107° cexyna. s mocie-
JOBATENLHOCTH JAHHBIX TINHBI nopanka n = 10* (¥To Tunmano, mampumep,
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IS Teo(U3NIeCKUX MPIIOKEHHN) TOMydaeM, ITO BHYNCIEHIe Tpeobpa3oBa-
uus Pyphe 3anumaer nopsgka 20 muayT. PTo odenb 1oJro mis oHOU mocae-
MOBATENbHOCTU MaHHBIX.

Jlas MHOTUX THTIOB KOMTBIOTEPOB BpeMs, HYKHOe MId TepeMHOKeHNs Ii-
ceJ, Topa3go Goablle BpeMenu, TpebyeMoTo s cloxeHnus ducea. PosTomy
MbI 6yjIeM CTapaThCsi YMEHbIINTH UMEHHO KOJHYECTBO YMHOXKEHUH, He 06pa-
[las BHUMAHUA Ha KOJAMYECTBO CAOYKEHUH.

Kax coxpaTtuth 4ncio ymuokeHnu? BemoMmunMm, Kak Hac y9HIH TeJaThb
®TO B HaYaJbHOW IIKOJE: JJAS TOTO, YTOOL BHIYUCINTL 23 - 37 + 29 - 37 Mb
3amniieM 3To 9ncio B Bujge (23+29)-37. Torga BMecTO 1BYX YMHOKEHIH HaM
JTOCTATOIHO BBITOJHUTH OTHO.

BruMaTeIbHBI 4HTaTelb MO 3aMeTHTD, 9TO MHOTHe U3 ducel 257, j, k =
= 1,...,m, nosBasiouruecs B (6), B 1eficTBuTeNbHOCTH cOBNataoT. Ncmors-
3yeM DTOT (paKT AJIf TOT'O, 9TOOLI COKPATHTH YHCAO0 YMHOKeHul. KuTanckas
TeopeMa 06 OCTATKaX MOMKET B DTOM CYIIeCTBEHHO TOMOYb.

P pefnojgox)um, 9T0 9HCIO M 3aNUCHIBA€TCH B BHIE 1M = M1Meg, I'le My U
Mo — B3AUMHO IPOCTHIE YUCIA.

Pycrs ky n ky — ocTaTkm oT menenus nHigekca k, nospisioinerocs B (6),
Ha My M M2, COOTBETCTBeHHO. AHajtormduo Qopmyre (9), qucio k MoXKHO
npencTaBuTh B Buge k = kiMomso + koMymq, voe My u My emuncTBeH-
HBIM 00pa3oM onpefensioTcs 3 cootrouennn my My + maMs =1 (mod m),
0 < My, My <m.

Teneps npegacraBum npeobpazoBatnue Dypbe, T.e. CYMMY B IpaBOU da-
ctu (6), KaK JBOMHYIO CyMMy [0 mHIeKkcaMm ki n kg, TpoGeramoinm 3Hade s
or 0 10 m; — 1 u mg — 1, coorBeTcTBeHHO. PycTh Takxke j; — OCTATOK OT
mejqenns Msyj Ha My, a jo — ocTaTok oT fgejsenns Mij Ha mo.

BameTnM, 9T0 j = mgyj; + myjz (mod m). [las mokasaTenbcTBa JT0OCTa-
TOYHO MPOCYMMHUPOBATH paBeHcTBa Msj = mip+ 71, M) = maoq + j2, yMHO-
JKEHHBIE Ha Mg W M1 COOTBETCTBEHHO. 3jeCh p U § HEOTPHUIATeIbHEIE [elble
qHCaa.

[lanee, BBejieM oGo3HaYeHus 3 = v o= 0 3aMeTHM, 4TO
Z™M™m2 = 1, Ecau Tenepb BhIHECTH OOIIHe MHOKHTENN U3 BHYTPEHHEH CYMMBI
O UHAEKCY jo, TO MOJNYUYHTCS CACTYIONINHE PE3yIbTaT

2 2
ZM2m27 ZMlml

m1—1 m2—1
Ciryja = Z ﬁjlkl Z 7]2k2r(k17k2)7 (10)
k1=0 ko=0

DR€ Cjy .50 = Chima+tjomrs F(klv k2) = Yk Mymy+ky Mim, - ]

3aMeTHM, 9TO UMeeTCs JHUIlb 1M1 BECOB ﬁflkl " Mgy BECOB 7]2k2, KOTOpbIE
XpaHATCSA B MAMATH KOMIboTepa. Po3ToMy [jisi BRIYHCAEHUS OTHOU BHYTPEH-
Hell cyMMBl 1o popmy.ie (10) TpeGyercs BBINOJHUTH My YMHOMXKEHUI, a IIs
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BBIYUCAEHUS BCEX My BHYTpeHHUX cyMM mpn ky = 0,...,my — 1 Tpebyercs
BHITIOJHUTH M = MqM9 YMHOKeHHUH. Pocie »TOTo ocTaeTcs yMHOXKATD DTH
BHYTpPEHHIE CyMMbI Ha mq BecoB 3711 mak 4To Bcero TpeGyeTcst mqm yMHO-
Kennil. Bece octanbubre omepanun B ¢gopmyae (10) sABISIOTCA CIOKEHHSIMI.

Wrak, ecin 9mcao m He ABAAETCA TPOCTHIM, MBI MOYKEM BBHIMHCANTE Mpe-
o6pasosanie Pypoe 3a < m>? ymnokennii?). Ecanm MBI CMOKEM Pas3ioKiuTh
mq W Mg Ha MPOW3BeJeHNe B3aWMHO MPOCTHIX THCEN, GHCI0 YMHOKEHUH CO-
KpaTuTcs eire Gogee. PazyMeeTcs, HeKOTOpbIe TPY/IHOCTH BO3HWKAIOT M3-3a
NOPATKa BLIMHCIEHNS KOd(DPUINEHTOB @;, HO IX MOKHO IPeoJo/IeTh, 3aTpar-
IMBasg OTHOCHTENALHO HEGOABINOE JOTOTHHTETHHOE BPEMSI.

P pounnoctpupyem nmpaBmio mepeHyMepalun NHISKCOB CASTYIONIHM TpH-
MepoM. Pycth m = my X mg = 3 X 7. Acro, 9aTo 1 X 7T+ 19 x 3 =64 =1
(mod 21). Posromy M; = 1, My = 19. PpeacraBumM mCXOIHYIO HOCTEIOBA-
TeIbHOCTh 4HCEeN dg,...,a20 B Buge Tabanubl a(ky,kz): B kaetky (ki, k),
ki = 0,1, 2, ko = 0, 1,...,6, craBuM diemMeHT ¢ uHiekcom k = Tki+
+15ky (mod 21), nockoabky 19 X 3 = 15 (mod 21). Poaydaem paccTaHOBKY
WHJIEKCOB Ha BXOe:

0 15 9 3 18 12 6
v 1 16 10 4 19 13
14 8 2 17 11 5 20.

B krerke (ki,kz2), k1 = 0,1,2, k3 = 0,1,...,6, BEIXOIHON TabJALBI CTO-
0T BJIeMeHT ¢ mHgekcoM j; = 195 = 7 (mod 3), j2 = j (mod 7). Poaygaem
pPacCTaHOBKY MH/JIEKCOB Ha BBIXOJe:

0 3 6 9 13 15 18
v 10 13 16 19 1 4
14 17 20 2 5 8 11.

B melicTBUTENBHOCTH, ONUCAHHBIN BhIIIE AJIOPUTM, HA3bIBAEMBIH AJdr0-
purmoum ['yra — Tomaca, 661 mepeiM (1960-63) aaropuTmMoM GLICTPOTO BBI-
InCIeHUs MUCKpeTHOTO mpeobpazoBanud Pdypbe, XoTA TpUOPATET OOBITHO
npunuceiBaercs Kymau — Trhioxku (1965). Pprnanaa sToro B ToM, 9T0 adroputv
Kyau — Trioku 6BLI IHPOKO paspeKiaMUpOBaH U HCIOJIb3yeT Gojiee MPOCTOU
MeTOI VIOPAToUeHus Kod(PPUITEeHTOB.

B zakarodenme omnuiieM aaropuTM Kynanm — Thiokn. Ppn ¢pukcupoBaHHBIX
my1 n my (31€Ch My M Mg MOTYT HMeTh OOIIHe MPOCThIe MHOKNTENN) BBeJeM

2
)HpI/I m = 2" ecTh AIrOPUTM BHIYUCIEHUS AUCKPETHOro mnpeobpasoBanus Pypbe, uc-

nombayoumit O(mlogm) yMHOXeHNI, KOTOPHII Tak¥kKe HashlBaeTCA GBICTPHIM IpeoGpaso-
BauneMm Pypoe. O6 5TOM aIrOpUTME U €0 MPUMEHEHNH K 3aate GBICTPOro YMHOXKEHUS 1~
cesq MOXHO mpounTaTh B KHurax Kumyr /I. Uckyccrso nporpammupoBanus uwa [IBM. B 3 T.
T. 2. M.: Mup, 1977, Axo A., XonkpodT /Ix., Yabman /. [TocTpoenne n aHaIns BBISUCIN-
TeAbHBX amropuTMoB. M.: Mup, 1979. — Ilpum. pex.
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HHIEKCH j1, j2, k1, ko ¢ TOMOIIIBLIO COOTHOIIEHUN j = Moj1 + Jo, k = miks + k1,
riae j1, k1 =0,1,...,my—11u jo, ko = 0,1,...,my—1. Pepexojs xk cymmupoBa-
Huio 1o ky, ky B (6) Tak ke, Kak W B TePBOM I3 ONNCAHHBIX BHIIIE AT OPHTMOB,
MOJIYIIM paBeHCTBO

T)’Ll—l m2—1
= — Jk1 kaj2
aj = Q4 4, — Z Z Z Y Yk ko
k1=0 ko =0

rae Y = 2™ Yk ky = Ymikotkys @ = Qimyjy+jp- POJIPOGHEE 06 aqropurmax
PP d moxuo mpountarh B kHurax [4], [5], [6], [7], [8].

4. OBPABOTKA U30BPAYKEHUN

Ponsarue guckpernoro npeobpasoBanns Pyphe ecTecTBeHHO 0606IIALT-
¢l Ha ABYMEpHBIW caydall, KoTja JaHHbie 00pa3yioT He MOCIeI0BaATeILHOCTh
qncen, a gBymepubii Maccus y(k,l), 1 < k < K, 1 <1 < L. Ppeo6pasoBa-
une dypbe 5TOr0 MaccnBa (MaTpPHIL) 06pasyeT HOBHII MacCHB, DIEMEHTHI
KOTOPOTO UMEIOT CJeTyIoNIni BI/I,Z[

ZZZf%my (k, 1), (11)

k=1 1[=1

2mi /K 271 /L

roe 71 =€ , 2y =€

JBymeproe mpeoGpasoBatne Dyphe — 3To He TPOCTO MaTeMaTHIeCKas
abCTpaKIust, OHO TOJe3HO BO MHOTHX MPUKJIATHBIX 3ajatdax, BKAOTad obpa-
60TKy m3obpaxkenni. Ponr usobpaxcenuem MBI MTOHUMAET TBYMEPHYIO Taban-
My, DAeMEHTH KOTOPOH OTBEYAI0T YPOBHAM APKOCTH (PoTOrpadpun B TOUKE ¢
TekapToBbIMu KoopanHaTamu (kh,lh), rge h — pasmep sieMeHTapHON sdel-

i (paspemnienne) u3obpakenns. Pra mpocras Mogenb H300paKeHns BIOJTHE
V/IOBIETBOpUTEIBHA NPH aHadn3e (PpoTOrpahuii TOBEPXHOCTH 3eMIH U JIPYTHX
MIaHeT, CAeTaHHBIX T3 KOCMOCA.

P peo6pazoBanme dyphe Mo3BOASET 3HATATEALHO COKPATHTEH KOIMIECTBO
nHPOPMAIIT, KOTOPOe HeoGXOTNMO UCTOAB30BATE IS BOCCTAHOBICHUS H30-
opakenusi. OBBIYHO TOCTATOYHO 3AMOMHUTH JHIIb HECKOJIBKO MEPBHIX I'apMO-
HuK (KoadduunerToB Pyphe), 9TOOB BOCIPON3BECTH N306pazkeHne ¢ IprueM-
JeMOT TOTHOCTBIO MPH MOMOINH 06paTHOTO TpeobpazoBanus Dyphe

1 i
—kj _—Im .
gk 1) = — E E 2y 25"V (4, m).
m
7=1 m=1

Hlnsinka Han y ykaseiBaeT Ha TO, 9T0 §(k, () TONBKO IPHOIUBUTEIHHO COBIA-
raet ¢ y(k,l) B ciywae, xorgag < K,m < L.

OkasbIBaeTcs, 9TO BO MHOTHX NPaKTHYECKHX CHUTYANHUSIX TOYHOCTH Ta-
KOH alllPOKCHMAINN ABAACTCS TOCTATOYHO XOpollel, naxe korjga K, [ 3Ha-
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YUTEeNbHO OO0Jbllle, YeM j7 m. B kadecTBe mpuMepa 06CYINM HCTOAL3OBaHHE
npeobpaszoBannd Pyphe Mg C:KATHA HHPOPMATNT NTPH HCCIeTOBAHTT (POPMEL
MOPCKOH HOBepXHOCTH. Bocnoab3yemcs ueaqn3npoBaHHOU MOIENbI0, Tpe-
moJaras, 9TO ypOBeHb KOHTPACTHOCTH B J06GOU TOYKE NPOMNOPHHOHAJEH BbI-
coTe MOPCKOU BoOJHBI. Ppennosoxkum TakxKe, 4TO [JHHA BOJHLI paBHa P B
HEKOTOPOM HallpaBJeHWN U ¢ B NepleHIuKYAIPHOM K HEMY HalpaBJeHUHU, 3TO
O3HavaeT, 4TO

y(k,l) = Acos LU 2—7rl,
P q

roie A — aMILIHETyYZIa BOJHBI. Jlerko mpoBepHTH, 9TO V(j7 m) = A, ecan

. K

] = —,m = —, il HyJIO BO BCe€X OCTAJbHbBIX CAYyYadX (,Z[JIH OPOCTOTHI MBI IPe/-
q

p
K L
IIOJOKUM, 9TO —, — — LeJble ‘H/ICJI&). Taxkum 06pa30M, IJIsI BOCCTaHOBJACHUSA

b K L
5TOr0 M300PasKeHNs JOCTATOIHO 3HATH TOMBKO TpH ucia (p, q, V(;7 ;))

B caydae npousBoabtoro maccusa y(k, ) orbpachiBaine 4ieHOB ¢ 6ObIIN-
Mu 3HadeHnsMu k i [ B cymme (11) mpuBoguT K Gojiee CriaakeHHOMY H300pazke-
HIIO, YeM TepBoHadalbHoe. PTo ckopee mMoJ0KuTeIbLHOe CBONCTBO, MOCKOIBKY
MeJlKoMacIITabHbIe (PIYKTYalnn OOBIIHO BEI3BAHBI IIyMOM H HX YIaJeHle IpH
06paboTKe IPUBOAUT K YIYYIICHHIO KadecTBa H300paKeHns.

Amepukancknil nccaegoBatens Pomaan PpalicBenn ncmoabzoBaa JIByMep-
Hoe npeo6pazoBanne Pypbe 111 aHaIn3a HCTOTHUKOB PalOBOIH Ha IOBEpPX-
noctu ColHIa 10 PaHOacTPOHOMIYEeCKUM JaHHbIM. PocTpoeHHbie M KapThl
COJTHEIHON aKTHBHOCTH OBLIN BHICOKO olleHenbl crennanucramu PACA, koro-
phle HCIOIB30BaIl HX A4 obecnedenns 6e30MacHOCTH aCTPOHABTOB, IPUHMU-
MaBIINX yYacTHe B JYHHBIX IOJeTax.

5. BOKPBITUA HEJOYUCJIEHHOI'O TOPA

ANropuTMBI 6BICTPOrO BLIYHCACHHA MHOIOMEpHOrO npeobpasoBanns PDy-
pbe MHTEepecoBadl HCCIefoBaTenell ¢ cepequtbl 70-X 1OJ0B (CM., HampuMep,
[9] B caywqae mpocToro n = p). B 1988 roxy nuxkenep Wcugop leprrep (on
noxy4ni obpasoBanne B Kaynace, Jlnrsa, n Teneps padoraer B CUIA) npn-
JIyMaJ HOBBII MeTO] GLICTPOrO BLIMUCICHNA MHOTOMEPHOI'O IIpeobpa3oBaHus
Dypoe ([10]). Mbr mosicHEM ero njieio B cIy9ae IBYMEpHOTO MacCHBa TaHHBIX
n X n. PToT MaccuB MOKHO HepHOANYECKH MTPOJONKUTH Ha BCIO PEIIeTKY
Z? u paccMaTpuBaTh KaK AByMepHBII muckpeTHbiil Top. Meron epTuepa
TpebyeT Borancaenns N ogHOMepHHIX npeobpasoBanuil Dypbe, rae N paBHO
MUHIMAJIbLHOMY 9HCLY JHHHMI

Ly, ={(k1):km+Ilr=0 (modn)},
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IOKPHLIBAIOIINX KBapaT
T,={k):k=0,....n—=1,1=0,...,n—1}.

Pepevennbie m, r, onpefenrdomue «IMHUO», npoberaior 3nadenns 0,1, ...,
n — 1.

CJI0BO Aunus 3alUCaHO B KaBbIYKaX MOTOMY, 9YTO B AeHCTBATENLHOCTH
KaKfgad «nHus Ly, . #a (k,[)-miockocTn npegcraBiser u3 cebs ceMencTBO
napaiaeabHerx aunuin km 4+ lr = 0, km+lr =n, km + lr = 2n, ...

YTBepiKIeHne «IMHUN TOKPHIBAIOT KBapaTy O3HaYaeT, 9To (i) Bce IMHAN
npoxoaAT depes Hadato koopanuat (0,0) u (ii) srobas gpyras TOUKa ¢ TeI09n-
CJIEHHBIMHI KOODIHHATAaMNI (paccMaTpuBaeMas KaK TOYKa JBYMEPHOT'O TOpa)
IPUHALICKAT B TOYHOCTH OJHON JUHIH.

O6osnatum 4depes v(n) MHHEMAIbHOE 4UCIO JUHUA L, ., (m,r) € 1),
noxpoiBatonux 1,,. KioueBas nies Merosa l'epTHepa cOCTOUT B Tak Ha3bl-
BaeMoM duckpemnon npeodpazosanuu Padona. Pror MeTon 6e3ycloBHO 3a-
CIYyZKHBAET OTICIBHON CTATBH, TODTOMY MBI OIDAHHYUMCS JIHIIb CJIeLYIOIeH
BaJaven.

3A1AYA 3%, PonpobyiiTe pazpaboTaTh aAropuTM OBICTPOrO IBYMEPHOI0O
npeobpazoBanug Dypoe.

[MoacKA3KA. PaccMoTpnM ceMeHCTBO mapalliefbHBIX JHHUH, TepIeHIi-
KYJIAPHBIX JUHEH L, . PpocymMupyem sieMeHTH TaGIHIBL BIOIb KaiKJOH
TaKOIl MepleHJUKYyJISpHON JHHUH I 3aTeM BHIYHCINM OTHOMepHOe Ipeobpa-
soBatne Dypbe MOMYIEHHBIX CYMM. BBHIIOIHEM 5Ty IPOLeLYPY Al KaiKJoH
u3 v(n) IMHAH TOKPHITHS.

HTepecHO IBHO BEIYHCANTD 9HCIO U(N) MEHEMAIBHO HEOOXOINMBIX OTHO-
MepHBIX npeobpazoBanuil Pypee. Caenyoliias TeopeMa OTHOCHTCS K TOKPbI-
THIO 7i-MEPHOI'O TOpa.

TEOPEMA 3. Ecaun = p — npocmoe uyucao, mo v(p) = p+1, u uckomoe
NOKPLUNUE COCTNOUM U3 CACIYIOUIUT AUHUTE:

k=0 (modp), k+!{=0 (modp), k+2/=0 (mod p),
k+(p—-1){=0 (modp), [=0 (modp).

YIOPAYKHEHUE. PpommrocTpupyiiTe 5TO yTBepiKjeHHne PHCYHKOM IDH
n = 5. PpoBepbTe, 4T0 yKasalHbIe IHHIH JeHCTBHTEILHO HOKPBIBAIOT BCE
TOYKHN KBagpara Ts.

HoackAsKA. Jlunus Ly o npoxogut wepes Touku (1,2),(2,4), (3,1), (4, 3);
a aununs Ly 3 npoxoxut depes toukn (1,3), (2,1), (3,4), (4,2); ocrarbuoe
OYeBH THO.

JJOKABATEJIBCTBO TEOPEMBI 3. Buawaixe mpoBepum, 4to v(p) > p + 1.
s onpenejeHnst JUHUNA LmJ» BbEITeKaeT, YTO OHa He MOxKeT NOKPLEIBaThb 60.71867
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deM p TodeK KBajgpaTa 1}, TOTOMY ITO AId M060ro GUKCHPOBAHHOI'O k TaKoe
[, 9to km + Ir = 0 (mod p) HaxOAUTCH eTNHCTBeHHBIM 06pasoM. Ecam 6br
CYIIECTBOBAJIO JBa pelleHus, ckaxkem, {1 u Iz, To (l1 — l3)r = 0 (mod p).
Pockoabky p — mpocToe 9ncao, To 3TO paBeHCTBO BiedeT [y = lo.

Kpowme Toro, kaxpgas auuust L, , cogepxutr (0,0). Pockoabky xBagpar
T, cofiepKuT p? TOYeK, OUeBH THLIM 06PAa3OM ClIPaBeLIUBO Cleyollee Hepa-

BeHCTBO

24p-1
v(p) > =L, re v(p)zp+1.

P
Poxaxem renepn, uto kaxkas touka (k',!’) xBagpara T}, npunamrexunT
no KpaiiHeil Mepe ognoul quHuu Ly ,, r = 0,1,...,p — 1 nam Lo ;. [leicTsn-

TelbHO, NpenosoxuM, 9to (k',!') ne npunagiexnt Lo ;. Qucaa k', K"+, .. .,
k' + (p—1)I' umetoT pasaudubie OCTATKH PH HeleHUN Ha p (IpoBepbTe 5T0),
a MOCKOJIBbKY MX KOJMYeCTBO B TOYHOCTH PaBHO P, OJHO M3 HUX TOMKHO [Te-
JUThCS Ha p 6e3 ocraTka. PTo osnavaer, uro (k',!') npunamiexuT oaHol 13
JAUHUT Ly ., 9TO 3aBeplliaeT I0Ka3aTelbCTBO. O

3ATAYA 4. Ppennonoxum, 4uto p npoctoe ducqao u k > 1. lokaxure, 910

v(p*) = (p+ 1P

S3ATAYA 5. Pyers pr, p2 — ABa pasiuvyHbIX NPOCTHIX duciaa. Toriga

v(pip2) = pipe +p1 +p2 + 1.

3ATAYA 6. Paiigure cemeiicTBo 12 jguHui, HOKpHBaomux KBaapat Tg.
Jloka:xknTe, 9TO 9YHCJIO JUHAN B DTOM CeMeHCTBe He MOXKET OBIThH YMEHb-
IIIeHO.

OTMeTuM, 4TO TPaJUIHOHHBIE METOMB GBICTPOrO BEIYUCJIEHUS [BYMEPHO-
ro npeo6paszoBanus Oypbe MaccHBa 1 X TPeGYIOT 21 BRIYHCJIEHUH OMHOMED-
Horo npeobpazoBanng Pypre. Takum obpazom, meTon ['eprHepa mpumepHo
B/[BOE COKpalllaeT YHCJAO ofepaliii, Korjga n = p — npocroe ducio. B 1991 r.
M. Keabbept n A.Mazenb Hamn vg(n) mis q1060ro n 0 MacCHBOB JIIO0OM
pasmeproctn d (cum. [11]).

Ppuenem a1y dopmyay. PazjoxkaMm n B Ipou3BeleHne n = p]flpgz’ .. .pfl,
rie pi,...,p; — MpOCTHIe Yucia. Torma
l
_ 1 1
Ud(n):nd 1H<1—|—p—l—|——|—pd_1> (12)

=1

PpoBepbTe, 910 11pn d = 2 pTa popMyaa COIEpKUT Pe3yIbTaT TEOPEMEl 3 I
3agad 4 u 5.

U3 popuyssr (12) BugHO, 9TO PN INCKPETH3AMNN H300PaKeHNs BHIIOTHO

BEIOpATH B KadeCcTBe N IPOCTOE THUCIO0, a He CTelleHb IBOUKH, KaK DTO 0OBITHO
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JefaeTcd B NPUJIOXKeHNAX. Pampumep, B IBYMepHOM ciIydae, pu n = 32, 33
n n = 35 HYKHO HCMONB30BAThH OJHOMepHOe TMpeobpasoBanne DPypbe 48 pas,
a ipu n = 31 Toabko 32 pasa.

B pasmeprocTsix d > 2 paszHuna okasbiBaeTcs Oojee cyllecTBeHHol. Pa-

npumep, npu d = 3 u n = 31 oxHoMepHOoe npeobpazoBanue Dypbe HYKHO
ucnoab3zoBaTh 993 pasza, a npu n = 32, 33, 35 — 1792, 1729 u 1767 pa3s,
COOTBETCTBEHHO.

[5]
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Ham mumryT. . .

Meul nosy4daeM pasziudHble MaTepuajbl He TOMNBKO OT YHTaTeldel Halllel
CTpPaHbLl, HO U OT YKUBYIIINX 32 €€ mpeaenamMu. P puaTHO KOHCTATHPOBATD, ITO
«MaTeMaTuyeckoe MpocBelleHley MOIb3yeTcs YCIeXoM Y YuTaTelell, 1 y HuX
BO3HUKaeT XKeJaHWe Hepe3 Halll aJbMaHaX MOJIeNUThCA CBOUMH 3HAHUAMU U
CBOUM OTBLITOM. B >ToM HoMepe MBI TOMeIllaeM ABe HeGOMbIlne 3aMeTKH Ha-
INX 3apyOeKHBIX KOJLIer.

B zamerke JI. C.I'ypuna npemiaraercs cnoco® BHIYUCAEHHS YUCAA T, He
O PAIOIIHICS HA TEOPHIO PATOB 1 He TPeOYIOIINE BEIYUCJISHHN C A THKAJAMHU.
ABTOp cunTaeT, 9TO HTOT CNOCO6 MOKET GBIThH UCIOAB30BAH B IPENOJaBaHUH.

OB OJHOM 2JEMEHTAPHOM CIIOCOBE BBIYUCJIEHUA YUCJIA 7

JI.C. I'vpuH

e
Uexomda w3 TOXKecTBa 1= arctgl = Na 4+ [, 3a1aBUinch 90cIoM o =

=arctgt, 0 <{ < 1, npoBOAUM UTEPATUBHYIO NPOLENYPY:

; 2t;_ .
tlztg2a:12—tt2, t=tga=—"=L_ i=2...,m,

L=ty

rjge m HaxONUM u3 yciaoBus t, < 1, t,4q > 1. Ppeircrasum wmcao N =
= N(t) B Buge: N = 374 27 H1=F 13 onpegenenns ancra m scuo, 4ro
a; = 1. O6osmauum N; = 22:1 ap2mti—k, Torga 3Hadenus a; HaXOIATCA
nocie10oBaTeNbHo. Fean u3BecTH aq, .. . , 4;, TO

. m—t
Gt — 1, tg(NZ + 2 )a <1,
| = .

o 0, tg(N;+2" a > 1.
1—tgNa
1+tgNa
+ ((t)) maéT BO3MOKHOCTB BBHIYHCIATH T C JIOOON TOYHOCTBHIO, KOTOPAs MPH
3aJaHHOM { 3aBUCHT OT TOYHOCTH onpefejgeHnst BeJUIUH arctgw npn r = tu
x = [(t).

P bre guciao 1 cocduTaHo CO MEOTUMHA MUJIJIRNOHAMHI JeCATHYIHLBIX 3HaKOB,
HO 5TO Tpe6yeT IIpuBJevYeHNsI COBpPEeMEeHHBIX CpelCTB MaTeMaTHuYeCKOI'O aHa-

auza. CocTosiHMe BONpoca OTJIHYHO TpejicTaBieHo B cbopuuke Berggen L.,
Borwein L., Borwein P., PI, A Sourse Book. NY, Springer-Verlag, Inc., 1997.

Paxonen, moraraem § = [((t) = arctg . PaBencrBo 7 = 4(N(t)a +
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TOXKIECTBA HBIOTOHA U MATEMATUYECKASA UHAYKINA

3. P. PAIXIITEIH

ITycTs MHOTO4YJIEH f(ac) ="+ 52" "+ ...+ 5,12 + s, uMeer KOPHH

X1y...,2y,. Torga
s, = (=1)" Z Tiy vy,
11 < <ty
Kax bt MHOTOW/IEH S, CHMMETPUYECKHH W OJHOPOJHBLIN cTernenn r. Bes-
KHH CHMMeTPHYECKU MHOTOWIEH OT &1, ..., T; MOXKHO OMHO3HAYHO NPEICTa-
BUTh KaK MHOT'OWIEH OT Si,...,S,, TaK 4TO 3TH MHOIO4YIEHHE 00pasyioT Ha-
BHC B KOJIbIlEe BCEX CHMMETPHYECKUX MHOro4iIeHOB. MHOTOYIeHbI —S1, So, . . .,
(—1)"s,, HA3BIBAIOTCS IAEMEHMAPHBIMU CUMMEMPUUECKUMU MHO2OUAEHAMU.
Cymmvr cmenenet

pr(ze, ... xn) =2 +...+a,, (r=12,...)

TOZKe 06pa3y10T 6azuc B IIPOCTPaHCTBe BCeX CUMMeTpUIeCKNX MHOI'OYJ€HOB,
ecjn KOBqﬁ)(l)I/IHI/IGHTbI MHOTI'OYJ€HOB — palliOHaJbHBIE, rZ[GI(;ICTBI/ITGJH:HI:IG nJiain
KOMIIJI€eKCHBIe 9uCJa.

ToxrectBa IlploTOHAa MOXKHO paccMaTPUBATL KaK (POPMYJLI Tepexomna

MeXK Iy DTUMHI MBYMs Gazucamu. Ecam MBI MOMOKUM S,i1 = Spy2 = ... = 0,
TO JJIf JIOOLIX HaTypalbHLIX YHCel 1 U d
Pg+ S1Pd—1+ ...+ 84_1p1 + dsg = 0. (1)

3aMeTHuM, 4TO 3TH TOMXKJIECTBA CIPABEIIUBLL [ MHOPOYIEHOB ¢ KOD(PMUIIH-
eHTaMH B JIOOOM T0Je, XOTS CYMMEI CTelleHell He Bcerja 00Gpa3yioT 0asuc B
KOJblle CHMMeTPpHYeCcKnX MHOT'OYJeHOB.

Buepsnie ToxkgectBa (1) 661 onybaukoBausl [IbioToHOM B KHUTe Arith-
metica universalis, Boimenineii B ¢cBet B 1707 rony. ([as d < 4 oun GvLin
n3BecTHH yike zKupapny B Hagaze XVII Bexa.)

WN3BecTHO MHOT'O [0Ka3aTelbCTB TOXKISCTB [Iborona® . Mut NPUBETEM eIlle

O/THO, KOTOPOE T'OJAUTCA s JIoO0ro nois Koa(ppuiueHTos.
. . (d)
OG6o3HAYNM MHOTOWIEH, CTOANINN B J1eBoH dacTn (1), wepes F "’ n goka-
(d)

keMm P = 0 wrgyknmen mo m = n — d.

[Taza wHAYKIUN 6y1eT COCTOATH B JOKa3aTelbCTBe Féd) = 0 gnra aoboro

3)CM., manpumep, Meed D. G. Newton’s indentities // American Math. Monthly, 1992.
Vol. 99, no. 8. P. 749-751; ZeidelbergD. A combinatorial proof of Newton’s identities //
Discrete Math., 1984. Vol. 49, no. 3. P. 319. (lau Maxdonaaed . CummeTpudeckue pyHKINM
u MHOrowreHbl Xosna. M.: Mup, 1985; IIpacoaos B. B. Muorowrens. M.: MIIIIMO, 1999. —
Ilpum. pex.)
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m =n —d < 0. Ilo onpenenennio sq,...,S,, 1TaHHOMY BHIIIe,

f(zq) :x?—l—slx?_l +...+s, =0,

flzp) =2 +s2" P 4. 45, =0.
CkaabiBasi 5TH ypaBHEHHs, MOJyYaeM
Pn+ S1Pp—1+ .-+ Sp—1p1 + 15, =0,
T. €. Fén) = 0. AHAJOTHYHO, eCIN MBI TTOACTABIM BBIpaxkKeHus (2) B popmyry
e (@) 2 () = 0,

TO TOJYIUM Féd) = 0 gas Bcex d > n (mpoBepbTe!).

Tenepsr mokaxkem, 4TO Féd) =0 nopu m = n—d > 1. llpeanonoxenue
AHAYKIAH COCTOUT B TOM, ITO Féfl/) =0upu n' —d <m— 1. 3amernm, 4To
3 ONpeeleHus S, U p, cleiyeT

FD(y, . ane,0)= F9Y (@1, any).

n

(ITposepbre!) Ilo mpegmoONOKEeHNIO MHIYKIHNI F(Ci)l (z1,...,2,-1) = 0. Ipyru-

n
MH CJOBaMU F(d) F(d) — I -
, '/ menuTcsa Ha x,, a Tak Kak Fj CHMMEeTPHIECKIH MHO
rovjeH, TO U Ha & x n F(d) = . . II
, LyenoyTp_1. UTak, I, geinTcs Ha S, = &1 + ...+ Ty. 1o
d d
CcTeleHb Fé ) MEHBIIe CTeHeHn S,. llodToMy Fé ) — 0, 9aTo 1 TpeboBaIOChH
TOKa3aTh.

YTOYHEHUA

K coxanenuto, B moeii crarbe «OQ pazbueHHn MHOXKECTB Ha HacTH MEHb-
mmero quaMeTpas B BHIM. 3 «MaTeMaTHIecKOro MpocBelleHnsy 06HapyKIIaCh
omn6ka. Jemma 4 (Ha c. 182) HeBepHa: munamerp d KakTOHW M3 YeTHIPEX da-
cTell, Ha KOTOpble MPaBUJAbHBIN BIUCAHHBIN TeTpasap pazbuBaeT Iiap, He pa-
BeH [nHe pebpa TOro Terpasipa (d GoabIle CTOPOHBI MPABHIBHOTO Tpe-
YyrOJIbHIKA, BIMCAHHOTO B IIap).

Takum 06pazoM, HEBEPHO U MOe YTBep:K[eHHe, YTO HallJJeHO HOBOoe MoKa-
3aTelbCcTBO runoTesnl [lopcyka B TpéxMepHOM TPOCTpPaHCTRBE.

M. J. I'epsep
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3ATAYA 'EPKO O YEMIIMOHAX

M. H. Baabii

Bce nyHKTHI 3TOU 3afgadu pelialOTcs MO WHIYKIHH, TPUYEM CAO0KHOCTH
paccyXKIeHull pe3ko pacrerT.

Padnem ¢ pemienus myHKTa a). Pasa WHIYKIHN OYeBHIHA: OJNH MOOETH-
Telb eUHCTBEHHOI'O COPEBHOBAaHUS U3 [BOUX — DTO YKe MOJOBHHA.

Pycrth ecth npumep 2" cnopTcMeHOB, YIOPSI0OYEHHBIX M0 CHJIE B 1 BUIaX
cnopTa Tak, 4To cpein HuxX 27! BoaMoKHBIX NobefuTeRell, 0603HAYUM TaKOil
npumep C,.

Omumem npumep Cpyq u3 27T cnoprcMenoB, ynopsjodeHHbIX MO CHIe
B (n + 1)-M Buge cmopTa Tak, 9TO cpelin HUX 2" BO3MOKHBIX MOGeqnTesel.
PasgemuM cnoprcMenoB Ha ABe paBHble rpynnbl A uw A’. Pymem cuurarh,
9TO B BHIAX COpTa € 2-10 10 (n + 1)- CIOPTCMEHBI B KaXkK/IOH M3 T'PYIII
ynopagodensl kak B npuMepe C),, B 1-M Buge cnopra no60i n3 A’ cuibuee
Jboro uz A, a B OCTaJbHBEIX BHAAX — Ha0BGOPOT.

Ecau nepBriM npoBecTH cOpeBHOBaHUE O 1-My BHIY CIIOPTa, TO OCTAHETCS
rpynna A’, ecium ao6oe apyroe — ocraneTcs rpynna A. Y4uTbBasg, 9TO B
npumepe C), ecTs 2"~ ! BoamoxkHEIX TOGeguTeNCH, TOTyTaem 271 4271 = 97
BO3MOXKHBIX TToOe uTe el B ipumMepe (1.

6) YkaykeM I KayKIOT'O BHJa CIOPTa CIOPTCMeHa, KOTOPHIN MpH JIi0-
O0M HOpALKe IPOBEICHHA COPEBHOBAHNI BLIOLIBAET B DTOM BHe WIH PaHbIIe
(He3aBHCHMO OT TOTI'0, KAKHM IO OYepen MPOBOINTCA STOT BII ciopTa). Po-
CTpOeHne HHIYKTHBHOE,

Jlas 1-Tro Buga COpeBHOBaHWE — DTO CAMBIN cIabBI B 1-M BuIe.

Pycth yike noctpoeno muoxectBo Ay = {ay,...,a;} CIOPTCMEHOB Takoe,
9TO ¢; BLIOLIBAeT B i-M BHJE CIOPTa WA paHbIIe.

Uz coopTcMeHoB, He BXOJANINX B MHOXKECTBO Ap, BLIGepeM caMoOT'O Cla-
6oro B (k + 1)-m Buge crnopra, 0603HAYNM ero depes ajy1. [Joxaxem, 4TO
ax+1 BbIOBIBaeT B (k + 1)-M Buje cmopTa Wiau paHblie MpH JIOG0M MOPSIIKe
copeBroBaunil. Pycts (k4 1)-it Bujg cnopTa IpoxoguT r-M MO TOPAIKY, a N3
MHOMKeCTBa Ay 3a mepBbie r — 1 COpeBHOBAHUE BLIGLLIO w deloBeK. B r-M co-
peBHOBaHUN BHIOBIBaeT 2”7 denoBek. PosToMy ajq1 TPOXOMUT B ClepyONINT
TYP TOJIBKO MpH BemonHeHnn yeaosns 2"~ < k—w. Po mocae (k+1)-ro Buga
CIOPTa JONKHBL IPONTH COPEeBHOBAHUA IO He MeHee YeM k — w BHJaM CIOpTa
¢ Homepamn 3 MEOxKecTBa {1, ..., k}. Posromy k—w < n—r < 2”77, Takum
06pas3oM, aj41 BEIOBIBaeT B (k + 1)-Bue cnopTa min paHbIIe.

B) O6paTnM BHEMaHWe Ha TO, 9TO B KOHCTPYKINN, ONHCAHHON B MyHK-
Te a), eCTh NPOM3BOJ B BHIOOPE COPEBHOBAHUS, OTOHMpAOIIero rpymmy A.
OKasbIiBaeTCs, UTO MAKCUMAADHOE UUCAO 603MONCHBIL nobedumedet uz 2"
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CNOPMCMEHOE, COPEBHYIOWULCA 6 KAKUL-Mo n eudar cnopma ud (n + 1)-
20 603M09cH020, pasno 2" — 1.

Ppex e vem mOKasbiBaThb 3TO yTBEpXKjeHHe, MOACHUM KOPOTKO, KaK HC-
NOJH30BAThH €0 s PellleHns MyHKTa B). Paza MHIYKINN HO-TpeXHeMY Ode-
BugHa. /s MHIYKTHBHOTO Tepexoga MOBTOPHM pacCy:KjieHne MyHKTa a) 1
3aMeTHM, 9TO U3 Ipynnbl A’ mobe uTeasMn MOXKHO caefaTh 2 — n deloBek,
ams A — 2" — 1 qeroBek. UToro nonygaem 2" —n + 2" — 1 =27+ — (n+1)
BOBMOXKHBIX TOGeMuTeel.

Pyxuyto oleHKy s ducia BOBMOXKHBIX MOGeIUTeNell B COPEBHOBAHUIX
no 1 BHAaM crnopTa 3 (n + 1)-ro BO3MOKHOT'O MBI TIOJIYYNM, TOKa3aB Gogee
CHJIBHOE yTBepKjeHue: cyuecmeyem maxotd npumep I, uz 2" cnopmenenos,
ynopadouennviz 6 (n + 1)-u eude cnopma, wmo evibopom n 6udos cnopma
u nopadka ux nposedenus mMoxcno cdeaamsv nobedumeasmu 2" — 1 yuacmuu-
K06, a4 €QUHCTNEEHHOMY UCKAIOUUMEALHOMY Yuacmuuky (Oydem nasvieams €20
aymcaidepom) moxcHo obecnevums 66100 6 HuHaL.

Pasa nmpn n = 1 odueBngnHa (1Ba COpPEeBHOBaHMS, B KayKJOM M3 KOTOPBIX
CIMIOPTCMEHBI YIOPSAI0YeHB OMMHAKOBO).

WNunyktuBabiii nepexog. Ctpoum npumep [, 41, ICXOJS U3 CYIIECTBOBA-
nns npumepa F,. Ouars pasgeanm 271! cnopremenos na pasuble rpynnst B
u B’. Pygem canrars, 9To B 1-Buge cnopra Jao60i n3 B’ cuabnee 1o6oro us
B, B ocTasbHBIX BHIaX — HA0GOPOT, a B BHIAX €O 2-1'0 MO (1 + 2)-i cnopT-
cMernsl BHyTpu B m B’ ynopagodensl, kak B npumepe FE,. JonoannTeabHo
IPeJIIOJIOKIM, YTO ayTcaigep B B — caMblli cuibHbl cpejun B B 1-M Buje
cropTa.

PpoBoas mepBeiM 1-1 BuJ crmopTa, moaydnM 2" — 1 BO3MOXKHBIX m00enn-
Tejseil u3 B', npudeM NIpH HEKOTOPOM MOPSJIKe MPOBEJCHHS COPEBHOBaHMUH
ayrcaiinep us B’ Briiiger B Gpunaj (HHIYKTHBHOE TPeINONOKEHNE).

Ecau Boo6lile He MpoBOAUTHL COpeBHOBaHus 1o l-My BHIy cmopTa, TO B
IepBOM COPEeBHOBaHWN BHIObIBalOT Bce U3 B’ a majdee mpooaurcs n — 1 co-
peBHOBaHue. Po HHAYKTUBHOMY MPENOJOKEHI0 BEIGOPOM B4 COpPTa Js
MepBOI'0 COPEBHOBAHUS U MOPA KA MPOBEIEHUS] COPEBHOBAHUE MO OCTAJbHBIM
BHJaM CIOpPTa MOYXKHO clejaTh nobeaurensmu 2™ — 1 cnoprcMeHoB uz B.

Octanock 0O6BACHUTH, KaK chelaTh mobegureneMm ayTcaigepa B B. [las
DTOTO NEPSHIM NPOGOJUM oM 6UD COPEEHOGANUT, KOMOPLLT ABAAETNCA NO-
caednum npu nopadke copesnosanui, obecnevusaoujem 6birod aymeaidepa 6
dunas. Pocie aToro ocranyres ToabKo cnopreMensl w3 B. [ajee npoBomgum
COPEBHOBAaHUSI B TAKOM MOPS[Ke, KOTOPHII 00ecnevnBaeT BBIXOJ ayTcallgepa
w3 B B guHaa, a 3aBepiiaeMm — 1-M Bujom crnopTa. B #Hem ayrcaigep noGe-
K TAET.
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3AJTAYA [TITATTOBAJIOBA O JAILE

I1. A. KO>KEBHUKOB

JlocTaToYHO TOKa3aTh, ITO YNCJAO, HAPUMEpP, TOPH30HTAJNLHBIX XOT0B Ja-
IbLU TpH mefeHnu Ha 4 MaéT B ocTaTKe 2.

[IycTh TpaekTOpHs MeHTPa Jajbll OTPAHNINBAET MHOTOYTOMBHUK P (MBI
cYUTaeM, 9TO HEHTP JaJbl BCErjJa CTABATCA TOYHO B HeHTp KiaeTkm). Ta
YaCTh pa3MeTKH IMaXMAaTHOU JTOCKH Ha MOJs, KOTOPas HAXOMAUTCH IMeJnKOM
BHyTpn P, o6pasyer HekoTopbii rpad G (cM. pmc.), BepIITHBI 3TOTO I'pa-
(ha — yaawl maxMmaTHOU paszmerku. lleTpynno mousith, uto G — 1epeso.
Beegém cucremy KOOpAMHAT ¢ HadajgoM B IeHTpe mojs al maxMaTHOW moc-
KN U OCAMU, TapaJieJbHEIMI TOPU3OHTAIIM U BepTHKAJIAM TOCKH. Tormga Bce
BepIIMHL P nMeloT meJodncAeHHble KOOPINHATHI, & CTOPOHBI TMapatlelbHbl
OCSiM. YCTAHOBUM CJAeIYIOMIHMT o61Iul haKkT.

JIEMMA. [Tyemb P — MHO20y204bHUK ¢ 6EPUUHAMY 6 YEABLE TNOYKAT CO
CNOPOHAMU, NAPUALEADHBLMU OCSLM, MaKol wmo coomsememeyowui 2pap G
(noayuaempiii coedunenuem yewmpos cocednuzr xaemouex P: .moboii maxoi
MHO20Y20AbHUK MONCHO 6LIPEAMb U3 KAEMUAMOU Oymazu) Aeasemcs depe-
som. asee, nycmp A — wucao yeavx mouex wa epanuye P, y xomopwvix
abcyucca wémnas, B — wucao yeqavix mouex na epanuye P, y xomopvir ab-
cyucca newémuas. Toeda cymma daun 2opuzonmanvubiy cmopon P epasnuma
¢ A— B+ 2 no modyaio 4.

Ya




212 OaMiua bl

JJOKABATEJIBCTBO mpoBeném nuayknuen no miomagn P. [lasa (Sp = 1,
P cocront us ogHON KiaeTKH) TpuBnaabHa. [lepexon ocymecTBiasieM, oTpesas
oT P KIeToduKy, COOTBETCTBYIONIYIO JUCTy fAepeBa (¢ (y BCIKOrO JTepeBa, KO-
HEYHO JKe, ecTh JcT). KieTodyka MoxeT OpuMbIKaTh K P au60 1m0 ropu-
30HTAJbHOMY OTpe3Ky, Au60 Mo BepTHKAILHOMY OTpe3ky. B mepBoM caydae
CyMMa, JJIHH TOPH3OHTAJBHBIX CTOpOH P He m3sMmenseTcs, B To ke BpeMms A — B
TOXKe He m3MenseTcs. Bo Bropou caydae n cymMma aini, 1 A — B usmensioTcs
Ha 2.

[lasi MHOTOYTOMBHIKA PP, OrpaHUYeHHOT'O TpaeKTOpHel MeHTpa Jajlbi,
A = 32, B = 32, caejloBaTeJbHO YHUCJIO NOPU3OHTAJIBHBIX XO[OB CPaBHHMO
cA— B+ 2=2no moxymio 4.
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3AJAYA O JIBYXIIBETHOM I'PADE

. ME>XKUPOB

YCIOBUE 3AJAYU. DPEIIOJOKIM, ITO KayKasd BeplInHa Ipada MOKeET
HaXOANThCS B OJHOM U3 ABYX cocTosHnE. /s Kayk 101 BepiInubl Tpada A ga-
Ha onepanuns PA, koTopas MeHsieT COCTOAHEUA BepIINHBL A 1 Bcex ee cocefell.
JlokazaTh, 9T0 HalZeTCS KOMIOBUIAL DTHX ONEePalliil, MEeHAIOMas COCTOAHMS
BCEX BepIIH.

PEWEHUE. DpoBejieM JHoKkazaTelbCcTBO 0 uHayKuuu. liad rpada us 1 Bep-
[INHBL YTBEPK JIeHHEe TPUBHAIBHO. DYCTh YTBEPXKAeHUE BEPHO s BCeX Ipa-
¢oB n3 n BepumH. /JokaykeMm, 9TO OHO BepHO misi Bcex rpadoB n3 (n + 1)-ou
BEPIINHBL. JYCTh MaH KaKOU-HUOY1b Tpad 3 (n+ 1)-oi Bepimubl. BoibepeM B
HeM NpOu3BOIBHYIO Bepiinuy A. Eciu nckiawoduts A usz rpada, To ocTaHeTcs
noArpad HCXOAHOTO r'pada, UMEIINT 17 BepIIiH. D0 MPENNoN0KeHUI0 WH-
DYKIMH CYIIeCTBYeT KOMIO3UINUS onepaluil 2, n3aMeHsoIas COCTOsHIe BCEX
BeplinH 3Toro noarpada. O6o3HaduM OJHY U3 TAKUX KOMIO3UIHN depe3 RA.
Beejgem 5o o6o3Hadenne mis Bcex A, T.e. BBejeM onepaliuio R, TpUMeHIMY 0
K Jio6oi Bepiiune. Ecian xoTs 661 0jiHa onepanus KA usMensier coctosinume A,
TO OHa U3MeHAeT COCTOosiHue BcexX Beplint rpada. B aTom ciyydae mokazareib-
CTBO IIara WHAYKIuK 3akonderno. Teneps pasbepem caydai, Kormga Bce RA He
H3MEHS 0T coCTosiHue A. Doib3a 0T pacCMOTpeHus onepanini K B ocTaBIleM-
csl cllydae 3aKII09aeTcs B TOM, 4TO ee fMellcTBUe He 3aBHCUT OT pebGep rpada.
Jlasi pazbopa ocraBlIerocs ciydas JOCTATOYHO HAUTH ONepalNio, U3MeHTI0-
LIYIO COCTOSHES BCX BEPIINH, KpOMe YeTHOI'O X ducia. B camom mene, nycThb
onepalus T MeHsieT cOCTOSIHIS BCeX BepIluH, KpoMe Bepiiud Ay, Ag, ..., Agg.
Tora onepanus

ToRAjoRAyo ---0 RAy

MeHJIeT COCTOAHIE BCEX BEpPIINH, TOCKOJIbKY COCTOsSHIE Beplind A; MeHseTcs
HEYEeTHBIM KOJMIECTBOM ollepalnni [, a cOCTOSHME BCeX OCTAIBHBIX BEPIIHH
mensgeTcs T un deTHbIM ducioMm omnepaunni K. Temepnb, ecin B rpade deTHoe
9HCIO BEpIINH, TO OygeM cInTaTh, 9To 1 HEYero me MenseT. Ecaim B rpade
HeYeTHOE YHCIO BepIlnH, TO HalgeTcs BepiinHa B, mMelonaid deTHOE THCIO
coceiell, TaK KaK KOJIMIeCTBO Map (BeplIinHa, BEIXOIsIIee U3 Hee pebpo) deT-
Ho. Torga nonoxum T'= PB n T 6ygeT MeHATb COCTOSHINA HEYETHOTO YHCAA,
BEpIINH, T. €. BCEX, KpOMe YeTHOro 4ncia. JokaszaTelbcTBO 3aKOHIEHO.

AHaJOTHYHLIM paccy:KIeHneM NOKasLIBaeTcd clelylollee 6oee obliee yT-
BepiK JeHue.

3AJAYA O BKJIIOYEHUM JAMIIOYEK. DyCTh JaHO KOHETHOE HHCIO JaM-
HoYeK W Habop Iepekaodarenell, KaXK AL I3 KOTOPLIX HepeKIiovIaeT KaKhe-
TO U3 JaMIodeKk. BHadage JaMIOOYKH He TOPAT. DeoOXOANMOe U JOCTAaTOY-
HOe YCIOBHe JAf TOrO, 9YTOOBl MOMKHO OLLIO X BCe BKIIOUYHUTL: did 1106020
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NOOMHONCECTNEA U3 HEUEMHO20 UUCAL AAMNOUER MOHCHO HAUMU HAbOp nepe-
Ka0uAmesel, MERAOWUT COCTNOAHUE HEUEMHO20 UUCAL AAMNOYEK U3 IMO20
nodmuosxcecmea (wmo 3mom Habop deaaem ¢ OCMAALHBIMU AAMNOUKAMU, HE-
BAHCHO).

KOMMEHTAPUI OT PEJAKIIUN

DTa 3ajada [aeT MPeKpPacHbI MpUMep HCHOAb30BAaHUS JUHEHHOU [TBON-
CTBEHHOCTH B KOMOUHATOPHKE. DepecKazkeM 3ajJady O BKAIOYEHHH JaMIIOYeK
Ha A3BIKE JUHEHHOU ajrebphl. JacCcMOTpuM IpocTpancTBo Hatl Fy co ckadqsp-
HBIM [POM3BeeHNeM, OPTOTOHAABHEI 6a3uc KoToporo {ey, ..., €, } WHIEKCH-
poBaH JaMnodkaMn (6ygeM CKJIaThBATh JAMIOUKH 10 Moay o 2). Kax oMy
nepekToIaTenio s;, 1 < ¢ < m COMOCTaBUM CYMMY TeX JaMMOTeK, KOTOphIe
OH mepekaioTaeT. Torga BRIOTEHNE BCEX JaAMIOTeK PaBHOCHABHO YCJIOBHIO

e1+...+e, :ZSj,
J€J
KOTOpOe MOKHO PaBHOCIILHLIM 06pa3oM IepelucaTh TaK:
ert...te, €EF(s1, .., 8m) < (el—l—...—l—en)L DFa(s1y.vySm
¢>]F’§\(el—l—...—l—en)L C FS\FQ(817...7Sm)J_.
B 1eBoe MHOXKeCTBO BXOIST B TOYHOCTH HedeTHBIE [10IMHOKECTBa JlaM-

II09eK, B IIpaBoe — Te Ha60p131, B KOTOPbIX MOZKHO MMepeKJIINThb HedYeTHOe
IUCJ0 JaMIIOYeK.

)he



3aJavHbIA pa3gel

B sTom paszgese BHUMAHUIO YHTATedel MpeaaracTcs TMOAGOpKa 3anad pasHou
CTeMNeHH CAOKHOCTH, B OCHOBHOM TPy AHBIX. HekoTopbIe 03 5THX 33424 (He 06A3aTenk-
HO caMble CITOXKHBIE!) TPeGyIoT 3HAHHA ¢HEXIEMEHTAPHON) MAaTEMATHKH — aHATIN3a,
JUHERHON aareSCphl U T. 1I.

CocraBuTesM 3Tol MOAGOPKN KaXeTCsd, 9TO MpeljJaraeMble HUKe 3aa9n OKa-
KYTCA MHTEPECHBIMU KaK A CAALHBIX MIKOALHIKOB, HHTEPECYIONUXCA MaTeMaTH-
KO, TaK W JUIsA CTYJeHTOB-MaTeMATHKOB.

Mzer ofpaltaeMcs ¢ TPOChOGON KO BCeM UHTATEIAM, HMEIOIINM CBOU COGCTBEHHBIE
noAGOPKH TaKWX 3a1ad, OPUCHLIATh WX B pejakiuio. U, pazymeeTcs, MBI ¢ yIOBOIb-
cTBHeM Gy eM TyGJINKOBATEH CBEXKIE aBTOPCKHE 3ajadi. 7K 1eM Balmx muceM (Kak ¢
BHOBB TIpe/IaracéMBIMH 3a/a9aMi, TaK ¥ ¢ PEMICHHAMH OMyGINKOBAHHBIX 3a/4ad).

B ckofkax mocie ycaoBusA 3ajJadu TPUBOAUTCA daMEuINA apTopa (yTOIHEHHA CO
CTODOHBI YUTaTelNell MPHBETCTBYIOTCA). ECai aBTOp 3aja4nm HaM HEH3BECTEH, TO B
cKOOKaX YKa3BIBAETCA «POTBKIODY.

1. Mano 109-3nadHOe 4HCAO, B JeCATUYHOU B3alUCH KOTOPOIO HET HYJeH.
JlokaxuTre, 4T0 B ero JeCATHYHOW 3alucH JubO HeKOTOpas I'pylia Cco-
cequux nudp nopropurcs 10 paz noapsig, aubGo HaugyTces zamnmcu 10
pasandHelx 100-3Ha9HBIX YnCell. (A. A. Peaos)

2. Mexay nyukrtamu A u B paccrosuue 60 km. Poesn jgeraerT ocTaHOBKY
B nyHkTe A u depes yac — B nyHkTe B. [oxkaxkuTe, 4TO B HEKOTOPHIU

MOMEHT BpeMeHH ero yckopenue He Membine qem 240 w./u.
(B. M. Tuzomupos)

3. Umeercs rpadp G u ero aBromopdusm f: G — G nopsgka 2: eciau
x € G, 7o f(f(x)) =« (HamoMHIM, 9TO aBTOMOP(MU3M I'pada COXpaHieT
CMEKHOCTH BepilnH). PpuMepaMn MOTyT CIyXKHTh T'padbl TpaBHIbHBIX
HEeHTPAIbHO-CUMMETPUIHBIX MHOTOIPAHHUKOB UAN NPaBUAbHBIE peleT-
KW Ha eBKJANJIOBOH 1 THIEePOOINIECKON MIOCKOCTSX; €CTh I MHOI'O JIpY-
IUX TPUMEPOB.

B kaxkgoil BepuinHe Ipada HalUCaHO BellleCTBeHHOe YHCI0. Jl1o0be 1Ba
COCeTHNX 4ncaa (T.e. CTOSAMINX B KOHIIAX OMHOTO pebGpa rpada) oTamda-
I0TCs MeHblle deM Ha 1. /lokazknTe, 9T0 Hall feTcs napa Bepim (z, f(2)),

qIcIa B KOTOPHIX TakKe OTJINYAlOTCA MeHbIIe 9eM Ha 1.
(I'. A. I'aavnepun)
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3agaTHBIH pa3ger

Peckonbko MKOILHUKOB HI'paloT B MHHD-IMOHD «Ha BbLieT». OHU yCTa-
HOBWJIW OYepeqb, BHaYaJe UTPaAlOT TMepBLIe MBOE, a 3aTeM moberuTenb
ACpaeT CO CAeIYVIOMNM U3 odepenn. Pa apyrou menb pebGsiTa HCpaloT IO
TOH K€ CHCTeMe, HO MOPAJOK B oUepeln W3MeHeH Ha HPOTHBOMOJ0KHBIN
(T.e. oUepenb MIET OT MOCAEIHErO K MepBoMy ). /lokaxuTe, 4TO HallIeT-

s Iapa HI'POKOB, KOTOPBIE BCTPEYAINCh I B IePBHIH [eHb, Il BO BTOPOIL.
(P. P. ®penrun)

Paigure yron mexnay aumaronanamu AB u C'D mpaBmibHOTO [10IeKa-
pIpa. (C. Anucos)

a) /IBoe raTiaHImeB CIYCKalOTCA K MOPIO € BHICOYAMIIEl BepPIINHBI
Daaraangun «Puk Kiunay — oinH Mo JeBOMY CKIOHY, APYTOU 110 TPaBO-
My. l'opa HUTTe He OMyCcKaeTCd HUXKe YPOBHA MOPS, & ee MOBEPXHOCTh —
rpauK KyCOYHO-THHENHOU HenpepbiBHOU (pyHKIuu. DIaTiaHaibl «He-
NpepbIBHOY ABUIAIOTCHA, TakK YTO 3aBUCHUMOCTH KOOPJIUHAT (piaTaaHIla
OT BpeMeHu — HelpephiBHas (PYHKIHs, HA CKOPOCTh OPpaHHYEHUN HeT.

MoryT au (gaaTiaH b TOCTAYL MOPS, Bce BpeMs HaXOMACh Ha, OJNHa-
KOBON BBICOTE Ha YPOBHEM MOPs’

6) BepHo Jm aHAJOTHYHOE YTBepiKIeHHE I HECKOABKHX TOp PaBHON
BBICOTHI, C KazKIOU N3 KOTOPHIX CIYCKaeTCs mapa (PIATIAHIIeB (Bce OHNI
TOJZKHBI BCE BpeMs HaXOINThCS Ha OJMHAKOBOI BEICOTE)?

B) PycTh mOBepXHOCTBH TOpPHL eCcTh Tpaduk AndpepeHnnpyeMon GpyHK-
unn. BepHo an yTBepiKmeHne myHKTa a)7 (P. P. Koncmanwmunos)

K nawnou mapaboge mpoBefieHkl Tpu KacaTedbHbie. [JoxkaxuTe, 4TO OK-
PYKHOCTb, ONIUCAHHAsA OKOJO 0Opa30BaHHOIO HMU TPEYyT'OJbHUKA, TTPOXO-
IUT Yepe3 (pokyc napabodbl. (A. Bacaascrui)

PemnTe pyuknuonasibHoe ypaBHeHTEe M HEIPEPHIBHEX BelleCTBEHHBIX
(PYHKIHME BelecTBEHHOT'O MepeMeHHOTO:

Fa +y) = Alz) + B(2)C(y).
(A. A. Kaneav-Peaos, P. P. @penrun)
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9.

10.

11.

12.

M — xoMmnakT B MeTpuieckom npocrtpanctse, A: M — M — orobpa-
JKeHMe KoMIaKTa B cebsi, He yMeHnblinalolee paccrosinue. /Jlokaxure, 410

A — usomerpus (T.e. COXpaHSeT PACCTOAHIA).
(I'. A. I'aavnepun)

UsBecTHo, 9TO panr kKoMMmyTaTopa [AB] = AB—BA nByX MaTpHIl paBeH
emunuie. /lokaxure, uro Mmarpuibl A u B umenT obuiuii cObCTBEHHBIT
BEKTOD. (Poavraop)

Pa HekoTOpHIX KIeTKax GECKOHEYHOH [OCKH CTOAT (PHINKH (He Goiee
OHOW Ha KayK[IOH K/IeTKe), HEKOTOPble KJIeTKH TMycThie. PazoBeM pac-
CTAHOBKY NOYMU NO.AHOU, ecliu HalgeTcs Takoe ducjio (') 9TO MOKHO
CABIUHYTDH KaKIyIo (PUIIKY Ha pacCTOsHUe, He TpeBhimaioniee C' (MHOT 1a
HYyJIeBO€) TaK, YTOOHI MYCTHIX KJIeTOK He 0CTaloch. PasoBem paccranos-
KY HE CAUWKOM NYcmol, ecliu Hall feTcs Takoe yucao D, 470 KoiundecTBoO
OYyCTHIX KJIeTOK B J1060M KBajgpaTe He mpeBocxoauT DP, rme P — Te-
puMeTp KBagparta. JoxakuTe, ITO MOYTH TMOJHLIE PACCTAHOBKH — JTO
B TOYHOCTH He CJAUIIKOM IyCThIe. (A. A. Peaos)

a) C MHOTOYIeHAMHE OT ABYX IIepeMeHHbIX MOXKHO [JeJaThb ciaelyloline
ollepalnn BBIBOIa. PyCTb €CTh NJIN yzKe BbIBeJeHbl MHOTI'OYJ€HBL P17 PQ.
TOF,Z[& BBEIBOISATCS Clelyomne MHOI'OYJeHBL:

AP, AER; P+ Py Pi(R(z),R(y)),

rie R — mpou3sBOJAbHBIN MHOIOWIEH OT OMHOU IMepeMeHHON.

a) Bepuo am, 9r0 a06as cucTeMa MHOTOY/JIEHOB BHIBOIUTCS N3 KOHETHOM
HOJCHCTEMEL !

6) Tor ke BOIPOC A5 MHOTOYJIEHOB € HNETBIMH KOX(PMUITEHTAMHE, KOTO-
phle MOXKHO YMHOXKATEL TOJALKO Ha [elble YHCIa. (B. HInexm)
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B 5ToM HOMepe MBI moMeliaeM pellienns W30paHHBIX 3ajad, OMyOINKOBAHHBIX B
MPEeIbIIVIINX BEIMycKax «MaTeMaTHIecKoro MpOCBEMIeHus»y. B naiapHeleM Mbel pac-
CINTHIBaEM OMYOIMKOBATE BCE DEIEHNS.

Haaee HOMep 3amaunm K.[L o3zHadaeT, 4TO 3T0 -1 3agada uz K-ro Boinycka. B
cKOOKaX yKa3aHO, KOMY MPUHAIEKUT TTPUBOJIMMOE PEIIEHIE 3a Tatn.

1.3. YcnoBuE. Moxer an cymma dncen Buga asin(kw/n), roe a — pamn-
OHAJBHOE YHCIO0, k, 7 — lefble, paBHAThCA v/ 19977

PEmEHUE. OTBet: «MoxkeT». Posee Toro, To e camoe BepHo s J106000
qncia y/a, a € Q. JlokaxxeMm »To yTBep:xtenue aig /20 + 1, roe [ — 1enoe.

Bripaxenne T),(t) = cos(n arccost) ecTh MHOTOUIeH (MHOTOWIEH TeObIIé-
Ba), CTeneHb KOTOPOro paBHa n, cTaplinii kooduuuenT pasen 2" ! a npu
HedeTHOM 1 = 2+ 1 MHOrO4Ien YeOuIéBa HeueTeH U ero KodpQPUILeHT Ipu
nepsoit ctemenn pasen (—1)/(20 4+ 1). Bce oTn pakTH Jerko moaydaioTcs 13
PEKYPPEHTHOI'O COOTHOIICHHA

Toi1 (1) = 2T (t) — Toa (1),

POBEPAEMOTO HEMOCPeICTBeHHO n3 onperenenus Ty, ().
(2k+ 1)m

Muorounen T511(t)/t — deTHBIN 1 nMeeT HyIn + COS 2@ )

0<k<L.

Orciona caenyeT, 4T0

2k+1)m  V2+1
H cos = 7 ,
2214+ 1) 2

H OCTaeTCs MPelCcTaBUTh 3TO HPOU3BeeHle B Bile TpebyeMoll CyMMbI, MOJb-
3yACh OOBIYHBIMU TPUT'OHOMETPUYECKUMU (POPMYJTAMU.

3
p : Ts(t)/t = 16t — 20t — 16(22 — cos?2 Z) (22 — cos?2 2
pumep: T5(t)/ 6 0t + 5 6(96 oS 10)(36 oS 10),
T 37 V5
MODTOMY €OS = €OS o = ~—, OTKY/[a il 01y Taen TpebyeMoe Ipe/IcTaBIeHne
sinl+sin3—ﬂ: ﬁ
10 10 2

(B. M. Tuzomupos)

MaTemaTu4veckoe npoceeuerue, cep. 3, Bbin. 4, 2000(218—225)
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1.7. YCcJIOBUE. PycTh (pyHKINA HelpepuBHO Au(pepeHiupyeMa Ha OT-
peske [0, 1],

F(0) = (1) =0, / (F(0)? dt < 1.

Nzo6pazuTe Ha KOOPAUHATHOU MIOCKOCTU MHOYXKECTBO TOYEK, Yepe3 KOTOPHIe
MOYKeT MPOXOANTh rpaduk GyHknnn y = f(z).

PEmMEHUE. UckoMoe MHOXKECTBO fBJISeTCS BHYTPEHHOCTHIO KPyTa y2 +
+(z—1/2)2 < 1/4.

JleiicTrBuTeNbHO, 3adgukcupoBaB Touky &, 0 < £ < 1, HaugeM BepXHIOW U
HUXKHIOIO I'paHU TexX Yuceln 1), 11 KOTOPHIX 1) = f(f)7 rie f — u3 ONMCAHHOTO B

yecaIoBIE 3aa4n Kiacca. O6osnadnm i(z) = /%X[O,{]($) — 4/ lgfgx[m](x),

rie Y4 — XapakTepucTuyeckas (PYHKIUS MHOXKecTBa A:

_J1, ecimz € A,
=0, ecan © ¢ A.

Kax nerko mouaTh, GyHKIUA

KyCOJHO-JIuHenHas, paBHa 0 B Toukax 0 n 1 n nMeeT maiom B Touke /&(1 — &).

Pogbepem dmncra A u fi Tak, 9T00H (PYyHKINA
Su2
a(z)u+ %,
rie a(r) = —Xjo,¢)(*) + I, JocTHTala CBOETO MUHAMyMa B TOUKe @(7); Al

JerkKo BRIYUCJAAOTCS, HO HaM UX 3HaYeHUd He MOHAaT00ATCA, BaXKHO JUUIb, YTO
A > 0. Ucnoabays ycjaoBus 3aadl, MOJydaeM IeM0YKy HEPaBeHCTB:

1
Spg < ”‘0/( +,z)f'<x)+kf’#) do >
0

1

> | ((—X[o,g](w)‘l-ﬂ)@(ﬂf)‘l' 8 e =—fi+ 3,

orkyaa f(§) < +/&((1 —&) m paBeHCTBO HOCTHTrAeTCA JMHIND ISl (PYHKIIH
f(z), xoropas ne HenpepuiBHO guddepenunpyema. Uz cummerpun |f(£)] <

< VE((T=&). A ecam || < /&((1 =€), Touky (£€,7) MOXKHO TOJIYYINTH Kak

(& f(€)), rae f — nenpepbisro guddepenuupyema. (B. M. Tuzomupos)
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1.8. YCJIOBUE. a) MoxeT /i ceMelicTBO MOAMHOKECTB HATYPAIbHOTO Poi-
Ta OBITH HECYETHRIM, €CJIHU JIJIs JI0ObIX [BYX MOAMHOXKECTB U3 DTON0 CEMelCTBa
OJTHO CTPOTO COJEPKUTCS B APYTOMT

6) ToT ke Bompoc, ecin nepecederne JMOOBX IBYX MHOKECTB B CeMeNCTBe
KOHEYHO.

PEMEHKUE. B 06onx myHKTax OTBeT: «MoikeT». PaccMoTpuM ceMelicTBa
muoxkects M, =, (n?, n*+ |an|) u N, =, n*+ |an], roe 0 < a < 1. fc-
HO, 4T0 1pn 0 < o < [ mMeeT MecTO cTporoe BkIodenne M, C Mg u, kpome
TOTO, IPH BCeX JOCTATOYHO GOJBIINX 7 THCIO BiAa n’ + |an| He coBmagaeT ¢
qucaoM Buga m? + [ 3m|. PosTomy cemeiicTBo M, cIy:KUT IpUMepoM K II. a),
a cemeiictBo N, — K 1. 0). (A. A. Beaoo)

1.10. ¥YcaoBuk. dyukius, 3a aHHad Ha BCell BEIleCTBEHHOU TpsaMoil, Gec-
KoHeYHO muddepennupyema. B kax 1ol Touke HEKOTOpas Npon3BogHAs (HO-
Mep TMPOM3BOSHON MOJKET 3aBHCETh OT TOUKH) paBHA Hy.0. /lokaxkuTe, 9T0O
»Ta PYHKIHSI — MHOTOUIEH.

PEmEHUE. O60o3Haunm paccMmaTpuBaemyto ¢gyukiuio ydepez f. Jas xa-
JKIOMO MHOIOYJIeHa P TOCTPOUM 3aMKHYThle MHOXKeCTBa

My = Az | f(z) =p(2)},
M, = M, \ {z | © nzoruposannas Touka M)}

I JTOKayKeM, 9TO IId KaKOTo-To p BeIIOoXHeHO M, = R.

Poxaxem, 910 M, N M,, = @ upu p; # pe. Kaxx1ad Toika MHOKeCTBa
M, mo nocrtpoennio fBifeTcs HpelelbHOl, a pan Teinopa f B mpegerbHOl
To4Ke o € M, OTHO3HAIHO BOCCTAHABINBAaeTCA IO 3HATEHUAM (DYHKINH HA
M, \ {zo}. JeiicrBuTensuo, npenonokum obparnoe. PycTs mis HeKOTOPHIX
aBYxX QyHKUuU fi, fo € C°° ¢ HecoBnagatouumu B g psgamu Teiiopa npu
z, — xo (¢ # xo, k > 0) Bomoaneno fi(z,) = fa(x,). Torga Qpynkuns
g = f1 — f2 obpamaercs B 0 Ha {z,,} (cKOIBb yrogHO BJIU3KO OT Zg), & €€ psf
Tettnopa — wenyaeBoit. P pumensisn popmyay Terropa mist mepBoTo HEHYIEBOT'O
€iena pajga Ternopa GyHKINE ¢, TPAXOANM K TPOTHBOPETNIO.

O6osnatum N = R\ U,M,. Pro orkpuiToe muoxkectBo. [Jokaxem, aro N
IyCTO, TOCKe 9eT'0 U3 CBA3BHOCTH R 3axiMiodnM, 4To poBHO ofHO M, HemycTo
(uTo U TpebyeTcs [OKA3ATH).

Urak, npegmosoxumM, uro N memycro. O6osnaunm depes (W) wmoxect-
BO HyJel n-i mpomsBomuoun f. PocTpoum cumcTeMy BAOKEHHBIX HHTEPBAJOB
A; wHAYKTHBHO. BEiGepeM mpousBoabHo naTepBad Ag C N, a Kax bl nH-
TepBal A,y BHIGEPEM B OTKPHITOM HemycToMm muoxectse A, \ F*t1) (ecan
A, ¢ FUt1) 16 f coBnagaeT ¢ MHOMOYIHOM Ha A,). PerpyaHo BugeTs, 910
B TouKax M;LyA, Bce npousBoguble f oranansl or 0. Ppumin x nporusope-

IHIO. (/1. 1O. Bypazo)
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2.1. YcnoBue. [lana Bospactatomias ¢pyakuns f(z) Takas, aro f(0) > 0,
f(1) < 1. JokaxuTe, 4TO CyllecTByeT Takoe &, 9To f(x) = x U, Kpome TOro,
T — TOYKa HelpepLIBHOCTH (pyHKIUH f.

PEMEHWE. PycThs TOUKA 29 YAOBIETBOPAET CASTYIONIIM YCAOBHUIM:
> CKOJb YTOTHO GJIHU3KO CIeBa OT &g €CTh Takas TOYKa Z, 910 f(x) > .
> CKoab yrogHo 6JM3K0 clpaBa OT g €CTh Takas TOoYKa &, 910 f(z) < z.

Tora us MoHOTOHHOCTH GyHKIHN [ clegyeT paBeHCTBO f(zg) = zg. Po-
KakeM HeIpPepEIBHOCTH [ B TOUKe Zo. B CHIy CHMMeTpHH JOCTATOYHO BTO
IPOBEPUTH [l HEIPEPEIBHOCTH CJIEBA.

PycTh mocieoBaTelbHOCTD &, — o CXOAUTCH CJIeBa K TOUKe Zg I MyCTh
snadenns f(x,) orandatorcst ot f(x9) = xo He MeHee, deMm Ha £ > 0. B srom
caygae f(x,) < zg — . Pockonbky &, — &g cleBa, TO B CIIy MOHOTOHHOCTH
f mepaBencTBo f(2) < ¢ — £ BBHIIOMHAETCA IS BCeX & < .

Po ecin 29 — 2 < ¢ u npu srom f(2) < 29 — &, 10 f(2) < 2. Creno-
BaTelbHO, f(2) < & B HEKOTODOI JeBOH OKPEeCTHOCTH TOYKH Zg. Porydmin
IPOTHBOpeYHe ¢ BHIGOPOM TOUKH L.

llrak, HenpepEIBHOCTD f B TOUYKe Zg JOKA3aHA.

OcTaeTcs MOKa3aTh CyIIeCTBOBaHNe TAKOH TOUKH Zg. Pockoabky f(0) > 0
n f(1) < 1, To B KadecTBe &g MOXKHO B3ATh sup{z|Vt < z f(t) > t}.

(A. A. beaos)

2.3. YcaIoBHE. Pycthb ag = @, Gy41 = %", ¢ — TPON3BOIBHOE HATYPAIb-
HOe 4ucao, 6odbiiee 1. JJokaxuTe, 9TO NOCIETOBATEIBHOCTH OCTATKOB OT [ie-
JeHus 4, Ha ¢ cTabuAm3mpyercs (T.e. BCe OCTATKH, HAYMHAS ¢ HEKOTOPOTO,
PaBHBI).

PEWEHUE. Bocnoabsayemes caegyonium pakToM: OCTATKH OT JeJeHus 9i-
cel Bujga ¢ Ha ¢ MepUOAUYHbI ¢ mnepuojoM ¢; < ¢. Torma npum gocTaTOuHO
OOJBIINX 7 OCTATOK OT JeJeHUs Yucia 1 Ha ¢ OJHO3HAYHO Olpeenser ocTa-
TOK OT JlejeHus qucaa a Ha ¢.

Pynem pemars 3agady uHigykinein mo g. MoxXHO cauTaTh, 4TO NPHU BCEX
¢’ < ¢ ocTaTKH NOCIeIOBATEILHOCTH @), MO MOJIYJII0 ¢’ MpH BCeX NOCTATOYHO
OOJBLINX N CTAOHIU3UPYIOTCA. PO TOr1a cTabuIn3upyoTes i OCTATKE TMOCTIe-
TOBATEABHOCTH @py1 = a’" NMPHU AeJeHWN Ha ¢. A TOCAeTOBATEIbHOCTD @ytq
HOJYy4aeTCs U3 MOCJIeNOBATENBHOCTH &, CIBUIOM. (A. A. Beaos)

2.4. YcjaoBUE. Moxuo an uncaa ot 1 mo 21990 packpacuTh B 1Ba 1Be-
i) packp i

Ta TakK, 4TOOLI HE CYIIeCTBOBAIO apudmMeTndecKux nporpeccuit gautb 2000,
COCTABJAEHHBIX U3 YHCEJ] OMHOT'O BeTa?

PEmEHNE. OTBeT: nckoMas packpacka CYIIeCTBYeT.

PokaxxeMm, 9TO oTam+dHa OT HYJAA BEePOATHOCTL TOTO, YTO B CAyYalHO
I PaBHOBEPOSTHO BBHIOPAHHON pacKpacke HeT apu(pMETHIeCKON HPOrpPecCHH
manasr 2000.
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Ouenum xonudecTBo nporpeccuin ganubl 2000. Kax ras Takas nporpeccus
3a/aeTCAd MEPBBIMH JIBYMA INe€HAMU i1 < i3, IpHUTeM He BCe Takne Maphl 3a-
TaT nporpeccuio. PodToMy KoiudecTBO MPOrpeccuii ¢Tporo MeHbIle YHcaa
nap — T.e. ancaa 21000(21000 _ 1) /9 < 21999,

C apyroi cTOPOHBI, BEPOATHOCTb TOIO, YTO [aHHAs HPOIPECCHS pacKpa-
lleHa OJMHAKOBO, paBHa 2/22000 = 2-1999,

N cymma Takux BeposiTHOCTell Mo BceM nporpeccusim metnbine 1. Takum
o6pa3oM, NcKoMas packpacka CyIIecTBYeT.

3AMEYAHUE. OT BepoATHOCTEN B TaKOM PACCYZKJEHHN JeIKo H36aBUTh-

cs. [l 5TOro HYKHO DOBOPUTH O MOKPHITHAX MOIXOISIINM 06GPasoM MOL0-
OpaHHBEIX MHOXKECTB.

P (A. A. beaos)

2.5. YCca0BUE. [aHo BLITYKJIOe Telo B mpocTpaHcTBe. /oKaknTe, 9TO
MOYKHO OTMETHTH 4 TOYKN Ha er0 MOBEPXHOCTH TaK, 9TOOH KacaTelbHas (T.e.
OTOpHAA TIOCKOCTH) B KayKIOI OTMeYeHHON TOUKe ObLIa MapasiesbHa IJI0C-
KOCTH, MPOXOIAIel Yepe3 OCTalbHble TPH.

PEmwEHUE. Pacnoaoxum 4 roukun A, B, C'; D B BepiinHaxX TeTpasipa Mak-
CHMaJbBHOIO 00'beMa, BIUCAHHOIO B JaHHOe Tejo. Ecin miockocTs, npoxo,is-
mas depe3 D n napamienbras (ABC), comepKuT BHYTPEHHIOW TOYKY Tela,
TO Ha NMOBEPXHOCTH Tela MOKHO HaiThn Touky D', paccTosHme 0T KOTOpON
1o miockoctn (ABC) 6oabie pacCcTOSHASA OT TOYKH [) 10 BTON MIOCKOCTH.
Poay4uau nporuBopedne ¢ MakKCHMaJbHOCTBIO 0ObeMa TeTpasapa ABCD.

OcTajoch noKazaTh CYIIeCTBOBaHUE TeTPAdIpa MAKCUMAJIbHOT'O 06BeMa,
BIIMCAHHOIO B jaHHOe Teqo. Ppexie Bcero, orpaHudenbl KOOPIUHATH Bep-
IIMH, & TakKyKe OrpaHnYeHbl 0ObeMBI BIHCAHHBIX TETPad’qpoB (06BEMOM Ca-
Moro Tena). OG03HAYNM depe3 v TOYHYIO BEPXHIOK I'PaHb TaKHX OOBEMOB.
Pacemorpum nocaeioBaTelbHOCTb TETPas[pOB, BIUCAHHBIX B UCXOTHOE TEJO,
00'beMBI KOTOPHIX cTpeMsTcs K v. KoopuHaThl BeplInH TeTpaspoB 3a/al0T
TOYKY 12-MepHOTO mpocTpaHcTBa. 3BiIedeM U3 MOCIe[0BATEIBHOCTH TAKHX
TOYeK CXOMANIYIOCS TOITNOCIeTOBATEIbHOCTh CTaH IapTHEIM 06pa3oM: paccMo-
TPUM TOAMOCAETIOBATEIBHOCTb, Y KOTOPOU CXOASATCS TepBhie KOOPIUHATHI, U3
Hee U3BJeYeM MOIMOCIe[0BATENBHOCTh TETPA3[POB CO CXOISIITUMUCH BTOPbI-
MU KOOpAHHATaMu U T.n. PpegejbHOll TOYKe COOTBETCTBYET TETPa’dAp MaK-
CHMaJbHOIO 06BeMa v, BIUCAHHBIM B [aHHOE TEJO. (A. A. Beaos)

2.6. YCJOBUE. W3 npouzBoabHOU TOYKH P BHe dJLIHICA TTPOBEJIEHBI [Ba
KacaTedbHbIX K daiunncy Jayda [y u lo. Kpome Toro, uz P npoBegeHbl ay4u sy
i So 4epes POKychl danuica. Joxkaxure, 4T0 yroa Mexay [y u sy paBeH yriy
Mexk Iy [o 1 sg.

PemeHuE. Pycts PLy, PLy — KacaTedbHBIe K aaunncy, Fy, Fy, — ero
doxycsr, Fi, Fy — Toukn, cummerpudnsre [y, Iy oTHOCHTENbHO TpSMBbIX P Ly,
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P

PLy. Tora u3 cBONCTB HIIHICA TOAy9aeM (CM. pHC.):
FiFy = Fily + Foly = FiLy+ Fo Ly = Y .

CaenoBatenbho, Tpeyroabankn PF|F, n PFyF) paBHE M0 Tpem CTOpOHAM
W, 3HAYUT, paBHBl yrael F{PFy n FyPF}, 970 paBHOCHIBHO yTBEpKICHIIO

3agatn. (A. Bacaascrui)

3.1. YcaoBuk. A, B, (' — npousBoabHbie MaTpulibl pazmepa 2 X 2. [lo-

kaxuTe ToxknectBo Xoana: [[A, B2, C] = 0. (Yepes [A, B] ' AB — BA o6o-

3HAYAETCA KOMMYMamop).

PEmWEHUE. Pockoabky tr(AB) = tr(BA), crenq kommyratopa [A, B] =
= AB — BA pagen uyatw. C Apyroi CTOPOHEL, CJell MAaTPHUIIBL €CTh CYMMa, ee
COBGCTBEHHBIX 3HATEHNN, 8 COOCTBEHHBIX BHAYEHHHN Y MATPHUIE BTOPOTO TO-
psika mBa. PosToMy coGCTBeHHBIE 3HadeHUs MaTpuibl [A, B] — Hyan wan
N POTHBONONOKHbIe Yucaa. Ecau onn paBHbI Hyat0, To 1 MaTpuua [A, B]? = 0.
Eciu onu HeHyleBhie TPOTHBOMOJIOKHBIE dncia, TO MaTpuia [A, B] mrnarona-
ansyema u ee kBajapar [A, B]? ecTh ckanspHas MaTpuia, T.e. MaTPHIA BHIA

A2 0
( . Takas mMaTpuna JeXuT B HeHTpe (T.e. KOMMYTHPYET CO BCEMH

0 A
vmaTpuiamu). PosTomy B aarebpe MaTpui BTOPOTO MOPSIKa BBHIMOJHSETCH

Toxaectso [[A, B]%,C] = 0. (A. A. Beaos)

3.2. YcnoBuE. Pycrs |g;| < 1 uw nponsBegenne [[(1—¢;) cxoanTes. Bepro
JH, 9T0 CXOAUTCA P »_ &;7

PEWEHNE. OTBeT: He 06s3aTeIbHO.

Ponoxum g, = —9d,, €op41 = 0p + -+ -+ 55 + ..., rae 6, — 0. Torza
(14 c20)(1 + €2n41) = 1, modToMy nponspenenne [[, (1 + £2,) cxomures un
paBHO elnHuIe.

C apyroi cTOpOHBHI,

Zem:Z—&n+5n+...+57’§+...:21i’%5n.

n
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Jlast 3aBepiieHUsT KOHCTPYKIHN TOCTATOYHO BHIOpATh &, TaK, ITOOH psf

362 pacxogumics. Panpumep, MoxKHO moM0KNTH 8, = n~ /2 Torma
1
———, ecan k = 2n,
L = 1\/5
ﬁ, ecanm k =2n + 1.
"
(A. A. beaos)

3.4. YcnoBHE. a) Pycts p > 3 — npoctoe 4ncio. [JokaxnTe, 4T0 Ha TO-

PHYECKOU IaXMaTHOW JTOCKe pazMepa p X p MOXKHO pAcCTaBUTE p pep3ell Tak,
4TOOBI OHN He OWIU IpyT Apyra.
6) PasoBem wmacapadaceii purypy, xoropas n3 kietku (0,0) 3a oguH X017 MO-
xetT monacts B kietku (0, k), (£k,0), (£k, £k), (£k, £2k), (£2k, £k) (k —
nesoe MOMOKNTeTbHOe 9ici0). OTBeThTe Ha BONPOC MYyHKTA &) IS Marapa, K
unpup> 7.

PEWEHWE. 3anymepyeM BepTHKaJbHBEE psATbl (KoopamHaTa X) n ropu-
30HTAJbHBEE PALEL (KoOpamHaTa Y) ¢ MOMOIIBI0 OCTATKOB OT JeJeHusi Ha P.
Pymem paccmaTpuBaTh MIaXMaTHYIO JOCKY KaK IJIOCKOCTb Hal Zp.

a) Pacmonoxum Qepseil B Todkax ¢ koopamHaTamn (z,2z). Jlerko Bu-
IeTh, 4TO OHU He OblT ApYr jgpyra. depszb 6bET BAOMBL JuHUN & = const,
y = const, £z + y = const. Ppu p > 3 HampaBieHHs >TUX JIHHUH OTANYa-
I0TCA OT HalpaBleHUUd OPAMOUW y = 2z, a ABe NpsMble JubO COBIATAlT MO
HATlpaBIeHNIO, JU60 MepeceKaoTcs B ogHOH Touke. (1160 cncTema n3 1ByX Jn-
HEIHBIX CPABHEHUU 110 MPOCTOMY MOYJI0 C HENPOMOPHHOHAJbHBIME JEBHIMU
H9acTAME HMeeT efuucTBenHoe pemtenne.) Ecan xe p = 3, 1o 2 = —1 B Z,y,
HallpaBieHUe NPAMOU i = 22 coBIaJgaeT ¢ AuHuei 60s Qep3st U PacIoJOKUTh
Tpex (epsenn He ypaercs. UTak, maxe Ha TOpUYECKOU TOCKe p X p, Tjie p —
IpoCTOe, MOYXKHO MOCTaBUTH p (rep3ell Tak, 4TOOLI OHU He OWIH JIPYT IPy-
ra. A. K. Tornbiro saMeTnt Jio00IbBITHRH (PaKT: Ha TOPHIECKON IIaXMaTHON
pocke 15 X 15 Heab3s pacctaBuTh 15 depszeil Tak, 4TOOL OHU He OWJIU APYD

Ipyra.

6) Pemienne aHAJIOrMYHO, TOABKO MarapajKi CTaBATCA BIOAb MTPIMON
y = 3z (X0I0M «INHHOTO KOHs»). Ppn p = 7 5To HampaBieHme cOBIajaeT
¢ HallpaBleHHmeM NpsMon ¢ = —2y, 6o —1/2 = 3 B Zy. Ppu 64abuinx p Ha-
npaBieHue NpAMOl y = 3 He COBHajaeT ¢ HalpaBJeHHeM 60 MarapajKi
ax + by = const, |al, |b] < 2.

AHaJTOrUIHBIM 06Pa30OM MOXKHO TPH BCeX JTOCTATOYHO GOABIIHX P paciio-
JOKHTH P He OBIOMIHX APYT Apyra k-MOHCTPOB Ha TOPHYECKOH JOCKe TOPS TKa
p. Ml HasbiBaeM k-moncmpom GUTYPY, KOTopas ObeT M0 HalPaBICHUIM TPS-
MBIX ax + by = const, vjae |al,|b] < k. BosaukaeT Bompoc: BepHO Ji 5TO s
BCEX JOCTATOIHO GOJBIINK JOCOK (He TONBKO MPOCTOrO MOPsIKa)?

(A. A. beaos)



Permrerrns 3a1a7 3 npeplIVITIX BRIIYCKOB 225

3.5. YCHOBUE. /aH npou3BOJbHBIN MHOTOYIEH C KOMIIEKCHBIME KO-
nueHTaMu. [JoKaKuTe, 9TO KOPHH €10 TPOU3BOTHOU JeKaT BHYTPH BBIMYKJIOH
000J0YKH KOpHEH caMOI'0 MHOIOYJeHa.

PEWEHUE. Pro usBecturiii pesyabrar laycca. Cm. Gauss, Opera omnia,
1. 3, c. 112, Gottingen, Ges. d. Wiss., 1886; 7. 8, ¢. 32, 1900; MmoxkHO TaKkKe
obpatutbes kK kuure Ponual’., Cerel'. 3agaun u Teopembl u3 anaamza. M.:
Payxa, 1978. C. 115, 300; oTTyfa MBE W MO3aMMCTBOBaJIU CCHLIKY HA OPUTH-
HaJdbHBIN TekeT [aycca.
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