C. JI. IEB3HEP

[MPOEKTHBHAMS
FTEOMETPUS




MHWHHUCTEPCTBO ITPOCBEILEHHMS PCOCP

MOCKOBCKWUM TOCYIOAPCTBEHHbBIV 3AOUHBIM
TNEOJATOTMUECKWH HWHCTUTYT

C. JI. IEB3HEP

[MPOEKTUBHAJ 'EOMETPHWS

Yuebroe nocobue no kypcy «I'eomempus»
Oan cmydermos-3aouruxos [1—I11 kypcos
PU3UKO-MAMEMAMULECKUX  (PaKYAbITIEMO8

MOCKBA «[TPOCBEULEHHE>» 1980



Pexomendosaro T'rasubim ynpasienuem
ebicluux U cpedrux nedoeoeudeckux y4eOHoLx 306e0eHU
Munucmepcmea npocseuenus PCPCP

Pedagmop MI'3IIH 0.A. Iasrosut

PeunenseHnTH:

DokTop (H3uKO-MaTemaTHyeckux Hayk [. B. I'ypesut
1OKTOp (H3HKO-MaTeMaTHueckux Hayk M. M. Seaom
KaHIuAaT Gu3uko-MateMatuyeckux Hayk M. M. Llasenxo

60602 — 561

sakasHoe 4309020400
103(u3) — 80

© MockoBcKuit roCyAapCTBEHHEI Sa0YHEI NEAATOrHYIECKH Tl HHCTHTYT
(MI'30H4), 1980,



NPEJUCJIOBUE

I[Mpennaraemoe yueGHoe mocoGHe CONEPKHT MaTepHAN MO MPOEKTHBHO
FeOMETPHYECKHM TeMaM JeHCTBYIollell NporpaMMbel Kypca reoMeTpuu feja-
FOTHYECKHX HHCTHTYTOB, a MMEHHO No pasfenaM «[IoHSTHe NPOEKTHBHOIO
npocrpaHcTBay ¥ «OCHOBHbIE (PaKThl IPOEKTHBHOH IeOMETPHUY.

Msnoxenne HauMHaeTcs C OXHOMEDHOH NPOEKTHBHOH reoMeTpu. 710
MOMOXET YHTATeJI0 MOATOTOBHTHCS K HM3YUEHHIO OCHOBHOTO MaTepuana
IByMEpHOH reoMerpuu. Takas [ONOJHHTENbHAs «CTYNeHbKa», Ha MOH
B3IJ/Is1[l, OCOOEHHO NOJIe3Ha CTYLEHTY-3a049HUKY.

[TpenopaBarenio HeoGXOmMMO 00paTHTh BHHMaHHE Ha INpHUMEHEHHE
NPOEKTHBHEIX TEOpeM K TeOMEeTPHH eBKJMAOBOH IMJIOCKOCTH, — 3TO Bax-
HBIH /s GYAYILEro YYuTeJsl acleKT NPOEKTHBHOH reoMeTpuH. SToMy BO-
npocy B NMOCOOHM YIeJieHO NOCTATOYHOE YHCJO NYHKTOB M naparpados,
Ha3BaHHUSI KOTOPHIX 3aKAHYHBAIOTCS CJNOBAMH «... Ha PaClIMPEHHOH eBKJIH-
IoBOH muocKocTHy. CTyIeHT JNOJKeH YeTKO NMpeACTaBJ/siTh, HallpHMEp, 4TO
npoeKTHBHas TeopeMma [le3apra pacrnajaercss Ha MHOTO TeOpeM eBKJIH/0BOH
reoMeTpHH, YTO FapMOHHUYECKOe JesleHHe — 3To ofoblLieHue JeleHus Mmo-
nosiaM, 4TO LIEHTP KBaJPHKH — 3TO NOJIOC HECOOCTBEHHOH NMpPSMOH M T. I.

Kuura cocrouT u3 mectd ryas. [1aBel pas6utel Ha naparpadel, napa-
rpadel — Ha NyHKTH. Hymepanus NyHKTOB, ¢GOpPMyJ U NPHMEPOB COXpa-
HsleTcsl B NpefesaxX KaxJoro naparpada.

IToco6ue mnpencTaBJseT pacCUIMpPeHHBI BapHaHT OJHOMMEHHOH O6po-
mopel aBtopa (IlpoektnBHast reomerpusi. M., 1975). B oTinune oT Hee
H3JIOXKEHHe 3sJech (oJiee TOJHOE, TEOpPETHUeCKHH MaTepHal HJVIIOCTPH-
pyercs GOMBIIMM KOJHYECTBOM NOAPOCHO DPELIEHHBIX NPHMEPOB.

Asmop



T'JTIABA I
NMPOEKTUBHAS T'EOMETPUS HA NMPSAMOH

§ 1. PACIIUPEHHASI EBKJIUJIOBA TIPSMAAL.
NPOEKTHUBHASA NPSAMAS

1. MepcnekTHBHOE OTOGpameHHe npsimoil B myuyok. Ha eBxsnnosoi
TJIOCKOCTH R, BO3bMeM NMy40K § NpSIMbIX C HEHTPOM S (MHOKECTBO MpPSIMBIX,
NPOXOASAIINX yepe3 TouKy S) u npsimyio R;, He NPOXOAALLYIO Yepes3 LEHTP
nyuka. PaccmoTpum otobGpaxeHnue P npsmoit R;B nydyok S, npu Kotopom
Bcsikoit Touke A € R, coorBercTByeT mnpsiMas SA € 8 (puc. 1), T. e
orobpaxenue {: R,— 8§, onpenensiemoe ycaosueM § (A) = (SA). Takoe
oToOpaKeHHe Ha3bIBACTCS NepCHeKMUBHbIM.

OroGpaxenue ) WHBEKTHBHO, TaK Kak us A == B caenyer ¢ (A)
== 1 (B). B T0 e BpeMsi OHO He CIOPBEKTHBHO (He SIBJISIETCS] OTOOpaXKeHHeM
«Ha»), TaK Kak B Iyuke & ecTb npsiMasi, He UMelomasi mpoo6pasa. dto npsi-
Masi m, napajnenbHass R;. Iljs Toro utobGwl oToOpaxKeHHe { CTajo OTo-
OpakeHHeM «Ha», MOXKHO:

1) u3 nyuka § ynanauTh NpSIMYIO M W PacCMaTpUBaTh OTOOpaKeHHe
R, — (8§ \ {m}) nmu

2) x npsMoit R; NMpHCOEIWHHTH JONOJHUTENbHYIO TOYKY, paccMaTpH-
BaeMyI0 Kak Nmpoobpa3 NpsiMOH /1 OTHOCHTEJIbHO MepCHeKTHBHOrO oTobpa-
JKEHHUS.

Me! nofifeM no BropoMy MyTH.

2. Pacuupennas eskjaunosa npamas. OmnpeneneHne NpoeKTHBHOI mpsi-
moit. K npsmoit R, mnpuCOeIMHHM TOYKY, KOTOpYIO O00O3HayuM de-
pe3s M_. Byznem cuuTath, YTO B 3TOH TOUKe NMpsiMasi m nepeceKkaeT napas-
JieqbHy0 el npsMyio R;. 3To MO3BOJHT paccMaTpUBaTh NPSIMYIO m Kak
o6pas TOukM M_ npH NepcrneKTHBHOM OTOOPaXKeHHH.

EBK/INIOBY mnpsiMylo, NONOJHEHHYIO TOukKoH M _, OylneM HasbBaTb
pacwiupernnotl esxaudosoll npsamoti (4 o603HayaTh
S/ m R,), aTouky M_ — HecobcmBenHoll uau Gecko-

Heyto yOasennol moukod npsmol R,.
Bmecto oTobpaxenus P: R; — S Gynem Te-

¥ia) meph paccMaTpHBaTh OToGpaxenue ¥: R, — S,
4 g, KOTOPOE Ha MHOMeCTSe COGCTBEHHBIX TOYEK
7 npsiMo#t R; (T. e. Ha mpsiMoit R;) HefcTByeT Kak
P, a HecOOCTBEHHYIO TOUKY OTOOpax<aeT Ha Ips-

Puc. 1 Mylo m.



$ (A) = ¢ (A) = (S4), ectu A #=M_,
p (M) =m.

Oto6paxeHue |, KOTOPOe Mbl MO-NPEXHEMy Gy[eM Ha3biBaTb nepcnex-
MuGHbLM, SBJISIETCS] OLHOBPEMEHHO HHbBeKIlMeH H ciopbekuued. Takue oro-
GpakeHHsl HA3LIBAIOTCH OuekmuGHoimu (UJH  83QUMHOOOHOSHAUHBIMUY).

B nanbmefilieM cjelyeT CUUTATH BCe TOUKH NpsiMoii R; paBHONpaBHHI-
mu. C 3TOH Le/blo, MOJb3YsiCh OGHEKTHBHOCTbIO oTOGpaxenus P: R;— S,

MBI MOXKeM BMecTo R, paccMaTpHBaTh NydYoK &, Ha3BaB €ro NPOEKTHBHOH
npsiMoft, a mpsiMble Nyyka — ToukaMu. OmnpepnesieHue NPOEKTHBHOM Nps-
MOt MBI COPMYJIHpYeM B HeCKOJbKO GoJee oblieM BUIe.

Onpenenenue. IlpoekmusHoti npamoil HasblBaeTcs MHOXKECTBO
P,, ecau cyuectByer GuekTHBHOe oTo6Gpaxenue g: P, — 8, rie § — ny-
YOK NPSIMBIX €BKJ/HI0BOH MJIOCKOCTH; 3/1€MEHThI MHOXKeCTBa P, Ha3bIBaIOTCS
TOYKaMH.

Tenepp onuu u Te e GakThl MOTYT OBITH BBIPaXK€HBl KaK Ha s3bIKe
eBKJIHIOBOH, TaK M Ha si3blKe NpPOEKTHBHOH reomerpuu. Ilpu mepeBone c
OJIHOTO si3bIKa Ha JPYroH yIOOGHO NOJB30BAThCS CAEAYIOMEH «CI0BapHOMH»
Tabsuiel:

SI3BIK eBKJIHAOBON reoMeTpHH l SI3BIK MPOEKTHBHOH reoMeTPHH

[Myyok npsmMeix (S)

IpoekTHBHas npsMast (Py)
[Mpsmas nyuxa

Touka

Tak kak u oToGpaxeHne P: R; — § U TOXKIECTBEHHOE OTOGpaXKeHHe
8§ — § GuexTHBHEI, TO U paclIHpeHHasi eBKJIKI0BA NpsiMast R, U Ny4ok S
SIBJISIIOTCS] POEKTHBHEIMU IIPSIMBIMH.

3. Mopsinok Touek Ha mpoekTHBHOI mpsamoii. TTopslok Toyek Ha eBKIH-
JOBOH MpsIMOH XapaKTepu3yeTcs OTHOLIEHHeM «1exaTb Mexny». Ha mpo-
€KTHBHOH NPSIMOH 3TO OTHOILIEHHE He HMeeT CMBIC/Ia, H BMECTO HEro BBO-
IUTCSl HOBO€ OTHOILIEHHE — «Pa3JeeHHOCTh Map TOYeK».

B nyuke S Bo3bMeM napy npsimeix A ¥ B U pacCMOTPHM [iBa MHOKECTBA:
a) MHOXKECTBO, COCTOsillee U3 NpsMbIX A U B U BceX NMPSAMBIX MydyKa, pac-
NOJIOKEHHBIX BHYTPH OJHOH W3 MNap BepTHKaJbHBIX YIJIOB, 006pa3oBaH-
HBIX 3THMH INpPSIMBIMH; 0) MHOXKECTBO, COCTOsiiee M3 NpsMbHIX A W B u
BCEX MPSIMBIX, PAcClOJ/IOXKEHHBIX BHYTPH APYroH maphl BEPTHKANbHHIX Y-
JoB. Ha s3biKe NpPOEKTHBHOM TeOMETPUH 3TH MHOXKECTBA HAa3BIBAIOTCS
ompeskamu, a npsimeie A 01 B — koHyamu ompesxos.

Taxkum o6pa3oM, Ha NPOEKTHBHOH NpsSMOf HMEIOTCs IBa OTpPe3Ka ¢
06IUMH KOHLIAMH.

Onpenenenune. Ilycte A, B, C, D — TOYKH NPOEKTHBHOM
npsmoii. Ecaiu Toukn C, D JiexxaT Ha pasHBEIX OTpe3Kax ¢ KoHuamu A, B,
To mapa (C, D) HasmBaercs paslessiowjeti mapy (A, B) (cGosnaueHue:

A, B = C, D), ecau Ha OfHOM, TO Hepa3adesstouieli (06o3HaueHue: A, B
= C, D).



Ha pucynkax 2 (nyuok) u 3 (pac-
IIMpeHHasl €BKJ/HKIOBa INpsiMas) Io-
KasaHbl CJIeAyIollye Napsbi:

A, B=C/D;, A, C+B,D;
A,D = B,C.

[lpsamass  nyuka, HelNpephiBHO
Bpallasch B NydYKe, BO3Bpalilaercs
Puc. 2 B HUCXOHHOE IIOJIOKEHHE. L[pyrm\m
C/J0BaMH, TOYKa NpPOEKTUBHOH nps-
MOH MOXKeT OGOHTH BCIO MPSIMYIO U
BEPHYTbCS B HCXOLHOE MNOJIOXKEHUE.
STO TOBOPUT O 3AMKHYMOCHL NpPOeK-
muernotd npamoti. OTMETHM, OJHAKO,
4TO 3aMKHYTOCTb OTHOCHUTCS K YHCJIY
TaK HasblBaE€MbIX TOMOJIOTHYECKHX CBOHCTB JHHUE. TouHOe omnpeneseHue
9TOrO MOHSTHS, KaK M CaMO MNOHsTHe JHUHUH, U, CJAeOBaTeJbHO, CTPOTroe
JI0Ka3aTesIbCTBO 3aMKHYTOCTH KaKOH-THG0 IMHUH MOTYT OBITb AaHBI JHLIb B
TOINOJNIOTHYECKHX TepMHHaX. Hamm paccyxkpmeHusi HOCST HaryIsfHBIN Xa-
pPaKTep M J0Ka3aTesJbCTBOM He SIBJISIFOTCS.

Puc. 3

§ 2. MPOEKTHBHAS CHCTEMA KOOPAHUHAT HA NPSIMOH

1. OnpeneseHHe NPOEKTHBHON CHCTEMbl KOOpAMHAT. BBexem cucre-
My KOOpAWHAaT B nyuyke. Tak KakK NYy4oK — 3TO NPOEKTHBHasl NpsiMas,
TO TeM caMbM OyJer pelleH BONpPOC OO yCTaHOBJIEHHHM CHCTEMBbl KOODAH-
HaT Ha TNPOEKTHBHOU NpsiMOH.

Paccmorpum Ha nsockoctu R, adduHHYIO cHCTEeMy KOOpAMHAT, Ha-
4aji0 KOTOpOH COBMNajfaeT ¢ LEHTPOM S NyyKa, a KOOPAMHATHbIE BEKTOPH
-> -

e;, €, TPOU3BOJIbHEI, HO He KosJuHeapHwll. Besikas mpsiMas X myuka Mo-

>

KeT ObITb OJHO3HAYHO ONpeJiesieHa CBOMM HaNpaBJ/sSIOIUM BEKTOPOM X
-

(puc. 4). TlosTomy napa uucen (x;, X,) KOOPAHHAT BEKTOpa X XapaKTepH-
3yer npsmymo nyyka. OnHaKo Ta xe npsMas MOXKeT ObITh 3aJjaHa U moébm

J.IpyI'PIM HanpaBJSIOIUM BEKTOPOM x . O6a Hal’lpaBJIﬂ}OH.LHX BeKTOpa x
H x KOJIJIUHEApHBI H, CJ'Ie)lOBaTeJ'IbHO, CBﬂsaHbI COOTHOILIIEHHEM x = kx

(k= 0). ITostomy napa uucen (kxl, kxz) — KOOpJHMHAT BEKTopa X —
TOXE XapaKTepHayer npsmyio X.
2, X TakuMm o6pa3oM, NPONOPLUOHA/ b
Hbl€e (T. €. OT/IMYAIOIHECs] HEeHYJIEBLIM
MHOXKHTEJIEM) Naphl YHCes Onpefels-
% 10T OHY U TY Ke NpSMYI0 B NyuKe
. HenponopuyoHa/bHele Xe Napel Of-
&y peLeNsIOT pasHble NpsiMble, TaK Kak

8\ 1 [lns Takoi cucteMbl 6yIeT NpHMEHATE
-
Puc. 4 cs1 o6osHauenue (S, ¢).



BEKTOpPBI, COOTBETCTBYIOLIME HeMpONOpIHOHAIbHEIM NapaM, He KOJJIHHE-
apHBL.

OrmetuM, yro Jiobas mMapa 4YHceJ, KpOMe HYJeBOH, omnpejensieT He-
KOTOpYIO MpPSMYIO B NYyUKe.

Bo MHOXeCTBe HEHyJIEBBIX Nap YHCeJ INPONOPLUOHANBHOCTb $IBJSET-
Csl OTHOLUEHHEM S5KBHBANEHTHOCTH. I103TOMY MHOXKECTBO HeHYJIEBBLIX Nap
pasbuBaercsl Ha KJacChl 3KBHBAJEHTHOCTH 110 OTHOLUIEHHIO NPONOPIHOHAMNb-
HOCTH.

W3 ckaszaHHOTO SICHO, YTO KaxJOMy KJiacCy [ap COOTBETCTBYET eIHH-
CTBEHHAsl MpsiMasi B MyuykKe U 00paTHO — KaxJOH NPSMOK OTBeYaeT ompe-
JeJleHHbIR KJace nap. IToatomy KJacc NpOnopUUOHa/bHBIX Iap MOXKHO CYH-
TaTh KOOpAMHATOH Npsmofi. Tem caMelM Ha MpPOEKTUBHOH NpsMOH ompe-
JeNseTCsl NpoeKmueHas CUCTeMa KOODAMHAT, T. €. crocob 3ajaHusl TOYEK
NPOEKTUBHOH NpPSAMOH NIpH MOMOILM YHCEJ.

Knacc 3KBHBa/NIeHTHOCTH MOXKeT OBITb 3alaH OJHHM MpPELCTAaBHTEJEM,

NO3TOMY AJIsl 0003HaueHHs] KOOPIAMHATBI MPsIMOM MyYyKa MOXKHO HCIOJb30-
BaTh OOBIYHYIO 3amuch: X (X;, X,). HacTo BMeCTo 3ansaToi CTaBAT JBOETO-
yne X (¥, : x,), MOAUEpPKHBAsl STUM, YTO NpsiMasi My4yKa XapaKTepH3yeTcs
HE CAMHMH YMCJIAMH X;, X,, @ HX OTHOWIeHueM. MHorna KoopauHarty nps-
MOH Nyyka 3alHCBIBAIOT B BHJAE MAaTPHULI-CTOJOLA, 3J€MEHTaMH KOTOPOH
SBJSIOTCS KOOPAMHATHl ONHOTO W3 HANpaBJFIOIIHX BEKTOPOB IPSMOH.
IIpu stoM npuHATO cTO/IOEL 0603HayaTh TOH ke OYKBOH, YTO M NpPAMYIO
nyuka:
X1
Xa
HecMoTpsi Ha HeKoTOphle Heyno6cTBa, CBsi3aHHBIE ¢ 0GO3HaYeHHEM OfLHOM
¥ To# ke OyKBOH U NMpsIMOH NyyKa W MaTpHUIlBl, TaKas 3alHCb HMEET CBOU
NpeuMyILecTEa.

Mzl 6yzeM jfolycKaTb HEKOTOPYIO BOJIBHOCTb peuH, HasbiBasi KOOpPIH-
HaTaMH MpsSMOH Iydka 3JieMeHTHl cTosbua X — uucaa x;, X,. Hectpo-
FOCTb TaKOTO CJOBOYNOTpPeGJEHUs CBS3aHA C TeM, YTO KaxJoe H3 YHCel
X, U X, B OTAEJBHOCTH HE MMEeT reoMeTpuyeckoro cMeicsa. OnHako Takas
TEDMHHOJIOTHA LIHPOKO paclpocTpaHeHa, W C 5TUM HeJb3sl HE CUHTaTbCA.

2. T'omoTeTHYHbIE CHCTeMbl KOOPAMHAT B myuke. [lBe addHHHBIE CH-
CTeMBl KOODAMHAT C OOIIMM HayaJloM HasLIBAIOTCS 20MOMEMUYHbIMU, €C-
JIH COOTBETCTBYIOLIME KOOPAMHATHEIE BEKTOPEI O0EHX CHCTEM OT/IHYAIOTCS
TOJIbKO MHOXKMTEJIEM H [IPHTOM O HHM U TEM IKE.

Teopewma. [aa moeo umobel Ose cucmemel appunnelx Koopouram,
HAYAN0 KOMOPbLX HAXOOUMCS 6 yenmpe ny4ka, onpedeasiu 00HY U my owe
cucmemy NPoeKmMuUBHbLX KoopOuHam, Heobxo0umo u Oocmamo4Ho, 4mobbL
cucmembt GbLAU 20MOMEMUUHLL.

HokasateabcTBo. J[ocmamounocms. IlycT NaHHBIE CcHCTe-
Mbl appUHHBIX KOODAMHAT TOMOTETHYHBI, T. €. CYLIECTBYET TaKoe YHCJIO
h == 0, npu KoTopoM

X =

el = hel, e2 heg, 2.1

rlee;, e, U ey, e2 — napel 6a3UCHBIX BEKTOPOB achdUHHEIX CHCTeM KOOpAH-
HaT. JlokaxeM, 4TO HampaBJSIOWUHA BEKTOP * NPOH3BOJbHOH NpsiMOH X
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nyyka HMEeT B JaHHBIX CHCTeMax MpONOpIHOHAJNbHEIE KOOPAHWHATHI.
Dro 6yleT o3HayaTh, YTO B OOEHX CHCTeMax NpPOW3BOJbHOH mpsimoit X
OTBEYaeT OJIMH M TOT 2Ke KJIacC NPONOPUHOHAJIbHEIX Nap, T. €. 00e CHCTEMBI
YCTaHaB/IMBAIOT B MyuKe OAHY H Ty e CHCTEMY MPOEKTHBHBIX KOOPAHHAT.

ITycte BeKTOp X B cucreMe (S, ei) MMeeT KOOPJAMHATHI (X;, Xg), T. €.

x = xlel "]" X262.
B cuay coornomenutt (2.1) nomyuaem:

Ale —[——62.

= - X, Xy
CnenoBatesnbHo, B cicreMe (S, e; ) BEKTOp % umeer KOOPAHHATBL (=, =",

KOTOpHIE, KaK BHIMM, NpPONOPLHOHAJBHBI KOODAHHATaM BEKTOpa B CH-
-
creMe (S, ¢;).
Heobxo0umocmes. I1ycTh Tenepb HaM JaHo, YyTo 06€ CHCTEMBI YCTaHaBJIH-
BalOT B NMyYKe OJHY U Ty K€ CUCTeMy NPOEKTHBHBIX KOODJAHHAT. 3TO O3Ha-

YaeT, YTO KOOpJAMHATHI JI060TO BEKTOpa, BLIYHCJEHHBIE B TOH M ApYroi
cHCTeMaX, MPOMOPLHOHAMNBHEL.

B yacrHocTH, BeKTOp e1 KOOp)LLHHaTbI KOTOpOTO B cucreMe (S, ¢, ) oépa-

BYIOT napy (1, 0), B cucreme (S e) HMeeT KoopAuHaTthl (A, 0), T. €. el
= hlel. Ananoruuso e2 = hzez.
Tenepp paccMOTpPUM BEKTOP

el + e2 hle1 + hzez.
Ero koopauHaTel B cucreMe (S, e:.) obpasytor mapy (1, 1), B cucreme

>
(S, ¢;) — napy (A, hy). Tlo ycnoBuio ofe napel NPONOPLHOHAJNBHHEL, H
notomy h; = h,. OG03Hauass 3TH YucCJIa 4epes A, NPUXOAUM K dopMmy.aM
2.1).

Teopema nokasaHa.

3. 3aganue nNPOEKTHBHBIX KOOPAMHAT NMPH NOMOLIM NPSMBIX NyYka.
Mul BBesIH B ITyYKe CHCTEMY KOOpIMHAT, Ha3BaHHYIO MPoeKTHBHOH. OfHaKO
IJis. ee 3ajaHUsl HCIOJNB3YIOTCS BEKTOPHI, HE SIBJSIOLINECS 3JeMEHTaMH
nyuka. Heo6xonumo HaliTi cnoco6 3ajiaHus MPOEKTHBHLIX KOOPAHHAT NPH
TMOMOILY NpPSIMBIX NyYKa, T. €. BHYTPEHHHMH OTHOCHTEJBHO 3TOrO IyyKa
cpencrsamu. [locTaBieHHyI0 3afauy pelIaeT cjaefylouias Teopema, KOTo-
pyo Mbl GopMyJaHpyeM cpasy Ha si3blKe IPOEKTHBHOH IeOMeTpHH.

Teopema. Kaxoso 6ot Hu Goiau mpu pazauursie mouku Eq, E,, E,
NPoeKmMuBHOt npamot, cyujecmsyem eOUHCMBEHHAS CUCIEMA NPOEKMUBHbLX
KoopOuram, 8 KOmopoti smu mOYKU Umerom KoOpPOUHAMbL

E; (1:0), E,(0:1), Eo(1:1).

Il OKasaTeJabCTBO TIIPOBEAEM Ha sA3bIKE eBKJIH,U,OBOﬁ reomMmeT-
pHH.

8



-
Cyuwecmeosarue. [lyctb e, — Ka- £ - £o
KoH-1u60 HampasJ/siiollel  BeKTOp s o
npsiMoit E, myuka S (puc. 5). Pas-
- —_

MOXKUB €ro Ha COCTaBJISIONINE e; H €,
KOJLTHHEapHbIE npAMbIM E,u E,, no-

nmydaem e0 = e1 + 62 7 é; £;

Beepem Temepr B nyuke S cuc- Puc. 5
reMy aguHHBIX KoopauHaT (S, g;).
- - -
B sT0#f cucreme BeKTOpHI e, ez, €, UMEIOT KOOPAHHATEI

a=(1,0), &= (0, 1), g =(1,1).

CnenoBaresnbHO, cucrema (S, e,) _YHOBJIETBOPSET YC/IOBHIO TEOpeMSL.

Eduncmeentocmes. Tlycrs (S, e) u (S, e) JBe cucTeMbl addhHHHBIX

KOOpAMHAT B Iy4YKe, ONpeNesIolye B 3TOM Ny4YKe NPOEKTUBHBIE CHCTEMBI
ROOpAHMHAT, yIOBJIETBOPSIOLIME YCJIOBHSIM TeopeMul. Tpebyercs JoKasarb,
YTO OHHM ONpELE/ISIOT OLHY U Ty K€ CHCTeMYy MPOEKTHBHBIX KOODAHHAT.
B cooTBETCTBHHU C TeOpeMOH MpeNbiAyIIero NyHKTa JJis 3TOr0 NOCTATOYHO
JI0Ka3aTh FOMOTETHYHOCTH OGEHX CHCTEM.

- - - -
Bekrop e, B cucreme (S, ¢;) ¥ BEKTOp e; B CHCTeMe (S, €;) HMEIOT KO-
opruHathl (1, 0). Ilo yc/oBHIO TaKHE Ke KOODAMHATHL UMEET ¥ HaIpPaBJsio-
- -

wuit Bekrop npsiMoif E;. ClefoBaTeNbHO, BEKTODHI €; H e, KOJJIHHEapHEL.
- - - -
AHaJOrHyHO JieNaeM BbIBOJ O KOJIJIHHEADHOCTH BEKTOPOB €, U €y, &y = €1 -+

- - - - - - - - - -
+ e, v ey = ¢, + e, Tak xaK e, = hie;, e, = hqey, €y = hgey, TO
- - — - -
e;) = hy (e, + €3) = ey + haeo

H, CJeNOBaTeNbHO, h; = hy, = hy, UYTO U JOKa3blBaeT TOMOTETHYHOCTh
CHCTEM KOOpIMHAT.

Teopema nokasaHa.

Urak, npoexmusnan cucmema xoopduHam O00HO3HA4HO oOnpedersemcs
mpoiikodi modex. DTH TOYKH HA3BIBAIOTCS (PYHOAMEHMANbHbIMY TOYKAMH
cucteMel kKoopaunat. [Ipu stom E; u E,, KpoMe TOrOo, Ha3bIBAIOTCH K0OP-
Junamuoimu, a Ey — edunuyrod. CucTeMy NpPOEKTHBHBEIX KOOpAHMHAT R,
omnpefensieMylo QyHAaMeHTalbHBIMU TouyKamu E;, E,, E,, 6ynemM o6o3Ha-
yath R (Ey, E,, Ey) uau, xopoue, R (E)).

4. TlpeoGpasoBaHue NPOEKTHBHLIX KoopauHat. Hafinem 3aBHCHMOCTb
MeXJy KOOpIMHAaTaMU ORHOH U TOH K€ TOYKH NPOEKTHBHON NpsIMOA B pas-
HBIX CHCTEMax KOOpAMHAT. DTO YHLOOHO ClieslaTh B TePMHHAX, OTHOCAILUXCSE
K NYyYKy (Ha sI3bIKe €BKJ/MLOBOH IeoMeTpHH).

Ilycrs (S, e;) u (S, e;) — nBe cucreMel ahdUHHBIX KOOpAUHAT U X —
-

Kakasi-u60 npsiMast nyuxka §. O603HaunM uepes x OAMH U3 HaNnpaBJISOLIHX
BexTOpoB npsmoii X. Torna, no onpenenexuio, napa ero KOOpAUHAT ABJs-
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ercsi TpEJCTaBUTENeM K/acca NPONOPUHOHAMLHBIX Map — KOOPAHHATEI
npamo#t X. Kaxk 65110 YCJIOBJIEHO, 0603Ha‘{HM ToH ke 6ykBoH X crosbel

M3 KOOpAHHAT BEKTOpa % B cucTeme (S, ei) crosibell 3 KOOPAHHAT TOTO
-—>

e BeKTOpa B cucreMe (S, ;) o6o3HaunM yepes X'. ST CTONOUbI, KaK U3-
BECTHO M3 TEOPHH JHUHEHHBIX MPOCTPAHCTB, CBSI3aHEI COOTHOLIEHHEM

X' = PX,
rae P — HeocobeHHas KBaIlpaTHaﬂ maTtpuna BTOpOI‘O nopsmxa, 3ajamwlias
nepexon OT napel BEKTOPOB €1, 62 K IIape BEKTOpOB 61, 62, a UMEHHO.

—

’
P _ pll. p12 ecIH el = pllel + p2le2’
T || P Pee | o = p. o Py
€y = P1261 T Pasts.

Taxk kak croJbusl X u X' MOXKHO 3aMEHHTb JDYTHMH NPENCTABUTEJS-
MH, TO OHH ONpEJEJEHHl JIHIIbL C TOYHOCTBIO O HEHYJIEBOTO MHOMKUTEJIS.
Iostomy ypaBHenne X' = PX cjeayer NoHHMaTb He GYKBaJbHO, a JIMLIb
KaK yTBepJeHHe MpOoNopuHoHanbHOCTH cTonibinoB X' u PX. [Nockonbky
OOLIeNPHHATOTO 3HaKa NMPONOPIHOHAIBHOCTH HET, TO ypasHeHue nepexoda
om 00Ot cucmembt npoexmusHoLx Koopduram  0pyeoll B MaTpuuHOH dopme
GyLeM 3amuChIBaThb B CJELYIOLIEM BHIeE:

A X' = PX (2.2)
uiu (B moxpoOHOH 3amucH):

{7""{ = puXs + PraXe,
Axy = parxy + PasXa, (2.3)

rie A — Ko3(h(PHLHEHT NpPONOPLUHOHANBLHOCTH (/1060€ YHUC/IO, OTJIHYHOE OT
HyJs1) H

’
X Pu P12
X P21 Pae

Ecsnu 3ameHuTh Matpuny P Ha hP, The h — yucJ/I0, HE paBHOe HYJIIO,
-

- - >
TO Mapa KOOPAMHATHBEIX BEKTODPOB e;, e, 3aMEHUTCs Ha he,, he,. Takoe u3-

MEeHeHHe, COTVIAaCHO TeopeMe O TOMOTETHUYHBIX CHCTeMax a(HHHBIX KOOp-
IUHAT (CM. M. 2), OCTaBUT NPOEKTHBHYIO CHCTEMY KOOpDAHHAT 6e3 H3MeHe-
Husi. IlosToMy rosopsiT, yto MaTpuua P B ypaBHeHuH (2.2) ompejeseHa
C MOYHOCMbI0 00 MHONCUMEAS.

$IcHO TakKe, YTO HEOCOGEHHOCTh MaTpPHULlbl P — €IHHCTBEHHOE OTrpaHH-
4yeHHe, HaslaraeMoe Ha Hee.

YpaBHeHHsI Tepexofia MOXKHO 3amucaTb M B JPYroM BHIE:

X = X = , P=

’

2

X1
%o’

pX = QX’, (2.4)

rie p = A1, Q = P71, unn (B noapoOHOM 3amuCH):
BXy = qu¥; + Gia¥y 2.5
{W% = %1"; + Goo%3. @5)
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5. TpoekTHBHBIE KOOPIHHATH HA PACLIMPEHHONM €BKJMIOBOI NPAMOii.
OnHoponuble addunnble KoopAMHATH. [TpoeKTUBHEIE KOOpAMHATH Ha pac-
WMPEHHOH eBKJIMAOBOH MNpAMO R, caepyer momumath Tak. Ilycts §:
R, — S — nepcrieKTHBHOe OTOGpa)keHHe MpsAMOll R; Ha KaKOM-1u6o my-
yok §. Torma npoeKTHBHOH KOOPAHHATOH TOYKH, Jiexalledl Ha NpsiMOH

R,, Gyzer npoekTHBHasi KOOpJAMHATa COOTBETCTBYIOLEH NpsIMOH IyukKa.
Eciy Ha mpaMoii R; BbIOpaHbl (DyHJaMeHTaJ/bHblE TOYKH, TO B COOTBETCT-
BUU C TEOpEMOH O 3alaHuH NPOEKTHBHBIX KOOPJAHMHAT (CM. 1. 3) onpejeJieHa
cucTeMa KOOPAMHAT, KOTOpasi, CJe0BaTeJbHO, He 3aBHCHT OT BhGOpa
BCIIOMOTATeJbHOTO NMyuYKa .

Ha npoekrtuBHo# npsimoii P; Bce ToYKH paBHompaBHbl. Ha pacimpen-

HOH eBKJHIOBOH npsiMoit R; HecoOCTBEHHAsl TOYKa Hrpaer 0cobyI0 pOJlb.
Ecau 3Ty TOYKy NPUHSITH 32 OAHY U3 (DyHAaMEHTaJbHLIX TOYEK NMPOEKTUB-
HOH CHCTeMBI KOODAMHAT, TO NOJYYHTCS CHCTeMa IPOEKTHBHBIX KOOPAHHAT
0co6oro BHJIA.

Onpenenenne. IlpoekTuBHasi cucrema kKoopauHat R (Ey, E,,
E;) Ha paclIHpeHHOI! eBK/IUJ0BOH npsaMoii R; HasbiBaeTcs cucmemoti 00Ho-
podublx adurnblx KoopduHam, ecu Touka E; HecoGCTBEHHAS.

O6biuHass cucreMa a(¢HHHBIX KOOpAMHAT Ha HepacUIMpeHHOH mps-
Moit R, HasbiBaercst HeoOHopoOrot. OHa onpepensieTcs ABYMsl TOUKaMH —
HauaJoM KoopauHat O u Touko# E, KoopAauHaTta KoTopod paBHa l. Eciu
0= E,u E = E;, T0o cicTeMa OIHOPOJHBIX KOOpAMHAT Ha R; H cucrema
HEONHOPOAHBIX KOODAMHAT Ha R; Ha3bIBAIOTCS COOMEEMCMEYIOULUMU.

[IpeuMyiiecTBO OZHOPOLHOH CHCTEMbl KOODAHHAT INepef HEOAHODPOA-
HOH B TOM, YTO B OJHOPOLHOH cHcTeMe HecOOCTBEHHAsi TOUKAa MMEET Ompe-
IeJleHHble KOODAMHATHL. M3 TeopeMbl O 3aJlaHHH NPOEKTHBHBIX KOOPAHHAT
NpH NOMOLIM NPSMBIX NyyKa (CM. M. 3) CAEAYeT, YTO 3TH KOODAMHATHI PaB-
Hbl (1 : 0). KoopauHaThl COGCTBEHHBIX TOYEK OMNpeNeNsoTCs Clefyloliel
TeopeMoH.

Teopewma. Cobcmeennas mouka X npamoil Ry, umeroujas HeoOHo-
POOHYt0 KoopOuHamy X, 6 coomseemcmeyioujeil 00HOPOOHOU cucmeme umeem
koopOunamy (x : 1).

HoxasarteabcTBo. [lycte HeopHopomHasi cucteMa adduH-
HBIX KOOpJAMHAT Ha npsiMmoft R; samaercs toukamu O u E. Torma coor-

BETCTBYIOIIAs OFHOPOAHAsi CHCTeMa KOOpAHHAT Ha R, 3ajaeTcs TOYKa-
mu E,_, E, =0, E, = E.

HpHBeILeM npsaMylo ﬁl B MNEPCIEKTHBHOE COOTBETCTBHE C HEKOTODBIM

My4koM S, LeHTp S KOTOporo s/ 5/
BHIGEPEM IPOU3BOJILHO (pHC. 6). = Ei
B stoM nyuke ompeiesuM CcHc- / /

TeMy KoopAuHaT (S, Z’:) TakK, // /

4yTOCBl BEKTOPHI €y, €y, € = - 2 / =
=, + ¢, Obum mHampasaso- OF 82 A ALY Eroo
wwmu a5 npambix SE,, SEy /£, /Eo [ X(%)

SE,, N0JIOXXHB Puc. 6
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- — - — - —
81 == Eon, 32 == SEQ, 80=SE0.

Torma npsamete SE;, i = 1, 2, 0, B nyuke u, cleloBaTe]bHO, TOUYKH E;,
i =1, 2,0, na npamoii 6yayT umerb KoopauHatsl (1 : 0), (0: 1), (1:1)
COOTBETCTBEHHO. B CBsI3U C 3TUM KOOpJAMHATHI NPOM3BOJBHON TOUKH X €
€ R, 6ynyT paBHBl KoopAuHaTaM npsMoil SX B myuke, KOTOpbiE B CBOIO
ouepelb paBHbI KOODAMHATAM HaNpaBJ/sIOLIEro BeKTopa npsiMmoii. B xa-
yecTBe HaNpaBJ/SIOLIET0 BeKTopa npsiMoil SX yno6Hee BCEro B3siTh BEKTOD
—_—
SX, umeromu#i koopauHathl (x, 1). Torma Koopaunatoli Touku X Gymer
napa (x:1).

Teopema fokasaHa.

I[Ipumep 1. Hanot 0se cucmembt npoexmusHsix KoOpOUHam Ha nps-
moii Py : R =R (E;)u R" = R (E}), npusem usgecmrpl K0OpOUHAMb! MO~
wek E;, i =1, 2, 0, 6 cucmeme R:

E (0:1), E;(1:2), E;j2:—1).
Haiidem ypasHenus nepexoda om 00HOU cucmemsl K Opyeoli.
Pemenue YpaBHenus nepexoga OyaeM HCKaTb B Buie (2.5):
{Hxl = 411"; + q12x;'2’
WXy = Go1X; T GaoXy

Ham u3BecTHB KoOpIMHAThI (yHJaMEHTa/lbHBEIX ToueK E; B JIBYX Ko-
OpIAMHATHBIX CHCTEMaX:

E; | E E,
B cucteme R 0:1 1:2 2:—1
B cucteme R’ 1:0 0:1 1:1

[loxcraBasiss 3TH KOOpAMHATE B YpPaBHEHHUs Ilepexoja, MoJyyaem
nrects ypaBHeHu#. Ilpu 3ToM c/efyer MOMHUTH, 4TO Ko3(duLuUeHT mnpo-
NOPUMOHAJNBHOCTH P AJIS KaxJOoH W3 TpeX TOYeK HMeeT CBOe 3HaueHHe.
IMosyuaem:

{0 = q11» { Mo = G19, { 20 = Gu1 + Gias
M1 = G215 20y = Ga; —WRo = Gay + Gao-

3HaueHHs ¢;; U3 MEPBLIX YEThIPEX ypPaBHEHHH MOJACTABJAEM B MOC/ENHHE
IBa:

{ 2p, = W,
—Ho = Mg + 24,

Pemuasi sty cucreMy, HaXOmuM Wy = —5pg, Wy = 2, NOITOMY
Gi.= 0, G12 = 2lg, Go1 = —DBpg, Gao = 4.

Tax kak MaTpulia Q onpee/eHa ¢ TOYHOCTBIO 10 MHOXKHTEJIS!, TO, TMOJIOKHB
wo = 1, nonyunM q;; = 0, ¢4 = 2, gy = —5, gy5 = 4. YpaBHeHUs nepe-
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XOJla MMEIOT CJELYIOUN BHA:

p.«xl = 2x;,
px, = —bx| + 4x).

I[Tpumep 2. Hanot Koopduramet 08Yx mouex npoeKmueHoll npamoi
8 KoopOunamrelx cucmemax ua npedodyuieeo npumepa: A (1 : —1) 6 cucme-
me R u B (2:3) 6 cucmeme R. Haiidem xoopdurnamet mouku A 6 cucmeme
R u mouku B 6 cucmeme R'.

Pemenue Bocnonbdyemcss ypaBHEHHSIMH TNpeoGpasoBaHHs KO-
OpAMHAT, HalJIeHHBIMU NPH peleHHH MpeibIAyIlero npumepa.

Ins tToukun A nonayuaem:

(pa=2 D) — -2,
pxy =—5-:144.(—1)=-—9.
TMostoMy X, 1%, =2:9 1 A (2:9).

Jaa touku B umeem:

2p
3u
’ ’ I ’ ’
OTKYlla X, = W, X = E”" T. e X ix,=1:5 wu, cienosarensHo,

B(1:5)

I[Tpumep 3. Ha esxaudosoii npsamoid R, Oanbl ceoumu HeoOHOpoOHbL-
mu koopounamamu mouku Ey (—1), E, (4), Eq (1), A (—2). Haiidem xo-
opOunamer mouku A 6 npoexmusHoil cucmene xoopournam R (E;).

Pemenue. [Ilepsoii cnocob. lanHas HeonHOpoAHas addHHHAsA cU-
cTeMa KOODAMHAT Ha TpAMOH R, onpenessercs TOUKaMu 0 (0), E (1),

a cooTBETCTBYIOWIas efi ofHOpojHasi chcreMa R’ — toukamu E|_, E, =

= 0, E;= E. B cucreme R’ nannas Touka 4, corJacHo Teopeme H3 MyHK-
Ta 5, UMeeT KoopAuHate (—2 : I).
Tak Kak HaM H3BECTHBI KOOPAMHATH (yHJaMEHTaNbHBIX TOYEK CHCTe-

Mbl R (E;), To MOXHO HafiTH ¢opMyJibl nepexosia oT cucteMul R (E;) K cu-
creme R’ (cM. mpumep 1):

2x,,
—5x; + 4x,,

' E, | E, E,
B cucreme R (E;) | 1:0 I 0:1 1:1
B cucreme R’ | —1:1 | 4:1 1:1

3Has GopmyJBl 1l€pexofia, MBI CMOMXKEM HaHTH KOOpAMHATEI TOYKH A B
cutreme R (E;) (cM. mpumep 2). Halinure oKoHYaTe/NbHOE pellleHHE caMo-
CTOSITEILHO.

Bmopod cnoco6. PaccmoTpuM nepcrekTHBHOe OTOOpayKeHHe IaHHON
npsimMoi R1 B KaKkoH-mubo nmy4ok § U BBejieM B IyYKe CHCTEMY KOOPIIH-

Hat (S, el) COTVIACOBaHHYIO C cucremoit R (E;) Ha npsimoii R;. 3a Koop-
JIUHAaTHbIE BEKTOPBI el, e2 MBI JO/KHEI IPUHATD COCTaBJSAIOUINE HalpaBsio-
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iero Bekropa npsmoii SE, (nyume
—_—

BCEro B3ATh BeKTOp SE;), €clu ero
pas/iokuTh N0 npsMeM SE;, SE,
(puc. 7). Ins onpenesieHus KOOpAH-
Har TOUKH A Temepb JAOCTaTOUHO
Onpejie/uTh KOOPAMHATE HalpasJisi-
folllero BekTopa mpsimoit SA4, Harpu-

Mep BeKTopa S4. , B cucreme (S, ¢;).
Tak Kak | E Eg| : | EoEql=2: 3,

Puc. 7 TO
SE]_ = -3—61, SE2 = 362, E2E1 == E el - 362.
[TosTomy
= — = — —— e
1 5 2~1 3 1 9 2
CaenoBarenbHo,
SA = 3é -+ (—el ——ez) = 2e,——e,

— l
Wrak, xoopnauHaTel BekTopa SA paBHH 2, -3 D10 ¥ ecThb KOOpAHU-

HaThl ToukH A B cucreme R (E)) : A (2 : -—;) uiu A (4 : —1).

§ 3. 1BOAHOE OTHOWEHHKE YETbIPEX TOYEK.
FAPMOHHU3M

1. Onpenesnexue nBOMHBIX oTHOWeHMA. Ecau A u B — xoopauHaTHbIe
CTOJIOLE! ABYX Pa3/MUHbIX TOYEK NPOEKTUBHOH npsaAMOM, a C — Koopiu-
HaTHbI CTOJIOEl KakKoH-u60 TpeTbel TOUKHM TOH Ke NPSIMOH, TO MOXKHO
nono6parth Takue 4yucia o ¥ f, 4To OYAET BHINOJIHATBHCS PaBEHCTBO

C = a4 + PB.
B camom pene, eciu
A=||%|, B= bl,C=|cl,
2 by Cy
TO o U [} HAXOAATCSA H3 CHCTEMBI:
{01 = aa, + Pby,
Cy = Qs + Py,

OnpejieJiuTeb KOTOPOH OT/IMYEH OT HyJd, TaK KakK cToJ6ubl A u B Kak Ko-
OpAMHATHBIE CTONOLBI Pa3/NHYHBIX TOYEK He MPONOPLHUOHANbHEL.
Onpenenenue. [lycts A, B, C, D — KOOpLAMHATHEIE CTOJIOLEL
YeThIpeX Pa3/HYHBIX TOYEK NMPOEKTUBHOH HpsMOi U a, P, o', f’ — Takue
yycsa, 4To
C=0A+ BB, D=dA+ p'B. 3.1)
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p . P

Torma uncno - : = HasbiBaeTcst 080UHbIM (HIIH CAONGHOLM) OMHOUEHUEM
[ a

uemoipex moyex A, B, C, D. B npuHATHX 00603HaueHHAX 3amuiIeM:
@aBcpy =2 . & 3.2)
a o

Taxkum o6pasoM, AJng (aKTHYECKOTO HAXOXKAEHUS IBOWHOTO OTHOLLe-
HHsl HaJO Mpex.e BCero BbIPasHTb KOODPAMHATHBIE CTOJOLLI TOUEK BTOPOH
napsi C, D uyepes KOOpAMHATHBbIE CTOJIOLBI TOueK MepBo# napul A, B.

HeoGxonuMo yGemuTbCsi B KOPPEKTHOCTH BBILIENPUBENEHHOIO Ompe-
neNeHusi, T. €. HANO JNOKasaTh, 4TO:

1) 1BOiHOE OTHOILIEHHE 3aBHCHT TOJBKO OT JAHHLIX TOYEK H He 3aBH-
CHT OT BhIGCpPA CHCTeMBI KOOPIHHAT;

2) B IaHHOH CHCTeMe KOOPAMHAT OHO He 3aBHCHT OT BhIOOpa KOOPAH-
HATHBIX CTOJIGLIOB H3 KJAaCCOB MPONOPLUOHANBHBEIX CTOJOLOB.

KoppeKTHOCTb onpene/eHds JBOHHOrO OTHOIUEHHS YEThIPEX TOYEK Bhl-
TEKaeT W3 CJefyiolel TeopeMsl.

Teopema. [yeme A, B, C, D — uemsepka mouex npoexmueHotl
npamoil u Ay, By, Cy, Dy — ux npoussonrsuvie KoopOurnamrsie cmoabyot 6
00HOLl npoexmusHoll cucmeme Koopouram, a A, By, C,, Dy — 6 Opyeotl.
Toeda ecau

{cl = a4, + BBy, {02 = ayA; + BB, (3.3)
D, =a; A+ BBy D, = 0,5 + ByBas

4 ’

mo Bu. &- —B. EQ-
% oa % a,

INorkasaTteabcTBo. CornacHo ypaBHeHHIO (2.2) KoopauHaT-

HblE CTO/IGLB! JaHHEIX TOYEK B Pa3HbIX CHCTEMaX CBA3aHbl COOTHOLIEHHSMH

)CAz:PAls sz=PBl’ ZC2=PCI’ tDy, = PDy,

rie P — marpulia nepexofia OT OJHOH CHCTeMHl K ApPYIoH, a X, y, 2, { —
KO3(hGHLHEHTb! NPONOPLUOHAIBHOCTH.

YMHoO)Kas nepBble ABe U3 JaHHBIX Gopmya (3.3) cieBa Ha matpuuy P,
noJiyyaem:

ZC2 = ale2 + Blszv tDz = a;xA2 + B;yBQ’

CpaBHHBasI 3TH COOTHOILEHHS CO BTOPO# Napoi NaHHBIX QopMmyJI, yCTaHO-
BUM, HTO

x y , oyx '
a2=_1" ﬁ2=&' Ay = —— ﬁ2=ﬁt£'

2z z t
[TosToMy
, By By ,
BB _ = T _ B B
0 a, X ax % oc'l’
z Tt

4TO M TpeboBa/NoCh AOKAa3aTh.
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2. ]IpoitHOE OTHOLIEHHE YETBEPOK, CONEPKAUIUX COBMABLIME TOYKH.
B onpenenennu IBOMHOTO OTHOLUEHHsSI Mbl TpeGOBani, 4TOOBI BCE YETHIpE
TOYKH OBLUIH Pa3/MYHBIMM. TpeGoBaHHe HecoBnaleHHs ToyeK A u B Gbuio
HEOOXOAMMO /sl TOTO, YTOOH! OblIH BO3MOXKHEI COOTHOLIeHHs (3.1). B cuny
HECOBMNAJeHHsA TOYEK BTOPOH Naphl C TOYKaMM NepBOi mapel Bce Koaddu-
LMEHTHI OTJIMYHEI OT HYJs, NI03TOMY B opMydie (3.2) HeT IeieHus Ha HYJb.

B panbHefimem 1enecoo6pasHo 3T0 TpeGOBaHHE HECKOJBKO OCNAGUTD.
Jlns 3TOro HaM NPHAETCS KO MHOXKECTBY JAeHCTBHTEJbHBIX YHCEJ MPUCoe-
IMHHTb HOBOE YHCJIO, KOTOpoe 6yleM 0603HauaTb CHMBOJIOM oo. Uueay oo
NpUNUIIeM clefylolmue cBoHCTBa:

= oo (m % 0); £=O(m#=oo); m- oo = oo (m=0).

Tenepp orpanuunMcs TpeboBaHHeM, YTOOH! JMIIb TPU Touku A, B, C
ObLTH pa3/iM4HBIMH; TOYKa ke D MOXKeT coBmajaTh C JI0OOH U3 HuX (3a-

METHM, 4TO TaK Kak C He coBnajaetr Hu ¢ 4, Hu ¢ B, T0 — ﬁ #%=0u = ﬁ Lo oo);

1) D= A. B stom cnyyae B’ =0, o' =0, no3TOMY ST:=O H
?3': ST = oo. Takum o6pasom, (ABCA) =

2) D = B. 3pecb ananoruyHo nonyyaem (ABCB) =

3) D = C. B stom cayuae %— == H, cJaenoBatenbHo, (ABCC) =

$IcHO, UTO HHM B KaKHX APYTHX CJydYasiX ABOMHOE OTHOLIEHHE YETBEPKH
TOYEK, B KOTOPOH NepBhie TPH TOUYKH Pa3JIMYHbl, HE MOXKET NIPUHUMATh 3Ha-
yeyu#t oo, 0, 1.

3. CyuiecTBOBaHHE M €IMHCTBEHHOCTb TOYKH, HAXOAAILEHCH C JaHHbI-
MM TpeMsi B [NaHHOM JBOWHOM OTHOLIEHHWH. BrIpaxkeHHe NPoOEKTHBHBIX
KOOPAMHAT yepe3 ABOIHbIE OTHOLUEHHS.

Teopema 1. [lycmos danvt mpu pazauunsie mouku A, B, C Ha npo-
exmueHoll npamot u 0sotinoe omuowerue (ABCD) = h. Smumu ycrosus-
mu mouka D onpeleasemcss 00HO3HAMHO.

HoxasarteanbctBo. Eciu A= oo unu A = 0, TO, Kak noxa-
3aHO B NpeJpIiyLleM NyHKTe, NoJ0XKeHHe TOUKH D onpeeseHo: oHa CoBMa-
naet ¢ A uau ¢ B. IloatoMy nmosaraeM h %= oo U h 5= 0.

OépaTﬂMCﬂ K ¢dopmynam (3.1): C=aAd 4+ BB, D =a'A + B'B.

3nech - — HCKOMOE, a —— H3BECTHO, npHYeM = 00 H - 6 % 0. Ilon-
a a
cTaB/sis (GopMyJinl (3.2)) 3HayeHue JBOHHOTO omomenuﬂ, Haxo,zmm He-
L4
u3BECTHOE: — = —-. Tenepp u3 Bropo#i ¢opmyasl (3.1) Haxomutes c
a a

TOYHOCTBIO 10 MHOXKHTEJs KOOPAMHATHBEIA crosibewt Touku D, yTo M ompe-
JieJisileT ee NOJIOXKeHHe Ha NpsMOH.

Teopema no0KasaHna.

M3 Teopemsl ciepyer, 4TO ABOHHOE OTHOLIEHHE MOXKET CJYXHUThb KO-
OpAMHATOH TOYKH Ha NPOeKTHBHOH npsMoii. Takas cucTeMa KOOpAMHAT
337a€TCS1 TPEMs Pa3/IMYHBIMH TOUKAMH.

Mbel, onHako, 6yJeM NOJb30BATbCS He 3TOH, a BBefieHHOH B § 2, n.l
NPOEKTHBHOH CHCTEMOH KOOpAMHAT, He Tpebylomel pacliupeHus NOHATHA-
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gucaa. Clenyiomas TeopeMa NOKasblBaeT, KaK MNPOEKTHBHBIE KOOPAHHATHI
CBSI3aHbl C IBOMHBIMH OTHOUIEHUSIMH.
Teopewma 2. [lyeme Ha npoexmusHot npamol sadana cucmema Ko-
opdunam R (Ey, E; E,) u mouka X (%y : X5). Toeda (E(E.E.X) =
IdokasarteabcTBo. [lo ycioBuio

SIS HENHES

{Eo = E,+ E,
X = xlEl + x2E2

H, C/IeJOBaTeNbHO, MO onpefeneHuo (3.2)

Xy
X’
NO3TOMY

(E\E,E X) =—i 22—y x,,

X1
yT0 H TpeGoBajloCh JAOKa3aTb.
4, Jpoiinoe oTHOLIEHHE U MOPSANOK TOYEK HA MPSMOH.

T eopewma. [Jaa moeo umober napet mowex A, B u C, D 6otau pasde-
neHHoimy (HepasOesenHoimu), HeoOX00umo U O0oCmamouHo, 4mobbl 080LHOE
omuowerue (ABCD) 6ot10 ompuyamenstoim (NOAOHGUMELOHBIM).

CuMBOJIHYECKH YCJIOBHE 3TOH TEOpPEMbl MOXKET ObITb 3aMHMCaHO B Clie-
IyoleM BHJE:

(ABCD) <0 < A, B+ C, D,
(ABCD) >0 A, B =~ C, D.

JoxasarteabcTBo. Jlaa mnpoBeleHHS JOKa3aTeJbCTBa BOC-
NOJIb3yeMCsl sI3bIKOM eBKJ/INJ0BOH reomMerpuu. Kak o6riyHoO, cTos16uet 4, B,
C, D — 310 KOOpAMHATHHIE CTOJOLEI COOTBETCTBYIOUIUX MNPSIMBIX INy4YKa
(puc. 8). Onu xe sBJSAIOTCS KOOPAHHATHBIMH CTOJIOIAMU HAMpaBJSIOMHUX

e e e e o

BEKTOpPOB a, b, ¢, d NaHHEIX NPSMBIX.
B nyuxe BBeneM adhdUHHYIO CHCTEMY KOOPAHHAT C KOOPAHHATHEIMU BEK-
-> - - -

TOpaMH a, b U pasiioKHUM IO STHM BEeKTOPaM BEKTOpHI ¢, d:
— - - > ,—> ,—>
c=oaa-+ Pb, d = o'a 4+ p’b.

$lcHo, 9TO Te ke Ko3hdUIUEHTH OYLYT U B Pas3jOKeHHSIX

C=aA+PpB, D=o'A+pB g 8 I
CiaefoBaTebHO, MO  OIpeLeNeHHIo 7/a __ 7
ABOﬁHOI‘O OTHOLLCHUS TNOJYYHUM: /0’/6' y
(ABCD) = £ ; &, s 3
a o
B p’ _

Ecm&;>0uo—‘7>0, TO0 06e T v

KOOpPAHHATHI BeKTopaZ GyLyT OLHOTO Puc. 8
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-
3HaKa, TO Xe OTHOCHTCA W K BekTopy d. 21O 3HauuT, yto npsimMuie C u D
pacnosnoxenst B I u 111 uerBeprax.
’

Ecau % <0wu %7 < 0, To npamete C u D Haxonsites Bo I u IV uer-

BEpPTAX.

U B ToM 1 B fipyrom cayyae obe npsmble C 1 D HaxoasaTcs B OAHOH Nape
BEpPTHKAJbHBIX YIJIOB, 00pa3oBaHHbIX NpsiMbiMi A ¥ B, T. e. Touku C u D
(Ha sI3bIKE MPOEKTHBHOI reOMeTpHH) MPHHALIEKAT OJHOMY H TOMY XKe H3
IByX OTpe3KoB, o6pa3oBaHHbIX TouKamMH A u B. CrenoBaresbHO, ec/u
(ABCD) >0, 10 A, B+ C, D.

Anasioruuso nokaseiBaem, uto U3 (ABCD) < 0 cnenyer 4, B - C, D.

IoxaspiBaeMasi TeopeMa COCTOMT M3 UYETBIPEX OTHEJbHHIX YTBepKie-
Hu#A. MBI JOKasaju fiBa M3 HHUX, HO HUMH OINpelensieTcs ClpaBelJIHBOCTb
OCTaJIbHBIX, YTO JIETKO JIOKasblBaeTcst CIoco60M OT MPOTHBHOTO.

Teopema nokasaHa.

5. U3meHeHHe NBOMHOrO OTHOLIEHHS NPH H3MEHEHHH MOPAAKA TOYEK.

Teopema. [lpu usmenenuu nopsadxka mouex 8 uemsepke 080LHOe
OMHOUIEHUE MEHSLMCS N0 CAeOYIOWUM NPABUAAM.

1) I1pu nepecmanoske nap 060liHOe OMHOWEHUE HE MEHACMCS:

(CDAB) = (ABCD);
2) .npu nepecmaroske mouex OOHOL napbl 0BOLHOE OMHOWEHUE MeHA-

emcs Ha obpamHoe:
1

(ABCD)

3) npu nepecmarosxke Kpaiinux mouex OB60LHOe OMHOWEHUE MeHSemcs
Ha donoarumenvtoe K 1:

(DBCA) =1 — (ABCD).
HokasarteascTtBo. [lo dopmynam (3.1)

C=ad +pB,D=coA+pB
U, CJeIOBaTeNbHO,

(ABDC) =

’

(aBcDy =B . &
a

1) PemmuB cuctemy (3.1) oTHocuTeNpHO CcTOGLOB A M B, moaydum:

A=_F ¢y P _pp-_Y ot o D

af’ —a’p a’f—oaf a’f-—ap a’p
Orcropa:
B a
(CDAB) = XB—of b’ —a® B . _ spcp).
ﬁ' a/ 6/ al

aBI _alﬁ alﬁ_aB/
2) Jloxa3aTesbCTBO BTOPOH 4YaCTH TEOPEMEl TPHUBUAJBHO:

.8 __ !
(ABDC) T &« (ABCD)’

18



3) Peuwms cucremy (3.1) otHOcuTespHO cTo6UOB C U A, monyunM:

C=."LD+M3. A=ip_Fp
a’ a’ ! o’ o

Orciona:
a'ﬁ — (Iﬁl _ E
_ o’ oo —aBtaf _(Lﬁ= _
(DBCA) = o : T = Y =1 Y 1 — (ABCD).
o a’

Teopema poxasana. OHa, B 4aCTHOCTH, MO3BOJsET, 3Has ABOHHOE OT-
HOIIGHHE YeThpeX TOYeK, B3AThlX B KaKOM-JIHOO NOpsjKe, HaHTH JBOHHOE
OTHOILEHHE 3THX TOYeK B [pyroM NOpsiKe.

[Ipumeuanune. B nyHkre 2 Mb paccMaTpHBa/iu JBOHHOe OTHOLIEHHE TaKUX
9eTBEPOK TOYEK, B KOTOPHIX TPH HepBble TOYKH GLIIM Pa3/iuyHbl, a YeTBepTas MorJa GhiTh
ntoboit. [lokasaHuasi Bhille TeopeMa MO3BOJISIET elie 6oJ/ee PAaClIHPHATL NOHATHE ABOHHOrO
OTHOILIeHHs, OTPAHHYUBIINCL TpeGOBaHHEM, YTOOL B YeTBEpKe TOYeK ObLIH Pas/dyHBIMH
TPH JioOble TOYKH.

B cooTBeTCTBHH C 3TOH TeOpeMOil BCeria MOXHO AOOMTbCS NEepPecTaHOBKH COOTBETCT-
BYIOUIMX TOYEK HA MepBble MecTa, HallpuMep,

Mm He ocTaHaB/aMBaemcs Ha AO0Ka3aTesIbCTBE KOPPEKTHOCTH TaKoro 06001LeHH .
6. I'apmMoHuueckue 4yeTBEPKH.

Onpenenenune. Yersepka Touek A, B, C, D, xapakrepusyto-
masicst ycaoBueM (ABCD) = —1, Ha3bIBaeTCs 2apMOHUYECKOL.

Takue yerBepKM WIDAIOT B MPOEKTHBHOH F€OMETPHU OYEHb BaXKHYIO
posib H 06/1ajal0T PSAJOM HHTEPECHBIX CBOHCTB; HEKOTOPbIE H3 HHX MBI OT-
METHM.

CBoficTBoO l. B 2apmonuueckoli 4emsepke napet pasderswom Opye
dpyea. D10 yTBepKJeHHe HENOCPEJCTBEHHO BHITEKAE€T M3 TEOpEeMbl MYyHK-
Ta 4.

CBoiicTBO 2. lapmoHusm He HApYUIAemCs npyu MaKUx nepecmaros-
Kax (8 4emeepkax), KOmopole He MEHAIOM COCMAasa nap.

B caMom jesie, B COOTBETCTBUH C TEOpeMOll MyHKTa 5 NPH NepecTaHOBKe
nap WM 3/71€MEHTOB BHYTPH Map [BOHHOE OTHOLIEHHE HJIH He M3MEHseTcs
COBCEM HJIM MeHsieTcsl Ha obpaTHoe. M1 B ToM u B Apyrom cayuae JBOiHHOE
OTHOLLIEHHE OCTaeTCst paBHBIM —I.

U3 storo croiicTea ciepyer, uto eciu (ABCD) = —1, 1o (BACD) =
= (ABDC) = (BADC) = (CDAB) = (DCAB) = (CDBA) = (DCBA) =

[Ipumep 1. Ha npoexmusnoii npamoi Oansr mouxu A (1 :—1),
B(—2:1), C(:3), D( :0). Haiidem Osotinoe omuowerue (ABCD).
Pemenue. i HaxoxneHus NBOHHOTO OTHOLIEHHS HAJO B COOT-
BeTCTBUH ¢ ¢opmyaamu (3.1) Bblpasuth JuHeliHo ctos16ubl C U D yepes
A u B, 1. e. Haiith «, B, o', B’ U3 cooTHOLIEHHH
il
LU

s ==l +el =2 Lol == 1]+
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OTH ypaBHEHHS PaBHOCHJIBHBI CJIELYIOLINM:

{1= o — 28, {l=a’—2[3’,
3=—a+ B, 0=—a + f,
OTKyJa ompefenseM o = —7, f = —4, o’ = —1, f’ = —1.

IToncraBasis ati 3HaueHus B (3.2), HaXoAuM:

e o —7 —1 1
ITpuwmep 2. Haiidem (DBAC), ede A, B, C, D — mouxu u3 npume-
pa 1.

Pemenue. [lepsoui cnocob6. Onsi onpenenenus (DBAC) Hafimem
Ko3(duueHTs B opMyaax

A=38D+ pB, C=8D + p'B.

3TO MOXKHO CHe/IaTh HEMOCPeACTBEHHO (CM. mpHUMep 1), a MOXKHO BOCIOJIb-
30BaThCsl YK€ MOJy4YeHHBIMH cooTHomeHusmMu C = —7A4 — 4B, D =
= —A — B. TlpoBenure HeOGXOAMMbIE BBIYHC/IEHHSI CAMOCTOSITE/BHO.
Bmopoii cnoco6. Tax kak 3HaueHue (ABCD) u3BecTHO, TO AJIs Haxo-
xaeansi (DBAC) MOXHO BOCHOJIB30BAaThCsl TeOpPeMOH 00 M3MEHEHHH JBOH-
HOTO OTHOLUEHHSI NPH IEPECTAHOBKE TOUEK:
(DBAC) = e = = 1 =T
(DBCA) 1—(aBCD) | 4 3
7

.

IIpumep 3. Harnot Ose cucmemobr npoeKmusHblX KOOPOUHAM HA nps-
moti: R = R (E;) u R" = R (E}), npusem ussecmHv. KOOPOUHAMbL MOUEK
E,i=1,20,Bcucreme R: E (0:1), E,(1:2), E,(2: —1). Hano.
roopOunamet mouku B (2 : 3) 6 cucmeme R u mouxu A (1 1 —1) 8 cucmene
R’. Haiidem koopOunamet mouxu B 8 cucmeme R’ u mouku A 6 cucmeme R.
(CpaBHurte c npumepamu 1 u 2 § 2).

Pemenue OGCo3HauuM Heu3BeCTHEIE KOOpAHWHATHI TOYKH B B CHc-
TeMe R’ uepes x| : x,. [To Teopeme 2 nynkra 3 umeem: x; : x, = (E\E,E(B).
Takum 06pas3oM, Jes0 CBeJIOCh K HaXOXKJIEHHIO JBOHHOrO OTHOIUEHHs dYe-
TEIpEX TOYeK, KOOPAMHATHI KOTOPBHIX B cHCTeMe R u3BecTHH. Tak Kak

E,= —5E| + 2E,, B = —E, + 2E,,
TO
' 2 2 1
(ElEonB) = ;—5 . :—i = g‘
H, caefoBaresbHO, B (1 : 5).

Haxoxnenue koopauHat Touku A B cucreMe R — obparHasi 3ajaua.

ITo To# ke Teopeme
(E\ELEA) = x; i xy=1:(—1) = —1.

Tak KakK KoOpAHHATHbIE CTONOUBI ToueK E;, A B cHcreme R cBsi3aHHI clle-
IYIOLIMMH COOTHOLIEHHSAMH

E, = —5E, + 2E,, A = o'E| + p'E,,
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TO

EEEMH =2 By,
BI

2
OTKyla = = —, H MOXHO NOJIOXHTb a' =5, p’ = 2. Cnenosare/nbHo,
a

A = BE| 4 2E, = ”g”

T. €. B cucreMe R Oyner A (2 : 9).
[Tpumep 4. LHoramenm mosxedecmso

(KLAB) - (KLBC) = (KLAC). (3.4)
Pemenue. Ilosoxum:
A=K+ AL, B=%K-+ AL, C=x"K + \ML.
Torna
(KLAB)= 2 X (kLBey=2 . M (kLac) =1 .2
K % % w %

”n*
4 %

B cnpaBennuBocti ¢opmyasl (3.4) ydSexjaeMcsi Tenepb HENOCPEACTBEH-
HOH NOJCTaHOBKOH.

§ 4. ABOAIHOE OTHOWEHUE TOYEK HA PACHIMPEHHOH EBKJIMIOBOH
MPAMON

1. Bepaxenne NBOHHOTO OTHOLIEHHsS Yepe3 NMPOCTble OTHOLIEHHS.
Onpepnenenue. [Ipocmoim omuowernuem (ABC) mpex mouex
A, B, C eBKIHJ0BOH NPsSIMOI Ha3kbIBaeTCsl OTHOLIEHUE, B KOTOPOM TouKa C

) —_— —

IeNuT HanpaBJeHHBIH oTpe3ok AB: (ABC) = AC/CB. Hanomuum, uTo
- —

YaCTHBIM OT JeJIEHHsI BEKTOPA @ Ha KOAAUHeAPHbLL €My HEHYJeBOH BEKTOp b

- -
Ha3bIBAEeTCsl YHCJIO A, YAOBJIETBOPSIOILEE COOTHOLIEHHIO @ = Ab.

JIBoiiHOE OTHOLIEHHE YEThIPEX TOYEK DACLIMPEHHOH eBKJIHJOBOH nps-
MOH MOKeT OBITb BbIpaxKeHO yepe3 NpocTeie oTHOIeHus. ClefyeT IOMHHTD
TNIPY 3TOM, YTO MOHSTHE IPOCTOTO OTHOLLIEHH S YYKIO0 NPOEKTHBHOH NpsaMOH.
ITosTOMy Te pe3yJ/ibTaThl, KOTOPBIE MBI 3JleCb NOJYUYHM, He HOTPeOYIOTCS
TNpU H3YYeHHH NPOEKTHBHOH NpSMOH, HO 3aTO NMO3BOJAT NMPUMEHSTb (akK-
TBI, Kacaiolyecss IBOMHBIX OTHOLUEHHH, K €BKJMIOBOH reoMeTpuH.

TlpuBemeM paciIHpeHHYIO MNPSAMYIO
R, B mnepcneKkTHBHOE COOTBETCTBHE C
HeKoTopeiM NyukoM 8. Torpa 3a npoek- N
THBHBIE KOODAHHATHI YeThIpeX CoOCT-

BeHHBIX ToueK A, B, C, D npsmoit R;

MOKHO TIPHHSTbL CTOJGLBI H3 KOOPAHHAT g 4/¢ d B
BektopoB o = SA, b = SB, ¢ = SC, R,
d = SD (puc. 9) B Hekoropoit appun- -4 & /B Je \2
HO# cucreme (S, E;). Puc. 9
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Oéoaﬂaan BEKTOp AB _uepes o Torna Hamly'rca 'ra}me tmcna TH
§, urto AC = yu, AD = du. CuienoBaTe/ILHO, c=a + vu, d=a + u,

-

A tax kax u-—b-—-a, TO

- - - - - -
c=(1—7%)a+ yb, d = (1 — 8)a -+ db.

Takue e COOTHOMIEHMS BHINOJHSAIOTCS U JJIs KOODAMHATHHIX CTOJIOLOB

Touek A, B, C, D B COOTBeTCTBYIOIMEH NMPOEKTUBHOH CHCTEMe KOOpAHHAT

Ha npsMod R;:

C=(0—9y)A+ B, D= (1 —38)A -+ éB.
Orciona no cdopmyae (3.2) sanuiem:

_v . 8
(ABCD)_l_Y. —

-

Ho Ttak kak A_C> YU H 55 = (1 — y)Z, TO

v AC/CB = (ABC).
-9

Ananoruyso 1—6—6 = (ABD). Tlostomy

(ABCD) = (ABC) : (ABD) = (ACICB) : (AD/DB). (4.1

Urtak, 06oiiHoe omHowerue uemoipex COOCMBEHHOLX MOUYeK PACULUPEHHOL
e6KAU0060L NPAMOLL ecmb OMHOWEHUL mexX OMHOWeHUL, 8 KOmopolx moYKy
émopoil nape. Oeasm OmpesoK, 00PA306AHHOLE MOYKAMU Nnepeoli napeL.

HiMenHO 3TO 06GCTOATENBCTBO OODBSICHSAET TEPMHUHBI «IBOHHOE» HJH
«CJIOKHOE» OTHOLLEHHE.

[TycTb Temeph ofiHa U3 TOYEK HecoGcTBeHHas. B cuiay teopemsl (§ 3,
n. 5) 0 nmepecTaHOBKE TOYEK MOXKHO HAOGHThCS, YTOObI 3Ta TOYKa Oblia IO-
cnenneit B uerBepke. Mrak, 6yfeM BeipaxaTh 4Yepe3 NPOCThbie OTHOILEHHS
Ipoiinoe otHowenue (ABCD ) (puc. 10).

Kaxk u pauee, C = (1 — y) A + yB. 3a Hanpas/gi0WLu# BEeKTOp MNps-
MoH myuka §, COOTBETCTBYIOWIEH B NEPCNEKTHBHOM OTOOPaXKeHHH TOuKe

- — -

D_, MOXHO NpHHATb BeKTOp u = b —a, nostomy D= —A + B ¥,
CJIeflOBaTENbHO,
: ABCD ) =% . 1 __ ¥
W‘S z Doo (ABCD.) 1—y —1 1—v
OTKyJa:

g/ & ] (ABCD_)=— (ABC) = — AC/CB.
R, 4.2)

= D :
K \8 ¢ Hraxk, dsoiinoe ommuowerue ue-
Puc. 10 MbLpex Mouex paculiLpertot egr -



00801i npamoLi, U3 KOMOPbLX nepeble Mpu CoOCMBEHHble, @ Hemsepmas He-
COOCMBEHHAS, PABHO NPOCHIOMY OMHOUWEHUID Nepebix mpex Mmouex, 63amomy
C NPOMUBONONOHOHBIM 3HAKOM.

2. TapMoHHMYecKHe 4YeTBEDKHM TOYEK HAa paCIIHPEHHONH EBKJIMIOBOI
npsiMoi.

Teopema. [as moeo umobbl 4emeepKa mouex PaCUUUPEHHOL eBKAU-
0ogoil npamoil, colepswsauas 00HY HECOOCMBEHHYID U mpu COOCMBeHHbLX
mouKku, 6biaa 2apMOHUYECKOL, Heobx00UMO U OOCMAMO4HO, 4mobbl mouKa,
Haxo0sawascs 8 nape ¢ Hecobemsertoil, bbiaa cepeduroll ompesxa, 06pasosan-
Ho2o Opyeoti napot.

HokasartenbcTBo. Heobxodumocms. CuuraeM, 4To B rapMo-
HHMUECKO! 4eTBepKe HEeCOOCTBEHHOH sIBJISIeTCSs IMOCJAEAHSS TOYKa; B NPOTHUB-
HOM CJly4yae 3Ty TOYKY MOXKHO NepeMecTHTh Ha UYeTBEPTOe MECTO C MOMOILLI0
NIepecTaHOBOK, He H3MEHSIOMMX COCTaBa Map M, CJeR0BaTENbHO, B CHJY
cBoictBa 2 (§ 3, m. 6) He HapyIIaOUWKX FapMOHHU3MA.

Urak, (ABCD ) = —1. Orciona seaencrsue ¢popmyast (4.2) (ABC) =

—_— —_—
= —(—1) umu AC = CB, 410 u TpefoBasoCh [JOKa3aTh.
Hocmamourocme. TlycTb TOUKa, Haxo[sIlasncs B ONHOH mape ¢ HecoO-
CTBEHHOH, JIEJIUT MOMNO0JaM OTPe30K, o6pa3oBaHHHN Apyroit mapo#. Jloka-
JKeM, 4TO JaHHasl 4eTBepKa sBJsercss rapmoHudyeckod. [Ipu sTom Hano
PacCMOTpPeThb YeThIpe cydasi B 3aBHCHMOCTH OT M€CTa HeCOGCTBEHHOH TOUKH
B YeTBepKe.

[Tyctb, Hanpumep, CB = BD u touxa A_ Heco6eTBenHasi. Torma mo
Teopeme § 3, n. 5 u dopmyJse (4.2)

(A_BCD) = (CDA_B) = (DCBA_) = —(DCB) = —DBIBC = — 1,

T. €. JaHHas 4YeTBEpKa fBJIACTCA FapMOHH'—IeCKOﬁ. B Tpex APYyrux cjaydasax

JOK43aTeJbCTBA aHaJOTHYHBI.
Teopema JlI0OKa3aHa.

[Tpumep 1. Haiden (ABCD), ecau AB = BC = CD.
Pemenue. Ilo gopmyse (4.1) umeem:

(ABCD) = (ABC) : (ABD) = —2: (—7"’)

4
T

I[Tpumep 2. Buccekmpucol 8HYmperHe20 U 6HewHe20 Yer08 npu eep-
wune mpeyeorvruxa ABC nepecexarom npamyio AB 6 moukax K u L co-
omeemcmeenro. [oxasmeem, umo uemeepka A, B, K, L — eapmoHuseckas
(puc. 11).

Pem enue. IlocsofictBy Guc-
CEeKTPHCBHl BHYTDEHHEro yria Tpe-
yronbHuKa umeeM: | AK|: | KB| = A,
rae A = |AC|: |CB]l; Tak KaK Bek-

Topel AK u KB coHampaBJieHBl, TO

(ABK) = A. AHaJIOTHYHO 110 CBOKCTBY

GUCCEKTPHUCH BHeWHeTo yria (ABL)= 7 % /B L\
= —A. Ilostomy

(ABKL) = A : (—A) = —1. Puc. 11




TJIABA II.

MOHATUE MPOEKTUBHOH I1JIOCKOCTH

§ 5. PACLIMPEHHAS EBKJIUI0BA MJIOCKOCTD.
APOEKTHBHAS INJIOCKOCTb

1. IMepcnekTHBHOE QTOOpaKeHHe IVIOCKOCTH B cBs3ky. B § 1, ucxons
M3 IEePCIeKTHBHOTO OTOOpPaxKeHHsl MHOXECTBA TOYEK eBKJHIOBOH mpsi-
MOH B NYYOK NpPSIMBIX, MBI IPULVIM K NOHATHSAM pacCIUMpEHHOH eBKJIUAOBOM
npsiMoil ¥ NpPOEKTHUBHOH nNpsiMofi. AHAa/NOTHYHBIE PAaCCyXKAEHHs MPHBOLST
K TOHATHSIM pAaCIIMpPEHHOH €BKJIMIOBOH IUIOCKOCTH M INPOEKTHBHOH
IVIOCKOCTH.

B TpexMepHOM eBK/IHAOBOM mpocTpaHCTBe Ry paccMOTpuM c6s3ky 8
NpsSIMBIX M IIOCKOCTeH, T. €. MHOXKECTBO BCeX NpPSAMBIX M IJIOCKOCTeH,
NPOXOASILIMX Yepe3 ONHY TOUKY S, Ha3bIBAEMYIO YEHMpPOM CBS3KH.

BosbMmeM Teneps MIOCKOCTh Ry, He MPOXOASILYIO 4epe3 LEHTP CBA3KH,
¥ PacCMOTPHM MHOXKECTBO BCEX TOYeK M NPSIMBIX 3TOH miockoctd. Hac
GyleT HUHTepecoBaTh MOKa TOJbKO ONHO OTHOLIEHHE MeXJAy TOYKaMu H
NpsIMBIME TJIOCKOCTH R, — OTHOILIEHHE HHIUJEHTHOCTH.

Touka u npsimasi (IJIOCKOCTb) HAa3bIBAIOTCS UHYUOeHMHbIMY, €CIIH TOU-
Ka JIeKUT Ha OpsMOH (MJIOCKOCTH); HpsiMas M IJIOCKOCTh HashIBalOTCS
UHYUOeHMHbIMU, €CIH TIPsMasl JIEXKHT Ha IyockKocTd. O6GosHauaTh HHIH-
JIeHTHOCTh OyleM 3HaKaMH NpPUHANJIEKHOCTH U BKJoueHus: A €a, A €
€@, a C a; COOTBETCTBEHHO O0003HauyaeTcss HEHHUUAEHTHOCTh: A ¢ q,
a ¢ o. OTMeTHM, 4TO B HEKOTODBIX CJydYasix IpeanoyTuTesbHell Gbul Obi
KaKOH-ub0 CHUMMETPHYHBIH 3HaK, HOO B NPOEKTUBHOH reoMeTpHU Mpsi-
Mast — 3TO CaMOCTOSITE/IbHBI OOBEKT, a He TOYEUHOE MHOXKECTBO.

PaccmoTpum Tenepp oroGpaxkenue : R, — §, HasniBaeMoe nepcrnex-
MUBHbIM U COCTOSILIEE B TOM, YTO
Kaxjas touka A € R, orobpaxa-

eTcs Ha npsMylo SA, a xaxzaas nps-

) Masg a = R, — Ha mjaockocts (Sa),

T. €. Ha IJIOCKOCTb, MPOXOASLIYIO

@ yepes S u a (puc. 12). Orobpaxe-
I v(a) Y(a) HHe 1 onpele/asercs, TakKuM obpa-

30M, YCJIOBUSIMHU

’ 4 ¥ (4) = (SA), ¥ (a) = (Sa).
% Jlerko BujieTh, 4TO OTOGpaxeHHe
Puc. 12 1 HHBEKTHBHO. o OHO He sABJsAeTCA
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CIOpBeKIIMeH, TaK KaK IJIOCKOCTb ® € S, mapaienbHasi R,, He HMeer B
R, npooGpasa. He uMeroT npoo6pasoB u Bce NpsiMble CBA3KH, PacIoJo-
KeHHble B 3TOH NJIOCKOCTH. JIErKO BHJETb, UTO BCE OCTA/NbHBIE NpPSMBIE M
IJIOCKOCTH CBSA3KH HMEIOT Npoobpasbl. B najbHeineM NJIOCKOCTh © U
pacnosioxeHHble B Helf npsiMble 6y/eM HasbBaTh 0COObLMLL.

OcHOBHBIM CBOFCTBOM NE€PCNEKTHBHOTO OTOGpaXKEHHsl 1 SBJSETCS CO-
XpaHeHUe (B 0Ge CTOPOHBI) MHIMAEHTHOCTH:

Acae p(A) (). .1

2. PacwmpeHHasi eBKIHNO0BA MIIOCKOCTb. C LEJBIO «HCTIPABHTB»  Tiep-
CNEKTHBHOE OTOOpaxKeHHe MJIOCKOCTH B CBSI3KY TakK, UTOGBI OHO CTAJIO GHeK-
uuei, JONMOJHHM IIOCKOCTh R, HOBLIMH 3JeMeHTaMH — npoo6pasaMu
0COObIX NPSAMBIX M 0COOOH MJIOCKOCTH.

Touku, KoTophie 106aBJIAOTCA K MJIOCKOCTH R,, OyleM HasbBaTb He-
cobcmeernbimu UK OeCKoHeuno YyOareHHbIMI TOUKAMH TJIOCKOCTH U 0603Ha-
uaTh, HanpuMep, A _. I1pu 3ToM Kaxkmo#t 0coGoft NpsMOH CBSI3KM CTABUTCS
B COOTBETCTBHME OJlHA M TOJIBKO OJIHa HECOOCTBEHHAs TOYKA, NMPUHHMAaeMast
3a npoo6pas 3TOH NpsiMOH.

MHuoxecTBO a_, BCE€X HECOOCTBEHHBIX TOUEK HA3LIBAETCS HecOBCMBeHHO
Wi OecKoredto yoarennod npsamot, U 3Ta NpsMas NPHHHMAETCS 3a TPO-
06pa3 0co00H NJIOCKOCTH CBSI3KH.

Ilnockoets R, C NPHUCOENMHEHHBEIMH K HEH HECOGCTBEHHBIMHM SJIEMEH-
TaMu OyJleM HasbiBaTbh PACUIUPERHOL e8KAUO060L NAOCKOCHIbI0 U 0603HAUATE
R,. IlepcnexTuBHOE OTOGpaXKEHHE TeNePb MOXKHO CUMTATh [EHCTBYIOMIHM
M3 DaCUIMPEHHOH IJIOCKOCTH R, Ha CBA3KY §, INpHUEM 0 ONpelesNeHHIo
HECOGCTBEHHBIX JIEMEHTOB OHO ABJSETCS OUeKmusHoiM; ]IS Hero GyjaeM
ynotpeb/siTh 06o3HauYeHHe 1.

Tenepsr BMecTo TOro uTOOBI CKa3aTh: «0co0as MpsiMast CBSI3KM Napad-
JIeIbHa TIIOCKOCTH R3», MOXXHO TOBOPHTB: «0c00asi NpsiMasi CBSISKH Mepe-
CeKaeT pacilMpeHHYIO IJIOCKOCTb R, B HeCOGCTBEHHOI TOUKe», a TaKxKe
BMECTO: «0c00asi MJIOCKOCTh CBSI3KH NapaJjielbHa IMJIOCKOCTH Ry» MOMKHO
CKa3aTh: «ocobasi MJIOCKOCTb CBSI3KH NEpeceKaeT pacilHPEeHHYIO MJIOCKOCTh
R, 1o necoGcTBeHHON NMpsiMOFi».

3. CpojicTBa HecOOGCTBEHHBIX 3JIEMEHTOB. Y CTaHOBHM, KaKHe CBOMCTBa
cyeflyeT MNPHUNHCaTb HECOOCTBEHHBIM 3JIEMEHTaM, 4YTOOH IepCHeKTHBHOE
oTobpaxeHHe \p COXPAHSJIO HHIUAEHTHOCTb BCEr/a, a He TOJbKO IPH BO3-
JeHCTBUM Ha COOGCTBEHHBIE 3JE€MeHThl. VIHBIMH cioBamu, motpebyeM, yTo-

661 OCHOBHOE CBOKMCTBO (5.1) pacnpocTpaHs/oCh Ha BCIO DAaCLUIHPEHHYIO
TJIOCKOCTh:

A€ae p(4) (). (5.2)

CBofictBo 1. Ha kamdoii cobcmeerHol npamoil pacuiupenHoll
e6KAUd060U nAOCKOCMU UMeemCs HeCOOCMBEHHAS MOYKQ U NPUMOM MOABKO
00Ha.

INokxasateabctTso. IlycTe Ha miockocty R, AaHa npamas [
(puc. 13). O6osHauuM yepes m 0cobyio NPSIMYIO CBSI3KH, 0 KOTOPOH IJIO-
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ckoets P (I) mepecekaer ocobyio maockoctb @. IIpooGpas sroif mpsmoi
OTHOCHT@/IbHO OTOOpaxkeHusi | 06o3HauuM uyepes A _, C/eIOBaTe/NbHO,
P (A_) = m. A TaK Kak npsMas m Jexut B miockocrd § (1), o p (4,) <
< ¢ (/). Orciopa no cBoiicty (5.2) A_ € L.

JloxaxeM Tenepb €IMHCTBEHHOCTb HECOOGCTBEHHOM TOYKH Ha COOCTBEH-
Ho#t mpamo#. Ilyers A_, B € I— nBe Touku. Torzaa mo cofictBy (5.2)
$(A_), ¥ (B)=¥(!). Ho npamee ¢ (A_) u §(B,_) — ocobble, T. €. Je-

JKaT B IUIOCKOCTH ®, IMIO3TOMY Kaxkiasl M3 HUX JIEKHT B IJOCKOCTAX P (/)
U ®, CJeJoBaTeNbHO, OHHM COBNAJAIOT:

b (4.) =1 (B.,).

W3 GuektuBHOCTH OTOOpaxkeHus  cjaenyer, uto A = B _.

CBolicTBO 2. [laparrervHole npsamvle pacuiuperHoti eskaudo6oti
NAOCKOCMU Nepecekaromces 6 Hecobcmeen ot mouxe.

JoxkasaTteabcTBO. [lyctba, b, ¢ C—R2—- napaJJie/bible npsi-
Mble (puc. 14), a A, B_, C_—ux HecoGcTBeHHble TOuKH. O603HauMM
yepes m 0cobyio NPsMYIO, NapaJJelbHyIO0 NPSIMEIM a, b, ¢; o NpsMol m
oco6asi TJIOCKOCTb Nepecekaerca ¢ maockocramu ¥ (a), ¢ (b), ¥ (c). Obo-
3HauuM yepe3s M _ npooGpas mpsaMoi m; U3 m = P M) < ¥ (@) mo cBoii-
ctBy (5.2) cnenyer, yro M _€a. AnajsoruuHo nokxaxem, uro M_€ b, c.
Takum o6pasom, npameie a, b, ¢ nepecekarorcss B Touke M.

JlokasaHHOe CBOKCTBO MOXHO C(HOpPMYJMpOBAaTh U HHAye:

Ilapannesvrsle npamele Ha pacuiuperHoli esxaudosoll naockocmuy obpa-
3YIOM NYUOK ¢ HeCOOCIMBEHHbIM YEHIPOM.

4. Tlpocreiiline Teopembl 06 MHUMIEHTHOCTH HAa paCLIMPEHHOMN €BKJM-
noBoil maockocTH. [losb3ysich HOKa3aHHBIMH CBOHCTBaMH, MBI MOXKeEM
ONepHpoBaTh HECOOCTBEHHBIMH 3JIeMEHTaMH, He o0pamasicb K CBS3Ke.

[Tpexze Bcero, paccMOTPUM BONPOC O 3aAaHHH HECOGCTBEHHBIX dJIeMEHa
TOB Ha yeprexe. HecoGcTBeHHas NpsaMas g, HE HYXJAAeTcs B 3aJaHHH,
TaK Kak OHa enuHcTBeHHa. HecoGcTeennyio Touky M yno6HO 3aiaBaTh

NIOCPEACTBOM COGCTBEHHOH mNpsIMOM m1, Ha KOTOpOH OHa pacnoJioxeHa
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{puc. 15); 3TOT croco6 3ajaHHs OC- m

HoBaH Ha cBoiictBe 1. He cuenyer //m//M/
TOJIBKO JlyMaTh, YTO TOYKA HAaXOAHMT- / e
cs1 TaM, rJe CTOUT OYKBa; BCeria Ha- Mg

IO TOMHHTH, 4T0 M_ = m () a_. /

B cuny ceoiictBa 2 Touka M_ Mo-

xeT ObiTh 3aJlaHa M INpH [OMOLIH Puc. 15
JI000H U3 NMpSMBIX My, Mg, ..., Na-
paJlieNbHEIX M.

IlpuBenem Tenepp NpHMEp [0KAa3aTeIbCTBA TEOPEMBI.

Teopema 1. Cywecmsyem edurcmeeHHas npamas, UHYUOCHMHAS
08YM 1LPOUBBONLHBIM MOUKAM PACULUPEHHOL e8KAUO080L NAOCKOCIIL.

IIokKasaTeNnbCTBO pacnajaercs Ha TPH YacTH.

1) Ecu o6e naHHBIE TOYKH COOCTBEHHBIE, TO TEOpEMa BepHa B CHJY
aKCHOM €BKJIHJIOBOH TeOMeTpHU.

2) Tlycth onHA M3 JaHHBIX TOYeK, Touka A, coOcTBeHHas, a Jpyras,
B_, HecobetBennas. Touky B_ 3ajaiuM npu nomowu npsamoi b, B_€b.
Torna npsimas AB_ NoJkHA NPOXOAMTH yepes A mapassenbHo b. Cyme-
CTBOBaHHE H €JMHCTBEHHOCTb TaKOH NMpsMOH C/elyeT U3 aKCHOM eBKJIHUJO-
BOH TeOMEeTpHH.

3) Ecnu o6e naHHBIE TOYKH HeCOGCTBEHHBIE, TO IO OMpefeseHHIO Yepes
HHX MPOXOAUT HECOOCTBEHHasl mpsiMas U TOJNbKO OHA oiHa (cBoHcTBO 1).
Teopema foKa3aHa. CaMOCTOSITENbHO JNOKaKUTE CJELYIOLIYI0 TeopeMy.

Teopema 2. Cywecmsyem eOUHCMBEHHAR MOYKQA, UHYUOCHMHAHAA
08YMm NPOUBBOALHOIM NPAMOIM PACULUPEHHOLL e8KAL0080LE nAOCKOCTU.

5. OnpepelieHHe NPOEKTUBHON IJIOCKOCTH. BBenenHas HaMu paciidpeH-
Hasi MJIOCKOCTb 00JIaJlaeT CYIECTBEHHBIM HeYHOOCTBOM: Ha HeH HMeTCs
Kak cOOCTBEHHBIE, TaK U HecoOCTBEHHBIE TOUKU U NpsiMble. M XoTs cBoficTBa
COGCTBEHHBIX M HECOGCTBEHHEIX 3JIEMEHTOB BO MHOI'OM CXOJHBI, MBI HX BHI-
HYXJIeHbl pasinyaTb. Tak, HanpuUMep, MMEHHO 3TUM Obula BhI3BaHa He-
00XOIMMOCTh pacu/ieHeHHs] Ha TPU YacTH J0Ka3aTelbCcTBa TeopeMsl |
NpefbILyIero NyHKTa.

UToOH! «ypaBHATH B NpaBax» COGCTBEHHEIE U HECOGCTBEHHEIE 3JIEMEHTHI,
BBOJAHUTCA NOHATHE INPOEKTHBHOM MJOCKOCTH. sl 3TOro oOnpeleseHue
NPOEKTHBHOH IJIOCKOCTH JOJKHO GasupoBaTbCsl He HA NOHSATHU pacIIH-
PEHHOH eBKJIMJIOBOH IMJOCKOCTH, a HAa MOHATHU CBA3KH.

Onpepnenenue. Ilyctb P, — MHOXECTBO, COCTOsilllee M3 3Je-
MEHTOB IBYX POJIOB, Ha3blBaeMBIX COOTBETCTBEHHO MO4KAMU U NPAMbIMU,
IpUYeM TOYKH W NpSIMble CBSI3aHbl OTHOLIEHHEM, Ha3blBaeMBIM UHUUOeHM-
Hocmoero (LN KaXKIOoH NaHHOH TOYKH M KaXKJo# NaHHOH MpsIMOi H3BECTHO,
HHIUIEHTHBl OHM HJK HeT). Ecnu cyuecTByeT OHEKTHBHOe oTOGpaKeHHe
g:P,—~ S8, rie S —cBi3Ka npsAMBIX M IUIOCKOCTEH, HPH KOTOPOM
Kaxjasa Touka A € P, oroGpakaeTcsi Ha MPSAMYIO CBSI3KH, a Kaxkjas nps-
Mass a € P, — Ha IJIOCKOCTh CB3KM M coxpaHsercsi (B 006e CTOpOHHI)
HHIMAEHTHOCTh, TO P, Ha3bIBaeTCsl NpPOeKmuBHOLi NAOCKOCHIbIO.

Takum o6pasoM, OIHH U Te Ke (aKTHl MOT'YT Tenepb GbITh BhIPaXKEHHI
KaK Ha si3blKe €BKJIMJOBOH IeOMETPHM, TaK M Ha sI3blKe MPOEKTHBHOH B
COOTBETCTBHH CO CJeAyIolel CJaOBapHOH Tabauueii:
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S13bIK eBKJIHJIOBOII T€OMETPHH SI3bIK TPOEKTHBHON reoMeTpHH

Cpsizka npsMBIX ¥ mockocTed (§) IMTpoektuBHast miaockocTs (Py)
IpsiMasi cBA3KH Touka

[TnocKOCTb CBSISKH [Tpsimas

WHuupeHTHOCTD HHUHieHTHOCTD

Oro6paxenue § : R,— § U TOXAeCTBeHHOe oToGpakeHne S — S
GHEKTUBHBI M COXPAHSIOT HMHIMIEHTHOCTb. I103TOMY paciuvpeHHas eBKJH-

JIOBa IJIOCKOCTb R2 U CBSI3Ka § sABJSIOTCS IIPOEKTHUBHBIMHU NJIOCKOCTSAMH.

Tak Kak npu OToOpax<eHHH 1 COXpaHseTCs MHIMIEHTHOCTb, TO MHOXKeE-
CTBO TOYEK, MHIUAEHTHBIX KaKOH-JHOO IpPSIMOI MPOEKTHBHO!N IIOCKOCTH,
oToGpaXkaeTcss Ha NYYOK NPSMBIX, Jexalluii B NJIOCKOCTH CBs3KH. Ilo-
3TOMY B CHJIy ONpeleseHusi, JaHHoro B § 1, m. 2, npamas npoexmusroil
NAOCKOCMU, PACCMAMPUBAEMAS KAK MHONCECMBO UHYUOeHMHbIx el mouex,
ecms npoekmusHas npamas P;.

LlenecooGpa3HOCTb BBENEHHS! MOHATHS NMPOEKTHBHOH MJIOCKOCTH BHIHA,
HanpuMep, U3 J0Ka3aTe/lbCTBa TeopeMbl | MpeablfyIlero NyHKTa, KOTOpYIo
Tenepb cjaefyer chopMynHpOBaTh Tak.

Teopewma. Cyuecmsyem eOUHCMBEHHAL NPAMAR, UHYUOEHMHAS
0syMm PABAUYHBIM MOYKAM NPOEKMUBHOU NAOCKOCMU.

HJokasaTeabcTBO. B nepeBoie Ha f3bIK €BKJHNIOBOH I'eOMeT-
puu Teopema (HOPMYJHPYETCS TaK: Cyujecmeyem eOUHCMBEeHHAs NAOCKOCHL
C8ABKU, UHYUOCHMHAS 08YM PASAULHOIM NPAMBIM CBA3KU. DTO YTBEPKIEHHE
BBITEKaeT M3 aKCHOM eBKJIHIOBOH IeOMEeTPHH.

[TpeuMyIecTBO 3TOro JOKa3aTeNbCTBA B TOM, YTO €ro He MNPHIILIOCH
pasbuBath Ha OTHeJbHble yacTH. [Ipu paccMoTpeHuu GoJiee CIOKHBIX BO-
IIPOCOB NPEHMYLIECTB 3HAUUTEJNbHO GOJbLIIe.

Ilpy wW3ydYeHHM CBOHCTB NpPOEKTHBHOH INVIOCKOCTH MBI 4acTo GyjaeM
NOJIb30BaThCsl (OCOGEHHO NPH BBIIOJHEHHH YepTexkel) ee YacCTHBIM Cayya-
€M — pacCUINPeHHOH eBKJIMAOBOH MIOCKOCTbI0. ONHAKO NMpH 3TOM CJeayeT
IIOMHHTb O HEJOCTaTKax TaKoro moxxofa. HeomelTHOro uutaresns MomeT
BBECTH B 3a6/yXKJeHHE TO OGCTOSITENLCTBO, YTO HA PACIIHPEHHOH eBKJIH-
JIOBOH MJIOCKOCTH TOUKH U MpSIMBIE CBSI3aHBI HE TOJIBKO OTHONIEHHEM HHIIH-
IEHTHOCTH (a2 MMEHHO TOJbKO OHO MO CYWIECTBY H SIBJSIETCS NPEIMETOM
H3y4yeHMs] B MPOEKTHBHOH I'eOMETPHHM); OHU CBA3aHBl U APYTMMH OTHOLIE-
HHSIMH, TAaKWMH, KaK NapaJyieJbHOCTb NPSMEBIX, KOHTPYIHTHOCTH OTpE3-
KOB H T. II., KOTOpbIE B IPOEKTHBHOH IeOMETPUH He H3yYaloTCs.

§ 6. MPGEKTUBHASl CUCTEMA KOOPAWHAT

1. OnpexeneHde W 3ajaHHe NPOEKTHUBHBLIX Koopauuat. ITpeofpasosa-
HHe KoopauHaT. IIpoeKTHBHEIE KOOPAMHATHl HA IJIOCKOCTH BBOAATCH TaK
Ke, Kak u Ha npsiMo#i. Cuurasi, 4TO YUTATeNb JOCTATOYHO TUIATENbHO IPOpa-
Goran § 2, rie paccMaTpuBajach IPOEKTHBHAsl CHCTeMa KOOPAMHAT Ha
NpsIMOH, MBI OCTAHOBHMCS KPaTKO Ha OCHOBHBIX aKTax, OTHOCAIIHUXCS K
NPOEKTHBHOH CHCTeMe KOOpPAMHAT Ha IIOCKOCTH, H Pl YTBEPKAEHHH
npusefieM 6Ge3 JqkasaTeNbCTBa.
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Bynem mnosb3oBaTbcst eBK/IMIOBOH TepMHHOJOTHeH. Ilyere wuMeercs

-
cBA3Ka § ¢ ueHTpoM S u abduHHAs cucTeMa KoOpAHHar (S, e;), rue i =
=1, 2, 3. Toraa so6as npsimass X CBSI3KH MOXKeT ObITh 3ajjlaHa CBOMM Ha-
-

NpaBJSIOUMM BEKTOPOM X, a 3TOT MNOCJeJHHH — TPOHKOH (X;, X,, Xs3)

>
CBOMX KoopIMHaT B cucteMe (S, ¢;). Knacc nponopuuoHaNbHEIX TPOEK C
npeicTaBUTENeM (X;, X,, X;) HAa3bLIBAETCS MPOEKMUBHOL KOOPOUHAMOLL
npamoti X cBA3KH. Kak u paHee, OyIyT NpUMEHATbCA Clenywoiue o6o-
3HAyeHHUs:

X1
X (% 1 %51 %), X =] %]
X3

Teopema 0 TOM, YTO rOMOTETHYHBIE CHCTEMBI KOOPAMHAT ONPENEJSIOT
B CBsI3KE OfHY U TY XK€ NPOEKTUBHYIO CHCTEMY KOOpAMHAT (cM. § 2, m. 2),
MMeeT MeCTO M B JlaHHOM ciyuae. Ee 10Ka3aTesqbCTBO NpeNOCTaBJsiEM UH-
TaTeJio.

C nomotbio 3Tofl TeopeMbl J0Ka3bIBaeTCsl TeopeMa O 3alaHHU [POEKTHB-
HBIX KOOpAMHAT BHYTPEHHHMH CPelCTBaMM, KOTOpas IJis MJIOCKOCTH op-
MYJHpYeTcsl CJIeLyIOlHM o6pa3oM:

Teopema. Kaxoser 661 Hu Gorau uemeipe mousku Ey, E,, E,;, E,
NPOEKMUBHOL NAOCKOCMU, U3 KOMOPbIX HUKAKUEe MPU HE KOAAUHEAPHbL
(T. e. He JieXXaT Ha OIHOH NpSIMOR), cywecmsyem eOUHCMBEHHAS CUCMEMA
NPOEKMUBHbLX KOOPOUHAM, 8 KOMOpPOL 3mu mMOYKU UMErm KOoopOuHamet

E, (1: 0: 0), E, (0: 1: 0), E; (0: 0: 1), E, (1: 1: 1).

JlokasaTesbCTBO 3TOH TeopeMBl Mo o6pasiy TeopeMul § 2, m. 3 mpeno-
CTaBJISIeTCs] BBIIOJNHHUTH YHTATEJIO.

Takum 06pasoM, cucmema nPoeKmusHolx KOOPOUHAM HA NAOCKOCMU onpe-
Oeasemces, uemsepkol mouex, He Koaruneaprolx no mpu. Touku E;, i=1, 2,
3, 0, Ha3BIBAIOTCH (PYHOAMEHMAAGHOIMU MOUKAMU TIPOEKTHBHOH CHCTEMBI
KoopAuHar, npuuyeM mpu { = 1, 2, 3 oHH, KpOMe TOro, HasHIBAaIOTCH KO-
opOunamueimu, a TOuKa E,— edunuunot. Tlpsmele E,Eg, ELE,,
E\E , Ha3bIBAIOTCSA KOOPOUHAMHBIMU NPAMBIMUL.

W Hakouen, oTMetuM, uto dopmynasl (2.2) u (2.4) npeoGpasoBaHus
NPOEKTUBHBIX KOOPIAMHAT ANf CaAyyasl IJIOCKOCTH B MaTpPUYHOM BHIE 3a-
IIHCHIBAIOTCS] TOYHO TaK K€, TONBKO MaTpHUE P U @ Telepb HEBHIPOXKIEH-
Hble MaTpULBI TpeThero mopsiaka, a X u X’ cronbubl U3 TPeX 3JeMEeHTOB:

AX' = PX, 6.1)
nX = QX'. (6.2)

[Tonpo6Ho dopmyaa (6.1) 3anuceiBaeTcst B BUAE CHCTEMBI:

M‘i = puX1 + P1a¥s + P1s¥s,
Axy = puXs + PaoXs + Pas¥s, (6.3)
Axy = pa1X; + P3o¥s + Pas¥se

AHaJsorHyHO MOXHO 3anucath u dopmyay (6.2).
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BriepBrle mpoeKTHBHbIE KOODAMHATHI Ha paCIIMPEHHOH eBKJMIOBOH
IJIOCKOCTH NOJ Ha3BaHHeM OGapUIlEHTPUUECKHX KOOpAuHAT BBea Mebuycl,
UCXONMBIUMH H3 OPUTHHANBbHBIX MeXaHH4YeCKHX coobpaxenuil. B Hammx
TEepMHHaX GapHUIEHTPHYeCKHe KOODAHHATHI MOXKHO OIpENeNuTb Kak clie-
UHaNbHBIH CJaYy4all NPOEKTHBHBIX, XapaKTepU3YIOLIUNACA TeM, YTO eJlHHHY-
Hasl Touka E, HaXOMuTCA B TOUKe MepeceueHHst MeJuaH KOOpIAHHATHOTO
TpeyronbHuKa E E,Eg. Mebuyc u ITnokkep? mosoXuiau Hayaso CHCTeMa-
THYECKOMY HCIOJb30BAHUIO aHAJUTHYECKHX METOJOB B NPOEKTHBHOH reo-
MeTpHH.

2. YcioBue KONHHEAPHOCTH TPeX TOUeK M ypaBHeHue npsmoii. Koop-
auHaThl npsmoi. ITycTe B HEKOTOPOH CHCTEME IIPOEKTHBHBIX KOOPJAHMHAT
JaHbl KOOPJHMHATHI TpPeX TOYeK:

a; b, Cy
A = (12 y B = b2 , C = 02 .
ag bs Cg

(Hanomm—xaeM, YTO TOYKH H HX KOOpIAUWHATHBIC CTOJIOB! MBI YCJOBUAUCH

- - -
o6o3HauaTh OfHOH GYyKBOH.) BekTopsl a (ay, @y, @), b (by, by, by), C (¢4,
Cy, C3) SIBJISIIOTCS HANpaBJ/IsIOLUMMH BEKTOPaMH COOTBETCTBYIOLIWX MPSIMBIX
cs3ku. [lostoMy ycaosue koarurneaprocmu movex A, B, C ecTb ycioBue

-

- -

KOMILJIAHAPDHOCTHU BEKTOPOB Q, b, C:
a, by ¢
a, by ¢,| =0. 6.4)
ag by cq

HaiineM ypasrenue npamod, mnpoxonseil yepes Toukd A (a; : a,: aj)
H B (b :b,:b;). BosbMeM npou3BOMBHYIO TOUKY X (X @ X, : X3),
gexamyio Ha (AB). YpasHenueM npsmois AB Gyfer ycioBHe KOJIHHeap-
HocTH Touek A, B, X:

Xy a by
Xy @y byl =0 (6.5)
Xg Q5 bg
WK
a, by, |a, by a; by| _
x‘l by x2‘a§ oo T % |at by =0

3aMeTHM, 4TO XOTs Gbl OfMH U3 K03h(dHIHEHTOB MOC/NENHEro ypaBHe-
HHS OTJIHYEH OT HYyJs. DTO cJielyeT U3 HENpONOPLUOHANBHOCTH CTOJIO-
moB A u B.

Mur BuauM, 4YTO ypaBHeHUe BCSAKOH NpAMOH JHHEHAHO H OLHOPOIHO
OTHOCHTE/JIbHO TeKYIIHX KoopAuHaT. BepHo u ofpaTHoe yTBepkKAeHHe.

Teopema. Bcakoe aunetinoe o0HopoOHoe ypasHeHue

Xy + Uy 4+ Ugxy = 0, (6.6)

1 Asrycr ®epaunang Mebuyc (1790— 1868) — nemeuxuii reomerp.
2 1Onnyc ITniokkep (1801—1868) — Hemeuxuit reomeTp u QH3HK.
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KO3(hhuyuermol  KOmMopozo 06pasyrom HeHysesyrw mpotxy (uy, Uy, Ug),
ecmo ypagHerue HeKomopol npamod.

HorkasarteabcTBo. Ilonaras ansa onpeieieHHOCTH u; 5= 0,
BO3bMEM [BE pas/iMuHble TOUKH A (—u, : u; :0) u B (—uy : 0: uy), Ko-
OpAMHATBL KOTOPHIX YIOBJIETBOPSIOT JaHHOMY ypaBHeHuio. Haxoxms mno
dopmyne (6.5) ypaBHeHue mpsiMoit AB, mnosyyaem JaHHOe YpaBHEHHE
6.6).

Teopema jpokasaHa.

Onpeneanenne Knacc nponopuuoHa/ibHbIX HEHYJIEBBIX TPOEK
¢ npexacrasuteneM (i, 4o, Us) HasblBaeTcsi koopduramoil npsamoi, ompe-
Iensiemoii ypaBHeHueM (6.6).

HyneBas Tpofika cyuTaeTcsi 3alpelleHHOH, efi He OTBeYaeT HHUKaKad
npsMas.

Kak u B cnyyae Touek, 6yZeM JHONMycKaTb HEKOTOPYIO BOJBHOCTL peyH,
HaspBasl yuc/ia U, U,, Uz KoopAuHaTamu. CTPOKY H3 KOOpPAMHAT YCJO-
BHUMCS 0003HayaTh TOH Ke OYKBOH, YTO U caMy NPAMYIO: U == || uy, U, Uy ]

Y paBHeHue npsmoi (6.6) 6yxeM HHoOrIa 3aNMCHIBATh B MaTPHYHOM BHJE!

uX = 0. (6.7)

B cuny paBeHCTBa HYJIIO onpenenutesisi U3 ¢popMyast (6.5) ero cronGust
JMHeHO 3aBUCUMBL. Tak Kak Toukd A u B pasnuuHbl, TO BTOPO# H TPeTHH
cTon6ubl He3aBHUCHMBI, U NO3TOMY INEPBBIH CTOJOEL MOXKHO INPEICTaBUTb
KaK HX JIUHEHHYI0 KOMOHHAIMIO:

Xy a, b,
Xl =allay| +B|b,
X3 ay bs
WU
X, = aa; + Pby,
X, = aa, -+ Pb,, (6.8)
X, = aa; + Pbg.

3ro — napamempuueckue ypassenus npamoié. OHH Moryt OHITb 3a-
[UCaHBl U B MATPUYHOH (opMme:

X = ad + BB. (6.9)

Kaxnoit nape uucen (., ) oTBeuaeT onpeneneHHas Touka npsmMoil AB,
fpuyeM NPONOPLUOHANBHBIM NMapaM H TOJbKO UM COOTBETCTBYET OAHA H
Ta e TOYKa, TaK KaK CTOJOLbI

X=aA4+pB u X' =a'A 4+ p'B

NPOMNOPLHOHANBHEL TOTAA M TONBKO TOrJA, KOrja NPOMOPIHOHAJBHBI Ma-
pel (@, f) u (&, B).

3. YcioBue NpHHANJEXKHOCTH TpeX NPAMBIX ogHomy myuky. Hafizem
ycioBHe, npu KotopoM Tpu npsamble ! (l :ly:1l3), m (my: my: mg),
n (n, : ny : ny) NPOXORAT uepe3 OAHY TOYKY (NpHHANJEXKAT OJHOMY Myuy-
Ky). JaHHbBle mpsAMble HMEOT OOILYI0 TOYKY TOTZa U TOJbKO TOrJa, Koria
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cucrema:
Lxy + lyxs o+ lxy =0,
MmyXy + MyXy + Mgxs = 0,
mXy + ngXy + ngxg =0

HMeeT HeHyJseBoe peluieHue. M3 anreGpel H3BeCcTHO, 4YTO 3TO GyAeT Toria,
Korga

ll l2 l3
ml My m3 = O. (6. 10)
ny ny, ng

3TO M eCTb YycaoBue NPUHAOAEHCHOCMU Mmpex NPAMbLX 00HOMY NYy4Ky.

YcroBHe TOro, YTo NpsAMas u (U; : U, : Us) IPUHANIENKHUT YUKy, Orpe-
JensemoMy npsambiMu [ (L : 1y 1) u m (my @ my i my), MOXKET OHITH 3a-
IIHCAHO TaK:

U, U, Ug
L 1, Iy |=0.
my mgy My

Orciona cnepyer, 4TO CTPOKA & M eCTh JHHefHass KOMOMHALMS CTPOK [
um

u=AM 4 pm (6.11)
HWId B TNOAPOOCHOH 3amuCH:

Uy = Ay 4 pmy,,
Uy = My + pm,, (6.12)
us = Mg + pms.

YpaBHenusi (6.11) u (6.12) HasbIBalOTCA napamempuuecKUMU YpasHe-
Huamu nyuka. CpaBHHBas HX C NapaMeTPUYECKUMH YPaBHEHHSMH Ipsi-
moi#i (6.8) u (6.9), o6HapyXuBaeM GONbILOE CXOACTBO, IMyGOKHE MPUYMHEL
KOTOpPOro 3aKJIOYeHbl B CTPOSHHH NPOEKTHBHOf IJIOCKOCTH M BCKPHIBAIOTCS
B§ S8, m 1.

IIpumep 1. Haiidem ypasHenus KoOpOUHAMHBIX NPAMBIX.

Pemenne. CornacHo dopmyne (6.5) ypaBHeHue mnpsMoii E,Eg
MMeeT BHL:

x 00
x, 10}=0.
%301

INoncuuTbiBas onpefenutenb, nomyudaeM x, = 0. AHaJOrHyHO HaxonaTcs
ypaBHeHHUs APYTMX KOOPAHMHATHHIX NPSAMEIX: X, = 0, x; = 0.
IIpumep 2. Haiiem mouxy nepecesenus npameix u (2:—1:1)
no(l:3:-=2).
PemeHue Pemas ciucremy:

{2"1_ Xs+ % =0,
% -+ 3%, — 2x3 = 0,
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COCTAaBJIEHHYIO M3 YpDaBHEHMH JaHHBIX MNPSMBIX, HaXOXMM:
xlzxzzx3=|_'é _él:— % _él: l% _él=—l :5 7.

3T0 U ecThb KOOpJAUHATHI TOYKH INEePECCUEeHHUs.

I puMeuvaHHe. 3nech u Jlajiee HCI0JIb30BaH H3BeCTHBIH crmocob pemenusa CcH-
CcTeM JIMHEHHBIX OLHOPOAHBIX HE3aBHCHMbBIX ypaBHeHPlﬁ, B KOTOPBIX YHCJO HEH3BECTHhIX
Ha eIMHHLY GoJibllie YHCJa ypaBHEeHHH.

[Ipumep 3. Haiidem mouxy nepecewernus npamoti u (2:—1:1)
¢ npamot, npoxodsueil uepes mouku A (2:—1:0) u B(@3:—3:1).

Pemenue. [lepseui cnocob. 1o dopmyse (6.5) HaxonuM ypaBHEHHE
npsiMoii AB u peluaeM ero COBMECTHO C ypaBHeHHeM npsiMoi u. IIposene-
HHe BBIYMCJIEHHH NPENOCTaB/ISETCS YHTATeJIo.

Bmopoii cnoco6. PewuM Ty e 3afiauy IpH NOMOLIHY HapaMeTPHYeCKHX
ypaBHeHu#i mpsiMmoii AB, Koropele corsiacHO dopmyse (6.8) umeroT BHA:

X = 200 _I_ 369
Xy = —o — 38,
Xy = B.

OnpenenuM, Npy KaKHX 3HAUEHHSIX NapaMeTpPoB o M  KOOPAMHATHI
TeKyIuell TOukKH npsiMoii AB YNOBNETBODSIOT ypPaBHEHMIO NPAMOH u.

Hmeewm:

2@0+3p) —(—a—3p) +B=0
WM mocsie ynpouleHuii: a 4 2B = 0. MoxHo nonoxuth o = 2, f = —1
JuG0 B3sTh KaKue-1u6o Ipyrue, NpONOPHHOHANbHBIE 3HaueHHA o U P.
U3 napamerpuueckux ypaBHeHHH npsMoii AB npH 3THX 3HaueHHAX napa-
MeTpoB mosiyyaeM x; = 1, x, = 1, x3 = —1. CiepoBaresqpHO, HCKOMasi
TOUKa uMeeT KoopauHathl (1 :1:—1).

Mpumep 4. Hanor uemoipe mouku: A (5:1:0), B(1:0:0),
C@:3:1),D(:—1:2). Hatidem roopdunamer mouku M = (AB) N
N (€D).

Pemenue OG6o3HauuM KOOpAHHATEI HCKOMOH TOYKM M uepes
(%, : X5 : x3). Torma us M € (AB) B cuny (6.9) cnenyer M = aA + PB
HITH
X1
Xo
X3

=a|l| +p

?

5
1
0

1
0
0

oTKyga x5 = 0.
Amnasnoruuso us M € (CD) cnenyer M = yC + 8D unu

X 2 1
Xyl = ||3| + 6||—1].
X 1 2

Uro6bl B INOCJAEIHEM YpaBHEHHH NOJNYYHTh X3 = 0, NOJOXHM Yy = 2,
0 = —I1. Ilonyuaem:

3

71
0

M=
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I[Tpumep 5 Hailidem ypasrenue npamoti, npoxodsauwel uepe3 mouxky
nepeceuerus npamex L (2:—1:1), m({1:1:—1)umouxy A @ :—1:3).
Pemenue MoxXHO HaliTU CHayana KOOpAHHATHI TOYKH B = [ ()

(\m, a noToM HalTH ypaBHeHHE HCKOMOI NpSAMOI IO ABYM H3BECTHBIM
TOYKaM.

Ms1 peunM 3ajauy, no/ib3ysch YCJIOBHEM IPHHANJIEKHOCTH TPeX Npsi-
MbiX (I, m u uckomolt u) opHoMmy nyuky. Ilo ¢opmyne (6.11) u = M +
4+ wm wnau

Weg, g, ug |l = A12, =1, 1| 4+ p (|1, I, =1l =
= |I2A + p, —A Fp, A —pl],

rhe (U4 : Uy : Uz) — KOOPAHHATHI UCKOMO IpPSIMOH #, YpaBHEHHE KOTOpPO#
Tenepb MOXKHO 3aMucaTh B CJIEAYIOIIEM BHIE:

@A 4+ wx + (—A 4+ px, + A — pxz = 0.
[TosyyeHHOMY ypaBHEHHUIO YIOBJIETBOPSIOT KoopAuHaThl ToUKU A. ITostomy
A+ W24+ (—A4+p- - =)+ Ar—p- -3=0,

OTKyJa mnocie ynpoueHu#d mnonysaeM 4A — p = 0. Ilomaras A =1,
u = 4, HaxomuMm u = ||6, 3, —3||. CoxpaTHB KOOpAHHATH Ha 3, momy-
qaeM ypaBHEHHEe HCKOMOH MpsaMoH
2%, 4+ x4 — x5 = 0.
ITIpuwmep 6. Hanot 0se cucmemor nPOEKMUBHbLX KOOPOUHAM HA HAO-
ckocmu P, — R = R (E;) u R" = R (E}), npuuem usgecmub K0OpOUHa-
moL mouex E;, i =1,2,3,0, 6cucmeme R: E;(1:1:1), E;(0:0:1),

Es(—1:2:1), Eg(0:3:1). Hatidem ypasrenus nepexoda om o00HOU
cucmemst K Opyeoti.

PemeHnue. YpapHeHus mepexoia OyAeM HCKaTb B BHIE CHCTEMHI,
sBJIsTIOLIEiics TOAPOGHOM 3amMuUChi0 MaTpUuHOro ypaeHeHHus (6.2):
px; = ‘711"{ + qux; + ‘hsxéy
WXy = ‘72‘1)‘; + qzzx; + ‘723?‘;13»
Pxz = ‘731’5; + qazx; + ‘733"&-
Haiiiem uncna g;; — anemeHTs! MaTpuusl Q.

Ham usBecTHBI KOOpAMHATHI (YHJaMEHTaJbHBIX ToYeK E; B IBYX KO-
OpIMHATHEIX CHCTEMAX:

El E2 ES EO
B cucTeme R 1:1:1 0:0:1 | —1:2:1 ‘ 0:3:1
B cucreme R’ 1:0:0 0:1:0 0:0:1 1:1:1

IToacraBnsss 3TH KOOpAMHATHI B YypaBHEHUs Mepexoia, MHONydyaeM
IBeHanuath ypasHeHuii. Ilpu 3ToM Heo6XoZMMO HOMHHTb, 4TO KO3(du-

IMEHT NPONOPIHOHAIBHOCTH U AJIF KaXKAOH U3 YeThIpeXx TOueK MMEeT CBoe
sHayenue. [lomyyaem:
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H1 = a1, = G32, 1203 = Gaz, | 3Mo = Gar + G22 + Gos»
W1 = g31, Ho = G392, K3 = (33, Ko = G31 + G32 + G3s-

3HaueHHs g;; U3 NEPBEIX NEBATH yPaBHEHH{l MOJCTABJISEM B MOCJEIHHE

{Pq = 11 [0 = Q19 {—Hs = 13, {0 i1 + G2 + Giss

TpH:
0= — Ua,
3o = + 2u3,
Bo = Wy + Mg + Kg.
HaxonuM pelueHue 3TOH CHCTeMBI:
0—10 1 —10] |100
Byileipg=|0 23|:—|1 23]|:]/103|=—-3:3:—-3
TR T 1o11) 111
[onaras w; = 1, p, = —1, py = 1, nosyuyaem Bce 3JeMEHTbI HCKOMOH
MaTpPHULBL:
1 0—I
Q=1 0 2|
1 —1 1
YpaBHeHus mepexola, CJeNOBaTeNbHO, HMEIOT BHJ:
wx, = X — Xy
W‘z = x[ + 2x37

WXy = X, — X, 4+ X,

Pemenunift npumep aHasnordueH npumepy 1 us § 2.

[MMpumep 7. Touka A 6 cucmeme R u3 npedoiOywiezo npumepa umeem
xoopdunamet (1 : —1 : 0). Hatidem ee koopdurnamer & cucmeme R’'.

Pemenue JlaHHbe KOOpPJAUHATHI MOACTABJsiEM B HaiiJleHHbIE BbI-
llle ypaBHEHusi, CBs3bIBAIOLIME KOOPAMHATHL TOUKH B CHCTeMax R u R':

Pemmas 3Ty cucTeMy OTHOCHTENILHO X @ X, : X,, TOJyyaem:

0—1 1 1 —1 1 1 0 1
x;:x;:x;= 0 2—1}:—|1 2 —1 1 0—1!:1:—1:—2.

—1 1 0 1 1 0] |I—-1 0
OTo U ecThb KoopAHHATHL ToukH A B cucteme R,

§ 7. OIHOPOAHBIE A®dUHHBIE KOOPAUHATHI
HA PACIHIHPEHHOH EBKJIMI0 BOH MJIOCKOCTH

1. Onpegenenve onHopopHbeIx adduHHBIX KoopauHat. Tak Kak pac-
IIMpeHHasi eBKINJ0BA MIOCKOCTb R, sIBJIsIETCS NPOEKTHBHOM IJIOCKOCTBIO,
TO BCe (aKThl aHATHTHUYECKOH reoMeTpHH, yCTaHOBJEHHHE B § 6, umelor
MECTO M Ha pPAaCIUHPEHHOH eBKJHJO0BOH minockKocTd. OnHaKo B CBfI3M C
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Y, £ oo 0co60f pOJIbI0 HECOOCTBEHHBIX 3Jle-

/ £o MEHTOB MOSBJAIOTCA HEKOTOphle HO-

g £  Bble QaKTEl, KOTOPEIE NDEJCTABJISIOT
MHTEPeC B eBKJHMJOBOH TeOMETpHH,

HO TepAIOT CMBICA B NPOEKTHBHOH.

- s u3yuyeHus 3THX BOMNpPOCOB YH0G-
g & £, 00 HO BOCIONB30BATHCS ONHOPOIHBIMH
7Es X abdHHHBEIMH KOOpAMHATaMHM, SBJSIO-

LIMMHCS €CTeCTBEHHBIM 0000IeHHeM
OIHOPOAHBIX ah(UHHBIX KOOpAHHAT
Ha pacClUHpPEHHOH eBKJUAOBOH Nps-
Molt (cM. § 2, m. 5) WM YaCTHBIM CJyyaeM NPOEKTHBHEIX KOOpAHHAT.

Onpenenenune. IlpoektuBHas cucremMa KoopauHat R (E,, E,,
E;3, Ey) Ha paclIMpPeHHOH €BKJHJOBOH IJIOCKOCTH Ha3bIBaeTCs CUCMEMOL
00HOPOOHBLX agpurHbix KOOpOuHam, eCi KOOpAHHaTHEEe Touku E;, E, He-
COGCTBEHHEIE.

O6biuHas cucreMa abdUHHEIX KOOpIAHMHAT HA HepaCIIMPEeHHOH MJIOCKO-
CTH HasbIBaeTcs1 He0OHOpoOHot. OHa MOXKeT GBITh 3aJlaHa OCSIMH H TOUKoi E
¢ KoopauHatamu (1, 1), u6o npu 3THX YC/IOBHUSIX JIETKO HAXOAHMTCS Hauaso
KOODJAMHAT U OPTHI OCeH.

Onpenenenue. CucreMa HeOIHOPOXHBIX aQdHUHHBIX KOOPAHHAT
Ha nyockocTH R,, 3amanHas ocamu OX, OY u Toukoit E (1, 1), u cucrema
OIHOPOIHBEIX ah(dUHHBEIX KOOpAMHAT Ha IJIOCKOCTH R,, 3ajaHHas ¢yHIa-
MeHTaslbHbIMH TouKamu E|_, E, , E,, E, (puc. 16), HasbiBaoTCA coomeem-

cmeyrowjumu pu CJAEAYIOIHX YCJIOBHAX:
0 = E;, (0X) = (BsE,), (OY) = (EsE,), E=E,. (1)

Cpasy 3aMeTumM, 4TO ypaBHeHHe HECOOCTBEHHOH NMpPSIMOH B OZHOPOIHEIX
adbUHHBIX KOOpAHHaTax HMeeT BUI X3 = 0. 310 ciexyer u3 npumepa l
(cM. § 6), ecan yuecTb, uUTO HeCOGCTBEHHAsl MpsiMast SIBJsSIETCSl KOOpJAMHAT-
Hol mpsamolt E,_E, .

2. CBs13b ogHOpOAHBIX adPHHHBIX KOOPIHHAT C HEOJHOPOIXHBIMH.

Teopewma. Cobcmsennas mouka naockocmu R,, umerowas Heoo-
HOpoOHble Koopduramet (x, y), 8 coomsemcmsyroujell 00HOPOOHOU cucmeme
umeem xoopOunamer (x @y : 1). Hecobcmsernnaa mouxka naockocmu R,

-
onpedeasemas npamoil ¢ Hanpagasowum sexmopom ¢ = (a, b), 8 00Hopoo-
Hoti cucmeme umeem xoopOunamot (a : b : 0).

HokaszaTeabcTBO. [IycTh HEOZHOPOAHAS CHCTEMAa KOOpIAMHAT
Ha mjockocty R, 3ajgana ocamu OX, OY wu touko#t E (1, 1). Torma co-
OTBETCTBYIOLIAas ONHOPOLHAs cucTeMa Ha R, corsacHo (7.1) 3amaerca He-
cobcTBeHHBIMU Toukamu E|, E,  oceit OX, OY, Toukoi E; nepeceuenns
oceil u Toukoit E, = E.

[TpuBenem miockocTh R, B NMepPCHEKTHBHOE COOTBETCTBHE C HEKOTOPOIt

-
cBsi3koit §. B 3Tofi cBAI3Ke yCTaHOBHM CHCTeMy KoopauHar (S, e), rie
- —_—

- -

e;, €, — OPTBl Ocefl HEONHODOAHOH CHCTeMBHl KOOpIMHAaT U e; = SE,
- - e —
(puc. 17). Jlerko BUAETb, 4TO NPH 3TOM &; +- €, 4 e; = SE|, T. e. Hanpas-

Puc. 16
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asomui Bektop SE, npamoit SE,
uMeeT Koopauuatel (1, 1, 1).

Torna npsmeie SE; B cBfA3Ke H,
clefoBaTeNbHO, TOYKH E;, =1,
2, 3, 0, Ha nuockoctH O6yIyT
MMeTb KOOpIMHAThl COOTBETCTBEHHO
(1:0:0, (©:1:0), 0:0:1),
(I : 1:1). ITosToMy KOOpAUHATEI NPO-
U3BO/IbHON ToukH M € R, 6ynyT pas-

Hbl KOOpIMHaTaM HamnpasJsIoOLIEro -
BeKTOpa npsMoit SM. Ee
B cnyuae, Korna M — coGerBeH- % £,

2

Has TOYKa, 32 HaNpaBJSIOLIHA BeK-
TOp HpﬂMOPl SM MOXHO B3ATH BeK-

TOp SM KoTophifi B cucrteMe (S, ei) Puc. 17
HMeeT KOOpAMHaTH (X, y, 1). ITosTomy
o,n,Hopoz(Hoﬁ KOOpIHMHATOH TOUYKH M OyZeT KJjacc TPOeK C MpelcTaBHTe-
aem (x, y, 1).
Eciun Touka M HeCO6CTBeHHaﬂ TO 3a HanpaBszomnn BeKTOp npsi-

Mot SM MOXHO B35iTb BEKTOD c, KOTOpHIi B cucreMe (S, ei) HMEeT KOOpJH-
HatHl (a, b, 0), a ompepessieMass UM HecOOCTBEHHas TOYKa B OXHOPOXLHOM
cucreMe koopauHat — (a : b : 0).

Teopema nokasaHa.

CnencrBue. 0O0HOpoOHbie agppunnsle KoopOuramelr (Xy: Xy @ Xj)
COBCMBeHHOU MOYKU C8A3AHbL C ee He0OHOpOOHbimu KoopOunamamu (x, y)
8 coomsememsyrouwell Cucmeme COOMHOUERUAMU

=0 y=%, (7.2)
xa X3
B camoM Jiesle, No JOKa3aHHOH TeopeMme TPOHKH (Xg, Xqy X5) H (X, ¥, 1)
IpHHAJJIEXAT OIHOMY KJIacCy SKBHBAJEHTHOCTH, T. €. IPONOPLHOHANBHEL,
OTCIOJa U BhITEKaeT cooTHouleHue (7.2). B 3Tux ¢opMysax HeT nesneHHust Ha
HYJIb, TaK KaK JJis1 JI0GOH COGCTBEHHOH TOUKH X5 5= 0.
3. Mpambie B ogHOpPOnHbIX apdHUHHBIX KOOPIMHATAX. Y PaBHEHHE NPs-
MOH B HEOTHOPOAHBIX KOOpAHHATaX HMeeT BHI:

Ax + By +C=0.

Ee HampaBasomuil BeKTOpP, KaK M3BECTHO, HMeeT KoopIuHaThl (B, —A).
CrenoBatesibHO, 10 TeOpeMe MpeAbAyHero NyHKTa HeCOGCTBEHHAsl TOYKa
M _, nannoii npsmoii uMeer KoopauHaTH (B : —A : 0).

B ypaBHeHun npsMoit mnepeiiieM K ONHOPOAHBIM KOODAMHATaM IO
tdopmynam (7.2)
AL L B2 L C=0.
X3 X3
[ocne ymMHOXeHUS Ha x; HOJMYydYaeM:
Ax, ++ Bx, ++ Cxg = 0.
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3aMeTuM, YTO MOCJefHUe JBa YPAaBHEHHS HE SKBUBAJICHTHHI: B MEePBOM
H3 HHX X; He MOXET PaBHATLCS HYJIO, a2 BO BTOPOM MOXKET, T. €. BTOPOMY
YPaBHEHHIO MOTYT YIOBJIETBOPATb KOOpPJAMHATHI HECOGCTBEHHOH TOUKH.
Jlerko BuzeTh, yTo 370 6YNeT KaK pa3 Touka M _ . 3To 3HAUHUT, YTO Nepexoj
OT HEOJHOPOAHHIX adPUHHEIX KOODIMHAT K OZHOPOIHBIM MPHBOIUT K MpH-
COEJIMHEHHIO K MpsIMOH ee HeCOGCTBEHHOH TOUKH.

PaccMoTpuM mpuMep Ha HCHO/Mb30BaHUE ONHOPONHBIX KOOPIAMHAT MpH
BBIBOJIE IIPH3HAKa IApaJlJieJIbHOCTH IPSIMBIX.

Bosbmem Ha mmockoctd R, 1Be npsameie Ax 4+ Byy +C, =0 u
Ayx + By + C, = 0. TlepefineM K OZHOPOZHEIM KOOpPAMHATaM (M ONHO-
BpPEeMEHHO K PaCCMOTPEHHUIO STUX MPSAMBIX Ha pacLlIMpPeHHOH MIocKocTH R,):

Ay + Byxy + Cix3 = 0
H
Agxy + Boxy + Coxz = 0.

OtH npsiMble MapaJlyiesbHbl, €C/H X HecoGCTBEeHHbE TOUKU (B 1 —A; : 0)
u (By: —A, : 0) coBnagawor, uto GyAeT NpU YCJIOBHU

By _ 4,

B, A
MBI DpUILIH K H3BECTHOMY YCAOBUID NAPAANCAGHOCIU NPAMBIX.

4. Kpusble BTOpOro mopsiika B oqHOPOXHbIX adipHHHBIX KOOpAHHATAX.
Hawm u3BecTHH KaHOHHUECKHE YPaBHEHHS HEBLIPOXKJIEHHBIX KPHBHIX BTOPO-
ro mopsifika, NMpHHAJJIEXKAUUX pa3HbIM adhUHHBIM KjaccaM, — 3JJIHICA,
runepOoJibl U Mapabosbl:

x2 32 x2 y2
2

@ T b

=1, y? = 2x.

DT ypaBHeHHs nNocjie nepexona no ¢opmynam (7.2) K OZHOPOIHBEIM KO-
OpAMHATaM H YMHOXKEHHS Ha X2 NPHHHMAIOT CJEAYIOWHHA BHA:

2 2 2 2
X X X
L2 e TL 2 g g2
= o £, ~ o %%, xZ=2pxx,.

Kpusble mnockocty R,, OTBeyaioliie NMOCJAEJHHM YPaBHEHHSM, MOTYT
OT/IMYaThCSl OT 3JUIMICA, THNepGOoJEl M napabosibl HeCOOCTBEHHEIMH TOY-
KaMH, OfHAaKO MBI COXPaHHUM JJIf HHX [peXHHe Ha3BaHHUS.

BBISICHHM, KaK pacloJIoXKeHbl 3TH KDUBBIE OTHOCHTEJNLHO HeCOGCTBEH-
HOH NpsAMOH a_, A/ Yero peliMM ypaBHEHHME KaXK[OH KPHBOH COBMECTHO
¢ ypaBHeHHeM x5 = O.

B cnyuae annunca mosnyuaercs Tonbko HyJseBoe perende (0 : 0 : 0).
EmMy He cooTBercTByeT HHMKakas Touka. ClefOBaTesibHO, daaunc Heco6-
CMBEHHbLX MO4EK HE Uumeem.

B cayuae runepGount nosnydatorcs Toukn K _(@:b:0)uL_(a:—b:0).

b
I'IepBaH H3 HHUX JIEKHT Ha acCHUMITOTE X, = — X;, 4 BTOpasg—Ha aCHUMII-
a

b

TOTe X, = — —X;. 3HAUUT, eunepbora umeem 08e HeCOOCMBEHHbIE MOYKU —
a

HeCOBCMBEHHble MOYKL ee  ACUMNMOM.
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B cayyae mapaGosbl o0e TOYKH
nepeceyeHHsl COBNAAAIOT B OLHO TOY-
ke M_ (1 : 0:0), Koropas JIeXXHT Ha
ocu napabossl x, = 0. Takum o6pa-
30M, napabosa Kacaemcs HecobCcmeer-
HoU npamol 6 HecobCcmeeHHOU moy-
Ke ceoell ocu.

Ecau ycnoBHO H300pas3uth Hecol-
CTBEHHYIO NPSIMYIO B BHJE COOCTBEH-
HOH, TO HEBLIPOX/EHHEIE KPHBLIE BTo- daaunc  flapadona  [unepdona
poro mnopsiika 6yAyT BHINVISIAETb TaK, Puc. 18
KaK 3TO [IOKa3aHO Ha pUCYHKe 18.

YcTaHOB/IEHHbIE 32KOHOMEPHOCTH MOTYT OBITb HCIIO/B30BaHBEl IPH
u3yueHHM apPUHHEIX CBOHCTB KPHBHIX BTOporo mopsizka (cm. § 18, a
TaKxKe NpuMep 2 HacTosiero naparpada).

IIpumep 1. Haiilem HecobcmeeHHY0O MOYKY NPAMOL

2x + 3y — 2 =0.

PemeHue. [lepsgoui cnoco6. Hanpasasiomuil BeKTOp NaHHOH nps-
MOH MMeeT KOOpIAUHATH (3 : —2), N03TOMY IO TeopeMe NMYHKTa 2 HCKoMas
TOYKa MMeeT KoopauHaThl (3 : —2 : 0).

Bmopoit cnoco6. OpHopoiHoe ypaBHeHMe 2x; + 3x, — 2x; = 0 jaH-
HOM INpsIMOfi pelIHM COBMECTHO C ypaBHEHHEM HeCOOCTBeHHOH mpsaMOH
x; = 0. Droft cucTeMe yaoBseTBopseT Tpoika (3 : —2 : 0).

IIpumep 2. Ymo moxcro ckasame 06 apPurHom Kaacce Kpueot 6mo-
pozo nopadka

Xt dxy + 3y 4+ x—1=0?
Pewenue OpHopoaHoe ypaBHEeHHe JAHHOH KPHBOM
X% 4 4xixy + 3% + xyx3 —x2 =0

pelliaeM COBMECTHO C ypaBHEHHeM HecoOCTBeHHO# mpsaMoi x; = 0. ITosy-
qyaeM:

x4 dxx, +3x2=0
WIH

(ﬁ)2+ 41 430
Xg Xg

Pemiasg 3T0 ypaBHeHHE OTHOCHUTEJbLHO X; : X,, IOJYYaeM [Ba 3HAUYEHHS:
(g s %) = —1, (x; : xp)" = —3. Takum o6pa3oM, JaHHas KpPHBas HMe-
eT nBe HecoOGcTBeHHBIe TOUKH (—1 :1:0) u (—3 :1:0). CrenoBaresibHO,
3T0 160 runepbosa, MO0 Napa nepeceKaroliuXcs NPAMBIX.

IMMpumep 3. Touxu E, (1,0), E,(1,1), E;(—2,1), E, (0,0),
KOOpOUHAmbL KOMopeLx 0aHol 8 HEOOHOPOOHOU aghgpurHol cucmeme Koopdu-
Ham, NPUHAMbL 30 (PYHOAMEHMANbHbIE MOYKU NPOEKMUBHOL CUCTeMbL KOOD-
OJunam R. Haiidem koopournamot necobcmsernoti mourxu ocu QY 6 cucmenme R.

PemeHnue OG03HAUUM OJHOPOAHYIO CHCTEMY KOOPAMHAT, COOT-
BETCTBYIOLLYIO JaHHOH adduHHOM, yepes R’. Ham H3BeCTHEI KOOpIHHATHI
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(dbyHIaMeHTaNbHBIX TOYEK CHCTeMbl R B JBYX CHCTeMaXx [POEKTHBHBHIX
KOOp IUHAT:

| & E, E, Eq
B cucteme R | 1:0:0 I 0:1:0 0:0:1 1:1:1
B cucreve R’ | 1:0:1 1:1:1 |—2:1:1 | o0:0:1

[Tonb3ysich S3THMM JaHHBIMM, MOXHO HAaHTH ypaBHeHHSl Nepexoia oT
onHO# cucteMbl K Jpyro#i B Buge (6.3). IlockosnbKy 3afauu TakKoro Tumna
yxe pemanuch (cM. § 2, npumep 1; § 6, npumep 7), MBI IpefOCTaB/ISAEM BhI-
TIOJIHEHHe BBIKJIAJOK YHTaTes0. B nmpouecce BbIUKCICHHH HAXOAATCS ypas-
HEHHUsl, CBSI3bIBAIOLIME KOODIMHATHI (X; @ X, @ X3) KAKOH-TMOO TOYKH B CH-
creMe R ¢ KOOpiMHaTaMH (X : X, : X,) TOH e TOYKH B CHCTeMe R':

A:x’l = 3x1 -_ x2 - 2X3,
Ax, = — Xy -+ X3,
Axy = 3%, — X3 + X5.

Tak kak Hanpassstouwuii Bektop ocu OY umeer Koopausarsl (0, 1),
TO MO TeopeMe NYHKTa 2 KOOpAHHATH HecoOCTBeHHOH TO4kH ocu OY B
cucreMe R’ 6ynyt pasusl (0 : 1 : 0). [ToncraBisia ux B ypaBHeHUs Nepexo-
Ja, ToJydaeM CHCTeMY:

0 = 3X1 -_ x2 -_— QX3,

A — X3+ X3,
0=3x1'—X2+ X3.

Pemasi mepBoe U TpeTbe ypaBHEHHUS COBMECTHO, HaXOIHM X; : X, : X3 =
= 1:3:0. Mbl onpefenui KOOpAHHATHl HECOOCTBEHHOH TOYKH ocu OY
B cucteMe R.

IMMpumeuanue. [lpu pemwenun mocienHeil cucteMbl He GBUIO HCIOJNB30BAHO
BTOpOe ypaBHeHHe. BBuIY TNpOM3BOJNBHOCTH KO3((HLUHMEHTa NPONOPLUHOHAJBHOCTH A
OHO HE CONePHT NMOYTH HHKAKOH HHOOPMALIMH O HEH3BECTHBIX X, X, X3: H3 HErO C/EAyeT
JHLIb Xy 55 Xg.



TI'JIABA III.
NMPOCTEAMIME ®AKTbl TEOMETPHH
NMPOEKTUBHOM MJIOCKOCTH

§ 8. MPHHLLHII ABOACTBEHHOCTH. TEOPEMA XE3APTA

1. Mpunyun peoiicTBeHHocTH. ITycTh JlaHa mpoekTHBHAs MHJIOCKOCTH
P,. PaccMoTpHM HECKOJbKO HEOObIYHOE [Jisi HAUYHMHAIOLIErO YHTaTess
oro6paxenne f. UToGel ero onpenenutb, BBeleM Ha P, NPOEKTHBHYIO CH-
cTeMy KOOpAHMHAT W GyneM cuuTaTbh 06pa3oM Kaxjao# ToukKu A npsmyio a
C TEMH Ke KOOpJMHATaMH, H HaoGOpoT:

fr A(a:a,:a;) < al(a:a,:a).

Tak, nHanpumep, ofpasoM npsiMoH 2x; — X, + 3x; = 0 Oyzer Touka
@2:—1:3).

W3 onpenenenusi orobpakeHusi f sICHO, YTO OHO 3aBHUCHT OT BbIGOpa
CHCTEMBl KOODJAMHAT H YTO TaKHX OToOpax<eHHi, CJIefoBaTeJbHO, CYLle-
CTBYeT GeCKOHEYHO MHOTO.

ITockonbKy miockocTs P, MBICIHTCS KaK COBOKYMHOCTb IpHHaJe-
XKallUX efl TOYeK M INpPSMBIX, OToOpakeHHe [ sB/sieTess OTOGpaXKeHHEM
P, Ha ce6s. Takoro poxa npeo6pasoBaHHsi NPOEKTHBHOH IJIOCKOCTH Ha-
3BIBAIOTCS KOPPEAAUUAMU.

Omobpaxcenue f obaajaeT 3ameyaTesqbHBLIM CBOMCTBOM — OHO COXPQ-
HAem uHyuleHmHocmbs:

Acbef(ASF0).

B camom gnene, ycnoBHe MHUMAEHTHOCTH TOUKH A(q, : @y : a;) U nps-
Moit b (b : by : bg) ¥MeeT BuI:

byay + baay + bys = 0.

Ho TouHO Tak e 3amUChIBaeTCsi U YCJIOBME HHIHIEHTHOCTH MPSMOM
f(A) u Touku f(b).

Byznem HasbiBaTe ¢uryprer (31ech mof GUrypoil noipasyMeBaeTcsi MHO-
JKeCTBO, COCTOflillee U3 TOYEK U NPAMBIX) 080LCMSeHHbIMU, €CJAH OfHA H3
HHX MOXeT ObITb MOJyYeHa M3 ApYroi mocpeictsoM orobpaxkenus f. Ilpu-
BeJleM NpHMephl IBOHCTBEHHBIX QUTYP.

1) Touka u Heunyudenmuas eil npamas. B caMom mene, npruMeM JaHHYIO
TOUKY 332 KOOPIMHATHYIO TOUKY E,, a xoopauHarHble ToukH E, 1 E; mo-
MeCTHM Ha JaHHOH npsMoi. Torza KoopAuHATHl JaHHOH TOUKH H JaHHOH
npsaMoil opuu ¥ Te xe — (1 : 0:0),
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2) MHosicecmgo mouex, AeHauwux Ha nPamol, U NY4oK NPAMbIX, YeHmpP
Komopoz2o Heunyudenmern Oanuol npamoli. JIBoHCTBEHHOCTb 3THX (Uryp
BBITEKaeT W3 MepBOro NpHMepa U COXPaHeHHs HHIIMAEHTHOCTH IpH orobpa-
KeHuH f.

3) Dueypoti, 0Oeolicmsennoli mpexsepuuHHUKY®, 6ydem HexomopeLit
mpexgepuiurnuk. Eciyu BepLIMHBI JaHHOTO TPeXBEpLUIMHHHMKA NPHHATH 3a
KOOpPAHHATHBIE TOYKH, TO BHJHO, YTO TPEXBEPUIMHHUK JBOACTBEH CaMOMY
cebe.

Bosee mosnHoe ompenesieHHe IBOMCTBEHHHBIX (DUTYp CBA3aHO C OGILIMM
HOHATHEM KODpEeJSUUH U 3JeCh HE paccMaTpHBaeTcs.

U3 Toro, uto oToGpaxeHHe [ COXpaHseT UHIUAEHTHOCTb TOYEK H MNps-
MBIX, BBITEKaeT cJjefyiollee 3aMeyaTesbHOE CBOHCTBO NMPOEKTHBHOM ILIO-
CKOCTH:

ITpusuun gBo#CTBeHHOCTH. [lycems gepna xaxas-aubo
meopema, KaCaroujaacs moqex U nPamblx NPOeKMUBHOL NAOCKOCMU U OMHO-
werus unyudenmrocmu mexcdy Humu. Toeda 6ydem sepHa u 08oLicmeeHHAA
meopema, Komopas NOAY4AeMCs, eCAu 8 OQHHOL Meopeme NOMEHAMb MeCaMIL
CA06Q KMOYKAY U KMPAMASY.

B caMoMm jeie, Bcskas Takasi TeOpeMa eCTb YTBEDXKIAEHHE O HaJlHUMU
onpefieNleHHbIX WHUUAEHTHOCTEH B HEKOTOpoH ¢urype, a ABOHACTBEHHas
TeopeMa — O HaJHYHM COOTBETCTBYIOUIMX MHLHKJAEHTHOCTEH B JBOHCTBEH-
HOHM durype.

IlpumepaMu JBOHCTBEHHBIX TEOPEM SIBJAIOTCSH, HalNpHMEp, TEOPEMEI
§ 5, n. 4; ycJOBHEe KOJJIMHEADHOCTH TPEX TOUEK U YCJOBHE NPHHALJIEK-
HOCTH Tpe€X NpPSIMBIX OAHOMY NYUKY.

IlpuHuMn ABOACTBEHHOCTH NO3BOJISIET OI'PAaHHUYMBATBCA J0KAa3aTeNb=
CTBOM JIMIIb OJHOH M3 ABYX JBOHCTBEHHEIX TeopeM. Bropas BepHa B cuay
3TOro NpHHLHMA.

2. Teopema [lesapra®. [Tycmo Oanol 082 MpPexGePUIUHHUKA, NpPUHEM
Me0Yy ux eepuLuHamu U, cae008ameasHo, CMOPOHAMU YCHIAHOBAEHO 63AUMHO
00HO3HauHoe coomsemcmeue. Ecau npu smom mpu npamsle, unyudermusie
napam coomeemcmeyrouwux eepulut, uHyuleHmubl 00HOU mouke, mo mpu
MoUKU, UHYUOEHMHbIE Napam COOMEeMCMBYIOUWUX CIMOPOH, UHUUOeHMHbL
00HOU npamoli.

BepimuyHbBl JaHHBIX TpPeXBepLIMHHHKOB o6Go3HauuM uepes A, B, C wu
Ay, By, Cy cootBercTBeHHO. JlanbHefimne o603HaYeHUs:

S= (AAI) n (BBl) N (Ccl),
P = (BC) N (B,Cy), Q= (AC) N (A1C1), R = (AB) N (41By).

Tpebyercs nokKasath KoJJHHeapHOCTb Touek P, Q, R (puc. 19).
IlokaszaTeabcTBO. DBBeneM MNPOEKTHBHYIO CHCTeMy KOOpPAH-
Hat, npuHAB Toukd A, B, C, S 3a QpyHIaMeHTaJbHbIE:

1 Tpexéepuunnuxom HasbiBaeTcsi GUrypa, COCTOSMAsi H3 TPeX HEKOJJIMHEAPHBIX
TOYEK, HAa3EIBAEMBIX 6eDUIUHAMUL, U TPEX NPSAMBIX, Ha3bIBAEMBIX CHIOPOHAMU, HHUMICHTHBIX
mapaM STHX TOYeK.

2 Kepap Hesapr (1593—1662) — dpanly3cKuil apXHTEKTOp U MaTeMaTHK, OJHH H3
OCHOBaTeJ/lell NPOEKTHBHOH TreOMEeTPHH.
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A=’

o=l

1
C= , S=11].
1

0
0
1

KoopauHaTHBIH cTOI6€ TOUKH A,
B cuay (6.9) ectb JnHe#Has KOMOH-
Hauust cron6uoB A u S. Tak Kak
A== A, (B3TOM Clyyae TeopemMa TpH-
BHaJlbHAa), TO B BbIpaxKeHHH A; =
=aA + 0S MOXKHO NOJIOXKHUTb 0 = 1.
[Tonyuaem Torna A; = ad + 5. To
Ke CaMO€ OTHOCHTCS M K APYTHM Bep-
mpHAM TpexBeplyHHHKAa A;B,Ci. Puc. 19
TlosTomy 3anuuiem:
1
1 H
y+1

Haiinem Teneps xoopAnHaTH TouKH P. Tak kak P € (BC), To BepxHuit
seMeHT B cToJbue P paseH Hymo. Ho P € (B,C;), u notomy P = f,B; 4+
+ 9:C:- Tak Kak BepxHHil 37eMeHT cTosibla P paBeH HyJIO, T0O B, + p; =

o+ 1 1
A = 1 ||, By= |3—|1—1,C1=
1

= 0, unu f; = —vy,; nojoxum f; = 1, y; = —I1. Torna nonyuaem P =
= B; — C; u anajoruuso Q = C; — A;, R = A, — B,. CrnepoBareksHo,
0 —a a
P = ﬁ ) Q = 0 ) R = ——ﬁ .
— Y 0

Ocraercst ¢ NOMOLIBIO YCJIOBUS KONIHHEADHOCTH TpPeX TOYeK yOeluThb-
cs, yTo ToukH P, Q, R nexat Ha ofHo# npsmoi. Mmeewm:

0 — o
B 0 —p|=0.
—r v 0

¥YcnoBue KOJIIHHEAPDHOCTHU BBINOJHEHO. TeopeMa JAOKa3aHa.

IMlpumeyanue. IIpy JoKazaTeNbCTBe TeOpPeMbl MOXHO BOCIOJB30BaThCS
TeM, 4TO

P+Q+R=(B—C)+(C;— 4) + (4, — B)) = 0.

IlpuHsiTo Has3biBaTh TPEXBEPIUIMHHHKH, YHOBJETBOPSIOIMNE TeopeMe
Jlesapra, Oesapeogoimu, TOUKY S — Oesapeosoti moukol, TPSIMYIO
s P, Q, R — Oesapeosoti npamoi.

durypa Ha pucyHke 19, cocrosimias U3 JecATH 0003HAYEHHBIX TOYEK
M LeCATH NOKA3aHHBIX Ha YepTexe NpPSMBIX, HA3bIBACTCSl KOoH@uaypayuet:
Hesapea. Boollue xe xoxgueypayueri Ha3bIBaeTCsI COBOKYHHOCTb TOUEK H
NpsIMBIX, B KOTOPOH Ka)JIOH NpPSIMOH HHIMIEHTHO OXHO M TO XK€ YHCJIO TO-
YeK, a Kax/JI0H TOYKe — OIHO M TO K€ YHCJIO NPSAMbBIX.
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3. O6patHas teopema Jlesapra. Ternepb BBIACHHM, YTO IIpeACTaBJiser
coboit Teopema, ABOHicTBeHHasi Teopeme [lesapra. [Ias 3Toro, Kak ciaenyer
U3 NpUHLKNA ABOACTBEHHOCTH, Halo B (OPMYJTHPOBKE TEOpPEMEI IepecTa-
BUTb CJIOBA «TOYKay U «mpsiMasi». [Ipy 3TOM CJIOBO «TpeXBEpIIMHHHKY OCTa-
ercsi 6e3 U3MEHEeHHs, HO CJIOBO «BepILMHA» MEHSIeTCsl Ha CJIOBO «CTOPOHay,
H Hao6oporT.

Teopewma. [lycme daner 08a mpexeepuiUHHUKA, npudem mensdy ux
CMOpOHaxmLL U, CAe008AMEAbHO, BEPULLHAMU YCIAHOBAEHO 83AUMHO 0OHOBHAY-
Hoe coomsemcmeue. Ecau npu amom mpu mouxu, unyudenmmusle napam co-
OMBEMCMEYOWUX CMOPOH, UHYUOeHmHbL 00HOL npamol, mo mpu npsamele,
UHYUOEHMHble NAPAM COOMEEMCMBYIOWUX BePULUH, UHLUOEHMHbL O0HOU
maouke.

JIBOACTBEHHYIO TeOpeMy HJJIIOCTPHpYyeT TOT ke pucyHok 19. Ho Te-
nepsb AaHo, 4To TOYKH P, Q, R jexar Ha ofHOH NpsIMOH, a yTBepiKaaercs,
uto npsimpie AA;, BB;, CC, npoxofaT yepe3 OoAHY TOuky. Kak Buaum,
nonyyusacek o6patHasi Teopema Jesapra.

CoBnagenne JBOHCTBEHHONH M OOpaTHON TeOpEeM, HMEIOUee MeCTO B
JlaHHOM cJiyyae, sIBJIsgeTCsl OOCTOSITeNbCTBOM CJyyaHHeIM. Kak npasuio,
IBOHCTBEHHass H o6paTHas TeOpeMbl HE COBMAjalT (CM., HaNpHUMep, Teo-
pPeMBl, Ha KOTOPHIE Mbl CCBHLIAJHMCh B KOHLE NMyHKTa 1).

4. Teopema J[lesapra Ha pacliHpeHHO#M eBKJAMAOBOM miaockocTH. [lo-
CKOJIbKY HEKOTOpHI€ 3JIeMeHTHl KOHGurypauuu Jlesapra MoryT ObiThb He-

COOCTBEHHBIMM, TO TeopeMa [lesapra Ha njockocTH R, pacnajaercs Ha
PSL YaCTHBIX CJyYaeB, KaXKIbIH M3 KOTOPHIX C TOYKH 3PEHHSI IeOMETpUH
HepaclUMPeHHOH IIIOCKOCTH NpeACTaB/asieT co00H OTHAEJNBHYIO TEOpeMy.
@DopMyTHPOBKH H CIIOCOGH JOKA3aTENBCTBA STUX TEOPEM CPELCTBAMH EBKJIH-
JIOBOH TeOMeTpUH MOAYAC BeCbMa HECXOXKH.

PaccMOTpHM HeKoTOpble M3 YacTHBIX cJydyaeB TeopeMel [lesapra, Npu-
4eM TEPMHH (TPEXBEpLIHHHHK», He NPHHSATHIH B €BKJIHIOBOH reOMeTpHH,
NpUMEHATb He GyleM.

1. Tlpsimas Teopema [le3apra B ciy4ae, KOTia TOYKa R KOHGHTYpalHu
HecoOCTBEHHas1, a BCe OCTaJIbHbIE TOUKH COOCTBEHHBIE, Ha S3bIKe FeOMETPHU
€BKJ/IUJOBOH IJIOCKOCTH MOXeT OhiTh chOpMyJHpOBaHa CJELYIOMHM 06-
pasom:

Ecau mpeyeonsnuky ABC u A,B,C, makoset, umo npamee AA,, BBy,
CC, npunadaesicam o0nomy nyuxy, (AB) || (A1B;), npamse BC u B,Cy,
AC u A,C, nepecexaromces, mo mouxu P = (BC) 1 (B,C;) u Q = (AC) N
N (AiCy) aesmcam Ha npamod, naparresshol npameim AB u AB,;
(puc. 20).

2. Ilyctb Temepp HecoGcTBeHHOH Oyjer JMIb fAe3aproBa Touka S
(puc. 21). UTto6bl NONYYHTh €BKJIUAOBY (HOPMYJHPOBKY MNPSIMOH TeOpeM:,
Halo H3MEHHTb (OPMYJHPOBKY TeopeMel [lesapra, cuuras, 4To JaHa na-
panjensHocTh NpsMeix AA,, BB;, CC, u HenapaJJenbHOCTh COOTBET-
CTBYIOIIMX CTOPOH J€3apTOBBIX TPEYTOJbHHKOB.

ITpuBonuM Takke GOPMYJHPOBKY OGPATHOH TEOPEMEL:

Ecau dea mpeyeorsnuxka ABC u A,B,C, maxoest, umo npameie AB u
AB;, BC u B,Cy, AC u A,C, nepecekaromcs u npumom mo4ky nepecederus
sesvam Ha o0Hol npamotl, u ecau, kpome moeo, (AA,) || (BB,), mo npamas
CC, napanrrenvna npameim AA; u BB;.
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Puc. 20 Puc. 21

Ha nocnenneii Teopeme ocHOBhIBaeTcsi pelleHne clefylolell 3afauu
Ha MNOCTpPOEHHE:

Hatel pasaudnoie napansesvhoie npamoie a u b u HeuHyuGeHMHAS UM
mouka C. Tpebyemcs nocmpoums ¢ nomoupto 00HOL AuHEUKU RPAMYIO,
npoxodawyro uepe3 C naparieasto a u b.

Pewenune BosbmeMm npoussosibno Touku A, A; Ha npsmoil a,
B, B, Ha npsmo# b, TpeGyst TONbKO, 4TOGH! CylecTBOBa/la Touka R=(AB)
N (A.By) (cM. puc. 21). ITocne sToro uepes B; NMPOM3BOJNBHO MPOBOAHM
NpsIMYIO Tak, 4ToObl OHa nepecekana npsmyio BC B Touke, KOTopyio 060-
3HayuM uepes P. JlanbHeHIHe NOCTPOEHHsI TAKOBBI: CTPOMM NPSMYIO § =
= (PR), touky Q = (AC) N s, npamyio QA, u Toury C; = (Q4;) N
N (PB,;). llpsmas CC, — uckomas.

§ 9. JIBOMHOE OTHOWEHHWE TGUEK
H NMPAMBIX HA MJIOCKOCTH

1. Onpenenenuie NBOHHOrO OTHOLUEHHS] YEThIpeX KOJUIMHEAPHBIX TOUYEK
IJIOCKOCTH U €ro 9KBHBAJEHTHOCTb C NpexHHM onpejgenendem. B § 3, m. 1
OBLTO BBEIEHO MOHSATHE ABOMHOTO OTHOILEHHS YeThpeX TOYeK NPOeKTHBHOU
NpsiMOH, KOTOpOE ONpelessiloch yepe3 KOOpIAUHATHI TOYEK B HEKOTOPOH
CHCTEMe NMPOEKTHBHBIX KOOPAUHAT Ha NPSMOH, XOTS, KaK 3TO ObLIO MOTOM
JIOKa3aHO, OHO HE 3aBHCHT OT BbIOOpa CHCTEMbI KOOPJAHHAT.

Ilpu u3yyeHuH CBOMCTB NpPOEKTHBHOH IJIOCKOCTH IOHSITHE JBOHHOTO
OTHOIIEHHS BecbMa BaxKHO. B To xe BpeMs onpenesnenue § 3, n. 1 Heyaco-
HO, [TOCKOJIbKY B COOTBETCTBHMH C HHUM BCSKHH pas, Korja Tpebyercs HaHTH
IBOHHOE OTHOILEHHE TOYeK, HeoGXOJMMO BBOAUTH CHCTEMY KOOpAMHAT Ha
npsIMOH, Ha KOTOPOH JexaT 3TH TOYKH. )KeJaTelbHO HMETb BBHIPaXKEHHE
IBOMHOTO OTHOIUEHHS TOYEeK uepe3 HX KOODAHUHATHI B HEKOTOPOH cHCTeMe
NPOEKTUBHBIX KOOPAMHAT Ha naockocmu. C 3TOH 1eJbl0 MBI JaAUM HOBOE
olpefiefleHHe JIBOHHBIX OTHOIUEHHH M JOKaxeM, YTO OHO PaBHOCHJBHO
NpexKHEMY.

Onpenenenue. Ilycte A, B, C, D — KOOpAMHATHBIE CTOJIOLbI
YeTBIpeX pPAa3JHYHBIX KOJJIMHEAPHBIX TOYeK IPOEKTHBHOM IJIOCKOCTH H
a, f, &', p’ — Takue yhcna, 4TO
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C=aA+pB,D=aA+ f'B 9.1)

(cymiecTBOBaHHE TaKHX YHcesl rapaHthupyercs ypaBHeHueMm (6.9)). Torna
r
YHCO —— : — HasbIBaeTcs 080lHbLm omHowenuem mouex A, B, C, D.
a a

T[pexne Bcero OTMETHM, YTO 3TO ONpejieJieHHe KOPPEKTHO B TOM CMBICIIE,
YTO He 3aBHCHT OT BbIOpa CHCTEMBI KOOPAMHAT Ha MJIOCKOCTH. DTO CJAENyeT
M3 TeopeMbl, KoTopass GOpMyJHpYeTcsl U NOKa3bIBAeTCS JOCJOBHO TaK Ke,
Kak Teopema § 3, m. 1, TONBKO Tenepb KOOpAMHATHBIE CTOJIOLBI TOUEK CO-
IlepKaT He JiBa, a TPH 3JEeMEeHTa U KBaJpaTHasi MaTpula P — MaTpulia He
BTOpPOTO, a TPEThero nopsaka.

Teneps JoKaxeM, 4TO ecau uckams 080LHOE OMHOWEHUE Yemblpex mouex
no onpedeseruro § 3, n. 1 u no onpedeseruro HACMOAUE20 NYHKMA, MO NO-
AyduM 00HO U Mo gwe 060LiHOe omHoOuleHUe Yemblpex movex. Ins 3Toro jo-
CTaTOYHO YOENUTbCS B CyLIECTBOBAHMH TaKUX CHCTEM KOODAHHAT Ha Npsi-
MOH M Ha IJOCKOCTH, YTO Ko3adduuueHts a, B, o', ' B dopmynax (3.1)
1 (9.1) 6yAyT onMHAKOBHI.

Crayana BeiGepeM NpPOH3BOJIBHO CHCTEMY KOODAMHAT Ha NpsIMOH, Ha
KOTOpOH HaXOAsATCsA NaHHBE TOYKH. Ha si3biKe eBKIMIOBOH IeOMEeTpHH 3TO
3HAUMT, YTO B MJIOCKOCTH p CBSI3KH, KOTOpOH NpHHanJexart npsamee A4, B,

-> -
C, D cBsi3KH, BblOpaHa HeKoTOpasi adduHHas ciHcTeMa KOOpAUHAT (S, ey, €,).
Has BeiGopa cHCTeMEI KOODAMHAT B CBSI3Ke€ BO3bMEM IIPOM3BOJIBHO ellle

- - > -
OJIUH BEKTOP eg TaK, YTOOHI TPOIKa e;, €y, €3 ObliIa He3aBUCHMOH.
-
Torna, ecnmu kakoH-mu6o BEKTOp a IJIOCKOCTH p HMEET B CHCTEME

> - - >
(S, e, e;) KoopauHaTH (a, @,), TO B cucreMe (S, e, €,, €3) €r0 KOOPAH-
Hathl OyAyT paBHHI (a;, @y, 0). Ilo3TOMY B TakuxX cHCTeMax KOOpAMHAT
crosi6uet A, B, C, D B popmyaax (3.1) u (9.1) oTvinyaiorcs MUib HyJIEBBIM
SJIEMEHTOM:
o lal
a,

CiefoBaTenbHO, KO3hOULHEHTH &, B, &', ' B 060X Clyyasix OAHH H Te
JKe, a IOTOMY paBHHI U JABOHMHEIE OTHOLIEHHS.

2. BoipaXeHue mNPOEKTHBHbIX KOOPAMHAT TOYEK IIOCKOCTH uepes
JBOWHBbIE OTHOLIEHHS.

Teopewma. ITyemv R (E)), l =1, 2, 3, 0 — cucmema npoexmusHoLx
Koopounam Ha naockocmu u M — mouka ¢ Koopdunamamu (X, : Xy & X3).
O6osnauum uepes Eyy u My, npoexyuu movex Eq u M us mouku E, Ha ko-

opOuramuyro npamyr, npoxodauyro 4epe3 0ée dpyeue KoopOUHAmHbLe mo4-
ku E; u E;. Tozda

51 a b,
’ G|l =a ||ag|| + B bs||-
0 0 0

IS

+ P

by
b

(ElEjEkoMk) = xi : xj. (9.2)

HoxasarteabcrtBo. [lonoxum m1si onpeneneHHOCTH k = 3,
i =1, j=2 (puc. 22). Tpebyercst fokasaTb paBeHCTRO (E,E,E3M;) =
= xl . x2.
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Koopaunatet Touexk E;, E, us-
BECTHBI, KOODAUHATHl Touek Egy, My
JIETKO HAaXONATCS:

1 0
E, =|0|, E,=|1 '
0 0 £,
1 X
Ew =101 M= ol Puc. 22
CreoBaTelbHO,
E30 = E], + Eg, M3 = x1E1 —I" x2E2.

[Tostomy

(ELELEqM;) =% PR =X X,
1
uTo U TpebOBaJOCh JOKa3aTh.

CpaBHuM 3Ty Teopemy c Teopemoii 2, § 3, n. 3. Mul BuINM, uTO (X; © X;)
eCcTb KOOpAMHATa TOYKH M, Ha npsamo#t E;E; B cucreme R (E;, E;, Ey),
{i, i, B} = {1, 2, 3}.

3. /IBoiiHOe OTHOWIEHHE NPAMbIX My4yKa W PaCHIMPEHHBIH NPHHIMO
ABOMCTBEHHOCTH. [{BOHHOE OTHOLIEHHE YeThipeX NPSIMBIX, NPHH ajJlexKaliux
OHOMY MYUKY, ONpefesisieTcs yepe3 KOODAMHATHBIE CTPOKH 3THX NpPSIMBIX
(cM. § 6, M. 2) Tak ke, KakK ¥ JBOHHOE OTHOLIEHHE KOJJHHEapHBIX TOUYEK.
Ilpu sTOoM MBI nosb3yeMcs GopmyJioi (6.11), corsacHO KOTOpOH KOOpAH-
HaTHasl CTPOKA KaKOH-1M60 npsMOH NMydka MoxkKeT ObITh BhIpakeHa B BHIE
JUHeHHOH KOMOMHAIMM KOOPAMHATHBIX CTPOK JABYX DPAa3/IHYHBIX NPSIMBIX
nyuka.

Onpepneanenue. Ilycts a, b, ¢, d — KOOpAHHATHBIE CTPOKH Ye-
THIpEX pasJIMUHBIX INPSIMBIX I[POEKTHBHOH IJIOCKOCTH, MNpHHAJIeXalUuX
OJ[HOMY NYyuKy, H a, f, &', B’ — TaKue uuc/a, 4TO

c=oa+ pb, d =oa'a+ p'b. 9.3)

Torza uucio HA3KIBAETCS 0BOLHbIM OMHOUEHUEM Hemslpex npamolx

B.F
a o
u obGosHauaercs (abed).

KoppekTHocThb onpefienieHus OyAeT JOKasaHa B NYyHKTe 5.

BeeneHHoe 31eCh NOHSTHE MO3BOJSIET HECKOJBKO YCHJAHTH IPHUHIHMII
TBOUCTBEHHOCTH, KOTOPBIH Obla U3noxeH B § 8, n. 1. C3To# Uesbio Mbl CHO-
Ba BOCINOJIb3yeMcsl 0ToOpaKeHHeM f, KOTopoe KaXKAYI0 TOUKY NPOEKTHBHOM!
IJIOCKOCTH MepeBOJAUT B MPSMYyIO ¢ TEMH Ke KOOpAHHATaMH, U HaoGOpOT.
Tak Kak OHO COXpaHsieT HHLUHUJEHTHOCTb, TO YEThIpeM KOJJIHHEAPHBIM TOY-
kam A, B, C, D orBeuator yetwipe npsimele a = f (4), b =f(B), ¢ =
= [ (C), d = f (D), npunaanexaniye OfHOMYy MyYKY.

Ho cron6um A, B, C, D, c ogHo#i CTOPOHEI, U CTPOKH @, b, ¢, d — ¢
JpYro#, COCTOAT M3 ONHHX M TeX XKe 3JjeMmeHTOB. IlosToMy B opmysax

(9.1) u (9.3) 6ynyT onHu H Te XKe KOIPDUUHEHTH, H, CJIENOBATENBHO,
(ABCD) = (abcd).
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Mer BuzuM, uto OTOOpaxeHue [
coXpaHseT ABOHHOE OTHOILEHHEe. IDTO
JaeT BO3MOXHOCTb pacCLIMpUTb 06-
JIaCTh NpUMEHEHHs NPUHUMNA JBOH-
CTBEHHOCTH H CHOPMYJIHPOBAaTb €ro
TaK.

ITycmo sepra kaxas-aubo meope-
Ma, Kacarowjaacs mo4eK U Npamolx
NPOeKMuUBHOL  naockocmu, OmHouwe-

Puc. 23 HUSA UHYUOCHMHOCMU Me60Y HUumu U

’ Osotinetx omrowenuti. Toeda 6ydem

8epHa u 0BOLCMBeHHAA meopema, ho-

AYHQOWAancs u3 OQHHOU, ecal 8 Hell NOMeHSMb MeCmamu CA0BQ KHMIOUKAY»
U «ApAMAR>.

4. OcHOBHOe CBOWCTBO JBOVWHBIX OTHOLIEHHMH.

Teopewma. [lycmos yembipe pasiuuroie npamoe I, m, n, p, npuHad-
Aesrauue 00HOMY NY4KY, COOMBEMCMBEHHO UHYUOEHMHbL Hemblpem MouKam
A, B, C, D, aexaujum Ha npamoti, He npoxo0awiell uepes yeHmp ny4xa.
Toe0a

(ABCD) = (Imnp). 9.4)
JoxasateanbcTBo. [loycaoBuo A €1, B€m,C €n,D €p
(puc. 23). CorsacHo paBeHcTBY (6.7), YC/IOBHSI HHLUMAECHTHOCTH MOXKHO 3a-
nucaTh B CJIEAYIOLIEM BHJE:
IA =mb=nC=pD =0.

Bcenencraue NPUHAAJEXKHOCTH NPSAMBIX OOHOMY NYYKY H KOJIJIMHEAPDHOCTH

TOYEK HMeeM:
n=>M-+ pum, C =aA + BB,
p=>MANl+4+um |D=dadA-4 pB.
[MoxcraBisisi 3TH BbIpaxKeHHs B YCJIOBHMS HHUHIEHTHOCTH, NOJyYaeM:
{(M + pm) (¢4 + BB) =0,
Ml 4 p'm)(@A 4+ p'B) =0.
PackpbiBasi CKOGKH U NPHHHMAasi BO BHUMaHHe JiBa NEePBbIX YCJIOBHS HHLH-
JEeHTHOCTH, MOJyyaeMm:
AB (IB) = —pax (mA),
A'B" (IB) = —p'a’ (mA).
[Nonenum 3TH paBeHCTBa moujeHHo. Umucna [B u mA OTIMYHBL OT HyJs,

TaK KaK PaBEHCTBO MX HYJIO o3Hayajo Owbl, uTo B € I u A € m, a 310 He
COOTBETCTBYET yc/0BUI0. [loc/ie coKpalleHyust HaxomuM:

A po
7\,’5’ plal’
4TO, KaK HETPYIAHO BUACTb, PaBHOCUJILHO PABE€HCTBY
8. _pow

@ o AN
Teopema nokasaha.
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5. CaencTBusl M3 OCHOBHOTO CBOMHCTBA JBOIHBIX oTHoweHuH. M3 oc-
HOBHOTO CBOHCTBAa BHITEKAET KOPPEKTHOCTb OINpefe/]eHHs JBOHHOTO OTHO-
IIEHHs] YeThlpeX NpsiMbiX. B camoMm gese, mepeceyeM YeTBEPKY MPAMBIX
I, m, n, p nyuka KakoH-1u60 NpsiMOH, TOYKH NepeceyeHHss OGO3HAUHM
uepes A, B, C, D cootBercTBeHHO. Tak Kak (/mnp) = (ABCD), a (ABCD),
KaK M3BECTHO, He 3aBHMCUT OT BHIOOpa CHCTEMBI KOOPAHMHAT, TO HE 3aBHCHUT
OT KOOpAHHAT U JBOHHOE OTHOLIEHHE NPSMBIX, YTO H JOKa3bIBa€T KOPPEKT-
HOCTb OIIpefieJieHus .

OCHOBHOE CBOMCTBO TMO3BOJISIET TaKxkKe pPacHpOCTPaHUTh Ha JBOMHOE
OTHOLlIEHHE TpPSIMBIX [yYKa BCE Te CBOMCTBA W NOHATHS, KoTopele B § 3
OblM YCTAHOBJIEHB! AJIs ABOMHBIX OTHOILIEHHH TOYEK.

OTMeTHM JBa CJIEACTBUS U3 TEOPEMEbI MPEAbIAYIEro NyHKTa.

CnenpncrtBue l. Ecau uembipe npamolx NYyuxa nepecedexvl O8Yms
NPAMBIMU, MO HQA MUX NPAMbIX NOAYUAIOMCS HeMBEPKU MIOHEK, UMEIOUUX
pasHole 06oliHble omHoueHus (pasyMeeTcs, NOPsAI0K TOYeK HE NPOH3BOJIEH:
Ha ONHMX M TEX Ke MeCTaX B YeTBepKaxX CTOAT TOYKM, HHIUJAEHTHHIE Of-
HOH U TOH e NpsIMOH NMyuka).

Ha pucynke 24 npsiMple nydYka C LeHTPOM P mepeceueHbl NPAMBIMH U
u u;. Toukn nepeceuenusi o6osuauatorcs uepes 4, B,C,Dud,, B, Cy,D;
coorBercTBenHo. Torma (ABCD) = (A.B;C:D;), Tak KakK KaxJoe U3
3THX ABOMHBIX OTHOLIEHHH IO OCHOBHOMY CBOHCTBY DaBHO ABOHHOMY OT-
HOLIEHHIO MpPSIMBIX ITyYKa.

CnencrBue 2. Ecau uepes uemoipe KOALUHEAPHbIE MOYKU FPOXO-
dam uembLpe npamele 00H020 NYUKA U Yembipe npamoie 0pyaoeo, mo 08oLiHbie
omHoweHus amux semeepox pasHol. (O nopsjake NPSIMBIX B YETBEpKe —
Ta e OrOBOpKa, U4TO M B CJeJCTBUH 1.)

Jloka3biBaercst Tak ke, Kak U cjaepcrBue 1. Kpome toro, Moxer GbITb
TNOJIy4eHO K3 ceACcTBUS | MO MPUHIKNY ABOHCTBEHHOCTH B €0 PacIUXpeH-
HOIl TpaKTOBKE (CM. 1. 3).

6. IocTpoeHne rapMOHMYECKMX YETBEPOK HA pacCIiMPeHHOH eBKJIHJO-
BO# miockocTH. I1puBenem peleHus AByX 3ajay Ha IOCTPOEHHE YETBEPTHIX
rapMOHHYECKHX 3JIEMEHTOB.

3anaua l. [Janot mpu npamete a, b, ¢ nyuxa. Ilocmpoum vemeepmyro
eapmoruteckyio (T. €. Takywo npsMyio d, utobsl (abed) = —1).

Pemenue Uepes npou3BonbHYI0 TOUKY M INpSAMOH ¢ NPOBOJUM
(MA) || b u (MB) || a, npuuem A € a, B € b (puc. 25). 3aTeM NPOBOAMM
npsimMyio AB. Ilpsimas d, npoxopsias yepe3 LeHTp NMydka P mapaJiefb-
HO (AB), uckoMasi.

a
D :
Do A ¢ B
a
W b
c
Puc. 24 Puc. 25



B camom nene, ecmu C = (AB) N cu D = (AB) N d, 10 (abed) =
= (ABCD ). Ho C — cepenuna orpeska AB, tak kKak AMBP — napau-
nenorpamm. CiiefioBate/bHO, 110 Teopeme § 4, n. 2 vetBepka 4, B, C, D_ —
rapMoHuYecKasi, 4TO JAOKa3blBaeT rapMOHH3M YETBEPKH a, b, ¢, d.

B3anaua 2. Janoe mpu mouku A, B, C na npamot m. [Mocmpoun
yemeepmyro eapmoHuueckyo mouxy D.

PeweHnune BosbMem NMPOM3BONBHYIO TOYKY P, He Jexaulyio Ha
npsiMo#i m, u nocrpouM npsmeie PA, PB, PC. Kak B nepsoil 3anaue,
CTPOMM K HHM YeTBEPTYIO FapMOHHYECKYIO, KOTOpasi Mepeceuer NpsiMyio B
HcKoMmo# Touke D.

B cnenyromem maparpade (myHkT 3) OyAeT pacCMOTPEHO MOCTPOeHHE
rapMOHMYECKHX YeTBEPOK Ha NMPOEKTHBHOH MJIOCKOCTH.

MMpumep 1. [Haww mouxu A (1:—1:2), B (—2:1:3),
C(l:0:—5),D(—3:2:1). Hokasmemn ux Korrureaprocme u Haidem 060
Hoe omnowernue (ABCD).

Pemenne Y6exaasich HENOCPEACTBEHHLIM NMOACYETOM B PABEHCTBE
HYJII0 onpene/uTeel

1 -2 1 1 —2 -3
—1 1 O|lun|—1l 1 2|
2 35 2 3 1

ycTaHaB/HBaeM B cuay (6.4) kosnuHeapHocTs Tpoek A, B, Cu A, B, D
H, CJIeOoBaTe/NbHO, BCell YeTBEPKH.

Tenepp HaxoauM KosdduuuenTs B dopmydax (9.1). Mmeem:

1 1 —2 —3 1 —2
Of| =a|—1| =B L], 2 =o' || =1||+B"|| 1},
— 2 3 1 2 3
OTKyJa:
l= a—23, —3= o —2f,
0=—a-+4+ B, = —a B’
—5 = 2o 4+ 3, 1 = 20" 4 3p'.
Pewast 3T cHCTeMbl (OHH COBMECTHBI B CHJy KOJIJIHHEADHOCTH TOYEK),
nonyyaem: o = f§ = —1, &’ = —1, §’ = 1 u nanee

@aBcpy =L B =L, 1
a a =1 -1
MMpumep 2. Janet npamere a (2:1:0), 6 (0:1:3),¢c(2:0:-=3).
ITposepun, npuradiescam Au smu npamole 00HOMY NY4YKY, U Haldem 8 ny4-
ke npamyio d, makyro, umober (abed) = — Y

Pemenue. IlpuHannexHocTs MPAMBIX @, b, ¢ OXHOMY NMyuYKy mpo-
BepsieTcst no ycsosuwo (6.10).
ITo ompexesneHuo ABOHHOTO OTHOLIEHHST HMEEM:

B .B

LI A
3

¢ o
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roe o, p, o, B° — Ko3ppHIHeHTE
B dopmyaax (9.3). Ilo aranoruu c
MpefbIAYIIUM TIPUMEPOM JUIs HaXO0XK-
IeHHsl o U 3 coCTaBJ/isieM CHCTeMy:

£, \
2=20¢, ‘ £70
£

_3— 3p, .
otkyfa o = 1, p = —1. [TosTomy 7’ 2
boo A\ N
1 _——l . B’ /20 2
31 o Puc. 26
B _

H, CJ1eJOBaTeJIbHO, o= 3. INonarass &’ = 1, f’ = 3, us BrOpOrO ypaBHe-

nenus (9.3) umeem:
d=12,1,0]+ 3]0, 1,3l =112, 4, 91l

[Ipumep 3. B Hexomopoii cucmeme npoexmusHbix koopOuxam R’
danbl KoopOuramel yrnoamenmarbHbix modex cucmempt R:

E, (1:1:1),E,0:0:1), Eg(—1:2:1), E(0:3:1).
Haiidem woopOuramot mouku A 6 cucmeme R, ecau 8 cucmeme R’ ona umeem
koopounamet (1 : —1 : 0). (Cp. ¢ npumepamu 6, 7, § 6.)

Pemenue 3alaua pemaercss Ha OCHOBaHWM TeopeMmel § 9, m. 2.

Haxomum KoopauHatel Touek Eyy, Egy, A;, A, (puc. 26, o6o3HaueHHst
Ha DHCYHKE COOTBETCTBYIOT OOO3HAaueHHSIM B YCJOBHHM TeOopeMbl). Tou-
Ka E,, nexur Ha npsMeix E,Es u E;E;, 1N0o3TOMy e€e KOOpAHHATHI
(; : &5t E3) yNOBJIETBOPSIIOT ypaBHEHHSIM 3THX INPSIMBIX:

£, 0 —I1 g 10
8,0 2[=0, [ 13l=0
g, 1 1 Es 11

Peilasi COBMECTHO 3TH YpaBHEHHS, NOJyyaeM KOOPAMHATBI TOYKH Ejyq.

AHaJIOTHYHO HAaXOAATCS KOOPAHMHATHL APYruX Touek. [Tosnyuaem:
Epy(:—2:0), E5p(0:3:2), A;(—2:4:1), A,(—3:3:1).
I[To Teopeme MyHKTa 2 HacCTOsILErO maparpada

Xt X3 = (E1E3Eg0As), Xo ¢ X3 = (ELE3E0Ay),

rze (X; t Xy & X3) — HeU3BeCTHble KoopAuHaTH TOYKH A B cucreMe R. Ilps-
MBIM BBIYHCJIEHHEM (KaK B mpumepe 1) Haxomum:

Ezo =E; + Ea, A2 = —E; + 2E;,

"
Ew=—E, + E;, A, = —E, + 2E,.
TTosTomy
1 2 1 2 1
XiXg=—! =, Xy i Xy = — . — = —
SR TR 2
CrnepoBateNbHO, X; @ Xy : X3 = 1:—1:—2., Mp HallIH KOOPAMHATHI

Toukd A B cucreme R.
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IMTpumep 4. Hanot uemoipe
mouky  eerkaudoeoll naockocmu ceo-
umi  HeoOHOPOOHbIMU  ahurHbL-
mu  koopOunamamu: A (0, 2),
B (1, 4), C (2, 6), D (4, 10). ¥6e-
Qumes 8 uxX KOAAUHeAPHOCMU U
Hatides (ABCD).

Pemenue. B konnuxeap-
HOCTH TOYEK MOXKHO YyGemHThCs,
HanpuMmep, mnepefiis K CLHODOX-

Puc. 27 HBIM KOODAHHAaTaM U IOJIb3YSCh

yCJIOBHEM KOJIJIHHeapHOCTH (6.4).

TTocsie 3TOrO IBOHHOE OTHOLIEHHE MOXKHO HAHTH TeM Ke CrnocoboM, KOTo-
pulfi Hcnosb3yercss B npumepe 1. Mpl pacCMOTDHM HHOE pellieHHe.

UYepes faHHbIE TOYKH MpOBEAEM MpsiMble, napaienbHbie ocH OY
(puc. 27). Onu nepecekatot ocb 0X B Toukax A, (0, 0), By (1, 0), C; (2, 0),
D, (4, 0) coorBercrBeHHo. Ilo caeactBHi0 1 M3 OCHOBHOrO CBGHCTBa
(nyHKT 5) U dopmyne (4.1) . o

(ABCD) = (A,B,C\D,) = (A,C\/C\B,) : (A:Dy/D1By).
HO IAICII = 2, IClBll == l, |A1D1I = 4‘, 'DlBll = 3. HOSTOMy
(ABCD) = 2. £ _ 3
—1 =3 2

[Ipuwmep 5. lIpamse a, b, c, d, npoxodsuue 4epe3 Hauaro koopou-
Ham, 3a0arel credyrouumy ypasrenuamu: y = 0, y = x, y = 3x, y = bx.
Haiiden (abcd).

Pewmenue Tak Kak KOOpAMHATH AAHHLIX NPSIMBIX HAaHTH JIETKO,
TO ABOMHOE OTHOILIEHHE MOXKHO BBIYHC/IHTb TaK XK€, Kak B npumepe . ITpu-
BeJleM JIpyToe pelieHue.

[epeceuem JaHHBIE NpsiMble NPSIMOH x = 1, MOJYYHB C/IEAYIOUHE TOY-
Ku nepeceuyenus A (1, 0), B (1, 1), C (1, 3), D (1, 5) (puc. 28). Torna

—_— — —_— —
(abed) = (ABCD) = (AC/CB) : (AD/DB).
Ho |AC| =3, |€B| =2, |AD| =5, |DB| = 4. Iloatomy
5 6

3 .5 _ 6
(ade)-—:E. —4-—- 5.

§ 10. OJIHBIA YETBIPEXBEPIIUHHUK
W NOJIHBIA YETBIPEXCTOPOHHUK

1. Onpenenennsi. [loanom uemoipex-
BepuwuHHuKom (MM TOJNHBIM YeThpeX-
yTOJIbHHKOM) Ha3blBaeTCsl COBOKYITHOCTh
YyeThlpeX TOYeK, He KOJIHHEAapHHIX MO
TPH, Ha3blBAaeMbIX 62PULUHAMU, U LLIECTH
HHUMAEHTHBIX TapaM JaHHBIX TOYeK
NpsIMBIX, HasblBaeMbIX crmoporamu. Cro-
POHEI, HE MHUUIAECHTHBIE OJHON U TOH ke
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Puc. 30

BepIIMHE, Ha3bIBAIOTCS NPOMUSONOAONOHbIMU (HMEETCS TPH Naphl NpPOTH-
BOTOJIOXKHEIX CTOPOH). TpH TOYKM, HHUMIEHTHbIE NMapaM MPOTHBONOJONK-
HBIX CTODOH, HasbIBAIOTCA OuacoHasbHbimu. TpuU NpsiMble, MHUHAEHTHbIE
napaM AMaroHa/lbHBIX TOYEK, HasblBalOTCH OuazoHaramu. TpexBepiunH-
HUK, OOpa3OBaHHLIM AHAroHalbHbLIMM TOUKAMH H JIHaroHassiMM, Hasbl-
BAaeTCsT OUQ2OHAAbHBIM.

Ha pucynke 29 A, B, C, D — BepIuKHbI NOJTHOTO YeThIpEXBEPIIMHHHUKA,;
P =(AB) 0 (CD), Q= (AC) N (BD), R = (AD)  (BC) — nuaro-
HalbHble TOUKY; p, ¢, r — AuaroHaau; PQR — JuaroHanbHbI# Tpex-
BepLIHHHHK.

durypa, IBOHCTBEHHAass MOJHOMY YeTbIpEXBEPIIHHHHKY, Ha3blBaeTcs
TIOTHBIM YemblpexcmopoHHuKom. TTOJHEIR YeTHIPEXCTOPOHHHK HMEET YeThipe
cTOpOHH! ¥ ecTh BepiuuH. Ha pueynke 30 a, b, ¢, d — CTOPOHBI YeTHIpEX-
CTOpoHHHKa, @ [ buc Nd,aNcubdb ) d,a)l dub I c—naps npo-
THBOTIOJIOKHBIX BEpIINH; NPSIMBIE p, g, 7, HHIUIEHTHBIE IPOTHBOMNO/OXKHEIM
BepUIHHAM,— JHUaroHa/l{; TOYKH HX nepeceyenuss P, Q, R — auaroHanb-
HblE TOYKH.

2. T'apMOHHMYeCKHe CBOHCTBA MOJHOrO ueThipexBepLIHHHHUKA.

Teopema. 1) Ha kamdoll cmopore noaHoz2o vemblpexeepuiunnuKa
UMeeMCs. 2apMOHULECKAS YemBepKa moueK: 00Ha napa mo4ex 3molil 4emeep-
KU — 6epuiUHbl, Opyeas — mouKu nepecedeHus 3moil cmopoHsl ¢ Ouaeo-
HAAbHBIM mpexeepuiHHuKom (TaKUX TOUEK JiBe, a He TPH, TaK KaK CTOPOHA
MPOXOAUT 4Yepe3 BEpIUMHY [MarOHAJbHOTO TPEXBEPIUMHHHKA).

2) Ha rasedoti OuazoHasu NOAHO20 HemblpexeepuLUHHUKG UMeemCs eap-
MOHUHMECKAS HemBepKa mo4eK: o0Ha napa 3moil 4yemsepku — OUQ20HANbHbIE
mouKu, Opyeas — MOUKU nepecederuss CopoH, NPOXOOAUUX Hepe3 mpemsro
O0uUaeOHANbHYIO MOUKY, ¢ OQHHOL OUAROHANLIO.

Jagum Tak:ke He BIIOJIHE CTPOTYIO, HO yJOOHYIO (QOPMYJHPOBKY T€O-
PEMBL: 6Ce HemBepKu MO4eK HQ CMOPOHAX U OUQ20HAAAX NOAHOZ0 4ernvipex-
6EPUILHHUKA, COCMOSUUe U3 pasOeseHHblX nap, — 2apMOHUYECKUe.

IIlokaszaTteabcTBO. DBBeneM JONOJHHUTeNbHbIE O06O3HAUEHHS
(cM. puc. 29):

pN@AB)=X,pN(CD)=Y,qN (AC)=Z,q N (BD) =T,
rN (AD) = U, r N (BC) = V.
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TpebGyercsi 10Ka3aTb rapMOHH3M CJELYIOMHKX AEBSITH YETBEPOK TOYEK:
(4, B, P, X); D,C,P,Y);, (A,C,Q,2); (B,D,Q, T), (A, D, R, U),
B, C,R, V), QR X, Y), (R,P, T, Z); (P,Q, U, V).

CHayana JOKa)keM TapMOHH3M KaKoOH-Iu60 ONHOH YeTBEepKH, HampH-
Mep mnepBoit. C 3TOH LeNbI0 BBEAEM CHCTEMY NPOEKTUBHEIX KOOPAMHAT
¢ ¢ynnameHTaspHbiIMH TouKamu: A (1:0:0), B(0:1:0), C(0:0:1),
D(@1:1:1)—mu onpeflenuM KOOpAHWHAaTHl BCEX TOYEK YETBEPKH
(4, B, P, X).

Tak kak P € (AB), To Tpetuil anemeHT cronbua P paeeH HyJio. Ilo-
atoMy u3 P € (CD) caenyer P = D — C. IlpoBozist aHa/IOTUYHEIE PaCCyX-
JleHHs] B OTHOLIEHHH APYTHX JAHATOHANBHBIX TOYEK, HaXOIHUM HX KOOpPAH-
Hatbl: P (1:1:0),Q(1:0:1), RO:1:1).

Teneps Haxoaum KoopauHaTel Touky X. Tak kak P € (AB), To Tperuit
sJeMeHT crosibua X paBeH HyJo. ITostomy uz X € (QR) cienyer X =
= Q — R, OTKyZa HaXoAuM, YTO KOOpAMHaThl TOYKH X paBHbI (1 : —1 : 0).

CanenoBaresibHO,

P=A+4+B, X=A—B

U 110 OTIpeJie/IeHHIO NBOMHBEIX OTHOLIEHUH

(ABPX) =% : :1—‘ ——1,

YTO W JIOKa3blBaeT NEpPBYIO YacCTb TEOPEMEI.

rapMOHHBM OCTaJIbHBIX BOCBMH UYE€TBEPOK TOUYECK JOKAa3hIBACTCA aHaJo-
THYHO. HpOBeJlHTe JOKa3aTeJbCTBO CaMOCTOSITEJILHO.

IMpumeuvanne. OcraBmasics yacTb JOKA3aTeNbCTBA TeOPEMHl MOXeT GbiTh MpOBe-
JleHa ¥ Ha OCHOBAaHMH CJEACTBHS 1 M3 OCHOBHOro cBOficTBa ABOMHBIX OTHomeHu# (§ 9,
1. 5). C 3To# e/Ibi0 PACCMOTPHM YeTBEPKY NPAMBIX MYYyKa, MMEIOILEro CBOMM LIEHTPOM TOY-
Ky R. Tlpsavble nyuka nepeceuensl npsmeimu AB, CD, PQ, mosToMy Ha HHMX 00Gpasyior-

Cs1 YeTBEPKH C OJHHM M TeM JXe JBOHHEIM oTHOWenueM: (ABPX) = (DCPY) = (UVPQ).
A Tak Kak rapMOHH3M IIepBON YeTBEPKH JOKa3aH, TO JOKA3aHbHl elle JBe YacTH TeOpPeMbI,

PaccmorpeB nyuok ¢ nertpoM Q, noayuuM (ABPX) = (ZTPR).

U rak panee.

CorJyiacHO NpPHHLIMNY JABOHCTBEHHOCTH B €r0 pacCIIHPeHHOH TPaKTOBKE
(§ 9, n. 3) BepHa u JBOMACTBEHHAash TeOpeMa — TeOpeMa O T'apMOHHYECKHX
CBOHCTBAaX MNOJIHOTO YeThlpexcTopoHHHKa. Cdopmyaupylite ee camocrosi-
TeJIbHO. DTa TeOpeMa He NpeJcTaB/seT GoMbIIOro HHTEpeca, TaK Kak siBiser-
s IPOCTBIM CJIEACTBHEM M3 TEOPEMBl O FapMOHHYECKHX CBOHCTBaX IIOJIHO-
IO YeTbIpeXBepIIHHHHUKA.

3. MocTtpoenue yerseptoii rapmonnyeckoit. B § 9, n. 6 yxe paccmar-
PMBaJIOCh NOCTPOEHHE TapMOHMYECKUX YETBEPOK TOYEK M NPSIMBIX Ha pac-
LIMPEeHHOH eBKJUJ0BOH IJIOCKOCTH. TeopeMa MNpeNBINYIIErOo INYHKTA O
TrapMOHHYECKHX CBOMCTBaX IIOJHOIO YeTHIPEXBEpPIUMHHHMKA NO3BOJISIET BHI-
NOJIHATD 3TH TNOCTPOEHHSI Ha IIPOU3BOJILHOM NPOEKTUBHOH IJIOCKOCTH,
NpHYeM C NOMOILLLIO OAHOH JIMHEHKH (AuHelikod, KaK H3BECTHO, HasbiBaer-
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sl HHCTPYMEHT, KOTOPEIM MOXKHO NOCTPOUTb NPSIMYI0, HHUMAEHTHYIO IBYM
JOGBIM TOYKaM).

Urak, x mpem Oannoim moukam A, B, C Ha npamoii HYxeHO nocmpoume
4emeepmyro 2apMoHu4eckyro mouky D, T. e. TaKylo TOYKY, YTOObl YeTBepka
(4, B, C, D) Gblia rapMOHHYECKOH.

ITepeoiti cnocob6. ByneM CTpOHTb MOJHBIM YETBIPEXBEPUIMHHHK, B KO-
TOpOM JlaHHAasl NpsiMasi — JAHaroHaab, TOUKH A W B — JHaroHajlbHblE, a
C — TOuKa mepeceyeHHsl CTOPOHHI ¢ AuaroHanbsio AB. C 3Tofi ne/bio npo-
M3BOJILHO BO3bMEM TPH CTOPOHBI UETHIPEXBEPLIHHHHKA, ABE H3 KOTOPBIX
HHIMAEHTHB Touke A, a TpeTbss — Touyke C. Touku nepecedeHus: mepBbIX
IBYX CTOPOH C TpeTbeil, o603HaueHHble Ha pucyHKe 31 uepes X u Y, aB-
JIFIOTCS. BepIIMHAMH YeThIpeXBepIIHHHHKA. Jlajee HaXOAMM OCTa/bHbIE
BepinHbl: Z = (BX) N (AY) u T = (BY) (AX), a noTOM CTPOUM HC-
komyio Touky D = (TZ)  (AB).

Bmopoii cnoco6. Tlpumem JaHHYIO NPSIMyIO 3a CTOPOHY, TOYKH A H
B — 3a BepiunHEl, TOUKy C — 3a AMaroHaJbHYIO TOYKY IOJHOTO YeThIpex-
BepiHHEKa (cM. puc. 31). Uepes C mnposefieM NpOH3BOJbHO CTOPOHY, HE
coBnapatomyio ¢ (AB), U Ha Hel NPOH3BOJBHO BO3bMeM JBe TOUKH X H Y,
KOTOpble TNpHMeM 3a BepIIHHBl TNOJHOro YeThlpexBepuiMHHHKAa ABXY.
Tenepb cTpouM ocTaBluHecs AHaroHalbHele ToukH: T = (AX) 1 (BY),
Z = (BX) 1 (AY) — u npoBofuM uepes Hux jpuaroHanp TZ. Touka ne-
peceueHusi 3TOH AMAroHaju C JaHHOH NpsIMOH ecTh HCKoMas Touka D.

JIBolicTBEHHOE NMOCTpPOEHHE YETBEPTOH rapMOHHYECKOH MpsiMOi B myy-
Ke NpeloCTaB/sieTcsl BBINOJHHTL YHTaTea0. Kpome TOro, 3ameTHM, 4ToO
OHO MOXKeT ObITh OCYILECTBJEHO B CHJY OCHOBHOTO CBOMCTBA ABOHHEIX OT-
nomenuit (§ 9, n. 4).

4. TF'apMoHHYeCKHE CBOWCTBA HEKOTOPHIX YeThIPEXBEPIIMHHHUKCB Ha
pacuUIMPeHHOH eBKJIMNOBOH MJOCKOCTH. IIpeicraBiisier HMHTEepec paccMOT-
peHHe YaCTHBIX CJy4YaeB TeOpeMbl O IapMOHHYECKHX CBOMCTBaxX MOJHOTO
YeTHIpEXBEPLUIMHHUKA Ha PACIIMPEHHOH €BKJIMIOBOH MJIOCKOCTH, KOTOpHIE
BO3HHKAIOT, €CJH HEKOTOPhle 3JIEMEHThl [OJHOTO YeThipeXBepUIMHHHKA
ABJISIOTCS HECOOCTBEHHBIMH.

1. IlycTb HECOGCTBEHHBIMH SIBJISIIOTCS JBE AHaroHaJbHbBIE TOYKH P H

R_. B 31OM cilyuae yeThIpeXBEpIUMHHHK MMeeT jBe MNapbl Napas/elbHbX
NPOTHBOIOJIOXKHBEIX CTOPOH (pHC. 32), aauaroHaseio P_R_ sBJseTcCs He-
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Q
A U Roo
7 / FAN
Puc. 33

coOCTBEHHAS npsimast @ IJIOCKOCTH.

O6o3HauuM TOYKY MepeceyeHus mpsi-
Mbix AC v a_ uepes Z_. Mer moay-

uhJM TapMOHHMYECKYI0 uyeTBepky (A,
C, Q, Z_). Y3 rapmonusma 1ol ver-
Bepku no teopeme § 4, 0. 2 cienyer,
uyto Q — cepenuHa orpeska AC.

Takum o6pasoMm, Teopema eBKJH-
JIOBOi TEOMETPHUHU: «QUA20HAAU NAPAA-
AeR02PAMMA MOYKOL nepecedeHus Oe-
ASMCS. NONOAAM» — €CTb  HaCTHBIH
cnyyafi TeopeMbl O TapMOHHMYECKHX
CBOHCTBaX IOJIHOTO YeThIpeXBepLIHH-
HHUKA.

2. Ilyctb HecoGCTBEHHOH siBJSET-

Cd TOJIBKO OJHAa JHaroHaJibHast TO4Yka Roo, H, CJI€LOBATE/bHO, YETBIPEX-

BepmIMHHUK ABCD uMeeT OfiHYy Napy nNapajlieNbHbIX IPOTHBOMOJNOXHEIX
ctopoH (puc. 33). Torma, oGo3Hauas TOYKY NepeceueHHss NpsMeXx AD
v PQ uepes U, nonyyaem rapMonuyeckyto uersepky (4, D, U, R_), a u3
aToro caenyer, yto U — cepenuHa otpeska AD.

Takum oGpa3om, TeopeMa €BKJIMAOBOH F€OMETPHH NpAMAs, COeOUHSIO-
Was mouky nepecedeHus OuGeoHareli mpaneyuu C MOYKOL nepecedeHus
60K0BbLX CMOPOH, Oeaum OCHOBAHUS Mpaneyuu NnONOAGM» SIBJSETCS YacT-
HBIM C/yyaeM TeOpeMbl O TapMOHHYECKHX CBOHCTBAaX MOJHOTO YeThblpex-

BEpLUINHHHKA.



T'JIABA IV.
NPOEKTUBHBIE NPEOBPA30BAHHUSA

§ 11. MPOEKTHBHOE OTOBPA)XEHHE NPAMOA
HA NPSAMYIO

1. MepcnekTUBHOE oTOGpaxeHHe npsmoit Ha mpsmyro. B § 1, n. 2 mMu
paccMaTpHBaJii NepCcleKTHBHOEe OTOOpax<eHHe paclIMpPeHHOH eBKJHIOBOH
npsIMOH Ha NyYOK IIpsIMBIX. Tenepb TEPMHH «IepClieKTHBHOE OTOoGpaKe-
HHe» OyJleT IPUMEHSThCS IMpe: OH OyJeT TaKXKe HCIOoJb30BaTbCs AJ1s1 060-
3HaueHMs ClelHaNbHOrO BHIA OTOOpaXkeHMH NpsiMOH Ha mpsMmywo. Bce
pe3yJbTaThl 3TOTO M CJefylolero naparpadoB 110 NPHHUMIY IBOHCTBEH-
HOCTH MOXHO NepeHeCTH Ha MYYKH NpSMbIX.

Onpenenenue. IlycTh Ha NPOEKTHBHOH IJIOCKOCTH HMEIOTCS
JiBe pas/IMyHEbIe NpsIMBIE U; U U, W He NpHHajJjexamas uM Touka S. Oro-
GpaxeHue § : u; — Uy, NPH KOTOPOM NPOHM3BOJNbHAst Toyka A; € u; OTO-
Gpaxaercst Ha Takylo TOUKy A, € uy, 4To TOUKH S, A;, A, KONIMHEapHH,
Ha3bIBAETCSA NepCHeKmusHoim omobpaxcenuem ¢ yenmpom S TPSIMOH u,
B IPAMYIO U,. PopMasbHasl 3alHCh 3TOTO ONpEefieeHUsT HMeeT BHI;

VA; €uy § (A) = uy N (S4y).

IMepcnekTHBHOe oTOGpa)keHue OGO3HayaeTcs 3HAKOM . DynaeM wuc-
noJIb30BaTh [Ba BHIA SalUCH:

PruDou, u P ul—;\>u2,

NpHYyeM NOCJeNHSS 3alHCh NO3BOJSET YKa3aTh S — LIEHTP OToGpaxKeHus.
OrMeruM ciefylolmue CBOHCTBA NepPCNEKTHBHEIX OTOOpaxeHuH.
CeoiictBo l. [lepcnexmusroe omobpascerue OUeKMUBHO.
CBolicTBO 2. [lpu nepcnexmusHosm omobpasiceHuu npamol Ha

npamyro obwias mouka smux npambix omobpascaemcs Ha cebs.

CBoficTtBO 3. [lpu nepcnekmueHOM OMOOPAJCEHUL COXPAHAEMCS
06otiHoe omHouwieHue 21000L YemeepKy moYex.

[TepBrie nBa CBOMCTBAa BBITEKAIOT HENOCPENCTBEHHO U3 OMNpeleseHHs.
Tperne cBoficTBO npencTaBisier coGoii nepedpasHpoBKy ciaeacTBHsi 1 us
OCHOBHOTO CBOHCTBAa ABOHHBIX oTHOweHu# (§ 9, m. 5).

2. MpoekTHBHOE OTOOpaMeHUe MPSMON HAa MPSMYI0 M ero 3ajaHue.

OnpeneJaeHue DuekrusHoe oTo6pakeHne NpsiMOH Ha NpPSMYIO,
coxpaHsiiolee JBOHHOe OTHOLIEHHE NPOM3BOJNBLHOH YeTBEPKH TOYEK, Hashl-
BAETCS1 NPOEKMUBHbIM OMObpaJCEHUEM.
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[Tpn HeoOGXOZMMOCTH NOAYEPKHYTh NPOEKTUBHBIH Xapakrep oTOGpa-

XKeHus OyneM ynoTpebisiTb 3HaK A, HCNOJNb3Ys 3alUCh @ i
Uy A Uy,

ITpuMeyaHue. B nHameM omnpefeneHuH Tpe6oBaHMe GHEKTHBHOCTH H3GEITOYHO:
GHeKTHBHOCTh MOXHO GbLIO OBl AOKa3aTb, HCXOAS M3 HHBAPHAHTHOCTH JBOHHOrO OTHO-
L1e Hus.

OueBuaHO, YTO INEpPCHEKTHBHbIE OTOOpaxKeHUs! NpeNCTaBJsIOT CO0OMH
yacTHRIH cJydyail NPOEKTHBHBIX — 3TO BEITEKaeT U3 cBoHcTB 1 M 3, 0 KoTO-
PHIX IIIa peyb B IpefpIAyLieM MyHKTe. A Tak Kak NepcleKTHBHOe 0ToGpa-
JKEHHe CYIeCTBYET, TO 3THM CaMbM JOKAa3bIBaeTCsl CYIeCTBOBaHHE IpOeK-
THUBHBIX OTOOpa*eHHH.

OTMeTHM TakKXKe, UTO KOMMNO3UYUS HECKONbKUX NPOEKMUBHbLX 0mobpa-
oHCeHULl modce npoexmusHoe omobpacerue.

Teopewma. [Tyemv A,, By, C; — mpu pasiudrvle mouku npamoi
Uy, @ Ay, By, Cy — mouru npamoil uy. To20a cyuwjecmsyem 00HO u mMOAbKO
00HO NPoeKmUBHOe 0MoOPaNCeHUe @ : Uy —- Uy, NPU KOMOPom mouku Ay, By, Cy
0mobpAIAOMCs CoomeemcmeeHio Ha Ay, Bs, C,.

HoxasarteabcTBo. Eduxcmeentocms. Ilyctb ¢ u ¢ — 1Ba
OoToOpaKeHMsI, YIOBJIETBOPSIIOIIME YCJOBHSM TeopeMbl, U M; € u; —
NpOM3BOJIbHAs TouKa. IlycTs Janee @ (M;) = M, u ¢ (M) = Ms.
Torna no onpeneneHuio NPOEKTUBHOIO OTOOpaxKeHHs OylerT:

(AszczMz) = (AszczM;) = h,

rie h = (A;B,CiM,). B cuny Teopemni 1 § 3, n. 3 M, = M u, cienoBa-
TeJbHO, @ = ¢'.

3aMeTHM, YTO €IHHCTBEHHOCTb OTOOpaKeHHsl A0KasaHa Ge3 KaKux-
JH60 OTpaHHUYEHHH B OTHOMIEHHH NPSIMBIX U; U Uy, KOTOPHIE, B YaCTHOCTH,
MOTYT H COBNIAJaTh.

Cywecmeosarue. PaccmoTpuM cHauasla ciyva#, Korja u; 5= u,. Ha
npsiMoi A;A, BO3bMeEM IPOM3BOJBHO IB€ pas3jHyHblE TOYKH S; H S,,
oTvuHble OT A;, A,, a 3areMm uepe3 ToukU B = (S;B;) ] (S:B,) u C =
= (S8;C1) N (SyC,) mpoBezem npsimyio u (puc. 34).

OtoGpaxkeHue P = P, o P, TE
N Oyt g Dou, Py s u,,
$, Sy

€CTb HCKOMO€ OTOOpaXKeHHEe: OHO
NPOEKTHBHO KaK KOMIO3UUHUS Iep-
CTNIEeKTUBHEIX OTOGpaKeHUH H

Az 8 C, ¢: A~ Ay By —>B, C —C,

Ecnu ke u; = u, (3TM CoOBNaB-
mue npsmele 6yfeM o603HavaTh Ofi-
HOH OYKBOH u), TO Ha KakKo#-nu6o
7 Sz IpYrof nmpsiMoil u, BO3bMEM IIPOH3-

BOJIBHO TOYKH A,, B,, C,. Ilo no-
Puc. 34 Ka3aHHOMY BBILI€ CYILLECTBYIOT Hpo-
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€KTHBHbIE OTOGpaXKEeHHsI
QU= Uy, Py Uy —> U
TaKHe, YTO
@1t Ay = Ay, By — By, Cy — Gy @yt Ag — Ao, By — By,
C, — C,.

Hx koMmnosuuusi @, o ¢ €CTb HCKOMOE€ NpPOEKTHBHOE OTOGpaXKEeHHE.

Teopema pokasana.

CanencrtBHue. [lpoekmusroe omobpasserue 00HOL npamoil Ha Opy-
2yto moorern GbLmo PA3NOHCEHO 8 KOMNO3UYUI0 He b6oaee 08Yx NepCreKmusHbL
omobpasiceruil, ecau npsamble PasaudHbl, U He boasee mpex, ecau npsmole
cognadarom.

[TepBoe yTBepKIEHHE 3TOrO CJEACTBHS CO BCEH OUEBHIHOCTBIO BRITE-
KaeT U3 JI0Ka3aTe/bCTBA TEOPEMbl; B CINPABELJUBOCTH BTOPOTO yTBEpKIe-
HHSI JIETKO YOeNHThCs, €C/M INPOaHa/Ju3MpOBaTb KOHELl [0Ka3aTe/bCTBa
TeopeMbl. PaKTHYECKH [0KAa3aTeJbCTBO BTOPOH YaCTH BBINOJHEHO INpU
peleHun npumepa 1 B § 12.

3. YcioBHe nepcneKTHBHOCTH NMPOEKTUBHOTO OTOOpaXeHHsI.

Teopema. [aa mozo umobor npoexmusHoe omobpadcerue npsamo
HA npamyro Obla0 nepcneKmusHolM, Heobxo0umo u OdocmamouHo, 4mobet
mouxa X, npuxaOremauias obeum npameim, omobpaxiarace cama Ha cebs.

HoxasartenncTBo. Heo6xonumocTe NOKasbBaTh He Hajo, MO-
CKOJIBKY 3TO yTBEPXKAEHHE COBMNafaeT Co CBOHCTBOM 2 NEpPCNEKTHBHEIX OTO-
6paxkenu#t (nyHKT 1). JloKakeM HOCTAaTOYHOCTb.

[Tycte ¢ — npoekTHBHOe OTOGpa)KeHHe NpPSMOH u; HAa MNPSAMYIO U,
1 ¢ (X) = X. Ilycrs panee A,, B; € u; — Kaxkue-1u00 TOYKH, He COBMNa-
Rawomue ¢ X, a A,, By, € up, — ux obpassl npu otobpaxennu ¢. Ilo Teo-
pemMe NpebILYIero NyHKTa ¢ — eIHHCTBEHHOE NPOEKTHBHOE OTOOpaKeHHue,
npuH KoTopoM oOpasamu ToueK A,, B;, X OyAyT COOTBETCTBEHHO TOYKH
A,, B,, X. Onnako TeM e CBOHCTBOM 00JajlaeT M NepCrneKTHBHOE OTO-

Gpaxenne 1 : ul%‘—» u,, te 8 = (A,4,) 1 (B1B,). Cnenosarensto, P=¢.

Teopema nokasana.

4. Teopema MNannal. [Tycme u u v— 08¢ pazauurvle npsamovle, HA Kadx-
doil u3 Komopelx 63smo no mpu pas-
Arunnolx mouku: Ay, As, As € u, Ay,
Ay Ag €v. Toeda mpu mouku

P = (A,4,) N (A4,4;),
Q = (A2A3) ﬂ (AsAs)»
R = (434, N (4¢4,)

utyudermuoL 00not npamoti (puc. 35). 74,

! MMann (I1I—1V B. H. 9.) — rpevecknuit
MaTeMaTHK. Puc. 35
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JokasarteabcTBo. O6osHauuMm npsimble A,45 u A Aq cooT-
BETCTBEHHO Yepe3 p M ¢ ¥ PaCCMOTPUM NPOEKTUBHOE OTOOpaxKeHHe @ : p —
— g, KOTOpPOe ONpefielUM KaK KOMIIO3HLHIO IBYX NMEPCNEKTHBHHEIX — @ =
= ‘Lplo’lp, rje

lp p——»U,'llJ UAS B

Beenem oGosnauenusi eme aByx Touek: K =p | (4, 4e), L=¢g N
N (AsA,) — u HalineM o6pasel Touek As, Ay, K, P € p OTHOCHTENBHO
NPOEKTHBHOrO OToOpaxkeHus ¢. Kmeem:

{ !
A un o 4,

@zai &»L
m+A~%
P 4,%0

[pexxge Bcero 3aMeyaeM, YTO NPOEKTHBHOE OTOOpa)keHHe @ : p —- g
OCTaBJISI€T HEMOJABHKHOH TOYKY NepeceuyeHHst NPSIMBIX p U § — TOUKY As.
[To TeopeMe npeapblAyILero NyHKTa 3TO O3HAaYyaeT, YTO ¢ — MEePCIeKTHBHOe
oToOpaxKeHue.

Haiinem uentp nepcrnektuBe. Tak Kak ¢ (A,) = L u ¢ (K) = A,
TO LIEHTP MEPCNEKTHBE NEXHUT Ha NpsaMeIX A,L u KAg, T. e. 310 GyzeT Tou-
Ka R. A taK Kaxk ¢ (P) = Q, 1o npsimast PQ NPOXOAMT uepe3 LIEHTP Inep-
CIIEKTHBHI.

Teopema pokasaHa. durypa Ha pucyHke 35 siBIsieTCsl KOHGQHUTypauue
§ 8, n. 2).

UuTaresnio NpejsaraeTcs CaMoCTOATENIbHO ChOpPMyJHpOBaTh ABOKCT-
BEHHYIO TeopeMmy, cAejiaTh K HeH YepTeX M yOeIuThCsl, UTO OHA SBJSETCH
HpOCTBIM CJeACTBHeM TeopeMbl Ilanma.

[TonesHbiM ynpaxkHeHHeM OyJeT aHaIUTHYeCKOoe J0Ka3aTeJbCTBO TeOo-
pembl Ilanna, Ans yero uesnecoo6pasHO 3ajiaTh NPOEKTHBHYIO CHCTEMY
KOOpJMHAT UeTBepKOH (yHIaMeHTaJbHBIX TOUEK M3 YHcJ/Ia Touek A;.

Teopema Ilanna npeacrasisier co6o# yacTHeIH ciyua#t Teopemsl Ilac-
Kass, Koropas OyleT paccMoTpeHa mospsee (cm. § 17, m. 1).

s, 2 HPHMep lL Ha pacwu-

D, pennotl esrAudosoll naockocmu 3a-

OarbL npamsle Uy U Uy, U NPOEKMUB-

Hoe omobpaswerue @ : uy —> U,

onpedesenHoe mpems napamu co-

omsemcmeyoujux mouex: A,—A,,

B, > B,, C,—C,. [Tlocmpounm

obpas D, wHecobcmseHHol mouKu
D, npamoil u,.

Pemenue  Orobpaxenue
¢ OpPEACTABHM B BHJE KOMIO3HUIUU
IBYX INepCHeKTHBHBIX OToOpaxe-

HUA — @ = Py 0 Pyt
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P LUy E’\;u; P, - uE/\;uz,
rie S; U S, — TNPOU3BOJbHBIE TOYKH NpsiMoit A;A,, a ¢t — mpsMas, npo-
xonsmas uyepes Toukd B = (S;B;) N (S,Bs) 1 C = (5;C1) N (SyCy)
(puc. 36). Touka D = ; (D) HAXOAUTCs Ha MEPECEYEHHH NPSAMOH U U
npsimoit S,D,_, mpoxonsmed yepes S, napansienpHo u;. Mckomas Touka
D, = ¢ (D,,) = ¥, (D) ecTb TOUKa NepeceueHusi NPsSMEIX U, U S,D.

§ 12. MPOEKTUBHBIE NMPEOBPA30BAHHS NPSMOHN.
WHBOJIIOUUHA

1. MpoekTusHoe npeoGpasosanue npsimoil. Hamomuum, uto npeobpa-
306aHuemM MHOJCecmsea HasblBaeTCs OGHEKTHBHOE OTOOpaXkKeHHe MHOMKECTBA
Ha cebst. [IpoeKTHBHBIM NpPeo6pasOBaHKHEM MPOEKTHBHOH NpsAMOH P; MbI

HaspBaeM MPOEKTHBHOE oToOpaKeHHe @ : Py A P,. Onpenenenne mpoek-
TuBHOro oroGpaxenusi (§ 11, n. 2) B naHHOM c/ydyae MOXKeT ObITh KOH-
KPETH3HPOBAHO CJEAyIOUM 06pasoM.

OnpepneneHnue. [lpoekmusHoin npeobpasosaruesm npamol Py
Ha3bBaeTcs NpeoGpasoBaHHE, NPH KOTOPOM COXPaHsSETCsl JBOHHOE OTHO-
[IeHHE NPOHU3BOJBHBEIX YEThIPEX TOYEK.

Teopema 1. [IpoexmusHele npeobpasosarus npamoii Py o6pasyrom
2pynny.

IloKas3aTeJJdbCTBO BHTEKAeT HENOCPEACTBEHHO H3 OIpele-
JIEHHS.

Teopema 2. [Iyems Ha npoekmusHot npamoii 3a0anet 06e ynops-
Qouertble MpPoLiKy mouek, npudem 8 KaxcOol mpotiKe éce MOUKL PASAUHHSL.
To2da cywjecmeyem eQUHCMBEHHOE NPOEKMUBHOE npeodpasosarue npamoil,
omobpasicarouee nepeyto mpoLiKy Ha 8mopyro.

dra TeopeMa npejcTaBJsieT co00# yacTHbI cayuall Teopemel § 11, m. 2.

CnenctBHue [Ipoexmusroe npeobpasosanue npamoli, omauuHoe
om modcOecmeeHH020, Mmodcem umems He 0osee 08YX HenoOBUNCHBLX MoUex.

2. YpaBHeHHs] NPOEKTHBHOTO npeoGpa3oBanus npsmoil. Ilycte Ha
npsimoil P;, Ha KOTOPOH YCTaHOBJIeHA NPOEKTHBHAs CHCT€Ma KOOpAHMHAT
R=R(E), i=1, 2, 0, peficTByeT NpOEKTHBHOe NpeoOpasoBaHKEe @.
Tpebyercss HaliTH ero ypaBHEHHE, T. €. ONPENEIUTb CBSA3b MEXAY KOOpHH-
HaTaMH NpPOM3BOJILHOH TOukKM X (¥, Xp) M ee obpasa X (x; : xp).

Beenem o6o3Hauenus Ajg 06pasoB GyHAaMEHTaNbHBIX Touek: @ (E;) =
= E}, i =1, 2,0, 1 pacCMOTPHM BCIOMOTaTeJIbHYIO CHCTEMY KOOpAHHAT

R =R (E}). [To onpepeneHuio NPOEKTHBHOI'O NpeoGpa3oBaHus
(E1EoEoX) = (E1EsEoX")

M B CHJIy TEOPEMH! O CBSI3H NPOEKTHBHBIX KOOPJAMHAT C IBOMHLIM OTHOIIE-
uueM (§ 3, n. 3, Teopema 2) KoopAuHaThHl TOYKH X B cucreMe R Gyayt
Takue e, KaK U Koop/uHaThH ToukH X' B cucreme R'.
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Takum o6pasom, Touka X' B cucTeMe R MMeEET KOODAHHATHI (X| : Xj),

a B cucreMe R’ — (x; : X,). KoOpIMHATEI TOUKH B JIBYX pPasHLIX CHCTEMax
KOODAHHAT CBS33HbEI YPaBHEHUSIMH nepexona (2.2), nostomy

AX = PX', (12.1)

rie X 1 X' — KoopAuHaTHEIE CTOJIOUBI NMpooGpasa W ofpasa, P — He-
ocoGeHHasl KBajipaTHasl MaTpHLa BTOPOro Nopsika, A — Kosdduuuent
NPONOPUHOHANBHOCTH.

B KOHKpeTHBIX 3ajlayaX BMECTO MaTPHYHOIO YpPaBHEHHS NPOEKTHBHOTO
npeo6pa3oBaHHs OOLIYHO HCIOJB3YIOT CHCTEMY

{ Ay = puX; + ProXy,

g ; 12.2
Ay = porx; + Pasky (122

rae p;; — 3JIeMeHThl MaTpuusl P.
YpaBuenue (12.1) MOXKHO paspemwuTb OTHOCHTeNbHO X':

pX' = QX, (12.3)

rie p=A"1 Q=P

OGpatuM BHUMaHHE Ha TO, YTO (GOPMyJIBl NIpeo6pa3oBaHusi KOOPAHHAT
(2.2) u (2.4) u ypaBHeHus MpOeKTUBHOTO NpeobpasoBanus (12.1) u (12.3)
HMEIOT pa3HhIlli reoMeTpUYeCKHH CMBIC/, XOTS (POpMaJbHO OHH ONMHAKOBLI:
NepBbi€ BLIPAXKAIOT CBSI3b MEXKY KOOpAHMHATaMH OLHOHM H TOH 2Ke TOYKH
B pa3sHbIX KOODJAHHATHBIX CHCTeMaxX, a BTOPbIE — MEXLY KOOpAWHATaMH
pasHBIX TOYEK B OJHOH CHUCTEME.

3. KoMmo3uuusi mnpoekTUBHbIX mNpeoOpa3oBanmii. HafineM xommnosu-
IIMIO IBYX NPOEKTHUBHBIX NpPeoOpasoBaHUH @; H @,, 3aJaHHBIX COOTBETCT-
BeHHO ypaBHeHHsIMH MX = P X' u A X = P,X'.

ITycte X — xakas-mu6o Touka u @; (X) = Xy, @, (X,) = X’. Torna
MX = P, X, u AX; = P,X’, oTkyza:

(Ahg) X = (P1Py) X'. (12.4)

Msb1 nonyyunu ypaBHeHHe NpeoOpa3oBaHHs @, o ¢;. Ero maTpuua c
TOYHOCTBIO IO MHOXKHTeNs paBHa PP, (o6patHTe BHHMaHHE Ha MOPSAOK
COMHOKHTeNeH!).

Hrak, mampuya xomnosuyuu OBYX npoekmusHeLx npeobpasosariil
¢ MouHoCmb0 00 MHOMCUMEAS PABHA NPOU3BEOEHUID MAMPUY NepemHoxcae-
MbLx npeobpasosaruti, nputesm Mampuya nepeozo npeobpasosarus Gydem
NEBbIM COMHONCUMENEM.

Mampuya moscOecmeerno20 npeobpasoeanus ¢ MOYHOCMb 00 MHOM Y-
meas pasHa eQuruunoid mampuye E:

I _ |a 0 l .
=[5 el

10
P=qE =a “ 01
TakKasi MaTpulla HasbiBaercsi ckaasprod. Ilostomy mampuya obpamrozo
npeobpasoeanus ¢ MOYHOCMbID 00 MHOMUMEAS PABHA 00pamHOLl mampuye
O0anHo20 npeobpasosarus.
4, OnmpeneneHde M NpU3HAK HHBOJMOUMH. 3ananue. Kaxk wu3BecTHO,
WHBOJIIOLMOHHEIM NpeoOpa3oBaHNeEM Ha3HBaIOT HETOXJIECTBEHHOE nmpeobpa-
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30BaHHE ¢, COBIIajlalollee CO CBOMM o6paTHBIM: ¢ = @71, IIpu3HaK HHBO-
JIOUMOHHOCTH MOXHO 3aNKCaTh U B TAKOM BuE: ¢? = e, Tle € — TOXKIECT-
BeHHOe NpeoOpasoBaHue.

B stom maparpade Mpl 6yZieM H3ydaTb HHBOJIIOLHOHHBIE NPOEKTHBHLIE
npeoGpasoBaHusl NPsIMOH, OOBIYHO HasblBaeMble IPOCTO MHBOJIIOLHSIMH.

Onpenpeanenue. Hnsoaoyueld Ha3blBaeTCs HETOX/IECTBEHHOE
NPOEKTHBHOE NpeoGpa3oBaHHe INpsiMOH, COBMajaiollee CO CBOHM 06-
paTHLIM.

Teopema 1. [aa moeo umobe. npoexkmusHoe npeobpasosarue ¢
npamoii 6vlao uxeosroyueli, Heobxodumo u Gocmamouro, 4mobel Ha Mot
npamoti umerace napa paszauurolx movex A u A’, omobpamaiowuxcs 00xa
Ha Opyeyto.

JokasaTteabcTBoO. HeoO6xoouMocTb OYeBHIHA, AOKaKeM Qo-
CMAMOYHOCb.

[Tycts jaHO mpoekTHBHOEe mpeobpasoBaHue @ U ¢ : A< A’. TpeGyer-
s loKasaTb, 4TO AJs JoGo# Touku X u3 ¢ : X — X' Io/KHO c/iefoBaTh
p: X' — X.

OGosxauuM o6pas Touku X' yepes X”. Torma B Cu/y HPOEKTHBHOTO
xapakTtepa npeoGpasoBanus ¢ Gyger (AA'XX')=: (A'AX'X"), a no Teo-
pemve § 3, m. 5 (AA'XX") = (A"AX’X) u, cnenosatennsHo, (A’AX'X) =
= (A'AX'X"), a u3 aTOr0 paBeHcTBa B cuay Teopemsl 1 § 3, n. 3 nosayua-
eM X = X", 4T0 U TpeGoBaJOCh JOKa3aTh.

Teopema 2. [Tycmv Ha npoexmugHoti npamoi 3a0aubt 0se napsl
movex, npuden xoms 6ol 8 00HOL U3 nap mouku pasauuner. To2da cyuecm-
8yem eOUHCMBEHHAR UHBOAOYUS, NePeCMABASIOWAR MOUKU KAXCOOL napel.

ITpumeuanue. B panbueiimem TpeGoBaHHe HeCOBMafeHHS TOYEK GyIeT CHATO.

IIokxasaTeanbCTBO TeopeMsl. Touku mepBoH Mmapbl 0603HAUMM
yepes A, A’, Bropoit — B, B, A = A’. 3ajaiuM npoeKTHBHOe NpeoGpa-
30BaHHE YCJIOBUSIMH

9p:A4—>A", A’ A, B—B;

B CHJIy TeopeMel 2 II. 1 Takoe npeoGpasoBaHHe CYLIECTBYET U €JMHCTBEH-
HO, a 1O MpelbiAyIeH TeopeMe OHO HHBOJIOLHOHHO.

Teopema pokasaha.

5. YpaBHeHus HHBOMIOUHMH. [[aHO INpOEKTHBHOE mnpeobpasoBaHHE @
c ypaBHenneM AX = PX'. Tpebyercs BBISICHHTb, KaKue OrpaHHYEHHS
LIOJIKHBI OBITh HaJIOXKEHB! Ha KO3(hUIMEHThl YpaBHEHHS (T. €. Ha MaTpULLy
P), urofr1 npeo6pasoBaHue CTajl0 HHBOJMOLHEH.

Yc/l0BHE MHBOJIIOLMOHHOCTH ¢® = ¢ B COOTBETCTBHH C NPaBHJIOM Iie-
PeMHOXeHHsl NPOEKTHBHBIX NpeobpasoBaHuil (1. 3) o3Hayaer, 4TO MaTpH-
ua P? ckanspuas. Ilycts

P=[d]
TOTa B Marpule
Pefaleal -l tE vl
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5JIeMEHTH], CTOSIHEe Ha IJIaBHOH AMaroHa/lu, paBHbI Mexjy coboii, a
OCTaJIbHBIE — HYJH. DTO NPUBOAMT K CJEAYIOLlell CHCTeMe ypaBHEHH:

b(a+d)=0,
cla+d)=0,
(@a—d) (a+d)=0.

Ecmu a+ds~0, 10 b =¢c =0, a=d. CrnegoBaresbHo, P — cka-
JisipHasi MaTpHulia, a ¢ — TOXAECTBEHHOe NpeoGpasoBaHuE.

Ecin a 4+ d = 0, To cucTema ypaBHeHUH, ofecrneunBaolasl HHBOJIO-
LIMOHHOCTb MNpeo6pasoBaHus, yHoBJerBopsiercsi. [IpeoGpasoBanne ¢ B
5TOM CJlyyae HeTOXKJECTBEHHOoe (mouemy?).

Hrak, 022 moeo umobor npoexmugHoe npeobpasosarue npamot Golao
UHBONOYUOHHBIM, HEoOXo0umo u 00CmamouHo, 4mobsl CYMMQ INEMEHMOB,
CMOAWUX HQ 2A06HOLL OUA2OHAAU Mampuybl npeobpasosanus, pPasHAAACH
HYAL0.

YpaBHEHHS] MHBOJIIOLMH HMEIOT CJAEAYIOUHH BHA:

Ax; = ax bx

{M} = cx1 :—I_ axz’ (12.9)
2 1 2°
Onu MoryT OBITH YNPOILEHBI, €CJIH B KauecTBe KOODAWHATHHIX Touek E; u
E, npuHATb TOYKH, COOTBETCTBYIOLLME APYT APYTy B HHBOJIOLHH. B aTOM
cayuae obpa3 Toukd E; (1 :0), B cuny ypaBHeHus (12.5), Gyjper umerh
KOOpJHMHATHEL (@ :c¢), a MOCKOAbKY obpasom Touku E; (1 :0) siBasiercs
Touka E, (0 : 1), To a = 0. ITonyyaeM ypaBHeHUsI HHBOJIIOLUH B CJELYIO-
meM BHAE:

{7»)6; = bX2, (12_6)

Axy = cxy,

rie b =0 u ¢ 5= 0, Tak KaK B NPOTHBHOM CJyuae oToGpaKeHue, Onpele-
Jasiemoe ypaBHeHHsiMH (12.6), He Oyzer npecOpaszoBaHueM. B camom ferne,
ecsd, Hampumep, b = 0, 10 Bcerna x; = 0, T. e. 0o6pasoM Jc6OH TOUKH

6yner Touka E, (0 : 1). OtobpaxeHue, ciaenoBaTe/bHO, He GHEKTHBHO M
IIOTOMY He momnajaer noj oblee onpefeseHue NpeoOpasoBaHHus.

6. HemomgBuxknble Touku. Buabl unsosmoumit. Hafimem uucso nHemoa-
BHXKHBIX TOYEK HHBOMIOLHU (12.6). KoopAuHATE HEMOABUXKHOH TOUKH H
ee o6pasa MNpPONOPLUOHANBHEL, [03TOMY OHH MOTYT OBITH HaHAeHBHl H3
CHCTEMEI:

{7\,)61 = bx2,
Axy = cxy,

OTKYyZa:

(’_‘;"’_E
%) ¢

b
Ecau — > 0, To uMeroTcs ABE HENOABHKHBIE TOUKH. VHBostonus Ha-
c
3BIBAETCA 2unepboautecKoll.
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b
Ecan — < 0, To HemoABMIKHEIX To4YeK HeT. MHBoOJIIOLHUS HasbBaeTcs
c

AAAURMUUECKOU.

Teopema l. B cayuae eunepbonuueckoii urneosroyuu awobvle Ose
napel pasAudHolX COOMEEMCMmBYIOWUX movex He pasleasrom Opye Opyea,
a 8 cayuwae aaraunmuudeckoll — pasdessrom. Boavwe moeo, xaxosa 6ot HU
Obiaa sarunmMuUueCKAn UHBOAOYUS, 04 A060LL napel COOMBemMCMBYUUX
mouex eduHcmeeHHblM 00pasom Hatidemcs Opy2as napa, KOmMopas hepsyro
Oeaum eapmoHuseck.

HokxaszaTenbcTBo. Toukd OfHOMN Napel NpuMeM 32 KOOpAUHAT-
Heie ToukM E; (1 :0) u E, (0 : 1). Torna ypaBHEeHHsI HHBOJIIOUHUH HMEIOT
Buj, (12.6). Ecnu A (a, : a,) — onHa ¥3 TOYEK BTOPOH maphl, TO Apyras
ToyKa B B coorBercTBHM C ypaBHeHusiMH (12.6) HMeeT KOOpIAMHATHI
(bay : cay). TlosTomy

A = alEl + a2E2; B = ba251 —]’ CalEz

H, CJ€I0BaTeJLHO,

b a
(EiEyAB) =2 : & -2 . 2,

3HaK JIBOMHOTO OTHOLIEHHSI corsiacHO § 3, m. 4 ro3BoJiseT CyAuTb O
b
pasieJIeHHOCTH WM HepasJieJIeHHOCTH nap Touek. A WMeHHO, ecin — > 0

[
(eunepboruueckas unsoaroyus), to (E;E,AB) >0 u Ey, E, == A, B; ecau
L2 < 0 {aaaunmuueckasn unsoaoyus), o (E,E,AB) <0wu E,, E, — A, B.
4

1 HaXOXKJEHHS! NMaphi COOTBETCTBEHHBIX TOUEK, FAPMOHHYECKH JeJisi-
2
o b ay
wux napy E,, E,, Hagmo Ha#ith q, : @, U3 ypaBHEHHS — - - = —1.
¢ a
1

b
Tak Kak MHBOJIIOLMS 3JIHNTHYECKast, TO — < 0 u NOTOMY YypaBHEHHE
c

paspemumo. OHO mHMeeT fBa pemeHus — a, :a, = Vb : =1 |cl.
HerpyzHo BHzeTh, YTO JBe TOUKH, ONpeleJisieMble STHMH DeLIeHHsSMH, CO-
OTBETCTBYIOT APYT APYTYy B MHBOJIOLHH, NOITOMY CYLIECTBYET €JUHCTBEH-
Hasl [1apa COOTBETCTBYIOIIMX TOYeK, jensuiasi napy E;, E, rapMOHHYECKH.

Teopema nOKasaHa.

Teopewma 2. HenodsusmHsle mouxy 2unepbOAUMECKOLi UHBOAOYUL
eapmorutecky Oeassm a106yi0 napy COOMEemCmeYoUUx Mmouex.

HokasarteapctTBo. Ilycte U u V — HenoxBuKHBIE TOYKH,
a A, A’ — napa COOTBETCTBYIOIUX TOYeK. Toraa B CHJY NPOEKTHBHOTO
xapakrepa uHBOMIOUMH Oyner (UVAA') = (UVA'A). A tak kak, Kpome

toro, (UVAA') = , TO
(UVA'A)? = 1.

Ecmu (UVA'A) =1, 1o Toukn A u A’ coBnagator. Ho Tak kak Tpex
HEMOJIBUXKHBIX TOYEK HETOXK/eCTBEHHOE NPOEKTHBHOe NpeoGpasoBaHKe

(UVA’4)
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HMETb HEe MOXKeT (CM. CJIEICTBHE U3 TeopeM:Hl 2, m. 1), TO 5TOT BapuaHT OT-
nagaer. Ocraercs eIUHCTBEHHass BO3MOxHOCTh — (UVA'A) =—1.

Teopema nokasana.

CnenctBue 1. [se Henodsuxcuoie mouku 3adarom eunepbosuve-
CKYI0 UHBOAOYUIO.

B camom pesie, mpu 3THX yc/0BHsiX o6pas J060fi TOUKH MOXKET OHITh
HafiieH mo Teopeme 2.

ITpumeuanue., PaccMoTpenHoe cileficTBHe TMO3BOJISIET CHATD
orpaHHueHue, coJepikalleecs B YCJIOBHH TeopeMmbl 2, I. 1, W cyuTaTh, 4TO
Jo0ble JIBe Mapel COOTBETCTBYIOIIUX TOYEK ONpPENEJSIOT HHBOJIOLMIO.

CnencrtBue 2. Kakoser 6ol Hu Oviau 06e HepasdesenHole napbl,
cywecmsyem eOUHCIMBEHHASA MpPembs napa, Komopas Kaxcoyro u3 OaxHbix
nap Oeaum 2apMOHUUECKU.

e jaHHBIE Naphl, €CJAH TOYKH KaxKIOH Mapbl CUHTATb COOTBETCTBYIO-
LIMMH APYT APYTY, B CHJIY TeopeMEl 2 (MYHKT 1) onpenesisitoT HHBOJIOIHIO,
KOTOpasi BCJEACTBHe TeopeMbl | HacTosiinero myHKTa OyleT runepGoJinye-
ckoii. HenozBuKHbBIE TOUKH 3TOH MHBOJIOLUMM — HCKOMBIE TOYKH, TaK Kak
10 TeOpeMe 2 OHH JeJISiT JaHHBIE Naphl FapMOHUYECKH.

IIpumep 1. [Ipoexmusroe npeobpasosarue @ : P, — P, 3a0aro
mpems napamy COOMEEMCMBYOWUX MoUeK:

A—-A',B->B,C—>C'.

ITocmpoum obpas npoussoavroil mouku M (puc. 37).

Pewewnune. Pasnoxum npeo6pasoBaHne ¢ B KOMIO3HLHIO Tpex
NEePCHeKTUBHBIX OTOOpaxeHHU#: @ = Py o YP; o P (CM. CJIENCTBHE H3 Teo-
pemet § 11, n. 2). C sT0# HeJIbIO TPOU3BOJILHO BEIGEPEM NPSIMYIO U H TOY-

Ky S, nocie yero 3afaiuM oroGpaxenue VP : P :/§\" u. O6pasbl Touek

Puc. 37
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A, B, C oTHOCHTeJIbHO NpeoGpa3oBaHHst P 0603HAUNM COOTBETCTBEHHO Ye-
pes A,, By, C;.

3agazuM otoGpaxkeHHd

A . A
R A T Y T
S, S

rie S; u S’ — npousBoJibHBIE TOuKH npsimoit AA’, u, — npsiMasi, poxo-
Isamasi gepes Touku B, = (S;B;) N (S'B’), Co = (S,Cy) N (S'C’). Te-
nepb JIerKo cTpoutcst o6pas M’ Touku M npu oTo6paxKeHHH ¢:

@ (M) = Py 0Py 0P (M) =Py 0Py (M) =P, (My) =M.

I1puwmep 2. 3nan koopdunamer mpex mouex u ux obpaszos: A0 : 1) —
-A"(1:2), B@:—1)->B (1:0), C(1:—2)—>C" (0:1), naiidem
YPaBHEHUS NPOeKMUBHO20 npendpasosanus npamoti.

P e e H ue. CornacHo paBencty (12.3) ypaBHeHHs npeoGpasoBaHus
HIIEM B BHIE:

{)"x; = puX; + P1a¥e,
)"x,g = PuX1 + PaaXs.

[NoacraBasia B 3Ty ¢UCTEMY KOOPIAHUHATHI JAHHBIX TOUEK, IOJYy4YaeM:

{ A = P12 {7"2 = 2p;; — P12 {0 = pu — 2P12
2M = Pass = 2Py — Paas 3 = P — 2Psa.

B 3THX mecTH ypaBHEHHsSX CeMb HEH3BECTHBIX, HO TaK KaK HEH3BeCT-
HbIE ONpeJIesIeHB! JIMIIb C TOYHOCTBIO 10 MHOMHTeJS, TO, NMPUIAB OXHOMY
M3 HEpaBHBIX HYJIIO HEH3BECTHHIX MPOM3BOJIbHOE 3HAYEHHE, HaNpumep
M =1, nonyuuMm: pyp = 1, pyy = 2, pgy = 1, py = 2.

Takum 06pasoM, MBI ONpeNeNHIH Bce KO3(p(dHIHEHTH B YPaBHEHHAX
npeoGpa3oBanHus:

7»)6; = 2x1 + Xo,
7»)6'2 = Xy + 2)62.

MMpumep 3. Huseomoyusa 3a0ana 08yma napamu COOMBEMCHIBEHHbIL
mouex: :A(1:1) A" (5:—-3), B(1:0) <~ B (2:—1). Haiden
YPABHEHUSR UHBOMOUUU.

Pemen ue. IlockosnpKy ypaBHenus (12.5) obecreunBaioT MHBOJIO-
IIHOHHOCTb, TO JOCTATOYHO MOTpeGoBaTh, YTOObl TOukH A’ u B’ GblIM 06-
pasaMu Touek A ¥ B (B OIHY CTOPOHY). DTO NPHUBOAUT K CHCTEMaM:

5M = a + b, 2\ = aq,
3N =c¢—a, —\ = c.
Tlonaras ¢ = 1, HaxonuMm cHauajga A” = —I1, @ = —2, a 3ateM A’ =
= —1, b = —3. TlonyuyaeM ypaBHEHHs HHBOJIOLHH @:
Xx; = —2x1 —_ 3x2,
}\vxlz == xl + 2x2.
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§ 13. KOJUIMHEALUH

1. O npoekTHBHbIX mpeoGpa3oBanusx miockoctTd. [lo ompenenenuio
NPOEKTHBHAS MJIOCKOCTb NPEACTaBAseT COO0H MHOXKECTBO TOUEK H MPSIMBIX,
NO3TOMY IIPOEKTHBHOE Npeob6pasoBaHue P, MOxeT oTOOpax<aTh TOUKH —
Ha TOYKH, mpsiMble — Ha npsiMbie. OJHAKO BO3MOXKHBI H TaKHe Ipeobpa-
30BaHHUsi, MPU KOTOPHIX 00pasoM TOYKH Oyjer mpsmas, a o6pasom nps-
MO#i — Touka. VIMeHHO Takoil XapakTep uMeJo Npeo6GpasoBaHHe f, KOTO-
poe Mbl paccMaTpuBaiu B§ 8, n. 1 n§ 9, n. 3 npu yCTaHOBJEHUH NpPHUH-
nuna JAsoiicTBeHHOCTH. CJIefloBaTebHO, MMEIOTCA JBa THIA NMPOEKTHBHEIX
npeo6pa3oBaHuil B 3aBHCHMOCTH OT TOTO, NEPEBOAAT JIK OHH 3JIEMEHTHI
MPOEKTHBHOM JIOCKOCTH KaKOro-au6o BuJa B 3JEMEHTHl TOTO XKe MU APY-
roro Buaa. IlpeoGpasoBaHusi NepBOro THNA, OTOOpaKawollhe NpsMble B
npsiMble, a TOYKY — B TOUKH, HA3biBAIOTCA KOAAUHEAYUAMU, TIDe0Opa3oBa-
HHSl BTOPOroO THIa, OTOOpaKalolye npsiMbie B TOYKH, a TOYKH B NPSAMBIE,
HasbIBAIOTCS KOPPEAAYUAMU.

[TpoekTHBHble mpeobpasoBanusi ¢ : P, — P, onpepensiorcs Tpe6o-
BaHHsMH, B COOTBETCTBHH C KOTOPBIMH JOJIKHBI COXPAaHATHCA:

1) MHLUAEHTHOCTb TOYEK M MPSMBIX;

2) IBOHHOE OTHOLIEHHE.

HanomuuM, uto TpeboBaHMe OHWEKTHBHOCTH COJAEPIKHTCA B OOLIEM
onpejeneHun npeo6pasosanus (cM. § 12, m. 1), U notomy 3nech OHO OT-
cytctByeT. Ilpy paccMOTpeHMH K€ NPOEKTHBHOIO OTOOpaKeHHs ONHOM
MJIOCKOCTH Ha LPYTYI0 OHO JOJIKHO OBITb BKJIIOUEHO B OmpefenieHue (160
OLITb JOKA3aHHBIM).

[lepBoe TpeGoBaHHe HAfO MOHHUMATb TaK, YTO MHLHAEHTHbIE TOYKa H
npsiMas NMepexoifT B HHUMJEHTHbIE, & HEHHUMJECHTHbIE — B HEHHLHUIEHT-
ueie. M3 3TOro e TpeGoBaHUS BbITEKAaeT, YTO KOJJIMHEADHble TOYKH Ipe-
o6pasyloTcsl B KOJJIMHEapHble TOYKH (IPH KOJJIMHEAUMsX) WU B NpsIMbIE
OIHOTO NyuKa (IpH Koppesasuuax). 10 06CTOATEIbCTBO AENAET KOppeK-
THBIM BTOpOe TpeGoBaHUe.

3 onpezesieHHsl MPOEKTHBHOTO Npeo6pa3oBaHUs CJeyeT, YTO MHOXe-
CTBO BCeX NPOEKTUBHBIX NpeoOpa3oBaHHil oOpa3yeT rpynmy. 3Ta rpynna
HasblBaeTcs NpoeKmueHoli. JleHCcTBUTENbHO, KOMIO3HLIUA JBYX KOJJIMHea-
IMH UK IBYX KOppeasUMH eCTe KoJJIMHealusi, a KOMIO3HLUS KOJlJIHHea-
MM U KOppeJslHH — Koppesisuus. MHOXKeCTBO KOJIIMHeAUUuH TakKe
SBJISI€TCS TPYNNOH, HasblBaeMo# epynnoil xoaruneayuil U 00O3HAYaeMOMH
6ykBoit K. MHroscecmeo xoppeaayuil epynnet He obpasyem. I'pynna Bcex
NPOEKTUBHBIX MpeoOpasoBaHUM, TpyNNa KOJJIMHEAUHW{ ¥ HEKOTOpble HX
NOArpynnel OYAYT CrelMalbHO paccMaTpuBaThcsl B riase VI.

2. OmnpegenieHne KOJUIMHeaUMid U UX 3ajaHue.

Onpeneaedue. IlpeoGpasoBanue % : P,— P, Ha3bBaeTCsi KO-
Auneayued, ecu 06pa3oM TOUKH sBJIsSIeTCS TOUKa, 06pa3oM nNpsMoi — mps-
Mas ¥ COXpaHsieTCs WHLUMUIEHTHOCTb TOYEK M NPSMBIX, & TaKxkKe JBOHHOE
OTHOILIEHHe JI060i YeTBEPKU KOJIJIMHEeapHBIX TOYEK.

TpeGoBanue MHBAapHAHTHOCTH [JBOHHOIO OTHOLUEHMS YETHIPEX MPSMBIX
nyyka MoxKeT OBITh NOKa3aHO, M NOTOMY He BKJIOYAeTcsi B OlpelelieHue.

[yets q;, § = 1, 2, 3, 4, — npaMble ofHOro Nyyka, A; — TOUKH Nepe-
CEUEHHA 3THX MNPAMBIX C KaKoii-mub6o mpsimoil. [lycTe % — KoJIHMHeanus
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H aL =% (q), 4 = % (Ai) Torpa no OmpeJie/IeHHIO KOJUIMHEAlHH TOYKH

A; KOJI/IHHEaPHEl, A; €a; u (A,A,AA4,) = (A A2A3A4) A Tak xak no
OCHOBHOMY CBOHCTBy ,ZLBOHHbIz( otHollenui (9.4) (a1a2a3a4) = (4,4,A;4,)
u (a; azasay) = (A 145A345), To (a,a,a5a,) = (a1 asas ).

Mbl 1OKa3a/ll UHBAPUAHMHOCMYL OB0LIHbIX OMHOUEHUL NPAMBIX ApU
KOAAUHEAUUU .

[IpuBeneHHoe onpefesieHHe KoJulMHeanuu u36biTouHo. [Hrayar' mo-
KasaJl, 4TO B ONpeJie/leHHH He 0053aTeIbHO TaKxKe TpeGoBaHHe HHBAapHAHT-
HOCTH JBOMHOTO OTHOILEHHSI TOYEK, NMOCKOJbKY 3TO CBOMCTBO MOMKET ObITh
nokasano. MccaemoBanusi IliTayara ocTaioTcsi 32 paMKaMH HACTOSILETO
noco6usi.

Teopewma. I[Tycmo 3a0arb. 0se ynopsOOueHHLIE HemMBEPKU MO4ex,
nputem 8 KancOoll U3 IMUX 4emEepoK HUKAKUE MPU MOKKU He KOAAUHeAPHbL.
Toe0a cywecmsyem eOUHCMSEHHAR KOANUHEAUUS, OMOBPAMAIOUAn nepeyio
4emeepKy Ha 8mopyro®.

IHoxkxasatedabcTBo. Cyuecmgosarnue. JaHHbIE YeTBEPKH TOUEK
npuMeM 32 (YHAAMEHTaJbHble YeTBEDKH, ONpeJeJIsioliHe CHCTEMBI KOOp-
muHaT R u R'. PaccMorpuM npeobpa3oBaHHe NPOEKTHBHOH IJIOCKOCTH,
onpefesisieMoe CJIeTYIOIUMH YCAOBHAMH: 06pa3oM JoGoi TOUKH (IpsiMOi)
ABJETCS TaKasi TOYKa (mpsiMasl), KOTopasi B CHCTeMe R’ MMeeT Takue ke
KOOpAMHATHI, KAKHe HCXOAHAsA TOYKa (MpsiMas) HMeeT B cucTeMme R.

10 npeobpasoBaHHe e€CTb KOJUIHHeauus. B camoM Jese, oHO coxpa-
BS€T MHUMAEHTHOCTb, TaK KaK YyCJOBHE HHUMAEHTHOCTH X, + UsXe
+ ugxs = 0 Touku X (¥; : Xy : X3) U NpAMOi u (u, : U, © Ug), 3aTHCAH-
HOE NPH TOMOLIM KOODPAHHAT B CHCTeMe R, SIB/ISETCS B TO 2K€ BpPeMsi H yC-
JOBHEM HMHLMIEHTHOCTH HX 00pas3oB, 3amucaHHBIM B cucTeMe R’. AHaJio-
TMYHO NPHUXOAMM K BBIBOAY 00 HMHBaPHAHTHOCTH IBOWHBIX OTHOLIEHHI:
JBOMHOE OTHOLIEHHE BbIpaxKaeTcsl yepe3 KOODAMHATBHI, a KOOPAHHATHI 06-
Da3oB U NPoo6pasoB PaBHH (XOT M B PasHBIX CHCTEMaXx).

Kpome Toro, Hama KoJJHHEaLUUs OTOOpa)kaeT MepBYIO YETBePKY Ha
BTOPYIO, TaK KaK KOOPJMHATHI TOYEK NEpPBOil YETBEPKH B CHCTeMe R Takue
ke, KaK KOOpAMHAThl TOYEK BTOpPOH ueTBepkH B cucteme R’. Tlostomy
NOCTPOEHHAs] KOJJIMHEAaLHUs! yAOBJETBOPSIET YCJOBHIO TEOPEMBI.

EdQurcmsennocme. IlycTe % — KoJIMHeauus u

®x:A—->A'"B—~>~B,C—~C,D—D'.

JlokaxeM, YTO 3THMH YyCJOBUSMH 00pa3 X' npousBo/ibHOM TOukH X omn-
pefenieH ofHo3HayHO. Touka X He MOXKET HaXOLMUTbCS OLHOBPEMEHHO HA
BCeX NPSIMBIX, COeIUHANOIMX nonapuo Touku A, B, C, D. Ilycte, Hanpu-
mep, X ¢ (CD).

Beenem o6osnavenuss m = (DX), n = (CX) u ybegumcsi, 4To NpsiMbie
m' = % (m), n' = % (n) onpeleseHbl OJHO3HAUHO.

[lo ompenenenuio KoJMHHEAUHH

v:a—>a,b—->b,c—>c,
! Xpucrnan Iltayar (1798—1867) — HeMeukuil MaTeMaTHK, aBTOp (yHIaMEHTAaJb-
HBEIX PaGOT 1O OCHOBAHHSIM NPOEKTHBHON reOMeTpHH.
2 CpaBHuTe ¢ TeopeMo#t O 3alaHHH NPOCKTHBHOIO NpeoGpa3oBaHus HpsiMOM.
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rie a = (DA), b = (DB), ¢ = (DC), @’ = (D'A"), b' =(D'B"), ¢’ =
= (D'C").

Tloatomy (abcm) = (a’b’c’m’). B cooTBeTcTBHM C TpEAJIOXKEHHeM,
JIBOMCTBEHHBIM Teopeme 1 § 3, m. 3, npsmas m’ 3TUM PaBEHCTBOM ompeje-
JieHa OJIHO3HAYHO.

AHaJIOTHYHO TOKa3bIBAETCS, YTO NpsiMas n' TOXKE ONpefiesieHa OJHO-
3HauHO. TeM caMblM ONHO3HAuHO ompepensieTcs u Touka X' =m' ] n’,
TaK Kak mpsiMele m’ U 11’ He COBMNAJaloT.

Teopema nokasaHa.

3. ¥Ypasuenus koaauuneauuu. Ilyctb % : P, — P, — KoJIHHeanus
n R=R(E), i=1,2,3,0, — kakaa-1u60 cucteMa NPOEKTHBHHIX KO-
opauHAaT Ha maockocTH P,. Tpebyercs, 3Hasi KOOPAMHATH! NPOU3BOJIBHOM
TOUKH X (¥, : X, @ X3) B CHCTeMe R, RalTH KOOPAMHATHI (X : X, : X;) TOU-
ku X' = % (X) B ar10i1 xe cucreme. ToT ke Bompoc JOJIKeH ObiTb pelleH
U LIS TOpSIMBIX.

M3 pokasaTesbCTBA TEOPEMBI NMpPEIbIAYIIEro MYHKTA BHITEKAET, 4TO
Touka X' B cucTeMe R’, ompefenseMoil (yHIaMEHTaJbHBIMH TOYKAMH
E’, = % (E;), uMeeT Taxue e KOODJHMHATHI, KaKHe HMeeT Touka X B CH-
creme R, T. e.

4 L LN !
X' (x,: x,: x,) —B cucTeme R,
X' (% ¢ x5 : Xx5) — B cucreme R’,
Ho xoopauHATHL OXHON U TOH Ke TOYKHM B PA3HBIX CHCTEMax KOOPAHHAT

CBsi3aHBbl MEXAY coGoil nuHefHbMH dopmyaamu (6.1). TTostomy nosyuaem
clenyiollee ypaBHEHHE KOJJIHHEaLHH:

A X = PX'. (13.1)

3necb X — KOOpAMHATHBIH CTOJOGel npoobpasa, X' — obpasa, P — ue-
ocobeHHasi KBaJpaTHasi MaTpHLA, ONpefleleHHast C TOYHOCThIO 1O MHOXKH-
Tens, A — KoshpuLUHeHT mnponopuuoHaJbHOCTH. B noppo6HO# 3anucu
ypaBHEHHS] KOJJIMHEALHH HMEIOT CJEAYIOHUH BUA:

My = pux; + PraXy + Pis¥s;
ey = ParX; + PasXy + Posky; (13.2)
Mg = pax; + P3sX, + Pssy.

YpaBuenue (13.1) MOXKXHO pa3pelIUTb OTHOCHTENIbHO X':

uX' = QX, (13.3)

e p =A%, Q=P

BriBezieM ypaBHeHHe IpeoOpasoBaHHs NpPSMBIX. Y paBHEHUE NPSIMOH
B MaTpHuHOil popme uX = 0 npefcraBasieT co6oil 3aNKUCh YCJIOBHS, CBA3bI-
BAIOLIETO KOOPJIMHATH TOYEK NpsiMoil u. KoopAHHATHI 06Pa3oB STUX TOUEK
B cuay (13.1) cBasaunl ycioBuem uPX' = 0. 3nauut, uP — cTpoKa u3
KoopauHaT npsamoit u' = % (u). [Tostomy

A = uP. (13.4)
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Puc. 38 Puc. 39

4. Mepcnektusal.

Onpepnenenue. IlycTs B paCIIMPEHHOM €BK/IHJOBOM IPOCTPAH-
CTBe® JIaHBI /B PasJIMyHble PACIIMpEHHbe eBKJIHAOBbI IIOCKOCTH Ry, Ro
# To4Ka S (UEHTP MEPCNeKTHBLL), He TpUH2JJIeXKAMAsA JaHHBIM MJIOCKOC-
taM. Torza oroBpaxenue ¥ : R, — Ry, _TIpH  KOTOpOM 006pa3oM TOYKH
A € R, cuuraetcst Touka A’ = (SA) (| R: (puc. 38), HasbBaeTcs yex-
MPAAbHBLM NPOEKMUPOBAHUEM WIH nepcnexmugoli 1 oOO3Hayaercs:

VR -R—2—§>ﬁ;.

Ecau 3T0 OmpefieieHHe MOMLITATbCS CHOPMYJIHPOBATDH [ HEpacIuH-
PEHHBIX IJIOCKOCTEH, TO OHO CTaHET HEKOPPEKTHLIM. B camom gese, mycThb
® — IIOCKOCTh, MPOXOAsas yepes S mapa/iensno Ra, u h= @ | R,.
Torga Touku mpsiMoll A He uMeloT 06pa30B Ha MJOCKOCTH R;. ViMenHo B
CBSI3H C 3TUM U OblLIM BBefieHb! Jle3aproM HecOOCTBEHHbIE 3JEeMEHTHI.

OTMeTHM TPH CBOHCTBA NEPCIEKTHBEL.

CsofictBO 1. Ilpu nepcnekmugHom omobpaeHuu npamas omo-
bpasicaemcs Ha NPAMYIO.

Ilycts I — mpsimas miockoctd R,. Torja Bce mpsiMble, COeIUHSAOIIHE
IEeHTP S MepCHeKTHBEL C TOYKaMH npsIMOk I (mpoekTupylomue l'IpﬁMbIe),
Jexat B miockocTH (SI). O6pasom NpAMOt [ 6yner npsimas [, mo KoTopo#
m1ockocTh (S!) mepecekaeTr NMJIOCKOCTh R: (puc. 39).

CBoficTBO 2. [Ipu nepcnekmusHom omobpadceHuu COXPAHACMCS
080LiHOe OMHOUEHUE KONNUHEADHOLIX MOYeK.

Ilyets A, B, C, D — - KOJUTMHEaPHbIe TOYKH IVIOCKOCTH R, a A", B,

C', D' — ux o6pastl Ha Rs TpH NePCIEeKTHBE C LEHTPOM S (cm. puc. 39).
Toma IO CJEACTBHI0O 1 W3 OCHOBHOrO CBOHCTBa JBOHHBIX OTHOLICHHH
§ 9, n. 5) (ABCD) = (A'B'C'D").

CBoilictBo 3. [Ipu nepcnexmusHom omobpasceHul COXPAHALIMCH
080LiHOE OMHOWEHUE NPAMbIX NYUKA.

91 Teopuio mepcreKTHBEI Hayaa pa3paGarthiBaTh eme JleoHapaq Aa Bunum (1452—
1519).

2 Onpegesienne pacliMPeHHOrO €BKJHAOBA NPOCTPAHCTBA aHAJOTHUHO ONpefelIeHHIo
paCIIMPEHHOl NPsIMOH M ONpefe/eHHIO PAaCIUHPEHHOH IJIOCKOCTH,
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Jloka3aTe/NIbCTBO AQHAJIOTHYHO J[OKAa3aTeJbCTBY CBOHCTBAa KOJJIHMHea-
uuit (DyHKT 2).

Ha ocHoBaHuH f0Ka3aHHEIX CBOHCTB JejaeM BLIBOJ, UTO MePCHEKTHBA
SIBJISIeTCS] TPOEKTHBHEIM OTOGpaXKeHHeM IIJIOCKOCTH Ha IMJIOCKOCTb. Bosee
TOTO, KOMIO3HIHSA Py o Py, TAE

— X = — T =
'\pl:Rg—SA>R2a \P2:R2-§A>R2,
1 2

ABJIAETCS KOJIMHealued, oTo6pasKalomeii MmIockocTb R, Ha cebsl.
[Ipumep . Haus ypasHenus wossuneayuu :

WX = Xy — 2X,, WXy = Xa —|— 3x3, Pxy; = —X,.

Haiidenm: I) 0bpaz mouku A (3 — 2); 2) npoobpas mouxku
B’ ( l: l) 3) obpaz npamol 1(2 0:—1); 4 npoodbpaz nps-
moii m' (l

Pemenu e 1) Koepaunate! wouku A TIOZICTAB/IAEM B yPaBHEHHS TIpe-
06pa3oBaHHsl % BMECTO X;, X,, X3. [lomyuaem x| : x,:x, =1:—5—I.
DT0 U eCTb KOOPJAHHATHL TOUKH A’ = % (A4).

2) KoopauHatel TOYKHM B MojcTaBjsieM B ypaBHEHUs NpeoOpa3oBaHHA
% BMECTO X;, X, X, [Ilosyuaem:

—u = X, — 2x,,
—2p = x, + 3xs,
IL = _X2.
Pemas sty CHCTEMY, HAXOLUM X; : X, @ X3 = 9:3:1. Mo nony4usm Ko-
OpAMHATHl MCKOMOH ToukH B = %! (B').

3) Ilepsoui cnoco6. Ha npsimo#i [ Bo3bMeM NpPOM3BOJILHO JABE TOYKH,
nanpumep C (1 : 0:2), D (0:1 :0). Ilpu nomomu ypaBHeHui npeofpa-
30BaHHsi HaxoauM ux obpaser: C' (1 :6:0), D' (—2:1 : —I). [Ipamas
C'D’ uckomas. Ee ypaBHenue B cuay (6.5) umeer BHA:

%n 1 =2
x2 6 1 =0
xa O ‘_1

HIH
6x; — xy — 13x; = 0.

Bmopoii cnocob. YpaBHeHusi npeoOpa3oBaHUsl % DELIHM OTHOCHTENBHO
KOODAHHAT Npoobpasa Xi, X,, X3. [loaydaem:

p ’ ’
Xy =P (X — 2x5), X =—px, X3 = 5 (% =+ xg).
{loncraBnfis 3TH BhIpaXK€HHS B ypaBHEHHE JaHHOH MpsiMOH [

2%, — x5 =
nosyyaem:

2u (x; — 2x;) —?” (x;4+x) =0
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6x; — x, — 13x; = 0.

310 ¥ ecTb ypaBHeHHe npsiMoi [ = % (I).
Tpemuii cnocob. JlanHoe mpeoGpasoBaHHE B MATPHUHOM BHJAE HMeEET
ypaBHeHue pX' = QX, rae

1 —-20
Q=|0 13|
0—10

[lostomy ypaBHeHue, onpezensiomee npeoGpa3oBaHue NPSIMBIX, HA OCHO-
BaHHM NMYHKTa 3 UMeeT BUA uu = u'Q uau B NoxpoGHON 3amucH

By = g, Wy = —2u; + Uy — Uy, Pty = i,
[loncTaBisis KOOpAMHATHI JaHHOH NPSIMOH [ BMECTO uy, Uy, Ug, TOJYUAEM:
’ ’ ’ ’ &
2u = u;, 0 =—2u; + uy, — u;, — p = 3u,

Pemas 3Ty cucreMy, HaXomuM u; : u,: u;=—6:1: 13 — KoopauHaTHI
uckoMmo# mpsimolt I = % (l).

4) KoopauHnathl uckoMoit npsimoit m = %~ (m') nonyuum, MoiaCcTaBUB
B YK€ HalileHHEIE ypaBHEHHs NpeoGpasoBanysl NPAMBIX BMECTO U;, U, U,
KoOpAMHATH JaHHOH mpsimo#t m'. Haxomum u; : uy:uy=1:—2:3.

[Mpumep 2. Ha pacwupenHoli esxkaudosoli naockocmu 8 nPamo-
yeorbHblx Oexapmoselx KoopOuramax 0ana okpyseHocme (x — 2)2 + y? =
= 2. Haiidem 06pa3 amot 0KpYyHsHOCMU OMHOCUMENbHO KOAAUHeAYUL, Yypas-
HeHUSL KOmOpoil 8 COOmeemcmeyrouux 00HOPOOHbIX KOOPOUHAMAX UMErMm
credyrouwiuii euo:

BX] = Xp, WXy = Xy WXy = X3 — Xg.
Pemenue Pemas ypaBHeHHS KOJJHHEALHH OTHOCHTENBHO Xy,
X9y, X3, TOJNYUAEM:
Xy = PX, Xg = Wy X3 = P (%] — X3).
T BbIpaXKEHHs MOACTABUM B OJHOPOJHOE ypaBHeHHe (X; — 2x3)® + xI =

= 2x? manHO# okpyxHoCTH. [locne r y

YOpOLLIeHUH mnoJyyaeM YypaBHEHHe
o6pasa OKpYKHOCTH:

2 42 - 0,2
X3 x5 = 2x3.

BosBpamasicb K HEOLHOPOAHBIM KO-
OpAMHAaTaM, MPUXOAUM K YpaBHEHMIO

xR —y2=2

Hrak, nonyyaercsi paBHOCTOPOHHSIS
runep6osia ¢ acHMNTOTAMM y = - X

(puc. 40). Puc. 40
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§ 14. TOMOJIOTHH

1. OnpeneJjieHHe U BHIbl FOMOJOTHIA.

OnpepneueHue. lomoroeueli Ha3blBaeTCs HETOXKAECTBEHHAsi KOJ-
JMHeauus, IJisi KOTOpPOH CyLIeCTBYeT TOYEYHO HENOJBHXKHAs npsiMasy,
HasblBaeMasi 0Col0 20MOA02ULL.

Teopewma. [aa ecaxol eomorceuu vy cyujecmeyem Heno08UMHAS
mouka (Yenmp eomoroeuu), obaradaroujan mem C60LCMEOM, 4MO Kanioas
unHyudenmnas eli npamas Henodsusicha. Kpome yenmpa u mouex ocu, eomo-
A02US HeNOOBUICHbLX MOUEK He Umeemn.

HJokasateabcTBo. Ilycte p —ocb romosnoruu, A ¢ p —
Kakasi u6o Touka, A" = y (A). Ilycte nanee B ¢ p U (AA’) — xakas-
5inbo tTouka U B’ = y (B). Torma npsimuie AA’ u BB’ HenomBuXKHEL (T0-
yemy?), H, CJeloBaTeJbHO, OyIeT HeMoABHKHOH M TouKa P = (4A') N
N (BB’). HokaxeM, 4TO P — LEHTP I'OMOJIOTHH.

a) P ¢ p (eunepboauueckas zomoroeus). B 3Tom ciydae Bcsikas nps-
Masl u, MPOXOAsmas yepe3 P, HENOABHKHA, TaK KaK HMEET {Be HElOJBU K-
Hble TOYKH — TOYKYy P Hu Touky X = u (] p (puc. 41).

6) P € p (napaboauueckas eomonroeus). B 3ToM ciyyae Bcsikasi npsiMast
4, TPOXOAsLIAsl yepe3 TOUKy P, HeNOABHKHA [IOTOMY, YTO OHa U ee 00pa3
JIOJIKHEI COCTABJISATh Of{HO U TO XKe JBOHHOE OTHOLIEHHE C TPEMsl NPSMBIMH —
p, AA’, BB’ (puc. 42).

Cy1ecTBoBaHHe LleHTPa IOMOJIOTHH JoKa3aHo. OTCyTCTBHE HEMOIBHIK-
HBIX TOYEeK, KpOMe LIEHTPa U TOYeK OCH, UHTATeJII0 Ipejsaraercs A0KasaTb
CaMOCTOSITE/IbHO.

IIpuBeneM HpHMepHl BHAOB FOMOJIOTMH Ha mjocKocTH R,. Ins artoro
paccMOTpHM Mpeobpas3oBaHue y = P, o Py, [Ie

RLR R
Py Rz_s:ng Pt Rg—g R,
(cm. § 13, nm. 4). 310 npeobpa3zoBaHue, KaK OTMEYAJOCh, €CTh KOJJHHEa-

uusi, npuyeM npsMasi p = R,(] R2 TOUEUHO HEMOABHIKHA; CJENOBaTE/b-
HO, 3TO — TOMOJIOTHSI C OCbIO p. L[eHTpOM TromoJIoruM sB/SETCS TOYKa

S = (8:S:) N R,. Ha pucyuke 43 npencrasiena runep6osnyecKast FoMo-

1 Tak Ha3sblBaeTcs MpsAMasi, BCe TOYKH KOTOPOH HENOJBHIKHBI NPH HEKOTOPOM Mpe-
o6pasoBanKH. TepMHH «HENOABUXKHAS MpsAMasty UCNONb3yeTcsl 1/ 0603HAYEHHs TPSIMOi,
oto6paxaroieiicss Ha ce6sl; €e TOYKH MOTYT H He GLITb HEMOABHKHBIMH,

Puc. 42
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Puc. 43

Jorus, Ha puCyHKe 44 — mapaGosnuueckasi. Ha 3THX pHCyHKax
Ar =19, (4), A" =P, (4)) =7 (4).

Coepnyrouiye JBa CBOHCTBAa HENOCPENCTBEHHO BHITEKAIOT M3 CBOHCTB
OCH W LeHTpa.

CBoiictBo 1. Touka u ee 06pas sesxam Ha 00HOL NPAMOLL ¢ yeHm-
pom 20mon02UU.

CeoiicTBoO 2. [Ipanas u ee 0b6pa3 nepecexaromes Ha ocu.

2. 3ajaHue rOMOJIOTHH.

Teopewna. [Tycmo P u p — npoussorstele mouxka u npamas, A, A'—
mouKy, JAexwauiue Ha 00HOU npamol ¢ P, Ho omauunbie om P u He unyu-
denmnoe p. Toeda cywecmsyem eOUHCMBEHHAS 20MOAOCUS, OAR KOMOPOL
P — yenmp, p — oco, A’ — obpas A.

OGosHauenye TakOH FOMOJNOTHH: VA5

JokasaTeJdbCTBO BBHINOJIHUM TONbKO IJS ciydasi Tunep6o-
Juyeckoit romosioruu. C HeGOJNBIIMMH H3MEHEHUSIMH €F0 MOXKHO NPHMEHHTh
¥ K clyyal napabosiHyeckoil TOMOJIOTHH.

Cyuwjecmsogariue. O6o3naunM yepes U u V Kakue-nnb60 TOUKH NPsiMOH
p, He Jexaiye Ha npsmoit AA’. PaccMOTpUM KoJIMHEAUHIO %, ONpene-
JI5eMyI0 YCJIOBUSIMU:

P->P,U—-UV—>VA—>A

(cM. TeopeMy O 33jaHMM KOJJIMHealluH). Drta KOJJHHeALMsl OCTaBJsieT
HEMOJBUMKHEIMA TpH Touku npsimoit p: U, V. u X =p () (AA’). Ha
OCHOBaHHUH CJIEACTBUS U3 TeopeMbl 2 § 12, n. 1 3akaioyaeM, YTO HENOABHK-
Hbl BCE TOUKU NPSIMOH p, C/IeNOBATENbHO, X — FOMOJIOTHS C OCBIO p; LIEHT-
pOM roMoJioriy GyJeT Touka P KaK HeNoJBHKHas TOYKa, He NPHHaJJexa-
mast OCH.

Eduncmeennocme. Bcesikasi TOMOJIOTHSI, YJIOBJETBOPSIOLLAS YCJIOBHIO
TeopeMbl, 0GJafiaeT TeMH CBOHCTBaMM, KOTODHIMH 3ajiaBafiacb KOJIJIHHEa-
LM NPH HOKasaTesJbCTBE CYLleCTBOBaHMS. Ho KoJMHealusi, 3ajaHHas
IBYMs YeTBepKaMH TOueK, B cHJy TeopeMsl § 13, m. 2 enuHcTBeHHa.

Teopema nokaszaHa.

BepHa U nBOHCTBeHHAas TeEODEMa: 20MOA0BUIO MONHO
3adame yeHmpom, 0Celo w napoil coomsemcmeertslx npamoix a u a'. Obo-
3HauYeHHEe B 3TOM CJyuya€ aHaJOTHYHO: vapj‘;’.

Eciu romoJiorus 3ajaHa OAHHUM M3 YKa3aHHHIX JBYX CIOCOGOB, TO
o6pasbl JaHHBIX TOYEK M NPSIMBIX CTPOUTH Jerko. IlycTs, Hampumep,
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p 3ajana romonorus y4>4’. Tloctpoenne

o6paza M' Touku M ¢ (AA") (puc. 45)
NPOBOAUTCS CJEAYIOWHM o6pa3oM.

Chavana cTpoutcsi o6pa3 npsiMoi
AM. WNm OGymer npsimas A'X, rie
X=p ) (AM). Toura M’ nexur Ha
3TOH NpAMOH, M, KpoMe TOro, B COOT-
BeTCTBHU CO CBOHCTBOM 2 mpeablaylie-
TO NYHKTA OHa JIeXWUT Ha npsimoii PM.
Urak, M' = (PM) N (A’ X).

Ecmu M € (AA’), 1o cHavuana cTpo-

Puc. 45 utcs ob6pas N’  KakoH-Tu60 TOUKH
N ¢ (AA"), a 3arem Touka M'.

Teopema 3TOro NyHKTa NO3BOJIsieT AaTh BTOPOE LOKA3aTeNbCTBO TeO-
pembl Ilesapra (cm. § 8, n. 2). ITyete ABC u A,B,C; — 1Ba TpeXBepIllHUH-
HHKa, nmpuueM npsimpie AA;, BB;, CC, NpoxopsiT uepe3 OFHY TOYKY S
(cm. pue. 19). TpeGyercs mokasath, uto TOukH P = (BC) N (BiCy),
Q = (AC) N (A,C)), R = (AB) | (A,B;) JexaT Ha OfHOH NpsIMOH.

PaccmoTpuM romoJioruio 'yg,";gb), Tak Kxak npu 3TOH TOMOJOTHH
(PC) - (PC;), To B — B; u aunanorunyio A — A;. CienoBaTesbHo,
(AB) — (A;B;), 1 moroMy Touka R mnepeceueHHs] STHX NpPSIMBIX JEXKHT
Ha ocH, T. . R € (PQ), uto u TpeGoBajoCh 10Ka3aTh.

ITono6HEIM 06pa3oM MOXKHO JOKa3aTh U OOpPaTHYIO TeOpeMy.

BosspaTuMcs K pHCYHKY 45, noJiarasi, 4To OH OTHOCHTCS! K runep6oJu-
yecKolit romosiorud. Ilo cienctBuio 1 U3 OCHOBHOroO cBOHCTBA IBOHHBIX
oTHomeHu# (§ 9, n. 5) umeem:

(PUAA’) = (PVMM'),

rie U= (AA") N p, V= (MM') N p. Mul Bunum, uto yucio (PUAA')
He 3aBHCHT OT BhIOOpa TOUKH A, a onpefensieTcsi caMoil romoJsiorueii; oHo
Ha3LIBaeTC KOHCMAHMOU 2unepbOAUtecKoti eomoA02ulL.

CnencTBH e H3 TEOPEMBl O 3aJaHUM TOMOJIOTHMH. Kakoser 6ol Hu
6oiau Heunyudenmuble npamas p u mouka P, a maxswe uucro h, He pasHoe
0, 1, oo, cywecmsyem edurcmeenHas eunepbOAUtecKas 20MoA02us, O0AA
xomopoti p — oce, P — yenmp, h — KoHcmanma 2omoroeu.

3. HHBOJIIOLMOHHBIE T'OMOJIOTHH.

OnpeneJdenue [OMONOTHS 9 HA3HIBAECTCA UHBOAOUYUOHHOL 20MO-
no02ueti, €CJM OHa COBIAfaeT CO CBOMM OGpPATHBHIM INpeoGpasoBaHHEM:

Y=y
Ilpexxne Bcero moka;em, yto mna-

Al
paboJiMuecKasi TOMOJIOTHSI He MOMKeT
4 ObITb HMHBOJIIOIMOHHOH. B camom Je-
8

Jie, MycTb Y — napaGosuyecKasi HH-
BOJIIOLMOHHAS TOMOJIOTHSI C OCbIO p H
LeHTpOM P u MyCTh MMeeTcs IBe Na-

P R p Dbl COOTBETCTBEHHHIX TOYeK: A-A',
= ASS B —~ B’, npuuem (AA’') = (BB’')
Puc. 46 (puc. 46). Torna



¥ :(AB) < (4'B’), (AB') « (A'B).

Tlostomy Toukn Q = (AB’) | (A'B) u R = (AB) \ (A’B’) nOMXKHH
JexaTh Ha ocH. [losyyaercs, uTo Bce AMaroHaJbHbIE TOUKH P, Q, R moa-
HOro yeThipexBepuinHHUKAa ABA’B’ nexaT Ha OfHOH TpPAMO#, Yero GuiTh
He MOXKeT (CTPOro 3TO MOXKHO OGOCHOBAThb, MONCYMTAB KOODAHHATEI TOYEK
P, Q, R B KakKo#-1160 CHCTEME KOODAMHAT).

Teopewma. [Jua moeo umober eunepboruteckas 2omoroeus 6uiaa un-
020U UOHHOL, Heo0X00umo u 0ocmamo4Ho, 4mobbl ee KOHCHAHMA pPasHsi-
aace —I.

IloxasarteabcTBoO. Ilycte p — ocb, P — LEHTP TOMOJIOTHH,
P ¢ p. Ilycte M’ — o6pas npousBosbHOi Touku M u U = (MM’) () p.
Torna, ecin koncranTa romosorud passia —Il, To (PUMM') = —1, a
U3 3TOro cJjenyer (B cuay teopemsl § 3,n. 5) (PUM'M) = —1. Cnenosa-
TebHO0, M — o6pa3 M’ u rOMOJIOTHSI HHBOJIOLHOHHA.

O6partHo. Eciau romonorus mnHBomounoHHa, To M u M’ ortoGpa-
KalOTCs APYT Ha JApYyra, U NO3TOMY KOHCTAHTa A TOMOJIOTHM MOXKET OBITb
BhIpaxKe€Ha JBOSIKO:

h = (PUMM'), h = (PUM'M).

Orctona caenyer #> = 1, a Tak Kak h 5= 1, T0 h = —1.

Teopema pokasana.

CanencrBue. Lewmp u oco onpedessrom uHBOMOYUOHHYIO 2040~
£02U10.

OGosHaueHHe HHBOMIOLHOHHOH TOMOJIOTHH C LIGHTPOM P H OCBIO p : ¥, , -

4. TomosoruM Ha pacCIIMPEHHOl eBKJMIOBOI miockocTH. Paccmorpum
HEKOTOpble YacTHbIE CJyYad TOMOJIOTHM Ha pacClIMpEeHHOH eBKJHIOBOH
IJIOCKOCTH.

1. Tomonrceuu ¢ HecobcmeenHom yenmpom P u cobcmeentoii ocero p.

A’ ’
[lycte 3ajaHa roMoOJIOTHS y‘},mf_‘p, npuueM, pasymeercs, P € (AA").

O6pas B’ Kako#-160 TOYKH B B COOTBETCTBHH C NYHKTOM 2 HaXOAMTCS Ha
OCHOBaHHM IBYX ycjaoBuii: B’ € (A'X), rtne X = (AB) N p u (BB') ||
Il (AA") (puc. 47). 310 NocTpoeHHEe COBNAjAeT C MOCTPOEHHEM COOTBETCT-
BYIOIIMX TOYEK NpPH NepCrneKTHBHO-ahhHHHOM (POACTBEHHOM) TNpeobpaso-
BaHHHM, 3aJaHHBIM OCbI0 p U napoi Touek A — A’. Takum o6pasom, romo-
JIOTHS1 C HECOGCTBEHHBIM LIEHTPOM H COOCTBEHHOM OCBIO €CTb NepCneKmueHo-
apdunroe npeobpasosarue.

Ecau romosiorust K TOMY XKe HH-
BoJIIOIHOHHA, TO (P _UAA") =—1,
rie U = (AA") N p. Tlo Teopeme
§ 4, m 2 U — cepenuHa orpeska
AA’. Taxofi yacTHmeii cayyaii mep-
CNeKTHBHO-a(puHHOrO npeobpasosa-
HMS Has3bIBACTCS KOCOU cummenpuedl.
Eme Gosnee yacTHEIM ciyuaeMm Gyner
OOBIYHASA 0Ce6as CUMMEMPUS C OChIO .

2. Tomonceuu ¢ HecobcmeenHOU
ocero p u cobcmeernbim yernmpon P.
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al
Ao
M’
D
a 2 ¢’ Aao M
2’ A
AN A
Puc. 49 Puc. 50

PaccMOTpUM TOMOJIOTHIO v‘*“", rae P € (AA’) (puc. 48). O6pas B’
Kakoi-nu6o Toukn B sexut Ha mpsamo# A'X_, rme X_=(AB)(N p,,
u Ha npsimoit PB. Tlpsimeie AB u A’B’ napaijie/ibHel, H, CJI€I0BAaTeIbHO,
B JlaHHOM CJly4yae FOMOJIOTHSl SIBJISIETCS TOMOTETHel ¢ LeHTpoM P u mapo#
cootBercTBYIOIUX ToueK A — A’. UuraTtelb caM MOXKET BBIPA3HTb KO-
5(pQUUHEHT TOMOTETHH 4Yepe3 KOHCTaHTY TOMOJIOTHH.

Ecau paccMatpuBaeMasi 2omoroeus uxeosroyuorta, mo (PU_AA') =
= —1, rne U_ = (AA’) N p,. B atom cnyyae P — cepefuHa oTpeska
AA’, u, crenoBaTelbHO, TOMOJIOTHS INpEACTaBAseT COGOH yermparoHyro
CUMMEMPUIO OMHOCUMensHo mouxku P.

3. Tomonozus c Hecobecmeernvimu ocoro p, u yenmpom P_. UntaTemo

npejJsaraeTcsi CaMoCTOSATEJIbHO Y6e}.IHTbCﬂ lITO roOMoOJIOTrusa ‘YA"APOO SABJISAET-

csl napaanensHvim neperocom (BEKTOPOM AA) Tak Kak 3Ta rOMOJIOTHSA

sBJIsieTcs] NapaGoJIMYecKoH, TO HHBOJIIONHOHHOH OHa OBITh HE MOXKET.
Ilpumep 1. [ocmpoun npamyn, npoxodsuiywo 4epes aaﬂnyro mouxy A

u HeQocmynHy mMo4Ky nepecederus 08yx dannolx npameix a u a'(puc. 49).
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Pemenue PaccMoTpuMm romosoruro 'y“-*a;, rie P — npousBob-
Has TOYKa, a p — ucKoMasi npsimMasi. [Toctpoum o6pasel B',C’ npou3Bo/ib-
HbIX Touek B, C € a. Tenepr BosbMeMm Ha (AB) Kakywo-n1u6o Touky D u
HalineM ee o6pa3 D’. OueBuzHO, yTO O06pasoM mpsimoit DC sBasietcs mps-
Masg D'C’, crano ObiTh, TOYKa HX NepeceyeHust X JIEXKHT Ha ocu. [Ipsimast
AX sBnsercs MCKOMOH npsiMOfi p.

HHTepecHo, YTO TO.2Ke caMoe IIOCTpPOEHHEe MOXeT ObThb OOOCHOBAaHO H
npH noMoluu TeopeMsl Jlesapra.

IIpumep 2. Hocmpoum 06pa3 OKPYHIHOCML U ee YeRmpa OmHocu-

MEAHO 20MOA02UU yP (no cBoiictBYy 2, m. 1 Hacrosimero maparpadga

a

”Ppe)z W e H U e. [lepeceyeM JaHHYIO OKPYXKHOCTb 1YYKOM NapaJiie/IbHbIX
npaMeix ¢ nentpoM A (puc. 50). O6pasom Touku A sABJIAETCS TOUKa
A" =2a ) (PA_). Tenepb Jerko Haxonarcs 0Opasbl NPAMBIX MyUKa,
a Ha 3THX 06pa3ax — 00pa3bl TOYEK OKPYKHOCTH H ee lleHTpa. [lonyuen-
Hble 00pasbl TOYEK COEAHHAEM IJIaBHOH KPHUBOH,



TJIABA V.
KBAJIPUKH

§ 15. KBAJIPHKH U HUX KJIACCH®UKALHKSL.
3AJAHHE KBAJIPUKH NMATbIO TOUKAMH

1. OnpepesieHue KBagPHKH.

OnpepneneHue MHOMKECTBO TOYEK, NMPOEKTHBHBIE KOOPAHHATHI
KOTODBIX YAOBJIETBOPSIIOT YPaBHEHHUIO

guX 3 Gaox) + Ga3X] + 2810%1%s + 2815%1%5 + 2gas%ax3 = 0, (15.1)

Has3bIBAETCS AUHULL 6MOpP020 NOPAOKA WIH K8AOpPUKOL.

MbI BHIHMM, YTO JieBaf 4aCTb ypaBHEHHS KBaJApPHKH IPEICTaBJsET CO-
6051 ONHOpDOAHBIH MHOTOUJEH CTeNeHH 2, T. €. KBaJpaTHuHYyIO ¢opMy OT-
HOCHTEJIbHO NEPEMEHHBIX X;, X, X3. ONHOPOLHOCTH CymlecTBeHHa: Gnaro-
Japsi OAHOPOAHOCTH YypaBHeHHe (15.1) HMeeT reoMeTpHUECKHIH CMBICI,
160 OHO OJHOBPEMEHHO YAOBJIETBOPsSieTCs (MJIH, HANpOTUB, HE YAOBJIETBO-
psiercst) BCeMH TpOHMKaMH M3 KaKOro-1u6o KJjacca NpONOpPLHOHANbHBEIX
Tpoek. HeonHopoiHOE e OTHOCHTENIbHO NPOEKTHBHEIX KOOPAHHAT YpaB-
HEHHEe MOXKET M He HMeTb €OMeTPHYECKOTO CMBIC/IA, TaK KaK HEKOTOphie
TPOHKH M3 JAHHOTO KJlacca MOTYT YJOBJIETBOPSITb €My, a HEKOTOPbIE HeT.

OtmeruM, 4YTO TaK Kak opMyasl (6.2) npeoGpasoBaHusi KOOpAHHAT
JIMHEHHB! U OJHOPOAHHI, TO, Nepexofs B ypaBHeHusix (15.1) mo atum dop-
MyJiaM K JpYro# chucreMe KOODAMHAT, MBI MOJYYHM B JIEBOH YacTH CHOBa
KBaJpaTHUHYI0 GOopMy. DTO 3HAUMT, YTO ONpeJieJieHHe KBaJPHKH He 3aBH-
CUT OT BBIGOpa CHCTEMbl KOOPAMHAT.

Matpuua

811 812 &3
G=|8u Gos 8a3l> &ij = 8 (15.2)
831 832 fss
KOTOpYIO MBI yCJIOBHMCS 0603HauaTbh TOH e OyKBOH, UTO U caMy KBal-
PHKY, HasplBaeTCsl MaTpHuell M3 Ko3(h(UIHEHTOB KBAaAPHKH HJH HPOCTO
mampuyeil keadpuku. Ona cuvMMeTpHuHa, T. e. G' = G, rie «T» — 3HaK
TPaHCNIOHUPOBAHHUS.

Ecan Texyiyio TOUKy KBafpuKH Hu cToJ6el U3 ee KOOpAHHAT 0003Ha-
unTh 6yKBOH X, TO ypaBHeHue KBaipuku (15.1) MoxHO 3amucaTh B Mat-
PHYHOM BHJE:

X'GX = 0. (15.3)

B roxpectBenHocTH ypaBHeHu# (15.1) u (15.3) MoxHO y6emuThcsl myTeM
HENocpeJCTBEHHOrO NepeMHOXKEHHsl MaTpHL B ypaBHeHHH (15.3).
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2. MNpuBenenne ypaBHEHHsl KBAJPUKH K KAHOHHYECKOMY BMAY. Brl-
NOJIHMM B YPaBHEHHMH KBaJIDHKH Mepexoll K HOBBIM KOODAMHATaM 1o ¢op-
mynam (6.2). s storo B ypaBHenuu (15.3) npousBeneM 3ameHy mo ¢op-

myte X = %QX ’, B pesyJibTaTe uero nosiyuum ypasuenue X' (Q'GQ)X =

= 0, T. €. B HOBBIX KOOpJHHaTaX MaTpuua G’ KBaJlpuKH TaKOBa:

T
G =QaGQ. (15.4)
Mb1 BUAMM, Y4TO Mepexof K HOBBIM KOOpJMHATaM B YpaBHEHHH KBaJpH-
KH ajreOpanyeckH 3KBHBaJIEHTEH JIHHEHHOMY MNpeoOpa3soBaHMIO KBajpa-

THYHOH (YOPMBI X"GX. Iostomy 31ieCh IPHMEHHMBI H3BECTHBIE (aKThl TEOpHH
KBaJpaTHYHEIX GopM. MBI HX cOpMyJIpyeM B TepMHHAX TEOPHU KBaIpHK.

CBo#icTBo 1. Pané mampuyor k6adpuxu UHBAPUAHMEH OMHOCU-
meabHo npeobpas’oearus Koopouram.

1o cBOHCTBO BHITeKaeT u3 ¢opMyJiel (15.4) BBULY HEBHIPOMKAEHHOCTH
Marpuuel Q. Eciu paHr MaTpulbl paBeH TPeM, TO KBaJpHKa Ha3bIBAETCS
HeBbIPOsOEHHOL, eClTd MeHbILe TPeX — 8o/POHCOeHHOU.

CeoiictBoO 2. [Ipeobpasosaruem KoopOuxam ypasHerue K6AOPUKU
movgerm Goimos npusedeHo K 8udy:

e x? + &, X2 + e3x2 = 0, (15.5)

20e g =1, —1 uau 0.

Takoii B ypaBHeHHs1 KBaJpHKH HasblBaeTCs Kanoxudeckum. IlpuBene-
HHE K KaHOHHYECKOMY BHJly MOKeT ObITb BBIMOJIHEHO PasHBIMH CIOCOGaMH,
paccMaTpHBaeMBIMH B TEOpHM KBajpaTuyHbiX ¢opm. HanGosee pacnpo-
CTpaHeH cnocob 6videseHus NOAHbIX K6adpamos, HasblBaeMbIH TaKkKe Cro-
cobon Jlazparssa. T1o 3aKOHY MHEPUHH KBaJpaTHYHBIX (HOPM YHCJIO MOJIO-
XKUTENbHBIX, OTPHLATENBHBIX W HYJEBHIX KO3(pGHULHEHTOB B KaHOHHYEC-
KOM BHJe KBaJipaTHYHOH (OpPMBI HE 3aBHCHUT OT clocoba NpHBELEHHs ee
K KaHOHHYECKOMY BHIY.

Tak Kak MaTpulla KBaDHKH B KaHOHHYECKOH (OpME UMeeT BHA:

e, 00

0 e O |,

0 0 e
TO ee paHT paBeH YHC/Iy HEHY/eBbIX KO3(Q(HLHEHTOB B KaHOHHYECKOM
ypaBHeHu# (15.5). Ecan Bce K03(UIMEHTE OTIIHYHBL OT HYJst, TO KBaj-
PHKa HeBBIPOXKJEHHas.

3. MpoekTuBHas kaaccupukauus keaapuk. C TOyHecTbIO 1O Hymepa-
IKWM KOODAMHAT KBaJpaTH4yHasi opMa OT TPEX NepeMeHHBIX MOXKET HMETh
(B 3aBHCHMOCTH OT paHra MaTpHIb) CJAelYIOIHe KaHOHHYECKHE BHbL:

Panur 3 | Panur .2 l Paur 1
2 2 2 2 2 2
X+ x+x xy + xp x
2 2 2 2 2 2
x{+ x5 — x3 x| — x5 —x
2 2 2 2 42
—X—x 1%
2 P) p)
N —x— X
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Ecnu paccmMatpuBaTth 3TH KaHOHMYECKHE BHJBI KaK JIEBEIE YacTH ypaB-
HEeHHH KBaJpHK, TO NONyCcTHMO yMHOXeHHe Ha —I1. Torma, ymHOXKas,
HallpuMep, ypaBHEHHe X7 — x2 — x2 = 0 Ha —I1, mosyyaeM ypaBHEHHE
—x?+ x4 x2 =0, KoTopoe /MLIb HyMepalueH KOOpAMHAT OT/IHYaer-
cs oT ypaBHenus xZ + xZ— x2=0.

Takum 06pa3oM MOJyYaeTcsl BCero MsITh BUIOB KBaJpHK Ha POEKTHB-
Hoil miockocTH. OHM npuBeieHb B TaGMHLIEe BMECTE C HA3BAHHSIMH.

Paur | VYpasunenue l Haspanune

xl2 + xg + x§ =0 HyuneBas xBazpuka

3
xf + xg —_ xg =0 OBanbHast KBajpHKa
"12 + xg =0 ITapa MHEMBIX TpPAMBIX

2
x12 — xg =0 INapa npsiMeIX

1 xf =0 Iapa coBmaBLIMX NPSAMBIX

YpaBHEHHIO HYJeBOH KBaJpHKH YAOBJETBOPSET JIMLIL OJHA BelecT-
BeHHasi TpoiiKa uyucesa — (0, 0, 0). Ho sTa Tpofika He sBJseTCs KOOpAHHA-
TOH HM /IS KaKOH TOYKHM, CJeJoBaTe/IbHO, HyJeBasl KBajJpHKa TOYEK He
COZIEPKUT.

ITapa npsiMBIX COCTOMT M3 IBYX HPSIMBIX X; + X3 = 0 ¥ x; — x, = 0.
MbI He TOBODHM «Ilapa NepeceKaroluXxcs NpsMbIX», TaK KaK Ha NPOEKTHB-
HOH IJIOCKOCTH BCe NpsIMBEle NepeceKaroTcs.

ITapa MHHUMBIX NpSIMBIX Ha3bBaeTCsl TaK NOTOMY, YTO JieBasl YacTb
ypaBHEHHS! pasJ/laraercst Ha JBa JHHEHHBIX MHOXHTEJS C MHHUMBIMH K03(-
duLHeHTaMu: X; - iXy U X; — iX,. DTa KBaJpHKa COAEPKUT TOJNBLKO OAHY
Touky — (0 : 0 : 1).

ITapa coBnaBlmIMX NMPSMBIX €CTb ABax/ibl B3fiTas KOOpAHHATHas mnpsi-
Masg x; = 0.

YpaBHeHHe KBaJipuKH, pacnaBuiefics Ha napy npsMeix uX =0 u
vX = 0 (cM. dopmyary (6.7)), MOXKHO 3anucaTh B CJIEAYIOWEM BUIE:

(uX) (@X) = 0. (15.6)

[Tpu 3TOM €ciiM 4 ¥ v He NPONOPLHOHAJbHBI, TO NPSMbIE PA3JHYHEL; PAHT
KBAJIDHKM B 3TOM CJlyyae paBeH IABYM. Ec/H # ¥ U mponopLuOHa/bHEL, TO
npsiMBle COBMNajaloT, ypaBHeHue (15.6) npuHuMaer BUA:

(uX)? = 0; (15.7)

B 3TOM CJlyyae paHT KBaJpDHKH paBeH eJHHHULE.

[lpuBenenHass TabJulla He MNO3BOJSIET pPas3/jiu4yaTh BELIECTBEHHHIE U
MHHMMbl€ KBaJpHKH OJHOTO paHra. B Teopuu KBajpaTHYHbIX (GOpM COOT-
BETCTBYIOIIME KpPHTEpHH HMeeTCs, HO OH He pacCMaTpPHBaeTcs B paMKax
Hawero Kypca. B npumepe 2 Gyaer naH yacTHBIE npHeM, MO3BOJSOLIHA
pasjuyaTh BelleCTBEHHBEIE U MHHMblE KBajpHKHU.
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K knaccudukauuy KBafipuK Ha NPOEKTHBHOH IMJIOCKOCTH MBI BEpHeMcS
B§ 19.

4. 3ajaHue KBaJPHKH MATHIO TOYKAMH.

Teopewma. Kakosot 6ot Hu Obiau nsame modex npPoeKmMUBHOL naoc-
Kocmu, U3 KOMOPbLX HUKQKUE 4Yemblpe He KOAAUHEApHbL, Cyujecmeyem eOuH-
(MEeHHAs KBAOPUKA, NPoxo0Aas Yepe3 Hux.

IHoxasaTteabcTBo. ChHavana nokaxeM, YTO M3 JaHHBIX MSITH
TOYeK MOXKHO BhIOpaThb YETBEPKY TOYEK, He KOJJIHMHEApHBIX IO TPH.

Eciu cpeny JaHHBIX TOYeK eCTb KoJ/uHeapHas Tpoiika A, B, C, 1o
JMLIb OfHA M3 3THX TpeX ToueK (Hanmpumep, C) MoxeT ObITb KOJJIHHeapHa
1ByM ocTaBiuuMcsl Toukam D u H. UerBepka A, B, D, H Bo BCSIKOM cJay-
uae He COLEPKHT KOJJHHEeapHLIX TPOekK.

BosbMeM cHcTeMY NpPOEKTHUBHBIX KOOpIHMHAT, B KOTOpOH BHIOpaH-
Hele TOUKH OynyT ¢yHaamentansHeMu: E; (1:0:0), E,(0:1:0),
E;(0:0:1), Eg(1:1:1). Koopaunatel ocraBmeficsi toukn C oGo3Ha-
upM (Cy & Cg : C3)-

Tenepr OyneM uCKaTb ypaBHeHHe (T. €. €ro KO3(HUHEHTH) BHAA
(15.1), KoTopoMy yJIOBJeTBOPAMH Obl KOOPAMHATHL BCeX NsATH ToueK. Ilon-
craasis B (15.1) koopauHaThl Touek E,, E,, Ez, NOJYyYaeM gy = Zop =
= g33 = 0. CjiefoBaTe/bHO, ypaBHeHUe HCKOMOH KBaJpPHKHU HMeeT BHJ:

G1o %1%y 1+ Q13 X1X3 T+ Za3 XoX3 = O,

npuyeM eMy JIOJIKHBI YIOBJIETBOPATh KoopAuHaTH ToueK E, u C. ITostomy
K03(QQULHEHTHI g9, C13, Qo3 LOJIKHBI YIOBJAETBOPSATh CUCTEME YpaBHEHHH:

{gm + g1z + €23 =0,
G12 €102 + G135 €1C3 + o3 C2¢3 = 0.

[Tonyyunace nuHeHHAss ONHOPOAHAS CHCTEMA C YUCJIOM YpaBHEHHH, MeHb-
MM YHcJla HeusBecTHhIX. CleoBaTelbHO, OHA HMEeT HeHYJIeBhle PelleHHs,
H 3TO JIOKa3bIBAET CYU{ECMB08AHUES KBALPUKHU.

Panr marpuue! 31o#l chcTeMbl:
l 1 1 1

paBeH 2, TaK KakK U3 JUHEeHHOH 3aBUCHMOCTH CTPOK CJ1eL0BasO Obl, YTO TOU-
ka C coBrnajaer ¢ ORHOH U3 QyHIaMeHTaJbHHIX ToueK E;, i =1, 2, 3, 0.
B camoM pene, B 3TOM ciiyyae GYJET ;6 = €€ = €905, @ 3TO MOMKET
6BITH TOJIBKO TOTJA, KOTAA ¢; = Cy = C3, T. €. C = E,, WJIU KOTJa JBa YHC-
Jla U3 TPOHKHU (cy, Cay C3) PABHHI HYJIO, T. €. C COBIAJaeT ¢ OLHOH U3 KOOp-
IMHATHEIX Touek E;, i =1, 2, 3.

Cucrema, TakuM 00pasoM, HMeeT eJUHCTBEHHOe (C TOYHOCTBIO JO MHO-
KHUTEJISI) pelleHHe:

I 1

1 1
€10y Cols

11

€1y C1C3

12 813+ 23 =

’

YTO U JOKa3bIBAET e0UHCMBeHHOCMb KBaJPHKH.
Teopema noKasana. B mpouecce ee noKasaTeJbCTBa MBI HalllIM ypaB-

HeHHe KBaJpDHKH, npoxo,n.ﬁmeﬁ yepes CI)YHAaMeHTaJ'IbeIe TOYKH H TOUKY
Ccy:cyicg)
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C3 (2 — 1) x1%y + €5 (6 — €3) Xaxy + ¢ (5 —
— ) X9x3 = 0. (15.8)

Ecnu cpen HaHHBIX NSTH TOYEK HET KOJ-
JIMHeapHOH TPOHKH, TO Yepe3 HHX HeJb3s MNpo-
Puc. 51 Puc. 52 BecTH ABYX npsiMbix. Mcxoms us kmaccuduka-
UK KBaJIpHK, JeJaeM BBIBOA, YTO B JaHHOM CJy-
yae nsTEpKa TOYeK onpesessieT OBalbHYIO KBaApuKy (puc. 5l).

Ecnu cpenn naHHBIX TOYEK €CThb KOJUIMHeapHast TPOfiKa, HO HeT KOJ-
JIMHEapHOH YeTBepKH, TO KBaJpHKa pacnajaercs B JBe MNpsiMble: OIHA
NPOXOJUT Yepe3 TPH KOJJIMHeapHble TOYKH, a Apyras — 4yepes JiBe OCTaB-
muecs: (puc. 52).

Cnyuaii, Korja cpeau IaHHBIX TOYEK €CTb KOJUIMHeapHas 4YeTBepka,
HCKJIIOYEH H3 TEOPEMEI, TaK KaK IIPH TAKOM YCJOBHH HapyIaeTcst eAMHCTBEH-
HOCTb: OJlHa NpsiMasi MPOXOAHUT Yepe3 KOJJIHHEAPHYIO YETBEPKY, a BTOPYIO
MOKHO TIPOBECTH Yepe3 MSITYIO TOUYKY OECUHMCJEHHBIM MHOXKECTBOM CIO-
co6oB.

I[Tpumep 1. Haidem ypasrerue keadpuku, npoxodsuell yepes mo4-
kuA@©:0:1,B@2:1:0,C2:—1:0),D(—2:0:1),E(2:2:3).

Pemesnune. IloacraBnsis KOOpAMHATH AAHHBIX TOYEK B ypaBHeHHE
(15.1), nonyuaeM ONHOpOHNHYIO JMHEHHYIO CHCTEMY INSTH YpaBHEHUH c
ILIECTHIO HEM3BECTHBIMH g;;:

833 =0,
4211 + gop + 4g12 =0,
4g1 + G20 — 4812 = 0,
4g11 + 833 — 4813 =0,
4g11 + 4820 + 9835 + 8812 + 12g15 + 12853 = 0.

Petuasi 3Ty cucreMy, HaxoJMM ee €IHHCTBEHHOE (C TOYHOCTBIO O MHO-
JKUTEJNs1) pelleHue:

83 =g12=823=0, gu1: g0 gs=1:—4:1

Mb HawIM Ko3(pdUIMEeHTE HCKOMOTO ypaBHEHHMs KBaJpHKH, KOTOpoe
HMeeT CJeAyIOWHUH BHA:

xf —_ 4X§ + 2x1x$ = 0.
IIpumep 2. IIpusedem k KaroHuueckomy 6udy ypasHerue keaopuxu
X2+ X2 — 2x;3%3 + 2x5%3 = 0.

PemeHnue. [lepsvtii cnocob. KBagpatuynyio (GopMy, CTOSIIYIO B
JIeBOH YacTH ypaBHeHMsI, IPUBENEM K KAaHOHHYECKOMY BHAY crocoboM Jlar-
panxa. Mmeem:

X3 4 X2 — 2x%5 + 2X9%3 = (X — X3)° — X2 + X2 +
+ 2r5x5 = (% — %3)* + (%2 + X5)* — 243
Brinosnsisi npeo6pa3oBaHHe KOOpPAMHAT Mo (HopMyJiaM
X = %y — Xg, X3 = Xy + X5, X3 = V2 %5,
84



NPHXOAUM K CJEAYIOlleMy KaHOHHYECKOMY YpaBHEHHIO:
I ,2 2
X1 -|- Xo — X3 = 0.
Bmopoii cnoco6. Tak kak

10 —1
01 10,
—11 0

TO paHr MaTPUIB! JaHHOH KBaIpHUKH paBeH 3 M KBaJpHKa, CJAEJOBATE/b-
HO, ABJSIETCS] HEBBIPOXKIEHHOH. Kpome Toro, siCHo, YTO OHa IIPOXOJHT
gepe3 Touky (0 :0:1) u, 3HauuT, sBJasieTCs oBajJbHOH. KaHoHHueckoe
ypaBHEHHE TaKOH KBalpHKu: x7 4 xI — x2 = 0.

ITpumeuanmune. IlepBril cnoco6 mepen BTOPHIM HMEET TO NPEHMYINECTBO, YTO,
KpOMe KaHOHHYECKOTO BHJIa, OH NO3BOJISIET MOJYYHTb U yPaBHEHHS NPEOGPa30BaHHsS KO-
OpAHHAT, NPH TOMOMH KOTOPOTO ypaBHEHHe KBaADHKM MPHBOAMTCSI K KAHOHHUYECKOMY
BHAY,

§ 16. BBAUMHOE PACNOJIO)KEHHE NMPSIMON U KBAJAPHKH.
noJisipbl U NMOJIIOCHI

1. Toukn nepeceueHuss mpaMoil M kBagpuku. JlanuM pelueHHe BaXKHOH
L M3yyeHUs NajbHeHNIero Matepuasia 3aflaud O HaXOXJIEHHH TOUKH Ie-
peceueHHsl OBaJbHOM KBafpukd G C OpsMoOH, NPOXOAsLIEH Yepes TOUKH
A un B.

[Tapamerpuueckoe ypaBHeHue mpsimMoii AB no ¢opmyne (6.9) umeer
BHA:

X = aA 4 BB.
Heo6xonumo onpenenutsh o U B (BepHee, X OTHOLIEHHE ¢, : B) TaK, 4TOGH
X € G. Ias aT0ro Hajfio pelilTh CHCTEMY:

X'GX =0,
X = ad + BB. (16.1)
[MopcraBnsas cronben X M3 BTOPOTO YPaBHEHHs B IlepBoe, NOJydaeM:
(@A + BB)'G (@A + BB) = 0.
[Tocne sToro pacKpbiBaeM CKOOKH, NpHHHMas BO BHHMaHHe PaBEHCTBO
(@A + BB)" = AT + BB™:
a? (A"GA) + ap (A"GB + B'GA) + B2 (B'GB) = 0.

T
Tpoussenesua A'GA, A'GB u T. 1. ABNAIOTCS MaTpHIAMH NEPBOrO
nopsiika, T. €. uucjaaMu. B camom nerne, AT — CTpOKa, A"G toxe CTpOKa,

a npoussenenne A'G - A ecTh mpousBeleHHe CTPOKM Ha cTonGel, T. e.
yrcsio. OTMETHM, YTO B paMKaX IOCTaBJIEHHOH 3aJauyy BCE 3TH YMCJIA H3-
BeCTHBI, TaK KakK A, B, G pashL.

Tak Kak BcfiIKast MaTpula NepBOro nopsjika CHMMeTPHYHa, TO

A'GB = (A'GB)" = B'G'A = B'GA



(MBI BOCIIO/NIB30BAJHMCh TaKXe CHMMeTpHYHOCTbIO MaTpuubl G). ITonyuen-
HOe ypaBHEHHe MOXKHO 3alHcaTh B CJEAYIOLEM BUAE:

o2 (A"GA) 4- 20p (A"GB) + p2 (B'GB) = 0. (16.2)

Peuns 310 ypaBHeHHE OTHOCHUTENbHO o : f (Mau P : o), MBI OACTABUM
HalileHHOe 3HaueHHe BO BTOpoe ypaBHeHHe cucreMbl (16.1) u monyuum
KOODJAMHATHBIA CToJ6el TOYKH IepecedeHHs.

OtmeruM, uTo ypaBHeHHe (16.2) He MoxKeT oOpaTHUTBCH B TOXKJECTBO,
TaK KaK 3TO 03Hayaso Obl, yTo J06asi Touka npsaMoi AB NpHHaJIeXKHT
KBajzipuke G, YTO BO3MOXHO JIMIIb B Cyyae BBIPOXKAEHHOH KBaJPHKH.

Tak kKak ypaBHeHue (16.2) — KBaigpaTHoe OTHOCHTEJNBHO o : P, TO
BO3MOXKHBI TPU C/yyass B3aMMHOIO paclOsIOXeHHs NpPSAMOH U KBaJpHKH
B 3aBHCHMOCTH OT 3HaKa JUCKpuUMuHaHTa A ypaBHeHus (16.2):

1) A > 0 — fBe TOuKH NepeceyeHus;

2) A <0 — npsamas He UMeeT OGLIUX TOYEK C KBaJpPUKOH;

3) A = 0 — npsMas uMeeT OfHY OOILYIO TOUKY C KBaJpHKOH M Hasbl-
BaeTcsl KacameabHou.

2. KacareibHble K KBajpHKe. Y CJOBHEe KacaHHs OBaJbHON KBaJpUKH
W npsiMoH, 3ajaHHBIX ypaBHeHusiMu (16.1), uMeer, KaK OTMeUEHO, BHJ
A =0 umm

(A"GB)? — (A"GA) (B"GB) = 0. (16.3)

3710 ycnoBHE NO3BOJSET pELIUTH CJAEAYIOLULYIO BaKHYIO 3ajauy: AaHEH
oBanbHas KBajpuka G u Touka A; Halmu YypasHeHus KACAmeabHolx, npo-
8e0eHHbIX K KeaopuKre u3 mouxu A.

[Myctp Touka X — nNpou3BOJbHAs TOYKa KaKoH-MHOO KacaTesqbHOH,
nposeneHHo# u3 A (puc. 53). Torna ans npsamoit AX HOKHO BBINOMHSATE-
csi ycnoBue kacaHus (16.3), xoropoe Tenepr MOXKeT GHITH 3alHCAaHO B
BHJE:

(ATGX): — (A"GA) (X"GX) = 0. (16.4)

DTo U eCTb YpasHeHue KacameAabHolx, TaK KaK eMy YJOBJeTBOPSAIOT BCe
TOYKH KacaTeJbHBIX W TONBKO OHHM. PaccMmoTpum ero nompoGHee.

A'GX — nuueiinas hopMa OT TpeX NMepeMeHHEIX X;, X,, X3, @ €€ KBaj-
paT — KBaJpaTHyHas; A"GA — uucno; X'GX — xBagpartuuHas ¢opMa.
Takum o6pasoM, JeBasg yacTb ypaBHeHHs (16.4) ecTb KBajpaTHuHas ¢op-
Ma, cTano GHITb, 5TO — ypaBHEHHE KBaJpHKH.

B 1o ke Bpems (16.4) ectb ypaBHeHHe KacaTesnbHbiX. CiefoBaTesbHO,
KBaJpuKa (16.4) pacragaercs B npsiMble, a paHr

ee Marpuubl paBeH 2 uau l.
PaccmorpuM zBa cayyasi B3aHMHOTO pacmo-

JIOXEHHUS] TOUKH H KBaJPHKH.
X 1. A €G. B stom cayyae ATGA=0u, cae-
IoBaTesabHO, ypaBHeHue (16.4) npuHuMaer Bu[
(] (A"GX)* = 0, a kBampuxa (16.4) €CTb IBAXJIEI

B3ATas NpsiMasi, ypaBHEHHe KOTODOH

Puc. 53 ATGX= 0. (16.5)

N>
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Mel nonyuunu ypasnernue kacameroroll k keadpuke G 6 ee mouke A.

2. A ¢ G. B stom ciyuae A'GA == 0. TloxaxeM, 4TO paHT KBaAPHKH
(16.4) paeen 2. Ilpeanonoxum NpPOTHBHOE: MYCTb STOT paHr paBeH 1,
Torza ypaBuenue (16.4) moxxHo 3amucath B Buje (15.7):

(ATGX)* — (ATGA) (X"GX) = (uX)?,
OTKYZA:

X"GX = AT‘GA (AT GX)2— (uX)?)

WK

XTGX = —— (A"GX —uX) (A" GX + uX).
A" GA

Mbl mosiyunsaiu pasJsiokeHue KBaJpaTHUHOH (POPMBI X"GX ua nnHefinsie

MHOXKHTEJIH, YTO NPOTHBOPEUHT YCJOBHIO 3ajauH, N0 KOTOPOMY KBaJpHKa

G oBasbHas.

Hrak, B paccMaTpuBaeMoM cayuae kBaipuka (16.4) ectb snGo napa
npsIMBIX, JIUOO Napa MHUMBIX OpPAMBIX. B nepBoM ciydyae CyLieCTBYIOT
IBe KacaTe/bHble, BO BTOPOM KacaTeJbHBIX HeT.

Hafitn ypaBHeHHs] KacaTeJbHBIX 11O OTIEJIbHOCTH MOXKHO, Pa3/iOXKHB

Ha MHOXMUTEJH JIeBYIO yacTh ypaBHeHusl (16.4), T. e. mpeicraBuB ero B
suge (15.6):

(ATGX)2 — (ATGA) (X"GX) = (uX) ©X).

9TO MO3BOJIUT HAHTH HCKOMBIE KacaTeJbHble 4 U U (puc. 54).

Ha#iTn kacaTesnbHBle & ¥ U MOXHO W ADYTHM IyTeM, ONpeNeJHB Mpel-
BapUTENbHO TOYKH KacaHus. Ecaum X — TOUKa KacaHHs, TO ee KOOpHH-
HaThl YAOBJETBOPSIOT H ypaBHeHHIO KBaJpuku (G, H YpaBHEHHIO KacaTelb-
HBIX:

{XTGX =0,
(ATGX)? — (A"GA) (X"GX) = 0.
3Ta cucremMa paBHOCHJlea cnenylom,eﬁ:
X'GX =0,
{ATGX —o. (16.6)

Peinup ee, HafiieM TOuKH Kacauusi X; U X,, a 3aTeM H CaMH KacaTejbHble
u=(AX;) uv=(AX,).

Cnpepnenenune. Touka HasbBaeTcs X,
@HewHell IO OTHOLUEHHIO K KBajipuKe, ecly U3
Hee MOXXHO NPOBECTH K 3TOH KBaJpHKe JBe Ka-
caTeJbHBlE, W BRYymperHel, ecJu TaKuX Kaca-
TEeJIbHBIX HeT.

3. OmnpenesneHne MoOJsIP M MOJIOCOB.

Onpenenenue. Ilycte G — oBanb-
Has KBajpuka, A u B — He sexaiuye Ha Hell
ToykKd, K W L — TouKu nepeceueHHsi npsMoi
AB c xBagpukoit G. Eciu (ABKL) = —1, 10O Puc. 54
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TOBOPSAT, YTO KBajpuka G eapmoHutecku pasde-
asem napy Touek A u B uau uto Touku A u B
2QPMOHUYECKI CONPSAJCEHb, OTHOCHUTENBHO KBal-
puku G (puc. 55).

BriBesieM ycsioBHe TrapMOHHYeCKOH —compsi-
XKEeHHOCTH ToueK A ¥ B OTHOCUTENbHO KBalpH-
Ku G. Hmeem:

K=alA+ﬁlB’ L=allA+ﬁll B,
npuueM B’ : o’ u f”:a” — KOPHH ypaBHEHHs
(16.2). Tlo ompepeneHHO TapMOHHYECKOH COMPSIXKEHHOCTH 3alHLUIEM:

N A
@BKL) =& : & ——1,

all

Puc. 55

OTKyJa:
E+E -0
a a
T. e. cyMMa KopHefi ypaBHeHus (16.2) pasHa Hymo. [lostomy B cuny

TeopeMbl Buera ycjoBHe TapMOHMYECKOH CONPsiKEHHOCTH Touek A u B
OTHOCHTEJbHO KBaJpukH G uMeeT BHA:

A"GB = 0. (16.7)

OtMeTHM, 4TO BCe TOYKH X, FAPMOHHYECKH CONMpSKEHHBIE OTHOCHTEJb-
HO KBajpuku G ¢ QUKCHpPoBaHHOH Toukoii A ¢ G, pacnonoxeHb Ha
npsiMoii (puc. 56, 57), Tak Kak H3 (16.7) cnepyer paBeHCTBO

ATGX =0, (16.8)

a 3TO — ypaBHeHHe nepBoil crenmeHH. Takas
npsiMasi Ha3blBaeTCsl MOJISAPOH TOUKH A.
3nech He onpejesieHbl HONAPLl TOYEK, MpH-

a
A
HagJexxKamux KBa}lpHKe. HpHBeﬂeM MNOJIHOE
&::Z\\\§¥

ornpejesieHHe Noap.
Onpeneanenune. [loaspod Touku A
OTHOCHTEJNIbHO OBasbHOM KBajpukKH G HasbiBa-
ercst npfimasi a, Kotopas B caydae A ¢ G comep-
Puc. 56 UT BCE TOYKH, TFapMOHHYECKH COINpsiKEeHHble
¢ A orHocurenbHo G, a B ciyuae A € G Kacaer-
ca G B Touke A.
Ecan A ¢ G, To ypaBHeHHe MOJISAPbl HMEET
Bun (16.8), a ecin A € G, 10 (16.5). OGa s3TH
ypaBHeHHs (opMajabHO coBnajawoT. [JosTomy

a
A
BO BCEX C/yuyasX ypaBHEHHE
X ATGX =0 (16.9)
¢
ABJACTCS YpasHexuem nosaps. TOUKH A oTHOCH-
TeJIbHO OBaJ’IbHOﬁ KBaIlpI/lKH G

YpaBHeHHe MOAAPHL @, KaK ypaBHEHHE BCS-
Puc. 57 KOH MOpsIMOH, MOXKeT OBbITb 3amHCaHO B BHIE




aX = 0 (cm. (6.7)), Te a — KoopauHaTHasi CTpoka mosspel. CpaBHHBas
310 ¢ (16.9), umeeM:

na = A'G, (16.10)

rae W — Ko3(h(UIHEeHT MPONOPIHOHANLHOCTH.,
T0 ypaBHEHHE MOXKET GhITh pa3pelIeHO OTHOCHTeNbHO A

A = G4, (16.11)

caefoBaTeNbHO, KakoBa Gbl HM Oblia mpsiMasi @ W oBasibHas KBaapHka G,
CyuleCTBYeT eIMHCTBEHHasi Touka A, Ans Koropoil mpsMas a sBJseTcs
nonsipoii oTHocHTenbHo G.

Onpeneanenue. Touka A, ana KoTOpoH JaHHasi mpsiMasi a siB-
NSeTCs MOJISIPON OTHOCHTEIBHO OBasbHOH KBaJpHKH G, Ha3bIBaeTcs 1noas0-
com mpsIMOE a oTHocuTesnbHO G.

KoopauHaThl mosioca onpefensiiorcs ypaBHeHueM (16.11).

4. CsoiicTBa nostocos U nogsp. IloasipHas Koppeasinus.

CBo#ictBo l. Ecau mouka u npamas uHyuleHmmust, mo ux no-
29PA U NOAOC MOdKNCe UHYUOCHMHbL.

OGo3Hauasi GaHHBIE TOYKY U NpsiMylo uepe3 A U b COOTBETCTBEHHO, a
HX MOJAPY W MOJMIOC — uepe3 @ U B, MoxKeM 3amucaTh J0OKasblBaeMoe
CBOHCTBO CJEAYIOIHM 00pa3oM:

A€be=adB.

Ycnosue uHnugeHtHoctd A U b B cuny (6.7) uMeer Buxg bA = 0, yc-
aosue HHIMAeHTHOCTH a B B — aB = 0. [To dopmynam (16.10) u (16.11)
uMeeM:

pa = A'G, AB =G',
MI03TOMY

_ 1T —1,.T =_1_ T T=_1 T
aB—-M(A G) (G W) MA b M(bA) .

CnenoatenbHo, aB u bA ofpamaioTcs B HYJb OXHOBPEMEHHO, YTO H Tpe-
6oBanoCch HOKa3arhb.

CBoiicTrO 2. Ecau mouka A — BHEWHAS NO OMHOWEHUIO K K6aD-
puke G, mo ee noaapa a npoxodum uepe3 MOYKU KACAHUSL KACAMEAbHbIX,
nposedennsix u3 A K ksadpuxe (puc. 58).

B camom nene, KoopauHaTel ToueK KacaHus X; H X, Onpelensiiorcs
cucremoii (16.6). Ho nepBoe u3 ypaBHeHH# 3ToMH
CHCTeMbl €CTb yPaBHEHHe KBaJpHKH, BTOpOE — X,
ypaBHEHHe MOJAPbI TOYKH A, 3HAUHUT, TOUKH X,

U X, — 3TO TOYKH IlepeceyeHHs1 KBaJpHKH C
nonsipou. A
Onpenenenue. Orobpaxenue o;: P,—

- P,, npu KoropoM o6pasoM KaxKHOH TOUYKH
siBsieTcs ee moJasipa, a o6pasoM mpsMoi — mo-
JIIOC OTHOCHTEJ/IbHO OBaJIbHOH KBaJpHKH G, Ha3bl-
BAaETCA HOAAPHOU KOppessyued. Puc. 58
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Mer onmyckaeM 10KasaTesnbCTBO TOro (hak-
Ta, YTO MOJIsSpHask KOppeJslus ABASeTCs Kop-
pensiLueli B CMBICJE ONpeleneHus, JaHHOTO B
§ 13, o L.

[Tonsiprasi Koppensinusi Oblia HCIOJb30-
BaHa [loHcene! 111 0GOCHOBaHHMsSI NMpPHHLHIA
JBOACTBEHHOCTH.

5. ABTONOJISIPHBIN TpeXBepPIUIHHHUK H €ro
CBI3b C 3ajaueil NpPUBEJEHUS YpaBHEHHs
KBaJPHKU K KAHOHHYECKOMY BHLY.

Onpenenenue. TpexBeplIMHHHK

Pre. 59 Ha3bIBAeTCSA  ABMONOAAPHBIM — OTHOCHTENBHC
HEKOTOpo# OBaJIbHOH KBaJpHKH, €CJIH KaxKJas
€ro BeplLIMHA ABJSETCS MOJIOCOM MPOTHBONONOXKHOH CTOPOHEL.

OueBHIHO, YTO 3TO ONpefeseHHe PaBHOCHJIBHO CJefYIOUEMY: Tpex-
BEpPIIHHHUK Ha3bIBAETCS QBMONOAAPHbIM OTHOCHTENBHO KBaipuku G,
eCJIu TPH TONISIPHO¥ KOPPEeJIALUH O; OH oToOpakaeTcsl Ha cebs.

Kaxnas KBaipuka uMeeT OeCKOHEYHOE MHOXKECTBO aBTOINOJSPHBIX
TpeXBepIIHHHHKOB. [Tokaxem 3To.

[Tycts umeercsi kBagpuka G. BosbMem npousBosbHylO Touky A ¢ G
u ee noaspy a (puc. 59). Ha 3Toll mosisipe Bo3bMeM NMPOH3BOJNIBHYIO TOUKY
B ¢ G v o6o3HauuM uepes b ee nonspy. Ilo cBoiictBy 1 (nyHkT 4) U3 B € a
caenyet, uto b5 A. Ilo Tomy ke cBoiictBY Touka C = a (] b saBasercs
noJsocoM npsimoit ¢ = (AB).

TpexsepiinHHUK ABC — aBTONOMSIPHBIA.

Teopewma. [aa moeo umobel ypasHeHue 08aA6HOU KBAOpUKL He CO-
Oeporcano waernos ¢ npoussederuem xoopounam (T. €. yTOGBHl MaTpuua KBaj-
puKH OblIa IMaroHaNbHOR), Heo6xo0umo u O0CMamouHo, 4mobb. KoopOu-
HamHoll  MPexeepuurHuK OblA QBMONOAAPHBIM OMHOCUMEAbHO OQAHHOU
KeadpuKu.

HokasarteanbcTBo. Heobxodumocme. ITycte ypaBHeHHe KBaj-
pukn € uMeeT BHA:

ax? 4 BxZ + yxZ = 0.

Haiinem mnoasipy e, xoopauHatHoit Touku E; (1 :0:0). Ilo dopmyse
(16.10) monyuyaem:
T a00
pe, =EiG=|1,0,0|-][0BO|=]a 0,0l
00wy

3HauuT, ypaBHEHHE NpPSMOH e; uMeeT BUA ax; = 0. 3T0, CJefoBaTeNbHO,
KOoOpAHHAaTHas npsiMasi E,.E;.

AHajnoruyHo yGexxjaeMcsi, UTO MOJSIPAMU APYTHX BEpUIMH KOOPIMHAT-
HOTO TPeXBEepIIHMHHHUKA TOXe GYAYT ero CTOPOHHL.

Hocmamournocms. Tlycte Tenmepb KOOpAHHATHBIA TpeXBepLIMHHUK

1 >Kau BuxTop ITorcene (1788—1867) — ¢dpaiuiy3cKuil HHKEHED U MaTeMaTHK, OAHH
H3 co3jaresiell MPOEKTHBHOH reOMETPHH, YeTKO PasTPaHHUMBLUKI NMPOSKTHBHBIE ¥ METpH-
gecKHe CBoficTBa QHUTyp,
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E,E,E, aBTomonsipeH oTHOCHTeJbHO KBagpuku G. Toria st ero CTOpPoH
e; HUMeeM:

we, = E1G, i =1,2, 3.
Orciopa npu { = 1 nmoayuum:

&1 812 L13
pe; =[[1,0,0[ - || g1 82 Los|| =l Q11 G12v Luslls
Zg31 832 833

rze lgizll = G. A Tax Kak npsamas e, umeer kKoopaunathl (1:0:0), To
g1» = g15 = 0. Ionaras i = 2, nonyuum g,; = 0. Teopema mokasana.

6. MonspHble CBOMCTBA MOJHOrO YeTbIPEXBEPUIMHHMKA, BIHCAHHOTO
B KBaApHMKy. [lOJIHBI/I YeTHIpEeXBEPIIHHHHK HAa3blBAeTCS GNUCAHHOIM B
KBaJpHKY, €C/IM €ro BepLUMHBI JieXKaT Ha KBajpuke. IlpuBopumas Huxe
TeopeMa HCNO/b3YeTCsl NPH BHINONHEHHM DPAa3/IMYHBIX NOCTPOEHMH, CBs-
3aHHBIX C [OJIOCAMH M MOJsIpaMH.

TeopeMma. [JuacoHarvHbuli MpPexeepUILHHUK NOAHO20 4emblpexeep-
WHUHHUKQ, 6RUCAHHO20 8 0BANbHYIO KBAOPUKY, ABASEMCS ABMONOASPHLIM OM-
HOCUMEAbHO motl K8aopuxu.

IHokxasatenbcTBo. Ilyetb G — nanHasa kBajpuka u 4, B, C,
D € G — BepluHHBI NOJIHOTO YyeThipexBepiuuHHUKa (puc. 60). Torna Tpex-
BepinHHEUK PQR, rne

P = (AB) n (CD), Q = (AC) N (BD), R = (AD) N (BO),

—auaroHanbHeIH. TpefyeTcss I0OKasaTh, YTO OH aBTOHOJSIPEH OTHOCHTE/b-
Ho G.

OGo3HayuM IOJISPEl BePIIMH 3TOrO TPEXBepPIIHHHHKA COOTBETCTBEHHO
yepes p, g, r. Hano pokasars, uyto p = (QR), ¢ = (PR), r = (PQ). Or-
paHHYMMCs JOKa3aTeJbCTBOM OJHOTO M3 3THX DaBEHCTB, HAPUMEP BTOPO-
ro. OcranbHble JIOKa3bIBAIOTCS aHAJOTHYHO.

[To TeopeMe O rapMOHHYECKHX CBOHACTBaX IIOJHOTO YeThIpEXBEPLIHH-

HHKa
(ACQZ) = (BDQT) = —1,
e
T = (PR) N (BD), Z= (PR) N (AC).
3uauut, Touku T U Z rapMOHUYECKH COMNPSXKEHH C TO4KoH Q M, cienoBa-

TeNbHO, JIeXaT Ha ee noaspe. Ilo-
stomy (TZ) = (PR) = g, uTO ¥ Tpe-
60BaJIOCh NOKa3aThb.

Ecnu yeTblpexBepIIMHHUK HA DH-
cyike 60 rnonBeprHyTh IOJSAPHOM
KOppeJIllMH Oy, TO OH TNepefifeT B
ONHUCAHHBI YeTBIPEXCTOPOHHHK (I0-
yeMy?), a JMaroHaJbHBIH TpexBep-
UHHUK — B ce0s1. [lonyyaem pBoi-
CTBEHHYIO TeopeMy, KOTOpYIO yuTa-
TeNo npejsaraercs chopMyIHpoBaTh
CaMOCTOSITe/IBHO.
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[Tpumep 1. Haddem norapy moucu A (1 : 3 : —1) omuocumersro
ksadpuru G, umerowell ypagrenue xi — 2x2 + 4x,x; = 0.

Pemwenue KoopauHaTel HCKOMOH MOJSIPEL @ OMNpenenseM o ¢op-
myJe (16.10):

wa = A'G =|1,3, —1|| - = |1, =8, 6]l

I 00
0—22
0 20

YpaBHeHHe UCKOMO NPSMOH a : x; — 8%, -~ 6x; = 0.

ITIpumep 2. Haidem nomoc npamoid a (0 : —1 : 2) omuocumersto
keadpuru G, umerouell ypasrenue xi + 4x; x3 = 0.

Pemenue. Tak kak

002 005

G={010|, G*=| 01 0|,

200 1oo

2
TO no ¢opmy.ae (16.11)
1

00?’ 0 L
AM=G2""=|| 010 ||-|{|—1]=|—1].
%oo‘ 2 of

Urak, A (1:—1:0).

IMMpumep 3. Hanot osarvras keadpuxa G u mouka A ¢ G. ITocmpo-
um noaapy OaHHod mouxu.

Pememnwue. [lepsoi cnocob. Vicxomum u3 onpejeneHus MOMAPHL,
npuBefleHHoro B nyHKre 3. Ha IByX NpoOM3BOJIBHBIX CEKYMIHX, [IPOXOAS-
KX yepe3 TOUKy A, cTpouM Touku B; u B,, rapMOHHYECKH CONpsiKEHHbIE
¢ A orHocutenbHo KBagpuku G (puc. 61, 62); Takoe MOCTpOEHHE OMHCAHO
B § 10, n. 3. Ilo ompenenenuto npsmas a = (B,B,) — monsipa Touku A.

Bmopoii crnoco6. McxonuMm U3 TeopeMbl O MOJSAPHBIX CBOHCTBAaX BIHCAH-
HOrO yeThipexBeplIMHHUKA (NYHKT 6). Uepe3s Touky A npoBomuM mpowus-
BOJIbHO B MNpsMble, IepeceKamoliue KBajpuky B Toukax X, Y u Z, T.
HuaroHanb yerThipexBepiunHuuka XY ZT, npoxonsiias yepe3 AHAroHafb-
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Puc. 65 Puc. 66

uple Toukd B = (XT) N (YZ) u C = (X2Z) N (YT), ecTb uCKOMas nons-
pa (puc. 63, 64).

Tpemuii cnocob. Uepes Touky A mpoOBOIMM TPH CeKYyIlue, Mepecekaro-
mue KBaApuKy B Toukax X u Y, Zu T, U u V (puc. 65). Ha ocHoBaHuu
TeOpeMbl O MOJISIPHEIX CBOHCTBaX BIHCAHHOIO YeThIpeXBEpLIMHHHKA, OT-
HeCeHHOH K uernlpexBepluHHHUKY XYZT, JjejaeM BBIBOL, YTO TOYKa
P = (XT) N (ZY) nexur Ha moasipe a Touku A. AHanoruuno Q € a,
rre Q = (ZV) N (UT). CnepoBarenvHo, a = (PQ) — ucKomasi moJjspa.

I[Tpumep 4. Hane osarvras xkeadpuxa G u eHewnsas mouka A. Ilo-
cmpoum kacameavtivie u3 A k G.

Pemenue. Crpoum npamyio a — nonspy Touku A (cMm. puc. 58),
TOYKH €e nepeceyeHusi ¢ KBaJpuKoi o6o3HauuM uyepe3s X; U X,. CorsacHo
cBoiicTBY 2 (myHKT 4) npsaMeule AX; u AX, — HCKOMBbIE KacaTeJbHHIE.

[Tpumep 5. [aner osarsvran ksadpuxa G u npamas a. Ilocmpoun
noarc npamod a.

Pemenue. DBepeMm npoussonbHo Touku B, C € a u CTpouM uX
noasipel b u ¢. Ilo cofictBy 1 (nyHKT 4) U3 B, C € a caenyer, uto b, ¢ A,
rie A — uckoMbiii nosoc (puc. 66).

ITpumep 6. Hanet osareras keadpuxa G u mouka A € G. Hocmpoun
noaspy mouxu A.

Pemenue. Uepes A npoBoguM NPOH3BOJLHYIO MNpPSAMYIO 4 H
crpouM ee nomwoc U (cMm. npensinymuil npumep). Ilpamas a = (AU) —
HCKoMmas (mouemy?).



§ 17. TEOPEMbI NACKAJIA' U BPUAHIIOHA?

1. Teopema IMackana. Kak u3BecTHO, NATh TOUEK ONPENENSIOT KBa-
puky. Paccmorpum Teopemy Ilackans, BeIpaxkaloulylo HeOGXOZMMOE H
JIOCTATOYHOE YCJOBHE TOrO, YTO IIECTb TOYEK NpPHHAIJeXaT KBalpHKe.
B mpyrom Buze 3to ycaoBHe jpaetcs teopeMoii [reiinepa3, Koropas snecsk
He MPHUBOIUTCS. B «roaHaNUTHUECKHH» NMEpPHOL Pa3BHTHS MPOEKTHBHOH
TeOMETPHH 3TH TeopeMbl 3aMeHsJIH YypaBHeHHe KBaipukd. Ho maxe u
Tenepb, KOrha aHaJUTHYECKHE METOIbl B IPOGKTHBHOH eOMETpPUH pacIpo-
CTPaHHJIMCh OYEHb IIHPOKO, OHHM HE MOTEePSJIH CBOEro 3HaueHus, GO mo-
3BOJISAIIOT B Psifie Cy4aeB JIETKO YCTaHABIMBATh TaKHE CBOMCTBA KBaJApHK,
KOTOpBIE TIPH aHAJHTHUECKOM IOAXOJLE YCMOTPeTb He MPOCTO.

[lpu paccmorpeHun Teopemsbl Ilackans, /s TOro 4toGbl HCKJIIOYHUTH
TPUBHANbHBIA cJayuali, GyleM Tpeb6oBaTh, UYTOObl B [JAHHOH IlecTepKe
TOYeK He ObLIO KOJJIHHEapHBIX TpoeK. B camom gmerne, KBajapuka, comepxa-
asi TP KOJVIMHeapHble TOUKH, BBIPOXKJEHHAs, TM03TOMY, IJis TOTO UTOGH
[IeCTh TAKHX TOYEK JeXaJu Ha KBaJpuKe, HeoOXOIMMO M JOCTaTOYHO,
yTOGbI JAHHBIE LIECTh TOYEK GbIIM MHIMIEHTHBI OJHON /M ABYM NpPSIMBIM.

OnpeneuneHnue. COBOKYINHOCTb LIECTH PAa3JHYHBIX YNOPSLOYEH-
HbIX ToueK A;, i = 1,2, ..., 6, HasbIBaeMbIX 6epuwUHaMU, W IUECTH pas-
JIMUHBIX TPAMBIX A;A,, AyAs, ..., AgA,, Ha3BIBaeMBIX CMOPOHAMU, HA3BL-
Baetcsi wecmusepuurnuxom. CToporbl A A, u AAs, AAs u AsAg, AzA,
1 Ag A, Ha3bIBAIOTCA NPOMUBONOLOINCHOIMIL, TAK K€ KaK W BepIUMHBl A, H
Ay Ay u Ay, Ag u Ag (puc. 67). UlecTuBepIIMHHUMK HA3LIBACTCA 6RUCAH-
HoLM 8 KBAOPUKY WM NACKAAe6biM, €CJH BCE €r0 BEpIUMHBI MpHHAIJekRaT
KBaJlpHKe.

Teopema. [aa mozo 4umobbL wecmo mo4ex, U3 KOMOPLIX HUKAKUE
Mmpu He KOAAUHEAPH®L, NpUHAOAeHcaAd O00HOU Keadpuke, Heo6xodumo u
0ocmarmo4Ho, 4mobbl NPOMUBONOAOHCHbLE CIOPOHbL LUECIUBEPULUHHUKA, 8ep-

1 Bns3 IMackans (1623—1662) — Buigamomuiics Gpanuysckuit GU3UK, MaTeMaTHK H
¢umocod. I'my6oko ycBous ujeu lesapra, OH OTKPBIT H3/IaraeMylo 3leCh TeOpeMy B LIECT-
HaJllaTHJIeTHEM BO3pacTe.

2 Mapap Kionben Bpuanimon (1785—1864) — dpaniuysckuii reomerp.

3 51ko6 Ilteitnep (1796—1863) — HeMeLKHH MaTeMaTHK, Pa3BUBIIHH NPOEKTHBHYIO
reoMeTpPHIO Ha OCHOBE NMPOEKTHBHOIO COOTBETCTBHS NMPSIMBIX H NYYKOB. MHTepecHbiil (akT

Guorpauu: chiH KpecTbsiHMHA, LlITeliHep Ha AEBATHAAUATOM TOAY KH3HH eIBa yMea IH-
carb.

A/ NA:
As Ay
N D
Puc. 67
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WUHAMU KOMOPO20 ABASOMCSA OQHHbIE MOYKU, NEPeceKasuct 8 mpex mo4-
Kax, rexcauux Ha 00HoU npamoll (nackaresa npamas).

INoxaszaTeabcTBO. JlanHbe TOYkM oGosHauuM uepes A,
i=1,2,..,6, 1 nepBbie YeThpe U3 HHUX NpPHUMEM 3a (yHIAMEHTAJbHbIE
TOYKH CHCTEMBl KOODJMHAT:

A, (1:0:0),A4,0:1:0),A430:0:1),A,(1:1:1).
BBeneM Takxe 0603HaueHMs [Jisi KOOPAMHAT OCTABILUMXCS ABYX TOYEK:
A; (¢ ¢ cs)y, Ag(dy:dy:dy).

Corsiacuo ypaBrenuto (15.8), 151 TOro 4ToGEI BCe TH LIECTb TOUEK JIEKATH
Ha ONHOM KBaJpHKE, HEOOXOAMMO M JOCTATOYHO, YTOGHI BHIIOJHSJIOCH
CIENYIoIIee YCJIOBHE:

C3 (g — c)dydy + €3 (€1 — C3) dgdy + ¢4 (€3 — €3) dods = 0. (17.1)
Tenepnb HaiineMm ycjOBHe, IPH KOTOPOM TOYKH
P = (A1A2) N (A4A5)» Q= (AzAa) n (AsAs), R = (A3A4) N (AGA!.)

nepeceyeH s IPOTHBOTIOJIOXKHBIX CTOPOH IECTHBEPLUIHHHHKA
AA,AA A A, nexat Ha onsoi npsmMoit (puc. 68). Ilas 3TOro HaxomuMm
ypaBHEHHsI BCEX CTOPOH IIECTHBEpIUMHHHUKA H pelllaeM COBMECTHO YypaB-
HEHHs MPOTHUBOIMOJIOKHBIX cTOpoH. Ilosyuaem:

Pey—cgica—ce3:0), Q(0:cdy — cody : cidy — €3dy), R (dy = dy: dy).

BenencrBue ycnoBusi (6.4) A/ KOJIMHEapPHOCTH STUX TOYeK Heo6XOAHMO
H JOCTaTOYHO BHINOJIHEHHE CJIEAYIOLIETO YCJOBHS:

C;—C3 Co—Cs 0
0 cydy —cydy  ¢ydg—cyd; | = 0.
dy dy 3

HenocpencreennbiM noncueToM yOe:KpaeMmcsi, YTO 3TO YCJOBHE paBHO-
cubho (17.1)

Teopema nokasana.

3a cyeT HEKOTOPOro YCJOXKHEHHs (OpMYJHPOBKH H JOKa3aTeJbCTBa
teopemy Ilacka/si MOXKHO GbLIO Gbl 0GOOLINTH TaKUM 06pa3oM, YTOGH! Teo-
pema Ilanma® Morsa paccMaTpHBaThCs Kak €e YacCTHBIH CJyyai.

2. Mpeneapubie cayuau tTeopembl Ilackans. I[IpexnosioxxuMm, uto oxHa
H3 BeplUMH IuecTHBepMHHMKA [lackajs, nepememasch IO KBaJpHKe,
CTPEMHTCS K APYrof BepllMHe, NpuHueM o0e BEpIIHHLI HMEIOT COCEIHHUE
HOMepa H, CJIeJ0BaTeJbHO, JexXaT Ha ONHOH CTOPOHE IEeCTHBEpPIUHHHUKA.
Ecnu, nanpumep, A, crpemurcs K A;, To cTopoHa A,;A, uMeeT CBOMM
npejesioM KacaTesIbHYIO K KBafipuke B Touke A,. Ourypy, Kotopas npH
5TOM IIOJIy4aeTCsl M3 MacKaJjeBa LIECTHBEPIIHHHHKA (OHA COCTOMT U3 HATH
TOYEK M IUECTH NPAMBIX), OyleM HasbBaTb NPEOeAbHbIM WeCTUBePUIUHHU-
KoM, B JasibHefllleM BCTPETATCS M JAPYTHE BHJIBI NpeEJeNbHBEIX LIeCTHBEp-
WIMHHUKOB. Ec/ii BepinHy, B KOTOPOH CJMJIHCH JiBe BEPILUHHBI (LABOHHYIO
BeplIMHY), 0003HauuThb ABYMs (cocennuMH!) HOMepamH, TO 0GO3HAUEHHE

! Teopemy Ilanna uacro nasmiBaroT Teopemoit [lackans — [lanna.
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IIpefleJIbHOTO [IeCTHBEpUIHHHHKA He OYyIeT OTJHYaThCAd OT OOO3HaueHHS
OGBIYHOTO.

TlpumMeHnsis mpelesbHBIN Nepexof pasHOe YHUCJIO pa3, MBI MOXKEM IIO-
JYYUTb NpeJiesibHble LIeCTHBEPIIMHHUKY C YETEIPbMS U TPeMs BepIUMHaMH
(puc. 69—72, obpaTuTe BHHMaHMe Ha 006O3HaueHHE CTOPOH, NMPOXOAALMX
uepe3 JBOHHBIE TOUKH). MbI IpUBENEM TOJNBKO OAHY (OPMYJIHPOBKY, CO-
OTBETCTBYIOLLYIO OJHOMY TpefieIbHOMY nepexoxy (cM. puc. 69).

Teopewma. [lycmv Oanbl name mouex, u3 KOMOpPeIX HUKAKUE Mpu
He KOAAUHeapHbl, U NPAMAs, npoxo0aujas 4epes 00HY U MOAbKO O0HY U3
Hux. Ias moeo umobel npamas Kacaiacs keadpuxu, onpedeasemoli OQHHbl-
MU namero moukamu, Heobxodumo u docrmamouro, 4mobst 041 npedesvHo2o
LUECMUBEPUUUHHUKA, ONpedeasiemoz0 OQHHbIMU MOYKAMU U NpPAMOLU, 6bl-
noaxsauce mpebosarus meopemot Ilackaas.

3. Teopema bDBpuanmoHa mu ee mnpefeibHble clyyad. PaccMorpum
TeopeMy, ABOHCTBeHHYIO Teopeme Ilackaus.

Ourypoii, ABONCTBEHHOMN ILIECTUBEPUIMHHUKY, SABJSETCS ONATH ILECTH-
BepUIMHHHUK. [l03TOMY TepMMH «IIECTHCTOPOHHHMK» MBI yNOTPEONATH He
6ynem.

K ¢urype, npencrasiieHHO# Ha pUCYHKe 68, WIIIOCTPUPYIOIEM TEOpe-
my Ilackasisi, npuMeHMM MOJAPHYIO KOPPEJALHIO O, OTHOCHTEJbHO KBaj-

PHKH G. Torna BEPILIHHBI Ai BIIHCAHHOTO IIECTHBEPIUHHHHUKA OTO6p83$ITCH




Ha KacaTeJbHBIE @; K KBapHKe, a CTOPOHH A,4,, ..., AgA; — HA TOUKH
nepeceyeHHs] STHX KacaTeNbHBIX; 5TH TOYKH C LEJIbIO COXPAaHEHHS eNUH-
crBa 0603HaueHHI OyleM 0003HauaTh (@;a,), ..., (@4a,). lllecTHBEepIIMHHUK,
CTOPOHBI KOTOPOTO KacaloTCsl KBaJPHKH, Ha3blBa€TCSl ONHCAHHEIM. TaKuM
06pa3oM, MoJsipHAs KOPPeVsAuMs Oy 0TOOpaxkaeT IIECTHBEPIUMHHHUK, BIH-

CaHHBIH B KBaApuKy G, Ha ONMMCaHHBIH.

Touku P, Q, R, B KOTODBLIX NepeceKaroTCsl NPOTHBOMNOJOKHbIE CTOPOHEL
BMMCAHHOTO ILIECTHBEPLIMHHHUKA, 0TOOpaxKalTCsd Ha NpsMble p, ¢, r, Npo-
XOsIIIHE Yepe3 NMPOTHBONOJIOXKHBIE BEepPIIMHBI ONMHCAHHOTO IECTHBEPIIHH-
HMKa, a TacKaJieBa npsiMasi S, Ha KOTopoi Jexat Touku P, Q@ R, otobpa-
KaeTcsl Ha TouKy Dpuaniiona S, yepe3 KOTOpyio NPOXOAAT NPSMEIE P, ¢, I
(puc. 73).

CtopmynupyeM TeopeMy DBpuaniona.

Teopewma. [ra moeo 4mobel wecms npamblx, cpedu KOMOPbIX Hem
mpex, npuHadsexauux O0HOMY NYuKy, Kacaiuct 00HOL KBaOpuKu, He-
06x00umo u OncmamodHo, 4mobel mpu npamole, COEOUHAOUUE NPOMUBONO-
N0MCHBIE BEPUIUHLL UECHUBEPUIUHHUKA, CMOPOHAMU KOMOPO20 SBASUOMCS
darHble npamole, nepecekasucs 8 00Hol mouke (mouka bpuaniona).

IpenenbHble ciaydan TeopeMbl DpuaHmona MOryT OBITb MOJYYEHBI
AByMsl crioco6amu. Bo-nepBbiX, OHU ABOHCTBEHHBI TEOPEMaM, BbIPaKaIOLLHM
npefiesibHEIE Cay4ad TeopeMbl Ilackansi. Bo-BTOPBIX, HX MOXKHO NOJYYHTb
nyTeM TPeAeNbHOTO Mepexofia U3 caMoil TeopeMmbl Bpuanmona. [lpu stom
Hao TOJBKO UMETh B BUAY, UTO IPH CJAHMSHUH JBYX KacaTeJbHBIX a; H
K KBaJpuKe TOYKa HX IepeceueHusl (a,a,) HMeeT CBOHM MpENEOM TOUKY
KacaHusl.

Msul e GyneM mOAPOGHO OCTAHABJAHBATHCH HA STHUX IpeliesIbHBIX CJYy-
yasgXx. OrpaHuYHMCsS paccMOTpeHHeM uepTexkedl (puc. 74—77), Ha KOTO-
pPHIX H300paxKeHb! MpejiebHEE ONHCAaHHBIE LIECTHBEPILMHHUKH, HMEOIHe
10 1IeCTh BEpIUIMH, HO TOJBKO NfAThb, YETHIPe MJIH TPH CTOPOHHL. Bo Beex
ClIydasix HCIOJB3YIOTCS 0003HAauYeHHsl, BBEJEHHbIE Ha PUCYHKe 73.

Npumep 1. Hano name mouex keadpuku. Ilocmpoum Kaxyio-aubo
wecmyro.

Pemenne. Hckiouas TpUBHANbHOE I[IOCTPOEHHE, PAacCMOTPUM
cnydyail, KOT/a CPefH JaHHBIX TOYEK HeT KOJJIHHeapHHIX TPOeK, T. €. CJy-
Yaii OBaJIbHOH KBaJPHKH.

a; "az
ag L P q
S as
a4
as
Puc. 73
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Puc. 76

O6o3HauuB JaHHblE TOYKH 4Yepes
A, =12 .. 5, npumeM ux 3a
BEpIUMHbI MAacKaJjeBa LIECTHBEPIIHH-
HMKa, LiecTasi BepliWHa Ag KOTOpO-
ro HemusBecTHa. M3 Tpex Touek

P = (A1A2) ﬂ (A4A5)’
Q = (AzAa)n (AsAe)»
R = (4544 N (A¢4)

nacKaJieBo#l NpsiMOi S U3BECTHA TOJIb
KO TOuKa P, ocTajbHble 3aBHCAT OT
HeusBecTHOH ToukH Ag. Ilpoenem
OpAMYyI0 S 4yepe3 P IPOH3BOJNBHO U
BepHeMCSl K nocTpoeHH0 Touek Q u R (puc. 78). Temepb oHM Jierko Ha-
xomates: Q = (A.43) N s, R = (A344) | S, TO3TOMY MOXHO TIOCTPOUTD
JiBe HEHM3BECTHbIE CTOPOHBI LIECTHBEPIIHHHHKA:

(454¢) = (45Q), (46A1) = (A1R).

Hckomas Touka Ag ABJSETCS TOYKOMH IepeceyeHHs STHX CTOPOH.

Bri6upass mackajeBy NpAMYI APYTHM CIOCOOOM, MOXKHO TOJYYHTh
IpyTHe TOUKH, Jexallye Ha KBaJpUKe.

IMIpumep 2. [Lauvt nams mouex osarvroil keadpuxu. [Tocmpounm 8
00HOL U3 HUX KACAMEAbHYIO K KeAOpUKe.

Pewenue. JlanHble TOUKM NpHMeM 3a BepliuHbl A; MackaJjesa
LIeCTHBEPLIHHHHKA, [IPUUEM Ty, B KOTOPO# HY2KHO IPOBECTH KacaTe/IbHYI0,—
3a ABOHHYIO (Hampumep, 3a A;, A,). OcranbHble BepluuHbl 0603Haua-
eM ocTaBUIMMHCS OykBaMu mHpousBonbHO (puc. 79). Takum oGpasom, B
npeleJbHOM ILECTHBEpIIMHHYUKE H3BECTHHl BCe BEpIUMHBI M HATb CTODOH,
He M3BeCTHa TOJNBKO cTOpoHa A A,, OHa Kak pa3 U sAB/ISETCS UCKOMOH Ka:
caTesIbHOH.

CTpouM TOUKH NacKaseBoi NpsiMOi

Q= (AzAs) N (Ar:Ae)r R = (A3A4) N (AGAI)’
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a M0 HUM M caMy IacKaJjeBy nps-
Myto s. Tak kak P=(A4;4,) (4 445) €

€S, To TOUKy P MOXKHO NOCTPOHTb as
KaK TOYKY IlepeceuyeHMsl MackKaJeBoi

npsMOi €  U3BeCTHOH CTODOHOH >
(A4A;5). Temepb CTpPOMM HCKOMYIO
kacateabnyio (A,4,) = (4,P).

ITpumep 3. Hauo name ka- r ay
CamenbHbIX K 08AAbHOU  Keaodpuke.
IMocmpoum mouxy xacarus o0HOU u3 a, a, Va, a)
HUX.

Hacrosimuii npumep IBo#cTBeH Puc. 80
N0 OTHOLIEHHIO K MpeNbIIyIIeMy.

Ero pemenne ocHOBaHO Ha TeopeMe DBpHaHIIOHA.

Pemenue. J[anHble NpsiMble IPUMEM 3a CTOPOHBI @; ILIECTHBEPIIHH -
HHKa, TNpHYEM Ty, TOYKY KacaHHsl KOTOPOI Halo HaiTH, — 3a JABOHHYIO
(Hampumep, 3a a;, @,). OcTajJbHBIE CTOPOHBI 0003HAYaeM OCTaBILUMHCS
6ykBamu mpou3BoJibHO (puc. 80). Takum o6pasoM, B NpelesbHOM ILEeCTH-
BEPIIMHHUKE H3BECTHBI BCe CTOPOHBI M NATH BEPLIMH, HE H3BECTHA TOJBKO
BepIUMHA (a,a,), OHA KaK pas U sIBJSETCS HCKOMOH TOYKOH KacaHus.

CrpouMm NpsIMBIE § W 7, COENHHSIOIIHE NPOTHBOINOJIOXKHbLIE BEpIUHHEL
LIECTHBEPLINHHHUKA (@,a3) U (5ag), (@3@s) U (Qe@;) COOTBETCTBEHHO, a IO
HUM — Touky Bpuanmona S = ¢ () r. Tak Kak 3Ta TouKa JIeKHUT Ha Nps-
MOH p, COEIMHSAIOMEH H3BECTHYIO BEpIUMHY (@,Q;) C HCKOMOH (@,a,), TO
MOZKHO IICCTPOUTH NPSMYIO p, a 3aTeM K HCKOMYIO TOUKY (@,a,) = a; | p.

§ 18. KBAAPHKH HA PACIUIMPEHHOH EBKJIMJOBOH MNMJIOCKOCTH

1. Apdunnas xaaccupukauus keagpuk. B § 7, m. 4 Mbl yxe umenu
JeJIo ¢ KBaJpMKaMM Ha pacluMpeHHON IJIOCKOCTH R,. MBI BUEH, UTO 3J-
JIMIIC He MMeeT HecOOCTBEHHBIX TOYeK, Napabosia KacaeTcss HecOOCTBEHHOM
npsiMOHl B HeCOOCTBEHHOH TOYKe CBOe# ocH, a rumepbosa nepecekaeT He-
COOCTBEHHYIO TNPSIMYIO B JBYX TOYKAX — HECOOCTBEHHBIX TOYKaX CBOHX
aCHMIITOT. DTH Pe3yJIbTATEl MOT'YT OBITh HCHOJb30BaHEl AJIs KJaccHpHKa-
IIHM KBaJpHK Ha HEPaCIUHPEHHOH IJIOCKOCTH R,.
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ITycTh jaHO ypaBHeHHe KBAaJPUKH Ha IIOCKOCTH R, B adhHHHBIX
KOOpJHHATaX:

gux® + 2815xy + Gaoy? + 2815 X + 2855y + g3 = 0.

KosdpuupeHTsl 5TOro ypaBHEHHs] MOTYT OBITh MOGHIMH YHCJIaMH, €CJIH
cTapiuve Ko3hhUIUEHTH! g1y, Z1g, oo HE PAaBHBI HYJIO OJHOBPEMEHHO.

B naHHOM ypaBHEHHH BBINOJHHM Nepexof, K OXHOPOXHEIM apHHHEIM
KoopAuHaTaM 1o ¢opmysam (7.2). B pesyabrare mosnyuutces kBajpuka G

Ha NJOCKOCTH R, ¥YpaBHeHHE 3TOH KBaIpHKH HMEET BHJ:
gux} + 2g10%1%s + Gas¥} + 2815X%1X3 + 2ga3%0X3 + gssx3 = 0.

Ksagpuka G MOXKeT OT/JIHMYaThCH OT JAHHOM TOJIbKO HECOGCTBEHHBIMH
Toukamu. Halinem ux xosnuuectso. C 3Tofi LiesIbio peliaeM COBMECTHO ypas-
HeHHe KBaJpukd G ¢ ypaBHeHHeM HecoOcTBeHHOH npsamoit xg = 0. [Tony-
qaem:

guxf + 2g;2x1%5 + g22x§ = 0.

910 — KBaJpaTHOE ypaBHEHHE OTHOCHTENBHO X; : X, (MJIH X, @ X;), UHCJIO
pelleHyii KOTOPOro 3aBHCHT OT 3HaKa AMCKPHMHHaHTa A = g2 — g),0,,.

ITpu A > 0 HecoGCTBEHHBIX TOYEK JBe (runep6o/a MK Mapa mepeceKaro-
IMXCs BEUIECTBEHHBIX NPAMBIX), NpH A = 0 — oxHa (mapaGosia uau mna-
pa napaJleibHBIX NPAMBIX, KOTOPbI€, B YaCTHOCTH, MOTYT COBNAAaTh); NpH
A < 0 xBajp¥iKa HE HMEeT HECOOCTBEHHBIX TOYEK (3/IMIIC WJIM Napa MHH-
MBIX NepeceKaloluXcsl NPSMBIX).

Tenepb ¢ yyeToM NpPOEKTHUBHOH K/IacCUPHMKAUMM KBaJPHK MOJyYaeM
Gosiee fieTaNbHYO KJacCHQHKANUIO KBaJPHK Ha IJIOCKOCTH R,, HasbBae-
MYIO agunHoll ¥ U3yyaBIIYIOCA B NMPEJBIAYIIHX Pasiesnax Kypca reoMer-
pux. OHa npuBeneHa B cjefytomeil Tabuaune:

Panr l 3nak A Addunnuit krace I TpoexTuBHHI Kaace
Maunmbli sasunc HyneBas xBazpuka
Munyc
Snnunc
3
Hyne [MapaGona OsasbHast KpajipHKa
IMmoc T'unep6ona

Munyc [MTapa MHHMBIX NepeceKarOLHXCs NPAMBIX

[Tapa MuEMEIX npAMBIX
[MTapa MHHMMEIX NMapaJienbHEIX NPSIMBIX

9 | Hyms
[Tapa nmapasiesbHEIX NPSMBIX
IMapa npsMerx
[Mmoc [Mapa nepecekarouxcst npsMBIX
1 | Hym [Tapa coBnaBwHX npsAMbIX Iapa coBmaBwI#X MPAMBIX
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2. Uentp kBappuku. LleHTp KBafpHUKH OOBIMHO Ompenessiercs Kak
TOYKa, B KOTOPOH JEJATCS ITOMNO0JIaM Bce MPOXOAfIHE uyepe3 Hee XOpAbl.
Ha eBksnnoBO# MJIOCKOCTH R, 3/JuNC ¥ runep6osia HMEIOT LEHTp, a na-
pabosna — HeT.

TlepeiineM Tenepb K pacHIMPEHHOH eBKJHMIOBOH NJI0oCKOCTH R,. Besikas
TOYKa, TADMOHHYECKH CONPSIKEHHAs C IIEHTPOM 3JIIMICA WU TUNepGOoJibl
OTHOCHTEJIbHO 3TOH KBaJpHKH, — 3TO HECOOCTBEHHAsl TOYKa (CM. Teopemy
§ 4, n. 2). Orciofla B cHJy ONpefeNeHUs NOJSPBl CAENyeT, UTO HOAAPOL
yeHmpa sBASLMCS HecoOCMBeHHan npamas. DTO JaeT OCHOBaHHe JJs CJie-
LYIOLIETO OMNpeleseHHs .

Onpenenenue. [lenmpom OBaJbHOH KBaJPHUKH Ha3bLIBAETCSH
noJoc HecoOCTBEHHOM NPsSIMOH.

1o ompeJieneHHe, Kak CleAyeT M3 NpPEAIIeCTBYIOMIUX €My paccykie-
HUH, /IS 3JJIMIca M runepOoJbl paBHOCHJIbHO OOBIYHOMY ONpEeAeNeHHIO,
NpUBENIEHHOMY B HayaJle NMyHKTa. o ero MOXKHO NpHMEHHTb U K mapa-
Gone. HecoGcTBeHHass npsMas, KaK OTMeYajoch, Kacaercss napaGoJibl
B HecoOGcTBeHHOH Touke C_, KOTOpasi MO3TOMY M SIBJISIETCA IMOJIOCOM He-

coberBeHno# mpsiMoit. CrieoBaTelNIbHO, YeHmp napaboars HAXo0Umcs 6 ee
Hecobcmeen ot mo4ke. DTO He NPOTHBOPEUYMT H3BECTHOMY (DakKTy, UTO Ha
HepaclIMpeHHOH IIocKocTH R, mapabosia ILieHTpa He HMeeT, TaK Kak
C,¢R,.

Tenepb Jierko HaxoAsaTcs KoopAuHaThl LeHTpa C mo6o#l oBasibHOH
kBagpuku G B omHoponHo# adduHHOM cucTeMe KoopauHaT, C MOMOILLbIO
dopmyaist (16.11) Haxoaum:

AC = G a7, (18.1)

Tle a_ — KOOpIMHATHas CTpoKa HecoGcTBennoit mpamoft a_ (0:0: 1).

3. lnameTpbl KBagpUKU. J(HaMeTp KBaJpPUKHU Ha MJOCKOCTH R, 0OLYHO
onpefessieTcsi KaK MHOMECTBO CepefiMH NapaJjllesbHbIX XOpA. Jlokaskl-
BaeTCsi, UTO BCE CEpeLUHBI JIeXKAT Ha NMPsMOH. YIOOGHO Ha3biBaTh JHaMerT-
poM Bcio 3Ty npamywo (puc. 81).

Ha paciuupenHofi eBK/IHIOBOH MIOCKOCTH R, CepelHHbl NapaslieJbHbIX
XOpA TapMOHHMYECKH COMNpPSMKEHBl OTHOCHTEJNbHO KBaJpPHKH C ONHOH H
TOH K€ HeCOOCTBEHHOH TOuKO# P_, yepes KOTOPYIO MPOXOAST BCe napaj-
JMefbHBIE XOPABl. 3HAYMT, IHaMeTp p ecTh moJsipa Touku P . B cBssu ¢
3THM IPUMEM CJefyIollee ONpeleseHue.

Onpenenenue. Juamempon

0BaJIbHOH KBaJPHKH Has3blBaeTCs MOJIs- Q
v oo
pa HECOGCTBEHHOH TOUKH. G
Tak xak P_€ a_, To nojsipa p Tou- / / / A,
ki P u nomoc C npsamo#t a_ 6ynyT q o,
WHIMJEHTHBIMH, T. €. JHaMeTpP KBaJpH- [ / 7 p
oo

KH BCeraa MPOXOMHT Yepes LEHTp. DTo,

MeXJY NPOYMM, O3HAYAET, YTO B Cjyyae

napaboJsibl, Y KOTOPOH LEHTP sIBJASIETCS s
HeCOOCTBEHHBbIM, BCe JHaMeTpHl MapaJ- Puc. 81
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JenbHbl. HecoGcTBeHHas npsiMas ToOxke
IuaMeTp napaGoJibl.

BosbMeM Ha AnaMeTpe p HeCOOCTBEH-
Hylo Touky Q_. Tak kak Q_ € p, TO
g>P_, 1. e. nonspa ToukH Q_ (mua-
MeTp §) MPOXONHMT Yepes TOUKy P_ (cm.
puc. 81).

JlvameTp p HeJIHT MomnoJiaM Bce Ia-

Prc. 82 paJesbHble XOPJbl, MPOXOASALIKE yepes3

TOuky Q_, a IMaMeTp ¢ — XOpJbl, Npo-

xopamue uepes P_. JlnameTpsl, o6ua-
JaoliMe TAKHM CBOMCTBOM, Ha3bIBAIOTCS COMNPSIKEHHLIMH. Tenepb 3T0
NOHATHE YNOGHO ONpeNeauTh B TEPMHUHAX NPOEKTUBHON TeOMETPHH.

Onpenenenue. JlBa nuameTpa KBaJPUKH HA3LIBAIOTCS CONps-
OCeHHbLMU, €CJTH KaXblHl U3 HUX MPOXOAHT Yepes MOoJIoC APYroro.

Jlerko BHIETb, YTO B cjydyae mapaGosibl KaKAbii AMaMeTp CONpSIXKEH
¢ HecOGCTBEHHEIM ee nuaMeTpoM. B camom jene, Kaxkublfi COGCTBEHHBIH
IuaMeTp p napabosibl MMEeT OfHY HeCOOCTBEHHYIO TOUKY — LIEHTp mapa-
Goasl C_. CnesoBaTesIbHO, OH COMPSIKEH C MNOJIAPOi 3TOH TOUKH, a el AB-
JsieTcss HeCOGCTBEHHAs INpsMas @_; 3Ta CUTYyalusi YCJIOBHO H300parkeHa
Ha pucyHKe 82.

Ha nepaciipenHofi njockocTH R, AMaMeTpsl napa6oJibl HE UMEIOT CO-
NP SI3KEHHBIX.

4. AcUMOTOTHI 2xBa;lpuKn. B § 7, n. 4 6bI0 yKe yCTaHOBJEHO, YTO

X X
runep6ona 7‘2 — ;:— —x; =0 mnmeer mecoGcTsennmie Toukn K_ (a:
:b:0)mn L_(a:— b:0). Haitnem no ¢opmyJse (16.5) kacatenpusie K
runepbose B 3THX Toukax. Jlaa Touku K uMeeM:

1

— 0 0
a? Xy
la, b, 0l g =t of[x=|=0
b Xg
0 0 —I

HJIH
a b

[Nlepexonss K HEeONHOPOIHEIM KOOpIHMHATaM, NOJy4aeM YpaBHEHHe acHMII-
TOTHl y = —X. AHaAJIOTHYHO OGCTOUT [€JI0 ¥ C KacaTe/lbHOH B TOuke L_ .
a

JanuMm crepyoliee onpeaeseHue.
Onpenenenune. Acumnmomofi KBaJpPHKM HasLIBaeTCs Kaca-
TeJibHAs K Hell B ee HeCOOCTBEHHOH TOUKE.

2nune HecOOCTBEHHBIX TOUEK HE HMeEeT U [IOTOMY HE UMeeT aCUMIITOT.

AcumnroToil napa6osibl Ha paclIMPeHHON IJIOCKOCTH R, siBAfeTCs HECo6-
CTBeHHAs IpsMasi, Ha MJIOCKOCTH R, y mapaGoJibi aCHMITOT HeT.
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Heco6erennbie Toukn K u L_ 8
runepGOJIEl MHLMACHTHEL HECOOCTBEH- 4

o © ©0
HOH MpsAMOH @, TO3TOMY HX TOJs-

pul k u | mepecekatorcs B nosioce C Koo Leo

HeCOOCTBEHHOM NpPSMOMH, T. €. acHM- k f

ITOTBL THUMEpOOJIBI INepecekaloTcs B

ee 1eHTpe (CM. yCJOBHBIA puc. 83). (o
HDpuwmep. 1 Jana xeadpuxa G

6ouM YpasHeHUem 6 APUHHbLX KO-

opdunamax:

Puc. 83
x2 — 6xy + 8y2 4+ 2y = 0.

Hatidem ee apghunnoiil xaracc.
Pemenne. Cucrema:

{xf — 6x3x5 4+ 8x2 + 2x9x3 = 0,
X = 0’

cocTosiliasl M3 ypaBHeHHs KBaipuku G B OfHOPOAHHIX abdHHHEIX KOOD-
JIMHAaTaX W YypaBHEHHsS HeCOOGCTBEHHON NpPSAMO, NOCTIe HCKJIIOYEHHS Xg

NPHBOJAMT K KBaAPaTHOMY YypaBHeHHIO x? — 6x;x, + 8x3 = 0, auckpu-
MHHAHT KOTOPOTO GoJiblue HYJA. A Tak Kak MaTpHLa KBaJpHKU

1 —-30
—3 81
0 10

sIBJIsieTCS HEOCOOEHHOMH, TO B COOTBETCTBHU C TabJuIel MyHKTa | nenaeM
BHIBOJ, 4YTO KBajpuka (G — rumep6oJa.

Ilpumep 2. Haddem acumnmomst eunepborol uz npumepa 1.

Pemenue. Pemwas xpaipaTHoe ypaBHEHHE, MOJy4YEHHOE MpH
PEIleHHH NpeIBIAYIIEro NpUMepa, OTHOCUTENBHO X; : X,, HaXONUM JBa
3HaueHusi: (x; @ X,) = 2, (x; : x,)” = 4. TeM caMbpIM MBI HalULIH KOOPAH-
HaThl HecOOCTBEHHBIX ToueK rumepbosbl: K (2:1:0) u L (4:1:0).
YpaBHeHNs acHMIITOT HaXOJAUM KaK ypaBHEHWs KacaTesJbHBEIX B TOYKax
K_u L_. daa touku K_ no ¢opmyde (16.5) umeem:

1—30) |[#
12, 1, 0« | —3 81| -|lx]| =0.
0 10| ||xs

[Tocsie mepeMHOXKeHHS TOJyYaeM yPaBHEHHSI aCUMOTOTHL — X; + 2x, 4
+ x3 = 0. AHaJOTHYHO HAaXOAHM ypaBHEHHE BTODOH ACHMITOTHI X; —
— 4%y + x3 = 0. Tlepexogs K HEONHOPOAHBLIM KOOpAMHATaM, IOJydYa-
€M COOTBETCTBEHHO:

x—2y—1=0,x—4y+1=0.
IIpumep 3. Haddem yenmp eunepboaor uz npumepa 1.
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Asoo s Asboo Pememnue. [lepsoi cnocob.

|, Reo  BuUHCIMB MAaTPHLY
As,As 103
~ re G*=[001],
= (3 311
< R . Haxomum ileHTp C no ¢opmyae (18.1):
A4z P 103 |0] |3
(4, Az) N AC =00 1||-flo}|=|l1]
) { = 311 1 il
Ny < CiiefioBaTe/IbHO, B HEOAHOPOIHOH CH-
NS CTeMe LeHTP UMeeT KOOpAHHATHI (3,1)..
7] Bmopoid cnoco6. 1leHTp MOxHO
/ HafiTH KaK TOYKY IepeceyeHts acum-
Pc. 84 a’;c:T, IJs 4ero HaJo PpeLIHTb CHCTe-
x—2y—1=0,
x—4y +1=0.

Peiiasi ee, NIpUXOAUM K TOMY K€ Pe3yJAbTaTy.

[Tpumep 4. [aner ocv napabonol, ee 6epuiuHa U ewje 00HA MOUKA
napaboset. [locmpoum Kacameavryro K napabore 8 3moil mouxe.

Pewenue. KacareibHas x mapaGosie B ee BepliMHE H3BeCTHA —
5TO NepNeHAHKYJsAp K oCH. IlosToMy BepiiuHy cuHTaeM ABOHHOH BepiiH-
HOfl TIPENIe/IbHOTO IIeCTHBePIIHHHKKa [lackans, o6o3Hayas ee AByMsi GyK-
Bamu A; U A, KacarenbHas B 3TOH TOYKe GyJeT CTOpOHOH A;A, mecTu-
BepIUMHHHKA (pHC. 84).

HecoGcTBeHHYI0 TOYKY MapaboJibl TOXKEe CUHTaeM ABOHHOH BEpPILHHON
v oGosHauaem uepes A, u A, ; cTopoHa miecTHBepuMHHHKa AjA, ecTb
HecoOCTBeHHAas mpsiMas.

JlaHHYI0 TOYKY TOXKe cuHTaeM ABOHHOH BepumuHO# As, Aq CTOpOHa
HIeCTUBepIINHHUKA AgA,— HUcKOMas KacaTesbHas.

Takum o6pa3om, B NpefesbHOM LiecTHBepIIHHHUKe [lacKass M3BeCTHH
BCE BepIUHHBI H NATH CTOPOH, luecTas — HCKOMasi.

ITo Toukam P = (A;4,) N (A445) 1 R = (A34,) N (AgAd;) (Touka
R HecoGctBeHHasi, Tak Kak npsmas AzA, HecoGCTBeHHAst) CTPOHM MacKa-
JeBy npsmyio s = (PR_). Janee naxonum Touky Q = (A,43) N (As4y),
NOJIB3YsICh TEM, YTO OHA JIEXKHT Ha NacKaJseBoil NPsMOH H, C/eloBaTe/bHO,
Q =s (As4;), tae (A,As) — och mapaGoanl. Mckomas npsimas npo-
XOJHT yepe3 JaHHYIO TOUKY H TOUKy Q.



IJIABA V1.
FECMETPUM TPYIIbI KOJAUHEALMA W EE NOATPYIIIN

§ 19. TEOMETPUSA U IPYMNIbl NPEOBPA30OBAHUH

1. KaeiinoBckoe ompenenenne reomeTpuu. Kak u3BecTHO, ¢ Kaxnao#
rpynnoii W npeo6pasoBanuii MHOKecTBa T° CBSI3aHO HEKOTOPOE OTHOLle-
HHe SKBHBAJIEHTHOCTH MeXKJYy NOJAMHOXKeCTBaMH MHOxecTBa I (B reomer-
PHH TPHUHATO NOAMHOXKECTBA OCHOBHOTO MHOXKECTBA Ha3blBaTh (uaypamu).
Mot GyzeM roBOpHTb, 4TC rpynna npeoGpasoBaHuil undyyupyem OTHOLIE-
HHE SKBHBAJIEHTHOCTH. A HMEHHO SKBUBAJIEHTHBIMH OyIyT TakHe QUTYDHI,
KOTOpbIe MOXKHO OTOOPasuTb OfHY Ha APYTYIO NPeoOpa3oBaHUsMU U3 JaH-
Hoil rpynnel. ['pynnoBble CBOHCTBA MHOXECTBa NpeoOpa3oBaHHUEl N03BO-
JSIIOT JIETKO JI0Ka3aTh, YTO BBEJEHHOE OTHOLIEHHe OYIeT HMMEHHO OTHOLle-
HHEM SKBHBAJIEHTHOCTH.

Tak, nanpumep, rpynna D nepeMeuieHu#i eBKJIHAOBOH MJIOCKOCTH R,
HHAYLUPYET OTHOLIEHHe KOHepYysHmHocmu, Tpynna nogobuit M — orHo-
meHHe nodobus; apdunnas rpynna A Ha R, — OTHOILIEHHe, JJIF KOTOPOTO
HET CMElHAJIbHOIO TEPMHHA U KOTOpOe I03TOMY Ha3BIBAIOT «IIOJIHBIM HMe-
HeM» — agpunroll axsusarenmrocmoro. OTHOLIEHME, CBS3aHHOE C TpyI-
no#t K KoJIMHeauuil Ha MPOEKTWBHOH IIOCKOCTH P,, HasbIBaeTcsi npoex-
MUBHOL IKBUBANEHMHOCHIBIO.

Bce MHOKecTBO Quryp pasbuBaeTcs Ha KJacChl 9KBHBAJEHTHOCTH, KO-
TOpbie, KaK H3BECTHO, XapaKTePHU3YIOTCS CJEAYIOUMMH ABYMS YCJIOBHSIMH:

1) mo6bie gBe Urypsl U3 ONHOTO KJacca 3KBHBAJIEHTHBHI;

2) moOble IBe (GUTYDH! U3 PA3HBIX KJIACCOB HE 3KBUBAJIEHTHHI.

OTH yCJIOBUS HA «sA3bIKE TPYI» GOPMYJIHPYIOTCA TaK:

1) karoser ObL HU Gotau 0se guzyper u3 00H020 KAacca, 8 2pynne cyuyecms-
syem npeobpasosarue, omobpascaiouiee 00HY u3 amux guayp Ha Opyeyw;

2) 6 epynne He cyuwecmsyem npeobpasoeanus, omobpasiarouieso guaypy
HEKOMOP020 KAACCa Ha gueaypy 0pyeoeo kaacca.

Tlocnennee TpeGoBanWe MOXKHO chHOPMYJHPOBAaTb W HHAue: 6CAKAA
duzypa u ee 0bpaz omuocumeavbro a06020 nPeodPA3OBAHUL U3 2pynnbl
exo00sam 8 o0uHr Kiacc.

CaolicTBa, ofuiye 17a BceX QUIyp Kakoro-nubo Kjacca, Has3bIBalIOTCH
eeomempuveckumy. VIHBIMH CJI0BaMH, reoMeTpUYeCKHe CBOHCTBA — 3TO Te,
KOTOphIE COXPaHSIIOTCS NPU BCeX Npeobpa30BaHHAX W3 JAHHON TPYIILL

Tenepp sicHO, 4TO cyliecTBYeT GECKOHEYHOE MHOXKECTBO PasJHYHBIX
reoMerpuil. OHM XapaKTepH3YyIOTCS KaK BHIOOPOM OCHOBHOTO MHOXECTBa
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T, taKk u jeiicTByromeli Ha Hem rpynnoit W npeoGpasoBanuit. Brpouenm,
MHOXKecTBO T BhIOMpaeTcsi OOBIYHO He BIIOJIHE NPOU3BOJIBHO: OHO JIOJIKHO
OTHOCHTBCAI K KJIacCy TaK Ha3biBaeMBIX MHOroo6pasuil, Ha ONpeleseHUH
KOTOPBIX 3[leChb OCTaHABJUBATLCS He OylneM. 3aMeTHM TOJNBKO, UTO €BKJIH-
JOBO NIPOCTPAaHCTBO R, MPOeKTHBHAS MJIOCKOCTb P,, OKPYXHOCTb, Tpe-
YTOJNBHUK, KOHTYDP TPEYroJbHUKA, HHUIHHADPHYECKas] IOBEPXHOCTb U T. [ —
CyTb MHOroo6pasusl.

HManoxennsle coobpaxenus npusean @. Kuefinal K dopmymnuposke
o6IKX NPHHIHNOB T'eOMETPUM, YTO IO3BOJIUJIO €My JHaTh OmpefeJeHue
reOMeTpUH:

«[lano MHOroo6pasve M B HeM Ipynna npeoOpas3oBaHUl; HYIKHO HC-
CJIefloBaThb Te CBOMCTBAa (UIYp, NPUHALJMENKAUX MHOTOOOPAa3HI0, KOTO-
pble He H3MEHSIOTCS MOJ JAeHcTBHEM Npeo6pa3oBaHHH TPYMIED.

210 onpepesnenye oH GOPMYJHPYET U MO-APYrOMY:

«J[lano MHoroo6pasMe M B HeM rpynmna npeobpasoBaHuii; Tpeyercs
pasBUTb TEODPHIO MHBAPMAHTOB 3TOH TPYMNIBI».

OTo XKe onpefieNeHHe HHOTAA (OPMYJHUPYIOT ellle Kopoue (HO He
TouHeft):

Teomempus — amo Hayka o ceolicmeax uayp, UHBAPUAHMHbLLX OMHO-
CUMeAbHO HeKOmopoU epynnvl npeodpasosaHuli.

2. TeomeTpusi TPynnbl M ee NOATPYNN. BBISICHUM COOTHOINEHHE MEX-
Iy IBYMSI TE€OMETDHSIMH, HeHCTBYIOLIYMHM Ha OAHOM MHOxecTBe 7': ofHa
u3 HUX ompefensiercs rpynmno#t W,, apyras — ee noarpynnoi W. Tlpu
nepexofe ot reomerpuu rpynnsl W (mbl 6yaem rosoputb: W -reomerpun)
K reoMeTpuu Gosee mmpokoit rpynnst W; psii reoMeTpUYECKHX CBOHCTB
yTpauuBaeTcsi, MO0 CBOHCTBA, ¢BHIAEPKMBAIOILHE» INPe0oOpPa3OBaHUsl H3
rpynnst W, MOTyT «paspyluThbest» IPH APYrux npeobpasoBanusx. Crajo
6biTh, npu nepexone ot W-reomerpuu k W i-reomMeTpuu psii reomerpude-
cKUX (aKTOB OTNAajaeT, T. €. reoMeTpHst 6oJsiee LIMPOKOI Ipynnel GegHee
(aKTaMH 10 CPABHEHHIO C TeOMeTpUel 6oJiee Y3KOH IPYIIIHL.

Te dakTbl, KoTOpble NpuHannexaT W ,-reoMeTpuH, NpeacTaBJsiOT CO-
6oii «6oJiee YCTOHYMBLIE» CBOHCTBA (DUIyp, CBOHCTBA, KOTOPbIE «BBIAEPIKH-
BaloT» 0oJiee MIMPOKYIO I'pynny npeo6pasoBanuii. OHM npucymu Gosee
OGIIMPHBIM KJacCaM 35KBUBAJIEHTHOCTH. IT0 GoJiee r1yGOKHe CBOKCTBa
¢uryp.

CpaBuuM, Hanpumep, M-reomeTpHio M A-reOMETPUIO IJIOCKOCTH R,,
rfie IpUHATH 0003HaueHUsl NpeablAyInero nyHkra: M — rpynna nopo6ui,
A — abouunas rpynna; M < A.

1. B M-reoMeTpuu MHOXKECTBO NOAOCHBIX TPEYTOJBLHHKOB 06pasyer
KJIacC 5KBUBAJEHTHOCTH, a B A-reoMeTpHM Bce TPEYTOJBHHKH 00pasyroT
ONMH KJacc.

2. Teopema [Iludaropa, 3anucanHas ¢opmyaoi (%)24- (%)2= 1,
rie a, b — KareTel, ¢ — TUNOTEHY3a NPSIMOYTOJBHOTO TPEYTrOJbHUKA,
COXpaHsieTCsl NPH NpeoCpa3oBaHHM NONOOHs, TaK KaK BeJMUHHA yIyia M

1 denuke Kaeitn (1849—1925) — peiparomuiicss HeMeuxuit MartemaTk. O6mue
NMPUHLMOE TeOMETPHH GBHIM H3JIOXKeHB! UM B JieKuuH «CpaBHHUTENbHOEe 0603peHHe HOBEH-
IHX FEOMETPHUECKHX HCCJRNOBaHHMH», H3NaHHOH B 1872 r. oTleNbHON GPOIMIOPOH H H3-
BECTHOH MOJ Ha3BaHMeM «3SpJiaHreHcKas nporpamma Kieitna»,
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OTHOILEHHE OTPE3KOB HHBapHaHTHB! oTHocutTenbHO M. ClenoBaTenbHO,
310 pakr u3 M-reomerpuu. B A-reomerpuu, riae Bce TPeyroJbHUKU IKBH-
BaJIHTHBI, 3Ta TeOpeMa HEe HMeeT CMBICJa.

3. Teopema «MezxuaHBl TPeyroJbHHKA NEPECEKAOTCS B ONHOM TOUKE»
NpUHALIEXKUT A-reoOMeTpHH H, CJefoBaTeJbHO, M-reOMETpUH TOXKE.

4. TlonsiTHe OKDPYKHOCTH NPHUHALMNEKHT M-reoMeTpUH, NOHATHE 3J-
aunca — A-reoMeTpuH.

1 rtak panee.

B sak/oueHue OTMETHM, YTO WIKOJbHAs (€BKJIUAOBA) TEOMETPHS —
310 D-reomerpusi, rie D — rpynna nepemenienuii. Ho GoMbIIMHCTBO T0-
HATUH Y (aKTOB IIKOJBHOH reOMETPUH MOXKET GOhITh OTHeceHO K M-reoMer-
pHH, a HEKOTOphle Jaxe U K A-reoMeTpuu.

BrificHeHHe BOmpoca O NPHHAIJIEXHOCTH MOHATHH U (AKTOB IIKOJb-
HOH reoMeTpHM K OAHOH M3 TpeX YNOMSHYTHIX TeOMETpHH — I0JIe3HOe
yIpaxHeHHe.

3. IlpoekTuBHAS TreOMeTPUA Kak reoMeTpPUs FPYNNbl KOJIMHeAI M.
B coorBercTBHM C ompenenenuem KJefiHa NPOEKTHBHAs TeOMETPHUSI H3Y-
YaeT CBOHCTBA (UIryp NPOEKTHBHOH IJIOCKOCTH, COXPaHSIOLIHeCss MOpH
KOJIIMHEALUsiX. DTH CBOHCTBA HA3BLIBAIOTCS MPOEKMIUBHbIMU.

I'pynna koanuneauu#t K MHIYUHPYET Ha NPOEKTHUBHOH IJIOCKOCTH
OTHOLIEHHE NPOCKMUBHOL axsusarenmrocmu. 110 3TOMYy OTHOIIEHHIO MHO-
XEeCTBO BceX (uryp pasbuBaercss Ha KJAcChl MPOEKTHBHO 3KBHUBAJEHTHBIX
Mexay coboit ¢puryp. I'lpenmeroMm nmpoeKTHBHOH reoMeTpud, TakuM ofpa-
30M, SIBJSIOTCA CBOHCTBA (DUryp, KOTOPBIMH 00JajaioT 6ce QUIYypPHEl TOTO
WIH HHOrO KJjacca.

PaccMoTpuM HeKOTOpble KJacCHl MPOEKTHBHO SKBHBAJEHTHBIX QUIYp
H NPUCYIIMe 3THM KJjaccaM NpPOeKTUBHBLIE CBOMCTBA.

1. Kaacc npameix. JoKaxeM, YTO MHOXKECTBO MHPsIMBIX 00pasyeT Mpo-
eKTUBHBIH KJacc. Tak Kak Npu KoJJMHealUsiX HpsiMas OTOSpakaercs
Ha NPAMYIO, TO KOCTATOYHO MOKAa3aTh, YTO KAKOBH! Obl HH OBLIM ABE Ips-
mble [ ¥ I’, cymecTByeT KoJJMHealus, oTo0pa)amomas OAHY H3 HHX Ha
ApyTyio.

BosbMeM npoH3BOJIBHO JiBe yNOpsiloueHHbIe YeTBepKH ToueK A, B, C, D
u A’, B', C', D’, He KoJniHeapHbe 110 TPH, HO Tak, 4Tobbl A, B €l u
A’, B' €1'. Torza konnuHeauusi, oToGpaxaroiasi MepBy YeTBEPKY Ha
BTOpYIO (cM. Teopemy § 13, m. 2), oro6paxaer [ Ha I'.

2. Kaacc nap pasiutnelx npsmeix. JIOKasaTeJbCTBO TOTO, YTO MHaphl
NpAMBIX 06Pa3yIoT KJ1acC NPOEKTHBHO SKBUBAJIEHTHBIX QUIYDP, aHAJOTHYHO
npejbiAymeMy. 3aMeTHM, YTO Mapa pas/MYHBIX BEIECTBEHHBIX NPSIMBIX
o6pa3syeT KBaJ[pUKY paHra 2 ¥ uTo KJIacC TaKUX KBaJPUK YyiKe Obll BhIE/EH
B § 15, m. 3.

3. Kaacc noawnsix uemoeipexeepuluHHukog. 1o OyIeT KJace 3KBUBaJEH-
THOCTH B CHJIy TeOpPeMbl 0 3ajianuy KoJuiuHeauuu (§ 13, n. 2). Bee duryper
3TOr0 KJjacca 006J1aJialoT CBOMCTBAaMM, COCTABJSIOIMMH COJEpKaHUE Teo-
peMbl O rapMOHMYECKHMX CBOMCTBaxX IOJHOIO YeThlpexBepluuHHHKa (§ 10,
n. 2).

4. Knracc mpexeepuluHHUKO8.

5. Kaacc eapmonuueckux uemeepox mouex. JlOKaxeM, YTO MHOMKECTBO
rapMOHHYECKHX 4YeTBepOK o6pasyeT NPOEKTHUBHBIY KJacC. Tak Kak mpu
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a KOJIJIMHeallMsiX TapMOHH3M He Hapy-
IaeTcsi, TO JOCTAaTOYHO II0Ka3aTh,
4TO, KaKOBbl Obl HHM OBLIH FADMOHH-
yeckHe ueTBepKH Touek A, B, C,D u
A', B, C', D', nafinercsi KOJIIHHe-
anus, orobpakaioulas INepBylO dYeT-
BEpKy Ha BTOpYIO.

[locTpouM mMOJHEI YeThHIpeXBep-
mHHEUK PQRS Tak, utobet A u B
ObIIH €T0 JIMarOHaJbHBIMH TOUKaMH,
a Cu D nexanu Ha CTOpoHax, Ipo-
XOIAWMX uepe3 TPETbIO IHaroHaJ/b-
Hy© TOuky (puc. 85); Tako# ueTh-
PEXBEPILHHHUK MOXET IOJYYHThCSH,
HanpuMep, NpPU HOCTPOEHUH YeTBep-
TOM TrapMOHMYECKOH K Toukam A, B,
C. TakuM xe 06pasoM, UCXONsi U3 BTOPOH YETBEPKH, CTPOMM UEThHIpEXBEp-
muHHEK P'Q'R'S’.

Ecnu o6o3HaueHUS YeThIPpEXBEPIIHHHUKOB BHIGPAHBI COOTBETCTBEHHO,
TO KOJIMHeauus, otofpaXamiasi NepBbli Ha BTOPO, NMEPeBOJHUT NEPBYIO
rapMOHHYECKYIO YeTBEPKY BO BTOPYIO.

6. Kaacc osanrvreix keadpux. Tak Kak KOJJIHHealus €CTb JHHEHHOe
npeo6pa3oBaHue, TO YypaBHEHHe BTOPOTO MOpPSAKA IIPH KOJJIHHEALHH
NIePeXOLHT B ypaBHEHME BTOPOTO NOPSIKa, T. €. KBajpHKa oToOpaxaercs
Ha KBaJpHKy. BoJsee Toro, ecsiu nanHasi KBajpHKa OBaJjibHasi, TO ee o6pa3s
TOXKE OBaJl; 5TO NpPsSMOe CJEACTBHE 3aKOHA HHEPLHH KBafpaTHYHEIX QOpM.

OcTrasoch 0KasaTh, YTO AJis JIOGBIX IBYX OBaJbHBIX KBaapuk G u G’
HafizeTcs KOJIHHealus %, oToOpaxatomas G Ha G'.

Ilyetb R = R (E;) — Ta cucTeMa KOODAHHAT, B KOTOPOH KBajpHKa
G uMeeT KaHOHHMYECKOe ypaBHenue x} + xJ —xZ =0, a R' = R (E)) —
cucteMa, B Kotopoit G' MMeeT Takoe e ypaBHeHHe. PaccMOTpHM KoJsJiu-
HealMIo X, ONpejeNsieMylo YCIOBUAMH E; — E;, i=1, 2, 3, 0. Toraa,
KaK [0Ka3aHO INPU J0Ka3aTeJbCcTBe TeopeMil § 13, m. 2, KoopauHATH Ka-
Ko#-n1160 TOuKH B cHcTeMe R paBHBI KOOpAMHaTaM ee o6pas3a B CHCTeMe
R'. CnenoBaresnbHo, 06pa3 BCSKOH JIMHUM HMeeT B R’ Takoe e ypaBHe-
HHe, KaKoe caMa JuHus uMeeT B R. Otciona 3akmoyaeMm, uto G' — obpas
G npu KOJNJIUHEAUUH X.

IlpoBemeHHOe 10Ka3aTeJbCTBO MO3BOJSET OOBACHHTH, MOYEMY IpH
NIPOEKTHBHOH KJacCHQUKALHK OBaJibHbIE KBaJAPHUKU BHIEASIOTCS B OT-
IeJIbHBIH KJacc, a NepBble JBa NpHMEpa HACTOSIIIErO NyHKTa—II04YeMy Bhl-
IeNISIIOTCS. B OTHENbHBIE KJAacChl Maphl COBNABIUMX M MNaphl Pas3/iHYHbIX
TIPSAMBIX.

Panee 6bl1M pacCMOTpeHbl MHOTHe NPOEKTHBHBIE CBOHCTBA OBAJIbHBIX
KBaJpHK. DTO MOJISAPHBIE CBOMACTBA, a TaKiKe CBOHCTBA, BHIpaXKaeMble TeO-
pemamu ITackans u BpuaHuona.

4. Ad6comot. PaccMoTpuM oOmmuil pHeM NMOCTPOEHHS PA3sHBIX T'eOMeT-
puii, Toxke npenyoxeHHb# ®. KielHowM.

ITycte Ha muHOXecTBe 7', 3JeMeHTH KOTOpOro 6yieM HasbBaTh TOYKa-
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MH, JeHCTByeT HeKoTopas rpymnmna mnpeoGpasoBanuii W. Bo MHOxXecTBe
T BoizenuM Kakoe-JHGO MOAMHOXKECTBO N M PacCMOTPHUM JIHILIbL Te Tpe-
o6pasoBanusi v € W, KoTOpble 5TO MOAMHOXKECTBO OTOGpPAaXKalOT Ha cebsi:
v(N)= N. Takue npeoOpa3oBaHHS HA3bIBAIOTCS QBMOMOPHUIMAMU OT-
HOCHTEJIbHO moaMHOxKecTBa N, a caMmMo mnoaMHoxecTBo N — abco-
QOMOM.

3ameTuM, 4TO 3TO ompeneneHue He TpeGyer, uToOBl KaxKaas Touka ab-
comoTa oTobpaxanach Ha cebsi; JOCTATOYHO JIMIUBL, YTOOBI abCOMIOT Kak
1leJioe octaBaJjcs 6e3 U3MEHeHUH.

Teopewma. [lycmo nHa mHomecmsee T, Ha komopom 3adan abcorom
N, Oeiicmeyem epynna npeobpasosanuii W . Toeda

1) mroscecmeo V npeobpasosarnuii uz W, asmomopghreix omrocumersro
abcorroma, ecme nodepynna epynnet W,

2) cystenue acakoeo npeobpasosarus, 6xo0aujezo 8 V, HQ MHCMHCECMBO
T \ N ssasemca npeobpazosaruenm muoscecmea T \ N.

HokasateabcTBo. l.IlokaxkeM, uto V yIoBieTBOpsieT ABYM
TpeGOBaHUAM, XaPaKTEPU3YIOMWUM MOATPYNNY.

Ilyctb vy, v, € V, T. €. v; (N) =0, (N) = N.
Torna:

00 (N) =0, (0; (N)) =v,(N) =N

¥ TIOTOMY U0, € V.

Ecnu ua o6e wactu paBeHctBa v (N) = N nopelicTBoBaTh npeobpaso-
BanueM v~l, To nonyuuM v (N)= N. CnenoBartenbHo, U3 v € V BhITeKa-
erv? €V.

[epBast yacTb TEOpeMbI JOKa3aHa.

2. INokaxem, uro moGoe mpeobpasoBanye v € V GHEKTHBHO OTOGpa-
xaer MHO)KecTBO T' \ N Ha cebs.

Tpexne ecero sametuM, uto ecii A € T\ N, Tounv (A) €T\ N.
B camoMm gene, ecau 6bl v (A) € N, 10 v (v (A)) € ™1 (N) u, cienosa-
tenbHo, A € N. Uraxk,

(TN N)=T\_N.

W3 atoro coorHolleHus W omnpelesieHdsi abCoMOTA CJENyeT, 4TO Mpe-
ofpa3oBanne v GHeKTHBHO oToOpaxaeT MHOxecTBO 7' \ N Ha cefs, Tak
KaK B NIPOTHBHOM cJlyyae ObIO Obl HAPYLIEHO COOTBETCTBYIOIEE CBOHACTBO
orobpaxeHHs1 v Kak npeofpa3oBaHus MHoxecTBa T.

Teopema nokasana. OHa NO3BOJISIET paccMaTpHBaThb NOATPYINY aBToO-
MopdU3MOB Kak rpynmy npeobpasoBanuit MuoxkectBa T\ N, UTO OGBIYHO
H JeJaloT.

B nanbHeiiiem Ham npuzercs Ha rpynny V Hasarath JONOJHHTE/bHbIE
OTpaHHYeHHs, 3aKJ/IOYaIoUIHecss B TOM, YTO NpeoOpa3oBaHus U3 V NOMXKHBI
JIeHCTBOBaTh BHYTPH abcomoTa N He MPOU3BOJIBHO, a HEKOTOPHIM OIpefe-
JieHHbIM 0OpasoM. Hampumep, MoxHO moTpe6oBaTh, YTOGHI TpeobpasoBa-
Husi U3 V He ToNbKO MHOKecTBO N oTo6GpaxaJu Ha cebsi, HO YTOOBl OHU
TaK¥Ke OCTaBJSAJH HENOJBHKHOH HEKOTOPYIO TOYKY MHOXKecTBa. B Takom
cayyae abCOMOTOM CJYKHT MHOXKecTBO N C OTMeYeHHOH B HeM TOU-
KOH.
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§ 20. AO®UHHAA 'EOMETPHSA ¢ NTPOEKTHUBHOHN TOUKHU
3PEHUSA

1. Addunnaa rpynna kak rpynna aBroMOpH3MOB OTHOCHTENLHO He-
coGcTBeHROM npsamoil. B stoM u cienyromux naparpadax Oyjper mokasa-
HO, KaK peaJusywoorcs vien Kieina, uanoxenusle B § 19, B npuMeHeHUU
K addHHHOH, eBKJIHIOBOH, HEKOTOPHIM HEEBKJ/HIOBEIM reoMeTpusM. Bce
3TH TeOMETPHH fIBJSIOTCH TeOMETPHSAMHU MOATD NI MPOEKTHBHOH TP YIIIHL

Teopewma. Ecau na pacwupennot eskaudosod naockocmu R,
Ha komopoil Oeticmsyem epynna K xoaruneayuil, 3a abcosom npurame
HecobCmeexHyo npamywo &, mo coomeemcmeyowas nodepynna A asmo-

mopgpusmos, paccmampusaemas Ha R, \ a = R,, m. e. na esxaudosoi
naockocmu, f8asemcs epynnoti aggurHeix npeobpasosaruil.
HokasaTeabcTBO. Ha nmockoctu R, BBeeM CHCTEMY OAHO-
ponubix apdUHHBIX KOOpAMHAT. Torja ypaBHEHHs NPOU3BOJIBHOH KOJJIH-
Healluu ¥ MOXKHO 3anucaib B Buie (13.2):
hxy = pnx; + Plzx; + plsx;;r
Ay = porx; 4 PasXy + PasXy,
’ ’ 7
Axg = pgix; 1+ PsaXy + Pas¥y,
rae Ha KO3QOHUIMEHTHl p;; HAKJaJbIBAETCS €IUHCTBEHHOE OrpaHHYeHUe

det || pyyll == 0.
Tak Kak npsiMas a_ UMeeT ypaBHeHHe x3 = 0, To ee 06pas OyleT UMETb

YPaBHEHHE PgiX; + P3oX, + Paax; = 0. UTOOB KONMUMHEauust % BXOAMJA
B noarpynny A, Hajo, 4ToGbl 06pa3 NpsMoOH @ ¥ caMa npsMas COBIaja-
JiM, a 3T0 GyJeT NpU YCJIOBHH pg; = p3, = 0. CrenoBartenbHo, nmpeobpa-
30BaHHsl NOATPYNIEI aBTOMOPGU3MOB 3aJalOTCA CJAEAYIOLIMMH YpaBHe-
HUSMH:

Mgy = pu¥y + PraXy + Pisty

Axy, = P21x1 + Pzzx; + Pzax:;’

Axg = PsaXy

rpe

P11 P12 P13

P21 Paz Pag| = Pss .Zu gli +0

0 Pas 21 Pa2
H, CJIe0BaTEJBbHO,

# 0, [Pu Pi2|=£0.
Pas P21 Pae

Ilpeo6pasoBanue % pacCMOTPHUM Ha IJIOCKOCTH R,, IJs1 4ero JOCTaTou-
HO cuuTaTh X3 7= 0, x;7= 0. Kpome Toro, Her Gosiee HaLOGHOCTH B OXHO-

PONHBIX KOOpAMHATaX, MO3TOMY B ypaBHEHMsAX NpeoOpa3oBaHHs Mepei-
JeM K HeOJHOPOJAHBIM KOOPAHHATAM, [JIst YeTo NepBoe W BTOPOe YpaBHEHHs

X.
pasjesuM MO4YIEHHO Ha Tperbe. Tak Kak mo gopmynaam (7.2) 2 =ux,
X3
X2
2 =1y, T0
X3
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x =By g By g Po

P33 Pss Pss
y=B2_1x' _]_p_22y'_|_£’_'é,
P33 P33 P33

OTKYyZa, MeHAs 00o3HaueHHsI Ko3abdHIHEHTOB, MOJydaeM:
{x = ax' 4+ by + ¢,

y=ax + by + ¢, (20.1)
rae Ha Koaqpr/HlHQHTbI HaKJIaJbIBaeTCsad €AWHCTBEHHOE Ol'paHquHHe
a b :,E 0
a, by

Tak kak (20.1) — ypaBHenus ahdHHHLIX TpeoGpa3oBaHHii, TO TeopeMa
JOKa3aHa.

2. MpoekTuBHble onpegeaenus adduuubix nouaTit. JloxasaHHas
TeopeMa MO3BOJIsIeT, UCXOAs W3 NMPOEKTHBHOH IJIOCKOCTH P,, MOCTPOHUTH
apdunHylo reomerTpHio. JlJsi 3TOro HEOOXONHMO TOJBKO BBIIEJIHTH He-
coOCTBEHHYIO NpsiMyio. [TOCKONBKY Ha NPOEKTHBHOHN MJIOCKOCTH BCe Mps-
Mble paBHONpaBHBEI (OHH OGPas3yOT KJacC MPOEKTHBHO SKBUBAJIEHTHBIX
(uryp), TO HeT OCHOBaHHH OTHaBaTb NMpEANOYTEHHe KaKOH-1HGO OfHOH H3
HHX: B KayecTBe HecoOcTBeHHOH NpsiMoil (aGCcoioTa) MOMXKHO B3SIThb NpOU3-
6oabryro npsAMyio a_. Ha ocHOBaHHH pe3yJbTaTOB, NMOJYYEHHBIX B Tpe.bI-
LyIUX TJaBaX, MOXKHO TeNepb ONpelesuTh Bce abdHHHbIE NOHSTUS B Tep-
MHHAX TPOEKTHBHOH TEOMETPHH.

1. Appunnas naockocmo — Py \ a_.

2. I'pynna A agpurnoix npeobpasosanuti — JeficTyoomas Ha Py \ @
noxrpynna rpynnsl K KonjuHeanuil, Kaxkjoe npeoGpa3oBaHHe KOTOPOH
oro6parkaer aGcomoT a_ Ha cebs.

3. Ilycte | — mpsiMasa NpOEKTHBHOM MJIOCKOCTH, A  — Touka mepe-
ceuenus ee ¢ a6comortom (puc. 86). Torma I\ A — npamas agunnoti
naockocmu (cMm. § 5, n. 3, cBoiictBo 1).

4. Tlycte [ u I' — nBe mpsiMble MPOEKTHBHOH MJIOCKOCTH, TOYKa Mepe-
ceueHHs KoTopuix A mpuHaanexut abcomory (cM. puc. 86). Torna [\ A_u

U'\\ A_, — napaasensroe npamote apgunroi naockocmu (cMm. § 5, m. 3,
cBofictBo 2). Ha pucynke 87 ABCD — napaJJesnorpamm.

Puc. 86
11



5. Ilycte A u B — kaxue-nu60 Touku adpdunnoi niockoctn P, \ a_,
(AB) — npoektHBHas npsamas, M_ — TOYKa nepeceyeHHsl 3TOH MNPSIMOH
c a_. Torna Touka C € (AB) nasbiBaetcs sesxcaujeld mexcdy A n B, ecan
napet A, B u C, M_ pasjgensioT Apyr Apyra (CM. OmpeleseHHe pasjieleH-
HocTH map B § 1, n. 3). MHOXkeCTBO TOYEK, JIeXKalHX MeX]Y JBYMs TOUKa-
MH, Ha3bIBAETCSH OMKPOLUTLIM OMPESKOM.

6. [lycts A, B, C — koanuHeapHble TOYKH addHHHOM MJIOCKOCTH.
Torna B coorBercTBHH ¢ (4.2) mpoctoe oTHowenue (ABC) onpepensiercs
topmy 10

(ABC) =— (ABCM_),
rae M_ = (AB) N a_. Touka C — cepenuna otpeska, ecau (ABCM )=

= —1.

7. Sanrunc, napabora, eunepbosa — OBaJibHBblE KBaJPUKH, HMEIOIIHE
¢ a6CoJIIOTOM COOTBETCTBEHHO HYJb, ONHY HJM JBe OOLIMEe TOYKH (CM.
puc. 18).

8. HeoOnopoOusie aghgpunnbe roopduname: BBogsATc Tak. CHauaJjia
B COOTBETCTBHH C OINpefie/leHHEM OJAHOPOAHHIX ad(hHUHHBIX KOOpJHHAT 3a-
JIaeTcsl CHCTeMa NPOEKTHBHBIX KOOPAMHAT TaK, YTOOB! (YyHIAMEHTaJbHblE
ToukM E, u E, Jexalu Ha NpsaMo# a_, a 3aTeM dopmyJamu (7.2) onpefe-
JSI0TCS HeORHOpoAHble adHHHBIE KOOPAHHATHIL.

U Tak nanee.

§ 21. EBKJIMIOBA TEOMETPHS C MPOEKTHBHOH TOUKH
3PEHH A

1. ¥Yciosue, npu kotopom adduHHOe mpeoGpa3oBaHHe SABISETCH Mpe-
o0pa3oBaHueM HONOOHUS.

Teopewma. [aa moeo umober apgunnoe npeobpasosarie eeraudo-
soti naockocmu R, 66110 npeobpasosaruem nodobus, Heobxo0umo u docma-
mouHo, 4mobs. 0b6pasom 000l napel nePneHOUKYAAPHOLX npamelx Oblaa
napa nepneHOUKYAIPHOLX NPAMBLX.

HJokasaTteabcTBO. HeobxomumocTb yCJOBHA OuY€BHIHa, 10-
KaxeM JIOCTAaTOYHOCTbD.

Kaxk u3BecTHO, addunHOe npecOpas3oBaHUe

{x'=ax + by +oc,
y =ax+by+c

— —
oTo6paxaeT BCSKHH BeKTop i = (p, g) Ha BekTop h' = (p’, ¢'), KOOpAHHATEHI
KOTOPOro HaXOAATCH U3 ypaBHEHHUH

{p,’ ap + bg,
ap + byq.

o

q

Ilorpe6GyeM, utoOpl 06pasbl —ﬁ; " _ﬁ; NepreHANKYJSAPHBIX BEKTOPOB

?1)1 = (1, 0) I/I_;lz = (0, 1) Opuu meprneHAHKYMAsApHBL. W3 ypaBHeHHil mpe-
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00pa3oBaHUsl HAXOQUM KOOPJAHHATH 00pasoB: ﬁ: = (a, ;) u hy = (b, by),
a 3aTeM W YCJOBHe UX NepneHauKkyaspHocTH: ab + a,b, = 0.

Tenepb Bo3bMeM fiBa JPYTUX NEpPIIEHIUKYJISPHEIX BEKTOpa ﬁs =(1,1)
uﬁl = (1, —1) u HalileM KOOPAUHATEI UX oépasos:?z)é =@+ b,a + b))
" ;1)4 =(a—b,a — b)), a TakKe ycJOBHE NEPHEHAUKYJAPHOCTH 3THUX

o6pasos: (@ + b) (@ — b) + (a, + by) (a, — by) = 0.
WTak, NpuUXOAHM K CHCTEME ypaBHEHHUil:

ab + a,b; =0,
{a2+al2= b% + b2
Beena obosmauenue a? + af = b2 + b2 = k%, moJioxKuM:
a==Fkcos @, a ==Fksin g, b = ksiny, b, = k cos .

TloncraBisisi 3TH BbIpakeHUsl B [IEpBOE YpaBHEHHE CHUCTEMEI, I0JIyYaem:
sin (¢ +¢) = 0, oTryma Y = —¢ + am, m = 0,1.
Tenepr Ko3ddurueHTs b U b; MOXKHO BbIPa3uTb depe3 ¢. [Tosyuyaem:

b = —ksin @, by = k cos ¢, ecnu m = 0,
b = ksin ¢, by = —k cos @, eciu m = 1,
WK
b = —eksin @, b, = ek cos @,
e € = +1.

Tlpu uHafifieHHBIX 3HaueHUsX KosdduuueHTtoB a, b, a;, b, ypaBHeHus
abpuHHOrO mnpeobpa3oBaHMs, 3alHCaHHble B HayaJe JOKa3aTesbCTBa,
IPEBPAINAIOTCS B YpaBHEHHs NpeoOpa3oBaHHs NOROGHS .

Teopema nokasaHa.

2. I'pynna nopoGuii kak rpynmna aBTOMOPPU3MOB OTHOCHTEJBHO He-
cOGCTBEHHOM MPAMO# ¢ 3a)aHHON Ha Heil aGcomoTHOM uHBOMoNKel. ITycTh
@ — HecoOCTBeHHass TMpsAMan, a S — (QUKCHPOBaHHAsf COOCTBEHHAs!

TOYKa eBKJMJOBOH muockocTH. PaccmoTpuM ortoGpaxenue j: a_ —a_,
NpH KOTOPOM 3a 06pa3 NMPOU3BOJIbHOM TOUKH A € a_ NPUHMMAETCs TOYKa
A', Takasi, uto yron ASA' — npsmo#.
Oro6pakeHue j He 3aBHCUT OT BbIOOpa TOYKU S, TaK Kak IJs Jo60#H
A~
o o 1
npyro#i cob6cTBeHHOl TouKu S; Gyzer cHoBa AS;A’ == 3TO cJefyeT

U3 napaJiiesbHOCTH cTopoH yryoB ASA’ u AS,A’.

Tlokaxkem, uyTO OTOOpa)eHue j nNpoekTuBHo, T. €. (A,A,Az4,) =

’ ’ ’ ’ . .
= (A,A,4;A,), tne A; €a_, A, =j(A,), npu i =1, 2, 3, 4. Ilpunss
o6osnauenusi Lis npsambix: (S4;) = a;, (SA)) = a;, nonyunm (@,a,a504) =
=(a, a,a,a,), TaK KaK neppas 4YeTBePKa IOJyyaeTcsi W3 BTOPOH MOBOPO-
11 o

TOM Ha yroil —-, a NI MOBOPOTe ABOfHOE OTHOLIEHKE COXPanseTCH (moue-

my?). Ilo OCcHOBHOMY CBOHCTBY JABOMHBIX OTHOLIEHHiH TNOJydYaeM, YTO
’ ’ ’ ’
(A1A2A3A4) = (A1A2A3A4)-
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[TpoexkTHBHOE npeoGpa3oBaHHe j B CUJIY €ro ONpeleseHHss HHBOJIO-
LIMOHHO M He HMeeT HENMOIBUKHBIX TOYEK. DTO, CJENOBATENBHO, SJIHMTH-
yecKasi MHBOJIIOLHS; OHA Ha3bIBAETCS QOCOAOMHOL UHBOAOUUPL.

Byznem Tenepr paccMaTpuBaTh Ha MJIOCKOCTH R, TakHe KOJIIMHealUH
%, KOTOpbi€ He TOJIbKO OTOGPaXKaioT Ha ce6s HeCOGCTBEHHYIO NPSAMYIO a_,
HO M COXPaHsIIOT abcoMmoTHY uHBOMouHMo j. ITocsenHee Hajo moHUMAThH
TaK: ec/ii TOUKM A ¥ A COOTBeTCTBYIOT IPYT APYry B aGCOJIOTHOM MH-

BOJIIOIIMH, TO U HX oépasm OTHOCHTEJIBHO KOJIJIMHEAlHH X TOXKE COOTBETCT-
BYIOT IPYT APYTY B 3TOH MHBOJIOIMU. MIHEIMH cioBamH, A5 060 TOYKH
us A" = j (A) caenyer x (A') =j (» (4)).

C yueToM CKa3aHHOIO M3 TeOpeMbl MpelbIAyIIero NMYHKTa H TeOpeMbl
§ 20, n. 1 _BhITeKaeT cjenyOmUi pe3yJbTaT.

Teopewma. Ecau na pacwupennotl esxaudosoti naockocmu R., Ha
xomopoti Oedicmeyem epynna K roaruxeayuii, 3a abcorrom npuusme He-
cobcmeennyro npamyo a_ ¢ 3a0anHoll Ha Hed abcoaromroll ungooyuel j,
mo coomsemcmayrouwyas. nodepynna M asmomoppusmos, paccmampusaemas
Ha Ry, \ a, = R,, m. e. Ha esxkaudoeotl naockocmu, ecmy epynna npeod-
pasosanuil nodobus.

AGcomoT eBK/IMI0Ba IPOCTPAaHCTBA 0603HAYUTCS CUMBOJIOM < a_, j >.

3. TlpoekTuBHbIE ONpelefeHHs] €BKIWIOBbIX NOHATHH. Temepp Mbl
MOXKEM, HCXOAS K3 NPOEKTUBHOM IJOCKOCTH P,, NOCTPOUTH EBKJIHIOBY
reomerpuio. Hano TonbKo Ha miockocTdH P, BBIIENHUTb aGCOJIOT.

PaccMOTpHM MHOMKECTBO BCEBO3MOXKHBIX map < a, ¢ >, Ile @ — Ka-
Kasi-1u60 npsMas MPOeKTHBHOM IJIOCKOCTH, a ¢ — NPOH3BOJIbHASA 3JJHI-
THUeCKasi WHBOJIOIMS Ha He#l. Bce Takue nmapbl NpPOeKTHBHO 3KBHBAJIEHT-
HEl. B camoMm Jpese, 1a1a /060N SJJMOTHYECKON WHBOMIOLHU @ HaHIeTCs
rapMOHHYeCKass 4YeTBepKa, COCTOSIIAasi M3 JABYX MNap COOTBETCTBYIOLLHX
Touek (TeopeMma 1, § 12, n. 6), KOTOPEHIMH 3Ta HHBOJIOLHS MOXeT ObITh
onpenesiena (Teopema 2, § 12, n. 4). Kak nokasano B § 19, n. 3, rapmo-
HUYeCKHe 4eTBepKH 06pa3yroT KJacC SKBHBAJEHTHOCTH OTHOCHTEJBHO KOJ-
JuHeanuii. A Tak Kak napa<a, ¢ > MOXKeT ObITh 3aJiaHa rapMOHHYECKOH
U4eTBEpPKOR, TO BCe TaKHe NMaphl TOXKe 06pa3yioT KJacC 3KBUBAJEHTHOCTH.

3To 3HAUYMT, YTO B KayeCcTBe abCOJIOTAa MOMKHO B3fiTb JI0Oyl Mapy
<a, >, T. e. M0OYI NPAMYID NPOEKMUBHOL NAOCKOCTIU MOJNCHO CHUMAMb
HecobcmeeHHol, a a6y 3AAUNMULECKYIO UHBOAIOUUD Ha Hell — abco-
AOMHOU.

Kak ycioBuauch, 3Ty napy 6yiem o6osHayath: < a_, j>.

Ha ocHoBanuu paHee NONyYeHHBIX De3YJbTAaTOB MOJydaeM CJeAyIO-
IHe OIpelie/leHHs] eBKJMIOBBIX NOHSATHH.

1. Esxaudosa naockocms — Py \ a . EBKJIKHIOBA MJIOCKOCTb Kak TO-
YeyHOe MHOXKECTBO coBnajiaeT ¢ adHHHOM.

2. IIpamas, napasreabHoOCMb NPAMBLX, OMHOWeEHUEe «Mexcdyy IJs
TpeX KOJIIMHEapHBIX TOYEK, OMPE30K, NPOCHIOE OMHOWIEHUE Mpex MmO4eK
1 Bce mpoure adUHHBIE NOHATHSA ONpenensorTcs, Kak B § 20.

3. I'pynnma M npeoGpasoBanuil noxobus — aeficteyiolias Ha P, \ a_
noarpynna rpynnel K KoJIMHealnil, Kaxkaoe npeobpazoBaHHe KOTOPOii
coxpansier abcosor < a_, j >.
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4. ITycts | u m — npoekTHBHBIE
npsiMble, NPOXOASIIHE Yepe3 TOUKH
L, u M_, npuyem 3TH TOYKH COOT-
BETCTBYIOT APYT APYry B aGCcoJoT-
HOH MHBOJIOLMH. Torna eBKJHIOBBI
npsambie I\ L u m \ M_ nepnen-
OuKYAsLpHbL.

5. PaccMOTpUM HHBOJIIOLIMOHH VIO
TOMOJIOTHIO, LEHTP KOTopoit P, Je-
KHT Ha abcoJIioTe, a OCh S IPOXOLHUT Yepe3 TOUKy S_, KOTOpas COOTBETCT-
ByeT B aGco/noTHOM MHBOMOLHKU Touke P (puc. 88). Torna o6pas A’ xa-
KOo#-1u60 Toukn A xapakrepusyercs yciosueM (P _XAA') = —I1, rae
X = (P_A) N s (cM. Teopemy § 14, m. 3). BcaeacTsue onpeneneHui,
npuBefieHHbIX B § 20, m. 2, 370 03HauaeT, yTo X — cepenuna otpeska AA’.
A Tax KaK, KpoMe TOro, eBK/IHAOBHI npsaMble (AA’) \ P_ u s\ S_ nep-
NEHIMKVJ/ISPHE, paccMaTpuBaeMoe Ipeo6pa30oBaHHe SIBJISETCS CHMMeT-
pueii.

Wrak, ocesan cummempus — 3TO cyxenue Ha P, \ a_ HHBOMOLHOH-
HOl TOMOJIOTHH, IIEHTP KOTOPO# JIEKMT Ha abCosoTe, a OCb NPOXOLUT
yepes TOYKY, COOTBETCTBYIOLLYIO LIEHTPY B aOCOJIOTHOH HHBOJIIOLUH.

Mbl He ocTaHaB/IMBaeMCsl Ha JOKa3aTesbCTBE TOTO, UTO TaK OINpeJesieH -
Has CHUMMeTpusi BXOAMT B rpynmy M.

6. TlepeMelnenue, Kak M3BECTHO, JIMOO SIBJISETCS OCEBOH CHMMeETpHEH,
JHGO [ONYCKaeT pas3jioeHHWe B KOMIO3HLHMIO cuMMeTpuii. [Tostomy nepe-
Meuwjerue MOXKHO ONpENe/UTh KaK cyxeHue Ha P, \ a_ HHBOJIOLHOHHOH
TOMOJIOTHH HJId KOMIIO3HIHH HECKOJbKHX HHBOJIOLHOHHBIX T'OMOJIOTHH
CleLlMaIbHOTO BHJa, O KOTOPHIX 1A peub B Npeipiayuieit pyopuke. Kox-
2PYIHMHELMU HA3BIBAIOTCS (QUIYPHI, KOTOPHIE MOXHO OTOOpa3uTb OfHAa Ha
IPYIYIO NepeMeLIeHUeM.

7. TlocTpouM npsiMOYroJIbHYIO JE€KapTOBY CHCTeMy KoopauHaT. IlycTb
E _,E, uQ_, Q_ — 1Be mapbl TOYEK, COOTBETCTBYIOIUMX APYT APYTY
B a0COJIFOTHOM MHBOJIIOLIMH U JeJAIUX APYT Jpyra rapMOHMYeCKH (cyiue-
cTBOBaHHMe napel Q_, Q' npu moGom BbiGope napwt E, , E,  rapaHTHpyer-
cs1 TeopeMoit 1 § 12, . 6). 3aTeM Bo3bMEM INPOH3BOJBLHO COOCTBEHHYIO TOY-
Ky E; u toury E, Ha mpamoit (EgQ_) \\ Q. (puc. 89).

CucTema mNpPOEKTHBHBIX KOOPIH-
HaT R (E;) sBasieTcsi, Kak 61:01.;10 oT- Af'” o Q0w //_"2,,,; Q.
Meueno B § 20, m. 2, cucremoit onHO- 3
pomHbIX addpuHHBIX KoopauHAT. Ee g
ocu EgE,  wu E3E, mnepneHiukyssp- A,

Hbl. Bosiee Toro, eciu A,=(EE, )N A,
N (EoEzgo)’ A2=(E3E2°o)n (EoEloo)y
TO eIUHHYHBIE OTpe3kKH EA;, u

Puc. 88

E3A, Ha ocsX KOHTPY3HTHHL. B ca- Es
MOM JieJie, B CHJly TeOPeMbI O TapMOH H-
YECKHX CBOHCTBAX MOJHOTO YeThipex- Puc. 89
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BepUIMHHHKA (B NpPHMEHEHUU K ueTwipexBepiinHHUKY A,E,A,E3) npsmas
A,;A, NpOXOAUT uepe3 UYETBEPTYIO TapPMOHMUECKYIO K Toukam E, , E

loo? 200y
Q. T. e. yepe3 Touky Q. . I103TOMy WHBOJIOIHOHHAS TOMOJIOTHS C LEH-
TpoM Q) ¥ ochio E;Q_ orobpaxaer oTpesku EzA, u EgA, npyr Ha
Jpyra, a 3TO 03Ha4yaeT WX KOHTPYSHTHOCTD.

Wrak, cuctema koopausaT R (E;) — 3TO cucTeMa ORHOPOIHBIX NPSIMO-
YTOJIbHBIX IEKaPTOBLIX KOOPAMHAT Ha MJIOCKOCTH P, ¢ aGcomotom < a_, j>.

CooTBeTcTByIOWAs CUCHEMA HEOOHOPOOHLIX NPAMOY20AbHbLX OCKAPIMO8bIX
koopOuram Ha P, \ a_ ctpoutcss oObMHEIM 00pPa3sOM: 332 HEOAHOPOAHEIE

KOOpDAMHATH TOUKHM NPUHHMMAETCsl mapa 4ucen X, y, CB3aHHAas C OAHOPOJ-
HBIMH KOOpJIMHAaTaMU (X, : X, @ X3) COOTHOweHHsAMH (7.2).

Tak Kak BCe MOHSATHS €BKJMAOBON €OMETPHH B NPHHIUIE MOTYT OHITh
BBIPaXKEHbl TPH TOMOIIHM NPSMOYTOJNBHBIX AEKapTOBbIX KOOpPAHMHAT, KOTO-
PBIM 3JleCh IaHO NMPOEKTHBHOE ONpeJeseHHe, TO 3TO JaeT HaM NpaBO CUH-
TaThb, YTO 6Ce NOHAMuUs eskaudosoll eeomempuu moeym Ooimsb onpedenetst
8 MePMUHAX NPOEKMUBHOL ceomempuu.

§ 22. MOHATHE O HEEBKJIMJAOBbIX TEOMETPH X
C MPOEKTHBHOH TOYKH 3PEHHSA

1. OGwue 3ameyanusa. Mbl yxe BULEH, YTO, BHIOHPAs COOTBETCTBYIO-
KM o6pa3oM abCoIOT Ha MPOEKTHBHOH IJIOCKOCTH, MOXKHO MPHUHTH M K
apdbUHHON M K eBKJHIOBOU reoMeTpusiM. Ilpu Apyrom Beifope abcosioTa
noayyatcs Apyrue reoMetpuu. OKasblBaeTcs, 4TO HauboJee BaxKHBIE BUJBI
TeOMETPUU MOTYT OBbITh IOJIyYeHbl UMEHHO KaK TeOMETDHH TeX HJIHM HHBIX
MOATPYII TPYNIBl KOJIJIHHEANHH.

Kuneitn u Kanu! paspaboranu NpUHIMNBI BBEJEHHS METPHKH Ha Ipo-
€KTHBHOH IJIOCKOCTH, T. €. JaJu oOlHe OIpelesieHUsl pPacCTOSHUH U Be-
JIMUUH YTJIOB, UCIIOJb3Ys MPU 5TOM Te WJIH HHBbIE abCOJIOTHI.

B cuenyromux Tpex myHKTaxX MBI KPaTKO OCTAaHOBHMCS Ha JBYX TeO-
MEeTpHsiX — IICEeBACEBKJNI0BO U reomerpuu JlobaueBckoro (runep6osiu-
4eCcKOH).

Hexkorophle U3 HeeBKJIHAOBEIX T€OMETPHIH TECHO CBSI3aHH! ¢ QH3HKOMH, TOUHee C KHHe-
MaTHKOH — pasfiesioM (H3HKH, H3YUaIOMUM JBHXKEHHE TeJ He3aBHCHMO OT €ro NpHYHH.
ITycrb TOuKa ABUKETCS MO NPSIMOH H B MOMEHT BpeMeHHM f uMeeT KoopauHary x. [Tapa
(¢, x) HasblBaeTCs cobbimuem, a MHOXKECTBO COGHITHE — npocmpancmeom cobuimuii. Ecin
IBHXKEHHe TOYKH NOJAYMHEHO 3aKOHaM MeXaHHKH, TO B NPOCTPaHCTBe COObITHH Oyler
JlefiCTBOBaTb HEKOTOpasi reoMeTpHsl. B ciayuae pessiTHBHCTCKOM MeXaHHMKH JiHIUTelHA
9TO NCEeBLOEBKJHIOBA TeOMETPHs, B Cilyuae KJjaccHyecKoii Mexanuku [amunes — Hrroto-
Ha — reoMeTpus MPOEKTHBHOH IJIOCKOCTH, abCOJIOT KOTOPOH COCTOMT M3 MNpsMOH M 3a-
¢uxcupoBanHoil Ha Hell ToukH. OGOCHOBaHHe 3THX NOJOXKEHHH HAXOAMTCH 3a PaMKaMH
Halllero Kypca.

2. TlcespoeBkaugoBa reomeTphs. EciM Ha NpPOEKTHBHON IMJIOCKOCTH
P, 3a a6comoT NPHHATH KAaKYI0-JH60 NPAMYIO 4 C THIepOOJHYECKO HH-

BosoL el & Ha Helt, To Py\ @, HasbiBaeTcs 1nces00esxAU0060Li NAOCKOCbIO
1 oGosHauaercs 1R,.

1 Apryp Kanu — aursmiicknii anre6pauct (1821—1895).
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VnBosonnst h uMeeT 1Be HeMOABUIKHBIE TOUKH, KOTOPbIE OGO3HAYUMM
uepes I; ¥ [, ¥ Ha30BeM yuKAUHECKUMU. STH 1B TOUKH ONPENENsoT KakK
npaMylo a_, Tak ¥ uaBoonnio i (§ 12, n. 6, cnencrsue 1), u noromy napy
Touek ([, I,) MOXKHO ObIIO GbI CUHTATh aGCOMOTOM. MBI, OHAKO, TIPUHH-
maeM 3a abcomoT napy <a_, A>>, 4TO MO3BOJHT HaM YBHAETb JaJekKO HAy-
i€ aHaJOTHK B CBOMCTBaX mjockocTedl R, u 'R,.

A6comoTel miockocTell Ry, ¥ 1R, OTIHYAIOTCS TOJBKO XapaKTepoM a6-
cosroTHOH uuBoJMoI Y. [TosToMy Bee agghurnnbie ceoticmea amux naockocmetl
OIHYM U Te Xe U cognadarom co ceoticmeamu aggunnoii naockocmu (§ 20,
n. 2).

Touno Tak e, KaK U B clyyae eBKJAWAOBOH reomerpun (§ 21, m. 3),
OIIpefieJIAIOTCS CHENYIONHe TMOHATHS NCEBAOEBKJ/KIOBOMH [EOMETPUH: 2pyi-
na npeobpasosarull nofobus, hnepneHOUKYAAPHOCMb NPAMbLX (3aMETHM,
9TO NpsIMbie, NPOXOJsIINe Yyepe3 IUKJIHYECKYI0 TOUKY, NepleHINK /s PHbI
caMuM ce0e; Takue INpsIMBIE HAa3bIBAIOTCA UBOMPONHBIMUY, CUMMEMPUS
OMHOCUMEAbHO HEUSOMPORHOL Npamol, nepemeuierue, KOHePYIHINHOCHS.

OTMeTHM HeKOoTOpble haKThl MCEBIOEBKJHKI0BON reOMeTpHH, OTJIHYaIo-
IHecss OT eBKJHJOBEIX.

Teopewma I. Ecau necobcmsennoe mouku A u B npamoix a u b
pasdenervr yuxauteckumu moukamu (A, B — I,, 1)), mo npamoe
a\ A_ db\ B, naockocmu 'R, He mozym Goimp omobpasiero. Opye Ha
Opyea nepemeerue.

HokasaTeabcTBO. IlycTh Y — HHBOJIONHOHHAS TOMOJIOTHS,
LEHTP KOTOPOH HAaXOAMTCA B Touke P_, oCb MPOXOAMT yepes TOUKY Q_,

npuueM Touky P u Q_ COOTBETCTBYIOT APYT APYTY B aGCOJMIOTHO HHBOJIIO-
uun h (puc. 90). Ilyets A  — xakaa-nu6o TOuKa HeCOGCTBEHHOM NMPAMOMH
u A =y (A,). Teopema Gyner nokasaHa, €CJM JIOKa3aThb COOTHOLIEHHE
A_,A -1, I, KoTOpoe paBHOCHJBHO CJEAYIOIEMY HEepPaBeHCTBY:

(I, A_A") >0.

JleByro yacTb 3TOro HepaBeHCTBa NpelcTaBuM 10 dopmyJe (3.4) B Buje

TIPOU3BENEHHUA:
(L1,A_A.) = (IL1,A_P_) - (I,1,P_A.).

Taxk kak

vilh—>1y I,—~ 1, A_,—~A_,P_—P_,
TO

(LLAP,) = (I.,A_P_ ) =
= (Ill?.PooA;o)’ _JL L \0‘” L 172 ,D?, a.

OTKYyZa: L Aco

(LI,A_ A, )= (I.I;P A )* >0,

yTO M TPeGOBaJOCh NOKAa3aTh.
M3 Teopembl cilefyeT, YTO jaxe
HEH30TPOIHLIE NPsIMble He 06pas3yioT
KJlacca 9KBHBAJIGHTHOCTH OTHOCH- Puc. 90
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TeJIbHO TPYNNbl NepeMeIleHnH; MOX-
\0” [ % P, HO I10Ka3aTh, YTO MHOXECTBO HEH30-
Ooo TPOMHBIX INPAMBIX JGJMTCS Ha JBa
kaacca. Ompesku HpaMolx Pa3HbLX
KAQCCO8 6Ce20a HEeKOH2PYIHMHbL.
B uacTHocTH, pa3HBIM KJaccam
[pUHAIJIeKAT TepIIeH UK YJISPH bie
npsamele. [losToMy B nceBAOEBKIHALO-
BOHl TreOMETPHH He CYIIECTBYET nps-
MOYeOAbHbLX OeKapmossLx KOOPOUHAm
B OOBIYHOM CMEIC/IE CJIOBa: €JUHHY-
Puc. 91 Hble OTPe3KH Ha OCSX HEKOHIPYSHTHBL
Jas Toro yToGhl HMETh BO3MOXHOCThb
NPUMEHATb TEPMHH «(IPSIMOYTOJIbHBIE JEKAPTOBHI KOOPAHHATHI H B
TCEeBAOEBKJ/INAOBOH IeOMETPHH, NPHXOLUTCS HECKOJbKO pACIIHPHTb €ro
3HaYeHHe.

Teopema 2. Ilycmv G — o0ganrvras K6adpuka, npoxodauas 4epes
yurkauseckue mouxu, C — ee yenmp, A u B — kakue-aubo cobcmeerHsie
mouxu xeadpuxu G. Toz0a ompesku CA u CB koHepysnmHe. 8 cmeicie
ncegdoesk.audogoti eecmempuu (puc. 91).

IHokasarteabcTBo. HecoberBennyio Touky npsimoii AB o6o-
3HauMM yepe3 P_, a ee nonaspy otHocHTeqbHO G — yepe3 p; IO CBOHCTBY
1§ 16, n. 4) C € p.

Eciu U= (AB) N p u Q,=a_ (| p, TONO ONpeIeJeHHIO MNOJsApP

(P UAB) = (P_Q_LI,) = —1.

D10, BO-TMEpBLIX, O03HAYaeT, YTO CYyXKEHHe WHBOJIOLHMOHHOA TOMOJIOrHU
Yp_, , Ha MIIOCKOCTb 'R, €CTb CHMMETPHs OTHOCHTEJBHO NpsiMO# p\ Q,,
o

H, BO-BTODBIX, YTO TOYKH A ¥ B cuMMeTpuuHbl. A Tak Kak C JIEXHT Ha OCH,
TO Te€M CaMbIM J0Ka3aHa KOHTPY3HTHOCTb oTpeskoB CA u CB.

M3 nokasaHHOH TeopeMbl ClelyeT, YTO KBaJpHKa, NPOXOAAILas yepes
LHUKJHYECKHE TOUYKH, SIBJASETCS OKPYXKHOCTBIO M YTO OKPYXKHOCTb Ha ILIO-
ckoctH 'R, oTHOcuTCst K aduHHOMY KJjaccy runep6ost.

3. I'eometpusa JloGauesckoro. ila NpPOEKTHBHOH IJIOCKOCTH IIPHMEM
3a a0CoOJIIOT BEMIECTBEHHYIO OBaJIbHYIO KBaJpHKY. TOria MHOMKECTBO TO-
YeK, He Jexalux Ha abcoJioTe, JeJUTCS Ha JBa KJacca — KJacC BHYTPeH-
HHX U KJlacc BHELIHHX ToueK. IIpu aBToMOpdH3Max oTHOCHTENIBbHO abcomo-
Ta TH TOYKH, KaK JIETKO BHAETb, HE «IEepPEMEIIHBAIOTCH» — KaXKIBIH H3
KJlaccoB orobpaxaeTcss Ha cels.

MHOXeCcTBO BHYTPEHHHX TOYeK albCOMIOTa HAa3bIBAETCS  NA0CKOCHIbIO
Jlobauesckoeo u ob6o3nayaercs 1S,. Cyxenue rpynnel H aBToMophH3MOB,
sBJAOLeics NOATPYNNOH# TpPynmel KosyinHeauuii K, Ha BHYTPEHHOCTb
abcommoTa HasblBaeTcs epynnoil nepemeujeruil. JIBe GUIYypHl NJIOCKOCTH
JloGaueBCKOro, KOTOpPhIE MOXHO COBMECTHThb NepeMellleHHeM, Ha3bIBaloTCs
KOH2PYIHMHbIMU.

Yactb npsiMOH NMpPOEKTHBHOH IJIOCKOCTH, 3aKJIOYeHHas BHYTpH ab-
COJIIOTa, Ha3bIBaeTcsl npamoti MJIOCKOCTH JloGaueBcKOro (COKpailieHHO —
h-nipsiMOl; TaKoe COKpalleHHe MBI GyileM IPUMEHATDb U B APYTHX Clydasx).
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[lycte A u B — 1Be h-TOUKH, T. €. BHYTPeHHHe TOUYKH abcomoTa. Hc-
XOJisl M3 OIpeJiesieHust BHYTPEHHHX TOYEK, MOXKHO IOKas3aTb, YTO OIHMH U3
IBYX OTpe3KOB ¢ KoHuaMiH A u B mpoekTuBHOH npsimoit AB nennkoM Ha-
XOUTCS BHYTPH a6GCoMIOTa U HA3BIBAeTCS H-0mpesxom. DTO JaeT BO3MOXK-
HOCTb OUEBHIHBIM 06pPa30M BBECTH IOHSATHS «h-mMentdys, <h-ayus», «h-yeoa».

Teopema l. Ha naockocmu Jlobauesckozo cywecmeyem 6ecxored-
HOE MHOMECMBO NPAMbLX, NPOXOOAUUX 4epe3 OQHHY MOUKY, ACHAULYIO
8He NPAMOL, U He NepeceKarnuiux amy nPAmyr.

HoxasaTeabcTBo. IlycTh HMeercss h-nipsMas a ¥ He NpHHAL-
ngexamas eit h-rouka A. Ha npoekTuBHO# NpsiMOH, coflepiKaliel JaHHYIO
h-npsiMyio, BO3bMEM NPOHM3BOJNBHO TOUKY M, BHEIUHIO MO OTHOLIEHHIO
K abcosoTy WiM Jiexauyio Ha HeM (puc. 92). Torma BHYTpeHHSS 4acThb
IPOEKTHBHON mnpsiMmoii AM mnpexcraBiser coofi h-mpsMylo, HE HMeO-
myio ¢ h-npsiMo#t @ o6IHUX h-TOUeK.

Teopema mokasana. Ilpy akKCHOMAaTHYECKOM HS3JIOKEHHH TE€OMETpHH
JloGaueBCcKOro ata TeopeMa OOBIYHO NPHHHUMAETCS 32 aKCHOMY.

Ilge h-mpsiMble Ha3BIBAIOTCS NAPAANEAbHbIMU, €CNAH COlepiKallhe HX
IPOEKTHBHbIE NpsSIMbIEe NepeceKaioTcss B TOuKe abcosoTa, H ceepxnapan-
NeAbHbLMU — €CIH BO BHellHed Touke. Ha pucynke 92 K u L — TOYKH
nepeceueHysl NPOEKTHBHOM NpsIMOH, colepiKallell JaHHYIO h-mpaMyio a,
¢ abcommotoM, A-npsimeie AK v AL napansenbhsl h-npsamoit a, a (AM) —
cBepxmapaJjiiesbia h-npsimoit a. BupuM, 4To yepes A-TOUKY MOXKHO INPO-
BECTH JiBe h-TIpsiMbie, MapaJieslbHble NaHHOH.

Teopema 2. [lyeme P — grewnsas mouka abcoroma, p — ee
noaspa. Tozda cyxcenue UHBONOYUORHOU 20MOL02UL Y, HA BHYMPEHHOCILD
abcoroma ecmb h-nepemewjenue, HA3bI8aLMOe CUMMempuett OMHOCUMEAbHO
h-npamoi p.

OHoxasateabcTBoO. Ilyectb M — mpousBoibHas TouKa ab-
comora, N — Bropasi TOYKa IepecedyeHuss npsModi PM ¢ a6GcoJiioToM
(puc. 93). Torma mno ompenenenuto moasip (PXMN) = —1, tnie X =
= (PM) 1 p. Ha ocHoBaruu Teopems! § 14, n. 3 N ecTb ob6pas M (u
Hao60pOT) TP HHBOJIOUMOHHOH TOMOJIOTHH Yp ,. TeM CcaMbiM J0Ka3aHo,
UTO 3Ta TOMOJIOTHSI €CTh aBTOMOPGH3M OTHOCHTEJNBHO abcoJiioTa, a ee cy-
JKeHHe Ha BHYTPEHHOCTb aGCOJIOTa, CJefOBaTeNbHO, A-TIepPeMellleHue.

Teopema nokasana.

OGo3HauuM Temeph Ha TOM Ke pHcyHKe 93 h-mpsmyro MN uepes g.
Torna npu A-CHMMETPHH OTHOCHTEJBHO p JIyUH NPSMOH ¢, HMEIOIHE Bep-
muHOH Touky X, oToGpa)aioTcst APYyT Ha Apyra, M NOTOMY CMeXHLIE yT-
Jbl NpH BepiurHe X KOHT'PY3HTHBL. IDTO JaeT BO3MOXKXHOCTb ONpENE/HTb
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neprneHjvKyJaspHOCTh Ha IJIOCKOCTH JloGaueBckKoro: JABe h-npsiMbie nep-
neHOUKYAAPHbL, €CIH TOJIIOC KaXKIOH U3 CONepKAalMX MX MPOEKTHBHEIX
OpPAMBIX JIEXKUT Ha APYroH npsiMoi.

Teopema 3. [lycmv A u B — 0se h-mouxu, K u L — mouxu nepe-
ceqerus npamoti AB ¢ abcoaromom. Toeda eearuduna

p (A, B) = c|In (KLAB)|,

ede ¢ > 0 — Koagppuyuenm nponopyuonanrerocmu, obaadaem credyouyu-
Mu ceovicmeamu.
1) ecau A= B, mop (A, B) >0; ecau A =B, mop (A4, B) =0

2) ecau ompesxu AB u CD h-konepysnmroet, mo
p (4, B) =p (C, D);
3) ecau mouka B resxeum memdy A u C, mo
p(A4,C)=0p (4, B)+ (B, C);
4) karoest bvr HU Goau-06e mouku P u Q, cywecmsyem maroe aHauerue c,
4mo o (P,Q)=1.

Benunuuna p (A, B) Ha3bBaercsi paccrmosuues Mexny A u B.

HJoxasaTeabcTBoO. [Ipexae Bcero OTMETHM, YTO BeJHMYHHA
p (A, B) cymecTByeT, TaK Kak B CUJy HepasjejeHHocTd nap A, Bu K, L
6yner (KLAB) > 0.

BeinosiHeHre NepBOTO M YeTBEPTOro TpeGOBaHUHl OUEBHMIHO, BHINOJIHE-
HHe BTODOTO BLITEKAeT W3 WHBAaPHAHTHOCTH JBOMHONO OTHOLIEHMS IpH
KoJluHeanusiXx. JlokaxeM TpeTbe CBOHCTBO.

Ha ocunoBanuu topmyasl (3.4) umeem:

(KLAC) = (KLAB) - (KLBC)
H, CJefoBaTeJbHO,

In (KLAC) = In (KLAB) -+ In (KLBC).

Us aByx B3aumHooGpatHeix unces (KLAC) u (KLCA) omHo Goubiie
enuHulbl. [IpennonoxuM, 4To 0603HaueHHUs: BRIOpaHel TakK, uto (KLAC) >
> 1. B oToM ciTyuae MOXKHO MOKa3aTb (Mel NIPOIYCKaeM COOTBETCTBYIOLLYIO
BBIKJIAJKY), UTO AJIs1 J1I060i1 Touku B, nexameil mexny A u C, (KLAB) > 1
u (KLBC) > 1. Bce Tpu Jorapudma B TNOCAENHEM paBEHCTBE MOJOXNKHU-
TeJIbHBI, H MOTOMY MOXHO 3alMCaTh, YTO

lIn (KLAC)| = |In (KLAB)| + |in (KLBC)|.
3T0 PaBHOCHABLHO PABEHCTBY
4TO H Tpe60BaJIOCb JOKa3aTh.
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OB ONMPEJEJIEHUU NPOEKTUBHbIX
NMPOCTPAHCTB

B HacTosimieM MOCOGHH NpH ONpeJeJeHHH NMPOEKTHB-
HOH NMpAMOH U NPOEKTHBHOH MJIOCKOCTH MBI HCXOJAMJH U3
€BKJIHJOBOH FeOMeTPHH, XOTS 3TO M NMPHBOAHJIO K HEKO-
TOPHM Heyno6CTBaM.

Onpegiensisi NPOEKTHBHYIO IUIOCKOCTb uepe3 CBA3KY
NpSIMBIX ¥ TJIOCKOCTeH eBKJMAOBA NPOCTPAHCTBA, MBI A0J-
XHH GBIM JeslaTh OTOBOPKY O TOM, YTO B CBfI3Ke NpPHHH-
MaeTcsl BO BHHMaHHE TOJIbKO OTHOLIEHHE HHUMAEHTHO-
cth. Takue MOHATHS, KaK «NEePNEeHAHKYJISPHOCTDY, Puc. 94
«KOHTPY3HTHOCTb YIJIOB», «GHCCEKTpHCA» H Ap., KMEloline
CMEICJ B €BKJIHJOBOI T€OMETpHH, Ha NMPOEKTHBHYIO IUIOCKOCTb He nepeHocuauch. Cie-
IOBaTeJbHO, BMECTO €BKJHIOBA NMPOCTPAHCTBA R3 B ONpENeJNEHHH MOXKHO ObIJIO OTPaHH-
4uThCsl ahdUHHEIM A3, OTIHYAOLIUMCS OT €BKJHI0BA TOJbKO TeM, YTO B HEM OTCYTCTBY-
€T NOHATHEe CKaJSPHOrO NMPOH3BeJiEHHs BEKTOPOB.

MHOXeCTBO BEKTOPOB mpocTpancTBa Ag mpeAcTasisieT co60H, Kak H3BECTHO, JHHef-
Hoe mpocTpanctBo V. Hanpasasiomue BeKTOpH NpsAMO#, BXOAfIIeH B CBA3KY, €ClH K
HHM J06GaBHTb HYJEBOH BeKTOp, 06pasyloT OJHOMepHOe MOANPOCTPaHCTBO B Vg; MHOXKe-
CTBO HANpAaBJSIOIHUX BEKTOPOB IVIOCKOCTH CBSI3KH — JBYMepHOe noanpoctpanctso. Ilo-
STOMY B ONpeJeJeHHH NMPOEKTHBHON MJIOCKOCTH BMECTO CBSAISKHM a(dMHHOrO NMPOCTPaHCTBA
MOXKHO B3STb CHCTEMY MOANPOCTPAHCTB JHHEHHOrO MPOCTpaHcTBa V.

Jasi Toro uto6bl HMETb BO3MOXKHOCTb JaTh ofmiee ONpefie/ieHHe NMPOEKTHBHOTO NPo-
CTpaHEeTBa, HeOGXOAMMO BKJIOUHTb B PACCMOTpPeHHe NMPOEKTHBHbIC NMPOCTPAHCTBA JOOOI
pa3MepHOCTH Hal NMPOU3BOJNbHBEIM noJeM F.

Ilycts P, — MHOXECTBO, COCTOSILIIEE H3 JIEMEHTOB 1 POJIOB, HA3BIBAGMbIX k-MEpHBI-
MH UIocKocTsSIMH, £ =0, 1, ..., n — 1, NpHYeM MJIOCKOCTH Pa3HLIX pasMepHOCTeH CBf-
3aHBI OTHOUIEHHEM, HA3kLBaeMEIM UHLIHIEHTHOCTBIO (T. €. AJS KaXAbX ABYX TaKHX MJOC-
KOCTe#l M3BECTHO, WHIWAEHTHLI OHHM MJH HeT), B NYyCTb E — MHOMXECTBO BCeX MOANpPO-
cTpaHcTB (n 4+ 1)-MepHOro JuHeHHOro mpocTpaHcTBa Hal mojeM F. Ecau cymectyer
GueKTHBHOe oTOGpaxeHue g : P, — E, npu KOTOPOM Kaxjias k-MepHas MJIOCKOCTb OTO-
Gpaxaetcst Ha (k -+ 1)-MepHOe NMOANMPOCTPAHCTBO, 3 HHUHMJEHTHEIE IVIOCKOCTH (M TOJILKO
OHH) 0TOGpPaKAaTCs Ha MOAMNPOCTPAHCTBA, BKJOYAOWKE APYT Apyra, To P, HasbBaeTcs
n-MEPHBIM NPOEKMUBHbIM npocmparcmeom Had noaem F.

Jlns wIUIIOCTPALMM 3aBUCHMOCTH CBOMCTB NPOEKTHBHOTO NPOCTPAHCTBA HAl MOJEM
OT CBOHCTB MOJISI PAacCMOTPHM MpPOEKTHBHYIO INUIOCKOCTb Haj MOJIEM, XapaKTePHCTHKA
KOTOPOTO pPaBHa IBYM. DTO IOJie COCTOMT U3 ABYX 3JeMeHToB 0 u 1; omepauuu cloXeHHs
H YMHOXEHHS ONpeleJsIoTCs CJeNYIOMUMH TabaHLaMH:

04+0=0,0+1=14+0=114+1=0;
0.0=0, 0.1=1.0=0, 1.1=1.

B cootBetcTBHE C onpejesieHueM pacCMOTPUM CHadaJja JIMHeRHOoe NPOCTPAHCTBO HaA
9THM noJieM. Tak Kak H3 3/JIeMEHTOB ITOJISI MOXKHO COCTaBHTb POBHO BOCEMb pAasJMHYHHIX
TPOEK, TO NMPOCTPAHCTBO COCTOHUT U3 BOCbMH BE€KTOPOB:

0 =1(0,0,0), 2,=(1,0,0), a,= (0, 1,0), @ = (0, 0, 1),

-> - - -
¢ = (l: l’ 1)» b1 = (0» 1’ l)v b2 = (1’ 0’ 1)’ b3 = (1’ lr 0)‘

Mmui BHAHM, 4YTO KaxJ0€ OJHOMEPHOE NMOANPOCTPAHCTBO COLEPAHUT JIHILb OJWH HEHy-
JIeBOH BEKTOD. Bcero, TaKUM OGPaSOM, 6yﬂ,eT CéMb OTHOMEPHBIX NOANPOCTPAHCTB H, CJle-
JIOBATeJIbHO, CEMb TOYEK Ha HpOGKTPIBHOﬁ MJIOCKOCTH, KOTODbIE MBI 0603HaYHM COOTBETCT-
BeHHO BekTopam: A, 4,, As, C, By, B,, Bs.

- -
PaCCMOTpHM ABYMEpHOE MOANPOCTPAHCTBO, HATAHYTOE HA BEKTOPHl a; U Q,. B sro
-

NOANPOCTPAHCTBO BOfiAET ellle TOJNbKO OAMH HeHyJeBoH BekTop — by. [lostomy Touku
A,, A,, B, o6pasyior npamyio. Bcero nonyuaercst ceMb npsMbIX:
{Alf AZ’ BS}: {Al» B2' Aa}v {Bl’ A2t A3}r {Bl: B2* BS}’
{Al’ Bl: C}v {A2’ B‘Zv C}, {AS’ Ba’ C}
Ha pucynke 94 Toukn H300paxeHbl TeMHEIMH KDPYMXOYKAaMH, a MpSMble — JHHHSIMH.
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