MATEMATNYECKOE
[TPOCBEIIEHUE

Tperbs cepus

BBIIIYCK 15

MockBa
Nz narenscrso MITHMO
2011



VIIK 51.009

BBK 22.1
Ma34
PG,ZL&KHHOHH&H KoJljierngd
Byraernko B. O. Bunbepr 9. Bb. Bsumerit M. H.
lampnepun I'. A. Cnetizep I'. /1. I'yceitn-3ame C. M.
Hopuuenko C. A. Eropos A. A. Nnesmenko 1O. C.
Kanens-Besnos A. d.  Kouncrantunos H. H.  IIpacosios B. B.
Poszos H. X. Cocunckuii A. B. Tuxomupor B. M.
O@penkun B. P. Amenko 1. B.
['JTIABHBIN PEJAKTOP: 9. B. Bunbepr OTB. CEKPETAPHL: M. H. Bsubrit

AJIPEC PEJAKLIVN:

119002, Mocksa, B. Brnacwvesckuit mep., m.11, k. 301

(c momeTrxo# «MaTeMaTuueckoe NIpPOCBEIEHUE>)

EMAIL: matpros@mccme.ru WEB-PAGE: www.mccme.ru/free-books

M34 MaremaTudeckoe mpocBelenne. 1 perbst cepus, BbII. 15. —
M.: MIIHMO, 2011. — 248 c.
ISBN 978-5-94057-741-6

B cboprukax cepunm «MaremMaTudeckoe IIPOCBEIEHIEs ITyOJIUKYHOTCS Ma-
TepuaJibl 0 Mpob/IeMax COBPEMEHHON MaTeMaTHKM, U3/I0KEHHbIE HA JTOCTYITHOM
JIUTST MIAPOKON ayINTOPUK YPOBHE, 3aMETKH [0 UCTOPUH MATEMaTHKHU, 00CY K-
JAIOTCS TIPOOJIEMbI MATEMATHIECCKOTO 0Opa30BAHUSI.

VIIK 51.009
BBK 22.1

®Dororpacus va c. 5 caemana C. TperbsakoBoii

ISBN 978-5-94057-741-6 © MIIHMO, 2011.



CO/IEPYKAHUE

MaremaTnyeckuii Mup
C. K. Jlagmo
Baadumup Heopesun Aproavd u Mamemamuieckoe npoceewerue .

M. M. Apcianos
Mamemamuueckas stcusns 6 Kazanu 6 200wt 60THDL

3HaMeHHUTHIE TEOPEMBI

B. A. Ycnenckuit
Teopema T'€deas o nenoarnome u wemuwipe dopoau, sedyujue ¥ Hetl

Ham cemmnaap: MareMarmdecKue CIOXKeThI
X. Maexapa
ITpobaema mpunadyamu wapos (daemenmaprvili nodxod)

B. 1. Apnosibz

Bsaummoe ommarkusanue npuMumuUEHsI 6b4emos
1O. B. Basosenkuii, A. C. Tuxonos

Oxpyotchocmb, ONUCAHHAA B0KPY2 MHO2OYNAEHA,

A. B. Cxonenkos
IIpocmoe doxazameavcmeo meopemov, Abeasn o nepazpewumocmu ypasrneruts 6
padurarax

B. O. Mantypos
Yemuvipersasenmmnovie epadol ¢ Kpecmosot cmpyxmypot

C. B. l'amkos
Badava 06 addumusnur yenowkax u ee 060O6wWeHUA

10. 1. Nonun
Cmpozo pasrobedpertbie MHOIHCECNEa

I". A. Tanbuepun, A. FO. ITnaxos
O0na eeomempuveckasn 3a0a4a, NPUBOIAULAA K OUNAUAPOIHOMY 3AGKOHY OMPAHCE-
HUA

T". T. Marapui-UinbsieB
O MuHUMYME MAKCUMYME 2AGOKUT PYHKUUT
KoHKypchl 1 otuMIma b

A. 51. Bejsios
Oaumnuadu: 06epb 6 MAMEMAMUKY UAU cnopm?

H. X. Pozos
Tpaduyuu mamemamuueckoti onumnuadv, 6 1'pysuu

IIo moTuBam 3amaunmKka «MaTeMaTm4ecKoro MpoCBeIeHns »

P. H. Kapacés

Pewenue 3adavu npo 6NUCHIBAHUE NATMUY20NDHUKG

20

35

76

89

107

114

128

138

154

176

182

187

204

206



M. JI. MaTaurOB
3adawa o Puwraxr u nomoku Ha Kybuveckold pewemxe

®. UBnes
Hecxoavko npamoir, nporodswur veped mouxy Detiepbaxa

1. Bapamnos, M. Ckonenkos, A. YcTuHOB
Conpomusserue MeHCOY Y3AAMU PEWETKL

Ham mumryT

A. B. Cronenkos
Omxaux na cmamovio E. Aaexceesoti .

3amauHblil pa3ges
Venosus zaday

Pewenus zaday us npedodyuur 6vinycros

Cnucox pewenuti 3aday u3 3adaunura«Mamemamuueckozo npoceew,eHus» .

212

219

229

231

232
236
245



MaremaTnaeckmii Mup

B. . ApHoJib/ (12.06.1937 — 03.06.2010)



Burajumup Mropesud ApHoJibI
1 MaTeMaTUIecKoe ITPOCBeIeHIe

C. K. Jlauno

Hnoit n yanrcs, Ho HEYycepaHO

H ITOTOMY >KHBET JIOJITO

u3 nucbMma 'ennausi,

apxuenuckona Hosroposckoro (ox. 1500)

Toukmit si;1 MATEMATHIECKOTO OOPA30BAHHIS . . .
[IpunuceiBaercst B. 1. Aproasnom @ennkey Kieitay

ITenarormyeckoe naciaeaue B. V. ApHosbia Beauko u muororpanso. Ceii-
Jac, CIyCTs JIAINIb HECKOJILKO MECAIEB IOCJe €ro yXOoJja, MOYXKHO ITO3BOJIUTH
cebe TOJIBKO CaMble IIpeIBAPUTE/IbHBIE 3aMETKI — HABEPHSIKA B ero Oymarax
00HAPY?KATCH JIOKYMEHTBI, O KOTOPBIX MBI HE UMeeM IIpeJicTaBieHus. B grobom
ciydae, OJHAKO, 9TO HacJeue He CBOAUTCH K JIOKyMeHTaM. Bredarienne, Ko-
TOPOE OH NPOU3BOIWJI Ha T€X, KTO €ro CJIYIIAJ, MAarud €ro JUIHOCTHU, BIUIN
HA [IPOIECC O0yUYeHNUsl JaKe CUJIbHEe, YeM ero BeJIMKNE KHUTH.

Baaguvmup UropeBud MHOrO jymMaJ, TOBOPUJI U HMHUCAJ O CAMBIX PA3HBIX
cTausAxX obydeHns MaTeMaTUKe — OT HAYAJJIBHON IIKOJIBI JI0 HEPUOJA BCTYII-
JICHHA B CaMOCTOATEJIbHBIC MCCJICJOBAaHMA. CalVI OH IIPpOAOJIZKaJI YIUTbCA Ha
[POTSI2KEHUU BCEll XKU3HU, YIUTHCS CTPacTHO. B anmrpad K 910it ctarhe BbiHE-
ceHbl Jiobumble uM cjioBa HoBropojickoro apxuenuckorna ['ennagus. Ycepaaoe
Ke yIeHn4vIeCTBO CaMOoro B I/I HE€ IIO3BOJIMJIO €My IIPOXKHUTDH IIO-HACTOAIIEMY
JIOJITYIO YKU3BHbD.

1. B. 1. APHOJIbJ — JIEKTOP

IIpu nosgpiiennn Ha MaTeMaTUYeCKOM HEOOCKJIOHE HOBOM 3Be3Jbl MaTeMa-
TUKHU CPa3y MBITAIOTCS BBISICHUTH, YbUM YUYEHUKOM dABJSETCS ITOT — dalle
BCcero MoJjioyioit — desoBek. He Tosibko 00acTh, B KOTOpPOil paboTaeT HOBO-
UCIIEYEHHBI YJIeH cOODINEeCTBa, HO U CAM €0 «MaTeMaTUYeCKUil MoYepKy M0/l
CKa3bIBAIOT, I'JIe MCKATh UCTOKU BBIJIAIOMNXCH pe3yiabraroB. Biaaguvup Uro-
peBud ApPHOJIBIT OBLT yUEHIKOM BEJIUKOrO MareMaTuka Annpesi Hukomaesuaa

MaTtemaTtudeckoe npoceeweHue, cep. 3, Boin. 15, 2011(6-19)
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Konmoroposa. MHorouyncienable yCTHbIE PacCKa3bl, 3allMCAHHBIE BOCIIOMHUHA-
Husi ApPHOJIBJIA JIEMOHCTPUPYIOT TVIyOMHY BJIMsiHUs, oKaszaHHOro Kosmoropo-
BBIM Ha €r'o KU3HEHHbI U UCC/IeJ0BaTeIbCKU IyTh, PaBHO KaK U CTpeMJIeHUe
OTOPBATBHCS OT CBOEI'O yYUTEJIsl, BBIATA HA CBOIO COOCTBEHHYIO OPOUTY.

«Kozda s navunan wumams aekyuu va mexmame, Koamozopos
ckas3an mue: ,Hu 00no cro60 sekuyuu HuKak020 3HANEHUA OAA CAY-
wamenets He umeem — ony 8CE pasHo nuue2o He notimym. Hyowcho
MOABKO, YMOOVL OHU NOHAAU U3 KYPCA ACKUUL, KAKUE 80NPOCH, 6Y-
dym um 3adamnv, Ha IK3AMEHE U KAK HA IMU BONPOCH, HAJO omee-
wamv“. Mensa nopasunao 3decv mo, Hackoavko mourno Koamozopos
NOHUMAA DEGKUUIO CMYJEHMOE HG €20 KYDPChl: €20 JetcmEUumesbHo
HUKMOo He noruman (0a u He603MoHcHO IMo 6blA0, MaK KAk HU 00-
Ha Ppada ne ObiAa 2PAMMAMUYECKY NPABUALHOT — MO HU 00H020
NOOAEIHCAULE20, MO CPA3Y MPU CKASYEMBLT, € HEPA3OOPUUBHIM Mbl-
YaHUeM 6MECTNO JONOAHENUA). > |

st cebst B. W, canrast Takoit moaxo 1 abCoTIOTHO HellprueMIeMbIM. Kaxk qast
€ro JIeKIus ObL1a 00Pa3IoM IeJJarOrMIecKOro MacTepPCTBa, TIIATEIbHO ITPOJLY-
MAaHHOM IOIBITKON JOHECTH [0 KaK MOXKHO OOJIBIIEro YUC/Ia CIyIIaTes el CyTh
M3JIaraeMoro IpeaMeTa. JTO He O3HAYaeT, YTO €ro JIEKIIUU ObLIO JIEIKO CJIy-
aTh — OH JIUIIL yOupaJs 0apbepbl MEXKIy CTYAEHTOM U COIPOTUBJISIIOITAMCST
[TO3HAHHUIO MaTEepUAaJIOM, He IOJIMEHSs 3TOT MaTEPUaJ PA3JIUIHOIO POIa SP3a-
naMu. B pesysbrare MpOIEHT TeX, KTO CTPEMUJICA IOHATL IIPOUCXOJAINEe Ha
JIEKIIASIX, OBLI HEOOLITAMHO BEJINK.

Yro0bl MOAAePKUBATHL BHUMAHNUE AyIUTOPUA U KOHTPOJUPOBATL €€ CIIO-
COOHOCTD CJIEJIUTD 32 u3jaoxkenueM, B. V. 0011 BCTaB/IsSITh B KJIIOYEBBIE MECTA,
JIEKIIUU 3apanee 3aroToB/eHHble omuOKu. OObIdHO 38 (HOPMYIUPOBKOl HEBED-
HOI'O yTBEPXKJEHUsI CjieoBaJia may3a, B Tedenune koropoit B. . oxmnas, 3a-
METUT JIi KTO-HHOyIb OIMMOKY, M PaJOBaJICs, KOIIa CPa3y K€ pas3IaBajIich
BOIIPOCHI. K¢ »ke 9Toro He MpOMCXOAMIO, TO OH CaM OOpAIIaIca K ayuTOPUN
C TpeJIO’KEHNEeM OTBICKATh HETOYHOCTH B (DOPMYJIMPOBKE WU IPODET B J0-
Ka3aTeJIbCTBE — TYT MPOOYKIAJIUCH Jake caMble MHEPTHBIE. B To ke Bpemst
[IPOCKAKMBAHUE OIMMOKU HEIlpeIHaMEPEHHOH — Hen30eXKHBIH aTpudyT J11000-
0 CKOJIb-HHOY/Ib JUIMHHOTO Kypca — OH CYNATAJI Ui cedd HEeJOMyCTUMBIM 1
CTPAIITHO He JIIOON MPU3HABATHCA B U€M-JIU00 TTOM00HOM, TIPEIIIOUNTAsT BbI A~
BaTh TaKWe OIIMOKM 3a 3apaHee IOAIOTOBJIEHHBINA TPIOK. BrupoueMm, momobHbIe
caydan ObLIN Ha YIUBJICHUE PEIKH.

ApHOJIBJL TaKXKe cuuTasl ceds 00sI3aHHBIM HE TOJILKO 3HATH 00 U3J1araeMoM
UM mpeaMere OoJIbIe, YeM JIi000i U3 MOTEeHIIMAIbHBIX CJIyIIaTeieil, HO U CBO-
0ojiee OPUEHTHPOBATHLCS B HEM, HAXO/Isl OTBETHI Ha BO3HUKAIOIIME BOIIPOCHI

1)I/IHTepBb}q B3saToe B. B. [lemunosuuem y B. 1. Aprosbaa B Hosiope 2008 1., B cGopHUKE
Mexmamane ecnomunarom: 2, M.: Mexmar MI'Y, 2009. C. 40.
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U peliag 3aJa49u ObICTpee, YeM MHOTOJIIOHAs ayauTopus. Kak mpaBuiio, eMy
3TO YJIaBaJIOCh, HECMOTPs Ha 33J0PHYI0 HAIVIOCTh MEXMATCKOU MOJIOJIEXKH, BCE-
ria MpeObIBaBINeil B COCTOSTHUKM TOTOBHOCTH IIOJIKOJIOTH MACTHUTOIO JIEKTOPA U
IIOWMATh ero Ha KaKOM-JIIOO IIPOMAaxe.

2. B.U. APHOJIB/] — ABTOP YUEBHUKOB

JI1060Bb K YTEHUIO JIEKIINI W TIIATEIbHAA MOATOTOBKA K HUM JIETJIA B OC-
HOBY yMenust ApHoabaa mucaThb yaeOHuku. OH OODSICHSI, ITO HET HUYEro
[IPOIIle — IIPU MOJTOTOBKE K JIEKITNH BbI 3aIlIAChIBaETE ee OyIyIiee CojleprKaHue,
a TocJjie JEeKIUI — Cpa3y ke, IMOKa BIeYATICHUsT He OCTBLIN, BHOCUTE UCIIPaB-
JIGHWSI, JTOTOJTHSIETe CIIMCOK 3aJad. B pesysibrare 1Mo OKOHYaHUU ITEHUSA KyP-
Ca B BallleM DPacCIIOPAZKEeHUN OKa3bIBaeTCdA I'OTOBasd KHHUIA. HepBbIe BapuaHTbI
KHHT IIPEJICTABIISAIN COOOI POTapUHTHPOBaHHBIE OPOIIIOPHI, KOTOPBIE CTY/IEH-
TBI TIOJIyda/n B 6uOanoTeKke. Y 9eOHUK CKJIAIBIBAJICS MTOCE BTOPOrO-TPETHETO
OCYIIECTBJIEHNUsI JIEKIIMOHHOI'O KypCa, U MOTOM J0PabATBIBAJICS JIJIsT [TOCJIE YO
mux n3gannii. Tak ObLIM CO3MaHBI 3HAMEHUTBIE «JIEeKIu 110 OOBIKHOBEHHBIM
audpepeHnalbHbBIM YPaBHEHUSAM, «/OMOJIHUTEIbHBIE TJIaBbI TEOPUN JTud-
depeHImaIbHBIX ypaBHEHN >, « MaTemMaTuaeckne MeTOIbI KJIACCUIECKON MeXa-
HUKU». VIHOT I8 TIOATOTOBJIEHHBII MaTepHUAa/I JEKITUOHHBIX KYPCOB JTOMOJIHSLICS
3aIUCKAMU JIEKIH, CJICTAHHBIME CJIyIIATe/sIMEA (TaK MOSBUJICS Ha CBET JIBYX-
ToMHUK «OCOOEHHOCTH IMIaJKUX OTOOparkeHuil» — OuOJINA TEOPUU OCODEHHO-
creit, HanmcauHbiit B. 1. B corpyaandectse ¢ ero yuenukamu A. H. Bapuerko
u C. M. I'yceiin-3a/1e), win 9TH 3alUCKU JIOKUJIUCH B OCHOBY CAMOCTOSITEJIb-
HBIX KHUT (OTIpaBHOil Toukoit qyst kuuru B. B. AnekceeBa «Teopema AGesist B
nprUMepax 1 3ajadaxy mocayxkumimm Jjiekiuu B. V. ApHosbia JiTst IITKOJIBHUKOB
KOJIMOIOPOBCKOT'O MHTEPHATA).

Her cMmbIciia mbITaThCs ONPENENTh, KAKOe HAIpPaBIECHUE JIeATeIbHOCTH
B. U. okazajo Gosbliiee BIusTHIE Ha PA3BUTHE MUPOBOl MATEMATUKNA — €0 HC-
CJIeJI0BATEIBCKAST JIeSITE/IbHOCTD, BO3IEHCTBIE €r0 JTUIHOCTH Wi KHUTH. [Ipak-
THYECKU Cpa3y I0CJe BBIXOJa yIeOHUKN APHO/IBJIA [TEPEBOJIMINCE HA WHO-
CTPaHHbBIE SI3BIKN H3JATEIbCTBOM «Mwupy» — Torma 5To ObLIO elre OoJbImeit
PEIKOCTBIO, YeM HEMEJIEHHOE n3aHne KHnru. HecoMmHeHHO, nMeHHO OJraroma-
pda KHUTaM, a He CTaTbdAM, O B I/I CJIbIIITaJIM B CaMbIX OT/JaJIEHHBIX YT'OJIKax
3eMJIM, TaM, IJI€ €CTh XOTh KaKHe-TO BBICIINE yUeOHbIE 3aBeIeHUs, IIPEIoIa0-
e MaTeMaTHKY.

He Bce 3ambicabr Biraguvmupy Vropesuty yaaBaioch peaan3oBaTh. HecmoT-
PsI Ha CBOM HACTONYMBBLIC ITPOCHOBI, OH HE IOJIYYUJ BO3MOXKHOCTHU IIPOYUTATH
Ha MexMaTe Kypc JIEKIUI 110 YpaBHEHUSIM B YaCTHBIX IIPOM3BOIHBIX. Brocie -
CTBUU OH MIPOYUTAJ 3TOT Kypc cryneHTam HezaBucnmoro MocKoBCKOro yHUBED-
cureTa. 3aHI/ICKI/I .HeKLH/IIu/I 6I)IJII/I n3jaaHbl, OJHAKO B HO.HHOI_[eHHyIO KHUTr'Yy OHH, K
COXKaJICHUIO, He IPEBPATU/INCh, ¥ OPUTHHAJIBHBIA HOaX01 APHOJIbIA K TEOPUU
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YPaBHEHUII B YaCTHBIX ITPOU3BOIHBIX HE IOJIYUHJ &JEKBATHOI'O WU3JIOXKEHUSI.
Pa6orars nag kauramu B. V. npomo/nKas 1o mocjieaHux JgHeir — ero «l'eomer-
pusy, B IOJTHOW Mepe OTpa3uBIIIasi €ro B3IVl HA MATEMATHKY B IIEJIOM, eIlle
He CIaHa B U3/IaTE/ILCTBO.

IIpu Hanucanuu KHUT APHOJIBI CYUTA HEOOXOIUMBIM IIPUBOJIUTL MOTHBU-
POBKH JlaBaeMbIX Oolpejieniennii. B ero KHurax BBeJIeHHE BCSIKOTO HOBOI'O TOHS-
THUS IPEJIBAPAETCS IPUMEPAMU, B KOTOPBIX 3TO IIOHATHE €CTECTBEHHO BOZHUKA-
€T, II0CJIe Yero HOBbIE IIPUMEPDI JOIIOJIHIOT 6a3y st paboThl ¢ HUM. CTraBIast
KJIACCUYIECKOM «KOIIKa APHOJIbJA» MCXOMHO ObLIa MpeIHa3sHAYEHa JIUIIb JIJIsT
WLTIOCTPAIIAN TTOHSITHSI THIIePOOINIeCKOro Ipeodpa3oBaHus TOpa.

Korna on BBOIUI B CBOUX yueOHUKAX MOHATUE TPYIIIBLI, TO 9TO BCETIA ObI-
Jia TPyIIIIa Ipeobpa30BaHUil — T. €. HADOP B3aUMHO OJJHOZHAYHBIX OTOOPaKEeHU
MHOKECTBa B cebsi, CofepXKalluii TOXKIeCTBeHHOe ITpeoOpa30BaHmne, KOMIIO3M-
IUIO JIIOOBIX JIBYX CBOMX 3JIEMEHTOB U oOpaTHoe mpeoOpa3oBaHue i JII0O0ro
cBoero 3jiemenTa. [Ipm TakoM momxone M3 abCTPAKTHOTO OIPENEJIeHUs TPYII-
IIbI BBIMIaIaeT TpeOOBaHMe aCCOIMATUBHOCTH, KOTOPOE I Ue/I0BEKA, BIEPBbIE
B3HAKOMSIIIErOCs C 3TUM ITOHSITHEM, KayKeTCsI TPYIHee BCero MO IAI0NUMCsT IIPO-
Bepke. BuITh MoOXKeT, ele 6oJiee BaXKHO TO, UTO BCSIKas T'PYIIIA OKA3BIBAETCS
ITOAMHOXKECTBOM BIIOJIHE ITOHSITHOIO OObEKTa — MHOYKECTBa BCEX B3aUMHO OJI-
HO3HAYHBIX OTOOPArKEHWIl HEKOTOPOTO MHOXKECTBa Ha cebsi, T.e. MHOXKECTBA
[IepECTAHOBOK.

Mmuoroobpasue st Hero 6610 KaaccoM uddHeoMopdHOCTH TOIMHOTI000-
pasuit B €BKJNIOBBIX IIPOCTPAHCTBAX — T.€., MOJMHOYKECTB, JOIMYCKAIOIINX
JIOKAJIbHOE 3aJaHne HabOpPOM HE3aBUCHUMBIX TIJIaAKuX ypasHeHuii. Teopema
YUTHH O BJIOYKEHUU TapaHTUPYET, YTO IIPU TAKOM IIOAX0E Mbl HUYEro HE YIIy-
cruM. Ha mepBbIil B3IJIsiI, 9TO OIpejie/ieHne BhI3bIBAET TPYAHOCTHA. BO-11epBhIX,
MHOT000pa3us MOXKHO 33JaBaTh U IIO-IPYTrOMY, W JIAJIEKO HE BCErJa OYEBUJI-
HO, KaKIM 00pa30M MHOTr000Opa3ne MOXKHO BJIOXKUTH B €BKJINIOBO IIPOCTPAHCT-
BO. Bo-BTOpBIX, TpOBEpKa aAnddPeoMopdHOCTH ABYX MOAMHOT000pa3uil MOKET
[IPEJICTABISITh 3HATUTE/IHHBIE CJIOXKHOCTH. DTH CJ0KHOCTH, OJHAKO, B 3HAUM-
TEJBLHOI CTEIeHN KOMIIEHCUPYIOTCS HATJISIHOCTBIO OIPE/IeJIEHIsT — IIPU CJIOBE
«MHOroo0Opasue» BO3ZHUKAET 3pUTEIbHBII 00pa3 MOBEPXHOCTH B IIPOCTPAHCTBE.
K Tomy ke npyrue ompeiesieHns — Bpoe Xaycaop@doBa TOTOJIOTTIeCKOTO IPOo-
CTPAHCTBA CO CUETHON 6a30ii, CHAOXKEHHOTO aT/IaCOM C TVIAAKUMU (PYHKITHIMA
[epexojia, — BBIMVISLIAT ropas o xXyxke. OHU IPUTrOAHbI JIMIID JIJIS JOKa3aTe b=
CTBa TOTO, 9TO KAKOW-TO OOBEKT SIBJIAETCA MHOTOOOpa3WeM W HUIYTh HE CIIO-
CcOOCTBYET IMTOHUMAHUIO.

1 B ciydae rpynmbl, U B caydae MHOroOOpa3us JIIOOMMbIE UM OIIpeJiesie-
HUA OBLIM POBHO TEMH, KOTOPBIE JaBAJIUCH CAMUMHI M300peTaTeIsIMIA ITOHATHA.
Baagumup UropesBwd cumTasi, 94TO IMOCIEAyIONee YTOYHEHUE U (hopMaIn3a-
IIAsT UCXOIHBIX TIOJX0J/IOB ITPAKTUYIECKHU BCETJIa MPUBOJAT K UX YXYIIIEHUIO, K
3aTeMHEHnIO cyTh. MHOIrme dachl IpoBes OH 3a m3ydeHuneMm pabor HbroroHa,
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IIyankape, fkobu, BoccTanaB/mBas 3a0bITbIE OTKPBITHS, U TTOOYK AT K TOMY
2Ke CBOUX yUEeHUKOB. PacnpocTpaHeHHble ceffac MONBITKN YIPEKHYTh KJIACCH-
KOB B HECTPOI'OCTH BCTPEYAJIU €r0 fAPOCTHBIN OTIIOP.

3. PEGOPMA MATEMATHUYECKOI'O OBPABOBAHUA

B magaje 60-x romos mporwioro Beka Anapeii Hukonaesudu Kosimoropos
PEIIPUHSIIT 3HAYUTE/IbHBIE YCUINs 1JId PePOPMUPOBAHUS IITKOJIHHOTO MaTe-
MaTHIeCKOro 00pa3oBaHusi. Kro MONBITKY BTSIHYTH B 9TO MPEANPUATHE CBOETO
JIVYIIIEro ¥ CaMoro OJIM3KOIO yYEHUKA HATOJKHYJIUCHL Ha YIIOPHOE COIPOTHB-
Jienne rnocsennero. M torma, u mosgHee, ApHOJIbAY HPABUJIUCH UCIOJIL30BAB-
Iuecss B COBETCKON IMKOJIe CTAHIAPTHbIE YICOHUKN MaTeMaTUKA — B IIEPBYIO
ouepenb, «I'eomerpusi» Kucenépa. Briociiencrsun on He pas mnpejjiaraj K HIM
BepHYThcdA. Huke pednb muer TobKo 00 oOydeHnnm mareMaruke, XoTs B. .
BBICKa3bIBAJICS W TI0 ropa3mo Oojiee IMUPOKOMY KPYTy HpoOJieM POCCHIICKOI
IIIKOJIBI.

Hamnpasienus npeyiaraeMbix KoJMoOropoBbIM H3MEHEHN TaKKe He BbI3bI-
Basin y B. . sury3smaszma. CTpeMiieHrE 0OCOBPEMEHUTH IIKOJIbHBIH KypC, CBO-
JIUBIIEECSI, BO MHOI'OM, K BBICTPAUBAHMIO CaAMOCOIJIACOBAHHON TEPMUHOJIOIAN
Y IOJYEPKUBAHUIO BayKHOCTH JIOTMYECKH CTPOTMX BBIBOJIOB, HE HAXOIUJIO Y
HEro MOHUMAaHUsI. APHOJIBI JIOOMI TOBOPUTE, UTO Y AKCHOMATHIECKOTO METOIA
MHOT'O IIPEMMYIIECTE 10 CPABHEHUIO C TPAIUIIMOHHBIM ITOIXOIOM — IO I00HBIX
[IPEUMYIIECTBAM BOPOBCTBA, IEPEJ YECTHBIM TPYIOM.

W yaurenb, u yIeHHUK OYeHb OOJIE3HEHHO IMEPEKNUBAJIM TAKOE B3aNMOHEIO-
HUMAHHUE.

Hamnporus, nesrenpnocts A. H. mo oprammsamuum B Mockse ¢dusuko-ma-
TEeMaTHIeCKOT0 MHTEpPHATA JJIsi HECTOJMIHBIX MKOJbHIKOB (HbiHe — CYHI]
um. A. H. Kosmoroposa, u MOCKBHUEH TOXKe NMPUHUMAIOT TyJa YyIUTbCsi) Ap-
HOJIbJI, BCSTYECKU TOAEPXKUBAJ. DTa, HOIEPyKKa HE OrpaHUYNBAJIACD CJIydali-
HBIMH BCTPEYAMU CO ITKOJbHUKAMHU — KaK y2Ke YIIOMUHAJJIOCH Boie, B. 1. mom-
TOTOBWJI U MIPOYUTAJ B HHTEpPHATE KypC Teopuu lamya B 3a1adax.

Henasro ApPHOJIB IICAT 110 STOMY HOBOLY2):

«Bo scaxom cayuae, dasce ecau WKOALBHUKAM 8 UHMEPHAME U
6v16a.00 NOPOTE MPYOHO, NOAL3G OM UHMEPHAMA OYLAG U OCTMAEMCA
02POMHOT, HEUSMEPUMO, HA MOT 6832470, bosvwel, Yem Om Nonbl-
mox Koamoz20po6a MOOEPHUUPOBAND KYPCHL MAMEMAMUYECKUT Ha-
YK ¢ 3amenoll Kaaccuveckux yweonukos A. Kuceaéea nosvimu yueo-
HUKaAMU O6YpoaKucmcko2o moaka (¢ ux coBPEMEHHOT MEPMUHONO-
euetl, 3amMeruswel KAaCcu eckue esriudossl , NPUSHAKY PABEHCNEE

2)B. 1. Apromnsn. Hoewui obckyparmuam u poccutickoe npocseuserue. M.: @azuc, 2003.
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MPEY2ONLHUKOE" MAAOTOHAMHBLMU, TOMSA U AOZUHECKU NPEONOUMU-
MEALHOIMU, ,,NPUSHAKAMU KOHZDYIHMHOCTAU ).

Imo pedopmuposarue nodopeaso a8mMOPUMEM U WKOAbL, U YHume-
Aetl, U YwebHuKros, co3das HaYKo0OPAZHYIO UANOZUI0 NCEBIO3HAHUA,
NPUKPBIBAIOULYI0 NOAHOE HENOHUMAHUE NPOCMeWUL GaKmos, epode
mozo, wmo b+ 8 = 13. B npoexme 10601 pepopmol 3a.MeMHbL MaA-
Kue otce MEHOEHUUL 00YPaAMUSAHUA ULKONDHUKOS, KOMOPbIM NPEAAA-
2a0emcsa HenoHAMHaAA ,eeomempus Jlobauescrozo* 63ameH uckao-
YAEMBIT U3 OOYUEHUA 3aNnucu npocmulr dpobetl JecAMUNHBIMUY U
L, MEKCTOBHT apuPmemuveckus 3aday’ 06 IKUNANCAT, CACOYIOUUT
u3 nyukma A 6 nywkm B, uau 0 xynuax, npooaowuxr CyxKHo 3a
MONOPsl, UMY O 3EMAEKONAT U MPYOAT, HANOAHANOUWUL 8000EMbL, —
3a00M, Ha KOMOPBLT BVYHUAUCH OYMATD NPEOLIOYULUE NOKONCHUS. »

YnoMmsHyTas B IPOIUTUPOBAHHOM TEKCTE «HOBasd pedopMay HAIaAIACh OKO-
Jio 15 Jjier Haza U HpomosKaeTcs 1o ceit aerb. Cpey BhI3BABINUX €€ MPU-
YUH — BHJMMOE HEBOOPYKEHHBIM IJIA30M HECOOTBETCTBUE IIeJieil, CTOAINX
repe/i, IIKOJILHBIM MAaTEeMaTUIeCKIM 00pa30BaAHUEM, U PE3YJIbTaTaMUi STOTO 00-
pasoBaHus. 3a BpeMs pedOPMbI ee HAIIPABJIEHUE U /I HEOJHOKPATHO ITIepe-
CMaTPUBAJIUCD, HO IVI0DaIbHAS TeHJIEHIIN, [I0KaJIY i, He n3Menunaach. Cocrout
OHa B TOM, ITOOBI MTOJIOTHATH IIPOTIECC 00y IEHUs IO/, 3aaIHbIN 0bpaserr. 31ech
CTOUT 3aMETUTh, YTO €JMHOIO TAKOTO 0Opa3Iia IIPOCTO He CyIecTByeT (Moaxo-
Jbl K o0ydenuto Bo @panrun, Ounisingun n HOxuoit Kopee masno moxoxkun
JpyTr Ha Jpyra W BCe OHM He MMeT Hudero obmero ¢ obydenmem B CIIIA,
KOTOPO€, BUJMMO, U BBICTYIIA€T OCHOBHOII 11€JI€BOH MOJIE/IbIO). ADHOJIbIL — U
Cpey BeJYIIUX MATEMATHKOB OH JIAJIEKO HEe OJMHOK — C €r0 MHOI0OOpa3HBbIM
OIIBITOM IIPEIOJIABAHUS B JIYUIINX 3aI1a/JHBIX YHUBEPCUTETAX, IPUIIIEST K HEJIBY-
CMBICJICHHOMY BBIBOJLY O IIPEUMYIIECTBAX POCCUMRCKON CUCTEMBI IIIKOJILHOIO Ma-
TEeMATHIECKOr0 00pa30BaHUs ePE]l BCEMU 3allaIHBIMU 1Togxo1amMu. Bocrpebo-
BAHHOCTB IIJIOJOB 3TOH cucTeMBbl Ha 3amafe mocae 1990 r. — mHanmydmiee TOMy
HOJITBEPXK JICHUE.

Pedopmbr HeoOxommMBI, ajibrepHaTuBa UM — 3acToit. Ho 3aHuMaThest pe-
dopMupoBaHUEeM JOJKHBI BBICOKOIPOMECCUOHAJIBHBIE U TAJJAHT/IUBBIE JIIOJIH,
XOPOIIIO 3HAKOMBIE C IIPEeIMETOM OOYyUeHUs, C UCTOPHUEil PA3BUTHUS CHUCTEMBI, C
TEKYIIUM TIOJIOYKEHUEM JIeJI, C CYIIECTBYIONUMU TPOOIEMaMU U ITPEICTABIISAIO-
e cebe BeCh CIEKTDP BO3MOXKHBIX pertennii. Cieroe cjie/IoBaHNE HEJIY UM
obpasraM MOYKeT TPUBECTH JIMIb K CO3JAHUIO WX YXYIIIEHHBIX KOMWit. Ap-
HOJIBbJI HE YyBCTBOBAJI ce0sl CIEIMAJINCTOM B OPraHMU3AINH IIKOJIBLHOIO 00yde-
HUsi 1 He OpaJt Ha cebsi CMEeJIOCTh BBICTPAnBaTh MIKOJIbHBIE Kypcehl. OH moJrarai,
ITO KBATUPUITUPOBAHHBIE YIUTEIsT JIYUIIle CIPABATCS ¢ 9TOM 3aaateit. OmHako
OH cUmMTaJI cedsi BIIPaBe — U Y HErO Ik 9TOr0 OBLIN BCE OCHOBAHUS — OIEHUBATH
npejijlaraeMble U3MEHEHUs U U30UpaeMble Iy TH, OH CIPABEIJIMBO MOJIAraJl cebHst
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9KCIIEPTOM BBbICOYailreli KBaauduKalu. A rojaoca SKCIEPTOB 3KCTPa-KJIacca
HE JOJI2KHBbI TOHYTb B MEJIbTEIICHUU JINJIETAHTOB.

4. CEMUHAP APHOJIbJIA U ETO IIKOJIA

Haub6osbimee Biausiane Biaaguvup VropeBud ApHoJibj 0OKa3aj, HECOMHEH-
HO, Ha TIOCTOSIHHBIX yYACTHUKOB CBOEIO CEMUHApa. DTOMY CEMUHAPY OKOJIO
50 j1eT 1 UMEHHO ero OPraHu3allis CTaJIa BBICIINM IIeJarOrIIeCKUM JIOCTHKE-
HueM ApHosbaa. V3 ceMuHapa BBIILIM M CTAJIU JILJIEPAMHU B CBOUX 00JIACTSIX
Takue 3aMevare/IbHbIe U TaKue pa3Hble MaTeMaTHKu Kak Ajekcanp Bapuen-
ko, BukTtop Bacunnen, Cabup ['yceitu-zane, Anekcanap ['usenrann, Makcum
Kazapsa, Ackonba XOBaHCKUI, 1 MHOI'HE IpPyTHE.

[ToMHUMO HECKOJIBKUX JIECSITKOB IOCTOSTHHBIX YYaCTHUKOB, IOSTBJISIBIITAXCSI
Ha CeMUHape eXKeHeIeJbHO B TEeUYEHUEe JECSATUJICTU, Yepe3 HEero IpOILIn
HECKOJIBKO COTE€H IPYIUX JIIoAefl — CTYIEeHTbl B IOMCKAX HAyIHOIO PYyKOBO-
JUTE TSI, MATeMaTHKH, 3aIle/IIie TOCIyIIaTh NHTEPECHBIN 0K, 0K [T~
KU, [IPUTJIAIICHHBIE CAMUM ADPHOJIBIOM (CpeH JIOKJIQ[IMKOB HEPEJKN ObLIN
dbusukn). [TouyBcTBOBAB MCKPEHHUH MHTEPEC K CBOMM paboTam, HEKOTOPBIE
caIyJaiiHble JTOKJIQTINKNA CTAHOBUJ/IMCH 3aTE€M IMOCTOSTHHBIMU YIaCTHUKAMU CE-
MUHAapA.

Briepsbie nosiBuBInch Ha cemuHape B 1979 romy, s1 oOHapy»KujI, YTO He
[IOHUMAIO B JOKJIaaaxX Hudero. HecmoTpst Ha nekjaapupyeMoe UM TpeboBaHme
JIOCTYITHOCTH JTOKJIQIO0B, JTOOUTHLCS BBIMTOJHEHNST 9TOTO TpeboBaHus ObLIO I
B. . ve Tak mpocro. IlpuunHa 3T0rO0 MOHSITHA — B pasrap paspaborku Ap-
HOJIBJIOM U €r0 IIKOJIOW TEeOpUU OCODEHHOCTEH OOJIBIIMHCTBO JOKJIAIOB OBLIO
[TOCBSATIIEHO UMEHHO €, a IMOCTOSTHHBIE YIACTHUKY CeMUHapa ObLIN TOTPYKEHbI
B Hee ropazo riybke, dyeM 3ejieHble HOBHYIKU. HeoOXoInuMoCTh 2Ke JIBUKEHUsT
BIepe], TpeboBaJia U OTHECEHHOW BIEpel, OTIIPABHON TOYKHU KaKJIOI'O JOKJIa-
Jla, WHaJe OJHa M Ta K€ IOPIHsS CBeIeHUil IMOBTOPSIIACH Obl KarKIbIli pas.
Hexkoropnie npobsiecku moHUMaHUsT BO3HUKAJIN Y MEHsI, KOIJa 38 00bsCHEeHNEe
6pasicst cam B. U. JIumb HECKOJIBLKO JIET CIIYCTs, KOT/Ia B MOEM CO3HAHUU HAYA-
JIa, CKJIaJIbIBATHCsT ODIast KapTUHA ITPOUCXOJAIIETO, s IPHUIIES K BBIBOJLY, UTO
OCHOBHOM TIPUYMHON MOero HeIOHMMAaHNsI OBLIO OaHaJIbHOE He3HAHWE Beleid,
KOTOPBIM CJIEIOBAJIO ObI 00yYaTh KaK/IOI'0 CTYIEHTa-MaTeMaThKa, — HO JIu0O
HAC UM He 00ydJaJin, JJuOO s UX CBOEBPEMEHHO HE YCBOUJI.

J1st MHOTHX yYACTHUKOB CEMUHAP HAYHMHAJICS 3HAYUTE/HHO PaHbIle O(u-
IAAIBEHOTO 3BOHKA. OOBIYHBIM MECTOM IIPEIBAPUTEHLHOrO cOopa ObLia KypHJi-
K& — paHbIlle Ha MEXMATCKOI JIECTHUIIE JO3BOJISIOCH KYPUTh — U IIPUXOIUIIN
TyZa B TOM 9YHCJIEe W HEKypsinue. JIWib eIuHUIbI CEMUHAPUCTOB pPaboTaIn
WIN YIUJIUCh HA MEXMAaTe, a JJIs BCeX OCTAJBLHBIX 9TO ObLIa peKas BO3MOXK-
HOCTD BCTPETUTHCSA U OOCYIUTH MaTeMaTudeckKue Borpockl. [locie xxe cemuHa-
pa — ecJIi B 9TOT BTOPHUK He OBLI0 3aceqanns MOCKOBCKOIO MaTEMATHIECKOIO
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obriecTBa, CHaYa Ia BUIE-TIPE3UICHTOM, a IIOTOM IPE3UIEHTOM KOTOPOro ObLI
Apuonbi, — kK Biagumupy MropeBudy BbICTpamBajach 09€pellb YKEJTAIOIX
YTO-TO CIIPOCHUTD, IIOKA3ATh CBOI UJIN Uy2KOil Pe3y/ibTar, 00CYIUTh ILUIAHbI. DTU
Pa3roBOPBI MOTJIA TPOJIOJIZKATHCS 10 MO3/IHETO Bedepa, a IPOIECC CTOSHUS B
odepesn caM 1o cebe IMPEeBPAIIAJICS B MATEMATHIECKYIO JTUCKYCCUIO.

Baaromapst mexxmyrapogaoit m3BectHocTu B. U., MHOTHE HCCcaeq0BaATEN CO
BCEro MHPa MOYUTAIH 38 UeCTh MMOCJIATh eMy CBOIO craTbio. IIpoxommbie pabo-
ThI, €CTECTBEHHO, HE MOCBUIAJINCH — TOJIBKO T€, KOTOPBIE IIPEJICTABJISLINA [I€H-
HOCTb C TOYKHU 3DEHUsi caMux aBTOPOB. l[Ipu3HaHHbIE MITPBI HPUCHLIAINA JO-
CTOliHBIE BHUMAaHUS pabOThI CBOUX yIeHNKOB. Kpome Toro ApHOoJIb I oy das u
CBEXKUE BBIIYCKHU >KYPHAJIOB, B PEJIKOJUIEIHU KOTOPBIX OH BXOAUI. B ycjioBusix
KpaiiHe OrpaHIYIeHHOrO JIOCTYNa K CBeXKeil 3apybeskHOil meprouke (crpase-
JIMBOCTHU PAJIN HAJIO CKA3aTh, 9TO 10 0DECIIEYEeHHOCTH Ky pHAaIaMu OubImoTeKa
mexmara B 1960-80e rospt 6buta oHoi u3 syumux 8 CCCP) yuacrHuku cemu-
Hapa TeM He MEHEeEe MOIJIM 3HAKOMUTHCS C TOJBKO UTO BBIIICAIIAMA PADOTAMHU.
B.M. auuno mpocMmaTpuBas BCe MCTOYHUKH, OTOWpasl W3 HUX TO, UYTO, IO €r0
MHEHHWIO, MOIJIO IIPEACTABJAATHL IIEHHOCTDb, U pacCIpeaeId]l UX MexXK/1y y41aCTHHU-
KaM¥ CeMUHApa, IIpejjiaras pa3odparh CTaTbio U MOJTOTOBUTH €€ U3JI0XKEHUE.
Caydan, Korjia, pa3obpas TEKCT, IIOTEHIINATbHBIN JIOKIAYUK [IPUXOJNII K BbI-
BOJLYy O HEIEJeCOOOPA3HOCTHU JOKJIa1a, ObLIN IPe3BhIYailHO pelKu — APHOJIB
PEeJIKO ormubasIcss B OIEHKE 3HAYMMOCTH TEKCTA.

Henbas ckazaTh, 9T00BI APHOJIB, CIIEIUATBLHO 9€MY-TO YIUJI YIACTHUKOB
cemuHapa. CKopee MOKa3bIBaJI, KAK OH JyMAeT, [IPEIOCTaBJIsis BO3MOXKHOCTh
YUIUThCH Ha CODCTBEHHOM IpuMepe. U aTa moBTOpsBINasics pa3 3a pa3oM B Te-
YyeHue MHOI'UX JIeT JIeMOHCTPaIlus U CJIY2KUJIa CTPATErnYeCKUM MeTOIMYeCKUM
IIPUEMOM, TTO3BOJIsIS CAYIATEIIM KPOIIOTINBO, IO KPYIIUIIAM, OCBAUBAThH — HE
3HAHWS, & IMOJXOJbl K MX IOJIyUeHWI0, 00peTaTh yMEHUEe 33JiaBaTh IIPUPOJIE
IIPaBUJIbHBIE BOIIPOCHI.

5. MATEMATUYECKUI TPUBUYM U 3AJAYM APHOJIbJIA

B ornmume or OoJibIMHCTBA HAYYHBIX COODINECTB MAaTEeMATHKAM IIPHUCY-
118, BBICOKAS CTENEHb COIVIACUS OTHOCUTEBHO TOI'0, YTO O3HAYAET TOHUMAHUE.
MaremMaTuKu €IMHLI B TOM, UTO IMOHUMAaHME IpeIMeTa TPeOyeT, He B TOCJIE -
HIOIO OYepellb, YMEHUs PEIIaTh 3aJladr, ero Kacaronecsd. BepXHiolo CTyIeHb
B HepapXuy 3a/la9 3aHUMAIOT TeM WM UHBIM 00pa3oM O(pOpPMJIEHHBIE «BeJIU-
Kue mpobjeMbl» — BpPOJie JOKA3aHHONW HemaBHO mocjenneit Teopembr Pepma,
PEITIeHHON TTPOOJIEMbl IETBIPEX KPACOK, MOYTU HCUYEPIIAHHOTO CIIUCKA, IIPOD-
sgeM ['mibbepra MM HaC/IEeIyIONEro eMy CIYCTs BEK €/[Ba I0YaTOr0 CITHCKA
3ajad ToicadeaeTns. HecMoTps Ha TO, UYTO HayKa IMPOKJIAIBIBAET CBOU IIyTH,
[IOYTHU He 3aMedasi 3TUX 3a0pOIIEHHBIX B OY/IyIliee MasikOB, OHU HE [EPECTAIOT
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[IPUBJIEKATh K cebe BHUMAHME U HOBOOOPAIIEHHBIX FOHIIOB, U OIBITHBIX MacTe-
POB, U, B OCODEHHOCTH, JTOCYKUX BHENTHUX HAOJIIOIaTe .

Oj1HakKo, ecu 1Mojb3a IOIBITOK ONPEIE/IMTh C MOMOIIBIO 3324 Pa3BUTHE
HayKM Ha TOJbI BIEPEI M OKa3bIBACTCS 3a4acTyI0 COMHHUTE/ILHOH, TO Ha
OJIMKAMIITYIO TEPCIEKTUBY U, B IEPBYIO OUepe/b, HA IIPOIECC O0yIEHUs, TIpa-
BUJILHO TIOMOOpAHHDBIE 3a/1a91 CIIOCOOHBI MOBJIUATH BEChbMa CyIEeCTBEHHO. Ap-
HOJIbJ] HadaJl BECTU CBO ceMuHAp OyIydd eIne aclupaHTOM, B CAMOM KOH-
e 50-X roJioB, U C epBOroO rojga paboThl ceMuHapa (HGOPMYJIUPOBAJI NI HETO
HEPEIIEHHbBIE 33JIa9l, KOTOPBIE IIPEJICTABIISJINCh eMy BaKHbIME. [IposiBuB peji-
KOCTHYIO (M MPHCYIIYIO €My B IIOJIHON Mepe) OPraHn30BaHHOCTH, OH COXPAHMII
CHUCKH BCexX 9TuX 3aJad4 BILIOTh 10 2010 roma — mocaegHero roga CBoeil »Ku3-
uu. B kaure «3agaun Apronbia» (Mocksa, @aszuc, 1997) u ee paciummpeHHOM
nepesojie «Arnold’s problems» (Springer, 2003) ory6/IMKOBAHBL BCE JTOCTYITHBIE
Ha MOMEHT ITyOJIMKAIMU 38J[a"i ¢ KOMMeHTapusMu. KoMMeHTapuy HaITUCAHbI
camuM B.U. u ero yueHWKaMu U OTPaKAIOT COBPEMEHHOE COCTOSHUE JIeJl B
00J1acTi, K KOTOPO# 3a/1a4a OTHOCUTCS, CCBUJIKU Ha MOCBSINEHHBIE €if PAOOTHI.
Muorue u3 3a7a1 ApHOJIBIA He pEIeHbl U 10 Cell JIeHb — YeM He BbI30B IS
MOJIOZIOTO0 MAaTEMATHUKA.

Ha ocHoBanum MHOTOJIETHUX HAOIONEHUH APHOIBT OMIPEIeTNT TIEPUO/T TTO-
Jiypaciiajia CBOMX 33/la4d B 7 JIeT — B CPEJIHEM MMEHHO 33 3TOT CPOK IIOJIOBHHA,
[IOCTABJIEHHBIX 33/1a9 OKa3bIBAJIACH pPellleHHOi. Bripouem, oH 100U rOBOPUTH,
YUTO YUEHUKU HUKOT/IA HE PEITaroT IOCTABICHHYIO 33/1a9y — OHU BCErJIa 3aMEHsI-
IOT €€ TOi, KOTOPYIO MOI'YT PEeIUTh. Pellernst HEeKOTOPBIX U3 ITUX 33129 CTaIN
OTIIPABHBIMU TOYKAMH HOBBIX Teopuil. JIocTATOYHO yIIOMSIHYTH CHMILIEKTAIE-
CKYTO TOTIOJIOTHIO, BBIPOCIIIYIO U3 BOIIPoca APHOJIbIA PO YUCJIO HEITOIBUYKHBIX
TOYEK CUMILIEKTOMOP(MU3IMa. DTU TEOPUU OH BEPOATHO 1poBuiet. OHAKO CO-
BEPIIIEHHO CO3HATEIHHO HE CUUTAJ HYXKHBIM (DOPMYIUPOBATH IUIIOTETUYECKUE
TeopeMbl OYIYIEeil TeOPUH, IPEeIIOUnTast OTPAHNINBATHCS TIEPBBIM COJIEPIKA-
TEJILHBIM BOIIPOCOM, OTBET Ha KOTOpbIN HemspecTeH. OH mmoJjaraj, 9To MOCTe
[IOJIyY€eHUs] OTBETa Ha TAKOl BOIPOC Teopus NPOU3pacTeT cama 0e3 JI0moJi-
HUTEJIbHBIX YCUJINI — KaK Ha caMoM jiejie u mnpoucxoausao. CBoil moaxos oH
[IPOTUBOIIOCTABJISLIT CTPEMJIEHUIO C(OOPMYITHPOBATH 38/Ia9y B MAKCUMAJIBHO 00~
IIIEM BU/Ie, IPUCYIIEMY, 110 €ro MHeHuIo, hpaHiy3ckuM MaTeMaTukam. U 31ech
ero ToukKa 3penns Osm3ka K B3miggam V. M. lenndanna, mosarasiiero, 1to
TEOPUU MPUXOJISIT U YXOJIST, & MPUMEPBI OCTAIOTCS.

MHue mnpejcTaBiseTcs, 9TO OJHO U3 IVIABHBIX JIOCTOMHCTB KHHUTU <«3aja-
an ApHOBIA» — BO3MOXKHOCTH TIPOCJIEIUTD 3a TeM, KAK MEHSINCH 3a7adH.
Hepenko va mpotsizkenun muorux Jiet B. V. BosBparmajcs K OJHON U TOH ke
npobsieme, u3MeHsist ee (DOPMYJIUPOBKY B COOTBETCTBUU C IBOJIOIINEH CBOUX
B3IVISJIOB. DTa JparoleHHas BO3MOXKHOCTH IIPEJIMETHO — U Ha OYEHb C2KATOM
MaTepuaJie — YBUIAETh IPOPACTAHNE CMBIC/IOB, TIOXKAJIY, HE UMEET aHAJIOTOB B
MaTeMaTUIecKoil jureparype. Kak mpaBuio, npu YTeHUN UCCIIEI0BATETECKIX
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craTeit HaM IPUXOIUTCA UMETDb JIeJIO C 3aJadaMi B OKOHYATE/bHOM hopMyIin-
POBKE, & BeCh IPOIECC PA3BUTHUsI OCTAETCS 38 KaJPOM.

Bajadamu oH ObLI mponuTaH. Korga CIycTst moJTopa roja Iocjie OKOH-
JaHWs MeXMaTra si, HabpaBIIUCh XpabpOCTH, BIEPBBIE IIOJOIIE] K HEMY U
HOMPOCHUIT 3aj1a4dy, OH, OTOCJIaB MEHs ObLIO K CIUCKY 3ajad Jyisi ceMuHapa (o
CYIIECTBOBAHUU KOTOPOTO si HE UMeJI HU MAJICHIIIEro [PEICTABIICHNSI ), TYT ¥Ke
Hamucag MHe 4-5 mTyK. Uepe3 HECKOJIBKO MECSIEB s IPUHEC eMy pellleHne
OJIHOM M3 HUX, YTO U OIPEJIEJIIIO €r0 COIJIACHE B3SITh MEHsI B yIEHUKH.

Cdopmynupoparsble B.M. 3a1auu OYUIEeHbl OT IIEJTYXU. 3a PEIKAM HC-
KJIIOYEHUEM TIOHUMaHUe UX (pOPMYJIUPOBOK He TpeOyeT HOIBINIOro 0bbeMa Ipei-
BapUTEJbHBIX CBEJEHUI, W MOIBITATH CBOU CHJIBI MOIVIM U MJIAIIIEKYPCHUKI.
Baxkmbie 3amaqu ¢ Takumu popMyaIupoBKamMu peaku u nenubl, B.1. ke B mepu-
0J1 CBOEr0 pPACIBETa MOPOXKJIAJ WX JTIOXKUHAME, IeMY HEJIb3sl HE BOCXUIIATHCS.
IIpu sTOM OH He cunmTaJ [ cebsl BO3MOXKHBIM HaBA3BIBATH YUEHHUKY — JIAXKe
cBoeMy OQUINAILHOMY aCIUPaHTy — Ty WX WHYIO 3ajady. [lo ero mueHunio,
9TO OBLJIO BCE PABHO, UYTO HABI3BIBATH HEBECTY, U IIPU BBIOOPE /15 cebst 3a1au
MBI [I0JIb30BAJIMCH OOJIBIION CBOOOMOI.

Cpemn chOpMYyTUPOBAHHBIX UM 38789 MPAKTUIECKH HE BCTPEYAIOTCs Ta-
Kue, Ha KOTOPBbI€ BO3MO2KEH OTBET «Ja» HJIN <HET». OH CUuTaJI, ITO 3aJda4a
¢ GUHAPHBIM OTBETOM HE MOXKET ObITH MHTEepecHON. VHTepecHBIMU eMy TIpe/I-
CTaBJISIUCH 381491, OTKPBIBAIOIIE HOBYIO 00JIaCTh UCCJIEJI0BaHUil, ycTaHaB-
JIBAIOIINE CBSI3U MEXKJLy PA3HBIMU 00JIACTSIME, 33JIa9H TO/ICYeTa KOHKPETHBIX
YHCes FTeOMETPUIECKOTO TPOUCXOXK IEHNS , BBIYUCIEHNS, UMEIOIe (DU3UIeCKIit
CMBIC/I. 3aKPBITHE HAIIPABJIEHUH ero He BOJIHOBAIO. OH MyOINYHO BHICKA3BIBAJT
CBOE HENPUSITHE U TaKUX OOIIENPU3HAHHO BEJUKHUX MPOOJIEM, KaK YIOMSHY-
Tas BbIlIe HocieaHsst Teopema Pepma®), UTO HEPEIKO BLI3BIBAJIO PA3IpArKe-
HUE MHOTUX, B TOM YHCJIE BEIYIINX YUYEHBIX. «Kak oH Moocem makoe 2080-
pumb» — y3HaB, YTO s YUEeHUK ADHOJIbJIA, BbIpaykaj MHE CBOe BO3MYIIEHUE
roay B 96m Cepxk Jlenr, — «ezo owce CHAVIIAFOTs>. Uro-uro, a cBoe MHEHUE
B.U. neficTBUTENHHO OXOTHO BBICKA3BIBAJ IIYOJMYHO ¥ HEJIBYCMBICJIEHHO, 1 €10
JeficTBUTENbHO Corymmaan. CHbImmaam — JaJeKo He BCera.

Saﬂa“ﬂ/l CIIY2KWJIN JIJIel HETO U €CTECTBECHHBIM KPUTEpUEM KaveCTBa CO6—
CTBEHHO MATEMATHYECKOIO O0yUYeHHUs.

«Yem onpedeasemcs yposensv nodeomosku mamemamuka? Hu nepeuenv
KYpCcos, Hu UL MPo2pammvs Yyposens He onpedeasrom. Eduncmeenmnviid cnocobd
3adurcuposams, uemy Mo 0UCMEUMENLHO HAYHUAU CEOUT CMYIEHIMOE — IMO

3) « Padu pexaamuvs COBPEMENIHBIE MAMEMAMUKY UH020a 6u0aI0m NoJ0BHBIE CROPTUGHLLE
docmuoicenus 3a nocaednee cao6o ceoel nayku. Ilonammno, wmo amo ne moavko ne cno-
cobcmeyem 6bcokoti OuEHKe MAMEMAMUKY 06ULECTNEOM, 4, HANPOMUE, 6b3bIEAEM 300P060E
nedosepue x HEOOGTOIUMOCTIU 3aMPamy: Ycuaul na 3anamua (Muna CKaA0AAG3AHUA) IMU-
MU IKZOMUMECKUMU U HEUSEECTIHO 3AMEM U KOMY HYNICHuLMU 6onpocamu» B. . Apnonb.
O npenogasarun maremarukn // YMH, . 53, somr. 1, 1998. C. 229-234.
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NEPERUCAUMS 3a0a4U, KOMOPbLe OHU JOAHCHDL YMEMD PEWAMD 8 PE3YALMA-
me obyuenusn. Peuv udem 3decv He 0 KAKUT-AUO0 MPYOHBIT 360aMGT, G O MET
NPOCMBLT BONPOCAT, KOMOPBIE COCTABAAIOM, CMPO20 HEOOLOOUMbBLT MUHUMYM.
Imux 3adan He 06A3AMEABHO DOAIHCHO OBIMD MHO20, HO YMEMD PEULGMb UL
HYHCHO MPebOBAMb HCECMEKO.»

DTaJIOHHBIN CIIUCOK U3 CTa 3384, KOTOPhIE JOJIKEH YMETh PellaTh BhIITYCK-
HUK usndeckoro dakyisibrera, — «MaremaTudeckuit TpuBUyM» — OH pa3pa-
6oras 1 onyGimkosan B 1991 r.%. Orchiika k dusnkam GblIa, M0I03PEBAIo,
CITOCOOOM 3AIMUTHI OT HEM30€KHBIX MMOCIEIYIONINX HATAI0K — KPYT Ipodecco-
POB-MATEeMATHKOB, HE TOJIBKO BJIAJICIONINX TEPMUHOJIOTUEH, HEOOXOMMOMN JIJIst
[MOHUMAaHUs YCJIOBUI BCEX 3a/a4, HO M CIIOCOOHBIX PEIUTh, He MPUKJIAAbIBasI K
9TOMY CBEPXYCHJINIA, XOTs OBl IOJIOBUHY M3 HUX, KpaiiHe orpaHudeH. M 3o mpu
TOM, 9TO 3a Ipejesibl yHUBEPCUTETCKON IPOrpaMMbl HU OJIHA U3 3329 He BbI-
XOIUT. 3HAKOMCTBO C STHUM CIIHMCKOM, BHIUMO, CaMblii 3(bPeKTUBHBINA CII0COO
COCTaBUTH IpeICTaBIeHne O B3MIsggax B. . ApHoibaa Ha YHUBEPCUTETCKOE
MaTeMaTuIecKoe 00pa3oBaHUe.

6. HEBABUCUMBIN MOCKOBCKUN YHUBEPCUTET U JIETHAA
IIKOJIA « COBPEMEHHASI MATEMATUKA »

K konity 80-x royioB B MockBe opopMusics Kpyr MaTeMaTUKOB, 10 OOJIbITEH
YACTU MOJIOJIBIX, HE MMEBIITUX BO3MOXKHOCTHU IIPENOIABAHUS CUIBLHBIM CTYIE€H-
TaM, HO CTPEMUBIINXCS TAKYIO BOZMOYKHOCTD MOJIYIATH. 34 TICYAMA MHOTHX
13 HUX OBILJI OIIBIT MIPEOIABAHUSI B CIEIMATU3UPOBAHHBIX IIIKOJIAX, BXOIUBIITIX
B «cucreMy KOHCTAaHTHMHOBa», BKJIIOUABIIYIO HECKOJBKO MOCKOBCKUX IIIKOJI,
00beIMHEHHBIX OOIUM IMOAXOI0M K OOYYEHHIO CTapIIeK/IaCCHUKOB, BBIPabO-
tauubiM B Hadajge 60-x romoB Huxomaem Hukonaesuduem KomcTaHTHHOBBIM,
OJIHUM U3 TIePBBIX KPY2KKOBIIEB KOTOPOro Obi1 u Jduma ApHOsbi. dra cucrema
cdopMupoBasach byrarogaps HeyeMHON sHeprun KOHCTAaHTHHOBA U CIIOCOOHO-
CTHU TIOCBSIIIATE BCE CBOE BpeMsi OOIIIEHHUIO CO MMKOJbHIKAMUI, UX 00y YeHHIO, Op-
TAHUBAIWK OJIUMITAA] U KOHKYpcoB. HabpaHHBIN ONBIT U BBIpabOTaHHBIE TTPU
OOIIEHNY CO CBOUMHM YUIUTEISIMU MIPEJICTABIECHUS O TOM, KaK JOJI2KHO OBITH Op-
raHU30BaHO YHUBEPCUTETCKOE 00pa3oBaHue B ODJIACTH €CTECTBEHHBIX HAYK U
MaTeMaTHKU, TpebOoBal BbIXoJa. HeyIMBUTENBHO MIOTOMY, UTO IPH IEPBOI
2K€ BO3MOYKHOCTH, OTKPBIBIIIEHCS TPU CMeHe 0DbIIecTBeHHOro ¢Tposi B Poccun,
Huxkonait Hukonaesnd wHUITUUPOBAJ CO3/IaHIe HOBOI'O YHUBEPCUTETA, OPUEH-
THPOBAHHOI'O HA IOJIOTOBKY HCCJIEI0OBATE e, U 3Ta €10 MHUIUATHBA IOy IHJ1a
SHEPIUIHYIO MTOJJIEPIKKY.

Y9B. 1. Apnonby Mamemamuueckud mpusuym // YMH, . 46, spm. 1, 1991. C. 225-232,
Mamemamuneckuti mpusuym—II // YMH, . 48, Bomr. 1, 1993. C. 211-222.
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IMommnep:xKa ucxoauaa ¢ IByX CTOpOH. MoJsIojble MATEMATUKI — CPEIH KO-
TOPBIX OBLIM M UCCIEI0BATENN C y¥Ke 3apabOTaHHbBIM UMEHEM — C IHTY3UA3-
MOM B3SJINCH 3a IIPEIOaBaHNe BBIIYCKHUKAM CIEIAaIN3UPOBAHHBIX KJIACCOB,
ITOCTABUBIIIM cebe IeJIb TOAIOTOBUTHCS K HCCJIEI0BATETBCKON TesATeTbHOCTH.
Benyrue ydenbie crapimnero moKoJI€HUs BBICTYIIIINA ¢ (DOPMAIbHON HHUIIUATH-
BOIf O CO3JIaHUU YHUBEPCUTETA, U IPUHUMAJIN aKTUBHOE yIacTHe B ero pabore,
0COOEHHO B TOJBI €ro CTaHOBJEeHHUsI. MaccoBble OTbe3/Ibl YIEHBIX 328 T'PAHUILY
ocabuan obpasoBaTenbHy0 bazy HMY, HO He pas3pyInIm ee MOJTHOCTHIO.

Bragumup Wropesud AphHosib ObLI mepBbiM 13 Tex, K komy H. H. Kon-
CTAHTHUHOB IIPHINEJ cO cBoell mHuImaTuBoi. OH coryacujcss BO3rjiaBuTh Ha-
yunbiii Coer Maremaruueckoro Kojuresizka, OCTABUB YCJIOBHEM, UTO MMEH-
no KoHcTaHTHHOB OyaeT ero IJaBHBIM OPTaHH3aTOPOM W UMEHHO OH OyIeT
HECTU OTBETCTBEHHOCTbD 38 Pean3allnio BEIpab0OTAHHBIX ITOJIXOI0B K 00y YeHHIO.
O nomuepxkke Koncranrunosa u ApHoJIb/ia 3asiBUJIN aKaJIeMUKU (TOrJA erne
AH CCCP) C.II. Hosukos, 4. T Cunaii, JI. /1. ®asyees. Tecuo cBsizanubie ¢
poccniickoit maremarnkoit Pobepr Makdepcon u Ilrep Henmub Tak>Ke ChIT-
pasu KJo4ueByo posib B cosmanun HMY. A. A. Kupwios, B. M. Tuxomupos
ObLIM 1epBLIMU JiekTopamu, a A. H. Pymakos cran emie u mepBbIM JI€KAHOM
MareMaTHIeCKOr0 KOJLIEIKA.

Crenyer ymnoMmsinyTb, 9T0 B. V. nCHbITBIBa MHCTUHKTUBHOE OTBPAIEHUE
K 3aHATHIO PYKOBOIANUX 1ocTOB. OH TIATEILHO obeperas CBOIO CBODOIY U
HUKOTJIa He OBbLT Jlaxke 3aBeyomuM jgadboparopueit. JIumb uzpeska on Opasics
BOBIVIABJIATH ODIECTBEHHBIE Ji€J1a, BAXKHOCTb KOTOPBIX IPEJCTABJISIACH €My
neocnopumoii. Cpeau Takux jea — IPe3uIeHTCTBO B MOCKOBCKOM MaTeMaTH-
9eCKOM ODIIECTBe, PYKOBOJICTBO PEIKOJIIerueil )KypHasa «DyHKITMOHATIbHBIN
aHaJIu3 U ero IPUJIOKEHU >, PYKOBOJCTBO MexK 1y HapoHbIM MaTeMaTHIeCKIM
coro3oM (0H 6bLI BuIle-IIpe3uieHToM ), pyKoBocTBo [Toneunrenbckum CoBerom
MoCKOBCKOTO IIeHTpa HENPEPLIBHOI'O MaTeMaTHIeCcKoro obpasosanus. Hay4unoe
pykoBoacTBo Matematndecknm kKojutemkeM HMY oTHOCHTCS K X 9HCTy.

O cosmanun Hezasucumoro MoCKOBCKOTO yHUBEPCUTETA OBLIO 0ObSIBJIEHO
B Koure 1990 roga, u B ceaTsiope 1991 roma HaYaUCh 3aHSITUS B JIBYX KOJI-
sgemkax — MaremarndeckoM n Maremarmdeckoit pusukn. XUMIIECKHH KOJI-
JIEJIZK CyIIECTBOBAJI HECKOJIBKO B CTOPOHE U BCKOpE ero cBsi3u ¢ HesaBucumbim
YHUBEPCUTETOM IIPEPBAJIUCDH.

Ncropusa Heszapucumoro MoOCKOBCKOTO YHHBEPCUTETA — OT/EIbHAS TeMa,
ToApo0HOE 0OCYXKIeHne KOTOPOH yBesao Obl HAC CJIUIIKOM JAJIEKO OT IIPEeIMe-
Ta pasropopa. CKaxy JMIIb, 4To B Hadaje 90-X rojoB HOBble YHUBEPCUTETHI
POXKJIATHUCH KaK I'PUObI (BUIMMO, TI0I00HAST Ujlest HOCUJIACH B BO3JLyXe), HO JI0
CErOIHAIIHErO JHsI W3 HUX JIOKUJIM CIUTAHHBIE €IMHUILI. Kperkas desoBe-
qeckas 6a3a, Ha KOTOPOil cozmasajca HMY naxke npu orcyTcTBumM Kakoil Obl
TO HU OBLIO MaTEPHUAJILHON, IpUIaia eMy JTOCTATOYHO YKU3HECTONKOCTH, U OH
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MIPOJIOJIZKAET CJIYKUTDH IEJIsIM, JJIsT JTOCTUKEHMSI KOTOPBHIX OBLI CO3/IaH, IO OT
roJia MPUBJIEKAst B CBOU PsiJIbl CIIOCOOHYIO MOJIOJIEXKb.

s ApHosbia HayaHOe pyKoBOJACTBO Martemarnaecknm Kosutemkem HMY
6bI.HO BOBMOXKHOCTBIO peaJIn3alluil BbICTPpAaJaHHbIX UM B3IJVIAJI0B Ha ITIOCTPOECHUE
MareMaTHIecKoro obpasosanus. Vmenno on (nipu akrusaom yaacruu A. H. Py-
nakoBa, 0. C. UbsimieHko u apyrux) cocraBui 6a30Bblii M1aH 00yYeHUs, U
NMEHHO B COOTBETCTBUU C 3TUM 6a3OBbIM IIJIAHOM CTPOUTCHA IIpeIroJaBaHue B
HMY wu ceituac. Ilpunaiunsl mocTpoeHusi 3Toro 0a30BOro ILIaHA COXPAHSIOT-
¢t u Ha akyJbTeTe MaTeMaTWKW BbICIieil MIKOJIbI SKOHOMUKHU, CO3JAHHOM
€10 HeslaBHO B corpyaundectse ¢ HezaBucumbim ynusepcurerom. Tak mosry4n-
JIOCh — W B 9TOM HET HUYEro YIUBUTEJIbHOI'O, — YTO B IEPBOHAYAJIbHOM COCTaBE
npenojasareseit HezaBucumoro yHuBepcurTera Jiydiie BCEro ObLIN MPEICTaB-
JieHbl mKoJIbI ApHosbia, HoBukosa, Manuna, I'enbdanga. B. V. Boobie umHo-
TTa TOBOPUJI, 9YTO 9TU HMIKOJIbI HE CYIIECTBYIOT KaK OT/E/JIbHbIE €JIUHUIIBI, & €CTh
erHast MoiHas MocKoBckasi MaTeMaTHIecKast IIK0J1a. Bo3MOXKHO, IMEHHO 9TO
€JIMHCTBO TOCTIYKUIO 3a7I0T0M TOTO, UTO 00pa3oBaTeIbHbIE TIaHBI APHOJIbIA
[TOJTy YMJIA I€KBATHOE BOILIOIICHIE.

C npurnamenueMm B. U, Ha IOCTOSIHHYIO ITO3UIAIO B ITAPUXKCKOM YHUBED-
curere Jodun (310 nmpousoruio B 1991 romy) ero MOCKOBCKHUIl ceMUHAD TIOTE-
psist OpLtoit Oteck. MHoOrme M3 ero pamee aKTUBHBIX YIaCTHHUKOB pa3bpesnch
[0 CBETY B IIOUCKAX CPEJICTB, HEOOXOMUMBIX I IIOJIJIEPXKAHUS KIU3HU CBOEi
cembr. OroBOpIOCH, UTO B aOCOJIFOTHOM OOJIBIITUHCTBE CJIYYIAEB 9TU MOUCKHU ObI-
JI BeCbMa, YCITEITHBIMU, U YIeHUKH APHOJIBIa ceffdac 3aHNMAIOT JOCTOWHBIE
o3y B BEAYIIUX YHUBEPCUTETAX N HUCCJIEJOBATEJIbCKUX IMEHTPpaxX MHOTUX
crpan mupa. Baagumup Uropesud perysspruo nposoguia B Mockse BecenHuit
CEMECTD, a OCEHBIO PYKOBOIUJ pabOTOl ceMUHApa U3IaJeKa — HaPUXKCKOe OT-
BeTBJIEHIE CeMUHApa OBLJIO0 OPUEHTHPOBAHO HA €r0 BHOBL HaOPAHHBIX (bpam-
y3ckux yaeHukoB. [IpenonaBanue ppaHIly3CKUM CTYIEHTAM SBHO HE yJIOBJIE-
TBOpsiI0 oTpebHOCTL B.J. B 00IIeHNN ¢ MOJIOJIEXKBIO, a €0 JJIUTE/IbHbIE OT-
Jiydkn 13 MOCKBBI NPEISITCTBOBAIM IOSIBJIEHUIO Y HETO HOBBIX YYEHHKOB B
Poccun.

OraymmuHoOl Jijist Hero craJja JieTHss IKojga «CoBpeMeHHasi MaTeMaTH-
ka» B canaropun «Parmuno» mox ly6moit. C 2000 roja ona mpoBouTCS
€2KETo/JTHO YyCUJIUAMU MOCKOBCKOFO OEeHTPpa HEIIPEePbBIBHOI'O MaTeMaTU1IeCKOI'o
obpasosanusi (aupekrop u uauimarop konsr — Usan Basnepbesnu Simen-
KO, B IIOCJIEJHHUE TOJIbI OCHOBHYIO TS2KECTh OPTraHU3alluu HeceT Ha cebe 3a-
Mecturesnb jgupekropa MITHMO, mnemsnnuk B. WM. Buranuii JIMmurpuesud
Apnonby). s yuactus B lIkosie orbupatorcst co Beeit crpanbl 0kosio 120
CTaPINEKJACCHUKOB M CTYICHTOB MJAJIIUX KYpPCOB, CKJIOHHBIX K 3aHATHUSM
MaTeMaTUKOM.

B pamkax IIIkosbl ApHOIBI U MOJIO/IEXKD HAILIA JPYT Apyra, u s He Oe-
PYCh OIPEJIETUTD, JIjisi KOTO U3 HUX BO3MOXKHOCTH ODIIEHUs OKA3a/1ach BayKHEe.
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Bnagumup Uropesudu ue untan B [lIkoje MIMHHBIX JIEKIIMOHHBIX KYPCOB —
OOBIYHO 3TO ObLIU 2-3 JIEKIUHU, B KOTOPBIX OH M3JIarajl aKTyaJbHOE COCTOSTHUE
cobcTBeHHbIX ucciaenoBanuii. [losesno 6pocuTh B3IV HA TEMbI €r0 BBICTYII-
JIEHU{l 1epes] MKOJIbHIKAMU:

> 2001 r. AcTponnaJibHast TEOMETPHUST M TOIIOJIOI IS

> 2002 1. Apudmernka COBEPITEHHBIX KBaJIPATHUIHBIX (POPM, CHMMETPHUST
UX HENPEPBIBHBIX Jpo0eil u reomeTpusi ux mupa jie Currepa

> 2003 r. Tomosiorust agredpobl U TUAPOJINHAMUKS apUMOMETUKN
> 2005 r. CraTucTUKa TOIOJIOTHH U AJIrebphI

> 2006 r. Tpuronomerpudeckue muorowiensl Mopca u mectHajaTast mpoo-
nema ['mipbepra

> 2007 r. Ha cko/ibKO 9acTeil n IpsMbIX JEIST IJI0CKOCTh?

> 2007 r. KBajipaTudnble uppalnoHaibHble YUCIa, UX [EMHbIE P00 U UX
[TaJINHIPOMBI

> 2008 r. Lemubie Apobu KBaJIpATHBIX KOPHEN U3 MEJIbIX 9UCEeT

> 2009 r. Vzmepenune o0bEKTUBHON CTEIEHU CIIyYallHOCTU KOHEYHOI'O Ha-
bopa ToUeK

> 2009 r. O6 ucropun 0OOOIIEHHBIX (DYHKITHIT

B 1e ke camble rojibl OH IHUCAJ U IIyOJIMKOBaJ Hay4YHBIE CTATBU, HMOCBAINIEH-
Hble STUM TeMaM, U OJIHO U3 Iesiell BBICTYILIEHH 1Iepe/l MKOJbHUKAMU OBLIO
COBEPIIECHCTBOBAHIE STUX CTATEH.

Hewusbexxubie BOIIPOCHI TI0CIE JEKITUH HEPEIKO IepepacTasid B JIJIUTE/IbHbIE
VMHIUBUJyaJIbHble Oece/Ibl, 1 MHOT'HE HaBcer a 3aroMunan Biagumupa Hrope-
BHYa, YXOJSIIErO 110 TPOIMHKE B CTOPOHY BoJirn, o0bsCHAS UAYIIEMY PsJIOM
IIKOJIBHUKY YCTPOICTBO paCKUHYBINENCs HaJ PEKOH pajlyru.

C. K. Jlanmo, HezaBucumsrit MockoBckuii yauBepcuTeT; Bricias mkoJa 9Ko-
HOMUKH, (DAKYIHTET MaTEMATUKU



20

Maremarnueckas »KU3HL B Kazanu B ro/bl BOMHBI

M. M. Apcranos

B xanyn Besmkoit OtedecrBennoit Boitubl Kazawb siBisiach ofHuM u3
KPYIHBIX MaTeMaTH4yecKux IeHTpos Poccuu. Byayum omnum u3 crapeiinmmx
VHUBEPCUTETCKUX IEeHTPOB, rie kui u Tpyauicsa H. 1. Jlobagesckuii, Kazanb
BCerjla UrpaJjia 3Ha4YUTe/ILHYIO POJIb B MaTeMaTu4deckoi xxusuu Poccun. 1pen-
BOEHHLII ITepuo MaTeMaTudecKoil xxusnn Kazanu ceszan ¢ umenamu A. B. Ba-
cunbeBa u H. H. IlapdentheBa, BocnnTaBmmx B creHax Ka3aHCKOTO yHUBEP-
CUTeTa PsiJi MEPBOKJ/IACCHLIX MaTeMaTHKOB. llepuos HamboOJIbIIEro paciiBeTa
MaTeMaTuueckux uccienosannii B Kazanu npuxomurcs na 30-40-e roabl, 1T0
cBs13aHO ¢ mepeesgoMm B Kazans H. I'. Heborapesa.

Huxkosait I'puropbeBua Yeborapes ocuoBas B KasaHnckoMm yHUBEpcUTETE
aIrebpanvIecKyro IMIKOJIy, MOy YUBIIYI0 MUPOBYIO U3BECTHOCTD. [Ipex e Bcero
KPYIHBbIE PE3YJIbTATHI U3 CAMbIX Pa3JIMYHBIX PAa3/IEI0B KJIACCUIECKON MaTeMa-
TUKY ObLJIN MOJIyUeHbl caMuM eboTapeBbiM. 31€Ch HET BO3MOXKHOCTH WX ITe-
PEUUCIUTh, OTMETUM JIUIIb, 9TO €My IPUHAJJIEXKUT HanboJee Tirybokoe 0600~
eHne TeopeMbl Jupuxie o mpocThIX YuciaX B apu(pMeTHIeCKOl ITPOrPECCHH.
Uccnemyst mpobiemy mpeoOpa3oBanus ajareOpamdeckoro ypaBHEHUS K ypaB-
HEHUIO C HAUMEHBIIUM YHUCJIOM HE3aBUCUMBIX ITapaMETPOB, M3BECTHYIO KakK
«1pobJjieMa pe3oJibBeHT», Hukostait I'puropbeBud moJryanii OCHOBOIIOJIATAIOIITIE
pe3yIbTaThI, 38 KOTOPBIE €My MIOCMEPTHO ObLIa mpucykaeHa CTamTnHCKasT mpe-
must 1-it crenenn (1948).

VYuenuk H.I'. Yeborapesa W. 1. Ao B cBoeil KaHauIaTCKON AuccepTaiun
PEIIUJI TPYAHYIO IIPOOJIEMY TOYHOT'O KOHEYHOMEPHOIO IIPEICTABJIEHNS] KOHEY-
HOMEPHBIX ayredp JIu Haj mojieM XapaKTepPUCTUKHU HYJb, 3 9TOT PE3y/IbTAT
eMy OblLjIa IIPUCYZKJIEHA CPA3y CTEIleHb JOKTOPa HAYK.

Pa6orer B. B. Mopososa 1o Teopun rpymi JIu Bmecte ¢ pe3yjibraTamMu MOC-
KoBckoro maremaruka E. B. JIbiHkrHa 03BOIUIN IOy IUTh HOJJIHOE PEIeHne
npob/IeMbI KJIacCUMUKAIINN BCeX MPUMUTHBHBIX IIPeicTaBaeHuit rpymnm JIu, mo-
CTaBJICHHON BbIIAOMUMCS HOpBexKcKuM MaremarukoM Codycom Jlu eme B
JIEBSITHAIIIATOM BeKe. 3HaAMeHUTash TeopeMa peryiasipHoctn Mopo3osa, JToka-
3aHHad B IIpoliecce PabOTHI HAJ ITOU IMPOOJIEMOIl U COCTABUBINAS OCHOBY €ro
MeTOJ[a UCCJIEIOBAHUS, JIOJITUE TOJbl OCTaBaJaCh OJIHUM U3 Hambojiee 3HAYU-
TEJILHBIX JOCTHXKeHuit Teopun rpyui Jlu.

B obnactu Teopum (pyHKIUH M MATEMATUYECKOTO aHAJIN3a OBLIN BeECh-
Ma 3aMeTHBI paboTsl mpodeccopa B. M. I'araesa u ero yuennka P. /1. 'axosa.

MaTtemaTtuueckoe npoceeiyetue, cep. 3, Boin. 15, 2011(20-34)
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[Ton Bausamem pador akanemuka H. H. JIysuna B. M. laraeB 3anumaJica Bo-
npocamu Teopun hyHKIuil bapa u oproronanbabiMu pyHKIUsMU. VM ObLIn
HajijleHbl HEOOXOUMbIE M JIOCTATOYHBIE YCJIOBUSI IIPUHAJJIEKHOCTHU IIPEJie-
Jla (PpYHKIUI M3 KOHKPETHOro Kjacca Bapa Kk Tomy ke Kiaccy. K manbo-
Jiee 3HAUUTENBbHBIM paboram B. M. oTHocaTcs Takxke ero paboOThl 1O MPOO-
JieMe, ocTaBjeHHO oTkpbiToit H. H. JIy3nHBIM B €ro TOKTOPCKO# auccepranun
«HTErpa)l 1 TPUTOHOMETPUUIECKHUI PSA/I»: CYIIECTBYIOT JIM, KPOME CHUCTEMBbI
{1,sinz, cos z,sin 2x, cos 2z, . ..}, Ipyrue opTOroHasbHbIE CHCTEMbI (DYHKIIHIL,
MHBapUAHTHBIE (C TOYHOCTBIO JI0 YHCIOBBIX MHOXKUTEJIEH ) OTHOCUTEILHO JH-
depennnuposannsa? Bopucy MuxailjioBudy yaaaoch MOy IUTH HOJTHOE PEIeHNEe
9TOi TPOOJIEMBI, yCTAHOBUB, YTO KPOME BBIMIEIIPUBEIEHHON CUCTEMBI TPUTOHO-
MeTpUYeCKUX (DYyHKIUH 3TUM CBOMCTBOM MOI'YT ODJIAJATH TOJHKO CUCTEMbI U3
KOHEYHOI'0 4ucJia DyHKITUI.

Paborer B obstacTé HEEBK/IMIOBONM T'€OMETPHUU U TEH30PHOMY aHAJIU3Y
OCHOBATEJIsI Ka3aHCKOW reoMerpuyeckoii mkosbl 1. A. [IlupokoBa sIBASIOTCS
OJIHUMH U3 CaMbIX SPKUX JIOCTUXKEHWMI Ka3aHCKUX MaTeMaTHKOB IIPeIBOEH-
HBIX JIET.

B obnactu Teopermdeckoit MEXaHUKHN 3HAYUTEIbHBIE PE3YJIBTATHI OBLIH 110~
sydaens! mpodeccopom H. I'. HeraeBbiM, BIOC/IEACTBAN 1JIEHOM-KOPPECIIOH,IEH-
oM AH CCCP u nmupekropom NucruryTta mexannku AH CCCP. 1M 6sL1a co-
3/IaHa HayJHAasl MIKOJIA, [MOJIyIUBINAasi MTUPOKYI U3BECTHOCTDb KaK «KAa3aHCKAsI
IIKOJIa TEOPUU YCTOHIHUBOCTH ».

Benukast OreuecrBennast Boitna 1941-1945 romos craJia, jijist Haleil cTpasbl
TSKEJIEHIIIMM UCIBITAHUEM, HAJIOXKUBIITIM OTIIEYATOK Ha BCe Chephbl ee Ku3-
HeJleaTebHOCTU. Pa3BuTre HaydHbIX HccieoBannii B Kazanu B rosibl BORHDI
TECHO CBSI3aHO C JeATEJbHOCTHIO BAaKYUPOBAHHBIX B PECITYOJIMKY HAyIHO-KC-
cienoparenbckux yapexjennit AH CCCP, B Tom 4wnciie nHCTHTYyTa MaTema-
tukn umenu B. A. Crekiosa («CrekoBKay, Kak JI0O0BHO HA3LIBAIOT €I0 Ma-
TeMaTuku) U mHCTUTYTa MexaHuku. B Kasanb npubbuin 33 u3 85 HaydHBIX
yupexaeruit AH CCCP, B Tom uncyie 15 MockoBcKuX u jjeHnHrpajackux HUN.
B Kazaub 6buin 9BaKyHpOBaHBI TaKXK€ MHOTHE MPOEKTHO-KOHCTPYKTOPCKHUE
opranusanuu (B ToM uncye 3namenntas KB Topemmoro Tuma, Tak HasbIBae-
Mast «rapaikay, rie paboran C. IT. Koposes), psiji yHUBEPCUTETOB U TEXHU-
YeCKUX BY30B, DOJIBINOE UUCI0 UHBIX HAY YHO-UCCIEIOBATEILCKIX OPTaHI3aInil
un mpennpusituit crpanbl. [lepeexan takxke npesugaunym AH CCCP Bo rase
¢ pune-upesugenramu O. FO. [lImuarom, JI. A. Opbemu u E. A. qy,ILa.KOBbIM.l)

1)Hpe31/1;:|;1/1yM Axanemnn nHayk CCCP naxomuicsa B Kazann no 1942 roga, 3areM OH ObLI
nepeeened B CeepayoBck. Cremyer ormeruTsb, 9To Ka3aHb — He €IMHCTBEHHBIN TOPOI B
Tarapcrane, nuputorusiiuii B roabl Besinkoit OredecrBennoit BoiiHbl KpyIlHbIE HAyYHbBIE CH-
sabt crpabbl. Kosutektusbr Jlemmarpasickoro m BopoHeKCKOTro yHUBEPCHUTETOB ObLIA IBa-
KyHpOBaHbI B HeOosbioil ropos Enabyra, pacmnosoxkennsiii B8 200 kmomerpax ot Kasza-
HU, ¥ pa3MeIIeHbl B 3JaHUM MECTHOTO YUHTEIbCKOro mHCTUTYTa. Cpeam GOJBIIOro dmciia
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B Kaszanb 6bu1i 9BaKypoBaHbl ceMbl 1884 Hay9IHBIX COTPYIHUKOB (OKOJIO
5 THICSY YeJIOBEK), B TOM 4HC/Ie ceMbi 39 akajJeMUKOB U 44 HjIeHOB-KOppe-
crionzienToB Akasemun vayk CCCP (ectb nctounukm, rjie mpuBoIATCs IPYTIHe
cBesieHnst — Beero 93 wiena u wiena-koppecnongeara AH CCCP). Beero B pec-
ny6/mKe ObLIO Pa3MeIieHo 226 ThICSTY 9BaKYUPOBAHHBIX, JIIOIU PA3HLIX BO3PAC-
ToB u npodeccuii. Cpejin 3BakKynpoBaHHBIX B KazaHb yueHbIX ObLIN BUIE-TIpE-
sugieaTel AH CCCP O. FO. [lmuar, JI. A. Opbenu, E. A. Hynakos, akageMuKku
C. U. BaBujio, 1. M. Bunorpajios, A. ®. Nodde, II. JI. Kanuna, A. H. Kos-
moropos, . M. Kpxmxkanosckuii, A. H. Kpsutos, C. JI. Cobones, 4ieHbI-KOp-
pectioggentsl A. JI. Anekcanapos, A.lIl. Anekcangpos, II. C. Anekcanapos,
N. M. TI'enbdana, A. O.Tensdonn, b. H. Hemone, JI. 1. Jlanmay, JI. C. ITorT-
psarun, U. E. TamwM, a takexke JI. B. Kengpim, FO. B. Jluaauk, E. M. JTudrurr,
JI. A. JIrocrepruk, A. A. JIsayuos, A. 1. Mansues, C. M. Hukosbekuit, I1. C. Ho-
BukoB, /I. K. ®annees u muorue apyrume. B 1943 romy w3 Amxabama, Kyaa
obL1 cHauasta sBakyuposan MI'Y, B Kazans nepeexas U. P. [Iladapesud, Torma
MOJIOJION KaHIUaaT HayK, u cras gokropanrom Crekiosku. (Kak Bcommunaer
Urops Pocrucnasosud [4. c. 10, B Kazaus ero reserpammoii sorzsan b. H. Jle-
sone: «IIpuceuaiire [Iladapesuyda, st rOTOB B3sTh €ro 4jI€HOM ceMbu».) Jlok-
ropauTamu CrekyioBku O6butn Takke A. V. Manbies u C. M. Hukonbekmuit.

EcrecTBenHo, 9T0 BhI3BaHHBIE 9TOH 9BaKyalneil mepeMeHbl KOCHYJINCH BCEX
CTOPOH KU3HU YHUBEPCHUTETa M CKA3aJINCh Ha OPraHU3alid yIeOHOrO IPOIec-
ca, ObITa U JI0CYTa, YACTHON KU3HU CTYJIEHTOB U IIPEIoIaBaTe e,

[Ipexxme Bcero mepej KOJJIEKTUBOM YHUBeEpCHTETa ObLIa [TOCTABJICHA 3a-
Jlada, yIJIOTHUTHLCS U Pa3MECTUTh HA CBOUX ILIOIIAJIAX HECKOIHKO BEIYIINX
WHCTUTYTOB, COXPAHUB IPU 3TOM OTHOCHUTEJIBLHO HOPMAJbHBIE YCJIOBUS IIJIsi
yuebbl CTY/IEHTOB. Pa3MmerenneM 3BaKyHWPOBAHHBIX PYKOBOIUJI BUIE-TIPE3H-
pear AH CCCP O. FO. HImuar. OH cKyIuI Bce MMEBIINECS B MarasuHax 1 Ha
ckJtagax Kasanu moayIiku, KpoBaTu U Marpachl. VX paccTraBuin B aKTOBOM,
[IPEIaKTOBOM, CIIOPTUBHOM U YMUTAJBLHOM 3aJ1aX YHUBEPCUTETA, & TaK¥Ke B I0-
MeIleHUHU ObIBIIENl YHUBEPCUTETCKOM EPKBU. B cunTaHHble JIHU YHUBEPCUTET
MPEBPATHIICS B OTPOMHYIO KOMMyHAIKY. CTymentsr Toro Bpemenu . Bymand-
cou u H. MynbkoB BciomuHatoT: «V3 cTyneHIecKOro obIeKuTust CIoja rnepe-
BE3JIM KPOBATU U TYMOOUYKH, OCTAJbHOE JOJEIAN caMu ydeHbie. HermoHsaTHo,
KaK CKPEIUISJINCh Ojiesiyia, MMPOCTBIHU, KaK IMOSBUJINCH UMIIPOBU3UPOBAHHDLIE
KOMHATBI-TIIAJIAINN, ¥ KOTOPBIX ObLI €IUHDLIA II0JI U3 CTAPUHHOI'O IapKeTa U
€JIMHBIN JIEITHOH MMOTOJIOK, COOpY2KeHHbIH 110 1poekTy M. Ilaraunkoro. B atux
[aJialax-KoMHaTaX MOTEeKJa HeOObIYHAs »KU3Hb MHOI'MX YYEHBIX, COTPY/IHU-
KoB Akajemun n ux cemeil. Ha omHO#l TymMOOUKe CTOsIJia HACTOJIbHAS JIaMITa

YYeHBIX, TPUEXaBIIMX Torha B Emabyry, 6uum akagemukn Baaguvup Vsanosua CMupHOB
(maremaruk), Bukrop Amazacnosuu AmGapiymsia (actpoHoM), Buagumup Asekcanaposud
Dok (bu3uK) u Apyrue BHIIAOIUECT yICHBIE.
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C UMIIPOBU3UPOBAHHON YEPHUJIBHUIIECH, HA JIPYyroifl — Ta3 ¢ 3aMOYCHHBIM Oe-
JIbeM, Ha TPETbeil IyMes U nbixTes npumyc. Korjga BApyr rac cBer, MOsIBJIs-
JINCh CBEYU UJIN KEPOCHHOBBIE JIAMIIBI, U B YJIbSX AKTOBOI'O 3aJ1a IIPOJIOJIZKAJIACH
*)usHb» (|3, c. 50]). /lHeBHUKOBbIE 3allUCU COTPY/HUKA MCTOPUKO-(DUIIOIOIH-
qeckoro (axysaprera B. A. KiimMeHTOBCKOTO HOMOIHSIIOT OOIILYI0 KAPTUHY TEX
JiHel: «3a HEeCKOJIBKO JHEH YHHUBEPCUTET PE3KO M3MEHWJI CBOW BCErJAIHUIA,
cTporo oduiaIbHbIN BHemHU Bu. [lo KopuaopaM cHyeT MHOTO JIIO/Iei: KTO
¢ JalHUKOM 3a BOJIO, KTO C IIOJIOTEHIEM JIJIsi yMbIBaHUS U T. 1. MHOro4Ymc-
JIEHHAs JIETBOPA, [TO-BUJIUMOMY, JIarKe JOBOJIbHA TAKUM OXKUBJICHUEM M TAKUM
OOIIMMPHBIM TIOMeEITeHneM. PebaTuikn 6eraroT BIOIb JJIMHHBIX KOPUIOPOB, 1
OJIMH JlazKe BbleXaJsl HA CBOEM TPEXKOJIeCHOM aBromobmie» ([4, c. 368]).

[Toznmee mMHOrMX W3 HUX paccenuan (YacTO HACHIBLCTBEHHO) MO KBAPTH-
pam xkureneit Kazanu. Bojbiiie Bcero moBe3jio «COEIMHEHHOMY CEMEUCTBY»
A. H. Konmoroposa u I1. C. Anekcannposa (B Kazanb Bblexain MaTh 1 cecTpa
[Tasna Cepreesuua u terst Aujnpes Huxomaesmaa Bepa fxosiesna, a mo3m-
Hee U Jpyrasl ero reryiika, Bapsapa fkossiesna). OHI HAIIM IIPUIOT B POC-
KOIITHOYM KBapTHUpEe M3BECTHOIO KaszaHCKOro amnrekaps A. A. Bumbie, pacrogio-
JKEeHHOU Ha ysure Axajiemudeckasi (HblHe yiuiia BUITHEBCKOro) HEJAIEKO OT
Apckoro nosist, TAe UM BbLAETWIN ABe Gosbiime KoMHATHL. [losmmee (jreTom
1942 rona) Konmoropos u Anekcanyipos npegioxkunu A. 1. Masbrey nepeii-
TH K HUM, 1 MaJjibies /10 KoHIa npebbiBanus B KazaHu Kt y HUX, «3aHUMAsT
BIIOJTHE TPHCTOWHBIA yrous 3a mkadom» (Bocmomuuanust C. M. Hukosbckoro
[7, c. 227]). Ho sroro A. . Masnbues u C. M. Hukosbckuii cHauasia 3aHuMaIIn
MaJIeHbKYIO YepJadHyI0 KOMHATY IJIABHOTO 3J/IaHUS YHUBEPCUTETA, MOTOM UX
IepecesIuIn B CliopTuBHbIN 3ai. Oba onn npuexasiu B Kazanb 6e3 cemeii.

Kosmoropos Bckope Bo3Bpaitaercss B MOCKBY K CBOMM 00sI3aHHOCTSIM aKa-
JieMuKa-cekpeTrapst PU3NKo-MaTeMATHIECKOTO OTAeIeHUsT AKaIEMUY U JIJTsT BbI-
MOJIHEHUsT paboT oboporHOTO Xapakrepa. B Kasanp BbIOMpaeTcst TOIBKO Bpe-
MEHAaMHU.

II. A. ITupoxor nputormi y cebst cembro B. H. Ilenone. Ilozanee, mocire me-
peesna 3 Amxabana B Kasanb, y Hux nocenuicsa takxke V. P. [lacdapepuy.
JI. C. IlouTpsirun ¢ MaTepbio U »KeHOU mocesminuch B kBaprtupe B. B. Mopo3zo-
Ba, Mo3/Hee K HUM mpucoeguamiach cembst A. U. Tlnecuepa. JI. C. [lourpsirun
B CBOMX BOCIIOMHUHAHMSX O KAa3aHCKOM IEPUOJIE >KU3HU 110 9TOMY ITOBOJLY IIH-
mret: «Ko mue momormen kazanckuit Matemaruk B. B. Mopo3os ¢ mpejioxkenn-
M TIOCENThCS B KBAPTHPE, I/ KU Ha IpaBax Kuibla.2) Xo3seBa ero Toxe
cow Hac Hambosiee mojxomdAnmuMu. MaTh U 2KeHa IOCeJMJINCh B OYeHb Ma-
JIEHBKO# KOMHATKE, & s TOCEUJICS B 60JIbI0l KoMHaTe ¢ MopozosbiM. OH Kak
cocel; Bes1 cebsi OYeHb JIEJIMKATHO, COBEPIIEHHO HE MEIIAJ MHE CIIaTh, KPOME

2)B.B. Moposos xun B KBapTupe cpoeii minemsinaunbl 1. B. Cemenuxunoit. — Ilpum.
aBTOpA.
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OJTHOT'0-€/IMHCTBEHHOTO citocoba. [IpocHyBINCHL yTPOM paHO, OH TUXOHEYKO 3a-
KypHuBaJj, HE MPOU3BO/sI HUKAKOTO IIyMa, HO JBIM ITAIUpOCHl Cpa3y ke Oy-
it Mens. Mopo3oB, KOHEYHO, HE MOI' 3TOrO JIyMaTh, & si CTECHSJICH €My CKa-
satb» (|8]).

B xBaprupe H.I. Yeborapesa mocesmiack cembst akajemuka 1. C. Jlan-
cbepra, a Takxke poacrBennuku H. ., Takxke spakympoBanuble 3 MOCKBBI.

JI. A. Opbesn 3aHs1T KBAPTUPY, KOTOPYIO B ¢Boe BpeMst 3anumast H. U. Jlo-
baueBckmit. Akagemuru E.A.Yynakos, A.H.Kpsuios, O.FO. [lmunar,
A. ®@. Uodde, II. JI. Kamura, wien.-kopp. U. E. Tamm mocenmmuck Bo mBope
YHHUBEPCHUTETA, B KOMHATAX HCTOPUIECKOIO M€OMETPHIECKOTO KabuHeTa («reo-
METPUYKU», KAK €ro JIOOOBHO HA3BIBAIOT KA3AHIIbI) M «MEXAHUIKI».

B «reomerpuukes pacunosoxkuiics Tak)e CTEKJIOBCKUNA HHCTUTYT.
JI. C. TlouTpsirun B cBOMX BOCHOMHUHAHUsAX muirer: «Maremarnaeckuil mHCTH-
TYT TIOMeIaJIcsd B 37aHnn Ka3aHCKOro YHUBEPCUTETa U 3aHUMAaJI HEDOJIBIIOEe
noMerrenue. PsioM ¢ 3TuM romernenreM ObLiIa OT/e/IeHa KBAPTUPA aKAIEMUKY
YymakoBy. A ybopHasi oT 3TOil KBapTUPHI BeIXOAWIa B MaremaTndeckuit nH-
CTUTYT, HO 3alMPaJIach KJIFOUOM, KOTOPBII Haxoaujcsa y HymakoBa. DTo JAJI0
Jlrocrepauky moBoji coctputrh. OH JaJi HOBOE HA3BaHUE HAIIEMY UHCTUTYTY:
MaTeMaTudeckuii mHcTUTYT uMenn CTekjioBa pu yOopHO# akajeMuka yraa-
koBa» ([8]).

Muorux 9BaKyUpOBAHHBIX ITOMECTHUIN B ODIEKUTHUSIX YHUBEPCUTETA, IPY-
rux By30B Kazanu (npoxkusasiiue B OOIIEXKUTHSIX CTYJICHTBI ObLIN [IePEBeIeHbI
B YACTHBII CEKTOD), & TAKXKe B PA3IMIHBIX MOMEINCHUSIX TOPOJia, B KOTOPHIX
ObLIN HEOOXOUMBbIE YCJIOBHUS IJisi TpOoXKuBaHus. Hampumep, OoJbIasg ceMbst
C. JI. CobosieBa (:keHa, deTBepo JeTeil u JBe GaOyIIKN) MOCEJUIach B KOM-
Harax «/IBopra tpymas. Tam ke nmocenuics . K. @ajieeB ¢ 2KeHOM U ChIHOM
(6yaymum akagemukom JI. JT. @ajieessim). B 9T70M 3/1aH1I IPOBOAMIINCH 3ace-
JIaHUsT HEKOTOPBIX HAYIHO-UCC/ICIOBATEIbCKIX CEMUHAPOB, a TAKXKe YUTAIUCD
JIEKIIAU JIJISI CTYJCHTOB YHUBEPCUTETA.

[Tonoxkenne ¢ POIOBOTIBLCTBUEM B FOPOJIE CTAJIO TsKebIM. Kax bt j1eHb
COKpAaIllajach Ioiada TOILUIMBA, BOMLI, jeKTpudecTBa. He xommn Tpamsaii,
«IIEMIEXOIHBINY CI0C00 TEepeIBUXKEHUS CTaj ITPAKTUIECKH €IMHCTBEHHBIM.
Cobcerennbiit aBromobuss nmest b O. FO. Hmuar. Pekrop yauBepcurera
K. II. CuTHUKOB TIepeaBurajcs I0 TOPOAYy B IPOJIETKE, 3allpsiXKEHHOH JIo-
AHIO.

Ocenbio 1941 r. 6bL1a BBeJIeHA TPOJYKTOBast KaprouHas cucrema. Ciyxka-
e yHuBepcuTeTa moaydain B AeHb 1o 400 r xieba, B mecs o 300 r caxapa
wim Koujaurepckux uagennit, 1200 r msca u poiowr, 300 r xxupos, 800 r kpym
u makapoH. He paboraromum djieHaM UX ceMeil moJjarajoch B JjieHb 1o 400 ¢
xJieba, B Mecsr mo 200 r caxapa, 500 r msca n peiobr, 200 T xkupos, 600 T
kpyi. CTOJIBKO Ke ToJIydaJii CTYJIeHTHI. JleTsm nperomaBareseii B Bo3pacre
10 12 ser Boigasanu B nenb 1o 400 r xeba u (B mecsii) mo 300 r caxapa, 400 ¢
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msica u puiobl, 300 r kupos, 800 r kpyn u MakapoH. JI1oau HOYaMu CTOSIN B
odepein, ITOOBI TOJIyIUTh CBOIO TANKY.

9T0 OBLIO CKYJHOE CyIIECTBOBAHUE, HO OHO PACIIPOCTPAHSIOCH HA BCEX, a
IIOTOMY HE POXKIAJIO MPOoTecTa. 1eM He MeHee, CYIIECTBOBAJIA U OIPEJIEJICH-
Hasl Mepapxusi IPU PACIPEIeeHUN MPOJYKTOB U ToBapoB. CyxKaiiue 3Ba-
KyUPOBaHHBIX B KazaHb akaJieMUIeCKUX UHCTUTYTOB CHAOXKAJINCH HECKOJIBKO
sgyamre. Hanpumep, mMareMaTuku, 3aHUMAIOIIHECS TPUKJIAIHBIMEU TPOOIeMa-
MU, oHO BpeMs nojy4anu mo 800 r xjeba, a ocrasbabie — 1o 600 rpaMmMoB.
[Ipasna, Bckope pacnopsizkenueM O. FO. IlImupara sra quddepennmarius Mex-
Jly «IIPUKJIaJHUKAMU» U «TeopeTukamu» Obuta ormenena (I1. C. Anekcanipos
[1, c. 260]).

JI. C. IlonTpsirus BCIOMUHAET:

«B 9Bakyarnun Haydnble pabOTHUKHU ObLINM ODECIeYeHbl IUIeil HapaBHE C
pabodnmu, HECYIITUMU TsizKeryio pusndecKyto padory. menno: g nosydasn 800
rpaMMoB xJjeba B JieHb, a Mou wieHbl cembu 110 400. Kpome xjieba MBI 1oy da-
JIN €eI1e KAKOe-TO KOJIMIECTBO BOJIKU, & UTO KACAeTCs Macja, caxapa 1 Msca, TO
X OBLIO HUYTOXKHO Maso. Vnorga Akajgemust HayK MPOW3BONIIA CBOMM LTe-
HaM pa30Bble Bbimaun muimy. OIHAXK B MbI [OJIYIMJIA BOCEMb KUJIOIPAMMOB
Kakao-6000B. MbI miporryckam ux depes MsCOpyOKy U IMMOJIydasiach MAaCJIsHU-
crast Macca. IIpubaBiisiss K Heil HEKOTOpPOE KOJIMYIECTBO caxXapa, MOXKHO OBLIO
MOJIyIUTh HEYTO BPOJE ITOKO/afa. Kpome TOro, 9To MbI IIOJIyYaJid IO Kap-
TOYKaM, & 3TO ObLI B OCHOBHOM XJieD, MBI MOTJIU ITOJIb30BATHCS €IIe CTOJIOBOIA,
oprann3oBaHHOM 115 Hac Akajemueir Hayk. CTOMOBasT 9Ta OPraHU30BLIBATACD
HECKOJIbKO pa3 3aHOBO. MeHsIoCh MOMeIenne, U MUTAaHNe YCTAHABINBAJIOCH
HOoBoe. Ho kaxk/iblit pa3 nmuraHue OBICTPO YXYIIIAJOCH U BCErja OBLIO MOYTH
COBepIIleHHO OTBpaTuTebHbIM. CaMoe Jiydiiiee, YTO si IIOMHIO B 9THX CTOJIO-
BBIX, — 9TO TaK Ha3bIBAEMbINl OUIOPOX, T.e. 00€Jl, COCTOSAIIUI U3 TOPOXOBOI'O
cyIia W TopoxoBoil Kamm. B nuranum crporo cobsroganack Tabeab O paHrax.
AKaIeMUKY, YIEHBI-KOPPECTIOHIEHTHI, JIOKTOpa, KaHJAUIaThl — BCe CHabKa-
JIUCH TI0-PA3HOMY.

B cTosoBoit, rae Hac KopMuIm OUropoxom, ObLIa OTAeIbHAS KOMHATKA, JIJIs
AaKaJIeMUKOB, KyJjla He IyCKaJd yKe U UJIeHKOPOoB. Ho 3TO TOJIBKO TeopeTu-
gecku. ¢l gacTo Tyma npoHuKasa. Ya00CTBO 3aKJIOYAIOCh B TOM, YTO IAJBTO
MOKHO OBIJIO TTOBECUTH Ha CTEHY, a He JIep:KaTb Ha TOM CTYJie, IJie CHIUIIb.
Ho mnorpa 3Ty KOMHATKY KOHTPOJUPOBAJIN aKaJIEMUIECKUE TAMbI U BIBOIIN
qieHkopos» ([8]).

Becroit 1942 r. ceMbu y9eHBIX W COTPYIHUKOB IOJIYUMIA YIACTKHA 3€M-
JIX TIOJI OTOPOJIBI B NPUTOPOAHON nepeBHe Jlecubie Mopksammu, Ha Oepery
Kazanku y Kpemnsd, a Tak:ke B paitone mbrHenrHeil yaunb! ['Bapaetickoit. Boi-
paIMBaJIA B OCHOBHOM KapTOIIKY, TOMHJIOPBI, OT'YPIIbI, THIKBY, KAOAUKU, MOD-
KOBb, KaIlyCTy, TypHerc. MHorue npueskmne MaTeMaTUKN, BKJIIOYas aKaIeMU-
KOB, YCEDJHO TPYJIMUJIACH HA CBOUX OTOPOJIAX W IOJIyYaJid HEIIOXOH ypoxKaii,
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obecIeInBINM X COOCTBEHHBIMHU OBOMaMu 1mouTu Ha Beio 3umy. JI. C. [TorTt-
PSICUH BCIIOMUHAET, C KAKUM YCEPIUEM U YIAOBOJLCTBHEM OHH C aKaJIeMHUKOM
. M. Bunorpa1oBbIM yXaxKUBaJIl 38 CBOUMH OI'OPOJIAMH M, KaK IPABUJIO, 10~
Jiygasim Xopomuii ypoxkait. OmqHasKIbl OCEHBIO UM pPa3pellnjii BBIKAIIBIBATH
u 6parhk ¢ coboil HA KAKOM-TO II0JIEe CKOJIBKO YTOJTHO MODPKOBU, TaK KaK KO-
nath ee 6buT0 HeKOMY. OHn Komasu BuerBepom — JI. C. [lonTpsirun ¢ »KeHoii,
A. H. Kosmoropos u I1. C. Anekcasapos.

WNHorma HAXOAUINCh U «IUCTO aKaIeMUIEeCKIE» PEIeHNsT TPOI0BOJIbLCTBEH-
HoI1 ipobuiembl. ITo unnnuaruse akagemuka JI. A. Op6esn na Bosre 6bL1 opra-
HI30BaH cOOP ABYCTBOPYATHIX MOJIIIOCKOB, BOCIIOJIHSIBIIIMX OTCYTCTBHE B PAIll-
oHe TIuTaHus 6eJIKOBO nuinu. B yHuBepcuTeTe N3 HUX TOTOBUJIN CYIIbI, Je/IajIn
daprr. MosIrockoB UCIONB30BAIN U Kak JedeOHOe TMNTaHue 1T PAHEHBIX B
rocruTaisx. diaer-koppectnorgenT JI. A. [ajuH Hanucaa B 9ecTb 3TOrO IIyT-
JIMBYIO OJIY:

Bcenen T'ocrioy naduHeM MBI ITECHIO

O CKOJIb3KHMX MOJIJIIOCKaX,

TeX, 9TO MUTAHUEM CJIYKUJIU MYyKaM
OGJ1aroMapHOil HAYKU. . .

CkazkeM JIMIIb TOJBKO, 9TO M3 MOJLIIOCKOB
CbeTOOHBIX KOTJIETHI

€JIN 1 UMH OCTaJIUCh JOBOJIBHBI, 1 BCAKOI'O
€CThb IPUBLIBAEM.

B peke capmarckoit Kazanke Mbl MHOTO
MOJIJTIOCKOB JIOBUJIU.

OYeHb OOJIBINUX U IIPEBKYCHBIX.

VHeHBIX BCEX PAHTOB [TOCTOSTHHO ITPUBJIEKAJIN HA MHOTOYHUC/ICHHBIE CyO00T-
HUKU U BOCKDECHUKH: I'DY3UJINA YIOJib, PA3rPYy?KaIu BaroHbl U 0apKu, pacyu-
MaJIn OT CHera IMocajounyio moJsiocy asponopra. C. M. Hukonbckuii B cBOMX
BOCIIOMUHAHUSX IHUIIET:

«Onnazk bl ocenbio 1942 r. MareMaTU4ecKnii MHCTUTYT B IIOJIHOM COCTaBE
[PUHSJT yIacTue B pa3rpyske JipoB ¢ bap:xku Ha Bosre. fBuinch Bee, Haunnas
¢ J1aDOPAHTOB U KOHYAs aKaJ eMUKAMU.

Dury3ua3Mm ObL1 HeBeposTHbIN. VBan MarBeeBuu® BoiOMpas cebe cambie
KpyIlHbIe OpeBHa, W caM KJjaj ux cedbe Ha 1iedn. Bosbime O6peBHa Opasu
C.JI. Coboses, A. . Anekcarapos, b. H. esone. Boobie Bce crapaiuch B
Mepy CBOHUX CHJI, O0BEJINHSASICh B Caydae HeobxoaumocTu. Pabora mpojosika-
JIaCh LEJIbIH JIeHb, BOUCTUHE 3T0 ObLI CyOOOTHUK JIeHUHCKOro THiiay (|7, ¢. 227]).

VYdenble akTUBHO ydacTBoBaju u B cbope cpencts B o oboponbr. ['a-
sera «Kpacnas Tarapusi» 16 supaps 1943 roga mucasia: «irennr Akajgemuu
HAyK IPUHUMAIOT AKTUBHOE YJaCTHE B CTPOUTEJIBCTBE OGOEBOIO BOODPYZKEHUSI

3)

3)U. M. Bunorpanos. — [Ipum. aBropa.
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st Kpacuoit Apmun. Axkamemuk Bunorpagos srec 85000 pybuteit cBoux cOe-
peXkeHuil Ha MOCTPOHKY scKajapuibu camojieroB. [lo 25000 pybueit BHECN
akagemuku Opbesm u Tapise. Ot akamemuka KpKn:KaHOBCKOIO IMOCTYIIHAJIO
22000 pybureit, or akagemuka Abpocumosa — 21000 py6iieit.» «Kpacuast Tara-
pusi» B HoMepe oT 6 mionsa 1943 rojga TakxKke OTMeTMJIa, UTO aKaJIeMUK BuHo-
IPaJIOB IOJIIKMCAJICH HA HOBBIN 3a€M IOCYJapCTBY B cyMMme 7,5 Thicad pyOJeil.

HecmoTps Ha ciiokHbIe yCIOBUS, CBA3aHHDBIE C dBaKyallneil, U TPYIHOCTU
MaTepPUAILHO-OBITOBOIO XapaKTepa, Hay YHO-UCCIeIoBaTe/Ibckast pabora B Ka-
3aHU B I'0JIbI BOMHBI ObLiTa OPraHU30BaHa 3aMeJaTe/IbHO, U OHA O3HAMEHOBAJIACH
HOBBIMU JIOCTH2KEHUSIMU KaK IBAKYHPOBAHHBIX, TAK U KA3AHCKUX yYEHBIX.

Ilepen sBakyanmeit B Kazanb, B okrsibpe 1941 roja, cocTostioch cobpa-
Hre MOCKOBCKOIO MATEMATHYECKOTO ODIECTBa, HA KOTOPOM ObLIO MPUHSITO
periierre o BpeMeHHOM pazjesennu ObiiecTBa Ha JiBa oTjesenus: Kazanckoe
n Tamkenrckoe (Kyza 6bu1 sBakyuposan MI'Y u HekoTopble yupexienns AH
CCCP), pykosogurenem Kaszanckoro ormesienusi cras npesugent Obriecrsa
I1. C. Anekcanmpos, cekperapem — A. 1. Masnbnes. B Kazanu sacenanus Ka-
3aHCKOTO OT/AesieHnsi MOCKOBCKOIO MATEMaTHIECKOTO ODIIECTBA, IIPOXOIUIIN €2Ke-
HEJIEJIbHO 110 BTOPHUKaM COBMeCTHO ¢ KazaHcKuM (PpU3MKO-MaTeMATHIECCKUM
obmecrBoM (mpesugerTom koroporo 6eut H. H. ITapdentres). Ilepsoe cos-
MECTHOE 3aCeJIaHe COCTOSI0Ch 4 aBrycra 1941 roma moj mpejice1aTeIbCTBOM
H. H. TTapdentneBa. Ha nem 6buin paccMOTPEHBI OPraHU3aIMOHHBIE BOIIPOCHI
U BOIIPOCHI, CBsI3aHHBIE C 0DECIIEUCHUEM KU3HEIeSATEIbHOCTH 9BAKYUPOBAHHBIX
B Kazanb maremaTnkos u wieHOB ux cemeii. Ha mociemyonux 3aceganusix
o ouepenu mpeacenareabcreopaan H. H. [Tapdentres u I1. C. Anekcanapos.
1 okrsibpst 1943 r. IlaBenn CepreeBuu BepHyisicsi B MOCKBY U 00Obe/IMHEHHBIE
3aceqaHns IPOJAOJIKAINCE o npeaceaarenscrsom H. H. ITapdenTtnesa.

Bcero 3a mepmon ¢ aprycra 1941 roma jgo BosBpaimeHust CTEKJIOBKH B
MockBy cocTOsSIIUCH 32 COBMECTHBIX 3aceJaHusi, Ha KOTOPBIX JeJaJu J0-
kaannl 1. C. Anexcamypos, JI. C. I[loutpsarun, H. I'. Yeborapes, A. A. Xuranm,
A. O. TI'enpdon, C. M. Hukoinbsckuit, I1. C. Houkos, JI. B. Kemapim, 1. K. ®ag-
neeB, A. H.Kommoropos, U. M. l'enbdpang, A. M. Obyxos, . B. Jlunnuk,
B. H. Jlesnone, A. 1. Masnbues, JI. A. Jlioctepuuk, A. H. Kpouios, A. 1. Anek-
campos, A. A. Mapkos, U. P. [Tlacdapesud, A. A. Jlanynos n apyrue. U3 ka-
3aHCKHX MaTeMATHUKOB Ha 3acemaHusix OOIecTBa esajn JOKJIAIbI, KPOMe
H.T. Yeborapesa, B. M. T'araes u B. B. Mopo3zos. Ilociiennuii na nByx 3a-
CeaHUsIX U3JI0YKUJI OCHOBHBIE PE3YJIbTAThl CBOEHl JOKTODPCKON JIMCCEPTAINH,
samuinentoil Becuoit 1943 roga (ero ommoneHTamMy Ha 9TOI 3amuTe ObLIN
A. 1. Masbnies u JI. C. ITonTpsirus).

B nekabpe 1942 r., cocrosiiocsk (moj npegcemarenscrsom 1. C. Ayekcan-
JIPOBA) TOPXKECTBEHHOE 3acefanre MoCKOBCKOro 06IecTBa, MOCBSIIEHHOE ero
75-etuio (1867-1942). Kak numer II. C. Asexkcanpos [1], «ma srom 3aceqa-
HUM C OYeHb MHTEPECHBIMU JIOKJIaIaMU OOIIero (MCTOPUKO-MATEMATHIECKOTO)
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xapakTepa BeicTymmn Asekceit Hukosraesua Kpeutos u Asekcanap fkosie-
BUY XUHUIUH>.

[lepen nayunbiMu cunamu PeciryGiuku u COTPYIHUKAMEI 9BaKyHPOBAHHBIX
B Kazanp mHCTUTYTOB OBLIa MMOCTABJIEHA 3aJa9a KOHCOIUIAIAN YCUJIANR JIJIsI
MOMCKa 3(PHEKTUBHBIX PEIIeHUN TEXHOJOTMIECKUX, TPOU3BOJICTBEHHO-TEXHU-
qecKuX U Hay4IHbIX TpobsieM. C 91oit niesibio B cenTssOpe 1941 roga Ipesuanym
AH CCCP o6pasosan Bo rinase ¢ O. FO. HIMuaroM KOMHCCHIO JIJIsi OpraHu-
3alii U PYKOBOJCTBA HAYYHBIMU PabOTAMU B PECITyOJIMKe, IOJIyUIUBIIEl Ha-
3BaHUE «00OpOHHOI». KoMmuccust 1o corsiacoBaHuio ¢ peciryOJInKaHCKUMU 1718~
HUDPYIOIMMU OpraHaMy HaMeTHJa OCHOBHDBIE HAIPABJIEHUS B JEATEIHLHOCTH
HAYIHBIX KOJIJIEKTUBOB: OpTaHU3aIlds HayJIHO-TEXHUIECKON M KOHCYIHTATHUB-
HOJ IOMOIIM TPOMBIIIIEHHOCTH, BBISIBJIEHIE U MOOUJIN3AIlAsl MECTHBIX PeCyp-
COB, a TaKKe BBIIOJIHEHUE TEOPETUIECKUX U MPUKJIAJHBIX HUCCJIEIOBAHMIA.

Brumm oprarm3oBaHbl HECKOJIBKO HAYYHO-UCCIEI0BATEIBCKIX CEMUHAPOB C
yUIacTHeM Ka3aHCKUX WM 9BAKyHPOBABIIUXCS MATEeMATHKOB. Ha cemuHape 1o
baJummcTHKe B aspoauHamuke, opranm3oBanHoM H.I. UeborapeBbiM, akTHB-
HO ydacTBoBajM, Kpome YeborapeBa u ero actupantos, JI. C.IloHTpsruH,
H. H. Meitman, /1. K. ®agnees u psn Ipyrux MaTeMaTUKOB U MexaHukoB. Ha
9TOM CEeMUHApPE IIPEeJMETOM 0CODOr0o BHUMAaHUs OBLIN BOIIPOCHI 110 TEOPUU MU-
HOMETa, JIOOOBOTO COIPOTHUBIIEHUS CAMOJIETOB M BOIPOCHI TYPOYJIEHTHOCTH, B
YaCTHOCTH pa3pabaTbiBajach TeMa «BoIlpockl TeOpUu MOAbEMHON CHIIBI U CO-
nporusieHus camosietas. H. I'. Heborapes co cBouMu yUueHUKAMU UCCIIEI0BAT
pobsieMy BUOpAIUU CTBOJIOB MOPCKHX OPYJUN IPU BBICTPEJIE W TECHO CBsi-
3aHHYIO ¢ Hell mpobsemy ['ypBuria jjist TpaHCIeHIeHTHBIX ypaBHeHuii. [1orHOE
peltierre pobJIeMbl Jijist HAUOOJIee BAaXKHBIX JJIsi TEXHUIECKUX MPUJIOKEHUH
caydaeB 6butn nostyuensl H. I'. Heborapesbim u JI. C. [TorTpsruabiM.

B Kazanu u A. H. Kosmmoropos 3annmaercss Teopueil crpesbbbl. Kak mu-
mer A. H. [IupsieB |9, c. 81-82], s1u ero 3ansiTust ObLIM OTBETOM Ha 3alIPOC
«J1aTh CBOE 3aKJIOUEHUE 110 MTOBOJLy PA3HOIVIACUN UMEIOIUXCS ITPUEMOB OICHKHT
MepbI TOYHOCTH 110 OIBITHBIM JAHHBIM. K Ka3aHCKOMY IIEPHO/LY OTHOCUTCS €10
(kax mumer 1. C. Asiekcangpos [1. c. 260]) «3HAMEHHTBIE 3aMETKHU 110 TEOPHUU
TypOyIeHTHOCTH », ontybsimkoBanuble B 1941 rony B [lokmamax AkajgemMun HAyK.

B roxp! Boitabr Angpeit Hukonaesud co conmu corpyaaukamu mo Marema-
THIECKOMY HHCTUTYTY, MEXAHUKO-MaTeMaTHIeCKOMY (haKyIbTeTy yHUBEPCUTE-
Ta ¥ HEITOCPEICTBEHHBIMU TPAKTHKAMU U3 APTU/LIEPUICKOTO HAY THO-UCCTIE0-
BaTEJILCKOTO MOPCKOIO MHCTUTYTA Pa3BOPAYUBAET OOJIBIIYIO TEOPETUIECKYIO
1 pacueTHYIO paboTy 1Mo 3¢pPEeKTUBHOCTH CUCTEM CTPEIhOBI. 3aBEPIIAETCs OHA
HosiBjIeHneM OTjesIbHOro Bbinycka «Tpymos MUAH»> (Anjpeit HukosaeBnda
Ha3bIBas ero « CTpebOHBIM COOPHUKOM> ).

I1. C. Anekcanpos B ¢BOEil 3HAMEHUTON «Ka3aHCKOI» padboTe, HAIIUCAHHOI
uM B 1941-1942 romax, uccje10BaJ TOMOJOTTIECKYIO TTOCTIE/IOBATEIFHOCTD 11a-
PBI KOMIIAKTHBIX TOIIOJIOTHIECKUX [TPOCTPAHCTB. B Hell BliepBbIe BHIITUCAHBI BCE
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3JIEMEHTBI TOTHON IOC/Ie0BaTEIbHOCTH, AKTHBHO UCIOJIB3YEMOTO HHCTPYMEH-
Ta B TeX pazjesax MaTeMaTUKN, KOTOPbIE UCIOJIB3YIOT ajaredpandeckue MeTo-
aul. I1. C. Astekcanapos o6 3Toii cBoeil paboTe muier: « 1 0JHOBPEMEHHO IIUCAJT
9Ty paboTy MO-aHIJIMHCKU U ITO-PYCCKH, TaK YTO OJUH TEKCT IIPEICTaBJISI CO-
0010 TOYHBIN TIepeBo Apyroro. Pycckuil Teker ObL1 HameuaTaH B ,, 3BecTusix
Axkanemun mHayk® (1943 r.) U, €CTECTBEHHO, CUNTAJICSA OCHOBHBIM. AHIVIMHACKUIT
repeBoJl ObLI 10 upejoxkennio Jleduena namnedaran B “Transactions of the
American Mathematical Society”, — 3HaK GOJIBIIIOrO0 BHUMAHUS K 3TOI paboTe,
Tak Kak B “Transactions” nmepeBojubix crareil He megarator» (|1, c. 260]). Dra
pabora AstekcaHIpoBa TOTIa ke ObLta yrnocToeHa CTATHHCKON TPEMUH TIePBOit
CTEIeHHN.

Paborsr kazanckoro nepuosa FO. B. Jluaanka oTHOCATCS K AHAJTUTHIECKON
TEOPUU Yuces. 37eCh OH Hadaj pPa3pabdaTbIiBATh CBON 3HAMEHUTBIHN IJIOTHOCT-
HBIIT MeToJ] B Teopun L-psinoB upuxiie, MO3BOJUBINNI €My IOy IUTh perire-
HUSI [EJIOTO PsiJia KJIACCHIECKUX ITPODJIEM TEOPUH YHCE/I, B 9aCTHOCTHU PEIeHne
pobJIeMbl O HAUMEHBIIIEM IIPOCTOM HYUCIE B apU(MMETHIECKON MTPOrPECCHH.
10. B. JIlunnuk B Kazann npuexan B cocrase Jlenunrpajickoro ornesennss Crek-
JIOBCKOT'O MHCTUTYTa B nioHe 1942 rojia, MOXKHO cKa3aTh, IIPSIMO C ITOJIEH CpaXKe-
Huii: on jeroM 1941 roja yxonut mobpoBoIbIeM BO (DPOHT U J0 JeMOOUIN3a-
nuu jeroMm 1942 roya yuactByer B obopone Jlenunrpasia B paiione IlynkoBckux
BBICOT, KOMaH/Iysl apTujiepuiickuM B3BogoM. FO. B. B 1942 roay 6b110 Beero 27
JIET, HO OH YCIIEeJI Y2Ke PUHSATD yuacTre TakKe u B OUHCKOI BOiHE U 3aIUTUTH
JIOKTOPCKYIO nuccepralimio (B Bo3pacre 24 jer).

J. K. ®anyees B Kazanu 3anumasics 3agateil IOTpy2KeHUs MOJeH, ABIIAI0-
meicsa ecTeCTBEHHBIM 0000IIeHneM obpaTHOM 3ajiaun Teopun lamgya. B mpo-
mecce 3Toit pabOTBl UM ObLIA OTKpBITa Teopust Koromojoruit rpynm. [lo
sociomunanusiv JI. JT. @ajeesa (cm. [2]), «B oquH U3 ,Ka3aHCKUX Bede-
poE‘ B 1943 romy oTerr XOMWJ IO KOMHAaTe BeCh BO30YXKJIEHHBIN, U BOCKJIU-
HABIIKI, YTO OH OTKPBLI HEYTO 3aMedareibHOoe (KaK OKa3aJoCh IO3XKEe —
9TO OBLIN KOIUKJIB)». OHOBPEMEHHO TEOPUIO KOTOMOJIOTHIT TPYII OTKPBLIN
C. Qitytenbepr u C. MakJieitH, KOTOpbIe PUIILINA K Hefl, HCXO/IsI U3 COBCEM JIPY-
roro Borpoca. Co3faHue TeOpurM KOTOMOJIOTHIl I'PYII CUATACTCS OJHUM U3
CaMbBIX 3HAYUTEJIbHBIX MATEMATHIECKUX COOBITUN CEpPEeIUHbBI JIBAJIIATOIO CTO-
JIETHSI.

Corpymauknu Kadeapbl MEXAHUKU TPOBOUIN UCCIEIOBAHUS 110 CIIEIUA b
noit reme [maBmoro aprusiepuitckoro ympasienusi. C yuactuem A. H. Kos-
moroposa u C. JI. Cobonena pemasnch 3a7a9u M0 PACIeTy apTUIEPUNHCKOiT
crpenanbbl, 6oMbomeTanust. B gokiaje o padbore Akanemun nayk CCCP B ro-
bl Botiabl akagemuk 1. JI. Kanuma ormedasn: «OcHOBaHHOE TOJBKO Ha TEO-
PETHYECKUX MPEJIIOCHIIKAX yirydieHue popMbl cHapsijia 0e3 J0M0THUTETbHON
3aTpPaThl IOPOXA U YBEJIUUEHUs] IPOYHOCTUA CTBOJIA OPY/IMs ITO3BOJIMIO yBEJIN-
YUTH JAJBHOCTH CTPEIBOBI TPpUMEPHO Ha 10 MPOIEHTOB.
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B. B. Mopo3oB B cBOUX BOCIIOMUHAHUAX 00 9TOM IEPUOJIE KU3HU KAa3aH-
CKUX MaTEMaTUKOB OTMEYAET: «Y MATEMATUKOB C MEPBBIX XK€ JIHEH CO3IaJI0Ch
XOPpOIIee COAPYKECTBO, W eCn arMocdepa reoMeTpuIecKoro KabuHera ObLIa
[IPOXJIAIHOM, €C/in He CKa3aThb OOJIBIIEro, TO 3TO HE MENIaj0 TEILIbIM OTHO-
[IEHUsIM U IIOA0TBOPHOI pabore. 3uecs Y. M. esibdans paspadbarbiBaj CBOIO
TEOPUIO YHUTAPHBIX TpejicTasiaennii rpymi, A. V. Masbies Hamumcaa paboTy o
mojtarebpax mosynpocthix anredop JIu, A. JI. Ayrekcanapos B jome y OyKcoB-
CKOT'0 CaJIa TUCAJI CBOIO KHUT'Y O BBIMYKJIBIX HoBepxHOCTsX, [1. C. Ajtekcanipon
oIryOIMKOBa PaboTy, KOTOPYIO OH CaM IUTUPYET KaK ,KA3aHCKYIO' U T.JI.»
([6, c. 44]).

Komnnekrus Uncturyra dpusnaeckux mnpobiem moj pykosogcTsom 1. JI. Ka-
UL PA0OTAJ IO CO3/IAHUIO HOBBIX METOJIOB JIOCTUKEHUS HU3KUX TEMIIEPATYD
U TOJIydeHHus »KUJAKoro Kucjaopoga. [Ipubsie B uiosie 1941 rona B Kazaun, Un-
CcTUTYT (PU3NIECKUX TIPOOJIEM Cpa3y Ke MPUCTYIU K MOHTaXy 000pyI0Ba-
Hus. VI ckopo KHC/IOpOJI cTaj MOCTyIlaTh B KaszaHcKue rocrurtanu. B Kazanu
I1. JI. Kamuma co3mast caMyo MOIIHYIO B MUpPE TYPOUHHYIO YCTAHOBKY JIJIsl 10~
JIyI€HUsI ero B OOJIBINX KOJUIECTBAX, HEOOXOIUMBIX B BOEHHO ITPOMBIIILIEH-
HOCTH.

Bynymmuit «oren» aromuoro opyxust 8 CCCP U. B. Kypuaros npubbii B
Kazanb B saBape 1942 roga. On cpasy ke 3ab0J1e CBIITHBIM THMOM, a 3aTeM —
BocnaJienneM jierknx. Kazanckuit nepuoji 2ku3un KypuaroBa ormeden TeM, 4T0
3/1eCh YUEHBIN CTajl OTPAIUBATH CBOIO 3HAMEHUTYIO OOPOMY, U KOJIJIErU Jlajiu
eMy 1po3sBuile «bopogads. B okrsiope Kypuaros Beiexan B MockBy, rie 1o-
JIYYMJI IPABUTEJILCTBEHHOE 33/ IaHUE TI0 IPOBEJICHUIO SIePHBIX UCCIIET0BAHUN 1
co3manuio ypanoBoit 6oMOb1. Bepuyiica B Kazanb B nexabpe, a 9 suBapst 1943 1.
OKOHYATEeJILHO Bblexasl B MOCKBY 1j1st pabOThHI HaJl CO3/IaHNEM aTOMHON OOMOBI.
Cembst KypuaroBa BpemenHo ocraBajiack B Kazanu, rjie ero 6par 3aBepiia
y4aeby Ha xuMmudeckoM (akysbrere KazaHckoro yHuBepcuTeTa.

B cBoux BocmomuHaHusx 0 KazanckoMm repuoge kusuu 1. C. Anekcanipon
[UIIET: «3aMETHBIMU COOBITUSIMHM B MATEMAaTUIECKOU KA3aHCKOW >KU3HU TOM
3UMBI OBLIN 3AIIUTHL JIBYX JIOKTOPCKUX juccepranuii (OyaynmMu akaeMuKa-
mu) — A. U. Masbueseim u C. M. Hukonbckum 1 J1ByX KaHaujaTckux (o6e
no obmeit Tomostoruu) — C. B. @omunbiv u H. A. [Tannabmv®. Huccepranun
MasbrieBa 1 HuKOJIBCKOrO 3aBepInainch CKPOMHBIMHU 110 YCJOBUSIM BOEHHO-
ro BpeMeHH ,,6aHKeTaMi' B MAJIEHbKOI 4epIadHOll KOMHATYIIKE (01 KPBIITeit
[JIABHOT'O YHUBEPCUTETCKOTO 3JIaHWs), B KOTOPOIl MPOXKUBAIM 06a JHCCepTaH-
ta. [ocrsamu Ha 31X ,Oankerax’ 6pum A. H. Konmoropos u 1. 1x armocdepa
3aIIOMHUJIACH MHE CBOEI KaKO#H-TO 0CO00I YIOTHOCTBIO U CEPIIEIHOCTHIO, U CAMU
OaHKeThI OBLIN, KAK BIPOYEM U BOOOINE HAIM BCTpedd B Ty 3uMy B Kazanwu,

YH. A. Illanus 61 spakynposan B Momkap-Ouy u B Kazann 6biBas Haesnamu. — [Ipum.
aBTOpA.
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KaK OBl IIPOJIOIZKEHUEM HAINX HE3a0BEHHBIX JIOJIOUHBIX IIYTEIeCTBU, TOJIHKO
Yy B JpyToii, 6osiee cypoBoii obcranoBkes |1, ¢. 262].

Kak y2ke roBOpuiioch, JTOKTOPCKYIO JuccepTanuio 1o ajareope B 1943 rogmy
3amuUTII 1 Kasauckuit marematuk — B. B. Mopo3zos.

Bospimoit yeriex n pesoranc nMenn opraan3oBanible Akasemueir Hayk CCCP
00uIeifHbIe MEpPOIPUSITUS, I[MOCBSIIEHHBIE BBIJIAIIUMCS JIeATeISIM HAyKH:
2425 mos16pst 1943 rosa B crenax KasaHckoro yHuBepcuTeTA IPOIILIA HAY THAST
ceccust, mocssarnennast 300-metuto co aust poxkaenust Mcaaka HeroTona. Torma
xe, B 1943 romy, ormevasiocs 400-stetue co qusa cmeptu Konepuuka u 300-1eTue
co qusi cmeprtu Lanmmies, a 25-28 Hos0pst 1943 1. B aKTOBOM 3aJie YHUBEPCUTETE
cocTostytoch Tpa3aHoanue 150-metust co gust poxkaenust H. W, Jlobauesckoro,
opraamszoBanHoe AH CCCP u dpusuko-maremaruaeckum obmecteom. st yua-
CTUsI HA STUX TOPXKECTBAX IPUEXAJIN BOCIUTAHHUKN Ka3aHCKOro yHUBEpCHUTE-
Ta, n3pecrabie reoMerpsl A. 1. Korensuukos u JI. M. Cunnos. 1o nroram stux
MeporpudTuit Obun onydukoBanbl coopuuku «lagmmeo ammneit», «Mcaak
Heroron», «Hukomnait Konepuuks, «Hukonait Banosua Jlobadepckuii». Kpo-
Me TOTO, OBLIO TMPUHSITO PelleHre 00 M3IAHWHN IIOJHOTO COOpaHUsI COUMHEHMIR
H. 1. JIobauesckoro.

B Te ronpr nekanom pusuko-maremarudeckoro ¢pakyibrera oot 1. A. [Tu-
pokoB. [lo/ib3ysich BO3MOXKHOCTBIO IIPUBJIEYh OKazaBiuxcs B Kazanu Kpyi-
HEUINUX MAaTEeMATHKOB U (DU3MKOB CTPAHBI K YTEHUIO JIEKIIAN I CTYIEHTOB,
ACIUPAHTOB U HAayYHBIX PaOOTHUKOB, OH CyMeJI OPTaHU30BATL [JId HUX Ie-
JIBIIL psif MHTEPECHBIX KypcoB. llouTn Bce M3 NMPHE3KUX YIEHBIX OXOTHO Ha
sro . 11. C. AyrekcaHIpoB 9uTag Kype MO0 TeOPEeTUKO-MHOXKECTBEHHON TO-
nosorun, JI. C. Ilourpsarun — 1o komburaTopHoii TomoJoruu, A. V1. Majbies
o Teopun HempepbiBHbIX rpyti. U. P. [Mladapesuu mpounTtan crenuabHbIT
Kypc 1o teopun ajrebpamdeckux nosieit. C. JI. CobosieB umras crenuaabHbe
KYPCBI IT0 MaTeMaTn4ecKkoil pusnke, akagemuk H. E. Kounn o aspoannamuxke,
B. H. Jlesiore gurtaj JIeKIUA 10 aHAJUTUIECKON T€OMETPUH U, 110 IIPOChhe
IT. A. IllupokoBa, KOTOPKI# TIIyGOKO MHTEPECOBAJICS MPOOIeMaMU KPUCTAIIIO-
rpadun, MaTeMaTUIeCKUM OCHOBaM Kpucrtajuiorpadun. A. S, Xunyun npodn-
TaJl HECKOJIBKO CIIEIKYPCOB II0 BAPHUAIMOHHOMY HUCUYUCJIEHUIO U TEOPUM WH-
terpupoBanust, H. I'. YeraeB jjist CTY/IeHTOB-MEXaHUKOB U ACIIUPAHTOB YUTAJ
JIEKIIUU TI0 TEOPETUIECKOH MeXaHUKe.

Hauasmuecs ocenbio 1941 r. 3aHATHST BCKOPE ObLIN MIPEPBAHBI, IIOCKOJILKY
KOJUIEKTHUB yHuBepcuteTa Bo riase ¢ pekropoMm K. II. CurHukoBbiM, mpodec-
copamu M. B. Mapkosbim, B. A. Ap6yzoseim u A. H. Boszuecenckum (Bcero 750
CTYJ/IEHTOB, IIperojiaBaTesieil 1 COTPY/THUKOB) 26 OKTIOPs OTIPABUIICS Ha CTPO-
UTEJbCTBO 3AIUTHBIX pyOexkeit 3a Bosry, B Kaitourknit paiion.?) IIpodeccopa

lo pemenuto Tocynapcreenrnoro Komurera O60poHBI Ha OOJACTHYIO HNAPTUHHYIO Op-
TAHW3AIUI0O W TOPOJICKOW KOMHUTET OOOPOHBI ObLIa BO3JIOXKEHA 3ajada OPraHu30BaTh U
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IIPOBEJIN «HA OKOIIAX» JIBE HEJE/H, a OCTaJbHbIC paboTaan TaM 10 8 dheBpaJis
1942 1. Crynenrka Kasanckoro yauBepcurera tex Jjiet P. ViBanoBa BerioMuHa-
er: «Bo Bpems meresnu, Korja He ObLIO BUJHO BIEPEIH HJIYIIETO Y€IOBEKa,
pekTop Opasl B PyKM BEPEBKY, W OCTAJIbHbIE IILIM 3a HUM, Jep2Kach 3a Hee,
cien B caen. 3uma 1941/42 roga Beigasiack xosoaHas (10 munyc 50 rpajry-
coB). Y MHOIUX He ObLIO TEIION oeKabl. Jist ,yTeriennst’ UM NPUBA3bIBAIN
CBepXy OJesijia W MOBA3BIBAJIM ITOBEPX IMAIIOK ILJIATKUA. BCkKope m3 yHUBepCH-
TeTa IPUCIAIN BO3 JIAIITEH C OHyYaMM, U3MOTOBJIEHHBIMU U3 KPACHBIX IITOP,
CHATBIX C ayJAUTOPHBIX OKOmH».%) M3secrno, uro nmenno B Kasamu C.JI. Co-
00JIeB HAYYIUJICS BA3aTh U CBA3aJ cebe CBUTED, 3aTeM HAyUUJ STOMY PEMECILy
nereit.

K stery 1943 roja nosioxkenne Ha (ppoHTE y2KE JOCTATOUHO CTAOUIN3UPOBA-
JIOCh, W, KaK MUIIET B cBouX BocroMuHaHusax B. B. Mopo3zos, «eciau 40-it Tom
JAH mznasasica 8 Kazanu, To 41-it — yxke B MockBe». Hagajiach pespakyariust
Haxozsmxcsa B Kazanu HayIHBIX yIpeKIECHUN.

Hayunas ku3ab B Kazanu Tak »Ke MHTEHCHUBHO IPOJIOJIKAJIACH U TIOCTIE
0Tbe3/a MHCTUTYTOB AKagemnn Hayk n3 Kasamu, XoTs MaTeMaTndecKas oo1ie-
CTBEHHOCTH KazaHu BCKOpE IMOHEC/Ia TIyKeJIble IOTEPHU: He BhIACPXKAJIO TPYIHO-
cTeil BOEHHOTO JiuxojeTbs bosibHOe cepyie 1. A. [lupokosa, 26 deppaiist 1944
rosia OH CKOH4UaJcd. Erme panbine, 22 suaps 1943 roma, ckornwasca H. H. Ilap-
denthe. Kazanckoe GusmKo-MaTreMaTHIecKoil OOIMECTBO MOCTEe €ro CMEpPTH
BosrraBust H. I'. Yeborapes. OpauM n3 HamboJiee KPYIHBIX JOCTHXKEHUN Ka-
BAHCKUX yUEHBIX B IIOCJIEJIHUE I'OJIbI BOWHBI siBjisieTcsi OTKpbiTHe B 1944 1. Ha
dusnaeckoMm dakynbrere Kaszanckoro yHuBepcurera mnpodeccopom E. K. 3a-
BoiickuM, Brocencrsun akagemukom AH CCCP, sBieHust nmapaMarHUTHOIO
pe30HaHCa, KOTOPOE MOCTYKHUJIO HAYAJIOM PA3BUTHUS JIEKTPOHHOU TEXHUKH.
Ixosa E. K. 3aBoiickoro BeipacTuia meiyio jesLy yIeHbIX U Ipuodbpesia us-
BectHOCTH B Mupe. E. K. 3apoiickuii cran ['epoem Cormanmcruyeckoro Tpya,
saypearoM Jlenmnckoit npemuu. B rompl BOMHBI U B IEpBBIE T'OJLI MOC/E €€
okonvdanus B Kazanu Oblita co3mana uccaeaoBaTe/bcKast 6a3a 1jist 000POHHOM
1 a9POKOCMIYECKOi nHIycTpuu. Jpakyarus B Kazans Ilpesuauyma AH CCCP
U ee HAYYHBIX YUPEXKJIEHWI, yCIIelHas COBMECTHAs PabOTa Ka3aHCKUX yUe-
HBIX C UX KOJUIETAMU U3 ITUX WHCTUTYTOB, PA3yMEETCs, NMEJH OJIOKUTE b
HO€e 3HAYEHUE JIJIs YKPEIJIEHUsT TBOPYECKOI'O COJIPYKECTBA MOCKOBCKUX, JIEHUH-
IPaJICKAX U Ka3aHCKUX ydueHbIX. OHHU crocobCTBOBaM TOMY, 9TO 13 ampers
1945 roma 6sL10 TPpHHSATO TTocTaHOBIeHUE TpaBuTebcTBa CCCP 06 oTkphiTHN

HA4YaTh BO3Be/IeHNEe OOOPOHUTEILHBIX COOPYKEHNI HA yYaCTKe OT IMUHACTPATUBHOM MPaHu-
sl TACCP ¢ VabsiroBcKoit obstacTbio g0 paiionnoro nearpa Jysamckoit ACCP Iusuibcka.
B stux pabGorax npunsiin ydacrue 32,5 ThICSIY Ka3aHIEB, CPEY KOTOPBIX ObLIa U KOJIOHHA
YVHUBEPCUTETA.

S Upanosa P.T. «Crymendeckas KusHb B Toapl Besukoil OredecTBennoil Boinbi». Qe
pyKOmHCell n peiknx KHUT Pecry6Gimkanckoi HayaHoit 6ubmmorekn, ex. xp. 10097/1, . 9.
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Kazanckoro ¢dpumuana AH CCCP. B Hem ObLin co3maHbl PpU3UKO-TEXHAYE-
CKUIl, XUMUYECKHIi, Pe0JIOTTIECKII, OMOJIOTMIECKUN UHCTUTYTHI, & TAKXKe OT-
eI BOIOXO3SIMCTBEHHBIX IPoOJIeM M HEepreTwku. B cocrap duanasia BOIIEN
TaKXKe co3/aHHbIl B 1939 rogy WHCTUTYT 3bIKA, JIATEPATYPbl U UCTOPHH.
[TepeeiMm mipencenarenem [lpesnnuyma Kazanckoro dpummajia crag akajgeMuK
A. E. ApGy30B, nupekTopoM (pU3HKO-TEXHHIECKOro uucruryTa craa H. I'. He-
borapeB. OH Ke CTaJI U 3aBEYIONIUM OPraHU30BAHHON B MHCTUTYTE CEKIIUU
MaTeMaTUKU.

B Kazanckom yauBepcuTere O€peKHO XPaHSIT HAMATh 00 TUX COOBITHUSIX
BoeHHBIX JieT. B Mysee ucropun KI'Y 3HaunTe IbHOE MECTO 3aHUMAET BHICTAB-
Ka, Ha3BaHHas «JIuHMS HaydHON OOOPOHBI» W IIOCBAIIEHHAs] Ka3aHCKOMY IIe-
PUOTY KU3HU YUIEHBIX MOCKOBCKHUX U JICHHHTDAJCKUX WHCTUTYTOB AKAIEMUM
nayk CCCP. BeicraBka co/iepKUT 6OraTeinyto KOJJIEKIHI0, HACTUTHIBAIOILY O
CBBIIIE TSITUCOT €UHUIL. B Helt moKyMeHThI, hoTorpadun, KHUTH U PYKOIUCH,
MHUChMa M BOCTIOMUHAHUSI, TUIHBIE Bern akaaeMnkos A. @. Modde, C. U. Ba-
susoBa, JI. /1. Jlanmay, A. H. ®pymkuHa u 1pyrux.
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3HaAMEHHUTBIE TeOPEMBbI

Teopema ['€1e7151 0 HETOTHOTE U YeTHIPE JOPOTH,
BeJlyle K Heil

(JIexknmu, mpounranmuere B mose 2007 1. u B uiosre 2009 r.
Ha JieTHeil mkose «CoBpeMenHas Maremaruka» B [ly6He)

B. A. Ycnenckuit

YACTDb TIEPBAS: BCTVIIJIEHUE

§1. YTO TAKOE JOKA3ATEJILCTBO?

Teopema ['énenst o HemosHOTE, MOXKAJYI, — OnHa U3 ABYX (Hapsay ¢ Teo-
pemoit Pepma) caMbIX 3HAMEHHTBIX TeOpeM MaremaTwku. He camast riiaBHast
(TaKOBOI — O MOEMY MHEHUIO, ¢ KOTOPBIM MHOTHE He COTJIACITCS, — SBJISIETCS
TeopeMa O CYIIECTBOBAHUH (PAKTOP-MHOXKECTBA JIJIsi BCIKOI'O OTHOIIEHUS SKBU-
BaJICHTHOCTH ), He caMasi u3BecTHas (TakoBoii sisysiercss Teopema [Tudaropa),
HO — caMast 3HaMeHuTasi. Il 370 BIOJIHE 3aC/Iy2KEHHO: BEJIb €€ MOXKHO CUMTATH
TeopeMoii Teopuu 1no3Hanusd. /la u aBTop €€ — YesoBeK JO0CTATOYHO 3HAMEHU-
Toiii. Kora nu3BecTHbI aMepUKaHCKUH 2Ky pHAJI « TaliM» COCTAB/IS CIIMCOK CTA
CaMBIX BBIIAIOIINXCS JlesiTesiell yxomsnero XX BeKa, Ha BCIO HAYKY OH OTBEJ
JIECATD MECT, U3 HUX HA MaTeMaTUKy — OJIHO. DTO MecTo u 3aust Kypr [€nen
(Kurt Friedrich Goedel, 28.04.1906-14.01.1978).

Xorst Teopema Pepma, 110 BHEMATEMATUIECKUM (M OTYACTU CKAHJIAJIBHBIM )
[pUYrHaM, BO3MOXKHO, u 3HameHnuTee Teopembl [€mens, jpymaercs, 9To Ka-
KOe-TO TpejicTaBiierne o Teopeme [€nesst mmeer 6oJtee MUPOKUIT KPYT JIIOIEH.
B camom nepBoM u camom rpydom npubsnzkenun Teopema ['€eiist yTBepKIaeT,
9TO HEBO3MOXKHO JIOKA3aTh BCE UCTUHBI, UHBIMUA CJIOBAMU, UYTO CYULECTEYIOM,
HEDOKA3YEMBLE UCTNUNDL.

Takast popMyIUpPOBKA, OTHAKO, COIEPKUT B cebe OUeBUIHOE ITPOTUBOPE-
qne. Bor ono. Paz ['€nenp mokazan cyiiecTBOBaHUE YTBEPXKIEHUS, KOTOPOE,

MaTtemaTtunyeckoe npoceewyerue, cep. 3, soin. 15, 2011(35-75)
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XOTsI U HEIOKA3yeMO, SABJISI€TCS HUCTUHHBIM, TO, 3HAYUT, OH JOKa3aJl MUCTHUH-
HOCTB 9TOI0 yTBepxKIeHusi. Ho Bedpb g0Ka3aTh KCTUHHOCTH HEKOTOPOI'O YTBEP-
JKJEHUsT — 9TO U 3HAYUT JOKa3aTh 9TO yrBep:xKaenne. Ilomygaercsa, aro [€nenn
JoKazaj obcyKIaeMoe yTBEpPKIeHNe, — HO TOTJa OHO HEe MOXKeT OBbITh HEJIO-
KaszyeMbiM. Kax ke ObITh?

Bcé mesro B TOM, 9TO CyIIECTBYIOT JBa Pa3JUYIHBIX MOHATHUS JOKA3ATE/Ib-
CTBa U, CJI€IOBATE/ILHO, JIBA PA3JINYHBIX MOHATHA JI0KaszyemocTu. Ileproe u3
HUX XOPOIIIO U3BECTHO BCEM U3 IITKOJIBI, A U U3 TOBCEIHEBHOM YKU3HU TOXKE; MbI
OyIeM Ha3bIBAThH €r0 CO0ePIHCAMEALHbIM, I NCULOA02UECKUM, TOKA3ATETb-
crBOM. BTOpoe npuwHaIeKUT MaTeMaTHIECKOR JIOTHKE; MbI OyJIeM Ha3bIBATH
ero (PopmanbHovLM T0Ka3aTETHCTBOM.

[TonsiTHE NCHXOJIOIMYECKOTO J0Ka3aTeIbCTBa IIOTOMY Ha3BAHO NCUTOA02U-
YeCKUM, 9TO OHO NPHHAJJIEKHUT He MaTeMaTHKe, a ICHXOJOIHH M, OTYACTH,
JITHTBUCTHKE. [ICHXO0/IOrnmYIecKoe JJOKa3aTeIbCTBO — 3TO CO0EPIAHCAMENDHOE PAC-
cyotcdenue, yoexKalolee HAC B MCTHHHOCTH KaKOrO-JMOO YTBEPIKICHHUS Ha-
CTOJILKO, YTO Mbl I'OTOBBI yOexKIATh JPYTUX B UCTUHHOCTH 3TOLO yTBEPXKIe-
HHsl TIPH [IOMOIIH 3TOTO K€ paccyjaeHus. VIMEHHO Takue JOKa3aTeIbCTBa U
GUrypupyor Kak B IIKOJIBHBIX, TAK U B By30BCKHUX Kypcax MareMaTuku. a u
B YHUBEPCUTETCKUX KypCaX UCIOJIb3YIOTCs UMEHHO OHH.

I[TcuxosIoruyeckoe J0Ka3aTebCTBO MMeeT MeCTO M TOI/Ia, KOTIa 9TO-TO JI0-
Ka3bIBAIOT, UCXO/d M3 KAKUX-TO aKCHOM, — CKAYKEM, aKCHOM TE€OMETPUU HLJIN
aKCUOM KOJIbIIa. Beﬂb HCIIOJIb3OBaHUE aKCHUOM IIpU JOKa3blBaHUU TeOopeM He
MEeHsIeT CyTH Jie/a; JI0Ka3aTeJbCTBO U B 9TOM CJIydae COCTOUT B PACCY K ICHUH,
UMEIOMIAM TEJbI0 yOeUTh, 9TO €CJM MPENOI0KHATh AKCHOMbI MCTHHHBIMHU,
TO OKaXKEeTCsI UCTUHHBIM U JOKa3bIBaeMoe yTBeprkjeHue. [IpuBeném mpocToit
npumMep. PaccMOTpUM MHOXKECTBO, B KOTOPOM BbLAE/ICH 3jeMeHT () U Ha KOTO-
POM 3aJlaHa oJHOMecTHas onepaiys '. V3pecTHbIe akcnoMbl [leano comepkar
B cBOEM coctase sige Takue: (x' = y') = (x = y) u 13z(2’ = 0). Ucxona u3
STHX akcHoM, JokaxkeM HepasercTso 07" # 0”. JlokasbiBaeM OT HPOTHBHOIO.
[Tpeanonoxkum, aro 0" = 0”. B cuy nepgoii akcnombr Torga 07 = 0. B cury
Toit ke mepsoil akcuombl Toraa 0”7 = 0. Ho 3T0 nmpoTusopeduT BTOpOil akcuo-
Me, IIOTOMY 4TO IIojiydaercd, 9To () ecTb pe3yJbTaT HPUMEeHeHHsl oreparun '
K anementy (/. TOUYHO TakuM ¥Ke paccysKJeHHeM JOKA3bIBACTCS Pas3jii-

gne JTIO0BIX JABYX 3JeMenToB Buaa 07/, nveromux B cBoeit 3anmmcy pa3ImaHoe
KOJINYECTBO LHTpI/IXOB. HOSTOl\/Iy BpraH{eHI/IH
/ i
0, 05, 07, ...

MO>KHO HKCIOJb30BATh B KadecTBe OOO3HAYEHHUI, WIN WMEH, HATypPaJbHBIX
qHCe.

[Tcuxomorndeckoe TOKA3aTEILCTBO €CTh MPOIYKT COIMAJILHON UCTOPUN, U
TpeboBanus K yOeauTeIbHOCTH MEHSIOTCS co BpemeneM. He comueBaroch, 1To
B /pesnem Ernnre HamucaHHBIR Ha IAIUPyCe MCXOMSIIUI M3 Xpama TEKCT,
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CONIEPKAIUI PEIENThl, CKAXKeM, CJIOXKEHU:A APo0eil MIu BBIYUCICHUS ILIOIIA-
Jieli, cuuTasics He TOJJIEKAIM OCIIAPUBAHUIO JIOKA3aTeJIbCTBOM (HE3aBHCH-
MO OT TOrO, BEPHBIMHU HJIM HEBEPHBIMU OKA3bIBAJINCH YKA3AHHBIE DEIEITHI).
B cpennerekoBoit Ungun 10Ka3aTe/IbCTBOM CIIYKUAJI IE€PTENK, IO/, KOTOPHIM
66110 oaucano «Cmorpuy. VIMEHHO Tak, HAIPUMED, JIOKa3bIBaIach (hOpMy-
aa S = Ir/2, ca3plBalomasl IJIOMAAb S MPOM3BOJBHOIO Kpyra pajmyca T
¢ mmnoit [ ero okpyxkuoctu. Ceifdac HAC B M YCTPOUT TOJOOHOE TOKA-
3aTe/IbCTBO (XOTsI, HAJO IPU3HATH, OHO JOBOJBHO yOEIUTEJIbHO — U YK BO
BCSIKOM CJIydae OYeHb HarsaHo). Ho, BrosiHe BO3MOXKHO, Te J0KA3aTe/IbCTBA,
KOTOPBIE MBI Ceifac CInTaeM CTPOTUMU, HE YCTPOST HAIINX TIOTOMKOB — TaKyTo
BO3MOYKHOCTD JIOIIyCKaJl BeJqimKuit MaTemaruk llyankape.

[Tcuxonoruyueckne, comep:KaTeIbHBIE TOKA3ATEIBCTBA YACTO HA3BIBAIOT
TakXKe HePopMarbHoimy. Mbl BUAUM, 9TO TG, ITO UMEHYETCS TPOCTO J0Ka3a-
MEeALCMEOM B ODBIMHON MaTeMaTH4ecKoii (HO He B MaTeMaTHKOJOIMIecKoiil)
MPAKTHUKE, ¥ €CTh B TOYHOCTU TG, TG MBI TOJTHKO YTO HA3BAJM ITCHXOJIOTHYIE-
ckuM (HehOPMATBEHBIM, COIEPKATEIBHBIM) TOKA3ATEIHCTBOM.

B oriimune oT CuXoI0rnuecKknx J0Ka3aTeIbCTB, (DOpMasibHbIE JOKA3ATE b
CTBa SIBJISIIOTCS MaTeMaTUYeCKUMU OOBEeKTAMH, TOJOOHBIMU, CKaXKeM, Tpe-
yrOJIbHUKAM MJIX [MapaM. B peasibHOM MUpe HET HU TPEYroJbLHUKOB, HU IIAPOB
B TOYHOM CMBICJI€ 9THUX CJIOB, HO €CThb HEYTO, HJeaJIbHBIMHA O6pa3aMH, MaTe-
MaTUIeCKUMU (POPMAJIUBAIUSIMEI 9€ro CJIyKAT TPEYrOJbHUKA U IMapbl. AHa-
JIOTUYIHBIM 00pa30oM, MmoHsTre (pOPMAJILHOIO JTOKA3ATEIbCTBA CIIYKUT (hopma-
JIn3aIyeil OHATHS IICUXOJIOIMYECKOT0 JI0Ka3aTesIbCTBa. BaKHO 10/19€PKHY Th,
YTO TOHSITHE IICUXOJIOTMIECKOTO JOKA3aTeIbCTBA JIOMYCKAET P a3 /i1 YdHbIe
dopMasu3zanuu, MOTINHSAIONIEECT HEKUM ODIIUM JIJIsi BCeX TaKux hopma-
nm3armit TpeboBaHnsaM. Bosee TouHO mOHSITHE POPMATIBHOIO JOKA3aTEILCTBA
Oyzer onmcano B §2. [Toka ke MBI OTpaHUYIUMCST 3asTBJIEHUEM, ITO (hOPMAJIBHOE
JIOKA3aTeIbCTBO €CTh KOHEUHAs II0CJIeI0BATE/IbHOCTD 3HAKOB, OIPE/IETEHHBIM
006pa30M OpraHM30BaHHASI.

Mpbr B coctosinnu Temepb chopMmynaupoBaTh Teopemy [€mesnst 4yThb-IyTh
boJiee aKKypaTHO: Kakyro O0v, GOpMasU3auuI0 NOHAMUA JOKA3AMEALCTNEA HU
npedsasumy, 6cezda HAUIEMCA UCTMUHHOE Yymeepoclenue, KOmopoe He ume-
em gopmanrvrozo dokaszamesvemsa 6 pamrar amot gopmasusayuy. 1Tporu-
BOpeYne, 0 KOTOPOM IIIJIa Pedb BBINIE, YCTPAHEHO: UCTHHHOCTD yTBEP:KIEHUsI
JIOKA3bIBAETCS IIPH IIOMOIIH IICHXOJOTMIECKOr0 JTOKA3aTEIbCTBA, & €ro HelIo-
Ka3yeMOCTh O3HA4YaeT OTCYTCTBHE IJjisI HEro (pOpMAaJIbHOIO I0Ka3aTe/IbCTBA.

fcHo, omHAKO, UTO CTOJIb 00Iasi TeopeMa He MOKeT ObITh BepHOil 0e3
KaKNX-TO orpaHmdeHuii. Bo-mlepBbIX, ecin 3alac yTBEPXKICHUN, NCTUHHOCTD
1 JIOKA3yEMOCTh KOTOPBIX MCCJIEIYeTCsl, O9eHb OeJeH, TO MOXKHO HMPEIJIOKUTh
TaKkyr (POPMAJIM3AIUI0 [TOHSITUS JT0KA3aTe/bCTBA, [IPU KOTOPOM BCE UCTHH-
Hble YTBEPXKIEHUS M3 ITOIO 3alaca OKayKyTCsl JTOKA3yEeMBIMU. 3a IIPUMEPOM
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XOJIUTh HEJAJIEKO — UMEHHO Tak OyJeT, CKaXXeM, B CJIydae, KOTJa BCe yTBep-
KJEHUsI CYTh YTBEP:KJIEHHUsSI O PABEHCTBE WJIM HEPABEHCTBE apUPMETHIECKIX
BbIPDaKCHU, U3y4aeMbIX B HA4aJIbHOU HIKOJIE, TO €CThb BbIPDAXKEHUI, COCTaB-
JIECHHBIX N3 HATyPaJIbHbIX YHCEJI 1 OHepa.L[I/Iﬁ CJIOZKEHHNA U YMHOXKEHU . T‘ITO6]:>I
S3BIK IoAnagall mol geiicrsue Teopembl ['€erist, OH J0/2KeH ObITH OOraThIM, TO
€CTh 00J1a/1aTh TAKIMU BBIPA3UTEIbHBIMU CPEICTBAME, IIPU IOMOIIN KOTOPBIX
MOKHO BBIPDA3UTh JIEHCTBUTENLHO COIEPKATE/IbHbIE yTBepKIeHus. [losTomy
dopmynupoBky Teopembr [€nenst cie/lyeT HAYaTh ¢ OrPAHUYUTENTLHON KJlay-
3YJIbI «ECJIM SI3BIK JIOCTATOYHO Oorar». TodHoe ompemenenne TepMuHa JdoCcma-
mouHo 6o2amuill A3bik OyIeT maHo B KoHIE §4. Bo-BTOPBIX, HETPYIHO BBECTH
Takoe MOHSATHE (POPMAJBHOTO JI0KA3ATETBCTBA, IIPU KOTOPOM PENIUTEBEHO BCE
YTBEP:KJICHUS f3bIKa, KaK UCTHHHBIE, TaK M JIOXKHBIE, OyayT obJajgarh (hop-
MaJIbHBIM JTOKa3aTeIbCTBOM. [l 9TOro J0oCTaTovHO, HAIpUMEDP, OObABUTD,
9TO 3alluCh JIIO6OFO YTBEPXKIECHUA ABJIACTCA €Tro (bOpMaJ[beIM JOKa3aTeJIb-
crBOM. B coBerckoe BpeMs MMEHHO TaK ODOCTOSLJIO JIEJI0 CO BCEMH YTBEPIKJe-
HASAMU, COAepKaluMucsa B Tpyaax Jleamuna n Crajauna: GOpMaJIbHBIM JTOKa-
3aTeJIbCTBOM UCTUHHOCTHU TaKOT'O YTBEP2KJICHUA CIIY2KNJIO €0 IPEeAbsABJIEHUE B
cocTaBe OUINAIBLHOTO U3IAHUS.

fcHo, uTO ecim He TMO3aDOTUTCS 00 MCKJIIOUEHUU MMOOOHBIX CHUTYAIHIA,
Teopema ['émenst okaxkercst HeBepHa. VICKIIOUeHME eCTECTBEHHEE BCETO JI0O-
cTUTaeTCsT TPeOOBAHWEM CEMaHTHYIECKONH HEMPOTHBOPEIMBOCTH. PaccMmarpu-
BaeMoe ToHATHE (POPMATBLHOTO JTOKA3ATEIbCTBA HA3LIBACTCI CEMANMUYECKU
HENPOMUBOPEUUBDIM, KOJIb CKOPO BBIIIOJHEHO CJIEyIolee TpeOoBaHUe: HuKa-
KO€ A02CHOE YMBEPHCIEHUE HE MOodHCEM 00Aa0aMD POPMANLHBIM JOKA3AMEND-
cmeom. Jlpyrass orpaHUIUTE/bHAS KIay3yya, CIeI0OBATEIbHO, NOTKHA UMETh
BUJI, «€CJTH TOHATHE (POPMAJIBHOTO JOKA3ATEIbCTBA CEMAHTUIECKN HEIIPOTUBO-
PEUIBO>.

3aMeTuM emé, 9To TOT BapuaHT Teopembl ['€1me1s1, 0 KOTOPOM TOBOPHUJIOCH
JIO CHX TIOP, €CTh TaK Ha3bIBAEMBIN cemManmuyeckuti €€ BAPUAHT: OH UCIIOJIb3YeT
B CBOeil (hOPMYJIMPOBKE IpeJICTABIeHIEe 00 UCTUHHOCTU TOJJIEXKAIIIX JTOKA3bI-
BAHMIO YTBEP:KIeHM. I3BecTeH 1 TaK HA3BIBAEMBII CUHMAKCUYECKUT BADUAHT,
HE WCIOJIL3YIONNI YKa3aHHOIO IpeCcTaBeHus. IMEHHO B CHHTAKCHIECKOM
Bapuante [€nenp u nmokasan B 1930 1. cBoio 3HaMeHUTyIO Teopemy. B ca-
MOM IIEPBOM U caMOM I'pybom npubiimkennn [€71e1b 1oKa3asl, 9To CyIecTBY-
0T YTBEpPXKJEeHHsI, KOTOpble HeJIb3s HU J0Ka3aThb, HU OINPOBEPrHYTh. B 00-
Jiee aKKypaTHoi GpOpMyInpOBKe, CMHTaKcrdecKuii Bapuant Teopembr ['€mesrs
IJIACUT, 9TO KaKyio Obl (hopMaM3alliio MOHITUS JTOKA3ATEIbCTBA HU IIPEIhb-
JBUTH, BCErJA HAMIETCA TaKoe yTBEPXKICHNE — IPUUEM Jayke B apudMETHKE,
TO €CTh CPEeJIU yTBEPKIECHUI O HATYPAJIbHBIX UNCJIaX, — ITO HA €ro caMo, HU
€ro OTPUIAHNE HEBO3MOXKHO JIOKA3aTh B PaMKaX IPEIbABICHHON (popmasin-
zaruu. CHHTaKCHYeCKUl BapraHT Tpedyer cBoux orpanndenuii. TpeboBamue
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CEMaHTUYECKON HEIIPOTUBOPEYNBOCTHU 3aMEHSIETCS TPEOOBAHUEM CUHMAKCUME-
CKOT HENPOMUBOPEHUBOCTNAU; TTIOCTIEIHSISI COCTOUT B TOM, 9YTO OTPHUIIAHUE YTBEP-
KIAEHNSI, 001aJaI0Iero (hopMaIbHBIM J0KA3aTeILCTBOM, CaMO He JOJIXKHO 00-
JIaIaTh TAKOBBIM. 1peboBaHmE JOCTATOUYHOTO OOraTCTBa SISBIKA 3aMEHSIETCST
[IPEIbABICHUEM CIIMCKa KOHKPETHBIX yTBEPXKIEHUI, OTHOCUTEILHO KOTOPBIX
BBIABHUTaeTCsI TpeboBaHme, 9TOOBI OHM 00Jada/I (POPMABHBIMA JOKA3ATE b=
cramu. CuHTakcudeckuit Bapuant Teopembl [€menst obcyx)aaercs B omoJ-
HEHMH K 3TOMY OYEPKY.

Ho Bepuémcs k cemanTudeckomy Bapuanty. Chopmynmupyem ero 4yTb 00-
Jiee TOYHO: KaKoe ObI CTPOro OIpeJle/IEHHOe MOHATHE (POPMAJILHOIO JI0Ka3a-
TeJIbCTBA HU TIPEIbIBUTh, BCEIIa HANUIETCS UCTUHHOE yTBEpKJeHue (MpudéM
Jlazke B aprdMeTHKe ), KOTOPOe HEBO3MOXKHO JI0KA3aTh B PAMKAX ITOTO MOHSITHUSI.

3HaMeHUThII MHOTOTOMHBIN TpakTar Hukons Bypbaku «Hauasra marema-
TUKWU» HadguHaeTcsd co caoB: «Co BpeMEH I'DEKOB NOBOPUTDH ,,MaTeMaTHUKa'
3HAYUT T'OBOPUTH ,,JOKa3aTeJbCTBO ». JlpeBHUME I'peKu TyT He CiIydaiiHbl.
Wmenno onm co3main COBPEMEHHYIO eBPOIeiicKyio MareMaTuky. MiMenno y Hux
BO3HUKJIO M CaMO IIOHATHE JOKa3aTeJIbLCTBa. ZLG.HO B TOM, 4YTO II€pBbIC JIOKa-
3aTe/IbCTBA, TO €CTh yOeIUuTebHbIE PACCYXKIEHHUsS IOSBUJINCHL y T'PEKOB B HX
HapOJIHBIX COOpaHUIX U B Cy/Jax — B IpeHusax cropoH. C 3Toil TOYKM 3peHusd,
MaTeMaTHKa — MJIAJIIIAst CeCTPa IOPUCIPYIEHIINN.

MaremaTnKa, KaK U3BECTHO, HE OTMEHSIET, HO YTOYHSIET COJep:KaTeIbHbIE,
WHTYUTUBHBIE IIPEJICTaBACHUsI. TaK, MaTeMaTudecKoe MOHATHE JeHCTBUTE b~
HOTO YHCJIa YTOYHSIET NHTYUTUBHOE, (DU3UIECKOE MTPEICTABIEHUE O JJINHE OT-
pe3ka. Jla u MareMaTHYeCcKoe IOHSITHE OTPE3Ka YTOYHSIET COOTBETCTBYIOIIEE
dusmyeckoe mnousTue. Beab MaTeMaTHIeCKUX OTPE3KOB B peajibHOM MHPe He
oprBaeT. MaTeMaTndeckoe yTOUYHEHNE TOTO WU WHOrO HEe(POPMAJILHOTO IIPEJI-
CTaBJIEHUsI COCTOMT B TOM, 4TO MaTeMaTHKa IIpe/jlaraeT HEKOTOPOE CTPOroe,
TOYHO OYE€pPUYEHHOE IOHATHE, HE COBIAIAI0IIee, KOHEUHO, C YKa3aHHBIM HedOop-
MaJIbHBIM IIPEJICTABJICHHEM, HO BCE K€ CXBATLIBAIONIEE €ro CYIIeCTBEHHBIE
JepThl. B KadecTBe YTOYHEHUsI MCUXOJOTUIECKOIO IPEeJICTaBIeHus 0 Hedop-
MaJIbHOM JIOKa3aTe/IbCTBE MATEeMaTHKa U IIpejaraeT MoHATHE (POPMAIbLHOIO
JloKa3aTebCcTBa. VIMEHHO O HMX, a HE O COAEPKATEIbHBIX T0KA3aTeIbCTBAX
rosoput Teopema ['€nesist, TOUHO Tak »Ke, KAK TEOPEMbI TeOMeTpUu — 00 ujie-
AJIbHBIX MaTeMaTHIECKHX TOYKAX, HPSIMBIX, OKPY>KHOCTIX M TPEYrOJbHUKAX.
(Bpsi sin KTO-HUOYIb CMOXKET yKa3aTh «(MU3MIECKYIO TOUKY», JIEXKAILYIO HA
«(usuaeckoit mpsIMoiiy, 1a TAKNX OOBEKTOB U He OBIBAET B PEATLHOCTH; OTHA-
KO HECOMHEHHO, 9TO MaTeMaTUu1IeCKNe TO4YKa U IpsAMasd OTpazKaloT HEKOTOPbIE
CYIIIECTBEHHbIE Y€PTHI peajibHOrO Mupa.) $1 moToMy Tak JI0JIro roBOpIO Ha 9TH
dumocodckme TeMBI, 9TO X049y yOEIUTh yBaXKaeMOTO UNTaTEeJIsd, ITO 10 CBOEH
JIOPUYECKOI HPUPOJE MOHsITHE (POPMAJIBLHOTO JI0KA3aTEJIHLCTBA HE OTJIMYAETCS
OT JIPYIUX UIEAJbHBIX HMOHSITHI MaTEeMATHKH.
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§2. ®OPMAJILHBIE S3bIKU

PopMaIbHBIE TOKA3ATEILCTBA COCTABJISIOT MIPEIMET CIIENNAILHOIO pasie-
Jla MaTeMaTUKM — TEOpHH J0Ka3aTeldbCTB. Teopmusi 10Ka3aTelbCTB, B CBOIO
OYepeib, SIBISIETCSI YacThbio Oojiee KPYITHOIO Pas3fesia MaTeMaTUKH — MaTe-
MaTUIEeCKOU JIOTUKU. MaTeMaTndIecKyIo JOTUKY MOYKHO OIPEJIE/UTh KaK yde-
Hre 0 (hOPMAIbHBIX sA3bIKaX. (31eCh UCII0JIb3yeTCsl Y3KOe IOHUMAaHUEe TEPMUHA
«MaTeMaThIecKas JIOTUKa». B IIIPOKOM IMOHUMAHUN MaTeMaTHUIeCcKasl JIOTH-
Ka BKJIIOUAeT B cebsl TAKyKe OCHOBAHUSI MATEMATHKU M TEOPHIO AJTOPUTMOB.)
@opMabHbIE S3BIKH, B OTJIUYNE OT €CTECTBEHHBIX SI3BIKOB, 9TO TAKUE SI3BIKMH,
CHHTAKCUIECKHE CUCTEMBI KOTOPBIX TOYHO M HOJTHOCTHIO OIMCAHBI.

Cunmaxcuveckas cucmema, WA TIPOCTO CUHMAKCUC, KAKOTO-JIHOO sI3BIKA
YKA3bIBACT, KAKME BBIPAXKEHUS ITOTO S3bIKA, ABJISAIOTCH MPABUILHBIMU, & Ka-
Kue HeT. Tak, CMHTaKCHUUIeCKas CUCTEeMa PYCCKOTO sI3bIKa YKa3bIBAET, UTO BbI-
ParKeHHs] «OH GexKa» U «IVIsis U3 OKHA, y MCHsI CJIeTesIa IIsAnay ») sBiisiores
IPaBUJILHBIMU, & BBIPAYKEHUsST «OHa 0exKajl» M «IVIsAsd OKHA, MHOIO CJeTesa
HLIsAIay SBJISIOTCS HEePaBUIbHbIMU. HO [j1g pyccKoro s3bika, KaK U JJIs JIo-
6Oro JIPyroro eCTeCTBEHHOI'O SI3bIKa, TaK OIHCATH €r0 CUHTAKCUIECKYIO CHCTE-
My, 9TOOBI TO OMHMCAHUE OBLIO OJHOBPEMEHHO W TOYHBIM, M IIOJTHBIM, BECHMA
3aTPYIHUTEIHLHO, €CJIU BOODIIE BO3MOXKHO; BO BCSIKOM CJIydae, 3TO HUKOMY eIIé
HE yIaBaJIoCh.

Hamporus, dopmasbibie s3bIKA IOTOMY U HA3BIBAIOTCS (HDOPMAIBLHBIMU,
9TO B HUX CPEJIU BCEX BO3MOXKHBIX COUYETAHUIN 3HAKOB COBEPIINEHHO TOYHBIMH,
dopMaIbHBIME HHCTPYKIMSMU BbIJIC/IEHBI IIPaBUJIbHBIE BhIparkeHus. I pocreii-
NN IPUMED — S3BIK JJIsI 3AIMMCH IIAIeIHbIX To3ulnii. Kax m3BecTHO, mammku
OBIBAIOT OEJIBIMHU M IEPHBIMU U, IIOMUMO TOTO, TIOIPA3IESTIOTCST Ha IIPOCTHIE U
JIAMKH, & PACCTABJISAIOTCS UCK/ITIOUUTETBHO Ha YEPHBIX IOJISIX IIAIIIEIHON JOCKH.
W3 gyBcTBa marproTm3Ma OyAeM IOoapa3yMeBaTh PYCCKHE IMAINKH, a IMOCEMY
Harma Jgocka Oyaer 64-KIeTovHol, a marirek Oymer 24 — 1o JII0KUHE KaXK 0T
upera. s mpocToThl Mol nosuyuet 6yaeM IMOHUMATD JII000e PacIoIozKEeHe
IIaIeK Ha JOCKe, HEeB3UPasi HU Ha KOJIMYIECTBO THX IIAIleK (I Obl Ha KarK-
JIOM TI0JI€ CTOsIJIO He BoJiee OJIHOf IAINKY ), HU Ha [[BET HOJIefi Ha KOTOPBIX OHU
crosat. Ilon mpasusvrvm vipastceruem OyneM TOHUMATH 3AIIUCh MTO3UIUU B
MIAIIIETHON HOTAIUH.

[Ipumep BBIparkeHUs:
Beawie: namku a2, a3, a4, g8; npocteie a8, el. Yépubie: mamku bl; mpocteie f5.

Cierka 6o0Jjiee CJIOXKHBIA $3BIK — $3BIK 3allUCH IIAXMATHBIX ITO3UIIHIA.
IIpenocrapiasteM unMTATENIO 3aIMCATh MO3UIINIO, TAe Ha JIOCKe CTOoAT 64 Jép-
HBIX KOPOJI.

1)9TO BBIpaK€HHEe O3HAYaAET, YTO HILJIdIla CJeTesa, KOrJa OHa IJIddesia U3 OKHA.
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T’II/ITaTe.HI)7 IIpu 2KeJlaHnuH", JIETKO COCTaBUT CUHTAaKCHUYECKHE IIpaBUJIa JIJId
obpa3oBaHus IPABUILHBIX BhIPAXKEHUH JBYX HAIIMX A3LIKOB, <IIAIICYHOIO» U
«IIAXMAaTHOT'O>.

Cpenu no3unnii BELIEIUM JONnYyCcmuMble — TaK MbI Oy1eM Ha3bIBATh T€ 03U~
M1, KOTOPBIE MOT'YT PEAJBHO BCTPETUTHCS B KAKOH-I100 MapTUH, IIyCTh OUeHb
«DJIyTIOfi», HO ChITPAHHON 0e3 HapyIeHus npasui. Kak onmucarsb J0MyCTUMbIE
[O3UIIMK WM, YTO TO K€ CaMOe, COOTBETCTBYIOIIUE UM JIOIYyCTUMbIE 3aIlUCH?
Jtst 3TOTO Y100HO TPUbErHyTh K (popMaIbHBIM JI0Ka3aTe bLCcTBaM. Her Hudero
CTPAIITHOTO B TOM, YTOOBI TOBOPUTH O (POPMATBHOM JTOKA3ATEILCTBE TTO3UITUIA
WK uX 3anuceil. BoaMOXKHO, HEKOTOPBIM YUTATEISIM TaKue 000POTHI PeUn II0-
KaXKyTCsl CJIUIIKOM CTPAHHBIMH M OHH CKayKyT, 9TO JOKA3ATEIbCTBAME, XOTSI
ObI 1 (pOPMAJIBLHBIMEU, MOTYT 00JIAJATh JIUIE YTBepKaeHus. M3BosbTe, Oyaem
FOBOPUTH O (POPMATBHBIX JOKA3ATEIbCTBAX YTBEPXKJICHNI BUJIA «JAHHAS II0O-
3uIUs (3AIUCD) SBJISIETCS JIOMYCTHUMO».

Tlopoputs BoobIIE 0 POPMATILHLIX HOKA3ATEILCTBAX MOYKHO JIMIIL B YCJIO-
BHSIX, IIPH KOTOPBIX M IOJJIeXKAIlNe 10KAa3aTe/IbCTBY yTBEPXKIeHUs, 1 (Hop-
MaJIbHBIE JIOKA3aTEIbCTBA MPEJICTABJISIIOT CODOI0 TEKCThI, OPraHM30BAHHBIE 110
COBEPIIIEHHO TOYHBIM CHHTAKCHMYECKUM IpaBujam. VlHade roBOpsi, U Te, u
JpPYyrue TOJKHBI OBITH 3JIEMEHTAMHU TeX HJIM HHBIX (POPMAIbHBIX S3BIKOB.
DopMasibHBIl A3BIK MHTEPECYIONIMX HAC YTBEPXKJEeHWH onucan (B JBYX Ba-
pUaHTax — Jyisl MAlleK W I [axmar). PaccMoTpuM Tenepb sI3bIKU 3alli-
CH INAIIeYHLIX M INaXMaTHLIX mapTuii. Oba 3THUX A3bIKa UMEIOT COBEPIIEHHO
TOYHBIN CHHTAKCHUC, OIPEIE/IIeMbIi IPABUIAMU COOTBETCTBYIONMEH UrPhI. JIo-
Oast 3aIUCh MapTUN, CAeJaHHAS C COOJIIOJIEHNEM CHHTAKCUCA, MOXKET CIUTATHCSI
dOpPMAILHBIM JOKA3aTEILCTBOM JOIYCTUMOCTH TOM IIO3UIUN, KOTOPAas BOZHUK-
Jla B KOHIIE 3allMCAHHOI IIapTHH.

Boilee nerajibHasi, 1 IPUTOM <«MaTEMATUIECKAsI», UJLIIOCTPALMS CJIELyeT
HITKE.

JI060ii KOHEUHBIH CIIICOK 3HAKOBZ) HA3BIBAETCS AAPAEUMOM. DTH 3HAKH

Ha3bIBaIOTCA Oykeamu ajidpaBura. Besgkas KoHedHas IEIOYKa OYKB JIaHHOI'O
aJi(paBUTa HA3LIBAETCSI CA0B0M B 3TOM aJidpapure. OrpaHUInMCs «JIMHEHHBIMEI»
SI3BIKAMH, B KOTOPBIX BCE BBIPAXKEHUsI I3bIKa CYTh CJIOBA.

Beskuit popMasibHBIN SI3BIK HAYMHAETCsST €O ¢Boero aJipaBura. CHHTAKCH-
Jeckasi CUCTeMa BBIJEJSIeT CPeIN BCeX CJIOB B aJi(DaBUTE SI3bIKA NPLEUALHBLE
soipasicenus. (3aMeTuM, 4To JJIsi PYCCKOTO sI3bIKA €ro TPaJUIMOHHBIN asda-
BHUT [PUIETCS PACIIUPUTE, TOOABUB B HErO 3HAKH IPEIUHAHNS, BKIIOUYAs 3HAK
npobesia, u emg Koe-4ro. )

[Mocrpoum si3bik L_ ¢ andasurom u3 7 3uakos: ) ( = z y z —

2)He umMmeercd B BUJY, 9TO 3THU 3HAKU 9T0-JIM00 O3HAYAFOT. .Hytnne ObI T'OBOPUTH IIO3TOMY
HE «3HaAKHU», a «3HAYKHU».
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3HAKU X, Y, Z HASBIBAIOTCS NEPEMEHHBLMUL.

[IpaBuibHbIE BhIparkKeHus (POPMAIM30BAHHBIX SI3BIKOB OOBITHO IIO/IPAa3/Ie-
JITIOTCST HA mepmyvt 1 opmyavt. Ha comepkaTebHOM YPOBHE (POPMYAGMU HA-
3BIBAIOTCS TAKWe COYETaHHUsI 3HAKOB, KOTOPhIE IPEeIHA3HAUEHBI JIJIST BBIparKe-
HUsl YTBEPXKJEHUI (HAIPUMED: «TPHU YETHO» ) WJIM yTBEDKJICHUIl, 3aBUCSIIIX
OT IapaMeTpa WK MapaMeTpoB (HAIPUMED, «& Y6THO», «T + 2y uérHox ). Tep-
ML BBICTYIIAIOT B KadecTBe UMEH (Hampumep: «3-+5») WM UMEH, 3aBUCAIIUX
OT Hapamerpa UJjiM napamerpos (Haupumep, «r» uin «x + 2y»). Ha dopmasib-
HOM K€ YPOBHE U TE€PMbI, U (DOPMYJIbI OIPEIEISIOTCS YUCTO CHUHTAKCUIECKH,
0e3 amesIsany K UX CMBICTY.

Tepmbr si3biKa L onpenesssioTcsa WHIYKTUBHO:

1. Besikast miepeMeHHast €CTh TEPM;
2. Ecomm s m t ectb Tepm, TO 1 (s — t) ecTh TepM.

[Tpumep Tepma:

(z—y)—(z—(z— (2 -2))))
Dopmyav, si3bika L umetor Bug (s = t), vjie $ U ¢t CyTh TEPMBbI.
Ha cunTakcrmueckoM ypoBHE IIOCTPOECHHE A3bIKA 3aKOHYEHO. Kak mpasumio,

ogHAKO, POPMAIbHBIN SI3BIK HAIEISIETCS eI€ U CEMaHTUIeCKON CHUCTEMOM WIn
JEJIlyKTUBHOW CHCTEMON Mjau M TONH, U JIPYTOI.

Cemanmuveckas cucmema, WIA TPOCTO CEMAHMUKG, KAKOTO-JINOO0 S3bIKA
BBIJIEJISIET Cpesin BeexX (POPMYJT 9TOTO A3BIKA T€, KOTOPBIE 00BABAAIOMCA UC-
MUHHBLMU; TOBOPSIT TAKKE, ITO UM NPUNUCHIBAEMCHA 3HAYEHUE UCTIUHG.

Bor omun u3 c1oco6oB TaKoro BbljiesieHus ([IPUIIUCHIBAHUSI) JJisl IOCTPO-
eHHOro (DOPMAJIBHOI'O S3bIKa. BMecTo 1nmepeMeHHbIx OyJieM IMOJICTABISTh HATY-
paJibHbIE YHCJIa, a 3HAK «—» IIOHMMaTb KaK YMHOXKEHHE. HpI/I Ka)KILOfI 1101~
CTAHOBKE KaXKJIbIil TepM IPHOOPETAeT 3HAYEHUE B BUJE HATYPAJIBHOIO UUC/IA.
Hanpuwmep, eciiu BMecTo x, ¥, 2z HOJICTABUTH, COOTBETCTBEHHO, 2, 5 1 3, TO 1Iepe-
MEeHHasl Y TOJIyIUT 3HAYEHHE D, & BLIINCAHHBIN BBIIIE TEPM HOJIYUIUT 3HAUECHUE
((3x5)x(2x(2x%x(3%x2)))), To ecrb 360. Pasymuo cunrtarh — 1 MbI IPUMEM
9Ty TOUKY 3PEHHUSI, — UTO 3HAK «=3» 6C€2da NOHUMAEMCA KAK 00bluHOE PABeH-
cmeo. [punmmmem dbopmyste 3nadenue ucmuna (06bABIM €€ ucmunnotl), KOJb
CKOPO OHA IIPEBPAIAeTCsl B HICTUHHOE yTBEP:KIEHUE MPU JIF0OOH OJCTAHOBKE,
JPYTUMHU CJIOBAMHU — KOJIb CKOPO 3HAUECHUS JIEBOI U ITPABON YACTU COBIIAIAIOT
IpH TIOOBIX 3HAYEHHSIX TepeMeHHbX. Torga dopmyna (z —z) = (x —z) %) oka-
2KeTcst uCTUHHOM. MBI HAPOYHO BBIOpAJIN CTOJIb HEOOBIYHYIO MHTEPIIPETAIIUIO

) Ynrarens ckazer, 9TO STO BBIpaXKEHHe He sBjIsieTCsi hOPMyYIIOi, 1 GymeT mpas. 3aech
HCIOJIb30BaHO TPAJUIMOHHOE Pa3peIIeHIe OllycKaTh BHernHue cKobku. [losyvaromeecst npu
9TOM BBIParKeHHEe PACCMATPUBAETCs KAK BCETO JIAIIL COKPAIIEHUE [JIst HOJINHHON (hOPMYJIBI,
KaKoBas B HAIIEM CJIydae BLINIAIUT Tak: ((z —x) = (z — 2)). YKasaHHOe pa3penieHue OyerT
IefCTBOBATh U B JAJIbHEUIIIEM WU3JIOKEHUU.
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3HAKa «—» YTOOBI HMOAYEPKHYTH IMPOU3BOJ B HAJEJCHUN SA3bIKA CEMaHTUKOIL
(38 MCKJIIOUEHHEM CEMAHTUKU 3HAKA «=» ).

[Tpuseném Tenepb nmpuMep JApyroi, 6ojee eCTeCTBeHHON CeMaHTUKN, KOTO-
pyio OyiieM MMEHOBaTh cmandapmmoti. B 9Toil ceMaHTHKe 3HAK «—» IIOHMMAa-
eTcst KaK pa3HOCTh, a BMECTO IEPEMEHHBIX Pa3penraeTcs IOJACTABIATh JTIO0bIe
JIeACTBUTEILHBIE YUCIa. YCIOBUS UCTUHHOCTH (POPMYJIBI OCTASTCS MPEXKHUM:
dbopmysia ucrunHa, ecyu upu JI060H MOJACTAHOBKE OHA IIPEBPAIAETCs B UCTHH-
Hoe yTBepKerne. Popmyina (z —x) = (z — 2z) Tenepb yKe He OyIeT UCTUHHOI.
3aT0 UCTUHHBIMU OKayKyTCsl (POPMYJIBI

L z=(x-(y—y))
IL (z-(y—2)=(—-(y—2))

Jedykmuenan cucmema Kakoro-jimbo sI3bIKa, BbIJIEJISET CPelud BcexX hop-
MYJI T€, KOTOPBIE 006A64410MCA JoKa3yembimy. B HAIIMX IIAITeIHOM U IMaX-
MaTHOM $I3BIKAX BMECTO «IOKa3yeMBbIii» TOBOPUJIOCH «IOIMYCTUMBI». B sTOM
maparpade Mbl OTPAHUINMCSA TAKUMH CHCTEMaMM, B KOTOPBIX TOKA3yeMOCTh
3a0a6TCd MHIYKTUBHO IIPH IOMOIINA GKCUOM U MPAGUA 6bl600G. DTO NeIaeTCs
Tak. Hekoropbie ¢popmysibl 00baBIsAOTCA akcnoMaMu. Kazkoe mpaBujo Bbl-
BOJIA IIPUMEHSIETCs K OIHOM MJIM HECKOJIbKUM (hOpMyJiaM U YKa3bIBaeT, KaK U3
9TuX (GOPMYJI MOXKHO IIOJYYUTh HOBYIO hopmyiy. [lajee, jeiraiorcs IBa 3a-
sBJICHUsI. BO-TIePBBIX, KaXKAasd aKCHIOMa, O0bIBJISIETCS HOKa3yeMoil (bopMyJIoii.
Bo-BTOpBIX, 00DBSBISETCS, ITO €CJIM MPABUIO BHIBOJA IPUMEHEHO K JTOKA3ye-
MbIM popMysiaM, TO U TOJIydeHHas: (POPMYysIa TAKXKE CUUTAETCS JTOKA3yeMOM.
B mramedynoM m maxmMaTHOM SI3bIKAX B POJIM AKCHOM BBICTYIAJIH 3aIlUCH Ha-
JaJIbHBIX TMO3UITHI, TOBOPS TOYHEE — WX 3AIIMCH; TPABUIAMA BBIBOJA CJIYKUJIN
IIpaBuJia UI'PbI.

IIponmmocTpupyeM cKazaHHOe Ha IpuMepe s3blka L. Akcumoma omHa —
ro dopmysia y = y. [IpaBuyio BbIBOJa TakKe OJHO, U OHO TaKoBO. B Jiio-
oM MecTe J11000# POPMYJIbI pa3peIIaeTcs 3aMeHUTh ¥ JIIOOBIM TepMOM. Jlerko
BUJIETH, 9TO JOKA3YEMBIMU OKaXKyTCsI BCe (POPMYJIbI. DTOT HMPUMEP — UCKYC-
CTBEHHBI 1 HemHTepecHBI. ComepKaTe/bHBIN IpuMep OyIeT HUXKe.

T'oBopst popMasIbHO, T0KA3yEeMOCTb 1 HCTHHHOCTD HUKaK He cBA3aHbl. leste-
COOOPA3HO, OIHAKO, HAJIEJIUTD SI3bIK TAKOHN JIEIYKTUBHOM CHCTEMOM, IPU KOTO-
poit Bce mokazyemMbie (hOPMYJIbI OKA3BIBAIOTCS UCTUHHBIMU; €CJIU 3TOT 3hdeKrT
AMeeT MEeCTO, AeAyKTHBHAsI CHCTEMa HA3bIBAETCS KOPPEKMHOU OTHOCUTEIHHO
JIAHHO} ceMaHTH4IeCcKoii cucreMbl. (2KemareabHo mpu 9T0M, 9T0 ObI KaK MOXK-
HO GOJIbIIIe UCTHHHBIX (POPMYJI OKA3aJI0Ch JTOKA3YEMBIMH).

Teneps — oberaHHbIN COfepKATEBHBII TpUMED. AKCHOMaMU 00bSABJISTFOT-
cst Beinucannbie Boiie dopmysibt I u I1. TlpaBut BoiBoa m1Ba:

IIpasuio noacranosku. lanbt: hopmysia, nepemennasi, TepM. Pasperraercs
[IOJICTABUATH 3TOT TEPM BMECTO ITOH IIEPEMEHHON B 3Ty (hOpPMYyJIy.
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IIpasuio 3amensr. Jaubt ne dbopmysb: A u (s = t). Paspemaercs B io6om
Mmecre hopMysibl A 3aMeHUTh S Ha t win ¢ Ha S.

[Tposepum, uro dopmyna (x — x) = (y — y) aBaserca mokasyemoii. st
9TOTO BBINUIIEM CJIEJLYIONLYIO MEenouKy u3 9 dhopmyit:

(1) z=(@—-(y—y)

2) (@—(y—2)=(E-(y—2);

@) z2=(E=-(W—-9v);

4) z=(z—(z—2));

B) y—y)=(y—y) —(z—2))

6) (z—(z—2)=(z—(z—2));

(M) @=(-(Ww-y))=Gc-((y—y) - (v—-v);
@) (—2)=((y—y) - (z—2));

(

=)
~—
—~
8
|
8
~—
|
—~~
S
|
<
~

JlBurasich 1o 3TOMH IENOUKe, MOCIEI0BATEIBHO YOEIUMC B TOM, UTO BCe
BXoJigIMe B Heé (DOpMyJIbl JoKasyeMbl. B camom gesie, dbopmysbl (1) u (2)
CyTh aKCHOMBI U MOTOMY nokasyembl. Popmysa (3) jokasyeMa IIOTOMY, UTO
nostydaercss u3 jokasyemoit (1) mojacranoBkoit z BMecto x. Anasorunuso, (4)
nostydaercst u3 (3) mojcranokoit  Bmecro y. Hasee, (5) moaygaercs uz (4)
IOJICTAHOBKOI (y —¥y) BMecTO 2, a (6) u3 (2) — nojacranoBkoit  BMecto y. Ecin
B (6) moxcrasuMm (y — y) BMecTo 2z, mosxyunum (7). IIpaBmio 3amenst mo3Bosser,
UCHouIb3ys jokasyemyto dhopmyay (1), nomensits B Jokazyemoii (7) (x—(y—y))
Ha x. DTO XKe NpaBujo, npuMmenénnoe K (8) u (5), naér dopmyiy (9), Koropast
TEM CAMBIM OKa3bIBAETCS JIOKA3YEMOIl.

Beeséunas e yKTUBHAsT CUCTEMa KOPPEKTHA OTHOCUTEIBHO CTAHIAPTHOMN
ceMaHTHKU. B camom jiesie, 06e aKCHOMBI HCTUHHBI B 9TO CEMAHTHUKE, & IIpa-
BUJIA BBIBOJIA, Oy/lyud NPUMEHEHBI K UCTUHHBIM (hopMysiaM, JaiorT hopMmyiLy,
sBJIsTiOILyfocst ucTuHOi. OTciona cuemyer, 9to ecsim GopMyIia He sIBJISIeTCs] UC-
TUHHOH, TO OHa HEe MOXKET OBITh JJOKa3yeMoii. B qacTHOCTH, He0Ka3yeMbl (hop-
Mynbl ¢ =Yy, (z —2) = (r —2) n T 1L

[enouka dopmyn (1)—(9) npeacrasasier coboit npumep (HopMasTbHOTO J10-
KazaTeJbcTBa. B obieM ciydae GopmasvHbm J0Ka3aMessCMEoM Ha3bIBAETCSI
Takasi 1enovka (pOpMyJI, B KOTOPOil KarK/Iblii 9IeH JIMOO sIBJISETCsI aKCHOMOM,
J60 MOJTyvaeTcst U3 IpeAbLIy X (hOpMyJl TOH ¥Ke TEHOYKH COTJIACHO OJHO-
My U3 npaBuI BbiBoja. PopMasibHOE JJOKA3aTETbCTBO CIUTACTCsT (hOPMATHLHBIM
JIOKA3aTeIbCTBOM CBOEi HocIe Heil (hOpMyJIbL.

Bor emé omun mpuMmep IeIyKTHBHOI cHCTEMBI W (POPMAJBLHOIO JOKA3a-
TesbCcTBa B Hell. IlycTh 3a1aHbl KaKOW-TO (POPMAJILHBIN A3BIK M KAKAA-TO JI6-
AYKTHUBHas CHUCTEMaA. BO.)'[bIJ_[I/Ie JIQTUHCKUE 6yKBI)I O3Ha4vYal0T B 9TOM IIpHUMeE-
pe IpOou3BOJIbHBIE (DOPMYJIbI HaIlero si3bika. Ilpemmosaraercs, 4ro ajadaBuT
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SI3bIKA COJEPKUT OYKBY =, a HpaBHja 0Opa3OBaHUs MO3BOJISIOT U3 JIFOOBIX
nByx dopmysn X u Y mocrpours dopmyny (X = Y).

[Ipeamosiaraercsi, 9TO Cpeu MPABUJI BHIBOJA UMEETCsI TAKOE

npasuio (MP): eciin nokasyemsl 06e dhopmysbt X = Y u X, 1o qoKasyema
u dopmyiia Y.

[Tpejnosiaraercst Tak:Ke, 9TO CPEJIM AKCUOM HMMEETCsl DECKOHEYHOE YHUCJIO
AKCHOM HIKeCJIeIyOIIEero BUIA:

I'pymma I: X = (Y = X)
I'pymma II: (X = (Y =2)=(X=Y)=(X=2))

Tpebyercst yoeauThest, aro jrobast popmysa Buga A = A siBjisiercs J0Ka-
3yemoii. YbexkmaeMcs B TpedyeMOM, MPEIbsBIsisl MEelodKy POpMyJI, 00pa3yro-
11y10 popMajIbHOE JOKA3aTeIbCTBO Halleil (popMyJibl. Jist HArISHOCTH PsIoM
¢ KaxKJI0ft (popMysIoii IErmoYKN yKa3blBaeM B KBaJIPATHBIX CKOOKAX MPUUUHY,
TO3BOJISIFOIIY IO 9TO# (hopMysie OBITH WIEHOM (DOPMAJIBHOTO JI0KA3aTE/IbCTBA.

Urak, BoT (bopMaIbHOE HOKA3ATEILCTBO hopMmyanl A = A:

1.LA= (A= A)=A4) [Cp. I
2. (A= (A=A)=A4)=(A=(A=A4)= (A= A4) [Tp. 1]
3. (A= (A=A4)= (A=A [(MP) u3z 1 u 2]
4. A= (A= A) [Ip. I
5 A=A [((MP) u3 3 u 4]

B §1 6bL10 U3/102KEHO COZepKATEIBHOE TOKA3aTETbCTBO HEKOTOPOTO YTBED-
JKJIeHUst apuMeTUKA, onuparoiieecs: Ha akcuombl [learno. Onbir opmasnza-
[N U3JI0KEHHOT'O PACCYXKJEHUS B BUJE (DOPMAJILHOIO JTOKA3aTEIbCTBA JIaH B
paznene «PopMasIbHBIN aKCHOMATHUYIECKUIT METOI» Moel KHIKKH «IIpocreii-
IIMe npuMepbl MaTeMaTHIecKux jokasareabcrsy (M.: MITHMO, 2009).4)

QukcupyeM KakOi-imb0 pOpMAJIbHBII sI3bIK U KAKYIO-JIM00 €ro JIe/[yKTHB-
nyio cucreMy. Eciin oTneuTs 4iensbl (hopMaIbHOIO JOKA3aTeIbCTBA OJUH OT
JIPYTOro MOCPEJICTBOM KaKOIro-ub0 pas3/ie/InTe/IbHOrNO 3HAKA, HAIIPUMED TOUKI
C 3aIIATON, TO OHO IPEJCTAHET B BHUJE CJIOBA HEKOTOPOro ajihaButa — aAgda-
BUMA A3VIKA HOPMAALHBT J0KA3aMEALCNE; 0003HAUNM 3TOT aahaBuT OyK-
poit JI. JlasipHeiiliee M3/I0XKEHNE OIUPAETCsT Ha CJIELYIOIIHE J1Ba 0OCTOSTE b
crBa. Bo-1iepBhIX, CyIIecTByeT ajirOpUTM, ITO3BOJIAIONINAN 110 JTIOOOMY CJIOBY B
andasure I 3¢bdekTHBHO pacro3HaTh, SIBJISETCS OHO (POPMAJIbHBIM JTOKA3a-
TeJIBCTBOM WJIM HET ($ICHO, 9TO IS 9TOrO IIPABUJIA BBIBOJA JOJKHBI ObITH
s dekTuBHbIME). BO-BTOPBIX, CyIIECTBYET AJTOPUTM, KOTOPBIH MO KaXKJIOMY
dopMaBLHOMY JTOKA3aTeNbCTBY d HAET Ty (DOPMYILY, [Jisi KOTOPOil d SIBJISIETCS
dopMaATBHBIM J0KA3ATETHCTBOM.

Y HazpauHbrit pasmen BocupousBeeH Ha c. 381-388 xkuuru: B. A. Ycnenckuii. Anosiorus
maremaruku. CI16: Amdbopa, 2010.
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YACTb BTOPAM: IMMOCJIEJHUE ITPUTOTOBJIEHUA

§ 3. IIOHATUA U TEPMUHBI

TEPMUHBI U OBO3HAYEHV. Haumaarh Ju HamypasvHul pad ¢ HyJIsT WIH
C eJIMHUIbI, UHBIMU CJIOBAMU, CUUTATH JIU HOJIb HAMYPAALHOIM YUCAOM WA
HET — 9TO BOIIPOC COTIaIieHust. KaK oMy permeHuio mpucyIn CBOU MPEenMyTIie-
CTBa W HETOCTATKHU. MBI TPIMEM, ITO HOJIb — HATYPATHHOE TUCJI0, TEM CAMBIM
BKJIIOYasd ero B HarypasbHbiil psa N. Harypanbaoe uncio kak abCcTpakTHYIO
CYIITHOCTD CJIEAYET OTJIUYATh OT €ro 3alliCh B KaKOH-mbo cucreMe obo3Hade-
uuit. [lpumasaTo, Tem He MeHee, TaKUe 3aIMCH TAKYKEe MMEHOBATD HATYPATHLHBIME
qucJiaMU.

Tepmun xopmeostc, K GONBITOMY COXKAJIEHUIO, €IME HEJOCTATOTHO MOTYIIsI-
peH. DTUM TEepMUHOM 00O3Ha4YaeTcsi KOHeYHas CTpoka (ai,asg,...,aGp); IPH
9TOM 71 Ha3bIBAETCS JAuHOl KOpTexka. Jalme, yBbl, TAKYIO CTPOKY HA3BIBAIOT
«9HKOM», He 33JIyMbIBAsICh, 9TO JieJaTh B ciaydae n = k. fcHo, 9To KaxKIyTo
GYHKIIIO OT 1 apTyMEHTOB MOYKHO TPAKTOBATH KaK (DYHKIIHIO OHOTO apry-
MeEeHTa — KOpTezKa JJINHBI 7.

MHoKecTBO BCeX UHCIOBBIX (T.€. COCTABJIECHHBIX M3 HATYPAJBHBIX THCE)
KOpTeskell mmHbl k obosnadaercs depes NF: mpu srom Bmecro N o6bramo
nuiyT mpocto N.

ToBopst 0 pyrkuyuu us X 6 Y, Mbl He OyIeM IPeIo/IaraTb, 9T0 OHa HeIpe-
MEHHO OITpeJie/ieHa BO BCeX TOUKax MHoykecTBa X . Bojiee Toro, cpean Takmx
dyHKIW BcTpedaercs U (DYHKIUsI, KOTOpasi He OTpeJIe/ieHa H B OJIHOM TOY-
ke. OHa Tak W Ha3BIBAETCS Huz2de He onpedeséHHoll GyHkyuet; eé Ha3BIBAIOT
TakKe nycmoti. Kcimu GyHknust f He onpejiesieHa B TOYKE @, TO BBIPAXKEHUE
f(a) canraercs GeccMbICIeHHBIM. Y TBep2KieHre, YT0 (DYHKIWs f onpejesieHa
B a 3ammceiBaercs Tak: !f(a).

MpbI He penmInch MEHSATh TEPMUH «OTOOPAXKEHUE», TOITOMY BBIHY K I€HBI
3agdBUTDH, ITO (pyHKIHUA u3 X B Y 3a7aET, BOOOINE roBOps, HE OTOOpasKeHue,
a gactudHoe orobpazkenue. [lonsaTust obpasa u mMoJHOrO IPoodpPa3a IPU STOM
COXpaHsItoTCst: st PyHKIu f 006pa3 MHOXKeCTBa A eCTb MHOXKECTBO

f(A) = {y| 3z e A f(z) =y},

a noarvil NPoobpad MHOXKECTBa A ecTh MHOYXKECTBO

—1 _ _
f7H(A) = {z|FyeAfz)=y}

B npumenennu K BbIpayKe€HUsIM, KOTOPbIE MOTYT OBITh M HE OIPEIesICHBI,
BMECTO 3HaKa pPaBE€HCTBa = HUCIIOJIB3YETCA 3HaK YCA06HO20 pPAGEHCIMEA ~,
Bammch A ~ B o3Havaert, 9To BhIpaxKeHust A u B ompe/iesieHbl WIN He OTpe/Te-
JIEHBI O,HHOBpeMeHHO I/I7 ecJin OHpe,He.HeHbI, TO UX 3HAYECHU I COBH&,ZL&IOT. T&KI/IM

x
obpa3oM, yTBEPXKJIEHUE T — T ~ Y — Y BEPHO, & yTBEPKICHUE — =~ Y HeBep-
x

Y
Ho. [lockosibKy MBI He Tpebyem, UTOOBI paccMaTpuBaeMble (DYHKIUU ObLIH
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OIpeJIeSIEHbI I BCeX 3HAYEHUU apryMeHTa, TO COBIaJcHUEe MYHKIUNE ¢ U P
HAJI0 BbIpas3uTh Tak: ¢(r) ~ ¥ (x). Muoxecrso {(a, b) | f(a) = b} naspiBaercst
epagpurom GyHKINA f; aHAJOTHIHO — JIIsT (DYHKIIMH HECKOJIBKUX apr'yMEHTOB.

Tepmunnl aagasum, 6yxea n cao6o 6 darrom aapasume ObLIN IIPUBEIE-
uel B § 2. lymnaa cioBa x obosnadaercs tak: |z|. COBOKYIHOCTH BCEX CJIOB B
KakoM-1100 ayidapure B HA3BIBAETCSI CA08GPHBIM NPOCMPAHCMEOM T 0DO3HA-
yaercss B*. IToaMHOXKecTBa, CJIOBAPHOTO IIPOCTPAHCTBA, HAZBIBAIOTCS CAOGADHbI-
MU muoocecmeamu. KopTexk cioB B andabute B 1erko 3auchIBAETCS B BUJIE
cjioBa B OostbiieM asichaBuTe, TOJydeHHOTO n3 B mobaBierneM HOBOM OYKBLI B
KavIeCcTBe Pa3Jle/InTeIbHOrO 3HaKa. [109ToMy MpsiMoe TpOU3BeIeHre CJI0OBAPHBIX
MHOYKECTB YMECTHO CUUTATDH CJIOBAPHBIM MHOXKECTBOM.

HarypasibHoe 4mciio Kak 3amnuch (CM. HAUaJlo pasjiesia) ecTh CJI0BO B IOJI-
XOAsIEeM aiaBuTe.

AAJ'II"OPI/ITMbI7 BbIYUCJ/IUMMBIE ®YHKINWHW, IIEPEYUCJ/IMMBIE W PA3PEIIN-
MBIE MHOYKECTBA. DJIeMEHTBI CJIOBAPHOTO MPOCTPAHCTBA HETPY/IHO PaCIo-
JIOXKUTH B IOCIeI0BATEIbHOCTD. JI000i 09eBHAHBIN CIIOCOD TAKOTO PACIIOJIO-
JKEHUs TMPUBEIET K II0CJIEIOBATEILHOCTH, KOTOPas OKAYXKETCHA BBLIYUCIUMOIM.
Burwucaumoti ke Ha3bIBAETCsI, BOOOIIE, BCAKAS [IOCIEI0BATEILHOCTD, JIJIsT KO-
TOPO¥A CYIIECTBYET aJITOPUTM, JAFOIIHIL 10 HOMEPY UJIEHA [TOCJIEI0BATEIEHOCTH
caM 9TOT UJIEH.

Yro KacaeTcst MOHATHUSI « AA20PUMM», TO OHO IIPUHUMAETCS KaK IEPBUTHOE,
Heolpe/ieisieMoe MoHsTre. [Ipu mpuMeHeHn K KaKOMY-JIH00 CBOeMY 6100y aJi-
POPUTM MOXKET JIOO JIaBaTh 66100, OH XKe Pe3yAbmam, JIM00 He JaBaTh HAYe-
ro. Takum obpazom, B 061aCTH BOSMOXKHBIX BXOJOB JTAHHOTO aJITOPUTMa, BO3HI-
KaeT KakK €€ JacTb 004acmb Pe3yAbMAMUEHOCU, COCTOSIIIAsT U3 TEX BXOJIOB,
J1JIsI KOTOPBIX IIPUMEHEHME aJI'OPUTMa IPUBOIAT K KAKOMY-JIU0O Pe3ysIbrary.

OyHKIUST HASBIBAETCSI 8blUUCAUMOU, eCJii €€ 00JIaCTh OIpeesIeHsT COBIIa-
JaeT ¢ obJIaCTbIO Pe3YAbTATUBHOCTH KAKOT'O-JIMOO aJropuTMa U s JiIoboro
apryMeHTa 3HadeHne (PYHKIUU COBIAIAET C Pe3yJ/IbTaTOM IPUMEHEHHUsT 3TOTO
AJIPOPUTMa K 9TOMY apr'yMeHTy. B qacTHOCTH, ITycTast QyHKIUS BEITUCIAMA: €6
00J1aCTh OIpeJIeIeHNsT COBIAIAeT ¢ O0JIACTHIO PE3yJIBTATUBHOCTH AJITOPUTMA,
He JaloIero pe3yJsbTaTa HU IPH KaKOM BXoje. Beskasl mocjenoBaTeIbHOCTD
eCcTh (PYHKIIUs, U IIOTOMY IIPUBEIEHHOE BBIIIE OLpeIeIeHe BhIUUCIUMONA II0-
CJIEJIOBATEIBHOCTH COTJIACYETCS C OIPeeJIeHNEeM BBIYUCIUMON (DYHKITHH.

Ecin nanHoe MHOXKECTBO €CTh 00JIACTh 3HAYEHUN HEKOTOPOH BBIUMCJIU-
MOil (DYHKIMHU, OLPEIeIEHHON Ha HATyPaJbHOM DsLy (TO eCTh IOCJ/Iel10Ba-
TEJIBHOCTHU), TO TOBOPAT, YTO 3Ta (DYHKIMS NEPEUUCAAEM ITO MHOXKECTBO.
CroBapHOE MHOYKECTBO HA3BIBAETCA MEPEUUCAUMbBIM, €CJIU OHO JIHOO IIyCTO,
JIn0O TIepedncIsieTcsl HEKOTOPOil BeraucanMoit (pyukimeii. OObe uHeHne U I1e-
pecedeHne I1nepeuInc/JInMbIX MHOXKECTB IIepeYnC/IMMBbI. BCHKOG KOHEYHOE MHO-
JKECTBO IIEPEUNCINMO. Ecau mepeducaimMoe MHOXKECTBO OECKOHEYHO, TO €ro
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MOXKHO IIEPEYUCIUTh (TO €CTh PACIOJIOKATH B BBIUUCIUMYO HOCJIE[0BATEIb-
HOCTB) 0€3 IIOBTOPEHHUI.

TEOPEMA O I'PA®UKE. DynKkuyus moz0a u mossko mo2ia 6biucAuMma, Ko-
2da eé epadur nepevuciuM.

CneacTBud. 1. Obaacmsd onpedesenus u 064acmd 3HAMEHUT BBIYUCAU-
Mot pynryuy nepenuciumol. 2. 06pad u nosnwvil NPoodPa3 MEPENUCIUMO20
MHOIAHCECTNBA NPU LACTNUNHOM 0OMOOPAANCEHUU, 300046LEMOM BLLYUCAUMOT PYHK-
yuetl, NepesucAUMDL.

CiroBapHOE MHOXKECTBO HA3BIBACTCS PA3PEULUMDLM, KOTTH CKOPO €0 Xapak-
TepucTUIecKas PYHKIUS OTHOCUTEIHHO 00 bEMITIOIIETO CJIOBAPHOIO IMIPOCTPAH-
cTBa BRYUCIUMA. JlomoIHeHNe K Pa3pelnMoMy MHOXKECTBY paspemmumo. Bes-
KO€ pa3perrnMoe MHOYKECTBO MTEPETHNCIIMO.

TEOPEMA YUEPYA — ITOCTA. Mmnoosicecmeo paspeuwsumo mozda U mosbKo
moeda, K020a 0HO CaMO U €20 JONOAHEHUE TLEPEUUCAUMDL.

OCHOBHOM KOHTPIIPUMEP TEOPUM AJITOPUTMOB. B kasicdom carosap-
HOM NPOCMPAHCMEE CYWECTBYEM NEPEYUCAUMOE nodMHO:)fcecmso C Henepe-
HYUCAUMDBIM ()OTLO./LHEHU&M,

CHEACTBUE. Cyuwecmsyem mnepesucauMoe MHOHCECTNEO HAMYPGALHBLL
yucen, JonoaneHue Koeeo 9do 6ce2o HAMYPaNLHO20 PA0G HENEPEUUCAUMO.

B sToM pasmesie MBI IIpUBEIN JIUIL caMble 0o0IIHe (GDAKTHI U3 TEOPUU AJI-
ropuT™MoB. Boisee cnennasibable (baKThI OYIyT TPUBEIEHBI B TEX maparpadax,
IJe OHU ITOHAI00ATCH.

Bce yTBepKaeHns Teopun aJIropuTMOB, IPUBOINMbBIE B HACTOSIIEM OYep-
Ke, TIPUBO/ISITCsI B HEM 0e3 JloKa3aresibcTBa. JlokazaresbcTBa MOXKHO HAUTH B
kuure: H. K. Bepemarun, A. X. [llens. Buuucaumoie pynxyun. 3. 2-e, ucup.
M.: MITHMO, 2002. Yro xe kacaercs Teopembr Costomonosa — Kosimoroposa,
0e3 oKa3aTeIbCTBa MPUBOAUMON B § 7, TO OHA, K COXKAJEHUIO, B HA3BAHHON
KHUTE OTCYTCTBYET; OJIHAKO €€ JI0KA3aTeJIhCTBO MOXKET JIEFKO ObITH M3BJIeUe-
HO U3 JokasarenbcrBa «OcHoBHOM TeopeMbl» u3 § 3 crarbu: A. H. Kosmoro-
poB. Tpu nodroda x onpedeseruto nowamus «Kosuuecmeo ungopmavyuus //
A. H. Konmoropos. Uz6panubie pyasl. T. 3. Teopust undopmarmu u Teopust
ajropurmoB. M.: Hayka, 2005. C. 187-196.

§ 4. BBIPABUMOCTDb B SA3bIKAX
1 OKOHYATEJIbHAST ®OPMYJIMPOBKA TEOPEMBI

Bozsparmasice k¥ Teopeme [€nensti, chopmyiiupyem eé Tak:

Iyemob dan docmamouro 602amuiil opmarvrol Asvik. Heeoamoorcno npeds-
ABUMDb MAKOE NOHAMUE HOPMAALHO20 JoKa3aMeEAbCcmea, ¥mobu, ece dokasye-
Ml POPMYABL ODIAYU OB UCTNUHHBLMU, 0 8CE UCTNUHHBLE — J0KA3YEMBIMU.
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Pazymeercs, sta dopMmynmpoBka HE MOXKET CUUTATHCSI OKOHYATEILHOI.
N tepmun «moHsTHE (POPMAIBHOTO JIOKA3ATEBCTBAY W TEPMUH «JIOCTATOYHO
OoraThIil SI3BIK» CJIUIIKOM PaCILIBIBYATHI. a u rmoHsTHe (hOPMAIBLHOTO SI3bIKA
TpeOyeT yTOYHEHUS.

Yro KacaeTcs oOIIEro MoHSITHSA (DOPMAILHOIO A3bIKa, TO HAM JOCTATOYHO
HOHMMATD, 9TO KayKJbIil sI3bIK nMeeT cBoit asidasut B, cBoit cunrakcuc (To ecTh
npaBusa 06pa3oBaHusl IIPABUJILHBIX BBIPAZKEHHI) U CBOIO CEMAHTHKY (TO €CTh
CIIOCOOHOCTH BBIPAXKaTh KaKhe-TO CojleprKaTesibHble yTBepzKjieHus ). Hekoro-
pble ciioBa HaJ B omosHaroTcs Kak (popMysibl, TPUIEM MHOXKECTBO (POPMYJI
IpeJmoJiaraercss paspemumbiM. B cioBapaoM mpoctpamctBe B* obpasyercs
MHOXKeCTBO T' ucmumn (To ecth Takux (hOPMyJI, KOTOPbIE BHIPAYKAIOT UCTUHHBIE
yrBepxenust), T C B*. Tosopst o Teopeme ['é1esist, TpaIMInoHHO UMEIOT B B-
JIy He TPOU3BOJILHBIN (DOPMAIBHBIN SI3BIK, 8 KAKONH-IM00 sA3bIK apu(PMeTUKH,
TO €CTh TaKOll sI3bIK, B KOTOPOM €CTb CPeCTBa Jjisi 0003HAYEHNST HATYPaJIb-
HBIX YHCEJ U onepanuii Hajl HuMU. Mbl He Oy/ieM YKJIOHSTbCS OT YKA3aHHON
Tpajguun. IlogpobHee 0 BBIPAa3UTEIbHBIX CPEACTBAX, HAJTHINE KOTOPBIX IIPE]I-
[TOJIAraeTCsl B si3bIKe, OY/IeT CKa3aHOo HUXKe.

C nonsiTueM pOpMATBLHOTO JOKA3ATETIbCTBA Mbl PACIIPABUMCSI CJIEILY FOIIAM
obpazom. Ceifyac MBI 3aMEHHM €0 CTPOI'O OIPEIEEHHBIM MaTeMaTHIECKUM
00bEKTOM, KOTOPBII HA30BEM dedykmukod.

Kaxkmoe dpopmasibHOE J0KA3aTEIBCTBO €CTh MENOYKaA 3HAKOB, TO €CTh CJIO-
BO, B HeKOoTOpoM asdasure /I (asdapure noKa3aTeabCTB), KOTOPBIA MOMKET
COBIAATh WM He coBmagaThk ¢ B. Takum obpasom, B CIOBaApHOM IIPOCTPAH-
cree I*, rne JI — andaBur j10Ka3aTE/IBCTB, BBIJIEISIETCS HEKOTOPOE MHOXKE-
ctBo D dopmanbibix noKasareabets, D C JI*. K dbopMagbHbIM jT0Ka3aTe b
CTBaM MPEIbSIBISIOTCS IBa TPeOOBAHUSI — BO-TEPBBIX, YTOOBI MOYKHO OBLIO
3P PEKTUBHO OTINYUTH (POPMAIbLHOE J0KA3aTEILCTBO OT cjIoBa u3 *, He siB-
JISTFOIIIETOCST TAKOBBIM, U, BO-BTOPBIX, 9TOOBI 110 (DOPMAJIBHOMY JOKA3aTEIbCTBY
MOKHO OBILJIO y3HATDH, Kakoe cj10BO n3 b* B HéMm jgokasbiBaercs. Mnade rosops,
BO-IIEPBLBIX, D €CTh pa3peninmMoe MHO2KECTBO, U, BO-BTOPbLIX, UMEETCdA BbIYUC-
auMasi byHkius jgokasbiBanust 0: [1* — B*; §(d) = b osnagaer, uro d ecthb
JI0Ka3aTenbeTBo i b. Bor Beskyro Takyio tpoiiky ([, D, §) mbr u Gyaem
Has3bIBaTh dedykmurot.

Jlnst kaxxoit meaykTuku B B* BozHuKaeT MHOXKecTBO P dokasyemovix cJioB:

P ={b|3d §(d) = b}.

Teneps npuBeAEHHYIO BBIE POPMYIUPOBKY Teopembl ['€mesiss MOXKHO U3-
JIO)KUTDH TaK:

Iycmos dar docmamouro 6ozamuiii opmanusosarnvill Azvik. Hesoamootcho
npedsasumos maxyro Jedyxmury, umobv, ece dokasyemvie Gopmysv. ObLAY OB
UCTMUHHBLMU, G 6CE UCTNUHHDE — JOKA3YEMBILMAL.
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Ocraérest coobIINUTD, KAaKUE SI3bIKU CYUTAIOTCS JTOCTATOYHO OoraThiMu. 1od-
HOE OIllpeJieIeHre MbI OTJIOZKMM [0 KOHI[a rmaparpada, a Ha COIepKATETbHOM
YPOBHE CKakKeM, 4TO OOraTCTBO sI3bIKa IOHUMAETCH HAMU KaK ero CIIoCOOHOCTh
8HIPAICAMb OTPEICIEHHDIE TNC/TIOBbIE MHOXKECTBA U IUCJIOBbIE (DYHKITHH.

K pazbsicHeHUIo Toro, 4To 3HAYUT 6bLPAHCAMD, MBI ceiivac U mepeiiaém.

Byznem npesnonarats, uro B ajgdgasut B sxoaaT 6yksel 0 u’, u 310 obecie-
4yrBaeT 0603HAYeHNs JIJIs HATYpaabHbIX unces. Boipaxenus 0, 0/, 0”7, 0" u . 1.,
cJIy2Kalle UMeHAMU HATyPAJbHBIX YHUCEJI, HA3BIBAIOTCH HYyMepasamy. Takxke
Oy/IeM TPEIoaraTh, 9TO B aiaBUT BXOMAT 3HAKY CJIOXKEHUS U yMHOKEHHSI,
a CHHTAKCHUC T03BOJIsIeT 00pa30BBIBAThH CTaHIAPTHBIE TEPMbI, TaKHe Kak, Ha-
HpI/IMep, (((0// + 0////) . O) _|_ (O/// _|_ O/”)).

[Ipeamonaraercst Tak»Ke, 9TO MpaBUIa 0OPA30OBAHNS TO3BOJISIOT KOHCTPYU-
poBaTh II€PEMEHHbIE B CYETHOM KOIMYECTBe, HaIpuMep, Tak: O, Oy, Oy
Qy» --- — BKIIOYUB HpejsapuTenbHo B B 6yksbl O u . Byunem, oanaxo, mm-
caTh, KAk OOBIYHO TUINYT, X, Y, T25, ... , HOJAPA3YMEBas, UTO STO — BCETO
JIATITG COKPAITEHUST JIJTsT MOJIJIMHHBIX TIePEMEHHBIX, KAKOBBbIE CYTh CJI0Ba B b.
Ob6s1acThIO 3HAYEHUN KarXKJIOW U3 IEepeMeHHBIX CJIY:KUT HATYpPaJbHBIN psit N.

[letanTr3M MM 3aHYICTBO — KakK XOTUTEe — TpedyeT, YTOObI OBLIO OrOBO-
peHo TpeboBaHUe, YTOOBI B A3BIKE UMEJINCH CIIOCOOBI BBIPAYKEHNS OOBITHBIX JIO-
I'MYECKUX CPEJICTB: OTHOIIEHNsI PABEHCTBA, oTpulianus (1o ecTh dacTuilbl HE),
corsos 1, WJIN, ECJIN. .. TO, kpaaTopos 3 u V; Bpsij Jiu KTO-HUOY/Ib COUTET
5TO TpeboBanme 06PEMEHNTETLHBIM, CKOpee CKaXKyT: «A Kak ke mHade?».

Urak, npemnonaraercs, 910 ajadaBUT s3bIKa COIEPKUT CKOOKH ) u (, a
TaK»Ke BCE JIOTHIECKHE 3HAKU:

1 & Vo = IV =

Hpe,ZLHO.HaFaeTCH, 9TO COYETaHUd 93TUX 3HAKOB praB.HHIOTCH CTaHJIapPpTHBIMHA
CHHTAKCUIECKUMU [TPABUJIAMH, KOTOPbIE MbI (hOpMysInpoBaTh He OymeM. Orpa-
HAYUMCSI TpuMepoM: ecim A popmyia, a z IepeMeHHasi, TO pa3peraercsa 06-
pazoBaTh Gopmyy Vz A.

DopMysibl OBIBAIOT 3aKPLIMbIE T OMEPBLIMYLE. 3aKPBITHIE (hOpMYJIbI (dartie
UX HA3BIBAIOT 3AMKHYMuMU DOPMYIAMHI) HE COAEPIKAT MEPEMEHHBIX KaK I1a-
paMeTpoB:

0=0, 1322 =0).

CeMaHTHKa TPEIIIOaraeTcs CTaHIapTHOM, 03TOMY IepBas U3 IPUBEIEHHDBIX
dopmysT I0KHaA, a BTOpasd MCTUHHA. Emé gBa nmpumepa. 3akpbiTas (dpopMmyia

0" >1&VyVz(y-2=0" = y=1vz=1) (1)

BbIpasKaeT YTBEP:KICHHe «IHUCJIO b — IHPOCTOe» U II0TOMY UCTHHHA; €C/IH Ke B
nozcsose 0" (B KasK10M U3 JBYX BXOXKJIEHUI STOTO MOJICIOBA ) IPUOABUTD WA
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yOaBUTH OJIMH IITPUX, (POPMYJIa IIPEBPATUTCS B JIOXKHY0. 3aKphITasi (OpMyJIa
Ju (u-0" = 0") (2)

BBIPAKAET YTBEPXKJIEHHUE «3 JICTUTCS Ha 2.

EcrecrBenno TpeboBaTh, 9T00BI JiI00ast oKazyeMast (hopmMysia ObLiIa UCTUH-
HO#t. MBI Oy/ieM U3 3TOro UCXOIUTh.

[Ipumepsr OTKPBITHIX (HOPMYIT:

r=0, 3z =y).

B nepsoit ¢popmysie omuH mapamerp, Bo BTopoil jBa. OTKpBITBIE (DOPMYJIBI
caMu 110 Ce6e HE NCTUHHBI 1 He JIO2KHBI, HO CTaAHOBATCA TaKOBbBIMHU, €CJIN BMECTO
napameTpoB nojcrasuThb ducia. (Pasymeercs, 910 BosibHOCTH peun. Ha camom
JleJie YHCI0 €CTh aDCTPAKTHBIA OObLEKT, W IOACTaBJseM MBI He 4YHhcia, a UX
UMEHa, TO eCTh HyMepaJibl. )

Eciu dopmyna ¢ mapamerpamu i, X2, ..., T OOO3HadeHa depes
A(zy1,xa,...,x), TO Boipazkenue A(my, ma, ..., my) 0603HaUaET TY HOPMYIILY,
KOTOpasl TOJydaeTcsT U3 TMepBOHAYATBLHON MMOICTAHOBKAMY KaYKJIOTO U3 UUCEJT
m; BMECTO COOTBETCTBYIOIIErO ITapaMerpa ;.

OTKpBITYIO DOPMYILY C OJHUM IIaPAMETPOM &

x>1&VyVz(y-z=2 = y=1Vz=1) (3)

Gy/1eM COKpaIEHHO 1ucarh Tak: Pr(z). Dra dopmyra evpastcaem MHOKeECTBO
npocThix ucen. CkazanHoe O3HAYAET CJIeyIoliee. ByjieM BMeCTO ' MOJCTaB-
JISTh B Heé PasMYHble HATypaJbHble Yuc/ia. 1Ipu KaxK 10l TaKoii OJCTaHOBKe
OHa NIPEBpAIaeTCsd B 3aKPBITYI0 (DOPMyJy, KOTOpast OKa3bIBACTCS MCTUHHOI
POBHO B TexX cJlydasX, KOTJa HOJICTABIAEMOe UUCJIO ABJISETCs TPOCThIM. Ha-
upumep, dhopmyisbt Pr(0”) u Pr(0”) ucrunner, a dbopmyna Pr(0') moxua.

Kak yxke ormeuanoch, 3akpbitas dhopmyna Ju (u - 07 = 0”) Boipaxaer
yTBepzKIeHue «3 jgenutcs Ha 2». OTkpbiTasg hopMyia ¢ IByMs IapaMeTpaMu —
HEepBLIM Y 1 BTOPBIM Z

Ju(u-z=1y) (4)
6bLPAICAETN MHOYKECTBO TAKUX AP YUCEJI, B KOTOPBIX MEPBbIH YjIeH JIeJIUTCS Ha,
BTOPOii. DTO 3HAYUT, YTO JIsi TAKUX U TOJBKO JIJIsl TaKuX map 4uces (4) cra-
HOBUTCSI UCTUHHOMN MTPHU TIOJICTAHOBKE MIEPBOTO YJICHA TIaPhl BMECTO Y U BTOPOTO
YjleHa apbl BMECTO 2.

OrkpbiTas dhopMysIa ¢ IByMs HapaMEeTPAMU — HEPBBIM T U BTOPBIM ¥

xor=y ()

BBIPAXKAET HEKOTOPOE MHOXKECTBO Tap UHCeI. DTO MHOYKECTBO SIBISIETCS T'Da-
dukoM PHYHKIIUN BO3BEICHUS B KBaJIPAT.

st auTaTesisi He COCTABUT TPYIA HPUIATH TOYHBINA CMBICT BBIPAXKEHUIO:
«JtaHHasi popMyJia BhIparXKaeT JAHHOE MHOXKECTBO TPOEK, UYeTBEPOK W TaK
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Jlajiee HATYpaJbHBIX dnce». Hampumep, dpopmyiia £ = y + z Opu OJHOM U3
[IECTH YIIOPSIIOYEHUI CBOUX TTApAMETPOB BBIPAsKAET MHOYKECTBO TAKUX TPOEK,
B KOTODBIX IIEPBbIil WIEH PaBEH CyMMe JBYX JIPYIHUX (& IIPU OJHOM M3 JIPYIHX
YIOPAJOYEHUNA — MHOXKECTBO TPOEK, B KOTOPBIX BTOPOIl YJIEH paBEH CyMMe
JBYX apyrux). Eciin napamerp & cauTaTh TPETHUM, TO BhIpazkaeMoe hopMyJioi
MHOKECTBO OKarKeTcsl TpaduKOM (DYHKIINH CJIOXKEHHUSI.

MHO02KeCcTBO HATYPAJIBHBIX UUCE/T, WK ITap HATYPAJIbHBIX YUCEJI, UJIH TPOEK
HATYPAJbHBIX YUCEJI, WU YeTBEPOK, MATEPOK U T.J. — BOOOIIE, MHOYXKECTBO
KOpTeXKell HaTypaJIbHbIX dncesl (PUKCUPOBAHHON JIJINHBI — HA3BIBACTCS GbiPG-
3UMbBLM B JTAHHOM $I3bIKE, €CJIM CYIIECTBYET BbIpaxkaiolias ero ¢dopmysa. [To-
CKOJIBKY (POPMYJI CIETHOE HUHCJIO0, & MHOXKECTB OIMCAHHOI'O BHUIA HECUETHO, TO
OOJIBITUHCTBO MHOXKECTB HEBBIPA3UMO.

Korzaa roeopst, aro dpopmyia ewvipastcaem GHyHKIUIO, TOAPAZYMEBAIOT, ITO
dopmysia BeIpakaeT rpaduk 3Toit HGyHKIINNT; TaKUM 00pa3oM, popMya, BhIpa-
Karotast QYHKIMIO N IEPEMEHHBIX cosiepkKuT n+1 napamerp. Takum obpazom,
BHPAUMOCTS HYHKUUY O3HATAET BBIPA3UMOCTH €€ TpaduKa.

Bor Tenepb MBI TOTOBBI OOCYIUTH C YBAXKAEMbBIM UUTATEJIEM, YTO PA3YMHO
[IOHUMATH O[] JOCTATOYHBIM 60raTcTBOM sizbika. CBOCTBO JI0CTATOYHOTO OO-
rarcTBa HY>KHO HaM JIJIS TOTO, YTOOBI B PACCMATPUBAEMOM SI3BIKE MTPOSIBJISIICS
appexm T'Edess, 3aKITFOUAIONIUINCT B HEBOBMOXKHOCTU JIEYKTUKHU, IIPU KOTO-
POM MHOXKECTBO BCEX JIOKA3yeMbIX (hOPMYJI COBIAJO OBl C MHOXKECTBOM BCEX
nctuHHbIX hopmyit. B Tperbeit uactu OyayT npejioyKeHbl YeThbIpe Pa3IndHbIe
[IyTH JOKA3aTeIbCTBA TeopeMbl [ €1e1st; KasKIblil 13 9TUX Iy Teli-I0POr UCXOIUT
U3 CBOETO MOHUMAaHUs OOTaTCTBa sI3bIKA, JTOCTATOYHOIO JJIsI JTOKA3aTEIbCTBA.
OTU NMOHUMAHHUA BeChbMa OJIN3KHU, [MOTOMY YTO KaXKJ0€ U3 HUX HUHTEPIPETHU-
pyeT 60raTcTBO KaK BBIPA3UMOCTH MEPEYUCTUMBIX MHOXKECTB M BBIUYHUCIUMBIX
dbyukimii. loporu ['€nens nu YeliTuna onuparorcs: Ha IPEIOIOXKEHNAE O Bbl-
pasumocTu JI000# BbraucauMoit dpyuknuit ogaoro aprymenTa. Jlopora Illens
OIIMPAETCS Ha MPEJIITOIOKEHNE O BHIPA3UMOCTH JTI000# BBIMUCIUMON (DYHKITUH
JnByx aprymerToB. [lopora Kosimoroposa onupaercst Ha MPeJIITOJIOKEHNE O BbI-
PA3UMOCTH JIFOOOTO TEPEIUCTUMOr0 MHOXKECTBA HATYPAJIbHBIX THCEJT.

SAMEYAHUE. Ecau 6 A3vike 6bipasuma 10008 8blMUCAUMAA PYHKUUA 00-
HO20 GP2YMEHMA, MO 6bIPASUMO U AOO0E NEPEYUCAUMOE MHOHCECMEO KOPME-
orcetl. HaMYPaANLHHLL wucen PuKkcuposantol diuns, (B TOM ducie Jjioboe Ie-
PEUNCIIMOE MHOXKECTBO HATYDPAJBHBIX YHCEN), G, CACJ08AMEAHO, U A100aA
BUYUCAUMAA PYHKUUA 00H020 UAU HECKOALKUT apeymenmos. B camom me-
Jie, TyCTOEe MHOXKECTBO BbIparkaeTcs JIroboit hopmysioit, npuHuMaromeil 3ua-
YeHue JIOXKb [pHU JIIOOOM 3HAYEHWH CBOMX mapameTpoB. Hemycroe ke mepe-
ancimvoe G C NF pacmosiaraem B BBIMHCIIHMYIO TIOC/IEI0BATEILHOCTD. 11yCTh
(m1(n), m2(n),...,mk(n)) ecrb n-it wiaen sroil nocienosaresbHocTn. OyHKIMN
T, T2, ..., Tk OUYEBHIHBIM OOPA30M BBIYUCJIUMBI U HOTOMY BBIPAXKAIOTCS,
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COOTBETCTBeHHO, dopmynamu P; ¢ mapamerpamu = u y;, Py ¢ mapamerpa-
MH X U Yo, ..., P ¢ mapamerpamu x u . Torma MaoxkectBo (G BbIparKaeTcst
caeytoneit pOpMyJIoi ¢ TapaMeTpaMn Y1, Y2, - - ., Yi:

Mpur BujmM, 9TO HCHOJB3yeMoe B jopore Kosimoroposa TpeboBaHUe BbI-
Pa3sUMOCTH B SI3bIKE JIIODOOTO HEPEYUCIMMOI0 MHOXKECTBA HATYPAJIBHBIX YUCET
BBITEKAET U3 TPEOOBAHUI, IIPEIHABIAEMbBIX OCTAILHBIMU Joporamu. Takum o6-
Pa30M, OHO SIBJISIETCSI HAMMEHEee OrPAHUIUTETbHBIM, U IIPUTOM €r0 y7Ke JIOCTa-
TOYHO, 9T06bI Teopema I'émesst umena mecto! EcrecTBeHHO TO3TOMY TaTh TAKOE
olpejiesienre: I3bIK HA3BIBAE€TCHd JOCTATOYHO OOraThIM, €CJIM B HEM BHIPA3NMO
J0boe TepeYncIuMoe MHOXKECTBO HATYPaJIBHBIX YHCEN. 1'pU Jpyrue JI0pOoru
TPeOYIOT UyTh-4yTh O0JIee CUIBHOIO MPEIIIOJIOKEHUsT O BBIPA3ZUMOCTH JTFOOBIX
BBIMHUCJIUMBIX (DYHKIUI OJHOTO apryMeHTa; S3bIKH, B KOTOPBIX BBIIOJIHIET-
CsI 9TO TPEIOJIOKEHNE, MOXKHO ObLIO Obl Ha3BaTh A3BIKGMU C BLIPASUMBLMU
PYHKUUAMU.

Ocraércest, 0JlHAKO, TVIABHBIN BOIIPOC — YTO 9TO 33 S3bIKHM, B KOTOPBIX UMEeT
MECTO BBIPA3UMOCTD MEPEIUCTUMBIX MHOYKECTB M BBIYUCTUMBIX hyHKImii? Mo-
JKeT OBITh, TAKUX HET BOBCE WJIM Ke OHU KpaiiHe HeecTecTBeHHBbI! OHU eCTh U
OYeHb ecTecTBeHHBI. JlocTaTouHO, YTOOBI OBLIN BRIPA3UMBI JBE TVIABHBIE (DYHK-
IIHA: CJIOJKEHWEe W YMHOYKeHre. A TOr/ia yKe BCe MepeunCaInMble MHOYKECTBA U
BCe BBIUMCJIUMbIE (PYHKIIMKM HEITPEMEHHO OYJIyT BBIPA3UMBI. DTO €CTh OJHA U3
3aMevaTe/IbHbIX TEOPEM MATEeMAaTHIEeCKOW JIOTUKU, Tak Ha3biBaemas Teopema
06 apuMEeTUIHOCTH ITEPEINCIMMBIX MHOXKECTB. JloKa3aTebcTBO €€ 10CTaTou-
HO JUIMHHO, ¥ MBI €r0 MMPUBOJUTHL He OYIeM.

Takum obpazom, TVIABHYIO TEXHUYECKYIO dacTh Teopembl ['€mess cocras-
sisier Teopema 06 apudMETHUIHOCTH MEPEIUCTUMBIX MHOXKecTB. OmHO u3 eé
JIOKA3aTeIbCTB OCHOBAHO HA TINATEILHOM U3ydYeHUH PabOTHI AJITOPUTMOB: Pac-
CMaTPUBAETCSI UJIEATBHBI KOMIIBIOTED U JIOKA3BIBAETCSI, ITO €r0 paboTa MOXKET
OBITH ONKMCAHA B TEPMUHAX CJIOXKEHUsI, YMHOXKEHUSI U JIOTUIECKUX OIEePAIHi.
Jpyroe noKazaTeabCTBO — €ro IpUMeHsii caMm [ €/1eJib — COCTOUT B 3aMEHE BbI-
IUCITUMBIX DYHKINN pexypcusHuimu. 1loHgTre peKypcuBHON (DYHKIINM, B OT-
JIMYMe OT MOHSITHUS BBIYUCIUMON (DYHKINE, HE OCHOBAHO HA AJTOPUTMUIECKON
UHTYHIIMHM, & UMEET CTPOoroe mMaremarudeckoe ompejesenne. OObEMbI 060ux
[IOHATUN TEM He MeHee COBIIAJAIOT.

N CTOPUYECKUIN KOMMEHTAPUI. [lepBble MaTemaTuvdeckue yTOIHEHUSI
UHTYUTUBHBIX IMMOHATUN AJrOPUTMa U BBIYUCAUMON (DYHKIMHU IOsIBUJIUCHL B
1936 1. «A Kak 2Ke PeKypCUBHbIe (DYHKIIUU, KOTOPBIMU M0JIb30BaJics [€nesnh
IIECTHIO TOJAMU paHee? — CIPOCUT YHUTATeNb. — Pa3Be UX HeJb3s CYUTATH
MaTeMaTUIeCKUM YTOUYHEHUEM TOHSITHST BBIYUCIUMOM GyHKIuu?>. Beé nemo B
ToM, uTO ['€/1€J1b HE UCIIOIB30BAJI BECH KJIACC PEKYPCUBHBIX (DYHKINI, KOTOPBIiT
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TOIJIA e11é He ObLI OTKPBIT; JJId ero 1eseil ObLia JOCTATOYHA YaCTh ITOT0 KJIac-
ca, COCTOSINAs U3 TaK HA3BIBAEMBIX NPUMUMUSHO-DEKYPCUSHBIT PDYHKITUI.

YACTb TPEThdA: YETHIPE JOPOT'U

VY Bcex JIOpor OjiHa ¥ Ta, XKe CXeMa: HPEJIIIoIaraeTcsi, YTo Ipe/IbsiBieH (op-
MaJIBHBIH 3bIK M IPE/IbsIBICHA Je/lyKTUKA, & 3aTeM JOKa3bIBACTCs HEBO3ZMOXK-
HOCTB COBIIAJIEHUS JBYX MHOXKECTB: MHOYKECTBA MCTHHHBIX (DOPMYJI U MHOXKe-
crBa JoKazyeMbIx dhopmys. OTipaBHbIE IyHKTHI JIOPOT PA3JIMIAIOTCSL: JOPOra
Kosmoroposa oTHpasisiercst OT JIOCTATOYHOIO GOrarcrBa si3blka (TO eCTh OT
BO3MOKHOCTHU BBIPA3UTH JII000€ II€PEUNCIUMOE MHOYXKECTBO YHCEI ), OCTAJbHBIE
JIOPOTH OTIIPABJISIIOTCS OT BBIPA3UMOCTH (DYHKIWIA (TO €CTh OT BO3MOXKHOCTH
BBIPA3UTH JTIOOYI0 BBEIMUCIUMYIO (DYHKIHIO C HATYPAIbHBIMU apryMeHTaMn I
3HAYCHUSIMH).

§ 5. Jlopora I'igens®

OTa Jopora OCHOBaHa Ha IapajoKce JIXKella, HA3bIBAeMOI'0 TaKKe Iapa-
JokcoMm duumenna. Anocrost [asen B mocinanuu k Tury (1:12), umest B Buy
KpuTsH, roBoput: «I3 Hux ke cammx ommu (...) ckazan: ,Kpurswae Bcerga
Jokenpl (...)». ITo HEKOTOPBIM HCTOYHUKAM, CKA3aBIIEr0 KPUTSHUHA 3BaJIH
Ouumenu. Eciu cauraTh €ro cjaoBa BEPHBIME, TO IOJIYYa€TCsl, YTO OH U CaM
JIKEI. 371eCh apaJioKc ené He Bo3HnKaeT. [lapaiokc BO3HUKHET, eC/in [IPEeIIo-
JIOKUTH, 9TO KPOME HETO KPUTSH OOJIbINe He ObLIO0, & caM JTMUMEHU]I, HITero
apyroro He ckaszaj. IIpumepHo B Taxoit ¢gpopme mapamokc Bo3HuK B [V Beke
JIO HAIEe 9pbl Y JIPEBHEIPEUECKOTO coducTa DBOYINIA, KOTOPOMY ITPHUITUCHI-
BalOT TAKOe BbICKa3bIBaHMe: «BbICKa3blBaHUE, KOTOPOE s cefidac MPOU3HOIILY,
JIOZKHO». HOHBITK& BBISICHUTL, HCTUHHO OHO MJIX JIO2KHO, ITPUBOJUT K IIPOTUBO-
PEUUIO; TO3TOMY, C TOUKU 3PEHUs] JIOTUKU, OHO BOOOIIE He eCTh BBICKA3bIBAHUE.
OcHoBbIiBasicb Ha 310t uiee, [€aenp HAIMENT GHOPMYITY, BBIPAXKAIOIIYIO HEIO-
Ka3yeMOCThL camoil cebsi. Jlerko moHsSTH, 9TO 3Ta (OpMy/Ia UCTHHHA, HO HE
nokaszyema. B camoMm geste, ecim ObI OHA ObLIa JOKa3yeMa, TO yTBEPKIEHUE,
KOTOPOE OHA BBIPAXKAET, ObLIO Obl UCTUHHBIM. Y TBEPKJCHHUE YKE ITO COCTOUT
B eé megokazyemoctu. CrenoBaTelbHO, OHa HeJOKa3yeMa. 3HaunT, popMyia,
BbIpAKAOIas 3Ty HEJI0Ka3yeMOCTb (TO eCTh OHa cama) UCTHHHA. BOT MbI U

) IIpomnoxkena B 1930 r. Crares [émems ¢ JOKA3ATENBCTBOM €r0 BEJMKON Te0peMBI TOSBH-
sack B 1931 r.: Kurt Goedel. Ueber formal unentscheidbare Saetze der Principia Mathematica
und verwandter Systeme 1 // Monatshefte fuer Mathematik und Physik, 1931, 38, S. 173—
198 (npubsinsuresbHbIil epeBo HazBauust: «O (HOpMaAIbHO HEPA3PEIIMMBIX IPEJIOKEHHSIX
cucrembl Principia Mathematica u Giuskux K Heit cucrem» ). OmHako rogom panee Gbuia
onybmkoBaHa e€ KpaTkasi anHortamus: Kurt Goedel. Einige metamathematische Resultate
ueber Entscheidungsdefinitheit und Widerspruchsfreiheit // Anzeiger der Akademie der
Wissenschaften in Wien, Mathematisch-naturwissenschaftliche Klasse, 1930, 67, S. 214-215.
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HAIIUIA UCTUHHYIO, HO HEJOKasyeMyio (hOpMyJly, CYIIEeCTBOBAHNE KOTOPOM PO~
BoaryamraeT Teopema ['€mess.

TTocmorpumMm, Kak ['émep Ay KaxkI0f AeAyKTUKHA MTOCTPOUI TaKyio pop-
MyJLy.

[Tycte A — mekoropast dopmymna. Hepes A(r) obo3HataeM pe3yabTaT MOJ-
craHoBKU B hopMysry A duciia r BMecTo napamerpa ., uepes A(r, s) — pesyiib-
TaT HOJICTAHOBKU B A duces 7 1 § BMECTO apaMeTpoB & u Yy, epe3 A(r, s, t) —
PE3YNIbTAT MOACTAHOBKA B A 4mcesn 7, s m t BMECTO BMECTO IIAPAMETPOB I, Y
u z. HamomuuM, 9TO MHOXKECTBO BCex (POPMYJ M MHOXKECTBO BceX (popMajib-
HBIX JIOKA3aTE/IbCTB PA3PEIInMEl, 4, CJICI0BATE/ILHO, IepeducauMbl. [loaToMy
KazKJ0€ M3 HUX MOXKHO 6€3 IMOBTOPEHUI PACIIONIOKHUTEL B BHIYUCIAMYIO ITOCJIE-
JIOBATEJIBHOCTD WJIM, KAK TOBOPAT, NEePevuUcAums 6es nosmoperui.

1. Tlepeuncisiem 6e3 OBTOPEHMIA BCe POPMYJIBL:

017 027 037
2. Ilepeuncisem 6e3 nopropenuii Bce popMajbHbIE JOKA3ATEILCTRA,
F17 F2a F3a
3. PacemarpusaeM QpyHKINIO ¢:
g(s) =t
TOr/a U TOJIBKO TOTJIA, KOra
I's ectb mokazarenbcTBo popmysl Ch.
dcno, uro dyHkiusg ¢ BeraucanMa. IlosroMy eé BbipaxkaeT HekoTopast Gop-
mysna G ¢ napamerpamu  u y. Korya, 1st kakux nap auces dpopmyina G(s,t)
ncruara? OHa UCTUHHA TOTJA TOJBKO TOTJIA, KOT/IA JI0KA3aTe/IbCTBO C HOMEPOM
$ SIBJISIETCS TOKA3aTeILCTBOM (DOPMYJIBI ¢ HOMEPOM t.
4. s kaxzaoro uuciaa t dopmyna Jw G(w,t) o3HaUaeT IOKA3YEMOCTh
dopmyiisr Cy.
5. dust kazkzoro gucia t popmysna 13w G(w,t) o3HaYaeT HEIOKA3yeMOCTh
dopmyiibr Cy.
6. Ilepeuncisiem 6e3 IOBTOpEHNUiT BCe OTKPBITHIE (DOPMYJIBI C TTAPAMETPOM I

Alv A27 A37
7. PaccmarpuBaeMm yHKIuo f:
f(m,n) ecrb HOMep dopmynbl Ay, (n).

fcno, uro f — Berauciaumas pyuknus. [losTomy eé BeiparkaeT HeKOTOpas pop-
myna F' ¢ mapamerpamu x, y u z. Korma, a8 Kakux TPOeK Unces popMyia
F(m,n,p) ucruana? OHa UCTUHHA TOTJIA ¥ TOJIBKO TOTJIA, KOIJA P €CTh HOMED

dbopmyier Ay, (n).
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8. Jlnsa uucen e, m, n dopmysia
Ju [G(e, u)&F (m,n,u)]
O3HAYAET, UTO YHUCJIO € eCTh HOMED J0Ka3aTeabcTBa (hopMyibl A, (n), uMero-

mieit Homep f(m,n).
9. Jdns aucen m, n dpopmyna

13w Ju [G(w, u)&F(m,n,u)]

O3HavYAEeT HeJI0Ka3yeMocThb (opmyiibl Ay, (n), umerommeit Homep f(m,n).
10. s kazktoro auciia n opmysa

13w Ju [G(w, w)&F(n,n,u))

O3HavYAeT HeJoKa3yeMocTh (opmyiibl Ay (n), nmerorieit Homep f(n,n).
11. Temreps paccmarpuBaeM HOpMYITy

1Fw Ju [G(w, w)&F(x, z,u)].

¢ mapameTpoM . dTta GopMyIa ecTh A, IpU HEKOTOPOM g.
12. B cuny n. 7 dopmyna Ag(q), To ects dopmyta

13w Ju [G(w, uw)&F(q, q,u)],

nmeet nomep f(q, q).
13. B cuny n. 10 dopmyita

13w Ju [G(w,uw)&F(q, q,u)],

O3HAYAET HeJI0Ka3yeMocTh (hopMysibl ¢ HomepoM f(q, q).

14. CpaBaupast mir. 12 u 13, ybexxgaeMcsi, 9TO HMPUCYTCTBYIOIIAsT B HUX
dopmyna (oaHa 1 Ta xke!) o3HAUAET HEJIOKA3YEMOCTh caMoii cebsi. [locrpoerue
3aKOHYEHO.

§ 6. Jlorora KoamoropoBa®

TEOPEMA 1. Muoowcecmseo P scex dokazyemulr opmys nepesuciumo.

JIOKA3ATEJILCTBO. MuoxkectBo P ectb §(D), rime D — MHOXKECTBO BCex
dOpPMAILHBIX JI0KA3aTEJILCTB, a § — (DYHKIWS BbIAEICHUS JOKa3aHHOTO. MHO-
KecTBO D paspemmnmo, a, 3HAYUT, U HepeducanMo. OyHKIUS § BBHIYUCIIMA.
CraemoBareibHo, P mepeunciimMo Kak obpas MepedncanMOro MHOXKECTBA IIPHU
JaCTUIHOM OTOOPAKEHUU, 33aBAEMOM BBIYUCIUMON DYyHKIHE.

TEOPEMA 2. Cyuecmsyem supadumoe HENEPEHUCAUMOE MHOHCECTNEO Ha-
MYPAALHYLL YUCEN.

JOKABATEJBCTBO. /locTaTodHO B34TH KaKOe-JIn0OO MEepPedrcInMOe MHO-
2KECTBO HATYPAJIbHBIX UHCEJI C HEIEPEUNCIUMBIM JOTOJTHEHIEM U PACCMOTPETD

6 Vkazana B 1952 1.
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sror sonosiHeHre. OHO u Oy/1eT MCKOMBIM MHOXKECTBOM, ITOCKOJIBKY BBIpasKa-
ercs (DOPMYJION, CiIyKaleit oTpuiiaHueM Toit hbOPMYJIBI, KOTOPOE BBIPAXKAET
BBIOPAHHOE [TEPEUUCTUMOE MHOXKECTBO.

CJIEACTBUE TEOPEMBI 2. Muoowcecmso T’ ecex ucmumnnox popmya nene-
DEYUCAUMO.

JOKABATEJILCTBO. Ob6o3naunM 4depe3 K BhIpa3uMoe HEIepeduc/IMMOe
muOKecTBo K C N, a uepe3 B Ty dhopMmyiy ¢ mapaMeTpoM &, KOTOpasi ero Bbl-
paxaer. O6o3HaunM 4Yepe3 f BBHIYUCIUMYIO (PYHKITIIO, OTHOCSIIYIO KayKIOMYy
qucay n € N dopmyny B(n) (HamoMHIM, 9TO 9TO €CTh PE3yIbTAT HOJACTAHOBKI
B dhopmyny B uucia n Bmecro nmapamerpa x). O4eBuHO, ITO

K= fY(1).
Eciu 661 MmuOXKecTBO T' OBLIO HEPEUNUCTUMBIM, TO 10 IEPEIUCTUMBIM OBLIO ObI
n K Kak ero moJHbIM mpoobpas.

Corocrapiisisi Teopemy 1 U cIeJCTBHE TEOPEMBI 2, ITOJIy9aeM, UYTO MHOXKe-
crBa P u T He MOryT COBIAJATh, UYTO U yTBep:KIaeTcs Teopemoit ['€mesrs.
B npemosnoxkennn KOppeKTHOCTHU JIEIYKTUKU TIOJIYIaeM CYIIECTBOBAHUE HEJ0-
Ka3yeMOoil MCTHHHOM (POPMYJIBL.

§ 7. Jlorora YENTUHA"

DTa mopora OCHOBaHA HA TaK HA3BIBAEMOM napadoxce Beppu, n3BecTHOM n3
crarbu Beprpama Paccesna 1908 1.8).

Mlponoxkena B 1974 r.; Ha caiite http://www.cs.auckland.ac.nz/CDMTCS/chaitin/
unm2.html YeiiTuH u3iaraer UCTOPUIO O TOM, KaK B HavaJle HA3BAHHOI'O I'0/ia OH YTOBOPWUJI
Ténenst mazmauuTh eMy BCTpedy, YTOOBI PACCKA3aTh O CBOEM JOKA3ATE/ILCTBE, W KAK ITa
BCTpeda He COCTOSIACK.

8 Bertrand Arthur William Russell (18.05.1872 — 02.02.1970), rperuit rpad Paccen, —
3HAMEHUTBINA aHIVIMACKUIN JIOTMK, MATEeMATHK, (pruitocod u OOIIECTBEHHBIH J1eATeIb, OIMH U3
IBYX aBTOPOB TOrO caMoro Tpéxrtomuuka Principia Mathematica, Ha KOTODBIN CCHLIAETCS
Iénens B HazBanun csoeit crarbu 1931 r. TpéXxTOMHEK comeprKajl TUTAHMIECKYIO HOIBITKY
BBIBECTH BCE MATEMATHYECKUE UCTUHBI CPEJICTBAMU MATEMATHIECKOHN JIOTUKH, TO €CTh OIUPa-
SICh TOJIBKO Ha TOYHO C(OOPMYJIMPOBAHHDBIE AKCHOMBI M TOYHO C(OOPMYJIMPOBAHHHLIE IIPABHIIA
BbIBOJIa. UTo 10 craTrhu Paccena, m3nararomeit mapaokc Beppu, To BoT €é Gubsmmoonuca-
mue: Bertrand Russell. Mathematical Logic as Based on the Theory of Types // American
Journal of Mathematics. Vol. 30, No. 3 (July, 1908), p. 222-262. Ha c. 223 aBrop yka-
3BIBAET, 9TO MapaIokc coobmmr emy Béppu (G. G. Berry) [ero roapr xusum: 1867-1928],
opuH n3 Gubsmnorexkapeit Bonnmanckoii 6ubmnnoreku. (Bomnmanckas 6ubsmnoreka (Bodleian
Library) 6ubsmnoreka OKchOpPIACKOro yHUBEPCUTETA, OCIIApUBAIONas y BaTukaHCKo#i IpaBo
Ha3bIBaTbCA crapeiinieit B EBpone, a y Bpuranckoit 3BaHne caMoro KpyImHOrO KHUXKHOTO CO-
6panus BesmkoGpuranuu.) B 1oii xKe crarbe, KCTaTh, MyGJINKYeTCs U «IVIABHBIH» ApPaoKC
MareMaTuku, napadoxc Pacceaa: «PaccMOTpUM MHOXKECTBO BCEX TAKHX MHOXKECTB, KOTOPbIE
HE COepKaT caMux cedd B Ka4ecTBe CBOEro 3JIEMEHTA; SIBJISIETCS JIA 9TO MHOXKECTBO CBOMM
3JIEMEHTOM ».



58 B. A. Ycenenckuii

[Tapajiokc Beppu Bo3HUKaeT U3 CJIEYIONIEr0 OMUCAHUS HEKOTOPOTO HaTy-
pasibHOrO uncia: «HamMmeHbilee HaTypaJibHOE YHCJIO, KOTOPOE HEJIb3si OIHU-
CATH TOCPEJCTBOM MeHee cTa cI0B»Y) . TTONBITKA BBISICHUTD, JONYCKAET MM
HE JIOIIYCKAeT CaMO 3TO YHCJIO OIMCAHUE ITOCPEJICTBOM MEHee CTa CJIOB, IIPUBO-
JIUT K IPOTUBOPEYHIO (IIOCKOJIbKY MPUBEIEHHOE BBIIIE €0 OMUCAHUE COIEPIKUT
MEeHee CTa CJIOB).

Jljist TOro, 9TOOBI U3 9TOrO MapaI0Kca BO3HUKIA TeopeMa [ €aes, Ha10 BOC-
[I0JTb30BATHCS OHATHEM KOAMO20D06CKOT cAoocHocmu ciaoBa. llorsaTne Kosmo-
TOPOBCKOH CJI0XKHOCTH B HavaJse 60-x ro1oB BBesin He3apucuMo Pait CostoMoHOB
(Ray Solomonoff, 1926-2009), Auapeii Hukonaesua Kosmoropos (1903-1987)
u Iperopu Yeitrun (Gregory Chaitin, 1947-)19).

OkasbIBaeTCst BO3SMOXKHBIM IIPEIbIBUTH YUCIIO C [1aPaIOKCAILHBIMU CBOii-
CTBaMH: OHO UMEET CJIO2KHOCTH I'0Pa3/i0 OOJIBIIYIO, YeM Ta, HAJIMYHE KOTOPOil
y HEro MOXKHO JTIOKa3aTh. JTO U €CTh CJI0KHOCTHAs Bepcus napajokca beppm.
Omna fomyckaeT u Takyio pOpMyJIIPOBKY, 6ojiee ODJIU3KYIO K HAIIEMY U3JI0XKe-
HUIO: IIPO YUCJIA, UMEIOIIe OYeHb OOJIBIIYIO CJI0KHOCTD, 3TO UX CBOICTBO HE
MOXKET OBITH JTOKA3aHO.

[Tepexoanm K MaTeMaTHIECKOMY BOILIOMIEHUIO UIEH.

Yepes = 0603HAYAETCA MHOYKECTBO BCEX JIBOMYHBIX CJIOB, TO ecThb {0, 1}*.
Kaxi0e nBondHoe CJI0BO, HAYMHAIOIIEECST C €JIUHUIIBI, & TAKXKE OJHOOYKBEHHOE
¢0B0 (0, CIYKUT 3aMUCHI0 HATYPATHLHOTO YUC/Ia B JBOMTHON CHCTEME CUHC/Te-
HUsI; OCTAJIbHbIE CJIOBA, TO €CTh I[yCTOE CJIOBO U BCe CJI0Ba (KPOME YIIOMSIHYTOIO
OZIHOOYKBEHHOT'0), HAUMHAIOIIUECs C HOJIsl, TAKOBBIME 3AIIUCSIMU HE SIBJISTFOTCS.
st kaxkoro cioBa § € = obosnadaeM depes v(£) To HATYPATBHOE THCIIO, [T
KOTOPOTO & CIIYKUT ABOUTHON 3aIMCHIO; €CJIN TAKOTO THCJIa HET, 0O03HATEHNE
HE OIIPE/IETICHO.

Hanomunwm, aro jqymnHa cioBa £ obosnadaercs tak: |€|. Jlerko mpoBeputs,
9TO T BeeX C0B £, KpoMme ¢oBa (), BBITOIHIETCST HEPABEHCTBO:

&l < logr(§) + 1, (1)

rie jiorapudm OepéTcs 10 OCHOBAHUIO 2.

Hamomuaum Takke, 9ro Bce DYHKIMEU Y HAC HE 00sA3aTEIBHO BCIOJY OIpe-
nejterbl. Ilycrs £ — mponsBoOJIbHOE MHOXKECTBO, [ — MPOM3BOJIbHAST (DYyHKITUSI
u3 Z B . CiaoxHocth 3jieMeHTa € € F oTrHOCHTENbHO BYyHKIMU [ €CTh, 110

9B crarse Paccerna pedb nuIa o JIEBATHAIIATHA CJIOTaX.

10)B cpoeit cTaTbe «Teopema ['€11es1s1 0 HETTOTHOTE B 3JIEMEHTAPHOM U3JTOXKEHUN», OITy OJIMKO-
BAHHHOH B KypHaJe «YCIeXH MaTeEMAaTUIeCKUX HAyK» B 1974 r., aBTOP 9TUX CTPOK CCHLIAJICSI
ua ['puropnsa Llelitnra. [IpenoTepamas Bo3MokHOE (M €CTECTBEHHOE) 3a0/IyKIeHnE, TIOCTIe-
muM ykasarb, uro I'peropu Yeiitun u I'puropmii Camywmnosuy Lleditun (1936—) spisorcs
Pa3HbIMH JIMIIAMUA.
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OIIPEJIESIEHUTO, TUCTIO

Ky(e) = min{[¢] | f(§) = e} (2)
Kak Bcerja, MEHHMYM IO IIyCTOMY MHOXKeCTBY ecThb 00. (IIcmxosornmtueckoe
nosicHeHue: [ paccMaTpuUBaeTCsl Kak (DYHKIUsI, JAi0Ias OO0beKT € IO ero
OIUCAHMIO &, ¥ CJIOXKHOCTb — 3TO HAMMEHBbIIIasl BO3MOXKHAS JJINHA OLNUCAHUS.
CJI02KHOCTB HEOIHCYeMOoro 06beKTa OeCKoHedHa. )

3AMEYAHUE. Koauuecmso sAeMeHmos, CAOHCHOCTb KOMOPLLT He NPesoc-
rodum 3a0aHH020 HUCAQ, xoneuro. )

CkaxkeMm, uTo QyHKIUS [ He XyKe DYHKIUH ¢, €CJIH ¢ TOIHOCTHIO 10 al-
JUTUBHON KOHCTAHTHI, HE 3aBUCSIIEN OT €, CJIOKHOCTD JTI0OOTO € OTHOCUTEIHHO
f He IPEeBOCXOAUT CJIOXKHOCTHU 3TOT'O K€ € OTHOCUTEILHO (-

3C Ve K¢(e) < Ky(e) + C. (3)

Teneps B kauectBe F 6epém HaTypanabubiil psaa N. Torma MOXKHO rOBOPUTH
O BBIYMCJIUMBIX PYHKIUAX U3 = B F.

ONPEAEJIEHUE. Boranciumas GyHKIMS Ha3bIBAETCS ONTHMAJIBHOMN, ecJin
OHA He Xy2Ke JII000# APYroit BEHIuCIUMON (DyHKIIH.

TEOPEMA COJIOMOHOBA — KOJIMOT'OPOBA. Onmumanvhoie GYHKUUL
cyuLecmsyom.

(MoxkHO TIOKa3aTh, 9TO ONTUMAaJbHAsT (DYHKIUS HE MOMKET ObITh BCIOJLY
ompeiesiéHHoi. ) PUKCUpyeM Kakyo-HUOYIb ONTUMAJIBHYO GDyHKIMO f U Jjist
KaXKJIBIX 9HCEJ € U N PACCMOTPHUM YTBEPKICHUE

K¢(e) > n.

B dbopmasibHOM si3bIKE 3TO yTBEpKIeHne BbhipakaeTcst hopmysioii I(n, e), 1o-
Jydalorieiicss u3 HekoTopoit dopmyssl I ¢ aByms nmapaMmerpamMu @ W Yy UPH
II0/ICTAHOBKE BMECTO 3THX [IapaMeTPOB COOTBETCTBEHHO dHces N U e. Kak Hail-
T Takyio dopmyny I, ckaxxem mozxke. [loka 4TO MBI MCXOJUM U3 TOIO, YTO
Takas (opMysia ecTb. BoinuineM eé onpeessiolniee CBOHCTBO:

I(n,e) ncrurna Torga u TOIBLKO TOrAa, Korga Ky(e) > n. ()

Pacnoraraem Bce gokazyembie (DOPMYJIbI A3bIKA B BBITUCIUMYIO IIOC/IE-
JIOBATEJIbHOCTb U (DUKCUPYEM 3Ty IOCJEI0BATEIbHOCTh. CTPOUM BBITUC/IH-
myio dyHKIMO ¢ u3 = B E co cienyonuM ajropuTMoM BbIducieHus. Ecian
& He ecTh MBOMYHAS 3aIUCh HATYPAJIBLHOIO YHCJA, OCTABJIAEM (PYHKIUIO § He
ompeiesiénHoil Ha oM §. Ecmu ke £ ectb 3amuch unciaa v(§), TO uineM B

) ymecrHO npuBecTu hpasy U3 ynomsiHyToil crarbu Paccena: “only a finite number of
names can be made with a given finite number of syllables”.
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[IOCJIEIOBATEILHOCTU JOKA3YEeMbIX (POPMYJI IEPBYIO (GOPMYJIYy BHUIA

I(v(€),e) (4)
¢ otuM & 1 KakuM-10 €. Eciin u korjia Mbl Takyto popmyity Haiiiém (1ero Moxer
U He npou30iiTH ), To 6epéM e B KauecTBe 3HaueHusl (DYyHKIMU ¢ HA aprymeHTe £.

Takum ob6pazom, Bce HATYpAJbHBIE YNCIA PA3OUBAIOTCS Ha J[Ba KJIACCA —
KJIACC T€X YUCEJI, JIJIsl JIBOUYHBIX 3aIMCell KOTOPBIX DYHKIUS ¢ OIPEJIe/IeHa, U
KJIACC TeX YUCEeJI, JIJIs JIBOMYHBIX 3alUCeil KOTOPBIX (PYHKIINS ¢ HE OIIPEJIeJIEHA.
Ywucsio n 0OTHOCHTCs K IEPBOMY KJIACCY B TOM U TOJIBKO B TOM CJIy4ae, eCJIn JJist
HEro CyIIecTByeT Takoe e, uto dopmyna I(n, e) nokasyema. Harra 6imzkaiimmas
1esb — yOe/InThCs, YTO BCe YUCJIa IEPBOTO KJIacca He MPEBOCXOJIAT HEKOTOPOt
KOHCTAHTHI.

[Ipucrymaem k nocrpoenuto Tpebyemoit ornenku. IlycTs n npuHajieRuT
IepBoMy KJiaccy. bepém 4unciio e, BXo/isiee B Ty IePBYIO — B Halllell OCe0-
BATEJILHOCTHU JIOKa3yeMbix (opmyst — dopmyity, Koropasi umeer Buj (4). Pasz
dopmyna I nokasyema, To oHa ucrunHa. B cuity cBoiicra (&) dopmysbr I
CIIPABEJINBO HEPABEHCTBO

Ky¢(e) > n. (5)
[Tycrs n = v(§). Torpa
9(&) =e. (6)
O1eHIM CBEPXY CII0KHOCTB YUC/Ia € OTHOCUTENbHO dhyHKIun g. Beuuy (6),
Ky(e) < [¢]. (7)
B coueranuu ¢ (1) aro maér
Kg(e) < logv(£)+1, (8)
I, 9TO TO YK€ CaMoe
Ky(e) < logn+1, 9)

O1eHnM CBEpXY CII0KHOCTB TOTO 2Ke € oTHOcuTebHO dyHKImu f. Couerast
(3) u (9), nonyuaem:
K¢(e) < logn+1+C, (10)

riae C' — npucyTerByionias B (3) KOHCTaHTa, Onpe/ieseMast COYeTaHneM (hyHK-
muit f u g. Coenunsisa (5) u (9), noaygaem:

n < logn+1+C. (11)

Ho naumnas ¢ Hekoroporo N (3aBucsriero, pasymeercs, or C'), HepaBEeHCTBO
(11) me umeer mecra. TlosToMy Bee umc/Ia mepBOro Kjacca MeHbIne 3Toro N.

Tenepb MbI MOXKEM MPeIbABATH IIEIYI0 CEPUIO0 UCTUHHBIX, HO He JIOKa3ye-
MBIX (hopMysT — 9TO U gacT TeopeMy lé€nenst. Bepém mpousBosbHOE N, Takoe
yro n > N. B cuny cuenannoro 3amedanus, CyIecTByeT Takoe e, JJis KOTO-
poro K¢(e) > n. B cuny (&) 6yner uctunnoit dopmyrta I(n,e). Onmako sra
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dopmyna OyIeT HeIOKa3zyeMmoil, Tak KaK 7 — YHUCJIO BTOPOro Kjacca. Takum
obpaszoM, xoTst 1ipu 1 > N 49ucjia CJI0XKHOCTH OOJIbINel, YeM 7, CYIIECTBYIOT,
HU IIPO OJHO U3 HUX HEJb3s J0Ka3aTb, YTO €ro CJIO?KHOCTbH IIPEBOCXOJUT 7.

OcraJjioch BBITOJHUTH ODEIaAHNE U [T0Ka3aTh, KaK crpoutcs dopmyia L.

TlocTpoenne my»kHO#l (OpMyYJIBI OCYIIECTBIIeM B nBa Inara. Ha mepsom
Iary packpbIBaeM CMbICI yTBepxienus K¢(e) > n u mosydaem Gosee 11o-
JpobHyIO ero 3amuch. Ha BTOpOM Imary mpeobpasyem 3Ty 3alnuch B pOPMYIy
paccMaTpUBaeMOro SI3BIKA.

ITepseriit mar. HepasencrBo Kf(e) > n paBHOCHIBHO TaKOMY YTBEPIKIe-
HUIO: JUIst BesgKoro &, nuist Koroporo f(§) = e, cnpaBeyinBO HEPABEHCTBO
|€| > n. BanuceiBaem 310:

VE[f(§) =e= [§] > n]. (12)
Bropoii mar. Sanuce (12) emé He siBisiercst (popMyIsIoi paccMaTpUBaeMOro
dopmasbHoro si3bika. B Heil y4acTBYIOT JBOMYHBIE CJIOBA, a B (hOPMyJIaxX si3bl-
Ka pedb MOXKET IITH TOJIBKO O 9HCJIaX. JIerko mepeifTu ot ¢aos K ducaam. s
9TOI'O yCTpOI/IM B3anMHO O/IHOSHAYHOC M BBIYMCJIIMMOEC COOTBETCTBUEC Me}Kﬂy E
1 HaTypaJIbHBIM DAJIOM WM BMECTO TOTIO, I{TO6I)I TOBOPUTH O JBOMYHBIX CJIOBaX,
OymeM roBopuTh 06 UX HOMEpaX, TO €CThb O COOTBETCTBYIOMMX 4ucaax. Coor-
BETCTBHUE 33Ja8TCA ABYMS B3aUMHO OOPATHBLIMU BBIYUCIMMBIMA (DYHKIUSMU:
Tu3NBEupu3sEsN:

m(m) =¢ pasaocwibHo p(§) = m. (13)

Berancimmoit pyukiun f w3 = B N coorBeTcTBYeT BhIUUC/IUMAsT Ke (DY HKITHST
f n3 N B N, aprymeraTamMu KoTOpo#i BMECTO CJIOB CJIy?KAT UX HOMEDPA:

flm) = f(x(m));  f(€) = F(p(€)). (14)

I'paduk dyskiuun f sBIsIeTCsS MePednCIUMBbIM MHOYKECTBOM, & IIOTOMY BbI-
pakaercsi HeKoTopoil dopmysoit F' ¢ napamerpamu x u y, Tak 9to F(m,e)

HCTHHHA TOLJIa U TOJILKO Torja, korga f(m) =e, ne. f(m(m)) =e.

YIPAXKHEHUE. Jlokaxkute, 9TO
(a) MHOXKeCTBO Beex map (£,n), s KOTOPbIX |[€| > n, mepedncimmo;
(6) mHOxkecTBO Beex nap (k,n), jst kKoropwix |m(k)| > n, nepedncinmo.

MHoKecTBO, 0 KOTOPOM HAET pedb B dacTu (6) YIpayKHeHHsI, B CHILy CBOEIl
[IEPEYMCIMMOCTH, BhIparKaeTcst HeKoTopoil popmyioit G ¢ IByMsI IapaMeTrpa-
mu. [lepexosst B 3anucu (12) oT IBOMYHBIX CJIOB K UX HOMEDAM, IIE€PEICHIBAEM
9Ty 3alliCh B BHe POPMYJIbI SI3BIKA:

Vw [F(w,e) = G(w,n)]. (15)
B xagectBe nckomoit popmysier I MoxkHO B3ATH HopMyTy

Yw [F(w,y) = G(w,x)]. (16)
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Torna dopmyna I(n,e) kak pas u Gyjer UCTUHHOI B TOYHOCTH JIs TE€X Hap
qHCcesl N U e, IS KOTOPBIX BBIIOJIHEHO HepaseHcTBO K f(€) > n, uro u Tpebo-
BaJIOCh.

§ 8. Jlopora IIIEHA'?)

DTa I0pora OCHOBAHA HA MOHSITAN TTPOTPAMMBI BEIYUCIUMON (DYHKINN U HA
CBSI3aHHON C 9TUM MOHSITUEM OJHON 13 HamboJIee 3aMevaTe/IbHBIX TEOPEM TEO-
pun asropurmMoB — Teopeme o HENMOIBUKHON TouKe. B 3T0it TeopeMe paccMaT-
PUBAIOTCS aJrOPUTMBI, [IPeoOPa3yIoNIue MPOIPAMMbBI BBIYUCIUMBIX (DYHKIUI
B IIPOrPaMMbl BBITUCIUMBIX (PYHKIUH; ITPEIIOIATAeTC, 9TO AJTOPUTM IIPU-
BOJUT K pe3yJbTaTy B NpUMEHeHnn K Jiroboit mporpamme. Teopema o Hemo-
JIBUKHOW TOYKE IJVIACUT, YTO KAKOB ObI HU OBLJI TaKOH aJI'OPUTM, OJIHA U3
IPpOrpaMM HEIPEMEHHO HePeiiIéT B SKBUBAJEHTHYIO €l MpOorpamMmy, TO €CTh
B mporpammy Toit ke camoit ¢gpyuxmuu. Teopema [€nemnst mosmyvuaercs u3 Teo-
PEMBI O HEIOJIBI2KHON TOYKe CJeJyromuM obpazoM. CTpOUM TaKO# ajaroputrm
IpeodpPa3oBaHms IPOrPAMM: I KaXKJI0M porpamMMmbl PP ajropuT™ BBIJIAET B
KadecTBe pesyibrara a(P) mepByro n3 Takux IporpamM, HESKBHBAJEHTHOCTD
KOTODBIX IIporpamMme P JoKazyemMa B paccMaTpuBaeMOM (POPMAIBLHOM sI3bIKE.
Ecsin 651 3TOT asropuTM maBaj pe3yJsibTaT Ha BCEX MpOrpaMMax, TO B CHJLY
Teopembl 0 HEMTOABUKHON TOYKM HAILIACH Obl Iporpamma Py ¢ mpoTuBopevn-
BbIMU cBolicTBaMu: Py u a(FPy) ObLin 6bI SKBUBAJIEHTHBI U B TO 2Ke CAMOe BPEeMs
X HEIKBUBAJEHTHOCTH ObLIa ObI JIoKazyema. [losTomy HaIl ajroput™ He JiJis
BCEX IPOIPAMM IPUBOJUT K Pe3ybTarTy. A, 3HAUNUT, HAWJAETCS Takas 3amMeda-
TeJIbHAsT TIporpamMma (), 9To HE JJIsi KAKOH ITPOrPAMMBI HEJIb3s JOKA3aTh €6
HEIKBHUBAJIEHTHOCTD Tporpamme (. (JIerko Bujers, MKy MpPOYMM, 9TO BCsi-
Kas CTOJIb 3aMevaTesbHas IIPOrpDAMMa BBIYUCJISAET HUTJE HE OIPEIESEHHYIO
dyuxiwo.) TocraTouHo Teneps B3sTh JIIOOYIO IPOIPAMMY, He SKBHBAJICHTHYO
nporpamMme (), 9ToOBI MOJIYUUTh UCTUHHOE, HO HE JIOKA3YEMOE YTBEDKJCHUE.

Crporoe u3jioXKeHne yKa3aHHON UJIEU COCTOUT W3 JIBYX dacteil. B nepsoii
YACTH WHTYUTUBHOE TIOHSITHE TPOTPAMMBI 3aMEHSIETCsST HEKOTOPBIM MAaTeMaTH-
JeCcKUM MOoHsITHEeM 1 TeopeMa 0 HEelmoABUKHOM TOUKe IIPUOOPETAET TEM CAMBIM
6oJiee TouHyI0 hopMysMPOBKY. Bo BTOpPOIt yacTu yrounsiercs mnepexof ot Teo-
peMbl 0 HenoABUKHO# Touke K Teopeme ['€meirst.

IIEPBAS YACTBH

loBopsi 0 mporpaMMmax BBIMUCIUMBIX (PYHKIUH, MBI UMEEM 37eCh B BHUIY
BBIYUC/IUMbIE (DYHKIMH OJHON ITEPEMEHHON C HATYPAJBHBIMU apryMEHTAMHU U
3HaYeHusIMU. UTOOBI MEePETH OT MHTYUTHUBHOIO IOHSTHS HPOTPAMMBI K €r0
TOYHO OIMMCAHHOMY aHAaJIOTy, yKarkeM, KaKhe CBOWCTBAa WHTYUTHBHOI'O IOHS-
Tugd HaM Tpebyiorcd. IIpex e Bcero, Mbl mpe/nosaracM, 9To BCe MPOrPAMMBI

12) Coobmena B 2007 T.
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3AIMCAHBI B BUJE CJIOB B HEKOTOPOM GAPAGUME NPOZPAMM U ITO B COOTBET-
CTBYIOIIIEM CJIOBAPHOM IIPOCTPAHCTBE OHM 00PA3yIOT PA3PEIINMOe MHOXKECTBO.
Pasz mHO>XKeECTBO 1IporpaMM pa3pernmmo, TO OHO EPEIUCTUMO U, Oy du OecKo-
HEYHBIM, MOXKET ObITh 6€3 MOBTOPEHHIT PACIIONIOKEHO B BEITUCIMMYO TOCJIEI0-
BATEJIBHOCTh. J[pyruMu cjioBaMu, 370 MHO2KECTBO MOXKET OBITH TaKUM 00pa3oM
3aHYMEPOBAHO HATYPAJbHBIMU YUCJAMU, YTO CYIIECTBYIOT KaK AJITOPUTM IIe-
pexoja OT HOMepa K IPOrpaMMe C 3TUM HOMEPOM, TaK W aJTOPUTM IEePEXojia
OT mporpaMMbl K eé Homepy. O603HAUNM 1Yepe3 P, MPOrpaMMy ¢ HOMEPOM 7.
[Tepexomst or mporpamMM K UX HOMEpaM, MOXKHO Tak repedopMysinpoBaTs Teo-
PEMY O HENOJBHXKHON TOUKE: 0 8CAKOU 6CdY ONPEEaéHHOT SbIMUCAUMOT
dpynxyuu x us N 6 N natidémes maxoe wucao q, wmo pg u py(q) IK6U6AAEHN-
Hbl, MO eCMB CYMb NPOZPAMMBL 0010 U MOt dce GYHKUUU.

[IpuruMaeTcst 3a OYEBUIHOE HAJMIHE aJTOPUTMA, KOTOPBIN JJIsT KayKI0T0
n U I KaXKJIO0r0 & JAET Pe3ysibTaT IPUMEHEHUs ITPOrPAMMBI P, KO BXOIY &
U HUYEro He JIaéT, ecyin pe3y/ibraTa IPUMEHEHUS P, K & He CyIIeCTBYeT. DTOT
AJITOPUTM 3aJIa€T BBIYUCIUMYIO DYHKIMIO F' OT IByX apryMeHToB: n u x. Ta-
KM 00pa30M, eCid 3aKPenuTh B 3Toi dyHkimu F' HekoTopoe hUKCHPOBAHHOE
YUCJIO N B KAYECTBE [IEPBOI'O apryMEHTa, TO BO3HUKINAs (DYHKIUsI OT BTOPOTO
(mepemenHoro) aprymenTa OyJerT He 9TO MHOE, KaK (DYHKIIUS, BBIUHCISEMAST
nporpamMmmoit p,. [losromy s dpyukiuu F' BeImoHIETCS TaKOe
CBOWICTBO YHUBEPCAJIbHOCTU: jijist Beskoi Bbraucanmoit dyukmun f n3 N
B N cymecTByer Takoe 4HCJIO 1, YTO JIJI BCAKOI'O & UMEET MECTO YCJIOBHOE
DPaBEHCTBO

f(x) ~ F(n,x).
(B kauecTBe n JOCTATOYHO B3sITh HOMED POIPAMMBI, BBIYUC/ISONIE f.)
st dyukmuu F' BBITOIHSIETCS TaKXKe
CBOWICTBO I'NTABHOCTU: jyist Bestkoit Berauncyimmoit pyakimu G uz N X N B N
CYIIECTBYET TaKasi BCIO/Ly OIpejiesiéHHas Bbraucanmas pynknus m u3 N B N,
Y9TO JIJIs JIIOOBIX 1 U & UMEET MEeCTO YCJIOBHOE PABEHCTBO

G(n,x) ~ F(w(n),z).

(B kagecTBe 7(n) HAIO B3ATH HOMED POIPAMMBI, KOTOPast OCYIIECTBIISIET Bbl-
qrcaenne GYHKIUH OT T TI0 CJIeYIONIeil cxeMe: «K mape (n, r) IPUMEHH ajro-
putM Bhranciaenus Gyaknun G».)

3aMeTnM, 9TO 13 BTOPOT'O CBOMCTBA BHITEKAET IIEPBOE, HO JJIsi HATJISITHOCTH
MBI UX pa3fiejuan. Beskas BeraucanMas (GpyHKIHs, 00/1a1a101as CBOWNCTBOM
YHUBEPCAJIBLHOCTH, HA3BIBACTCS YHUBEPCAALHOT. BesiKast BBIYMC/IIMAs yHUBEP-
castbHasl (pyHKIMs, 00IaJaI0Iast K TOMY K€ CBOHCTBOM IVIABHOCTH, Ha3bIBACTCSI
2nasnol ynusepcasvhotl. Takum obpazom, onmcanHas Bbime QYHKIHT F —
OJIHa U3 IJIABHBIX YHUBepCaJbHBIX yHKImit. OpeesieHne riaBHON yHUBED-
CaJIbHOI (DYHKIIMH ¥ OTPaskaeT Hy»KHbIE HAM CBOMCTBA IIPOIPAMM.
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[Tycts ® — npousBosibHag UncaoBast DYHKIN IBYX IEPEMEHHBIX. JHUCI0 N
HA3bIBAETCS HOMePoM (hyHKIUU f OJIHOM IIepeMeHHON OTHOCHTEIHHO (DYHKITUU
®, KoJsb CKOpO

Vo [f(z) ~ ®(n,z)].

Teopema 0 HENOJBMKHOI TOUKe ITpUOOpETAaEeT Telepb TaKyH TOYHYIO (POPMY-
JINPOBKY':

IIyemv © — anasran ynusepcarvras ynryus. Toeda das ecaxoti 6crody onpe-
deaénnoti svuucsumott gyrnruuu X ud N e N natidémes maxoe wucao g, 4mo
q u x(q) cymv nomepa 00not u moti orce Pyrryuu ommocumervro P.

BTOPASI YACTDB

Pukcupyem kKakyto-to dyukimio ¢ 1Byx nmepemennbix. IBa uncia Ha3oBEéM
IKBUBAAEHMMHBIMU OMHOCUMEALHO P, €c OHU SIBJISIIOTCST HOMEPAMU OJHO 1
Toit 2ke byukiuu. B ciy4aae Beranciimmoctu dpyukimn @ yrepk ienne 06 SKBU-
BAJICHTHOCTH YHUCEJ M W N MOYKHO BBIPA3UTH B A3BIKE, TO €CTh MOYKHO yKa3aTh
Takyio GOPMyIy C AByMs IapaMeTpaMu, KOTOpasi TOTJa M TOJHLKO Torma 00-
palaeTcss B UCTUHY [IPU MOJICTAHOBKE YHCEJI M U . BMECTO STUX [TapaMeTpOB,
KOT/Ta, IUCJIa M U 1 S9KBUBAJEHTHBI. YKaxkeM Takyio dopmyiy. Ilockonbky @
BBITHC/INMA, €6 rpadUK MEPEUnCcInM 1 BBIpaXKaeTcs HEKOTOpoit dopmystoit A
¢ rmapaMeTpaMiu T, Y U z, TaK 4TO JjIs JI000it Tpoiku umcen i, k, |

A(i, k,l) ucruaHA TOryA M TOJNBKO TOrA, Korga (i, k) = I

DKBUBAJIEHTHOCTD YHCEJ 7 U 7 O3HAYAET, ITO
Vo [®(m,x) ~ ®(n,x)],
TO €CTb, ITO JIJIS JIFOOOH maphl duces k u |
®(m, k) =1 rorma m Tosbko Torma, Korma P(n, k) = 1.
Tlociieiasisi paBHOCHJIBHOCTD BBIPAXKaeTCsi TAKOH (popMysIoii:
[A(m, k,1) = A(n, k,1)] & [A(n, k1) = A(m, k,1)].

A 5KBHUBaJIEHTHOCTD YHCEJI 11 W 1 BBIPAsKaeTcsi (pOPMyJIOif

Yy Vz {[A(m,y, z) = A(n,y,2)] & [A(n,y, z) = A(m,y, 2)]}.

O6o3naqanm 31y dopmymy depes B(m,n).

Urak, dopmyna B(m,n) BblpakaeT 5KBUBAJIEHTHOCTb YHUCET M U N OTHO-
curesibHO ®. COOTBETCTBEHHO, HEIKBUBAJIEHTHOCTD UUCEN 1M U 1 BBIPAXKAETCS
dbopmysoit 1B(m,n).

Bribepem Temepn B kadectBe P Kakyo-HUOy/Ib TVIABHYIO YHHBEPCAIHLHYIO
dyurnuo. Pacrosokum Bee jokazyeMblie (POPMYJIBI B MIEPEIUCTUMYIO TOCJIE-
JIOBATEJIbHOCTb. PaccMOTpUM airOpuT™, KOTOPBIH /I KaXKJI0I'0 HATYPAJIbHOTO
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m cuepBa HAXOIUT B MOCJIEI0BATETLHOCTH JOKA3yeMbIX (DOPMYJI IEPBYIO (hOp-
Mysty Buga 1B (m, n) ¢ 9TUM M 1 KAKUM-TO 1, & 3aT€M BBIJIAET 9TO N B KAUECTBE
pe3yJibraTa. Y Ka3aHHbIH aJITOPUTM [IPE0OPA30BAHUS 1M B 1 BBIYUC/ISIET HEKOTO-
pyio dyuknuio . I'paduk 31oit GyHKINE IEPEIUC/IUM U IIOTOMY BbIPasKaeTCsT
HEKOTOpO# dopmyiioit G.

[Tokazkem, aro dbyHKIMS X ONpejeseHa He JIJisi BCEX HATYPAJIbHBIX TUCE].
Vbeaumcst B 9TOM CITIOCODOM OT MPOTUBHOTO. IIpesmmonokum, 410 PyHKIMST Y
oIIpejiesieHa JIjisl BCEX HATYPaJbHBIX duces. Tormga K Hell MOYKHO IPUMEHUTH
TEOpeMy O HEHOJBU2KHON TOYKe. 3HAUUT, CYIIECTBYET TAKOE UHUCJIO 1MQ, UTO
qmcaa mo 1 X(mp) SKBUBAJIEHTHBI U, cTajgo ObITh, dopmyra B(mg, x(mg))
ucrunHa. [lo mocrpoenuto dyukiun x, dopmyiaa 1B(mg, x(mo)) mokasyema
B (hopMAaJIbHOM sI3bIKHU, 3HAYUT, TOXKe ncTuHHA. Ho dopmysia He MOXKeT OBITh
UCTUHHON BMECTE CO CBOUM OTPHUIIAHUEM.

Uraxk, x He ompefeneHa /Ijisi HEKOTOPOTO HATYPAJIHHOTO §. ITO 3HAUUT, 9TO
cpean opmyit Buga 1B(g,n) ¢ 95TUM ¢ ¥ IPOM3BOJIBHBIM 7. HET JIOKA3yeMbIX
dopmyi. B cuy yauBepcasibHocTn dyHKIun ® mmeercs GECKOHEYHO MHOTO
qHCelT, He SKBUBAJICHTHBIX IHCIy ¢. s moboro takoro n dopmymra 1B(q,n)
OKayKeTCsl HCTUHHOM, HO He joKasyemoit. Yro u maér teopemy l€merst.

YIHPAYKHEHUE. Kak B GopMaJIbHOM sI3bIKE BBIPA3UTH TEOPEMY O HEIO-
nerkHOi Touke? (IIpobiema cocrouT B TOM, 9TOOBI KAK-TO BBIPA3UTH 06OPOT
«JIJISI BCAKOM BCIOMY OIPEIEIEHHON BBIYUCIUMON (DYHKIIMHU X OIHOM ITepeMeH-
HOI1».)

JIOBABJIEHUE

CUHTAKCUYECKASI, MWW JEJYKTUBHAS, BEPCUS TEOPEMBI I'EAEJIS
§ JI-1. CUHTAKCUYECKASI BEPCUSI TEOPEMbI O HEITOJIHOTE

W cemanTryeckasi, 1 CHHTAKCHYIECKast (GOPMYJIUPOBKHU TeopeMbl [ €1ers Ha-
YUHAIOTCS € IPE3YMIIIUU, 9TO0 POPMATUIOBAHHDIN I3bIK PACCMATPUBAETCS BMe-
CcTe ¢ INPOU3BOJIHHOM, HO (DUKCHPOBAHHONW CHUCTEMON (POPMAaJIbHBIX TOKA3a-
TeJILCTB, UJIU, B HAIell TEPMUHOJIOTUHU, C IIPOU3BOJIBHON, HO (DUKCUPOBAHHON
JenykTukoii. VI korga roBopuTcst 0 J0Ka3yeMOCTH, OJIPA3yMEBAETCs JTOKA3ye-
MOCTb OTHOCHUTEJILHO 9TOH e IyKTUKHU.

CemanTHaeckast Bepcusi TeopeMbl [ €/1e/1s1 0 HEIIOJIHOTE COCTOUT B TOM, UTO
CYINECTBYET UCTUHHASL, HO HE JloKazyeMast popMyJia sizbika. IToT 3hdeKT Ha-
3bIBAaETCHA cemanmuyeckot HeroanoToi. TakuMm obpa3oMm, ceMaHTUYeCKast Bep-
CHhd OIINpaeTCd Ha BbIJC/JIEHME N3 MHOXKeCTBa BCEX (bOpMy.H IIOAMHOZKeCTBa
ucTuHHBbIX dopMmysi. CHUHTaKCHYeCcKasi BEpCUsi HE ONUPAECTCS HA TOHSATHE WC-
TUHBI B TPUMEHEHNN K (DOPMYyJTaM paccMaTpuBaeMoro sizbika. OHa COCTOUT B
TOM, YTO CYIIECTBYeT 3aKpbiTasi (hOPMYyJia, KOTOPYIO HEJIb3sl HU JI0KA3aTh, HU
opoBepruyTh. (Onposeperyms 03HAYAET JOKA3ATh OTPUIIAHKE.) DTOT F3PdEKT
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HA3BIBACTCS CUHMAKCUYECKol, NI dedykmueholi, nenosnomot.. Pazymeercs,
JIeJIyKTUBHAsT HEIIOJIHOTA MOXKET MMETb MECTO JIUIIb [IPU YCJOBUM CUHMAKCU-
weckol nenpomusopenusocmu (OHa XKe 0edYKMUBHAA HENPOMUBOPEHUBOCTND )
sI3bIKA, O3HAYAIONIEHl HEeBO3MOYXKHOCTDL TOI'O, UYTOOBI Kakas-audbo dpopmysia ObI-
Jia, JIoOKa3yeMa BMeCTe CO CBOUM OTPHUIAHUEM: B IIPOTHBOPEUUBOM SI3BIKE JIFO-
6ast popmysa sBIsieTCs T0Ka3yeMoil (B CHILy 3aKOHOB JIOTHMKHU BBICKA3bIBAHMUIA,
KaKOBBIE [IPEJIIOJIAraloTCs JIeHCTBYIOMUME — CM. HuKe). DbdexT, nporuso-
[TOJIOYKHBI CUHTAKCUYECKOW HEIOJIHOTE W COCTOSIIIUI B TOM, 4TO Jitobasi 3a-
KpbITas GpopMmyJia Jubo JoKa3yeMa caMma, JTH00 UMeeT JOKa3yeMoe OTPUIlaHuE,
HA3BIBAETCS CUHMAKCUYECKOT, W JedyKkmuehol, noaHomot.

B srom [lobapienun nac OygeT WHTEPECOBATH MMEHHO CHHTAKCHIECKAs
HermoJIHOTa. 1109TOMYy 3MUTETHI «CUHTAKCUYECKUN» U «JIeIyKTUBHBIIY OVIyT
OIIyCKATbCsI, ¥ MBI OylleM T'OBOPHUTDL IIPOCTO «HEIPOTUBOPEIUBOCTL», «IIOJIHO-
Ta» U T.II

OxoHYaTeIbHbII BapuaHT ,Z[O6aBJI€HI/IH CJIOZKMJICA TIOJ] BJIMAHUEM YCTHBIX
1 IIMCbMEHHBIX 66(36,[( aBTOpa C prHHeIU/H_HI/IM ClienmuaJimCcToM Halei CTpaHbI 110
TEeoOpUun J0Ka3aTCJIbCTB — JIbBOM ,HMI/ITPI/IGBI/I‘IEM Beknemumesnim.

Ucnonb3yst MOHATHAS «HEIIPOTHBOPEUNBOCTDY», «IIOJHOTa» U, BOOOIIE, JIIO-
6bIe TOHATHS, OIINPAIOIINECH Ha ITOHATHUE JJOKA3YEMOCTHU, B IPUMEHEHUU K A3bl-
KY, MbI JIOIlyCKaeM TO, 4T0 Bypbaku HasbiBaeT BOJIbHOCTBHIO peun (abus de
language). [Jesio B TOM, 9TO B JIOTHKO-MATEMATHIECKOM OOUXOJIE A3DIKOM TIPH-
HSATO Ha3bIBATH YMCTO CHHTAKCUYIECKYIO KOHCTPYKITUIO, TTO3BOJISIONLYIO U3 BCEX
CJIOB B 3aJIaHHOM aJI(aBUTE BBIIEISTH MPABUIBHO MTOCTPOEHHBIE BBIPAXKEHUST
(uMeHa, TIepeMeHHble, TepMbI, (GOPMYJIBI U T.1I.) U YKa3bIBaTh IIpaBUIa 0Opa-
IEeHNsT ¢ HUMU. 13BIK, HAIEJIEHHBII CEMAHTUKON, — 9TO yKe O0BEKT JIPYyroro
poja, KOTOPBIH, 3a HEMMEHUEM JIy4dlIIero TepMUHA, MOXKHO Ha3bIBAThL UHMeEp-
NPEMUPOBAHHBIM A3BIKOM. ZIBBIK ILIIOC AEAYKTHKA — 9TO OOBEKT eIllé OTHOIO
po/ia, KOTOPBIN IMPUHATO HA3BIBATL meopueti. TOJIBKO K TeopusiM, CTPOrO T'O-
BOPsI, IPUMEHUMbI TIOHSITHS, CBSI3aHHBIE C JIOKA3yeMoCThi0. OOBITHO MPH 9TOM
TEPMUH <«TE€OpUs» TPUMEHSIOT JIUIIb B TeX CJaydasX, KOoTja IpuMeHseMas B
paccMaTpPUBAEMOM s3bIKe CHCTeMa (DOPMAJIbHBIX J0KA3aTeIbCTB TaKOBa, UTO
BMenIaeT B Ce6${ BCE 3aKOHBI Hpe,Z[PIKa.THOI)’I JIOTUKU (B TOM YUCJIE 3aKOHBI JIO-
I'MKH BbICKA3bIBAHMUIA); IMEHHO B TAKOM Y3KOM IIOHUMAHUU UCIOJIB3YETCH YKa-
3aHHBIN TepMuH B HacTosmeM [lobapiaennn. Hakomerr, eciim I3bIK CHAOXKEH U
CEMAHTUKOU, U JIeJIYKTUKOU, €r0 CJIeIyeT, TTO-BUIUMOMY, HA3bIBATH UHIMEPNPE-
muposaHHol meopuedi.

Nrak, ciieayeT pa3indaTh YeThIpe KATEropun 00beKTOB: SI3bIKI, HHTEPIIPe-
THPOBAHHBIE SI3BIKU, TEOPUN, HHTEPIIPETHpOBaHHble Teopun. OIHAKO, €CJIN HET
OTIACEHU Iy TAHUIIBI, BCEX WX MOYKHO HAa3bIBATH ITPOCTO A3bIKAMU, IMES B BUAJLY,
9TO TOYHOE 3HAYECHNE TEPMUHA A3blK B KazKIOM KOHKPETHOM CJiydae IMOHATHO
13 KOHTeKcTa. Tak, Korjaa roBopsiT O CeMaHTHUUIECKON Bepcuu TeopeMbl ['€1es,
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TEPMUHOM A3bl%K 0003HATAETCH MHTEPIPETUPOBAHHAS TEOPHUsl, 8 KOIJa TOBOPST
O CHHTAKCUYIECKON BEPCUU ITUM TEPMUHOM 0DO3HAYAETCS TEOPUS.

JlokazyemocThb Kakoit-mubo dopmyser F npunaro obo3HavaTh Tak:

FF.

IIpeamerom Hamrero m3joxkeHusi OyIeT A3bIK (pOpMaIbHON apupMETHKH.
Ero cunrakcudeckue cpeicTBa JOJIKHBI ObITH TAKOBBI, YTOOBI IIPU HAJICJICHUN
€ro CTaHJAPTHOW CEMaHTUKOW OH MOT BhIpaxkarTh (hakThl apudMeTuKku. Takum
06paszoM, CpeJin €ro BEIPayKeHI HMEIOTCs HyMepaJibl (MMeHa HATYPAJIbHBIX -
ces), apryMeHTaM§ ¥ 3HAYEHUSIMU BCEX PACCMATPUBAEMBIX (DYHKIHUI CJryzKar
HaTypaJibHbIe YHUC/A, a O0DJACTHI0 M3MEHEHUs! KaXKJION MEePEMEHHON CJIy>KUAT
HATYPAJIBHBIA Psifl. MBI HCXOIUM U3 TOrO, YTO SI3bIK (KAK TEOpHUsi) HEIPOTHBO-
pedus.

B cuny 3akoHoB nipeiKaTHON JIOTUKT

ecJM HyMepaJsibl m U n COBIAJAOT, TO F (m = n). (15)

JLy1st HAIISZHOCTH IIPU IIEPEXO/IE OT YKNC/Ia K HYyMEPAJIy, sIBJISIONIErOCsT NMe-
HEM 9TOr0 YHC/Ia, MBI He Oy/eM MeHATb obo3HadeHusi. Takum oOpa3om, ecan
OYKBBI ™ U 1 0003HAYAIOT B TEKCTE KaKMe-HUOYIb YUC/Ia, TO B cocTaBe (hopMyJI
dOpMaJIbHOTO A3BIKA Te 2Ke OYKBBI 0y1yT 0003HAYATH COOTBETCTBYIOIIIE STHM
quciaM HyMepaJbl, TO eCTb CUMBOJIBI (0 ¢ ™M U N IMTPUXaMU COOTBETCTBEHHO.
[Tosromy (15) MoxkHO T1€pedOPMYINPOBATH TaK:

€CJIM 9UCIa M U N COBHAJAIOT, TO - (m = n). (15")

Mper npeonaraeM, 9ro cucreMa (GOPMAIBHBIX J0KA3aTeIbCTB 06eCedn-
BaeT JOKa3yeMOCTh HEKOTOPBIX Ipoctreiinux ¢dopmyrt. Hekoropbie n3 HEX OT-
MeTnM 0cob6o — cM. Huke (16)—(18).

Eciin uucina m u n paznugssl, To F1(m = n). (16)
CHEJICTBUE: eciu F (m =n), To m = n. (16")

(HepaBeHCTBO HEBO3MOYKHO B CUJLy HEPOTUBOPEIUBOCTH. )
Yreepxaenns (15') u (16") MmoxkHO 06bEUHUTS:

F (m = n), Torma u TOJIBKO TOTJA, KOLJIa m = n. (17)

B cuity 3akoHOB hopMasIbHOl aprudMETHKI CIIPABEIIBbI CJIE Iy onTHe (aK-
Tol (18)—(20):

Fx=yVez<yVy<ax). (18)

A mockonbKy * < Yy M T = Y CyTb HE UTO WHOE, KaK COKPAIIEHUsI JJIsT, COOT-
BETCTBEHHO, * < yVr=yuzxr>yVvr=y,TO

Fl<yVy>ux). (19)
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st siro6oii dopmyiter P(u) u sroboro wucia s,
ectn FP(0), FP(1),..., - P(s),
To F Vu[u < s = P(u)].

[Tpu paccMmorpeHnn ceMaHTUYIECKON Bepcum Teopembl [€nens dyHmamen-
TaJbHYIO POJIb UTPAJIO TOHSITHE BBIpa3uUMOCTH. [Ipu paccMOTpeHnn CHHTAKCH-
YeCKOW BEPCHU OHO 3aMEHSIETCsI MOHSITUEM BepuUIInpyeMocT. BymeM roBo-
puTh, aTo Teopust sepuduyupyem pyarnuio f: N — N nocpeacTBoM hopMyJibl
F(z,y) ¢ nByMst mTapaMeTpaMu, KOJIb CKOPO BBIIIOJTHEHbI JIBa YCJIOBUSI:

(1) st so6bIX wmcess m u n ecan f(m) = n, To = F(m,n);

(2) miast JiO6BIX wmcesn m, ny u ng ecau = F(m,ny) u b F(m,ng), To
F (n1 = ’I”LQ).

[TockosbKY BO BCEX HAIMUX PACCYKICHUSIX TEOPHUS MTPEIoaaracTces (puKkcu-
POBaHHOIL, TO TTO3BOINM cebe 68 He YIIOMUHATD U TOBOPUTH JJIsT KPATKOCTH, ITO
upu BbinosHennn yciaosuit (1) u (2) dopmyna F(x,y) sepuduyupyem byHK-
o f: N — N.

Haxoner, roopsT, uro dyHKIWMs f gepuduuupyema, ecin st HeE cyIie-
CcTByeT BepudunupymoIas eé dopmya.

BumecTo 11eHTpasTbHOTO [IJTsT CeMAaHTHYIECKOH BEPCUE TPeOOBAHUST TOCTATOY-
HOT'O 60FaTCTBa A3bIKa, COCTOAIIETO B BBIPASUMOCTHU IIEPECINC/IMMBIX MHO>KECTB,
JUUTsT CUHTAKCUYIECKOW BEPCUU BBIABUTACTCS mMpebosanue Gepuduuupyemocmu
BUYUCAUMBE GYHKYUT. DTO €CTh TO OCHOBHOE OTPAHUYEHNE Ha, sI3BIK, TPU KO-
TOPOM MBI COOMPAEMCS JI0Ka3aTh CUHTAKCUIECKYIO BEPCHIO.

EcrecTBenHOCTh yKa3aHHOTO TpebOBaHUs OOOCHOBBIBAETCS CJIEYIOITAMEI
coobpaxkenusimu. Eciau GyHKIms f BBIMHUCIUMA, TO aJTOPUTMUIECKHIA ITPO-
[ecc Tepexosia OT apryMeHTa M K pPe3ybTATy 7 MOXKET ObITh MPOCIEKEH U
3aMPOTOKOJIMPOBAH, U TOJYYEHHBIH TPOTOKOJ MOYKHO TPAKTOBATH KaK (hop-
MaJIbHOE JIoKa3aTe beTBO paseHcTBa f(m) = n. IlocKoIbKY aaropuTm ejauH
JUTST BCEX apryMEHTOB, TO W TOJYYEHHOMY TPOTOKOJY MOYKHO MPUJATH €JIU-
HOOOPA3HYIO TSI BCEX apryMEHTOB (POPMY, € TYCTBHIMU MECTAMHY, 3AIMOJIHSe-
MBIMU KOHKDETHBIMU HyMepajamMu m u n. TpeboBanue BepuduUIUpPyeMOCTU
dyHKIIM f COCTOUT MO CYIECTBY B TOM, YTOOBI pACCMATPHUBAEMbIH (ropma-
JIM30BAHHBIN SI3BIK OB B COCTOSTHMHM OMOPMUTL YKa3aHHYIO0 (POPMY B BHJIE
JnokaszyeMoil hopMyJIbl ¢ AByMs mapaMerpamu. B crapmapTHoM (opMaIbHOM
si3bIKe apuMETUKU 3TO OKA3bIBAETCsT BO3MOXKHBIM. CKa3aHHOE KacaoCh Ua-
cru (1) onpenesenns npejacrasumoctu. dro Kacaercs dactu (2), TO SICHO, ITO
KOJIb CKOPO TPETbIBICHBI JBA TTPOTOKOJIA OTHOTO M TOTO YK€ AJITOPUTMA, TTep-
BBIII U3 KOTOPBIX BEJET OT apryMeHTa m K pe3yJibTaTy N1, a BTOPOil — OT TOro
JKe CaMOro apryMeHTa K pPe3yabTaTy Mo, CAMO ITO TPEIbIBICHUE STBIISIETCS
HATJISTHBIM JIOKa3aTeTLCTBOM PABEHCTBA YKA3AHHBIX Pe3yIbTAaTOB. Pazymeert-
csl, YKa3aHHbIe COODparkeHMsI MMEIOT BCEro JIMIND 9BPUCTUIECKUN XapakKTep U
JIOJIZKHBI OBITH MOJITBEPXKICHBI CTPOTUM COJIEPYKATELHBIM JIOKA3aTeTHCTBOM,

(20)
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KaKOBOE OKA3bIBAETCSI BO3MOXKHBIM B CJIy4dae, KOrJla B KaueCTBe paccMaTpuBae-
MOTro (POPMAJIBHOTO SI3bIKA BBICTYIIAET CTAHIAPTHBIN S3bIK (DOPMaJIbHOM apud-
METHUKU.

[TONE3HASA JIEMMA. ITyemo gopmyaa F(x,y) sepuduyupyem dyrryuro f,
U nYCmb wucAa m u n maxosv, umo [ onpedeserna na m u f(m) # n. Toeda,
ecau aA3vk noaon, mo = 1F(m,n).

JIOKABATEJILCTBO. IlockonbKy f ompenesiena Ha m, TO JJjisi HEKOTOPOTO
qucsa p, OTIMYHOro oT n, 6yaer f(m) = p. B cuiy nepsoit uactu onpe/iesieHust
Bepudunupyemoctu rorga F F(m,p). Ecau 661 66010 = F(m,n), 1o B cuty
BTOPOii YacTu onpeesenus Bepudunupyemoctu 66110 651 - (n = p). Ho Takoe
HEBO3MOXKHO B cuity n # p. Urak, dopmyna F(m,n) Hegokasyema, a Toria,
COIJIACHO TIPEIIIOJIOKEHHIO O TIOJHOTE, JoKazyema dopmysta 1F(m,n).

§ /I-2. YCJIOBUE OMEIA-HEIIPOTUBOPEYNBOCTH

Cam T'énenmp mokazas CBOIO TeopeMy B (hOpMe CHHTAKCHIECKON BEPCHH.
[Tpu 5TOM OTHOCUTETEHO PACCMATPUBAEMOTO (POPMAIBHOTO sI3bIKA OH UCIIOJIhb-
30BaJI IPEJIIIOJIOKEHUE, OoJIee CUJIBHOE, HEXKEJTH [IPOCTO HEIIPOTHBOPEUNBOCTD,
a MMEHHO IIPEJIIIOJIOYKEHNE 00 w-HEeIPOTUBOPEUNBOCTU sA3bIKA. | €/1e1b Ha3BaAJ
SI3BIK W-HENPOMUBOPE UBDIM, KOJIb CKOPO HU JijIsi Kakoii (opmysiel Bua 3z F (),
rJe T — NPOU3BOJIbHAS MEPEMEHHAasi, He MOTYT OJHOBPEMEHHO BBITOTHSITHCSI
JIBA yTBEPK/ICHUSI:

(1) - 32F(x);

(2) mis siro6oro uncaa m umeer mecro F 1F(m).

3amernmM, YTO €C/U sI3bIK W-HEIPOTUBOPEYMB, TO OH U (IIPOCTO) HEIPO-
THBOPEYNB, MTOCKOJIBKY B IPOTHBOPEUNBOM SI3BIKE JIE0Oasi (POPMYyJIa sIBJISIETCSI
JIOKa3yeMOil.

B ykazaHHOM TPEIIOIOKEHIN MBI JOKAXKEM Cefdac CHHTAKCUIECKYIO BEp-
cuto. IIpu sTom MbI OyeM nucob30BaTh He Jopory camoro [€esst, a mopory
Kommoroposa. Bosee Toumo ciremnoBajo 661 TOBOPUTH HE O CAMUX JOPOrax IoJI-
HOCTBIO, & O Hadaax 3TuxX Jopor. VImenHno, Mbl Oy/1eM HUCIIOJIb30BaTh HE HYyMe-
paruio hopMasIbHBIX JOKA3aTeIbCTB, ¢ KOTOPOW HaduHaeTcs Jjopora [émens,
a IperbsABJIEHIe HEPA3PEITUMOrO IEPEIUCTUMOTO MHOXKECTBA, ¢ KOTOPOT'O Ha-
qmHaeTcst gopora Koamoroposa.

Wrak, mycrsb mepeuncammoe MHOXKecTBO R C N Hepaspemmmo, 9T0 paBHO-
cuIbHO TOMy, uTo ero monosiHenue N\ R Henepeunciumo. Ilycrs f — kakas-
Jinbo Bcromy ompejiesiéHHass Ha N Beraucaumasi (ByHKIHsI, 00pa3oM KOTOPOit
cayxut R. Ilycts F' — kakasi-iu6o Bepuduiupyiornias eé GpopmyJia.

JlokazaTeabCTBO HEMOJIHOTHI IIPOBOAUM OT mpoTuBHOrO. ClresiaeM mpeno-
JIOZKEHUE, 9TO UMEET MECTO CHHTAKCHYECKas MOJIHOTA, TO €CTh, 4TO Jiobast 3a-
KpbITas popMysa Jubo ToKa3yeMa cama, JUOO UMeeT JI0Ka3yeMoe OTPUIIAHIUE.
[Tokazkem, 9TO TaKoe MPEIIIOJIOMKEHNE TPUBOIAT K ITPOTUBOPEIHIO.
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Paccmorpum mMHOKecTBO E BCex JoKaszyeMbIx dopmys Buga 13z F(z,n).
OHO mepevncImMO KaK epeceveHne JIByX HepedncIMMbIX MHOXKECTB: IIepednc-
JIIMOTO MHOXKECTBa BCEX TEOpPeM M Pa3perImMOro MHOXKECTBa BCeX (opMyJT
Busia 13z F(z, n). MuoxkecrBo C, onpejessieMoe pPaBEHCTBOM

C={n|13xzF(z,n) € E},

TaKKe IePEINCINMO KaK ITOJIHBIN Tpoo0dpa3 mepedncanMoro MHOYKeCTBa F npu
BBIYUC/IMMOM OTOODPaKEHUHU, OTHOCAIEM KaxkiaoMy uucay n € N dpopmymy
13z F(xz,n). Ilosromy C' He MOXKET COBIAJATH C HENEPEUNUCIUMBIM MHOXKECT-
BoM N\ R. A MbI ceiivyac, onupasich Ha IPEJIIIOJIOKEHNE O HOJHOTE, KaK pa3 u
JIOKaXKeM COBIIaJEeHHe, 9TO U JACT TpedyeMoe HpOTHBOpedHe.

Mg nokasarenscrBa pasenctBa C = N\ R 710cTaTodHo J0Ka3aTh J1Ba
yrBepxkenust (1) CNR=2 u (2) N\ RCC.

Hokaxewm (1). Eciiu n € R, 1O Jijisi HEKOTOPOIO YHUCJIA 11 UMEEeT MECTO
f(m) = n. Torma, B cuty onpezenenust Bepuduupyemoct, - F(m,n). B cu-
JIy 3aKOHOB JIOTUKU Upeaukaros, ecau — F(m,n), ro b JzF(x,n) (yrBepx-
nenue 1-a). Ecim ke n € C, to b 13zF(x,n) (yrBep:xkuenue 1-b). Beumy
HEIIPOTHBOPEIMBOCTHU si3bIKa yTBep:kAeHus (1-a) u (1-b) HecoBMecTUMBI.

Hokaxkem (2). ITycrs n ¢ R. Torma jyist KayK[0ro 4ucia m CIpaBeInBo
HepaseHcTBo f(m) # n. B cuny Iosesnoit nemmer, = 1F(m,n). Urak, ast
KazKJI0ro 9uciaa m umMeer mecto - 1F(m,n). YcaoBue w-HEIPOTHBOPEIUBOCTI
3arperniaet, 9To0bl Ipu 3roM 6pwt0 F JxF'(2,n). CriemoBaTesibHo, B CUILY TIPEJi-
HOJIOZKEHUs! TIOJIHOTRL, Oyzer - 13z F (x,n), To ectb n € C.

§ 1-3. HEOTAE/JIUMBIE MHOYKECTBA

ToBopsiT, uro MHOXKecTBO U omdessem MHOXKeCTBO A oT MHOXKecTBa B,
ectu A CUnu BNU = &. B caydae, ecm Bce pacCMaTPUBAEMbIE MHOXKECT-
Ba SIBJISIFOTCSI IIOJIMHOXKECTBOM HEKOTOPOI'0 YHHBEPCYMa, TO JOojHeHue K U
OyJIeT OTIEATH MHOXKECTBO B oT MHOXKecTBa A.

Mpr 6ymeM paccMaTpWBaTh IOJAMHOXKECTBa HaTypasbHoro psaga N. JIsa
MHOYKECTBA HA3BIBAIOTCS 0MJEAUMBLMU, KOTTb CKOPO CYIIECTBYET OTIEISIONEe
OJTHO OT JIPYTOT'O Pa3peninMoe MHOXKEeCTBO. Kcyin MHOXKeCTBa He IepeceKaroTcst
U He SBJISIOTCS OTJEJUMBIMUA, OHU HA3bIBAIOTCS Heomdesumvimy. VI3 reopun
AJITOPUTMOB M3BECTEH CICAYIONH hakT: cyuecmeyom weomdesumoie nepe-
YUCAUMDLE MHOHCECTNEA, HAMYDAAOHLT YUCEN.

[Tapa HEOTHEMMMBIX MMEPEUUCTUMBIX MHOXKECTB MOXKET CJIY?KUTh UHCTPY-
MEHTOM JIJIsl JIOKA3aTeIbCTBA CHHTAKCHYEeCKOl Bepcun TeopeMbl ['€esst.

Ob6mmast unest takopa. JlokazaTeIbCTBO MPOBOJMM METOJIOM OT IIPOTUBHOIO,
TO €CThb BBIJIBUTAEM THIIOTE3y, YTO sI3bIK CUHTaKcudecku 1mojioH. OukcupoBan
[IPOU3BOJIHHYIO TAPY HEOT/IETUMBIX HEPEIUCITUMbIX MHOXKECTB U IPEIIOJIONKIB
CHUHTAKCUYIECKYIO IIOJIHOTY 4A3bIKa, JIJId KazKI0r'o U3 yKa3aHHbIX HEOTICJIUMbIX
MHOXKECTB IBITAEMCSI HAMTH TaKOe MEPEUUCTUMOE HAJIMHOXKECTBO, YTOOBI 3TH
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HAIMHOXKECTBa OKA3aJIICh B3aNMHO JOTOJHATEIBHBI. Toraa Kaxk moe u3 Hux 0y-
JIET, BO-TIEPBBIX, PA3PENIUMBIM, & BO-BTOPBIX, OyJI€T OT/IE/ISATh UCXOTHBIE HEOT-
JleJTIMbIe MHOYKECTBA, 9TO HEBO3MOXKHO.

Teneps peausyeM HU3JI0KEHHYIO UIEI0. fI3BIK IMO-TIPEXKHEMY IIPEJIIOJIara-
€TCsT W-HEMTPOTUBOPEIMBLIM.

HyCTb MHO>KECTBa A n B HaTypaJIbHbIX YUCEJI HNEPEINCANMbI 1 HEOT/e-
simmbl. [lycts f — kakas-uubyns onpenenéanast #a N BeraucanMasi (pyHKIUS,
MHOXKECTBOM 3HadeHuit KoTopbix cayxut A. [lycrs F'(z,y) — dopmyna, Bepu-
unupyromas pyaknuo f. Takum obpazom,

ecan f(m) =n, To - F(m,n).

B kadecTBe HAJIMHOXKECTB, IIOKPBIBAIOIIUX, COOTBETCTBEHHO, A 1 B, 6epém
TaKue JBa MHOXKeCTBa:

Fy:={n|F 32F(z,n)};
Fp:={n|F13zF(z,n)}.

[Ipo aT; MHOXKECTBA HAJJIEKUT YCTAHOBUTH, UTO OHU TIEPEIUCTUMBI, B3a-
UMHO JIOMOJITHUTEIbHBI U TOKPBIBAIOT, COOTBETCTBEHHO, A 1 B.

[lepeuncinMocTs U — BBUJIY TPETONIOKEHHBIX HETPOTHBOPEINBOCTA U
IIOJTHOTDBLI — B3aHMHagd JOIIOJTHUTEJIbHOCTD OY€eBU/IHDBI.

Ob6uapykuth, ur0 A C F4, ogenn mpocto. [lycts n € A. D10 o3nagaer, 9T0
JIUISE HeKOTOporo wuciaa m umeer mecto f(m) = n. Torma = F(m,n), otkyna,
[0 3aKOHAM JIOTUKHU NpeauKaros, F Iz F (x,n).

Yoemumcs , aro B C Fpg. Ilycte n € B. Hamo nokazars, aton € Fpg. Ilpen-
nosioxkuM nporusHoe: n ¢ Fp. Torga n € Fy. Dro 3uauut, uro - Iz F(x,n).
B cuity w-HEPpOTHBOPEYUBOCTHU S3bIKA HEBO3MOXKHO, UYTOOBI JIjIsT KAXKJIOTO Ha-
TypasibHOro m 6bw10 F 1F (m,n). 3Haunt, HARAETCS TAKOE YHCIIO M, JJIsd KO-
Toporo dopmysa 1F(m,n) Hemokazyema. IIpesonoxkenHas MoJaHOTA S3bIKA
IIO3BOJIsZIECT IIPUMEHUTDH HOHeSHyIO JIEMMY 1 3aKJIIOYUTh, 9YTO B TaKOM CJIy4dae
f(m) =n.Hororman € A, uro HeBO3MOXKHO, TaK Kak A u B He nepecekaiorcs.

§ /I-4. YCTPAHEHUE YCJIOBUSA OMEIA-HEITPOTUBOPEYUBOCTU: JTOPOI'A
PoOCCEPA.

Yepes HECKOJIBKO JIET IMOC/IEe TOro, KakK [€/1e/1b omyb/IMKOBaJI CBOIO CTAThIO,
Poccep ycrpanus yciosue omera-aenporuBopedanBoctr. OH yCOBEPIIEHCTBOBAJ
Ty JOPOTY, UJs 10 KOTopoil ['€1eb mpumés K cBoeil CHHTaKCUIeCKON BEPCHH,
7 J0Ka3aJ TeOPEMY O HEIOJIHOTE B IIPEJIIIOJIOKEHIH JIUIIL IIPOCTON HEIpOTH-
BopeunBocTu Teopuu. Crocob Poccepa cocrosti B mocTpoeHuu (hOpMyJIbl, Bbi-
parkaloleil He TOJIbKO — Kak ¢opmysia [€mesrss — cBOIO HEIO0Ka3yeMOCThb, HO
u emé Koe-uaTo. Cierka orpy0Jisiss CUTyaInio, MOXKHO CKa3aTh Tak: Poccep Ha-
mé POPMYILY, YTBEPKIAIOILYIO, YTO €CJIU OHA J0Ka3yema, TO JOKa3yeMo U eé
OTpHIAHHUE.
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B § /I-2 MBI feficTBOBaIM KOJIMOTOPOBCKAME METOAMU, HO HAM, BCJIEH 3a
['€neem, TPUIIOCH MPEJIITONIOKUTH OMEra-HEIPOTHBOPEINBOCTEL Teopuu. Oc-
HOBAHHOE Ha TOM Ke IIPE/IIOJIOKEHIN JIPYToe, CJIerKa Ooiee CII0KHOe (HO TOXKe
KOJIMOTOPOBCKOT'O THIIA) JIOKA3aTeIbCTBO CHHTAKCUYIECKOI HENOJHOTHI ObLIO
u3s102keHo B § [1-3; 9T0 10Ka3aTEILCTBO POBHO HACTOIHKO CJIOXKHEE JIOKA3ATE b
ctBa u3 § JI-2, HACKOJIBKO TOHSITHE TApPbl HEOTIEJUMBIX TTEPEIUCTUMBIX MHO-
2KECTB CJIOZKHEE ITOHATHA HEPa3PEIINMOro IIepeuYncC/JImMMOIro MHOXKeCTBa. Ceﬁ—
Jac MbI IPUJIOXKUM ujien Poccepa K yCOBEPIIIEHCTBOBAHUIO JIOKA3ATEIbCTBA U3
§ -3 B Haziexk1e n36ABUTHCS OT yCJIOBUSI OMEra-HEIPOTUBOPEINBOCTU. TakuM
obpazom, § /1-3 MOXKHO paccMATPUBATH KaK TOATOTOBUTEIHHBIN TI0 OTHOITEHITO
K Hactosmemy § JI-4.

[Ipoananusupyem, Kak Ml jeiicreoBasu B § J1-3.

Mb1 dukcupoBaiu nponsBoibHy0 napy (A, B) HEOTIETMMbIX ePEeIHCIIH-
MBIX YHCJIOBBIX MHOXKECTB. 3aTeM MbI Halm cemeiictso { F), } 3akpbIThix dhop-
MYJT CO CJICAYIONTIME CBOMCTBAMU:

(1) eciu n € A, To b Fy;

(2) eciu n € B, 1o - 1F,, (B JeMOHCTpanuu 3TOro CBONCTBA U ObLIA HUC-
[OJIb30BaHA W-HEITPOTHBOPEIHBOCTD ).

Jlasee m10Ka3aTENLCTBO CHHTAKCHYIECKON HEMTOJTHOTHI TPOBOIIOCH OT TIPO-
TUBHOTO. [IPEeIIoI0K1UB OJHOTY, MBI TOJTY YUJIN, UTO JJIst JI000T0 1 b0 = Fiy,
gmbo F 1F,; u To M JApyroe BMeCTe HEBO3MOYKHO BBHUJY TPOCTON HEMPOTHBO-
peunBoctu. Takum obpasom, muoxkectBa {n | = F,} u {n | F1F,} okazanucs
B3aMHO AOIIOJTHUTE/JIbHBIMU, & TaK>Ke — IMOCKOJIBKY OHU OY€BUIHBIM 06pa30M
[EPEYUCTUMBI — pa3penuMbiMu. KaxKioe u3 HUX OTJIEJIsieT OHO U3 MHOXKECTB
A u B oT Apyroro, 9To HEBO3MOXKHO BBUY HEOTJECTUMOCTH TTOCJIETHIX.

B § JI-3 B posu F), Boicrynuia dopmyna Iz F(z,n), rae F(z,y) — mobas u3
dopmys1, BepupUIUPYIONUX TPOU3BOJBHYIO BRIMUCIUMYIO (DYHKIUHU f, mepe-
YUCTATONTYI0 MHOXKeCTBO A. Termepn, MOCKOIBKY MBI XOTUM JIOBOJBCTBOBATHCS
HE OMera-, a MPOCTON HEMPOTHBOPEUNBOCTHIO, HAM MOTPEOYETCS YCIOKHUTD
dbopmyiy Fi,.

Kak u B npenpiayinem naparpade, J10Ka3aTeIbCTBO BEJIEM OT ITPOTUBHOTO,
TO €CTh MPEIoJAraeM, UTO sA3bIK CHHTAKCUYIECKH IMOJIOH. 3a 0D03HAYEHUSIMU
dbyuxiyn f u dopmysnsr F(z,y) coxpansieMm ux npexHuii cMbics — Kak B § J1-3.
Anajiornvno, g — Kakasi-HUOyIb onpejieséraasi Ha N BeraucauMast QyHKIHUS,
MHOKECTBOM 3HAYEHU KOTOPBIX ciryKuT B, a dopmyna G(z,y) Bepudurmpy-
erT QYHKIUIO ¢.

[Tosraraem

Fy, = 3z{F(z,n)&Vu[u < z = 1G(u,n)]}.

IIycte n € A. Torma mist HEKOTOPOro 4KCJIa S OYIyT CIpPABEIIUBBI IBa
yTBEPKJIeHUs: BO-1IePBbIX, f(s) = n u, Bo-BropbIX, Yu(u < s = g(u) # n). Us
[ePBOrO yTBEPK/IeHUsl BbITeKaeT, uro - F(s,n).
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ITocmoTpuM, 9TO BBITEKAET U3 BTOPOro. Tak Kak A u B He mepecekarTcs,
TO JIst KasKJIOT0 9hCJIa ¢ UMeeT MecTo ¢(g) # n ¥ HOTOMY, BBHJLY IIPEJIIOJIO-
ykeHHOM mosiHOTEL 1 [losesnoit emmsl, F1(g(q) = n). B gacrrocTu,

F1G(q,0), F1G(¢, 1), ..., F1G(q, s).
A rorna (em. (6) u3 § I-1)
FVulu < s = 1G(u,n)].
B couerannu ¢ panee JlOKa3aHHBIM yTBepzKaeHneM F F(s,n) moaydaem
F{F(s,n)&Yu[u < s = 1G(u,n)|}.

ITo 3akoHAM JOTHKY IPEINKATOB OTCIONA BhITeKaeT, uTo - F),. JlokazaTeabcTBO
croiicrBa (1) 3aBepiieHo.

[Tepexomum K JokasarenberBy cpoiicrBa (2). Bropoit pas ucmosbzyem
MeToJ| om npomuenozo (He 3aby/eM, U4TO Mbl HAXOJUMCS BHYTPU OOJIBIIOTO
paccyxK/ieHrsd OT IIPOTHUBHOI'O, HaYaBIIIETOoCd C T'MIIOTE3bl O IIOJIHOTE TeOpHuu,
KaKOBYIO MbI M cTpeMuMcst onpoBeprayTh). Ilycts n € B. Cosepiienno ana-
JIOTUYHO TOJILKO YTO MPOBEIEHHOMY PaCCyKICHUIO yOeKIaeMCsl, 9TO B 9TOM
ciaydae F Gy, rie G, ecTb coKpallenue Jjisi (POPMYJIb

Fy{G(y,n)&Vv[v < y = 1F(v,n)]}.

Urak, - F,, u - G,. [lyis 3aBepienus jjoka3aTe/abCTBa MyHKTa (2) J0cTa-
TOYHO yOEIUTHCS, UTO 3TO HEBO3MOXKHO. K 9TOMY MBI U IIPUCTYIIAEM.

Tperuit pa3 npuberaem K METOLY 0M NPOMUEHO20 W JOIYyCKaeM, 9To - F,
u = Gy. Torpa - (FL,&G,,). Jloxuocts dopmyist (F,&G,,) Ha comepKareib-
HoM ypoBHe odeBuaua. OIHAKO CHHTAKCUIECKAas BEPCUs IOTOMY U HA3bIBAETCS
CHHTAKCUIECKOI, UTO He HCIOJb3yeT CEMaHTUKY si3blKa. JIOJIXKHO IpOIeMOH-
CTpUpOBaTh He €€ JIOKHOCTB, a €€ HeJoKasyeMocThb. Jlokasyema ke OoHa He
MOKET OBITh BBy H3HAYAJILHO IIPEIIIOJI0XKEHHON IPOCTO HEIPOTUBOPEUN-
BOCTHU si3bIKa. Jle1o B TOM, 9TO IOKa3yeMo eé OTpUIlaHue, a UMEHHO hOopMyJIa
1(F&Gy,). Hemoncrparust sToro dakra gana B [IpuiokeHnn K HACTOSIIIEMY

maparpady.
[TPUNIOXKEHUE K § JI-4: TOKA3VEMOCTb ®OPMVJIBL 1(F,&G,,).

[MonkBanTopubie wactu dhopmyn F, u G, obo3nadaem, coorBeTcTBeHHO, F, 11 G-
Takum 06pa3oM, HAM MPEJACTOUT YOEIUTHCS, ITO

F1(32F,&TyG,). (21)

Ilse dopmynst A nu B HasbBaoTCs 9K6UBAAEHMHBIMY, KOTH CKOPO JTOKa3yeMbl
06e nmviumkarum: A = B u B = A, Ttak 9TO 5KBUBAJIEHTHOCTH COXPAHSIETCS IIPU
epexozie oT GopMyII K uX orpunanusM. Eciin onaa n3 AByX 9KBUBAJEHTHBIX (hOPMYIT
JIOKa3yeMa, TO, OUE€BHUIHBIM 00pa30oM, JoKa3yeMa U JApyras.

O/inH 13 3aKOHOB JIOTWKU MPEJIMKATOB TJIACUT, 9TO ecyu popMmysia A He COIEepKUT
napamerpa y, a dopmysna B me comepxur nmapamerpa x, 1o dopmyinsl (FJrA&IyB) u
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JxIy(A&B) skBuBaneHTHBL. [109TOMY JIOCTATOUHO YOEAUTHCS B J0KA3yeMOCTH (HOp-
MYJIBI

B3y (Frker), (22)

9KBUBAJEHTHONH (hopMyTe

Vavy1(F,&G,,). (23)

A urobbl poBepuTh JOKazyeMocTb opmMyibl (23), m0cTaTo9HO yOEeUuThCs, YTO 0~
Kazyema hopmyIia

(FL&G,). (24)

DTOro mMoTOMy OKaXKeTCsd JOCTATOYHBIM, IOTOMY YTO K OTKPBITON (bopmyse (22) ¢
napaMeTpaM# X U Y OCTAHETCH JIUIIb JBAKIbI MIPUMEHUTH OJHO U3 MPABUJI BHIBOJIA
JIOTHKH [IPEIMKATOB, 8 UMEHHO NPasu.no 0606ueHus, i NOIyIUTh TpeOyeMyIo JOKa3y-
emMocTh (hopMyaibl (23).

Urak, naquém gopmaavro nokaspiBaTh Gopmyiy (24).

C 370i 11e/1b10 OABEPrHEM 3Ty (HOPMYJY SKBUBAJIEHTHBIM, TO €CTh COXPAHSIIONIAM
SKBUBAJEHTHOCTD, IIPEOOPA30BAHIAM. THUCIO0 N ABAACTCH (DPUKCHPOBAHHDBIM, IIO3TOMY
JJIsl YIPOIIEeHUs BOCIpusiTha (HPOPMyJi, oropocuM n B Bbipaxkenusx F(x,n), G(y,n),
F(v,n), G(u,n) u 6ygem mucars cokpamgénno F(x), G(y), F(v), G(u). Popmyny (24)
HEepENuChIBACM TaK:

HF (z)&Vulu < 2 =1G(u)|&G(y)&Vo[v < y = 1F(v)]}. (25)
B (25) neperpynuupoBbIBaeM UIIEHbIL:
H(F(2)&Vv[v <y = 1F(0)])&(G(y)&Vulu < z = 1G(u)])}. (26)

Banocs B (26) orpunanue BHYTPb QUIYPHBIX CKODOK, [OJIy9IaeM [0 3aKOHAM JIOTUKU
BBICKA3bIBAHMUIL:

{1(F(z)&Wv[v < y = 1F()]) V1I(G(y)&Vu[u < = = 1G(u)])]}. (27)

Ecin mbl hopmasibHO joKazkeM (27), To TeM caMbIM Oyaer (GOPMAIbHO JOKa3aHA
u (21).

Dopmyna (27) umeer sux {K V L}. Ilo 3aKoHAM HCYHMCJIEHUS BBICKA3bIBAHMUIA,
ecmu F {CVv D}, F{C = K}, F{D = L}, o+ {K V L}. B namem ciayuae K
a0 1(F(2)&VYv[v < y = 1F(v)]), L aro 1(G(y)&Vulu < = 1G(u)]). B ragectse C
Gepém opmyiny = < y, a B kKauecrBe D — dopmyiy y < x. Torma yreepxkuenue (19)
u3 § JI-1 moxuo mepernmcars B Buge - C'V D. Takum obpaszom, jyist HAIMAX Tejei
JloctaTo9Ho yoeauThest B ToM, uro - {C = K} n - {D = L}.

IIpoeepsiem yrBepxkaenne - {C' = K}. (Yrepxkuenune - {D = L} nposepsier-
Csl COBEPIIEHHO aHAJOIMYHO.) BolnuchiBaeM HEno4Ky u3 8 yTBepKiAeHuil 0 JoKa3ye-
moctu Gopmyi. Ilepsoe yTBEpKIEHNE BBITEKACT M3 3aKOHOB (hOPMaJILHON apudne-
TUKH, KaXKJ0€ UX OCTAJIbHBIX — U3 IPEJbLILYNIEro, a IIOCJIeHee YTBEPKICHUE eCTh
yTBepxKIenue o gqokazyemoctu (opmyisl {C = K}, uro Ham u Tpebyercs.
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F o[z < y&F(z)] = Jofv < y&F(v))];
F e < y&F(z)] vV v < y&F (v)];

F oz <y) ViF(x) Vv < y&F(v)];
I—W(arg y) VIF(z) vV 3n[(v < y) VIF@));
z<y)ViF(z) Vv Infv <y =1F(v));
- 7( < y) V1F(z) ViVolv < y = 1F(v)];
oz < )\/T{F( )&Vulv <y = 1F (v)]};

F o <y =1{F(2)&Wv <y = 1F ()]}

§ -5. YCTPAHEHUE YCJIOBUSI OMET'A-HEIIPOTUBOPEUYMBOCTH: JTOPOI'A
BEKJIEMUIIEBA

OrnpaBHOI TOYKOM IO-TIPEKHEMY CJIYKHUT CYIIECTBOBAHHUE MAPhl HEOTIIe-
JIIMBIX TI€PEYUCTUMbIX MHOYKECTB HATYpaIbHbIX duces. [lycrs (A, B) — rakas
mapa. Pacemorpum dyukimio f, mpuHEMaromiyo 3Hadenne 0 na A, 3Hadenune
1 ma B u He onpeie/IEHHYIO Ha OCTAJbHBIX HATYPAJbHBIX dnciaxX. Ké rpadux,
KaK JIETKO BUJIETb, MEPEYUCIMM, [HO3TOMY OHa BbrumcsmMma. [lycrs F(x,y) —
Kakas-1nb0 Bepudunupyiomias eé¢ dpopmysta. [Tomoxnm

A={n|F F(n,0)},
B={n|F1F(n,0)}.

Teopuio npeamosaraeM HEIPOTHBOPEYMBON. JlOKa3aTEIbCTBO HEIIOTHOTHI
TEOpUH IPOBOAUM OT NpOTUBHOTO. [Ipesnomokum, 9To OHA TOJIHA, U MPUIEM
K [POTUBOPEYUIO C HEOT/IEIUMOCTBIO MHOXKECTB A u B.

MuozkecTBa A 1 B 0YeBHIHBIM 06pPa30M IE€PEYNCINMBI. B CHTy HEIpPOTHBO-
PEYINBOCTH U IIOJTHOTBHI OHM B3aMMHO JOIIOJIHUTEJIBHBI, a HOTOMy pPa3penInMbI.
Ecimu Mbt obnapyzxum, uto (1) A C Au (2) B C B, 10 A n B oKaxKyTcs OT/ie-
JUMbIMH. Y TBep2KieHne (1) BbITeKaeT U3 MepBoil 4acTu onpeiesieHust Bepudu-
mupyemMocTa. Ybenumcst B cupaBeinBocTu yTBepKienust (2). Ecim m € B,
To f(m) = 1. Bepst 0 B kavecrBe umcsia n B [losesnoil semme, mosydaem
F1F(m,0), aro npuBout K (2).

CymiecTBeHHOE COKPAITEHHE [TOKA3aTeIbCTBA (10 CPABHEHUIO C HPEIBIIY-
muM naparpadoM) JIOCTUIHYTO 3& CYET TOTO, YTO ObLIa UCIOJIb30BAHA HE BCIO-
Jly onpejienénnas OyHKIMs.

B. A. ¥Ycnenckuit, mexmar MI'Y



Ham cemunap:
MaTeMaTHIecKne CIOKeThbl

[Ipobiiema TpuHaIATH IIIAPOB
(9/1eMenTapHBI TOIX01)

X. Maexapa

CKOJIBKO eIUHUYHBIX IIAPOB MOI'YT OJHOBPEMEHHO KaCaTbCsl €IUHUIHOIO
[mapa B TPEXMEPHOM IIPOCTPAHCTBE, HE IIEPECEKAsICh IPYT C APYyroM? DTa mpob-
JieMa, U3BecTHas Kak mpobsiema Hobiorona — I'peropu mim rpobjema TpuHaIa-
TH IIAPOB, cTaja IpeaMeroM auckyccun mexkay V. Heroronom u 1. I'peropu B
1694 r. OTBeT ciemayIomnuii.

TEOPEMA 1. Maxcumaivhoe 4ucio nonapHo HEnepecerxaouurcs eOuHu -
MO WAPOB, KACAIOULULCA 0aHH020 eOUHUMHO20 ULAPA, PABHO 08EHAOUATNU.

[TepBoe mokazaTebCTBO 3TOM TeopeMbl ObLIO TosryueHo B 1953 1. IllyTom n
Ban siep Bapaenowm [17]. B 1956 r. JIuu omy6imKkoBas JBYXCTPAaHHIHYIO pabo-
Ty [8] ¢ HaGpockoMm JoKasarenberBa. Ho mpocieauTs 10Ka3aTeabCTBo 1o SToil
paboTe TPYJIHO U3-3a 3HAUUTEIbHBIX ITPOOEIOB. 3a MOCJIEIHNAE NeCSTh JIeT 0~
SIBUJINCH MOCBSIIIIEHHBIE MPobJieMe TpUHAIATH mapos paborsl [1-5,7, 11-16].
Mycun [13| perini aHaJIOrHYHYIO 33724y B YE€TBIPEXMEPHOM I[IPOCTPAHCTBE:
MaKCHMAaJIbHOE YHUCJIO €JITHUYHBIX MTapOB, KACAIOIINXCI YEThIPEXMEPHOTO €1~
HUYHOTO 11apa, paBHO 24. OH e, UCIOJIb3Ys CXOKUE METOJIbI, [TOJIY I HOBOE
pererne npobsembl 13 mapos [14]. Kpowme roro, B pabore [15] Mycun u Tapa-
COB HAIIJIN MAaKCAMAJILHO BO3MOXKHOE 3HadeHue dij3 MUHUMYMa CHEepUIecKux
paccrosiHuii Mexk 1y 13 Toukamu eauanaHOi cepsl (di3 &~ 57.1367°) u mokasza-
JIA, 9TO KOHUTYypaIns, Ha KOTOPO# JlocTuraercs 3uadenue dis, €IMHCTBEHHA,
C TOYHOCTBIO JI0 U30OMETPUH.

Tlepesom A. A. Bacasckoro.

MaTtemaTtuueckoe npoceelyetue, cep. 3, oin. 15, 2011(76-88)



IIpobsrema TpunaguaTi mMapos (JeMeHTapHbIH 10JX0/) 77

MpuI npuBeieM 3JIeMEHTapHOEe JI0KA3aTe/IbCTBO TEOPEMBI 1, MOJIyIeHHOE Ha
ocHoBe pabor [11,12] u mocrynHoe crapiekyiaccuukaM. J{okazareabcrsa Beex
HEOOXOIUMBIX JIEMM U (DOPMYJI TakzKe OyIyT IpeICTaB/IeHbI.

1. TEPMUHOJIOI'UA U OBO3HAYEHUA

O6oznaunm 4epes S? emunnunyio chepy ¢ IEHTPOM B Hadaae KOOPIMHAT
O TpexMepHOro €BKJIMJIOBA MPOCTPAHCTBA. BoabwuMm Kpy2om HA3BIBAETCS Ce-
wenne S? mIockocThIo, mpoxoasmeil gepes O. Pe6pom (W ompesxom) Ha3bI-
BaeTcs Jyra OGOJIBIIOro Kpyra, MeHblnas m. Pebpo ¢ kormamu A, B (a Takxke
ero qmany) 6ymaem obosnadarh AB. Iogmmuoxkectso W C S? nasbisaercs 6oi-
NYKABLM €CJIN JJIs JTIOOBIX JIBYX ToueK u3 W coenmHsitoriee ux pedbpo JIeKUT
B W. B nmambueiimnem mon s060it dburypoit (myroit, TpeyroJbHUKOM, YeThI-
PEXyTOJIBHUKOM, KDYTOM, OKPY?KHOCTBIO U T. [I.) HOjapa3yMeBaercs dburypa Ha
cdepe S?, econ me orosopeno uuoe. Tpeyrompauk ABC na S? — 970 BBIIYK-
nasg obsnacth Ha S2, orpanmuenHas Tpems orpeskamu AB, BC,CA. Cumson
A(z,y,z) 0bO3HATAET TPEYTOABHUK C JUIMHAME CTODOH Z,Yy,z. lllankol na-
3bIBaeTCH 06/1aCThb S2, OrpaHMYEHHAsS OKPYKHOCTBIO. €CJIN JIAH TPEYTOJILHUK
ABC, 10 cap(ABC) obo3Havaer IAIKY, OPAHUICHHYIO OIMUCAHHON OKDPYK-
vocteio ABC u comep:xamtyio ABC. I[lewmp MANKyW JeXXUT BHYTPU Hee, U
chepryeckoe PaccTOSTHAE OT HEro 10 J000i TPaHUIHON TOUKNA HA3BIBAETCS Pa-
duycom manku. Tpeyronbunk ABC HA3BIBAETCS CYUECNEEHHbIM, €CITU TEHTD
cap(ABC) nexur BHyTpHu Tpeyroabuuka ABC. [lyra oKpyKHOCTH ¢ KOHIa-

ancaay

vmu A, C, mpoxongamast depe3 B obozuadaercs ABC. Yemuwperyzosvrurom
ABC D nasbisaetcst (He 06s3aTeTbHO BBITYK/Ias) 06/acTh S2, orpaHuIeHHast
geTbipbMst orpeskavu AB, BC, C'D, DA. Iliomags TpeyroJibHIKA WU YeThI-
pexyroabauka obosnadaercst |ABC|, |A(z,y, 2)|, |ABCD].

[Iycts geTbipexyronbank ABC D siBisieTcst 00beINHEHNEM TPEYTOTHLHUKOB
ABC u ACD, kak na pucytke 1. Eciu D ne jexur suyrpu cap(ABC), To
muarotasb AC maspiBaerca cobemeennoti duazonanvio ABCD.

A

Puc. 1.
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2. OCHOBHBIE ®OPMVJIbI U JIEMMBI
JlokazaTeabcTBa CaeayIonux popMys U JIeMM IPUBEIEHBI B paszeie 4.

(2.1) ®opmyna nomwau. |[ABC| = A+ B+ ,C — .
(2.2) COEPUYECKAS TEOPEMA KOCHUHYCOB. B A(x,y, 2)

cosz = cosx cosy + sinzsiny cos b,
rie 0 — yron A(x,y, z), IPOTHBOIIOJIOKHBII 2.

Tax kak sinz siny > 0, To cos z Bo3pacTaeT ¢ pocTtoM cos f npu pUKCHPOBaH-
HBIX Z,y. OTcroma ciejyer.

(2.3) Tlpu dbuKcUpOBaHHBIX T,y yroJ f SBJIsIeTCss MOHOTOHHO BO3DACTAOMIEi
dyHKIIMEH 2. U

(2.4) JIEMMA ToOTA [6]. Ilycts d — nanmensinas cropona ABC. Ecin pagnyc
cap(ABC') mensbiue, dem d, To |[ABC| > |A(d, d, d)).

(2.5) JIEMMA O COBCTBEHHOW JMATOHAJN [3,9]. ITycrs AC' — cobcrBen-
Hasl uaronajhb derbipexyronbanka ABCD. Eciu ABC D nedopmupy-
€TCsI TAK, ITO JIMHBI €10 CTOPOH OCTAIOTCS HEM3MEHHBIMHE, a mnHa AC
y™menblaercs, 1o |ABCD| ymenbliaercst.

[Tycts ABC — cywecmeennniti mpeyzoavruk, a Tpeyronbuuk AB'C' cummer-
puuen ABC ornocurensho miaockocru ACO. Torma AC — cyliecTBeHHast Aua-
ronaJib derbipexyrosibiuka ABCB’, sasisiomnerocs o6beiHeHneM TpeyTroJib-
uukoB ABC, AB'C. Tak kak |[ABC| = |ABCB'|/2, u3 nemMbl 0 cOGCTBEHHOT

JIUArOHAJIH CJIELYET, UTO:
(2.6) Ilpm ymeHbIIEHHN CTOPOHBI & CYIIECTBEHHOIO TpeyroibHuka A(x,y, 2)
|A(x,y, 2)| ymenbiaercst. O

Eciu P — uenrp cap(ABC'), To obiasi TouKa JIyda OP ¢ mnockocrsio ABC
SIBJISIETCS IIEHTPOM OIMCAHHOH OKPYKHOCTH ILJIOCKOro TpeyroJbauka ABC.
CrenoBarenbHo, mpeyzosvruk ABC cywecmeentovii moada U moasvko moeada,
rxo2da naockuti mpeyzorvrux ABC ne mynoyeosvruiti. OTcioja BHITEKAET

(2.7) Hnst mobbIx x,y, z € [1/3,7/2], A(z,y, z) cylecTBEeHHbIIL. O
(2.8) Hnst mobbix x,y € [1/3,271/3], Az, y,7/2) cyliecTBeHHbIi. O

3. TOKABATEJILCTBO TEOPEMBHI 1
IMoamuoxkectBo X C S? HazoBeM §—0m0enummm, ecin chepuaecKkoe pac-

™
CTOSTHTE MK Ty JIFOOBIME ABYMs TOIKaMu X HE MeHbBIIe 3 [Iycrs aBa equamda-

HBIX IMapa Kacatorcss S B Toukax P u (. I3 pucyHka 2 BUJIHO, YTO STH IMAPbI
™
HE IIePEeCEeKaloTCs TOra U TOJILKO Torjaa, Korga ,POQ > 3 CJreoBaTesIbHO

TeopeMa 1 paBHOCHJIbHA CJIEJIYIOINIEH.
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Puc. 2.

™
TEOPEMA 2. MakcumarvHas MouHoCmb g—omaenumoeo NOOMHOIHCECTNEA,
S? paena dsenaduyamu.
Mgt 6y/1eM JTOKa3bIBATH TEOPEMY HMEHHO B sroit popmynuposke. Ob6o3HA-
IUM 9epe3 N MAKCHMATBLHYIO MOIIHOCTE g-OT,ILeJII/IMOI‘O nojMuoxkectsa S2. Ha-

JI0 IoKas3aTh, 94To n = 12. BBegeM ciiemyromiue cuMBOJIBL @, b, 0.
a:=m/3, b:=arccos(1/7) =~ 1.427, § := |A(a,a,a)|.
[Mpnmensisa (2.1) u (2.2), moaydaem:
0 ~ 0.551, |A(a,a,b)| =~ 0.667, |A(a,b,b)| =~ 0.892,
|IA(b,b,b)| = 1.194, |A(a,7/2,7/2)| = 1.047, |A(a,a,7/2)|~ 0.679.

Brumem B S? npasusbabiil nkocasap. Ilpoekmnun ero pebep na S? u3 O pas-

6uBaoT S? Ha 20 PABHOCTOPOHHHUX TPEYTOJHLHUKOB ILIOIIA M 47 /20 ~ 0.628.
Tak xax 0.628 > A(E g, g) ~ 0.551, CTOPOHBI 3TUX TPEYTrOJILHUKOB GOJIbIIE,

™
qeM §' SHAYUT BEPITUHBI UKOCAIIPA 00PaA3YIOT 3 ~OT/eJIIMOE MHOKECTBO, T. €.
> 12.

s o
[ycTs Temeps X C S? — 3 OTACTHMOE MHOYKECTEO MAKCHMAVIBHOM MOIIL-
HocTu n. Boinykiast o6osouka I'(X) MHOKecTBa X' SIBJISIETCS BBILYKJIBIM MHO-
TOIPaHHUKOM, BEPIINHBEI KoToporo npuHaaiexkar X. Touka O seKUT BHyTpH
I'(X), Tak Kak wHAYe MOXKHO OBLIO OBl J00aBUTH K X TOUKY, HE HapyIIas
™
YCJOBHS —-OT/e/IMOCTH. [Ipoekrmu pebep I'(X) ma S? us O, pazéusaror S2

Ha cdepuyueckne MHOrOyrojabHUKHU. [IpoBens, eciu HEOOXOAMMO, TUATrOHAJIN
STHX MHOTIOYTOJILHUKOB, MbI mosydnM rpad G ma S?, pasz6usarommii S? Ha
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TpeyrosbHUKU. OOO3HAUNM depe3 t UUCIIO MOy IUBIIMUXCS TPEYTOJIBHUKOB (.
CymMapHast IjIona/b 3Tux ¢ TpeyrojbHuKoB pasha 47. [lpumensis (2.1), mo-
Jy4aeMm

41 = cyMMa BHYTPEHHUX YTJIOB t TPEYTOJHLHUKOB — 7t = 27tn — mt.
CiremoBaTeIbHO
1° t=2n—4.

Tax kak O Jsexur sayTrpu ['(X), a Kaxkmas rpaub I'(X) 3amaer OmopHyO
wiockocTh K I'(X'), nosydaem, 1ro

2° Hu omma Bepmmaa (G He JIEKUT BHYTPH ONUCAHHONW OKPY?KHOCTH TpE-
yrojibauKa G.

3° Ilosromy kaxkmoe pebpo G sIBIIsteTcss COOCTBEHHOH NMATOHAJIBIO IEThI-
PEXYTOJBHUKA, IOy YeHHOT0 00be IMHEHNEM JIBYX TPEYTOJIbHUKOB, TIPHU-
JIEXKAIUX K 9TOMY pebpy.

4° Pammyc onmcaHHOU OKPYKHOCTH KarKJO0r0 TpeyrojibHuKa (G MeHbIe ¢
(MHAYE HEHTD 3TOH OKPYKHOCTH MOXKHO ObLIO Obl j06aBUTH K X, He

™

HapPYIIast g—OT,ZLeJH/IMOCTI/I).

[To memme Tora (2.4) u 4°, wromaap Kaxka0ro Tpeyroibauka G He MEHbIIE,
qeM 0 = |A(a,a,a)|. Tak xak 2n — 4 < 47/6 ~ 22.8, to n < 13. Takum
obpaszoM, 9TobBI JI0OKa3aTh, 9TO0 N = 12, J1OCTATOYHO J0Ka3aTb, U4TO N # 13.
Bynem mokaspiBaTh 9TO OT IPOTUBHOIO.

IIpeamonoxxum n = 13.

JIEMMA 1. B amom cayuae 6 G ecmo ne boavuwe 00no20 pebpa daurwv, = b.

JHOKABATENIBCTBO. U3 1° un = 13 ciemyer, uro t = 22. IlycTb Hambob-
mee pebpo G — 310 obmee pedbpo AC TpeyrombuukoB ABC u ACD, a e —
careprytonee 1o jinHe pebpo (a rakxke ero jymaa) G. [Tokaxkem, arto e < b.

(1) Tpemmosoxkum cuagasa, aro e > 7 /2. Jledopmupyem deTbipexyrosib-
Huk ABCD, coxpaHsisi JJIUHBI €ero CTOpOH Tak, urober AC cTajio paBHO g

Torna |ABCD| ymeHbIIATCS TI0 JleMMe O COOCTBEHHOI Juaronarn (2.5), a Tak
KaK JIJIMHBI BCeX pebep He MeHbIIe g, TO 10 cBoicTBY 4° 06a TpeyroJabHUKa
ABC, ACD 6ynyr cymecrernbiMu B cuity (2.7) u (2.8). Ecin e siBisiercs
croponoit ABCD, To

|ABCD| > |Aa,m/2,7/2)| + 0 ~ 1.0472 + 0.5513

u 4w > 216 4+ 1.0472 =~ 12.624 > 47 — uporuBopedne.
Eciu e ne sBisiercst croponoit ABCD, to |ABCD| > 2|A(a,a,7/2)| ~
~ 1.359. Amajorm4yno cy™mma TJOMael JBYX TPEYyTOJILHUKOB C OOIINM
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pebpom e He Menblne, ueM 2|A(a, a, 7/2)|. Torna 47 > (22 —4)0 +2 x 1.359 ~
~ 12.642 > 47 — nporusopeune. Takum obpaszom, e < /2.

(7i) Tenepn mnpemnosnoxkum, uro b < e < 7/2. TpeyroabHUKM, OTINY-
uele or ABC, ACD, cymecrBennbie mo (2.7). Ecau e — cropona ABCD, To
|ABCD| > |A(a,b,b)|+|A(a,a,b)|, u, Tak Kak cyIecTByer JIpyroi TpeyroJib-
HUK CO CTOPOHOI €:

dr > (22— 3)8 + 2|A(a, a,b)| + |A(a, b,b)| ~ 12.701 > 4n,

nporusopedne. Ecau e ne siBisiercs croponoit ABCD, To cymma mitoma/ieit
JIBYX TPEYTOJIbHUKOB ¢ 00ImuM pebpoM e He MeHblie, yeM |A(a, a, b)|, u, 3Hauur,
A > (22 — 4)6 + 4|A(a, a,b)| =~ 12.59 > 47 — nporusopeune. Cieg0BaTE/ILHO
e < b. Takum obpazom B G ecTb He DOJIbIIIE OJHOTO pebpa C JUINHOM = b.

JIEMMA 2. ITyemv 0 = O(x,y,z) — yzon mpeyeosvrura N(x,y, z), npo-
musonoaodtcroti z. Feava <z <y<bua<z mob>mn/3.

JOKABATENBLCTBO. Ilo (2.3) 8(x,y,2) > 0(x,y,a). Honoxum f(x,y, z)
= cosf. Tak xak fy(z,y,2) = (cosz — cosycosz)/(sinysinz) > 0 npu a
<z <y<b, 0 f(z,y,a) < f(x,b,a). Ilockonbky

fo(z,b,a) = V3(2 — Tcosz) /(24 sin’ ),

makcumyM f(x,b,a) Ha uaTepBase a < x < b Jgocruraercs mpum r = a WIN

x = b. Tak kak f(a,b,a) = % > % = f(b,b,a), To f(z,y,z) < f(a,b,a) = %

<

1
3HaqnT, cosf < 50 e 0 > g

Tenepn, ecmu B G HeT pebep JJIUHBL > b, TO U3 JIEMMBI 2 CJIEJIYET, UTO
creneHb Kakjioii Beprmubl G He Gosbiie 5. (Besmuuna b 6blia BeiGpaHa Tak,
9T00BI rapaHTHPOBaTh 310 ycsosue.) Oanako G umeer (22 x 3)/2 = 33 pebpa,
TaK 4TO CpeJHsis creneHb pasHa 66/13 > 5 — mporusopeune. Ilosromy B G
poBHO ofHO pebpo jyuHbl > b. Ilycrs rpad G nosyuaercs uz G ypajeHuem
sroro pebpa. Torma cremnensb Kaxkaoi BepmuHbl (1 He OoJbIme 5.

(1) G1 — nyockuit rpad ¢ 32 pebpamu u 21 rpaHbio, OJHA U3 KOTOPBIX —
YEeTBhIPEXYTOJIbHUK, & ocTajbHble 20 — TpeyroJbHUKN.

ITockonbKy cymma creneneit Bepmun (7 pasaa 64, TO
(2) G1 nmeer oany BepiuHy crenenu 4 u 12 Bepiius crenexu 5.

Tak kak A(x,y, z) ABISETCS CyIIECTBEHHBIM 1IPU X, Y, Z € [a, b], mwiomap
J060ro TpeyrosibHUKa, obpasoBanHoro pebpamu G menbine |A(b,b,b)|. Tak
kak 30 > |A(b,b,b)|, BHyTpPH TAKOTO TPEYTOJbHUKA HE MOXKET OBbITb BEPIIIHH.
3Ha4nT,

(3) JroGoii TpeyrosbHUK, 0Opa3oBaHHbL pebpamu (G, siBisercs rpanbio G.
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YIOPA>KHEHUE. JlokaxXure, 9To He CYIIECTBYeET rpada, yI0BJIETBOPSIOIIE-
ro yciosusim (1-3).

YKA3BAHUE. Haunure aHans cTpyKTypbl TAaKOro rpada ¢ 4eThipexyrojib-
HOW I'paHmu.
Orcroma cireayer, ato n # 13, u Teopema 2 J0Ka3aHA.

4. HEKOTOPBIE ®AKTHI COEPUYECKON 'EOMETPUU

4.1. ®OPMVJIA IIJIOIIAJIM U COEPUIECKASI TEOPEMA KOCUHYCOB

[TycTs gana Touka P € S2. Touka Q € S? Ha3bIBAETCS NPOMUEONONOHCHOT
P, eciu PQ — nnamerp S?. Touky, IPOTUBOIIOIOKHYIO P, Gy1eM 0603HaYATh
gepes P*. O6nacTb S?, orpaHmueHHYIO JBYyMs GOJIBIINME KPYTaMH, TPOXO/Is-
mMu gepes P € S? 1 IpOTHBONONOKHYIO TOUKy P*, Gy1eM Ha3bIBaTh AYHKOL.
Eciin BHYTpeHHUit yroJ npu BepIuHe JIYHKH PaBeH 0, TO ee ILIOMA b paBHA

dr x 2 — 29,
27

Dopmysa naowadu. |ABC| = A+ ,B+ ,C — .

Joxasamenvcmeo. Ilycts A*, B*, C* — roukn, mporusomnosioxkusie A, B, C, co-
orBeTcTBeHHO. OHO3HAUNM TLIOMAIN IeTHIPEX 00PA30BABINNXCS TPEYTOTHHU-
k0B 4yepe3 A, u, v, w (cMm. pucynok 3). Tak kak Tpeyronbuuku CA*B* u C*AB

A
B*

Puc. 3.

CHMMETPUYHBI OTHOCHTEIBHO 1enTpa O chepsr S2, A +v pasuo miomamm 2 ,C
ayuku CAC*B. Bnaunt (A+u) + (A+v)+ (A+w) = 3A +u+ v+ w paBHO
cyMMapHOit miroma u Tpex JayHok 2,A+2,C+2,B. Ilockonbky A+u—+v+w
paBHO wiomaau 27 nosycdepsl, To 2A + 21 = 2(,A+ /B + ,C), orkyzna u
ciresryer uckomast popmMyIia. O

Cpepuneckas meopema xocunycos. Ilycrs z,y, z — croporst ABC, npoTuso-
nosioxkHble BepmuaaM A, B, C, coorBercTBenHo. Torma cosz = cosxcosy +
+ sinx siny cos ,C.



IIpobsrema TpunaguaTi mMapos (JeMeHTapHbIH 10JX0/) 83

C X
E B
DA .
0 K
A
Puc. 4.

Jlokazamenvcmso. Ilyers D, E — upoeknuu Touek A, B Ha npsmyio OC' (cwm.
—_— —
pucyHOK 4). Yro MKy BEKTOPaMHI DA, EB pasen ,C. Tak xak DA = siny

nk EB = s1na: TO 17)4 EB =sinz smy cos AC’ C apyroii cTOPOHBI, MOCKOJIBKY
DA =04 - cosyOC’ w EB = OB — cos OC TOJTy9aeM, ITO

DA.-EB = (OA - cosyOC’) . (OB - cosxOC).
Tak Kak IpaBas 9aCTh PaBHA COS 2 — COS T COS ¥, TO

cosz — cosx cosy = sinx siny cos ,C. ]

4.2. TEOPEMA JIEKCEJIS U JIEMMA TOTA

TEOPEMA 3 (COEPUYECKAs TEOPEMA O BIIMCAHHOM VIVJIE [7,9,10]).
Pacemompum mpeyzorviux ABC. ITyecmo P — uenmp cap(ABC). Tozda ,C—

—(LA+ /B) = £2,PAB, co 3naxom (—) ecau ACB 6Gomvwian dyea, u (+) e
npomuerom cayuae. 3nanwum,

+AXB — (,XAB + ,XBA) nocmoanno npu X € ACB.

Jlokazamenvemeo na pucynke 5. (3aMeTnm, 4o HAJIO eIle PACCMOTPETh CJLy Jaii
HECYIECTBEHHOT'O TPEYTOJbHIKA. )

CB
Yt

A

Puc. 5.

CJEACTBUE 1. ACB Gorvwas dyea (noayokpyorcnocmsv) mozda u MoAb-
ko mozda, xozda ,C < A+ /B (,C = A+ ,/B). B wacmnocmu, eciu
O < g, mo ACB 6oavwas dyeza. O
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TEOPEMA 4 (TEOPEMA JIEKCENSA). Jan mpeyeosvnux ABC. ITycmo
X — enympennas mouka noaycdepvl, 02panudennol 6oabUWUM KDPY2OM
ABA*B* u codeporcawgeti C. Ecau X € ACB*, mo |ABX| = |ABC|. Ecau X
aearcum enympu (ene) cap(A*CB*), mo |[ABX| > |ABC| (|JABX| < |ABC)|).

Puc. 6.

Jlokasamenvcmeo [10]. Ha pucynke 6 Bugno, uro, ecaun X € A@*, TO 0 —
— o — 3* mocrostHHO 110 Teopeme 3, T. e. §— (7w —a) — (7 — 3) nocrosiHHO. 3HAYMT,
0 + o + § — m mocrosiano, uro Bieder |[ABX| = |ABC/|. Ecim X nexur na
CA* u X # C, 1o, oueBnano, |ABX| > |ABC|. Ilosromy, ecin X JieskuT
BuyTpu cap(A*CB*), to |ABX| > |ABC|. Anasnoruuso, eciiu X JieXKUT BHe
cap(A*CB*), o |[ABX| < |ABC|. O

JIEMMA 3 (JIEMMA TOTA). IIyemv d = AB — xpamuatwas cmopona
mpeyeorvnura ABC'. Ecau paduyc cap(ABC) menvwe d, mo

ABC| > |5(d, d, d).

C

A’ D B’

W OoJbIas

Puc. 7.

Jlokazamenvemso. Tlpoesem okpyzkuOCTH pajuyca d ¢ nerarpamu A, B (pu-
cyHok 7). Ilycts D — TouKa mepecedennst 3TUX OKPYKHOCTEIH, JIesKalast mo Ty
ke cropony or AB, aro u C'. [IpoBesieM oKpy>KHOCTb pajuyca d ¢ eHTpoM D.
ITycts A’, B’ — Bropble TOUKH ee nepecedeHns ¢ OKPYKHOCTIMHE ¢ eHTpaMu B
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u A, coorsercrBenHo. Tak kak pajauyc cap(ABC) menbine d, C' jexXuT BHYyTpH
cap(ABA"). Tlockonsky |ABD| = |ABA'D|/2 = |ABA'| = |ABB'|, nonyua-

eM, 9TO 1O Teopeme Jlexcest ADB' ¢ A*DB*. CanenoBarenbao, C JIeKAT
BuyTpu cap(A*DB*), u no reopeme Jlexkcenst |ABC| > |ABD)|. O

4.3. I30IIEPUMETPUYECKAS TEOPEMA U JIEMMA O COBCTBEHHOI
JAVNATOHAJIN
JIEMMA 4. ITyemw A, B,C' — sepwunvl \(x,y, 2), npomusonoiodtcrvie x,
Y, z, coomeememsenro. Ecau ABC 6oavwasn dyza, mo |A(z,y, z)| ymenvwa-

—_—
emes npu ymenvwenuu y. Ecau ABC — noayoxpyostcnocmo, mo |A(z,y, z)|
YMEHBULACMCA NPU N0OOM USMEHEHUU Y.

.
Jloxazamenvemso. (i) Ipennonoxum, aro ABC 6Gosbmas mayra. Torma, 1o
—

ciepcrsuio 1, B*A*C' rtoxe 6osbmast ayra. 3uauut, neHrp cap(B*CA*) u A*
aexar 1o oy cropony or B*C. Torga, eciu nsurars C, He Mensist A, B u co-
XpaHsisi & MOCTOSHHBIM, TO y = AC' yMenbInaercs:, npu Boixoje C' U3 HCXOHOI
cap(A*CB*) (cm. pucynok 8). ITo reopeme Jlekcensi |ABC| ymenbiaercsi.

Puc. 8.

(7i) Iyctn ABC MOJTYOKPYKHOCTD. Torma B*A*C roxe MOJTYOKPYKHOCTD,
u B*C — nuamerp cap(B*CA*). 3nauut OKpy»KHOCTH ¢ TEHTpOM B u paju-

ycom x Kacaercsa jpyru B*CA* B touke C. Torma, eciim jgsurare C, He Me-
usist A, B, z, ro C Boiiiger u3z ucxonuoii cap(A*C' B*). Ciuenosarensho, |ABC)|
YMEHBIITUTCS. O

CJEOCTBUE 2. Ilaowadv mpeyzoavrura ABC ¢ sadannvimu AB = z,
BC =z (npu x + z < m) maxcumarvna, ecau ABC noayokpyosrcnocmo. g

CHEACTBUE 3. Ilrouwads svinykaoeo uemvipexyzosvhuks ABCD ¢ 3adan-
nomu AB = x, BC =y, CD = z (npu © + y + 2z < 7) Makcumasvha, K020a
ABD, ACD noayoxpyastcrocma.
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—_— —_—
JIOKABATEJBCTBO. Ecmu ABD (AC D) He siBJisieTCsi TI0JLyOKPY KHOCTDIO,
TO 110 JIEMMe 4 MOXKHO M3MEHUTDH AjuHy AD, ocTaBiiss HEU3MEHHLIMUA I, Y, Z 1

BD (|AC|), rak, aro |ABCD| yBenmantcsi.

TEOPEMA 5 (M3OMEPUMETPUYECKAS TEOPEMA). Ecau degpopmuposamo
BNUCAHHBLT MHO20Y2ONOHUK, COTPAHAA OAUHDL CTMOPOH, O €20 NAOWAOL YMEHD-
wumcs.

Hoxazameavemeo. Ilycts ABC D BBIIYKIIBIA 9€THIPEXYTOJIbLHNK, BIICAHHLIA B
OKDPY?KHOCTb, &, Y, Z, W — JUIMHBI €ro CTOpoH (cM. pucyHoK 9). Byaem canrtars,
9TO z — HambOJIbIIAsT CTOPOHA, a w = Y. [lycts AP — nuamerp mranku. Torma

Puc. 9.

AP uepecekaer CD (Bozmoxno, P =C),u w+ DP <7, x+y+CP <7
(Tak Kak ommcaHHasi OKPYKHOCTDb He SIBJISIeTCs OOJIBINIM KPYroM). 3adukcu-
posa C, D, P u JUIUHBI CTOPOH X, Y, Z, W, J1ePOPMUPYEM UETHIPEXYTOJbHUK B
A'B'CD. Tlo caencreusim 2 u 3 |A'PD| < |[APD| u |A’'B'CP| < |ABCP|.

CremoBaTebHO,

|A'B'CD| < |A'B'CP|+ |A'DP| — |CPD| <
< |ABCP| + |PAD| — |CPD| = |ABCD|.
O

JIEMMA 5. ITyemv ABCD sonykaviti 4emuperyzoivHuk, 6nucaGHHl 6
oxpyotcnocmo, u AD < CD. Ecau ymenvwamv AD, ne menan AB, BC, CD,
mo |ABCD| ymenvwaemca.

Jloxazamenvcmeo. Ilycrs A’B'C’'D’ — BbIIyKIIbIii 9eTHIPEXyTOJILHUK, HOJTY-
gyennblit u3 ABCD ymenbimernem AD Nnpu Hem3MEHHBIX JITHHAX OCTAJbLHBIX
cropon. 3adukcuposas sepumnbl A, B/, C' n nyuny C'D’, BoccranoBuM uc-
xoauyio guny A'D’| nonyaus wersipexyroiasauk A'B'C' D" (em. pucynok 10).
Tax kaxk A’'D" = AD < CD = C'D”, A'C'D" — Gombmas ayra. o jem-
me 4 |A'C'D"| > |A'C'D'|, n, snaunr, |A’B'C'D"| > |A'B'C'D'|. Hedopmupo-

Bas A'B'C’' D" Bo BImcanHblil 9€THIPEXYTOJLHUK C COXPAHEHUEM JJIMH CTOPOH,
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[TOJIYIMM YeTBIPEXyTroiabHUK, paBublii ABCD. Ilo usonepumerpudeckoii Teo-
peme |[ABCD| > |A’B'C'D"|, cnenosarensho, |ABCD| > |A'B'C'D/|. O

JIEMMA 6 (JIEMMA O COBCTBEHHOW JUATOHAJIN). [fycmv AC — cob-
cmeerHas duazonans wemuvipexyzorvrura ABC D. Ilpu dehopmavuu, coxpars-
rowets daunv, cmopon ABCD u ymenvwarowets dauny AC, |[ABCD| ymenn-
WAEMCA.

Jokasamenvcmeo. Ecim D nexkur na rpannne cap(ABC), to |[ABCD| ymens-
maercst ¢ ymenbineaneM AC 110 uzonepuMerpudeckoii reopeme. Ilosromy Moxk-
HO cuuTarh, 9ro D jiexkur sae cap(ABC). I[Tycts P — Touka BHYTPHU TPEYTOJIb-
wuka AC'D, nexkarasi Ha @, u Ttakas, uro DP — 6uccekrpuca ,D. Torna
JyTHU ﬁ u C/D\P oosbinne 1o caencrsuio 1. [Ipegmonoxkum, aro AP < CP.
Teneps, coxpausist C PD saytpu ABC D, ymensmum AC. Torna ,ADC ymeHnb-
maercs 110 (2.3). Suaunt, LADP u AP ymenbmatorcs. Tak kak ADP Gonbmas
nyra, To |ADP| ymensmmaercs. C npyroit cropoms, mockonbky AP < CP,
|ABCD| ymenbmaercs upu ymenbinenun AP no jemme 5. CiieoBaresbHo,
upu ymenbiieauu AC |ABC D| ymenbIiaercsi. O
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BzauMuoe orrajkuBaHue [IPUMUTUBHBIX BbII€TOB

B. U. Apuonnb

HWccnejopanue pacipe/ieeHusl OCTaTKOB OT JeJIeHns Ha HATYPasb-
HOe YHUCJIO N, KOTOPbIE B3aUMHO IIPOCTBI C M, CPEIU BCEX 7. OCTATKOB
{0,1,...,n — 1}, mOKa3BIBAET, ITO B3ANMHO TIPOCTHIE C 7. OCTATKH PAC-
npeie/eHbl BIOJb KOHEIHON OKPY2KHOCTH Zj,, JJIMNHBI 72 COBCEM HE TaK,
KaK ObLIN OBl pacupeseeHbl He3aBUCUMbIE CJIydaiiHble TOUKH, PACIO-
JIOYKEHHBIE Ha 3TOH OKPYKHOCTH B TAKOM Ke KOJMIecTBe. A MMeHHO,
B3aMMHO IIPOCTEBIE C 1 OCTATKHU OTTAJKUBAIOT CBOUX COCEJIEH.

KUIIOYEBBIE CJIOBA: CTOXaCTHIHOCTD, 9ucyo PeiiHosb ica, pacipe-
nestenne Kosmoroposa, paBHOMEpHAsT PACIPE/IEICHHOCTD, 13eTa~-DyHK-
st Ditjiepa, rpyIIbl Jiepa.

Ipumumusrvimu 8viuemamy IO MOJIYJIIO 1 s HA3bIBAIO B3AUMHO IIPOCTHIE
C HATYPAJIBHBIM YUCJIOM 1. OCTATKHU OT Jiejienusd Ha n. Hanpumep, npu n = 100
umeercs k = 40 IPUMUTUBHBIX BBIYETOB, & HUMEHHO:

x=1,3,79,11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39, 41, 43, 47, 49,
o1, 53, 57, 59, 61, 63, 67, 69, 71, 73, 77, 79, 81, 83, 87, 89, 91, 93, 97, 99.

Hmxke obcyxkmaeTcst BOIIPOC, CAYHAiHO AU pacnpedesersv. cpedu N Movex
KoHewnot okpyscHocmu daunvt N, Ly, = Z/nZ, cocmoaweti ud 6cex 0Cmamkos
om deaenus na n, smu k(n) npuMumueHuT 6vremos (83aUMHO NPOCTVLE € 1).

IIpuMepnl MOKa3BLIBAIOT, YTO, XOTS IPUMHUTUBHBIE BLIYETHI PACIOIOKEHBI
cpeau BCeX BbIIE€TOB JOBOJIBHO PaBHOMEPHO, UX pacCIipeae/JIeHue CTAaTUCTUICCKHN
CHJIBHO OTJIMYAETCsl OT PACHPEJIEJICHUsT TAKOro Ke 4ucia k(n) He3aBUCHMbIX
CIIyYalHBIX TOYEK Ha HEeJOUNCIAEHHON OKPY>KHOCTU Z;, IJIAHBL 7.

A “MEHHO, IPUMUTUBHBIE BLIYETHI 63AUMHO OMMAAKUCAIOMCA, MAJILIE PAC-
CTOSIHUST M€Ky COCEIHUMU IPUMUTHBHBIMY BBIYETAMU BCTPEYAIOTCS TOPA3I0
peske, YeM OHU BCTPEYAIOTCs JJIsi CJIyIaiiHbIX BBIOOPOK TaKoro e 4ucia k(n)
HE3aBUCUMBIX TOYEK B Z,.

Pykonuce B. 1. Apuosbaa orpenakruposana C. B. Konsrunbiv. Penkosuterus cbopauka
«MaremaTnyeckoe pOCBEIEHNe» BbIpaxkaeT riybokyto osaromaprocts C. B. Kousiruny 3a
TIOMOIIH B TIOJITOTOBKE K MEYATH ITON pabOTHI.

MaTtemaTtuyeckoe npoceeweHue, cep. 3, Boin. 15, 2011(89-106)
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§ 1. BBIUMUCJIEHUE BEBPABMEPHOI'O TIAPAMETPA CJAYUYANHOCTU f3

Iist k ToYeK Ha I1eJIOYNC/IEHHOW OKPYKHOCTH JJIUHBI 1 ODO3HAYUM {Yepe3
(a1,a2,...,ax) JUIMHBL JyT, HA KOTOPBIE 9TH TOYKU JIEJAT OKPYXKHOCTb, T. €.
PACCTOSHUST MEXKJy COCEIHUMH TOYKaMM. Takum obpa3om

ar+ag+...+ap =n.

[TPuMEP. [ljist cCOpOKa IPUMHUTUBHBIX BBIYUETOB 110 MOy t0 . = 100 mpeibl-
AYIIUI CIIICOK JIOCTAaBJISIET COPOK IOCJIEJ0BATEIbHBIX JIyT C JIJIUHAMUI

2,4,2,22,4,2,:2,2,4,2,2,2.4,2 2,2, 4,2, 2 2
4,2,2,2,4,2,2,2,4,2,2 24,2 2,2, 4,2 2
(paccrostaue mexkay ocrarkamu 99 u 1 Ha OKpyKHOCTH Zigg PABHO 2).

PaccmoTrpum cymmy KBajpaToB JITMH BCEX ITUX K JIyT, Ha KOTOPbLIE JIE/ISAT
[EJIOYUCJIEHHYIO OKPY2KHOCTb JIJIMHBI 72 IPUMUTHUBHBIE BbIUETHI 110 MOJLYJIIO T1:

B=dl+di+...+a}.

DTa cyMMa KBaJIpaToOB CHJIBHO 3aBHUCHT OT pPacIpele/IeHUs U3ydaeMbIX k
TOYEK Ha OKPYKHOCTH Zy,.

B upeapiaymem npumepe (rge no = 100) Mbl 3aMedaeM JIeCATb TPOEK I10-
CJIETOBATEBHBIX YT JJUHBI 2, JTAIOMEe B CyMMYy KBaJIPATOB JIJTUH JIYT BKJIAJI

10(4+4+4) = 120,
U ellle JIECATD YT JJUHBI 4, JTAIoMe BKIaT
10 - 16 = 160.
Taxum obpazom, npu n = 100 MbI BLIYUCIMIN 3HAYCHUE
B(100) = 120 4 160 = 280.

MozkHno jokazarhb (cM., Hanpumep, |[1]), 4To 3Havenne B Beeryia 3aKII09€HO
ME2K/Iy HAMMEHbIINM 3HAYCHIEM

BOZ?

1 HaOOJIBIINM 3HAYECHUEM (HpeBOCXO,Z[HH_(I/IM HauMeHbIee B k pa3),
Bl = nz.

Hrob6bl onpejieuTh Ge3pasMepHblii aHajor «uucsa PeitHosbiaca» (1103Bo-
JISTIOTIWI CPABHUBATL pachpejiesieHnst k TOYeK Ha OKPYIKHOCTSX Zj, Pa3HBIX
JUIMH 1), s1 IpeJyiokui B [1| paccmarpuBarh «6e3pa3MepHBbIii [IapaMerp CTo-
XaCTUYIHOCTU »

3= B/By = B/(n?/k).
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B pacemorpensom Beiiie npumepe (n = 100, k = 40) nosyuarorcst Takue
3HAYECHUS:
1007 B
By=——=250 = — =1,120.
07 40 » P = b
Juts ciygaiHbIx k ToUuek, He3aBUCUMO HAOPOCAHHBIX HA OKPY>KHOCTD JI/IHU-

HBI 1, B 1] BeIUKC/IEHBI CpejiHUe 3HAUEHMsI [TAPDAMETPOB CTOXACTUIHOCTH,
B = 3B,
(okazamoch, 9To 3~ 2 upu GoIbIIIX k).

A ¥MeHHO, TaM JO0Ka3aHO, YTO MaTEeMaTUYEeCKOe OXKUJIaHue 3HaYeHus 6e3-

Pa3MepHOro napamerpa CTOXaCTUIHOCTU COCTaBJISIET
5 2%
f=i

B mpusenennoM BhIllle mpuMepe 3HadeHne mapamerpa [ = 1,12 ropasmo

MEHBIIIE CPeTHErO 3HAUEHUSI B ~ 1,951 (u3-3a TOrO, YTO NIPUMUTUBHBIE BHIYETHI
JIAJIEKO HE HE3aBUCUMBI, & «OTTAJIKUBAIOTCSI» OT CBOUX COCEJIeil).
_ Ecom nna mabopa k Touek B Z, HaOMIONAETCA 3HAMUTENIHHO MEHbIIIEe, deM
B (T.e. uem 2) 3HavdeHne 06E3Pa3MEPHOTO MapaMeTpa CTOXACTHIHOCTH (3, TO
9TO CBUJIETEJILCTBYET 00 OTTAJKUBAHUHU COCEIHUX TOUYEK. A ecium HaAbJIIOIaeTCst
3HAYUTEIFHO OOJIBITIEE, TeM B (1. e. yeMm 2) 3HaYEHUE [, TO ITO CBUJIETEILCTBYET
00 UX B3aMMHOM IPUTSXKEHIH.

Mpbr yBuanM ceifdac, 9TO JjIs IPUMUTHBHBIX BBIYETOB ITOJIYIAIOTCS 3HAUN-
TEJBLHO MEHbIllee, YeM 2, 3HadYeHusl 0e3pa3MepHOro IapaMeTpa CTOXACTHIHO-
cru 3.

B cienyromux tabunax npuBeieHbl 3HaUeHust napaMeTpos (n, k, B, 3) st
MIPUMUTHUBHBIX OCTATKOB OT JIeJIEHUA Ha N MeJbIX dnceld, 2 < n < 31.

Yuco o B 9THX Tab/IMIAX O3HAYAET YHCJIO AyT IuHbl a (mpu n = 100
BI)H_HerI/IBe,ZLeHHbII;'I CIIICOK J0CTaBJideT

a9 — 30, a4 = 10.)

Bcerna BBITIOJIHAIOTCA COOTHOIIICHU A

Zaa:k, Zaaa =n, Za%za = B.

Ee Ditep 3amerns (B coeil pabore o n3era~-GyHKIUK), 9TO B CPETHEM
k 6 1
-~ — = —— =~ 0,608
n T ¢(2)

(HpI/I OOJIBIIINX n), a TaKzKe, 9TO OJId IIPOCTOro N = P BBIIIOJITHEHBI COOTHOIIIECHU I

k(p)=p—1, k(@)= @-1p“ ",

u 4T0 «p-byHkusy k = k(n) MyJIbTUILIIMKATHBHA:

k(uv) = k(u)k(v),
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eC/IM U U U B3aUMHO NPOCTHI (OOBIMHOE B TEOPUU HUCET ODO3HAYEHUE ITOM
MyJIBTUIINKATUBHON dyHKIMK k aprymenTa n ectb ¢(n)).

Boranciienne ykasaHHBIX B TAOJIUIAX 3HAYEHUN IIOBTOPSET IPUBEIEHHOE
BhIle B ciaydae n = 100 npsmoe nepedmncieHre TPUMUTUBHBIX BBIYETOB, HO
OHO TIPOIIE, TAK KaK 3HadeHusi k Menbie. Hampumep, IpUMUTHBHBIE BbIYETHI

10 MOIYJIAM N = 2,...,12 006pa3yioT Takne KapTUHKH
1
n=2: | —o—|;
12
n=3J: ’—o—o—|;
1 3
= | —o——o—;
n=>5: y_é_%_é_é_|;
1 5
n=~o0: ’*O————o—’;
n=="7: ]—é—g—g—g—g—o—‘;
1 3 5 7
n=3~8 | —0o——o0——0——o0—|;
102 4 5 7 8
n = ’—O—O——O—O——o—o—‘;
1 3 7 9
n = 10: | -0o——0————0——0—|;
1 2 3 4 5 6 7 8 9 10
n=11: | —-0o—0—0—0—0—0—0—0—0—0 —|;
1 5 7 11
n=12: ’_O————O——O————O—"

[Tomobuble pUCYHKN JOCTABJISIOT CJIEIYIONINE 3HAYCHUS [TapaMETPOB CTO-
XaCTUIHOCTU CUCTEM IMPUMUTHUBHBIX BHIUETOB:

n |2 3 4 S 6 7 8 9 10 11
k|1 2 2 4 2 6 4 6 4 10
B |4 5 8 7 20 9 16 15 28 13
By | 4 45 8 6,25 18 8,167 16 13,5 25 12,1
g |1 1,111 1 1,120 1,111 1,102 1 1,111 1,120 1,074
oa; |0 10 3 0 5 0 3 0 9
ag |1 1 2 1 1 1 4 3 3 1
a3z |0 0 0 0 0 0 O 0 0 0
a4 |0 0 0 0 1 0 O 0 1 0
A |2 2 2 2 4 2 2 2 4 2

Besmmuuna A B aToit Tabumne — ajmHa Haubosiee IJIMHHON U3 IyT, Ha KO-
TOPBIE IPUMUTUBHBIE BBIYETHI AT OKPYKHOCTD Zi,.
[Tpu 66abMIKMX 3HAYEHUSX 7 BCTPEYaloTCs U OoJiee JJIMHHBIE TYTH.
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n| 12 13 14 15 16 17 18 19 20 21
k 4 12 6 8 8 16 6 18 8 12
B| 40 15 36 3332 19 60 21 56 43
Bo| 36 14,1 32,67 28,125 32 18,06 54 20,05 50 36,75
B 1,111 1,065 1,102 1,173 1 1,052 1,111 1,047 1,12 1,17
o 0 11 0 3 0 15 0 17 0 5
s 2 1 5 3 8 1 3 1 6 5
s 0 0 0 2 0 0 0 0 0 2
o 0 0 1 0 0 0 3 0 2 0
A 4 2 4 3 2 2 4 2 4 3

Tperuit necaTok 3nadeHuit N TPUBOAUT K CJICIYIONIUM 3HAYCHUSIM IIapa-
METPOB CTOXaCTUYHOCTU:

n| 22 23 24 25 26 27 28 29 30 31
k| 10 22 8 20 12 18 12 28 8 30
B| 52 25 8 35 60 45 72 31 132 33
Bo| 48,4 24,04 72 31,25 56,333 40,5 65,333 30,036 112,5 32,033
311,074 1,059 1,111 1,12 1,065 1,111 1,102 1,032 1,173 1,030
o] 0 21 0 15 0 9 0 27 0 29
al 9 1 4 5 11 9 10 1 3 1
asl 0 0 0 0 0 0 0 0 0 0
o 1 0 4 0 1 0 2 0 3 0
as| 0 0 0 0 0 0 0 0 0 0
| 0O 0 0 0 0 0 0 ) 0
A 4 2 4 2 4 2 4 2 6 2

Corocrapiisisi HallJIeHHBIE BbIIE 3HAYEHUsI 0€3Pa3MEPHOrO IapaMeTpa CTo-
XaCTUIHOCTHU (3, MBI 3aMEYaeM, ITO, XOTs BCE OHM TOPA3I0 MEHBINE KPUTHYIE-
CKOTI'0 3HAYEeHUs 2, OHU 3aMeTHO OCIIWIJINPYIOT IIPU U3MEHEHUHN TUCTIa 7.

Yr0o0bI CriiaIuTh 3TH OCHULISIIIUN U BBISBUTH CUCTEMATHIECKOE TI0BE/IEHUE
quces 3(m), cocTaBUM MX Y€3apOBCKUE CPeJHUE

)= mif(m)/(” )

B CJIeyrounx Ta6.HI/ILLaX npuBeaEeHBbI 3HAYCHUA CYyMM

o) = 3 Blm)
m=2

1 3HAYCHHNA I€3aPOBCKHUX CPEIHNX

Bn) = (gj?mm))/(z |

B(n)

n

m=2

X(n)/(n—1):
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n 2 3 4 ) 6 7 8 9 10 11

1,00 2,111 3,111 4,231 5,342 6,444 7,444 8,565 9,675 10,749
1,00 1,056 1,037 1,058 1,068 1,074 1,063 1,069 1,075 1,075

Bropoit gecsaTox 3Hatenuii n gocTaBiger emte Goee MeIeHHBIH POCT te-
3apOBCKUX CpeJHuX (3(n):
n 12 13 14 15 16 17 18 19 20 21

11,860 12,925 14,027 15,20 16,20 17,252 18,363 19,5 20,62 21,79
1,075 1,077 1,079 1,086 1,080 1,078 1,080 1,083 1,085 1,089

Tpernix JIeCATOK 3HAYCHUI N MOYTHU NPEKpallaeT POCT 3HAYCHUN 4e3apoB-
ckux cpexnux 3(n):
22 23 24 25 26 27 28 29 30 31

22,864 23,929 25,034 26,154 27,219 28,33 29,432 30,464 31,537 32,567
1,080 1,087 1,088 1,089 1,089 1,000 1,090 1,088 1,089 1,086

3

B npezenax nepsoro nmecsrtka 3nadenuii (2 < n < 11) BesquunHa de3apos-
CKOTI'O CpeJITHETO B(n) BozpactaeT oT 1 mo 1,075, T.e. ma 0,075. B mpememax
BTOpOro jecaTka 3uadennil (12 < n < 21) BesmvmHA Y€3aPOBCKOIO CPETHETO
B (n) Bospacraer ua 0,011, T. €. IpIMEPHO B CEMb Pa3 MEHBIIIE, Ye€M B IIPE/IBITY-
meM gecsitke. [lpu pasbreiimem pocre n (B npegenax 22 < n < 31) upupocr
3HAYEHUST 9€3aPOBCKOTO CPETHETO B(n) MAaJIo 3aMeTEeH.

Bce 310 103BOJISIET MPEATIOIOKUTE, UTO Y€3aPOBCKOE CPEIHEe B(n) ocra-
ercs U npu OOJIBIINX 3HAYEHUSAX N OPPAHMYEHHBIM (U jlaske HeJlAJeKuM oT 1).

YT00bI SMIUPUIECKU TPOBEPUTH ITY TUIIOTE3Y, sl BHIYUCIUII 3HAYECHUST T1a-
paMeTpoB croxacTudHOCTH st 17 = 100 1 /119 OKPECTHOCTH TOr0 3HAUEHUS,
96 < n < 104. Bor nosrydennbie 9 3HavdeHnit 6e3pa3MepHOTO mapamMerpa CTO-
XaCTUIHOCTHU [3:

n| 96 97 98 99 100 101 102 103 104
k| 32 96 42 60 40 100 32 102 48
B| 320 99 252 189 280 103 372 105 290
Bo| 288 96% 228% 163,35 250 102,01 325% 104,09 225%
81,111 1,010 1,102 1,157 1,120 1,0097 1,144 1,0087 1,065
A 4 2 4 3 4 2 6 2 4
o [1,111 2,121 3,223 4,380 5500 6,510 7,654 8,663 9,728
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n 2
Baech a(n) = Y, [(m). Hosromy cpennee 3nauenue 3 napamerpa 3 1o
m=96
yKa3aHHOM JieBaATKe 3Hadennii n (86iusu n = 100) cocrasisier
2 104
5(100) = 709 1 081,

MBI BuiuM, 9TO Cpe/iHIe 3HAYeHUs GE3PA3MEPHOIO TTOKA3ATe s CTOXACTHY-
Hoctu 3(n) (cuCTEMBI IPUMUTUBHBIX BHIUETOB 110 MOJLYJIIO 1) MAJIO OTJIMYAIOTCS
ApyT ot jipyra npu n &~ 20 u npu n ~ 100. T0 MOATBEPHKIACT BHICKAZAHHYTO
BBIIIIE TUIIOTE3Y O cTabminsanun 3(n) upu n — 0o (yTBEPKIAIONLYIO, ITO 3HA-
wernst 3(n) He TOJBKO OCTAIOTCS OIPAHMHEHHBIME IIPH N — 00, HO UTO OHH
npubsmKaTes K crabuibHoMy 3HadeHuto 3 &~ 1,08).

OHako Jazke Takas CTabUIN3aIs Ye3aPOBCKUX CPEJHUX HE O3HAYAET eIlle
CTpEMJICHHsST K HpEJe/ly CaMHUX 3HAYeHHil mokasaress croxacruaHoctu [((n):
OHH MOTYT CHJIBHO OTJIMUATHCS OT CPEAHIX (1) CTOMb PEIKO, UTO 9TH PasIi-
4uus HE paspylIaT cTabuIn3aIun ¢ (n) — B*.

B [7] mokaszauo, uro Besmunssl 3(n) orparundenst u, 6oiee Toro, 3(n) — 2,
rjie mpejes 6epercs 1o JIoOoH MOANOCIeI0BATeIbHOCTH 3HAYECHWI 1, JJIs KO-
topbix k(n)/n — 0. Ilo-BuauMoMy, MCHOIB3Ysl TEXHUKY CTATbU |7, MOXKHO
JoKa3arh, 910 F(n) < 2 u 3(7@) O/m3KO K 1 Ipu Bcex M, HO 9TO IOTpedyer
60.HI:)H_IHX KOMITBIOTE€PHBIX BBIYUCJEHUINA.

§ 2. TIAPAMETP CTOXACTUYHOCTU KOJIMOT'OPOBA A

A. H. Kosmoropos [6] BBes cBoil mapameTp CTOXaCTHYHOCTH A B paboTe
1933 1., ony6IMKOBAHHOI MO-UTAILIHCKN B YKypHaJIe CTPaXOBOM CTATUCTHKMU.
OH nCIoNIB30BaI 3TOT TapaMeTp JJI PENICHUS IIPAKTHIECKN BaxKHOTO BOIPO-
ca, IpaBJOIOI00HO JIN YTBEPXKIACHUE O CIydYailHOM HPOMCXOXKICHUM JAHHOM
YHCJIOBOM MOC/IEIOBATEILHOCTH {X1, Lo, . . . }.

Izt k semecrBennbix unces z; (1 < i < k) Kosmoropos omnpeiesnmi 3ua-
YeHue CBOEro mapamMeTrpa A cieyomeil Konerpyknueit. Oboznadum yepes fi
«IMIIMPUIECKYIO CYUTAIONLYI0 (DYHKIUIO» JAHHOTO Habopa k TOYEK, oIpeje-
JICHHYIO yCJIOBUEM

fr(z) = (ancao He MPEBOCXOJAINX & 3HAYEHHN ;).

Kosmoropos o6cy»K/1aeT BOIpoOc 0 IpaBIonoJ00HOCTH TUIIOTe3b, 910 {z; }
CcyTh k HE3aBUCHUMBIX 3HAYEHHUI CIydIailHOW BEJMIUHBI T, PACIIPEIeIeHHON Ha
BEIIECTBEHHOW OCH C JaHHOM HempepbhIBHON (yHKIMEH pacupemeaeHus F':

F(X) = (BepositHOCTD cOOBITHST = < X).

CocTaBuM «TEOPETUYECKYIO CUUTAIONIYIO PYHKITHIO>

Fi(X) = kF(X)
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(3T0 3HaY€HNE €CTbh MaTeMaTUIeCKOe OXKMJAaHNEe YHNC/Ia MEHBIINX WJIN PaBHBIX
X 3HadeHwuit x; B BEIOOPKE U3 k HE3ABUCUMbBIX 3HAYCHUN C JAHHBIM PACIIPE]Ie-
genneM F).

st BBIYMCIEHNST CBOEl XapaKTEepPUCTUKN A MHOXKECTBa Kk BeIeCTBEHHBIX
quces z; Koamoropos ynopsiounsaer ux (Tax, 9rodbl 1 < T2 < ... Tk).

Ecin Bce k 3HaYeHU X; PA3IUYIHBI, TO CTyIEHIATAS CIUTAONMAS (DYyHKIUS
fr paBaa 0 B Toukax x < x1, 1 B TOYKax MOJywHTEpBaja 1 < & < T2,
2 B TOYKaX IMOJIYUHTEpPBaJIA X2 < T < X3 U T.[., JI0 3HAYEHHUS Kk B TOIKAX
x > xp. Cunratormas GyHKIus f, MHOXKecTBa k = 4 B3aMMHO NPOCTBIX C
quciiom n = 10 BeraeToB 1mo Mmojysio 10 umeer rpaduk, m300parKeHHBI HA
puc. 1.

Ja

Puc. 1.

Ecin ke B Habope {x;} ectb nosropenust, To Besmauna fi(z+0)— fr(z—0)
CKavKa B TOYKE Z PaBHA YHCJIy COBIABIINX C Z TOYEK n3ydaeMoro Habopa (T. e.
YHCIIY T€X 4, Uit KOTOPBIX Tj = Z).

OcHoBHOIT mAar B KOHCTPYKIHKN KOIMOropoBa — MCCIEIOBAHNE OTIATUS
SMIIMPUYIECKOI cuuTaromeil pyHKIUn fi OT TEOPETHIECKON cunTaromeii (pyHK-
mun Fy..

ONPEAEJNEHUE 1. Omxaonenue Koamozoposa Sy oupenensiercs (s k
ToueK {x;}) Kak
Sk = sup | fy(z) — Fis(z)|.
z€eR
ONPEAENEHUE 2. [lapamemp Koamozoposa A mmeer ([JIsi JTAHHOTO Ha-
6opa k Touek {x;}) sHavueHne

Ak = Si/VEk.

3AMEYAHUE. /[lejienue Ha KBaJIpATHBI KOpEHb U3 Kk MO3BOJISIET CPABHU-
BaTbh MeXKy cO00I0 (0 3HAYEHUIO TapaMeTpa CTOXaCTHIHOCTH A) HaOOPBI U3
pasHoro umcia Touek {x;}.

Ileno B TOM, 9TO pasHOCTb fr — F} MOXKHO IIpejCcTaBUTH KaK CymMMmy K
HE3aBUCUMBIX CJIATAeMbIX MOPsIKa 1 ¢ MaTEMATHYECKUM OXKUJIAHUEM HOJIb JITIsT
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KasKJIOr0 ¢JIaraeMoro (CIuTaronmx mo 1 Touke B Kax[oM caaraemoM). [o 3a-
KOHY OOJIBIIIUX YUCEesT THITHIHBIE 3HAYCHUS TONH CYyMMBI UMEIOT MTOPSIOK BEJIN-
annel 'k (1 oun Bestuky npu Gosrbmmx k).

Jenenne ua vk yHIUTOKAET 9TO MACIITAGHPYIOIIeE BIHMSHIE YUCIa k U3y-
YAEMBIX TOUEK — BEJIMKO WJIM MAJIO 3HAYEHUE \j, OMPEE/ISICTCS HE TeM, BEJTHKO
I MaJIo IUCJI0 Kk TOUEK Xj, & TeM, HACKOJIBKO OHH CJIYIaRHDI.

Kommoropos B [6] JIOKa3aJ1, ITO JJIs k HEe3aBUCHMBIX CJIYIaNlHbBIX BEJIMTHH
T; ¢ OJIMHAKOBOI HENpepbIBHON (yHKIMel pacipeneierus F' mosiydaemble u3
Pa3HbIX BBIOOPOK k TOueK {r;} 3HAYeHUs mapaMerpa CTOXaCTUIHOCTH \j UMe-
10T (Ha mostoKuTebHON moxyocu A > () yHuBepcasbHyio OYHKIHIO pacrpe-
nesternst O, (e 3aBucsmLyo ot Fy), a upu k — 00 9Tu QYHKIMK CTPEMATCS K
VHUBepCaJIbHONU (DYyHKIUN pacipeeneHus Kosmoroposa
—+00

A=Y ((-1)86725“2).

s=—00
Brecs dyuxmn pacupegenenus Py OUpesesISIOTCs yCIOBUAMI
&1 (A) = (BeposiTrHOCTB COOBITHS A < A).

Cxomumocts @), — & (npu k — 00) — pasHomMepnast (Ha mosyocu A > 0).

Oynknust ¢ monoronno pacrer or ®(0) = 0 (rme paBHBI HYJIIO U BCe ee
upoussojabie) 10 $(oc0) = 1.

Cpe/iHee 3HAUCHNE TAaK PACIPEIEICHHON BeJMYUHbL A paBHO

A=+/7/2In2 ~ 0,369.

Branu ot cpeamero suadeHnst A dyukmus ® 6sicTpo crpemuTes K 0 (ciieBa)
u k 1 (cupasa). Hatpumep,

®(0,4) ~ 0,003, ®(1,8) ~ 0,997.
TTosTomy Kax camImkoM MaJible 3HadeHns mapamerpa Koamoroposa Ay 1am-
Horo Habopa {x;}, Tak ¥ CMIIKOM GOJIbIINE 3HAYECHUs YKA3BIBAIOT HA MaJioe

IpaBJIoNo00He CTOXACTUIHOCTH U3ydaeMoro Habopa k uucesn {x;}.
Bor snauenust pyukiun ¢ B HEKOTOPBIX TOYKax A:

A o4] 06] 08| 10| 12| 14| 16| 18| 20
104® || 28 | 1357 | 4558 | 7300 | 8877 | 9603 | 9888 | 9969 | 9993

Mennannoe snadenne A* mapamerpa croxacruanoctu Kosmoroposa (sist
KOTOPOT'0 KaK MEHbBIINE, TaK U HOJIBIINE €ro 3HAUYEHUsT apaMeTpa CTOXaCTHY-
Hoctu B pacnpefenenun Koamoroposa ® MMeOT OJMHAKOBYIO BEPOSITHOCTD
1/2) cocraBnsier A* =~ 0,83.

Ounncannasi Boie Teopema Kosimoroposa [6] (06 yHuBepcajbHOM pac-
upeesiennn P) jokazaHa MM B IPEIIIOJIOKEHUN HENPEPBIBHOCTU (DYHKIUN
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pacupejesiernst F' He3aBUCUMBIX BEIIECTBEHHBIX BEJIMYNH T; (PEJISITHBUCTCKOE
co00parkKeHne COCTOUT B TOM, UTO BEJIMIUHBI ¢ PA3HBIMU TAKUME PaCIIpejiesie-
HUSIME [IPEBPAIIAIOTCS IPYT B APyTa 3aMeHaMi KoopauHaT Ha ocu z). [losromy
He 3aBUCSIIIE OT BBIOOPa KOOD/MHATHI HA OCH T BEJIMYUHBI (BPOJE KOJMOIO-
poBCKoro orkjoHeHus S u mapamerpa Kosmoroposa \) BeyT cebst jiist 1106010
HEIIPEPBIBHOTO PACIIPEJIEJIEHUS TAK K€, KAK JIJIsi PABHOMEPHOT'O PACIIPE/IE/IEHUS
BJIOJIb HEKOTOPOI'O OTpe3Ka (Ijle BCe BBIYUCJIEHUS] CBOJATCS K CYMMUPOBAHUIO
00'bEMOB CUMILIIEKCOB, OMHOMUAJIBHBIM KO3 durimentam u (popmysie Ctup/inH-
ra Jijisi UX aCUMITOTHK).

41 ke cobuparoch (HE3aKOHHO) NMPUMEHHUTH 3Ty TEOPUIO0 K HaOOpaM TOYEK
HA KOHEYHDBIX OKPYKHOCTSX Zy, K KOTOPBIM OHA (DOPMAJILHO HE OTHOCUTCS.

[Tpex e Bcero, BeIYETHI 0OPA3YIOT IUCKPETHOE MHOXKECTBO, TaK ITO (DyHK-
1S paCIIpe/Ie/IeHIs HUKAK He MOXKET ObITh HellpPephIBHON. 1 Ha1e10Ch, OJIHAKO,
9TO TIPU DOJIBINNX N KOHEUHAST OKPYKHOCTH Z;, TPUOJINKAETCS K BEIECTBEH-
Hoit okpyxnoctu S!, m uTO ecrecTBeHHO-HAyUHBIC (DAKTDI, JOKAZAHHBIC JIJIs
[IPEJIEJILHOTO CJIydasi HEIPEPBIBHOTO MHOYXKECTBA 3HAYEHUN Xj, JTaI0T XOPOoIee
npubJIMKeHne K IMOJIO2KEHUIO JIeJT JJTsl 3HAUEHUN, TPUHAJIEXKAIINX K JTUCKPET-
HBIM MHOXKECTBaM 3HAYEHU, AllIPOKCUMUPYIOIINM HEIPEPbIBHbIE.

Jlpyrast TpyJIHOCTb COCTOUT B TOM, YTO KOHEUIHAS] OKPY2KHOCTD Z;, aIPOK-
cuMupyet He IpsAMyIo R, K KoTopoit ornocuTcst Teopusi Kosmoroposa, a ria/i-
KyI0 OKpPY2KHOCTb S'. Bejia 3/1eCh B TOIOJIOIMHUECKOM PA3IMYNH: OJHOMEPHASI
pyIIa KOTOMOJIOTHI OKPY2KHOCTH HETPUBUAJIBLHA U 3aJIaHHbIE Ha Hell pac-
[peJiesieHnst OObIYHO HE MMEIOT IO3TOMY OJIHO3HAYHBIX (DYyHKIHi pacipe/ie-
JIEHUSI.

Benn dyukIus pacnpegeseHns — 3TO epBOOOPa3Hasi ero MI0THOCTH, TaK
YTO 9TO MHOTO3HAaYHAs (DYHKINMS HA HAKPBIBAOIIEH OKPY?KHOCTD MIPSMO TTPU
HOJTHOM 00X07Ie OKPY?KHOCTH II0JIyIaeT npupalieHue (paBHoe Macce u3ydaeMo-
0 pacIpeiesIeHnsl Ha OKPYKHOCTH ).

YT006bI IPEOOJIETH 3Ty TOIOJOTUIECKYIO TPYHOCTD, S MCIIOJIB30BAJI CJIe-
JIYIOIIYIO KOHCTPYKIIHIO.

PaccmoTpumM Ha OKPYKHOCTHU Ba pacipele/eHns OJUHAKOBOM CyMMapHOit
Macchl (B HAIIEM CJIydae OJIHO U3 PACIPEIeJIeHUI JIMCKPETHOE, COCPEI0TOYEeH-
HOE B TOYKAX Tj, & IPYroe — HEIPEPBIBHOE).

PaccMarpubast okpy»HOCTb S' = R/Z mpy IOMOIIH ee yHIBepCaTbHOMN Ha-
KpbiBatorieit R, Mbl momauMeM 00a pacrpeiesieHusT Ha OKPYKHOCTHU 110 Z-Tie-
PUOMYECKUX PACIIPEJIEJICHUN Ha HAKPBIBAIONIEH HPAMOI.

Ha mpsmoit pacipesnenenue ¢ II0THOCTBIO p YK€ UMEET (DYHKIIUIO pacipe-
JIeJIeHU ST

X
£0) = [ pln)da.
Xo
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Bri6op 3Toit iepoobpasHoii (3aBucsIeii 0T «HadaIbHON TouKn» X() HEOI-
HO3HAYEH — OHA OIPEJIEJIeHa JIUITh C TOYHOCTHIO JI0 «IIOCTOSTHHON MHTErPUPO-
BaHWs», [TEPBOOOPA3HBIME SIBJISIOTCT Takxke u GyHKIun f + C upwu o000k
HOCTOAHHOMN C.

YrobB! ONpee/nTh aHAJIOI OTKJIOHeHus1 KojmoropoBa S st mapbl pac-
[IpeJIeJICHU OJIMHAKOBOM MACChl HA OKPY2KHOCTH, s1 MMOCTYILTIO CJIEIYIONUM 00-
pasoM. N

Oboznaunm 4vepes fk u Fj dyukuun pacupeieiieHus Ha HAKPBIBAIOIIEH
MIPsIMOM, MOJIyYIeHHDbIE MOJAHATAEM HCXOIHOI'O JUCKPETHOTO pacupeieseHus: k
TOYEK HA OKPY?KHOCTU U «TEOPETHUIECKOT0» HEIPEPBIBHOI'O PACIIPEIE/IEHUST Ta-
KOii JKe cyMMapHOW Macchl k (B HaIleM ciiydae 9T0 OymeT paBHOMEPHOE pac-
peJieIeHue:

F), (y) = py Ha HaKPBIBAIOIIEH TPSIMOIL).

Koaddurment p BeiOUpaeTcst Tak, 9T0OBI IPUPAIIEHUE BEJIUINHBI F L 1Ipu
YBEJIMYECHNN Y HA JJIMHY PACCMaTPUBAEMOl OKPYKHOCTH COCTABJISIO YUCTIO k
TOUYEeK (Maccy) M3ydaeMoro pacipeieeHus.

B nammewm cirydae KOHEUHON OKPYKHOCTH Zy, = Z/(nZ) 1JIUHBL 1. MBI TTOJTY-
vyaeM Jisi Koaddurpenra p 3nadenue k/n.

Yro0Bl OIpee/iuTh OTKJIOHEHUE Sk, OCTAeTCs JIWIIb BHIOPATH ITOCTOSIH-
Hble unTerpupoBanus (¢ u C') st uHTErpasioB fr u Fj BI0JIb HAKpPbIBAIOMIEH
HPAMOI.

ONPEAENEHUE 3. Omkaonenue Sy MEXKJIY SMINUPUIECKUM pacIpesesie-
HHEM Kk TOYEK Ha OKPY’KHOCTH JIJIMHBI M W HEMPEPBIBHBIM PACIpee/IeHueM
Macchl k Ha Hell omperessseTcs Kak

Sk = inf (sup | fi(e) — (Filw) + )] ).

riae fr u Fp — Kakue yrojHO JiBe epBOOOpa3Hble (DYHKIMM MOMHSATHI Ha
HAKPBIBAIOILYIO TPSMYI0 (JJIsi SMIMPUYECKOrO PACIpejeieHnss k TOYeK Ha
OKPY?KHOCTH U JIJIs1 HEIIPEPBIBHOTO PACHPE/IEICHUST MAcChl k BIOJb Hee).

3AMEYAHUE. Bennmunna oTKI0HEHUs S), He 3aBUCUT OT TOrO, KAKIAE MMEH-
HO 1epBOOOpAa3HbIE B3ATHI: MIPU B3ATUU HUXKHEH TPaHU IO ¢ BTOPas IePBO0OD-
pa3Has CorJIacyeTcs C IEPBOI.

IIPUMEP 1. PaccmoTpum BeInamHbI

M = sup(f — F), m:ir%f(f—ﬁ).

Besmmunna oTKJIOHEHUSI €CTh
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Puc. 2.

M+ m
2

TaK KaK K F' MOXKHO IpHOABUTH ONTHMU3UPYIOILYIO HOCTOSIHHYIO € =
(/1711 KOTOPOIt OTKJIOHEHUST BEPX W BHU3 OJWHAKOBHI).

[TpuMEP 2. /st ueTbipex B3auMHO npoctbix ¢ n = 10 ocrarkos {1,3, 7,9}
ot nestenns Ha 10 rosydaercs Takas onTUMaJibHas repBoodpasnas Fy + c:

k 2 4 4 2
p-g-g» 54_37 )\4_ﬁ_3'
2/5
Fy+e o 3/5
4/5
1/5 F
2/5 T
0 1 3 7 9 10
Puc. 3.

[TpuBenenHoe BoIIIE ONpeeeHne 3 OTKJIOHEHHUS Sy, TIO3BOJISAET OIPEIC/TUTh
sHavdenue \, = Si/ Vk napamerpa Koinoroposa 1yisi pacipeiesenns k Touek
Ha OoKpy2KHOCTHU. Teopema KommMoroposa 06 yHuBepcaabHOM pacipeaeieann P
06001IaeTCst 1 HA TOT BAPHAHT €r0 TeOPHU (TOJBKO YHUBEPCATHHOE MPE/IeITb-
Hoe pacupenenenne ¢ napamerpa Kosmoroposa A B 3TOM ciiyduae HECKOJIBKO
msmennTes). Kaxxmomy pacupesenennio na okpyxnoctu S' = R/Z coorser-
crByer pacupezesnenne Ha [0, 1). ComocraBiisist 9TOMy PACIpPeIeIeHIIO CITy daii-
HBIE BEJTMIHHBI

Sy = i‘éﬁ(ﬁ’(m) — Fi(x)),

Si = inf (fu(@) = Fi(a))
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MBI BHJIHM, YTO BBIIIEOIPEIe/eHHOE OTKJIOHEHHe Sy, JUIsl pPaclupeierenns S’
YIOBJIETBOPSIET COOTHOLICHUIO

Sk = (8§ —S5)/2.

ITockosbKy mpesenbHoe cobmectHoe pactpesenenne (S /vVk, S, /V'k) nssect-
1o ([4, c. 403]), To MoxKHO HaiTH M HpeeabHOE pactpeenenue ars Sy /VE.
Berauciiennst MOKa3bIBAIOT, 9TO I HENPEPBIBHON (DYHKINH DACIPEIETCHNUST
[peJiesl MareMaTuIecKuX OXKUJaHuii BeJunduHbl S/ Vk pasen V7/8 ~ 0,63.

Ilepexos OT TOYeK Ha HelpephIBHOI OKPY>KHOCTH S' K TOYKaM Ha KOHed-
HBIX OKPYKHOCTSIX Zyp, (¢ GOJIBIIIMHI 3HAYEHUSIME 1) CTporo He obocuoBaH. Ho
9TO, 51 NIPEJIIOJIAralo, JIAIIb BPEMEHHOE TEXHUIECKOe 3aTPY/HEHHE — aCHMII-
TOTHKA IIOBEJEHUsI OTBETOB JJIsI Ly IPH N — OO COIVIACYETCSI, BEPOATHO, C
0600IIeHIeM Ha CJIyUail CIydailiHbIX BEJIMYUH Ha OKPYKHOCTH S' pe3yasraTos
Kosmoroposa 0 BEIeCTBEHHBIX CJIyYailHbIX BEJIMUNHAX.

§ 3. BBIUMCJ/IEHUE 3HAYEHUI TAPAMETPA CTOXACTUYHOCTHU
KOJIMOI'OPOBA [1J151 TPYIIT DMUJIEPA TTIPUMUTUBHBIX
BBIYETOB 10 MOJYJIIO n

[Ipusenennnie B § 1 cBeJeHUSI O ceMeCTBAX NMPUMUTHBHBIX BBIYETOB I03-
BOJISIFOT JIETKO HAPHUCOBATh KAPTUHKM THUIA [IpUMepa 2 U3 § 2 BBIIIE JJIsi PAC-
CMOTPEHHBIX B § 1 3HaYeHUI 1. DTH BBIYUCJIECHUS JTAIOT CJIEYIOIINe 3HAYCHUS
BeJIMIMHBI OTKJIOHEeHUsT S, 1 napamerpa KoiMoroposa Ag:

n| 4 6 7 8 9 10 1112 13
k|2 2 6 4 6 4 10 4 12
1 2 11 1 2 4 10 2 12
Sel s -
2 3 12 2 3 5 1 3 13
M| 0,354 0,400 0,471 0,374 0,250 0272 0,400 0,287 - 0,266

Bropoit mecaTok 3uadennit mapaMeTpoB Ay JIETACT CTOTDb YKE MATOBEPOSIT-
HOIl TUIIOTE3y O CIIYYalHOCTH IPUMUTHBHBIX BBIYETOB 110 3TUM MOJyJisiM (1Ipu
A < 0,4 BepositHOCTB citydaitnoctu MenbIre 3/1000 no Tabune dynkmun Kos-
Moroposa P, mpuBeeHHOI BbIIIE):

n 14 15 16 17 18 19 20 21 22 23 24

k 6 8 8 16 6 18 8§ 12 10 22 8
6 14 1 16 2 18 4 8 10 22 2

% 7 T 3 Tw 3 1 5 7 U B 3
Ax 10,350 0,330 0,177 0,235 0,272 0,223 0,283 0,330 0,287 0,204 0,236

OcraBimunecsa 7 3Ha4eHU (25 < n < 31) 10CTaBISIOT CJIEAYIONINE 3HATEHUST
mapamerpoB Kosmmoroposa Ag:



102 B. U. Aproibz

25 26 27 28 29 30 31
k 20 12 18 12 28 8 30
4 12 2 6 28 14 30

S 5 13 3 7 29 15 31
e | 0,179 0,289 0,157 0,247 0,182 0,330 0,177

Pacripeiesienne nosryausiuxcs 28 3nadenunii mapamerpos Kosimoroposa Ay
COBEPIIIEHHO HeIloxXoXke Ha pacupeienenue Koamoroposa . Pazenmm och 3Ha-
JeHnuit A Ha 6 dacTeii:

A<0,2; 02<A<0,25 0,25 <X<0,3;
0,3<A2<0,35 035<A2<£04; A>04
MBI TIOJIy9UM B 9TUX YaCTAX, COOTBETCTBEHHO,
5, 6,7 5,4, 1
suaderuii. CyMMBI 9THX 3HAYEHUN COCTABJIAIOT, COOTBETCTBEHHO,

0,872; 1,385; 1,956; 1,673; 1,528; 0,471.

015 020 025 030 035 040 045

Puc. 4.

Cpeiaee 3HaUECHHTE \ 110 BeeM 28 3HaueHUsIM rmapamMeTpa A COCTaBJISIIOT IIPU-
mepro 0,282. B pacrpenenenun KosiMoroposa cymMmapHasi BEPOSITHOCTb BCEX
28 rakux 3mHadennii cocrasisier Menee 1/300, TaK OHU MAaJIbL.

MpsrI 3aK/II09a€M, 9TO U3ydaeMble pacipeie/ieHns kK TPUMUATHBHBIX BEIYETOB
Ha OKPY2KHOCTU Zy BECHMA CUIIBHO OTJIMYAIOTCS OT CJIYUYafHbIX PACIIpPE/IeIeHI
k HE3aBHCHUMBIX TOUYEK. DTO eIlle OJIHO IOJITBEepXKJIeHrne BhIBoJa § 1 0 3aBucu-
MOCTH MEXKJIy NPUMHUTUBHBIMU BbIueTaMu (KOTOPBIE BE/lb OTTAJKUBAIOTCS OT
CBOHX COCe/Ieit).

SlcHo TakzKe, YTO BBIYHCICHHBIC 3HAYCHUST Ak (1) MMEIOT TEHJEHIUIO yObI-
BATh C POCTOM 7. DTO MOXKHO OBLIO ObI OOBACHUTHL POCTOM C 71t 3HAMEHATE IS B
dbopmyne A\, = Si,/VE, ecim 661 oTKI0HECHHS S}y HE CIIAIIKOM POCJTI C POCTOM 7
(1, cesoBaTenbHO, ¢ poctoM k ~ (6/72)n).
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HpHBeﬂeHHbIe BBIIII€ 3HAYCHUA HaBOJAT Ha MBICJIb, 9YTO BECJIMYNHBI OTKJIO-
HeHuit Sy OCTAIOTCsI OrpaHUYEeHHbIME (M JlazKe BeJMYMHAME HOpsijika 1) mpu
pocre k.

OpHako, B JefHCTBUTEILHOCTH JI€JI0 OOCTOUT WHAYE: IPU HEKOTOPBIX HATY-
PaJIbHBIX 3HAYEHUSIX 7 OTKJIOHEHUSI SE CKOJIb YTOJHO BEJIUKU.

A uMeHHO, BO3bMEM B KadeCTBE 7 IMPOU3BEIEHUE BCEX j IMPOCTBHIX UUCE],
MEHBIIHNX HEKOTOPOIO Pji1:

n=2-3.5-7-11-...-p;.

JIEMMA 1. Hu 0dno us ueavlx wucen T 6 unmepsane 2 < & < pjp1 He
83AUMHO MPOCTNO C 1.

JeiicTBUTEILHO, BCE IIPOCTBIC MHOZKUTEIN YUC/IA T, MEHBIIErO Pji1, ABJIsd-
I0TCsl JIEJTUTEIISIMU YUCTIA N, & 3HAYUT — €0 OOIIUMU JIEJTUTESIMA C T.

JIEMMA 2. Hmeem mecmo caedyrouwsee HEPaGeHcmeo oas omxaonenus D,
nocmpoento2o no k(n) npumumueHvm 6ulHemam no Mmooy mn:
k pjy1—1

D >
“n 2

JIOKABATEJILCTBO. ['pacduk crynenuaroit cuurarorieir pyHkuu f npu-
MUTHBHBIX BBIYETOB 110 MOJLYJTIO 7 COJICPYKUT TOPU30HTAIBHBIN yaacTok {1,. . .,
Pj+1} JUHHBL pj 1 — 1. OyHKIHUS pacipeieeHnst [Jist PABHOMEPHOTO PaCIIpe/ie-
JIEHUsT MacChl k BIIOJIb OKPYZKHOCTH JIJIUHBI 1 (OIpejie/ieHHast Ha HAKPbIBAIOMIEH
OKPY?KHOCTB TIPSIMOii) JIMHEIHA ¢ HAKJIOHOM p = k/n.

OTkJIOHEHNE HUKAKOW JUHEHHON (DYHKIMM HAKJIOHA P OT (PYHKIIUU, II0-
CTOSTHHON Ha OTpe3Ke JINHBI L, He MOXKET OBITh MEHBIITMM TOJIOBUHBI TTPO-

usBesienusi pL. D10 u jocraBisieT yTBepxKieHue Jemmbl 2 (npu p = k/n,
L= Pj+1 — 1) O
JIEMMA 3. Ilpoussederue
k(n) pj+1—1
n 2

npurHuUMaem CKoab yZOdHO BONADUWUE 3HAMEHUSA OAA HUCEA n, ABAANOUUTCA NPO-
U3BEOCHUAMU DOCMAMOYHO HONDUO20 YUCAG ] NoCcACI0BANENLHBIT npocmasvlx
wucen

n=2-3-5-...-pj.
Barmrrem 9uciao k(n) B3aUMHO IPOCTBIX C 1 OCTATKOB OT JIeJIEHIs Ha N IO
bopmysie MyIBTHININKATHBHOCTH Diijiepa

J

k=11 -1

i=1
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Mpbl ostydauM Torma
J

:H<1— pi)

=1

J
c=I1
n " Pi

=1

CireioBaTeIbHO, B CHJIy M3BECTHBIX OIEHOK [JIsl HOCJIEIHEro IPOU3Be/e-
Hust |2, c. 94| cupaBeUIMBO ACHMITOTHYECKOE PABEHCTBO

E e
n  InL
npu j — oo, L = pjy1 — 1, tae v — mocrognnasa Jitnepa. Takum obdpasom,
yTBep}K,I[eHI/Ie JIEMMBbI 3 BbITEKa€EeT N3 JIEMMBbI 2

3amMeTuM, 9TO /1151 OOJIBIINX j YTBEPXKIEHNE JIEMMBI 2, OCHOBAHHOE Ha TOM,
YUTO CYIIECTBYET L TIOC/IeIOBATEIBHBIX YUCE]T, HE B3AUMHO ITPOCTBIX C 71, MOXKHO
yeunuth. Teopema Dpgema n Pankuna mokaseiBaer, 9yro npu L > 20 Haiigercs

HEe MeEHee

(1+0(1))

cLiInLInlnln L
(Inln L)?
[IOCJIEIOBATEILHBIX YHUCEJI ¢ TAKUM CBOMCTBOM, Tje ¢ > ( — HekoTopasi KOH-
cranta. bosiee Toro, B [8] mokasano, uro mpu L — 00 MOXKHO B34Tb ¢ =
= 2€e7 +o(1).
[TPUMEP. PaccMoTpuM 3HaUYEHUE
n=2-3-5-7-11-13-17-19-23-29-31-41-43-47
(coorsercrBytomiee j = 15). B sTom ciayuae pji1 = 53,
n=1-2-4-6-10-12-16-18-22-28-30-36-40-42 - 46.

Buauenue k/n MOXKHO COCIMTATD, yMHOZXKAs! BBIINCAHHBIE COMHOKUTEJIN, HO
IPOIIE 3aMEHATh 3TO YMHOXKCHIE COMHOXKUTEJICH CJIOKEHIEM UX JI0rapudMOB.
Tabsuna sorapudmMoB Jaer (JecsTudHble) gorapudmbl

lon ~ 17,78879, lgk ~ 16,93088.
[Mosromy lg(n/k) ~ 0,85791, Tak uro

"x72l w Fa0139.
k n

Buas jymay L = 52 ropusonranbHoro yyacrka |1, 53] rpaduka smmupute-
CKOil QYHKIUM pacipejiesieHns, Mbl T1oJydaeM (jleMMa 2) Jijisi OTKJIOHEeHUs S
OIIEHKY CHU3Y

kL
S>—-==0,139-26 =~ 3,61.
n 2

DTOT MPUMEP MOKA3BIBAET, UTO MIPEIookKeHne S < 2, T0CTaBIsSIeMOe IPH-
BeJleHHbIMHE Bblie Tabsunamu (rge n < 31) omubouHO: OTKIIOHeHUs S ObIBAIOT
CKOJIb YTOIHO OOJIBIITUMA.
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[IpaBna, HyzKHBIE JJIsl 9TOIO 3HAYEHUSI 7 OU€Hb BEJINKU (TaK ITO BEJIMINHA
nokaszarejsi croxacruaroctu Kosmoroposa A = S/ Vk B IIPHBEICHHOM BbI-
IIe IpuMepe U JIPYTuX, MOJ0OHBIX eMy, Maja). MoxKHO OBbLIO TPeInoOKUTh,
4TO GOJIBIINE OTKIOHEHUS Sk(y,) BCTPEYAIOTCS CTOJIL PEJIKO, UTO Y€3aPOBCKUE
cpenHue

M=

X Sk(m)
S, = m=1_

n

OCTAIOTCS TIPH N — 00 OTPAHUYEHHBIMU (MU JIa2Ke UMEIOT KOHETHBII IPEeJIed).
OxasbiBaercsi, ojiHaKo, 4To 510 He Tak! B [3| mokazano, uro

Sk(my = 202 Jw(m),

rje ¢ > 0 — abcosroTHas KOHCTaHTa, a w(m) — YHUCJI0 Pa3IHYHBIX POCTHIX
jesresneit m. lasee, u3BeCTHO, YTO JIst HOYTH BCEX HATYPAJIbHBIX 1M BEJIH-
qnHa w(m) 6auska K Inlnm. Tounee, st moboro b € (1/2,1) cnpasemnBo
ACHMITOTHIECKOE COOTHOIICHNE

S 1=0(n) (n— o),
m=1

e > 03HAYAET, YTO CyMMMPOBAHIE MPOBOIUTCS IO TEM M, < 7, T KOTOPBIX
lw(m)—Inlnm| > (Inlnm)® (|2, 3amaaa 20 x rase 1]). Ecu Teneps wepes Y.
0603HAYUTL CyMMEPOBAHUE 110 TeM M < N, JJIs KOTOPBIX |w(m) — Inlnm| <
< (Inlnm)®, To MeI IOy 4IM

> Sy = nllnn) 020 (1 — o),
m=1

CtetoBaTE/IBHO,
Svn > (lnn)(ln2/2)+o(1) (n N OO)

HecnyuaiinocTs pacnpejiesieHust IPUMUATHBHBIX BHIYETOB 110 MOJIYJIIO 1 MO-
2KET OBITH [IPOJIEMOHCTPUPOBAHA, CJIEIYIONIUM (DAaKTOM: COOTBETCTBYIONINE 3HA-

Sk’ n
YeHMsl [IoKasaTesel croxacTuaHocTH Kommoroposa Ay, = % CXOIATCH K
n
HYJIIO IIpH N — OO, IIpUYeM AOBOJIBHO 6I>ICTpO. B [5] IIOKa3aHO, 9TO

Sk(n) < 2w(n)‘
Hanee, mockobKy 1ipu k = k(n)

w(n)

) w(n)
pi—1 i 1
n/l_Il Di /1_111'—1—1 wn)+1’
1= 1=

nus BbIHlerI/IBe,HeHHOﬁ OIIEHKHU IJIsI IIPOU3BEACHUA B ITOCJICIHEM HEPaBEHCTBE
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CJIeJIyeT, YTO
Sk 24 (Jw(n) + 1)
Vi vn '
Tak kax 2 < d(n), rme d(n) — KoaM4YeCTBO JesiuTesieil ducjaa n, TO U3
m3BecTHOl onenku st d(n) (em. (2, c. 32|) ciemyer, 1To
Sk < exp((In2+ o(1))Inn)/Inlnn)
ko vn

— 0

pu . — 00.
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OKpYy?KHOCTb, OIIMCaHHAs BOKPYI' MHOIOUJIEHA,

1O. B. Bsazosenkuit A. C. Tuxonosn

1. BBEJAEHUE

Haneemcs1, nazBanue 91oil paboThl BaCc 3aMHTEPECOBAIO U 3aMHTPUIOBAJIO.
«Kak Takoe BO3MOXKHO?» — BOCKJIMKHET YIUBJICHHBIA YATATEIL U Hallla OJIM-
JKadilast Ueab — [IPEICTaBUTh COOTBETCTBYIOIINME Pa3bsCHEHNsI. XOPOIIO H3-
BeCTHO (CM. J11060i1 yueOHUK 110 Bhicieit aurebpe [1-4,6,9,10]), 4ro nmpoussosib-
HBIIl MHOTOYJIEH M- cTeneHn umeer (C y96TOM UX KPATHOCTH) POBHO N KOP-
Heill B KOMILIEKCHOM IockocTH. VM st ciiydass KyOM4ecKOoro MHOroOWIeHa 6e3
KPATHBIX KOPHE[l MBI BCEI/[a MOYKEM IIPOBECTH €IMHCTBEHHYIO OKDPYZKHOCTbL),
IPOXOALAIILYIO Yepe3 TPU €ro KOpHH2). «Hy u 9r0?» — BOCKJIMKHET yIIPSIMBIil
ynrarenb, — «Ilogymaems! Bokpyr TpeyrojbHmKa Beerma MOXKHO OIHUCATD
OKpY2KHOCTb». U 6ymer npas. Crnoputh He craneMm. KoHedHO, HAI0 IpeicTa-
BUTh Ha BAIll CyI YTO-TO Oo0Jjiee CojaepXKaTesibHOe W 00 9TOM ceffdac IOii-
JET pedb.

C IaBHUX [IOP B MaTeMaTHKe OOJIBIILYIO I0JIb3Y IPUHOCIIO B3aUMOIEHCTBIE
1 B3aMMOIIPOHMKHOBEHUE PA3JIMIHbIX eé BETBEI: aﬂI‘e6paI/IquKI/H\H/I MeTOoJaMM
pellajiuch CJIOKHbIE NeOMETPUUYECKHe 3ajaun (HaunHasi ¢ u300perare/is aHa-
quTryaeckoii reomerpun P. Tekapra) 1, Ha060pOT, reOMETPHYECKIE METOJBI €
YCIIEXOM MCIIOJIb30BAJIMCH B ajirebpe, aHajamnse u gaxke B pusuke. OqHOMY IpHU-
Mepy TaKOro B3AMMOJIEHCTBUS U MTOCBAIIEHA JaHHAs PaboTa.

Hammeit menbio sBjsieTcs pelleHre KyOUUeCKUX YpaBHEHUI B pajuKaax.
3astaga 3Ta Kjaaccudeckas u ObLia pereHa emié B 16-m Beke: dpopmyan Kap-
JaHO JaloT ITOJIHOE peLHeHI/Ie.S) MbI XOTHUM IIPEIJIO?KUTH FeOMeTpI/IquKyIO nH-
Tepuperanuio 1 Hux. Hamm dhopMyasl He OYAyT IMOJHOCTLIO COBIAIATHL C
dopmysamun Kapmano, oIHAKO BEJIUYUHBI, YIACTBYIOIINE B 9THX (POpPMyJiax,
JIETKO BBIPAXKAIOTCA JIPYT depe3 Apyra. Takum obOpaszoM, MOXKHO TOBOPUTH O

DMer 6ymeM cUATAT TPSIMBIE TPEIEBHBIM CIyIaeM OKPYZKHOCTEH, T. €. OKPYZKHOCTBIO C
0OECKOHEYHO OOJIBIIINM PAJINYCOM, KAK 9TO IPUHATO B KOMIIEKCHOM aHAJIH3e.

2)C reoMeTpudecKoll WHTepIpeTanueil KOMIUIEKCHBIX THCEN MOMKHO O3HAKOMHATBCS B
kHure [5].

O nmako cam JIxx. Kapmano, Bmepsbie omyOauKoBaBIuil 3t popmysel B 1545 1., yka-
spiBaer Ha apropcrso H. Taprasbu (1535). Vcropuuecku »Ke mepBou3obpeTaTeseM 3TOro
meroza pererns cantaerca C. @Peppo (1515).

MaTtemaTudeckoe npoceeweHue, cep. 3, sbin. 15, 2011(107-113)
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HEKOTOPOI MomuduKaiuu cruocoba Kapmano, KoTopas UMeeT CBOU IIPEUMYIIe-
CTBa/HEJIOCTATKH.

MpbI coBepIMM HaIllle IyTenecTsre mo MapupyTy: Asrebpa — ['eomerpus
— Aurebpa. B pazjene 2 KpaTko u3siaraiorcss HeoOXOIMMbIE CBEJICHUSI U3 TEO-
pun ApoOHO-TMHEHHBIX TPpeodpa30BaHUil U 00CYKIAIOTCA X T€OMETPUIECKUE
cBoiicTBa. Bo TperbeMm pasjesie MBI IPEJCTABJ/ISIEM OCHOBHBIE T€OMETPUYIECKUE
coobparkeHusi, JieXKalllye B OCHOBE HAIIEr0 PEIeHns, a 3aTeM B pasjiesie 4 Mbl
[IEPEBOJINM UX HA S3BIK aJINeOPHI.

2. JIPOBHO-JINMHENHBIE TIPEOBPA3BOBAHUSA U UX CBOMCTBA

Hpeo6pa30]3aHI/IH KOMILJIEKCHOM IJIOCKOCTH B Ja

_az+b _
W= ad—bc#0, a,bc,deC

Ha3BIBAIOTCA APOOHO-JIMHEHHBIMI ITpeodbpasoBaHusMu. JIpobHO-TnHEHBIE TIpe-
obpa3oBaHusT 00J1a1aI0T CJIEAYIOIIMMI CBORCTBAMMU:

1. KpyroBoe cBoiicTBO: OKPYKHOCTH IIPU JPOOHO-JIMHEIHBIX ITPeobpa3oBa-
HUSX TEPEXOJIAT B OKPY2KHOCTH.

2. KoncepBaTusm yrjioB: mpu ApOOHO-JMHEHHBIX MPEOOPA30BAHUAX YIJIbI
MEK/Iy OKPYKHOCTSIMU COXPAHSIIOTCS.

3. CoxpaHeHue COIPSKEHHOCTU: TOYKU, COIPAKEHHBIE OTHOCUTEIHHO
OprH{HOCTI/I4), [IEPEXOISAT B TOYKHU, CONPSKEHHBIE OTHOCUTEIHLHO 00-
pa3a 9Tol OKPY2KHOCTH.

4. EIUHCTBEHHBIM JPOOHO-IMHEHHBIM Ipeobpa3oBaHueM, HepeBOIAIIIM
TPHU Pa3JUIHbIe TOUYKH 21, %9 U 23 B TPH PA3IUIHBIE TOUYKH Wi, Wy W
w3, COOTBETCTBEHHO, ABJIseTCs IIpeobpasoBanue, 3a1aBaeMoe poPMyJIoit
(w—w1)(wz —wa) _ (2 —21)(23 — 22)

(w—w2)(wg —w1)  (z—22)(23 —21)

MpI He OyeM 3/16Ch OCTAHABINBATHCST HA, OOOCHOBAHWM 9TUX CBOCTB U OTO-
[UIeM 3aMHTePeCOBAaHHOrO unrTaresis K 5] wam [8]. Yrobsl unraresib HOHIMAI
BCE TEOMETPUIECKOe HOTATCTBO ITUX CBONCTB, XOTEIOCH OBbI MOy THO OTMETHUTH,
9TO JaJibHEIas X pa3paboTKa IPUBOIUT K Moje u reoMmeTpun JIobadgeBcko-
ro Ha eBKJIM0BOI mtockoctu [8]. OmHako, HaM — B JIPYrOM HAIIPABJICHUN.

4),HBe TOYKHU HA3BIBAIOTCS CONPSI2KEHHBIMI OTHOCUTEJIEHO OKPY2KHOCTH, €CJIM OHU JIe2KaT Ha
OJTHOM U TOM 2K€ JIye, BBIXOJISAIIEM U3 IIEHTPA OKPY2KHOCTHU, U IPOU3BEJICHHUE UX PACCTOSHUMN
OT IIEHTPA OKPY>KHOCTH PAaBHO KBaJIPATy PAJINyCca ITOH OKPYKHOCTH. B npenensHOM cirydae
COTPSI2KEHHBIMY TOYKAMHU SBJISIOTCS IEHTP OKPYKHOCTH 1 OECKOHEYHO YIAJIEHHAS TOUKA OO.
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3. 'EOMETPUYECKUM STAII PEIIEHUS

B sToMm pasgesne Mbl M3JI0XKHM I'€OMETPUYECKUE UIEH, JIeXKalle B OCHO-
Be IpejIaraeMoro B paboTte crocoba perreHnst Kyomdeckux ypasaenuit. Hara
1eJIb — HafiTH KOPHU yPaBHEHUsT TPEThell CTeleHn, 3allMCAHHOTO B ODIIEM BHU/IE

w? + aw® +bw+c=0, (1)
HCIIOJIb3Ysl TP 9TOM JIpOOHO-JINHEHHbIE Tpeobpa3oBanus. J1jist 5TOro paccMoT-
puM ApobHO-JIMHEHOEe Tpeobpa3oBaHMe, KOTOPOE MEePEeBOINT KOPHU z1 = 1,
29 = €u 23 = €, rae € = —1/2 +i/3/2, npocreiimero ypasuenusi 23 = 1 B

KOPHU JIAHHOTO YDPABHEHUsI W1, We M W3, COOTBETCTBEHHO. Takoe (eIMHCTBEH-
HOE) Tpeobpa3oBaHue CyIECTBYeT. Bosee TOro, Jyist HEro CyINecTBYeT sIBHAs
dbopmyna (eMm. mpepirymumit paszgen). O6o3HAINM Yepe3 Wy U Weo TOYKH, B
KOTOpBbIE Harle 1peobpasoBanne nepeBogauT To9ku O u 00 (OYeBHIHO, OHU CO-
[PSI?KEHBI OTHOCUTEILHO OKPY?KHOCTH, POXO/ISIIEH Yepe3 KOPHHU yPABHEHUS ).
HazoBéM wg 1 Wee TOUKAMU PA3PEITUMOCTHU JIJIsI HAIIIETO ypaBHeHH5{5).

s ypasHenus z3 = 1 Toukm paspemmmoctu — 310 0 u oco. Kak Jer-
KO BHJIETh, OHU (M TOJIBKO OHH) SIBJISIIOTCSI HEIOJBUYKHBIMU TOYKAMU JIPOO-
HO-JIMHEWHDBIX TTPeoOpA30BAHUN, THKINIECKN TEPECTABISIIONINX KOPHA 21, 22,
z3, T.e. (B 9TOM YaCTHOM CJiy4ae) moBopoToB Ha 120° BOKpYT Hadasa KOODJU-
HAT, U [EePECTABJISIOTCS IPU TPAHCIO3UIUAX KOpHell (Hampumep, mpeobpaso-
Banne w = 1/z, KOTOpOe COXPAHSIET 2] U MEPECTABJSIET 29 U 23, HEPECTABJISET
Takxke 0 1 00).

st i0boit npyroit TpoKM TOYEK wi, Wg, W3 TOUYKHU PA3PEINIUMOCTH Wo U
Weo YAOBJIETBOPSIIOT TEM K€ CBOHCTBaM, IIOCKOJIBKY 9TU CBOWCTBA COXPAHSIIOTCS
IpU APOGHO-JIMHEHHBIX TpeobpazoBanusx’).

Toukn paspermuMoCTH JOMYyCKAIOT W YUCTO TEOMETPUIECKOE OMUCAHUE.
NnmenHO, 7151 TIOOBIX TPEX PA3IUTHBIX TOUEK W1, W, W3 TOIKH PA3PEIIIMOCTHI
W U Weo JIEIKAT HA TIEPECEUEHUN TPEX OKPYKHOCTEN (npsiMbIxX) {1, fo, f3. DTu
OKPYKHOCTHU 33JIAI0TCS CJIETYIOTINMU CBORCTBAMIE:

> OKPYXKHOCTB £; IIPOXOIUT Yepe3 w;

> OKPY?KHOCTH ¥; OPTOrOHAJBHBI K OKPY?KHOCTHU, OIMMCAHHON BOKDPYT w1,
wz, Ws3;

5) Mot OyZleM TakK»Ke HA3bIBATH W( U Weo TOYKAMH DPA3PEIUMOCTU U I TPEYTOJIbHUKA,
BEPIIMHAMHU KOTOPOTO $IBJISIIOTCS KOPHU HAIIErO YPaBHEHUS Wi, Wz, W3. L1OYKH pas3peru-
MOCTH IIONOJIHSIOT GOraToe CeMeHCTBO 3aMEYaTeIbHBIX TOYEK B TPEyToJbHUKE (OPTOIEHTD,
OapUIeHTD, IIEHTPHI BIIUCAHHON W ONMUCAHHON OKPYXKHOCTEH U T. /1-)

6 3ameuanne JIJIsl TeX, KTO 3HAKOM ¢ Teopueii ['asya. Pa3 Touku paspemmumocT, KOTopbie
OYEBUIHBIM 06Pa30M PAIMOHATBHO BBIPAYKAIOTCSA Y€Pe3 KOPHU YPaBHEHMsI, COXPAHSIOTCSI TIPU
IUKJIMIECKUX [TePECTAHOBKAX KOPHEH, TO CYIIECTBYeT KBaJI[paTHOE ypaBHEHHE C KO3 UIm-
€HTaMU, KOTOPBIE PAIMOHAJIBHO BBIPAYKAIOTCH Yepe3 KO MUIMEHTHI NCXOTHOTO YPABHEHNST,
KOPHSIMU KOTOPOT'O SIBJISIOTCSI TOYKHU Pa3perinMocTh. B ciieayoneM pasiaesie Mbl HAIEM 3TO
ypaBHEHUE SBHO.



110 IO. B. Bsizoenkuii, A. C. TuxoHoB

> oKpyzkHOCTH {; 1 £; 006pa3yioT MexK 1y coboil B TOUKaX Iepecedenus (T. e.
B TOYKAX W U Weo) YIVIBI 10 120° (cM. pucyHOK 1).

Puc. 1.

BBumy cpoiicTB 1poOHO-TMHEHHBIX TPEeOOPA30BaAHMIL, STH CBONCTBA JOCTa-
TOYHO TIPOBEPUTH JIJIsT TOUEK pazpemmumocT 0 1 00 ypaBHEHUS 23 =1. B atom
cllydae OKPYKHOCTH SIBJISIIOTCST IIPSMBIMU, TPOXOISIIUMA depe3 TOYKN 1, € u
€2 1 OPTOrOHAIBLHBIME €UHIYHON OKPY2KHOCTH. QUeBHIHO, UTO TU HPSIMbIE
nepecekaroTcs B Toukax 0 u oo mom yramu 120°.

Mo2kHO TakzKe MOKa3aTh, YTO Hapa TOUYEK Wy U Weo YKAZAHHBLIMEU TPEMS YC-
JIOBUSIMU OIIPEIEJIAETCA OMHO3HAYHO. OIHAKO MBI OIIyCTHM ODOCHOBAHHUE STOrO
dakxTa, TaK KaK OH HaM He MOHa00UTCA B JabHEHIIeM.

WTak, MBI TIOJyYN/IM F€OMETPUYUECKYIO XapaAKTEPU3AIUIO TOYEK Pa3per-
MOCTH U JOKa3aJIl UX CYIIECTBOBaHUE IJId TpéX IIPOU3BOJIBHBIX PA3JIMIHBIX
TOYEK KOMILJIEKCHO IJI0CKOCTH (CJIydail ¢ KPATHBIMU KOPHSIME Tpebyer oT-
JIEJTBHOTO PACCMOTPEHUS ).

Tenepnb ocymecTBUM TpeoOpa3oBaHmue

P ®)
KOTOpOe IIepeBesIeT TouKy wo B 0, a TOUKY ws — B 0o. CornacHo cpoiicTBaM
JIPOGHO-TMHEHHBIX IPeodpa3oBaluii, OHO HepeBe/IéT KOPHU JIAHHOIO ypaBHe-
HHUA B TOYKH, JIeXKalllie B BepIIMHAX IIPABUILHOTO TPEYTOJIbHUKA C HEeHTPOM
B TOYKE 0 MO}KHO HOKaBaTI), qTO IIOﬂyquHbIe TpI/I TOYKU y,ZLOBJIeTBOpHIOT
ypaBHeHnio Buna w® = A. Torma 3amaua pelneHns: KyGHIECKOrO yDABHEHHSI
CBEIETCA K BBIUUCJICHUIO BEJIMYUHBI A 1 HaXOXKJICHWIO TOYEK Pa3PEelTIMOCTH
Wo U Weo. DTOMY IHOCBSIIEH Crelyromumii (aarebpandeckuii) paszesn JaHHOI
CTaTbU.
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4. AJITEBPAMYECKUNI STAII PELHIEHUSA

Bapanee 3Hasi M3 IeOMETPUYECKHUX COOOparxKeHUil (CM. Hpesbiiy il

pasJies), 9To mpeobpasoBaHue (2) mepeBeET HaIlle HCXOTHOE KyOUIecKoe ypas-
3 WooW — W(
Henne (1) B ypaBHenume w® = A, MBI NOJCTABUM W = — 1 (sT0
o
JIPOOHO-JIMHETHOE [IPpeobpa3oBaHue sIBJIseTCst OOPATHBIM K 11peobpasoBaHiuio (2))
B ucxojHoe ypasHerue (1) u norpebyem, 4roObl KOIMDMOUIUEHTHI B YUCIATEIE

npu w? 1 w 6bm pasuel 0. Torma morydaeM cucremy

Bw?mwo + awgo + 2aweowqy + bwgy + 2bwse +3¢ = 0
3woow(2] + aw% + 2aWeowq + bW + 2bwg +3¢ = 0
[M'pynnupys, nosxyaaem
Woo (BWoaowp + a(Weo + wo) + b) + (aWecwo + b(wes + wp) +3¢) = 0
wo (BWeowp + a(Weo + wo) + b) + (aWoowo + b(Woo +wo) +3¢) = 0

YUUTBIBasA, UTO Weo F Wo, UMEEM
Bwoowp + a(wee +wp) +b = 0
aWooWo + b(Weo + wp) +3¢ = 0

Permasi moc/ieIHIOI0 CUCTEMY OTHOCUTEIBHO TMEPEMEHHBIX WeoWo U Weo + W,
HaXOUM

9¢c — ab I _b2—3ac
a®—3b’ o0 a®—3b

3)

Weo + Wy =

Takum 06pasoM, Wy U Wee ABIAIOTCS KOPHIME KBaJIPATHOIO yPABHEHHUsI
(a® = 3b)w?* — (9¢ — ab)w + (b* — 3ac) = 0. (4)

3aMeTnM, 9TO K yCIeXy IPHUBEO TO, YTO Mbl TOYHO 3HAJN BHUJ IIpeobpa3oBa-

uust (2). Ecsim 661 Mbl ucnosib3oBaiu JIpobHO-JIMHeiHOe npeobpasoBaHue 06-
aw + B

)
yw + §
YeTBIPbMSI HEU3BECTHBIMU. AHAJIM3 PEIIeHN TaKOi HeJ00IPeIeIEHHON CucTe-

MbI B€CbMa 3aTPYyJIHUTEJICH.

Iero BUJa w = TO TOJIyIu/Iu OBl CHCTEMY U3 JBYX YPaBHEHUI, HO C

wg’—i—aw%—i—bwo—i—c

w§o+aw(2x>+bwoo+c
UTO Wy U Weo SABISIIOTCS KOPHSIMU KBAJIPATHOTO ypaBHeHUs (4), mosrydaem

Bemuunna A jerxko Buramcaserca A =

U, YIUTHIBasI,

3wy + a
wd =012 (5)
3w +a
. WooW — WO
N3Biekas KyOndeckuii KOpeHb 1 ejast Ipeodpa3oBanne w = —_ - Haxo-
w—

JIIM KOPHU UCXOJHOrO ypaBHeHusi (1).
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B mammx pacCyzKJACHUAX MbI IPEAIIOJIAraIn, 9TO TOYKU W) U Weo ABJIAIOTCA
Pa3/JIMIHbIMH KOHEYHBIMU TOYKaMN KOMILJIEKCHOI IIJIOCKOCTH. ,HJIH IIOJTHOTBI
penieHud CjaeayeT pacCMOTPETh BBIPDO2KJACHHBIE CJIYyYaM:

1. OmHa U3 TOYEK W) WIA W SABJIAETCSH DECKOHEYHO YIAAJEHHOM, ITO aJj-
rebpamvecKn o3HadYaet, 9To Kodddurment npun w? B (4) pasen 0.

VIIPAKHEHUE 1. JlokazaTs, 4To yciaosue a’ = 3b siBjseTcs: HeOOX0U-
MBIM ¥ JIOCTATOYHBIM JIJIsI TOTO, YTOObI KOPHU ypasHeHust (1) jexasu B
BEPIIMHAX [IPABUJIBHOIO TPEyTroJbHUKA U pernenus (1) 3a1aBaauch Obl

dbopmynoit wy 23 = —a/3 + /a3 /27 — c.

2. Cay4gaii wy = Weo, YTO SKBUBAJIEHTHO TOMY, 4TO ypasHeHue (1) mmeer
KpaTHbIC KOPDHU, TO €CThb

D? = [(wy — wa)(wz — ws) (w3 — wy)]* =
= a?b® — 4b° — 4a’c — 27¢% + 18abe = 0.

YIPAYKHEHUE 2. [loka3arh, 4To JUCKPUMHUHAHT ypaBHeHus (4) pasen
—3D? u B ciyuae, korma D = 0, kopuu ypasnenus (1) maxomsaTca mo
9¢c — ab _2ab+967a3

opMyJIaM W = —— " w3y =
dopmy L2 = o@®—3n) a® —3b

Ocraocs 06CyIUTh CBsI3b Halero moaxoja ¢ gopmynamu Kapmano. Kak
U3BECTHO [4], /17151 IpuBeAEHHOrO KyObrudeckoro ypasHeHust (To ecTb, Korya B (1)
a = 0), kopan Haxozasrcs o dhopmynam Kapiano

w123 = Vo + v/ Woo

rae 60 n ﬁoo ABJIAIOTCA KOPHAMM KBa/JPaTHOI'O YPpaBHEHUA

2 b3 0
w +cwf2—7— .

B cayuae a = 0 ypaBuenue (4) umeer Bu —3bw? — 9cw + b? = 0, Koropoe
2 3
b b
MOZKHO IIepEIICaTh B BUIE — — —G—C%U —5 = 0. OTKyTa MOMEHTAIHHO CIIETYET,
~ bw ~ bweo
qTO'LUO:TI/I'LUOOZ?.

5. 3AKJIIOUEHUE

Wrak, mpuBjekast gpoOHO-THHENHBIE TPeoOpa30BaHMsI KOMILIEKCHOM ILI0C-
KOCTH, MBI MOKEM JIaTh F'€OMEeTPUYIECKYI0 nHTeprnperannio dpopmysa Kapaano, a
TaK2Ke MMeeM eIlé OJIMH CIIOCOO HAXOXKIEHUsI KOPHeH KyOUIeCKOro ypaBHEeHMs.
IIpu 3TOM TOYKH Pa3permMOCTH, BBOAUMEIE B paboTe, & TaKyKe OKPYKHOCTD,
IIPOXOAdINas 4epe3d KOPHU YyPaBHEHUsI, UIPAIOT PEeIlalollyl0 POJIb B HalleM
HOJIXOIE.
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[Ipocroe nokasarenberBo Teopembl Abeist o
Hepa3peIInMOCTH YPaBHEHUIT B paJinKaax”

A. B. Ckonenkos

TEOPEMA ABEJISL. Kaavkysamop umeem KHONKU
L 4+ = X, ¢ u g/ dan.mobozon.

On onepupyem ¢ KOMNAEKCHBLMU “UCAAMU U NPU HAACATMUU KHONKU 7/ 6v10a-
em 6ce 3nauenus kopha (U Kax-mo ux cayualino nymepyem). Kaavkyaamop
BLIYUCAACTTL YUCAA C ABCOMOMHOT TNOUHOCTIBIO U UMEET, HEO2PAHUMEHHYIO Ta-
mamo. lpu desernuu Ha 0 on svidaem owubky U npexpausaem pabomy.

Tozda nu npu xKakom n = 5 He CYwWecmesyem npozpammot OAs I3Mo20 Kab-

Kyaamopa, Komopas no noagﬁ(ﬁuuueﬂmam MHO2OYAEHA N-Tl cMeneny 6btdaem
KOHEYHOE MHOMHCECITNBO HYUCEN, codepwcaw,ee 6CE €20 KOPpHU.

KoMmMenTapun 1o moBOAy IOHATHS IIPOrPAMMBI U JIpyras (pOpPMyJIAPOB-
Ka MPUBEIEHBI B IyHKTE «IIyTEBbIE IMEPECTAHOBKHU JIJIS IIPOIPAMMBI 1 KOMMY-
TATOPBI».

B sr0it 3aMeTKe MBI TIOKakeM, KaK MOYKHO OBLIO ObI MPHUIyMaTh IIPOCTOE
JIOKa3aTeIbCTBO TeopeMbl AGeist. Mbl coiejtyem ussoxkenuto |11, koropoe yupo-
IIEHO 110 cpaBHEHUIO ¢ [1| (He ucnob3yercs NOHATUsI PUMAHOBOI MOBEPXHOCTU
u romoronun). B ormame ot [11], 31eck nsnaraercs ciocob npudymamov J0Ka-
sareanerso. )

151 IOHMMAaHUsT CAMOr0O JI0KA3aTeNIbCTBa, JOCTATOYHO MPOYUTATEH OIPEe-
JIEHUE IIyTEBOU MePECTAHOBKY U3 CJIE/IYIONIETO MIYHKTA, IIYHKT «ILJIaH ITPOCTOTO
JIOKA3aTeILCTBA TeOPEMbl ADeJIsi» U PEIeHNs 38184, Ha KOTOPhIE €CTh CCBIJIKA
B 9TOM ILyHKTE.

*O6HoBIsIeMast Bepcusl: www.mccme.ru/circles/oim/abel.pdf

D3amerka ocHOBaHA Ha 3aHATHAX KPyKKa «OJMMIAIbGI U MATEMATHKA» M BHIC3/IHBIX
mkoJsl KomaH el Mocksel Ha Beepocceniickyto omumnmasy (http://www.mccme.ru/circles/
oim/mat.htm). B oquom mecre (3azada 7b, ananorndno pemtatorcst 3aga4u 8b u 9b) Bmecre ¢
9BPUCTUYECKUM paccykaeHueM u3 [11] npusogurcs u 6osee crporoe (KOTopoe MHe COOOIIHII
A. Kanenn co ceouikoit Ha A. Horumna). B ommame or [11], 3mech ucnosnb3yercs nmoHsaTHe
OCTOPOKHOTO IIyTH BMECTO PACCYKJIEHWI O MePeCTAaHOBKAX OAITHU 3HAYEHUN PaINKAIHLHOMN
dopmyIIsl Ipu 00X0I€e TapaMeTPOM 3aMKHYTOI'O IIyTH, HE IIPOXOAIIEr0 Yepe3 0Cobble TOUKU
PaIUKAIBHOM (DOPMYIIBI.

MaTemaTtuueckoe npoceeletne, cep. 3, soin. 15, 2011(114-127)
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Bamernm, uro teopema (Ianmya) o HepaspemmmocTu B pajmkagax 00H020
Konkpemmoezo ypasaenus [4,5,8] — 6osiee cuibHast.

IIpuBoaumMoe g0Ka3aTEILCTBO HE UCIOIB3yeT TEPMUHOB «rpymma [agyas
U «paCIIupeHne 1oJjisiy. HecMoTpst Ha OTCyTCTBUE 3TUX MEPMUHO8, UJEU TTPU-
BOJIMIMOTO JIOKA3aTeIbCTBA, SIBISIOTCS 0mnpasHbimuy i Teopun Lasya (6osiee
nospo6uo cM. [3,7,10]). Marepuas npenogHocuTcst B BUjie 3314, K KOTOPBIM
natorcs ykasanus. (VI orcyrcrBue TepMHHOB, M IIPHCYTCTBHE 3ajad, Xapak-
TEPHO HE TOJIBLKO JIJIsI A3€HCKUX MOHACTBIPEi, HO M JIjIsI CEPhEe3HOI0 U3y IEHUsT
MaTeMaTHKu.) B KoHIle mpuBoasiTCs 3a1a9m [t uccaeqopanust. Ecim yciaoue
3aJa4n ABJIAETCs (DOPMYJIMPOBKON YTBEPKIEHUS, TO 9TO YTBEPKICHUE U HAO
JIOKA3aTh.

Baaromapio M. Bstioro, A. Kanens-Benosa, . HenHokoBa U y4acTHUKOB
MOUX 3aHATHI 3a I0JIe3HbIE 0OCYXKIEHUS.

1. (a) Teopemy AGesisi 1OCTATOUHO JIOKA3aTh JJIsl ypABHEHUI H-il cremeHn.

(b) Teopemy AGesst I0CTATOMHO JOKA3aTh /I ypaBHennii 2° — z +a = 0.

(Ha camowm neste, n HeOOXOIMMO, HOCKOJIBKY JIIOOOE YPABHEHHUE IISATOM CTerre-
HU CBOJNTCA K HAIIMCAHHOMY IIPH HOMOIIU HEKOTOPOi IIPOrPaMMBI I HAIIErO
KaJIbKYJ/ISITOPA. )

(c) (a0 He 3amava, a sazadka [2]) CdopmyaupyiiTe BeleCTBEHHBIN aHa-
Jor TeopeMbl AGesist. BoITekaer i OH U3 KOMILIEKCHOro? A KOMILIEKCHBI 13
BEIIECTBEHHOIO?

2. (a) ¥ xanbKyssTopa oTopsasu Kuoukn /. Teneps ne cymecrsyer npo-
IPAMMBI JJIsl PENICHAs KBaIPATHOTO YPABHECHHS.

(b)* He cymecrByer nporpaMMbl Jijisi PeIeHUsT KyOUIecKoro ypaBHeHus,
UCTIOB3YIONIEH N3BJIeYeHre KOPHA TOJIBKO OJUH Pas.

(c)* He cymecTByer nporpaMMbl JiJIsl PellleHus! ypaBHeHusi 4-ii crerneHu,
UCHOJIBL3YIONIE n3B/IeueHre KOpHs He Gojiee JIByX pas.

Bpsan nu y Bac mosyamTes permmuTh 3aiady 2¢ 0e3 3HaHus JabHeHIero
marepuasa. K Heit Hy:KHO BO3BpAIATLCS IO Mepe €ro U3yUeHus.

IIVTEBBIE IIEPECTAHOBKU

B 9T0OM 1 CJIeyI0NHX ABYX [IYHKTAX KAJIbKY/IATOP He UCIOIb3YeTCs ([103TOo-
My JlayKe IHTaTelb, y KOTOPOrO BOZHHUK/IM BOIPOCHI O paboTe KaJbKYJIATOpa,
MOKET CMEJIO PelnaTh 3a/a4n ).

3. (a) PykoBojuresib Kpy»KKa JBUTAJICS [0 €JIUHUYHON OKPY’KHOCTH Ha
KOMIIJIEKCHOM TIJIOCKOCTH, CJIeJIAJI OJUH 000POT U BEPHYJICS B UCXOJIHYIO TOUKY.
On BeJtesT yIeHUKY JIBUTATHCS HA KOMILJIEKCHOMH MJIOCKOCTH TaK, 9TOOBI KOOD-
JUHATA 2z YIeHHKa B JIIOOOI MOMEHT paBHsIACH Obl KBAaJIpaTy KOOPIUHATHI G
pykoBoguTesisi. Kak mpuUIioch JIBUTATbCS YIECHUKY ?
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(b) Ha cieyromiee 3ansTue KpyKKa Ha KOMILUIEKCHYIO IVIOCKOCTD [IPUIILIIO
JIBa y9eHuKa. PyKOBOAMTEIb BCTAI B TOUKE 1, a yUeHMKOB pacCTaBUJI B TOYKH
1 u —1. TToroMm OH BeJesn KaxKJIOMy yUEHHKY JBUTATHCS TaK, ITOOBI KOOP/IU-
HaTa @ PYKOBOJAUTE/IS B JIFOOOH MOMEHT paBHsJIaCh Obl KBaJIpaTy KOOPIUHATDHI
Z ydeHuka. A caM IOIIeJs 0 eIMHUIHON OKPY?KHOCTH Ha KOMILIEKCHOI ILI0C-
KOCTH IPOTHB YaCOBON CTPEIKH, CIIEIa] OJUH 000POT M BEPHYJICA B HCXOIHYIO
touky 1. Kak mpunurocs gsurarbest ydennkam? e oHM OKa3adnch B KOHIE
BaHSITHAA!

4. Ha crenyiormee 3aHATHE KPYXKKA HA KOMILIEKCHYTIO TJIOCKOCTD MTPHUITLIO
yKe N yIeHHKOB. PyKoBomuMTe/b HE pacTepsijics, BCTad B TOUKe 1, a yUeHuU-
KOB paccraBui B Touku cos(2mwk/n) + isin(2nk/n), k =1,2,...,n. Ilotom on
ckazax: «Mos KoopamHATa paBHA N~ CTEMEHW KOOPJIWHATHI JTI000T0 U3 Bac!
JlBuraiitech TaK, 9TOOBI COXPAHUTD 3TO 3aMEYATETHLHOE CBOHCTBOY.

(a) PykoBoauresb cam 1oies1 mo eJuHUYHON OKPY?KHOCTH HA KOMILIEKC-
HOM TIJTOCKOCTH TMPOTHUB YacOBOM CTPEJIKHU, CeIaT OJUH 0OOPOT W BEPHYJICS B
ncxomayio Touky 1. Kak mpuriiocs aBurarhes yuaeHukam?! e onn okasaanch
B KOHIIC 3aHATUA?

(b) PykoBommresnp nasbiBaercss dobpuim, ecau OH He mpoxoaut depes 0.
st 11060T0 3aMKHYTOTO MapIpyTa J0OPOTO PYKOBOJIUTESI B KOHIIE 3AHITHS
YYEHUKHU TIEPECTABITCS.

(¢) st mpom3BOJIBHOTO 3aMKHYTOrO MAapIIpyTa J00pOro pyKOBOIMTES
€CJIn B KOHIIE Y9eHHUK 1 okazasicst B Touke cos(2mk/n)+isin(27k/n), To yuennk
cos(2m/n)+1isin(2r/n) okazancs B rouke cos(2mw(k+1)/n)+isin(2n(k+1)/n).

(d) dust mpon3BOIBHOTO 3aMKHYTOIO MapIIPYTa J00POTro PYKOBOIUTEIS B
KOHIIE 3aHIATUS YICHUKN TIEPECTABATCS [0 CTENIEHN HEKOTOPOTO IHKJIA.

Onpedeaenue nymésoti nepecmanosru. Ilycts py(z) — cemeiicTBo MHOTO-
YIEHOB CTeleHu N, Ko3hUIUEHTH KOTOPOro (HO He CTeleHb) HEelpepbIBHO
3aBUCAT OT mapamerpa a. Ilycrb ypaBHeHUe pg,(z) = 0 mMeer n pasmaHBbIX
KOpHeii, KOTOpble 0B03HAUEHDI 21, . . . , Zn. Dy/leM U3MeHsITh napamerp a (pyKo-
BOJIUTEJIb) BJIOJIb HEKOTOPOTO HEIPEPHIBHOIO 3aMKHYTOIO IIYTU C HAYAJIOM U
KOHIIOM B ag. ILycTb Jy1s1 11060 TOYKM @ 3TOTO Iy TH ypaBHEHUE Py (2) = 0 ume-
eT M PasJNYHbIX KOpHeh. Byjaem jBurarTh i-ro yueHuka, HaduHas B Z;, U TaK,
9TOOBI B KazKJIblii MOMEHT BPEMEHH €r0 KOOpAuHaTa ObLIa KOPHEM yPaBHEHHSs
pa(z) = 0. Torya B KOHIE JBUKeHHsI yIeHHKH mepectapsrcs.?) Hazosem mo-
JIyIEHHYIO TI€PECTAHOBKY 7-3JIeMEHTHOIO MHOXKECTBa IyTEBOM 1Jisi cemeiicTBa
ypasHenuit p,(z) = 0 n JaHHOil HyMepamun KOpHell ypaBHEHUs Pq,(z) = 0.

2) 7151 IGPBOTO 3HAKOMCTBA C IPUBOAMMBIMU HACAMH TATATENIO IIOJIE3HO BOCIOIb30BATh
cst 6e3 TOKA3ATENBCTBA, CYMECTBOBAHNEM TAKOTO JIBUYKEHWs yIeHWKOB (cp. 3amaanm 4bed), a
TaK2Ke MCII0JIb30BaTh AHAJIOMMYHbIE HAIJISIHbIE COOOparKeHusl 1IpU pelleHnn 3aaa4 7b, 8b u
9b mmxke. CTporoe 060CHOBAHME BBITEKAET U3 KOMNAEKCHOU MEOPEMBL 0 HEASHOU PYHKUUU.



IIpocroe mokaszarenbcTBO TEeopeMbl AbeJist 117
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U3MEHEHHE IIapaMeTpa a n3MeHenue KOpHefI

Puc. 1.

9TO NEfCTBUTEIBHO IIEPECTAHOBKA, T.€. [Ba y4eHHKa He MOTYT B KOHIIE
oKazaTbcsd B OfHOI Touke (3amada 4b). Huks (12...n) gBiasgercs myTéBbIM
IS Pa(2) = 2" —a U «eCcTeCTBeHHOIT» HyMepaIui ero KOpHeil (3a1a4a 4a); Bce
Iy TEBBIE TIEPECTAHOBKH SIBJISIOTCS CTEIEHSIMU 9TOro NUKJIa (3amada 4d).

5. (a) ToxaecTBeHHas IEpeCTAHOBKA Iy TEBAsT JJIs1 JIIOOOIO CeMEHCTBA MHO-
TOYJIEHOB U JII000M HyMepaluu KOPHEN.

(b) Kak nepecranoBka, orBevaroiiast BbIIIEONUCAHHOMY 3aMKHYTOMY Iy TH,
3aBHUCHAT OT HAYAJIBHON HyMepaluu KOpHei?

C 3rOoro mMecra MbI IPOIYCKAEM CJIOBA «/IJIsi HEKOTOPOH HyMepaluun KOop-
Helt», TOBOPs O IIYTEBBIX IIEPECTAHOBKAX.

OTBETHl U YKA3BAHUS

4. (c) Ecom z(t) — 3akoH JBrKeHust IepBOIo y4eHuka, 1o (t)(cos(2mw/n)+
+ isin(27/n)) — 3aKOH JIBUZKEHHsI BTOPOIO.
(d) Caexyer us (c).

5. (a) Ecau mapamerp a B iporiecce JIBUZKEHHsI CTOUT HA MECTE, TO KarK Iblil
KOPEHb OCTAeTCs Ha MeCTe.

(b) Omeem: npu nepenymeparyu, 3aJaHHON [IEPECTAHOBKOI v, TepecTa-
HOBKa& 0, OTBeYAIOIas BBIIEONICAHHOMY 3aMKHYTOMY TyTH, IEpPeNIeT B IIe-

PECTAHOBKY QO 1 .

SAYEM HYXKHBI [IYTEBBIE [IEPECTAHOBKU?

Ecam 651 ynamoch qokasars, 9T0 J1100ast My TEBas MePeCTaHOBKA JJIsI ceMeii-
CTBa YPaBHEHUI, Pa3perimMoro B paJiMKajax, MUKJIMIecKasi, TO JJIsi JI0Ka3a-
TeJILCTBa TeopeMbl AGeist JOCTATOYHO ObLIO OBl IIPUBECTU IIPUMEDP CeMecTBa
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YPaBHEHUN U HEIUKJIMIECKO IyTeBOil /iJist Hero nepectaHoBku. OIHAKO Iepe-
cranobka (13)(24) = (1234)? nyrésas ma p,(z) = 2* — a.

Xopomo 6b110 6bI HAWTH JIPYroe CBOHCTBO IMyTEBBIX MEPECTAHOBOK JIJisi
YDPaBHEHHUI, Pa3penMbIX B pajuKajaX, KOTOPOe He BBLIIMOJIHSIETCS JJIsl IyTé-
BBIX II€PECTAHOBOK IPOU3BOJIBHBIX YPABHEHUil. DTOr0 CJIeJIaTh He Oy IUTCH,
ubo 10044 NEPECTNAHOBKA ABAAECMCA NYMEGOT OAA HEKOMOPO20 CEMETCMEa
ypasrenul, paspewumozo 6 padukanar, U HeKomopol HYMePuuL KopHed.
(HeficTBUTEIbHO, €CIIH [IepeCTAHOBKA SIBJISIETCSI IIPOU3BE/IEHUEM Kk IIUKJIOB JIJTMH
N1, ...,Ng, TO UCKOMOE ceMeficTso ypasrernit — [I¥_ ((z — ng)™ — a).)

N Bcé-raku mbr okaxkem Teopemy Abesisi. Mbl HaitjieM CBOHCTBO MHOdKCE-
€Mea BCceX IMyTEBBIX MEPECTAHOBOK Jisi YPABHEHUs, PA3PEIINMOro B pajuKa-
JIaX, HE BBIOJHEHHOE IS MHOICECTNEG BCEX MYTEBBIX MEPECTAHOBOK IIPOU3-
BOJILHOI'O YDABHEHUSI.

[TokazkeM OTIPaBHYIO HJIEI0 Ha PUMeEpe pellenus 3a1adn 2a. (DTo pere-
HIE CJIOYKHEe IPUJYMAHHOTO BAMU paHee, HO 3aT0 00001IaeTCst JI0 J0Ka3aTe b
crBa TeopeMbl AGetst.)

6. (a) Jnsa xakux a ypasuenue z> — 2z + a = 0 uUMeeT POBHO jiBa KOPHs?
(3mech u Jasee UMEIOTCs B BUJLy KOMILJIEKCHBIE KOPHH. )

Omeem. st a # 1.

(b) Kak mepecTaBifioTcss KOpHE ypaBHeHHA 22 —2z-+a = ( IpH cIeLyomeM
U3MEHEHUH IapaMerpa a’

Craugajia ot 0 10 0.99 110 OTpPE3KY,

OTOM 110 OKpy2KHOCTH pajauyca 0.01, obxozsieii BOKpyr TOUku 1 oauH pa3

unakonerr, obparao ot 0.99 1o 0 o oTpesKy.

(c) Ecin ¢(a) sBisteTcst OTHOIIEHHEM MHOTOYWICHOB OT @, TO TOJILKO TOXKJIE-
CTBEHHAsI [IEPECTAHOBKA SIBJISIETCSI Iy TEBOM ISt Pa(2) = 2z — q(a) (3mech myTh
napaMeTpa ¢ He TPOXOJUT Yepe3 HyJIU YUCIUTEIs] U 3HAMEHATEIS ).

(d) Beienure u3s (b,c) perenue 3aaaun 2a.

OTBETHI U YKABAHUSI

O6oznaanm e := cost + isint. (B HacTosimeM TeKcTe 3TO HyZHO BOC-

IPUHIMATH HMEHHO Kak obosnadenue. Cpoiicro el(t112) = ¢it1eit2 coenyer us
dbopmyst I cuHyca U KOCHHYCA CyMMBI. )

6. (b) Cuauasna xkopau npubamkaioTces K 1 ¢ pasHbx cTOpoH. UToObI KO-
peHb jBurajcs 1o 3akony z(t) = 1+ e, mapameTp a IO/KEH JIBUTATHCA 110
saxony a(t) = 2z(t) — 22(t) = 1 — £2e%®. Tlosromy BosbMenm ¢ = 0.1. Korma a
COBEPINUT OMH 0060POT, KaXK/Iblii 13 KOPHEH COBEPIIUT MOJ-000pOTa, T. €. OHU
[OMEHSIOTCsE MecTaMu. Jlajiee KOpHU CHOBA, yJIAIATCs OT 1.

Omeem: KOpHU MEHSIIOTCSI MECTAMU.
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[IVTEBBIE IEPECTAHOBKU /1 YPABHEHUM 3-1, 4-11 1 5-iI CTEIEHU

7. (a) Jnsa kakux a ypaBHeHue 23 — 32 4+ a = 0 uMeer POBHO TPU KOPH:?

Vrazanue. Ilpormie Bcero pemarh 3Ty 3a7@dy IPU MOMOIIM CJIEIYIOIIAX
dakToB:
— 10001t MHOTOYJIEH CTEIIEHN 7 MMEET POBHO 7 KOMILIEKCHBIX KOpHEMH, 1
— J11000# KpaTHBII KOpeHb MHOIOYJIEHA SIBJISIETCS TAKXKe KOPHEM €ro IpOm3-
BOJIHOM.

Omeem. s a # +2.

(b) Kak mepecTayisioTcss KOPHE ypaBHeHns 2° —3z-+a = ( IpHu cIeyonem
U3MeHeHun napamerpa a?

Cuagasta ot 0 710 2 — §1 IO OTPE3KY,

ITIOTOM II0 KPHUBOM, «00XOAIIel BOKPYT TOYKH 2 OIUH Pas3»,

HaKOHeI, 00paTHO 0T 2 — d2 10 0 IO OTPE3Ky.

(B 3adavwazx Tbe, 8bc u 9be evibepume camu KpusYy0 u Masvie wucaa o1, 02,
umobv, 6viA0 YI0OHO HATOIUMD NEPECTNAHOEKY. )

(c) Kak 1iepecTaBiisiioTcst KOpHU yPaBHEHUsI 23 —324a = 0 upu caeayomem
U3MEHeHuu mapamerpa a?

Cuauasa ot 0 10 —2 — d1 O OTPE3KY,

ITIOTOM II0 KPHUBOI, «00XOAINeil BOKPYT TOYKHA —2 OIWH Pas3y,

HakoHell, obpaTrHo or —2 — do 10 0 110 OTpe3Ky.

(d) nst pe(z) = 2% — 32z + a Bce nepecTaHOBKHM My TEBDIe.

8. (a) s xaxkux a ypasuenne z* —4z-+a = 0 uMeeT POBHO YeTHIPe KOPHs?

Omeem. s a # 3,3a, 302, tie a = (14 1v/3)/2.

(b) Kak mepecrapisiorcss KOpHE ypasHenns 2+ —4z-+a = 0 mpnu cieryronem
U3MeHeHun mapamerpa a?

Cuagasta ot 0 710 3 — J1 IO OTPE3KY,

[OTOM TI0 KPUBOM, «00XOJISAIIENl BOKPYT TOYKHU 3 OJMH Pa3»,

HaKOHeIl, 00paTHO 0T 3 — d2 10 0 1O OTpPe3Ky.

(c) Kak nepecrasiisiorcs: kopuu ypasaenusi z* —4z+a = 0 upu cieyiomem
U3MEHEeHUU napamMerpa a?

Cuagasa or 0 10 (3 — 01)a 110 OTPE3KY,

[IOTOM IO KPUBOH, «00XO/sINeil BOKPYT TOUYKHM 3( OJIUH Pa3»,

HaKOHeIl, 06paTHo oT (3 — d2)a 10 0 O OTPE3KY.

(d) Inst pa(z) = 2* — 42 + a Bce mepecTaHOBKH My TEBHIe.

9. (a) dna kakux a ypasHenue z° — 5z +a = ( mMeeT POBHO IATh KOPHeii?

Omeem. s a # 4,4i, —4, —4i.

(b) Kax mepecTaBasioTcs KOpHI ypasHeHns 2° —5z+a = 0 Ipu cieyonem
U3MEHeHuHu Iapamerpa a’

Cuagasta ot 0 10 4 — §1 IO OTPE3KY,

[IOTOM II0 KPHUBOH, «00XOsdIeit BOKPYT TOUKN 4 OquH pasy,

HaKoOHell, 06paTHO 0T 4 — do 10 0 IO OTPE3Ky.
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(c) Kak mepecTaBJisiioTcst KOpHU ypasHenus 2° —5z+a = 0 Ipu cieytomem
U3MEHEHNHU rapaMerpa a?

Crauama ot 0 1o (4 — d1)7 1m0 OTpe3Ky,

IIOTOM II0 KPHUBO#, «00X0dIelt BOKpYT TOUKN 44 ONUH pasy,

HaKOHeIl, 06paTHO oT (4 — d2)i 10 0 0 OTPE3KY.

(d) Jnst pa(z) = 2° — 5z + a Bce MepecTaHOBKH Ty TEBLI.

10. Haiinure BCce myTEéBbIe IEPECTAHOBKU JIJIsT
(a) pa(2) = 2* +2(1 —2a)22 +1;  (b) pa(2) = (23 — a)® —a(a —1).

OTBETHI U YKA3AHUHA
7. (b) Orser: kopuu 0, /3 MOMEHSTIOTCST MecTaMH, KOPEeHb —v/3 ocTaeTcs
Ha MecTe.
Sasa M JBr2KeHne KOpHs 0, 10 HEMy BOCCTAHOBUM JIBUKEHHE TIapaMeTpa
a, a 3aTeM JIBUXKEHUE OCTaJIbHbIX KopHeil. CM. puc. 2.

a z

2 V3 V3

Puc. 2.

CuavaJjia nepBbiil Koperb z = () npubsinkaercs K 1 cjieBa U IpeBpaIiaeTcs
B 1 — 01. IIpu stoM a = 3z — 2% npubmmxkaercs K 2 cieBa. 3HAUUT, BTOPOIl
KOpeHb /3 mpubimkaercss K 1 crpasa ¥ mpespamiaercss B 1 + 0o, A Tperwit
KOpeHb —v/3 ocTaercst orpurareababiM. CM. puc. 3.

3aTeM IycTb MEPBBIN KOPeHb uaeT B 1+ d2 110 HEKOTOPOil KpuBOii, 6JIN3KOM
K 1 U He mepecekaloleil BEIeCTBeHHON OCu HUT e, KPOMe CBOMX KOHIIOB. Tora
BTOPOIT KOPEHDb OCTaeTCsd OJIM3KUM K 1, & TpeTuili KOpeHb OCTAETCsl OTPUIIATE b=
HBIM. 3HAYNT, KOPEHb BTOPOil KOpeHb mpuier B 1 — 6;.%)

Jlaee mepBBIi KOPEHb IPUOIMAKACTCS K \/3 CjIeBa, IPEMEPHO MOBTOPSIS
Ha4daJIbHYIO 9aCThb ABU2KCHUA BTOPOI'O KOPHA B IIPOTUBOIIOJIO?KHOM HallpaBJIe-
HuU. 3HAYHUT, BTOPOU KOpeHb mpub/imkaercst K 0 cipaBa, IPUMEPHO TTOBTOPsist
HaYaJIbHYIO YacTh ABUKEHUS ITePBOTO KOPHS B IPOTUBOIIOJIOXKHOM HAaIlpaBJIe-
HUU. A Tpernii KOpeHb 0CTAeTCsT OTPUIATETHHBIM.

3 Bor HedbopMabHAs HLTIOCTPAIMST STOTO JABUKEHHsI. 1IyCTh MepBbIi KOPEHb JBIKETCST
1o 3axony z(t) = 1+ 1€, Torma mapamerp a asuxercs mo 3akony a(t) = 3z(t) — 23(t) =
= 2 — 367" — §3e3". Tax kak 6; Maj0, 3Ta KpuBasi OIH3KA K OKPY’KHOCTH 2 — 385 e2%t.
A 3nauwT, BTOpO# KOPEHb NPUAET HPUMEPHO B TOUKY 1 — d1 (16O TpeTnii KOpeHb OCTaeTCs
JIATIEKO).
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Puc. 3.

(¢) Vrasanue. Vcnonb3yiiTe HEIETHOCTD.

Omeem: xopru 0, —\/3 TOMEHSIOTCS MecTaMu, KOPeHb \/3 ocTaeTcs Ha
MecrTe.

(d) Jokazkute, 4T0 j1I06ast HEPECTAHOBKA 3-3JIEMEHTHOI'O MHOXKECTBA LIPE/I-
CTaBJISIETCST B BUJle KoMIo3unuu Tpancrosurmit (12) u (13).

8. (b) Anasormdmo saade 7h kopuu 0, v/4 momensiorcs mectamu. Ocrasb-
Hble JIBa KODHSI B IIPOIIECCE JIBUYKEHUSI He IepeceKaloT ocb O U 1I09TOMY B
KOHIIE JIBHKEeHUsI OyJlyT Ha CBOUX IIPEXKHUX MECTaX.

Omeem: xopru 0, V/4 TOMEHSIIOTCST MECTAMH, OCTAJIbHBIC JIBa, KOPHS OCTa-
IOTCSL Ha MeCTe.

(C) paa<a2) - apa(z).

Omeem: kopiu 0, V/4q TIOMEHSTOTCS MECTAMH, OCTAILHBIEC J[BA KOPHS OCTa-
I0TCsI Ha MeECTe.

(d) Hokaxkure, 9T0 J1106ast MePECTAHOBKA 4-3IEMEHTHOIO MHOXKECTBA [IPE/I-
cTaBJIsIeTCsl B BUje KoMosumuu tpancnosuiuii (12), (13) u (14).

9. (b) Amanormuno 3amaaam 7b u 8b. Kopuu 0, v/5 moMensiioTcst MecTami,
a OCTaJIbHBbIE TPU KOPHsI BEpHYTCs Ha cBou npexkaue Mecra. (6o kopau iv5
1 —iy/5 B IIPOILECCe BUKEHUS HE IIEPECEKAIOT BEIECTBEHHOI OCH, a KOPEHb
—V/5 0CTaeTCs BEIECTBEHHBIM OTPUIATETHHBIM. )

(d) Jokaxkure, uro srobast epecTaHOBKa 5-3JIeMEHTHOTO MHOYKECTBA, TIPe/I-
crapiisieTcst B Bujie KoMnosunumu tpancnosuimit (12), (13), (14) u (15). Hus
9TOrO JIOKAXKHUTE, UTO
— Jiobast TePecTaHOBKA H-3JIEMEHTHOIO MHOXKECTBA, SIBJIIETCS KOMIIO3UIIAEH
[IUKJIOB,

— 1000 TIUKJT SIBJASIETCA KOMIIO3UITUEH TPaHCIIO3UITHIIA,
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— r06ast TPAHCIIO3UIIUS SIBJISIeTCsT KoMIo3unumeii Tpancrnosurmit (12), (13), (14)

u (15).

OCTOPOXKHBIE ITYTHU

11. (a) Ilycrb g(a) — orHOMmIEHNE MHOrOUYIEHOB OT a. JloKaxkure, 4To BCe
Iy TEBbIE IIEPECTAHOBKU JIs1 Py (2) = 2" —¢q(a) sBIISIIOTCSI CTENeHbI0 HEKOTOPOI'o
OJIHOI'O TIUKJIA.

(b)* Iycrs cymecrByer nmporpaMma Jijisi peleHus: ypaBuenus pg(z) = 0,
HCIOJIB3YIONIAs N3BJIeUeHIe KOPHs TOIBKO ofuH pa3. Obs3aTesbHO I Bee IIy-
TEBBIE NIEPECTAHOBKH SIBJISIFOTCSI CTEIIEHBI0 HEKOTOPOI'O OJIHOIO IHUKJIA?

Harr kajbKyJisiTOp uMeeT HeIpusTHYI 0COOEHHOCTD: Pe3yJIbTaT BhIUHUC/Ie-
HUI He BCerjia OJIHO3HAYHO ONPEE/ISeTCsl BBOAMMBIMU JaHHBIMU (HAIPUMED,
IIPOrpaMMa, BBLIAIOMAS nepeoe 3Hadenne /1, Gymer caydaifno Bbigasarh 1
wim —1). DTy HENPUITHOCTH MOXKHO [IPEOJI0JIeTh, OCO3HAB, YTO TeopeMy AbGe-
JIsT TOCTATOYHO JIOKA3aTh JIJIsT «CAMMETPUYHBIX» MTPOrPAMM JIJIsT HAIIETO KaJlb-
KyJsiTopa (UId, SKBUBAJIEHTHO, /IS IOXOYKET0 KAJIbKYJISITOPA, OHEPUPYIOIIEro
C MHOICECMBAMU KOMILIEKCHBIX 1uces1). Ho Bcé paBHO OyjierT HEPOCTO JaTh
oIIpejieJIeHNe ITyTEBOI MMEPECTAHOBKU OAf NPO2PAMMYL, KOTOPOE HEOOXOIUMO
Jutst periennst 3aga49n 11b. Mer mocTymuM mo-Ipyromy.

Paduranvrot dopmyaot ommocumervno ag, . . .,a, HasbBaeTcs (yrmops-
JIOYEHHBIN) HAOOP palnuoOHAJIBHBIX (YHKIHUi (T.€. OTHOIIEHHUH MHOIOYJIEHOB)
P1,---,Ps OT N+ 1,...,n + S MEpPEMEHHBIX, COOTBETCTBEHHO, U TEJIBIX TOJIO-
KUTEJbHBIX ducesd ki, ..., ks. g pagukaabaoit popMysbl ompeIe/inM BbIpa-
JKEHUS

. k; .
Z1,...,%s (DOpMyJIOi zjj:pj(ao,...,an,zl,...,zj,l), ji=12,...,s.

YpaBHeHUE An 2" a1 2" 1+ - +ai24ag = 0 ¢ KOMIUTEKCHBIMI IepeMeHHbIMUA
KO DUIUEHTAMEI HA3BIBAETCS PA3PEWUMBIM 6 PAOUKAAALT, €CTIU CYIIECTBYET
paanKaJibHast POPMYJIa OTHOCUTEIBHO Ag, . . . , Ay, JJIT KOTOPOIl JT1000#1 KOpeHb
ypaBHEHHSI SIBJIAETCS OJHUM M3 3HAYEHMWI OJHOIO M3 BBIPpAXKEHHUH 21, ..., Zs.
Cp. [11, Chapter 5|.

Mpsr jgokaxkeM Teopemy AGesst B cjeayromieil SKBUBAJEHTHON (opme: Hu
npu Kaxom n = 5 ypasnenue anz" + ap_12" 1 4+ -+ a1z + a9 = 0 ¢ Kom-
NAEKCHOBLMU NEPEMEHHBMYU KOIPHUUUEHAMY HE ABAAEMCA PA3PEULUMDBIM G
paduKarar.

Ilist moKasareabcTBa TeopeMbl AbeJisl I0JIe3HO cileylolee monaTue. Ha-
30B€M 3aMKHYTBII IIyTh Ha IIJIOCKOCTH OCTOPOXKHBIM JIjIsI JAHHON paJnKaIbHON
dOpMyJIBI, B KOTOPOI ag, . . ., 0, 3ABUCAT OT HapaMeTpa , €CJIU MPU U3MEHe-
HAM TIapaMeTpa @ BJIOJIb TOTO IIYTH KAXKI0€ 3HaUYEHUE KAXKIOTO BBIPAYKEHUS
Zs BO3BPAIIIAETCS HA MECTO.
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12. (a) Ecoin myThb siBJIsieTCst OCTOPOXKHBIM OTHOCHTEJIBHO KaXKJI0M U3 JIBYX

PaIUKAJIBHBIX (DOPMYI P, .-, Ps; K1y ks W q1y. .., qt, 11, ..., 1, TO OH siBJISI-
€TCsT OCTOPOXKHBIM OTHOCUTETTLHO UX CYMMbL D1, - - -5 Dsy Q1y - - - » Gty PsHqt; K1y - - -
ks, i, .01, 1.

(b) Ompenesure pasHOCTH, TPOU3BEICHAE W YACTHOE PAJIUKAJIBHBIX (Hop-
myst. JlokaxkuTe Jijisi HUX aHAJIOT IPEIbLIYIIEro IIyHKTA.

(¢) m-1i cmenenvro 3aMKHYTOIO IIyTH HA3BIBACTCS HOBbIH 3aMKHYTBII IIyTh,
KOTOPBIi [TOJIy9aeTCs IPOX0K/IEHNEM UCXO/IHOTO IyTh 1 pa3. Kcin nyTh sBiis-
€TCsT OCTOPOXKHBIM OTHOCUTE/IHHO PAIUKAILHON (DOPMYJIBL P1, - . . , Ps; K1,y - - - 4 Ks,
TO €r0 N~ CTEIEHb SBJISIETCS OCTOPOXKHOU OTHOCUTEIBHO PAJIMKAJIBHON (Hhop-
MYJIBI D1, .. ., Ds, 25 K1, - - ., ks, 0.

(d) ky-...-ks-s1 cTreneHb JIEOOOTO My TH SBJISIETCS OCTOPOKHON OTHOCUTEIBHO
paguKaIbHON DOPMYIIBL P1, ..., Ds; k1, ..., Ks.

(e) Ecum cemeiictBo ypaBHenuii p,(z) = 0 paspemmMo mpy IIOMOIIU pa-
JIMKAJIBHON (hOPMYJIBI P, ..., Ps; K1,..., ks, TO k1 - ... - kg5 CcTeleHb JIIOOOI
IIyTEBOI IIepPeCTAHOBKY TOXKJECTBEHHA.

[Tocnemaum yTBEpKIEHIEM HEJIB3sT BOCIIOIB30BAThCS sl I0KA3aTE/IbCTBA
TeopeMbl AGeist, n60 J1r06ast IepecTaHOBKa B HEKOTOPOI CTEIeHN paBHA TOXK-
JIECTBEHHOIA.

Kommymamopom nByX 3aMKHYTBIX IIyTeil HA3BIBACTCS HOBBIH 3aMKHYTHIN
IIyTh, KOTOPBII MOJIYYAETCs HOCIEI0OBATEILHBIM IIPOXOXK IEHNEM
— IepBOTro IIyTH,

— BTOPOTO IyTH,
— IIEpBOIO IIyTHA B OOPATHYIO CTOPOHY,
— BTOPOI'O IIyTH B OOPATHYIO CTOPOHY.

13. (a) Eciu oba myTu — ocTOpOXKHBIE OTHOCHTEIBHO PAIMKAJIBbHOIN (op-

MYJIBL P1, ..., Psi k1, ..., ks, TO IX KOMMYTaTOpP — OCTOPOXKHbBII OTHOCHUTEJILHO
PaIuKAJIBLHON POPMYIIBI P1, . . ., Ps, 2s; K1, - - -, ks, 1.
(b) Ecsn cymecrByer nmporpamma Jijisi peleHusi ypaBHeHust pg(z) = 0,

HCIOJIB3YIOMAs OJHOITAXKHbIE U3BJIEUeHUs] KOPHEl, TO JIIOObIE JIBe IIyTEBLIE
[IEPECTAHOBKYM KOMMYTHDPYIOT (T.€. 0T = T0).

(c) He cymecrByer mporpamMmbl Jijisi PelieHusi KyOU4ecKoro ypaBHEHUs,
HUCHOJIB3YIONIEH O/IHOITaKHble U3BJICYCHUA KOPHEl.

(Cpasaure ¢ 3amaqeii 2b u BammMm perienueM ee. )

14. (a) Kakoe ycsioBre Ha MHOXKECTBO IIyTEBbLIX [EPECTAHOBOK CJICAYET U3
CYIIECTBOBAHMsI IPOIPAMMBI JIJIsl PellleHusl ypaBHeHusi P, (z) = 0, ucrosb3yro-
el e Goslee, UeM JBYXITAXKHOE U3BJIEUCHIE KOPHS!

(b) BoiBenure u3 Bamero pemtenust mynkTa (a) u 3agadn 8d perenue 3a-
Jaqum 2c.
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15. (a) Kakoe ycjioBue Ha MHOXKECTBO IIyTEBBIX MEPECTAHOBOK CJIEJyeT U3
CYIIECTBOBAHUSI TIPOIPAMMBI JIJIsl PellleHust ypasHeHus pg(z) = 0, ucnosn3yio-
meit He DoJjiee, UeM TPEX3TarKHOe M3BJIEUEHNE KOPHSI?

(b) CymulecTByIOT JiBe HE KOMMYTHUPYIOIIUE [I€PECTAHOBKU 5-3JI€MEHTHOIO
MHOXKECTBA, KaxKJasl U3 KOTOPBIX sBJISETCS KOMMYTATOPOM HEKOTOPBIX JIBYX
[POU3BEJIEHUIT KOMMYTATOPOB.

(c) BeBennre u3 (a,b) u 3a7a9u 9 HEOOXOAMMOCTL HAIMYINS XOTsI ObI TPEX
STarkeil B mporpamMme, sIKOObI PEIIaoIIeil CeMeicTBO ypaBHEeHU T 2 —z+a=0.

(d) Jokaxkure Teopemy Abesst.

OTBETHI U1 YKA3AHUSI

11. (a) Anasormuno 3amadam 4cd.

13. (a) 3HaueHue BbIparKeHUsI Zs BO3BPAIIIAETCS HA MECTO B Pe3yJibrare 00-
XOJ/Ia IUCJIOM @ KarKJIOr0 U3 JIBYX JAHHBIX 3aMKHYTBIX yTeit L1 u Lo. [TosTomy
7, 3HAYCHNHN BBIPDAXKCHUS Zg4] UMEIOT BUJ, T, TE, xe?, wed, ..., xe™ ! s meko-
Toporo z u € := cos(27/n) + isin(27/n). Ananorndaso 3amade 4d mist 106010
3aMKHyTOro Iytu L Haiimercst Takoe k(L), 4To B pe3ysbrare H3MeHEHUs TTapa-
MeTpa @ BJIOJIb 3TOIO My TH 4ncio ze® nepexoaut B uncio x5 Tlosromy B
pe3yJibTaTe IPOXOXKJICHUS MapaMeTPoOM a KoMMyTaTopa myTeit Ly u Lo qucio
ze® nepexomut B uncio xe®TFL) k(L) =k(L1)—k(L2)

(b) Cnexyer us (a).

14. (a) Ilodckaska. YcinoBue oT = To (Ha IIEPECTAHOBKN) PABHOCHIILHO
TOYK/IeCTBEHHOCTH TIePECTAHOBKM 070 177 1. Dra mepectraHoBKa HA3BIBAETCA
KOMMYMAMOPOM TIEPECTAHOBOK 0, T. Ecim nmeercst nByxsrazkuast GopmMyIia, TO
ST TTTEBBIX MEePECTAHOBOK 0, T KOMMYyTaTop (T.e. TiepecTaHoBKa o170 177 1)
MOXKeT He OBITh TOXK/IeCTBeHHBbIM. OJIHAKO JJIsi KOMMYTATOPOB BBIIOJIHSIETCS
HeKoTopoe yciaosue. Halinure ero!

Omeem. Eciu cymecTByer nporpamMmMa Jilst PeIeHus: ypaBHeHus p,(z) = 0,
HCIONB3YIoMIas He 6ojiee, YeM JBYXITasKHOe U3BJIEUEHUE KOPHS, TO KOMMYTa~
TOPBI IIyTEBBIX NIEPECTAHOBOK KOMMYTHDPYIOT. ([laxke nmpousse/ieHusi KOMMYyTa~
TOPOB IIyTEBBIX IIEPECTAHOBOK KOMMYTUDPYIOT. )

Jlokasamesvcmeo aHAJIOPHYHO PEIIeHUIo 3a1a41u 13a.

15. (a) Ecsu cymecrByer nporpaMma Jijisi pellieHust ypaBHeHust pq(z) = 0,
UCIIOJIB3YIOIas He Dojiee, YeM TPEXITaXKHOe U3BJIeUEeHNEe KOPHS, TO KOMMYTa-
TOPBI KOMMYTATOPOB IIyTEBBIX II€PECTAHOBOK KOMMYyTHDYIOT. ([lake mponsse-
JIEHUsT KOMMYTATOPOB MPOM3BEICHUI KOMMYTATOPOB IYTEBBIX IIEPECTAHOBOK
KOMMYTHpPYIOT.) JlokazaresbcTBo anasornano 3agadam 13ab u 14a.

(b) IIpumep MOXKHO HPUIYMATH HAIPSMYIO WM JIOKA3aB, ITO JIIOOAsT deT-
Hasl MEPEeCTAHOBKA SIBJISIETCS MPOU3BeJeHreM KOMMyTaTopoB. (Oupeneserue
YEeTHON [epecTaHOBKY HATIOMHEHO HIUIKE.)
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II71AH TPOCTOTO JOKABATEJIbCTBA TEOPEMBI ABEJIS

MBI TOBOJIBHO IOTO Npudymsvi8ant, JOKAa3aTeaIbCTBO TeopeMbl AGens. Hs-
A0HCUMD FKe JIOKA3ATeIbCTBO MOXKHO COBCeM KOpOTKO. (OcBObOXKIeHNE JT0Ka-
3aTe/IbCTBA OT JieTaJiell, BOSHUKIIUX IIPA €ro IPUIYMBIBAHUU U HE HY>KHBIX
JIUIST HEO CaMOro — BayKHasl 9acTh €ro mposepku.) IIpuBemem man Takoro
N3JI0ZKEHN .

Teopema Abesist BBITEKAET U3 CJAESAYIOMMX TpeX JjeMM. st ux dpopmyiu-
POBKH BBEJIEM CJIE/IyIOIIee Ope/iesieHne (KOTOpoe TIOMOYKET HaM KOPOTKO IIPO-
M3HOCUTH TPOMO3JIKIE KOHCTPYKIIMHU, BO3HUKIINE B 3a1adax 13b, 14a u 15a).
s nanHoro cemeiicra ypaBrenuii p,(z) = 0 HazsoBeMm 0-nyméevimu myTéBble
repecTaHoOBKH. Eciin y»Ke onpeie/leHbl n-IIyTEBbIe IePEeCTAHOBKU, TO HA30BEM
nepectaHoBKY (n+ 1)-nymésot, ecim OHa IPEJICTABISIETCS B BUJIE KOMIIO3UINN
KOMMYTaTOPOB HEKOTOPBIX N-IIyTEBBIX I1€PECTAHOBOK.

JIEMMA O KOMMYTATOPAX. Fcau cywecmsyem npoepamma 0as pewie-
Hus cemeticmsa ypashenutl pa(z) = 0, ucnoavayrowasn ne boaee, wem n-Kpam-
HOE U3BAEUEHUE KOPHA, MO AUWD MOHCOECTNEEHHAA NEPECTNAHOEKE ACAAETNCH
n-nymeéeoti das 3moz0 cemelicmaa.

JIEMMA O IPUMEPE YPABHEHUA. Cywecmeyem makoe cemeticmeo pq(z)
ypasheruds 5-1 cmenenu, MHOMCECTNEO 6CET NYMESHIT NEPECTNAHOBOK KOTNOPO20
CO6NAGAEM € MHONHCECTNEBOM BCET NEPECNAHOBOK 5-INEMEHMHO20 MHOIHCECTNEA.

JIEMMA O YETHBIX [TEPECTAHOBKAX. Jltbasa wemHas nepecmaHoska
J-2NEMEHMHO20 MHONHCECMEA ABAAETCA NPOU3BLICHUEM KOMMYMAMOPOE HEM -
HHLT NEPECTNAHOBOK.

HamomumM, 9T0 mepecTaHOBKa HA3BIBAETCS 4emHoTl, €CJIM OHA, IIPeICTaBIs-
eTcsi B BUJIe MIPOU3BEJIEHNS IUKJIOB JINHBL 3. (DTO onpejiesienne paBHOCHIBHO
OBIIEIPUHSITOMY. )

JlemMa 0 KoMMyTaropax ciemyer u3 3adadd 13a (aHAJOMMYHO 3ajadam
13b, 14a, 15a). Jlemma o npumepe ypaBHenus cieayer us 3agadn 9d. Tokasa-
TEJIbCTBO JIEMMbI O YETHBIX II€PECTAHOBKAX — 3aJada (YyKasdanue: JOCTATOUHO
JIOKA3aTh, YTO TAKOBBIM SIBJISIETCSI IIUKJI JIJTHHBL 3).

SAJAUM IJIsI UCCJIEJJOBAHUS

B maremaruke mmeeTcss MHOTO Pe3yJIBTATOB, HEMOCPEICTBEHHO CBA3AHHDBIX
¢ Teopemoit AGesnst. Cum., Hanpumep, [6,9).

Crenyromue 3aj1auu OKa3biBatoT, 1To Meto Oeppapu jijist perenust ypas-
Henus 4-if cTeneHn «caMblif IPoCToity, a dopmyraa geiab Peppo — Kapmano —
Tapraneu B Buge

xzé(i/—a+¢ﬂ—i/a+¢cﬂ7—4>

IS pelIeHns: KybuaecKoro ypasuenns &> — 3z 4 a = 0 — He «caMasi IpOCTasts.
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16. CymecTByer mporpaMma s KaJabKyJIsiTOpa, CTPOSIIasi M0 YHUCIY 4
KOHEYHOE MHOYKECTBO, COJlepIKalliee Bce KOPHH ypaBHeHHs ° — 3¢ +a = 0, u
coziepzKaliasi TOIbKO OTHO M3BJIeUeHUs] KOPHsI M3 BBIPAXKEHWsI, COAEPKAIIETO
KOpPHU.

17. He cymectByer

(a) dopmysbl Busa z = Vp+ g+ /r 4+ Vs + Yt naa pemenus ypas-
mernst x* — 4z + a = 0 HE JUIst KAKUX [EJIBIX [OJIOKUTENbHBIX k, [, m,n,0 1
panyoHaIbHBIX pyHKIMit p, q, 7, s,t oT a.

(b) mporpamMMbl, CTPOAIIEHt 10 YUCIY ¢ KOHETHOE MHOXKECTBO, COJIEPIKAIIEE
BCe KODHH ypaBHeHns * — 4z + a = 0, U colepKalieil TOJIBKO OJHO «TPEeX-

9TAaXKHOE» MN3BJICUCHUA KOPHI.

18. CymecTByeT Jin mporpamMma Jjisl 6eUu,ecmeenH 020 AaHAJIOTa, KAJIbKYJ/IATO-
pa, oIpeJe/IeHHOro B HadaJjle 3aMeTKU, HaXO/SAIasl BCe 6eu,ecmeenHbie KOPHI

(a) ypasrennsa 3 + px + ¢ = 0 1o ero koacddunmentam p, q?

(b) ypasnenus x* 4 pz? 4+ gz + r = 0 1o ero kosdbdunuentam p, g, ?

(c) ypasnenust x5+ px> 4 qr? 4+rx+ s = 0 1o ero Kosddurmenrtam p, ¢, r, s7

19. JdobaBuMm K KaJbKy/JISTOPY KHOIKY, BBIIAIONLYIO [0 YUCJIY COS( BCe
sHadeHns ducia cos(a/5). IlosBures jm mporpaMma Jijist PelieHus! Yy paBHeHUsT
5-it crernenn?

Bagaun 16 n 17 mecnoxkubl. (3agady 16 MOXKHO peIIUTh, HE HCHOIb3Ysl
U3JIO’KEHHBIX BbIIe uedi, a 3agaay 17 — Bpsan jm.) K coxanenuto, aBropy e
VIAJIOCh HAWTHU B JUTEpAType OTBETHI HA €CTECTBEHHBLIE BOIPOCHI 3a7a4d 18 u
19 (xoTst, BUANMO, OTBETHI U3BECTHBI CIICIMAJNCTAM ).

OTBETHI U YKA3BAHUS
3 1
\/—a—l—\/a2—4mx::b—g.

17. Ecim 661 Takas dhopMysia/mporpaMmma CyIecTBOBaia, TO BCE KOMMY-
TATOPBI TPOU3BEJIEHNN KOMMYTATOPOB (IEPECTAHOBOK 4-3JIEMEHTHOTO MHOZKe-
cTBa) ObLIM OBl CTENEHBIO HEKOTOPOil OJIHOM [IepecTaHOBKH. A 9TO He TaK.

16. b:=

N | =
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YeT1oIpexBajieHTHBIE TPadbl ¢ KPeCcTOBOII
CTPYKTYpPOI

B. O. ManTtyposn

OpHuM M3 BaXHEHINX KJIACCOB IpaOB SABJISIETCs KJIACC KPECTNOBHIL 2pa-
(p06: TAKOBBIMHU MbI Oy/IeM Ha3bIBATH YeThIPEXBAJEHTHBIE I'Padbl, y KOTOPBHIX
B KaXKJOW BepIINHE yKa3bIBaeTcsl pa3OueHne YeThbIpeX MOJIypebep, MHIUIEHT-
HBIX KakJI0fl Bepiune rpada, Ha JIBe Mapbl «IIPOTUBOIOJIOXKHBIXy. [longTue
[IPOTHBOIOJIOXKHOCTH OYJIeT BarXKHO IIPHU BJIOXKEHHUSIX KPECTOBBIX I'pacoB B 1O-
BepxHOCTH: OyIeM OBOPHUTD, UTO BJIOKEHHE rpada B IBYMEPHYIO IIOBEPXHOCTH
CO2AGCOBAHO C KPECTOBOT, CmMpPyKmypotl, eCJii MoJypedbpa, IPOTUBOIIOIOKHBIE
B BEPIIUHE, SBJISIOTCS ITPOTUBOIIOIOXKHBIMU HA ITOBEPXHOCTHU. JI1000i eThipex-
BaJIEHTHBIN I'pad, BJIOXKEHHBIA B IOBEPXHOCTH, €CTECTBEHHLIM 00Pa30M HACJIe-
JIyeT W3 3TOI MOBEPXHOCTH KPECTOBYIO CTPYKTYpPY. DymeM HasbBaTh HE Ipo-
THBOIIOJIOYKHBIE TTOIyPEOPa, UHIIUIEHTHBIE OJHON BEPIIUHE, COCEOHUMU.

Ha nporszkennn Bceil crarbu rpadbl MOAPA3yMEBAIOTCS CBA3ZHLIMU U KO-
HEYHBIMI; [IETJIN U KPATHBIE pebpa JOIycKaroTcst (MHOTIa rpadbl ¢ MeTIsIMA 1
KPaTHBIME PeOpaMi HAa3bIBAIOT MYALMUPAPaMU).

SAMEYAHUE 1. [lyst ompesiesieHnst BaJeHTHOCTH Tpada B BepIInHe Y100~
HO BBECTHU MOHATHE noaypedpa. obasiisist Ha Kaxk0M pebpe rpada 1mo HOBOM
BepIIHE, MbI IOJYIUM pasdueHue pebep Ha noaypébpa. Ilomypébpa yaoOHBI
JIJTsT TIOZICYeTa BAJIEHTHOCTH BEPINMUH rpada: el BEPIINHA UCXOTHOTO rpada
MHIIAJIEHTHA, HEKOTOPOMY Pebpy JBarKIbl, TO 5TO 3HAYUT, UYTO Ha IIPeodpa3o-
BaHHOM rpade 3Ta BepIINHA WHIUICHTHA JIBYM PA3HBIM MOJIypEOpaM.

Kpecrosbie rpadbl MOryT BOBHUKHYTH cjemyomum obpasom. [lycts S —
JIByMepHAasi [IOBEPXHOCTD, a [' — BJIOXKEHHBIN B TIOBEPXHOCTH S MPOU3BOJILHBII
rpad. Iocrpoum cpedurnwviti (meduarvnwid) rpad M(S,T) caenyomum 06-
pazom. Bepmunamu HoBOro rpada OyayT cepeanHbl pebep MCXOTHOTO Trpada,
a pébpa HoBOro rpada OYIAyT CTPOUTHCS CJETYIOIIM 00pa3oM: KaxKkioe ped-
PO OYJIET COOTBETCTBOBATDH Y24y, T. €. IMape COCEJCTBYIONUX pebep U BepIIuHe
Mexk a1y aumu. Boobiie rosops, eciin 1Ba pedpa rpada I' umesnn nse obiime KOH-
nesble Bepiusbl, To Ha rpade M(S,T') aBe coorBercTByIOmUe TUM pebpam
BEPIINHBI OyJIyT COEJMHEHBI IBYMS Pa3JIMYHBIMEU pebpamu, cM. puc. 1.

[Monyuennstit rpad M (S,T) Gymer deTbIpexBaJeHTHBIM: Y KayKJI0ro pebpa
HUMEIOTCsI JIBa, COCETHIX pebpa ¢ OIHOTO KOHIIA U JIBA COCETHUX pebpa ¢ APyroro

MaTemaTuueckoe npoceelerue, cep. 3, soin. 15, 2011(128-137)
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o P

Puc. 1. Iloctpoerne mequajbHOTO rpagda

KOHIIa; OoJiee TOro, Ha JTAHHOM Tpade ecTeCTBeHHBIM 00pa30M OIPEIeIsSIeTCsT
Hacje/yeMast U3 MOBEPXHOCTU KPECcToBasi CTPYKTYpa.

Paccmorpum mpocreiimmmit geThIpexBaJeHTHBIN Tpad ¢ OgHON BEpPIIUHON 1
JByMsI pebpamu, eif mHIUAeHTHbIMI. OTMeTHM, 9TO Ha 9TOM rpade mmeercs
JIBE pa3Hble KPECTOBBIE CTPYKTYPbI. B 0JHOII KpecToBoOil CTPYKType JiBa II0-
Jiypebpa oHOTO pebpa SIBJIAIOTCS TPOTUBOIIOJIOXKHBIMHA, & B JIPYTOil KpecTOBOM
CTPYKTYpE OHHU SIBJITIOTCS coceTHUMU. OTMETHUM, 9TO EPBBIl KPECTOBBIHM rpad
I"1 He BJIOXKAM B ILJIOCKOCTD, 8 BTOPOIl KPECTOBLIN I'pad BIOKHAM B ILIIOCKOCTD,

CM. puc. 2.
Fl F2

Puc. 2. Ilpocretimmii rpac u 1Be ero KpecToBble CTPYKTYPBI

Kak okaswiBaercst, rpad ['| ecrecTBeHHBIM 00pa3oM BJIOXKIM B TOP C CO-
XpaHEeHueM KPEeCTOBOH CTPYKTYPBI: IPEJICTABIIAST TOP B BUE KBAIPATa C OTOXK-
JIECTBJIEHHBIMHU TTPOTUBOMOJJIOKHBIMI CTOPOHAMM, Mbl MOXKEM HM300pa3uTh Ha
Tope rpad [y B Buie mapaJjienn U MEpUIUaHa ¢ OJHON TOYKON IepecevdeHns,
cM. puc. 3.

I'pad I'| He BAOKIAM B IJIOCKOCTD: JIEHCTBUTEIBHO, ITPEJIITOIOXKUB, UTO OJTHA
OKPY?KHOCTb BJIOYKEHA B ILJIOCKOCTb, MbI 1oJiyunM (110 Teopeme 2Kopsana) jise
obJracT, HAa KOTOPBIE OHA JEJIUT IIJIOCKOCTH. BTOpas OKpPyKHOCTD, IIPOXO/IsT
9epe3 TOUKY MePEeKPECTbsd, JMOJIZKHA IIEPEXOIUTh U3 OJHON 00JIaCTU B JIPYTYIO,
OTKY/Ia OH& HE MOXKET BO3BPATUTHCS.

Kax okaspiBaercs, rpad ['; B HEKOTOPOM CMBIC/IE SIBISIETCS € TUHCTBEHHBIM
[PENSTCTBAEM IJIAHAPHOCTU KPECTOBOro rpada. A UMEHHO, UMEET MECTO CJie-
IYIOIast
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Puc. 3. Bioxxenune rpaga I'y B Top

TEOPEMA 1. I'pagh ne 6.4001CtiM 8 NAOCKOCTIL MO200 U MOABKO M020a, KO-
2da y nezo umeromces dea yuxaa 6e3 obuyux pebep, obaadarousue eurHcmeennoti
moukoti nepexpecmbva.

JlajuM HEKOTOpBIE TosicHeHus. [[uk.aom MBI Ha3bIBaeM HEIPePLIBHOE OTOO-
paXkeHue OKPYKHOCTHU B I'pad, B3AUMHO OJHO3HAYHOE BHE IIPOOOPA30B BEPIITUH
rpacdoB. DTUM MBI MOSIEPKUBAEM, UTO B IUKJE Karxkioe pedpo BCTpEedaeTcs
He OoJsiee OAHOTO pasa. MBI TOBOPUM, UTO JBa IHNKJa 0Oe3 oOImx pedbep mme-
0T nepexpecmsve B HEKOTOPOW BEpIUHE U, €CJIU OJIMH U3 HUX COJEPXKUT OJIHY
mapy IPOTHUBOIIOJOXKHBIX IOJIypebep B 3TOil BepIuHe, a APyroil — BTOPYIO.
IIpu sTOoM B pOpMyIHpPOBKE TEOPEMBI HE HAKJIAIbIBAETCS HUKAKUX OTPAHUYIe-
HUIl HA KOJIMYeCTBO (HETPAHCBEPCAJIbHBIX) IlepecedeHnii IByX IUKI0OB. [Jasee
MBI OyIeM Ha3bIBaTh npensmcemeuem Bacuavesa nsa nukiia 6e3 obmux pebep,
MMeIOIINe eIUHCTBEHHYIO TOYKY IEPEKPECThI.

flcHo, 9TO Ha IJIOCKOCTH HEJIb3sl U300pPa3UTh JABE HECAMOIIEPECEKAIOIINECs
3aMKHYTBbIe KPUBbIE, KOTOPBIE ObI MMen ImepeKkpecThe B ofHoM Touke. C npy-
roit CTOPOHBI, €CJ/In JAB€ KPHUBbBIE «KaCalOTCd» B HECKOJIbKUX TOYKaX, TO 3THU
KacaHUsl MOXKHO «Pa3BECTH» B TOYKAX HETPAHCBEPCAJILHOI'O IIepecedeHnsl Tak,
KaK I0Ka3aHo Ha puc. 4.

Takum obpazom, mpejaroarasi, 9To rpad BJIOKEH B IJIOCKOCTb C COXPa-
HEHMEM KPECTOBOW CTPYKTYPBI, Mbl MOXKEM <«Pa3BECTH» JBa IHUKJA BO BCEX

Puc. 4. Ycrpanenne HeTpaHCBEDPCAJIBHBIX MEPECETCHUL
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TOYKAX, IVIe OHU II€PECEKAIOTCsl He TPAHCBEPCAIBHO; €CJIN OKAYKETCsI, UTO IIPU
9TOM OCTAHETCSI POBHO OJ[HA TOUYKA IEPEKPECThs, TO 9TO OY/1€T NPOTHBOPEIUTE
IJIaHAPHOCTH rpada.

[TpuBeneHHBIH BBIIE pe3yJbTaT OBLI BBIJBUHYT B KaYeCTBE I'HIIOTE3bI
B. A. Bacuibessim 1] u gokazan aBropoM HacTosimeil crateu B [3)].

ITpocrast 4acTh IUHOTE3BI CJAEYET U3 MPUBEJICHHBIX BBIIIE DPACCYK/ICHHUI;
JIOKA3aTeIbCTBY CJIOKHON 9acTH (O TOM, 4TO eC/au rpad He BIOXKIM B ILIOC-
KOCTB, TO JIBa TAKUX I[UKJA 00s3aTeIbHO HAMIYTCsI) MOCBSAIIEHA OCTABIIANACS
4acTh HaCTOAIEel cTaTbu.

1. TIOBOPAUMBAIOIIUE OBXO/bl. XOPJOBLIE JUATPAMMbBI

HazoseMm xopdosoti duaepammoti KOHEUHBIH TpeXBaJeHTHDIH rpad, cocTo-
S U3 TUKJIA, TPOXOJSINEro Yepe3 Bee BEPIIMHBI (0KpYHCHOCMU XOPIOBOI
JIarpaMMbl) [0 OJJHOMY pasy U OCTaBIIUXCsl pebep, KOTopble Mbl OyjeM Ha-
3BIBATH TOPJaMU XOPJIOBOI jJuarpaMMbl. Takue XOpJOBbIE JUarpaMMbl Pac-
CMaTPHUBAIOTCS ¢ TOYHOCTBIO JI0 9KBUBAJEHTHOCTH — H30Mopdusma rpados,
[IEPEBOJIATIETO OKPYYKHOCThH B OKPYKHOCTH. XOPJIOBYIO JinarpaMmy OyjieM Ha-
3BIBATH OPUEHMUPOSAHHOT, €CJIM OPUEHTUPOBAHA €€ OKPYZKHOCTB; JIJIsi OpU-
E€HTUPOBAHHBIX XOPJOBBIX JIHArpaMM HU30MOPMU3M IIPEIIIOIaraeT COXpaHeHne
OpHUEHTAIINH.

HazoseMm nosopauusarouyum 06x00om Takoii ciocod MPOXOXKJICHUs BCEX Pe-
6ep YeThIPEXBAJIEHTHOINO OCHAIIEHHOTO I'pada ¢ 3aX00M B KayKIYI0 BEpIIHHY
JBazKIbI, TP KOTOPOM B KasKI0M BePIIHE MbI ITIEPEXOIUM C pedpa Ha HE Npo-
mugsonoaodtcroe eMy (ero e MOXKHO CYUTATh OTOOpayKeHueM [ OKPYKHOCTH
B rpad). Xopmosas mauarpamma C(I'), cooTBercTBYyIOIIas MOBOPAUNBAIOIIEMY
obxony I' crpoutcest ciemyronum obpaszoM. OKpPY>KHOCTBIO XOP/IOBOI rarpam-
MBI SIBJISI€TCS 0TOOparKaeMasi OKPY?KHOCTb S1, a XOpJaMu COeIMHSIIOTCS Taph
TOYEK, UMEIOIIUe OJIMH U TOT Ke 00pa3 OTHOCUTEILHO 0TOOpakeHust f.

VYIPAXKHEHUE 1. Ilokakute, 9T0 y KazK/I0I0 CBA3HOI'O KPECTOBOIO rpada
CyIIECTBYET MOBOPAIUBAIONINN 00XO0T.

IIpu sTOM XOpPABI XOPIOBOI AUATPAMMBI, COOTBETCTBYIOIIEH TOBOpAYINBA-
foreMy 00X0/ly, eCTeCTBEHHO JIeJINTh Ha J[Ba, THUIIA. XOPJbl NEPE020 MUNA CO-
OTBETCTBYIOT IIEPEKPECTKAM IIEPBOIO THUIIA, KOTOPBIE BBLIMJISIAT CJIEILYIOIIM
obpazoMm. B saHHOM IepeKpecTKe 1o JIByM IIPOTHBOINOJIOXKHBIM (110J1y)pebpam
opueHTaIus 00X0/la HaIlpaBJ/ieHa K BEpINUHE, & IO JBYM JIPYTUM IIPOTHUBOIIO-
JIOXKHBIM (10JTy )pebpaM OHa OPHEHTHPOBAaHA OT BEPINUHBI. B mHOM cirydae,
ecJi HeKoTopoe (IoJIy)pebpo OPHEHTHPOBAHO TI0 HAMPABIICHUIO K BEPIIHUHE, a
[POTUBOIIOJIOXKHOE eMy (I10J1y ) pebpo OPHEHTHPOBAHO 110 HAIIPABJIEHUIO OT Bep-
IIUHLI, OYIeM TOBOPHUTDL, UTO XOPIa UMEEM 6MOopotl mun.
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Puc. 5. IloBopauuBaromimii 06x0/1 U IOBOPAYHBAIOLIAS XOPJOBasl JHarpaMMa,

Ha puc. 5 xaxkmasg BepiinHa MpoHyMepOBaHa, JIBa pa3a COIVIACHO IBYM MO-
MEHTaM IPOXOXKJIEHHsI TIOBOPAYUBAIONIEr0 00X0/a Yepe3 BepIuHy (Ha 9TOM
npruMepe BCe XOP/Ibl MMEIOT [epBbIii THII).

Kak okasbpiBaercs, moBOpaduBaiomue 00XoIbl UTPAIOT PEIIAIOIIYI0 POJIb B
OIIPEJIeSIEHNN TJIAHAPHOCTU KPECTOBBIX rpadoB.

2. d-IUATPAMMBI

CkazkeM, 9TO0 JIBE XOPIbI P, ¢ XOPA0BOii quarpaMmbl D 3auyenaemsl, €CJI UX
KOHIIBI PACIIOJIOXKEHEBI Ha, OKPY?KHOCTH B U€PEeyIOIIeM OPSIKE.

Takum 06pasoM, Hpy U300paskKeHUH XOPAOBOH AHArPAMMBI Ha ILJIOCKOCTH
[IOCPEICTBOM €BKJIMIOBON OKPYKHOCTH U MPSIMOJIMHEHHBIX XOP/I, 3alleILJIEHHBIE
XOPABI U300PaXKaIOTCs MEPECEKAIOIIMMUCS.

Xopaosas auarpaMMa Has3bIBaeTCa d-0uazpammoti, €CIM MHOXKECTBO ee
XOPJI, MOYKHO Pa3bUTh Ha JBa ceMeNCTBa TAKUM 00Pa30M, 4TO JIIOOBIE JIBE XOP/IbI
U3 OIHOIO ceMeCTBa OKa3aJIUCh HE3ALEILICHb.

d-JIparpaMMbl UIPAIOT KJIIOYEBYIO POJIb B PA3IMYHBLIX BOIPOCAX TEOPUHU
y3JI0B, CM., Hamp., [5].

Yuraresib MOKET B KadeCTBe yIPaykKHEHUsI IPOBEPUTH CJIEAYIOMNi (PakT:
10pdo6as Juazpamma GAOACUMA 6 NAOCKOCTL KAk 2pagd moz2da U MosbKo mo-
2da, xo2da ona aeasemca d-0uazpammot.

ITonckaska uzobpazkena Ha puc. 6.

3. JIOKABATEJIbCTBO I'MITIOTE3bl BACUJILEBA

CkaxkeM, 9TO KpeCTOBbII Trpad 00JamaeT cedaosoti opuenmayued, ecyim
MO>KHO OPHEHTHPOBATH €ro pédpa TaKuM 00pas3oM, ITOOBI B KayKI0H BepImHe
V' mexoTopble J1Ba IPOTUBOIIOIOXKHBIX pedpa ObLIN OPUEHTUPOBAHDI IO HAIIPAB-
JIEHUIO K BepinuHe V| a Apyrue jBa — 110 HampaBjeHuto or Bepiiuubl V. Ha
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Puc. 6. d—,ZU/IanaMMa H BJIO?KEHHE B IIJIOCKOCTbHb

pucyHnke 7 ciieBa n300parkeH IIAHAPHBI KPECTOBBIN Ipad W €ro cemjioBas
OpHUeHTaIlUsI, & Ha PUCYHKE CIIPaBa — KPECTOBBIH rpad (C JIBYMSI BepmHHaMH),
ceJII0BOM opueHTaIeil He 00J1aIafOIIIiA.

Puc. 7. I'pac ¢ cemioBoii opueHTammuei u rpac 6e3 cea10Boi OpHeHTAILIN

ScHo, 9TO0 eciin y CBSIBHOIO KPECTOBOIo rpada UMeeTcs: CejIoBasi OpUeHTa-
[Ms1, TO OHA €JIMHCTBEHHAS ¢ TOYHOCTHIO JI0 OJJHOBPEMEHHOI'O OOPAIIEHHSI BCEX
CTPEJIOK: CTapTysi C JIIOOOH CTPEJIKM U JIBUTAsiCh BIOJIb JIIOOOIO TTOBOpavnBa-
IOLIEro 00X0Za, MBI 9TOT CaMbIil IOBOPAYMBAIONIMI 00XO0] OPUEHTHUPYEM B TY
WA JAPYTYI0 CTOPOHY, U €CJIM B KayKII0il BepIiuHe 00XO0Jl MOJAXOIUT caM K Cce-
0e «IIPABUJIBHO», TO TOJyYaeM CeJIJIOBYI0 OpUEHTAINIO. VIHBIMU CJIOBAME, U3
OIpeJIe/IEHNs CEeII0OBOM OPHEHTAIMH CJIEIYET, YTO XOPA0Basl AnarpaMMa, COOT-
BETCTBYIOIAsi HEKOTOPOMY (& CJIeJIOBATEIBHO, M JI0O0MY) MOBOPAYHNBAIOIIEMY
00X0/ly KPecToBOro rpada nMeeT Bce XOPIbI IIEPBOrO THUIIA.

YIHPAYKHEHUE 2. Y BCSIKOIO IUIOCKOI'O KPECTOBOIO rpada MMeeTCs Ce/l-
JIOBasl OpUEHTAIUA.

JIEMMA 1. Ilpednonsoocum, umo xpecmosoili epag I' we obaadaem cedno-
601 opuenmauueti. Tozda na 2page I' natidemca npenamemeue Bacuavesa.

DTy JIeMMy MBI OCTaBJIsSIEM UUTATENIO B KadecTBe yupaxkuenus. [lomckaska:
MOIBITANTECHh U3 TOBOPAYUBAIOIIETO 00X0/a IIOCTPOUTD CEJIIOBYIO OPUEHTAIUIO
1 PacCMOTPUTE KaKyIo-JIuOO U3 BEPIIUH, e 3TOTO HE YIAETCA CACTIATD.
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DTa JIeMMa CBOJUT HAIITY 33J1ady K CJIy9aio rpadoB, 001aJaI0MNIX CeIOBOM
OpHUEHTAIUEN.

JIEMMA 2. Ilycmwv xpecmoswii epad I obaadaem cedaosoti opuermau-
ett. Ilyemov 0as HEKOMOPO20 €20 NOBOPANUBAIOULE20 06X000 COOMEEMCMBYIOULAS
zopdosas duazpamma assiemcs d-oduazpammoti. Tozda I' naanapen.

JlokazaTeabLCTBO ciieiyeT u3 puc. 8. Vlaesa coOCTOUT B TOM, UTO KaXKJIas XOP-
Jla, BMECTE C JIByMsI MAJIEHbKUMHU JlyI'aMU B OKPECTHOCTH €€ KOHIIOB Y/IAJIAeTCs
U 3aMeHsIeTCs Ha mapy nepecekaroruxcs gununii. [lomygarommuiics rpad u 6ymaer
HUCKOMBIM KPECTOBBIM TpadoM.

Puc. 8. Or aumarpaMMbl K KDECTOBOMY rpay

SAMEYAHUE 2. B jiemMme 2 MOXKHO 3aMEHUTH BBLIPAXKEHHE <JIjIsi HEKOTO-
poro obxomay Ha « st Jrboro obxomas. leficrBuTesbHO, ITaHAPHOCTD T'pada
OyIeT rapaHTUPOBATL, YTO XOPIAOBas JHarpaMMa, COOTBETCTBYIONMIAs KasKIOMY
[TOBOPAYMBAIOIIEMY 00X0/Iy 9TOro rpada, aBisiercs d-auarpaMMOil.

Takum 06pasoM, s T0Ka3aTe/IbCTBa OCHOBHOI T€OPEMbI HaM JOCTaTOYHO
J0Ka3aTh CJIeAyIoNIee yTBEPKIEHNE.

JIEMMA 3. ITycmws xpecmosuidi epag I' obaadaem cednrosoti opuenmanueri
U nYemv npu IMom 0aa nexkomopozo (u, caedosamenvno, 0aa 1106020) NOGO-
parusarouLezo 06xoda amMozo 2pada coomsememeyrwan roplosas Juazpamma
ne asasemces d-ouazpammoti. Tozda epag I' obaadaem npenamcemeuem Bacu-
AbeEsa.

3aMeTuM CHAMAJIA, ITO €CJIN XOPJI0BAas INArpaMMa He sABJISAeTCs d-TnarpaM-
MO, TO y Hee HalijeTcsa Habop XOpH, 00pa3yIoninii «HeIeTHOYTOJIbHUK Y, CM.
puc. 9. DTo yTBEpXKI€HUE OCTACTCS INTATENIO B KATECTBE YIIPAKHEHUSI.

Bamernm, 94To ecsm 3Ta Xoposas quarpamMma ((2n+1)-yrosbHuK) cooTBeT-
CTBYET IIOBOPAYUBAIOIIEMY 0OXOy HEKOTOpOro Kpecroporo rpada I', y koro-
POTO BCe BEPIUHBI UMEIOT MIEPBIH THII, TO HA 3TOM I'pade [' jerko Boijessercs
npensitctere BacuibeBa: OQUH IIMKJ COCTOUT U3 Tex pebep rpada, cooTBeT-
CTBYIOIIUX JyT'aM XOPJIOBO# JuarpaMmbl, TOMEYEHHBIM Ha puc. 9 OykBoil a, a
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Puc. 9. Xopaosasi auarpamma (2n + 1)-yrosbHuka

JIPYTOii UKJI (CUMMETPUYHBIN TIEPBOMY ) COCTOUT U3 pedep (JIyr), MIOMeUYeHHbIX
OyKBOIi b. DT JiBa IUKJIA UMEIOT POBHO OJIHY TOYKY IIepecevueHusi, KOTOpasi Co-
OTBETCTBYET BepiinHe 1 U ABASETCS TOUKOM MEePEKPECThSI.

PaccmorpuM reneps npoussosbHbLil rpad IV, obiagatommii cemmoBoit opu-
eHTaIne, XOp/I0Basi THArpaMMa HEKOTOPOTO MTOBOPATUBAIOINIETO 00X01a KOTO-
poro cojepxkut (2n + 1)-yrouasruk. Torga jBa nukia, MMEOIe POBHO OJIHO
HepeKpecThbe, JIErKo nepenocaTces Ha IV: B Bepmunax rpada IV, KoTopbiM cooT-
BETCTBYIOT XODJIbI, He MpHHa IeKantue (2n + 1)-yroJbHuKY, KasKIbIil 13 9THX
JBYX IUKJIOB OyJET IMOBOPAYMBATDL, CJICIOBATEIbLHO, IPYTUX HEPEKPECTHil He
TTOSIBUTCSI.

Jlemma 3 nokazama, UTO 3aBEpINAET JTOKA3ATEILCTBO OCHOBHOM TEOPEMBI.

4. KVIA BJIOYKIMBI IIPOU3BOJIbHLIE TPA®BI — [TOCTAHOBKA
BAJTAYUN

[IpeamonokuM Tenepb, YTO KPeCTOBBI rpad He sBIAETCS IUIaHAPHBIM.
BaamMest BOIPOCOM, B IMOBEPXHOCTH KAKOTO POJIa 9TOT YeTHIPEXBAIEHTHDII
rpad MoxkKeT GBITh BJIOXKEH C COXPAHEHHeM KPeCTOBOil CTPYKTYPbI. DTOMY 10~
cesmiena pabora [4].

5. JIAJBHEHNIIWE HAIIPABJIEHUS JESATEJLHOCTH U HEPEIIEHHBIE
BAJAYN

Cnenyromas 3ama4a aBasgeTcs 1epedOPMYINPOBKOA 3a/1a91 O BJIOKEHUAX
KPeCTOBBIX IpadoB.

1. IIycrs pama mMarpuma cuMmMerpudHas marpuna M pasmepa n X n Hau
[oJIeM M3 JIBYX 3JeMeHTOB. KakoBO MMHUMA/ILHOE 3HAYeHHE CyMMBI PAHIOB
aByx marput, rank(My) + rank(My), roe nBa noamuoxkectsBa I, .J 0bpasyor
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pasbueHre MHOXKECTBA MHIEKCOB mcxonHoit marpunst: I U J = {1,...,n}, a
KBaJipaTHble MaTpuibl Mp u M norydaiorcss u3 Marpuilbl M B3sITHEM COOT-
BETCTBYIOMNX MHOKecTBaM I u J HabOOpPOB CTPOK U CTOJIOIOB?

PasyMeercst, 9Ta 3a/a4a MOXKET ObITH PelleHa HPsIMbIM Irepebopom 271
BapHaHTOB, OJHAKO, KOHEYHO, MMEETCsI B BUJY BO3MOXKHOCTL HAXOXKICHUS €€
6picTporo (Hampumep, MOTMHOMHUAIBHOTO 10 7 PEICHUST ).

Kak umenHO 3Ta 3ajiada cBsizaHa ¢ 3aJ1a9eil O BJIO2KEHUU KPECTOBBIX I'Da-
doB, MBI pacckaxkeM B ciejytoreil mybsukaruun. CKaxKeM JIMIIb, YTO CyMMa
panros 0 BO3MOXKHA JIUIITL TOTJA, Korga obe maTpuiibl M u M ; HyseBble. A 310
O4YE€Hb ITIOXOZKE Ha d—,ZLI/IaI‘paMMI)I — JdBa ceMelcTBa XOp/J, TaKUX 9TO XOP/bl U3
OJIHOT'O CEMEMCTBa IOIAapHO HE IePeceKatoT .

2. Kax MbI Buie/1#, BOIIPOC O IJIAHAPHOCTHA KPECTOBOTO Ipada yao0HbIM 00-
Pa30M perraeTcss B TEpMUHAX ITOBOPAYUBAIOIIEro obxoja. B TepMuHax TpaHc-
BepcasIbHOro 00xonal) OH TaksKe pelraercs, CM., HAI., [7,8]. Oxrako MOxKHO
[IPEJJIOXKUTD CACAYIONUN CIocOO IeHCTBUl: MMesT TPaHCBEPCAJBHBIN 00X0/T,
BbIOMpaeM KaKOW-HUOY/Ib TTOBOPAYMUBAIONINI 00XO0 U IT0 HEMY OIIPEJIEJIsIeM, SIB-
JIIeTC JIM rpad IIaHAPHBIM.

Ho 31ech BO3HUKAET BOIIPOC O TOM, KaK IIPEJICTABUTE cebe IPOIECC ITepepH-
COBBIBaHMS B BHUJE YI00HOU (hopmysbl. OKa3bIBaeTCs, 3TO MOYKHO JIETKO CJIe-
JIATh HA A3BIKE MATPUIL IEepPecedeHnsl XOPIOBBIX AUATPAMM, 9eMy ITOCBSIIIEHA
crarbst 1. II. Vnbtorko [2]. Baarogapst dpopmyse NiiboTko MOXKHO, HALIpUMED,
JIETKO YKa3aTb, KaK CBA3aHbl XOP/JIOBbIE JuarpaMMbl pa3Hblir ITIOBOPAYINBaAIOIITUX
00XO00B OHOI 1 TOH »Ke XOPIAOBOI JArarpaMMBbl, & TaKKe IOy IUTh PAJL, BasK-
HBIX KOMOMHATOPHBIX W YUCTO aJreOpamdecKuX CJIeICTBH.

OTHU U CMEXKHbBIE BOIIPOCHI MBI IJIAHUPYEM OOCY/INTH B JAJbHEHIINX TyO/IH-
karusx. [Ipomokenne ciaeyer.

Aptop BbIpaxkaet 6sarogapaocts B. A. BacuiseBy u M. H. Bstomy 3a mo-
JIe3HbIE 00CYKICHUS.
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BaJj1aua 00 aINTUBHBIX I[EII0UYKaX 1 ee 0000

C. B. l'amkos

B nociieiiue HECKOJILKO JIECATKOB JIeT BO3POC MHTepec K ajrOpUTMUYe-
CKOI CTOPOHE MaTEeMaTUKNU. OH IPOLABJIAETCA, B 9aCTHOCTHU, B IIOCTaHOBKE 3a/la4
TEOPETUKO-CJIO?KHOCTHOTO XapaKTepa B Pa3sHOOOPa3HBIX 00JIACTIX, HAYMHAA C
KJIACCHYECKOT0 aHa/In3a 1 ajarebpsl (Hanpumep, [2,7,9,10,13,16,17,20-23,25]).
STI/I 3aJa491 OTJIMYal0TCdA ,Z[pyF oT ,ZprFa KaK IIO ITOCTaHOBKe, TaK WU II0 METO-
JIaM, OJIHAKO UX OOJIBINONH KPYT 00beUHIeTCs BO3SMOKHOCTBIO (DOPMYJINPOBKI
B TEPMHUHAX CXEMHOI CJIOYKHOCTH BLIYUC/IEHUsI (DYHKIIUIL.

1. AJJUTUBHBIE HEIIOYKHM U BO3BEJEHUE B CTEIEHD

Camoit cTapoit 3 OTHOCSIIXCS K 9TOI TeMaTHKe 3a71ad sIBJISIETCST 3a/1a49a 00
AJINTUBHBIX TETIOYKAX, pacCMaTpuBaBInasicss B TpuanaTroie Toabt A. [Tlonbiem
u A. Bpayspom. Uzen, Bejymiue K a/IuTUBHBIM TI€II0YKaM, B [9] mpociiekeHbl
J10 BpemeH jipeBHnx Ermnra m WMuapun. B nocnennue aBagnaTh JeT ajIuTHB-
HbIE I[EMOYKK HAIIM IPUMEHEHHE B KPUITOrpapUIecKuX aaropurmax (CM.,
HanpuMmep, [15]) u uucsio mybimKalmii Ha 9Ty TeMy BO3POCIO HACTOJIBKO, UTO
TpebyeT or/ie/bHOr0 0630pa (Takoit 0630p yxKe HanmcaH |18]). Mbr orpanu M-
CsT HEKOTOPBIME ITPUMEPaMHU.

A TMTUBHDIE TTETTOYKN BO3HUKAIOT, HAPUMED, B CJICIYIONIEH OTIMMITHA,THON
3aJ1ate.

3a Karxoe HauMeHvUEE KOAUNECTBO 636CWUBAHUT HG YQULEYHDBIT BECAT
MOIHCHO OMBECUMD 00UH KUAOZDAMM CATAPHO20 NECKY, eCAU UMEEMCA AUULD
00Ha 00H02PAMMOBASA 2upvKa !

Ha mepBbIit B3MJIs1)T KayKeTCsl, YTO €JIMHCTBEHHBIN CIIoco6 pertnenust 3Toi 3a-
Jladl — OTBECUTDL OJINH TPAMM, TOJOXKUTDL B 9Ty K€ UallKy TUPHKY, OTBECUTH
B JIpyTOil daIlke JBa IpaMMa, [EePe/IOKUTh TUPhKY B Hee, U TaK JaJjee, 100aB-
JIsisl TIO OJTHOMY T'PaMMY, TIOCJIE THICSTYHOIO B3BEIIMBAHUSI OTMEPUTEH HAKOHEI[-TO
KIJIOTPAMM.

Ho ects u 6ostee ObicTphiit ciocod. Hy»kHo Juib 3aMeTuTh, ITO €CJIA MBI
HAydWJINCh OTBEINBATHL 3a k B3BEIUBAHWI M I'paMM, TO, CJeJaB elle OJHO
B3BEIIMBAHNE, MOXKHO, JIayKe HE WCIOJIb3ys TUPBKY, OTBECUTH €INE 177 TPAMM
1, CCBITaB 00Oe TIOPITMH BMECTe, MOJYIUTh 2m TpamMm 3a k + 1 B3BermmBaHume.
A €CJin IIPU 3TOM B3BEHIMBAHUU IIOJIOKUTH Ha OJHY U3 YallleK I'MPbKY, TO 3a
k + 1 B3BemmBaHMe MOXKHO OTBecuThb 2m + 1 rpamm.

MaTemaTuueckoe npoceeletue, cep. 3, soin. 15, 2011(138-153)
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FEcan mykHO 0T™MEpUTH N TPAMM, TO MOYKHO 3aIIUCATh 1 B JIBOUTHOM BHUJIE
(am ...a1), tae 2m=l <'n < 2™, a,, = 1 u BocnoIb30BaTLCS POPMYIIOi

n=an2""t+ . +a2+ar=(..((20m + am-1)2+ am_2)...)2+ a1,
IIocjie10BaTe/JIbHO OTBEIIINBasd I10
b1 =am, bo =2b1 +am_1, b3=2bs+am_2, ..., by =bm_124+a1 =n

rpaMMOB (MOXKHO HCIOJIB30BATH M JJBOUIHYIO 3aIUCh C OTPUIATEIHHBIME ITHdh-
pamn).

B ucnonszyemoii popmysie unrarean yBuaar cxeMmy lopaepa. OHa 6ymer
BCTPEYaThCA y HAC U JaJIee.

Wnes, nexarrasi B OCHOBE 3TOI0 METO/[A B3BENINBAHUS, CTAPa, KAK CaMa, Ma-
TemaTuka. Ke npuMeHsan u IpeBHUE eTUNTIHE, U IPEBHUE WHIYChI, HO KOHEY-
HO, He JIJIsi B3BEIIUBAHUSI, & JJIsi YMHOYXKEHHUS — AJITOPUTM YMHOXKEHUsI CTOJI0U-
KOM OBLT IPUIYMAH HE cpa3y. A JI0 9TOT0 YMHOKEHUE CBOJIMIOCH K CJIOXKEHHIO
7 yaBOeHHIO. Takoil MeTom yMHOXKEHUS JOKU/T IIOUYTH JIO HAIEro BPEMEHU, OH
yo0eH Tpu BbIUKCIEHUsSX Ha cuerax. Celiuac OH HUKOMY He HYXKEH — CUe-
THI BBITeCHEHBI KaJbKyIaTopaMu. Ho Kak Bo3BeCTH Ha KAJBKYJIATOPE UUCIO 4
B TBICSIIHYIO CTENE€Hb, €C/IN Y HETO HeT CHEINaIbHON OIepaliil BO3BEIEHUS B
crerenb! YMHOXKATh 999 pa3 He Hy»KHO, & MOXKHO IPUMEHUTH COBEPIITEHHO TOT
2Ke TIpUeM, MOCJIeI0BATEIbHO BBIUUCIsIS

(13 _ a2a, a? — (a3)2a’ CL15 — (a7)2a, a31 — (a15)2a’

a62 _ ((131)27 CL125 — (a62)2a7a250 (CL125)2, a500 _ (a250)27 alOOO — (a500)2‘

Ecan BcnomuuTh, aTo 1000 nmeer nonunyio 3anuchk 1111101000, To MmoxK-
HO 3aMeTHUTh, YTO ecJau OTOPOCUTH cTapiinii 6uT (paBHbIHA €MHUIE), TO KarK-
JIOMY CJIeIyIOIIeMy OUTY COOTBETCTBYET ONEpAIlisl BO3BE/IECHUS B KBaJpaT, €C-
JIN OH HYJIEBOH, WM BO3BEJIEHUE B KBAJPAT C TOCTIEAYIONNM YMHOXKEHUEM Ha
YUCIO0 ¢— OCHOBAHUE CTEMeHN. UMCI0 ¢ He Hy>KHO KaXKIbll pa3 3aHOBO HAOHU-
paTh Ha KjaaBuaType. MoXKHO B Hadaje BLIYHCICHUN 3aHECTH €r0 B MAMSITh,
U KOIJIa HYKHO, MOCJIe HAYKATHUsT KHOMKM JIJIsl YMHOYKEHUsI, BBI3BIBATH €0 U3
TMAMATH U TOTOM HAYKUMATh KHOTIKY «paBHO». [locanTaem obiree amcsio omepa-
i YMHOXKEHUsI B PACCMOTPEHHOM BBIMMCJIEHNN. YUCI0 BO3BEJIEHUIT B KBa/I-
paT Ha E€IUMHUILY MEHbINE JIIMHBI JBOMYHOW 3alucH ToKa3aTessl CTEleHU, a
YUCIO0 YMHOYKEHHU O0ITero Bua Ha, €MHUILY MEHDITE CYMMBI TIMP JTBOMIHON
BAITHCH.

st mro6oro n 0603Ha4uM A(n) YMEHBIIEHHYIO HA €JIUHUILY JJINHY JTBOUY-
HOIT 3ammcu uucia n, a v(n) — ee cymmy 1udp (T.e. YUCIO eJAUHUL B Heil).
Torma B 00IIIEM CIyYae IUCTIO OMEPAIIAN yMHOXKEHUST, UCITOJIB30BAHHBIX B 9TOM
meroze!) BosBesenus B crenens n, pasro A(n) + v(n) — 1.

YOn naseBaeTcs bUHADHDIM.
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[Toxaxkem, YTO MEHBIITUM YHUCJIOM OIepaIuit 000HTUCH HEb3sI, €CJIU TOJIBKO
HEe OOHOBJISITH COJIEPKUMOE sTaeiiku maMsitu. s yaobcersa 6yaeM paccMaTpu-
BaTh M3MEHEHUE HE CAMUX CTelleHel, a UX IoKasaTeseil, KOTOpbIe MocJe KaxK-
JI0i1 onieparnuu 6yayT cKJIageBaThCst. OO03HATNM ITOKA3aTe/ b CTEIIeHH Y JUCIIa,
HAXOJISAIIEr0oCsl B PEIUCTPe, Yepes a; (B HadasbHbIi MOMEHT ag = 1), Torjga us-
MEHSIThCA OH MOXKET OJIHMM W3 JIBYX CJIEJIYIONIUX CIIOCOOOB: G411 = 2a; WIn
ai+1 = a; + 1 (B mepBoM ciiydae COJIEPKUMOE PErucTpa BO3BOJUTCS B KBa/I-
paT, BO BTOPOM CJIy4yae OHO YMHOXKAETCs Ha COIEPKUMOE TIeHKHU MMaMATH, a
pEe3yJIbTAT OMSTh 3alUChbiBaeTCs B peructp). OUeBHIHO, 9TO B IEPBOM CJIyYae
v(aip1) = v(as), Mais1) = A(ai) + 1, orkyza

v(air1) + Maiv1) = v(ai) + Aag) + 1.

Bo Bropom ciy4vae v(a;t1) < v(a;) + 1 (paBeHCTBO BO3MOXKHO, TOJIBKO €CJIU @;
1eTHO), A(ai+1) < A(a;) + 1 (paBeHCTBO BO3MOXKHO, TOJIBKO €CJIN (; HEIETHO,
TOYHee, KOTJia a; = oMai) _ 1), mO9TOMY OJJHOBDEMEHHO 3TH DABEHCTBA HE
BBIIIOJIHSIIOTCS; 3HAYUT, BO BTOPOM CJIydae

v(aiv1) + Maiv1) < v(ai) + AMas) + 1,

npuYeM PaBeHCTBO BO3MOXKHO JIMIIL KOTHA @; 9eTHO mwinm a; = 1. Tak kKax
A1) + v(1) = 1, To OTCIOA C TIOMOIIBIO MHIYKIUMKA BbIBOIUTCS, 9TO V(a;) +
+A(a;) < 141, npuyeM paBeHCTBO BO3MOKHO TOJIKO KOI/Ia TPUGABJICHUE €11~
HUIIBI BCETJIa BBIMOJIHSIETCSI TOCTIE OJIHOTO MJIM HECKOJIBKUX YIABOCHUIA (MOXKHO
CYUTATh, YTO Ha IEPBOM IIare BCErjia IIPOMCXOJIUT YIABOEHUE), IPU STOM I0-
cJie KaxKJI0ro npubaBjieHusl eJMHUIIbI V(a;) yBEJTUUUBACTCSI HA €JIMHUILY, 3HAUUT
v(a;) — 1 paBHO YHCITYy BBIIOJHEHHBIX TPU BBIYUCICHUH a; TPUOABJICHUN €11-
HUIBI. 3HAYNT,

v(n) + A(n) = v(am) + Mam) < Un) +1,

rje [(n) qucsio onepanuii yMHOYKEHYsI J1JIsT BO3BEJICHUST B N-10 CTelleHb. 1losToMy
I(n) > v(n) + A(n) — 1. AHATIOTUIHO MOYKHO MOKa3aTh, YTO YHUCJIO OMEpPAInii
YMHOXKEHHsI PETUCTPa Ha IIOCTOSTHHOE YUCJIO M3 MaMATH He MeHbine v(n) — 1.
Hausee, pasenctso [(n) = v(n)+ A(n) — 1 BO3MOXKHO JinIlb KOT/Ia ipubaB/ieHne
eJIMHUIBI BCET/Ia BBILOJHIETCSI [IOCJIE OJIHOTO MJIM HECKOJIbKHUX YIBOCHHUIA, IIpH
9TOM 4HCJIO IpUOABIICHUiT e uHuIBl paBHO ¥(n) — 1 U N OpeJICTaBIMO B BH/IE
n=2M" 4 2%m-1 4 4 oM

e «; CTporo Bospacraior. Takoe mpejcTaBieHne BO3MOXKHO TOJBKO OJHO, 1
[09TOMY CYIIECTBYET TOJBKO OJMH CII0COO BO3BEJICHUS B N-I0 CTENEHb B yKa-
3aHHBIX YCJIOBHUSAX — YKa3aHHBII Bblllle OUHAPHBII METO/I.

Ho ecsin paspenaercst OGHOBJIATE COAEPIKUMOE sTUeHKH MaMATH (UCIIOIb3Yst
JUIst 9TOrO HEPECHIIKA U3 JIPYTUX SYCEK), TO OMHADHBIA METOJ| BBIYHUCJICHUS
2" B HEKOTODPBIX CJIydasgX MOYXKHO YAydIuTh. [jig 3Toro, Hampumep, MOXKHO
IPUMEHUTD Mmemod muodrcumened. Ero nues sakmodaercs B caeytormeM. Ecim
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MBI yMeeM BO3BOJIUTH B CTelleHb N 3a [(n) omepalyii, 1 BO3BOJUTH B CTEIEHb
m 3a [(m) onepaiuii, TO MOXKHO, [IOCJIE TOIO KaK 3aKOHYEHO BbIYUC/ICHUE X',
3aHECTH €ro B sUeiiKy mamsTu, u jajee Bbraumcantb " = (z™)™ 3a l(m)
omepaIuil, NCIOJIb3ysl TOT 2Ke METOJ, ITO U Jijisd Bhrauciaenus x'". Toraa obiiee
qucsio onepaiuii Oyjer pasuo [(nm) = l(n) + I[(m).

Hanpumep, BLIMUCIsAS £0 GUHADHBIM METOIOM 32 3 OIEPAIMH ¥ IPUMEHSIS
JiBa pasa MeToJ[ MHOXKHUTesel, morydaeM, ato [(125) = 3[(5) = 9. Boinosmsis
ele TpU BO3BeseHUs B KBajpar, umeeM [(1000) = [(125) + 3 = 12. Bunapusti
mero Tpebosan A(1000) 4+ v(1000) — 1 =9+ 6 — 1 = 14 oneparuii.

BameTum erie, 9To CyIIeCTBYeT U JIPYroil BApuaHT GUHAPHOIO METOJIA, C TEM
JKe IHMCJIOM BO3BEJICHUI B KBAIPAT M C TEM Ke ODIIUM IHCIOM YMHOXKEHUIT, HO
JJIgd €O BBIITOJTHECHM A Tpe6yeTCﬂ 6OH]:)IHO€ YUCJIO d4Y9€e€eK IIaMATU.

Yro ke Takoe addumusHas uenouwka? DTo jodasi, HaYMHAIOMAsca ¢ 1,
[IOCJIE/IOBATEILHOCTD HATYPAJIBHBIX THCENT g = 1,aq, .. ., Gy, B KOTOPOIl KaxK-
JI0€ 9HCJIO SIBJISIETCST CYMMOIT KaKUX-TO JIBYX MPEIbIIYIIX duces (WIn yIBoe-
HHMEM KaKOoro-TO mpejpliytiero uncia). Obosnaunm [(n) HAMMEHBIIYO JUIHHY
AJJIUTUBHON IEITOYKH, 3aKaHIUBAOIIeiicss JucaoM n. JJuHOR 1ernoukn ag =
=1,ay,...,a, Ha3bIBaeM yucyio m. Hanmpuwmep, 1,2, 3,5, 7, 14 — MuHUMAIbHAS
nenouka st 14, ne. [(14) = 5.

AinTUBHBIE TEMTOYKN MOXKHO H300parkaTh B BUJIE OPUEHTHPOBAHHOTO I'Pa-
da, B KOTOPOM B BEepIIMHY a; UIyT PEOpa OT BEPIIUH aj, Ak, €CIU a; = aj + ay,
(ecsin Takoe mpejicTaBIEHIE HEOJIHO3HAYHO, BEIOUPaeM JII060€e U3 HUX U PUCYEM
TOJIbKO J1Ba pebpa). MOKHO CIMTATh, YTO BCE UHC/IA B IENOYKE PA3HbIE, IPO-
CTO y/aJisisl U3 Hee MOBTOPSIIOIINECsT TUC/Ia, U PACIO/IaraTh Ynucja B IEeNovYKe B
HOPsIJIKE BO3PACTAHMUS.

I'pad mrst npeapaymero npuMepa ¢M. Ha puc. 1.

Puc. 1.

OueBnIHO, UTO HAUMEHBINEe YUCJIO YMHOKEHUH, HeOOXOMMOe JIjIsl BO3Be-
JIeHUsI B N-10 CTeleHb, paBHO [(n).

Bunapusiit meron maer onenky [ (n) < A(n) + v(n) — 1. Merogom mHO-
xkureneii — onenky l(nm) < I(n) + [(m). CupasejymBa 1 HUXKHSIS OIEHKA
l(n) = A(n). Us nee creayer, uro [(2") = n. us jpokasareabcrBa OIEHKH
[(n) = A(n) mocraTouHo 3aMeTUTD, YTO Jist JIFO0Oi & INTUBHOI IENOYKHU CIpa-
BeJUTHBBI HEPABEHCTBA a; < 2°, B 4eM MOJKHO yOejuTCs, TPOBeIs WHILYKIIHIO.
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Basza uH/yKIiuu O4YeBHHA, & WHIYKIMOHHBIN I1ar 0G0CHOBBIBACTCsI HEPABEH-
CTBOM
a; = aj +ap <20+ 28 <27 4ot = 9l

U3 nepasencTBa n = a;(y) < 2" creyer, aro I(n) > [logyn] = A(n), camBou
[z] B B mocienHeil dbopMysie 03HAUACT HAMMEHBINEE 1I€JI0€ YHCJIO0, HE MEHb-
mee x. Bojlee TOHKNe HIZKHUE OLEHKH YHTATesb MOXKeT Haiitu [9] (BMmecTe ¢
Maccoii pyroit nrdopMarum 06 a/JINTUBHBIX [EI0YKAX U He TOJIBKO O HUX), HO
OHU JIOKA3BIBAIOTCSL HEIIPOCTO, & 110 CBOEH TOYHOCTH HEHAMHOIO [IPEBOCXOJST
JIOKA3aHHYIO TI0YTH OYEBUJIHYIO OIEHKY.

Nurepecno, 4To GUHADHBLIA MeTOJ ObLI 1O CYILIECTBY U3BECTEH JPEBHIM
MHJLyCaM, IIOTOM ObLI IIEPEOTKPBIT apa0CKUMH MaTeMaTHKaMu, HO 3ajada O
TOYHOM Bbrunciaennn Gyukunuu [(n) nossuiack (cormacuo [9]) B ogrom dpan-
Iy3CKOM 2KypHaJie B 1894 r., moToM 3aHOBO ObLIa IIEPEOTKPLITA B TPH/IATHIC
rozier B [epMami, i HEOJHOKPATHO NePeOTKPHIBAIACH B Aasbheiinem?) | 1o 10
cux 1op B o0mieM ciydae He perneHa. He U3BeCTHO jake, CyIIeCTBYeT JIH aJl-
FOPUTM TIOJTUHOMUATBHOMN CyioxmocTu®) st Bhraucienns dbynkmun [(n). He
PEIIeHBI TaKzKe MHOTHE JIPYTHe 33/a491 00 a/UINTUBHBIX Ienovkax. Hampumep,
HEHM3BECTHO, BEPHO JIM PABEHCTBO

(2" =1)=n+I(n)—1

(rumoresa [osba). Hekoropeie ecrecTBeHHBIE TUIIOTE3BI 00 A INTUBHBIX 1€~
[IOYKaX OKa3aJuCh HEeBEepHBI. 3a mHpopMalnueil 00 BCeM 3TOM MBI OTChLIAEM
yuraress K |9] — eamHCTBEHHO! mOKa MOHOrpaduu Ha PYCCKOM sI3bIKE, e
€CTh pa3iell, HOCBSIIEeHHLIA aIIiTHBHLIM IEIIOUKAM.

Hanny4dinas 3 o6mux BEpXHUX OLIEHOK ObLIA JOKA3aHa B TPUALATHIE TOILI
A. Bpayspom 1 umeer Bu

L OBOGMm)))
Am) (HA(A(n))+ (AA(m))? >

Ona BbITEKaeT 13 CJIEYIONell TeOPeMbI, eCJin B Hell MoIoKUTh k = A(A\(n)) —

—2XA(A(A\(n))).
TEOPEMA 1 (A. BPAYDP). Ilpuk < logylogy n cnpasedauso nepasercmeo
I(n) < (1+1/k)[loggn] +2F1 —k+2.

JOKABATE/JILCTBO. llpencraBum n B mBOMYHON 3amucu
m
n= Z ai2i,
=0

2 Hanpumep, Ha py6exe 50-x n 60-x romoB aBasaaToro Beka B Mockse P. Baabckum.

3910 o3Hauaer, 4TO BpeMs PaBGOTBHI AJITOPHTMA OIPAHMYEHO HEKOTODBIM IOJMHOMOM
ot logn.
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Puc. 2. Anbppen Bpaysp

e o; = 0 wm 1, m = [logy n|. Beutesum B Habope («v, . . ., amy,) He Gosee
m+1 m+1
yeM [Tl HelepeceKarmmuxcst 6J10koB Ag, ..., Ag, s < (TL CJIE Ly FOTITM

obpazom. Kaxkprit 6,10k cocTouT u3 He 6ojiee ueM u3 k IoApsi/t UAYIIUX TUdp U
3aKaHIMBAETCs eIMHUIICH, KpoMe 6JI0Ka Ag, COCTOSIIEro us3 crapiux k nudp,
a BHe OJIOKOB CTOSAAT TOJLKO Hymau. ducia ag,...,0s, JBOMIHBIMEI 3aIIACIME
KOTOPBIX ABJISIIOTCA 9THU OJIOKU, HE MPEBOCXOIAT 2% — 1 u Bce HEYETHBI, KPOME
BO3MOXKHO @g. Torma n MOXKHO IPEJICTaBUTH B BHUJIE

n = 2l (211 .. (215*2 <215*1 <2lsas + as,l) + as,g) +...+ al) + ao) ,

rme ls +1ls1+...+1lg = m+1— k. Bece uncna ag,...,as_1 comepkarcs B
aJUIITHBHOI 1enouke 1,2,3,5,7,...,2% —1 mumer 2871 4+ 1. Ecom ancio ag me
CONEPIKUTCST B 9TOH IEIIOUKE, TO €r0 MOXKHO IOCTABUTH B €€ KOHEIl, BITUC/INB
KakK as = (as — 1) + 1. Ilosromy mjist BBIYMCIIEHHS N JIOCTATOYHO JT00ABUTH K
3TOH TEMOUKe MOCIIEI0BATETHFHOCTE

Qs, 2(15, 4@5, R 2lsa87 2lsa’8 +as—1,
2 (215(18 + as_1> , 4 <2lsas + a5_1> ey
2le—1 (213(13 + asfl) 72l571 (QZsas + asfl> +as—2,...,
ols—2 (213—1 <2lsa5 + a5—1) + a5_2> ,
oh ( .. 2bs=2 (2l5*1 (ZZSas + as,l) + aS,Q) + ...+ al) +ag, ...,

2l (211 ( L Qls2 (213‘1 (218% + a5—1) + a5_2> +...+ a1> + (10) ,
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JJIMHA KOTOPOI paBHA
ls+ls14+...4+lg+s+1=m+2+s—k.

ITosTomy

l(n)<2k_1+l—|—m+2—|—s—k‘<m+2—|—{mT—H—‘+2k_1—k.

MoxkHo cunrars, uro n # 2™, Torga m + 1 = [logyn| n
I(n) < [logyn] (14+1/k) + 281 — k4 2.

[lorsaTHe aaIUTUBHON NMENOYKN MMEET HEKOTOPhIE eCcTeCTBeHHBbIe 0000IIIe-
Hus. Hampumep, n3ydasnch MenodKy ¢ BeIYuTanusiMu. MozKHO paccMaTpuBaTh
LEHMOYKH C PA3JMIHBIMUA OTPAHUYEHUSIMU, HAIIpUMeD LEIOYKH, B KOTOPBIX 3a-
IIPEIIEHBl YJIBOCHUA, NN IIEIIOYKN, B KOTOPBIX Pa3periacTcs CIOXKEHU TOJIbKO
CJIJIYIOIIEr0 TUMA djt+] = G; + G, HO YIBOEHHs paspelneHbl. Takue mernouku
HA3bIBAIOTCSL JIMHEHHBIMUI, O HUX B [9] IMOoKa3aHbl HHTEpECHBIE TeopeMbl. MoxkK-
HO pacCMaTpUBaTh TaK>Ke Pa3JIMIHbIC MEPbI CJIO2KHOCTU aJJJUTUBHBIX IIECIIOYECK,
OTJIMYHBIC OT UX JJINHDBI. O,ILHO N3 eCTEeCTBEHHBIX O6O6HL€HI/IIU/I AJJIUTUBHBIX I1€-
IoYeK OyJIeT PacCMOTPEHO B CJIEAYIOIIEM Pa3Jielie.

2. CJIOYKHOCTDb BBIYNCJIEHUS CYMM

Beesem cnemyromee onpegenenne. Bexmophaa adoumuehas 4enouka — 3To
[0CJIEIOBATE/ILHOCTh BEKTOPOB, HATMHAIOINASICS ¢ €IMHUIHBIX OA3MCHBIX BEK-
topos (1,0,...,0), ..., (0,...,0,1), B KOTOpPOi KaxKJblil CJeIYIOMUii BeK-
TOP MOJIy9aeTcsl CJAOXKEHHeM JBYX HPEIbLIYIX BEKTOPOB (He 00s3aTesbHO
HEIOCPE/ICTBEHHO TIPEJIINIECTBYOIINX ), WM YBOEHIHEM KAKOI'O-TO HPEeIbIILyIIe-
ro Bekropa (T.e. npubasjienneM ero K camomy cebe). CII0KHOCTBIO CHCTEMbI
BEKTOPOB HasblBaeTcs jiynHa (6e3 yuera 6a3UCHBIX BEKTOPOB) KpaTdaiimieii me-
[OYKH, CoJlepKallell 9Ty cucremy (ecim B cuCTeMe HEKOTOPbIe BEKTOPa COBIIA~
JIAIOT, TO TPEOYETCst, 9TO0BI B HEIIOYKE COJEPIKAIUCH BCE PA3JIMIHBIE BEKTODA,
Berpevaronuecs: B cucreme). Oboznaunm L(p, ¢, N) HaubOJBIIYIO CJIOXKHOCTH
CHCTEMBI, COCTOSAINNX U3 P BEKTOPOB Pa3MEPHOCTH (¢, KOMIIOHEHTBI KOTOPBIX
npunaexkar muokecrBy 0,1,..., N — 1. Dra BeJnunHa COBIAJAET C HAU-
GouibIieit addumueHoli ca0HCHOCMbI0 CUCTEM P JIMHEHHBIX (DOPM OT ¢ Tepe-
MEHHBIX ¢ HATypaJabHbIMU Ko dunmentamu, menbmmmu N, 1 ¢ HanOOJIbIIei
MYAMUNAUKAMUEHOT CAOHCHOCTBIO CUCTEM U3 P OJHOUICHOB OT ¢ TI€PEMEH-
HBIX,BXOJISIIUX B HUX B cTeneHsax, Menbmux N. IToj ajquTuBHON U MyJIbTH-
[JTMKAQTUBHON CJIOYKHOCTBIO 3JI€Ch MMOHUMAETCs CJIOXKHOCTD PEAJU3aIil COOT-
BETCTBYIONIEH BEKTOP-(DYHKIMNA CXeMaMé 13 (PyHKIMOHAJILHBIX 3JIEMEHTOB B
6asucax {z + y} u {z -y} coorBeTCTBEHHO (CM. COOTBETCTBYIOIIHE OIIPEieie-
HUsI B CJIEJIYIONIEM pasjelie).
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H. Munmenmxep [24] mokasan, uro mpu w < N°Y)| rre w = max(p, q),
v = min(p, g),
L(p,q, N) = vlog N + — [ 1+ 0 ( eelel v +O(w)
P9 log H log H ’

rie H = pqlog N. Orcroma ciiejlyer, B 9aCTHOCTH, JIOBOJIBHO HEOXKUTAHHAST TEO-
pema fo o ToMm, YTO JIMHA KpaTdaliield aJIuTUBHON IEMOYKH, COJepyKaIei
HECKOJIBKO 33/IaHHBIX YHCEJI, aCHMIITOTUYECKHN paBHa JJIMHE KpaTdaiInei Ie-
[TOYKHU, BLIYUCIAIONIEH HAMOOIbITee U3 HUX, €CJIU TOJIBKO ITUX UUCEJT HE CJIMII-
koM MHOrO (cM. [9]).

Ouenku [Tunmen prepa B [4] Z0M0THEHBI 1 yTOYHEHBI CJIELY IOIIUM 00Pa30M:

L(p’qu)+p:L(q7p,N)+q’ GCJII/I’ll)}NUfo]_, TO L(pvQ7N):NU7
—v—14(w—p),ecmmw < N —v—1, 10

1/2
L(p.q,N) = vlog N + 2 1+0<1oglogH> +(2+ | >w_p.

log H log H log H
Hloglog H
npudeM 1pu v log N > % CIIPaBEJIJINBO PABEHCTBO
og
H loglog H
L N)=wvlogN + — (1 —_
(g, N) =vlog N + (= ( +0< o I >)

ecim w < NV, To

H loglog H 1/2 1

YacTHBIM CJlydaeM PacCMOTPEHHOI 3a/1auu SIBJISIETCs 3812498 BbIYUC/IEHIs CU-
cTeMBbI CTeleHeil ojiHoil lepemennoit ™ . . ., ™ nocrasiennas /1. Kuyrowm [9).
O6osuauum [(ny,...,npy) COOTBETCTBYIOILYIO CJIOXKHOCTH BBIMHCJICHUS CHCTE-
MBI JUHEHHBIX popM or omuoil mepemennoit. [lomoxxkum N = maxn;, H =
= log(n ...ny). Torna npuBeeHHbIE BBIIIE PE3YILTATH MOKHO yTOUYHUTH CJle-
JytomuM obpaszoM [4]:

1/2
H loglog H
< - = e
l(nl,...,np)\logN—i—log 1+O< og > + O(p).

B kHure JiIs1 10/[rOTOBKY K MaTeMaTHIecKuM osumMinaam [12] B 13-it ria-
Be uMeeTcs noadbopka 3amad « ClI02KHOCTE CYMMUpPOBaHusi». B Heil umer pedb o
CJIO?KHOCTHU BLIYMCJICHUS JIMHEHHBIX TPeodpa3oBanmii ¢ OyJIeBbIMI MATPUITAMA
nay nosiem {0,1} B 6asuce, cocrosiieM u3 OJHON onepanuu & O y — CJIOXKe-
HHS 110 MOJIYJIIO JBa. [IoBTOPSATH (DOPMYJINPOBKHU 3TUX 3aJa4d BPAJ, JIU 31ECh
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YMECTHO, HO UMEET CMBICJI IIPUBECTH (DOPMYJIMPOBKU HEKOTOPBIX GoJiee obImmx
yrBepxKienuii u3 [4]. Besimauna L(p, q, N) nasee Ta e, 9T0 U BBIIIIE.

CrpaBeyIMBbI HEPABEHCTBA

L(paqu) < L(p7ang2 N—‘72)7

u 271 1100010 8 < ¢
L(pa(LN) < (S— ]_)p—}—sN’—q/s]

Bropoe HepaBeHCTBO JIOKA3bIBAETCS TPUMEHEHHEM BEHTUJIBHONW KOHCTPYKIUU
Jynanosa [11]. @opmaibHo 3TOro Hepasercrsa B [11] Her, Tam ecTb 110106-
HBbIE HEPABEHCTBA /I CJI0KHOCTH BEHTUJIBHBIX CXE€M, HO U3 OIEHKH JIJIs BEH-
TUJIBHBIX CXEM BBITEKAET OIEHKa JIJIsi PACCMATPUBAEMBIX CXEM B CHJIY MTOYTH
ouesuHoro Hepasencrea C(p,q,N) > L(p,q,N) + p, u KOHCTPYKIHsl JJisi
BEeHTHJILHBIX CXeM 0€3 CYIeCTBEHHBIX M3MEHEHUil IEPEeHOCUTCS U Ha, PACcCMaT-
pHUBaeMble HAMU CXeMBI. UTOOBI HE OTBJIEKATHCS B CTOPOHY, MbI HE OY/IEM 3716Ch
paccMaTpUBaTh BEHTUIBHBIE CXeMbI. B 9eM COCTOUT 3Ta KOHCTPYKITHsI, MOXKHO
HOHSTH, TOCMOTPEB B [4] mitu [11], HO MOKHO M IIPOYUTATH PEIEHHsT COOTBET-
crBytonwx 3a1a4 u3 [12]. Crporo rosops B [11] paccmarpusascs ciydait N = 2
U PACCMATPUBAJIKCH, TaK CKA3aTh, IN3bIOHKTUBHbIE BEHTUIbHBIE CXEMBI, a HE
BEHTUJIbHBIE CXEMBI 110 MOJLYJIIO J[BA, KOTOPBIE H0JIee MOJXO/IST K PACCMATPUBAe-
MO CUTYyalll¥, HO MPUHITUIIHAJIBFHOTO 3HAYEHU 3TO He nMeeT. B ciayyae N = 2
M3 yKa3aHHOro HepaseHCTBa 1pu Bbibope s = ¢/(logy p — logy logy p) + O(1)
uMeeM

L(p,q,2) < 2L (14 QUogalogsp) )
logy p logy p

Ecau ¢ > p, To B cuity paBercrsa L(p, q,2)+p = L(q, p, 2) +¢ 5T0 HEpaBeHCTBO
MOYKHO YCUJIUTH JI0

L(p,q,2) < 24 (14 QUoealorad) )
logs ¢ log, g

B obmmem ciydae, ecan nooxuTh w = max(p, ¢), v = min(p, q), T0

L(p,q,2) < —~ <1 + OU%Ingw)> ‘

= logy w logy w

3ameTuM, 9TO W3 YIOMSIHYTOI BbIIle TeopeMbl llummenmkepa ciemgyer
aCUMITOTUYECKN TOYHBINA pesyjapTaT

1/2

H loglog H

L )=v+——|14+0 | —— O(w

g2) =vt o | 1+ og H + O(w),

rne H = pq.
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2.1. JIEMMA O TPAHCIIOHMPOBAHUU MATPUII

IIpocreiimuit BapuaHT 9TOH JIEMMBI COAEPXKUTCSA B (DOPMYIUPOBKE 3a71a-
qn 16 u3 mukiaa «CiokHOCTh cymMmMmupoBanusi» 13-it rorasl kauru [12]. Cdop-
MYJIIPOBaTh €€ MOYKHO CJIEYIOIIIM 0OPa30M.

Iyemv A — mampuya u3 nwyset u eQuHUY, 6ce M CMPOK U N CMOAOUOS
komopot nenyaesve. Obosnawum L(A) caoorcnocmov sviuucaernus onpedense-
MO020 2motl mampuyel aunetinozo npeobpasosanus AX 6 basuce {x+y}. Tozda
L(A) +m = L(AT) +n, 2de AT — mpancnonuposanmnas mampuua.

Wcropusi MHOTOKPATHO TEPEOTKPBIBABINEHCS JIEMMbBI O TPAHCIIOHUPOBA-
min?) BocxoauT, Kak yTBepKIaI0T (PPAHILy3CKHe aBTOPbI, K paboram Tesurere-
Ha 00 9JIeKTpHYecKuX nemnsx. Vcropudeckuit 0630p umeercs B [19]. B nem BbI-
parkaeTcst COMHEHUE B ITPABOMEPHOCTH IIPUIMCHIBAHUST I€CTU OTKPBITUS ITOMI
JieMMbl TeJjutereny, u yKa3bIBaeT, YTO BEPOATHO, OHa npuHa ekt Ouipyaana
(1973 1.), KOTOpBIl ee PACIPOCTPAHUII U HA CXEMbI JIjisi OUJIMHEHHBIX 11peos-
pasoBaHuii. PasHbie BApUAHTHI JIEMMbBI O TPAHCIIO3UIINYA U HEKOTOPbBIE UX IPU-
Menenusi 6bun ykazanbl B 1980 — 1981 rogmax B paborax OsmBoca u Kuyra —
[MamauMuTpuy, n3JI0xKeHne KOTOpbix MOXKHO Haiitu B [9]. B 1981 romy semmy
0 TpaHcrno3unun nory4dmi rakzxke B [14] A. @. CunopeHko.

YKazkeM HEKOTOpbIe MPUMEHEHHUsI JIEMMbI O TPAHCIIO3UIUN (MMEIOIIIecst
B [4, 12]). Tlepsoe 3akmouaercs B BbIBoJe pasencrsa L(p,q,N) + p =
= L(q,p, N) 4+ ¢ ¢ nomoIpo Koroporo B [4] 1mosryueHbl HEKOTOPbIE yTOUHEHUsI
pesynbraros [Tunmenzkaepa (24|, npudem Tak Ha3bIBAEMbIl « TPY/IHBII CJrydaii»
Teopembl [urienzxepa cBOUTCA K HECJIOXKHO JIOKa3bIBaeMoit MeTojiom Bpay-
spa onenke Crpayca (cm. [4] mmm [9])

L(p,q,N) <p (1 + %) [logy N1+ 2'q + pg.

Ta ke ujest MO3BOJISIET JIETKO JIOKA3aTh YIOMWHABIIYIOCS BhIIEe Teopemy lo.
QDakTUIECKN TaK 2Ke, HO 6e3 sIBHOI'O MPUMEHEHUsI JIEMMbI O TPAHCIO3UIINH,
reopema 7o gokazana B [9)].

Bropoe npumeneHne JieMMbl O TPAHCIO3UINY, YKa3aHHOE B [4], cBsizaHO ¢
BBIBOJIOM pasenctsa L(B,,) = 2"t —2(n+1), rae B, ects (n,2" —1)-marpuna,
CTOJIOITBI KOTOPO#l 0O0pa30BaHbI BCEBO3MOXKHBIMU Pa3InIHbIMu Habopavu (0 u
1 gnuubt n. s TpaHCTIOHUPOBAHHON MATPUITHI Bg PaBEHCTBO L(Bg )=2"—
—n—1 oueBuHo. Hy2kHO€ HAM PABEHCTBO CJIE/IyeT U3 HETO € TIOMOIIBIO JIEMMBbI
o tpaucnosunuu. Marpuinia B, nnrepecHa TeMm, 4TO OHa OIIPEJIEJIsIeT MATPHUILY
oneparopa IOHuCKa OmMOKKM B Koje XIMMUHra (€cau ee paccMaTpUBaTh Hajl
noJieM u3 JByX 3jemMeHToB). Eciin u3 u3 marpurisl B, BLIGPOCUTE BCe CTOJIOIBI
C OJTHOU €JIUHUIIEN, TO TOJYIUTCS MATPHUIA KOJUPOBAHUS JJIsI KOJA XIMMUHTA.
Ee C/I03KHOCTH HAXOJUTCST aHAJIOTHYHO, U OHa pasHa 27T — 3n — 2.

n aBTOP ITOH CTATHU TOXKE €e MepPeOTKPHLT B 1985 .
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3. CXEMHAS{ CJIOKHOCTH BBIYUCJIEHU S OYHKIINN

3mech OyayT mamo obIee OmMpesesieHne TOHSTUSI CXeMHOHM CIOXKHOCTH U
YKa3aHbl HEKOTOPbIE KOHKPETHBIE TPUMEPHI.

Basucom HasbiBaeTcsi MPOM3BOJIBLHOE MHOXKeCTBO B dbyHKIwuii (oneparuii)
w: E™ — FE, b1 apryMeHThbl U 3HAYEHUsT TPUHAIEXKAT JTIOOOMY 3aaHHOMY
mHO)KecTBY F (comepxkaiieMmy XoTsi Obl J1Ba 3JIeMEHTa).

Cxemoti B 6a3mce B HA3bIBAETCS TPOU3BOJIBLHASI [TOC/IEI0BATEIBHOCTE (DYHK-
it f1(X), ..., fren(X), X = (21,...,2,), B KOTOpPO#i 11€pBBIE N PYHKIMI
onpefensiorcss papeHcrBamu f;(X) = z;, a Kaxas ciaeayomas QyHKIHs
f1(X) BBrUHCIASIETCS UEpe3 HEKOTOPBIE M3 IIPEIbILYIUX ¢ HOMOIIBIO OTHO 13
6azucHbIX onepanuil wg, k = k(1). CxeMbl HHOT/Ia HA3BIBAIOT HEGEMEAULUMUCH
npoepammamus. Caosrcrocms cxeMbl — 510 uncio L. Oyukmus [ peasusyemcs
cxemoit S, ecm f paBHa Kakoit-To m3 dyukmmit f; cxemsbr S. Caoorcrocmvio
(cxemmoti pearusayuu) dbysxmun f HasoseMm unciao Lp(f), paBHOoe HanMeHb-
el U3 ciaoyKHOCTeH cxeM, peanusytomux f. Bce BBejieHHbIE onpejiesieHust ec-
TECTBEHHO PACHPOCTPAHAIOTCS Ha CJIydail peannsanuu eexmop-gyrkyud (one-
pamopos E™ — E™). MoxKHO Tak:Ke II€PEHECTU ITU OIPeJIeJIeHNs] Ha CJIydail
6a31MCOB ¢ MPOU3BOJILHBIMY HEOTPUIIATETLHBIMY BecaMu 1eMeHTOB. CIoXKHO-
CTBIO CXEMBI TOTJIa HA3BIBAETCS CyMMa BECOB, BXOJAIIUX B CXeMY OA3UCHBIX
9JIEMEHTOB.

Cayuait E = {0, 1} orHOCHTCs K ajrebpe JIOMMKH, TJIe BIEPBbIE B MaCCOBOM
KOJINYECTBE MOSIBUJIMCH 334U O CJI0KHOCTU BbIYHMC/IeHUs (DYHKIHi (CM., Ha-
npumep, [10]). @ynkimn, 0 KOTOPLIX B 9TOM CJIydae UIET Pedb, HA3BIBAIOTCS
Gynesbivu. B ciaygae E = {0,1,...,k— 1} upu k > 2 peub ujer o CJI0XKHOCTH
BBIYUC/ICHUs (DYHKIUN MHOTO3HAYHON JIOTUKH.

B cayuae E = [0,1] wimm E = R MoxkHO paccMaTpuBaTh U 6A3UCHI, COCTOSI-
mye 13 HenpepbIBHbIX dDyHKIuit. Eciu B kagectse B B3sath {x—y, +y, 2y }UR,
TO B TEpMHHaX CJIO2KHOCTH CX€M B 3TOM 6&3HC€ MOZKHO CCbOpMy.HI/IpOBaTb MHO-
rUe pe3ybTaThl aaredbpandeckoil TEOPUH CJIOXKHOCTH, HAIPUMEDP Pe3yJIbTAThI
0 CJIOKHOCTH BBIYUCIEHWST MHOTOUJIEHOB, B TOM YHCIE W 00 aJTATUBHON U
MYJIBTUIIHKATUBHON CJIOKHOCTH, O CJIOXKHOCTH TaK HA3BIBAEMBIX MAPAJLICTh-
HBIX BBIYUC/IEHUI, O CJIOXKHOCTH yMHOYKEHUsI MATPHUI[ U T. 1. (CM., HAIpUMED,
[2,9,20,22,23]).

OueBuHO, ITO TIOHSATHE CXEMBI B CIydae Da3mca, COCTOSIIIETO U3 OMEPATIHIH
CJIOXKEHUS W eJIMHUIIbI, [TPEBPAIIAETCsI B IOHATHE aJ[JINTUBHON IIEIIOYKH.

[TpuBenem mpuMepbt 338, Ha, IEPBbIH B3IJIA HE CBSI3AHHBIX C PACCMATPHU-
BaeMOIl MOCTAHOBKOM, HO KOTOPBIE JIOMYCKAIOT MEPeOPMYJINPOBKY B €€ TEPMU-
Hax. HekoTopbie m3 9Tux 3a7a9 (paKTUIECKH OBLIN U3BECTHBI JIOBOJBHO JABHO.

TakoBoit siBIsIeTCS M3BECTHAS B (POTBKIOPE 387898 O TOCTPOCHUH TTOCIe-
JIOBaTEJILHO-TIAPAJIIEJIbHBIX CXeM (Tak HasblBaeMblX [I-cxeMm) n3 eJuHUYIHBIX
PE3UCTOPOB, UMEIOITAX 33JIAHHOE COMTPOTUBJIEHUE U COJIEPKAIINX MUHUMAJIHLHO
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BO3MOYKHOE MX YHCI0. DTa 3ajada CBOJAUTCH K 3aJ1a4€ O BHLIYMCJICHUN MEPBI
cioxuoctu Lp(r) gssr € Qp u B = {x +y,1/(1/x + 1/y)}. Pacupocrpa-
HEHHOE MHEHUe, OY/ITO OHa JIETKO PEITaeTcsT PA3JIOKeHNeM T B IEMHYO IPOOb,
HEBEPHO; HAJ0 UCIOJb30BAThH TAK HA3LIBAEMBIE GEMBAUUCCA UenHbie dpobu, n
BCE K€ SIBHO BBIYUCJIMTBL 3Ty MEPY CJIOKHOCTH He yjaercd. VHTepecHble pe-
3yabTaThl 110 9T0it 3asade nomyamt O. M. Kacum-3aze (8] (cm. Takxke [3,5]).

Jpyrum npuMepoMm sIBJIsieTcs 3aa4a 0 HaXOXKJICHIH MAHUMAJILHOTO YHCTIa
OPSIMBIX U OKPYKHOCTEIH, KOTOPBIE HAJIO IIPOBECTH IUPKYJIEM U JIMHEHKOI (rin
TOJIBKO OJTHUM IIMPKYJIeM, Kak B mocTpoeHnssx Mopa — MackepoHi), 9T00b! BbI-
MOJIHATH JAHHOE MJIAHUMETPUIECKOE TOCTPOEHNE. DTa, 331848 ObLIa IOCTaBJIC-
Ha B 19-M Beke JleMyaHOM, HO B OIIPEIEJIEHHOM CMBICJIE €€ UCTOPUSI HAUMHAETCST
B pesmeit ['pernu. [Tpu HEKOTOPBIX €CTECTBEHHBIX OIPAHNIEHUSTX HA TIPOBOTH-
Mble [IOCTPOEHUS] OHA CBOJMUTCS K BBIUUCIEHHIO (C TOYHOCTBIO JI0 TIOPSIIKA) Me-
pbl cioxuocru Lp(F) Bekrop-byuknun F B 6asuce B = {x +y, xy, x/y, /x}.
Hanpumep, ecim 3a/1a0 e TWHUYHBIA OTPE30K, U HAJIO MIOCTPOUTDH OJTHY TOUKY, TO
B KadecTBe F' MOYKHO B3SITh BEKTOD, COCTABJIEHHBIN M3 JBYX MOJOXKUTETHHBIX
KOHCTAHT. EcC/im MOJIOXKUTH Beca palMOHAJBHBIX omepaluii B 6a3uce B pas-
HBIMU HYJIIO, TO TOJYYUM 3aJ1a49y O TaK HA3BIBAEMON UPPAIMOHAIBHON CJIOK-
Hoctu? .

B zaksrouenue paccMOTPHUM BOIIPOC O CJIOXKHOCTH MEOMETPUYECKHUX TIOCTPO-
ennit 6oJiee MOIPOOHO.

4. CJIOYKHOCTb 'EOMETPUYECKUX I[TOCTPOEHUN

JlomycTuM, 9T0 Ha IJIOCKOCTH JIAHO HEKOTOPOE MHOXKECTBO TOYEK, IPSIMBIX
1 OKpy2KHOCTell, KoTopoe obosnaunMm My. HazoBeMm nocmpoenuem yupky.sem
U Aunetixot ipu 3amaHaoM My JI00yIO MMOC/IeI0BaTeIbHOCTE MHOXKECTB M),
My, ..., My, nagunatornryiocs ¢ My, n Takyo, 9TO KaxKI0€ CJAEIYIONee MHO-
2KecTBO M1 moIydaeTcs U3 MpeablayInero Muoxkecrsa M; mobasyienuem ju60
HEKOTOPOI MPSMOIi, MPOXOJIAIIEH dYepe3 KaKue-To JIBe TOYKH U3 MHOXKecTBa M,
JInOO OKPY?KHOCTH C IIEHTPOM B KaKOI-TO U3 TOUEeK MHOXKecTBa M; 1 paguycom,
PaBHBIM J/IJINHE HEKOTOPOT'O OTPE3Ka C KOHIIaMH B TOYKaX U3 Mi, a TaK>Ke BCEX
TOYEK IIepecedeHust J0OaBIeHHON JUHUN CO BCEMU JIMHUSIMU U3 MHOXKeCTBa M.
Yucno L vazoBeM cao0oichocmovio 9mozo nocmpoerus. Caodcnocmvio nocmpoe-
HUA MHootcecmsea M ToUeK, OTPE3KOB U OKPYKHOCTEl U ITPSIMBIX [IPU 38 [aHHOM
My HA30BEM MUHUMAJBHYIO CJIOYKHOCTH Takoro nocrpoenus My, My, ..., My,
JIJIsI KOTOPOTO MHOXKeCTBO M, COMEp:KUT BCE MpPsMbIe W OKPYKHOCTH u3 M,

5)O,£LH3,KO BBICKa3aHHOE B [6] yTBep:KIeHne 0 TOXKIECTBE MPPAIMOHAILHON CII0KHOCTU M
HANMEHBIIETO YNCjIa TPUMEHEHNI MUPKYJId B IJIAHUMETPUIECKOM IIOCTPOEHNHN HEBEPHO, TaK
Kak corviacHo TeopeMe IllTeiinepa j11060€ IOCTPOEHNE MOXKHO BBIIOJHUTH OJHON JIMHEHKOIL,
ecyIn 3a/1aHa OKPYZKHOCTB C IIEHTPOM.
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BCe TOYKHU U3 M ¥ KOHIIBI BCEX OTPE3KOB U3 M. AHAJIOIUYHO OILpEIE/IseTcst
CAOINCHOCTID NOCTPOENUA OOHUM YUPKYAEM.

Boubrrast mogbopka 3a/1a 0 CI0KHOCTH FeOMETPHIECKUX IIOCTPOEHNUIT IIPH-
Besiera B [5]. lasee nmpuBossTcst HeKOTOpBIE 3a1a4n u3 [5.

SA,ZLA‘{A 1. HyCTb JaH eIUHUYHBI OTPE30K (TOque, JaHbl TOJIBKO €ro
KOHIIBI). Jlj1st J1I060r0 HATYpPAIBHOIO 1 MOXKHO HOCTPOMTH OJIHUM IIMPKYJIEM
OTPE3KH JUIMHLI 1 1 1 /1 CII0KHOCTBIO He 6oJtee

logsn <1 2logslogslogs n + O(l)>

3logzn
g3M + logs logg n logs logg n

CJIO}KHOCTI: IIOCTPOCHHUA OTPE3Ka AJIMHBI 77 OJHHUM TOJBKO HI/IpKYJ'IeM HE MEHb-
VE+1
2

me |log, (n+1/2)], t71e ¢ = . MoxHO pa3ziesinTh OTPE30K Ha 1 PABHBIX

qgacTei OJJHUM IUPKYJIEM CO CJIO2KHOCTDBIO HE 00JIbIIIE

logg n 1 2logs loggloggn + O(1)
logg logg n logg logg n '

n + 3logsn +

CJI02KHOCTB pa3/ieJIeHus] OTPe3Ka OJHUM [UPKYJIeM Ha n PaBHBIX 4dacTeil He
MeHblre 1 — 1.

YKABAHME. JloKa3aTebCTBO OCHOBAHO HA HCIOJIb30BAHUYM METOJIa aJI/[Vi-
TUBHBIX [EIIOYEK, TPOUTHOI CHCTEMBI U CJIE/LYIOIIEH JIEMMBI:

MOXKHO TIOCTPOHUTBH CO CJIOXKHOCTBIO He Gosiee 4n OJJHOM IUPKYJIEM TaKoe
MHOKECTBO TOY€EK, ITO CPE/M OTPE3KOB C KOHIIAMHI B 9TOM MHOXKECTBE Haii [y T-
cst oTpeskn ¢ jymaamu 1,2, ..., n?.

Bamernm, YTO €C/M OTPE30K JiaH IOJHOCTBIO (& He TOJBKO ero KOHIBI),
TO B OIIEHKE CJIOXKHOCTH 339l Pa3/IeJIeHNs] €ro Ha N dacTeil MOXKHO IIepBOe
cyraraeMoe 1 3aMeHHuTDb Ha /2.

B ciydae n, paBHOTO cTeneHn JBOKY, YTBEPXK/CHHIE 3a/1a49i | MOXKHO Cy-
IIECTBEHHO YCHUJIUTD.

BAJAYA 2. [lycrs 3a/ia8 e uHIYIHBIT 0TPe30K. MOXKHO IOCTPOUTD IUPKY-
JIeM OTPEe30K JINHBI 27" €O CJIOXKHOCTBIO He bosee

logan (2logs n) (logy logy logy n + O(1))
log, logy n (logy logs n)? ‘

2logyn +

IIpy n = 2™ 3TOT OTPE30K MOXKHO HOCTPOUTH CO CJIOXKHOCTBIO 2logym + 4.
MoxkHO paz3ieuTh JAaHHBI OTPE30K Ha 2" paBHBIX YaCTell OJHUM IUPKYJIEM
CO CJIOKHOCTBIO He Gosee 2" 1 + 9, ecrm 1anm Bech OTPE30K, a He TOJILKO €ro
KOHITBI.

YKA3BAHUE. Jloka3aTe/ibCTBO OCHOBAHO Ha HCIIOJb30BAHUH &JJIUTUBHBIX
IICIIOYEK U CJIEYIOIIEeH JIeMMBI:

ecau darn ompesok daunv, & < 1, MO MOIHCHO NOCMPOUMD CO CAOIHCHOCTNDIO
He boaee An 00HUM YUPKYAEM MAKOE MHOACECMEO MOYEK, UMO CPeil Ompesr06

C KOHUAMU 6 3MOM MHOHCECTNEE H(lU(?ymCﬂ ompesru oaunot Z, i’z ey l’n .
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IIpu ucnosnb3oBaHUN JUHEHKN CJI0YKHOCTH IIOCTPOEHUS, YKAa3aHHASA B 332~
4qe 1, MOXKeT ObITh YMEHbBIIEHA.

BAZLA‘{A 3. MO»XHO HOCTPOUTH OUPKYyJIeM U JIMHEMKOU OTPe3KU JJIMHBL 1
ul / N CO CJIOKHOCTBIO He DoJiee

logy n <1 I 3logy logy log2n+0(1)>

2logsy logg n logs logy 1

U Pa3/Ie/IuTh OTPE30K MUPKYJIEM U JIUHEHKON Ha 7 paBHBIX YaCTEl CO CJIOXKHO-
CTBIO He OoJiee

no logy n 14 3logy logy logy o+ O(1)
2 2logylogym logs logy n '

C0KHOCTB pazfieieHus OTpe3Ka MUPKYJIeM U JIMHEHKONH Ha N PaBHBIX dacTeil
He Menbine |(n —1)/2]. Hdus HekoTOpOil GECKOHEUHOI HOC/IE0BATEILHOCTH
YUCE 7 CJIOXKHOCTH ITOCTPOEHUsI OTPe3Ka JJIUHLI 7 LUPKYJIeM U JIUHEHKOM
boJbIIIe

1 logyn

6 log, logg n

YKA3AHUE. [JokasaTeJbcTBO BEpXHEH OIEHKN OCHOBAHO HA HMCIIOJIH30Ba-

HUU TOrO (PaKTa YTO CJI0XKHOCTH BBIUMCIECHUS IIPOU3BOJILHOTO YKCIa N B basuce

{z +y,zy,1}

7(n) < logy 14 3logs logy logy n + O(l)> 7
log, logy 1 log, logy 1
U CJeAyIonIeil JJeMMBbl:

MOHCHO NOCTNPOUMSB CO CAOAHCHOCBIO HE boaee 4n 00HOM UUPKYAEM MAKOE
MHOHCECTNBO MOYEK, MO CPEIU OMPEZKOE C KOHUAMU 6 IMOM MHOHCECMEE
natidymes ompesku ¢ daunamu 1, 2, ..., n?.

JlokazareIbCTBO HUZKHEI OIEHKU OCHOBAHO Ha MOIIHOCTHBIX COOOPAYKEHUSIX.

B [1] uacTh npuBeeHHBIX BBIIIE PE3YJIBTATOB ObLIA HE3ABUCUMO IOJIyYe-
Ha (B HECKOJIBKO Oosiee caboM BHJIE), IPUYEM OJUH U3 HUX ObLI IIPEJTIOKEH
B KadecTse 3amadn®) ma Beepoccmiickoit ommmmmazne mxombHuKos. Ho B [1]
IOJIy9€HbI U HECKOJIbKO HOBBIX MHTEPECHDBIX PE3YJILTATOB, U3 KOTOPBIX, B 4aCT-
HOCTH, CJIEJIyeT, 9YTO OIleHKa, YKa3aHHas B 3ajade 2, [0 MOPSIKY HeyJlydiia-
emMa. A MMEHHO, TaM MOKa3aHO CYIIECTBOBAHUE TAKOW KOHCTAHTBI €, YTO €CJIH
OTPE30K [UIMHBEL @ IOCTPOEH €O CIIOKHOCTBIO [, To a < 2¢. Ecuu 106aBuTh
K paccyxkjenusim [1| ucnosnpsoBanue jgemmbl Jlangay — Munborra, 70 MOXKHO
oIy auTh oreHky L(a) < 20l, rie L(a) — cymma mojtyieit KoadOUuImeHToB M-
HUMAJILHOIO MHOTOYJIEHA C TIeJIBIMU KO3(hMUIMEHTaMU, KOPHEM KOTOPOTO siB-
nsiercst anciio a. PaxkTudecku, 9To yTBepKieHne B [1] ecThb, HO 10Ka3aTEIBLCTBO

5 Bropoii aBrop — A. 5. Beos — 3ajady Ha OQMMINAILy IPEIAra, a MEPBbIi aBTop —
M. B. AntexaoBud — Oyydn BO BpeMsi OJIUMITUAJIBI IKOJHHUKOM, €€ DeIal.
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He IIPUBEEHO (HO JIOKA3aHO, YTO CTEHEHb STOr0 MHOrOWIEHa He Gobire 20).
Ecnu naiee BoCob30BaThCsI M3BECTHBIMU B TEOPUN TPAHCIEHICHTHBIX YHCE]T
TeopeMaM¥ O TOYHOCTH AMMTPOKCUMAIIIN IHCIA T aaredpamdecKuMI THCTaAME
JIAHHOI CTEeleH! M BBICOTBI, TO MOXKHO JIOKa3aTh, 4TO €Clau |/T — a| < €, 1o
I > O(logy logy 1/€), T.e. cI0KHOCTH TPUBIUKEHHOIO PEIIEHUsI KBAJIPATY Db
KpyTa 10 MOPsJKY He MeHbIIe JBoitHoro jiorapudma ot 1/€, rae € — orHOCH-
TeJbHAS HOIPENTHOCTD MOCTPOEHNsI CTOPOHBI KBaJpaTa, PABHOBEJNKOIO IAH-
HOMY Kpyry. Vcnomnb3yst ajaropuT™ BeIMUCIeHHs 7T u3 [21], MOXKHO BBIOJIHUTH
npubJIMzKEHHOe pellieHre KBaJipaTypbl Kpyra co cioxkuocTbio O(logs logy 1/€)
(eM. [5]). Braunt, 9Ta OIEHKA [0 HOPSIKY HEY/LydIlaeMa.
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Ctporo paBHOOEIpEHHBIE MHOZKECTBA,

0. 1. Nouun

§1. BCTVILJIEHUE

Ha puc. 1 u3o6pazkenbl MeCTb TOYEK — BEPIIMHBI U IEHTP IPABUILHOIO
ISITUYTOJIbHUKA. JII0Oble TpU M3 HUX 00Pa3yIOT PABHOOEIPEHHBIN TPEYrOJib-
uuk. B 1947 rony smamenuTbiii Benrepckuit maremaruk llosr Dpuémn 3aman
CJIEJIYIOIIME JIBA BOIIPOCA.

1. CyrmecrByeT Jin MHOYXKECTBO U3 CEMHU TOUYEK Ha, ILJIOCKOCTH, JIIOObIE TpU
U3 KOTOPBIX SBJISIIOTCS BEPITMHAME PABHOOEIPEHHOIO TPEYTOJbHUKA !

2. KakoBo MakCcMMAaJIbHOE YHUCJIO TOYEK B IPOCTPAHCTBE, JIIOOblEe TPU U3
KOTOPBIX fABJIAIOTCsA BEPIIMHAMMA paBHO6eILpeHHOFO TpeyI‘OﬂbHHKa?
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Puc. 1.

OTrpunare/ibHbIi OTBET Ha MEPBLIN Bonpoc 6bu1 noayuen Kemm [7] B 1948
rony. Kennn takzke mpuBes ClIeAyIONUi IpUMep MHOXKECTBa M3 BOCBMH TO-
9eK B TPEXMEPHOM IPOCTPAHCTBE: MATH BEPINUH W IEHTP MPABUJIBHOTO IIsi-
TUYTOJIbHUKA U JIB€ TOYKM Ha IPAMOMN, NMEPHEHINKYJISPHON TIJIOCKOCTU ISATH-
YTOJIHUKA U IPOXO/JISAIell Yepe3 ero NeHTP; PAcCTOsSHUEe OT 0DerX TOYEK JI0
[EHTPA MATUYTOJIbHUKA JIOJZKHO OBITH PABHO PAJINYCy OINUCAHHON OKPYKHO-
CTH HATUYTOJbHUKA. It TI0OBIX TpeX TOYEK U3 ITOr0 MHOXKECTBA CPEJIN TPEX
MOTIAPHBIX PACCTOSHUI MEXK/ly HUMH €CTb JBa paBHbIX. B 1962 rogy Kpodt
[4] mokazas, 4TO HUKAKOE MHOXKECTBO W3 JIEBITH TOYEK B TPEXMEPHOM IPO-
crpaHcTBe He 00Jsiaaer 9TuM cBoiicTBoM, a B 2006 roxy Kuno [8] nokasas, uaro
J11000€ MHOXKECTBO M3 BOCBMHU TOYEK B TPEXMEPHOM IIPOCTPAHCTBE C JABYMSI

MaTemaTtuueckoe npocseletne, cep. 3, soin. 15, 2011(154-175)



Crporo paBHOOEAPEHHBIE MHOXKECTBA, 155

PA3JINYHBIMU PACCTOSTHUSIMU MEXKJly HUMHU 10700H0 npumepy Kesmm (kopor-
KOe JioKazaTesbeTBo yTBepkKaeruit Kpodra u Kuno nano B [6]). C Tex mop
npumep Kesumn cumraercs pereHneM 3ajiadu IPJENia JJjisd TPEXMEPHOro eB-
KJIn0Ba mpocTpancTa. OpHako, B mpuMepe Kesmm cpen BOChbMHU TOYEK €CTh
TPH, JIeXKAIIKMEe HA OHON MPSMOI, U MOTOMY He 00pa3yIoIie TPEYroJbHUK, TaK
4TO, CTPOTO TOBOPH, ceMb ToueK B B3 — orser 3ajaun dpaénra. B macrosmeit
CTAaThe MBI PACCMOTPUM 38789y IDPJEITa B CTPOTOM CMBICTIE JJIsT €BKJINI0BA
npocrpancrsa E™. Kpome orpesenerns MaKCUMAJIBHOTO YUCIA TOYEK, JIIOObIe
TPHU U3 KOTOPBIX 00pa3yioT PaBHOOEIPEHHBI TPEYTOJIbHUK, MBI IIOMBITAEMCS,
rJle BO3MOXKHO, HAWTU BCe KOH(MUIYPAIIMH C MAKCHUMAJbHBIM YHCJIOM TOYEK.

Mg pacemarpusaem E™ kak MHOKeCTBO Bcex ToueK (BeKTOpoB) u = (ug, ug,
..., Up), TJ€ u; — BelecTBeHHble ynciaa. Feaun X — Helmycroe moJMHOXKECTBO
npocrpancrsa E", To adbdunnoe noanpocrpanctso (X ), IOPOK IEHHOE MHOXKE-
crBoM X, — 9TO MHOXKECTBO BCEX TOUEK BUJIA » . x Gul, Ijie cpeju Kodbdu-
IIHEHTOB (y BCE, KPOME KOHEYHOTO UHC/Ia, paBHBI 0 U cyMMa BCeX HEHYJIEBBIX
koaddunmenros paua 1. Ecim addunnoe nomnpocrpancrso (X) mopoxia-
eTcs KaKUM-HUOYIb MHOXKECTBOM U3 M + 1 TOYeK U He NOPOXK/1aeTCsl HUKAKIM
MHOKECTBOM U3 M TOUEK, TO MbI Ha3biBaeM m = dim X pa3MepHOCTBIO MHOXKe-
crBa X. B gactHoctu, dim X = 0 oznaudaer, 4ro X COCTOUT U3 OJIHOI TOYKH;
dim X = 1 oznauaet, uro | X| > 2 u Bce Toukn MHOXKecTBa X JI€’KaT Ha OIHOIL
IIPAMOI.

Mpr ucnosnb3yem obosHadenue || - || it eBKIMIOBOI HOPMBL U (-, ) JyIst
CTAaHJAPTHOIO CKAJISIPHOTO [IPOM3BE/IeHUsI, TaK uTo ||ul| = /(u, u).

ONPEAEJIEHUE. Hermycroe MHOXKECTBO S B €BKJIMI0OBOM IpocTpaHcTBe K"
Ha3bLIBAETCS PAGHOOEOPEHHDBIM MHOHCECTNEOM, €CIU JJisl JIOOBIX TpeX TOYeK
MHOKECTBa S CpeJin TpexX MOMAPHBIX PACCTOTHUN MEXKIy HUMU €CThb XOTsI ObI
ABa paBHbIX. Eci, KpoMme TOro, HUKakKue TPU TOYKU MHOXKECTBa S HE JIeXKaT
Ha OJHOHM INpSIMOi, TO MHOXKECTBO S HA3BIBAETCS CMPO20 PABHOOEIPEHHBIM.

ITocite nogrorosuTenbHON paboThl B §82, 3 MbI IIPUBEIEM JOKA3aTEILCTBO
Teopembl Bitokxayca [2], ycranasimuBatonieit Bepxuioo rpaauity (n+1)(n+2)/2
JJIsT IUCJIa TOYEK paBHOOEIPEHHOrO MHOXKecTBa B E. DTa rpaHnIia JOCTHATA-
eTcs B pasmepHocTsxX 1, 2, 6 u 8, a JijIs1 cTPpOro paBHOOEIPEHHBIX MHOXKECTB —
B pa3MepHOCTHAX 2, 6 u 8.

B §4 MbI HalieM TOYHYIO BEPXHIOI I'PAHUILY JJIsT TUCIA TOYEK CTPOrO paB-
HOOeIpeHHOTO MHOXKecTBa B E” myst Bcex n < 8, a s n < 6 MBI HaiimeMm Bce
CTPOro paBHOOEIPEHHBIE MHOXKECTBA, PEAJU3YIOIIUE 3TH IPaHUIbI. AHAIOrMY-
HBIE PE3YJIbTATHI JIJIsi pABHOOEIPEHHBIX MHOXKeCTB (npu n < 8 un < 7 cooTBeT-
CTBEHHO) MOJIy9YeHbl aBTOPOM B pabote [6], cBOGOIHO JOCTYNHOl B MHTEPHETE.
B §5 MBI paccmoTpuM 0000IIeHsT 3a/a9u IJPJEIIa HA JIPYTUe MeTPUIECKHUe
[IPOCTPAHCTBA.
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§2. MHOYKECTBA C JIBYMSI PACCTOSIHUSIMU

s moboro MHoOXkKecTBa S B €BKIUIOBOM IIPOCTPAHCTBE OOO3HAMUM de-
pe3 dist(S) 4mca0 pasaMIHBIX HEHYJIEBbIX PACCTOSHUI MEXK/y TOYKAMU MHO-
XKecTsBa S.

YIPAYKHEHUE 1. Jlokasarb: ecim mHOXkecTBO S C  [E™ rtakoBo, 1ro
dist(S) = 1, ro |S| < n + 1; ecsim mpm sTom |S| = n + 1, To MHOXKecTBO S —
NPaBUJIBHBIA N-MEPHBIA CUMIJICKC — ONPEACJICHO OJHO3HAYHO C TOYHOCTBIO J10
1101001sI.

VYIPAYKHEHUE 2. Ilycte n > 3 u mycTb MHOXKeCTBO A, 00pa30BaHO BceMU
Toukamu rnpocrpancrsa E |y KOTOpBIX /1Be KOOPAHHATHI PABHBI 1, & 0CTaJIb-
Hble n — 1 Koopaunat pasubl 0. JJokaszarh: MHOXKeCTBO A,, 0Opa3oBaHO cepeu-
HaMu pebep MPaBUIILHOIO n-MepHoro cumiuiekca, dist(A,) = 2, dimA,, = n.

VIPAYKHEHUE 3. Jlokazars: ecau MHOXkectBo S C 2 TakoBo, [ro
dist(S) = 2, o |S| < 5; ecim |S| = 5, TO S — MHOXKECTBO BEPIIMH IIPABHUJIb-
HOTO NATUYTOJIbHUKA. J0Ka3aTh, 9TO CyNeCTBYeT POBHO MIECTDH (¢ TOYHOCTBIO
JI0 1101001 s1) PA3JINIHBIX Y€TBIPEXTOYEUHBIX MHOYKECTB Ha, ILJIOCKOCTHU C JIBYMsI
HEHYJICBBIMU DACCTOSTHUSIMU.

Ouesnyao, ecau dist(S) < 2, To S — paBHobepernoe MEOXKecTBO. Ciiey-
o1uii pesy/brar, nojydeHHblii B pabore [9], nokaseiBaer, uro Jjioboe J0CTa-
TOYHO GOJIBIITOE MHOYKECTBO C JIBYMSI PACCTOSTHUSIMU SIBJISIETCS HA CAMOM JIEJIe
CTPOTO paBHOOEIPEHHBIM.

TeOPEMA 1. Ilycts S C E™ u nycrs dist(S) = 2. Ilycrs di < do —
HEHyJIeBble PACCTOSHUS MEXK/Iy TodKamMu MHoxkecTBa S. Ecim S > 2n + 3, To
cytecTByer HarypajabHoe uncio t < (—1 + v/2n)/2 rakoe, uro

(&) =%
dq ot

CneacTBuE 1. Ilyers S C E™ u nyers dist(S) = 2. Ecau |S| > 2n + 3,
10 S — CTPOro PaBHOGEAPEHHOE MHOXKECTBO.

JTOKABATENBCTBO. Tak kak (t+1)/t < 4,10 dy < 2d1, 1 IOTOMY HUKAKHE
TPH TOYKH MHOXKECTBa S He JieKaT Ha OJHO IPsAMOiL.

CneACTBUE 2. Ilyers S C E™ u mycrs dist(S) = 2. Eciim n < 4, 10
|S| < 2n+ 3.

JTOKABATEJBLCTBO. Eciu n < 4, o (—1 4 v/2n)/2 < 1, B T0 Bpemst Kak
(t+1)/t > 1.

CneacTBUE 3. Ilyers S C E™ u myers dist(S) = 2. Ilyers d) < do —
HEHYJIEBBIE PACCTOSIHUsT MeXKIy Todukamu MHOKkectBa S. Ecmm b < n < 12 n

|S| > 2n + 3, To dg = d1V/2.



Crporo paBHOOEAPEHHBIE MHOXKECTBA, 157

JOKABATENBCTBO. Ecom n < 12, o (—1 4 v/2n)/2 < 2, Tak uro ¢t = 1,
(t+1)/t=2.

B 1966 romy Ditnropn u Illén6epr [5| moxasamm, uro mmoxkectso S C 3
takoe, 4ro dist(S) = 2, cocrour me Gosee Uem u3 mectu Tovek. IIpnm sTOM
UMeeTCsl POBHO IIECTh (C TOYHOCTBIO JI0 1107100MsI) KOHbUrypanuii u3 mecru
TOYEK C JBYMsl Pa3IUIHBIMU HEHYJIEBBIMU PACCTOSHUSIMU MEXKJIy TOUYKAMHU.
JlBe u3 HuUX 0Opa30BaHbI BEPIIMHAMU [PABUJILHOIO OKTA3JIpa U BePIIUHAMUI
[IPAaBUJIBLHON TPEYTrOJbHON MPU3MBI C KBaIpaTHEIMU O0KOBbIMU rpansamu. [1le-
CTEPKH BEPIINH IIPAaBUJIBHOI'O UKOCa3d/dpa, He coAdepzKalllie ITPOTUBOIIOJIO?KHBIX
BEpIIH, JAIOT eIe YeThipe Koudwurypanuu. [lycth A — BepimumHa MpaBUIh-
moro mrocadpa. Cocequ BepmmHbl A 06pa3yioT MPABUIBLHBIN TSITHYTOTHEHUK
BCDEF. Ocrapmmecs mecrs sepuun — A', B, C', D', E', F' — nnamer-
PaJIbHO MPOTUBONOJIOXKHBI (110 OTHOIIEHUIO K OIUCAHHOI cepe) Beprnuam A,
B, C, D, E, F, coorBercrBenHo. Eciu 1Be BEpIINHBI HE MPOTHBOIOJIOXKHBI,
TO PACCTOSTHAE MEXKJly HUMHU PaBHO JUOO CTOPOHE, JIMOO JUATOHAJIN IPABUIb-
voro nsaruyrojbauka BCDEF. Tlosromy, eciin S — jiioboe MHOXKECTBO Bep-
IIUH PABUJIBHOI'O UKOCA3/IPA, HE COJIEPKAIIEe IPOTUBOIIOJIO?KHBIX BEPIINH, TO
dist(S) < 2. Creayromue deTbIpe MHOXKECTBA U3 MIECTH BEPIINH ITONAPHO HE
10/ 100HKI:

{A,B,C,D,E,F}, {A /B ,C' D E F'}, (1)
{A,B,C,D,E,F'}, {A,B',C,D' E,F}.
IlepBbie jiBa MHOYXKECTBA COCTOAT U3 BEPIIMH IPABUJIBHBIX HATUYTOJbHBIX HTH-
paMui, y KOTOPBIX OOKOBBIE PEOpPa paBHBI JIMOO CTOPOHE, JIMOO TUATOHAJIN
ocaoBaHus. [lociiesiHee MHOYXKeCTBO 0O0pa30BaHO BEPIIUHAME YCEICHHON IIpa-
BUJILHOW TPEyroJIbHOW MHUPaMUJIbI, ¥ KOTOPOil DOKOBOe pebpo paBHO CTOPOHE
MEHBIIIEr0 OCHOBAHWUSI, 8 OCTPBIE YIJIbl OOKOBBIX I'paHeil paBHbI 72°.

VYIPAYKHEHUE 4. JlokazaTh: Jiro60e MHOXKECTBO W3 IIECTH BEPIIUH IIPa-
BUJILHOT'O UKOCA’Pa, HUKAKKE JBE U3 KOTOPBIX HE IIPOTUBOIO/IOXKHBI, KOHTPY-
SHTHO OJiHOMY n3 MHOXKecTB (1).

YHOPAXKHEHUE 5. Jlokazarh: B mpoctpanctse K" cyliecTByeT MHOYXKECT-
BO W3 21 TOYEK C JBYMsl HEHYJIEBHIMH DACCTOSIHUAMH dj U d2, TAKUMH, ITO
(d1/ds)? nppammonasbho. (Vkasanue: HailATe N-MEPHBI{l AHAJIOT TMOCIEIHEro
u3 MHOxKecTB (1).)

B paGorax [1] u [2| mokasano, uro ecim muoxkecrso S C E™ rakoso, 4ro
dist(S) = s, To |S| < C;,,. Mbl npuBesieM [0Ka3aTeIbCTBO STOH TEOPEMBbI
TOJILKO JIJIsl HHTEPECYIOIIEro HaC ciydast § = 2.

TEOPEMA 2. Ecim muoxecro S C E™ rakoso, uro dist(S) = s, To

|S| < C2 49- Ecim, xpome Toro, Bce TouKm MHOXkecTBa S Jexkar Ha cdepe,
10 [S| < C%,,—1=n(n+3)/2.
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JTOKABATENBLCTBO. Ilycrs dist(S) = 2. Ecsin Teopema cripaBejyiusa, Jijist
KOHEUYHLIX MHOXKECTB, TO S He MOXKeT ObITb OecKoHedHBIM. [1osToMy MBI MO-
2KeM TIPEIOI0KUATD, YT0 S — KoHedHoe MHOxKecTBO B E™. IlycTh di, do — pas-
JIMIHbIE HEHYJIEBBIC PACCTOAHUA ME2KAY TOYKAMU MHOXKECTBa S ILHH Ka.)KILOfI

Toukd U = (U, u2,...,U,) € S paccMOTpUM cJeayomuii MEOro4IeH Fy or n
MEPeMeHHBIX X = (1,72, ...,2y): Fu(x) = (|x — ul|? — &2)(||x — u|]® — d3).
Ecim u,v € S, u # v, 10 |[u — v|| = d; wimn dg, u noromy Fy(v) = 0.

Kpome Toro, Fy(u) = (didz)? # 0. Dtu croiicTa MHOroUIeHOB Fy, rapanTu-
PYIOT MX JIMHEHHYIO HEe3aBUCHMOCTL HaJ| HOJIeM BeIleCTBeHHBLIX ducel. B ca-
MOM Jiefte, eci » . o auly = 0, rae ay € R, 0, 1151 smio6oit Touku v € S,
Y ues tuFu(v) = ay(dide)? = 0, orkyna ciemyer, uTo ay = 0.

Packpoem ckoOku B BbIpaxkeHuu jijist Fy:

Fu(x) = (7 = 2(u, %) + [lul]* = d})(x]* = 2(u, ) + [Ju]|* - d3) =

n
= HXH4_4ZW(”XH2$Z Z QT +Zﬂzxz+%
i=1

1<G<i<n

r1e «;jj, B, 7Y — BElIeCTBEHHbIE YUC/Ia, KOHKPETHbIE 3HAUYEHUs KOTOPLIX HAC He
HHTEPECYIOT.

Takum 06pa3oM, KaxKIblil U3 JIMHEHHO HE3ABHCHMBIX MHOTOWICHOB [y,
u € S, sBisiercst JUHeRHON KoMbGuHalweil oqaux u rex ke (n + 1)(n +4)/2
MHOTI'OYJICHOB!

Il IxlPe (L<i<n), ma;(1<i<j<n), @ (1<i<n), L (2)

MpbI nipelocTaBisieM YuTaTes o IPOBEPUTD, YTO MHOIOUJIEHBI (2) JINHEHHO He3a~
BUCHMBI.

MpbI Temephb IOKarkeM, 4TO HUKaKas JuHeiiHas (PYHKINsS, KPOME TOXKIIe-
CTBEHHOI'O HYJIsI, HE SIBJISIETCS JIMHEHHON KoMOWHAIMEell MHOTrO4Y/JIeHOB Fy,.
Orcroza Gyjier ciesoBaTh, 9ro MHOrowiIeHsl Fy (u € S), z; (1 < i < n)u
KOHCTaHTa 1 JIMHEHHO He3aBUCUMBL. 1I0CKOIbKY KaxKAbli 13 HUX SBJIAETCS JIU-
Heitnoit kombunarmeit (n + 1)(n + 4)/2 MuoroweHos (2), MBI IOJIY<IHM, TTO
S|+ n+1< (n+1)(n+4)/2, orkyna |S| < C2,

Urak, npemamnosokumM, 9To

n
Z anFy(x) =c+ Z b;x;,
ues i=1

rJe ay, ¢ u b; — BemecrBennble uncia. [logoxkum b = (by,be, ..., by,). Torga

Zau x) = c+ (b,x).

ues
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[onoxkus X = v, Tyie v € S, MBI osryanm ay(didz)? = ¢ + (b, v). Creso-
BaTEJIBHO,

> (e (byu) Fu(x) = (did2)*(c + (b, x)). 3)
ues

O6e vacTu 9TOr0 paBeHCTBA SBJIAIOTCS JIMHEHHBIMI KOMOMHAIMSIME JIMHEHO
HE3aBUCHMBIX MHOI'OWIEHOB (2), U II0TOMY MHOTIOYJIEHBI (2) JIOJIKHBI BXOJIUTh
B 9T JIMHEfiHble KOMOMHAIMY ¢ OMHUM 1 TeM ke Koaddunuenrom. Pasencrso
kosddunuentos npu ||z||* oznauaer, uro c|S| + Y, c5(b,u) = 0, orkyna

T;\ Y (bu) = —c. (4)

ues
Hust i =1,2,...,n paBeHcTBO Ko3bdunuenTos npu ||z||2z; oznavaer, 4aro
Z(c—i— (b,u))u; =0
ues

OTKY/1a

> e+ (b,u))bu; =0,

ues

>3 (et (byu))biu; =0,

i=1 ues

D> (e+ (b,u))bu; =0,
ues i=1
> (c+ (b,u))(b,u) =0.

ues

Ucnonbayst (4), MbI HoJTydaem
1
@ Z<bv u>2 = (5)

Pasencrsa (4) u (5) 03HAYAIOT, 9TO KBAJPAT CPETHETO apUMDMETHICCKO-
ro uncen (b,u), u € S, paBen cpejHeMy apudMETHIECKOMY HX KBaJ[PATOB.
[Tosromy Bee unciaa (b,u) paBHBI APYr APYry U, CIEJ0BATEIHHO, PABHBI —C.
Ho rorna pasencrso (3) osnaugaer, uro muorowiet ¢ + (b,x) = c+ Y 1, biz;
ABJIAETCA TOXKIAECCTBCHHBIM Hy.HeM7 n 1nepBasd 9aCTb T€OPEMbI JOKa3aHa.

ITycts mMHOMXKecTBO S jiexkuT Ha HeKOTOpOil cdepe. He rTepsis obrirocTH,
MBI IPEIIIOJIOXKHIM, ITO 3TO cdepa paauyca 1 ¢ IEeHTpOM B HadaJe KOOPIUHAT.
Bynem paccmarpuaTh MHOrOWIeHB! Fy ¥ MHOrOWIEHB! (2) He Ha BCEM IPO-
crpancTse E", a Tosibko Ha 31oit cdepe. Torma 22 = 2 2

1_x1_x2__$ —1»
U TOTOMY MBI MOYKEM HCKJIIOUATH MHOIOWICH X, u3 cuucka (2). Crucok (2)

S N3
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teriepb cocrout u3 (n + 1)(n + 4)/2 — 1 muorounenoB. Coxpassisi OCTaBIILY-
I0Cs YaCTh IPOBEJIEHHOIO BHIIIE JOKA3ATEIbCTBA HEU3MEHHOM, Mbl IIOJIY UM
nepageHcTso |S| < C2,, — 1. O

B pa6ore [10] JIuconek pazpaborasr ajaropuTM Jijlsi HAXOXKJI€HUsI MHOYKECTB
¢ AByMsi paccrosinusiMu. He BraBasich B jleTajld, OTMETUM, YTO MaTeMaTHde-
CKOIl OCHOBOW aJIrOpuTMa CJIyzKaT TeopeMa 1 U Clleylomas TeopeMa, JoKa-
zarHas [[1éubeprom B 1935 romy. lokazaTe/ibCTBO 3TO# T€OpEMbI IPUBEICHO B
kytaccnaeckoii kuure JI. Bortomenrass (3.

TEOPEMA 3. Ilyctb Bce aumaronajbHBIE 3JIEMEHTHI CHMMETPUYIECKON MaT-
purisl D = [dij] ropsaka m > 2 pasabl 0, a Bce BHeJIMArOHAJIbHBIE 3JIEMEHTHI
HOJIOZKUTEJIBHBL. 3a1a /1 uM cuMMeTpudecKyio Marpuiy C = [¢;;] nopsiaka m—1
PaBEHCTBAMHU C;j = dfm + d?m — dfj. IlycTts n — 9mCIIO MOIOXKUTETBHBIX COO-
CTBEHHBIX yuces MaTpulibl C' ¢ yaeroMm KpaTHocTeit. Crie Iy roIye yTBepK IeHUsI
9KBUBAJICHTHBI:

(a) Bce coberBennble unciaa Marpulibl C' HEOTPUIIATEIbHBL;

(6) n — MUHHMAJIbHAS PA3MEPHOCTDb €BKJIUJIOBA IPOCTPAHCTBA, COJIEpIKa-
IIEro TaKhe 1M TOYeK Ui, Ug, ..., Wy, 9T0 ||[u; — u;|| = d;; 1 Beex 4,j =
=1,2,...,m.

B zaksitouenne sroro naparpada Mbl npusejeM Tpu Tabsmiet (eM. c. 161).
B mepBoii crpoke Kaxk10it TaOJUIBI yKa3aHa PA3MEPHOCTb €BKJIUIOBA IIPO-
crpancTBa. Bo BTopoil cTpoke 11 IPOCTPAHCTBA JAHHON Pa3MEPHOCTH JIA€TCs
TOYHAsI BEPXHSS I'PAHUIIA JIJIS YUCJIA TOYEK B MHOXKECTBE C JIByMs HEHYJIEBbI-
MU PACCTOSTHUSIME, B PABHOOEIPEHHOM MHOXKECTBE U B CTPOI'O PABHOOEIPEHHOM
MHO2KECTBE, COOTBETCTBEHHO. B TpeTbeil cTpoke JgaeTcs 9ucjio MHOXKECTB, pe-
AJM3YIOIINUX 9Ty TPAHUILY (C TOYHOCTHIO JIO MOJO0MUSI).

Hust n > 4 rabnuna 1 nonydena B [10], Tabiauna 2 mosrydena aBTOpOM 31O
crarbu B [6]. O6ocHoBanue Tabauipl 3 gano B §4 HACTOsIIEH CTATHH.

§3. KAK PACKPACUTD PEBPA T'PA®A

Hanomaum, aro noanwitd 2pag K, — 570 rpad ¢ n BepIInHAMHU, B KOTOPOM
KaxkJiasi 1apa BepIUH coeJnHeHa OiHuUM pebpoM. Packpacka pebep IOJIHO-
ro rpadga — 9TO IPUCBOEHHE KaXKIOMy pebpy HEKOTOpOro msera. Packpacka
pebep rpada B 1BeTaA C1,Co,...,Cr HASBIBACTCA CEA3HOU, €CIU JJIs KarXKI0TrO
[IBETa C; MOYXKHO IPOUTHU 110 pedpam 3TOoro msera u3 Jiroboit Bepuinubl rpada B
JIIOOYIO APYIyIo BepiuHy. ByleM roBopuTb, YTO BEPIIUHBI U, v, W 00pa3yioT
Pa3HOIBETHBIN TPEYTOJIBLHUK, €CJIU PEOPa UV, uw, VW OKPAIIEHBI B TPU PA3HBIX
nsera. Ciesytonas semma Obliia okasana B [7]. Mbl cieyem JoKa3aTeabCTBy,
[pUBEICHHOMY B [8].
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Tabn. 1. MHOXKecTBa ¢ JIByMSI HEHYJIEBBIMH PACCTOSTHUSIME B K"

n[1[2][3] 4] 5] 6] 7] 8

MakcuMmaabHOe 9UCI0 TOYEK B 315 16|10]16 |27 | 29 45
MHOZKECTBE
Yucno MHOXKECTB ¢ MakemMaabHbiM | 1 | 1 | 6 1 1 1 1| >1
YHCJIOM TOYEK

Tabn. 2. Papuobenpenusie MHOXKecTBa B K"
n|1[2[3] 4] 5] 6] 7] 8

MakcumaabHOe 9UCI0 TOYEK B 3168|1117 |28 | 30 45
MHOYKECTBE

Jucno MHOXKeECTB ¢ MakcuMasJbHbM | 1 | 1 | 1 2 1 1 1|1 21
YHCJIOM TOYEK

Tabn. 3. Ctporo paBHObEeApEHHBIC MHOXKECTBA B E™
n|1[2] 3] 4] 5] 6] 7] 8

MakcumaabHOe YUCIO TOYCK B 216 7111 17| 28 | 29 45
MHOZKECTBe
Yuciao MHOXKecTB ¢ MakeuMmaabHbpiM | 1 | 1 | 0o 2 1 1|0 | 21
YHCJIOM TOYEK

JIEMMA 1. Ilyctb pébpa rpada K, packpaineHbl B k 1BeTOB 0e3 pa3HoO-
[BETHBIX TPEYTOJBHUKOB. Tora cripaBe/iJIuBbI CJIELYIONIUE JIBa YTBEPIKICHUS.

(1) ITycTh KpacHBI — OJMH U3 JaHHBIX k 11BeTOB U IycTh ' — rpad ¢ Te-
MU 2Ke BepuinHamu, 9To u K, pebpamMu KOTOPOro SBJSIOTCS B TOYHOCTU BCE
KpacHble pébpa rpada K. Ilycrs Cy u Cy — pa3iuvHble CBI3HBIE KOMIIOHEH-
1 rpada ['. Torma Bce pébpa rpacda K, coemunstornue Bepuabl u3 C] ¢
Bepmnaamu u3 C, OKPAIIEHBI B OJINH U TOT K€ I[BET.

(2) Eciin k > 3, To nanHas packpacka B k 1IBETOB He SIBJISIETCSI CBSI3HOIA.

JIOKABATENBLCTBO. (1) Ilycrs 2z — Bepmuna u3 Cp u 1ycTb u, v — JiBe
Bepiuabl u3 Co. B Cy ecThb 1yTh, BeAyIIUi U3 U B ¥, COCTOSIIUN N3 KPACHBIX
pebep vov1, V1V2, ..., Um_1Um, TOE Uy = U, Uy, = v. Tak Kak BepINUHA 2z HE
gexur B Co, pébpa zvg, 21, ..., 2U; HE MOIYT OBITh KPACHBIMU. PaccMoTpuM
[IOCJIEIOBATE/IBHO TPEYTOJBHUKH ZU)V1, ZV1V2, - - - y ZUm—1VUm. 1aK KaK HU OJUH
73 HUX HE SIBJIAETCSA PA3HOIBETHBIM, MBI ITOJIy UM, 9TO PEOPa 2vUg, ZV1, - - . , Z2Um
JOJIZKHBI OBITH OJTHOI'O M TOrO 2Ke I[BeTa, TaK 4YTO zu U 2V — PEOpa OIHOIO U
TOI'O XK€ IIBETA.
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(2) IIpu n < 3 310 yTBEpPXK/EHNE BEPHO, OCKOJIbKY K, b0 Hesb3s pac-
KpacuTh B k > 3 mBeroB, JubO Takasd PacKpacka COAEPXKHUT Pa3HOIBETHBIM
TPeyroabHUK. MbI IPOIOIKAM HOKA3aTEIbCTBO HHIAYKIHEH 10 7.

[Ipenmonoxkmm, aTo n > 4 u 9rTo 0bast packpacka pedep rpada K, 1 B
k > 3 mBeToOB JIUOO JOMYyCKAET PA3HOIBETHBIN TPEYTOJbHUK, JIMOO HE sIBJISICTCS
casuoit. Ilycrs mana cBsi3Has packpacka pebep rpada K, B k > 3 1Beros.
Mpur nokazkeMm, uto B rpade K, Haiimercss pa3HOIBETHBIN TpeyroibHuK. IlycTh
KPaCHBII, »KeJIThIl U 3eJIeHbIii — TPU JIaHHBIX IBeTa. Ilepekpacum Bce pedpa
JIPYTHUX IBETOB B 3€JI€HBIH 1BET. MBI HOJIyYNM CBI3HYIO PACKPACKY B TPHU I[BETA,
1 10001 pa3HOIBETHBIN TPEYTOJIbHUK IIPH ITOM pacKpacKe ObLIT pa3HOIBETHBIM
JI0 TIEPEKPACKH.

Bribepem Bepruny x u paccmorpuM rpad K,_1, MOIyUIeHHBIN yaaeHu-
eM n3 K, BepIIMHBI & U BCEX BBIXOAAIMX U3 Hee pebep. Ecim O6b1 B rpade
K,,_1 He ObL10 pebep KaKoro-HUOyIb IIBETa, CKaXKeM, KPACHOI'O, TO TOCKOIbKY
B K, MOXKHO mpoiTH W3 & B JIOOYIO APYTYIO BEPIIUHY II0 KPACHBIM pebpam,
Bce pEOpa, BBIXOJsmKe n3 x, Obut Obl KpacHbiMU. Ho Torma m3 x Henb3st
HUKY/Ia TIPOATH MO YKeIThIM (Kak U 1o 3ejieHbIM) pebpam. CiieoBaTesibHO, B
packpacke rpada K,_1 BcTpedaroTcss Bce TpH IBeTa. JI1000i pasHOIBETHDIH
TPEeyroJbHUK B rpade K, 1 aBisercsa TakoBbiM u B K,,. [losatomy mpemmoso-
KM, 9T0 B rpade K, | HeT pasHOIBETHLIX TPEYTOJbHUKOB. B cuily MHIYK-
[IMOHHOT'O IIPEIIIOIOKEHNsT NMeIOIasics packpacKka rpacda K, 1 He gBjsieTcs
CBA3HON.

[Iycts, nyist onpene/ieHHOCTH, He U3 BCAKOW BepmuHbl rpada K, 1 MOXKHO
poiiTH B JIIOOYIO APYTryIO BEPIIUHY 110 KpacHBIM pedpam. Obosnadum depes [’
rpad ¢ Temu ke BeprmHaMu, 9T0 U K,,_1, ¥ C TeMHU 1 TOJBHKO TeMHU pebpamu,
KOTOpBIe npuHaexkat rpady K, _1 u okparieHsl B Kpacublii 1et. ['pad I' ne
SIBJISIETCST CBSI3HBIM, Tak 9To 1ycTb C, Co, ..., Cp — ero cBsi3Hble KOMIIOHEHTHI,
¢ > 2. B cuny yrBepxaenus (1) npu i # j Bce pébpa, COCUHSIONIIE BEPIITNHBI
komItoHeHThI C; ¢ BEPIIMHAME KOMIIOHEHTHI ¢, OKPAIIIEHbI B OJ[NH U TOT ke (He
kpacHbiit) nset. [lockosibky B rpade K, MOKHO IPOHTH U3 T B JIIOOYIO JIPYTIYIO
BEPIIMHY IO KpacHLIM pebpaM, B Karkjoii kommonente C; ecTb BepIIUHA ¥,
coeIMHEeHHAasT ¢ * KpacHbIM pebpom. Kpome Toro, B rpade K, ecrb xXKemaroe
pebpo xu u 3eaeH0e PedPO Tv.

CnydAi 1. Beprmuas! v n v TpUHAJIEKAT OJTHONW U TOW YKe KOMIIOHEHTE,
ckazkeM, C1.

Tak Kak pébpa uys U VY2 OJHOIO U TOrO Ke (He KPACHOro) IBeTa, TO OJUH
U3 TPEYTOJbHUKOB TUY2, TVUY2 — PASHOIIBETHBIA.

Cny4dam 2. Bepmuna v npunajyexkut Ch, Bepiuaa v npunajiexut Co.
Ecmu Bce pébpa mexay C1 u Cy — KeaTble, TO TY1V — Pa3HOIBETHBIN
TPEyTroJIbHUK; ecyii Bce pébpa mexy Cp u Co — 3ejleHble, TO XTioll — Pa3HO-
[BETHBIN TpeyroabHuk. Jlemma jiokazana. O
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B pabore [2] Biokxayc npumenu jemMy 1 U [OJTy9ns pe3ysibTatr, [03Bo-
JISIIOIIUI B 3HAYUTEJIBHON CTEIEHU CBECTU IMMOUCK MAKCUMAJBHBIX PABHODE/I-
DPEHHBIX MHOXKECTB K MOMCKY MAKCHMAJILHBIX MHOXKECTB C JByMsi HEHYJIEBBIMU
PaCCTOTHUSIMU.

TEOPEMA 4. Ilycts S — KoHeuHOe paBHOOEIpeHHOe MHOXKECTBO B E™ u
nycrs dist(S) > 3. Torma S MOXKHO HpPeJCTABUTH B BUjIe OObEJIUHEHUST HEIly-
CTBIX HeIepeceKalomuxcs moaMuokects X m Y takux, gro dimX > 1,
dist(X) < 2 u kaxkjasi ToUYKa MHOXKecTBa Y sIBJISIETCsI IIEHTPOM chepbI, Co-
nepxkaieit MHOKkecTBo X . Bostee Toro, addunnbie noanpocrpancrsa (X) u
(Y) oproronansusl, 1 moromy dim X + dimY < dim S.

IOKABATEJIBCTBO. Paccmorpum nosubtit rpad K| g, MHO?KECTBO BepIIMH
KOTOPOTO coBnaJiaeT ¢ MHOKecTBOM S. Ilycrh di, do, ..., dp — Bce pasjmdnbie
HEHYJIEBBIE PACCTOSTHUST MEXKJy TOYKaMu MHOxKecTBa S. Bwibepem k paszind-
HBIX I[BETOB C1, C2, ..., Ck M OKpacuM pedpo uv rpacda K|g| B IBeT ¢; B TOM 1
TOJIBKO B TOM CJIy4ae, eC/Id PACCTOSTHUE MeXKJIy TOYKAMU U U U MHOXKECTBa, S
paBHo d;. Tak kak S — paBHOOEIPEHHOE MHOXKECTBO, IIOJIyUIeHHAsT PACKPACKa
pebep rpada K|g| He COIEPKUT Pa3HOIBETHBIX TPEyroJbHUKOB. B cuiy siem-
met 1 rpad I', obpasoBanmblii Becemu Bepmnnamu rpacda K|g) u Bcemn pebpamn
KAKOTO-TO OJIHOT'O I[BETa, CKaXKeM, KPACHOTO, He sIBJISIETCs] CBA3HBIM. TaK Kak
B rpade K|g ectb Xorsa Gbl oHO Kpacuoe pebpo, B rpade I' ecth ceasnas
kommonenTa C1, cozeprkalias He Meree nByX Bepriua. [lycts X — mommuoxke-
CTBO MHOXKeCTBa .S, 00pa30BaHHOE BCEMHU BepITMHAMHU KOMIIOHEHTHI C| U IyCTh
Y = S\ X. Ilycrs y € Y. Torja Bepinta y NpUHAJJIEIKUT HEKOTOPOI CBSI3HOI
kommonenTe Cy # Ch rpada I', Tak uto B cuty jemMmbl 1 Bee pébpa Xy, Tie
X € X, OKpallleHbl B OJH U TOT YK€ IBET. JTO O3HATAET, ITO BCE TOUKH X € X
HAXO/ISITCsT HA OJTHOM U TOM YK€ PACCTOSTHUU OT TOYKH ¥, T. €. Y — IEHTP chephl,
cojiepaKaIlieii MHOXKeCTBO X .

Ecmn dist(X) > 3, To Mmbl npumennm K X JIOKA3aHHYIO 9aCTh T€OPEMBI 1
npegcraum X B Buge X = XqUY, e X; N1 =9, | X4 22, Y1 # % u
KaxKJiast Touka'y € Y] — nenrp cdepsl, cogepxameit Xi. Torga S = XU (Y U
Y1) u kaxnast Touka'y € Y UY] — nentp cdepsr, copepkareii Xi. [Ipu sTom
|X1] < |X|, Tak 9TO ecsm ¢ caMOro HavaJia MOJMHOXKECTBO X ObLIO BBIODAHO
€ MUHMMAJIbHBIM BO3MOXKHBIM YUCJIOM 3JjieMeHToB, To dist(X) < 2.

Taxk Kaxk KaxKjasg TOUkKa Yy € Y paBHOyJAJCHa OT BCEX TOUEK MHOYKECTBA
X, TO um opTOroHajbHas IPOEKIUsS Z TOYKUA y Ha adduHHOE TOIIPOCTPaH-
crBo (X) paBHOyZa/IeHa OT Beex ToueK MHOKecTBa X . Tak Kak MHO)KecTBO X
nopoxaer nojanpocrpaictso (X ), To B (X) ecth euncTBenHas cdepa, couep-
kamas X, 1 ToYKa Z — HeHTP 910t cpepbl. Tak Kak MHOXKECTBO Y IMOPOXKIAET
HOITPOCTPAHCTBO (Y'), TO OPTOrOHAJIBbHAS TPOEKIINS BCETO MOANPOCTPAHCTBA
(Y") ma nogupocrpanctso (X) COCTOUT M3 €MHCTBEHHON TOYKH Z, T.€., HOJI-
upocrpancrsa (X) n (Y) oproroHaJabHbI. O
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[Tpumenus Teopembr 2 u 4, Biokxayc [2| mosyumi onesky wmcsia TOUeK
pPaBHOOEIPEHHOIO MHOYKECTBA, JIEXKAIIEro B €BKJIMI0BOM IIpocTpaHcTee E™.

TEOPEMA 5. Ilycts S C E"™ — paBHOGenpennoe mHO2KecTBO. Torma S ko-
neuno u |S| < C2_,. Bosee Toro, ecin |S| = C2_,, To mmbo dist(S) < 2, smbo
S =X U{y}, rae dist(X) < 2 uy — nenrp chepsl, comepxaeii X.

JIOKABATEJBCTBO. Kak u B JIOKa3aTe/ILCTBE TEOPEMBI 2, MBI MOYKEM C
caMOro HadaJsa IPeJIOoJIOKUTh, 9T0 S — KOHeuHoe MHOxkKecTBO. Eciu |S| <
< C,%JFQ, To |S| < Cg+2 B custy teopembl 2. Ilpenmosoxkum, dist(S) > 3, u
nyctb X u Y — MOAMHOXKECTBa MHOXKECTBa S, YIOBJIETBOPSIIONIE Teopeme 4.
MBI TPOOIKIM TOKA3aTETHLCTBO HHIYKIHEH 10 1. TeopemMa BLITIOTHIETCsT 15T
n = 1, TaK 9TO MyCTb N > 2 U IYCTh T€OPEMa BBIOJHIETCS JJIsI €BKJIUOBBIX
MPOCTPAHCTB PA3MEPHOCTH MEHBIIIE 1.

[Iycts dim X = r, dimY = s. Torma r+s < dim S < n. Tak kak r > 1, T0o
s < n. [Ipumensist reopemy 2 K MHOXKecTBY X , j1exkariemy Ha cdepe (¢ IeHTpoM
B JTI06OI TOUKe MHOMXKeCTBa Y ), MBI MOJTydaeM HepasencTso |X| < C2 19— L.
Ecm s = 0, To mycrs Y = {y}. Torna |S| < C2,, u X sexur na cdepe
c mieaTpoM y. Eciin s > 1, MBI NpUMEHUM WHIYKIIMOHHOE IPE/INOJIOXKEHNE K
MHOYXKECTBY Y :

S| = 1X| + Y] < Cy + C21p =1 < Oy,
HeiicrBurenbho, Tak kak (r +1) +s < n+1, To

Crio=Q0+42++(n+1)) >
S(A+2+4 -+ +1))+sr+D)+1+2+4+5)>
> (1424 +r+D))+ (1 +2+ -+ (s+1) =
=Cly+ 0y > Cly + 0y — 1.
([

§4. MAKCUMAJIbHBIE CTPOI'O PABHOBE/IPEHHBIE MHOYKECTBA

B sTom maparpade MbI HaliieM TOYHYIO BEPXHIOIO FPAHUILY /IS TUCA TO-
YeK B CTPOro paBHOOEIPEHHOM IIOIMHOXKECTBE IpocTpaHcTBa E™ npu n < 8 u
HaliZleM Bce CTPOro paBHOOGEIPEHHbIE MHOXKECTBA, PEAN3yIONe 3Ty IPAHMILY,
npu n < 6. Vl3si0keHne ciiejyer, B OCHOBHOM, CXeMe, Pa3BuUToii B crarbe [9).
Ho npexne HaMm NmoHaIOOKUTCS elle OJHO NOHATHE, CBI3aHHOE C PacKpacKoil
noaHoro rpada — Ha 3TOT pa3 B JBa IBETA.

ONPEJEJIEHUE. Packpacka nojHoro rpada B JBa I[BETa, CKayKeM, Kpac-
HBIIl ¥ 3€JI€HbII, HA3BIBACTCH CUALHO pe2yaaprol ¢ napamempamu (v, k, A, 1),
ecam (1) rpad umeer v BepiuH, (2) U3 KaxkK/0ii BEPIINHBI BHIXOJAUT POBHO k
KpacHBIX pebep, (3) ecyin BEpIIUHBI T U Y COEJMHEHbI KPDACHBIM PEOPOM, TO B
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rpade ecTb POBHO A BEPIIUH 2z TaKUX, 9TO Tz U Yz — KpacHble pédpa, (4) ecsn
BEPIIIHBI X ¥ §j COEIMHEHBI 3eJIEHBIM pebpPOM, TO B rpade eCTh POBHO [ BEPIITHH
z TaKWxX, 9TO Tz U Yz — KpacHble pébpa. Ilpm srom rpacd I', obpazoBamHbIit
BCEMU BEpIIMHAMHU U BCEMH KPACHBIMH pedpaMu IMOJHOrO rpada, HA3BIBAIOT
CUNOHO pe2YAAPHBIM 2padom ¢ napamempamu (v, k, A, 11).

Pasymeercs, rpad IV, oOpasoBaHHBII BceMu BepIIMHAMH M BCEMHU 3€JIe-
HBIMHU pebpamu MMOJHOTO rpada, ToXKe CHUJILHO peryisped. Ero mapamerpbr —
(v,v—k —1,v =2k + X\ v— 2k + pu—2). Cpad I" naseisaerca donoanenuem
epagpa T'.

ITPuMEP. I'pad, obpazoBaHHBII BepITMHAMI U CTOPOHAMU IPABIILHOTO
IATUYTOJIbHUKA, — CUJIBHO peryJisipHblii ¢ napamerpamu (5,2,0,1).

VIIPAXKHEHUE 6. IIpoBepbTe, 4TO KaxKAblil U3 CaeAyIomuX rpadoB CHJIb-
HO PeryJIgpeH U HaliuTe ero ImapaMeTphl.
(a) I'pad Ilerepcena, n3obpazkeHHblil Ha puc. 2.

Puc. 2.

(6) dano marypasbHoe 4duciao n. Bepmmnbl rpada — Bce TOYKH KOOP/IHU-
HATHOM IUIOCKOCTU C LEeJIBIMU KoopuHaTamu (x,y) Takumu, uro 1 < x < n,
1 <y < n. Ise Bepimnsl, (z,y) u (u,v), coeJiuHeHbl PEGPOM B TOM U TOJIBKO
B TOM CJIydae, eClid T = U WA Y = .

(B) Hano marypasbHOe uuciao n > 2. Bepmmsabl mpeyzoavnozo epaga
T(n) — Bce JByX3JIEMEHTHBIE MOJIMHOXKecTBa MHOXKectBa {1,2,... n}. se
BEPINUHBI COEIMHEHbI PEOPOM B TOM W TOJIbKO B TOM CJIy4Yae, €CJIM COOTBET-
CTBYIOIIUE TOJAMHOYKECTBA UMEIOT OOMIMI IEMEHT.

(r) Bepruunst epaga Kaebwa — Bee nogmuoxkecTsa MHOXKecTBa {1,2, 3,4, 5}
C YETHBIM YHCJIOM 3JIEMEHTOB. JIBe BEPIINHBI COeJIMHEHBI PEOPOM B TOM U TOJIb-
KO B TOM CJIy9ae, €CJIM CUMMETPUIECKasi PA3HOCTh COOTBETCTBYOMIMX TTOIMHO-
JKECTB COCTOMT U3 YETBIPEX 3JIEMEHTOB.

Crenyromast jemMa OyJleT TPUMEHSITbCS [PU PEIeHr 3aJ1a9u JPJEITa B
npocrpancreax B3, E* u E7.

JIEMMA 2. ITycrs muoxectBo S C E™ rtakoso, uro dist(S) = 2 u mycts
d — OfHO M3 HEHYJIEBBIX PACCTOSHUI MEXKIy TOUKaMu MHOKecTBa S. O6pasy-
eM HOJIHBI rpad, BepIIMHAME KOTOPOTO SIBJISIFOTCS BCE TOYKH MHOMKECTBA S.
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IlycTh J1Be BEpIIMHBI COEJMHEHBI KPACHBIM PEOpPOM, €CIU PacCTOSHUE MEKILy
HUMHU (KaK TOYKAMU MHOXKecTBa S) paBHO d, U 3eJIeHbIM PeOPOM B IPOTHB-
HOM ciaydae. [IpeamonokumM, 9TO MOJyteHHas PacKpacka CHUIBHO PEryJIspHA
¢ mapamerpamu (v, k, A, n), upudem v > 2k + 1. Ilpeanosoxum Taxzke, 9To
dimS =n—1, dim(S \ {x}) =n — 1 s m060it Toukn X € S U, KPOME TOrO,
BBIIIOJIHAETCA 110 KpaillHell Mepe OHO U3 CJIEAYIOIUX TPEeX YCJIOBUMA:

(Dv<3k -2 nv<3k—2u+2;
(2)v<3k—2 \u2k>2u+n-—1;
(3) v <3k—2u+2m2k>2\+n+tl.

[Tycts Touka p € E™ TakoBa, uto S U {p} — paBHOOEIpEHHOE MHOKECTBO
pasmeproctu n. Torma sm6o dist(S U {p}) = 2, smmbo p — uenrp cdepsi,
cojieprKaIeil MHOKeCTBO S.

JOKABATE/NIBCTBO. Hepasencrso v > 2k + 1 o3HadaeT, 9TO IUCTIO 3€JIe-
HBIX pebep, BBIXOJSAMNINX 13 JI0601 BEPIIMHBI JJAHHOTO Tpada, He MEHbBIIE YHCIa
KpacHBIX pebep.

[Ipennonoxkum, aro dist(S U {p}) > 3. Torma S U {p} = X UY, 1zae
X u Y yuosnersopsitor teopeme 2. Ecom Y = {p}, ro p — nenrp cdepsi,
coziepzKaIIeil MHOXKECTBO S, TaK ITO IPEIIooKuM, uro Y # {p}, T.e., SNY #
# @. llycrs y € SNY. Onpenenenne MuoxkecTBa Y 0O3HaAYaET, 9TO Bee pEGPA,
COEIMHSAIONINE Y ¢ TOYKAMHU MHOXkKecTBa S M X, — OIHOrO IBETa, U HOTOMY
|SNX| He mpeBoCXOAUT YnC/Ia 3eJIeHbIX PeGED, BBIXOAIINX U3 JII0O0H BEPIIUHBI
rpada: [SNX|<v—Fk—1.

[Iycts a,b € SN X, a # b. [Ipeanomoxkum cHagasa, 970 a u b coemHEHbI
kpacubiM pedbpom. Torma nmeercs A BepIIUH, COEINHEHHBIX KaK C &, TaK U C b
KpacHbIME pebpamu, u v — 2k + A BepIINH, COeIMHEHHBIX ¢ a U ¢ b 3e7eHbIMU
pebpamu. Tak kak kaxjas BepumHa y € S NY coenunena ¢ a u b pebpamu
OJIHOTO TIBeTa, MbI nosrydaeM, 9to |SNY| < v—2k+2\. CienoBaresbHo, B 9TOM
crydae v = |S| = [SNX|+[SNY| < 2v—3k+2\—1, 1. e., v > 3k—2A+1. Ecin
a u b coesuHEeHbI 3€IeHBIM PEOPOM, MBI TI0JIy4aeM aHaJorudHo, 4To [SNY| <
<v—2k+2p—2,v =|5| < 20—-3k+2u—3, Tak uro v > 3k —2u+3. [losTomy,
ecsm BbInoJHsieTcst yesosue (1), To Mex ity Toukamu MHOXkKecTBa S N X Her Hu
KpacHbIX, HU 3ejieHbIX pebep. Tak kak | X| > 2, To |[S N X| = 1.

Kpowme Toro, mostyueHHble HEPABEHCTBA TTOKAZBIBAIOT, YTO €CJIU BBITOTHIET-
cs1 yesioBue (2), TO HUKaKue JBe TOUYKH MHOKecTBa S M X He COeMHEHbI 3e1e-
HBIM PeGPOM, & €CJIN BBIIIOJIHSIETCs YCJI0BHE (3), TO HUKAKKE J[BE TOYKU MHOXKe-
cTBa SNX He coeIMHEHBI KPAaCHBIM pebpoM. B obonx ciydasix Bce pebpa MexK Ty
ToYKaM#u MHOkecTBa S M X OAHOrO M TOro ke IBera, T.e., dist(S N X) = 1.
Orcioma |[SNX| < dm(SNX)+1<nul|SNY|=v—-|SNX| >v—n.
Oanako, eciu Touku MHOXKecTBa S M X coelMHEHBI KPACHBIMEU pebpaMu, TO
v—n < [SNY| < v—2k+ 2\ orkyga 2k < 2\ 4+ n, 9T0 TPOTUBOPEUUT
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yeaosuio (3). Ecsn xxe Toukn muoKecTBa SNX COEIMHEHBI 3€JIeHBIME PeOpaMH,
ov—n< |SNY| < v—2k+2u— 2, u Mbl HOJyYaeM [IPOTHBOpPEYIUE C
ycioBueM (2).

Urak, muoxkectBo S N X €OCTOUT W3 €IUHCTBEHHOW TOYKH a, T.e.,
X = {a,p}. Tak kak KaxkJasi TOYKa MHOXKeCTBa Y DaBHOYIAJEHA OT & U
P, TO MHOXKECTBO Y JIEXKUT B THUIEPIJIOCKOCTH T, IPOXOJIAIell yepe3 cepe-
JUHY OTpe3Ka ap IepHeHIUKYJIIPHO K 3TOMy OTpe3Ky. Tak kak dimY =
= dim(S \ {a}) = n — 1, To muO)kecTBO Y mopoxkmpaer m. Tak kak a ¢ m,
MBI TTorydaeM dim S = n, 9TO TPOTUBOPEUUT YCJIIOBHUIO JIEMMBIL. O

CJIEACTBUE. Eciu ocHOBaHME MUPAMUILI — IIPABUIBHBII MATHYTOJIBHUK
1 JF0ObIe TPU BEPIIUHBI IIMPAMUJIBI 06pa3yI0T paBHOOEIPEHHBIN TPEYTOJIbHUK,
TO MUPaMUJA — IIPaBUJIbHAS.

JIOKABATEJILCTBO. IlycTts S — MHOXKeCTBO BCEX BEPINUH OCHOBAHUS 11U~
pamuibl U 1ycTh p — BepinuHa nmpamubl. Torga dist(S) = 2. Ilyers ctoposbt
OCHOBAHUSI OKPAIITeHbI B KPACHBIN TIBET, a JAUArOHAN — B 3ejenbiil. [lomyden-
Hasl pacKpacka CHJIBHO peryssipHa ¢ napamerpamu (5,2,0, 1), Tak 910 MbI MO-
JKeM TPUMEHUTH jemMy 2. Eciau p — 1enTp cdephbl, cojepskalieil OCHOBAHUE
MHPAMUJIBI, TO OPTOTOHAJIbHAST TIPOEKITHsT BEPIIUHBI TTHPAMUILI HA TLIOCKOCTD
ocHoBanusi — 1entp ocHoBanus. Ecin dist(S U {p} = 2, To cpeau nstu 60Ko-
BBIX pebep MupaMuibl €CTh 10 KpaiiHell Mepe TPU PABHBIX, U MbI IPUXOJINM K
TOMY K€ 3aKJI0YEHHUIO.

VIPAXKHEHUE 7. Haitnnre moka3aTesbCTBO 3TOTO CAEICTBUSI, HE OIMMpPa-
foleecs Ha JIeMMy 2 U HOHSTHE CUJBLHO perysspHoro rpada. Bepro ju ana-
JIOTUIHOE YTBEPXKJICHUE JIJIS TPEYTOJIBHOMN, YeThIPEXyTOJIbHON, IMIECTUYTOJIBHOMN
nupaMuILI?

ITycts S — crporo paBHOOEIPEHHOE MHOYKECTBO C MAKCUMAJIBLHO BO3MOXK-
HBIM IHCJIOM ToUeK B mpocrpamctse B n < 7. Ecin dist(S) = 2, To S naiigeno
B [10] u umcio Touek MHOXKecTBa S ykazano B tabsmue 1. Econ dist(S) > 3,
1o mycth X u Y — MOJMHOYXKECTBA MHOXKECTBa .S, YIOBJIETBOPSIONIAE TEO-
peme 3.

n =2

MHOKeCTBO, COCTOsIIIEe U3 BEPIIUH M IEHTPA MPABUIBHOIO MSITHYOJIbHI-
Ka, — cTporo paBHobeperHoe, Tak 4ro | S| > 6. Torga dist(S) > 3 (yupaxue-
ure 3). Ecmm dim X = 2, ro dimY = 0 u |X| < 5. Cuenosarensho, | X| = 5,
T. €., X — MHOXKeCTBO BCEX BEDIINH IPABUILHOIO NSITUYTOIbHUKA, a Y = {by},
rme y — neatp naruyronbHuka. Ecim dim X = 1, o dimY < 1, tak uro
X|Z2, V| <2, |5 <4
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n=3

[Tpucoenuuus 1neHTp cdepbl, ONMUCAHHON OKOJIO MPABUJILHOIO MKOCA3/IPA,
K J11060# u3 dburyp (1), Mbl MOJy4nuM YeThIpE CTPOrO PABHOGEIPEHHBIX MHO-
xecTBa w3 7 Todexk B E3, Tak wro |S| > 7. Torma dist(S) > 3 (cm. abzam
nocste creacrsust 3) u, rak Kak dist(X) < 2, o |[X| < 6. Ecom Y = {y}, To
|X| =6, ay — uenrp cdepsi, conepxkaeii X . Ecau X — MHO)KeCTBO BepiiuH
IPaBUIHLHOIO OKTa3/Ipa MM PABUJILHON TPEYTOJbHON MPU3MBI ¢ KBaJIPATHbI-
MU I'PaHSIMH, TO S He SIBJSIETCA CTPOrO PABHOOEJIPEHHBIM, TaK 4TO S OJHO U3
YIIOMSIHYTBIX BBIIIIE YeTHIPEX MHOYKECTB.

[Tycrs dimY # 0. Ipegnosnoxnm, dim X = 2. Torga dimY =1, | X| < 5,
|Y| = 2. Cunenosaresbho, | X| = 5, T.e., X — MHOXKeCTBO BCeX BEPUIMH IIpa-
BUJILHOT'O IISITHYTOJbHUKA. Tak Kak Kaxkias Touka MHOxkecTBa Y = {u,v}
paBHOYIaJIeHa OT BEPINUH MSITHYTOJbHUKA, TO IpsiMas ¢, cojepzkamias Y, nep-
HEH/IMKYJIsIPHA TJIOCKOCTU MSTUYTOJBHUKA U HPOXOJIUT Yepe3 ero IEHTP C.
IIycts w — cepesinna orpeska uv. Ilycrs x € X. Ecoim w = ¢, To S — cTporo
paBHOGeIpeHHOe MHOXKeCTBO. Eciiu w # ¢, 1o [[u—x|| # ||v —x]|, Tak uro pac-
CTOsIHME MEXKJIy U U V JIOJIZKHO ObITh PABHO JINOO PACCTOSIHUIO OT U JI0 TOYEK
MHOXKecTBa X, JInbO PacCTOSTHUIO OT V JI0 ToueK MHOkKecTBa X . Takum obpa-
30M, MbI [TOJTy9aeM GECKOHEYHO MHOT'O CEMUTOYEIHBIX CTPOrO PABHOOEIPEHHBIX
MHOYKECTB, BBIOPAB MIPOU3BOJILHYIO TOUYKY U HA NPAMOIi £, IPOU3BOJIBHYIO TOU-
Ky X € X 1 3aTeM OIpeJIe/INB BO3MOXKHBIE IIOJIOKEHUsI TOUKHN V € £ Tak, 4T00bI

lu— v = Jlu—x] wmn |Ju—v[| = [}v —x][| (puc. 3).
X
Vi Vo u
Puc. 3.
[Mpeanonoxkum, uro dim X = 1. Torma |X| = 2 u dimY < 2, Tak 9ro
Y| < 6. Ecomm |[Y]| = 6, To Y cocTonT U3 BepHINH H IEHTPa IPaBUILHOIO

IATUYTOJIBHUKA, 8 X JIC2KUT Ha MPSMOIi, HePIeHINKYISIPHON TIIOCKOCTH IISAITH-
yrosibHuKa. Touka MHOKecTBa X, He JiexKalas B IJIOCKOCTH IIATHYTOJIbHUKA,
U BEPIIMHDLI HATHYTOJbLHUKA 00Pa3yloT IHMpaMULLy, YAOBIETBOPSIONLYIO CJIEJI-
crBuo jieMMbl 2. CrieoBaTebHO, 00€ TOYKM MHOXKECTBa X M IEHTD IsITH-
YTOJIbHUKA, JIesKAT Ha OJHON IPSHOl, T. €., MHOXKECTBO S He SIBJISETCA CTPOroO
pasaobenpennbiM. [Tycrs |Y| = 5. Ecom dist(Y') = 2, ro Y — MHO)ecTBO Bep-
IIMH TPABUJILHOTO NATHYTOJBHUKA, TAK 9TO MBI ONSATH IPUMEHSIEM CJI€JICTBHE
JIeMMBI 2, OTKysa S — paHee IOJIy9eHHOe MHOYKECTBO U3 CeMHU TOYeK. Fcim
dist(Y) > 3, To Mbl npumensiem Teopemy 3 K MHOx)ecTBy Y. OjHako, ecin
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Y=X;UY ndimX; +dimY; <2, ro |Y] < 4. Takum o6pa3om, Mbl HaIILIH
BCE CTPOrO paBHOOEIPEHHbIE MHOXKECTBA U3 CeMH TO4YeK B [ES.

n=4

Kaxk ycranosseno B pa6ore [10], ecin S € E* u dist(S) = 2, To |S| < 10,
1 MHOXKeCTBO A4 (CM. ympakaeHwe 2) — 9TO €IMHCTBEHHOE (C TOYHOCTBIO JI0
1o/106WsT) MHOYKecTBO 3 10 TOWeK ¢ JByMs HEHYJIEBBLIMH paccTogHmsaMu B B4,
[TpucoenuuuB K 3TOMY MHOXKECTBY IIEHTP OIUCAHHON chepbl (%, %, %, %, %), MBI
HOJIyY9UM CTPOTrO PABHOGEIPEHHOE MHOXKECTBO u3 11 Touek.

IIycTb S — IPOM3BOJILHOE CTPOrO PABHOGEPEHHOE MHOXKeCTBO B B4 1t mycTh
|S| > 11. Torga dist(S) > 3 u mbl npumensiem teopemy 2. Ecom dim X = 4,
to dimY = 0. CnenoBarensno, | X| =10 u |Y| = 1. Tak kax dist(X) = 2, o
S — mHOXKecTBO u3 11 ToYek, KOTOPOe MbI TOJBKO YTO ONUCAIIH.

Ecmm dim X = 3, ro dimY < 1, tak garo | X| <5, |[Y[ <2, |5 < 7.

EcmdimX =1, rodimY <3, | X|=2,|Y| <7, ]5] <09.

ITIycre dim X = 2. Torma dimY < 2, | X| <5, [Y| < 6. Tak kak |S| > 11,
MBbI IIOJIyYaeM, Y9TO X COCTOUT U3 BEPHINH IIPaBUJIBHOTO IIATUYT'OJIBHUKA, a
Y cocTouT U3 BepIIMH U HEHTpa JPYyTroro MPaBUIBHOIO HATUYTOJIbHUKA, [PU-
9eM IJIOCKOCTH MSITHYTOJIbHUKOB OPTOIOHAJBHBL. IIpUMeHsisl CJiejicTBUe JIeM-
MBI 2 K HpOH3BOﬂbHOﬁ BepHIiHE NEPBOTO IATUYTOJIBHUKA U K MHOKECTBY BCEX
BEpIIUH BTOPOrO MATUYTOJBHUKA, MBI [OJIyIaeM, YTO OPTOrOHAJILHAS TTPOEK-
IMsl BCEX BEPIIMH U, CJIJOBATEILHO, IUIOCKOCTU IEPBOTO HATUYTOJbHUKA Ha
IIJIOCKOCTb BTOPOT'O MATUYT'OJIbHUKaA — HEHTP BTOPOI'O MATHUYT'OJIbHUKA. OTCIO—
Jla CJIeJIyer, 9TO ISTUYTOJIbHUKA MMEIT oOmmil meHTp. Tak Kak Tpeyrosb-
HUK, 0OPa30BAHHBINA BEPIIUHON MEPBOrO ISITHYTOJBHUKA, BEPIIUHON BTOPOIO
MATUYTOJILHUKA U UX OOIMUM IEHTPOM, JOJI2KEH OBbITh PaBHOOEIPEHHBIM, TO
MATUYTOJILHUKA KOHTPYSHTHBI. Takum 00pa3soM, MbI IOJIYUUIU BTOPOM MpU-
Mep CTPOro paBHOGEIPEHHOro MHOXkKecTBa u3 11 Towek B E* — pepmmmbr m
061t IEHTP JBYX KOHIPYIHTHBIX IPABUJILHBIX [ISITUYTOJILHUKOB, JIEXKAIIUX B
OPTOT'OHaJIbHBIX IIJIOCKOCTIX.

n=>=5
B pa6ore [10] yeranosyeno, aro ecm S C E5 u dist(S) = 2, o |S| < 16;
upu sroM |S| = 16 B TOM M TOJBKO B TOM CjIydae, ecyim S — MHOXKECTBO W3

16 BepmMH IATEMEPHOIO Kyba, HUKAKUE JIBe U3 KOTOPBIX He sIBJISIIOTCA KOHIa-
MH OHOrO pebpa Kyba. C TOYHOCTBHIO 0 MOJ0OUsT MHOXKECTBO S MOKET OBIThH
opeacTaB/JIeHO KaK MHO2KECTBO BCEX TOYCK, Y KOTOPBIX KazK/lad KOOP/IMHaTa
paBHa 0 mm 1 U cymMMa BCceX KOODAMHAT 4YeTHa. |IprcoeInHNB K MHOXKECTBY
S TouKy (%, %, %, %, %) — IeHTp Ky0a, MBI MOJIyYUM CTPOrO paBHOOEIPEHHOEe
MHOXKeCTBO u3 17 Touek. 3amerum, 9ro rpad ', BeprmHaMu KOTOPOIO sIBJIsI-
IOTCSI TOYKHA MHOXKECTBa S M JBE BEPIINHBI COEINHEHBI PEOPOM B TOM U TOJIBKO
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B TOM CJIydae, €CJId PACCTOSIHUE MeXKJy HUMM (KaK TOYKAMU MHOXKecTBa S)
paBHO 2, — 9T0 CUJIbHO peryisipubiil rpad Kiebma (cm. ynpazkuenue 6(r)).

Ecrm S C E® — crporo pasaobepennoe MEOzKecTBO 1 dist(S) > 3, mbr
npumMensieM teopemy 2. Ecom dim X = 5, Mbl mosiydaeM ONUCAHHYIO BBIIIE
koudurypanuio. Ecin dim X = 4,3,2,1, 1o |S| ve npeBocxogur 10 + 2, 6 + 6,
547, 2+ 11, coorBercrBenno, Tak 4ro |S| < 17.

n==~6
Cormacuo [10], nanGoJbiTee MHOMKECTBO C AByMs paccTosHusaMz B ES co-

cTouT U3 27 TOYEK U €JUHCTBEHHO. DTO MHOXKECTBO MOYKET OBITH IIPEJICTABJIEHO
KAK CJIe/LyIoIee TI0JMHOYKECTBO IIPOCTPAHCTBA, ES:

T:{ai,bi:1§i<6}U{Czj11§i<j§6},

I7e yV TOYKH a; -Tas U celbMasl KOOPAWHATHI PaBHBI 2, a OCTaJbHBbIE IIECTH
koopauHaT paBHbl 0, y Touku b; i-Tasg um BOCbMasi KOODJIMHATHI PABHBI 2, a
OCTaJIbHBIE NIECTh KOOPJAMHAT paBHLL 0, y TOUKH ¢;j i-Tasl U j-Tasd KOOPJUHATHI
paBHBI —1, a ocTaJbHBIE IeCTh KOOpaAnHAT paBHEI 1. [lockoabKy Bee 27 Tovuek
JIe’KaT B TUNEPILIOCKOCTAX X1 + T + -+ Tg = 2 1 &7 + g = 2, MHOXKECTBO
T 5eXXUT B IIECTUMEPHOM €BKJIMJIOBOM MPOCTPAHCTBE.

YIPAYKHEHUE 8. (a) IIpoBepbre, 4r0o paccrosHue MeK Ly JIIOOBIMU JIBYMsi
toukamu MHozkecTBa T’ pasro 4 min /8.

(6) IIposepsre, uro T mexut Ha chepe paauyca 4/v/3 ¢ nentpom q =
= (%, %, %, %, %, %, 1,1) mwaro q € (T).

() Ilycry Beprmuamu mosiHOro rpada sIBISIOTCS TOYKH MHOXKecTBa 1,
[PUYEM JIBE€ BEPIIUHBI COEJIMHEHBI KPACHBIM PEOPOM, €C/IM PACCTOSHUE MEeXK-
Jly HUMH PaBHO 4, U 3ejIeHbIM PeOPOM, €CJI PACCTOsIHUE MEXK/Iy HUMU PaBHO
V8. TIpoBepbTe, 9TO 9Ta PACKPACKA — CHJILHO PEryjspHAsl ¢ IapaMeTpPaMn
(27,10,1,5). CoorBeTcTBYIONIMIA CUILHO PEryJIsSIpHBIA Ipad HasbIBaeTCs 2pa-
dpom Ilrepru.

Herpyauao nposeputs, uro Mmuoxkectso T'U{q} siBisieTcst cTporo paBHo6e -
perHbIM. Ecitr S — Hpomn3BosIbHOE CTPOro paBHOOEIpeHHOe MHOMXKeCTBO B K 1
|S| > 28, o dist(S) > 3, u mMbl npumensiem teopemy 2. Ecim dim X = 6, mbr
[TOJIy 9YaeM OIIMCAHHOe MHOXKeCTBO u3 28 Tovek. Ecaum dim X = 5,4,3,2,1, o
|S| He mpeBocxomur 16 4+ 2, 1046, 6 + 7, 5+ 11, 2 + 17, cOOTBETCTBEHHO, Tak
aro | S| < 28.

n="17
Haubosbiee (1 e UHCTBEHHOE € TOTHOCTDIO 110 TI0/I00MST) MHOYKECTBO C JIBY-

Mt paccrostHusMu B EY | cocront, cormaco [10], 3 ciemyromux 29 Todex mpo-
crpamcrsa E8:
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CeMb TOYEK, Y KOTOPBIX BOChbMasl U €Ille KaKasd-HuOyIb KOODINHATA PABHBI
—1, a ocraspHbIE IIECTh KOOPJAUHAT paBHBI 1; 21 ToYyka, y KOTOPBIX JIBE U3
IIEPBBIX CEMU KOOPAMHAT PAaBHBI 2, & OCTAJIbHBIE IIECTh KOOPAWHAT pPaBHBI (]
touka (1,1,1,1,1,1,1,—3).

Bce atn Toukm siexkaT B runepruiockoctu ry + r2 + .-+ xg = 4, T.e., B
CEMIMEPHOM €BKJINJIOBOM IIPOCTPAHCTBE.

VYIPAXKHEHUE 9. IlpoBepbTe, 9TO paccTosHne MeXK Iy JIOOBIME IBYMS U3
VKa3aHHBIX 29 To4yeK paBHO 4 wan 21/2. Jlokaxkure, 9T0 JaHHBE 29 TOUYEK He
JIeyKaT Ha OJHOI cdepe.

JlagHOE MHOXKECTBO M3 29 TOYEK SIBJISIETCS CTPOIO PaBHOOEIPEHHBIM, HO
OHO He IIPUTOJIHO JIJIsT IOy YeHUsT OOJIBIIEr0 PaBHOOEIPEHHOTO MHOXKeCTBa. K-
JIM MBI IIPUCOEJIMHUM K MHOXKeCTBY A7 (CM. ylpakHeHue 2) IEeHTD OIMCAHHOI
cepbl, MBI TIOJIY UM JIPYTO€ CTPOro PaBHOOEIPEHHOE MHOXKECTBO 13 29 TOYeK.
Kpowme Toro, eciim Mbl BbIOEpEM B KaKOU-HUOY/Ib THIEPIIOCKOCTH T €IMHCTBEH-
HOe MHOXKecTBO T u3 27 TOueK ¢ JAByMsl PACCTOSIHUSIME (CM. cirydait n = 6),
TO 9TO MHOXKECTBO JICXKUT Ha cdepe ¢ IEHTPOM B TOUYKE € 7, U IOTOMY,
[IPUCOEINHUB K ( OJHY M3 TOYEK IIepecedeHns 3Toi cepbl U IpsMOoil £, Ipo-
XOJIAIIEN Yepe3 W OPTOrOHAJbHONW THITEPILIOCKOCTH 77, MBI CHOBA ITOJIY UM
CTporo paBHOGEIpEHHOE MHOKeCTBO 13 29 Touek B E7. Boiee TOro, Mbl MOXKEM
[OJIyYUTh HECKOHEYHO MHOI'O CTPOr0 paBHOOEIPEHHBIX MHOXKECTB U3 29 Todek
Buga S U {u,v}, re u,v € ¢ BeibpaHbl Tak, 9YTO PACCTOSHUE MEXKIY U U V
PaBHO PACCTOSIHUIO MEXKJy OIHOM M3 9TUX TOUEK U JII0OO0N TOUKON MHOXKECTBA
T (puc. 3). Ml Teneps jokazem, uro B BV He cymecTByeT cTporo pasHobe,I-
perHOTO MHOXKecTBa U3 30 TOYEK.

[ycts S C ET — crporo pasHobeapennoe MHOXKecTBO n mycTh |S| = 30.
Torma dist(S) > 3, u MblI, Kak Beeryia, npuMensieM Teopemy 2. Ecom dim X =7,
To |Y| = 1, tak uro |X| = 29. OfgnHaKo, eUHCTBEHHOE MHOXKECTBO C JIBYMSI

paccrosauaMu u3 29 Touek B E' ne exkut Ha chepe. Ecom dim X = 6, 5,4, 3,2,
ro dimY < 1,2,3,4,5, coorBercrsento, u rorga |S| < 27+ 2, 16 + 6, 10 + 8,
6+ 11, 5+ 17, tak uro |S| < 30.

IIycre dim X = 1, dimY = 6, tak uro |X| = 2, |Y| = 28. MbI MoxkeM
IPE/IIOTIOKITE, 9TO MHOKecTBO S jteskut B E® u ipn stom Y = T'U {q}, rae
MHO)kecTBO 1’ 1 TOUKa ( Te ke, 410 U B ciaydae n = 6. Ilycrs m = (T') = (V).
Torma dimnm = 6. Tak KaK MHOXKECTBO C JABYMsI PACCTOSHUSAMHU B IIATHMEP-
HOM €BKJINJIOBOM IPOCTPAHCTBE COCTOMT He Oojiee deM u3 16 Todek, Jiodble
17 Touek muOKecTBa T MOpOXKIat0T 7. PaccMoTpuM MoJHBIH Tpad, BepIITHBI
KOTOPOI'0 — TOYKHU MHOXKecTBa T, a pébpa pacKpalleHbl, KaK yKa3aHO B yIIPazK-
Henun 8(B). Mbl MOXKeM NIPUMEHUTH JIeMMy 2, Ijie P — TOYKa MHOXKecTBa X,
He Jiexkalas B .
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Ecnmu p — nentp cdepsl, comeprkaiiuii MHOXKECTBO ', TO OPpTOrOHAJIbHAS
MIPOEKIIAST TOYKU P Ha MOAIPOCTPAHCTBO M — TOYKA (, U TOTJIA JBE TOYKU
MHOXKecTBa X M TOYKa ( JieKaT Ha OJHON IPIMO.

[Tpeanonoxkum renepb, uro dist(T U p) = 2. Eciin MbI IOKazkeM, 910 TOU-
Ka p paBHOyIaJeHa OT 17 TOYeK MHOXKeCTBa .S, TO OPTOrOHAJbHAS TPOEKITUS
P Ha MOAIPOCTPAHCTBO 7 — TOYKA (, ¥ MBI OISTH HOJYIUM UTO TPU TOIKHU
MHOXKecTBa 1’ jie2KaT Ha OJHON MPSIMOIL.

IIycts p = (p1,p2, - .., ps). llpumenss onncanne Todex a;, by, ¢;j, 1aHHOE

B CjIy4dJae N = 6, MBI IIOJIYYIUM, YTO JIJId JIIOOBIX YeThbIpeX Pa3JIMIHbIX MHIECKCOB
1,7, kal € {17 273747576}

Ip-aill =llp-a < [p-bill=lp=>bil < pi=pj
lp-aill <lp-al < lp=bill<lp=bjll < pi=pj+2

(6)

lp—aill =|lp—al < pr=nps,
lp—aill<lp-aill & pr=ps+2, (7)
lp—aill >p—aill & pr=ps—2;

lp—cill =llp—cill < pj=0pK
lp—cijll >llp—cill < pj=npr+2

(8)

p—ciyll =lp—cul < pit+pj=p+n, (9)
lp—cill > lp—cull < pit+pj=pctp+2

Tak kak cpeau paccrosauit ||p — a;|| ectb He Gostee IBYX PA3IUIHBIX, U3
(6) ciemyer, 9TO Cpesu NEPBBIX IECTH KOOPJIMHAT TOYKU P €CTh He GoJiee
JIBYX Pa3/IIHbIX. KC/u mepBble mecTh KOOPAMHAT TOYKH P PABHbBI APYT JIPYTY,
To u3 (6) u (8) ciemyer, 4To TOYKA P paBHOYIAJEHA OT MO KpaiiHeil Mepe
21 Touku MHOKecTBa, S. [lo9TOMY IIPEITOIOKUM, ITO CPEeId MMEPBBIX IIECTH
KOOD/IMHAT TOYKU P BCTPEYAIOTCS POBHO JiBa pa3HbIX 3HaudeHust. Torma uz (9)
CJIEJIyeT, YTO OJIHO M3 STUX 3HAUEHWH BCTPEUAETCsl TOJIBKO OJuH pas, a u3 (6)
ciaenyer, 9To py = ps. llycts po = p3 = py = P5 = pg. Torma touxka p
paBHoynasena ot 10 Touek a;, b;, 2 < ¢ < 6. Herpynuo npoeputhb, UTO
HOJIITPOCTPAHCTBO (A2, a3, a4, &5, Ag) ABJISIETCS IEPECEICHIEM MUIEPILIOCKOCTE
rit+axot+x3+ x4+ a5+235 =2, 27+ 28 =2 1ux; =0. Tak Kaxk HE oxHA U3
TOYEK C;j He JIexKUT B runepiuiockoctu r1 = 0, To 10 Touek a;, b;, 2 <1 < 6,
1 J1I06ast U3 TOYEK Cjj HOPOKIAIOT .

Taxum o6pazom, E7 He COIEPKHUT CTPOrO paBHOGEIPEHHBIX MHOKECTB M3
30 Touek.
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n=3y
B pabore [10] naitieno muozkectso S C EY cocrosmiee nz 9 Touex, y KOTo-
2
PBIX BOCEMb KOOD/IHAT PAaBHbL - H OIHA KOOPAUHATA PaBHA — =, 1 36 ToUEK C

JBYMs KOOPJAMHATAME, PABHBIMU 1, U ceMblo KoopimHaTaMu, paBubiMu (. Pac-
CTOsIHUE MEXKTy JIIOOBIMU JIByMsI U3 3THX 45 TOYeK PaBHO 2 miin \/5, 1 BCE OHU
JIEXKAT B TUIEPIUIOCKOCTH T1 + X9 + -+ 4+ X9 = 2, T.€. B BOCbMUMEPHOM €B-
KJIMI0BOM TipocTpancTie. [Tockonbky |S| = 01207 9TO HaMOOJIbIIIEE BO3MOXKHOE
paBHOOEIPEHHOE U CTPOr0 PABHOOEIPEHHOE MHOXKECTBO B 8.

§85. 3AMAYA DPAKRIIA B APYIUX [MPOCTPAHCTBAX

Orpejiesienne paBHOOEIPEHHOTO MHOXKECTBA UMEET CMBICI B JIFOOOM METPH-
geckoM mpocrpancTse. Teopema 4 (B yacTu, He KacamoIeiicss OpTOroHATLHOCTI
U pa3MepHOCTH ) TOXKe CIIPaBe/JINBa B JTIOOOM METPUIECKOM IPOCTpaHcTBe. Mbl
paccMoTpuM Tpu IpuMepa. B mepBoM npuMepe 3ajiada JpEina paccMaTpUBa-
eTcst BO BCell IOJTHOTE, B JIByX JIPYTUX IIPUMEPAX IOJIyUeHa OIEHKa YUCJIa TO-
9eK B MHOXKECTBE C JIByMsI PACCTOSHUAMU, 9YTO OTKPBHIBAET BO3MOXKHOCTH JJIsT
UCCJIe/IOBAHUST PABHODEIPEHHBIX MHOXKECTB B 9TUX IPOCTPAHCTBAX.

1. BUHAPHOE IIPOCTPAHCTBO X®MMMWHIA

Bunapmoe npocrpamcTBo XaMMUHTa Pa3MEPHOCTH 1 — 9TO MHOXKeCTBO Hj,
BCeX TocjeoBareabHocreit a = (ay, ag, ..., a,), rue a; € {0,1}. Paccrosinue
h(a,b) mexmy Toukamu a u b = (by, ba, ..., b, npocrpancrsa H,, onpe/esier-
¢sT KaK 9UCJI0 UHIEKCOB 4, JJIst KOTOPBIX a; # b;. IlpocTpancreo H,, ecTecTBEHHO
MHTEPIIPETUPOBATH KAK MHOXKECTBO BepinH equnndHoro kyba B E™. Tlockosb-
Ky pacCTOsSHUE MeXKJIy JBYMs TOYKAMHU [pOCTpaHcTBa H, paBHO KBaJpaTy
€BKJIMJIOBA, PACCTOSHUS MEXK/Iy STUMHU TOYKAMK KaK BepIIMHaMK Kyba, paBHO-
OeapenHoe MHOXKeCTBO B H,, siBiisieTcst cTporo paBHOOEIPEHHBIM MHOXKECTBOM
B E" (Hukakue Tpu BepIInHbI KyHa He JieXKaT Ha OfHON npsimoii). [Tepedncimm
KPaTKO OCHOBHBIE PE3YJIbTATHI, KACAIOIINECH 3aa9u DPJEIA B IPOCTPAHCTBE
H,,. lokazaresibcTBa U CCHUIKU JIaHBI B padore [6].

IIycts S — paBHOOepeHHOE MHOXKECTBO B H,.

(a) Eciu dist(S) = 1, 1o |S| < n+1. IIpu 3T0M paBeHCTBO BO3MOYKHO B TOM
U TOJIBKO B TOM CJIydae, ecjii CyIIecTByeT Marpuiia Ajgamapa mopsiaka n + 1.
Marpuna Anamapa — 9To KBaJpaTHasi MATPUIA C TTOMAPHO OPTOTOHAIBHBIME
CTPOKaMHU, BCE 3JIEMEHTBI KOTOpoil pasubl £1. Jlerko mgokazarh, 9TO MOPIOK
marpunbl Agamapa gemurcs Ha 4 (wim pasedn 1 wim 2). B 1893 romy ZKak
AmamMap TpeIoIoKII, IYTO JJIsi JIF0OOT0 HATYPAJBHOIO 1. CYIIECTBYET MaTpU-
ma Ajamapa mopsiaka 4n. [peanosmoxkenne Amamapa 10 CHX TIOP He JTOKA3AHO
U He onpoBepruyTo. HamMmenbiiiee 3HatueHne n, Jjisi KOTOPOTO CYIIECTBOBAHUE
MaTpuiibl AamMapa mopsijika 1 OCTaeTCst OTKPBITBIM — 668.
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(6) Ecamn dist(S) = 2, o |S| < 1+C2_,. IIpu 9T0M paBeHCTBO IMEET MECTO
B TOM U TOJILKO B TOM ciiydae, ecyin (1) n=2u S=Honm (2) n=5u S —
MHOXKECTBO 13 16 BepHIMH IATHMEPHOro KyOa, HUKaKHe JBe M3 KOTOPBIX He
IPpUHAJJIEXKAT OJTHOMY pebpy.

(B) Ecam dist(S) = 2 u muO)ecTBO S, paccMaTpuBacMoe Kak HOJMHOMXKE-
cTBO TIpocTpancTBa B MexKnT B Kakoii-HIOyI» runepriockoctd, To |S| < C2.
[ycrs S = {x € H, : h(0,x) = 2}. Torga dist(S) < 2, |S| = C2 u S nexur B
TUIEPIIOCKOCTU T1 + To + + -+ + & = 2.

(r) Ecom dist(S) > 3, To S| < 1+ C2. Hycrs u = (1,1,...,1) u mycTsb
S={ulU{x € H, : h(0,x) = 2}. Torma S — paBHOGEIPEHHOE MHOKECTBO 1
|S| =1+ C2% ectun > 5 un # 6, To dist(S) > 3.

(n) Ecim n = 6 u dist(S) > 3, 1o |S| < 12; ecsoin n < 4, To dist(S) < 2.

2. COEPUYECKOE IIPOCTPAHCTBO

Cdepuueckoe mpocTpancTBo S” — 3TO MHOXKECTBO Bcex Touek u € E'H!
rakux, 9to ||u|| = 1. Paccrosinme mexay Toukamu u,v € S™ onpezessiercs
kak arccos({u,v)).

IIycTs S — MHOXKecTBO B S™ ¢ JIByMsI HEHYJIEBBIMEU PACCTOSIHUSIMU, ¢ U [3.
Myecun [11] nokasai, uto ecau cosa + cos 3 > 0, To [S| < C2, . Ecmn > 7

ns = iAn (em. ympauenne 2), To cosa 4 cos 8 > 0 u |S| = C2,4. Ecm

V2
cosa + cos 3 < 0 To, Kak mokazano B [11], [S| < C2; npu 7 < n < 39,
UCKIo4Yasg n = 22 u n = 23.

3. 'MIEPBOJIMYECKOE ITPOCTPAHCTBO

['mmepbommuaeckoe mpocrparcTBo H™ — 3T0 MHOXKECTBO BCEX TOUEK U =
= (ug, U1, . . -, up) € E" maxux, uro ud —u? —- - —u2 = 1. Paccrosmue Me1y
ToukaMu U u v = (vg, v, . .., V) onpeensiercs Kak arcch(ugvg — ujvy — ... —
— upvy). Kak mokasano B (2|, ecim S C H”, dist(S) = s, 1o |S| < Cj . Hust
kazkyoro n > 10 Jluconek [10] npuBour npumep muokectBa s C H"™, Takoro,
aro dist(S) =2 u |S| = CZ,,.
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OjiHa reoMeTpuUecKas 3aja4a, IPUBOJISIAT K
OMIINapIHOMY 3aKOHY OTParKEeHMUSI

I'. A. Tanbuepun A. 10O. IT1axos

Cremyroriiee TeOMETPUYECKOE YTBEPXKJICHUE UT'PAET BaXKHYIO POJIb B 3aJ1a-
9aX HBIOTOHOBCKOI aspojuuamuku [2,3|. OHO [03BOJISIET CTPOUTH «HEBUIU-
MBI€ OOBEKTBI» TUIA KPUBOJUHEHHOTO Tpeyrojbanka ABC, n300parXKeHHOTO
Ha puc. 4 B KoHIle HacTosieil crarbu. Llenb HacTosImell 3aMeTKn — JI0Ka3a-
TEBCTBO ITOTO YTBEPIKICHMUS.

TEOPEMA. [lycmov F1FoC — npamoyzosvhoiti mpey2oavhuk ¢ 6epuuHotl
npamozo yeaa 6 o, € uwH — copoxycruie, ¢ poxycamu 6 mouxax ) u Fy, an-
aunc u 2unepboaa, npoxodsugue wepes mouxy C. (Mol paccmampusaem moavko
my eemsv 2unepbosv, H, xomopas codeporcum C'.) Pacemompum ayy ¢ eepuiu-
ot 8 mouke F, nepecexarowut sarunc £ u semev eunepborv, H 6 nexomopoix

moukaxr A u B. Tozda ompesox FoC obpasyem pashwie yeav, ¢ ompesdkamu, Fo A
u 5B o= [ (cm. puc. 1).

Puc. 1. a=p0

MaTemaTuueckoe npocseletne, cep. 3, oin. 15, 2011(176-181)
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OrmeTnM creyrolnee CBOWCTBO, BBITEKAIOIIEe HEIIOCPEICTBEHHO U3 HAIIei
TEeOPEMBI.

CHIEOCTBUE. [lyemv A1 — mouka nepecevenusn ayua Fo A ¢ semevio eu-
nepbosv H u nycmo ayw F1 Ay nepecexaem aarunc 6 mouxe By (puc. 1). To-
2da, coenacho meopeme, mowku B, B u Fy aeorcam na 00noti npamoti. Unvimu
crosamu, mpotixu moyuex F1AB, F1A1B1, FoA1A u FyB1 B xoanuneapho.

JlokazaTebCTBO TeOpeMbl HUCIIOJIB3YeT CJEyIONee XapaKTePUCTHIECKOe
CBOWCTBO OMCCEKTPHUCHI TPEYTOJTbHUAKA.

JIEMMA. Paccmompum mpeyzoavrnur ABC u ompesox BD, coedunsrowyuil
sepwury B ¢ moukot D, aeorcaweti na npomusoaescawet cmopone AC. Obo-
anauum a; = AB, ag = BC, by = AD, by = DC u f = BD (cm. puc. 2).
Ompesox BD asasemcs buccexmpucoti yeaa B moeda u moavko moezda, xo2da
(a1 + b1)(ag — b)) = f2.

(b)

Puc. 2. JlokazaresbcrBo npsimoro (a) u ooparaoro (b) yrBep:KjieHust o OUccek-
TpHCE

JOKA3BATEJILCTBO. Ilycts f = BD ecrb buccekTpuca yriia B, mposeeH-
Hast K cropoHe AC. JlokaxKeM cJieIyIolie TP COOTHOIIIEHNST Ha, BEJIMIUHBI a1,

az, by, by u f:
1. al/ag = bl/bz;
2. ajaz — biby = f%

3. (a1 + b1)(a2 — b2) = f2.
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Pasencrsa 1 u 2 XOpOoHIO M3BECTHBI; KazKJ10€ N3 HUX TaKXKe fABJIACTCA XapaK-
TEPUCTUIECCKUM CBOIICTBOM 6I/ICC6KTpI/ICbI TpeyroJibHUuKa.

Ilepsoe ceoticmBo BhITEKAET U3 CPABHEHUS ILJIOIIAIEH:

1, 1
ﬂ = §a1f81na = SABD = §b1h = bfl (1)
as %ag fsina  SBCD %th by’

rne « = ¢ABD = (CBD, a h — BbIcOTa, OIyIlEHHAsI U3 BEPIIMHBI B Ha
cropony AC.

Bmopoe c60ticmeo 6UCCEKTPUCHI OCHOBBIBAECTCS Ha, IOHATUU «CTEIIEHU» TOY-
KI OTHOCUTEJILHO OKPY>KHOCTH. OIHUIIEM OKPY?KHOCTb W BOKPYT TPEYTrOJIbHUKA,
ABC. Cmenenvto mouku D BHyTpH OKPY2KHOCTHU W HA3BIBAETCS IIPOU3BEICHUE
JUIMH OTPE3KOB JII000H XOP b, IPOXOsineiil uepes D, Ha KOTOPYIo DD AeuT 3Ty
xopay (Bce Takue MPOU3BEJIEHUsT OJMHAKOBBI Jist JaHHoi Touku D). O6o3Ha-
qug DE = g, nony4aem st touku D: biby = fg (puc. 2).

Samerum, uro A ABE nopoben o DBC 110 aByM yrjiam:

(ABE = ,DBC=a u 4AEB = 4ACB — % AB .
ITosTomy
a i
f+g a’
OTKyZa

aas = f*+fg = fP=aia2— fg=aiay — biby,

9T0 1 TPebOBAIOCH.

[TpucrynuM K J0Ka3aTeIbCTBY TOIO, YTO JjIsi OMCCEKTPUCHI f BBIIIOIHSIETCSI
paBeHCTBO 3, U 0OpaTHO, OTPE30K B, yIOBIETBOPSIONINI 3TOMY PaBEHCTBY,
ABJIdEeTCA 6I/ICCGKTpI/ICOI>‘I. OTMeTI/IM7 YTO HaM HEU3BECTHBI KaKI/Ie—.HI/I6O yHOl\/II/I—
HaHUs B JINTEPAType 00 3TOM CBOMCTBE.

Jlerko BHsIeTH, UTO ajaredpandecKne COOTHOIIEHU 1, 2 1 3 SABJISIOTCS «JIH-
HEHHO 3aBUCUMBIMUY | U3 JIFOOBIX JIBYX CJIE/lyeT TpeThe. TemM caMbiM U3 CBOUCTB
buccekTpuChl 1, 2 HEMEJJIEHHO BBITEKAET MPAMOE yTBepKJIeHNe: OUCCEKTPUCa
f ymomierBopsieT ycoBuio 3.

BriBos obpatHoro yTBep2KIAcHUS TpeOyeT IMPUMEHEHUsI TeOPEeMbl CUHYCOB
u HekoTopoit Tpuronomerpun. O6osnaunm o = (ABD, 3 = (CBD u v =
= ¢4BDC (cm. puc. 2(b)). Hamra neis — jgokasars pasencrso « = (3. Ilpmwve-
HsIsl TeopeMy CHHYCOB K A ABD, nmmeem

ap b /

siny  sina  sin(y — a)

I
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a MpPUMEHsIsT TeopeMy CHHYCOB K A BDC', numeem

ag by f
siny sinf  sin(y+3)°

OTcrona HaXo UM

.Yt
f ) ) sin 5
a by = ———(sin sina) =
1+ 1 sin(’y—oz)( fy—i_ ) fsin'y;a’
f sin’y;ﬁ
ag — by = ———(siny—sinf) = f——=—
sm(7+ﬁ)( ) sin’ygﬂ’
", IPUMEHsST YCTIOBUE 3, TTOJTyJaeM
sin’YJrasin’Yiﬂ
f2 2 2 :f2
y—a . v+ f ’
Sin 2 Sin 2
OTKYIa
sinwrozsin¥:sinﬂY;asim#7

cos#—cos(v—l—aT_ﬁ) :COSL—;ﬂ—COS<’V—L_ﬁ>,

2
cos(*y—i—aTiﬁ) :cos<'y—aTiﬁ>.

N3 nocnemrero pasencrsa u yeaosuit 0 < «, B, 7 < 7 ciaemyer, 9o o = [3,
4TO U TPeOOBAJIOCH HOKA3ATD.

Tenepb IpUCTYIUM K JI0KA3aTEILCTBY TEOPEMBL.
IIpoaymm oTpesok BF) 110 BTOporo mnepecedeHust ¢ 3/LIUICOM B HEKOTOPOIi
Touke A’. O6o3HaYNM

f = FlFQ, Cc = FQC, a; = FlAI, b1 = FQA/, as = FlB n bg = FQB

(em. pue. 3). O6osnaunm C’ Bropyro TOUKY HEpecedeHusl JUIUICA ¢ BETBBIO
rutiepbosiel H. B cuity (hoKaabHOTO CBOWCTBA 3JIIUICA BBIIIOJHEHO PABEHCTBO

A + RhA = RO+ R
TO €CTh
ar+b=vfP2+E+e (2)
Hasee, B cuty (pOKaJbHOTO CBOWCTBA THIEPOOJIBI NMEeM
B —FB=FC - FC,

TO €CTb

ag —by = f2+c2—c (3)
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Puc. 3. BeriomorareapHOE MOCTPOECHUE

Puc. 4. Kpuposmneiinpiit Tpeyroapauk ABC nesumuMm u3 ¢pokyca F: Bce BbI-
xoxsmue u3 Iy ceeroseie jyun orubaror npensitcreue AC B Tak, Kak ecjid Obl
ero He ObLJIO BOBCE
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ITepemmuozkast jeBble U mpasble dacTh (2) u (3),morydaeM
(a1 +b1)(az = b) = f*,

U C yYeTOM JIeMMBbI 3aK/odaeM, uro FyFy — buccekrpuca yriaa F| Tpeyroib-
nuka A’FyB. 9To, B cBOIO 0Yepeib, 0O3HadaeT, 4To Touka A’ cummerpuuna A
OTHOCUTEIbHO TpsAMOit F1 Fb, 1 B CHJIy CHMMETPHUH UMEEM

(ARC = ARC. (4)

C apyroit croponnl, yriabl (BEF,C u A'F»C’' BepTUKAJIbHDBI, a 3HAYWT,
paBHBIL:

(BF,C = (A B (5)
s (4) u (5) cremyet, aro
LAFC = «BF(C,

To ectb v = 3. Teopema jl0Ka3aHA.
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O MUHEMYyME MaKCUMyMa TJIaJIKUX (DyHKIIM

I. I. Marapun-Uibges

B 3amerke npuBOAATCA HEOOXOAMMBIE M JOCTATOYHBLIE YCJIOBUS MUHHAMY-
Ma (DYHKIMH, ABJISIONIENCS MAKCUMYMOM KOHETHOTO YHCIa TIaJAKuX pyHKIMi
MHOTUX ITepeMeHHbIX. JIJist hyHKIUi 0JTHOrO ITepEeMEHHOT0 «U3 KAPTUHOK» CPa-
3y BHJIHO, YTO €CJIM T — JIOKAJbHBIH MUHEMYM MakCUMyMa (pyHKIMI fi 1 fo,
rae f1(Z) = f2(Z) n, craxem, f1(Z) < f5(Z), TO cnpaBeIMBO BKIIOYCHUE
0 € [f1(@), f5(Z)]. JocraTounbiM 910 ycI0BHE He SIBJISIETCS, KAK IIOKA3bIBAET
npumep dyuknun f(zr) = max(—x,sinx). Ho oHO craHOBUTCS JOCTATOYHBIM,
€CJIM B HEKOTOpO# OKpecTHOCTH T rpaduku QyHKOU fi n fo jexkaT BbIIeE
CBOUX KaCaTeJIbHBIX B TOYKE f

Bcee »tn mabmomennsa mutatis mutandis umeror mMecto u B OoJiee oO1meit
curyanuu. OCHOBHOI pe3ysbTaT 3aK/IOUaeTcsd B TOM, YTO eCau (pyHKIms f

eCThb MakcuMyM (BYHKIHUH f1, ..., fin, OMPEIETEHHBIX B OKPECTHOCTH HEKOTO-
poii Toukn T € R™ u f1(Z) = ... = fp(T), TO npuHAUIE:KHOCTD HYJIs BBIITYK-
JIO 000JI0YKe TIPOU3BOJHBIX (rpajauenTos) dyHKuuit fi,..., f, B T gBisercs

HEOOXOANMBIM yCJIOBHEM JIOKAJIHHOIO MUHUMYMA, f B TOYKE T, I JOCTATOYHBIM,
eciu rpaduk Kaxkaoi w3 yukmuit f;, 1 < ¢ < m, JeXKAT BhIIle HEKOTOPOI
UIIEPILIOCKOCTH, IIPOXOASIIeil yepes T.

Itst TogHOM POPMYIUPOBKM Pe3Yy/IbTaTra HYXKHBI HEKOTOPbIE Hada bHBIE
cBejierns o mpocrpancTse R™ | nmoustue nponssoauoil pyuknuu na R™, monsarue
BBITYKJIOTO MHOXKECTBA, BBITYKJIOH 0DOJIOYKN MHOYXKECTBA, a TaKXKe TeopeMa
MuHKOBCKOTO 00 OTIEIUMOCTH TOYKU OT BBIMYKJIOI'O 3aMKHYTOIO MHOXKECTBa,
B R™. Huzke Bee 911 hakThl (KOTOPbIE BIIOJIHE CTAHAPTHBI) HAIIOMUHAIOTCSI, HO
€CJIN OHU M3BECTHBI YUTATEJIIO, TO CJIAYIONU nmaparpad MOXKHO IPOIYCTUTD.

[IPEABAPUTEJIbHBIE CBEIEHUA

[TpocrpancTtBo R™ 3TO COBOKYITHOCTH BCEX YIIOPSIOUEHHBIX HAOOPOB T =
z

= : u3 n JeficTBUTENbHBIX uncea (ecam n = 1, TO 3TO HPOCTO MHO-

In
YKeCTBO JeHCTBATETbHBIX [Hced, W MbI imeM R Bmecto RY), masnBaembrx
8EKMOPAMU WA 6EKMOP-cmordbyamu, a ducia r;, 1 < i < n — xoopdunama-
Mmu eexkmopa x. Pagn skoHoMun Mecra, sjeMeHThl R™ 6yaeM 3aluchiBaTh Tak

MaTemaTuueckoe npocseletue, cep. 3, oin. 15, 2011(182-186)
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= (x1,...,7,)7, rne T obosmauaer mparcnonuposarue (iepesos CTPOKH B

crosibern). B R™ ecrecTBeHHBIM 06pa30M BBOJUTCS oneparius ([IOKOOPIHHATHO-
r0) CJIOKEHUsI BEKTOPOB U ollepaliust (MOKOOPIMHATHOIO) YMHOXKEHUsI BEKTOPA
Ha YUCJIO.

[Mycrs a = (ai,...,a,) — BEKTOP-CTPOKA U3 N JIEHCTBUTEILHBIX YHUCEJI.
Jna xkaxgoro x = (z1,...,7,)" € R® obosnaanM a-x = Yo aixi. fcewo, aro
oTOOpaykeHue T +— @ - & eCThb JnHelHas (DYHKIUs (MM, TOBOPSAT, JTMHEHHBIN
dbyukumonan) va R", re. a-(r1 +22) =a-r1+a-21ua-ar = aa-x
It M00bIX T, 21, T2 € R™ u o € R. Jlerko BugeTh, 9To 1 J11060# JTUHEHAHDLIHA
dbyukmmonan | ma R™ zamaercsa momobusim obpazom ¢ a = (I(e1),...,l(ey)),
e e; = (1,0,...,0)7, ... e, = (0,...,0,1)T. Takum obpasom, ecm o6osHa-
quth depe3 (R™)* MHOXKECTBO, 3JIEMEHTBI KOTOPOTO CYTh T€ Ke HADOPbI U3 7
JIeIiCTBUTENIBHBIX IHCEJT, HO PACIIOJIOKEHHbBIE B CTPOKY (C AHAJIOTUYIHBIMU OTIe-
panusaAMU CJIO2KEHUsA U YMHOXKEHUA Ha LII/IC.)'I&)7 TO €ro MOXKHO OTOXKJICCTBUTD
C IPOCTPAHCTBOM BCEX JIMHEHHBIX (DYHKIMOHAJIOB Ha R™ KOTOpOe Ha3bIBAIOT
CONPAdANCEHHDBIM A J60TcmeeHHbiM ITPOCTPAHCTBOM K R™.

Haiee, kaxxaomy = = (271, ... ,wn)T € R" MOKHO COIMOCTAaBUTDH JIMHEHHBIH
dbyukumonan a — a - x va (R™)* u Torjga coBepIIeHHO aHAJOIMYHO YCTAHAB-
JIMBAETCsl, 9TO CONpsizKeHHoe (JBoiicTBennoe) mpocrpancTBo K (R™)* mMoxHO
OTOXKJIECTBUTE ¢ R™.

Hycts z = (21, . ..,7,) € R". Bemmuuna |x| = /27 + ... + 2 Ha3bBaCT-
cst 0AUuHOT W e6KAUA060T, HOPMOT, BEKTOpa X, a BesmauHa d(z,y) = |x —y| —
DPACCMOAHUCM MEKTY BEKTOPAMU T U .

IIycrs & € R™ u § > 0. MuoxectBo Ugn(Z,0) = {z € R" | |z —Z| < 0}
HA3BIBACTCST OMKPLIMbLM WAPOM C TIEHTPOM B TOUKE T pajuyca d.

MuoxkectBo G C R™ Ha3bIBaeTCS 0OMKPbIMHIM, €CJIA C KAXKJIOH CBOEl TOY-
KOI OHO COJIEP?KUT U HEKOTOPBIN IIap C IIEHTPOM B ITON TOYKE.

JIroboe OTKpBITOE MHOXKECTBO, COJIepXKalliee JIAHHYI0 TOUYKY, HA3BIBAETCS
0KPECMHOCTBIO ITON TOUKH.

Mruoxkecrso F' C R™ nasbiBaeTcs 3aMKHYMOIM, €CJIA €ro JIOINOTHEHHUE
R™\ F — OTKpPBITOE MHOXKECTBO.

Mycrs 21,29 € R™. Muoxecrso [r1,22] = {x € R" | (1 — a)z1 + axo,
0 < a < 1} nassiBaercs ompesdkom (COCAMHSIONAM TOYKH X1 U T2). B ciydae,
Korga n = 1,2 u 3 — 9TO OOBIYHBIN OTPE3OK.

Hemycroe muoxkectBo A C R"™ HazblBaeTCs BbNYKAGIM, €CIH C JIFOOBIMI
JBYMsI CBOUMH TOYKAMHU OHO COJEPXKUT M OTPE30K, COEIUHSIIOMINIA 9TU TOUKL.

Ecim A — npousBojibHOE HelrycToe MoaMHOXKecTBO R™, TO HauMeHbIIlee BbI-
IIyKJI0OE MHOYKECTBO, cojiep:kaiiiee A HasbIBaeTCs BBIMYKJIOH 0060j109K0it A u
obozHauaeTcst co A.

Vnpaorcnenue. JlokazaTh, 910 €0 A — MHOMXKECTBO BCEX BBINMYKJIBIX KOMOU-
HaIUii 3JIEMEHTOB U3 A, T. €. BEKTOPOB BUIA T = 1 T1+. ..+ QmTm, DI T; € A,
a;>0,i=1,....m,uy ;" o =1
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[Iycrs z* € (R™)*, 2* # 0 u v € R. Muoxecrso H = H(z*,v) = {z €
R™ | x* - © = 7} HasbiBaeTcs 2unepn.aockocmvio. ['MepriockocTb mopokKIaer
nBa nosynpocrpanctBa Hi(z*,y) = {z € R" | 2* -z < v} u H_(2%,7) =
={zeR"|z* x>~}

[Iycts A u B — nemnyctoie moaMuoykecTBa R™. T0BOPAT, ITO 9T MHOYXKECTBA
0maesUMDL, ECITU CYIIECTBYET TaKas TUIEPIIOCKOCTD, YT0 A 1 B npuHajjiexxar
Pa3JIMYHBIM TOJIYIPOCTPAHCTBAM, TOPOXKJIEHHBIM 3TO THIEPILIOCKOCTHIO.

JlarHO€E reOMETPHYECKOE OTIPEIe/IEHIE OTIETUMOCTH PABHOCHIBHO, OYEBHI-
HO, CJIEJIYIOIIEeMyY ajirebpandeckoMy: MHOXKecTBa A u B OT/Ie/IMMbI, €CJIU CyIIie-
CTByeT Takoii HeHyJieBoii ssement x* € (R™)*, uro

sup z* -a < inf z* - b.

acA beB
Ecyin HepaBeHCTBO CTPOTOE, TO TOBOPST, 9TO MHOXKecTBa A U B cmpozo omde-
AUMDL.

TEOPEMA (MMHKOBCKOI'O OB OTJAE/UMOCTHN). [Tycmov A — nenycmoe
suinyKA0e 3amrrymoe noomroscecmso R™ u b ¢ A. Toeda mmoocecmso A u
mowka b cmpozo omdesumol.

Bce mepednciientble BbIle MOHATHs (HAYHHAST C JJIMHBI BEKTOPA M KOH-
vasi TeopeMoii MUHKOBCKOI0) JIOCJIOBHO ITlepeHocsiTesi Ha rpocrpascTso (R™)*
(JIBOCTBEHHBIM K KOTOPOMY sIBJISIETCsI TPOCTPAHCTBO R™).

[Tycrs U — okpectroCcTh Touku T € R™. Toopsit, uro dyukuus f: U — R
Juepenyupyema 6 movwke T, €CaU CyIMECTBYET JMHEHHDBIA (PYHKIIMOHAJT HA,
R™, 1.e. Bekrop a = (ai,...,a,) € (R™)* rakoii, aro mis Becex h € R", s
KOTOPBIX T + h € U clpaBeyInBo MpeICTaBIeHIe

f@+h)=f(Z)+a-h+r(h),

rie |r(h)|/|h] — 0 npu h — 0, wiu tumtyt 7(h) = o(h). Bekrop a, onpesess-
€MbIif 9TUM IPEJCTABICHIEM OJHO3HAYHO, HA3BIBAETCS NPOU3G00HOT PyHKUUL
f 6 mouxe T u oboznauaerca f'(T).

Bepsa B xauectse h sextopnr (hi,0,...,0)7, ... (0,...,0,h,)T, momyamm,
qro a; = Of(Z)/0x; — wacrtnas npousBonHast GyHKIUH f MO x; B TOUKE Z,

i=1,...,n, u rakum obpasom, f'(z) = (0f(Z)/0x1,...,0f(T)/0xy,).

OCHOBHOW PE3VJIBTAT U IPUJIOYKEHUE

IIycte U — orkpseiroe nmogmuoxkecrso R™, f;: U — R, i = 1,...,m. Pac-
CMOTPHUM 3aJ[a1y
f(x) = max fi(z) —» min, z €U, (P)
1<i<m

3aKJII0YAIONLYIOCA B HAXOXKIEHUU TakuxX Todek T € U, rue dyuknus f gocru-
raer MmunuMmyma. Hac OymnyT mHTEepecoBarh JjoKaybHbie MuHuMyMbl f. Touka
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Z — JIOKaJIbHBIH MUHUMYM (DYHKIUH f, €CJIM CyIIECTBYeT Takas OKPECTHOCTh
Uy C U roukn 7, uro f(z) > f(x) ans Beex z € Up.

Ilepen dopmymupoBKoit TeopeMbl gaauM ofaHO omnpenesenue. [lycts U —
okpectHocTh Toukn T € R™ u f: U — R. Craxkem, uto [ 6wvinyxaa 6 mouke
Z, ecim nHaiayres takue x¥ € (R™)* u okpecraocrs Uy C U Touku T, 910
flz) = f(@) = 2" (r — &) s Beex « € Up. pyrumu ciioBaMu, B OKPECTHOCTH
Up rpaduk GyHKImu f J1eKUT BbIIIe TUIEPIVIOCKOCTH § = =™ - (2 — ) + f(Z).

TEOPEMA (OCHOBHAA). ITycmv 6 3adaue (P) dynruyuu fi, 1 < i < m,
dupgeperyupyemo. 6 T € U u f1(T) = ... = f(Z). Tozda ycaosue 0 €
co{ f1(Z),..., fl.(Z)} neobrodumo, a ecau pynrkyuu f;, 1 < i < m, eunykivl
6 T, mo u docmamouno 0as moz20, 4mobvl T OblA0 AOKAADHBM MUHUMYMOM
Ppynruuy f.

JIOKABATEJILCTBO. Heobxomumocts. IlycTh T — JIOKAJIBHBIA MHHAMYM
dbynkiun f. O6oznauum A = co{ f{(Z),..., f],(Z) } u nouycrum, aro 0 ¢ A.
Toryia 1o Teopeme OT/IETMMOCTH HafijleTcst Takoil BeKTop T € R™, 410 sup, 4 y-
Z < 0w uro Toxe sup{ Y ;- o f/(Z) T |y 20, 1 <i<m, D" oy =
=1} = maxigci<m{ f/(Z) - T} < 0. Orciona u B cuty guddepennupyemoctn
dbyukmmii f;, i = 1,...,m, B TOUKe T CJeyeT, 9To JJid Kaxkjgaoro 1 < i < m
U BCEX JIOCTATOYHO MaJibix t > ( BblnosHsIeTCst HepaBeHCTBO f;(T + (T) =
= fi(@) +t(f/(Z) - T+ o(t)/t) < fi(Z), u3 KoTOpOTO BBHITEKAET, UTO f(T +{T) <
< f(Z) B mpoTuBOpeume ¢ TeM, YTO T — JIOKAJIbHbBI MUHUMYM f.

Hocrarounocts. [lycts 0 € A. Torma, odeBmmmoO, SUpycay - & = 0 mos
Bcex © € R™, 4o, KaK IIOKa3aHO BBIIIE, PABHOCH/IBHO HEPABEHCTBY MAaX1|<i<m
{fi(Z) -2} > 0. s xaxgoro 1 < i < m 10O yCJIOBUIO CyIIECTBYET TAKOI
ssement z; € (R™)*, uaro fi(x) — fi(Z) > z} - (v — 7) ana x, 6nuskux k 7. Tak
Kak Qynknus f;, quddepenimpyema B T, 1o ) = f/(Z). HeiicrBurenso, ps
moboro h € R™ u gocrarouno mansix ¢t > 0 umeeM f; (T 4 th) — fi(Z) >t} - h,
win t 1 (f;(Z+th) — fi(Z)) = - h. Hepexona k npesesy npu t — 0, oy IaeM,
aro f/(Z)-h >z} - h. Ho h mpoussossro u mostomy z} = f/(Z). Torna mus x,
JIOCTATOYHO BIM3KUX K T, yunTbiBast, 910 f1(Z) = ... = f(Z), Oyuem umers
F(@) — £(3) = maxiciaml fi(z) — (@) } > maxiciam{ D) - (@ —3)} > 0,
T.€. T — JIOKaJIbHBI MuUHUMYM (DyHKIUU f.

Ormernm, ato eciu pyHKun f;, 1 < ¢ < m, JOMOJTHUTE/BHO, BBITYKJIBI HA
R™, 10 HEOOXOIMMOCTb MOXKeT ObITh BbIBe/leHa U3 (BeCbMa HEIPOCTOM) Teope-
Mol Jly6oBunkoro — Muttornaa o cybanddepenimaie MaKCUMYMa, BBITYKJIBIX
dbyuxiwmit (em. [1]). TlocranoBka, KoTOpasi pacCMOTPEHA 3/1€Ch, IIPEJICTABIISIET-
CsI BIIOJTHE €CTECTBEHHO, HO aBTOD 3aTPYIHSIETCS JaTh KaKue-aub0 CChLIKU 110
9TOMY TIOBOJLY.

[IpuBenem 351eChb OJIHO IPUIOKEHTE JAHHOTO PE3YJIHTATa K SKCTPEMAJIBHBIM
zagiagaM. [lycts U — otkpbitoe monmuoxkectBo R, f;: U — R, ¢ =0,1,...,m.
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Paccmorpum 3amaay
fo(x) = min, fi(z) <0, i=1,...,m. (Pr)

(DyHKHHﬂ L:U x Rm+1 - Rv £(ZL’,X) = ZZO )‘zfl(x)v rue X = ()‘01 R )\m)v
HasbiBaeTcst Pynkyueld Jazpanoca sadavu (Pr), a BeKTOp A — HABOPOM MHO-
orcumenets Jlaepanorca. CripaBeyiuBa CJieayomast

TEOPEMA (IIPABUJIO MHOYKUTEJIEN JIATPAHXKA [/ 3A0AUN (P)).
ITycmo 6 3adave (Py) ece gynryuu dupdeperyupyemv, 6 mouke & € U. Toeda,
€cAU T AGAAECMCA NOKAALHBIM MUHUMYMOM 6 omoti 3adaue, mo natidemcsa ma-
Koti nenyaesoti nabop mrostcumenets Jazparoica X = (Ao, - . ., Am), wmo \; = 0,
1=0,1,...,m, u

m
LAZN)=0 & Y Nfi(@)=0.
i=0
JIOKA3ATEJIbCTBO. 3aMeTuM CHavaJia, 4TO MOXKHO CUUTATh, 910 f1(T) =
= ... = fm(Z) = 0. B camom zesne, orGpocuM Te OrpaHUYEHUs, JJisi KOTOPBIX
fi(z) < 0. Torma T OGymeT JOKAIBLHBIM MHHAMYMOM U B HOBOM 3asmade. Eciu
JIJIsT Hee IOKA3aHO YTBEPIKJICHNE, TO HOTIOJIHUB HAMICHHBIN HAOOD MHOXKHUTEJICH
Jlarpam»ka HyJeBBIMH KOMIIOHEHTaMHU, COOTBETCTBYIOIIUE TeM HOMEpaM, TJe
fi(Z) < 0, noyunM yTBepKIeHIE B OOIIEM CIIydae.
Eciu T — joKasbHbI MEHUMYM B 3aja4e (Pp) , To T — JIOKaJIbHBI MUH-
MyM U B TakKOi 3ajaue

f(x):max{f[)(x)_f0<§)7f1(x)7"‘7fm(x)}Hmin? rel. (Z)
JlelicTBUTEIBHO, €CJIM 3TO HE TaK, TO B JII0OO OKPEeCTHOCTH T HalJeTcs TOYKa
T takas, aro f(z) < 0 (mockosbky f(z) = 0). DTo o3HAuaeT, 9TO T — JOIY-
crumasi Touka B 3aj1ade (Pp) u f(z) < f(Z), B nporuBopeune ¢ Tem, 4T0 T —
JIOKaJIbHBIH MuHUMyM. UTak, T — jiokaiabHblil MunuMyM B 3a1ade (7). Torga
II0 OCHOBHOI TeopeMme HaitxyTest Takue A; > 0, ¢ = 0,1,...,m, > " X\ = 1,
aro y "o Aif/(Z) =0, a 970 U eCTh yTBEPIKIEHNE TEOPEMBI.

CIIUCOK JINTEPATYPbBI

[1] Marapwi-Wabsies I. ., Tuxomupos B. M. Bunyxawii anarus u e2o npu-
aootcenus. M.: Kamxkuoiit jom «/ IMBPUKOM», 2011. 3-e uz.

I". T. Marapuni-Unbse, MockoBckuii rocy1apCTBEHHbBI HHCTUTYT PAIAOTEXHU-
KU, 9JICKTDOHUKHU U aBTOMATHKHU (TeXHUYECKUil YHUBEPCUTET)
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OJuMIIa Ibl: JBePb B MaTeMaTHKy WA CIOpT?

A. 4. Bejios

1. BBEAEHUE

Ilo BceMy MuUpy HPOBOIATCS MaTEeMATUUYECKHE KOHKYPCHI M OJIIMIIAAIbI.
[TosiBuJINCH CHENUAJIMCTHI TI0 UX IPOBEJICHUIO, BOSHUKJIA OJIUMITHAIHAS MaTe-
MaTHKa CO CBOeHl MeTOIWKOI paboThl W cBoeil juTeparypoit. OmumMmnnaTHbIi
MUP CTAJI 2KUTHh COOCTBEHHON »KI3HBIO, HO €r0 KaXKYIIasiCs CAMOIOCTATOIHOCTh
IOPOoHIa P TPOOIIEM.

O mosib3e U Bpeie OJUMIIAA, O TOM, KAaK UX [IPOBOJUTE, IOCTOSTHHO BEILYT-
csl KyJIyapHbIe JUCKyccuu. Bo BpeMs 3acelaHnil METOINIECKUX KOMUCCUH, KO-
rjga cjaeayeT IPUHUMATL PEIICHUs, 3TU JUCKYCCAU IIPEBPAIIAIOTCA B JIOBOJILHO
TPy/IHBIE PA3rOBOPHI. [103TOMY HEOOXOIUMO MX IIPOBECTH OTKPBITO HA CTPAHU-
max xkypHasa. Coxajes 0 HeM30€XKHOI CYObEKTUBHOCTH, ¢ 0JIAN0IaPHOCTHIO
BBICJIYIIAIO 3aMEYaHUS.

Curyarust BOKpyT oJuMIna napajokcaibia. C oJIHO! CTOPOHBI, HA OJTUM-
MIaIbl TPATATCS 3HAYUTETbHBIE pecypchbl. TaJaHT/IMBBIX IMKOJLHUKOB U WX
yLII/ITeHefI CBOJAT BMECTe, IIPezK/e BCEero, MaTreMaTHuIeCKue OJIMMITNAJIbI. y nuc-
TOKOB OJIUMITMA/THOTO JIBUYKEHUS CTOSIIN BEJIMKHUE ydeHble. MHOrne mKkoJIbHA-
KM, 0COOEHHO Ha Iepudepui, MOoJydaloT MaTeMaTrudeckoe oOpa3oBaHme, Ha-
IeJIECHHOE B IIEpBYIO OYepeib Ha IOJANOTOBKY K OJIMMIIMAJAM, CO BCEMHU €ro
IJII0OCaMi 1 MUHYCaMU. (C 9TUM Ha/J0 CHUTATBHCA HAYYIHBIM DYKOBOJAUTEJ/IAM U
OpranmsaTropamM y4eOHOIrO MpoIecca. )

C apyroit CTOpOHBI, PACIPOCTPAHEHBI CYyXKIEHHUS O BPEJE OJUMIIAA]], 3a-
qacTylo BecbMa cTpaHHble. Hampumep, ObITyeT MHEHHE O TOM, UTO yCIIEXH Ha
OJIUMITHAIaX MAJIO CBSI3aHBI ¢ HAYIHOW Kapbepoil. JJoxoanT 10 Kypbe3oB — 10
YTBEPXKJIEHUI O TOM, UYTO «CPEIM KPYIIHBIX yUIEHLIX HEeT mobeaureseil oimM-
MUa1», XOTd CpeTu OBIBIINX IObeuTes el OJTUMIINA] U3BECTHBIX MATEMATUKOB

MaTtemaTuueckoe npoceeweHue, cep. 3, sbin. 15, 2011(187-203)
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BO MHOTO pa3 0oJibIlle, YeM CpEIN HEOJUMITNaTHUKOB. ABTOD CTAJIKUBAJICS C
[TOIBITKAMI OJIHOIO IIpernoaBaTesid 3abpaTh CBOMX YUYEHUKOB M3 €ro KPYrKKa.
OuH 13 apryMeHTOB, BLICKA3AHHBIX UM IITKOJIbHIKAM, 3Byda)I TakK: « KoHmesma
B OJIMMIINaJaX He y‘laCTBOBaH».

Taxoro pojia Cy»K/IeHHsT O9eHb JIEI'KO KPUTHUKOBATh, 8 MHOTIA — M BBICMEU-
BaTh. Biagumup CostoBbEB BBICKA3aJI MBICJIB O TOM, UTO JI0OAast JIOXKHAsI COIHU-
aJIbHasi Teopus 0A3UPYeTCs HA MCKAXKEHWHU HEKOTOPOI IpaBIbl, U [ 1100eIbI
HaJ «Teopueil» HeoOXOAMMO 3Ty BHYTPEHHIOIO IIPAaBIy OCO3HATH U BBIABUTD.
Mtme npencTaBisieTcsi, KpUTUKH OJIIMITAA]] IYBCTBYIOT CEpbe3HbIE MPODIEMBI,
3a4aCTYIO He yMesi uX cOpMyInpoBaTh. )

XOTs OJIUMIIMAIHOE JIBUXKEHHE UTPAeT 3HAYUTE/HLHYIO POJIb B MaTeMaTH-
TEeCKOM OOpa30BaHMH IMKOJBHUKOB, OCOOEHHO Ha mHepudepuu, OJIMMIINATHBIE
JedTesin 3a9aCTYIO 3asdBJIAI0OT, YTO IeJIb OJIMMIINAJ] OI'PDaHUYINBaECTCdA BbIABJIE-
HUEM TaJaHTIUBBIX yIaIInXcd U (POPMUPOBAHUEM IIEPBOHAYAILHOIO HHTEPECA,
K npeamety. [Ipu aToM HeKIapupyIor, 9T0 «OJUMIINAIA — 9TO HEe MaTeMaTHKay
(a TO, YTO NMPENOJAIOT B IIKOJIE WU KOJUIE/PKEe, 9TO MaTeMaThKa?), U JIo0IT
[O/[YEPKUBATH, UTO JIAJIEKO HE BCE CTAHOBSATCS MaTeMaTUKAMU (XOTs COJEPIKa-
HUE OJIMMIINAIHBIX 33879 JO/2KHO OBITH ITOJHOIEHHBIM, BHE 3aBUCHMOCTH OT
Oymymuieit npodeccun).

B ampec HeKoTOpPBIX 3a7a4 CO CTOPOHBI HEKOTOPBIX AKTUBHBIX JesiTeseil
OJIUMITMATHOTO JIBUKEHUsT BHICKA3BIBAJIACH U TaKas KPUTUKA, IIYCTh W B IOJIE-
MuUIecKoM 3araje: «Ilioxo, wmo ama 3adaua ,,u3 wayku'». [locTositHHO BetyTCsI
pPa3roBOPBI O CIIOPTUBHBIX JOCTH:KeHUsAX. [lobema MKOJIbLHUKA Ha OJIUMIINAIE
MHOT/a IEHUTCA BBIIIE €ro IMyOJUKAIIIN B aKaJeMIIeCKOM Ky pHAJIE.

HpOTI/IB Te3nuca O BAaXKHOCTU HaAYYIHOI'O COJep2KaHNA OJIMMIINAJ] BBICKA3bI-
BaeTCsl W TaKOW cTpaHHBIA apryMeHT: «OQJmMMIHaIbI — 3TO TOJBKO HEOOJIb-
IO YKU3HEHHBIN S1M301». Jlake eciim CUNTATh IPSIMOE M KOCBEHHOE JIeHCTBIE
OJIMMIIMA/IHOIO MDA Ha [OIPOCTKA HE3HAUNTEJbHBIM (UTO HEIIpaBa), 3TOT ap-
IYMEHT BBIIVISIAUT crpaHHo. Creys Takoii JIOrHKe, MOYKHO OIpaBIaTh ILJIOX0e
KadeCTBO JIIOO0OI0 OTHAEILHO B3SITOIO YPOKa, UOO OJUH yPOK MAaJIO 9TO PEIaeT.
DTy apryMeHTaIlIO He CJIe/lyeT aHAJM3UPOBATH KaK HAYYIHYIO, HO BBISBJISITDH
CKPBITBIE MOTHUBBIL. 1 HU pa3y He CJIBIIIA HUYErO IOJI0OHOI0 CO CTOPOHBI JIeli-
CTBYIOIINX YYEHBIX. YXOJ, OT OTBETCTBEHHOCTH 3a HaydHOE OyIyIlee ydIeHHKa
Y3KAM OJIUMITMAIHBIM JesITeIIM HEeOOXOINM, ITOOBI ONMPaBIATbh aBTOHOMHOE
CYIIECTBOBAHME OJIUMIIMAHOIO MHUPA.

Pabora ma 9T0it cTarbeit Hagasach emte B 1996 roxy. B nasbneiinem crasio
MIOHSITHO, 9TO TIPOOJIEMBI HOCST HE TOJIHBKO BHYTPUPOCCUMCKUH, HO U MEXKIyHa-
POIHLIN XapakTep. Tak, y9aCcTHUKMA KOMAaHJIbl OJHOI CTpaHbl, He HaOpaBIIue

1)E)CTI) MaTEeMaTUKHU-CIIOPTCMEHBI, HalleJIECHHbIC HAa pEIIeHUE KOHKPETHBIX HpO6.H€M, u Ma-
TeMaTUKHU- «JIOMOCTPOUTEJIN», 3aHUMAIOIIUECHd IIOCTPOECHUEM TeOpPIfI, OHU YaIlle BCEro m cra-
HOBATCA KPUTUKaAMMH OJIMMIIAAI.
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JOCTATOYHOIO KOJMYIeCTBa OAJIJI0OB, He OBLIN JOIMYIIEHBI 10 (oTorpadupona-
nus. Ha MexkIyHapoSHbIX OJUMINALaX 110 MaTeMaTHKe HEOJHOKPATHO HAOJIIO-
JIAJIICh CJTydand Koppynmuu (coobIeHue 3a/1ad daeHaM CBOeil KOMaH/Ibl WK
«IIpobUBaHe» B BAPUAHT 33184, KOTOPbIEe KOMAaH/1a 3HAET, IPUCTPACTHAS IIPO-
BepKa paboT, c60p KOMIPOMATa Ha YYACTHUKOB JAPYTUX KOMAaHJ W T.J.), OT
9ero CUJIBHO CTPAIAIOT U COJIEpyKaHNe BAPUAHTOB, W PE3YIbTATHI YIACTHUKOB.
Pa3zroBopsr mme1aroros o MIKOJbHAKAX HAIIOMUHAIOT PA3TrOBOPHI O CKAKOBBIX JIO-
masax. Jpyroit mobyuTebHOM MPUYINHON HAIIMCAHUS 3TON CTATHU IIOC/TY XKHU-
JIM BHYTPEHHNE IPOOJIEMBI, CBSI3AHHBIE ¢ CAMUM OJIMMIIAA,IHO-II€JANOT TIECKIM
COODIIIECTBOM.

BiiarosiaApHOCTU. Aprop mpusnarenen A. U. Byderosy, 3. B. Bunbepry,
M. H. Bsanomy, A. Homomuunkomy, A.K.Kosanbmxu, B.H.JlaTbimesy,
H. X. Pozosy, B. M. Tuxomupony, b. P. ®penkuny 3a mnoje3ubie 00CyKICHUS
U TOJIEPKKY. ABTOp MIPU3HATEIEH CBOUM KOJIJIETaM IO TMPOBEICHUIO OJTUMITH-
az, 6aromapst KOTOPLIM 3Ta CTaThs ObLTa HAINCAHA.

SAYEM HYXKHBI OJIMMIIUABI? IlpenBapsist obcyKieHue, aBTOp CUYUTAET
HEOOXOAUMBIM ODO3HAYUTH JIMTHOE OTHOIIEHHE K OJUMIIMAIAM U OJIUMITHAJI-
noit maremaruke. K coxkayiennio, 0OOCHOBaHUE ITON TOUYKU 3PEHUS BBIXOIUT
3a paAMKHU HACTOSIEN cTaTbu. ABTOPY OJIM3KY MTO3UIIUHU, U3JIOYKEHHbBIE B pabo-
tax [4,11].

Perrenne onmmmmmaubx 3a1a49 (pa3sHOro ypOBHS CJIOKHOCTH) CJIYZKHUT OC-
HOBOI1 JIJTsT TIOYTH BCEX MATEMATHIECKUX KPY2KKOB. [lo/IroToBKa K O/TMMITHA 1aM
OKa3bIBaET 3HAUYUTEILHOE BIIMAHIE HA [T€PBOHAYAJbHBIE 3aHITHS IIKOJHLHUKOB
MaTeMaTukoit. IMEHHO B peleHuu TPYIHON 3a/1a9h MOXKET COCTOSATH JIOCTHU-
JKeHue 1ojipocTka. bosiee Toro, oH 3a4acTyio OKa3bIBAETCs B PABHOM IOJIOXKe-
HUU €O B3pocbiM. Ha TpyaHBIX 3a1ataxX BeIpa0AThIBACTCS UHTELIEKTYaIbHas
TEXHUKA U COOTBETCTBYIOIINE BOJIeBble KadecTBa. Ho ruraBnoe — cam dakr J0-
CTH2KEHUS CEPHE3HOi, HO IOCUJIBHOI 11eJI1 B TIOJIPOCTKOBOM BO3paCTe.

YacTo yTBEpXKIAETCS, YTO OJUMIINA/HBIE YMEHUS HE CBS3aHBbI C OOJIBIION
HayKOH, a 3aBUCHMOCTH MEXKJy OJUMIIMAIHBIMU YCIEXaMU U HAYIHONW Kapbe-
poii BecbMa cyiabasi. ABTOp ¢ 9TUM KaTErOPUIECKU HE COIJIACEH, MOCKOJILKY
MPENSITCTBUI JIJIsT PA3BUTHUS TaJaHTa MHO2KecTBO. IIpexkie Bcero, 4esioBek Ja-
JK€ OYeHb TAJIAHT/IUBBIA BCTPEYACTCS C TEMU WU UHBIMU JKUTEHCKUMHU 0OCTO-
siresibcTBaMu. OHE €ero MOTYT HAJ[JIOMUTDH UJIH Jaxke cjaoMarh. OH MOXKeT yitTu
B 3apabaTrblBaHue JIEHET, CTOJKHYThCHA ¢ ceMefiHbiMu 1pobsemamu. [losTomy
KaK ObI MBI HI BBISIBJISIIA TAJTAHTHI B IOHOM BO3pAcCTe, KAKas-TO IacThb (H, BB,
oveHb 6OJIbINAs) U3 HUX B 3pesioM Bospacte noracuer. (Hebosbimas nomyiis-
nusi B Ipesneit ['perun mocraBmiia MHOTO BEJIMKUX YIEHBIX — OOJIBIIIE, YEM Ta
ke ['perust mpomssesia 3a mocseHue e Thicsan Jer). He mckiodeno, 1to
OJIUMITHAJIHBIE yCIleXu OOJIbIlle TOBOPST 00 M3HAYAJILHOM TaJIaHTe, €M OymIy-
1ee HayvHOE TBOPYECTRBO.
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ﬂeﬂTeﬂbHOCTb BOKPYT OJIMMIINAJ CTaJjla 3aMETHBIM sABJICHUEM B O6.HaCTI/I
COBPEMEHHOI'0 MaTeMATHIECKOro obpazoBanusi. X pojb Jajieko He orpa-
HAYMBAETCS OOHAPYYKEHWEM TAJAHT/IMBBIX yYaIluxcs. bjarogapst OJMMITH-
aJIHOM MaTeMaTHKe yJAeTCsd yBUJAETb POJb CTAHJAPTHBIX HAEH W paccykK-
nennii. llosiBunch 1MOMOOPKM OJIUMITMAIHBIX 339 10 TeMaM «IIPUHIUI
Jlupuxiie», «IIpaBuIo KpaHEro», «MHBAPUAHTEI» U JIP., 00bEeINHEHHBIE €IIMH-
CTBOM METO/IA.

MaremMaTuKu-HEIIEJATOTH, KaK MMPABUJIO, HE VAEJSIOT JOKHOE BHIMAHUE
«TpUBHaJIbHBIM» BelllaM, KOTOPbIE MEXK/1y T€M UTI'DalOT NCK/IIIOYUTE/IbHYIO POJIb
KaK B MBIIIJICHUU MAaTEMaTUKA, TAK U B MOJIIOTOBKE K OJIUMITAAIAM.

Baaronapst omuvnmaiam Bo3auksm suamenntbie kuuru J1. IToita [8-10]. da
1 OOJIMK TaK HA3BIBAEMOI «BEHIepCKON MareMaTHKn» (BermoMunM [Tosa Dpé-
ma) chOpPMUPOBAJICS. BO MHOTOM IIOJ[ BJIMSTHUEM OJIMMITUAI.

BO3MO)KHO, Y9TO BbIJICJIEHHNE CTaHJIapPTHDBIX pa.C(Zy)K;LeHI/Iﬁ MOKeT IIpUuBeCTn
K PEBOJIIOIMU W B CaMOW MaTeMaTHKe, a B jajbHeiiiniem — u ¢usuke. Cama
paboTa HaJ| U3JI0XKEHHEM, Ka3aJI0Ch Obl, M3BECTHBIX PE3Y/ILTATOB, YaCTO MPU-
BOJMTa K OTKPBITHAM. Tak ObL10 co cxemamu JIpiHKMHA 1 ¢ ypaBHeHueM leii-
zerbepra. QumMnuajiHass MaTeMaTHKa C ee CHCTeMATU3alneil uaeil 1 MeTOI0B
MO2KET ITOC/IY2KUTH JleToHaTopoM. [Iporiece geToHaum MoKeT HAIaTbCs B KOM-
buHaTopuke. MHe mpeICcTaB/IseTcsI, 9TO 9Ta HayKa JIOJKHA ObITh OPraHu30Ba-
Ha HE TaK, KaK KJIACCHYIeCKas 00/IaCTh MaTEeMATUKU, a IOI0OHO HEKOTOPBIM
TeMATUIEeCKUM TOADOPKAM OJUMIINATHBIX 3ajad. B OCHOBe ee opraHmsaiun
JIOJIZKHO JIEXKATH eJUHCTBO MeToa. [IpaBuIbHbIN yIeOHUK 110 KOMOMHATOPHUKE
JIOJIZKEeH 6]:>ITb 9eM-TO BPOJIe yLIe6HI/IKa ImaxMaTHON UT'pbl UJIX OJIMMIINATHOT'O
CaAMOY IUTEJIsI.

N3 uctorun OMUMIUAJ. OJuMIHaTHOE JBUKEHNE BO3HUKJIO CBBIIE CTa
JieT Tomy Hazagl. IlepBble osmmMmnuaabl cocrosinch B 1884 roxy B Ascrpo-Ben-
rpun. OHU BO3HUKJIN U3 KOHKYPCHBIX SK3aMEHOB. 3aTEM OJIUMIIUAJIbI TTOSTBU-
smnch B Berrpun. B manpHeiimem omuMmuaHoe IBUKEHNE MHPUIOCH. QM-
OUabl BBINLIN 338 PAaMKH KOHKYPCHBIX 3ajad. B 30-e rombl 10 mHUIIMATHBE
B. H. lesone Bo3zuukiau Jlemmurpajackue, a 3areM — MoCKOBCKUe ropojickue
omnmvmuapl (Brepssie B CCCP MaTeMaTndeckast oMMIMa (@ 1Jist MKOJIbHIKOB
6bu1a ipoBejieHa B Toumucu B ekabpe 1933 r.). ¥V ucrokos osmmmnuazs 8 CCCP
crosun Begymume yaenble — A. H. Kosmoropos, U. M. T'enbdan, I1. C. Aek-
cannpos, C.JI. Coboses, JI. I'. [lluupensman u gapyrue. B nasibHeiiiem Bo3-
HUKJIA TIeIasi CUCTeMa, HAIIMOHATLHBIX W MEXKIyHAPOTHBIX onmmmuad. Oanm-
UAHBIN MUD CTaJI KUTh COOCTBEHHON Ku3HbIO. /lo HemaBHETO BpEMEHU ero
JijiepaMu ObLIM XOPOIIHe MAaTeMATHKU (B TOM YHCJIE U CO3JaTelb IIUTEePCKO
OJIMMITUAJIHON IMIKOJIBI, KOTOPYIO Cefiuac HEKOTOPble KPUTHKYIOT 38 WU3JIUIIHE
CIIOPTHBHYIO HallpaBjIeHHOCTH). He Bce 3Harot, uro coznaresb Typaupa ropo-
noB H. H. KoHcTaHTUHOB UMeeT KPACUBbIE MATEMATHIECKAE PE3YIbTATHI.
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IlonpobHee 06 mcTOpuM MaTeMATUYIECKUX OJUMIIAAL CM. IPEIUCTIOBHUS K
kHuram [2,6], a rakxke pasmbinurennst B. M. Tuxomuposa B kuure [12].

KTO CEMYAC AEJIAET OJIUMIIUAJIBI? XOTsI y KICTOKOB OJIUMITHAA]], CTOSLIH Be-
JIMKKE y4Y€eHble, B IIOCJICAYyIOIeM YPOBEHDb OJIUMITHAIHBIX ,[LeHTe.HeIU/I IIOCTEIIEHHO
cHmKajcst. (3areM — pacKoJl Hay9HOrO COODINECTBA, BBI3BAHHBIN IpOGJIEMa-
Mmu 70-x — Hagasa 80-x romoB, cobbIThs 90-X TOIOB YCHIIMIN TY TEHICHIHIO. )
Ocjrabjia CBsI3b OJIUMIIMA]] C HAYIHBIM coOoDOIIecTBOM. llosiBUINChH Tak Ha3bl-
BaeMble «OJIMMIUAIHBIE (PYHKIIMOHEPBI», T.€. CIECNUAJUCTHI 0 OpraHU3allun
U TPOBEIECHUIO OJUMIINA/I. B K0P MHOTUX TYPHHUPOB BBICOKOIO YPOBHS II0-
9T HE OCTAJIOCh NMPO(ECCHOHAIBHBIX MATEMATHKOB JlaKe CPEIHEro yPOBHS.
B mociieame rogpl B HEKOTOPBIX CTPaHaX IHOSBUINCH OJIMMIIMAIHBIE JIeSATEIN,
[IpeJICTaBJISIoNe cOO0I «HEMATEMATUKOBY W B TO K€ BPEMSI IIBITAIONIAECST 0~
MHUHUPOBATh B OJIMMIINAIHOM MEPE, WHOIIA OTKPOBEHHO IPOTUBOIIOCTAB/ISIS
cebsT HayIHOMY COODIIECTBY.

Bosaukmast mpobyiema siBIsteTcsI OTHOCHTENIBHO HOBOM. Kax mMHe Kaxker-
Csl, OHA B 3HAYUTE/ILHO MEHBINEH Mepe HaOJIIoJAeTCs B OJUMINAIAX 10 JPY-
UM IIpeIMeTaM, B CHJIy MEHBIIefl pasBUTOCTH COOTBETCTBYIOIIMX CYyOKY/Ib-
Typ. UTOOBI «OMuMIIMaIHAs MATEMATHKa» CMOIVIA CJIOXKUTHCS, ObLT HEO0OX0-
JIMM TIePBOHAYAJIBHBIN TPUTOK uieil u3 Oosbinoit Hayku. Ceifuac, OJHAKO,
Takasg HEOOXOAMMOCTH MHOTMMH OJIMMITMAIHBIMU JIeATEIsIMA HEe TOJBKO He
OIYIIAETCs, HO MMU OKa3bIBAETCsS COMPOTHUBJIEHUE ITEPEeHOCYy WAeil M3 3TOro
NCTOYHUKA.

1.1. O BKYCAX CIIOPAT!

Ha »T0 MHe ykaszaj 3amevaTe/IbHBINT MATEMATUK U Y€TOBEK, HBIHE MTOKOI-
ubiit, Pomen Bacuibesuu [libikua (0H ObLI OPraHU3aTOPOM U IIPEJICEIATETIEM
)opu Beepocceniickix koHbepeH il MKoabHIKOB). OYeBUIHO, YTO €CTh «IIpe-
KpacHoe» u «b6e300pa3Hoe» B KU3HU, €CTh MOHSTHUE IIJIOXOT0 U XOPOIIIEro BKyca
B 2KHUBOIINCH, B OJI€2KJ1€ U B €J1€. MO}KHO UMETD IIPpeAIIOYTeHUA B 2KUBOIINCH UJIU
[IPEIIOYNTATh KUTANCKYIO KyxXHIO (bpaniry3ckoii. Ho ecin BKyc desioBeka, pas-
OuparoIerocst BO (ppaHIly3CcKOil KyXHe, BUHE I KUTAHCKOM 4Yae, 3aCIy KIUBAET
yBarKeHus1, TO BKyc Jjiroburess dacrdyma — Her (morpeburesib B 00MIECTBE T10-
TpebiieHnsi U oTpedIIsiTL-TO He yMmeer!).

Jliobast cunbHas wiest siBjsiercss B objmumu kpacorbl (beauty is power
itself). Bnavyenne MareMaTHKa ONPENENSIETCsl HE TOJBKO €ro «IPOOMBHON CH-
J0ii» (T.e. BO3MOXKHOCTBIO <«IIPOOUTH» TPYAHYIO 3aJady), HO U BKYCOM, KO-
TOpBIE, BIPOYEM, TECHO CBSI3aHBI. 3a CBOW BKYC MATEMATHK OTBEYAET CBOEl
cynbboii. [lnoxast scTeTnka 3a/1a9 HAHOCUT YIIEpO yUIAIINMCS.

Ha wmoit B3ryisia, nuMeercss rpynnupoBKa BKYCOBBIX HPEIIIOYTEHUI II€HOB
JKIOpH OJIUMITAAJ]] B 3aBUCUMOCTHU OT TOTO, SBJISFOTCS JIU OHU JEHCTBYIOITUMUI
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VUEeHBIMU WU TOJIBKO (pyHKIMOHepaMu. Ecinm 9ToT dakT moayduT JOIOJIHU-
TEJILHOE TOJITBEPXKICHUE, TO O IJIOXMX WM XOPOIIUX BKyCax MOXKHO OyieT
TOBOPUTH OoJTee 0OBLEKTUBHO.

B cBoe Bpemst 3a cueT MaTeMATHIECKOTO MPOMECCHOHATN3MA U, KAK CJI6/I-
CTBUE, JIyUITUX 3CTETUIECKUX KPUTEPUEB MMoAOOpA 3aat, B OJIHOM O0JIACTHOM
[EHTPEe YIAJIOCH JTOOUTHCs PE3yJIbTATOB JIydlle, YeM B MeranoJucax. (B masb-
HeffreM (PUHAHCHPOBAHNE TAJAHTIUBLIX JeTell B 9TOM PEeruoHe MO0 MO CO-
MHUTEJIFHOMY HAIIPABJIEHUIO, B TOM JHCJ/Ie MAaTeMATUIeCKUe JIarepsl IepecTain
IPOBOJIUTHCS. )

2. /IBA TIOJAXOJA K OJIUMIIMAJIAM

B osmuMrimasHOM MUpPe CJIOXKUTUCH JB€ IEHHOCTHBIE opueHTanun. OHU IPO-
SABJISIIOTCA BO BCEM: B IOI0OpE 33184, BEIpabOTKE KPUTEPUEB OIEHOK, M — UTO
HEMAaJIOBasKHO — OTPAaXKalTCd Ha POJINA U aBTOPUTETE TEX UJIN WHBIX JIMYHOCTENR
U, KaK CJIeICTBHUE, HAa KaJIPOBBIX Bompocax. [IpogBisgioTcs 9T MOIXOIbI U B
OpraHu3alui MaTeMaTUIeCcKuX Jjarepeii. B 3HAUNTE/IBHON CTEIEHN JIIO/IU TPU-
BEPXKEHBI OJTHOMY M3 ITHUX IOJXO0JI0B, IpUIeM He Bcerjia ocosHanuo. [losTomy
aBTOP IBITAECTCH JaTh OIIMCAHUE, YCJIOBHO I'OBOPHA, «HAYYHOT'O» U «CIIOPTHUBHO-
rO» CTUJIA OJIUMIINA]T.

2.1. TIEPEPOXKIEHUE B BOJIBIION CIIOPT

B rniociieHee BpeMst B OJTUMITNAHOM MUPE YCUJIAJICA U JIOMUHUPYET «CIIOP-
TUBHBIN» MOAXOM. 91 HOSydmsI mMyOJIMYHBINR YIIPEK OT OJHOIO OJIMMITAAIHOTO
JIesITeJIsT, 9TO JIJIT MEeHST «0AUMNUGIL AUWD CPeJCMBO 0OYHeHUA MATNEMATNU-
xe, a daa nezo — CIIOPTUBHOE COPEBHOBAHHUE>.

Pacnpocrpanenne 1mogo6HOI TOYKM 3pEHUsT CBA3AHO C TPEMs I'PYIIIAMHU
npuauH. Bo-miepBhiX, ¢ OOIMUM CIIOPTUBHBIM JyXOM HAIIEro BpemeHu. Bo-BTO-
PBIX, C HEJOCTaTKOM ,[LGIZCTByIOH.[HX MaTeMaTUKOB B OJIMMIINA/IHOM MHPE U1, KaK
CJIeJICTBUE, C YXYAIIeHnEM KadecTBa KaJapoB. U B-TpeTbUX, 9TO CJAEICTBUE JIO-
UKW Pa3BUTHUsI OJIMIMITNAIHOTO JBUKEHUsI 03 00pAaTHBIX CBsI3eil, KOTOPOit HAI0
IIPOTUBOCTOATD. (I/IHOF,ZL& B IIpeJIMETax ¢ MEHee JIOJTOM OJMMINAIHOA TPaJiu-
[ueil HAYYHBIN yPOBEHDL KIOPU OBIBAET BbIIIE, MOCKOJbKY IE€PBOHAYAJBHBIN
AMIIYJIbC B HUX 3aJal0T KPYIHbIE yYeHbIe, II0 TOH Ke IpudnHe ObIBaeT BbIIIe
Hay4IHBI YPOBEHb KIOPH B CTpaHaxX ¢ Oojiee MOJIOHONW OJIMMITHAIHON TPaIn-
uI/Ieﬁ). Curyarus ycyry0JisieTcsi BAUsiHIEM OU3HECA, KOTOPBIH B psijie CJIyJIaeB
U3BpAaIlaeT TBOPUYECKUE KOHKYPCHI (He TOJIBKO 110 MaTeMaTHKe).

CropTHUBHBII MOAXOM BhIpaykaeTcss ppa3oil: «OJUMIINaIa — 9TO CIIOPT II0
PEIEeHNIO TOJIOBOJIOMOK». DTOT JIO3YHI BJI€YET 38 COOOW MHOIOe: YCUJINBa-
€TCsl TPEHEPCTBO, yXKECTOYaloTCs (popMasibHble TPeOOBaHUs U, COOTBETCTBEH-
HO, KPUTEPHUU OIEHOK. TakK, eCcii CIOPTCMEH IepecTynuT 4epry Ha 10 cMm, a
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npbirHeT Ha 10 MeTpoB, eMy He 3a4UTyT NPBIKOK 9,9 M, €ro mpbl:KOK He 3a4TyT
BOBCe.

IlokazarebHBI CJIOBa OIHOTO U3 OJUMIUATHBLIX JesTesel, CKa3aHHbIe BO
BpeMst 0OCYKJIEHUsT ONMMMCKU YUIaIerocsi: «A ecim Tebe 3apIiiaTy He Tak MOl
cuntaau?» Haimmo HemoHNMaHMe TeIM W CMBICTIA OJIMMITHAT.

K nmpuaymbiBannio HOBBIX 33,189 OTHOCATCA KAK K COCTABJICHUIO ITaxXMaT-
HBIX 3TIOJIOB U T'OJIOBOJIOMOK, TOJILKO BMeCTO (PUTYD KOMOWHHUPYIOT OOBEKTHI
U3 IKOJIBHOM MTPOrpaMMBbI U CTAHIAPTHBIE OJIMMITHATHBIE TEMBL. A B TITaxMaTax
BOIIPOCa «OTKY/Ia TaKOe PacIoJiozKeHne (puryps mnpocTo He Bo3HukaeT. Kowm-
OMHUPOBATH NBITAIOTCS BCE €O BeeM. OCODEHHO IEHUTCsI BHEIIHsIs 00epTKa.
OTHotieHne K 3a/1a9aM KaK K NOJIOBOJIOMKAM BEJIET K BOSHUKHOBEHUIO XIMED —
KOTJIa KOMOMHUPYETCs HECOBMECTUMOE T10 CBOEel BHyTpeHHell npupoe. Bot Tu-
MUIHBIE TPUMEPBI TAKOTO POIa 3a/1a4:

1. Mootcro au paccmasums wucaa om 1 do 100 6 pad max, wmobv, cymma
210001 Mpex, udYyuux nodpad, bviaa NPOCTBIM YUCAOM !

2. C'moponvt mpeyzorvhura — npocmoie wucaa. Moocem au ezo naowado
6BMb UEABM HUCAOM !

B ITUX ABYX 3aJa4vax IIpoCcTOTa YUCJIa HpI/ITHHyTa I/ICKYCCTBGHHO.
N eme —

3. Hatdidume 6ce ueavie Hucaa, pasHvle cymme Garmopuaios c8ous uudp.

9T1o MepTBad MaTeMaTHKa.

IIPUMEPHI OTTOPXKEHU S COAEP>XATEJIbHBIX 3AJTAY (PABHbIX ABTOPOB).
Peun moiimer o BKyce KOpH, a He 00 apryMeHTAINH, CBSI3aHHONW C M3BECTHO-
CTHIO UJIN YPOBHEM CJIOKHOCTH 3aJaH.

Cremytorue JBe 33291 OBLIN COYTEHBI METOTMIECKON KOMUCCUEH «HeecTe-
CTBEHHBIMU».

1. Iloesd exan odun wac om nynkma A 6 nynkm B, npoexas 60 xm. Jloxa-
3aMb, YMO 6 KAKOTU-MO MOMEHM, €20 yckoperue ulio ne menee 240 wm/ 2.

2. ILrockocmod noxpoma edunuunvimu Kpyeamu. okastcume, 4mo Hexomo-
DPaA MOUKA NOKPLIMA HE MEHEE MPET PA3.

OnHako BTOpAst 3aa4a OTparkaeT B IIpocTeieil ppopme pyHIaMeHTaIbHOE
[IOHSITHE MON0A0UYECKOT pasmeprocmu. [IpocTpaHcTBO UMeEET pasmepHocms
7, KOT/Ia UMEIOTCsT CKOJIb YTOIHO MEJIKHME TTOKPBITHA 663 TepeKPhITHi 110 1 + 2,
HO HEJIb3sI N30ABUTHCA OT HMEPEKPLITHil 110 1 + 1. Y TOro, KOMy OHa KaXKeTCst
HEeCTECTBEHHOI, CKOpee BCero, ILJIOXOi BKYC.

Ha oxmom dectuBajie ObLTa TpejiosKeHa 3ajada 0 HAXOXKIECHUIO YyIJia
MEXKJy HEKOTOPBIMHU JUArOHAJISIMU IIPABUJILHOIO JojeKasapa. Vmes perre-
HHUS COCTOsIJIa B PACCMOTPEHUH BIMCAHHOIO Kyba. DTa 3ajada ObLaa OTBEpPT-
HyTa KaK <«HeOJIMMIINaJHad». O,ZLHaKO B 3aJaYHbIX KOHKpr&X J0 HeJaBHe-
0 BPEMEHH HCIO/IL30BAIUCH PA3HOIO POJA CTEPEOMETPUIECKHUE «MOHCTPBIY.
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3aMeTnM, 9YTO CIIOCOOHBINM OT MPUPOJIHI ITKOJIBHUK BCE YK€ MOXKET YBUJIETH Ky,
BIIMCAHHBIA B JIOJEKadIp, a HATACKAHHBIA Ha «CTaHIAPTHBIE» OJIMMIIHA/IHBIE
TEeMbI «CIOPTCMEH», CKOpee BCEro, He YBUJINT.

C apyroii cTOpoHBI, MHOTHE 3aJa4d, HAIpUMEpP, Ha IIOCTPOECHHE MHBAPU-
AHTOB, MOTYT OBITb PENIEHBI TOJBKO YUAIIUMHUCS, XOPOIIO BJIAICIOIIUMU STOMH
uzieeil (Koropast, K COXKaJIeHUIO, JIazKe HaMEeKaMU He BXOJUT B IIKOJIbHBII KypC).
31ech BO3HEKaET IpobiieMa «IXKEHTJIbBMEHCKOro Habopay uieil 1 MeTo0B, 6e3
BJIAJIEHUS] KOTOPBIME «CAMOPOJIOK» He JOCTUIHET OOJIBIINX yCIIEXOB Ha OJIMM-
ma/ie.

Eme npumep «HeoJMMINaIHON 3amaum».

Jlomanas deaum xpye na dee pasnwvie wacmu. okazamsv, wmo ona mpoxo-
dum wepes ezo uermp. CTUIIb pEIleHns 9TO 3aa9Ul HEIIPUBLIYEH J1JIsT OJTIAMIIH-
aJTHBIX Jestesieit. TyT meso BoBce He B Tproke. Hajio oco3HaTh, 1TO 3HAUUT Jge
PAGHBLE HACTU. DTO SHAUUT, UTO €Cb deudicerue, nepesodswee 00HYy 4acmy 6
dpyeyro. A Bce TUIIBI ABUKEHUIT IIJIOCKOCTH omnucanbl B Teopeme [lams. Jlajtee
caestyer Hebosbmioii nepebop. (IToxpobree — cm. «Maremaruyueckoe npocse-
mierue», cep. 3, Boir. 6, 2002. C. 139-140.)

Wnu eme mpumep cTepeoMeTpHIecKoil 3aadu, OTTOP:KEHHe KOTOPOil To-
BOPUT O IAYyPHOM BKyce. Mootcho au pasbums nmpocmpancmeo Ha yceueHHble
oxmasdpwt?

PasroBop 0 KOHKpPETHBIX BapHaHTaX OJUMIIHNAJ, IIOXUX U XOPOIINX 3a-
Javax JaBHO Haspes. K corkajleHuIo, 3/1eChb Mbl NMeEeM BO3MOXKHOCTH TOJIBKO
ITIOCTABUTH BOIIPOC O €TI0 HEOOXOIUMOCTH.

IIPMYMHBI [TOABJIEHUA SAJAY-XMMEP U OTTOPXKEHUA COAEP>KATEJIb-
HBIX 3AJIAY. /lesio B TOM, 9TO mOyunTeIbHAS 38 /1a9a 9eMy-To yuut. Ho Torma
U 00paTHO — PeIleHNe TaKOW 3aJIaui HelpeIcKa3yeMO 3aBUCUT OT OCOOEHHO-
cTell pemaresns U ero KyJbTypbl. Ec/ mporiece pereHns 3a/ladu OKa3bIBaeT
BO3JIeIICTBUE HA KYJIBTYPY peIiaTesis, TO €ro pe3yJIbTaTbl, B CBOIO OYepPElb,
JIOJIPKHBI OT 9TOH KyJIbTYPbI 3aBUCETH. DTa 3aBUCUMOCTD TeM MeHee MpeJICKa3y-
eMa, 1yeM 6oJiee TuIyOOKOIT oKasbiBaeTcs 3aa4a. CiegoBaTe/bHO, TaKasl 3a,1a9a,
Hey100Ha B IJIAHE OIEHKHU ee CJIOXKHOCTH.

CropTHUBHBII IPUHINI IIpeAmoaraeT craggaprusanuo. OaHa U3 ero oc-
HOB — WCIOJIb30BaHNE OTHOCHUTEIHHO CTAHJAPTHBIX IIPUEMOB PerIeHust 3a/ad.
IIpu pernennu MCKYyCCTBEHHBIX 3aJa4 YIACTHUKU OOJiee PaBHBI, & CAMBIE «PaB-
HbIE» JIOJI?KHBI IIOJIy4aTh IPEMUU.

BosbImoit criopt TAroreeT K OrpaHUYEHUIO IOJIs JACATEJHHOCTA U YCTKOH
dopmasmzanun npasui. [losToMy He caydaifHa y30CTh TEMATUKN 38034, OTCIO-
J1a OTIACHOCTD BBIPOKIEHUS OJIUMIIHa L. KpoMe TOro, CTHIIb PeIeHns Co/leprKar-
TeJIbHOl 38124 (32 KOTOPOIi CTOUT IieJ10€e [oJIe Ueil U CI0XKEeTOB) HEIPUBBIYEH
JJTIsT HEMaTeMaThKa, a CJe/IOBATEJILHO, HE COOTBETCTBYET €r0 BKYCAM.



OJtuMmiinajibl: IBEPh B MATEMATHKY HJIA CIIOPT? 195

MAHUTOYJAATOPCTBO IIPU [TPOBEJEHUUN 3AHATUN. Paszuuiia mex 1y comep-
JKATEJIbHBIM U CIIOPTUBHBIM CTUJIEM OJIUMITUAJT, ITPUMEPHO TaKasi JKe, KAK MeXK-
Jy 3aJIa9aMu IPUIyMaTh CIocob cOOpKHM KyOmka Pybuka m cOpeBHOBaHUSIMU
Ha, CKOpOCTHb ero cO6opku. CIOPTUBHBIA CTUJIb, «I'OJIOBOJIOMOYHOCTb» OKA3bI-
BAIOT BJIUSHUE W Ha BeJeHNe 3aHATHil. BHUMaHue cMmemaercs ¢ BHyTpeHHE
CYIIHOCTHU Ha (pOpMAaJIbHbIE MAHUITYJISIIUH MATEPUATIOM.

[IpumenuTEIBHO K IPENOIABAHUIO 9TO IIPUBOJIAT HE TOJHKO K YIIOPY Ha Ha-
TacKuBaHue K ojuMmimaaaM. [lapagokcaabHbiM 06pa3oM 3a1acTyio HaOJIOmaeT-
st JIIOOOBb TPEHEPOB K YUEHBIM CJIoBaM M MaHuilyjuposanue umu. (IIpunveps
KyPbE30B TAKOT'0 POJa — MUHU-KYPC Ha TEMY: «TPU OIPEJICJIEHNAsT KOMILIEKCHO-
IO YHCIIA ¢ JIOKA3ATENBCTBOM MX PABHOCHILHOCTI»2), aGCTPAKTHO M3y YaloTCst
«Nn-apHbIe ONepaIuny, 00CYKIATCST «Pe3yJIbTaThbl» TUIA TAKOrO: I'PyIa S3
BKJIAJIBIBAETCS B IPYIIILY aBTOMOP(MU3MOB CBOOOIHON IPYIIILI ¢ TpeMsi 00pa3y-
IOIUMY ¥ T. JI. W T.1I.)

Ha mamm B3ruis, BakHa CBHA3b yUUTEJNs C KUBBIM HCTOYHHKOM, KOTODAast
caMma 1o cebe CIyKHUT ONOPOil U JUCIUILIMHUPYOIIUM HATAJI0M, UTO ITO3BOJISI-
eT ObITh MeHee popMabHBIM. 2KecTKOCTh U (OPMATBLHOCTD B IIPENOIABAHUT
CBsI3aHA W C y30CTBIO Kpyroszopa (dem yxke, teMm kectde). OTcyTcTBHE HIIH
cJ1aboCTh KUBOH CBSI3M C HAyKOH NPUBOAUT K BO3PACTAHWIO POJIA BHEITHEH
00epTKH, a caMu MAaTEeMaTUIECKHe MOHSTUSI CTAHOBSITCS 9€M-TO BPOJIE 3aKJIU-
HaHUII.

ITPUYMHBI PACIIPOCTPAHEHUSA ®OPMAJIBHO-CIIOPTUBHOI'O ITOJAXOJA. ITo-
MHUMO y2Ke 00CYKIaBIMENCs JOTUKH OPraHM3allid COPEBHOBAHUN B OOJIBIITOM
CIIOPTE €CThb U Jpyrasd CTOJIb Ke BaxKHas IPUYNHA PACIPOCTPAHEHUsI CBEPX-
CIIOPTUBHOIO CTWIA. /les10 B TOM, 9TO B3IVIs)l HA MAaTEMAaTUKy KaK Ha HAYKY
O peIleHnN 3aHUMATEILHBIX 38J1ad U TOJIOBOJIOMOK CaMBIi JOCTYITHBIN. Bosee
TOr'0, OH HEOOXOJMM IIPH ITEPBOHAYAIHLHOM 3HAKOMCTBE MATEMATHUKON, a CJie-
JOBATEJIbHO, U B MPENOJaBaHNU. ECTECTBEHHO, UTO ITOT CaMBINl JOCTYIHBIN,
0e3yC/IOBHO, IEHHBIA M »KUBOIl B3IVIA HA MaTEMaTHKY, IIPU BCEl €ro y30CTH,
rostyunsi pacrpocrpanenne. Ho nmpu moBegeHun ero g0 KpaflHOCTH BO3HUKAET
CBEPXCIOPTUBHBIA CTUJID.

I'nybunra nonnmanus 6e3 y30cTu 00beKTa U3yUYeHUsT Cpas3y He JTOCTUTaeTCs
(Cc 9TUM CBsI3aH MOJPOCTKOBBI 9KCTPEMHU3M THIIA «HUIYIErO MHE He HYZKHO, KPO-
Me TeOMETPHUI» ), HO OBIBAET JIydIlle BHAYAJE JOCTUID [VIyOMHBI, Te€M MIHPOTHL.
B JOCTYITHOCTHU CIIOPTUBHOI'O CTUJIA €CThb U IO3UTUBHAA CTOPOHA. O.HI/IMHI/Iaﬂ—
HBII TPeHep MaKe CIIOPTUBHOTO TOJIKA MOYXKET MHOTO CJIeJIaTh JJjIsd Pa3BUTHUS
0Opa30BaHUsI B CBOEM PETrHOHE.

2 BrosHe 0CMBICICHHO aHAJN3UPOBATH DPA3HBIE OIPEEJIeHNUs BBIIYKJIOCTH (GUIYD, IIO-
CKOJIBKY 3TO JA€TCsl CPABHUTEJHHO JIETKO W MOMOTaeT pemaTh 3afadu. A B «Urpe» ¢ KOM-
IJIEKCHBIMHU YHCJIAMU, C OJHOM CTOPOHBI, UMEETCSI CTPEMJIEHHUE IIOAPAXKATE «OOJIBIION HAYKEY,
a C Apyroi — MaJlo COAEPKAHUI.
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TaslaHTIUBBIA TIKOJIBHBINA YYHTEIb WM MECTHBIH JiedTesib 0Opa30BaHUs
(a TO 0BCTOSITEILCTBO, YTO OH CMOI BO3BBICUTLCS HAJ| PYTHHON, TOBOPUT O
MHOTOM), COBEDIINB YCHJINE, HHOT/IA J1ayKe CBEPXYCUJINEe, BXOIUT B OJIMMIIHA,I-
ol Mup. Ho 9To0bl eMy MOHATDH, YTO MOTHUBHUPOBKH 3aJ1a9 NPUHITUIINAAILHO
BasKHBI, TpeOyeTcs elle OJIHO yCHUJINe, KOTOPOe PEJIKO Korya cosepiaercs. [lo-
MUMO BCErO IPOYEro, Yej0BeK ropJ coboil — y Hero y»Ke eCTb pe3yJibTaThl, a
OHM 3aYaCTYIO OCJIEIIAIT (BIUIOTH JI0 CHOOU3MA).

COLUAJIBHBIE OMTACHOCTU. OJuMnua Hblii MEP — 9TO TOJBKO BETKA, a He
JIEPEBO € CODCTBEHHBIMU KOPHSIMU, ITO3TOMY TEPsITh CBsI3b C HAYIHBIM MUPOM
HUKAaK HeJib3sd. KakoBbl Obl HU ObLIM OJIUMIIAAHBIC JIESITEJIM, OHU CBETSITCS
X0Ts Obl OTPa’KEHHBIM CBETOM. HbIHEIHssT SBOIIONUS OJTUMIINA]T [IPE/IBEIAeT
MaJio xoporrero. Ecian Bo306a7aeT IMCTO CIOPTUBHBIN MOAX0JI, TO MaTeMa-
THYECKas OJIMMITHA/IA, OYEBUIHO, HE CMOYXKET KOHKYPHUPOBATH C UHBIMU COPEB-
HOBAHUSAMY — HU II0 3PEJIUIIHOCTU, HU 1O MOMYJISPHOCTH. BO3ZHUKHYT HOBbLIE
JedTesin, CICIUaJIMCTBI II0 IIPOBECHUIO UI'DbI THUIIa «3aBOIOI Kpa.CHbeI (bna—
2KOK» U OHU BBITECHSIT CTAPBIX.

EC.HI/I OJII/IIVIHI/Ia,ZLHI)HU/I AedATe/Ib MO2KET OTCTPAHUTDHL YYI€HOI'0O OT ydaCTUsA B
[IOJINOTOBKE OJINMITHA/IBI, TO, HABEPHOE, ¥ INHOBHUKY MOXKHO 3aMEHUTH OJIUM-
[T THOTO JIeSITEJIs !

[Mocnenusist oiuMnmaiHast pepopma, CBI3aHHAS C OTMEHON 30HAJILHOT'O Ta~
11a, HEBO3MOYKHOCTBIO ITPUHUMATD YYaCTHE B FOPOJCKON OJTUMIINAJIE, HEe CTaB
nobenuTesIeM PafOHHON, U T. 1I., OKA3a/IaCh BO3MOYKHON B TOM YHUCJIE M3-33 OT-
CYTCTBHUS B OJIUMIIMAHOM JIBM2KEHUU KPYIHBIX y4eHbIX. OTUyKIeHNE MeXK-
Jly HAyYHBIM U OJIMMITHAJIHBIM COODIIECTBAMU MOXKET IPUBOJUTHL K HEXKEJIa-
HUIO IIOC/IeTHEr0, I9TOObI B OOCY?KIEHIH BOIIPOCOB 00pPa30BaHMS yIaCTBOBAJIU
yUeHble U, KaK CJIEJICTBUE, K CJade MO3UIMil Tepe)i YMHOBHUKAMU. B much-
M€ OJIHOTO PErMOHAJILHOIO OJIUMIIMAIHOrO JiesiTesiss K npesugenty P® roso-
PUTCS O NPUBJIEYEHUHN SHTY3UACTOB, PAOOTAIONINX HA MecTaX, K 00CyKJECHUIO
OpPraHnu3alMOHHO-IIEJarOTUIEeCKNUX BOIIPOCOB, HO HE T'OBOPUTCHA O IIPpUBJICYCHUN
YUIEHBIX.

Korna na 310 006CTOATENILCTBO OBLIO yKAa3aHO aBTOPY OOpallleHusi, TO OH
OTBETHJI, UTO YUEHbIE BCE PABHO B OJIUMIINAHON JIeATEIHLHOCTH HE YIacCTBY-
ioT. Takoe 4yBCTBO, YTO y COODIIECTBA MPOIIAIAET HHCTUHKT CAMOCOXPAHEHUS.
Opnrako, G1arogapst CBsI3sSiM MOCKOBCKUX OJIMMITMAIHBIX JIesiTe/Ieil ¢ Hay IHBIM
COODIIECTBOM YIAJIOCH CYIIECTBEHHO YMEHBIIUTH BPEJ, OT MPOIIEIIIel OTnM-
nuaTHON pedOpMEL.

B nociennee BpeMst K QYHKIIUSAM OJTUMITAAIBI JTODABUIICS CIIOCOO TOCTYII-
JieHusI, ajabrepHaTuBHBIN EI'D, 4To co3maer gomosHUTENBHBIE TPOOJIEMBI, B
YaCTHOCTH, C COJIEpyKAHMEM 3389 U CEeKPETHOCTBIO ITOJINOTOBKU BapUAHTOB,
T. €. Cy2KE€HUEM KPYTa JIUIl, TOTOBSIIUX BAPUAHTHI.
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2.2. TToaxod K OJIUMIIUAJAM, UMEIOIIUN UCTOYHUKOM HAYKY

JleBu3 Apyroil oJIMMIHMaTHON WMIACOJOTUU: NPENOJGEAHUE U OAUMNUALOLL
dosoicHbl ompasicamsd HAYKY. DTON UICOJOTHH CJIEIOBAIN BCECOIOBHLIE OJIAM-
nuajbl U CTapble OJMMIINAJbl BO MHOTUX CTpaHax (C eJIMHCTBEHHON OroBOp-
KOl — WM3Ha4vYaJILHO OJIMMIINA/IbI 6I:)I.HI/I 6JII/I3KI/I 110 AYyXYy K BCTyHI/ITeJIbeIM
9K3aMEHaM ).

BnocieacTBun BhISICHUIOCH, YTO OJIUMIIAAIa — 9TO, B TOM YHCJIE, TOJTUTIOH
JIsi 0TpabOTKU HOBBIX TE€M M CIOXKeTOB (Tak ObLI ycrpoeH 3asadnuk «Ksan-
Tay ). B COBpeMEHHBIX OJIMMIINAJIAX 9Ta MJIEOJIOTUs IPUCYTCTBYET HE B YHCTOM
Bujie (B HauboJsiee uncToM Bujie — B TypHUpPE ropojioB, 0COGEHHO Ha €ro JIETHUX
koHdepentusx [5], 1 B MOCKOBCKOI osiumInajie, Ipu BCeX UX HEJOCTATKAX ).

DTOT JIEBU3 O CBA3U C MaTEeMaTHKON MMeeT KOHKPETHOE IIPEJIOMJICHHE.

IIpexxme Bcero, xuMepaM B OJIUMIIMAJIAX OTKA3aHO B IIpaBe Ha CyIIEeCTBO-
BaHUeE. Beﬂb IIOCTaHOBKa 3aJa91 CTOJIb K€ BaKHa, KaK " yMeHI/Ie ee peniaTh.
Cuita MaTeMaTHKa, KaK y»Ke NOBOPHUJIOCH, BO MHOI'OM 3aBHUCHUT OT €ro BKYyca.
CoBeplleHHO HEOOXOAMMO UMETh UyThe Ha €CTeCTBEHHOCTh. be3 9Toro uemoBek
HaXO/JUTCd BHE HayKI/I. HeeCTeCTBeHHaﬂ prﬂHa.H 3aJlava Ha OJIMMIIHA/JIe IIOPTUT
BKYC U HAHOCUT OI'POMHBII Bpe/I yUaCTHUKAM.

Xopolas oJUMIKAIHAS 3a1a49a IOJyJYaeTcs IIyTeM OQOpMJIECHUS HIel U
CIO’KETOB U3 HayKu. Peke BO3ZHUKAET HOBBIM CIOXKET B DJEMEHTAPHON MarTe-
MAaTHKE.

K criopTy — oTHOIIEHHE YTHINTAPHOE, KaK K CPEICTBY 3aCTaBUTh IIOAPOCT-
Ka BBIJIO2KUTHCHA, JOCTUYID I‘J'[y6I/IH]:>I7 I/I3y‘{I/ITb TeXHI/IKy. HpI/IOpI/ITeT comepzKa-
TEJIbHBIX COODPayKeHMii HaJl CHOPTUBHBIMU, KOT'/Ia 3TO BO3MOXKHO.

MareMaTK, 3aHIMAIONTANACS OOJIBIION TPOOJIEMOIl, UIET CBA3aHHbIE C HEell
3aJ1a91, TJie TIPeJojaraeMble UJIeN pelleHusl paboTalT B 0oJiee MPoCTOoi CH-
Tyarun. HeBo3MOXKHO TakyKe IPUIyMaThb HECKOJIbKO Mieil cpa3y — HyKHBI
IPOMEXKYTOUHBIE 3TAIIbI, [I03TOMY LEeHSTCsT npodeusicerus. [lon Hagmanem pe-
OIeHns, KaK IIpaBUJIO, IIOHUMaECTCA HaJIMINEe «KapKaca», T.€. OCHOBHBIX I/IILeI‘/JI
TaKOI';I IIOAXO0/ B MUHHUATIOPE MOXKHO II€PEHOCUTDH Ha OJIMMIINA/IHOE TBOPYECTBO.
AkaeMudecKre IeHHOCTH 110 CBOel npupone HedpOpMaIbHBl, HO UMEIOT OIPOM-
HOe 3HAYEHUE I BOCIUTAHUS OyIyIIUX yIEHBIX.

K mayyHomy cTmIIO, TaK MJIM MHAYE, TATOTEIOT IPaKTUIECKH BCe Ipodec-
CHOHAJIbHBIE MATEMATHKH, 3aHUMABIIAECS OJIMMIIIAIAMU.

2.3. JIBA OAXOJA U YEJIOBEYECKUN ®AKTOP

B uesoBeveckux coolIecTBax HaAJIUYNE PA3HBIX EHHOCTHLIX OPUEHTAITUH
MPEJIOMJISIETCST Uepe3 CyObeKTUBHBIN (DAaKTOP, aMOUIIE U TPUBOIUT K <«IIOJIH-
TUYECKUM» TIOC/IeCTBUSAM. [[OHATHO, YTO 9eI0BEK CTPEMUTCS CO3JIATh CPETY
oburanust JIs cedst, CTPEMUTCS yCTAHOBUTH TaKyI0 CTPYKTYPY IIEHHOCTe!, 4To-
OBl ero pefiTuHr nomHsics. [Ipu 3TOM OT IMIKAJIBI EHHOCTEH CUJIBHO 3aBUCUT
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BbI60p ABTOPUTETOB W IIEHHOCTHb TeX MNJIN HNHBIX <<3aC.HyF>>. C 9TUM CBA3aHBbI
JIOIIOJTHUTEIbHBIE ITPOOJIEMbI IIPU OPraHU3AIMH OJUMIINATHOTO COOOIIECTBA.

B mamre Bpemsi IpOUCXOIAT HEIPUSITHBIE ABJIEHUs, JPYT JApyra yCUINBa-
forre. Bo-1mepBhIX, TOBTOPHUM, OCIabJISIeTCsT BIUSIHAE HAYTHOI'O COOOIIECTBA.

Bo-BTopbBIX, 0C/1ab/sieTcss BHUMAHUE BeAYIIUX YIEHBIX K BOIIPOCaM 00pas3o-
BaHMUA BOOOIE W OJUMIIHAJ B JacTHOCTH. [IpobseMbl OJIMMIINAIHOTO JIBUKE-
HUA 9aCTO aprMeHTI/IpyIOT NMEHHO 3TUM dABJICHUEM. O,ZLH&KO Ta aprMeHTa—
1us OBIBAET JIUIEMEPHA, TTOCKOJIbKY TVIaBHBIN (PaKTOpP — BLITECHEHUE yUEHbIX.
Tpagunun MaTeMaTHIecKOro 00pa30BaHUs YKUBbLI, 1 MOXKHO YKa3aTh JTOBOJIBHO
MHOT'O YYE€HBIX JIOKTOPCKOTO YPOBHS, KOTOPBIX MOYKHO IPHUBJIEYDL K OPTaHU3a-
I[IM1 U OPOBEJICHUIO OJIMMIINAJ — HE KaK <«TeHepaJiOoB», a JJis IPAKTUYECKON
paboThI.

Jl1st co3/maBIIerocs MoJI0KeHNsT XapaKTePHO UMEHHO COYeTaHne ITUX JBYX
O6CTOHT€HBCTB. EC.T[I/I 6I)I Beﬂyﬂl‘l/le yqubIe IpuHUMaJIN JedATeJIbHOe y‘{aCTI/Ie
B OJIUMIIHaJIaX, Kak 370 O0bL10 20-30 JieT Ha3aJ|, cO3/IaBIleecs ITOJIOXKEHUEe He
BO3HUKJIO Obl. C IpyTroii CTOPOHBI, ecyin O6bI He OBLIO IPOoIecca BbITecHeHust (00
9TOM — HUXKE), TO PsIJL JTIOEH IOKTOPCKOTO YPOBHST YIACTBOBAJ OBl B Ty PHUPAX
7 OJIUMIIAAJIAX, U YPOBEHb MEPOIPUSITHi ObLT ObI COBCEM UHBIM.

Pazymeercsi, 6e3 olpeneieHHOM Ipero1aBaTe/ IbCKO 1 HEKOTOPOH OJIMMIIT-
aHOM KBaIN(pUKAIINK caMa 110 cebe HayIHasT KBAJINMUKAIAS JJIsT COCTABUTE/IsT
BapuaHTa MaJio IoJie3Ha. JleficTBUTE/IbHO, CYIeCTBYeT OIpe/ie/IeHHbI HAaboP
BOIIPOCOB, CYIIECTBEHHBIX [IPH IIOJIOTOBKE OJIUMIIUA/BI (HAJUIUE YTEIUTe b
HOI 3aja4n, OaJaHCHUPOBKA BAPHAHTA 110 CJIOXKHOCTHU, HAJUYNE PA3HBIX TEM
B BapuaHTe oJuMiua/bl). Ho rpaMoTHOMY MaTeMaTHKy, MHTEPeCymeMycst
oMIuagamMu (a Ha OJIMMIIUAJAX BOCIUTAJIOCH MHOIO MATEMATHKOB), BCEMY
9TOMY HAy4HUTbCs HECJIOXKHO.

B y4ebnomMm mporiecce Mo HEKOTOPBIM IIPEIMETaM CTABUTCS «3a9€T», BhIPa-
}K&IOH.[I/IIU/I TOJIbBKO HaJIM4ue OIIpe/Ie/IEHHbIX yMeHI/IIU/I7 Ipu 3TOM HEBazKHO, Ha-
CKOJIbKO 9TH yMEHHs JOBEIEHBI 0 COBEPIIEHCTBA, & 110 HEKOTOPBHIM IIpEeIMe-
TaM — «3K3aMeH C OIeHKOI». 3a cobirrofenne dpopMaTa BApUaHTA KIOPA MOYKHO
HpI/I(fy,Z[I/ITb TOJIBKO «3a4YeT» UJIN «He3a4YeT». MCTOpI/Iﬂ cTaBUT OHGHKy TOJIBKO
3a HaydHOe colep:KaHue. Y cozjiareseil OJMMINAIHOTO JIBUXKEHUS He OBLIO
CTpeMJIEHNsT HU K TOHKOI Oa/IaHCHpPOBKE BaphuaHTa, HU K OJIM30CTH pacIpejie-
JICHU PEIMINBIINX 3a/a491 C 2KeJIaeMbIM. STI/I CTpeMJICHUsI ITOABUJINCH U CTaJIN
IPUBOJIUTH K 3aCUJIBIO HCKYCCTBEHHBIX 38184, KOTOPbIE (CM. BBIIIIE) IIPOIIIE [IPH-
JyMBIBaTh U yJao0Hee OlleHMBATh. TakKoro poma «mpodecCHOHAIN3aIUsI» €CTh
mapasuTUIecKasi 9acTh OJTUMIIHAIHON KyabTypbl. OHa MO3BOJISIET PAllMOHAJII-
3UPOBATh OTTOPKEHUE XOPOIIUX 33124 U CO3a€T aBTOPUTET HEKOTOPBIM OJINM-
[MAAIHBIM JIESITEISIM, OTPAHNINBAET KPYT JIUIl, 3aHUMAIOIINXCSA OJTUMITHAIAMU.

Korna 3a onmnMmmnuamgy oTBedas MATeMaTHK IMPUEMJIEMOIO YPOBHS, TO Jia-
2Ke I1pu OTCyTCTBI/II/I OJIMMIINAJIHOI'O OIIBITa Haquoe coiepzKaHue OJIMMIINA
BBIIPABJISLIOCh. UTO KacaeTcs COOJIOAEHNS OPraHU3allMOHHBIX IPUHIUIOB U
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dopmaToB, 0HO OBLICTPO HMPUXOAWIO B HOPMY. Tak ObLIO, B YacTHOCTH, ¢ Bce-
cOIO3HBIMUA U MOCKOBCKMMU TOPOJCKUME OJIUMINAJaMu B cepernune 80-x ro-
JioB. Posib criibHOrO MaTeMaTnka MOXKET ObITh HETPUBUAJILHO. BhIBaeT oueHb
HEIPOCTO IOHSATH, KaK HAIIHM CUJIbHBIE KAaueCTBA MU CJIA0OCTH OTPAXKAIOTCS
Ha HaIlleM OKpykKeHuu. Tak, TOJIbKO IPOaHaIN3UPOBAB CBOU Pa3TOBOPHI C yUe-
HUKaMU, s ODHAPYXKUJI, U9TO MOYTU BCE BPEMsi si TOBOPWJI O TEXHUKE ATaKh
Ha TOT WA MHOU OTKPBITBHIA BOIIPOC, HO HE O KpacoTe TOM WIM UHON maTe-
MaTHUYIECKOW TEOPHUHU, U OCO3HAJ HEOOXOINMMOCTDb JIOTOJHUTEILHBIX JIYIEBHBIX
ycuwinit B 9ToM Hanpasjiaerun. O cujie pyKOBOJUTENS MPEXKJE BCErO MOBOPUT
€ro OKpYyzKeHue.

OB OJIUMITMAIHOM COOBIIECTBE. Ilioxo, korma memarormdaeckoe coooIre-
CTBO OTJIEJIEHO OT HAYYHOTO W MPEIOCTABIEHO camMoMy cebe. HacTh Bo3HMKA-
IOIIMX HezKeJlaTeJIbHBIX SIBJICHUN CBsI3aHa C BHYTPpEHHUMN OCO6€HHOCTHMI/I ca-
MOTI'O 3JIMTHOTO (10 COJIEPYKAHUIO, & He IPECTUKHOCTH ) 0O6pa30BaHUsI, KOTOPOE
¢ Hem30eKHOCTBIO Oas3upyeTcsa Ha KyJabTe yciexa. boJiee criocobHbBIE yUalnecst
nostyvaioT Oosbine BHEUMaHUs u pecypcos. (IIpormsrmkam smutHOrO 06paszo-
BaHUs Cjie/lyeT yKa3aTbhb Ha UX JJUHeMepue — Be/Ib B 2KU3HU 60.Hee yCHeHleIfI
yesI0BeK GOJIbINE TOIydaeT. B KOHIle KOHIOB, «M60 KTO UMEET, TOMY JaHO OY-
JIeT ¥ TPUYMHOXKUTCS, & KTO HE UMEET, ¥ TOTO OTHUMETCS W TO, 9TO UMEET»
(Md. 13:12).) IlpumeHnTesbHO K MarTeMaTHYecKOMy 06pa30BaHUIO, GOJIbIIe
BHUMAHUS TOJydaeT TOT, KTO JIyUIlle pelraeT 3a/1a4u.

Muorue 3aMevasin, 9TO BEJIWKHWE TPEHEPHI YACTO BO3HUKAIOT U3 HEY/IaB-
MMXCA OJIMMIINAJIHUKOB. HCI/IXOJIOI‘I/ILIGCKI/IG KOMIIJIEKCBI, O KOTOPbIX TaK .HIO65IT
TOBOPUTH, HECYT B cebe He TOJIBKO ILJIOXO0e, HO M XOpoIlee. 3a4acTyio, N3JIeTnB
YeJI0BEKA OT KOMIIJIEKCOB, MBI €I0 U3JIEYUM U OT TAJAHTOB M OYIYIIIX JOCTH-
»Kennit. He mOHMMAasi 3TOT0, IyMaHUCTHUECKHE HCHXOJIOrHS) JIeIaioT mojo0HbIe
CYyXKJIeHUsI HEKOMIIETECHTHBIMU.

Tem He MeHee, TPU 3TOM BO3HUKAIOT IICUXOJIOTHIECKUE TTPOOIEMbBI, KOTOPHIE
cJIelyeT YAIUTHIBATD ¥, TI0 BOBMOXKHOCTH, CMATYIATh. B coobIecTBe, B KOTOPOM
JAOMUHHUPYIOT HEYTABIMIUECA YI€HbIE, BOSHUKAECT BECbMa CHeHI/ICbI/I“IeCKaH aTMO-
cdepa. Ecau genoBek yiessier 6oJibIliee BHUMAHNE yUaIleMycs, 6oJiee yCIer-
HOMY B PeIIeHUH TPY/AHBIX 33184, B TO BPEMsT KaK ¥ HETO CAMOTO €CTh TpobJTe-
MBI € TBOPYECKOH peasinzarueii (0co6eHHO ecyu OH ObLII By HJEPKUHJIOM ), OH T€M
CaMbIM yCUJIMBa€T CBOM KOMIIJICKCHI, HOpOﬁ 9TO CTAaHOBUTCHA OIIaCHBIM. KpOMe
TOTO, 329aCTYIO TICUXUKA MPETOIaBATe s TIPUOIUKAETCS K TIOIPOCTKOBOM.

Pasymeercst, oTHIONL He BCe TPENONABATENN W TEIATOTHIECKUE TEesITETN
TAaKOBbI. ECTh BIIOJIHE YCIIEIIHbIE JIIOJM, NPUINeIne B 3Ty 001acTh (Kak
yUUTe s, METOMCTBI UM OPraHU3aTOPbI) 110 30BY CEP/Ia, a He IOTOMY, ITO
HayKa He MOJTYIUIach.

33710 WX caMoHA3BAHHE.
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Ecte MexaHusM, BBIABUTAONNI Hanbogee aMOUIIMO3HBIX desiTesneit. Bim-
sJHIME YeJ0BEKa CUJIbHO 3aBHCHUT OT SHEPIUH, KOTOPYIO OH BKJIAJBIBAET, U, K
COXKAJIEHWIO, OT YPOBHs ero arpeccu. (B 9ToM oTHOIIEHNN 1YesoBedecKoe co-
00IIECTBO HE OTJIMYAETCsl OT MHOI MOIYJIAINN KUBOTHBIX. ) OBJiajieHne KyJ/ib-
TYPHBIME I[EHHOCTSIMH, PDABHO KaK W HaydHas paboTa, TpebyeT OYeHb MHOTO
sHeprun. Ecim ke BCero 9Toro HeT, TO IPU TOM K€ MPUPOIHOM SHEPIreTHde-
CKOM TIOTEHIIajIe YeJI0BEK OYJIEeT BBIMJISIIETh DOJIee SIPKO, YeM TOT, Y KOI'O €CTh
apyrast 6osbinast padbota. Bypaut menkast Boga. Ectb moam ¢ 6secTsiiuMm, HO
6eCIIOHBIM MHTEJUIEKTOM (OBICTPOTA MBICIUTEIBHBIX OlEpaIii — elne He
UHTEJJIEKT, MHTEJJIEKT — 9TO HE YM, & yM — He MyIpocTh). OIHAKO BbIBIIKe-
HIIE 9eJI0BEKA I €r0 POJIb CUIIBHO 3aBUCUT OT STOTO BHEIIHEro Grecka.?) Drum
00'bsICHSIETCsT TTAPAIOKCAIbHAST CUTYAIINs, CAOXKHUBIIASICST B YKIOPU HEKOTOPBIX
OJIUMIINAT U TYPHUPOB: OTBETCTBEHHBIME 38 BAPUAHTHI JIJIT OTHOCUTEIBHO CJIa-
6bIx yuamuxcst (pabora, CBsI3aHHASI C MEHBITMMU aMOUIIUSAMIE) SIBJISIIOTCs 60J1ee
CHJIbHBIE MATEMATHKHI U METOIUCTHL.?)

Ecnu onmumnuaga — eIMHCTBEHHOE TI0JI€ PeaIn3aIuu IeJI0BEKa, TO OH OyJieT
SHEPIUYHO JOOMBATHCA MOJXKHOCTEH, 3aHUMAsICh JayKe HEIPHUSITHON paboToit,
Jla ¥ JIOKTSIMHU ITopadoTaeT. A d4esloBeKa, KOTOPBI MOXKET peajn30BaThCs B Ha-
yKe, rOpa3Jio Jierde IporHaTh — y Hero eCcThb JAPyroe 1moJjie gedareabHoctu. [Ipo-
HCXOIUT OTPHUIATENbHBIN 0T60p. [lom00HbBIE MEXaHU3MBI J€HCTBUSA NHCTUHKTA,
arpeccun M3JI0KeHbl B KHurax [3,7].

Jlajeko He Bce meIarorndecKue AesiTe/M IPOILIOro ObLIN CUILHBIMI MaTe-
MaTHKAMK, HO OHM ObLIM JIEHAMU Hay9IHOTO coobImecTBa. EcTh u ceitdac me-
sITeJIM, BBICKA3BIBAIOIINE TJIyDOKUE METOIMIECKUE UIIEH, ABTOPhI YKYPHAJIbHBIX
crareii. Ho 3agacryro 3a7ai0oT TOH JIIOAM C Y3KOH CIeMuaau3aueii — mpumLy-
MBIBAHHUE OJIIMITAATHON 38,190 WJIM CO3/IaHNEe BAPUAHTa OJIMMITAA LI, TPOdec-
CHOHAJILHOTO C TOYKH 3peHus (popMaTa MEPOIPUSITHS, HO C IIpeHeOpesKeHuEM
K COJIEPKAHMUIO.

Hay4anblit Mmup (0COGEHHO B TOYHBIX HayKax) IPU BCEX CBOUX HBIHEITHUX
HeocTaTKax (cM. HanpuMmep, KHury A. ['porennnka «Ypoxan u moceBbl» ) 60-
Jiee 3JI0POBBIIA, YeM OJIMMIINAIHO-ITEIarOrnIecKnii. B HeM ecThb 00beKTHUBHBIE
KPUTEPUH.

Ho naxxe B Gojiee 3M0pOBOM HAydHOM COODIIECTBE HEOOXOIMMA OIIPEIIe-
JieHHast popMasbHas camo3aluTa (yueHble CTEleHU, 3BaHUs U T.]I.), 9acTo
¢ m3nmep:kKamu. K 3amaHOMY OIBITY OpPraHW3allnd HayKd HaI0 OTHOCHTLCS
KPUTUYHO, HO HE UrHOpUpoBaTh. Clielyer 0CO3HATH MPUYMHBI TEX WU HHBIX
pertenuii. Tam desioBeK MepsieTcst, MpeKJie BCero, Mo MmyouKanusM (¢ yuaeToM

Y Buermnuii 6/1ecK OueHb I0JI€3€H B Ipenosasanud. Ho B IPEIOJaBAHMI CHIILHBIM y4a-
[IMCs BarKHee HaydHas KBaJIU(PUKAIHS.

®)Kpowme Toro, cjlegyeT OTMETUTD, YTO CTYAEHTY, IIyCTh JarKe TaJaHTIMBOMY MaTeMaTUKy
U IeJ]arory, BXOJMIIEMY B *KIODU MEPOIPUSITHUSI, MHOIAA TPYJHO CIOPUTH CO CTapIIUM IIO
BO3PACTY, B OCOOEHHOCTH C T€M, C KEM OH B3aMMOJEICTBOBAJ, Oy/Iydn MIKOJILHUKOM.
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UX KOJINYECTBA U NHJIEKCA IIMTHPYEMOCTH COOTBETCTBYOIIIX YKYPHAJIOB), & y2Ke
3aTeM — I10 MPEIOJIABAHUI0. DTOT CIIOCOD UMEET MHOT'O HEJIOCTATKOB. 3a9aCTyI0
OYeHb XOPOIIUE CIENUATUCTBI UMEIOT 0oJiee HU3KUI UHJIEKC IUTUPOBAHUS, YEM
HEKOTOPBIE YUeHbIe CPEIHEro yPoBHs. TeM He MeHee, HUXKHUHI U CPeIHUM yPO-
BeHb 3TU (DOpMAaJIbHbIE TAPAMETPBI U3MEPSIOT XOPOIlo. Pemyraiius oprasusa-
[N 3aBUCHUT OT IIyOJIMKAIIHiT COpr,ZLHI/IKOB.G)

3. SAKJIIOUEHUE

B cosmaBmuxcst ycioBusix 0COGEHHO BayKHBI TPAJIUITIH, 3aJI02KEHHBIE CO3/a-
TeJSIMUA OJIMMIINAHOTO JIBHKEeHHUs. B 9acTHOCTH, OHM CIOCOOHBI 3aTPYIHUTD,
a WMHOTJA W OCTAHOBUTL BpemHOoe pedopMaTopcTBO. To 06CTOSITENHCTBO, UTO
y HNCTOKOB OJIMMIINA/ CTOsAJN BEJIUKHUE JIIOJAUW, UMEeT BaKHO€ 3HadYeHue u JIJId
pUBJICUYEHUsI OOIIECTBEHHOIO BHUMAHMSI U PECYPCOB (BKJIIOYast (DUHAHCOBBIE).
Ho, B TO Ke BpeMsi, 3TO U OTBETCTBEHHOCTb — II0 MEHbIIEH Mepe, MOpaIbHAsl.
Hampumep, eciim MbI 00bSABIISIEM, UTO HAIA OJUMIINAIA OCHOBAaHA TAKUM-TO
YUYEHbIM, WM Ha3bIBAEM MEPOIPHUSATHE €ro MMEHEM, TO OOIIECTBEHHOCTH 3TO
BOCHPUHUMAET KaK 3asBJIEHNE B ILJIaHE BEPHOCTU TPAIULINMN, U MBI TEM CAMBIM
CTaBUM BOIIPOC: KaK 6BI OTHOCHJICA NMAPEK K ero IMpOBEIACHUIO 1 CTI/IJIIO?7)

ApTopy 6/1U3Ka MBIC/Ib YjIeHa KIopu BeepoccniicKoi OJTMMITHA IR TI0 MaTe-
maruke A. C. [osioBanoBa 0 poji rJIaCHOCTH, BLICKA3aHHA MM B HUHTEPHET-I1C-
Kyccusx. O6 5TOM B OTHOIIEHWM YPOBHSI YKIOPH JIOJIZKHBI 3a00TUTHCA OPraHM-
3aTOPBI TypHI/IpOB.S)

W36erast HecrpaBe I IuBbIX 00MI, MbI HE CUMTAEM HYKHBIM Ha3bIBaTh IIPU-
BEp:KEHIIEB TOr0 WM HHOIO IMOAXoJa. MBI HE OLEHHBAEM OTAEJbHBIX JIMU-
HOCTeH, paBHO KaK M KOHKPETHBIE MEPOIPHUSTUs, HO IOIXOAbl U TEHICHIIH.
Bopbba pasHbIx cTujieil IpouCcxouT BHYTPHU YejI0BeKa. ABTOD OIUpaeTcst U Ha
cBOil BHyTpeHHUi onbIT. OH HE MOXKET OCYKIaTh JIesATes, IPEPBABIIErO CBOIO
3arpaHUYIHYIO IOE3KY, YTOOBI TOATOTOBUTH MEKIyHAPOIHUKA, UJIN IeJIOBEKA,
JJIgl KOTOPOTI'O O.HHMHI/I&ILHI)Iﬁ JUILJIOM CTOUT 6OJ'[bH_[e Hy6HI/IKaHI/II/I B HayLIHOM

6)3a peiiTnEraMn crout HerpuBHAIbHOE ypasienue. CpaBHEHHE YCIIEXOB CTYIEHTOB Ha
osmMmmagax (M B HAy9IHOH paboTe) MKy POCCHICKMMHU U 3aIlaHBIMA yHUBEPCHTETAMUI
HEBBIFOJHO 3amnafy. 11losToMy cooTBeTCTBYyIOIIME NMapaMeTpbl HE YUUTHIBAIOTCS B IIOJCUETE
peitrunros. O cucreme PISA noapobuo pacckasano B crarbe . Majaru B »xxypnajie «Mare-
MaTH4ecKoe obpa3oBanue». [JoHnKeHne peiTHHTa OTEYeCTBEHHBIX YKYPHAJIOB BbI3BAJIO CHU-
JKeHHE [TOTOKA XOPOIINX CTaTell M, KaK CJIEJCTBHUE, IENHYI0 PEAKIINIO TOHNKEHUSI.

"B HEKOTOPBIX CITydasx BOMPOC HAJO COTIACOBATH ¢ Hacaemunkamu. Ha Bamaze K sToMy
9yBCTBUTEJIHHBI.

8)HekoTopoe MpeicTaBIeHne KaK O HaydHBIX, TAK U O MOMYJISPHBIX CTATBIX, MOKHO T0-
JIVIUTDH HA IUIATHBIX caiiTax http://www.zentralblatt-math.org,
http://www.ams.org/mathscinet, u GecrnaTHeix http://scholar.google.com/,
http://kvant.mirrorl.mccme.ru/, http://www.turgor.ru/lktg/index.php,
http://www.mathnet.ru).
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KypHase. OH caM HCIBITBIBAJ OGJIBIIYIO PaJ0CTh, KOTIA ero 3ajada momnajiata
B BapUaAHT OJIMMIUAJIBI, YeM OT IyO/mKanuu, ckaxkeM, B Journal of Algebra, a
OJIUMIIMAIHAST TIPEMUS MOTJIa 00pa0BaTh DOJIBINE, YeM 3aIMATa JUCCEPTAINN.
K mammMm gyBCcTBaM HaJ0 OTHOCUTHCSI KpUTHIHO. VHOI A IOMa atoTcest MaTe-
MAaTHKHU, YKECTKO CJIEIYIOIINe CIOPTUBHOMY IIOAXOY, & C JPYIrOil CTOPOHBI —
ectb memaroru, npenanueie Hayke.?) Kpome Toro, camum ¢popMasbHbIE HOKa-
3aTes HYXKJIAI0TCsT B U3yYeHUH W yTouHeHuu. Jla w cuTyarus B KayKJIOM U3
KOHKYPCOB JIOJIZKHA OBITh U3yUeHa IMOIPOOHO.

Ousmmnuaable (PYyHKIMOHEPLI TOXKE HY>KHBI — IPEXKJIE BCEro, B TeXHUYE-
CKHX BOIIPOCAX, a TaKKe BOIPOCAX, CBA3AHHBIX C (POPMHUPOBAHUEM IIPOCTOM
9aCTH BApUAHTOB.

Paznoobpasne nHTEpECOB YI€HOB METOIKOMUCHN YJIydIaeT arMocdepy u
pesyabrar paborbl. OUeHb ILJIOXO, KOTJA CBET KJIMHOM COIIIEJICSI HAa MEPOIpH-
arusix. OdeHb Ba)KHA IUBEpCH(UKAIUs NHTEPECOB JedTesisl. [oBops o peii-
THHTAX, KpOM€e HaydHBIX CTaTeil ecTb elle CTaTbU B JOCTATOYHO IIPECTUKHBIE
[TOIyJIsIPHBIE YKYPHAJIBI, HanpuMep, «KBanT».

YT06BI BOSHUKJIM HOBBIE ABTODPBI, BaXKeH MAJbINH »KaHp. 1 HammcaHms
OOJIBIITON CTaThU HAJIO MOTPATUTH MHOI'O PECYPCOB, Jla ee ellle MOI'yT He IpHU-
HATD. [1yCcTh U MKOJILHUKY, U YIUTEIsI U3 IIPOBUHIIAN, O0IIASACH C PEIaKTOPAMU
HAyIHBIX 7KyPHAJIOB, IOJIYYaT HABBIK I BKYC K HAyYHLIM MUHHATIOpaM.'Y)

Henb3st »XUTh MPONLIBIMEU 3aC/IyraMu. ¥ POBEHB IOIMY/ISIPHBIX YKYPHAJIOB B
Poccnn noka BeIme, yeMm 3a pyGeskoM, HO 9TO HE MOYKET JIOJITO HPOJIOJIZKATHCS
no uepiuu. O6 aBTOpUTETE OTEYECTBEHHBLIX OJUMIIMAJ TAKKe HYXKHO 3a00-
TUTHCA, 8 OH 3aBUCUT, IIPEXKJE BCErO, OT UX COACPKAHUA.

N camoe rnasHoe. ITogusTh HayYHBIH YPOBEHDb OJIMMIIAA M OJJHOBPEMEHHO
crioptuBHble goctmkenns MOZKHO. 9to mpome, gem kaxkercs. He Tak cox-
HO HAyJHUTbCsl TEXHUKE COCTABJIEHUSI BAPUAHTOB, Ja W CPeJH JIeHCTBYIOIIX
MaTEMaTUKOB €CTh JIOCTATOYHOE YHCJIO JIIOAEH, IPOIIEeIInX OJUMINAIHYIO
mikosry. Opranusanust MOCTOAHHO JeHCTBYIONIEr0 CEMUHAPA IO OJIMMITUATHBIM
3ajtadaM B KoHIle 80-x — HavaJjie 90-X roJioB Ha MexmaTe IIPUBEJIa K MOsIBJICHUIO
HOBBIX OJINMIINAIHBIX JIedTesIell 1 JTOCTATOYHOrO 3aIaca HOBBIX OJIMMIIMAIHBIX
3aja4. BaxkHo npuBiekaTh AeHCTBYIONNX MATEMATUKOB, IPHYEM Pa3Hoo0Opas-
HBIX CIEIUAIBLHOCTEH, 9TO0bI ObLIN TOKPBITHI OCHOBHBIE PA3/e/ibl HAyKH. 1ex,

Nlosenenne JEefICTBYIONIEr0 MATEMATHKA, IOy YUBIIIET0 YPE3MEPHO CIIOPTUBHOE BOCITUTA~
HUe, 3a9aCTY0 MPOTUBOPEUNBO. B3Il JII0Iell, TEPECTABIINX 3aHUMAThHCS HAYKON U OTO-
PBAHHBIX OT HAYYHOT'O COOOINECTBa, IBOJIIOIMUOHMPYIOT B CTOPOHY IE€pBOro cruis. Muorma
MTOBEIEHNE MATEMATUKA B OTHOIIIEHUN 33/1a49 CBOE Y3KOU CIEINaJIbHOCTH OTBEYAET BTOPOMY
ITOJIXO/LY, & OCTAJIbHBIX 3a/a4 — IIEPBOMY.

10)ABTOp eme B 90-e rozibl KpUTHKOBAJI (9aCTO ¢ yiepOoM Jyist cebst) HEKOTOPBIX YKy PHAIIb-
HBIX JesiTeJiell, PEBHUBO OTHOCSIIUXCS K CBOEMY eIy WM TOJABJSBIIAX JIPYIUX, OCOOEHHO
[MPOBUHITUAIBLHBIX aBTOPOB. MHOIME JIIOJU, UCIBITABIINE Ha cebe 3TO MOJABJIEHUE, B IOCTIe-
JIyIoIleM BeJin cebsi He Jiydille — eCiu He XyzKe. /leJlo He B KOHKDETHBIX IEPCOHAIUX, & B
mpobJieMax CamMoro IMeIaroruieckKoro CoodIIecTsa.
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KOTO MOXKHO TIPUBJICYb K OJUMIIUAIHOMY IBUZKEHUIO, JOBOJILHO MHOT'O, KaK B
CTOJINIIAX, TaK U Ha MepUdEpUn.

Ob6yuenne XKUBOil MaTeMaTHKe JayKe ¢ TOYKHM 3PEHHUs] CIOPTUBHBIX JOCTHU-
JKeHHUH ropasno 3(hdeKTuBHee, YeM HATACKUBaHUE Ha MEPTBBIE 3aa1U. DTOMY
ecTb npumepbl. Cujia NPUBOAUT K YCIEXaM, HO MPOSIBJISETCS OHA B OOJIUIUN
KPaCOTHI.

JlamHas cTaThs IpU3BaHa HAYATHL OOCYKJEHHE MPOOJEM OJIUMITAAIHOIO
JBU2KEHUS, KOTOPOe, KaK YTBEPKIAIN MPAKTUIECKNA BCE MATEMATUKU U METO-
JHUCTBI, IPOYUTABIINE 3Ty CTATbHIO, JaBHO Ha3peso. Heobxoaumo HagaTh pabo-
TY IO OCMBICJIEHUIO HAKOIIJIEHHOT'O OIBITA, U 9TO OCMBICIEHUE IIPUHECET ILJIO/IbI.
[TpussiBaeM Bcex K JasibHERIIIEMY ODCYKIECHUIO.
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Tpajunuu MaTeMaTrndecKol ouMInajIbl B ['py3un

H. X. Pozos

I'pysunckast 3emiist B XX Beke sIBUJIa MUPY 3aMedaTebHYI0 KOropry OJie-
CTSNIUX MATEMATUKOB M MEXAHUKOB, CHIUCKABIINX CJIABY I'DY3UHCKON MaTeMma-
Trdeckoit mkoie. Ee pomomadampbHUKOM 1o mpaBy cumTaeTcs A. Pazmangze,
B 4ecTh KoToporo HaszBan Maremarudeckuii mucrutyt B TOunucu. B mare-
MaTUIeCKOM MEPE XOPOIIO M3BECTHBI (hyHIaMeHTa bHble padorel H. 1. My-
cxemumsuan, A. K. Xapanazse, I'. H. Hukonanze, B. /1. Kynpanze, 1. H. Bekya,
A. B. bBuniagize P. B. lamkpenuze, . T. Kurypasse u MHOMUX JpyTrux.

Bce aTu stioin BOIIIM B HAYKy W BHEC/IU B HEE CBOU BBIIAIONINICI BKJIA]T
B HEPA3PLIBHOM €JIMHCTBE M IPU TECHOM COTPYIHUYECTBE CO BCell TOH Ma-
TEeMaTUYEeCKOU KOpIllopalyell, KOTOPYIO IIPUHATO Ha3blBATh «COBETCKON MaTe-
MaTHIECKON IITKOJI0W». Jl0CTaATOIHO BCIIOMHUTD, HAIIPUMED, YKU3HEHHBIH ITyTh
Wnen Hecreposuua Bekya. Bociuranuuk u nipenogasaresib TOmmceckoro yHu-
BepcuTeTa, OH paboTas mpodeccopoM MEXaHMKO-MATEMATHIECKOro (haKyIbTe-
Ta, MOCKOBCKOTO YHUBEPCHUTETA U COTPYAHUKOM MaTreMaTniecKoro nHCTUTYTA
uMm. B. A. CrekjioBa B Mockse, 6611 pekTopoM HoBocubupckoro yHuBEpcuTeTa,
pekTopom Toémmucckoro yuusepcurera, [Ipesumenrom AH I'pysunckoit CCP,
apistica akagemukom AH CCCP u akagemukom AH I'CCP.

Takas «Maremaruyeckasi armocdepay ['py3un mpocTo He MOTJIa He HARTH
peayim3auu B 0COOOM BHUMAHUU K MATEMATHYECKOMY ITPOCBEIEHUIO MOJIO-
JIe2KU, K TOUCKY W TOJJIEPYKKE MOJIOJBIX JIIOJIEH, ITPOSBIISIONINX CKJIOHHOCTH
U UHTEpeC K MareMaThKe. DTO BIIOJHE 3aKOHOMepHO. Ho — uro camoe yiu-
BUTeJIbHOE — ['py3us oKazajgach y UCTOKOB OJTUMIIMATHOTO MATEMATUIECKOTO
neuzkenns B Coerckom Corosze.

[TepBast MaTemaTudeckas oymmmuaa jiyisd mkoabHuKoB B CCCP 6nuta mpo-
BereHa B TOwmmcu. 3 HosAOpsa 1933 roma Mo MHUITMATUBE JBYX YHTY3UACTOB,
zaciayxkeHubix yunreneil ['pysunckoit CCP C. E. Bammakmaaze u T. 1. ITer-
PaKoBOi, B 26 ONBITHO-IIOKA3ATEJILHOW CTOJTUIHON IIKOJIE COOPAJIUCH IOHBIE
JIIo0UTEN I MATEMATUKHU, YTOOBI IIOMEPUTHCHA CBOMMHU MATEMATHYECKUMU CIIO-
cobHOCTsIMU. A 49yTh T03Ke, 28 HOAOPs, MpOILIa U PaliOHHAsT OJIMMITHAIA
IITKOJIbHUKOB 110 MaTeMaTuke. VIHTepecHO, 94TO ODIECTBEHHOCTD U IIPEecca Mu-
POKO ¥ 3aMHTEPECOBAHHO OTKJINKHY/INCH Ha 9TO HAYMHAHWE. [ 'a3eThl « Axasra-
3paa KoMyHucTtuy», «Tuducckuit padouunits u Ip. HamedaTa n OOJIbIINE CTa-
Thu 00 ommmnuasie. OHa HAIIA SHEPIUYHYIO MOJJIEPKKY B ITOCTAHOBJICHUU

MaTemaTuueckoe npoceeletue, cep. 3, soin. 15, 2011(204-205)
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Bropo opranmzanuit kommyrucrudeckoro sociuranus jpereit [IK JIKCM I'py-
3UM, OMyOJIMKOBAHHOM B Tasere <«Axajiraspja KOMyHHUCTH» 25 JaeKabpsi TOTOo
2Ke rojia.

OueHb KaJjib, YTO HAM HE U3BECTHBI HU 3aJIa4d, [IPEJJIATABIIECs Ha 9TO
epBoil ojuMnuaje, Hu (paMUJInd HEPBBIX M0benuTe el U uX CyabObl. BBIThH
MOXKET, I'PY3UHCKNE KOJIJIETH IIOMOTYT IOIOJHUTH UCTOPUIO0 MAaTEMaTUIEeCKUX
OJIUMITHAT STUMU OECIIEHHBIMU CBUIETE/IHLCTBAMHE.

Kax u3BecTHO, BecHO# 1934 roj1a ropojicKasi OJITUMIINAIA FOHBIX MaTeMaTH-
koB mporia B Jleanurpajie. IMeHHO 9T0 cOOBITHE TPAIUIIMOHHO CIUTACTCS Ha-
TAJIOM «JIBUKEHUST MMKOJIBHBIX MaTeMaTndeckux onummuaiys 8 CCCP. Ocenbio
1935 roma ropojickas MareMaTHdecKasl OJIMMITUAA, JJIs IIKOJIbHUKOB BIIEPBbIE
ObL1a TpoBejieHa B Mockee.

B nepsriit pa3 ropo/jickas MIKOJIbHAS MaTeMaTUYecKas oJinMInaia B '10u-
jmcu nponuia 18 mions 1934 roma. A ee mobeuresnn ObLIM HPUIJIAIIEHBI HA
omuMmIuay B TOWIUCCKUIT YHUBEPCUTET, AKTUBHBIMUA OPraHU3ATOPAMHU KOTO-
Ppoit IBUTHCH BUJIHBIE Tpy3uHcKue MaTeMaruku A. Xapamze, JI. lokuenn, 1. Jlo-
smze, M. Konnamsumm, K. Cynakseauize.

Pecnybmmkanckast ouMmnaga OHBIX MaTeMaTHKoOB ['pyswnm poausiach B
1957 romy — dYecTH BO3IJIABMATH €€ OPTKOMUTET YAOCTOWJICS wi.-Kopp. AH
I'CCP B. Yenuze.

Wcropus pacnopsaauiack Tak, aro ['py3us ere pa3 okazajgach KOJIbIOETIbIO
BayKHOTO MaTEMaTUIECKOI0 OJIMMITNATHOTO cobbiTusi. B 1967 romy cocrosiiachk
[TepBasi Bcecoroznasi onmmmnuajia MIKOJIBHUKOB 10 Maremaruke. M ee rocre-
MIPUUMHON XO3sIiKol ObLiia mMeHHO rpy3uHcKas 3emysd. B 1981 roxy I'pysus
CHOBa, NpuHUMaJja Bcecolo3Hyio MaTeMaTHdecKylo OJIMMIINAY IIKOJILHUKOB,
npefcenareneM ee oprromureTa 6611 wi.-kopp. AH 'CCP T. lerenus. Axtus-
HYIO POJIb B €€ IPOBEIEHNN TOI/IA ChITPAJI U3BECTHBIE IPYy3UHCKAE MATEMATH-
ku U. T. Kurypasze, 6parbst T. u 3. Hanrypus u JI. Toronanze (mocsennmii,
KCTaTH, U JIO0 CUX 10D 3aHUMAETCS [IPOBEJICHUEM PecIyOJUKAHCKUX MaTeMaTH-
YecKUX oJamMnuaz B I'pysun).



ITo moruBaM 3amaunmka «MareMaTmaeckoro
IIPOCBEIIECHUS »

Pemenne 3a /a9 1IPO BIIMCbIBaAHUE IIATUYTI'OJIbHUKA

P. H. Kapacés*

TEOPEMA. Bo scakoe evinykaoe meao K 6 R? moorcro enucamo naockud
NPaABUALHBIL NAMUY20ADHUK, NAOCKOCTID KOMOPO20 NPOToouUm 4epes 1106110
nanepéd aadannyro mouxy a € int K.

N3 aroit TeopeMbl cienyer pelieHne 3amadn 3.9 3amadnnka «MaremaTute-
CKOTO TIpocBerienusi» (hbOpMyJIUPOBKY CM. B BbIIL. 8, ¢. 247).

[Lran nokasaresnbersa B34T 3 crarbu B. B. Makeesa [1]. OHo ocHoBano Ha
[PUMEHEHUH HEKOTOPOoro 06001enust TeopeMbl Bopeyka — Yiama [4]. Oznako
JIJIsI TIOHUMAHUSI JOKA3aTeJbCTBA JOCTATOYHO BJIAJIETh HMPOIPAMMOIl IIEPBOrO
CceMeCTpa YHUBEPCUTETA, He HY2KHO 3HATH HU (POPMYJIUPOBKHU STON TEOPEMBI,
HU CJIOB «CTeleHb 0TOOparkeHusi», «IKBUBapPHAHTHBIE 0TOOparkenusi». Hosbie
0ObEKTHI MOSIBJISIIOTCS TOJILKO B KOHIIE (IIpH JJ0Ka3aTeabcTBe hakTa 2) U B TexX
OPOCTEHIIMX YACTHBIX CIydasxX, B KOTOPbIX OHU UCHOJIB3YIOTCs (cp. [2]).

B coznanum Tekcra TakxKke npuanMasu ydacrue Wibs Bormarnos u Apka-
nuit CKOIIEHKOB.

Loxazameavbecmeo meopemvl 0aa 24a0%K020 CMPoO20o ebmy%noeol) mena K.
Byaem cunrarh, uro Touka a € K (4epe3 KOTOPYIO JIOJIZKHA HPOWTU TOYKA
IATUYTOJBHIKA 110 YCJIOBHIO 3aJa49l) — 9TO HA4YaJI0 KoopjauHat. Pacemorpum
B mockocTu 0y MpaBUILHBIN TATUYTOIBHUK, COCTABIEHHBIN U3 yIOPAI0IEH-
HBIX IPOTUB YaCOBOIl CTPEJIKI €JIMHUYHBIX BEKTOPOB €1, . . . , €5, IIEPBBIit U3 KO-
TOPBIX ABJSIETCS HAIIPABJISIONIIM BeKTOpoM ocu 0.

*Pabora BbIIOJHEHA [P YacTUYHON rnoguepKke dpouga «Iunacrusy, rpanra [Ipesunen-
Ta P® MK-113.2010.1, rpanros PODU 10-01-00096 u 10-01-00139, ABIIII «Pazsurune
HAYYHOTrO MOTEHIMAJA BBICIIeH MKOoJbl», npoekT 2.1.1/500, ®IIIT «Hayunbie u HaydIHO-TIE-
JarorudecKue KaJIpbl HHHHOBAIMOHHON Poccuuny ma 2009-2013 rompr

U310 OrpaHMYeHNe TEXHUYIECKOE, IIOUTH BCE JI0KA3ATEIbCTBO MOXKHO ITIOHSATH U IIPOBEPUTH,
He 3Hasi, ITO TAKOE IVIQJIKOCThb U CTPOTas BBIMYKJIOCTD.

MaTemaTuueckoe npoceeletne, cep. 3, oin. 15, 2011(206-211)
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JlokazaTeabCTBO MPOBEIEM OT IMPOTUBHOTO — IIPEIIIONOKUAM 9ITO Tpedye-
MBIX BIIUCAHHBIX ISITHYTOJHLHUKOB HeT. HedopMabHO TOBOpst, HAYa0 JOKa-
3aTeJIbCTBA — IOIBITKA BIUCATh B K MATHUYTOJBHUK C IIEHTPOM B Ha4aJe KO-
opaunar. s i = 1,2,3,4,5 u Bpamienus p TpéxMepHoro mpocrpancrsa R3,
0Ch KOTOPOI'O TPOXOJIUT Yepe3 HAYAJIO KOOPIUHAT, 0003HATIM

hi(p) := max{s: sp(e;) € K}.

Wnage rosopst, hi(p) — minHa oTpe3Ka, BbICeKaeMoro TesoM K Ha JIyde, BbI-
XOJISAIIEM M3 Havasia KoopauHaT B HanpasieHun p(e;). [TockonbKy Mbl mpej-
[oJiaraeM OTCYTCTBHE BIMCAHHBIX MSITHYTOJIBHUKOB, TO uncia hi(p), ..., hs(p)

1
5
pe3 SO(3) MHOXKeCTBO BpaIeHHI TPEXMEPHOTO IIPOCTPAHCTBA, OCH KOTOPBIX
HPOXOJIAT UYepe3 Havaao KoopauHat. OnpemesnnnM orobpazkeHne

g9: 8O(3) = R*  dopmyoit g(p) := (h1(p) — a(p),..., ha(p) — o (p)).
MozkHO 66110 6bI TO6ABUTDH K 9TOMY 0TOOPAYKEHUIO TISATYIO0 KOOpAUHATY hs(p) —
— 0(p), HO OHA 3aBHCHUT OT HEPBBIX YETHIPEX — BEJb CyMMa BCEX IISITH KOOD-
JauHAT OyIeT paBHA HYJIIO.

AcwHo, ¥TO OTCYTCTBHE BIMCAHHOTO TSITUYTOJHHIKA PABHOCIILHO TOMY, 9TO
0 ¢ g(SO(3)). [TosroMy MOKHO OIpPEJETUTH OTOOPAKEHHE

HuKorya He paBHbl. [Josoxum o(p) := —(hi(p) + -+ hs(p)). O6oznaumuM ve-

SO _ g b )
f:S0(3) — 8% dopwmynoit  f(p) : ol

Hamomuum onpenenienne TpéxmMepHoit cdepbr:
S3 = {(z,y,z,t) eR* : 22+ 2 + 22+ 12 =1}

Henpepoisabie orobpazkenus?) fo, fi: SO(3) — S? mazpIBaIOTCS 20MOMON-
HOLMU, €CJTH OHU TOJIY4YaloTCs JIPYT W3 Jpyra HelpepbiBHOW edopMaliuei,
T. €. BKJIIOYAIOTCS B CEMEfiCTBO HeIpephIBHLIX oTobpazxkennit fi: SO(3) — S3,
t € [0, 1], HEIIPEPBLIBHO 3aBHUCAMEX OT mapameTpa t.%)

MbI moJiyduM IIPOTUBOPEYNe, eC/IU JTOKayKeM CJIejIyIomue 1Ba (pakTa.

1. f romoTomHO oTo6pazkenmio f1: SO(3) — S3, ars xkoroporo f1(SO(3)) #
£ 93,

2. f He romoromHo orobpaxenmio fi: SO(3) — S3, mmm koToporo
f1(SO(3)) # 5.

Jloxasamenvcmeo gaxma 1. ToBopst HeOPMAaTBLHO, MbI CABUTAEM MIPEJIITO-
JIATAEMBIi TIEHTP ISITUYTOJIbHUKA BJIOJIb pe1 U OIpeJIessieM Ay aHaJOruIHO i,

DYpraress JErKO OIPEIEIAT PACCIMOANUA MEXKILY TOUKAME IpocTpancTsa SO(3) u Mexk-
1y Toukamu ccepsr S, Torya 06bIMHOE £-8 OIpe/le/IeHNne HEIPEPHIBHOCTH IIEPEHOCHTCS HA,
ciyuait orobpaskenuit SO(3) — S3.

%) HenpepblBHas 3aBHCHMOCTD OT IIAPAMETPa ¢ B 9TOM KOHKPETHOM CJIydac O3HAYACT HEIIpe-
poiBHOCTB OTobpaskenns F: [0,1] x S* — S*, samannoro dopmymoit F(t,z) = fi(z).



208 P. H. Kapacén

HO C HOBBIM IIEHTPOM. q)OpMa.HbHO, IIOJIOZKMM

hii(p) := max{s : sp(e;) + thi(p)p(e1) € K}.

st Kazk 1010 ¢ MOXKHO 110 IIPUBEJIEHHOI BBIIIE CXeMe MOCTPOUTh*) oToGparke-
uns fi: SO(3) — S3. D10 cemeiicTBO 0TOOPAKEHMIT f; HEHPEPLIBHO 3aBUCHT
or t € [0,1].”) Bamermm, aro hyi(p) = 0 mnst moboro Bparmernns p. Kpome To-
ro, hi;(p) > 0 npu HekoTOPBIX ¢ = 2,...,5 u p. Ilosromy mepBasi KoopauHaTA
BexTopa fi(p) orpunarenbna s moboro p. 3uaunt, f1(SO(3)) £ S3. O

1)

Jloxasamenvcmeo gpaxma 2. O603HAYMM Uepe3 p BpallleHue OTHOCUTEIHHO
ocu z Ha yros —27 /5. dcno, uaro hi(pop) = hi11(p). 31ech u najee Hymeparusi
UHJIEKCOB MUKJIMYecKas 1o Moay/o 5. Oupenennm oTobpazkeHne

s R4 - R4 (bOpMyHOIU/I S(.Il, x2,T3, $4) = (:L‘Qa X3,T4, —T1 — T2 — T3 — $4).
$lcHo, 9TO S HEmpPEepBIBHO,
9(pop) = s(g(p)) n s* = idgs

(I/I60, BCIIOMHHUB IIPO IIATYIO KOODJAUHATY T5 = —I1 — X2 — T3 — X4, HOJIYIUM
k
S (:1:17 Z2,T3, :1:4) = (x1+k7 T2+k> T3+k> Tad+k, .'L'k)) OHperHe'HHM OTO6pa'}KeHHe

5(v)
Ol

r: 8% — S dbopmymoii 7(v) 1=

fcHo, 9TO T HENPEPBIBHO,

flpop)=r(f(p) u 1r°=idgs.
XoueTcst IPUMEHUTH CJIELYIONLyIo TeopeMy (obobimenne teopemsl Bopcyka —
Yinama).

Ilyemv ¢ — npocmoe wucao, F, P, R: S™ — S™ — nenpepuiervie omobpa-
orcenua, oas komopwr FoP = RoF, P! = R? =1idgn u daa awbozo r € S™
umeem P(x) # x, Q(x) # x. IIpu smux ycaosuaxr F ne mooicem 6vimov 20Mmo-
monno omobpasicenuro Fy: S™ — S™, das xomopoeo F1(S™) # S™.

[Mompobyiite gokasarb 3Ty Teopemy st n = 1! Jlgst nmpoussosibHOro n
JIOKa3aTeIbCTBO DoJlee CJI0XKHOE, 0/IPOOHOe M3JI0KEHNe MOXKHO HAfiTH B KHU-
re [5]. ITo cyTu Hamo nOKa3aTh, YTO CTEleHb OTOOpaxKkeHusi ' HeHyeBasl.

YT0ObI IPUMEHUTD Ty TEOPEMY, OIIPEIEIUM OTOOparkKeHue
7: 8% — SO(3) dbopmymoit: w(v) neiicreyer na x € R3 kax m(v)(z) = vov L.
3aech S 0TOX/IECTBIIEHA ¢ MHOYKECTBOM KBATEPHIOHOB €/IMHITHON HOPMBI, a
R3 ¢ MHOXKECTBOM KBAaTEPHHOHOB BUa xi + yj + zk.

YEcTecTBEHHO, B IPEIONOKEHAN OTCYTCTBAS BIMCAHHOIO HSATHYIOJIBHUKA C ICHTPOM
tpe1, JeKamero B mIOCKOCTH p(e1,. .., es).

%) [ToKa3aTeIbCTBO — yIpasKHeHne yis durareisd. Jis nenpepbiBHocTd npn ¢ = 1 He06-
XOIMMa TJIQJIKOCTh W CTPOTasi BBITYKJIOCTH Tesa K.
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fAcHo, UTO 3TO OTOOpaAXKEHUE HENPEPHIBHO U UTO y JIFOOOTO BpAIEHUsT U3
SO(3) poBHO s1Ba Ipo0Opasa npu 0TOOparXKeHuu 7 (ITU TPOOOPA3bI OTIIMIAIOTCST
3HAKOM ). BO3bMEM HEKOTODBIN 9JIeMeHT P B Ipoobpase p oTHOCUTeIbHO 7. [1pn
3TOM P° MOMKET OKazaThCa ambo +1, 6o —1; B HOCIEIHEM CIydae BOZLMEM
BMECTO P 3JIEMEHT —p, TOLLa ]55 craner +1. Torma

f(r(vp)) = f(m(v)p) = rf(n(v)) mns moboro v € S5

[TosTomy MO2KHO TPUMEHUTH CHOPMYJIMPOBAHHYIO TEOPEMY it n = 3, ¢ = 5,
F = for, R=ru P, onpeielEHHOr0O KaK yMHOYXKeHMe Ha P ciipaBa. [loyanm,
uro f o7 He romoronHo orobpazkenmo Fy: S3 — 3 g koroporo Fy(S3) #

# S3. BHaunT, McxoaHoe f TaKyKe He TOMOTOIHO oTobpaxkenmio fi: SO(3) —
S3, st koroporo f(SO(3)) # S3. O

Ceedenue cayuan npoudsosvrozo eunyxaoeo mesa K % cayuaro 2aa0k020
cmpozo evinykaozo K. 3aMeTuM, UTO CyIIECTBYET MOCJEN0BATEIbHOCTD IJIal-
KHUX U CTPOTO BBIIYKJIBIX Tel K, KOTopble NpUbINKAT (CKasKeM, B MEeTPH-
Ke Xayc;gop(bae’)) teqo K. Kaxnoe K,, uMmeer BIUCAHHBIN MSITHYTOJBHUK P,
ILIOCKOCTHL KOTOPOI'O (v IPOXOAUT UYepe3 Havalo KoopauHaT. Eciu pasMepbl
P, me cTrpeMsaTcst K HYJTIO, TO U3 COOOparkKeHunil KOMIAKTHOCTHA MOYKHO BbIOpaTh
npee/ibHbl naTuyroabuuk P, Bnucanubiit B K. lamee mpeanosaraem, 9To
pasMepsl P, crpeMsaTces K HyJIIO. 3aMEeTHM TaKO# IeOMeTPUIeCKUN hakT: JJIs
IpaBIJIbHOTO nsATHyroJabHIKA A Ay A3 Ay As 0603HaINM (MHIEKCHI CIUTAIOTCS
0 MOJLYJIIO 5)

B =A; 1AiN A4

u pacemorpuM 3Be3ny A1B1AsBs ... AsBs. g P, 0603Ha4UM COOTBETCTBY-
IOIYIO 3Be31y (), U 3aMETHM, 9TO C OJHON CTOPOHBI pa3Mephl (), CTPEMSITCS K
HYJIFO, & C JIPYTo#l cTOpoHbI (Y, cojtep:KuT B cebe K, Nay,. Ho pasmepsr K, Nay,
HE MOI'YT CTPEMUTBHCsI K HYJIIO, TaK KaK MOYKHO BBIOpATh HEKOTOPBINA HIap pa-
guyca € > (0 ¢ meHTpoM B HadaJ e KOOPIUHAT, coaeprkamuiics Bo Becex K,,. [

Samevanue. Ananormano (cm. crarsio B. B. Makeesa [1|) mokasbiBaercs

. +1
yTBEpPKAeHNE: IIyCTh P HEYETHOE IIPOCTOE, a d= pT, TOTrJa BO BCAKOE BBIITYK-

n0e testo K B R? MOXKHO BIICATD JIBYMEPHBIiT IIPABIJIBHBIN P-yTOIBHIK, TI7I0C-
KOCTHh KOTOPOI'O MPOXOIUT Uepes JII0OYI0 Halepé sl 3a/laHHy0 TOUKY a € int K.
IIpaBaa, B 9TOM yTBEp:KIEHHH BMECTO TeopeMbl Bopcyka — Yiaama HY>KHO
[IPUMEHATH 00Jiee CUJIBHOE YTBEPIKAEHNE, B KOTOPOM IIPOCTPAHCTBO Ipoobpasa
(B JloKa3aresbcTBE OHO paBHO MHOrooGpasuto [ tudens Vd2 OPTOHOPMUPOBAH-
Hex 2-perepos B R?) me 06s3am0 Ge1Th cepoit. OHAKO MOXKHO BEIMHC/IHTE
HEKOTOPBIl MHBAPUAHT (KOIOMOJIOTHYECKUIl WHIEKC) 9TOTO0 MPOCTPAHCTBA, C

6)PaCC‘T‘OHHI/Ie Xayc,uopcba MeXK/1y HEIIyCThIMU KOMIIaKTaMUu OIPeJesdeTCcd KakK

dist(X,Y) = dist(z,Y dist(X .
ist(X,Y) max{l;ﬂeag}{( ist(z, ),Iglea}}/c ist(X,y)}
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TOYKM 3PEHUST KOTOPOTO OHO <«ITOXOXKEe» Ha cepy COOTBETCTBYIOIIEH pasMep-
HOCTH.

Obobwénnasn meopema Bopcyka — Yaama. Odennb mogpobuas nadopma-
s 1o Teopemam Tuiia bopcyka — Yiama u uX IPUMEHEHUsIM B N€OMEeTPUU U
KoMOuHATOpHKE cojepxkuTcs B Kuure V1. Marymeka [5], koropasi, B upusiue,
He TpebyeT IpeBapUTEIbHBIX 3HAHUN OT duTaress. [I[puBeém 1jis OJTHOTHI
dopmympoBku 5TUX TeopeM. OTpeeseHns: MOHATHH «TOTUIAP> U «N-CBI3-
HOCTB» YHUTATE/Ib MOYKET HAWTH B CTAHJAPTHOM yUeOHHUKE 10 TOIOJIOTHH, Ha-
upumep |[3].

ONPEJEJIEHNWS.

1) Honwmsap X, Ha KoTOpOM JeficTByeT KoHeuHasi Ipy1iiia G HellpepbIBHBIME
npeobpazoBanusiMu, HaszbiBaercs G-npocmparncmeom. Ecim myist Jio0bIx g €
G\ {e} nx € X umeem gr # x, T0 JeHCTBIE HA3BIBACTC C80000HBIM.

2) HempepoiBaoe orobpaxkenue f : X — Y mexay G-mpocTpaHCTBAMI
HasbiBaeTcst G-axeusapuarmuvim (nan G-0TobpazkeHHeM ), ecjii OHO IIepecTa-
HOBOYHO ¢ JiefictBrueM G, TO ecTb jyist Jiiobbix g € G u x € X umeem f(gr) =

=gf(z)).

TEOPEMA. [lycmov G — xoneuwnas epynna, cocmoawasn bonee wem u3 00-
Hozo anemenma, a f: X — Y — G-omobpascenue us (n — 1)-ceasnozo &
N-MEPHBIT NOAUIID co c80000HbIM deticmeuem G. Toeda [ we moorcem 6vimos
20MOMONHBIM NOCMOAHHOMY 0MOOPAHCEHUIO, M. €. HE MOHCEM GbIMb Henpe-
PBLEHO NPOJEPOPMUPOBAHO 68 0OMOOPAHCEHUE, 006PaA3 KOMOPO20 COCMOUM U3 00-
HOU MOUKU.

B kadecTBe ynpaskKHEHUsT YATATEIO [IPEJJIATACTCS JI0KA3ATh, UTO €CIU JIJIst
HerpepbiBHOrO orobpaxkenus f: X — S™ obpas f(X) me pasern S™, T0 0HO
TOMOTOITHO TIOCTOSTHHOMY.

CymectByer u apyrast popMyJInpoBKa TeopeMbl Bopcyka — Yiaama. Ona
SKBUBAJIEHTHA IIEPBOIi, HO JIOKA3aTE/IbCTBO IKBUBAJEHTHOCTH HE TPUBHUAJIBHO.

TEOPEMA. [Tycmv G — Konewnas epynna, cocmoawas boiee 4em u3 00-
Hnoz0 anemenma. Toeda we cywecmeyem G-omobpasicerus U3 N-c6A3HO20 6
N-MEPHBIL NoAUIIP co c80600HbBIM deticmeuem G.
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3ajiaua 0 puIIKax 1 MOTOKKM Ha, KyOMYecKoil
pereTKe

M. JI. MarnunoB

BBEAEHUE. IlycTbh B HEKOTOPBIX KJIETKAaX IIOCKOH PENIETKUA CTOAT (DUIIKH
(He Gostee OJIHOM B KJIETKe), & HEKOTOPbIe KJIeTKH — IycTble. Tpebyercst ¢1Bu-
HYTBb Bce (DUITKN HA OrPAHUYIEHHOE PACCTOSHUE TaK, YTOOBI BCe KJIETKU OLLIN
3artoiHeHbl. Korga 310 MOXKHO cears?

Hamnpumep, nycTh Bce KJIeTKHU, KPOME OJHOI, 3amoyiHeHbl. Torga duiika,
CTOSAMIAS CIIPaBa OT TOM KJIETKHU, CABUTAETCS HA IIar BJIEBO, (DUINKA, CTOSIIAS
cIpaBa OT Hee, TOXKE CJBUTAaeTCs Ha Iar BJIEBO U T. . B pe3ysibrare Bech psij
durrek crpasa OT IIYCTON KJIETKU CIABUTAETCH HA OIHY KJIETKY BJIEBO U KJIETKA
zarnojasiercst. C Ipyroit CTOPOHBI, €CJIH TTOJIOBUHA TLIOCKOCTHU IIyCTast, TO €€ 3a-
[IOJTHUTh HEBO3MO2KHO. HEeBO3MO2KHO oCyIIecTBUTE TPeOyeMoe U eCJIi UMEIOTCS
CKOJIb YTOJHO OOJIBINIIE MyCThIe KBAIPATHI.

He o4enb €J102KHO MOHSATD, UTO CJIEMLYIONIEE YCJIOBUE HEOOXOIUMO:

Cywecmeyem maxaa koncmanma C > 0, wmo xoauuecmao ny-
CMBLT KAEMOK 8 KaHCIOM KEadpame ¢ NPoussosbHOT, CIMOPOHOT (%)
a ne npesocxrodum C - a.

VIIPA>KHEHUE. HOKa}KI/ITe, 9TO JaHHOE€ YCJIOBHE H606XO,H,I/IMO.

Ha camowm jsiesie 910 ycsioBue siBjisieTcst u roctatodnbiM. B |1, ¢. 217], 6buta
IpeJIoXKeHa caeaytomast dadaya 4.11:

3A7AYA (A. 5. Besios). Ha HekoTOpBIX KileTKax G6eCKOHETHOMN JIOCKH CTO-
a1 dumikn (He Gojiee OJHON Ha KaxKJOH KJeTKe), HEKOTOpPbIe KJETKU — IIy-
creie. HazoBeM paccTaHOBKY moumu moanoti, eciim Haiigercs takoe duciao C
9TO MOXKHO TaK CABUHYTH KarKJIyI0 (PUINKY HA PACCTOSHHUE, HE MIPEBBIIIAONIEe
C' (uHorja HyJeBoe), 4Tobbl IyCTHIX KJIETOK He ocTajioch. HazoBem paccra-
HOBKY H€ CAUWKOM NYcmotl, eCau HaiiaeTcst Takoe 9ncjo D, 94T0 KOJMIECTBO
IIYCTBIX KJIETOK B JII0OOOM KBajpare He npepocxoautr D P, rme P — nepumerp
KBaJpaTa. Z[OK&}KI/ITG, YTO IIOYTHU IIOJIHBIE PaCCTaHOBKH — 3TO B TOYHOCTU HE
CJIAIIIKOM IIyCTBIE.

Ilox pen. b. P. ®penkuna.

MaTemaTuueckoe npoceeletue, cep. 3, soin. 15, 2011(212-218)
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B 1998 r. aTa 3ama4da nmpejiiarajgack mpu orbope KomaH bl MockBb! Ha Bee-
POCCHIICKYIO omuMIInaLy. Y YacTHUK osimMiua bl J1. Epimos npeyroxkmt ujero,
CBSI3AHHYIO C MCIIOJIb30BaHHEM TeopeMbl Menrepa. Pemenne 3amaqmn, ocHOBaH-
HOE Ha 9Toif uiee cM. |2, c. 249-252].

IIpocTrpancTBeHHOE 0600IIEHE ITOH 3aIa4N 10 CUX IIOP OCTABAJIOCH HEpe-
IIMEHHBIM.

OrmeTHM, 94TO POJICTBEHHAs 3a/1a49a (aBTOP HEM3BECTEH) ObLIa IIPe/I0KeHa
na V Mexnynapomauom MmaremarudeckoM TypHupe ropomos ocenbio 1983 r.
(em. [3, c. 31, 3amaqa 10 u c. 247-248, pemenne 3aaun 10]).

YesioBue (%) jjist n-MEpPHOTrO ciydast (GOpMyJIUPYeTcsi Tak:

Cywecmeyem maxas xoucmanma C > 0, umo 6 npou3eosvHom
Kybe co cmoponoti | codeporcumes we Gosee C - "1 nyemwx (*n)
KAEMOK.

VYIIPAYKHEHUE. ,ZLOK&)KI/ITG, 9TO JaHHO€ YCJIOBHE HeO6XO,£LI/IMO.

Kax 6yaer mokazano HuXKe, 3TO yCJIOBUE B N-MEPHOM CJIyUae TaKKe dBJIs-
ercst 10CTaTOYHbIM. D)

Ucxomnast 3a1a1a 0 (PUITKaX CBsI3aHa CO CBOCTBaMU (hpa30BBIX IOTOKOB Ha
KyOMYeCKUX peleTkax. 3ajada o0JIerdaercsi, ecjim yejaoBue (*,) 3aMEHUTH Ha
boJsiee CUIIbHOE:

Cywecmsyem makas xonemarma C' > 0, ¥mo 6 npoussosvHom
BHLINYKAOM MEAE C NAOULGADIO NOBEPTHOCTU S cOOEPIHCUMCA He
bonee C - S nycmoix xaemox.

JlokazaTeIbCTBO COOTBETCTBYIOIIETO YTBEPXKIEHUST COJMEPXKUTCA B Pabo-
Te [8]. Ero HenpepsIBHBIE aHAIOIN HCCIIEI0BAINCh B padorax [10,11].

WMuTepecen anayior HAIIErO PE3Y/bTATA I OUAUNUUUEEHIT OTOOPAKEHUH
JUCKPETHBIX MHOXKeCTB. [IycTh maHbl 1Ba JUCKPETHBIX MHOXKecTBa D1 n Do Ha
ILIOCKOCTH, JIJIsT KOTOPBIX cymiecTByoT KoucrauTel C7 > 0 u Cy > 0 Takue, 910
B KaXXJOM Kpyre miomann S > 1 comepxkurcs He MeHee 1eM C1.5 u He GoJiee
(58 Touek Kazkjoro u3 muoxkecrs D;. Ecim »xe S < 1, To #e GoJiee 0IHOIA.
Bosnukaer ecrecTBeHHBII

Bormroc: Cymecrsytor u xKouncrautel My > 0 u My > 0 u Ouekmus
F: Dy — Dy takue, uro M|z —y| < |F(x) — F(y)| < Ma|x — y|?

DTOMY BOIPOCY M ero 0bobieHusiM ObLT TOCBsiteH mpoekT M. Bsiioro na
IV xoudepenrun MexynapogHoro mMareMaTudeckoro TypHupa ropojos B
1992 1. [9)].

B jasbHedinemM Ha 9TOT BOIPOC ObLI TIOJYYeH OTpHUIATEeJNbHbIH oTBeT [5].
Tem He MeHee B psijie BaXKHBIX CJIydaeB, OTHOCSIIUXCS K apU(pMeTHIECKUM

1)KaK HaM CTaJIO M3BECTHO, aHAJIOTUIHBIT pe3yyIbTaT HE3aBUCHUMO IIOJTYYICH A. MarasuHoBbIM.
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o6beKTaM B TEOPHU I'DYII, B YaCTHOCTH DEIIeTKaM, OTBET BCE YK€ MOJIOXKHU-
TesIbHbI |5, 7).

BiiarogapHocTu. Aprop Gmaromapes A. BesoBy, B. [llapuuy, C.lopbanto,
M. Comuny 3a noJiesnbie oocyxkaerusi, M. ['poMoBy 3a yKasaHue CBsI3U ¢ IIpO6-
JIEMOI OMJIMIIIUIEBLIX oToOpakenuil, A. PajiropoickoMy u BceM ydaCTHHKAM
ero ceMrHapa 3a BHHMaHHe K pabore, a Takxke C. JopuyeHKO U yIaCTHHUKAM
ero KpyzKKa 3a IPOsBJIEHHBIIT NHTEPEC.

TEOPEMA 1. Ilycmv nexomopoie xaemxu N -MmePH020 KAEMMAMO20 NPO-
empanemea ZN zanoamers guwkamu max, wmo 6 xancoot kaemre — e Gosee
00HOT puwKu.

IIpednonoocum, wmo cywecmeyem maxas xoncmanwma C € R, wmo npu
A0bom wamypasorom | 6 xascdom N -meprom 2unepkybe co cmoponoti | co-
deporcumes we Goaee CINTL ceobodnwr xaemok. Tozda cywecmeyem makoe
HAMYPAALHOE “UCAO Kk, 4mo 6ce Puuwky mo2ym 00HOSPEMEHHO COBUHYMBCA,
KaHCAGA HA PACCMOAHUE, He npesocrodauiee k, mak, 4mobov, c80600HBIT KAEMOK
He ocmanocy (IO PaccmosHuem MEXKLy KJIeTKAME MOJPa3yMeBAETCs MaKCU-
MYM U3 PACCTOSIHUIT MEKJIy UX IPOEKIUSIMU HA OCU KOODJIUHAT).

JIOKABATEJIbCTBO TEOPEMBI 1. IlycTh ) — MHOXKeCTBO BCeX KJI€TUATHIX
ky6os B ZN. Tanee, mycrs m(L) — JyiHa CTOPOHBI IPOU3BOILHOIO Kyba L €
Q, u nycrb L comepxkutr h(L) cBOGOAHBIX KJIETOK.

Hunst kazkoro Kyba L € Q u ancia k nocrpoum cieyronwmii rpad G(L, k).
Ero Bepmunbl — kieTku Kyba L u eme jBe ocobble BepIuHbl a U b («ucrou-
HUK» 1 «CTOK» ). Kitetkn ky6a L (T. e. ocranbuble Bepmunsl G(L, k)) siBiistioTcs
CMEICHBIMU TOTJIA U TOJIBKO TOTJIA, KOIJIa PACCTOSHUE MEXKJIy HUMHU He IIpe-
BocxoauT k. Kpome Toro, ¢ BepmmHOil @ CMeKHBI Bce CBOOOIHBIE KJIeTKH B L
U TOJIbKO OHH, & C BEPIIUHON b CMEXKHBI BCe KJIETKH B L, U3 KOTOPBIX MOXKHO
c/les1aTh mar JUIMHbI He 6osiee k, BHIBOAANINN 3a 1peesibl L.

Ham morpebyercs ciiemyromniast

JIEMMA 1. ITpu ycaosuu (x,) cywecmeyem makoe namypasvhoe k, 4mo
das aobozo kyba L € Q 6 epage G(L, k) meocdy sepuwuramu a u b cywecm-
syem h(L) nenepecexaroujuxcs nymed.

Hoxaocem, xax us semmovl 1 svimexaem 0doka3ameabecmeo ocHoeHot meo-
pembL.

YTBepKIEHUE ITOU JIEMMbI O3HAUYAET CJIEMYIOIIEE: cyulecmsyem maxoe k,
YMo npu A1060M HAMYPAALHOM M CYULLCTNBYIOM HENEPECEKAOULUECS NYMAU C
AUt waza, ne npesocrodauiets k, Hauunaouuecs 60 6cex c80000HBLT KAEM-
Kax KYba ¢ UEHMPOM 8 HAYAAE KOOPOUHAM U CMOPOHOT 21mM U 8LILOOAULUE 30
€20 npedenvi.
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IIycte a1 — mepBast KJI€TKa IyTH, BeAyINero u3 a; (OHa oupeieseHa
TOJIKO €CJIH @; JIEXKUT BHYTPU COOTBETCTBYIOIIETO Kyba). 3aMeTuM, 4To Be-
JIMYUHA Qi1 MOXKET IPUHUMATD JIMIIb KOHEYHOEe MHOXKECTBO 3HAUeHMil Ipu
JAHHOM %, TIOCKOJIbKY 39Ta KJIETKA JIE2KUT Ha pacCTOdHUU He Oosiee k OT a;.
[TosToMy MBI MOXKEM BBIOPATH IMOCJIEI0BATEIBHOCTD 3HAYEHUHN 1M TaK, ITOOBI
KJIeTKa (i1 OBLIa OJIHOM 1 TOl 2Ke. 3aTeM BBIOepeM HOJIIOCIe0BATEIbHOCTD
Tak, 9TOOBI CJIe/IyIoiasi KJIeTKa IIyTH ObLa OMHOW W TOW 2Ke, W TaK IaJiee.
AmnaJioru4yHble IIyTH IOCTPOUM JJIs BceX a;. Ilycrh {ai = Q5,0,03,1,02, - } —
IyTh, HaUUHAOMNCH B a;. CBOOO/IHA B HEM KJIETKA (; U TOJBKO oHa. CiaBuHEM
dbumkn U3 a;1 B a;, U3 a;2 B a;1 U T. . AHAJOITYHO HepeBUHeM (DUIIKHA Ha
ocTa/IbHBIX IyTax. [Ipoune dpurrku ocraBum Ha MecTe. Torma Bce DUIIKA CIABU-
HYyTCs Ha, OIPDAHUYEHHOE PACCTOSIHUE, BCE CBOOOHBIE KJIETKH OYIyT 3aII0JHEHBI,
a HOBBIX CBODOJIHBIX KJIETOK HE IOSBUTCS, 9TO U TPeOyeTcs B TeopeMe.

WNrax, ocraerca mokaszaThb jeMMmy 1. Bradasie mpuBemeM (bopMyIupoBKY
reopembl Menrepa (cM., Hanpumep, [4, c. 64]):

TEOPEMA MEHI'EPA. Meotcdy 08Yyma HECMEHCHBLMU BEPUUHAMU 2Papa T
U Y CYWecmeyem He Mexee t Henepecekaruurcs nymet moaoa u moavko mo-
2da, k0200 NPy 8vIKUIVEAHUY A100bL T — 1 8epuuuH, OMAUNHLLT OM T U Y, MU
dse sepuiuHbL 0OCAOMCEA 8 00HOT KOMNOHEHME CEAZHOCTNU.

JOKABATEJILCTBO JIEMMBI 1. B cuiy Teopembl Menrepa Ham JTOCTATOTHO
YCTAHOBUTH CJIEY IO (hakT:

IIpu yeaosuu (x,) cyuecmsyem maxoe k, wmo 6 abom kybe L € Q nocae
soikudnsanua h(L) — 1 kaemox mootcno us Kaxol-mo ocmaswetica c60600H0T
KAEMKEU 800pamoves 3a npedeavs L, uda no ocmaswumca KAemram wa2ami
daumnl, He npesocrodauet k.

IMycts L € ), A — MHOXeCTBO CBODOIHBIX KJeTOK B L, B — MHOMKECTBO
BBIKMHYTBIX KJIETOK U U3 OCTABIIMXCH CBOOOJIHBIX KJIETOK HEJb3s BbIfiTH u3 L
ykazanHbIM 06pasoM. [Tokazxkewm, uro |A| < |B| npu Beex k > ko, rje KoHCTAHTA
ko me 3aBucut ot L. Tem cambiM TpebyeMblii pakT OYIET JTOKA3aH, IIOCKOJIBKY
| Al = h(L).

Moxno cuurars, uro A\B He mycro. BeibepeM 10cTaTovHO Masoe moJio-
xutenbpHoe €. [lycts X — MHOXKECTBO KJIETOK, 0 KOTOPBIX MOXKHO J00PAThCs

X1

us A\B. 3akmounm X B Ky6 co cToponoit 2¢, 06beM KOToporo He Memnee —— .
13

Ompeiesium MHOXKeCTBO Ky60B M € TOMOIIBIO CJIEJTYIOIEil TPOTe Ty Phl, KOTO-
PyIO MBI BHAauaJjIe IPUMEHHM K HalleMy KyOy co cTopoHoit 2¢:

Ecau nepecevenue X ¢ xybom cocmasasem xomsa Ov. doaro € om obse-
Ma Kyba, npuuucssem xkyo x M. B npomusHOM CAYHAE, ECAU NEPECEUEHUE
ne nycmo, mo deaum xy6 na 2N paswuir xybos u npumensem npouedypy
Kaotcdomy u3 nux. Fcau nepecevenue nycmo, ne desaem HUUE20.
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Taxum obpazom, X OyzeT HOKPBHITO O0bEIMHEHNEM HECKOJILKUX Helepece-
KaMuxcsi KyOoB, npudem Jijist jroboro Kyba U € M umeem
U UX|

U]
(TIpaBoe HEPABEHCTBO BBINIOJIHEHO, TAK KAK B IIPOTUBHOM CJIydae Mbl HE JIeJIUJIH
661 na 2V wacreit ky6, U3 KoToporo nosyunica Ky6 U.)

[Iycte T — obbeaunenue Bcex KyOoB m3 M. JlocTaTOYIHO MMOKA3aTh, ITO
ITNA| <|T'NnB|ul|A\T| < |B\T|. Ho Bropoe HEpaBeHCTBO CJle/lyeT U3 TOrO,
gro ecit « € Aua ¢ T, ro o ¢ X u noromy o € B. Ilepsoe HepaBeHCTBO
Oymer mokasaHo, ecam Mbl ycraHoBuM, uro |U N A| < |U N B| masa moboro
U € M. B cuny ycnosus (x,) U N A conepxut ne 6omee Cm(U)VN ! kieroxk.
[osToMy jocTaTouHo oKazarh, uro |U N B| > Cm(U)N 1.

[Tycts Y — mpousBosibHoe moamuOXKecTBO B Kybe L € Q, a B(Y,L) —
MHOYKECTBO BCEX KJIETOK u3 L, ymajeHHbIXx He Oojee yeM Ha k XOTst ObI OT
OIHOM KJIETKH u3 Y.

e < < 2Ve, (s5)

JIEMMA 2. IIpu ycaosuu (%) das ar06020 nosostcumesvrozo C € R u
mobwx o, B € (0,1) cywecmeyem makoe namypasvroe k, wmo das a06020
docmamouno boavwozo kyba L € Q u nodmmoosicecmsa ezo xaemox Y C L
suinoansemcs caedyrowee ymeepocdenue: ecau «|L| < Y| < B|L|, mo

|B(Y, L)| > Cm(L)N-1.

C' nomMowpro AeEMMbBL 2 MOHCHO 3a8EPUUML J0KAZAGMENBCNEO AeMMbl 1.
Bamerum, uro By (X NU,U) conepxurcst B BNU. Tomoxum o = ¢, § = 2N,
W3 pemMMbl 2 mostydaeM, 910 npu Hexkomopom k 6 arwbom U € M docmamou-
HO 60AbW020 pasmepa, Yoosaemeopatouem ycaosuto (xx), bydem 6Goaee wem
Cm(UYN=Y gaemox us BN U, 2de C — woncmanma u3 ycaoeus 0CHOGHOT
Meopembi.

[Tpu nocrarouno GoabIuX k 9Ta ONEHKA BepHa U Jiyist MajaeHbkux |U|. Heii-
cTBHTE/bHO, BozbMeM € < 2~V 1 torma |U N X| cocrapisier Menee MOJIOBUHbL
or |U|. Ilpu 6osbmom k ocrasnbhast gacrb U cogepxkurcst B Bp(X NU,U), a

torjga u B BNU, orkyna |[BNU| > %|U] = %m(U)N. OcraJjioch 1oKa3aTh, YT0

1 _
im(U WV > Om(U)N=L. Ilna aroro nocraTodno, 4To6bl BHITOJHAIOCH YCIOBHE

m(U) > 2C. Ho tax xax 1 < |U N X| < 2V¢|U|, To my*,HO /ML BHIGPaTh &
JIOCTATOYHO MAJIBIM.

JIOKABATEJIbCTBO JIEMMBI 2. 3adurcupyem zHekoTopoe §, 0 < § < 1. BoI-
6epem HekoTopoe k. IToCKOJIbKY MBI XOTHM JI0Ka3aTh HAIlE YTBEPXK/ICHIE JIUIIb
JUIst JJOCTATOYHO OOoJbINX KyOoB, MOKHO cumrarh, 4to |Bi(Y,L)| < 6|L|.
IIycts Y/ = L\Y\ B (Y, L). Bameruwm, uro |Y'| > (1 — 5 — §)|L|.

IIycts x,y € L. HazoBem aunetinoim nymem MEXKIy € U Yy IIyTh HAUMEHb-
el JUIMHBL MEK/ly HUMH C IIaroM 1, npudeM BHAaYaJIe JIBUZKEHUE [IPOUCXOIUT
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napaJuieJlbHO IIEPBOIl KOOPJIMHATHON OCH, 3aTeM lapaJuleJbHO BTOPOU U T. II.
fcHo, uTo MeX Iy JAByMs staeiikaMu n3 L CcymiecTByeT eJIMHCTBEHHbIH JTHHEH-
HBII IyTh.

Beegem caenyrorue obosnadenus: w(z) = 1 npu & € Bi(Y,L); w(xz) =0
B nporusHoM cirydae; W (z,y) — aucio rouek uz By (Y, L) na jmueiiHoM 1y TH
u3 z B y; N(z) — 9uCI0 JMHEHHBIX [yTeil, IPOXO/ISIINX Yepes T.

Eciu nuHelHbIl OyTh HIPOXOIUT Yepe3 T, TO T IIPUHAJIEIKAT €ro KOMIIO-
HeHTe, MapaJiIeJbHON - KoopauHaTHO# och, Tie 1 < ¢ < N. Hauvamo sToit
KOMITIOHEHTBI — O/IHa U3 1 KJIETOK, OTKyﬂa, MO2KHO IIOIIaCTb B I, ABUI'asdCh IIa-
paJLiesbHo i-it ocu. Kower i-if KOMIIOHEHTBI — OJIHA U3 TeX YKe M KJIeToK. [Ipu
KasKJOM 13 BADUAHTOB HAYAJIA 1-i KOMIIOHEHTHI MMEETCS 171 BADUAHTOB HAYAJIA,
npeblLymeil KoMnoHeHTs! (ipu ¢ > 1) U T. 1., & IPU KayKJIOM U3 BapUAHTOB
KOHIIA 1-f1 KOMIIOHEHTHI UMEETCsI 1M BApUAHTOB KOHIIA CJIeIYIONIEell KOMIIOHEHTHI
(mpu i < N) u T 1. Ilosromy cymecrsyer me Gomee m™ ! juneiinpx myTeit,
i-s1 KOMIIOHEHTa, KOTOPBIX MPOXOMuT 4depes x, oTkyaa N(z) < NmN+L,

Bamernm, uro eciu z € Y, y € Y/, 1o W(z,y) = W(y,z) > k, nosromy
BBITIOJIHAECTCA HEPaBEHCTBO:

> Wiz,y) = 2k|Y|[Y| = 2ka(l — 8 §)| L] = 2ka(1 — 8 — &)m(L)*".
z,yeLl
SaMeTI/IM TaK2Ke, 9TO BBIIIOJTHAETCA OY€BUIHOEC PABEHCTBO
> Wiz,y) =) N(z)w(x)
z,yeL x€L

Takum 00pa3oM, MbI UMeeM CJIEYIOINLYIO IENOYKY COOTHOIIEHHI:

2ka(l— B —6)m(L)*N < Y W(z,y) => N(z)w(x) <

z,yeL z€eL
< Nm(L)N S w(w) = Nm(L)N4By(Y, L)|
zeLl

CrenoBaTe/ibHO,
Bi(Y, )| > Za(1 - 3 — 6)m(L)N .

Ocraercst suiib BBIOpATH Kk JOCTATOYHO OOJIBIINUM, YTOOBI IIPaBast 9acTh ObLIA
6ombme Cm(L)N~1. Takum obpasom, emma 2, a BMecTe C Heil jemma 1 u
OCHOBHas TeopeMa, 1, JJoKa3aHbI.

CH1COK JIMTEPATYPHI
[1] Maremarnveckoe IIpocsemmenne. Cep. 3, Bomr. 4, 2000.

[2] Maremarnueckoe IIpocsemmenne. Cep. 3, Bomr. 8, 2004.



218 M. JI. MatausOB

[3] Tosmbiro A. K. Twhicaua sadaw Meotcdyrapodrozo mamemamuieckozo
Typrupa 2opodos. M.: MITHMO, 2010.

[4] Xapapu ®@. Teopus epagos. M.: YPCC, 2003.

[5] Burago D., Kleiner B. Separated nets in Euclidean space and Jacobians
of bi-Lipschitz maps // Geom. Funct. Anal. Vol. 8, 1998. P. 273-282.

[6] Burago D., Kleiner B. Rectifying separated nets // Geom. Funct. Anal.
Vol. 12, 2002. P. 80-92.

[7] Gromov M. Asymptotic invariants of infinite groups // Geometric Group
Theory. Vol. 2 (Sussex, 1991). Cambridge: Cambridge Univ. Press, 1993.
P. 1-295.

[8] Gromov M. Metric structures for Riemannian and Non-Riemannian
spaces. Boston: Birkhauser, 1999.

[9] TV Jlemmnan xongepernyusn Meocdyrnapoonozo mamemamuueckozo Typru-
pa Topodos. 3adawu u pewenus. Mocksa, 1993. C. 11-13, 33-46.

[10] Sodin M., Tsirelson B. Uniformly spread measures and vector fields //
Samucku maydn. cem. [IIOMU. T. 366, 2009. C. 116-127.

[11] Sodin M., Tsirelson B. Random complex zeroes, I1. Perturbed lattice //
Israel Journal of Mathematics. Vol. 152, 2006. P. 105-124.

M. JI. MaTmunos, CYHIL MI'V

Email: marmarselsel@mail.ru



219

HeckosibKo NpsIMBIX, TPOXOAAIINX Yepe3 TOUKY
Deitepbaxa

®. Unjies

B sroit 3ameTke comepKuUTCSH, B YACTHOCTHU, pemnreHue 3agadn 14.8
I3 3a0aaHnKa « MaTeMaTHIecKOro IpoCBeINeHns» |

Bceem m3BectHO, 4TO B JII0O0M TPEYTOJBHUKE CYIIECTBYET BIMCAHHAS OKPY K-
HOCTh. TakKe XOpomo u3BecTeH (PaKT, UTO BO BCIKOM TPEYTOJILHUKE Ce-
PEJIUHBI €ro CTOPOH U OCHOBAHMS BBICOT TPEYTOJbHUKA JIEYKAT Ha OJHON
OKPYKHOCTH, HA3BIBAEMON OKPYHCHOCMHIO Je8AMU MOUEK WU OKPYHCHOCTIDIO
Stinepa TpeyroabHUKa. Keiam paccMarpuBaTh pa3sHOCTOPOHHUN TPEyTOJBHUK
(a B HAIlIEM MCCIIEJOBAHUN CJIyYail paBHOOEPEHHOIO U PABHOCTOPOHHETO TPe-
YTOJIbHUKA, SIBJISIETCS BBIPOKIEHHBIM ), TO J[BE BBIIIEYTOMSIHYThIE 3aMeIaTe b
HBIE OKPY>KHOCTH KacatoTcst. ITOT (akT B 1822 romay mokazaj HEMENKHi Ma-
tematuk K. @eiliepbax, nMeHEeM KOTOPOTO YaCTO HA3BIBAIOT KaK OKPY2KHOCTH
JIEBSTU TOYEK, TAK U CAMY TOYKY KAaCAHUsI OKPYKHOCTEIA.

B manHO# paboTe paccMOTpPEeHBI HECKOJIBKO HOBBIX 3aMedaTeIbHBIX IIPSsI-
MBIX, MPOXOJsIuX depe3 Touky Peitepbaxa. Cam dakT, 4TO ITH IPSMBIE TTPO-
xodT yepe3 Touky PDeitepbaxa 6bL1 3ameden JIbBom EmesnbsaoBbiM u TaTbs-
noit Emenbanosoit B 2001 roxy. Ha Jlerneit kondepennuu Typrupa ropoaon
OHU BKJIFOUUJIM €r0 KaK HeJIOKA3aHHBIN HMyHKT B 3ajgady «CewmeiictBo Deii-
epbaxa»?). Ilepsoe pernenne, BUIUMO, 66110 mouyuero JI. Ipunbeprom (Darij
Grinberg)?).

[IpuBesieHHOE B JaHHOM 3aMeTKe JIOKA3ATEJBCTBO OTIMIAETCS OT HaliJIeH-
noro ['punbeprom. OHO 3aTparuBaerT HECKOJIHKO HOBBIX CBONCTB TOYEK, SB-
JISIOIIUXCS TOYKAMH IIePecedeHus] HECOOTBETCTBEHHBIX CTOPOH CEPEIUHHOIO
TPEYTOJILHUKA U TPEYTOJbHIKA U3 TOUEK KACAHWUS BIUCAHHOW OKPYKHOCTHU CO

DVenosue 3anauan B 14 Boimycke « MaTeMaTuuecKoro MpOCBELEHHST» COAEPAKATIO OIICUATKIL
IIpaBusbHOE ycjioBHE CM. B 9TOM HOMepe, ¢. 235.

D(Ccpuika ma crpanuny xondepenmun: http://www. turgor.ru/lktg/2001/index. php.
Ccpuika Ha ycsoBus 3a4a4n (cM. 1. 22) http://www.turgor.ru/lktg/2001/feerbach/ru/
probl_r.zip.

3 Ccpitka Ha ero paboTo http://www.cip.ifi.lmu.de/ grinberg/geometry2.html, Ha
CTaTBIO, 0 KOTOPO UAET pedb, — http://www.cip.ifi.1lmu.de/ grinberg/GenFeuerPDF.zip.

MaTtemaTuueckoe npoceeweHue, cep. 3, sbin. 15, 2011(219-228)
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C

:

Puc. 1. OcnoBnas teopema: npsimbie A1 A’, By B', C1C' npoxousr depes ToUKy
Qeitepbaxa

croporamu. [IpuBomsTCS HOBBIE CBOWCTBA MEHTPOB BHEBIUCAHHBIX OKPYKHO-
cTell CepeIMHHOIO TPEYTOJIbHUKA. TaKKe YKAa3bIBAIOTCSI eIe TPU 3aMevuaTe b
HbIE [IPsIMbIe, IpoXojIsiiue Yepe3 Touky Deiiepbaxa (momumo, HadieHHbIX Eme-
JIbSTHOBBIMH) W JIayKe IEJIbI Kaace Takux IpsMbix. (CM. Teopemy 2 u jremmy 5
HITKE. )

B komIle cTaThy TPUBEIEHO, TIOXKAIYH, caMOe KOPOTKOE U MPOCTOE JTOKA3a-
TeJILCTBO IOCTABJIEHHOH 3a1aun, Haiitennoe Asekcanapom Ckytumsiv® . B pe-
mernn CKyTHHA IPUBOJIATCS €Ille HECKOJIbKO HHTEPECHBIX CBOMCTB paccMaTpH-
BaeMON KOHCTPYKIAN.

Bynem HasuIBaTh TPEYTOILHUK, OOPA30BAHHBIN TOYKAMY KACAHUST BIIMCAH-
HOW OKPYKHOCTH CO CTOPOHAMHU, MPey2orvHurom XNepaonna.

O0603HaINM BEPITUHBI UCXOIHOTO Tpeyrojabauka A, B, C, BepuiuHbl Tpe-
yronbuuka 2Keprouna — Ay, By, C1, a cepeunbl cTOpoH Tpeyroibauka ABC
gepe3 Ay, By u Cp (cm. puc. 1). PaccmorpuMm TOUKH mepecevenusi cOOTBET-
CTBEHHBIX CTOPOH CepeIMHHOrO TpeyroybHuka AgByCy u Tpeyronbpauka 2Kep-
rouna A B1C. O6osnaunm ux uepes A’, B’ u C’ coorsercreenno (A’ coor-
BETCTBYeT TOUKe rnepecedenus npsambix B1Cy u BoCy). Hama nens — usyanrs
cpoiicta npsambix A1 A’, B1B', C1C’ u nokasarb, 94TO OHU IIPOXOJAT depes
touky Deitepbaxa. Hazosem 3to yrBepxkieane OCHOBHOW TEOPEMOT.

4 Pemenne npusogurcs ¢ cormacus A. CKyTuma.
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Hamerum 11an mokasaresnberBa. Eciin anraresib 3HaAET HEKOTOPBIE JIEMMBI,
TO OH MOXKET Cpa3y MepefiThu K CJIeIyIONNUM IaraM perreHus. Takxke croja
MOKHO 3aTVISIIBIBATE, 9TOOBI BCIIOMHUTE OOO3HATEHUSI.

O6ozHaunM 1eHTp BnmcaHHOU OKpy:kHOCTH A ABC depes I.

O6o3naunm Touky nepecedenusi npsmbix CI u C1A; uwepes Cyu, CI u
C1B1 — gepes Cp. Anayoruaso onpenensiorcs Touku Ag, Ao, Ba, Be.

1. JJEMMA 1. Touka Cy4 nexxur na CyBy. AHajormdso IJjist OCTAIbLHLIX
TOYEK.

2. JIEMMA 2. Touku C4, Cp, Ap, Ac Jiexkat Ha OJIHON OKPYKHOCTH, OP-
TOrOHAJILHOM BIIMCAHHOW OKPY?KHOCTH C IEHTPOM B Touke O 4.

3. JIEMMA 3. O4 u JBa IEHTPa AHAJOTUYIHBIX OKPYKHOCTEH (0603HAIMM
ux uepes Op u O¢) nexar wa npsmbix B'C'; A'C' u A'B’ coorser-
CTBEHHO.

4. JIEMMA 4. O6o3naunm 3a M 4 cepenuny croporbl OgOc TPEyroibHUKa
04050¢.
Torna M4 nexxur Ha npsamoit A1 A’

5. JTOKABATEJTLCTBO OCHOBHOW TEOPEMBI.

6. JIEMMA 5. Jlaabr Touku A1, By, C1 Ha cropoHax TpeyroJibauKa. Ag, By,
Co — cepesuubt cropor A ABC'. Touka nepeceuennss A1 By ¢ AgBy — Aj.
Ananornuno oupesensiioress rouku B u C7. Touka Ay cummerpudana
Touke Ay oTHOCHTENBHO Ag. AHAJIOIMYHO OLPENE/ISIOTCs TOYKA By 1
Cs. Touka nepeceuenust Ao By ¢ AgBy — Al,. AHAJIOIUYHO OIIpe eI TCsI
rouku B u Cf.

Torpa upsimbie A1 A}, B1 B}, C1C}, A3Al, By B, CoCY nepecekatorest B
OJHOIT TOUKeE.

7. TEOPEMA 2. O603HaYMM TOYKHU KaCaHUsl BHEBIIUCAHHBIX OKPYZKHOCTE
co croponamu 4epes Ao, By u Cy. Ilyern A” — Touka nepecedenust
upambix BgCy u BoCy. Ananoruuano onpenenum Touku B” u C”. Torna
upsambie As A", BoB"” u C5C” npoxoaar depes Touky Peiiepbaxa.

[Tepeitnem HEMOCPEICTBEHHO K IOKA3ATENLCTBY. [Ipn MoKa3aTebeTBe JIeMM
UCIHOJIb3YIOTCsT HEKOTOpbie (bakThl 13 craThi |[1]. A nmenno: epumusl A, B u C
JexkaT Ha ctopoHax Tpeyroiabuuka A’ B'C’, n Kaxkaast u3 BepIIMH TPeyroJIbHY-
ka A'B'C" sBasieTcst HOIIOCOM ero MpOTUBOIIOIOKHONH CTOPOHBI OTHOCUTETHLHO
BIUCAHHON OKPYZKHOCTU.

B nanbueiiiem ymobno 6yaeT paccMaTpUBaTh BMECTO OOBITHBIX YIJIOB OPU-
eHTUPOBaHHbIE YIUIbl. Byjem obosnadarTs depes (I, ) OpHEHTHPOBAHHBIN yToJI
MEKJIY MPSIMBIMHU | T 7 — YTOJI, HA KOTOPBIH HYKHO TOBEPHYTH MPSMYIO [, 9TO-
OBl OHA cTaJja mapaJsuiesbaa npsamoii [. [logpobiee 06 OpHEHTUPOBAHHBIX YIJIAX
MOXKHO IIPOYHTATh B |2, ryasa 2|.
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Ay Ao

Puc. 2.

JIEMMA 1. Touka C4 nexxur Ha cpenneil jmanu A ABC, napaJjuie/bHOi
BC. Anajornyso 1jist OCTaJbHBIX TOYEK.

JIOKA3ATEJIbCTBO. Paccmorpum Tosibko ciaydait Touku Cy, s OCTab-
HBIX TOYEK PaCCyzKJ/IeHUA aHaJIOTUIHDbI.

B=180°—- A—- ,C =
UBACy = 18002—4B _ 4A42réc -
(A1B, AiCh) = ,(A1C, CI) + (AL, ACY) =
(Al ACY) = ,(A1B, A1Cy) — (A1C, CI) =
= /(A1C, C1Cy) — ,(A1C, CCy) =

= L(IC4, A1C) + L(A1C, C1Ca) = L(IC4, CaCh).

CrenoBarenbro, Touku A, C1, Cy u I nexkar Ha OIHON OKPYKHOCTH. ToTIa
+ACAI = LACTT = 90° (cm. puc. 2). CienoBaTenbHo, By — EHTD OMUCAHHOI
okpyxuaOCTH AACAC, KaK cepeHa TUIIOTEHY3BI IPSIMOYTOJIBHOIO TPEYTOJIhb-
auka. [lonygaem, uro ,CyByA = 2,C4CA = ,C, 1.e. CyBy | BC, aro n
osravaeT, uro Cx By — cpeausist TuHUA. |

Jlamnee 17151 MOKa3aTEILCTBA MBI OYIeM MTOJIb30BATHLCA A3BIKOM IPOECKTHBHBIX
U OJISIPHBIX 11peobpasosanuii. [Togpobaee 0 HUX MOXKHO HpovuTarh B [1] 1 [2].

JIEMMA 2. Touku Ap, Ac, Ba, Bo Jiexkar Ha OJJHOI OKPY?KHOCTH.

JOKABATENBCTBO. Mbl nosyuniu, aro CoCy || BC, a cienoBaresbHo,
Bce croponbl A C1CyC 4 napaJuieibHbl COOTBETCTBEHHBIM cTopoHam A ChBAj.
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A

Ay Ao

Puc. 3.

To ectb on ToKe paBHOGeaApennblii, u moromy CoC1 = CyC 4. 1o anagorndanivM
npuuunam CyCh = CyCp. Crenoarenbuo, Cy — HEHTP ONUCAHHON OKPY2KHO-
cru tpeyrombanka C4C1Cp (em. puc. 3). 3aMeTuM, 9TO MEHTP ITON OKPYIK-
HOCTH JIE?KUT Ha KACATEJHLHOU K BIIMCAHHON OKPYXKHOCTH B UX OOINeil Touke
(C'y. 3HagynT caMa OKPYXKHOCTb OPTOrOHAJbHA BIMCAHHON OKpyxKHOCTH. Cire-
noBarenbno, Toukn C'4 u Cg, nexarue ¢ I Ha OJHON TPSIMOIl, HHBEPCHBI OT-
HOCHUTEJIbHO BIIMCAHHON OKPY>KHOCTU. AHAJOMMYIHO WHBEPCHBI OTHOCHUTEIBHO
BIUCAHHON OKPY2KHOCTHU Iapbl TodeK Ap ¢ Ac u B4 ¢ Beo. CaenoarenbHo,
Touku Ap, Ac, Ba, Be nexkar Ha oIHOM OKPYKHOCTH, OPTOIOHAJILHON BIIU-
CaHHOI OKpy2kHOCTH. HazoBeM 3Ty OKPY?KHOCTD W¢o. AHAJOTHIHO OIPEIETIM
OKPYKHOCTH w4 U wp. LleHTphl 31X OKpy)KHOCTe 0603HadnM 3a 04, Op u
O¢ COOTBETCTBEHHO. [l

Taxk Kak OKpPYKHOCTH W 4, wp U onucanHasi okpykHocTb A C4CpC1 mpoxo-
a4t gepes3 Touku C'4 u Cpg, TO UX HEHTPLI JIexKaT Ha ool upsmoii. To ects C
sexkut Ha upsamoin O40p. Ananornudo By € O 0¢ u Ay € OpOc. Ilpuuem
0 40p nepnennukynaspaa C'4Cp, a cienoBaTebHO MEPIEHIUKYJISIPHA 1 Ouc-
cexkrpuce yriaa C. Samerum, uro 6uccekrpuca yria Cy Tpeyronbanka AgBoCy
napaJienbua 6uccekrpuce yria C. A suauwnt, npaMas O4Op TepneHIuKY-
JsipHa u bouccekrpuce yria Cy. BCmoMHEB, 9TO 3Ta IpsiMast IPOXOJUT depe3
epiuny Cp, mosydaeMm, 9410 O2Op — BHEIIHAA OMCCEKTPUCA TPEYTOJIbHUKA
ApBoCy. BameruM, uTo aajgorudaoe BepHo u g upameix O 10¢c u OpOg,
a caemoBaresbio, 04, Op u O¢ — NEHTPBI BHEBIINCAHHBIX OKPYKHOCTEH Tpe-
yrosibauKa AgBoCy. Ho Torma rouku Ag, By u Cy sIBISIOTCS OCHOBaHUSIMU
BeicoT TpeyrosibHuKa O 40p0¢c. To ecTb OKpPYKHOCTH Ditjepa TpeyroJbHIKa
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ABC Tak xe sIBJISIETCSI OKPYKHOCTBIO JDityiepa Tpeyronbauka O40p0¢, Tak
Kak oHU 00e mpoxondar yepes Touku Ag, By u Cy.

JIEMMA 3. O4 nexur Ha B'C'.

JIOKA3ATEJIbCTBO. O603HAYMM BIIHMCAHHYIO OKPYKHOCTH TPEyTrOJIbHUKA
ABC' uepe3 w. HanmomamM, 910 OKpY?KHOCTH W U W4 OpTOroHajbHbI. O603HA-
M 38 K u L Touku ux nepecedenus. Torma O 4K n Oy L — kacarenbHble K
w, TAK KaK W OPTOTOHAThHA w4. CaenoBaTenbHO, mossipa (4 OTHOCUTENTHHO
w — upamas KL. Takxe KL sasngerca nojisipoit I orHOCHTENbHO w4q. Kak
mbl 3HaeM, A’ — nomoc B'C’ orrocuTensho w. CrenoBareabHo, 11 TOrO 4To-
661 mokazaTh, uro O 4 nexut na B'C’, nocrarouno nokazarhb, aro moaspa O 4
npoxoaut dyepes A’. To ectn, uro A’ nexut na KL. JIjsa 3TOro 10CTaTouHO
3aMeTuTh, uTo I — Touka nepeceyenus C4Cp u BoBc, a A’ — Touka nepece-
yenns C 4By u CpBe. Cnenosarensno, A’ nexkut Ha nosspe I 0OTHOCUTEILHO
w4, TO ectb Ha KL, . T. 1. O

Ob6osnaunm cepeannbl cTopoH AO40p0O¢c gepes M4, Mp u Mc.
JIEMMA 4. Touku My, Ai, A’ nexxar Ha 0JHOI IPAMOIL.

JIOKA3ATEJIbCTBO. Ilycrs Q — Touka nepecedenus: npsimbix B1Cy u BC.
Torma, Tak kak npsimbie AAq, BBy, CCy nepecekaioTcst B OJIHOH TOUKE, TO 11O
TeopeMme 0 moHOM derhipexsepimuanke (B, C, Aj, Q) = —1. CupoekTupyem
5T0 JBoitHOe oTHOMmenue u3 Toukn A’ na npamyio OgOc. Ilpu sTom Q nepeii-
JieT B OECKOHEYHO yiajeHHyo TouKy, Touku B u C' nepeiiayt B Op u O¢, a
crenoBarenbio, Ap mepeiiner B cepenuny orpeska OpOc, TO ecThb B TouKy M4
(em. puc. 4). Cnenosarenbho, Toukn My, Ay, A’ nexar wa omuoit npsmoii. [

OCHOBHASI TEOPEMA. Ilpsvbie A1 A’, B1B' u C1C’ npoxonar 4epes To49-
Ky Deitepbaxa.

JIOKA3ATEJIbCTBO. Pacemorpum Tpeyronbuuku MaMpMoc u A1 B1Ch.
CooTBeTCTBEHHBIE CTOPOHBI Y HUX MEPIEHIUKYJISAPHBI COOTBETCTBYIOIUM
buccekTprucaM Tpeyroiabuuka A ABC, a 3HauuT napaJuie/bHbBl MEXKY CODOI.
CremoBaTe/IbHO, 9TH TPEYTOJbHUKNA TOMOTETUIHBL. TaK KaK ONUCAHHASI OKPY K-
HOCTH TpeyroabHuka MaMpMec sBaseTcs OKpPyKHOCTBIO Diijiepa Tpeyrob-
nuka ABC, a onucaHHasi OKPY>KHOCTb TpeyroJibiuka Ay B1C| — BIUCAHHON
OKpy)KHOCTBIO Tpeyrosbuuka ABC, To nenTpoM romorerun 6yer Touka Deii-
epbaxa tpeyronbauka ABC. Cnenosarensno, npsameie A1 A’ B1B', C1C’, po-
XOJISIIIE Yepe3 COOTBETCTBYIOIINE BEPIIUHBI TPEYIrOJIbHUKA, IePEeCeKAIOTCs B
9TOM IIEHTPE TOMOTeTuu, TO ecTh B Touke Deiiepbaxa, 4. T. 1. U

Nmenno 310 dakT 3amerunn EmenbssHOBBI, n mokaszan ['puubepr. Hammm
paccyzKJieHus MOXKHO IIPOJOJI2KUTH U HAWTH elne OJHYy TPOHKY 3aMedaTesb-
HBIX NPSAMBIX, IPOXONAININX depe3 ToukKy Peiiepbaxa, m Jarxke IEJbIH KJIacc
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A

Puc. 4.

CHIETMATBLHBIX TPOEK MPAMBIX, MPOXOadnmx depe3 Touky Deiiepbaxa. Ceiiuac
MBI [IOKazKeM, 9TO B YCJIOBUM OCHOBHOH TeOpeMbl MOYKHO OBbLIO 3aMEHUTH 3a-
MEHUTL TpeyrobHukK 2Kepronna Ha TPeyroJbHUK M3 TOYEK KAaCaHHsd BHEB-
HMECAHHBIX OKPY?KHOCTE{l CO CTOPOHAMH, Y9aCTO Ha3bIBAEMBbIil Mpey2oavHuKoMm
Hazenn. Obo3nauuM ero Bepiuibl yepe3 Ag, By u Co. [l HUX aHAJIOrMYHBIM
obpasom onpezneaum touku A” B”C". Torna yreepxieHue TeopeMbl 2 COCTOUT
B ToM, uto npsimbie A” Ay, B” By, C"C5 Takxke nepecekyres B Touke Deiiep-
baxa.

Jlokaxkem 6ojiee obmuit haxT, a UMEHHO:

JIEMMA 5. Jlansr Touku Ay, By, C1 Ha cTopoHax TpeyrojbHuka. Ag, By,
Cy — cepemunbl cropon TpeyrosibHuka ABC. Touka mepecedenust A1 Bp ¢
AgBy — A}. Anasornuno oupenensitoress B u C1. Touka Ay — o6pa3 Tou-
ku Aj mpu romorerun B Ag ¢ KoadpunpueHToM k. AHAJOIMYIHO ONPEIE/ISIIOTCS
touku By u Cy (koadduiment k 11t Bcex Tpex ToUeK ojuHaKOBbIi). s Hux
onpesenum toukn Ay, Bl Cl ananormunbim obpasom. Torga npsimbie Aq Al
BBy, C1CY, AsA,, ByB), CoC) nepecekaloTcsi B OJJHOI TOUKE.

JTOKABATEILCTBO. Chavasa nokaxewm, uaro npsimele A1 A}, B1 B}, C1C]
repecekaroTcst B OfHOI Touke. Tak kKak Toukm As, By, Co Toxke jexkaT Ha
croponax rtpeyronbiuka ABC, to npsiubie AgAly, By B, CoCY toxe Gyayr
HepeceKaTbCsl B OJIHOI TOYKe.
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Cuaenaem addunnoe mpeodbpasoBanue, nepesogsiinee A ABC B npaBuib-
upiit. Torna Toukn Ag, By, Cp nepeiinyT B cepeauHbl CTOPOH HOBOI'O TPEYIOJib-
HUKa, TaK Kak ahduHHOE Tpeobpa3oBaHne COXpaHsieT OTHOIMEHNST Ha, IPSIMOIL.
B cBoro ouepens Touku Ap, By, C] nepeiiayT B KaKue-TO TOYKH Ha CTOPOHAX.
IIpu srom Touku As, Bo, Co OyIAyT MO MpPEXKHEMY TOMOTETHIHBI TOYKaM Aj,
By, C ¢ rem xke koaddunmentom k. To ecTdb ycaoBue JJeMMbI MO2KHO CUUTATD
COXPaHUBHOINMCH.

O6o3HauyuM JJIMHY BBICOTHI U3 A1 Ha croponnl AgBy u AgCy 1epes h 4. AlHa—

1
JioruaHo onpeaeauM hpg u heo. Illomecrum B Touku Ay, By, C1 Macchbl R
A hp
1
5~ COOTBETCTBEHHO. 3aMeTuM, 94TO B 9TOM CJIydae Macchl Touek A1 u B rpyin-
c

1 . 1
nupytorest B Touky Cf, Tak xkak A;C1 - 7— =sin +(AoBo, A1B1) = B1C - —

A B
CrietoBaTesIbHO, IIEHTP Mace Beell cucreMbl Oyzer Jiezkarb Ha npsmoii C1C].

AHAJIOrMYHO IIOKA3BIBAETCHA, YTO OH JIEXKUT U Ha, IIPAMBIX AIA’l u BlBi. Cue-
JIOBATEIbHO, 9TU MPIMbIe [IepeceKaroTcs B ojHoit Touke. IlycTh aT0 Touka M.

1 1 — 1
Tak xkak M — 1meHTp Macc, To MA1~h—+MBl-h—+MC’1~h— = 0. A caeno-
A B c

—_ —— 1 — —— 1 — —— 1

BaresbHo, u (M Ag+ AgAy) - hi"'(MBO"i_BOBl)’T""(MCO"’_COCl)'T =

— 1 1 4 1 — 1 B—> 1 - 1 ©

=MAy-—+MBy-—+MCy-— +AgA1- — +ByB1-— +CyC1- — =
ha hp ho ha hp he

— . —
Bamernm, uro AgA; - 5~ BEKTOp KOJUIMHEAPHDII BEKTOPY BC u no jymne
A

0.

. 1
paBHbIil —— . A crenoBaTe/ibHO, CyMMa TPEX TAKUX BEKTOPOB PaBHA HYJIIO.
Sin
— 1 - 1 —~ 1
Orkyma mosyaaeMm, uro MAg- — + MBy-— + MCy-— = 0. To ectb M —
ha hp he
1 1 1
elre U IEeHTP Macc cucreMbl Touek Ay, By, Cy ¢ Maccamu hov T, CooTBeT-
A hp hc
CTBEHHO. 3aMeTHM, UTO aHAJOTMYHbIE PACCYKIECHUsSI BEPHBI M IJjIsI TOYeK A,
By, Cy. A Tak Kax BBICOTBI U3 HUX OTHOCATCA K BbIcoTaM u3 ToueKk Ay, By, Cq
¢ Ko3ddurnmeHToM k, TO TOJyIEHHBIE MaCChl OyJ/IyT MPOIOPIIMOHAIBHBI MAC-
caM, IOJIYUUBIINMCS B paccyxKaeHnn o Toukax Ay, By, Ci. A cienoBaresbHo,
Touka nepecedenns upsiMbix Ag Ab, BoB), CoCl) ecTb TakzKe HEHTP MacC TOYeK
1 1 1

Ay, By, Cy ¢ maccamu — , — , — COOTBETCTBEHHO. 10 ecTh coBuamaer ¢ M,
ha ' hp  hc
. T. I O

WsBecTHBI dakT, 9TO TOUKM KACAHUsSI BIUCAHHON OKPY>KHOCTU U BHEB-
[IACAHHON OKPY>KHOCTH CO CTOPOHOI CHUMMETPHUYHBI OTHOCUTEILHO CepeIuHbI
9TOI CTOpOHBL. Torma yTBepXKIeHHE TeOPEMbl 2 IOIyJaeTCsl, C/IU IPUMEHUTh
jgeMMmy 5 ¢ k =1 K yTBEPXKJIEHUIO OCHOBHOW T€OPEMBI.

3amMeruM Tak Ke, 9TO yCJjioOBHUE IIepecedeHUusd TPeX IIPAMBbIX B O,[LHOIU/I TOY-
K€ COXpaHsAeTCsdA IIPpU IIPOEKTUBHBIX Hp€O6p330BaHI/IHX. Tak 4uTo B yciaoBun
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JIEMMBI 5 MOXKHO 3aMEHWUTDH CEPEJMHHBIH TPEYroJbHUK Ha MPOU3BOJILHBINA de-
BHAHHBINA. A JIJI COXpaHEHUs yCJIOBUS PABEHCTBA OTHOIICHUIA [TOC/Ie IIPOCKTUB-
HOT'O IpeobpPa30BaHUsT MOXKHO ITOTPeb0BAThH, YTOOKI ABOMHEIE OTHOIIIEHNSI TOUEK
(A, By, By, C) u (C, B2, By, A) OTHOCHIIUCH TaK ¥Ke, KAK U JIBe aHAJOIUIHbIE
napbl YeTBEPOK TOUYEK. B gacTHOCTH, 3TO COODparKeHne MOXKHO TPUMEHUTD JIJIsT
CIEIYIOMEH KOHCTPYKIUN: B3ATh 3a Tpeyroabank AgByCy TpeyroabHuK U3 oc-
HOBaHM OMCCEKTPUC TPEYTOJIbHUKA, a 3a Toukn A1, By, C1, As, By, Cy — qe-
BUAHHBIE TPEYTOJIHHUKY JBYX U30IOHAJBHO CONPSYKEHHBIX Tovek. [Tomyuaercs
caM 110 cebe MHTepecHbIll (haKkT, MOKa He Hamemmuil cebe IIPOIOJIKEHHS.

Tenepnb npusegeM gokasareabcTso Anekcanapa Ckyruna. B nem Mbr 6ymem
JIOKa3bIBATh HY?KHBIH HaM (DaKT PO KaXKIyIO U3 TPEX IPAMBIX OTICJIBHO. By-
JIeM JI0Ka3bIBaTh i npsimoit A1 A’ JIjist ocTalbHBIX IPSIMBIX JOKA3aTeIbCTBO
AQHAJIOTUYIHO.

JIEMMA 1'. A(A()F, FAl) = (L(CA, CB) + A(BA, BC))/2
JOKA3ATEJIBCTBO. Ilokaxkem, uTo
L(AOFa FH) = Z(CA, CB) + Z(BA, BC),

rme H — ocHoBanue BbICOTHI, onyiieHHoil n3 A ma BC. Torma Hy»KHBIH Ham
dakT 6ymeT 0YEBUIHO CIEAOBAThH U3 JeMMbl ApxumMena. 3aMeTHM, UTO

+(AoF, FH) = ,(AoBo, BoH),

TaK KaK BCE 9TU TOYKH JIeXKAT HA OKPYKHOCTH Ditjiepa. Tak ke 3aMeTHM, UTO
BBUJIy TOrO, UTO By — cepeamHa rHIOTEHY3bI MPAMOYTOJIBHOTO TPEYTOJLHUKA

AHC, 4(CA, CB) :A(CB(), CH):A(HC, HB()). ?)HaLII/IT7 Z(A()Bo, B()H) =
= A(A()Bo, A(]H) + Z(A()H, HBQ) = Z(BA, BC) + 4(014, CB), 9. T. 1. [l

JIEMMA 2'. Touku Bo, Cpg, Ay, Ag u F jexxar Ha 01HOil OKPY?KHOCTH.

JOKA3ATENBLCTBO. Ilokaxkewm, uro ,(AgCp, CpA1) = (AoF, FA;). U3
prucanHoctu C'pl A1 B nojgydaeMm, 9To

J(CiI, CyAy) = (BI, BAY) = A(BA, BC)/2.
W3 roro, uto CgAg = ApC, mosrygaem paBeHCTBO
J(AoC, C5C) = A(CCp, CA0) = (CA, CB)/2.
OTkyna mory<daeM, 9To
2(AoCp, CpAr) = (AoCp, CC) + (CpC, CpAr) =
_ (J(CA, CB)+ ,(BA, BC))/2 = (AoF, FA,).

To ectb C'p JiexkuT Ha ONUCAHHON OKpyKHOCTH A A1 AgF. AHAIOTMIHO TIOJTY-
qaeM, 9TO U B¢ JIEXKUT Ha Hell »Ke. Y TBepKIeHNE JTOKA3aHO. [l
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Mer nmostyunsn, aro A1 F — pajukaibHas 0Ch BIIMCAHHON 1 ONUCAHHON OKO-
Jo Tpeyronbanka CpBc A1 okpykuocreit. Tak 4To HaM 0CTANIOCh TIOKA3aTh,
aro A’ nexwur na meii. /[ 3100 JOCTATOUHO 3aMeTUTh, uT0 A’ — 1enTp romo-
TeTuu, nepeBoseil rpeyrospHuk CoC1Cp B TpeyronbHuk ByBoB1, Tak Kak
y 3THX TPEYroJIbHUKOB COOTBETCTBEHHBIE CTOPOHBI MAPAJJIEILHBI. A 3HAYNT,
A'c,  Acg
ABo ~ AB’
okpyzxknocreit A'Cy - A'B; = A/Cp - A’ Bo. OcnoBHas Teopema TOKa3aHa.

3ameTuM TakxKe, 9TO JAHHBIA Pe3yJbraT 0000maeTCs s BHEBIUCAHHON
OKPY?KHOCTH, TaK KaK ajrebpandeckyl BIIMCAHHASA OKPYKHOCTb HEOTIUINUMA, OT
BHeBMucannoi. To ecThb, eciin Be3jie 3aMEHUTH CJIOBO «BIUCAHHAST> Ha «BHEB-
MUCAHHASTY , TO MOy I€HHBINH (DAKT TOXKE BepeH.

ITpuBeieM Takyke HECKOJIBKO 3a/a9, KOTOPbIE TPEJIaraeTcsa PENIuTh caMo-
CTOSITETHHO.

OTKYda CJIEAYET PaBEHCTBO CTeIleHEl OTHOCUTEJIbLHO HY2>KHBIX

BAJIAYA 1. Jokazkure, uro npsmbie AgA’, BoB' nu CyC’ nepecekatorcsa B
oxnoit Touke. Hazosem sty Touky F’. Jlokaxkure, uro npamas FF' apnsercs
o0111eil KacaTeJIbHON BIUCAHHON OKPY2KHOCTU U OKPYKHOCTH Diljepa.

BAJ1AYA 2. Tlokazkure, uto npsambie AA’, BB' n CC’ napa/ienbHbl.

SAIAYA 3. B obosnavenusix JlemMmbl 5 jgokazkure, uro Touku A, By, Cq,
Ag, By, Cop m M nexkar Ha ojHOl KoHEKe. To ecTh Toua M siBJIsieTCsT 9eTBEPTOH
TOYKON IIepeceveHusi OIMUCAHHBIX KOHUK COOTBETCTBYIOIIUX IIECTEPOK TOYEK.

BAJAYA 4. Us 3agaun 3 Bugno, uro rouku Ag, A1, Bo, By, Cy, C1, Fu F’
JiexKaT Ha OfHON KoHmKe. [lokarkuTe, 4TO OHA KacaeTcs C COOTBETCTBEHHBIMU
KOHUKaMu JJjist Apyrux Touek Peitepbaxa B Toukax Ag, By u Cy cOOTBETCTBEH-
HO, IIPUYeM KacaTe/JbHbIME ABJsiioTcd npsiMblie OcOp ¥ eii aHAJIOrTYHbIE.

ABTOp BbIpakaeT OJATOJAPHOCTH 34 MOMOINEL B JOKA3ATEILCTBE HEKOTO-
pbix jiemMm MarauaoBy Mapcesto u Mokuny Bacuimio, a Tak ke CKOIEHKOBY
Apkauio n 3acmaBckoMmy AJiekcero 3a MOMOITL B OOOPMIIEHIE PAOOTHI.

CIUCOK JIMTEPATYPHI

[1] Emenbsinos JI. A., Emenbsiroa T. JI. Cemeticmso @etiepbaxa // Marema-
tuyeckoe npocsenienue. Cep. 3, Boi. 6, 2002. C. 78-92.

[2] TIpacosos B. B. adauu no naanumempuu. M.: MITHMO, 2007.
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ConpoTuB/ienne MexKIy y3/1aMi peleTKH

/1. Bapanos M. CkormenkoB A. Ycrunon

JlanHast oabopKa 3aja4 cocraBjieHa 1o MoTuBaM IpoekTa «Ciry-
qaitabie OTyKIaHus u dytekrpudeckue nenny» X X1 Jlerueit kondepen-
nuu TypHupa ropojoB u 3ajaun 14.12 u3 3amadnuka «MaremaTudae-
ckoro ITpocsemenusi» (Borr. 14, c. 274).

1. Ilpeamosnoxum, uro umeercs rpad [', y KOTOporo cornpoTuBjieHne Kax-
zoro pebpa pasuo 1. Bosemem B rpade I' msa cmexubix pedpa AB u AC. Dt
péOpa Ha30BEM IKBUBANCHMHVLIMU, €CJIA CYIIECTBYET IEPECTAHOBKA BEPIIUH
rpada, mepeBoJisInasi BepINUHBI, COeIUHEHHbIe PeOpPOM, B BEPIIUHBI, COEJIU-
HeHHbIe pebpom, Tpu KoTopoit A mepexoant B A, a B — B C. Bepmuny rpada
Ha30BeM uenmpom cummempuu rpada I', ecim Bce pébpa, comepkalime ee,
sKkBUBaJIeHTHHI. ['pad ' HA3BIBAETCI NPaBUALHBIM, €CJIH BCE €r0 BEPIITHMHBI —
HEHTPBI cuMMeTpun rpada.

(A) (A. Xomynés) Ilycrs npasusbhblii rpad comepkutr n Beprmud, A u B —
coce/lHue BepINUHbI cTeneneil a u b, coorBercreento. lokaxkure, 910 COIpO-
TUBJICHHUE ME2K/ 1y HUMH PaBHO

) (-0)

(B) Eciu ke B35Th 2-MEPHYIO [EJOUUCIEHHYIO PEIIeTKy, To 1/n B mocie Heil
bopMmysie Hy?KHO 3aMEHUTH HYJIEM.

(C) Tlpusemure mnpumep GECKOHEYHOIO MPABUJILHOrO rpada, Jijis KOTOPOro
dbopmysna uz nynkra (A) (¢ 3amenoii 1/n Hyjaem) He JaeT TPaBHJIBHOIO
oTBeTa.

(D) Hokaxkute, 4uTo cymecTByeT Takasg dbynkmus f(m,n): Z? — R, [ro
f(0,0) =1, f(0,1) = -1,

flm,n) = 5 (F(m=1,m)+ f(m+1,0) + f(m,n —1) + f(m,n+1)

Juist kaektoit mapst (m, n) # (0,0), (0,1), u f(m,n) crpemurest Kk 0 ipu crpem-
senun (m,n) := vVm? + n? K GECKOHEYHOCTH.

2. K nBym cocemnum Bepimuaam mpososiodnoro (A) nkocasapa; (B) mome-
kazpa; (C) npasuibHOro rpada, moJyueHHOro u3 eHTPAIbLHO-CUMMETPUTHO-
ro MHOIOIDAHHUKA C 7o BEepHIMHAMMU; IOJBEJIM HAIpPsKeHHEe TaK, 4YTO IIO

MaTtemaTuueckoe npoceeweHue, cep. 3, sbin. 15, 2011(229-230)
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coeTuHSIONIEMY UX pebpy morek Tok I. Kakoit mpu sToM OyneT Tedb TOK IO
JIMaMEeTPAJbHO ITPOTUBOIOIOKHOMY pPebpy?

3. (A) U3 pesucropos cuasia nenb. MoKeT Jin CONPOTHBIICHUE MEKLy
KaKUMU-TO JABYMSI €€ KJIEMMAaMHU YBEJIUIUTHCsI, €CJIU IPUIIAsTh eIle OJINH?!
(B) Daekrpuueckas nenp crasHa U3 HECKOJIBKHUX PE3UCTOPOB ¥ OIHOI OaTa-
peiiku. B 1ienu BuiOpajin jBe KJIEMMBI C IHOTeHIaJIaMu A u B, ormm4Hbe oT
HOJII0COB barapeiiku, 1 00beuHuIM (3aKOPOTUJIN) UX B OJHY Kiemmy. Jloka-
JKHUTEe, 9TO MOTEHINA] HOBOM KJAEMMBI B IOJIYYEHHON Ienu OyIeT 3aK/I0deH
Mex 1y BeamduHaMmu A u B.

4. (A) U3 MeTajsingecKkoil CeTKN BBIPE3AHO KOJIBIO C BHYTPEHHUM Da/Ti-
yCOM rn U BHeMmHUM — Rn (IeHTpbl 060MX KPYrOB — B HadaJe KOOD/MHAT).
Conporusiienne Kaxa0ro pebpa pasuo 1. Eciiu HekoTopoe pebpo pazpesaHo, To
COIIPOTUBJICHUE OCTABINIETOCs KYyCKa IMPOMOPIIMOHAJIBHO ero JiyinHe. Jlokaxkure,
ITO COMPOTHUBJIEHNE KOJIBIIA PABHO

ilnngO(th”).

(B) okaxkure anajorudnyto (GOpMyJIy JJisi COMPOTUBJICHHs] MEXKJy U II€H-
TPOM U TpaHUIleil Kpyra pamanyca R, BBIPE3AHHOTO M3 METAJLIMIECKON CeTKU:

1
%lnR—i— O(1).

Apropsr 6arogapusr 11.B. Bormanosy, A.4. Kanemro, M.B. IIpacosioBy n
I".P. YesiHOKOBY 3a 110J1€3HBIE O0OCYKIEHUS.

Havmrpnit Bapanos, mexmar MI'Y
E-mail:dimbaranov@mail . ru

Muxann Ckonenkos, UITIIN PAH
E-mail:skopenkov@rambler.ru

Autekceit Yeruros, XO UIIM JIBO PAH

E-mail:ustinov.alexey@gmail . com



Ham mammyT

OTKJIUK Ha cTaTbio E. AJlekceeBoil

A. B. Ckonenkon

B [2] npuBogsiTcst werkasi popMyJIMPOBKA M KOPOTKOE J0KA3aTEIbCTBO OC-
HOBHOI'O pe3ysibrara paboThbl [1|, a Takke NPOSICHSIETCsI €ro CBsi3b C U30Ie-
puMeTpudecKoit Teopemoit mjist mockoctu Jlobadesckoro. JlokazaTeabcTBO 110
CyTH HEe OTJM4aeTcs oT mnpuseneHHoro B [1]. OmHako BBHIY KpacoThbl U BarK-
HOCTH PE3yJIbTaTa KOPOTKOE JIOKA3aTeTHCTBO, OCBODOXKICHHOE OT HEHYKHBIX
,ZLeTa.HeI‘/'I, MOZKET 6bITb NHTEPECHO YnUTaTeJIO0.

CIIUCOK JIUTEPATYPbI

[1] AusexceeBa E. TIunepboauueckue mpeyzosvruku MakcumMasvrol niowaiu
¢ dsyma 3adanmnvimu cmoponamu // Mar. Ilpocsemenue. Cep. 3, Bbim. 14,
2010. C. 175-183. Cm. Takxke J. I. Alekseeva. Hyperbolic triangles of the
mazximum area with two fized sides. http://arxiv.org/abs/0911.5319.

[2] A simple proof of the isoperimetric theorem for the hyperbolic plane
A. Skopenkov (editor). http://arxiv.org/pdf/1009.0897v1.
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3aJagHbIil pa3aen

B sroMm pazjese BHUMaHUIO YMTaTEseH IMpejiaraercs HoJ00pKa 3aJ1ad pasHOou
CTEIEeHU CJIOKHOCTH, B OCHOBHOM TPYIHBIX. COCTaBUATENSAM 9TON MOAOOPKH KAXKETCH,
YTO IMpejIaraeMble HUXKe 3aJ[a9l OKaXKyTCsl MHTEPECHBIMU KaK JJIsl CHUJIBHBIX IITKOJIb-
HUKOB, HHTEPECYIOIIXCST MATEMATHKOM, TaK W JJIs CTYJIEHTOB-MATEeMaTHKOB.

Ms1 obparraeMcst ¢ IPOCHOOit KO BCEM YHTATEJISIM, UMEIOIINM CBOU COOCTBEHHbBIE
I0JIDOPKU TAKKMX 3aJ1a4, [IPUCHLIATH UX B pefakiuto. U, pasymeercs, Mbl C yI0BOJIb-
cTBUEM OyJieM IIyOJIMKOBAThL CBEXKME aBTOPCKUE 3aa4u.

B ckobkax mociie ycjoBug 329 IPUBOAUTCH (baMuiust aBTopa (yTOYHEHUS CO
CTOPOHBI YuTaTesell IpUBETCTBYIOTCH). Fciau aBrop 3aja4du HaAM HEM3BECTEH, TO B
CKODKaX yKa3bIBaeTCs «(OJBKIOP.

1. 3ajaum Ha «yCTHBIH cIeT»:

a) Haitaure nepsyto mudpy umncaa 2400, (A. 4. Beaos)
6) Haiimure [2V15], He moub3ysich KaJbKy/IsSTOPOM. (A. B. Cnusax)
B) Yro 6ombme: /60 mmm 2 + /77 (B. A. Cendepos)
2w
r) Onennre / sin'® z dz ¢ 20% norpermmocTbIo. (B. U. Aproavd)
0

2. MoxkeT Ju cymMMa JBYX HePUOIUYECKNX (DPYHKIUN ¢ HAUMEHBIIINME I1e-
puosamu 1 u V2 cHOBa GBITH [EPUOIUIECKON (DYHKIINEH, OTIUIHOM OT
KOHCTAaHTBI?

3. I'unepbosa H = {(z,y) : xy = 1} moBepHyTa HA YroJa ¢ OTHOCUTEIHLHO
nadasa koopauuat (0,0); nomyumiacs rumepbosra H,. Haiinure yros
MeXKAYy UX KaCaTeJIbHBIMH B TOYKaX IIepeCedeHMn A H n Ha.

(A. B. Axonan, D.Schleicher)

4. Bo Bce TOYKU IEJI0YNCIEHHON PEITeTKN Ha IJIOCKOCTH BOUTHI rBo31u. Ha
ILJIOCKOCTD IIOJIOXKHUJIN OTPe30K Jyinnabl 2011, He 3aieBafomuit H1 OJTHOrO
UX 3TUX I'BO3JIEH.

a) Mo2KHO Jiu TIepeIBUHYTh OTPE30K, He 3aJIeBasl HU OJJHOTO TBO3/Is, TaK,
9TOOBI B pe3ysibTare OH paspepHyJscs Ha 180°7

6) CyIecTByer Jin Takoe HAYaIbHOE MOJIOXKEHUE OTPE3Ka, IIPU KOTOPOM
€ro MOYKHO TIOBEPHYTH BOKPYT HEKOTOpOil Touku Ha 180° Tak, 4ToObI OH
HE 3a/1€JI HU OJHOI'O I'BO3JA?!

(ABTOpaM HEM3BECTHO, BEPHO JIM yTBEPIKJICHUE IyHKTa 6) JJIs IPOM3-
BOJILHOT'O HAYAJILHOTO TI0JIOYKEHHsI OTPE3KA. )

(B. A. Cendepos, A. 4. Beaos)
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5. Janbl 1Be Geckoreuno mudbddepernupyembre byukimn f(z) = r+agz?+
+azrd+ ..., g(x) = o + box? + b3x® + .. .. Ussecrno, uro f(g(r)) =
u 4ro Bce 4ncia klap — nenble. JTokaxkure, 9o 4ro Bee uucia klby —
TOXKeE IIeJIble. (A. B. Bynvkosa)

6. Ha nenre 3anmmncana 6ecKoHeTHas MOCJIEI0BATEILHOCTD udp. Jokakm-
Te, ITO JinbO U3 Hee MOXKHO BBIpe3aThb 10 CTO3HAYHBIX YUCE, UJTYIIIX
B HIOpsijike yObIBaHUS, TUO0 KaKas-HUOY b KOMOUHAIIS TU(P TOBTOPSI-
ercg 10 pas moapsia. A ecyin JJIMHA JIEHTBI 1009 g 100297 Onertmre
JIOCTATOYHYIO JIJIMHY JICHTBI. (A. 4. Beaos)

7. Aneebpauveckan xpusas nopadka m 3ajaHa ypaBHEHUEM

Z aklxkyl =0.

k+HI<m

JlokazkuTe, 4T0 KOJMYECTBO €€ 064406 (T.€e. KOMIOHEHT CBSI3HOCTH) HE
upesocxogut (m — 1)(m —2)/2 + 1. (Teopema Iaprara)

8. a) Paccrosinue MexK1y MPOMEKYTOUHBIME JIarepsiMi 1 JIeHb [y TH. DKC-
[TeIUITUST XOUeT OTHeCTH 1 OaHKY KOHCEPBOB HA PACCTOSIHUE N JTHEH Iy-
TH OT 0A30BOTO Jlarepsi U BepHyThcs obparHo. [Ipu sToM KaxKabiii wien
SKCIEIUIINY MOYKET HEeCTH ¢ coboil He 6ojiee Tpex OaHOK KOHCEPBOB, a B
JIeHb OH CheliaeT ofaHy Oanky. KakoBo HamMeHbIlee InC/I0 OAHOK KOH-
CEPBOB JI0JIKHO ObITH yrnoTpebseHo st 31oit neau? (OcrapisTb GaHKM
MOKHO TOJIbKO B IPOMEKYTOUHBIX Jiarepsix.) 6) Paccmorpure ciy4aii,
KOT/1a, KA Kbl 9JIeH SKCIEIUIINN MOYKET HeCTH ¢ cO0oit k DaHOK KOHCEp-
BOB, & TaKxKe cjydall KaMUKaJ3e. B) HenpepwiBHEBII aHagor 3Toit 3a1a-
YU CAMOJIETBI MOTYT 3aIPABJIATHCI B BO3/YXE, a JAJBHOCTD MIOJICTA CO-
crasiser 1000 km. KosmdecTBo 6eH3MHA, KOTOPBIH IS 9TOTO TPATUTCSH

npuHIMaeTcsd 3a eauHuily. CKOJIbKO HYKHO OeH3MHA ITOOBI IIPOJIETETH
10 ToIC. KM? (A.4.Benos)

9. a) Jdana 2 x 2 marpuna A ¢ BemectBennbiMu koddbdurmmentamu. Joka-
2KHUTE, 9TO €€ MOXKHO IIPeJCTaBUTh KaK CyMl\Ay KBa/IpaTOB ABYX MaTpPHUIT
BTOPOI'O IOPSIKA C BEIIECTBEHHBIMU KOI(DMOUIIUECHTAME.

(SEEMOUS 2010)

6)* MoxHO 11 MATpHIly pa3Mepa n X n ¢ BeleCTBeHHbIME KO3(hdu-
IUEHTAMU IIPEJCTABUThL B BUJE CYMMBI KBaJIPATOB HECKOJLKUX MATPHIIL
pasMmepa nm X m ¢ BelecTBeHHbIME Kosddunuentamu? Ecau «jay», To
KAKOBO MUHUMAJIBLHOE YUCI0 KBAJAPATOB?

(Ozad Jlusne Bap-On, llazap Kapmueau)
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10.

11.

12.

Ha rpanm mpaBuibHOTO TeTpasipa oTMedeHa TodKa. Jlokakure, UTO
TeTpa’dJp MOXKHO pa3pe3aTh Ha YeThIpe PABHBIX BBIITYKJIBIX MHOTOI'DAH-

HHMKa TaK, 9TOOBI 3T TOYKA ObLIa BEPIIMHON OJHOTO U3 HUX.
(4. 1. Bozdanos)

a) Ilycrb M = (a,b) — uHTEepBaJd Ha MOJOKUTEJBHON MOJIYIPIMO
(0, +00). Jokazars, uro unrepsasisl nM = (na,nb) (n = 1,2,...) mo-
KPBIBAIOT MOJIYIPSMYIO (¢, +00) Jyisl JIOCTATOYHO GOJIBIIOLO ¢ U, 3HAYWT,
JIOTIOJIHEHNE K UX OObEMHEHUIO UMEET KOHEIHYIO MEPY.

6) Ipumymars npumep noamuokecrsa M C (0,00) HOI0KUTEILHOI
MepbI, He 00JIaIAI0IIEero YKa3aHHBIM BBIIIE CBOHCTBOM, T. €. TAKOro, YTO
JIOIOJIHEHEe K 00beauHennio noamuoxkects nM (n = 1,2,...) umeer
0ECKOHEYHYIO Mepy. (9. B. Bunbepe)

a) MuoxkecTBO X BEpIINH MPABUIBHOTO N-yTOJBHIKA TAKOBO, YTO PABHA
HYJIIO CyMMa BEKTOPOB C HA4YaJIOM B IEHTPE MHOT'OYT'OJIbHUKA U KOHIIA-
ME B BepimmHax MuOXKectBa X. IIycrs n = p®¢®, tue p,q — mpocrsie
qncia. JJokaxkure, 94T0 Jijisi HEKOTOPOro k MHOXKecTBO X MOXKHO pas-
OUTH Ha HEllEPECeKAIOIIecs MHOXKECTBA, KaXK/I0e U3 KOTOPBIX SBJISETCS
MHOXKECTBOM BEPIIMH IIPABUJIBLHOIO k-yrosbHuka. Jlokaxkure, 4TOo 1pn
JIFOOOM M, JIEJISIIIEMCsT XOTsi ObI Ha TPU PA3JIMYHBIX IMPOCTBIX UUCJIA, ITO
He Bcerga BepHo. (Ilapa MPOTHBOIOIOKHBIX BEPIINH PACCMATPUBACTCS
KaK 2-YIOJIbHIK ).

6) Ilycrb v1,...,0, — BEKTOPHI U3 IEHTPA MPABUJIBHOIO N-YTOJbHUKA
B €ro [OCJIeJIOBaTe/IbHbIE BEPIIUHBL, @ = (a1, . .., Qy) — TaKON MeJ0Irc-
JIEHHBIH BEKTOp, 410 » 1 4 a;v; = 0. JIokaxkure, 4T0 @ €CTH HEIOUUC-
JIEHHAsI JInHENHAs KOMOMHAIINS BEKTOPOB BHUJA

eqr = (0,...,0,1,0,...,0,1,0,...,0,...,1,0,...,0)
~—— = = —
d k—1 k—1 k—d—1

upu k, pensmmux n. (Ilo cyru, ey 4 cooTBeTcTBYyeT CyMMe BEKTOPOB B
BEPIIMHBI HEKOTOPOTO IPaBHILHOIO (n/k)-yrosbHuka. )
(4. U. Bozdanos, B. B. Bunbepe, I. A. Iaavnepun, I'. P. Yearoxos)
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K coxkasienuio, HeKoTOpBIe YC/IOBUA 3a7ad U3 3aavHuKka «Maremarnde-
CKOT'O ITPOCBEIIEHNST» B BBII. 14 cOJIepKaJIN OITUOKU.
[IpuBoaum uctnpapseHubie GOPMYJIUPOBKU 3a,1a4.

14.7. Tlycts d — HedeTHBIN JleTuTe b HaTypaJbHOro uuciaa p — 1. Hoka-
JKUTE, 9TO B P-UIHON CHCTEME CUNCIEHUs CYIIECTBYeT d-3Ha9HOE YHCJIO, PaB-
HOe ompenennTesio d X d MaTPUIbI, COCTABIEHHONW M3 U@ STOr0 UHCIA U
X IUKJIXYECKUX ITIepecTaHoBOK. Halpumep, B JeCATUYHON cucTeMe CYUCICHUsT

(p=10)

6 2 9
692 =det [9 6 2| nm

2 9 6
456 79 0123
345 6 7901 2
2345 6 7901
123456 790

456790123 =det |0 1 2 3 4 5 6 7 9
9 01 2 3 45 6 7
79 01 2 3 456
6 79 01 2 3 45
56 79012 3 4

(H. 1. Beayxos)

14.7. Jau AABC. A, B1,C7 — Touknu kacauus cropon BC, AC,AB c
BIIMCAHHOW OKPYXKHOCTBIO cooTBeTcTBeHHO. Ag, By, Cy — cepeuHbBI CTOPOH.
O6o3HaunM TOUKy nepecedenus npaMbix AgBg u A1 B yepes C’. Ananornyano
onpegensiiorcs rouku A’ u B'. Tokaxknre, uro npsmbie A1 A, BB’ n C1C’
nepecekaiorcst B Touke Peitepbaxa. (@. Usaes)
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12.1. YCJIOBHE. cosa = 1/3. okaxure, 4T0 rpajyCHasi Mepa yria
MppalroHaIbHA.

PEMIEHUE. [ocraro4no ybemurbest, 4to cos(2™a) # cos(2™a) npu m # n.
B camom pesie: eciu o« = p/q - 2w, p,q — uesble UnUCia, TO HANLyTCsl TAKKUe
n # m, aro 2" u 2™ cpaBHUMBI IO MOJYJIO q. B aToM ciyuae yriaam 2"a u 2™«
OTBEYAEeT OJ[HA U Ta YK€ TOYKA HA eJIMHUIHON OKPYZKHOCTH U COOTBETCTBYIOIIIE
KOCHUHYCBI COBITa/alO0T.

Ioxazem, uTo cos(2"a) umeer Bu p,, /32", rie p, ne gemmures na 3. Torma
cos(2"a) # cos(2™a) upu m # n.

B cuny pasencTsa cos(2p) = 2cos®(¢) — 1 mmeeM ppiq = 2p2 — 3%
(e nemutcs Ha 3), a 3HAMeHATeNb Jpobu jyuiA cos(2"la) pasen 32" rak
4TO JIeJI0 3aBepliaeT UHYKIHs. 3ajada pelleHa.

3AMEYAHUE. Ha oxpyskuoctu pamuyca 5%/2 jnexur posno k + 1 Touka ¢
HATYpaJbHBIMEU KoopauHaTamu. [lojie3Hoe ympaskHeHne — J0Ka3aTh 3TO dJie-
MEHTApPHBIMHU METOJIaMU, 6€3 MCTTOTH30BAHUST TEOPUH TAyCCOBBIX TEBIX TUCET.

KoMMEHTAPUU. 1. [lycts B — rpajycHasi Mepa yrjia IPaBUJIBHOTO TET-
pasapa. Jlerko ybemurbest, uro cos(23) = 1/3. Ha pesynbrare 3amaun 12.1
ocHoBano perirenne Tperbeit pobsembl ['nibbepTa 0 HEPABHOCOCTABIEHHOCTH
Ky0a U IPaBUJIBHOTO TeTpasdipa. ['pybo roBops, MOCKOJBbKY IBYTPDAHHBIE yT-
JIBI TPABUJILHOT'O TETPA’dIpPa UPPAINOHAJIBHDI, IIPU PA3PE3aHUN U COCTABJICHUN
Kyba 00pa3yrorcs <«IIeany, Belb €CJId IPUMbIKAHUE HECKOJbKUX pebep MHOIo-
FPAHHUKOB BBIXOJIUT HA MOBEPXHOCTH, TO CyMMa UX JBYI'DAHHBIX YIJIOB paBHA
T, ecan Ha pebpo Kyba — 1o /2, a eciin obpasyercst pebpo «B IIIyOUHE» — TO
CyMMa COOTBETCTBYIOIIUX JABYI'PAHHBIX YIJIOB paBHa 27. [lonpobuee cM. KHUTY
B. T Boarsauckoro «Tperbs mpobiiema I'manbepras.

2. Bozuukaer Bonpoc: Kaxue yeavl Yy mpey2oivHuKo8 Ha UeAOHYUCAEHHOT pe-
wemxe  BuPaAcaomes yeavim wucaom epadycos? (OrBer — yIuIbI, KparT-
Hble 45°).

DTOT BOIPOC CBOJUTCH K TakoMmy: Kakue npasusvbHble MHO20Y20A0HUKY
MONHCHO BNUCAMB 6 UesouucseHHyro peuwemky? OTBET — TOJBKO KBaJpPaThI.

B npaBusibnyio TpeyroJibHyIO pelnieTKy MOYXKHO BIHCATH TOJBKO ITPABUIb-
HBIIl TPEYTOJBHUK U IIECTUYTOJbHUK. [Ipoune mpaBuibHbIE MHOIOYTOJILHUKU
HUKY/JIa HE BIUCHIBAIOTCS.

MaTemaTuueckoe npoceeletne, cep. 3, soin. 15, 2011(236-244)
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ITompobree cm. A. 4. Kanenb-Besos, A. K. Kopanbmxku, «Kak permator
HECTAHAPTHBIE 3aIATN» . (A. 4. Kaneav-Beaos)

13.3. VCJIOBUE. I3BectHo, uro Jyist 060§t mocie 0BaTeIbHOCTH {a; )50,
TAKoOH, UTO Y oo ai < 00, pAL Yooy aib; < oo. JlokazKuTe, UTO TOIA

(2
22y b} < oo

PEIMEHME. [okaxewm, uro |b,| — 0.

Hmst C > 0 paccMOTPUM HOIIIOCIEJOBATEILHOCTD My, TAKYIO, ITO by, | >
> (. Eciu 3ra 1o/oc/ie/10BaTe/IbHOCTb OECKOHEYHA, TO YCJIOBHE 3aJa9i Ha-
pyIIaeTcs JJIs [MOCJIEI0BATETbHOCTH

sign b,
ap = ko
0, B IIPOTUBHOM CJIydae.

ecan n = mg,

BuaunTt, mas goboro C UL KOHEYHOE KOJHMIECTBO WIEHOB TIOC/IEI0BA~
TeJILHOCTH by, 110 MOJTyJII0 1peBocxoaut C'.
0 12 _
Teneps paccyzxaaem or nporusHoro. IIpenmonoxknm, aro ) 2 by = oo.

P&CCMOTPI/IM II0CJICJOBATECJIIbHOCTD

n
_bn _ Z 2
an—finv rae fn—kilbk;-

Hocrarouno gokasars, 4To ) . anb, pacxomures, a y . a? — cxomures.

Jnst mHarypaspHOro umcyia N BBIJIEUM OTPE30K HATYPaJbHOTO psija £y,
In+1,...,ry, cocTosdmuii u3 Beex duces n, iy kotopeix N — 1 < f, < N.
Nmeem orneHKy

2
_ b% ZTLE[KN,TN] bn 1
2 ambn= D, > TERET ST

n€lN,rN] n€lN,rN]

pu octarovdHo Gosbimmx N . OTCIoma Moy aeM PacXOAUMOCTD DAL » . Gy by,.
C apyroit cropossl, npu jtocrarodto 6osbimx N st n € [{y, 7] BbIIOJ-
nserca b2 < 1/2. Tostomy

2
2 by 1
a2 = LN Qe —
Z n Z 2 S (N —1)?
’nE[fN,TN} nE[EN,rN}

Otcroza momydaemM cXOAUMOCTDb Psja . aZ. (M. H. Banwiii)

14.3. YCJIOBUE. Beckonednoe MHOXKECTBO TOYEK Ha IIJIOCKOCTH TAaKOBO,
YTO BCE€ IIOIIapHBbIEC PACCTOAHUA ITeJIbIe. ﬂOKa)KI/ITe, YTO BCE TOYKH JIE2KaT Ha
OJIHOM IpsIMOii. A YTO ecjin Bce IOMapHble PACCTOSTHUS PAIlMOHAJJIBHDL !
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PEIIEHUE. a) Paccmorpum napy touek A, B U HPOU3BOJBHYIO TOUKY
X mamrero mHOYXKectBa M. 3ameTum, 9TO B CHJIy HEPABEHCTBA TPEYTOJIBHUKA
XAl - |XB H < |AB]|. IockoabKy Bce HOMAapHBIE PACCTOSTHUST MEXKIY TOU-
KAMH IeJIbIe, KOJIMICCTBO BO3MOXKHDIX 3HAUYCHNAN BEJIMINHDI HX Al —|X BH He
npesocxoaut |AB|. Takum o6pa3om, Bce TOUKH JIEXKAT HA KOHEYHOM YUCIIE
runepGon || X Al — |XB]| =c¢c=0,...,|AB| ¢ dokycamu A n B.

IIpu ¢ = 0 u ¢ = |AB| 911 runep6osbl BHIPOXKIAIOTC B MpsiMble (cepe-
JIMHHBL TIepIeHMKYIsp K orpe3ky [AB] u upsivasi (AB) cOOTBETCTBEHHO).
Ha oznoit u3 Hux (runepboste I') jiexkuT 66CKOHEIHOE MHOYKECTBO OTMEUEHHBIX
TOYeK, MO0 MHOXKecTBO M OGecKOHETHO.

Teneps BozbMeM napy Touek C # D w3 muOoxKecTBa M, nexamue Ha [', u
mocTpouM cemericTBo rutepbost I';, ¢ aumu cBsizannbie. [TocKOIBKY MHOXKECT-
BO OTMEUYEHHBIX TOoUeK Ha [ GeCKOHETHO, HECKOHETHOE TOIMHOXKECTBO M3 HUX
siexkar Ha omuoit u3 I';, T.e. Ha mepecevenun I' N ;.

C apyroii cTOpoHBI, JII00ObIE JABE IrUIIepOoJIbl JTUO0 COBIAIAIOT, JIU0OO UX IIe-
pecedenne cocTouT He OoJiee deM u3 deTbipex Touek. llosromy I' = T, Ilo-
CKOJTBKY (POKychl Tumepboibt I sexkat Ha I 9T0 BOZMOXKHO TOJBKO, €CJIN OHH
06e mpsiMbie. OOO3HAYIM 3Ty MPSIMYIO 34, [.

[Tockoabky He Bce Touku u3 M JjiexkaT Ha OJHON PSIMOU, €CTh OTMEUYeHHAS
touka O € M wne npunajyiexarnasi [. [ycts Q € M N 1.

Ocraercst paccMOTpeTb KOHEUHOE ceMeiicTBO rurepbost ¢ ¢pokycamu Q u O
(Ha KOTODPBIX JieXKAT OTMEYEHHbIe TOUKM) U UX HepecedeHue ¢ npsimoii . ITlo-
CKOJIbBKY HU OJIHA U3 HUX HE MOXKET COBIACTH C [, IlepecedeHne KaXkJaoi u3 HuX
¢ | cocrout me Gojiee €M M3 JBYX TOUEK, T.€. KOHEUHO. SHAYNT, OTMEIEHHDBIX
TOYEK Ha | KOHEYHO.

[Monyummn Hy»KHOE MPOTHBOpEUne. 3ajada JIOIMYCKAeT TPOCTPAHCTBEHHOE
oboOIIeHne.

6) Dra 3a/aua SIBJISETCH KOHTPAILYHKTOM K [IPEJIbILYIIEH.

[TokazkeM, 9TO Ha €UHUIHON OKDPY’KHOCTH MOXKHO BBIOpATh GECKOHEUHOE
MHOZKECTBO TOYEK TaKoOe€, ITO ITOITapHbI€ PACCTOAHNA MEZK/1Y HUMHN PallMOHAJIb-
ubl. Ecim Toukn A, B 0TBEYAlOT yriaaM ¢ M 1), TO PACCTOsHUE MEXKJLy HUMU
pasHo 2sin((¢ —1)/2). Ilosromy ecsu sin(ng) par@oHajeH Ipu BCEX 1, TO BCE
HonapHble paccTosiuust Mexkiy Toukamu Ax = (sin(2k/¢), cos(2k/¢)) panumo-
HaJIbHBI.

C HOMOIIBIO PABEHCTB

sin(k + 1) = sin(kyp) cos(¢) + cos(ky) sin(p)

JIEPKO IPOBEPHUTH 10 MHJYKIMU 49TO ecyin sin(p) u cos(yp) palnuoHaIbHbI, TO
u sin(ny) panuonaseH npu Beex n. Ecim mpu 9TOM rpajlycHas Mepa yria ¢
UppAIMOHAIBHA, TO TOYKH Ay MOMapHO pas3judIHBI U 00Pa3yT MCKOMOoe Oec-
KOHETHOE MHOKECTRO.
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Bosbmem ¢ = arcsin3/5. Torma sin(p) = 3/5, cos(¢) = 4/5 Tak uro
sin(ny) pamuonasen npu Becex n. Ocraercss NPOBEPUTH TOJBKO, YTO TPAJLYC-
Has Mepa yIJa ( UppalnoHaJIbHA.

A 5710 JOKa3BIBAETCH AHAJOIMYHO pemleHuo 3aigadn 12.1 (cm. Bele,

c. 236). (A. 4. Kaneav-Benoa)

14.5. YCJIOBUE. Beckoneuno Mynperiit Tapakan xkuset Ha 1iockoct. OH
O6IM30pYK 1 moToMy BuauT VcTuiy, TOIBKO KOIIa HAXOAUTCS He Dojiee, YeM B
oxuoM 1mare ot Hee. IlepBonauanbuo Tapakan HaxomuTcst B n marax ot Mcru-
wbl. Korna Tapakan jiesiaer miar, JIpy3bsi TOBOPSIT TOBOPAT €MY, MPUOIH3HUIICS
o k Vcrune, mwin Her. a) Jlokaxkure, 94T0, MOJIB3YSACH 9TOI U TOJIBKO ITON UH-
dopmarnneit, Tapakan MoxkeT goctndb Mcrunbl Meree 1eM 3a n—+ 10 In n maros.
6) Jlokaxkure, 9TO HE CYIIECTBYET aJIrOPUTMA, IO3BOJISIONIErO A0CTuYh VcTu-
HbI MeHee deM 3a 1 + 0.1 Inn maros.

PEIIEHUE.
a) Onumewm anropurm. O cocrout u3 AByX das.

1. Ompenenenne nanpasiaenus: zHa VcTumy.

2. IlyTb 1o BbIJIEJIEHHOMY HaIPABJIEHUIO.

Konycom sosmootchoixr nanpasaenudi K Haz0BEM MHOXKECTBO BO3MOXKHBIX
HanpasJenuii Ha VlcTuHy U3 HadaIbHONI TOYKU. DTO yIoJI, BEJINIMHA KOTOPOI'O
pacmeop paBeH . Baavase ¢ = 2m. /leticmeue COCTOUT B Mape IMIAroB — Iar
OT HaYaJbHON TOYKM M Iar K Heil obpaTHO.

JIEMMA. Cywecmeyem deticmeue, cokpaujarouiee pacmeop 6 2 pasa.

JIOKA3BATEJILCTBO. Cnyqaﬁ ¢ = 27 TpoBepseTcs HEMOCPEICTBEHHO.
[Iyctn [ BeKTOp OuccekTpuckl K, 17, — BEKTOP HMEPIEHIUKYJISIPHOTO HAIIPAB-
Jgenus. flcHo, UTO JelicTBUE, CBI3aHHOE C HAIPABJIEHUEM M MPUBOJIUT K UCKO-
MOMY COKPAIIIEHUIO: OTBETY <«IPHOIM3MIICA» OTBEYaeT HoI0BHHA K jtexkamast
B yIJle MeXKy [, M, a OTBETY «YIAJUJICST» OTBEeYaeT mojioBnHa K Jjiexkariast B
yIJIe MEXKIy l_: —m. Jlemma mokazana.

3a logy(n) + 2 meitcrmii (T.e. 2[logy(n) + 3| mAroB) MOXKHO OIPEIEINTH
HanpasJieHne Ha VICTHHY ¢ TOUYHOCTBIO 0 yria ¢ = 27/(4n), upu 9ToM yKJIO-
HeHHe CTOPOH yTiia oT 6uccekTpuchl cocrasutr 7/(4n) < arcsin(l/n) tak 4ro
MTOCJTIE 9TOTO MYTh MO OMCCEKTPUCE TPUBOAUT K yCrexy 3a n + 1 tmar.

6) Hazsosem mar Tapakana paseedvieamenvhvim, €CIl €ero HAIPABJICHUE C
HAIPaBJIEHUEM Ha JieTajb obpasyer yroui 6osbiie w/3. C' ectb dyea 603modtc-
HoLx nososicenuli Memunv,. ITO myra OKPYKHOCTH C IEHTPOM B HAYaILHOMN
TOYKEe M PAJUYCOM N, Takas, 9T0 JI00Oe IOJIOXKEeHne Ha Hell CONJIacyeTcs C
oTBETaMH, TOJydYeHHbIME Poborom. BHawase 970 BCsi OKPYKHOCTD.
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JIEMMA 1. Koauuecmeo | pa3eedvi8amesvHulL wa208 He npesocrodum
logy(n)/5.

JTOKABATEJIBCTBO. Paspe/piBaTesibHbIE MIAIU TIPUBOJAT K IPUOIINKEHUIO
Ha BeJIMYMHY, He IpeBocxosiyto [ cos /3. Iloaromy obIee 4muciio maros He
menbie | 4+ (n —lcosm/3) =n+ (1 —cos7/3) =n+1/2 u ecoiu | > logy(n)
TO BeqmuuHa n + (/2 okaxkercst 6osbiie n + logy(n)/10, uTo mpoTHBOpEUHT
YCJIOBHIO 3a1a4u. JleMMa jokazaHa.

HazoseMm nauanvhvm yuacmrom mepsbie n/3 mmara.
B crnpasenmBocTy ciieyIomero yTBep:K IeHusd JIerKo yoeuThcsa Henocpe/i-
CTBEHHO.

JIEMMA 2. Ilocae nepgozo waea mosvko pa3eedvi8amervbHvili uiae npuso-
dum x uameneruro yeaa pacmsopa. Llpu smom C pazbusaemcs Hna dee dyeu,
OMBEUANOULUE OMEBEMAM «NPUOAUSUACAS U «Ydarurcay (803M0dHCHO, 00HA U3
nux nycmas). Jauna |C'| nauborvwet us nux C' ne npesocxodum |C|/2.

CHEICTBUE. Jlas 2106020 arzopumma ¢ | nposepouHvmuy wa2amu cyu,ec-
meyem noaoscerue Mcmuns, maxoe, 4mo nocie HauasbHo20 Y4acmra y2a0680t
pacmeop dyzu C 6ydem ne menee wem wn /2.

Cremyromas jjeMMa Tak»Ke [IPOBEPAETCs] HEIIOCPEICTBEHHO:

JIEMMA 3. ITycmv A — npoussosvras mowka, mozada paccmosrue om A
do camoti danekolt mouxu dyeu C ne menvwe wem d + |C|/2y/n.

B cuny semmer 1 torga |C| < m-n /208275 = 1. n*5 U nocie nepsbix

n/3 MaroB paccTosHue OT IMoJIoXKeHus Tapakama 10 caMoil yIaJeHHoOl OT Hero
touxn ayru C Gyaer ne mMenbine 2n/3+|C|//n = 2n/3+n%3 /2. O6mee uncio
ITaroB B HAUXY/IIIEM ciTydae GyjieT Toraa He Menbine dem n/3+2n/3+n%3 /2 >
> n + logy(n)/10. 3amaua pemena. (A. 4. Kaneav-Benos)

14.6. YCJIOBME. f(x,y) — 6eckoneuno auddepennupyemas dbyHKIUsT OT
JIBYX MEPEMEHHBIX C JIOKAJIBHBIM MUHUMYMOM B HyJie. JIpyrux KpuTHIecKux
ToueK y Heii Her. BepHo s, uro 3ror MuHMMyM riobasbhbiii? (Touka Has3bl-
BaeTCsl Kpumuueckoll, ecau B Heil obe dacTHble ponsBoaube 0f /0x u Of /0y
0OpaIaTCs B HyJIb. )

OTBET: touka (0,0) He 06s13aTE/ILHO SIBJISIETCS TOYKON 1VI00AJILHOIO MU-
HuMymMma/

[IEPBOE PEIIEHUE. Pacemorpnm muorowren P(x) = 22+y2%(1—z)3. Torma
OP/0x = 2z — 3y*(1 — 2)2, OP/dy = 2y(1 — x)3. Eciu OP/dy = 0, o y = 0
6o x = 1. Ecu nipu stom = 1 u 9P/0z = 0 To = 0, 9r0 npoTuBOpeInT
paBeHCTBY * = 1.

Urak, y = 0. Torma pasencrso OP/dz = 2z — 3y*(1 — 2)? = 0 Biever
pasenctBo x = 0. Urak, (0,0) — euHCTBeHHAs] KpUTHIECKasi TOYKA P 1 Jierko
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[POBEPUTH, YTO STO TOYKa JIOKAJIbHOrO MuHuMyMa. OHa He SIBJISETCSI TOY-
KOl IVI0OAJIBHONO0 MHHUMYMA, IIOCKOJIBKY P IpHHHMAaeT CKOJIb yrojHO 0O0JIb-
IIKe 110 MOJIYJII0 OTpUIaTesIbHbIe 3HadeHust. B camoMm Jente, mycrs y = 1, Torja
P(z,1) = 22 + (1 — x)3. dcno, uro P(z,1) — —oco pn & — oo.

(B. O. Byzaenxo)

BTOPOE PELIEHUE. Pacemorpum dyukIimo obmero Buga (T.e., ee Kpu-
TUYECKHEe TOYKH 00pa3yloT JUCKPETHOE MHOXKECTBO), MMEOILYI0 U30JIMPOBaH-
HBI JIOKAJIbHBIA MHUHUMYM, HE SIBJISIONIUICS 100aIbHBIM. PacCcMOTpUM CBSI3-
HYIO OJHOCBSI3HYIO 00JIaCTh, COAEPKAILYIO 3TOT JIOKAIBLHBIA MUHAMYM, 8 TAKYKe
HEKOTOPYIO TOUKY, B KOTOPO#l OHa IIPUHUMAET MeHbIIee 3HAUEHHe, U HE COJIep-
JKAIYI0 HUKAKUX JIPYTUX KPUTUIECKUX TOUeK. [ 0JIOMOPHBIM TPpeobpa3oBaHu-
eM IIepeBeIeM 3Ty 06JIacTh BO BCIO IIOCKOCTD. Torma 3aganHast pyHKIUS Ha 00-
JIACTH OIIPEIE/IUT HOBYIO (DYHKITMIO Ha Beeil miockocTr. OHa 1 OyAeT HCKOMOIA.

(B. I'anvnepun)

14.7. YcJIOBUE. Ilycts d — HeYeTHBIN AeMTebh HATYPAIBHOTO HHCJIA
p — 1. Jlokaxkure, 9TO B p-WIHOU CHCTEME CUUCJIEHUsI CYIIECTBYeT d-3HATHOE
YUCJI0, PABHOE ONPEJETUTENIO d X d MaTPHUIbl, COCTaBIEHHON 13 1udp 3TOro
qHUCIa U UX [MUKJINIECKAX TEePECTAHOBOK.

PEIMEHUE. O6o3naunM

_ -1
1= p-nd
PaccmoTpuM Te KpaTHbIE tq IUCIa ¢, JJIsi KOTOPBIX BBIIOJIHSIOTCS YCAOBHSI
%(p -1 <t< %(p — 1) u (t,d) = 1. JTokaxkem, 9T0 KaxKJI0€ TAKOe
YUCJIO PABHO OLPEIEIUTEI0 IUPKYJISAHTHOR MATPULBI U3 €ro p-MIHBIX Iudp.
[Mox mupkynsiaraoit marpuneit C(z1, T2, ..., Ty) Mbl HOHHMAEM MATDHUILY
BUIA
I Tro I3 ... Tn
Tp T1 T2 Tn—1
Tpn—1 Tp X1 Tp—2
T2 xr3 T4 ... T
st onpenenmrenst det C(x1, xo, . .., Ty) IUPKYISTHTHON MAaTPHUIIBI H3BECT-

Ha ceytorasi GopMyIia;
n

det C(x1,x9,...,2p) = H(xl + zow; + :z:gw]z 4+ xnw;hl),
j=1

i€ wWj — KOPpHH n-i cTelleHn U3 CIOMHUIIBI.
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Mer ucnosnb3yem sty ¢GopMyiy B ABYX Ciydasx (B 06OMX OTBET MOXKHO
TaKKe MOJIyIUTh JIeMEHTAPHBIMU TPE0bpPa30BaAHUSIMU CTPOK M CTOJIOIOB IUP-
KYJISTHTHOI MaTpuIlsl). B mepsom ciryaae ancia x1, 2, . . . , T, 0bpasyor apud-
METUYIECKYIO IIPOIPECCUIO C CYMMO# § U pa3HocThio h. B sToMm ciytuae

C(x1,22,...,1,) = sn" 2(=h)"" L.

Bo Bropom ciyuae gucna 1,2, ..., T, 00pasyoT reOMETPUIECKYIO IIPOTPEC-
cuio BUJA T; = p" " 71 HEKOTOPOTO JeHCTBUTEILHOrO dncia p. B aTom cirydae

C(x1,x2,...,2,) = (p" —1)" L.

Nrak, paccMOTPUM YHCJIO OIUCAHHOTO BhIIIe Bujia. Obo3HaunM depes A =
=tq = a1as3 - . . Gg €ro P-UIHYIO 3alUCh, a Uepe3 A; = Til;11 - - - Aga] - - - Gi—1 —
1-10 TUKJINYIECKYIO TIePecTaHoBKY, ¢ = 2,3,...,d — 1. HemocpepcrBeHHbIM IT€-
PEMHOKEHNEM MaTPHI] MOXKHO ITPOBEPUTH, ITO

C(ala az, . .. 7ad)CT(pd_lapd_2) -5 Dy 1) = C(Alv A27 ceey Ad—la Ad) (*)

Brecs CT obo3HaTaET TPAHCIOHHPOBAHHYIO MATPHILY. VI3 IIPE/IbIIYIIero nMeen
det CT(p?=1,pd=2, ... p,1) = (p? — 1)¢~1.

Harma cienyrormast esib — J1oka3arh JBa yTBepKaenus:: (1) npuveneHnem

YETHOrO YHCJIa TPAHCIO3UNHUT cTPOK u crosdnos Marpuiy C(Aq, A, ..., Ag)
moxkHo npusectun K Buny C(Bo, Bi,...,Bg-1), rne By, Bi,...,Bs-1 — ue-
pecranoBka uucesn Aq, As, ..., Ay B Bo3pacramoieM mnopsijike; (2) uuciaa By,
By, ..., By 1 06pa3yioT apudMeTHIeCKyo MPOrPeCcCuio.

Haumewm ¢ gokasarenbcTBa yTBep:KaeHns (2). 3amernm, 9To
d
Aiy1 =pAi — (p” — Dai.

[osromy A; = p"~ 1Ay (mod p?—1). Yuuremsas, uro (t,d) = 1, orciona ciesy-
eT, uro ynciaa Ay, Ag, ..., Ay HONAPHO PA3IMYHbI U BCE OHU UMEIOT OJIMHAKOBDIi
ocTaToK 10 MO0 (p — 1)g. C npyroit cTOpOHBI, BCe 9TU UHCIA COJCPIKAT-
ca B marepsane (0,p? — 1) mmmsr d[(p — 1)q]. Tlostomy Ay, Ag,..., Aqg — B
TouHOCTH BCe unciaa u3 untepsasa (0, p? — 1), HMeIoNme OIIMH U TOT e 0CTa-
TOK 10 MOJIyio (p— 1)g. 3HAYUT, yHOPsIAOUIeHHBIT HAOOD ITUX dnces obpasyeT
apudMeTHIECKYI0 IPOrPeCCHIo ¢ PasHOCThIO (p— 1)g. VI3 orpanuyennii Ha ¢ 3a-
KJIIOMaeM, ITO cpeuuil €ien B(g_1)/p 9Toil nmporpeccun pasen Ajp, a ee cymma
paBHa dA;.

Teneps nokaxem (1). Oboznaunm r = (d — 1)/2, tak uro A; = B,.
[TepecTaHOBKaMU CTPOK ¥ CTOJIOIOB 33 MCKJIFOUEHHEM IIEPBOrO 1Ipeobpasy-
em marpuity C(Aq, Ag, ..., Ag) K Buy
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Brol e

DTOro MOXKHO JIOOUTHCS, CJIEJIAB OJJMHAKOBOE KOJTMYECTBO TPAHCIIO3UITHI CTPOK
7 TPAHCTIO3UINI CcTONONOB. [leficTBUTENbHO, Y IUPKYJISTHTHOW MaTPHUITI TT€p-
Basl CTPOKa, NMPOYNTAHHAS CJIEBA HAIPABO, COBIAJAET C MEPBLIM CTOJIOIOM,
MIPOYNUTAHHBIM CHU3Y BBEPX. AHAJOIMYHOE CBONCTBO BBITIOIHSIETCS U JIJIsT MaT-
putisl M. 3HaYNT, YIOPSIIOYNTH TEPBYIO CTPOKY U TIEPBBIH CTOJGEI] B HEKOTO-
POM TOPSIJIKE MOYKHO, BBIIIOJTHUE PABHOE KOJTMYECTBO TPAHCIIO3UIUN CTPOK M
CTOJIOIIOB.

Mpr jmokazkem, aro mMarpuna M — mupKyasHTHas. M3 9Toro Jierko cie-
nyer yrepxkienue (1). eficrBuresbHO, IMUK/IMYECKas MEPECTAHOBKA CTPOK
(cTOIOIOB) COXpaHseT MUPKYJISIHTHBI BUJ| MATPHUILI U SIBJISIETCS YETHOI Iie-
pecranoBKo#l (Tak Kak d HeyerHo). ITocie r Takux nepecraHoBok Marpuia M
(B mpeIIoIozKeHIN, 9TO OHa IUPKYJIsAHTHas) craneT pasuoit C(By, ..., Bi_1).

Pacemorpum sement marputist M, KOTOPBI CTOUT Ha TIEpeCeveHnH CTOI0-
I1a, B IEPBOil CTPOKe KOTOpOro crout B; = A, 1 cTpoKu, B IIEPBOM CTOJIOIE
KOTOpoii crout B; = A,. 9TOT 371eMeHT paBeH B, [is HeKoToporo k. YcaoBue
UPKYISHTHOCTH MaTpuiibl M paBHOCHIBHO @+ j = k + 7 (mod d).

C apyroii croponsl, ncxoauas marpuna C(Aj, ..., Ag) nupkyaaataast. [To-
stoMy By = Ap,um+ 1=z +y (mod d).

[TockosbKy A; 06pasyioT reOMeTpUIecKyIo IIPOrPECCHIO 110 MO0 p& — 1,
U3 ToCTeHero cpapHenus momydaem AjAp, = A;A, (mod p¢ — 1). Us pa-
sencts Ay = B,, A, = By, Ay = B;, Ay = Bj nomnydaem

AxAy = B,B; = (B() + iq(p — 1))(3@ +jq(p — 1)) =
=B} + Bo(i+j)alp—1) (mod p? —1)

A1A,, = B2+ By(r + k)g(p—1) (mod p? —1).
ITosromy

Bo(i+j)q(p— 1) = Bo(r + k)g(p — 1) (mod p* — 1),
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By(i+j) = Bo(r+ k) (mod d).

Ho (By,d) = 1, Tak 9TO BBIIOJIHSIETCs] CPABHEHHE
(i+j)=(r+k) (modd)

u MaTpuria M IupKyISHTHAS.
st 3aBepIlienns JIOKa3aTeJbCTBA HAIUIIEM PABEHCTBO OIIPEJIETUTENeH,
KOTOPOE BBITEKAET U3 (*):

det Clay, ... aq)(p? — 1)t =det C(Ay,..., Ag) =
=detC(By,...,Bg_1) = sd2(—h) ! =
= dAd™?[(1 - p)g ¥ = A (p? - 1)
OTCIO,ZLa IIoJIiydaeM HUCKOMO€E PaBEHCTBO
C(ai,az,...aq) = Aj.

SAMEYAHUE. [lyisi JecATUYIHON CUCTEMBI 3TO JOKA3ATEJBCTBO JAeT Ta-
KU€ YUCJIa, PABHBIE OIPENEJUTENAM ITUPKYISHTHBIX MATPHUIl, COCTABJIEHHBIX
n3 ux nudp: 456 790123, 469 135802, 493 827160, 506 172839, 530864 197 u
543209 876.

HexoTopnie 3-3HauHbIe YUC/Ia yKA3AHHOTO BUJIA COMEPKAT HYJIU B JIECATUY-
HOI 3ammucu. B 3ToM ciydae onpeesmTe /b yIPOIIAeTCs U MbI ITOJIyIaeM JIBa
4uCyIa, KOTOpBIe PAaBHLI cyMMe Ky6os ux mudp: 370 = 33 + 73 + 03 u 407 =
= 43403473, Tor akr, uro 0ba STU YNCIA JeNATCA Ha 37, TOCITY KT TOTIKOM
JIUTsT IPUIyMBIBaHUS maHHOM 3agadn. O Ha U3 TEPBBIX (HOPMYIHPOBOK ITOTO
daxTa nMesa TaKOi BUI:

[ycrs abe — xparuo 37. Joxazkute, uro uucio a® + b> + ¢ — 3abc pasno
60 0, ubo ere OaHOMY KpaTHOMY 37, COCTaBJIEHHOMY U3 JeCATUIHBIX UMD

% buc. (H. . Beayzos)
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Crucok peleHnit 3a1a4 U3 3aladHIKa
«MaTeMaTn1eckoro npocBeneHns»

Pemenus 3ama4 3amaunuka «MareMaTrndecKoro mpocBeIeHns > pac-
cesHBI IO 15 BhImyckaMm Harmero cobopumka. IlosTomy Ham mokasasoch
Pa3yMHBIM IPUBECTU CIIMCOK BCEX 3aJ1ad C YKA3AHUEM BBIITYCKOB, B KO-
TOPBIX OIMYOJIMKOBAHBI UX peIleHus. Perenns MHOTUX 3a/ad erie He
omybmkoBaubl. MbI Oyzem GarofapHbl T€M, KTO MPHUIIJIET PENeHUs

3aJ1a4.

B cricke ceblikn uMeroT BuJL (HOMED BBITYCKA), (CTPAHUIIB).
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Bagaua Vcunpasnenusi Pemenne(-s1) Banaua Vcupasnenusi Pemenne(-s)
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