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Faasa I
A®POPHUHHOE NMNPOCTPAHCTBO

§ 1. BEKTOPHOE MNPOCTPAHCTBO

1.1. OnpeneneHve BEKTOPHOro MpocTpaHcTBA. UuraTenb yxe 3Ha-
KOM M3 anre6phbl C MOHATHEM BEKTOPHOTO (JMHEHHOTO) MPOCTPaAHCTBA.
B nanHOM moco6uu Mbl GyleM paccMaTpHBAaTh JIHILb A-MEPHOE BEKTOP-
HOE IPOCTPAHCTBO HaJ NOJeM AeHCTBHTENbHBIX uuces. [lepeunciaum Te
€ro CBO#ICTBa, KOTOpPble OYNYT HYXKHHL B AajbHEHLIEM.

ITyctb uMeeTcss HEKOTOpPOE MHOMECTBO 3JIEMEHTOB, HA3LIBAEMBIX
8eKmopamu, B KOTOPOM 3aJlaHbl ONePall|H CIIOKEHHs! BEKTOPOB H YMHO-
JKEHHsT BEKTOpa Ha ILenCTBHTEJIbHoe UHCII0, 3 HMEHHO!

1) mo6riM IBYM BeKTOpam U U U NOCTaBJeH B COOTBETCTBHE ompe-
Ile.JIeHHbIH BEKTOP, HasblBaeMbll UX cymmod U oOGo3HAuaeMblli yepes

u+v'

-
2) J1000MYy BEKTOPY # H JItOGOMY neﬁcmmenbﬁomy qHCIy k mo-
CTaBJIeH B COOTBETCTBHE OnpesieieHHbI BEKTOp, Ha3blBaeMEIH npousse-

OeHuem eexmopa U Ha wucao k U 0603HaYAEMbI yepes k.

YKa3zaHHOe MHOXKECTBO HA3LIBAETCH M-MEPHbIM OetichBumenbHbiM
BEKMOPHLIM npocmpancmeom ¥ o6o3Havaercs yepes V,, ecnu omepaiuu
CJIOXKEHHUS] BEKTOPOB H YMHOXEHHs BEKTOpa Ha 4HCIO 06/1a/al0T CBOH-
CTBaMH, MEPEYHCIECHHEIMH B CIEAYIONUX aKCHOMAX:

1. Axcuomst caoscenun sexTopos

Axcuoma I z_[—l—;=z_;+z?.
— - —_ -> - -3
Axkcuoma I, w4+ +w=u+ v+ w).

Axcuoma I;. CymecrByer nysesoil Bektop 0, yA0oBJIeTBOPAIOMME
yCJIOBUIO

u+0=u
-
Ins moforo BekTOpa U.

Axcuoma I, Jlng m0b6oro BeKTOpa U CYIIECTBYET MpOMUBONO-
A0XCHBIL €My BEeKTOp —u, 06/13Jatoumuil TakuM CBOACTBOM, YTO

4+ (—u) = 0.



I1. Axcuomer ymHoxceRUs 8eKTOPA HA YUCAO

Axcuowma Il,. k(2+_5)=k§—l—k5.
Axkxcuowma Il,. (k+l)£=kt7+lu_:
Akcuoma I, k() = &Da.

-

Akcuoma ll,, lu= “.

- - -
HanoMHuM, 4YTO CHCTeMa BEKTOPOB 4y, Uy, . . ., U, HA3LIBAETCSA
AUHelHO 3asucumoli, eCld CYWECTBYIOT TaKue uucaa ky, Ry ..., %,

HE BCE€ pABHLIC HVJIIO, YTO

kll:l + kz:lz + .o + k,lz, == 6;

€C/IH K€ 3TO PAaBEHCTBO BO3MOXHO JIMLIb NpU k; = k2 o=k, =0,
T0 JaHHAf CHCTEMA BEKTOPOB Ha3bIBaeTCs AUHEUHO HE3ABUCUKOL i, a
BEKTOPHI ul, uz, feey u, — AUHELIHO He3a8UCUMbIMU BEKMOPAMU.

II1. Axcuomet pasmeprocru

A x cuom a IIl;. CymecTByeT JinHeliHO He3aBHCHMAs CHCTEMA, CO-
cTosiiasi U3 1 BEKTOPOB.

Axcuowma Ill,. Jlwbas cucrema u3 n + 1 BeKTOpOB JiMHEHHO
3aBHCHMa.

1.2. Koopnuﬂaru BekTopa. basucom npocrpanctea V, HaswBaercs
Jiobas mmepmo HE33aBUCHMAs CHCTEMa, COCTOAINAS 3 7l BEKTOPOB.

Ecau el, ez, veey e — KakoH-1160 13 6a3UCOB, TO BCAKUI BEKTOD P
MOXKET ObITh OJIHO3HAYHO MPEACTAB/EH B BHIE CYMMEI

U= e; -+ Ugy + ... + Unéy,
YTO COKpAIUEHHO 3aNUCHIBAETCS TaK:
U= (U} Ugj «ov} Un).

-
Yucna uy, Uy, ..., Un HA3WBAIOTCA KOOPOUHAMAMU BEKMOPA U OTHOCH-
TeJIbHO NaHHOTO 6aswuca.

[IpH CI0XKEHHH BEKTOPOB COOTBETCTBYIONIHE KOOPIMHATHI CKJAfb-
BAIOTCs, a NPH YMHOXEHHH BEKTOPAa Ha YHUCJIO — YMHOXAIOTCA Ha 3T0
UUCIIO:

_I_.

s

= (ul, Ug ..s Up) + (vl, Ugy vee} Up) =
( vh uz + 02’ “-, Un + vn),

I ot

=

ku = k (uy; tgy o3 Un) = (Ruy; Bug; . kuy).



- - -
BeenieM HOBbIH 6a3uC, BEKTOPHI €, €, ..., €, KOTOPOTO BhIPaXKAIOTCH

-

yepe3 BEKTODHI €y, €, ..., €, CTaporo 6asuca mo QopmyJaam

-7

e, = al,e1 =+ amez i e,, Zaﬂ i
j=1

T. €.

—>, -> -> ->
e, = 116y + 0918, + o + Aniln,
—»I -> -> -
€y = Q1985 -+ pgly ~+ oo + Apoly,

(1

- - ->
’
e, = Q,,6; T Qy € + ... + Anney,.
Ilpu sToM Marpuua

au a21 vee afll
012 022 ese anz

)

Qin Qg o Qun

SIBJISIETCS] HEBBIPOXKIEHHOH (ee ompezenuTesb He paseH Hy.mo). Sra Mat-
pHUa HA3bIBACTCA mampuyeil nepexoda ot 6asuca el, e2, s €0 K 6asucy
el,ez, ...,e.

-
KoopauHathl iy, Uy, ..., U, BEKTOPA ¢ OTHOCHTENBHO CTaporo Gasuca
BEIPA3ATCA Yepe3 ero KOOPAWHATHI 4;°, Uy, ..., U, OTHOCHUTEJBHO HO-

Boro Gasuca no gopmyJsiaMm

U = Qi 4 Qplly + o + @i, = 2 U,

T. €.
Uy = @yt + @ty + .. +ay,u),
Up == Gogldy ~+ Qyglly + oo 4 Gyt
. @
lu,, = @l + @ty + ... +a,, U
Kosdduuuentsl B Gopmynax (3) cocTaB/IsOT MaTpHILY

an a12 cee am
A =| G212 .. Qon
N A @

anl anz XY ann

KoTopa#l, TaK Ke Kak YU MaTpuua (2), siBIfeTCs HEeBHIPOXKACHHOH. Mar-
puua (2) mosyyaerca M3 MaTpPUUBl A C MOMOUIBIO TPAHCIOHHPOBAHHS.
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Onepauuio TPAaHCIOHHPOBaHUs GyleM oGo3HayaTb 3HAKOM «T'»; Clelo-
BaTeJIbHO, MaTpuia (2) MoxeT GbiTh 0Go3HaueHa uepe3 AT.

1.3. Jluneitnoe otoGpaxenue. OToOparKeHHEe ¢ OQHOTO BEKTOP-
HOTO MPOCTPAHCTBA B IPYroe Ha3bIBACTCA AUHEUHbIM, €CIIH:

1) o6pa3oM cymmbl J11OGBIX ABYX BEKTOPOB fIBJfETCA CymMMa obpa-
30B 3THX BEKTOPOB:

PE+0) =9 +90@

‘HIH
- - , - —»I
(w+v) =u + 7,

2) obpasoM mpou3BeleHUs JIO60ro BeKTopa Ha J060e YHUCIO0 fB-
JsieTcsl pou3BejieHHe o0pas3a 3TOro BeKTOpa Ha 3TO YHMCJIO:

¢ (ku) = ko (1)
HIu

(ku) = ku'.

Ecnu nuuefiHoe oTo6paxeHHe B3aUMHO OIHO3HAYHO, TO OHO HAa3bl-
BaeTCsl U30MOPGHbIM.

JIlBa BEKTOPHBEIX IPOCTPAHCTBA HA3BIBAIOTCH U30MOPGHbIMU, €CIH
OJHO M3 HHX MOXHO OTOOpPAa3UTb Ha JPYyroe C MOMOIIbI H30MOpP(HOro
oTo0pakeHus.

s Toro uToGbl ABa BEKTOPHBIX IIPOCTPaHCTBA GbUIH H30OMODQHLL,
HE0GXOJMMO U JOCTATOYHO, YTOGH! UX Pa3MEPHOCTH ObLIH OLUHAKOBBHI.

PaccmoTpuM uacTHBIfI ciydail, KOTAa BEKTOpHOE npocTpaHcTBo Vi,

oroGpaxaetcsl 6 cebs. BribepeM B V, HeKoTOpHIl Gasuc e;, €y, ..., €n.
[Iyctb HekoTOpoOe JiMHe#HOe oTOOpakeHHe OTOOpakaeT NMPOK3BOJbHBIH
- -

BEKTOP U 3TOTO MPOCTPAHCTBA Ha BEKTOD 4’ 3TOTO Ke - TIPOCTPAHCTBA.
O6o3Haun _U4epe3 iy, Uy, vevy Un KOOp)LlHHaTbl BEKTOpa i OTHOCHTEIBHO
Gasuca el, e2, vee e,, » @ uepes Ui, toy ..., Uy (B oramume or 1. 2) —

KOOPIHMHATHl BEKTOpa % OTHOCHTeNbHO moz0 sice Gasuca. TorAa JHHE-
Hoe oToOpaxKeHue BblpasuTcsa (opMmyJsaaMHu BuIa

u; = bllul + b12u2 + oo + bln Un

u; = bglul + b22u2 + “ee + bmun 9, (1)
Wa = butty + oty + oo + banlty «
Marpuua
bll bl2 oo blﬂ.
-
b:ll bn2 oee bnn



cocrasiieHHas u3 Koshdumuentos dopmysa (1), HasbiBaerca mampuye

AUHELIH020 0MOBPAKCEHUs OTHOCHTENBbHO 6a3uca ey, €, ..., & .

Ecnu nuHeliHoe oToOpakeHHe BEKTODHOTO INpPOCTpaHcTBa B cebs
IBJIsleTCs] B3aMMHO OJHO3HAUHLIM, TO OHO Ha3bIBaeTcsl JIMHEHHEBIM npe-
06pa3osaruem 3TOTO MPOCTPAHCTBA U ABJAeTCH U30MOP(HEIM OTOOpaKe-
HUEM BEKTOPHOTO IPOCTPAHCTBA Ha cebs. Marpuua (2) B sToM ciyyae
6yleT HeBLIPOXKICHHOM.

- ->

=S

1 7 ’
Bekropsl ¢, €y, ..., €,, Ha KOTOpHIE COOTBeTCTBeHHO oroﬁpama-

IOTCSl NIpH JIHHelHOM npeoépaaosauuu BEKTOPHI el, ez, ..y €4 NAHHOTO
6a3uca TaKKe o6paayorT HeKoTophlit 6asuc. Ouu Bblpax(am'rcsi yepes

el, ez, . e,, opmynamu

-

- - -
’

e, = byey + bye, + ..o+ byen,
-, - - -

J e2 = b1281 + b2282 + .o + anen ’

e & v 4 4+ e s s e e e o+ »

-, - - ->
en = blne1 "I‘ b2nez + o+ bnnen 9

©)

K02DDHIMEHTHl KOTOPBIX COCTABJ/IAIOT MaTPHILy, [OJy4aeMylo H3 MaTpH-
bl (2) ¢ MOMOLIBIO TPAHCIOHHPOBAHHS:

by by «ov b
BT = by bn b2 . 4)
bl/z b2n b,m

- - - -,
O6paTHo, /151 J100bIX ABYX [aHHBIX Ga3HCOB €, €5, ..., €, U €,
»I >
€y, ..., €n CYILIECTBYET OJNHO M TOJBKO OJHO JIHHeHHOe mpeoGpasoBa-
— - -
uHue (1), orobpaxarouiee BEKTODHl €;, €y, ..., €, COOTBETCTBEHHO Ha
-, =, -,

BEKTOPBL €y, €9y ..., €p.

JIuHeliHoe oTOGpa)keHUe BEKTOPHOTO IPOCTPaHCTBA B ceba HHaue
Ha3bIBAETCS AUHELHbIM ONepamopon.

1.4. IoxnpocTpaHCTBA BEKTOPHOro mpocTpaHcTBa. [lodnpocmpan-
CMBOM BEKTOPHOTO IIPOCTPaHCTBA V), Ha3bIBaeTCst MHOMKECTBO BEKTOPOB
3TOr0 NIPOCTPAHCTBa, CaMO SBJISIOUICECS BEKTOPHBIM [POCTPAHCTBOM
OTHOCHTEJIbHO 3aflaHHBIX B V), omepamui#l C/oxXeHHS BEKTOPOB H yM-
HOXEHHS BEKTOpa Ha YHUCJIO.

IIpocTefiliuMH TMpUMEPaMH HOAMPOCTPAHCTB IIpOCTpaHcTBa V, 5B
JISTIOTCS MHOXKECTBO, COCTOSIIIlEe H3 OZHOTO HYJIEBOTO BeKTopa (pasmep:
HOCTb 3TOTO NOANPOCTPAaHCTBA CYUTAETCs PaBHOH HYJO), B €aMo npo
crpaHctBo V.
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- - -
Ecau BekTopwl uy, Uy, ..., 4, 06pa3yIOT JUHEHHO HE3aBHCHMYIO CH-
CTeMy, TO MHOXKECTBO BCEX BEKTOPOB BHIA

;2 = t]_—lzl + tg—[tz + “ee + t,l-z,,

rie 4, ty, ..., {, NIPUHUMAIOT BCEBO3MOXKHbE IEHCTBHUTE/bHBIE 3HAUe-
HUA, ABJAICTCS r-MEPHBIM MOANPOCTPAHCTBOM V, BEKTOPHOro mpocTpaH-

crBa V. Bekrophl 4, uz, ..., W, COCTABJSIIOT OAMH M3 Ga3HCOB 3TOTO
TMOAMPOCTPAHCTBA, KOTOPOE HA3bIBAETCS HAMAHYMobM Ha 3TH BEKTOPHI.

[TepeceueHye IBYX BEKTOPHEIX MOANPOCTPAHCTB TaKke SBJIAETCA
HEKOTOPBIM BEKTOPHBIM MOANPOCTPAHCTBOM.

§ 2. AKCHOMbI A®PHHHOTO NMPOCTPAHCTBA

2.1. Onpepenende adduuHHoro mnpocrpaHcTBa. IlycTh HaHO He-
KOTOpOe MHOXECTBO, 3J€MEHTHI KOTOPOro MBI 6YAeM HasblBaTh mouKamu
i o603HayaTh GOJNBUIMMH JaTHHCKMMH GykBamu: A, B, ..., M, N,

ITyctp Takxke [aHO HEKOTOpoe NEHCTBHTENBLHOE f-MEpPHOE BEKTOp-
HOE IPOCTPaHCTBO V.

Bynem cuutath, uto JtoGbIM ABYM TOuKaM M u N, B3fiTHIM B oIpe-
IeeHHOM TMOpsiKe, MOCTaBJeH B COOTBETCTBHE OIUH M TOJbKO ONMH

BEeKTOp « mpocrpaHcTBa V.
BekTop, COOTBeTCTBYIOMIKI ymopsifoueHHOH mape Touek M u N,
—

o6o3Hayaercsi yepe3s MN; B 3TOM ciyuyae roBOpfT, yTo Toyka N mosy-

-
yaeTcst MpH omKAa0bi6aHUY BEKTOpa Y OT TOYKH M.

OIHH M TOT Ke BEKTOP MOXKET COOTBETCTBOBATb Pa3jIMYHLIM Mapam
TOYeK. 3alHuch

iV —RL ~Fo=7

— —_— —_— -
osHauyaeT,yto MN, KL, PQ u u SBJSIOTCA OJHHM M TEM XK€ BEKTO-
poMm mpocrpaHctBa V.

Henycroe MHOMXECTBO TOUEK HA3LIBAETCS M-MePHbLM Oeticmeumens-
HbIM QPPUHHBIM RPOCMPAHCMBOM, €CJIH YKa3aHHOE COOTBETCTBHE MEXIY
YIOPSIIOYEHHEIME NapaMH TOYEK 3TOT0 MHOXKECTBA W BEKTOPaMH IIpo-
crpaHcTBa V, ynOBIeTBOpAET CAEAYIOUWMM aKCHOMAaM.

IV. Axcuomor oTkradbi8aRUA BeKTOPA

Axcuowma IV,. [Ona moboii Toukn M u mo6oro BeKTopa u
CYLIeCTBYeT OJHA U TOJbKO OfHA TouKa N Takas, uTo MN =

Axcuowma IV, [Ins mobuix Tpex Touek M, N u K HMeer
MECTO COOTHOILEHHE
—_— — —_—

MN 4+ NK = MK.



N L Bynem o6Go3HauaTh  n-MepHOe
»" JedcTBUTeNbHOE  adduHHOE  IIpo-
cTpaHcTBo yepe3 A, . ITpocTpaHCTBO
V.., BEKTOpPBI KOTOPOTO COIIOCTABJIS-
IOTCSl mapaM Touek u3 A,, HasoBeM
M K C8AA3AHHBIM C IPOCTPAHCTBOM A .
Puc. 1 Touku adpuHHOTO MPOCTPaHCTBA
U BEKTOPHl CBSI3aHHOTO C HUM Bek-
TOPHOTO IIPOCTPAHCTBA MOT'YT HMETh
camyio pasiuuHyilo npupony. Tpebyercss gumb, uToOH Omnepanuu
CJI0XKEHHS] BEKTOPOB, YMHOXEHHS BEKTOpPa HAa YHCJO M OTKJALbIBaHHUS
BekTOpa o0najzajy CBOHCTBAMM, NEPEYUCJEHHBIMH B cQOPMYJHPOBAH-
HuIX Bhile akcuoMax I, II, III, IV rpynm.
Ara cucteMa aKCHOM ObliIa NPENJIOKEHA H3BECTHHIM HEMELIKUM Marte-
MaTHKOM I'epmarnom Beiirem u HasbiBaeTcs cHCTeMO# akcHoM Beitsisi.
JlokasaTesnbcTBa cBOHCTB ahhUHHOTO MPOCTPAHCTBA MBI GyJIeM Ipo-
BOJHTb HAa OCHOBAaHHM TOJBKO 3THX akcuoM. CJIEICTBHSI M3 aKCHOM
BEKTOPHOTO NPOCTPAHCTBA, JOKa3aHHble B Kypce ajre6pbl, GYAyT HC-
N0JIb30BaThCA HaMM B TOTOBOM BuJE; HauboJjiee BaKHble U3 HHUX ObUIH
npusefieHsl B § 1. KpoMe Touek u BeKTOpoOB, B aKCHOMax yNOMHHa-
I0TCA ellle M JeHCTBHTEJbHBIE YHC/IA; MX CBOICTBA CUMTAIOTCS H3BECT-
HBEIMH M3 Kypca cpelHeH IIKOJIBL.
IlpuBenem npuMep NOKas3aTeJbCTBA TEOPEMBI C MOMOLIBIO IEpeyH-
CJIEHHBIX BHILIE AKCHOM.

—_—

Teopema. Ecu ATFV:RZ, TO 1\7Z=MK.

—_— = —>

HoxasateabctBo. Ilo akcuome IV, MN 4+ NK= MK,
Tak kak MN = KL, to KL + NK = MK, Ho no akcuomam I; u IV,

—_— —_— —_— —_— —_
NK + KL = NL, cinepoBarenbio, NL = MK (puc. 1).

2.2. AddunHOEe NPOCTPAHCTBO W JeMeHTapHas reoMerpusi. JIerko
BHIETb, YTO BCE aKCHOMBl Beins nss TpexmepHoro ag¢duHHOro mpo-
CTpaHCTBa Aj BHINOJHAIOTCA M B 3JEMEHTapHOH reoMeTpHH (HO fBJfA-
IOTC TaM TeopeMaMmH). B 3TOM ciyyae BEKTODHEIM IIPOCTPaHCTBOM,
CBsI3aHHBIM C addHHHBIM [IPOCTPAHCTBOM, SfBJISETCS MHOXKECTBO BCex
cBoGOIHEIX BeKTOpoB. CliefoBaTesNbHO, IIPOCTPAHCTBO, H3yyaeMoe B
cpelHel mKoJe, 06JIajlaeT BCeMH CBOHCTBaMH a(@UHHOTO NPOCTPAHCTBA.
Opnako oHO Goraue ad¢UHHOrO HPOCTPAHCTBA IO CBOUM CBOHCTBaM.
Hanpuwmep, B adpduHHOM NPOCTPAHCTBE HE ONpeJeseHbl TaKHe BaKHbE
MOHATHSA 3JIEeMEHTAapHOH reoMeTpHM, KakK «LJHHA OTpe3Ka», «BeJHUYHHa
yrJa», «mjolanb QUIype» U T. I.

DneMeHTapHash TeOMETPHUA HasblBaeTC TaKxkKe eBKJIMIOBOH, 0
HMEHH 3aMeyaTeJbHOIO IpeyecKOro MareMaTukKa EBKiauAa, IaBILero
B III Beke no Hamielt spbl nepBoe CHCTEMaTHUECKOE U3JIOXKeHUe 3Tol
TeOMETPHH.

OpHo#l U3 HawWuX nejel ABiaseTcsa o6o6LUIeHNe NOHATHSA €BK/IHL0BOH
reOMeTpPHH IyTeM BBEJEHUs NOHATHA MHOTOMEPHOTO €BKJHIOBa Ipo-
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CTPAHCTBA H aKCHOMAaTHYeCKOe MOCTPOEHHE €BKJIMAOBOH I€OMETPHH /A
NPOCTPaHCTB JI0G0H pasMepHOCTH. B kauecTBe mepBOro mara Mbl Ha-
Yany ¢ mocTpoeHHs addUHHOrO NpoCTpaHCTBa, OO/ajaloliero JHIIb
YacThIO CBOMCTB €BKJ/IMAOBa IIPOCTPAHCTBA. B I1UKOJBHOM Kypce reo-
METPHH TeoMeTpHYecKHe o6pasbl paccMaTpUBAIOTCA KaK MHOXKECTBa
TOYEK; TMOHATHE BEKTOPA NOABJAAETCA TaM II03XKe, YeM HOHATHE TOYKH.
Tak Kak MBI y:Ke 3HaKOMBI U3 Kypca a/jre6pel ¢ NOHATHEM BEKTOPHOTIO
NPOCTPAHCTBA M €ro CBOACTBaMH, TO YyIoOHee Hu36paTh HHOH NyTh,
BBeJA MOHATHE TOYKH INOC/JE IOHATHA BEKTOpa.

YnpaxHeHHUS

C nomouipio akcuom I, II, III, IV rpymnnm pokaxure cienyomiye
TEOPEMBI:

1. Bektop MM sBasercs HYJIEBBLIM: MM= 0.
— — —
2. Bekrop NM sBJjsieTcs IPOTHBOMOMNOXKHEIM BeKTopy MN: NM =

—>
= —MN.

3. HpH OTKJIaABIBAHHH OJHOTO M TOIO K€ BEKTOpPa OT Pas/IHYHBIX
TOYEK IIOJIY‘-IaIOTCﬂ TaK}Ke pasﬂuqule TO‘{KI/I.

4. Ecnu OM' = kOM " ON’—kON TO M (N = kMN
5. Ecau MOMI— ul, M1M2 = ug, ey M,_lM u,, TO

MOM,=u1+u2+...+u.
§ 3. AbODMHHAS CUCTEMA KOOPJAMHAT

3.1. KoopuuHatbi Touku. Penepon B apduunOM mpocrpaHcTse A,
Ha3hBAETCSI COBOKYNMHOCTb HEKOTOPOH TOYKH STOrO MNPOCTPAHCTBA H
KaKoro-HuOyap 6asuca BEKTODHOTO IpOCTpaHCTBa V., KOTOpoe CBsi-
3aHO C IpOCTpaHCTBOM A, .

-> - -
Bribepem ompenesenswit penep O, e, €5, ..., €,, COCTOSIIUA H3

toukd O u Gasuca ey, €, ..., €, . HasoBeM ero xkoopdunamuoim penepom
WK agpunroll cucmemoti koopOuram, Touky O — HauaroM KOOpPOUHAM,
- - -

BEKTODHI €5, €y, ..., €, — KOOpOUHaAmHbLMU 6eKmopasu. BBereM NoHSA-
THe KOOPAMHAT OTHOCHTENbHO 3TOM CHCTEMBbI KakK JJIs TOYEeK NpOCTpaH-
ctBa A, , TaKk W AJIs BEKTOPOB IpocTpaHcrsa V.

Koopduramamu npoH3BOJBHOTO 6eKmopa HA3HIBAIOTCS €ro KOOpAH-

- -
HaThbl OTHOCHTEJIbHO 6asuca e, €y, ..., €, . Koopdunamamu npoUsBOJib-
—_—

HO# mouxu M HasbBalOTCA KOOpAMHATHI BekTopa OM, HaspBaeMOro
paduyc-éexmopon Touku M. Takum o6Gpasom, ecau Touka M umeer
KOODAHMHATLL X1, Xg, ...y Xn, TO

O_Xll = xlzl + xggz + ...+ x,,ej,,
4TO COKPALIEHHO 3aNHChIBaeTCsl TaK:
M (x1; X35 «.e; Xa)-
11



—
BcenencrBue enuHCTBEHHOCTH passioxeHus Bektropa OM mo 6asucy
€1, €3y .oy €y (1.2) KOOpAMHATEI TOUKH M oOmpenensioTCs ONHO3HAUHO
———3
Teopema. Koopaunatel Bektopa MN paBHB pasHOCTSIM COOT-
BETCTBYIOWMX KOOpAUHAT ToueK N u M.
JokasaTteabcTBO. IMyete M (%15 X35 ooy Xp) B
—_— —_ —_—
N (y; ¥95 o3 Yn). Tlo akcuome IV, ON = OM + MN, otkypa cie-
LyeT, 4To
—_ — —>
MN = ON — OM = (y; — X5 Yo — X3} <o} Yn— Xu ).
3.2. Ilepexox k HOBOil cucreme KooppuHar. Paccmorpum nBe ag-
¢duHHbIe cHCTeMBl KoopjauHar: cucreMy O, e, €, ..., €,, KOTOPYH

o -, -, -,
Syznem Ha3bIBATH CTApoOM, H  CHCTEMY 0,e, e, ..., e, KOTODYH
Ha30BeM HOBOii.

HoBble KoOpAHHATHBEIE BEKTOPH! BhIpaXaloTCsl yepes crapuie gopmy-
aamu (1) us 1.2:

-y - - - n -
e; = aye; + gy + ... + Ayn =2ai,e;. (1)
=1

Kospduuuentst B 3TuX QopMynax sBAAIOTCA KOOPAHMHATAMH HOBBHIX
KOOPJAHHATHLIX BEKTOPOB OTHOCHTE/BbHO CTapoOH CHCTEMBI KOOPAHHAT!

>,
ej = (ayi Qgj 3 +ov} Anj).
ITycTb JaHbl M KOOPJHHATHl HOBOTO HAyaJa OTHOCHTEIBbHO CTapoii
CHCTEMbI KOOpIAUHAT:

0" (ay; ag ...; @),
T. €.
—> - - - n -
OO = alel + 0262 + e _I" ap ey, = Zaiel. (2)

i=l1
Teopema. Eciu KoopAuHATHBIE BEKTOpPHl H HauaJo HOBOH ad
(GMHHOM cucTeMBl KOOpAMHAT ompenensiiorcsi gopmysaamu (1) u (2), o
KOOPJHHATEL X{, X5, ..., X, IPOU3BOJbHOA TOuKH M B crapoi a(bcbﬁn-

HOM cHCTeMe KOOpIHHAT BBIPAXKAIOTCS yepe3 ee KOOPAHHATHI X, Xg,..,,
! o
... X, B HOBOI CHCTeMe nO GOpMysaM

n
Xi= Eaiixi +a,i=12 ..,n &)
=1
7 ’ !
X1 = auXi T+ GaXo T e T Qinkn T a4,
’ ’ ’
x2 = a21xI + a22x2 + oo + QonXn + a?’

G e e
Xn = QX1 + Qn2Xo + oo + QunXn + Qnpy
12



NpH YCJIOBUHH
au 012 e (11,,
(121 022 oo a2n # 0. (4)

s e s e e o

Qn1 Qng +e. Qan

JJokKasaTeabCT B O.
Pannyc-BekTopel Toukn M B
cTapofl H HOBOH CHCTeMax Koop-
IMHAT pPaBHBl COOTBETCTBEHHO

OM = 2 xtzl (5) Puc. 2
i=1

oM = 21 X (6)
j=
U3 (6) u (1) crenyer, uro
n n n n
oM = 21 x;. Za,.j e | = 21 IZIaii x;. e (7N
= 1= = =
Ilo axkcuome IV, umeem (cM. puc. 2)

OM = 00" + O'M.

INoxncraBuB crona BeipaxeHud us (9), (2) u (7), nomyuum:

n n n
- -
!
Exiei=2 ai—l-Zau-xj €

i=l

BenencrBue eMHCTREHHOCTH pasJ/IoKEeHHs BEKTOpa IO JaHHOMY
6asucy Ko3(UIHUEHTH NPH OJMHAKOBEIX BEKTOpax B JieBOH H NpaBoH
4acTAX PaBHBl H, CJELOBATeJNbHO, CHpaBefIuBHl (opmyJe (3).

Tak kak MaTpuna

Q11 Q2 oo Qin
Qo1 Qgg «.. Qon

e« o o e e o

Qnt Qno oo Opy

B CUJIy CKa3aHHOTO B 1.2 fB/IS€TCSA HEBBIPOXKIEHHOH, TO HMEET MECTO
u yciaoBue (4).

@opmynbr (3) Ml GyneM HasbiBaTh opmyramu npeobpasosarus
Koopdurnam mouky. KoopAHHATHl IPOH3BOJIBHOTO BEKTOPA OTHOCHTE/b-
HO cTapoi apduHHOH cuCTeMbl KOOpJAHMHAT BBHIDAXKAIOTCA HYepes ero
HOBHE KOOpIHHATH (opmystamu (3) us 1.2; GyneMm HaswlBaTh MX ¢hop-
MYyraMU RPEOOPA30BAHUA KOOPOUHAM 8eKMOopa.

13



IMpuwmep. Ilyers B abdunHOM mpocTpaHcTBe A, 3ajaHa TOYKa
0" (4, —5; 0; —6),
a B CBSA3aHHOM C HHM BEKTOPHOM IPOCTpaHCTBe V, — BEKTOpHI

“*>

er= (7, 5; 3; 1),
e = (6; —4; 2; 0),
es = (—1; 15 0; 0),
=(3; —2; 0; 0).
Tak kak
7 6 —1 3
5 —4 1 —2| =—25£0,
3 2 0 0
1 0 0 0

TO AAaHHBIC BEKTOPHI 06p33YK)T JINHEHHO HE3aBHCUMYIO CUCTEMY U BMeEC-

Te ¢ Toukoit 0’ cocraBasior penep. [Ipumem 3TOT pemep 3a KoopJauHAT-
HBIH.

Hanumem dopmysisl npeo6pasoBaHust KOOPAHHAT TOUEK. ¥ YUTEIBAf,

-

’ ’

4TO KO3hOhHUHEHTAMH IIPH X; SBMASIOTCA KOOPAHHATHL BEKTOpa e ,
-

’ ’
Ko3bdULUHEHTaMH TNIPH X3 — KOODNUHATHL BEKTOpa €2 U T. A., a CBO-
GOIHBIMH YJE€HAMH — KOOPAMHAThI TOYKH O° OTHOCHTEJbHO CTapoil cu-
cTeMbl KOODJMHAT, MOJYYHM CIEAYIOUYI0 CHCTEMY YpaBHEHHH:

x1=7x;—l—6x;—x§—l—3x;+4,

Xy = Bx; — 4xg + x3 — 2%, — 5,
= 3%, + 2%,

Xy = x, — 6.

Crapble KOOpAMHATHl BEKTOpa BEHIpAa3sATCs Yepe3 HOBhe MO (opMy-
Jam

u1 = 7u1 + 6u2 — ua + 3u4,
= 5u1 — 4U2 + us — 2“49

Us = 3?1 + 2uy,
Ug = Uj.

YnpaxHeHnus
1. ®opmysel npeoGpa3oBaHUsl KOOPAHHAT TOYKH HMEIOT BHJ

x1=x;+2,,
x2=x2 xs,
X3=x2—l-x3,
X4=X4—l

14



a) IIposepbTe BHIMOJHEHUE YCIOBHA (4).

6) Hafinute HOBHle KOOpAMHATHI TOYKH, HMEIOMEH CTaphie KOOp-
muHatel (05 2; —4; 1).

B) VMetoTcsl it TOYKH, Y KOTOPHIX HOBBIE KOOPAHHATHI OJMHAKOBEI
CO CTaphLIMH?

r) 3anuuute GopMyJEl, BBIpa)aiouye HOBHE KOODIAHHATH MPOHU3-
BOJIbHOH TOYKH yepe3 CTaphle.

1) 3anuumute GopMYJibl, BEIpaXKalolUi¥e CTaphle KOOPAMHATH NPOU3-
BOJILHOTO BEKTOpa yepe3 HOBBHIE.

2. 3anumute ¢opMynabl MpeoOpasoBAHUS KOOPAHUHAT TOUYEK, €CIH
JaHBEl KOOpJIMHATHI HOBOTO Hayasa ¥ KOODJAUHATHl HOBBIX KOODJAMHATHBIX
BEKTOPOB OTHOCHTEJIbHO CTapoH CHCTeMb! KOODIHHAT:

a) 0" (5; —3; 0),

>, 5 >
= (=110, e=(205, ea=(04]I);
6) 0' (4; 0; 0; —1),
> K
e, = (1; 0; —1; 0), es = (0; 2; 0; 0),

- -
1 ’

es = (1, 0; 0; 0), es = (0; 1; 0; 1).

3. 3anumurte GopmyJinl npeo6pasoBaHUs KOOPAHHAT TOYEK U BeK-
TOPOB, €CJIH:

a) KOOpAHHATHBIE BEKTOPH! OCTAIOTCS MPEXKHHMH, a2 HOBBIM HauajoM
KoopuHatT siBisieTca Touka O (2; 0; —2; 0; 1);

0) Hayano0 KOOPAMHAT OCTAeTcsl IIPEXKHHM, a HOBble KOOpJHHATHBIE
BEKTOPHl BLHIpaXKalOTCA yepe3 craphle no ¢opmynaaM

[-bl - -
¢ =+ e
-, -

62 = —-64,
-, -

+ €y = €3
-, _ -

84 el _ez,
-, _—> -
e, =e, —e;.

4. B npocrpaHcTBe A, NaHH NATH TOYEK:

Co, (1;0;0; 2), G, (0; 1; 2;0), Cy(2;0;0;2), Cs(0; 2; 1 0),
C,(2;0;0; 1).

3anumyre GOpMYJBl Mpeo6pa3oBaHUs KOOPAMHAT TOYEK, MPUHSB

—_— —_— —
Touky C, 3a HOBoe Hayajio Koopauhar, a BekTopel CoCy, CoC,, CoCs,
—

C,C, — 32 HOBble KOOpLUHATHHIE BEKTOPHL.

5. Mo:xHO JIM paccMaTpUBaTh HIKeC/TIeLylomue paBeHCTBa Kak ¢op-
MyJbl peo6pasoBaHus KoopAuHAT Touek? Ecsu na, To Hafinure Koop-
JIMHATH HOBOTO Hayasla U HOBBIX KOOPIHHATHBIX BEKTOPCB OTHOCHTEIBHO
cTapodl cHCTeMbl KOODIHHAT.
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a) (% =% + 2wo—x3— 1, 0) x1=x4+3
! 17 ’

x2=2),61 + X3 + X3, x2=x3—l-x4.

X3 = x — 32+ 1; x3=x2—x1,

Xy = X1 — Xg;
B) x1=x1 —l—x2+x3,

Xg = X 2—)63-—-1
x3=x3+2
x4=x4—x3—l

X5 =x5—'-x/—|—x3.
§ 4. r-MEPHBIE I1JIOCKOCTH

4.1. Onpepenenne maockoctd. Ilycte A — Kakas-HUGYIb TOuKa
addurnoro mpocrpancrea A,, a V, — HeKoTopoe NOANPOCTPAHCTBO
BEKTOPHOTO mpocTpaHcTsa V,, cBA3aHHOrO ¢ A,.

MHOKeCTBO TOUEK, MOJyYaeMBIX NPU OTKJIaNLIBAHHU OT TOUKH A
BCEX BEKTOPOB NMOANPOCTPAHCTBA V,, HA3EIBAETCA r-MepHOL NAOCKOCTbIO,
HaTAHyTO# Ha TOuKy A ¥ mopmpocrpaHcrso V,.

O603HaguM 3Ty r-MepHYIO IUIOCKOCTh 4epe3 P,. [loxmpocrpaHcTBO
V, HasweBaeTcsl Hanpagasiouum noonpocmpancmeom nis P,; 0HO Mo-
JKeT GHITh 33J]aH0 KaKUM-HHOYNb U3 cBoux GasucoB (I.4). Eciu ator

- - -
6a3uC COCTOMT U3 BEKTOPOB Uy, Uy ..., U, TO GYIeM TOBOPUTb, UTO

- -
IVIOCKOCTb P, HaTSIHyTa Ha TOUKY A M BEKTODHI Uy, Uy, ...y U, ITY
IUVIOCKOCTh MOKHO OINpele/UThb KaK MHOXKECTBO TaKHX TodeK M, uTo

— - - -

AM = tu, + tu, + ...+ tu, (1
rie kxoabdbuuueHTH y, fy, ..., {, TPHHUMAIOT HE3aBHCUMO JAPYT OT
Ipyra BCEBO3MOXHbIE NeHCTBUTEJbHbIE 3HAUYEHHS.

Ecmu r = 0, To V, cocTouT TOMBKO M3 HYJNEBOro BekTopa, a P, —
TOJNIBKO H3 TOYKH A. I'Ioaromy JIIOGYI0 TOYKY MOKHO paccmannBaTb
KaK HYJb-MEPHYIO MJIOCKOCTb.

OnHomepHasi IJIOCKOCTb Ha3bIBaeTCsl NPSMOH JIMHHEH HJM IIPOCTO
npamoi, (n — 1)-MepHas IJIOCKOCTb HAa3bLIBAETCS 2UNepPrAOCKOCHIbIO,
n-MepHas NJIOCKOCTb COBIANAeT CO BCEM NPOCTPaHCTBOM A, .

[Ipumep. Oua n =3, T. e. 1na npoctpancTBa Ag, 3TH NOHS-

THA YK€ 3HaKOMbl M3 IIKOJIb-
P, HOTO KypCa TeOMETpHH.
M IMpu r =1 noayuaem opn-
HOMEPHYIO IJIOCKOCTb Py, T. €

tu, npsimyto (puc. 3); ypaBHeHHe
~ (1) npunuMaeT TOrza BHUL
U, — -
A AM = tlul-
Puc. 3 Ilpu r = 2 monyyaem IABY-
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tzl—fg . : M Pr
Puc. 4 Puc. 5

MEPHYIO IUIOCKOCTb P,, SIBJSIONULYIOCS THNEPMJIOCKOCTbIO MPOCTPAHCT-
Ba A, (B LIKOJIE OHAa Ha3bIBaeTCsA MPOCTO IJIOCKOCTbIO). B aToM ciyyae
(puc. 4)

m = tl.;tl + tz-l;z.

4.2. Tlnockoctb Kak addunHoe npocTpaHcTBo. JloKaxkeM, YTO POJb
TOuKH A B OMNpejeseHHH IJIOCKOCTH MOXeT Mrparth M Jobas apyras
TOYKa 3TOH IIOCKOCTH.

Teopewma 1. Ecin miockocts P, HatsiHyTa Ha TOuKy A u mnox-
npocrpascTso V,, To OHa fBJIfeTCS HATAHYTOH HA 3TO NMOAMPOCTPAHCT-
BO U JIOOYIO IPYTyIO CBOIO TOYKY B.

IHokasaTeabcrtBo. O6o3HaunM uyepe3 Q, MIOCKOCTb, HATS-
nyryo Ha B u V.. Tpebyerca nokasaTb, YTO MJIOCKOCTH 100, u Q, cos-
najailoT, T. €. YTO BCfKas TOYKa, MpHHajJexallas ONHOH IUIOCKOCTH,
NPHHAJVIEKHT TaKkKe U JIpYyrod.

[ycte M € P,, _Torza @Z € VL, Tax_._riax B_&P,, To u AB€E V,.
[To akcuome IV, BM = BA + AM = AM — AB (puc. 5), creno-
BaTesTbHO, Takke U BM € V., 1.e. M € Q,. Bepno u o6patnoe. Ilycts
M € Q,, Torza BM €V, Tak xaKk u AB ¢ V,, To AM = A—F—I—
+BMEV, 1. e. MEP,

Teopewma 2. Bcsikag r-MepHast IJIOCKOCTDb SIBJISIETCS 7-MEPHBIM
appvHHEIM TPOCTPAHCTBOM.

IHokasateabcTBO. Ilyctb P, — IJIOCKOCTb, HAaTAHYTas
B A, Ha Touky A u noxnpocrpancrso V,. BriGepem B P, 1Be npoH3BOJIb-
—_—

uele Toukn M u N. Torza AM €V, AN ¢V, u, caenosaTenbHo,
MN = AN — AM € V,.
Takum o6pasoM, KaxuoH ynopsmoueHHoH mape Touek M, N mJjo-

—

cKoctH P, cooTBeTcTByeT ompeneneHHblii Bektop MN ee Hanpasasio-
mero noampocrpaHctBa V,. M3 ompepnesenus r-MepHOH IIOCKOCTH H
TeopeMbl 1 cienyer, uto gis P, BhinoJHsieTcss akcuoma IV,. Akcroma
IV,, aBassach crmpaBefnuBOf 1Js1 JIOOBIX TOYeK mpocTpaHcTBa A,
BLINOJIHACTCS, B YAaCTHOCTH, U AJd TOuek mjockoctu P,. Crenosarelb-
HO, IUIOCKOCTb P, — r-mepHOe ad¢dHHHOE MPOCTPAHCTBO, AJIS KOTOPOTO
V, ABJseTCS CBSA3aHHBIM C HUM BEKTOPHBIM HPOCTPaHCTBOM.
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C 4.3. JluHeiliHO He3aBUCHMbIE TOUKH.

3 Bynem roBoputh, 4to 7 4 1 TOUEK 44

HeliHO He3a8uUCUMbl WJIH YTO OHM COCTaB-

JISIIOT ~ AUHELHO HE3ABUCUMYI0  CUCMEMY

mouex, eclli STH TOYKH He MpHHALJIe-

KaT HHKako# (r—1)-MepHOH MJOCKOCTH.

C2 [MIpumepsn. Tpu TOUKH, HE NpH-

HajJlexamue OFHOH NpSIMOM, JIHHEHHO
HeSaBHCHMBL

YeTbipe TOYKH, HE NMpPHHAJJIEXKAIIHe

Co OHO! [IBYMEDHOH IJIOCKOCTH, JIHHEHHO
He3aBHCHMBL

B npoctpaHcTBe A3 HHMKaKHe MATh

C, TOYEK He MOT'YT OKa3aThCsl JIHHEHHO He-
3aBHCHMBIMH.

Puc. 6 Teopewma 1. Touku G, Cy, ...,C,
JIMHEiHO HEe3aBHCHMbI TOTA3 H TOJBKO

—_— —_— -_— o
Torpa, xoraa BeKTophl CoC;, CyCy, ..., CoC, NHHEHHO HE3aBHCHMEL

—_— — —
HDokasateabcTtBo. Ecau sektopst CoCy, CoCy ..., CoC, nuHeiiHO
He3aBHCHMBI, TO H TOUKH Cy, Cy, ..., C, AuHelHO-He3aBUCHMEI (PHC. 6). JlelicTBUTeNbHO,
ecsiy Gbl 3TH TOYKH NPHHALIEKAIM KaKOA-HHOYIb MJIOCKOCTH P,_;, TO HanpasJsioliee
MOANPOCTPAHCTEO V,_1 3TOlt mWIOCKOCTH CONepKaso Gbl 7 JIHHEHHO HEe3aBHCHMEIX BeK-
—

topoB CyCy, CoCs, ..., CyC,, uto mo axcuoMme II1, HeBO3MOKHO.
Bepro u oGpatnoe: ecnu Touku Cy, Ci, ..., C, JHHEHHO He3aBHCHMBHI, TO H

- —_— —_—
sektopel  CoCy, CoCy, ..., CyC, nuHeHHO He3aBHCHMBL. Ecian Gbl 5TH BEKTODH OKa-
3aJuCh JIMHEHHO 3aBHCHMbIMH, TO OHH NpHHALJIeXaJu Obl HEKOTOPOMY MOANPOCT-
pauctBy V,_;, a Touku Cy, Cy, ..., C, nexann Gbl B (r — 1)-MepHO# mIoCKOCTH, Ha-
TayTol Ha Cy 1 V,_;, H, cllefoBaTelIbHO, He MOIJIH Gbl GbITh JIHHEHHO He3aBHCHMBIMHU.
Teopema 2. KakoBel 66l HH GObiM r -+ 1 JHMHEHHO HE3aBHCHMBIX TOYEK

Cy, Cy, ..., C,, cylLiecTBYeT OIHA H TOJbKO OIHA r-MepHAas MJOCKOCTb, COAepKallast
3TH TOYKH.

— —_— —_—

HJokasaTteabcTBo. Bekropp CyC;, Cy¢Cs, ..., CoC, 0b6pasyior Gasuc
HeKOoTOporo noAnpocrpancrea V,; naockocts P,, naranyras Ha Cyu V,, sBasercs uc-
KOMOH.

JlokaxeM eJHHCTBEHHOCTb HCKOMOH myockocTd. ITycTh HekoTopas miockocTb Q,
HaTSIHYTast Ha TOYKY B H r-MepHOe MOAMPOCTPAHCTBO, COAePKHUT TouKH Cy, Cy, ..., C,.

—_— —
Torga sTo moxmpocTpalcTBO cofepHT BekTOphl CoCy, CoCs, ..., CoC, H, cnefoBa-
TeJIbHO, COBNajaeT ¢ V,, a mIocKocTb Q,, fBAAACH HATAHYTON He TOJbKO Ha B
uV,, von wa Cy u V., coBnanaer c P,.

ITpuwmep. Yepes mobeie TPH TOYKH, HE JieKAIlHe HA ONHOH MpPSMOH, MpOXo-
JUT OfHA M TOJBKO ONlHA JBYMEpHAad MJOCKOCTb.

4.4. BsaumHoe pacnoJioxeHue ABYX ILIocKocTeif. [IBe mnsockoctu
HA3BIBAIOTCSH NEPECeKAOU{UMUCS, €CTIH OHU HMEIOT XOTS Obl ONHY OOLLyIO
TOUKY.

Teopema 1. Ecnu iBe mIockocTH nepeceKkarorcs, To UX nepece-
YyeHMe eCThb IVIOCKOCTb, HampasJsioliee MOANPOCTPAHCIBO KOTOPOH fB-

JseTcAd  IepeceyeHHEeM  HANpPABJAIOMUX  MOANPOCTPAHCTB  3THUX
IJIOCKOCTEH.

IloxasarteabcTBo. Paccmorpum B mpocrpaHctse A, nBe
TIUIOCKOCTH: IJIOCKOCTh P,, HaTAHYTYIO Ha TOYKY A ¥ NMOATPOCTPAHCTBO
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V,, u mwiockocts Q,, HaTsiHy- T
TyI0 Ha TOYKy B u moxmpocr- Pr P
pascrBo W, (puc. 7).

IlycTh 3TH MJIOCKOCTH MMe-
10T 06myto Touky C: CEP, N Q.
O6osnaunm uepes U, mepece-
4eHHe r[O}IHpOCTpaHCTB V., u
W, U—VnWs,aqepesT -
0603HATHM TIOCKOCTb, HATS- / C B
Hytyio Ha Cu U, ,lloxax(eM,
uro T, = P, 1 Qs Pﬂc 7

Eciu xakas-HuGynb TouKa M €T T0 CM ¢ U, ®wo U,

=V, N W, crerosarenbHo, CM € V " CM € W,. 910 o3Hauaer,
‘{TOM €P,uMecQ, 1.e.utoM € P, Q..

BepHo " o6paTHoe Eciu M € P, n Q,, TO M €P,uME€Q,
OTKyIla cM €V, n cM € W,. CnenosarenbHo, cM €U, =V,.N
n w, e M'e T,.

llBe IJIOCKOCTH HasbiBaoTCs napaanenbHsimyu, €cIM Hanpablsio-
liee NOANPOCTPAHCTBO OJHOH M3 HHUX MPHHAIJIEXKUT HANPABJASIOMEMY
MOANIPOCTPAHCTBY IPYTroOH.

Ecnu 1Be miockocTd He mapasjieNbHbl M He IepeceKaiorcd, To
OHH Ha3bIBAIOTCH CKPeWUBAIOUUMUCA.

as

Teopewma 2 Ecau 1Be IIOCKOCTH MapasjiesbHBEl M Iepeceka-
I0TCS1, TO OIHA W3 HUX MPHHAJLJIEXKUT APYroH.

IokasaTenbcTBO. [IpuMeHHM Te Xe 0O0O3HAYEHHs, UTO
¥ TIPH JI0Ka3aTesbCTBe TeopeMsl 1. 17151 onpeneeHHOCTH NPEeAIIONIoKUM,
yTo r < S; TOrha mo onpeneteHdio mapannenbHocty V, < W, o-
KaxeM, 4t0 P, = Q,, T. e. uro JioGasi Touka M mjockoctd P, mpu-
HalJIeXXHUT Takke u Q.

[Mycte C — o6uiast Touka miaockocret P, u Qn ectu M € P,

—_— —
0o CM €V, Tak xak V, < W,, to CM € W, u, crenoBaresibHo,
M €Q,.

IIpumep. B NPOCTPAHCTBE Ag BO3MOXHBI CHELYIOIHME Caydau
B3aMMHOTO PaCroIOKEHHsI npsiMol P; U iocKocTH Q:

1) P; u Q, napaienbHbl U He UMEIOT 06X Touek (puc. 8). Panbiue
B LIKOJBHBIX YYeOHHKAaX MMEHHO TaKue mpsMas H IVIOCKOCTh HashblBa-
JIUCh TapaJjiiebHBIMHU.

2) P; 4 Q, napanjienbHsl U uMeloT obmue Touku. Toraa P; < Q,
(puc. 9).

- -
B Kax1oM U3 3THX ABYX caydaeB V; — W,. BekTopsl v; u v, 6asuca

noxnpocrpanctea W, MOXHO BHIOpaTh TaK, UTO BeKTOp v; OyAeT siB-
JATbCA 6a3UCHBIM BEKTOPOM U s V.
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u;
-— B
7 e
A V=@
Puc. 8
v Q:

— Q;

Puc. 10

3) P; u Q, He napasiesnbHbl
(puc. 10). Torna oHHM umeroT
€[MHCTBEHHYIO OOLLYI0 TOYKY
(ymp. 2r K § 4).

Takum o6pasoM, B mpo-
crpaHcTBe A, miockoctd P; wu
Q, cxpewyBawOWUMUC OHITH
He MOT'YT; OZIHaKO B IPOCTPAHCT-
Be A, Tako# cayuall BO3MOXEH
(cM. mpumep 1 u3 5.3).

YnpaxHeHHud

1. Tlo o6pasuy npumepa u3
4.4 wuccaenyfite Bce ciayyau
B3aHMHOTO pacroJIoxeHus
IJIOCKOCTef:

a) PyuQ, B Ay

6) PLu QB Ag;

B) P,uQ,B A,

2. Jloxkaxurte CleLyloLHe
TeopeMbl:

a) Ecmu  1Be miockocrtH,
HMelolLIye OJMHAKOBLIE pa3Mep-
HOCTH, IIepeceKkaloTcss U mapal-
JIeJIbHbI, TO OHH COBIIaJaioT.

6) Uepe3 Touky A, He mpu-
HaJJlexanylo r-MepHoOi Iioc-
KocTH P,, NpOXomHT ofHa U
TOJBKO OfIHA r-MepHas ILIoc-
KOCTb, NapajieibHas P, u He
nepeceKaomascs ¢ Hed.

B) Eciu jBe pasnuunble
TOUKH TPAMOH MpHUHALJEXAT

IIOCKOCTH, TO H Jio6asi TOYKa 3Tof MPAMOH MPUHAJJIEKHUT 3TOH moC-

KOCTH.

r) Eciu B A; minockocty Py u Q, He mapalljie/ibHBl, TO OHH HMEIOT

€MHCTBEHHYIO O6LIYIO TOYKY.

§ 5. YPABHEHH S MJOCKOCTH

5.1. BekTopHOe U mapameTpuyecKue ypaBHeHUSI ILIOCKOCTH. Pac-
CMOTPHM B IpOCTpaHcTBe A, IJI0CKOCTD P,, HaTAHYTYIO HA TOYKY A

M JIMHEe#HO He3aBHCHMble BEKTQDHI ul, uz, . u (puc. 11). Owna sB-
JISIETCSl MHOXKECTBOM ToueK M, ompejenseMbix ypaBHeHnew (1) n3 4.1:

AM = tuy, + tuy + .. + ta,
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roe 4, ly, ..., {, IPpHHUMAIOT
Jobble NeHCTBHTENbHBIE 3Ha-
YeHHs.

[lycte O — navamo ad-
GUHHOH CHCTEMEI KOODJAH-
Hat. Ilo akcuome 1V,

— —
= 0A + AM,
CJIeJIOBATE/BHO,

OM =04 + tiu, +
4+ btty + oo+ L, (1)

X,
Jro ypaBHenue (1) Ha-
3LIBAGTCSI BEKMOPHLIM YpPas- Puc. 11
HeHuem TIOCKOCTH P,.
Ecnu
M (%15 %95 -5 Xn)s
A (ay; az; . ; a),
u = (u(l) , o ufzt))’
TO

— - - -
oM = xle1 + x2e2 + ..o+ xne,,,
OA = ale]L + a2e2 +..4a e,,,
u1 =u(‘)e1 —I-u(l)e2 + ..+ u(‘)e,,,
u2 .—.u(f")el—}- ugf)eg—[— we u,(f)en

L T I B )

U, = ufle;+ ufley+ ... 4t en.

[Noncrapnsisa 9TH 3HaueHus B ypaBHeHHe (1) ¥ npupaBHHBAsA B JeBOH
U 1npaBoi 4acTAX Ko3bOdUIMEHTH NOPH OLMHAKOBHIX KOOPAHHATHBIX
BEKTOpax, NMOJYYUM CHCTeMY ypaBHEHHH:

%y = ay+ uPty+ uPty + .. 4 ut,,
Xp = ay + uPt; + uldPt, + ... + u(,)tr: @)

.

a _|_ u<1>t + u(2)t2 _|_ -|- u("t,.

¥YpaBHeHUS (2) BEHIPAXKAIOT TEKYIlHe KOODAMHATHL Xj, Xgy «eey Xn
NPOH3BOJILHON TOUKH M HaHHOH r-MepHOH. IJIOCKOCTH C MOMOLIbIO JIH-
HeliHBIX QYHKIUH OT r mapaMerpos f, f,, ..., {, ¥ HaswiBawTCAd napa-
MEMPUYECKUMU YPABHEHUAMU 3TOH IIIOCKOCTH.

B uyactHocTH, npu r = 1 nosnydaeM napaMeTpuuecKHe ypaBHEHHS
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npsamMo#t P; mpocrpaHcTBa A,; TONOKHB A KpaTKoCTH 4} = u; u
t, = {, umeeMm:
X1
Xo

a; + uyt,
az + u2t» (3)

Xn = Qn + unt.

IMMpumep 1. CocraBuM napamerpuyecKne ypaBHEHHS IJIOCKOCTH
P;, naranytoit B A, Ha Touky A (1; 0; 0; 2) u JuHeiiHO HE3aBUCHMbIE

BEKTOPHI —121 =(;1; 1, —1), -122 = (—1;0; 1; 0), 173 = (1; —1;0; 0).
Pemenue. J[laHHas IJIOCKOCTb HMEET BEKTOPHOE YypaBHEHME

&)VI = O—A>‘|‘ tl—l:1+ tz—lzz‘l' tsl-;a;

ee mapaMeTpPHYeCKHMH YpaBHEHHSIMH SIBJISIOTCS
xx=14+1-4 —1-t,+1-1,
Xg=0+1-44+0.¢4—1-1,
Xx3=0+1-4+1-4+0-1,
£,=2—1:4,+0-4,+0- £

W x1=1+t1—t2+t3,
X =t — s,
X3 =1 +
X4=2"—t1.

IMMpumep 2. CocraBuM napaMeTpuyecKHe YpaBHEHHS IIJIOCKO-
ctu P,, mpoxonameit B A, uepes touku C, (1; 1; 0; 3), C; (2; 1;0; 4),
C, (0; 2; —2; 4).

Pemenue. Bekrtopn

- —

u = Cocl = (l; 0; 0; 1),

-> —

u,= CyCy = (—15 1, —2; 1)
JIHHEHHO He3aBHCHMEI, CJeJOBaTeNbHO, JaHHBIE TOYKH SfIBJAIOTCA JH-
HellHO He3aBHCHMEIMHM M 3ajJaua MMeeT eIUHCTBeHHoe pemenue (4.3).

Hckomas miockocTh HaTsiHyTa Ha TOUKY Cy U BEKTODH U, U,; €e mapa-
MeTpHYeCKHe YpaBHEHHS
=144 —1,
X, =141,
X3 =t — 21,
Xg=3+t + ¢,
5.2, O6mue ypaBHeHHs MJIOCKOCTH. EciM KaxKjoe H3 ypaBHeHHH

(3) pewHTh OTHOCHTENbHO { M NPHUPABHATH MOJNYYEHHBIE BhIPAXKEHHS,
TO MBI IIOJYYHM YpaBHEHHS MNPSMOH, He cojepKalllie mapameTpa:

Xy —aQy _ Xo — Qg . Xn —an
_— .

I

ey ==

Uy Uy Un
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Ilpu n = 3 310 GYLYT y2Ke 3HAKOMBbIE UHTATE/NI0 KAHOHHYECKHE ypaBHe-
HUS TIPSIMOH.
ITokaxeM, Kak HCKJIOYUTH NapameTphl U3 MapaMeTPUYeCKHX ypaB-
HeHU# (2) myockocTH J1000H pasMEpHOCTH 7.
- - -

Tak kaxk BekTOpBl 4y, Ugy ..., U, JUHEHHO HE3aBHUCHMBI, TO PaHT
MaTpHLEL
u  ul®@ .ou)
1 2)
uld  u®@ ..ou)
SR
ud  u@ Lou)

paBeH r. DTO O3HAuaeT, YTO XOTA OBl OAHH M3 MHHOPOB 7-TO MOpPSAKa
3TOH MaTpHUB OTJIHYeH OT HyJas. [lycte, Hampumep, TaKOH MHHOP
o6pa3oBaH MEpPBLIMH 7 ee CTPOKaMHM; TOTJa MepBble r YpaBHEHUH cH-
cTeMbl (2) MOXHO pelUTb OTHOCUTENBHO i, Iy, ..., {,, BHIPA3UB 3TH
nmapaMerphl JHHEHHO 4epe3 X;, X,, ..., X,. [IOJCTaBHUB MOJYyYEeHHbIE
3HAYEHHS B OCTaJbHbE 1 — 7 YPaBHEHUH CHCTeMBI (2), NOJYYHM CHCTe-
My U3 n — r JUHeHHBIX ypaBHEHHH, KOTOpHIE COIEPXKAaT TOJbKO KOOp-
IMHATH Xq, X9y ..., Xn NPOU3BOJILHOH TOUKH IIOCKOCTH, HO HE COJiepKaT
napaMerpoB fy, o, ..., I,.

Touka nmpuHajIeXKUT JAaHHOH IJIOCKOCTH TOTAa H TOJbKO TOrJa,
KOTJla €€ KOODAWHATH YIOBJETBOPAIOT IOJYYEHHBIM YPaBHEHHSM.

Takum o6pasom, Jiobasi r-MepHasi IJIOCKOCTb P, B NPOCTPAHCTBE
A, MoxeT ObITb 3ajjaHa CHCTeMOH # — r JIHHEHHBIX ypaBHEHHH.
B uwacTHoOCTH, TMNEPIVIOCKOCTb P,_; MoxeT OBITb 3ajaHa OIHHM JIH-
HeHHBIM ypaBHEHHEM.

Il puwmep. Mckiarounm mapaMerpbl H3 YPaBHEHHH NJIOCKOCTH Pg,
nonyyeHHbx B npumepe 1 u3 5.1. Jlng 3T0r0 MOXKHO, HanpuMep, BEIpa-
3UTh 1y, t,, t3 UEpe3 X,, X5, X4 U3 NMOCJENHHUX TPEX yDaBHEHHH:

t1'=’2—x4, t2=x3_2+x4, t3=2—-X4 "—xg,
a 3ateM MOJACTaBUTb HafileHHble 3HAYeHHs B NEepBoe ypaBHEHHe:
xl = 7—'BX4—‘x3 —x2.
TakuM o6GpasoMm, MIOCKOCTb Pg (ABASSICH THNEPIIOCKOCTBIO Tpo-

crpanctBa A,) 3ajaeTcsi OLHHM YpaBHEHHeM, KOTOPOe MOXHO OKOHYa-
TEJbHO 3aMHUCcaTh B BHIE

x1+x2+x3+3X4—7=0.

PaccMorpuM Tenepb ob6paTHyio 3ajauy. Ilycte naHa cucrema us3
k nuHeHHBIX ypaBHeHHi:

Apxy + Appxte + oo + Ay, + 4, =0,
A21X1 + Agzxz + oo + Amx,,-l— A2 = 0, (4)

Ay + A + o +A,x, + A, =0.
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Kak usBecTHO u3 a/jre6Gpel, 3Ta CHCTeMa HMeeT pellleHHe TOTja U
TOJIBKO TOT/la, KOTJa paHr MaTpHusl A, cocTaBjeHHOH H3 Ko3hdHIHeH-
TOB NPH HEM3BECTHLIX, PaBeH PaHTy «PACIIHPEHHOH» MATpPHLBI, MOMY-
yaeMo#l npucoenuHeHueM K A crosbua u3 cBoGOAHBIX useHOB. Pac-
CMOTPUM TOT CJyuai, Korja ofa paHra paBHBI UHCJIY ypaBHEHHH cu-
CTeMEHl, T. €. k; cicTeMma (4) Ha3LIBAETCS TOTNA HE3ABUCUMOL.

ITyctb, HampuMep, ONpeleNHTeNb k-ro MOPSNKA, COCTaBJIEHHBIH U3
KOS(MUIHEHTOB PH X, .1, X, pygr s X, HE paBeH Hymo. Torza
cucreMy (4) MOXHO pa3pellinTb OTHOCUTENBHO 3THX HEHU3BECTHHIX, BHI-
pasuB HX Yepes Xy, Xs, ..., X,_,. EC/IM NpH 3TOM BBECTH 0GO3HAYEHHS:
X = b, Xy =13, .., X,_, =1, _,, TO NOJIyUYaTcss ypaBHeHHs BHJA (2)
npu r =n —k.

ByneMm paccMaTpuBaTb Xy, Xg, ..., X, K&K KOOPIHHATH TOUYKH OTHO-
CHTEJIbHO HeKOTOpo# ad@HHHON CUCTEMBl KOOPAMHAT B IPOCTPAHCTBE
A,. Torna He3aBuCHMas CHCTeMa M3 R JIMHEHHBIX ypaBHeHHH BHAa (4)
omnpeneJsieT B IpocTpaHcTe A, HEKOTOPYIO (1 — k)-MepHYIO MJIOCKOCTb.

YpaBuenus Buza (4) Ml OyIeM HasbBaTb OOWUMU YPABHEHUAMU
3TOH TJIOCKOCTH.

I[1puwmep. Ilmockocts 3anaHa B A; ypaBHEHHSMH

X, — Xy + x,=0,
{x3 + X4—x5—' 1 = O.
HaiiieM ee BeKTOpHOe W TmapaMeTpHuecKHe YypaBHEHHS.
PemeHnue. Pasr marpuus
1 —1 0 1 0
(O 0 1 1 —l)’

COCTaBJIEHHOH U3 K03((}UIIUEHTOB IPH KOOPAMHATAX, TAK K€ KaK U paHr
pacliupeHHOH MaTpHIBL

1 —1 0 1 0 0
0 0 1 1 —1 —1)
paBen 1ByM. CienoBarenbHO, IUIOCKOCTb HMEET Da3MepHOCTb 7 =
=5 — 2 = 3. Uncjo napaMeTpoB B NapaMeTpUYeCKUX YpaBHEHHAX
IVIOCKOCTH TaK)e PaBHO TPeM; 3TH MapaMeTpPel MOXHO BhIOpaTb, Ha-
npuMep, CJIeAYyIOmHM 06pasom:
xl = tl’ x2 = t2, X3 = t3.

Torna

Xy = t2 - tl’

x5= t3+ tz—tl—l.

IMosryueHHble NSATh ypaBHEHUH SABJAIOTCA NapaMeTpUYeCKHMH ypas-

HEHHUAIMH TJIOCKOCTH. 3amuilieM HX B CJIeAYIOUIeM BHIE:

x1= O+l‘t1+0‘t2+0‘t3,

Xg= O040-4+1-4,+0-14,
Xg= 040 -4+0-4,+1-t,
Xa= O0—1-4+1-4,+0-4,
Mg=—l—1-t+1-t,+1- 14,
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STy cHCTeMy MOXHO 3aMEHHTb OJHHMM BEKTOPHEIM ypaBHEHHEM
— —_— - - -
OM = OA "l" tlul "l" t2u2 + taua,
rie
-_—
OM = (x1; X9; X33 X45 Xs),
—
04 = (0; 0; 0; 0; —1),
u = (1; 0; 0; —1; —1),
u, = (0, 1; 0, 15 1),
ug = (0; 0; 1; 0; 1).
5.3. HccnenoBanue B3aMMHOrO pacnojnoxeHus miaockocteir. ITo-
SICHHM METOJB! MCCJELOBaHHSI Ha NpHMepax.

[Tpuwmep 1. B npocrpancree A, npsmas P; HaTsAHyTa Ha TOY-
Ky A u Bektop J, a mJocKocTh (), HaTAHYTa HA TOYKY B U BEKTOpHL
51, 52. Hccnenyem B3aumHOe pacnosioxkeHue mimockoctell Py u Q,, eciu

A0 401, u=(L003);
B(;1;22, o =(0;012),
vy = (1; 0; —1; 2).
Pemenue Paur marpuup

1 0 0 3
0 0 1 2,
1 0 —1 2

- - -

COCTaBJIEHHO! W3 KOODAMHAT BEKTOPOB U, U; H Uy, PaBeH TpPeM (ompene-

JIUTENb, COCcTaB/eHHBIH U3 1, 3 u 4-ro cro/I6LOB, He paBeH HYyJI0), cJje-
-

JI0BaTeJIbHO, BEKTOpP U He MOXeT GhITh JAHHEeHHOH KoMOWHAIMeH BEKTO-

POB U; H U,, TaK YTO IIOCKOCTH P, U Q, He mapaJliesbHbL.
YCTaHOBHMM, HMEIOT JIH 3TH IIOCKOCTH OOIlHE TOYKH, /ISl 4ero
pelliM COBMECTHO mapaMeTpHyecKHe ypaBHEHHs mJIocKocTed P; u Qy:

xn+04+1-4 xx=14+0-4+1-14,
X, =4+0-{ Xo=14+0-%4 4014,
x3=04+0-1¢ X3=2+1-4—1-1,
x,2=14+3.1¢ Xg=24+2-4+2- 4.

CpaBHUBasi BhIpa)KeHUs IJiA X,, 3aMeyaeM, YTO YpaBHEHHS HeCOB-
MECTHEI, INIOCKOCTH P; u Q, cKpemuBaiomuyecs.

[Tpuwmep 2. Hccienyem B npocrpanctBe A, B3aWMHOe PacHoJo-
KeHue npaMoit Py, 3aJaHHOH ypaBHEHUSMH

x1+x2—2=0, xz—x3=0, x4—1=0,
¥ THNEPIUIOCKOCTH Q5, 3aAaHHON ypaBHEHHEM
x1+x2+x3+X4—4=0.

Il

I
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Pemenue. [lepeceueHue miockocTel ompejessieTcs CHCTEMOH,
KOTOpasi MOJNYYHTCH, €C/i OOBEIUHUTh UX YDaBHEHHS:

X +x,—2=0,

Xy — x5 =0,

x,—1=0,

X+ x+ x5 +x,—4=0.
Jlerko BHIETh, YTO IIOCKOCTH SIBJISIIOTES NMEpPECEKalOMMMHCA U HX Iie-
peceuenneM cayxut Touka (1; 1; 1; 1). IlapannenbHeMM OHH ObITh

HE MOTYT, TaK KakK B IIPOTHBHOM C/yyae 1o Teopeme 2 u3 4.4 P; < Qj,
oTKyJla cienoBano Gbl, uto P; (| Q3 = P;.

YnpaxHeHHUsn

1. CocraBbTe mapaMeTpuyecKue M oOIIMe YpaBHEHHS NPSMOMH:

a) HataHyTo# B A, Ha Touky A (1; —1; 2; 0) u BekTOp U = (3; 4;
—1; 2);

6) npoxonsueit B Ay uepes Touku (0; 15 2; 3; 4) u (4; 3; 2; 1; 0).

2. TunepmiockocTh 3ajaHa B A, napaMeTPHYeCKHMH ypaBHEHHAMH

xl = t]. "I_ t2 -_ 3,
Xp =1y — 1,
X3 =1ty + t3,
x4 = l + tlo

Hafinure ee ofuiee ypaBHeHHe.

3. I'lnockocTh 3ajiaHa B A, ypaBHEHHSIMH

x1+x2—2x3 -I" 3X4'—"1=0,
xl—‘X2—4x3 "I_ 5x4 “l— 3=Oo

Hafizure ee BeKTOpHOEe UM MapaMeTpHYeCKHe YPaBHEHHS.

4. CocraBbTe mapaMeTpuyecKHe H oGlye YpaBHEHHS IJIOCKOCTH Pj,
npoxogsedt B A uepes Touku C, (1; 0; 2; —1;0), G, (1; 1; 3; 0; 0),
Cy (20,2, —1; 1) mw C3 (15 1; 2; 1; 3).

5. Ilpsimasi P, HaTsiHyTa B A, Ha TouKy A u BektTop u = (0; —1; 1; 0),
a THIepIIocKocTh Qg — Ha Touky B (0; 3; 0; 0) u BexToprt v (1; O; 1; 0),
v, = (0; 1, 0; 1), vy = (—1; 0; 0; 1). Hccrenyiite B3aMMHOE pacroo-
xkeHue P, u Q,, ecau:

a) A (0; 0; 3; 3);

6) A (0; 0; 3; 0).

6. Hcenenyiite B3auMHOe pacnosioxkenue miockoctelt P, u Q, B
npocrpaHctBe A,, eciau:

a) P, u Q, 3a1aHbl COOTBETCTBEHHO YPaBHEHHSAMH

Xp =14 — 1ty
{xl_x3=2’ x2=l_t1,
Xy — Xg + X,=4; Xy =t + 1,

2
»>

i
o

|
=
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6) nAockocTb P, HaTAHYyTa Ha Hauajo KOOPAMHAT, BEKTOp €; M
BEKTOp €, — €3, @ IUIOCKOCTb Q, NMPOXONHUT Yepe3 TOYKH, MOJydYaeMbie
IIpY OTKJaJbIBAHHH BEKTOPOB €,, €3 U €, OT Hauaja KOOPIHHAT.

7. Ilnockoctb Py HarsiHyTa B A Ha HayajJo KOOPAMHAT U BEKTOPHL
w= (0 =110, uy=1(0;0;0;1;0), u3=(1;0;0;0;1), a
IVIOCKOCTb Q, 3aJaHa ypaBHEHHSIMH

X+ X3 =
X+ X4 ,
x4 _ x5 = 0.

’

o O

Hccnenyiite B3auMHOe pacrnosioxkeHue Pg u Q.

8. Uccrnenyiite B3aHMHOE pAacCHoJioXKeHHe THIEPIVIOCKOCTH P,, 3a-
IaHHOH B A, ypaBHeHHeM

Xy — Xo+ 2% —x,+ 1 =0,
H MJIOCKOCTH @5, 3aJaHHOH ypaBHEHHUSIMH

3, + x5 +x,+2=0,
X, + 2%y — 3x3 + x4 + 2x, = 0.

9. CocraBbTe nmapaMeTpHuecKHe W oOlye YpaBHEHUS MJIOCKOCTH Py,
npoxoxnsimelt B A, uepe3 touky (0; 1; 0; 2; 0; 3) mapasenbHo mJo-
CKOCTH, 3aJlaHHOH ypaBHEHHAMH

x1+x2=l,
x3_x4=0,
x5+x6=l.

10. 3amumyre mapameTpuyeckue H oOliye YpaBHEHHS IJOCKOCTH
P,, mpoxonsiueit B A, uepe3 touky (0; 1; 0; 1) napannenbHo npsMbIM

Xy X3 Xy
== —— = ——
7 3T 4!
P S
—2 3 —4

§ 6. I3OMOP®H3M A®SHUHHBIX NMPOCTPAHCTB

6.1. U3omopdHoe otoGpaxenue, ITycts o — owﬁpameune abdun-
Horo npoctpaHctsa A, Ha addunnoe npocrpancteo A, a M'u N° —

o6pasbl Kakux-nubo Touek M u N mpu 3ToM orobpakeHHH:
M’ = a (M), N’ = a (N),

V, u V, — BeKTOpHblE NPOCTPAHCTBA, CBA3AHHbIE COOTBETCTBEHHO
cA,u A, ,nq— Kakoe-HHOYAb oToOpaxkenue V, Ha V.
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OtoGpaxeHue @ Ha3LIBAETCS ACCOYUUPOBAHHbIM C Omobpasceruem o,
—
ecau npu no6oM BeiGope Touek M u N ¢ orobpaxaer Bektop MN Ha
—
BekTOop M'N":
T IS
M'N’' = ¢ (MN).

B3auMHO ofHo3HayHOe oToGpaxeHHe o abhHHHOTO NPOCTPaHCTBA
A, wa addunHOE mpPOCTPaHCTBO A, HA3LIBAETCA UBOMOPGHLIM, €CIH
CYLIECTBYET aCCOLHHPOBaHHOE C HMM H30MOP(HHOe oTo6paKeHHe @ Mpo-
crpancra V, Ha npocrpaHctso V, .

Addunnse npocrpanctea A, u A, Ha3bIBAIOTCA USOMOPHHOLMU,
€CJIH CYIIEeCTBYET H30MOpGHOe oToGpakeHHe ONHOTO M3 HHMX Ha JpYyTOe.

6.2. Ilpusnak uzomopdusma adduHHBIX NMPOCTPAHCTB.

Teopema. Hasa toro uToOwl jABa abdHHHBIX mpocTpaHcTBa A,
u A’ GblIH H30MOPGHEI, HEOOXOAUMO H JOCTATOYHO, YTOOB HX pasMep-
HOCTH OBITHM OJNMHAKOBHI.

JoxaszaTteabcTBo. |) [lokaxeM BHadajie HE0OGX00uMoCtHib
nauHoro ycniosusa. Ilycte npoctpanctsa A, u A, usomopduel. Ilo
omnpenesieHHI0 H30MOPGHOro OTOGpaXKeHHS! BEKTOPHBIE IMIPOCTPAHCTBA
V,uV,, cBA3aHHble COOTBETCTBEHHO C A, M A, TaKxe H30MOPDHEI
H HMEIOT MO3TOMY OJMHAKoBhe pasMepHoctd (1.3); ciemoBaTesbHO,
n = m. Ho Tora coBnajaior Tak:xe 4 pPa3MepHOCTH NPOCTPAHCTB A, U
A .

2) Tenepp nokaxeM, 4TO YCJOBUe sBJseTcss docmamodneim. Pac-
cMoTpuM 1Ba abduHHBIX mpocTpaHcTBa A, u A/, uMewmue ONHY H
TY K€ Pa3MepHOCTb 7, U JOKaKeM, UTO OHH H30MOPQHBHI.

BBenem B 3THX mpocrpaHcTBax adduHHBIE CHCTEMBEI KOODAHHAT H
oro6pasuM npoctpaHcTBo A, Ha npoctpaHcTBo A/, cuntas o6pasoM
npousBobHON TOUKH M (X35 Xo; ...; x,) Touky M’ (x5 x3; ...} xn)
C TAKUMHU e KOODIHHATAMH: X; = X;. DTO OTOGpaXKeHHe ¢ B3aHMHO
onHo3HauHo. [lokaxeM, 4TO OHO' AIBJISIETCS H3OMOPQHLIM.

OGosnaunm uepes V, u V. BeKTOpHBIE MPOCTPAHCTBA, CBS3aHHbLIE
cootBercTBeHHO ¢ A 1 A,. PaccMoTpuM oToGpaXkeHHe @ IpPOCTPAHCTBA
V, Ha mpoctpaHcTBO V), NpH KOTOPOM COOTBETCTBYIOUMMH CUHTAIOTCS
Te BEKTOPhl, KOTOPhE UMEIOT BO BBeJeHHHIX ahdHUHHBIX CHCTEMax Ofiy-
HaKOBble KOODAMHATH. JTO oTOOpaxkeHue ¢ GyIeT acCOUHHPOBAHHBIM
c oTo6paxeHneM o. eficTBUTENbHO, TycTh 06pa3amu Touek M (x;; Xs;...;
vy X,) B N (y15 5 ...5 ¥,,) TIpH OTOGPaxKEHHU @ SIBJISIIOTCSI COOTBETCT-
BeHHO TOuKH M' (x5 X ...; %) 1 N (y;3 y5 .. y)- Tax kak
X; =X, Wy, =y, TO PaBHBl M COOTBETCTBYIOUIHE KOOPIAHMHATHl BeK-
TOPOB

—
. MN = (y1 — %15 Yo — Xa5 o3 Yo — X,)

M'N* = (y; — X3 Y3 — X5 w03 ¥y — X0),
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—
HO 3TO U O3HauaeT, 4yTo BeKTOp M'N’ sBiIseTcss 06pasoM BeKTOpa MN
npH oToOpamKeHHU .
Ocraercsl 0Ka3aTh, YTO @ SBJISETCS H30MOP(HBIM OTOOpPaKEHHEM
V, na V,. Tak Kak OHO B3aHMHO OJHO3HAaYHO, TO AOCTAaTOYHO YGe-

IUTbCSI B TOM,UYTO OHO JiHHeHHO (1.3).

- -
[TycTb 06pasamul BEKTOPOB U = (Uy; Ug} ...} U,) KU = (Vg; Uy} .05 0,)
- -

SBJISIOTCS COOTBETCTBEHHO BEKTOPHl u' = (u4; Uy ...; 4) H U =
= (v; vy ...; v,). Torna

- -

u—+v= (4 + v Uty ...; u, + v,),

- _

W+ v = (u + oy vy u, ).

Tak Kak u; = u; MV, =0, T0 u, + v, = u; + v}; CJIeLOBATE/NbHO,

L
- - - -
BeKTOp 4’ + 0" sBAfleTcss 06pasoM BeKTopa u - v.
-
AnajoruuHo IokasbiBaercs, YTo 06pa3oM Npou3BeleHHsl ku BeKTopa

- - -
U Ha YHCJIO k ABNseTca mpousBefeHHe ku' o6pasa u’ 3TOTO BEKTOpa Ha
yHueao R.

§ 7. AOOHHHOE NPEOBPA30BAHHE

7.1. Onpepesnenvie adguHHOoro npeoGpasoBanusi. Apgunnsim npe-
obpasosaruem apPUHHOrO mpocTpaHcTBa A, Ha3LIBA€TCS €ro u3oMopd-
HOe OToOpakeHHe Ha cels.

WsomopdHoe oToGpakeHUe BEKTOPHOIO IIPOCTPAHCTBA Ha celsi
ecTb ero nuHefiHoe npeo6GpasoBanue (1.3). IlosToMy MOXKHO CKasaTb
TaKxke, uto adduHHBIM peoGpa3oBaHUeM Ha3kIBAeTCs TaKoe npeobpaso-
BaHHe MPOCTpPaHCTBa A,, I/ KOTOPOro B CBSI3aHHOM C A, BEKTOpPHOM
npoctpaHcTBe V, cymecTByeT acCoLMMpOBaHHOe JHHeiHOe mpeoGpa-
30BaHHe.

[Tpumep 1. IokaxkeMm, yTo npeoGpa3oBaHHe © MPOCTPAHCTBA
A,, BeipaxaeMoe B adbuHHOH cucTeMe KoopAuHat (opmysaamu

X =x+1,
Xy = 2X,,
siBasiercs a(UHHBIM.

Pemenue. PaccMoTpuM B CBSI3aHHOM ¢ A, BEKTOPHOM IIPO-
cTpancTBe V, JiHeHHOe npeoGpasoBaHMe @, MMEKOWEe GHopMYyJIbl

u = u,

1)

OHO sIBJSIETCS aCCOUMHPOBaHHLIM ¢ o. JleHicTBUTeNbHO, o OTOOpaxaer
TIPOH3BOJIbHBIE TOUKH M (%13 ¥2) U N (y15 y2) COOTBETCTBEHHO Ha TOYKH
M* (%, + 1; 2x) u N' (y; + 1; 2y,); Torma MN = (y; — %13 Y2 — X)
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—_—
U M'N = (y; — %15 2 (y, — %5)). Tak Kak KOOpAHHATBHI 3THX BeK-

— —
TOPOB YZOBJeTBOPSIOT cucreMe (1), To ¢ otoGpaxkaer MN na M'N'.
I[Tpumep 2. JlokaxeM, uTo npeoOpasoBaHME O, BhIpaKaEMOe
dopmysamu
= Xy,

’
1
Lg— 2
x2—x2+xl,

He siBjsieTcss aQdUHHBIM.

PemeHnue. HeTpyniHo ycTaHOBHTB, UTO @ OTOGpa)KaeT TOYKH
K(@©;0, L{;1), M(2;2), N (3;3) COOTBerCTBEHHO Ha TOYKH

K (0;0), L' (1;2), M’ (2; 6), N’ (3; 12) u uro I?It = MN = (1; 1),

— —_—

K'L'=(1;2), M'N' = (1; 6). Takum o6pasoM, ecjid Gbl CyILIECTBO-
BaJI0 BEKTOpPHOe mpeoOpasoBaHie @, acCOLUHPOBaHHOe ¢ npeoGpas3oBa-
HMeM o, TO OHO OToOpazkaJso Obl OMH U TOT ke BekTop (1; 1) Ha pasauy-
Hele BekTopHl (15 2) 1 (1; 6), YTO HEBO3MOXKHO.

7.2. Mpocreitiune coiicrBa ahdunHoro npeodpasosanus. Tak Kak
BeKTOpHOe npeoOpasoBaHHe, aCCOUMHPOBaHHOEe ¢ ahdUHHBIM mpeobpa-
30BaHMeM, ABJISETCS JIMHEHHBIM, TO OHO COXpAaHSET JIHHeHHYIO0 3aBHCH-
MOCTb BEKTOPOB: BEKTOpPBl, 00pasyiomue JHHEHHO HE3aBHCUMYIO CH-
cTeMy, OTOOpaxaloTcsi Ha BEKTODHl, Takxke obpasywoumye JHHEHO
HEe3aBHUCHMYIO CHCTeMY, M Ko3dulHeHTH B ¢opMmyJe, BhlpaKaroueh
JIMHEAHYI0 3aBUCHMOCTb, OCTAIOTCS NMpeXXHUMU. Hanpumep, eciu

Z—;= klzl + kg_l;z "l_ cee + k,z;r

-> - -

-
U BEKTOPEl U, U, Ugy «vvy U, 0T06pa}KaIOTCﬂ COOTBETCTBEHHO HA BEKTOPEHI
- -

- ->
h

’ ’ ’
v, U, Uy ..., U, TO

O =k + kgt + o + kil

Orciopa crenyer, B YacTHOCTH, 4TO Ga3HC BEKTOPHOTO MPOCTPAHCTBA
V,, cBsizanHoro ¢ A,, oToOpa)kaeTcsi TaKke Ha HEKOTOPHIH Gasuc
aTOrO mpocrpaHctBa V,, a moampocTpaHCTBO NIpocTpaHcTBa V, oToGpa-
JKaercsl Ha MOANPOCTPAHCTBO TOH Ke pa3sMEepHOCTH.

Teopewma 1. Ilpu abdbuHHOM mnpeoGpasoBaHHH NPOCTPAHCTBA
A, mobasi MIOCKOCTb 0TOOpa)KaeTcsl Ha IVIOCKOCTb TOH Ke pasMepHo-

cti. AddunHoe npeoGpasoBaHue COXpaHsieT NapasijieNbHOCTb IIOCKO-
crei.

IHokasarteanbcTBo. I[ltockocte P,, HaTAHyTas Ha TOUKY
A u nopnpocrpaHcTBo V,, onpenensiiach KaK MHOXECTBO TOYEK, MOJY-
YaeMBIX NPH OTKJAIBIBAHUM OT A BEKTOPOB 3TOrO MOAMPOCTPAHCTBA
(4.1). Addunnoe npeoGpasoBaHHe oToGpaxaeT A Ha HEKOTOPYIO TOUKY
A’, a accounypoBaHHOE C HUM BEKTOpHOe npeoGpasoBaHHe OTOOpaKaer
V, na mexoropoe moxmpocrpasctso V), cienosatenbHo, P, oroGpa-
’Kaercs Ha IJIOCKoCTh P,, HaTAHyTylo Ha A’ u V.
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ITapanienpHoCTb MulocKocTed (4.4) mpu adduHHOM npeo6pasoBaHKH
coxpaHsiercs. [leficTBUTE/NbHO, €C/IM acCONMHPOBAHHOE C HUM BEKTOD-
Hoe npeo6pasoBaHue otoGpaxaer noxnpocrpanctsa V, u W, coor-

BercrBenHo Ha V, u Wi, aV, < W, tou V., = W..

Teopema 2. Ilpu addunnoM nmpeoGpasoBaHuu Besikas adibum-
Has cucTeMa KOOpDJMHAT

-> -

-
0, e, e, ..., ¢, (1)

oToGpaaercs TaK:Ke Ha HEKOTOPYIo apQHHHYIO CHCTEMY KOOPAMHAT
0, e, €, ..., €, 2

a Jiobast Touka M, umeromasn B cucreme (1) KOOPAUHATHL X1y Xgy «oo y X,

oroGpaxaercsi Ha TOuKy M’, uMelolylo KOOpAHHATAMH B cucTeMe (2)
COOTBETCTBEHHO Te Ke YHCIa.

HokasateabctBo. JlanHoe adpuHHOE mnpeobpasoBanue
oroGpaxaeT Hayajo O Ha HeKotopyio Touky O, a acconuMpoBanHoe

C HHM BEKTOPHOE npeo6pa303aﬂue m'oépamae'r BeKTOpH! Gasuca el, ez,...,
s e Ha HEKOTOPLIE BEKTOPEI el, e2, ooy e . Tak kak BekTOpHI e

9

62, ceoy en TaKxKe COCTaBJSIOT 6asuc IIPOCTPaHCTBA Vn’ CBA3aHHOIo C

A,, To nepBasi yacTb T€OpEeMb! JOKa3aHa.
Koopnunater Toukn M B cucreme (1) ompenensiiorcst Kak Kosbdu-
IIHEHTH Pas3J/IoKeHHSs

— -> -> ->
OM = x.; + x40 + ... + x,e,.

BekropHoe npeoGpasoBaHue, acCOUMMPOBAaHHOE C JAHHBHIM adHHHBIM
npeo6pa3oBaHHeM, HE MEHAET 3THX K03(dUIUEHTOB:

— - -> ->
O'M* = xie; + x5, + ... + x,¢,.

Taxum 06pa3oMm, UHCHIA Xy, Xg, ..., X, ABAAIOTCS KOOPAUHATAMH TOUKH
M’ B cucreme (2).

7.3. Jlpyrue onpepnenenus addunHoro npeoGpasosaHus. AdduHHEIE npeoGpa.
30BaHHA YXKe paccMaTpHBajgHCh B pasjene «[Ipeo6pa3oBaHHs IJIOCKOCTHY.

[Tpu u3snoXeHHH 3TOH TeMBl aphHHHEIM OOBHIMHO HasplBaeTCs INpeoGpasoBaHue,
orobpaxatoiee Jo0ylo MPAMYIO TaKXe Ha NPSMYIO M COXpaHsioLlee OTHOIICHHE, B
KOTOPOM TOYKa JEJHT OTPe3OK.

Orxourenne, B KoTopoM Toyka C JenHT oTpe3ok AB, MOXHO ONpeNeJqHTb Kak
4HCJIO k TaKoe, 4TO

—_— —_—
AC = kCB.

D70 unca0 k HAsHBAIOT TaKKe NPOCMbIM OmHouweruem mpex movex A, B, C u 0603Ha-
yator uyepes (ABC).

[To Teopeme 1 u3 7.2 u BCIeICTBHE COXPAHEHUS JHHEHHON 3aBHCHMOCTH BEKTODOB
npeoGpasoBanne npocTpaHcTea A,, HaspaHHoe B 7.1 adduHHBIM, orOOpaxkaeT mps-
Mble HA TpsAMBle H COXPaHSeT MPOCTOe OTHOIIEHHE TPex TOoueK.

Jokaxem Tenepb 06paTHYIO Teopemy.
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B T e opema Beakoe npeot-
pasoBaHHe mpocTpaHcTBa A,
oTo6paxarolee nNpsaMble Ha npsd-

0 Mble M COXpaHsiollee MPOCTOe
OTHOIIEHHE TpeX TOYeK, SBJISeTCS
apbuHHBIM.

A c HokasaTeabcTso*
Ilycte o — mpeoGpasoBaHHe Npo-
Puc. 12 cTpaHcTBa A,, ofnajaomee CBOf-
CTBaMH, NMEPEYHCJIEHHBLIMH B YCJIO-
BHH TeopeMnl. [lokaxem, uTO
o — addunuoe npeo6pasoBaHue, T. €. 49TO JJIA G  CYIIECTBYeT ac-
COLHHPOBAHHOE BEKTODHOE Npeo6pasoBaHME H 4YTO 3TO NpeoGpa3oBaHHE SBJISETCS
H30MODOHBIM.
Iyctes A, B, C — Tpu npousBoOsbHLIE TOUKH npocTpanctsa A, (puc. 12). Pac-
CMOTPUM «cepeliHy oTpe3ka BC», T. e. Takywo Touky O, uTO

o = —B.
2
Hmeem:
—_— —_— —_—
C -+ AB = 240, 1)
TaK Kak
1 1 1
Ao = 7o+ 0= A+ 2 Th— AL 4 - (AB—A0)= L@ + )

TTocKkoabKY [peoGpa3oBaHHe O COXpaHsieT MpocToe oTHouwenue, T0 O' — o6pas Tou-
Kk O — Gyner cepefuHoil oTpeaka B'C’. INostomy napspy c (1) Gynem HMeTb:

—_— —_— —_—
A'C + A'B = 24'0'. (P)]
Io6GaBuM Teneps k Toukam A, B, C emwe ofHy TOuKy D, MpHTOM TaKylo, 4TO
- —_—
AB = CD (puc. 13) uJH, 4YTO PaBHOCHJIBHO,
— —_ —_—
AB+ AC= AD.
CpaBuuBas 310 paseHcTso c (1), moayunm:

—_— _—
AD = 2A0,
OTKYAa CJeAyeT:

—_— —
A'D" = 24’0

(Bexb @ COXpaHsieT MPOCTOE OTHO-

B wenne). ConocraBuB 3TO paBEHCT-

BO C (2), monyyum:
—_— —_ —_—
0 A'C + A'B = A'D,

— —
yro pasHocuabio A'B' = C'D".
Takum o6pasom, npeo6pasoBaHHe
=/ G OoTOGpa)aeT paBHbE BEKTOPH
A Ha paBHble. JTO 3HAYMT, YTO ac-
COLMHPOBaHHOe NpeobpasoBaHHe
Puc. 13 @ CyIUIeCTBYeT.

* [IpensoxeHo A, C. Coof0BHHKOBLIM,
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[IposepuM, 4To @ — JuHefiHOe mpeoGpasopanue. Mnmeem:

—_— —_ —_— — — — —_ —
@ (AB+ AC)= ¢ (AD) = A'D' = A'B'+ A’C' = ¢ (AB) + ¢ (AC),
a TaKkxe
—_— —_—
¢ (kAB) = k @ (AB)
(mocsiefiHee PABEHCTBO HEMOCDEICTBEHHO CjieyeT H3 TOro, 4TO O COXPaHseT MpoCcToe
oTuowenue). Utak, ¢ nunefino. Tenepb, uToObl yGeAMTHCH B TOM, 4TO @ €CTb H30-
MopbH3m, LOCTATOUHO TPOBEPUTH, UTO (p OTOGpAKAET JIIOGOH HEHYJIEBOH BEKTOD CHOBA
Ha HeHyJeBO& BekTop. Ho 3To HenocpeicTBeHHO CJeAyeT H3 TOro, YTo mnpeoGpaso-

BaHHe 0 OTOGpaxaeT JBe Da3MMYHbIe TOYKM TaKKe Ha JBE PasJHuHbBIE TOUKH.
Teopema noKasaHa.

M3 sTux [BYyX TeOpeM CJelyeT, uTO ompelejeHHe apdHHHOro mpeobpasoBaHus,
chopMyHpOBaiiHOe B Hayajle pasiesa, M OnpeleseHHe apPUHHOrO NpeoGpasoBaHHs
us 7.1 sBnsioTcs 9KBHMBaJIEHTHHIMH. Dojiee Toro, adduHHOe npeoGpas3oBaHHe MOKHO
onpefleNuTh Kak Takoe NpeoGpasoBaHMe NMPOCTPAaHCTBA A,, KOTOpoe oToGpaxaeT
npsMble Ha NpsiMble, OJHAKO JI0KA3aTeJNbCTBO SKBUBAJICHTHOCTH B STOM Cjyyae sB-
JisleTcs SHAUYUTEJIbHO Goslee CIIOXKHBIM.

7.4. Addunnoe npeoGpa3oBaHue B KOOpAUHATAX.
Teopema 1. Tlpu addunHoM npeoGpasoBaHUM KOODPAMHATHI
™ ’ I
X1, Xg, vy Xn NPOH3BOJLHOH TOYKH M KOOPAMHATHL X1, X2, ..., X, ee

obpasa B OfHOH 1 Tol xke adpuHHOH cucTeMe KOOPAMHAT CBsi3aHb! ¢op-
MyJnaMH BHJA

n
x; = Ebijxj+bi’ i = l, 2, ey fl, (l)
=1

T. €.

=
|

= bnxl + b12 x2 + vee + bmxn—]- bl’
x2 - b21x1 + b22x2 + X + bmx,l—l— bz,

o« o e . . . ¢« o e

X, = DXy + bpga + oo F bpnXn + b,
NpH YCJIOBUH
by bys ... by,
b bas v b | 20, (2)

bnl bnz b bnn

NlokasaTeabcTBO. BrepeM B mpocrpaHctBe A, Kakyio-
HU6YAb adduHHYIO cucTeMy KoopauHat. IlycTh mpousBosibHAask TOYKa
M HMeeT B 5TOH CHCTeME KOOPAHMHATHL Xq, Xg, ..., X,, @ TOUKa M’, Ha
KoTopyio oroGpaxaerca M

npu adduHHOM Ipeobpaso- €3 M M
BAHHUHU O, UMEET B TOH e
’

CHCTeME KOOPIHMHATBl X 0'

Xy, v.ry X, KoopauHatsl ToY-

k1 0, Ha KOTOPYIO O OTO- 0

Opaxkaer Hayalo KOOPAMHAT  g= e
2 1

0, o6o3HauuM uyepe3 by,

bgy ..., b, (puc. 14). Puc. 14
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BekropHoe npeo6pa3oBaHHe ¢, aCCOLUUHPOBAaHHOE C ., SBASETCH

JIMHeHHBIM Npeofpa3oBaHUEM H, CJIELOBaTeNbHO, Bhipaxaercs Qopmy-
jgamu Buza (1) us 1.3

h
2 gy i=1,2, ., 3)

npu BemoJHeHuH ycaoBus (2). Ilo OIPEJE/IEHHIO aCCOLMHPOBAHHOTO
otobpaxenust (6.1) ¢ oro6pa:kaer BeKTOp OM ua BEKTOp OM’. Ho

oM = (%15 x93 ..5 x,) WM oM = (x; — by; x, — by ...y X, — b,).

TToxcraBisisi KOOPAMHATEL 5THX BEKTOPOB BMECTO 4; H u; B GopmyJsl (3),
TMOJIYYHM PaBEHCTBA

n
’
x‘. _bl = Ebi]xj,

j=l1

a cjenoBatenbHO, H GopmyJsl (1).

Sameuanue. Craenyer orauuare ¢opmynasl (1) addunHOrO
npeoGpa3oBaHusl MpocTpaHcTBa A, OT BHEIIHEe MOXOXHX Ha HUX Gop-
MyJ mpeo6Gpa3oBaHus Koopauuat u3 3.2. Ecau dopmyawr (3) us 3.2
CBSI3BIBAIOT KOOPAUHATHI 00HOU U MmOl %e TOUYKU OTHOCHTEJNbHO pasaut-
HbiX cUCTeM KoopauHar, To dopMynasl (1) cBA3BIBAOT KOOpPAHHATEHL,
BOOOLIE TOBOPS, pasau4rbix ToueK (IIPOM3BOJBHON TOUKH U ee oGpasa)
OTHOCHUTENILHO 00HOU 4 motl gce CUCTEMbl KOOPAHUHAT.

Teopema 2 (o6parHasi). Becsikoe mpeobpasoBanue adhduHHOTO
NPOCTPaHCTBa, BhlpaxkaeMoe B adphuHHOA cucreme KoopauHat ¢opmy-
Jgamu Buja (1) npu BrimosiHEeHUH yciaoBHs (2), siBjasfercs addUHHBIM.

HokasarteabcTBo. Ilyers V,— BekropHoe mpocTpaHcr-
BO, CBfi3aHHOe C JaHHbIM adduHHBIM npoctpaHcTBoMm A,. [To ompene-
JeHuio adouHHOro mpeobpasosaHus (7.1) JocraToyHO mMOKasarthb, 4TO
IJIs1 JaHHOTO IpeoGpa30BaHUS & CYLIECTBYET aCCOLMHMPOBAHHOE C HUM
u3oMop¢Hoe mpeoGpasoBanue npocrpancTBa V,. ITokaxem, 4to Takum

npeoGpasoBaHueM sBjasercsl mpeofpasoBaHue @, BhIpaxkaemoe (dopmy-
aamu (3).

Ilycte mpeo6pa3oBaHHe o OTOGpA:KAeT IMPOM3BOJbHLIE TOYKH
M (%35 g5 wvv3 X5) M N (Y55 Yo5 o03 ¥

COOTBETCTBEHHO Ha TOUKH M’ (x[; X33 ...; X)) H N’ (y[; ¥g5 vous ¥))-

Torna

—_—

MN = (y1 — %15 Yo — Xa3 «+s3 Ypn— %Xp) H

M-—I>NG —_— ’ /. ’ I. ’ ’
= (y, —x; Vo — Xgs vees ¥, — %),
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Ho 1o dopmynam (1)

h h
X, = 2 b, %)+ by, y;=2 b,y; + b,

=1 j=1
OTKyZa

h
yi— %= 2 b, (yi—x).

j=!1

Takum o6pasoM, KOOPAMHATH BEKTOPOB MN u M'N’ YIOBJIETBOPS-
'OT ypaBHEHHAM BHIA (3). CJIeJIOBaTeJIbHO, npeo6pasoBanue @ oroGpa-

JKaeT BEKTOp MN na BekTop M’ TN w [I03TOMY SIBJIsIETCA mpeo6pasoBa-
HHeM, acCOLUHUpPOBaHHbIM ¢ . Tak Kak mpeoGpasoBaHHe ¢ BHIpaXkaercs

Gopmysiamu (3) NpH BBIMOJHEHHH YCJOBHs (2), TO OHO fBJSETCS M30-
MOP(QHEIM.

Cnencrtsue. Ecmu addunHoe mpeoGpasoBaHue BhIpaxKaeTcs
Gopmy.iamu (1), To acconnnpoBaHHOe C HUIM BEKTOPHOE peoGpasoBanue
BhIpaxkaetTca c¢opmyaamu (3).

I[Tpumep. C adpunebiM npeoGpasoBanyeMm

X, =% — 2%, + 3,
X1 + x5 -+ %3,
= 3%, — X3 + 4

acCOIMHPOBAHO BEKTOPHOE MpeolpasoBaHue

%
I

’
U = u; — 2u,,
= U + Uy + U,

us = 3uy, — u,.

<
S
I

- - -
Teopewma 3. Kakossl bl Hu Oblau Ba penepa A, gy, Za, «ovy &n

- -
u A’, g, g s &, CYLWIECTBYET ONHO H TOJBKO OAHO addHHHOE
npeo6pasosaHue, ob/ajaoliiee TeM CBOHCTBOM, YTO OHO OTOGpaxkaer
Touky A Ha Touky A’, a acCOLMUPOBAHHOE C HHM BEKTOPHO® npeo6pa-

30BaHHe oTobpaxkaer 6asuc gl, gz, ey gn Ha 6asuc gl, gQ, ey gn
HJokasatenbcTtBo. [lpumem pemep A4, gl, gz, ey gn 3a
KOOPIVMHATHLIH.

Kak u3BecTHO, B BEKTOPHOM MPOCTPAHCTBE, CBA3aHHOM ¢ A, Cy-
ECTBYET OJHO W TOJbKO OIHO npeo6pa303a}me @, oTobpaxaroliee

6asuc g, gz, vy g Ha 6a3swuc gl, g2, ey gn (1.3). Ilycts oHO BHIpa-

xkaercs dopmynamu (3) npu yciaoBuu (2). Torma adduuHoe mpeoGpa-
30BaHMe «, Bhipaxaemoe ¢opmynamu (1), rae by, by, ..., b, — Koop-

nuHaTH TOukH A, 6yner o6nafaTh BCeMH CBONCTBAMH, NEPEUHC/IeHHBIMA
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B TeopeMe. C npyroff CTOPOHBI, TOACTABJsASi KOOPAMHATHI TOUEK
A0;0;...;0 u A" (by; by; ...; b,) B (1), HeTpynHO yGenutbes, HTO
a otoGpaxaer A Ha A’.
~

O6parHo, no6oe adduHHOE NMpeoGpa3oBaHue o, obaagaolee CBOH-

CTBaMH, YKa3aHHEIMH B TeopeMe, COBIajaeT C mpeoGpasoBanueM (1).
~
JlelicTBUTENIbHO, MTYCTh O BEIpaXkaercs GopMyJsaMu:

n
x; = I—El bljx]"'l" bi,

Y

e i=1,2,..,nH

bl%zﬂ'gn
b21 b22 e b2n # 0.

e e o o .

~ o~ ~
bnl bn2 .os bnn

~ ~
Taxk kak a orobpaxaer A Ha A', T0 b; = b;. Tak Kak npeoGpasoBanue,
~ - -> ->
accouMMpoOBaHHOE C @, OTO6pakaer g, g ..., g, COOTBETCTBEHHO
Ha gi, g2, .+-y Gn, TO OHO COBMAJaeT C QU by; = by;.

Cnencteue l. CymecTByeT oiHO M TOJbKO OnHO adbduHHOE
npeo6pa3oBaHue, oTobpakalollee NaHHYIO TOYKY A Ha NaHHYIO TOUKY
A*, c KOTOpbIM acCONMHPOBAHO JaHHOe BEKTOPHOe IpeobpasoBaHue (3).

CaencrtBue 2. CymecrByer oIHO M TOJbKO ofHO ahduHHOE
npeo6pasoBaHye mpocrpaHcTBa A, , orobpaxarouee jaHHbe f -+ 1
JIMHeiHO He3aBHCHUMBIX TOYEK COOTBETCTBEHHO Ha Ipyrue NaHHbe n -+ 1
JIVHEHHO HE3aBHCHMEIX TOUEK (IOCTATOYHO YuecTb TeopeMmy u3 4.3).

[Tpuwme p. AdpdunHoe npeoGpasoBaHHe npocTpaHcTsa A, BHosHE
onpefesisieTcsl 3aJaHMeM JBYX COOTBETCTBYIOIIMX TPOEK JIMHEHHO

HEe3aBHCHMBIX TOYeK (T. €. JIBYX COOTBETCTBYIOUIMX TPEYroJb-
HUKOB).

YnpaxHnenus

1. AddunHoe npeoGpasoBaHme npocrpanctBa Ag; 3amaHo ¢Gopmy-
J1aMH

’

x = 2% + 4,

’
x?=X2+x3—'2,
X3 = Xy — X3.

Haiinure: a) o6pas Touku (1; 0; 2); 6) mpooGpas Tourn (2; 2; 0);
B) MHOXKECTBO HENOIBMXKHBIX TOUeK NpeobpasoBaHHs; I) o6pas MJo-
CKOCTH X¥; — X3+ x3 — 1 = 0.
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2. AddunHoe mnpeoGpasoBaHne mpocTpaHcTBa A, 3axaHo ¢opMy-
JIaMH

x£=x1‘—x3+1,
x?=xZ+X3+x4—3,
X3 = X3 — X, + 2,

Xy = X3 + x4 — 1.

Hafinnure: a) MHOXECTBO HENOABIIKHBIX TOYEK MpPeoGpas’oBaHMUSs,;
6) GopMyJEl BEKTOPHOTO Npeo6pa3oBaHHs, ACCOHMHPOBAHHOTO C JaH-
HBHIM mpeoGpa3oBaHueM; B) o6pa3 u mpoobpas Bektopa (0; 2; 4; 2) npu
JIAaHHOM BEKTOPHOM NpeoOpa3oBaHuM; I) o6pas mpsMoil, HAaTAHYTOH Ha
touky (—3; 0; —2; 0) u BekTOp (4; 2; 2; —1).

3. Hatigure ¢opmynsl adbhuHHOrO mpeoOpasoBaHHs MPOCTPAHCTBA
Aj, C KOTOPEIM acCOLMHPOBAaHO BEKTOPHOE NpeoOpasoBaHHe

ull = u1 + ug,

ug = u4,
u::, = u3,
u:; = uz,

Us = Uy + Us,

a) ecau 310 adduHHOe mpeoGpasoBaHue oTroOpaykaeT Hayaslo Koop-
nvHat Ha Touky (0; —1; 1; —1; 0); 6) ecain oHO oToOpa)kaeT TOYKY
0; 1; 2; 3; 4) Ha Touky (4; 3; 2; 1; 0).

4. Haiigure ¢opMynl aQquHHoro npeo6pa3oBaHus l'IpOCTpaHCTBa
A,, npu xoropoM Touku O (0; 0; 0; 0), C, (1; 0; 0; 0), C, (0 ; 0; 0,
C, (0; 0; 1; 0) ocratorcsi HemonBuHBIMH, a Touka C4 (0; 0; 0 1) oTo-
6pa>xaeTca Ha Touky C (1; 1; 1; 1).

5. Hafigure dopmysst acpcpHHHoro npeo6pa3013aHHﬂ MPOCTPAHCTBA

Aj,, oTo6paxaromero pernep A, gl, gz, g3 Ha pemep 4, gl, g2, g3,
ecin

A (3;0;0), A (—1; —=2; 1),
g=0 15—, g=3—20),
g: = (0; 0; 2), g, = (2, 0; 4),

=(;—1;0, g = (—43 —92).

§ 8. TPYNNA A®PUHHBIX NMPEOBPA30BAHUM
U EE NMOATrPYIMIMbI

8.1. MNouatue rpynnsl npeoOpasoBanuit. IlpuBeneM HeKoTopbie
CBeleHHs O MpeoOpa3soBaHMsAX, H3BECTHHE M3 KypCa IeOMeTPHH.

Ecin o — npeo6pa3soBanyie HEKOTOPOTO MHOXKECTBA U 3jeMeHT M’
obpas snementa M mpu 3TOM npeoGpasoBaHHM, TO Mbl OyleM MHCAThb:

M = o (M).
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Komnosuyueri npeoGpasoBaHus o U npeodbpasoBanus f (uiu npous-
BefleHHeM HpeoOpasoBaHu#i o ¥ () HaspBaeTcss mpeoGpasoBaHuE v,
3aKJIIOUAloeecs B MOC/IENOBATENbHOM BHINOJHEHMH CHayaja npeobpa-
30BaHHA o, a 3aTeM npeobpasoBanus . Takum obpasom, AJs J1:060r0
snementa M

¥ (M) = B (x (M)).

Srto npeobpasoBanue y Mbl GyneM o6o3Hauath yepes f o a:
vy =f oa, Tak uTO

Boa (M) =B (x(M)).

ITpeo6pasoBanye Ha3bIBaeTCs 06panHbLM TIO OTHOLIEHHIO K nipeo6pa-
30BaHMIO o0 U OG03HayaeTcsi yepe3 a—!, eciu OHO OTOOpaXkaeT JrOOOH
3JleMEHT Ha ero npoo6pas OTHOCHTENbHO npeobpasosanus a. Crenosa-
TesbHO, ecau o (M) = M’, to a—! (M") = M. Torna

aloa=0oat=E,

rne E — ToxJecTBeHHOe npeoOpasoBaHye.

B anre6pe yxe GbIO PacCMOTPeHO moHsTHe rpymnsl. Ilycte G —
HeKOTOpOe MHOXKECTBO IpeobpasoBanuil. M3 ompenenenus rpymmnsl cie-
nyet, uro G siBIfieTcs TPYNIOH OTHOCHTEJBHO KOMIOSHIMH TpeoGpa-
30BaHHUil, €CJIM BBHIIOJHEHB! CJeNYIOe YCJIOBHA:

1) xommosuuusi JOGHIX ABYX npeoGpasoBanuit u3 G Takxke Npu-
Hagyexut G;

2) nJsi KOMIO3HIME npeobpasoBanHuil u3 G chnpaBelJuB accouua-
THBHBIH 3aKOH,

3) B G CcOIepXKUTCS TOXKIECTBeHHOe IpeoGpasoBaHue (Mrpaoliee
pO/ib €NMHUYHOTO 3/eMEeHTa);

4) mpeoGpasoBaHue, obparHoe Jar0oMmy npeo6pasoBanui u3 G,
Takxke npuHamgiexur G.

OnHaKo U3BECTHO, YTO BTOPOE YCJOBHE BHINOJHSETCS IS JI0ObIX
npeo6pasoBanuit. C Ipyro# CTOPOHBI, U3 BLINMOJHEHHS NEPBOrO M YeT-
BEPTOTO YCJOBHH CJIeflyeT BHINOJHEHHE TPETbero yciosus. [leicTBu-
TeJbHO, NyCTh o — JioGoe mnpeoGpasoBanue 13 G; 1O YeTBEPTOMY
ycnoputo ot € G, HO Tora mo nepBoMy ycioBuio E = a7l oa € G.
CiefoBaTeNbHO, €CH Mbl XOTHM J0KasaTb, 4yTo G fIBJIsieTCS TPYIIOH,
TO HaM JOCTATOYHO IIPOBEPUTH BHIIIOJIHEHHE TOJNBKO NIEPBOTO H YeTBep-
TOrO YyCJIOBHI:

a)ecina €GuP €G roufPoa €G;
6) ecim o € G, T0o U o= € G.

ITpuwmep. Ms3BecrHo, uTo JHHeHHble NpeoOpas’oOBaHHS BEKTOP-
HOTO TpocTpaHcTsa V, o6najaiT CJAeLYOUUMH CBOHCTBAMH:

1) KoMro3uuu4a JMIOOHX ABYX JIHHEHHBIX NpeobpasoBaHuil sIBJsETCS
TaKxke JHUHEeHHBIM MpeoGpasoBaHHEM;

2) npeoGpasoBaHue, ofparHoe J000My JHHEHHOMY mpeobGpasoBa-
HUIO, TaKXKe fBJISETCS JIMHEHHEIM IpeoGpa3oBaHUeEM.
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Takum o06pa3oMm, MHOXKECTBO BCeX JIMHEHHHIX mpeobpa3oBaHuil
npocTpaHcTBa V, sIBJIsIETCS IPYIIOH.

8.2. I'pynna adduHHbIX NpeoGpa3oBaHuil.
Teopewma. MHoxectBo abdUHHBIX NpeoOpa3oBaHUil NMPOCTpPaH-
ctBa A, sIBISIETCS TPYNIOH.

HoxkaszatenbcTBo. JIoKaxeM CHayajla, YTO KOMITO3HMIHS
nio6eiX 1BYX abduHHBIX npeobpasoBaHuil o u B aBiasiercss apdUHHBIM
npeoGpasoBanveM. OG603HauMM yepe3 ¢ U | BeKTOpHbIE NpeobpasoBa-
HHMsI, aCCOIMHPOBaHHHE cOOTBeTCTBEeHHO ¢ o U P. Ilyetb M u N —
NPOU3BONbHEIE TOYKH, o (M) = M', o (N)=N', p M) = M",
B (N') = N". Tak xak @ n B— acquHHbIe npeoépasoBaHHﬂ TO MO

onpenenenno (7.1) @ (MN) MN' u 1p(M N) M”N" Toraa

poaM)y=M", Boa(N)=N", pog (MN) = M'N". (N
Taxk kak ¢ u P — JUHEHHbIE npeoﬁpasoaaﬂua TO U { o ¢ — JIHHEHHOE
npeopbpasoBanue. M3 (1) caenyer, uTo ¢ o @ siBJseTCS BEKTOPHLIM IIpe-
o6pa3oBaHueM, aCCOIMHPOBAHHBIM C MpeoGpasoBaHueM f o a; 1o omnpe-
nenenuio us 7.1 P o @ — abduHHOE mpeoGpasoBaHue.

Ocraercst 10KasaTh, YTo npeoGpasoBanue o1, o6paTHOe addrUHHOMY
npeo6pa3oBaHUI0 o, TaKxe sBjaseTcs a(pduUHHBIM Mpeo6pasoBaHHEM.
OGo3nauuMm uepes ¢ JuHeiiHOe npeoOpa3oBaHHe, acCOUMHPOBAHHOE C O.
Mycte M u N — MIPOM3BOJIBHEIE TOUKH, a~tM)=M', a1 (N)=
= N’; torna a (M') = M a (N) N, a tak Kak a: atduHHOE

p—_
npeoGpasoBanue, 70 ¢ (M’ N') = MN, oTkyna ¢~ (MN)= M'N".
CrnenoBarenbHO, @' — siHeliHoe mpeoGpa3oBaHKe, acCCOLUMPOBAHHOE
ca~!l, u a~! — abdunnoe npeo6pasoBaHnue.

8.3. MNoarpynna mnapaJsnenbHbIX nepeHocoB. IIpeoGpasoBaHue IIpo-
CTpaHCTBa A, HA3BIBACTCA NAPAANCALHbIM NEPEHOCOM HA JAHHBIA BeK-

TOp b, ecau o6pa3oM Jio6oft Touku M siBasiercss Takas Touka M’,
uto MM’ = b.
[Myete M (%45 Xo3 .3 X,), M' (x; %55 .03 X)) 1 5=(b1; byy ooy Dn):
TOra IO ONpeNeJIEHHIO MapallIeIbHOro TepeHoca
X, —x,=b;

cllefloBaTe/IbHO, KOOPAHHATH! TOYEK IIPH MapajljieJbHOM IepeHoce mpe-
o6pasyiorcsl o (opmysaam

’
x} = x1 + bl’
Xo = Xy + by,
Xn = Xp + by

Sty GopMyJIBl ABJSAIOTCSA YACTHBEIM caydaeM dopmya (1) us 7.4 npu

by={g i 2k
710, ecmni &
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[To teopeme 2 u3 7.4 mapansenbHBIH nepeHOC SBASETCS adPUHHBIM
npeo6pasoBanueM. [1o ciaecTBHIO U3 3TOH TeOpeMBl BEKTOPHOE 1peobpa-
30BaHUe, ACCOLMHPOBAHHOE C IapajyeNbHBIM IIEPEHOCOM, BBIPaXKaercs
dopmyJamu

u, = u,
H, CJIOBaTe/bHO, ABJIACTCS TOXKAECTBEHHBIM NPeoGpa3oBaHHEM.
Kommnosunysa mapajsenbHOro mepeHoca Ha BEKTOp bu napaJseJib-
HOTO TepeHoca Ha BEKTOp ¢ ectb napajJiesibHEIl MepeHOC Ha BEKTOp
3—]~ Z, a npeo6pasoBaHie, oOpaTHOE MNapaJelbHOMY MEPeHOCY Ha
-

BEKTOp b, ecTb mapaJebHbIN nepeHoc Ha BekTop —b. ClenoBaresbHo,
MHOXKECTBO NapaJle/IbHBIX MePEHOCOB ecThb I'PYINa; 3Ta Tpymna siBJs-
eTcs noArpynno# rpynnsl ahbHHHLIX npeo6pa3oBaHHil.

8.4. Moxarpynna romorerud. I'omomemueri ¢ ueHTpom S u Ko3ddu-
HueHTOM k (rne k #= 0) HasbBaeTcs npeoOpasoBaHUE NMPOCTpPaHCTBAa Ap,
npH KoTopoM o6pasoM Jito6o# Touku M siBisiercsl Takas Touka M’, uto

_;., —_—
SM’ = kSM.
[ycte M (X3 %93 o3 %), M' (x5 %35 o3 %) B S (813 833 wois S);
Toraa
X, —s,=Fk(x —s),i=12 ..,n

CJIel0BATE/IbHO, KOODAHHATHl TOYEK [PH TOMOTETHH NpeoGpasyiorcs 1o
dopmyJiam

X =4k (% —s)+ sy,

X9 =k (X3 — S) + Sg,

e s e s e e e o o o

xn=k(xn—sn)+s-

B uwacTHOCTH, €C/IM UEHTP FOMOTETHH COBIAajaeT ¢ HauyaloM KOOpPAHHAT,
10 ; = 0, ¥ 31U HOPMYJIbI IPHHUMAIOT BHJ

x; = kx,.

DopMyJibl [OMOTETHM fIBJISIIOTCSA YAaCTHEIM ciydaem dopmyn (1) us
7.4 npu

k,ecnu i = |,

by = 0, ecau i == j.

CrnenoBatesbHO, TOMOTeTHs sBJsieTCs aQdUHHBIM NPeo6pasoBaHHeM;

acCOUMHPOBAHHOE C HUM BEKTOPHOe Ipeo6pasoBaHue Bhpaxkaercs Qop-
MyJ1aMu

w=="kuy, i=12..,n,
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uin  opmyJiont
= ku.

KoMmosuuusa nByX roMoTeTHH ¢ Ko3hdHUIHEHTaMH p, ¢ H OOIIUM
1IeHTPOM S eCTb FOMOTETHS C TeM LEeHTPoM S U Ko3hhUIlHeHTOM B = pq.
ITpeoGpa3oBaHue, o6paTHOE OMOTETHH C LEHTPOM S U Ko3hdHiHeHTOM

1
k, ecTb TOMOTETHSI C TEM Ke IEHTPOM S # Ko3pduireHTOM e CnenoBa-

TeJIbHO, MHOXKECTBO OMOTETHI C JaHHBIM LEHTPOM S ecThb TpyIIa; 3Ta
rpynna #Bjsiercss NOArpynmnod rpynnel ad@uHHEIX npeo6pasoBaHH.
8.5. MNoarpynna uentpoagduHHBIX mnpeoGpasoBanuid. [lenmpo-
ajppunreLm  npeobpasosarues ¢ UeHTpoM S HasbiBaerTcss adduHHOe
npeo6pa3oBaHHe, OCTaBJSAIOLIEe HENMOABHKHOH TOUKy S.
[Tycte S (815 So; ...; S,); NMPUMEHUM K 3TOH Touke dopmyns (1)
u3 7.4. Tak Kak TouKa S HeMOJBHXKHA, TO S; = §; H

5 —Zbul

i=l

OTKyZa

E by

INoxctaBuB HalineHHHle 3HaueHus B paBeHctBa (1) u3 7.4, nosyuum
dopmyJibl nenTpoadduHHOrO Mpeo6pa3oBaHUs C LEHTPOM B S:

x; =;§1bif x;—s) +s, i=1,2 .., n

B wactHocTH, ecii S COBMAajaeT ¢ HaYaJOM KOOPAMHAT, TO
n
=2 b
j=I
KoMnosuuus adhpuHHEIX npeoGpa3oBaHUi, OCTABJISAIOIIUX HEOABHXK-~
HOH TOuKy S, ecTb adduHHOe mpeoGpa3oBaHHe, OCTABJSIOLIEE HEMOX-
BIXKHOM 3Ty Touky. [IpeoGpasoBanue, o6paTHoe adduHHOMY mpeobpa-
30BAHHIO, OCTABJAIOMIEMY TOUKY S Henommm-xoﬁ, ectb adduHHOE
npeobpa3oBaHie, TaKxke of/najaroliee 3THM CBoOicTBOM. Takum obpa-
30M, leHTpoadduHHbE Mpeo6pa3oBaHusi C TaHHEIM LEHTPOM S COCTaB-

JISTIOT IPYNIy. DT1a rpymnia sBJasercs elle OXHUM IPUMEPOM MOATPYIIIEL
rpynnsl agguHHEIX npeoGpa3oBaHuUi.

Teopewma. Bceskoe apdpunHoe mpeoGpasoBaHHe MOXKET OBITh
MPEeACTaBIeHO KaK KOMIO3HUKs UeHTpoadhHHHOrO mpeoGpasoBaHusl
U NapajjeNbHOTO NepeHoca.

41



HokasartenbcTBo. Beakoe addunnoe mnpeoGpasoBanue
MoxeT ObiThb BblpaxKeHo ¢opmynamu (1) us 7,4; TOra OHO SIBJISETCH
KoMmo3suuuel 1neHrpoadpuHHOro mpeobpa3oBaHHUs

n
X, = 2 b,x;

=1
U TnapaJjejJbHOro MnepeHoca

, ~
x; = x,+ b,

YnpaxHeHusd

1. Addunnrie npeoGpa3oBanus & u f mpocrpancrBa A, Bbpaxa-
IOTCSI COOTBETCTBEHHO (hopMyJiaMu

X =4 —x, X, = X3 + Xq,
’ ’

Xy = X — X + 2, Xy, =x; + 1,
X, = X3 + x4 — 1, Xy =X — 2,
Xy =2 — x4 Xy = Xy — Xo.

Haiinure ¢opmynsl npeo6pasoBanuii: a) foa; 6) o f; B) a~—l

r) p—L

2. O6pasyior au rpynny addunHble npeo6pa3’oBaHHS, BbIpaxKaio-
mueca GopmyJaMH BHIA:

a) (x, = X, 6) (x, = x + k, B) [x] =X,
’ ’ ’
Xy = X + kxy, Xy = Xo, Xy = X1,
’ . ’ _— ’ —
Xy = X35 X, = X3, X, = X3 + &,
’ ’
Xy, = X4} Xy = X5,
" — x?
Xy = Xg?

3. 3anumure dopmyJs (1) uz 7.4 naa addpurHOro npeobpasoBaHUs
npoctpaHcTBa A U YCTAHOBHUTE, KAKOH BUJ MPUMYT 3TH HOPMYJIbI, €CIU
npeoGpa3oBaHie 00/7ajaeT CAELYIOUIUM CBOHCTBOM:

a) ocraBasier HenoxBrkKHEIME Touku (0; 0; 0) u (0; 0; 1);

6) ocTaBJisieT HEMOABMXKHBHIMH BCE TOUKH IUIOCKOCTH X; = 0;

B) oToOpa)aeT mJIOCKOCTh x; = 0 Ha ce6s, HO MOXET U He OCTaB-
JIATh €e TOUKH HENMOIBHUKHBEIMH;

r) otobpaxaer Ha ce0s MpAMYIO X; = X, = 0.

SIBisiercst /I MHOXKeCTBO IpeoOpa3oBaHUi, 06JafalOMUX KaxbM
U3 YKa3saHHHIX CBOHCTB, T'pYMNNOH?

§ 9. MPEAMET A®®HHHOA TEOMETPHU

9.1. Onpepenenue addunHoi reomerpun. Bynem HaseBaTh ghuaypol
npocrpancTBa A, NpouM3BONbHOE MHOXKECTBO TOYEK 3TOTO NMPOCTPAHCTBA.

Ecnu xakoe-HuOynbp mpeoGpasoBaHue orTobGpaxaer aaHHyio ¢urypy F
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Ha HekoTopyio ¢purypy F’, To HEKOTOpbie U3 CBOMCTB (urypr F' Moryt
OKasaThCsl TAaKUMH Ke, Kak 4 y ¢urypsl F, a HeKoTOprle — APYTHMH.
Te cBoficTBa QUrypbl, KOTOpble He MEHSIOTCS IpH JaHHOM Ipeobpaso-
BaHWH, Ha3bIBAIOTCS UHBAPUAHIMHbIMU OTHOCUTENbHO 3TOrO Ipeobpaso-
BaHHUA.

Agpunnoii ceomempueii HasbBaeTCs HayKa, KOTOpasi H3y4yaeT CBOH-
cTBa ¢uryp adduHHOro mpocTpaHcTBa A, , HHBAPHAHTHEIE OTHOCHTEJb-
HO J00BIX addUHHEIX Npeo6pa3oBaHui-

CaoficTBa GHUryp, UHBapHAHTHHIE OTHOCHTENbHO adUHHBEIX INpeol-
pa3oBaHu#l, HasblBalOTCA agunHomy; TakuM obpasoMm, adpduHHAA
reoMeTpHusl u3yuaer adduHHbBle CBoHCcTBa ¢uryp. IlpuBenemM npumepsl
noHATUH U TeopeM addUHHON reOMeTpHUH.

Teopema 1 u3 7.2 yTBepxnaer, urto Jioboe adduHHOE npeoGpasoBa-
HHE OTOOpa)KaeT r-MepHYIO IJIOCKOCTb TaKKe Ha r-MepPHYIO IJIOCKOCTb.
CrefoBaTe/ibHO, CBOHCTBO TOYEYHOTO MHOXKeCTBa OBITh r-MEPHOH IJIO-
CKOCTbIO fBJIsieTcs ahdUHHBIM U r-MepHas IJIOCKOCTb OTHOCHUTCS K IIOHS-
tuaM addunHOl reomerpuu. M3 Toil e TeopeMnl Clefyer, 4TO mapas-
JIEILHOCTD IIIOCKOCTeH fIBJdercss uX aPUHHBIM CBOHCTBOM.

Jpyruma npumepamu apQUHHBIX MOHSTHH MOTYT CHYKHTb JIHHEH-
HO-He3aBHCHMasl CHCTeMa TOYeK, [POCTOe OTHOLIEHHe TPeX TOoueK Ips-
MoH, adduHHBIE KOOPAMHATH TOUKH. Bce NOKasaHHEBIE BhIIE TEOPEMEI,
BhIpAXKAIONIHE CBOMCTBA 3THX MOHSATHH, ABMAsiOTCS Teopemamu adduH-
HOH reoMeTpuu. MHOrHe U3 3THX MOHATUH U TeopeM yKe 3HAKOMEI HaM
U3 IKOJBHOI'O Kypca reoMeTpUH. 31ech OHU BBOAATCA M addUHHOTO
IPOCTPaHCTBa JIIOOOH DPa3MepHOCTH.

9.2. AddunHas axkBuBajeHTHOCTH (uryp. Durypa F; HasbiBaercs
agpunno 9xsusarenmnoli ¢urype F,, ecau cyimecTByeT adbuHHOE
npeoGpasoBanue, oTobpaxatoiee purypy F, Ha durypy F;.

Tak Kak adduHHasA reoMeTpUs U3yuaeT TONBKO Te cBoicTBa QUTYD,
KOTOphle He MeHsoTCs NpH adduHHBEIX NpeoOpa3soBaHUsAX, TO C TOUKH
3pEHHUsT 3TOI reoMeTpHU Bce CBOICTBA adhHUHHO SKBUBAJEHTHHIX QUTYD
OLMHAKOBHI (TOYHO TaK e, KaK B LIKOJBbHOM KypCe TeOMeTPUH KOH-
TPYSHTHEIE QUTYDEI HE OTJINYAKOTCS APYT OT APYra 1o CBOMM CBOHCTBAM).

Teopewma 1. Jlwobble fBe r-MepHEe IJIOCKOCTH adHUHHO IKBH-
BaJICHTHHI.

IokaszaTeabcTBoO. PaccMorpuMm B mpocrpaHcTse A, nBe
IPOU3BOJIbHBIE r-MepHBIE IIIOCKOCTH: IVIOCKOCTb P,, HAaTAHYTYIO Ha

TOYKY A U BEKTOPHI Uy, Ug, ..., U, (4.1), M mIOCKOCTb P, HATAHYTYIO

n —>I -)/ _>/
Ha Tquy A U BEKTODBL U, Uy, .eey U,

-

Tak kak cucrema BEKTOPOB

Uy, s, ey u JIMHeHHO He3aBHCHUMA, TO ee MOZHO JIOTIONHHUTb BEKTOPAMH
u,+1, ovy Un TAK, YTOGEI MOJTYUHIICS perep A, ul, u2, ey Un. AHAJIOTHYHO
nocrpoum pemep A, u, u2, ey u,'l M B Cilyyae ILIOCKOCTH P,

(puc. 15). ITo Teopeme 3 u3 7.4 cyuiectByer ahduHHOEe npeoGpasoBanmue,
NpH KOTOPOM MEePBHIA M3 3THX ABYX penepoB oToOpaxKaeTcsi Ha BTOPOH.
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Torga, B uacrHocTH, A,

Uy, U, ..., U, OTOOpPAKAIOT-
A _ csl cooTBeTCTBEHHO Ha A°,

A —’I —>l _>l
Uy, Uy ..., U, a CJ€JoBa-
TeJbHO, M  ILIOCKOCTb P,
oto0paxKaercsl Ha MJIOCKOCTh
Puc. 15 P . Takum o6pasom, mJiocC-
Koctb P, abduHHO 3KBHBa-

JIEHTHA IUIOCKOCTH P,.

Teopewma 2. Jlobbe nBe JMHEHHO HE3aBUCHMbIE CHCTEMBI, CO-
CTOAIIME U3 OJUHAKOBOTO YHC/IA TOYEK, ahDHHHO SKBUBAJICHTHEL

NokasarteabctBo. Ilyers Gy, C;, .., C, —onHa us
JaHHBIX cHCTeM Touek. JIOTOJHHUM COBOKYNHOCTb TOUKH C, H BEKTOPOB

— —_ —_—
C,C1, CoCs, ..., CoC, IO pemepa mpocTpaHcTsa A,; aHAJOTHYHO MOCTY-
UM C ApPYroil naHHOH cucreMoil Touek. Addunnoe mnpeoGpasosanue,
TIpY KOTOPOM OJIMH H3 NOJyYEHHBIX PenepoB oToOpaxkaercs Ha APYTof,
SIBJISIETCS UCKOMBIM.

Mpumep. Jlobbe ABe JUHEAHO HE3aBMCHMbE TPOMKH TOYeK
(ABnAAlOILMECS BepLIMHAMH JBYX TPEYTrOJbHHKOB) abduHHO 3KBHBa-
JeHTHBL. JIMHEeHHO He3aBHCHMas TPOHKa TOYeK He MoxeT ObiTh addus-
HO 5KBMBAJIEHTHOH TpOIiKe TOYeK, JeXallkuX Ha ONHOH MpsMOM.

9.3. Otpesok M napamienenunes. PacCMOTpHUM elle psf HOHATHH
abduHHON TreOMEeTPHH.

ITycts A ¥ B — fBe passiuuHble TOYKH. MHOxecTBO Touek M Ta-
KHX, 4TO

AM = tAB (1)
npu —oo < t < +oo, €CTh NpsAMasi, HATAHYTasA Ha TOUKY A H BEKTOp
AB (4.1). Touru A u B npunapjexar artoft npamoii: ecau ¢ = 0, 10
,47\/1> — 0 u M cosnagaer ¢ A; ecnn ¢ = 1, T0 AM = AB u M cos-
nanaer ¢ B.

MuoxkecTBo Touek M, onpenensiemeix ypasueruem (1) mpu0 <1< 1,
HasplBaercss ompeskom AB.

Touku A u B, nonyuyaemele npu ¢ = 0 u { = 1, Ha3LIBAKWOTCSA KOH-
yamu orpeska. OcrajbHble TOUKH OTPesKa, noaydaemsle npu 0 < ¢ <1,
HA3bLIBAIOTCS BHYMPEHHUMU MOYKAMU OTPEe3Ka; B YaCTHOCTH, TOYKa,

l v
nojiyyaemast npu ¢ = - » HasbBaeTcs cepedunoii orpe3ka. BryTpeHHue

ToukH oTpe3ka AB HaswiBatoTcs sedxcaujumu mexdy A u B.

Ecmn C — cepenuna orpeska AB, To Touku A u B HaswBawTCA
cummempuuHeimy  oTHocuTe bHo Toukd C.

Teopema. CepenuHa orpeska ¢ KoHuamu A (ag; ay; ...; Gn)
u B (by; by; ... b,) HMeET KOOPAHHATHL
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a4 +b 2+ b, a4+ bn

Y 9 eeey .

2 2 2
HdoxrkasartenbcTBo. Ecnu C (¢ €y} ...; Cn) — CEpelUHA OT-
peska A B, To o onpejeieHHIo cepeJuHEl oTpesKa Touka M B dopmyue (1)
1 o
coBmajaer mnpu { = ~ C TouKoi C:
—_ l —
AC =—AB.
2
Torza
1
aG—ai =— (b —a),
2
OTKyJa
Ci = m.
2

PaccMorpuM ofiHO U3 0GOGIIEHUH MOHATHS OTpe3Ka.
[lycte B ypaBHeHHH

—_— - - -
AM = tlul "I" t2u2 "I" cee _I— t,u,,

OIIpeeIAIIEM r-MEPHY O IVIOCKOCTD (4. 1), Kax kIl U3 HapaMeTpoB MpH-
HUMaeT CJeLYIomlde 3HAueHH:

oKL 0L, ., 0K KL
Torna MHoxecTBO Touek M HA3LIBACTCH I-MEPHHLM naparsesenunedon,

HaTSHYTHIM Ha TOYKY A U BeKTOpHI ul, uo, ey u,
Orpesok MOXHO paccMaTpuBaTh Kak ozmomepﬁmﬁ napaJejenunen,.
JlBymepHEIf mapaJiiesienune]] HasbiBaercs napasieroepammon (puc. 16).
Bce 3tM mOHATUS SABASIOTCA NOHATHAMH adhUHHOH TI'eOMETpHH.
Tak, nanpumep, orpesok nmpu adduHHOM npeoGpasoBaHUH O0TOGPaxKaer-
Csl TaKXKe Ha HEKOTODHIH OTpe3oK, NpuueM cepeiyHa NAHHOrO OTpe3Ka
oro6paxkaeTcsl Ha CepelMHy HOBOTO OTpe3Ka.

YnpaxHeHHU s

1. TTo ob6pasuy ompeneneHud mpsiMofi U oTpe3ka cdopMmyaupyire
OIpefieJieHue Jyya.

2. Ha#ipure mpocroe orHowenne Touek A, B u C (7.3), ecau: a) C
cosnanaer ¢ A; 6) C — cepe-
IuHa orpe3ka AB.

3. Jloxaxxute TeopeMsl:

RS

a) Ecin Touka C sexur Ly
mexny Toukamu A u B, 10 C .
JIEXUT MeXay B u A. -,

6) Ins Toro uroOul TOYKa
C nexana Mexny Toukamu A A
U B, Heo6Xog¥MO H HOCTATOY-
Ho, uyToGEl (ABC) > 0. Puc. 16
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4. Jlokaxure, uTO JioOble JBa NapaJlieseNunena, HMEIOWUe oxu-
HaKOBhlE pa3sMepHOCTH, adpUHHO SKBUBAJIEHTHHI.

5. B mpocrpancrtBe A, naubl 4erwipe touku: (0; 0), (1; 0), (0; 1)
u (1; 1). IIpuBenuTe mpuMep uYeTBEPKH TOUYEK, KOTOpas: a) Owlia Gkl
abduHHO SKBHBa/JEHTHAa NAHHOH wTeTBepKe Touek; 6) He Oblia Obl el
adbuHHO SKBHBaJIEHTHA.

6. Ilpeo6pasoBanue mnpocrpaHctBa A,, Hpud KoTopoMm oOpasom
JIt000H TOUKH fIBASIETCA TOYKA, CUMMETPHYHAA efl OTHOCHUTEJNbHO JaHHOM
TOUKH S, Ha3bIBAeTCS HEHMPAAbHOU Cummempueli OTHOCHTENbHO S.

a) 3anuiute QOPMYJbl UEHTPAJbHOH CHMMETPUH, €CIH S (Si; S ...}
we; S,). Kakofi BUL OHH IPUMYT, ecin S — HayaJo KOOpJAHHAT?

6) SlBadercsa Ju LeHTpa/jbHAasA cHMMeTpHs adduHHBIM npeo6pasoBa-
HHUeM?



IFmasa Il
EBKJIUA0BO NMPOCTPAHCTBO

§ 10. EBKJIMI0BO BEKTOPHOE NPOCTPAHCTBO

10.1. OmnpegeJieHne eBKJIMAOBA BEKTOPHOro MpPoCTpaHcTBa. IIoHsSTHE
€BKJHJ0Ba BEKTOPHOTO NPOCTPAHCTBA H3BECTHO H3 Kypca aJre6-
pul. BcmomMHHMM HeKoTOphle ykKe 3HaKOMBle CBOMCTBA 3TOTO IPOCTPaH-
CTBa U JOKaxeM HEeCKOJbKO HOBBIX.

ITycts B BekTopHOM mpocrpanctBe V,, (1.1) 3ajana onepauus cka-

JISIPHOTO YMHOXKEHHSI BEKTOPOB, 8 UMEHHO JIIOOBIM IBYM BEKTOpPaM 4 U ¥

MOCTAaBJIEHO B COOTBETCTBUE OIMpENeNeHHOe AeHCTBHTENbHOE YHCIIO,

KOTOPOE Ha3blBAeTCsl CKAAAPHbIM npoussedeHuem 3TUX BEKTOPOB; Oylem
- -

o603HayaTh €ro yepes u - v.

BekropHoe mnpocrpancTBo V, HashBaeTcs n-mepHoim e8KAUO0BbIM
NPOCMPAHCMEOM, €CIH CKalsipHOe YMHOXeHHe o6sajfaeT CBOHCTBaMH,
IePeYUCIeHHBIMH B CJIENYIOMHUX aKCHOMaX:

V. Axcuomer ckaraprozo ymuoxcenus 8eKTOpos

Axcuoma Vi u-v=u-u.
e - - - - - -
Akcuoma V,. wt+v) - wv=u-wt+v-w
- - - -
Akcuoma V, (Bu) - v ="Fk(u - v).
- - -> -
Akcuoma Vi, Eciu  us=0, 000 - 1 > 0.

Takum o6pasom, cucreMa aKCHOM €BKJHMIOBa BEKTOPHOTO IIPOCT-
PaHCTBa COCTOHMT M3 YeThIpeX TPYNN: TPeX TPYNH aKCHOM IPOH3BOJb-
HOrO BeKTOpHOro mnpocrpaHcTBa (1.1) u rpynmel akCHOM CKaJIsipHOTO
YMHOXKEHUSI BEKTOPOB.

Oro6paxkeHue OIHOTO €BKJIHIOBAa BEKTOPHOTO IpPOCTPAHCTBA Ha
Ipyroe HasblBaeTCs uU30MOpghHbim, ecan oHo: 1) siBjseTcs H30MOPGHBEIM
oroOpaxeHHeM B CMBIC/Ie ompeneseHus U3 1.3 u 2) coxpaHsieT cKaJjasip-
Hble TIPOM3BEIEHHS BEKTOPOB.

JlBa eBK/IMLOBHIX BEKTOPHBIX IIPOCTPAHCTBA HA3LIBAIOTCS U30MOP(-
HoLMU, €CJAM OLHO M3 HUX MOXKHO M30MOPGHO OTOGpasuTh Ha ApYyroe.
Kak u B cilyyae mpoH3BOJIBHEIX BEKTOPHBIX MPOCTPAHCTB, HEOOXOLHMBIM
U JIOCTaTOYHBIM YCJOBHEM H30MOp(dH3Ma IBYX €BKJIUIOBbIX BEKTOPHBIX
NPOCTPAHCTB SABJISIETCS PABEHCTBO HX pasMepHoCTel.
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10.2. dauHa BekTopa. Jaurod (W11 MOLYJieM) BeKTopa u Ha3blBaer-
csi apudMeTHUECKHH KBaApaTHEIA KOPeHb U3 €ro CKajsfipHOTo KBajpaTa:

w=Ve=Viw

Orciona cienyer, u4To CKajsipHBI KBaipaT BeKTOpa paBeH KBajipary
€ro IJIHHBL:

= |uf.

-> - - - - -
Ecnu u = 0, 10 |u| = 0; eciut u =0, 10 |u| > 0.

T eopewma. [nuHbl M100bIX IBYX BEKTOPOB H MOLYJb HX CKansp-
HOTO MPOM3BENEHHS CBSI3aHBI TaK Ha3plBaeMBIM Hepasercmeom Kouww —
Bynsarosckoeo:

lu - vl <lul - [ol.
ﬂ OKas3aTeJabCTBO. paCCMOTpPIM BEKTOp BHJIA
4 — ko,
Flie k — npousBoJbHOe yucio. Tak Kak
(U — ko) >0
TO
R — 2 - ok + u2 > 0. )

B nieBoit yactu GopMyJabl HaXOAWTCA TpeXuseH, KBaJAPaTHHIH OTHO-
CHUTEJbHO k; OH HEOTpPHUATEJIeH NpU BceX 3HAUEHHAX 2, ClleloBaTeNbHO,
€ro JUCKPUMHHAHT He MOXeT ObITb MOJIOMKHTENIbHBIM:

@ - 0)* —u2® 0.
Orcroza

- -»2 -»2 —>2
@ o) < fulf - ol

- 0] < [ul - [ol. @

Bameuawune JlokaxeM, 9To B dopmyne (2) 3HAK PaBEeHCTBAa HMEET MeCTO
-> -
TOrZa M TOJbKO TOrJa, KOTrAa BEKTOPHl 4 H U JIHHEHHO HE3aBHUCHMBL
- ->
IMycTs BekTOpH! # M v JuHefiHO He3aBucHMBL. Torza mpu Jo6oM & BeKTOp
-

- -

u — kv 5= 0, a kBaZpaTHeIi TpexuJieH B opmye (1) MOKeT GBITb TOIBLKO MOJIOXKHTE be
HBIM; TO3TOMY IHCKPHMHHAHT ero GyIeT OTPHLATENbHBIM, a CJeAOBAaTeNbHO, H BCO-
OTHOWIEHHH (2) OKaxKeTCa _JMEID sHag <.

IlycTb BEeKTOpH! U M 0 IMHEHHO 33BHCHMEL 1 = kv, TOrza
|u . vl = |(kv) . vl= [k(v . v)l = |k} - |vlz=|kvl . |v| = IZI . ol
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- ->
10.3. ¥Yroa mexay BekTopamu. ECu ¢ U v — HeHYJeBbE BEKTOPHI,
To u3 HepaseHcTBa Komu — ByHsKOBCKOro cienyer, 4to

u-v
-1 — = <L
lul-lo]
MO3TOMY TONYYEHHYIO JPoOb MOXKHO pPacCMaTpPHBaTh KaK KOCHHYC
HekoToporo aprymenta ©. Uucno ©, nns Koroporo

- -

ws® =—"—,0g0Ln, (1

Ha3BIBAETCA YyeAoMm Meofcay sexmopamu U u v.
k44
Ecnn YroJ Mexay BEKTOpamH paBeH -2—, TO BEKTOPHI HA3LIBAIOTCA

-> ->
0pMOo2oHAAbHBLMI. BEKTOPHL U H ¥ OPTOrOHAIBHHI TOTA H TOJBKO TOTAA,
- -
Korma u - v = 0.
- - - -
Eciu ® =0 i © =z, 10 |4 - v| = |u| - |v]| ¥ mo 3ameuaHuio

U3 10.2_12=k5, riek >0npu® =0uk <O0npu© = m.
U3 (1) crepyer, uta

- -> - -
u-v=|ul-|v|cos®O.

B mKonbHOM Kypce MareMaTHKH 3TO PaBEHCTBO paccMaTpHBaeTCs
Kak ompene/jeHye CKalspHOro nmpousBefeHHs. Ilpu Hauem ke H3Jo-
XKEHHH OHO fBJISIETCS JIMUIb CJEACTBHEM U3 OMNpeNesNeHHsl YIia MeXuy
BEKTOpaMH.

10.4. OpronopmupoBaHHblii Ga3uc. Dasuc eBKAHJOBAa BEKTOPHOTO
HNPOCTPAHCTBA HA3BIBAETCS OPMOHOPMUDOBAHHBIM, €CITH €r0 BEKTOPHI
g -

ey, €y, ..., €, MONIADHO OPTOTOHAJIEHBI U HMEIOT JJIHHEI, PABHEIE eUHHLE.
B stoMm ciyuae

-»2 - - . .
e2=1,¢e -¢;=0npuiszj. 1
- -
Ecnu KoOpAMHATH BEKTOPOB U = (U} Uy} ...5 U,) H U = (Ug; Uy} o
<y U,) OINpEJieJIeHbl OTHOCHTEJIbHO OPTOHOPMHMPOBAaHHOTO 6asuca, TO
- -
U U= up + U, + ... + u,v,, 2
- 2 2 2
|u|=Vul +ug+ ..o+ oul )

dopmysa 1J151 yria MeXAy BEKTOpaMH TOTAA NPHHUMAeT BHI

cos O = - 2u101 + uzv: + ,.,2 + ugvn _
Vitat . v Voot . 10
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a HepaBeHcTBO Komn — ByHSIKOBCKOro 3amuchiBaeTcs CJeLYIOUWUM
obpasom:

oy + oo + 4,0, < (8 + oo+ ) (0 + .o 0

YnpaxHeHus

(1,22 3), v=(31; 5 1)
@ =(=1;1; —I; 1; 0, v_(20102)

2. Hafigyure yrael MeXay BeKTOpOM U= (3; 0; —4; 0) u xoopau-
HATHBIMH BEKTOpaMH.

1 Ha#inure yroa MeX]y BEKTOpaMu 4y
u

§ 11. OPTOI'OHAJIbHBIE TNPEOBPA30BAHHUSA

11.1. Oproronanpubie Marpuupl. KpazpaTHas wMarpuma A Ha-
3BIBAETCSl 0PMO20HAALHOL, ecain obpaTHast eit matpuua A—! coBmamaer

¢ marpuueii A”, monyyaemol NpH TPAHCIOHHPOBAHMM MaTpuubl A,
T. €. eclH

A-t=4"
2TO COOTHOILEHHEe PaBHOCUJLHO JI0OOMY U3 CJEYIOMUX PaBEHCTB:
AAT = E (1)
u
A"A = E, )

rie E — enuHuuHas Mmarpuna.
3amuiueM paBeHcTBo (1) moxpoGHee:

ay Qg ... Oy, Qyy Qgy ove Ay 10..0
Aoy Ggg voe Gy | [ Gig Qo oo @y | (0 1 ... O
Qpy Qo ovv Oy Ay, Oy oen Oy 00..1

W3 npaBusa yMHOXKEHUSA MaTPHUIL CJIELYET, YTO
[a?1 +a,+..+a =1i=12..,n
a; +aya,+ ... +a,a, =0mpuij

Takum ofpasoM, KBajpaTHas MaTpula $IBJfETCS OPTOrOHAJbHOM
TOTJ@ H TOJNBKO TOTJA, KOTJAa CyMMa KBaJpaTOB BCEX 3JEMEHTOB KaxK-
JOH ee CTPOKM paBHA €NMHMIE, a CyMMa IPOM3BENEHHI COOTBETCTBYIO-
KX 3JIEMEHTOB JIOOBIX JBYX €e pPas3/IMYHLIX CTPOK paBHA HYJIIO.

Us (2) cnenyer, uto aHaJOTHYHOE yTBEPKIAEHHE CIPABENIUBO M 1JIsI
CTOJIOIOB:

2 2 2 —  J— .
{a” +a+..+a=1i=12.,n
a;a; + ay, a2j—|— vt a,a,,=0mpu iZj.

(©)

)
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M3 cooTHowmenuit (3) BbITeKaloT cooTHoweHHus (4) u oGparHo. Ot-
CIolla, B YACTHOCTH, CJI€YeT, YTO NPH TPAaHCIOHUPOBAaHUH OPTOTrOHA/b-
HOH MaTpHIbl NOJYYaeTCs TaKKe OpTOI‘OHaJIbHaﬂ MaTpHIa.

Tak kak ompenenuresn matpuu A u A pasue: |A| = |AT], To
u3 (1) caenyer, uto |AP =1, 1. e. |A] = .

Takum o6pa3oM, ONpene/NuTe/b OpTOI‘OHaJIbHOﬁ MaTpULBL MOXKET
ObITh paBeH ToJbKO -1 mau —1.

[Ipumep. Ilpu n=2

A= (au am)
Qo Aas /s

a ycous (3) v (4) mpUHUMAIOT BUL,

2 2 2 2
a12l -+ a122 =1, a +a, =1,
— 2 9
a + a3, =1, a, + a3 =1,
Qg + iy = 0 a1y + anay, = 0.

OTHM YCJOBHAM YIOBJETBOPSIET, HANpUMEp, MaTpHUa
cos & —sin a
sin o cos a°

11.2. Tlepexox K HOBOMY OpTOHOpMHpOBaHHOMy 6asucy

Teopewma. [Hasa Toro urobnl G6asuc e,, ez, cees e,'l, BEKTOPHI
KOTOPOTO BbIP2XKAIOTCH Uepes BEKTOPbl HEKOTOPOTO OPTOHOPMHPOBAH-

Horo 0asuca el, eg, ,e no dopmyaam (1) us 1.2, Takxke Gbl1 OPTOHOP-
MHPOBaHHEIM, HEOBXOHMO 1 JOCTaTOYHO, 4T0Gk! MaTpHla Hepexoia
OblJ1a OpPTOTOHAJBHOM.

HoxasateabcTBo. Ilepenumem d¢opmyasl (1) us 1.2:
—»I - - - .
e, =a +ae+ ... +a,e (=12, ..n);
TOTZa

- - -> - - -> - g
e - e, =(a,e + aye, + ... +a,e) (ae + aze, + ... + a,e,.

- - -
Tak Kak 6asuc e, €, ..., €, OPTOHODMHPOBAHHEIH, TO, BEINONHSAS yM-
HoxKeHHe U yuuThIBas dopmydsl (1) us 10.4, 6yzeM umerh:

- -
’ ’
e,re,=a,a;+aya,+..+aa,. (5)

- - -
Ecnu 6asuc e, e), ..., €, OPTOHOPMUPOBAHHEIH,
1O

e =1,¢-¢ =0 npu i ]. (6)
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Torna us (5) cneayer (4), u MaTpuua
Qg Qgy ooe Gy
012 azz I anz (7)
Qy, Qo oo Qpp
SIBJI€TCA OPTOrOHAJbHOM.
Bepro u ofpatHoe, eciu Marpuua (7 OpTOroHanbHa, TO M3 4)
coryiacto (5) caexpyer (6), u Gasuc el, €y, ..., €, OPTOHODMHDOBAHHBIH.

11.3. Optoronaabhbie mnpeoGpa3oBanus. JIuHe#iHoe npeoGpasopa-
HYe @ eBKJHIOBa BEKTOPHOTO NPOCTPaHCTBA V,, HaskBaeTCsd 0pmo20-
HOAbHbIM, €CIH OHO COXpaHseT JLJIUHY J000ro BEKTopa:

1o ()] = |ul.

- -
OGo3Hauas @ (u) yepe3 u’, 5T0 PABEHCTBO MOXKHO 3alHCaTh CJAELYIOMUM
o6Gpasom:
- -
|| = |ul.
Teopema 1. OprorosansHoe npeoOpa3oBaHHe COXpaHfeT CKa-
JISIPHBEIE TIPOM3BeJeHUsT BEKTOPOB.

HokasarteabcTBo. IlycTb 4 U v — NPOU3BOJIbHBIE BEK-
TOPHL.

Torga
@+op=w+2 v+ 0*
UJIn
(a4 oF = [uP + 2% - 0 + [l (1)
AHasnoruyso
0@ +o@E =l0e@WP+2@- 0@ +le@F @

Tax xak oproronanbHoe npeoGpa3oBaHHE @ SBJISAETCHA JNHHEAHBIM
(1.3), To

?W+o@=0@+o),
a TaK KaK OHO COXDaHAET [JIMHEI BEKTOPOB, TO
o (@ + )| = Ju+ol, |9 @} = fzl, lo@)] =0k
TI03TOMY PaBEHCTBO (2) MOKHO 3alucaTh B BUJE
|+ 0P =[uP + 20 @ - ¢ @ + [0 @
CpasuuBas (1) u (3), nmonyuum, 4to

QW oW =u-o.
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Cneanctaue 1. OproroHanbHoe mnpeo6pasoBaHUe COXPaHSET
YIVIBL MEXJy BEKTOpPaMH.

CaepctBue 2. OproroHanbHoe mpeo6pasoBaHHe OTOGPaKaeT
OPTOHOPMHDOBAHHEIA 6a3uC TaKKe Ha OPTOHOPMHPOBAHHBIH.

Teopewma 2. [Ins Toro ytobbl JHHeHHoe npeofpasoBaHue GbLIO
OPTOroHaJ/bHBIM, HEOOXOAMMO H JOCTATOYHO, YTOOLI €ro MaTpHia OTHO-

CHUTeJIbHO KaKOoro-HuGydb OPTOHOPMHMpOBaHHOro 6asuca Gbuia OPTOro-
HaJbHOH.

JHokasaTeabcTBo. JlokaxeM cHauajla Heobxodumocme yc-
JoBus. IlycTe JuHeliHOe npeo6pasoBaHue SIBJAAETCSE OPTOrOHAJIbLHBIM.

PaccMoTpuMm kKako#A-HHOYAb OPTOHOPMHDOBAHHBIH 6a3UC €, €y, ..., €,.
HanHoe npeoGpasoBaHHe BbIPa3HTCH OTHOCHTEJIbHO 9TOro 6asuca ¢op-
myaamu (1) us 1.3, oHo oTo6pasur 6a314<: el, ez, s e o dopmyaam (3)
u3 1.3 Ha OPTOHOPMHPOBAHHEIH 6a3uC el, ey, ..., €, . CornacHo Teopeme

u3 11.2 marpuua (4) us 1.3 nomxHa OBITH opTorOHa.anoﬁ. Marpuua
(2) u3 1.3 monyuaercs u3 Hee ¢ NOMOLIbIO TPAHCIIOHHPOBAHHSA H, ClENO-
BaTeJIbHO, TaKiKe SIBJSETCS OPTOrOHAJbHOH.

IlokaxeM Tenepb docrmamo4nocms ycaoBus. IlycTb JauHefiHoe mpe-
oGpasoBaHue HMeeT OPTOrOHAJNbHYIO MAaTpHUily BuAa (2) us 1.3 OTHOCH:

TeJbHO KaKoro-HuGyab OPTOHOPMHMPOBAHHOTO 6a3uca el, ez, s €,

OHo oTO6pa3uT 3TOT Ga3uc Ha HEKOTOPHIH 6a3uc el, gy eny e . Kosd-

¢unuenTs B ¢opmyaax (3) u3 1.3 cocraBasOT OPTOTrOHANBHYIO MaTpPHU-
iy, u mo Teopeme u3 11.2 stor Gasuc Takxke OYAET OPTOHOPMHPO-
BaHHBIM.

PaccMoTpuM npousBoOJIBHBIA BEKTOP

- - - -
U= e + ULy + .o T ULy
Toraa

|Z|=Vu%—l— w4 ..+ ul,

->

[Mycte naHHOe JHHeHHOe mNpeoGpasoBaHHe OTOOpax<aeT BEKTOp U Ha

by
BekTop #'. Tak Kak npu JHHEHHOM NpeoOpasoBaHHH KO3(QHHLHEHTHI
B (GopMy/aX, BbIpaKalOMMUX JHHEHHYIO 3aBHCHMOCTb BEKTOPOB, He
MEHSI0TCS, TO

- - - -
u = we + ue, + ... + ue,
OTKYyJa

|7 =V u+u+ ...+

- - o
Takum o6pasoM, |u| = |u’|, a 3TO 03HayaeT, YTO JAHHOE JIHHEHHOe
npeo6Gpa3oBaHue SIBJISETCS OPTOrOHAJbHBIM.
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Teopema 3. MHOXKeCTBO OPTOrOHAJNBHBIX [Ipe0Opa3oBaHUll BeK-
TOPHOTO €BKJ/IMI0Ba NPOCTPaHCTBA V, fBJsETCS T'PYNNOH.

HJokasartenbcTBo. KoMrno3suuus ABYX OPTOrOHAJIBHEIX
npeo6pa3oBaHuil sBJASIETCA OPTOTOHAJIBHEIM MpeoOpasoBaHueM. Kax-
IOe U3 3THX npeoOpa3oBaHUil He H3MeHSET IJIMH BEKTOPOB, CJeN0Ba-
TeJbHO, KOMIO3HWIUsA 3THX Ipeo6pa3oBaHHWN He [O/MKHA H3MEHAThb
IJIHH BEKTOPOB. AHAaJIOTMYHO U Ipeo0pa3oBaHue, OOpaTHOE OPTOro-
HaJbHOMY, TaKe He H3MeHseT NJIHH BEKTOPOB M, CJeJOBaTesbHO,
SIBJISIETCS] OPTOTOHAJILHEIM IpeoGpa3soBaHHEM.

CorstacHo Teopeme 1 opToroHasnbHOe MpeoOpPa3OBaHHE COXPaHSET
CKa/lsipHBIE IpOHM3BeNeHHs BeKTopoB. BepHo u obpartHoe. JluHefiHoe
npeobpasoBaHue, COXpaHSIOUee CKaJspHblE NPOU3BeLeHUS BEKTOPOB,
COXpaHsieT U JJIMHBI BEKTOPOB:

[u"l=Vu’ cu =Vu - u=|ul;
CJIelOBAaTEbHO, OHO SIBJISIETCS. OPTOTOHAJNbHEIM mpeoGpasoBanueM. Ta-
KHM 06pasoM, OpTOroHa/lbHOE I1peoGpa3soBaHHE MOXKHO ONpPENeNHTh U

KaK JIiHeliHoe mpeoGpa3oBaHHe, COXPaHSIOLIee CKaJsiPHEIE IIPOU3BeJe-
HHSI BEKTOPOB.

U3 ckaszaunnoro B 10.1 Torna cienyer, 4To OPTOroHaJbHOE IIpeobpa-
30BaHHE MOXHO OIpeleuTb U Kak u3oMopdHoe oToOpa:KeHHe eBKJIH-
J0Ba BEKTOPHOTO HMPOCTPAHCTBA Ha cebsl.

YnpaxHeHUus
1. VKamee, KaKHe U3 IPpHBEACHHBIX HHXKE MAaTpPHIL OPTOrOHAJIbHEIL:

a) 0,8 0,6) 6)/sin2 0 cos2
—0,6 0,8/; o 1 0 |
cos2 0 sin2

B)/2 3 6\ 1)
7 7 7 0 0 0 1
5 2 31 0 —1 0 0
7 7 "1 1 0 00 }
3 _s 2) 0 0 —1 1
7 7 7
2. Onpegenure Takue a, b, ¢, 4ToOH MaTpHLA
a b
1
— ¢
2

OKasaJiacb OpTOFOHaﬂbHOﬁ.

3. Ilpu KakoM yCnOBHM AMaroHajbHas MaTpHLA ABJISETCS OPTOro-
HaJIbHOU?

4. Jlokaxute, 4TO MaTpHla, o6paTHAss OPTOrOHAJBHOH MaTpHle,
TaKXKe SBJSIETCS OPTOTOHANBHOM.

5. Jlokaxure, 4TO KOMIIO3UIHS IBYX OPTOI'OHAJIbHBIX MaTpHIL —
OpTOroHaJ/JibHasi MaTtpHla.
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6. lokaxure, uTo Jo6ast OPTOrOHANbHAS MaTpHIa BTOPOro MOpPsA-
Ka MoxeT GBITh IpEeNCTaBJIeHa B BUJE

coso —sin a cos o sin o
sin o cos o)) mau \sino —cosa)

§ 12. EBKJIMA0OBO NMPOCTPAHCTBO

12.1. Onpeaenenre W TpocTeiimye CBOHCTBA €BKJIMIOBA MPOCTPAH-
crBa. AdduHHOe mpocTpaHCTBO A, HA3LIBAETCSH E8KAUOOBLIM MOUCHHLIM
WIH TIPOCTO e8KAUO08bIM NPOCMPAHCMBOM, €CIH CBSI3aHHOE C HUM IIpO-
cTpaHcTBO V, fIBJISIeTCS eBKJMLOBLIM BEKTOPHBIM MPOCTPAHCTBOM. Mbl
GyneM 0603HauaTh 1-MEPHOE eBKJIMJ0BO NPOCTPAHCTBO uepes3 E,, .

Bce onpenenenust U teopeMsl, copMyNHpoBaHHbE 15 adPUHHOTO
NPOCTPAHCTBa, CNPABENJIUBhL U IS €BKJHUI0BA NPOCTPAHCTBA.

AddunHas cucreMa KOOpAHMHAT B €BKJHIOBOM IPOCTPAHCTBE Ha-
3LIBAETCS NPAMOY20AbHOL Oekapmosoli, ecau ee KOOpAHHATHBIE BeK-

- -

-
TOPHL €1, €9, ..., €, 00PA3YyIOT OPTOHOPMUPOBAHHBIH Ga3suC CBSASAHHOIO
C HUM BEKTODHOTO HpPOCTPAHCTBA.

Teopewma. Ilpu mepexose oT OfHOH U3 IBYX HPAMOYTOJbHBIX
JIEKAPTOBBIX CHCTEM KOODAHHAT K IPYTOH KOODAMHATHI Xy, Xy ..., X,
TIPOM3BOJILHOA TOYKH OTHOCHUTEJIbHO CTAapOil CHCTEMBI BHIPAXKAIOTCA Ye-
pes ee KOOPAMHATH X, Xy, ..., X, B HOBO# cuCTeMe (OpPMyJaMH BHAA

n
X, = Ea‘.ix;. + a, m
=1
Tie Marpuia, ofpasoBaHHAsi KOd(pHLUEHTaMH &,
HaJIbHOH.
Sra TeopeMa HeNmocpeaCcTBeHHO cienyer u3 TeopeM 3.2 u 11.2. Koag-
GUIMEHTH @, U Q; UMEKT TOT K€ IeOMETPHYECKUH CMBICI, YTO H B
Teopeme u3 3.2.

ITpumep. li3BecTHhle W3 aHANIUTHYECKOH TEOMETPHH Ha ILIO-
CKOCTH (OPMYJIBI

ABJIAETCA OPTOro-

x =x cosa —y sina -+ x,
{y = x"sina 4 y' cosa + y,
nepexona OT OIHOH INPSMOYTO/JbHOH JeKapTOBOH CHCTEMbl KOODAH-
HAT K JPYroil sBJISIOTCA 4acCTHEIM ciydaem ¢dopmya (1) npu n = 2
(cm. mpumep u3 11.1).
Paccmosnuen or Touku A 10 Touku B npocrpaHctBa E, HasbiBaercs

—_
nauHa Bektopa AB. Bymem o6o3Hauath ero uepes |AB|.
ITyctb Touku A u B 3ajaHbl CBOMMH KOOPAMHATaMH B KaKOH-HUOYAE
NPSIMOYTOJIbHOH JeKapTOBOH CHCTEME KOOPAMHAT:

A (ay; a5 ...; a,) 1 B (by; by; ..o; by
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Tak kax
AB = (by — ay; by — ay; .3 b, — a,),

To BeaencrBue (3) u3 10.4 paccrosinne or ToukH A 10 TOUKH B BHpasurcs
dopmyion

|AB| = Vb, —a)? + (by — ay)® + ... + (b, — a,)%

12.2, HepaBeHCTBO TpeyrojabHHKA.

Teopema. [Has mobeix Tpex Touek A, B u C cnpaBeiinBo Tak
Ha3LIBAEMOE HEPABEHCMIB0 MPeYy2oibHUKA:

|ACI < |AB| + |BC]. 1)
JokaszateabcTBO. [lo akcuome IV,
AC = 4B + BC, )
OTKyZa
AC* = AB* + 24B - BC + BC?
HIH
[AC]2 = |ABJ + 24B - BC - [BCP.
Taxk kak
AB - BC < |AB| - |BC| @)

(pu AB - EE < 0 3TO OYeBUIHO, a IIpHU A_> . B—>> 0 BBITEKaeT U3

HepaBeHcTBa Koin — ByHsKoBcKoro), To
|ACP < |ABP + 2|4B| - |BC| + (BCP,
[AC| < 14B| + |BC|,

[AC| < |AB| + [BCl.

3ameuanne Ecmu Bcosnanaerc A unu C, TO JerKo BHACTD, UTO B GOpMYyIie
(1) ©MeeT MecTO 3HaK paBeHCTBa.

Ecsin xe B e coBnagaer Hu ¢ A, Hu ¢ C, TO 3HaK PaBeHCTBA HMeeT MECTO TOrxa
# TOJIbKO TOrJa, KOrAa B siexxuT Ha ofHoil npsmoii ¢ A u C MeXIy STHMH TOYKAMH.
[oxaskem sTo.

Ilycte B dopmyse (1) CTOMT TONBKO 3HAK DaBEHCTBa:
|AC| = |AB| + |BC|.

U3 mokasatesnpcTBa TeOpeMb! BHAHO, 4YTO 3TO MOXKeT GbITh TONBKO TOrAa, Koraa ¢op-
arysia (3) obpalidercs B paBeHCTBO

—_— —_— —_
AB . BC = |AB| - |BC|. )
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—_— —
Toraza AB - BC >0 u (4) MOXHO 3anucaTb B BHAE

—_— — —_— —_—
|AB . BC|= |AB] . |BC|.
—_— —> —_— _—
Io sameuanuio us 10.2 AB u BC nuneiino 3aBucume: BC = kAB; Toraa paseHcTBO (4)
IpPUHHMAET BUJ
—_— —_— —_—
kAB? = |AB]| . |BC|,
u, caenosarenpHo, k > 0. Coraacho (2)

—

—_ —_ —_
AC=AB+ BC= (114 KA

H
b — — AC.
=134
Tak xak k > 0, T0
1
Ol<c— <1
STrr<

[0 ONpeleJIeHUI0 OTHOMIEHHS «aexarh MexAy» (9.3) B mexur mexay A u C. Bepuo
—_— —
u obparnoe. Ilyctb B nexur mexay A u C, 1. e. AB= tAC, rae 0 < ¢ < 1. Torza
—_— —_ —_— —_—
BC= AC — AB= (1 — H)AC, rne 1 — ¢t > 0. Orcroa
|AB| = t|AC|, |BC|= (1 —19)|AC|,
H, CJeA0BaTeJbHO,
|AB| 4+ |BC| = |AC|.

12.3. ToueuHo-BeKTOPHOe €BKJAWLOBO mpocTpaHcTBO. COBOKYNHOCTb TOYEUHOTO
€BKJ/IMJ0Ba NPOCTpPaHCTBa E, U CBSI3aHHOTO C HUM €BKJHJOBa BEKTOPHOTO HPOCTPaH-
crBa V,, HasbiBaeTCsl HHOT/A N-MEPHBIM MI04E4HO-6eKMOPHLIM e8KAUO0BLIM NPOCTPAH-
Cmeom.

TOYKH M BEKTOpHl HAa3bIBAIOTCH OCHOBHLIMU 00BeKmamy STOro NpOCTPAHCTBA.

Onepauuy CJHOXEHHS, YMHOXEHHS BEKTODA Ha YHCJO, CKaJsPHOTO YMHOMEHHS
BEKTOPOB H OTKJIaJBIBAHHS BEKTOPA YCTAHABJHBAIOT MEXAY OCHOBHBIMH OGBEKTaMH
HEKOTOpHe orHouwleHus. Tak, HampuMep, CKJaibBasi ABa BEKTOPa, MBI CTAaBHM HM b
COOTBETCTBHE HEKOTOPHIH TPETHH BEKTOP — HX CyMMY. DTH OTHOLIeHHS OyJeM Hasbl-
BAaTb OCHOBHBIMU OMHOWEHUAMU TOYEUHO-BEKTODHOrO €BKJMIOBA MpPOCTPAHCTBA.

CpoficTBa OCHOBHHIX OTHOWIEHHII H3jaraioTcsi B CHOPMYJHPOBAaHHHIX paHee
aKcuomax, KOTOphle COCTaBJSIOT ciefywomue natb rpynm: I, I, Ig, I, — akcuombr
cnoxenus: Bekropos, II;, II,, IIg, Il — akcHoMBl yMHOXeHHS BEeKTOpa Ha YHCIIO,
I11,, 111, — akcuombl paamepHoctd, 1V;, IV, — akcHOMBEI OTKJaJbIBaHHS EEKTOpa,
Vi, V,, V3, V4 — aKCHOMBI CKaNSIPDHOTO YMHOXEHHSI BEKTODOB.

Mbl He JenanM HHMKAKMX NPEANOJOXKEHHH OTHOCHTENBbHO NPHPOXBI OCHOBHBIX
06BEKTOB M He AaBaji MX ONpEefeieHHl, He ONpejessiIHCh H OCHOBHEIE OTHOLIEHHMS.
OnH JOJKHBEI GBLIH JIHIIbL YAOBJIETBOPATh TPeGOBaHUSM, H3JIOXKEHHHIM B aKCHOMAX,
BCE OCTaJIbHbIE MX CBOMCTBA MOTJIH OBITh KaKMMH YrOIHO.

Bce apyrue BcTpeuaBlInecss HaM OGBEKTHI M OTHOLIEHHsS ONpelE/siINCh Yepes
ocHOBHBHle. [IpH JOKasaTesqbCcTBax TeOpeM HCIOJB30BaJHUCh TOJMBKO Te€ CBOMCTBA OC-
HOBHBIX OTHOIIEHHH, KOTOpBle ObLIH IEpeuYHC/IeHH B aKCHOMaXx.

AHaJIOTHYHO COBOKYNHOCTb addHHHOIO MPOCTPaHCTBa A, H CBASAHHOrO C HUM
HPOH3BOJIbHOTO BEKTOPHOrO MPOCTPAHCTBA V,, HasblBaeTCs 7-MEPHEIM TOYEUHO-BEKTOD-
HEIM ahdHHHEIM NMPOCTPAHCTBOM. B 5TOM cilyuae OCHOBHBIMH OGBHEKTAMH SIBJSIOTCS
TaKXe TOYKHM M BEKTOPH, HO M3 UHCJAa OCHOBHHIX OTHOLIEHHIl €BKJ/HIOBAa NpPOCTPaH-
CTBa MCKJIIOYaeTCsi OTHOIIEHHe, YCTaHABJIHBaeMOe onepalyeil CKajasipHOr0 YMHOXKEHH S
BEKTOPOB, & K aKCHOMaM OTHOCATCA TOJALKO Te, KoTopeie Bxogar B I, II, III mu IV
rpyNmbL.
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YnpaxHeHHun

1. JokaxuTte, 4TO

|AA] =0,
6) |AB| >0, ectu A u B pasnuuHbl;
B) |[AB| = |BAl.

9. JIoKaxuTe CJENYIOIMEe aHAJOTH H3BECTHHIX TEOPeM IIKOJBbHOM
reoMeTpHUH:

a) Ecnu BekTOpHI ZEI u AC OpTOTOHAJIbHE, TO
|AB? + [AC|? = |BCJ~.
6) Ecau AB =DC wu BEKTOP AB OPTOrOHAJIEH BEKTOPY A_b, TO
|AC| = [BDL

B) Eciu AB —DCu |AB| = |AD]|, 10 BeKTOpHI AC u BD opTo-
FOHAJIbHBI.

r) Ecaun ZE=DC, TO
JACP + |BD* = |AB? + |BCP + |CDP* + |ADP.

n) Ecmu |AC|=|BC|, t0 _YTOJ MKy BeKTopaMu AB u AC pa-
BEH YIJy MeXIy BeKTOpaMH BA w BC.

3. Hanw Toukn A (3; —1; 3; —1), B(4;0; 2, 0) u C (3; 1; 3; 1).
Hafinure paccrosnus MeXIy Ka<IABIMH ABYMs M3 STHX TOWEK, a TaKie
YIJIBL MEXKIYy BEKTOPaMH AB u AC BA u BC CAuCB (T. e. Halizure
IJIMHB CTOPOH M BeJHMYHHBI YIyoB TpeyroibHuKa ABC).

4. B mpoctpasctBe E, naHbl KOOPAMHATHL HOBOI'O Hayaja H HOBLIX
KOOpJVHATHBIX BEKTOPOB:

0% =34 & =(—5—5 3 )

>, 11,1 1
e2=(——; = = ———),

l

}

2 2 2 2

SIBasieTcs M HOBas CHCTEMa KOoopAuHaT HpﬂMOYFOJ’IbHOﬁ IeKapTo-
BOH, ecsu crapasa CucréMa — IpsAMOoYroJbHas JleKapTOBa?

3anuiiute GOpPMYJbl nepexoja OT CTApOH CHUCTEMBl KOODAHHAT K
HOBOH.

§ 13. TPYNNA JABU)XEHHUMN.
MPEAMET EBKJIMAOBOA IEOMETPUU

13.1. Onpepenende W mpocTelimive cBolicTBa nBUXKeHMA. [[guoce-
Huem (mepeMeilieHMeM) eBKJHIOBa mpocTpaHcTBa E, Ha3biBaeTcsi €ro
apdunHOE mpeoOpa3oBaHue, He MEHSIOLIee PACCTOSTHUH MEXY TOUKAMH.
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V3 onpenenenusi paccTosiHus Mexay Toukamu (12.1) caenyer, uro
BEKTOpHOE Npeo6pa3oBaHKe, aCCOLMHPOBAHHOE C JBMXKEHMEM, CoXpa-
HSleT [JIMHB BEKTOPOB H, CJIEJOBAaTeNbHO, SIBJISETCS OPTOTOHAJbHBEIM
npeo6pasoBanueM. OTCiofa BHITEKAeT, B YaCTHOCTH, YTO IIPY 3TOM
npeo6pasoBaHWU He MEHSIOTCA CKa/ADHEIE INIPOHM3BEJeHHs BEKTOPOB
W YTJIbl MeXY BEKTOPaMH.

Penep 4, gl, gz, ey g,z B MPOCTPaHCTBE E, HasbBaeTCst opmoHop-
-

MUPOBAHHBIM, €CITH BEKTODHI g1, gz, I g,Z 06pasyIoT OPTOHOPMHPOBaH-
Heii 6asuc mpocrpaHcTBa V,, cBasanHoro ¢ E, . IlpumepoM Takoro pe-
nepa MOXeT CHYXKUTb NPSAMOYroJibHasl A€KapToBa CHCTeMa KOOpIHHAT.
U3 ckasaHHOTO BHILIE CJIEAYET, YTO IPH JBHKEHHH ODPTOHOPMHPOBaHHBIN
penep otoGpa)<aeTcsl TaKxe Ha OPTOHOPMHPOBAHHEIA pemep.

Teopewma 1. Ilpu nBuxeHuu mnpocrpaHctBa E, KoopauHaThl
X1, X3, ..., X, TIDOM3BOJDBHOM TOUKH ¥ KOODNMHATHL X, Xy, ..., X,
ee ofpasa B OLHOH U TOH e NPAMOYIOJbHOH AEKapTOBOH CHCTEME KO-
OpIMHAT cBA3aHbl (GopMysnaMH BHAA

= Z bx, + b, )

j=1
rie marpuua B, cocrasieHHast U3 KOS(QHUHEHTOB b, OpTOrOHA/bHA.

Teopewma 2. Beakoe npeobpasoBanue mnpocTpaHcTsa E,, BbI-

paxkaemoe dopmysiamu Buna (1) ¢ oproronanbHOl Mmarpuuell B, sBis-
ercsl IBHKEHHEM.

Teopewma 3. [IBukeHue mnpocrpaHcTBa E, BmosnHe ompenessi-
eTcsl 3aJJaHieM JBYX COOTBETCTBYIOIIMX OPTOHOPMHDOBaHHLIX perepoB.

Teopemsr 1, 2, 3 fiBAsAIOTCS HEMOCPENCTBEHHBIMY CJIENCTBUSIMH aHAJIO-
TMYHLIX TeopeM u3 7.4 u Teopemsl 2 u3 11.3.

Onpenenutens marpuubl B pasen +1 uau —1 (11.1); B nepeom
cnydae pBuxxkeHue (1) HasblBaeTCsl ABMIKEHHEM IIepBOrO pPoja, BO BTO-
pPOM — IBHKEHHEM BTOPOTO poja.

13.2. Jlpyrue onpejetieHusi AeuxkeHusi. JIBHXeHHe MOXKHO ONpeNeNHTb Kak
npeo6pasoBaHie €BKJIMJA0BA NMPOCTPAHCTBA, COXPAHSAMOMIEe PACCTOSHHUS MEXIYy TO4-
KaMH.

DKBHBAJICHTHOCTb 3TOrO ONpeJeJeHHsl M onpeleseHus, AaxHoro B 13.1, BhITe-
KaeT H3 CJENYIOleH TeopeMsl.

Teopewma. Beskoe npeo6pasopanie eBKJHA0BA IPOCTPAHCTRA, COXPaHsIOlIee
PacCTOSTHUSL MeXKAY TOUKaMM, fIBAAeTCA adOHHHBIM.

ODoxasateambcTBO. IlycTs AaHHOe npeo6pa3soBaHHE EBKJHAOBA npo-
CTpPaHCTBa OTOGpaxaeT HpOHSBOJIbeIe Toukn A, B, C, nexamue HA OfHOH NpAMOIL,
COOTBETCTBEHHO Ha TOukd A’, B,

Torna

lAC|= |A’C’|, |CB|= |C'B’|, |AB|= |A’B’|, @
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Coryiacso TeopeMe 3 7.2 IOCTATOYHO JAOKa3aThb, yTo Touku A’, B, C' Takxe ne-
xat Ha ofmoi npsamoit u (ABC) = (A’B’C’). IlpeanonoxuM Al ONpejeJeHHOCTH,
yto C nexut mexay A u B. Ilo sameuanmio us 12.2

|AC| + | CB| = | AB|,
torza Beaencrsue (1)
|A'C'|+ |C'B'|= |A'B'|.

[To sTomy e 3ameuanmto A’, B', C' nexaT Ha ofuoil npsimoil u C' jnexur Mexay A’
u B’. Tlo ompeneneHHio mpsaMoi

AC= (CB, AC' = {C'F,
npuyeM (cM. ynp. 36 k § 9)
t= (ABC) >0, ¥ = (A'B'C') >0.
Orciona
| ACl= t| CB], |A'C'|=t|C'B|;

torna coraacho (1) ¢= #'. Teopema nokasana.

B xonue 10.1 6bli0 jAaHo ompefesieHne H30MOPH3Ma €BKJHIOBHIX BEKTOPHBIX
npocTpaHcTB. [1o aHa/IOrKH ¢ onpellesieneM u3 6.1 B3aHMHO OfHO3HauHOE OTOGpaxe-
HHE OJHOTO M3 JBYX €BKJHJOBBIX TOUEUHBIX NMPOCTPAHCTB Ha JAPYroe HasbBaeTcs
U30MOppHLIM, €CIH CYILECTBYET ACCOLMMPOBAHHOE C HUM H30MOpGhHOe OTOGpakeHHe
€BKJIHJOBEIX BEKTODHBIX MPOCTPAHCTB, CBS3aHHBIX C JAHHBIMH E€BKJ/IMIOBHIMH TOUeY-
HBIMH TPOCTpaHCTBaMU. EBKJIMAOBH TOYeuHLle MPOCTPAHCTBA HA3LIBAIOTCS W30MOPG-
HoLMU, €CJIH OJHO M3 HHX MOXeT ObiThb M30MOPHHO OTOGpaxeHo Ha Apyroe. Kak u
B 6.2, MOXHO 10Ka3aTb, YTO HEOGXOJMMEIM H NOCTAaTOYHEIM YCJIOBHEM H30MOpdH3Ma
IBYX TOUEYHBIX EBKJHMIOBEIX TMDOCTDAHCTB ABJAETCS DaBEHCTBO HX PasMepHOCTefl.

B coorBeTcTBHM €O CKa3aHHEIM BbIIie MOXKHO ONpPeJesHTh ABHIKEHUE (10 aHAJOTHH

c onpefesenueM apdurHOro npeobpasosanus u3 7.1) kak maoMmopdHoe oToGpaxkenue
€BKJIMJ0Ba NPOCTPAaHCTBA Ha celsl.

13.3. I'pynna nBuxeHWH U ee MOATPYMIBI.

Teopewma. MHOXKECTBO IBHKEHUH €BKIHIOBA NMPOCTpaHCTBA E,
SIBJIIeTCS [PYIIIOH.

HJoxasateabcTBo. B coorBercTBuM co cKasaHHEIM B 8.1
JIOKa)keM CHauaJja, 4TO KOMIO3HIUS NBYX IBHIKEHHH TaKxKe sBJIseTCS
IBmxeHveM. Tak Kak JBwxeHHs — addHHHBIE Peo6pasoBaHHs, TO MO
TeopeMe u3 8.2 W MX Komnosuuus — adduHHOe npeoGpasoBanue. Tak
KaK JBHKEHHS HE MEHSIOT DACCTOSIHUI MEXIY TOYKAMH, TO H HX KOMIIO-
3ULHS HE MEHsieT PaCCTOSIHUH MEXIY TOUKaMH.

Amnanornuso noxaskiBaeTcsi, 4TO npeoGpasoBaHue, oO6pPaTHOE IBH-
JKEHUIO, TaK¥Ke SIBJSETCS IBHKEHHEM.

PaccmoTpum HEKOTOphIE MOATPYININBI IPYMMbI ABHMKEHHH MPOCTpaH-
ctBa E,,.

B 8.3 Gbuta paccmoTpeHa rpynmna napaiiesvuvlx neperocos. Kax
yKe YKasbBaloch, (HOpPMYJibI MapasielbHOTO NepeHoca sBJSIOTCH
YacTHBIM cly4aeM (opmya (1) us 7.4 npu

b,.={1’ ecmu i = j,
u 0, ecau i~ .
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CrnenoBatesibHO, MaTpuua B, cocTaBieHHass U3 KO3(HIMEHTOB bti’

AIBJISIETCS B 3TOM caydae eauHnyHod. Ho exnnuuHas martpuna oproro-
HaJbHA, W mo Teopeme 2 w3 13.1 mapasiesbHBIH NEpeHOC SIBJSETCH
IBMKEHHeM. I'pynma napasiesbHbIX IEPEHOCOB SIBJSETCS ONHOH M3 Moj-
TPyII TPYNIbl ABHKEHHUH.

JIBrXKeHUe, NpPH KOTOPOM HeKoTopas ToukKa S orobpazkaercss Ha
ce0sl, HasBIBAeTCS 8pauleHuem BOKPYT LeHTpa S. Bpamenwe spiasercs
YaCTHBIM ClIyuyaeM HeHTpoadunuHoro npeobpasoanus (8.5). Ero dop-
MYJIEL HMEIOT TOT K€ BHJ, YTO M (OpMYJIbl HEHTPoaddrHHOrO npeobpa-
30BaHHsA, HO MaTpuua B sBjsieTcsl Temepb OPTOrOHANBHOM.

Bcsikoe nBHxKeHHE MOMKET OHITH MPENCTaBI€HO KaK KOMIO3HILMS
BpalleHHsl M MapajjeNbHOrO IepeHoca. IJTa TeopeMa JOKAa3LIBaeTcs
TaK e, KaK M aHaJOTHYHas Teopema 3 8.5.

Jlerko BHIETb, YTO BpAaLIEHHS C JIaHHBIM LEHTPOM S COCTaBJISIOT
TPYNIy; 3Ta IPYNNa TaKxe SBJASETCS NOATPYIIOH IPYNIBI ABUKEHHUI.

13.4. Tpenmer eBkAMAOBOH reomeTpun. Eeéxaudosol ecomempueil
Ha3bIBaeTCsl HayKa, H3yyaromas Te CBOACTBAa (UIYp eBKJIMIOBA Ipo-
cTpaHcTBa E,, KOTOpBHE OCTAIOTCS HEM3MEHHBIMH IPH JIOGHIX IBHXKe-
HHSIX 5TOTO NPOCTPAHCTBa. DNeMEHTapHas IeOMETPHS — 3TO eBKJAHJIO-
Ba reoMeTpus npoctpancts E, u Ej.

Tak kak nBuXeHHe fBJIseTCS YaCTHBIM cayyaeM adduHHOrO mpeo6-
pasoBaHus, TO BCAKOE CBOHCTBO GHUIYpPBl, COXPAHSIOLIEECS TIPH JIOOHIX
apduHHBEIX npeoOpa3oBaHMAX, OyIeT COXPAHATbCA TaKXKe H IPH JBH-
xkeHusax. [losToMy Bce cBoficTBa Quryp, usydaemele B abduHHOM reo-
METPHH, H3YUaloTCsl TaKKe U B eBKJIHA0BOH reOMeTpUH.

OznHako He BCSKOe CBOMCTBO, COXPAaHSIONIEECS IPH IBUKEHHAX,
6yZeT COXpPaHATbCA M NpPH JIOOHX addHHHBIX npeobpasoBaHusx. I1os-
TOMY €BKJIHJOBa IeOMeTPHS 3HauYHUTeJbHO 0oraue Mo COIEPKAaHHIO, YeM
apdunnan. B Hell paccMaTpHBaOTCA MHOTHE INOHATHS, OTCYTCTBYIOMIHE
B a(uHHON reoMeTpHH: «CKaJsfPHOE NPOM3BEIEHHEe BEKTOPOB», «pac-
CTOSIHHE MeXKIY TOYKAMHU», (YroJ MeXNY BEKTOPaMu» ¥ T. [k

Ha wMHoromepHbie €BK/IMIOBBI NPOCTPAHCTBA MOTYT OBITH pac-
IPOCTPaHeHbl M MHOTHE [pYTrHe IOHATHS 3JeMEHTAPHOH TI'eOMETPHH.
IlpuBeneM mnpuMeprl oOnpefeneHUfl TAKUX MOHATHH I/ €BKJIHIOBa
npocrpancrBa Ej .

durypa F, HasbiBaeTcs Konepyanmmoti durype F,, eciiu cymecTByer
IBHXKeHMe, oTroGpaxaromee gurypy F, Ha durypy F;. C Touku 3peHust
€BKJIHJIOBON TIeoMeTpHM KOHTPY3HTHBIE (UIypH 006/ajaloT ONMHAKO-
BBIMH CBOHCTBaMH.

Tunepcgpepoil unu mpocro cgepoil paguyca R c uentpom C Haswl-
BaeTCsl MHOXKECTBO TOYEK IPOCTpaHCTBa E,, HaXOAAMMXCA OT TOYKH C
Ha paccTosiHuHM, paBHOM R. MHOXeCTBO TOUYeK, HaXOASMIMXCS OT TOY-
Ku C Ha pacCTOSiHMM, He IpeBHIIatomeM R, Ha3kBaeTcs #-MEPHBIM
wapom.

Ecin BeKTOpH, Ha KOTOpHIE HATSHYT 7-MEPHLIM mapaJieNielnunes,
NOTIAPHO OPTOTOHAJIBHEI M MMEIOT PaBHbIE JJIHMHBI, TO 3TOT MapalJele-
OWIe] HasHBAeTCA r-MEPHBIM KyOoM.
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JlBe IJIOCKOCTH HAa3HIBAIOTCH HNEPHEHOUKYAAPHbIMU, eCln 6ol
BEKTOP HampaBJIsIOEro NOANPOCTPAHCTBA OJHOM M3 HHX OPTOrOHaseH
JM1060My BEKTOPY HAnpaBJsIOUIEro MOANPOCTPAHCTBA APYTo# mo-
CKOCTH.

MOXKHO ONpeNeNuTh TaKKe TAKHe NOHATHSA, KaK «PacCTOSHUEe MEeXIY
TOUKO# M r-MEPHOH IJIOCKOCTbIO», «06bEeM 7-MEPHOTO MapaJlje/enynenas
U T. I

YnpaxHnenus

1. fBasilercss sin ABHKeHMeM IpeoGpasoBaHMe mnpocTpaHcTBa £y,
BHIpaXkaeMoe B INPSMOYTro/bHOH JeKapTOBOH cHCTeMe KoopAuHaT dop-
MyJaMHu:

a) [ x; =x—1, ©0)(x=2x — X,

g = ot Xy = Xy + %3 + 1,
=3 2

2 V2 Xy = x5 + %, + 2,

o XaT X - ?

X3 = 5 lx4 xg + X%, + 37

X, =%+ L;

2. Tlpy KakoM YCJI0OBUM TOMOTeTHs siBasieTcs IBMxKeHueM? Kak
Ha3bLIBAIOTCSl Te YACTHBIE CIyYad TOMOTETHH, KOTOpHIE SIBJSIIOTCS IBH-
JKEHHSIMU?

3. Jloxaxkure, UYTO MHOXECTBO JBIKeHHE 1-ro pojpa sBJsercs
TPYIMIIOA.

4, 3amumure ypaBHeHHe rumepcdepbl C HEHTPOM (C1; Co5 ..vi Cp)
u paguycom R.

5. 3amuunre HEPaBEHCTBO, KOTOPOMY YIOBJIETBODSAIOT KOODAHMHA-
TBl TOYEK 7-MEPHOrO Liapa C LEHTPOM (Ci; Co ...} C,) U pagumycoM R.

6. KakuM HepaBeHCTBaM YyIOBJIETBOPSIOT KOOPAMHATHI TOYEK 71-Mep-
HOro Ky6a, HaTsiuyToro B E, Ha KOOpJAWHATHBEIE BEKTOPbI NP SMOYTOJb-
HOH JeKapTOBOM CHCTEMH KOODAWHAT?

7. 3anumuTe oOLIee ypaBHEHHe THUMEPIVIOCKOCTH, NpoXonsmleH
uepes TOUKY (@;; @y} ...; Q,) NEPHEHIUKYJISAPHO NPAMOH, HAaTAHYTOH Ha
BEKTOD (Uy; Usi o3 Up).

§ 14. TPYNNA MOJOBUA

14.1. Onpeneneuue mopodusi. I1peobpasosaruem nodobus WIH ho-
Oobuem eBKIMAOBa mpocrpaHcTBa E, HaspBaercs ero aguHHOe mpe-
o6pasoBaHHe, MpU KOTOPOM BCE PACCTOAHHS MEXAY TOYKAMHM yMHOXKa-
I0TCSl HA OIHO W TO K€ IMOJIOXKUTEJbHOe YHCIO R.

Uucno k uaswiBaercs Koagguyuenmom nodobus.

durypa F, HaswBaercsi 1n0000Hoi durype F,, ecnn CyllecTBYyeT
nopobue, oTobpaxatoee F, Ha F;.

BuxeHue sBiasiercss mnopobueM ¢ Ko3pduUHeHTOM nomobus, pas-
HBEIM eJVHHLE,
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Teopewma. Tomorerns ¢ Koshduruentom k sBasercs nogoGuem
¢ Koabpduuuentom |k|.

HokasartenbcTBO. [oMoreruss ¢ wneHtpoM S (5 S,5...;
.5 S,) ¥ Kospduumentom k (8.4) Belpaxkaercss B abdUHHOM, a B uact-
HOCTH, U B NPSMOYTO/NLHOH J€KapTOBOH CHCTEME KOOPAMHAT C MOMOLIBIO
dopmys1 Buzna

x;=k(x,—s)+s,i=1,2 .., n

[lycre mpousBosibHble TOUKH M (X1 X5 ..o X,) H N (Y13 yYoi ..}

-3 ¥,) OTOGpaXAIOTCA NP TOMOTETHH COOTBETCTBEHHO HA TOYKH
I’ . . ’ ’ /. I. . ’ ’

M (x5 x5 5 x)m N(ys v -s y). Tak Kak y, —x, =

=[k(y,—s)+s]—[k(x,—s)+s]=k(y,—x), To 10 dop-
myJe u3 12.1 1y pacCTOSIHUS MeXNY TOYKAMHU TOJYUHM:

IM'N' | =VE (y— %) + B (s — %> + .. +F(y,—x,) =

=11V — x)° + 0a— %)° + .o F (0, — £,)° =k - |MN|.
910 M yKasblBaeT Ha CIPaBelJIMBOCTb TEOPEMEL
14.2. I'pynna nopoOuii.

Teopema 1. MHoxecTBO mono6uit mpocrpanctBa E, sBisiercs
rpynmnoi.

JokasarteabcTBoO. JlokaxeM CHauajla, YTO KOMIIO3HIIHS
Wy © Wy TOROGHSA [y C KO3DULHEHTOM Ry U MOROGHS [y C KOI(DDHIIHEH-
ToM k, fBJseTcsd mojpobueM c Ko3hhUIMEHTOM R, kR,.

Tak Kak py; U py — abduHHBIE NPe06Pa3OBaHUSA, TO H [y © [y —
addunHOe mpeobpasoBanue. Ecin npu momobuu p, BCe pPacCTOSHHA
YMHOXKAIOTCS Ha Ry, a MPU NOJZOOUH [y MOJNYYEHHEIE DACCTOSHHUS YMHO-
}KaroTcs elle U Ha k,, TO IpU NpeoOpa3oBaHUH [y © Uy BCE PACCTOSIHHS
YMHOXAIOTCS Ha YUCIO kR,.

AnanoruyHo mosyuaeM, 4to npeoGpasoBaHue !, oGparHoe Io-

1
10610 1 ¢ KoadduiueHTOM k, ABJISETCS Nono6HeM ¢ KO3hhULHEHTOM s

LeficTBuTeNIbHO, ecau p — adduHHOE npeobpasoBaHKue, TO U W' —
addunHOe npeoGpasoBaHHe, a TaK Kak NPH NONOOHM [ BCe paccros-
HHUSI YMHOXKAIOTCSI HA YHCJIO R, TO IPH Npeo6pasoBaHuu W~ OHU JensTcst

Ha k, T. e. yMHOXalOTCSA Ha e

Teopema 2. Beakoe mopo6ue ¢ kosdhuineHToM £ MOXKHO Ipef-
CTaBUTb B BHUJe-KOMIIO3UIIUH TOMOTETHU (C TeM ke Ko3ddunueHToM &
¥ JITOORIM LIEHTPOM) U IBHKEHHUS.

OoxasartenbcTBo. [lycTe u — faHHoe mojobue ¢ Ko3d-

GuIHeHTOM R, Y — YHOMSIHYTas Bl TOMOTETHS ¢ KoadduiueHTOM k.
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- 1
Torga npeoGpasoBaHue y~! — romoteTusi ¢ KO3ppULHEHTOM - ITpe-
o6pasoBaHue

d=po 77 ()

o o 1
ABJSASCH KoMIo3uuyelr monobuil ¢ KoahdHIHeHTaMH —H k, ectb mo-

aobue ¢ KoadduIueHTOM -;1; - k=1, 1. e. nBuxenne. U3 (1) crenyer,
4TO
Soy=poytoy=p
TakuM o0pasom,
p=2>oy.
14.3. CsoiicrBa nonoGuii.

Teopewma 1. Ilpu nono6uu c kosdduuueHToM R IIHHBL Beex
BEKTOPOB YMHOXAIOTCA Ha R, a BCe CKaJsipHLIE NPOM3BEIEHHS BEKTO-
poB — Ha k2.

HoxkasaTteabcTBo. [lo teopeme 2 u3 14.2 nannoe nomobue
P MOXHO INPEJCTaBUTb KaK KOMIOSHUHMIO [BHKEHHs & W romoreruu y
¢ kosdduuuentom k. Tak Kak BEKTOpHOe IpeoGpasoBaHUe, aCCOLUUPO-
BaHHOE C JBHXKEHHEM, SIBJSETCS OPTOrOHANbHEIM IpeoGpasoBaHHeM,
TO OHO He MEHsSIeT JJIVH ¥ CKajsipHBIX Npou3BeleHHH BekTOpoB (11.3).
Taxk Kak BekTOpHOE Npeo6pasoBaHue, aCCOLMHPOBAHHOE C TOMOTETHel Y,

- -
uveer BHL u’ = ku (8.4), TO mpH 5TOM npeoGpPa3OBAaHHK BCEe IJIHHBI

BEKTOPOB YMHOKAIOTCA H3 k, a BCe CKa/ApHbE IPOU3BENECHHSA BEKTO-
2.
poB — Ha k%

| = kjul,
@ = (ka) - (k) =K1 - 0.

Teopewma 2. [Ipu monoGuH yIVIBI MeXKAY BEKTOPAMH He MeHs-
I0TCS.

HoxkaszateabcTBo. Ilyctb BekropHoe mnpeoGpasoBanue,
acCoUMHpPOBaHHOE NMONOOHIO C KO3(dHIHEHTOM R, 0TOGpPaKaeT BEKTOPHI
- ->

u u v, obpasyromue yroa @, COOTBETCTBEHHO Ha BEKTOpH! 4’ U v°, o6pa-
sywomuye yroa 0/, Torza

- -> -> - -> -
O 24 . .
COS @I = -»u v—> = i . v-> = -ru v—> = COS @.
[ {0\ klul-klo) |zl o}

Tak kak 0O u 0O m, To orciona cienyer, 4ro
0’ = 0,

64



Teopewma 3. [TonoGue ¢ xoaduurenToM & BbIpaxaercst B mpsi-
MOYTOJILHOH [EKapToBOH cHcTeMe KoopAMHAT QopMyJaMH BHIa

n
=1
rie Ko3hduUMEHTH b;; COCTaBASIOT OPTOTOHANBHYIO MATpHLLY.

HJokxasaTtenasncTBo. Iloteopeme 2 u3 14.2 nanHoe nopo6ue
MOXKHO TPEACTaBUTb KaK KOMIIO3HIMIO TOMOTETHH C IIEHTPOM B Hauaje
KOOpIMHAT U ¢ Ko3pdumuenrom k:

~

U [IBHKEHHS:
n
X, =3 byx; + b;. 4

j=1

TNoxcraBnss 3uauenus (3) B (4), nonyuum (2).

§ 15. TPYINOBON NOAX0J K TEOMETPUU

15.1. Onpenenenue reomerpuu no ®. Kaeitny. Bo Bropo#t nososuse
XIX Beka 3HaMeHWTBIH HeMelKUH MaTeMaTUK Peauxc Kiedn onpeneun
reoOMeTPHIO KaK HayKy O CBOHCTBaX (GHUIyp, KOTODEIE OCTAIOTCS HEH3MEH-
HBIMH TIPY BCeX npeoOpa3soBaHHSAX HEKOTOPOH TpYMMBL

Kaxno#i rpymnmne npeoGpasoBaHUH COOTBETCTBYeT CBOSI I'eOMETPHS;
C/Ie[loBaTe/bHO, MOXHO NOCTPOUTh OYEHb MHOTO Pa3JIHYHBIX F€OMETPHH.
Hanpumep, rpynne adduHHBIX npeo6pasoBaHuil COOTBETCTBYET aghpun-
Has eeomempus, W3ydawouas cBoHcrBa ¢Uryp, He MEHSIOUIMecs MpH
3TMX npeoOpasoBaHMAX. ['pynme IBHXKeHHH COOTBETCTBYET e8Kaudosa
eeomempus. s mpocrpaHets E, u Eg 3ra reoMerpusi COBMNAajaer C
anremenmapHoll eeomempueti, u3yuyaeMoll B cpefHeil liKoJe (TouHee, 3Je-
MeHTapHasi TreoMeTpHsi OObeIMHJET TIEOMEeTPHI0, COOTBETCTBYIOILYIO
rpymnne IBHKEHMH, U TeOMeTPHIO, COOTBETCTBYIOMLYIO IpyIIne mofoGHii).
Tak HasbiBaeMasi yeHmpoagpurHas zeomempus COOTBETCTBYeT TpyIie
neHTpoaddUHHEIX npeo6pa3oBaHui, HMeOMUX NaHHBIH meHTp (8.5).
MoxxHO 6b1710 GbI PaCCMOTpPETh FeOMETPHIO, H3YUaIolLy 0 CBOHCTBA GHUTYD,
KOTOpDEIE He MEHAIOTCA NPH NapaJijieJbHbIX NepeHocax u T. [.

CsoiictBa ¢uryp, coxpaHsiouyecs nIp1 Bcex npeoGpa3soBaHUsAX AaH-
HOH TIpymnmbl, COXPaHSIOTCA, B YAaCTHOCTH, M INPH INpeoOpa3oBaHHAX
Jio6oii ee moxarpynmnel. O6paTHOe HeBEPHO: CBOHCTBA, COXPaHSAIOIIHECS
npH npeo6pa3’oBaHMAX NOATPYNNE, MOTYT M He COXPaHATBCS IPU
npeobpas3oBaHusAX Bcell rpynnel. [TosToMy reoMerpusi, COOTBETCTBYIO-
mas noArpymnme, ob6blYHO Gorave MO COAEP:KAHHIO, YEM TEOMETpHUS,
COOTBETCTBYIOIAst BCefl rpymne.

Ha npuBeseHHOll HMKe cXeMe KaKAas M3 CTPEJNOK YKasbplBaeT Ha
NOAI'PYNNY COOTBETCTBYIOUIEH T'PYIIBL:
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rpynna adbHHHBIX

lr—— npeo6pasoBaHui —li

rpynna l‘gggna ueg'rgoagaq:n}3-
nofoSuit I npeo6pa3oBaHnuii
¢ ofmuM LEHTPOM

|
l A l

rpynna rpynna roMoTeTuit
JBHKeHH C ofuuM LEeHTPOM

|

rpynna napamielbHbIX N
TepeHOCoB rpynna BpameHufl [ |
¢ oflIUM LIEHTPOM

4

Hanpumep, rpynna ABMKEeHHH fBJSETCA NOATPYNNOH rpynmsl ad-
(uHHBIX Mpeo6pa3oBaHHUH, H NOSTOMY €BKJMAOBA IeOMETPHS (KaK 3TO
yKe orMeyasoch B 2.2 u 13.4) Goraue no coxepxanuio, ueM addunuas
TeoMeTpus. JIUIIb YacTh MOHATHH U TeOpeM €BKJIHIOBOH I€OMETPHH MO-
XeT GLITh OTHEeCeHa U K abduHHOHA. AddHHHOE NpeoOGpa3oBaHue COXpaHs-
€T NapaJjenbHOCTh NPSAMBIX U OTOOpa)KaeT CEpPelMHY OTpe3Ka TaKkKe
Ha cepelqyHYy OTPe3Ka; B CBS3U C 3TUM IOHATHA TpameluH, cpefHeil
JIUHKMH, TEOpEMa O NapaJlle/bHOCTH CpelHeH JIMHHM Tpamneulu U ee
OCHOBaHMUI OTHOCATCA K adduHHON reomerpur. Ho npu adpduHHBIX mpe-
06pa3oBaHUAX MOIYT MEHATbCS PACCTOAHMS MEXAY TOYKAMH M YIJIHI
MeXJly BeKTopaMH; NO3TOMY, Hampumep, teopeMa I[ludaropa He siBms-
eTcsl TeopeMoli adQUHHOH IeOMETpHHU.

15.2. dkBuBanentHocTh ¢uryp. @urypa F; HasblBaercss xeu-
sasermuoti gurype Fy OTHOCHTENIBHO NAHHOH I'PYNIEI NpeoGpa3soBaHui,
ecnid B 3TOH rpynme HuMmeercss mpeobpasoBaHHe, oTobGpaxatomee F,
Ha F,.

Mt! yxke 3HAKOMEI U3 Kypca a/ire6phl ¢ IOHATHEM OTHOLIEHUS SKBH-
BajieHTHOCTH. [loKa)keM, YTO SKBHUBAJIEHTHOCTb (HMIYp OTHOCHUTELHO
IaHHOM rpymnmbl o6najnaeT TpeMs OCHOBHBEIMH CBOHCTBaMH, XapaKTepu-
3YIOUMMH 3TO OTHOILIEHHE:

1) Besikas ¢urypa sKBHMBajieHTHa caMoii cefe (CBOHCTBO peghaek-
cugHocmu).

HefictBuTesbHO, Ji006as ¢urypa orobpakaercsi cama Ha cebs TOX-
JeCTBEHHBIM NpeoOpasoBaHHeM, a 3TO NpeoOpa3oBaHHe CONEPKHUTCS B
Jgwboit rpymnme.

2) Ecnu durypa F; skBuBasenTHa durype F,, To durypa F, skBU-
BasienTHa ¢urype F; (CBOHCTBO cummempuu).

Ecnu rpymma copmep:xuMT mpeobpasoBaHue, oroOpakaowee F, Ha
F,, To oHa copmep:xUT U oOpaTHoe mpeoGpasoBaHHe, orTobpaKalollee
F, na F,.
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3) Ecin durypa F; skBusanentHa ¢urype F,, a durypa F, —
durype F,, To purypa F, skBuBajeHTHa ¢urype F3 (CBOHCTBO mpan-
BUMUBHOCMLL).

Ecnu rpynma comepxur npeo6pasoBaHue, oToGpaxaiomee F, Ha
F;, u npeoGpasoBanue, oTobpaxatomee Fg Ha Fy, TO OHA CONEPXKHT H
KOMIIOSHIIMIO 3THX TpeoOpasoBaHuii, orobpaxaroumyo Fy Ha F;.

C TOuKM 3peHHsl reOMETPUH, COOTBETCTBYIOMEH NaHHO! Ipynme mpe-
o6pasoBaHuil, 5KBUBaJeHTHbIe QUIYpHLl 061afJAIOT OJHMMH U TeMH XKe
cBoficTBamMu. B appuHHON reomeTpun SKBHBAJEHTHBLIMH SIBJSIOTCS ad-
¢unHO 3KBUBaNEHTHEIE QUTYDDI, B €BKIHAOBOH Te€OMETPHE — KOHTPY3HT-
HBIe, B T€OMETPUM TPYIIbl NapasieJbHEIX NEePeHOCOB — QUTYpPHI, Ko-
TOPEIE MOT'YT OBITh OTOOpaXkeHbl OfIHA Ha APYTYIO C IIOMOLIBIO apaJliesb-
HOro repeHoca, H T. I.

B kaxnofl reoMeTpun Bce QUrypHl pasOHBAIOTCS Ha KJACCH TaK, YTO
Jo0ble 1B GUTyphl M3 OJHOTO M TOTO K€ KJacca SKBHBAJIEHTHHI APYT
IPYTY M, C/Ief0BaTeJbHO, He OTJIMYAIOTCS [0 CBOMM CBOMCTBaM, a Jo-
Obie 1Be (GUrypHl M3 PAa3HBIX KJIACCOB HE SKBHUBAJEHTHH MEXIY COGOI.
Hanpumep, B adduHHON reomMeTpuy Bce TPEYroJbHHKH 06pPasyioT ONHH
Kjacc, TaK Kak Jwofble IBa TpeyroJbHUKa abdUHHO SKBUBAJEHTHBI
IPYT IPYTY; 3TOT KJacC He COAEPKMT APYTHX GUTyp, IOTOMY YTO Tpe-
YTOJIbHUK MOXeT ObiThb ahUHHO SKBUMBAJEHTEH TOJNBKO TPEYTOJbHUKY.
Ho B eBkanoBO#i reomMeTpuu Bce TPEYrOJbHUKH MOXKHO Pas6UTbh Ha
KJIaCCHl TaK, YTO JIIOOble [Ba TPeyroJbHHKAa M3 ONHOTO Kjaacca GymayT
KOHIDYSHTHBL APYT APYTY, HO He OYAYT KOHT'PYSHTHH TPEYTrOJbHHKAM
U3 IPYTHX KJIAcCOB.

3aMeTHM B 3aKJIIOUEHHe, YTO OlpeJesieHie TeOMeTpHH, nanHoe Kiefi-
HOM, He MCyepnLIBaeT Bcero GOTraTcTBa CONEpKaHUS COBPEMEHHOH reo-
METPHH, HO 5TOMY OIPeleseHHIO YIOBJETBOPSIOT MHOTHE BaKHBIE Ieo-
MeTpHYeCKHe TeOpHH, HaIpUMeD YKe H3BeCTHEIE HaM E€BKJMAOBA U
a(prHHas TeOMETPHH, a TaKxkKe NPOEKTUBHAS IeOMETPHSI U T'eOMeTpHs
JloGaueBcKoro, Koropele GyAyT H3yuaThbesl B JajbHelimeM. I'pymmoBoi
NOJXOJ K TeOMETPHH I03BOJSieT YCTAHOBUTh CBSI3b MEXAY Pa3/HYHbIMU
TeOMEeTPHUSIMH U PELINTh PAN APYTUX BaXKHBEIX NPOOJEM.

15.3. IMpumeHeHuss MHOrOMepHbIX NMPOCTPAHCTB. BO3HHKHOBeHHe MOHATHS MHO-
FOMEepHOIo NPOCTPAHCTBAa GbLIO BHI3BAHO MOTPeGHOCTSIMH KaK CaMOH MaTeMaTHKH,
TaKk U APYTHX HayK. MHOTrOMepHEle MPOCTPAHCTBA HALLIM TaKKe BaJKHble NPHMeHe-
HHSI B CaMBIX Pa3JIHYHBIX 06/1aCTAX MPAKTHYECKOH AesITENbHOCTH.

Eme u3 Kypca cpefiHeil IIKOJBEI H3BECTHO, YTO MOJIOXKEHHe TOUKH HA IJIOCKOCTH
XapaKTepH3yeTcsl ABYMsI YHCIaMH — ee KOODAHHATAMHM; aHAJOPHYHO TOYKA B IPOCT-
paHCTBe OonpefenseTcs TpeMs uucaaMu. Ho HapsLy ¢ 3THM COCTOsIHHe BElUeCTBAa B
3aMKHYTOM COCYJe OmpefensieTcs IBYMs BeJWYHHAMH — JaBJIEHHEM H TeMIepaTy-
poit, JI0Go# 1BeT MOXeT ObiThb NMOJYYeH NPH CMELIEHHH B ONpelesieHHBIX COOTHOIIe-
HHAX TPeX OCHOBHBIX LIBETOB — KPaCHOrO, 3eJIeHOTO, CHHero, a COGBITHe XapaxTe-
pH3YeTCs1 yXe YeTHIDbMS YMCJIaMH — BPeMeHeM H TpeMsi KOODAHHATAMH TOUKH, B
KOTOpO# OHO NPOHM30INIO, M T. X MHOXecTBa 3THX OGBEKTOB TaKkKe HA3bIBAIOT
MPOCTPAHCTBAMH — IBYMEPHEIM MPOCTPAHCTBOM COCTOSIHHIi, TPEXMEPHBIM NpPOCTpPaH-
CTBOM LIBETOB, YeTHIPEXMEepHBIM NPOCTPAHCTBOM COGHITHI H T. I

YKe yKasblBaloCh, YTO OCHOBHble OOBEKTH H OTHOLIEHHS r-MepHBIX adGUHHEIX
H e€BKJIMIOBBIX MPOCTPAHCTB MOTYT HMeTb CaMyl0 pPas3jHYHYIO NPUPOLY; Tpebyercs
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JIMIIb, YTOOH! BHIMOJHSJIHCH COOTBETCTBYIOLIMe aKcuoMbl. [IpuBeZeM mpHMep Tako-
ro KOHKPeTHOro Bbi6opa OGBEKTOB IJIsi N-MEDPHOrO €BKJIHZOBA NMPOCTPAHCTBA.

PaccMoTpHM ceTh IPOBOXHHKOB MOCTOSTHHOIO TOKA, COCTOSILYIO H3 1 OXHOPOXHBIX
NpOBOJIOK, H Ha30BeM TOYKOH C KOODAMHATAMH iy, ig, ..., i, COCTOSIHHE CETH, NPH KO-
TOPOM B 3THX A NPOBOJIOKAaX TEKYT TOKH COOTBETCTBEHHO C CHJIAMH iy, Iy, ..., i,. BO
MHOXKECTBE TAKHX TOYEK MMeeT MeCTO eBKJHMIOBa reoMeTpusi npocrpanctsa E,. Ha-
yasiom koopauHat (0; 0; ...; 0) ABIsleTCS TaKoe COCTOSIHHE CETH, IPH KOTOPOM B KakK-
JIOM H3 TPOBOAHHKOB TOK OTCYTCTBYeT. PaccTosiHHe OT MNpPOM3BONbHOH TOUKH (iy;
ig; .3 i) KO HauaJa KOOPAMHAT €CTb KBAJPaTHbIH KOPEHb H3 KOJHYECTBA TEINJIOTHI,
BEIIeJIIEMOrO B CeTH 32 eNUHHIly BPEMeHH MpPH COOTBETCTBYIOLIEM paclpefesieHun
TOKOB. MHorue BaHble (pM3HYeCKHe 3afayM NPHOGDPETAOT TOrAa MpPOCTOH reoMeTpu-
yecKHH cMblcsl. Hanpumep, 3ajiaua o HaxXOXIeHHH CHJI TOKOB NO JAHHBIM BEJHUYHHAM
HanpsiXeHHH 3KBHBAJNEHTHA 3ajjaue HAaXOXMIEHMs OPTOTOHAJbHOH NpOEKUHH HayaJa
KOODIHHAT HA HEKOTOPYIO MJIOCKOCTb.

Hapsny ¢ sTuM cymecTBYIOT MHOXKeCTBa, KOTOphle HeJlb3si pacCMaTpPHBaTh Kak
n-MepHele €BKJHJOBEI MPOCTPAHCTBA, XOTSl OHH H HMEIOT C TAKMMH MPOCTPAHCTBAMH
nesbli psf obumx coficTB. HampuMep, MOXHO BBECTH MOHSITHS PAacCTOSTHHH MEXIY
JABYMS I[BETAMH HJIH ABYMS COOLITHSIMH, HO CBOHCTBA 5TMX MOHATHIT 6YyAYyT B TOM MJIH
HMHOfl CTeleHH OTVIMY4ThCS OT CBOMACTB PAcCTOSIHHS MEXNY TOUKAaMH €BKJMAOBA Mpo-
crpancrBa. C HEKOTOPEIMH H3 TaKUX MHOXECTB YHTaTeJb BCTPETHTCS B JaJibHefilen
NPH H3YYEHHH TAK Ha3biBaeMbIX HEEBKJHJOBLIX NPOCTPAHCTB.

YnpaxHeHH s

1. Kakue u3 cienymomux HOHATUH MIKONBHOA eOMETPHH SIBJISIOTCS
OIIHOBPEMEHHO U TOHATUAMH adpUHHOH TreoMeTpUH: a) Tpamelus;
6) mapaJjienorpamm; B) KBaapaT; I) poM0; I) OKPYKHOCTb; €) Meaua-
Ha; K) OHCCEKTpHCa; 3) BLICOTA; M) NONOOHBIE TPEYTOJbHUKH; K) TO-
MOTETHUYHbIE TPEYTOJbHUKH?

2. Kaxkue u3 ciefyiomux TeopeM MIKOJbHOH reOMeTPHH OTHOCSTCS U
K ahduHHOM reOMeTPUH: a) TeopeMa O NapaslIeIbHOCTH CpenHell JIHHHU
TPeYTOJIbHHKA U €ro COOTBETCTBYIOMIEH CTOPOHLI; 6) TeopeMa O KOHTPY-
SHTHOCTH BePTHKaJbHBIX YIJIOB; B) TeopeMa O TOM, YTO AMaroHa/lu ma-
paJsiesiorpaMMa NpU IepPeceueHut JeJATCs NONoJaM; I) TeopeMa CHHY-
COB; 1) TEOpeMa O NepeceueHHH MeJuaH TPeyroJbHUKA; €) TeopeMa O
nepeceyeHH ! BLICOT TPEYrOJIbHUKA?

3. Kakue u3 cBOHCTB KBajpaTa COXPaHsAIOTCA NMpH adPUHHBIX mpe-
o0pasoBaHMAX, a KaKue MOTYT Hapylarbcs?



Fanasa Il

KBAJPATHYHDBIE ®OPMbl U KBAJAPHKH
B AP®MHHOM NNPOCTPAHCTBE

§ 16. MOHATHE KBAJIPATUYHOH ®OPMbI

16.1. Onpenenenue KBagpaTuuHoil dopmbl. Keadpamuunotl gopmodi
OT NEepPEeMEHHBIX X;, Xg, ..., X, Ha3bIBaeTCA OXHOPOIHBIH MHOrOYJIEH
BTOPO¥ CTENEeHH OTHOCHUTENbHO 3THUX NEepPEeMEeHHBIX.

Takum 06pa3oM, KaxKbIH 4ieH KBaApaTHYHOH OPMBI COIEPIKHUT Ul
KBaJpar OQHOH U3 MepeMeHHBIX, WU NPOH3BeJeHHEe IBYX Pa3HBIX Nepe-
MEHHBIX.

[TepeMeHHbIE X, X5, ..., X, MOXHO paccMaTpuBaTh Kak addHHHBIE

KOOPIHHATEl TOUKH (X5 Xo} ...; X,) IpocTpaHcTBa A, HIM KaK KOOPAH-
-

HaTel BeKTOpa X = (X;; X, ...; X,) npocrpaucrea V,. Bynem o6osHa-

yaTh KBaJPaTHYHYIO GOPMY OT NMEPEMEHHBIX Xy, Xgy ..., X, Yepes f (xy,
Xgy --es X, ) WIH IPOCTO uepes f.

Mpumep L. f (%1, %) = %} + 6xy%, — 2%5 — KBajipaTHYHas
topma OT mepemMeHHbIX X; H X,

2 2 2
f (61, Xq X3) = 37 — x5 -+ X3 — 4x,%, + BxoXy —

KBazpatiuHasi GopMa OT MepPeMEeHHBIX Xy, Xy U X3.
Ecnu B xBajpatuuHo#l dopme yxKe BHIIOMHEHO MpHBeLeHHE NOn06-

HBIX 4JIEHOB, TO KO3(xbULIUEHT NpHU x? 0603HaYaIOT yepes ¢;;, a Koap-
GUUKMEHT NPH XX, TIe | j, — uepes 2%- U IHUIIYT:

2Cijxix]' = Cijxixj 'I" Cﬁxjxi,
cyuras
Cij = Cﬂ.

Torna KBafpaTHUHYO GOPMY MOXKHO 3aIIHCaTh CJENYIOUMM 06pasoM:
n n
f(xl, Koy weey xn) = E 2 CijXiX; =
i=1 j=1

n
= Y (cuxtn + CipXpta + wo - CipXiy) =
i=l
= 011x1x1 "I- 012x1x2 + .o + melx,l +
+ ConXoXy - CooXoXs - oo F CopXox, +
(1)
-+ Cm¥n X1 + CnaXn Xa + o+ CanXnXne
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Ilpumep 2.
2 2 2

fnx)= X% X CijXiX; = Y (uxixy + cipxixg) = (Cuxexy +

i=1 j=1 i=1
P) 2.
+ CraX1Xs) + (CarXoXy + CaoXaXs) = CyX1 + (Cr2 + Co1) X1Xo —+ CopXa;

TaK KakK Cjy = Cg, TO

2 2
[ 1y %3) = C1ax1 + 2010%1%5 + Coox2.

Marpuna
Ci1 C1z oo Cyp
Co1 Cog «ov Cop
Clll cll2 b cnn

HasbiBaeTcst mampuyed ksadpamuuroil gopmer (1). Tak Kak ¢;; = ¢y,
TO 3Ta MAaTpULA CUMMEMPU4ECKAs: €e 3JeMEHTH, CHMMETPHYHbHE OT-
HOCHTEJIbHO IVIaBHOH IHAaroHa/M, pPaBHBL MEXLy coOofi.

ITpume p 3. KBagparuunsle GopMEl, pACCMOTPEHHEIE B IIPHMEPax
1 u 2, UMeIT COOTBETCTBEHHO MATPHILI

3—2 0

5
(1 3)’ —2 —1 -5 , (cll 012)
3 —2 0 2_ 1 021 022 .

16.2. Jluneiinoe mpeoGpa3oBaHue nepeMeHHbIX. JIuxelnoim npeo6-
pasosaruem nepemerrovlx Ha3bIBAETCS TAKOH Mepexol OT CHCTEMHl A
NEPeMEHHBIX X;, Xy, ..., X, K CHCTEME 7 IEPEMEHHBIX Y1, Yo, -+vy Yn»

IPH KOTOPOM CTaphle IePeMEeHHbIE BHIPAXKAIOTCSA Yepe3 HOBbE IIPH MO-
MOLIY JIMHEHHBIX (opMyJI

n
x=Yay,i=12 .,n

j=1
unY, noxppobuee,

Xy = Quy1 + Qye + oo + @Y,

Xy = Q1Y + Qg9¥s + .o + 5, Y5, @

Xn = X1+ Qp¥s + oo + Qppysns

rae Kos(hduureHTsl @;; 06pasyioT HEeBLIPOXKACHHYIO MaTpHILY.
Ecau nepemenHble Xy, X5, ..., X, PaccMaTpUBaTh Kax KOOpJUHATH

BEKTOpa NPOCTPAHCTBA V, OTHOcHTeNbHO HEKOTOpPOro Gasuca el, ez, ey
vy e , TO 3TO npeoépasoaanne MOKHO HMCTONKOBATh KaK IEpeXoi B

V, K HOBOMY GasuCy e, €y, ..., €5 , OTHOCHTENBHO KOTOPOTO  3TOT
BEKTOD MMEET KOOPAHHATHI Y1, Vg, ...y Y, (M. 1.2).
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BbIIIOJIHﬂﬂ noulenosaTeJIbHo CHauasa Mepexos Or | 6a3nca el, ez, oo
e e K Oasucy el , 62 ) eees e,1 , a saTeM oT G6asuca el , e2 s

Ry e,, K

6a314cy €1,y €2y vuey e,, , MBI COBepillaeM Tiepexon oT 06asuca el, ez, oo
> "n

ey e K 6asucy e , eg, ..., €y . CllenoBaTe/ bHO, KOMIIO3MIHS JBYX

JIMHEHHBIX IpeoOpa3oBaHUil n nepemeHHblx €CTh TaKxKe JIMHEHHoe IIpe-
o6pasoBanue # NepeMeHHbIX. AHAJOrMYHO AJs JI060ro JIMHEHHOrOo
npeo06pasoBaHusl 7 NEPEMEHHHIX CylLlecTByeT oOpaTHoe mpeoGpasoza-
HHE, KOTOPOE TaKXKe SIBJSETCS JHHEHHBIM Ipeo0pasoBaHUEM 71 Mepe-
MeHHBIX. TakuM 06pa3oM, MHOMKECTBO JHMHEHHBIX Npeo6pasoBaHUil n
NepeMEeHHHIX $IBJISIeTCs TP YyMIoH.

16.3. KanoHuueckuil ¥ HOPMaJbHBIH BUIBI KBaapaTuuHoii ¢opmel. B
JaJbHefieM Mbl OyieM paccMaTpuBaTh KBaApaTHUHbIE GOPMBI U JHHEH-
Hble Npeo6GpasoBaHHsl TOJNBKO C JeHCTBUTENBbHBIMH KO3(p(dUIHEHTAMHU.
Bynem cuurarh, yTO M NepeMeHHbE NPHHUMAIOT JHLIb JeHCTBUTENbHEIE
SHayeHHsl.

Ecnu B kBagpatuuHoi dopme (1) mepemeHHBbIE NOABEPTHYTH JHHEH-
HOMY npeoGpa3oBanuio (2), TO MOJYYHTCS KBajparuyHasa dopma oT me-
PEMEHHBIX V;, Yo, ..., ¥, C HOBBIMH Koshbuuuentamu. B § 17 Oyner
II0Ka3aHo, YTO MpH HaJJlexaiieM Bbibope npeobpasoBaHus (2) m00yi0
KBazpaTuuHyio ¢opmy (1) MOXKHO NpHUBECTH K BHLY, COXEpKaIIEMy
TOJbKO KBajpaThl HOBBIX I€PEMEeHHBIX:

f(xl’ Koy woey xn) = Cly12 + Cz)’g + ...+ C,,y?;.

Taxko#i BuL KBagpaTHuHOH (OPMBI HA3LIBATCA KAHOHUYECKUM; MAaT-
puna ¢opMBl B 3TOM CJyuyae sBJSETCS AHAroHaJbHOH:

¢ 0 ... 0
0 ¢ ..0
070 ...c,/.

Ecau, B yacTHOCTH, KO3DDUUMUEHTH Cy, Cgy «.., C, PaBHH +1, —

uau 0, To 3TOT BUA KBaAPaTUUHOH (OPMBI HA3LIBAETCH €€ HOPMAAbHLIM
BHJIOM.

Il puwmep. M3BectHo, uTO ypaBHeHHE LEHTPaJbHOH KPUBOH 2-ro
nopsiaka

CX® + 2010xy + €2y + €33 =0
C IOMOIIBIO IEpexoja K HOBOH cHucTeMe KOOpAMHAT Io dopmysiam
x = x' cosa — y’ sin a,
{y = x'sina + y’ cos a
MOXHO TPHBECTH K BHLY
X'+ Cpy® F g5 =
Keanmparuunas dopma
cux® + 2c10xy + Ca0y?
[IpU 5TOM NPHHHMAeT KaHOHMYECKHH BHI.
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YnpaxHeHHus

1. Tlo o6pasiy mpumepa 2 u3 16.1 sanumuTe KBagpaTHYHYO PopMy
OT TpeX MepeMeHHBIX.
2. JlokaxkuTe CnpaBe]IMBOCTh PaBEHCTBA

n n n n

E 2 CijXiXy = 2 2 CijXiXj

i=1 j=I j=1i=1
3. 3anumnTe MaTpHUIBI KBaJPAaTHYHBEIX HOPM:

2
a) [ (xy, Xg, X3) = X1 —;xzxa; )
6) [ (X1, Xoy X3, Xg) = X1 — Ox3 + 6x164 — 3xaX4.
4, Tloxaxure, 4To KBajpaTuyHasa dopma
2 2
f (x]_, x2) = xl -_— 2x1x2 + 3x2

MOKET ObITh anBeﬂeHa K KaHOHHYECKOMY BULy C IOMOIIBIO C/IEAYIOo-
ero npeo6pasoBaHus:
{xl =y + 2ys,

Xe = Y1-

§ 17. TIPUBEJEHUE KBAJAPATUYHOHA $OPMbl
K KAHOHHYECKOMY BHAY

17.1. TeopeMa O BO3MOXHOCTH NpUBeJeHUs] KBAJAPaTH4YHOH (opmbl
K KaHCHHYECKOMY BUAY.

Jlemwma 1. Eciu kBagpaTuunasn gopma

f=X Ecijxixj O]

i=l1 j=1

He CONEPIKUT KBAAPATOB NEPEMEHHBIX, TO C MOMOLIBIO JIMHEHHOTO mpe-
06pa3oBaHUs €€ MOXHO IepeBecTH B (OpMYy, COAEpKaILyl KBaipaT
X0T# Obl OLHOH nepeMeHHOMH.

HokasaTteabcTtBo. [lo ycnoBuio KsajpatuyHas opma
COZIEPXKHUT TOJBKO UJIEHBI C NPOHM3BEJeHHAMH mepemeHHbX. ITycTh npu
KaKNX-HUGYLb Das/HUHBIX 3HAuUeHHAX i U j ¢;; %+ 0, T.e. 2¢;x; x;—
OfMH M3 TaKHX wieHOB. Ec/H BHINOJHHUThL JIHHEHHOe mpeobpa3oBaHHe

=Y+ Yp
X =%—Yp
X, =y, MpuBceXx k=~iuk =]

(ero ompenenutenb He paBeH HYJIO), TO B KBajpaTHuHOH ¢opme mo-
SIBATCA JaXKe J1Ba 4Y/JeHa C KBajJpaTaMH MNepeMEHHbIX:

2c;;x%; = 2cy; O +y) i —y j) = 201})’? - 2ci,y?.
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D14 craraeMble He MOTYT MCUE3HYTh MOC/E MPUBENEHUS MOLOGHBIX
YIEHOB, TaK KakK J11060e M3 OCTa/bHBIX C/1araeMbIX COAEPIKHUT XOTs Gbl
OJlHY TepeMEeHHYIO, OTJHYHYIO OT y; MJIH ;.

IIpumep. [=3xx — Bxoxs + 4x,%,.

3
Pemenue Tak Kak, Hanpumep, ¢y = 5 % 0, TO MOXHO IHO-
JIO2KHTb

X1 =Y1+ Ya
x2 = y‘Zr
X3 = Y3,

Xy = Y1 — Ys.
Omnpenenutens 3TOH CHCTEMBI OTJHYEH OT HYJs!

100 1

010 0f_
001 o= 2%0
100 —1

H COOTBETCTBYIOIIEe MpeoGpa3oBaHue sBJSETC JHHeHHbIM. KBanpaTuu-
Has ¢dopMa NMpUHUMAeT BUJ,
2 2
= 3y1 — 3ys — 5y5¥5 + 4¥1¥s — 4¥aYa.
Jlemma 2. Ecau kBanpatuynas c¢opma (1) comep:KuT ujeH ¢

KBaJpaToM IepeMeHHOH, Hampumep 4JeH ciixﬁ, U eme XoT OBl ONUH
WieH C 3TOH MepeMeHHOH X, TO C NOMOLIBIO JIHHEHHOro npeo6pasoBaHusl

IaHHYIO KBaJpaTHYHYIO (GOPMY MOXKHO IepeBecTH B OpMy OT mepemeH-
HBIX Y1, Ygy +ees Yp» MMEIOIIYIO BHJ

rlle ¢ — KBajpaTuyHas ¢opMa, He colepikallas NepeMeHHOH Y.
HoxasaTenbCTBO. Buuerum B KBaipatuyHo#l ¢opme (1)
CyMMy YIEHOB, COIep:KallluX NepeMeHHYIO X;:
— 2
f=2c,%% + 2,65 + oo. +x2 4+ oo +2c,x%, + 8, @)
rae uepes g; o603HayeHa CyMMa BCeX OCTAJbHBIX WIEHOB (He colepia-
IIMX NepeMeHHYIO x;). BBeleM Takxke oGo3HaueHHe:
Vi = CpXy + CioXo + oo FCyX; + oo Xy
KBazpar MHOrouwjleHa paBeH CyMMe KBajpaToB BCeX €ro 4JEHOB,
CJIOXKEHHO C yABOEHHLIMH NPOU3BELEHUSIMH KaXK/Oro YeHa Ha Kaxbli
u3 nocaepyromux. ClefoBatesbHO, €CIM B BbIPaXKeHHH JJA y? BeIAe-
JIUTH CYMMY YJIEHOB, COAEpXKAIIHMX MePeMeHHYIo ¥, TO 3Ta cymma Gyaer
cojepxkarh KBajgpaT 4IeHa C;X; M YJABOEHHblEe MNPOM3BEJEHHS 3TOrO
yleHa C;X; Ha OCTaJbHBIE YJEHbl MHOrOWJIeHa!
Vi = 2e,%; + CpnXy 4 20%; ¢ CppXp + e T
2 42 .
+ x4 o+ 2%, - cx, + o @

rae g, — CyMMa 4/I€HOB, HE COACpKaIuX NepeMeHHYI0 x‘..
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Pasgenum oGe uwactu (4) Ha ¢; ¥ BHIUTEM INOMy4YeHHOE DaBEHCTBO
u3 (3). ITocse mpuBeneHUsi MONOGHBIX U/IE€HOB OyIeM HMETh:

1 1
f—'—i‘ y2=g1——&

¢ Cii

BelpaxkeHue B IPaBOH YaCTH HE CONEPXKHUT NEpeMEHHOH X; U sBAfETCS

KBaJpaTUYHOH (GOPMOH OT MNEPEeMEHHBIX Xj, Xg, oy Xi_ys Xippy ooy
ey X,. O6G03HaUUM ero uepe3s g, a KoshdHIHEHT — — uepe3 d;;.
Cii
Torna
—_— 2
f - diiy; + g

Ecnu npousBecTH JsuHefiHoe npeoGpa3oBaHHUE

{}’i = CuXy T CppXa 1 oo + €%,
Y, = X, TIpH Bcex k=~

(ompezesuTeNb KOTOPOrO HE paBeH HyMIo), TO g GyleT KBagpaTHUYHOM

(opMOi OT MEPEMEHHBIX Y1, Yo, ++ey Yi_ys Viyqs «oey ¥, H KBaJpaTHUHAS
dopMa [ okaxkercs mpHBELEHHOH K BuLy (2).

Teopema. Bedxas xsagpaTuynas dopma MoxeT GHTh IpuBe-

J€Ha K KaHOHHYECKOMY BHAY C [IOMOLIbI JIMHEHHOro HpeO6PHSOBaHI/Iﬂ
[IEpEMEHHBIX.

IlokasatTenbcTBo. Bocnosbsyemca MeToiom MaTeMaTH-
yeckoH MHAYKuMH. KBanpatuuHas ¢opma OT OAHOH NepeMeHHo# X,
MMEET BHI CppX], YXKe ABJSAIOWUHACA KAHOHHYECKUM. [Ipennosoxum,
4TO 3Ta Teopema BepHA JJIsi KBaJAPaTHYHHIX ¢opM OT n — 1 nepemen-
HBIX, H JIOKaXeM, 4TO OHa OYIeT BepHa TCrAa U [/l KBaAPaTHYHLIX GOPM
OT n NepeMeHHbIX.

Ecnu kBanpatuunas ¢opma (1) He conepxut KBaJpaToB epeMeHHbIX,
TO 10 JIeMMe | ee MOKHO C MOMOLIBIO JIHHEHHOTO Npeo6pasoBaHus Nepe-
BEeC1M B KBaJpaTHYHYIO QOpMYy, CONEep:KalLlyl0 KBaipaT XOTs OB ONHOMH
nepemeHHO#. [lo slemMe 2 mosnyueHHyI0 KBaipaTHUHYIO GOPMY MOXKHO
npexcTaBuTh B Bule (2). Tak kak KBagpaTuuHas dopma g B paBeHcTBe (2)
3aBHCHT OT # — | NEPEMEHHBIX Y;, Y3, «ovy Yiys Yirys +ovs Yp» TO MO
CHeNaHHOMY MPENNOJIOKEHHIO OHA MOXKeT ObITh NPHUBENEHA K KaHOHHU-
YeCKOMY BHIY JHHEHHBIM Ipeo6pasoBaHHEM 3THX mnepeMeHHBIX. OT
NEPEMEHHBIX Y1, Ya, «oos Yigy Yiygs =oer ¥, MBI IlEpeieM NpH 3TOM K
HOBBIM NEPEMEHHBIM 21, 23, «.ey Z;_yy Zi11s «+es 2, . ECIH K QoOpMyJaM
3TOrO mnepexoia n06aBUTh eme M GOPMYJIY y;, = 2; , TO MOJY4aTCs
¢dopMyJIbl JTUHEHHOro mpeo6pas3soBaHUsl, KOTOPOE MPUBOAMT K KAHOHHU-
yeckoMy BHIY KBaapaTHuHyw ¢opmy d,y? + g, cojepxamyiocss B
paBeHcTBe (2).

Kowmmno3umusi Bcex paccCMOTpPEHHBIX INpeo6pa3oBaHHil MepeMeHHEIX
SIBJISIETC] HCKOMBIM JIMHEHHBIM IpeoOpa3oBaHUEM, MPHBOASIIHM K
KaHOHMYECKOMY BMAY JaHHYKO KBajparuunywo dopmy (1).

74



Ecin kBagparuynasi dopma (1) comepkHT KBajpar KaKOH-HHOYAb
nepeMeHHOH, TO JemMMy | NPHMEHATb HE HYXKHO.

17.2. CnocoGbl npuBeleHUs1 KBaAPATUUHOH GOPMBI K KAHOHUYECKOMY
u HopmaabHoMmy Buay. Crocol, HCIOJIb30BAHHBIH IPH IOKa3aTeJbCTBE
TeopeMsl M3 17.1, GBI NpENJIOXKEH H3BECTHBIM (PaHIY3CKUM MaTeMaTH-
KoM Jlaeparsicem. DTOT cnocob MOKeT ObITb IPUMEHEeH M AJs [IpaKTHue-
CKOTO IpHUBELEHHS KBaAPaTHUHQH (OPMBI K KaHOHHWYECKOMY BHLY.

Ecnu panHas kBajpaTuyHas GopMa OT 71 NepeMEeHHBIX He COAEPXKHT
KBaJlpaToB NepeMeHHBIX, TO C MOMOMIbIO JIHHEHHOTO npeo6pasoBaHHf,
[IPUMEHEHHOTo NPH A0Ka3aTe/JbCTBe JIEMMBl 1, IepexoiuM K KBajJpaTuy-
HOll (opMe, cojepxxallefl KBafpaThl NepeMeHHBIX. 3aTeM C IOMOIIbIO
JIMHEAHOro npeo6pa3soBaHus, DPACCMOTPEHHOIO IIPH JA0Ka3aTeJbCTBE
JeMMH! 2, TIpefCcTaB/sieM KBaapaTHUHyIO GOpMy B BHIAE CYyMMBI 4/eHa C
KBaJlpaTOM KaKOH-HHOyAb NepeMeHHOH H KBajpaTHYHOH (OpPMBl OT
octalpHBIX 1 — | mnepemeHHBIX. [IpUMEHHB CHOBa 3TOT Ke INpHeM K
HoJyueHHOH KBajpaTH4HOH QopMe, MosydaeM elie OfMH 4jeH C KBaj-
paToM ApyTroi nepeMeHHOH M KBaJpaTHUHYIO (GOPMY OT OCTa/bHAIX 11 — 2
nepeMeHHbIX. JTOT INPOIeCC NPOAOJNKAeM JO TeX IOp, INoKa He Hoay-
4uTCsA KBajpaTuyHas ¢opMa, colepxKallas TOJIbKO 4JeHB C KBajpa-
TaMH NepeMeHHBIX.

OT KaHOHMYECKOTO BHAA KBaJPAaTHYHOH (HOPMEI

CUF + 3 + ..+ 02,

rie m << 1 U Cyy Cgy +evy Cp OTIHMYHBI OT HYJISI, MOXKHO IEPEHTH K HOp-
MaJIbHOMY BHLY

gw? + &0l + ... +e,0?

(rnee;, = lmpuc; >0u¢e = —I1 npuc; < 0)c noMolpIO JHHEHHOTO
npeoGpa3oBaHust
1
1= 77— %n
Viel
1
Up = Vlc—ml Wi
U1 = Whptts

v,; =w,.
ITpumep. IlpuBeneM K KAHOHHUECKOMY BHLY CJIELYIOMIYIO KBaj-
paTuunym Qopmy:
[=x2+4 11x2 — 2x,%, + 4x1%5 — 6x2%3. 1)

Pememnue. 1) Tak Kak ¢opMa COAEPKHUT UI€H X7, TO JeMMHI 1

NPUMEHATb He HYkKHO. Ecim Obl ocTasibHBEIE U€HBI He COIEpKalaH X,
TO ONMH M3 KBaAparoB Obll Obl yKe BLIJIeJEH U MOXKHO ObuIO OBl Cpasy
NPUBOAUTL K KaHOHMYECKOMY BHAY CYMMY STHX OCTAJbHBIX YJEHOB.
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Ho, kpome x2, ecTb u emme 4sleHbl, COIEpKallHe NepeMeHHYIO X;. Kak
H NPH J0Kas3aTeJbCTBE JIEMMBL 2, BEHIIENSEM HX CyMMY:

[ = (2 — 2x,%5 + 4x,x5) + 1157 — 6xpx5;
i = l, Ci1 = 1, 012 = —1, Ciz = 2;
Y1 = CuX1 + Cra¥Xp + Cia¥y = X3 — Xy + 2%,
yi=xl 4 x4 4x — 2x%5 + 4x1x5 — 4X0X3;
1
c—u—= 1, [—y? = —x2 + Tx2 — 2x.x3;
V1= X3 — Xy + 25,
Yo = X (2)

Y3 = X35
f= 9yt + (—y3 + Ty — 2y,y,).
2) CHoBa mpHMeHsSieM JeMMy 2, Ha 3TOT pa3 — K KBaJpaTHYHOM
dopme
g = —y2 + 793 — 2y,y;-
BuigesisieM uieHbl, COfepiKalllie NePEeMEHHYIO Y,!
g = (=5 — 2y.y5) + 73
i =2, dys = —1, dyg = —1.
Uy = dgo¥s + das¥s = —Y2 — Y3
v2 = y2 + 2y,y; + y%

—=—1, g+ o} =8

d22

U = Yn

{02 = —Y2— Y3 @)
Uz = Y35

g = —v; + 84

Tak kak
f=y+g
TO
f=v}—0l+ 80 @

TakuMm oBGpasoM, KBagpaTHuHas ¢opma (1) mpuBefeHa K KaHOHHYe-
CKOMY BHILY.

3) UtoObl MOJYYHTH JIHHEHHOe NpeoGpasoBaHHe, HeMoCPejiCTBEHHO
NpUBOAsiliee JaHHYIO KBaJpaTHYHYIO dopmy (1) K KaHOHHYIECKOMY BHAY

(4), nafizeM cHauajia npeo6pa3oBaHus, o6paTHble npeoOpa3oBaHuAM (2)
u (3):

X =y1+ y2— 2ys, Y1 =Yy
Xo = Yo, Yo = —Uy — Us,
X3 = Y3 Vs = Us,
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a 3aTeM KOMIO3HIMIO MOJYYEHHLIX NpeoOpasoBaHulii:
X; = Uy — Uy — 3vg,
Xy = —Uy — Us, ()
X3 = Ug.

Ecnn moncrasuTh mosyueHHble 3HAUEHHS X, X5, X3 B dopmy (1),
TO cpasy npunem K ¢opme (4).

4) Ot KaHOHHMYECKOTo BHAA (4) ¢ MOMOIIBIO JHHEHHOro mnpeoGpaso-
BaHHUA

01 = wl,
02 = w2l,
Uy = — W
3 9 V2 3
MOXKHO TNepefTH K HOPMaJbHOMY BHAY
2 2 2
[=wl —w: + ws (6)

JIuneiiHoe npeo6pa3oBaHue, HENMOCPeNCTBEHHO IpHUBOAsmee op-
my (1) k Bupy (6), BeIpaxkaercss GopMyJaMu

( 3
|x1=w1 Wy m—wa,
1
Xg =— W — W,
{ 2 2 2V2 3
| 1
X3 = ——=
{ 3 2.'/'2 3

PaccmoTpennyio Bhille KBagpaTHUHYIO (GOpMYy MOXKHO O6bUIO Gbl
NPUBECTH K KaHOHHUYECKOMY BHAY U APYTUM CIOCOOOM, HENOoCpenCTBEH-
HO BBHIAEJAS] MOJIHBlE KBaJpaThl:

f=xf 4+ 1123 — 2., + 4x,x5 — Bxpxs = 2%7 +
4 dxyxg - 2x5 + 9x5 — 6xoxg + X3 — X3 — 21Xy — X =
= 2 (%, + x3)® + (Bx3 — X5)* — (¥, + x0)%.
JlunefiHoe mpeo6pasoBaHue
2 = X; + X,
2y = 3%3 — X,
23 =X 1 X,

TaKxKe INPHBOLMT JAHHYIO KBaJpaTHUHYIO (GOPMY K KaHOHHUECKOMY
BULY

2 2 2
f=221 +22-—Z3.

Takum o6pasom, npuBoAs KBaApaTHUHYIO GOPMY K KaHOHUYECKOMY
BHIY Pas/IMYHBLIMH CIIOCOGAMM, MOXKHO NOJYYHTb PasHble OTBETHL. 2TO
C/eflyeT HMETb B BHAY IPH PelleHHH NPHMEpPOB.
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YnpaxHeHus
1. Hafinute KaHOHWYeCKHH BMJ KBafpaTHUHOH (QOPMEIL:

a) 3x7 4 6xyx, — 4x3;

6) xi — 2%5 4+ x5 4 2x,x, - 4xXs + 2%5Xs;

B) 2x3%s + 2xy%5 — 6x,5%5.

2. Halinute HOpMa/ibHBEIH BHI KBafpaTHYHOH (OPMBL

a) 4x} + x5 + x5 — dx,xy 4 dxyXs — 3XoXs;
2
0) X1 + XyXo + Xgx4.
3. INpuBenute KBagpaTHuHYIO GOPMY K HOPMaJbHOMY BHAY M Hai-
zute GOpMyJBl COOTBETCTBYIOIIETO JIMHEHHOrO npeo6pasoBaHusl:

a) x} — 3x3 — 2x.x, + 2x,%5 — 6X,%;

6) 9xi + 4x3 + x3 4 6x,x5 — 4xox,;

B) 4x? + x5 + x5 — 12x,%, + 4%,%5 — 6X,%53
r) —x} 4+ 6x3 + 5x5 — l4x,x5 + 36x,%;

N) X 4 Tx5 — 2%y, + 4x,x5 — 6X0xg;

e) x} + 5x5 — 4x3 + 2x,%, — 4xiXg;

K) XX + XXy + XgX4 + X1 %45

3) x5 4 4x5 — %3 + x5 + xE + dxyx, — 2x,%;.

§ 18. 3AKOH MHEPUUHU KBAJPATHYHBIX ®OPM

18.1. 3akon unepuuu. IIpu pemenun npumepa B 17.2 Mbl IpHUBENH
OHY U Ty e KBaJpaTHYHYIO GopMy K KaHOHHYECKOMY (a2 B YAaCTHOCTH,
W K HOPMaJbHOMY) BHIY pas/jHYHBIMH CrnocoGaMH, NOJYYUB IIPH 5TOM
KBajJpaTHyHble (OPMBL C Pa3JHUYHBIMH KO3(D(HIHEHTaMHU:

9 9 2 9 2 9 9 2 9
Ui — vz + 8u3, wi —wsy + w3, 221 + 25 — 2.

OfHAaKO YHC/O U/JEHOB C MOJOXKHTENbHEIMH KO3(h(UIHEHTaMH, a
TaKXKe YHCIO YJIEHOB C OTPULATENbHEIMH KO3(QMHIMEHTaMH BO BCEX
clyyasx 0Ka3aJoch ONHMHAKOBEIM. DTO He cayyaiHo. UToGE MOmYepK-
HYTb HEH3MEHHOCTb YKAa3aHHBEIX WYHCEJ, COOTBETCTBYIOIUEE CBOHCTBO

KBaJipaTHYHEIX (POPM HA3BIBAIOT 3aKoHOM urepyuu. OHO BBIparxKaeTcs
clefyomel TeopeMoH.

Teopewma. Eciu nanHas kBajgpatuuHasi ¢opma NpuBefieHa K
KaHOHHUYEeCKOMY BHAly C IIOMOIIBIO BYX Pa3/IMYHLIX JHHEHHHIX mpeobpa-
30BaHUH, TO YMCJO IOJOKHTEJNBHBIX KO3(QQHUIHEHTOB NpPH KBajparax
HOBBIX TleDeMeHHBIX, TaK e KaK U YHUCJIO OTpHIaTe bHbIX Koshduunen-
TOB, OyleT B 660UX CJydasX OLHO H TO XKe.

IMycrs naHHasi KBajpatuyHas ¢opma f(xy, Xy, ..., X, ) NPHBEJEHA
€ NOMOIIBIO ABYX JIMHEHHBIX IpeoOpa3oBaHuil
n
X = 2 a;v;j, I
7=1
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X = 2 bi,-w,- (2)
i=1
COOTBETCTBEHHO K BHJIaM
[ gy eees Xn) = clvf + ...+ cpvf, — cp+lv,2,+1-— —cp+qv,2,+q, (3)
f (xlv vy X)) = dﬂl’f + ..+ d,wf - r+1wf+l — eee — dr—}-sw:rz—i—s, (4)
rie
¢, >0 k=1, ... p+gq p+ag<m
d, >0 e=1, ... r+s r+s<n.

Tpe6yercsi fokasaTb, 4TO p = r ¥ g = S. Jlokaxem, 4TO p = r.
To, uTo ¢ = s, KLOKa3pIBaeTCs1 aHAJOrHUYHO.

HokasaTtenabcrtBso. [IpennonoxuM, Hanpumep, yro p <.

Taxk kak mpeoGpasoBaHue, 06paTHOE JHHEHHOMY, ABJAETCA JHHEH-
HBIM, TO, peluasi cucreMbl ypaBHeHu# (1) u (2) OTHOCHTENBHO U; H Wi ,
TNIOJTyUHM:

U = Z Ai_fx,-, (5)
j=1

w; = 2 Bijx;. (6)
j=1

~ ~
OrmpenesiuM YHCNOBbIE 3HAYEHHUS Xq, ..., X, CTAPHIX NEPEMEHHBIX TaK,
yTOGbI OHH He BCe ObUIM PAaBHBI HYJIIO H YTOGbl COOTBETCTBYIOUME HM IO

dopmynam (D) u (6) YHCIOBLIE 3HAUEHHS Uy, «vvy Uy H Wy, +eny Wy HOBBIX
neNeMEeHHBIX YOBJIETBOPSJIH YCIOBHAM

~ ~

0n,=0 ..0,=0, 7
W1 =0, ..., @, =0. ®)

Kak cnenyer us (b) u (6), uCKOMBle 3HAUeHHMS JOJIKHBI YHOBJIE-
TBOPATH CJEAYIOMEH CHCTeMe JMHEAHBIX ONHOPOAHBIX YPaBHEHHUI:

Auxl + Alzxz + cee + Alnxn == 0,

‘ Apixy + Apsxy + oo + Apuxn = 0,
Bryi,1 % + Br+l,2 Xg + oo + Br-}-l,n X, =0,

o o . e e o e s e o e e * o o o

Buixy + Baoxs + «.o + Bunx, = 0.

Tak xak p <r, TO YHCJIO ypaBHEHI/Iﬁ STOH CHCTeMbl MEHBIIlE YHC/A
HEHU3BECTHBIX:

pt+@a—r=n—(@—p) <n.
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CJIe,H.OBaTe.HbHO, 3Ta CHCTeMa HMeeT GeCKOHEYHOe MHOXKECTBO pemennﬁ
~ ~

B TOM uHc/e U HeHyJseBwle. IlycTe X, ..., ¥ , — KaKoe-HUGYAb U3 3THX
HeHYJIEeBBIX peIleHHH.

OTH 3HAYEHUA Xy, ..., ¥n U FABJIAIOTCA HCKOMbIMH. IlofcTaBHM HX
B paBeHcTBa (3) u (4), yursa npu stoM ycsosus (7) u (8):
f(xl, ceey xn) = —Cp+1 vp+l  ees ™ Cp+qu+q I’
f(xl, seey Xn) = d1w1 + voe _I" df Wr
Orciona
— Cp4+1Up41 = sss — Cp4qUp+t+q = dwi + ... + drwr
WY

~2 ~2 2 2
Cp+lvp+l + ves + Cp+qvp+q + d1w1 -I- voe + d, w, = 0.

Tak KakK HU OLHO U3 3TUX CJaraeMblX He OTPHUATENBHO, TO TOJAYUYEH-
HO€ pPaBE€HCTBO MOXKET OKa3aTbCsl CIIPaBEAJIHBLIM JIHIIDL MPH

~ ~
vp+1 = 0, ey vp.l_q = 0,
w, =0, ..., w, =0. )
~Y ~
CpaBuuBasi paBeHctBa (8) u (9), 3ameuaeM, yto w; = ... = w, = 0.
ITopcraBasis 3TH 3HaueHHsl B (2), NOJYYHM, YTO X;= ... = X, = 0,

B TO BpeMsl KaK 3TH 3HaueHHUs JOJKHBHI ObIThb He BCEe PABHEI HYJIIO.

TlonyueHHOe MpOTHUBOpEYHE ABJAETCA CAENCTBHEM IPENNONOXKEHUS
0 ToM, uto p < r. K TakoMy ke NMpOTHBOpEUHIO MEI MpHUIEM, NpEamno-
JIOXKUB, 4TO p > r. CienoBaTenbHO, p = 1.

Teopema pokasaHna.

18.2. Panr U MOJIOXMTENbHbIH WHIEKC KBagpaTH4HO# ¢opmbl. I3
3aKOHA MHEPUHH CJeAyeT, YTO YHCJIO p TNONOXKUTEIbHBIX, YHCIO g
OTpHLATENbHBIX, a8 3HAYUT, U YHCIO p - ¢ BCeX HEHYJIEBHIX UJIEHOB B
KaHOHHYeCKoM BHuJe (3) KBafpaTH4HOH (OpMBEI He 3aBHCHT OT croco6a
NpHUBefieHUs 5TOH (GOpMbI K KaHOHHYECKOMY BHLY.

Uncno BceX HeHYJIEBBIX Y/I€HOB B KaHOHHYECKOM BHJIE KBaJpaTHy-
HOH (QOPMEI Ha3bIBAeTCA paHz0M STOH (GOPMBI, a YHUCJIO MOJOKHTENBHEIX
4/IeHOB — €€ NOA0NCUMEAbHOIM UHOEKCOM.

MoxHO 10Ka3aTh, YTO, K KaKUM Obl [IEPeMEHHBIM HU GblIa OTHeCeHa
KBajpaTHuHasA ¢opma, paHr 3Toi (OpMBl M PaHT ee MaTpHIbl OAMHA-
KOBHL.

18.3. IosoxuUTeIbHO ONpefeieHHble hBagpaTU4Hble ¢opmbl. Ksan-
paTHyHas ¢GopMa Ha3bIBAETCH NOAOHCUMEALHO ONpPe0eseHHOt, eClu HpPU
J00BIX OJHOBPEMEHHO He PaBHBIX HYJ/IO 3HAYEHHSX INepPEeMEeHHBLIX ee
3HAYeHUsl MOJIOXKHTEJNbHEL.

IIpumepun. 1) Keagparuunas dopma

2l + 3x3
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OT [BYX TMepPEeMeHHBIX SBJSETCS IOJIOXKHUTEIbHO ONpPENeIeHHOH.
2) Ksapparuunas dopma
2 2
X1+ 2%y + X2 = (% + x,)°

He fBJISIETCS NOJIOXKMTEJbHO ONpeJeNIeHHOH, TaK Kak MHPH X; = —X,
OHa IPHHHUMAeT HYJ/eBOe 3HaueHHe.
3) KsagparuuyHas dopma
X — x5
MOXKeT NpPHHHMAaTb 3HaueHHs C JI0ObIM 3HAaKOM, C/efOBaTeJbHO, OHa
TaKKe He §BJSETCs IOJIOXKUTENbHO ONpele/]eHHO.

Teopema. [ns toro urtoObl KBajgpaTHyHas ¢opma OT 7 Ie-
peMeHHBIX OblIa MOJIOXKHTENBHO ONpe/ieJieHHOH, Heo6XoAuMO H JocTa-
TOYHO, YTOGH! ee MOJIOKHTEJbHBIH HHJAEKC OB paBeH 1.

ODorkasateabcTBo. [lycte kBajmparuyHas dopMa [ (xy,
X3y +eey Xn) NpHBEIEHA K KAaHOHHYECKOMY BHAY
2 2 2
Ul + €U + oo = Cu Une

~ ~
Ecnu x4, ..., X, — KaKue-HUOYAb 3HaYeHHS CTaphlX NEPEeMEHHBIX,
~/ ~

HE BCE paBHBIC HYJIO, TO U COOTBETCTBYIOLIHE UM 3HAUEHUA Uy, ..., Up
HOBHIX HepeMeHHb.X HE BCE paBHb] HYJII0. JelicTBUTENIBHO, €CIH npex-

MOJIOKHUTb, YTO v1 v = v,, = 0, TO, MOACTaB/IAA 3TH 3HAUeHHdA B
tdopmyay (1) us 18.1, moayuum, uto H’;I = ... =?c:, = 0. Awnanoruu-
HO, €CIH He BCe ?)i, s ’z\):, paBHBI HYJIIO, TO COrJiacHO dopmyae (5) u3
18.1 Takxke u He Bce ’;c;, ...,’;c/n paBHBI HYJ10. I8 9TUX 3HAYEHHH

[ (X ooy Xn) = U1 + 02 + ... +crus 1

IlokaxeM Tenepb Heob6xodumocms ycioBus. IlycTe KBajparuuHas
dopma f (xy, ..., X,) HOJOXKHUTEIbHO-ONpENeIeHHast. EcIM NOOXKUTD

~

~ ~
n=1, v,=..=v, =0,

~Y ~/
To u3 (1) cnenyer, uto f (xy, ..., ¥s) = ¢;. Tak KaK KBafparuyHas Gpopma
~

TIOJIOXKHTENBHO ONpelieNieHHast, 10 f (xg, ..., X,) > 0, a c/en0BaTeNbHO,
u ¢; > 0. AnajoruysHo mosnyyum, 4ro ¢, >0, ..., ¢, >0, HO 370 H
O3HayaeT, 4TO NOJIOXKHTEJbHBIH HHAEKC NAaHHON KBaApaTHYHOH (opMbI
paBeH n.

[Tepexonum K HOKa3aTeNbCTBY TOro, 4TO YCJIOBHE SABJIAETCH TaKKe
u docmamourbim. I1yCTb NOMOKUTENBHBIE HHAEKC KBagpaTHYHOH (HOpMEI

T (X1 vees xn) paset n, T. e. ¢ > 0, ¢, >0, ..., ¢, >0. dnsa a06kIx

3HayeHUH xl, vees x,, , OLHOBPEMEHHO He PaBHBIX HYJIO, COOTBETCTBYIO-
~/ ~

[iye- 3HaYEeHHs Uy, ..., U, TAKXKE He BCE PaBHHI HyJO, HO Toraa us (1)
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~ ~
caenyer, uto f (xy, ..., X,) > 0, T. e. uT0 KBagpaTUyHas gopmaf (xy, ...,
«ves Xn ) TOJIOXKHUTENBHO ONpee/eHHAs.
ITpumep. YcraHoBuM, fBAsETCS JH IOJOXKHTEJNbHO ONpefe/ieH-
HOH KBajparuuHas dopma

F (X %) = %1 — 2x,%, + 345

Pemenune. B ynpaxuenun 4 us § 16 ykasano npeo6pasoBaHue
IIepeMeHHBIX, C NOMOINBLIO KOTOPOrO 3Ta KBajfipaTHUHas (opma MOpUBO-
IUTCS K KaHOHHUYECKOMY BHLY

2 2
2}1( —l— 4)’2.
Ilo TosBKO uTO JIOKa3saHHOH T€OpeMe OHa ABJAETCHA MOJOXKHUTEJIbHO-OII-

penesieHHOH. DTOT GaKT MOXKHO OblIO Obl YCTAaHOBUTb H HENOCPENCTBEH-
HO, NMpEeJCTaBHB KBaJpaTHYHYIO GOpPMY B BHIE

f(xl’ Xg) = (% ——x2)2 + 2)53.
YonpaxHeHHSs

YcTaHOBHTe, ABJAIOTCH JH MOJNOXKHTEJIBHO ONpPENeNeHHBIMH Clle-
Ayloouye KBajpaTHyHble (OPMBl OT JABYX ME€pPeMeHHhIX:

2 2
1) x{ — XXy + Xo;
9) xf— X1Xy — X3,
2
3) %} — 4x,x, + 413

§ 19. NOHATHUE KBAJPUKH

19.1. Onpenenenue kBanpuxku. Keadpurol B adduHHOM mpoCTpaH-
ctBe A, Ha3biBaeTCsl MHOXKECTBO TOYEK, KOODAMHATHI KOTOPHIX B He-

KOTOpOH ad(duHHOM CcHCTeMe KOODAMHAT YIOBJETBOPSIOT YpaBHEHHIO
BTOPO# CTemneHH.

B ofmem Buie ypaBHeHHe KBaZpPHKH MOXET ObIThb 3aMHMCaHO CJie-
LywouuM o6pasoMm:
fdxyy cony X2 ) 4+ 2f; (g5 ooy %0) + ¢ =0, (1)

rae f (xy, ..., X,)— CyMMa 4/JIeHOB BTOPOfl CTENEHH, T. €. HEKOTOpast
KBajpaTHyHas dopma:

n n
f(xh cecy xn) =Ezcifxi Xj, Cij = Cji,
i=i j=lI
f1 (X1, «e.y Xp) — CyMMa uJIeHOB MEPBOH cTeneHM (TaK HasblBaeMasi JH-
HefiHas Qopwma):

n
fi 1y weey Xn) = ECixg,
i=l
a ¢ — CBOGOAHBIA YJIeH.

[TokaxeM, YTO NMOHATHE KBAaJPHKH HE 3ABHCHT OT BHIGOPA CHCTEMBI
KOODZAHHAT.
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Teopewma. Ecin MHOXECTBO TOueK B HEKOTOPO# ahhuHHOH CHC-
TeMe KOODAMHAT OIpefeJsieTcsl ypaBHEHHEM BTOPOH CTemeHH, TO OHO
OyZleT OmpeleNnaTbCs ypaBHEHHEM BTODOH CTeNeHH M B /060N Apyroi
a(UHHON cHucTeMe KOOpJHHAT.

HokasateabcTBo. Ecaiu MHOXKecTBO TOYeK 3ajaHoO B
cTapoii cucreme KoopAUHAT ypaBHeHueM (1), To Ajia nosiydeHUsl ypaBHe-
HHsl JJAHHOTO MHOXKECTBA B HOBOH CHCTeMe JOCTaTOYHO IOACTABUTh B 3TO
ypaBHEHHEe BBIPAKEHUA CTapblX KOOPAHMHAT X, X3, ..., X, U€pPe3 HOBBIE
KOODAMHATH X, X2, ..., X, 10 opmynam (3) us 3.1. Ilpu sToM He
MOTYT TIOJIY4YHTLCS YJI€HH CTENIeHH Bblllle BTOPOH, T. €. CTeHeHb ypaBHe-
HHS He MOXKET HOBBICHTBCS.

CreneHb ypaBHeHHs HE MOXKET U NMOHU3UThCS. JefCTBUTENBHO, eClIH
OBl CTeneHb HOBOIO YpaBHEHHsI OKasajach HUKe BTOpOH, TO mpH obpar-
HOM IlepeXoJie OT 5TOTr0 YpaBHEHHs K ypaBHeHHIO (1) cTeneHb ypaBHeHHUS
craja Obl pPaBHOH JBYM, T. €. IOBLICHJIACK; HO BHIllle yxKe ObLIO JoKa3a-
HO, YTO 3TO HEBO3MOKHO.

ITpumepsn. 1) B A, kBaipuka uMeeT ypaBHeHHe BHIa

2 2
Cllxl + 26’12)61)62 _I- 022x2 "I‘ 201)61 + 202)62 + Cc = O
U sIBJsleTca KPHUBOH 2-ro mopsijika.
2) B A; KBagpuka — NMOBEPXHOCTb 2-r0 MOpSKa:

2 2 2
CuXt + CopXa + Cga%3 + 2019%1Xs + 2015%1%5 + 2055%0%X5 1+
+ 2c%; + 2¢c5%5 + 2¢5x3 + ¢ = 0.

19.2. MNpuBegeHue ypaBHeHHs] KBAJPUKU K HOPMaJbHOMY BUY.
Ilycte KBajgpuka 3afaHa B HeKOTOpoH adpuHHOH cHCTeMe KOOpJAHHAT
ypaBrenueM (1) u3 19.1. ITocraBuM ceGe nenb — YNPOCTHTb 3TO YpaB-
HEHHe NyTeM HajJJjlexallero Belbopa HOBOH addHHHOHA CHCTEMbI KOOp-
JLMHAT.

Teopewma. Ilpu coorsercrByioimeM BeiGope addUHHOH CHCTEMBI
KOOpJHMHAT YpaBHEHHe J060H KBAJPUKH MOXKET ObITb IPHBENEHO K
OLHOMY U3 CJELYIOMHX BHIOB:

&) + €05 + v + Enlm = 1, ®)
rie m < n,

elvf + 8203 + oo +en0h =0, 3)
rae m < n, "

&0 + oo T+ EmlUy = Wi 1, 4)

e m < n; KoshbUlHeHTH €; BCIOAY paBHB 41 unu —I1.

JokasaTteabcTBo. DBHayane mpousBeieM JuHeiiHoe mpe-
obpasoBaHue:

n
X = 2 Q;i¥is
=
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fipUBOAsilIee K KaHOHHUECKOMY BHLY KBajpaTHuyHyi ¢opmy [ (x, ...,
ey Xp). C reoMeTpuuecKoil TOYKH 3pEHHS 3TO O3HAYaeT NepPexol K
HOBOH addUHHOH cHcTeMe KOOpPJHHAT C NMpeXHHM HadaaoMm. Ilpu co-
OTBETCTBYIOLIEH HyMepalyy HOBBIX KOODAHHAT ypaBHeHHe (1) KBagpHKU
NpUMeT BHA

Pyt + oo + PmYim + 2d1y; + oo + 2dnys +¢ =0,

rae m < 7 ¥ Ko3pQULHUEHTH Py, ..., Py HE PABHBI HYJIO.
Brimenss nosHele KBajpathbl, 6yieM HMEThb:

2 2
pu (2 + ‘;—) e o (3 f}—”’) o 2 Yt o + 2,3, +
1 m
2
O -
121 Pm

[TongepraeM Temepb CHCTEMY KOODIMHAT MapajuleibHOMY —mepe-
HOCY:

d
=y +
P1
. .d.
Zm = Ym + =2,
Pm
Zm4+1 = Ym+ 1y
2n = Yn.

Eonu Beectu o6o3HaveHue

d.\2 d.\2
P =p (_1) + oo Pm ('—”}) —¢,
P1 Pm

TO OTHOCHTENBHO TNOJNYYEHHON CHCTeMbl KOODAMHAT KBaipuka Oyner
HMeTb ypaBHEHHE

plzf + o+ pmzi + 2dm+ 1Zmt1 T e T+ 2,2, = p. (5)

3aMeTuM, 4TO NpU m = n GOPMYJbl NapajJeNbHOr0 MepeHoca
IPUHUMAIOT BHL

2 =Y +&9 rie i = 11 ey 1,
pi
a ypaBHeHue (5) — BuJ
pizi + pazs + oo + paza = p.

Ipopomxum ynpolueHyue ypaBHEHHSI KBaApHKH.
Bo3MOXKHBI ClIefyIOmIHE CyYau:

1) ecniu B ypaBueHuu (5) dmy1 = ...=d,=0u pz=0, T0 oHO
HMeeT BHJ

Pzt + pags + o + Pt = p.
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Mepeiins K HOBO# cucTeMe KoOpAMHAT 1o GopMynaMm

Zi=l/‘ ivt opu i =1, 2, ..., m,
2= npu j=m+ 1, n,
TNpHBEEM ypaBHeHHe KBaﬂ,pHKn K BHLY
£ + £05 + ... + 8mv,2n =1,
rie g =1 npn—>0ua,——l mpu £ <0

Pi

2) et dppp1 = ... =dp,=0u p= 0 To ypaBHeHHe (5) mMmeer

BHJ

pizi + pa2s + ... + pmzm = 0.
IToce npeo6pa3’oBaHHst KOOPAHHAT MO (OpMyJaM
Y npu i =1, 2, ..., m,
{pil

Z;}=v; opu j=m + 1,

i =

~

6yneM HMeThb:
g0 + &5 + oo + Emvh =0,
rge & = 1 mpu p; >0 u g = —1 mpu p; <0;

3) mycrtb Tenepb m< n U XOTA Obl OXHH U3 KO3PDUIHEHTOB dpt 1y ...,
<.y O, OTJIMUEH OT HYJIs, HanmpuMep dmy 5= 0. Brimosnus npeoGpaso-

BaHHMe KOOpAHHAT mo (opMyJam
[ Uni 1 =—’2’——dm+1zm+l — vev —dn 2,
u =z opu i=m 4+ 1,
npuBefieM ypaBHeHue (5) K BULY
it oo Pt = 2y 1e
ITocie npeo6pa3oBaHHst KOOPAMHAT 1O (opMyJaaM

u =

U; .
== mnpui=1, 2, ..., m
Vil ’ T
up =1v; mpu j=m+ 1,
HOJYYHM YypaBHEHHe
810% + “eo + 8mvt2n = 2vm_|_ 1y

rne & = 1 mpu p; >0, &, = —1 npu p; <O0.
Teopema J0Ka3aHa MOJHOCTBIO.

YpaBHueHus (2), (3) u (4) Ha3bIBAIOTCA HOPMANbHbIMU BUOAMU YDPaB-

HEHHSI KBaApHKH.
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19.3. Uentp kBagpuku. Touka S HasbiBaeTcsi HEHTPOM CHMMETpHH
HJIH TIPOCTO YeHmpom Keadpuxku, eCOH TOYKa, CHMMETpPHYHas JIoGoH
TOYUKe KBaJpUKH OTHOCHTEJNBHO S, TaKXKe NPHHALJIEXKHUT KBaipHKe.

Teopewma. Ecniu ypaBHeHue KBajpuKu umeer Buj (2) uau (3),
TO TOuKa S (S;; Sg} -+; Sn), JJIL KOTOPOH §; = Sy = ... = Sp,= 0, sB-
JIeTCSl [IEHTPOM KBaJPHKH.

o KasaTenbCTBO. Ectu Ttouku M’ (v;; v;; e v,'l)
u M" (v;; vg; ...; Up) CUMMETPHYHBl OTHOCHUTENTBHO TOYKH S, TO MO
Teopeme u3 9.3
’ n
S = Ui+vi ’
2
OTKyAa . )
v = 25; — v
Tak Kak §; = S, = ... = 8§, = 0, TO

4 n ’ ’

U1 = —U1y Vg = —UV2y eeey Uy = —Up

YpaBHeHusa (2) u (3) conep:kaT KOOPAHHATHI TOYKH TOJBKO BO BTO-
poii CTeneHH; C/IeIOBaTeNbHO, eCli KOOPAHHATH ToukH M’ ynoBierso-
pSIIOT KaKOMY-JIH60 M3 3THX ypaBHEHHH, TO 3TOMY XK€ YPaBHEHHIO yJIOB-
JIETBOPSIIOT U KoopAuHathl Toukd M”. Tak kak Touka M" cuMMeTpuyHa
Touke M’ oTHOCUTeNBHO S, TO S — HEHTP KBaJpHKH.

M3 3TOH TeopeMbl CJIENYeT, YTO BCE TOUKH (1 — m1)-MEpHOH ILIO-
CKOCTH, UMeIolleli ypaBHEHHS

U =0y =..=10, =0, 6)
ABJIAIOTC UEHTPpaMHM KBafpuKH (2) uad (3); MOXKHO H0Ka3aTh, UTO
IPYTUX [EeHTPOB KBaJpHKa He MMeeT.

B uyacTHOCTH, IPU m = 1 3Ta IJIOCKOCTb fIBJSIETCA HYJ/b-MEpHOI:
ypaBHeHHsIM (6) yJOBJETBOPAIOT KOOPAMHATHI €IMHCTBEHHOH TOYKH —
Hauaja KoOpAMHAT. B 3ToM ciydae KBaJpHKa HMeET €IHHCTBEHHBIH
HEHTP.

MoxHO H0Ka3aTh, YTO KBajfipuka (4) He WMeeT HHM OJHOTO LEHTpa.

Tak Kak ypaBHeHHe KBaJDHUKH BCErfa MOXKeT ObiTh MPUBENEHO K
Buny (2), (3) unu (4), To Ana n0GOA KBaJpUKH HMeeT MECTO OLMH U
TOJIBKO OJUH H3 CJEAYIOUHUX TpeX CIyuaeB:

1) KBajpuKa He HMMeeT LEHTPa;

2) KBaJpHKa HMeeT eJMHCTBEHHBIH MIEeHTP (TOria OHa Ha3bIBaeTcs
YeHmparbHOU);

3) KBapuKa HMeeT GeCKOHEUHOE MHOXECTBO LIEHTPOB, ABJSIOLIEECS
HEKOTOPOH IJIOCKOCTBIO.

§ 20. KJIACCUPUKALINSA KBAIPUK

20.1. daauncoupasl u runepGosounsl. IIpu m = n ypasHenue (2)
us § 19 wumeer Bupg

g0 + €05 + oo +eup = 1, (1)
rae & paBHbl +1 wiu —l1.
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B 3aBHCHMOCTH OT 3HaKOB €1y €9y ...y &, NOJyUAEM KBAApPpUKH pas-
JIUYHBIX BHJOB.

a) Ilpu &, = e, = ... = &, = | KBajpHUKa Ha3bIBACTCH 344UNCOU-
Oom W UMeeT ypaBHeHHe

o + v+ e F0E=1.

BrewiHe 3T0 ypaBHeHHe HaNOMHHAaeT ypaBHeHHe chephl €BKJIHAO0BA
NPOCTPAHCTBA B MNPSMOYTOJNBHOH JEeKapTOBOH CHUCTeME KOOpAHHAT,
OHAKO CJeyeT NOMHUTb, YTO MHI NOJIh3yeMcsi ahdUHHON CHCTEMOM
KOODZMHAT, a NoHsATHE cdephl B ahpHUHHON reOMETpHH OTCYTCTBYET.

6) Ilpu e, = g, = ... = &, = —1 ypaBHeHnue (l) npuHHMaeT BHI

v}'+v§+...+v,2,=—l.

Tak xak Mbl paccMaTpHuBaeM JeHcTBUTeNbHOE addUHFOe NpPOCTpaH-
CTBO, TO TOYEK C KOOpJMHATaMH, yJOBJETBOPSAMIIUMU 5TOMYy ypaBHe-
HHIO, He cyulecTByer. OIHAKO NO aHAJOIMH C NPENBIAYIIHM CJydyaeMm
3TO ypaBHeHMe Ha3biBalOT yDaBHEHHEM MHUMO20 3AAURCOUOA.

B) Ecau g, €,, ..., &, He BCe OIMHAKOBE], TO KBaJ[pHKa Ha3hIBAeTCH
2unepb0a0UdOM.

W3 ckasanHoro B 19.3 crnepyer, uyTO 3JJHICOHA U THNEpGOJIOHL
SIBJISIIOTCA LEHTPaJbHBIMH KBaJpHKaMH.

[Ipumepuw. 1) Ilpun=1, T. e. 119 OLHOMEPHOTO MPOCTPaH-
ctBa A,, mosyyaeM ypaBHeHHS KBaJpHK

2 2
v =1, v = —I1,

BLIPAsKAIOLME COOTBETCTBEHHO mapy Touek (v; =1 u v, = —1) u
napy MHHMbIX TOYeK.

2) Ilpu n = 2 nosy4yaeM COOTBETCTBEHHO 3JIJHUIIC, MHUMBIH 3SJIJIUIIC
U runep6osy:

2 2 2 2
v + vy =1, v + v,

o 2 2
BosmoxkeH erme ciayyail v; — vp = 1, HO OH OTJIHYaercst OT IpeIbl-
IyIIero JIMWb HyMepauuell KOOpLHHAT, KOTOPYIO MOXKHO H3MEHHTH,
nepexoiss K HOBOH ad¢dHHHON cucTeMe KOOpAMHAT IO (GOpMyJaM

{ v = 0y,
U_)_ = Ul.

2 2
—l, U —0, = 1.

3) Ilpu n = 3 uMeeM COOTBETCTBEHHO 3JIJIMIICOUL H MHHUMBIH 3J-
JIMIICOH A

2 9 9 2 9 P
v+ t+uvz=1, v + v; -+ vz = —1,

OJHOMOJIOCTHBIH THnepOoJIoON] Y ABYIOJOCTHBIH THUIEepPOONOHL:

v v —us =1, U — vy — s = I.
20.2. Konycnl. Ilpu m = n ypaBHenue (3) u3 § 19 umeer Bug
&0} + e+ ... + Eavh =0, )

rae & paBHb +1 wiau —1.
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Ecnu 3Hakwu €y, €, ..., &, He BCe OLHHAKOBBI, TO KBaJ[PHKa Ha3bIBa-
eTcsl KoHycom. KoHyCc — UeHTpanbHasi KBaJpHKa, LEHTP KOHYCa Hashl-

Baercs ero gepuiunoil. lleHTpoM KoHyca (2) sB/As€TCA HAayaslao KOOpAH-
HarT.

Ecnu xoopauuathl Touku A (ay; @, ...; @), OTIHYHOH OT BepIUMHEL
KOHYyCa, YIOBJETBOPSIOT ypaBHEHHIO (2), TO 3TOMY yPaBHEHHIO yJOB-
JIETBOPSIIOT M KOOpAMHATHL /060 ToukM Bua (fay; tay; ...; ta,).

MHOXeCTBO BCeX TAKMX TOYEK fBJISAETCS NMPSMOH, npoxonsueil yepes A
M BepIIHHY KOHyca — Hayajo KoopiauHat (5.1). dra mpsMas ueamkom
NPHHAJJIEXKUT KOHYCY M Ha3BIBAETCS ero npsamosuretHol obpasyrower.

Eciv g, = &, = ... = &,, TO KBaJpHKa (2) COCTOUT U3 €UHCTBEH-
HOH TOYKH (Hayaja KOODAHHAT) H HA3LIBAETCS MHUMbIM KOHYCOM C
BEpIIHHOA B 3TOH TOYKe.

MMpumepsr. 1) Ilpu n = 1 noayyaem ypaBHeHHe
2
v == 0)

BhIpaxkaolliee Napy COBNABIIHX TOYEK.
2) Ipu n = 2 umeeM napy NEPECEKAIOMUXCH NPSIMBIX!

2 2
U — U = 0
U TOYKY HJIH, KAK HHOTAA TOBOPST IO aHAJOIHH C NPEABIAYIIUM CJy-

yaeM, napy MHHUMBIX IPAMBIX, IN€PECEKalolHuXCsa B JeHCTBUTEJIbHOM
TOYKeE:

2 2
v + v; = 0.
3) Ilpu n = 3 uMeeM COOTBETCTBEHHO KOHYC M MHHMBIH KOHYyC C
BEpIUMHOH B NEHCTBUTEJbHOM TOUKE:
2 2 2 2 2 2
v + vy —v3 =0, v +vo+uv3=0.

20.3. MapaGosounpt. Ilpy m = n — 1 ypaBHenue (4) us § 19
NpHHUMAeT BUL
2 2
&0] F e Ty = 2vn ’ (3)
rie & paBHbl +1 win —I1.
Keazpuka B 3TOM Ciydae HasweiBaeTcs napabosoudom. VI3 ckasau-
Horo B 19.3 cienyer, uro nmapaGoJiouf HE UMeeT LEHTpaA.
IMpuwmepr. Ilpu n = 2 nonydaem napaGosy
v} = ,.
Tpu n = 3 — smnunTuyeckuii U runepbonuyeckuil napaGoMOUNbL:

2 2 2 2
v + vz = 2v,, U] — Uy = 20,.

20.4. Uunavnapuueckue KBagpuku. Ham ocrasoch paccMoTperh
JMILIb CAYYaH, Korjaa B ypaBHenusx (2) u (3) us § 19 m <n, a B ypas-
nennu (4) w3 § 19 m < n — 1. Torna, nonaras 8 (2) u (3) us § 19
m=r,aB (4 u3 § 19 m = r — 1, NoJyuyuM COOTBETCTBEHHO
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81‘0% "l_ “ee + er Uf;) == 1, (4)

&l + . + 8 0 =0, (5)
&0t + oo + eiUi = 20, , (6)

rie r < nue; paBusl +1 uan —I1.

Kpanpuka, mist xoropo#t (4), (5) mau (6) sBAseTCA HOPMANbHBEIM
ypaBHEHMEM, Ha3bIBAeTCH YUAUHOPUUECKOL.

MoKHO TOKa3arhb, YTO UHJIHHApUYECKas KBaJpHKa COCTOMT M3 Na-
paJlieNbHBIX APYT APYTY (1 — r)-MepHBIX IJIOCKOCTeH («06pasyiomux»),
TepeceKaroluX HEKOTOPYIO KBaJPHKY (CHANpaBJIAIONLYIo»), Jexallyio B
r-mepHoO# miockoctd. Kanpuku (4) u (5) uMeror B o61ieM ciyyae 6ecko-
HeYHOe MHOXKECTBO LIEHTPOB, SIBJSIOIIEeCs (1 — r)-MEePHOH MJIOCKOCThIO.
KBanpuxa (6) LeHTPOB HE HMeeT.

Mpumepsr. 1) Ilpu n = 2 ypaBHeHue
v =1

BHIpaXKaeT Napy pPasiHYHbIX MapajieNbHeX mpsaMbX. O6pasyromumu
TaKoH KBalPWUKH SIBJSIOTCS 3TH JiBE NpsiMble, HAMpaBJsoWed — mnapa
TOYeK, B KOTOPHIX 3TH NpPSAMBIE MEPECceKaloT NPsMYyI0, UMEIOILYI0 ypaB-
HeHue v, = 0.

Kpowme Toro, emie UMeeM ypaBHEHHS

BHIPAXKAIOI[Ye COOTBETCTBEHHO Mapy MHHUMBIX NapajiieNibHBIX H mapy
COBNABUIUX MNPSIMBIX.

9) Tlpu n = 3 HMeeM COOTBETCTBEHHO 3JLIMITHYECKHH, rumep6o-
JIMUeCKHH, MHHMMBIH SJIMOTHYECKUH, napaboiuyecKHi LUIHHIPLL:

2 2 2 2 2 2 2
v+ v =1, v—u; =1, v + vs = —1, U = 20,
¥ Mapsl MJIOCKOCTEH Pa3/IMYHEIX THIIOB:
2 ©
v —uv3=0 (mapa nepecekalmUXCs MIOCKOCTeH),
vl +0vi=0 (mapa MHHMBIX IUIOCKOCTeH, MepeceKaromuXxcs Mo
JeHCTBHTENIbHOH mpsiMolt v; = v, = 0),
v =1 (mapa pas3nMUHBIX MapajyeNbHBIX IIOCKOCTeH),
2 o
vy = —1 (mapa MHMMBIX HapaJyIeNbHBIX IVIOCKOCTEH),
B1=0 (mapa coBmaBIIMX IJIOCKOCTER).

20.5. Addunnaa knaccudukauus ksagpuk. ComnocTas/isfis NpPUMEpH!
u3 § 20, 3ameuaem, YTO B MpoCTpaHcTBe A, ypaBHeHHe J000H KBajpH-

KH MOXKeT OBITh NpHUBEACHO K OJHOMY H3 C/IEAYIOWNX ACBATH HOPMaJb-
HBIX BHJOB.
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Dol+ov=1  5d+0v=0
2) vf +v3=—1; 6) 0} = 2y;

3) v —uv=1; 7)vf=l;
4) vl — v =0; 8) v = —1;
9) v} = 0.

CoOTBETCTBEHHO 3TOMY BCe KBaJIDHKH IIpOCTpaHCTBA A, MOXHO
pa3éuTb Ha IeBSATb KJaccoB, OOBENMHSAS B OIMH U TOT XK€ KJacc Bce
KBaJIpUKH, YPaBHEHUS KOTOPHIX C IMOMOLIBIO Hajjekalliero BhuiGopa
ahhUHHON CHCTEMBl KOODAMHAT MOXHO INPHUBECTH K OJHOMY H3 3THX
IeBSATH BHIOB.

B A, Bce KBaJIpHKH MOXHO pa3GuTh Ha TPH KJjacca, B A; — Ha
CeMHAaaUaTh KJacCoB.

JloGrle 1Be KBapUKHU, IPUHAJIEKAIINE K OLHOMY U TOMY 2Ke KJaccy,
ahhUHHO 5KBUBAJIEHTHBI. JTO CBA3aHO C TeM, 4TO (GOpMyJBl nepexona
oT ofHOH a(dUHHOHN cHCTeMB! KOOPIMHAT K APYyrod H dopmyJsl addun-
HBHIX Npeo0pa3oBaHUil ¢ anreOpanueckoll TOUKHM 3PEeHHUS HMEIOT ONHH
M TOT e BHI.

3ameTuM, YTO KBaJpPHKH C Pa3UUHBEIMH HOPMAJbHEIMH YPaBHEHHS-
MH MOTYT OKa3aTbCsi OJIWHAKOBBIMH TOUEUHHIMM MHOXECTBaMH. Tax,
HanpuMep, MHUMBIH 3JJIMIC U Tapa MHUMBIX MapaJljleNbHbIX IPSMBIX —
[yCTOE TOYEYHOe MHOKEeCTBO. Ilo3TOMY KBaipHKH, NpHHAJJIEXaIIHe
pas3JUYHBIM KJjaccaM, HHOTZA MOTYT okasarthcs addHHHO SKBHBAJIEHT-
HbIMH; C T'€OMETPHYECKOH TOYKH 3DEHHsl 5T KJacChl TOTAA He pasJiu-
4aloTCs MeXLy Cobofi.

IIprwmep 1. TlpuBeneM K HOpMaJbHOMY BHLY YpaBHEHUE

Xp 4 2%y + X5+ 2% — 2%, —3 =0
KBaJ[puKH mnpocTpaHcTBa A,.
Pemenue. 1) Keagparuynas gopma
X2 4 yxg + X5 = (x, + x.)?

MOKeT ObIThb Cpa3y ke HNpPHBeleHa K HOPMAaJbHOMY BHAY C MOMOIIbIO
mepexoia K HOBBIM I€DeMEHHEHIM 1O (opmysam

{ h=x + Koy
Yo = X2
HJiIn
{ X1 = Y1 — Yo
Xo = Ya. (1

Ecnu sTi paBeHcTBa paccMarpuBaTh Kak GopMysisl IpeoGpasoBaHus
KOODIHMHAT, TO B HOBOH addHHHOH cucTeMe KOOpPAHHAT YpaBHEHHE JaH-
HOH KBaJpUKH NPHMET BUL

yf+2(}’1—)'2)“2)’2—3=0.
T. €.

¥+ 2 —4y, —3=0.
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2) Brinenum Temepb B J1eBOH 4acTH MOJYYEHHOTO YpaBHEHMs IOJ-
HBIf KBajpar:
()’%'*‘l‘ 21+ 1)—1—4y,—3=0,
b+ 1 =4y, + 4.
C nomoliibio npeoGpa3oBaHUs KOOPAMHAT MO dopMyJiaM

{ z=y+1,
2, =2y, + 2
HIH

y1=2—1,

1
{}’2 = 5y z, — 1 2)
ypaBHEHI/Ie KBaJpUKHU NPUBOAUTCA K HOpMaJIbHOMy BUAY
P)
2 = QZ2o

KBanpuka sBisercs napa6osoi.
3) ConocraBasia dopmy.sl (1) u (2), noayuum dopMyJis nmepexona
OT mepBOHayaJbHOH adduHHOM CHCTEMBI KOOPAMHAT K TaKo# cucTeme
KOODZAMHAT, B KOTOPOH YypaBHEHHE KBaJPHUKH HMEET HOPMaJbHbIA BHJ
1
X1=2 ""322,
1
Xy = —2,— L.
2 9 2
CorJyiacHO CKa3aHHOMY B 3.2 KOOpAHMHATHBIE BEKTOPH H HAYaJo HO-
Bo# addrHHON cHCTeMbl KOOPAHHAT MMEIOT B HCXOLHOM CHUCTEME CJIeAYIO-
1 He KoopAuHaTH (puc. 17):

Z

Puc. 17
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o = (1; 0), E;:<_%;_‘2_), 0’ (0; —1).

IMpumep 2. Ipusenem K HopMajbHOMY BHIY YpaBHeHHE
£ 4+ 1163 — 2x,%, + 4%, x5 — 6xp25 + 4%y — 12x3 — 12 =10
KBaJpHKH NpOCTpaHCTBa Aj.
PemeHnue. 1) Bocnonsayemcs TeM, uto B 17.2 KBajapaTHyHas
tdopma
£+ 115 — 2%, + 4xx5 — 6x5%5,

BXOZSLIAS B JIEBYIO YacCTh JaHHOTO ypaBHEHHs, yxe Obllla MpHUBEJeHa
no cnoco6y Jlarpamxa K KaHOHHYECKOMY BHLY

o} — v + 803
C IOMOLIbIO JIMHEHHOro npeoGpa3oBaHust
X, = Uy — Uy — 303,
Xg = —Uy — Ug,
X3 = Us.

IIpumeHuM 5TH GOpMYJIbl K JaHHOMY YPaBHEHHIO, pacCMaTpHBasi HX
Kak (opmyJsbl mepexofa K HOBOH apuUHHOH CHCTEME KOOPAMHAT:

0} — v + 8% + 4 (—v, — vg) — 120, — 12 = 0,
02 __ o2 + 803 — 4v, — 16v; — 12 = 0.

2) ITonyueHHOe ypaBHEHHE MOXET ObITb YIPOUIEHO C MOMOIIBIO
Hapajjie/IbHOTO TePeHOca CHCTEeMBI KoopAuHar. [lIsi 3TOro BbAENUM
HOJIHblE KBajJlpaThl B JI€BOH 4YacTH YypPaBHEHHS:

vl — W44, +4) +4+8@—2,+1)—8—12=0,
U — (s +22+8(@ —12—16=0

Il

U IOJIOKHM

I

W Ul’
W, = U + 2,
w3 = 03 _— l.
YpaBHeHHe KBalADHKH NPHUMET BHI
w; — ws + 8wj = 16.

3) Ecan mepefiTu K HOBOH cHcTeMe KOOPAMHAT Ho (opMmyJam

w, = 41,
w, = 4i,,
w3 = V§t3’

TO YpPaBHEHHE KBAJIPUKHU OKaXXETCA MNPHBCACHHBIM K HOPMaJIbHOMY BHAY
2 2 2
tl -_ t2 + t3 = l.
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KBampuka sBJSI€TCS OIHOMNOJIOCTHEIM I'HIePGOIOUIOM.

4) Kak u B mpelbayLieM npumepe, HaineM ¢opmyJisl npeoGpasosa-
HHS KOOPIHMHAT, NMPHBOAALIErO ypaBHEHHE KBaJPHKH K HODMaJbHOMY
BULY

xl = 4t1 —_ 4t2 '—‘_3 Vgts -_ l,
X2 = '—4t2 _ V2t3 _l- 1,

x3 = m—ts + 1,
1 HOBYIO abpHHHYIO CHCTEMY KOODIHHAT:
0L 11,

€ =(40,0), ¢=(—4—40),
&= (=3VE V3 V3.
YnpaxHeHHus

1. Tlpusenure K HOpMaJIbHOMY BHAY ypaBHEHHEe KBafpHKH M ycTa-
HOBHTE €e BHJ
B npocrpaHcTee A ,:

a) X} + 6x,%, + x5 -+ 6x, + 2%, — 1 = 0,
6) 9xF — 6x,x, + x5 — 12x; + 4x, 4+ 3 = 0;

B mpocrpaHcTBe Ag:

B) 4x] + 6x5 + 5x3 + 4x,x; — 8%, — 4xg + 3 =0,
I) X Xp + X1X3 + Xoxg — 4x, + 2x5; = 0.

2. TpuBenuTe X HOPMAJbHOMY BHLY YpaBHEHHe KBajpHKH, yCTa-
HOBHTe BHJ KBaJIpPHKH, 3aNHIUMTE QOPMYJIL NEpexoia K HOBOH adduu-
HOH cucTeMe KOOpIMHAT, HalIuTe KOODPAHHATHI HOBBHIX KOOPIMHATHBIX
BEKTOPOB M HOBOI'O Hayasla OTHOCHTEbHO CTaPOH CHCTEMBI KOOPIMHAT

B npocrpaHcTee A,:

a) 3xf — 2yx, — X5 —dx, + 1 =0,
6) % + dxix, + 463 — 61, — 8x, + 5 = 0;

B npocTpaHcTBe Ag:

B) XXy + 2%, 4+ 4x, — 6x; + 2 =0,

I) % — 3% — 2%, %5 — 6xo%5 + 2%, + 4xy + 1 =0,
1) 28 4 x5 4 26 — 2x%, — 2xpxy 4 4x, — 2%, = O
B mpoctpaHcTBe A4l

2 2 2
€) Xi — %5 + X3 — X3 + 2x,%5 + 2%x, = O.
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Fnmasa IV

KBAJJPATUYHBIE ®OPMbI U KBAJPUKH
B EBKJIMJOBOM IMPOCTPAHCTBE

§ 21. CHMMETPHYECKHE ONEPATOPBI

21.1. CoGcTBeHHbBIE BEKTOPbI M COOCTBEHHbIE 3HAYEHHS JHMHEHHOro
onepatopa. B 1.3 yxe OblIM IepeuHc/eHB HEKOTOpble CBOHCTBA JIH-
HeHHBIX OnepaTopoB (MIMHEHHBIX OTOOpaXKEHHH BEKTOPHOTO MPOCTPaH-
ctBa V,, B cebs). Hanomuum emie psn cBefeHuHi, M3BECTHHIX M3 Kypca
anreGpHL.

JIuHelHHIl omepaTop ¢ CTaBUT B COOTBETCTBUE KAXKIOMY BEKTOPY i

bnd -
onpefiesieHHbIH BeKTOop ' = ¢ (u). KoopauHaThl 3THX BEKTOPOB CBSi-
3aHbl popmyaamu Buaa (1) us 1.3. Marpuua JuHefiHOro oneparopa ume-
et Bun (2) us 1.3, oHA MOXKeT ObITh BBHIPOXKIEHHOM.

Ecnn uHenyJseBo#l BeKTOp u oOnajaeT TaKHM CBOMCTBOM, YTO CO-

—_ -
OTBETCTBYIOLIU eMy BeKTOp ¥’ = @ (i) OTJIMYAeTcs OT HEro JIWIIb UKC-
JIOBBIM MHOXKHTENEM A:

4 = A, Q)

e d
TO BEKTOP U Ha3bIBAETCS COOCHIBEHHBIM 6EKMOPOM JIHHEHHOTO OmepaTo-
pa ¢, a YHCIO0 A Ha3bIBAaeTCH COOCMBEHHbIM 3HA4EHUEM JIMHEHHOTO OTe-

patropa, COOTBETCTBYIOIIMM 3TOMY COGCTBEHHOMY BEKTOPY u.
@opmyast (1) u3 1.3 mpuHEMalOT B ciyyae COGCTBEHHOrO BeKTOpa
CIeNyIomuUH BUL:
bty + byotty + oo + biatty, = Auy,
b21u1 _I— b22u2 _I— ces _I— anun = 7\/”2,
bnlul + bnotts + .o + bunltn, = Auy,
(byy — MNuy + byouty + oo + biaun =0,
b21u1 —I" (b22 - k)uz + eee —I" anun = O, (2)

OTKYyJa

bnlul + bn2u2 —I" “ee _I— (bnn -_ 7») Unp = 0.
Sra cucTeMa JHHEHHBIX OJHOPOJHBIX YpPaBHEHHI HUMeeT HeHYJIEeBOe pe-
HIeHUe TOrJa U TOJBKO TOrZa, KOrJa ee OIpeJesUTe]Nb paBeH HYJIo:

bll - }\4 b12 oo bln
b21 b22 _)\r eee b2n — 0. (3)
bnl bn2 . bm; —'7\1
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Takum o6pasom, Jo6oe cOGCTBEHHOE 3HaueHHe JHMHEHHOro omepa-
Topa @ sBJsETCS KOpHeM ypaBHeHHs (3). BepHo u oGparuoe. JIio6oit
IeHCTBUTENBHEI KOpPeHb ypaBHeHUS (3) sBJseTcS COOCTBEHHBIM 3Ha-
YeHHeM JIMHeHHoro oneparopa. OnpenennuTens, CTOSMMUE B JIEBO# YacTH
3TOTO YpaBHEHHS, SIBJISETCS MHOTOUJIEHOM A-fi CTENEHH OTHOCHTEJbHO A.
OH HasbIBaeTCS XAPAKMEPUCTUHECKUM MHO204AEHOM, a CaMO YpaB-
HeHue (3) — xapaxmepucmuuecKum ypasHeruem JIMHEHHOTO oneparopa.
Ilpn nepexone K ApyroMy 6asucy MaTpulla JHHEHHOTO omepaTtopa Me-
HAeTCsl, HO KO3((HLUHEHTH M KODHH XapaKTepHUCTHYECKOTO MHOTOUYJIEHA
OCTalOTCS HEM3MEHHBIMU.

Jliobas nuHefiHast KOMOMHALU$I COGCTBEHHBIX BEKTOPOB, COOTBET-
CTBYIOIIMX OJHOMY M TOMY e COOCTBEHHOMY 3HauYEHHIO, TaKKe SIBJS-

ercs COGCTBEHHBIM BEKTOPOM, COOTBETCTBYIOLIHUM 3TOMY C06CTBeHHOMy
SHAYE€HHIO.

Ecnu BekTOphl 6a3uca ey, €y, ..., €, ABASIOTCS COGCTBEHHLIMH BeK-
TOPaMH HEKOTOPOTo JIMHeHHOro omeparopa M A, — COGCTBEHHOE 3Hauye-

HHe, KOTOPOMY COOTBETCTBYeT BEKTOp e;, To ypaBuerus (1) us 1.3
MPUHHUMAIOT BUJ

u, =M u, i=12,..,mn,

H, CJIe0BATEJbHO, MAaTPULlA 3TOIO ON€pPaTopa OTHOCHUTEJBHO TAKOro 6a-
3Hca sBJISIeTCA JUAroHaJIbHOMH:

M 0 o0 0
0 2 .. O
0 0 .. A
Cpenn uucen Ay, Agy ..., A, MOTYT OBHITb M paBHBIE; KaXI0€ M3 HHX

BCTpeUaeTCs CTOJbKO pas, KakKoBa €ro KpPpaTHOCTb KakK KOpDHs Xapakre-
PHUCTHYECKOr0 ypaBHEHHS.

21.2. CummeTpuyeckuil omeparop ¥ ero MaTpuua. B nanbHefimem
OTPaHUYUMCSl PACCMOTPEHHEM TOJBKO EBKJMIOBBIX BEKTOPHBIX IIpO-
CTPAHCTB.

JlunefiHb omepaTtop ¢ HA3LIBAETCA CUMMEMPUUECKUM, €CIH sl
- -
N0GBIX BEKTOPOB U U U UMEET MeCTO PaBeHCTBO

- = = -

P@-v=1u-9@. (1)

TakuM o6pasoM, CHMBOJ CHMMETDHYECKOrO oOleparopa MpH CKa-
JISIPHOM YMHOXEHHH MOXKHO NEPEHOCHTb C OJHOTO MHOXHTENs Ha ApY-
ro.

Teopema 1. Cummerpuueckuil JHUHEHHBIH omnepaTop B J0GOM
OPTOHOPMHPOBAHHOM 6asuce MMeeT CHMMETPHUECKYIO MAaTpHILy.
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HokasarenbcrtBo. IlycTh Marpunma cUMMETPHYECKOTO JIH-
o > >
HEMHOTO Oneparopa ¢ MMEET B OPTOHOPMHPOBAHHOM Gasice e;, e,,
-

.
ooy

eeey €, BHI
bll b12 vee blﬂ.
B = boy bay ... o .
bnl bn? btm

- - - -
ITonoxum B dopmyse (1) u =e;, uwov=¢ , TOrma

Qle) e =e - e) ©
ITo ¢opmynam (3) u3 1.3
Q@) er=c e = b0y + bueyt o + bt + .o + bun)
OTCI0Aa BCJICACTBUHE OPTOrOHAJIbHOCTH 6asuca

@) - e = b 3
Anamoruyso noJydaem:
e - er) = by )
Uz (2), (3) u (4) caenyer, uto
b,:j = b,'g

IU1s JTIOOBIX § U ], 4 3TO W O3HAa4YaeT, 4YTO MaTpulia B aBnsercs CUMMETPH-
4ecKOH.

Teopewma 2 (ofpathas). Ecay nuHefiHbll onepatop xors 6l B
O/IHOM OPTOHOPMHUPOBAHHOM Gasuce MMEET CHMMETPHYECKYI0 MaTpHLY,
TO 3TOT ONEepaTop SBJSAETCS CHMMETPHUECKHM.

HoxrkasarteabcTBo. Ilycrs JuHefAHBIH omepaTop @ MMeer
B HEKOTOPOM OPTOHOPMHMPOBaHHOM 0asyce CHMMETPHYECKYIO MaTpHIY

B, T.e.mpuBCexX i U j
bij = bji. ®)

Jns n106eIX BeKTopOB-;t = (Uy; Ug} ... Up) H 0= (V13 Ugy vee} Un)
1o dopmynam (2) u3 10.4 u (1) u3 1.3 nonyyaem:

Q@ 0= 2 u v = 2(72 b,-,-u,-) v, = 221 b, vu; (6)

=l

i=l
H
n n n n n
u -9 (v) . Zujvl' Z‘uj (;bﬁvi) =l=li§lbﬁviui. (7
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Us (5), (6) u (7) caenyer, uto

—_ - - -
QW -v=u-o@),
T. €. UTO ONEPaTop ¢ SIBJISAETCH CUMMETPUUYECKHM.
21.3. CoGcTBeHHble 3HAYeHUS CUMMeTpuueckoro omepartopa. Ocra-
HOBUMCSl MpEeNBApPHTEJIbHO HAa HEKOTOPBIX CBOHCTBAX KOMILIEKCHBIX
guces. DByzrem o6GosHauaTb uepe3 o UHCJO, CONPSKEHHOE HHCAY o

a=a-+ bi, a=a—bi.
Jle MM a. OTHOIIEHHE CONPSKEHHOCTH KOMIIEKCHBIX uHces o6aa-
JaeT CIeNYIOmEMH CBOMCTBAMHU:

Do+p=at+h;
2) ap = ap;
3) (@) = o

4) 1js TOro 4YTOOBI UMCJIO o ObLIO NEeHCTBHTENBbHBIM, HEOOGXOXHMO
H JOCTaTOYHO, uTOOH O = o,

5) ecnin a0, ToO oow — NEHCTBUTENBHOE IMOJIOKHUTENBHOE UYHCJIO.

HoxasaTteabcTBo. [loKaxeMm, Hampumep, NepBoe CBOH-
crBo. Ilycrb

o=a+bi, B=c+di
Torna
a+p=a+c+ (b+4di
aFp=atc—(b+di=(@—bi)+ (c—di)=0a+B.
Taxk :xe MpocTo JOKa3bIBAIOTCA U OCTaJbHBIE CBOHCTBA.

Teopewma. XapaxkTepucTHyeckoe ypaBHEHHE CHMMETPHYECKOTO
JIMHEHHOTO Onepatopa MOXeT HMETb TOJIbKO AeHCTBHTENbHblE KODHH.

OHokasarteabcrTBo. Ilycrb Ay — Kakoi-HHOYIb KOPeHb Xa-
PaKTEPUCTHYECKOTO ypDaBHEHHS; NOKaxeM, 4TO OH fABJfeTcsA NeHCTBH-
TeJbHEIM. Ecnn momcraBuTh ero Bmecto A B cucremy (2) us 21.1, to
noJyyeHHass cucremMa OyneT WMeTb pPaBHBIH HYJIO ONPENeNHTeNb H,
clefioBaTeNlbHO, o6sajaTh HeHyJeBbIM peineHHeM. OG03HauuM 3TO
petuenue uepes f, Po, ..., Pr; TOIIA

j; blj‘?’j = Moy,

]_=zl b‘Zij = AoBoy (1)

e o e e o 3 o

gl by By = Mofin-
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Uucna b;; M, KaK M paHbllle, CYHTaeM JAeHCTBUTEJNbHBLIMH. SIBJIfA-
eTCsl JIM JNeHCTBHTENbHBIM YHCJIO Ay, @ CleJoBaTeNbHO, H yHcha fi, mo-
Ka HEeH3BEeCTHO.

YMHOXKasi o6e 4acTU Kaxaoro M3 paBeHCTB (1) COOTBETCTBEHHO Ha
uucaa fy, B, ..., fn U CKIaNEIBAA OTACBHO JIEBLIE U IIPABBIE YaCTH BCEX
NOJyYEeHHBIX PaBEHCTB, GyleM HMeTb:

22 o=t 2 B @

IokaxeM, 4YTO A, — IeHCTBUTeNbHOE YHCIO. Tak Kak pelleHHe
B1, Bor ..., B, ABNAETCA HEHYJIEBBIM, TO COIVIACHO YTBEPIKAECHHIO 5
JeMMbl KosdduuueHT npu A, B ¢opmyse (2) — mosoxuUTeNbHOE Iek-
CTBUTEJIbHOE Yucso. TeopeMa GyeT JoKa3aHa, ecli YHCJIO, SBJAIOIEecs
JIeBOH uactbio GopMyJnl (2), TakKe oKaxeTcs nefictButesnbHEM. OGo-
3HayuMm ero yepe3 . CorsiacHO yTBep:KIEHHIO 4 JIeMMBbl IOCTaTOYHO

NMOKa3aTb, YTO YMCAO [ COBMAJaeT C COMPSXKEHHHIM €My UYHCJIOM P.
Hcnonb3ysa yrBepkieHuss 1—4 JjemMMbl W yuHTBHIBas, 410 b; —
IefCcTBUTENIbHEIE tmc.na, HNOJTYYUM:

22 b i = ZZbuﬁ,ﬂ: Ezbnﬁ, )= 22 bbb

=1 j=l1 =l j=1

Tak kak BeiGop OYKBH! 1/l 00603HAuUeHHs HHAEKCAa CyMMHDOBaHHS He
AIBJIsieTCS CYILECTBEHHBIM, TO MOXKHO BMeCTO i IIOCTaBHTb j, a BMECTO j
TIOCTaBUTb {; HCIOJIb3Ys NPHU 3TOM ympaxHeHue 2 u3 § 16, 6ynem umern:

p= > 2 biPb.

i=l j=I

ITo Teopeme 1 u3 21.2 b;; = by; cienoBarenbHoO,

B = 22 biBf; =

i=l1 j=l1

Teopema nokasana.

CanepctBue. JloGoA CUMMETpHUYeCKHH JIMHEHHBI onepaTtop
HMeeT XOTs Obl ONHO COOCTBEHHOE 3HAYeHHe.

B kypce anre6phl foKasslBaercs, uTo Jio6oe anre6panyeckoe ypas-
HeHHe UMeeT XOTs Obl OJMH KOMIUIEKCHBII KopeHb. B wactHOCTH, H
XapaKTepUCTHUYECKOe YpaBHEHHe HMeeT XOTSl Obl OIMH KOMIJEKCHBIH
KOpeHb Ay MO JOKa3aHHOH Bhlllle TeOpeMe OH fBJAETCS NeHCTBUTEb-
HBEIM. DTO YUCJIO A, U ecTh cOoOGCTBEHHOe 3HaYeHHE JAaHHOTO CHMMETPH-
YecKOro ornepartopa.

Uucna By, Poy ..., Pn, 06pasyiomue pemenue cucremnl (1), Takxe
SIBJIAIOTCA JefCTBHUTEJbHBIMH U NPENCTaBJAIOT CO60H KOOPAHHATE COG-
CTBEHHOTO BEKTOPa, COOTBETCTBYIOUIErQ 3HAYEHHIO Ag.
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21.4. CoGcTBeHHbIE BEKTOPbl CUMMETPUYECKOro oreparopa.

Teopewma 1. CobcrBeHHBIE BEKTOPhl CHMMETPHYECKOTO oOrepa-
TOpa, COOTBETCTBYIOIIHE €r0 PasjJHYHbIM COOCTBEHHLIM 3HAYEHHSM, Op-
TOFOHAJIbHBl MeXAY COOOH.

- -
HokasateabcTBo. Ilycte 4 U v — cOGCTBEHHBIE BEKTOPHI
JaHHOTO JIMHEHHOr'O OIeparopa ¢, COOTBETCTBYIOIIHE PasJHYHLIM COb-
CTBEHHBIM 3HAYEHUAM A U

9 () =My (@) = po.
Tak Kak 3TOT omeparop CUMMETPHYECKHH, TO

o@ -v=1u-9@.

Ho
oW -v=@Ru -v=»>A -,
u-9@=u- (W) =pu- v,
cJIeloBaTeNbHo,

4

Au-v=npu-uo,

-

A—pu-v=0.

l

[TockonmbKy A 5= p, TO

- -

u-v=0.
Takum 06pasoM, BEKTOPH! % H U OPTOTOHAJbHBL.

Teopewma 2. [Jaa mo60ro CUMMETPHYECKOrO JIMHEHHOIo ore-
patopa eBKJHIO0Ba MPOCTpaHcTBa V,; CyllecTByeT OpTOHOPMHPOBAHHBIH
Gasuc mnpocrpaHcTBa V., COCTaBJEHHBHIH M3 COOCTBEHHEIX BEKTOPOB
3TOrO oneparopa.

INokasaTeabcTBoO. FVcrnompayem MeTon MareMaTHYecKoH
HHAYKIUH.

BHauasne JokaxeM, YTO TeopeMma CIIpaBefIWBa A/ OLHOMEPHOTO
npocrpanctBa V;. B stom cayuae cucrema (1) us 1.3 coctout TombKO
U3 ORHOrO YpaBHEHHSH

7
u = byt

-
KOTOpO€ IOKasbiBaeT, 4YTO J060#H HeHYJIEBOﬁ BEKTOp U OTJHYAETCA OT

- -
cBoero o6pasa ' = @ (1) TOJbKO UHCJIOBLIM MHOXHTENEM by, H, cie-
HIOBaTeNbHO, fBJfAETCA COOGCTBEHHLIM BEKTOPOM JHMHEHHOro omepaTtopa
-

@. JIio60#i eIHHUUHBLIA BEKTOP €; MOXKET CIYXHTb HCKOMBIM GasucoM
npoctpaHcrea V.

Tenepb NpeANONOXKHM, YTO TeOPeMa BepHA JJsi IMPOCTPAHCTBA
V.—1, H JOKaXKEM ee CIpPABEUIMBOCTb MM NMPOCTPAHCTBA V.
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ITycte @ — cumMeTpuyecku#i omepatop mpocrpanctea V,. Ilo
CIeACTBHIO TeopeMmbl H3 21.3 OH HMeer JIeHCTBUTENbHOE COGCTBEHHOE

3HaueHue A. OGo3HauHUM uepes U Kakoii- HUOYb COGCTBEHHLI!l BEKTOP,
COOTBETCTBYIOLME 3TOMY 3HaueHHIO. Bekrop

v

7]

ABJISIETCA eIMHMYHEIM. TaK Kak OH OTIHYaeTcs OT 0 TOMbKO HHCIOBHIM

MHOXHTEJIEM, TO OH TaKxke fABJAAeTCS COOCTBEHHbIM BEKTOPOM, COOT-
BETCTBYIOUIMM 3HAUYeHHUIO A:

el=

- -
¢ (1) = Aey. (1)
Kak u3BecTHo M3 Kypca ajireGpel, MHOXECTBO BCeX BEKTODOB,

OPTOTOHAJILHBIX BEKTOPY €;, €cThb (7 — l)-MepHOe MNOAIpPOCTPaHCTBO
V.—1 BeKTOpHOro mnpoctpaHcTBa V,. 3TO MNOAMPOCTPAHCTBO MOXKHO
paccMaTpHBaTh KaK €BKJHMIOBO BEKTODHOE MPOCTPAHCTBO. JleHCTBH-
TeJbHO, €CJIH CKalsPHOE YMHOXKEHHe BBEJEHO J/Isi BCEX BEKTOPOB U3
V., TO OHO OmpenesneHo, B 4aCTHOCTH, W IJf BeKTOpoB H3 V,_;; Bce
AKCHOMBI CKaJIIPHOTO YMHOXKEHHSI BBIIOJNHSAIOTCS U /i BEKTOPOB M3
Vo_1.

Ilycts u — mpousBosbHBIl BekTop u3 V,_;. Torma e - u = 0.
Hcnosnb3ysi, KpoMe TOTO, CUMMETPUYHOCTb ONMEpPaTopa ¢ M PaBeHCTBO
(1), 6ynem umers:

(P(;)=Q>(31)Z=7\—élu=7»-0=0,

- - -
CnenoBaTesibHO, BEKTOpP @ (1) OpPTOTOHaJeH K e; H TaK ke, KakK H U,
conepxutres B V,_i.

Takum o6pasom, omnepatop ¢ OTHOCHT JIOGOMY BEKTOpPY NOANPO-
crpaHcTBa V,_; BEKTOp TOTO e caMoro MOAHpoCTpaHcTBa. [leilicTBys
OIlepaToOpoOM ¢ TOJBKO Ha BEKTOPH! M3 V,_;, NOJyYUM HOBHIH JHHel-
HEI omepaTtop ,, onpefeneHHHH B mpocrpaHcrBe V.. PapenctBo
(1) u3 21.2, BEINOMHANACH A/ JIOOBIX BEKTOPOB M3 IPOCTpaHcTBa V4,
BBLINIOIHAETCSA, B YaCTHOCTH, M 1/ BEKTOPOB MOANpPOCTPaHCTBA V.
CrnepnoBaTe/ibHO, ONEpPaToOp @; SBAAETCH CHMMETPHYECKHM.

CorylacHO CHeNaHHOMY IPEANOJIOXKEHHIO JOKas3kliBaeMasi Teopema
BepHA JUIs NOANPOCTPaHCTBA Vn-1. CnepoBatenbno, B V| cymectsyer
OPTOHODMHPOBAHHHIN Ga3Huc, COCTOSIIHUH u3 C06CTBeHHl>IX BEKTOPOB

onepaTtopa @;. 0603Ha'-IHM 3TOT Gasuc uepes ez, . e,,, BCE 3TH BEKTOpBI
OpPTOTOHANBHEl BEKTOPY e1 H SABJAIOTCA COﬁCTBCHHI:IMH BEKTOpaMHU

TaKKe H s oneparopa @. ITostomy BeKTOpLI el, P e oGpasyior
HCKOMEIH OpTOHODMHPOBaHHEIH 6a3uc mpocTpaHcTBa Vs, CcOCTOALIMH
U3 COGCTBEHHEIX BEKTOPOB JaHHOTO CHMMETPHYECKOTO JIHHEHHOro ore-
paropa.
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CnenpcTtBUe Marpuna CHMMETPHYECKOTO JIMHEHHOro omepa-
TOpa C TMOMOIIBI0 COOTBETCTBYIOLIEIO BHIOOPA OPTOHOPMHPOBAHHOTO
6a3uca MoxeT ObITb NpHBEAEHA K [HaroHajJbHOMY BHAY.

CorslacHO 3aMeyaHMIO, clejJaHHoMy B KoHue 21.1, 3a 3toT Gasuc
JOCTaTOYHO TPHHATb OPTOHOPMHUPOBAHHBIH 6a3uc, COCTOAIIHMH H3
COGCTBEHHBIX BEKTOPOB CHMMETPHYECKOro oneparopa.

§ 22. NIPUBEJEHHUE KBAJAPATHYHON ®OPMbI
K KAHOHHMYECKOMY BHAY C MOMOILbLIO
OPTOITOHAJIBHOI'O NPEOBPA30BAHHU A

22.1. OproroHasbHOe mpeoGpa3oBaHue nepemenHbix. B 17.1 Gbuio
JI0Ka3aHo, uTo Ji00as KBajpaTuyHasi ¢opMa Moxer ObITb MpUBELEHA C
MOMOILBIO JIMHEHHOrO Npeo0pa3oBaHUsl NMEpPeMEHHBIX K KaHOHHUECKOMY
H Jaxe K HopMmajbHOMY Buay. C reomeTpHyeckKofl TOUKH 3pEHHsI 3TO
npeo6pasoBaHye MOXKHO pPaccMaTPHBaTh KakK NEPEXOf K HOBOMY Gasucy
B BekTOpHOM mnpocTpaHctBe (16.2). Ho B eBk/IMAOBOM npocTpaHCTBe
0GLIYHO pPAacCMaTPUBAIOTCA JIHIIb OPTOHOPMHUDOBaHHBIE 6as3uChl, MO3-
TOMY B COOTBETCTBHH C TeopeMod u3 11.2 Mbl B manbHefilem GyneM Hc-
TO/Ib30BaTh JIMHEHHBIE NpeoOpa3soBaHUsl NEePEeMEHHBIX TOJbKO C OpTO-
FOHAJIbHBIMH MaTpHIIaMH.

JluHeliHOe mpeoGpa3oBaHHe NepeMEHHBIX € OPTOrOHA/NbHOH Marpu-
el HAa3BIBAETCSl OPIMO2OHANLHbIM.

Huxe Gymer mokasaHO, YTO KBafpaTHYHYIO (OpMYy MOXKHO NpHBe-
CTH K KaHOHHYECKOMY BHLY, OpPaHHYHBAsCh TOJBKO OPTOTOHANbHBIMH
npeoGpa3oBaHusIMH nepeMeHHbIX. OfHAKO NpHBeJieHHe KBaJpaTHYHOH
¢opMbl K HOpManbHOMY BHAY (16.3) ¢ MOMOIIBIO OPTOTOHAJBHOIO Mpe-
o6pa3oBaHUsl y:Ke He BCEr[a BbIIOJHHMO.

22.2. Teopema 0 BO3MOMHOCTH NpPUBENEHUS KBaApaTU4HON GopMBbl K
KaHOHMYECKOMY BUJY.

Jlemma. Eciu xBagpaTtuyHas ¢opma H JUHeHHBIH omepaTop
HMEIOT OJIHY M TY K€ MATpPHIly OTHOCHTEJbHO KaKOTrO-HHOYAL OPTOHOP-
MHpOBaHHOro Gasuca, TO OHY OYAYT HMeTb OJMHAKOBble MAaTpPHLBI H
OTHOCHTE/IbHO JI06Oro JAPYroro OPTOHOPMHpPOBaHHOro 6aswuca.

HokasarteanbcTBoO. PaccmorpuM KBajgpaTuuHylo ¢opMy

F Gy Sar oons ) = D0 D Copecty (1)

i=1 j=I
U JIHHEeHAHLIA OIepaTop, MaTPHLA KOTOPOTO OTHOCHTENBHO KAKOro-iuGo
OPTOHOPMHPOBAHHOTO 6a3uca cosmajaer ¢ Marpuuel 3TOH KBajpaTH4-
HO#t dopMel: by = Cyj.

10T omeparop 0T06pa>xaeT [IPOU3BOJIbHBIH BEKTOD x= (E T A

.ee} Xp) Ha BEKTOP X = (x;; %55 .3 x;) mo ¢opmysaam (1) us 1.3,
KOTOpBle B JAHHOM C/y4yae NPHHHUMAIOT BHI
n

x; = gl CijXje 2
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Torpa kBagpatuunyio dopmy (1) MoxHO samucaTh B BUAE

v (W
f(xlv Xgy ooy xn) = i-—Al X yéf CijXj | =

n
= 2 XX, = X% + XXy + oo F Xax, = x - X', 3

i=1
TTepelineM Temepb K HOBOMY OPTOHODMHPOBaHHOMY G6asucy. ITycTb
-> -
BEKTODH! X M X' MMEIOT OTHOCHTEJIbHO 3TOro 6asuca COOTBETCTBEHHO KO-

OpAMHATHl Y, H ¥;, 8 GOPMYyJbl, CBA3bIBAIOIINE STH KOOPAHHATHI, HMe-
10T BHJ,

y, = ,=21 diype )

- -
Buipaxas CKa/isipHOe NpOHM3BeieHHe BEKTOPOB X M X’ yepes HX
KOODJMHATH OTHOCHTEJBHO HOBOTO 6a3uca, MOJNYYHM C MOMOWIBIO (4):

X %= V1Y, + Yo¥y e + Yy, = z yiy; =

=2}’i2diiy,'=i_zl

i=l j=I =

N
f:l diyiyie

Orciofia Beeactsue (3) mosyuaem:

n n
f (xl’ Xy seey xn) =2121 diiyiij (5)
= ’=
CpasuuBas (4) u (5), BuAMM, YTO JaHHBIE KBajApaTHyHas ¢opma H
JIMHEHHBIH OepaTop MMEIOT H OTHOCHTENBbHO HOBOro GasHca OIHY U TY
e MaTpHILy C 3/JeMeHTaMH djj.

Teopewma. JloGas kBajpaTHyHast ¢opMa MOXKeT ObITb NpUBe-

JleHa K KaHOHHYECKOMY BHAY C IIOMOLIBIO OPTOTOHAJBHOTO mpeoGpaso-
BaHHs INepPeMeHHbIX.

HokxasatTeabcTBO. Ilycts (1) — maHHas KBafipaTHuHas
¢opma. PaccmoTpuM JIMHEHHHIH onepaTop, HMEIOIIHH OTHOCHTENBHO

HEKOTOPOTO OPTOHOPMHPOBAHHOTO Gasuca ey, €, ..., €, TY e CHMMETpH-
YecKyl0 MaTpHIly, YTO M 3Ta KBajpaTHuHas ¢opma. XapaKTepucCTuye-

CKOE ypaBHEHHE 3TOTO OMepaTopa MOMKHO IOJYYHTb, [OJOXKHB B ypas-
nenuu (3) u3 21.1 by = ¢t

cll - ;\l 012 .oe CIu
021 022 e }l eee 0_9”

. n =0, ©)

Cpy Cna oo c,m-h‘
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ITo cnenctBHiO TeopeMsl 2 u3 21.4 cyliecTBYeT OPTOHOPMHPOBAHHBIH

>
Gasuc e, e,, ..., €,, OTHOCHTEJbHO KOTOPOTO MAaTpHIa JaHHOTO JIH-
HEHHOro omnepaTtopa MMeeT IAHArOHAJbHBIA BHI; NMPH 3TOM JAHAroHa/b-
HBIMU 3/IeMeHTaMH GyAYT CJYXKHTb KODHH Ay, Ay, ..., A, XapaKTepHCTH-
yeckoro ypaBHeHus (6). Ilo JsiemMe kBajpaTtuunas d¢opma (1) Gymer
HMETb B HOBoM 6asuce Ty Ke MaTPHLY, YTO M 5TOT JIMHEHHEIH oneparop,
T. €. OKa)eTcs NpPUBENEHHOH K KaHOHHYECKOMY BHIY

My} Aoy} oo 4+ My ™

311eCb KaXIblH KOpeHb XapaKTePHCTHYECKOTO ypaBHEHHS B3AT CTOJBKO
pas, KakoBa €ro KpaTHOCTb.
Bekroprl HOBOro fasuca BRIpaX<aloTCsl 4epe3 BeKTOphl craporo 6a-
3uca ¢opMmysaaMH BHAA
n
-, ->
e, = 2 dijej; ®)
j=I1
npH 3TOM no Teopeme W3 11.2 maTpuua mepexopa siBisieTcss OpTOroO-
HajbHOH. CoryiacHo cKasaHHOMy B 1.3 MaTpuua npeoGpa3oBaHHA

X = /21 dijy)s ©®

IIPHBOASAINETG KBaJpaTHUHYI0 ¢GOpMy K KAaHOHMUECKOMY BHAY, MOJY-
yaercsl NPH TPAHCNOHMPOBAaHHH 5TOH OPTOrOHAJbHOH MATPHIBI H,
C/IeflOBaTeIbHO, TaKXKe SBJISIETCH OPTOTOHAJbLHOH.

22.3. Cnoco6 npuBefeHust KBagpaTUuHOH ¢OPMBI K KAHOHUYECKOMY
Buny. M3 ckasannoro B 22.2 cienyer, uto il HaXOXKAeHHMS Koahdu-
HHEHTOB Ay, Ay, ..., A, B KaHOHHuecKoM BHAe (7) KBajpaTH4HOH ¢op-
Mbl (1) mOcCTaToyHO pelINTh XapaKTepHCTHYecKoe ypaBHeHHe (6).

YKaxeM Temepb cnoco® HaxOXAEHHS COOTBETCTBYIOLIETO OPTOHOP-

- ->
MHpOBaHHOTO 6asuca e, €, ..., €, H OPTOTOHAJBHOTO MpeoGpasoBa-
HHfl, NPHBOAALIETO KBajpaTH4YHylO (OpPMYy K KaHOHHUYECKOMY BHAY.
ITycts Ar — KOpeHb XapaKTepHCTHYECKOTO ypaBHEHHs, HMEIOIHH
KparHocTb 1. IloxcraBuB 3TOT KOpeHb B cuctemy (2) us 21.1, mpunu-
Malollyio npu by = ¢;; BUA

(€ — Muy + cyptty + oo + €1, = 0,
Corthy + (€20 — M) uy + oo + Cppu, = 0, (10)
Crlhy + Cpolty + oo + (€pp — M u, =0,
HalileM U3 Hee KOOpAHMHAThl COGCTBEHHOTO BeKTOpa u, COOTBETCTBYIO-
ero 3TOMy COGCTBEHHOMY 3HaueHHIO A.. PasjennB HalJeHHbIH BEKTOD
Ha ero JUIMHY, TOJYYHM BEKTOD HMCKOMOIO OPTOHOPMHpPOBaHHOro Ga-
3uca.
[Tycte Tenmepp Ay, — KOpPeHb XapaKTEPHCTHUECKOTO YpaBHeHHS,
uMeroHi KpatHocTh m > 1. Tlocie ero noacranoeku B (10) Hafizem m
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HEe3aBHCUMBIX pelLIeHHH MOJyYeHHOH CHCTeMbl, BhIGpaB UX Tak, YTO-
6Ll OHU OIIpeneNsiii KOOpAMHATHI /1 MONAapHO OPTOrOHAJBHBIX €IMHUY-
HBIX BEKTOPOB. OTH BeKTOpHl 06pasyloT OpPTOHOPMHPOBaHHLIA 6a3uc
mM-MEpHOTro NOJIIPOCTPAHCTBA, COCTOSIIETO M3 COOCTBEHHBEIX BEKTOPOB,
COOTBETCTBYIOUIUX JAHHOMY COGCTBEHHOMY 3HaueHHIO Ax. [lpumem
HalileHHble BEKTODbl 32 BEKTOPHl HCKOMOro 6Gasuca npocTpaHcTBa V.

IIpoBesem Takue xe pacCyxJeHHs AJS KaxIOro M3 KOpHeH Xapak-
TePUCTHYECKOTO ypaBHeHHs. TakK Kak CyMMa KpaTHOCTeH BceX KopHef
paBHa 1, a COGCTBEHHblE BEKTOPBI, COOTBETCTBYIOLINE PA3JHYHBIM KOp-
HSIM, OPTOTOHAJIbHBl, TO Mbl IOJYYHM HCKOMBIH OPTOHOPMHPOBAHHBIH
6asuc.

MaTpunly oproroHanbHOro mpeoGpasoBaHus (9), mpUBOASLIErO
KBajpaTHYHYIO GOpMy K KaHOHHYECKOMY BHIY, MOXHO IOJNYYHThb

TPaHCIOHUPOBAaHUEM MaTPHIBI Nepexona or Gasuca ey, €, ..., €, K 0Oa-
- - -
BUCY €], gy wevy €
ITpuwmep. C nomowpid OpTOroHaNbHOrO npeo6pasoBaHuA HpHU-
BelleM K KaHOHHYECKOMY BHIY KBajpaTHuHYIO Qopmy

12— 2x2 4 x2 4 dxixy — 8xyx5 — 4xyXg. (11)
Pemenue. 1) HaxoguM KaHOHUUeCKUH BHJA KBaJpaTHYHOH

topMsl.
3amucbiBaeM MaTpHily KBaIpaTHUYHOH QOpMsI

1 2 —4
2 -2 =2

—4 2 1
U COCTaBJISIEM XapaKTepPHUCTHUYeCKoe ypaBHeHHe Buga (6):
1 —A 2 —4
2 —2—A —2 = 0.
—4 —2 1 —A

Bruncnus onpene/uTe/]ib, MOJYYHM:

M —27Th—54 =0
WIH

A3 — 36N 4+ 9A — 54 = 0.
[MepenulileM 3TO ypaBHEHHe B BHJE
AAL—B)A4+6)4+9A—6)=0
WK
A—86) A+ 3)2=0.
Orciona
A =6, Ay = Ay = —3.
HickomblM KanoHHMYecKHM BHIOM dopmbl (11) aBnsercs
6y} — 3y; — 3y3. (12)
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2) IlepexomuM K HaxoXneHWio Ga3uca, B KOTOPOM KBajpaTHuHad
topMa uMeeT KaHOHUYECKHH BHI.

3anuwem 151 faHHOH KBaapaTHuHOH dopmel (11) cucremy Buzaa (10):
(I —A)uy + 2u, — 4uy =0,
t 2u; — (2 + A uy — 2u; =0, (13)
—4u, — 2uy + (1 — A uy, = 0.

3) Haxonpum BexTop e, HOBoro Gasuca, COOTBETCTBYIOIIM COGCTBEH-
HOMY 3HaueHHI0 A, = 6.
Ilonaraem B cucreme (13) A = 6:

[ —5u, + 2u, — 4u,

I

0,
2u, — 8uy — 2uy = 0,
—4u1 - 2”2 —_ 5”3 = 0-

Haiinem Kakoe-HuOyIb pelleHHe HOJydYeHHOH cucrembl. Eciu, Ha-
NpUMep, MOJOXHUTb Uy = 2,To U3 1-r0 U 3-ro ypaBHeHU# OyLeM HMETb
Ug=11u uy = —2.

BexkTop

-
p=(2 1; —2),

HMelOUJ,I/II:I 3TH KOOpAHUHATHI, — COOCTBEHHBIH BEKTOD, COOTBETCTBYIO-

wui 3HaueHuio A, = 6. Hopmupys ero, HaiiieM KOOpJAUHATHbIH BEKTOP

-, P 2 1 2
e =2 =(*—; 3 ——3-)

4) Haxonum BeKTOpHI €, M e, HOBOro G6asuca, COOTBETCTBYIOLLHE
3HAYeHHI0 A, = Ay = —3.
ITonaraem B cucreme (13) A = —3:
4u1 + 2u2 —_ 4u3 = 0,
2”1 + Uy — 2u3 = 0,
_4u1 -_ 2”2 + 4u3 = 0.
dra cucreMa SKBUBAJIEHTHA OJHOMY YPaBHEHHIO

2u1 + Ug — 2u3 == 0, (14)

U3 KOTOPOTO BUJIHO, UTO BEKTOPHl €, H €; OPTOrOHA/BbHEI YXKe Hali/eH-

- -
HOMY BeKTopy p = (2; 1; —2), a crejoBare/sbHO, M BEKTOPY é,.

Onxo u3 pemenu#t ypaBHeHusi (14) MoxHO BHIOpPaTh HPOH3BOJILHO.
Ecnn, Hanpumep, u, = ug = 2, 10 4; = 1. Hopmupys HafneHHbIH
BEKTOD

7=(1;2 92,
HOJY4HM BEKTOD
-, T 1. 2.2
e, =-—- == 7|
BT
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-
Tenepp ompenesnuM BeKTOp 7, KOOPAHHATHI KOTOPOLO TaKXke YIO-
BJIETBOPAIOT ypaBHeHHIO (14), HO KOTOpPBI OPTOroHajeH HaHIEHHOMY

BHIILIE BEKTOPY 5 =(1; 2; 2):
{2u1+ Uy — 2uy =0,
Uy + 2u2 '+’ 2”3 = 0.
[Monyyum Kakoe-HHOYIb peIlleHHe STOH CHCTEMBI; €C/lH, Hanpumep,
Uy =1, 10 4 =2 u u, = —2. Torna
= —2 1),
OTKyIa

o (2. 2, 1)
3= T4 =\l" /75 |

[7] 3 3’ 3

5) Haxomum oproroHanbHoe npeobpa3oBaHue, MPHBOAsALIEE NAHHYIO
KBaJ[paTHUHY0 (HOPMY K KaHOHHYECKOMY BHIY.

3anuchiBaeM BbIPa)KEHHS BEKTOPOB HOBOTO OPTOHOPMHPOBAHHQIO
Gasuca uyepe3 BEKTOpH craporo Gasmuca:

—v, 2-» 1—» 2-&
e =—¢ +—e—=
1 3 1+3 2 3 1]
>, 1= 2 2
e, = —e —&. —e
2 31+3 2+31 3
-, - 9 -+ -
e, =—¢ ——ey +—e,
2= 3aT3aT

Marpuiia HCKOMOro OpTOTOHA/JbHOrO Mpeo6pasoBaHUA TMOJYUYaeTcs
P TPaHCNIOHHPOBAHUHK MaTpHLUbI 3Tofi cucreMsl (1.2). CnenoBaTenbHo,
HCKOMOe OpTOroHajbHOe HpeoGpa3oBaHHe BeIpasutcA GopmyJiaMu

2 1 2
x1=—§y1+§y2+§y3,
1

2 2
xa=?)’1 +§)’2'—'§)’3,

2 2 1
x3=_3‘)’1+’§)'2'|'§')’s'

Ecnu moncraBuTh 3TH 3HauyeHHS B JAHHYIO KBaApaTHuHYIO Qopmy
(11), To monmyuurcs ee KaHoHHYeckuH Bup (12).

BeslencTBHe HEONHO3HAYHOCTH BhHIGOpa BEKTOpa €, CYIIECTBYET

GecKOHEeYHOe MHOKECTBO OPTOTOHAIBHBIX IPeodpa3oBaHui, IPUBOASAIKX
dopmy (11) K KaHoHHUeCKOMYy BHAY. Mbl HalllIKd JIMILIb OLHO H3 HHX.

22.4. OproroHajbHble MHBapuaHThl. I1ycTh mepemMeHHBE B KBajpa-
THYHOH (opMe MOJABEpPraloTC KakoMy-HHOYAb OpPTOrOHaJbHOMY IIpe-
o6pa3oBaHuIo; OGyleM pacCMaTpHUBaTh €ro Kak Hepexoj K HOBOMY OpPTO-
HOPMHPOBaHHOMY Oa3ucy.

Y nuHeHAHOro omepaTtopa, MaTpuiIa KOTOPOro COBMajaer ¢ MaTpH-
ned NaHHOH KBaipAaTHYHOH (opMbI, KOIDMHLHEHTH XapaKTepHCTHYE-
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CKOTO MHOTOY/IEHA OCTaloTCs IPH 3TOM NPeo6pa3oBaHHH HEH3MEHHBIMH
(21.1). Onu sBasAOTCH GYHKUUSMH 3JEMEHTOB TaKOH MaTpHuIbl, a cle-
IOBATeJIbHO, H PaBHBIX MM KoaddHLHeHTOB KBafparuuHo# dopmbl. Tak
KaK 3TH BbIPax€HHS He MEHSIOTCS NPH OPTOTOHANBLHOM Npeo6pa3oBaHuH
NepeMEeHHBIX, TO OHM HA3BIBAIOTCS  OPHIOLOHAAbHOIMU UHBAPUAHMAMU
Keadpamuunoti gopmol.

I[Tpumep. Eciu marpuua JuHefiHOro omepaTtopa COBIajaeT ¢
MaTpuued KBafpaTHYHOH (OPMEI

enx? + 2010%0%, + CaaX3,
TO €ro XapaKTepHCTquCKHﬁ MHOT'O4JIEH HMEET BHJ

ey —AM C12

=M — (i T €39) A + ¢11C32 — T
Coy; Cog —

Bripaxenus
Cu G2
Ca1 Co2

(a crenoBaTesibHO, M KOPHH Ay H A, XapaKTepPHCTHYECKOTO MHOTOYJIEHA)
SIBJIAIOTCA OPTOTOHAJBHEIMH HHBapMaHTaMH JaHHON KBaipaTHYHOH

(opMBI.

Ji=cpt e v Jy=

YnpaxHeHHUSd

1. 3anumure KaHOHMYECKHH BHJI KBaApaTHYHOH (opMBl M HaiiguTe
OpTOroHaJbHOe npeo6pa3oBaHHe, NPHBOASIEE KBaAPaTHUHYIO GOPMY K
3TOMY BHAY (B 3aBHCHMOCTH OT #36PaHHOrO crocofa pelieHHs! OTBETHI
MOT'YT OKa3aTbCsl Pas3/HYHLIMH):

a) 6x2 + 24x,x, — x%

6) 3x2 — bxyxy + 3x%;

B) 4x% + 2x2 + 3xZ + 4x1x5 — 4xoxs;

1) X2+ x2 4 xf + 4xixy + 4xixs + dxaxg;
1) x}+ 4xk + xf — dxx, — 25,05 + 4%
e) 2x} — xZ — 3x7 + 4xgx,;

}K) 2x1x2 - lexa - 6x2x4 + 2x3x4.

2. Tlo obpasuy npumepa u3 22.4 3amuLINTe OPTOrOHANbHBIE HHBa-
PHaHTHl KBaJpaTHYHOH (POPMBI OT TpeX IepeMEeHHEIX.

§ 23. KBAJIPHKH B EBKJIUIOBOM [POCTPAHCT BE

23.1. YnpoueHue ypapHenus KBaapuku. OnpeleseHHe KBaJpHKH,
nannoe B 19.1 nna abdwuHOro mpocrpasctBa A,, coxpaHserca mJs
€BKJIMJI0Ba NpocTpaHcTBa E, ; onHaKo Temepb Mbl GyIeM yxKe HCHOJb-

30BaTb He MpPOM3BOJIbHBIE adpHHHBIE, a TONBKO HPSMOYTOJbHEIE Je-
KapTOBEI CHCTE€MBI KOODAMHAT.
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YnpouleHHe ypaBHeHHs KBaJpHKU HNPOM3BOLUTCA BHadyase MO TOMY
}Ke MJIaHy, 4yto U B 19.2, ¢ To#f snumb pasHuled, YTO KBajgpaTHUHAA
tdopma, cozepakamascs B geBoil yactu ypasuetus (1) us 19.1, npupo-
BUTCA K KaHOHMYECKOMY BHIY C NOMOILBIO OPTOrOHANBHOIO Npeobpaso-
BaHHUS (@ He NPOHM3BOJILHOrO JHHEeHHOro, Kak pasbiue). C reomerpu-
YeCKOH TOUKH 3peHHs 3TO 03HayaeT Nepexoi K HOBON NPSAMOYIoJbHOH
NeKapTOBOH CHCTeMe KOOpAUHAT, MOJNy4aeMOH U3 UCXOLHOH IPSAMOYToJib-
HOH leKapToBO# CHCTeMB! KOOPAHHAT C MOMOLIbIO BpalleHUs BOKPYT Ha-
yaja KoopAauHar. [loiBepras 3areM MNOJIy4eHHYIO CHCTeMY KOOpAHHAT
napaJjijieJIbHOMY TepeHoCy, INpUBeJeM YpaBHEHHe KBaJPHKH K BHIY
(5) u3 19.2, 1. e. K Buny

plzf S T szfn + 2dm+lzm+1 + o+ 2dnzn =P M

rie m < n U KOo3bPULHEHTH p,, ..., pP,, HE PaBHBEl HYJIO.

[Ipu najbHeHilleM YNPOUIEHUH ypaBHEHHS KBAJPUKH OOCBIYHO YikKe
He ynaercsl HOOMTbCSA TOrO, YTOOBI Bce KO3(PGhUIMEHTH NPH KBajgparax
KOOpZAMHAT OblIH paBHB 41 ujgn —1. 310 CBfA3aHO C TeM, YTO NPH MO-
MOILK OpPTOrOHAaJbHOIO mpeoGpasoBaHus KBajpaTuuHass d¢opMa He
Bcerja NpHUBOJMTCA K HopMasabHOMY BHAY. IlosToMy B mpoOCTpaHCTBe
E, ypaBHeHHe KBajpuKH B OOIUIEM CJyuae yxKe He yoaeTcs MPUBECTH
K TaKOMy »Ke MpPOCTOMY BHAY, KaK B NpOCTPaHCTBe A, .

Tak KaK KOHI'DY3HTHBIE (UI'YDHL ABJIAIOTCS TaKXKe H addUHHO 3KBHU-
BaJIEHTHBEIMY, TO apuHHAA KaIacCHDUKALUA KBAJAPUK, YCTAaHOBJIEHHAS
B § 20, ocraercs B cuse u s npoctpaHcerBa E, . OgHako He BcsKue
abh$pUHHO 5KBHBAJICHTHblE (QUI'yPHl KOHTPYSHTHBI; MO3TOMY KaMKABIA U3
KJs1accoB adhuHHOM KaccHUKaLUK MoXKeT ObITh pa3buT Ha 6eCKOHEUHoe
MHOKECTBO KJacCOB TaK, YTO JIIOOble JBe KBaJpHKH M3 OJHOIO KJjacca
KOHTDY3HTHHI, a J10Oble JBe KBaJPHKH U3 PasHbIX KJIaCCOB HE KOHTPY-
sHTHBL (15.2). B cBf3H C 3TUM MOSBJSETCS BO3MOXKHOCTbL BHIAE/IEEHS
HOBHIX BHJIOB KBajJpMK, He paccMaTpPHBaBIUKXCA B A, .

23.2. Knaccudukauusi KBagpuk B TpPeXMepHOM €BKJUIOBOM Npo-
crpancree. Kiaccudukanusa KsalpuK B mpocTpaHcTBe E, yxe Oblia
paccMOTpeHa NpH H3y4eHUH TeMbl «JIHHHH BTOpPOro mopsiaka». Ksax-
PHKH B mpocTpaHcTBe E4 ABIAIOTCS MOBEPXHOCTSIMH BTOPOTO HOPsiKa,
HanboJiee BaKHble BUIBl KOTODPBIX TaKXKe YKe H3yuasHCh pauee.

Uro6el gaTh MOJMHYIO KJIacCHUKAuMIi0O KBaipHK IpH n = 3, pac-
CMOTPHM BCE€ YaCTHBIE CJYyYaH, KOTOPbIE MOI'YT IPEICTaBUTBCS IPH
ynpomesuu ypasHeHus (1) us 23.1.

Cnyuainl. m=n=23, p~0.

YpaBuenue (1) mpuHUMaeT BHUJ

PiZ} + poZi + pe2i = p
HIH
-p—lzf —|—p—zz§ —|—£‘”‘—z§ =1
P p P
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B 3aBucuUMOCTM OT 3HAaKOB p;, Pj, Pg U p 3TO ypPaBHEHHE MOXKHO
3amucaTh B Pa3/HUHBIX BHAAX:
2 2 2
1 2 23
a) 5 =+ — -+ - = 1 — 2JJIMIICOHL,
a ay a3

2

Bee sanuncounpt adduHHO 5KBHBaNeHTHH (20.5) U, CIeL0BATENbHO,
C TOYKH 3peHHs apdUHHOH reoMeTPHUH HE OTVIHYAIOTCS APYr OT Apyra
no cBouM cBofictBaM. OnHAKO He BCAKHE JBa 3/IJIMIICOHIA KOHTPYSHTHEI
i Naxe NOZOOHEI; B CBSI3H C 5THUM B €BKJIHIOBOM IeOMETPUH MOSBJSETCH
BO3MOXKHOCTb KJIaCCH(HKAIUH 3/IITHIICOHIOB.

Ecnu a;, a,, a; pasnuuHbl, TO 3/IHICOH] HA3BIBAETCS MPEXOCHbLM.
Ecnn paBHB KaKHe-HUOYIb 1Ba M3 YHUCENT @y, dy, g, TO HJIHICOUL Ha-
3pIBaeTCs aaauncoudom epawerus. Eciu a; = a, = a;, TO 3JIHICOHL
sBasieTcs cghepoil. Dra KaaccHPUKaUMs HHBAPHAHTHA OTHOCHTEJBHO
IBUHKEHUE; Hampumep, JM000e IBIXKEHHE MOXKeT oTo0pasuth cdhepy
Takxe TOMbKO Ha cdepy. TlosTomMy ykasaHHBle BHIBI 3JIIHICOUIOB
ABJASIIOTCA OObEKTaMH, H3yYaeMbIMH B €BKJIMIOBOH reomerpuu (13.4).

AHanorHyHele 3aMeYaHUs MOMKHO CIeJaTh M OTHOCHTEJNBHO Te€X BHU-
I0B KBaJpHX, KOTOpPHE GyAYT paccMOTpPeHHl HHKe (HAmpHMep, MOXKHO
BEIIEJUTD THIEPGONOUILl BpALleHHs, KOHYC BpAaIleHHs U T. IL.).

6) — 4+ — 4+ — = —1 — MHHUMBIA 3JIJHIICOHI.
2 2 2
@ 55 az
2 2 2
2 2 23 o
B) 0 +— —— =1 — opHomosMOCTHBIA runep6ojousn (mpu
al a; a3 @; = @, — OJHOIOJIOCTHEIH runepbo-
JIOUJ| BpaleHHST).
4 4 3 .
r) e 1 — nBynojoctHei#i rumep6osiouf (npu
aj az as a, = a3 — IBYIONOCTHBIH runep6osno-

Ul BpalleHHs).

Cnyuait 2. m=n=23, p=0.
YpaBHenue (1) mpuHMMaer BHL

p122 + pa2i + psz2 = 0.
YactHble cnyyau:

— 4+ — —— =0 — KoHyc (npu a; = @, — KOHYC Bpalle-
a —+— — y 1=y yc Bp
ag a; a3 HUS).
Z 5z ! . .
6) - -+ -+t = 0 — MHUMBIH KOHYC C BepluMHO# B JeHcr-
a a; a3 BUTEJILHOH TOYKe.

Cayuain 3. m=2,n=23,d;s0.
YpaBHenue (1) npuHUMaer BUJ

P12} + po2g + 2d523 = p.
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C noMouipio mapasIebHOrO NepeHoca CHCTeMBl KOOpAMHAT 1o ¢op-
MyJam

21 = ul,

2y = Ug,

23 = Ug -[- P
2d4

MOXHO OCBOOOAUTBCSA OT CBOOOZHOIO 4JjeHa:
p1u? + poul + 2dgus = 0.
Uacrhple ciyuau:

2 2
u u
a) —;— + —% = 2ugq — 3JIMNTHYECKHH napabosoux  (mpu
ay a a, = a, — napa6oJionl BpalIeHHA),
2 2
U Uy o
0) - =5 = 2u, — runep6o/auyeckuit napaGosioHa.
a a
1 2

Cayua# 4 — UMIHHIDHYECKHE KBaJpHKH.
L p2} + p2f=p, p+*0.

2 2
K4 4
a) —‘2 —3— =1 — SJTMNTHYECKUH WHIKHAD (PH 0, = ay—
aj a; IUJIHHADP BpallleHHus).
4 %
6) —+—=—1 — MHHMBIH SJIJIMOTHYECKHH LMIHHIP.
@ a
2 2
A2 6 7
B) -5 = — runep6o/ii4ecKuil UHIHHAD,
a a4
2 2
IL. pei + pe2a = 0.
2 2
Zl 22 o
Q) ——— = — napa nepecekaromyxcs NJIOCKOCTel.
a4
2 2 — Mapa MHHUMBIX IJIOCKOCTeH, mepeceKalo-
6) — +—=0 WHXCA MO AEHCTBHTENbHOH IIpAMOM
q a4 2y =2, =0.
UL p22 = p.
a) 22 =a? — Iapa pasJHYHBIX NapaJJiesbHHX IJIOC-
Kocreil.
0) 2} = —a? — [apa MHMMBIX Mapaijie/bHBIX IUIOCKO-
creil.
B) 22=10 — Iapa COBIAaBLIMX ILIOCKOCTEH.

IV. p12} + 2dy2, + 2d42; = p, e d2 4 d == 0.

Paspesus o6e yacTH 3TOrO ypaBHEHHS Ha p; H OCBOGOAMBLIHCH,
KakK B ciy4ae 3, oT cBOGOAHOrO 4JeHa, MPHXOAHM K ypaBHEHHIO BHIA

u} + 2qpu, + 2q3uz = 0,
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C moMmouIpl0 OPTOTrOHAJNBLHOrO NpeoGpa3oBaHHA

Uy = Uy,
qs )
Uy = — 2 p, + 20
2 q 2 q 3
d3 q.
u =._.__.02__..U
3 q g

rie ¢ = ]/qg + ¢%, mepexoauM K HOBOH MNPAMOYroJbHOH HeKapTo-
BOH CHCTEMe KOOpIMHAT, OTHOCHTENBbHO KOTOpO#l KBaJIpHKa — mapa-
6onHYecKHi LUAHHADP — OyNeT UMeTb ypaBHEHHe

v2 = 2qu,.

Te Bumb,, K KOTOPHIM OBLIO NPHBENEHO ypaBHEHHE KBAaJPHKH BO
BCEX pPACCMOTPEHHEIX BBl CAYy4assX, HA3BIBAIOTCH KAHOHUMECKUMU
BHJIaMH YDaBHEHUS KBaJIpHKH.

20.3. MpuBenende ypaBHeHUS KBaIPUKU K KAHOHUYECKOMY BUILY.

ITpumep l. IlpuBeneM K KaHOHHYECKOMY BHIY YpaBHEHHE:

X2 — 2 %9 + X2+ 2%, — 2%, — 3 =0

KBaJpuKu npocrpancrea E,.

Pemenue. B 20.6 yxxe 6b1a paccMOTpeHa KBaJpHKa C TaKHM
ypaBHeHueM. Ho eciii Tam oHa Gbl1a OTHECEHA K MPOU3BOJIbHOHN adduH-
HOI cHCTeMe KOOPIMHAT, TO 3[eCh Mbl JIOJ/DKHBI YIIPOCTHTb YpaBHEHHeE,
HCMO/b3Ysl JIHUIb NPSAMOYTOJbHEE NEKAPTOBE CHCTEMB! KOOPAHHAT.

1) IlpuBeneM ¢ NMOMOLIBLIO OPTOrOHANBHOTO Npeobpa3oBaHHA K Ka-
HOHMYECKOMY BHIY KBaapaTuuHyio ¢opmy

X2+ 2x0%y + X3,

KopHH XapaKTepHCTHUECKOrO YpaBHEHHS

1—a 1 |_
1 1—a]=0

paBHH
A =2, Ay =0,
H, CllefloBaTe]bHO, KBaZpaTHyHas ¢opMa MMeeT KaHOHHYeCKHH BHJ
2y2.
2) Hafinem KoopnauHaTHble BEKTODHI é’; H 22 HOBOH INPSMOYTOJIb-

HOH nekaproBo# cucrembl. OHM SIBIAIOTCS COGCTBEHHBIMH BEKTOPaMH
JIMHEHHOro oneparopa, HMEIOLEro Ty Ke MaTpHIly, YTo U JaHHas KBal-
patuyHas ¢opma. CrejoBaTesbHO, MX KOOPAHHATHl YIOBJIETBOPSAIOT
chCTeMe YpaBHEHHH

{(1—7») U + uy, =0,
U+ (1 —2) u,=0.
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TMonaras B 3ToH cucreMe cHayasa A = 2, a 3ateM A = 0, HaijgeM
(kax u B mpumepe u3 22.3) HOBbIE KOODAWHATHBIE BEKTOPEHL

e =—=¢ +—=¢
1 V2 17T 5 2
=, I - 1 -
e, =———2~8; +——=2=8 1
2 V'2 1TV2 2 ()

U OpTOroHa/lbHOE NpeoGpasoBaHKe

1
x1=7:2:y1 V2 Yo

Xy = P2y1+V2

NpHUBOJSIIee NAHHYIO KBaApaTHUHYIO GOpPMY K KaHOHMYECKOMY BULY.

3) Bynem paccMatpuBath (2) Kak ¢opMyJsbl npeobpa3oBaHUs KOOp-
JMHAT TIPH Tepexole K HOBOH MPSIMOYrOJNIbHOH IE€KapTOBOH cHCTeMe
KOOpJMHAT, MOJyyaeMod K3 CTapoli CHCTEMBI C HOMOLIbIO BpAIIeHUs
BOKPYT Hauaja KoopauHaT. OTHOCHTE/NIHO 3TOH HOBOHN CHCTEMHI KBaj-
puka Oyner UMeTb YpaBHEHHE

2y1+2(V—y1 V—)’z) (—Vl—?yl V—)’z) 3=0

WIH
2y —2 VZy,—3=0. 3
4) 3anuimeMm ypaBHeHHe (3) B BuJe
3V 2
i = V2( V )

Eciu noiBeprHyTh MOJYUEHHYIO BHILE CHCTEMY KOOPAMHAT mapas-
JIeJIbHOMY TIepeHOCY, IOJIOXKHB

@)

[)’1—% .
3V 2 4

Yo =2, — z
TO YpaBHE€HHE KBAAPHUKH IPUMET KaHOHUYECKHH BH]I
= VQ- 22.

KBanpuka sBaserca mapa6oJoi.

5) CpaBuueas (2) u (4), monyuum ¢opMyJs mnepexona oT nepBOHa-
yaJbHON CHUCTEMBl KOOPIHMHAT K TOH, B KOTOPOH KBajpuKa UMeeT Ka-
HOHHYECKOe YpaBHEHHe; 3TUMU (HOPMYJaMu SIBJASIOTCS

1 3
V2 2+ 3,
xz‘———_"/—221+]/2 —-Z.

h=1s
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Z,

Puc. 18

Hauaso # KoopaHHaTHbIE BEKTOPHI 3TOH CHCTEMBbI KOOPAUHAT MMEIOT
B HCXOLHOH cucTeMe KOOpAnHATH (puc. 18):

o
4 4

- (_‘_ L
=77 72)
P (_ — -‘-).
2 V2 vz
[Tpumep 2. TIlpuBeneM K KaHOHHYECKOMY BHAY YypaBHEHHE
x2— 2x) + %] + dxixy — 8xyxg — Axoxg + 2%, — dxy—1=0

KBaJpHKH mpocTpaHcTBa Ej.

Pemesnue 1) Keagparuunaa gopma, comepxamasici B JIEBOMH
YaCTH YypaBHeHHs [AHHOH KBaJpHKH, yxe Obla mpuBeleHa B 22.3
K KaHOHHYECKOMY BHLY

6yf — 3y; — 373
C NOMOIBI0 OPTOrOHANBLHOIO NpPeo6pa3oBaHUsA
X1 =%)’1+é‘)’2+§}’3,
=T N +3—)’2—'§‘)’3’
X3 = —%)’1‘]"2')’24'%}’3-
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Ecnn 3t dopMynel paccMaTpuBaTh Kak (opMyJbl mepexoja K Ho-
BOH CHCTeME KOOPIMHAT, TO OTHOCHTEJbHO 3TOH CHCTEMBI KOOpAHHAT
KBajipHKka GyIeT UMETb ypaBHEHHE

2 1 2
2 2 1

HIu
6y? — 3y? — 3y2 + 4y, — 2y, — 1 = 0.

2) IonyueHHoe ypaBHEHHE J[OIYCKaeT NasbHefllllee YmpoleHHe C
NOMOLIBIO MapaJieJIbHOTO MePeHoca CHCTeMbl KOOPAHHAT. UTo6w mosy-
YUTh COOTBETCTBYIOIHE (HOPMYJIbI, BLIIENHM MOJHbIE KBAaAPaTHl B JIEBOi
YaCTH MNOCJENHEro ypaBHEHHS:

2 1 2 2 1 1
6+ sntg)—7—3(M+rntg)ty—s—1=0,

6 (3’1 + _:1;)2_ 3 ()’2 + %)2‘— 3y; = %;

€CJIH TNOJIOXKHTh

Zi=y+ %s

2=y, + %s

23 = Ys
TO NOJYYUM KaHOHHYECKOE YpaBHEHHE JaHHOHK KBaJpHUKH:

622 — 322 — 322 = %

A_#_ 3

2 4 &

9 9 9

Kpazpuka sIBS€TCS ABYIONOCTHBIM THIEPGOIOMAOM BpalleHHS.
3) Tak kak

}'1—21—':1)," }’2—32—'%» Vs =2
TO
n=—-z++ ';Tzz‘l"i‘zs“‘ ;,
2 2 1
Xg=—2,+ ?2;*— —3—2,:—-3,
X3 —""—21'1‘3‘32‘1"3‘23
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310 ectb GOPMYJIEI Iepexoaa K Toft MpAMOYTroJbHOH JeKapToBOi CH-
cTeMe KOOPAMHAT, B KOTCPOil ypaBHEHHE NAaHHOH KBaJApHKH HMeeT Ka-
HOHMYECKH# BUJ. DrTa CHCTEMAa ONpelessieTcsl HadaJoM

ot
3 3

H KOOPJAUHATHBIMH BE€KTODaMH

YnpaxHeHHSd

1. TlpuBenuTe K KaHOHHYECKOMY BHAY YypaBHEHHE KBaiPHKH H
yCTaHOBHTE €€ BHJ
B npoctpanctBe E,:

a) 5x} — dxyxy + 2x% + 2% + 4x, — 7 =0,
6) x2 — 6x,%, + x2 + 6%, —2x, + 1 =0,
B) xf —_ SXIX2 + 7x§ + 6x1 -— 6x2 + 9 = 0;
B mpocrpaHcTse. Ej:
1) x2 4 x2 4+ x2 + dxx, + dxyxs + dxoxg — 10x, — 10x, —
— 10x; =0,
n) 4x} + 2x2 + 3x% + dxpxg — 4xgxy — 6x; — 12, = 0
(MOXXHO HMCNOJIL30BaTh pelleHus ynpaxHeHuft Ir u 1B us § 22).

2. TNpuBenuTe K KaHOHHYECKOMY BHIY YpaBHeHHe KBajpHKH, YyCTa-
HOBHTE ee BUJ, 3anuuiuTe GopMyJibl epexofa K HOBOH IPSAMOYTOJbHOH
IEKapTOBOH CHCTEMe KOOpAHHAT, HalauTe KOOPAMHATHI HOBBIX KOODAH-
HaTHBIX BEKTOPOB H HOBOT'O Haya/la OTHOCHTEJIbHO CTapoi MPSMOYIroJb-

HON NeKapTOBOH CHCTEMEl KOOpAMHAT
B IpocTpaHcTBe Ey:

a) 3x? — 10xyxy + 3x2 + 2%, — 14x, — 13 =0,
6) 4x? + 4x.x, + x2 — 30x; + 10x, + 75 = 0,
B) X2 + 2x1%y + %% + 4x; + 4%, — 28 =0;

B npoctpaHcrBe Eg:
I) XX3 — x, = 0,
n) x} — 8xxp + 7x2 + 6x, — 6x, + 9 =0,
) X2+ 2x1%y + 4x1Xg + 2x0x3 — 4%y — 2%, = 0,
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K) x2 + x2 + 4x2 — 2005 + 4xx5 — 4xox3 — 36x3 + 36 = 0,
3) x4+ 3x — dxoxg — 2x, — 4x3 — 5 =0,
u) 5x2 + x2 + 5x2 — 8xx3 + 2x, — 8 =0,
K) X} — x5 — 4x;x, — 4x9Xx3 + 3xp + 6x3 = 0,
M) x4 6xx, —6x; + 6xp —4xy; —5 =0,
M) 5x% + 2% + 5x2 — dxyx, — 2xy%5 — dXoxy + 12x, —
— 12x, + 12%;, — 6 =0,
H) 4x% 4 4x2 + x2 + 8xyxp + dxyxg + dx,x5 —
— 12x%;, — 12xy — 6x3 — 27 = 0.



OTBETH U YKA3AHUHA

YnpaxHeHnusak §2

. Hcnonwsyiite akcuomy 1V,, cuuras Touku M u N coBnaBmIEMH.

. Ucnonbayiite akcuomy IV, cuuras Toukn M u K COBHaBLIMMH.

. Hcnonbayfite MeToA [OKasaTesjbcTBA OT NPOTHBHOrO M akcuoMmy [Vi.
. Hcnosbayiite akcuomy IV,.

. Hlcnosibayiite akcuomy IVy M Merol MaTeMaTHueCKOH HHAYKIHH.

U QOB =

Ynpaxunenus k§3
6) (—2;, —1; =3; 2). B) Her.

’
D(x=xn—2 A m=u,
1 — ’ ’

' Uy =Uy— U
Xy =—2—(x3+x2), 2 ?-{- 113'

us = uy+ ug,
’

? —_—
x3=—2'(xs—x2)» Ug = Uy
x;=x4+ 1.

a) x1=-x1-{-2x;+ 5, 6) x1=x{+x;+ 4,
’ ’ 1 ’
x2=xll—[-4x§—3, Xg = 2x2’+ X4
X3 = 5x2+ x3. X3 = —’xl,
xy = x4—1L.

’ ’
3 [x=1x+2 lu1=ul,

X3 = X Uy = Uy
’ ’
X3 = X3 — 2, Us = Ug,
1’ 7
Xy = X4 uy=uy,,
7 ’
x=1x;+ 1 Uy = ug.
’ ’ ’ ’
0) (x, =x +=x; w = u -+ ug,
1 ’
Xy = —Xg, Uy = —uy,
1’ ’
X3 = X3, {u3=u3,
’ ’
X4 = —X,, |u4= —Uy,
— 1 I. — ’ r
X5 = X — Xg3 lu5-—u,—u5.

X = —x,+xy— 23+ x,+ 1,
x2=x;+2x;,

Xg == 2xI—l—x;,

Xy = —2x; — 2x3 — x, + 2.
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5. a) (_): (—=1; 0; 1), 6) Her.

e =(; 21,
Cy= (2 1; =),
o= (=1 1; 0).

5 0 (0; —1; 2, —1; 0),
e, = (1; 0; 0; 0; 0),
&= (1; 1; 0; 0; 0),
= =1 1; —1; 1,
T =(0; 0; 0; 1; 1),
;g= ©; 0; 0; 0; 1).

Yopaxueununsak§4

2. a) Hcnonbayiite Teopemy 2 us 4.4.

6) MckoMasi MJIOCKOCTb BIOJIHE OMpeeisieTcst TOYKOA A H HampaBJsoOmUM MOA-
[POCTPAHCTBOM IJIOCKOCTH P,.

B) Hcnonbayiite Teopemy 2 u3 4.4.
-> -> - - - - .
r) Ilycrs Py natsinyrana Au u,aQ, — Ha B, v; 4 vy, Tak Kak ¢, vy H U, JNHHEAHO
HE3aBHCHME!, TO CYILECTBYIOT Takue f, §; H S, 4TO
— -> -> -
AB = tu + $101 _I‘ SaUs.
— -> — - -+
Ectu M — uckomasi Touka, To AM = xu, BM = yv; + zv,. Hcnmomesys ak-
cuomy IV,, cocTaBum ypaBHeHHS AJISl HAXOXAGHHA X, Y, 2.
YnpaxueHusa K§5
1. a) (x,=1+4 3¢, Hn—1 xun+1l x%—2 =«

4
=144, "3 T4 T3 T ™
xg =2 —1{,
xy = 2t;
2x1—3x4—2——0,

Xy —2x4+ 1= 0,
2x3+x4—"4=0.
6) (% = 4,
x3= 14 2t, k- X—1 x—3 x—4
{x3=12, 4 2 = -2 '
X3 =3 —2t, x3g—2=0.
x5=4—4t;

2. 2x1——x2——x3—2x4—|- 8=0,
3. (x=—1+ 34 — 4L,
xo=2—1t+ 1y
x3=t1»
x4=t2;
p——"

— -> -> —
OM = 0A + tiuy + tauy, tne 0A = (—~1; 2; Q; 0),
y=3 —1L 10,
uy= (=4 1; 0; ).

118



10.

© oN @ o

=141,

x2=tl+t3' 2x2—x3—x4+1=0,
X3=2+t1, {

Xg= — 14 ¢, + 2, X+ 3%y —3x3—x3; +5=0.

x5 = ty + 3t3;

a) P; u Qg mapannenbHEl H He NEPeCeKaioTcs.
6) Py < Qs
a) Mwmelor enHHCTBEHHYIO O6MYI0 TOYKY (4; —2; 2; —2).
6) CkpemuBaiorcs.
[MepecekaioTcss o nmpsiMOl, NpOXOAsAimieH yepe3 Hayajo KOODPAHHAT.
Q; < Py

BT e —xnt2=0,

T2 %+ x—3=0

X4 = 2 + tz, 5 + 8

X5 = —t3,

Xg = 3 + ta,

X1 tl + t2

& &
lI Il I

1 + 2t1 -_ 2t2, 3x1 — Xg = 0,
3t + 31y, 2y —xg — 1 =0.
1+ 4, — 4ty

YnpaxHenusa kK§7

. a) (6; 0; —2). 6) (—1; 2; 2).

B) (—4; 2; 4). r) x; —2x3 —6=0.
. a) JIByMepHas NJOCKOCTb x3—1=0,
{x4 —2=0.
6) (u'1= uy—us B) (—4; 8; 2; 6),
Uy = g+ us+ u,, @G 0; 3 =)

u,3 = Ug — Uy,
u'4 = Ug + Ug.

X, X+ 5 x4

D=ty = T htE
A {x=x+x, O [xj=x+2+3,
’ ’

Xy=x,—1, Xy = Xyg,
x3=1x3+ 1, { X3= X3,
X4I=X2—l, l x;: Xgy
xg= xy+ x5. (x;=x4+x5—7
JcI = % + X4, 5. x} = 4x5 + x3 —1,
x?— Xy + x4, x?= x; — 2x5 —5,
x3— X3 + X4y x3= 2x2 + 2xs + lc
Xy = X4

118



YnpaxHeHusa K §8

L. a) x;= 1 4 xg, 6) x; =4 — x3 — xg,
x;= X3+ X4, x.’2= 3 — x4
x;= Xy — Xy, xé= X — 3,
x;=2—-x8. x;=2—-x1+x2.
B) a~! = a. r) "I"_' xg+ x4+ 2,
) x;= x3+ 2,
X3= %o — 1,
x;=x1—x2—|- 1

2. a) Ha. 6) Ia. B) Her.

3.8) ((x;= byx; + bypxs, 6) ( x,=byx,
xé’: ba1xy 1 baoxs, x%= baxy + X3,
x3= byxy + bgexy + x3. X3= bgx; + xs.
B) x; = by1%;, r) x; = byx + biaXa,
x;= boyxy+ basxs + bagxgt by, x;= barxy 1 baaxs,
Xy = byxi+ bygxot bggts + bs. X3= by xy + bagxs + bag¥s +bs

MuoxecTBa npeo6pasoBaHuil B npuMepax 3a, 6, B, T — rpynmnsL.

YnpaxHenus kK§9

. B dopmyae (1) us 9.3 mnoaoxure 0 < ¢ < oo.
. a) 0. 6) 1.

N =

—_— —_— —_— —
3. a) Ecnu-}l_g:tig, e 0<t<l, T0oBC=(1—6fBA, e 0 <1 —t <.
6) Ecin AC = kCB, rze k >0, 10
k

ac 4B, >0 AC=1AB, e 0<t< 1
=Tar . rnel_l_k ; €CJIH = yrle 0< iK1,
=‘_“CB, .
T0 A T— mel—-t>0

4. JloxasweBaeTcs TaK ¥XKe, Kak M teopema 1 u3 9.2.
’ ’
6. a) x, =25, —x;; x; = —¥x;. 6) Hax B) Her.
Yopaxuenusa kK § 10.

2
1. a %, 0 <.

2. arc 3 L 7{ — arccos 4 i
. S T r - ) e
©SF 2 5 2

120



Ynpaxuenusa kK §ll

l.aus
2.
_v3 L vs L\ /vs L _ys 1
2 2 2 2 2 2 2 2
1 3 1 vs L _ys L _v3
2 2 2 "2 2 2 2 2
3. JluaroHajbHEIE 3/eMeHTHl paBHB +1 mium —I1.

YnpaxHeHus K§I12

2. Wcnoab3yfite akcuomy IV,
- @ T 7T
3.2 2, 2]/2; —;, T’ -E'
4. 1, | | 1,
H=l—gX =Tt Xt
l ’ l ’ l ’ 1 ’
x2=2——2-x1 +'§')c2,—I—-—2-x3—---2-x4 ,

r1 , 1, 1, 1,
xs="'3+'§'x1+"2'x2+;x3+’§'x4:

1 ’ 1 7 l 4 1 7
x4=4+—2-x1 -3 % —l—-2—1c3—3x4 .

Ynpaxunenus K §13

1. a) Hda. 6) Her.

2. Ilpu k= 1 — ToxnecTBeHHOe mnpeoGpa3oBaHue, NMpH k= —1 — CUMMETpHUA OT-
HOCHTEJIbHO LEHTPa FOMOTETHH.

4 (—c)f+ (e—cf+ ...+ (x, —cp) =R

5o (s —a)ff+ (g — P+ o+ (0 — ) < RA

6. 0L<x; Ll (i=1, ..., n)

Tou (0 —ay) + uy (g —ag) + oo + 1y (x, —ay) =0

YnpaxHeHusa kK §15

1. 3,6, e, K 2. a, B, I.

YnpaxHenusa k§ 16

9 9
L eyx? + g + cagxs + 201px10 + 2015%1%5 + 2p5xa%5

329,/ 1 0 0 6) 1 0 o0 3
1 3
0 —_— 0 0 —_—
01 2 ( 0 0 —5 2 \
— 0 i
0=3% ¢ 3 -2 0 o0
T o
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Ynpaxkuenusa x§17

1 8
1. a) 3y2—7y2. 6) Zi——z5—— 2.
X 3 3
1
B) —Eu%——é'ug—l—ﬁug.

24,2 2 _ 24 2 2
2 &) ul—uitul 6 ul—udtul—ul

3. a) zf —-zﬁ; X =2 — 2, — 32,
x2= '—22—223,
0 0 . X3 = 23. 1 1
6) ui + uy; — ug;
1 2 3 X = —U; — —U
1 34 3 Har
1 1
Xo= —us+ -u
2 9 2 ) 39
X3 = Ug.
2. 1
B) 73 n=g (& + 32, — 2z3),
X9 = 22,
x3=23.
1) —ul+ ul; Xy = —thy — Tus,
143
Xy = —— Uy — U3,
6 3
X3 == Ug
2 2 2. 3
ll)ul—-uz-l-ua, x1=u1"'u2_'§u3r
1
x3=—u2—-—2-u3,
1
Xg = —U
3 98
24 .2 2, 1 5
€) = 3 Xy =uy— s+ Uy
2 6
1 1
Xog =— Uy —— UL
2 3 6 U
1
Xg == —U
3 o8
xK) uf—ug; Xy = Uy — Uy — Ug,
Xo = Uy + up — uy,
X3 = Ug,
X3 = Uy
8) uf —_ u§+ uf; X = uy — 2uy,
x2= ll2,
1
{}.'3= 3”3,
Xy = Uq+ us
Xp = Up.
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Yonpaxuenusk§l8

[NpuBenure KBajgpaTHuHylO GOPMY K KAaHOHHYECKOMY BHAY.
1. Oa. 2. Her. 3. Her.

Ynpaxunenus kK §20

1. a) T'unep6ona zf — zg =1

6) IMapa napanjiebHBIX NPSIMBIX zf =L

B) dnauncons z; + 23 + 23 = L.

r) OnHomonocTHEI THIIEpGOJIOU], —uf + ug -+ ug =1,
2. a) [lapa mepecekaiowuxcsl NpsIMBIX z‘f — 23 =0,

1 1
X = '2—21 + '2—’

1 1

XYg=— Ty —2 ——
2 oA T %

6) Mapabona 2z} = 2z,; n=zn+z+1,
x2 —"2_22 + i.

B) umepGonuueckuit napabononn 2> — z3 = 2z5;

n=2z+2—4,
Xg=2 — 2, — 2,

X3 = 323 — 1

1) Konye v} + 02 — v = 0;
1

x1=v1~—-2—02-—-§-vs—-l,
PR
2= 3 20
1 1
lxs = — ’2—02 -_ Evs.

R) dnaunrHvecKuii wAMHHAD uf + ul=1;

=t uytus—1,
Xg = 2U2 + 2u$,
X3 = Ug.

e) MMapa nepecekaomuxcs miaockocteii y> — y2 = 0;

X1 = Y1 —Ys

X = Y2+ Ya
X3 = )’3.
4= Yo
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VYnpaxHeHuns K §22

2 2. 1

1. a) 15)’1 10)’2’ X = _5_ (4)’1—[’ 3),2)’
1

X = 3 (3yr— 4¥2)-

2,
6 byi; x—‘_—()’1+)'2)»

V 2
Xy = ‘]'/_-'2—()'2 — ¥1)-
B) 6y>+ 3y
Y1 2 %y = 7 (2y; + 2y, — ¥s)

1
3
1
Xy = ‘TB" (—1 + 295 + 2y,),
1
73" 2y, — Y3+ 2y3).

2__ 22 ( 1 1 1
R |x1=17§y1+7§y2+]7—§ys.

1 1 1
S R Rt
2 1
x2=V6—y1+V§y2’

Xg = }’z’

&) 2 —ys+ yi—4yk [xy=y1
! “ (2)’3 + yq)’

!xa V— (Y3 — 29,

=’§()’1+)’z+)’a+)’4)»

1
Xo = ‘5(—')’1+)’2+ Ya— Yo

®) 27 — 293 4 4y — 4y .
Xg = ’2'(—)'1 + ¥ — Y5+ Y

1
Xg = -2_(}'1"')'2'—')’8_}'4)'
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2. J, =g “+ ¢ + ¢ s J =|cll clzl Icu Clal Cog Cog
! ¥ 2 % 2 Co1 Cop Ca1 Cg3 C33 Csal'
Ci1 C12 Cis
J3=[Co1 Cop Cog-
Ca1 C32 Ca3
Ynpaxuernusa kK §23
z2 zg
1. a) daaunc —-+— =1.
22
6) Ilapa nepecekalolluxcsl OPSIMBIX 21 — —é- =0.
B,
B) Tunep6osa 9 =1
zf zg z§
r) IIBynoJOCTHHIH THNepGONOUA BpalleHHs ? — E —_ -E =1,
£) DAMMNTHYECKHH NapaGonionn 227 + z2 = 2z,
22 1
2. a) T'unepCosa zf —— =1, 1= ) (a1 +2) —2,
1
x2= -2- (—21—!—22)—1.

2 o1/ . 1
6) Iapatona z; =2V 52,; 5= 7E (22, 4 2,) + 3.

Xy = -V—g (2, —22,) — 1.

B) [Tapa mapanJesbHBIX NpSMEIX zf = 16;
1
"1=’ﬁ @+2z)—1
1
Xy = ﬁ (zl—zz)—-l.
r) T'unepGosnnyeckuit mapaGomous yl — y2 2y3}
1
X = % Y1+ 2

}'3,
Xg = V— (yl )
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2

2
N 2
1) TunepGonnyeckuil MUAUHAD —9 _z;" =1

1

x1'=V-5- (a+22)+1,
1

Xy = V'_—s_ (=25 +2)+1,

X3 =2,

2 2
. 2 2
e} I[Tapa nepecexaomuxcs NJIOCKOCTeld —2—- —_— =0

3
1 1 1
x1=‘17§'21+]/ +V623 g
V"‘" V gt
= y5a- V2 tygaty
x) [MapaGonuyeckuit ummnnp zf =2V 3z,
1 1
V— == + ngz— 7_—23-|—1

1
"2=‘V szz Vs‘za b
xs_V621+V§z3+2

2 2
. 4 25
3) DIUNTHYECKHH KOHYC —4— + 25— T =0;

x1= Zl,l
Xo = f/’? (22,429 — 1,
1
X3 = -V—g- (—2z, 4 225) — 2,

2 2
2] 22
H) DIVIUICOH] BpameHHs - t5 2 =1

1
= "]75‘ (&1 + 2),
Xg=2,—1,

Xg = V"’? (21— 23).

k) TnnepGonuueckuéi napaGosoun 27 = z3 = z,3
1
‘x1= '5(221-"22"'223) +1,

1
{x2==-§(——221-|-22.2+23) +1

1
=g (21 + 22y — 22).



2

2]
a1) ORHOMNOJOCTHEIR THNepGoJonL —3— -+ zg — zg = 1;

1
=== (+2)—1,
V2
1
Xg = 'ﬁ (Z—2)+1
xs = 21 'I‘ 2.
v) Unaunap Bpamenns 2z + 2= 4;
{ 1 ;
- = 2 =
V3 % — V2 2 V 3
x2=—V§zl+V623+l
x =—=2z sat s
3 V3 1 + V 2 3
1) Iapa napamnenbHex maockoctelt 22 = 4;
1
=7 (2 + 2+ 223+ 2),
1
X=3 (22, — 22, — 23+ 2),

1
=7 (21 + 223 — 2234 1).

1,

L.
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