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FOpun Ilerposuy ConoBbeB
(1944 — 2003)

Opuu ConoBréB mocTynma Ha MEXaHHKO-MATEMATHICCKUN (HaKyIbTET
MI'Y mocme HeCkKOABKEX JeT CIyXObI B pakeTHBIX Bouckax. Om Obur crap-
e CBOWX ONHOKYPCHUKOB, HO, K YAWBJICHUIO TPEMOAABATENCH, TMOHUMAI U
OCBaWBAJ MaTepuaJ Jyduie u 60jJee OCHOBATEIHHO, €M CAMble CUJIbLHBIE BbI-
MyCKHUKY SIUTAPHLIX MaTeMaTwIecKux ukoja. CodeTanne reoMeTpudecKoro
BOOOpAXKEHMA W BKYCa K M3BICKAHHOU COBPEMEHHOU ajrebpe MpUBEJIO ero K
HCCIEIOBATEABLCKON PaboTe MO AIrebpantdeckon Tomnojaoruu Ha xkadenpe nud-
depeHmatbHOU reoMeTpun, rae oH cran yderukom A. C. Mummenko.

Ero mepBas paboThl 6bUIT CBA3AHBL ¢ TEMATUKON €00 HAYIHOI'O PYKOBOIU-
ress. [locae samurer kaugunarckon guccepranuu FOpuu [lerposuy Comosrés
OBLT OcTaBleH npu Kadenpe B JOMXKXHOCTH aCCUCTEHTA. 3aTeM IOCIeNOBAT AP-
KU TUKJI paboT MO TOMOJOTUAM C BHYTPEHHUMU CAMMETDPUAMU U SPMUTO-
Bon K-teopuu. Hayunyio paboTy OH COBMEIIAT ¢ NPENONABAHUEM B IIKOJE-
muaTepuaTe Ne18 mmenu A. H. Koamoroposa. 3anoMHUINCH W €U0 JOKJIAIBI B



Mockosckom Maremarudeckom Ob6mecrse (MMO) B nukae «Crynendeckue
Yrenusa».

Ha mexanmko-maremaruieckom dakyasrere MI'Y FO. II. ConoBrés mpo-
paboTal 10 KOHIIA, CBOEU XU3HU B JOJKHOCTAX CTAPLIEr0 HAYIHOTO COTPYI-
HUKA, & 3aTeM, MOCHe OIUCTATENIbHON 3AIATHI JOKTOPCKOU MUCCEPTAINH, B
JOJXKHOCTU U 3BaHUU IIpOdeccopa.

Hayunsre uatepecsr 0. I1. CosoBbEéBa MOCTENEHHO CMECTUIUCH B CTOPO-
Hy MaTemaTmdeckon ¢usuku. CO CBOUCTBEHHOUM €My OCHOBATEILHOCTBHIO OH
06paboTan OrpOMHBIE 00BEM MATEPHUAIA U CHEJIAT €r0 HOCTYITHBIM MHOTWM
Oaarogapsa MPOYUTAHHBIM UM CIENKypcaM. BaXXHOU BEXOW B HayIHOW XKU3HU
Mocksul cTan ero gokaan Ha sacemanuu MMO o pa6orax M. Atem mo To-
MOJOTMIECKOU KBAHTOBOU TEOPUU MOJA. 3aTEM MOCAE[OBAJ IUKJI COBMECTHBIX
pabort ¢ B. B. Beaokyposbiv u E. T. [llaryaugse mo KBAHTOBOU TEOPUM TOJIA.
Ux coBmecTHyo MoHOrpaduio Ha 5Ty Temy HOpuio [lerpoButy He cyxmeHo
OBLIO yBUAETH B 3aBEPIICHHOM BHIE. . .

W3 xu3Hu yuea yHUKAJILHBIA Y6I0BEK: SHIMKJIOIEIATCCKA 06Pa30BAHHBIN
U OCHOBATEIbHBIN, JOODBIN, BCErJa IOTOBLIM IPUUTH HA IIOMOIIb, TAJIAHTIIN-
BBIA M DVIYOOKUU YHUEHBIN, YIUTEAb B CAMOM BBICOKOM CMBICJAE DTOrO CJOBA.

A. B. Cocuncruii

¥ Kk ok kK

Tpynuo, ovens TpyauO nmucath 06 ymenuem apyre. He xowercs BepuTs,
9TO0 OOJNbIIe HWKOI'ZA HE YCIBLINWINL €ro IOJ0ca, He YBUAUWIIL €ro noOpyio
MAPOKYIO0 yJILIOKY, HE HOJYYUIIb B TPYAHYIO MUHYTY COBETA U HOJ AEPXKKU.

A moznakomumics ¢ FOpuem [lerposudem ComoBréBbiM B Ha4dame 70-X TOLO0B.
Brrmo sTo Tak. [Ipuexas B mkomy-uaTepraT npu MI'Y «wmTaTh CBOIO Odepen-
HYIO JEKIUIO, 1 0OHAPYXWI I'PYIINy MPENnoaBaTeJel, OKPYKUBIINX HE3HAKO-
MOI'0 MHE 9eJOBEKA, KOTOPBIA 9TO-TO PACCKA3BIBAL. Y CEBIIUCH 33, CBOOOMHBIM
cToJoM, A npucaymanaca. Hessakomen ropopui o mapesude /[luvurpuu, Bo-
puce 'ogyHoBe, Ha9ajJe CMyTHOrO BpeMeHu, O OyPHBIX M POKOBBIX COOBITHUIX
HAIIEd UCTOPUH.

Pacckas 6611 HACTOMBKO BEICOKOXY JOXKECTBEHHBIM, TPAKTOBKHU COOBITHN (B
OGHIQM, XOpomo MHE I/IBBQCTH])IX) TaKNIMN I‘JIy6OKI/IMI/I 1 TOHKVWMU, ITO g 3aCIy-
IIAJCA U, €CIW MHE He M3MeHsAeT IIaMATh, faXe Ha HEeCKOIbKO MUHYT OIIO3JaJl
HA CBOIO JIEKIWio. [locae OKOHIAHUA 3aHATUN MBI COBEPIIEHHO CJIYIANHO BMeE-
CT€ BBHIIUIM U3 WHTEPHATA W PA3roBOPUIMCH. Tak COCTOMIOCH 3HAKOMCTBO,
OYI€Hb GBICTpO nepeneamnee B TEIAbIC APDYXECKUE OTHOIICHUA.

FOpun IleTpoBut GBLT TPEBOCXOIHBIM, MIXPOKO 3PYIUPOBAHHBIM MATEMA-
TUKOM. O €r0 HAQY'IHBIX NOCTUXECHUAX PACCKA3aHO BBIIE, TAK YITO UX g Ka-
caTnsca He Oyny.
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On obuaman 1 megaroruvYecKuM TajdaHnToM. Kro jgekuuu no aaredpe, aHa-
JIU3Y ¥ T€OMEeTPUU B UHTEPHATE OTANIAIN TVIyOWHA MBICIAHT, ACHOCTH, I€TKOCTh
7 PeIKOCTHAA TpOo3padHocTh. O caMBIX TPYAHBIX [Jd UIKOTHLHUKOB BEIIAX OH
yMmel paCCKa3bIBaATh YBJICKATEJIBHO WU IIOHATHO, BBIACAAA IVNIABHBIC MACU U KAK
CBO3JM BKOJAYWBAS W3 B TOJOBHI CiymiaTened. MHOrme m3 MaTeMATHUKOB —
BBIIYCKHUKOB MHTEPHATA, mpociymasuue jekinu ComoBbEBA, Uepe3 MHOIO
JET TOBOPWIM MHE, YTO B uX Omorpadum OH OBLI JIyYIIUM JEKTOPOM, BO MHO-
rOM ompeeauBummM ux HayIHyo cyas0y. HOpun [lerpoBus npeBocxoqHo 3HAT
¥ TOHMMAJ MCTOPUIO MATEMATUKZ W 00JaaJ] HECOMHEHHBIM JATEPATYPHBIM
mapom. drobsr ybequThCa B 9TOM, JOCTATOYTHO IIOCMOTPETDH MOAIIUBKYU XY P-
mamaa «KBaHT», 3aMecTATENEM TVIABHOIO PEIAKTOPa KOTOPOro o 6swr ¢ 1981
mo 1994 roa. Ero crareu «Bemos Ban Poymenay, «TBopubl HOBOM acTpOHO-
vum», «H. W. JloGadeBckuiy 1 Apyrme HECOMHEHHO BXOOAT B 30J0TOU (hOHT
HAy YHO-TIOIYJ/SIPHOU JTATEPATY PHI.

Byay4u wienoM pegkorerum, 3aMeCTUTENEM [VIABHOTO penakTopa «KBaH-
Tay, FOpun [leTpoBud BO MHOTOM OIpeAeNsI JUIO W YPOBEHb XypHaua. OH
TPpAaTUI MHOT'O BDEMEHU U TPy Aa HE TOJBKO Ha HAIINCAHUE CBOUX CTaTefI, HO 1
HA PEeJAKTUPOBAHME (MHOTJA — IEPENUCHIBAHUE) MUCAHUU APYTUX ABTOPOB.
ITo 4acTo ObiBaeT B «KBaHTe», KOT1a HEILIOXUE IO 3aMbBICIY CTAThU OKA3bIBA-
I0TCs IIOXO HAIMMCAHHBIMU W UX IIPUXOAUTCA YAyTdllaTh, AEJAATH IIOHATHBIMU
IIKOJABHUAKAM, T.€. «(JOBOJUTH JO yMay.

FOpun IlerpoBuy obaagan mmpodanmen spyaunrer. OH 3HAT HECKOIBKO
S3BIKOB, B TOM YHCJE APEBHUX. TPYAHO HAUTH OOJACTH HAYKU U TEXHUKH, C
KOTOPOU OH B TOW WM WHOU cTerneHu He Obul 3HaKOoM. Hamboaee ruy6oxumum
ObLIM ero mMOo3HAHWA B Oo6jacTH mcTopuu. MHE ZOBOAMIOCH Iy TEIIECTBOBATH
C HUM TIO Pa3HBIM CTPAHAM W B KAXJOU W3 HUX A Y3HABAJI OT HET'O0 MHOI'O
HOBOT'0, MHTEPECHOT'0 U, MIaBHOE, He 00meusBecTHOr0. OH roBopmi 06 ucTo-
pum Kak niIyOOKWU M TOHKWUU 3HATOK. [lopod ero moBecTBOBAHUA O COOLITH-
AX TIyOOYANIIeN APEBHOCTH BBITJAIEAN KAK PACCKA3bI OveBUANA. HacTomabko
HATJIAIHO, ACHO ¥ IPOHUKHOBEHHO OH TOBOPWI O HUX. B KaxXxmoMm ropojae, rie
FOpuu [leTpoBud 0Ka3bIBAJICH, OH YCTPEMISICA B KHUXKHBIE MAara3uHbl. B ero
CUTAHTCKOU JOMAIIHen 6MOInOTEKe COOPAHBI KHUTK II0 MaTeMATHUKe, (PU3UKE,
IPYTUM TOYHBIM HaykaM. MHOrO B HEH W XyJOXECTBEHHOU JUTEPATYPHI W,
pasymeeTcs, o ero 0co60My IPUCTPACTHUIO — UCTOPUU. Y HUKAJIBHA COOPaH-
Hasg COJOBLEBBIM KOLIEKITAA PA3HBIX n3naHui bubmuu. Hesamgoaro o cmepTu
OH TOBOPWJI O CBOEM MeduTe — Pas3ao0bITh KONTCKY0 bubauio.

FOpuu I[lerpoBud ObLI 0OYeHb OOPBIM U My APBIM YenoBekoM. Heogaokpar-
HO B KpaﬁHe TAXKEJIAbIE MOMEHTBI Moefl XKHN3HU OH OKa3bIBAJ MHE NDYXECKYIO
oA fepXKKy u momMoinb. 06 3ToM MOXHO ObLIO GBI TOBOPUTH MHOT'O W JOJTO.
Ho sTo yxe auunoe. Ckaxy 04HO — MHE OY€Hb HE XBATAET MOEro APYra, Tak
PaHO HAaC IIOKWHYBHIECT'O.

A. A. Eeopos



MareMaTH4eCKMA MUP

Nzpanns MouceeBud ['enbdans

B. M. Tuxomuposn

B 2003 rogy ormedanoch AEBAHOCTONETHE CO OHS POXIEHWUSI OTHOTO U3
KPYIHEUIINX MATEMATUKOB cOBpeMeHHOocTu — Wspawns Mouceesnda [enb-
darga, yIEHOro, HAXOMAMETOCA MO CeH NMeHb Ha MepeNoBOM pybexe coBpe-
MEHHOU HAYKU.

... [laBariTe MBICIEHHO TPOCIEAUM 34 COOBITUAMU, IPOUIOUIEAIINMYA B Ma-
TeMaTHUKe B IPOILIOM BEKe, W, PA3QeIWB €ro Ha TPHU UacTH, HOmpobyem Ha-
3BaTh MATEMATUKOB, OKA3aBIINX HAMOOJBIIEE BAUAHUE HA PA3BATUE HAIICH
HAYKMA B KAX/BIM U3 3TUX TPEX MEPUOJOB. JTa NpobieMa He MMEET OIHO-
3HAYHOI'O peueHuA. Y Kax[Ooro U3 HAC MOXeT ObIThb COOCTBEHHOE MHEHWE
06 DBOMIOIMY MATEMATUKN U O BIUAHAM HA €€ PA3BUTUE OTAEIbHBIX yIEHBIX.
Pazubie aroau Ha30BYyT pasHbie uMeHa. HO YMCI0 HA3BAHHBIX yYeHBIX OymeT
HE CJIUIIKOM BEJIUKO: KPYT' TE€X, KTO MOXET IIPETEHI0BATH HA TUTYJ KPYIIHEN-
LIero MaTEMATUKA CBOETO BPEMEHH, JOCTATOYHO Y30K.

S wazosy Tpu umenu: [lasug 'nnsbepr, Auapen Hukonaesuya Koamoropos
u Uspamias Mouceesuu ['eandanm.

[lBauaThHIN BeK MpWHEC BeIWYallIne NOCTUXEHuA B Hayke. M B mare-
maTuke Toxe. Anamap, C. Bepumrrenn, Bpaysp, A. Bewnn, I'. Berns, Bumep,
Bunorpamos, ['énens, 3urens, o, A. Kapran, 9. Kapran, M. Kpeus, Jle6er,
Jlepe, pou Heuman, [lerposckun, [lonTpsarun, Yuruau, Yepu, Hlaupeasmas. . .
A HazBaM 3/1€CH IUIIBE MATEMATHKOB MOKOJICHUSA MOUX YIUTEICH, POTABIINXCI
B [I€BATHAANATOM BEKE U B MEPBBIE AECATUICTHAS ABAAIATOIO BEKA, U XOPOIIO
OCO3HAI0, YTO DTOT CIUCOK HemoJaoH. HO B3MIAHYB HA HErO, KAK HE BOCKJIUK-
HyTh: Kakue uMeHa! kakue 6aucTarenbubie 38é3ab1! U BCE xe nusa MeHs Tpu
IMEHU B HAMOOJBIIEH Mepe CUMBOJU3UPYIOT MATEMATHUKY ABAAIATOrO BEKA
(Ilyankape s oTHOWY K A€BATHAAIATOMY BeKy) — [ masbepra, Koamoroposa
u lenrpdanmga.

MaTemaTny4eckoe npocsewietne, cep. 3, sbin. 8, 2004(8-12)



Nzpanas Mouceesua I'eappang 9

* 3k ok k 3k Xk

2Kusep u TBopuecTBO U. M. 'etbdpaHaa BO MHOTMX OTHOIIEHUAX OGecrpe-
uegeHTHBI. S XoTen Obl BBIACAUTD TPU YEPTHI 3TOU IKCTPAOD AUHAPHOCTH.

Bce Benukue MaTeMaTUKY U3 IPUBEIEHHOIO MHOIO CIIMCKA 3AKOHYIMIN IITKO-
aer, Bce (kpome M.T. Kpenna) yaunuch B OPECTHRKHBIX yHUBEPCUTETAX, Y
MOABJAIONIEr0 OOJBIIMHCTBA, U3 HUX AETCTBO U IOHOCTH OBLIU BIIOJHE O1aro-
Oy IHBEIME — O0eCIevYeHHbIe POIUTENN, HHTENIEKTYAIbHLIN KPYT OOUIEHUA,
momainHsisa 6ubamoreka. .. 2Kusup [enndanga HanHAIACH IO-UHOMY .

Uspanns Mouceesnu enbdang poamics 20 aBrycra (2 ceHTAOPs 10 HOBO-
my crmaio) 1913 roga B me6oasmom nocenrke Kpacabie Okubr (abre B O gec-
ckou obsmacTu B Ykpamue). B 04HOM MHTEPBBIO O CBOEM JETCTBE OH PACCKA-
3BIBAJI TaK:

«f pogmics B MaseHBKOM rOPOAKE, B KOTOPOM OBLIA, JWIIb OJHA IIKOJA.
Mou yuurens MaTeMaTuKu GbLI O9€Hb JOOPBIM 9€I0BEKOM (ero dhaMumus Obura
Turopenko). fl HEKOra He BCTPEYAT JIydLUIero YIuTe€sd, XOTs A 3HAI Ooblie,
9eM OH, ¥ OH OCO3HABAI ITO.»

Konunts mkoay l'enbdangy He moBenmochk. B cBoeM mHTepBbIO ['enbdanmg
MOBENAT O TPEX «CIACTIUBBIXY O0CTOATEIBCTBAX CBOen x)u3nu. [lepBoe u3 Hux
COCTOSAIO B TOM, YTO €My HE IPULLIOCH KOHYATH HUA CPEJHEN, HU BBICIIEH [ITKO-
ael. Bropoe, — 4To on nmpumexan B MOCKBY MECTHAAUATHA C IOJIOBUHOU JET.
(DTO CrydmnoChH «B pe3yabTaTe HEKOTOPHIX TPYAHOCTEW, BOSHUKIINX B MOEU
cembey; HEKOTOpPOE Bpema B Mockse [eandang 6b11 6€3pab0THBIM.) A B 16M
XK€ COCTOSI0O TPEThE «CUACTINUBOEY 06CTOATENbCTBO B Xu3uu Uspawins Mou-
ceesuva’? Bor, uT0 0H pacckasau:

«Mowu poguTesu He UMeIU BO3ZMOXHOCTHU MOKYNATH MHE MATEMATUYECKUE
KHUTYM — y HUX He ObUIO CpeacTB i sToro. Ho mue cHoBa mosesno. Korga
MHEe ObLIO 15 ser, poxurenu moBesnu Mensa B Ogeccy menaTh ONEPAIUIO All-
meHAunuTa. S CKasad, 9To He MOUAY B FOCIATAJNb, €CJAU OHU MHE HE KYILAT
KHUTY TI0 MaTeMaTuKe». VI kHura ObuIa KymieHa. DTo ObLT OYeHb Op TUHAPHBIN
y4e6HuK no anaau3y. Ho OH pajuKagibHO M3MEHWI MIPECTABICHUE TIATHAIIA-
TUIETHErO IOHOIK O MaTeMaTuke. [lepen TeM OH gymMal, 9TO CyIEeCTBYIOT ABE
PA3IMYHBIE MATEMATHKN: AIrebpa u reoMeTpus. A Korga oH yBuaea hpOpMyIy
MakopeHa, OH OCO3HAJI, ITO MEeXIy STUMU HayKaMmu HeT mpomactu: «MaTe-
MAaTHUKa IPEACTANa IEPEI0 MHOU B CBOEM eauHCTBe. VI ¢ TOU MOPHI A MOHAT,
9T0 pa3HbIE 00JACTH MATEMATUKHU BMECTE ¢ MATEMATUIECKON (PU3UKOU 00pa-
3YIOT IMHOE TIEI0E.»

Bes yuurenen, Bgaau or pogHOro goma, 6e3 cpeacTs, 6€30 BCAKOU IOJ-
IEepXKW, B BO3PACTE AEBATHAAUATH JET OH BOLIEI B MATEMATHUKY HACTOIb-
KO, 9TO CyMel NOCTYNWUTH B ACHUPAHTYPY MOCKOBCKOTO YHWBEpPCHUTETA.
Ero pykosomurenem ctaa Auapen Hukomaesma Koamoropos. B 1935 ro-
oy leabgang sammimaeT CBOI0O KAHIUIATCKYIO TUCCEPTAIUIO, CONEPKAIILYIO



10 B. M. Tuxomupos

PEe3yIbTATHI, KOTOPBIE PACCMATPUBAIOTCA HBIHE, KAK KIACCUKA PYHKIMOHATb-
HOrO aHaam3a. C TOU MOPHI HAYAIACH €0 GIUCTATENbHAS TBOPUECKAd KU3Hb.

[IpumeuaTensHON 0COOGEHHOCTBIO €ro Gmorpaduu ABIAETCA TO, ITO OH
MOYTH HUKOTZA He PaboOTal B OJUHOYECTBE, 4 BCErJa CO CBOMMU CTYIEHTA-
MU, COTPYAHUKAMU U KOJLIEraMu. BOT majJeKo HENOJHBIA CIUCOK €r0 COABTO-
poB (coxpanss npuMepHbI BpeMeHHON nopaaoK): . A. Paukos, I'. E. Illunos,
M. A. Haumapxk, A. M. fAraom, C. B. ®omun, B. M. Jlesuran, 3. . [Hanupo
(oHu 3aBepmmiu cBoe 06pasoBanue 10 Bropou muposou souusr), M. U. I'paes,
M. JI. Heraun, B. B. Jlugckun, JI. A. [uxunu, O. B. Jlokynuesckuu (yaumniuch B
BOEHHBIE M TIE€PBBIE nocaeBoeHHble roabi), D. A. Bepesun, U. U. [laTenkun-
[Hamupo, P.A. Munaoc, A.I'. Koctiouenko, H.H. Yermos, A.M. Bepmuxk,
A. A. Kupunnos, 0. . Manun, C.I'. l'uagukun, /1. B. @yke (6bum crypges-
Tamu B narugecatoe roaol), V. H. Bepamrrenn, /1. A. Kaxpgan, A. M. ['abpuo-
a0B — B mectugecsaToe, B. A. Bacuires, A. H. Bapuenko, A.B. T'ongapos,
U. A. Hoppmamn, A. B. 3eaesunckuu, M. M. Kanpamos, B. C. Perax, B. B. Cep-
ranoBa, b. JI. @elrun — B ceMUAECATHIE TOBL.

Beex ux s oTHOUY K 4udepam c80ux noxosenuti. ITo S BKIATBIBAIO B 3TO
mousaTue?

Ecmu cunpocuts Beinyckauka mexmara MI'Y: «KTo yuwmica vHa TBoeM Kyp-
ce?», OyeT Ha3BaHO HECKOJIBKO MMEH, HO, KAK IIPABUIO, BCEI'/1a UMEETCI HEKOE
«MHBApPUAHTHOE AAPO». BOT €ro-To A 1 OTHOLIY K JUCIY JUJEPOB CBOET'O ITOKO-
aenus. [IpakTrdecku Bce B IPUBEIEHHOM BBIIIE CIIUCKE COABTOPOB [ eabdania
BXOJAT B TO «mHBapuaHTHOe aApoy. (HyxkHO ckasaTh eme, 9To B mociegHue
rogel y Uspawins MownceeBuda mosgBUIOCH MHOXECTBO COABTOPOB U3 APYTHUX
CTpaH.)

lnags va dpaMuanm coaBTOPOB, TOOPOOYEM BHIEIUTH TBOPUECKUE [IEPUO-
abt leasdanga. [lepsbit mepuog (4 ynoMuHAI O HEM) HE TIPEACTABIEH B CIUC-
Ke — paboThl B 00aCTH KIACCUIECKOrO (PYHKIMOHAIHLHOTO aHAIM3a ObLIN
HANUCAHBL 6e3 coaBTopoB. llepBbiM coaBTopoMm [enbdamga 6GbLI HE KTO MHOM,
kak Augpen Hukonaesua Koamoropos. Ilo cyTu gena »To Gbuia mepsas pa-
60Ta MO0 HOPMUPOBAHHBIM KOJIbIAM (MIU MO-HBIHEIIHEMY — OAHAXOBBIM All-
re6paM). DTOT IMKI 3aBepIIwicsi MoHorpaduen tpex aBropos (leabdanma,
Pankosa u [llunosa) nox massanumem «HopmupoBaHHBIE KOIBIAY, KOTOPAA CO-
BEPIIWIA [IEPEBOPOT BO BCEM (PYHKIMOHAJIBHOM AHAJIM3E. B BOEHHBIE T'0OIBI
Uspamnas MounceeBud 06paTmiICS K TEOPUHU IPEACTABICHUN. DTO HANPABICHUE
3aHUMAET OJHO M3 OCHOBHBIX MECT BO BCed Hay4uHOU Omorpadmuu [enbdanmga.
B marugecaTsie rogsr cepa pearersaoctu Uspamis Mouceesnda pesko pac-
umpseTca. JDTo u 06006meHnabe (PYyHKIUYA, U 0OpATHLIE 33a40, U IACIEHHLIE
MEeTO/MIBI, ¥ MATEMATUYIECKAd (PU3NKA, U CIyIAWHBIE MPOIECCHL. .. B »TH ro-
bl HAYUHAETCA padoTa Haj MoHOrpaduyaeckon cepuen «O600mmeHHbIE DYHK-
nuw. OHA cBIrpasia BBIAIOIIYIOCA POJIb B PA3BUTUU MATEMATAKN ABAAIATOTO
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crosetus. [lanee nua nHTErpasbHAL reoMeTpusd, 0€CKOHEYHOMEDHBIE alIreOphl
Jlu, mHETErpUpyEMBIE CUCTEMBI. 3aTeM — KOMOWHATOPUKA, TEOPUA TUIEPTeo-
MEeTPUIECKUX (PYHKINN, HEKOMMYTATUBHAA MaTeMaTuKa. Ml BCé 5TO B OMHOU
JIAIIb MATEMATHUKE.

Ho, nmauunas c¢ mecrugecaTsix rogos, ['eabdans KOHIEHTPUPYET THUTA-
HUYECKME yCuaus Ha npobaeMax O6umonoruu (MaTeMaTHIeCKas AUArHOCTUKA,
Teopus ABMXKeHWs, Oumonorusa kiaeTku). S cabmman, uro lenbdanga kak-To
cupocun ogua w3 6umosoros: «He mmeere au Bor xakoro-nmmb6o oTHOmEHWMS K
M3BECTHOMY MaTeMaTuKy lenbdanmy?»

Henerko Ha3BaTh TY M3 OTPACIEN MATEMATHUKY, IPEJCTABICHHBIX B CEKIIN-
ax Maremaruieckux KoHrpeccos (3a MCKIOYEHUEM, MOXATYH MaTeMaTHIe-
CKOU JIOTUKM), B KOTOpBIe [enbdan He BHEC ObI PYHIAMEHTAILHOIO BKJIAIA.
IIpu 5TOM OH ABIIETCA BCEMUPHO MPU3HAHHBIM MUPOBBIM JIUAEPOM B (PyHKIIU-
OHAJBHOM aHAIW3e, Teopun rpymui Jlu u Teopun npencrasreHun. HeBo3zmoxHO
He OTMETUTH €r0 BKJIAJI B aIrebpy, reOMeTPHUIO, TOIOIOT A0, AlrebpandecKyio
reomeTpuio, Teopuio qudPEepEeHUAILHBIX YPABHEHUN, MATEMATUIECKYIO du-
3UKY, YUCACHHBIN AHAJIU3, IPUIOKEHUA K HepuandecKuMm Haykam. Takas mu-
pOTA MOYTHU HE UMEET MPUMEPOB B HAILIIEW HAYKe.

Tax BOT, BTOpas HEOOBIMANHOCTb TBOpYecTBa ['eIbdangas — ero nmopasu-
TeJIbHAA PA3HOCTOPOHHOCTH, COEAUHEHHAA ¢ TeM (00 DTOM yXke TOBOPUIOCH),
9TO OH COTPYAHUYAL ¥ COTPYAHAYIAET (3aHUMAsA TMO3ULUIO JIUIePa) C IPEeACTa-
BUTEIAMYI MHOTMX IMOKOJEeHMU. BO3pacTHON AmamasoH cOaBTOpPOB leabdganma
BOOOIIE yMOIIOMPAYUTENEH: MTUCTAHIUA MEXIY TOLAMU POXAEHUA CTAPIIErO
7 MJIAJIIEr0 W3 COABTOPOB | eabdanga BOCEMbAECAT JIeT!

A eme ogna mHecpaBHEHHAA 0COGEHHOCTH TeTb(hAHIOBCKON XKU3HU B HAY-
KE€ — DTO €r0 HEBEPOATHOE JOATOJETHE: B 3TOM Oy UCIIOMHACTCA CEMbIECAT
JET €r0 HAayIHOrO TBOPYECTBA HA YPOBHE BHICIINX JOCTVKCHMWM.

Kax mpasmio, TBOpYIECKHME OTEHIUAT YICHOrO MOAXOANT K KOHILY, KOT'Ja
eMmy mcnouaasgercsa 60 meT, a UHTEHCUBHAA TBOPYECKAA NEATENbHOCTH NIUTCA
oBa, TPHU, PeIKO deThipe pecsaTmierus. Hayanas 6uorpadusa ['envdanga mamr-
CA CeMbIecaT JeT!

[Tomumo TBOpUecTBa, 06paIIeHHOro KO BceMy denoBedecTBy, U3pamts Mo-
MCEEBUY MMEET OIPOMHBIE 3ACAYTU B O0MACTH MATEMATUYIECKOrO MPOCBEIe-
Hus B Hawen crpare. CeMbaecaT jgeT ToMy Ha3an Obut 00pa30BaH 3HAMEHUTHIN
«cemmuaap [enbdamgay, OMUH U3 CAMBIX IUIOJOTBOPHBIX HAYIHBIX CEMUHAPOB
B ucTopun Hayku. MareMaTuku 9yTh 60Jee CTAPIIEro, 9eM MOEro, MOKOJIe-
HUS C BOCTOPIOM M BOCXUIIEHWEM PACCKA3BIBAIU O lenbdaHge-J1eKTope Ma-
TEMAaTUIECKUX KYyPCOB (MHOIME HA3BIBAIN €U0 Jy9IIAM, CPEAU BCEX, KOrO UM
JOBOAWIOCH CaymiaTh). Lenbdan ObLI Cpeir OCHOBATENEU IIKOJILHBIX MaTe-
MaTUYIeCKUX KPYKKOB ipu MockoBckom yHuBepcuTere. OH OCHOBAI 3a09YHYIO
MAaTEeMATAIECKYIO IIKOIY.
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" eme 06 ogHOM HEab3s 3a0BIBATH U HEIB3sA HE CKa3aTh: M3pamas Mouce-
€BUY OE€Hb MHOT'O MEeJAJT U JeJAeT [ JI0Ned, B TaCTHOCTH, MHOTHE OOA3aHEBL
eMy cBoen xm3HbI0. Ho 5TO — oTxmenbHas Tema.

¥ %k k ok 3k k

B sTom roxy c¢ 31 asrycra mo 4 cemrsabps B CHIA cocrosnacs xkoude-
peamusa “The Unity of Mathematics”, npuypodennas K K€BAHOCTOJETUIO
N. M. T'enpdanga. Nadpopmanuio o Koundepenunu s ocrapmsgio 6€3 KOMMEH-
TapueB.

Ha xoudepennun BuicTynmin ¢ gokmagavu . Kaxmam, P. [lunkrpaad,
A. Beuawnncon, B. [Ipuadeasn, I'.Jlooctur, M. Atea, K. Bada, A.Kous,
A. IIsapm, T. Ceutbepr, C.-T. flo, /. Mak/apd, H. Hexpacos, JI. Dannees,
M. Xonkunc, M. Koruesud, C. HoBukos, U. 3unrep, II. Capuak, b. KocranT,
. Tenrcropu, A. Bepmuiuk, V. Bepuurrens.

Ha sron xondepenuuu 2 cenTsabpsa, B A€Hb CBOErO JE€BAHOCTOJETHA, BbI-
CTYIWI C JOKJIAIOM U caM obmiap. Ero mokaan mHasbiBadacsa “Mathematics as
an adequate language”. Bor mram sroro mokmama: 0. Introduction. 1. Non-
commutative Multiplication. 2. Addition and Multiplication. 3. Geometry.
4. Fourier Transform, Analitic Functionals, and Hypergeometric Functions.
5. Applied Mathematics, Blow-up and PDE’s. (Takum o6pasom, B gokmrane
OTPaXKeHBI CYyIepPCOBPEMEHHBIE alredpa, TEOPUA IUCe], FeOMETPUA, AHAIU3 U
OPUKIAJHAA MATEMATUKA.) BOT HE6OMBIION OTPHIBOK U3 BBEACHUSA K JOKIALY:

«1 me omymaio cebs npopokom. f muus yuenux (I do not consider myself
a prophet. I am simply a student.) Bcio xwu3up s yawics y Bemukmx mare-
MATHUKOB, TAKUX KaK Juiaep wim ['aycc, y MOMX CTAPIIUX U MJIAAIIAX KOJLJIET,
y MOMX IDPY3€d U COTPYAHUKOB, HO Gozmee Bcero (most importantly) y momx
y4IeHUKOB. B 3TOM MOU IIyTh HPOAOIKATE CBOU TPYI».

Tpynx Bo 6aaro YemosewuecTBa, BO 61aro BCex HAC IPOJOIKACTCA.

[losgpaBuM xe 0OOWIAPA, IMOXKEIAEM €My 3M0POBbS, CUI U JAJbLHEUIINX
ycrmexoB u mobaarogapuM ero 3a C4acThe OBITH €0 COBPEMEHHUKAMMU.
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Peur 1. M. I'enbanga Ha Bevdepe B
Royal East Research
3 cenTaAOpA 2003 r.

Meue npusaTHO BueTh Beex Bac. MHe 3a/1aBaiu MHOXECTBO BOIPOCOB. 1 mo-
CTApalCh OTBETUTH HA HEKOTOPHIE U3 HUX. [IepBBI BONPOC: KAK 3TO I B MOU
roabl MOTy paboTaTh B MaTeMaTuke! BTOpOM: ITO HAM HAJO MEIATh B MaTe-
matuke?! U Tperwmit: KakoBo Oyayliee MaTeMaTUKU! DT BOMPOCHL TPEACTA-
BIAOTCA MHE CIUIIKOM YaCTHBIMHAU. BMeCTO HUX 51 OTBEIY Ha MOI?I COGCTBeH—
HBIA Bompoc: 4ro ecTh Maremaruka! (Cmeercs.) Haurmem ¢ sToro Bompoca:
9TO TaKOE MAaTEMATHUKA?

C Moelt TOYUKM 3peHUsA MATEMATAKA — DTO IaCThb KYJIbTYPHI, KAK MY3BIKA,
moasusa u puiaocodus. A ckazam 06 sTom B Moen jgekuuu Ha Komdepennun.
Ta.M A YOOMAHYJ O CBA3U MATEMATUICCKOI'O CTWIA U CTUIA KJIa.CCH‘{eCKOIZ
MY3BIKZ Wiy 11033un. Sl 6bLI CIACTINB, KOT[a HAIIeJ CAeAYIOIe YeThipe 06-
XX 9epThL: DTO — KPacoTa, IPOCTOTA, TOYHOCTH U Ge3yMCTBO Uaeu (crazy
ideas). B koMOMHMDOBaHMYU DTUX YETHIPEX CYIHOCTEN — KPACOTHI, IPOCTOTHI,
TOYHOCTHU U GE3yMCTBA UAEH — CEPAIE MATEMATUKU, CEPALE KIACCHIECKON
My3bIkE. Kiraccrmaeckasa My3bIKa — DTO He TOJIBKO My3biKa MomapTa, nin Ba-
xa, wim berxoena. d1o Takxke Mysbika [locrakosuua, [llaurke, [éuGepra
(mocrenuero s 3Hal0 Menbie). Beé 5To kmaccumaeckas myswika. U g gymaro,
9TO BCE DTU UETHIPE YePTHI BCEra COCYIIECTBYIOT B Hel. [lo sTou mpuunme,
KaK A CTAPAICA OOBACHUTEL B MOEH JEKIUH, 5TO He O3HATALT, ITO MATEMATHKA
TO Xe, YTO KIaccudecKasd Mysbika. OHEM CXOMHBI IO CTUIIO0 CBOEW Guiocod-
CKOM Opranmsanuu. KcTh eme ogHa depTa CXOACTBA MEXIy MATEMATUKON,
KJIACCUIECKON MY3LIKOU, MO3MeN M T.I. Bce OHM CyTh A3BIKH, C IIOMOIILIO
KOTOPBIX MOXHO IIOHAMATh MHOTI'ME€ BE€IIWU. HaHpI/IMep, B Moeﬁ JEKIINN!U A 3TO
00BACHSI, 9er0 He Oyay MeJaTh 3[eCh, HO S 3HAIO OTBET: MOYEMY IPEYeCKue
dumocopst uzydanau reomerpuro? Ouu 6bmu dpunocopamu. OHE yIuIU TeoMe-
Tpuio, Kak puaocoduio. Beaukue reoMeTphl CIeI0BAIA U CAEAYIOT BCE TOU XKe
TPAAUIUA IPEOAOIETh PA3PhIB MEXYy BHAWMBIM U CyIIHOCTHIO. Hampumep,
paborer EBkinupa mcuepubiBagu 5Ty TeMmy [uad cBoero Bpemenu. Ho sTo —
apyrag Tema. Baxmas depTa MaTeMaTUKW COCTOUT B TOM, UTO OHA ABIA-
€TCA aACKBATHBIM A3BIKOM MHOI'UMX Pa3JUIHBIX O6JIa.CTeI>iZ (1)I/IBI/IKI/I7 NHXXECHE-
pun, 6uosorun. ITO OUEHb BAXXHOE MOHATHE: aIeKBATHBIN A3BIK. CyIecTBYIOT

MaTemaTn4eckoe npoceewenue, cep. 3, eoin. 8, 2004(13-14)
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AICKBATHBIC 1 HEQICKBATHDBIC A3BIKNA. H MOr'y OaTh BaM IIDUMEDPBI a JEKBATHBIX
7 HEaIeKBATHBIX A3BIKOB. Hanpumep, UCHOIb30BATh METOIbI MEXAHUKHU B OUO-
JOT'AU — HEAAEKBATHBIN A3BIK, HO UCIOJb30BAHNE MATEMATUKY IPY U3y ICHUAN
MOCJAEIOBATEABHOCTEN ME€HOB — AEKBATHBIN A3BIK. MaTeMaTUYeCKUN A3bIK
MO3BOJIIET OPraHW30BATH MHOTHE Bemu. Ho 5T0 — cepbe3HbI BOMPOC, U A He
X0y BXOIUTH B geTauu. [logemy sTa Tema Baxua cendac! OHA BaXHA MOTO-
My, YTO B Hallle BPEMs MPOUCXOAUT «mepecTpornkay. CymecTByIOT KOMIIBIO-
Tepbl, KOTOPBIE MOI'YT AeJaTh BCE. Mbl HE 00A3aHBI OIrPAHUIMBATHCA TOJBKO
IBYM OLEPAIUAMY — CIOXKEHWEM U YMHOXeHUreM. Y HAC UMeeTCA MHOXECTBO
cpexncts. S yBepen, uro depes 10 — 15 ser maremarnka OymeT COBEPIIEHHO
OTJIUYHA, OT TOU, YTO ObLIA PAHBIIE.

Caenyroumu Bompoc: Kak s mory pa6orats B Mou roabl. OTBET OYEHD
npoct. f He Bemukuyu matematuk. Sl roBopro cepbesHo. Sl mpocTo yueHUK,
BCIO MOI0 ku3Hb. C caMOro HavYaIa MOEH XW3HK A CTAPaIcia yauTbesa. U Ha-
MpUMep, CeRYac, CIyIIas JOKIANbI M IUTasA Te3UCH >Toun Koudepennun, 1 06-
HapPYXUBaI0, KAK MHOTOI'O A ellle He 3HAIO U JO0MXKeH y3HaTh. Takum o6pasom,
s yIyCh BCIO Xu3Hb. B 5TOM cwmbIcie s yueHuk. VI Hukorga He ObLI «BOXK IEM).

Msue xodeTca Ha3BaTh Momx yumrenen. fl He Mory Ha3BATH WX BCEX, WX
6n110 cammkoM MHOrO. Korzpa s 6bw1 Mmoaon, u MHEe 66110 15 — 16 neT, 1 maan
n3y4aTh MaTEMATUKY. Y MeHA HeT (GOpMaJbHOrO 00PA30BAHUA: A HE KOHYAIL
HUKAKOI'0 yHUBEpcuTeTa. f1 «nepenpuiraym depes o1o. B 19 met g cranr acnm-
PAaHTOM ¥ yUIWICA y MOWX CTApIINX Kojurer. B aToT nmepumox ogaum u3 Hanbo-
Jee BaXHBIX MOMX yduTenen Obwl [lHMperbMan — MaTeMaTUIeCKUM T'eHUH,
ymepumi MoaoasiM. 3arem Ovwim Koamoropos, JlaBpertwes, Iliecuep, Ile-
TpoBckun, llourpsarun, Bunorpanos, Jliocrepauk. Oun 6buin pasasivu. He-
KOTOPBIX U3 HUX i JIOOWI, IPO HEKOTOPHLIX M3 HUX f 3HAJ, KAK OHM XOPOIIH,
HO A He OBbLI COIVIACEH C KX, KaK Obl 9TO CKa3aTh IOMArYe, TOYKAMYU 3PEHU.
(Cmeercsa.) Ho Bce oum — Benukme maremaruku. Sl Oaarogapen mm Bcem, s
MHOT'O€ BOCIPHUHAI OT HUX.

A B KOHIIEC s X041y IIpuUBECTU MJIA BAaC NIPUMEP KOPOTKOI'O HE MaTEMATUIE-
CKOI'O BBICKA3BbIBAHUA, B KOTOPOM COYE€TAIOTCA IPOCTOTA, TOYHOCTb, KPACOTA
7 BCE IpPYyroe, 0 €M A FOBOPUI. JTO BHICKAa3bIBaHUE mpuHamiexuT Hobexes-
ckomy aaypeary Wcaaky Bamesucy 3unrepy. IlycTs Moa 104ub mpouTeT ero.

“There will be no justice as long as man will stand with a knife or with a
gun and destroy those who are weaker than he is.”
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[Tamaru 3. A. Ckornerna

B. A. Pozendennn E. M. Dapkuna

B 2004 romy ucnoamsercs 20 ser cO OHA CMEPTH 3aMEYaTEIBHOIO I'€0-
MeTpa, Impodeccopa SApPOCIaBCKOrO MeAArOrMIECKOr0 WHCTUTYTA JaJIMAHA
Aunreposuda Ckormerna.

3. A. Ckoner poguics 1 suBapsa 1917 r. B ropoge Kpacrase B Ton wacTu
Bure6ckon rybepuuun, koTopas nocae o6pasoBanusa JIATBUNCKOR peciryOanKu
BOIILIA B ee cocTaB. [locie OKOHYaHMsA TUMHA3UY B POAHOM ropoje 3. A. yuui-
CA Ha (PUBMKO-MATEMATUIECKOM (pakyiabreTe JIaTBUUCKOrO YyHUBEPCATETA, B
Pure. On pacckaspiBaj, 9TO JEKIUY IO MATEMATHAKE TaM IATAIA HEMEIKUE U
dpannysckue npodeccopa, CTyJEeHTHI MOJAb30BAJIUCH, YIeOHUKAMU HA HEMEI-
KOM 1 PPAHILY3CKOM SA3BIKAX, & 3. A. YUTAT TaKKe PYCCKUE MATEMATUIECKUE
KHUT'H.

Eme B rumuasum 3. A. a100un pemaTs CIOKHBIE TeOMETPUIECKUE 3314497,
a B yHUBEDPCUTETE ¢ OCOOEHHBIM YIOBOJILCTBUEM CIYIIATL MEOMETPUIECKUE KYP-
col. [lo 3anagubiM yue6HUKAM 3. A. U3y MPOEKTUBHYIO U aareGpanmiecKyro
PeOMETPUIO U PA3IUIHBIE BUABI HaYepTaTeIbHOU reomeTpun. OH BHUMATEIH-
uO npoden «(Ipoekrusuyio reomerpuior H. A. Tnaronesa, uzganuyio 8 Mockse
B 1936 r.

B 1937 r. 3. A. okonuma yauBepcuTeT u B 1938 1. 3amu T MarucTepekyio
puccepTranuio. B Tom xe rogy 3. A. 6bUI IPU3BAH B JATBUUCKYIO ApMUIO.

B nepsbie gHU BOWHBL, KOr[a HEMEIKO-(MAIIACTCKAE BOUCKA, TPUOIAKAIUCH
Kk Pure, 3. A. yaanocs sBakyupoBaThCA.

3. A. moexan no Apocrasckon obracTu, rae cTar pabOTATh yIUTEIEM Ma-
TEMATUKA B OJHOU U3 CeIbCKUX MKOJ. [[IKOJIbHUKY HE MOTJIN BEIPOBOPUTH €10
MMEHM M OTYECTBA U HA3BIBAIM ero «3auan Aprwmwiepuwy. Komwteru mocoseTo-
BAJIU €My B3ATH PYCCKOE UMA U OH BHIOpAI «3axap ANEKCAHIDPOBUIY, 3TO UMA
3aKPENUIOCh 33 HUM OO KOHIIA, XKU3HHU.

B 1942 r. 3. A. nepeexan B fpocaasis, rae cran npenogasaTeaeMm B fApo-
CIaBCKOM IEJATrOTUIEeCKOM WHCTUTYTE.

Yesxan u3 Purm, 3. A. He ¢cMOr B3ATH ¢ CO60U AOKYMEHT 00 OKOHYIAHUU
YHUBEPCUTETA, U BO BpeMsA OJHOU W3 moe3M0K B MOCKBY OH mpomena cobece-
noBaHue ¢ mpodeccopamu MOCKOBCKOTO yHUBEPCUTETA, MOAYIUI JOKYMEHT
00 OKOHYAHWY YHUBEPCUTETA U ObLT IPUHAT B 3a09HYIO acuupanTypy MI'Y.
HaywreivM pykoBoguTeaem 3. A. ObLI TOIEHT KadeApbl BHICIIEN I'€OMETPUN

MaTemaTn4eckoe npoceewenue, cep. 3, eoin. 8, 2004(15-19)
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Cepreu [ImurpueBnd Poccuackuit. 3. A. Hanucan guccepranuio 1mo aarebpau-
9eCKOU reomMeTpun, KoTopyio sammtui B MI'Y B 1946 r. [Tocae 3ammuTer 3. A.
crarn goueHToM u (B 1953 r.) saBegyoomum Kadenpou dIeMeHTAPHOU MaTeMa-
Tuku APOCIABCKOrO MEIUHCTUTYTA.

Onuu M3 aBTOPOB 3>TUX CTPOK mo3HAKOMUMICA ¢ 3. A. B 1947 r. B MI'Y nu
BIIOCJAEICTBUU IaCTO mpuedxkai K 3. A. B fApocrasib, a 3. A. GeiBan y Hero
B Mockse. Bropou aBrop — Guuskuur gpyr cembu 3. A. — MHOrO JeT pabo-
Tajda yIYuTeIbHUIEN MaTeMaTuku B flpociaasie. 3. A. ObLI HEIIPUXOTIUBBIM,
TOOpPBIM YEeTOBEKOM, MIPENaHHBIM ceMbAHUHOM. Ero xena Mapus BopucoBHa
6bu1a, moueHTOM Kadenpsl ¢pusukm TOro xe macruryra. Ux nodepu Pusa u
Auna cranum MaTeMaTUKAMU.

B Apocaasckom meguacTHTyTE 3. A. IMTAX KyPCHI M PYKOBOJWI ACIAPAH-
TaMU 10 TeOMETPUM U IO METOIUKE MPENOAABAHUA MATEMATUKH.

Heckonbko pas 3. A. npuesxan B Pury u auran JeKuuu mo reOMeTpun Ha
JATHIMICKOM A3LIKE B POJHOM YHUBEDCUTETE.

WuTepecn 3. A. BEIXOIUIN TATEKO 33 IPEAEIbl MATEMATHKY, OH OBLT 3HA-
TOKOM 3413,/ THOEBP OMENCKON, JATHIIICKON U PYCCKOU JUTEPATYPHI, O9€Hb JIIO-
OWJI TIOD3UIO BEJIUKOI'O JATHIIICKOrO 103Ta Ha Pannuca, npekpacHo urpai Ha
CKPUIIKE.

BupryosuocTs 3. A. B pelieHnr reoMeTpUUeCKuX 33439 CTAJd U3BECTHA
B Mockse u pegaknusa xypHata «MaTemaTuka B mIKOJAe» mopy4mia 3. A. py-
KOBOJUTH OTJEIOM 33/a< STOr0 KYPHAIA.

B 1954 r. Bo Bpemsa mpasgnoBanusa 150-nretua Kazanckoro yHuBepcureTa
3. A. nosgpaBmi 5TOT YHUBEPCATET OT MMEHU SIPOCIABCKOTO MEIUHCTATYTA,.

Hayunas pabora 3. A. OTHOCHIACH K TTPOEKTUBHOU, AIreOpaniecKOn, Ha-
9epTATEIbHON U HeeBKIuAoBou reomerpuu. B 1951 r. ma xoudepeHuuu, mo-
cBsameHaon 125-neruio orkpeitus Jlo6adesckoro, 3. A. qojoxwun u omy0OJuau-
KoBasl B cOopHuKe «125 meT HeeBKIUIOBOU reomMeTpun JI0OAIEBCKOTO» CBOIO
paboty «llukaorpaduieckoe oTobpaxenrue MpoCcTpaHCTBa JlobaeBckoroy. B
1955 r. B coopHuKe «MeToabl HaepTATEILHON MeOMETPUN U €€ IIPUIOKEHIT)
ObL1a, onybOnukoBaHa cTaTha 3. A. «[IpuHIUOBI HAYEPTATEALHOU eOMETPUU
npocTpaHcTBa JI06adeBCKOros.

B srux pa6orax 3. A. NpeIIOXUI B HOBBIE MHTEPIIPETAINA MPOCTPAH-
ctBa JlobadgeBckoro. B nmepBou m3 HUX IIOCKOCTU IPOCTPaHCTBA Jlo6a1eBCKO-
ro u300paXarTCa OKPYXKHOCTAMU HA, €BKIMIOBOU ILIOCKOCTH, BO BTOPOU WH-
TEpPIPETANNY IIOCKOCTHA NpOCTpaHCTBA JI06ateBCKOro m306paxatoTcs «Iu-
KJIAMU» IIOCKOCTH JI00a<eBCKOTr0, T.e. OKPYXHOCTAMW, DKBUIACTAHTAMU
(reoMeTpUYECKIMEU MECTAMEU TOYEK, PABHOOTCTOAWIMAX OT HPAMOU JIMHUM) W
opun¥KIaMu (OPTOrOHAIBHBIMEA TPACKTOPUAMHA MYYKOB MapANICIbHBIX IIPs-
MbIX). B mepBom caydae B mpocTpancTBe JloGadeBckoro samaercsa opucde-
pa, T.e. MOBEPXHOCTDb BPAIIECHUA OPUIMKIA, BOKPYT ONHOU U3 €ro HOpMAaJewn,
7 BCAKOU IUIOCKOCTH MPOCTPAHCTBA CTABATCA B COOTBETCTBUE OKPYRKHOCTD
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Ha >TOU opucdepe, BO BCEX TOYKAX KOTOPOU HOPMaJu K opucdepe mapai-
JeJIbHBI JAHHOU MIOCKOCTH. Tak Kak opucdepsl mpocTpancTBa Jlo6aieBckoro
M30METPUTHBI €BKJIANJIOBOU INIOCKOCTH, OKPYXKHOCTHU HA opucdepe m306paxa-
IOTCSI €BKJIUIOBBIMU OKPYXHOCTAMU. Bo BTOpOM ciiydae B mpocTpaHcTse J1o-
6a9eBCKOTr0 33/1a€TCA IOCKOCTD, U BCAKOU IIOCKOCTH MPOCTPAHCTBA, CTABUT-
€ B COOTBETCTBHUE UK HA 33JAHHOU ILUIOCKOCTH, BO BCEX TOYKAX KOTOPOT'O
MEPIIEH IUKYJAPBL K DTOW MIOCKOCTY MAPALIEIbHBI TaHHOU maockocTu. [k
SABJIAETCA OKPYXKHOCTBIO, KOT/IA, JAHHAA TIOCKOCTD HE TIEPECEKACTCA CO B3ATOU
IIOCKOCTBIO, DKBUAUCTAHTON, KOT/[ ST INIOCKOCTH IMEPECEKAIOTCA, M OPUIIA-
KJIOM, KOI'Ia 9TU IIMIOCKOCTHU IIapPAJIICIbHBI.

O6e »Tu uaTEepIpeTanuu KOHGOPMHBI, T. €. YI'OJ MEXIy ABYMI OKPYXHO-
CTAMU WIY TUKJIAMU, T300paXaouMy ABe INIOCKOCTH IpOocTpaHcTBa Jloba-
YEBCKOT'0, PABEH YTy MEXIY STUMH ILIOCKOCTAMA. V306pakenne mIOCKOCTen
npocTpaHcTBa JI06a<eBCKOT0 OKPYKHOCTAMY WIN [UKJIAMEA B DTAX WHTEPIIPE-
TanuAx ABAAeTcA OOOOIIeHMeM KIAaCCHIeCKUX «IuUKIorpaduiecKux m3obpa-
XKEHUN» TOUEK WIA IUIOCKOCTEN €BKIUIOBA IPOCTPAHCTBA OKPYKHOCTAMEA HA
€BKJIN0BOU ILIOCKOCTH.

OTU MHTEpPIpPEeTAIUU ObLUIA OMUCAHBI B JOKTOPCKOW muccepranum 3. A.,
KOoTOpYyIo oH 3amuTui B 1962 r. B MocKOBCKOM ToCygapCTBEeHHOM II€NATOTH-
geckoM uacTuTyTe. C 1963 1. 3. A. — npodeccop fApocrasckoro neguucTH-
TyTa. C 1964 r. on 3aBegoBaa Kadeapou reOMEeTPUN IEJUHCTATY T4,

B apyrux paGorax 3. A. msydan arrebpantiecKkue JUHUA U MTOBEPXHOCTH
7 VX MPUMEHEHUE K PELICHUIO 33,13 MPOEKTUBHON U HAIEPTATEILHON TeoMe-
Tpuu. N3 sTux pabor ormerum crarbu 1961 r. «OToOpaxeHue mpoCTPAHCTBA
HA IUIOCKOCTh MOCPEACTBOM IIPOCTPAHCTBEHHBIX KpUBLIX» U 1963 r. «OTo6pa-
JXeHne YeTHIPEXMEPHOT'0 MPOCTPAHCTBA HA JBYMEPHYIO IIOCKOCTH IIOCPEn-
CTBOM HOPMKPUBOI». B Tux paboTax pacCMaTpUBAETCA HOPMKDPUBAA 7-MeEP-
HOT'O MPOEKTUBHOI'O MPOCTPAHCTBA, YPABHEHUSA KOTOPOU NPUBOLATCI K BUILY
V=1, 2" =t 22 =1, ..., 2" =t" npun = 3 u n = 4 U NIpUMEHEHNE >THUX
KPUBBIX [UIA CBEICHUS 33439 3-MEPHOU u 4-MEPHOU IeOMETPUHM K 3a0adaM
IWIOCKOU T'€OMETDUH.

B mekoropeix paborax 3. A. paccMaTpuBal KPEMOHOBHI (OMpanmOHAIb-
HBIe) TpeobpasoBanua. B pabore 1952 r. «KBagparudnbie KpeMOHOBHI Ipe-
00pa30BaHMA HA MIOCKOCTH M KOMILUIEKCHBIE YUCAay 3. A. onpenenun nuBepcun
OTHOCUTENbHO KOHUYECKUX CEYCHUU KAK TaKue Mpeo0pasOBaHUsA ILUIOCKOCTH,
OpM KOTOPBIX BCAKAA TOYKA X IVIOCKOCTH MEPEXONUT B TOYKYy X' mepece-
YCHUA TOJAPBI TOYIKHN X OTHOCHUTECJIBHO KOHUYICCKOI'O Ce€YICHUA C AUaMETpPOM,
IPOXOMAIMM depe3 TOUKY X, U AOKa3aJ, ITO KBA,[PATUIHBIE KDEMOHOBBI IIPE-
06pa30BaHMs HA IIPOEKTUBHOU INIOCKOCTH ABIAIOTCA TPOU3BENCHUAMHA TIPOEK-
TUBHBIX TPEOOPA3OBAHUYN HA WHBEPCUM OTHOCUTEIbHO KOHUIECKUX CEICHUM,
a TaKXe€ BbIPpa3WJ MHBEPCUMU OTHOCHUTEIBHO Opr)KHOCTefI Ha eBKJII/Ir[IOBOIjI n
MCEBOEBKINOBON IUIOCKOCTAX M OTHOCHATENBHO IUKJIOB HA WM3OTPOINHON
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IJIOCKOCTH C IIOMOUIIBIO OJHOTUIIHBIX (pyHKHI/IIjI OGBI‘IHOI‘O KOMIIVIEKCHOI'O IIepe-
MEHHOT'0, IBOMHOI'O IIepeMeHHOro a + be, €2 = +1, u IyalbHOro HepeMeHHOrO
a+be g2 =0.

3. A. mOATOTOBUI OKOJO COPOKA KAHIUIATOB HAYK, M3 KOTOPBIX 5 CTAJIA
IOKTOpPaMHU HayK.

[lepaa acnupanTka 3. A. Naanna Bacuibesna Kuoruna samurunia xas-
aupaTcKyio auccepranwio B 1956 r. B macTosamee BpeMsa oHa — HOKTOpD du3.-
MaT. HayK u npodeccop, 3aBeqoBaia Kadeapou reomerpun Pa3aHcKOro nem.
yHUBEpCUTETA. B CBOEH NTOKTOPCKOU AUCCEPTALNY OHA Pa3pad0Tala, HECKOIb-
KO HOBBIX THIIOB HEEBKJIUJIOBOU M€OMETPUM.

Asekcangp Cepreesud Tuxomupos samurui B fIpocaasie KaHAMIATCKYIO
IUCCEPTAIMIO O aarebpanydeCcKor reOMeTpun, B HACTOSMIIEE BPEMI OH — [OK-
Top ¢u3.-MaT. HAYK U mpodeccop, 3aBeayet Kadeapon aare6pul ApociaaBcko-
'O roC. YHABEPCUATETA.

lokTopa nemarormieckux Hayk: I'. /1. ['temsep — akamemuk Poccumickon
akageMuu obpaszoBanus, u T. A. ViBanoBa — 3aB. Kadeapou TEOPUU U METO-
nuku 00ydenus maremaruke Hwxeropomackoro men. yausepcurera. [JoxTop
Texarieckux Hayk I'. C. IBaHoB — 3aB. KadeApou HAIEPTATEILHOU TeoMe-
Tpuu MOCKOBCKOTO aBHAIIMOHHOT'O WHCTUTYTA.

Cpemu acnupanTos 3. A. 6swmu J. A. Jlayaeaa u M. K. Mypau us Jlarsun,
I1. MaproauTe u3 Jlurser, ykpauuen O. A. Korun, kabapauuka E. A. Teposa
u 6 acuupanToB u3 Boarapuun.

HekoTopbie cTymenTsl 3. A. cTainm acmupanTaMu IPYTUAX PYKOBOIUTEIEH.
Huna Tanemuua mon BI@AHWEM KypcoB 3. A. MO METOAWKE MPEMOIaBAHUA
3AHATACH TMCUXOJOTUEN U CTAMA JOKTOPOM MCAXOJIOTUYECKUX HAYK U MPOdec-
copom Mockosckoro yrusepcurera. (Homme ona akagemuk PAQO.) Acnupasn-
Tamu A. M. Jlommuna, paGorasuero oguo BpeMsa B JApOoCIaBCKOM MeIWHCTH-
TyTe, Obuin Bragumup Bacuabesua Adanacee u Ucan JlsBoBua KauTop.
B. B. Apanacees, usygapmu «mwiockoctu MaTbey, COCTOAIIME U3 KOHEIHOTO
YUCAA TOYEK, TPYIIAMHA JABUXKEHUN KOTOPBIX ABIAIOTCSI MPOCTHIE KOHETHBIE
rpyunsr MaTbe, BocaeacTBuu CTaja pekTopoMm SIpociaBckoro mexp. yHUBED-
curera. U. JI. Kaarop, aBrop m3BecTHBIX paboT mo reomerpuu rpyoa Jlu, B
HacTosAlee BpeMsa — npodeccop yHuBepcurera B Jlyuzge (Ilserus).

B 1979 r. nmo maunmatuse 3. A. flpocaasckum neguuacTuTyToM, MI'Y u
Uucruryrom matematruku AH CCCP B flpociasie 6buia opranusoBana Bce-
COO3HAA IIKOJIA [0 AIre6panIecKON TeOMETPUY, B KOTOPOU YIACTBOBAIN aKa-
nemuku B. U. Apuoasn, C. I1. HoBukos, mpodeccop M. M. [TocTaukos u apy-
rMe U3BECTHBIE MATEMATHKW. SAHATHUSI DTOU IIKOJABI MTPOXOAUWIN B TEYCHUE
HECKOJIBKUX JeT, mocie cmepTu 3. A. mkoay Bosruasmia A. C. Tuxomupos.

P. 3. 'ywens, mous 3. A., 6vBumas acnupantkou O. A. Korusa, ssiasercs
ABTOPOM MHOT'MX PAa0OT IO T€OMETPHUY cerpeaH (aarebpandecKux MHOr00Opa-
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sun K. Cerpe) u no mCcTopun MaTEeMATUKA U MATEMATHIECKOTO 0OPAa30BAHUA
B Poccuum u B apyrux crpaHax.

3. A. okaswbiBay Goabinoe BHUMaHUE yuauTedaM. [lo ero naunmaTuse 6bu1a
CO3JaHa OOWECTBEHHAS ACIUPAHTYPA [0 METOAMKE IPEHOJABAHAA MATEMATH-
KU U yauTenen mkoa. Bo Muorux ropogax Poccuu m HACEJEHHBIX TyHKTAX
Apocaasckon obaactu 3. A. naBag ypoKu reOMeTPUU B IIKOJIAX. DTHU YPOKA
ObLI 06PA3IIOM TBOPYECTBA YUUTELI U 3aBOPAKUBAINA yICHUKOB, MHOTUE U3
KOTOPBIX BIOCJAECACTBUU CTAHOBUINCH MAaTEMAaTUKAMU.

Axkamemux A. H. Koamoropos mogsepr mIKOJAbHBIE YI€OHUKU MATEMATH-
KA CypPOBOW KPUTHKE 3a TO, YTO I'€OMETPUS B HUX WU3JATACTCA HA yPOB-
ve EBkimga, a aiarebpa — Ha ypOBHE aji-XOPE3MU, U MPEIIOKUI CO3AATH
HOBBIE y4eOHUKM, COOTBETCTBYIOIINE COBPEMEHHOMY yPOBHIO MAaTEMATUKH.
A. H. Koamoropos npusiek 3. A. K CO3[aHUIO HOBBIX yIeOHUKOB F€OMETPUM.
3. A. 0x0THO B3AICA 3a DTy PabOTy, UCHOIB3YS CBOU OOraTHIU OIBIT MPENo-
naBaHnus. B pesynbprare 6buin CO3/aHBI HOBBIE YIeOHUKY M€OMETPUAN AJA BCEX
KJIACCOB HAYAJIBLHOU M CPENHEN LIKOJBI.

OAH&KO HOBBIC y‘{e6HI/IKI/I 6])IJII/I BCTPEYICHDBI «B HNITHIKV) MHOI'MMU yYINTEC/AA-
MU, 1 IIPUA IIEePEU3 JaHUAX y‘IeGHI/IKOB BaXHBIC HOBIICCTBA aBTOPOB UCYC3AJIN.
ITO TAKENO OTPA3WIOCch Ha 310poBbe A. H. Koamoroposa u 3. A.

3. A. cuIBHO MEPEXRUBAJ 3AKPBITHE YYEHOIO COBETA IO 3AIMUTE MUCCEP-
Tamuu 1o reomerpuu B fpocraBckom negumuacTuTyTe. B flpocmasckom roc.
YHUBEPCUTETE TUCCEPTAIMY 0 MeOMETPUN He NMPUHUMAIA K 3aIUTe, U JUIIb
JydIIne U3 YIeHUKOB 3. A. sammmanu nuccepranuu B MOCKOBCKOM TOC. TIe-
OIUHCTATYTE M IPYI'UX MECTaX.

Beuepowm 2 mosabpsa 1984 roxa 3. A. nossoumwa B MoCKBy ofHOMY U3 aBTO-
POB DTUX CTPOK ¥ MOIPOCUI IOMOYb B OPTaHUW3AIUYU 3AIIATHL [UCCEPTAIUN
B. B. ApanacbeBa. Yrpom 3 HOsS6ps u3 SApocaasis NO3BOHWIN, 9TO DTOU HO-
49bi0 3axap AJNEKCAaHAPOBUY yMep OT UHPAPKTA.

3. A. 6pu1 poCT B O6IIEHNA, TOOPOKETATEICH, OCOOEHHO K CBOUM yICHU-
kam. MHorue y4urens, ObiBie CTyaeHTH 3. A., ¢ GOIBIION TEIOTOU BCIIO-
MUHAIOT CBOEr0 HACTABHUKA, KOTOPHIN IPUBUI UM JO00BB K TEeArOrd9eCKON
paboTe U K T€OMETPUU.



K mpob6iaeMaM mMaTeMaTHI€CKOI' O
oOpa3oBaHuA

Ha mpoTaxeHnn MHOTUX NECATUIETUN HE YTUXAET NUCKYCCUA IO MpOobJe-
MaM MaTeMATHIeCKOro obpasoBanua. OCOOEHHON OCTPOTHI OHA JAOCTHULIA B
nocaegaue rogabl. O6CYyX qeHus BEAyTCA B MIKOIAX, By3aX, YHUBEPCUTETAX, B
Poccunckon akamgeMuu HAyK, IO PASUO U TEJEBUJEHUIO.

Hame wm3gamme Takxke cOOMpaeTcs NPUHUMATL YIACTHE B OOCYXKICHUU
9TOU AKTYAJIBHOU TEMbI. 3A€Ch MBI IPEIIATAEM YUTATENI0 O3HAKOMUTHCA €
MHEHMEM BBIJAIOMIErOCs MATEMATUKA O TOM, KaK CIeAyeT MPernoaaBaTh Ma-
TEeMATHUKY HEMATEMATUKAM.
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JIGKHI/IH O IIpP€EIogaBaHN MaTEMATUKN
HeEMaTEMaTUNKaM

B. A. Poxaun

3aMevIaTeNbHBIN MATEMATHK, U3BECTHBIN 6100 1apsi CBOMM OCHOBOIIO-
JIATAXIIM PA00TAM B TEOPUM JUHAMUIECKUX CUCTEM U TOMIOJOTUH, U BOC-
OUTABLUINY PsJl IEPBOKIACCHBIX MaTeMaTUKOB — Buanumup A6pamoBud
Poxaun (1919-1984) — 6pwn GuecTAmmuM JEKTOPOM U MHOI'O Pa3MbILLIAL
Ha 1 mpobieMamu mpenoaaBanus MaTeMaTuku. O 1HO BpeMs OH PYKOBO U
MaTeMaTUYeCKUM JEKTOpueM s yuurejaen Ha marmexe JII'Y. Ero co6-
CTBEHHBIN MIE€JArOrMYIECKUN ONBLIT OBLT OOIIMPEH U PA3HOOOPA3EH: OH IIpe-
monaBat Bo BTY3e, saTeMm B nmegaroruyeckux MHCTUTYTAX, U, B TEUCHUE
mocrexgaux 20 ger xw3nu, B Jlernarpanckom ['ocyrzapcrBenHom YHuBep-
curere. [logpobuoctu cm. B xuure B. A. Poxuun. «M36panubie pabOTHL.
Bocnomunanusa.» M.: MITHMO, 1999.

Huxe ny6aukyorcs (GpparMeHTHl OAHOU W3 MOCIEJHUX JEKIUN
B. A. Poximaa. Jra jgeknusa cocrosnack 20 Hoabpsa 1981 roga ma sacena-
uuu Jleanarpaackoro Maremarudeckoro Obmectsa. Ilybaukanus ocHO-
BaHA Ha MarHuTO()OHHON 3AIKCH, KOTOpPas ObLIa HEIAaBHO pacmudpoBa-
HA ¥ MOATOTOBJEHA K mevaTu B pedyabrare ycuauu A. M. Bepumuka,
0. . Bupo, B. A. Jlupmuna u C. B. Peibuna. K coxanennio, Hagano Jek-
uuu — npuMepHo 15 munyT — yrpadeno. B wem Baagumup A6pamoBuy
paccKasal, B YaCTHOCTH, O CBOEM OIBITE MPENOIaBAHUS CTY JEHTAM-HEMA-
TeMaTuKaM B By3ax Apxaurenbcka, UBanoso u Komomusr B 1950-€ romst.

A. M. Bepumuk

...B mKone meTAM, eCTECTBEHHO, HE W3JIATAIOT CEPHE3HBIX NOKA3aTEIbCTB,
HO uM gaioTcsa ¢popmyanposku. Hanpumep, ux ygar geants gpobb HA APOOH.
WNwmeercs npasumio, koTopoe popMmyaupyercs — (HOPMYIUPOBKY OHU JOIKHBI
3HATh.

OnpHaXx bl A TPUCYTCTBOBAJ HA NOKIAJLE OTHOTO METOAUCTA, KOTOPBIN

00BACHANL, KaK YINTh AeTeN NEIUTH APOo0b HA APOOH.

OH pacckazad, 9T0 HpaBmwio OBLIO C(POPMYJIUPOBAHO, MTOCAE YEr0 OH MPO-

pelIal i feTed B KA9eCTBE IPUMEPOB HECKOIBKO 3318 TAKOT'O PO/Ia. 3aTeM
MOPELIATY TPUMEPHI TeTH, & IOTOM UM OBLIA [aHA KOHTPOJbHASA MACHMEHHAA
pabora. UI B 3TOM KOHTPOABHOU MUCHMEHHOU PA0OTE TOYTHU BCE CAECMAIU OTHY
TunuiIHyo omubky. OHU, B HEKOTOPBIX CIy4dasgX, U BCE B OJHUX U TE€X XK€,

MaTemaTn4eckoe npoceewenue, cep. 3, eoin. 8, 2004(21-36)
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OYEeMy-TO He MEePEBOPAYUBAIU APOOH, a TPOCTO MEPEMHOXKAINA — B HEKOTO-
PBIX CIyYasX CHAMANA IMEPEBOPANMUBAIN, & B NPYTUX — HET.

B uém gmeno?

U meTomucT 06BACHUI, 9TO AHAIN3 MOKA3AJI NpuIuHy omubku. [Ipuauna,
OMIMOKY 3AKIIOYAIACH B TOM, 9TO B IIPUMEPAX, KOTOPBIE MPEMJIATAIUCH JEeTAM
IO KOHTPOJBHOU, BTOpas Apobb Bcerga Obuia npaBumibHasdg. [leTtu m ycBomim
73 DTUX MPUMEPOB, KAK HAJO AEUCTBOBATH. TaK OHU U NEUCTBOBAJIM.

Taxum 06pa3om, TpaBUIO, KOTOPOE OBLIO CHAYAIa CHOPMYIAPOBAHO dTUM
MpernogaBaTeJeM, BOBCEe HE ObLIO (POPMYJUPOBKOU, KOTOPYIO AETH MAOJKHBI
OBLIN TOHATH ¥ KOTOPOU OHY NOJKHBI OBLIA PYKOBOACTBOBATHCA. DTO IIPABUAJIO
OBLIO TPOAUKTOBAHO AeTsAM. [lomaraercs QUKTOBATH NPABUIO — U OHO OBLIO
MPOAUKTOBAHO.

To 06CTOATENLCTBO, ITO JETU B TOM BO3PACTE MOIKHBI HAY IATHCA NOHU-
MEMb TPABUIO U TOJIB30BATHCA DTON (POPMYIUPOBKON, & BOBCE HE IPUMEPAMU,
KOTOpPBIE MM OBLIN MOKA3aHBI, — DTO O0OGCTOATEIHCTBO COBEPIIEHHO YCKOJIb3-
HYJO OT DTOT0 METOJWCTa W OTO BCEX IPYTHUX, MPUCYTCTBOBABIIAX HA €r0
JIEKIIUY.

Mse mpencTaBaAeTCA 3J0BPEIHBIM 3a0MyXKIEHUEM TO, ITO CPa3y IMMOCHE
popMyIMPOBKY AAIOTCA TpuMephl. MHe KaXeTCsa COBEPIIEHHO HECOMHEHHBIM,
9TO JEeTHU JOMKHBI CAMU, PYKOBOJACTBYACH TAHHBIM MIPABUJIOM, IPOCYUTHIBATH
mepBbie mpuMephbl. KOHEYHO, OHU JOMXKHBI IPUOOPECTH HABBIKA U TAJbIIE [6-
JATh 9TO ABTOMATUYIECKH, HO TEHHENIee 06CTOATEIBCTBO, ITO TeTH Ha IPHU-
Mepe MOT'YyT HAyYUThCA U AOJKHBI HAY YUTHCA MTOHUMATH (POPMYIUPOBKY, ObI-
JIO YIIYIIEHO.

OTO He JaCTHBLIN caydaud. Ha camoMm fene To, ITO A cenvac pacCKasam, —
9TO OCHOBHBIE IPUHIUIBI METOAUKY penogaBanus. OHu o0iepacupocTpaHe-
Hb1. )

B marie Bpemsa MOXHO OKOHYUTD CPEIHIOO IIKOJIY U HE PEIINTh, B JeUCTBU-
TEIHHOCTH, HUA OJHOU MATEMATUIeCKON 3aaa4u. [ajorcsa mabaoHbl, TPUMEDHI,
MOIpaXkas KOTOPBIM JE€TU U CIPABIAIOTCA CO CBOMMU IIKOJBHBIMU OOM3aHHO-
CTAMU.

Korpa ma mepBoMm Kypce cTyAIeHTaM, [a 1 IaCTO He TOJHKO Ha IePBOM Kyp-
ce, HA YIPaXHEHUAX HTPEeJAraloTCs 3aJa49d, TOHAOIIOANTE — UTO MEIAI0T
crynerTsl. Hy, KOHEYHO, s HE TOBOPIO O CTYJEHTAX MATMEXA.

Y MeHs APYrou IpeIMeT — IPEenoJABAHIE MATEMATUKYA HEMATEMATHKAM.
Ho y meHss Takou ombIT, 9TO B I'PYIIE CTYAEHIECKOU, HEMATEMATUIECKON,
NpeIOKEeHHbIe 3a0a9u pemaoT 2—-3 denoBeka. OCTaibHBIE CALAT U XKIYT.

UBepoaTHO, B yTpPaueHHOM HAYATHHOM (QPATMEHTE JEKIMH POXIMH FOBOPHI O 3I0Bpes-
HOCTHU OOIIENPUHATHIX IPUHIUIOB METOAUKYA MPENONABAHUA MaTeMaTHku. K coxaleHuro,
COXPAHWIOCH JUIIb KPUTUKA MPUHINUIA, COMMIACHO KOTOPOMY KaXKJ0€ NMPABWIO HAIJIEKUT,
HEMEJIEHHO TI0CJe ero (pOPMYyIAPOBKY, WLIIOCTPUPOBATH IPAMEPAMU €r0 UCHIOJIb30BAHUA. —
IIpumeuganue O. . Bupo
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OHu, COGCTBEHHO, HE 3HAIOT, 4ero OT HuX XO0TAT. OHU XKAYT, 9TO 3a4A4a
OyJeT pelleHa Ha [OCKe, WIM ITO WM CKAaXYyT, KaK PEIIATh TaKue 3aJaqu.
OHu He TPOABIAIT UHUIUATUBBL, UM BOOOIIE COBEPUIEHHO HEIPUBBLITHA CAMA
IIOCTAHOBKA BOIIPOCA.

Benw eciu BBI CKaxkeTe STUM MOJOABIM JIOMAM, ITO OHU NOJKHBI IOUTH B
MaraswH U B alTEKY, U ITO IEPEPHIB B aTEKE TOIa-TO, & B Mara3mwHe TOr1a-
TO, OHU BHIOEPYT NMPABWILHBIA TOPAJOK MMOCEIIEHUA MATA3UHA U AITEKU U HE
MOUYT B AllTEKy BO BpeMms nepepbiBa. Hy, KOHEYHO, BCAKUE OBIBAIOT CIyYam.
(Osncusaenue.)

3aasu, KOTOPBIE IPEIAral0TCA CTYIEHTAM Ha, 3aHATUAX, TOPA3 A0 IPOIIE
9TOU 3324 PO anTeky u Marazud. O IHAKO AeTAM U B DOJIOBY HE TPUXOIUT
IPUHAMATHCA 33 UX pemenue. I neTaMm, u TakuM JeTAM, KOTOPBIM yxe 17—
18 meT. BoT »TO yauBmTeNIbHOE sABIEHUE, KOHETHO XK€, ABIAETCA CJIEJCTBUEM
CaMOr'0 IPENOfABAHA]I MATEMATUAKHY.

[Togo6HBIM XKe 00pa3oM, YAUBATEALHBIM ABAACTCA OOUUN YPOBEHD ITO3HA-
HUU B OOGJACTH TOYHBIX HAYK, HE TOJIHKO MATEMATHUKU, CPEIU B3POCIOTO HA-
CeNIeHUsA, CPEIU JI0NeH, KOTOPBIE TaBHO yXe He y4aTCsd, 10 KpauHed Mepe, B
mwkose wir B BY 3e, u cauTaoTcs Ji04bMu 00pa3OBaHHBIMU.

Ecnu BBI Bo3bMeTe mucaTenen, My3bIKAHTOB, AaKTEPOB, PEXUCCEPOB, OYEHb
MHOTUX Bpaden (s yxke He TOBOPIO O APYTUX MPEACTABATENAX I'yMAHUTAPHBIX
CIENUATBHOCTEN ), BB OOHAPY KUTE COBEPUICHHO yAUBAUTEIbHbIE BEIIN.

OHu ¢ ropAOCTBIO TOBOPAT ¥ NWIIYT, ITO HE CHIbLHBL B MATEMATUKE UK
dusuke. OHEM PACCKABBIBAIOT 006 DTOM C HEKOTOPOU YCMENIKOW, W, B OOIIEM,
HE JeqaioT 60abmoro pasanyusd. [103BoabTe MHE TAKON HECKOABKO YTPUPOBAH-
HBIX 0G0POT Petn: A HAX BCE DTO — KAKaA-TO 00JACTH TEXHUKU, (PU3UKYA —
€CThb ITO-TO HE OYEHb BLICOKOE, HE OU€Hb JOCTONHOE YBAXKEHUA, HO, BO BCAKOM
CIIydae, HEITO TAKOe, ITO MONKHO UM CIyXKUTh.

C Bpadamu, KOHEYHO, [e0 nocTeneHHo Merserca. Cerndac mpenogarT Mar-
TeMaTuKy u urocodam, U IpeCTABUTELAM APYTUX T'YMAHUTAPHBIX CIIEIU-
anpHOCTER. OMHAKO IPEHOAAIOT BCE IO TOMY XK€ CAMOMY IIA0JOHY, COBEPIIEH-
HO He J00MBaACh KAaKOro Obl TO HU OBLIO NOHWMAHWA WIM IPOHUKHOBEHUA B
mpenMeT.

Ecnv BB BHUMATEIBHO MOYUTAETE WHTEPECHBIC, MHOU Pa3, CTATHU IIPeJ-
CTABUTEIEU TYMAHUTAPHBIX CHEIUATBEHOCTEN, BBl 3aMETUTE, 9TO OHU OYEHb
JFO0AT MOMB30BATHCA 000POTAME PEYH, 3AUMCTBOBAHHBIMY U3 (DU3UKU U MATE-
MAaTHUKHA. DTO MOJTHO, COBPEMEHHO, HO, O yXac, 4T0o ouu numyT! [lopazurens-
HO, 9TO OHU HE OY9€Hb IPEACTABIAIOT cebe, ITO TAKOE MHOXUTENb U [EIUTENb,
9TO TAKOE CTEMEHb, ITO TAKOE OTPULIATEIHFHOE U HMOJOXATEAbHOE Incia0. Ha-
IpUMep, MOXKHO BCTPETUTD TAKYIO (ppa3y, 9TO UMEETCA HEITO OTPUIATEIHHOE
U IIOTOMY STO He HOIb, a 6eckoHedHOCTL!! (Cmer).

A me mpeyBenmmmBaio, s MOr ObI IPUBECTU HECKOJABKO MECT, T'JE€ TAaKOe
MOXHO NPOYUTATH. JTO BCE HANUCAHO W3BECTHBIMU JIOABMU C T'POMKUMU



24 B. A. Poxiur

NMMEHAMN. Ha,HI/ICH.HO B ra3erTax. qTO—TO OHU 3aIIOMHUJIN U3 KYypPCa Ha.‘Ia,JIbHOIZ
IIKOJBI ¥ TOYEMY-TO AYMAIOT, YTO OHU 3AIOMHUIN IPABUILHO.

Yro xe co BceM 5TUM Ae1aTh! TO TPYIHLIN BOIPOC.

A me Bepio B TO, uT0 npobiaemMy MOBBIMIEHWS yPOBHA 00pa3oBaHus — 00-
IIero, MacCOBOrO — B OOIACTH TOYHBIX HAYK (M MATEMATHKY, B YACTHOCTH)
MOXHO PeIuTh OBICTPO. ITO TPyAHAA 3a4a4da, KOTOpasd TpebyeT OrpOMHBIX
YCHINYM U BPEMEHH.

Bosuukaer eme ogqua BOIPOC. A MOXHO JU M HYXHO JM DTy 3a1a4y pe-
maTh! Bce obpasoBammble 00mecTBa M0 HETABHErO BpeMeHH ObLinm 06paso-
BAaHHBIME T'yMAaHUTAPHO. B mcTopum denoBedecTBa eme He ObLIO 00IIecTBa,
KOTOpO€e ObLIO0 OBI MaCCOBBIM 006pa3oM 06pPa30BaHO B 0OJACTU TOYHHIX HAYK.

Kiraccuaeckoe o6pazoBaHme B 06pa30BAHHBIX CJIOSAX OOIIECTBA B CBOE Bpe-
M OBLIO PACIPOCTPAHEHHBIM, YIPE3BLIYANHO pacIpocTpaHeHHbM. Ho ToarbIe
CKOJIBKO-HUOY b HAYKU CKOIBKO-HUOYAB CePBE3HBIM 00pa3oM He OBLTH JOCTO-
sSHEEM 00pPa30BaHHOU IACTHU OO0IIECTBA HUKOLIA.

MHorume coOBpeMeHHBIE PA3BUBAIOIIMECS CTPAHBI MMEIOT OOJBIIYI0 HCTO-
pHUI0, YXOAAUIYIO B TiyOb BEKOB U [aXe ThICAYeNeTud. MHOrue u3 HUX UMEIOT
CBOIO MHTEC/VIMTCHIIUIO, HO 9TO MHTECAIUTCHIWS OIIATH XK€ 'yMaHUTAPHAI. OHI/I
YPE3BLIMANHO OXOTHO M3Y4Ual0T I'yMAHHTAPHBIE HAYKW, HO TOYHBIC HAYKW HE
OYI€Hb OXOTHO. He OYI€Hb OXOTHO M HE OY€HBb YCIICUIHO.

BaKaH‘II/IBaJI 9TU IPEABAPUTEJNBHBIE 3aME€TIaHUA, I X011y CKa3daThb, ITO HaA
caMOM [fejle HUKTO He 3HAaeT, Hy U A, KOHEYHO, He 3HAI0, K IeMY IPUBEIO OHI,
MAaCCOBOE CEPLE3HOe 00y'IeHNe MAaTeMAaTUKe M TOYHLIM HAyKaM, — YIIYIIAIO0
OBbI DTO MOJOXKEHUE, WU YXYIIUIMIO, 9TO YIyIUIIIOCH Obl, 9TO yXYIUIIIOCH. S
5TOrO He 3HAIO, KaK He 3HaeT HUKTO. Takoro ombiTa HeT. TeMm He MeHee MBI
MOYEMY-TO K DTOU neiu crpeMuMcs. Mel ctapaemca. Kak-To Mbl MHTYUTHBHO
9yBCTBYEM, 9TO 3TO OygeT XOPOIIO, €CIM HAIIU AETHA U BHyKu OyayT npuob-
LIEHBI K JOIMIECKON KYJIbTypPe, K MATEeMATUIECKON KyAbType, ecau OHA Oy 1y T
Jydlle IOHUMATL TOYHBIE HAYKU.

Odenp MOXeET OBITH, 9TO DTO NPUBEAET K HEBUIAHHOMY HEPEBOPOTY, K
HEBU/JAHHBIM pe3yJabTaTaM, — KT0 3uaeT. Ho, Tak win nHade, 10 3TOro Jajaeko.

O6pamasacs K 60mee y3KOMy TpeIMeTy CBOEU JEKIUH, S JOMKEH CKA3aTh,
970 00y'UeHrne MaTeMaTUKe MAaTEMATUKOB — nejJ0 OeCKOHEeTHO Ooiee JeTrKoe,
IeM 06yquI/Ie MaTEMATUKE HEMATEMATUKOB.

B konme koHUOB, ¢ 6y AymrMu MaTEMATUKAMU MbI PA3rOBAPUBAEM IECTHO.
Bot ecTh Hayka, u 5TOU HAayKe, KOTOPYIO 3HAEM MBI, MBI CTAPAEMCA 00y IATh
6yrlIyHH/IX MaTEMATUKOB. Ka.K 6131 MBI H 6])IJII/I UCKYCHBI NIV HEUCKYCHBI B [E€JIE
9TEeHUA JEKIUN U BEICHUs YIPAXKHEHUU, Mbl, 3HAA MPEAMET, CIIOCOOHBI MHTE-
peCYIONMMCA JI0AM CBOM 3HAaHUA HepenaThb. Ho kak OBITH ¢ TeMu, KOTOPLIE
He WHTEPECYIOTCA U TyMaloT, ITO He CHOCOOHBI, UIX TaK TOBOPAT.

OdeHb 9aCTO DTO IOBOPAT JIIOAM, KOTOPbIE IPOCTO IOIPA3JIM, TAK CKa-
3aTh, C IETCTBA B UHTELIEKTYAJLHOU JEHU. DT MHTELIEKTYAJbHAA JEeHb —
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YPE3BBIYANHO PACIPOCTPAHEHHOE ABICHUE, HHOU Pa3 9TO yIaeTCA OBICTPO BbI-
ACHUTD. [loroBOpUB HEMOJATO C UEIOBEKOM, YTBEPXKIAMIIAM, ITO Yy HECO HET
HUKAKUX MATEMATHIECKAX CIIOCOGHOCTEN, ITO OH OECKOHETHO JAJEK OT BCErO
9TOro, 00HAPYKMUBACIIb, ITO OH IPEKPACHO MOHMI BCE, 9TO BBl €My CKa3AJIN.

Taxum 06pa3oM, BOIPOC O CIOCOOHOCTAX B DTOU 00JACTH — CIOXHBIA BO-
MpOC, U HE HAMO YK TAK IPAMO U MPOCTO JOBEPATD JIOIAM, KOTOPHIE TOBOPAT,
9ITO Yy HUX HET CKJIOHHOCTU K 3TUM OGJIa,CT}IM, y HUX, BUAUTE JU, TyMaHUATAP-
HBIU MHTEPEC.

O6pamasacs COOCTBEHHO K MPEMOAABAHNI0 MATEMATAKA HEMATEMATHAKAM,
s JOJKEH, IIPEeX 1€ BCero, 00bACHUTE, KOIO S HA3bIBAID HEMATEMATUKOM. bec-
MOJIE3HO 06CYXKAATH DTOT BOIPOC BOOOIIE. SI mpoCTO CKaxy, KOro i MMen B
BUIy BOT CeNvac, roBopsa 06 »ToMm mpeameTe. fl uMero B Bugy oOyuenue mare-
MAaTUKE JIO e, KOTOPBIE He COOMPAIOTCA MATEMATUKON 3aHUMATHCA, KOTOPBIE
M3y9a0T ee Jub0 A NPUKIAMLHBIX IejJer, Jub0 MOTOMY, 9TO MPOSBIAIT K
HEl HempodeCCHOHAILHLIN UHTEPEC.

Hy, uaTepec 3TOT, KOHETIHO, 06Jerv1aeT KAK-TO 33a<dy MPEmoaaBaTes.
OdeHb 9aCTO 3TOr0 MHTEPECA HET, a eCTh OTBpalneHue. CKOIBKO yrOaHO UMe-
eTCA Cervac KaTeropuu 00ydalomuxcs, KOTOPbIe O0S3aHBI 9TO-TO YYUTH B
06JIaCTH TOYHBIX HAYK, HO HE MPOABIAIOT K DTOMY mHTepeca. Tem He MeHee,
OHU [OJXKHBI CIaBATH dK3aMeHbl u mpodvee. Kak 6biTh ¢ orumu aoapmu?! Kak
OBITH C JIFObMU, KOTOPBIE TMPOABIAIOT UHTEPEC K MATEMATHUKE, HO 00y IaI0TCA
[0 TIPOTrPAMMAaM, IO KOTOPBIM HAYYIUTHCA HEIb3a! VMeeTcsa MHOrO MaTema-
TUIEeCKUX IPOrPaMM 11 CTYAEHTOB BTY 3082 camoro Pa3HOI'O COAEPXKAHUA,
€caMOT'0 pas3Horo obbeMa.

O gHAKO YACTO U MPOrPAMMEBIL, ¥ COOTBETCTBYIOIIUE YICOHUKY HE ABIAIOTCA
CAMOCTOATEIBHBIME, & MPEICTABIAIOT COOOU IPOCTO UCIOPUEHHBIE KYPCHL, IO
KOTOPBIM T'OTOBAT MATEMATUKOB. BCE TOT Xe MOPALOK M3JIOXKEHUsS, BCE Te
XKe IIpefenbl, Ta Xe IPOW3BOAHAA, TOT Xe WHTEerpas, Te Xe KPUBbIe BTOPOT0
MOPAJKA, U TAK Jajee, U TOMY I0n00GHOe.

Nsnoxenne BemeTcs B TOM ke HOPsSAKe, HO MeHee HOHATHO. Her Hame-
KayuxX AOKA3aTEAbCTB, KOTOPBIC ITO3BOJUIA 6])1 IIOHATH CYyThH aeJaa. HeT JI-
TepPaTypPHOrO TAJAHTA Y ABTOPOB y4eOHUKOB. BCE BTO CKy4UHO, HEOHATHO.
XopoIo, ecan JeKTOp CMOXET 3aMHTEPECOBATH CTYNEHTOB U UTO-TO UM 00b-
ACHUTH, TaK CKa3aTh, 3a pPaMKaM/ HAIIXCAHHOTO.

OTO MOMOKEHUE BEIIEH ABIIETCA COBEPIIEHHO MACCOBBIM, W HE TOJHKO B
HAIIEW CTPaHe OHO TAKOBO, KAK S TOBOPWI. JTO ABJICHWE BIIOJIHE MEX IyHA-
poguoe. U, kak MHE KaxXeTcs, CyTh jAeaa 34eCh B caenyiomeM. [lo-Buaumo-
MY, BBICOINE TEXHUICCKUEC y‘IeGHbIe 3aB€ICHUA, NeNarornieCKue MHCTUTYTHI
7 CpeNHUe IMKOJBI TPeOYIT COBEPUIEHHO OCOOBIX KypCOB MaTeMaTuku. [lis
KaX 01 KaTeropuu 00y<dalomuxca (I0CTaTOIHO GOMBIION, KOHEIHO) HyXKEeH,

2)A66pe]31/1aTypau BTY3 o3nauaer BbICHIEE TEXHUYECKOE yIeGHOE 3aBeEHUE.
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O-BUUMOMY, CBOU Kypc. VI BoBce HE TOT, MO0 KOTOPOMY y9aT MaTEMATUKE
MaTEeMaTHUKOB.

[naBuBIN HedEKT 3TUX KypPCOB, [VIABHAA MPUTWHA WX HEYCIIEXOB, KAK MHE
KaXeTCd, 3aKII0IaeTCA B CJICOYIONICM. HI/IKTO 3 KPYIHBIX MAaTEMATUKOB HU-
KOT'/[a, He 3aHUMAJICA COCTABIEHUEM KYPCAa MATEMATHUKHU i1 HEMATEMATHUKOB.
Cenvac A ToBOPIO yXe HE O CpeJHed IIKOJE, a O BBICIIEH, W UMEK B BUIY
crefyouee.

Bot 06pr4n0, Iepen Tem, Kak u3aarath AudepeHnnaIbHOe U HHTErPAIhb-
HOE WCYUCIEHVE, CTYJEHTAM [IPENofaloT TeOpuo Ipeaeao. Temeps u B cpeq-
HEHU IIKOJe TO Xe camoe. TaMm Toxe npenogaior npepeiabli. Mexay Tem, u 23T0
SAPKUU IPUMED UMEIOIIEr OCA MOJOKEHUA BEIEeH, MPEHeabl — 2TO CaMas TPY/I-
Hadg JaCTh KypCa A MOHUMAHUA W, ITO CAMOE MHTEDPECHOE, — COBEPIIEHHO
menyxHai. U quddepeHuaibHoe UCIUCIeHNe, U HHTErPAIbHOE UCIUCAEHUE,
7, BOOOIIE, BCIO KJIACCHIECKYIO0 MATEMATHUKY, g YKE HE TOBOPIO O MaTEMATHAKE
KOHEYIHOU, IPEKPACHO MOXHO M3IOXKUTL 6e3 mpeneaoB. bosee Toro, onn Tam
COBEPIIEHHO He HYXHBI. DTO COBEPIIEHHO 1y XEPOJIHOE ABJICHUE, TyKEPO THBIN
peaMeT, KOTOPBIN ObLI BHECEH B 2Ty 00JACTD JI0AbMU, CTPEMUBIIUMUCA 060~
CHOBAMb AHAIU3.

Mexny TeMm, neab obocrosanus Bo BTY 3e, koHewuHO, HE HOCTUrAeTCA, U
JaXe He CTABUTCS. Y2KE U3 DTOr0 IPUMEPA BUIHO, ITO DTU KyPCHI COBEPIIECH-
HO HE MPOJAYMAHBI U MPOCTO HPEICTABIAIT COOOU YXY/IIIEHHBIE BAPUAHTHI
YHUBEPCUTETCKUX KYPCOB.

Cenuac s 0OBACHIO CBOIO MBICIB, OTHOCAIIYIOCA K TpeNeaaM, IyTh Gouee
moApOOHO.

Bor korga s yumicsa B mkosie (BO3MOXKHO 5TO M CeMYac Tak), MHE 00b-
ACHANM, ITO TAKOe IUIOWAAh Kpyra. MHe roBopwiu, ITO IIOMALL KPyra —
ITO Ipenea HeKHIZ, 7 IIOTOM YTO-TO IUCAJIU, T'OBOPWJIN, U IIOJNYyIdIN KAKYIO-TO
dhopmyay mig miaomaaa Kpyra. TpyaHo ObLIO IOHATDH, 9YTO TaM PACCKA3BIBAJIN,
a KOrjga s CTaJ MaTEMAaTUKOM, TO MHE CTAJI0 COBEPUIEHHO SICHO, HOYEMY DTO
OBLIO TPYAHO MOHATH — HOTOMY 9TO BCE DTO CILIOUIHOU B3IODP.

HukTo n3 o6ygaBmmxcs BMeCTEe CO MHOIO HE COMHEBAJCSI B TOM, 9TO OH
3HAeT, ITO Takoe mioma s Kpyra. Cxkopee HaM OBLIO CTPAHHO, ITO [JJIA KPyra
OIIpeaeNaeTCA IUIOMA b, HO MOYEMY-TO OHA HE OIpeenseTca Add Apyrux du-
ryp. Ham 6bu10 cTpasHO TO, YTO IIIOmMAAb KPYra, KOTOPAasd HAM COBEPIIEHHO
[IOHATHA, OUPENeIIeTCA HaM Yepe3 KAKWe-TO IIPEIEeIbl, KOTOPhIE HaM COBEP-
IIEHHO HEMOHATHBLL. HaMm 6bLIO cTpaHHO, KOHEYHO Xe (M BCeM AeTAM CTPAHHO,
KOTOPBIE HEMHOXEIKO 00 DTOM Pa3MBILLIAIN ), ITO KAKUE-TO TEOPEMBI O TIpe-
AedaXx HY2XKHbBI [JIs TOTO, ‘{TOGBI yCTaHOBUTH COBCEM JACHBIC U IIPDOCTHIC BEIIWU,
B KOTOPBIX MBI HE COMHEBAJIUCH.

Hy, a ama gero xe BoOOIe OIpeenATh ILUOMALL KPyra U AOKA3LIBATH,
470 OHa paBHA TR2? [Touemy HE 06BABATH MIPOCTO, 9TO ILIOMIAAL KPYT'a €CTh,
o onpegerenuo, TR2, kakas pasuauna? [lo-BHAMMOMY, PAa3HUIIA B TOM, AeH-
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CTBUATENIHLHO CEPBE3HAA PA3HUIA, YTO ILIOMAAbI0 00Ja1aeT HE OAUH KPYT, YTO
Iomwa b — 3TO obIee HOHATHE, YTO ILIOWALL OIpejeneHa i IUPOKOI'0
Kiaacca $puryp, oHa obmagaeT BCEM U3BECTHBIMU CBOMCTBAMU, KOTOPBIMU U
NOJB3YIOTCA ¥ KOTOPBIC NENAl0T IJOAAL IIOHATUEM IIOJC3HBIM.

Taxum 06pa3oM, OTHOIIEHNE MIKOIBHOT'O KypCa K MOHATHIO IIOMA TN OBIIO
Torjga (a, MOXeT OBITh, M CeMvac BO MHOIUX CIY9asX OCTAETCSA) COBEPLICHHO
OUKWM.

Ho TakoBo xe u oTHOmIEHME B npenogaBanuu MaremaTuku Bo BTY3e u
K MHTErpajaM, U K IPOU3BOJHOU, U K O0BEMY, U K Macce, U K IIOTHOCTH,
¥ K 3apAly, © K MOMEHTY WHepHuu u, BOOOIIE, KO BCEM MaTEMATAIECKUM
1 PU3NICCKUM BEIUIMHAM TAKOr0 AuM@OEPEeHIUAIbHOIO WIA MHTEIPDAJBHOIO

XapaKTepa.
C TOYKY 3pEHUA IEI0BEKA, KOTOPHIN He ABIACTCA MPOQEeCCUOHATHLHBIM Ma-
TEMATHKOM, BEIIW DTU CYLIECTBYIOT, OHH He TPebyIoT OmpeneNeHusa — OHU

TpeOyoT BLIYUCICHUA, M OHU MOJKHBI OBITH TOTOBHI A IpUMeHeHun. Bor
TO, ITO HYXHO.

Touke 3penus, ¢ KOTOPOU MX HYXKHO ONPEIENATh, HE MECTO B TAKOM Ipe-
MOIABAHUY — 10 KDAUHEN Mepe, YeJI0BEKY, KOTOPBIA HE COMHEBAETCS B CyIIe-
CTBOBAHUY IUIOMIATA Y BCEX (PUTYP U B CBOMCTBAX ILIOMIAIYN, TAKOMY “IEJIOBEKY
HE HYXHO OIPEIeNATh oMb, HyXHO M3ydaThb €e CBOUCTBA, HYXHO HA-
yHquTh €ro 9Ty mionanb BbIIUCIATD.

CoBepliIeHHO TO X€ OTHOCATCA U K APYTMM MATEMATAIECKUM MOHATUAM.
Hy BoT, Bo3pbMuTE nOHATHE MHTErpata. S xoTea 6B IO TOMY HOBOAY 3a1aTh
OJIMH BOIPOC UCTOPUIECKOro xapakTepa. Ckaxure, Apxumen Biagen mMOHSI-
TreM uHTerpaaa uiu Het! Ha »ToT cueT cymecTByioT pa3ubie MEeHus. OgHI
COBOPAT: Baajel. [pyrue roBopsatT: He Biaajael. Sl BEICKaXy cBoe COOCTBEHHOE
Muenue. Sl nymaro, 9To Apxumesn, BeIUYANIIAA MATEMATUK, BO3MOXHO, BCEX
BPEMeEH, He BIaqe] HOHATHEeM mHTerpasa. U BoT modyemy s Tak gyMmaio.

Apxume] MHOTOKPATHO, U MHOTMMU PA3JATHLIMEA CIIOCOGAMU BBIMUACIIAL
MHTErpal oT 22 MexAay HyleM u exuuuuei. OH BBLIHCIAI €TI0, KOIA 3aHU-
MAJICS TUIOIIAABIO YIACTKA IIOCKOCTH, OMPAHUYEHHOIO OTPE3KAMU HPAMBIX U
nyrou mapabodbl. OH BEIMUCAI 3TOT UHTEPAJ, KOTA BEIMUACIAI OOBEM Iapa,
7 BO MHOTHX APYruX caydasx. Kax e pas oH ynoTpebisa ocoOble MpUeMBI,
O0YeHb OCTPOYMHBIE, reHuaabHbe. Ho, Mo-BrguMoMy, OH HE 3HAJ, ITO DTO BCE
OJHO W TO Xe. XOTs, HAaBEPHOE, TyBCTBOBAI.

[Ipmauza 5TOr0 COBEPUIEHHO MOHATHA. ['pEKU HE BIAJEIN MOHATUEM IeU-
CTBUTEABHOrO 4ncia. O6beM U WIoma b ObLIN 1S HUX COBEPIIEHHO PA3HBIMEI
CymHOCTAMMU, 'eOMETPUICCKUMU CyITHOCTAMU, KOTOPHIC OHU HE CPDABHUBAJIN.
Hampumep,  + z2, Takoe BhIpaxkeHWe, KOTOPOE MOXKHO HAIMCATH, BHI3BAJIO
Obl mpoTecT. YemoBek, 0Opa3OBaHHLIA IO-APEBHErPEYECKHU, CKA3ad ObI, ITO
r n (IIZ HUKAK HE€ BO3MOXHO CKJIAABIBATH. BTO BC€ DaBHO, 9ITO CKJIaABIBATH
JUHUY C INIOCKAMU (purypamMu. A MBI CKIAABIBAEM. Y HAC €CTh umcia. M BoT
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YUCIOBBIM MOHATHEM MHTErpada Apxumen, mo-BUAUMOMY, He Baajael. Eciau 6bt
OH UM BJajJes, TO OH, BHE BCAKOI'O COMHEHU:A, He BEIUCIAI OB OLUH U TOT XK€
WHTerpaj MHOI'O pa3.

C mpyrou cTopoHbI, ApxXumen OCTABAI HAM METO] MCUYEPIBIBAHUIA, KOTO-
PBIT, TO-BAAMMOMY, KaK HEAb3s 6oJee MOAXOAUT A MPENofaBaHusI MaTeMa-
TUKYU HEMATEMATUKAM. B cuiy 5TOro MeToa, BMECTO BCEH TEOPUU ITPEIEN0B,
HyXeH OIUH equHCTBeHHBIN dakT. S ero cpopmynupyo. PakT 53TOT OUEHDL
HECJIOXEH. OH COCTOUT B TOM, ITO €CJIX HCOTPpUIATECJABHOC TIUCI0 MCHBIIE JIIO-
60r0 IOJOXATEILHOIO qucJja, TO 3TO HYJb. HOBTOPHIO, €CJIn HCOTPpUIATECJABHOE
qUCI0 MEeHbIIe JTI000Tr0 MOJOXUTEJNbHOI'0 TUCIa, TO 3TO HYIb.

dakT >TOT, KOHEIHO, HETPYAHO H0Ka3aThb. Ho, MoxeT ObITh, €r0 HE HYX-
HO ¥ noKa3blBaTh. llocme TOro, Kax BB 3HAKOMEI C 3TUM (PAKTOM, BBl MOXKETE
Ha €ro OCHOBE JOKa3bIBATb BCE PABEHCTBA, KOTOPbIE BCTPEYIAIOTCA B gudde-
PEHIIMAJBbHOM U MHTEI'DAJIBHOM MCYIUCJICHUU U UX IIPDUMECHCHUAX WU, BOOGHIQ, BO
BCEM aHaJM3e, — IPU YCIOBUHM, ITO BBl HE 3aHMMAETECH TEOPEMAMHU CYIIe-
CTBOBAaHUA.

B e mokaswiBaeTe cymecTBOBaHUA. VIMEHHO 171 JOKA3ATENLCTBA CYIIE-
CTBOBAHUA U CYILIECTBYET TEOPUA IPELEIOB.

Ecaz Bam He HyXHO NOKA3bIBATH CYLIECTBOBAHUE ILIOINAMU, TO TEOPUI
[IpeaenoB HEe HyXHA B 3TOM Bonpoce. Ecin BaM He HyXKHO [OKa3bIBATH CYyIIe-
CTBOBaHWE MHTErpaja, TO TeOPU IpPeNeloB He HyXHA — U TakK gajiee. Bcianm
BaM HYXHO TOJBKO BBIYUCIATH, TO BBl MOXeTE OOOUTUCH 6e3 Teopuu mpe-
IenoB. JTO Cpa3y genaerT nud@epeHnuaibHOe U UHTErPAILHOE UCIUCACHUE
6eckoHEeIHO HOMEe IPOCTHIM.

[IEPEPLIB]

A rosopun o Teopum unpepenos. llouemy »Ta Teopus BHIBBIBAET Y MEH:
TaKOe XKeJaHUe CTOMb KPYTO C HEH PACHPABUTHLCA, U3THATH €€ W3 Kypca Ma-
TEMATUKN [ HEMATEMATUKOB?

A HE X049y ckazaTh, ITO €e HEOOXOAMMO OTOBCIOJY U3ICHATH, HET. S x0Ty
CKa3aTh TOJIBKO cremyiomee. Teopus mpenenoB B HACTOAIIEE BPEMA CILYXKUT
HE CPENCTBOM BBECTHU OCHOBHBIE ITOHATUA AHAIN3A, & OY€Hb BHICOKAM U TPYI-
HO IPEOJOIUMBIM IOPOTOM, UePe3 KOTOPBIA HYXHO mepebpaTbCa NIsd TOro,
9TO0BI 9TO-HUOY b MOHATS.

W nopor sror — cosepuienno gumaun! OH, KaK NPaBWIO, HENPEOMTOIUM
[JI CTY€HTOB-HEMATEMATUKOB U ABIAETCSA COBEPUIEHHO JUIIHUIM.

[losBoabTe s mpmBEAy mpuMep, KOTOPBIM dTO HpogeMoHCcTpupyer. f1 B
KadecTBe IpuMepa Mor Obl B3AThH AuddepeHIuaIbHoe UCIUCACHNEe WIX UH-
TerpajbHoe. Sl BO3bMy 6ojee TPOCTOU CIydau, WM, Jy€Ile CKA3aTb, MPe.-
MeT, O KOTOPOM OBICTDEEe MOXHO pacCKa3aTb, — WHTEIDAJIbLHOE KCYUUC-
JICHUE.
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BbI JOJI2KHBI O6’bﬂCHI/ITb HAIMHAOIIIM, ITO TAaKO€ MHTErpa.Jl. KOHe‘IHO,
BBl MOXETe Ha4YaTh, U DTO, BEPOATHO, IPABUIBLHO, IPOCTO C ILIOMIAINA, KAK
3TO OOBITHO AEJIAIOT.

A 9T0 MemaeT BaM OOBABATH MHTErPAJOM CaMy 3Ty Imomans? Bens Hu-
KTO M3 BalllX CIyLIIATeJed He COMHEBAETCA B CyIIECTBOBAHUH ILTOMAAN. Bam
IPULLIOCH OB MOTPATUTHL MHOI'O BDEMEHU HA TO, YTOOBI 3aCTABUTH BAIIUX
CJIyLHa,TeJIeI;I B 9TOM CyIIECTBOBAHUU YyCOMHUTHCA.

KOHe‘IHO, nMesa B CBOEM PACIOPAXECHUU IVIOIIA b, BBI OYI€HD JIEI'KO MOXKETe
IOCTPOUTH MHTEI'DAJBHBIE CYMMBIL. BBI CKaxkeTe CBOouM CaymaTeaaM, ITO Yy
ILIOIIAAN MMEIOTCA OOIEeM3BECTHLIE CBOUCTBA. S1 BaM MX HA30BY.

> Eciu ogaa durypa cogepxuTcs B APYrou, TO IWIOMALL TEPBOU (PUrYPbI
HE IIPEBOCXOIUT IUIOMAAN BTOPOU. TPYyIHO HE COTMIACATHCA C DTUM, U BCE
C BaMU COIJIACATCA.

> BbI MOXeTe CKa3aTh, IYTO €CIU BHI CKJIAJBLIBAETE, COCTABIAETE, ABE (pu-
Iypbl 6e3 00muX BHYTPEHHUX TOUEK, TO UX IIOMIAAU CKJIALBIBAIOTCA, U
C 9TUM COTITACATCA.

> BrI ckaxeTe, 9TO IJIOIALL HE MEHAETCA, €ClIu (PUTypa IepPEMelaeTcsa
KaK TBepJoe Teao 1o miockoctu. U ¢ aTum cormacsarcs.

> W HakOHeI, BBl CKaXeTe, ITO ILUIOMAMAb €IWHUIHOIO KBAaApaTa PAaBHA
eIMHUIIE.

OTH 9YeTHIpE CBOUCTBA, KAK XOPOIIO U3BECTHO, OJHO3HATHO OIIPEAEIIIOT
ILIOIA b Ha IXPOKOM Kiacce guryp. Ha Ki1acce Bcex KBagpupyeMbIx ¢puryp.)

OTH XK€ CBOUCTBA, B IyTh-IyTh U3MEHEHHOM BHUE, OJHO3HATHO OIpee-
JAIOT MHTErPaJi HA IMUPOKOM Kiacce pyHKuumn. Takum o6pa3oM, BEI MOXeETe,
HA4YaB C ILIOIA AU, ONPEAEIUTb UHTErPAI €r0 CBOUCTBAMY, B KOTOPBIX HUKTO
HE COMHEBAETCS, MOCKOIBKY Pedb UIET O ILIOLIA,IN.

B panbuenmem BbI 3aMedaeTe, YTO €CIU Bbl IOCTPOUTE A TAK HA3BIBAE-
MOU KPUBOJMHEVNHOU TPAIENNY, KOTOPasA OMPENeNseTcs rpadpukoM (pyHKIUH,
HYDKHZE ¥ BEPXHUE PUMAHOBCKUE CYMMBI (& €ClI XOTHTE, U JeOerOBCKUe CyM-
MBI — HUKAKOU PA3HUIBL!), TO MHTEPECYOIas BaC IOMA L Oy AeT 3aKI0IeHA,
MEX Y 3TUMU ABYMs BCOOMOIaTEIbHBIMYU IWIOMAAAMEA. DTO MPIMO CICIYET U3
TOrO, ITO A CKA3aJ. BBl mummTe TO cCaMoe HEPABEHCTBO, KOTOPOE OOBITHO M-
UIyT B KypCaxX WHTErPAILHOI'O UCIUCICHUA: HUKHAA CYMMA HE IIPEBOCXOIUT
MHTErpaja, a MHTErpaji He TPEeBOCXOAUT BepxHed cymMbl. O JHUM CIOBOM, WH-
Terpaji eCTh TO IUHCTBEHHOE YUCI0, KOTOPOE 3aKIIOYEHO MEX Y HUXHUMU
7 BEPXHUMUI CyMMAMM.

3)COwm. craroio B. A. Poxuuna aowads u 06b6m B KHUTE «OHIUKIONEAUA DIEMEHTAPHOU
MaTeMaTuKy, KHUra naras — leomerpus» c. 7-89. M.: Hayka, 1966.
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Bcé oT0 Ha A3BIKE TIIOMALEN, BIOIHE OYEBUIHO, HE BHI3BIBAET HUKAKOI'O
COMHEHUs, JerKO ycBamBaeTca. BmecTe ¢ TeM, 5TO faeT cuoco6 BBIMUCIEHUS
mwromanen. Hu o kakux npemenax mer peun. Ecam BaM HYXHO J0Ka3aThb pa-
BEHCTBO KaKOQ—HI/I6yrlH) — MeX Ay ABYMsdA MHTEr'PDaJIaMU NI PABEHCTBO KaKOI'O-
HuOY b MCIa KaKOMY-HUOYIb WHTETPALY — TO IPOCTO 3aMedaeTe, ITo 006a
9KCIa, PABEHCTBO KOTOPBIX BBl XOTUTE [0Ka3aTh, 3AKIIOYEHBI MEX 1y HUXKHU-
MM CyMMaM#, ¢ OJHOU CTOPOHBI, U BEPXHUMU CyMMAaM#, C IPYIOU CTOPOHHI.
CuenoBaTeabHO, OHU PABHBIL, TIOTOMY YTO PA3HOCTb MEX/Y TEMW U APYyTUMU,
pU HAJIEXKAIEM BBIOOpE MOAPA3MENCHUSI, MOXET ObLITH CAETaHA MEHbLIIeH
JIIOGOI‘O IIOJIOXKUTEJABHOI'O YIMCJa. A OHa HEOTpuIaTEC/IbHA. 3Ha.‘II/IT 9TO HOJB.

BOHpOC O TOM, KaK 9TO TEXHUICCKU OCYHICCTBAACTCA B KAaXKAOM OTACIb-
HOM CJIydae, He BO3HUKaeT. Bea ara Texauka umeercsa. OHa moapo6HO OIUCaHA
BO BCe€X OOBIYHBIX KYPCAaX, TOJIHKO TaM BCE IMOCTABIEHO C HOT' HA T'OJIOBY.

COBepHIeHHO TaK 2K€ Bbl MOXETE OIIpECACINTDb U IIPOU3BOAHYIO HECKOJIBKU-
Mu cuocobamu. Koneuno, 6ygetr ay-iie, eciv Bbl HAYHETE C HATWIATHOTO IPU-
Mepa. CkaxeM, ¢ KaCATEIbHON WA CO CKOPOCTH, KaK 9T0 0ObITHO nexator. Ho
HUKAKOU HYX/bl B TEOPUU MPENEIOB 31€Ch HET. JTO HE 3HAYUT, 9TO BbI HE
CMOXKEeTe MO3XKe, KOIJa BbI HOXEIALTe WIN eCIU MPOrPaMMa dTOr0 JIeUCTBU-
TEIHHO PA3yMHBIM 06pa3oM TpeOyeT u JUIla, KOTOPHIX BEI 00y daeTe, MOMKHBI
AeﬁCTBHTeJIbHO IIO3HAKOMUTBHCA C IIOHATHUEM IIpeneaa, 3TO HE 3HAQYIUT, ITO BbI
HE MOXETE€ II0TOM OG'beCHI/ITb, 9T0, B rl{el‘/)ICTBI/ITeJI])HOCTI/I, OpoOU3BOAHASA €CTh
TAKOU-TO M TAKOU-TO mpefpen. Ho mepBOHATAIBLHO DTO COBEPIIEHHO HE HYXHO,
a Ui MHOTHX KATerOpui O0yYaoUXCa 3TO U BOOOIIE He HyXKHO.

OHUM CTOBOM, s IPEAJIOKUI ObI CIEAYIOMUT TOAX0 K MOHATUAM AHAIUIA,
KOTOPBIN 5 YCIOBHO HA30BY HAUBHO-GKCUOMAMUUECKUM. DTOT TMOAXOM COCTO-
AT B TOM, ITO BBl HA CAMOM [€Ji€ ONpefeiseTe NHTEPECYIOIINe BAC TOHATHUIL
AKCHMOMAMU.

Hanpuwmep, B ciyvae mHTErpaia 3TO BOT KAKUE AKCUOMBI.

VHTerpan moCTOAHHOM — 3TO IPOU3BEEHNE >TOU MOCTOSHHOW HA M-
Hy MHTEPBaJa WHTEerpupoBanusa. KOHEYHO, DTa aKCHMOMa, HE MOABATCI IPOCTO
Tak. CHavamta BBl mOroBopuTe 0 wiomaau. Beé aTo Gyger noarorosiero. Ho
BOT BaM aKCHOMa, HOMEp OJWH.

Axcroma HOMEp nBa: ecau ogHA QPYHKIUA HE TIPEBOCXOIUT APYTOR O 3HA-
YEHUIO0 B KAXJOU TOYKE, TO MHTErpaJ NepBou (PyHKIUYU HE TPEBOCXOAUT WH-
TerpaJja BTOPOMU.

W Tperwpsa akcmoma: eciau BbI mHTerpupyere (PYHKIWIO IO IPOMEXYTKY,
KOTOpriI COCTABJIEH U3 NBYX MEHbLIINX IIPDOMEXYTKOB, TO COOTBeTCTByIOHH/IIjI
MHTerpaJ PaBeH CyMMe JBYX APYTUX MHTEIPAJIOB, PACIPOCTPAHCHHBIX HA 3THU
IpPOMEXYTKH.

Oto u Bcé! Tpyano mpuaymMaTh MeHee CIOXHBIN nmoaxoa. Konedno, B npu-
MEHCHUU K IIOMIA AV TAKWE BN MOXHO I'OBOPUTH Cpady — K ILIOHIA AW BCE
OpPUBBLIKIN, B IPUMEHEHNN K MHTErpajiaM — HECKOJIHKO I03XKe, HO HAa OCHO-
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BaHUU 3TUX CBOI?ICTB BEIUKOJICITHO BBITUCAAIOTCA BCE MHTEI'DAJBI. B r[{el‘/)ICTBI/I—
TeIbHOCTH, BO BCEX yIeOHUKAX OHM MMEHHO HA OCHOBAHUU 3TUX CBOUCTB U
BBIIUCIAIOTCA.

BOJIee TOr'o, CXeMbI HpI/IMeHeHI/Iﬁ NOHATUA MHTEr'PDaJIa B €eCTECTBECHHBIX Ha-
yKaX M B CAMOM MAaTeMAaTHKe HEeOOBIYAWHO YIpOImaioTcs. Ecam BbI XoTHTE,
HAIIPUMeEp, NOKA3aTh, ITO HEKAN 0O6BEM €CTh TAKOU-TO UHTErPAJ, TO BBI IPO-
cTo ybexaaeTech B TOM, YTO BBINOJIHEHBI DTU TPU CBOUCTBA. B pesyabrare
BaM HMYEr'O HE HAOO OOKA3BIBATH. Tak kax CAUMHCTBCHHOCTDH Y BaC €CTh, 00B-
€M OKa3bIBAETCA MHTErPAJIOM, W Cpaly MOIydaeTca NId Hero (popMmyia, Oyab
TO 06B€EM Tea BparneHus, Oyab TO OOBEMBI B APYTUAX CATYAIUAX.

To x)e OTHOCHTCA K CTATUIECKUM MOMEHTAM, BBITACICHUAM LHCHTPOB TiA-
JXKeCTH, MOMEHTAM WHepIWW, Aa ¥ BooOINe K JI0OBIM MeXaHWIeCKNM, (pU3n-
YeCKUM U IeOMETPUIEeCKUM BeamdmHaM. Hukakon HyX bl B KakKuX ObI TO HU
OBLIO MPEENbHBIX IEPEX0JaX W BOOOIIE BO BCEM TOM [IWHHOM U 3aHYIHOM
M3I0XKEHUY, KOTOPBIM HAIOJIHEHBI BTY30BCKME YIeOHUKN, HUKAKOW HEOOX0 M-
MOCTH B 3TOM HET.

Pasywmeercs, s npuBoxy npumepsl. Ix M0oxHO 06110 OBI IPUBECTH OYEHB
muoro. Hy a ecam roBopuTh 0O gene cepbe3HO, TO, KOHEYHO, HAO MPU3HATH,
qTo Kypc matematuku miasi BTY3a npocto He cocraBrern. OH He cocTaBieH
HE B TOM CMBICJIE, 9TO HET IIPOrpaMM WUJIA 9ITO HET y‘Ie6HI/IKOB — €eCThb IIPO-
rpaMmmebl, ecTh yueOuuku. [log KypcoMm s mOHMMAIO HEYTO APYyroe.

Yrobb1 HE GBUIO HEIOPA3YMEHUH, I CKAXY B IBYX CJIOBAaX, KAK A MOHUMAIO
5TO BBIpaXeHWe: COCTaBUTHL Kypc. lIpencrasbre cebe TekcT. Koneuno, 6omee
IIMHHBIN, 9€M TEKCT TPOrPaMMBbIL, HO 60iee KOPOTKUU, YeM TEKCT yIeOHUKA.
TekcT, 13 KOTOPOrO KBAIAPUIMPOBAHHBIN IEJOBEK MOXKET TOUHO Y3HATD, ITO
7 KaK M3J1araTh BO BCEX AETAJIAX.

Takou TekcT BOBce He 00sa3aTeabHO Oymer mocTyrneH o0ydaroummcea. O
nomkeH ObITh mocTymeH ofydarommMm. K coxameHuio, ecau ObI TAKOM TEKCT
OBLLT COCTaBJIEH A CPEMHUX IIKOJ, OH He ObLT OBI mocTyIeH oOydatormum. Ho,
TAaKOU TEKCT, HAIIMCAHHBIA WJIN IIPOCTO COACPXKAIMUNUCIA B I'OJOBE, BOT 2TO —
COCTABICHHBIA KYPC.

Tak BOT g X041y CKa3aTh, IYTO COCTABICHHOT'O KypPCa MATEMATHAKY, B TAKOM
BOT AyXe, 0 KOTOPOM s T'OBOpPIO, IOKA He cylecTByeT. KOHEYHO, eCTh MHOT'O
BO3MOXHBIX BAPUAHTOB B DTOM ILIAHE, U A HAMEIOCh, YTO TaKue KypChl OyayT
COCTABJIEHBI, ¥ IO HUM OyAyT HAIKUCAHBI yI€OHUKH.

Te memHOTEE CI0Ba, KOTOpPBIE OBLIA CKA3aHBI 00 MHTErPATHLHOM HCIUCTE-
HUHM, KOHEYHO, OTHOCATCSI HE TOJIHKO K HeMy. Sl mymaro, 9TO maxe W CTy-
JEHTAM-MATEMATUKAM YHUBEPCUTETA COBCEM HE MOBPEAUI ObI CEMECTDPOBBIN
MPEIBAPUTEILHLIN KyPC AHAIN3A, B KOTOPOM ObLIN GBI BBEJIEHBI OCHOBHBIE TI0-
HATUS HE C, TAK CKa3aTh, OYKBOEACKON TOYKW 3PEHUA, & STU MOHATHUA ObLIN
OBl ONMCAHBI 110 CYLIECTBY, C MEPCIEKTUBOW IPUMEHEHUN, ¢ U3JI0XKEHUEM T'e0-
MeTPUIECKOrO 1 (PU3WIECKOT'O CMBICHIA U ¢ HEOTPAHUYIEHHBIM MATEPUAIOM I
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yunpaxueruu. [locae Toro, Kak 3To CAeJaH0, MOXHO IIPUCTYIATD, IS MATEMa-
TUKOB, YK€ K CUCTeMATUICCKOMY ¥ TIIATEIHHO COCTABICHHOMY U3JI0KEHUIO.

Taxue ONBITH YACTUTHO TPOBOAUINCE. S He 3HAI0, KAK 06CTOUT IEI0 CeH-
9aC BOT y HAC, CKAXEM, Ha MaTEMATUKO-MEXaHUIeCKOM (pakyabTere B JleHuH-
rpajie B 5TOM OTHOmeHWH. /lenaqnch Ju Takue BeIu y HAC, MHE HEM3BECTHO.

Msue mpeacTaBiaeTCs, 9TO U NpuU IPOQPECCUOHATLHOM OOYUIEeHUU TAKOU
HAWMBHO-aKCUOMATUYIECKUN METO/ B Hadajde MOr Obl OKa3aThCA MOME3HBIM. BO
BCAKOM CJIy4ae, MHE KAXeTCs, 9TO OH COBEPIIEHHO HeOOXoauM rnpu 0Oy deHun
MaTeMATHKE HEMATEMATHAKOB.

Ckaxy HECKOJIBKO CIOB 0 60/ee BO3BBIMIEHHBIX 9aCTAX KYyPCa MATEMATAKHN.
Hy, ckaxewm, cTygeHTaM-HEMATEMATUKAM U3JIAral0OT BEIb U HE TOABKO Aud-
(pepeHnmaIbHOE U MHTErPAIBLHOE UCIUCICHUA U HE TOIBKO PAMIBI, CKaxeM. MM
M3IATAI0T, HAIIPUMED, KPUBOJIMHENHBIE NHTEIPAJIBI, UM U3JAral0T WHTEPAILI
[0 OBEPXHOCTAM, 3aMEHY MEPEMEHHBIX B KPATHBIX MHTErPAJIAX U TAK JAJEe
u ToMy momob6HOe.

OJTO BelW yXe TEeXHUYIECKUA He O4UEHb NPUATHBIE, OHU MOTYT IPEICTa-
BJATH U3BECTHBIE TPYAHOCTY 1 TexHrIecKu. Kak ObiTh ¢ Humu? TyT, KOHEYHO,
He Bcerga 000U IeNIbCs HAUBHO-AKCUOMATUIECKAM METOLOM. Ty T NPpUXOAUTCS
HUATU HA KOMIIPOMUCCHI.

CoBceM HEIABHO s 1O MOA0OHOMY TOBOLY UMea Geceay ¢ OJHUM W3 JEHWH-
PPAICKAX MPENOJaBaATeNed, KOTOPOMY HYXHO M3JIAraTh CTYIEHTAM 3aMEHY
mepeMeHHBbIX B ABOMHOM mHTerpaie. Kak sto cuerars? Byamydum maTemarn-
KOM, IIPENofaBATeNb HE XOUeT HUKOTO HAAYBAThH. KMy CTBIIHO HATYBATH KO-
ro 6b1 TO HE OBLIO, B TOM 4YMCIE U CBOMUX CTYAeHTOB. OH XO4YeT UM UTO-TO
dokaszvieamo.

C Opyrou CTOpPOHBI, IPEAMET MOBOIBHO CJIOXKEH — 3aMEHA MePEeMEHHBIX
B aBOUHOM mHTerpaJe. Ilpemmararorcsa pas3abie MeTOAbl. MOXHO OCTEIEHHO
3aMEHATH MEPEMEHHBIE O] 3HAKOM WHTErpaja, MOIb3yiACh (POPMYJION 3aMe-
HBI TIEPEMEHHON B IIPOCTOM MHTerpaJe. [IpencraBuTh nHTErpal Kak mOBTOP-
HBI — BOT TAaKOU mpueM npemiaraercsa. I muorue apyrue. 31ech, KaK MHE
KaXeTCA, HeUCTBYET TAKasd NMPUBBIYKA, KOTOPAS MMEETCA y NPO(eCCrOHATE-
HBIX MATEMATHUKOB, — J0KaA3bI6GMb.

Ho Bean, cOGCTBEHHO MOBOPS, Y€MY MBI JOMXKHBI HAYIUTh Oy yIIEro WHXKe-
HEpa, Oyayiero pusuka, A yXK He TOBOPI0 — Oyayiiero ¢uiocoda? Mbr gomnx-
HBI HAy YUTH €r0, Ipexae Bcero, nonnMannio. OH HOIXKEeH IOHUMATH MPEIMET.
MbI JOTKHBI, M 5TO, BEPOATHO, MIABHOE, OTKA3ATHCA OT TAKOTO M3JIOXKEHU
Bellel, KOTOPOE HAIUM CTyAeHTaM He NOHATHO. CTyaqeHTaM ¥ MIKOJbHUKAM.

Bronse MmaccoBbeIM 06pa3oM CTYJEHTAM MIPENOAAI0T Beld, KOTOPBIX OHU HE
moruMaroT. Hy kakas moas3a B ToM, 1To cTygeHT BTY 3a 6yaer B kakoM-TO
CMBICJIE, TOBOJBHO YCJIOBHOM, KOHETHO, MOKA3BIBATEH (POPMYJIYy 3aMEHBI Iepe-
MEHHBIX B KpaTHOM uHTerpauae?! He ay«me qu 6yger, eciau o OyaeT TOHUMATH
a1y dopmyay? Xorsa 661 HA HAIVIAIHOM ypoBHE?
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Hy, manpumep, MOXHO Ju win HeNb3sA BHA4YaME KaK-HUOYIH OOBACHUTH
CTymeHTaM, KaK BefeT cebs IUIOmAab Mpu JUHeHHOM npeobpasoBanuu! Bor
MPOCTO MOABEPraloT JUHEHHOMY mpeobpasoBanuio. Kak BemeT cebs momann
TPEYrOJIbHUKA, MHOTOYIOIBHUKA! DTO, BEPOATHO, MOXHO O0BACHUTH. MOX-
HO, BEPOATHO, OOBACHUTD, UTO B MAJOM, B TIAJKOU CUTYAIMNA IPUMEPHO TaK
BefeT cebsA IUIOMAML W IPU HEIWHEMHOM Mpeobpas3oBaHuu. Tak 9ITO MOSABIE-
HEe AKOOMAaHa MO 3HAKOM MHTErpata ero yxe He yauBut. Ho, KOHEIHO, OH
[JOJIKEH CHAYAMA K AKOOMAHY MPUBBIKHYTb.

3decv 3anucy Oviaa NPepsana, no-6UIUMOMY 044 CMEHbL KACCEMbL C NACH-
Kxoti. Bepoammno, 8 ympauennom Ppazmenme peub w.ag, 6 4aGCMHOCMU, O Te-
opeme 0 HeasHol PYHKYUU.

...aKCHOMBI, KOTODBIE yCTAHABIUBAIOT DABHOCUIBHOCTH DPA3HBIX IOJXOOB
Hy, CKaXeM, K 33aJaHUIO0 IIOBEPXHOCTHU B IpocTpaHcTBe. lloBepXxHOCTEL B mpo-
CTPAHCTBE MOXeT OBITH 3aJaHa HNAPAMETPUYECKN TPeMsA YPABHEHUAMU, MO-
X)eT ObITH 3aJaHA OJHUM yDaBHEHWEM — HEABHO, W MOXeT ObITh, HAKOHEI,
3a4aHa Kak rpaduk GyHKIwn. Bece sTu Tpy mogXoma SKBUBAJEHTHBI M DKBU-
BAJEHTHOCTH YCTAHABIUBACTCA TEOPUEHN HEABHBIX (DYHKIIUN.

K moemy yauBieHUIO, 5TO MaJIO KTO 3HAET, AaXKe U3 CTYJEHTOB-MaTeMa-
THKOB, IIOKa HE BCTPEYAIOTCA C 3TUM OCTPO, B APYruX OOJACTAX, TJAe ITO
ucnons3yerca. Kypcol ananusa 5To pefko u3iaraioT. B yyebaukax anaimsa g
aToro He Bujger. CBA3b 5TOro ABICHUA ¢ OTOOPAKEHUAMY U3IATACTCA B HEMHO-
rux mectax. Ho moxer 6brTh cTygenTy BTY3a BCE 5TO MOXHO M310XKUTH €3
TaK CKa3aThb OyKBOEACTBA, TAK, YTOOBI OH HTO HOHAI (B HIpPUMEpaX, KOTOPBIE
HOHATHHIL, B Gotee obmmx dhopMmyaupoBkax). OJHAM CIOBOM, MO-BUAUMOMY,
IIOMHUMO HAaMBHO-AKCHOMATHIECKOTO MOAXOAa, O KOTOPOM f TOBODWJI, HYXHA
eme 64abIIas ¢BO6OAa OOPAIIEHWA ¢ MATEPHUAIOM, KOTAa PedIb UAET O IPEIo-
MABAHUY MATEMATHKA HEMATEMATUKAM, a WHOU Pa3 U MATEMATUKAM.

ITo-BuguMoMy, HAZO BCHOMHUTH NPENOLABATEN0, KAK OH CaM BOCIPUHU-
MaJ BC€ 91O, Korga yumica. OObIMHO MBI Takue Bemnm 3a0biBaeM. Bot s, Ha-
IpuMep, MOT'Y CKa3aThb O cebe, 9TO A COBCEM He IIOMHIO, KaK M YITO f BOC-
npuHEMaI B mKoxe. MoxeT ObITh, 1 HOMHII 9TO, KOT A OBLI CTYZEHTOM ellle,
IOTOM TOCTEneHHO 3a0b11. MoxeT 6bITh, HEOOXOAUMMO U3y IEHUE DTOr'O BOIIPO-
Ca ¥ HA TAKOM YPOBHE: HYXHO NPUBICYb YUAIIAXCA K DTOU MEATEILHOCTHU B
M3BECTHOM CMBICIE W IOCIYIIATH, ITO CKAXyT OHU. Benb MBI OOBIYHO >TUM
3aHAMAEMCSI HEeJOCTATOTHO.

B kxagecTBe nprMepa A npuBeny caeayouiee. BHe BCAKOrO COMHEHU, CTY-
IEeHTHI, CAYLIIAIOIINE TOT WX HWHOU KYPC, CTABAT IPENoaaBaTento oneHku. OHu
He CTaBAT €My OIIEHKY B 3a9eTHYIO KHUXKKY, HO Ha CAMOM JlejIe Y KaX JOT'0 Ipe-
MOABATENA UMEETCS HEKOTOPAsg YCTOWMYIMBASA CPEHAA OIeHKa. Tak CKa3aTh,
PEUTHHT, KaK y MAXMATHACTOB. B oTiMyume OT MIAXMATHOTO PEUTHUHIA, DTOT
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peuTuHr He mybIuKyeTcsa u gaxe pepxkurcia B cekpere. O6brano. S we Oyay
06Cy X JaTh BOIPOC O TOM, XOPOIIO TO WIX IUIOXO. Sl mymMaro, Kax bl caMm
3HaeT, XOpouIo 3T0 uiu mwioxo. Ho, HECOMHEHHO, ITO 3/eCh IOMOIIb CTYAEH-
TOB OBLIa OBI HEOIIEHUMA..

A mymaro, 9TO UX IOMOIIb HEOLIEHUMA U IIPU COCTABICHUH KYPCa, 110 KOTO-
pPOMY CTYZeHTBI 00yJIatoTca. KOHEIHO, TPONCXOAUT CMEHA TTOKOJEHUU: OTHI
CTYOECHTBI IIOMOI'YT HaM B 3TOM, & YIUTH MbI IIOCJIEC 3TOI'O GyAeM Apyrux Ccry-
neatToB. Ho Tem He MeHee, S [yMai0, YTO 3Ta AeATEAbHOCTb, KOTOPOU ¢ TAKOU
CaMOYBEPEHHOCTHIO 3aAHUMAIOTCS IpenoaaBaTeny, 6e3 oMoy 06y Iatouxcs
HE MOXeT ObITh ycnemHou. C y9IammuMucsa Ha g0 KOHCYJIbTUPOBATHC 110 3TUM
BOIIPOCAM B IEPBYIO OY€PENb.

Bor, He Tak maBHO y MeHsA ObLIA BCTPEtA C AEBOYKOU, KOTOPAA YIATCA B
CpeHe! WIKOJEe W XUBET CO MHOU pAmoM, cocenka. fl kak-To ee mpurmaman
B roctu. OHa OpUILIA KO MHE BE4epOM U cKasdaua: «Bor s mpunwia, Ber Mmens
3BaJH, A OpUILTA. Y MEHsA He molydaercsa 3amada. (Beceave).

Hy xopomro. Ctan s cmoTpeTh, ITO 3a 3a4ada, W HpHUIle]a B yxkac. Bo-
IePBBIX, PEIIUTH ITY 3a4ady HeAb3d, IOTOMY 9TO HEHOHATHO, 9TO TaM CIpa-
MUBAETCA. 3a4a4a, TPOdECCHOHAIBHO TOBOPS, COCTaBIeHa 6earpamoTHo. [lo-
raJaThbCA MOXKHO, 9€ro Xo4eT Bompomasimmu. Mbr goransiBaemcsa. Ho g ¢ yau-
BIeHUEM OOHAPYXKWJI, 9TO A-TO NOTAIBIBAJICA, 8 OHA BCE IMOHUMAJA, C CAMOI'O
Havana. (Beceave). DTOro Mamo: KOrga s HAYAI PENIATb DTy 3a4ady, BbIAC-
HIWIOCH, 9TO OHA MPEKPACHO 3HAJAa BCE TO, IYTO A COBOPIO. Bl 5TO BCE maBHO
M3BECTHO, TAK A MOAYMAJ CHAYANA. V3 maJbHERIIero pa3roBopa BBLACHUIOCD,
9T0 OHA DTOr0 Hu4ero He noHuMaer. OHa Bce 3Tu caoBa 3HaeT. OKA3AIOCH,
9TO DTUX CJIOB COBEPIIEHHO TOCTATOYHO [ peuieHus 3anaqdu. U oHa 3HaeT
9TU CIOBA.

Takoro poga ONBIT COBEPIUIEHHO HEOIEHUM [IJIA IPENONABATENA U [JIA JIUIL,
COCTABIAIOIUX porpaMmy. menTe B BUAY, 9TO PeUIb AT O MACCOBOM 00Y-
vennn. He 06 o0yvyeHunm meTen, KOTOPBLIE COOPAHBI B CICIMAIA3UDOBAHHLIE
IIKOJBI, KOTOPBIE MHOI'O CaM# CJBIIMIAJAA MAaTEMATUYICCKYIO pE€Ib U CaMu ro-
BOPAT HA MATEMATUIECKOM sA3bIKe. HeT, 3TO meTu, KOTOpBIE HE 00Yy4aI0OTCA
MaTeMaTHuKe MpO(eCCHOHATLHO U HE COOMPAOTCa e npodeCCUOHAIBHO 3a-
HuMaTbCcA. OHU CABIIIAT BCE DTU CJIOBA, OHU HAYYAIOTCSA UX IPOU3HOCUTH, HO
IIOHUMAHUE 3TUX CJIOB Yy HUX KAKOE-TO CTPAaHHOE. TO Jn €ro HeT COBCEM, TO
JIZ OHO KaKoe-TO cTpanHoe. Bo MHOrux ciy4dasx 0OHADPYKUBAETCA COBEPIIEHHO
HEOXUJAHHOE IOHUMAHUE.

BoT mHEekoTOpBIE CIOBA, MATEMATUIECKUE TEPMUAHBI, OKA3BIBAETCS, DTA [Ie-
BOYKA IIOHMMAJA COBCEM HE Tak, Kak i. Hy, pasymeercs, Hago ObI BBIAC-
HATH, KAK IOHUMAET 3TU CJIOBA €€ YUMTEeJbHUIA. B 5>TOM, KOHEYHO, BCE U
Jeo.

[To3BonbTe MHE O6paTuTh Ballle BHUMAHWE €IIe HA, OZHY OCOOEHHOCTH
OpPenoJaBaHUA MATEMATUKU U BOCIPUATHUA STOrO MNPENOJABAHUA. JTa OCO-
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OEHHOCTB 3AKIIOYACTCA B CIeAymeM. JTO — o0ydeHue, TaK CKa3aTh, IO-
9TH 9TO BOJIMEOCTBO, OOyUYeHWE OKKYJAbTHOE, €CIM MOXHO TaK BBIPA-
3UTBHCA.

Bor MHOro ser Hazajm A BHIEJ MPOrPAMMY BCTYIATEILHOTO DK3aMEHA B
BeICIIME yaeOHbIe 3aBeaeHusa. [IporpaMma pTa Oblia yTBEPXK JEHA U IO ITTUCAHA
BBICOKMMU JULAMA, ¥ B DTOU MPOrpPaMMe f YBUIEA TAKYI0 CTPAHHYIO BEIb:
3aMMCAHO TAM PElIeHre YPABHEHUN MEPBOU CTEMEHU C OJHUM HEM3BECTHBIM U
B3, TUIA YPABHEHUN,

ax = b, 1o ogmu Tum, a apyrou ax + b = 0. (Cwmez).

IJTO — pasHble TUNBI, OKasbiBaeTca! B uém meno?

[MousaThs »TO MHE mOMOrIa APyrasd AeBoYKa. V3 pasroBopa ¢ HEW s 1O-
HAI, 9TO BCe "mcaa — nonoxurensuse. (Cumer). OTpUnaTessHbIX aucen He
CyLIECTBYeT, W, HA CAMOM J[eje, OTPULATEIHHOE TUCIO — DTO BOT UTO Ta-
KO€. DTO MOJOXUTEIHHOE FHUCIO, IEPe]] KOTOPBIM [ia BCeoOmero 0603penns
crout 3HaK MmHyC. (Cmex). Hy ecam Tax, TO, KOHEIHO, DTO PAa3HBIE THUIIBI
ypaBHeHuu. Benb ecau b mepeHecTH 3 OJHOU YACTU PABEHCTBA B IPYTYIO,
TaK 3HAK M3MEHUTCA, 8 HyKHO, 9T06 Iucia Obuin monoxuTenbasie! BoT a mo-
JOXUTEIHHO, b TOJOXUTEIBHO — SACHO, 9TO, JeUCTBUTEILHO, B3 TUIA yPaB-
HEHUN.

Kaxk xe mpou3onuio, 9T0 3T0 M0N0 B MIPOrpaMMy BCTYIUTEIHEHOTO DK3a-
MeHa? IDTO MOMAJI0 U3 IIKOJILHOU MPOrpaMMbL. BBITO Takoe TpeGoBaHME BHI-
CTABJICHO, 9TO0 MPOrpaMMBI BCTYNHATEIbHBIX DK3aMEHOB HE OTIMIAIUCH OT
WKOJABHOU mporpaMmbl. A To 410 510 Takoe Oyger? Kak xe craBaTh Takou
sk3amen?! Hy BOT, M3 MIKOABHBIX IIPOTPAMM 3TO MEPEKOYEBAIO B MPOrPAMMEI
BCTYIUTEIbHBIX DK3aMEHOB.

A xak xe 5TO momamo B mKOAbHYI0 mporpammy? flcuo kak. llkoabHbIE
MPOrPAMMBI COCTABIAIOTCA CHEMUATUCTAMA 110 TIPENO[ABAHUI0 MATEMATUKY,
KOTOPBIE 3HAKT, KaK MIPEH0AaBaTh MATEMATUKY, U TOBOPAT, YTO IPENOIa-
BaTh ee HaMO BOT Tak. OHU 3HAIOT, KAK IPENOJABATE MATEMATHUKY, HO OHH,
HABEPHO, W B CAMOM [eJ€ NYyMAalOT, IYTO BCEe YUCIA IMOJOXKUTENbHBL. (Qocus-
AEHUE).

Koneuno, HUKAKOU y4uTenb B KJIACCE HE TOBOPUT, YTO BCE UUCIA IOJO-
KUTEIbHBL. JTO HE HANKMCAHO B yICOHWKE, KAK XK€ OH 5TO OyJeT TOBOPUTD!
Ho om tax mymaer! U ecam o Tak mymaer, TO Tak xe OyAyT OyMaTh ero
yuenuku. Kak 510 uMm nepegaerca?! ITO, KOHEIHO, UHTEPECHBIN BOIPOC, HO
9TO COBEPIIEHHO HECOMHEHHO.

[Tonumanme npegmera yduTeaeM mepegaeTcs ydamumca. [lorumanue
mpeaMeTa JeKTOPOM mepemaeTca caymaTendsM. OHO meperaeTcs TAWHCTBEH-
HBIMU Iy TSAMH, HO OU€Hb HaJAex)HO. U 5T0 HAM0 uMeTh B Buay. Hukakoe Brem-
Hee 00ydeHue MPernoaaBaTels, HUKAKOE MPABUIBHOE M3JI0XKEHUE B yueOHUKE,
IpOrpaMMe He MOMOXKET AeNy, eCIAN YINTEAb TyMaeT WHAJe.
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YauTenb, mpenomaBaTelb — 3TO B DTOM CMBICAE IEHTPAJbHAM, PEIIa-
omas ¢urypa. Sl xody eme pas DOBTOPUTH, UTO COBEPIIEHHO HE BEPIO B
TO, 9TO MOXHO KaK-TO WU3MEHHUTH WIM YJIYUUIATH OPENOJaBAHWE, YJIyIMIasd
OporpamMmmbl, y‘IeGHI/IKI/I7 HO HE 3aTparmBasg KaK CiaeayeT IIOATrOTOBKY Yy'Iu-
TeNen.

CyuiecTBy0T, IpaBaa, METOABI IEPENOAIOTOBKY, BCEBO3MOXHOE yCOBEP-
LIEHCTBOBaHUE 1 Tak gatee. Hackonbko onu adpdexkrunan? f He mmero Ha
TOT CYeT Cl)a.KTI/I‘IeCKI/IX JAHHBIX. MMeIO TOJBKO JII/I‘{HbeI OIIBIT WU OIIBIT MO-
ux npysen. I TyT A moikeH BBICKA3aTh BECbMAa MpPAdHBIN TporHo3. [lo moum
CBEOCHUAM, IIEPENOArOTOBKA, AOIOJTHUTEABHAA IIOATOTOBKA JWUIL, U3y 1aBIIUX
MAaTEMATHUKY B BBICHIEM Y4IeOHOM 3aBEJE€HUN, IENATOTUICCKOM UHCTUATYTE, HUA
K deMy He mpuBoauT. Ecium 3a rogpl cTygeHYeCTBa OHM HUUEMY He HAyIud-
JIUCH, €CJIY 33 [OATHE TOABI HOCAEYIOIIErO MPEN0 aBAHNA OHA YMY APUIAC,. . .
A 60I0Ch CKa3aTh 3a0BITH — DTO OyJeT Jydile, eCIu OHU yMYAPWIUCH,. .. HY,
XOpOIIO, 3a0bITH TO, Y€MY OHM TaM HAYIWIUChH, TO, KOHEYHO, MOMOIHUTEIbHASL
IOATOTOBKA MOXET IPUBECTU TOJHKO K BHEIIHUM W3MEHEHUSIM: OHU IIPUBHIK-
HYT K HOBBIM CJIOBaM, OHU IIPDUBBIKHYT K HOBBIM METOAUKAM, HO, B CyITHOCTH,
9TO HUYEI'O HE M3MCHUT.

MHue kaxeTcs, ITO MacCOBOE HPEMOJABAHUE MATEMATUKU MOXET OBITh
YAYYIIEHO TOJBKO OJHUM IIyTE€M. JTO MENJIEHHBIN, IIUTEJbHBIN, TPYIHBIT
Iy Th, HO, MOXET ObITH, OH BO3MOXEH. DTOT IIyTh COCTOUT B TOM, 9TO JOJKHA
OBITH MTOCTEMEHHO PACUIIPEHA MOATOTOBKA KBATU(UIUPOBAHHBIX IPEIO[ABA-
TeNen.

Jlrogen, o6rananmux TOCTATOYHBIME CIIOCOOHOCTAME [ TOrO, COBEP-
LIEHHO MOCTATOYHO. K coxaneHuio, uxX Kak claeayeT He yIaT. M 1o mOHATHBIM
OPAYAHAM: YIUTH HEKOMY .

B npexnue BpeMmena, KOrjga mpernogaBaTeIn MaTEeMATUKA A TOT [AITHIX
CPEJHUX IIKOJ BCe OBbLIN BHILYCKHAKAMY YHUBEPCUTETA, (9TO ObLIO JaBHO, IIKO-
Ja He ObLIa MaCCOBOM), MOJIOXEHUE OBbLIO aydie. Mbl 9acTO CABIIAM, IUTAEM,
9T0 BOT PAHBIIE MPENOaaBaTeIn MaTeMaTuKy Obuiu Jydme. OHu aydine 3Ha-
J7 IpeAMeT U Jydllle IpenofaBatu. S He 3HA0, IpaBAa 3TO WIX HET, HO €CIN
3TO IpaBaa, TO 3TO 0e3 cOMHEHUA OOBACHAETCA TeM, ITO TOrJa ITU CaMble
[IPENoAABATENN 00y9IaIuCh HE B NEAATOTMYECKAX WHCTUTYTAX, & B HEMHO2UT
yHUBepcHTEeTaX. Tenepb oHM 00y49aI0TCA, KAK IPABUJIO, B IEJATOIUIECKUX NH-
CTUTYTaX U BO MHO2UZL YHUBEDPCUTETAX.

H 6])1 HE XOTeT, ‘ITOGBI dTa JEKIUsA OCTAaBUIA TAaKOE€ MpPavIHOE BOCIIOMU-
mauwme 0 cebe. S X049y ckasaTh W HEITO ONTUMUCTAIECKOE MO KOHeN. S my-
Mafo, ITO €CAU HYXHO CTO JeT I TOrO, ITOOBI MOCTEIEHHO MOATOTOBATH
TOCTATOYMHOE KOAMIECTBO KBAMU(MPUINPOBAHHBIX MIPEIONABATENCH U HAIATUTE
B IIKOJE, CPEIHEN W BBICIIEH, Xopolnee 00ydeHne MaTEeMATUKeE, €CIU CTa JET
JJIS DTOr0 JOCTATOYHO, TO 5TO Xopowo. (Oxcusaenue).



Tema HOMepa: reoMmeTpus

Hyxna m mxone 21-ro Beka ['eomerpus?

U. ®. Mapeirun

He snaromui reomeTpun He AOIYyCKACTCA

Hagnucs opu Bxoge B Akagemuio [lnaTona

BerynaeHUE. PasBuBas wbicab Ilyamkape, BBICKa3aHHYIO €IIe B HAYAJIE
20-Tro cTomeTwmsa, HOBOAA ee B HEKOTOPOM CMEBICIe n0 abcypaa, Buaamzmvup
ApHonbg B KOHIE TOro X)e croserus roBoput: «MaremaTnka — 3TO 4acTh
dusukwmy. Cornamasich ¢ 3Tou GOPMYJION, A BCe XKe XOTel ObI €€ TPOJOIKATh:
«A pusMKa — YaCTh F€OMETPHUMI).

W BHOBB BepHEMCS K HAYAIY MPOLULIOrO CTOJeTHA. Beaukun (ppaHIyscKun
apxurekTop Kop6rosbe kak-To Bockaukny: «Bce Bokpyr reomerpus!y. Cero-
AHA YK€ B Ha'IaJIe 21—I‘O CTOJCTUA MBI MOXEM IIOBTOPUTH 3TO BOCKINIAHUE C
emie 66abIIUM U3yMIeHueM. B camoM fese, TOCMOTPUTE BOKPYT — BCIOAY T'€0-
MeTpus! CoBpeMeHHBIE 3TaHUA U KOCMAIECKUE CTAHIIAN, ABUAJANHEDHI U IO
BOJHBIE JIO KW, UHTEPHEPHI KBAPTUP U OBITOBAsA TEXHUKA, NOPOXHBIE DA3BA3KYA
¥ rOpO/CKUeE MAPKU, MAKPOCXEMEI U [aXKe peKIaMHble ponruku. Bouctuny, co-
BpeMeHHadA nmBuan3anua — 5To luBuiausanusa ['eomerpuu. I'eomeTpudeckue
3HAHWUI U YMEHUs, F€OMETPUIECKASA KyIAbTypPa U PA3BATUE ABIAIOTCI CECOMIHSI
HpOCl)eCCI/IOHaJH)HO 3SHQIUMBIMU [ MHOI'IX COBPEMEHHBIX CHeHHaJH:HOCTefI,
U TU3aWHEPOB M KOHCTPYKTOPOB, M pabouux u y4eHbx. U yxe sToro mo-
cTaTo4vHO, 9T00BI OTBeTHTH HA Bompoc: «Hyxua mu B 21-m Beke 'eomerpus
B IHKOJIe?» I/I BCE XK€ CerogHsa MBbI OTYCTIMBO CJABINIMM I'OJOCA, MPU3BIBAIO-
1ue, eClIu U He MOJHOCTHIO UCKIIOYUTH MEOMETPHUIO U3 MIKOJIBHBIX IPOTPAMM,
TO, IO KPAWHEH Mepe, 3HAMUTEJLHO COKPATHUTH Iporpammy mo ['eomerpumn.
[Tpu sToM romoca >Tu pa3gaTCA U CO CTOPOHBI JIOAEU, IPAIACIAIONIX CeOs
(2 momararo, IO HEZOPA3yMEHMIO) K IPO(ECCHOHAILHOMY MATEMATHIECKOMY
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coobmecTBy. CTpaHHBIM 00PAa30M CAMOMY CYIIECTBEHHOMY COKDAIIEHIIO O/~
BEPraioTCsA MPOrpPaMMBI IO TPOCTPAHCTBEHHON ['eomeTpun, Hanboee TpaKTh-
YEeCKHU 3HAYUMOMY cerogs pasgery. (CTepeoMeTpus HOIHOCTHIO UCKIOYCHA
U3 MEeXIyHapOAHbIX MaTeMaTudeckux omummman!) U ecau ge rope [eomerpus
[OKa €IIe COXPAHACTCA B (DOCCUUCKON) MIKOJE, TO A€ (HAKTO OHA MOUTH UCIE3-
Ja. 3JHAKOMCTBO Xe ¢ marepuagamu EI'D BoiHyXpaeT Hac y6paTh 3TO camoe
«ouTwy. VI BoOOIIE, cucTeMa TEeCTUPOBAHUA HeCOoBMecTHMa, ¢ ['eomeTpuen.

[TosTOoMy mpux0oauTCA HECKOJIBKO MOAPOOHEE OTBETUTH HA BOIPOC, 3a9€M
HYXHa, IIKOJIbHasA ['eomerpus?

1. Ob OBPA30BAHMM U YCTPOUCTBE MUPA. (/ByCMBICICHHOCTH B 3aria-
BUU OTHIOAb HE CaydanHa.) [0BOpA O measx, KOTOPBIE PeATu3yIOTCA DU U3y-
Ye€HUW TOrO WIM WHOT'O IPEeAMETa, MBI JOMXKHBI UCXOAWTH W3 OOMMX Ieaen
Cucrembr O6pasoBanus. A 31eCh TVIABHBIMU ABJISIOTCA OBE: BOCIPOU3BOICTBO
CYLIECTBYIOUIE B CTPAHE CONUAJBLHOU CUCTEMBI U ee paspurue. U B 3aBU-
CUMOCTH OT YPOBHA PA3BATHA CTPAHLI U JaXKe MPOCTO OT KAYECTBA KUIHU
OCHOBHOM MACCHI XUTENEH BeAYINEH MeIblo ABIAETCA JUO0 IepBoe, Jub0 BTO-
poe. [IoHATHO, YTO B 3TOM MeCcTe PACXOQATCSA TJIABHBIE HEau 00PA30BAHUA [Jis
CTPaH C BBICOKMM yPOBHEM Pa3BUTHI U CTPaH oTcraiommx. [Ipome rosops,
miA 60oraTeIX U 6eTHBIX cTpaH. IIOHATHO TakXe, ITO KOMIPOBAHUE CIaO0pa3-
BATBIMU CTPaHAMM CUCTEM O6pa.30Ba.HI/I}I CTPpaH BBICOKOPA3BUTBHIX IIpUBEOECT
K COXPAHEHUIO CIOXKWBIICHACA MEPAPXUU MEX Iy CTPAHAMU, 4 3HAYUT, CTPATE-
CUYECKU TOJE3HO UMEHHO CTPaHAM ¢ Hambolee BHICOKUM YPOBHEM DA3BUTHA.

['noGanusanusa >KOHOMUKY, CO3 JaHUE eIUMHON 0OMEMUAPOBON PHIHOIHON CH-
CTEeMBI IPUBEIN K PE3KOU MOJIPU3ANUN B MUPOBOU IMBUIK3AIUA. B pesyabrTa-
Te 3Ha,‘{I/ITeJIbHOﬁ Pa3HOCTHU IIOTEHIUAJOB MEX Ay IIOJIOCAMU BO3HUKJ/IN MOII-
Hble IIOTOKMW: OT OJHOI'O IIONIOCA K APYI'OMY ClIeNyIOT PECYPCHI BCEX BUIOB,
MPUPOTHBIE, TIONCKAE, THTELIEKTYAIbHEIE,  06PATHO HAMPABIACTCA TOTOBAA
OPOAYKIWA W yHpaBisafomune CurHauabl. [Ipm sToM «106aBieHHAsS CTOMMOCTHY
LEJIUKOM OCTAETCSA HA OJHOM U3 IIOMIOCOB, YBEIMUMBAA DTy PA3HOCTH IIOTEH-
muaoB. O qHAKO 06IIEMIPOBOU 06PA30BATEIBHBIN JAHAIIADT HE COBCEM COOT-
BeTcTByeT JanamadTy skonomuaeckomy. [la u Cucrema O6pa3oBaHusA MIOXO
IO IUHACTCSA PBIHOTHOMY YIIDABJACHUIO. I/I B 3TOM TaATCA OIIPENCJICHHBIC yI'DO-
3Bl CYyIECTBYIOMEN UEPAPXUN MUPA..

Yro xe KacaeTcs HemocpeacTBeHHO [eomerpuu, ciegyeT 3aMeTUTh, 9TO
OHA, ABJAETCA OYEHDb MOIIHBIM CPEJICTBOM PAa3BUTHUSA JUTHOCTHU B CAMOM IIUPO-
KOM Jualia3oHe. BO3MOXHO, UMEHHO 1O >TOU NPUYUHE B CTPAHAX, IJe Kade-
CTBO XU3HU OOJABLIEN YaCTU HACEIEHUA BBICOKO, ['eoMeTpus 0OBIYHO U3ydaeT-
¢ Ha, OY€Hb HU3KOM ypoBHE. Benb ['eoMeTpus pasBuBaeT CBOUCTBA, IUTHOCTHI
(TBOpUECKOEe pa3BUTHE, HPABCTBEHHOE BOCIUTAHWE, HE3ABUCUMOCTDL CYXKJe-
HUIl ¥ [IOBEJEHNA), BECHbMA NMPUBIEKATEIBHBIE ¢ OOMIETCN0BEICCKAX TO3UIINH,
HO TIPU WIXPOKOM WX PACIPOCTPAHEHUN YTPOXKAOUAE CTAOUILHOCTHU OTIehb-
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HO B3ATOrO JaXe MPONBETAIOMEro COO0mecTBa (CTPAIIHO IOAyMATH, ITO CIy-
9UTCA, €CAU K BIACTU MPUIYT TBOPUECKU [YMAOIIAE U BHICOKOHPABCTBEHHEIE
JEONH).

Haxe cpeqm IUCHUAILIMH MATEMATHYIECKOTO IIAKJIA ['€OMETPUsA BBIAEIACT-
Cs CBOMM BOJBHOIYMCTBOM, HEKUM OCOOBIM CBOOOMOMIOOMBBIM XapaKTEPOM,
HEXEeJIaHWEM MOJIUHATHCA CTAHAApPTAM, HOpMaM, AITOPUTMAM U [aXKe JOTH-
ke. [lopTOMy MOXHO MOHATH CTPEMJICHUE PYKOBOAUTENEH PA3HBIX MACTEU U
YPOBHEU OrPAHUYUTH TPOrPAMMBI 10 ['eoMeTpum, Cy3uTh TPOCTPAHCTBO €€
yIeOHBIX TETEH.

A ¢ gpyrom croponsbi, camo O6GpasoBaHUE ABIAECTCA DIEMEHTOM PBIHKA.
W npu pasymMHOM mOAXO/€ CTPAHBI, HE OYEHb IPEYCIEBAIOIINE B DKOHOMUKE,
HO ¢ xopomen Cucremon O6pa3oBaHUA MOTYT HCIOIB30BATH €€ DIEMEHTHI
Ha BHENIHEM pPBLIHKE U MOMOYbL cebe TeM CaMbIM DKOHOMEUUecKu. B ycaoBusax
Bce Tou xke ruobanusanum Poccusa Morma Obl BBICTYHDATh HE TOJIBKO B Ka-
YeCTBe IMOCTABIIUKA CHIPbA OOraThIM CTPaHAM, HO U NMPEIOCTABIATH YCIYTH
[0 PA3BUTHIO MATEMATHUIECKOTO 00pa3oBanua. POCCUcKoe MaTeMaTHIECKOE
o0pasoBaHMe MOKA ele KOTUpyeTca B Mupe. M BO3MOXKHO, MMEHHO IIKOIBHASI
T'eomerpums moruia 6bI 34€Ch CHIIPATH BEAYILYIO POJb.

KcraTu, TOProsis pocCUNCKUM MATEMATHIECKAM OOPA30BAHUEM YKe TaB-
HO Pa3BepHyJaCh IO BCEMY MUPY, HO JUBUJCHABI HOLYyIal0T IPOCTO OTACIb-
HBIE JIOBKWE JIOU, 339aCTYI0 IPOCTO MPUCBOUBIIKE ce0e HEe MPUHA ITEKAILY IO
MM WHTENIEKTYaAIbHYI COOCTBEHHOCTH. MOXHO [axe yrisageThb OIpeneieH-
HO€ CXOJCTBO C IPUPOJHBIME PecypcaMu (TakXKe NPUCBOCHHBIMU) — B BUIE
HaJIU4us PEHTHI. TaM TpupOgHON, 34€Ch UHTEIEKTYATBHON.

B nocaenuee BpeMsa BHUMAaHWE yYUEHBIX — MATEMATHKOB U CIEIUAJIUCTOB
B o0nacTu MaTeMaTrvIecKOro 0O0pa3oBaHuA — Bce Ooablie M OOIbIIe IPUBIe-
kaeT JuemenTapHaa 'eomerpus. U, na Mo B3rusam, 3gecs augepctso Poccun
Hamboee 3ameTHO. [loxoxe, mmenuno B ['eomerpun 0co60 3amMeTeH €BPA3UU-
CKUY XapaKTep PYCCKOU KyJabTypbl. B mcropun ['eomeTpun Spko BUIHBI ABE
BETBU, 3alaJHAA U BOCTOYHAA. JanagHas ['eomerpus crpomiacsk mo EBkiumy,
a 3arem 1o [lekapTy. 31ech BO TIaBy yria CTABUIKCH TOYHBIE JOMUYECKUE
KOHCTPYKIWU, CACTEMATUIHOCTS, 00mmue Teopuu. Bocrouynas ['eomerpus onu-
pajachk Ha HaMIAAHOCTH, ['eoMeTpus 6bL1a cKOpee aaeMeEToM KyabTypsl, Uc-
KyccTBa, gaxe Kyabra, Hexean Haykou. U oTu 1Be BETBU TECHO NEPEILIEIUCH
B Poccun, reorpadutieckn u reOMETpPUYIECKY CIYXKUBIIEH MOCTOM MEX Iy 3a-
magom u Bocrokom. Camo nonoxenune Poccuu Hanbomee 6aaronpusaTCTBOBAIO
passutuio Cunrernyaeckon ['eomerpuun, KOTOpas cerogus 0COOEHHO MPUBJIE-
Kaetr cuenuaauctoB. U s ybexmen, 1aTo B obmacTu npenogaBanus ['eomerpun
MBI 3AHUMAEM JUAUPYIOlIee monoXenne B Mupe. HaMm ecTh, ITO mpemioxuTh
mupy. Iloka ects.

W ot gBa ob6CcTOATEABCTBA — HECOOTBETCTBHE ycTpoucTBa MupoBoun
Cucrembr O6pa3soBaHUA SKOHOMUYIECKOMY YCTPOUCTBY MUPA U €€ PHLIHOYHBIE
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BO3MOXHOCTH — W ONPENEIAIOT HAOMIOAAEMOE CErOMHA CTPEMJCHWE €IuH-
CTBEHHOU OCTABIICUCA CYIEepAepPKABHI B3ATH MOJ KOHTPOJIb OO6IIEMUPOBYIO
Cucremy O6pazoBanusa. B mepByo odepens MATEMATHIECKOTO, BEIb MMEH-
HO MATEMaTUIeCKOe 00PAa30BaHUE MHTEPHAMOHAILHO B CBOEU OCHOBE (MMeeT
(PTYTHBIM» XapaKTep) W OKA3BIBAET CaMoOe OOIBIIOE BIWAHUE HA DA3BUTHUE
3emuon lusmmusanuu. Y mosTOMy He cilefyeT yAUBIATHCA TOMY, ITO BCE PY-
KOBO/[CTBO B PA3JIMYIHBIX MEX [YHAPOJHBIX CTPYKTYPAaX, 3AHUMAIOMUXCA TPO6-
JEeMaMyu MaTEMaTUIECKOrO 00pa30BaHMA, OKA3aJI0Ch B PyKaxX MPeEACTABATEICH
DTOHU CAMOM CYIepAePKABLI, B KOTOPOH, IO O0IIEMY MHEHUIO, MATEMATHIECKOE
o6pasoBanme eaBa au HE Xyamee B mupe. Ha 3Tom BceMmprOM 06pa3oBaTEb-
HOM DBIHKE ,IIeIZCTByIOT OGBI‘IHBIQ PBIHOYIHBIC MECXAaHU3MBI. BOJIee CHUJBbHBIE N
6oraTble He IIyCKAIOT Ha Hero 6omee crabbIX M OeTHBIX, HECMOTPA HA TO, ITO
7 KadeCTBO MPOAYKTA Jydlle, 1a ¥ IeHa MeHblne. VI B cpeicTBax CUWILHBIE,
KaK BCET/a, HE CTECHAITCA.

U B xoHIE 5>TOr0 pasjena g XOUTy CKa3aTh, BO3MOXHO, HE COBCEM IO ey,
HECKOJIBKO CJOB B CBA3M C OpoxoidAmed B Poccuu pedopMon-moaepHnsanmen
cpemrero o6pasoBaHuia. 110 MEEHUIO MHOTUX CIIEMUATUCTOB, 3TO HE PedOPMBI
7 He MOJEPHU3AIN, & PA3pyLUIEHNe CIOXUBIICACA CUCTeMbI 06pa3oBanusa. Tak
B deM ke neqao?! Ilowemy pedopMBI IPOAOMKAIOTCA W MOMAIEPKUBAIOTCA HA
caMoM BBICOKOM ypoBHe? HeyX)TO TaM CHAAT JIOAU yXK COBCEM HUYErO HE
mouuMaromue?! 1o 3ToMy MOBOAY BBICKA3BLIBAJOCH MHOTO MHEHHUH. [l06aBio
0MHO cooOpaxeHme.

B Coserckom Coroze caoxumiacs xopomas Cucrema O6pa3oBaHus, OCHOB-
HOH IIEJIEBOM YCTAHOBKOU KOTODPOM OBLIO TBOPYECKOE PA3BUTHUE YUAIIErOCA
(4ro, mpuU3HAEMCS, BeChbMa, CTPAHHO i TOTAIATAPHOrO pexmMa). Marema-
Tuaeckoe O6paszoanue xe B Coserckom Coro3se 9y Th au He OPUIAAIBHO TIPU-
3HABAJIOCH JydmuM B Mupe. U s ybexaen, aro umenuno Cucrema O6pasoBanus
6bura dyHAaMeHTOM Beex 3HaduMbIx moben Coserckoro Corosa (mapycrpua-
mm3anus, Bonna, aromuas 6omba, Berxoa B Kocmoc), u oHa X)e crana 0qHON u3
rIABHBIX npuawH, npuseqmmx K pacmagy Coserckoro Comwsa (me Oyay 3axo-
JAWUTH 3/[€Ch CAULIKOM [aJeKO U BBIWIEHATH 0c060 poib ['eomerpun). Ee coxpa-
HCHUEC Ha IIPDEXKHEM yDPOBHE MOXET CTATh NUCTOTHUKOM ITOCTOAHHO AeﬁCTByIO-
el yrpo3sl Ijisd HOBOU, & 110 CyTHU MEePEKPACUBIIENCS CTAPOU HOMEHKJIATY PHI.
U nBaxIpl MOBTOPATH HE NMPUXOAUTCI, MHCTUHKT CAMOCOXPAHEHUA § HOMEH-
KJIATYPLL PA3BUAT MOCUIbLHEN, 9eM y 3BepA. A BO3MOXHOCTEN MIA COeTUHEHUA
Yy HOMEHKJIATYD Pa3HBIX CTPAH I'Opa3fo OOJbIIe, YeM y IPOJIETAPUEB.

2. BoCOuUTAHUE T'EOMETPUEN. lleavio w3ydeHus reomerprm, KOHEIHO,
saBiaseTcs 3Hanme. Ho cregyer mpusHATh, 9TO 5Ta IEdb IO OTHOIIEHUIO K
reoMeTPUU BTOPOCTENEHHA, MOCKOJbKY OOJBIIMHCTBO IIKOJIbHBIX I€OMETPH-
9eCKUX 3HAHUU HE BOCTPEOOBAHO HM B IPAKTUYICCKOU XKU3HU YEJOBEKA, HI
JaXe B HAYIHOU JeATEIbLHOCTH.
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Bosee BaxHO, 9T0 reomeTrpus €CTb (PEHOMEH O0MIEYeJOBEYECKON KYJIb-
Typbl. HeKOTOpBIE TEOpEMBI I€OMETPUM ABIAIOTCA OJHUMUA U3 TPEBHEUIINX
MAMATHUKOB MUPOBOM KYJIbTYPBL. JeI0BEK HE MOXET MO-HACTOAIIEMY Pa3-
BUTHCA KYJABTYPDHO U NYXOBHO, €C/IX OH HE U3y a1 B ITKOJIE I'€OMETPUIO; I'€eOMeE-
TPUA BO3HUKIA HE TOIBKO U3 MPAKTUIECKUX, HO X U3 JYXOBHBIX MOTPEOHOCTEN
9e0BeKA.

Ucropus denoBedecTBa mumeTcsa B Tpex KuHurax. Oto Wcropus Bpax-
IbI, UCTOPUSA BOWH, PEBOJIONNN, MATex)en u OyHTOB. 3 HUX GOABLIEIO 4a-
cteio cknagsiBaeTcsa Vcropusa locygapcersa. 1o Uctopus Jlio6Bu. Ee numier
Uckycerso. U oro Ucropus Muican genosedeckou. Ucropus [eomerpun me
TONBKO OTPAXKAET UCTOPUIO PA3BUTHUA YEJOBEYECCKOU MbICau. ['eomeTpus ms-
JaBHA SABIAETCA OJHUM U3 CAMBIX MOIIHBIX MOTOPOB, ABUTAIOIINX 3TY MBICIb.
Bosaukmas HECKOIBKO THICAYMEJETHNA TOMY Ha3aJa Teopms KOHWTECKHX Cede-
HUW, TOMOJHEHHAA OTKPBIThIMEU KermmepoM 3aKOHAMY, BEIMOCTHIII, OPOTy He-
aosedectBa B Kocmoc. (KceraTu, 0 mpukIagHOM ¥ IPAKTAYECKOM 3HAYMCHUN
leomerpumn).

leomeTpus, ma m MaTeMaTHKa B UEIOM NPEACTABIIET COOOU OYEHb NEH-
CTBEHHOE CPEICTBO s HPABCTBEHHOI'O BOCHUTAHUA YeJOBEKa. B pomame
«Boruna u Mup», XapaKTepu3ysa CTapliero KHa3a Boakonckoro Hukomas,
JI. H. Toncron numer: «OH roBOpmiI, 9TO €CTh TOJIBKO NBA, MCTOYHUKA JIIO -
CKUX TOPOKOB: MPA3AHOCTb U CyEBEpUE, M YTO €CTh TOJABKO [IBe H00poe-
Tenu: MeATeNbHOCTh W yM. OH caM 3aHUMAJCA BOCIUTAHUEM CBOEH NOYEpPH
1, 9YTOOBI Pa3BUThL B HeW 00e IIaBHBIE NOOPOAETeNN, AABajl €l YPOKHU Al-
reOpbl M IeOMETPUM U PACHPEAENUI BCIO €€ XU3Hb B 0eCHpPEPLIBHBIX 3aHA-
THAAX.

Hay4yHou um HpaBCTBEHHON OCHOBOHU KypPCa ME€OMETPHUH ABIACTCA MPUHIAL
IOKA3ATEIHFHOCTY BCEX yTBEPXK AeHUN. VI 5T0O e IMHCTBEHHBIN MIKOJbLHBIN TPE/I-
ME€T, BKJIOYTad OgaXe IpeaMEeTbl MaTEMATHUYIECCKOI'O IOHUKJQ, IIOJHOCTBIO
OCHOBAHHBIN HA MOCIEIOBATEIHLHOM BBIBOJIE BCEX YTBEpXKaeHuu. JIoabmu, mo-
HAMAOIIUMHA, ITO TAKOE MOKA3ATEIbCTBO, TPYAHO U AaXKe HEBO3MOXHO Ma-
HUIyIUPOBAaTH. B TO BpeMs KakK BIACTh HUKOIA HE yTPyXkaaeT cebsa moka-
sarenscrBamu. (OTCOga COBET TeM, KTO XO4YeT CTATH HOIUTUKOM, UATU BO
BIACTH: HE 3AaHUMAUTECh ['€OMETDHUEN. )

3. KAKAA rEOMETPUsA? Urak, Bpoae Bce AcHO, ['eomeTpus — oque u3 Bax-
HEUIIUX NPEIMeTOB, IPUTIEeM He TOJLKO CPEIU MPEIMETOB MATEMATAICCKOTO
IMKJIa, HO U BOOOIIE CpPeAM BCEX IIKOJABbHBIX IpPeAMEeTOB. Ee LereBou IOTeH-
OMaJ OXBATHIBAET HEOOBIYAWHO IMMPOKUU aPeas, BKIIOYALT B ce0A 49yTb Ju
He BCe MBICIMMEBIE nequ o6pasoBaHusA. Tak mOoUYeMy Xe elle MPOA0IKATCA
CIOpBL O poJu u MecTe ['eomerpun B mKoae?

Cuenyer cka3aTb, 9TO CHODP MO MOBOAY IIKOJLHOU TI'E€OMETPUU HAIOMU-
HAET TOPOW W3BECTHHIA CIOp M3 YeXOBCKUX «Ipex cecrep»: «Hepemma —
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ayk. Yexaprma — wmsacor. CoopaT o pasHeix npeaveTrax. VI mosTomy, KO-
ra MBI IIBITAEMCS OTBETUTH Ha Bompockl: HyxHa ju B 21-M Beke HIKOIHHAA
l'eomeTpusa? 3adem Oyger HyXHA B mKoae ['eomerpusa? — HEOOXOUMO MOSC-
HATH, 0 Kakou ['eomerpun uger peds. Ectb ['eomerpus u reomerpus.

[lepedpasupysa u3BecTHOE BHICKa3bIBAHUE TOICTOrO, MBI MOXEM CKa3aTh:
«Xoporme Kypcol ['eomeTpun MOryT OBITH OCTPOEHBI PA3HBIMU CIIOCO6AMU,
IIJIOXUE 2XKeE 60JI}>III€IO TaCThIO OYICHDb IIOX0XKU APYT Ha APyTra». ECTB TPpU OCHOB-
HBIX cnocoGa YHUYITOXUTH FeOMeTpI/IIO 7 COOTBETCTBCHHO TPU OCHOBHBIX THUIIQ
KypCOB aHTH (JKe, IceB0) reomeTpun. [Ipuyaem, HeCMOTPS HA pa3Id<Iue MOI-
XOJ0B, COOTBETCTBYIOIINE yIeOHUKY CXOXKU APYT C IPYT'OM, OHU ILIOXO CTPYK-
TYPUPOBAHBI, HAIMCAHBI HA CKBEPHOM A3BIKE, W JUTEPATYPHOM U m300pa3u-
TETHHOM, M300MIYIOT JorudeckuMu HeyBsaskamu. Camoe yAuMBUTEIHHOE, 9TO
Jorudeckue npobesbl U MPOKOJbI XapaKTEPHBI IS KYPCOB, IMPETEHYIOIINX
9y Th JU HE HA a0COJIOTHYIO JOIMIECKYI0 CTPOrOCTh, KOHIEITYAJIBHO ITOCTPO-
€HHBIX Ha (POPMATBHO-JIOTMIECKOU (AKCMOMATUYIECKON) OcHOBe. Takue Kypchl
BECHbMA, PACIIPOCTPAHEHBI B POCCUUCKOU MIKOJE. XaPAKTEPHBIE MPU3HAKA: MHO-
KECTBO YUCTO (POPMAIBHBIX ONPENENCHUN, 3a9aCTYI0 AETAIONIMX OIPeHessie-
MO€ IIOHATHEC HECY3HABACMBIM; MINTCJIbHASA BO3HA C IIEPBOHATAJIBHBIMU IIOHA-
TUAMU, B PE3YAbTATE YEr0 B TEUEHUE IyTh JU HE MOJOBUHBI KYPCa IMIKOIbHUK
HE y3HACT HUYIETO HOBOI'O; OGI/IJII/Ie MHOI'OCJIOBHBIX paCC)’)KAeHHEI, a TOYHEE
MYCTHIX COYETAHUN CJIOB, BBIIABAEMBIX 33, PACCY XK ACHUS, TOKA3BIBAIOIINX OYe-
BUAHBIE (DAKTHI U AETAIOMIAX STOT OYUEBUTHLIN (PAKT a0COMOTHO HEITOHATHBIM,
a caMoe TUIABHOE, MUCKPEIUTUPYIOMNAX CaMy UAel mokasareabcTBa. 1lomo6-
HbIE KypChI OBICTPO ¥ HANEXKHO yOMBAIOT BCAKUEM MHTEpec K mpeamery. Kak
rosapuBai He3abBeHHBIN Hukonanm Osepos, «Takol XOKKed HAM HE HYXKEH».

Caenyromen pasHOBUIHOCTHIO MCEBAOI€OMETPUN ABIAIOTCA KYyPCHI IPaK-
TUICCKU-IIPUKJIQIHOT'O THIIA. HpI/I 9TOM IIPpAaKTHUYICCKaA HAIIPABJICHHOCTH IIO-
HUMAETCS B y3KO yTWIMTAPHOM CMBICIe. Bce comepxkaHue CBOAATCI K He-
OOMIBIION MOA0OPKE (POPMYJI [ BBIMMCICHHUA [INH, ILIOMALer X O00BEMOB.
[Mogo6ubIe KypChl ObLIN pacnpocTpaHeHbl B Poccun Ha 3ape COBETCKOU BJIa-
CTH, a CErOH]A OHU XaPAKTEPHBI [ 3AIA,THOUN IIKOILI, B YACTHOCTHU, AMEDU-
KAHCKOM (HACKOJIBKO MHE M3BeCTHO). VcTopuyuecku mog06HBIE KyPCHI OIPAB-
IBIBAET DTUMOJOIHA CIOBA «reoMeTpusy. Ho reoMeTpusa yxe IaBHO BBIILIA 34
y3KMe paMKu «3emiaeMepmsay. [la u mpakTudeckas NeATeIbHOCTD JAEN CTa-
BUT Iepe] HUMU CETONHA COBEPUIEHHO WHBIE MPAKTUIECKUE 330a9d, B TOM
qucie u reomerpudeckue. /lareko He «3emieMmepHbieyr. U momrydaercs, 9To o6e
PaCCMOTPEHHBIE DA3HOBUAHOCTU I'€OMETPUYICCKUX KYPCOB HE COOTBETCTBY-
0T 3aABJIEHHOW KOHUENIUU: (POPMAIHLHO-JIOTUYECKHAE COAEPKAT (HOPMAIBLHO-
JOTAIeCKUe OMUOKY, & TPAKTUIECKA-TIPUKIATHBIE HE HAI0T 3HAHUYN U YMEHUH,
MTOJIE3HBIX B MPUKJIAIHON U MPAKTUIECKON NeATETHHOCTH.

I/I eCam C 9TUMU ABYMs TUIIAMU I'€eOMETPUICCKUX KYPCOB BCE€ IOHATHO, TO
C TPETbE! PA3HOBUIHOCTBIO, KOTOPYIO A TOXE MPUIACIAI K AHTATCOMETPUH,
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BCE HE CTOJIb OMHO3HAYHO. Pedub maer o «kOposeBCKOM» ImyTu B l'eomerpum,
ykazauaoM [lekaprom. CO3maHHBIM UM METON KOOPAWHAT IO3BOJAET, KAK
mmosIarajl €ro CO3JaTelnb, CPeTHEMY ¥ JaXKe MOCPEICTBEHHOMY YeJNOBEKY [0-
CTHAYb BBICOT, HOCTYIHBIX paHee auiib 0c060 ogapeHabiM. KT0-TO m3 mocie-
OYIOINX KIACCUKOB 3aMETUT, ITO «OH MOKPELT ['eoMeTpuio mapimon aarebpa-
nieckux dpopmya». Hamo mpusHATH, YTO KOOPAUHATHBIA METO[ IO3BOJIAET
eauHOOOPA3HO pemaTh CaMble TPYyJHBIE reoMeTpudeckue 3anaqau. [laxe cpe-
a7 nobequTener MEeX IYHAPO JHBIX OMUMITUA] BCTPEYAIOTCA IKOJIBHUKY, BIA-
Jerolye, o0 CyTH, JUIIbL OJHUM KOOPIWHATHBIM METONOM, HO BIAJEOIIe UM
BUPTYO3HO, CIIOCOOHBIE PEHIUTH DTUM METONOM 4YyTh JU He JI0O0YI0 U3 IIpes-
JaraeMbIX Ha onuMmnmagax reomerpuaeckux 3agad. (U 3gecs, kcraTu, caemy-
€T CHOelaTh Cephbe3HOEe 3aMeYaHWe II0 IMOBOAY KAadeCTBA I'€OMETPUIECKUX 3a-
Jad Ha COBPEMEHHBIX MaTeMAaTHYeCKuX orummmajgax.) U Bce xe s ybex e,
METOA KOOPAMHAT (HAPALY ¢ TPUTOHOMETPUEN) SABIAETCA ONHUM W3 CAMBIX
MENCTBEHHBIX METO0B OOPHOBI C T€OMETPUEH, U [AXKEe YHUITOXRKEHUA TeOMe-
Tpuu. VI BpeneH OH Ha BCeX DTaxXaX MIKOJALHOTO 0OPA30BAHUSA, W AJAA CIAOBIX
IIKOJIBHUKOB W IS CAMBIX CIIOCOOHBIX. UTO KacaeTcs CaabbIX, OTCTAIONIAX
N II0OIIa JA0MUX 110 TEeM WJAM MHBIM NIPUYXHAM B KAaTEropuio OTCTAIOUX II0
MaTeMATHUKe MKOIBHUKOB, TO 3/16Ch OMACHOCTH YIPE3MEpPHOU aarebpam3annu
JOCTATOYHO OYEBUIHA. BOJBIIEN YaCThIO B 9TOU I'PYIINE HAXOAATCHA JeTH, KO-
TOPBIC IIJIOXO CIUTAXT, C TPYAOM IIOHUMAIOT X 3aIIOMUHAIOT (pOpMyJIbI nT.n.
[na stux meren ['eomerpus moria 6B CTATH MPEIMETOM, 33 CIET KOTOPOT'O
OHM MOTIZ GBI MOBBICUTEH CBOM CTATYC B KJIACCe, KOMIIEHCUPOBATEL HEIOCTAT-
Kn OGHIeMa,TeMaTI/I‘IeCKOI‘O pa3BuUTHUA. A BMECTO 3TOI'O OHaA JOXUTCA Ha HUX
JOTOJHUATENbHBEIM T'PY30M, IPUYUEM HA Ty XK€ Jally BeCOB, I'Je HAXOAUTCI U
anare6pa, BLIHY XK IAeT 3aHUMATHCA HEMHTEPECHON U TPYAHOM Ui HUX JAeATelhb-
HOCTBIO.

A dem xe omacHa Mnogo0HaA aIrebpamvecKO-KOOPAMHATHAA I'€OMETPU
I OMapeHHbIX neren?! /leso B TOM, 9TO KOOPAMHATHBIN METO, aldrebpante-
CKUY METOJ OCTABJIIOT B CTOPOHE T€OMETPUIECKYIO CYTh U3yIaeMON reoMe-
TPUYIECKOU CATYyAIUU. BOCIUTHIBAETCA UCIOIHUTEND, PEMIAIONUN 33 [aHHYT0
KOHKpeTHYIO 3axa4y. He menbmre, Ho u He 6oabire. He pasBuBaeTcsa reome-
TPpUYIECKAsI W JaXe MaTeMaTHIeCKasd WHTYUANUA, CTOIL HeoOXoAmMas MaTe-
MATUKY-UCCAEIOBATETO. BO3MOXHO, MMEHHO TO2TOMY (0T9acT]) nobeaurenu
MEXAYHAPOOHBIX OJMUMIINA A HE TaK YXK 1aCTO CTAHOBATCA BBICOKOKJIACCHBIMU
ydenbiMu. OTHAKO KOODAUHATHBIA METOJ OY€Hb YI00€H, OH YHUBEPCAJIEH, ero
Jerko (pOpMaIu30BaTh, TPEHUPOBATH, U IIpotee u npoduee. Y moka Ha Mex 1y-
HAPOJHBIX OMUMIIMAJAX COXPAHUTCA HBIHEIIHAN CTHIb (KAIeCTBO 3a4a4, CIIO-
cOOBbI IPOBEPKM ¥ OIEHKW), IOKA IEIbI0 BEAYIIUX CTPAH OyAeT OCTaBaTHCA
«mobena JO0K MEeHON», YIeOHUKN 0 «KOODAMHATHOU reoMeTpum» OyayT O-
HUMU N3 CaMBbIX BOCTpe6OBa.HHbIX IIIKOJBbHBIX y‘{e6HI/IKOB, BO BCAKOM CJIy'ae,
npu 06YYeHUN CUIBHBIX IIKOJIBHUKOB (OfapeHHBIX?)
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BesyciaoBrO, TpeMs >TuMu Pa3sHOBUIHOCTAME BOBCE HE KMCUYEPIBIBAETCSI
mwioxas reoMmerpus. Hepenqko BCTpedaloTCs BCEBO3MOXKHEIE JIOTUKO-ITPAKTHAIE-
CKUe CMeCH, PAJOM BO3HUKAIOT MOJEPHUCTCKUE U HaxKe IIOCTMOLEPHUCTCKUE
MHTErPUPOBAHHBIE €CTECTBEHHOHAY IHbIE Kypchl. HO eme pa3 mogdepkHy, BCE
STU KYPCHI J€rKO y3HaBaeMbl. VI 94TOOBI UX y3HATH, JOCTATOYHO IPOYIATATH
OIJIaBIE€HUE U NMPOIUCTATH yIeOHUK.

Urax, kakou He moaxHa ObITH ['eomerpus, Gonee Wium MeHee MOHATHO.
A kakou xe oHa moMXHA OBITH? He mymMaro, 9TO BO3MOXKEH IOJHBLIM OTBET Ha
aToT Bompoc. [laxe mpeacrasienus 06 UAeAIbHOM KypPCe Y PA3HBIX JIOLEH, U
OPOCTBHIX W BEAWKUX, padiauwvHbl. HO maeannbl, Kak M3BECTHO, HEAOCTUKUMBL.
[a u He crenyeT 0OBACHATD IPYTUAM, KAKAM JOJXKEH OBITH DTOT KypPC, KaK ObI
ThI CaM €I'0 HaIlluCaJa, €CInu 6])1 ywmeur.

W Bce xe omHO MHE KaxeTcsa 6eccnopHbIM. BemoMmuuas uspederue BpexHe-
Ba (JKOHOMUKA JOMKHA OBITH SKOHOMHOW» (C MOEHU TOYKY 3PEHUs aOCOII0THO
BEPHOE yTBEDXK/EHUE WM JaXKe BOBCe HE 0eCCMBICACHHOE), 1 roBopio: «[eome-
TpHUA HOIKHA OBITH T€OMETPHUIECKOW), & He AHAJUTUIECKON WiIn aareGpante-
ckom. Sl Takxke He COIIACEH C M3BECTHHIM OmpejeneHueM: «l'eomeTpusa — 5TO
KMCKYCCTBO IPABUIBHO PACCYXIATh HA HENPABUILHOM 4epTexer. Kakou-To
mazoxuam! Bee paBrO uTO: «BOKAT — 5TO yMeHMEe MPABUIBHO HETh MO (alb-
MIUBYIO MY3BIKY». [VIABHBIM REACTBYIOMWUM JUIOM ['eoMeTpuu NOIKHA OBITH
durypa (Ha MIOCKOCTU TPEYTONbHUK U OKPYXKHOCTB), & MIABHBIM CPEACTBOM
00y9IeHUs — PUCYHOK, KAPTUHKA,. [[paBUIBbHBIN PUCYHOK U KPACUBAS KAPTUH-
ka! leomempua, enpouem, Kok U aA2e0pPa, ABAAECMCA HOCUMEAEM COOCTMEEH-
H020 Memoda noznanus mupa. OBJIaIEHUE DTUM METOLOM — BAXKHEUIIAA LEIb
obpa3oBaHU.

U eme oguO yTBEpXK AEHME 110 DTOMY HOBOAY XOUy HO0ABUATH, BIIOJIHE Ote-
BU/IHOE [JISI MEHs, HO C KOTOPBIM HE BCE, HABEPHOE, COTIACATCA. Y YeOHUK 110
reOMETPHUHU HE MOJKEH CBOAUTHLCA JUIIb K BHICTPAUBAHWIO [€OMETPHUIECKOU
Teopuu. [Iponecc uzyuenus ['eomerpun BKIoIaeT camble pasHOOOpa3HbIE BU-
OBbL IeATEIFHOCTH. B TOM 4rcie u JaXe B MEPBYIO O9epenab — PeIIeHue 33,13 .
3amada — DTO HE TOJHKO yMEHUA, DTO U DJIEMEHT 3HAHUA. Y ICHUK [JOJKEH
O3HAKOMUTHCS C OIpeNeleHHBIM HaOOpPOM AOCTATOYHO TPYAHBIX IE€OMETPH-
IEeCKUX 3a/4a1, OCBOUTH HEKOTOPBIEC T'€OMETPUICCKUE METOAbI, HAYIUTHCA PeE-
mIATh 3a4a49%, Caeays u3BecTHbIM oOpasuam. KcraTu, mMeHHO B 3TOM 1 COCTO-
UT, IO CyTH, mpoiecc oby4denus aarebpe. Mbl moka3biBaeM yUIEHUKY METO/IBI,
MpUEMBI, COOOIIAEM AJITOPUTMBI, KOTOPBIE TPYIHO, TOYTU HEBO3MOXHO HAUTH
camocTosaTensH0. B ['eomerpun, B oTamkane oT Aare6Gpol, mog00HBIX AJIrOPUT-
MOB, OUeHb MaJjo, nouru HeT. llouTnm kaxmgas 3amada mo l'eomerpuwn ABIA-
erTcs HeCcTaHAAPTHOU. [losTOMy mpm OO6ydeHWM BO3PACTAET 3HATEHUE OIOp-
HBIX 3a/a9, COOOMIAIIMX NOJe3HBIN (AKT, JUO0 MILIIOCTPUPYIOUUX METO/
wiu npueM. fl momarar HeZOnyCTUMBIM IPENIaraTh 331341 Ha MAHUMAIHLHOM
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YPOBHE, HA TPOUKY. 3342494 JOMXKHA ObITH HOPMAJIBLHOU 33[a9€l, 4 OLIEHUBATH
MBI JIOJXKHBI, CKONb JAJEKO YI€HUK YIIET OT IOJHOTO HYJS W MPUOCIU3UICT K
nonHoMmy pemeruio. (Kcraru, uMeHHO Tak OOBIMHO OIEHUBAIOTCA 3314494 HA
OMMMIMAAAX W BCTYNUTEIbHBIX DK3aMEHAX. )

4. TEOMETPUS IPY OBYYEHMU OJAPEHHBIX M OTCTAIOMMX AETEN. On-
HOHU U3 BaXKHEUIINX COLUATbHO-IEAArOTMIeCKUX 349, CTOAIINX CErOqHs IIe-
pen cucTeMou O0pas3OBaHUA, ABIACTCA 3amada AuddepeHmIupOBaAHHOTO
o0ydeHus, 06y IeHUsA AeTEN C PA3HBIM YPOBHEM PA3BUATUA U PASIATHBIMUA CIIO-
cobrocTsamu. U 3meck odens BaxHA poJb reoMmerpuu. ['eomerpus cTaHOBATCS
OJHVM M3 HEMHOTUX (€IMHCTBEHHBIM ! ) YHUBEPCAIBHBIX CDEACTB, B PABHON Me-
pe paboTammuM Ha PA3INIHBIX >Taxax O6pa3oBaHusa, BKIIOYAI KPAUHUE, U
Jaxe 0COOEHHO HA KPAWHUX: IPU 00y IeHNY OJaPEHHBIX AeTeH U Ipu 00y YeHnn
OTCTAIOIUX AETEN.

Crenyer uMeTs B BUAYy, 9TO ABa 00O3HAMEHHBIX MHOXECTBA (OJapEHHBIE
U OTCTAOIYE JeTH) UMEIOT BOBCE He HyJIeBOe mepecedeHne. boabmuHcTBO U3
Hac (4 MMEIO B BUAY HE PANOBLIX YIUTEICH, & MATEMATHUKOB, 3aHUMAIOIINXCSA
npobaemamu 06pa3oBaHuUsA) OOMBIIEN FACTHIO UMEIOT AeJ0 MMEHHO C OJapeH-
HBIMEU AeThbMu. HO MHOrEE feTh NOna aioT B pa3pan OTCTAmMUX (110 MaTeMa-
THUKE) BCJACACTBUE ILIOXAX HPOrPAMM IO MAaTeMATHUKE, HEYIaIHBIX METOAUK U
naxe KOHMIUKTA ¢ yauTeaeMm. U 31ech BO3HUKAET BaXHeUmas 00IecTBeHHO-
meJarornvYeckas 3a4atda; IOMOYb UM BOBpeMsa m30aBUTHCA OT APJIBIKA. Berb
Cpe[u HUX HEPEIKO BCTPEYAIOTCA U ofgapenusie netu. Ho, HaBepHOe, emre 6oaee
OOIIECTBEHHO U COIMAABLHO BaXXHOU 3aJaj9el ABIAETCA MpobiaeMa peabuiInTa-
OMKU AeTed, JEUCTBATEJbHO OTCTAIOIIMUX B CBOEM Da3BUTUML.

CBou KOppekTupylomume u pa3suBaiomue Gyskiuu ['eomerpus peaiusyer
pasaMIHBIM 00PAa30M HA PA3HBIX DTANAX MIKOALHOrO 06paszoBanusi. (S ucxoxy
HE U3 TOro, 9TO €CThb Ha CAMOM [eje, a U3 TOro, 4TO, II0 MOEMY MHEHWUIO,
noaxuO 6biTh. Kak ckaszan Bpogckuu: «He B ToM cyTh XusHu, 9TO B HEH
€CTb, HO B BEPE B TO, ITO B HEW NOMKHO OBITh.») B mepBON mMKOABLHOU 1OJIO-
BuHe (¢ 1-ro mo 6-u kaacc) [eomeTpus, mo cyTu, ABIAETCA PA3HOBUIHOCTHIO
puskyabTypsl, MaTemiekTyanbaon PuskyabTypon. U BKIIOIUTHCA B 3aHATAA
leomeTpuen MoxHO B 060U MOMEHT. A 5TO, IPU3HAEMCSA, HE TUNUTHO [JIS
MAaTEeMATHUKHA. 3/eCh OOJBIIEI0 YaCThI0 NaXke HeOOMBIION IPOMYCK IO 60Je3-
HU WIK 110 WHOU NMPWYWHE, He 3HAHUE WIN HE TOHUMAHUE OTHOU TEMBI MOXET
IPUBECTHU K OTCTABAHUIO, KOTOPOE HE JEIKO JUKBUAUPOBATH.

C 7-ro kracca B pOCCUMCKON WIKOJE 1O TPAAAIMY (¥ 5 HE BUXKY IPUTIHAH OT-
Ka3BIBATHCA OT DTOM TPAUINN) HAMAHAETCA CACTEMATUICCKUN KyPC TeoMe-
Tpuu win Kypc Cucremaruaeckon 'eomerpuu. U 31eck yxe ucuesaer aubepa-
JU3M, IPUCYIIUT TpeAMecTByoomeMy sTamy. Kypc BEICTpanBaeTcs B KeCTKON
HOCAEA0BATENBHOCTU (BO3MOXHO, DA3JUTHOU A PA3HBIX yIeOHUKOB) W BbI-
naJeHue OJHOIO 3BEHA pa3pylIaeT 5Ty mockegoBaTersbHOcTh. (Keraru, xkype
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anreOpb1, HAOOOPOT, PACIAJACTCA HA OTAEIbLHBIE TEMbL) ITO HAZO CAEIATH,
9TOOBI CUCTEMATHICCKUN KYPC CMOTI OXBATHUTH PA3HBIE KATETOPUU Y IAIIWX-
ca? 3mech, HA MOUW B3TUIAL, HEOOXOMUMO YAEIUTH 0CO00€ BHUMAHWE IEPBO-
My, HaganabHOMY dTamy. (7-i kiaacc). Xopomo, ecim MBI IMeeM 1610 ¢ pebGen-
KOM, KOTOPBIN IHO3HAKOMIIICA C XOpolnen ['eoMeTpuen B IpeabIAYIIIX KIACCaX.
Ecin xe HeT, TO Halllell MEPBOKU 3aAadel ABIACTCA 33433 3aUHTEPECOBATD.
U sra 3ana9a BCTynaeT B CEPHE3HOE TPOTUBOPEYME C TPEOOBAHUEM «CUCTEMA-
TUIHOCTWY: MBI M3HAYAIBHO PACCMATPUBAEM yUIECHUKA KAK CBOETO PO «Iu-
CTBIM JUCT» (C TOYKU 3PEHUs MeOMETPUYUECKUX 3HAHUM), KOTOPHIU CIEIYeT
3AIIOJIHUTEL B ONPENEJIEHHON MOCIeA0BATENBHOCTU. Mbl He uMmeeM mpasBa WC-
MOJB30BATH YK€ MMEIOMUECH y HETO 3HAHWA, 3HAHUA «CO CTOPOHBD, U NaXe
ANIEJUIIPOBATE K «3/[PABOMY CMBICIY». VI BOBHUKAET OMACHOCTH HE TO, ITO HE
pasBuTh UHTEpEC K ['eomeTpun, HO, HAO60POT, OTOUTH BCAKAU UHTEPEC, MPHU-
BUTH MAUOCUHKPA3UIO K Her. Ho Bce ke s yOex qeH, 9To 3a/1a9a, «3auHTEPECo-
BaTh» HA MEPBOM DTAaIle BIOJIHE pemaeMas. [ TaBHbIe HHCTPYMEHTHI: KPACUBAA
KAPTUHKA, XOPOLIAd 33093 W XUBOU A3BIK. MBI JOMXKHBI JOCTATOYHO NOJITO
IepXKATH OTKPLITON ABEPH B ['eoMeTpuio, 3aManuBas Tyaa ydernuka. Hago mo-
CTapaThCA B HEKOTOPOM CMBICJAE Pa3BATH B HEM 3aBUCUMOCTE OT ['eomeTpum,
UHTELIEKTYAIbHYIO, ICUXOIOTMYECKYI0 a, MOXeT, u (usnonoruieckyo (7).
U Torpa Mer gerde cymeeM pemmTh 3a4a9y BTOPOrO 3Tala CHCTEMATHIECKO-
ro Kypca: HayuuTh. Ha TpeTbem, mociequem srame (i1 MMEI B BUAY LUKI C
7-ro mo 9-¥ KJIacChl) B YMCIE NPOYUX BO3HUKAET BAXKHAA METOIMIECKAs 3a-
IIata, (IOBTOPUTHY. Ha 5ToM Tame MbI MMeeM BO3MOXHOCTh KOMIIEHCHPOBATH
ocTaBmUeCs OPOOeTbl U MPOIYCKU U (ITO caMOe INIABHOE) IIOKA3aTh yIeHU-
Ky ['eomeTpuio meinkoM, B BU€ IUHOTO U TOTOBOT'O 3IAHUA, KOTOPOE MBI B
TeUeHNE TPEeX JET CTPOWIN.

Ho poas I'eomerpuu npu oby<ueHnu MareMaTwke HE UCIEPIBIBAETCA COO-
creenno ['eomerpuen. [llupokoe ucnoab30BaHME FEOMETPUU B HETEOMETPHYE-
CKUX pa3fiefaX MIKOJBHOTO KYpCa MOXKET 3HAUUTEIbHO YIYIIIATL O6IeMa-
TEMATUICCKYIO IIOATOTOBKY HIKOJbHUKOB. FeOMeTpI/I‘IeCKI/Ie mHTEpOpeTanun
IIO3BOJIAIOT JIyYllle IIOHATH BBIBO AJreOpandecKux (pOpMyII, IPABUI U 3AKOHOB
apudMeTUKH, CAEIATH WX HATIATHBIMEU, 6OJee MOHATHLIME, 3AIOMHUTDL HX.

[TcuxuKo-(pu3nomIOruIecKon OCHOBOM, HO3BOMAIOIER ['eoMeTpun B paBHOU
CTENEHU U PA3BUBATH JETEN OJAPEHHBIX U PeabMINTUPOBATEL AETEU OTCTAIO-
WX, ABIAETCS BBIABJICHHAA (PU3MOMOraMu (PYHKIIMOHAIBLHAA ACHMMETPUA TO-
JOBHOT'O MO3Ta, IeJOBEKA..

OkasbiBaeTCA, HAIIW MOJIYIIAPUA MMO-PA3HOMY AyMaloT. JleBoe BemaeT Jo-
TUIC€CKUM, aJI'OPUTMUICCKNM MBINIJICHUECM. Pa6OTaeT JIEBOC IIOJIYyIIAPUE JUITH
BO BpeMs 60apcTBOBaHUA. Korga <eJoBek COUT, OHO BHIKIOUaeTCA. [IpaBoe
OTBEYAET 33 IyBCTBEHHYIO, 00pasHyio cdepy Hamero cosuanusa. [Ipasoe momy-
mapue QyHKIROHUPYeT moCcTosHHO. Harmm cHOBUgeHMA — TPOAYKT AesSTeab-
HOCTM TIPABOrO MOAymapua. HeKoTOpble M3 M3BECTHBIX METONUK OOY<IeHUA
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MaTEMATUKE IPE3MEPHO MEPErPYKAIOT JEBOE MOLYNIAPUE. JTO OU9€Hb OMACHO
MMEHHO HA PAHHWX CTYMNEHAX IIKOJILHOrO OOyUeHUs U OCOGEHHO B OTHOIIE-
HUU OeTed ¢ JOMAHUPYIOMAM IPABOIOIYIIAPHBIM TUIOM MBIILICHUA, 8 TAKAX
IeTed NOBOJIBHO MHOIO, BO3MOXHO [aXe, [OIaBIANIEee OOIbIIMHCTBO. B pe-
3yJbTATE, MBI IMeEeM yueOHbIe TEPErpy3KHU, CTPECCH U aXKe HEOMPAaB JaHHYIO
IeOUIM3AINI0 HEKOTOPHIX YICHUKOB, KOTOPBIE HAMUHAIOT OTCTABATEH B CBOEM
VHTE/LICKTYAJbHOM DAa3BUTUN. IHI/IpOKO U3BECTHO, ITO IIEPECyINBAHUEC JCBIIN
MOXET IIPUBECTU K OCJIa6JIeHI/IIO €ro YMCTBEHHBIX BOBMO)KHOCTQI?I. Hepey‘mBa—
HUE XK€ (AHTELIEKTYAJLHOTO JEBIINY MOXET IPUBECTHU U BOBCE K TPATUICCKIM
O CJIEICTBUAAM.

Orcroma MOXHO CIeJaTh BEIBO/, M 3TOT BBIBOJ[ YK€ NOATBEPK I€H IPAKTH-
KOW, 9TO IPH MHAPOKOU FeOMETPU3AINH IIKOJLHON MATEMATUKY HA €€ HAYa b
HBIX CTYIEHAX 3HAUYUTEIHHO COKPAIIAETCSI THUCIO0 OTCTAOIINX, JYUIle YCBAU-
BaIOTCA ¥ HEMEOMETPUIECKUE PA3AeIbl. Y NETEW Pa3BUBACTCA BOOOpaXkKeHUE,
a TeM CaMBIM 3HAMUTEIBLHO BO3PACTAET TBOPUECKUUN MOTEHIIAAI.

leomeTpus 04eHb BaXXHA s MOTHONEHHOIO (PU3MOIOTMIECKOro (HE TOMb-
KO MHTELIEKTYaIbHOT0) Pa3BuTusa peGeHKa. YkKe caM MPOLECC 3aHATUN Teo-
MeTpuen uMeeT GOMBIIOE PA3BUBAIOMIEE 3HATCHUE.

Ieomempus 2644€MCA NEPEBUUHBIM BUIOM UHMEALEKTNYAALHOT Jesmennb-
HOCU, KAK 044 8CE20 UEA0BEUECMBA, MAK U 044 0Mmdesbho2o yesosera. Mu-
poBas HaykKa HAYMHAJAACH C reoMeTpuu. PeGeHok, eme He HAyIUBIIMUCA TO-
BOPUTH, MMO3HAET I'€OMETPUTIECKHE CBOUCTBA OKPYXKAOMEro mMupa. Muorume
JNOCTHXEHUs JPEBHUX reoMeTpoB (Apxumes, ANOWIOHUN) BHI3BLIBAIOT H3YM-
JIEHVE Yy COBDEMEHHBIX YYICHBIX, 1 9TO HECMOTDPA HA TO, ITO y HUX ITOJHOCTBIO
OTCYTCTBOBAJ AIreOpamdecKunn anmnapar. M, mpoaoikas aHAJIOTUIO MEX Ty 06-
IEYeI0BEYeCKUM ¥ WHIABUAYAIBHBIM, 3AMeTY, ITO TeOMEeTPUICCKAE BO3MOXK-
HOCTM A€Te MJIAANIErO W CPEJHEr0 BO3PACTA MOYTH HE 3ABUCAT OT YPOBHA
nx Ma.TeMa.TPI‘IeCKOIZ ITOATOTOBKH.

U Temepb OTIEIBHO HECKOIBKO TE3UCOB O PabOTe C MATEMATHICCKHA OJ1a-
PEHHBIMU HIKOJIBHUKAMM.

Paboma ¢ mamemamuuecku 00apernnbimu dembmu COCMOUM U3 MPET IMa-
no6: 3QUHMEPECOBAMY, 6bIABUMb (0MOOPAMb), HAYUUMD. SAECH A XOTIY MOJ-
9EePKHYTh, 9TO BTAI «3AMHTEPECOBATL) MOXET NINTHCA IyTh JU HE IO OKOH-
9IaHUA IIKOJIBI. O‘{eHb BaXHa DPOJb I'€eOMETPpUM Ha IEPBBIX ABYX 3TallaX.
ITocpemcTBOM reoMeTpunm MOXHO 3aMHTEPECOBATH MATEMATUKOU MHOIOYM-
CIEHHBIE KATErOPUY WIKOJILHUKOB, aXe He OYeHb XOpOomo O0ydeHHBIX (006
2TOM s yxke roBopua). VI onaTe xke, MOCPEACTBOM M€OMETPHYECKOr0 MAaTe-
puaga Mbl MOXEM OTGI/Ipa.Tb rlIeTteI MMEHHO TAaJAHTJIUBBIX, & HE CIICOUAJIBHO
00y 1eHHBIX.

B ocnose pabomui ¢ odapennvimy dembmu JoaNCer AeHCAMb NAPHLIT NPUH-
yun: demokpamusm u daumaprocmsb. C OMHOU CTOPOHBI, MBI JOJXKHBI IaTh
BO3MOXHOCTD MOJYIUTH HOJHOIEHHOE 0OPA30BAHUE TETAM BCEX COMMATBLHBIX
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CJIOEB, Ha, BCEX dTAllaX 00y4eHUA OCTABILAA OTKPBITHIMU ABEPH A TAJAHTIN-
BbIX geren (gemokpaTusMm). A ¢ Apyrom, — 00€CHeYnTH BBICOKUU YPOBEHb
MOATOTOBKYU OJAPEHHBIX NeTel, ITOOB CO3/[aTh MOIAHHYIO HAYIHYIO DJIUTY.
TananaTauBoCcTh U 0O6yYEeHHOCTH — BOT ABa KpUTEpua 0TOOPa B ITY DJIUTY.
l'eomeTpus npekpacHO COOTBETCTByeT chopMyaupoBaHHOMY mpuHInmy. He-
PEIKY CIyIan, KO IPeKPACHO HOATOTOBICHHBIN OJUMITUA THBIN TP OdeCCro-
HAJI He CIPABIACTCA HA OMAMIINAALE C TEOMETPUYIECKON 33,1a5€], I UMEHHO DTy
3a/a4y, 4yTh JU HE eIUHCTBEHHYIO, PEIIWI HE MOATOTOBIEHHBIN CIEIUAIBLHO
mIKONbHUK. MHOTHE 331a491 OMMMINAL BHICOKOTO YPOBHA MPOCTO HEIOHATHHI
HE TOJBKO O6bI‘{H])IM IMKOJIBbHUKAM, HO U PDALOBBIM yIUTECIAM. Er[II/IHCTBeHHOQ,
9TO elle COOTBETCTBYET Ha OJUMIIMANAX COAEPXKAHUIO MIKOJBHBIX IIPOrPAMM,
9TO 3aJa4n Mo reoMerpuu. Kpome Toro, omumMnuana, OCOGEHHO B CBOEU I'eO-
MEeTPUIECKON YACTH, €CJAU, KOHETHO, OHA PA3yMHO BBICTPOEHA, HEPEIKO NAET
BO3MOXHOCTBH IIPDOABUTH Ce6ﬂ n HE CIUINTKOM YCIEBAIOIIUM II0 HIKOJIBHOfI opo-
rpaMMe TeTsAM.

Caedyrowuti npurnyun pabomer ¢ 00apeEHHBIMU DEMbMYU — KOMPBOPMHOCTb
u muozocmynenuamocmp. CucTeMa OMAMINAT, ABISIOMAACT BAXKHEAIIINM DJIe-
MeHTOM pabOThI C OJAPEHHBIMY A€THMH, Ja ¥ CaM Iporecc 00yueHns HeEPEaKO
06pa3yT JOCTATOYHO XECTKYI KOHKYPEHTHYIO cpeny. U »Ta cpema MOXeT
CaMBbIM FyGI/ITeJIbeIM 06pa30M BOBJIQI?ICTBOB&TB Ha IICUXUYIECKHW HE ImoATrO0TO-
BJIEHHOrO pebeHKa. A Beab IMCUXUKA, UMEHHO OJAPEHHBIX AeTel 0COOEHHO pa-
HrMa. [losTOMy OYeHb BaXHO IS KaX OO OJapPEHHOrO IIKOJIHHUKA OMpee-
JUTH Ty CTYIEHb, HA KOTOPOU OH MOXeT KOMQOPTHO paboTarh. Caumkom
BbICOKI/IIjI YPOBE€HL MOXET OKa3aTHCA OJAd HEroO IPOCTO HEIIOCUIBHBIM. B pe-
3yabTaTe pebeHOK moTepsaeT yBepeHHOCTh B cebe. O fHOBpEMEHHO HE CJAEIyeT
OJapEHHOMY IIKOJABHUKY 331€PKUBATHCA HA, CAUIIKOM HU3KOM /g cebd ypoB-
ve. OH MOXeT 0CTAaHOBUTHCA B paszBuTuu. OCOOEHHO YETKO DT MEPAPXUU-
HOCTh ¥ MHOT'OCTYIIEHYATOCTh BUIHA B CHCTEME OoamMuuan. Pa3pbiB Mex Iy
LIKOJILHOU M MEXAYHAPOIHOW OMMMIIMAJIOM HEOOLIYAWHO BeIWK. ['eoMeTpus
ABJIACTCA TEM CTEPXKHEBBIM IIPDEAMECTOM, KOTOprfI coeaHsiaeT BCIO 9Ty MHOI'O-
crynerdaryio cucremy. Kpome Toro, reomerpus gaeT BO3MOXHOCTH TAJIAH-
TIUBOMY pPeOEHKY pa3BUBATHLCA MOCTEIEHHO, MPENATCTBYET UCKYCCTBEHHBIM
pPaHHUM CKadKaM, (pOPCUPOBAHUIO PA3BUTHUA, U3-32 KOTOPOT'O MBI HEPEIKO Te-
paeM TanaaTauByio Monoaexs. (Kyna meBamucs MHOrOYUCICHHBIE BYHIEDKUH-
IObI, O KOTOPHIX €llle HECKOJIHKO JIET TOMY HAa3aJ C BOCTOPIOM MUCAJIU HAIIN
raseTsi?)

B obaacmu 2eomempuu docmuzaem c60€20 HOUMEHBUWERO 3HAUCHUSL PAC-
CMOAHUE MENCIY MAMEMAMUUECKOT HAYKOU U WKOALHOU MAMEMAMUKOT.
HexoTopsie cambrie coBpeMeHHBIE AOCTUXEHUA MPO(PECCHOHATHLHBIX MAaTeMa-
TUKOB-T€OMETPOB MOT'YT OBITH BIOJHE AOCTYIHO W3JOXEHBI IIKOILHUKAM.
I/I caMu 9TU ONOCTUKECHUA, U COOTBETCTBYIOHNIMEC MAEW MOr'yT CTAaThb UCTOYI-
HAKOM OJUMINATHBIX 3a4a4. [Ipudem He TOIBKO AJIA CTAPIINX HIKOIHHUKOB.
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A ¢ gpyrou cTOpOHBI, FEOMETPUA AT BO3MOXHOCTH ONAPEHHBIM AETIM yXKe
HA MIKOJBHOU CKAMbE HAYATH 3AHUMATHCA IMOMHOIECHHBIMU HAYIHBIMU UCCIE-
MOBAHUAMU, & HE UX UMUTAIMEN, ITO HEPEIKO ObIBAET HA IIKOJILHBIX HAY THBIX
koH(pepernuiax. U 31ecs MOryT nposBUTh ce0s QeTU HE OIUMIINATHOTO THUIIA.

I'eomempus cnocobcmeyem nNOAHOUEHHOMY IMOYUOHGADHOMY DOE3E6UMUI0
pebenka. Kak mMOKa3bIBAIOT WMCCIENOBAHUAA IICUXOJOrOB, DMOIMOHAIBHOE Pa3-
BUTHE SABIACTCA OCHOBOU OOIIEMHTEIEKTYAJbHOrO pasBuTusi. Fe2o cocmas-
HOU uacmyvlo A6asEMCA dcmemuueckoe socnumanue. ImeHHO reomerpus
IpPENOCTABIAET OIPOMHBIE BO3MOXHOCTH A SCTETUYIECKOTO PA3BUTHA, DCTE-
TAYECKOT'0 BocnuTaHuA. B MaTeMaTrnke MbI JOCTATOYHO Y€TKO MOXEM OTJIU-
4UTh KPACUBOE penieHue OT npocTo pemeHus. Ho ocobeHHO 4acTO HOHATHE
KPACUBOE PEIIEHNE MBI CBA3BIBAEM C F€OMETPUIECKUMU 330a9aMU. XOPOIINHA
MAaTEeMATHUK, IPOCTO YIEHBIN JAOMXKEH 00IaIaTh NOCTATOYHO PA3BATHIM 3CTe-
TUYIECKUM 9yBCTBOM. A 0 TOM, HACKOJIBKO BaXHO CO3JaHUE XOPOIIEr0 3MOIHU-
OHAJIBHOrO (HOHA py paboTe C OTCTAIIIMMYA JeTHMHU MOXHO U HE TOBOPUTH.

S Mory mpmBecTH MHOIO HIpPHMEpPOB, WIMIOCTPUPYIOUIUX CKa3aHHOE, HO
OT'PAHUIYCH OJTHUM.

B mae 2001 roga MHE HO3BOHWIA YUWTEIBHULA W3 TOpona 1ebGOKCapHI.
O=ma pacckasana CIeIyoIy0 UCTOPHUIO.

B mauane yue6HOrO roma y Hee B KIacce MOABUICA BTOPOTrOAHUK. HOBBIN
YU€HUK 10 FeOMeTpuM ObLT HA IOJHOM Hyse (Kak u BOOOIIE IO MaTeMaTHKe),
a yIOMAHYTadA yIUTEIBHUIA 0CO00€ BHUMAHUE yIEAIa, UMEHHO I€OMETPUM.
(BeiHY X 1€H OIPU3HATHCA, ITO 3AHUMAIACH OHA 10 MOEMY y9eOHUKY, IIOTIeMY
U IO3BOHUIA MHE.) YUATEIbHUIA Nala YICHUKY YIeOHWK U 3aCTaBUIA TOLO
HAYaTh U3y9IaTh M€OMETPHUIO C CAMOIO HAYAIA.

Kopoue rosops, aToT y4eHuk Ha npoxoauBiier B ropoae B anpeie 2001-ro
roJa MaTeMaTUIeCKOU OJUMIIAAAE TIOIYYMI BTOPYIO PEMUIO.

5. TEOMETPUSA B 21-M BEKE. B 4YEM EE POJIb? YenroBe4ecTBO BCTYNMIO B
Hoswuiz Bek. [TocmoTpum BOKpyT, 9TO NPOUCXOAUT?

31aHue 3eMHOU IUBUIX3AIAT 3HATATEIBHO BEIPOCIO 3, TOCAETHUE 1€ CATH-
JETUA U IPOJOMXKAET CTPEMUTENBHO pacTh. [leaTenu oOpa30BaHUA B PA3HBIX
CTpPaHAaX NPEeAUPUHUMAIOT OTYagHHbIE, HO TIHIETHHIE MONBITKW YIHATHCA 334
POCTOM DTOrO 3JAHUA. SAMETHO BBIAEIAIOTCA [BA My TH PEUICHUS TPOOJEMbI:
Mo gepHU3anusa (B y3koM cMmbiciae) u guddepennuanus. [Ipu sToM 3adacTyio u
MoJepHuU3anusa, u auddepeHnuanmsa IOHUMATCA O9eHb IPUMUATUBHO.

B deM ¢MBICT TpENIOKEHUN «MOAEPHUIATOPOBY 0T 0O6pa30OBAHMA !

[Mockonbky cerogHsa B MUpe BO3HUKJIO MHOT'O HOBBIX HPO(ECCUU, MHOT'O
HOBBIX BUIOB U€IOBETECKON MEATEIbHOCTH U JaXKe HAYK, BOSHUKJIYN HOBLIE WH-
¢dhOpMaNMOHHBIC TEXHOJOTUAH, CICAyeT IOTECHUTH B WIKOJEC CTapble W TPaU-
UMOHHBIE IPEIMETHI, 3AMEHUB UX COBPEMEHHBIMU. ITO XK€ KACAETCA MATEMa-
THUKHZ, TO HeOGXOAUMO COKPATUTh, IpexX ie Bcero, ['eomerpuio (YacTuvHO miu
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HNOMHOCTBIO), KAK MPEAMET yCTAPEBIIUN, IOYTH HE U3MEHUBIIMUCA 33 TOCAE]I-
HI€ HECKOJBbKO THICAYENETUH, MAJIO HCIOIL3YEMBIN B MPAKTUIECKOU XU3HMU.
A BMecTO Hee BBECTH COBpEMEHHBIE PA3/ebl: MATEMATHICCKUN AHAIU3, TEO-
pUIO BEPOATHOCTEN 1 mpodee. ITo 31eCh mIoxoro?

[leno B TOM, 9TO 06pa30BaATEIbHBIE IPOIECCHI TOAIMHAIOTCA CTPOruM Gro-
JIOTUIECKNM 3aKOHAM U YCKOPUTH UX HEBO3MOXHO, HOII;O6HO TOMY KaK HEJIb3s
YCKOPUTDH MPOLECC BHIHAINIMBAHUA ILIOAA, KOTOPBIM B CBOEM PAa3BUTUU IPO-
XOJUT DTANbI, COBEPIICHHO HE HYXHBbIE ¢ TOUKM 3peHUsA B3pocion ocobu. He
CyIIECTBYET TAKOTO CKOPOCTHOTO JudTa, KOTOPHIA MOT OBl BO3HECTHU PeOeHKa
WM [aXKe MOJOAOTO JeJOBEKA, CPa3y Ha BEPXHUE DTAXKU 3 AHUA TMBUIN3AIAN.
Taxue TONLITKY B 06PA30BAHUY, B TOM UACJIE U MATEMATHICCKOM, YXKe Tea-
JUCH ¥ HEOJHOKPATHO, HO BCE OHM KOHYAINUCDH ILIATIEBHO.

Yewm BoIIe 3gaHUE, TEM IPOTHEE AOKEH OBITH (pyHIaMeHT. JenoBek, mo-
JyYUBIIUU XOpoliee (PyHIaMeHTaIbHOe 00pa30oBaHme, ropasao ObICTpee mpu-
CIIOCOOUTCA K YCIOBUAM COBPEMEHHOM XKU3HU, CYMEET HAUTHU B HEX CBOE MECTO,
9€M TOT, KTO IIOBEPXHOCTHO IIO3HAKOMMWJICA C MHOT'OYIMCJICHHBIMU COBPDEMEH-
HBIMU MEXaHU3MaMW, HAYIWICA HAXKUMATH KHOIIKU CJIOXHBIX HpI/I60pOB, HE
MOHWMASA CYyTH MPOUCXOAAININX B HUX MPOIECCOB. Bragenue xe reomerputie-
CKUM MEeTOJIOM OY€Hb IOJE3HO COBPEMEHHOMY YeJOBEKY, TaK KAaK MO3BOJAET
eMmy 6bICTpO U HAVIAAHO IIOHATH CYThb CIOXKHOI'O ABJICHUA, NATb €My ACHYIO
MHTEPIIPETAINIO.

Muddepennmanma B 06pa3oBannu (B IUPOKOM CMBICIE MOIEPHA3ANUA
BKIIOYaeT B ceba amddepeHnuanuio) 3a1aeT HECKOALKO WHOW IyTh pele-
HIUS BO3HUKIIEH Iepel COBPEMEHHBIM 00mecTBoM mpobaeMsl. lllkona, B mep-
BYIO OY€pe[lb, B CTAPIIEM 3BEHE CTAHOBUTCS CIENUAIU3UPOBAHHON, BOSHUKAIOT
IIKOJIBI PA3IUYHOIO TUIA: I'yMaHUTAPHBIE, (PU3UKO-MaTEMATHIECKHE, OUOJIO-
rUYeCKue, 1axKe My3BIKAIbHO-CIOPTUBHEIE U BCAKKUE uHBIE. C OJHON CTOPOHHI,
aT0 Heob6xoaumo. Ho, ¢ apyrou, — dpesMmepHoe ApOOIeHHE MOXET MPUBECTHU
K IOJHOMY PAaCIagy IIKOJIBI. YX€ PeaJbHOCTBIO CTAHOBUTCH auddepeHin-
alya MIKOJBI II0 PErMOHAIbHOMY mnpuHIuoy. A oro ama Poccum mHe mpocTo
OIIACHO, HO CMEPTEIbHO onacHo. [losTomy mia Poccuu oteHb BaXXHBI CTEPXK-
HEBBIC IIKOJBHBIC IIPDEAMETBI, KOTOPBIC NOJNXHbBI IPDOTUBOCTOATH BO3PACTAIO-
ImyM HeHTpO6e)KHbIM CUJIaM. OAHI/IM 3 TaKMX IIPpeaMETOB ABAACTCA MaTe-
MATHKA.

Ypesmeprnas muddepeHnnanmsa Ha MKOILHOM YPOBHE MOXKET IOMEIIAThb
€€ BBIILyCKHUKAM B OyIyIeM Peajm30BaTh CBOM OCHOBHBIE OOIIEIEIOBEICCKUE
[paBa, MPaBo Ha CBOOOIHOE MepeaBUKEHNE, IPABO Ha BeIOOp mpodeccuu. Kak
[MOKA3BIBAIOT HEJABHME COIMOJOTMIECKUE MCCACIOBAHUA, T€JIOBEKY B TEICHUE
XKU3HU TPUXOAATCA HEOAHOKPATHO, 10 25 pa3 MEHATH IPOdecculo.

Kpome Toro, 310 B MypaBeMHUKE MOXHO MOCPEICTBOM IUTAHUSA BBIPA-
UBATH IO 3aKa3y COMNAAT WIM Pa00IMX, NPOU3BOAUTEICH WIW IPUCIYTY.
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YesmoBeuecTBO HE MypaBerHUK. Kem cTaHeT denoBek B Oy AyIieM, Ha, IKOJIBHON
CKAMbe PeImuThb TPyaHO. /axe CTABUTH TAKyIo 331341y — OGEe3HPABCTBEHHO.

W MBI BHOBb HPUXOAMM K BBEIBOAY O HEOOXOIUMOCTU YCUWICHUS UMEHHO
QyHIAMEHTAIBEHON TOATOTOBKYU BBINYCKHUKOB HAUX MWKOA. VI 3TOT npuH-
nun (pyHJAMEHTAILHOCTY BBIJBUTAET HA MEPBOE MECTO MMEHHO MaTEeMATH-
qeckoe 00pasoBaHme. A BHYTPH 5TOr0 MATEMATHIECKOrO OOPA3OBAHUA BCE
6osee BaXHYIO POJIb JOIXKHA UCPATH MEOMETPUAIECKAA COCTABIAIOMAA, OJaro-
Japsd TAaKAM Ka4eCTBaM, KaK HANIATHOCTH M YHUBEP CAILHOCTb.

U Bce ke MOTHOCTBIO OTKA3BIBATHCA OT MPUHIUATIOB Au((EPEHITUAINN HE
cregyeT. 31eCh BaXHO YJIOBAUTH PA3YMHYIO I'DaHb, 33 KOTOPOU 0Opa3oBaHUE
pacmagaeTcs Ha OTAeIbHBIE (DEOAIbHBIE XO3ANCTBA. BO3MOXHO, M MaTeMa-
TUKA MOCTATOYHO OOGOUTHUCH BCErO JUIIb NByMs pasHoBHAHOCTIMU. He Baa-
BaAChb B NETAJIN, 3aMeTy, ITO MATEMATAICCKAE KYPChI, OCHOBAHHBIC HA, IPUH-
OUOAX HATVAJHOCTY, HA T€OMETPUUECKAX HAEAX NAI0T BO3MOXHOCTB [OATh
HOMHOIEHHOE (MM JOCTATOYHOE) MaTeMaTUIeCKOe 0OPa30BaHUE MIPEeJCTABU-
TeSIM CAMBIX [JAJCKUX OT MATEeMATHUKH CIENUAILHOCTEN (IyMaHUTAPUAM, HO
HE TOJIBKO).

3aMeTHBIM ABICHUEM CETrONHAINIHEN NUBUAM3ANUAU CTAJ KOMIBIOTED.
U 3mecs 0co6o cremyeT CKa3aTh O B3aMMOOTHOIICHUAX MEXIY TeOMeTPH-
er u kKoMubioTepoM. C OHOU CTOPOHBI, T€OMETPUIECKUN THUI PACCY XK ICHUN
HAMMEHee MOAAAeTCA KoMmbloTepudammu. (A OTCIOfA, B 9aCTHOCTH, CIELy-
€T, 9TO €ro COXpaHEHWE W PA3BUTHE OCOOEHHO BAXKHO MMEHHO B HACTOAIIEE
Bpems.) ['eomeTpus ocTaercs OLHOM M3 HEMHOTMX C(dep MHTELIEKTYAIbHON
OEeITEIbHOCTH, TJie FeJOBEK €IIe He MPOUrPAJI COPEBHOBAHUE KOMIBIOTEDY.
A ¢ apyrou, — KOMIBIOTED ABIACTCA OUEHB MOJE3HBIM WHCTPYMEHTOM B I'€O-
MeTPpUIECKUX uccaeqoBanuax. C ero moMombio MOXHO SKCIIEPUMEHTAILHO 06-
HAPYXUBATH HOBLIE MHTEPECHBIE MreOMeTpuYIeCcKre (PaKThl. 1eq0BeKy Xke ocTa-
eTCA BaXHEUmas Poab — 3>Tu (PakThl JOKa3bBaTh (Bcero Jqums!). IIpu sTom
B I'€OMETPUUECKYIO NEATEIbHOCTH C HCIOAb30BAHUEM KOMIIBIOTEPOB MOTYT
BKJIIO9IATHCA IIKOJIbHUKY U CUIBHBIE, U CAa0bIe (¢ TOUKU 3PEHUA MATEMATUKH ),
TexHapU U rymMaHuTapun. U moaydaercs, IT0 nepsonayra, Komopot aeasem-
CA 2E0MEMPUA, NOAYUUAG HOBBLT TNOAUOK K PA36UMUI0, KAK 06DA306aGMEAb-
HoLll npedmem u Kok Hayra, 64a200aPA CAMBIM COBPEMEHHBIM KOMNIOTM EPHbIM
MELHOAOUAM.

Baxuenmum GpakToMm u GakTOPOM COBPEMEHHOU XU3HU ABJIACTCA HAY THO-
TeXHUYIECKAA PEBOMIONNA, KOTOPAA, BOIPEKA CMBICIY CJIOBA PEBOJIONUA, CTA-
Ja TMOCTOSHHO NEUCTBYIOUMM ABICHUEM. Pe3KO BO3DOCIU MICHXOMOTHIECKUE
7 MHTE/UIEKTYAJIbHBIE HAIPY3KM HA 9IeJ0BEKA, Ha €r0 MO3T, MPUUEM C CaMOr0
PaHHEro Bo3pacTa. Ml HArpy3Ku 5TH HEe PABHOMEPHBI, OHU Pa30aIaHCUPOBAHBI,
3HAYUTENBHO EPErpyKaeTCA JeBoe noaymapue. OTCiona CTPEeCcChl, HEPBHBIE U
OCUXUIECKre 3a00€BAHNS, HATMHAIOIINE PA3PYILIATh OPraHu3M pebeHKa ere
[0 er0 POXICHUA.
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CKOpOCTb U3MEHEHUs OKPYXKAOUIEN CPeabl, Cpeibl OOUTAHUA CTOJIb BEJIU-
Ka, 9TO 4YeJOBEK He YCIIEBAET MPUCIOCOOUTHCA K dTUM M3MEHEHUAM IIPOCTO
KaK OMOJOIrMIeCKAN BUJ.

B nocregaee Bpems Bce Goubliree BIUAHUE TOJIYIAET B OOIIECTBE [BUXKEHUE
B 3aIIATy OKPYXKAWIEN cpeanl. Jlloqn oueHs 03a609eHbl TeM, KAKAM BO3 Y-
XOM OHU JBIIIAT, KaKWe MPOAYKTHI IATAHUA TOTPEOAAI0T, €CTECTBEHHBIE WX
CHUHTE3UPOBAHHBIC, OKOJOI'MYICCKU YIUCTBIC WINX XK€ COoACPXKaAIIUue XUMUICCKUE
nobaBku u mpotee u npodee. Ho mopa cosgasaTs u qBuxkenue B 3ammTy 06pa-
30BATEIbHON Cpelbl, HYKHEI [NIyOOKUE MCCICIOBAHUA IO 9K0402Ul 00Pa306a-
meabrot cpedvl.

[us HopManbHOTO pas3BuTusa pebeHKy He0OXOMMMO IOMHOIEHHOE TUTAHUE.
g HOpMaJIBLHOTO MHTEIEKTYAJIBHOTO PA3BUTHUA HEOOX0IUMA, PA3HOOOpa3HaAd
MHTEeLIEKTyadbHasa numa. Ceroqus MaTeMaTUKa, 0COOEHHO I'eOMeTPH, ABJIA-
€TCA OAHUM U3 HEMHOI'MX 9KOJIOI'MYICCKU TUCTHIX U IMOJTHOIECHHBIX IPOAYKTOB,
noTpebageMbIX B cucTeMe 00pa3oBaHUA. ['eomeTpua MOXET W JOMXKHA CTATh
IIpeIMETOM, C IOMOIILI0 KOTOPOIO MBI MOXeM cOaJIaHCUPOBATHL pPaboOTy TO-
JOBHOT'O MO3Ta, YIAYYIIUTH (PYyHKIMOHAIHLHOE B3aUMOJIEUCTBUE MEXIY IMOJIY-
wapuamu. ['eomempus — 6UMaMut 0as M0324.

Ho I'eomeTpus — 5TO HPOAYKT, KOTOPHIA MOJKEH OLITH MPUTOTOBIECH
OYICHb YMEJIBIM KYJIWHAPOM. I/IHa‘Ie OHaA MOXET HE TOJbKO yTPpAaTUTH CBOU ITU-
TaTeJbHBIC KQ9€CTBa, HO U IPUHECTHU BPeJ OPraHU3MY.

... zamkmuyiaca xkpyr. To ecTb MOXeT 3aMKHYTbCA. ['eoMeTpusa, CTOAB-
mas y KOJBIOEIN YeJOBEYEeCKOTO0 pa3yMa, MOXEeT IIOMOYb CErOMHA HUeJOBEKY
CoeJaaThb eme OAUMH CKQI0K B CBOEM DAa3BUTHUMU. I/IHTeJIJIeKTya,JIbHOM, AYXOBHOM
u HpaBcTBeHHOM. Hamo He yIyCTHUTBH 5Ty BO3MOXHOCTb.
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DKCTPeMaJIbHBIE PACIONOKEHUA TTPABUIbHBIX
MHOI'OT'DAHHUKOB

A. Ckonenkos* A. Tanambyna

He looked at the snail. Can it see me? he wondered.
Then he felt, how little I know,

and how little it is possible to know; and with this
thought he experienced a moment of joy.

I. Murdoch, The Flight From the Enchanter

BBEIEHUE

Onuu m3 HAMOONEE AKTUBHO PA3BUBAIOIIUXCA PAa3JeJI0B KOMOWMHATOPHOU
reOMeTPHY CBA3AH C 334a4aMu 00 onmumasbhbis ynaroskas. B aTux 3amagax
TpeOyeTcs paCHONOXUATL B JAHHOU (PUType OJHOT'O THIA HAMOGOIBIIYIO BO3-
MOXHYI0 (PUT'YDPY BTOPOro Tuma (Mrim HamboIbliee KOIuIecTBO (Uryp BTOpO-
ro TUIA JAHHOTO pa3mepa). HacTosmas cTaTha mOCBAMIEHA HEKOTOPBIM 1P e3-
BBIYANHO KPACUBBIM PACIOJIOXKEHUAM OJHUX MPABUIBLHBIX MHOTOI'DAHHUKOB B
APYTUX U NOKA3aTEIbCTBY SKCTPEMATbHOCTH DTUX PACIOIOKEHUU (B CMBICTE,
1eTKO ¢popmyaupoBanHOM Huxke). OCHOBHBIE UM WILTIOCTPUPYIOTCA HA IPU-
Mepe TPaBUILHOTO TeTpasapa, Kyba m mpaBuabHOro okTasapa (puc. 1 u 1').
[pyrue npaBuibHbBIE MHOTOIDAHHUKH (IPABUIbHBIE JOAEKADID W UKOCADIP)
YIOMUHAIOTCSA TOABKO B KOHIIE CTATBHU, T'Je W IPUBOAUTCI UX OIpeIeNeHue.
B 510U cTaThe NPABUIBHBIU TETPARAP U MPABWIBHBIN OKTAAP COKPAIIEHHO
HAa3BLIBAIOTCA TETPAdAPOM U OKTADIPOM.

[IpuBogUMEIE PACIIONOKEHUSA U3BECTHBL CHEIUATIACTAM (HO, K COXAICHUIO,
He mupokon mybumke). [[0ka3aTh ONTUMAIBHOCTD HEKOTOPBIX W3 HUX MIPEIA-
rajoch paHee Ha onuMnuagax. Hacrosmas crarba HanucaHa Ha OCHOBE IIUKJIA
3ana4 [3], npemnarasuerocs ua 13-u sernen koundepennun Typrupa ['oponos,

*Pabora A. CkonenkoBa nogaepxana rpantamu PDPDU Ne(02-01-00014 u Ne01-01-00583,
rpanToM IIpesuaenta P moxnepxku maydusix mxox HIM-1988.2003.1, crunenguen MI'Y
A MOJOABIX IIpermojaBaTener u ydeHblx u nporpammoun PAH «CospemeHHBIE IPOGIEMBI
TEOPeTUICCKON MaTeMaTUKHI.

MaTemaTn4eckoe npoceewenue, cep. 3, eoin. 8, 2004(53-65)
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Puc. 1. Puc. 1'.

npoxogusiner B aBrycre 2000 r. mox r. Mamoapociasuem Kanyxckon obia-
ctu. B maHHOW cTaThe MBI IpEIIATaeM [ UCCICAOBAHUA HECKOALKO 3a7at,
penieHnsa KOTOPBIX HaM HEU3BECTHBI.

MHuorue npuBouMbIE PE3YIbTATHI ABOUCTBEHHBI APYT APYTrY. MbI UCIOIB-
3yeM B HyMEpAaIUy UITPUX A YKABAHAA IBOUCTBEHHOTO YTBEPXK ICHUA, HO HE
06CyXjaeM IBOMCTBEHHOCTH IOAPOOHO, oTchutas duTarend K [1, §9.2].

ONUCAHUE MHTEPECHBIX PACIIOJIOXKEHUA TETPASIPA, KYBA U
OKTAD/PA

Ha pucynxe 1 mokazano, kKak BEIOPATH Ie€THIPE BEPUINHBI Ky0a TaK, ITOOBI
oHu ObLTM BepmmHAMEU TeTpa’apa. Packpacum Bepuimubl KybHa ¢ pebpom 1 B
9YEepPHBIA 1 GBI IBETA B (IIAXMATHOM) MOPAAKE (T.e. Tak, ITOOBI COCETHUE
BepUIXHBI ObLIM PACKPAIIEHHI B Pa3HbIe IBeTa). Torga BeplunHeL 0 JHOTO IBETa,
3a4a10T TeTpa’ap ¢ pebpom V2.

3aMeTuM, 9TO MePEeCevYeHre TEeTPAdAPOB C YEPHLIMEA U OEIbIMU BEPIIU-
HaMH eCTb OKTad[p, BEPUINHBI KOTOPOr'O ABIAIOTCA cepefumHaMu pebep nTux
TETPadAPOB.

Ha pucynxe 1 nerko BugeTh 1 HEMOCPEACTBEHHO, YTO CepPeAUHbI pebep Te-
Tpasapa ¢ pebpom 1 ABaAIOTCS BepuMHamMu OKTadapa ¢ pebpom 1/2. U3 sroro
BBITEKAET TAKKe, ITO MOXKHO BHIODATH YE€THIPE INIOCKOCTH TPAHEN OKTa’aApa
TakK, 4TO0BI OHM ObLIM ILIOCKOCTAMM I'DAHEN TeTPadApa.

Ha pucywraz 2a, 2b nmokasano, kak BeiOpaTh Ha pebpax OKTa’daApa BO-
CceMb TOYEK, ABIAIONNXCA BepmimHaMy Kyba. Bepmuasl okTasapa ¢ pebpom 1
o6ozuasum wepes A, B,C, D, Sy, S, 9To6s1 BEIgeauTD ocHOBaHUey ABCD m
«epummabh S1 1 So. Ha BocbMmu pebpax, COeqUuHSAIOMNUX BEPUIUHBI OCHOBAHUS
¢ Toukamu S7 U Sy, BO3bBMEM BOCEMb «KpacHBIX» Todek A;B;C;D;, memammux
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cooTBeTCTByOmIKE pebpa B OJAMHAKOBBIX OTHOIICHUAX. JI€MKO BHAETH, 9TO
«KPACHBIE» TOYKHU ABIAIOTCSA BEPUIMHAMU IPAMOYTOIBHOIO MAapAJIIEIEINIea.
Ero rpamm, mapajieibHble OCHOBAHUIO, ABIAIOTCA KBaapaTaMu. «KpacHBIM
NPAMOYTOJIBHBIN [TaPAJLISJENNIIe]] ABIATCA KyOOM TOTa U TOJIBKO TOr[A, KO-
raa A1 Ayt AyBy = AA1V2 : SA; = 1. CropoHa «KpacHOro» Ky6a paBHA IpH

3TOM AlBl = % = 2—\/5

Ha pucynraz 2'a,b nokaszano, kak BHIOpaTh Ha peOpax Kyba IECTb TOYCK,
SABIMIIOIINXCS BEPIIMHAME OKTadapa. Bepmuusr kyba ¢ pebpom 1 0603HAIEHBI
HEeCTAHJIAPTHO, HO UMEHHO TaKoe 00O3HAUYeHUWE YAO0OHO M HAIIEr0 IOCTPO-
eHusA. UeTbIpe BepHIMHBI Tpex pebep Kyba, mMmeromux OOy TOUYKY, 060-
3HAYEHBI YETHIPHMs Pa3HbBIMU OyKBaMu C HEKOTOPbIMU mHAekcamu. Ha Tpex
pebpax D1 Ay, D1 By u D1C}, BeIxoasmux u3 BepiinHbl D1, B3ATHL TPU TOIKHA
Ay, By, Cy, mensmue >tu pe6pa B OJMHAKOBBIX OTHOLICHUAX 3 : 1 (K obuen
BepumHe D] npuMbIKaeT 604bwuli OTPEe30K nenenms). PaccMoTpum Takxke
Touku A_, B_,C_, cuMMeTpUYHBIE UM OTHOCUTEIBHO NEeHTpa Kyba. Vmeem

Ay B = \[A A} + A\ B} + BB = % — V2A,D, = A, B, .
Amanormaso moaydaeMm, ITO BCe BOCeMb TpeyroabHumkoB Ay ByCy — mpa-
BWILHBIE C PeOPOM % Taxum ob6pasom, P = A, B,Cy A B C_ — mpa-
BWIBHBIN OKTAdAp ¢ pedpoM ——=

202

OO6BLITHO IPHUBOJATCA PACIIOIOXKEHUA Ha pUCyHKax 2a u 2'b, m3 KOTOPBIX
HE COBCEM IIOHATHO, YTO OHM IBOMCTBEHHBI APYT APYTY.

3aKOHYMM 2TOT naparpad uaTepecHbiM 3amedanueM B. [lonsaukosa. Bo-
[IPOC O TOM, KOT'JIa CPeAU BEPIIMH 7-MEPHOI'0 Kyb6a MOXKHO BBIOPATH TOYKH,
SABJAIOIINECS BEPIIMHAMY IIPABUIBHOTO 7-MEPHOI'O CAMILIEKCA, OYeHb HHTEpPe-
ceH, HO He pemren 6oaee 100 meT. He Bce 3maroT, xoTsa 3a mocregaue 70 meT 5TO
HEOTHOKPATHO MEPEOTKPHLIBAJIOCH, ITO DTO MOXHO CIEJIATH TOrJA U TOJBKO
TOrja, Korjga cymecrsyer Marpuna A ramapa mopsanka n+1. (Mampuuyet Ada-
MEPG HABBIBAETCA OPTOTOHANBHASA MATPHUIA, COCTOAINAA U3 CIUHULL U MUHYC
equuan.) [lo cux mOp He AOKa3aHA TMIOTE3A O TOM, 9TO Ipu N > 4 MaTpuna
Amamapa cymecTByeT B TOYHOCTH TOT[a, KOAa 1 JeIATCA Ha 4.

ONTUMAJILHOCTB IIPUBEJEHHBIX PACIOJIOXKEHU

Chopmyaupyem mpobiaeMy, OpyU PEHIEHUN KOTOPOU MOABIAIOTCA YKA3AH-
Hble KPACUBBIE PACIOJIOXKEHUA.

[IPOBJIEMA (P, Q). [Jauel nBa BeIDYKIbIX MHOrorpanauka P u (). Ilpm
kakoMm HauboabmeMm p = p(P,()) B mEOrorpannuke ¢ pebpom 1, romoreTnd-
HOM (), MOXHO MOMECTUTh MHOTOI'DAHHUK C PeOpOM p, TOMOTETHHHBIA P7
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[Ipo6aema (P, Q) B cayduae nmpaBuabHBIX MHOrOrpaHHUKOB P u (Q Gyger B
JanbHeuneM 0003Ha9aThCA ¢ UCIOAb30BAHIEM MUKTOIPAMM /IS IPABUAIBHBIX
MHOTOrpanHukoB. CM., HanpuMep, GOPMYIUPOBKY CAENYIOUUX TEOPEM.

TeoreMer: 1. p( {0y, (7)) = V2. U.p(&, &y)=1/2.

Ourumanbubie pacmonoxenus s Teopem 1 u 1 yxe mocrpoensr (puc. 1
u 1'). [okazaTeabCTBO UX ONTUMATBHOCTH HECIAOXKHO U KpacuBo. OHO OCHO-
BAaHO HA CIEAYIOUUX OOIIEen3BeCTHHIX (PAKTAX.

- Cfepa, onucannai 0K040 Mempasopa, UMEEM MUHUMGAbHLITL paduyc
cpedu scex cep, 8 KOMOPbIE €20 MONCHO NOMECTUMD.

- Bnucannas 8 6uinykAbll MHO202POHHUK cPepa umeem MmaKCUMaAbHOIY
paduyc cpedu dcex cdep, KOMOpbie MONCHO NMOMECTUMb 6 JaHHBIT MHO20-
2PAHHUK.

3aMeTuM, 9TO NEPBLIA U3 DTUX (PAKTOB HEBEPEH [ NPOU3E0AbHLIL Te-
TpPa’apOB.

Urak, nokaxem, aTo B Kybe () ¢ pe6pom 1 HEBO3ZMOXHO PAaCIOJIOXKUTEL Te-
Tpasap ¢ pebpom, 66apmmm /2. Ilycrs B Q pacmoxoxen Terpasap P. Torga
P comepxutca B cdepe S, omucanuon Bokpyr (. Ilo nepsomy u3 chopmyu-
poBaHHBIX (paxTOB, pebpo TeTpasapa P He mpeBocxoauT pebpa TeTpasapa,
Brnucanuoro B S. Kak pas Takon TeTpasap u3obpaxen Ha puc. la, u ero pe6po
pasuO V/2.

Temeps mokaxem, 4TO B TeTpasape () ¢ pebpom 1 HEBO3BMOXHO PaCIIOJIO-
KUTH OKTadAp ¢ pebpom, 66abmumm 1/2. Ilyers B (Q pacmonoxen okrasap P.
Torga ) conepxut cdepy Sp, Buucauuyio B P. [Io Bropomy us chopmyau-
POBAaHHBIX (hAKTOB, paauyc cdepsl Sp He IPEBOCXOAMT paguyca chepsl Sq,
BIIMCAHHOU B (). 3HAYUT, peGpo okTasapa P He mpeBocxoauT pebpa OKTasapa,
onmcaHHOr0 BOKPYr Sg. Kak pa3 Taxoum okTasap m3obpaxen Ha puc. 1b, un
ero pe6po passo 1/2.

TeoPEMBIL: 2. p((7), <p) =2— V2. 2'.p(@,®):23ﬁ.

OuruManbuble pacmonox)enus A TeopeM 2 u 2' yxe mocrpoessl (puc. 2
u 2'). [TokazaTeabCTBO UX ONTUMATBHOCTH TAKkKe HECAOKHO u Kpacuo. OHO
OCHOBAHO HA CIEIYIOIIEH JIEMME.

JIEMMA O LIEHTPAX CUMMETPUU. Fcau 6binykabili 4eHmMpasbHO-CuUMME-
MPUUHBIT MHO202PaHHUK P M0odHCHO pacnosoicums shympu dpy2o20 8binyka0-
20 YEHMPAALHO-CUMMEMPUYHO20 MHO202PAHHUKE (Q, MO0 3MO0 MONCHO COEAaMb
U MAKUM 00paG30M, UMOObL YEHMPBL CUMMEMPUL MHOL0ZPAHHUKOE COBNAAU.

s dokazameabcmea meopembl 2 TOCTATOIHO MOKA3aTh, 9TO KyO P Ha
pucyHke 2 mMeeT HamOosbinee pebpo cpeau BCEBO3MOXHBIX KyOOB, ITOMENIa-
IOIIUXCSA B eTUHUIHOM OKTadxape. IIpeamonoxnm, HAIPOTUB, ITO B OKTAdAPE
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cymectByeT Ky6 P’ 60abmero pasmepa, dem P. Ilo Jemme o meHTpax CuM-
METpUU MOXKHO CIMTATh, ITO HMeHTp Kyba P’ cosmamaer ¢ meatpom O Ok-
tasapa. Torga Bce BepmmHBL Kyba P’ mexar Bre cdepsl ¢ neaTpom O, onwm-
canaou OKOJIO Kyba P. Ilycrs K m L — Touku nepecedeHus 3Tou chepsl ¢
pebpamu AB u AD, coorBercTBeHHO, Ommxkaumue K A. Paccmorpum mupa-
vuay AKLA| Ay 1 AT aHATOTMYHBIX MUPAMKI, COOTBETCTBYIOMINX OCTAIb-
HBIM BEPIIMHAM OKTadaApa. ECiu HEKOTOpas TOYKA JEXUT B OKTAAPE, HO HE
COMEPKUTCA HU B OJHOU M3 DTUX MIECTU HUPAMUI, TO OHA JEXKUT BHYTPHU
paccmarpuBaeMon cpepbl. TakuM 06pa3om, BepmmHLI KyOa P’ pacmooxeHsr
B 00BEUHEHNN TOCTPOEHHBIX ImecTu mupavug. 1o mpunnuny Jupuxae xo-
Ta Obl aBe BepmuHbI KyOa P’ nomxHbl JexaTs B ogHou nupamuge. OgHAKO
AMaMeTp KaX[IOW NupaMujbl (T.e. HAmOOIbIIee PACCTOAHUE MEXIY TOTKA-
mu nupamugbl) pasern A Ag, 9To paBHO pebpy Kyba P um mo Hamemy mnpei-
HOJMOXEeHWI0 MeHble pebpa kKyba P’. TlorydeHHOe IPOTUBOPEYUE 3aBEpIIAeT
MOKA3aTEIHCTBO.

[nsa doxazameabcmea meopemvr 2' MOCTATOMHO MOKA3aTh, ITO OKTADAP
P na pucynke 2’ umeeT Haubosbiee pebpo Cpeiu BCEBO3MOXKHBIX OKTadIPOB,
IOMEIAIIAXCA B equHNIHOM KybOe. IIpenmomoxmm, HAmpoTuB, ITO B KyOe
cymecTByeT okTasap P’ 66apmmun, gem P. Ilo meMMe 0 meHTpax CMMMETpPUI
MOXHO CUATATh, YTO HeHTp okTasapa P’ cosnagaer ¢ nearpom O ky6a. Toraa
BCe BepIIMHBI OKTasapa P’ nexat sHe cdepsl ¢ meaTpoM O, ONMCAHHON OKOJIO
okTasapa P. Jrta cdepa nepecekaeT pebpa Kyba B TOUKAX HA PACCTOAHUHI
1/4 ot ero BepumH. PaccMoTpuM 8 4eTHIPEXyrOAbHBIX IUPAMUL, KaXKAAd U3
KOTOPBIX 00pa30oBaHa BepmimHamMu KyOa u TpeMs OIMXauliuMu K HEH TOYKA-
MU nepecedenus cdepsl ¢ pebpamu Kyba (IeKamyMu Ha BBIXOAAIIAX U3 DTOU
BepumHBL pebpax). Ecin Toduka mexur B KyGe, HO BHe OOBEAMHEHUA DTUX 8
OUPAMUJ, TO OHA JEXUT BHYyTPU paccMaTpuBaeMoun cdepnl. Takum 06pazom,
BEpUIMHBLI OKTanApa P’ pacmonoxeHbl B OOBbEIVMHEHWH 8 NAHHBIX MUPAMIEL.
ITO 03HAYAET, ITO ABE W3 BEPUIMH OKTadapa P’ MOMXKHBI IpUHAIIEKATH JIH-
00 ogHOU TUpaMuge, Aub0 JeXKATh B ABYX NUPAMHUIAX, OTBEYAIOMIAX ABYM
coceqauM BepimmHaMm KyOa. O IHAKO PACCTOAHUE MEX Y ABYMs TOYKAMU 00b-
eWHEeHNs MUPAMUJL, OTHOCAIIAXCA K COCETHUM BEPIIMHAM, HE IPEBOCXOIUT

V12 +(1/2)2 + (1/2)2 = % , 9TO paBHO pe6py OkTasapa P m Menbue pe-

6pa oxTasapa P'. TlomyvenHOE€ MPOTHMBOpPEYME 3aBEPHIACT AOKA3ATEIbCTBO.
Hemuoro apyroe nokasarenbcTBo TeopeMbl 2/, a Takke OIM3KUAE HHTEPECHBIE
daxThl npuBeAeHEI B [2, 3anada 415].

Ocranocs dokazamyv aemmy o yewmpar cummempuu. Mol OyaeM ACIOIb30-
BaTh (DOPMy.Iy [JIA KOMIO3UIUM IEHTPAIbHBIX cuMMeTpun: Z 40 Zp = Typr.
[Iycre Og m Op — HEHTPH CUMMETPUM MHOTOIpaHHMKOB () m P. Mmnoro-
rpanuK Zo, (P) Takxe conepxurca B Q. Umeem: So, (P) = So, (Sop (P)) =
= TQW(P) (cm. pumc. 3, Ha KOTOpPOM M306paxen maockui anauor). Toraa
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Puc. 3.

MHOrorpanauk P’ = TW(P) paBer P, mMeeT HEHTD CHAMMETPHUU B TOUKE
Ogq u cogepxurca BayTpu (). [locrennee cregyer u3 BEIIYKIOCTA MHONOI'DAH-
HUKa (), TOCKOIbKY Kaxaad TO4YKa T € P’ nexuT Ha oTpeske, COIMHAIOMEM
TOYKY Tm(w) u TOQTP(QJ).

Mel mpeagaraeM 3aMHTEPECOBABIIEMYCA YUTATENI0 PEIIATH MPOOIEMBI
(4, @ ) m ( @ , {{)) mmm x0TA OBI MONYIATE ONEHKH 1A COOTBETCTBYIO-
wux p(P, Q) (Buaumo, >ty npobaembl ABIAIOTCA HEpemeHHbivu). Hanpumep,
paccMmaTpuBas pucyHOK 1, MOXHO 10Ka3aTh, 9TO P( @ , @ ) > 1 (mockoums-
Ky TeTpasap, CUMMETDUIHBIA «BEPXHEMY» TETPAdAPyY OTHOCHTENLHO (HUXK-
HeW» TPAHU MOCIENHEr0, JEXKUAT B OKTAAPE).

ONTUMAJIbHBIE PACIIOJIOXKEHUS HECKOJIbKUX TETPAD/POB

I[IPOBJIEMA (Q,n). [dan Beimykabmi MHOrorpaHauk (). Ilpm xaxom Hawm-
6oabmeM p = p(Q), n) B MHOrorpasauke ¢ pe6pom 1, romoreTuaHOM (), MOXKHO
IOMECTHTDH 7 HEIEePECEKAIOUNXCA TeTPAdIPOB ¢ pebpoMm p?

TEOPEMA 3. p(@,?):% up(@,2)2§.

[TocTpouM onTuManbHBIE PACIONIOXKeHUs AnA Teopembl 3 (puc. 4a). Pac-
CMOTPUM J[Bé IPOTUBOIOIOKHEBIE BepIMHLL S 1 S2 Kyba. Paccedem Ky6 mioc-
KOCTBIO, PaBHOymajeHHOW oT S u S9. B cedeHum nomyduMm OpaBUIbHBIN
UIECTUYTOMBHAK CO CTOPOHOH 1/4/2. B 5T0 cevenme MOXHO MOMECTHUTDH Tpa-
BUIBHEIA TPEYTOILHIK CO CTOPOHOM p < v/3/1/2 Tak, 9TO HeHTpP TpPeyroib-
HUKAa COBIAAET C HEHTPOM CedeHusa. TeTpasapsl ¢ BepmuHamMu S1 u Sy, OCHO-
BAHMUAME KOTOPBIX CIyXKAT YKa3aHHbIE TPEYTOJbHUKH, — MCKOMBbIE. BBICOTHI
IIOCTPOEHHEIX TETPa3IpOB PaBHEI pajguycy R = v/3/2 omucanHo# 0KOIO Ky6a
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So
a) b) c)

Puc. 4.

cdeper. Tak kak R = p4/2/3, To sTu Terpasapsl npasuibHbe. OUTUMAIL-
HOCTB TMOCTPOEHHBIX PACIIONOKEHUN BHITEKACT U3 CJICIYIOMEN JEMMBbI.

JIEMMA O IBYX TETPASIPAX. Ecau muozoepannur QQ nazodumes 8 cie-

pe duamempa d, mo p(Q,2) < dﬁ .

2v2

ITa JeMMa, OKA3BIBAETCA O¥YeHb MpocTo. Ecam B MHOrOrpanuuke () pac-
HOMOXKEHBI ABa TeTpadapa ¢ pebpom p = p(Q,2), He mmeromme 0OMMX BHY-
TPEHHUX TOYEK, TO MeHTp cepsl O He JeXuT B OqHOM u3 HuX. [IpoBemem
gepe3 IPaH’ dTOrO TeTpadaApa mWIocKocTu. OTHON U3 HUX MOXHO OTAeauTh O
ot BepmmHbl A TeTpasapa, He dexamen B >Tou mwiockoctu (puc. 4c). Toraa
d/2 > AO > h = pv2/\/3, rae h — pamma BHICOTEI TETPA3APA.

PaccmarpuBas Teneps (puc. 4b) nBe MpPOTUBOMONOXKHBIE BEPIIMHBEL S| U
So 0KkMasdpa 1 paccekas OKTadAP PABHOYIAJICHHOU OT DTUX BEPIIUH ILIOCKO-
CTBIO, MOJYYMM B CEYE€HUU KBAAPAT CO CTOpoHOU 1. Bnummem B HEro okpyx-
HOCTB pajguyca 1/2, a B Hee — IPABWIBHLIM TPEYTOJIbHUK CO CTOPOHOU V3 /2.
Terpasapsl ¢ BepmmHaMY S 1 S2, OCHOBAHUAMY KOTOPBIX CIYXKAT YKA3AHHLIE
TPEYTOIbHUKYN, — MCKOMBIE. [[0Ka3aTeabCTBO AHAJOTUIHO CIydalo KyOa.

Mger mpearaeM 3amHTEPECOBABIIEMYCA TUTATEN0 IOMYIUTEH OMEHKYU “U-
caa p(Q,n) nas ocrasmuxcs map ((Q),n). Ha pucynke 5 npeacrasieno 3ame-
JaTeIbHOE PACIONOKEHNE, MOKa3bIBaomee, ITo P @ ,3) > 1.

PA3BUEHUE TETPASIPA HA TETPADJIPHI U OKTAD/PHI

W3 pucynka 1’ u mepasencrsa p( @ , &) > 1 Berrexaet, wro p( @ ,b) >
> 1/2. IlpuBenem KpacuBoe KIACCHUIECKOE PACIONOKEHUEe, 00001maoIee pac-
n® +n

2

1
nosoxenue Ha pucyske 1’ u naromee onenky p( @ , ) > — (amanorumuHOE
n
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Puc. 5.

HOCTPOEHME MOXKHO IPOBECTH U A OKTasapa). Cm. puc. 1’ g n = 2 u puc. 6
s n = 3.

TEOPEMA 4. /[as waoxcdotli svicombt mempasadpa ¢ pebpom 1 nposedem
n — 1 nepnenduryaapuoiz eti naockocmet, Jeaswus ee Ha N PasHblE wacmed.

n® +2n
Toezda nposedenmnvie naockocmu pazdusaom mempasdp Ha —3 mempa-

n®—n 1
20pos u 5 0KMa’dpo6 ¢ pebpom —.
n

Teopemy 4 smerko mokasarb mo mHAyKIuu. Basza n = 2 cregyer u3 pu-
cyrka 1'. [lokaxeMm mar MHAYKOWE CHadata Aaa n = 3. [[poBegeHHBIE ILIOC-
KOCTH pas3buBaioT TeTpasap Ha kycku. Cpeaum NPOBEIEHHBIX IIOCKOCTEN
PacCMOTPUM T€ YeThIPE ILNIOCKOCTH, KaXAasd U3 KOTOPBIX OTCEKAET OT UCXO[-
HOT'O TeTPadapa Ma.abili TeTpasap ¢ pebpom 2/3. Kycku B Maibix TeTpasapax
ABIAIOTCA TETPAdAPAMU U OKTA3IPAMU IO IPEAIoIOXeHuo nHaykuu. Kasa-
JOCH Obl, UCXOQHBIA TETPAAP ABIAECTCI OOBEIUHEHUEM MAJbIX TETPAdAPOB.
B mencTBUTENBHOCTH, DTO HE TAK: HEHTD UCXOJ-
HOT'O TEeTPad/pa He JeXUT B 3TOM OObenquueHun!
(Cm. puc. 6.) ITo cregyeT u3 TOro, 9TO UEHTP UC-
XOAHOI'O TeTpadjpa JeJuT BBICOTY B OTHOIICHUN
1: 3, a xaxgas u3 IeTHIpeX BHIOPAHHBIX IIOCKO-
crer — 1 : 2. Ho B 00bequHeHnn MAJILIX TETPa-
SAPOB HE JIC2KUT JUIIHb OANH KYCOK. OH OI'PAHUICH
9eTHIPbMA TPAHAMHU MAJBIX TETPa’ApPOB, HE CO-
BIAJAIOMIMME C TPAHAME UCXOAHOTO TETPARIPA, U
LOPTOMY ABIAETCS TeTPasApoM ¢ pebpom 1/3
(ero BepmmMHAMY ABAAITCA LEHTPHI TPDAHER
UCXOMHOTO «OOMBIIOrO» TETPAdAPA). SHATUT, MO MPEANONOKEHUIO WHTYKIIH
BCe KYCKHU SBIAIOTCA TETPasApaMu u okTasapamu ¢ pebpom 1/3. Ilockoabky

Puc. 6.
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MAJIBIX TETPAdAPOB YETHIPE, TO POBHO U€THIPE KYCKA ABIAIOTCA OKTAdIPAMU.
Ilycts T KyCcKOB ABIAAIOTCA TeTpasdapaMu. [lnda Haxox meHua T’ BOCIOIb3yeMCcA
coobpaxernavu noxobua. O6wéM Terpasapa ¢ pebpom 1/3 B 33 = 27 pas
MeHbIine 00beMa, UCXOJHOIO TeTpasapa u B 4 pa3a MeHbue 06beMa OKTAIAPA
co croponon 1/3. Cregosarensno, 4 -4 + T = 27, orkyna T = 11.

HokaxeMm Temnepsb, 9T0 TeopeMa 4 BepHa [ Ipou3BoabHOro n > 3. Cpeqn
MPOBEIEHHBIX INIOCKOCTER PACCMOTPHM T€ UE€THIPE INIOCKOCTH, KAXK Asg U3 KO-
TOPBIX OTCEKAET OT UCXOAHOI'O TETPAdAPA MaAbili TeTpasap ¢ pebpom 1—1/n.
Tak kak n > 3, TO 0ObeqUHEHNE YETHIPEX MAJIBIX TETPADAPOB yXKE ABIACT-
€A UCXOMHBIM TETPAIAPOM. SHAUUT, IO IPE/IOJIOKEHUIO UHAYKIIUA BCE KYCKHI
ABIIOTCSA TETPAadapaMu U OKTasapamu ¢ pebpom 1/n. Ilogcuamraem Teneps
koam4ecTBa 1), Terpasapos u O, oKTas1poB B pa3buenun. OGbequHEeHIE IBYX
MAJIBIX TE€TPAdAPOB ABIAETCSI UCXOTHBIM TETPAdAPOM, U3 KOTOPOT'O BBHIPE3a-
HBI KyCKW, IPUIeXalme K oqaomMy u3 pebep. Cpeau 3Tux KyCKOB 1, OKTadAPOB
¢ pebpom 1/n. Ilepecedenuem nByX MAaIbIX TETPadAPOB ABIAETCSI TETPAdAD

¢ pebpom 1 — 2/n. losromy Opy1 = n + 20, — Op—1 upu n > 3. Ucnons-
3

3ya Oy = 1 u O3 = 4, 10 UHAYKOWHA JErKO MOKa3aTh, 4To O, = z 6_n
Naxee, u3 coobpaxenui noxobus moxyaum, aro 40, + T, = n3, orkyna
3
n° +2n
T, = —

ONTUMAJIbHBIE PACIIOJIOXKEHUSA C YYACTUEM [JOAEKADIPA U
NKOCASIPA

[IpuBemeM aHAJIOTHMYHBIE PE3YJABLTATHI NIA APYTHUX HIPABIILHBIX MHOLO-
PPAHHUKOB — AOAEKADAPA U MKOCADAPA. BBINYKIBIM MHOMOIDAHHUK HA3BIBA-
eTCA NPABUALHLIM, €CIH €r0 MPAHM — OJUHAKOBLIE MPABUILHLIE MHOIOYTOMb-
HUKW 4 ABYTPAHHLIE YIVIBI IPU BCeX pebpax paBHHL. [alee Bce MHOTOrpAHHUKHI
[OAPA3yMeBAIOTC IPABWIbHBIMU. Vcmoabsys puc. 7, MOXHO gokaszaTh |1,
§9.1], 9TO HENCTBUTENLHO CyLIECTBYET

— npasuavhbitl doderaszdp, m. e. MHO202PAHHUK, KANCIAS DAL KOTOPO-
20 — NAMUY20AbHUK;

— NPABUALHBIT UKOCAIID, M. €. MHO202PAHHUK, 8 KaHcJOT Bepuune KOMo-
pozo cxodumcs b pebep.

He cymecTByeT apyrux TUNIOB IPABUIBHBIX MHOI'OIPAHHUKOB, KPOME IIATH
noctpoeHHbiX [1, §9]. DToT pakT HE UCHONB3yeTCA B JAHHOU CTAThHE.

TEOPEMA 5. p( (), &) = 1+\/_ (&, ©)= 1+\/_.
TeoPEMA 5. p(&D, &) = 5_1 (D, &)= 5_1)
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Puc. 7.

OnTuMaTbHBIE PACIONOXEHUA 1A TEOpeM b 1 ' IpencTaBIeHbl Ha pUC. 7b
u 8. Ix onTuMaIbHOCTE JOKA3BIBACTCA aHAIOrMIHO Teopemam 1 u 1'. B go-
Ka3aTeIbCTBE UCIOIb3YETCA, YTO A NOAEKAdAPA U UKOCADAPA CYLIECTBYET:

— cepa, nporodawan uepes sce €20 sepwunbt (onucannas cfepa);

- cepa, Kacawwaaca scex e2o epaneti (6nucannas cfepa).

Mebr npeamaraeM 3auHTEPECOBABIIEMYCS ATATEII0 PEUIATH OCTABIIUECSH
npobaemser (P, Q) mim XoTs OBl HOLYYATH OLEHKU I COOTBETCTBYIOIIUX
p(P, Q). llpusegem umeomuecs y HAC BEPXHUE OLEHKM:

o@D D)=L (pue. Ta);

- p( @ , @ ) ModHeHO oyenumb u3 puc. Tb: dodexasdp, 2omomemuurviii
danmnomy ¢ yenmpom 8 yewmpe Kyba, codepicumecs 6 Kyoe;

Vi+1 .
- p( @ , @) > WAk puc. Ta: cepedunvt pebep ukocasdpa, aeHcauue

HA 2PAHAT KYOa, ACAAOMCA BEPUUHAMY OKMAIOPA;

- p( @ , @ ) MOKACHO ouenumb U3 puc. Ta: cepedunvt pebep doderasdpa,
aexcauyue Had epaHamu Kyoa, ABAAOMCA BEPUWUHAMY 0KMA30PA;

- p( @ ) @ ) MOKHCHO OYEHUMb U3 PUC. 8: Yewmpbl epanetli oKMmas0pa
ABARIOMCA BEPUURAMY KYOQ;

- p( @ ) @ ) MOKCHO OUEeHUMD U3 Puc. 8: YeHmpvl 2paneti UK0CaIOPa
ABAAIOMCA sepuunamy dodexasdpa.

3(v5+1) V36 +V5)

TEOPEMA 6. 2)="—"m 2)=+——
WD) =20 (@2 = Y

OnTuMaibHBIE PACIIONOXKEHUS IS TeopeMbl 6 n3o0paxensr Ha puc. 9. [lo-

Ka3aTeIbCTBO UX ONTUMAJIBHOCTU AHAJOTMIHO TOKA3ATEILCTBY TEOPEMBI 3.
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Pwuc. 8.

Puc. 9.



IKCTPEMAIbHBIE PACIOJOXKEHUA MPABHIBHBIX MHOIOI'DAHHUKOB 65

Heobxogumebr caenyomue Borauncierus. s qogekas pa moCTPOEHHOE aHAJIO-
CUYHO JOKA3aTEILCTBY TEOPEMBI 3 CEYEHUE €CTh MPABUILHBIA IMIECTUYTOMb-

7 PAgAyCOM BIUCAHHOU OKPYXKHOCTHU

V3(3+5) S V3(1+/5)
8 w2
st mKocasApa MOCTPOEHHOE CEYEHUE eCTh MPABUIBHBIA NEeCATUYTOJBHUK CO
CTOPOHOM 1/2 ¥ panuycoM BIUCAHHOW OKPYXKHOCTHU
1. 2n V5 V545
r=-tg— = > .
4 5 45— 2¢/5 4
Mzet 6aarogapum M. Bsmoro, B. Joxsaukosa, M. EB tokumosa u Y. @. Illa-
PBICUHA, 33, TOJE3HBIE 00CY XK JeHUA.

o 3+
HHK CO CTOPOHOH 2
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I30r0oHANBHBIE TPEXBATEHTHBIE I'padbl Ha cdepe

P. M. TpaBkun

Mer paccMaTpuBaeM B DTOU CTATBHE U3020HAAbHBIE MPELBAAECHMHBIE 2Pa-
$vi, T.e. rpadsl Ha chepe S2 pebpa KOTOPHIX MIYT IO FEOAC3UTECKUM, A
B KaX/OU BEpIIUHE CXOIATCA o 3 pebpa, obpasymoume MexXay coG0U pas-
mele yrael (mo 120°). Takue rpadbl BOBHHKAIOT NPU W3Y9IEHUU CTPYKTYDPHI
CUHTYJSPHBIX MBUIBHBIX IIeHOK (cM. [1]). Jpyras mpocras dusmdeckas WH-
TepIpeTanus — PE3UHOBAA «TPEXBAJCHTHAM CETKA, HATAHyTasd Ha cdepy,
Yy KOTOPOU HATAXKEHUsS BCEX PE3MHOK COBHAMAIOT, 4 TPEHUE MEXJY CETKOU
u chepou orcyrcrByer. Takas ceTka umeeT pOpMy U30TOHAIBHOIO TPEXBa-
aeHTHOrO rpadga. OKa3bIBaeTCs, CyUIECTBYET BCErO AEBATH TUIOB TAKUX I'Da-
doB (cm., Hanpuwmep, [1]); TouHEe roBops, MOGON TAKOM rpad MOXKHO HAIO-
KUTh IIOBOPOTOM Chephl Ha OauH u3 rpadOB HEKOTOPOro Habopa (u3 aeBaTu
rpados). lleas HACTOAIEH 3aMETKY — IPUBECTH HIEMEHTAPHOE «IIepebOPHOEe)
IOKa3aTeIbCTBO 3TOr0 (aKTa; IPU HTOM nepebope eCTECTBEHHO MOSIBATCA BCE
IEBATH U3OTOHAIBHBIX TPEXBAJEHTHBIX IPpadoB. DTu rpadbl n300paKeHbl HA
puc. 1. VI3 pucyHKa BUIHO, 9TO KAXKJA0OMY I'pady COOTBETCTBYET ChephUIeCKUN
MHOTOTPAHHUK. JII0GOMBITHO, 9TO YMCIA TPAHEN STUX MHOTOIDAHHUKOB, PAC-
[IOJIOXKEHHBIE B TOPsAKe Bo3pacTanus, obpasyor psarx 3, 4, 5, 6, 7, 8,9, 10, 12.

1. CBOMCTBA COEPUYECKNX MHOI'OYTOJIbHUKOB

B sToMm maparpade Mbl mepeducauM psan CBOUCTB CPEPUIECKUX MHOTO-
YyTOIBLHUKOB, KOTOpbIE HaM NOTpebyloTca B naabHenmeM. [lokasaTeabcTsa
2TUX CBOI‘/IICTBl)7 KOTOpPBIEC MBI IIPEAOCTABIAACM ITUTATEAI0, MOT'y T GBIT]) IoJay-
YEHBI U3 OCHOBHBIX MPABUI C(PEPUIECKON I‘eOMeTpI/II/I2) (cm., Hampumep, y4ae6-
HuK [2]). B ycroBuax 3agauu cdepa pasbuaercsa HaumMm rpadom Ha cdepu-
YeCKue MHOTOYTOJBHUKHA, 0012 AI0NIE CIEAYIOIIIMEA CBONCTBAME:

1. Bce yrubl kaxa0ro u3 MHOIOYTOILHUKOB paBHBL 120°.

DKak u goxasareascTso mpuMenseMon mimke dpopmy.ast (1) u3 pasg. 4.2.

2)CpoticTBo 9 BeITekaer u3 demmbl 1 (cM. pasa. 6 macrosmenr crareu). [lomyumTs He-
IOCPEACTBEHHOE TeOMETPUIECKOe JOKA3aTeIbCTBO CBOUCTBA 9 aBTODY HE yAaaoch. Psan
CBOUCTB Jerde JOKA3bIBAETCHA IIPHU IEPEX0je K ABOMCTBEHHBIM (IONAPHBIM) MHOTOYTOIbHU-
KaM.

MaTemaTny4eckoe npoceewierne, cep. 3, soin. 8, 2004(66-77)



H3soronanpabpie TpexBaaeHTHBIE I'Pahbl HA cpepe

67




68 P. M. TpaBxun

2. MHOroyroJbHUKY MPABUIBLHO MPUMBIKAIOT APYT K APYrY, T.€. ABA MHO-
rOyrOJbHUKA MMeIT aub0 001y CTOPOHY, Au60 He MMEIT 00ImX TO-
ek (K3 TPEXBAJCHTHOCTH BCEX BEPIUIVH HALIEro rpada ClIefyeT, 9To eCIu
B4 MHOTOYT'OJBbHUKA MMEIOT OOIIYI0 BEPIIMHY, TO OHUA MMEIT U OOLIyIo
CTOPOHY).

3. Ymcao cTOPOH KaXxoro MHOrOYTOJIbHUKA < 5 (HOCKOIBKY CyMMa BHeII-
HUX yIIoB ¢EPUYeCKOro MHOIOYIONbHUKA MeHbIIe 27, ¢M. [2]).

MsBecTHO (cM. [2]), 9TO cymMMa yriaoB 0000 BBILYKIONO ChEPUIECKO-
IO MHOTOYTOJbHUKA OJHO3HAYHO OIpefeisdeT ero IOMATb, HE3ABUCUMO OT
¢dOpMBI caMOT0 MHOTOYTOIbHUKA. PaccMorpumMm mias ymobcTBa cdepy, IIo-
Walb MOBEPXHOCTH KOTOpou pasBHa 12. Torga miomams MOBEPXHOCTH [IJis
MHOI'OYT'OJBHUKOB, COCTAB/IAIONMUX pa3buenue cdepbl pebpamMu n30rOHAIBHO-
'O TPEXBAJIEHTHOT'O rpada, OyreT paBHA:
4 — nas ABYyTOJBHUKOB,
3 — /11 TPEyrOJbHUKOB,
2 — miaA 9eTBHIPEXYTOIbHUKOB,
1 — a1 mATHMYTrONBHUKOB.
OTMeTnM Takxke Creayomue CBONCTBA (BBITYKIBIX) C(hepuIecKnx MHOTO-
yTOIBHUKOB ¢ yraamu 120°:

4. Bce gBYyroJIbHUKY PABHBI (KOHIDYSHTHBI) MEXAY COOOM.
5. Bce TpeyroabHUKY PaBHBI MEXY COGOM.

6. YeTBIpeXyroJbHUKY PABHBI [0 OJHOU CTOPOHE.

7

[IaTryrorbHUKYM PABHBL IO JBYM COOTBETCTBEHHBIM CTOPOHAM (T.e. IO
ABYM CMEXHBIM WIH IO ABYM HE CMEXHBIM).

o

Huxkaxas CTOPOHA NATUYTOJBbHUKA HE pPaBHA CTOPOHE TPEYI'OJBbHUKA.

9. Ecam xaxmas u3 TPex CMEXHBIX CTOPOH OJHOTO IIATAYTOJbHUKA HE MEHb-
e COOTBETCTBYIONMIEN CTOPOHBI U3 TPEX CMEXHBIX CTOPOH NPYT'Oro Iif-
TUYTOJIbHUKA, TO DTU NATUYTOJIbHUKY PABHEL

B manbmenmem, ecau B TEKCTE IPAMO HE YKA3aHO MHOE, CJIOBO MHO20Y20.4b-
HUK O3HAYAET BBIMYKJIbIN CHEPUIECKUU MHOTOYTOJbHUK, BCE YIVIBI KOTOPOrO
pasubr 120°. [amee, Mbl OyqeM rOBOPUTDH, ITO 1Ba ChepUIeCKUX MHOTOTPAH-
HUKA WMEIOT OAWHAKOBBIN KOMOUHGMOPHbIG MUN, €CIA MOXHO yCTAHOBATD
B3aMMHO OHO3HAYMHOE COOTBETCTBUE MEX /Iy WX BepuimHaMu, pedpamu u rpa-
HAME, COXPAHAMIIEE IPUMbIKAHIE.

Kpome mepedncieHHBIX CBOUCTB, HAM OyIeT MOJE3HA CIAETYIOMAd

TEOPEMA EAVHCTBEHHOCTU. Fcau dea cfiepuneckusr MHo202paHHuKa ¢
BHINYKAVIMU 2PAHAMY UMEIOM 00UHAKOBBIT KOMOURAMOPHBIL Mun U 00UHAKO-
BbIE COOMBEMCIMEEHHBIE Y2Abl, O OHU PAEHDI.
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Joka3aTeabCTBO TEOPEMBI €UHCTBEHHOCTHU IPUBOAUTCSA B KOHIE CTATHU.
Teopema 1mo3BOMAET TPOBEPATH TOIBKO CYIIECTBOBAHWE CPEPUIECKAX MHO-
TOT'PAHHUKOB C 33JaHHBIM KOMOWHATODHBIM THUIIOM, He 3a00TACH O JOKa3a-
TEIbCTBE equHCTBeHHOCTH. OTMEeTHM, 9TO CHPABEIIUBOCTH 3TOU TEOPEMbI
IIO3BOJIAET a Priori yTBepXKAaTh KOHEYHOCTH M3yIaeMOI'0 MHOXKECTBA HCKO-
MBIX MHOT'OTDAHHUKOB.

[Hamee MBI TOCTENOBATENBHO IEpebUpaeM BCe BO3MOXKHBIE MCKOMbBbIE MHO-
FOUPAHHUKY B 3aBUCUMOCTH OT HAIWYUA Y HUX T€X WIM UHBIX IpaHen (mo
CBOMCTBY 3 9UCIO CTOPOH UX IPAHEN MOXET IPUHUMATH 3HadeHus 2,3,4,5).

2. EcTb ABYYTIOJIbHUK

[MycTs opHA M3 rpaHER UCKOMOT'O MHOT'OI'DAHHUKA — ABYYIOIbHUK. Torma
u3 cBoucTB 1 m 2 caegyeT, 9TO y MHOMOIPDAHHUKA, €IIe ABE I'PDAHU — TOXE
OBYYTOJBHUKH, TaK YITO B 9TOM ClIydae Ha cdepe MOIyIaeTCA NPasUusbHbil
mper2pannuK, n300paXKeHHBIN Ha puc. la.

3. ECTb TPEYIOJIbHUK (XA HET ABYYT'OJIbHUKOB)

PaccmoTpuM oTaenpHO ABA HMOACIYYAd 3TOTO CIyasd.

3.1. K TPEYTOJILHUKY ITPUMBIKAET APYTOU TPEYTOJIbBHUK

[IycTs pamgom ¢ Tpeyroabaukom ABC umeercs Tpeyroasauk BCD. Ode-
BU/THO, 9TO PAJOM C HUMU MOXHO PACIOJIOXUTH Tpeyroabauk AB D, KoTopbiu
OyaeT npuMbIKATh K HUM 10 cropoHam AB u BD (puc. 2). Ecau xe mbr mo-
OBITAEMCS BOUCATH B yroa ABD <9eTHIpeXyroJbHUK WIN MATHYTOJILHUK, TO
ero CTOPOHBI (IPOBEJEHHBIE MO/ TEMU XK€ yIIAMA) MOULYT 10 Te0Ae3MIeCKON
AD, na KOTOPOU OKaXyTCA BCe ero BepmmHbl (kpome B). Tem cambiM, cayaan
JeThIpex-(IATH-) YyrOIbHIKA HEBO3MOXKEH.

CuenoBaTeabHO, KOHPUTYPAIUA U3 ABYX CMEXHBIX TPEYTOIbHUKOB MOXET
OBITH [MOMOMHEHA TOJBKO TpeyroabHukoM. lIpomomxas pacumpaTs KoHQUTY-
panuio 3 TPEYrOIAbHUKOB, IPUAEM K TOMY, ITO BCSI cdepa OyoeT MOKPHITA
TPEYTOIPHUKAME. DTO Pa30MeHre MOIYyIaeTCsA HPU UMEHTPAILHOU MIPOEKINN
Ha cpepy pebep npasuavnoeco mempasdpa. OHO m306paxkeno Ha puc. 16.

3.2. K TPEYTI'OJIbHUKY HE IIPUMBIKAET HUKAKOW APYTOW TPEYI'OJIbHUK

BBuay cBoucTBa 8, MOXHO CIMTATH, ITO TPEYTOILHUK OKPYXKEH TOMLKO
geTwIpexyronbaukamu (puc. 3). O603HAYMM [IUHY CTOPOHBI TPEYTOJIbHUKA
gepes @, U MyCcTh b — MIWHA CTOPOHBI YETHIPEXYTOJIBHUKA, CMEXHOU CO CTO-
ponon a (cBoucTBo 6). Brnuceisas dersipexyronsauk AA'B'B B yroa A'AB,
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Puc. 2. Puc. 3.

nomyaum paseHcTBo gaauH AA' = b, amanormano BB’ = b u CC' = b. Tlo-
CKOMIBKY BCe yrubl cepmaeckoro Tpeyroabauka A'B'C’ pasaer 120°, mobas
Imapa CMEXHBIX CTOPOH 3TOr'0 TPEYrOJAbHUKA BXOAUT B OAWH W TOT XK€ MHO-
T'OyrOJbHUK. O‘{eBI/IrH;HO, TaKUM MHOT'OYI'OMIBHUKOM MOXET 6])ITB TOJBKO CaM
rpeyroabauk A’ B'C’. Takum 06pa3oM B 5TOM CIydae Ha cepe MoTyIaeTCs
HNEeHTpaIbHAA IPOEKIMA mpey2oabroti npusmvl. OHa m3006paxena Ha puc. 1B.

4. ECTb YETBIPEXYT'OJIbHUK (A HET 2-YI'OJIbHUKOB U
TPEYTI'OJIbHUKOB)

3/eChb MBI CHOBA, PACCMOTPHUM DAL MO ICIY Ia€B.

4.1. B PA3BBUEHUU ECTH YETBIPEXYTOJIbHUK, TPAHUYAIAN TOJBKO C
NATUYTOJBHUKAMUA

ITOT YETHIPEXYTOJIbHUK BMECTE ¢ NPUMBIKAIOIIMMU K HEMY ATHYIOJb-
HUKAMU UMeeT KOMOMHATOPHYIO CxeMmy, m300paxenuyio Ha puc. 4. Purypa
C1ByCyB3C3ByCyB; mMeer 4eThIpe BHEIIHUX yria, paBHbix 120° (Bi, Bs,
B3, By4). 3aech CHOBa, BO3HUKAIOT ABE BO3MOXKHOCTH, M MBI OTAEILHO PACCMO-
TPUM [[BA, «IIOITIO[CIY Tas

4.1.1. B yruwl By, By, B3, B4y BIUCAHBI TOJBKO IISATAYTOJbHUKNA

Torga noryaaomasaca ¢urypa OygeT uMeTh Ha rparuie 4 CTOPOHBI (KOTO-
pBI€ MOXHO 3aKJICATH YeTHIPEXYTOABHUKOM). B pesyabrare momydaercs pas-
ouenue chepwl Ha purypy C1BsCoB3C3B4CyB1 n HONOIHUTENILHYIO K HEU
durypy Takoro xe tuna. OnucaHHAA CATYANUS PEATUIYETCA IPU HMEHTPAIH-
HOU mpoekuuu Ha cdepy 10-rpaHHUKA, COCTOAMErO U3 ABYX MPAMOYTOJbHBIX
7 BOCBMU MATUYTOJBHBIX PAHEN.

[Mocrpouts sToT 10-rpaHHUK MOXHO cienyiomuMm ob6pa3om. Brwummrem B
cepy ky6 ABCDCyD9 A9 Bs. I'pars Dy Ay BoC'y mOBEpHEM B CBOEH ILIOCKOCTH
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Puc. 4. Puc. 5.

Ha 45°, KaK mOKa3aHO Ha pucyHke 5, momy4as kBanpar A;B1C1D; (o Toxe
GygeT BuucaHHBIM B cdepy). LlenTpanbaeie npoeknun Ha cdepy KBaIpaToB
ABCD u A1 B1C1 Dy manyT aBa 9eTHIPEXYrOJIbHUKA HYXKHOIO ChHEPUIECKOro
mHOrorpanuuka. [lycrs O — npoekmus ueaTpa kBagpara ABCD Ha cdepy.
[Tpunexaiue K BepIIXHAM KBAJAPATOB pedpa MATUYTOJLHAKOB MOUIYT TIO JIHU-
HuAM nepecederus co cdepou Goabumx kpyros BDCoAy, ACByDy u aByx
Kpyros, npoxoasammx depe3 Todku OA1C; u OB D1. U106 3aBepmuTh 110-
crpoenue, Heo6xoaumo HauTu Ha ayrax OD, m ODC, takme Touku E u F,
aT0o6b1 06a yraa Dy EF u DF E pasuasaucs 120° (Torga ocTalbHBIE JyTH MOX-
HO nocTpouTh aHanorumvHo). Cramem cummeTpuvHO Bpamarth ayry EF or
HadaJbHOrO mojoxeHus D)D) mo cpegHero mOJOXEHWs, KOU[a €€ IIOCKOCTD
CTaHeT mapajuieibHa iockocTu kBanpaTa ABCD. IlockoabKy B KOHETHOM
nonoxeHun Tpedyembie yribl OyayT paBubl Y0°, 10CTATOIHO 4OKA3ATH, 9TO B
HAYAJIBHOM MOOXKeHur oHu 6osbine 120°, wim, 9T0 TO ke camoe, 9T0 chepu-
geckuu yrox D1 DCy mensine 60°. Ecan mosepuyTs kBagpat A;B1C1D; eme
Ha 45°, o nepenger B kBagpat A BaCo Do, nputem yron Dy DCy yBenmaurcs
u nepenger B yroa Do DCs. locaenuuu pasen 60°, kak monoBuHa chepude-
CKOT'0 yria Mexnay cocemuumu pebpamu KybHa. Tpebyembin 10-rpaHHuUK TeMm
caMbIM TocTpoeH. Ero npoeknusa Ha cdepy msobpaxeHa Ha puc. 13.

4.1.2. B yrasel B, By, B3, By BIUCAHBI HE TOJIBKO IIATAYTI'OJILHUKA

[lycts, mias ompenemreHHOCTH, B yroa By BOUCAH 4YeTHIPEXYTOJbHUK
(puc. 6).

Bymem cumTaTh, 9TO HUKAKWE MBA IETHIPEXYTOJbHUKA, HE UMEIOT OOuen
CTOPOHBI (Ba.pI/Ia,HTbI CO CMEXHBIMU IC€THhIPEXYT'OJbHUKAMU PACCMATPUBAIOTCA
naxee). Touku Cs, B3,Co u D BXOAAT B OJUH MHOIOYT'OJIBHUK, KOTOPHIN IIO
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B, FE

Cs

Puc. 6.

HAILIEMY JOMYyIEHIO ABIAeTCA maTnyroasaunkoMm Cs B3Co DE. Ilpu sToMm 0o6pa-
syercsa matuyroabank CyB1C1DE u eme ogun <eToipexyroabauk C3BiCyuE.

[lony1ernas xkoMOWHATOPHAA CXeMa BKIIOYAET J UeTHIPEXYTOMLHUKA U 6
OATUYTOABHUKOB U pealn3yeTcsa Ha cdepe Tak, ITO BCE YeTHIPEXyIOJbHU-
KU ABIAIOTCA «KBAaAPAaTaMM». JAMETHUM, 9TO [JINHA TUATOHAIN «KBAaApPATay HE
npeBocxoauT 1/3 mumHBI OKpyX)HOCTH GOABLIOrO Kpyra. Pasmecrus 3 «xBa-
apaTay Tak, 9TOOBI UX MUATOHAIM PABHOMEDPHO PACIOJIATAIKUCH HA DTOU OK-
PYXHOCTH, KaK HA DKBATOPE, U IIPOBEA U3 BEPIINH (KBAAPATOB» I'€0/[E3UYIe-
CKUE K IIOJIFOCaM, ITOIydIuM TpebyeMoe pa3bueHue, n3o6paxeHHoe Ha puc. 1x.
OHO mMeeT KOMOMHATOPHBIN TUI TAK HA3BIBAEMOrO MHOrOrpamuuka Cramre-

da (cm. [3]).

4.2. ECTb IBA COCEAHUX YETBIPEXYT'OJBHUKA, OKPY2KEHHEIX CO
BCEX CTOPOH IIATUYT OJIbBHUKAMMN

N3obpaxennas Ha puc. 7 KOHPUIypanws MHOTOYTOJLHUKOB HMeEET ILIO-
maAb 8 U ee I'DAHMALIA COCTOUT U3 6 CTOPOH; CIELOBATEIHHO, HELOCTAIOUINE
MHOTOYTOJBHUKHU [JOMXKHBI UMeTh cyMmMMapHyo miomanb 4. Ilockonbky , y
1 z (AHAJOTMYHO u, v U w) pa3feleHbl yraamu B 120°, OHM BXOAAT B OJWH
X TOT Xe MHOrOyroiabHuK. C y4eToM cOOOpaXeHUU ILIOIAU HETOCTAIOIIIE
MHOT'OYTOJbHUKNA — [BA I€THIPEXyTOIbHUAKA.

[Tockoabky m3006paxeHHBIE HA PUCYHKE ( I€THIPEXYTOJLHUKY UMEIT 00-
Y0 CTOPOHY, B CWIy CBOUCTBA 6 OHM paBHBI. Temepb paccCMOTpUM BEpX-
HAW TATUYTOJBHUK HA, PUC. 7. Y HEro eCTh mapa PABHBIX CTOPOH. SHAYUT,
0 CBOUCTBY 7, y HEro €CTb OCh CAMMETPHUU. AHAJIOTUIHO I HUKHETO
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E

Puc. 7. Puc. 8.

MATUYTOJBHUKA. B CmiIy TOro xe CBOUCTBA 7, BEPXHUU NATUYTOJIBHUK Pa-
BEH HUXHEMY, IODTOMY Bce pebpa, OTMEYEHHBIE Ha PUCYHKE XUPHBIMU JIU-
HUAMY, PABHBI MeXay cobou. Hakomern, B cmiy cBOUCTBA 7 IS HECMEXHBIX
CTOPOH BCE YeTHIPE MATUYTOJBHUKA, PABHBI, B YACTHOCTU & = U = 2 = W = G
uy = v = b. Hamen nanpuenen sagaden SBIACTCA BBIYUCIEHUE ¢ U b Ha
OCHOBAHUM 3TUX PaBEHCTB. [I0CKOIBKY CTOPOHBI MHOTOYT'OJLHAKOB HA cdhepe
ABIAITCA FeONE3UIECKAME, UX MOXHO pacCMaTpuBaTh Kak yriabl. CTOpOHBI
YETBIPEXYTOJBHUKOB ¢ U b CBA3AHBI COOTHOIICHUEM

a b 1

CormacHo MOKa3aHHOMY, C(epUUecKUe MATUYTOJbHUKY, YIaCTBYIOIIAE B
pa3bueHnn, UMEIOT BU[, YKA3AHHBIA Ha PUC. 8.
[Ipu sTom mmeroT mecto cootromenus AE = ED = a; BK = KC = b/2;
+EFAB = /ABC = ,/BCD = ,CDE = /DEA = 120°, orkyua
+KBF =_,KEA=60°,BKF = 90°.

[Ipumenss popmyast chepudeckon Tpuroomerpun (cM. [2]), mo cos a u3 Tpe-
yroasauka AEF nangem cos 4 BF K, a no Hemy Haugem cos(b/2). B pesyuan-
TaTe BOZHUKAET €Ile OJHO COOTHOUICHWE MEXIY ¢ u b:

b_ 1 1 (a1 —tg*(a/2) _ 1 2-tg*(a/2)
oS5 = Zﬁ(Scosa—i— 1) = 2V/3 <3l+tg2(a/2) + 1) V3 1+tg%(a/2)

Bossegem o6e gactu paBercTsa (1) B KBagpaT U HOACTABUM Ty[Ia 3HAUCHUE
tg?(b/2), BrIpaxennoe Uepes cos?(b/2). [lomyamm Taxoe COOTHONEHHE:

2 30+tg%@/2)? L\ _ 1
tg(a/2) ( (2 tg%(a/2))? 1) T

[Tocae mpeo6GpasoBAHUU MOAYTAETCA CAEAYIOUIEE YPABHEHWE OTHOCUTEILHO
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nemssecTHON ¥y = 1/tg?(a/2):
y> — 9,75y — 2 = 0.

OTO ypaBHEHME HMEET POBHO OAUH IOJOXWTEJLHBIM KOPEHb M OJHO3HAMHO
ompenenser suavenus tg?(a/2),tg(a/2) u a, mockomky a < 7. CregoBaTemrs-
HO, CyIIECTBYET IATUYTOJBHUAK CO CTOPOHAMU ¢ U b, KOTOPBIE yIOBIETBOPAIOT
ompepelsiomeMy cooTHomerno (1) u, creqoBaTeabHO, ABIAIOTCA CTOPOHAMUA
HEKOTOPOI'0 YeTHIPEXyroNbHUKA. [l0aTOMY KOHDUrypamusa, n3o0paxeHHas Ha
puc. 8, MoxeT ObITH NOCTPOEHA (EAMHCTBEHHBIM 00Pa30oM) 10 C(HePUIeCcKOro
MHOT'OT'PDAHHMKA, 1300paXeHHOro Ha puc. le.

O4eBHIHO, YITO I€THIPEXYTOMNbHAKYA MOI'YT YKJIAABIBATHLCA HA cepy B pi-
ObI. A BO3MOXHEI I ABOUHEIE pAAbI! Hampumep, Bo3sMOXHa U KOHQUTYPa-
nus, n300paxkKeHHas Ha, puc. 97

4.3. I[BE CME>KHBIE CTOPOHBI YETBIPEXYT'OJIbBHUKA ABJIAIOTCHA
CTOPOHAMMU APYT'MX YETBIPEXYI'OJIbBHUKOB

B CrIry TOro, ITo BCE YIVIbI I€THIDEXYT'OJIbHUKOB DABHBI

a| b mo 120°, o4eBuaHO, ITO Ha puc. 9 cTopoHa AB coBmamaeT ¢
B C C B, Tak 9T0 n300paXKeHHbIe YeTHIPEXY T OIbHUKA ABIAIOTCS
A Ha CaMOM Jefe «KBaApaTaMu».

[okaxeM, 9TO NPUBEIEHHYIO KOH(DUTYDPAIUIO HEIb3S

Puc. 9. pPACHIMPATHL MATHYTOALHUKOM. BCTaBMM HATHYTOJILHUK B

HEKOTOPBIA BHENMIHUU yroa KoHurypanuu. B TOT xe yroia
MOXHO BCTABUTHb M «KBAAPAT», OBE CMEXHBIX CTOPOHBI KOTOPOro OyayT
ABJIATHCA CTOPOHAMH MATHYTOMBHUKA. SIBIAACH BBHIIYKJIOW (PUTYypOH, MATH-
YLOJIbHUK 3aiMeT MPH DTOM HE MEHBIIe MOJOBWHBLI «KBaapaTar. Ho m3 co-
00paXeHUU IUIOMAAN OH HE MOXET 3aHATH U OOJee MOMOBUHBI (KBAAPATAN,
TaK 9TO OH JOJKEH COBIAJATH C TPEYTOILHUKOM, 06pa30BAHHBEIM CMEXHBIMU
CTOPOHAMH (KBAPaTa) U AMACOHAIBLIO, HA KOTOPYIO OHH omnmpatoTca. [Iporu-
BOpeynme.

CarenoBareasno, Hama KOHRGUrypanmsa (KaK U BCE MOy IaiOUMECs U3 Hee)
MOXET PaCIIAPATHCA TOJABKO «KBaapaTamMmy. B pe3yjabraTre MBI HOIyIuM Npo-
exyuto xyba, m300paKEeHHYIO Ha puC. 1T.

OcTanoch paccCMOTPETH CIydad, KOT/Ia IeThHIPEXyTOIbHUKEA 00pa3yoT He-
BAMKHYTBIA PAJ U KOTJIa OHE 06Pa3yIoT «KOIBIO).

4.4. UIMEETCSI BOJIEE [IBYX COCEIHUX YETBHIPEXYTOJILHUKOB, HE
OBPA3YIOIIUX «KOJIBLO»

Hecaoxuabivmm paccyx qeruamvu (KOTOPBIE MBI OCTABIAEM TUTATEINIO), OIY-
palomuMuca Ha pasjg. 1, MOXHO MOKA3aTb, YTO DTOT CJAyIall HEBO3MOXKEH.
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4.5. UMEETCs BOJIEE IBYX COCEIHUX YETBIPEXYTI'OJIBHUKOB, 1 OHI
OBPA3YIOT «KOJIBIIO»

[Iycts mmeercs k Takux deThIpexyroabHuKa. HeTpyaHo mOKa3aTh, 4TO
TOTIa, (KOJBIIO» MOXKHO JOIOJHATD A0 CHEPUIeCKOr0 MHOTOIPAHHUKA TOMBKO
3akiaenBanueM AByMs k-yroabHukamu. Ciaydam k = 3 u k = 4 6pumm paccMo-
Tpenbl panee. Ocraercsa Toabko (mo cBoucTBy 3) caydaum k = 5. flcHo, 9TO
B DTOM CJIydYae Ha Cpepe MOMyIaeTcs NPOeKIna IATHYrOJbHON npu3Mbl. OHa
n306paxkeHa Ha puc. 1m.

Ha sToM 3aKaHYIMBAETCA PACCMOTPEHME BO3MOXHBIX PAa30OMEHUN C IeThHI-
PEXYTOJBHOU I'PAHBIO.

5. ECTb TOJIbBKO IIATUYTOJbHUKNA

HeTpyauo mokasaTh, YTO HCKOMBIN Ipad ¢ IATHYTOJLHBIMYA IPAHAME KMe-
€T KOMOMHATODHBIM THII JOAEKAa’apa. B cuIy TeopeMbl eIMHCTBEHHOCTH
9TO — MEHTPaJbHAA HIPOEKIUs NPasusbho2o dodekasdpa, KOTOpasa u3obpa-
JKEeHa, Ha, pucC. 1u.

Mer mepebpaiu Bce BO3MOXHBIE M30TOHAJBHBIE Ipadbl Ha cdepe: Halre
IOKA3ATEIHECTBO 3aBEPIIEHO.

6. r[[OKASATEJH:)CTBO TEOPEMBI EAVHCTBEHHOCTH
s MOKa3aTeMbCTBA 3TOU TEOPEMBI TOTPEOYIOTCS [BE JEMMBI.

JIEMMA 1. Ilyecmo Ay ... A, u By... B, — dsa cepuneckur n-yz2oavru-
Ka maruz, wmo ,A; = ,B; (i = 1,...,n). Ha cmoponazr mnozoyzosvruka
Aq ... A, paccmasaenvl 3HAKY «+» U «—» 8 3ABUCUMOCTIU 0T M020, boabuLe
UAU MEHDULE JAHHAA CTOPOHA COOMBEEMCMBYIOULET CIMOPOHbL MHO20Y20AbHUKA
B ...By, (8 cayuae pasencmea wukarxol 3nak we cmasumca). Tozda, ecau
MHO20Y20AbHUKY HE PABHDL, MO KOAUUECTNBO NEPeMer 3HAKE NPU 00£0de MHO-
eoyeoavnuka Ax ... Ay 0ydem ne menee 4 (cmoponbl, He CHAONCEHHBLE 3HAKOM,
nPu NOJCUEme YucAq NEPEMER ULHOPUPYIOTNCA).

HOKABATEJBbCTBO. [lamHas semma npeacrasisgeT cobou nepedopmyim-
poBky aemmbl Komu (cm. [4]).

JIEMMA 2. ITycmo wa cepe napucosan 2pad ¢ nHenepecexaouumucs pe-
bpamu, Y KOmMopo2o HuKaKue 08e BePuUHbL He CoeduHnenbl boaee uem 00HUM
PEOPOM, U NYCTNBL KA HEKOTNOPLIE €20 PEOPAT PACCMABACHbL 3HAKY «+) U «—»,
npuuem ecmv roms ovi 00no pebpo, 2de cmoum s3nak. Tozda natidemcs sep-
WUHG, K KOMopot nodrodum xoms 6bt 00HO PEOPO CO 3HAKOM, HO KOAUUECTNEO
nepemen 3nakos pebep npu 06xode 60kpye Mot sepuunbt He boaee 2.
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Cay4Ai 1. Bee rpanu rpadga — TPEyroabHBIE U HET «IIYyCTHIX BEPIIUH»
(T.e. TAaKMX BepLIKH, YTO BCe peOpa, BHIXOISANME U3 STOU BEPIIXHEBL, HE IIOMe-
“ICHBI).

3aMeTuM, 9TO KOJIMIEeCTBO rpaHed B 1,5 pasa MeHbIIe, €M KOJIMIeCTBO
pebep. IlycTs kommdecTBO rpaHen paBHO 2k, a KoamaecTBO pebep paBHO 3k.
Torga no ¢popmyre dunepa (cMm. [5, c. 391]) kommdecTBo BepmuH paBaO k + 2.
[locTaTOYHO paccMOTpPeTh CIydal, KOT/a BCe pebpa MOMEYeHBI, TAK KaK B
IIPOTUBHOM CJIyYae MOXHO PACCTABUTH HELOCTAIOUIVE 3HAKW IIPOU3BOJLHBIM
00pa3oM, 1 TOrJa KOIAMIECTBO MEPEMEH 3HAKOB B KaX JOU BEPIIVHE HE YMEHb-
mwuresa. Jius KaX o rpaHd KOJUYECTBO MEPEMEH 3HAKOB B DTOU I'DAHU HE
6osee OBYX, MOITOMY OOIIee KOAMIECTBO EPEMEH 3HAKOB B MPAHAX (WIM, ITO
TO Xe, B BepumHax) He 6onee 4k. KommaecTBo Bepumu paBuo k + 2, 3HA4MT,
HAWJETCS BEPIIWHA, I'jie KOIMYEeCTBO IEepeMeH 3Haka OymeT Menbine 4, T.e.
< 2, 9TO U TpebOOBAJIOCH TOKA3ATh.

Cay4Ait 2. I'pad cBsasubil, 6e3 KpaTHBIX pebep, u HET IyCTHIX pedep.

ITOT CIy4aud MOXHO cBecTu K ciaydaro 1. Kaxmpas rpass npegcrasisger
c0O0U MHOrOYTOJbHUK, KOTOPBI MMeEeT He MeHee Tpex pebep, U ee MOXHO
pa3buThb Ha TPEYTOJIbHUKH, He m06aBIdA HOBBIX BepimuH. /lobGaBadas pebpa
pa3buenusd, monaqeM B yCIOBUA caydas 1.

OBIIUNA CIYYAI.

Y naaum m3 rpada mycTrle pebpa u mycThle BepInHbL. Torga rpad MoxeT
pacmacThCA HA HECKOJIBKO KOMIOHEHT CBA3HOCTHU. Bribepem omHy M3 HUX U
OPUMEHUM K HeH caydau 2.

JlokazaTeabCTBO JEMMBI 2 3aKOHIEHO.

JOKABATEILCTBO TEOPEMBI. O603Ha4uM rpadnl, o6pa3oBaHHBIE
pebpamu 3aJaHHBIX MHOI'OTPaHHUKOB, Yepe3 A u B. Paccmorpum rpadger A’ u
B', asoiicTeennbie k rpadam A u B coorBercTenno.?) Mexay pebpamu rpa-
da u pebpaMu TBOUCTBEHHOT'O K HEMY rpada UMEeTCsA B3AUMHO OJHO3HATHOE
coorBercTBue. [[0CKOIBKY MHOMOrpaHHUKYA KOMOMHATOPHO SKBUBAIEHTHEI, A’
u B’ moxno oroxaectsurhb. Ha kaxgom pebpe a rpada A’ mocraBum 3Hak
«+» WM «—» B 3aBUCUMOCTH OT TOT'0O, KakKoe m3 pebep MHOTOTPAHHUKOB A
u B, coorBeTcTByOmMUX ¢, 60abuie. Kcam MHOTOrpAHHUKY HE PABHBI, K I'Pa-
by A’ moxuO mpumenuTs Jemmy 2. ITo aron aemme, B A’ mHanigerca Hemycras
BeplIuHA P ¢ He Oojee YeM ABYyMs MEPEMEHAMU 3HAKOB. DTOU BEPIIUHE COOT-
BETCTByeT nBe rpaHu B MHOrorpanuukax A m B. Eciu sty rpanu 6buim Gbl
PAaBHBI, TO BEPIIXHA, P ObLIA OBI IIyCTOU. SHAYUT, OHU HE PABHBI, U MOXHO [IPHU-
MEHUTH JeMMy 1, COTIACHO KOTOPOU YHUCJIO MEPEMEH 3HAKOB B 3TOU BEPIINHE
IOJXKHO OBITH HEe MeHee 4, B TO BpeMsa KaK OHO, IO NOKAa3aHHOMY, He Goaee 2.

%) JIpoiicTBennrM K rpady A asmserca rpad A’, BepIIMHEI KOTOPOTO BEIGPAHBI IO OLHOM
B Kax10i rpasu A, u ase Bepmmubl A’ ¢BA3aHEI peOPOM, €CIU COOTBETCTBYIOMUE rpanu A
umeloT obmee pebpo.
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BBuay nonygennoro nporusopeuns, Muororpanauku A u B pasabl. Teopema
TOKa3aHa.

Aprop 6rarogapur A. B. CoOCMHCKOTO 33 MOCTAHOBKY 3aa9M U BHUMAHUE
K pabore.
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CpaBHUTEIbHAA 'eOMETPUA TPEYTIOJbHIKA 1
TeTpa’sapa

A. A. 3acnasckun

IIOCTAHOBKA 3AIAYM

JTa CTaThA MOCBAIIEHA 33 /4a€, KOTOpasd ObLIA MPEAIOKEHA IIKOIbHUKAM
Ha XV aernen koudepennuu Typuaupa ['opogos B aBrycre 2003 roga. [locra-
HOBKA 33,/1a4U ABJIAECTCA COBEPIIEHHO €CTECTBEHHOU. [lencTBUTeIbHO, G0oabIIas
9aCTh ILUIAHUMETPHUU COCTOUT B M3YUEHWM CBOUCTB TPEYrOJbHUKA. Tpexmep-
HBIM AHAJOTOM TPEYTOIbHUKA ABIAETCA TETPAAP, MOITOMY BIOIHE JOTUIHO
MMOCTABUTD BOMPOC, A KAKAX CBOUCTB TPEYTOIBHUKA CYUIECTBYIOT TPEXMEP-
Hble aHAJOTU. BupodeM, B moaHOM 06beMe 5Ta 331394 aOCOTIOTHO HEIO HEM-
Ha. /locTaTOYHO CKA3aTh, ITO B BJIEKTPOHHOU SHIMKIONEnH [1] dmcao cBa3an-
HBIX C IIPDOU3BOJBHBIM TPEYTI'OJIBbHUKOM 3aME€IaTECAbHBIX TOYICK HpI/IGJII/I)Ka.eTC}I
yxe k 2000. 3mech MBI PACCMOTPUM BOIPOCHI, CBI3AHHBIE TPUMEDPHO C AECAT-
KOM DTHUX TO4EK, KOTOPBIE Oy IyT MepeInucCaeHbl HUXKE.

1. HHenmp mascecmu M — To4Ka mepecedeHns MeIUaH TPEYTOIbHUKA.

2. Henwmp onucannoti oxpyrcnocmu O — TOUKA MEPECETEHNUI CEPETUHHBIX
NEePIeHAUKYIAPOB K €r0 CTOPOHAM.

3. Ilenmp enucannot oxpyrcrnocmu I — Touka nmepecedeHus ero OUCCEK-
Tpuc. HamomuuM, 910 071 1106000 TPEYyrOAbHUKA CYIIECTBYIOT €llle TPU BHe-
BIIMCAHHBIE OKPYXHOCTH, KAXK A U3 KOTOPBIX KACAETCI OMHOU U3 €ro CTOPOH
¥ TPOJOJKEHUN IBYX APYTHUX.

4. Opmoyenmp H — TodUka nepeceveHus BLICOT Tpeyroabauka. Ormerum,
gro Touku O, M u H nexar Ha omHOU mpsamou (mpsamas dunepa) u HM =
= 2MO. Kpowme Toro, Touku O 1 H H30rOHAILHO CONpAKEHBID).

5. Touxa MKepeonnag G — TOYKA MEpPECEICHUS OTPE3KOB, COCTUHAIOMIUX
BEPHIVHBI TPEYT'OJbHUKA C TOYKAMHN KaCaHUsA NPOTUBOIOJOXHBIX CTOPOH MU
BIIMCAHHOU OKPYXHOCTH.

6. Touxa Haeceas N — TOUKA mepecevIeHNs OTPE3KOB, COEIUHIIONNX BEP-
MIVHBI TPEYT'OJABbHUKA U TOIKHN KACAHUA IIPOTUBOIIOJIOXHBIX CTOPOH C COOTBET-

DEcmm gamsr rpeyroasuank ABC u Touka P, TO OpAMBIe, CHMMETPUIHbIE IpAMBIM AP
A pey ) p ) p p )
BP, CP orHOCUTEIHHO OUCCEKTPUC COOTBETCTBYIoUmMX yrios ABC, nepecekarnTcsa B OJHOU
Touke P, KOTOpas HA3BIBAETCA U3020HALbHO conpaxcennoli P oraocurensao ABC.

MaTemaTny4eckoe npoceewierne, cep. 3, soin. 8, 2004(78-92)
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CTBYIOLIEN BHEBIIUCAHHOW OKPYXHOCTHIO. [Ipu oToMm Touku N, M, I nexat Ha
omguon npsavon u NM = 2MI. Ormerum Takxe, 9ro Touku G u N m30TO-
MIY9ECKH COLPAXEHB?) APYT APYTY, & M30COHAIBLHO CONPAKEHHBIE IM TOYKM
SABJIAOTCA MEHTPAME TOMOTETUU ONUCAHHOW U BIUCAHHOU OKPYXKHOCTEH.

7. Touxa Jemyana L — wm3oronaabuo coupsikennas touke M. Touka L
o6IaaeT TaKXke TeM CBOUCTBOM, YTO CYMMa KBAJPATOB PACCTOSHUU OT Hee
10 CTOPOH TPEYTOJbHUKA MEHBIIIE, eM I JI0O0U IPYTOU TOYKHU ILNIOCKOCTH.

8. Touxu Toppuueasu — Touku nepecedenus npameix AA', BB’ u CC',
rae ABC', BCA', CAB' — upasuibHble TPeyroJbHUKHA, HOCTPOEHHbLIE Ha,
croponax Tpeyroabauka ABC. [Ipu 5T0OM, eciu TPEyroIbHUKYU CTPOITCI BO
BHEIIHIOIO CTOPOHY, HOJNYYaeTCsA IepBasd Touka Toppmuemwiu 17, a ecam BO
BHYTPEHHIOI0, — BTOpas To4Ka Toppudemnn 15. Eciau Bce yrier Tpeyrorsauka
Mmenbie 120°, To Touka 1 JeXUT BHyTPU TPEYTOJIbHUKA U U3 HEE BCE CTOPOHBI
TpeyronpHuKa BuUAHBI nmon yriaamu 120°. B sTtom ciydae ona obramaer ere
OOHUM BaXHBIM CBOfICTBOM: CyMMa paCCTO}IHI/IIjI OT BEPHIVH TPEYT'OJbHUKA OO
Toukm 1] MeHbIe, IeM [0 JIOOOU APYTON TOUKM ILNIOCKOCTH.

9. Touru Anoatonus — TOYUKN MEPECEUCHUT TPEX OKPYKHOCTEN, KAXK A
73 KOTOPBIX IPOXOAUAT 9Y€epe3 OAHY BEpUIMHY TPEYTOAbHUKA W TOYUKU IIEpe-
cegeHusa 6I/ICCQKTpI/IC BHYTPDEHHET'O M BHEOIHET'O YIVIOB IIDU 3TOI?I BEpumuHE C
IPOTHUBOIIOMOXHON CTOPOHOU. Touky AMooHusa o6Iagar0T TEM CBOUCTBOM,
9TO PACCTOAHUA OT HUX [0 BEPIINH TPEYTOAbHUKA 0OPATHO IPOIOPIMOHAIL-
HBI COOTBETCTBYIOIINM CTOPOHAM, & UX IMIPOCKIUN HA CTOPOHBI TPECYTI'OJIBHUKA
00pa3y0T TpaBUWIbHBIE TPEYTOJbHUKEU. Kpome TOro, ToUku ANOmIIOHUA U30-
TOHAJIBHO CONPSIXKEHbI ToYKaM Topputientu, mosToMy MbI O6ygeM 0603HAYATD
ux xak 17, T}

Mgt 6ygem uccregoBaTh BOIPOC, CYMIECTBYIOT JIU QHAJOTUIHBIE TOYKU B
IIPOW3BOJBHOM TeTpa’Jpe, U, €CIu HeT, TO KaK OMMCATh COOTBETCTBYIOIINE
KJIACCHI TETPAdAPOB, & TAKKE CYMIECTBYIOT JIU MEXAY TPEXMEPHBIMU 3aMetda-
TCJAbHBIMU TOYKAMHN TAKHNE XK€ CBA3U, KaK MEXAY UX IIJIOCKUMU aHAJOT'aMU.
IIpuBemem cHagata PeE3yJabTaThI, KOTOPHIE MOXHO CIATATH MIAPOKO U3BECT-
HBIMU.

W3BECTHBIE ®AKTHI TEOMETPUN TETPASIPA

1. OTpesku, coequHAIOIINE BEPUIUHLI TETPAdAPA € MEHTPAMU TAXKECTH
MPOTHUBOIOIOKHBIX TPAHEN, IEPECEKAIOTCA B OJHOU TOYKE — HEHTPE TAKECTHU
Terpadapa M. Ouu geasar gpyr gpyra B oTHOmeHun 3 : 1.

DEcm upsamble AP, BP, C'P nepecekaoT IPOTUBOIOJIOXKHBIE CTOPOHBI TPEYTOJbHUKA
ABC B Toukax A, B, Ci, a Touku Ay, By, Cy cummerpuunsr A;, By, C1 oTHOCUTEILHO
CepeauH COOTBETCTBYIOIIMX CTOPOH, TO mpambie AA,, BBy, CCy mepecekaioTcsa B OJHOU
Touke P, KOTOpas Ha3BIBaeTCA uzomomuvecky conpaxcennoti P orrocureasno ABC.
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2. Bokpyr at060ro Terpasapa MOXHO onucaTh cdepy. Ee nearp — Touka
O mepeceveHus NepUeHIUKYIAPOB K I'PAHAM TETPAdAPA, IPOXOAAMINX Tepe3
[MEHTPHI OMUACAHHBIX OKOJO HUX OKPYXKHOCTEHN.

3. B mrobou Terpasap MmoxHO BrucaTh cdepy. Ee nearpom I Gyger Tod-
Ka nepeceveHus OuCCeK TOPHBIX IMIOCKOCTEN ero AByrpaHHbix yriaos. CroxHee
BBIACHUTD, CKOJIBKO CYIIECTBYET C(pep, KACAIMXCI ILIOCKOCTEN BCEX I'Pa-
Hen Terpasapa. Ilpexpe Bcero orMeTuM, YTO UX HE MOXET ObITh Goabine 8.
[lencTBUTENBHO, TAK KAK HEHTP TAaKOU CPephl PABHOYAAJEH OT ILIOCKOCTEN
ABC u ABD, oH 1eXuT B OGUCCEKTOPHOU INIOCKOCTH OJHOTO U3 JABYX CMEX-
HBIX IBYTPAHHBIX YIVIOB MEXJY STUMM IUIOCKOCTAMU. AHAJOTUYHBI yCIOBUA
pasuoy gagennocTu oT mwiockocren ABC u ACD; ABC u BC'D. Tak xak kKa-
XKAVIO IIOCKOCTh MOXKHO BBIOPATH 2 COCOo6aMu, A TPEX MIOCKOCTEH MMeeM
8 Bo3MOXHOCTEH. B Kaxa0M u3 5TUX 8 CIydIaeB IUNIOCKOCTU UMEIOT He GoJee
OAHOM O0mer TOYKM (B MPOTHBHOM CJIydae, HAPUMED, OUCCEKTOPHAA ILIOC-
KOCTb yraa npu pebpe AB npoxoamta 6er aepe3 Touky C, 9TO HEBO3MOXHO),
KOTOpaA OJHO3HATHO OLpeneiieT chepy.

OcTanoch TOHATD, NEUCTBUTENBHO Ju 3Tu 8 cdep cymecTByioT. i1 aToro
MOCMOTPHUM, HA KAKWE YacTU Pas3OUBaIOT MPOCTPAHCTBO ILIOCKOCTU TPAHEN
TeTpasapa. O4UeBuIHO, ITO STUX JacTen 15:

a) BHYTPEHHOCTb TETPasApa,

6) 4 TpeXrpaHHBIX yIua ¢ BEPIIMHAMM B BEPUIMHAX TETPAdAPA,

B) 4 9aCTH, IPUMBIKAIOIMX K TPAHAM TETPadapa,

r) 6 «KOpBITEI), IPUMBIKAIONMX K pedpaM TeTpasapa.

OdeBugnO, uTO B YacTu Tuna 6) cdepa BOuCaHA OBITH HE MOXET, TaK KaK
KaX[Jasd U3 TAKAX YaCTEeH HE MEPECEKALTCA ILUIOCKOCTHI0 YeTBEPTOU TI'DAHMU.
[Mokaxewm, 9TO I 9aCTH THANA B) BHEBNUCAHHAA Cepa CyEeCTBYyeT BCEr/a.
[l1s 5TOro MOCTPOMM BIUCAHHYIO B TeTpasnp cdepy u MpoBeieM K Hel Ka-
CATEIbHYIO ILUIOCKOCTh, HampuMep, mapawuieabayio miockoctu ABC. Ona ot-
CEKAeT OT TEeTPadApa rOMOTETUIHBIU (¢ meHTpoM romorerun D) TeTpasap
A'B'C'D. CooTBeTcTByIOmAA TOMOTETHA IEPEBOANT BIUCAHHYIO CHEPY B HC-
KOMYIO BHEBIIUCAHHYIO.

Haxomen, nccregyem gactu tuna r). [lycTs B Takyio 9acTh, IpHIEKALLYIO
K pebpy CD, MOXHO IOMECTUTD CPepPy, KACAOUIYIOCA IIOCKOCTEN BCEX I'Pa-
mel, ¢ nearpoMm K u pagmycom r. Torga

Vapep = Vapek +Vappk — Vacpx — VBepk =
T
= g(SABC + SaBp — Sacp — SBcp)-
Otcioga crenyer, 9TO HEOOXOMUMBIM YCJIOBAEM CYIIECTBOBAHUSA MCKOMOU
ceper GyeT HepaBeHCTBO Sapc + SaBp > Sacp + Spep. [aa gokasarens-

CTBa €ro JOCTATOIHOCTHU 3aMETHUM, ITO [IJIA JIOO0U TOIKN PACCMATPUBAEMOTO
(KOPBITLIA» ee paccToauud a,b,c,d mo mrockocren BCD,CDA, DAB, ABC
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YAOBJACTBOPAIOT COOTHOLICHUIO

dSapc +cSapp — bSacp —aSpcep = 3V.
3V
Sapc +SaBp — Sacp — Seep

Ilosromy, mma Toukm K ¢ a = b = ¢ = r =

BBILIOJIHAETCA d = T.

Takum obpaszom, ecmu Sapc + Sap = Sacp + Spcp, TO HU B OAHO U3
«KOpHITEI, mpuieraiomux K pebpam AB u CD, BuucaTth cdepy HelIb3sdA, a ec-
anx Sapc + SaBp # Sacp + SBep, TO ¢cpepy MOXHO BOMCATHL POBHO B OJTHO
n3 9T;mx ABYX «KOPBITEI . CjOOT'BeTC'I"BeHHO7 B 3aBUCUMOCTHU OT TOI'0O, CKOJBKO
u3 paBeHCTB SApc +SaBp = Sacp + Sseps Sapc +Sacp = Sasp — SBeps
Sapc+Spep = Sacp + SABD BBHIIOIHAIOTCA, KOJIUYIECTBO C(pep, KACAIOIIIX-
€A BCEX IUIOCKOCTEUW I'paHed TeTpa’apa, MoxeT ObiTb oT 5 no 8. Herpymuo
IOCTPOUTH NPHUMEPHI TETPA3POB, PEAIUIYIOIINX YKAa3aHHBIC BO3MOXHOCTH.

Kpacmomapckuu mkoasauk . [[IHypHUKOB Halen Apyroe ycaoBHE [t
OIpeJeJeHNs YUCIa BHEBIUCAHHBIX Cdep.

YTBEPXKAEHUE 1. Eciu ,/ADB+ ACB = ,CAD+ ,CBD, To H: B OTHO
73 (KOpBITEIl, npuieraomux K peépam AB u CD, wenb3a Boucats cdepy, a
eciu ,ADB+ LACB # ,CAD + ,CBD, 10 cpepy MOXHO BIUCATH POBHO B
OJHO U3 DTUX JIBYX «KOPBITEI.

JIEMMA 1. Ilycts man werwipexrpanabi yron OABCD u cdepa, Kacaio-
wasca uanyTpu ero rpaunern OAB, OBC u OCD. Torza

—ecm ,AOB + ,COD = ,BOC + AOD, to mnockocts OAD Takxe
KacaeTca chepH;

—ecm ,/AOB + ,COD > ,BOC + ,AOD, To miockocts OAD ne nepe-
cexkaeT cdepswl;

—ecm ,/AOB+,COD < ,BOC+ ,AOD, ro mmockocts O AD nepecekaer
cdepy.

,Z[OKH.B&TGJILCTBO JeMMBI 1 OJIHOCTBIO IIOBTOPAET NOKa3aTEJIbCTBO aHAJIO-
TUIHOI'O Y TBEDPXK ACHU 00 OImMCAaHHOM ICeTHIPEXYT'OJILHUKE.

JOKABATEJLCTBO YTBEPXKIEHUA 1. Haugem Temepr HeoOxomammoe u
JOCTATOYHOE YCJIOBUE CYIIECTBOBAHUA CEPhI, BIUCAHHON B «(KOPBITIEY, ITPU-
aeratomee Kk peopy CD. Ilycts ayun DP u D() npOTUBOIOIOXHBI COOTBET-
crBeHHo DA u DB, a nyau DR u DS napannensus: aygam BC u AC (puc. 1).
PacemoTpum m06yio cdepy, Kacaolryocsa Becex rpaten yraa D PQRS, kpowme,
Bo3MOxHO, DRS. Ecan mockocts DRS nepecekaer cdepy, TO MEHsA ee pa-
IUYC, MOXHO HOOUTHCA UCKOMOT'O KaCaHuA ¢ mwiockocTbio ABC, a ecan HeT —
TO Heab3dA. [lo semme 1 cooTBeTCTBYyMOIIEE YCIOBUE MMEET BU

+ADB+ ACB > ,CAD + ,CBD.
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PrQ

Puc. 1.

Ananoruuno, mis pebpa AB HEOOXOAUMBIM U JOCTATOYHBIM YCIOBUEM OyaeT
OIPOTUBOIIOJOXKHOEC HEPABEHCTBO.

Bupouem, ybemurhca B papHOCHIBHOCTH ycaosuu ,ADB + ACB >
> CAD+ ,CBDu Sspc+Sapp > Sacp~+SBcDp MOXHO HEIOCPEACTBEHHO,
paspesas Terpasap no pedbpam AC, BC', AD u BD Ha nBa 9€THIPEXyrOJIbHU-
Ka C PABHBIME CTOPOHAMU, HO PA3HBIMU YIVIAMU U CPDABHUB UX ILIOMIAMMN.

OTrMeTnM Takxke creayommi Baxab GakT. [lycts | — menTp Brucas-
HOU cdepsl TeTpasapa, X, Y — ero mpoekmuu Ha pebpa AC, BC, D' —
Touka KacaHusa coepsl ¢ rpanbio ABC (puc. 2). Torga mo Teopeme 0 Tpex

AC BC
nepneraukyaapax D' X = rctg - D'Y =rctg -5

Taxum 06pa3oM, pACCTOAHUI OT TOYKY KACAHUS J0 CTOPOH OCHOBAHUS OT-

HOCATCSA KaK KOTAHT'€HCHI MTOJOBUH JABYT'PAHHBIX YIVIOB MIPX COOTBETCTBY IOIIMX

D
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pebpax. AHAIOIUYHO, €CIM PACCMOTPETHh BHEBIMCAHHYIO C(heEpPy, KACAIOULYIO-
ca rpaau ABC' u mpOOIXKEeHNT OCTAIBHBIX TPAHEN, TO PACCTOAHUA OT TOUKI
D" ee xacarna ¢ ABC no pe6ep OCHOBAHMA OTHOCATCA KAK TAHIEHCHI TEX XKE
yraos. Orcona cregyer, 9To

,D'CA=,D"CB, ,D'AC=,D"AB, ,D'BC = ,D"BA,
T.e. TOKa3aHO

YTBEPK/IEHUE 2. To4uku KacaHUA BIMCAHHOUW M BHEBIIMCAHHOU Cdep n30-
POHAJIBHO CONPAXEHBI OTHOCUTEIBHO COOTBETCTBYIOMIEN I'PAHMU.

PaccmoTpum Temeps TOUKy kKacamua mimockoctu ABC ¢ BHEBIUCAHHON
cepon, kacaromeucs rpaaun ABD v npogoIXeHu OCTAIBHBIX I'panen. Pac-

o BC AC
crosauusa ot srou Touku 10 BC, CA u AB orHOCATCA KaK ctg - ctg -
AB o
th. CrenoBaTenbHO, A M30TOHAJBHO COIPAXKEHHOU TOYKM OTHOIICHUE

AC
7 .
nmoxydaeTca mis Touku Kacauua ABC co cdepour, BOUCAHHOU B (KOPBITIIEY,
npuierasomee K pebpy CD (uwmm AB). Takum 06pa3om, 8 TOYEK KaCAHUA IIOC-
koctu ABC co chepamu, KaCAIOIMUMUCA IIOCKOCTEHR BCEX IPAHEN TEeTPadaApa,
pasbuBatoTCA HA 4 TAPHI U30TOHAJBHO CONPIAKEHHBIX.

o BC AB
3THUX PACCTOAHUU PABHO tg - 1 tg ctg - Nmenuo Takoe OTHOLIEHUE

[Mougem manbmre. Kak mssectHo, ecin Sapc + Sapp = Sacp + Sscp, TO
HI B OJHO U3 (KOPBITEI, mpuierammux K pebpam AB u C D, Helb3sa BIUCATH
cepy. DTO CBA3AHO € TEM, ITO TOYKYU KACAHUSA CPEPHI C IIOCKOCTAMYI TPAHEN
yXOAAT B 6ECKOHEIHOCTh. HO TOrga M30rOHANBLHO CONPAXKEHHBIE MM TOYKHI
JEXAT HA OMUCAHHBIX OKPYXHOCTAX rpaHen. OTCona u u3 paHee JOKA3aHHBIX
YTBEPXKICHUU CICTYET

TEOPEMA 1. Caegyromue ycaoBus PABHOCUIbHBL.

a) Hu B oguO m3 «xopeITemy, npurerajommx Kk pe6pam AB u CD, menwss
BIIICATEH cdepy.

6) Sapc + Sapp = Sacp + Seep.

B) +ACB+ ,ADB = ,CAD + ,CBD.

r) Touka kacanus mwiockoctu ABC ¢ BHeBnuCaHHOU cPepor, Kacarolen-
csa rpasu ABD v npOogoaXeHU OCTAIBHBIX IPDAHEN, JEXUT Ha OKPYXKHOCTH,
omucanunou okono ABC.

1) Touka kacanmsa mrockoctu ABD ¢ BHeBnucaHHOU CHEPOU, KaCAIOIEn-
ca rpaau ABC 7 IpOJOMXEHAN OCTAIBHBIX I'PAHEH, JeXUT HA OKPYXKHOCTH,
onucanuon okoao ABD.

e) Touka xacanus mrockoctu ACD ¢ BHeBIUCAHHOU cPepor, Kacarolen-
¢ rpasu BC'D v npogoiXeHuit OCTAIbHBIX IPDAHEN, JEXUT Ha OKPYXKHOCTH,
onucanuon okoao ACD.
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x) Touka xacanus naockoctu BC'D ¢ BHeBnUCAHHOU CHEPON, KACAIOIEH-
ca rpaau AC'D u npOJOMXKEHUE OCTAIBHBIX I'PAHEN, JeXUT HA OKPYXKHOCTH,
onucanuoun okoiao BCD.

3) LeHTp BOUCAHHOU CepbI JEXUT B IIOCKOCTH, IPOXOISIIICH Yepes ce-
pemunst pebep AC, BC, AD, BD.

[Mocnenuee ycaosue mangeno C. JI. Bepaosbim. Ero paBHOCHIBHOCTD yCJI0-
BUIO 0) ClIeAyeT W3 TOrO, YTO LEHTP BIUCAHHOU CQepHI ABIACTCA BBILYKJION
JMHEMHOU KOMOMHALMEN BEPLUIMH TETPadApa ¢ KO3 UIMEHTAMY, IPOIOPIIN-
OHAJBHBIMU IUIOMIAAAM POTUBOMOIOXKHBIX I'DAHEN.

U3 Teopembl 1 MOXHO HOIYyYUTH MHOXECTBO KPACUBBIX CAeACTBHU. BoT
OJHO U3 HUX.

Ecau Touku xacaHus OMHOU M3 BHEBIUCAHHBIX Chep C INIOCKOCTAMHI TPEX
rpaHer TEeTPasapa JeXaT Ha, ONMMCAHHBIX OKPYXHOCTAX DTUX I'PAHEH, TO TO XKe
BEPHO I TPEX APYTUX BHEBIUCAHHBIX cdep (COOTBETCTBYIOUMU TETPAadAD
HA3BIBACTCA PAGHOZPAHHbIM, TAK KAK BCE €TI0 TPAHYN — PABHBIE TPEYTOJLHUKH.
O paBHOIDAHHBIX TETPa’APaX MOXKHO IIPOYECTH B cTaThe [2]).

MoxeT BO3HHKHYTBH BOIIPOC: MOUEMY B KAMECTBE AHAJOTA BIUCAHHOU OK-
PYXHOCTH TPEYTOIBHUKA, MBI PEIIUIN B3ATH ChHEPY, KaCAIOIy0Ca BCEX TPaHen
TeTpaldpa, a He Bcex ero pebep. [lemo B ToMm, 4To mocaequsas cdepa Cymec-
TByeT He Bcerga. [lercTBuTensHO, mycTh cdepa KacaeTcs pebep TeTpasapa
B roukax X,Y, Z, U, V,W (puc. 3). Torna AX = AU = AW = q, xax kaca-
TeJIbHBIE, IPOBEIEHHBIE K cdepe u3 ogquou Touku. Ananoruano, BY = BU =
=BV =0CZ=CV =CW =¢, DX = DY = DZ = d. CregoBaTennb-
wo, AB+ CD = AC + BD = AD + BC = a4+ b+ ¢+ d, T.e. HEOOX011-
MBIM YCJIOBHEM CYIIECTBOBAHUA MCKOMOU CPEPHI ABAACTCA PABEHCTBO CYMM

D
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IPOTHUBOLONOKHBIX pebep TeTpasapa. Kak nokasano B [2], aT0 ycaosue Oyger
7 TOCTATOTHBIM.

TeTpasapbl, A1 KOTOPBIX CymecTByeT cdepa, Kacarowaiacs BCeX ero pe-
6ep, HA3BIBAIOTCS KAPKACHbIMU. B [2] IpUBOAMTCA CleAyIOMUN IEPEYeHb DaB-
HOCWIBHBIX KAPKACHOCTHU CBOUCTB:

a) TeTPadap ABIAETCA KAPKACHBIM;

6) CyMMBI IPOTUBOLOIOXKHBIX peGep PABHHI;

B) CyMMBI IPOTUBONONOKHBIX JABYI'DAHHBIX YIVIOB DABHBI;

I') OKPYKHOCTH, BINCAHHBLIE B IPAHU, IOMAPHO KACAIOTCH;

1) 1000601 9YeTHIPEXyrOJbHUK, OOpa30BAHHBIN HA Pa3BEPTKE TETPAdAPA
IBYMsA €r0 TPAHAME, OIMUCAHHBIN;

€) MePIeHAUKYIAPHI K TPAHAM, BOCCTABIEHHBIE U3 IEHTPOB BIUCAHHBIX B
HUX OKPYXHOCTEH, IEPECEKAIOTCA B OJHOU TOYKE.

Huxe Oyner mokasaHO, 9TO 3TOT CIMCOK MOXHO JOTOJHUATH.

4. BBICOTHI IepeceKaloTCA B OJHON TOYKE HE /I BCEX TETPA3APOB, & JUIIh
VI HEKOTOPOIO CIEHMUATIHHOIO KIACCA — OPMOYEHMPUUECKUL TETPADAPOB.
B [3] mokasbiBaroTcs ciegyiomue yCIOBHs, SKBUBAICHTHBIE OPTOLEHTPUTHO-
cTu:

a) MPOTHUBOMOIOKHBIE PeOPa TeTPasdaApa MEPIEHUKYIADHBL;

6) CyMMBI KBaJpPATOB IPOTUBONOIOKHEIX pebep PaBHEL;

B) OCHOBaHWME JTIOO0OU BBICOTHI TETPAdAPA COBIAAAET ¢ OPTOIEHTPOM IIPO-
TUBOIIOJOXHON I'DAHMH.

OTmMeTnM Takxe, 9TO AIA OPTONEHTPUIECKUX TETPAdAPOB CyMECTBYET
AHAJIOT TPAMOU JWIEpa: TOYKA nepecederus BeicoT H, uentp Taxectu M u
meHTp omucanuou cgepnl O gexart Ha oguou npamou u OM = OH.

B [3] onucan emwe oauH kiaacc Terpasgpos. TeTpasap HA3BIBACTCA UHYEH-
MPUYECKUM, €CIA OTPE3KHU, COSTUHAIOMINE €0 BEPUINHLI C EHTPAMUI BIUCAH-
HBIX OKPYXHOCTEH IIPOTUBOIMOMOXKHBIX IPAHEN, IEPECEKAIOTCA B OJHOUN TOUKE.
s >Toro HE06XOAUMMO U JOCTATOIHO, ITOOBI TPOU3BEAEHUA PO TUBOIIOMONK-
HBIX pebep ObLIN paBHEL.

HOBBIE ®AKTHI

BrracHuM Teneph, B KAKUX TeTPa’dApax CYIIECTBYIOT aHAJIOrU TodekK 2Kep-
rouHa u Harems. [lma sToro GygeT moJe3HOU CJIETYIOIIAL

JIEMMA 2. Ilycts Touka C’ nexut B rpanm ABD Terpasapa ABCD, a
touka D' — B rpanu ABC. Orpesku CC' u DD’ nepecekatorcsa Torga u
TOJBKO TOr'oa, KOTr'Jga SACD’SBDC’ = SBCD’SADC’-

[TOKABATEJBCTBO. [las Toro, arobet CC' u DD’ nepecekanucs, Heo6xo-
JUMO U TOCTATOIHO, 9T00bI Touky C, D, C' u D' nexamm B 0JHOU IIOCKOCTH.
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[ycre X — Touka nmepecedenus >Tou mwiockocTu ¢ orpeskom AB. Torgpa ot-
pesku CD' u DC' nepecekarorca B Touke X, U 3HATAT

Sacp _ Sacx —Sapx _ AX _ Sapc

)
Secp Specx — SBD' X BX  Sppor
9TO PABHOCHIBHO YTBEPXKACHUIO JEMMEL

Teneps ONpeIeIUM yCIOBUA MEPECEICHUA ABYX OTPE3KOB, COENUHAONIIMX
BEPIIUHBI TETPAAPA U TOYKU KACAHUA IPOTUBOIOJIOKHBIX TPAHEN ¢ BIIUCAH-
HOU cpepon, Hampumep orpeskos CC’ mw DD'. U3 puc. 2 BugHO, 9T0 Spcpr =

AC
= AC x D'X = AC x r/tg - Bremmcas aHanormaHbIC COOTHONICHUS /IS

maomagen Tpeyroabaukos BC D', ADC', BDC' u npumenus jemMmy 2, HOIy-
YUM YCIOBHE Hepece‘{eHm{.

ACXBD/tg—tg——ADxBC/tg—tg

ITO yCIOBUE MOXHO YIPOCTUTH, BOCIOIL30BABIIACH TEM, ITO B TPEXTPAH-
HOM yIJIe CHHYCHI INIOCKUX yIVIOB OTHOCATCA TaK XKe, KaK CHHYChI IPOTUBOJE-
x)ammx uM aByrpasHbix. COOTBETCTBEHHO, UMEEM

AC x BD _ sinABCsin BAD _ sin AC'sin BD

AD x BC sinB/Esinm N sinﬁbsinf/ll\) ’
7 nocJae npeoOpa3OBaAHUT YCJIOBUAE MEPECEUCHUS IPUHUMAET BU]L
AC BD AD  BC
COS — COS ——— = COS — COS — .
2 2 2 2

Orcroma, 09eBAIHO, CAEAYIOT IBA YTBEPXK JCHUA.

YTBEPXKAEHUE 3. [lycTh Bumcannas cgepa KacaeTcsa CpaHel TeTpasapa
B roukax A', B, C', D'. Ecim orpesku AA’' m BB' nepecekaiorcs, TO OTpe3Ku
CC' u DD’ raxxe nepecekaroTcs.

Hazosem TeTpanap scepz2onuno6biM, €CIX OTPE3KU, COETUHSIIONINE €TI0 BEp-
IVHBL TETPASAPA ¢ TOUKAMU KACAHUA IIPOTUBOIOJOKHBIX IPAHEN C BIIUCAHHON
c(pepont, IePeceKarOTCa B OQHON TOYKE.

YTBEPXK/IEHUE 4. Terpasap sBIAETCS XEPrOHHOBBIM TOTAA W TOJIHKO
TOT/1a, KOTa IPOU3BEIeHUsA KOCHHYCOB IIOJOBUH €r0 MPOTUBOMIOIOXKHBIX [IBY-
CPAHHBIX YIVIOB PaBHHI.

Paccyxgas aHAJIOrn4HO, HAWIEM YCIOBUSA, IPU KOTOPBIX BHIOJHEH AHAJIOT
ceoucTBa 6. Takue TeTpasapsl 6ymeM HA3BIBATL TeTpasapamu Harems.

YTBEPXKIEHUE 5. [lycTh BHeBmucamHBIe Chephl KACAIOTCA TpaHen Te-
rpasapa B Toukax A’, B, C', D'. Eciu orpesku AA' u BB’ nepecekarorcs,
o orpesku CC' u DD’ Takxe nepecekaioTc.
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YTBEP2K/IEHUE 6. Terpasap sABIAETCA HATEIEBHIM TOTAA W TOJBKO TO-
rza, KOrja IPOU3BeleHNs CHHYCOB IOJOBUH €0 MPOTUBOIOIOXHLIX ABYTDAH-
HBIX YIVIOB PABHBI.

YrBepxaernsa 3-6 ObLIM TOKA3aHBI YIEHWKOM aBTOPA, IIKOIHBHUKOM MO-
ckoBckon rumuasuu 1543 [1. Kocoseim. Ha XV JleTHen koudepeHuu TypHAPA,
ropogos mkoabHukyu M. Ucaes (Bapuaya) u B. @unumonos (Exarepunbypr)
OGHAPYKWIN €IIe OTHO CBOUCTBO TeTPas>npoB 2Keprouua.

YTBEPXK/IEHUE 7. Terpasap sBIAETCS XEPrOHHOBBIM TOTAA W TOJIHKO
TOrga, Korja Jroboe ero pedpo BUAHO U3 TOYKM KACAHUA BIIMCAHHOU CHEpbI
¢ comepxamiern 3To pe6po rpansio mox yraom 120°. Takum o6pasom, B xep-
TOHHOBOM TeTpadape TOYKYU Toppuienin Bcex paHel COBOALAIOT C TOIKAMEA
KACaHUsA IPAHEU U BIUCAHHOU CEPHI.

HOKABATEJBLCTBO. [lokaxeMm CHadama, 9TO €CAU IJid ONHOU I'DAHU Te-
TPadApa TOYKA, €€ KACAHWS C BIMCAHHOU CHEPON COBHAMALT C TOIKOU Top-
pUYeLId, TO 3TO BEPHO W A OCTaabHBIX Trpamen. Ilycts A',B',C',D' —
TOYKM KacaHusa BrucaHHou cdepol ¢ rpauavmu BCD,CDA,DAB,ABC, u
+AD'B = /BD'C = ,CD'A = 120°. Tak kak kacaTelbHBIE K cepe u3
omuon Toukm pasubl, AD' = AC', BD' = BC', To Tpeyronvauku ABD' u
ABC' papani nu ,AC'B = /AD'B = 120°. Amamoruuno, ,BA'C = ,CB'A =
= 120°. Hanee, ,AB'D = ,AC'D, ,BC'D = ,BA'D, ,CA'D = ,CB'D n
+AB'D + ,CB'D = ;\BC'D + ,AC'D = ,CA'D + /,BA'D = 240°, oTkynma
ClefyeT, 9TO BCE >TU yribl paBHBI 120°.

[Iycts Teneps Toukm Kacamma C' m D' — Toukm Toppmaemm cooTBeT-
crBytommx rpaner. Tak kak npameie CD' u DC’ apraorca 6ucceKTpucaMu
yriosB AD'B u AC'B, onu nepecekaotT pebpo AB B Touke X, TakOW 4UTO
AX  AC'  AD'
BX ~ BC' ~ BD'’
CDX, u orpesxku CC' u DD’ nepecekatorca. Jlobele gpyrue nsa oTpe3ka
TaKXKe MePEeCceKaroTCs, & TaK KaK IeTHIPe OTPE3KA He JEeXAT B OJHOU ILIOCKO-
cTHU, TOYKAa mepecedeHus oqua u Ta xe. O6paTHOEe yTBEpXKAEHUE TOKA3LIBA-
eTCsA AHAJIOTUIHO.

Carenosateasno, Touku C, D, C’' D' nexat B miockocTn

OdeBugHO, yTBepXKaeHUE 7 MOXHO nepedOPMYyIUPOBATDH CJIEAYIOUUM
006pa3oM: TeTpasp ABIIETCSI XEPrOHHOBBIM TOTAA M TOJIBKO TOTIA, KOTIA
OTPE3KH, COeNUHAOIINE BEPIINHEI C TOYKaMu TOPPHIe/IN TP OTHABOIIOJIOXHBIX
rpaHel, IepeceKalTca B OMHON TOYKe. Bce MpuBeneHHBIE BHIIE PE3YIbLTATHI
00beaUHAET CIAEAYIOMAA

TEOPEMA 2. Cuaenyromue ycaoBUs SKBUBAJIEHTHBL:
a) OTpesku, COeQUHAIIINE BEPIIMHBI TETPADAPA M TOYKA KACAHUA MIPO-
TUBOIMOJOXHBIX IPAHEd C BIMCAHHOU C(EpPOH, IEPECEKAIOTCA B OJHOU TOUKE.
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6) IIpomsBemeHMs KOCMHYCOB IMOJOBUH IIPOTHUBONOIOKHBIX [BYTDAHHBIX
YIJIOB PABHEL.

B) Touka KacaHus OHOM U3 FPAHEN TETPadpa C BIUCAHHOU C(hepOu ABILA-
eTcsa ToYkou Toppudemin 3TOW rpaHu.

r) Touku KacaHUsA BCeX IPAHEN TETPasdApa C BIUCAHHOU CPepOu ABIAIOTCI
TOYKAMU TOPPUTIENIN 3TUX T'PAHEN.

1) OTpesku, cCoequHAIOIINE BEPUIMHBL TETPAdAPa ¢ TOYKaMu Toppuiemstn
MPOTHUBONONOKHBIX TPAHEN, IEPECEKAIOTCA B OJHOU TOUKE.

e) IIpoekiuu 1eHTpa BHEBOUCAHHOU cdepbl Ha pebpa COOTBETCTBYIOUIEN
rpaau 06pa3yoT PABHOCTOPOHHUN TPEYTOJILHUK.

k) Terpasap, 06pa3OBaAHHBIM TOYKAME KACAHUSA BIUCAHHOU ChEPHI C Ipa-
HAMY, THIEHTPUIECKUN.

PaBHOCHIBHOCTD YCJIOBUM €) ¥ T') CAEAYET U3 TOrO, ITO TOYKYU KACAHUI
FPaHM C BOIMCAHHOU W BHEBIMCAHHOU C(pepaMu CONPXKEHBI, a To4uka Toppu-
Y€/ M30TOHAJABHO CONPAXKEHA ¢ TOYKOU Anomnonms; ycaoBun 6) u x) — u3

CD
Toro, aro, HanpuMmep, A'B' = 2r cos -

BroiacauMm Teneps, Yem apasgerca Touka 2Keprouua rerpasapa ABCD mpis
terpasapa A'B'C'D'. llockonsky orpesku CC' m DD’ nmepecekarorcs, mps-
meie CD u C'D' nexar B ogron mrockoctu. Pacemorpum miockocts A'B'CY.
Omna nepecekaet Buucauuyio cdepy ABC D 1o 0KpyXHOCTH, OIIUCAHHOU OKOJIO
rpeyroabauka A'B'C’, nnockoctu BCD u ACD — 1o npaMbIM, KacaromaMCs
»Tou OKpyXHOCTH B Toukax A’ m B' m mepecekaromumca B HEKOTOPOU TOY-
ke @, a miockocts CDC'D’' — 1o npamon C'Q. Herpyano mokaszaTb, 9TO
rorga npamaa CQ Gyaer cumegmanou Tpeyroabauka A'B'C’ (T.e. npamon,
CUMMETPUIHON MEAMaHe, IPOBeAeHHON 13 BepmmHbI C!, OTHOCHTENHLHO GuC-
CEKTPUCHL, IPOBENeHHON u3 Tou xke BepumHbl). Cregosarensro, npamas DD’
nepecekaet rpanb A’ B'C’ B Touke, nexaien Ha cumenuane. AHATOIMIHO TOY-
KA IePECeYeHnA JEXNAT Ha ABYX APYTHX CUMEIMAHAX, T.€. ABIACTCA TOIKOU
Jlemyana Tpeyroapamka A'B'C’. Touno Tak Xe JOKA3BIBAETCA, ITO IPAMEIE
AA', BB', CC'" nupoxogar 4epes Touku Jlemyana rpamen B'C'D’', C'D'A’,
D'A'B'. OrmeTum, 9T0 10 JeMMe 2 IpAMbIe, COSAMHAOIINE BEPIIUHBI TeTPa-
5apa u TOYKHU JleMyaHa IPOTHBONOMOKHBIX I'PAHEH, IEPECEKAIOTCA TOTAA U
TOMBLKO TOT/Ia, KOT/a TeTPasAp ABIACTCA UHIEHTpudeckuM. Takum o6pa3om,
JIOKa3aHa,

TEOPEMA 3. Eciu terpasap ABC D xeprouunos, To Terpasap A'B'C'D’,
00pa30BAHHBIM TOYKAMHI KACAHWUA €r0 IPaHed C BIUCAHHOU cdepou, MHIIECH-
Tpuaeckuu, u Touka 2Keprouna ABCD coBmagaeT ¢ TOUYKOU HEpeCedeHUs
npaMbix, coeguastomux sepumabl A’ B'C'D' ¢ Toukamu Jlemyana 1poTuBomo-
JIOXKHBIX T'DAHEN.
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Teopema 3 ABaAETCA AHAJIOIOM ILIAHUMETPUYECKOT'O YTBEPXKAECHUA O
coBmaeHnn TOYKYU 2KeproHHa TPEyrOJbHUKA W TOYKU JleMyaHa Tpeyroib-
HUKA, OOpPAa30BAHHOIO TOYKAMM KACAHUA €r0 CTOPOH C BIWCAHHOU OKPYXK-
HOCTBIO.

[ rerpasapos Harens moka He HAWJEHO HUKAKUX YCJIOBUU, OTIUTHBIX
0T 3aJaBaeMbIX yTBepxkjaeHumeM 6. HemsBecTHO Takke, JeXKUT JU TOUKA
mepecevYeHns OTPE3KOB, COEAMHAIONINX BEPIIMHBI TETPAdAPA WM TOYKKA KaCa-
HIUA €ro I'PaHed ¢ BHEBIUCAHHLIMU CepaMu, Ha MIPAMOU, IPOXOIALIIEN epPes3
IEHTP TAKECTH TETPABIPA U UEHTP €ro BIUCAHHOU cdepbl. Bo3MOXHO, BIpO-
9eM, 9TO KAKOU-TO AHAJIOI 3TOr0 CBOMCTBA BBIMOIHAETCS A APYTOro KIacca
TETPAdIPOB.

B sakmouenue ormerum caegyiomee. MoxeT MOKa3aThCA, 9TO eme OnuH
KJIaCC TETPAadAPOB 334a€T YCJIOBUE MEPECEYCHUS B OTHOU TOUKE OTPE3KOB,
COEIUHAIONINX BEPIIWHBI TETPadAPa u TOYKr 2KeproHHa mpOTUBOIOIOXKHBIX
rpanen. OHAKO, TPUMEHUB JEMMY 2, HETPYIHO YOEAUTHCA, ITO DTO YCIOBUE
3a/1aeT KAPKACHBIE TETPA3APHL. [|eNCTBUTENBLHO, B 9TOM CIydae, HAIPUMED,
Sacp . AB + AC — BC
SBc D " AB + BC — AC
My, mocie npeobpasoBanun noryauMm AC+BD = AD+ BC'. To xe noxy4aurcs
v npu 3amene Touek Keprorua Toukamu Haresms.

. HOACT&BHB 9TO U AHAJOTUIHBIC BBIPAXKCHUSA B JECM-

[Ipexpme weM mBITATLCA CTPOUTL TpexMepHble TO4uku Jlemyana, Toppu-
ge 1 ATIOIOHYSA, ONpeNeNuM IS TeTPA3APOB AHAJIOTY U30TOMUIECKOTO U
M30IOHAIBHOT'O COUpsiKeHus. [lji1 n30TOMUYIECKOrO COLIPSXKEHUA CAeNATh DTO
HECJIOXHO.

YTBEPXKAEHUE 8. [lycts mam Terpasap ABCD u touka P. Ay, By, C,
Dy — rouku nepecedenus npameix AP, BP, CP, DP ¢ nupOoTUBONOJOXHBIMEI
rpasaMu TeTpasapa, Ao, Bo, Co, Dy — TOYKHU, M30TOMUYECKH COMPAKEHHBIE
Ay, By, Cy, D1 orHOCuTeabHO rpanen. Torga mpamebie AAy, BBy, CCy, DDy
MEPECEKAIOTCA B OJHOU TOYKE.

IJTO yTBEpXIeHUE Cpa3y cieayeT u3 jgemMbl 2. [lomydennyo Todky ec-
TECTBEHHO HA3BATBL U30MOMUUECKU conpaxcennoti K P. Bupodem, nzoromu-
9eCKOe CONpsAXEHHE [aXe Ha INIOCKOCTH He 00JagaeT 0c000 MHTEPECHBIMHI
CBOUCTBAMU, TAK YTO U B MIPOCTPAHCTBE TPYIHO OXUAATH MOMYICHUA KAKUX-
Jau00 MEHHBIX Pe3YJIbTATOB.

Omnpenenum Tenepb W30rOHAIBHOE COMPIXKEHHE B IMIPOCTPAHCTBE OTHOCH-
TeabHO TeTpasapa ABCD. Ilpex e Bcero orMeTuM CIeAyomun QpakT.

YTBEPXKAEHUE 9. [lycte mam Terpasap ABCD wu touka P. Torma 6
IIOCKOCTER, CAMMETPHUIHLIX miockoctam ABP, ACP, BCP, ADP, BDP,
C DP oTHOCUTENBHO OUCCEKTOPHBIX TIOCKOCTEN COOTBETCTBYIOMINX ABYT'DAH-
HBIX YIUIOB, IEPECEKAIOTCA B OJHOU TOYUKE.
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[us poxkasaTenbCTBa JOCTATOIHO 3aAMETUTDH, ITO €CIu paccTosawusa ot P
[0 TPAHEH TeTPasapa OTHOCATCA KakK a : b: ¢ : d, TO KaxIas U3 pacCMaTPH-

BAaEMBIX IUIOCKOCTEHN MPOXOAUT IePe3 TOUKY, PACCTOSHUA OT KOTOPOHU 0 TeX
1

o 1 1 1
XK€ I'DaHE’ OTHOCATCA KaK — : b T 7
a C

Omnpenenernyo Takum 06pa3zoM TOUKy P’ HA30BEM U3020HAALHO CONPA-
acennoti P oraocurensno ABCD. Tlokaxem Temepb, 9TO, KAK U B ILIOCKOM
cIydae, CyIEeCTBYeT APYTOM CHOCO0 ee OImpemeTeHus.

YTBEPXKAEHUE 10. Ilyctes A', B', C', D' — npoeknum Toukm P Ha mioc-
koctu BCD, CDA, DAB, ABC. Toraa nepueHquKyaapsl, OylIeHHbIe 13 A
va B'C'D', u3 B na C'D'A’, us C na D'A’'B’, uz D' na A’ B'C’ nepecekarorcsa
B M30TOHAIBHO compsxkenHon P Touke P

[Mpex e Bcero mokaxem CIeAyOUUNA, UMEIOIUA CAMOCTOATEIbHYIO [IEH-
HOCTH (paKT.

JIEMMA 3. Ilyctes mamer gBa Terpasapa ABCD u A'B'C'D'. llepnenau-
Kysapsbl, onymennasie u3 A’ nva BCD, uz B’ na CDA, w3 C' na DAB, uz D'
Ha ABC mepecekalTca B OJHOU TOYKE TOTAA W TOALKO TOTA, KOTJA (QHTH-
COOTBETCTBEHHEI®» pebpa »Tux TeTpasapos (Hanpumep, A'B’' u C' D) nepnen-
JMUKYJIAPHBIL.

I OKA3ATEJNLCTBO. IlycTts P — TOUKa NepeceveHua NEPIeHTUKYIAPOB.
Tax xak PA' | BCD u PB' 1 CDA, o PA' 1 CD u PB' L CD. Caenosa-
reabuo, CD | PA'B'u CD 1 A'B'.

O6paTHO, MyCTh «(AHTUCOOTBETCTBEHHBIEY pPebpa HmepreH uKyaaspHbl. To-
raa nepueaaukyaapel m3 A’ ma BCD un u3 B’ na ACD nexat B ILIOCKOCTH,
npoxoaamen depes A’ B’ u nepnenauxyaaproir C D, u, 3HAIUT, IEPECEKAIOTCA.
AHanmoruvHO nepecekarTCAa ABA JIOOBIX IPYTUX HEPIEHIUKYIAPA, U TaK KaK
YeTHIpe MEPHEHIUKYIIPA He JEeXAT B OJHOU IUIOCKOCTH, BCE OHU IPOXOIAT
gepe3 OfHY TOUKY.

JOKA3ATEJILCTBO YTBEPXKAEHUSA 10. W3 remmeur 3 cpa3y caemyer, ITO
€CJIY IEePIIeH UKYJIAPHI U3 BEPIIUH OJHOTO TETPAdApa Ha TPAHU APYTOro Iepe-
CEKaIOTCA, TO ¥ NEPHEHANKYJAPHL U3 BEPIUIMH BTOPOr'O HA I'PAHU IIEPBOI'O TOXE
nepecekaTcs. 1103ToMy OCTalOCh NOKA3aTh, 9TO B YCAOBUAX YTBEDXK JCHUA
TOIKOU mepecedenus Oyner mmenHo P’

[lnockocte PC'D' nepuenaukyaapua pebpy AB. IlosTomy, ecam oHa me-
pecekaer AB B Touke ), To C'QD’' — nunennwiir yron yraa AB. Ilepnenau-
KyJAp, onymenabi u3 A na B'C'D’, nepnengukynapen C'D’, snaquT, tunus
nepeceveHns IOCKOCTH T, IPOXOAIIEN Yepe3 dTOT MepueHauKyaap u AB, ¢
C'D'X Takxe neprnenaukyaapaa C' D' mo Teopeme 0 Tpex IEpIeH IUKyIIpax.
Orcrona u u3 cBOUCTBA, 1 IIOCKOrO N30T OHAIBHOTO CONPAXKEHUA, CACIYET, UITO
7 mpoxoauT 1Uepe3 P’. YTBepxnenue noxasamHo.
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Uccnenyem Teneps CBOMCTBA M30TOHAIBHOTO conpskeHusd. Q49eBuHO, 9T0
KaK ¥ HA IUIOCKOCTH, EHTPHI BIMCAHHON ¥ BHEBIUCAHHBIX C(hep COMPIKEHBI
camu ce6e. He mpepcraBideT Takxke Tpyna A0KA3aTh, ITO HEHTP TaxecTu M
M3O0TOHATBHO CONPAXKEH TOYKE L, mIs KOTOPOU CymMMa KBaAPATOB PaCCTOSA-
HUHU 10 TPaHedl TeTPadpa MAHAMAJILHA. DTY TOYKY MOXHO CIATATH TOIKOU
Jlemyana TeTpasapa. C 1pyrou CTOpOHBI, TOYKY, M30TOHAIBHO COMPAKEHHBIE
0ECKOHEYHO yAAJEeHHBIM, JeXaT HE Ha ONUCAHHOU cdepe, a Ha HEKOTOPOU I0-
BEPXHOCTH TPETHEr0 NOPAAKA. BOIpoc 06 M30rOHAMBHON CONPAXKEHHOCTH TO-
ek O m H, 0ueBUIHO, IMEET CMBICA CTABUTH JWIIL IS OPTOUNEHTPUICCKAX
TeTpasapos. Bupodem, ¢ momompio yreepxaeHus 10 1erko n0Ka3bIBAETCA,
9TO gaXe a1 HUX OTBET 6yrqu IIOJMOXKUTENCH, TOJBKO €CIN TeTpasap IIpa-
BWIbHBIN. Kakumu cBoucTBAME OGJIANAET TOUKA, M30TOHAIBHO COMPIXKEHHAM
O, B 006uieM ciay<vae, HEIOHATHO.

Haxomer, monpo6yem pazobpatbesa ¢ Toukamu Toppuiaemniu u Amomtonus.
Cynsa mo BceMy, €IMHCTBEHHBIN TP CIEKTUBHLIN IYyTh — HAUTH TOYKY, MU-
HAMU3UPYIOIYI CYMMY PAaCCTOSHUU OO BepuiuH TeTpadapa. [Lis sToro npo-
BeJIeM MEXaHUIECKOE PACCYXKIEHUE, AHAJOTUIHOE IIIIOCKOMY.

[IpomycTum depe3 BepUIMHBL TETPADAPA I€THIPE BEPEBKU, CBIXKEM UX BHY-
TpEHHUE KOHIBI B y3€J, & 33 BHeIIHue OyaeM TAHYTb B OJHOM HAMPABICHUN C
paBHBIME cuiaaMu. Ecau y3en He IpOCKOYUT Yepe3 OHY U3 BEPINUH, TO OCTA-
HOBUTCA B UCKOMOU TOYKe T', mprdeM cymMa AeUCTBYIOIINX HA HErO CUI Oy aeT
paBHa Hyqaw0. MccreayeM CBOUCTBA 3TOU TOYKH.

IIycte e1, e2, e3, €4 — eauHWIHBIE BEKTOPHI, HAIIPABICHHBIE U3 1 B Ha-
npasienuun A, B, C', D. Umeem

er+ext+e3=—ey
(e1 +e2+e3,e1+ex+e3) =1
(e1,e2) + (e1,e3) + (e2,e3) = —1,

T. €. 1A JI00BIX TPEX BEKTOPOB €; CYMMa, KOCUHYCOB YIVIOB MEX Iy HUMU PABHA,
—1. Hanee

(e1,e4) = —(e1,e1 +e2+e3) = —1 — (e1,e2) — (e1,e3) = (e2,€e3).

IDTO 03HAYAET, ITO U3 TOYKH 1 IPOTUBOMOJOXKHBEIE pebpa TeTpadapa BU.I-
HbI 01 paBHbIMEU yriamu. OTcooma ciegyer, 9To Tpexrpanubie yriast TABC,
TCDA, TBAD u TDCB pasubl. Tak kak ux o6bequHEHUE COBIAJAECT CO
BCEM IIPOCTPAHCTBOM, KAXABIA W3 HUX BBICEKAET HA €QUHUTHOU cdepe ¢ IeH-
Tpom 1" 061aCTh IIOMIA LY 7, ¥, 3HAYAT, CyMMa €0 JBYTPDAHHBIX yIVIOB PABHA
2m. CoOTBETCTBEHHO, N TOrO YTOOBI y3€l HE HPOBAJIUICA B BEPUIUHY Te-
Tpasapa, HyXKHO ITOOBI CyMMa ABYTPAHHBLIX YIVIOB B JIOOOU BeplIMHE ObLIA
MeHble 27 (WM CymMMa KOCHMHYCOB IMIOCKMX yraoB Goabme —1). Togsemem
ATOT HAILIUM PACCY XK ACHUIM.
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TEOPEMA 4. Ecau B n060u Bepmuue Terpasapa ABC D cymma, gByrpas-
HBIX YIVIOB MEHBINE 27, TO BHYTPHU TETPadApa CyLIecTByeT Toduka 1, u3
KOTOPOU IIPOTUBOIMOJIOXKHBIE PeOpa TeTPa3pa BUAHBI O] PABHLIMU yTIAMU.
ITpm »TOM CymMMma pacCTOAHMU OT BEPIIMH TETPa’dApa A0 TOYKM 1 MEHbIIE,
9eM [0 JI00U APYTOd TOYKH IPOCTPAHCTBA.

Hangerryto To4uky 7T MOXHO CIATATH TPEXMEPHBIM AHAJIOT'OM TEPBOU TOY-
ku Toppuwyemmn. AHAJOIMYIHO TIOCKOMY CJIy4Yai0 AOKA3BIBAETCA, UTO MPOEK-
UM W30TOHAJIBHO CONPAXEHHON ed TOoIKM 1’ Ha rpaHu TeTpasapa o0pasyoT
paBHOrpaHHBIA TeTpasap. [looToMmy Touky 1" MOXHO CUMTATH AHAJOTOM TOY-
ku Anosnonus. HeBBIACHEHHBIMEU OCTAIOTCA CJAEAYIONIME BOMPOCHL.

1. Kak onpemeauts Touky Toppuduesnu AJd TeTpadapa, CyMMa ABYIDaH-
HBIX YTVIOB IPHU OJHOU W3 BEPIIUH KOTOPOro 6oibime 277

2. CKOJIBKO CyIIECTBYET TOYEK, TPOEKINNA KOTOPBIX HA I'PAHU TETPAdapa
06pa3yIoT PABHOT'PAHHBIN TETPASAP, X KAKAMU CBOUCTBAMY OOIATAIOT COMPSI-
XKeHHble K HUM! (DTH TOYKH 3aJAI0TCA CUCTEMOU TPEX YPABHEHUU BTOPOU
CTeneHu, CIeaoBaTeIbH0, nx He 6onee 8. Ho He MCKIIOYEHO, 9TO 4MCIO AEH-
CTBUTEJIBHBIX M KOHEIHBIX CPEAM HUX BCEr/Ia MEHbIIE. )

3. O6nagaroT au TOUKYM ANOMIOHWS ele KAKUMU-TUO0 CBOMCTBAMU, AHA-
JOTMIHBIMU TLIOCKUM !

Bo3MOX)HO, OTBETHI HA 9TU BOIPOCHL YAACTCA HAUTYU IUTATEIIAM.

CIIMCOK JINTEPATYPBI
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[3] Marusen B., [ly6posckuut B. Uz eeomempuu mempasdpa |/ Ksaur N9,
1988.
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buneapanas popMmyta mid n3MepeHusa PacCTOAHUN B
reoMmeTpun JIo6adIeBCKOTO

I'. A. lanbuepun

1. O «BUIbLAPAHOW» ®OPMYJE U BUJIbLAPIHON 3AJAYE

llenbto HACTOAIIEH CTATHU ABIACTCI MPOCTAA (HOPMYJIA [JIA U3MEPEHUT
PACCTOSHUN B NpOCTpaHCcTBe JI0GAMEBCKOro, MCHIOML3YIOMAS OULINAD THBIN
map (popmymra (2) ma c. 107). [osTomy aBTOp HasBamx >ty Qopmyry «Ou-
apapaaony. O deM 5Ta popMyJIa, MBI PACCKAKEM MO3XKeE, MOCIe (POPMYIUPOBKA
1 00CYyXIE€HUA 3aJa4U O OMIbAPIHOM OTPAXKEHUHU, K PEIIEHUI0 KOTOPOU Ou-
absipaHas popmyaa 6ymxer npumeneHa. K ceoemy yauBreHuio, aBTop oOHADY-
XKW, ITO OUAbAPAHAA (POPMYJIa HEM3BECTHA JaXe CIeNUAINCTAM-TeOMeTPaM,
XOTsA UM UM U3BECTHBI IPYTHUe, el SKBUBAJCHTHLIE, HO HE CTOJb MPOCTHIE (POp-
MyJbl IS JJIWH OTPe3KoB B reomerpuu Jlobadesckoro. CoOOTBETCTBEHHO, U
JOKa3aTeIbCTBA dTUX DKBUBAJICHTHBIX, HO «HE IPOCTHIX» (pOpPMyJ, HE COBCEM
OpOCTHL (BCe OHM MCHOJB3YeT HIEMEHTHI KOMILIEKCHOrO aHaam3a). [Ipusoau-
MO€ B HACTOAIIEH CTATbE MOKA3ATEALCTBO OUMIbLAPIHOU (POPMYJIBI He OymeT
BBIXOAUTH 3a PaMKHU 3JIeMeHTa,pHOIZ IHKOJIbHOIZ MaTEeMAaTHUKA; TOJBKO OIWH Pa3
HaM MIOHAJOOUTCA — U TO UCKAIOINTEIHLHO II0 HEOOXOIMMOCTH U JJIS ITOMIHOTHI
m3noxeHusa! — popMyia, UCIOAL3YIOMAI UHTErPaI, KOTOPYIO UATATEIb IPU
IE€PBOM YTEHUUN MOXKET INPOIMYyCTUTD.

Bunesapgras ¢popmysa BO3HUKIA y aBTOPA TaK.

[Ipm ucciaemoBanuy aBTOPOM CIIENUAIHHON TUHAMUIECKOU CUCTEMBI Y He-
ro cama co0OM MOSBUIACH [EOMETPUYIECKAsI 3ajhata, KOTOPas HUKAK He
[0 JaBaIach (M HEe MO IaJach MO CAMOT'O KOHIA!) PELIeHUI0 B PAMKAX €BKJIM-
IOBOM T"eOMETPHUHU. DTA 33344 MPUBEJEHA B JACTH 3 3TOU CTATHU, W TUTA-
TEJIb CMOXET CaM OLICHUTH €€ TPYNHOCTD, IIOIIBITABIINCH PEIIUTH €€ CaMOCTOA-
TEJIBbHO.

B pesyaprare goaroro o6ayMBIBAHUSA ABTOP BAPYD COBEPIIEHHO HEOXU-
JAHHO YBHJENI BCIO TeOMEeTPUIECKYI0 KApTUHY B aOCOTIOTHO HOBOM CBETE, IIO-
Cjle ero pelleHre 33a4u IPUILIO K HEMY IPAKTUYIeCKu MrHOBeHHO. O rHUM
73 KII0YEN K €€ PEIIeHNI0 0KA3aJaCh YIOMAHY TAsA BbIle OWibApaHAS POopMyIa
IV M3MEPEHUs PACCTOSHUU B MpOCcTpancTse Jlo6ateBcKoro.

MaTemaTn4eckoe npoceewierne, cep. 3, soin. 8, 2004(93-112)
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dpyrum, u, 10 MEEHUIO aBTOPA, O0I€e BaXHBIM, KJIIOYOM K DELUIEHUIO OKAa-
3aJaCh MOJHAS CMEHA TOYUKW 3PEHUA HA MCXOMHBIA MeOMETPUIECKUN OOBHEKT.
VimenHO OHA W CHIFpAJA PEIIAONIYI0 POb.

B pesyabTaTe mpogymbiBanua 3GPEKTa «CMEHBI TOYKYU 3PEHUMY ABTOPY
MOKA3AJI0Ch YMECTHBIM IIPEABAPUTEL 0OCYXK EHUEe OCHOBHOU TE€MbI CTAThU HE-
6OJIBHII/IM JUPUICCKUM OTCTYILICHUEM, B KOTOPOM Ha HECKOJIBKUX IIPDUMEPAX
KOPOTKHUX, HO HEOOBIIHBIX U APKUX (8 KOMY-TO, BO3MOXKHO, ¥ XOPOIIO M3BECT-
HBIX) 38,429 NOKA3AHO, KAK OHA TOJIbKO CMEHA TOYKY 3PEHUA CPa3y MPUBOIUT
K UX peneHno. Yurarenn, KOTOPBIM XO9EeTCA OCKOPEE TO3HAKOMUTBCA C OC-
HOBHOU 3aJajvell CTATbU U OWIbADPIHOU (HOPMYJIOU, MOT'YT G€30 BCAKOTO [IJIA
cebsa ymep0ba NepenpurHyThH Cpa3y B JIacTh § CTATHU.

2. JINPUYECKOE OTCTYIJEHUE: O MOJIb3E CMEHBI TOYKU 3PEHUSA

B mayke wacTo ciaydaeTcsa Tak (a K MAaTeMaTHKE 5TO OTHOCUTCA, IIOXKAa-
JIyu, B GOIBIIEN CTENEHN), ITO ONHA TOIBKO CMEHA TOYKY 3PEHUs HA [IPEJMeT
IO3BOJIACT IIOJHOCTBIO DCHINTH TPYAHYIO 3a4a1y WUIN OAXKEe U3MCHUTH JUIIO
5TOM (&, BO3MOXHO, M CMEXHOU) Hayku. [loCTaATOYHO YIOMAHYTBH CO3JAHUE
Tabaunsr Mengeneesa (MaTeMaTHIeCKUE CBOUCTBA KOTOPOU OTPAKAIOT MHO-
T'OYINCJICHHBIC XMMUYICCKNE BaKOHbI); TPpU CTaAUN IIPOXOXK NCHWUA KJIa.CCH‘{eCKOIZ
MEXaHUKN (Hb}OTOHOBa, JarpaHXeBa u I‘a,MI/IJIbTOHOBa); CMEHY KIACCHUIECKOU
MEXaHWKU HA PEIATUBUCTCKYIO (IOCIe OGHADYKEHUsA MOCTOAHCTBA CKOPOCTHU
CB€Ta BO BCEX MHEPIOUAJIBHBIX CUCTEMaAX OTC‘IeTa); II0YTH r[{OCJIOBH])II‘/II nepeHoc
IIPUHIOUIIOB KJIa,CCI/I‘IeCKOIjI MEXaHUKW Ha OITHUKY; CO34JaHUEC I'CHCTUKU (BBeAe—
HUEM BEPOSTHOCTHBIX 3AKOHOB B OMOJOIMIO); BOSHUKHOBEHUE KBAHTOBOU Me-
XaHWKHU (IIOCHe TOro KaK OKA3ad0Ch, YTO MATPUIHOE ONUCAHUE (DU3UIECKUX
OPONECCOB Ha ATOMHOM YPOBHE COBHANAET C BOAHOBBIM OIMCAHUEM ); I MHOTO€
apyroe.

B 9TOM OTCTYIICHUUX MHE XOTEJI0CHh OBI OoOATBEPAUTHL TE3UC O IIOJAb3€ U
INIOZOTBOPHOCTH CMEHBLI TOYKW 3PEHUA HA HECKOJIbKUX NPOCTBHIX U APKUX
NpUMEPAX PEIIECHUsA 33049 U3 DIEMEHTAPHOU MATEMATUKI (Bce OHU B3ATHI U3
OMUMIIAAHOTO (POIBKIOPA), KOTOPBIM ¥ MOCBANIEHA, OCTABIIAACA IaCTh 3TOTO
naparpada.

IIPuMEP 1. Durcupyem 6 NPou360a4bHOM BbINYKAOM MHO20Y20AbHUKE Ka-
KY10-HuoYdo enympenuioro mouky P u onycmum u3 nee nepneniuryaipvl Ha
nPAMbLE, COOJEPAHCAUUE CTNOPOHbL MHO20Y204bHUKae. [oKxa3zamb, umo ocnosa-
HUe Toma Obi 00H020 U3 NEPNEHIUKYAAPOB NONAGJEm HA CMOPOHY, G HE HA ee
npodoadcenue. Anaio2uunbili 60NpPoc NPo BLINYKALI mHo2oeparnnuk (npous-
80AbHOT PABMEPHOCTIU).

Ecam mocmoTpers Ha MHOrOyroabHuk (wim, B OOmEM CIydae, HA MHO-
POMPAHHUK) KaK Ha (PU3KIECKUN OOBEKT, 3AIOJHEHHBIA BELIECTBOM TAKUM
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/Ymyg

Puc. 1.

00pa3oM, ITO HEHTDP TAXKECTH ITOTO BEIeCTBA HAXOAUTCA B 3a(UKCHPOBAH-
HOU TOYKe P, TO ¢ HUM MOXHO MPOBECTH CJEAYIOIIAN SKCIEPUMEHT: MOCTA-
BUTH €0 HA TOPU3OHTAILHBIA CTOJM B MOJE TAKECTH U MOCMOTPETH, ITO IO-
ayantcs. [Ipeamonoxum, 910 COpaBeqiInBO yTBEPXK ACHUE, IPOTUBOIIOIOKHOE
nokasbiBaeMomy. Torma mepueHAuKyIsap, ONyeHHb u3 P Ha Ji00yio cTOpo-
HY MHOT'OYTOJBHUKA, BBIXOJUT 33 MpEAeTbl MHOrOyroabHuKa. CremoBaTenb-
HO, MHOT'OYT'OJbHUK HA CTOJE MEPEKATUTCS MO/ JEUCTBUEM CUJIBI TAXKECTHU HA
CMEXHYI0 cTOPOHY. Ho meprnenankyasap, OMyEeHHBIT Ha HOBYIO CTOPOHY, TaK-
e BBIXOIUT 33 €€ Ipefefbl, IODTOMY MHOTOYIOIbLHUK IEPEKATHATCS elle pas.
Takoe nmepekaTpiBaHUE OyleT IPOUCXOAUTH BHOBb M BHOBb — N0 O€CKOHEY-
HOCTH, X MbI TOJIY9aeM BEYHBIN JBUTATENb, KOTOPOrO, COMNIACHO (PU3UKE, HE
cymectByeT (cM. puc. 1). [loxygennoe nporuBopedne u 1aeT JOKA3ATEIBCTBO
yTBEPXK IeHUA.

BosmoxHO, BaM He MOHPABWIOCH IPUBEACHHOE (PU3UTIECKOE PACCY XK JCHUE.
(OTkypna, cOGCTBEHHO, M3BECTHO, YTO HE CYIECTBYET BEYHOIO ABUIATENA!
U3 MHOrOBEKOBOTO OmBITA |enoBedecTBA! A BADYT 3aBTpa TAKOW NBUTATEND
nosiBuTca? CouwieMcsa 34eCh Ha TO, YTO CYLUIECTBOBAHWE BEYHOI'O IBUCATEIA
IIPOTUBOPEYIUAT 3aKOHY COXPAaHEHUA SHEPIMU — DTO MOXKHO NOKa3aThb TUCTO
maremaTudecku.) [IpuBeneHHOE NOKA3aTEILCTBO MOXKHO MOIEPHU3APOBATS:
€CJI MHOI'OYT'OIBHUK IEPEKATUICA Ha COCENHIOI CTOPOHY, TO LHEHTD TAXECTHU
NOHM3MACA (IIOTOMY 9TO ObLIA COBEPUIEHA PA0OTa CUIBI TAKECTH IO IEPEKa-
TBIBAHUIO). A BEYHO MOHMKATHCA HNEHTP TAKECTU HE MOXKET, IHCIO IOHUKe-
HUW HE MOXET MPEBOCXOAUTH YU, CTOPOH MHOIOYT'OJbHUKA, YMEHBIIEHHOT'O
HA €IUHUILY: MHOTOYIOJbHUAK OCTAQHOBUTCA, KOT'IA IMEHTP TAKECTU OKAKETCA B
HaWHU3LIEM nojoxennu. (BemoMuuTe, Kak nmajgaeT Kupnud, CTOSAIMYA Ha CBOET
CAMOU MAJIEHHKOU I'PAHU: €CJIU BBI €0 TOJIKHETE, OH yIAAeT Ha APYTIYIO IPAHD
7 OKaXeTCs B 6oJee yCTOMIMBOM MOJNOXeHuU. Keau Xe ero MOXHO TOJIKHYTh
ele pas, TO B HTOT MOCICTHUN pPa3 OH YHAAET HA CBOIO IPAaHb HAUOOMLIIEH
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WIOAAU 1 OOJIbIIE TAJATH HE CMOXET. B yCTONYUBOM MOMOXKEHUM EHTD TS-
KECTU KUPIUIa HANHUIINYA BO3MOXKHBIN. )

Eme ogmo ManeHbKOe ycuwiue, U MPUBEIEHHOE «PU3NTECKOS» PACCY K JeHUE
CTAHOBUTCS YACTO MATEMATUYIECKUM: 3a0bIB O IIEHTPE TAKECTHU, PACCMOTPUM
Ty CTOPOHY MHOIOYTOJBHUKA, PACCTOAHME 0 KOTOPOU OT TOYKK P HauMeHb-
mee. Torga mepHneHAWKYIApP, OMYIIEHHBIX W3 P HA 5Ty CTOPOHY, MOMAAeT
MMEHHO Ha Hee, a He Ha ee mpogomxkerue! [loroMmy 9T0 B mIpOTUBHOM Ciy4ae
JErKO YBUAETH U3 PUCYHKA, 9TO TOYKA P Oblia Obl OJMXKE K COCETHEN, CMEX-
HOU C HEW CTOPOHE MHOTOYTOJBHUWKA, W OTMEYUEHHAS CTOPOHA OKA3aJaCh OB
He HamOamxanmen Kk P.

[TpuBeneHHOE MOBONBHO [IMHHOE PACCYXKAECHUE, OMYCKAs IETAIU, MOXHO
BBIPA3UTH OAHOU (PPA3OU: €CIU NOIMYCTUTH IPOTUBHOE, TO U3 MHOIOYT'OJbHU-
K& MOXHO OBLIO GBI MOJYYUTh BEIHBIN ABUTATENIb, ITO AAET IPOTUBOPEUHE.
[Ipocras cMeHa TOYKYU 3PEHUS: (MHOT'OYT'OJbHUK — 9TO PU3NIECKUT OOBEKT B
[OJIE TAXKECTU», CPA3y IMIPUBOIUT K MPO3PATHOMY BUJIEHUIO BCEN KAPTUHBI U K
OYEBUIHOMY JOKA3ATEIbCTBY, IO CBOGH CTPYKTYPE HAIOMUHAIOIIEMY TpEeBHE-
rpedeckoe «Cmorpuly (3aMeHa CIOBa (MHOIOYTOIBHUK» HA (MHOTOIDAHHUK)
pelIeHns. He MEHseT. )

[TpumMmEP 2. Joxazamv, umo y 4100020 8bINYKA020 MPELMEPHO20 MHO20-
2pannuKa 6cezda watidymesa dee 2Pany ¢ PABHbIM UUCAOM CIMODOH.

BoJbMHECTBO M3BECTHBIX MHE pelIaTeJel dTOU 3a4a9i MIHOBEHHO PU-
BJAEKAIO (popMyay JWiepa Ais MHOrorpanHuka: V — F 4+ F = 2, u panee. ..
HEIero He mpoucxoaumno. OKa3bIBaeTCA, IPUBEICHHAS 33,1a5a BOBCE HE MO I'e0-
meTpuu, a mo apudmeruke! (Cum. puc. 2).

Kaxk Tonbpko mouMenns 3T0, peleHne IpuxoauT ToT49ac ke. [lerncrsuresb-
HO, 3a0BbIB O T€OMETPHUH, MOILYCTHUM, ITO BCE TPAHU UMEIOT PA3HOE TUCIO CTO-
POH 1 9TO 1 — HAWOOJbIIEe BO3MOXKHOE UCJIO CTOPOH y rpanu. K sTon rpanm
NPUMBIKAET 7 APYTUX MPAHEN MHOI'OIDAHHUKA, Y JIOOBIX ABYX U3 KOTOPBIX YH-
CJIa CTOPOH PA3AMHHBIE (110 TIPEAIOI0KEHUIO ), IPUIEM BCE OHU CTPOrO MEHBIIE
n (o ToMy XKe caMOMy HpPeAIoaOK)eHu o). O THAKO KOMUIeCTBO HATYPAIbHBIX

Puc. 2.
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qMCen, MEHBUIMX 7, CTPOT'O MEHBIIE 7, U MBI moxydaeMm nporusopedqne. (Ha
CaMOM [Iele HAMMEHBIIMM BO3MOXHBEIM HATYDANBHBIM TUCIOM B JAHHOU CH-
Tyanuu ABAseTcA 3 (TpeyroabHUK), a He 1, u mpoTuBopetme eme Goree yCy-
rybaseTrcs).

[TPUMEP 3. /Joxazamy, wmo ecau cpedu CaedYiouus Wecmuy Yuces: ac +
+bd, ae+bf, ag+bh, ce+df, cg+ dh, eg + fh nem nyaesviz, mo no xpatined
Mepe 00HO U3 HUL NOAOHCUMEALHO.

3mech, HA060POT, TOYKY 3PEHUA CJAeAyeT CMEHUTH C alrebpamdecKon Ha
reoMeTpudeckyio. [lJas dTOro Hago (yBUAETBY, UTO IIECTh YKA3AHHBIX W-
CeJl — DTO BCEBO3MOXHBIE CKAJAPHBIE MPOU3BEICHUA HUETHIPEX ABYMEPHBIX
BeKTOpOB Vi = (a,b), vo = (¢,d), v3 = (e,f) u vy = (g,h). Ilycts 5T
BEKTOPA, PACIOIOXKEHBI HA IIOCKOCTHU, KaK IIOKA3aHO Ha PUC. 3.

(a,0)

(c,d)
(9,h)

Puc. 3.

Bce mecTs ckaJIApHBIX NPOU3BENEHUN HE MOT'YT OBITH OTPHUIATEJLHBIMEI
9UCIAMEI — ITO 0OCTOATEIBCTBO COOTBETCTBOBAJIO OBl 9€THIPEM TYIIBIM YIJIAM
MEX Y COCEJHUMU BEKTOPAMHU, & TOTJAa CYMMAa, 3TUX IE€THIPEX YIVIOB IPEBOCXO-
awia 6u1 360° (xoTs ona paBHa B To9HOCTH 360°), ¥ MBI IOJLY IM/IH GBI IIP OTUBO-
pedne. CrenoBaTeNbHO, MEX Iy KAKAMU-TO BEKTOPAME YIOJI OCTPBIN, TTOITOMY
€ro KOCHHYC MOJOXUTEIbHBIN, U, CTAIO OBITH, CKAIAPHOE MPOU3BEICHAE DTUX
BEKTOPOB — OJHO W3 33JaHHBIX YUCET — IOJOXUTEIHHO.

[IPUMEP 4. HUmeemcsa nexomopoe (3apanee HEU3BECMHOE) KOAUUECMEO
MEWKOE C HEOZPAHUUEHHBIM 3ANACOM 3040MBLT MOHeM 6 Kaxcdom. B warxuz-
Mo MEWKAT 6CE MOHEMbL HACTOAWUE U 6€cAm N0 6 2pamm, ¢ 6 0CMAALHVIT
MEWKAT 6ce MOHEMYL Pasvuwiusbie U 8ecam no b epamm. 3aparee Heu3secm-
HO, 8 KAKUT MEWKAL HALOOAMCA HACMOAWUE MOKEMbL, G 6 KAKUT Paibuiu-
svie (puc. 4). Paspewaemca 634mb NPou360AbHOE UUCAO MOHEM U3 00HOZ0
UAYU U3 HECKOADKUT MEWKO06 U HAUMU UL 06wull 6ec Ha 8eCaT CO CMPearo.
Kaxoe munumasvroe wucao 83sewusanuti caedyem cdeaamsb, umobvt onpede-
AUTND B8CE MEWKY ¢ Pasbuiusbimu monemamu?

[Tpocrenmas npoeaypa 1Mo BHIABIEHUIO BCEX (DANbIIUBBIX MEIIKOB TAKOBA:
B3BELIWBAEM OJHY MOHETY U3 IIEPBOr'O MEIIKa, IOTOM OAHY MOHETY U3 BTOPOI'O
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Q000
QOO0
Q000
0000
QOO0

Puc. 4.

MellKa, U TaK Jajee, BIMIOTH JO0 HOCIETHErO MEIIKA, OIpeneiis Ha KaX oM
mare, ¢ KakKmM MEIIKOM MblI UMECEM €0 — C HaCTOAIOUM WJIN (pa,JH)IIII/IBI)IM.
W Ha nepBbIT B3MIAL KaXETCA, 9T0 MUHUMAJBHOE YUCJIO B3BEUIMBAHUN PABHO
YHUCIY MEIIKOB.

OpgHako OTBET B 3TOU 3a4ad€ COBEPIIEHHO HEOXUJAHHBIA: MUHUMAJIBHOE
IucCJIo BBBQmHBaHHﬁ HE 3aBUCHUT OT YHUCId MEIIKOB W PABHO eAHHHHe! Ka.K
XKe BCEro 3a OJHO B3BELIMBAHUE OMPEIENUTH CPady BCe (PAIBIIUBBIE MEIIKY !
W «To 5T0 3a B3BemUBaHUE, B KOTOPOE, OIEBUTHO, JOMXKHEBI OBITH BOBJIEYEHBI
Cpa3y BCE UMEIOMIMECT MEIIKN?!

[MMupoko m3BeCTHA AHAIOTUYHAA 331393, B KOTOPOU YCJOBUE U3 HPUME-
pa 4 ocrabmeHo: M3BECTHO, UTO TOJBKO 00UH MEIIOK COMEPXKUT (PaILIINBLIC
MOHETHI. B 5TOU 3aj1ate eIUHCTBEHHOE B3BEIIUBAHWE OCYIIECTBIACTCA TAaK:
HyMEpPYyeM BCE MEIIKW OT IMEPBOr0 A0 HOCIETHEr0, 3aTEM M3 KaXK OO0 MEIIKA,
OOCTAaEM CTOJBKO MOHET, KAKOB HOMEDP DTOr'0 MEIIKA, IOCJIE Yer0 B3BEIIUBA-
eM Bce BBIOpaHHBIE MOHETHI Ha Becax. Hcam 6b1 (aTbIIMBBEIX MOHET HE OBLLIO
BOBCE, BECBI MOKA3a1X Obl (YIMCIEHHO, B rpaMMax) B 6 pa3 O60abmmi Bec, 1em
IUCJI0 BBUIOKECHHBIX HA BECbl MOHET; OHAKO KaKHE-TO k MOHET (I/IB MeEIIKa C
HOMepoM k) danbumBbie u BecaT Sk rpamm BMecTo 6k rpamMm, Tak ITO BECHI
Ha CaMOM [elie MMOKAa3bIBalOT Ha k rpamMm Menbire. VTak, HOMep k Meuika c
Cl)a.JII)IlII/IBbIMI/I MOHETAMHU TYT XK€ CTAHOBUTCI U3BECCTHBIM KaK PDA3HOCTH ABYX
9UCEeT: TOrO BECA, KOTOPBIA HOMXKEH ObLT Obl ObITH, U PEATLHOI0, IMOKA3BIBAE-
MOI'0 CTPEIKOU BECOB.

OnHAKO TAKOW TPIOK HE MPOXOAUT, €CAU YUCI0 «(PaJbIIUBBIX)Y MEIIKOB
OBa wiam OOJbIIE: YKA3aHHAA BBIINIE PA3HOCTH ABYX YUCEI paBHA CyMMe HO-
MepOB BCeX (PAIBUINBBLIX MEIIKOB W HE MaeT BO3MOXHOCTU OIPENeINTh Ka-
XKABIA MENIOK MO-OTAeIbHOCTH. [l0X0Xe, ITO ONHAM B3BEIIMBAHUEM TYT HE
obouTuck. Tem He MeHee, OJHOTO B3BEUIUBAHUA, KAK U PAHbBINE, OKA3BIBACTCS
IOCTATOYHO!

Wpes perienus CTAHOBUTCS MOYTH OYEBUIAHOM, €CIU CMEHUTH TOUKY 3pe-
HUA M BCIIOMHUTBHL O CHUCTEMAX CUYUCICHUA. HOCKOJIbe KaX o€ HaTypaJabHOE
9UCJIO0 3AIMUCHIBAETCA OMHO3HAYHO B CUCTEME CUMCICHUA C JAHHBIM OCHOBAHU-
em b, Hano 3anymepoBaTh Meumku oT 0 10 7 — 1 (rge m 9MCIO MEIIKOB, IOKa
TTO TOXKE HeM3BECTHOE) U BHIGpaTh b¥ MomeT m3 Memka ¢ HoMepom k. Jlerko
co00pa3uTh (IpoIe BCero A AeCATUIHON CUCTeMbI caucaenus, b = 10), aro
BMeCTO cTangapTHoro Beca P =6-(1+b+... 4 b") cTpeaka BecOB OCTaHO-
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BUTCS Ha BeCe, Pa3HOCTh KOTOPOro ¢ P B b-uunon cucreme cuucaenus Oymer
BBIPDAXKATHCA HMCIOM, IEIUKOM COCTOANMM W3 HyJed u enuuun. Mecta, HA
KOTOPBIX CTOAT €IWHUIILI, KAK Pa3 W COOTBETCTBYIOT HOMEpaM (PaJbIIXBBIX
MeKOB!

[TPUMEP 5. Ha npamoti pacnoaosxceno 500 00unarxoswvis 6uasbapowbls wa-
pos: 200 u3 HuxT KAMAMCA CAE8G HANPABO C 00HOT U MO JHe CKOPOCTbIO
v, a 300 ocmaavnbiz — cnpasa maaeso ¢ mot e ckopocmuio v (puc. H).
Mecdy wapamu HaGUUHAIOM NPOUCLOIUMb YNPY2UE CMOAKHOBEHUSL, NOCAE K-

200 300

Pwuc. 5.

240020 U3 KOMOPYIL CMOAKHYCUILECA WAL MEHAIOT, HANPABAEHUA CE0UL 06U-
HeenUutl Ha NPOMUBONOAONCHBIE, HO He MeNAOM ceout ckopocmeti. (Pacemo-
ANUA MEHCOY COCEOHUMU WAPAMY MO2YM ObIMb NPOUZBOALHbIMU, MAK UMO
nopadox CMoakKoBenus wapos 3aparee neuszsecmen.) Koneuno uau becko-
HEUHO YUCA0 CMoakHosenuti 6 motli cucmeme? Ecau Koneuno, mo xaxum ono
modcem bvimop?

3aHyMepyeM Bce maphl creBa Hanpaso oT 1 o 500. Creguts 3a mocienoBa-
TEIbHOCTBHIO CTOJIKHOBEHUN MIAPOB MPAKTUYIECKN HEPEATbHO: HAaxe PUKCUPO-
BaB BCE COCEHUE PACCTOAHUSA, OyAeT TPYMAHO YCICAUTH MOPALOK, B KOTOPOM
3T CTOJKHOBEHUA IIPOUCXOOAT. JIy‘IIHe CMEHUTH TOYIKY 3pE€HUsdA: BMECTO TO-
ro, ITOOBI CICAUTD 33 TAPOU CTOJKHYBIIAXCA W 33TEM PA3JIeTEBIINXCSA MAPOB,
OyzeM CYuTaTh, YTO DTHU B3 MIAPA IPOCTO IPOHUKIU APYTr CKBO3b APYra KakK
OecruioTHBIE Tela, OOMEHABIIUCH cBouMU HOMepamu. OT TAKOU CMEHBI TOY-
KV 3DEHUs KAPDTHUHA [JBUXKEHUA [IAPOB HE M3MEHUTCA (a HOMEpa LWIApOB HAC
HHTEPECYIOT MOCTOILKY-IIOCKOIbKY ), OJHAKO MU3MEHUTCs HAIlle OTHOLICHUE K
BTOfI KapTHWHE 1 Mbl CMOXEM OTBECTUTH Ha 06a IOCTABJCHHBIX BOIIPOCA OOHO-
BpeMeHHO. MBI BUUM, 9TO ¢ HOBOU TOYKH 3PEHUA NOCTATOYTHO HAUTHU TUCIO
MPOHUKHOBEHUHU MIAPOB APYT CKBO3b Apyra. TakuX MpOHUKHOBEHWU, OIEBU -
HO, Oy et 200 x 300 = 60000, mOCKONbKY KaX IbIA TPABBIU AP MPOIIES CKBO3b
KA IBIA JEBbIA (IIPU DTOM 10 OTAEABHOCTH MIAPHI KAK B JEBOU I'DYIIIE, TAK U
B [IPABOU HE B3aMMOJEUCTBYIOT MeXAy cobon). VTak, Iucio CTOIKHOBEHUN B
cucTeMe mapoB Bcerga xkoneurno u pasuo 60000, He3aBUCUMO OT TIEPBOHAMATIB-
HBIX pa.CCTOﬂHI/II;I MEX Ay HUMU U OT IIOCACAOBATECIBHOCTU WX CTOJIKHOBeHI/Iﬁ.

YKazaHHYI0 CHCTEMY W3 NBUXKYIIMXCS OJAWHAKOBBIX OUIbLAPIHBIX MIAPOB
MOXHO PAaCCMATPUBATD, MOCAE ITPUBEICHHOTO PACCY XK JEHUA, KAK TPAMUATHUB-
HBIA KQJIBKYJIATOP, TPOU3BOIAIIMYA YMHOXEHIE [BYX HATYPAIbHBIX IUCEN: Y-
CJIa MIAPOB, MBUXKYIIUXCA BIEBO, HA TUCJIO MIAPOB, MBUXYIIAXCA BIIPABO.



100 I'. A. I'anbnepun

[TpuMEP 6. Ilpednoaoacum, saw dpye 3a0Ymas HECKOALKO NPOU3EOALHBIL
HAMYPaabHbiz uuces (cpedu Komopux moeym Obimb U NOBMOPAOUUECA), G
8vl zomume 6éce ux yzadamv (3a00H0 onpedeaus u UT KOAUUECTNBO), NPUUEM
UMEHHO 8 MOM NOPAJKE, 8 KAKOM OH IMU wUcAa 3adyman (m. €. yeadamy 6eco
seKMOP yeanx uucea). Bam paspewaemes nonpocums dpyza cdeaams npous-
BOALHOE BLIYUCACHUE, COAZAHHOE C €20 YUCAAMU, HANPUMED, TOMPOCUMDb €20
HAUMU NPOU3BEIEHUE UAU CYMMY HEKOMOPHIT U3 HUL, UAU HCE DOAEE CAOHCHYIO
romobunayuo. Kaxcdoe maroe sbiuucaenue, K020a #a 6biL00Je NOAYUGEMCA HA-
TYPAIbHOE uucA0, 6ydem naswvsamyv «xodomy. (Apyzot eapuanm 3adauu: Ha
KaKHcAom T0de Pe3YAbMAMOM BbIUUCACHUA JOANCHO 0KA3BIBAMDCA HELIIETOE Y-
c10). 34 KaKoE HOUMENDULEE YUCAO TOO0E BblL CMONCENE HABEPHAKA Onpede-
Aumb 3a0ymannbit eexmop?

N B sTom 3amave (kak m B 9€M-TO IOXOXKEW HA HEE 3ajade W3 IIPUMe-
pa 4 0 QasbIIMBBEIX MeEMIKax) OTBET: 6cezo 3a odun zod! CHadamra pasbe-
PEM TIEepPBYIO MOCTAHOBKY 3aa<U, KOT/A PE3YJIbTAT BBITUCICHUA HA KAXKIOM
X04e — Tesoe umca0. FCim mocMOTpeTh Ha DTy 3a4ady IMIa3aMu JOTHMKA,
3HAIOUIETO O TENETEBCKON HyMepamuu BCeX (POPMATLHO-TOTHICCKUX (HOPMYJT
BBIBOJA B apudMeTuke (Takas HyMepAWs BO3HUKAET IPU AOKA3ATEILCTBE
Teopembr ['€1eas 0 HEnomMHOTE ApUPMETHKHI), TO OTBET «3a OAUH XOI» Ode-

BUJIEH: €CAM 3aAyMaH BEKTOD umcea n = (ni,ng,...,Nk), rae k — Koamde-

CTBO 3aMyMAaHHBIX YIUCEN, TO CJAEAYET MONPOCUTH APYra BBIYACIATHL HTUCIO
_ 1 up) Nk _ _ J—

N = pit py® - ... -p.~, rae p1 = 2, pp = 3, p3 = 5, ..., pp — TepBbIE

k mocaegoBaTensHbIx npocThix umcer. (EcrecTBeHHO, 9TO, NOCKOIBKY KOIH-
9eCTBO 3ayMAaHHBIX IUCEI HEM3BECTHO, CAEAYET IONPOCHTH APYTra CHEJIATH
YKa3aHHYIO OIEpAIuio CIOBECHO: «B0o3bMu moapsam CTOMBKO MPOCTHIX TUCE,
CKOJIBKO 9UCeT ThI 33 yMaJ, BO3BEAN KaX0€ MPOCTOE IUCJIO B CTEIEHb, PaB-
HYI0 COOTBETCTBYIOUIEMY 3ayMAHHOMY TOOOU 9HUCIY, MEPEMHOXb MOXyYECH-
HBIE PE3YJbTATHL U COOOIM MHE OTBET.») M3BECTHO, YTO pasioxeHue Ii000-
ro HATYPAJTBHOI'0 YUCIA HA MPOCTHIE MHOXUTEIA OJHO3HATHO W €IMHCTBEHHO
(aTOT bakT — OCHOBHAA TEOpEMa APUPMETHUKH), IOITOMY Ipeacrasieaue N
B YKA3aHHOM BBIIIE BUJE Aa€T €IUHCTBEHHYIO BO3ZMOXHOCTD JJIA HAXOXK TCHA
KOODPAUHAT BEKTOPA N.

Ecam ke orpaHmIuBATECA TOIBLKO HENEABIMU PE3YAbTATAME BBITUCICHAN,
TO JOCTATOYIHO BMECTO IUCaa N IMONMPOCATH BHIYUCIATD, CKAXeM, ero 00paT-
woe N !: Torga onpeaemuTca BekTOp (—n), a ¢ HAM ¥ MCKOMBIA BEKTOD 1.
Wim xe, MOXHO IOMPOCUTH APYra BEITUCIATD IUCIO N/pgi1 (A€ pgt1 — 9TO
HEMOCPEACTBEHHO UAYIIEE IIPOCTOE TUCIO 32 Y2Ke BEIOPAHHBIME IPOCTBIMA p1,
P2y .., Pk), U IO HEMY OJHO3HAYHO HAUTH BEKTODP N. [IpaMO mam KOCBEHHO
BCE TAKWE BHIYMCJIEHUA OCHOBAHBLI HA Mee TéNeJeBCKON HyMEPAIHH.

OHAKO 9eJI0BEKy, HE 3HAKOMOMY C T'éIeIeBCKOM HyMepaluen, CTOUT CMe-
HUTH TOYKY 3PEHHUA MO-APYTOMY: BCOIOMHHUTE O HEMHBIX APOOAX U IOIPOCHTH
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OPYyTa BEIYUCIUTH LENHYI0 APOOb

a=mp+
ma + 1

rae kaxgoe m; = n; + 1. (Ouars xe, Beraucaenue nenHon Apo6u HAKO ChHOP-
MyJUPOBATH CJOBECHO, AHAJOTMYHO CJIOBECHOU (hOPMYJIMPOBKE I'éNEJEBCKOTO
HOMEpa BEKTOpa 1.)

SHaMEHaTemu My, M3, ..., My OEOHOX APOOKM BOCCTAHABIMBAIOTCA IO
9UCIy @ OJHO3HAYHO: 1] — 9TO HeIad 9acThb @ 19 — 9TO IeIad 9acThb
B =1/(a—my); mg — sT0 nenas dactsb 1/(f—my); u T. 1. Heonpenenrennocts
B onpegenerun Habopa {m;} Moraa Obl CLYyYUTHCA TOABKO HA IOCIEAHEM Ila-
re, KOrja Mbl OIPEACIIIA IOCIeHEE MEI0e INCIO, PABHOE, CKaxeM, M, n He
3HaeM, KAKOU BBIBOJ M3 DTOr0 CAEIATL: TO M my = M, Tromamy, 1 =M—1n
my = 1. K ¢1acThio, HUKAKOU HEONPEAEIEHHOCTH 31€Ch HET: MBI JIJA TOr0-TO
1 npubaBuIM BHAYAIE KO BCEM 3aAyMaHHBIM {n;} 10O equHUYKe, 9TOObI HOJLY-
9UTH 9UCIA 1; > 2, 4 TOCAA BTOPAA BO3MOXHOCTb B YKA3AHHOU AMXOTOMUN
HE MOXET peanu3oBarhCa. VTak, BeKTOp m = (mq,mo, ..., M), a BMECTE C
HUM ¥ MCKOMBIN BEKTOP N = (N1,n9,...,ng) = (m1—1,mo—1,..., mp—1), a
380HO W KOIMIECTBO KOOPAUMHAT Kk KaXAOTO M3 HEUX ONPEAEIAITCA OMMCAH-
HBEIM BBIMHMCJICHAEM OJHO3HATHO.

ITUM HEOOBIYHBIM CIOCOOOM MBI BTOPHUYIHO HAaXOAUM BECb BEKTOD Il.

[TPUMEP 7. Hatimu 6ce uyesouucaenuvie peuenus ouodanmosa ypasHe-
HUA

(a1 + b1 V2)2% 4 (a9 4 bav/2)2%% ..+ (@100 + brooV2) 2! = 5000 4 4000v/2.

Packpoem Bce ckobku creBa u cob6epeM OTAETHHO BCE IeJble JIUCAA U OT-
JeIBHO BCe meible, ymHOXKeHHBIC Ha /2. IlepBas cymma Gyger pasza 5000,
BTopas 4000. Kazanocs 651, y HAC €CTh MHOTO CBOOOBI B BEIOOPE IENBIX TUCEI
a; u b;, OMHAKO TIepBas Ke MONBITKA ONPENEIUTh UX K YCIeXy He MPUBOIUT.
CMeHUM TOYKY 3PEHUsA: BOCIOAB3YEMCA CUMMETPHUEN W 3aMEHUM B KaX JOU
CKOOKe caeBa 3HAK «+» Ha «—». OYEBUAHO, 9TO B IPABOU IACTU MOABUTCSI
ameao 5000 — 4000v/2 (moCKOIBKY Bce cOOpaHHBIE MOCTE PACKPBITHUSA CKOOOK
IeBe HCIA OCTAHYTCA (€3 M3MEHEHHA, a BCe Ielble, YMHOXEHHBIE Ha /2,
NOMEHAIT 3HaK). Tak,

(a1 — b1V2)2% 4 (ag — by v/2)?%% ..+ (@100 — brooV'2)?"%* = 5000 — 4000v/2.

Kasamoces 6b1, MBI He y3Haau HuIero HoBoro. Ho o6paTuMm BHUMaHumE Ha TO,
110 5000 — 4000v/2 < 0. Mbr TYT XK€ IOLyYIaeM HEBO3MOXHOE COOTHOLIECHUE:
ClIeBa B MOCIEJHEM DABEHCTBE CTOUT CyMMAa HEOTPHUIATEIbHBIX ducen (:U3-3a
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getHocTu nokasareas 2004), a copasa — orpunareasroe uucao. Caenosa-
TEeJNbHO, MEJOTUCICHHBIX PEIIeHUN NCXOAHOe YPABHEHNE HEe UMeeT BOoBce!

Wnes, KOTOPYI0 MBI MCIOAB30BAJIM B PEIIEHUU DTOU 3aAa9U, COCTOUT B
HAJIUYIUA CKPBITOU CUMMETPHUU: IIOCMOTPEB B «3€PKAJO» (M3MEHUB 3HAKU )
HA «—»), MBI HE YBUIEIU N300PAXKEHUA; CTAIO OBITH, X UCXOLHOIO 0ObEKTA HE
CyIIEeCTBYeT.

Ha »ToM MBI 3aKOHYAM JEMOHCTPALWIO IPUMEPOB KOPOTKUX 33139 U ITe-
pergeM K OCHOBHOM 3aate CTAThbY, KOTOPAsI Takke OymeT PeleHa Ha OCHOBE
CMEHBI TOYKHU 3DCHUI.

3. 3AIDAYA O BUJIbAPIHOM OTPAXKEHUU B R¢

IIycts B mpocTpanctse R? pacmonoxena (d — 1)-mepHas miockocTs I,
KOTOpYI OyZeM paccMaTpuBaTh KaK TOPU30HTAIbHOE 3epKano. CBepxy oT
sepkana II, B xakux-To Toukax Ai, As, ..., A, OPOCTPAHCTBA HAXOIATCI
MaJEHbKME KyCOYKM TUIOCKUX 3E€PKAJd, OT KOTOPBIX, & TAKXKE W OT 3EPKaIa
IT oTpaxaeTcsa CBETOBOMU JIyd, 00pa3ys 3aMKHYTYIO IIEPUOJAIECKYIO TPACKTO-
puto v = A1B1AsBsy ... Ay_1B,_1 A, By Aq (puc. 6). Tpaekropuio y Oyaem Ha-
3BIBATH MO €CTECTBEHHBIM NPUYMHAM (OMIbAPIHOW: TOICIHBIA OUIbADP IHBIL
1Iap, BHINYIIEHHBIA U3 TOYKA A B TOUKY B, OyeT IBUTAaTbCA IO TPAEKTO-
pHH 7, MOCKOIbKY MOCIE KAaXIOTO OTPAaXEHUA OT KaXJI0r0 3epKaja yroJd ero
oTpaxeHus OyJeT PaBeH yIily ero NaneHusa, KaK W g UCXOJHOTO CBETOBO-
ro ayda. HecocemHme OTpe3KM TPAEKTOPUM 7y B MPOCTPAHCTBE Pa3MEPHOCTHI
d > 3 6ynyT, BOOOIIE TOBOPS, HENEPECEKAIOMMMUCS, KaK Ha puc. 6a, a B CiIy-
4qae, Korga Bce Touku Ay, Ao, ..., Ay u TOuku oTpaxenus By, Bo, ..., By_1,
B,, pacnonoxensr B 04HOU mIOCKOCTH (d = 2), mepmognvIecKas TPAeKTOPHUI Y
BBITVIAUT, KaK Ha puc. 66.

B, B, B, B3 Bp_1
6)

Puc. 6. 3aga4a 0 OuabApAHOM OTPAXKEHUH B IPOCTPAHCTBE U HA ILIOCKOCTH
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Paccmorpum Tpeyrombamku Ay = AApBrAgp+1 (k= 1,2,...,n—1) n
A, = prA1BL A, KOTOpPBIE HA30BEM OUAbAPIHbIMY Mmpey2oabHuKramu. [1Is Ka-
XK IOT'0 U3 IEPBLIX 1 — | GUIBLAPIHBIX TPEYTOJbHUKOB OIPEIEIUM €r0 U30bimok

Op = Ak By + BrAg+1 — A A1,
W €0 Nepumemp
pr = ArBi + BrAgy1 + ApAgyr .
To4rO TaK Xe onpemeanM W36LITOK U IEPUMETP HOCICAHErO, 1-I'0, TPEYTOIb-
Huka A, = A A1 B, A,:
op = A1Bp, + BrA, — A1 A,
pn = A1B,, + B, A, + A1 A, .
CpaBHUM /[Ba 4uCIa: OTHOIICHUE U3OBITKOB 0109 - ... 0p_1/d, W OTHOIIEHUE
LEPUMETPOB P1P2 - - - - * Pp—1/Pn-

SATAYA. Moxcno au ymeeprcdams, wmo 00HO U3 CPABHUBAEMBIL JBYL Y-
cea 6ce2da, HE3ABUCUMO OM OUALAPIHOT MPAEKMOPUY Y, HE NPEBOCTOIUM
dpy20e? BO3MONCHO AU PABEHCMBO IMUL YUCEA, U ECAU 0G, MO O0af KAKUL
mpaexmoputi y?

OxasbiBaeTCsi, OTBETH Ha 004 BOIPOCA IIOJOXKUTEIbHbI, & PABEHCTBO OT-
HOLIEHWY W30bITKOB U IEPAMETPOB HAKIAIBIBAET HEOOBITHOE OrDAHIIEHNE HA
pacmooxenue Totek {A;} u {B;} B mpocTpanctse R?. Pemenue 3aga4u ga-
eTCA CAeAYIOWEN TeOPEeMON:

TEOPEMA 1.

(A). Jasn npoussoavnoti 6usbapIHot MPAEKMOPUU Y CNPABEIAUBO HEPG-
BEHCMBO

0102 - ...-0pn—1 _ p1P2- .- "Pn-1
< : (1)
on Pn
(B). Hepasencmeo (1) npespawaemes 6 pasencmeso moz2da u moavko mo-
2da, %0200 00HOBPEMENHO BLINOAHEHDL CAECIYNUIUE MPU YCAOBUS HGE PGCTLOAO0-
acenue mouer {A;} u {B;} 6 npocmpancmee RY:

(bl) sce A-mouru {A} u 6ce B-mouxu {By} (k= 1,2,...,n) pacno-
A0ACENBL 8 0010 U MOt e d8Yymepnoti naockocmu RZ;

(b2) sce B-mouru pacnosoxcenvt na odnoti npamoti £ € R2 N1II, npu-
yem nepevie n — 1 B-mouek pacnoaoscenvt 6 nopadke By, By, ..., By 1 na
npamoti £, a nocaednas mouka By, aexcum eHympu omrpuimoz0 unmepsaa
(B1,Bn-1) € ¢

(b3) 6ce A-mouku aexcam wma odnoti oxpysrcnocmu ¢ € R2, yewmp
KOMOPot pacnoaodcer 8 nexkomopoti moure O npamot £, npuuem wa OKPYHC-
nocmu ¢ onu udym 8 nopadke Ay, Asg, ..., Aj,.



104 I'. A. I'anbnepun

Teopema 1 cTaHOBUTCSA MOYTH OYEBUIHOU, €CIU CMEHUTH TOYKY 3DEHUA U
[IOCMOTPETH HA BCIO 333y ¢ mo3uiun reomerpun Jlobatesckoro. Cmena Tot-
KU 3pEHUA W IT0KA3ATEILCTBO TEOPEMBI 1 IPUBOAUTCA B YACTH D, & IOKA ITO
nepergeM K npocrerimnm dpakTaM reoMerpun JIo6adeBCKOro u OuIbsapJHOU

dopmye.

4, 'EOMETPUA JIOBAYEBCKOI'O U BUJbAPIHAA ®OPMVYJIA

Hanomuaum mHekoTopbie pakThl reomeTpun JIOGaueBCKOro, wiu runep6oau-
geckon reomerpuun. Ham 31ech BaxHa caMasg yooTPeOUTENIbHAA MOJIEAb DTON
reoMeTpuu, & UMEHHO, MOjelb [lyaHkape B BepXHEH MOMYIUNIOCKOCTH, €CJIN
pedb uaeT O ABYMEPHOU Me€OMETPHUHU, U B BEPXHEM IOJYNPOCTPAHCTBE, €CIN
pedb UaeT O Pa3MEPHOCTYU TPU U BHIIIE.

Hausmem ¢ aBymeproi miockoctu Jlobagesckoro H2. Ee mogensio Ilyanxa-
pe ABIAETCA OTKPBITAA BEPXHAA MOIYILIOCKOCThH eBK/IMJOBOM MIOCKOCTH RZ:
BCE TOYKHU €BKJIWAOBOU IUNIOCKOCTHU BhIIe ocu abcumce Ox SBIAAIOTCA TOIKA-
vu miockoct H?, a Bce Touku Ha ocu O CIMTAIOTCA GECKOHETHO yIAJIeH-
HBIMU TOYKaMu rurnepboaundeckon miockoctu. Ock abcuuce Ox HA3BIBAETCA
Taxxe abcoaomom miockocTn Jlo6avesckoro. Ilpsambre ma maockoctn H? (x
HUM TIPUWIATAETCA DSIUTET (TUIepOOMUICCKUE), N TOTO, ITOOLI HE MyTaTh
UX C €BKIMJOBBIMM NIPAMBIME) OBIBAIOT ABYX THUIIOB: K MEPBOMY OTHOCATCS
BEPTUKAJILHBIE €BKIUOBBI JyIU, OPTOrOHAIbHBIE ocu O, a KO BTOPOMY —
eBKJIM/OBLI IIOLYOKPYXKHOCTH ¢ IeHTpamu Ha abcomore Ox. (DuureT «eBKIM-
[OB» LISl €BKJIUJOBBIX 00BEKTOB — TOYEK, MPAMbBIX, OTPE3KOB, OKPYXHOCTEH,
KPUBBIX M T. . — MbI 9aCTO OyJeM OIyCKaTh; JIOOOU reoMeTpudecKun 06b-
€KT C OTCYTCTBUEM 3TOT0 SIUATETA CIATACTCI ABTOMATUICCKA €BKJIUJOBBIM.
dnureT «runepOonInIecKuly Mbl, HA0O0POT, OyIeM KaXABIA Pa3 CKPYIIyJIe3-
HO OPUIUCHIBATH K COOTBETCTBYIOMEMY 00beKTy reomerpun JI06a1eBCKoro. )
s mo6brx 1ByX TOueK A m B Ha BepXHEN MOJIYIIOCKOCTH MBI BCET/Ia MOXEM
ONIPENeNUuTDh, KAKOMY U3 IBYX TUIIOB MPWHA,IEKUT TAMEPOOIUTECKAA TPAMAL
AB: ecau npsamas AB oproronasbhaa ocu Oz, TO K nepsoMy, a eciu AB e
oprorouaabua Oz, To KO BTopoMy. Bo BTOpoM ciiydae MOHATHO, KAK TOCTPO-
ATb TUIEPOOITIECKYI0 IPAMYI0O AB MUPKYJIeM W JUHEHKOU: IS 3TOr0 HAIO
MPOBECTU MEPIEHAUKYIAP K cepeaune orpeska AB, maurm Touky O mepe-
CEYEHUs ero ¢ OChI0 abCIUCC M, HAKOHEI, IPOBECTH OKPYXHOCTDH C IEHTPOM
O, — ee BepxHAA OTKpPHITas (6€3 KOHIIOB, IPUHANIEKAAX abCOMIOTY) IOLY-
OKPYXHOCTB 1 OyIeT UCKOMOU runepboanaeckon npamon (puc. 7a). Ecau ru-
nepboaudeckas To49ka P jexuT BHe runepboamaeckon npamou £, To depes P
MOXHO TPOBECTH IEJBIN IIYYOK TUIepOOInIeCKUX IPIMBIX, «IapaJLIeIbHBIX)
(T.e. HE MMeOIUX OOIUX TOYEK C) runepboamdeckor npamon ¢ (puc. 76): na-
THIA MOCTYAAT EBKINIA O € IMHCTBEHHOCTHY IPAMON, TAPALIEIBHON TAHHOU, B
reomerpun JI06a9€BCKOr0 HAPYUIAETCA.
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_RA

1 )

a) 6) B)

Pwuc. 7.

IIycts A u B — gBe runep6oamydecKue TOYKM, COCMHEHHbIE KaKOU-T100
kpuBonn o. Torga ee rumepGommveckas mmmua o (A, B) ompegeasercs no

dopmyae
B
ou(aB) = [,
)
A

rgae ds — DIEMEHT eBKIMAOBOM AauHBL ds = \/dx? + dy?, a y — opamHaTa
TeKyuen To4Yku Kpusou o (puc. 78). Ecau y ects pyukumsa ot z, y = y(x),
TO JErKO HAUTH [IUHY KPUBOU ¢ 1O GHOpPMYJIe

B B
2 2 / 2
JL(A,B):/ Vd$y+dy :/ 1+(Zy/dx) dx.
TA TA

Kpusonu mex 1y Toukamu A u B MOXeT ObITh, B 94CTHOCTH, AYT'a €BKIUIOBON
OKPYXHOCTH ¢ KOHIIAMU B TOYKaX A u B, wiu, uHbIMU CI0BaMu, runepbonnye-
ckuut oTpe3oK ~AB (ecau Touku A u B nexaTr Ha BEPTUKAILHOU MPAMOU, TO
um OygeT eBKIma0B 0TPe30K AB); ero runepboamaecKas JIuHa BEITUCIAETCA
no Tou xe camou opmyae. Hecaoxuo mokasars (MBI 9TOTO 34€Ch A€IaTh HE
OygeM), 9T0 runepOoIrIecKas JInHA TUIepOOINIeCKOr0 OTPE3Ka BCErga KO-
potve rumepOoInIecKO AJINHEL JI000M KPUBOKM ¢ TEMHU XK€ KOHIIAMH, IOITOMY
runepOOIuIeCKul OTPE30K ABAAETCA TE€OAE3MIECKUM (T.€e. (KPaTIaIImMy )
oTpeskoM Ha miockocTu Jlobadesckoro H?. B 9acTHOCTH, BHIIOIHACTCA He-
PABEHCTBO TPEYrOJbHUKA, & B OOWEM CIydae — HEPABEHCTBO MHOTOYTOJIb-
HUKAa: OJIWHA JIIO6OI>i CTOPOHBI MHOT'OYT'OJIbHUKA HE IIPEBBINACT CYMMY MJIWH
BCEX €ro OCTAJbHBIX CTOPOH. PaBeHCTBO BO3HUKAET, KOrga 00bequHEHNE BCEX
OCTAJbHBIX CTOPOH COBIAAAET C UCXOMHOU CTOPOHOU MHOT'OYTOJbHUKA.

Bce npusegeHHBIE DACCMOTPEHMS [NOCIOBHO HEPEHOCATCA € IUIOCKOCTH
Jlo6azesckoro H? ma mpocrpamcTso Jlobauesckoro HY¢ (runepb6onugeckoe
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IIPOCTPAHCTBO). A WMEHHO, B €BKAMJOBOM mpocTpancTBe R? BHIGHpaeTcs
rOpM3OHTAIbHAA MUIepILIocKocTs 11 = I197! u BepxHee oTKpEITOE mOTYIpO-
crpancTBo ¢ rpanunen 11 obwasaserca mogensio (Ilyamkape) rumep6omnmte-
ckoro mpocTparcTsa HY (T.e. eBKIMIOBBI TOYKH BEPXHErO IOLYIPOCTPAH-
CTBa ABIAIOTCA TEHepb ONHOBDEMEHHO U TUIepOOIMYECKAMEU TOIKAMHU), a
caMa MUIepIIOCKOCTh 11 — abcomorom (MHOXKECTBOM GECKOHETHO Y AATICHHBIX
TOYEK) DTOr0 runepOoIuIecKoro TPOCTPAHCTBA. UTOOBI ONPEAEaUTh PACCTO-
SHUE MEeXy NByMs rurnepbonmdeckumu ToukaMu A u B, HAI0 CHAYAIA OILy-
CTUATH U3 HUAX NEePIeHANKYIAPHL Ha TUIEPINIOCKOCTS I, mpoBecTu AByMepHYIO
mI0ckocTh R? Wepes 2Tu HepHeHnKyIape! (OHa OIPEIeTUTCA OJHO3HAMHO, €C-
Jau TOIBKO TOUYKE A m B He nexat Ha 0JHON BEPTUKAILHOU IIPAMON), U B DTOU
IUVIOCKOCTY B3STh BEPXHIOK MOIYIUNIOCKOCTH (HAJ HIPAMOU, ABIAIOLICUCS Iepe-
cegermem miockoctu R? u runepmiockoctu I1), KoTopas u 6yAeT IIOCKOCTBIO
JloGaueBckoro. A K Hel yXke 3aTeM MPUMEHUTD BCE IIOCTPOEHUS, PACCMOTPEH-
HBIE BBIIIE: TIPOBECTH depe3 A u B OKpYXHOCTH U BBIMUCIUTD IO YKA3AHHOU
BBHIIIE MHTErPAILHOU (HOpMyJe TUIEPOOIUICCKYIO MIUHY TUIepOOInTIeCKOTO
orpeska ~AB.

[Mocne sTux 06X PACCMOTPEHUN MBI MOKAXKEM, KaK MIPOCTO HAXOAUTh
runepOoInIecKyio JIUHY runepboandeckoro orpeska ~AB.

[MomecTum B TOYKY A OUIbAPAHBIN AP U 3AILYyCTUM €0 B TPOCTPAHCTBE
R? B cTopony rumepmiockoctu 11 Tak, TTOGEI OH IOCIE OTPAKEHHA B TOTKE
C € Il nonax B Touky B. Kak mauTu Touky orpaxenus C B mmockoctu II,
MOKA3BIBAET PUCYHOK 8: Mg 3TOr0 HAA0 OTPA3UTH TOYKY A OTHOCHTEIBLHO
runepminockoctu I (mpuyeM mocTpoeHue OTpaXKeHUs CIefyeT NelaThb B ABY-

B
a B

|

|

|

|

|

B -
i -~ C A6comor 11
|

|

|

|

.

Pwuc. 8. Bunbapagaas ¢popmyaa guasa ranepOboJIdIecKOro pacCTOAHAA Ha ILIOC-
KOCTH U B IpocTpaHcTBe JlobadeBCKOro
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MepHo# miockoctu R?, oprororansron I1), u nory4dennsia 06pas, Touky A’
coequENTL ¢ Toukon B. Touka mepecedenua orpeska A'B ¢ rumepmiocko-
croio R? u 6yger uckomon: C' = A'B N1I. [leficTBETEILHO, X3 PACCMOTDEHUSA
TPEYrOJIbHUKOB JErKO BUIAETh, 9TO (¢ = [3, T.€. YrOJ OTPAXKEHUI PABEH YUy
nagerHus (puc. 8), Tak 9TO, AEUCTBUTEILHO, Tpaekropui A — C — B —
OmabAp HAS.

Urak, BosHuUK Omabapaubin TpeyroabHuk ABC. Y HEro ecth mepuMeTp
p=AC+ CB+ AB = dg + dg, rge dg = AC + CB — 6uavapdnoe pac-
crosame mexay Toukamu A m B (orcooga m magekc By 0603HaMeHUs pac-
CTOSHUA), & dp — €BKIUAOBO PACCTOSHUAE MEXIY TEMU XK€ TOUYKAMU; U €CTh
akcyecc — BeamauHa 0 = AC + CB — AB = dp — dg. O603Ha4uM rumep-
Oonmueckoe paccrosuaue mexay Toukamu A u B uepes dy. Cupasemiusa cie-
AyIomasn

TEOPEMA 2 (BUJIbAPAHAS ®OPMYJIA).

dy =ln? =1 B+ 2)

0 dp —dg
3AMEYAHUE. Eciu o ABC Buipoxjen, T.e. Touku A u B jgexar Ha 0]-
HOM BePTHKAIBLHOM eBKaugoBoMm jayde CAB, to ¢opmyna (2) maer xopouo

M3BECTHYIO U3 y4ueOHUKOB dopmyay dr = In 30| © KOTOPOU MBI ¥ HATHEM

HAIIE T0KA3aTeabCTBO (opmyast (2) B wacTu 6 5TOU cTaTHU.

JokazaTeascTBO TeopeMbl 2 6ygeT ZaHO B JacTU 6, HO CHAYaIa, OCHOBLI-
BasCh HA OUIbAPAHOU hOpMYyJe, ToKaxeM TeopeMy 1.

5. PENEHUE 3AJAYY O BUJbLSAPIHOM OTPAXKEHUN

CMeHuM TOYKY 3pEHHA M MOCMOTPHUM HA UMEOIUUCI E€BKIUIOB reoMe-
Tpuueckmii 06BeKT B BepxHeMm moaympoctpamcTse (RY)T — zepkano II u
O6WIbApAHYI0 TpaekTopuio ¥ = A1B1AsBy... A, 1B, 1A,B,A1 — xak Ha
HEKYI0 KOHCTPYKIHIO B d-MepHOM npocTpancTse Jobagesckoro HY. A umen-
HO, OyJeM MbICIATH BepxHee moxympocrpamcTBo (R?)T kax mogers IIy-
ankape reomerpuu Jlo6adesckoro ¢ abcomorom II; Torga Toukm oTpaxe-
wusas Ay, Ao, ..., Ap_1, A, TupeBpaTATCI B TUNEPOOIUYECKUE TOYUYKH, &
Touku By, Bo, ..., B,_1, B, orpaxenusa or 3epkauaa Il — B 6eckoned-
HO yAaJeHHbIe TOUKH mpocTpamcTsa HY. [l1s MOTHOTHI KAPTHHBI HAM He
JOCTAET TOJBKO COeQUHUTH runepboamyveckume Touku Aj, Ao, ..., Ap_1,
A, B yKA3aHHOM MNOPAAKE APYT C APYrOM rUnepOOJUYeCKUMEU OTPE3KAMU
(a B kOHIE — THUNEPOOIMICCKUM OTPE3KOM TOUKY A, ¢ Toukom Aj), 4To
MBI ¥ creraeM. B pesyabpTaTe mOLyumM TUOepOOIMTIeCKAN MHOTOYTOMBHUK
AjAs ... Ap_1 Ay, runepbonraeckue cTOpOHB ~ Ay Ap 41 KOTOPOTO — BTO AyrH
eBKJINIOBBIX IOMYOKPYXRHOCTER ¢ meHTpaMu Ha 3epkaie 1. Ilo mepasencTsy
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MHOTOYT'OJbHUKA, TUIEPOOInYIecKas [InHa CTOPOHbI ~Aj A, He mpeBOCXOaUT
CyMMBI runepOoauIecKuX AJIUH OCTAJbHBIX €er'0 CTOPOH:

dr(TA1A,) <dp(TA1A2) +dp(TAA3) + ..+ d(TAL1AR), (3)

OpuYeM PaBEHCTBO BHINOXHAETCS, Korga Todku Ag, ..., A, | mexar ma ny-
re eBKAMAOBOU OKpyxHOCTH ~AjA,, m mmerno B srom nopsake (ot Aj
no Ap_1).

Mpb1 cerrgac nokaxeMm, 9TO HEPABEHCTBO (3) B TOYHOCTY DKBUBAIEHTHO He-
paBeHCTBY (1), KOTOPOE MBI KaK Pa3 M XOTUM JOKA3aTh; 9TUM MbI 3aBEDIIUM
nokasareabcTBo dacTu (A) reopemsr 1. Hacts (B) Teopemsr 1 (npuiem cpasy
BCe IyHKTHI) OyIeT CIe0BATH U3 yCIOBUA IPEBPAIEHUA HEPABEHCTBA (3) B pa-
BEHCTBO (CM. OCJAeAHee IPeIoKeHe npeabaymero absana). Urak, npocras
CMEHA, TOYKW 3PEHHs JEUCTBUTEILHO AACT HAM [JOKA3aTEIbCTBO TEOPEeMb!

[Tepenuumem HepaserncTso (1) Tax:

p1 P2 Pn—1 Pn
IS 1.1
51 0o on-1 ~ dn (1)
BosbMeM morapudm oT o6emx dacTen:
P 4 m® it (1.2)
g 2 dn—1 on

Cornacuo Omabapauou ¢opmyre (2), Kaxgoe craraeMoe B JEBOU HaCTH He-
pasernctBa (1.2), lng—k (1 < k < n—1), ectb mpocTo rumepboamIeCcKas
k

IMIHA TUNEPOOInIecKOro oTpeska ~AxAk41, a BbIpAXeHHE lng—” B IIPABOU
n

9aCcTU — DTO runepbonrmdeckas IIUHA rUnepOoamdeckoro orpeska ~AjA,.
DkBUBATEHTHOCTE (1) < (3), a ¢ HeM u mepBasg 4acTb TeOpeMbl 1 TOKa3aHA.

Hepasenctso (1) mpeBpainaercs B paBeHCTBO TOIJA U TOJIBKO TOT /A, KOT/1a
sKBHBaJeHTHBIE en HepaBeHcTBa (1.1), (1.2)  (3) cranoBATCA paBeHCTBAMHU.
Hepasenctso (3) GygeT paBeHCTBOM IpW MONAJAHUM, KAK yXkKe TOBOPUIOCH,
Bcex TodeK oT As mo A,_1 Ha runepboamdeckunn orpe3ok ~AiA;,. Ilo om-
PEIENEHNIO TUIEPOOIMIeCKOTO OTPE3Ka, DTO O3HAYALT, UTO €BKIUJIOBLI IyT'H
okpyxHOCTEeN ~“AoAsz, TAsAy, ..., TAp_oA,_1 JeXaT HA Ayre OKPYKRHOCTHU
YA Ay,. CaepoBarensuno, Touku Ao, As, ..., Ap_1, UMEHHO B DTOM TOPSII-
Ke, JexaT Ha ayre okpyxuoctu ~Aj A, (puc. 9). 910 nokasbiBaeT Hauboiee
Tpyaabi oyHKT (b3) BrOpon gactu Teopemer 1. (UHTEpecHO OTMETUTH, ITO
Haubosee TPYAHYIO YaCTh TEOPeMbI 1 HaM yAaJa0Ch AOKa3aThb CPpa3dy — C APY-
CUMU IyHKTAMY HAIO €I TOBO3UTHCA! — ¥ BCErO JUIIb 33 CI€T OJHOU TOJBKO
CMEHBI TOYKU 3peHus!)

Kpome TOro, us mpuBeIeHHOIO PACCYXAEHUA CACAYET TaKXkKe, ITO TOU-
ku A, Ao, ..., A, BMecTe ¢ ToukKamu By, Bs, ..., B, oTpaxeHusa or 3ep-
kama I mexar B OfHOM eBKIMJOBOM ILIOCKOCTH R?, MOCKOMBKY BCE AByMep-
HbI€ INIOCKOCTY COOTBETCTBYIOMMX OMIbAPIHBIX TPEYTOAbHUKOB A A BrAgt1
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Pwuc. 9. Pemrenne 3aga<du 0 6uabapgaom orpaxernnn B R”

(2<k<n-1)u A B,A, 06a3aHbl cOBIACTb. T€M CAMBIM MBI IIOJIYIaeM
yTBepxaerue myHkTa (bl) Teopemsr 1.

Hakomen, mokaxem myHkr (b2). IIpexge Bcero, Touku oTpaxenus Ou-
JIbSAPAHOU TPaeKTOpuu 7y OT 3epKaua 11 («B-Toukmy) 06sS3aHBI IPUHAIEKATE
npamoit £ = R? NI, Tax KaK OHM HPUHAAIEKAT Kak rumepmiockocta I (mo
OLpPEEeIeHUI0 TOYEK OTPAXKEHWs), TAK U MEPIEHJUKYIADHOU el IBYMEDHOU
miockoctu R? (B cmy ycTaHOBIeHHOTO BEIME). B1o6aBok, Kaxgaa Touka By,

k=1,...,n— 1, pacnojoxeHa Ha IpAMOU £ MeX Ty OPTOrOHAILHBIMU TPOEK-
umsmu pr(Ay) u pr(Ag41) Touek Ay m Apy1 Ha npamyio £: orpe3ok [A} Agi1],
rae Aj — o6pa3 TOUKE A NP OTPaXKEHUH OTHOCHTEIHHO IHIEPINIOCKOCTH

I1, nepecekaer orpe3ok [pr(Ay)pr(Aki1)] B ero snwympennet touke By (Mbr
HE PACCMATPUBAEM OYEBUHBIA BBHIPDOXKJEHHBIA CIy4ad, KOTAA TOYKU Aj u
Ag41 J€XaT Ha BEPTHKAILHOU €BKAMAOBOM mpsamon). Ilocrenuss Touka ot-
paxeHus TpaekTopum y Ha 3epkane [, B, aBiseTcsa, O9eBUAHO, BHYTPEHHEN
toukon orpeska [pr(A;) pr(4y)]. K romy xe, nockorsky orpesok [A] Ag] xe-
®uT B wiockocTn R? sryTpm yraa ,A; A} A, (mockomeky Touka Aj JexmT
BHYTDPH Ayru OKpyx)HOCTH ~Aj A, ), oH nmepecekaeT orpe3ok [pr(A;)B,] B ero
BHyTpeHHeU Touke Bi. To9HO Tak xe, HAUMHAA PACCYXAATH TEIEPb C TOY-
ku Ay, MBI BuAUM, 9TO O0Tpe3ok Al A, 1 mpmmamgmexwur miockoctn R? Bry-
Tpu yraa ,A, Al A;. D10 03HavaeT, 9TO TOUKA B, | ABIAETCSI BHYTpPEHHEN
TouKOu orpeska [By pr(4,)]. Ucxons us npunagrexuocru By € [pr(A41)B,]
u B,_1 € [B,pr(4,)], sakmouaem, aro B, € [B1B,_1]. Ho Touka B, =e
MOXeT COBIHACTb HU C KOHIOM Bj, Hu ¢ KoHuOM B, j orpeska [B1B, 1];
CIIe0BATEIbHO, B, npuHAJIEKAT omkpuimomy uarepsary (B, B, 1). YrBe-
pxpaenue nyakTa (b2) Teopembr 1 goka3aHO, M JOKA3ATEILCTBO TEOPEMBI 1,
TeM CaMbIM, 3aBEPIIEHO.
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6. JOKA3ATEJIbCTBO BUJIbAPJIHON ®OPMYJIbI

O6o3naaum wepes A’ 06pa3 ToUkm A Tpu ee OTPaXEHUM OTHOCHTEIBHO
npsvoun £. (HamomumM, 9T0 ¢ — 5TO rOPU3OHTAIBHOE 3€PKAJIO, OT KOTOPOrO
OTPAXKAETCA OMILAPIHBIN AP, 3aNyIIEHHBIN U3 TOYKU A B TOuky B, m og-
HOBpeMeHHO abcomoT reomerpun Jlobadesckoro B mogenu [lyankape.) Torga
AC = A'C u dpopmyny (2) MOXKHO IEpENUCcATh B BUIE

A'B+ AB

dL(A,B) = h’lm .

(2.1)

B caygae Beipoxaennoro nABC, ¢opmyna (2.1) BbITeKaeT HEMEJICHHO W3
onpegeseHus runepbOIMIecKOro PacCTOAHUA dy: B dTOM CIydae T4 = Ip,
mostoMy dz = 0 u, cTauo OBITH,

B YB
2 2
dL(A,B):/ivd“fﬁLdy:/d_y:
) Y
A ya

() - (22) -
YA YA 2ya

(y +ya)+ (yp —ya) _, A'B+AB
(y +ya) — (yp—ya) ~ A'B—AB’
Paccmorpum Teneps mebipoxaenubit caydan o ABC. Torga runepbonnye-
ckag mpaMas B Moxean llyamkape H? Gyaer (eBKImJOBOM) IIOXYyOKDYKHO-
cThio ¢ ¢ meaTpoMm O Ha abcoaore ¢, mpoxoasien depe3 Touku A u B. Cua-
9aJ1a MBI yCTAQHOBUM TPHU IPOMEXYTOYHBIE (POPMYJIBL M rANePOOInIECKOTO
paccrosuus dr, (A, B).

= (Iny)

Beemem caepyromme o6o3nadenus: Y X € £ — aumaMeTp MOJYyOKPYKHO-
cra ¢, ,/AOX = o u ,BOX =, J/AYX = au ,BYX = [ (cM. BepxHIOIO
nonosuny puc. 10). Beegem Takxke crapgapTHOoe obo3nadenue [AB, XY nias
OBOUHOTO OTHOIIEeHUs deTbipex Touek A, B, X, Y:

_AX/AY
- BX/BY '

[AB, XY]:

JIEMMA. Cnpagedausvi caedyowue @Gopmyabt 0ai 2unepbosuuecrozo
paccmosnus mexncdy moukamu A u B:

w($)

di(A, B) = ‘m 221 (2.2)
tg (—
tgi)

di(A, B) = ‘m(tg—ﬁ) : (2.3)

di(A,B) = ‘ In [AB,XY]‘ . (2.4)
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Puc. 10. /Joka3areabCTBO OUIbAPAHOH (DOPMYJIbI

HOKABATEJBLCTBO. B momsapubix koopauaaTax £ = rcosf, y = rsinf,
ds = Vdr? +1r%df? = rdf (nockoabky dr = (0 Ha OKPYXKHOCTH); CIENOBA-

TeJNbHO,
¥
(%)
2

ey

I

u popmyaa (2.2) gokasana.
[anee, TOCKOIBKY g = %(VABX) =au % = %(VBX) = [, HaxoquM u3
(2.2):

u popmyaa (2.3) gokasana.
3ameTuM Tenepb, 9T0 Tpeyroabuuku oY AX u oY BX mpamoyroabHbIe.
Bripasuwm tg « u tg 8 1epes ornomenus AX/AY u BX/BY, cooTBEeTCTBEHHO:

i (555)] = 57|

Dopmyia (2.4), a ¢ Hew u aIeMMa, JOKA3AHA. O
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Tenepb MBI TOTOBBI K 3aBEPIICHUIO [OKA3ATEABCTBA, TEOPEMBI 2.

[Ipoaaum moOIyOKpPYyRHOCTD, TPOXOAAIIYIO depe3 Touku A u B, ¢ BepxHen
MIOJIYILIOCKOCTHU HA HUXKHIOK — IOJIY UM HOJHYIO OKPYKHOCTD € C JUAMETPOM
XY € £ uuenrpom O € L. Ilycts R ee paguyc. Touka A’, 3epkaibabIi 06pas
Toukm A, 1exuT Ha OKpyX)HOCTH ¢ HUXe nuamerpa Y X. Coequamm Touky A’
¢ Toukou B u 0603HaIUM ([JONOIHUTEILHO K YK€ BBEICHHBIM 0003HAYCHUAM
+sAYX =aun /BYX =0) JAYB = JAXB =+, /AXY = JAXY =7/2—«
(puc. 10).

[IpumenuM (eBKIMAOBY) TeOpeMy CHUHYCOB K TpeyroabHukam aABX u
ANA'BX:

AB =2Rsiny = 2Rsin(a — ) w A'B = 2R - sin(,BXA') = 2Rsin(a + ).

[MogcraBuM HAUEHHBIE BHIPAXKEHUSA B APOOb, CTOANIYIO B MPABOU HaCTHU
dbopmyust (2):

A'B+AB _ sin(a+ f) +sin(a — B) 2Sina+ﬁ;a P cos 240 3 ath

A'B—AB  sin(a+ ) —sin(a—f8)

a—}—,B—a—}—,BCOSa—{—ﬁ—}—a—ﬁ -
2 2

2sin
__sinacosfS _ tga
sin 3 cos « tgB
[Ipumenss K HAUIEHHOMY BbIpaXKeHWI0 GopMyry (2.3) w3 TOKA3aHHOU BBIIIE
JIEMMBI, IIOJYIa€M

dr(A, B) = ‘m(zi—g)‘ :lnj:g%jgzln@),

T.e. popmyay (2). Bumsapauas dopmyna nokasana. O
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[IpoekTuBHBIE TPe0OPA3OBAHUA, OCTABIAIONINE HA
MeCTe OKPYKHOCTb

P. H. Kapacén

141700, r. Joaroupygusit Mockosckou o6i., Macturyrekun nep. 9,
MockoBcKu pU3NKO-TEXHUIECKUN UHCTUTYT,
Kadeapa BLICIIEN MaTEeMATUKN

1. BBEIEHUE

B sTo1 cTaThe MBI pACCMOTPHUM HEKOTOPBIE CBOMCTBA, IPOCKTUBHBIX Ipe-
00pa30BaHMU, KOTOPHIE IIEPEBOAAT 3aJaHHYI0 OKPYXHOCTH HA IMPOEKTUBHON
ILIOCKOCTH B Ty k€ OKPYXKHOCTh. KpoMe TOro, Mbl HauaeM CIoCoObl ABHOT'O
HOCTPOCHUA TAKUX MPeoOpa3oBaHmid. MBI OTMETHM AHAJOTHIO MEXKIY TAKH-
MU IpeoOpa3sOBAHUAMHA U OPTOrOHAIBLHLIMI IIPE0OPA30BAHIAME TPEXMEPHOO
OPOCTPAHCTBA, WK, B IIKOJALHON (DOPMYJIUPOBKE, ABYKEHUAMH TPEXMEPHOIO
OPOCTPAHCTBA, OCTABIAIIIMMA HA MECTE HATAI0 KOOPAMHAT. JTa AHAJOTHUA
HO3BOJIAECT PACCMOTPETDH BAXKHBIA KIACC IPOCKTUBHBLIX IIPE0OPa3OBAHMN, IIe-
PEBOAANIMX OKPYXKHOCTH B ¢€0f, KOTOPbIE AaHAJOTUIHBI OTPAXKEHUAM OTHOCH-
TEABHO IMIOCKOCTH B CIy9ae OPTOrOHATBHBIX TPE0OPa30OBaHUN IPOCTPAHCTBA.

OT umTaTena IpeAnoIaraeTca HEKOTOPOE 3HAKOMCTBO C IOHATUAME IIPO-
€KTUBHOM ILIOCKOCTHY ¥ IPOEKTUBHOIO IPe0oOpa3oBaHMs, HAIIPUMED, 10 KHU-
ram [1] mam [2].

2. HEKOTOPBLIE ONPEAEJIEHAA
HanomarM HEKOTODBIE OIpeAeIeHNs U3 IPOEKTUBHOU reomeTpun (M. [1]):

ONPEAENEHUE. [Ipoexmuenoli naockocmblo HA3BIBAETCA MHOXECTBO
IIPAMBIX, TPOXOAAIUX Y€PE3 HAYAI0 KOOPAMHAT TPEXMEPHOIO IPOCTPAHCTBA.
IIpsMbie 5TOT0 MHOXECTBA HA3LIBAIOTCA MOUKAMY NPOEKMUBHOT NAOCKOCMU,
INIOCKOCTH, IPOXOAAIINE UYepe3 Hadad0 KOOPAMHAT, HA3BIBAIOTCA NMPAMbIMU
NPOEKMUBHOU NAOCKOCTU.

ONPEJEJNEHUE. Ha 10601 MJIOCKOCTH, PACHOJOXEHHOW B TPEXMEPHOM
MPOCTPAHCTBE W HE CONEPKAIIEH HAYAIA KOOPAWHAT, TIPOEKTUBHBIE TOYKI
7 IIPpAMBIC BBICCKAQIOT HACTOAINUE TOYIKU U IIPDAMBIC. TaKaﬂ IIJIOCKOCTH Ha3bIBa-
erca afdunnots xapmot. OHA COTEPKUT BCE TOUKA MPOEKTUBHOU INIOCKOCTH,

MaTemaTu4eckoe npocsewyerne, cep. 3, soin. 8, 2004(113-122)
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KPOME OHOU IPIMOU, KOTOPAs HA3BIBACTCI OECKOHEUHO YOIanennot npamot B
JAHHOU KapTe.

ONPEAEJEHUE. IIpoexmusubimu npeodpa3osanusmy HAZBIBAIOTCA IIPe-
00pa30BaHUA IPOEKTUBHOM ILIOCKOCTH, BO3HUKAIOIIME U3 JIOOBIX JTUHEHHBIX
npeo6pa3soBaHUN TPEXMEPHOr'0 MIPOCTPAHCTBA.

JIJ15 KOJIBHOTO KyPCa MOXHO CIATATD, ITO JUHEHHBIE TPEOOPA30OBAHMII —
TO npeobpa3oBaHUsA, 3aJaHHBIE (POPMYIaAMU

r = anT—+any+asz,
!

Y = a21% + a2y + a23%,
!

Z = a317T + a3y + a33z

C HEHYJIeBBIM JeTePMUHAHTOM MATPUILI (¢;). [1a Kaxa0ro Takoro mpeobpa-
30BaHUA €CTh 00pATHOE W W3 JIOObIX ABYX IPE0OPa3OBAHUU MOXKHO CAETATH
KOMIIO3UIIAK) — TO €CTh OHM 00Pa3yioT 2pynny.

Koopaunaret (z,y, z) B TpexmMepHOM OPOCTPAHCTBE Oye€M HA3bIBATH 00-
HOPOOHBIMU KOOPOIUHAMAMU, & CAMO 3TO IPOCTPAHCTBO — 00HOPOIHbIM NPO-
cmpancmeom. [l TO9eK TPOEKTUBHOU ILIOCKOCTH OJHOPOTHBIE KOOP AMHATHI
ONPEAETEHBl ¢ TOYHOCTBIO N0 YMHOXEHHMA Ha JH000e HeHyaeBoe 9Iucao. Tak-
XKe MBI 9acTO Oy1eM UCIOIb30BaTh a(pUHHYIO KAPTY, 331aBAEMYI0 YCJIOBUEM
z = 1, maa Hee CBA3bL MEXIYy OTHOPOMHLIMU KOODAUHATAMUI U KOOD AUHATAMEA
(u,v) B adPpUHHON MIOCKOCTHU 3a0AETCA TAK:

(u,v) = (u,v,1),

(5,92) ~ (5,2,

3. OKPY>KHOCTBb HA IIPOEKTUBHON IIJIOCKOCTHU

[TycTs Ha mIOCKOCTH AaHA OKPYXKHOCTL S. Bribepem cuctemy KoopauHAT,
B KOTOPOU €e ypaBHEHUE UMEET B/

u? + 0 =1.

[Ipeo6pasyem kK OMHOPOAHOMY BHIY, TOr'[a MOJIYyIUM yPABHEHWE B OIHO-
POJHBIX KOODAWHATAX

Q($7yaz) :$2+y2—2’2 =0.

[IpoexTuBHBIE TPEOOPAZOBAHUA OCTABIAIOT HA MECTE OKPYXHOCTb TOTJA U
TOJBKO TOT/Ia, KOTJA IpHU MOACTAHOBKE NPeOOPA30BAHHBIX KOOPAUHAT
(z',y',7) B Q momyamm Q(z',y',2') = AQ(z,y,z), rae A\ — HeKoTOpOE
TUCIIO.

3aMeTum, 9TO B AAHHOM cirydae A > (. DTO MOXHO I0KA3aTh, €CAU 3aMe-
TUTD, ITO CYIECTBYET IIOCKOCTH B OJHOPOJHOM IPOCTPAHCTBE, HA KOTOPOU
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@ > 0 gusa 1106010 HEHYJEBOrO BEKTOPA, M HE CYIIECTBYET ILIOCKOCTH, HA
koTopor ) < 0 nma ar060T0 HEHYJeBOro BeKTOpa. [ljis mpeoGpasoBaHHOTO
Beipaxenus Q(z',y',z') 5TO CBOMCTBO TOXe MOIKHO BBIMOIHATHCS, & 3HATAT
A>0.

YMHOX€EHME JITUHEMHOI'O NPe0Opa3oBaHUA OJHOPOAHOIO IIPOCTPAHCTBA HA
HEKOTOPOE YUCJI0 HE BIAUAET HA, MOy 9aIoeecs TpeobpasoBaHue MPOEKTUBHON
IIOCKOCTH, TIODTOMY MOXHO CIATATDH, ITO A = 1.

Urax, mbr 6ynemM m3ydaTh JUHEUMHBIE TPEOOPA30OBAHUA, A KOTOPHIX BHI-
paxenue () — unsapuanm. MHOXeCTBO Takux mpeobpasoBanuit 0603HaIuM L
7 OyjZieM Ha3bIBaTh TPEXMEPHOU rpynmnou JIopeHna, mo aHaJIoruu ¢ 4eThipex-
mepHou rpynnon Jlopernna (u3 GpU3MKM) — CpyNnon npeodpa3soBaHUU MEX Iy
MHePIUAILHBIME CHCTEMAME OTCYeTa, KOTOpad MMeeT WHBADHAHT z2 + y? +
+ 22 — 12

3aMeTuM, 9T0 ecay Obl MbI IMEIR AEI0 ¢ KBaApaTuIHou dpopmon Q' = x4
+ y2 + 22 (9TO CKAIAPHBIN KBAAPAT BEKTOPA), TO TOrAA Y HAC IIOLY IUIaCH OB
He rpymmna JlopeHna, a o6bIMHAA TPYINA IBUXKEHUA TPEXMEPHOT'O MPOCTPAH-
CTBa, OCTABJIONAX HA MECTE HAYAIO KOOPAWHAT. B najbHenIeM Mbl yBUANM,
aTo aHagorus mexay Q' (6ygem HazbBATH POCTPAHCTBO ¢ dopmon Q' es-
Kaudosvim npocmpancmeom) u () (6ygeM HA3BIBATH IPOCTPAHCTBO € (POPMOU
Q npocmpancmeom Munkoscrko2o) NO3BOIIET UCHOIL30BATEH IIPU U3YICHUN
() u3BecTHBIE (PAKTHI U3 CTEPEOMETPUM, OTHOCAIIAECS K €BKJIUJOBOMY IIPO-
CTPAHCTBY.

Ksagparuanas ¢gopma Q' mO3BOJAET ONpeAeIUTh €BKIUI0BO CKAIAPHOE
MPOU3BE[EHNE

((wlvylazl)v (x%y% ZQ))I =

1
= g(Ql(fﬁ + 2o, y1 +y2, 21 + 22) — Ql(flflaylazl) - Q'(5E2792722)) =

=122 + Y1Y2 + 2122,

KOTOpPO€ IPUBOJUAT K MOHATHUIO IEPIEHANKYIAPHOCTHA BEKTOPOB B €BKJINJOBOM
npocrpancrse. [lo aHamOrnu MOXHO OnpeneauTH

((z1,91,21), (72, Y2, 22)) =

1
= 5(@(3:1 + 22,91 +y2,21 + Z2) - Q($1aylazl) - Q($27y272:2)) =

=122 + Y1Y2 — 2122.

Hazosem 5710 BeIpaxenue crxaaspubim npoussedenuem Munroecrozo. OnHo Oy-
JeT OCHOBHBIM MHCTPYMEHTOM B MOCTEAYIONINX PACCY X JEHUIX.

Ecaz ana aByX BEKTOPOB OJHOPOJHOTO HIPOCTPAHCTBA MMEET MeECTO
(@, 5) = (0 6ygeM rOBOPUTH, ITO BEKTOPHI MEPIEHUKYIAPHBL. JTO OIpeele-
HUE HE 3aBUCUT OT NOMHOXEHWA KaXJOI'0 U3 BEKTOPOB HA HEHYJEBBIE YUCIA,
a 3HAYUT y HAC MOABIAETCA ClAeLyIollee MOHATHE:
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ONPEAEJIEHUE. Touky ¢ 1 b TPOEKTUBHON IJIOCKOCTH HA3BIBAIOTCA J601-
CMBEHHBIMYU OTHOCATEIHLHO OKPYXKHOCTH S, €CIU COOTBETCTBYIOIINE UM BEK-
TOPBI OJHOPOJHOIO IPOCTPAHCTBA @ U b IIepPIeH JUKYIAPHEL B CKAIAPHOM IIPO-
m3BegeHnn MUHKOBCKOT0, COOTBETCTBYIOMEM OKPYXKHOCTH S.

3aMeTuM, 9TO ypaBHEHUE OKPYXHOCTU S B ONHOPOJHBIX KOODPIUHATAX
MOXHO 3amucaTh Kak (5,5) = 0. Kak m B caydae eBKIMZOBA CKAIAPHOIO
[IPOU3BEACHUA, MHOXECTBO BEKTOPOB, INEePIEeHAUMKYJAAPDHBIX AaHHOMY, oOpa-
3yer miocKoCcTh. COOTBETCTBEHHO, MHOXECTBO TOYEK, ABOUCTBEHHBIX TAH-
HOU TOYKe, 06pa3yeT NpAMYIO0, OHA HA3BIBAETCA N04Apot Toduku. [lokaxem
JEMMY:

JIEMMA 1. IIycms | — kacameabnas x oxpysrcnocmu S 6 mouke p. Tozda
npamas | — noaapa mouxu p.

I OKA3ATEJILCTBO. IlycTh TOUYKe p COOTBETCTBYET BEKTOP P B OTHOPOI-
vHOM npoctpancTse. Ilycts ¢ — mobas apyras TO4YKa [ ¢ COOTBETCTBYIOUIAM
BekTOpOM ¢. IIpeamonoxum npoTuBHOE, TO €CTh

(P,q) =m #0.
Benomunwm, aro (p,p) = 0, Torga momoxum n = f’—m 7 IOy IUM
m

WTax, MBI mMe€eM BEKTOp § = G — np, HeKoMmnHeApHBIA p. COOTBETCTBYOMAA
eMy TO9UKa ¢' # p 1eXuT Ha | mw Ha S — mpOTUBOpEYne.

W3 5TOR IeMMBI MOXKHO BBIBECTH U CJAEIYIOUIYIO JEMMY, TO3BOJAOIIYIO SB-
HO CTPOUTH HOJAPY TOYKU:

JIEMMA 2. Ilycmv mouka p aexcum eue oxpyxcnocmu S, l1 u lo — xa-
cameavbrvie ¥ S, KOGCAOWUECH €€ 8 MOUKAT 1 U G2 U NPOLOIAUUE Uepe3 P.
To2da noaapa mouwky p — MO NPAMAL, NPOLOAUGS UEPES 1 U (2.

,Z[OKH.B&TGJILCTBO STOU JEMMBI OCTABIACM B KAICCTBE YIpaXHECHUA OJIA “Ih-
TaTesd.

4. CUMMETPUM OTHOCUTEJIbHO NJOCKOCTHU

W3BecTHO, 9TO CyIIECTBYET MHOI'O €BKJIAWJIOBBIX [IBUXEHUU, OCTABIIO-
mMuX Ha MECTE HAYaJ0 KOOPAMHAT, IO3TOMY MOXHO OXHJAATh, ITO B I'PYI-
me Jlopenma GygerT MHOro mnpeo6GpasoBanui. HadaeMm cTpouTh Takume mpe-
00pa30BaHUA ABHO, KUCIOJb3YA AHAJOTUIO C €BKIWJOBLIMU JABUXEHUAMU.
PaccmoTpum 01HO U3 CaMBIX IPOCTHIX JBUXEHUU — CUMMETPHUIO OTHOCUATE b=
HO IIOCKOCTH.
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IIycTe B mpocTpaHCTBE maHA ILIOCKOCTH (¥, NMEPHEHIWKYJIAPHAA HEKOTO-
poMy BekTOpy U. Torga cmMMETpUA OTHOCHTENBHO IVIOCKOCTH (U 33Ja€TCA
dbopmyaon (mposepbe!)

— —
T =T —2
3aMeHuB B 5>TOU (HOPMYJIE eBKIKI0BO CKAIAPHOE IPOU3BEIEHUE Ha, CKAIAPHOE
npousBefeHre MUHKOBCKOI'O, MbI IOJLYIUM HpeoOpa3soBaHME, ONPEIeIeHHOe
s 1060ro U ¢ (U,7) # 0
@7
o5 :T — T —2——.
(v,7)
Cuenyromyme CBOUCTBA, 0y MPOBEPAIOTCA MPIMBIM BBIUYACICHAEM:
1. 03(T) = T Torga m Toabko Torga, korga (z,v) = 0;
2. 03(T) = —Z Torga m TOALKO TOraa, KOrga T = AU, rae A € R;

3. CKaJIapHOe mpowu3BefeHne MUHKOBCKOIO COXPAHAETCA IPU DTOM IIpeobpa-
30BAHUMU.

CooTBeTCcTBYIOIIEE TPOEKTUBHOE TPEOOPA3ZOBAHNE MOXHO 0XaPaKTEPU30-
BATh TaK:

1. oy(x) = z Torga m TOABKO TOrAA, KOra aubO U U JBOUCTBEHHBI OTHO-
curenbHo S, mbo T = v;

2. OKpyXHOCTH S HpU DTOM IPeOoOPA3OBAHUU MEPEXOAUT B cebA U OTHO-
[IeHWEe ABOUCTBEHHOCTHU TOYEK OTHOCUTEIHHO OKPYXKHOCTHU IIPU 3TOM HE
MEeHAeTCA.

PaccmoTpumM Bompoc 0 ToM, Kak HauTu 06pa3 3aJaHHOU TOYKH T IIPU STOM
mpeoOpa3oBaHUN.

Crauaua pazbepeM irydan, KOra TOYKa & JeXUT HA OKPY)HOCTH. [Ipose-
neM vepes v u  IpaMyto [. Ecam oHa aBrseTcsa KacaTemrbHOU K OKPYKHOCTH S,
To 10 temme 1 o, (x) = x. Unaqe, | mepecekaer S B AByX TOYKAX: T U HEKO-
topon z'. Touka o,(z) oba3ana nexatb u Ha [, 1 Ha S, KPOME TOr0, OHA, HE
paBHA &, IIOXTOMY HOLy9IaeTcs, 9To &' = o,(x).

Teneps paccMOTpuUM Caydal, KOUQa T HE JeXUT Ha OKpyxHOCTH. [IpoBe-
JIeM 9€epe3 I aBe MpAMBIE: [, mepecekaronryio S B ToOUKax ¢ u b; m, nepecexaro-
myto S B Toukax ¢ u d. Mbl MOXeM HauTu 06passl TOYUEK ¢, b, ¢, d, mpoBecTn
Yepe3 mapel TOYEK npambie oy (l) u o,(m), a Touka ux nepecevenus u OygeT
uckomont ' = o, (z) (cm. puc. 1).

Tenepb 9uTATENb yXKE B COCTOAHAM JOKA3ATh CAEAYIONLYIO JEMMY, KOTO-
pas ObIBaeT BECbMa TOJAE€3HA, IPU PEIICHUN 33424, B (POPMYIMPOBKE KOTOPHIX
OPUCYTCTBYIOT OJHA OKPYKHOCTb ¥ HEKOTOPOE KOIUIECTBO MPAMBIX:
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Puc. 1.

JIEMMA 3. Jhobyio mouky swympu okpyrcHocmu S MOHCHO nepesecmu
HEKOMOPLIM NPE0OPA308aAHUEMH Ty 8 UeHmp okpyrcnocmu S. Jwobyw npamyio,
HE NEPECERAIOWYI0 OKPYHCHOCTDL Sy MONCHO NEPEBECMU 6 DECKOHEUHRO YOaneH-
HYI0 NPAMYIO.

5. PEUIEHUE 3AJLAY

N3n0xeHHbBIE BBHINIE CBEIEHUS O CAMMETPHUAX OTHOCUTEIHBHO IIOCKOCTHU U3
rpyunst JIOpeHa mo3BOAAI0T TPAKTAYECKA MI'HOBEHHO PEIIUTDH CJIETYIONLYI0
CTaHIAPTHYIO 334a9y:

SAIOAYA 1. Ilyemwy na oxpysrcnocmu S danvt 4 pasauunbic mouky a, b, ¢
u d. Onpedeaum mouku nepeceuenus npamviz £ = acNbd, y = abNecd, z =
= ad Nbc. Toada sce mpu mouku x, y, z dsoticmaennvl dpye Ipy2y omMHOCU-
meavro okpyrcrocmu (cm. puc. 2).

JTa 3a7ada JerkKO pPelaeTcd, €CIu 3aMeTUTh, ITO IpeoOpa3oBaHUE O
oCTaBJaAeT HAa MeCTE€ TOYKU Y U 2; QHAJOTUIHO IS Oy U 0. 3aMeTuM, 9To
COOTBETCTBYIOIINE BEKTOPHI T, Y, Z 3aJaI0T OPTOrOHANbHBIN 0A3UC A CKa-
JAPHOTO Ipom3BereHns MUHKOBCKOTO B OJHOPOTHOM IPOCTPAHCTBE.

Teneps npoaHamm3mpyeM CMBICA TeopeMbl [lackais 0 BOMCAHHOM IIECTH-
YTOJBbHUKE B TEPMUHAX CUMMETPUN CKAJIAPHOTO TpousBegaerus MuHKOBCKOTO.
[lnsg »TOro HaM HANO BBLACHUTH HEKOTOPBIE CBOUCTBA KOMITO3WIAU CAMME-
TPHH.

Haurem ¢ cummeTpuit B OOBIMHOM €BKJIMIOBOM IPOCTpancTBe. KoMmnosu-
IUsA ABYX CAMMETPUU — DTO BPAIIEHWe BOKPYT MPAMOU MEePEeCedIeHns IO CKO-
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CTEU CUMMETPUY HA HEKOTOPHIX yroJ. To %e BEpHO M CAMMETPUY CKAJIAPHO-
ro npoussefeHus MUHKOBCKOT0, 33 UCKIIOTIEHIEM TOT'0, ITO MO «BPAIEHIEM)
HYXHO IOHAMATH HECKOJIBKO WHOE TTOHATHE.

Ecau MBI paccMOTPUM KOMIO3UIAIO TPEX CUMMETPUR, TO B OOIIEM CJIy4ae
2TO0 emie OoJee CIOKHOE MPEeOOPa3OBaHUE, OJMHAKO €CTh ONUH CIydal, KOraa
CUTYAIUsA YIOPOIIAETCA: DTO CIyIal, KOU[a BCE BEKTOPHI CUMMETPHUH JEXKAT
HA OTHOU MPAMOU. B 5TOM ciaydae mpsaMas, MepueHIuKyJApHAA BCEM TPeM
BEKTOPAM, OCTAETCA HA MECTEe IIPU BCeX NMpeoOpa3OBAHUAX, M HAM OCTACTCA
BBIACHATD, KAK YCTPOEHA KOMIIO3UINSA TPEX CAMMETPUU OTHOCUTEILHO IIPSI-
MBIX, COAEPXKAIINX HAYAIO KOOPAWHAT, HA IIOCKOCTHU. JIerko mokas3aTh, 9TO
9Ta KOMIIO3UIUA HA CAMOM [eJie TOXEe CAMMETPUsA OTHOCUTEIBHO HEKOTOPOU
MPAMOU.

st cnydas CKaaAapHOTo IpousBeaenns MUIHKOBCKOTO BEPHO aHAJIOTHTHOE
yTBEPXK [CHUE:

JIEMMA 4. Ecau mpu eexmopa T, Y, Z KOMNAGHAPHDL, MO KOMNOZUYUA
npeobpazosanuli oz © oy 0 o — MO NPeobpazosanue 07 Jaf HEKOMOPO20
sexmopa t, KOMNAAHAPHO20 T, Y, Z.

JOKABATEJILCTBO. PaccmMoTpuM ciydau, KOrga BEKTOPHL T, Y, Z HE Je-
KAT HA OJHOU IPAMOU, MHAYE BCE TPU CAMMETPUU COBIAAI0T U YTBEPXK JEHUE
O4€BUIHO.

IIycTe BCe Tpm BeKTOpa JeXaT B INIOCKOCTH «. MOXHO 3aMeTHUTBH, ITO
ILIOCKOCTh (¢ TepexonuT caMa B ceba. [lajee Oymem paboTaTh B ILIOCKOCTH
a. Kaxpas cummeTpus 3a1aeT HEKOTOPOE TXHENHOE TPe0OPA30OBAHNE B DTOU
IIOCKOCTH, KOTOPOE MEHAET €€ OPHMEHTAIwio, min, 6oree CTPOro, IMEET OT-
PUIATEILHBIN TeTePMUIHAHT. KOMIO3UIusA Tpex TaKuX MpeoOpa3OBaHUT TOXKE
OyeT uMeTb OTPUNATEIbHBIA 1€ TEPMUHAHT.

Puc. 2.
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Teneps BOCHONB3YEMCS YTBEPXKICHUEM, 9UTO JUHEUHOE NpPeobpasoBaHUEe
IIOCKOCTH ¢ OTPUIATEIHHBIM JIeTEPMUHAHTOM OOA3aTEIHHO MEPEBOJIUT HE-
KOTOPBIL BEKTOp ¢ B COHAIPABICHHBIN ceGe W OAUH BEKTOp [ B IpOTHBOHA-
MPABJICHHBIA caMOMYy ce6e. ITO MOXHO [0KA3aTh MPAMBIM BEIMUCICHUEM; IS
qUTATENEN, 3HAKOMBIX C JUHEMHON aJIre0pou, 3aMeTHM, U9TO dTO CIeAyeT U3
TOr0, ITO Y XapPaKTEPUCTUIECKOTO MHOTOWIEHA PEOOPA3OBAHUA B DTOM CIIy-
qae 0653aTENbHO €CTh [BA BEIIECTBEHHBIX KOPHA PA3HBIX 3HAKOB.

Paccmorpum aBa ciygas:

1. Q(t) = 0: WIOCKOCTE (@ MOXET COAepKATH He 6oee JAByX HEKOLIUHE-
apHBIX BEKTOPOB C HYJEBLIM CKaJIAPHLIM KBajJpaToM. Ecium mx aBa, TO
KaXad CHMMETPHA IePECTABIACT UX MEXIY COO0M M KOMIIO3UIINA TPEX
CUMMETPHUHU TOXe MePecTaBUT WX, B DTOM CIy4dae [ He MOXeT ObIThb O/-
HUM U3 HuX. ECIM Takod BEKTOP B ILIOCKOCTH OJWH, TO IIO JeMMe 1 oH
OpPTOrOHAJIEH JI060MY BEKTODPY U3 (v, 3HAYMHUT, IPKU KAXAOM CUMMETPHUH
OH IEPEBOJUTCA B ¢e0A M HEe MOXKET IIOMEHATH HAIIPABJICHAE, TO €CTh DTO
He .

2. Q(f) # 0: B srom cayuae Q(f) u Q(f') He MEHAIOTCA IPH KOMIO3HIAK
CHMMETpHH, 3HAUUT OCTAETCA TOIBKO BAPHAHT 07 0 0y 0 0z(t) = —t u

oz005005(f) =1, B oTOM Cryuae
(Ea %I) = (UE 00y o O-f(%)a 0z 00y © Uf(fl)) = (%7 _fl) = _(fa %I)a
suaawr (£,7) =0 1 { — MCKOMBII BEKTOD.

Tak Kak 1aa M000M CEIMMETPHHU 07 © 07 ABIAETCA TOXKJAECTBEHHBIM IIpe-
06pa3oBaHMeM, TO KAK CJAEJCTBUE U3 3TOU JEMMBI MBI MOXYIaEM, ITO Oz O
0y 0 0% © 07 0 0y © 07 — TOX/JECTBEHHOE IIPe0OPa3oBaHue. ITO HOMOIaeT HaM
OKa3aTh JEMMY:

JIEMMA 5. ITycmv mouxu o, y, z aexcam na 00Hot npamoti u He aexrcam
na oxpyrcnocmu S. Ilycmv pasmuvie mouku a, b, ¢, d, e, f aexcam ma ok-
pysrcnocmu S u npu smom caedyowue mpotiky mover Koasuneaprvi: (,a,b),
(y,b,¢), (z,¢,d), (z,d,e) u (y,e, f) (cm. puc. 3). Toeda mouku z, f, a moace
KOAAUHEAPHDL.

[l0Ka3aTeabCTBO MPENOCTABIAETCA UUTATETI0 B KAYECTBE YIIPAXKHEHUS.
[ocTaTo4Ho PacCMOTPETh AeUCTBUEC IPEOOPA3OBAHMUS 0, 00y 00y 00, 00y 00y,
Ha TOYKY d.

W3 memmbr 5 unTaTensb Jerko BeiBegeT TeopeMy [lackassa:

TEOPEMA (ITACKAJA). Ilycmv paswvie mouku a, b, ¢, d, e, f aexcam
na 00notl oxpysxcnocmu. Toeda mouku nepeceuenus npamvir r = ab N de,
y=bcNef uz=cdN fa Koasureaprol.

PaccmoTpuMm Teneps eme ogHy 3a1aty:
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Puc. 3.

3AIAYA 2. ITycmov ene oxpyscrnocmu S danbl pasuvie mouxu T, Y, z, T,
y', 2, npu smom mouxa T deoticmeenna y' u z', y deoticmeenna x' u 2,
z deoticmeenna y' u x' ommocumeavno oxpyrcnocmu S. Joraxcume, umo
npamvie x'x, y'y, 2’z nepecexaromes 6 00noti mourke.

YTo6bI pemmThL 3Ty 3a4ady, HeperdaeM B OJHOPOJHOE MPOCTPAHCTBO U
JJIS Hadagaa MOTPEHUPYEMCA Ha CAydae eBKAUA0BOTO CKAIAPHOIO MPOU3Be/e-
ausa. PaccMoTpum caywan, Korga Bce cKatapHble npoussenenus (Z,7), (7,z),
(z,7)" me paBubl Hya0. Torga MBI IMeeM TPEXTPAHHBIA IO C peGpaMu BO0Ib
Z, Yy u Z. [lnockocTh T'T nepheH uKyaapHa IIOCKOCTY JZ, ' 1§ NepIeHuKYy1ap-
Ha TZ, Z Z TepIeHuKyIapHa Ty. VIHade roBops, IWOCKOCTA T'T, 'Y U 22 —
DTO (BBLICOTHIY TPEXTPAHHOrO yraa. [losToMmy oHE GyayT mepeceKkaThCa Mo He-
KOTOPOHU MPAMOU — 3TO yTBEPXKIEHUE MOXHO CBECTH K TEOPEME O BBICOTAX
TPeyTroNbHUKA Ha IIOCKOCTHU C MOMOIIBI0 PACCMOTPEHMA HEKOTOPOTO CeICHU
IIIOCKOCTBIO W AKTUBHOTO NPUMEHEHHA TEOPEMBI O TPEX MepIeHIuKyIapax.

ITHU PACCY K JEHUS B ITPUHIIATIE MOXHO TIEPEHECTHU U HA, CIYIall CKAJIAPHOTO
npoussefeHns MUHKOBCKOTO, HO MbI HaigeM 0ojee aHAIUTHYeCKOe PelleHue,
KOTOpPO€ yXke ABHO OyJeT MPOXOAUTH B CIydae JIOOT0 CKAIAPHOrO MpOU3-
Begerna. O603HAMMM 3a T BEKTOp, IEPIEHUKYJIAPHLIA T U T, AaHAJOTATHO
obosrauum i’ u Z”. YTBepxkmeHue 3ajadu paBHOCHIBLHO TOMY, 9TO BEKTO-
pur 7, 4, Z" xommmamaprer. HaumgeM KoOpAMHATEHI 5TUX BEKTOPOB B Hasmce
(.7.7)

3amMeTuM, 9TO M3 CKaIApHbIX npoussegenunn (T,7), (,Z), (Z,T) me Go-
Jiee OJHOTO PABHO HYJIIO, MHAYE ObI MBI IOIYYIWIA OJHO U3 PABEHCTB T = T,
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Y=7,Z=7 ¢ TOYHOCTBIO O YMHOXEHUA BEKTOPOB Ha KOHCTaHTHL. Haiigem
koopaunaTel T'. Tak xak (T”,7') = 0, To T 1eXUT B IIOCKOCTH BEKTOPOB J
U Z, TO eCThb T' = a¥y + bz. 3anumem ypaBHEHHTE

0=(Z,7") = a(Z,7) + b(T, 2).
Opro u3 ero pemenun gaet Ham T = (T,2)y — (T,7)Z. AHATOrUIHO MOXHO
natrn ' = (T,9)Z — (,2)7, 2" = (4,2)T — (T,2)7.
KoMmIaHapHOCTb BEKTOPOB Teleph CIeAyeT IPOCTO U3 TOT0, UTO WX CyM-
Ma paBHa HY.IIO.
B 3axmodeHre TPEAIOKAM TUTATETO Tapy 33439 4T CAMOCTOATETHHOTO
pellleHns, IepByIo U3 HIX MOXHO Jer'KO PelIATh ¢ MOMOIILIO M3/J0KCHHOM BBIIIe

TeXHUKW, HAJ BTOPOU XKe MPUJETCI HEMHOTO TOAYMATh:

3AMAYA 3. fana oxpyrcnocmv S u mouxu a u b ene ee. Bosvmem na
OKPYNCHOCTNU MOYKY T, NYCMb NPAMIE AL U DT mepecekanm oKpY*ICHoCmb
MaKAHce 8 MOUKaL Ay U by, me cuumas mouku x. Ilocmpoumsv yupkysem u
AUKETUKOU MOUKY T mak, U4moovl NPamas azby Ovlaa napassesvra ab.

S3AIAYA 4. fana oxpysrcnocms S, mouku a u b ene ee u npamas . Bo3b-
MEM HA OKPYHCHOCTNU MOUKY T, NYCMb npamble ox u br nepecexaom oxpytc-
HOCMb MAKAHCE 8 MOUKAL Gy U by, e cuuman moukyu x. Ilocmpoums yupkysem
U AUREUKOT MOUKy T Mak, wmobvl NPAMASL a b, Obiaa napasiesvbra [.
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[2] IIpacoaos B. B. Céopnuk 3adau no naanumempuu. Usx. 4-e. M.: MITHMO,
2001.
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O6 oCTPOYTOJIBEHBIX MHOT'OI'PAHHIKAX

B. O. Byraenko

OCTpOyFOJIBHbIMI/I Ha3bIBAXOTCsA BBINTYKJIBIC MHOI'OI'DAHHUKNW, BCE ABYI'DAaH-
HBIC YIVIBI KOTOPBIX OCTPBIC WJIN IIPDAMBIC.

OcTpoyrombHble MHOMOTPDAHHUKKM B €BKIMAOBBIX U CHEPUIECKUX IPO-
crpaHcTBax aobon pasmepHocTu kiaaccuduuuposanr I C. M. Kokcrep [4].
Okazanochb, 9T0 BCE OHM ABIAIOTCA CUMILIEKCAMY Ha ChePax WId IPOU3BEICHN-
AMM CUMILIEKCOB B €BKJWIOBBIX IIPOCTPAHCTBaX. Hampumep, 0CTPOyTroIbHBIE
MHOI'OYTONBHUKY Ha €BKIUIOBOU INIOCKOCTU MOTYT OBITH TOJIBKO TPEYrOdb-
HUKaAMMN (rﬂ;ByMeprIMI/I CI/IMHJIeKcaMH) iy nIpaMoyroJdbHUKAMU (HpOI/IBBerﬂ;e-
HUAMM JABYX OTPE3KOB — OJHOMEPHBIX CUMILIEKCOB). OCTPOyrombHbBIE MHO-
FOrPAHHUKK B TPEXMEDPHOM €BKJIUIOBOM IIPOCTPAHCTBE MOI'YT OBITH TOJBKO
TeTpadApaMu (TPEXMEPHBIMU CUMILIEKCAME ), TPEYTOIbHBIMY IIPU3MaMu (IIpo-
U3BEACHUAMU TPEYT'OJIbHUKA U OTpeBKa.) niay IpAMOYT'OJbHBIMY ITaPAJIICICIIN-
negamu (IPOM3BEJEHUAMA TPEX OTPE3KOB).

Kraccudpukanusa MHOTOrpaHHUKOB KOKcTepa B TpeXMEepHOM IIPOCTpPaH-
crBe JloGaueBckoro Obuia nposegena E. M. Augpeesbiv [1]; on xe gokasair,
9T0 B IpocTpaHcTBe JIo6a1eBCKOro 10601 pasMEPHOCTY MUIEPILIOCKOCTH He-
CMEXHBIX IT'DaHEN OCTPOYTOJABHOIO MHOI'OIDAHHUKA He mepecekatorcs [2]. Ilo-
clIefHee YTBEPK EHUE BEPHO TAKXKE B €BKINJOBBIX U C(hepPUIECKUX IPOCTPAH-
CTBaX: 9TO ABJAACTCA OICBUIHBIM CJICACTBUCM KOKCTepOBCKOﬁ KJIa,CCI/ICl)I/IKaHI/H/I.
B macTosmen crarbe Mbl OPUBEAEM IPOCTOE AOKA3ATEIbCTBO DTOrO yTBEp-
XKeHWs, He ONMUPAIoeecs Ha pe3yabTaThl KokcTepa U NPpUMEHUMOE BO BCEX
TPeX THUIAX IPOCTPAHCTB.

B crarpe [3] B mpouuiom Beimycke «MaTeMaTHIeCKOro NpOCBEIeHns» Obl-
Jia TpUBeNeHa KIACCADUKALUA OCTPOYTOJbHBIX MHOMOIDAHHUKOB B €BKJIMIO-
BBIX M C(epUUIEeCKUX IPOCTPAHCTBAX, HOJYUYEHHASA OTAUYIHBIM OT HUCIOIB30-
BaHHOrO KOKCTEpOM METOZIOM. ITOT METOJ OCHOBBIBAICA HA PACCMOTDEHUN
CUCTEMBI HODMaJIEW K CPaHAM MHOrorpaHauka. OIHAKO OPU 5TOM UCIOIb30-
BaJIOCh 00JIEE CUIBHOE OMPEAEIEHNE OCTPOYTOIBHOTO MHOIOTPAHHUKA, 8 WMEH-
HO, TPeOOBAIOCH, YTOOBI yIVIBI MEX Y HEPECEKAOMUMUCA TUIEPIIOCKOCTAMEI
ero ao0bIX, a HE TOIBKO CMEXHBIX, MDaHey Obud HeTymbIMHU. (YTIOM Mex-
Iy THMIEPIVIOCKOCTAMHA IPAHE! HA3BIBAETCA TOT U3 YeThIPEX 00pa3yeMbIX UMU
JABYTDAHHBIX YIVIOB, KOTOPBIA COAEPXKUT BHyTpHU cebsa MHOrOrpanuuk.) U xo-
TS 5TO OLpeJeJIeHIe PABHOCWIBHO OCHOBHOMY (/E€MCTBUTEIBHO, KAK yXKe ObLIO

MaTemaTu4eckoe npoceselyeHue, cep. 3, oin. 8, 2004(123-126)
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YIOMSHYTO BBIIIE, TUIEPILIOCKOCTH HECMEXHBIX I'DAHEN OCTPOYTOIbHBIX MHO-
POUPAHHUKOB HE IEPECEKAIOTCA), HO JOKA3ATEeIbCTBA PABHOCUIHLHOCTH OIpe-
JeJEeHU, He OMUPAIOMETr0C Ha KOKCTEPOBCKYIO KIACCU(PUKAILINIO, ABTOPY U3-
BecTHO He 6bLI0. OIHAKO BCKOPOCTH MOCIE BBIXOAA CTATHU II0ATBEPAUIACH
HEOE30CHOBATEMBHOCTh CTAPOU IIYTKHU, OBITYIOWEN B CPelie MOCKOBCKUX Ma-
TEeMATHUKOB: ITOOBI Y3HATDH PELICHNE MATEMATUIECKON 3aa4M, HYKHO TPe.-
JOXUTH ee yaacTHuKaM MockoBckorn maTemaTudeckon onummuaabl. Ha LXVI
MMO B mapTe 2003 r. mkoabHUKAM ObLIA, TPEIIOKEHA 3a,0a49a: «Y BBIIYKJIOTO
MHOTOTPAHHUKA BHYTPEHHUN ABYTPAHHBIA YTOJ IIPU KAXJIOM pebpe OCTPHIN.
Ckonbko MOXeT ObITh IpaHed y MHOrorpanuuka?y. PakTuvecku npeniara-
JIOCH OMUCATH TPEXMEPHBIE EBKIUI0BBI OCTPOYTOJIbHBIE (IIPABAA, OCTPOYTOdb-
HBIE B CTPOT'OM CMBICJE, T. €. He JOIIYCKAIINE He TOJbKO TYIBIX, HO M IPAMBIX
JABYTDAHHBIX YIVIOB) MHOIOTDAHHUKY. V3 yIOMAHY TOU KIACCUDUKAIIAN CIETY-
€T, 9TO TAKUMU MHOTMOMPAHHUKAMU MOT'YT OBITH TOJBKO TETPAdAPHI, HO I0-
Ka3aTelIbCTBO 3TOr0 (aKTa, He UCIOAb3YIoIIee 06IIero KiIaccupuKarnOHHOTO
pesyJabTaTa, OTHIONL HE IPOCcTO. HeymmBUTENBHO, ITO HA OJUMIAAIE 331aTy
pemmiu Beero aBoe yaacTHUkoB. Omud u3 Hux — yuenuk 11 kunacca Muxami
Packun — 3ameTnin caegyromiee CBOUCTBO OCTPOYTOJbHBIX MHOI'OIDAHHUKOB:
X MPOEKINA Ha INIOCKOCTDH JIOOOU CBOEU I'DAHU COBIAJLAET C DTOU IPAHBIO.
OTO CBOMCTBO MOXET CIyXWUTh €IIe OJHUM OIPEHEeJeHUEM OCTPOYTOIBHOIO
MHOTOIPDAHHUKA, U €00 UCHOIB30BAHUE TAET IPOCTOE JOKA3ATEAbCTBO PABHO-
CUIBHOCTH ABYX APYTHUX OMPEAEIeHUN. ITO JOKA3ATEIHCTBO MBI U3J0XKUM HU-
xe. [l HATIATHOCTY MPOBEIEM €r0 I CIyas TPEXMEPHOT'0 MPOCTPAHCTBA,
3aMETUB JUIllb, 9TO 0000IIEHNE OKA3ATEIBCTBA HA CILyYad JIOOOU pa3MepPHO-
CTH TOMYIAETCA IIyTEM OYUYEBHIHOW 3aMEHBI BCEX TPEXMEPHBIX OOBEKTOB HA
UX N-MEpHbIE aHAJIOTY, ABYMEPHBIX — Ha (1 — 1)-MepHBIE, a 0JHOMEPHBIX —
Ha (n —2)-mepusbie. Uurarens, 3HakoMbilt ¢ reomerpuen Jlobadesckoro, 3ame-
TUAT, 9TO NPEACTABICHHOE NOKA3ATEIHCTBO IPUMEHUMO HE TOJBKO K CJIY49ai0
€BKJINOBBIX MHOTOT'PAHHUKOB, HO TAKXKE U K CJIYUal0 MHOIOI'PDAHHUKOB B IIPO-
crparcTBe Jlo6adeBcKOro.

TEOPEMA 1. Cuedyrowue c80ticmea B8biNyKAblL MHO202PAGHHUKOB DGBHO-
CUADHDL:

1. sce deyepannbie yeavt nemynvie;
2. sce yeavt MeHCAY NEPECERUIOUUMUCS NAOCKOCTNAMY 2PAHET HEMYNbIE;

3. npoeryus Ha naockocmsb 410001 epany coenadaem ¢ Imoti 2parbio.

[JOKA3ATENBCTBO. 2) = 1). OueBnao.

1) = 3). Paccmorpum rpass F' MHOrOIpaHHUWKA W ABYI'DAHHBIE YIVIBI DU
ee CTOpOHAX (KOTOPBIE ABIAIOTCA HETYIBIME 10 yCaoBuio). CupoekTupyem Ka-
XKBIU U3 DTUX YIUIOB HA IUNIOCKOCTE I'PaHd F. DTa MI0CKOCTh ABIAETCA TAKXKE
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IUIOCKOCTBHIO I'PAHM KaXA0I0 U3 PACCMATPUBAEMBIX NBYTI'PAHHBIX yriaoB. [Ipo-
eKIMer HeTYIIOr'0 ABYIPAHHOIO YIVIa Ha INIOCKOCTH CBOEH I'PAHU ABIACTCA HO-
JIYIIOCKOCTH (caMa rpaHb). [loaTomy momydeHHBIE TpOEKIUYN Oy YT ABIATHCA
MO IUIOCKOCTAMHE, CoAepxkamuMu F'; mpu 5ToOM Kaxgas U3 OrpaHUIUBAOIIAX
UX TPAMBIX COAEPXKUT IO OJHOU cTOpoHe rpanu F. IlepecedenueMm sTux mo-
JIyIIOCKOCTen OyneT rpanb F.

B cwiy ycaoBus BBIMTYKJIOCTH MHOIOTPAHHUK COJEPXKUTCA B KaXKIOM W3
paccMaTpUBAaEMBIX IBYI'DAHHBIX YIVIOB, & 3HAUUT, A B UX mnepecedenun. [loaTo-
My €ro IpOEKIUA COAEPKUTCA B IIEPECETCHUU IPOEKINY 3TUX YTJOB, T.€. B F.
O6pataoe (rpaub F' cONepXUTCA B PACCMATPUBAEMOU NPOEKINK) OYEBUTHO.

3) = 2). IlpeanonoxuM IpOTUBHOE: YIOI MEX Ay ILIOCKOCTAMY rpanen F' u
F Tymon. Torga mpoekiius 110601 BHY TPEHHEN TOYKHU IPaHu F| Ha IIOCKOCTD
Il rpaau F JeXWT IO APYTYyH CTOPOHY OT JUHWUM IIE€PECEYeHUsA INIOCKOCTEN
9TUX T'PAaHEN, YeM caMa IpaHb F. OTO HIPOTUBOPEYUT TOMY, 9TO MPOEKIUA
JI000M TOYKY MHOIOTPaHHUKA HA IVIOCKOCTD 11 comepxurcsa B F.

Kaxk ykazax asropy 9. Bb. Bunbepr, moxoxue paccyXgeHus MO3BOIAIOT J0-
Ka3aTh 1 060Jiee CUIbHBIN PE3YJIbTAT — YIOMUHABIIYIOCS BbIIEe TeopeMmy AH-
apeesa. IlpuBegem 510 mokazaTeabCTBO. ONATH XK€ OrPAHUYUMCA CIYIaeM
TPEXMEPHOT'0 IPOCTPAHCTBA (€BKANIO0Ba wian JI06a9eBCKOro), XOTs, KaK U B
OpeNBIIYIIEeR TeopeMe, TOKA3ATEIbCTBO B CIydae JIO00U Pa3MEepHOCTH IPUH-
OUIUAIBHO OT HEr'O HE OTJIUIAETCA.

TEOPEMA 2. Iliockocmu HECMEHCHBIT 2Pareti 0Cmpoy2oabHo20 MH020-
2PAHHUKAE HE NEPECERaIOMCA.

HJOKABATEJBLCTBO. IlycTh ¢ — IuHMA mepecedeHns IIOCKOCTEN TpaHen
F u F| octpoyroabaoro muororpanauka P. [lokaxem, uro npamas £ cogep-
®uT pebpo MHOrorpanauka P (uwim, 910 TO Xe camoe, CTOpoHy rpanu F').

3aMeTHM IIpexXAe BCEro, 4TO eCau OpaMad £ IepecekaeTcsa C OTIMIHON
OT Hee MPAMOU 1, COAEPKAIIEN HEKOTOPYI CTOPOHY MHOrOYrOAbHUKA F', TO
o6pasyeT ¢ HeW HETYIOW yroa (Cpeiaum dYeThIpeXx yIioB, 0O6pa3yeMbIX Tapou
OPAMBIX, MBI PACCMATPUBAEM TOT, KOTOPBIA cogepxut F'). [lericTBATENBHO,
mapa OpAMbIX £ u 1 00pa3yeTcsa npu MmepecevdeHnn MIOCKOCTH rpanu F' MHO-
rorpagHrka P ¢ mapou ILIOCKOCTEH ABYX APYruX ero rpaden. [lockoabky
MHOTOTPAHHUK P OCTpPOYroONbHBLIN, HMOMAPHBIE NBYTPAHHBIE YIVBI, O0Opasye-
MBbI€C 3TUMU TPEMsA INIOCKOCTAMMU, HETYIIBIC. OCTaJIOCb BOCIIOJNIB30BATHCA CJIE-
IYIOLIEN TeOPEeMOU DIEMEHTAPHON CTEPEOMETPHUU: €CJIU BCE ABYTPAHHBIE YIIBI
TPEXT'PAHHOTO YIJa HETYIBIE, TO U INIOCKUE ero yIibl TOXe HeTymbe. /[oka-
3aTEJIbCTBO 3TOI?I TEOPEMBI OCTABJIACM B BUAC YIIDAXKHCHUA.

Bce panpHenmme paccyxaeHus OyIyT MIAHUMETPUIECKUME: HAM HE IPU-
A€TCA BBIXOAUTH 3a PaMKMU IINIOCKOCTHU I'DaHHU F O‘IeBI/I'IIHO7 ITO MHOT'OYyT'OJIb-
HUK F' JeXUT UeIukoM 1o OJHY CTOPOHY OT HPAMOU ¥, TepeceKasch ¢ Hen
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pasBe 4To 1o cBOMM rpaHudHbiM ToukaM. Cupoektupyem F ua £. [las aToro
npencrasuM F Kak mepecedeHne BCEBO3MOXKHBIX (PUIYD, UMEIOUIAX CAETYIO-
WY BAT: TIepeCcedeHne NBYX MOJIYILIOCKOCTEN, OJHA, U3 KOTOPBIX OrPAHUIEHA
npamon £ (OHa OgHA M Ta XKe AuA Beex GUuryp), a BTOpas OrpaHUYIeHa OTINY-
HOU OT ¢ IPAMOU 1, COAEPKAIIEN HEKOTOPYIO (KaXAbIM Pa3 CBOK) CTOPOHY
MHOTOYTrOAbHUKA F' (BO BCEX CIydasX W3 ABYX BO3MOXKHBIX IIOJYIVIOCKOCTEH,
OrDAaHUYEHHBIX 33JaHHON NPAMON, BEIOUpaeM Ty, kKoTopasa cogepxut F'). Ta-
kasg Gurypa ABIAETCA MO0 HETYNBIM yraoM (ecam mpambe £ u m nepeceka-
I0TCs), IubO0 MOJIOCOU MEXAY ABYMS HENEPECEKAIMUMUCA IPIMBIME (B IIPO-
TUBHOM caydae). B 06oux caydasx gurypa 06.1aaeT CIefyomuM CBONCTBOM:
ee MpoeKnusa Ha UpAMyIo £ coBnamaeT ¢ ee mepecedeHmem ¢ npsamoun £ (gen-
CTBATENBHO, B IEPBOM CIydae MPOEKIud OymeT JydIoM — CTOPOHOU yIva, a
BO BTOPOM — HpsAMOU ¢ 1eaukom). JIerko BugeTh, 9TO yKa3aHHOE CBOUCTBO
COXPAHAETCA TIPYU B3ATHM NIEPECceIeHns Guryp, mo3ToOMy nepecevdenne scex ¢pu-
I'yp — MHOTOYTOJbHUK F' — Takxke um obaanaet. [Ipoeknus MEHOTOyTrOJbHAIKA
HA TPAMYIO €CTh OTPE30K, 3HAUUT, nepecedenue F' ¢ £ — orpesok. [lockonbky
npsmas £ He COAEPKUT BHYTPEHHUX TOYEK MHOI'OYT'OJbHUKA, F') 3TOT 0TPe30K
SBJSAETCSA €r0 CTOPOHOMU.

3AMEYAHUE. [lna caydas cdhepudeckoro IpoCTPAHCTBA IPUBEIEHHBIE [0-
Ka3aTeabCTBA TeopeM | m 2 HAaNpAMYIO He NMPUMEHMMEBI, IOCKOJIbLKY OHU MC-
MOJIB3YIOT MOHATHE IMPOEKIUKW HA MPAMYI0, KOTOPOE HE BCETa OIPENENEHO
OJHO3HAYHO (HAIIPUMED, HEBO3MOXKHO OIPEIEIATE IPOEKIUIO IIOII0CA HA DKBA-
Top). OHAKO chepruecKuyl CIydal MOXHO CBECTHU K €BKIUIOBY, TaK KaK JIO-
001 cpeprueCcKU MHOIOIPDAHHUK 33,1a€T MHOTOIPAHHBIA KOHYC B €BKJIU JOBOM
MPOCTPAHCTBE PA3MEPHOCTHU HA €AUHUILY OOJbIIE. DTOT KOHYC ABIAETCI €B-
KJIUIOBBIM MHOTOT'DAHHUKOM. V3 cIpaBeqImBOCTH TEOpPEM I HETrO CIEAYeT
¥X CIPaBeJIUBOCTD U A UCXOAHOI'O C(hepruIecKOro MHOI'OI'DAHHUKA.
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[IpAMOYTONbHUKY Ha KPUBOU U BJIOXKEHUA
macTa Mebmyca

B. B. IIpacomos

B 1929 r. coserckuu maremaruk JI. ['. [[lHupeasman g0Ka3am1, ITO HA JIIO-
001 IIaJKOU HEeCAMOIIEPECEKAIOIIENCA KPUBOU HA, INIOCKOCTH MOXKHO BBIOPATH
9eThIPe TOYKH, ABIAIOIIACCA BEPIIMHAMU KBa,qpaTa.l) Ero crarps 6puia Ha-
[meYaTaHa MaJbIM THpaxoM B cOopruke Komakamgemun u BIocaefcTBUU ObLIa
nepernedaTaHa B XKypHAJIE «YCIeXu MaTeMaTHIecKuxX HaykK» (cM. [3]). Do mo-
Ka3aTelbCTBO JOBOJBHO TPYAHOE, OHO 3AHMMAET D CTPAHUII.

Heckonpko HEOXUAHHBIE TOMOJOIMYECKUE PACCYXKACHUSA IO3BOLAIOT JIO-
Ka3aTb Oomee ci1aboe yTBepXIeHue: Ha 00U INIAAKOW HECAMOIEPECEKaio-
ENCA KPUBOU HA IIOCKOCTHM MOXHO BBIOPATDH IETHIPE TOUKW, ABIAIOIIAEC
BEpPLIMHAME IPAMOYTOIBHAKA. DTO LOKA3ATEILCTBO?) OCHOBAHO HA TOM, UTO
pu m060M BIOXKeHWH amcTa Mébuyca B TpexmepHOe mpocTpaHcTBo RS ero
CpeJHAA JIMHAA ¥ Kpall BalellIeHB’). DTO CBOMCTBO JmcTa MEGHyca AaBHO
OBIJIO M3BECTHO TOIOJOI'AM, HO HEJABHO IIOABUJIOCH OYEHb IIPOCTOE €ro JIo-
Ka3aTeJIbCTBO, OOHA U3 Ba,)KHefIIIIPIX COCTaBHBIX ‘IaCTefI KOTOpPOro BOCXOouT
K 3HAMEHUTOMY MaTeMaTuky KoHBew. JTO A0Ka3aTeIbCTBO MBI TOXE 3/€Ch
MpUBEEM, HO CHAYAJIa OOBACHUM, KAK U3 YKA3AHHOT'O CBOUCTBA aucTta MéEbu-
yca clefyeTr CyLIeCTBOBAHME NPAMOYIOJIbHUAKA.

TEOPEMA 1. Ha 410601 24a0kot 3aMEHYMOU NA0CKOT KPUBOT Y MOHNCHO
8616paMb 4 MOUKU, ABAAOUUECA BEPWUHAMU NPAMOY2SOALHUKG.

HOKABATEJILCTBO. Kaxmon nmape Todek A, B KpuUBOU 7y CONOCTABUM
touky f(A,B) cregyomum o6pazom. 3 cepeamnbl orpeska AB mposegem
HEPIEHIUKYIAD K INIOCKOCTU KPUBOU 7y M OTJIOXKUM Ha HEM OTPE30K [IMHBI
AB. Koren sroro orpeska — 310 u ectb f(A, B). (Bce Touku f(A, B) mbr
BHIOMPAEM B OAHOM m TOM Xe moxaynpocrpanctse.) Caysan A = B me uc-
KIodaercs; B oToM caydae f(A, A) = A.

YTounee rosops, [llauperbMaH fO0Ka3ala CBOIO TEOPEMY /A 3aMKHYTHIX HeCaMOIlepeceKa-
IOMUXCsA KPUBBIX, MMEIIINX HEIIPEPBIBHYIO KPUBU3HY WK COCTOAINUX U3 KOHEIHOI'O IUCIA
Ay TaKUX KPUBBIX.

YEro maioxenne MOXKHO HAiTh Ha CC. 82-88 kuuru [5].
)3 5T0ro, KCTATH CKa3aTh, OUEBIIHEIM 00PA30M CIEAYET, 9TO IPOEKTUBHYIO ILIOCKOCTD
RP? Helb3s BIOXKUTH B TPEXMEPHOE IPOCTPAHCTBO R3.

MaTemaTu4eckoe npocsewyerne, cep. 3, sbin. 8, 2004(127-131)
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Ceccccapeccca=
S
Q
S

Pwuc. 1. Jluct Mébuyca

Msr moryamiun orobpaxenune B R? HEKOTOPOrO TOMOIOIWYECKOTO IIPO-
CTPaAHCTBAa. JIErKO BUJETH, 9TO 3TO IPOCTPAHCTBO IPEACTABIIAET COO0U TOD
St x S, ToUKE KOTOPOIr0 OTOX AECTBICHEI IO CIETYIONEMY TIPABRALY: (Z,y) ~
~ (y,z) (MbI He pasaudaem napet A, B u B, A). DT0 0poCTpaHCTBO ABIACTCA
auctom Mébuyca. UTobp1 ybeauTbCsi B DTOM, HOCTATOIHO HOCMOTPETH HA
puc. 1.

[Mpegmonoxum, 9o oTobpaxenue [ saBiaseTca OUEKIMEN HA CBOU 00pas.
Torga, B 9aCTHOCTH, MBI IIOIYYUM BJIOXKeHUE JucTa Mebuyca B TpeXMEpHOe
MPOCTPAHCTBO, KOTOPOE YCTPOEHO caemyomum o6paszom: Kpan aucta Méebu-
yca JeXUT B HEKOTOPOU INIOCKOCTH, & OCTAAbHAA €r0 JYACTH JEXUT IO OTHY
CTOPOHY OT TOW IWIOCKOCTH. B Takom caydae kpau aucta Mébuyca u ero
CpeJHA[ IUHWUA He 3aUeIUIeHbl (YyTh M03XKe MBI MOACHUM, UTO 5TO O3HAYAET).
[TpuxoauM K TPOTUBOPEUHAIO.

CuenoBaTeabHO, HAUAYTCA ABe mapbl Todek Ai, By u Ay, Bo, mis KOTo-
peix f(A1, B1) = f(Ag, By). 9T0 03Ha4aeT, 9TO cepeguHbl OTpe3koB A; B u
Ao Bo cOBIagaioT u UX [IUHBI paBHBL. B Takom ciy4dae Ay Ao By By — npamo-
yTOJBHUK.

YT0o6Bl ABUTATHCA AAJblle, HYXHO OOBACHUTDL, ITO TaKoe KOd(pPUIMEeHT
3alEIVICHUs OBYX IVIAKUX OPUEHTUPOBAHHBIX 3aMKHYTHIX KpuBbix J u K B
TPEXMEPHOM IIPOCTPAHCTBE, KOTOPHIE HE UMEIOT CAMOIIEPECETICHUN U TIOMAPHO
He mepecekaroTcda. PaccMoTpuM AmarpaMMy OpHeHTHPOBAHHOIO 3AIIEIIEHNU,
CcOCTOAMEro 3 AByX KpuBbix J u K, T.e. pacCMOTPHUM IIPOEKINIO KPUBBIX J 1
K Ha HEKOTOPYIO INIOCKOCTH ¥ HA HepeKpecTKax OyaeM OTMeIaTh, KAKasd [yra
IIPOXOAUT CBepxXy. bymeMm obpamaTs BHIMAaHUE I HA Te EPEKPECTKH, T ae
kpuBaa K npoxoant mag J. Takue nepekpecTku OBIBAIOT ABYyX THNOB (puc. 2).
[t Kax0ro pacCcMaTPUBAEMOrO MEPEKPECTKA BO3BMEM COOTBETCTBYIOIIECE
3HaveHue ¢; = =1 u caoxuMm Bce umcna ¢;. [lomydennoe B pesyabTaTe menoe
9UCI0 HA3BIBAIOT KOIPPuuyuenmom 3ayenienus 3aMKHYTHIX OPUEHTUPOBAH-
ubix kpusbix J 1 K B S u o6osmauator 1k(J, K). MoxHO AOKa3aTh, 9TO
KO>(pPUIIMEHT 3aleIIeHns ABIACTCA MHBapuaHToM 3anemtenus {J, K}, T.e.
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K
R
K
e=+1 e=-1

Puc. 2. /[a Tuna nepekpecTkoB

Puc. 3. I'pag Kg ¢ aAByMsa 3ameIIeHHBIMA TAKIAMUA

OH HE 3aBUCHT OT BBIOOpaA AuArpaMMbl 5Toro 3aunemaenus. (/pyrue moaxoast
K oupegeneHnio Kod(ppuiueHTa 3anenieHus 00Cy KAA0TCA B MOeH crarbe [1]
B OJJHOM U3 IPEABIIYIINX BHIIYCKOB DTOr0 XYPHAJIA; TOAPOOHO KodhdunmeHT
3anemneHus o6CyXaaeTcsa B KHUTE [2]).

PaccmorpuMm Bioxenue B R? rpada Kg, COCTOAIMEro 13 UIECTH BEpIIXH,
[OMAPHO COeNUHEHHBIX pebpamu. Bribepem B rpade Kg Tpu BEpUIMHBL U Pac-
cvoTpuM 1mka C'), TOPOX IEHHBIA STUMK TPeMs BepimHamu, u nukia Cy, 1mo-
POX IEHHBIN TPEMS OCTAIbHBIMYU BepimHaMu. DUKCUPYEM ITPOEKITUIO BIOXKEH-
moro B R? rpada Kg u ompesemm w(Cy, Cy) KaK OCTATOK OT JEICHHA Ha 2
KOJIUYIECTBA, MEPEKPECTKOB, HA KOTOPhiX nuka (] npoxogut Hajg Co. NHBIMEI
caoBamum, w(Cq,Cy) = lk(Cq,Cy) (mod 2), rae 1k — xosddunmenT 3anemnme-
zua. B gacraocTn, w(Ci,C2) = w(Cy, (1) (AOKA3aTEIBCTBO 3TOrO CBOUCTBA
KO dunmenTa 3anemntenus npuseieHo B [2]). IlosTomy MOXHO paccMOTpeTh
qmcio A(Kg) = Y w(Cj, Cj), rae cyMMupoBaHme BEAETCA II0 BCEM %(g) =10
HEYHOPAJOIEeHHBIM [apaM HeMepeCeKaMNXCA IUKIOB U3 TPEX DIEMEHTOB.

TEOPEMA 2 ([7] un [4]). das wwoboz20 saoscenus 2pada K¢ 6 mpezmep-
noe npocmpancmso A\(Kg) =1 (mod 2). B wacmuocmu, das 4106020 marozo
BAONCEHUA HATOCMCA NAPA 3AYENACHHDIT YUKAOE.

NTOKABATEJIBLCTBO. ¥ rpada Kg ects Broxenue B R?, 111 KoTOpOro pos-
HO [Ba IWKJIA 3aIEIUICHBl, a BCE OCTAJbHBIE WKL HE3aleIIeHBl (puc. 3).
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/ N

S N

Puc. 4. Usmernenne Tuna nepekpecTka (mepecedeHue napel pedep)

3 4

Puc. 5. Broxernne rpaga Kg B muct Mébuyca

Jlio6oe Broxernne rpada K¢ B R? MoxHO mpeob6pa3oBaTh B JaHHOE BJIO-
JKEHWE, eCIU IIPU DTOM [LOIIYCKA0TCA Mpeobpa3oBanua pebep, u3obpaxeHHbIe
Ha puc. 4.

[TocmoTpum, ¥To npoucxoaut ¢ A\(Kg) npu nepecedenun napsr pebep e; u
e;. Yucno w(C)y, Cy) Opu 5TOM U3MEHACTCA JIXALIb B TOM CIydae, Korga e; C O
ue; CCy(mmej CCyue C C,). Hemepecekarommecs nukiast Cp u Cy,
cofiepxaiye mapy pebep e; u e;, CymecTBYIOT TOTJa K TOILKO TOr/a, KOTr/a
pebpa e; u e; HecMexHble. Takux map IMUKIOB AJId JaHHBIX pebep e; U ¢
POBHO naBe: K peOpy €; MOXHO 100aBUTH OJHY W3 ABYX BEPLIWH, KOTOPHIE HE
BXOJAT B ¢; U €j. Takum 06pa3om, npu nepecedennu pebpa ¢ caMuM OO0 mim
co cMexHBIM pebpom mcio | Ik(C;, C;) He m3MensAeTcs, a IpH mepece-IeHnn
pebpa ¢ HecMexHBIM pebpom 310 umciao m3mensercsa Ha +2. [losTomy [mcao
AMKs) = > 1k(C;, C;) (mod 2) me mamenserca npu Beex IPeoOPA3OBAHMAX
BroxeHusa rpada Kg.

CueaCTBUE 1. Ipu aobom eioxcenuu aucma Mébuyca 6 RS ezo wpaii
3ayenaen co cpednets aunued.

[JOKA3ATENBCTBO. ([6]) Baoxum B auct Mébuyca rpad Kg, kax moxa-
3aHO HA PHUC. O.

Hukaer 134 m 256 cooTBercTBYIOT Kpato aucta Mébuyca u ero cpemmen
aubavru. HecnoxHo mpoBepuTh, 9TO BO BCEX APYIHUX Mapax HECAMOIEPECeKa-
OIMXCA OUKJIOB OAVH M3 INUKJIOB 3aKJCCH TpeyI‘OJIbHOIjI OGJIa,CTI)IO7 OpuHA -
aexarnen aucty Mébuyca. Takue UKILI HE MOT'YT OBITH 3AIEILIEHEI, IOTOMY
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9TO MHAYE BOSHUKIX OB camorepecedenus aucta Mébuyca. Ecau nukaer C; n
Cj me 3anemensl, 70 w(Cj, Cj) = 0. Iloaromy nukier 134 u 256 3amemieHsl.

CHELCTBUE 2. IIpoexmuenyio naockocmv RP? wneavss saoncums 6 R3.

JTOKABATEJNBLCTBO. BeipexeM u3 BIoxKeHHOH B R? IpOeKTHBHOMN ILIOCKO-

cru guck D?. B pesymprare noxyaum juct Mébuyca. Ero cpegmsas munrus C
sanemtena ¢ St = 0D?, nosromy C mepecexaer D?, gero He MOXeT ObITb.
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[IBenamuars geT «l'eoMOMHATOPUKI

A. Coudep
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(DTOT €XKEKBAPTAJIbHBIN XKYDHAJI, OCHOBAHHBIN AJICKCAH-
apom Cougepom B yaupepcurere mrara Koropazgo B Ko-
JIOPa f0-CIPUHTC, TOCBAIEH T€OMETPHH U KOMOUHATOPHKE,
HO B 3THX 00JACTAX OH BBLIEAACTCA CBOUM IIOAX040M!»

[Tons Kaunen, 1991

«/loporou Auekc, 4 HAKOHEI] IPUCTYIHA K OKTAODBCKOMY
HOMEDY «l eOMOMHATOPUKHY, H OH COAEPXKUT €Ie O6OIBIIYIO
POCCHIIB APArONEeHHOCTEH, 9eM 00BI9HO, — 3aMmeTku Bu-
suHra u AJoHa créAaT OO0JbBIIE, 9eM I'OAOBAA MHOAIUCKA,
ec/M YMEeCTHO OII€HUBATL BEIUKOJIENHYI0 MATEMATHUKY B
AeHbrax, — a moieMy Obl U HET, BEAH 34 IIPOU3BENECHUA
HCKYCCTBA IIOCTOAHHO IIATAT OJEHBI'U. . .»

[IuTep [A. dxoncon, 18 mexabps 1995

1. KOHUIENINA

Becnon 1990 roga s cpopMyanpoBa pAd 3a1a9 U TAMOTES, OTHOCAIIMXCA K

eBKJIHAOBOEI Teopun PaMceﬂ, 7 XOTeJI IIPUBJICYb K HAM BHUMAHNE HECKOJIBKUX
KOJLIET — B MEPBYIO OvYepensb TakuX, Kak [layns Opaéu, Pou ['paxem u Bpanko
I'prorbaym. Kak sTo caenars? MOXHO HAIKMCATDh HECKOJABLKO MJIXHHBIX ITHCEM
0 MATEMATHUKE, HO DTO 3auMeT MecAnbl! MOXHO IocaIaTh KCEPOKOIUU, HO 3TO
OyJeT BBINIAAETH CTOAb OE3IWTHO; HE 3HAI0, KTO CTAHET WX IATATH U TEM

(©2004, CEME. Ilepesog B. P. ®peunkuna.
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6osee o6aymbiBaTe! W BoT omHax el B uone 1990 roga s nossonun Bpanko
I'prorbGayMy u mpemIoXWI CIeAyIoee peleHne MpoOaeMb:

— He Gyger an mose3sHo m3gaBaTh HEGOMBIION, OMEPATUBHLIN XKYPHAI, Ie-
JUKOM TOCBAIIEHHBIN MOCTAHOBKE 334a4, TEKylmen paboTe, TaK ITO BMECTO
OIOXKUHBI MICEM KOJLIEraM MOXHO HAIKCATL BCEro oawH 0630p?

— Bo mHOrumx xypHaitax ecTb pyOpHMKa «OTKPBITHIE MPOOJEMBDY, HO A HE
3HAIO XKXYPHAJIA, HEINKOM UM HOCBAMEHHOrO. [logpasymeBatoTcs jau Kakume-To
pamMku?

— Kak macder reomerpun ¢ KOMOMHATOPHBIM OTTEHKOM, «re€OMOMHATOPH-
K !

— Xopomaa uaes; TompobyeM ee OCyIIeCTBUTD.

— Ho Torga s xay craTrel — B KaX LI HOMED.

— Xopomo, s monpobyio.

Temneps BBI 3HAETE «BCIO MCTOPHUIOY KOHIEIIINU XYpHAIA «'eoMOuHaTOpH-
Ka», KOTOPBIN POAWICA rogoM mosxe, B mioHe 1991 roma, xorga BbImen mep-
Beit HOMEDP. OH ObUT TOHEHBKUM ¥ COLEPKAI BCErO ABE CTATHU, HAIMCAHHBIX
Bpauko u muaou. Ho 060b6M yaBomiIca BO BTOPOM HOMEPE, KOr[a K HAM IIPUCO-
equamanch Ilayns Opupém u [lxon Usbemwr. U meno momuwio.

Yro xe Takoe «['eombunaropukar? YTo oTiauduaeT ee OT APYrUuX XypHAa-
J0B7

2. 2KVUBASA MATEMATUKA

Akanemudeckue XypHAJIbI HATOMUHAIOT MHE cTapbie Kianouma. OHu imy-
6nukyioT (xopoHAT?), mpuveM ¢ OOMBIIUM MOYTEHUEM, 3AKOHICHHBIE UCCJIe-
MOBAaHUA W peuieHusa 3aad. [Ipum 5ToM nybIuKauy MOABIAIOTCA Yepe3 mapy
JEeT WIN MO3XKe MOCHe 3aBepuienus paboTsl. Ho Torma »Tu pesyabTaTsl Bps
JI TPENCTABIAIOT OOMBIION MHTEPEC HE TOABKO A YUTATEICH, HO U [ Ca-
MUX ABTOPOB: IPOILIA T'OJBI, ¥ AKTUBHO PAOOTAIONIIN MATEMATHK, BEPOATHO,
3aHAT IEeM-TO APyruM!

«CeomMbuHATOPUKAY, BO3MOXHO, — EIMHCTBEHHOE W3JAHWE, HEIUKOM II0-
CBAIIEHHOE NPOJOAHCAIOUWUMCA UCCAEIOEAHUAM. 3MECH BB IOLYIATE YIOBOIb-
CTBHUE OT HCUBOU MAMeEMAGMUKY!

B cymmocTm, 5TO — COBMECTHOE TBOPEHME CPABHUTEILHO HEGOIBIIOTO |-
€18 AKTUBHBIX IIOAIUCYUKOB, Pa30POCAHHBIX IO BCEMY MUPY, KOTOPBIX 00b-
eIVHSET XKeJAHUE PA3BUBATH KOMOMHATOPHYIO T€OMETPUIO U ASIUTHCA IPYT C
IPYyrOM HOBBIMY 3aJa9aMU, UAEeIMU, CBEXKUMHI Pe3yJbTaTaMU, IIOKA OHU €IIe
WHTEPECHBI UM CAMUM — a, 3HAYUT, MOI'yT 3aMHTEPECOBATH U APYTHX.

U xax TOABLKO OYEpETHOW HOMED BBIXOJUT W3 MEYATH, €r0 COJAepXKAHUE
MOAXBATHIBAETCA W PACIPOCTPAHAECTCA CPENU COTEH THICAT APYTUX MaTeMa-
TukKOB Oaarogaps TakuMm m3ganuamM, kak Mathematical Reviews, Zentralblatt
fiir Mathematik u Mathematics Abstracts.
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3. COAEPXXATEJBHOCTb U JOCTYINHOCTb

Crarpu [a HAIIETO XKYyPHAIA TUIIYyTCSI, ITOOBI UX YUMAAY. TATATH MHO-
COYUCJAEHHBIE AKTUBHO PAb0OTAIONINE MATEMATUAKYU, OT ONAPEHHBIX IIKOIbHI-
KOB W CTYNEHTOB [0 CJIOXWBIIUXCA HCCASNOBATENCH. 3aMA4UU, KOTOPBHIE MBI
nybauKyeMm, 00JaQal0T KIACCUYECKOU ACHOCTHI0. Ha camoM gene moHATH uxX
MOXET KaXIbIi — (POKYC B TOM, 4TO0BI ux pemuTb. CTaTbu, KAK TPABUIO,
COJIEPXKAT UCTOPUIO IPOOHIEMBI, JACTUIHBIE PE3YAbTATHI, TUIOTE3EI ABTOPA U
6ubanorpaduro.

PacmpocTpaneno MHeHmWE, YTO MOJOABLIX CTYAEHTOB HE CJAelyeT IIPUBJIE-
KaTb K paboTe HaJl OTKPHITHIME IpobaeMamu. MBI OTBEpraeM TaKyio JUCKPU-
MUHAIUIO II0 BO3PACTHOMY IPW3HAKY U IMPEJOCTABISIEM MOJIOIBIM TUTATENAM
BO3MOXHOCTH OTIPABUATHCA B CBOOOAHOE CAMOCTOATENLHOE ILIaBaHWeE. Tak,
nuccepranus [loas O’/lonnemna u3 yauBepcutera Parrepca BeIpocia u3 He-
KOTOPBIX €r0 PAHHUX CTATEN M0 XPOMATUIECKOMY YUCIY ILIOCKOCTY, MOIBUB-
muxca Ha crpanunax «leombunaropukmy. [locaeguss crarea [oas O’ [los-
Hesta [1], emmegmasn B8 2000 rogy, cogepxkala peleHne CTapou ¥ XOPOIIO 13-
BECTHOU 3aqa4u, nocrasieason [layrem dpaémem B 1976 r., 0 cymecTBoBaHUM
rpad OB eIUHUIHBIX PACCTOAHUN ¢ XPOMATUIECKUM IUCIOM 4 U TPOU3BOJBLHO
OonbmuM 00xBaTOM. Iloab mOKazal, YTO OHU CYIIECTBYIOT!

Y Hac ecTh HEMAJIO MOJO/BIX NOAIUCINKOB. Bojsee Toro, y Hac ecTb aBTO-
PHI U3 9XCIA ITKOTHFHUKOB U CTYAeHTOB. 1lo aTOMY moBO Y sytime Bcero cKasai
Tomac IIberpaxo, mkonsHuk u3 BepmonTa (mmucsmo ot 29 asrycra 1991 r.):

«XOTsA g He eI HUKAKOW 3a1a49d (TO €CTh €lle He DPEIIn), S 3HAlO,
9TO MHOT'O MOJYYy OT TAKUX IyOaukanuu. .. VI eciau My3bl JapylOT MHE CBOIO
[IOMOIIIb, 5 HEMEIJIEHHO MO0 BAM CBOU PEIICHU.»

4. KOMBUHATOPHAA U AUCKPETHASA 'EOMETPUSA

He6ouablioe u3ganmne He MOXET OXBATUTDL BCIO IIMPL CErOTHALIHEN MaTe-
maTuku. [losromy «I'eombuHATOpUKAY» M3HATAIBHO COCPELOTOMMIACH HA KOM-
OMHATOPHOW M AUCKPETHOU I'e€OMETPUM U CMEXHBIX BOIpocax. llpuraamaem
MaTEeMATHKOB, PA0OTAIINX B APYTUX 00IACTAX, CO3AATH AHAJOIMIHLIE XKy P-
HaJIbl, IIOCBAIOCHHBIC )KPIBOI?I MaTEeMaTHUKeE.

Ho MBI HE mepen KeM He BO3JBUI'aeM MCKYCCTBEHHBIX 0apbepoB. «I'eoMOu-
HATOPHUKA» OmyGanKoBaa (Moe) ucTopuueckoe uccaegosanme o I1. 1. X. Boge,
B. JI. Bar gep Bapgeune u U. llype, a Takxke BOCHOMUHAHAA MHOTIOIUCICHHBIX
coTpyAHUKOB u Kourer o Ilayne dpnéme u Bpanko ['pronbaywme.

MBI AaxXe I'OTOBBI MHOr'AQ IIOMOraTh JIOOAM B TBOp‘IeCKOEI ACATCIBbHO-
¢t wHOro poxa. Korga 3HAMEHWTHIM PYyCCKMM HO>T EBremmu EsTymmenko,
BeICTyImas B KomopackoM KoJeqke, MOXAAOBAJICA, ITO HUKTO HE XO4UeT IIy-
0JUKOBATH €r0 HOBOE CIOPHOE MPOU3BEIEHUE, S MPENJIOKUI €My CTPAHUIBI
«eombuHATOPUKIN !
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5. D0uJjaor

Y HAC eCTb CTPAHUIA B CETHU:
http://www.uccs.edu/"asoifer/geombinatorics.html

OHa BKIIOYaET cojepXKaHue KaxJoro HOMEpa 3a mepBble 12 jeT, ykasa-
TeJb ABTOPOB U CIUCOK PEIKOJIErHU. Byayume aBTOPBI MOI'yT HAUTH TaM
npaBmia oopMIeHuA 1 00pasern oroBopa 00 aBTOPCKHUX IPABaX.

«eombunaTOpUKay 06sA3aHA CBOMM YCIIEXOM MHOT'HM KOJUIETAM CO BCErO
MUpa, KOTOpPbIE B T€YEHUE NBEHAMIATH JeT 000ralalu STOT KYPHAJI CBOUMUI
MBICJHAME U CTpemiIeHuaMu. Ero 3penocTs Obuta npusHaHa, korga Mathemati-
cal Reviews u Zentralblatt fiir Mathematik o6baBuin xypHat «u3JaHUEM BbI-
COKOU IIOTHOCTH pedepPUPOBAHUAY (3TO O3HAYAET, ITO PedEPUPYIOTCA BCE
cratbn n3 «[eoMOMHATOPUKNY B OKOHIATEIHHOM BAPUAHTE).

Samaqabil cTuiab «'eoMOuHATOPUKWY B GOAbLION cTeneHu ObLI ¢hOPMUPO-
BaH Oomee deM nBaquaThio craTbamu llayma ODppémia, mocesamerabiMu GHOp-
MYJAWPOBKAM HEDEUIEHHBIX 334349, a TAKXE ero 0eCYMCICHHBIMU [TOKJIATAMMU,
MOCBSIIEHHBIMU HepelmeHHbIM npobaemam. [laynb sBasiacs pemakTopoM Ha-
mero XypHaJaa, HO IPU STOM BHEC BECOMBIA BKJIAJ W B €r0 COAEPKAHUE: OH
HanycaJ IATHAIIATE 3CCe NI ABAAIATH OfHOrO HOoMepa «['eoMOuHATOPHKMY,
BBIIIEIIETO IPU €r0 XW3HU.

Bparko ['prorbaym u3 BammmHI TOHCKOTO YHUBEPCUATETA OBLT PEeTaKTOPOM
«[eombuHaTOPUKTY C MOMEHTA €€ POXaeHusa. Firo MaTepuasibl ChIrpain pema-
IOIIYI0 POJIBb B YCIIEXE U [aXKe IMPOCTO BHIKWBAHUY XKypPHAJIA. Pa3zHooOpa3HbIe
[0 TeMaM, HO BCEr[[a HAUCAHHBLIE CBEXKO M HA BBICOUANIIEM YPOBHE, OHU CIY-
XKAT OCHOBOM XypHAIa. VX peryiapHOCTH TaKXke HE HMeeT aHAJIOra: BpaHko
marmucaa 39 craren s 50 HomepoB «['eOMOMHATOPUKMY, BHIIEIIAX K HACTO-
SIEMY BPEMEHU.

Kpowme Toro, scce Ilayxs Opaéma u Bpanko I'prorbGayma cTuMyampoBain
IIOABJCHNE MHOI'OYIMCJICHHBIX CTaTefI APpyrux aBTOPOB.

Haum pegakroper Xenko Xap6opt (BpayHUIBeNrCKul TEXHUYIECKUN YHY-
sepcurer), fpocaas Hecerpun (Kapaos ymusepcurer B Ilpare), Ilurep
[xoucon mu. (yausepcurer O6épn) n fAnom [Max (KypanToBckunt macTuTyT
MaTeMATUIeCKUX HayK U BeHrepckas akageMus HAYK) HE TOIBKO OILYOIMKO-
BaJM Ha cTpaHunax «'eoMOMHATOPUKMY COOCTBEHHBIE 3aMEIATENbHBIE CTATHY,
HO ¥ NPUBJIEKIU MOJOBIX TATAHTIUBBIX ABTOPOB.

CIIMCOK JINTEPATYPBI

[1] O’Donnell, Paul. Arbitrary Girth, 4-Chromatic Unit Distance Graphs in
the Plane // Geombinatorics IX(3), 145-150; I1X(4), 180-193.
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TpeyroMbHNKY B BBITYKIBIX MHOTOYTOJBHIKAX

A. Coudep I1. Opaéur
Yuusepcurtet mrata Komopamo, NucTtutyT MaTeMaTuku
Komopano-Capunrc Benrepckon akageMun HAyK

Bo Bpems coBmectrou Becrpeun Hosoro 1992 roga B Kosopamo-Copunre
HAM IIPUIIET B TOMOBY PAJI (MAKCMUHHBIX) 331a4.

[IycTs S — KOHETHOE MHOXECTBO TOUYEK Ha WIOCKOCTH. CumBoa min A(S)
OyaeT 0603HAYATH HAMMEHBIY O IUIOALb TPEYTOIbHAKA, BCE BEPIIUHBL KOTO-
poro cogepxkarcsa B S. BEIIYKAbIN n-yroabHUK P, B 3TON cTaThe TOHAMAETCA
KaK MHOX€eCTBO ero 7 BepmuH. OnqHAKO MBI OyIeM TOBOPUTH O €r0 BHYTPEH-
HOCTH, UMes B BUAY BHYTPEHHOCTDb €0 BBIIYKJION 00OJOUKH.

Bragane 3amerum, 9T0 n3 npemiaoxenus 2 crateu A. Peasn u P. Cymnan-
ke [1] BEITEKAET M3AIHOE CIEACTBUE:

PE3YJBTAT 1. Cpeau Bcex BBILYKJIBIX N-yTOABHUKOB P, €MHUIHON 110~
AN BeJIAIMHA
A(n,0) = max(min A(F,))
pocruraercs, korga P, asasercsa addUHHEBIM 06pa3oM IPABAILHOIO 7i-yTOJb-
HUKA.

[locTaBuM caemyromyo 3a1a<y:

SAIAYA 2. [l COBOKYIHOCTH BCEX N-YTOABHUKOB P, € [MHUTHON ILIOIIA~
[¥ U BCEX TOYEK M3 UX BHYTPEHHOCTH HAUJIUTE

A(n,1) = max(min A(P, U{p})) .

Hanpwure Bce xoudurypamuu P, U {p}, peatusyromue 5T0T MaKCUMyM.

[uss n = 4 sra 3anada pemena B [2, r.9]: A(4,1) = %(\/ﬁ —1). Co-
OTBETCTBYIOIIAA ONTAMAIbHAA KOHGUIypamus (¢ TOYHOCTBHIO N0 adUHHBIX
npeoOpa3oBaHUN) MOKA3aHA HA PUC. | IS PABHOCTOPOHHETO TPEYrOJbHUKA,
co croporou 1. (ITo6bI caenaTh ero mwioma s eJUHNIHON, HYKHO IPUMEHUTD
COMOTETHIO. )

B o6mewm Buge 3amava pOpMyInPYETCS TAK:

©CEME. Geombinatorics, vol. II, No 4, 1993. P. 72-74. Ilepesox B. P. ®penkuna.
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Jv2 -1y

Puc. 1.

3AIAYA 3. s COBOKYIHOCTH BCEX BBINYKJBIX 1-YTOJbHUKOB P, e quHuI-
HOW IJIOMIAMA U BCEX k-DIEMEHTHBIX MHOXECTB Sj U3 MX BHYTPEHHOCTH HAU-
ouATe

A(n, k) = max(min A(P, U Sk)) .

Bonpoc npeacrasiseTcs MHTEPECHBIM KAaK U MAJIBIX, TAK U I GOJIBIITX
sHadeHnu k, Hampumep aaa k = n. Ilpu Goapmux k OH CBA3aH CO CIeAYIOMIEN
XOPOIIO U3BECTHOU npobiaeMon XenabopayHa:

[IycTs pambl n TOYEK B KBagpaTe (Miu KPyre) eAMHUTHON ILIOMIA-
mu. Harnure MakcuMyM MUHMMAJIBHOU ILIOMIANU TPEYTOJBHUKA C
BEPpUIMHAMU B KaKHX—JII/I6O n3 3TUX TOYCK.

CIUCOK JINTEPATYPHI

[1] A.Rényi, R. Sulanke. Uber die konveze Hille von n zufallig gewdhlten
Punkten [/ Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte Ge-
biete, 2(1963), 75 — 84.

[2] A. Soifer. How Does One Cut a Triangle? Center for Excellence in Math-
ematical Education, Colorado Springs, 1990.
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r[[I:IpHBIDIe N30I'OHaJBHBIE KOJOHHBI

B. I'pron6aym™
Yuusepcuretr mrara BamwarTos,
Cus>rTa

[lepex Bamu mpogomkenue 3aMeTKu [3] 0 6ECKOHEYHBIX MHOIOIDAHHUKAX.
MbI 3aMMCTBYEM OTTyAa TEPMUHOJOTUIO U AAAUM 3A€Ch JUIITb KPATKWE II0-
SCHEHUS OCHOBHBIX moHATHUU. [lox Geckoneunvim muozoeparnukrom P mbr mo-
HUMaeM GECKOHEYHOe CeMEUCTBO IUIOCKUX BHIMYKIBIX MHOIOYI'OJIBHUKOB (€ro
epaneli) ¢ MOMAPHO HemepeCeKAIUMUCA BHY TDEHHOCTAMY; IIPA 3TOM KaXK Aas
CTOPOHA KaX JOU I'PAHU ABIACTCA CTOPOHOU €1le OJHOU U TOJbKO OJHOU I'PAHU
7 HA3BIBAETCA Pe6POM, & €€ KOHIBI HA3BIBAIOTCA 6EPUIUHGMU MHOTOTPAHHU-
ka P. I'panu, pé6pa u BEPIIMHBI MOJXKHBI YAOBICTBOPATE YCJAOBUAM, OOBITHO
BBIIIOIHEHHBIM B MHOIOIDAHHMKAX ¥ C(HOPMyYIMPOBAHHbLIX ABHO B [3]. O gHako
MOAYIEePKHEM, ITO TAK KAK OT MHOIOIDAHHUKA, HE TPEOYeTC BBILYKJIOCTH, TO
HET OCHOBAHUU MPEANONATrATh, 9TO €r0 FPAHU JEeXAT B PA3HBIX IIOCKOCTAX.
I/I AeﬁCTBHTeJIBHO, 3aMOIICHNE IVIOCKOCTU MHOT'OYT'OJIbHUKAMM IIOAIIAA€T 1100
Hale onpegenreHne 6eCKOHEIHOrO MHOTOTDAHHUKA.

Hac 6yayT uaTepecoBaTs u3020naabHbie (MU 8 EPUWUHHO-MPAH3UMUBHDIE)
MHOTOTPAHHUKH, T.€. TAKWE, B KOTOPLIX BCE BEPIIUHBLI B3AMMHO SKBUBAJICHT-
HBI OTHOCUTEIBHO CHMMETDUI MHOTOMDAaHHUKA. B 3aMeTke [3] MBI B OCHOBHOM
3aHUMAIUCH 00HOPOOHBIMYU MHOTOIPDAHHUKAMHE, T.€. TAKUMU U30TOHAJbHBIMIU
MHOTOTPAHHUKAMMU, ¥ KOTOPBIX BCE MPAHU — MPABWILHBIE MHOT'OYTOJbHUKMY;
[pPA 3TOM MBI CIATAJIN MHOTOTPAHHUK MEPUOTUTIHLIM B TPEX HE3ABUCHAMBIX
HaIIPABJICHUAX.

N3oronansaeM (B TOM 9mCIe OJHOPOJHBIM) MHOTOTDAHHUKAM, IEPUAO JU -
HBIM B AIBYX HE3aBUCHUMBIX HAIIPABICHUAX, IIOCBAIICHO 60JIBHIO€ IUCJIO Hy6JII/I-
kanuu. Umeercs o6mupHas IuTepaTypa Mo 3aMOMEHUAM IIOCKOCTH ¢ TAKIMEI
CBOMCTBaMU (CM., HAIpUMep, [4, raasel 2 u 6] u npuBegeHHYO TaM 6uOIMOrpa-
¢duio). B pabore [5] paccMoTpeHO GOIBIIOE MUCIO O JHOPOAHBIX MHOIOIDAHHU-
KOB, MEPUOJANIHBIX B [BYX HAMPABICHUAX, HO HE JEXKAIMUX B INIOCKOCTH; WC-
YEPIBIBAOIICE UCCASTOBAHUE M30TOHAIHHBIX MHOTOIDAHHUKOB TAaKOT'O PO
COJEPXKUTCA B HEJABHO IOATOTOBICHHON aucceprauuu Yuibiama T. Be66epa.
HekoTopbie u3 5TUX (ILIACTUH» UMEIOT «AbIPBDY, T.€. UX TOMOJOIMIECKUNA PO

*Pa6ora wactuano nogaepxana rpaarom NSF # DMS-9008813.
©CEME. Geombinatorics, vol. II, No 4, 1993. P. 75-78. Ilepesox B. P. ®penkuna.
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6eckoneden. [Ipocrenmme npumMepbl CTPOATCA CAEAYIOMEAM 00pa30M: 3aMO-
CTUM JIBe apaJuleJbHble INIOCKOCTU KBAAPATAMU, YIAIAM HEKOTOPOE MHOXE-
CTBO KBaJIPATOB U3 KaXIOU INIOCKOCTH W COEJUHUM OOPA3OBABIIMECA IBIPHI
«Tpyb6aMm», COCTOAIUMY U3 YETHIPEX KBAJAPATOB.

Usy4anuch u #30roHAIBHBIE (B TOM YHCIE OJZHODPOAHBIE) MHOI'OTDAHHUKY,
HepUOAMYHbIE B OMHOM HAIPABJICHUY; B COOTBETCTBUU C X OU€PTAHUAME Ta-
KM€ MHOTOTDAHHUKM MOXHO Ha3BaTh «komoHHaMm (columns)y. OgrOpOHBIE
KOJOHHBI JIETKO COCTaBUTH U3 IPU3M U aHTUIIPU3M (yrlIaJH/IB O6HII/Ie OCHOBaHUA
COCeqHUX KOMIOHEHT). Takume u HEKOTOpBIE ADYTrHMe KOJIOHHBI IOKA3AHBI HA
wurocTpanuax B pabore [5]. VHTepecHas KOIOHHA MOLYYaeTCS U3 HPABAIL-
HBIX TeTPadApOB; Bakmuucrep Pymnep Hazsaa ee «rerpareamker (tetrahelix)
(cm. [2] m [1]; B mocaegaen paGoTe pacCMOTDEHBI TaKXKe 0000IECHU HA BEICIITE
pasmeprocTn). CyImecTByeT U MHOIO APYIHX CHOCOGOB CTPOUTH M30IOHAIb-
HBbI€ KOJIOHHBI.

OaHako B IUTEpaType HET YIOMUHAHUU 00 OTHOPOJHBIX WM U30TOHAID-
HBIX KOJOHHaX Oosee BBICOKOrO poga. lleab TaHHOU 3aMeTKU — BOCIOJHUTD
3TOT npobel.

Brauasue onuimem 01HO 6€CKOHETHOE CEMENCTBO IBIPABBIX) N30T OHAIBHBIX
KOJIOHH; TIpUMepPHI npuBeneHbl Ha puc. 1 u 2. IlockoabKy depTex TOTOBOIO
MHOT'OT'DAHHUKA HE BBIPDAXKAECT €ro CTPYKTYPY AOCTATOYTHO JICHO, Mbl OIIMIIIECM
1 npomwLIIocTpupyem camo nocrpoenue. Cuenaem «IbIpbD («BHYTPEHHUE MIPO-
XO/bIy ), MOKA3aHHBIE B 9acTH (&) 060X PUCYHKOB. B ofmeM ciaydae Kaxgas
«IBIPa» COCTOUT W3 IPU3MEI, B OCHOBAHUY KOTOPOU JEKUT 21-yTOABHUK (7 11e-
a0e, n > 2), BCe yiIbl KOTOPOI'O PABHBI, a MJIWHBI CTOPOH MOOYEPENHO IPH-
HUMAIOT [IBA PA3JIMYHLIX 3HAYEHUA; IPU NOCTPOEHUU GECKOHETHOU KOJOHHBI
HYXHO yIaIUTh OOKOBBIE TPAHU MPU3M, COfepxKalme 601ee KOpOTKIE CTOPO-
HBI OCHOBAHUU. PacmonoxuM Takue «paCKpPBITHIe) PU3MbI BEDTUKAIBHO OTHY
Ha [ APYTOU Yepe3 PABHBIE IIPOMEXYTKHU U MOBEPHEM KAXKAYIO OTHOCUTEIBLHO
npexbigymen Ha yrox 7/n(= 180°/n). Ha puc. 1(a) n3o6paxen mpocrermnn
caygan (n = 2), a ma puc. 2(a) — caydainr n = 4, KOTOPBIA, BEPOATHO, Jy1IIE
wrocTpupyeT oburyio curyanuio. ITobbl IOCTPOUTH KOJIOHHY, 106aBAM CHA-
PYXM IOJXOIANIYIO «OOIIUBKY», COEIUHAIONIYIO «ALIPBDY, KOTOPLIE IPHU 3TOM
COXPAHAIOTCA; B PE3YJIbTAaTe MONYIAeTCA MHOMOTPAHHUK.

Od4eBuHO, YTO MHOIOIPDAHHUKHM, IMOCTPOEHHBIE TAKUM 00pa3OM, U30T0-
HAJbHBI, IPAYEM K KaXOW BEPIIMHE IPUMBIKAIOT [ATH I€THIPEXyTOJIbHUKOB
(IBa — W3 CTEHOK «IBIPBD M TPU — U3 «OOmuBKM» ). C TOYHOCTHIO 0 HOIO-
O0uA ¥ IUCIa N, MHOIOI'DAHHUK 3aBUCHAT OT TPEX IIapaMeTPOB, KOTOPBIE MOI'yT
OPUHUMATH IIPOU3BOJBHBIC ITOJOXWUTEJABHBIE 3HAYCHUA: 3TO BBICOTA IPU3MBI,
pPacCTOsAHUE MEeX Y COCEIHUMY IpU3MaMu i OTHoueHue (Gonbuiee dem 1) aumu
IBYX COCEQHUX CTOPOH OCHOBAHWUA.

NuTepec K TaKUM MHOIOIDAHHUKAM OTYACTY ONPEAENACTCA CJAEAYOIUM
[IPENOJIOXKECHIEM:
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Pwuc. 1.

Puc. 2.
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I'miioTE3A 1. He cymecrByeT m30roHATBHBIX KOJOHH OECKOHEYHOI'O PO-
Ia, KPOM€ OIUCAHHBIX BHIIIE.

ECJII/I 9TO BEPHO, TO CTAHOBUTCs IOHATHBIM OTCYTCTBUE yIIOMI/IHa,HI/Iﬁ B
auTepaType 06 OJHOPOAHBIX KOJOHHAX OGeckonedHoro poga. Cdopmynaupyem
3TO CIefylommM oO6pa3oM:

I'mooTE3A 2. He cymecTByeT OQHOPOAHBIX KOJOHH O6ECKOHEIHOrO POIA.
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Hamm CEMHHAP: MaTEMAaTHUIECKHE
CIOXEThl

CyMMa 0OpaTHBIX KBaIPATOB

K. II. Koxacp*

B sTol 3aMeTKe MBI PACCKA3BIBAEM O TOM, KAK MOXHO Pa3HbIMU CII0COOaMU
HAUTHU 3HAYEHNE CYMMEI

1 1 1 1 1
+Z+§+E+%+'” .
BGPOHTHO, BC€ M3JOXECHHBIE 31€Ch CIIOCOOBI ABJIAIOTCA M3BECTHBIMU. ,ﬂa n II0-
IIBITKN ychOHTI) PEBU3UIO B 53TOM XOB}II?ICTBQ y)Ke TOXE IIPECAIIPUHUMAIUCD.
TOJI‘IKOM K HAIIMCAHUIO 3TOI'0 TEKCTa IIOCTYXKUJI0 H&6JIIO,D;€HI/IG, N3JI02KEH-

HOe B naparpade 7, MOIOIHEHNIO KOLIEKINY JOKA3aTeIbCTB CUIBHO HOMOLUIN
crarba [12] u guckyccun B [18].

1. METOa ABEJS

Bocnonbayemcsa cTaHZapTHBIM CIIOCOO0M HAXOXAEHHUA CyMM — METOO0M
A6ena. Ero npoxoaart B KoHIE nepBoro Kypca. Crmocob CoOCTOUT B ey OmEM.
YUT06bI HAUTH CyMMY CXOAAWErOCA PAAA Y Gk, PACCMATPUBAIOT CTEIECHHON
pag f(z) = > agz”. o Teopeme AGens paamyc CXOAUMOCTH DTOTO PAJIA HE
Menbine 1. ECTh MHOrO pasim<HBIX OPHEMOB PabOTHI CO CTEHEHHBIMHU PALA-
MU H €CIH MBI KaKAM-HEOYAb 00pa3oM CyMeeM HAUTH ABHYIO (hOPMYIy I
byuxnuun f(x), To Torga Y ap = mlgnof(x) Nrak, nomoxum

+oo

fl@)=2 "3

k=1

*Iogaepxkano rpanrom HIM-2251.2003.1

MaTemaTu4eckoe npocsewyerne, cep. 3, soin. 8, 2004(142-163)
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Torma

Takum o6pa3om,

+°° In(1 11
= /n ) x:/ =T da . (1)
r—1
0

K coxanenuto, uaTerpan «#e 6epercsy. [lymaeM, ¢ 5TOU TPYAHOCTHIO CTAIKA-
BAJIMCh MHOIHE [IEPBOKYDCHUKHU.

[Ipugercsa uagru gpyrum nyreM. BopodeMm, 4y Th 03Ke Mbl BCe-TAKU Bbl-
YUCIAM 5TOT MHTErPAT HPU MOMOIIY KOMIUIEKCHOI'O MHTErPUPOBAHUA (C mO-
MOIIBIO BEIYETOB).

2. PA3JIOXKUM CHUHYC WJIA YTO-HUBY/Ib HA MHOXKUTEJINA

Bor paccyxpenue, npunagiexaiee Junepy. Paccmorpum dpopmyay Ten-
J0opa A (PyHKIMY Sin

. 1133 1135
sinz =z — o+ +.... (2)

Bripaxenue B nmpasou gactu (psajg) npeacraBageT coOOU «MHOTOWIEH G€CKO-
HEYHOW CTelmeHmy. KCTeCTBEHHO, ITO pa3 CTEIeHb STOr0 «(MHOTOWIEHA) 6eCKO-
HEYHA, TO Y HErO MOJKHO OBITH GECKOHEYTHO MHOT'O KOPHEHU. DTO 3aMeTaHue
MPEKPACHO COOTBETCTBYET HAIUM 3HAHUAM O (PYHKIUU SiN I: JeUCTBUTEILHO
oTa PYHKIUA UMeeT GECKOHETHO MHOT'O KOPHEW, 8 MMEHHO, BCe TOYKHU BUIA
mn, n € Z (u KcTaTH, APYrUX KOMILIEKCHBIX KOpHen Her). [lonpo6yem pasio-
KUTH DTy (PYHKIUIO HA MHOXWUTEIU. 3IeCh HYXHO JEACTBOBATH aAKKYPATHO:
HAIIpUMED, Pa3JoXeHue

sinz = z(x — ) (x + m)(x — 2m)(x + 27) ...

BPAJ U MOXET OBITH BEPHBIM, COMHOXWUTEIN IIPU (PUKCUPOBAHHOM & CTPe-
MATCA K OECKOHETHOCTH, na W Bce KOd(pPUIMEHTHI IPU PACKPBITUU CKOOOK
IOy IAI0TCA TEJOIUCAEHHBIMU KPATHBIMA T, ITO HE COOTBETCTBYET (POPMY-
ae (2). [as Toro 9To6bl MOLYIUTH HONEE (IPABUIBLHOE) PABJIOKEHUE, TABANTE
HEepEHOPMUPYEM CKOOKH: BMECTO CKOOKu (z — k7), oOpamarolmencs B HYJIb
npu £ = k7, Bosbmem (1 — _77) Kpome Toro crpynmmpyem BmMecTe CKOOKWM,

coorBercTByomue KOpHAM +k7. [loxyaum

sinxzx(l—i—i)(l—%).... (3)
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ITO pa3moxeHue yxe 6oee mMpaBaonogO0HO: IPOU3BENEHNE B IPABOU HaCTH
CXOJWTCS IIPH JI0OOM BEIIECTBEHHOM (M Haxe KOMIUIEKCHOM) z. [la u Koaddu-
[UEHT [IPU MJIAJIIEM WieHe (T.e. IPU ) TAKOU, KaK HAJO0: €CI PACKPHITH BCE
CKOOKM B TPABOU YaCTHU, TO, ACHOE Aet0, Koadpdunuent npu x OyaeT paBeH
€TUHUIIE.

[MaBariTe TOrga BEIYUCAUM KOIPPUIUEHT IPU 3 B dbopmye (3). B aeon
qacTu KoaddunuenT npu 2 pasen —1/6, 5To MBI 3HAeM m3 (opmyasl (2).
A B mpaBou 9acTu KO3(MPUIUEHT PABEH. .. IOCTOUTE, MOCTOUTE. . . Hy Ia, OH

1
paBeH —(——{—4 2—’,—9?—{—...). 1 mp1 npuxogum K 3aMe9IaTeIbHOMY PABEHCTBY
1,1, 1 1 7
l+-4+-F—+—+F...=". 4
+4+9+16+25+ 6 4)

Pazymeercs, paccyx jeHus, KOTOPBIME IOIy 9€Ha 3Ta (HOpMy.Ia, HE IPETEHAY-
0T HA 3BAHUE «I0KA3aTeIHCTBOY. HO mo Gombimiomy cueTy OoHu BepHBL Teope-
Ma O pasioxeHuu GYHKIUY Sinz B 6eCKOHETIHOE IpousBegenue (T.e. popmy-
1a (3)) pokaseiBaercs B Kypce anaausa uiu TDKII (em. [5,8]).

¥ Kk ok kK

Bapuanuen na Ty %)e Temy ABIAETCA BOT KAKOU MOAXOJ: HaBauTe moube-
peM KaKyio-HIOY Ib PasyMHYIO IOCAeJ0BATEILHOCTE MHOTOWIEHOB, ¥ KOTOPBIX
KODHSIMH SB/SIIOTCA HEe TO 9T00bI camu apobu 1/ n?, a KaKme-TO aCUMIITOTHIe-
Cku OIM3KME K HAM BBIPAXKEHUA, TIOCIE 9€r0 BBIIOJTHUM IPEAETbHBIA IEPEXOI.

Hanpuwmep, cperaem tax ([12]). Bosemem medernoe umcno n = 2m + 1.
Herpyamo nposepuTs, 9TO TOrAa

sinnz = P,(sinx),

rage P, — wmuorowuren crenenu n. Iloncrasmsas x = kn/n, Mbl BugmMm, 91O
qucaa sin(kw/n), —m < k < m, ABIAIOTCA KOPHAME DTOI0 MHOI'OYWICHA, & TaK
KaK UX 3/1eCb POBHO 7, TO IPYTI'UX KOPHEU HET, CJIEOBATEILHO,

Y2
Puly) = ny H < sin? (kﬂ/n)) '

31eCh HOPMUPOBOIHBIN Koa(b(blxmneHT 7 B IPaBOM IacTU MOAOOPAH U3 Tex
co00paXxeHun, IT0 liH(l) P,(y)/y = n. Takum o6pazom,
Yy—

m 9

. . sin- T

smnw:nsmxH l———7—.
it sin“ (kw/n)

[pupasuuBas KoahdumeHTE IpH > pasnoxennit Teropa B Hyxe IeBOH u
IpPABOU YaCTeH, IMOJYIaeM

3 m 1
n n
_r__t_, -
6 6 ; sin? (kr/n)
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7 CiaeanoBaTEC/IbHO,

| =

< 1 1
B kz—l n? sin® (kr/n) e (5)

Teneps 3adukcupyem HaTypauabaoe aucio M um OymeMm monaraThb, ITO GHUCIO
M, KOTOPOE MBI BEIOpAJIN C CaMOro Hadadga, 6omabire gem M. Torma mocaenuee
PaBEHCTBO MOXHO TIEPENUCATh B BUJE

1 & 1 <
6 ]; n? sin?(kx /n) - 6n2 % n? sin’ krr/n)

o . 2
B npaBou gacTu Bocmob3yemMcsa HEPABEHCTBOM Sing > —x, BepHbIM npu 0 <
™

<z <7/

_1 - 1 1
= < —+ — .
6 Z n? sin® krr/n) 6n° Z 4k*

k=M+1
IIycTte Temeps m — +oo (u BMecTe ¢ HUM 1 = 2m + 1 TOXe cTpeMUTCA
K GECKOHEIHOCTH ), B IPEIENe TIOLY TUM
1 M 1 1
0<8_Zk2w2 <X 4k
k=1 k=M+1

Haxomnern, ycrpemum u M k 6eckonedHOCTH. [IOCKOIBKY B IpaBou 9acTH Ha-
OUCAH XBOCT CXOALIETOCA PAAa, Mbl cpady nomy4daem (4). IlepBomcroanmk
HTOro paccyxgenus — [14].
I EEEER
A Temepb 4yTh MeEHee TEXHUYECKOE pacCyxkaeHue. BeposTHo, duTarenb
YUIWI KOTIa-TO B IIKOJAE (POPMYJIY

3HaeTe, YTO 33 ABOUKA CTOUT B YMCIATENE! DTO HA CAMOM [AeTe KOD(PPUIMEHT
Cl. A 3maeTe, 9TO 3a MEHHYC eIMHEIA CTOMT B 3HaMeHaTene?! DTO, KOHETHO
xe (—1)¥1CK npu k = 2. O6mas xe Gpopmyra, KOTOPYIO THTATENb, BEPOAT-
HO, B IIKOJIE HE NMPOXOJWI, BHILAAAT TAK (MbI €€ K TOMY XK€ 3allAIIeM [JIs
KOTAQHI€HCOB, & HE JJIA TAHTEHCOB):

1-C2ctg" 2a+Chetg" ta—. ..
1 n—1 3 n—3 5 n—>5
Cy, ctg a — Cj ctg a+ Cp ctg a—

(6)

ctgna =
Ha camom gena sTa ¢popmyra 0UeBHIHA: IOLCTABLTE
cosnz = Re(cosz +isinz)", sinnz =Im(cosz +isinx)

7 BCe momyauTcs. s Hammx menen 5Ta GopMyJIa XOpOIIa TeM, ITO OHA CPa3y
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XK€ IIO3BOJACT yKa3aTh KOPDHU MHOI'OYICHA

1 m 3 m—1 5 m—2
02m+1$ — 02m+1$ —+ 02m+1x — e ..

Bot sTu xopuu:
s 2 3w mm
ctg2 , ctg2 , ctg2 , . ctg2 .
2m +1 2m+1 2m+1 2m+1

[encTBuTenbHO, HOACTABIAL N = 2m + 1, @ = k7 /(2m + 1) B (6), MBI BuanM,
9TO JeBasg 4acTh GECKOHEYHA ¥ IIPU DTOM BCE€ KOTAHI'EHCHI B IPABOU YaCTH
KOHEYHEBI; HTO MOXET OBITh TOIBKO €CIN 3HAMEHATelIb OOpAIAeTCS B HYIb.

Tereps MBI MOXEM IOACIATATH CYMMY DTHX KODHeM 1o Teopeme Buera

ct 2 e 2 e 9 37 NI 2 mmw C§m+1 _ m(2m—1)

& om+1 08 1 B g1 TS 2m 41 Chy 3

1

A 3204HO, MOCKOMbKY —5— = ctg? @ + 1, Mbl MOXEM yCTAHOBATH M TAKOE
PaBEHCTBO sm-a

sin2L+ .o 2m + - 5 37 +'”+sin2 T

2m+1 g1 M omtd m + 1
m(2m — 1) m(2m + 2)

(KcraTu, sTo B TouHOCTH paBeHcTBO (5).)

Hy Bor, a cervac Mbl BeITAmuM U3 HUiAnbl 3anma. [lockoasky ctga <
1

< =< =
a Sin v

dopMyaI, ITO

— 2 2 2 2
m(2m 1)<(2m+1) +<2m-l—1) +<2m+1> +H-+<2m+1) <

mpu 0 < a < g , MBI MOXEM 3aKIIOYATh U3 IPEAbIYIINX ABYX

3 2

e 3w mm
m(2m + 2)
—3
2m + 1)?
Cokpaas Ha % 7 TEepexOs K Ipefeny npu 1 — +00, HOLYyIaeM pa-
e

BeHCTBO (4). D10 paccyxneHue Mbl B3siu u3 [10, 3agaga 143).

3. KOTAHI'EHC

Bor eme ommo paccyxaerme ot Ourepa. llpomorapmpmmpyem paseH-
cTBO (3), moCIE Yero BO3bMEM NPOU3BOAHYIO, MOLY ITUTCA

1 1 1 1 1
+= 4+ +

ctgr =...+ +... (7)

T+ 27 T+ T T—T T — 27

1 2x
NuddepernupoBanne 3aKOHHO, TOCKOIBKY P ;+Z PR CXOUTCA paB-

HOMEDHO B OKPECTHOCTH JI000U TOUKM  # mk. Mexny nmpo<uuM, moxy<Iuioch
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JOBOJIBHO PA3yMHOE PABEHCTBO, TUIIMIHOE PA3JIOKEHUE HA IIPOCTENIINE, CPAB-
HUTE C Pa3JI0XeHUAMU

n
1 /2 1, 1/2 1 P'(x
o2 1R gy _:ZM
-z z—-1 =z zx+1 P(x) — T
(B mocreguem paseHcTBe P(z) — MHOrOYIEH CTENEHH N, T — €ro (KoM-

munekcHele) Kopuu). B kypce TDKII, 570 Tak # HA3BIBAETCA: (PA3JIOKEHUE
MEpPOMOP(HON (PYHKIIUK HA DJIEMEHTAPHBIE TPOOH».

Teneps OymeM moXWHATH WIOABL. Pa3aoxuM Kaxayo us apoben g
T Ve

ke Z\ {0} mo popmyne cyMMBI F€OMETPUYIECKON IPOrDECCUN:

1 1 1 1 T T
z+nk 7wk 1+ik 7rk< wk +7T2k2 +
T

CyMMupys Takue pasJoXeHus 1o BceM k, moiy4daem hOpMYJILy
1 2z 11 22° 11
OIS  TC I T O N T T
g e +4+9+ — +24+34+
o 1
Y106l B OUEepeaHON Pa3 y3HATH, YEMY XK€, COOCTBEHHO, paBHA CymMMa, 1 + 1 +
1 o
+ 5 +..., OCTAJIOCh TOJBKO MOACINTATEH KOI(DPUIMUEHT IPU T B TEUIOPOBCKOM

1
PA3IoXKEHUU B OKpeCTHOCTH TOIKHU g = () pyHKIMHE ctg x — — . Ta pyHKIMI
T
TONBKO C BUAY BeAeT e B HyJe He O9€Hb XOPOIIO, HO ecau moaoxuTsb f(0) =
= 0, TO OHa OKaXeTCA B HyJE U HENPEPHLIBHA, U AuddepEHINpyeMa, U NaxKe
AHAJIUTHUIHA; UCKOMBIN KOD(PPUIMEHT paBeH

. 1\ . 1 1 1
;1_r>r(1)<ctgm——> —hm(— 5 —{——2)——5. (8)

T z—0 sin” x T

N wmbr cuoBa moaywaem (4). Kcraru, aHATIOrMYHO MOXHO y3HATH, 9TO CyM-
Ma 06pATHBIX YeTBEPTHIX cremened pasra 7/90 (3T0 MOXHO GbLIO TakKe
y3HATbh, MOJb3YICh BCEMU OCTAILHBIME M3IO0XKEHHBIME 3[eCh CHOCOOAMU WU
ux 0606IIeHnAMN ).

B xnwure [4], u3 KOTOPOU MBI B3SIM DTO PACCYXKACHUE, IPELIArACTCA EIle
U TAKOU BApPUAHT:

cos T T T
— = Ctg(— - —) =
1 —sinz 4 2

- L+ =
i S S A
4 1 1 1 1
= (1 gHs i) )
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8z 11 1 1
'ﬁ?@+§+%+l§+&+ )+
16>
Sttt

[IpupaBauBasg KO3(pPUIMEHTH TPU L B JEBOU M MPABOU YACTAX, MOIYIAEM
PaBEHCTBO
11 1 1 2
14-4+—-—+—+—=—4+...=—. 10
+ 9 + 25 + 49 + 81 + 8 (10)

Ho cymma o6paTHBIX KBaApPATOB HEUYETHBHIX UHCEN JEeI'KO BBIPAXKAETCI depe3
CcyMMYy OOpaTHBIX KBaAPAaTOB BCeX HATYPAIbHBIX THCEI:

1

1 1
1+§+2— -

+os
1 1 1 1 1
=(+g+g+n+ ) -Groptetat)=
3 1 1 1
Z@+Z+§+E+n).

4. APKTAHTEHC

BaMm HEHYEro He HAIIOMWHAET, YBAXKAEMBIM IUTATENb, BoIpaxeHue (9)7

Hy xomet1Ho X)e, 5T0 «Kyco4dek» 3HaMeHnTou (popmyasl I'peropu — Jlenbuu-
11a, IEPBOT0 B UCTOPUM MATEMATHUKHU PAA, 3aJAI0IMEr0 PA3IOKEHUE TUCAA T

s 1 1 1 1
e [
4 3 5 7T 9
BOBBerlIeM 3TO PAaBCHCTBO B KBarleaT! Tounee T'OBOpsA, CHAQYaJ/Ia 3allUIIEeM €10
+00 -1 m
B BUAC T — Z ( )1 , & YX IIOTOM BO3B€AEM B KBaaApaT

m=—o0 m + 3

oy oy e (1)
=y Y (12)

e e (i P m A0+ 3)

3aKOHHOCTBH [epeMeHBI HMOpsAKa cymmmpoBanus (mepexox ot (11) x (12))
3/1€Cb HETPUBHATBbHA, MBI HE Oy/IeM DTO JOKA3BIBATEH (y HAC NONYAAPHEA CTa-
Thil), JOKA3aTEILCTBO MOXKHO IIPOYeCTh B [5, § 1.66], a moka 3akoHYIMM BbIYH-
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cieHue. 3aMeTUM, 9TO B MOCICIHUX CyMMax npu 1 # 0 Mbl uMeem

“+oo “+oo

Z 1(_1) 1:%2 11_ 1 ] =0

m=—o00 (m + 5)(m+n+ 5) M——o00

[TosTomy nBouHas cymma (12) paBHa

= 1 111

S =8l gttt
]_‘

e 1y 9 " 25 " a9

Mper onsaTs gokasanu ¢opmyaay (10).

5. TEOPEMA O BBLIYETAX

Eme oaue moaxom K BHMUCIEHUIO MHTEPECYIOMEN HAC CyMMbI, POJCTBEH-
HBIU MCTIIOAB30BaHUIO (HOpMyast (7), OCHOBAH Ha MPUMEHEHUU TEOPEMBI O BbI-
gerax. 2Keqaere BBIMACIATH HEKOTOPYIO cyMMmy?! EcTh ¢pupmeHHBIR C11OCOO!
[Tog6epuTte Takyo MEpOMOPMHYIO (PYHKIUIO, BLIYETH KOTOPOU B 0COOBIX TOY-
KAaxX PaBHBI (JAra€MBIM DTOU CyMMBI, M BBIMACIATE WHTEIPAT IO KOHTYPY,
OXBATBIBAIOWIEMY BCE 0COOBIE TOYKM!

Hanpuwmep, Beraucanm-ka, vemy pasao 2+ 2. Pasnoxenue (7) moackasbisa-
€T, 9TO €CTh NOBOJBHO yA0OHAA PYyHKIUA, y KOTOPOU MHOT'O OCOOBIX TOYEK U
BCE BBIYETHI B OCOOBIX TOYKAX PABHBI euHUIE. JTa (PYHKIUA — KOTAHTEHC!
Paccmorpum Torga maTErpad

/ 2ctg zdz,

Cr

rae kouTyp CR u3obpaxen Ha puc. 1 caeBa. BHyTpu xoHTYpa aBE 0COOBIE
TOYKM, [I0 TeOpeMe O BbIYeTax mHTerpal paseH 27i(2 + 2). C gpyrou cro-
POHBI, B CUIY T-IEPUOAUIHOCTH KOTAHI'€HCA MHTErPAJLI MO BEPTUKAILHBIM
CTOPOHAM MPAMOYTOJBHUKA COKPAIIAIOTCA, & B CUIY HEYETHOCTH CyMMa, WH-
TErpajJoB MO FOPU3OHTAJBHBIM CTOPOHAM PAaBHA YABOCHHOMY MHTEIDALY IO
BepxHeu cTopoHe. UTak,

T L T
_5+RZ _5+RZ _5+RZ y
—21zZ
2mi(2 + 2) = 2 / 2ctg zdz =2 / 26057 gy = 4 / 1te g,
sin z 1—e
3T i 3 ki T ki
2 2 2

JleBasa dacTh He 3aBucHT OT R, a B IpaBOU YaCTH IOALIHTEIDAJLHOE BbIPA-
x)enme npu R — 400 crpemuTca Kk —1, a cam maTerpan — k 27. Ilepexonmsa
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Ri (N + $)mi

Puc. 1. K Boupocy o ToM, 9eMy paBHO 242

K Ipejery, 3aKIIaeM, ITO
2+2=4 (13)

1 1 1 1
Kax BbI moHMMAaeTe, Tenepb BHIYUCIEHUE CyMMBI 1 + 1 + 9 + 16 + % +...

O Hac He npobaema. llpaBma, yroOHee BEIYACIATEL YABOEHHYIO CYMMY

o.¢]
/

1

n=—oo

rge mTpux 0003HAYAET, ITO B CyMMe NMPOIyLeHo craraemoe mia n = 0. Pac-
CMOTPHM HMHTEI'DAJI
2
™
/ — ctgzdz,
z
Cn

rge xoutyp Cy m3obpaxen ma puc. 1 cnpasa (3gece N — HaTypaabHOE
qmeao). Mel 06aBIIM B MOABIHTErPATLHOE BEIPAKEHHE MHOXATETb 72/z2,
9TO0BI BEIYETHI MOABIHTErPAIBHON (DYHKIIUY CTAIA PABHBI CAAra€MbIM HAIIEN
CyMMBI. AHAJIOrMYHO NPEABIAYIIEMY BBIYUCICHUIO UHTEIDAJIBI TI0 BEPTUKAIE-
HBIM CTOPOHAM KBaIpPaTa COKPAIIAIOTCA, & MHTErPAILI II0 OPU30HTAILHBIM
CTOPOHAM KBaPATa CTPEMATCA K HYJTI0, KCTATH, TOXE U3-3a MEHOKATeNs 1/22.
Kpowme Toro, mpu N — +00 B KOHTYp monagaeT Bce 60Jbiie 0COOBIX TOYEK
koTaHrenca. Ilepexons K mpemeny, MBI HOJXY<IaEM, ITO

i 11
Z—zctgz + Z n—2:0

Cam BorueT Mbl yxe dakruaecku nogcauramu B (8). U aTo gaer mam eme
OJHO NOKa3aTeIbCTBO GopMyJst (4).
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6. I'-oyHKLIUA

[TpuBeneHHOE BHIYUCIEHUE, HECOMHEHHO, OCTABUT HENPUATHBIA OCAI0K B
noyiie HacTosamero screra. [Ipospadnas ujes, KpATKOCTD, HECIOXKHBIE WA XO-
POIIO 3aMACKUPOBAHHBIE TEXHUIECKHE MOAPOOHOCTH, — BCE DTO MPEKPACHO,
HO oauH WTpux (a mMeHHO: WTpuUx B popmyae (14)) cBoawT Ha HET BCe HAIIN
YCUIUA: ¢ CAMOrO HAYAJIa BBIYUCACHUSA HAM IPUILIOCH YABOUTH KOJUYIECTBO
CIaraeMuix!

— Her am y Bac Takoro xe xanaTa, HO ¢ IEpJIAMyTPOBBIMU ITyTOBUIIA-
Mu? — CIOPOCHAT HAC DTOT umTareib. — T.e. e au y Bac Takon dpyukium,
0CO0OBIE TOYKH KOTOPOU HAXOMATCA B TOUKAX 7 € N, & BBIYETHI HO-TIPEXKHEMY
paBHBI equHUAIET

Ecre. Ecte Takas pyukumsa! Oto sorapudmudeckas npoussoguas [-pyH-
kuuu duzepal Hy. .., nourn.

Camy I'-pyHKINIO MOXHO OIPENEIUTH BEIPAKEHUEM
+00

I'(z) = /xZ1eIdac,
0

koTopoe 3anaeT ee npu Re z > 0. Ha ocTasbHbIE KOMIIEKCHBIE 3HAYEHUA 2 €€
MOXHO PACIPOCTPAHUTD, MOIb3YACH (POPMYION TOHUKEHUS

I'(z+1) = zI'(2). (15)

VmeeT MecTO crepyromasn 3aMedaTeabHas POPMYIa, KOTOPYIO MOy IaioT, OT-
TAJKABASACH OT OIPEENEHUN U IPOCTHIX CBOUCTB ['-pyHKINYU, TOBOJBLHO 3aMbI-
CJIOBATHIMYU MAaHWITYJANWAME ¢ MHTerpaxamu (cM., Hampumep [8, §535-537]):

weS(od)

3aeck C' — 5T0 He KaKas IOINaJ0 KOHCTAHTA, a MOCTOAHHAA JUaepa. JdTa Gpop-
M(z+1)
['(z+1)

HAM CBOUCTBAMHU: €€ 0COOBIE TOYKY PACIOJIOXKEHEI, IIPAB /1A, HE B HATYPAJbHBIX,
a B OTPHUIATEIbHBIX IENBIX TOYKAX, HY TAaK U BHIYETHI PABHBLI HE €IUHUIE, &
MUHYC €IUHUIIEC.

Mexay mpotumM, Bce Tpu HacTu paseHcTBa (16) moxuO mponuddepen-
IWPOBATH IO 2, a MOTOM HOACTABUTH 2 = (), HOIYyINTCA MEPCHEKTUBHAA [T
Hamux mejen GopMmyia,

1 &)
d F'( Int 1
dz I'(z+ / t— Z n?’ (17)
0 n=1

MyJIa MOKAa3bIBACT, ITO PyHKINA IEUCTBATEIBLHO 00Ma1€T HY KHBIMEI




152 K. II. Koxacek

Yy
TN )
_11 0 €z 110
2 2
41 LT
Puc. 2.

KOTOpasd BBIpaXKaeT UHTEePEeCYIOIIyIo HaC CYMMY, BIIPOUeM, He BIIOIHE IIOHATHO
1gepes uTo (U KCTaTh, MHTErPad B CPEAHEN 9aCTu (POPMYJIbI MBI YK€ BCTPeTa-
au B naparpade 1). He 6ygem moka gymaTh 06 5TOM, MBI IOIVIOMEHBI APYLOU

uneen. PaccmoTpum maTErpan
Mz+1
# dz,
z’I'(z+1)

SN

rae Sy — KBaJpPATHBIN KOHTYD, U300PAXKEHHBIN HA PUC. 2 CAEBA.

Kaxk BegyT cebs mHTErpajibl M0 CTOPOHAM DTOrO KBajapaTa, kKorga N pa-
creT? VIHTErpajisl 0 rOpU30HTAILHLEIM CTOPOHAM U II0 JEBOU BEPTUKAILHOU
CTOPOHE CTPEMATCA K HyJII0, OIarofapa MHOXATEIO z° B 3HAMEHATENe, II0-
ckonbKy 1o (opmyse (16) mogbTEerpanbHas GyHKIUA B 3TUX MECTAX HEBE-
auka. [lepexoma k npeneny mpu N — 400, HOXy<IaeM PABEHCTBO

11 (2 +1)
z
n 2mi z’I'(z+1)
n=1 1
Rez=——
2

OTMmeTnMm emre OFHO JOCTHXEHUE JeIOBeYeCKOU MbICIn, popmyry Benep-
mrpacca (cm. [8])

1"(12) :zeczﬁ(l—i—%) eiZ/na ZGC, Z#_17_27 —3...

n=1
(3pecy C' — no-mpexHemy nOCTOAHHAA Duaepa). VI3 aTou GopMyasl B 9acT-

1
HOCcTH caepyer, 910 ['(z+ 1) # 0 upu Re z > —5 W TOITOMY B IOMYIIOCKOCTH
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1
Rez > — OUPE/CICHA O/IHO3HATHAs BETBE dynkuuu log I'(z +1). Torga npo-
MHTErPUPYEM 10 IACTAM

1 I’ 1 1 log 1
x TCeHD 4o L logT+1) g,
27 2°T(z+1) ) z
1 1

Rez=—— Rez=——
2 2

7 9TOOBI BHIYUCAUTH UHTErPAJ B IPABOU YACTH, U300PETEM 110 JXO AN KOH-
Typ (puc. 2 cupasa):

1 logI'(z + 1)

Ly

1
Rez:—i
—%—l—Rz
logT'(z +1 logDl'(z +1
=—— lim / o8 (z )dz—i- / %8 (z )d =
Tt R—+00 z
f%fRz Rezgf%
l2l=\/R2+
logT'(z +1
= —2res,—g %z) . (18)
z

Bropoe craraemoe mos mpemenoM — MHTErpaJ Mo MOAYyOKPY KHOCTH — CTPe-
MUTCA K Hyd0 Ipu R — 400 OmATH B CHIY OLEHOK, KOTOpPLIE CIEAYIOT U3
dopmyast (16), a MUHYC nEpea npesesoM CTOWT M3-33 HENPABUILHOU OPUEH-
Tanuu KOHTypa. Takum 00pa3om, o TPEAeaoM CTOUT MHTErPAT 0 FPAHUIE
HOJYKPYTra, KOTOPBHIM Mbl BEIYUCIAINA 110 TEOPEME O BLIYETaX.

Ocranocs nogcaunTaTh Border (18) m TyT Hala HAE3XEHHAA MACUCTPATID
YyIMPAETCA B TYNWK: CTAHIAPTHBIA CHOCOO BBIYMCAEHUA BBIYETOB MPUBOJUT
IM(z+1)
I(z+1)
OPOUTHOPUPOBAHHON HAMU Iy Th paHbiie Gopmyae (17)!

/
K HEOOXOMUMOCTY HAUTHU 3HAYMECHUE BHIPAKEHUA < ) npu z =0, T.e. K

7. HEMHOI'O 3IPABOI'O CMBICJIA, BE3EHUA
N KOMIIJIEKCHOI'O MHTET'PUPOBAHUS

Mer ero Bce-Takm Bbramcaum, 3TOT BbrdeT. Bepuemcsa k maTerpary (1).

CpenraeM 3aMeHy IEPEMEHHBIX T = e ':

+00

1
/lna: dx:/ i:dac‘
rz—1 e’ —1
0

0
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7TZ"J

— Tt

Puc. 3.

Paccmorpum xouTyp C) R, m306paxenssd Ha puc. 3. [IpomrTerpupyem

dYHKIINIO i IO 3TOMY KOHTYDY.

B Toukax i mogsiHTerpatbHas PYHKIMA UMEET IPOCTOR HOMIOC C TVIAB-
2

HOM 4YacThio paga Jlopana . IToaToMy cymMMa IpefenoB WHTErPAJIOB IO

T F e
xyraM, 06X0JAmmIM 0coOble TOMKH +7i, paBHa 7°%. Ilo TeopeMme 0O BbIMeTax
nMeeM

2
0=m%+ lim % =3 + lim / / / / z dz
r—+0 —e “ -1 T‘—>+

R—+ooc, ¢ R—+o00 \

PaccmoTpum cymmy mHTErpasoB 10 rOpu30HTAIBHBIM CTOPOHAM KOHTYPA!

. / / z dz
lim
r——+0

R—+o0 —

) R ) +o0
. (t )2 dt (t + wi)? dt —4mit di
= lim -2 " — lim = —_
r—+0 —elTmi r—+0 —eltm et —1
R—+00 R—+00 ¢ 0

WuTerpan mo npaBou BEPTUKATLHOU CTOPOHE KOHTYpa () g CTPEMHUTCA K Hy-
JIFO M3-33 DKCIIOHEHTHI B 3HaMeHaTesle. TakuM 06pa3oM, IOILydaeM PaBEHCTBO

400 (m—r)i
. . tdt . 2d
0 = % — 4mi — — lim ° 22 (19)
e —1 r——+0 e +1
0 (—m+r)i
Tenepp 3amMeTuM, ITO
2> . 22 e -1 n 2>
e +1 2 41 27
22 ef -1

npuieM QYHKITAIT — S A HEYeTHA, U CIeJOBATEIbHO, WHTErPAT OT
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Hee 10 HpoMexyTKy [(—m + 7)i, (m — r)i] paBeH Hy.10. 3HAYUT, MBI MOXEM
nepenucaTh paBeHCTBO (19) B Bge

“+00

il
) tdt ) 2
47 ; =73 — Z dz.
e’ —1 2
—T1

0
TakuMm 00pa3oM, MBI HAXOUM, YTO
+o0o

tdt
et—1 6’

0

JTo BeIUMCIEHNE HAM nonckasan E. lopstko.

BaKaH‘H/IBaJI TEMYy KOMIIJICKCHBIX B])I‘{I/ICJIeHI/IIk/II7 MBI IIpMBEAEM €I0e OMJHO

— )

In(1
BBIUMCICHNE, CBA3AHHOE C MHTErpaioMm [ (7dx, [IPY IIOMOILKA KOTOPO-
T

IO MOXHO COBCEM JETKO HaUTH CyMMy OOPATHBIX KBAJPATOB HEYETHBIX IHCE
(MBI HOYEpIHYIM 5TO BbraucieHue B [16]).

3aMeTum, ITO

=g 1R [k 1 (1R
_—— - —d = — —d =
Z(2k+1)2 2;/1k i Z/Zk i

k=1 =1

N A O PR B B (RO
2 —1 z 2 1 z

MOXHO cIUTATD, 9TO B IPABOU YaCTH MBI HHTECPUPYEM He 10 0Tpe3Ky [—1, 1],

a 1o noayokpyxHocru |z| = 1, Imz > 0. Torga BBegeM nmapameTpU3aLUIO
; ™

z =¥t t €0, 5] u, u3beras He OYEHb COAEPKATEAbHBIX B JAHHOM CIIy-

Jae 3aMedaHmi 0 BeIGOpEe BeTBE Jorapudma, yarem, uro log(l + e*) =

=In|l + €?"| + iarg(1l + *!) = In2cos t + it. Torga

Z 1 _ 1 7110g(1+z)dz_
— (2k+1)° 2/, z -

™ ™

o . 2
:—i/2 10g(1+62“t)alt:—i/2 ln2costdt+%.
0 0

CpaBHUBaAs BEIIECTBEHHBIE YACTH CAMOrO JEBOTO U CAMOT'O IIPABOI'0 BHIPAXKE-
HUA, MBI OIATH HAXOJUM HAIly CyYMMY, a CpPaBHUBasg MHUMBIE JaCTHU, IIOIY-

w/2 s
9aeM PaBEHCTBO fo Incoszdxr = —Eln 2, KOTOpOe, BOPOYEM, HAM HE IIO-

TpelbyeTcs.
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8. DdYHKIUOHAJILHOE YPABHEHUE [JIsl A3ETA-OYHKIUAU

[o cux mop MBI cTapaTeabHO OOXOAWIN eIl OLWH IMOAXOM, IyThb JU He
CAMBIU BAXHBIU, K BEIMUCICHUIO Hamen cymmbl. O603HAIAM

+00 1
((s) = ZF
n=1

dra dopmyra 3azaerT (YHKIUIO KOMILVIEKCHOU mepemenuon ((s) — asera-
¢yunmio Pumana — npu Rez > 1. [lokasaTeabcTBO TOro, 9TO 3Ta (PYHK-
[UsA AHAJUTUIHA B YKA3AHHOU OOIACTH, ABIACTCA HECIOXHBIM YIPAaXKHEHIEM
IJIsT BTOPOKYypCHUKA. PYHKIUA [OIMYyCKAET AHAJUTUIECKOE MIPOJIOJKEHUE HA,
BCIO KOMILIEKCHYIO INIOCKOCTb. llonmydaercsa yHKIuA, uMeomas eIuHCTBEH-
HBIZ IpOCTOU nouroc B Hyae. Hac uarepecyet snadenue ((2). Keraru, Bompoc,
gemy pasHO ((3), HHTEpECYeT BCE MPOrPECCUBHOE TEI0BEYECTBO.

NsBecTHO pyHKUMOHAIBHOE YPABHEHUE NI N3€Ta-(PyHKIINN:

((1—s)=2""*1"%cos LmsT(s)((s).

YpaBHeHUE, DKBUBAJEHTHOE HAIMCAHHOMY, BCTpedaeTcsa (6e3 mokazarenb-
cTBa) B ogHOU pabore Duaepa 1749 r. /Isa gokazaTenbCcTBa 3TOU (HOPMYJIBI
MOXHO IpovecTs B [5, §4.44-4.45]. Bripasus ((s) u3 IpaBoy 9aCcTH U MOACTA-
BUB § = 2, MBI HAXOAM, 9TO
-1
(@) = L = —ar¥¢(-1).
27t “cosw['(2)

Ham ocramoce manTu, yemy xe paBHO ((—1). A IOCKOIBKY OTBET MBI yXKe
3HAEM, TO JOCTATOYHO MPOBEPUTH (HOPMYILY

1

1+2+3+4+5+"':_ﬁ'

(20)

[ToaBreHMe 346CH PACXOAAMErOCA PAAA, A4 eIle Mako20, He JOMKHO IOKH-
poBaTh unTaTens. Pabora ¢ pacxoaaimuMucs pagaMu 1 BOOOIIIE C COMHUMEAb-
HblMU OOBEKTAMU — DTO OJHA W3 IMOCTOAHHBIX 9E€PT PAOOTHI MATEMATHKA.
BenmomanTe, HAIpEMEDP, 0 TPOM3BOAAMNNX (PYHKIMAX, IpU PaboTe ¢ KOTOPHI-
MU JaJEKO HE BCErAa 3aAaI0TCA BOIPOCOM, a OMPEEICHa u 3T, PyHKIUA XOTA
Obl B OJHOU TOYKE (KPOME HyJIf; BIIPOYEM, 3HAYECHUE TPOU3BOAAIIEH QyHKIN
B HylIe MaJO KOI'O MHTEPECyeT).

Cama ¢opmyaa (20) Geuta mssectHa eme Juiaepy. B kuure Xapmu [9,
§13.10] gaHO HOKA3ATEABCTBO HTOU (HOPMYJIBI, COCTOALIEE B TOM, YTO IIPEAIa-
raeTCAa CHelUaabHbIA CIIOCO0 CyMMMPOBAHUA PALOB — METOM CyMMUPOBAHUA
PamanymxaHa, KOTOPBIN I CXOAAIIAXCA PALOB AT UX OOBITHYIO CyMMYy, HO
KpPOME TOr0O JaeT KOHEIHYI0 CYMMY [JIA IEJIOr0 KJAACCA PACXOMAIINXCA PALOB,
B ToM uucae s paga (20). Kpome Toro mpm 5ToM HE 0CTAeTCA COMHEHWH,
9TO MBI BhrducaseM B Touoctu ((—1).
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Mpb1 xe OorpaHMYEMCA KPACUBBIM, HO TPYAHO (HPOPMAIM3YEMBIM BBIBOIOM
dopmyas (20), pakrudecku B crune [9, §13.12], koropwint npunagrexur D. Pi-
poni (MbI mpowiz 06 sToM B 3ameTke J. Baez B [18]).

o d
Paccmorpum muddepennuanbabin onepaTtop D = I dopMaIbHOE BBI-
T

YUCICHUE DKCIOHEHTHI faeT HaM (opmyay Temaopa

(P 1)(e) = F@) + of (@) + S f"(@) + ... = fla + o).

IT1a GOPMYyJIa XOPOIIO 3HAKOMA, T€M, KTO CJABIIIAT O TPEACTABIEHUAX I'PYIIIHI
l'ensenbepra u ee anre6pnl Jlu. CymMMupys HalJeHHBIE BBIPAXEHUA IO C U
noacrasiaad ¥ = 0, nmoaydaem

f(0)+f(1)+f(2)+...:((1+eD+e2D+...)f)(0):( 1Df> (0).

1—e

Oycrs f(z) = z, F(z) = 2%/2 — neppoo6pasuas dbynkmun f(x). Torga Mer
MMeeM COOTHOLICHTE
D
14+243+...= ( DF)(O).

1—e

151 BBIYMCIEHUA TPABOU YaCTU OCTAJOCH BOCIOAB30BATHCA OOBIYHBIM PA3JI0-
XeHneM Temnopa

t

1—e

t ¢
t__1+5_ﬁ+“‘

u TeM coobpaxeHueM, ITO OoJjee TeM AByKpaTHOe nudpdepeHnupoBanne QpyH-
kmmm F(x) = 22/2 naer myas. @opmyaa (20) «(roxazanay.

9. MHTEIPUPOBAHUE 110 YACTAM

Crenyromee paccyxjgeHue MbI OYepOHYIX B [3], mepBoucTodHUK — [15].
IIycrs
/2
2K
I, = 4. ot / 22 cos? z dz.

m (2k—1)!
0

OO6bIYHOE MHTErPUPOBAHUE MO FACTAM JAET PABEHCTBO

w/2
= é . ﬂ 2 2k—2 i _
=2 @ /‘E cos™ " z(1 —sin” z) dx =
0

w/2

2k 4 2k)!! . P
= 2k_1Ik—1_;‘ﬁ/:EQSIHIL"(COSQk 2rsing)de =

0
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w/2
2k 1 4 (26N 2%—1 . 2
= I 1 — - — 2 =
ST Ry S vy ¥ /COS z(2zsinz + z* cos x) dz
0
w/2
2k 1 2 4 2k)!!
== 1 I, — A2 cos?k  du.
2% — 1 2% — 1 22k —1) 7w (2k— 1)
0
Ilonp3ysich U3BECTHBIM PABEHCTBOM
w/2
2k — !
cos  pdp == . 2k — LU , (21)
2 (2K

0
MBI IIOJdYyYaeM COOTHOIIECHUE
1
Ik,1 - Ik == k_z .
CyMMupPys 5TU COOTHOLIEHUA TIO K, MBI IIOLYIaeM, ITO
I()—IN:1+1+...+L2.
4 N

ITockounbky Iy — 0 mpu N — 400, MBI OKOHYATEIHHO OJIYIAEM, ITO
2

1 1 ™
1+Z+'”+W+'”_IO_?'

10. APKCUHYC

3HaeTe, KaK pacKIanbBaloT B pag Temnopa arcsinx B myae? Ouensb npo-
cro. Cravama ero guddepennupyior, noryuuarca (1—z2) =12, Dro Beipaxenne
PACKIAIBIBAIOT IO GUHOMY:
1 3 1 3 5
N, (DD eh D

12 g (1N, 2, 2202 4 6
(1—27) 1 <2> + 5 x 2 o+,

a IOTOM MHTEI'PUPYIOT, IOLYIaeTCA

. 1 1-3 1-3-5
arcsmx:m—i——x?’—{— (II5+ :Jc7+....

2-3 2-4-5 2-4-6-7
Hy xopomo, moacrasum B 06e 9acTtu £ = sint u npounTerpupyem mo t ot 0
1o m/2:

w/2

/tdt:

0
/2 w/2 /2 /2

N . 1 . 3 1-3 . 5 1-3-5 .7
—/smtdt+2'3/sm tdt+2'4'5/sm tdt+72'4'6'7/s1n tdt+. .. .
0

0 0 0
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BBI‘II/ICJIQHI/IQ WHTEr'paJia B JIeBOfI TaCTHU OCTAaBUM IUTATEIIO B KAIECTBE YIIDA.XK-
HEHUsd, a U WHTErPAIoB B MpaBou dacTu crogurcs ¢opmyraa (21). Uroro

2
™ 1 1
o144 +—
8 9 (2n +1)2
®danracruka! Mer B3saim 5T0 paccyxaenue B [4] (Takxke KaK U paccyxkICHU

¢ dopmyion (3)).

11. /IBOMHOM MHTETPAJI

Caenyiomee paccyxjpenue, npuHampiexaiee Kaaabu, Mbl IPUBOAUM

1
o [13]. Paccmorpum cymmy > ;20 praTh JanuireM Kaxjgoe CIaraeMoe

(2k+1)~2 B BUAE fol fol(a:y)% dzdy, Torga cymMMmy MOXHO IIpeoOpa3oBaTh Cle-
aytomuM o06pa3oMm

“+00

ZW_Z/ / my%dxdy—

+OO 2% dxdy
wy dxdy =

(cyMMy ¥ MHTErpajibl MOXHO IOMEHATH MECTAMU, HAIIPAMED, B CUILY IIOJOXKY-
TeJIbHOCTI/I). Teneps caenaem 3aMeHy HEPEMEHHBIX
sin u __ sinw

3 .
COsv cosu

3araqoIHbIM 00pa30M BBIPAXKEHUE 0[] MHTErpaJoM mpeBparuTbesa B 1 dudv,

a 06JaCTb, MO KOTOPOU MPOUCXONUT MHTErPUPOBAHUE, — B TPEYTOIBHUK
™ o

{(u,v) € R : w0 > 0,u+v < 5}. Takum 00pa3OM, MONYYECHHBIA UHTE-

rpas pasen 72 /8.
k %k 3k ok 3k k
Crenyromee paccyxerue B3aTo u3 paboTsl [11] co cKpOMHBIM Ha3BaHU-
em: «/lokazaTerbcTBO, KOTOpOE yIycTUI Juiep: Borauciaenue ((2)». Ha camom
nene, JWiep yIyCTWI TPEIbIIYIIEe T0KA3ATEIbCTBO.
3anuireM CyMMy HAIIErO PAAA B BUJE TBOMHOI'O MHTErDAJA.

© 1 p1 [+ . 1 pl dudy
Sh= [ (e )= [
n=1" 0 70 \n=1 0 /0 Y

Mgt He OymemM OpOCIeXRUBATH CyAb0y MOJYy<IE€HHOIO MHOIOCTPAIAJIBLHOIO WH-
Terpajia B HeTadAX, 00 DTOM MOXHO IIPOYECTh HE TOJBKO B IATHUPOBAHHOU
paboTe, HO U B MHTEepHETe, Ha CTPAHUIKE

http://mathworld.wolfram.com/RiemannZetaFunctionZeta2.html,
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B [12] u B apyrux mecrax. Ckaxem TOIBKO, YTO HOCIE 3AMEHBI IEPEMEHHBIX
T =U—v,Y=4uU-+ v U AHTCTPAPOBAHUI II0 U, IIOJYIACTCI HHTErPAI

/ \/1%_“ arctg (\/1%—112) du,

Koropsn, 3-3-5, 6epercs.

12. Panpl ®©YPLE

Cpasy HECKOIBKO CIOCO00B MOACYeTa CyMMbI OOPATHBIX KBAAPATOB JaeT
Teopus pagoB Pypre. Paccmorpum pasmoxenus

2 (=17
2=" 4 #cosnx, x € [—7,7);
n=1 "
r 4 > cos(2n + 1)z .
o= =22 Ty o CElm
n=1
1 o0
Ccosnx
E(3x2—67r$+27r2):z FERNE z € [0, 27]
n=1

7 T. 1. I3 HUX MOXHO Cpa3y HAUTU 3HAYEHUE HANIEW CYMMbI, TOACTABIIAA 101~
XOAIee 3HAICHUE T.

A u3 pasnoxenun

)
T—T sin nx
9 = E n 376(0727%
n=1
>\ sin(2n + 1)
g sin(2n T
=X g v€lmm
n=0

7 T. J., MOXHO MOJYIATH 3HAMEHNE HAIIEH CYMMBI, €CJIU IPUMEHATD PABEHCTBO
ITapceBaas.

* 3k ok k 3k Xk

Cuaenyromee paccyxgenue (u3 [12]) npunagrexur E. Crapky. U3 onpezge-
nerus agpa Derepa crenyeT, ITo

2 n n
sin nz /2 B _ ke B
( sin /2 > - Z (n— [k|)e™ = n+2;(n k) cos k.

k=—n

[loab3ysick >TOM (HOPMYIOH, IPOMHTErpUpyeM IO mpoMmexyTky [0, 7] dysH-
sinnx/2\2

KIINIO x(7/2) , AJIA 9TOr0 yrﬂ;06Hee B34ATHb B Ka4deCTBE 77 I€THOE YIHUCJIO,
sin z



CymmMa 06paTHBIX KBaAPATOB 161

n = 2N, Torga nory4daem

N—

T sin Nz 2 2
/0 I<sinac/2> de = Nm Z (2r +1)° 42 2r+1'

Nim

" « (sinNe _7r_2 szl O(logN) (22)
o 8N \sinz/2 8 (2r + 1) N J

r=

.z
ITockoabky 51115 > x/7r npu 0 < z < 7, MBI MOXEM OIIEHUTL WHTEPAI B

OpPaBOU IaCTHU

™ . 2 2 T 2 Nm
N, . d . d log N
L S,m YY) de < I sin? Ng&& = = s1n2y—y = O<£>.
o 8N \sinz/2 8N Jo x 8N Jo Yy N

Ilepexoas B (22) x upegery npu N — oo, noxydaem pasercTso (10).

[pyroe paccyxpenune Crapka, HAIyTh He GOlEe M3AMIHOE, MOXHO LIPO-
gecTs B [17].

13. dorMyJIA CYMMUPOBAHUS IIYACCOHA

Idra PoOpMyIa yTBEPK IAET, 9TO

+oo
Z f(n) — / 27mi$dx, (23)

n=—0oo n—=-—oo

ecan (byHKIOUA yAOBIETBOPAECT PA3yMHBIM YCAOBUAM AHAIUTUIHOCTH (B DTOM
ClIydae ee JMOKA3bIBAIOT KOMILUIEKCHOU TEXHUKOW, HAIOMUHAIOIIEU PACCY XK Ie-
Hug § 5; cM. [2]) mim cymmupyemocTH (TOra HCHOIB3YIOT MpeoOpa3oBaHUe
Dypse; cMm. [6]).

1
Dyukuua f(z) = = HU TOMY, HU JPYI'OMYy YCJIOBUIO HE YAOBIETBOPSET,

1

nosToMy npumeHuM dpopmyay (23) x dyukuuu f(z) = Al > 0, a moToM
a

nepengeM K npegery npu a — 0. Umeewm:

0o .
/+ eQTrnwc dx _ E 6727T|n\a

2 2
oo T ta a

(omaTh BbrumcaeHue no BbrderaM). CiregoBaTeNbHO, CyMMa B IPABOU YaCTH
(23) pasma

—27ma

+00 9 +o0o 9
T _ T g _ g T e
2: Te 27r|n\a:_+_§:e 27rna:_+_‘772‘
a a a a a 1—e ™
n=1

n=—0oo
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Takum 06pa3om, B HameMm crydae ¢popmyaa (23) npeBpamaeTca B PABEHCTBO

+oo 2ma

1 1 s 2 e
a® zjlnz—{—az a a 1—e 2™

Y710 XK€ momyuuTCs, €CAIN MBI TEIEPD nepen,qu K Hpe,quIy7 Oymaem, aura-

7T
TEIb, HA CCKyHJBI HE COMHEBAACh, OTBETHT: «Z =5 [TpaBwismO!

14. TEOPUS YUCEJ

Cuenyrommee paccyxpgerue — onarh u3 [12]. O6o3Hadum depes r(n) xoain-
Y€CTBO LEIOYUACICHHBIX DEIICHUN yPABHEHUA

2+ + 224+t =n.

Xopowo ussectHa dopmyaa g r(n) (cm., Hanpumep, [1, npegr. 17.7.2]):

r(0) =1, r(n) =8 Z m.

mn,
4n

N
onoxum R(N) = > r(n). Torga

N
N)=1+8) > m=1+8 )_ m{%J =1+8(0(N)—46(N/4)), (24)

n=0m|n, m<N,
4n n
rie
N L] 1 N 2 N
- Sl 55 St ()
m<N mr<iN r<N m=l1 r<N

Hamnpgem acuMmnToTuky aeBou u npasou dacren (24) mpu N — oo. OueBugHo,
R(N) — 5TO KOIXIECTBO TOYEK C LENOUUCACHHBIMU KOODAUHATAMA B IE€THI-
pexMepHOM mape paguyca VN, 5Ta BeIMYMHA ACHMITOTHICCKH PABHA 005
emy mapa, T.e. 72N? /2. Acumnroruxa 0(N) sugaa us popmyast (25): O(N) ~
~ ((2)N?/2. lloacTrasaas >tu Bemmawabl B (24), momygaem, aTo ((2) = 72/6.
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[nHamMuvIecKre CUCTEMBI C YIIPYTUMU OTPaXKEHIAMN
1 MeXaHU3M ycKopeHua depmn

JI. [I. IlycThLIbHUKOB

B masBanuwm craTbu chokycupoBaHa mpobrema u3 obracT GUIMKY, OTHA-
KO TIPUBOAMMEIE HUXE yTBEDPXKAEHUA U JOKA3ATEIbCTBA HOCAT CTPOrO MaTe-
MATUYECKAN XapPAKTEDP.

PesynpraThl, OnucaHHBIE B CTATHE, HE TOABKO JAIOT OTBETHI HA IOCTABICH-
HBIE DaHee INCTO PU3MIECKre NPOOIEMBbI, HO U COAEPKAT PEUICHUI BOSHUKA-
IOIIUX B DTOU CBA3M YUCTO MATEMATUYIECKUX 3anad. MeTonsl, o6Cy X aeMbie
Jajiee, MO3BOMAIOT PEUIATh AHAJOTMYHBIE NMPOOIEMBI KaK B 00IaCTU MaTeMa-
TUKW, TAK ¥ MEXAHUKU U (PUIUKHA.

Dusnteckasn 3a4a9a, OTBET HA KOTOPYIO IO CYIIECTBY 3/1€Ch OMUCAH, 3TO
IOCTABIEHHAA U3BECTHBIM (pu3ukoM JHpuKO Pepmu mpobiema: OObACHUTH
IPOUCXOX [EHUE B KOCMUYIECKOM IIPOCTPAHCTBE IACTHUILL C BHICOKUMU DHEPIUI-
M{ H3 OCHOB€ CTATUCTUKYM MEXAHUYIECKUX CTONKHOBEHUU TACTUI] C IIEPUOLA-
YeCKM ABUXKYIMMUCA B KOCcMoce MakpooObekTamu (cMm. [1]). B ocrose pemte-
HUA DTOU 334U JeXKUT UCCASNOBAHUE CIEIMAILHOTO KIACCA, TUHAMUTIECKAX
CUCTEM, ONUCHIBAIOIIAX [BUXEHNE MATEPUATLHON TOYKYM BHYTPH HEKOTOPOU
06JaCTH ¢ ABUXKYINEUCS T'DAHUIEN.

B pesyabraTre CTOIKHOBEHUSA C PPAHULEN TOYKA, UCIOBITHIBAET YIPYrUn
yaap, KOTOPBIA OyeT pacCMATPUBATHCS B JAJbLHEUIIEM KAK B PAMKAX KJIAC-
CUYeCKOU (HBIOTOHOBOU), TaK M B PAMKaX PEMATUBUCTCKON MEXAaHUKW (Te-
OpUM OTHOCUTENBHOCTH). [l NOHMMAHUA MATEMATHIECKUX yTBEPXKJACHUM,
C(POPMYIMPOBAHHBLIX W MJOKAZAHHBIX B HACTOSAIIEH CTATHE, 3HAHUE MEXAHUKU
7 TEOPUU OTHOCUTEIBHOCTHU He 0ob6s3aTeabHo. O6mee omucanue (pu3m<IeCKOn
npobaembr gaHO B m. 1, a B . 2—4 mcciaeqyoTcs TPU OCHOBHBIE AUHAMAIE-
CKUE CUCTEMBI, CBA3aHHBIE C 9TOoU dusuyueckon npobaemon. [To cymecTBy, pedn
AT O BO3MOXHOCTHU WAV HEBO3MOXHOCTH YXO4a HA OECKOHEIHOCTH TPAEK-
TOPUHM HEKOTOPBIX CIEHUATHHBIX IPEOOPA3OBAHUY, 33AaBAEMBIX DIEMEHTAP-
HbIMU PYHKIUAMA. OTU TPeobpasoBaHus 0003HAYAIOTCI HuXe OykBamu A,
D u S. HecmoTrps Ha mpocToTy (HPOpMYJIUPOBOK IOJIYIEHHBIX PE3YIHTATOB
(cM. Teopemsr 1, 2 u 3), UX NOKA3aTEILCTBA CBA3AHBI C TIYOOKUMU TEOPUAME
B MATEMATHUKE. JDTHU [JOKA3ATEILCTBA IPUBEAEHBI B paboTe HA yPOBHE UIEH.

OTMeTnM, 9TO PA3BUTHIE B XOJ€ HOKA3ATEIHCTB METOIbI, IPUMEHEHHBIE
K MOAU(DUKAIIAAM OMUCAHHBIX 3/1€Ch TUHAMUIECKUX CUCTEM, IO3BOIUIA IATh

MaTemaTu4eckoe npocsewyetrne, cep. 3, sbin. 8, 2004(164-180)
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CTPOroe perienne cToammen co Bpemer Kinaysuyca, Boabivana u I'n66c¢a npo6-
JeMBI O60CHOBAHUA BTOPOT'O HAYAJA, TEPMOAMHAMAKA — 3aKOHA, BO3PACTAHUA
SHTPONXU — HA OCHOBe MexaHuku ([2]).

1. IIPOBJEMA OBOCHOBAHUA MEXAHU3MA YCKOPEHUA PEPMHU

s 0ObACHEHNA TPOUCXOXKACHUA OBICTPBIX IACTHI, C BHICOKMMU DHEPIH-
AME B KOCMUYEeCKOM mpocTpaHcTse O. Pepmu B 1949 r. B pabore [1] mpen-
JOXUI CTATUCTUICCKAN MEXAHU3M, COTVIACHO KOTOPOMY DHEPTHUA JIACTUI] IPA
B3aUMOJEUCTBUY C IEPUOJUYIECKY IBUTAIOMIAMUCI B KOCMOCE MaKPOOObEKTa-
Mu Bospacraer. [log MakpooObeKTaMu 34€Ch CIefyeT NOHUMATD [OJS 3BE3/I,
FaJaKTHUK U IPYyruX 00BEKTOB B KocMoce. [Ipupona 5Toro MexanmsMa MOXeT
OBITH M3y9eHA yXKE Ha CAMBIX MPOCTHIX MexaHmdeckmx mogaemax. C pron me-
api0 MaTeMaTuk CTaHMCIAB YIaM pPacCMOTpPeEN CIeAyOUyl IUHAMUIECKYIO
cucreMmy ([3]), KoTOpas BIOCIEACTBUA IIOLY4IWIa HA3BaHUE «MOgelb Depmu —
YiaaMay: yOPpYruyl MAPUK ABAKETCI B BEPTUKAILHOM HANPABICHUYM ¢ MEXTY
IBYMA NAPALIEIbHBIMA TOPU30HTAILHBIMI GECKOHETHO TAXKEIBIMYA CTEHKAMMY,
KaX1asd U3 KOTOPBIX COBEPIIAET BEPTUKAIbHBIE TEPUONAICCKUE KOTCOAHUS IO
sakoHaM ¢ = f1(t) m g = fa(t) (pumc. 1). 3gecs t — Bpewms, a fi1(t) u fao(t) —
raaakue (PyHKIMU, MMEIOIWE OUHAKOBbIN epuo 1o t, npuaem fo(t) > f1(t)
npu BCex t. YiaM Ipeaaaran u3ydaTh ABa, CILy9ad: IEePBBIN crydait, koraa f1(t)
u fo(t) — curycomabl, 1 BTOPOU cirydan, korga fi(t) — curycompa, a fo(t) = £,
T.€. KOTJa BEPXHAI CTEHKA HenoaBumkHA. | mnoresa Pepmu u Yiama mpume-
HUATEJIHHO K 3TOU JUHAMUYECKOU CUCTEME COCTOAIA B TOM, 9TO B PE3YJIbTATE
CTOJKHOBEHUY CO CTEHKAMU SHEPTHUA MAPUKA OyIeT pacTu 10 6€CKOHETHOCTH.
OTa mpobIeMa OTHOCUTCA K KIACCUIECKOW HBIOTOHOBCKOUW MEXAaHWKe, W Iep-
BOHAYAILHO €€ UCCIeJOBAHUE IPOBOAMIOCH YUCICHHBIMEU MeTogaMu (cM. [3]).
OnHAKO PEe3yIbTATHI STUX MUCCASTOBAHUU OKA3AIUCH MPOTUBOMOJOKHBI TEM,

q q= fat)

q= fi(t)

Puc. 1. Moaeas Pepmu — Yiaama
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KOTOPHBIE 0XuaaIuch. HecmoTps Ha npocrory dhopmyaupoBku npobaema Dep-
ME — YIaMa OKa3aJach, KaK 3TO YACTO OBIBAET B MATEMATHUKE, HETPUBUAAID-
HOU, U €€ pelleHre ObLIO MOJLYYeHO TOJBKO CIYCTsA HECKOABKO NECATKOB JET
BIEpBBIE B paboTe [4], a 3aTem B paborax [5—7| u B 0630pe [2]. Bbuio gokasano,
4T0 A mo0bx Gyukuui f1(t) u fo(t) ykasaHHOrO Buaa ¥ IIO0OBIX HAYAIBLHBIX
IAHHBIX CUCTEMBI [Jd BCeX MOMEHTOB BpeMeHHU ¢ > (j CKOPOCTDb U dHEePr'usd ma-
PUKa OrPAHUYIEHA IO MOAYJII HEKOTOPOU KOHCTAHTOU, 3aBUCAIIEN TOJBLKO OT
HAYAJbHBIX JAHHBIX B (PUKCUPOBAHHBIU MOMEHT BPEMEHU t( U HE 3aBUCALIECH
ot t. Takum 06pa3om, OTBeT, Aaromuy pemenne npobiemsr Pepmu — Yiama,
OKAa3aJICS OTPUIATENIbHBIM B PAMKAX KIACCUYIeCKON MexaHuku. O THAKO TUmo-
Te3a PepmMu 0 BOZBMOKHOCTY HEOIDAHUYEHHOIO POCTA DHEPIUU JACTUILBI IPU
€€ MEXaHNICCKUX CTOJNKHOBCHUAX C INEPUOAUTICCKU NBUXKYIIUMUCA CTCHKAMU
OKa3BIBAETCA CIPABEIINBOM, €CIN PACCMATPUBATL MOfeIb Depmu — Yiama B
paMKax TeOpUU OTHOCUTEALHOCTH: HEOT DAHUIEHHBIN, PACTYIIUH 10 DKCIIOHEH-
T€ OT BpEMCHU, POCT OHEPI'uU MapUKa BO3MOXECH A4 HAYIAIBHBIX HOJIO)KeHPIfI
U CKOPOCTEH, PACHOJOXEHHBIX BHYTPU MHOXECTBA, UMEIOUIEr0 MOJOKUTE b
HBEIN 00BEM (2, §].

BTOT pe3yqabTaT NOKa3aH IIPU BBINIOTHECHUN CJICAYIOMIETO yCJIOBUA, BBEOCH-
HOro B pafore [2]: CylecTByeT BELIECTBEHHOE HHUCIO f( YU LIEN0E HUCIO 77
Takume, ITO cupaBefIuBbl cooTHomenus: f1(t) = fi1(t+2n), fa(t) = fa(t + 2)
Ipu BCeX ¢, U

(1+ (1)1 = falto)
(1= Fi(t0)(1+ falto))

(Touka Hag (yHKIMER 0603HAUACT guddepenmmposanue o t, T.e. f(t) =

> 1, fQ(t()) — fl(t()) = 2mmy (1)

= d_]:(t)) Yaer penstuBucTckoro gakropa B mogean Pepmu — Yirama CKasbl-

BaeTCA TOJBKO HA 3aKOHE IPe0OPA30BaHUA CKOPOCTU U DHEPTUU LIAPUKA IIPU
€ro yIpyruX OTpaXeHusaX oT cTeHOK. OH BBITEKAET W3 3aKOHOB COXPAHEHUS
SHEPIrUU U MMIYJIbCA B TE€OPUU OTHOCHATEIHLHOCTU MO U MOCJAE CTOJKHOBEHW
MACCUBHOU YACTHUIBI CO CTEHKON KOHEeUHOT MACCHI, & 3aTeM IEePexoia K mpe-
eIy MAaCChl CTEHKUN K 6€CKOHEYHOCTH.

B 1.4 n3yvaeTcs eme ogHA TOTYIAPHASL AMHAMAIECKAA CUCTEMA, CBI3AHHAA
¢ MexaHu3MoM yckoperus Pepvu. OHA ONUCHIBAET ABUKEHUE MATEPUATHLHON
TOYKU, MAJAIONIENA B MOJE TAKECTU C MOCTOAHHBIM YCKOPEHUEM Ha OECKOHEY-
HO TSXKENyI0 FOPU30HTAILHYIO CTEHKY, KOTOPad KOlIeOlIeTCsa B BepTUKAIHLHOM
HAIPABJCHUN COIVIACHO INEPUOAUTICCKOMY IIO BPDEMECHU 3aKOHY U CTAJKHUBACT-
€4 ¢ 9aCTHUEN 1O 3aKOHY ynpyroro yaapa (puc. 2). Buepswie sTa mogens
ObLIa W3ydeHa B cTaTbe [9], rae GbUIO JOKA3aHO CyLIECTBOBAHHE GECKOHEY-
HOr'0 MHOXecTBa (6o1ee TOYHO, KOHTHMHYYMA) HAYAIbHBIX JAHHBIX, IPUBOL-
IUX K HEOI'PAHMYEHHOMY POCTY CKOPOCTH mapuka. B nocaegyiomux paboTax
([10] m [11]) 6bLIO JOKA3AHO, ITO HTO MHOXKECTBO MMeeT OECKOHETHBIN 00BEM.
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Puc. 2. YckopureabHad MOAEAb ¢ OJHOH CTEHKOU B IIOJIE TAXKECTH

2. MoaEJb PEPMU — YJIAMA

[JIst IPOCTOTHI UBJI0KEHUA PACCMOTPUM TOJBKO TOT CJIy4daun Mogenu Pep-
MU — YiaMa, B KOTOPOM BEPXH:AA CTEHKA HEIOABUKHA, U 33JA€TCA yPABHEHIEM
q = {, a HUXHAA CTEHKA [BUXKETCA B BEPTUKAJILHOM HAIPABICHUU ¢ IO IIe-
puoamaeckomy 3akony q = f(t), rae f(t) — Geckoneuno guddepeHnupyemas
2m-nepuogmyeckas dyukuus: f(t) = f(¢ + 2x), npugem |f(t)| < ¢ (puc. 3).

Caygan qByX KOJEOMIOUMXCA CTEHOK MBI PACCMATPUBATDL 31€Ch HE OyaeM,
TaK KaK BCE UEU JEMOHCTPUPYIOTCA YK€ PACCMATPUBAEMBIM CIIyIa€M; OT/IH-
que b B TEXHUYICCKUX AETAJIAX.

TEOPEMA 1. Ilpednoaosxcum, 4mo 6 HGUGALHBIL MOMENRT BPEMENY T) Wa-
PuK umes ckopocmo vy. Tozda 80 8ce nocaedyrowue momenmo, epemenu t = tg
abCOMOMNAS BEAUNUNA CKOPOCTNY U WAPUKG HE NPEBOCLOOUM KOHCMAHMY,
3ABUCAUYIO TOABKO OM, V.

JOKABATEJLCTBO TEOPEMBI 1. Ilpeamomoxum, 9TO B HEKOTODPBIA MO-
MEHT BpeMeHu f{ CTOJNKHOBEHUA C HMXHEH CTEHKOUW IIapukK npuobpel
ckopocTb v > 0, a B CleAyIOmMiA 3a t MOMEHT BpeMeHM ¢ CTOJKHOBEHW MIa-

Puc. 3. Mogers depmu — Yaama ¢ HEIIOJBUXKHOA BEPXHEH CTEHKOH
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pUKa C HUXKHEW CTeHKou OH mpuobpen ckopocts v'. Iapa (t,v) ogrOo3HATHO
onpegemser napy (t',v'). B pesyabrare BosHuKaeT oroGpaxenue A MIOCKO-
cru R? ¢ monapubivMu koopaumaramu (t,v) (3mech t — yrom, 0 < ¢t < 2,
a v — paauyc), umeomee Bug: A(t,v) = (¢',v"). Orobpaxenne A, B cury
IOCTAHOBKH 3aJa4d, 33JaeTCA CICAYIOIMA PABCHCTBAMM:

(=g IO IOy o paf), 2)

PasencTBo g t' nomyvaerca npubaBieHneM K ¢ BDEMEHU JBUXKCHUA MIAPUKA
BBEDX [0 CTOJIKHOBEHWS C BEPXHEW CTEHKOUM M BPEMEHU IBUXKEHUI BHU3 —
[OCIE TOr0 CTOIKHOBEHUA. PaBeHCTBO miA v' JErKO MOMTy9IaeTcsa W3 3aKOHOB
COXPAHEHUA UMITYJIbCA W DHEPTMA B MOMEHT BPEMEHHU {' CTONKHOBEHUA IIAPU-
Ka C HVDKHEH CTEHKOU (IIPU BBIMMCJAEHUAX, €CTECTBEHHO, MACCy HUKHEU CTEH-
KU CIeIyeT CHAYAJIa CIATATH KOHEYHOU, & 3aTeM YCTPEMUTDH ee K OECKOHEeU-
HOCTH).

[as mokazaTenbCTBa TEOPEMBI HaM HOTPEOyeTCs BaXKHAA JeMMa (JIeM-
ma 1), KoTOpas gaeT OJHO W3 YCJAOBUM NPUMEHUMOCTH OOWEN TEOPEMBI K
npeobpasoBanuio (2). JTa o6mas TeopeMa HO3BOSIET YCTAHOBUTD, ITO Ipe-
obpasoBanue A mMeeT MHOTO uHBapUGHMHLIE (T.e. IePexXOAImX B ceOs mos
neuctsueMm A) zamrnymoiz kpusbix. CaegyeT OTMETATE, 9TO G€3 BHIIIOJHEHW
3AKJIIOYEHUS JJEMMEI 1 0 TepeceseHny KPUBOK U ee 00pa3a NHBAPUAHTHBIX KPU-
BBIX MOXET ¥ He ObITH (IPOCTEUIINY IpuMep: IpUOABUM K PAJUYCY U OLHO U
TO XK€ MaJeHbKoe Imcao € > ().

JIEMMA 1. Ilycts v — 3amkHyTas KpuBas 6€3 caMOIepeCceIeHni Ha, TIOC-
koctu R?, OKpyXaomas KPyr LOCTATOYHO GOMBIION0 PAJMycCa C IEHTPOM B
nagane koopauaaT v = (. Torga kpusas -y nepecekaer kpusyio A(7y), ABiiio-
myrocsa o6paszoMm v npu orobpaxenun A.

WAEST TOKA3ATEJNBLCTBA JEMMEI 1 ocHOBaHa Ha TOM, 4TO IIpeobpa3o-
BaHme A COXPAHAET (ILIOIALb) HA ILIOCKOCTH R’ (31€Ch KABBIYKM O3HAMAIOT,
YTO COXpaHAETCS Mepa, DKBUBAJeHTHasA miomajgu). [losTomy, ecan 6b1 Kpu-
Bole 7 # A(7y) He mepeceKalIuch, TO OJHA W3 HAX COAEPXKAIach Obl B 06IaCTH
IWIOCKOCTH, OrPAHUYEHHOU Apyrou KpuBou. O qHAKO 3TO HEBO3MOXHO B CHUIY
TOr0, YTO (IUIOMAABY O0JACTH, OPPAHUYECHHON Y, JOJKHA COBIALATH C (ILIO-
magboy obmactu, orpanudenHon kpusou A(vy). Iloxyuennoe nporusopetne u
3aBepuiaeT gokasaTeabcTso JeMmMmbl 1. (ITogpobrocTu cm. B [4].)

[Mpogoaxkum gokazarenbcTBO TeopeMbl 1. MBI BoCmOnb3yeMcs uaeen, Ko-
TOPpasa OKa3bIBACTCA HOJIeBHOIjI Ipu PEIICHUY MHOT'UX MATEMATUICCKUX 3a,0aT:
HEePEUTH B OKPECTHOCTH OECKOHEYHO YIAJEHHOM TOYKHU (6ECKOHEYHOCTH) U
u3y4IuTh AeucTBue npeobpasosanusa A tam. [leno B Tom, uTo B dhopmyne (2)
ansa Beipaxenus t ects wien 2¢/v. Ilpm GOAbIIMX ¥ DTOT WIEH OYEHB MAl
7 BXOJUT B Ka¥ECTBE CIAraeMoro auHenHo. Takum o6pasoM, B OKPECTHOCTHI
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v = 0o BeawuuHa Y = 2{/v GygeT Mana, — a 3TO HAM U HyKHO /I IPUAMEHEHWs
o6wen Teopembl. [losToMy BBegeM HOBYIO mepeMeHHYIO y = 2//v U BBIpa3suM
4epes Hee npeobpasosanue A. Herpyauo nposeputs, 4To npeoGpasosanue A,
BBIDAXKEHHOE B IEPEMEHHBIX {, i, B cuiy (2) mpeBpamaercsa B npeobpa3oBaHme
B: (t,y) — (t',v), sagaomeecs popmyramu:

(f&) + £(t)y
D (3
2y2f(t.l) (4)
204+ 2yf(t")
3aMeTuM, 9TO I IPOCTOTH 3aIucy Mbl BBeau dbyukuun ¢(t,y) u 1(t,y), uso-
Opaxarommue a1pobu B npaBbix dacTAX. llepemennas ¢, kKak u paHbIe, UT'PAECT
pOJIb yIiIa, a MEepEeMEeHHasA Yy — POJb PALUYCA.

t=t+ty+oly) =t+y-

Yy =y+oty) =y—

Ecan upu gocrarouno mamom kucae € > () mepeMeHHAs Y yIOBICTBOPSET
HepaBeHCTBY |y| < €, To B cuany (3) u (4) COpaBeuMBHI CAEAYIOUME OLEHKA
CBEPXY:

)
ot y)| < alyl, \a—j(t,y)\ <c, [ty < eolyl* (5)
31ech ¢] U ¢y — HEKOTOpbIE KOHCTAHTHI, IIPUYIEM, 9TO OYEHb CYIIECTBEHHO,
KOHCTAQHTAa C] YJAOBIETBOPSAET HEPABEHCTBY
0<e <1 (6)

Beemem Temneps HOByIO mepeMeHHYIO 7 IO (opmyde 7 = y/e, npudeM t Oygem
paccMaTpUBATH, KAK W PAHBIIE B KAY€CTBE YIUVIOBOU IIEPEMEHHON, MEHAIOIIEN-
ca B obmactu 0 < ¢t < 2m. B pesyaprare mercTBEA STOro mpeobpasoBaHUA
KOIbIO ¥ < €, Yy # 0 (T.e. Kpyr paguyca € ¢ BBIKOIOTBHIM IIEHTPOM) PaCTAHET-
CA ¥ IPEBPATUTCA B KPYT €IMHUYHOIO Paguryca r < 1 ¢ BBIKOJOTHIM IIEHTPOM:
r # 0. Boipasus npeoOpasoBanue B 4depe3 HOBbIE MEPEMEHHBIE § U ', MBI 110~
aydum npeobpasosanue U: (t,7) — (t',7'), 3aBucamee or mMasoro mapamerpa
e > 0, xoropoe B cuy (3) u (4) umeer Bup

t'=t+er+w(tr), =r+ptr). (7)

Dyuxuuu w(t, ) u p(t, ) umeroT 0o ¢t nepuox 27 U yAOBICTBOPSIOT, B cury (5),
HEPABEHCTBAM

ow

o (t,r)] < c1e, |p(t,7r)| < coer?. (8)

lw(t, )| < crer, |

B pesymbraTe MbI HomryduM orTobpaxkenume U mrockoctu R2, K koTopoMy u

OygeT TpUMEHATHCI OOIIas TEOpEMa O CYIIECTBOBAHWN WHBAPMAHTHBIX 3a-
MKHYTHIX KPUBBIX.

Urak, mer paccmarpuBaem npeobpaszoBanue U B kxoabre 0 < r < 1. Co-

acHo JemMe 1, mpu ManoM € > 0 xaxgas 3aMKHYTasg KPUBAA B DTOM KOJbIIE,
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SNy )

Puc. 4. CymecrBoBanue uaBapuaaTHOH kpuBou ' B koasme 0 < r < 1

okpyXawomasa Touky r = 0, mepecekaeTca O CBOUM 00pa3oM mpu oTobpa-
xenun U. TTosTomy, ecim mapamMeTp € — AOCTATOYHO MaJO€ MOJOXUTEALHOE
qucao, To, B cuay (7) m (8), Mbr nomagaem B cdepy npumenerns o0men Teope-
MBI O CyIIECTBOBAHUY 3aMKHYTHIX MHBAPUAHTHLIX KPUBHIX A OTOOpaXKeHUs
KOJIBIIA, OJU3KOI0 K MOBOPOTY HA YIOJ, 3ABUCAIIUN OT PAAUYCA, U YIOBIETBO-
PAIOIIETO YKA3AHHOMY BBIIIE CBOMCTBY MEPECETCHUA 3aMKHY ThIX KPUBBIX C MX
obpazaMu Ipu 3TOM OTOOpPaAKEHUN.

Buepsoie sTa Teopema npu 6osee CHIBHBIX OrpAaHWYEHUAX OBbLIA, JOKA-
sana 0. Mosepom B [12], a ee 0600meHNE, TPUMEHUMOE 31€Ch, B KOTOPOM
CYIIECTBEHHYIO POIb UIpaeT HepaBeHCTBO (6), NOKa3aHO aBTOpPOM B pabo-
Te [6]. CornacHo ToM 06Imen Teopeme, Ipu MAJIOM mapameTpe £ > () B Koablie
0 < r <1 cymecrByer 3aMKHyTas KpuBas I, okpyxaromas To4uky r = (0 u us-
BapUaHTHAsA OTHOCUTEALHO npeobpasoBanus U (puc. 4). Bosbmem npoobpas
kpuson [ Ha mIockocTH ¢, IpU BTOPOU 3aMeHe IEePEMEHHBIX, T. €. KPUBYIO A
Ha mnockoctu ¢,y. [lockonbky I' maBapmanTHA OTHOCKHTENHHO Ipe0OpPa30Ba-
aua U (t.e. U(I') =T'), A Gyger uHBapmanTHA OTHOCATEILHO IPEOOPA30Ba-
aus B: B(A) = A. Ilpu srom, HanoMHuM, KpuBasg A cogepXkuTcs B 061aCTH
ly| < e. Cuenaem Teneps ewe 0auH O6PATHBIN WA — IE€PERAeM OT INIOCKOCTH
t,y Hasajg B WIOCKOCTH t,v. [Ipoo6pas kpuBou A B mCXOQHOU TIOCKOCTH T,V
ecThb KpuBas 1l vHBApHAHTHAA OTHOCUTEJIHLHO UCXOMHOTO mpeobpaszoBanusa A
7 COEepXAalias Kpyr, paguyc KOTOPOro OyeT CTPEMUTHCA K OECKOHEIHOCTH
upu € — 0.

CaenoBaTeabHO, 06IACTD IOCKOCTH t, v, 3aKI0YEeHHAS BHYTpA KpuBon 11,
MHBAPUAHTHA OTHOCUTEILHO Impeobpasopanua A, T.e. mog meuctsueM A oHa
HE BBIXOAUT 33 MPEAETbl 3TOU KPUBOU. DTO U O3HAYAELT, U9TO IIPU HAYAIHLHOU
CKOPOCTH vy, IO MOJYJIIO HE MPEBBIIIAIOIIEN PATUYC STOr'0 KPYra, 3aKII0IeH-
HOT'O B 00J1aCTh, OrPAHUYIEHHYIO KpUBOH 11, cKOpoCcTh v B M000M APYTrOM MO-
MEHT BpeMeHU ¢ OyeT TaKXKe OrPAaHUYEHA IO MOIYJIIO.

Teopema 1 gokasaHa.
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3. PEJATUBUCTCKUIA AHAJIOI MOJAEJIM PEPMU — YJIAMA

B sTOM pasjene Mbl u3ydaeM TOT ke JaCTHBIM crydau mogeaun Pepmu —
Yrama, 9TO u B 1. 2, HO B PAMKAX PEJATUBACTCKON MEXAHUKK (TE€OPUM OTHO-
curenbHOCTH). PemaruBucTckuil 3pheKT 34eCh TPOABIAETCA TOIBKO B TOM,
YTO YOPYTUHA yAap WAapUKa 00 OCHWIINPYIOILY0 HUKHIOK CTEHKY YIATHLIBAET
3aKOHBI COXPAHEHUA WMILYJIbCA, YW DHEPTUU B TEOPUU OTHOCUTEALHOCTH, B TO
BPEMA KAK 3AKOH OTPAaXEHUA OT BEPXHEU HEMOJABUKHOU CTEHKU B TOIHOCTHU
TAKOU XKe, KaK B HbIOTOHOBCKOU MEXaHWKE: IOCIe yAapa MEHAETCA TOJbKO
HAIpaBJIeHUE (HO He BEIXYIMHA) CKOPOCTH IIAPUKA.

He orpanmvmBas OOUIHOCTH, MPEIONOKUM, 9TO MACCA MIAPUKA paBHA 1,
a BCE CKOPOCTHU U3MEPAITCA B JOAAX CKOPDOCTH CBETA, T.€. CKOPOCTb CBETA
roJiaraeTca paBHOU 1, a abCOMIOTHBIE BEIUMYUHBI BCEX OCTAAbHBIX CKOPOCTEU
menbie 1. B aTom ciydae, kak m3BecTHO u3 Teopun orHOcuTensHocTH ([13]),
CKOPOCTH IIAPUKA U W €ro dHeprua F CBA3aHBI MeXIy COO0M PaBEeHCTBOM

E = Nk Tak xe, Kak u B npeAbLAyeM maparpade, pacCMOTPUM IaCT-
HBII caydayn mogeaun PepMum — Yaama, rje MBI MPEAIOIATAEM, ITO BEPXHAA
CTEHKA — HENMOJABUXKHAA U 3a4aeTCA ypaBHeHUEM ¢ = {, a HUXKHAA CTEHKA
JABUXKETCA B BEPTUKATLHOM HAIPABICHUN ( COMIACHO IIEPUOAMIECKOMY 3aKO-
Hy q = f(t), rge f(t) — muddepennupyemas 27-nepuogudeckas HyHKIAA
rakas, 910 |f(t)] < £ (puc. 3). Mb1 gokaxem, 9T0 B 3TOM Mogenu sHeprusa F
MOXET HEOIDAHUYEHHO BO3PACTATh; CKOPOCTH MIAPUKA IIPU 3TOM OyaeT cTpe-
MHUTBCA K CKOPDOCTH CBETA.

[Ipeamnonoxum, 9TO MOCIE OZHOTO U3 MOMEHTOB BPEMEHW | CTONKHOBE-
HUA C HUXHEM CTEHKOHU ImapuK mpuoOper sHeprumio E, a mocue caemyiomero
3a t MOMEHTa BpeMeHH ¢ CTOJIKHOBEHMA C HMXHEW CTEHKOU INAPWK IIPUOOpeT
suepruto E'. PaccmoTpum orobpaxenue D maockocTu ¢ koopauHaTamu t, F,
D: (t,E) — (t', E'), koTopoe 3a1aeTcsa CAeAyOIMMI PABEHCTBAME:

2

t=t+\/5—(20—f(t) = f(t)), (9)

E? -1
1+ £t | _2/(t)
E' = E— y VE?—-1-E). 1
i) TP ) (10
Pasenctso (9) ana t' momyugaerca u3 nmepsoro pasencTsa (2) ama t' moacra-
2

HOBKOU ¥ = , a pasencTso (10) maa E' momyvaerca u3 peasTUBUCT-

2
CKUX 3aKOHOB COXLE)&HGHI/IE UMITIYJIbCa U SHEPI' U, KOTOPhIE 3€Ch MBI OIIyCKaeM.

[Ipexnme vem pOpMyIupOBATH U MOKA3BIBATHL TOYHYIO MATEMATUIECKYIO
TeopeMy (Teopemy 2), yKaxeM OCHOBHYIO UE0 IOCTPOEHU TPACKTOPUY C He-
OTpaHUYIEHHBIM POCTOM dHepruu. s mpemeabHOro mpeoOpa30oBaHUA D, BBe-
OEHHOI'O B JOKAa3aTeNbCTBE W ANIPOKCHMUpPYyomero npeobpasosanue D mpu
HEeOI'DAHU'IEHHOM BO3PaCTaHUU dHEPI'UU, CTPOUTCA ClleUaIbHAA PEe30HAHCHAL



172 JI. /1. IlycTpLibHUKOB

TPAEKTOPUA, TAKAA UTO MAPUK CTAIKABACTCA C HUKHEM CTEHKOU B MOMEHTHI
BPEMEHU, CPABHUMBIE C t( 10 MOAYIIO 27 (3/1€Ch t) — {MCI0, BBEACHHOE B YCJIO-
Bum TeopeMsl 2). [ToaTomy mocie Kaxgoro ynapa ¢ HUXHEU CTEHKOU SHEPIUs
MIAPUKA, YBEIUIUBACTCSA TPUMEDPHO B OHO U TO XK€ YUCIO Pa3, U TO Ke CaMOe
CIIPABE/IUBO VIS HEKOTOPOU OKPECTHOCTHU DTOU TPACKTOPHUH, TOCKOJILKY OHA,
OKa3bIBaeTcsA ycrouduson (mo JlamyHoBy). IMEHHO B 5TOM M COCTOUT NPUH-
IUNUAJIBHOC OTINYINE PEIATUBUCTCKOIO CIy4vasa OT KJIACCUYIECKOr'0O: B PaMKaX
HBIOTOHOBCKOU MeXaHWKU Mogeib Pepmu — Yiaama BOOOIIE HE UMEET PE30-
HAHCHBIX TPAEKTOpU!

TEOPEMA 2. [Ipednoaodcum, 4mo 6bin0aHeno caedyloujee ycaosue: Cy-
wecmsyem maroe wucao ty, umo f(tg) > 0 u £ — f(tg) = mmyg, 2de my —
HEKOMOPOE NOAOHCUMEAbHOE Yeaoe yucao. Toz2da cywecmeyom maxue wu-
caa g9 > 0 u Ey > 0, umo ecau nauaavnvie damunvie t, F ydosaemeoparom
yeaosusam |t — to] < €9, E = Ey, mo y mpaexmopuu npeobpasosanus D,

(tn, En) = D™"(t,E) (n = 1,2,...), seauuuna snepzuu E, cmpemumcs ¥
OECKOREUROCTIU NPU M — 00, NPUUEM €€ POCM ObICmpee, Uem IKCTNOHEHYU-
1+ f(to)

anvnvti: By, > cEky, 2de ky = > 1, ac >0 — Koucmarwma, He

1= f(to)
3asucawas om t, B un.

3AMEYAHUE. B o6mem CIIydae, KOrja ABUIAIOTCA OABE CTEHKH, yCJIOBUE
TeopeMsl 2 3aMeHseTcsa Ha ycaosue (1), m. 1.

TOKA3ATEJILCTBO TEOPEMEI 2. ['aBHasd umesa MOKa3aTeIbCTBA TeOpe-
MBI 2 QHAJOTUYHA UAee NOKA3ATEIbCTBA TEOPEMBL 1 1 COCTOUT B TOM, IYTOOBI
paccMOTpeTh MeUCcTBUe MpeoOpa3oBanusa [ B OKPECTHOCTH GECKOHEYHO y/Ia-
JeHHOUN TOUYKYU F = 00. OIHAKO 31eCh TIepexo/i K 6ECKOHEYHO Y NAJEHHON TOTKE
OyZeT OCYyMECTBIATHCA MO- IPYTOMY.

C osron pemo 3amerum, uro B cuiy (9) u (10) ‘peobpazoBarme D upn
E — oo cxoguTcs x npeobpaszosanmio D: (t, E) — (£, E), umeromemy Bup

t=t+20—f(t)— f(D), (11)
- 1+ f(f
E=pHi® (12)
1—f(t)
a Moy passocrei |i — ¢'|, |E — E'| apasorca Bermampamu nopaaka 1/E,
T. €.
|£—t'|+|E_E'|<%, (13)
rie ¢; — KOHCTAHTA, He 3aBUCAIIAA OT MEepeMEHHBIX t 1 F.
Beegem moByio mepemennyio 17 = In E. Torma npeo6pasosanus D u D,

BBIPAXKEHHBIE YePe3 MEPEMEHHYIO 1), IEPENIYT COOTBETCTBEHHO B Mpeobpa3o-
BaHusa P u P:

P:(tn) = ('), P:(tn) — (£1), (14)
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rue
N =lmE, H=IEkE, (15)

a BemamHb ¢’ u t 31ech Te ke, aro u B (9) m (11). IIpwm sTom mepasencTso (13)
IEPEXOAUT B HEPABEHCTBO TAKOI'O XK€ BUIA:

=]+l -] < 2, (16)

rjae ¢y — KOHCTAHTA, HE 3aBUCAIIAA OT NEPEMEHHBIX © 1 7). N
Teneps ecrecrBenno Beectw, B cury (12), pynxnuio F(t) = In 11_;8; ,
rae t = #(t) — BermumHA, ompeneJeHHas ¢ moMmompbio paseHcTsa (11). s

paBerncTBa (11) u ycaoBus Teopemsl 2 caegyeT, ITo

F(to) — to = 20 — f(to) — f(io) = 2mmg, Lty) = =Ll _ L 4 ()

dt" 14 f(tg) ko
a B cury paBeHcTB (12), (15) u onpenenenun (14) u dyuxuum F (1) morysaem:
N =1(tn) =n+F(), 0(te,n) =n+Ink. (18)

U3 (17) BugHo, uTO t), paccmaTpuBaemoe Ha okpyxuocTu 0 < t < 27,
ABIETCS HEMOJABUKHOU TOYKOU mpeobpasoBanusa (11), mpuduem sTa TOUKa
dt

OPUTATUBAET HEKOTOPYIO CBOK OKPECTHOCTH — B CHJIYy TOTO, 9TO E(to) < 1.

B To xe Bpemsa mepeMeHHas 1) pacTeT no AeucTBueM npeobpasoBanma P kak
apudpMeTHIECKas IPOrPECCUs € MOMOKUTEILHON PA3HOCTHIO.

[lercTBUTENBHO, CONIACHO YCAOBUIO TEOPEMBL 2, 11) — LEJI0e IUCIO, & (PYH-

kuma f(t) mmeer mepmox 27w mo t; mosToMy m3 mepsoro pasenctsa (17) u
n (N I

pasernctsa (18) crenyer, arTo y TpaekTopum (té ),né )) = P"(tp,n) upeobpa-

. . ~ ~(n
sosanusa P (3gece P™ — n-a mrepanus P) npm Bcex n > 1 koopauHATHI té ),

(n)

flg = MMEIOT B/ apU(PMETHICCKIX IPOIPECCH:

f(()n) = to + 2mmgn, 77(()”) =n+nlnk, (19)

rae Inky > 0. Kpome Toro, u3 Broporo pasencrsa (17), u uz (18) u (19)
CIefyeT CyLeCTBOBaHUE TAKOro [ucia € > 0, aro upu |t —ty| < € y TpaekTo-
puu (£, 7)) = ]3"(15, n) koopguaaTsl £, (") yroBIETBOPAIOT CIEYIOMIIM
COOTHOIIEHUAM:

lim (8 — M) =0, 7™ — 5] < ésé, (20)

n— 00

rae ¢3 — KOHCTAHTA, HE 3aBUCAIIAAL OT N, t U 7).

Eciu Gbl peds ILIa TOIBKO 0 mpeoGpasosanuax D u P, To m3 (20) u (19)
BBITEKAJO Obl yTBepXKqeHue TeopeMbl 2. O qHAKO MEepBOHAYAIbHBIE TTPEOOpa-
soBaHuAa D u P OTIWYIAIOTCA, XOTA U MaJo, OT D u P. Tem me MeHee, U I
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HUX YyTBEPXIEHUE TeOpeMbl 2 OyaeT CupaBeiiuBo. [ledcTBUTENbHO, TpUMe-
Hisa HepaBeHcTBa (16), (20) u paserncrsa (15), (19), moxy4dum, 4To cymecTsy-
eT KOHCTAHTA 7)) Takasd, ITO ecau 1) > 1o u |t — tg| < €, To y Tpaekropun
(tnsnn) = P™(t,n) xoopamuara 1, npum BCex N > 1 yIOBIETBOPAET HEPABEH-
CTBY

rge ¢ — KOHCTAHTA, HE 3aBUcCAmAai oT N, t u 1. [lomoxus ¢ = e ¢y = &,
Ey =€, E = e, mpt Bugum, aro B, = " > etk ogrgyna u cregyer
yTBEPXK JEHUE TEOPEMBI 2.

4. YCKOPUTEJBbHAA MOJIEJIbL C OJHON CTEHKOH B IIOJIE
TSXKECTU

B sTom pasgene MBI pACCMOTPUM HOCIEHION, TPETHIO, MOAEAb YCKOPEHII
9aCTUIHI.

IIycty f(t) — rnagkas mepmoawmdeckas (YHKIUA, UMEOAs 10 ¢ mepu-
on T > 0. Ilpeamomoxum, ITO0 GECKOHETHO TsXKeEJIasd TOPU3OHTAIBHAS CTEHKA,
JBUIKETCA B BEPTUKAILHOM HAIPABICHUN ¢ BO BpeMeHH t 1o 3akony q = f(t).
Ha crenky majgaeT MACCUBHBI MIAPUK C MOCTOIHHBIM YCKODEHUEM ¢ W OT-
TATKMBAETCA OT HEE IO 3aKOHY ynpyroro yaapa (puc. 2). Bepxmen crenku
(«moTOMKAY) B 3TOU MOJEIN HET, HO W3-3a CHJIbI TAXKECTY HIAPUK KAXKIBIA Pa3
BO3BPAIIACTCA K HUXKHEN CTEHKE W 3aT€M OTPAXKAETCI OT Hee.

[IpeamonoxuM, ITO MOCHE CTONKHOBEHUS CO CTEHKOW B MOMEHT BPEMEHU
mapuk mpurobper ckopocTs v > (0, a mocie cregyoimero CTOJIKHOBEHUS CO
CTEHKOU B MOMEHT BpeMeHm {' mapuk mpuobpern ckopocTs v'. B pesyabrare
BO3HUMKaeT mnpeobGpasosarue S: (t,v) — (#',v'") maockocru ¢,v. Touka (t',v")
OHO3HAYHO OUIPENENACTCA U3 CICAYIOIIAX PABEHCTB:

FO) +o(t' = 1) = (' = )* = f(¢), (21)
o' =g(t' — 1) — v+ 2f(t), (22)

(Touka, kak u panbie, — auddepennuposanue 1o t). Pasercrso (21) o3Ha-
9aeT, ITO IIAPUK ABUXETCA MO Ayre Hmapabofbl, JEBBIX KOHEI KOTOPOU CO-
BragaeT co 3nadenueM f(t), a npasemr — co 3HadenweM f(t') (cm. pmc. 5).
Dopmyaa (22) caosecuo dopmyampyeTcs Tak: K ckopoctu g(t' — t) — v ma-
MAIOMIEr0 BHU3 MIAPUKA NOOABIAETCA yABOECHHAA CKOPOCTH NBUKEHUA CTEHKH
opu yopyrom ygape ¢ Hell mapuka (Kak u B HbIOTOHOBCKOU Monean Pepmu —
Yrama, cm. BTOpyo dhopmyay B (2)).

[lnsa mpeobpasoBarua S GyneT MOCTPOEHA CIENUATBHAA PE3OHAHCHAA TPa-
exTopus (cM. aeMMy 2), TaKasd 9TO Kax/AbIM pa3 Wapuk OyAeT HOmajaTh HA
KOJEOIIONIYIOCA CTEHKY B OTHOW M TOU Xe (a3e u, CIeJ0oBATEabHO, OyAeT uc-
OBITHIBATH OJUH U TOT Xe€ IIPAPOCT CKOPOCTH. Takmm 06pa3zoM, CKOPOCTh HIa-



Mexanunsm yckopenus Pepmu 175

mapabdbora

Puc. 5. I'pacuk gBUXKEHUA MAPUKA BO BDEMEHH t OT OJHOM TOYKH CTOJKHO-
BEHHA [0 APYTOM TOYKH CTOJIKHOBEHHSI

pUKa HA DTOU TPAEKTOpUU OyAeT CTpeMUTHCA K GeckomewHocTu. Camoe xe
TPYAHOE — A0Ka3aTh, 9TO NOCTPOEHHAA TpaekTopma ycmotuusa (no Jlamy-
HOBY), T.€. YTO [IPU MAJbIX OTKJIOHEHUAX HAYAIBHBIX YCJIOBUU, BO BCE MOCIE-
IYIOIIe MOMEHTHI BpEMEHN OTINYINe OTKJIOHEHHON TPACKTOPHUHU OT UCXO THOU
OyseT Majao. YCTOUYMBOCTE MOCTPOECHHOU B JeMMe 2 TPAEKTOPUM MO3BOJIAET
CHeNATh 3AKIIOYEHNE, 9TO A BCeX OJUBKUX TPACKTOPUU CKOPOCTH HIAPUKA
Ha HEUX Takxe OygeT CTpeMUThCA K 6GeckoHedHocTH. Takum 06paszomM, CBOU-
CTBO U — OO BBIIIOJHAETCI HA MHOXKECTBE HOJIO)KHTeJIbHOfI (I/I naxe 66CKOH€‘I—
HOH) MePbl HAYAJIBHBIX JAHHBIX.

llepexoanm k Teopeme 3 u ee mokasareascTBy. B ee ¢popmymmposke mc-
[OJIB3YIOTCA 3HATKH f 7, f u f KOTOPBIE O3HAYAIOT COOTBETCTBEHHO IIep-
BYIO, BTOPYIO, TPETBIO U 9€TBEPTYIO IPOU3BOJHBIC II0 BDEMEHMU.

TEOPEMA 3. IIpednoaoscum, umo gymryus f(t) ydosaemeopsem caedy-
OUUM YCAOBUAM:
1. Cywecmeyiom yeaoe kg > 0 u ty, makxue umo
Tgko = 2f(t0), —g < f(to) =p <0.

(Ilepsoe pasencmso — Ycao6ue, NO360AMOWEE HATMU PESOHAHCHYIO
mpaexmopuio; emopoe — Jdoka3amy ee Ycmoluusocmn.)

2. flto) # —g + gcos(27r§), ede k =0,%1,...,4r;r=1,2,3, 4.

3. ao(B) f (to) + al(ﬁ)'f'z(to) # 0, 2de ap(z) v a1(z) — Purcuposannvie

Pynryuu, ne 3asucawue om gynryuu f(t).

(Yeaosus 2 u 3 — wucmo mernuueckue; ony no3604410M NPUMEHUNL 06UWYI0
meopemy 00 Yemotiuueocmu HEABMOROMHOT CUCTEMbL. )

To2da na naockocmu t,v cywecmseyem OmKpPLIMOe MHOHCECMEO HAUAAD-
noix dawnviz (t,v), umerowee deckoneunyio mepy (naowadv), marxoe wmo y
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mpaexmopuu (tn,vy) = S™(t,v) (n =1,2,...) npeobpazosanus S Koopduna-

. v
ma v, cmpemumca K beckoneunocmu, u npu smom lim — = Tgky.
n—,oo N

3AMEYAHUE. MuoxecTtBo dyukuun f(t), yIOBIETBOPAIOIIUX YCIOBUIO
TEOpPEMBI 3, COMEPKUT OTKPHITOE MHOXECTBO B IpocTpaHcTBe 1 — mepuo-
OUYECKAX AHAMATUIECKUX PYHKINUN, KOTOPOMY, B 9aCTHOCTH, IIPUHAIIEKAT
dyukuuu Buga f(t) = hsinwt, rge h,w B3ATHI U3 HEKOTOPOIO OTKPBLITOIO
MHOXECTBa Ha ILIOCKOCTH h, w.

[ OKA3BATEJIbCTBO TEOPEMBI 3. HavymeM ¢ mocTpoeHWs pe30OHAHCHOU
TPACKTOPUH.

JIEMMA 2. Ilpeamomoxum, <ITO Zf(to) = Tgky, v = %Tgm, ko > 0,

m > 0, kg m m — measre wncaa. Torga ais Tpaekropun (12, v0) = S (ty, vo)
(n=0,1,2,...) BBIIOIHEHBI HEPDABEHCTBA,

to=ty=tl=---=td=... (modT), tp,, —tw="T(m+2kn),
vg = v + Tgkon
(MBI momaraem S0 = id — ToxgecTBenHOE oTobOpaxeHue).

JOKA3ATEJBCTBO JIEMMBI 2 MBI OIIyCKa€M: OHO JIECKO IIONY9aeTCA U3
pasercTs (21) u (22) (cm. [11, ra. 2, §1, nemma 1].

WNayuum Teneps nosegenue npeoOpasoBanusa S B OKPECTHOCTH PE3OHAHC-
woit Tpaektopmu (9, v0) (n =0,1,...), mOCTpOeHHOH B JemMMe 2.

C 5TOM 1enbio MBI BBeJieM OECKOHEYIHYIO MOCIEI0BATEIbHOCTE 0TOOpaXKe-
aun S, (n = 1,2,...) dukcuposannon okpecraoctu W touknm (0,0) cregyio-
wum obpasom: ecan (t,v) € W, To

(ths 01) = Su(t,0) = S(t5_1 + 1,05 1 +0) = (tn,v). (23)
(Cm. puc. 6, Ha KOTOPOM IOKA3aHO, KaK 0TOOpax)aeTcs To4IKa (f, v) U3 OKpecT-
HocTu Hyas W mop meuctBumeMm oTobpaxkeHus Sy.) U3 memmer 2 u u3 dop-
mya (21) m (22) cregyer, 9ro oro6paxeHus S; CXOAATCA LPU N — 00 K
NpefeIbHOMY 0TOOPAKEHUIO Soot

lim Sy, (t,v) = Seo(t, v),

n—o0

rae Seo — 0TOOpaXeHue TOU Xe CAMOU OKpeCTHOCTH Hyds W, uMeroinee BuI:
/ 12 2v . 2v ;
Seot (t,0) = (to, V) = (t—i— 2" +2f(to +t+ ;) - 2f(t0)> . (24)

B sTOoM mepexosie Kk 6ECKOHETHOCTH €Ie Pa3 MPOABIAETCA OOIIAs UAes BCEU
paboTHI, COMMIACHO KOTOPOU MBI M3y9IaeM MOBEJIEHUE CACTEMBI B OKPECTHOCTHI
0ECKOHEYHO YIAJEHHOU TOYKU: Spo OTBEYAET TOYKE PE3OHAHCHOU TPAEKTO-
puHd, y KOTOPOU KOOPAUHATA U C CAMOT'O HAYAJIA PABHA OO.
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O L +to)  +v)

/ / (th + thyvn + v1)
/\
n 1>V

4 W (th,vn)
T

Puc. 6. Togequnoe orobpaxenue S mIOCKOCTHA t, v B YCKOPATEILHON MOJEIA U
MOPOX AEHHAA UM HOCACA0BATEILHOCTE Sy 0TOOPAXKEHUT BEKTOPOB B OKPECT-
HOCTYW Ha9aJa KOOPAWHAT IJIOCKOCTH t,v

B cmry (24) npeoGpasoBanue Sy, coxpanseT miomans (skobuan oTo6pa-
XKeHusA Soo, KAK HETPYTHO BHUJETH, TOXIECTBEHHO paBeH 1), HpwdeM HAYAJIO0
koopaurat (0,0) — HemogBMXKHAA TOUKA 0TOOpaxeHUs So,. Kpome Toro, co-
LIACHO yCJAOBUAM TeopeMbl 3, Henoasuxkuaa To4ka (0,0) ects ToOUka 06mero
DIIATITAYECKOrO THUIIA, ITO O3HAIAET, ITO JUHENMHAA JACTh OTOOpaXeHus Sy,
B DTOU TOYKE B HEKOTOPBIX IOMAPHBIX KOOPAUHATAX IPUBOJUTCA K IIOBOPO-
Ty OkpecTHOCTH Hyas W Ha yroa, orawdHbl oT 27k/r, rae T OpUHUMAET
TONBKO 4 MCKIOYUTENbHBIX 3HaYeHUs: 7 = 1,2,3,4, a k = 0,£1,...,£r. Ilo-
9TOMY K Ipeo6pa3soBaHMi0 Sy, B OKPECTHOCTH HYJId W MOXHO IPUMEHUTH
Teopemy Mosepa [12] (0 Hen yxe muia peds B pasgene 2), COMIACHO KOTOPOU
touka (0,0) ycromuusa (mo JlamyHOBY) OTHOCHTEILHO IPe0OPa3oBanus S
OKBUBaJeHTHAA (HPOPMYIUPOBKA MACTCA CIEAYIOUIEN JeMMOU 3.

JIEMMA 3. [lns aro6oro € > 0 cymecrsyer Takoe 6 > 0, aro, ecan [t| +
+ |v| < 0, To npu AFO60M HATYPATLHOM 9HCIE 7l KOOP JUHATHL TOYKA

(t%), 05)) = Sk (t,)
YIOBJIETBOPAIOT HEPABEHCTBY |tg.2)| + |v<(>2)| <e.

ITepexogum k 3aBeplialomIeEMy DTAIy B [JOKA3aTEIbCTBE TEOPEMBI 3. YT-
BepXJeHUe TeopeMbl 3 06 OTKDPBITOM MHOXECTBE Da3TOHAIIMXCA A0 Oec-
KOHEIHOCTU TPACKTOpUU mpeobpasoBanua S OymeT MOKA3aHO, ecau OymeT
ycTanoBaeHO, 910 Tpaekropus (t0,v0) (n = 0,1,2,...), mocTpoeHHas B IEM-
Me 2, ycmotwusa oTHOcuTenbHO S. llocaennee xe yTBepXjaeHUWEe B CHIy
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onpeaenseruna npeobpaszosanuit S, B (23) (cm. pumc. 6) cBoguTCa K HOKa3a-
TEILCTBY CICAYIOWEN JeMMBI 4 00 YCTOMYIMBOCTH PE30OHAHCHOU TPACKTOPUH.

JIEMMA 4. [lns xo6oro € > 0 cymecrsyer Takoe § > 0, aro, ecan [t +
+ |v| < 0, To mpu MO60M HATYDPATLHOM 9UCJIE 72 KOOD JUHATHL TOYKA

(™, 0™) = 8,08, 10--08(tv)

(rge Si,...,S, — orobpaxenws, BegeHHbIE B (23)) yAOBIETBOPAIOT HEPaA-
senctry [t 4 [0 < e.

DopMaTIbHOE [OKA3ATEALCTBO JEMMBI 4 BECBMA, CJIOXKHO; B MOJHOM BHE
oHO mpusegerHo B padore [11]. OgHAKO ¢ MHTYUTUBHOU TOYKA 3PEHUS JEM-
Ma 4 BecbMa IIPO3padHA: BeAb OTOOpaXEHUs S, CXONATCA HPA N — OO K
MpEeeIbHOMY OTOOPAXEHUIO Sop, U €CIU B POPMYJAPOBKE JEMMBI 4 3aMEHUTD
cynepnosunuio Sy, o Sp,_1 0 ---0.8] orobpaxenuu Si,...,S, HA N-I0 CTENEHb
St = S0 © Sog 0+ ++ 0S5 0TOOpaKeHU Soo, TO MBI CPA3y HPUXOAUM K yCTa-

n pas
HOBJICHHOU BBIIIE JeMMe 3.

SAKJIOYEHUE

Bo Bcex Tpex 06CyXIaeMBIX MOIENAX, CBA3AHHBIX C (PU3UIECCKUM MeXa-
HE3MOM YCKOPEHHS IaCTHUIl, PEATM3OBAHBI TPYU PA3IMIHBIX CHOCO0a OJHOU U
TOU Xe OOIIeN I HAX BCEX UAEU — MePeXony K OECKOHETHOCTH U U3y I€HUIO
TUHAMUYIECKON CUCTEMBI B GECKOHETHO yAAJCHHON TOUKe. Pe3yabTaThl uccie-
JOBAHUSA IS KAXKJIOU M3 DTUX MOAEIEH IOIYYaI0TCA PABIAIHBIMU. A UMEHHO,
B nepsoti Monenu (HbIOTOHOBCKasA Mojeas Depmu — Yiama) CKOPOCTH U DHEP-
rUs [APUKA BCEra OTPAHUYEHBI; BO 6Mopoti MOAIH (pPEIATUBUCTCKAA MO-
nenb Depmu — Yaama) CKOPOCTH MIAPUKA OTPAHUYIEHA CKOPOCTBIO CBETA, & €r0
DHEPIUsA MOXET CTPEMUTHCA K OECKOHEIHOCTH; W, HAKOHEI, B mpembeti MO-
genu (YyCKOPUTEIbHAA MOJEIb B IOJE TAKECTH) KAK CKOPOCTb, TAK U DHEPIUsd
MOT'YyT CTPEMUTHCA K OeckonednocTu. [Ipu 5TOM BO BTOPOU U TpeThEN MOIe-
JAX COOTBETCTBYIOME >(PQPEKTHI CIPABEIIUBLI A OTKPBHITOI'O MHOXECTBA,
(IOMOXUTENIEHON MEpPhI) HAYAIBHBIX JAHHBIX.

Hacrosmas paboTa MOXET pacCMATPUBATHCA KAK PE3YJIbTAT B3AUMOIEH-
CTBUSA T€OMETPUU C TEOPUEH IUHAMUYIECKUX cucTeM u dpusukon. OaHAKO st
KaXJOU U3 TPeX MOJeJel, OMUCAHHBIX 31€Ch, CBA3b ¢ PEOMETPHUEH PA3IUIHAA.
Onuuiem 5Tu reoMeTputieckue cBa3u Horee moapobHO.

> Mogens @epmm — Yiaama, HBIOTOHOBCKUE Caydad (m. 2): B OCHOBE 10-
Ka3aTelbCTBa JEKUT TeopeMa 00 MHBAPUAHTHBIX 3AMKHYTHIX KPUBBIX
IIOCKOro Koubla. OHa CIpPaBeINBa IPY BBIIOIHEHAU IUCTO IeOMETPH-
9EeCKOI'0 yCJIOBUs, COIVIACHO KOTOPOMY 3aMKHYTasi KPUBAs IIE€PECEKALTCS
co cBouM o6pasom (puc. 4).
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> Mogens ®epmm — Yaama, peasTuBucTckuil caydan (m. 3): 3pech 3a-

KOH IIpeoOpa30BaHUA CKOPOCTH U DHEPI'UY HIapUKA IPUA YIPYT'OM CTOJIK-
HOBEHWM C [IBUXYIIEUCA CTEHKOU OCHOBAHBI HA T'€OMETPUM TEOPUU OT-
HOCUTEIBHOCTH. JTa IEOMETPHUSA €CTh PA3HOBUIHOCTH HEEBKJIUJOBOU
reomerpun (reomerpus Jlo6adeBCKOro), a TPAGKTOPUU IIAPUKA MOLYT
PacCMATPUBATEHCA KAK OOOOIIEHHBIE Te€OMe3UIECKUe JUHUU B 3TOU T'eO-
METPUU.

> Hakomern, yckopurTenbHas MOAEIb ¢ OJHOU CTEHKOU B IOJE TAKECTH

[1]
2]

(m. 4). 3gech OIPUCYTCTBYIOT [JBa ACHEKTa, CBA3AHHBIX C I€OMETpUEN:

1. kak ¥ B 1. 2, NEPBBIN ACIHEKT KACAETCA WHBAPUAHTHBIX 3AMKHY-
THIX KPUBBIX TP OTOOPAXKEHUAX IIOCKOTO KOJbIIA, 1 MMEHHO 0600-
EHUE DTOr0 PE3YJIbTATA NPUBOAUT K YCTOUYABOCTH PE3OHAHCHOU
TPAaEKTOPUM, MOCTPOECHHOU B JeMme 2 (1. 4);

2. reomerpuyeckas npupoga orobpaxenus S (cMm. pasencTso (21)),
MOJIY 9AIOIEr0CA B PE3YIbTATE IEPEX0Ia OT OJHON TOYKY TEPecetde-
HUs napabousl ¢ rpadukoM nepuoamaeckon Gyakumu f(t) xk gpyron
TaKOU TOYKE IePEeCeIeHNuA.
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O KpYyroBbIX MHOT'OYJIEHAX

A. fl. Benos

Kax m3BecTHO, J10601 MHOTOWIEH C HEIBIMEA KO3MPUIMEHTAME O JHO3HA-
HO PasiaraeTcsi B MPOUW3BENCHUE HEIMPUBOAUMBIX MHOXUTENEH. XOPOIIO u3-
BECTHA TaKXe CIefyIoIas

TEOPEMA 1. Mnozouaen ™ — 1 pazaazaemca 6 npouszsedenue Henpuso-
dumviz nad Q mruocousenos P gy:

" —1= H@d(w)

d|n

IIpu smom wopuamu Pg asastomes wenpusodumvie Kopru d-ii cmenewy u3s
edunuyvt u deg(Pq) = p(d).

3necs o(d) ectb Pynryua Iiaepa, BEIPAKAOMAL KOMUIECTBO PABIMIHBIX
OCTATKOB OT JeJeHMA Ha d, B3aMMHO OPOCTHIX ¢ d. KopeHs d-u cremnenn us
€IVHWIBI HA3BIBACTCA HENPUBOJUMbIM, €CIN OH HE ABIACTCA KOPHEM U3 €qu-
HUIBI, CTENeHN MEHbIIEH YeM d.

ITOU TEOPEMOU JOBOJIBHO YACTO MOML3YIOTCA (CM., HAIIPAMED PELICHNE 3a-
maqu 2.7 w3 3anaqaruka «Maremaruaeckoro npocsemenuss, Ne6, ¢. 140-142).
C ee 10Ka3aTEIBECTBOM MOXHO O3HAKOMUTHCA 10 KHUraM [1,2]. Mbr mpusogum
3[€Ch IPYroe MOKA3aTeIbCTBO, KOTOPOE MOBOIBHO KPACUBO U COIEPKATEILHO.
(AsTop Gnarogaput A. B. lllanmoBanosa, paccka3aBuero emy 3T0 JOKA3aTelb-
CTBO.)

Ecin smcio d — mpocroe, To ®4(z) = 241 + 292 + ... + 1 n goka-
3aTeIbCTBO HENPUBOAUMOCTH MHOrowieHa @g(r) momygaercs myrem mpume-
HEHUsA KpUTepus JuseHmTenHa K MHOrowieHy ®q4(z + 1) (HempusoammocThb
KOTOPOro paBHOCWIbHA Henpusogumoctu P4(z)). Hanomuum coorBercTByio-
mee yTBEPXK JCHUE:

[IPEANOXKEHUE 1 (KPUTEPUN DW3EHIITENHA). Ilycmo
P(z) = 2" + a15" t + - + ap,

npuuem 6ce KoIPPUUYUEHMBL A1, . . . , 0y 0CAAMCA HA HEKOMOPOE NPOCTNOE P U
an we deaumca na p*. Toeda mmozounen P nenpueodum mad mmorcecmson
PAYUOHAADHBIT YUCECA.

MaTemaTu4eckoe npoceselyeHue, cep. 3, oin. 8, 2004(181-185)
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[oxa3aTenrscTBO HTOr0 KPUTEPUS HOLYIaeTCa OT IPOTUBHOIO CDABHEHY-
em koddunumentos P(z) u P(z)P;(z) u npumenenus aemmel ['aycca, Ko-
TOpas yTBEPXKJAET, ITO HENPUBOAUMOCTL Hal Z BI€YeT HEIPUBOAUMOCTD
Hag Q. Mbr npegocraBiseM GUTATENI0 HPOBECTH [LOKA3ATEALCTBA CAMOMY,
au60 obpaTtuthea K arobomy BY3osckomy yuebruky mo anrebpe.

BriTyer MmHeHue (B TOM 1ncie cpein aarebpancTos), ITO TeopeMa 1 cran-
ZapTHBIM 00pa30M BBIBOAUTCA M3 HTOTO CBOETO aCTHOrO ciydast (d — mpo-
croe) ¢ nomompio Teopun ['anya. OgHAKO Takoe NOKA3ATEIbCTBO TEOPeMbl 1
HAM HEU3BECTHO.

HECKOJIBKO MOJIE3HBIX ®AKTOB
[Ipexme Bcero oTMeTuM, ITO

d_q

[T @)’ @

s|d;s<d

Oy(z) =

Ecan wacTHOE AByX MHOTOWIEHOB C meabiMu KOI(MPUIUMEHTAMEU U CO CTap-
M KOB(l)(l)I/IHI/IeHTOM 1 aBasercsa MHOT'O'JICHOM, TO 3TOT MHOT'OYICH TaKXe€
uMeeT 1enbie Koagpuiumen T u cTapmun KodgdunnenT 1. [Ipumensas sTo Ha-
6o feHue K paBeHCTBY (1), momydaeM o MHAYKIWMH, ITO BCe KODPUIMEHTHI
MHOTOWIeHOB $; — mensbre.

KUTANCKAA TEOPEMA OB OCTATKAX. Ilycmb 21,...,2 — KOHEuHbll
HAOOP NONAPHO B3AUMHO NPOCMBIE UYEAVIL UUCEL, Gi,...,0k — NPOU3BOAb-

noie yeavie wucaa. Tozda natidemesa makoe wucao x, wmo x = a; (mod z;),
1<e <k

TEOPEMA BUETA. Kosf@uyuenmor aj, muozousena " +arz" 14 --+ay,
BLIPANCAIOMCA UEPES €20 KOPHU Tj CACOYIOUUM 00PA3OM:

k
ar = (—1) g Tip et Ty
11 <<
Cummempuueckuti MHO2oUAEH — ITO MHOIOUIEH, 3HAYCHUE KOTOPOrO HE

3aBHCUT OT II€PECTAHOBKU IIEPEMEHHDBIX. 3JL€M€HmaprL.MU CUMMETNPUYECKU-
MU MHO20UYAECHAMU HA3SBIBAIOTCA MHOI'O1JICHBIL

OCHOBHASI TEOPEMA O CUMMETPUYECKUX MHOTI'OYWIEHAX. J0601 cum-
MEMPUYECKUT MHOZOYUACH OTIL T, . .., Ty C UCADIMU KOIPPUUUEHMAMU MOWCHO
npedcmasums 8 8ude MHO20UAEHE C YEABIMU KOIPPUUUEHMAMU OM dACMEH-
MAPHLIL CUMMEMPUYECKUL MHO20UAeH08 Sk, 1 < k < n.

CaencrBueM 5TUX IBYX YTBEPKICHUN SBIACTCA
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JIEMMA 1. IIyemov Q(x) = (x — 1) + ... (x — zp) — MHOROUAEH C YEAbI-
mu wospduyuenmamu. Tozda npu ecex k € N xosdduyuenmor mmozouaena
Qr(z) = (v — 2¥) (= 2E) maroce yeavie.

_ Iyemw Q(x), Q — nowosPduyuenmmuvie pedyryuu MmHozouaenos Q(z),
Q(z) no modyao npocmozo wucaa p; &1,...,& — wopru @ 6 nodrodauem

anzebpauveckom pacwupenuu Ly Tozda ff, o & kopuu Q.

Curenyroias geMMa ABIAETCA ocaabaeHueM TeopeMbl [lupuxie o TpoCcThIX
YUCIAX B aPUPMETUIECKON MPOrPECCUH, PA3HOCTH KOTOPOU B3aMMHO MIPOCTA,
C HaYaTbHBIM wIeHoOM. Jepes Z; 0603Ha1aeTCs IPYNA [0 YMHOXEHUIO OCTAT-
KOB OT JeJIeHUA Ha ¢ IUCeN], B3BAUMHO IPOCTHIX C (.

JIEMMA 2. Iyemy G # Zy — nodepynna epynnv L. Tozda mnodcecm-
80 MPOCMBIT YUCEA, OCTAMKY OM JeACHUS KOMOPLIL KA § HE NPUHAOAEHCUN
epynne G, beckoneuno.

B wacTHOCTH, KOIMYECTBO HPOCTBHIX YWCEI, HE HPENCTABUMBIX B BUIE
gk + 1, (manpumep 6k — 1 wnu 4k — 1) 6eckoHEIHO.

I OKA3ATEJNLCTBO. IIpenmomoxum nporuBHoe. IlycTh P — MHOXECTBO
BCEX P, OCTATKM OT KOTOPBIX L0 MOAYJO ¢ He qexar B G, a ¢ ¢ G. B cuny
KUTACKOU TeOpeMbI 06 OCTATKAX MOXKHO HAUTH Takoe Y, 9T0o y = = (mod q),
y =1 (mod p;) mas mo6oro p; € P.

Torga npousseaenue ¢ [[ pi+Yy CoOgepXuT UPOCTON AEIATENb, HE CDABHU-
piEP
MBI ¢ daeMeHTamu G 0 MOAYJIIO ¢, U He npuHagIexamuu P. [Iporusopedne.

W eme oguo nonesnoe HaOIIOLEHUE:

JIEMMA 3. Iycmv p — npocmoe. B a1060m KoAbUye uMeEOM MECTNO Cae-
dyrowue cpasnenus no modyaw p: a) (a + b)P = aP + b, b) (ab)? = aPbP,
¢) 0aa 06020 mmozousena Q ¢ yeavimu KodPPuyuenmanu Q(E)P = Q(EP).

[Iu. a) m b) HpoOBEPAIOTCA HENOCPEACTBEHHO, C) W3 HUX CIEAYET.

[TOKABATEJBCTBO HENIPUBOAUMOCTU P 4(x)

[Ipepmonoxum, uro ¢4 pasnaraeTca B IpOU3BeJeHIE HEIPUBOAUMBIX MHO-
roureHoB j, oramuHbix oT KoHcTaHTh: Pg(z) = [, Qi(z) u s > 1. Iycrs
m = mindeg @Q);, 6e3 orpanuvenus obmuOCTH CcauTaem, uro deg(Q1) = m.

Ilycts 1, ..., 2z, — xopuu Q1. Torga mrs ao60ro k, B3auMHO IIPOCTOrO
¢ d, amcra ¥ GyxyT HENpMBOIMMBIME KODHAMY d-H CTENCHW U3 €AMHALLL, a
MHOrOwIeH Qf = [1;(z — z¥) mo aemme 1 6ymer mmers nemsie xosddunmen-
ol [Tockonpky HO/l aByx MHOrOwWwIEHOB ¢ menbiMu KOdMQPUIUMEHTAMA €CTh

CHOBA MHOTOWIEH C TeJbIMHU KodpdunuenTamu, a (); — HEIPABOJAUMBIA U
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deg Q; > deg Q) = m, To MHOrOWIeHbl Q; 1 Q) 60 HE UMEIOT OOIUX Ae/IH-
Teer, 160 COBIALAOT.

JIro601 HEpPUBOAMMBIN KODEHb d-U CTeleHW U3 eJUHUILI UMeeT BUJI 7,
rge HOJMI(d,r) = 1 u, cregoBaTeabHO, ABIAETCA KOPHEM (. S3HA4IUT, mMIO-
00U MHOTOWIEH PAa3ioXeHus (); UMEeT HEeTPUBUAILHBIA OOIIUU AeJUTENb C
HEKOTOPEIM ;. II05TOMY, B CHILy BBIIECKA3aHHOTO, (Q; JOIKEH COBIAJATD C
KakuM-T0 Q,. rak, pasnoxenne Py Ha HEIPUBOUMBIE KOMIOHEHTHI JOIKHO
umers Bug Oq =[] Q.-

3aMeTuM TaKXe, 9TO MOCKOIbKY BCE KOPHU PACCMATPUBAEMBIX MHOT'OMIE-
HOB CyTb KODHH d-iI CTEIeHW M3 €IMHUII, MHOTOWIEH (J BABHCHT TOIBKO
oT ocrarka k mo mogymo d. Ecm mpu arom HO/I(k,d) = 1, To Bce Koprm
MHOTOWIeHa Q) CYyTh Henpusodumbie KOpHU d-ii cmeneny u3 eduHUYDbL.

PacemoTrpum MHOXECTBO Takux ocTaTKos k 1m0 Moayimo d, 9To Q = @1 =
= Q1. Ono obpasyer noarpynny G' B rpynne Zj. B cmry mamero npegmono-
XKeHmua o npusogumocTu P4 rpynma G He coBIaJaeT CO BCEW TPyIIOu 7.

[Ipu Bcex HOCTATOYHO GOMBUINX P PEAYKIMA IO MOAYIIIO P JUIA PASIAIHBIX
Q; 6yAyT pasIW<HLL ¥, KpOME TOro, peaykmusa MEorowiesa z¢ — 1 (a, smasmuT,
u ®;) me OygeT uMeTh KPATHLIX KOpHER (160 OyeT B3BAMMHO IPOCTA CO CBOEU
npomssoguon dz¢~! ecin p > d).

13 eMMBI 2 cIefyeT Hammaue Takoro k : Qp # Q1, 9T0 1A 6eCKOHEIHOTO
HabOpa MPOCTHIX P BHINOIHAECTCA cpaBHeHUE p = k (mod d).

Ho Torpga, ¢ ogHOU CTOPOHBI, B CUIY JEeMMBI 3 W PABEHCTBA Vi : :1:? =1
BCE KODHHU PEIYKIHH [0 MOAYJIIO p MHOIOWIEHA (Q) COBIAIYT C KOpHAME Q1
a Kod(pPUIUEHTHl PelyKIuu, B CAIy JeMMbI 1 GyAyT pDaBHBI PETyKIUH IO
MO0 P KO3(pPUINEHTOB UCXOLHOI'O Q-

C mpyrou croponbl, Q1 # @ u, CIeIOBATEIBLHO, IPU BCEX JOCTATOTHO
OoubMx p cpaBHEHUE (1 = @ 110 MOAYJIIO p MecTO He umeeT. [lomyaennoe
MPOTHUBOPEYNE TOKA3BIBAET TEOPEMY.

YIPAXKHEHUE. a) Bocnoaszosasmucs Teopemon Jlarpamxka, yTBepxma-
IOIIEH, ITO MOPAJOK DJIEMEHTA NEJUT MOPANOK TPYIIBL, HOKAXWUTE TITO JIO-
60U IPOCTOU JeauTelb 3Ha4YeHus MHOrowieHa $4(n) npu nemom n umeer Bup
kd + 1.

b) Io anasorum ¢ JOKA3ATEIBCTBOM JEMMBIL 2 [OKAKUTE, ITO UMEETCA Oec-
KOHEYHO MHOI'O TMPOCTHIX JIEJUTENCH 3HAYEHUN MHOTOWIEHA, C HEJIbIMU KOd(]-
(pUIIEHTAMY B IEIBIX TOYKAX, €CJAU DTOT MHOTOYIEH OTINYEH OT KOHCTAHTHI.
BriBequTe oTcioma 6€CKOHETHOCTH MHOXECTBA, HPOCThIX [ucen Bupa dk + 1.

CHuCOK JINTEPATYPBI
[1] B. JI. Bau gep Bapaen. Aazebpa. M.: Hayka, 1976. ['1. 8, §60.
[2] B.IIpacomoB. Muozousenor. M.: MITHMO, 2000. II. 13.3.



IIo MoTMBaM 3agavHHUKA
«MaTeMaTHIeCKOro IIpOoCBEIEHAI)

B mamen noctosuHon pyOpuke «3aJadHUK» OBLIO OMyOIMKOBAHO yXKe IO-
gtz 100 3agad. Kak MBI mpenynpexnaim Kax bl pa3, HEKOTOPHIE W3 DTUX
3a/1a4 OY€Hb TPYAHBI. MHOrMEe u3 OmyOINKOBAHHBIX B «3aIaYHUKE) 33029 XO-
POIIIO U3BECTHBI, HEKOTOPHLIE UMEIOT COOCTBEHHYIO MCTOPHIO.

[TosTOoMy HapAy ¢ yXKe CTaBIIEH MOCTOSHHON pyOpukou «Pemenusa 3amad
"3 IpeabIAyHINX BBIITY CKOB» MBI HAIUHAEM Hy6JII/IKa.HI/II/I CTa.TefI, IIOCBAILICHHBIX
n30PAHHBIM 330a9aM «3aJATHUKAY .

B sTOM HOMEpE BBI CMOXeTe MPOYATATH YBICKATEIBHBIN PACCKA3 Ipod.
A. Cougepa o xpomaTudeckom ducie mwiockocTu. O nHa U3 CBA3BAHHBIX C DTUM
croxeTom 3aga4 — 3aga4a 3.11 (Ne3, ¢. 233). Mb1 npusoaum cpasy ase 3ameT-
k¥, nocesameHasie 3ajga4de B. B. IIpoussoxosa (6.9, N6, c. 134). OTu unrepec-
HBIE CTATHU MOKA3BIBAIOT, HACKOJIHKO PA3HBIMU MOTYT OBITH PACCKA3bI 00 Of-
HOM M TOM Xe MareMaTumaeckom cioxere. Koporkas 3amerka B. B. [lomenko
ONMCHLIBACT PEIICHUA TPEX POJACTBEHHBIX 33789 O METPUIECKUX KOMIIAKTAX,
ofHA M3 KOTOpBIX — 3agada 4.9, Ned, c. 217. U, makonen, cratbsa A. E. Epo-
IMHA ONUCHLIBAET PELIeHre 0YeHb TPYAHOU 3agaqu 3.10, Ne3, c. 233.

BosMoxHO, KOMY-TO HAl BHIOOD MOKAXETCA HE CAUIIKOM yaadabiM. OH
BO MHOT'OM YCJIOBHBIA — 3aJa9, TOCTOMHBIX MOAPOGHOTO PACCKA3a B «3aMat-
HUKE» 6I)IJIO HAMHOI'O 6OJH)IIIe. Hy 9TO XK€, eCa’ IIoABATCA HOBBIC MHTECPECHBIC
CTATBhU MO CIOXKETaM APYTUX 330349 U3 «3AMAIHUKA», TO MBI UX 00A3aTENb-
HO omybiuKyeM (Jaxe B TOM CIydae, KOrJla KOPDOTKOE peIleHume yxke ObLIO
HAIEIATAHO).
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XpoMaTu4iecKoe 9rUCIO IIOCKOCTHU: €TI0 MPOILIOE,
HacTodAllee u Oy ayliee

A. Coudep
[IpuHCTOHCKUU YHUBEPCUTET;
DIMACS (LlenTp OUCKPETHOUN MATEMATUKUA U TEOPETUIECKOU MHMOPMATUKY),
yHuBepcuTeT Patrepca;
Yuusepcuretr mrara Komopano 8 Komopago-cupunrc

asoifer@Princeton.edu asoiferQuccs.edu http://www.uccs.edu/ asoifer/

Hocpamaerca namaru Ilayxs Opaéma
B 9ecTh ero 90-reTmsa

1. IIOCTAHOBKA 3AJIAYU

A mHe Mory mpeguararb JEHbI'H 33 KPACHBBIE 3a,/4a49H,
IpUAYMAHHBIE ADYTHMH JTIOJbBMH, IOCKOJIBKY TOIAA
A, OpPaBo, Pa30PIOCh. .. ITO OU€Hb KPACHUBAaA 3a[ada.
Ecuau 651 51 ee upugymad, s 6b1 npesaoxui 3a zHee 250
JOJLIAPOB.

[Mayas Opaéum
Boxka Paton, ¢pespans 1992 r.

BrITh MOXET, BBICHIMN KIACC B MATEMATHKE — KOTJA MOHATH 33y MO-
XKeT J0001, HO HUKTO HE B CHIaX ee 010aeTh. Ceromus Mbl 06CY UM MMEHHO
Takywo 3agady. OHa conpoTuBisgeTcs BceM ycuiuaMm yxke 6omee 50 mer. Bot
OHA:

Kaxroe wnaumenvwee wucao ysemos mpebyemcs 044 DPACKPACKU
NAOCKOCU, NPU KOMOPOU He cywecmsyem ompeska daunbt 1 ¢
KOHYaMU 00H020 ysema?

OTO IUCIO HA3BIBACTCA LPOMAMUUECKUM YUCAOM NAOCKOCTY A TACTO 000-
suagaerca . (B gaapmenmem odnoysemmoti napoti mer GyjeM HA3BIBATH TAPY
TOYEK OJMHAKOBOI'O IIBETA.)

O6paTuTe BHUMAaHUE, YTO PACCMATPUBAEMbBIE PACKPACKA — HE 00A3aTelNb-
HO «IPABUJIBHBIEY, C 3AMKHYTHIMEU obnacTamu. Muvi packpauwusdaem mouky
NAOCKOCTU 0€30 8CAKUT 02PAHUYEHUL.

(©2004, Alexander Soifer. Ilepesox B. P. @®penkuna.

MaTemaTu4eckoe npocsewyetrne, cep. 3, sbin. 8, 2004(186-221)
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He 3maro, k10 nepsbin 3ameTuna ciaegyiomuu gpaxkt. Moxer ObiTh, Agam
miu EBa? ['oBops 4y Th GoJee cepbe3Ho, 1 He TyMAako, 9TO, HAPUMED, TpEeBHe-
rpetvecKre reOMeTPhI 3HAIYM STOT KpacuBuId gaxT. OHE MpOCTO He 3amaBain
TaKUX BOIPOCOB!

3AIAYA 1. (Amam wim EBa?) Ecan mmockocTs packpaiieHa B 1Ba 1BeTa,
TO OHA COAEPXKUT ONHOIBETHYIO APy HA paccTosnuu 1, T.e. x = 3.

PEmWEHME. Bpocum HA HaHHYIO IIOCKOCTH, PACKPAILIEHHYIO B IBa IIBETA,
paBHOCTOpOHHWME Tpeyroabauk 1’ co croporou 1 (puc. 1). IlseTos aBa, a Bep-
IIMH y TPEyroJbHUKA TPHU (HALEICh, 9TO BB He 3a0buiu HpuHImI upuxie).
[lBe BepIIMHBI MOMXHBI UMETH OJAMHAKOBBIN IBeT. PaccTosHue Mexny HUMHI
paBHO 1. Il

3AAYA 2. Ecam miockoCTh PAaCKpallleHa B TPU MBETA, TO OHA, COAEPKUT
OJHOIIBETHYIO APy HA paccTosHm™ 1, T.e.

x =4

PEMEHUE kaHAJCKUX reOMeTpPOB, 6paThes Jleo u Yurbama Mosep (1961,
[35]). Ha miockocTs, packpalieHHy0 B TPU LBeTa, OPOCUM MO3EPOBCKOE BE-
pemeno, T.e. urypy, uzobpaxenuyo Ha puc. 2. Kaxnoe pe6po Beperena
uMeeT IIuHy 1.

[Ipeamonoxum, 9T0 U3 ceMU BEPIINH BEPETEHA HEAb3 BHIOPATH OTHOIBET-
HyI0 mapy Ha paccrogHum 1. Bymem camTaTh, 9TO MIOCKOCTH PACKPAIICHA B
KPACHBIN, 6L U CHHAN BETa. Pellenne mo CymecTBy ClIeqyeT AeTCKOU IIe-
ceake <A BCDEF G...».

[Mycrs Touka A xpacuas. Torga cpegu Touek B u C ogna Genas u ogHa
CHHAA, IO2TOMY TO4Ka ) KpacHasg. AHajoruvHo cpeam Todek I u F omgHa
6esas ¥ OfHA CUHSIA, modTOMy TO4YKa (G KpacuHas. [lomy<uaeM OXHOIBETHYIO
Imapy Ha paccTOAHMM 1 BOIpEKW HALIEMY IIPEAIOJOXEHUIO. O

3AMEYAHUE. Bepereno Mosepa 1mo3Bojauno peuuTs 3aaady 2 6aarogaps
TOMY, 9TO Cpeiu JIOOBIX TPEX €ro BEpIIMH HAUAYTCA ABE Ha paccTosHum 1

A

Puc. 1. Puc. 2.
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apyr ot apyra. Kak ciegcrsue, eciu B BEpeTEHE HET OJHOIBETHOU Mapbl HA
paccrosauu 1, TO HE GoJee ABYX ero BEepUIMH MOT'YT UMEThH OJMUHAKOBBLIA IIBET.
3amoOMHUM 3TO HAOMIOAEHNE: OHO IPUTOAUTCA HAM MO3XKE.

CywectByer au Bepxusa rpanuna mis X! Cpa3y sTo He odeBumauo. Mo-
XKeTe JU Bbl yKa3aThb Takyio rpanuny’! EcTecTBeHHO GBLIO GBI PACCMOTPETH
MOKPBITHE IIOCKOCTH MPABAILHLIMA MHOTOYTOJIBHUKAMA — W DTO, JEACTBU-
TEJbHO, IToMOoraet!

3AIAYA 3. CymecTByeT pacKpacKa INIOCKOCTHU B 7 IIBETOB, HE COJEPKA-
as OTHOIBETHOU MAPHI HA paccTOIHUA 1, T.e.

X <7

PEMEHUE ([23]). 3aMOCTHM IIOCKOCTH NPABAILHBIMY IIECTHYTOMbHAKA-
mu co croponon 1. [lokpacum ouH U3 MWECTUYTOIBHUKOB B IBET HOMED 1, &
WIECTH €0 COCeen — B uBeTa ¢ Homepamu 2,3, ..., 7 (puc. 3). oryausumicsa
«uBeTOK» — cummeTpudHbl 18-yroamsauk P. Ero casuru (Tounee, ero o6pa-
3Bl DY NAPAMLIETbHBIX MEPEHOCAX) MOKPBIBAIOT IMIOCKOCTh U ONPEETAIOT ee
PacKpacky B 7 I[BETOB.

JIerko MOXHO BBIYUCIATH (COBETYEM MPOJENIATh DTO), YTO HE CYIECTBYET
OMHOIBETHBIX MAp HA PACCTOAHUU d IPU

2<d< VT

Ecau Teneps ¢xaTh BCce JUHENHBIE pa3MepPhI, CKaxeM, B 2,1 pasa, TO MbI 1O-
Jy9uM PACKPACKy IUIOCKOCTH B 7 IBETOB, HE MMEIOIIYIO OJHOIBETHHIX AP HA

Puc. 3.
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paccroganu 1. (OTMeTnM, 9TO B CUILy TOMLY9€HHOTO HEPABEHCTBA Y HAC HOCTA-
TOYHBIA BBIOOp, TAK UTO HE UMEET 3HAMEHU, B KAKOU U3 ABYX MPUICTAIONIIX
[[BETOB [OKPALICHBl I'PAHUILI LIECTUYTOJIbHUAKOB. ) |

B 1982 r. Beurepckun maTemaTuk Jlacao Cekenn CyMen MOIy IUTH BEPXHIOIO
TpaHULY Aad X, HE UCIOAb3YsA MOKPBITUE INIOCKOCTH IIECTUYTOJbHUKAMUA.

BTOPOE PEMEHME 3A1A47 3 ([54]). (Yeprex u3 sTou crarbu Tpebyer
HeOOMBLION MOMPABKM, M HYXHO YKa3aTh PACKPACKY IPDAHUI], ITO A U AEIAI0
3/1€Chb.)

Puc. 4.

Ha puc. 4 MBI cTpoOUM TIEMOYKY KBAaAPATOB C IUATOHAJIBIO MJIWHBI 1 U Kpa-
CHM WX B CEMb IIOCAEJOBATEIBHO UEPEAYIOUIUXCA I[BETOB. 3aTEM IOIYUaeM
HOBBI€ LENOYKM PACKPAIICHHBIX KBAJPaTOB, CABUrasA IPEABIAYIIYIO LEIOYKY
BIPABO HA 2.5 CTOPOHBI KBaAPATA. BepXHsisa v npaBasg IPAHAILLI KBAIPATA UMe-
0T €ro [BET, 33 UCKIIYEHUEM BEPXHErO JEBOT0 U IPABOr0 HUXKHEro yriaa. [

B 3agmade 2 pemieHue ¢ BepeTEHOM TaKXe HE €JUHCTBEHHOE W3BECTHOE.
Huxe npuBeneHo «poIbKIOPHOE) pelleHre, UCTOPUIO KOTOPOTO i IPOCIEeIII
BwioTh a0 Comomona ['omomba, m3BecTHOTO m306peTaTend MOIUMUHO.

BTOPOE PEMEHME 3A4A41 2 (C.Tonom6, wacrtrHoe coobumenue). Ha
IIIOCKOCTH, PACKPAIIEHHYIO B TPU IBETA (KPACHBIN, GENbI U CuHM), 6pOCHM
rpad ¢ pebpamu IWHBL 1, TpEACTABIEHHBIN HA PUC. D; €CTECTBEHHO OyaeT
Ha3BaTh ero 2pagiom [osomba. [lomycTrM, ITO B HEM HUKAKUE [BE BEPIIXHBI
OJHOTO IBEeTa He coequHeHsl pebpom. llenTpanbayio Bep-
MIWHY TOKPACUM B KpacHbIN 1BeT. OHA coequHeHa pebpa-
MM CO BCEMU BEPUIMHAMU ITPABWIHHOTO IIECTUYTOIHHUKA
H, u noToMy BCe DTU BEPIIUHBI CAEAyeT MOKPACUTH B Oe-
JBIU ¥ CHHUY [[BET MOOYEpenHO. Bee BepIrHbBL PABHOCTO-
poHHEro Tpeyroabuuka 1 coequHeHBl pebpaMu ¢ TpeMsd
BEPUINHAMYU UIECTUYTOJbHUKA, MOKPAIIEHHBIMU B OJUHA-
KOBBIU mBET — CKaxew, Oexwii. Ho Torga 1T me moxer
“MeTh GelBbIX BEpPIINH; BCE OHM — KPACHBIE WIM CUHWE, W ITOTOMY JBE BEp-
UINHBI JOMXKHBI OBITH OWHAKOBOI'O IIBETA. JTO MPOTUBOPEYUE MOKA3LIBAET,
9TO TpPeMs BETAMU HEJIb3s MPABWIBHO PACKPACUTH NECATH BepIinH rpada
T'osmomba, a Tem 6oJee BCIO IIOCKOCTh. U

Puc. 5.
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[TopasurensHO, 9TO AOBOJIBHO JErKue 3a4a4u 2 W 3 NPUBOLAT K HAWIY -
LIIM T'PAHUIIAM A X, ©3BeCTHBIM ceronusa. OHu Obumu 0ny6.A4uK06aHbL CBBIIIE
40 mer Ha3ajx (HA caMOM Jelie OHU elle CTaplie: CM. UCTOPUYECKHAN OYEePK B
caepyromem maparpade). OgHako 0 CUX TOP MBI 3HAEM JUIb, ITO

X paBuO 4, 5, 6 wim 7.

Becbma mmmpoxun npomexyTok! Hemy xe paBHO X IO BalreMy MHEHUIO!
[layne Opaéur roBopwI MHE, ITO HABEPHAKA X > O.

B 1992 r. usBecTHBI amepukanckull reomerp BukTop Kiam nosegan mue
sauaTHyo ucropuio. B 1980-1981 r. om umran gekuuum B llBenmapum. Ux
mocemaI mpocaaBiaeHubn anrebpauct baprens JI. Ban gep Bapmen, koropomy
obL10 Ok0m0 80 ser. Korga npodeccop Kam pacckasan o cuTyanuu ¢ Hamen
3ajaten, BaH nep BapieH oYeHb 3aMHTEpeCcOBAICA U TaM XKe, IPIMO BO BpeMs
JEKIIAW 3aHAICA STOR 3amader. OH MOMBITAICA JOKA3aTh, 9TO X = 7!

[Mayns IOppaéur 6611 yBepeH, uTo x = 5. OH a06mi roBopuTs, 9To «y boza
ecmb beckoneunas Knuea, codepaicawas 6ce meopemvt U UL ayuwue 00Ka3a-
meabemaa, u ecat On 64a20804UM K KOMY-AUO0, MO HO M2HOBEHUE NOKA3bI-
saem emy Knuey [11]. Ecam 651 f 3aC/Iy XUl Takyio 9eCTh U UMeX BIOOD, TO
mompocun Obl AaTh B3TJAHYTH HA CTPAHUILY, MOCBAMEHHYI XPOMATHIECKOMY
YUCIY TWIOCKOCTU. A BbI ObI HE TOTPOCUINT!

2. B3ryasang B ICTOPUIO
[laBHO mOCTAaBACHHAA OTKPBITAA OpOOaeMa IPAEHIA. . .
Xoaaapa Kpodt, 1967
He mory npocaeqnTs npOucxox jeHue TOH 34,4490
[ayas Oppaéur, 1961

Yacro 6pIBaeT Jerde yCTaHOBUTH ITO-HUOYb U3 UCTODHH [JDEB-
mero Erunra, 4eM mpowucmiefiiee ¢ HAIIAMY COBPEMEHHUKAMU

Huxoaaac T'osepr ne Bpéun,
OunaxoseH, 5 uiousa 1995; snekrpornoe nucemo A. Coudepy

IT0 OBLIO JABHO U HEIPABAa

CrapunHasg PyCCKas LUIyTKA

Bnonme ecTecTBEHHO, ITO U€IOBEK IBITAETCA BBIACHUTD IIPOUCXOXTCHUE
cBoenr JIOMMON 3anadd. M A morpyswmiacs B TOHHBI CTAaTed W KHUL. 1acTb
HaWIeHHBIX MHOU CBEJIEHUU npencrasieHa B Tabauue 1. Bor omenomuenst? 1
TOXe GBI OmIeIoMJIeH!
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Kax Buguo us Tabaunet, [yriaac Bygomn ceceuiaercs na Maprura ap gae-
pPa, KOTOPHIX B CBOIO odUepenb ynommuaeT Jleo Mosepa. Xomapnx Kpodpr Ha-
3BIBAET 3a0a9y «JABHO IOCTABIEHHOU OTKPBITOU IPOOJEMOR JPIAEMan, a CaM
[Mayae Opaém «He MOXET NPOCICIUTH MPOUCXOXKAeHure »>Tou 3agaqdmy! Ilos-
X)e OH cchutaerca Ha «Xagsurepa u Heabconar, a Buk Kau u Ctsu Bouron
MUIIYT, 9TO 3Ta 33ahada «6buia moctasireHa B 1960-61 rr. M. 'apmaaepom u
Xangsurepom». Baoss nosiBiserca Kpodr, u va sror pa3 Kenner Danxskonep
v Puyapg [at BMecTe ¢ HUM OCTOPOXHO MPEAIOIATrAI0T, YTO TOCTAHOBKA 3a-
Ja4u, «oueBuAHO, npuHaarexuT J. Heascony» [3]. Ilpu sTom Puuapx lan me
CMOT' CKa3aTh MHeE, KTO Takou «J. Hearbcom» u modemy ['ant m xommanms «c
OYEBUIHOCTBHIOY MIPUIMUCAIA €MY ITY 3A4a9Y.

Takum 06pasoM, B CBA3M € HAIIEW 3aJa9€ld yIOMUHAIOTCA HE MEHEee KaK
maTh MaTemarukos: [layns Ipgém, Maprtun apauep, I'yro Xagsurep, Jleo
Mosep u Iasapa Henbcon. Kakoe Beigaromeecs obmectso! Ho Tpyamo mo-
BEpUTH, UTO BCE OHM NPHUAYMAIN ITY 3ahady, gaxe He3aBucuMo. S uys-
CTBOBaJ CeOs KAK YACTHBIA [ETEKTUB, PACIHYTHIBAIOIIUNA XUTPOCILIETEHUE
MPOTUBOPEUMBLIX CBEJEHUN. Uepes mecTh Mecanes 1 pasragan 3araiky! Xo-
Tex Obl MOOAATOMAPUTh MHOMMX MATEMATUKOB, BHECIIUX CBOU BKJAJ B DTO.
Oco6ou baarogapaocTu 3aciyxuBaior [laynrs Ipuém, Bukrop Kau, Maprun

[Ty6aukanus |Tox AsTop(sr) YkazaHnue Ha aBTOPA WIU
UCTOYHUK 3391
[19] 1960 |Tapamep «/leo Mozep ...numer . ..»
[23] 1961 | Xapnsurep (co Heavcon
ceouikon ua Koan)
[5] 1961 | Opmém «He mMory npociaeauTb Ipouc-
XOXK IEHUE DTOU 32T
2] 1967 |Kpod «/laBHO OCTAaBICHHAA OT-
KpbITasa mpobaema Ipdéuay
[57] 1973 | Bymomn Tapduep
[8] [9] [10] 1980 — | Opaém Xadsuzep u Heavcon
1981
[3] 1991 |Kpodr, «O9eBUIHO, IPUHAIJICKAT
Danvkouep u 'an | 3. Heabcony»
[34] 1991 |Kuam u Bouron «3ajava MOCTABICHA B
1960-61 M. I'apduepom u
Xadsueepom»

Taba. 1. KTo upugymarn 3a4a49y 0 XPOMATHIECKOM 9HUCIE ILIOCKOCTH?
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lapmaep, dasapa Heabcon u [xom Mszbemwn. Pasragka cramra BO3MOXHOU
Jaums 61arogapsa uxX COOOIEHUAM, BOCIOMAHAHUAM U COTPYJHUIECTBY.

AsTop 3amaun poamicsa 4 mas 1932 r. B [lekentype, [lxopaxusa. Coia ce-
kperapsa nrarbaackoro orgenenns YMCAY | Txozed Dasaps Heabcon yuam-
ca B amiee (MTAIbAHCKON IPUCOTOBATEILHOU IKOIe) B Pume. B 1949 r. On
Bepuyacsa B CHIA u mocrymma B Yukarckuu yuuBepcureT. [aJbHOBUIHBIN
npesugeHT yHuBepcuTeTra PobepT XaTuaMHC MO3BOMAL CTYIEHTAM COKPAIATh
BpeMdA NpeOBIBAHUA B YHUBEPCHUTETE 33 CUET CAA4YM OOLUIMPHBIX DK3aMEHOB.
On HenbcoH caan mx HACTOIBKO XOPOIIO, ITO OBLI JAOMYINEH K BBIMOTHEHUIO
MAaruCTEPCKOU TPOrpamMMbl 6e3 nNpoxoxaeHus Oakamaspuara. 2Kypuaa Time
coobumr 26 nexabpsa 1949 r. o Gnectamux ycnexax onoro Heascona ma 14 (1)
SK3aMeHaX.

Caenyromen ocennio 18-merHunn dasapn Heabcon mpuaymana To, ITO OH
HA3BaJ «BTOPOU MPOOIEMON YeThIPEX KPACOK» (B CBOEM HMUCHME KO MHE OT D
okTaAbpsa 1991 r. [37]):

«[Toporou mpodeccop Coudep,

ocenbio 1950 roga s 6bLI cTygeHTOM IMKAarcKOro yHUBEDPCHUTETA U Cpe-
[¥ IIPOYEr0 UHTEPECOBAICS IPOOIEMON YeThIPEX KPACOK, T. €. IPOOIeMOn
packpacku rpadgoB, JOIYCKAIOMINX TOIOJIOIMIECKOE BJIOXKEHWE B ILIOC-
KOCTB. Takue rpadbl MOXKHO N300Pa3UTh KaK Y3JbI, COETUHEHHEBIE IIPOBO-
Joukamu. S 3amasncs BOIPOCOM, HEJIb3s JIM IPENCTABATL TOCTATOIHO 0O-
FaTHI HOAKIACC TAKUX IPpadoB Kak moArpadsl OMHOr0 60JIbIIOro rpada,
KOTOPBIZ MOXKHO PAaCKpPaCUTh Pa3 M HABCErJa — Hampumep, rpada Bcex
TOYEK IUIOCKOCTHU, HAXOIAIUXCA Ha paccTosauu 1 npyr ot apyra (Torga
(IIPOBOJIOYKM» CTAHOBATCS 2KECTKUMHU, IIPDAMBIMMU, O,E[I/IHaKOBOIjI JJINHBL, HO
MOT'YT IIEPECEKATHCA). DTa UAed He OCYIIECTBIIACH, OJHAKO HOBAs 3342494,
MPEACTABIAIL CAMOCTOATENBHBIN UHTEPEC, U A COOOUINI O HEN HECKOb-
KM JIIOOAM.»

Onpaum u3 sTux gaogen Obur [xon Usbemt. OH 10 cux mOp BeCbMa XUBO
BCIOMUHAET 06 3TOM (mucpMo ko MEe oT 26 aBrycra 1991 r. [30]):

«1 Henbcon pacckasart MHe 3a1a4y 1 OLeHKY X > 4 B HosiOpe 1950 .,
ecau He B OKTA0pe — MBI BCTPETHUINCHL B OKTAOpe. fl cupocwmri, xakyio
OH 3HAaeT BepxHIOK OueHKy. OH OTBETWI, 9TO HUKAKOWU, M TOTAA S HA-
wen oueHky 7. fl 6vur Torga Ha mociegHeMm Kypce (u B 1951 r. momyuwma
crerneHb OakaJaBpa €CTECTBEHHBIX HAyK). Ilo-mMoeMy, D1 Kak pa3 Torjia
HOMUHAJIBHO CTAJ BTOPOKYPCHHUKOM IMKAICKOI'O YHHUBEPCUTETA U CIAJ
5K3aMeHbI, KOTOPBIE CPa3y IIOCTABU/IA €0 BIIEPEIU MEHA: IO MOXKHO OBLIO
CPaBHUTH C aCIIIPAHTOM IIEPBOI'O I'0a, UMEIOIINM OIVWH WIN ABa Ipobera
B cBoen moaroroske. Hecomuenno, B 1950 — 1957 rr. s o6cyx qaj 3agady
¢ apyrumu aogsmu. Onus u3 Hux — Xeio Cnencep dsepert 111, aBrop

Y Acconmanms XPUCTHAHCKOUN MOJIO I€KH.
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UHTEPIpPETANNYA KBAHTOBOU MEXAHUKU B TEPMUHAX MHOXKECTBA MUPOB, &
apyrou — Oamep [xynuan Bpoau, KOTOPBIM muUcaX JUCCEPTALMIO IO
pykoBoacrBoM Pokca; ol goaro Haxoguics B Kuranckom yHuBepcurere
loukoHTa U, TOBOPAT, 3AHAICA KIACCUIECKOU KUTAUCKOU JUTEPATYPOU.
B 1958+1 r. s roBopui 06 sTon 3agade ¢ Bukom Kuu. . .»

Bukrop Kiu Takxke BCOOMHHA, ITO CIBIIAT 00 >TOX 3amade oT [xoHa
Ns6emna B 1957-1958 r. 3arem npodeccop Kau yexan 8 Espony (1958 r.), rae
OH coobuua »Ty 3axady ['yro Xaasurepy, cobupasieMy MATEPUAT I KHUTT
«OTKpBITBIE MPOOJEMBI UHTYUTUBHOU I'€OMETPUM»Y, KOTOPYIO IPEANOIATaIn
Hanucars coBmecTHO Jpaéu, Penemr Tor, Xaasurep u Kan (sror Benrukmn
OPOEKT TaK ¥ He OCYIIECTBUICA).

Kaxkoser poau [layas Dpaéma, Maptuna ['apauaepa u Jleo Mosepa B ucto-
pun Hamen 3agasu! [Ipenocrasidaio ApyruM OTBETUTH HA €IMHCTBEHHBIN BO-
[IPOC: KOI'JIa, ¥ KaK IO3HAKOMMICA ¢ 2TOou 3agaden Jleo Mosep. Hecomuenno,
OH He IPUAYMBIBAIL €e He3aBucUMO oT Jxasapaa Henbcoma (mucebmo Ilayms
dpaéma ko Mue oT 16 moxs 1991 r. [13]):

«He momuio, roBopua jgu MHe Mozep B 1958 r., xakum 06paszoM OH
YCJBIIIAT PO 334a9y O XPOMATUIECKOM FHUCJIE IIOCKOCTH. IIOMHIO TOMB-
KO, UTO 3TO ObLIa HE ero 3a1a4a.»

Onnako Jleo Mozep okazai CymecTBEHHOE BIUAHUE HA, JAJbHERIIYIO CYIb-
6y srou 3axaan. Ou nax ee [laymao Dpaémy u Mapruny ap nuepy. [locrenaun
6aaromapsa cBoeMy 6e3ympedHOMY BKYCY OCO3HAJI €€ IEHHOCTb U BKIIOYWI B
¢BOIO KOJOHKY «MaremaTudeckue urpen B xkypuate «Canenruduk Amepu-
kam ([20]) ¢ 6maromaprocTsio Jleo Mosepy u3 yuusepcurera Anrb6epTeI, OT
KOTOPOT'O y3HAJ 5Ty 3aAady. TakuMm 006pa3oM, 9eCTb €€ MEPBOU NYOAUKAYUUU
npunagrexut Mapruny ['apauepy. He 6epycs cyaurs, modemy cTonp MHOTTE
aBTOpHI craren u Kaur ¢ 1973 mo 1991 rog npunuceiBaior ['apauepy decTs
co3Jdanus 3aa49d, Iero OH CaM HUKOT/A HE YTBEPXKIA.

[Ipu sTom HEKOTOpHIE aBTOpPHI (Hampumep, Bukrop Kiu u Crommm Bou-
rou), sHasmmue 0 poau Heabcona, Bcé xe ykaswBaau [apauepa u Xagsurepa
KaK aBTOPOB, MOCKOJIBbKY OHU IIPU3HAIOT TOJBKO MUCHMEHHOE CJIOBO, IIPEUMY-
IIECTBEHHO OIyOIMKOBAHHOE.

Koneuno, orgenpHOe M30IUpPOBAHHOE BBHICKA3BIBAHUE — CJIMIIKOM CJaabas
OCHOBA, [IJISl yCTAHOBJIEHUSA UCTOPUIeCKON ucTuHbl. C IPYyrou CTOPOHBI, TAKYIO
OCHOBY — B HE MEHbIIEN CTENeH!, IeM MyOIuKAnusI — COCTABIIIOT HE3aBU-
cuMble 0OBEKTUBHBIE CBU[ETEIHCTBA, IOATBEPK AAt0IIMe APYT Apyra. ViMenHO
9TO U CTAJI0 PE3YJAbTATOM MOUWX U3BICKAHWUU. BOT jauiis 0auH npumep 06bek-
TuBHOCTU Heabcona u Usbemwrna. 23 asrycra 1991 r. dasapa Heabcon mumcan
mHe [36]:

«IT0 KacaeTca PTOM 3a4a4u, TO A He JOKA3AM HUYIErO. . . »

[xou U36ent nonpasut Herpcona B nmucbMe ko MEe 0T 3 ceHTa0pa 1991 r. [31]:
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«[IpormrupoBannoe Bamu yrBepxkaenue Jiaa Heascona: ,,ITo xaca-
eTCS DTOU 334441, TO s HE TOKA3AJI HUYEro. .. BBI3BAHO JUIIb 3a0bIBYIU-
BocThio. OH 0Ka3al1 MHE, 9TO 00CYXK JAeMO€e YUCJIO0 HE MEHBIIE YeTHIPEX,
HCIIONB3Y A PacCy Xk aeHue Kak B pabore Xazasurepa 1961 roza. Korga Xa-
IBUIED MPUIKCHIBAECT 3TO HEPABEHCTBO MHe (co ccplikon Ha Kau), To a0
ommbka — qaudbo Xansurepa, 6o Kim.»

Bcé sTo mpuBoauT Hac K Bompocy 06 aBTOPCTBE HEPABEHCTB
4<x<T.

W cHOBa BCe MCTOYHUKY APYIKHO IPAMUCHIBAIOT Y€CTH IEPBBIX JOKA3ATEIbCTB
Xagsurepy u Mosepam. [la, B 1961 r. usBecTHbIN mBennapckun reomerp [y-
ro Xagsurep ony6aukosar ([23]) 3amady 0 XpOMaTHIECKOM UHCIE IVIOCKOCTH
BMeCTe C TOKa3aTeIbCTBaMu 06omx HepaseHCTB. Ho oH mummer (m HEKTO He
quraer!):

«Mer 6narogapus: mucrepy B. JI. Kau (Cuarra, CIIIA) 3a cregyrougyio
nH(pOpMAIHUIO. 3a1ada MOCTaBIeHa O. HeabCoHOM; HEpaBeHCTBA TpUHA,I-
aexat [lx. U36emry.»

1 Xaasurep npogomxkaer: «Heckoapko net masan asrop (T.e. Xagsurep)
obcyxaan c 1I. Dpaéurem Bompockr Takoro poga.» O3HadaeT Ay 5TO, ITO OH
oyMas HaJ 3amader HezaBucumo oT Hembcona? MBI HUKOTJA 5TOTO HE BBIAC-
HUM TOYHO, HO y MeHsA ecTb comueHus. B 1955 r. Xaxsurep Bmecte c [e-
OpPYHHEPOM OILyOIMKOBAJ BEIMKOIEIHYIO0 GONBIIYI0 IPOOIEMHYIO CTAThIO [24],
kKoTopas B 1959 r. BeIpocia B ux 3aMedaTenbHyo KHUrY [25]; B 1964 r. Beimen
aHrmickui nepesox Bukropa Kuum [27], a B 1965 — pycckum nepesog [26]
non penakumen Vicaaka frmoma. Bee ot kaurm (u apyrue pa6orer Xansure-
pa) ColepKaT MHOXECTBO (BOIPOCOB TAKOI'O0 POJay, HO TOIBLKO HE 3a1a4dy O
XPOMAaTHUIECKOM JIHUCIE IIOCKOCTH. KpoMe Toro, MHe KaxXeTcs, ITO 3Ta 3a,/1a-
93, HE MOAXOAUT XAIBUIEPY «II0 XaPAKTEPy»: BO BCEX MOAOOHBIX CJIIydasiX OH
OpPeAIOYUTAI PACCMATPUBATEH 3aMKHYTHIE, a HE MPOU3BOJbHEIE MHOXECTBA.

CBouMu COMHEHUSAMU HACYET HE3aBHCHMOI'O aBTOPCTBA XaABUrepa i IO-
penuica ¢ [laymem Dpaéuem. D10 6610 0CO6EHHO BaXHO, TOCKOIBKY Xa[BU-
rep CCBUIAETCA HA CBUAETENbCTBO Opaéma (cMm. npeabiaymui ab3an). [ayis
orBeTma Tak (1MCbMO KO MHe oT 16 mroaws 1991 r. [13]):

«fI BecTpeuauncs ¢ XaasurepoM aums noctae 1950 r. u moTomy noJaraio,
49T0 npuopuTeT npuHagtexut Heascony (Xagsurep yMep HECKOIBKO JET
Ha3al, TAK 9TO s HE MOI'y ero CIPOCUTBH, HO s LyMal0, ITO CATYAILWS
O4YeBUAHA. )»

B cBoem BoicTymieHuu Ha 25-11 FOro-BoCTOYMHON MeX IyHAPOIHON KOHMDE-
peHnuu o kombuHaTOpUKe, nHpOpMaTuKe u Teopuu rpados B boka Paros,
Paopuga (10 mapra 1994 r.) Ilayas mogBen nTOr MOMM U3BICKAHUAM B CBOEM
HEIIOBTOPUMOM CTHUIIE:
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«Ects maTemaTuk no dpamumiunu Heabcon, koropwi B 1950 roxay, Gy-
IY49d B BO3PACTE DICUJIOH, TO €CTh 18 JleT, OCTaBUI CIeAYIOMAN BOIPOC.
[JomycTrM, B COCIMHUIN BCEBO3MOXKHBIE TOYKHU IIOCKOCTHU, HAXOISIIA-
eca Ha paccrosuuu 1 apyr ot apyra. loayuwmncs GeckonedHbin rpad.
KakoBo xpomaTudeckoe qucjao storo rpada’

DTy 3aJa4dy TOXE YaCTO MPUMNKUCHIBAIOT MHE. BeCCIOpHO, A HE UMEH K
HEel OTHOIIEHUs. BrepBrie s y3HaI PO 3a4a4y O XPOMATUIECKOM YHUCIE
mwiockocTu 3umon 1958 r., xorga nocerun [Jleo] Mosepa. OH He ckasan
MHe, OTKYa HOABWINCE 5Ta U Apyrue 3ajxa4uu. Ee npunucwiBamu u Xaasu-
repy, HO TmarersHoe uccaegosanue Condepa MOKa3an0, ITO HA CAMOM
nese oHa npuHaniexkuT Heabcomy.»

Teneps MBI MOXEM, HAKOHEI, BO3AATh NOJXKHOE JaBapay Herbcony, ko-
TOPBIU nepBbIM qoKas3ad B 1950 r. muxuio ouenky 4 < x. Kak Bcmomunaer
[xou Us6ert B nucsme ko mue [30], HeabcoH, uMes B BUAY 5Ty OLEHKY, «IHO-
OWJ HA3BIBATH [CBOIO 3ajady] BTOPOM HPOOGIEMON YeThIpEX KPacokKh

[lBa M3BECTHBIX KAHANCKUX CHENMAIACTA 0O 3aaadam (problem people),
6parba Jleo u Yuabam Mosepsi, Takxke omybaukosaau B 1961 r. [35] mokasza-
TeJILCTBO HUXKHEN OeHKM 4 < X B CBA3M C PelIeHneM ApYrou 3agadu. Ha mon
B3, 00a MOKA3aTEIHLCTBA HE OTIMYAIOTCA, O4HAKO npuMenerue Mosepamu
KOHEYHOI'0 MHOXECTBa, HBIHE Ha3bIBaeMOro BepereHoM Mosepa, okazantoch
O4YeHb 3(pPEeKTUBHBIM.

[xou Uszbemn nepseim pokasana B 1950 r. BepxHuoo oneHky ¥ < 7. On
OPUMEHUI Ty XK€ IIEeCTUYTOJBHYI PACKPACKY ILIOCKOCTU B 7 I[BETOB, KOTO-
pyto onybaukosan Xansurep B 1961 r. [23]. YMecTHO OT™MeTHTD, YTO XaaBU-
rep BIEPBBIE NPUMEHWJ TaKylo packpacky B 1945 r. [22], mo B gpyrou 3a-
Jatde: OH XOTeN IMOKa3aTh, 9TO CyILIECTBYET 3aMKHYTO€ MHOXECTBO, KOTOPOE
HE pealu3yeT BCe PACCTOAHUA (CM. OIpEJeNeHUE HUXKE B Pa3f. 3), a CEMbIO
ero caBuraMu?) MOXKHO IOKPBITH BCIO IIOCKOCTH (OH TAKXKe JOKA3AN, 9TO IIf-
THIO CABATAMU 3aMKHYTOI'0O MHOXECTBA, HE PEAIU3YIOIIer0 BCE PACCTOIHWUI,
HeJIb3s MOKPBITH IIOCKOCTh). Cendac mpodeccop [xon Usbewn paboraer B
rOCyJapCTBEHHOM yHEBepcuTeTe mTara Huo-Mopk B Byddaro.

[Mayae Opaéur BHEC ABOSKUU BKJIAL B UCTOPUIO 334U O XPOMATHAIECKOM
9UCIe IIOCKOCTHU. Bo-mepBrIX, DPAEN «pa3ker MIaMsay DTOU 33129, KaK 2TO
caenan Oractec ge Mopran B OoTHOIIEHUN IPOGIEMBI I€THIPEX KPACOK. Jp-
€I crenan 3a0a9y O XPOMATUIECKOM YU TWIOCKOCTH XOPOIIO W3BECTHOWU,
YIOOMUHAA €€ B CBOMX OECUMCIEHHBIX NOKJIAAAX W BO MHOTMX NyOIUKAIUIX,
warpwep [5], [6], [7], [8], [10], [9] u [15].

Bo-BTopbix, dpaéin mpugyMal MHOXECTBO MOMYIAPHBIX POACTBEHHBIX 3a-
pad. OnHy U3 HUX MBI OOCYIUM B CJAEAYIOIIEM Pa3/Iele.

2)HaHOMHI/IM, qTO CABUAI — 3TO 00pa3 MHOXKECTBA IIPU IAPALICILHOM IIE€PEHOCE.
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Brut mony4en psajg pe3yabTaTOB MPHU AOMOMIHUTEIHHBIX OUPAHUYEHUAX HA,
MOHOXPOMATHYECKAE MHOXECTBA, T.€. MHOXECTBA TOYEK OJHOIO IBeTa (CM.
o630per B [34], [3] n [44]). Hanpumep, K. Darskonep mokasax [18], aro

Hucao x He MEHLULE NAMU, ECAU MOHOTPOMEMUYECKUE MHONCECTEA
usmepumdvt no Jebeay.

[us pemrerus 3aa9u 0 XPOMATUIECKOM €HCIE INIOCKOCTH IPUMEHSINCH
BCEBO3MOXHBIE CPEACTBA: KOMOMHATOPUKA, Teopus rpadOB, TOHOJIOrusm, abd-
CcTpakTHasA aarebpa, Teopusa Mepsl # T. 1. Ho 3amata B obuen ¢popMyanpos-
Ke, K yIWBJICHUIO, BEIIEPKAIA BCE ATAKM, X OOIACTD 3HAYCHUN A X OCTACTCA
yapy4aomie mupokorn — ot 4 go 7. [lodemy ma nporsxenun 53 jeT 3amada
HE o/ [aeTca HuKakuM ycuauam?! B pasmene 6 BBICKa3aHO TIPEAIOJOKEHUE HA
STOT CYET; OH BO3HUKJIO B MTOT€ COBMECTHOU paboThl aBTopa ¢ CaxapoHOM
[Mexaxom.

[Ipodeccop Iasapy Heabcon ¢ 1959 r. nocroarno paboraer B [Ipuncron-
CKOM YHUBEDCHUTETE; IVIaBHbIE 00JACTU €r0 MHTEPECOB — AHAAW3 W JOTHUKA.
Heckoabko setr mHaszan oH m3bpan B HammonanpHyio akageMuio Hayk. IIpo-
deccopy Hembcomy cemuac 71 rom; mposega ron (2003 r.) B Ilpuncrone, s
crax ero 6mm3kum apyrom. B okrsabpe 2003 r. MeHsa npuUrIacUin BHICTYIUTH
B [IpuHCTOHE HA TEMy XpOMATHIECKOrO FHCIA IIOCKOCTH. fI mOCBATHI CBOM
nokaan «aBapay HeabCcoHy, KOTOPBIU NPUAYMAT STY 3HAMEHUTYIO 3a0aTy K
Hamen obmmer pagocTuy. ITO ObBLI UTOr MOUX 12-I€THUX 3AHATUU 3TOU 3a-
nasen. BoicTymrenune 6bUIO s MEHA OCOOEHHO BAXKHO, MOCKOJIBKY HA HEM
npucyTcTBOBaI JDaBapa Hemabcon.

3AMEYAHUE. K coxajseHnio, HETOYHBIE CCBUIKA HA ABTOPCTBO DTOU 3a-
Jaqy TPOJOIKAIT BCTPEYaThcsa B aurTeparype. [Ipumepom ciayxur 0630p
A. M. Pauropoackoro «Ipobrema Bopcyka m xpoMaTuydeckue Iucaa HEKOTO-
pBIX MeTpudeckux npocrpancTsy (YMH, Tom 56, Bem. 1, 2001, c¢. 107-146).
XoTsa aBTOp ¥ ynoMuHAeT MO pabory [43], HO TeM He MeHee IPUIUCHIBACT
MOCTAHOBKY 333491 O XPOMATHIECKOM uncie miockocTu «Henbcony u Uzbemry
u (HesaBucuMoO) IJpaéuy u XaIBUrepyn.

3. IIOMUXPOMATUYECKOE YMCJO IIJOCKOCTU U PE3YJbTATHI,
BJIM3KUE K BEPXHEW I'PAHULIE

Korma Baxnas mpobreMa CONPOTHUBIAAETCS BCEM aTaKaM, MaTeMATUKA
NPUAYMBIBAIOT MHOXECTBO POACTBEHHBIX HTPOOJEM. DTO MAeT UM BO3MOXK-
HOCTh PEmUThb YTO-HUOYAb. .. HOrma >TOT HPOIECC MPUHOCUT PEATbHYIO
MOJB3Y: PA3MBINUIEHAA HAJ POACTBEHHOU 33a9€d OTKPBIBAIOT HOBBLIE CIIOCO-
6B1 0J0JETH MCXOAHYI0. B CBA3KM ¢ XpOMATUYIECKUM HUHUCJIOM IIOCKOCTHU OBLIO
IIOCTABJIEHO MHOTO 334a4. 1eMu, KOTopble OOIbIIe BCETO MHE HPABATCA, A XO-
Tesl OBl IOAEIUTHCA C BaMHU.
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Beegem yno6HBIM TepMUH: PACKDPALIEHHOE MHOXECTBO S peasu3yem pac-
cmosnue d, ecin S cOAEPKUAT OAHOIBETHYIO Mapy HA PaCCTOAHUU d.

[lepBoe ymoMuHaHEE O 3a/1a1€, PACCMATPUBAEMON HUXKE, Caeaano B 1959 r.
B 3HameHuTou kHure I'yro Xagsurepa [25] u, COOTBETCTBEHHO, B €€ EPEBO-
Aax [26] u [27]. XagBurep coobmaeT B HTON KHUIE, CCHUIAACH HA BEHI'€PCKOI'O
maTemaTuka A. Xemmema, aro [layas Dpaém mocTaBmi CIeyoIInd BOIPOC:
€CIY IIOCKOCTh pa3buTa HA TPU HENepeCeKaUuXCa MO IMHOXECTBA, TO BCe-
IO JU BEPHO, 9TO ONHO U3 MOAMHOXECTB PEAIN3yeT Bce PACCTOSHUA. Bekope
3a4atda Ipuobpesa CBOM HBEIHEIIHUY «00auK». BoT oH:

Kakoe noumenvwee wucao y6emos mpedyemcs 0as packpacku
NAOCKOCTNU, NPU KOMOPol HUKAK0U ysem He peasu3yem ece pac-
cmoanua’?

ITOMY HHCIY CAeIOBAJIO NaTh UMs, u B 1992 r. [44] s HA3BaJ €ro noauzpo-
MAMUYECKUM YUCAOM NAOCKOCYU 1 0003Ha U X, Hazpanme u oboznaienue
OKa3aJIUCh CTOJIb €CTECTBEHHBIMU, ITO CEUYAC OHU YK€ CTAIU CTAHIAP THHIMUI
U IPUMEHEHBl B CTOIb 3HAYUTENbHBIX KHUrAX, Kak [33] u [21].

Tak Kak A CIUTAT 3Ty OTKPBHITYIO MPOOIEMY OYeHb BAXHOW, TO MOMPOCUIT
[Mayas Oppéiia mMoATBEPAUTE €0 ABTOPCTBO, BCKOJIb3b YIOMAHYTOE XaIBU-
repom. Kak Bcerga, [layas B cBoem mucbme k0 mue oT 16 mromxs 1991 r. [13]
OBLI UCKPEHEH U CKPOMEH:

S maxe He BHOMHE yBepeH, 9TO s — ABTOP DTOU 3a4a4K: HAUTYU HAU-
MEHBIIEE TUCJIO IBETOB JIsA PACKPACKY TLIOCKOCTH, TIPUA KOTOPOU HUKAKOU
LIBET He peaau3yeT Bce paccTogHuda. Ho ecam >ToMy HUYTO ABHO HE IIPO-
THUBOPEYINT, TO MO2XKHO IIOKa 3TO IIPEAIIOJOXUTH.

B 3azmatde o xpoMaTuueCKOM YUCHIE IIIOCKOCTYA MBI UCKAJIU PACKPACKHU, IIPU
KOTOPBIX HUKAKOU IIBET He peaamsyeT paccrosume 1. B 3amade o moamxpo-
MATUICCKOM YTHUCJIC MbI paCKpalIMBa€M IIJIOCKOCTH TaK, 9ITO Ka,)I(rl[bII;lI nBeT 7,
HE peajm3yeT HEKOTOpoe paccrosHue d;. [lisa pasium<aHBIX IBETOB ¢ U j COOT-
BETCTBYIONINE HEPEATU30BAHHbBIE PACCTOAHUA d; U dj MOIyT (HO He 06A3aHbI)
pasamyaThcsa. Pasymeercs,

Xp S X-
CoracHo pemeHuio 3a1a4u 3

Xp < 7.
3a nepsbie 12 jeT cymecTBOBaHUA 334a4Mu HU4Yero Ooubine He ObUIO HAUIEHO.
3arem B 1970 r. MOCKOBCKUM WKOABHUK (mKoIa paboden mousozexu Nel05)

[Jvurpun Panckun, yaactauk kpyxka H. H. KomcranTumosa, omyOamkoBa
([39]) HMXKHIO ¥ BEPXHIOI OLEHKY A Xp:

3A1A4A 4 ([39]). 4 < xp < 6.

[Ipumep ¢ xp = 6 6bu1 Haugen C. B. CTevkuHBIM 1 ¢ €ro pa3peneHns Ommy-
6nukoBan /[I. E. Panckum B [39]. 9ToT npumep npuBoguTcsa Huxe, cM. ¢. 201.
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Mex 1y npouunm, Ha 3amnajge aBTopcTBo CTEeYKMHA 0CTAIOCH HEU3BECTHBIM.
MHorouucaeHHbIE CTATHA U KHUTHT, KOTOPBIE A BUAE], IPUIACHIBAIOT IPUOPH-
TeT Panckomy. [lovemy Tak cayummocs? Kak qro6ou Ha MOoeM MecTe, 1 00pa-
TUJICSA K QHTIUICKOMY HepeBoxay crarbu Paiickoro. Tam ckasaHo:

S. B. Stechkin noted that the plane can be decomposed into six sets
such that all distances are not realized in any one of them. A correspond-
ing example is presented here with the author’s solution.?)
Yo 3a aBTOp mMeeTca B Buay? Asrop crarbu (kax pemwma 6vr ao60m)? f 3a-
Ka3aJ KOMWIO MCXOTHOTO PYCCKOI'O TEKCTA W C YAUBIEHUEM IIPOTEN:
«CooTBeTCcTBYOIUN IPUMED IPUBEAEH 31€Ch € PA3PEULEHUA A8TMOPA.)
IlepeBogauk mepemyTan OMU3KUE IO HAMCAHWIO PYCCKUE CJIOBA, «PA3PEIICHUE)
U (pelleHue) M HEIATHHO CO34AJI MUD.

B 1973 r., uepes Tpu rojga nocie mybaukanuu Parckoro, 6puraHCKun Ma-
TemaTuk /lyriac P. Bynoar u3 yauBepcuTeTa HoTTHHreMa Oy OIMKOBAI OTHY
U3 JIydIuX NOHBIHE cTaTed [57] mO BOIpocaM, CBA3AHHBIM C XPOMATHICCKUM
9UCJIOM ILIOCKOCTU. Kpome mpodero, OH gajd COOCTBEHHBIE HOKA3ATEIbCTBA,
HepaBeHCTB u3 3aaa1u 4. Bocems et cuycrsa C. I1. Tayucenn o6rapyxma ToH-
Kylo omubKy B pabore [57] 1 Hamex cBoe JOKa3aTeIbCTBO TeopeMbl Bypomra.
Kparkoe coobiienne 06 5TOM nOABUIOCH B iedaTu. [[oAHBIT TEKCT CBOEU pa-
6oTel, 10 MoeMy cosery, Crusen nomectur B uareprere (cMm. [56]).

HokazareascTBo Bynomna s opranusoBan mis Bac 3€Ch I€PE3 TPOEKPAT-
Hoe npuMeHeHue AByx ugen I'yro Xaasurepa ([27], 3agaau 54 u 59), koropoe
s HA30BY JEeMMOU XaIBUTepa.

JIEMMA XAABUTEPA 5. Ilycts kpyr C mumameTpa d packpaineH B Heabii
u cunuy useT. Eciau Geawln nser He peanusyer paccrosaue dy, (d, < d), a
CUHUY 1BeT He peaausyeT paccrosnue dy (dp < d), To C HE COIEPKUT XOPABL
IIAHBL dy, ¢ KOHIIAMY OJHOTO IIBETA.

HJOKABATEILCTBO. flcHo, uT0o kpyr C HE COAEPKUAT XOPABL IIUHEBL dy, C
O6eqbIMy KOHIIAMY, TaK KaK DTO PACCTOSHUE HE PEeaIu3yeTcsa OeabIM IIBETOM.
[pexnomoxum, aro C' cogepxuT xopay XY niwsbl dy, ¢ CAHUMEA KOHIAMU.
IloBepaem XY BOKpyr meHTpa Kpyra B HOBoe monoxenme X'Y' Takoe 9o
| X X'| = dp (puc. 6).

Touku X' u Y' e moryT oguoBpemenuo 6vith Geanivu (X'Y' — xopna
nauHsl dy ). [losTomy xors 661 ogaa w3 xopa X X', YY' naunet d, umeet cunue
koHnbl. Ho cuHUM iBeT He peaqusyeT paccrosHue dp — nporuBopedume. [

[TPEAJIOKEHUE 6. IlycTh mIOCKOCTH pACKpAlleHa B KPACHBIU, OEIbIN U
CUHUY IBET, IIPUYEM 3TU IIBETA HE PEATU3YIOT, COOTBETCTBEHHO, PACCTOIHUA

3. B. Cmeuwkum 3amemua, 9T0 IOCKOCTH MOKHO Pa3GUTh HA IIECTh MHOKECTSB, HIT OJHO
73 KOTODHIX He peanusyeT Bce paccTogHus. COOTBETCTBYIOIINY IPUMED IPUBOAUTCA 34€Ch
BMECTE C A6TMOPCKUM DEeULEHUEM.
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Y X'

|~

Puc. 6. Puc. 7.

dy, dy, dy; d, < dy < dp. Torga gHe cymecTByeT 0Tpe3Ka, IIUHEL d,, ¢ KPACHBIM
U CUHUAM KOHIIAMU, I'Je

dpy = [ d2 — (%dr)Q + ?dr.

HOKA3ATEJBCTBO. Ilycre RB — oTpe3ok mausbl d,p, npudeM To4Uka R
KpacHas, a B cunas. Hadeprum okpyxuocts C paguyca dy ¢ ueHTpoM B u
PaBHOCTOPOHHUY TPEYTOIbHUK 1’ CO CTOPOHOU d;-, OJHON U3 BEPIINH KOTOPOL'O
asaserca R, a Beicora aexur Ha orpeske RB (puc. 7). Jlerko mposeputhb
(mpogenayrTe TO), ITO OCTATbHBIE ABE BepumHbl Ry u Ry Tpeyrombauka T
rexar Ha okpyxHOocTH C (Ha caMOM jgere BBIGOD PACCTOSAHUA dpp DTUM U
OIPENeIIICs ).

Tak kak Ha WIOCKOCTYU HET OTPE3KA JJIUHBL dj ¢ CAHUMY KOHI[AMUY, a TEHTP
B oxpyxuoctu C' CHHEU, TO BCA OKPYRHOCTb MOKPAIIEHA B KPACHBIM u Ge-
apin mBer. OxpyxuOCTH C HE MMEeT XOPABI MINHBL d, ¢ KOHIAME OTHOT'O
uBera B cumiay npepmoxenws d. Ilosromy ogma m3 koHmoB xopael Rj Ry —
KpacHbIU. Takum 06pa3zoM, paBHOCTOPOHHUY TpeyroabHuk RRj Ry co cTopo-
HOU d, UMeeT [Be KPACHBIE BEPUINHBI, TOT/Ia KAK KPACHBIN I[BET HE PEAIn3yeT
paccrosaue d. O

HokazaB mpennoxenus b u 6, MBI CMOXEM [JOKA3aTh W HUXKHIOIO OIEHKY
LT X p-
3A4A4A 7. ([. E. Panckun [39]). Joxasars, aro

Xp>4>

T. €. IPX PACKPACKE IJIOCKOCTU B TPU IIBETA XOTA ObI OJUH U3 HUX PEAIUAIYET
BC€ PACCTOAHUA.

PeEmEHKE /. P. BynosuiA [57]. Ilycrs miockocTs packpameHa B Kpac-
HBIN, O€JIBIM U CHHAN I[BETA, IPUIeM KaX LI U3 HUX He Pealn3yeT, COOTBET-
CTBEHHO, paccTogHue d,.,d,dy; d, < dy, < dp. Bes nmorepu o6ITHOCTH MOXHO
CIUTaTh, 9TO Ka.)K,lH:;IIZ OBET NPUCYTCTBYET Ha IVIOCKOCTHU (B IPOTUBHOM CJIYy-
yae BbIOEpEM HPOU3BOJILHYIO TOYKY U IIOKDACHM B OTCYTCTBYIOIIAU IIBET).
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Ounpepgenum d crepyrommm 06pazom (dpp onpeneseHo B npearoxenun 6):

d=/d2, — (%dw)Q + ?dw.

[Toxaxem, ITO eciam OAMH W3 KOHIIOB OTPE3KA MIWHBI d GENBIN, TO U APYTOn
Takxke Geapii. B camom mene, mycts BW — oTpe30k IauHbI d, IpUieM TOUKa
B cunss, a rouka W 6eaas. Hageprum okpyxuocTs C' paguyca dyp ¢ HEHTPOM
B TOYKe B ¥ paBHOCTOPOHHUYU TPEYTOJLHUK 1’ CO CTOPOHOU d,, OMHOU U3 BEP-
LINH KOTOPOro saBiasgeTca W, a BbICOTa JEXUT HA
orpeske BW (puc. 8). Jlerko nposeputs (mpo-
Wy JENTauTe DTO), ITO OCTATbHBIE ABE BepumHbl Wi
_ u Wy Tpeyrombauka 1’ mexat Ha okpyxHOCTH (
" w (HA cCAMOM [eJe DTUM | ONPEAEIANCA BBIOOD pac-
Wo crosnus d).
B cuny npegnoxenus 6 HA IIOCKOCTH HET OT-
pe3ka MIuHBL dpp, Y KOTOPOrO OAWH KOHEI KPac-
HBIW, a Apyrou cuHuu. [loaTOMy HA OKPYXKHOCTH
C mer KpacHBIX TO4eK (ee meHTp B cuumn). Ta-
KM 00pa3oM, OKPYKHOCTb IMOKPAIIEHa, B OeIbIi U CUHUY IBeT. B cuny mpen-
JoxeHus 5, mobas xopga mauHbL dy, B OKpyx)HOCTH C umeeT OquH Geabin
kouen. CregoBaTenbHo, ogHa u3 Touek Wi u Wo 6enas, T.e. B paBHOCTODOH-
meMm Tpeyroasauke W W1 W, co croponoun d,, umeioTcs aBe Geble BEPIIUHEI,
TOr[a KaK ONBIA IBET HE PEATUIYET PACCTOAHUE dy, .

AHATOrUYIHO MOKA3BIBAETCA, UTO HA INIOCKOCTH HE CYIIECTBYET OTPE3KA,
RW pawmubt d, y koToporo koHer R kpacubiu, a konery W 6enbiu. (Hageprure
puc. 8 ¢ TeM WM3MEHEHMEM, YTO LEHTDP OKPYXHOCTU HAXOAUTCA B KPACHOU
Touke R.)

Wrax, MBI TOKa3aI7, 9TO OKPYRKHOCTb paauyca d ¢ MeHTPOM B H€I0n TO4-
Ke MOMXHA ObITh MOJHOCTHIO Genon. Ho Torga m BeA mIockocTb Oemad. ITO
IPOTHUBOPEYNE 3aBEPUIAET T0KA3ATEIHCTBO. O

Puc. 8.

B xonne 2003 roma Anekcen Kamenb-Bemos coobmmia MHE yauBUTEIBLHO
KpacuBoe pemieHue 3aaa9u 6, koropoe ObL10 HaugeHo Ajekceem MepKOBbIM,
IEeCATUKIACCHUKOM MOCKOBCKOU IIKOJABI HOMep 91, m moaoxeno Asekceem Po-
ruackuM u Jaauminom [umenmrenaom B 1997 r. 8 MockoBCckOM aBOpIE Ha-
YIHO-TEXHUIECKOT0 TBOPYeCTBa Moaogexu (cm. «Marepuanbl kondepeHmmn

Ilonck—97%y, M., 1997, c. 143-144).

BTOPOE PEMEHUE (A. Mepkos). IlycTh mmockocTs packpamieHa B Tpu
[IBeTa: KPACHBIM, OCILIM UM CUHUU, U OHU HE PEAIU3YIOT PACCTOAHUA T, W U
b cooTBeTCTBeHHO. BBemeM HA STOU INIOCKOCTH NEKAPTOBHI KOOPAWHATEHI C
HagaiaoM O ¥ IOCTPOMM TPU MHOXECTBA Sy, Sy, u Sp, HA3BAHHLIC BBILIE Be-
perenamu Mosepa (cm. puc. 2). Ilycts npu sTom Touka O ABIAETCA OFHOU
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73 7 BEPUIMH KAaXIOT'0 BepeTeHa, a ux pebpa paBHBI 7, W U b COOTBETCTBEH-
HO. B pesynprare momydaem 6 «KpacHBIX» BEKTODPOB U1, ...,U¢ U3 Touku O
B KaX/yI U3 OCTAJIbHBIX BEPIIWH BepeTeHa S,, a Takxke 6 «6erbix» BEKTO-
POB V7,...,V12 U 6 «CHHUX» BEKTOPOB V13, ...,V1s U3 TOYKU O B OCTAILHBIE
BepUIHLI BepeTeH Sy, u Sp COOTBETCTBEHHO.

Paccmorpum Temeps 18-Meproe eBkamgoBo mpocrpascTBo R'® m ecre-
cTBeHHOe oTobOpaxernue M: R'® — R? kxoropoe ompegerserca mo dhopmyiie
(a1,...,a18) = a1vy + - - - + a1gv1g. lpunmcas Kaxgoi Touke u3 RS mper co-
OTBETCTBYIOIIEH TOYKY ILIOCKOCTH, IIOIydaeM PAaCKpacKy IpocTpancTsa R'E
B Tpu uBeTa. B COOTBETCTBHMU C I[BETOM PACCMOTPEHHBIX BHIINIE BEKTOPOB
Ha INIOCKOCTHU, €CTECTBCHHO Ha3BaTh NEPBBIC HICCTH KOOPAMHATHBIX 0ce171 B
R'® «xpacubiMmy, crenyoomue mecTb — «OeabpIMmuy, & HOCIEJHUE IIECTh —
«CUHUMM7Y.

IIycTs MHOXecTBO W cogepxut Bee Te Toukn u3 R, y koTopex He 601ee
9eM OHa KOOPAMHATA KX A0T0 IBETa PaBHA 1, a OCTaTbHbIE KOOPAMHATEL (15
unu Goabme) pasusl (. Jlerko nposeputs (mpogeranTe 310), aTo W cocrout
u3 7% Touek. Ecmm A — COBOKYIHOCTDL 3HAMCHME O€IbIX M CHHEX KOODJMHAT
HEKOTOpOU ToUKY u3 W, To HangyTcsa eme 6 Touek u3 W ¢ rem xe A. O6pas
M(A) muoxecTBa w3 Tux 7 TOYEK npu 0TOOpaxenun M COOTBETCTBYET He-
KOTOPOMY Mapa/LIeTbHOMY IIEPEHOCY KPAaCHOrO BepeTeHa S,. 3aduKCHPOBAB
Ipyrue BO3MOXHBIE 3HAYEHUsA O€JbIX W CHHUX KOODAWHAT, MOIYUUM APYTHUE
7 Toaex B R® u, coorBercrsenno, gpyrou casur Beperena S,. B mrore W
pasbuBaeTcsa Ha 72 IOAMHOXKECTB, KaX0€ U3 KOTOPhIX COOTBETCTBYET HEKO-
TOPOMY CABUL'Y BEpeTEHa S.

BcnomuauM Temeps 3amevaHue MOCTE 334a4u 2. 3[€Ch OHO O3HAYAET, 9TO
arobou casur Beperena Mosepa S, cogepxuT He 60ee IBYX KPACHBIX TOYEK
u3 cemu. Tak kak W pasburo Ha casuru Beperena Sy, To He Goxee 2/7 Bcex
To4eK u3 W MMeIoT KpacHBIM IBeT. AHAJIOMUYHO MOLydaeM, 9To He 6oxee 2/7
BCeX TO4YeK — Oexble u He Gonee 2/7 — cunme. Ho 2/7 + 2/7 4 2/7 menbiue,
geMm 1! D10 npoTruBopedne 03HAYALT, YTO XOTA ObI OJUH IBET PEATUIYET BCE
paccTosHusd, ITO U TPebOBaIOCH. g

3A1A4A 8. (C.Bb. Creuxus, [39]).
Xp <6,

T.€. CYIECTBYET PACKPACKA IIOCKOCTH B 6 IBETOB, NPKU KOTOPOU HUKAKOU
[BET HE PEATU3YET BCE PACCTOAHUS.

PeEmEHVE C. B. CTEYKUHA, npusenennoe [I. E. Pauckum B [39]. Ocros-
HBIM 3JI€MEHTOM KOHCTPYKIWM CJIYXHUT MapaIeJOrPAMM, COCTOAIIAN U3
9eThIpeX NPABUJIbHBIX WHIECTUYTOJIbHUKOB ¥ BOCHBMEM PaBHOCTOPOHHUX
TPEYTONbHUKOB, MIPUYEM BCE OHM UMEIT CTOPOHBI gamubl 1 (puc. 9). Pac-
KpacCUM IIeCTUYTOJbHUKY B BeTa 1, 2, 3 u 4. TpeyroabHukm neaaTcsa HA OBa
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/ / /
5 5 5 5
1 2 1 2
6 6 6 6
5 5 5 5
4 3 4
6 6 6
AR
2 1 2
s 6
l5) 5 5
3 4
6 6
/
Puc. 9.

KJIACCA: €CJIU MOPU30HTAIBHOE OCHOBAHUE HAXOAUTCA HABEPXY, TO UCIOAB3YEM
uBeT 5, a ecau BHU3Y, TO useT 6. [Ipu packpacke cIUTAETCSA, ITO KAXKABIN IIe-
CTUYTOJBHUK BKIOYAECT BCIO CBOIO TPAHUILY, 33 UCKIIOTEHUEM CAMOU IIPABOU
U ABYX HUXKHUX BEPDHIVH, & TPEYTI'OJBbHUKNW HE BKJAIOIAIOT HUKAKUX I'DAHUTHBIX
TOYEK.

Temeps 3aMOCTUM BCIO INIOCKOCTH CABATCAMU UCXOJAHOTO MAPALIETIOTPAM-
Ma. 3a/ada peuieHa. O

Mpur pemmmng 3agady 8 ¢ MOMOLIBIO MTPOCTOW KOHCTPpyKmuu. [Ipocroun, mo-
cre Toro kak oHa HamgeHa. CyTb nesa 6buia B TOM, 9TOOBI €€ HAUTH, U
nepBeiM 310 caenan C.B. Creukun. Xpucropop Koaymb Toxe «upsmo mnpu-
mwibLy B Amepuky! Mens 3axBaTuna 3Ta TemMa, U A TDOTPY3UICT B PA3MBIIILIE-
HUS O pacKpacke mIockocTu B 6 1BeToB. fl mOH:AN, 9TO eciu HAIla KOHEYHAS
[eJab — HAUTHA XPOMATHIECKOE THUCIO INIOCKOCTH X WIN XOTA ObI YCUIATH W3-
BecTHbIe oneHKU (4 < x < 7), TO HyXHO HAy9IATHCA OLNEHUBATH, HACKOIBKO
6JIM3Ka MAHHAA PACKPACKA IUIOCKOCTH K MCKOMOU. B 1992 r. a mayumicsa sTo
A3MEPATh.

OnpeAENEHUE 9 (A. Coudep [45]). [IycTs gana packpacka ILIOCKOCTH B
7 TBETOB, IPUYEM LBET | HE peammdyeT paccroanue d;, (1 <7 < n). B arom
ciay4ae GyneM TOBOPUTH, YTO packpacka umeeT mun (dy, dg,...,dy,).

BBerquHoe IIOHATHUE GBIJIO CTOJIb €CTECTBCHHBIM U IIOJE3HBIM, ITO YAOCTO-
MIOCH BBICIIEU BO3MOXHOU YECTH, BOUAA B MATEMATHICCKNN (POJBKIOP: OHO
BCIOAy BCTpedaeTca 6e3 ykasanus aBTopa (cM., Hanpumep, c. 14 B pyngamen-
TaabHOU 991-cTpanuanon moHOrpaduu [21]).

BOJIBHII/IM yCiexoM B pEHICHUY 3a 4491 O XPOMATUIECCKOM INCJIEC INIOCKOCTHU
crano 6bI OTBICKaHUE pacKkpacku B 6 mseros Tuma (1,1,1,1,1,1) mubo goka-
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3aTEeJbCTBO €€ HECYIIeCTBOBAHUA. BBIOpAB MOAXOMAINIMNA UCXOMHBIN TAPAJLIIe-
aorpamMM B packpacke Credxkuna, MoxHO moxyuuts Tum (1,1,1,1,1/2,1/2).
[.P.Bygonn [57] cymen HaUTH pacKpacKy IULIOCKOCTH B 6 I[BETOB, I'je Ka-
)KA])I;I OBET ABAACTCA 3aMKHYTBIM MHOXECTBOM, HE DEAJIU3YIOIMIUM BCE€ PacC-
croaausa. OMHAKO B €r0 IpUMEpPE «IPOMYIIEHHBIX PACCTOIHAN) TPU: OH UMEET
tun (1,1,1,1/v3,1/v3,1/(2V3)).

B nmouckax «xopomen» packpacku 1 00paTui BHUMA-
HHYE Ha 3aMOLICHME IVIOCKOCTHU IIPAaBUJIBHBIMU BOCBMMU-
yroapuukamu u kBajgparamu (puc. 10). Ho u sTa pac-
Kpacka He rogurcsa! YoeauTecs B 3TOM CaMH.

3AMAYA 10. Jokaxure, 9TO MHOXKECTBO BCEX KBa-
aparToB B 3aMomenun Ha puc. 10 (maxe 6e3 ydera ux
DAHWIL) PeATU3yeT BCe PACCTOAHUA.

Pwuc. 10.

S cran cxumaTh KBaApPATHI, IOKA UX AUArOHAIDL HE
CTala PABHOU PACCTOSHUIO MexX Iy Ommkanummmu kBagparamu. OgHOBpeMeH-
HO (!) gmaronanb BOCbMUYTOIbHUKA (TEHEPh yKe HEIPABUIBHOIO) CTAIA PAB-
HOU DACCTOSHUIO MEXAY ABYMS BOCBMUYIOJIbHUKAME, IIOMEUYCHHBIMYU €UHU-
men Ha puc. 10. A mobunca ycmexa!

3A1A49A 11. (A. Coudep [45]). [oxaxure, 9TO CyMECTBYET DAaCKPacCKa
miockocTu B 6 useros, umeroman tum (1,1,1,1,1,1/1/5).

PEMEHNE. BosbMeM aBa KBaapaTa, OQUH CO CTOPOHOH 2, a APYT'OU C AMa-
roranbio 1 (puc. 11). C ux mOMOmBIO 3aMOCTMM IVIOCKOCTH KBAJJPATAMUA U
(nenpaBuibHbIMEU) BocbMuyroabHukamu (puc. 13). Isera 1, ..., 5 ucnoassy-
€M I BOCBMUYTOJILHUKOB, & BCe KBaApaThl MOKPACUM B 1uBeT 6. B kaxabin
BOCBMUYTOJBHUK ¥ KBAAPAT BKIOYAETCA IOJOBUHA €r0 TPAHULBI (KUPHBIE
JAWHUYU Ha puc. 12) 3a BBIYETOM ee KOHHOB. Jlerko mposepuTh (mpogenanTe
5T0!), ITO paccTosHIe /5 He peanmmsyercsa useramu 1, ..., 5, a paccrosHze 1

Pwuc. 11. Puc. 12. Pwuc. 13.
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He peanusyercs userom 6. Cxas Bee IuHeRHEIe pasMepsl B /5 pas, moryuaem
packpacky B 6 mBeros, umeromyio Tum (1,1,1,1,1,1/y/5). O

Pemns 3agaay 11 B aBrycre 1992 r., 1 mcobiTanl CMeIIaHHBIE TyBCTBA.
C OMHOU CTOPOHBI, «,TMOYTH" HE CUMTACTCAY: PACKPACKA B 6 IBETOB THUIA
(1,1,1,1,1,1) Tax u He 6bl1a HangeHa. C APYrou CTOPOHBL, S MOYYBCTBOBAL,
9TO ee, BEPOATHO, U HE CYILIECTBYET, ¥ TOI'/[a MOS PACKPACKA — HAWIYUIIasd U3
BO3MOXHBIX. CTaTb}I O peunieHmun 3aaaIum 11 COCTABJAJIQ ITOJATOPBI CTPAHUIIBL
wioc crpanuna pucyskoB. OHa Obuia oTpedepupoBaHa 3a OQUH AeHb [45].
IIpu 5TOM OHA mOPOAMIA HOBYIO OTKPBITYIO IpO6IeMy.

OnpeAENEHUE 12 (A. Coudep [28]). [oumu zpomamuueckoe wucio naoc-
KOCMU Xq — TO HAUMEHBIIEE YUCIO IBETOB B TAKOU PACKPACKE, KOr4a HOYTH
BCe (T.e. BCce KpOMe OJHOTO) IBETA HE PEATU3YIOT eJUHITHOE DACCTOAHHUE, &
OCTABIIMUCA BT HE PEAIM3yeT HEKOTOPOe (BO3MOXKHO APYTO€) PACCTOSHHUE.

Yucao X, yAOBIETBOPAET CAEAYIONMM HEPABEHCTBAM:
4 < xa < 6.

Huxwuss onenka Berrekaer u3 paborst [Ivmurpus Panckoro [39]. Bepxusas go-
kasaHa MHOU B 3ajade 11 [45]. Ocraercs

OTKPBITAS NPOBJIEMA 13 (A. Coudep [28]). Hanrz x,.

4. KOHTUHYYM PACKPACOK B 6 IIBETOB

Hpyryio packpacky B 6 uBeroB Hamuu WUiea ['opman u asrop B 1993 r.
(128], [29]). Oma mmeer Tum (1,1,1,1,1,4/2 — 1). [Ipumeyarersaa ucTopus
sToro orkpeitua. Jlerom 1993 r. g mocermn B MockBe cBoero poacTBeHHU-
Ka, U3BECTHOI'0 KOMIIO3UTOPA HOBOU BeHCKOU mKouabl Jleonuaa ['opmana. Ero
15-neTaun coia Uabs Torga yumnca B MysbIKaJIbHOU IIKOMe WMeHW |‘Hecwu-
HbIX. Wibs Xeanl y3HATH, U€M S 3aHUMAKCh B MATEMATHUKE, U HE IPU3HABAI
06mux orBeToB. OH XOTea KOHKPETHOCTH. S MOKa3anl emy CBOIO pPacKpac-
Ky B 6 useroB (3agada 11). Uiaes 3amnaTepecoBancsa. Ha caeayronmu nens o
IPOJEMOHCTPUAPOBAI MHE. . . packpacKy Credukumna (cM. Bbime puc. 9), KOTo-
PYIO OH HAaIEN CAMOCTOATEIBHO! «3aMedaTenbHO», — OTBETWI S, — «HO ThI
omozgaa Ha 23 romaly Beckope OH mpenioxui HOBYIO WEH0: IPUMEHUTH 3aMO-
eHre KBAAPATaMU ABYX pasmMepoB. Wibsa o6ragan HHTYUIMER BUPTYO3a, HO
HE UMEJT MATEMATHIeCKON KyJabTypbl. O IHAKO A BBIYUCAUI, KAKOBBI JOJKHBI
OBITH Pa3MephI dTUX KBAAPATOB, YTOOBI pacKpacka 00Ja1aaa HeoOX0 [uMbIMUA
cBoucTBamMu. B pesyiabTaTe poAmaach COBMECTHAA paboTa HEOOBLITHOU MAapPHI,
cocrosBuIen u3 MaTeMaTuka u MysbikanTa. (Cerogusa Wnbe 25 xer, u 0H 0auH
73 CAMBIX APKUX POCCUNCKUX AIbTUCTOB, acnupaHT MOCKOBCKOU KOHCEPBATO-
pum 1o kiaaccy npocaasierHoro H0pus Bamwmera.)
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Puc. 14. Puc. 15.

3ANAYA 14 (. Todpman u A. Coudep [28], [29]). [TocrponTs packpacky
miockocTu B 6 mBeros, muesomyio Tum (1,1,1,1,1,v/2 — 1).

PEMEHME. 3aMOCTHM ILIOCKOCTH KBaApPAaTaMU C AUATOHAILI0 1 U ¢ ama-
ronanbio V2 — 1 (puc. 14). Boapmme xBagpaTs nokpacum B usera 1, ..., 5,
a MajeHbkue — B 1BeT 6. [Ipu 5TOM KaXIbII KBAAPAT BKIIOYAET IOJOBUHY
CBOEM IPAHUIIBI, & MIMEHHO JE€BYIO M BEPXHIOI CTOPOHY, UCKIIOIAA KOHIIEI 2TON
nosoBuHs! (puc. 15). O

[IpumMepsl, mocTpoeHHbIe B 3aga4ax 11 u 14, IpuBOAAT K CAEAYIOIIEN OT-
KPBITOH IpobJeMe.

OTKPBITASL IPOBJIEMA 15 (A. Coudep [46], [47]). Haitru 6-peasusyemoe
mHoxHcecmeo Xg, T. €. COBOKYITHOCTD BCEX TAKMX MOMOXATENBHBIX THCEN (X, ITO
cymecTByeT packpacka B 6 useros tuma (1,1,1,1,1, ).

B sTux HOBBIX TepMuHax 3aga<u 11 u 14 MOxHO cHOPMYIUPOBATH CIELY-
o1muM 06pa3om:

1/vV5,V/2—1¢€ Xg.

Yo 00mero mexay packpackamu m3 3agad 11 m 147 910 HE 04eBUIHO,
me Tak Jju?! [lopasMbICiWB, A HOHAJ, ITO 3TO NBA KPAWHUX CIydasd OOIIen
CUTYAaIN, ¥ HA CAMOM JeJie CIPABEINBO TOpa3io 6ojee CUILHOE YTBEPXKIe-
HuUe.

TEOPEMA 16 (A. Coudep [47]).
\/E - 17 ]'/\/g g X6 )
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)
=

Pwuc. 17. Puc. 18.

T.e. MIA KaXJ0ro o € [\/5— 1, 1/\/5] CyIIeCTByeT pacKpacka B 6 mBeTOB
THUIIA (V.

[ OKA3ATEJILCTBO. PaccMoTpuM caenymolnee 3aMOIIEHHUE ILIOCKOCTH
(puc. 16). Ero mopoxpaoT GOIBIION M MAaJbId KBaJpaT, 00pa3yooliue yroua
Beauuauebl ¢ (puc. 18). Packpacum s3amomenue Ha puc. 16 B mecrts use-
ToB. IlycTs F' o6o3HavaeT Qurypy, OrpaHMIeHHYIO XUPHOU JUHUEH. Boch-
MUYTOIbHUKYN BHYTpu Gurypsl F' packpacuMm B mBeta oT 1 10 5, a Bce Mma-
able KBaapaThl — B useT 6. [lycTh mpu 5TOM KaXAbIM BOCBMUYTOJIBHUK
WM KBAAPAT BKJIIOYAET YaCTh CBOEH IPAHUIBI, 0O03HAYEHHYIO XUPHBIM HA
puc. 17. Tpebyercs mokas3aTh, 9TO KaXABIA IBET HE PEAIUIYET HEKOTOPOE
paccTosHueE.

[Iycts mauna cropons! 6oabuoro kBagpara pasaa 1. OTpesku ero cocef-
HUX CTOPOH BHYTPH MAaJOr0 KBajgpara 0003Ha4mM = u Yy, £ < y (puc. 18).
Jlerko BugeTs (puc. 19), 9T0 NPOAOIKEHMA CTOPOH YETHIPEX OOMBIINX KBa-
IPATOB BHYTPH OJHOTO MAJOTO KBAAPATA PA3PEe3aioT MOCICIHUN HA, eTHIPe
KOHT'DYSHTHBIX IPAMOYTOJBLHLIX TPEYTOJLHUKA CO CTOPOHAMU T W Y W KBa-
IpaT CO CTOPOHOU Y — .

Hamoxus ycaoBue, ITO KaXABIA [BET HE PEAIU3YET HEKOTOPOE PacCTOs-
HUE, [IOTy9aeM CIeAYIOIy0 CUCTeMY U3 ABYX HepaBeHCTB (puc. 20):

d1>d27
ds > dy .

Pucynku 19 n 20 nerko mossosaoT Beipasuts Bee d; (i = 1,2,3,4) uepes
z u y. [IpuxXoAuM K CIeyiomell cucTeMe HepaBeHCTB:

{ VA+y—2)2+ 222> V1+ (1 —-22)2,
1—2—y>+2(22 +y?).
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<Z4
Puc. 19. Puc. 20.

Pemas oTmeabHO Kaxgoe HEPABEHCTBO OTHOCHTEILHO L, HAXOMUM €0UH-
cmeenHyto pyHKINIO, BEIPAXKAIOULYIO & Yepe3 4, KOTopad yAOBJIETBOPAET 060-
MM HEPABEHCTBAM:

T=+/2—-4y+y—1, rie 0 <y <0,5. (%)
Tak kak 0 < o < ¥y, TO Ha caMOM [fejle T'DAHUIBI MaA Yy Oojee y3KU:
0,25 < y < V2 — 1. Ecim y IexuT B 3TOM IPOMEKYTKe, TO (opmyaa (x)
OHO3HAYTHO OIIPEIENAET &, IPUIEM BBIIIOAHEHBI pasencmea di = do 1 d3 = dy.
Urax, Ml mokazanu, ato npu y € [0,25,v/2 — 1] cymecTsyer packpacka
B 6 nseros Tuma (1,1,1,1,1, ); HO KaKue 3HAYEHUSA MOXKET IPUHUMATL !
Herpynuo BugeTs, ato o = dy/dy.
Crenas noacranosky Y = /2 — 4y, rae Y € [2 — /2, 1], noryuaewm:

o2 — vi—4y® 48y -8y +4
Y48y +24Y2 32V +20 °

Creraem mogcTanoBky Z =Y — 2, rae Z € [—v/2, —1]:
2
0?1422z jzz+2)
Z*+4
Y106bI IOHATD HOBeeHNE DYHKIHH (v
247 4 6 5 4 2
Q) =————(Z2°+472° + 62" — 12727 — 167 — 8).
Ham ABHO mOBe3JI0, TaK KAK STOT MHOTOWIEH IIECTOU CTEINEHU IPUBOIUTCA K
BUY

, BBIIUCINM €€ IPOU3BOLHYIO:

L (Z2-[(Z+ 1) +2Z+1)2+1].

AV
(%) = (2% + 4)
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ITO 03HAYAET, YTO HA OTPE3KE [—\/ﬁ, —1] , KOTOPBIA HAC MHTEPECYET, DKC-
rpemyM yEKmEE o gocruraerca upu Z = —v/2. Bospamaacs or Z k Y
u y, MBI BuAUM, ITO Ha orpeske [0,25,v/2 — 1] dynxmua o = a(y) yOwsa-
er ot a = 1/v/5 ~ 0,44721360 (uTo oTBewaeT packpacke u3 sagau 11) 10
a=+v2-1=0,41421356 (packpacka m3 3aga<m 14). Tak kak mpu 5ToM yH-
Kiua « = «(y) HempepblBHA, TO OHA NPUHUMAET 6C€ 3HAYCHUS U3 OTPE3Ka
[\/i -1, 1/\/5], U TOJIBKO N0 00HOMY Pa3y.

Aas Kaxncdo20 yeaa © MmeHcoy cmoporamu mMaL020 u 60A4bULO20 KEadPama
na puc. 18 cywecmsyrom u eOUHCMBEHHbL OAUNbL IMUL CTOPOH, NPU KOMO-
puix coomeememsyowas packpacka umeem mun (1,1,1,1,1, a), npuuem «
onpedeasemcsa 00HO3HAUHO. 3AMEIATEIbHBIN (PAKT: PEIIeHUsA CyIIeCTBYIOT,
HO peIKd — OHU O0pasylT HEYTO BPOJE KPUBOU B TPEXMEPHOM IIPOCTPAH-
CTBE yIJIOB U ABYX JUHEWHBIX Pas3Mepos! O

3AMEYAHUE. 3afada OTBICKAHUA (-pearm3yeMoro MHOXeCTBa Xg TECHO
CBA33HA C OTBICKAHUEM XPOMATUYIECKOrO IUCIA IIOCKOCTH Y. Pemenue mep-
BOH 33a49M MPOACHUT CUTYAIUIO BO BTOPOU, 4 MOXET ObIThH U MPUBEAET K €€
PELIeHUIO:
ecim 1 ¢ Xg, 7o x = T.
ecan 1 € Xg, To x < 6.
OTKPBITASL IPOBJIEMA 17 (A. Soifer [47]). Hautu Xs.

KonedHo, BB MOHMMAETE, ITO IPU BCEU MPOCTOTE (POPMYJUPOBKU DTA,
npo0OreMa UCKIIOYNTENBHO TPYIHA.

5. BBJU3U HUXKHEW I'PAHUIIBI

[TorsATHE XPOMATUIECKOT'O IUCIA MOXKHO BBECTH HE TOABKO 1A INIOCKOCTH,
HO # s m000ro ee nmogmuoxecTBa S. Xpomamuueckoe wucao x(S) muOXe-
cTBa S — DTO HAUMeEHbIIEe YUCJIO IIBETOB B €r0 PACKPACKe, He COJepKallen
O/JHOIIBETHOU TIAPHI HA PACCTOSHUM 1.

B 1951 r. H.I". ge Bpéun u [layas Ipaém onyOInKOBAIN O9€HD TOJE3HBIN
pesyabrar ([16]). B mamen curyanuu oH 03HaUaeT ClegyOLIee.

TEOPEMA KOMIAKTHOCTH 18% (H.I'. ge Bpéim, II. Dpaém). Xpoma-
TUICCKOE YINCI0 IVIOCKOCTU DABHO MAaKCUMyMy M3 XPOMATUICCKUX TUCETI €€
KOHEYHbLY TIOAMHOXECTB.

Kak CaenCTBUE, IIPU OTBICKAHNU XPOMATUYIECKOI'O YHUCIA IIOCKOCTHU OC-

HOBHBIC yCWJIWA ObLINI HaIPABJCHbI — X C YCHIEXOM — Ha €€ KOHCYIHBIC II01-

MHO)KGCTB&5) .

D3necs HUCIOMb3yeTCA aKCUOMa BBIOODA.
)0 gHako cM. B caegyromeM naparpade HOBEUIINe Pe3yIbTaThL.



Xpomaruieckoe IHuCI0 MIOCKOCTH 209

ITpegnaraem pemmTs CAMOCTOATENBHO CAEAYIOUIUE IBE 3a0A4HN.

3ANAYA 19. Hangure HamMeHblIee 49UCAO 03 TOYEK B IIOJMHOXKECTBE
IIOCKOCTH, UMEIOIEM XPOMATHIECKOE TUCIO 3.

3AIAYA 20 (JI. Mosep u Y. Mosep, [35]). Hangure HamMenbimee <mcio
(54 TOYCK B IIOAMHOXECTBE IINIOCKOCTH, MMECIIOECM XPOMATHUYICCKOE YTUCJI0 4.
(Iloxckaska: 04 = 7.)

Bukrop Kiu u Cron Bouron B kuure [34] mocraBumu ciegyomyo OTKPBI-
TyI0 nIpobaemy:

OTKPBLITAA NPOBJEMA 21. Ilycre k paBuo 5, 6 wiu 7. Haugure nau-
MEHBIIEE YUCJAO f TOYEK B MOAMHOXKECTBE IIOCKOCTH, UMEIOMIEM XPOMaTHAYe-
CKOe Iucio k.

Pa3ymeercs, aToT BOIpOC MMeeT CMBICI TOJABKO npu X > 4. B aTom cay-
Ta€ OH IIOACKA3BbIBACT IIYTh OTBICKAHUA XPOMATUICCKOI'O HCIAA INIOCKOCTH:
HYXXHO CTPOUTH KOHEYHBIE MHOXECTBA TUIA «BepeTeH». bena B ToM, 4T0, He-
CMOTPsA HA MHOXECTBO IOIBITOK, HUKOMY MO CHX IOp HE yJAJOCh MOCTPOUTH
IpuMep KOHETHOI'0 MHOXECTBa ¢ xpoMmaTudeckuM wucaom 5. [lomymnsapen 6bur
TAKOU MOAXO[: MOCTPOUTDH H-XPOMATHIECKUN Tpad U MOMBITATHCA BIOKUTH
€ro B INIOCKOCTh, IIPEBPATHUB IPU 3TOM KaXja0e pe6po B CErMEeHT [IWHHI 1.
OaHakO TUOWYHBIE TPUMEPBI 4-XPOMATHYIECKAX MHOXECTB (CM. puc. 2 m 5)
CTPOATCA M3 HE CIUIIKOM I'MOKUX GUIyp — PaBHOCTOPOHHUX TPEYTrOJbHU-
koB. Beposaruo, 310 u nobyauno [layna Idpgéma B 1976 r. chopmyaupoBaTs
CIEAYIOUIYIO 3a4a4y.

3AIAYA 22 (II. Opgéw, [7]). CymecTByeT Ju KOHEYHOE IOIMHOXECTBO
IWIOCKOCTH S ¢ XPOMATUYECKUM YUCJIOM 4, He comepxkaliee PABHOCTOPOHHUX
TPEyTrOIbHAKOB CO CTOPOHOU 17

B 1979 r. aBcrpammuckuu MaTeMaTuk Hukomac YOpMOI[ MOIYy<HI TOMO-
KUTEJAbHBIN 0OTBET. B cBOeH BneuaTsiomen crarsbe (58] Yopmons gokasar cy-
1eCTBOBaHMe MHOXeCTBa S u3 6448 Todek ¢ xpoMaTuiueckuM IucioMm 4. ITo
MHOXECTBO He COJEPXKUT TPEYTOALHUKOB U 4EMbIPETY20AbHUKOE, BCE CTOPO-
HBI KOTOPBIX paBHBL 1. Yopmoany noTpeboBatach momMoms KoMinbioTepa! Mue
XOTEJIOCh ObI AaTh BaM IIPEACTABICHNAE O IIEPBOHAYAIBHON KOHCTPYKIAUA YOP-
MOJIJa, HO 3Ta AJIWHHAA CTAThA TOTAA cTata Obl eme nqrumHHee. Tak 9To xyHine
obparurscs K [58] u [51]. Mexay npounm, [Tayis Spaém — B cBOEM Xapak-
TepHOM cTmie — 3amiaTua Huky 3a ero pemenue 25 1omiapos.

Oxugas MOIOXUTENbHOrO OTBeTa B 3amade 22, [layas IDppém npsamo B
caepyomen ppase chOpMyJUPOBAI CAEAYIONIYIO0 MPOHIEeMY.

3A1A4A 23 (II. Opaéuw, [7]). Iycrs mnockoe muoX)ecTBo S npu 3 < n < ¢
HE CONEPXKUT N-YyTOILHUKOB, BCE CTOPOHBI KOTOpPHIX paBHHI 1. CymecTByer
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JU TAKOE {, 9TO XPOMATUIECKOE UUCIO MHOXECTBA, S HE MOXET ObITH GOJbIIe
Tpex?

Bricrymas B 1992 r. ma xoudepennun B Boka Paron, s Bcnomuaut 3ama-
9y 22, KOra-TO MOCTaBIeHHYIo Ilayaem, u mpugan ed popMy KOHKYDPCHOLO
3aIaHAS:

OTKPBITAA IIPOBJEMA 24. HanauTe HauMeHbIIee YHCIO TOYEK 04 B
ILIOCKOM MHOXECTBE C XPOMATHYECKMM €UMCIOM 4, He COmepkKalleM pPaBHO-
CTOPOHHUX TPEYTroabHUKOB cO cToponou 1. [locTpounre Takoe MHOXECTBO S
U3 04 TOYEK.

Muorue ™MoJOABIE MATEMATHKHW, BKJIIOYAsA ACIUPAHTOB, BIOXHOBUIUCDH
9TUM BBICTYIUIEHUEM W MPUHAIA MOU BBI30B. TakK CAOKUIOCH, 9TO B TOM XK€
aKaJgeMUIeCKOM IOy IpH IOJ fepXKKe BeInKoro reoMerpa bpanko ['prornbay-
Ma, a 3aTeM u llayns dppéma, a1 ocHoBan xypHaI «l'eombuHaATOPUKAY, €TUH-
CTBEHHBIM B CBOEM POJI€; OH MOCBAIIEH OTKPBLITHIM NpOOiIeMaM B JUCKPET-
HOW ¥ KOMOWMHATOPHOU T'eOMETPUU W CMEXHBIX obnacTax. UV y Hac momy<um-
JIOCH COPEBHOBAHWE MUPOBOI'O YPOBHA. JIWMIIEL B3TWIAHWTE HA Clefyiomue Tad-
munst 2 u 3 (06z6am rpada — >TO HAMMEHbBIIEE IUCJA0 Pe6ep B KAKOM-a100 ero
LUKJE).

I'padrr, mocTpOeHHBIE PEKOPICMEHAME, CTOMb XK€ COAePXKATEIbHBI MaTe-
MaTHYECKH, CKOJIb U IPOCTO KpacuBbl. Bee oy Oy Ay T BK/IOYEHB! B KHUTY [51].
Ho a pomxen mpoaeMOHCTPUPOBATHL BaM XOTsS Obl OAWH rpad — IYCTh 3TO
6ymer «Priba Xox6epra — O’ lounemtay (puc. 21).

Hamomunm, 910 pomamuueckoe wucao epaga G — 3TO HAMMEHbIIEE [u-
CJI0 IBETOB B €ro HPAaBWILHOM PACKPACKe (KOI[a COCEJHHE BEPIINHBI MOKPa-
IIEHBI B pas3HbIe [[BeTa). BO3MOXHO, BbI 3HaeTe (€Cau HEeT, TO MOCMOTPUTE
B 000U CEPHE3HOM KHHTE N0 Teopum rpados), 9TO HAUMEHbIUN rpad ¢
XPOMATHIECKAM YHACAOM 4, HE CONepKAIMUA TPEYyTOIbHUKOB, — 3TO rpad
I'pémma ¢ 11 Bepmmuaamu. «Pribas ymoBreTBOpseT BCEM YCAOBHAM Ha rpad
'pémmra mwiroc eme 0gHO: 3TO rpad eIMHUIHBIX PACCTOAHUN (T. €. Kaxa0€e pe-
6po mmeer mamuy 1). 3amedarensno, aro Po6 u [layas obouwmcs Beero 23
BepumHaMu. flBasgerca au 310 umcio HammensimmMm?! He yBepen. Ho ono, He-
COMHEHHO, OY€Hb OMM3KO K HaumMeHbHieMy. TakuM o6pa3om, Ha CTPAHUIAX
«FeomburATOPUKIY MBI TPOABUHYIUCH OT 6448 10 23 — HEBEPOATHBIA TPO-
rpecc!

MHOro4YucjieHHbIE ONBITKY yCUINTH HUXKHIOK OIEHKY XPOMATHUIECKOI'O
49uCIa IUIOCKOCTY HE YBEHYAJIUCH yCuexoM. Bupas 0e3HaqeXHOCTb CATYAIUn
(nmu m3 MOGO3HATENILHOCTH), 3HAMEHATHIA AMEPUKAHCKUAU MaTeMaTuk Po-
Hauaz JI. ['poxem (HbIHE npe3suaeHT AMEPUKAHCKOU MATEMATHICCKON ACCOIMA-
nuy v KazHaven HanmoHaabHOM aka[eMun HayK) yCTAHOBII BBICOKYIO IIPEMUIO
B 1000 moiapos 3a pelleHue HAIIEH 33Ta<H.
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6448 H. Yopmous 1979 Austr. Math. Soc. A 28, 1-8
56 I1. O’ lounemnt uonb 1994 | Geombinatorics IV (1), 23-29
47 | K. Ymnakamappu | saBapb 1995 | Geombinatorics IV(3), 64-76
46 P. Xox6epr 1995 He 0oImyOJINKOBAHO
40 I1. O’ [lounemn mions 1995 Geombinatorics V(1), 31-34
23 P. Xox6epr anpeas 1996 | Geombinatorics V(4),137-141

u 1. O’ [lornemrn

Taba. 2. Muposble peKOpAbL: HAUMEHBIIAH I'Dad) eJUHAIHBIX PACCTOAHUH C
XpOMATHIECKHM IUCAOM 4 m 06xXBaTOM 4

6448

H. Yopmonz

1979

Austr. Math. Soc. A 28, 1-8

45

P. Xox6epr
u I1. O’ [louremrn

anpeas 1996

Geombinatorics V(4),137-141

Taba. 3. MupoBbie peKOpAbI: HAUMEHBIIAH I'Pad) eJUHAIHBIX PACCTOAHUH C
xpoMaTmieckuM IucaoM 4 m 06xBaToM 5

Puc. 21. Priba Xox6epra — O’/lonHe/L1a: pEKOPAHBIA I'Dad €JUHUIHBIX PAC-
CTOAHUH C XPOMATHIECKHM IUCAOM 4, He copepXKaIluil TPEYroJbHUKOB
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TBICAYELOJJIAPOBAA OTKPBITASL NPOBJEMA 25 (P. JI. I'paxem, MTHU,
JEKIUA [IA YIACTHUKOB aMEPUKAHCKOU MAaTEeMATHIECKOU OMMMIINAIBLI, MAX
2001 r.). PaBHO 11 XpOMATHYECKOE TUCIO IIOCKOCTU Y€THIPEM !

OnHAKO MHOTO€ yAAIOCH Y3HATH 0 4-XpoMaTuIecKux rpadax eIuHuIHBIX
paccroaaui. Ha MOHU B3rIaf, Jy4IIMU U3 >TUX PE3YIbTATOB COAEPKUTCA B
ynomsaryTou Beime auccepranuu [loga O’Jomuemnra. OH MOIHOCTHIO peIIaeT
sagaqdy Iayns Opaéuwa 23 (cM. BbIe).

TEOPEMA O’/IoHHEJIA 26 ([38]). CymecTBytor 4-xpoMaTudeckue rpa-
(bl AUHUYHBIX PACCTOAHUA € HPOU3BOIBHBIM KOHEYHBIM 00GXBATOM.

6. B3rJisig B BYIYIIEE: AKCUOMA BBLIBOPA
I XPOMATUYIECKOE YMCJIO IIJIOCKOCTHA

TpymHO NIpEaCKa3bIBaTh, 0OCOOEHHO Oy myInee

CrapuHHAA ZATCKASA MOCIOBUALA

Omnax bl B Hadate 1984 r. B HeGOIBIIOM PEHECCAHCHOM I'OPOJKE Y AMHO
Oau3 Benenuu g MO3HAKOMUICA ¢ MOJOABIM U3pAmIbcKuM MmaTemaTukom Ca-
xaponoM llleraxom, 0 KOTOpOM TOrJa MHOI'O TOBOPWIN B MATEMATHIECKHAX
Kpyrax: OH Pemmwi J0JIro CTOABINY0 mpobiaemy Yaurxena. CaxapoHy mOHpa-
BWIKCH MOW 33049/ U TUMOTE3bI U3 00JacTu abeJeBbIX I'PYII, W OH IIPEIJIo-
XKWI COBMECTHO paboTaTh HAJ HUMU. Pe3yabTaToM MHTEHCHBHOU PAaOOTHI B
TeYeHNe HEJEeJU CTAIU JBE COMEPXKATEIbHBIE CTATHU, KOTOPHIE IMOABUINCH B
Journal of Algebra.

B xoume 2002 r. CaxapoH cHOBa IpentoXui paboTaTh COBMECTHO. ITO
OBLIO OBI Jy9IIeN 3aJa9€ 1A COBMECTHOrO pemenusa?! OTBeT npuiies HeMe -
aerno. [llerax — ofWH U3 KPYMHENIINX CIENUAIACTOB BCEX BPEMEH B JOTHUKE
7 TEOPUU MHOXKECTB, TAK UTO S PEUa OOCYAUTH ¢ HAM MOU MBICIA IO TIO-
BOJY 3HAMEHUTOI'0O Pe3yibTaTa Jpaéma — ge Bpénna, KOTOPBIN HACIUTHIBAJI
yxke 50 mer. Huxe mzmoxen mror Hammx paboamx Bcrped B 2002 r. m 2003 r.
Hekoropeie u3 5TUX COBMECTHBIX pe3yabTaToB mpuseieHbl B [40] (kpaTkoe
pesiome — B [41]), a apyrue noka He omyGiukoBaHbl [42].

6.1. IIOCTAHOBKA BOIIPOCA

B cBoen dyspamenrtanbuon pabore 1951 r. [16] Iayars Oppaém u
H.T'. ge Bpéun nokasanam, 9TO XpOMATHYECKOE HUCJIO IIOCKOCTH AOCTUTA-
eTCsA Ha HEKOTOPOM KOHeYHOM moarpade (cM. TeopeMmy KOMIakTHOCTH 18).
EcTecTBenHO, 5TOT Pe3yabTaT COPUEHTAPOBAT GOIBIIMHCTBO UCCIEI0BATEICH
B HAINPABJICHAN KOHEYHBIX rpPadOB eIUHUYHBIX paccTosuun. Ha 3agHem rmia-
HE, OHAKO, OCTAJOCH OJHO OIDAHWYEHUE Pe3yabTaTa Jphacma — me Bpéuna:
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B HEM BeCbMa CYUIECTBEHHO KCIIONb30BAIACh akcuoMa BeiOopa. EcrecTBeHHO
[IO9TOMY CIIPOCHUTDL: a ecam Obl «BbIOOpa» He ObL0? Ero orcyrcTBue — Kak B
MaTeMaTUuKe, TaK W B XW3HU — MOXeT CYIIeCTBEHHO BINATH HA PE3YIbTAT
(poccuiickue YuTaTeNy 3HAIOT DTO 0COOEHHO XOPOMLIO).

Huxe npusenen npumep rpada pacCTOIHUR HA TIOCKOCTH RZ, XpoMaTuie-
CKO€ YIUCJI0 KOTOPOT'O 3ABUCUT OT CUCTEMbBI AKCUOM TEOPUU MHOXKECTB. 3/eCh
pPacCMOTpEHa WHAA CATYyaIldsd, €M B 3a4a9e 0 XPOMATUIECKOM UHCJIE IIOC-
KOCTH, HO 3TOT IIPUMEDP APKO AEMOHCTPUPYET 3aBUCUMOCTHb XPOMATUIECCKOI'O
YUCIA OT HAIWYUA WIN OTCYTCTBUA aKCHOMBI BEIOODA.

B sakarodenure MbI CHOPMYIUPYEM YCAOBHYIO MeEopemy 00 Tpomamuye-
CKOM wUcae, KOTOPaA KOHKDETHO YKa3bIBAET yCJIOBHUA, IPU KOTOPBIX XPOMa-
TUICCKOE IUCJIO0 INIOCKOCTU NPUHUMACT OAHO U3 NBYX BO3MOXHBIX BHa‘IeHI/IIjI
B 3aBUCUMOCTH OT aKCHOM TE€OPHUU MHOXECTB.

6.2. IIPEABAPUTEJILHBLIE CBEJIEHUA

BcnoMHauM OCHOBHBIE TEOPETUKO-MHOXKECTBEHHBIE ONpeaeJeHns u 0603Ha-
genusa. B 1904 r. Opucr Ppuapux Pepaunang llepmeno [59] dpopmammso-
BaJ AaKCHOMY BBIOOpA, KOTOPAs MO DTOrO KMCIOIH30BAJIACH HA WHTYATUBHOM
yPOBHE.

AKCHOMA BBEIBOPA (AC). Kaxpgoe cemencTBo ¢ HemycTbIX MHOXECTB
obaanaeT pyHKIMEN BHIGOPA, T. €. CylmecTByeT Takad pyukuus f, aro f(S) €
€ S maa kaxaoro S us .

Bo MHOrux MareMaTnYeCcKuX pe3yabTaTaX B JEUCTBUTEAbHOCTH TPpeOyeT-
€A CYETHBIA BAPUAHT aKCUOMBI BHIOODA:

CYETHASI AKCUOMA BBIBOPA (ACy,). Kaxgoe cueTHOe cemercTBO He-
OyCTHIX MHOXECTB 006/1a1aeT (PyHKIMER BEIOOPA.

B 1942 r. [layas Ucaax Beprauc [1] BBex cieqyouyo akCHOMYy:

[ITPUHIUIT 3ABUCUMOT'O BBIBOPA (DC). Ilycts E — GuaapHOE OTHO-
[IeHWe Ha HEeIyCTOM MHOXecTBe A, mpuyem mia kaxporo ¢ € A cymecr-
ByeT Takoe b € A, uro ¢FEb. Torga cymecTByeT Takas MOCIEIOBATEIEHOCTD
1,02, ..., 0k, ..., 970 apFay 1 mpu Bcex n < w.

U3 AC soirekaer DC (cm., Hampumep, Teopemy 8.2 u3 [32]), HO He 06paT-
HO. B cBoro ouepens n3 DC Beirekaer ACy,, HO He 06paTHO. Akcnoma DC —
crabas popma akcuoMmbl AC; OHA JOCTATOYHA [JIA MOCTPOEHU KIACCUIECKOR
Teopuu JeberoBon Mepsl. B wactHocTH, Po6epT M. ComoBsit cuenan cienyro-
mee 3amedanue [53] B orBeT Ha Bompoc Coudepa: «Hyxna au akcmoma DC
U CTAHJAAPTHOrO NOCTPOEHMA Teopu: Je0eroBOd Mephl (Opu OTCYyTCTBUM
AKCHOMBI BBIOODA), WIN NOCTATOYHO CIETHOU AKCHOMBI BHIGOpaATy
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«I mymaa 06 arom B Hauaue 60-x. Axcuoma DC noTpeboBanack TOMb-
k0 B Teopeme Pamona — Hukommma. Ho s momyckato, 9To cymecTByeT
0oJiee TOHKOE NOKA3aTENbCTBO 3TOU TEOPEMBI, IIO3BOJIAIIEe OOOUTUCH
CYETHOU aKCMOMOU BBIOOpPA. S Juiis 3aMeTuit, 9T0 OOBITHOE TOKA3ATE b
ctBo [cMm. Xaamowa] ucnoassyer DC.y
Ham momagobutcs cremyiomas akKCIOMA:
(LM) JIro60e MHOXeCTBO BeleCTBEHHBIX THCE]I H3MepuMo 10 Jlebery.
Kax Bcerga, ZF o3nHadaeT cucTemMy akcuoM Teopuu MHOXecTB llepmeno —
Dpenkens, a ZFC — Ty xe cucremy ¢ no6aBieHreM aKCHOMEBI BBIOOpA.
[IpeamomoxuB CcymecTBOBaAHUE HEeTOCTUXUMOTO KapawHagaa, Pobept
M. Comnosart B 1964 r. mocrpoun (a B 1970 r. omybamkosan) mMomenb, gOKa-
3BIBAOILYIO CIEAYIOIIee yTBepXK aeHue [52]:

TEOPEMA C0J10B34 27. Cucrema akcuom ZF+DC+LM nenporusope-
quBa.

Kax ormeuaer Tomac Uek [32], B mogean Conoas m:060€ MHOXECTBO Be-
IIECTBECHHBIX YMUCEJ OTIMYIaeTCa OT 60peJIeBCKOI‘O Ha MHOXECTBO MEDBI HYJIb.

6.3. IIEPBBIY IIPUMEP

OmpegennM cregyomuin rpad U?: ero BepIIMHAME ABIAIOTCA BCE TOUKI
mwiockocTu R?, mpudeM BepPUIMHBI COEQMHEHBI PEOPOM, €CIM U TOIBKO eCIH
paccrosHue Mexay Humu pasHO 1. Takon rpad MOXHO HA3BATH NAOCKOCMBIO
COURUYHDIE PACCMOANUL, W €r0 XPOMATHIECKOE TUCIO COBIANAET C IPOMU-
MUYECKUM YUCAOM TAOCKOCTU, ONPENEICHABIM Bhime. KonednbIe moarpadb
u3 U? Ha3BIBAIOTCA KOHEUHbIMU NAOCKUMY 2Padamt, eOUHUUHDIT PacCMOAHUT.

B kavecTBe MHOXECTBA (3AIMPEIIEHHBIX) PACCTOAHUEA B JAHHOW CATYAIWN
MOXHO HCIOIb30BATh HE TOJIBKO {1}, HO M M1060€ MHOXKECTBO MOJOKUTEIb-
HbIX qucen S. Mbl 6ygeM HOIy<daTh pasinm<Hble rpadbl HA IIOCKocTH RZ —
WIn Ha, APYTOM METPUYECKOM MPOCTPAHCTBE WIKM €r0 MOAMHOXECTBe. byaer
€CTEeCTBEHHO HA3BIBATH UX 2PaPamu paccmosnut.

Onpenenum rpap Go caegyommm 06pa3oM: MHOXKECTBOM €r'0 BEPIIWH CJIy-
XKIT MHOXecTBO R? BCex TOYEK ILIOCKOCTH, a MHOXKECTBO pebep COCTOMT 13
o6bemHEHAS deTRIpeXx MHOXeCTB {(s,t) : s,t € R2) s —t —¢ € Q?}, rae ¢

t
nMeeT BU[ (\/5, 0), (0, \/E), (\/5, \/ﬁ) n (\/_, —\/ﬁ) COOTBETCTBEHHO.

YTBEPXKAEHUE 1. B reopuu ZFC xpomarudeckoe wucio rpada Go pas-
HO 4.

[MOKABATEJALCTBO. IlycTte S = {(q1 + V2,0 + n2V2) 1 ¢ € Q,
n; € 4 } Ounpepenum caegyroiiee OTHOIIEHAE DKBUBAJCHTHOCTH F HA MHO-
xecrse R?: sEt < s —t € S. [lycts Y — MHOXECTBO IPEICTABATENCH KIAC-
coB »Tol KBuBazeHTHOCTH. [[1a Kaxgoro t € R? cymecTByeT efHHCTBEHHOE
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y(t) € Y, raxoe uaro t — y(t) = (¢1 + n1v2,¢2 + n2v/2) € S. Uckomas pac-
kpacka B 4 nsera c(t) onpegensercsa caegyomum obpasom: c¢(t) = (I1,12), rae
lZ‘ZO,l, liEni (mod 2). [l

B orcyTcTBHE aKCMOMBI BEIOOpA CUTyAIUs PE3KO MEHAETCA:

YTBEPXKAEHUE 2. B Tteopun ZF 4 ACy, + LM xpomaTudeckoe IucIO
rpada (G HEe PaBHO HUKAKOMY HATYPAJIbHOMY 7. M MaXKe He PABHO Ng.

YTBepxkaeHNe 2 HENOCPENCTBEHHO BBITEKAECT W3 CICAYIOMIMX IIPENT0NKE-
HIU 1 1 2:

[MPEAJOKEHUE 1. IlycTs Ay,..., Ay, ... — U3MEPUMBIE [TOIMHOXECTBA
B R?, mpmaem J,, ., An = [0,1)?. Torga xoTsa 6b1 04HO U3 MHOXECTB A, CO-
IEepXKUT IBe coceqHue BepuHbl rpada Go.

[IPEANTOXKEHUE 2. Ilycts A C [0,1)?, mpuuem A He COMEPKUT HUKAKUX
AByX cocegHux (T.e. coeauHeHHBIX pebpoMm) BepiuH rpada Go. Torga A nme-
et meberoBy mepy 0.

HJOKABATENLCTBO. CHadana goxkaxeMm mnpemiaoxenue 2. llycTs, Hampo-
Tus, muoxecrso A C [0, 1)2 HE COJEPKUT HUKAKAX JBYX COCEIHUX BEPIIUH,
HO HMeeT IOJOXUTENbHYI0 Mepy. Toraa cymecTByeT npaAMOyroapHuK I, omqHa
7“3 CTOPOH KOTOPOrO MapaielbHa OCH a0CIUCC U MMEET, CKaXeM, [INHY d,
npudeM

u(ANI) 9

) 0 (0.1)

BossMmeM Takoe ¢ € @, aTo V2 < ¢ < v/24a/10. PaccmoTpuM ceyiommmia
CABUI MHOXECTBa A:

B:A—<q—\/§,0> :{(x—q—i-\/i,y):(x,y)eA}.

Torma

w(BNI) 8

> — 2
u(I) > 10 (0-2)
B cuny mepasencrs (0.1) u (0.2) maugerca v = (z,y) € I N AN B. Tak kak
(z,y) € B, o w = [z+ (¢—v2),y] € A Taxum obpasom, v,w € A n
v —w — (\/5, 0) = (—q,0) € Q% Iro osmauaer, uro {v,w} — pebpo rpa-
da G2, 06a koua koToporo jdexar B A. [loxydueno uckomoe nporusopedue.
[Ipennoxenne 1 cranosurca Teneps ovesuaabM. [lockomsky J, ., An =
= [0,1)%, a mepa Jle6era caerno agmutueaa B ACy,, TO IPE HEKOTOPOM
HATYPAIBHOM 72 MHOXECTBO A, umeeT nHenyneByio mepy. CoOnacHo yTBepX re-
HUIO 2, A, comepXuT mapy cocearux sepuut rpada Go, 4T0 u TpeboBatoCh. [
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6.4. BTOPOI IPUMEP

[TocTpoum Temeps rpad (3, HECKOIBLKO OTAXYHBIA OT (G9: MHOXECTBOM
ero BEepIIMH CIyXAT MHOXECTBO R’ TOUYEK ILIOCKOCTH, a MHOXECTBO pebep
COCTOUT W3 OOBEAUHEHNA J6YZ MHOXECTB {(s,t) 5t €ER?, s—t—¢€€ QQ},
rjae € = (\/5, 0) ueE= (0, \/ﬁ) COOTBETCTBEHHO.

YTBEP2KAEHUE 1. B Teopun ZFC xpomaTudeckoe qucao rpada G pas-
HO 2.

JIOKA3ATENBCTBO. Ilyers S = { (g1 +niv2,¢2 +n2v2) : ¢ € Q,
n; € Z}. OnpegeruM crefyiomee OTHOLICHUE SKBUBAICHTHOCTH E Ha MHO-
xecrse R%: sEt < s —t € S. [lycts Y — MHOXECTBO IPEICTABATENCH KIAC-
coB pTOM dKBUBaTeHTHOCTH. [ Kaxa0ro t € R? cymecTByeT eIuHCTBEHHOE
y(t) € Y, raxoe uro t—y(t) = (q1 +n1V2, ¢2+n9v/2) € S. Vckomas packKpacka
B 2 nsera c(t) OmpeaenseTca YeTHOCTHIO CYMMEL 1] + M.

YTBEPXKAEHUE 2. B teopun ZF 4+ ACy, + LM xpomMaTudeckoe IuCIO
rpaga (G3 HEe PABHO HUKAKOMY HATYPAJIBHOMY 1 M HaXe HE PABHO Ng.

Joka3pIBaeTCsA AaHAJOTUIHO yTBEPXKACHUIO 2 n3 pasjgena 6.3.

3AMEYAHUE. Moxer BO3HHKHYTBH BOIIDOC, IOYEMY \/§ urpaeT TaKylo
pOIb B HAMUX HOCTpoeHUAX. Konewwo, \/i — [peBHEWIee W3BECTHOE Up-
paluoHAJbHOE UHUCIO: IO-BUAMMOMY, €I'0 UPPAIlMOHAILHOCTE OblIa JOKAa3aHa
nudaropennamu. Hamm paccyx)geHus u pe3yabTaThl HE U3MEHATCH, €CAu 3a-
MEHUTH \/i APYTUM UPPAIVOHATLHBIM IHCJIOM.

6.5. YCJOBHASI TEOPEMA O XPOMATUYECKOM YHUCJE IIJIOCKOCTH

CyumecTBeHHa, U AKCUOMa, BBIODOPA B 33,4446 0 XPOMATAYIECKOM IUCJIE TIOC-
koctu x? OTBET 3aBUCHT OT 3HAYEHUA X, KOTOPOE, PA3yMeeTCsa, HaM IOKa
mem3BecTHO. O THAKO IPUBEICHHEIE IPUMEDHI IOKA3LIBAIOT CUTYAIUA, B KOTO-
PBIX aKCHOMa, BLIOOpA CTAHOBUTCA BEChbMa CyIIECTBEHHOU. MbI MoxeM cdop-
MYJIUPOBATH CIACAYIOIIYI0 TEOPEMY.

YcaoBHAA TEOPEMA 28 (Ilerax u Coitdep [40])%). Tpegnonoxmm, aTo
XPOMATHIECKOE TUCJAO JI060T0 IMIOCKOr0 KOHEYHOrO Ipada eJUuHUIHBIX Pac-
crosauuy He npesocxoaut 4. Torga:

*) B Teopun ZFC XxpoMaTuIeCKOE IMCI0 WIOCKOCTU PABHO 4;

**) B8 Teopun ZF + DC + LM xpoMaTwIecKOe 9uCa0 IIOCKOCTU PABHO
5, 6 manm 7.

9 IpesmonaraeTcsa CymecTBOBAHNE HeJOCTIIKIMOIO KapAnHAIa. Kapammar s HaseBaer-
CA HedOCMUNCUMbIM, ECII OH PEryIADeH, ABIAETCA CHIBHBIM IPEJeIoM U IpU 5ToM i > No.
BeckoHeYHBIN KapAWHATL R, pe2yaipen, eCIn ero HadaJbHBIU OPAUHAI HE KOH(PUHAIEH HU-
KAKOMY MEHBIIEMY OpAMHALY. KapAuHAI 3¢ ABIAETCA CUAbHbIM Tpedeom, ecar u3 A < ¢
crenyer 2* < .
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[TOKA3ATEJNBCTBO. YrBepxaeHue *) caegyer us [16].

B Teopun ZF + DC + LM uao60e moAMHOXECTBO S INIOCKOCTHU R? ms-
mepumo 110 Jlebery. [lercTBUTENBHO, M3MEPUMOCTH TOAMHOXECTBA S PABHO-
CUJIBHA CYHIECTBOBAHUIO TAKOI'O OOPEJEBCKOI0 MHOXECTBA B, 94T0 cuMMeTpu-
geckas pasHocTb SAB wmMeeT Mepy HyJb. 3HAUAT, JIOOOE II0IMHOXKECTBO
IIOCKOCTH OTJIUYIAETCA OT OOPEIEBCKOrO HAa MHOXECTBO MepHI HyJIb. Knu-
HUaHBI 0Tpe30K [ = [0, 1] MOXHO npeACTaBATH KaK MHOXECTBO GECKOHEd-
HBIX JIBOMYHEIX Apobeit. 3amerum, uro 6mexknua I — I%: 0,a1a...a, ...
(0.a1a3 . ..;0,a2ay4 ...) coxpanseT HyleByl Mepy. U3 pesyabrara DarbkoHe-

a [18], cdopmyrupoBaHHOrO B pasgene 2, BBITEKAET Tenepb, YTO XPOMATH-
YECKOE YMCJIO IUIOCKOCTYU HE MEHBIIE IISTH. O

MoxeT OBITD, 3342498 OTHICKAHUA XPOMATUIECKOT0 IUCIA INIOCKOCTH II0-
TOMy n BbIer;ep)Ka.JIa. BCE a,Ta,KI/I7 OCTaBUB BO3MOXHBIMU BCE€ 3HAYEHUA OT 4: AO
7, 9TO Ha CAMOM [eJie OTBET 3aBUCUT OT BLIOPAHHON CHCTEMBI AKCOM TEOPUHI
MHOXECTB?

7. DIUJIOT

«Beau 6ydy acue uepes 20d, naderoco nponosedosdamyv 3decv cnosa. Ecau
JHee Hem, mo Hadewch, Ymo KmMo-nubydo npoumem JAeKyuo 8 NamMims 060
mue.» Takumu caoBamu [layns Dpaém 3akouama ¢Boe BuicTymenue 10 mapTa
1994 r. B Boka Paromn [15].

13 mapTa 2003 r. mbr ornpasgaoBatn 90-reTme co gua poxgenus [laymasa
IOpaéma. [Taynms mocTaBUI CTOABKO KPYIHBIX OTKPBITHIX MPOOIEM, 9TO WX
XBATHUT HA BEKAa. 334393 O XPOMATHICCKOM UUCJIE INIOCKOCTH IIPWHA,IICKUT
HE eMy, HO OHA OY€Hb €My HpaBmwiach. I Toapko Gaarogapsa eMmy sTa 3a1ada
xmBeT — nmomo0HO Tomy kKak Oracrec ge Mopram cnac rumoTesy 9eThIpex
kpacok (mogpobuee 06 srom cMm. [51]).

Usnoxennsie pe3yabTaThl BOUAYT B wucae apyrux B Mathematical Color-
ing Book [51]. Orkperreie npobaemsr [layas dpaéwa souayr B Problems of
pgom Erdds [17] (pgom — sTo a66pesuarypa poor great old man, rak ITayus
OpJELI B LIy TKY HA3BIBAJL CAMOro cebs); Hal 5TOM KHUIOM MBI BMecTe paboTa-
au ¢ kouna 80-x xo yxona [layas 8 1996 r. [lome3ubre 0630pHI 110 3aTPOHY THIM
Bonpocam cogepxarcs B [34] u [3].

3/ech A MOMBITAJICA HE TOJIBKO OOPUCOBATH CONEPKATEILHYI0 MATEMATH-
9eCKYI0 33131y, HO M MOKA3aTh, 9TO HE 00A3aTEIBLHO U3JAraTh MATEMATUKY B
HEIPEKIOHHO-(POPMATU30BAHHOM CTHJIE WM MOAABIATH IUTATEIA MYIITDOH.
[To MoemMy MHEHUIO, MATEMATHKY HYXHO M3JIAraTh KAK BOMHYIOILYIO APaMy
IeMOBEIECKUX YCTPEMICHAN U APKUX XAPAKTEPOB €€ TBOPIIOB.

Brarogapio Bopuca Ppenkuna (nepesoguamka sTou cratbm), Baagumu-
pa Muxamaosuda TuxoMmmposa m Muxamna Bsmoro 3a mosesHble 3aMedYaHNs
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u npennoxenus. Sl npusnareren Anekcero Kanenb-BenoBy, koTopsii npemio-
KWI — ® Y€l SHTY3UA3M BIOXHOBHJI MEHA — HAIUCATL 3Ty CTAThIO,
aPECOBAHHYIO MPEX /e BCEr0 MOJOABIM duTaTexiMm «MaremaTndeckoro mpo-
ceemenusy. Korga-To u s poguincs B MockBe, U 5 IIEHIO 3Ty BO3MOXHOCTH KOH-
TaKTUPOBATH C BAMM, MOU MOJOAbIE KOmIeru. byny 6irarogapes BaM 3a KOM-
MEHTAPUY U JOIOJHEHUA K CTATHE; HAIPABIAUTE WX MO AAPECy: J0 aBryCcTa
2004 r. — Alexander Soifer, Department of Mathematics, Princeton Universi-
ty, Washington Rd, Princeton, NJ 08544, USA; ¢ centabpsa 2004 r. — Alexan-
der Soifer, University of Colorado, 1420 Austin Bluffs, Colorado Springs, CO
80918, USA.
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TeopeMBbl 0 TTOKPHIBAIOITX 1 HETIEPeCeKATOTIIXCA
TPeyroIbHUKAX U X 0000IIeHnA

&®. B. Ilerpos C. E. Pykmuu

Ha T Bcecorosuon koH(pepeHnuu mo KoMOMHATOPHOU reomerpum B 1985
roay B. B. IlpoussonosbiM Obu1a nocrasieHa cregyomas 3agada (cm. [1], [2]):

dam LINYKALLE N-Y20AbHUK U N MOYEK 6HYyMPU He2o. Kaxcdot mou-
Ke CONOCMABAACTNCA CMOPOHG N-Y20AbHUKG (DA3HbLIM MOUKaAM —
pasuvie cmopouwt). Paccmampusaromes mpeyzoavnuky, nocmpo-
CHHDIE Ha IMUT MOYKAL U COOMEEMCMEYWUT CMoponaL. Bepno
A, YWMO 620U MOHCHO YCMAHOBUMDL COOMNEEMCMBUE MENHCIY MOU-
KAMU U CMOPOHAMU MAK, 4MOoObl NOAYUUSUWUECC MPEY20AbHUKY
(a) He umeau 0OWUT BHYMPENHUT MOUEK;

(b) nokpuisasu MHoO2ZOY2OALHUK.

3amada Cpa3y NPUBIEKI, BHUMAHUE MHOIMMX CIEIUAIACTOB IO BBILYKJION
7 KOMOMHATOPHOU reoMmeTpun. HecMOTpsA Ha BJeMEeHTAPHYIO (POPMYIAPOBKY,
He OBLT ACEH MaXKe OTBET: MOABUIOCH HECKOJHLKO HEBEPHBIX MTOKA3ATEAbLCTB U
KOHTPHPUMEPOB K 00€uM 3a1axaM.

Oreer Ha 0064 BOIPOCA OKA3AJICA MOMOKUTEAbHBIM. [[0KAa3aTenIbCcTBO MO-
asuaoch B 1987 rogy u omy6iukoBaHO B cTaThe [3]; TaMm ke ObLIM paccMOTpe-
HBI ¥ BO3MOXHOCTY MHOTOMEPHBIX 0000IIeHn 00enX 3a,1a 4.

Kaszamocs 6bI, comepxaTenbHas CTOPOHA BOIPOCA MCIEPIAHA, ONHAKO B
1999 roay Ha MEXIYHAPOMAHOW KOH(PEPEHIWU MO AUCKPETHOU U BBIYUCIN-
reapuon reomerpun (Ackona, [llBennapuwsa) amepukancku maremMaTuk An-
dras Bezdek samerumn, 4To mpsMou mepeHOC METONOB cTaThu [3| HA cUTya-
U0, KOIJa BCe TOYKH JEXKAT BHE MHOIOYIOJIbHUKA (a TeMm Golee — Korjga
9aCTh TOYEK JEXWUT BHE, 4 9aCTh — BHYTPHM MHOTOYT'OJbHUKA) HEBO3MOXEH.
[TosTomy cuTyamusa, B KOTOPOU TOYUKE He 00A3GMEAbHO JEXKAT BHYTPU MHO-
COYTOJBHUKA, TPeOyeT OTAEIHHOrO W3y IeHU.

Bonpoc Besgeka okasaiucsa Tem 6ojee HHTEPECHBIM, ITO B 06ujeti CATY AIAn
orBeThl Ha Bonpockl (a) u (b) pasiu4sbL.

[lomHBI OTBET HA MOCTABJICHHBIE BOIPOCHI MOIYY€H B CTATHE AaBTOPOB [4]
KOMOMHATOPHO-T€OMETPUYIECKUMU METOJAMU, B HECKOJIBKO YIPOIIEHHOM BU-
lle M3JaraeMbIMu HUXKe. TaM ke pacCMOTPEHBI M MHOTOMEPHBIE OO0O0IIEeHNS.

MaTemaTu4eckoe npoceeleHue, cep. 3, oin. 8, 2004(222-228)
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Hesasucumo or mumx P. H. Kapacés [5] pemwmn Ty xe 3agady, npuMeHuB
HEDJIEMEHTAPHYIO TOMOJIOTHIECKYI0 TEXHUKY.

DOPMYJUPOBKA PE3YJbTATOB

TEOPEMA A. [lna m:060r0 BBIDYKJIOrO n—yroabHuKa M Ha IIOCKOCTH
n+1
— ) o

mecTByeT wHbeKiua ¢ u3 MHOoxectBa X = {Xi,...,X;} B muHOXecTBO T
CTOpPOH MHOrOyronbuHuka M Takas, 9T0 TpeyroabHuku 1; (BO3MOXHO, BBIPO-
XK IEHHBIE ), 0OPA30BAHHBIE TOYKAME X; ¥ COOTBETCTBYIOIMMUI UM CTOPOHAMU
G; = ¢(X;), He umeT 00IUX BHYTPEHHUX TOYEK.

u mobbx k Todek Todek Xi, Xo,..., X maockoctu mpu k < |

TEOPEMA B. [laa awob6oro n-yroabumka M Ha IIOCKOCTA ¥ JHOOBIX
TO4U€eK Y7, Yo,...,Y, INIOCKOCTHU CyINECTByeT OMEKUIWS (¢ W3 MHOXECTBA Y =
={Y1,...,Y,} va maoxectso [' cropon mHOroyroasuuka M Takas, 9TO Tpe-
yroabauku 1;, 06pa3oBaHHBIE TOYKAMU Y; U COOTBETCTBYIOIIUMHA UM CTOPO-
vamu F; = ¢(Y;), nokpsiBator M.

[ moKa3aTeabCTBa DTUX TEOPEM HAM MOHAAOOATCA ABE KOMOMHATODPHLIE
JEMMBI, TPEJCTABIAIONINE U CAMOCTOATENIbHBIN uHTEPEC (Tak, nemma A Obl-
JIa MCIHOJB30BaHA HA 0oTOOpe KoMaHAbl PP HA MeXIyHAPOIHYIO OJUMIIAA LY

2000 r.)

KOMBUHATOPHBIE JIEMMBbI

JIEMMA A. [lausr k ronomen u K > 2k — 1 geByuiek, HEKOTOPBIE FOHOIIA
3HAKOMBI C HEKOTOPBIMU JAEBYIIKAME. TOra MOXHO IMOXEHUTH 6Cex FOHOIIEN
TaK, 9TOOBI KaXK IBIU FOHOIIA, HE3HAKOMBIN CO CBOEH XEHOU, ObLI 3HAKOM TOJIb-
KO C HE3aMYXHUMU [E€BYLIIKAMU.

I OKA3ATEJBCTBO. Bo3sbMmem Hambogbllee HAaTypadbHOEe § < k Takoe,
9TO HAMAYTCA S IOHOLIEH, 3HAKOMBIX B COBOKYIIHOCTH He Gozee dem ¢ (s — 1)
JeByLUIKaMu (€cau TAKOrO § He CYMIECTBYET, TO MOXHO IO JeMMe XOIIa IIo-
KEHUTH BCEX IOHOMIEH HA 3HAKOMBIX JEBYIIKaX). PaccMoTpuM »TUX $ I0HOLIEN
7 HAa30BEM WX CKPOMHbIMU, & 3HAKOMBIX C HUMU HEBYIIEK — O00WUMENbHbI-
mu. B cmny makcumanpHOCTH HCHa S, JI00BIE § HECKPOMHBIX IOHOIIEH 3HAIOT
(B coBokynHOCTH) XOT# OBI t+1 HEOOIUTENbHYO AeBYWKY. [loap3ysch reMmon
Xoumwta, MOXEHUM KAX 00 HECKPOMHOI'O IOHOILY HA 3HAKOMOUW HEOOUUTEb-
nou aesymke. Ocranercsa eme xota 61 K — (k—s)—(s—1) = K+1-k >k > s
HeOOIIUTEIbHBIX NEBYINEK, HE BBIIAHHBIX 3aMyX. [I0XeHUM CKPOMHBIX IOHO-
el Ha S M3 HUX MPOU3BOJILHBIM 0OpaszoM. Herpymmo yBuaeTh, 9TO mpuBe-
JEHHAsd MATPUMOHMAJBHAA MPOLIEAYPa gaeT HabOp OpaKOCOYETAHUN, yIOBIE-
TBOPSIOIIAN YCIOBUAM JEMMEBI.
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3AMEYAHUE. Ecam K = (2k —2), TO yTBEpX JEHUE JEMMBI YK€ HE BBIIOJ-
aaerca. [lercTBurensHo, ecim k — 1 meBymKa 3HAKOMa CO BCEMH IOHOLIAMM,
a OCTAJbHBIE ME€BYIIKM HE 3HAKOMEI HU C OJHUM IOHOUIEH, MOXEHUTH IOHOLIEN
TpebyeMbIM 00pa30M HEBO3MOXHO.

JIEMMA B. [anw k romomen u k geByinek. KaxX bl IOHOIIA 3HAET XOTA
OBl ONHY AeBYIIKY. Torma MOXHO HEKOTOPHIX IOHOIIEH IOXEHWThL Ha 3HAKO-
MBIX [EBYIIKAX TaK, 9YTOOBI HU OJWH XEHATHIN IOHOIIA HE 3HAJ HU OJHOU
HE3AMYXKHEUN JIeBYIIKU.

JOKABATEJBLCTBO. BosbMeM naumenvuwee s < | Takoe, ITO HAUAYTCA S
IOHOIIEH, 3HAKOMBIX B COBOKYIIHOCTH He Gonee deM ¢ (s — 1) geBymkon (ecau
TAKOr'O § HE CYMECTBYET, TO MO JeMMe XO0JUIa MOXHO MOXKEHUTH BCEX IOHOUIEH
Ha 3HAKOMBIX feBymikax). HaszoBem, kak u B reMme A, 5TUX IOHOLIEU CKPOM-
HbLMU, & WX 3HAKOMBIX NEBYIIEK — O00UWUMEAbHbIMY. 3AMETAM, 9T0 § > 1 1o
yCa0BuiO (KaxIbIi IOHOWIA 3HAET XOTA OBl OJHY JAEBYIIKY ).

Bribepem (s — 1) ronomry u3 sTux s. B cury MuHUMAIBHOCTH S J100BIE A 13
5TuX ($— 1) IOHOIIEN 3HAKOMBI B COBOKYIIHOCTH HE MEHee 4eM C /i eBYIIKAMU.
[Toxenum mx, mMOAB3YACH JeMMOU XO/LIa, HA BCEX OOIMUTENBHBIX IEBYIIKAX.

3aMeTHuM, 9TO MOCTPOEHHBIM HAGOp OGPAKOCOYETAHUN yAOBIETBOPAET YC-
JOBUAM J€MMBEIL.

[TOKABATEJIHBCTBO TEOPEMBI A

[locagum B kKaxayro TOUKy X; IO IOHONIE, a Ha KaXAyk cTOpoHy l'; —
no gesymke. [losmaxomum romomy B Touke X; m AeBymKy Ha cTopome I'j,
ecim X; JEXUT 1O APYrylo CTOPOHY OT IpAMOH, cogepxamenn ['j, mexemnm
MHOTOYTOabHUK M.

[ToxeHnuM IOHOIIEW HA AEBYIIKAX COrMAcCHO JemMe A (ycaoBus semMmbl A

n—“], Ton > 2k —1).

HasoBem Takoe coorBeTcTBHE BEPLIMH CTOPOHAM OOIIYCTHUMBIM.

BBINOJIHEHEBL: ecau k < |

HazoBem zapaxmepucmurot ZOMyCTUMOI'O COOTBETCTBUA IIPOU3BENEHUE
PACCTOSHUN OT TOYEK BHYTpu M 10 COOTBETCTBYIOIUX UM CTOPOH, TEJIEHHOE
HA IPOU3BEeHUE PACCTOIHUN OT TOYEK BHE M 1O COOTBETCTBYIOIIAX CTOPOH.

Jokaxem, 9TO JOILyCTUMOE COOTBETCTBUE ¢ MUHUMAJIBHOU XaPAKTEPUCTU-
KOU yJIOBJIETBOPAET BCEM TPEOOBAHUAM TEOPEMHI.

[asg >Toro HaM OHATOOUTCSA CAEAYIOMAS HEXUTPAA TPUTOHOMETPUIECKAsI

sin(6 — v)

JIEMMA. Ecm 0 < 6 < 7, To dynkmuaa h(y) = —
sin 7y

yObIBaeT HA

uarepsane (0,0).

[ls 1oOKa3aTeIbCTBA JOCTATOYHO 3aMETUTh, ITO h(y) = sinf ctgy—cos 6.
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[Ipeamonoxum, ITO HOIyCTHMOE COOTBETCTBHAE C MAHUMAJBHON XapaKTe-
PUCTUKON HE yAOBIETBOPAET YCAOBUAM TEOPEMBI A U, CKaXeM, TpeyrolbHUKI
X1AB u X9CD nepecekatorcs (Toukam X u X9 conocTasieHsl CTOPOHEL AB
u CD coorsercrBenno). He ymanas oOIIHOCTH, MOXKHO CIATATH, ITO Jy<Id
AB u DC uepecekatorcs B Touke P (B caydae, korga upsveie AB u CD
HapaJIelIbHbL, PACCYXKACHNUA JULIb yupomatoTces). U3 gomycTumocTu paccMa-
TPHUBAEMOI'0 COOTBETCTBUA CICAYET, UTO €CAM TOIKA X| JEXKHUT IO Ty XKe
CTOPOHY OT NpAMOU AB, 9T0 u MHOrOyroabHUK M, TO OHA JEXUT U BHYTPHU
yraa APC; aHATOTWYHO, €CIr TOYKA X9 JEXWUT IO TY XK€ CTOPOHY OT IPAMOU
DC', aro u mHOrOyroapauk M, To oHa JexuT u BHyTpu yraa APC.

SuaqauT, aub6o 06e Touku X| m X9 nexar Buyrpu APC, au6o o6e BHY-
TPU BEPTUKAJILHOrO ¢ HuUM yria (uHade Tpeyroiapauku X1 AB u XoCD me
HEePECeKyTCA).

B nmepsom ciaygae umeem , X1 PB > ,X9PB, 3Ha4YUT 10 TPUTOHOMETDH-
TECKOU JIEMMe

(X1 Psin X, PB) - (X3P sin X, PC) > (X, Psin X1 PC) - (X3P sin X, PB),

CTaa0 OBITH, €CJAY IOHOMHX B TOYKaX X1 U X9 IMOMEHAIOTCA XKEHAMU, TO COOT-
BETCTBUE OCTAHETCA JOIYCTUMBIM, & €r0 XapaKTEePUCTUKA, YMEHBIIATCA. DTO
MPOTUBOPEYUT BBIOOPY AOMYCTUMOTO COOTBETCTBUA ¢ MUHUMAJIBHOU XapaK-
TEPUCTUKOMN.

Bropon caydan pazbupaeTcsa aHAJIOTUYIHO IIEPBOMY.

Teopema A mokasana.

TOYHOCTH OLIEHKM B TEOPEME A

n+1
JokaxeMm, 9TO OICHKA [T] IJIA IUCAA TOYEK W3 TEOPEMBI A TOYTHAA.

A umenno, mia m1060r0 HATYPAIBHOTO 7. > 3 CYWECTBYeT N-yroabHUK M
[n+3

n+1
HA IVIOCKOCTH X [T] +1 ] ToYek Ha IIOCKOCTM Takue, 9TO He

CyLIECTBYeT COOTBETCTBUA, onucanuoro B Teopeme A. [locTpoum mpumep, B
KOTOPOM BCe TOYKH X; COBHATAIOT.

Paccmorpum mia omnpemenennocTu caydan n = 2k. BosbMmeMm paBHOCTO-
pouaun TpeyroabHuk Ay X Apy1. O6o3Hadum menbinryio ayry Ay Agpi omm-
CaHHOU OKPYX)HOCTH |Uepe3 w. OTmernm Ha ayre w Touku Ao, ..., Ay (pacmo-
JIOXKEHHbIE B YKA3aHHOM MOPAAKe B HanpasaeHun oT A; k Agiq1). ycrs w' —
Iyra, CAMMETPUYTHYIO Ayre w OTHOCATENIbHO oTpeska Ay Agii. [lycTs mayunm
XA; (1 =1,...,(k+ 1)) nepecekator w’' B Toukax Bi,...,Bpi1 (B1 = Ay,
Bii1 = Agy1). Ogesugno, 2k-yronvauk M = AjAs... A 1BgBg—1...Bo
saBasgercsa BuimykabiM. [laa kaxmoro ¢+ = 1,2,...,k Tpeyroasauk X B;B;
comepxuTCa B Tpeyroabauke X A; A;11, mMO3TOMY Ipu BEIGOpE CHCTEMBI Hele-
PECEKAOIIMXCA TI0 BHYTPEHHUM TOYKAM TPEYTOJIbHUKOB ¢ BEPIIMHOU B TOYKE
X ¥ OCHOBaHWAMU, ABIAIOMMMUCA CTOpOHAMU M, U3 NBYX TPEYrOJIHLHUKOB
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XB;Bij+1 n XA;A;+1 BoiOpano He 6onee OLHOrO, OTKYAA CIENyeT, 9TO BCe-
n+1

2
HedeTHOrO N = 2k + 1 moayvaeTcs m3 TOMBKO 9TO IMOCTPOEHHOTO a0b6aBie-

HyeM BepuimHbl A}, mexamen B cermenTe, 06pa3oBaHHOM OoTpe3koM A; Ay u
ayrou w. Torga ms Tpex TpeyroabaukoB X A1 By, X A1 Al u XAl Ay mox-
HO BBIOpaTh He Oomee OBYX, a w3 Kaxgou mapel X B; B u XA;A;4q nas
1 = 2,...,k mo-upexmemy He 6o0iee OTHOI'O, CTaJ0 OBITH BCEro He Gouee

24 (k-1 =k+1= [nTH] TPEyrOJIbHUKOB.

o TaKuX TPEyrOIbHUKOB MOXHO B3:AThb He Oonee k = | ]. Ilpumep s

JTOKA3ATEJLCTBO TEOPEMBEI B

Kak u B mokasareabcTBe Teopembl A, mocaguM B KaXAyi0 BepIIAHY Y;
IO I0HOIIE, a Ha KaXayio cTopoHy I'; — mo gesymke. IlosHakoMmM 1oHOIIY
B TOUKe Y; M neBymKy Ha CTOpoHe I'j, ecim Y; M€XWT 1O Ty Xe CTOPOHY OT
npaMou, cogepxkamen I';, aTo u Mmoroyromsauk M.

Jlerko BueTH, ITO BHIIOIHEHBL YCJAOBUA JeMMBI B (KaX 1as TOUKa JIeXUT B
OTHOM TOJIYILIOCKOCTY C MHOT'OYTOABHUKOM M OTHOCUTEILHO XOTS GBI OHOU
croponrst M). TloxeHuM HEKOTOPBIX IOHOWIEN COrMACHO DTOU JEMME W Ha30-
BEM COOTBETCTBYIOIINE 5>TUM OpakaM HAGOPHI TPEYTOIbHUKOB JOILYCTUMBIMIY.
XapaKTepuCTUKON JOIYCTUMOrO HA60pa OyieM HA3BIBATH IIPOU3BEICHUE PAC-
CTOSHUU OT TOYEK, COOTBETCTBYIOIIUX KEHATHIM IOHOIIAM [0 COMOCTABIEH-
HBIX UM CTOPOH.

Bri6epem HaGOp ¢ MAKCHMAJBHOU XapaKTepUCTUKON. [lokaxkem, 9TO Tpe-
YTOIBHUKHE 3TOr0 HA00Pa NOKPHIBAIOT MHOTOYTOMbHUK M MOMHOCTHIO (Takum
06pa3om, HaM, BOOOIIE TOBOPS, HOHATOOATCA MEHBIIIE, 9eM 7 TPEYTOJbHUKOB).

[Mpenmonoxum, 9T0 HEKOTOPAA TOYKA, 4 MHOTOyroiabuuka M = AjAs. ..
... A, He mokpeITa. PaccMOTpUM OUH U3 TPEYTOJBHUKOB HAOOPa, CKaXeM
Y1A1Ay. Opun w3 aygen AyZ, AyZ mier BHe DTOrO TPEYrOAbHUKA (HHAYE
Touka Z Obuia O6bl TOKPBITA). [IPEAIOIORUM 11 ONPEAENEHHOCTH, ITO ITO
aya AsZ.

Kax merko yBumeTs, 10HOIIA B BEpIIXHE Y] 3HAKOM C JIEBYILIKON HA CTOPOHE
AgAs. U3 momycTumMocTm mOIydaeM, ITO AEBYWKa Ha cTOpoHe Ag Az Bhimana
samyx. He ymamaa obmrOoCTH, e Myx) HaxomuTca B BepiwmHe Yo. [loBTOpUM
AHAJOTUYIHOE PACCYXKIEHUE M1 TPEYyroabHuKa Yo As Az,

BosMoxHBI yx)e nBa Caydas:

1) mya AsZ uper BHe TpeyroapHuKa YoAsAz. Torga mo Tpuronomerpu-
9ECKOU JIEMME TIOIY Ia€M

d(Y1,A243) ~ d(Z,A243) ~ d(Yz, A2A43)

rae uepes d(X,l) 0603HAIEHO pACCTOAHME OT TOYKM X A0 mpAMOHU [. DTO
OBHAYAET, ITO €CIU IOHOMM B Y] U Yo MOMEHAIOT XeH, HaGOp TPeyroabHUKOB
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O0CTaHETCA AOMYyCTUMBIM U Oy €T IMETb GOIBIITYI0 XapaKTEPUCTHUKY, ITO MIPO-
THUBOPEIUT BLIOOPY AOIYCTUMOIO HAOOpa C MAKCUMAJILHOU XapaKTePUCTUKOMN.
2) nyua A3Z uget BHe Tpeyroabauka Yo Ag Az. Torga mponomxum Ha mpo-

mecc. Mul au60 mpuaeM K CIydalo, aHAJIOTMIHOMY IIEPBOMY, JHOO IOJIYIMM
uuka: ayau A;Z uwgpyTt BHE TpeyroiabHukoB A; 1 A;Z mius Bcex 1 = 1,2,....,n
(mymepanmsa BepmmHa A; TMKIXIECKas 10 MOAYIIO 7). Torga mepeMHoOXuM He-
PaBEHCTBA

d(Yi—1,Ai—14) _ d(Z,Ai—14)

d(Yio1, AjAipr)  d(Z, AjAi)
mo BceM ¢ = 1, 2,...,n, B IPABOU 4aCTH MOJYIEHHOrO HEpaBeHCTBa OyxeT 1, a
B JIEBOU — OTHOIIEHNE XaPAKTEPUCTUK ABYX HAOOPOB TPEYTrOIbHUKOB: MCXO -
HOro u HaGopa TpeyroabHUkoB {Y;A;11A;12}. 3ameTuMm, 94T0 BTOpOU HAGOD
TaKXe MOIYyCTUMBIA, ITO OIATDL XK€ MPUBOAUT K IMPOTUBOPETUIO C BHIOOPOM
Habopa.

TOYHOCTH OIIEHKHN TEOPEMBI B

OdeBugno, (n—1) TOUYKY HE BCerja MOXHO COIUHUTH CO CTOPOHAMMY TaK,
9TO6BI MTOMYYIAIOUAECA TPEYTOIbHUKYA HOKPBLUIA BECH 7i-yTOABHUK — [MOCTa-
TOYHO NOMECTUTD BCE dTU TOYKU B OJHY TOYKY BHYTPU MHOIOYTOAbHUKA M.

Ha camom mene cymecTByeT maxe TAKOU MPUMEP, B KOTOPOM BCE TOYKHU
JIEXAT BHE MHOIOYTOIBHUKA. [[eNCTBATEIBHO, PACCMOTPUM BOMM3U CEPENUHBI
KaXJIOU CTOPOHBI BBIMYKJIOTO N-yroJdbHUKA M KaKyio-HUOYAb TOUKY, JEXKa-
myio Bae M. Torna mobbie (n — 1) TOYKU U3 DTUX 7, KAK JECKO MOHATH, HO/-
XOAAT B Ka4eCTBe TPeOyeMOro npumepa (MHAYE ¢ KaXJOU CTOPOHOU JOIKHA,
OBITH COeMHEHA XOTsA ObI OHA U3 TOYEK [JIA TOr'0, YTOOBI MOKPHITH BHY TDEH-
Hue TO4KU M, GIM3KuMe K CTOPOHAM).

MHOTOMEPHBIE OBOBIIEHUSA

Onupasich Ha T€ XK€ JEMMbI, YATATENb C JErKOCTHIO TOKAXKET CJIeIyIOIIne
0600menns Teopem A u B:

TEOPEMA A’. [I1a m060ro0 BHIDIYKJIOTO N-IpaHHUKA M B IPOCTPAHCTBE
1
R™ u mob6bix Togek X1, Xo,..., X € R™ npm k < [%] CyIIECTBYET WHB-

exuusa ¢ u3 mHOXKecTBa X = {X;, Xo,..., Xy} B MmHOXecTBO [' rpanen muo-
rorpannuka M rtakas, aro nupamuasl V; = conv(X;, F;), o6pasoBaHHBIE Bep-
mmHamu X; u cooTBeTCTBYIommMEu uM rpaamu F; = ¢(X;), He umeor o6mux
BHYTPDEHHUX TOYCK.

TEOPEMA B’. [las mo60ro BBHIIYKIOro n-rpanHuka M B IPOCTpPAHCTBE
R™ u ar06bix TOU€eK Y7,Yo,...,Y, € R™ cymecrByer OGueknusa ( u3 MHOXKE-
crBa Y = {Y1,...,Y,} na maoxectBo ' rpanen M Takas, 9T0 00beIUHEHIE
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mupavug U; = conv(Y;, F;), 06pa3oBaHHBIX BepmmHAMEA Y; U COOTBETCTBYIO-
mumu uM rpaaaMu F; = (Y;), DOIHOCTHIO MOKpBEIBAET MHOrOrpaHHuUK M.

Aproper mpussaTenasubr /. MakcumoBy u H. Kymmens 3a TexHUYECKYIO
MOMOIIb [IPY HAIUCAHUYU JAHHOU CTATHU.
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['eomeTpudeckoe perierue MpooJeMbl
B. B. IIpouzBo.oBa

I'. A. lanbuepun

1. ITroBaEMA B. B. IIPOU3BOJIOBA

B 1985 roay, Bckope nmocue 3aBepiienns BaTyMcKoOn KOH(DEPEHITUY 110 KOM-
6unaTopaou reomerpun (cMm. [2]), usBecTHb MaTemaTuk B. B. IIpomssonos
O3HAKOMWJ aBTOPA HACTOAMIEH 3aMETKU C OJHOU u3 ero mpobieMm, MOCTa-
BJICHHOW WM B BHJ€ BOIIPOCA HA TOJBKO UTO MIPOIIEIIEN KOH(pEpPEHIN, —
0 NOKPBLIMUU BBITYKJIOrO 7-YTOJIbHWKA, CHENUATbHBIMEA TPEYTrOIbHUKAMI. He
COJlepXKaHMe COCTABUIO B JajbHeumeM GhOpMyIupoBKy dactu (6) 3amadm 9,
onybaukoBanaou B. B. IlpouwsBomoBeiM (Ha celt pa3 B yTBepAuTeabHON HOp-
me) B Beim. 6 «Maremarmaeckoro IIpocsemenma (cm. [1]):V)

Lan svinykavili n-yzoavruk u n mouex snympu wezo. Kaxrecdoi
MOUKE CONOCMABAKEMCA CMOPOHG N-Y20AbHUKG (Pa3HbIM  MOYU-
KaM — DA3HbIE CMOPOHLL) U PACCMAMPUBGIOMCA MPEY2OAbHUKU,
NOCMPOEHHBIE MG MOYKAT U COOMBEMCMEYUUL cmoporax. [o-
KAGACUME, UMO MOHCHO MAK YCMAHOBUMb COOMBEMCMBUE, YMOObL
NOAYUUBULUECH MPEY20AbHUKY NOKPHIBAAU SHYMPEHHOCTD MHO20-
Y2OALHUKG.

3amada MOKa3a1ach MHE TOrJA HACTONBKO NPUBIEKATEIBHOU, UTO YXKE
Yepe3 KOPOTKOe BpeMs (MOpAgKa MeCAla WIM JaXKe MEHee TOrO) s Hallel
IIPOCTOE U dJeMeHTapHOe I'eoMeTpHUIecKOoe ee pelleHue, IputieM Ccpa3y B
MHOT'OMEPHOM CJIydae, KOI'JJa BMeCTO MHOI'OYT'OJbHUKA PACCMaTPABAETCA MHO-
rorpasHuK M B [N-MEPHOM NPOCTPAHCTBE, & BMECTO CTOPOH MHOTOYT'OJbHU-
ka — rparu M kopasmeproctu 1. Ilpm sTOM WHTyuUIuA C caMOro Hadamia
MOICKA3BIBAJIA, MHE, ITO OTBET HA MCXOAHBIM Boupoc «Bcerpa mu cymecTByeT
HCKOMOE COOTBETCTBUE MEXIY TOYKAMHU U CTOPOHAMU» MOJXKEH OBITH I10-
JOXUTEIBHBIM, TAK 9TO S CPa3y CTaJ MBITATHCA HAUTH JOKA3ATEALCTBO, a
HE CTPOUTH KOHTPIPUMEDHI K yTBePK eHu0. HeCkonbKO mo31Hee s BBLACHUI,

D3agaay (a) 0 HEnowpbimuy MEOMOYTOIBHAKS, CIIENHAILHEIMA TPEYTOIbHIKAMI Mbl 31€Ch
He paccMaTrpusaeM; cM. ee GpopMmyanposky B [1] u pemenwue B [4].

MaTemaTu4eckoe npocseleHue, cep. 3, oin. 8, 2004(229-236)
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9ITO PACIIOJNIOXKECHUE 71 TOYECK II0 OTHOIICHUIO K MHOI'OI'DAHHUKY HECYIICCTBECH-
HO: OHZ MOT'YT HAXOJUTHCA KAK BHYTPH, TAK U BHE (& 9aCTUYHO U HA TDAHUIIE)
MHOTOIDaHHUKA (CM. 06001meHne npobieMbl B pa3jene 7 HACTOAIIEN CTATHH).

[Tonrnoe pemenue >ToM TPOOIEMBI M HEKOTOPBLIX €€ 0000LIEHuN A Ipej-
craBui B Buje crarbu B [lokuaner Axkamevuu Hayk CCCP B mHosGpe 1985
roja; caMa Xe CTaThA MOABWIACH B MEYATHU JUIIbL depe3 maBa roga — B 1987
roay (cwm. [3]). Huxe s npusoxy pemenue npobaems: [Ipoussonosa aius MHOTO-
YyTOIBHUKA, OIMYCKas BCE €6 MHOTOMEPHbIE MOAuduKammy (o4poOHO U3I0KEH-
Hele B [3]). B oTandme 0T KOMOMHATOPHOIO PEIIEHNUs, IPEACTABICHHOI'O B CTa-
The [4], IPUBOAMMOE MHOU PEIIEHUE UUCTO MeOMETPUYIECKOe, O6a3UpYOeecs
Ha reoMeTpuyeckon jemme m3 paspena 4. Cenvac ke s HAYHY C PYKOBOISA-
el TeOMETPUIECKON WUer, KOTOpasd MU COCTABIAET CyTh PEIIeHUs mpobJe-
MBI; BCE MOCIEAYIOIUE PACCMOTPEHUA U PACCY XK JCHUA (B TOM HUUCIE U OCHOB-
Hasgd reoMeTpuieCKasd JIeMMa.) JINOIb OTTCHAIOT U NETAJU3SUPYIOT 3Ty OCHOBHYIO
naerw.

2. IIEA PEIMIEHUA

3aHymepyeM oT 1 10 1 Kak 3aJaHHbIE TOYKU, TaK U CTOPOHBI MHOLO-
yroabauka. O603HAMUM 3aHYMEDOBAaHHBLIE TOYKHU JATUHCKUMU OykBamu M,
My, ..., My, a cropoubl MEHOrOyroinbHuKa — rpedeckumu 1'1, ', ..., 'y, Ec-
mm Touke M; comocrapiena croposa I'j, To Tpeyrompauk A M;I'; Gynem 060-
3HAYATh 1 KPATKOCTH (v;j U Ha3BIBATbH €0 (TPEyTOJbHUKOM C BEPUIIMHOM
M; m ocroBarmem I'j». Mer Oy em MbICIATE 6€CKOHEIHOE IIPOJOIKEHAE ITOIO
TPEYrOJIbHUKA — YTOJ ¢ BEpIUHON M; — KaK MPOKEKTOP, OCBEIIAIOIIUNA CTO-
pory I'; (a BMecTe c Herr u cam TpeyroabHUK AM;['j, m ocTaBmyioca TacThb
IIIOCKOCTYM BHYTPH YIa). DTOT HPOXKEKTOP OyaeM 0003HAYATH TEM XKe Ca-
MBIM 3HAIKOM (vj;. BOIIpOC cOCTOMT B TAaKOM COHNOCTaBACHUM K < i, ITOOBI
BCE 71 IPOXKEKTOPOB { (¥, } MOIHOCTHIO OCBETIIA MHOIOYTOJIbHUK.

Urak, kKax 10l KOHPUTYPAIIA TPOKEKTOPOB COOTBETCTBYET OJMHO3HATHO
OUpPENEeIeHHAA IEPECTAHOBKA, (01,92, . .. ,%n), 1 HAOOOPOT, KAXKAOU TAKOU IIe-
PECTAHOBKE OTBEYAET POBHO OAMH HAOOP IPOXEKTOPOB (14, A2y, - - - s Qi)
Bcero mmeercs poBHO n! mepecTaHOBOK, M MBI XOTHUM J0KA3aTb, UTO A
KAaKOU-TO OJHOU U3 HUX BECh MHOI'OYIOJBHUK OyJeT MOJIHOCTHIO OCBEIIEH CO-
OTBETCTBYIOIIUMHE DTOU MEPECTAHOBKE HpoxXekTopamu. [lisg »>Toro xopomo
ObI HAUTHU KaKy[0-HUOYIb XapAKTEePUCTUKY, WIN KAueCmeo, IepecTaHOBKY (1,
TeM CaMBIM, COOTBETCTBYIOIIErO el Habopa IPOXKEKTOPOB), YTOOBI B JAlb-
HEUIIEM TEePEeCTAHOBKU MOXHO ObLIO OBl CPABHUBATHL APYr ¢ apyrom. Kciam
TaKO€ CPABHEHUE YAACTCA CAEMATh, TO 3aT€M MOXHO OyIeT IOCTEIeHHO yIy -
1IATH [IEPECTAHOBKY, 3aMEHsAA B MPEIBIAYIIEM PACIOIOXKEHUN HEKOTODHIE U3
MPOXEKTOPOB HA HOBBIE.

3aMbICeT KaK pa3 MMEHHO B TOM M COCTOUT, 9TOOBI, HAYYMBIIACH CPAB-
HUBATH MEPECTAHOBKYU, HAYMATH C KAKOU-TO OJHOU M3 HAX — IPOIIE BCErO C
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TOXJAECTBEHHOU (B KOTOPOU COMOCTABIEHUE (HOMEDP TOYKHU <> HOMED CTOPO-
HBD TOXIECTBEHHOE: k <> k) — ¥ HOCTENEeHHO yIy4IIATh €€ KAIeCTBO, Jeasd
«IpABUIbHLIEY 3aMEHLI IPOXEKTOPOB, IIPU KOTOPHIX PAaHEee OCBEIIEHHLIE TOY-
KV MHOT'OYT'OJIbBHUKA OCTABAJIUCH OBI IO-IIPEXHEMY OCBCUICHHBIMW, HO K HUM
106ABIIICE GBI (T. €. OKA3bIBAJIUCH ObI OCBEIIEHHBIMY) ¥ HEKOTOPBIE PAHee He
oCBeleHHbIe TOYKY (X0Ts Obl ogHa!). II0CKOIBKY 9UCIO IepecTaHOBOK KOHEY-
HO, IMEETCH IEPECTAHOBKA C MOGKCUMALbHbIM KadecTBOM. Mbl yTBepxgaeM,
9T0 OTBEYAIOIINAY €U HaOOP IIPOXKEKTOPOB UCKOMBIN: TTPOXKEKTOPA, U3 3TOr0 HA-
60pa MOMHOCTHIO OCBEIIAI0T MHOrOyroabHUK. [lotemy? Ecan 6v1 5T0 6BLI0 HE
TaK, Mbl CMOIJIX OBI YIyHTIHINTH KQ9€CTBO NIEPECTAHOBKU, YBECAUINB MHOXECT-
BO OCBEIIEHHBIX TOYEK MHOTOYIOJIBHUKA HEKOTOPOU 3aMEHOU ITPOXKEKTOPOB.
OHAKO 5TO HEBO3MOXHO, MOCKOIBKY KAtMECTBO HAOOPA MOMKHO IPU TAKOU
3aMeHe YBeIMIUTHCA, & OHO yKe MAaKCUMAJIHHO BO3MOXHOe. [lorydennoe mpo-
THBOPEYHE U JACT PEUIeHne 3aTa9n.

Wrak, 3aMbICcen SCEH, OCTAIOCH NPUAAYMATH MOHATHE (KAIECTBO MEPECTa-
HOBKW», YBEJIUYUBAIOIIEECA MPU OTHOBPEMEHHOM yBEIWYEHUU MHOXKECTBA
OCBEIIeHHBIX TO4UeK. B xadecTBe mpoO6bI A 6pad 06Iy OCBEMIEHHYO ILIOMIA b
MHOTOYT'OJBHUKA; CyMMY ILIOIIALEN OCBEIIEHHBIX TPEYrOJIbHUKOB; AJbTEPHU-
POBaHHYIO cCymMMy momanen; u ap. OoHAKO KaX OB pa3 HAXOAWICA KAKOU-
HUOYIb KOHTPIPUMED K UIee 3aMbICIa. B KOHIe KOHIOB (DYHKIUIO KAIeCTBa
HEPECTAHOBKY YIAI0CH IPUAYMATh, X OHA OKA3AJI0Ch NOBOJBHO XUTPOU U HE-
JIMHEWHOM: das nepecmanosku m = {agi, } — amo npoussedenue F(m) =
= [1j—1 hki, svicom scex mpeyzoavruros {ap;, }, onywennoir us sepuwun My,
na cmopowvt I'y, (kK =1,2,...,n). (Cm. puc. 1.) Bmecro npoussegenus BoIcOT
BCEX TPEYrOMbHUKOB MOXHO ObLIO Obl B3ATH DKBUBAJICHTHYIO € (DYHKIUIO:
npouseedenue naowadeti 6CEx 0CEEWEHHBIL MPeY20abHuKkos {y;, } (KoTopas
HOLy49aeTcs JOMHOXeHueM (hyHKuuu F (1) Ha npousBeqeHue JINH BCEX CTOPOH

W

Pwuc. 1. KavecTBO nepecTaHOBKH MPOXEKTOPOB-MHPAMU: IPOU3BEJECHIE BhI-
COT BCEeX 1 MUPAMUL
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MHOT'OYTOIBHUKA), OJHAKO UCXOAHAA GyHKmua F(7) B garbHEMmeM nokasa-
TEILCTBE OKaXeTCA Gojee yIOOHOU AAA JOKA3ATEIbLCTBA.

Tenepb HYXHO TOJIBKO OCYIIECTBATH OMUCAHHBLIN BBIIIE 3aMBICENT: I JAH-
HOro HAOOpa MPOXEKTOPOB M OTBEYAOUIEH €My IePEeCTAHOBKU NPUAYMATH
NPOLEAYPY 3aMEHBI 3TOr0 HA0Opa, APYTUM, HO C Jydlnen (pyHKIHEH KaIecTBA
[IEPECTAHOBKYU U C GOJIBIINM MHOXECTBOM OCBEIIEHHBIX BHYTPU MHOTOYTOMb-
HUKA, TOYEK.

3. IIPOUEAYPA YJAYYIIEHUA KAYECTBA IIEPECTAHOBKHU

Bes orpanuyenus OOGIIHOCTH AOCTATOYHO HAYYUTHCA (yAydNIATBY Kade-
CTBO TOX/ECTBEHHOU MEePeCcTaHOBKY ¢. (/eMCTBUTEILHO, IEePECTAHOBKY T =
= {k < ik} MOXHO, IEpEHYMEPOBAB CTOPOHLI MHOI'OYTOIbHUKA, IPEBPATATH
B ToXxAecTBeHHyI0 € = {k < k}.)

Mot HaumHaeM ¢ HaGOpa NIPOXEKTOPOB {11, @22, ..., Qpp}, KOTOPBIE
[0 TPEANONOKEHUIO OCBEIAIOT JUIIb YaCTh MHOTOYTroJdbHUKA. IlycTh Touka
A BHYTpUM MHOTOYTOJHHUKA HE OCBEIICHA HU OJHUM W3 DTUX MPOXKEKTOPOB.

Bosbmem mpoxekTop a11. O ocBemaer cropony 'y u He ocBemaeT To4-
Ky A. OcraBuB ero Bepumny M| HeM3MEHHOU, 3aMeHUM OCHOBaHwme [} Tpe-
yroabaUKa AM;I'y Ha ocHoBamme I';, maa xoroporo TpeyromapHuUK AM I,
coepXkuUT TOUKY A (TpPeyroibHUK, KaK M yrOA-IPOXKEKTOD, CUATACTCA 3a-
MKHYTBIM, T.€. CTOPOHBI IIPUHAJIEKAT €My; U €CIU TOYKa A npuHamIiIexuT
Cpasy ABYM TPEyroJbHUKAM, TO GepeM 060U W3 HUX; B MPOTUBHOM CIy4ae
no Touke A Tpeyroasuauk M, onpexensercsa 0fHO3HAYMHO). 3aMEHUM IIPO-
xekTop a1 = M I'; ma npoxekrop ai;, = M;I';, xoTopon yxe ocsemaer
A, a MCXOTHBIU ITPOKEKTOP (V1] BPEMEHHO yOepeM.

[lo wHAEKCY %) HAWJEM TOT IPOXEKTOD (v, U3 MCXOLHOTrO HabOpa, KO-
TOpBIN ocBemaeT cTopoHy ', , HO He ocBemaeT Touky A. Y6epeMm B cTOpOHY
DTOT IPOKEKTOP, 3AMEHAA €ro HA HOBBIM (€IUHCTBEHHBIN, ecau TOUKa A He
JeXUT Ha O0WWEN CTOPOHE ABYX TPEYyrOABHUKOB) oy i, = M; I'i,, KoTOpBI Te-
nepb yxke ocsemaeT To4uKy A. Teneps cropona I';, npuHaAIeXUT Cpasy ABYM
LIPOXEKTOPAM, (%, U (,j,, HO IEPBBIM U3 HUX OCBemaeT To4uky A, a BTO-
pou — HeT. YOupaeM B CTOPOHY dTOT BTOPOH, a [id BepumHbl M;, HaX0IuM
TaKyl CTOpOHY l';, MHOTOyTOJBPHUKA, ITO MPOXEKTODP (i, = M;,I';, ocse-
maeT To4Ky A. Temeps ybupaeM B CTOPOHY IPOXEKTOD (Vjyi,, & AL BEPIINHBI
M;, HaAxXOZMM TaKyi0 CTOPOHY I';,, 9TO NPpOXEKTOP ,;, = M;,I';, ocBemaer
TOUKy A.

Tax mocTymaeMm u gajblie, TOKA 3TO BO3MOXHO. HO ommcaHHBIN mpomece
MPUHIUMAAIEHO KOHEIHBIN; HA, KAKOM-TO IIare k Mbl OGHAPYXUM, ITO MPO-
KEKTOP Qjyj, CTEAYET 3aMEHUTb Ha MPOXKEKTOP i, ¢ p < k, T.e. HA TPO-
KEKTOpP, KOTOPHIM OCBEIaeT TOUKy A, HO OCBemaeT Takxke u CTOpoHy L',
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y9aCTBOBABIIYIO B OHOM U3 IPEABLIYIINX MPOXKEKTOPOB, — a UMEHHO, B IIPO-
XKEKTope aip_1ip'

B aToM ciaydae nocrynaeM Tak: IEPBLIE P 3aMEHEHHBIX IPDOXEKTOPOB (14, ,
Qjyigy -+ -y Qiy_yi, 3AMEHAEM 0OPATHO HA UCXONHBIE IPOXKEKTOPA (11, (liyjyy « - - 5
Qj, 14, 1, & OCTalIbHbIE k —p+ 1 3aMEHEHHBIX IPOXEKTOPOB (i, ;s
<+ Qg OCTABIAEM HA MECTE.

Hus oTux k — p + 1 TpoxeKTOPOB MBI UMEEM CJELYIOUIee:

Xipy1iptas

> KaXX/[bI W3 HUX OCBELIAET TOUKY A;

> OCHOBAHUA COOTBETCTBYIOIINX TPEYIr'OJIBHUKOB 06pa3yIOT OUKJI: IIDO-
KEKTOpP Qj,i,,, C BepmmHOu M;, ocemaeT cTopony I'; ,,; HpoxeKTop
Qi yipyy C BEPIIMHON Mip+IUOCBGIHa.eT cropony l'; ,,; m Tak nanee: mpo-
KEKTOpP ¢, 4, ¢ BepmmHOM M;, | ocemaer cropony I';, m, makonem,
IIPOXEKTOP «,;, ¢ BepmmHOu M;, ocpemaeT cTopory [, .

B pesyabraTe BO3HAKAET MEPeCTAHOBKA 0 = (Ip — lpy1 — Gpp2 — ... —
ik — %p), KOTOpasA COBIAIAET C UCXOAHOM € (TOXJECTBEHHOHU) Be3Je, KpOMe
UAYIUX TOAPAL NO3WIUEU OT p 10 k (Hamomuuaem, 9to k > p).

YTBEPXK/EHUE. Kauecmeo nepecmanosky o ayuwe, wem Kauecmeo uc-
zodnoti (moacdecmsennoti) nepecmanosru €: F(o) > F(e).

[loka3aTeabCTBO 5TOr0 yTBepXKaeHusa (cM. pasfgena b) OyAeT Jerko ClIego-
BATb U3 MEHTPAIBHOU [ BCEU 3aMETKU IeOMETPUYECKOU JEMMbI, KOTOPOU
MOCBAIIEH CJAEAYIOIIWA Pas Ieil.

4. 'EOMETPUYECKAS JIJEMMA

JIEMMA. ITycms M u A — d8e npousso.abhbie MouKy 6HYMPU BHINYKA020

mrozoyzoavruka co cmoponamu 1I'v, Ia, ..., Iy, u nyemv moura A codep-
acumesn ewympu mpeyaoavhura AMIU1. Ilyemov hy, ho, ..., hy, — 8bicombt
mpeyaoavhurod AMT1, AMTDa, ..., oML, onywennvie uz sepwunvs M na
CMOPOHBL MHOZOY20AbHUKG UAU UL NPOJOANCEHUS, G T1, T2, . .., T — PACCMO-
anus om mouxu A do npamviz, codeprcawuz 3mu cmopownvt. To2da npu ecex
1=2,3,...,n cNPasediuso Hepasencmaeo:

Moy b (cm. puc. 2). (1)

r1 T

JOKABATEJBCTBO. [Tockoapky TOuka A JeXWT BHYyTPH TPEYTrOJIHHUKA

—

AMT1, ona e gexut BHyTpu Tpeyroabauka A MT;. Caegosarensuo, aya M A

¢ BepmmHOu M mepecekaeT CTOpOHY 'y MHOIOYTOJbHMKA U HE IIEPECEKAET ero

cropony I'; (puc. 2). O6o3nadum gepes By Touky mepecedenus ayda M A co

croponou I'1, a wepes My u A1, M; u A; — OpTOroHAJIbHBIE IPOEKIMHU TOYEK
M u A Ha npsambre, cogepxamue cToporsl I'1 u I';, cooTBeTCTBEHHO.
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hy h; .
Puc. 2. I'eomerpumaeckas neMmma:; — > — 1 =2,...,n
r1 L

W3 nomgo6HbIX TPAMOYTOIBHBIX TPEYTroabHUKOB A M M1 By u A AA| By Ha-
XOAUM, ITO
hy MB, MA
— = =1+—. 2
r1 ABq AB; ( )

- o o
Paccmorpum Temeps mepecedenue ayda MA ¢ npamon 4, comepxamen
cropory I';. MoxeT cayuuThCA TaK, ITO DTO IEpPECETIeHre IIYCTO — TaKOe

npousonger aubo korga M A|T;, 1u6o korga aya M A pacxoguTcs ¢ IpAMOu
—

4; (a, cregoBaTensHO, obpaTHb emy ayd AM mepecekaercs ¢ mpsamon ;).
B mepBom caywae h;/r; = 1, a Bo Bropom h;/r; < 1, u mepaBerncTBo (1)
BBITIOJHEHO ABTOMATUIECK]: JEBAA €TI0 9ACTh CTPOr0 MPEBOCXOAUT 1, a mpaBas
He nmpeBocxoauT 1.

Ecan xe mepecedenne pacCMOTPEHHBIX Jyda U MPAMOU HE ILyCTO, TO TOY-

Ky ux mepecedenus obozuatuMm B; = MANT;. OTa Touka B; 1eXuT HA NPO-
poaxenunu orpeska M Bi, mosromy AB; > ABp. [lanee paccyx)jgaeM Kak u
pPaHbBIIE: U3 MOA00HLIX MPAMOYTOJILHBIX TPEYrOaAbHUKOB AMM;B; n pn AA;B;
(puc. 2) umeem

h;  MB; MA

r_i:ABi:1+ABZ~; (3)

CJe0BATENBLHO, CpaBHUBaA pasBeHCTBA (2) m (3), Buaum (¢ yuerom AB; >
> ABy), aro hy/r1 > h;/r;, 970 1 TPeGOBAIOCH NOKA3ATH. O

5. [JOKA3ATEJIBLCTBO YTBEPXKAEHUA: F(0) > F(e)

B pesyabTare mepecTaHOBKE 0 = (i) — i1 —> Gppo2 —> -+ —> I —> ip)
BCE HOBBHIC (3AMEHEHHBIE) IIPOKEKTOPA (i iy 15 Uiy yripias - - -5 Qigi, HATAHAIOT
ocBemaTh TOUKy A, KOTOPYIO UCXOHBIE TPOXKEKTOPA Cpiys Uptlipyys - - - 5 ki
10 sroro He ocsemanu. CTajgo ObITh, K HUIM MOXHO IPUMEHUTEH eOMETPUYIe-
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CKYIO JIEMMY ¥ 3aIUCATh:
hipip+1 hipip hip+1ip+2 hiPJrliPJrl . . hikip > hiy iy (4)

Tipt1 (A) Tip (A) 7 Tipyo (A) Tipya (A) 7 Y Tip (A) Tiy, (A) '

A Torpa npouwsseneHue IEBBIX YACTEN HEPABEHCTB (4) cTPOro Gombme mpo-
U3BEEHNA WX MPABBIX dacTed. [105ToMy, ecin pasiequTh NPOU3BEIEHUE BhI-
COT 6CeT N TPEYTOJIbHUKOB MEPECTAHOBKY 0 Ha, MPOU3BENCHUE 6CET N PACCTO-
AHUU OT TOYKU A [0 CTOPOH MHOTOYTOJIBHWKA, TO IOAYYE€HHOE TUCIO OyaeT
GoabIIe, YeM €CIU Pa3JeIdTh NPOU3BEJEHUE BLICOT 6CeL 7 TPEyTrOJbHUKOB
[EPECTAHOBKM € HA TO XK€ IPOU3BENEHUE 6Cer 1 PACCTOAHUU OT TOoUKu A
[0 CTOPOH MHOT'OYTONbHUKA (MBI 4OOABWIM B MPOUW3BENEHUE HEPABEHCTB (4)
OCTAaBIINECs AHAJIOTUIHBIE (DAKTOPBL, OJUHAKOBEIE A/ 00X ePECTAHOBOK):

F(o) F(e) (5)
[Tizi rin(A) 7 Tljzq 7i (A)
Ocranoce 3ameruTsb, 910 B (5) 3HAMEHATEIM APOOEN ONUHAKOBHI, OTKY /1A

U BBITEKAeT MCKOMOe HepaBeHCTBO F'(0) > F(g). YTBepxaeHue HOIHOCTHIO
JAOKA3AHO. O

6. 3ABEPIIEHUE PEIIEHUA [IPOBJIEMbI

Urak, Mbr qoKazaiu, 9TO €Cau TOYKa A MHOMOYTOJbHUKA HE OCBEIIEHA, TO
B pPe3yJbTaTe ONMCAHHOU B pa3ieie 3 NHKIMICCKON IePECTAHOBKY IIPOXKEKTO-
poB OHa yxe OyaeT ocBemeHa, npwaeM KadecTBo F'(0) HOBOM mepecTaHOBKH
Oy eT CTPOro MpeBOCXOAUTHL KadecTBO F'(£) mCxoqHON.

BosbMeM Temepb IEpECTAHOBKY A C MAKCUMAAbHbIM KadecTBoM: F(A) =
= max,, F'(w), m gokaxem, 9T0 BECb MHOIOYyT'OIBHUK OCBEIIEH MIPOXKEKTOPA-
MU, OTBECIAOIINMHN STOIZ nepeCTaHOBKeE.

[ledCTBUTENBHO, €CIU KAKasA-TO TOYKA A MHOrOYrOJIBHUKA HE OCBEIIEHA,
TO ee MOXHO OCBETUTH HOBBIM HaOOPOM IIPOXEKTOPOB, KOTOPOMY OTBEYAET
IEepEeCTAHOBKA, C JIyIIIIM 9eM y IePEeCTAHOBKH A KAIEeCTBOM, & 3TO HEBO3MOXK-
HO B CHJIy OIpeAeqeHns mepecTaHoBkn A. CleqoBaTelbHO, BCE TOYKH MHOIO-
YTOJBHUKA OCBELIEHBI, YTO U TPeOOBAJIOCH HOKA3ATh. O

7. OBOBIIEHUE

B mpuBeseHHOM BBILIE JOKA3ATEILCTBE MBI CYIUECTBEHHO MCIOIb30OBAIM
TO 06CTOATENBLCTBO, ITO BCE 7 UCXOAHBIX TOYEK HAXOAUIUCH 6HYMPU MHOIO-
YTOJIBHUKA: HA DTOM IIPEANONOKEHNY 0a3UPyeTCs JOKA3ATEIbCTBO I€OMETPHU-
4geckou JeMMmbl (pasgen 4).

Ecan x)e 9acTb MCXOAHBIX TOYEK HAXOAWTCA CHAPYXKM MHOIOYTOJbHUKA,
TO yTBEPXJAEHUE HPOOIEMBI [MO-IIPEKHEMY OCTAETCs HONOKUTEIbHBIM, a €e
peleHre MOXeT ObITH HECKOIBKO MOAU(MUIUPOBAHO CIEAYIOMMM OOPA3OM.



236 I'. A. I'anbnepun

BmecTo Toro, 9robbl paccMaTpuBaTh 6C€ 1! 803MONCHBIT NEPECTNANOEOK,
PaACCMOTPUM JHIIb UX 9aCTh, (). B {) BKIOYIM TOIBKO T€ HAOOPHI IEepecTa-
HOBOK IIPOXEKTOPOB (Y, , B KOTOPBIX YMCJIO IPOXEKTOPOB, BOBCE HE OCBEIIa-
IOIUX MHOT'OYTOMBHUK, MUHUMAAbHO 603modcHoe. (OaeBugHO, 9T0 3TO MUHM-
MAaJbHO BO3MOXHOE UHCJIO OHO U TO XK€ I BCEX MEPECTAHOBOK, BXOAAIINX B
(), moTOMY 9TO W3 ABYX HEPABHLIX HAOOPOB B {) OCTAETCsA MEHBIIUY U3 HUX.)

Ecan maGop mpoxekTopoB u3 {2 He MOKPBHIBAET MOJHOCTHIO MHOTOYTOIb-
HUKA ¥, HAIIPUMEP, TOUKa A BHYTPHU HErO HE OCBEIIEHA, TO COBEPIINB, KAK U
BBINIE B pasfene 3, MUKIMIECKYIO IEPECTAHOBKY 0 = (ip — lpy1 — ipro —
-+t = i} — %p), MOCIE KOTOPOM TOYKa A yiXKe OCBelleHa, MbI BHWUM, 9TO BCE
MPOXKEKTOPHI W3 3TOU IUKIUICCKON MMEPECTAHOBKU IEPECEKAIOTCA ¢ MHOI'O-
YLOABHUKOM. A TOrga KaXIbld U3 TPOXEKTOPOB, 3AMEHEHHBIN HA KAKOU-TO
IPOXEKTOP U3 NEPECTAHOBKY 0, TAKXKE IEPECEKAICA C MHOIOYTOIbHUKOM, TaK
KAaK B IPOTUBHOM CJIy4ae THUCIO IPOXEKTOPOB, HE OCBEIIAIONINX MHOTOYTOlb-
HUK, MOTJIO OBl OBITH YMEHBIIEHO 33 CYET YKA3AHHOW IUKINICeCKOU 3aMEHBI U
TOoraa 6])1 YKa3aHHAsd TUKINICCKAA IIEPECTAHOBKA HE IIPUHA AJICKAJIA 6])1 MHO-
xkecTBy {2, uT0 Hasasno 6v1 mpoTUBOpetue ¢ onpenereHueM ). CrenoBaTenbHO,
MHOX€eCTBO ) MHBAPHAHTHO MO OTHOLIEHWIO K MPOIEAYPe YIyIIICHUS Kate-
CTBA, IEPECTAHOBKHU.

Yro6bl 3aBEPUIATE AOKA3ATEILCTBO MOAUMPUIIMPOBAHHON MPOOIEMBL, 10~
CTATOTHO YCMOTDPETH, ITO reoMeTpruieCKasd JeMMa 0CTACTCA CHpaBeAJIHBOﬁ n
U TIPOXEKTOPOB, MEPECEKAIOIINXCA ¢ MHOTOYTOJbHAKOM, UTO AeT B IAJb-
HenuieM HepaBeHCTBO (D), a ¢ HUM u HepaBeHcTBO F'(o) > F(e) (maa me-
pecranoBok m3 (). Torga ana mepectanoBku A € ) ¢ HAUAYHWUM KaUue-
CMBOM COOTBETCTBYIOIIUN el HAOOP MPOXKEKTOPOB OCBETUT MHOIOYTOJBHUK
[EIAKOM.
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Saga}m O METPUIECKUX KOMIIaKTaX

B. B. [lomrenko

DOopMyIMPOBKA MPUBEIEHHBIX 31€Ch 33,147 BECbMA IIOX0XKH, 14 U B PeIle-
HUAX MHOTO OOIIETO: UaeA COCTOUT B TOM, ITOOBI M3y9aTh OPOUTY TOYKH IPA
uTepanuax JaHHOrO oToOpaxenusa. B kaxaou u3 3ana4q (K, p) — xomnakTrHOE
METPHUIECKOE TIPOCTPAHCTBO.

3AZAYA 1. Ecim orobpaxenue f: K — K He yMeHbIIAET PACCTOAHAA), TO
OHO ABJAETCA U30METPUEN.

SANAYA 2 (3amaua 4.9 w3 3agavnuka «MaTeMaTHIECKOrO TPOCBEIEHUM),
Ned, c. 217). Ecan coopwekuus f: K — K He yBeawm4uBaeT PaCCTOAHUSI, TO
OHA, ABJIAECTCA U30METPUEN.

3A1AYA 3. Usomerpuunoe orobpaxenue f: K — K ansgercs Oueknmuen.

PEWEHUE 3A0AYM 1. Dukcupyem Touku z,y € K m paccMoTpuMm mocite-
nosaremsrocTsb {(f¥z, fFy)} Touex xommaxTa K x K. Breibepem cxomsmryro-
ca mogmocreoarensaocts S = {(fFiz, fFiy)}. YV makonn mocregoaTensmo-
CTH TOCAEIOBATENLHOCTD MEPBBIX KOOPIWHAT ABIACTCA CXONAIENCA, TODTOMY

lim p(fFx, ffiz) =0, u Tem6omee lim p(z, ff~Fiz) = 0 (pas oTobpaxe-

j>i—00 J>i—00

HUE [ He yMEHBbIIAeT paccToAHus). To XKe caMoe BEPHO U A BTOPBIX KOOD AU~
nar. [looTomy Touka (,y) ABIAETCA TPEAETBHON AU IOCIENOBATEALHOCTH S.
Ecau 681 0xaszanocs, aTo BepHO HepaseHcTBO p(fxz, fy) — p(x,y) > €, TO npm
m060M HATypaIbHOM k 6bL10 661 BepHO HepasercTso p(frz, fFy) —p(z,y) > e.
Ilockoanbky paccTosare — HenpepbIBHAA DYHKIASA, TO DTO IPOTUBOPETIUT TO-
My, 910 (Z,Yy) — TpeeTbHads TOYKA. SHAYUT, BCE PACCTOSHUA COXPAHAIOTCH,
9TO U TPeOOBAJIOCH.

PEWEHUE 3ANAYUA 2. DuKCAPYEM MOJOKUTEIHHOE TUCAO € U PACCMOTPHAM
KaKylo-1u060 KOHEUYHyIo e-ceTh?) . (Komevnas e-ceThb CymeCTBYeT B CHILy
KOMIIAKTHOCTH.) 3aMeTHUM, ITO M J00r0 HATYPAIbHOrO 4ducia k MHOXe-
crBo f*S 6ymer e-cernio (pa3 orobpaxkenue f He yBEIMTHBACT PACCTOAHIA).
Paccmorpum semmsmnet Ay =30, oo p(f*z, f¥y). HocregosarensrocTs { Ay}

YT.e. Va,y € K p(fe, fy) > plz,y).
DlogmuokecTBO S B MeTpuueckoM IpocTpancTse (M, p) HA3HIBAETCA £-CETHIO, CIH LA
mobou Touku m € M mampgerca touka s € S, rakas aTo p(m,s) < €.

MaTemaTu4eckoe npoceselueHue, cep. 3, oin. 8, 2004(237-238)
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MOHOTOHHA, PACCMOTPHUM €€ TOYHYI0 HUkHI0I rpaub A. [lycTs HaTypaisaOe
qucao k Takoso, uTo Ay — A < e. [lokaxeMm, 9TO paCCTOAHUE MEX Y JTIOOBIMU
AByMs TOUKaMmu a,b € K He MOIIo m3MeHHTHCA (YMEHBIIUTHCA) Goree, deM
Ha 5e. B camom gene, Haitgem Touku a,b € f5S: p(a,a) < e, p(b,b) < €. Torga
(mcmome3yem HepasencTsa Tuma p(fa, fb) < p(fa, fa) + p(fa, fb) + p(fb, fb),
OBHAYMAIOIIAE, 9TO CYMMa TPEX CTOPOH YeTHLIPEXYTOJbHIKA HE MEHBIIE IeTBep-
oit) p(a,b) — p(fa, fb) < p(a,a) + p(b,b) + (p(a,b) — p(fa, fb)) + p(fa, fa) +
+ p(fb, fb) < be. Hockoabky geficTBuTEIBHOE TUCIO £ > () IPOUBBOIBHO, TO
BCE PACCTOAHUA COXPAHAKTCA, ITO U TPEOOBAJIOCE.

PEmMEHUE 3A4A4M 3. [lokaxem, 9T0 oToOpaxenue f CIOPBEKTUBHO (MHD-
eKTUBHOCTH OueBuAHA). Pukcupyem Touky & € K. Borgeamm cxomsauryocs
TIO/ITIOCIEIOBATEIBHOCTS U3 HocaegoBaTensaocta { fF2}, mycrs sTo mocaemo-
BarensHOCTH { f¥ix}. [lna maxoi mocregoaTemsuoctn  lim  p(fFix, fhiz) =
J>1—00
Jim_p(a, fri~hig) =0,
T.e. T — mupegeabHas Touka MHOXecTBa fK. Ho msomerpus — Hempepbis-
HOEe OTOOpaXKeHWe, a HENpPEepPBIBHBIA 00pa3 KOMIAKTA — KOMIAKT, 3HAMUT,
z € fK, 9To u TpeboBaIOChH.

= 0, mo>TOMYy U3 M3OMETPUIHOCTH [ CrefyeT, ITO U

3AMEYAHUE. KOMDAKTHOCTB B KaXI0M U3 CIy9aeB UTCPACT KIIOYEBYIO POJb.
Ecau npocTpancTBO HEKOMIAKTHO (ILyCTH JaXe IOJIHO), TO JErKO IPULYMaTh
KOHTPIPUMEPBI: TOMOTETUY HA MPAMOU OIPOBEPralOT IIEPBBIE ABA, Y TBEPXK 1e-
HUs, IapalIeIbHBIN nepeHoc Ha ayde [0,00) — Tperse. (Bupouem, Tperse
YTBEPXKACHUE BEPHO, €CaM, K mpuMmepy, K — apmdMeTHIecKOe eBKIMI0BO
npocTpancTBO R” | MOCKOMBKY BCE M30METPHU B DTOM CIy9Iae MOXKHO Hepetn-
CIUTB: 3TO CYyTh KOMIO3UIUYU HE OGosee 1em 1 + 1 cuMMeTpull OTHOCUTENBHO
CUIEPIUIOCKOCTEN. )
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[lepuo muieckne necATUYIHBIE IpoOu

A. E. Epomnn

Bcem x0pomo u3BeCTHBI gecaTwdHbIe (a Takxke m-mwaHbe) apobu. [lepu-
OUIECKHE M-WIHBIE APOOU MOTYT OBITH IPENCTABIEHB B BUJE OOBLIKHOBEH-
HBIX 1 HA060poT. Ecau 3HaMeHaTenb ¢ NpaBuIbHOM HECOKPATUMOU n1pobu p/q
(p < q) B3auMHO POCT € M, TO M-WIHAA 3AIMUACH TAKOU APOOHU OyaeT 4ucmo
nepuoduueckot, T.e. umers Bug 0,(q ... ap), vae (aq ... qp) — nepuon apo-
6u; eCIM XK€ ¢ He B3AMMHO IMPOCTO C P, TO MOXKET HAOIIOAATLCA U 1pednepuoo

B Bs:
p/qzoaﬁl---/@s(al---an)-

B arom cayuae roBopAT, 9To APOOHL YCa08HO nepuoduueckas. VIppammo-
HAIBHBIE YUCIA HE PA3JaraloTca B mepuoaumdeckue 1pobu. [Ipo nx pasnoxenue
[HOYTH HUIEro HE M3BECTHO. Hampummep, HEM3BECTHO, GECKOHETHOE MU THCIO
([IEBATOKY COJEPKUTCA B LECATATHOM PABIOKEHAE /2.

To HEMHOTO€, YTO M3BECTHO O CBOUCTBAX IEPUOAUIECKHX APOOEH, CBA-
3aHO C BpameHueM (QUKIMIECKON MEPECTAHOBKOK) nudp nepuoga. ITOMy u
[OCBAIIEHA HACTOAMAA CTATHA. MBI MOKaXeEM, ITO B JECATATHOM Pa3JIOKECHUN
qucIa

o
X:Zali, rae a; = 1 u a1 = 9%,
i=1
BcTpeTUTCA AI00aa KOMOMHAIAA umbp.l)

Hac unrepecyroT mpexie Bcero decamuunbie dpoou u, ecau He OrOBOPEHO
obpaTHOE, TO MOAPA3YMEBAETCSA CUCTEMA CUUCIeHuA ¢ ocHoBaHmeM 10. 3amu-
CH a7 ...0y, Y, rae aj...ay, X — IOCIeNOBATEIbLHOCTU IU(P, 0003HATMAIOT
9UCIa, 33,]aBAEMbIE DTAMU IOCAEI0BATEAbHOCTIMU.

ApTop mpuHOCHT GAATOZAPHOCTH CBOeMYy pykoBoguTenio Asekcero Sko-
BreBrdy Kawnenio—BenoBy 3a mocTaHOBKY 3a[a<du, MONE3HBIE OOCYXICHUA U
ydacTue B pefakTupoBanuu. /lannas paboTa MOKIAIBIBAIACH HA HAY THOU KOH-
depentuu WKOIBHUKOB Junior-98, opramuszoBansou kopuopamuen INTEL B
ropoae Fort Worth, u noxy«wura Bropyo npemuro.

D3anaua 3.10 u3 3agaamka «MaTeMaTHIecKoro Ipocsemenms, Ne3, ¢. 233.

MaTemaTu4eckoe npocsewyerne, cep. 3, sbin. 8, 2004(239-245)
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1. BPAIIEHUE OU®P B NEPUOAE. OCHOBHAS UIES
Haurem ¢ mpocTenrero npumMepa.

3AIAYA 1. TpebyeTcsa HAUTH TAKOe IIECTUIHATHOE TUCIO A, Ipoussee-
HESA KOTOPOTO HA 2,3,4,5,0 3anuCHIBAIOTCSA NUKINIECKUMHA [T€PECTAHOBKAMUA
ero nudp.

PEMEHUE. 3amerum, 9T0 nocaemssas mudpa ducia A OgHO3BHAYHO Ompe-
penser nocaeauion nudpy uucen 24, 3A, 4A, 5A u 6A. Orcoma ¢ TOMOIIBIO
HECJIOXHOTO Tepe60opa MOXHO MOAYIuTh, 9T0 A = 142857.

3amerum, aro 1/7 = 0,(142857). IIpu sTom
2/7 = 0,(285714), 3/7 = 0,(428571), 4/7 = 0,(571428),
5/7 = 0,(714285), 6/7 = 0,(857142).

Takum o6pazom, npobu Buga m/7, rae m = 1,2,3,4,5,6, noxygarorcsa us
apo6u 1/7 myrem Bpamenus uudp B mepuose.

3AIAYA 2. Tocaenusas nudpa amucaa TBOUKA U €€ MEPEHeCan B HaIajo. B
pe3yJIbTaTe SUCJIO YABOWIOCH. HalTu Takoe 9mcio.

PEMEHUE 1. [IycTh mCKOMOE HCIO 3AIUCHIBAETCA TOCIET0OBATEILHOCTHIO
mudp X. Hocreguas madpa aucaa 2X geTBepKa, I0dTOMy X nMeeT BUf . . . 42
u ancao 2X 3amuceBaeTCAa Kak ... 84. CregoBarensno, X mMmeeT BUS ... 842,
a 2X sammchiBaeTca Kak ...684, maree X = ...6842, orkyna 2X = ...3684
n X =...36842 u . 1. IlocregoBaTenbHOCTS UMD CTPOUTCA OJHOZHATHO, B
NTOre MMEeeM:

X =105263157894736842.

[TocaenoBaTeabrocTs X = 105263157894736842 MOXHO TpPOMOIXKATH
JaJbiie. AHAJOIMYIHO PACCY X Jasd, MOXKHO MMOKA3aTh, YTO MHOXECTBO BCEX JU-
ceJ, yIOBIETBOPAIOIIMX yCJIOBUIO 3ama<n, umeeT Bug X X ... X.

OnHako Ha Ty 33029y MOXHO IIOCMOTPETH U ¢ HECKOJIbKO HEOXUIAHHOU
TOYKYU 3PEHU.

PEmEHUE 2. [Iycts X = Y2. Torga Z = 2X = 2Y. Paccmorpum 6ecko-
HeuHYI0 nepuoanieckyio apoos z = 0,(X). Torga
(€ +2)/10 = 0,2(X) = 0,2Y2Y2Y ... = 0,2ZZ... = 0,(Z) = 2.
Orkypga = yposrersopser ypasenuio (z + 2)/10 = 2z u z = 2/19. Taxkum

obpazom, X ecrtb nepuog apobu 2/19, u B pesyaprare BpameHus uudp B
nepuoze >Tou Apobu moxydarrcs apobu Buga 1/19,2/19,...,18/19.

3ATAYA HA UCCJIELOBAHUE. Vccrenynre ducia, KOTOPBIE IPU TEPEHOCE
mocaegHern nugpbl B HAYAIO YBEAXINBAIOTCA B (v Pas.
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Bpamenue nudp B nepuojie uMeeT MHTEPECHBIN apudMETUICCKAN CMBICI,
IpUYIeM TOXYYIal0TCa APOOU C TeM Xe 3HAMEHATeJIEM.

TEOPEMA 1. I[uxauueckue nepecmanosku nepuoda dpobu p/q, 2de 0 <
< p<gq, aq 63aumno npocmo ¢ 10 u ¢ p, ecmpv wucaa 6uda k/q.

[JOKA3ATENBCTBO. ITockonbky ¢ B3ammuo npocto ¢ 10, apobs p/q u-
cro mepmogmieckad. llycrs p/q = 0,(a1az...akak41...6y) U OyCTh @ =
= 0,(agt1...apa102 ... ax) — PE3YIbTAT HUKIMIECKOU IIEPECTAHOBKU TP
nepuona. Torga 10Fp/q = a@ras .- ar + 0,(aks1...anaras...ax) = N + a,
rie N = Giaz...ax — Oenoe umcao. Ilockoabky g B3ammuO mpocto ¢ 10 u
¢ p, mocie npusegenus « = (10¥p — Nq)/q x Buy oObIKHOBeHHOU Apobu ee
3HaMeHaTeaeM Oyner q.

B KAa1€CTBC UANIOCTPDANNN K BBIMICCKA3aAHHOMY DACCMOTPUM HNUKJINICCKUE
nepectanoBkz gpobu 1/13 = 0,(076923). Umeem:

0,(076923) = 1/13; 0,(230769) = 3/13;  0,(307692) = 4/13;
0,(692307) = 9/13; 0,(769230) = 10/13; 0,(923076) = 12/13.

2. BCIIOMOTATEJLHLIE CBEIEHUS

Ham moramo6aTca HeCKOMBKO (PaKTOB M KOHCTPYKINA, KOTOPBIE O9€Hb IO~
JIE3HBI NIPU DEIIEHUU TEOPETUKO-YUCIOBBIX 3amad. ©(n) o3nadaer @Gynryuso
Jiiaepa, TO ecTh (N) €CTh KOMMIECTBO BCEX HTUCEN, MEHBIIUX 7, U B3AUM-
HO mpocTeIX ¢ n, u (1) = 1. Ecan wucao n — mpocroe, To ¢(n) = n — 1.
W3BecTHO, 9TO €cam N = Ming ¥ YUCIA Ny U N9 BIAMMHO IPOCTHI, TO ¢(n) =
= ¢(n1)p(n2). llosTomy, pazaaras Imucao n B IPOU3BEJEHNE CTEIEHEN PA3JIMY-
HBIX TIPOCTHIX “mcer i = priph? .. pks momywaem mpencrasmenme mus p(n):

k1—1 ka—1 ks—1
p(n) =pi'" (p1—Lpy*" (p2—1)-...- P (ps — 1)
NmeeT MecTo cregyromasa
TEOPEMA DWJIEPA. Iycmov wucaa x u n 63aumno npocmui. Toeda
2™ =1 (mod n).
YacTHBIM CIyIaeM TEOpEeMbl DWIEPA ABIACTCA
MAJIAAA TEOPEMA DEPMA. Ilycmb p — npocmoe 4ucao u X #e deaumes
Ha P, mo2da
#71=1 (mod p).
13 mauoit Teopemer DepMma cregyeT, 9TO HanMeHbIIee k Takoe, 94T0 zF =
(mod p) gmemmr p — 1. Teopema O CymecTBOBaHUU NEPBOOOPA3ZHOIO KOPHSA

(cM. HUXE) MOKA3BIBAET, UTO NPU MOAXOAAMIEM BbIOODE I, Takoe k 8 mou-
Hocmu paeno p — 1.



242 A. E. Epomiun

[TPEAJIOKEHUE 1. Ilycmb p u @ — 63aUuMHO NPOCMbIE HAMYDPAALHBIE UU-
caa. Toeda dauna naumenvwezo nepuoda dpobu p/q 6 10-uunom pasaoxrcenuy
pasna maromy smunumassnomy k, wmo 10F — 1 deaumes na q.

ITOKA3ATEJILCTBO. Be3 orpanuveHus oOIIHOCTU CIUTAEM, 4TO p < (.
IIycrs p/q=0,(ay ...ay), a = a1 -..a,. Torga
P a

g 10"—1
m g meaut 10" — 1 B cury B3amMHOU TPOCTOTHL p u ¢q. VI HaoGopoT, ecan ¢
gemur 10" — 1, To n — nepuopg apobu p/q.

(Bce paccyXaeHus HEIOCPEACTBEHHO IEPEHOCATCA Ha IMPOU3BOIbHBIE CH-
CTEMBI CUUCICHUS. )

W3 npemnoxenus 1 u TeopeMbl JWiepa BHIBOAUTCA CIEAYIOMEE YTBEPXK I€-
HUE, HyXHOe [ JaJbHEUIIero:

CHEACTBUE 1. Ilycms wucao q 63aummuo npocmo ¢ 10 u ¢ p. Tozda dauna
Haumenbuezo nepuoda dpobu p/q ecmpv deaumens uucaa p(q).

[TOKABATENILCTBO. O603HAYMMM AIMHY HAMMEHBIIErO Iepuoga npobu p/q
gepes n. Pasgemum ¢(q) ma n ¢ ocratkom: ¢(q) = ns+r, 0 < r < n.
Torma

10" =107 =109 =1 (mod q).
N, caepgoBaTensuo, r = 0.

Kpowme Toro, mam nonamoburcs

TEOPEMA O CYHWECTBOBAHUU IIEPBOOBPA3HOI'O KOPHA. Cywecmasy-
em maxoe x, wmo P~ =1 (mod p), a uz cpasuenus z* =1 (mod p) caedy-
em, umo a deaum p — 1.

3AMEYAHUE. U3 mpengnoxenus 1 u TeopeMbI O CYIIECTBOBAHUU IEPBO-
00pa3HOr0 KOPHA BBITEKAET JIOOOMBITHOE ciaencTBue. [lada ao6oro mpocTo-
ro ¢ HAMAETCS TaKOEe 1M, 9TO M-WIHOE DPA3JoXeHue Apobu p/q umeer uau-
Hy mepuoja, 6 mounocmu pasuylo q — 1. OIHAKO U3 3TOr0 HE CIEeAyeT, 9TO
TaKAM YHUCJIOM 17 HempeMeHHO NOoMXHO ObITh 10. Bomee Toro, mHemsmecTHO,
KOHEYHO JU MHOXeCTBO Takux p, 9o 109 me cpaBHmuMO ¢ 1 mo MOmyaio p
npu ¢ < p — 1. U, cooTBeTCTBEHHO, MUHUMAIBHBIN epuos apobu k/p umeer

mauHy p — 1.

XoTs moBeieHre IepuoaoB ApO6ed ¢ TPOCTHIM 3HAMEHATENEM P IPU Pas-
JUYHBIX P IPE3BBITANHO CJIOXKHOE, OCTATKU IO MOIYII CTEmeHeN (PUKCHPO-
BaHHOI'O IIPOCTOrO p HOAJAl0TCA m3ydeHuio. VI B dTOM moOMoOraer cremyro-
mas
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JIEMMA DTEH3ENAZ. IIycmv p — npocmoe wucao.
a) IIycmy z = 1 (mod p*), © # 1 (mod p**1). U, xpome mozo, aubo
p > 2, aubo k > 1. Toeda daa 8CAK020 HAMYPAALHO20 T

" =1 (mod p**t"), " #£1 (mod pFtrtl).

b) IMycmo, xpome mozo, p° deaum m, no p°*t ne deaum m. Tozda

m —

2™ =1 (mod pFtT), ™ #1  (mod pFtrtl).

(OTmeTnM, 9TO ecam OTHOBpeMeHHO p = 2 u k = 1 yTBepxkjeHwe 1. a)
MecTa He UMeeT.)
W3 memMmbl 'eHsens BeITekaeT Takoe

CHEACTBUE 2. [lycmb wucaa T u k y008.4emeopaOm YCi0BUAM AEMMbY
Ienszean. Tozda ocmamku om deaenus cmeneneti ' wa p? (¢ > k) umerom
6ud pFs + 1.

CyMMHupYA BBHIIIECKA3aHHOE, UMEEM CJAEAVIONIYI0 JeMMY, YAOOHYIO s
NAJbHEHUIIEro:

JIEMMA 1.

a) 10™ =1 (mod 34) mozda u moavko mozda, koeda m =0 (mod 3972).

b) Jauna nepuoda dpobu p/3", ede n > 1 u p ne deaumces wa 3, pasua
3n—2,

c) Ocmamuku om deaenus uuces 6uda 10" wa 3° umerom eud 9m + 1.

[TOKABATENBCTBO. II. a) Berrekaer u3 temmbr [ensens, n. ¢) ecTsh 9acT-
HBIU CIy9all OPeAbIAYIIEro CJAeACTBUA, M. b) BBITEKAET U3 M. &) U MPEIOKe-
Hus 1.

3. HOKA3ATEJIbCTBO OCHOBHOI'O YTBEPXK/IEHUSA
Hamma mers — moKa3aTh OCHOBHYIO TEOPEMY:

TEOPEMA. [Iycmbv nocaedosameavnocms {ag} 3adana pexyppenmmo:
a1 =1, ag41 = 9% u nycmo
(o)
x=S"1.
iz
Toeda 6 decamuunom pazaoxcenuy wucas X 6Cmpemumca 410044 Komoumna-
yus yughp.

3AMEYAHUE. Umeer mecto Teopema JlmyBwma: Iycme t — uppayuo-
HaAbHBI KOpEHb ypasHenus aox” + -+ + ap = 0, ag,...,an, — yeavble wucaq.

D A. 1. Kaneas—Benos. YcrHOE coobmenue.
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Tozda npu nekomopom N nepasencmeo |[t—p/q| < 1/Nq" ne umeem pewenui
6 UCABLT YWUCAAT P U (.

W3 5Tol TeOpEeMEI CIeAyeT, ITO IUCI0 X TPAHCIEHJIEHTHO, T. €. He MOXET
OBITH KOPHEM HUKAKOT'O aIreOpan<eCcKOro yPaBHEHU C MEeJbIMU KOd(puiiren-
TaMH, TaK KaK NpUOIMKXACTCA PAMOHAILHLIME Jy<IIe, 9eM aIreOpamdecKoe
9UCI0 JI0O0K (PUKCHPOBAHHOU CTEIEHHN.

Hawm momagoburcs

JIEMMA 2. a) Ilyemv p = 9k + 1 < 3°. Paccmompum dpobv p/3° u ece
Opobu, KOMopvie U3 HEE NOAYUAIOMCA NYMEM UYUKAUYECKOT NEPeCcmano6ry
yugp nepuoda. Toeda mmoxcecmso ecex makuz dpobeti cymvp {(9h + 1)/3° |
Oh+1 < 3°).

6) B obwem cayuae, ecau p 83aUMHO MPOCMO € 3, MO MHONCECTNBO YKa-
3annbiz dpodeti cyms {h/3°|h =p (mod 9) u h < 3°}.

HOKA3ATEJBCTBO. Herpyauo mpoBepuTh, 9T0 APOOHAS YACTHh TUCIA,
p10™ /3% ecTb nUKINYIECKas HepECTAHOBKA nepuoga apobu p/3%. Paccmorpum
MHOXECTBO APOGHBIX wacTenn wmcex suaa pl0™ /3%, m = 0,...,3°72 — 1. Ilo
aeMMe 1 5T0 MHOXeCTBO cyTh MHOXecTBO {p(9h + 1)/35}2:02_1, 9TO M COCTa-
BISIET YTBEPXKJICHUE JEMMEI.

II. 6) mOoKa3BIBAETCA AHAIOIUIHO.

Caenyromee yTBepxkaeHUE, KOTOPOE HaM HOTPeOyeTCsA MPU TOKA3ATETb-
CTBE OCHOBHOUM TEOPEMBI, IPEICTABIIET CAMOCTOATEIbHBIN NHTEPEC.

[TPEAJNIOXKEHUE 2. [Iycmb wucaa p u 3 83aummno npocmui. Tozda 6 decs-
MUUKOM Pa3a0AHCERUY wucaa T = p/3° scmpemumes atobas nocaedosamens-
nocmo u3 [(s — 2) 1g 3] yudp.

[JOKA3ATENLCTBO. Ilomoxum N = [(s — 2)lg3]. Paccmorpum Kakyio-
HUOY b MOCAeAOBATEILHOCTD udp « gruabl N. [ocTaToYHO HOKA3aTh, ITO
HEKOMOPAA YUKAUUECKAA NEPECTNAHOBKG YUPD UUCAG T MOHCEM HAUUHANLCA
ca.

IIycTtb @ = @y ... axy. MHOXECTBO BELIECTBEHHBIX YHCEN, Y KOTOPLIX AeCH-
TUIHAA 3alIUCh HAIMHACTCA C (¢, €CTh IIOJNYyUHTEPBAJI

A =[0,a;...an; O,al...aN—i-lO_N).

Ero mmmua pasma 10V,

PaccMoTpuM MHOXECTBO Apo6el, oMy IalolIuXca My TeM BpameHus mudp
B IIEPUOME MCXOMHOU Apo6m. B cmiy JeMMBI 2 5TO CHCTEMA TOYEK OTPE3Ka
[0,1], maymmx ¢ marom 1/3% 2

1 10 35 -8
3_573_57"'7 35 .
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U B mo6om mogoTpeske orpeska [0, 1] pmaer 66apmed, qem 1/3° 2, maxoamres
aIpo0b YKa3aHHOT'O BUIA.

Ilockomexy N < (s —2)1g3, o |A| = 107 > 376=2) u B orpeske A
BCTPETUTCA HYXHAd HAM APO0b, HECATUYHOE PA3JIOKEHUE KOTOPOU HAMUHA-
eTca ¢ yJacTKa «. lIpemtoxenne nokasaHo.

OKABATEJbCTBO OCHOBHOM TEOPEMBI. O6o3Hauum depe3 X, 9act-
WHHYIO CyMMYy paga ., 1/a;. DTo 1ucTo nepmogmaeckas aApobs u t, — ee
nepuon. B cuny npemioxenus 2 wucao X, COTEPXUT BCe MOCAETOBATEILHOCTH
nudp AruEbl MéHbIEN wiu pasaon Ny = [a, 1g3/9].

Boaee Toro, B 1060M y9acTKe AECATUIHOU 3AMUCHA GUCITA, X, JIAHA KO-
Toporo 6omabire N, + t,, BCTPETUTCSA KaxAasd TaKasd MOCIEJOBATEIbLHOCTb.

Ham Ha10 mokasaTs, 9T0 OCTaTOMHbIH WieH R, = ) 2 | 1/a) He ucmop-
TAT cuTyanuio. [Ipexme Bcero, mepmoj He MOXET COCTOATH W3 ONHUX [EBS-
Tok, u ecin 0 < € < 1073 o mepsbIe 2t, 3HAKOB N€CATHYHOrO PA3IOKCHUA
aucen X, u X, + ¢ coBnagaoT (IepeHOC pa3psaga MOKET IPOUCXOAUTD TOIb-
KO HA JE€BATKE W OH OCTAHOBUTCA I'JIe-TO BHYTPH TPETHEr0O NEPUOAA APOOuM
Xp,). Hosromy mo6ou yaacTok amuabtr N, TaAKXKe BCTPEIALTCA B AECATUTHOM
pasmoxeHun amcaa X, + €.

B cumny memwmbr 1 maumna nepuona t, AECATUYIHOTO PA3IOXKEHUA GUCIA X,
paBna t, = a,/9. Jlerko noryauts ouenky: R, < 2/an11 < 1073, U3 sroin
OLIEHKY, B CUJIY TOJBKO UTO CKA3AHHOI'O, BBITEKAET, UTO B AECATUIHOM PA3JIO-
xeunm auciaa X = X, + R, BcTpedaeTrca aobas koMobuHaua u3 N, TOapAL
uaymux nudp.

A Tak xax

. . | 3
lim N, = lim (—2124,) = oo,
n— 00 n— 00 9

mapameTp N ¢ pocTOoM 1 CTPEMUTCSI K OECKOHEIHOCTH U JI00as HAIepen 3a-
MaHHAA KOMOMHAIMA (P BCTPETATCA B AECATUIHOM PABIOKEHUM InCaa X .

3AMEYAHUE. HazoBeMm wacmomoti NOABIEHUSA TOCAETOBATEABHOCTH ¥ B X
semmanny: W (X, v) = lim,_,oo m/p, rge m — KOIMYeCTBO MOC/IEI0BATEILHO-
CTed V B HAYaJbHOM Kycke X mauHbl p. I3 qoKa3aTersCcTBa OCHOBHOU TEOpe-
MBI MOXHO H3BJ€Yb Cleayomun pesyabrar: W(X,v) = 107!, Do o3mauaer,
410 BCce KOMOmHauuy nudp B uucie X PaBHOBEPOATHBI. Takume dmciaa HA3BIBA-
0TCA HOpmaabHbimy. COnepKATETHHBIX IPUMEPOB HOPMAJIbHBIX UHACEI HE TaK
MHOT0.



3aJavHbIA Pa3 gel

B sTOoM pasgesne BHUMAHUIO YUTATENEN NPEIIATACTCS MOAO0PKA 3a4a4 PA3HOU
CTEIEeHY CJIOXKHOCTHU, B OCHOBHOM TPy AHBIX. HeKoTOpEIE U3 5TuxX 3a1a4 (He 0013aTeNb-
HO CaMble CJIOXKHBIE!) TpeOyIoT 3HAHUA (HEIEMEHTAPHON» MAaTEeMATUKU — AHAIU3A,
JIMHENHON aareOphHl U T. II.

CocraBurensm 3TOU MOAGOPKU KAXKETCS, ITO IPENIAraeMbIe HIKE 3aJa49U OKa-
JKYTCSI MHTEPECHBIMU KaK A CUIBHBIX IIKOJBLHUKOB, NHTEPECYIOUINXCSI MATEMATH-
KOU, TaK U YISl CTYAE€HTOB-MAaTEMAaTUKOB.

Mu1 oGpammaeMcs ¢ IPOCbOOU KO BCEM IUTATEIAM, UMEIOIIUM CBOU COOCTBEHHBIE
moA00PKYU TAaKUX 33a4, IPUCHLIATEH UX B peqaknuio. U, pazymeeTcs, MBI C YIOBOIb-
crBueM OyneM ImyOJrKOBATDH CBEXKME aBTOPCKUE 3aaMU.

B cxobkax mocae ycaoBus 3a1aMu NPUBOAUTCS (aMuauns aBropa (yTOIHEHUs CO
CTOPOHBL YATATENE IPUBETCTBYIOTC). Ecau aBrop 3aja4uu HAM HEw3BECTEH, TO B
CKOOKaX YKa3bIBaeTCA «(DOJBbKIOD?.

1. MoxHO iu ony9uTh BCE BO3MOXHBIE COCTOsSHUI KyOnka Pybuka, mocie-
JIOBATEIbHO BHEIIOMHAA HEKOTOPYIO KOMOMHAIMIO HOBOPOTOB? (Y4UTHIBA-
IOTCA TOJBKO KOHEYHBIE, & HE IPOMEXKYTOIHBIE COCTOAHU. )

(A. K. Kosaavdacu)

2. Hairru guckpuvummanT muorowrena P(z) = z2%3 + 1 + 1.
(M. JI. Konyesuu)

3. MoxHO nu KpyT ¢ AByMs AbIpKaMu 0TOOpa3uTs B cebsa 6e3 Hero IBUKHBIX
TOYeK ! (M. JI. Konyesuu)

4. [lokaszaTh, YTO HA ONMUCAHHOW OKPYXKHOCTHU KAXK OO TPEYrOIbHUKA CY-
IIeCTByeT POBHO TPHU TOYUKH, 1A KOTOPBIX COOTBETCTBYIOIINE IPAMBIE
CumMcoHa KacarTCsa OKPYXKHOCTH AEBATHA TOYEK TPEYTOJbHUKA, IPUIEM
S9TU TOYKM ABIAIOTCA BEPUIMHAMY IPABUIHLHOI'O TPEYTOIBHUKA.

(M. FO. IIanos)

5. Jlas uppaumonansroro o > 1 o6osuadum N(a) = {[na]ln € N}. Ilpn
KaKWUX k HAULYTCI TaKUe 1, ..., g, 970 MEOXecTBa N (1), ..., N(ag)
3aJal0T pa3OueHne HATYPAIBHOIO pAna’

(A. A. 3acaasckui, A. B. Cnusak)

6. BHyTpu eIMHUYHOTO KBaJIpaTa PACIOJIOXKEHO OECKOHEYHOE MHOXKECTBO
To4ek. Beerga au HamgeTcs raagkas KpuBasd, MPOXOAAINaA depes 6ecKo-
HEYHOE ero MOAMHOXeCTBO? A GECKOHEYIHO IIanKas! (Doavkaop)
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7. [Nokaxwure, 9TO M JIOOBIX MEJIBIX HEOTPUIATEABHBIX 11, P HAUAETCI Ta-
kaa koHcTauTa C > 0, 9To mma aobon 6eckonevHO nuddepeHnupyemMon
dysxmmm f ycrosma fol 2" f®) ()| V/Pdx < 1; k= 0,...|(n+p)/p] BrekyT
yeaosue |f(0)] < C. (A. A. Kaneav)

8. B rparmunbIX KIeTKax TAbaAMOBL N X N paccTaBieHbl duciaa. [Jokaxure,
9TO MOXHO JOIUCATH YUCIA B OCTAJIbHBIE KIETKWA TAOIUIBI, ITOOBI Ka-
XK I0€ TUCI0 PABHAJIOCH ObI CpeIHEMY apupMETUICCKOMY CBOUX COCEMEN.

(M. 3. Asetipun)

9. Cdepa packpamrena B 2 usera. [lokaxuTe, ITO HA HEW HAUAETCA IIPa-
BI/IJI])HbeI TPEYTOJIbHUK C OAHOIBETHBIMU BEPITUHAMMN.

(JI. A. Emeavanos)

10. CymecTByeT au BEKTOPHOE MPOCTPAHCTBO HUIBIOTEHTHBIX MATPUIL HE-
KOTOPOTO TIOPAIKA, TIPOU3BEIECHNA DJIEMEHTOB KOTOPOTO MOP 0K AAIOT BCIO
maTpwanyo arre6py? (Marpuna A HABBIBACTCA HUALNOMENMHOL, €CIH
A¥ =0 gaa mexoroporo k.) (I1. Axobuaros)

11. Pag Y a, cxodumes 8 cpeduem, ecim CymecTBYeT Ipeieln cpegaux apud-
METHYECKUX €r0 YacTHBIX CyMM limy, oo (D p_y sk)/n, Sk = anzl af.
IIycts psapg Y a, CXOQUTCS B CPEAHEM M 1IPU DTOM a) ap, = o(1/n) (T.e.
limna, = 0); 6) a, = O(1/n) (r.e. 3C > 0 : |nay,| < C).

[okaxure, 9T0 TOrAa PAL Y Gp CXOAUTCA. (A. A. Beaos)

12. VlgeanbHBIN CONAT ABIACTCSH KOHEYHBIM ABTOMATOM (T.e€. HPUHUMAET
KOHEYIHOE IHUCJIO COCTOSHUM ¥ BOCIPUHUMAECT KOHEUHOE TUCIO CUTHAJOB).
ConjaT NOHAMAET WIEBO-IIPABOY, BOCIPUHUMAET CUI'HAJILI TOABKO OT CBO-
UX HEIOCPEACTBEHHBIX COCEAEH ¥ IIOHUMAET, SABISETCA JU OH KDAUHUAM B
mepenre. 3a O4uH TAKT OH OOMEHUBAETCA CUIHAJAMU C coceaavu. Mox-
HO JI TaK 3aIpPOrPAMMUPOBATH COLAAT, UTO €CIX IOCTABATH B MIEPEHTY
COJLAAT, HAXOMSUIMXCA B HEKOTOPOM OQWHAKOBOM COCTOSHMHU, TO IMOCIE
TOro Kak mepsoMy OyZeT naHa KOMAaH[IA, depe3 HEKOTOPOe BpeMs BCe
OHE BhICTpeaaT ogHoBpemenHO! (IIporpamma He JOIXHA 3aBUCETH OT
JIMHEL [IEPEHTH. ) (3adaua Maiizuasa o cmpeaxaz)

N criPABJIEHUA

B 3agaunuke Ned «Matemarudeckoro IIpocBemenus» ycroBue 3axa<u 3.9
(aBrop — C.Mapxkenos) 6bu10 npuseneHo HeBepHO. [IpuBoauMm mnpasmibHOE
YCJIOBHE DTOU 330a491 U MPELIAraeM IUTATEIAM TONpOO0BATH CBOU CHJILL B €€
pelIeHun.

3.9. [lokazaTh, 9TO HA MOBEPXHOCTHU TPEXMEPHOTO BBHIMYKJIOrO TEJId HAU-
OYTCA 5 TOYEK, 0Opa3yoMUX BEPUIMHEBI IPABUIBHOIO H-YT'OJIbBHUKA.
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Pemmennsa 3amad n3 mpeabl IyIIUX BBITYCKOB

2.10. YCJOBME. BuyTpu Brimykmoro dersipexyronbauka ABCD Basara
Takaa Touka O, aro LAOP = ,COQ, rae P u () — TO4UKM mepecedeHns
aydern BA, CD u BC, AD coorBercTBeHHO. [loKax)uTe, ITO GUCCEKTPUCHI
yraos AOC u BOD nepnesukyaspHbl ApyT Apyry.

PEmEHUE. O6o3nauum GuccekTpucy yraa AOC «epes £, ToUKy mepece-
genusa npameix PB u OQ) gepe3 R. IlycTs, Kak MOKa3aHO Ha PUCYHKE, TOIKHU
B', P' u R' cummverpuansr oTHOCHTENBHO £ Tokam B, P m R cOOTBETCTBEH-
Ho. Eme mam morpebytorca Touku B” m )", xKoTophle ABIAIOTCA TOYKAMEI
nepecedennsa npamoir OB’ ¢ npambimu BQ u P() cOOTBETCTBEHHO.

Paccmorpum orobpaxenue f = fy 0 fz o fyo fi, rae fi — oTpaxeHue
oTHOCUTENbHO ¢; fo — npoeknus u3 Touku O Ha npsamyo B(Q); f3 — npoexkuus
u3 Touku P Ha npamyto OB'; fy — npoeknua w3 Touku () Ha npamyo PB.

W3 onpenenenus sicuo, 9o f — npoekTuBHOE 0TOOpaxenue npsamoun PB
Ha cebsa. [lokaxeMm, 9T0 5TO OTOOpax)eHme TOXjaecTBeHHoe. [lia Toro yka-
XKEM TPH €ro HEMOABUKHBIE TOUKMU:

piypr gl ondyp
By g2 gr fs g Ji g
RISR Iy R B0 R

MaTemaTu4eckoe npocsewyerne, cep. 3, sbin. 8, 2004(248-260)
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Orcroma crenyer, 9To
D - f3 (e] f2 [¢] fl(A) S (OBI)

Ocranocs 3ameTuTs, 970 TOYKU B m D jexaT no ogHy CTOPOHY OT OHCCEK-
Tpuces yraa AOC. (M. Baawiti)

4.11. YCJOBUE. Ha HEKOTOPBIX KIeTKAaX 6€CKOHETHON JOCKU CTOAT (DUII-
ku (He 6oJee OHOU HA KaX JOU KJIeTKe), HEKOTOPBIE KIeTKH mycThie. Hazosem
PACCTAHOBKY N0OYMU NoaH0ol, €cau HaugeTcs Takoe 9ucao C, ITo MOXHO CIBUA-
HyTb KaxIyl0 (PUIIKY Ha PacCTOsHME, He npesbmuaomee C' (MHOr 12 HyI1€BOE)
TaK, 9TOOBI MyCTHIX KJIETOK HE 0CTaI0Ch. Ha30BEM PACCTAHOBKY HE CAUULKOM
nycmot, ecinm HaAeTCsa Takoe YUcao D, 9T0 KOAMYeCTBO MyCTHIX KJIETOK B
aobom kBaapare He npeBocxomut DP, rme P — nepumerp xBagpara. [o-
KaXuTe, 9TO MOYTU MOJHBIE PACCTAHOBKU — 3TO B TOYHOCTHU HE CIUIIKOM
IMyCTHIE.

PEMEHUE. Ham 6yaer ymnobHee mnepedOopMyJupPOBATH OIpeNeNeHUe He
CHIUIIKOM IIYCTOU PACCTAHOBKY: MBI CIATAEM, ITO HAUAETCA TaKOe Iuciao D,
9TO0 KOIWIECTBO IIyCTHIX KJIETOK B JI0O0OM KBajapare He npesBocxogut DN,
rae N — CTOpOHA KBaApaTa. JKBUBAJICHTHOCTD OIPENEIeHUN OIeBUIHA,. 3a-
METHM €IIe, 9TO MbI MOXeM npeanoaarats C' u D HATypaJIbHBIMHA.

[IycTh paccTaHoBka moduTd moaHad. PaccMoTpum Ji060M KBAAPAT CO CTO-
pouou N. Torma, eciu Bce QUIIKYM MEPEABUHYTH HA PACCTOAHUE HE OOJb-
mee, ¥eM [N, TO B DTOM KBaJpaTe MOI'YyT MOABUTHCA TOAbLKO (DUIIKH, KOTO-
pele m3HaYaIbHO crosmu B kBagpare (N + 2C) x (N + 2C), umeromem TOT
ke neHTp. Takum 00pa3oM, B MCXOZHOM KBAIpaTe IIyCTHIX KIETOK OBLIO HE
6osblIe, YeM KOIMIeCTBO KICTOK B «bopaoope» mmpuabl C' BOKPYT HETO, T.e€.
(N +2C)? — N2 = 4CN +4C? < N(4C + 4C?). Takum 06pa3om, MBI MOKEM
nonoxuts D = 4C + 4C?.

OcTaToK pelieHns TOCBAIIEH A0Ka3aTelbCTBY 06paTHOro. MbI gokaxeMm,
ar0 MOXHO moaoxuth C = 4D. CdopmyrupyeMm CHaUaIa [BE W3BECTHBIX
JIEMMBI.

JIEMMA 1 (1EMMA KEHUrA). /Jano kopHeBoe paepeso. V3BecTHO, 9TO
CTENEeHb KaXJOW BEPHIMHBI KOHEYTHA, 4 KOJIMIEeCTBO BepmuH 6eckoHewIHo. To-
raa B HEM HaUAeTCA OECKOHEYIHLIN IIyTh.

JIEMMA 2 (TEOPEMA MEHI'EPA, BEPHIMHHAS ®OPMA). [laH KOHEYHBIN
rpad C BbIAeJEHHbIMEU BepummHamu B u E, HECO€IWHEHHBIMU ADPYT C APY-
roMm. V3BecTHO, YTO mpU BHIKUALIBAHUU JIOOBIX k& — 1 BepIINH, OTIUIHBIX
or B u F, B ocraBmeMca rpade cymecTByeT nyTh oT B no E. Torma cy-

wectByer k nyreun or B no F, He umerommx OOMUX BEPIIUH, OTIAYHBIX OT
BukFE.
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Ceemem 3amady K KOHeYHOU. [lokaxeMm, 9TO HOCTATOYHO AOKA3ATh Cle-
aytommi paxT: Jas 4106020 keadpama 2N X 2N MmoxHcHo cOBURYMb KaHCIYI0
Puwry na paccmoanue, e boavwee C mak, 4mo 6ce KACMKY YEHMPAAbHOZO
keadpama (2N — 2C) x (2N — 2C) (manee mbr ero OyieM HA3BIBATH IIPOCTO
HEHTPAJIBHBIM KBAJPATOM) O0ydym 3anoaHeHbl.

[IycTs daxT mokaszan. [loctpoum crepyrommu rpad. Jliobas ero Bepumaa,
ects keadpam 2N X 2N ¢ yewmpom 8 wauase K00pJuHaM BMECTE CO CNOCO-
bom nepedsudcenusn Puwer amoz2o Keadpama Ha PACCMOAHUE, HE NPECOCLO-
dsuwee C' Tak, 9TO BCEe KIETKU MEHTPAJILHOTO KBAJAPATA 3aIOJHEHBI; pebpo
ke OymeT COemuMHATH BepIIMHY, COOTBeTCTByMOmy kBaapary 2N x 2N, c
BEPUIMHON, cOOTBeTCTBYIOmEN KBaapary (2N + 2) x (2N + 2), ecim dpumkn,
OpWHA[IEXKAIINE MEHbIIEMY KBaApaTy, ABUCATCA OQUHAKOBO. KopHeM >To-
ro gepesa Oyaer BepmwnHa, o60o3Hadawmas kaapar 0 x 0. OdeBugHO, 9TO K
aTomy rpady npuMeHnMa, JjeMMma Kénura; onHaKO 6ECKOHEIHBIN Iy Th B DTOM
rpade ecTsb crocob mepeaBrKeHusa 6cer PUIIEK TAK, ITO 6C€ KIETKU OKA3bI-
BaITCA 3AIOIHEHHBIMU.

Hokaxem Teneps Ham ¢akt. s aToro caoBa nocrpoum rpad. Ero sep-
muHaMu OyyT ABIATHCA KIETKU Hamero ksBaapara 2N X 2N u eme aBe Bep-
UINHBL: (HAYaJIbHASY BepimmHa B u «koHedHas» BepummHa F. Kaxayo kireTky
COEIUHUM CO BCEMU KJIETKAMU, HAXOAIMMUCA OT HEE HA, PACCTOAHUN HE OOIb-
wewm, gem C'. Kpome Toro, coequaum B cO BcemMu Iy CTBIMU KIETKAME, 4, JIOOYI0
KIETKY, HAXO[AIIYIOCA BHE IeHTpanbHoro ksanpara (2N — 2C) x (2N —2C)
coequauM ¢ F. [lycTe B Hamem kBagapaTe P < 2DN nycThix KaeToK. MBI X0-
THUM, IPUMEHUB Teopemy MeHrepa, mocTpouTb P HenepeceKaromuxcs Iy Ten
u3 B B E. flcHo, 9T0 5TH nyTH NPORIYT U€pe3 BCE IMyCThie BEPIIMHBI, TAK KAK
UX BEpUIXHEL, cleyomue 3a B, pasauansl. Torga, eciu BAgA1As ... A B —
oauH m3 Takux myten (Ag — mycTas), TO MOXHO HPOBECTH TAKOE NEDE/IBU-
xeunme: Ay — Ay, Ay — Ay, ..., Ay — Ap_1; IPU DTOM IYCTOU OKAKETCA
KJIeTKA Aj,, HAXO[AIMAACA BHE IEHTPAJLHOTO KBAIPATA, U TAKUE [ENOYKH, 0~
CTPOEHHBIE /IS PA3HBIX IyTed, He OyAyT MePeCceKaThCs; M0dTOMY Tpebyemoe
OyeT BBIIOJIHEHO.

OcTanochk npoBepuTH BHIIOJIHEHUE ycJaoBus Teopembl Menrepa. Vmenno,
HYXHO TOKa3aTh CAEAYIONIEe: eCIu BHIOPOCUTL MeHee P BepIinH, TO HAUIeTCA
uyte u3 B B E. [Ipegmonoxum nporusuoe. Ilycrs Beibpomensr P — 1 Bepim-
Ha, U3 KOTOPBIX PP — & COOTBETCTBYIOT IyCTHIM KJIeTKaM. Lorjga BepuIXHA
B ocranack coequHEHHOU € T MyCcTHIMA. [loKpacuM KpacHBIM BCE BEPIIXHBI
ocrasinerocsa rpada, 10 KOTOPHIX Tenepb MOXHO 100paThca u3 B, u cuHIM —
BCe BBIOPOIIEHHBIE HEIyCThIe BepmuHbl (1x KommvecTBo paBuo x — 1). Toraa
ar00as KpacHas BEPIIMHA B UCXOMAHOM I'pade ObLIa COeIUHEHA TOIHKO C KPac-
HBIMM, CAHAMY U TyCTHIMU BEPIIXTHAMMU.

Paccmorpum maayuupoBanabiyl rpad HA KPACHBIX BepimHax. llocie BbI-
KUABIBAHUSA BEPIIVHBL B OH pacmagaeTcsa Ha HECKOJIHLKO KOMIOHEHT CBA3HOCTH
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S1, ..., S¢. Pacemorpum ogny w3 Hmx, ckaxeM, S;. OHa HOIHOCTBIO JEXKNAT B
HEeHTPAIBHOM KBajapaTe, u60 mHa4de OHa CBasaHa ¢ F. [lycTh MUHUMAILHBIN
OPAMOYTOJIBHUK, B KOTOPHIX €€ MOXHO 3aK/II0YAThH, uMeeT pasmepsl U X V
(maa ompepenennoctu U > V); rorga B S; me Gomee UD mycTBIX KIETOK.
OTmeTuM Bce HEKpacHbIE KICTKH, yAAJeHHbIE OT KAKOU-TO U3 KICTOK S; He
6oxee, wem Ha (/2. 3aMeTuM, 9TO BCE OTMEYEHHbIE KICTKY OBLIN CAHUMU
wiu nycrbivu. [Jokaxem, 9To curux cpegu Hux He Menbiue, dem U(C — D) /2.

Pacemorpum crpoukm npamoyroasauka (U + C) x (V + C), B nenrpe
KOTOPOro JexuTt Hau npamoyroabauk U X V. Hazosem cTpOUKy i-CTPOUKON,
ecay GauKaumas K HEW CTPOKA, COJAEPXKAIIAA KICTKY U3 S, HAXOJUTCA Ha
paccrosauu He Goabwe | 0T Hee. (B wacTrOCTH, 0-CTPOYKA COAEPKUT KICTKY
u3 S;.) 3aMeTuM, 9TO B {-CTPOUKE HAXOAMTCA He MeHbine, deMm 2 (C/2 — i)
OTMEYEHHBIX KJIETOK.

O-cTpoukm mayT He pexe, deMm depe3 C' apyr oT Apyra, ubo S; cBA3Ha;
nosromy ux He Menbue, deM (U + C/2) /C (3gecs ydreno, 9T0 mepsble u
nocregaue C'/2 crpodek nycroie). AHATOIMYHO, i-KJIETKY PACIOIOKEHBL «6J10-
Kamm» X0Ts ObI 10 27 + 1 CTpOteK, paCCTOAHUA MEX Yy KOTOPHIMU He OOJIbIIIe,
gem C — 2¢ — 1, mosTomy mx mHe Mensbute, uem (U + C/2) (2 + 1)/C. Ilycrs
8; — KOJIUYECTBO i-cTpoueK. Tormga

c
-1

S (049 (b 2o ) = (04 9)5
i=0
C apyrou CTOpOHBI, €CIM CTPOYKA MOCIATAHA B DTOM CyMMe j pa3, TO OHA
asasgercs (C/2 — 1)-crpouxkon, ..., (C/2 — j)-cTpodukon, IO>3TOMY B HEH XO-
T 6}31 2‘7 OTMEYCHHBIX KJICTOK; OTCIOOa KOMXUYICCTBO OTMEYCHHBIX KJICTOK HE
mensie, geMm (2U + C)C/4.
3ameTum, 9TO BCce 5TH KiaeTkKu aexaT B ksagpare (U + C) x (U + C),
nosToMy cpeau Hux He 6onee D(U +C) nycroix. [losTomy cunuz cpean Hammx

OTMEYE€HHBIX HE MeHbIIIe7 qeM
C(2U + C) — D(U + C) C-D

U
4 = 2

9T0 U TPeOOBAIOCE.

Takum 06pa3om, eciu S cogepxuT k mycrsix Kaerok, To U > k/D, u cu-
HUX OTMeYeHHBIX KIeTOK He Menblne, deM k(C' — D)/(2D). 3amernm, 9T0 OT-
MEYEHHBIE KIETKU 044 PA3HBIE KOMNOMEHM C8A3HOCMU pasnu4HbLl. [lercTBu-
TEIbHO, ecan KieTka A Apmrgerca ormedeHHOU Ana S; u Sj, T. €. yAaleHa OT
KaKux-To K1eToK X; u X; He 6onee, 1em Ha C/2, To X;X; < C, u KOMIOHEH-
ThI S; u S cBA3aHBI — IpoTHBOpetne. Takum 06pa3oM, BCEI'O CUHUX KJICTOK
He menbine, yeM z(C — D)/(2D) > z, HO MBI OpeamoIaratu, 9To ux & — 1.
[IpoTuBopetne, NOKA3BIBAIONIEE 3aMATY.
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3AMEYAHUE. HemuOrO TOYHEE mpoOBEms paccyxkaeHus, MOXHO IIOKa3aTh,
HampuMmep, 4To npu D = 1 mbr moxeMm momoxutsh C = 1.

(A. Boedanos, I'. Yeanoros)

5.5. YCJIOBUE. [lokaxwuTe, 9TO nepecevenre 10 mpaBuIbLHBIX TETPAdPOB,
BIUCAHHBIX B NOAEKAdAD (BEPIIMHBI TETPAdAPOB ABIAITCA BEPIIMHAMY 0 /1E-
Kad/pa), eCTh UKOCADIP.

PeEmEHME. Kak m3BecTHO, B IOLE€KARID MOXHO BOUCATH Ky0, BEPUIMHBI
KOTOPOT'O JeXaT B BepHIMHAX AOoAeKadfapa. ¥y Kyba 12 pebep, a y moaeka-
aapa 12 rpamen, kaxgoe pebpo Kyba JeXUT Ha CBOEU I'PAHU, ABIAIACH €€ Iua-
COHAJBIO.

[MockonbKy y KaXx oW rpaHu b AUATOHAJEH, UMEETCS D PA3IUYHBIX KyOOB,
BIUCAHHBIX B [NOJEKAdAD, K KaXJI0W BEPIIMHE NPUMBIKAIOT nBa KyOa (mbo
CXOAATCA 3 TpaHu JoAeKasapa U 6 nTuaroHaJen rpaHedl — IO JBe OT KaXKJOu).

JItoboe nBUMXkeHHWE AOMEKa’APa MEPECTABIAET DTU KyObl, a HEeHTpaJIbHAIL
CHUMMeTpus — IepecTaBisieT TOoxgecTBeHHO. llockonbky a6y rpaHb mo-
OeKadIpa MOXHO IEpeBecTH B JI00yI0, & IIyTeM IIOBOPOTA BAOJb OCH, IIE€p-
[IEH IUKYJIAPHOU Nape MPOTUBOMOJOKHBIX IPaHEd, JI00as AUArOHAJbL I'DAHU
MEPEBOIUTCA B MOOYIO IPYTYIO, BCe AMATOHAIU BCEX I'PAHEN IPYT B APYTa IIe-
peBogaTca. [losromy a060u Ky6 MOXHO nepesecTu B mo6ou apyrou. (Moxuo
MOKA3aTh, YTO PPYIIA, CUMMETPUAN HOAEKADAPa MEPBOr0 POAa — T. €. COXPa-
HAOIUX OPUEHTAUI0 — M30MOp(QHA rpynme As wim rpymnne YeTHBIX mepe-
CTAHOBOK ILATHUAJIEMEHTHOI'O MHOXECTBA: TUX KyOOB.)

B cBoto ouepenb, B KyO6 ¢ pe6poM @ MOXHO ABYMA CIOCOOAMYU BIUCATH
TeTpasAp ¢ pebpoM a2, BEPUIMHBI KOTOPOrO JEXKAT B BEPUIMHAX Kyba, a
pebpa — muaronanu rpaseu. [lpu menTpasbHOU cuMMeTpunm Kyba 3THU ABA
TeTpPadIpa MEPEXOIAT APYT B APYTa, & UX ME€pPeCcedeHrne eCTh OKTAd AP — TEJO0,
IBOUCTBEHHOE K KyOy. Y TBepXKAeHME 3302497 5.5 €CTh AaHAJOT HTOr0 (PAKTA, I
JOJEKadIPa C UKOCAD[POM.

Uroro umetorcs 10 nmpaBuibHBIX TE€TPAdAPOB, BIUCAHHBIX B MOIEKADIDP.
Bce onu comepxkar ero meHTp m Kaxjgas UpaHb Tena B, aBmgiomerocs ux me-
pecedenneM, 06pa30BaHa IMIOCKOCTHIO IPAHEH ONHOTO U3 DTHUX TETPAdIPOB.
Terpasapsl pazbuBatoTCa HA MAPHI HEHTPAIHHO CUMMETPUIHBIX TETPAdAPOB,
BIKCAHHBIX B OAUH Ky0, M HEHTPAJIbHAA CUMMETDPHUA AOAEKADAPA MEHAET Me-
cTaMu TeTpasaphl B mapax. Ilepecedenue Kax 0 Mapbl €CTh OKTA3IP U yT-
BepX/EHUE O TOM, UTO IEpPECedYeHre D OKTadIPOB €CTh UKOCADAP, ABIAECT-
€A MBOUCTBEHHBIM AHAJOIOM YTBEPXKIEHUA O HATHA KyOax, BIUCAHHBIX B J0-
IEKadIp.

[Mockonbky n0601 Ky6 MOXHO IEPEBECTU B JIOOOU, U3 3TOrO CIACAYET, 9TO
J000U TETPad P MOXHO MEPEBECTH B JIOO0U ABUKEHUEM I0AEKADAPA.

Bosee Toro. IToBopor Ha 27/3 OTHOCHTENBHO IVIABHOU AUArOHAIMA KyOa
(koTOpas COBmAJAET € IVIABHOM AMATCOHAIBIO NONEKA31pPa) HEPEBOAUT B cebs
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OOMEKAdAP, dTOT KyO M KaXIbIM TEeTPAadAp, BIUCAHHBIA B mnociaequauu. [Ipu
DTOM OHA W3 TPAHEN TETPadApa MEePEXOqUT B cebsl, a TPU APYTHUX MEPEXOIAT
Ipyr B Apyra mo nukiay. IlockonbKy mIOCKOCTb rpanu B JeXWUT B IIOCKO-
CTHU I'DAHU OAHOT'O U3 TETPa’APOB, U3 dTOr0 TAKXKE CIeAyeT, ITO KOJUICCTBO
CTOpOH y 0601 rpanu B neaurcs Ha 3.

CyMMupys CkKa3zaHHOE, IOIydaeM, 4TO J0asd rpaHb JI000r0 TeTpasapa
mepeBoAATCA B MO0y TpaHb JI000T0 TETPanpa [IBUXKEHHEM A0AEKadApa.
CooTBeTcTBEHHO, JI00asd IPaHb Tena B Takxke mepeBoauTcs B J00YI0 APYryIo
rPaHb ¥ BCE I'PaHU B MMET PaBHOE UMCJIO CTOPOH, NEJIANICECT HA 3.

HOCKOJIbe OOoHA W3 I‘pa.HefI BBIITYKJOT'O MHOI'OI'DAHHUKA 06}13aHa nMeEThb
MeHee 6 CTOPOH (9TO JEerKo BHIBOAUTCA u3 (OpPMYJIBl DUWIepa), TO BCe Ipa-
HI B — TpeyroabHuKU. A pas A KaxIOW TPAHU €CTh MOBOPOT OTHOCH-
TEIHLHO HEKOTOPOU OCH, IMEepeBOAAImiA ee B cebs, TO BCE DTU TPEYTOJbHUKHI
IpaBUJIBHBIC.

Bepuinny kaxgou rpanu B MOXHO mepeBecTr aBuxkeHuem B B Jr00yi0
IPYTYI0 BEpIIXHY TOU XK€ T'PAaHM, a KaXAYI0 'paHb B — B mo6yo Apyryio
rpaub. U3 sToro crepyer, uro u awobas BepumHa B mepeBoguTca B JHO0YIO
apyryio Bepummay. [loaToMy B — npaBMiibHBIA MHOTOIDAHHUK.

Ucxopuwbin nonexasap (a smauur, m B) mepexogut B ce0s Ipu MOBOPOTE
OTHOCUTEILHO HEKOTOPOU 0cH (CEPeUHHOrO MEePIEeH UKy IAPa K ape IPOTH-
BOIIOJIOXKHBIX rpanen). [IockoabKy Bce rpanu B — TPEyroabHUKY, IPU TAKOM
MOBOPOTE HU OJHA W3 rpaHen B B cebsA HE MEPEXOIUT U MOTOMY KOIUIECTBO
rpaneu B genwrcs Ha 5.

[IpaBunbHBIMEU MHOTOIDAHHUKAME SABIAIOTCA: TETPAdIAP, KyO, OKTadap,
MKOCA AP U gogeka’ap. Kyb u npomekasap He MOAX0AAT, IOTOMY ITO UX I'DAHU
HE TPEYTOJbHUKY, 8 Y TETPadIpa U OKTA3APA KOAUIECTBO IPAHEN He JAeIUTCA
Ha 5. [looTomy B ukocasap. 3ajgada perieHa.

3AMEYAHUE. ['panm mkocasapa MOXHO PaCKpacuThb (AByMs cnocobamm)
B 5 OBETOB TakK, 9TOOBI OJHOLBETHBIE I'PAHM HE MMeIu Obl OOLIEH BEPIIMHBL.
Toraa mpomoiXeHUsA IpaHEd ONHOTO IBETa 00PAa3YIOT MPABUILHLIA TETPa-
a21p. [IByMm crocobaM pacKpacKu IPAaHEU OTBEYAET [BE MATEPKHU MPABUIBLHBIX
TETPAdAPOB, OMUCAHHBIX OKOJO MKOcasapa. Bece 10 BnucaHbl B HOAEKa’ap U
00pas3yoT OHy M3 3Be3I49aThIX HOopM mKocasapa. [pyras 3sesgaaras popma
€CTh OObeINHEHNE 5 OKTAadAPOB, KaX b U3 KOTOPBIX 00Pa30OBaH Iepecede-
HUEM APl TETPAIAPOB U3 DTUX AECATH.

Cevenune g0aeKadapa IMIOCKOCTHIO I'PAHU HAIIUX TETPAdAPOB €CTh HEIpPa-
BWIBHBIN [EHTPAIBHO CUMMETPUYHBIN MIECTUYTOJbHUK, BEPIIUMHBI KOTOPOTO
00pa30BaHBI BEPIIMHAMHK ABYX IPABWIbHBLIX TPEYTOJbHUKOB, IIOBEPHYTHIX HA
HEKOTOPHIX YT'OJl OTHOCUTEIBHO OOIIEro MeHTpa. DTO MHOXECTBO BEPIIKUH J0-
IEKAdPa, KOTOPBIE MOXHO COEIUHUTH C JAaHHOW BEDPUIMHOW MyTEeM U3 ABYX
pebep. JauHBI CTOPOH STOr0 MIECTUYIOALHUKA IEPEAYIOTCI U PABHLI CTOPOHE
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OOJEKAdIPA UM QUATOHAINA €r0 IPAHU COOTBETCTBEeHHO. Eciu nposecTu BCe Ta-
KIe CEeYeHUs, TO MOJIYIATCA MHOTOIDAHHUK, TAKXKE ABIAIONMICACA 3BE3IIATON

dopMour MKOCadIPa. (A. A. Kaneav)

5.10. YcanoBUE. Cayvannbie Beau<unbl X, Y, Z paBHOMEPHO pacupeese-
HBI Ha eIMHIIHOM OoTpeske. /lokaxuTe, 910 Bermuamaa (XY)? Taxxe pasHO-
MEDHO pacIpe/eneHa.

PEmMEHUE. Beegem noBble mepemennsie U = X,V = XY. CoBmecTHOE
pacupegenerue nepemenssix U, V umeer mnoraocts dUdV /U, nockonbKy ako-
6uan nepexoga paser 1/U. Ilpu arom P(V < U) = P(XY < X) =1 (no-
ckonbKy Y < 1); ecim 0 < w < 1, To

PV<w)=PV <w,U>2V)=PXY <w) =

w 1 dU w
= dV/ —:/ (—lnV)dV,

0 v U 0
U IWIOTHOCTH pacupejeneHus Beamausbl V pasHa fy(w) = —lnw. Hoxoxum
n=—1InV. Torga

1
Pn<w)=PV 2e ") = / (—InV)dV.

IIpoguddepenuupyem JeBy0 u IpaByio IaCTh IO W:

—w
de w

fo(w) = =(=In(e™) = — =we™, 0<w< .

Hamee,
VA Int
PWVZ<t)=P(Zny>—Int) =P (—7 < Z) ,
npuiem 4 < 1. Takwm obpasom, mpu ganuHOM t mepeMmenHoe 1) mpoberaer
3Ha¥eHusA OT — Int M0 GECKOHEYHOCTH, W NPU KaXOM €ro 3Ha4YeHuu 7 pab-
HOMEPHO pacipejeneHo Ha orpeske [—Int/n, 1]. CregoBaTeasHo,

Int o —w !
Pl——<Z)= we e 44 | dw =
n —Int -

w

e Int &0
= / we” Y (1 + —) dw = / we Ydw+
w Int

—Int —

oo

+lnt/ e Ydw=—tlnt+t+tlnt =t.
—Int

Bmasmr, P(VZ <t) =t (0<t<1),anTo osHavaeT, uTo permmaa (XY)?
pacmpejejeHa paBHOMEDHO.

(M. Keavbepm, nepesedeno u ompedaxmuposano B. P. Dpenkunoim)
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6.1. YcuoBuE. Ha nup cobpauucs 100 iroq0em0B, 1 OHU CTAIA €CTH APYT
apyra. Oka3amoch, 9To u3 100X 10 HangeTcsa OquH, OKA3aBUINNCA B XKEIy TKe
y apyroro. [lokaxwuTe, 9T0 HAUAETCA MEMOYKA U3 12 BIOXKEHHBIX JIIOL0EI0B.

PEmMEHUE. Hazosem momoena dobpuim, ecau OH HUKOrO He eia. Hazosem
aiogoena doopuim nepsoti cmeneny, €CIM OH HIKOIO He ell, KpOMe KaK TOOPBIX
arogoenoB. Hazosem atonoena dobpuim 6mopoti cmenenu, eCau OH HUKOIO He
€I, KpOMeE KaK J0OPBIX JII00€I0B U JI00€N0B IIEPBOU CTENEHU 10OPOTHI U T. 1.

W3 ycaoBus 3amadu clIegyeT, ITO AIA KaX IOU CTEeH: J0OPOTHl HalAeTCa
He Goaee 9 aromoenos, a Tak kKak Jaogoenos 100, To cremenen goO6pOTHI HE
Menee 12.

Jliomoen 12 cremenm mo6poTHI 06A3aTEILHO CheI Jogoena 11 cremenn,
ToT — 10 cTenenu u T. 1. MBI HOJYyYWIN MEMOYKY BIOXKEHHBIX JIOTO0EIOB.

3agada QOIyCKAeT ABOMCTBEHHOE pemeHue (HA30BEM JIOJ0€Ia HCUBLIM,
€CJIU €r0 HUKTO HEe CHheJ, HA30BEM JIOJ0EHa HCUBLIM NEPEoti cCmenenu, ecau
€ro eI’ TOJBKO XKWBHIE JIIOJT0E/EL. . . ).

3AMEYAHUE. O6mumi (akT dopMmyaupyerca Tak. VMeeTca WacTUTIHO
YHOPATOYEHHOE MHOXECTBO u3 mn + 1 anemenTa. Torga B HeM HaugeTCA Ju6O
nenb u3 n+ 1 saemenTa, aubo anTUIenb U3 M + 1 daemenTa (uenwo Ha3bIBAET-
€A TOIMHOXECTBO JACTUIHO YIOPSAJOIEHHOIO MHOXECTBA, B KOTOPOM JIHOOBIE
[IBa, DIEMEHTA CPABHUMBIL, & GHINMUYENbI0 — MOIMHOXECTBO, B KOTOPOM JHO0BIE
[Ba, BIeMeHTa HeCpaBHUMBIL). [[oymanTe HA L TAKOU U3BECTHOU OMUMIIAAJHON
sagagen. B pagy croat mn+1 pasaugroe quciao. Torga MoxHO BHIGpATE Jub0
n + 1 4ucno, ugymee B mopsagke Bo3pacTaHusd, aubo m + 1 ducio B mopsagke
yOBIBaHUA.

(A. A. Beaos)

6.6. YCJIOBUE. t;, — 6eCKOHEYHASI MMOCJIENOBATEIHLHOCTD IMOMOXUTEIbHBIX
qucen. [lokaxwure, aTo pag > (1 + tx41)/(ktr) pacxogmres.

1
PEmEHKE. Ilycts S = —. Hyxno gokasarb, 9TO ABa pajga ). Sk 4

ktp
S,
>y 2 He MOIYT CXOAUTBLCA OZHOBPEMEHHO. SICHO, WTO CXOAMMOCTE
(k+1)Sk+1

Sk
ama — =
paza ) (k+1)Sk+1
k+1

1<T<2npnk:1,...,oo.

S
PAaBHOCHJIbHA CXOJUMOCTH PAA ) . kS—k’ OCKOJIBKY
k1

[peamonoxum, a10 Y, Sk < 00. Torga limy o Sy = 0. Ilokaxem, aT0
s 0600 7 MPH BCEX AOCTATOYHO GOIBIIUX 11, 1M > 21, BHIIIOIHEHO

S 1
E ko> 2
kSky1 2

k=n
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o S
Torga ocTaTodHBIN WIeH Ry = Yy oo kSk He OyZeT CTpeMHUTHCA K HYIIO,
k41
9TO 06€CHeINT PACXOAUMOCTD PALA ) . kSk .
k+1

. o S,
[Tockoabky limy_yoo S = 0, HAMAETCA Takoe M > 21, ITO mtl < 1. Ho
TOr A "

s 1 = S +1 1 s 1
k k_m—n . k -
=n

Sk S
Ft = Skt k-1
—n+1 1 S S,
u6o T~ > = a mockomsky [ [, —t- = ="~ > 1, To
m 2 ' Sk+1 Sm

m
1 Sk
> m—n+1
m-—mn+1 Z Sk+1

k=n
B cuiy HepaseHcTBa Komm.

3AMEYAHUE. OTa 3amaqa ObLIa IpenIoXeHa Ha BcecorosHou ommmmuae
mo maremaTuke «CTYyIeHT U HAYIHO-TEXHUYIECKUUN IIPOTPECey MJA IeIUHCTH-
TyToB B 1982 r. (r. YepHuUros), B KOTOPOU ABTOD PEIIEHUSA MPUHAL JUITHOE

ydacTue. (A. A. Beaos)

6.8. YCJIOBUE. Anamutuyaeckas yHKOusa (T.e. KOTOPAsd Pa3raraeTcs B
KaXJIOM TOYKe BO BCIOAY CXOmaumucsa pan Temmopa) mpuHEUMAaeT B pamuo-
HaJBHBIX TOYKAX PAIIUOHAJBHBIC 3HAYICHUA. BepHo JIX, 9TO OHa — MHOI‘O‘IJIeH?

PEmEHUE. OTBeT Ha BOIpOC: BOOOIIE TOBOP:A, HET.

MHO)KeCTBO PanmVOHAJBHBIX YHUCEJI CICTHO, 3aHYMEPDYEM UX U 0603Ha.‘II/IM
i-€ B 3TOU HyMEPAIUU PAIUOHAIHHOE TUCIO I€Pe3 T;.

Paccmorpum cymmy

ap(z—zo)tor(z—zo)(x—z1)+- - Fag(z—zo)(z—z1)-.. .- (x—2k) +..., (1)

rie ; — HEKOTOPbIE PAIMOHAIBHBIE KOD(PPUIMEHTHI, 3HAYEHUA KOTOPHIX Oy-
Oy T MOZOOpaHbI HAXKE.

Ecin x € Q, To * = z; npu HEKOTOPOM % U HaHHAA CyMMa 0OOpBeTCs; B
CAy PAIMOHAIBLHOCTU KO(D(PUIMEHTOB (¢ €€ 3HaYeHue OyneT paluOHAJIBHO.

MHuoOrowieH, NPpUHAMAIOIIAN BO BCEX PAIMOHAIBHBIX TOYKAX PAIMOHAIE-
Hble 3HAYEHUs, UMeeT PAINOHAIbHBIE KOd(punueHTrl. [loaTOMy MHOXECTBO
TaKUX MHOTOWIEHOB cueTHO. OCTaloCch MOKa3aTh, ITO €CTh KOHTUHYYM IIO-
cregoBaTenbHOCTER {0y }50 ), s KOTOPBIX HANMCAHHBIN BBIIIE PAJ CXOJUTCA
K AHAIUTUYIECKON PyHKIUA. /[ 3TOT0 MOKaAKEM JEMMY.

JIEMMA 1. [Ina m0601 mocaenoBaTeabHOCTH MHOrOwieHoB Ry (x), aus ko-
topbix deg Ry (x) = k+1, cymecTByeT Takas mocieI0BaTeIbHOCTh HEOTPUIIA-
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TEABHBIX IUCET Tk, ITO MJIA MO0 MOCIETOBATEALHOCTH (g, YAOBICTBOPAIO-
meit HepaseHcTBaM 0 < ay, < 7k, paAf Y, apRi(2) cXoauTea K aHAIMTHICCKOMT
dyHKIIUANA.

[JOKABATEILCTBO. O6o3Ha4uM |epe3 M, MaKCEMyM |R,(€J)(3:)| opu
yerosusx |z| < n,k < n, 3gecs fU)(z) o603madaeT j-10 OpOM3BOLHYIO. DTOT
MakcuMyM cymectsyer, u60 RU)(z) = 0 mpm j > k + 1.

Bosemem mocaenoBaTeabHOCTE T = Mn__&l/(n + 1)! u paccmoTpum Jio-
OyI0 mOCIeI0BATENBHOCTD (f Takyio, 910 0 < af < 7g. Jlerko Bmmers, 91O
PAIBL Y 1o o akR,(j ) () paBHOMEPHO CXOIATCA HA OPAHUYICHHBIX MHOXECTBAX.
IlosTomy cymma

f(z) =" arRy(o)
k=0

ecTb 0eCKOHEYHO mudpdepeHnupyeMas PyHKIIAA U €€ j-A IPOU3BOMTHAA PABHA
o
f9 @) =Y R (@)
k=0

B CIIy CTAHJAPTHOU TEOPEMEI U3 KypPCa MAaTAHAII3A.

[okaxewm, aro pag Teunopa dyukumu f(z) cxogurca x f(z) B xKaxaon
TOYKEe (9TO M €CTh AHAIUTUYHOCTH). SAlWIIEeM OCTATOYHBIA WieH B (hopMme
Jlarpaaxa:

L r0) (g (m+1)
pul@) = f@) =Y D = L8 e <l

[locnenEee BHIpaXEHWE CTPEMUTCA K HYJIO HOPH 771 — OO HMOCKOJBKY, B CHILY
BHIOOPA (v, UMEeM PABHOMEPHYIO cxogumocThb f(™)(z) K Hymo mpu m — 00
HA JTI060M OrPAHUIEHHOM MHOXECTBE. O

[Ipumensaa meMmy, MOXHO BBIOPATH KOHTUHYYM Pa3JUIHBIX IIOCIEN0BA-
TEIBHOCTEN (v PAIMOHAIBLHBIX YUCENI, L1 KOTOPHIX pafx (1) cxomures x ana-
JUTUIECKON PYHKIINN.

KOMMEHTAPUN. AHAJOTrMYHBIM CIIOCOOOM MOXHO IOCTPOUTH KOHTHUHY-
YM PA3JUYHBIX AHAIUTUIECKUX (PYHKINUNA, IPUHAMAIOIMUX B aarebpanvdecKkux
TOYKAX aareO6pam<decKue 3HAYCHUs BMECTE CO BCEMU IPOU3BOAHBIMY (a TaKkKe
B PAIMOHAIBHBIX TOYKAX PAIMOHAIbHBIC 3HAYCHUA U T. J.).

Mox#o Takxe o6ecuedunTh, IT00BI (PyHKIUA OCYIIECTBIAIA, ONEKIIUI0 MHO-
KECTBA PAIMOHAIBHBIX (aIrebpamdeckux) qucen Ha cebsa. Kpome Toro, MoxHO
crpouth GyHKUUA f(1,...,T,), AHAIUTAYECKAE OTHOCUTEILHO HECKOIBKUX
MMEPEMEHHBIX, KOTOPBIE HE ABAAIOTCSI MHOTOWIEHAMM, HO BCE UX OTPAHUIECHUS,
MOJIy 9aeMbIe TIOACTAHOBKOUN T; = a, ¢ € (Q, — MHOTOWIEHBI.

(A. A. Beaos)
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6.12. YCJIOBHUE. [lokaxure, 9T0 m1n>f Sn(2) =6, roe
(2
n
Sn(2) :ZM; x; > 0; Tjyn =245 n = 6.
P Ti+ Tit3
PEmMEHUE. Bosbmem mabop uncen o = o lupu k=1,2, ..., n—2u
Tp_ 1 = ZTp, = 1, TIe @ — TOJOXUTENIBLHOE YUCI0, MeHblee 1. B aTom caydae
Sn(2) < 64 2(n —3)a, nbo Kaxg0e u3 MePBLIX (1 — 4)-€X CIaraeMbIX MeHbIIe
2a, a ©3 OCTABIIMXCA IETHIPEX [IBA MEHbINE 2 U NBa MeHbIe 1 + a. YcTpemusn
@ K HyJIIO motydmMm, 9To Sp(2) < 6.
[lokaxem Tenepsb, aTo S,(2) > 6. [aa sToro gocTaTodHo y6equTbes B
TOM, 49TO

_ Te41
X = > 3.
Z Tp + Tpys -

Bocnoassyemca mHepaBeHCTBOM Koum — ByHAkoBCcKOro msa HaOOPOB HHCeN

xro T3 In 1
ac1+a:4’ a:2+w5’ Y wn_l-l—acz’ Tn + 23 "
xo(x1 +24),  z3(T2 + 25), covs  p(Tp—1+ ),  x1(TH + 23),

Oy M

(1 + 22 +...4+zp)2
i (z1wo + z223 + ... + Tpwy) + (123 + wowg + ... + Tpx2)

TakuMm 00pa3oM, JOCTATOYHO MOKA3aTh, YTO
S? > 3(zymy + xoxs + ...+ Tpxy) + 3(2123 + Toxy + ... + Tpz0) = 3Y,

rae S = x1 + o+ ... + x,. onoxum gnsa kparkoctu Ay = 3+ T + ...,
Al = 21 +a24+ ... m Ay = 29+ 25+ .... Tormga S = Ag+ A1 + Ay u
AZ + A? + A2 > S?/3. lepeasunys, ecim HYXHO, TUCIA TIO TUKILY, MOXKHO
AOOUTHCA TOrO, 9TOOBL 3 > 1 U T3 = To. 3AMETHUM, 9TO
S22 2P - AF-AT- A =3 Y wimk =32
i—k f3

Ecmr n =0 (mod 3), To BCe craraembie u3 CyMMbI Y COAEPKATCA U B CyMMe
Z.Ecmmn =1 (mod 3), To B cymme Y HegocTaeT cIaraeMoro Iz, KOTopoe
HE TPEBOCXOAUT COAEPKAIMErOCA B HEU CJAAraeMoro Z,rs. Lcm xe n = 2
(mod 3), To B cymme Y HEZOCTAET CIaraeMbIX Lp_1%] W LpLo, KOTOPHIE HE

IPEBOCXOAAT COOTBETCTBEHHO CIATAEMBIX Ly_1%3 U Lp23. CTaIo 6BITh, 52 >
> 3Y > 3Z m ucxomHoe HEPABEHCTBO MOKAa3aHO.

3AMEYAHUE. Vcnoar3oBanue HepaBeHcTBa Koimu — ByHAKOBCKOrO wacTo
IOMOTAET MPU JOKAZATEIHCTBE MOA0OHBIX HEPpaBEeHCTB. C ero moMoOIbi0 MOX-
HO noxyauTh HepaBeHcTBO [lanmupo (Shapiro H. S., Amer. Math. Monthly, 61,
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1954, P. 571-572, Problem 4603)

n

>t

Tpt1 + Th42
oy Tkt +

npu n = 3, 4, 5, u 6 wm mepasenctBo (A. IIpokonbes, KsanT, Ne6, 1982,
sanada M749)

n
Z _ Tkl > 2.
Tp + T2

k=1
Muoro4ducieHHbBIE TPUMEPHI UCHOAB30BaHUI HepaBeHcTBa Kommu — Bymakos-
CKOro B MONOOHBIX CJIydYasX HpUBEAeHbI B cTaThe Xpabpos A. U. [lokasza-
TEJIbCTBO HEPABEHCTB NP MOMOIIY KBasmwinHeapusanun // 3agaau Cankr-Ile-
TepOypPrcKOd OJMMIUAABI MIKOABHUKOB M0 MareMmaruke, 1999 rox. Usg-Bo

CIIel'y, 1999, C. 81-87.
’ ’ (A. U. Xpabpos)

7.2. YCJIOBME. [lounycTrM, 9T0 100yI0 KOHEYHYIO KapTy HA ILIOCKOCTH
MOXHO IIDABUIBHO PACKpPACUTh B 4 nBera. JJokaxuTe, 9TO TOr LA IPOU3BOJIbL-
HYIO KapTy HAa INIOCKOCTU TaKXXe MOXHO IIPABUILHO PACKPACUTH B 4 IBeTa.
(CrpaHBl MOXHO CIATATH MHOIOYI'OJIbHUKAMU. PacKpacka Ha3bIBACTCA NPa-
8UAbHOT, €cau JIOObIe IBE CTPAHBL ¢ OOMMM yIaCTKOM I'DAHUIIEI PACKDPAIIEHEI
B Pa3HBIE I[BETA.)

[IEPBOE PEMEHME. HazoBem mnpaBuiabHyIO packpacky P MHOXeCTBa
CTPaH S HE02PAHUNEHHO NPOAOANCAEMOT, €CTN A JTIOO0r0 KOHEIHOTO MHO-
xectBa S’ ona mpogomxkaerca Ha SUS'. Ecium P He ABIA€TCA HEOTrPAHWIEHHO
IPOJOIKAEMOR, TO CYILIECTBYET KOHETHOE MHONCECMBO HENPOIOAHCAEMOCTIU
S’ Takoe, aro P He mpomomxkaerca Ha S U S’

Eciu P ecTh HEOrpAHWYEHHO MPOOIXKAEMAsA PACKPACKA MHOXECTBA S,
C — cTpaHa, TO CyMECTBYET HEOTPAHMYIEHHO IPOJOMKAEMad packpacka P’
muoxectsa S = SU{C}, nupogonxaromas P. [[edcTBUTEIBHO, CyMIECTBYET HE
6oee 4 paBUIbHBIX packpacok S’, mpogomxaommx P, 1 ecii OHA HeTIpO10JI-
XKaeMbl, TO 00beuHEHNE COOTBETCTBYIOIINX MHOXECTB HEIPOAOMKAEMOCTHI
€CTh MHOXECTBO HEIPO0IXKaeMocTu Iisi P.

MHuoxecTBO cTpaH caeTHO. 3anymepyem crpanst C, ..., Ch,. ... Ilo ycio-
BUIO, PACKPACKa IYyCTOO MHOXECTBA HEOTDAHWYEHHO MPOJOIKAEMA U OHA
MOCJAEIOBATEIBHO IIPOAOIKACTCA O HEOIPAHUYEHO MPOOIKAEMON PACKPAC-
KU IEPBBIX 7. CTPaH s Jr60ro n. O0beguHeHne BCeX TaKUX PACKPACOK AACT
ACKOMYIO PACKPaCKy BCEX CTPAaH.

3AMEYAHUE. C momomnpio demMbl [lopHA MOXHO [0KA3aTh CIEAYIOIIEE
0600mmenne 3aga4dM: IOOIMYCTUM, KaXAbIM KOHeYHBIM moarpad rpada G
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MOXHO IIPABUIBHO PACKpacuTsh B k mseToB. Torga Beck rpad G Takxke MOXHO
OpPaBUIHLHO PACKPACUTDH B Kk I[BETOB. (A. 4. Beaos)

BTOPOE PEMEHUE. 3JaHyMepyeM CTPaHBI HATYPAJIbHBIMHU TUCAAME. 3a-
HyMepyeM 1BeTa, yucaamu 1,2, 3, 4. ConocraBuM packpacke MEPBBIX 1 CTPAH
gecATuIHy0 apobs 0,a41aG2 ... 4y ... , O€ G; — HOMEP HBeTa i-i cTpansbl. [1o-
CKOJIBKY ITIEPBBIE 71 CTPAH MOXHO IPABUIBHO PACKPACUTH, CYIIECTBYET MOCJTE-
poBaTenbHOCTD 4ucen {x,} C [0,1] Takas, 9TO wWieH z, KOAUPYET NPABUIbL-
HYIO PACKPAaCKy MEPBBIX 1l CTPaH.

U3 mo6ou moCIemoBATEIBHOCTH TOYEK OTPE3KA MOXHO U3BIEYH CXOId-
myrocsa moanocaefoBarenbHocTs. [lycrs X — mnpegensnas Touka {z,}, T.e.
npeeil HEKOTOPOU MOAIOCAE[0BATEAbHOCTH. JIErKO BUAETD, YTO AECATUIHOE

pasnoxenue ducaa X KOAMPYeT NPABUILHYIO PACKPACKY BCEX CTPAH.
(B. lotizem,)
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Kuuru n3gATeEnscTsA MITHMO (2003 r.):

[I. B. Arocos. OTo6paxeHusa OKpPyKHOCTH, BEKTOPHBIE IOJIA M MX MPAMEHEHHA,
120 c.

B xHure nokaseBaeTca Teopema 2Kopaasa. C 5TOU 1meabo BBOAATCA OCHOBHBIE TOIO-
JOrAIeCKNe MOHATHA (CTENeHb OTOOPAKEHWs, BEKTOPHBIE IIOA) W JOKA3BIBAIOTCA MHOIHE
TONOXOTMIECKUe yTBePxKAeHUA (OCHOBHAA TEOpeMa aareGpel, TeoPeMa O <IUC/Ie BeleCTBEH-
HBIX KODHEU MHOTOWIEHA, KPUTEpWil JuaeHGepra u Ap.). [a1d IKOIBHWKOB M CTYIEHTOB
PU3MKO-MATEMATHIECKUX CIIENUATBHOCTEN.

U. B. Apxannes. Bazuce ['pé6repa u cucTembl areGpandecknx ypasHeHHH. 68 C.

YuraTesb 3HAKOMUTCA C BaXKHBIM IOHATUEM COBPEMEHHOU aare6pnl — Gasucom I'pébue-
Pa raeada B KOJAbIIE MHOI'OYWICHOB OT MHOI'MX II€EPEMEHHBIX U IIPUJOKECHUAMA 3TOI'O IIOHATHUA.
Ot durarens TpeOyIOTCA UL HAYAIbHBIE 3HAHUA aAreOphL.

B. 1. Apuosnbg. Uro Takoe matemaruka? 104 c.

OCHOBHBIM COZEPXKAHUEM KHUATW ABIAETCA CTATbA akageMuka Baaguvupa Wropesumua
Apuoabga, nanucansas B 2002 rogy. Kuura cogepxur Ttakxe «/Jokaan o geBaTu HeJaBHUX
MaTeMAaTUIeCKNX OTKPBITUAX» U 33Ja4N MapIkckoro cemumuapa 2002 rozga.

T. A. Bapauosa, A.[l. Baunkos, K. II. Kouetrkos, M. I'. lloramosa, A.B. Cemé-
HOB. Omvimaga aia 5—6 kmaccos Becemrmyu Typamp Apxmmepga. 128 c.

B xuure co6pansr MmaTepuansl Becennero Typuupa ApxuMena 3a BCe [OIBL €r0 IPOBEe-
HU: 3aJa49¥, PELICHNsA, KOMMEHTAPUX U PEKOMEH Jaluy 110 npoBepke. KHura npexae Bcero
NpeNHA3HAYEH 1A IIKOALHUKOB W WX POJAUTENEN, a TakXke OyJeT MHTEPEeCHa U IOJE3Ha,
yaIuTeaaM MaTeMAaTUKH, PYKOBOAUTEIAM MATEMATUICCKUX KPYXKKOB U IIPOCTO JIFOOMTEJIAM
TOIOBOIOMOK.

O. H. Bacunenko. TeopeTHKO-IHCIOBEIE aIrOPUTMEL B KpuniTorpagum. 328 c.
M. H. Banem. Jlunennsie HepaBeHCTBa 1 KOMOMHATOpHKa. 32 C.

B. II. I'engman. Jlorapudpmudeckne 1 MoKa3aTeJbHbIE YPAaBHEHA M HEPABEHCTBA,
Yuaebuoe nocobue mis yuamumxcs OJI BSMII. 48 c.

®. I'pyreBaaba, 1. Mennuke, }0. Dabcrpoar. [pynmst, geiicTByonpe Ha Taep-
6osmmieckoM mpoctpanceTBe. [lep. ¢ anrn. 640 c.

E. B.T'yces, B.I". Cypaun. Pacumpsas rpammust BcererrHon: ucTopus acTpoHoMum
B 3aga4iax. 176 c.

B xuure npeacrasreno 426 3agad o0 UCTOPUU aCTPOHOMMM. 3a4adaM IIPEAIIECTBYET
KPaAaTKO€ UCTOPUIECKOE BBEACHUE. I/Ia,z;aHI/Ie MIPU3BAHO IOMOYE B IIPENOAaBaHUU aCTPOHOMUN
B BBICIIINX y‘Ie6HBIX 3aBE€NCHUAX U B IIKOJAX.

C. B. Epemenxo, A. M. Coxer, B.T'. Yimakos. J/leMeHTHI reOMETPpAM B 3ajadax.
168 c.

Kuura mamucaHa Ha OCHOBE 3aHATHAU MO IeOMETPUH, NPOBOJAUBIIAXCA ABTOPAMHI CO
MKOJIbHUKAMU (PU3NKO-MaTeMaTrIeckon mkoasr Ne27 r.Xapekosa B 1988-1991 rogax.
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A. A Bacnasckun. I'eomeTpudeckue nmpeoGpasoBammua. 88 c.

B kHUTI'e M3J0XKEHBI I€MEHTBEl TEOPUU I'eOMETPUIECKUX IpeobpaszoBanuil. PaccmoTpe-
HBI JBUXEHU IIOCKOCTH, TPpeoOpa30oBaHMIA no,q061/m a(pdpuHHBIE, KPYTOBBIE U IIPOEKTUBHLIE
Ipeo6pa3OBaHuA. Ormucaso HOCTpOeHue Moenel reoMeTpuu JI06a4eBCKOr0 € TOMOLTLIO TIPO-
€KTUBHBIX U KPYT'OBBIX IPE00Pa30BaHUM.

9. M. Knapk, ma. O.I'pambepr, . Ilenen. Bepudukamma mogeser mporpamm:
Model checking. Ilep. ¢ auru. nox pea. P. Cmensuckoro. 416 c.

B MonOrpaguu BCEMUPHO U3BECTHBIX CIENUAIUCTOB B 00JACTU MATEMAaTUIECKOU JOTH-
KI U TE€OPUM BBIMMCICHUU IPEACTAaBICHO HOJHOE U HOAPOOHOE M3I0XKEHHEe HOBOTO IIOAXOMa
K PEIICHUIO 3aJa"¥ NPOBEPKU IMIPABUIBHOCTHU (l)yHKIII/IOHI/IpOBaHI/IfI CJIOXHBIX IIPDOTr'PAMMHBIX
CHCTEM.

A. A. Mapxos. U3s6pannsie Tpyasi. T. II. Teopusa anropudmMoB u KOHCTPYKTHB-
Had MaTeMaTHKa, MaTeMaTHiecKad JOTHWKa, HHPOpPMAaTHKa M CMeXHBIE BOIIPOCHI.
626+XXII c.

Bo BTOpOM TOM COGpaHWA COYMHEHUU BBIAAIOMIETOCA POCCHUCKOTO MaTEMATUKA
A. A. MapkoBa, BBIIyCKaeMOr'O K CTOJETHIO CO OHJ €r0 POXK/AEHWI, BKIIOYEHbI PAOOTHL 110
Teopuu AIropupMOB, KOHCTPYKTUBHOM MaTEMaTHKe, MAaTEeMaTUIeCKOU JOruKe, MHPOPMa-
THKE.

C. C. Map4eHKOB. JJieMeHTapHbIEe peKypcuBHble GpyHkmmu. 112 c.
Kuura manmcaHa Ha OCHOBE KyDPCOB JEKHUH, KOTOPBIE aBTOD UATAI HAa (HAKyIbTETE
Berauciaurensaon MareMaTuKyu U KubepHeTuku MIY.

C. M. Haranzon. MoAy/u puMaHOBBIX IMOBEPXHOCTEH, BEIIECTBEHHBIX aIreGpan-
YeCKWX KPUBBIX M UX cymepaHaiorm. 176 c.

Kuura noceameHa HCCIeI0BAHUI TOMOJOTHYECKON CTPYKTYPBI HPOCTPAHCTE MOYJICU
PHMAHOBBLIX IOBEPXHOCTEN U OIM3KUX K HUM IPOCTPAHCTB: BEIIECTBEHHBIX aIreO6panmiecKux
KPUBBIX, IPOCTPAHCTB OTOOPAKEHUN U CYNEPAHAIOIOB BCEX DTUX IPOCTPAHCTB.

B. A. Posendens . Anomtonun Ileprekmm. 176 c.

Hacrosmas kaura mpejcTaBiiaeT COOOU MONBITKY CO3JaHUsA HayIHOU Ouorpadun Amos-
JIOHW, COepKAIIEN aHAJIN3 €r0 TPYAOB C TOUKHU 3PEHNA COBPEMEHHOU HayKu. [l mupokoro
Kpyra YATaTelel, UHTEPECYOMNXCA MaTEeMaTAKON.

ZKan-TIvep Cepp. Cobparme coumuermit. Tom I. (Cosmecrno ¢ HMY) 512 c.

ZKan-TTeep Cepp — 0OaWH W3 BeIMYAUIINX MATEMAaTWKOB Hamiero Bpemenu. CobGpaHue
COYMHEHMY BBILYCKAETCA K 7H-IeTHIO yIeHOr0. B mepBeill TOM COOpAHI COIMHEHNY BKIIOTe-
HBI paboTsr 1949-1954 rr.

PdyngamenTarbHad MaTeMaTnka cerofia. K gecarmrermo HMY. 408 c.

Hpe,qnaraeMaﬂ KHUTI'a — C60pHI/IK CTaTeIU/I, IMOCBAIICHHBIX aKTUBHO DAa3BUBAIINUMCA B
HACTOsAIIEe BPEMsA HANPABICHUAM (YHIAMEHTATHHOU MAaTEMAaTHUKU. BOJBIINHCTBO aBTOPOB
c6opHmKa — y1acTHUKY KOHbepernun «DyHaaMeHTaIbHas MATEeMaTuKa cerogum (aexabpn
2001 roga), moceamenuon 10-teruio HesaBucumoro MockoBckoro YHusepcuTeTa u COOpaB-
H.IBI;'I MHOI'X BE€AYyIIUX MATE€MAaTHUKOB MHUPA.

. Xamdpuc. Beegerme B Teopuio amre6p Jln m mx npexcrasienmn. Ilepes. ¢
auru. B. P. ®penkuna nox pepakumen J. B. Bunbepra. 216 c.

[laHHasA KHUTQ ABIAETCA OJHUM K3 JIy4UUIAX MOCOOMM A W3ydIeHUA TEOpUU aaredp
JIu. Kuura npegHassHadeHa misa CTYLEHTOB, ACMUPAHTOB U HAYIHBIX COTPYIHUKOB (DU3MKO-
MaTE€MATUICCKUX CHeILHaJIBHOCTefI.

XXV Typmup um. M. B. JlomonocoBa (29 centa6psa 2002 roga) 136 c.

IIpuBOAATCA YCIOBUA W PEUICHUA 33 TaHUN Typ}mpa C HO,E[pO6HBIMI/I KOMMEHTApUAMHE.
[asa yaactaukoB TypHUpA, IIKOABHUKOB, YIUTEIEN, DOAUTENEH, PYKOBOAUTEIEN UIKOIBHBIX
KPYKOB, OPIaHI3aTOPOB OJMMIIHAA[.
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Bem. 23. M. A. [lly6us. MaTeMaTHYeCKUN aHAIN3 U PEUICHUA PU3MICCKUX 3a-
gad. 40 c.

B sTou 6pourope KpaTko O6BACHAIOTCA OCHOBHBIE IIOHATUAA MATEMaTUIECKOTO aHAIM3A
(mpom3BogHAA W WHTErpal) U JAIOTCA HPOCTENIINE NPWIOKEHUAA K PU3MICCKAM 3a0a9aM,
OCHOBaHHBIE HA COCTABICHUU U peuteHuu AuddepeHInaIbHbIX YPABHEHIN.

Brim. 24. A. U. [Ivsadenko. Maraurusie nomoca 3emnn. 48 c.

B 6powiope paccka3plBaeTCsa 0 MAUHUTHOM IIOJE 3eMJIM, 06 UCTOPUAX U3y IEHUA MArHUT-
HBIX ITIOJIOCOB, a TaKXe 00 UCTOPUU NEePEMEIIECHNA ITOJMI0COB 1 HBEIHEITHEM WX NBUXKEHUU.

Brim. 25. C. M. I'yceun-3ane. Paz6opumBas HeBecTa. 24 C.

B Gpomrrope paccka3blBaeTCa, KaK U3 IOIYIIyTOYHOW 3ajgadn, npuaymanuon M. Fapa-
HEPOM, BEIPOC HOBBIU Pa3Je] MAaTEeMATUKHA — TEOPHUA ONTUMAILHON OCTAHOBKHU CJLyIalHBIX
IIPOLIECCOB.

Bem. 26. K. II. Koxace. Jlagednsie wmcaa u muorowiens. 20 c.

TekcT GPOLIIOPBI MOXKET PACCMATPUBATBCA KAaK 0030D DIEMEHTAPHBIX DPE3yJIbTATOB O
ﬂa,ﬂ[eIU/IHBIX MHOI'OYJICHAX.

Beim. 27. C.T'. Cymupuos. IIporyaku mo 3aMKHY THIM IOBEPXHOCTAM. 28 C.

Bpoumopa pacciuTana Ha MUPOKUN KPYD IUTATENEN: IIKOILHUKOB, CTYAEHTOB, yIUTe-
Jen.

Beim. 28. A. M. Panropoackuu. Xpomatudeckue wmciaa. 44 c.

B 6pounope paccka3ano 06 0JHOU M3 CAMBIX KOPOTKO (POPMYJIUPYEMBIX U B TO XK€ BPeMs
OJHOU W3 CaMBIX APKUX W TPYAHBIX 32439 KOMOMHATOPHOU MeOMETDUN.

IIEPEU3AHUA

. B. Anocos. Baruag ma MmaTemMaTukKy m HedTo M3 Hee. b-kxa «(MareMm. mpocs.»
Brim. 3. 2-e uzg. 24 c.

P.K.Topaua. ITo A0MXeH 3HATH KaX IbI MATIIKOJABHMUK. 2-¢ n31. 56 C.

. M. Tensdang, E. I'. Tnaronesa, 3. J. Illnons. @yHkipm u rpadmky (0CHOBHEIE
npuemsr). Bubauoreuka OJI BBMII. 6-e usn., ucup. 120 c.

C. M. JIeBoBckuu. Ha6op u Bepctka B makete LaTeX. 3-e uzx. 448 c.

B. B. IIpacosos. Muorowiensl. 3-e u3z., ucap. 336 c.

B. M. Tuxomupos. Beiqukue MaTeMaTHKH TPOILIOT0 M MX BEeJIMKHE TeopeMbl. b-ka
«Matem. mpocs.» Brim. 1. 2-e uan., ucnp. 16 c.

B. B. Tkauykx. MaTremaTtuka — aburypuenty. 10-e usza., ucnop. u goun. 910 c. 9-e
u3n., ucnp. u gom. 904 c. 8-e usx., ucup. u gou. 892 c.

M. A. Illy6un. Jlekuum 06 ypaBHEHUAX MATEMATHIECKON (PE3MKHU. 2-€ W3 1., UCIID.

303 c.

* 3k ok k 3k Xk

ITo Bompocam npmobperenus 3Tux KHUr obpamarsea mo aapecy: 119002,
Mocksa, Boabmon Bracwesckum mepeyaok, oM 11, marasun «MaTemaTude-
CKasgd KHUI'a».

Ten.: (095)-241-7285, daxc: (095)-291-6501, e-mail: biblio@mccme.ru



OINEYATKU, 3AMEYEHHBIE B Ne7

CTPAHHIA, crroka | HAIIEYATAHO CJIEAYET YUTATbH
16, 22 ceepxy | Kounec Koun
20, 10 cum3y | Bosra [Ixouca Borana /[xosuca
22, 3 csepxy | Bosmy Jxo0HCY Borany [lxoncy
22, 16 ceepxy | 3eubepra 3aunbepra
23, 19 cumusy | Konneca Konna
23, 18 cumsy | Kornecom Kounom
146, 8 cmepxy |c HedeTHOU Ha Pa3IUvIHbIE HeUYeTHHIE Ya-
cTH C
176, 8 cmepxy |omepaTop A|y HUIBIOTEH- | OrpaHUMYeHEE omeparopa A
TeH, a omepaTrop A|w KOCO- |Ha Kaxjgoe M3 DTUX IOJ-
3PMUTOB. OIPOCTPAHCTB €CTh CyMMa
HUJIBIOTEHTHOI'O OIIEPATOPA
¥ OePaTOPa YMHOXKEHUA HA
YUCTO MHUMOE {HCIO
176, 6 cuu3y | Tpex qeTBIpex
190, 2 cBepxy |3.7 3.6

PenaxTop B. B. flmenxo
Ilogroroska opurnuan-makera: KIEX2e,
METAPOST, M. H. Basu

Jlumensusa W Ne01335 o 24.03.2000 r.

IMoanucano B nevars 09.02.2004 r. Popmar 70 x 100/16.

Bywmara odcernas Nel. Ilewars odpcernas. Ilequ. a. 16,5. Tupax 1000.

N3 pareasctBo Mockosckoro IlenTpa

HEIIPEPBIBHOI'O MaTEeMaTUIE€CKOI'O

oOpa3oBaHus

119002, Mocksa, Boabmon Bracsesckuu mep., 11

Ornegarano ¢ roroeix auano3utusoB B I'YII «O6mm3xaT»
248640, r. Kaxyra, mi. Crapsir Topr, 5

Sakxaz Ne



