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NPEAMCINOBUE

DileMeHTapHasl, TaK HasblBaeMasi CHHTeTHUECKas, reomer-
pHs, HIH, KaK HEKOTOpble MaTreMaTHKM, Hanpumep I'uiabnbept
1 Kon- @occeu, HasblBalM ee HarJasgHasi T[eOMeTpHus, sB-
JISIETCSl OJHOM M3 KpacHBEHWIMX OG/1acTeil MaTeMaTHKH.

Hekoropbie BOMPOCH MaTeMaTHKH YXe caMH CoGoii oTHO-
CATCA K HAIVIAJHOH reoMeTpHH, HanpHMep TeOpHs MHOTOrpaH-
HukoB. Ciofa e MOXKHO OTHECTH BCIO IeOMeTPHYECKYI0 KpH-
crasjorpapuio. Ilpn H3yueHHM APYrHX BONPOCOB KasaJoch,
YTO reOMeTPHs NPH HX pellleHHH He MrpaeT HHKakoii poau. Ta-
KOBBIMH, B YaCTHOCTH, ObJIH HEKOTOpBle BaKHeHLIHe BOMPOCH!
3JleMeHTapHOH M ajre6panyecKoil TEOpHM uMces, Hanpumep,
TEOpUs aBTOMOP(H3MOB KBaJpaTHYHLIX (POPM H TEOpHsS NpHBe-
AEHHS, TeopHs aare6paHyecKHX eAMHHIL H MHoroe apyroe. Ho
eule B nepBod nojoBHHe npouioro Beka [aycc um dupuxae
OTM€YaJlH, 4TO HEKOTOphle H3 3THX BONMPOCOB, IO CYLIECTBY,
ABJSIOTCS T€OMETPHYECKHMH.

Ha py6exxe XIX u XX BekoB MunkoBckuit 4 BopoHo# cos-
JaJli HOBYIO 6GOJIbILYIO 06JIaCThb — FE€OMETPHIO 4MCeJ, B KOTO-
podl MHOTHE TPYJAHBIE BONPOCH TEOPHH YHCEJ PellaloTCs MeTo-
JaMH TeOMETPHH. YKaxieM CJeyIOUMi NpUMep: 10Jroe Bpems
TeopeMa Jlupuxje 06 aire6paHyecKHX eAMHHLAX CYHTaANIach
OHOH M3 CaMblX TPYAHBIX TeopeM Bceil MaTeMaTHKH. A cefiuac
B reOMETPHYECKOM H3JI02KEHHH OHa CTAHOBHTCSI COBCEM HarJsiji-
HOH.

B nacrosumuii c60pHHK BKJIOYEHB! MEpeBOAbl TPeX crarei,
OTHOCSAIIMXCA K HarysaHoii reomerpuu. Ilepsas u3 Hux, npu-
HajJsiexalliasi U3BECTHOMY CNELMaTHCTy B NPHKJIAJHBIX BONPO-
cax MareMaTHKH, — 3TO 0630p pe3yJbTaToB, OTHOCSALIUXCA
K 3HaMEHHMTOH 3ajiaue O YeThipeX KpackKax, cocrosimel B cle-
aytoueM. ITycTb naHa kapTa HeKOTOpO# CTpaHbl, pa3buToii Ha
obsiacTH. BepHo /M, YTO Bceraa XBaTHT YeTHIPEX KPacoK A
TOro, 4ToObl PacKpacHTb 3TH 06JAaCTH TaK, YTO HHKaKHe JBe
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Cocefii¥e Mo YacTH CBOel rpaHuubl o6jaacTH He OblIH OJHOrO
u Toro xe upera? Kak HM yliuBHTENbHO, OTBET l1a 3TOT BOIPOC
IO CHX MOp HeH3BeCTeH.

Bo BTopoit craThe u3saraercsi olHa H3BeCTHasl 3ajauya,
TaKKe MMerolas aoJryio ucropuio. Ilycrb n-MepHoe npocrpan-
CTBO 3anoJIHEHO Bce (€3 MPOMEXYTKOB OJIHHAKOBbIMH H napas-
JIeJIbHBIMH N-MePHbIMH KYGHKaMH, LEHTPHl KOTOPbIX 0GpasyioT
peierky. HM3BectHoe npeanoJioxenne MHHKOBCKOTO COCTOSJIO
B TOM, YTO Takoe pa3bHeHHe Ha KyOMKH BCerja yCTpOEHO Tak:
H3 KYOHKOB CHauaJ/ia COCTaB/isieM OHOMEPHbIE U MapaJJesbHble
MeXy COOOH KOJIOHKM; MpPUKJaiblBas 3TH KOJOHKH JApYr K
JAPYry MO UEJbIM TPaHAM (TPaHsM KOJIOHOK, HO He KYOHKOB),
cocTaBJisieM GeCKOHeYHbIi IBYMEpPHBIN CJIOH, B KOTOPOM Jiio0ble
JiBe coce/lHHe KOJIOHKH OJHHAKOBO CMeLleHbl ApYyr MO OTHOLLe-
HHIO K JPYTy; Ha 3TOT ¢/10H yKJ/aJblBaeM paBHble H NnapaJJenb-
Hble eMy CJIOH TaK, 4TO JIo0ble COCELHHE CJIOH TaK:kKe OJHHAKOBO
CMEILEHb! APYr MO OTHOLUEHHIO K APYTY M T. A. DTa reoMeTpH-
yecKasi npobsneMa Obla peilleHa HeJaBHO CKOHYABIIMMCH BeH-
repcKHM MaTemMaTHKoM XaiolleM NpH TOMOILH NpHBJIEYEHHS
anre6panyeckux cpeiacTB. Kak Mbl HECKOJIBKO JIET TOMY Ha3aj
ropopuau ¢ Xaiowem, 6610 Gb OUEHb MHTEPECHO [10Ka3aThb
3Ty TUNOTe3y MHHKOBCKOrO YHCTO IeOMEeTpHYECKH.

B Tperbefi cratbe H3BECTHOTO BEHrepCcKOro reoMeTpa
JI. ®eitemia Tora paccmMaTpuBaeTcsi OfHa 3KCTpeMasibHas reo-
MeTpHYeckas 3alaya, KOTopas MNpeAcTaBjseT co6oi o6pasuuk
TeX BONPOCOB, KOTOPBIMHM aKTHBHO 3aHMMAlOTCH BEHI'epPCKHe
reoMeTphl B HacTosillee BpeMs.

Heo6xonHMo OTMETHTb, 4TO mepeBOAbl CTaTeil MyGINKYIOTCA
C COKpallIeHHAIMH, a CTaTbhsl O NpobieMe yeTblpex KpacoK MOMH-
MO 3TOr0 C HEKOTOPbIMH H3MEHEHHSIMH, BHECEHHBIMH C UEJbIO
cienatb ee Gosee NOCTYNHOH LIMPOKOMY KpYry 4HTaresei.

MoHO TOJIBKO MPHBETCTBOBATh OMYG/IHKOBaHHE HacTOsLle-
ro cG0pHHKa, MOCBSILIEHHOTO Pa3sHOOOPa3sHbIM H HHTEPECHBIM
BOMpocaM T'€OMETPHH.

Ynen-koppecnongenr AH CCCP 5. A. Lenone



Tomac Caatu®
BAPUALIUM HA TEMY YETbIPEX KPACOK

TitatensHo npoaHa/nu3upoBaB HH(OPMALHIO, Kacaloilyocs
MPOUCXOAEHHS THITOTE3bI YEThIPEX KPACOK, MOXKHO 3aKJIOYHTb,
yto riae-to Mexay 1850 u 1852 romamu oauH JOHAOHCKHH 6a-
Kanasp ®pencuc aspu, 3akpawmuBas kapty AHrauu, Gesyc-
MelHo MbITalcAd 10Kas3aTh, YTO [IJIS 3TOro BCerja AOCTaTOUHO
yeTblpex Kpacok. Ero mmamwuit 6par @penepux cooGiina
06 3TOM MpennoJioxeHHH npodeccopy ae Moprany B oktsbpe
1852 rona.

310 npeanoJioxeHue 3aHHTEpecoBajio je MopraHa, oH 06-
AyMaJl ero W cooOlH/ CBOMM CTYNEHTaM H HEKOTOPHIM JpYrHM
MaTeMaTHKaM, OTJaBas MpH 3ToM noJ/ukHoe PpeHcucy I'aspu.
B 1878 roay B «Tpyaax JIoHAOHCKOro MaTeMaTHuecKoro oG-
LeCcTBa» NOABU/IACH NepBas NeyaTHas CChIKA Ha 3Ty IHNOTe3y.
Aptop 3amerkn Kanu mHTepecoBascsy, He Gbina JIM 3Ta THMO-
Te3a JI0Ka3aHa paHbllie. 3TO MOCAYKHJIO TOJYKOM K MHOTOYHC-
JIeHHbIM M upe3BblYaliHO Pa3sHOOOGPa3HBIM HCC/EOBaHHSAM, B
pe3ysbTaTte KOTOPBIX BO3HHMK LEJbIH pAl 3KBHBAJ€HTHHIX MO-
JuduKauui, runotes U owHOOUHBIX AOKasareabcTB. K Hacros-
HeMy MOMEHTY NOBOJIbHO LUHPOKHH KPYT BONPOCOB OCTaercs
OTKDHITHIM, XOTfi H3BECTHO, YTO T'HMOTe3a BepHa 1/1a JiioOoi
KapThl, cocTosillled He GoJsiee yeM W3 41 cTpaHBbI.

Lenb 370 cTaTbM — AaTh KOHUEHTPHPOBAHHOE M3JIOXEHHE
9KBHBAJIEHTHLIX (OpM runoresnl. JIng KpaTKoCTH J0Ka3aTeb-
cTBa GyAyT OMNYILUEHHI.

Hekoropble Monvidukauny 3Toi rHNOTe3bl, MpeACTaBJeHHbiE
31iech, MOXXHO HaHTH B mo6oit KHHre no stoMmy Bompocy. Jpy-
rHe xe HaXOAATCSA TONbKO B HEKOTOPHIX, HO He Bo Bcex. Ho xo-
TA a)ke 3Ta KOJIMEKLHs He MOXeT GbiTh MOJHOM, s BCe XKe Ha-

* T. Caatn — npodeccop IlencunbBanckoro yuusepcurtera. Ero mu-
Tepechl — Teopis rpadoB, ONTHMH3AUHA, NPHAOKCIHA MaTeMaTHKH K
counagapiuid BompocaMm. Ou aBTop, coaBTOp nan peaaktop 13 KHHr no
MaTeMaTHKe H ee MPHJIOMXKEeHHM.



Jelocb, YTO KOHUEHTPHpPOBaHHAasi H YNOpAAOYEHHAasA nojaya
MaTtepHa/ia CMOXeT 1aTh MHTepPEeCyIoleMyCs YHTATeNI0 NOHHMA-
HHe IJ1yGHHBl H pa3HOoOOpa3Hsl MHOTOYHCJEHHBIX HCC/I€I0BaHHHA
3T0# npoG/eMbl pa3HLIMH MareMaTHKaMH.

Mbl cosnaTeIbHO He KacaeMcsl 3Jiech BaXKHBIX oGjiacTelt Teo-
puu rpadoB, KOTOpble HE HMEIOT NPSAMOro OTHOLIEHHS K 06CyX-
naemoii rumortese. MHaue 3Toii paGote He GblIO Obl KOHUA.

FTnasa 1. TEMA

I'pagp G COCTOHT H3 KOHEYHOT'O MHOXKECTBA 8EPUIUN Uy, Vs, ...
..., U, Ilpn sTOM HeKoTOpHE BEpIIHHEI MOTYyT GHiTb CBS3a-
Hbl nonapHo pebpamu. Eciv BepLIHHBI u M U CBA3aHH pe6poM

mpask D]

Puc. 4 Puc. 2

€ (MHIOHIEHTHH C 9THM pe6poM), TO rOBOPAT B TaKOM Clyuae,
YTO BEPLUHHBl U H U—CMexcHbie. [OBOPAT TaKKe, YTO 3TH Bep-
IIMHBl ABJSAIOTCA Koxyamu pebpa e. [lBa pebpa c obuwef Bep-
IIHHOH TaKxke Ha3sblBaloTCA CMexcHomu. Boobie roeops, nBe
BEepIUHHLI MOT'YT COEIHHATLCA MEXAy OO0 HECKOJbKHMI peG-
pamu (napaaseavroie pebpa). Tak, B rpade (puc. 1) BepiuHHBI
I n 2 coepunsiorcs apyms pe6pamu. BoJsee toro, pe6po Moxer
OLITb nemseti B TOM CMBICJIE, YTO 06a KOHIA pefpa COBMalaloT.
Tak, Ha puc. 4 ¢ BepluHHO#M 3 MHUHAEHTHbI JBe NETJH.

I'pad HasbiBaetcst npocmowm, ecii B HEM HET HHU NE€TeNb, HH
napaJJeJbHuIX pebep.

ITymo rpadpa — 310 noc/enOBaTe/LHOCTb BEPUIHH H peGep,
HayHHaMIlasACA M 3aKaHYMBAIOWASICA BepIIMHAMH, NpHYEM
BepIUHHLI U pefpa 4epeayloTcs, H Kaxioe pe6po MHIHAEHTHO
BeplLUHHe, KaK HENOCPeJCTBEHHO npejLiecTBylomed (B 9TOil
N0C/1e/I0BATeJNbHOCTH), TaK H HEMOCPEACTBEHHO clepylouleil 3a
Heit. Ilytb Buma v,, e,, Uy, €, ..., U, COENHHSACT BepLIHHBI
Up H U,

ITyTe, B KOTOpOM BCce pebpa pas3JIHYHLI, Ha3bIBAETCA Yenbio.



Ecnv B uenn Bce BepIIHHBI Pa3JIMYHB, TO OHA 34EMEHMADHA.

Lens, B KoTOpO# HayalbHast W KOHEYHAs BEpIIHHHI COBMa-
Aal0T, T.€. U,=U,, Ha3bIBAaeTCA YUKAOM. IremeHmapHbill
UHKJ — 3TO Takas lenb, B KOTOPOH U, = U,, HO Bce JApYrue

Puc. 3 Puc. 4

BepLIMHBl NONapHO pas/nyHbl. Uuciao pebep rpada, MHIHIEHT-
HBIX JaHHOH BepIUMHe, Ha3bIBAETCH CMENeHbro STOH BepIlMHHI.

BBenem BaxkHoe onpegenenye. ['pad HasbiBaetcsi naanap-
HbiM, €ClI1 OH MOXeT ObITb HapHCOBaH Ha TJIOCKOCTH WJM Ha
cdepe (T. e. moBepXHOCTH Illapa) Tak, 4yTo JOObe ABa peGpa
(mMHMM) nepecekaloTcs JIMIUB B BepiiMHaxX. I'pad Ha uernipex
BepIUMHAX, H306paKeHHBIH Ha pHC. 2, HAa NepBbHIH B3rVIsAA He
fBJsieTcss mJaHapHeIM. Ho nockoabky cBsisbiBawolue pebpa
(mHHHHM) naHHOrO rpada MOXKHO NpPOBECTH HHaye, HampHMep,
KaK 10Ka3aHo Ha puc. 3, T0 3T0T rpad sBJseTCA INJIaHapHBIM,

' 1
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A Botr rpap Ha naTH Bep-
IIHHAX, H300pakeHHbIH Ha
pHC. 4, yxke He ABJIseTCH
NJIaHapHBIM, NOTOMY 4TO JO-
KasaHo, uTo Kak 6bl HHU pH-
coBaJH 3TOT rpad Ha naoc-
KOCTH WJH cdepe, HEKOTO-
pble ero pe6pa 6yayT obs3a-
TeJIbHO MepeceKaThes.

Hoaroe BpeMst xapakre-
pH3alHus JIaHapHbIX rpagos
6bl1a  TpyaHefiwed npoGae-
moii. B 1927 roay J1. C. I'ou-
TPATHH  Jl0Kas3aa (HO He
ony6J/MKOoBaJI) KpuTepui
naanapHoctd. B 1930 rony
KypatoBckuit He3aBucHMO OT [ToHTpsArMHa nosyyus 1 onyGJu-
KOBaJ 3TOT pe3YJIbTaT (K 3TOMY KPHTEpPHIO Mbl elle BepHeMcsl).

Ecan nianapHblfi -rpag G HapHCOBaTb Ha IJIOCKOCTH, TO
pebpa rpada pa3bMBAIOT IJIOCKOCTb HA CBA3HbIE KYCKH TaK
HasblBaeMble obaacmu, wWiu cmpanei. BoT Takoe pas6uenue
TVIOCKOCTH H €CTb Kapma M, TouHee nianaprasi Kapma.

Koraa kapta M nonyuaercs Takum 06pa3oM ¢ MOMOLILIO Tpa-
¢a G, To roBopsT, uto G — onopreui rpad A KapThl M, H
o6osHayawr G = U (M).

JlBe 06J1aCTH CMEXCHbL, €CIH UX TPaHHLbl HMEOT XOTs Obl
oano obuee pe6po, HO He mpocTo obuyo Touky. Pebpa rpa-
HHUBI 06JIaCTH ellle Has3blBAIOT CHOPOHAMU.

Crout o6paTHTb BHHMaHHe Ha TO, YTO TNJaHapHLIH rpad
MOXeT GbiTb pa3MelleH Ha MJIOCKOCTH Pa3JHYHBIMH criocob6amu,
NOPOXKJAIOLIUMH, B CBOIO Ouepell, pasjuuHble KapThl. Hampu-
mep, rpad, cocTosMH M3 KBajpaTa M JBYX TpPeYroJibHHKOB,
HMEIOLIHX OAHY OOLLYIO BEpPLIHHY, MOXKeET ObiTb pasMellell He-
CKOJIbKMMH crocobamu. Kak nokasaHo Ha pHc. 5, B OHOM cJy-
yae 06a TpeyroJibHHKa Jiexar BHYTpH KBajpara, B IpyroM OIHH
TPeyroJibHUK — BHYTPH KBajpaTa, a BTOpoi — cHapyxH. flc-
HO, YTO Ha BTOpPOH KapTe HET YeTblpeXCTOpPOHHe# o6/acTH, B
TO BpeMsl KaKk Ha nepBoii — GeCcKOHeYHas, BHELUHAA MO OTHO-
IUEHUIO K KBajpary, HMEET 4YeTbipe CTOPOHHI.

Packpacka xapmer B k ysemog — 3T0 OKpanlHBaHHe Ka1o#H
o6JjiacTH KapThl OJHHM M3 k LBETOB TaK, YTOObl HHKaKHe JBe
cMesknble  obsacTH  1e  Obhill OKpallieHbl  O/1HHAKOBBIM
1LBETOM.

CcopmynnpyeM Tenepb rinoresy yeTbipex Kpacok, KoTopasi

Puc. 6



nprHannexur Ppercucy I'aspy u MoxkKeT no npasBy ObITh Ha-
3BaHa runoresoii [aspu.

['unoresa uerbipex kpacok. Bcaxas naanapras kapma do-
nyckaem packpacky 6 demsipe ysema.

To, uTo 1BeTOB 1/ HEKOTOPBIX KapT HY:KHO He MeHblle
yeThipex, BHHO Ha pHC. 6.

lnasa 2. BAPMALMU
IlyanbHocTh M packpacka

C nomoupio 1aHHOH KapThl M MOMKHO MOCTPOHT» APYrofi,
BNOJIHE OfpeJeNeHHbll, TaK HasbiBaeMblii OyaaoHoui rpad.
D (M). Ona storo 3aMeHMM KaxKAylo ob61acTb KapTel M Bep-
IIHHOH (crmoauyerd) W COEJHUHUM Kax{/ble Be CTOJIMIBI CTOJb-

KHMH napaJijieJibHbIMH pe6pamH,
CKOJIbKO OO6IHX pebep omnop-

Prau '%\ Horo rpacda kapThl M coep KuT-
/ 7 csl B rpaHuuax obeux obuyacreil
// / \\ (puc. 7). Pe6po, kotopoe .Je-
~_ l ) \ JKHUT Ha rpaHuue TOJbKO OJHOH
| -
\ ot e /‘\'\\
\ / \
\ /
! g/
‘e _ /
Puc. 7 Puc. 8

obnactH B M, nopoxaaer nerio B AyajbHoM rpade. Hyasb-
HBIil Tpag AaHHOl KapThl, B CBOIO O4epellb, ABJAAETCS OMNOPHBIM
rpadoM Apyroir (ayanbHOM) KapTbi.

B cBf3H ¢ BBeAeHHEM NOHATHA Aya/bHOTro rpada onpeneaum
packpacky epaga 6 k ysemos. IT0 — OKpallMBaHHe KaK[ofi
BEpIUMHBI Tpada OAHMM M3 k LBETOB TaK, 4YTOObl HHKaKue
JBE CMeXXHble BepIIHHbI He OblIM OKpaiueHbl OJHHAKOBBIM
LIBETOM. _

Brionne oueBHAHO, 4TO KapTa AONMYCKaeT packpacky B R
UBETOB TOTAA M TOJNBKO TOT/a, KOT/A 3THM CBOIHCTBOM of6Jajaer
AyanbHbIH efi rpad.

(-



OnopHsiit rpad U (M) kakoi-HHGYAb KapThl M MOXET HMETb
napajyiesibHple pe6pa M netTiM. B Takom ciyyae, BBOAS MOZ-
XOASAWHM Cnoco60M HOBble BEpIUHHEI (CTENEHH 2), MOXHO pas-
JeJHTb HekoTophie pefpa TaK, YTO NOJYYHTCSI HOBas KapTa
M’ (c Temu xe 06JacTsIMH, HO HOBbLIMM CTOPOHaMH), A/l KO-
Topofi onopHuiii rpap U (M’) siBasiercss mpocthiM. SIcHO, 4O
ec/iM Kapta M JonyckaeT pacKpacky B YeThbipe IBETa, TO M Kap-
Ta M’ Take pacKpallMBaeTcsi YeThIpbMS LIBETaMH.

Hrak, npu packpalumBanuu Kapthl M MOXHO Bcerjanpef-
nosararb, yro rpag U (M) npocroii. OnHako, nenas rpad U (M)
NPOCTHIM, MBI MOXEM NOJNYUYHTh, yTo rpadp D (M) He Gyzer npo-
creiM. Hanpumep, ecniu U (M) ects npocto nerasi, To D (M)
ecTb npoctoe pe6po. Ho nenenue nerau U (M) Bnever nossie-
HHe B JyaJbHOM rpagde napasieibHbix pe6ep (puc. 8).

Ilyctb G — rpad. OGosnayum uepes S (G) npocroit rpad,
noJsyyeHHblii U3 G nyTeM BbIKHIbIBaHHSl NeTe/lb H 3aMeHBl Ma-
painienbHBIX pebep mpocThiM pebpoM. IlonatHo, yro rpadp G
JOTyCKaeT pacKpacKy B k LIBETOB TOTAA M TOJIbKO TOrja, Koraa
3THM cBoiicTBoM o6Janaer npocroii rpad S (G).

I'unotesa 1. Kaocdeti naanaproil epag donyckaem packpac-
Ky 6 uemoipe yeema.

OKBHBAJIEHTHOCTb 3TOH THIIOTe3bl THIIOTE3€ YeThIpeX KPacok
c/leflyeT H3 ompejesieHHs AyaJbHOro rpaga M M3 pesysbTaTa
YuTHM, yTO ecsau Kapra M niaHapHa, TO W AyaJbHbIH el rpad
D (M) Ttakxe nJaHapHBbIH.

OGLIYHO TOBOPAT, UTO I'pad noaxbii, €CIM Kaxk]as ero Bep-
1LIMHa CBsi3aHa C KaxJ0H Apyro# BepiuHHoi pe6poM. M3 Toro uro
NOJIHLIH rpad ¢ NATHIO BEPIIHHAMH (CM. PHC. 4) He fABAsETCA MJa-
HapHbIM, CJIeflyeT, YTO He CYIUEeCTBYeT IJIaHapHLIX KapT, Ha Ko-
TOPBIX NATb CTPaH ObliIK Obl NONApHO MEXAY COOOH CMEXHBIMH.

XHUBYLy NPHHALJIENKUT YIAUBUTENIbHO HPOCTOE, HHAYKTIIB-
HOe 1o yucay o6nacTell JOKas3aTeJbCTBO TEOPEMbl O TOM, YTO
Jio6as nJjaHapHas KapTa MoXeT GbITb OKpallieHa B [IATb L{BETOB.
Jloka3aTe/sbCTBO 3TOH TEOPEMBI CJYKHT 3aMeyaTesbHbIM 06pas-
LIOM TeX MHOTOYHCJIEHHBIX H306peTaTe/bHbIX NONbITOK, KOTOphie
6blIH MPENpPHHATHL AJIA pelleHHs mpo6JieMbl YeThipeX Kpacok.
JokasatenbcTBO MbL npHBeseM no3xe. Ceifiuac ke BOCHOJIb3Y-
eMcs MeToZoM XHBYZAa /sl TOro, 4ToGbl NOKasaTb, YTO JM06as
o6JlacTb Ha IJIaHAPHOH HENpPUBOAUMOM KapTe HMeeT NATb HJIH
GoJsiee cropoH. Kapra HasbiBaercss Henpusodumot, eclid OHa
He MOxeT OBITb pacKpalleHa MeHee YeM MATbIO KpackaMH B
TO BpeMs, Kak Jo6asi NJaHapHas KapTa C MEHbIUMM YHCJIOM
obJacTeil pacKpallMBaeTCsl YeThIPDbMS WM MEHBLUHM YHCJIOM
Kpacox.
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3ameTHM, B YaCTHOCTH, YTO BCIKas KapTa, COCTOAlas He
Gonee ueM H3 12 o6Gnacteit, comepHT XOTS 6Bl OIHY 06JacTh
He 6oJiee yeM ¢ YeThIpbMsI CTopoHaMH. UTo6bl y6eAHTLCS B 3TOM,
NPE/NIOJIOKHM, YTO B Kapre MMeeTCs n BeplMH, m peGep H
r o6nacrefi. 3HaMeHHuTas hopMyJia Diislepa CBA3LIBAET 3TH YHCIA
COOTHOLLIEHHEM:

n—m-tr=2 §))]

He orpanunuuBas, no cyiecrBy, o6LUIHOCTH, MOXHO NpeAno-
Jaratb, 4To Ha Kapte M Her BepiuuH crenedu 1 miau 2. Tak Kak
y Kaxuoro pe6pa—JBe KOHLeBble BEpLIHHBI (KOTOpble MOr'yT
COBMNAAaTh) H CTeNEHhL KaXJ0H BepIIHHLI HE MeHblIe 3, TO Crpa-
BEJVIHBO HEPaBEHCTBO 31 < 2m. A ecjin JOMYyCTHTH, YTO KaX-
Aast 06J1aCTb KapThl OrpaHHYeHa JIo MeHbluedl Mepe NATHIO pebpa-
MH, TO Jierko BbiBecTH br << 2m. IloxcraBiss B ¢opmyay (1)
BMecTo n GoJbliee 3HaueHHe 2m/3 H TOYHO TaK XK€ BMECTO
r— 2m/5, nonyvuaeM 2m/3 — m+ 2m/5 =2, 1.e. m = 30.
IMoncranoska B ¢opmyay (1) ToNbKO ONHOrO HepaBeHCTBA
3n < 2m naer m < 3r— 6. Ilostomy eciM NpennoOJIOKHTD,
YTO YHMC/0 obnacreii Ha Kapre Menswe 12, 10 m << 30. 310
NPOTHBOPEYHT HepaBeHCTBY m = 30, KOTOpoe ABJSAJIOCH CJel-
CTBHEM JIONYIIEHHSA, YTO B KapTe Bce 06JIaCTH OrpaHH4YeHbl Kak
MHHHMYM NATbIO pe6paMH. 3HAYHT, MOXKHO CYHTaTb JOKa3aH-
HBIM: €CJIH Ha KapTe MeHee 12 o6Gmacteil, To XoTs bl oHA OG-
JlaCThb OrpaHuHyeHa camoe GoJibillee YeTHIpbMA CTOPOHAMH.

INocraBnennylo 3anauy o ToM, yTo J106asi 06/1aCTh Ha HEMpH-
BOAMMOH KapTe M uMeeT He MeHbllle NATH CTOPOH, 6ynem pac-
cMaTpuBaTh B TepMHHax ayajbHoro rpaga D (M). Ilpennono-
KuM, 4To rpad D (M) copepKHT BepIIHHY CTeneHu 3 WM 4,
KoTopylo 0603HauuM yepe3 v. ITocKOJILKY MO NMpeAnoJIOXKEeHHIO
Kapta M HenpuBoaMMa, TO mocie BbIGpACEIBAHHA H3 rpada
D (M) BepI1uHHBI U H HHIMAEHTHBIX C Hell pe6ep BepIUHHBI OCTaB-
werocs rpaga D — v MOXKHO PacKpacHTb YeTHPbMsi KPacKaMH.
Ecnu BepumnHa v 6bl1a cMeXXHa He 6GoJiee 4eM C TpeMsl BepLiH-
HaMH M3 yXe packpauleHHoro rpapa D — v, 10, 3aKpauuBas
ee OJlHOM M3 uyeThlpeX KpacoK, OTJHYHOM OT TeX, KOTOPBLIMH
OKpallleHbl TPU CMEXXHble BEpPIUHHHI, MOJy4YyaeM pacKpalleHHbIH
B ueThipe useta rpad D (M), 4To NMpOTHBOPEUHT YCJIOBHIO He-
NpUBOAHMOCTH KapThl M.

PaccmoTpuM Tenmepb cayyaii, KOria BepliHHA U CME€XHa ¢
yeThlpbMsl BeplinHaMu. Eciu Mbl onsTe BHIGPOCHM U C HHIIH-
JEHTHBIMH el pe6paMH, TO BepIUMHBl OCTaBluerocs rpada
D — v MOXHO MO NpPEeANoJOXKEeHHIO OKPAaCHTb B YeThIpe LBETa,
KoTopble 0603HauHM uYepe3 C;, C,, C3, C4. IIOHATHO, UTO Mpu
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TaKoH 4YeThIpexUBeTHOH pacKpacke rpaga D — v BeplUHHbI
U3, Uy, U, Uy, CMEXHBIE C BEPIIHHON ¥, JO/KHBI GbITb packpa-
LIeHbl KaxJas B CBOH uBer, HHaue H rpadp D (M) nomyckan
6bl YEeTHLIPEXUBETHYIO PacKpacky.

[TycTb cMexHble BEpLUMHBI Uy, V,, Us, U4, OKpallEHHbIE CO-
OTBETCTBEHHO B LIBETa C,, C,, C3, C4, UHKJIHYECKH YMOPSIAOYEHBI
(ckaxkeM, MO HampaBJIEHHIO YacoBOH cTpenkH; pHuc. 9). o
BCErJa MOXHO clenaTh, 3aHyMepoBas COOTBETGIBYIOWHM CIIO-

] Ca

Puc. 9 Puc. 10

CcoO0M CMeKHble BepLIMHbI | MepeHyMepoBaB, €CJH HYKHO,
BeTa.

O6o3nauum uepes D,, noarpad rpapa D — v, nopoxieH-
HbLIl BCeMHM BepLIMHAMH, OKpalleHHbIMH B OAHH H3 IBETOB
€y M cg. Apyrumu cioBamu, D, — 3TO TaKkoH rpag, MHOXKeCTBO
BEpUIMH KOTOPOro COBMAJaeT C MCAMHOXKECTBOM BepHiHH rpada
D — v, oxpalleHHbIMH JIH60 B C,, JHGO B €5, @ MHOXKECTBO pe-
6ep rpada D,; — 310 MHOXecCTBO Tex peGep u3 rpada D — v,
KOTOphble COEAMHAOT Takue BepluuHbl. ['pad D,;3 MoxeT GbiTh
HECBASHBIM, T. €. He KaXk1as 11apa ero BepliH MOXeT ObITb COeaH-
HeHa uenoykoH. Toraa rpad D,,; pa3buBaercsi Ha MHOXECTBO
ceasHolx moarpagoB (koMnoHeHT). B KaxkioH Tako# CBA3HOH
KOMIIOHEHTe JIIo0ble /1Be BEpIUHHEI yXKe COEAHHAIOTCSA LENoYKoi.
Ecnu BepuinHbl v, M Uz NPHHA/JIEKAT NMPH 3TOM Pa3HbIM KOM-
noHeHTaM, To rpag D,; MOXHO rnepekpacuTb B Te Xe yeThipe
1iBeTa, NOMEHAB AJA 3TOr0 Ap YT ¢ APYroM LBETA €; H C3 BEPLIHH
TOJIbKO B KoMmoHenTe rpada D,;, coiep:kalled BeplUHHY v;.
Toraa BepunHa v, nepekpaciTcs B UBET Cg, a LBET ¢, OCBOGO-
ANTCA AJIA OKpacKH BepLUMHBl 0.

PaccMoTpuM Tenepb ciayyai, Korja BeplUHHBEI Uy, H Ug
npHHaAMekKaT 01Holi Komnonente rpada D,;. Toraa B rpade
D,, nMeercs sJjemenTapHasi I1eroyKa, coe/llHAoWas v; ¢
U3, BCe BepLIMHbI KOTOPOHl OKpalleHbl MONEPEeMEHHO B LBETa

<
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¢, H ¢z [losTomy He MoxeT GuiThb Uenmouku B rpage D — v,
HAYlEeH U3 U, B U,, BEPUIHHBI KOTOPOH OKpallleHbl NonepeMeH-
HO B uBera C, H c,. JleficTBUTe/NbHO, JI0Gasi TaKas LeNouka,
HAyWAasA M3 U, B U, AOJMXKHA MNepeceKkaTbcsi B HEKOTOPOH Bep-
IIHHE C NepPBOH LEeNoYKOH, BepIIHHbI KOTOPOH yKe pacKpalleHbl
JH60 B ¢,, 1160 B 3. [Tostomy, paccmarpuBas noarpad D,, rpa-
¢a D — v, nopoxJeHHbi BceMH BepILIHHAaMH, OKpalleHHbIMH
B IiBeTa C, U C 4, UMEEM, UTO BEPLUUHHl U, U U, IPUHAJLJIENKAT pa3-
JIHYHLIM €ro KOMMOHeHTaM. MeHsAA Mex 1y co6Ooi LBeTa Cy H C,
BepLIHH TOH KOMMOHeHTHl noarpada D,,, KOTOpasi COHEpPHHT
BEpLUMHY V,, BbICBOOOXKJaeM LBET C, VIS BepIUHHB v. Takum
o0pa3oM, MNpEANoJIOXKEHHe, 4YTO HEempUBOAMMBLIA rpad uMeeT
XOTl 6bl ONHY BEpLIMHY CTENeHH MeHbllle MATH, MPHBOLHT K
NpOTHBOPEUHIO. THM 3aBepluaeTcs J0Ka3aTebCTBO.

3ameTHM, 4TO Ha /060l nyaHapHON KapTe Bcerja ecTb XO-
TA Gbl OHa 00J1aCTh, OrpaHHYEHHasi NSATHIO WJIH MEHbLIHM YMC-
JioM pebep. MHaue Obl MbI HMeJIH Hap sy € y»Ke BCTpeyaBLIHMCS
HepaBeHCTBOM 3n :{2m Jpyroe HepaBeHCTBO 6r << 2 m, moa-
CTAaHOBKa KOTOPHIX B (opMyJay ODiliepa naer NpoTHBOpevHe:

0=2m/3— m + 2mf6 = 2.

CilenoBarenibHO, B Jlya/bHOM I1aHApHOM rpade Bceraa ume-
ercs BepluyHa He 6oJiee 4eM C MATHIO COCEAHHMH BeplUHHAMH.
B nocnenseit ruaee, cierka H3MeHHB BLILIEONHCAHHBIA MeTOJ,
H TMpPUMEHUB ero MHIYKTHBHO K BeplliHHe AyajbHOro rpada,
nMmelollell He Gosiee mATH coceliedl, oKa)keM TeopeMy XHBY;a
O TOM, YTO BCSIKHH mJaHapHBIH rpad JomycKaeT pacKpacKy
B MATh LBETOB.

Ho rnaBnas npo6/eMa COCTOMT, KOHEYHO, B TOM, YTOObI 1O-
KasaTb, YTO BCAKMI NJIaHapHBIH# rpad Aonmyckaer yeTbipexuBer-
HYIO pacKpacky.

KyGunueckne kapToi

I'pad HasbiBaercst kybuueckum, eciiv Bce ero BeplUHHBI HMe-
1ot creneb 3. COOTBETCTBEHHO KapTa, MO onpejesieHuio, KyoH-
uecKas, ec/d ee onopHblii rpad Ky6uueckuii (puc. 10).

Kak yxe roBopusioch, rpad HasbBaeTCfl CBA3HbIM, €CIH
JlioOble JiBe ero BepIlHHbI coeinHeHbI Lenoykoii. Hekotophie cBsi-
3Hble rpadbl IPH YAaJeHHH H3 HEro Kakoro-Hubyab pe6pa («Moc-
Ta») CTAHOBATCA HecBfA3HbIMH (puc. 11).

B cBa3u ¢ 3TuM pe6po e Ha3biBaeTc mocmom B rpade, Koraa
MHOXECTBO BepIuMH rpadya MOXHO pa3bHTb Ha JBa (Hemepe-
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cexaiomuxcsl) noaMHoxkectsa T u U, npHueM Takue, 41O e
€CTb eJIHHCTBEHHOE Pe6po, y KOTOPOro OfMH KOHEL NPHHAIJIEKHT
T, a npyroit — U.

OueBHjiHO, eci B cBSI3HOM rpade G HeT MOCTOB, TO yla-
JieHHe M3 Hero JioGoro oAHoro pe6pa NpHUBOIHT K rpady, Ko-

G: G-e:

Puc. 11

TOpHIl fBJISIETCA TNO-TpexHeMy cBf3HBIM. I'pad G, roBopsT B
TaKOM cayuae, — 06ancOot c6a3HbIE UNH GUCBA3HYLL.

3aMeTHM, 4TO B KyOHUeCKOM rpade neT/is CUHTaeTcs IBax-
Ibl. Ky6uueckuit rpad ¢ mersieli 06s3aTesIbHO COIEPHUT MOCT.

Ipu packpauuBaniii KapThl Mbl MOXKEM MpeanoJararb, 4To
B ee ONopHOM rpacde HeT MoctoB. B caMom nene, oueBHAHO, yTO
pebpo e 6yeT MOCTOM B TOM H TOJbKO B TOM CJy4ae, €CJIH OHO
He JIeXHUT HU B ofHOM wiikJe. [lostomy pe6po e onopHoro rpaga
U (M) xapThl M siB/IsieTCsi MOCTOM TOTZla H TOJIbKO TOT/a, KOria
pe6po e JIeXHT Ha TIpaHHLe TONLKO o1HOH o6aactu. Toraa,
CTAruBas B KapTe M KaIblfi MOCT B TOYKY, MOJYYHM HOBYIO
Kapty M’, KoTopas MoxeT ObITb pacKpalleHa yeTbipbMs (BeTaMH
TOrJla H TOJILKO TOTJa, KOrjlla HCXoAHas Kapta M 1omyckaer ue-
THIPEXIBETHYIO pacKpacky (pHc. 12).

. Tlo nanHO¥ myaHapHOH KapTe MOXXHO MOCTPOMTH KyGHue-
cKylo. [lnfi 3T0r0 KaxAylo BEpIUMHY mNepBOHAYaJbHOM KapThl
HY>XHO 3aMEHHTb MHOTOYTOJIbHOH 06/1aCTbIO CO CTO/ILKHMH Bep-
LUHHaMH, CKOJIbKO pe6ep MHLHJIEHTHO 510l BepuiuHe (puc. 13).

M3 kaxiofi BepuuHbl
5TOr0  MHOTOYroJIbHHKa

M: M’ HCXOIHT OIHO M3 pebep

nepBOHayajbHOro rpada.
Takum o6pasoM, creneHb
KaXJo# BeplIHHBI DaBHa
3; LpYruMH CJ0OBaMH, HO-
Basl KapTa fBIseTcA Ky-
Puc. 12 6uueckoii. Eciiv ucxonHas
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Puc. 13

KapTa He HMeJla MOCTOB, TO MOCTOB He Oyler W B HOBOH KyGH-
veckoii kapte. Ilocsie packpaliMBaHHsi KyOH4YeCKOH KapTel
NOCTPOEHHblE MHOTOYrOJLHHKH MOXHO CTAHYTb B TOYKH H
MOJIyuHTh, TaKHM O0pa3oM, pacKpacKy nepBOHayajJbHOH 06-
meit xaprThl. IIQ3TOMy MOXHO BHICKa3aThb 5KBHBAJIEHTHYIO TH-
noTese YeThpeX KPacok CJeAyloilyio (GopMyJHPOBKY.
Tunoresa 2. Kaxdaa kybuueckas naanapras kapma, He
codepacauian mocmoe, moxcem Obimb pacKkpauena 6 uemoipe

ysema.
PackpamnBanue peGep

ByneMm roeopuThb, uTo pe6pa miaHapHo#i KyGHYeCKOH KapThl
packpawens: no Tedmy, ecau Bce TpH pebpa, HHUHKIEHTHblE
OIHOH BeplIMHEe, UMEIOT pas/iMuHble LBETa.

TefitoM 6BLIO YCTaHOBJEHO, YTO THIOTe3e 2 3KBUBAJIEHTHA

Tunotesa 3. Pebpa kybusueckoli kapmet, He coOepocaiyeti mo-
cmog, mozym Ovime packpawenor no Tedmy 6 mpu ysema.

Ky6uyeckas kapTa ¢ MOCTOM, B YaCTHOCTH, KOTZla B HEH eCTb
netsisi, He MoxeT GbiThb packpaiueHa no Teiity. '

Kapry M ecrecTBeHHO Ha3LIBaTb Mpeye0abHOL, eClu ee Ly-
anbHbfl rpap D (M) ky6uueckmii, ApyruMH CJIOBaMH, ec/u
Kaxas ee 06J1aCTb OrpaHHYeHa B TOYHOCTH TpeMs peGpaMH.

I'vnoresa 4. Pebpa mpeyz04bHOl Kapmbr MOXCHO packpa-
cume 8 mpu ysema max, 4mo pebpa, 02paHu“usarouwjue Kaxcobut
MpeyeorbHUK, OKPAUIEHbL 8 PA3HbIE YBema.

I'nnoresa 4 sBasieTcs mpocroit MoauduKauuei runoress 3.

Tenepr naBafite mpocienuM, Kak BHINOJHAETCH TPEXLBET-
Has packpacka no Tefity Ky6uueckoil KapThl, He cOfepKaluelt
MOCTOB, HCXOAsl H3 YeThIPeXUBETHOH pacKpacku oOjacred,
a Takxke o6parHO, KaK pacKpacuTb 06JacTH B 4eThipe LiBeTa,
OTNpaBJAACh OT TPEXLBETHOH packpacku no Te#Tty.
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[Tpennosioxum, uro uMeetcss KyGuuéckasi Kapra M Ge3 mo-
CTOB, 06J1ACTH KOTOPO# pacKpallieHbl B YeThipe LBETa C HCMOJIb-
3oBanueM kpacok 0, 1, 2, 3. Torna Mbl MOXeM pacKpacHTb peo-
pa no TeiiTy B cooTBeTCTBHH CO ClIenyouleil cxemoii:

Ecan pe6po nexnt Ha rpaHune obaac- 10 pe6po
TeH, OKpauleHHbBIX COOTBETCTBEHHO OKpaluyBaerca
B UBeTa: B UBeT
Onl wan 2 1 3 o
Ou 2 unun 1 u 3 B
w2 wan 0 u 3 Y

Jlerko npoBepuTb, 4TO 3Ta cxeMa B JEHCTBHTE/JIbHOCTH
pa6oTaer.

OGpaTtHo, MpeanoJIoKHM, YTO HMeeTcs pacKkpacKa no Teiity
pebep kapThi M B Tpu upera: a, B, y. Te pe6pa, Kotopble okpa-
LIeHH! B 1BeTa a 1 f, 06pa3yloT HenepeceKalolHecs 31eMeHTap-
Hbie [HKJBI (4eTHOH J/iMHB), 0603HayaeMble HHXKe Kak (o—p)-
LIHKJIBL.

Kaxnas o6nactb R Ha kapTe M cOfepIKHTCA BHYTPH JIHGO
YeTHOro, 60 HeyeTHoro uucaa (o—f)-unkJos. [daBafite okpa-
CHM npeJBapHTeJIbHO 06JacTb R B uper 1', ecin R copepxutes
B HeyeTHoM umcne (o — P)-umkaos, u 8 user 0’, eciun R co-
JepXKUTCH B YETHOM uHcie (a—p)-UHKIOB. AHA/NOTHYHO Mbl
HMeeM (0—7)-LHKJb, U Kaxaas obJacTb R kapthi M conep-
JKUTCA JIHGO B UETHOM, JIHGO B HEUETHOM YHCJe (—7y)-UHKJIOB.
B nepBoMm ciyyae npu npenBapuTe/ibHO# OKpacke o6aactd R
Mbl ucrosibdyeM uper 0’, a Bo Bropom — user 2''. Tenepb
packpacuM o6JacTH KapThl M OKOHYaTeJBHO MO cJeayloleit
cxeMe:

Ecan oGaacts Gbina TO 0678CTb OKOHYATENLHO
NpeRapHTENLHO OKpalena OKpalINBaeTCs B uBeT:
B uBera:
0’ n0” 0
1" u 0" 1
0" u 2" 2
1" u 2 3

Takum o6pasoMm, KaxAas 06JiaCTb KapThi NpeaBapHTE]bHO
OKpalliBaeTcsi JBa:abl M JIBe 00JacTH OKpaulHBalOTCs OKOH-
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yaTe/bHO B OAHH M TOT .
e LBET Torja ¥ TOJNBKO G: LG):
TOrAa, KOTAa HX npesa-
puTesbHas Ookpacka 6blia
OlMHAKOBOH.

310 nopoxkaaer mpa-
BHJIBHYIO pacKpacky o6-
Jacrei. B camom jneie,
ecan ape obaacTh R, u Puc. 14
R, umeror obluee pe6po e,
TO e MOXeT ObiTb OKpallleHo B JoGoH U3 useToBa, P uau y. Eciu
€ OKpauieHo B B, TO pe6po e JieXKHT TOYHO B OHOM (ot — P)-LLHK-
Jie, KOTOPHIH CONepPXKHUT ;u6o ob6nactb R, au6o obaactb R,,
HO He ofe oaHOBpeMeHHo, CnejpoBarenbHo, obnacti R, u R,
npejiBapuTEILHO OKpalleHs B tBera 1 u 0" wau 0’ u 1° coor-
BeTCTBEHHO. TakuM 06pa3oM, 3TH 06;1acTH He MOTYT GbITh OKpa-
IlIeHbl OKOHYATEbHO B oaMH LBeT. Takoe e paccyxXIeHHe oC-
TaeTcsi CnpaBelINBBIM, Korla pebpo e OKpalleHO B ILBeT Y.
Ecan xe pebpo e Oblno oKpalleHO B LBET ¢, TO € JIEKHT KaK
(@ — P)-uukne, TaKk u B (@ — y)-UHKJE, U NPUBEJEHHOE BhILIE
paccyxIeHHe TMoKaspiBaeT, 4TO 0Ge npeaBapHTe/]bHBIE pac-
Kpacku ob6nactel R, u R, pas3/uyHbl, H Mbl CHOBa MOJIyYaeM,
yTo 3TH 00JIaCTH OKpallileHbl OKOHYaTeJbHO TaKXe B pasHble
1B€Ta.

[To nanHomy rpady G MOXKHO NOCTPOMTb TaK Ha3biBaeMblil
pebeproii epagp L (G) (cM. puc. 14). PeGepuublii rpap L (G) —
3710 rpad, BepIIHHBI KOTOPOro COOTBETCTBYIOT pebpam rpada G,
H Tako#, 4TO B HeM JiBe BEpIUHHBI CMEXHbI, €CJIH CMEXHbI COOT-
BeTCTBYIOLHE pebpa B rpage G.

O6paTuM BHHMaHHe Ha cJefylolue JBa pe3yJbTaTa, Ka-
catouirecsi pe6epHbix rpagos. s naanapHoro rpada G Hme-
ercsi peGepHblil NJaHapHLIf rpad L (G) Toria M TONBLKO TOTrAa,
KOTJa cTelneHb J0GOH BepilMHb B rpaje G He MPEBOCXOUHT 4,
U ecJiM BeplLUHHA MMeeT cTerneHb 4, To ee yaajeHHe o0si3atesib-
HO MpPHBOAMT K HECBSI3HOMY rpady.

Ecau rpag G He siBnsiercst ylaHapHBIM, TO M €ro pe6epHbli
rpap L (G) Takxke He mJaHapHBIH.

Jlerko mojiyyuTth 3KBHBaJIEHTHYIO THnortese 3 GopMyJHpOB-

Ky.

lunotesa 5. Bepwwunsi pebeproco epaga rkybuueckold naa-
HapHOL Kapmel, He co0epicauielt mocmos, MONCKHO OKpacumio 6
mpu ygema.
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FaMuJAbTOHOBB! LHKJABI

IIpeano/iokuM, uTo B rpade CONEPKUTCA S/EMEITapHBII
LMKJ, KOTOPHI NPOXOAMT yepe3 KaxAyl0 BeplIMHY rpada
B TOYHOCTH OIMH pa3. Takoii UMK (M COOTBETCTBEHHO rpag)
6yneM HasbIBaTb 2AMUNLMIOHOBLIM.

OueBuHo, ut0 ecii M — KyGHuecKkasi KapTa H ee ONopHblii
rpap U (M) conepXuT raMuibTOHOB Luka C, To pe6pa KapThl
M woryT GHiTh OKpaieHb no TeliTy B Tpu uBeTa (HanoMHHM,
yTo B Ky6uueckoM rpate U (M) RONKHO GHITH S€THOE YHCJIO 11
BEpIUMH, NOTOMY 4TO 3n = 2m, rae m — uucio pe€ep. Takum
o6pasoM, peGpa raMu/bTOHOBa IHKJaa C, KOTOpHIil HMeET uert-
HyI0 JJiHHY, OKpalMBAIOTCS MO OyepeAM B JBa LEETa, U Tpe-
THH [BET HCMOJb3yeTcs I ocraiowuxcs peCep). M3 sroro
cJielyeT, 4To 00/1aCTH KapThl MOTYT GBITh pacKpalleHbl B YeThipe
nBeTa.

I'unotesa 6. Kaxcdoui eamuromoros naanapHeidi epagh moxcem
buimb packpauier 8 demoipe yeema.

OKBHBaJIEHTHOCTb I'HnoTe3bl 1 runotese 6 ycTaHOBHJ Y HTHH.
KoneuHo, ec/ii KaX/blil nJIaHapHblil rpag MOXKET GHITb packpa-
LIeH B YeTHIpe [BEeTa, TO 3THM CBOHCTBOM, B YaCTHOCTH, 00J1afiaeT
H IJIaHapHBIH TaMHJIbTOHOB rpad. JlokasatesbCTBO OGpaTHOro
yTBEpKJAEHHS He Ou4eBHAHO. OHO 3aBHCHT OT pe3yJIbTaToB ¥ HT-
HH, TNOKAa3aBILEro, YTo BCAKHH MaKcumaroHbil naarnaprel epag
HMeeT TaMHJIbTOHOB LHMKJ. TepMHH «MaKCHMaJbHBIH MJlaHap-
HBll rpag» o3HayaeT TakoH NJiaHapHBIH rpad, B KOTOPOM HeT
HH NeTeJlb, HH NapaJiebHbIX pefep H K KOTOPOMY HeJb3sl J0-
6aBUTb HOBHIX pebep Ge3 TOro, 4roObl HE HapyLIHTb XOTHA Obl
OHO H3 3THX TpeX YCJIOBHIi.

l'unoresa 7. Mookro packpacume 6 wemvipe yéema 6epuiuHbL
NAQHAPHO20 epagha, COCMOAWE20 U3 NPABUALHOZ0 N-Y20AbHUKA
C Henepecekaouumuca OuazoHaiamu, pasbusarouumu sHympen-
HI0I0 062aCMb MHO20Y20AbHUKA HA MPEY20AbHUKL, U C Henepe-
cexarouumuca pebpamu (Oyeamu), pasbUBAIOULUMY  BHEUIHION
002acmb  MHO20Y20NbHUKA MAKIKE HQ MPEY20AbHUKLL.

YUTHH J0Ka3ajl 3KBHBAJEHTHOCTb TMNOTE3bl 7 M THNOTE3bl
yeThlpex KpacoK. ['unoresa 7, mo cyiuecTBy, COBNAAaeT C TH-
nore3oli 6, TaK Kak raMHJIbTOHOB LMKJ MOXHO MNpPEACTaBHTb
B BHJe NPaBHJIBHOTO MHOTOYrOJbHHKA.

[unotesa 8. Bo acaxoil kybuueckoll kapme, He codepacauieti
MOCMO8, MONCHO 060oLimu éce 8epuiubl nocpedcmeom Aubo 00Kozo
2aMUNBMOHOBA YUKAQ, AUOO0 HECKOAbKUX, NONAPHO He nepece-
KQIOUUXCA INeMERMAPHBIX YUKA08 4eMHOU OAUHbL.

ZKBHBAJIEHTHOCTb 3TOH THMOTE3bl THIIOTE3e 3 MOXET GbiTh
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JIETKO 4CTaHoBJieHa. Mbl npuBeneM 3aech HabpOCOK Jokasa-
TesibeTBa. [lonycerum, uto pebpa Ky6uuyeckoH KapTel, He CO-
Jep:Kaulefi MOCTOB, yXe okpaluleHel no Teiity B TpH LBera.
BrifizeM H3 HEKOTOpPOH BEpIUMHBI H NpocjelyeM IO LENOouKe,
peGpa KOTOpOH OKpalleHbl NomepeMeHHo B JBa LBeTa. Takas
Ie7NI0YKa PaHO HJIH MO3JHO JOJKHA BEPHYTLCA B HCXOAHYIO TOY-
Ky, o6pa3oBaB sJjeMeHTapHblll LHKJ. [IpHunHa B TOM, YTO Tak
KaK CTeNeHb KaXXJOH BepLIMHBI paBHa 3, W TpU pebpa, cXoaf-
muecss B JIOGOH BepluyHe, OKpalleHEl BO Bce TPH liBeTa, TO
BO3BpallleHHe B HEKOTOPYIO NPOMEXKYTOUHYIO BepLUHHY O3Ha-
yajo Gbl, yTo peGpa 3TOro LHKJ/A OKpalleHbl B TPH L(BETa, YTO
TIPOTHBOPEYHT JONYIUEHHIO.

B cuny cssHocTi rpada Takoit 06X01 N0/KEeH 3aKOHUHTHCA
B HCXOJHOH BEpLIHHe, M 3JIeMEHTapHHIH LHKJ 0053aH HMEThb
YeTHyio AJHMHY. EciM B 3TOT UMK/ BKJ/IIOYEHBl BC€ BEpIUHMHBI,
TO 9T0 — r'aMUJILTOHOB LIMKJI YeTHOH JJIUHBl. Ecin e kakue-to
BEPLUHHBI He BXOJAT B JAaHHBIA LUMKJ, TO AJIf HUX TNOBTOpsiEM
TOT e npouecc 06X04a H NMoJyyaeM Apyroi sJieMeHTapHbIi LUK
(noAuMK] veTHOH HJIMHBI), He mnepeceKalomuics C NepBHM,
H T. I

O6parHo, ec/u B rpade HMEIOTCS HenepeceKalomuecs Mex-
Ay co6oii LUK/l YeTHOH AJIMHBI, TO Mbl OKpallHBaeM HX pebpa
NoOYepesHO B ABa liBEeTa, a TPETHH ocTaB/iseM s pefep, He
BXOISIIMX HH B OJMH UHUKJ. Mbl TakuM 06pa3oM pacKpalinBaeM
pe6pa no Teiliry B TpH wLBETa.

I'pad HasbiBaeTcst p-CBA3HBIM, €C/IH Kaxaas napa BeplUMH
U ¥ W CBSi3aHa N0 KpaHHeH mMepe p LensaMH, KOTOphbie He HMeoT
NOMapHO OOWMX BEpLIHH, 33 HCKJIOYEHHEM U H .

Jloxasano, uto rpad sBjsfeTcs p-CBA3HBLIM TOTAA H TOJBLKO
Torja, Korja OH MOC/Je BBHIKHABIBAaHHA M3 Hero p— 1 WM
MEHbBLIET0 YHCJa EEpPIUMH HE CTaHOBHUTCS HECBA3HBIM HJH TpH-
BHAJIbHBIM, TO €CTb COCTOSIIUUM TOJIBKO M3 ORHOH BeplUMHBI.

Jlns HEKOTOPBIX CMEUHabHbIX THIOB IpadoB YCTAHOBJIEHO,
YTO OHHM T'aMHJIbTOHOBHI; Hanpumep, MOJHbIE Tpadbl ¢ YHCIOM
BepLUHH He MeHbLIe 3. B KauecTBe Apyroro npuMepa MOXHO NpH-
eecTH 4-cBsi3HbI rpad. Takoil rpap Takxe obJjajaer raMuJib-
TOHOBBIM LHMKJIOM. Y HTHH NOKasas, YTO eciH M — xy6uye-
ckasl KapTa, TO ee leaJlebIPI rpap D (M) conepHuT ramMuib-
TOHOB LMKJI.

Tor dakr, yro He Ka}KIlblld IJIaHapHbIA rpad aABjasercs ra-
MHJIBTOHOBLIM, NPOW/JIIOCTPHPOBaH Ha puc. 15, rae usoGpa-
xeH rpad ¢ 20 BepwiyHaMH M 12 NSITHYTOJNIBHBIMH sfuefiKaMH.
Herpyauo nokasarb, uto 310T rpad MOKHO PacKpacHThb B ue-
ThIpe LBeTa.
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Ecau xaxnas BeplunHa B rpage, coaepauiem 1 BEpLIHH,
HMeeT JOCTaTOyHO GOJIbLIYIO CTemeHb, N0 KpaiiHe# mepe n/2,
TO Takod rpad Takxe 06JalaeT TraMHJIbTOHOBBIM LIHKJIOM.
Bosee Toro, 6bl10 f1OKa3aHO, YTO €CJAH B rpade UHCJIO BEpIUHH
¢ HeGOJbLIOH CTenmeHbi0 HEBeJNNKOo, TO Ipad TaMHJIBLTOHOB.
Eciu GbiTb TOYHBIM, TO Tpad c n (=3) BeplIMHAMH TaMHJb-
TOHOB, €CJIH JJIS1 KaXAOro HaTypasbHOIro i ¢ ycjloBHeM l<Ji<<
<<n/2 yKCJI0 BEpLIHH, CTENEHb KOTOPLIX HE NpPEBHIAET i, MEHb-
ue, yem .

Puc. 15 Puc. 16

Onnaxnapl TefiT BbiCKa3an npeanoJioXeHHe, 4TO KaxK[Iblil
3-CBA3HBIA MJaHapHbi rpad ramusibToHOB. Ho 3TO He Tak:
Ha puc. 16 npusenen npumep Tatra c 46 BeplIHHamMH, onpoBep-
raowui 310 npeanoyoxenye. Ecau 66l runoresa Teiita Gblla
crnpaBelyiiBa, TO M3 3TOro BhiTeKasla Obl CIpaBelJIMBOCTb TH-
noTtesbl yeThipex Kpacok. Kak Mbl yBHIAHMM B MNOCJeAHEH rJaBe,
A TOro 4tobbl JoKa3aThb THIOTe3y YeThpeXx Kpacok, JOCTa-
TOYHO MOKas3aTb, YTO JioOasi Kyb6uuecKasi Kapra M, ONOpHHIN
rpadp U (M) koropoit siBisiercsi 3-CBA3HBIM, MOXeT GbITh OKpa-
weHa B yeToipe nsera. Ho u3 runoresn Tefita cnenoBano 6wl
4TO KaXk/Jas Takasi kapra o6Jajaja 6bl raMHJIbTOHOBBIM LHKJIOM
H, CJeloBaTe/IbHO, Moryia Obl GBITh OKpalleHa B 4eThlpe LIBeTa.
Cam Teiit, onnako, He NMpHBeJ aHAJIOTHYHOTO JOKAa3aTesibCTBa
TOro, KaK rumnoTe3a yeThipeX KpacoK cjeloBaja Obl U3 CripaBel-
JIHBOCTH €r0 TUINOTE3bl.
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OpueHTHpPOBaHHbIE Irpadhl

['pad HasbiBaeTcA HanpasieHHoiM WIH OPUEHMUPOBAHNBLIM,
ec/M KaxJoMy peb6py NpHmHcaHo HanpasJieHne (06o3Hauaemoe
CTPEJIKOM) OT OJHOHl M3 €ro KOHEUHBIX BEpLIMH K JApYroi.

PaccmoTpuM B OpHEHTHpOBaHHOM rpade 3JieMEeHTapHbIi
uuka. [oacynraeM KonuuecTBO m, pebGep B LiMKJe, Hampas-
JIEHHBIX 0 YacoBoii cTpesike, U KOJIMYECTBO m, peGep, Hanpa.-
JIEHHBIX MPOTHUB YacoBoH cTpeskH. OTHolleHHe GOJbIIEro U3
STHX UHCEJ K MeHbllIeMY Ha3biBAETCS OMHOLIeHIE M 10MOKA RaH-
HOTrO IHKJA.

['unotesa 9. Pebpa xaxcdozo naanaproeo epaga moeym Gbime
OPUEHMUPOBAKLL MAK, YMO OMHOUEHUe NOMOKA Kax 0020 YUKAQ
He Ooabwie mpex.

HokasatenbcTBo 3KBHBaJeHTHOCTH runore3 1 u 9 npunHaame-
XHT Muutu. B pefictBHT@/bHOCTH MHHTH yCTaHOBHJ 39KBHBa-
JIEHTHOCTb pacKpaulWBaeMOGTH rpaga B £ LBETOB TOMY (aKTy,
YTO OTHOILUEHHE NMOTOKA KaXKAOro LHK/IAa He NMpeBoCXOAHT R— 1.

[unotesa 9 umeer Apyryio 3KsuBasleHTHYylO ¢opmy. OGo-
3HaynMm uepe3 m (C) uucao peGep B uukJe C.

lunoresa 10. Pebpa niaawapHoeo epaga MOMCHO opuenmu-
posame max, umo 0aa a0boeo yuksa C u 1106020 Hanpasrenus,
8bI6DAHK020 HA SMOM YuKae (N0 4acoeoul uaw NpPomue 4acoeoli
cmpeaxu), 4ucao pebep m, (C) yuxaa C, opuernmuposantsix npo-
mugonoaodcHo esibpanromy Ha yukae C ranpasaenuro, yoosrem-
eopsiem Hepasercmsy mq(C)='/m (C).

Pa3Guenne MHOXKeCTBA BEpPLIHH;
XpOMaTHYECKOE YHCJIO

'pad HasniBaercs k-0osbHeiM, €CIH MHOXECTBO €r0 BEPLIHH
MOXKHO pasfe/HTh Ha TakHe & Henepecekalouuecsl KJacChl, 4To
HHKaKHe /IBe BepIUHHbI U3 OHOTrO KJjacca He COeAHHEHBl pe6poM.

3ameruM, uTo rpad ABAAETCH ABY/IOJbHBIM B TOM H TOJIbKO
B TOM CJydyae, KOIJla €ro 3/eMeHTapHbIH LHKJ HMEeeT YeTHYIO
JUIMHY.

OtMmeruM, yTO onpejeseHHe K-10MbHOro rpaga — 3To mpo-
CTO HHaue BbICKa3aHHOE YCJIOBHE PACKpacKH rpada B £ LBETOB.
B camom jese, Koraa BepillMHBI MJIaHapHOro rpaga oKpalleHbl,
CKaxeM, B yeThlpe LlBeTd, TO OHH Pa3OHBAIOTCA Ha 4YeThipe He-
nepeceKalolIMXCs MHOXeCTBa, TakHhe, YTO BCE BEePIUMHBI Kax-
JIOTO MHOXKECTBa OKpalleHbl B OJIHH UBET, H HHKaKHe JBe Bep-
IUHHBl OJMHAKOBOIO LBeTa He coeauHeHbl pebpom. dpyrumu
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chioBamH, rpad MoxeT ObITh OKpAlU€H B YEThIpe LBETa TOrAa
H TOJIbKO TOTAa, Koraa rpad 4-noapHbiii. Kaxkaas napa us atux
yeThipeX MHOKECTB BMECTE C COEAMHAIOLMMH HX pe6pamH oG-
pasyeT ABYAOJbHHIH rpad.

I'inotesa 11. Bepuwunot Oyaabrozo epagha arboii naanaproi
Kapmsi, He codepacauyeli Mocmos, MoxHO pasbume Ha dea Hene-
peceKalouyuxca MHoXcecmea, maxue, 4mo Kascooe MHOXECE0 On-
pedeasiem 08yOoabHbiL epag.

Sra runoresa 5KBHBaJIEHTHa rumorese 1.

3ameTuM, uTO k-10J1bHBIH rpad JonycKaeT, o onpeleseHHo,
pasbueHHe MHOXKECTBA BCeX CBOMX BepLIHH Ha Kk-Henepece-
KalolMXcsl KJIaccoB € YKa3aHHbIMH Bhbliue cBoficTBamHu. Brovne
€CTeCTBEHHO, YTO TaKHX pa30HEHHH MOXeT ObiTb He OfHO, H
KOJIHYECTBO KJIaCCOB MOXKET OKa3aThCsl PasHbIM B PasHLIX pas-
O6ueHHsAX. B cBA3M C 3THM oOmpeneNuM Xxpomamu4eckoe Hucao
rpapa Kak MHHHMMaJbHOE YHCJO HeNepeceKaroluxcs KJaccos,
Ha KOTOphleé MOXeT ObiTb pa3bUTO MHOXECTBO BepllHH rpacda
TaK, YTO HHKaKHe JiBe BepIUHHbI H3 OJHOrO KJjacca He COeAHHs-
1oTcsl pe6poM. Muaue rosops, xpomartuueckoe yMcJoO rpaga —
3TO MHMHHMMAaJIbHOE YHCJIO LBETOB, B KOTOpble MOXHO pacKpa-
CHTb BepLIKHH rpada. [ToaToMy runoresy ueTblpex Kpacok MOX-
HO nepedopMyJHpOBATh.

['unotesa 12. Xpomamusecxoe ucaro dyarvrozo epaga naa-
HAapHoU KapmolL He npeebiiaem Hemoipex.

Epuwos u KosyXuH NOKasalH, YTO XPOMATHYECKOE YHCJIO
% (G) cBa3Horo rpada G ¢ n peplIMHAMH U m peGpaMH YOBJIeT-
BOPSIET CJEIYIOUWHUM OTrpPaHHYEHHAM:

_[_ n % (l {(n® — 2m)/n) )]
[(n* — 2m)/n] T T+ [(n®—2m)/n]
<X(G)< [ 3+V9-|-28(m—n) ]

3nech BBeleHbl OObIYHbIE B MaTeMaTHKe 0G03HaueHHs:
[x] o3HauaeT nenylo yacTh yucaa X, T. €. HauGoJbluee LeNoe
YHCJIO, HE npeBocxoasiiee x; {x} — ApOGHYIO YacThb 4uCaa X,
T. €. pasHoctb x — [x].

Ilycrb Bepiumubl rpada G SaHyMepOBaHbl (z-—l 2,...,n)
B NOpsIKE BO3pacTaHus uX crenedeil d;. Ecan & ectb mocsnen-
HH# HOMep BepIUMHBI, I/ KOTOpoil £ < dy, + 1, 1o ¥ (G) <k.

310 cepyeT U3 Toro, YTo camoe GoJblLee, YEMy MOXKET GbiTh
PaBHO XpOMAaTHYeCKOe YHCJIO, — 3TO HaHMBbICLUAs CpeIH BCEX
BEPLIMH CTeMeHb IUIIOC eAMHMua. ¥Yamu u Ilaysmn nocrpousu
a/rOPMTM pacKpallMBaHUsA BEPIUMH rpada B YUCJIO LBETOB, paB-
Loe rpanuue k.
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I'pad G HasbiBaeTcst kpumuueckum  (8epULUKHO-KpUmMuYe-
CKuM), €CJIH yaaJieHHe U3 Hero JIo6oi BepIMHEl U U HHIHAEHT-
HBIX ¢ Helt pefep MOHMKaeT XpoMaTHuecKoe Yucio: § (G—o) <<
<y (G). Tlpu stom rpad G — k-xpumusueckuii, ecnuy (G)= k.
Torna mns kaxpo#i EepwmHb v, % (G— v) = k—1.

Jlupak mokasan, yto ecau rpad G — k-KpUTHYECKHH NpH
YCJIOBHH k£ = 3, TO JH60 G CONEPIKUT FaMHJIBTOHOB IUKJI, JIHGO
€ro oKkpyscenue, T. €. JJIHHA CaMOro IJIMHHOTO 3JIEMEHTAapHOro
UMKJIa, paBHO 2k — 2. OH TaKxe nokasaj, YTO KaxIblil k-
XpOMarHyecKHH rpad CONAEPKHT KPHTHUECKHH Kk-XpoMaTH-
4yecKHH noarpad.

Pa3Guenne mHoXecTBa pebep;
thakropusauus

[oBopsaT, uto rpad k-ghakmopusyem, eciu MHOXKECTBO €ro
peGep Moxker ObITb pa3GHTO Ha HemepeceKaloiHecs KJacchl
TaKHUM crioco6oM, uTo Ji06ast BeplUHHa fBJSETCA KOHLEBOMH TOu-
Kol ans k pefep M3 KaxKAOro KJacca.

BepneMcss k rumotese 3, Kacaiouleiicss packpacku pebep
no Te#ity kyGuueckoil KapThl M, He conepxKaliefi MOCTOB, B
Tpu uBera. Pa3bueHne MHOXecTBa pefep Ha TPH KJiacca ORHO-
UBETHLIX pebep, OYEBHAHO, B JAHHOM cJyyae siBjsieTcs l-¢ak-
TopH3auueli omopHoro rpada kKaptel M. I[lostomy runoresy
3 MoxHO nepedopMyJHpOBaTh TaK:

[unotesa 13. Kaxcoowi rybuueckutl naanapuoui epag,
He codepacaujuii mocmos, — I-chaxmopu3syen.

I'nnoresa Xansurepa

HuTynTHBHO NOHATHBIA CMBICH cmseusanus pebpa B rpade G,
ec/H ObITb TOYHBIM, 3aKJIOYaeTcsl B yAaleHHH M3 rpada AByX
CBfI3aHHBLIX pe6pOM BepIIHH 4 W v W J06GaBJeHHH HOBOH Bep-
IUWHB @, CBSI3aHHOH CO BCEMH TeMH BEpLUHHAMH, C KOTOPBIMH
6bH cmexHbl u uau v. ToBopsT, uro rpadp G cmazusaemcs
B rpad H, ecan rpad H moxHO monyuuth U3 G NMOCPEACTBOM
HECKOJIbKMX TNO0C/eNoBaTe/IbHbIX CTATMBaHUH pebep.

XaJBurep BbICKa3an MNpeinoJIOXKEHHE O TOM, YTO KaXKJbli
CBA3HBIA k-XpoMaTHyecKuil rpad cTsiruBaercs B NOJIHBIA rpad
¢ k BeplIHHaMH.

CnpaBelJIMBOCTh 3TOH THNOTe3bl A/ k=5 paBHOCHJIBHA
MCTHHHOCTH THINOTE3Bl YeThipex Kpacok. JleAcTBHTENbHO, /IS
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k=5 runoresa Xaasurepa yTBepxKJaeT, uTo rpad) cTaruBaercs
B moJiHLIA rpad Ha nmatH BepuuHax. Ho rtako#t rpad, kak bl
3HaeM, HelJlaHapeH, a CJel0BaTe/NbHO, H HCXOAHBIH rpad Tak-
)Ke HelJlaHapeH, MOTOMY 4TO NMpH CTATHBaHHU peGep CBOMCTBO
IUJIaHapHOCTH coxpaHsercs. OTMETHM, YTO NpennoJoKeHHe
XazBurepa yxe JoKasaHo A1 R<<5.

[NoHATHE CTATMBaEMOCTH MOXET 0OKa3aTbCA M0J/e3HbIM NpH
¢opMysIHpOBaHMH NpH3HAKa NJaHapHocTH rpada. Ilycrs ue-
pe3 K ; o6o3HaueH NMOJHLIA rpad ¢ NATbIO BepLIHHAMH H Kg 3 —
NOJIHBIA NBYJOJbHBIA Ipad U3 ABYX MHOXECTB, KaXJ0e M3 KO-
TOPHIX HMMeeT TpH BeplunHbl. Heobxodumeui u Oocmamourblli
npusnax naanaprocmu epaga (Iontpsruaa — Kypatosckoro)
cocmoum moeda 8 mom, 4o HUKaKoui e2o nodepagh e cmseusaem-
cii Hu 8 Ky, Hu 6 K, 5.

XPOMHTH‘ICCKHC MHOT O4JIEHbI

O6o3nauyum yepe3 P, (A) uMcJO crioco60B pacKpacKH Kap-
Tbl ¢ r objacTsaMH He GoJsiee uyeM A Kpackamu. Torma P, (A)
Ha3blBAETCA XPOMAMUHECKUM MHO204aeHOM KapThl. [loHsTHO,
YTO XpOMAaTHYECKMH MHOrouJieH MOXEeT COOTBETCTBOBATb MHO-
TUM KapTaM c r obiactamu. Y pnis Toro uto6el npugath P, (A)
GoJiee TOYHOEe 3HaAueHHe, BaXKHa KJacCH(pHKauus KapT ¢ r o6-
JIaCTSIMH, (4HCJIO CIOCOGOB OKPAcCHUTh ABE KapThl C r 06/1aCTAMH
MOXeT ObITb pas’JINYHbIM). _

XpomarHyeckuii MHoOrouseH kapteli M GyneM o6Go3HauaTb
P (M, )\). MoxHO OOGBACHHTb, NOYeMy 3JeChb BBeJEH TEpMHH
«MHorou/ieH». B camoM peJe, moacuHTaeM YHMcj0 cnoco6oB pac-
KpallMBaHHH B A 1BeTOB, Hanmpumep KapThl Mg, cocrosiieit
U3 Tpex obsacrteil, NMONMAapHO CMEXHBIX Mexay co6oii. JlioGyio
B3fITYI0 06/1aCThb MOXKHO OKPacHTb A criocoGaMH, Torja Apyryio
06/71acTb MOXKHO OKpacuTh B (A—1) uBer, a TpeTbio — B (A—2)
usera. [Tostomy

PMgd)=AMA—1)*r—2).
B Gosee obuem cayyae, ecin M, — Kapra ¢ r o6nacTsMy,

NONapHO CMEXHBIMH MeXAy co6oH, T.e. ee AyajbHHIH I'pad
D (M) na r BepliMHaX NOJIHBIA, TO OYEBHIHO, YTO

PMpd)=AA—1)(A—2...h—r+1).

HWrak, ans kapr M,, ayaibHb#i rpad KOTOPHIX NOJIHBIf,
P (M,,\A) aBnserca MHOrouieHoM OT A. JlJsi MPOM3BOJILHOM
KapTel M uncio P (M, A) MOXHO NMpeACTaBHTb B BHIE CyMMb
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yhcesn Buaa P (M,, A). 3r0 ompapabiBaeT BBEIEHHE TepMHHa
«XPOMAaTHYECKHil MHOTOUJIEHY.

OueBHAHO, YTO THMOTE3a YeTHIpeX KPacoK 3KBHBAJIEHTHA
yTBEP:KIEHHIO, YTO s Jioboit kaptet M P (M, 4) > 0. Pac-
CMOTpPeHHEe XPOMAaTHYECKOrO MHOTO4/JeHa — 3TO BBIYHCJHTE/1b-
HBIi MeTo] B HCCJAeNOBaHHH TNpoOGJEeMbl YeTblpex Kpacox.

Ceiiuac Mbi MpHBeJeM HEKOTOpble HHTEPECHbIe pe3yJIbTaThl,
npuHajnexampe Tarry, o MoBefeHHH XPOMaTHYECKHX MHOTO-
YJIEHOB.

[Tyctb M — TpeyrosbHasi kapra c¢ k2 BepmnHamu. Torza
XpoMaTH4ecKHH MHorowleH P (M, A) yaoB/eTBOp ieT HEp aBeHCT-

BY
P M T+ <<t
TV s +;/ 5 - 1,618 . . . Tak Ha3bIBaeMoe «30JI0TO€ OTHO-

IIeHHe», fBJSAIOLIEEC OJHHM M3 KOpHeH KBajpaTHOro ypas-
HeHHS x? = X + 1.

TatT npeacraBnsier 3TOT pe3yJbTaT Kak TeOpeTHYECKOe 06Oo-
CHOBaHMe SMIUpHuyecKoro Ha6mofeHus, uro P (M, A) Kkak
6yato uMeeT KopeHb, Oiu3KuMi K A=1-7. [aa mo6Goit Tpe-
yroibHoi Kapthl M (Ge3 meresib) Tarr mokasbiBaer, YTO
PM,tv+ 2)>0. Tak kak T + 2 = 3,618..., To 3ToT pe-
3yJbTar coobllaeT Koe-yto O noBejeHHH MHorouaeHa P (M, A)
BO/M3u A=4. Kpome Toro, u3BecTHo, yTo MHorouwjieH P (M, 1)
He Ha BceM HHTepBajle T + 2 <<A <4 mNOJIOXKHTEJNbHBIH.

Eciu kapTa COCTOHT u3 Tpeyro/bHHKOB, 3a HCKJIIOYEHHEM
OflHO# ob6JsiacTH ¢ m cropoHaMH (2 <<m <C5), T0

PM,1+1)|<<t*+m— &k
HenaBHo nokasaHo, uyro ecnd M — TpeyroJbHas Kap-

Ta ¢ n BepludHamu, T0 P (M, T + 2) = (t + 2) ¥~ 1P} (M ,t+
+1).

rpe tv=

Mnasa 3. MPUBOAMUMOCTb

HenpuBoxuMble rpadbl H KapThi

HanoMHuM, uTo nylaHapHasi Kapra (rpad) HasbiBaercs He-
npugodumod, eciv oHa (OH) 5-XxpoMaTHyecKas, W Jmobas Apyras
Kapta (rpag) ¢ MeHbIUMM YHCJOM obJacTeil (BepLIHH) HMeeT
XpoMaTHyecKoe YHcJIo, MeHbllee nATH. TakuM oGpasoM, He-
npHBOAMMas NJaHapHas KapTa (rpa¢) siBisieTcss MUHHMAJbHOM
5-XpomaTHuecKoi.
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IpeanosioxuM, yTo HenpuBoxMMasi kKapTta Wau rpad cy-
mecTByloT. B pasbHefilieM Mbl cymeeM NOKasaTb, YTO Jio6Gasi
TaKasi KapTa IO/ KHa o6G/lajaTb HEKOTOpbIMH (Ha30BeM HX
npurydumeabroimy) cBolictBamu. Hanpumep, HenpuBoaumas
Kapta o6f3aHa COCTOSITb TOJIBKO U3 O00HOC8A3HbIx ObJacTed.
(He mpeTeHays Ha CTPOroCTb, MOXKHO CKa3atb, YTO OOHOCEA3HOL
Ha3bIBAIOT TaKylo 06J1acTb, B KOTOPOH JIOOYI0 3aMKHYTYIO JH-
HHIO MOXHO «CTSIHYTb» [0 3TOH
ke objgacti B TouKy. Ecau
XOTb [IJI OJHOH 3aMKHYTOH
JIMHHMH 3TOTO Ce/IaTh HeJb3s, TO
obnacTb HeonHocBsizHa. CraH- R
JapTHHIM TIPUMEPOM OJHOCBA3.

® ©

Puc. 17 Puc. 18

Ho#t 06/iacTH fIBJISiETCS KPYT, MPHUMEPOM HEOHOCBA3HOH — KOJIb-
o (puc. 17). C npyro#i CTOpoHBI, IOKaXeM, YTO MOXKHO, He
yMeHblasi OGIIHOCTH, NpeAnosaratb HENPHBOAHUMYIO KapTy,
06/1a/alolLyI0 OIpeaeJeHHBIMU HeobA3ameabHbiMy CBOHCTBAMH,
B TOM CMBIC/IE, YTO €CJIH HEeNpHBOAMMas KapTa CYIUECTBYyeT, TO
MOXKHO NOCTPOHTb JPYIyl0 HENpHUBOAMMYIO KapTy, yxe obna-
JLaloLLyI0 onpejieJleHHEIMY HeoGsi3aTeJbHEIMU cBoHcTBaMH. Ha-
npUMep, ecl¥ HEempHBOAMMAs KapTa CYyLIeCTBYeT, TO MO HeH
MOXKHO TOCTPOHTb HENPHBOAMMYIO KYGHUECKYIO KapTy.

OueBHJHO, YTO €CJIM TMNOTe3a YeThipeX KpacoK HeBepHa, TO
CYILECTBYIOT 5-XpOMaTHUeCKHe KapThl H, CJie/loBaTeslbHO, CY-
ILECTBYIOT 5-XpOMaTHYECKHE KapThl ¢ MUHUMAJIbHBIM UHCJIOM 06-
Jacreii. OGpaTHO, ec/aH cyLiecTBYyeT HeMpHBOAMMAs KapTta, TO
OHa ABJIAETCS S5-XPOMaTHYECKOH MiaHapHOH KapToM, H THIOTe-
3a yeTbIpeX KpacoK HeBepHa, T. €. TUMOTe3a YeThipex KPacok
PaBHOCHJIbHA YTBEPXKIEHHUIO, UTO He CYILEeCTBYeT HenpHBOAHMBIX
KapT.

Y Hac MMelOTCs IBeé OCHOBHbl€ IPHUHHBI H3yYeHHs HENPHBO-
AuMbix Kapt. Ilpexne Bcero ans Toro, yro6bl nokasarb, YTO
mobas KapTta MoxeT ObITb packpalleHa B 4eThipe lBera, J0-
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CTaTOYHO YCTAHOBHTb, UYTO HENPHBOAMMAsl KapTra sBJseTcs
takoBoi. CJleloBaTe/IbHO, Mbl MOXKEM CUMTaTh, YTO Ta KapTa,
KOTOPYIO Mbl MBbITaEMCSI PaCKpPacHTb B YeThipe LBeTa, o6Jajaer
KaK NPHHYIHTEJNbHBIMH, TaK H HE06s3aTeJbHbIMH CBOHCTBaMH
HEMpPUBOJUMBIX KapT. Bo-BTOpEIX, MBI H3yuaeM HENpHBOAHMMbIE
KapThl B Hajexle YBeNHYHTb TaK Has3biBaeMoe 4ucao bupk-
20¢ha, paBHOE MHHHMAJIbHOMY YHCJY obJiacTedl HeNmpHBOIMMOMN
KapThl. Uncso Bupkroga N nosaraior paBHBEIM 0o, €CJIH HeNpH-
BOIMMBIX KapT He cyuiecTByer. JIio6asi KapTa ¢ 4yHCJIOM obJac-
TeHl, MeHbIINM N, pacKpallliBaeTcsl B YeThipe LBeTa.

OrHocuTenbHO yHes1a Bupkroda usBecTHO oueHb Maso. 3a
50 ser, HaunHas ¢ 1922 roxa, korna PpaHKIHH NMOKa3al, YTO
N = 26, ouenka ans N nosblnajach 6iarofaps YCHJIHSM
MHOTHX uccrenoBaresiell. [locnenHuit Ha cerofHSIIUHUA JeHb
IIar B 3TOM HampaBjeHuH cienan I'. A. Jlowel, AokasaBMi
B 1971 ropy, uto N =42,

Henpusonumoctb siBiisieTcsi oueHb CHUJIBHBEIM TpeGoBaHHEM,
M Mbl CyMeeM BBIBECTH MHOTHe CBOFCTBAa HENPHBOAMMLIX rpa-
¢oB. Tak kak neriM u mapasjenbHbie pefpa He BJHSIOT Ha
OKpallHBaeMOCTb rpada, To Mbl Bcerja MoxeM MpeanoJIOoXHTb,
yTO HenpHBOAMMBIA rpad — mnpocroii. HMrak, nycrb G — He-
npuBoauMBIH npocroii rpad. Torpa moxHo yJoXuth rpadp G
B MaKCHMaJIbHBIH My1aHapHbIA rpad G ¢ TeM Ke YHCJIOM BEpIUKH.
I'pad G — TakkKe 5-XpOMaTHUECKHH M, C/EJOBATeNbHO, HEMpH-
BoauMbIH. Takum o6pasoM, ecqH CyIEeCTBYeT KakKoH-TO ImJia-
HapHBIH HEMPUBOAMMEIHA rpad, TO CYLIECTBYET TaKKe HenpHuBO-
IHMBI NPOCTOH MaKCHMaJbHBIA NJaHapHbf rpad. OmuH pe-
3yJIbTaT YHUTHH, O KOTODOM Mbl YK€ YNOMHHAJ/H, rapaHTHpyeT
CYLUECTBOBaHHE FaMHJ/IbTOHOBA LHKJA B JIIO60M IPOCTOM MaKCH-
MaJIbHOM TJIaHapHOM rpacde, Ho Jito6as KapTa ¢ raMHJIbTOHOBHIM
LIMKJOM MOXeT ObiTb packpailleHa B 4eThipe uBeta. [Ipyrumu
C/IOBaMH, HCXOASl M3 NpPOH3BOJIBHOTO HENMpHBOAMMOro rpada,
MBl MOJNIYYHJH APYTrOH HenpuBOAMMBIA rpad, Kapra KOTOPOro
MOXeT GObITb pacKpalleHa B YeTkipe liBeTa. Takoe CBOHCTBO fiB-
JisieTcsl Heo6s3aTeJbHBIM (B YKa3aHHOM Bbllle CMEIC/IE) LISl He-
NpUBOAUMOrO rpada.

U3 atoro, KoHeuHo, He cJleyeT, YTO Mbl MOXEM PacKpacHTh
BEepLUHHBI 3TOr0 rpada, HCroab3yst TOJbKO ueThipe uBeTa. OT-
MeTHM, 4TO Jo6asi Kapra M, ans Kotopo#t onopHuii rpap U
(M) — makcHUMaJIbHBIH, OYEBHIHO, SIBJISIETCS TPEYTrOJIbHOH.
BepHo u o6patHoe, 11 JI0GOH TpeyroabHOH MIaHapHOH KapThl
M rpadp U (M) — makcumanbhblii. OTMeTHM, YTO JIIOGYIO Tpe-
YTOJIbHYI0 KapTy, 3a HCKJIOYeHHeM IOBEPXHOCTH TeTpasipa,
MOXHO pacKpacHTb B TPH LBETa.
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PaccmatpuBas kapThl W NpHBJeKas ABOHCTBEHHbE COOGpa-
XeHHs (1yaJbHOCTb), MOXKHO NOKa3aThb, YTO BHILIEYNOMSIHYTHIE
Heo6s3are/IbHble YCJIOBHA AJif HENPHBOAMMBLIX rpadoB MOpOX-
JaloT ClelylollHe TaKxe HeoGs3aresNbHble YCJIOBHA IJIfl He-
NPHBOJAMMBLIX KapT:

a) OTCYTCTBHE MOCTOB;

6) e o6nacTd rpaHuyar He Gosiee YeM MO OJHOH CTopoHe,

B) KYOHYHOCTb.

C apyroii cTOpOHbI, HEKOTOpHIE XapaKTEePHCTHKH SBJISIOTCA
NPUHYJUTEJNbHBIMH VIS HEMpUBOAMMBIX KapT. Jlio6as Kapra
JIEJIUT TMJIOCKOCTb Ha OTKPLITHIE CBfA3HbIE KOMNOHEHTHl. O6macTu
3TOH KapThl €CTb B TOYHOCTH 3aMBIKAHHSA 3THX KOMIIOHEHT.

Teopema. ITycmo M — nenpusodumas kapma. Tozda aobas
(3a uckaoueruem erewurell) obaacme 8 M seasemes 00HOCBA3HOU.

Ioka3arenbcrBo. [lonycTuMm, uto ob6sacTb R He sBJseTCS
oxHocBsi3HoM (puc. 18). Torna o6aact R pa3buBaer mI0CKOCTb
Ha BHYTPeHHIOIO W BHelHiol yactH. O6nacte R Bmecte ¢ 06-
JIaCTSIMH, BHYTPEHHHMH MO OTHOLLEHHIO K Hel, o6pasyeT Kap-
Ty M,, a obnacTb R BMecTe ¢ BHEIIHHMH 06JIacTAMH — JpY-
ryio kapty M,. Tak kak u M; n M, conep:xar meHbiue o6Ja-
cTe#, ueM KapTa M, TO B CHJly HenpuBOAUMOCTH M MOXKHO pac-
KpacuTb B 4YeThipe LBeTa Kak Kapty M,, Tak u Kdpty M,.
[NepectaBnsas uBera B packpacke KapThl M, Mbl MoxeM ofec-
NeYHTh OKpacKy obJacTd R B TOT »Ke LBET, YTO H B Kapte M,.
310 no3Bo/isieT 00BEAMHHTb 06e pacKpacKu B OOILYI0 pacKpac-
Ky KapTel M B ueThipe LiBeTa.

B nepeBoje Ha #3bIK AyasbHbiX rpadoB 3Ta TeOpeMa 3KBHU-
BAJICHTHA TOMY, YTO HENPUBOJHUMBINA NJIaHAPHLIHA rpad He UMeeT
MOYEK COYNCHEHUSA, T. €. TAKHX BEpLIHH, ylajeHHe KOTOpbIX yBe-
JIMYHBAET YHCJIO CBA3HBIX KOMMOHEHT rpada. B paccmarpuBae-
MOM c/1y4yae HEOAHOCBSI3HOH M TOJIbKO HEOJHOCBS3HOH 006JacTH
KapTbl M cooTBeTcTBOBasa Gbl B 1yabHOM rpade TOUKa couseHe-
Hus. C 1pyro#i CTOPOHBI, OTCYTCTBHE B rpace ToueKk cousIeHeHUs
TOBOPHT O TOM, YTO rpacd no KpaiiHeit Mepe 6ucBsizeH. B neficTBu-
TEJIbHOCTH K€ BCAKHH MaKCHMaJbHBIA NJIaHapHbIfi HenpHBO-
IuMblit rpad G no/KeH GbITh TPeXCBA3HLIM. B camoM aere, ecin
MBI pacnofioxxum rpad G Ha cdepe, TO NOTYYHM TPHAHTYJISALHIO
ceprl (T. e. pasbuenne chepbl Ha TPeyroJbHHKH) TakK, YTO MO
Teopeme llItefinnna G — TpexcBsA3HLIH (TeopeMa IlTeliHuna yr-
BEPX/aeT, YTO BepIUMHbI ‘M pebpa TPEXMEepPHOro BHIMYKJOro
MHOrOrpaHHHKa o06pasyioT [JIaHapHBIi TpeXCBA3HbIH rpad,
H 06paTHo).

Cefiyac Mbl CMOXeM, HCNIOJB3YS AyaJbHOCTb, J0Ka3aThb CJle-
AYIOIYIO TeopeMy:
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Mycme M — Henpusodumas xkapma, ydoeaemsopsrouasn He-
00s3amenbHola ycaosuam a), 6), 6). Tozda ee onopuuii epag
U (M) mpexcsnsen. A

HoxkasarenscrBo. [IpencraBum ceGe kapty M Kak Kapty
Ha cpepe. Torna pyanvHwiit rpag D (M) pas6usaer chepy Ha
TpPeyroJibHUKH (TpHaHryasiuus coeper). B cBolo ouepeanb, Bep-
IUHHEL K pebpa AyaJIbHOrO K JII0GOH TPHAHTYJIALNH cdephl rpada
MOXKHO peasu30BaTh KaK BepIUHHBI H pebpa BBLIMYKJOro MHOTO-
rpanHuKka. CreoBaTesbHO, MOXXHO CYMTaTh, 4YTo Kapra M —
3TO NMOBEPXHOCTb BBIMYKJOFO MHOTOTPaHHHKA, H MO3TOMY B CHJY
TeopeMn! IlltefiHyua ee onopHbIi rpad Tpexces3eH.

Takum o6pa3oM, TPeXCBAI3HOCTb OMOPHOro rpada sBjaseTcs
Heo0s13aTe/IbHbIM CBOMCTBOM HENPHBOAMMOH KapThl. JTOT pe-
3yJIbTaT KaXeTCsl OCOOEHHO HHTEPECHBIM, €C/H HMETb B BHIY
TeopeMy YHTHH, KOTOpasi yTBEpPXJAaeT, YTO TPEXCBA3HLIHA rpatp
MOXHO pPa3MeCTHTb Ha TNJIOCKOCTH eIHHCTBEHHbIM O00pa3oM.
Wnave roeopsi, B 3TOM cjyyae Kapta M MNOJHOCTBIO Ompeje-
Jsercsi cBoMM omopHeiM rpadom U (M).

Kputnueckne rpadsl H HenmpHBOAUMOCTb

I'pad G ectb pebepro-xpumuueckuti, ecnu cTArMBaHHe JiO-
Goro .ero pe6pa‘ MOHHXKAET XpOMaTHYeCcKoe YHCJI0 rpada.

OueBuaHo, J06oii HenpuBo1uMblil rpad G sBAsieTCs Kak
BEPLIMHHO-KDHUTHYECKUM, Tak H pebepHO-KpHUTHUYECKHM, [O-
CKOJIbKY H YJa/leHHe BepllHHbl, M CTArWBaHHe pebpa yMeHb-
wawT ofllee KOJHYECTBO BEPLUMH, T. €. U Ta W JApyras onepa-
UMH [OHHXKAlOT XpoMmaruueckoe uucsao. [Toatomy Mbl MoxeM
HCCJIe0BaTh CBOHCTBA BepLIHHHO-KPUTHYECKHX HWJH peGepHo-
KPUTHYECKHX TpadioB C LebO J06bITh HHPOPMALLHIO O HEMpH-
BOAUMBIX rpadax.

pad G HasbiBaercsi k-pebepHo-c6a3HbiM, €C/M BBIKHIbIBA-
HHE H3 HEro MeHbluero, YeM k yucnaa pebep He NPHBOLMT K He-
CBS3HOMY Trpady.

Ope n0Kasasl cjeayiolLylo TeopeMmy.

Teopema Joboti 5-xpomamuveckuti BepuLURHO-KpUNiuYe-
ckutl epagh sasasemcs 4-pebGepHo-C6A3HLIM.

Ananoruynas Teopema 0 pe6epHO-KpHTHYECKHX rpadax
noayueHa Jupakom.

Teopema. [Mycme G — pebepro-kpumuneckuii epag, u ezo
Xpomamuyeckoe Hucao 'y, (G) =5. Toeda epad) G 5-cessen.

" TaxkuM o6pasoM, KaxkIbli HENPHBOAMMbII MJIaHApHBIA rpad
9-cBsi3eH.
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Me:l MOXKEM NpH MOMOILH NOCNENHEro pe3yJsbTaTa 3aHOBO
BBIBECTH TeopeMy (M3 mpeablayliero naparpaga) o ToM, YTo He-
06f3aTe/IbHLIM  CBOHCTBOM HENPHBOAMMOrO rpada sBJAfeTCs
PacKpalMBaeMOCTb ero KapThl B YeThipe useta. [laa storo 1o-
nyctuM, uto G — HeNpHBONMMbIH N/aHapHbIi rpad u, creo-
BaTeJIbHO, 5-cBsizeH. Panee ye YIOMHHAJIOCh O TOM, 4YTO BCS-
Kui 4-CcBSISHBIA IJIaHapHBIH rpad — raMHJIBTOHOB. 3HAuYHT,
paccmaTpuBaemblii rpad G MoaaBHO TaMHJIBTOHOB, a CJ/i€l0Ba-
TEJIbHO, €r0 KapTa pacKpalliMBaeTcsl B YeThipe LIBeTa.

Ormerum Tenepb onHy Teopemy Bupkroda o cpoiictse He-
npuBoaumbix Kapt. IlocnenoBatenbHocTs R,, R, ..., R,
ob/1acTedl KapTel MPH YCJIOBHH, YTO R, cMexHa ¢ R,, R2 ¢ R,
«. Rp_y ¢ Ry, R, ¢ R, v HuKaKue apyrue maphi obnacreii R;
H R; mexny co6ol He CMeXHBI, COCTaBJISIET K0AbYO.

Tak Bot, Teopema Bupkroda ytBep:xnuaer, 4to ecau xapma
M nenpusoduma, mo M He moscem codepacame Koabya u3 5 06-
Aacmetl, ecau mMOAbKO OHO He OKPYiHaem NAMuYyeOrbHUK.

IpuBoaumbie KOHQUTYpaLHH

[Mocnennss T€OpEMa TMOICKa3bIBa€T CcCJeaymouee omnpene-
JIEHHE.

IMycts G — rpad. Torna Gyaem HasbiBaTh G npueodumoii
KoHgueypayueli, ecnn rpad G He Moxer ObITh noarpadom He-
npusoauMoro rpada. [IpuBoauMble KOH(Hrypauuun Ha Kaprax
onpeeaioTca AyaJbHo.

Takum o6pa3oM, TOJIbKO YTO YMNOMMHABIUMHCA pe3yJibTar
Bupkroda yTBepxaaer, 4To KOJNBUO M3 NATH objacreit, He
OKpYyXaioliee MNATHYroJbHUK, — NpPUBOAHMas KOH(pHUrypauus.

Mbl uMesH yKe U Ipyrye THIbI IPHUBOAUMBIX KOH(HUI'Ypauuii;
HanpuMep, Takod sBJfeTcs Jiobas objacTb He GoJjiee yeM C
YeTHIPbMS CTOPOHAMH. JTO MO03BOJISAET HaM MOJYYHTb HHUXKHIO
rpanuny Ais uyuciaa bupkroda.

Ecin M — gy6uueckasi KapTa M r; 0603HayaeT YHC/IO 06-
Jacteli B KapTe, OrpaHHYEHHBIX [ CTOPOHaMH, TO 3n=2m H
‘2m—2‘.ir ComnocraB/ieHHe 3THX ypoBHel ¢ dopMyJol ditnepa

n— m + r = 2 NpHBOAHT K COOTHOLLUEHHIO 2 6—10r, =12.

Ecnn kapra Henpusoauma, 1o r; = 0 ana l< 5, u, cuaeno-
BaTeJbHO, €IMHCTBEHHLIH NOJOXHUTENbHbIH YJleH B 3TOH CyM-
Me — 310 (6—5)r; = ry — unci0 nATuyronbHHKoB. Otciona
MBI TYT K€ MOJIyuaeM, YTO HenpHBOAMMAs Kybuueckas KapTa
JIO/KHA colepXaTb MO KpaiiHe#i Mepe 12 nATHYroJbHHKOB.
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Eciu KapTa COCTOMT B TOYHOCTH H3 12 mATHYrOJAbHHUKOB,
TO 3TO — JI0JeKa3/p, KOTOPbIfi MOxeT GbiTh pacKpalleH B ye-
Thipe LBeTa. 3HAYHT, B HENPHBOJAHMOH KapTe NOJXKHO couep-
XaTbcs no KpafiHefi mepe 13 o6uaacteit. Muaue roBops, aoka-
3aHo, uTo uHcao Bupkroda He meHbwe 13.

Uro6bl yJayuyllluTh 3Ty HHXKHIOIO OLEHKY IJs 4ucia Bupk-
roda, Heo6x0AuMO HOGBITH Goslee KpYNHbIE NPHBOAUMbBIE KOH-
¢durypauns. M naxe torna ypennHueHue HMXKHeH I'PaHHIBI MO-
XKeT ObITb CONPSKEHO C GOJIBIUMMH TPYAHOCTSIMH, NOTOMY YTO
Kax/Iplii pa3 NpHXOAMTCS pacCMaTpHUBATb MHOrO KOMOGHHATOD-
HBIX BO3MOXHOCTEH.

Jas nepeuncieHHst ApPYrMX NpHBOAMMBIX KOH(pHrypauui
HaM NMOHaloGHTCA OCOOBIH KaproH. OTH KOHQHUrypauuH GyayT
H3JIOXKEHBl B TepMHHAX BepLUMH, HO, KOHEYHO, MOTYT OHITb 1y-
ajJlbHO TiepeHeceHbl Ha 06J1acTH.

HasoseM BepiuuHy v creneHH k k-gepwuroil. JloGas Bep-
IUHHA U cTeneHH 6 WJM MeHbllle — MUHOPHAA, BeplliHHa CTe-
neHH 7 HWIH BbliLe — maxcopras. Cocedxka — 3TO BeplLUHHA,
cMexHas ¢ BeplwHHOH v. Eciu coceika — k-BeplinHa, TO
Ha3oBeM ee k-cocedkoti. Tpu BeplUMHBI COCTABJASAIOT mpuady,
€cid OHH 00pasyloT TpH yIvia TpeyrojbHHKa. JBe coceaku c
BEPLUMHOH Uy nocAe008ameAbHbL, €CId OHH BMECTe C Up cocmB-
astor Tpuany. CocekH C BepPIIMHOR Uy — Uy, Ugy . . .,
Ha3LIBAIOTCS N0CA006aMeNbHbIMU, €CIIH V;_ U V; (i=1,2, ..., r)
TnocJiel0BaTe/IbHbl B TOJIBKO YTO YKa3aHHOM CMbICJIe.

Bor oaHa U3 XpOHOJIOrMYECKH NepBLHIX TEOPEM O NpPUBOAH-
MbIX KOH(QHrypauHusx.

Teopema 1. 5-sepwuna npusoduma, koz0a y wee eoms mpu
nocaedosamensroie 5-cocedku.

Hmeerca aHalornyHasi TeopeMa Ajs 6-BepLIHH.

Teopema 2. 6-sepuiuna npueoduma, ecau y Hee ecmv mpu
nocaedosamenbtibie  5-coceOKu.

M3 sTuX pe3ynbraToB BbiTeKaer

Cnenctsue. 5-eéepuwiuna v npugoduma, ecau OHa umeem
mpex 5-cocedox u 00wy 6-cocedky.

JloxasatesnbcTBo. Ec/iM NpeANoOJIOKHTb, YTO BepIUHHA U
HEeNMpHBOJMMA, TO N0 TeopeMe | OHa J0/MKHA MMeTb Tpex nocJe-
JIOBATE/IbHBIX COCENOK Uy, U,, Us, MPHUEM U, sBJIsieTCS 6-Bep-
IIMHOH, a v; U Uz — 5-BepiuHamMH. Ho Torjga 6-BepumnHa v,
HMeeT TpeX MNOCJENOBaTeJbHBIX 5-COCENOK H, 3HAUMT, MO Teope-
Me 2 npuBOgHMa.

Teopema 3. 5-6epuuna ¢ 0syma 5-cocedxkamu u mpems 6-
cocedkamu npusoouma.
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BoT ele HECKOJBLKO TeOPEM O NPHBOAMMBIX O-BepliHHaX.

Teopema 4. 5-6epwuna npueoduma, ecau y Hee 00Ha 5-co:
cedka u vemeipe G6-cocedKu.

Teopema 5. 5-sepwuna npusoduma, ecau éce ee cocedku cymo
6-6epLuuHbL.

ComnocraBifig NpeibAYLIHE TEOPEMbI, NOJYd4aeM clelyloLiee

Caencteue. S-gepwuna npueoduma, Koeda ece ee cocedKu
MUHOPHYL. ' '

Takum o6pa3oM, B HeNMpHUBOAHMOM rpade Kaxnas 5-Bepuiu-
Ha MMeeT MaXXOPHYIO COCeIKY.

Teopema 6. 6-8epwuna npusoduma, ecau ece ee coceOku Mu-
HOPHbL.

Belin nonyvensl HeKoTOpble OOliHe pe3yJbTaThl O YHCJE
NoC/eJ0BaTeNbHbIX 5-COCENIOK VISt n-BEPLUMHBI B HENPHBOJAKMOM
rpade.

Teopema 7. n-sepuiuna 6 HenpueoOumom zpaghe He modxcem
umemo 60abuie n—3 nocaedosamersHoix 5-cocedox npu wemuom n,
u Goavwie n—2 maKux coceJOK NpuU He4emHoM n.

IOna n=7 5TOT pe3yJbTaT MOXHO YJYYLIHTb.

Teopema 8. 7-gepuiuna Goaee uem ¢ 4emoipoms nocaedosa-
meabHbIMu  5-coceOkamu npusoduma.

Takum o6pa3oM, 7-BepluHHA He MEHee YeM C ILIeCThIO 5-COo-
cellkaMH NpPHBOAMMA, T. €. B HenpuBOZHMOM rpade y JoGoi
7-BepLIHHBI MMeeTcst He GOJiblle MATH 5-COCElOK.

Hexotopbie HOBble NpHBOAMMEIE KOHHUTIYpaluuy GblIN O6Ha-
pyxenbl Ope u Cremniiom. Hanpumep, uMeercs Takoii pesyJib-
Tar.

Teopema 9. ITycms v, — 5-sepuiuna ¢ coceOkamu vy, v,,
Uy, U, Us. Ecau coomeemcmeyrowguii cnucok ux cmeneteld:
ects (6, 5, 5, 6, 7) u, kpome moeo, v, u v, cocmagaaom mpuady
¢ 5-eepuunoll w = v, mo Kowgueypayus npusoduma,

Mol He nbiTaNHCh 31€Ch NPHBECTH MOJHBIA MM XOTS Obl
NPUGIU3UTENLHO NOJIHbIA CITHCOK NMPHUBOAUMBIX KOH(HTypauHi,
HO TpeAnoYIH nepeiatb AyX Te€X MaHHMyJAUHH, ¢ NOMOLIBIO
KOTOPBIX OHHM JOOBbIBAIOTCH.

Fnasa 4. PE3YJIbTATbI
HexkoTtopbie focraTounbie yca0BHS

" Jhio6oe u3 cAepylOmHX HHXKE YCJIOBHH, HAJOXKEHHBIX Ha
KapTy, SAIBJfIETCS JOCTATOYHBIM IJIi TOro, 4yToObl ObITH YyBe-
PEHHBIM, YTO TaKasf IJiaHapHasf KapTa pacKpalliHBaeTcs B YeTHl-

pe uBera:
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a) HeKoTopasi 06/1aCTb OrpaHHyeHa He 6oJiee YeM YeThIpbMs
CTOPOHAMH;

6) Kaxnas o6/sacTb OrpaHuyeHa He 6oJsiee 4eM MATbIO CTO-
pOHaMu;

B) HMeeTcst He Goslee 21 BepuIMHBI CTemeHH 3;

r) COBOKYMHOCTb CTpaH, Y KOTOpHIX 6oJiee ueThipex coce-
Jeil, MOXXHO pa3jieluTh Ha JBa KJiacca TakK, YTO OJMH KJjacc
COZIEpKHUT He GoJiee OJHOM CTPaHbl M HHKaKHe JiBe CTPaHBI ApY-
TOro KJjacca He SIBASIIOTCS COCEISIMH;

n) Kapta — Ky6Hueckas, He COAEpPXHT MOCTOB, H YHCJIO
CTOPOH KaxJI0H O0/MacTH KPaTHO TpeMm.

OnHako oyeHb Majlo MPENJIONEHO KOHCTPYKIHH, crocoGoB,
YKa3blBalOUKX, KaK Hal0 pPacKpalluBaTb HEKOTOpble 1OCTaTOY-
HO ofliue KJaaccel kapt. Caenyiolias cxeMa NpOJeMOHCTPH-
pyeT HaM, KakuM o6pa3soM MOXXHO DacKpacHTb B TpH LiBeTa
pebpa KapThl W3 OJHOrO TaKOro KJjacca.

ITycrb M — xy6uueckas KkapTa, He HMeIOLIas MOCTOB.
[NpennonoxuM Takke, uTo yucJIO pebep Ha rpaHuue Kaxuo#
06J1aCTH KPaTHO TPeM, T. €. KapTa M yLOBJIETBOPSIET YCJIOBHIO
A). PuHrenb npeasioxXua KOHCTPYKTHBHYIO CXeMy OKpalllH-
BaHUA peGep KapThi M B Tpu uBeTa.

Ilepenymepyem usera 1, 2 u 3, KOTOpLIe LUHMKIHYECKH YyMO-
psinounmM: 3a | caeayer 2, 3a 2— 3,32 3— 1. Ecniu e, f u
g — Tpu pebpa kapThl M, cxoasiuuecss B OXHOH BepllHHE, TO
yNOpSIIOUMM HX MO HANpaB/IeHHIO YacOBOH CTPeJiKH, YCJ/IOBHB-
LUKCb, 4TO, ABHTAsiCh OT PeGpa e No YacoBOH CTpeJKe, Mbl BCTpe-
THM CHayana [ W norom g.

Cxema packpawmnBanus. Haunem c Hekotoporo peGpa e
KapThi M M OKpacHM ero B MPOM3BOJIbHBIH LBET, CKaxeM, l.
PaccmotpuM Tenepb uerbipe pe6pa, cMexHble C e, MO 1Ba B
KaXJoM KoHLe pebpa e. Tak kak B 0GOHX KOHLax pe6pa e
pebpa ynopsiloueHbl MO YacoBO# CTpesiKe, TO KaxJoe H3 ye-
ThipeX pebep JuGO mpeallecTBYeT e, JHGO CJEAyeT 3a HHM.
Ipunuiuem KaXaoMy W3 HHX cooTBeTcTBYIOWUA user. Ta-
KHM o6pa3soM, pe6po f, cienyioluee 3a e, OKpaIlMBaeTCs B LBET
2. 10T mpotiecc NPofoJIKaeM 10 TeX Nop, Noka He GyAyT OK-
paileHbl Bce pebpa.

Ora npoueaypa He ABYCMBbICJEHHA, APYTHMH C/IOBaMH, KaxX-
Joe pe6po OKpallMBaeTcs ToJbKo B oAMH uBeT. CienoBaresib-
HO, HHKaKHe /iBa CMEXHLIX pe6pa He OKpallMBalOTCH B OJH-
HaKOBBIf L1BeT.

druM  obecrneynBaeTcsl KOHCTPYKTHBHOE JOKa3aTeJs bCTBO
JOCTaTOYHOCTH YCJIOBHSA [) AJSl PacKpaliMBaeMOCTH KapThl B
yeThipe LiBeTa, MOTOMY YTO, KaK Mbl yXKe BHJENH, ec/H 3aaHa
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TpexuBeTHasi packpacka pefep KyOHUECKOH KapThl, He CO-
Jiepaleil MoCToB, TO CYILECTBYeT cnoco6 packpacuth obia-
CTH 3TOH KapThl B YeThpe LBETa.

Packpacka KapT Ha NOBEPXHOCTSX,
OTJAMYAIOIWUXCS OT MJIOCKOCTH H cepbl

Ha ¢one Toro, uro mpo6nema yeTelpex KPacoK 4O CHX NOP
He pellleHa, MOXET MOKa3aTbCfl HEOXHJAHHBIM, YTO aHaJIOrHy-
Hble 3a7aud JIs IPYTHX OpHEHTHPYEMBIX IIOBEpXHOCTEH pe-
IIE€HbI IIOJHOCTBIO. --

l'oBopAT, uTO mMoOBepXHOCTb S, umeer pod p, €C/IH OHA ro-
MeoMopdHa cdepe ¢ p pyuKamH,
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Mol He OyneM 3jeCb OCTaHaB/JMBATbCA Ha 3/IEMEHTAapHBIX
¢akTax TOmoJloruH. UuraTenmo, KOTOPOMY OHHM He H3BECTHHI,
CKaXeM TOJIbKO, YTO peub 3JeCb MIET O MNOBEpXHOCTAX, M30-
6pakeHHHIX Ha puc. 19.

CdopmyupyeM 3HaMeHHTYIO TRopemy XHBYIa O packpa-
CKe KapT Ha TaKHX MOBEpPXHOCTAX.

Jlio6as kapTa, pacmnosioxkeHHasi Ha (OpHeHTHpyemo#) ro-
BepXHocTH S, poaa p (p=1, 2...), MoxeT GbITb pacKpalleHa
B YMC/IO UBETOB, HE MNpEBOCXOAslee X, e

[7 +V1+¥48p ]
LU R

31ech, KaK M paHblle, KBaJpaTHble CKOOKM O3HAYaloT Le-
JYIO YacTb YHCJa, 3aKJIOUEHHOrO B HHX.

JlokasaTenbCTBO 3TOH TeopeMbl MOMHO HaHTH B KHHre
Xapapu. 3ameTHM, 4YTO %,=4, T.e€. CNPaBEeNIHBOCTb 3TOMH
Teopembl nmpH p=0 6bl1a Gbl paBHO3HAYHA CMpaBeNIHBOCTH
TUTOTE3bl YeThlpeXx Kpacok. Ho, K coxanenuio, €IHHCTBEHHOE
M3BECTHOE JI0Ka3aTe/lbCTBO TEOpeMbl CYLIECTBEHHO 3aBHCHT
oT npeanosoxenus p>0.

XuByl, o6HapyXHBIIHH OIIMOKY B JloKa3aTenbcTBe Kemre,
caM OKasajicsl B KaKOH-To Mepe B poau KeMmile. A MMeHHO OH
CYyuTal, 4TO €My YAa/loCh [0Kas3aTh, YTO YHCJO § Aiad p=l
JOCTHraercsi XOTb AJsl OLHOH KapThl Ha MOBEPXHOCTH poja
Spy T. €. Ha MOBEPXHOCTH S, MMEETCA KapTa, XpOMaTHuecKoe
YHC/IO KOTOPOH paBHO Y,. Yepes roa Xeddrep ykasan nerou-
HOCTH B paccyxkleHusix XuByJa M, INOMHMO 3TOro, JOKasalj
TOYHOCTb uMCNa ¥, Wi 1:<p=<6.

B camoe nocnennee Bpemss Punremo u SIHrcy yamajoch no-
Ka3aTb 1/ JI06Oro Le/Oro MnoJIOXKHTEAbHOIO p, YTO Ha NOBEpX-
HOCTH pojla p MMEETCsl KapTa, XpOMaTHYeCKOe YHCJIO KOTOpoOil
B TOYHOCTH PaBHO Xp.

JocTaTOYHOCTD 1IECTH LBETOB

Teopema. JIwbas naanapras xkapma moxcem 6Gouns. packpa-
WIeHQ 8 Luecmb Yeemos.

[loka3ate/nbCTBO JIETKO NPOBOIAMTCS HHIAYKTHBHO IO YH-
cay obnacted. Ecin kaprta coctour He GoJiee ueM M3 LIECTH
obnacTedf, TO OHa, KOHEYHO, pacKpallHMBaercs B LIECTb LIBETOB
[Ipeanonoxum y:xe NOKasaHHBIM, YyTo Jobasi KapTa, COCTOS-
was u3 r obsacTedl, pacKpalluBaeTCs LIeCThIO BeTaMu. [loKa-
xem Tenepb, yto Jobas kapta ¢ r+1 obaacramu obnaanaer
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3THM »xe cBOHCTBoM. PaccmorpuM kapty c r+1 o6aactsaMi.
Kak Mbl yxxe BuaeaH, BciencTtBue ¢opMyJbl Diyiepa XoTs Gbl
ollHa u3 obnacreil uMeeT He GoJjee nATH CTOpPOH. Toria, pas-
IenuB 3Ty obaactb Ha yactd (puc. 20) M NMpPHCOEIHHHB HX K
COCELHUM 06/1acTsIM, MOJNYYHM HOBYIO KapTy C r 06JacTSMH.

“V,Cy

VsCs VaCy

AW V5Cs

Puc. 20 Puc. 21

ATy KapTy MOXKHO MO NPEAMNoJIOKEHHIO HHAYKLUHH PacKpacHTb
B 1IecTb LBeToB. BosBpaunasice Kk HcxoaHo# kapte ¢ r+1 o6-
JIaCTAIMH H YUYMTHIBafl, YTO BbiJe/ieHHas o6JacTb uMeeT He 6o-
Jiee MATH cocefied, MojyyaeM, 4YTo A5 3TOH 06JAcTH HMeeTcCs
«CBOOOZHAsly KpacKa M3 4YHCJa [UEeCTH.

JLOCTaTOYHOCTDb NMATH LBETOB

Teopema Xuyna. JIrobas naanapras kapma moxcem Goimno
PACKpALEHa 8 nameo YBemos.

JlokasatenbcTBO Oy/NeT MpPOBENEHO B TePMHHAX AyasbHBIX
nJaHapHeIX rpadgoB HHAyKUHeH MO 4YHCay BepluuH r. Eciu
r<5, T0 Teopema oueBuHa. [IpeanosioxeHne HHAYKUHH 3aKJIO-
YaeTcsl B- TOM, YTO KaXKAblii NJaHapHBIA rpad c r BeplIHMHAMH
MOXKHO pacKpacHTb B naTh uBeToB. [Iyctb G — nuianapHulit rpad
¢ r+1 BepwuHamu. B rpade G mmeercsi BeplIMHA U CTENEHU
5 uan meHpwe. ['pap G — v, noayuaromuics U3 G ynajaeHu-
€M BEpIUHHBl U H HHUMIEHTHBIX C HeH pebep MO Mpeanosoxe-
HHIO HHIYKLUHH MOXHO pacKpacHTb B NATb LBETOB.

PaccmoTpuM Takylo packpacky rpapa G — v. Llgera 6y-
JieM 0603HayaTh Yepes Cy, Cy, C3, Cg4y C5. [IOHATHO, UTO €CAH B
pacKkpacke BeplIHH, CMEXHBIX C U, XOTsl Gbl OJMH HBET He HC-
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NoJIb3yeTcA, TO €0 MOXKHO HCHOJb30BaTh /Il OKPaUIMBaHHS
BepwMHbl v. [losToMy eciM, B 4acTHOCTH, CTeNeHb BepLUHHBI
U MeHbllle NATH, Torpad G pacKpaulMBaeTcsi B NATb LBETOB.

[Tyctb creneHb BepliMHBI U paBHA NATH, M AIf BeplUUH
rpada G, CMeXHbIX C v, NPH NATHIBETHOH pacKpacke rpada
G — v HcnoJab30BaHbl Bce MAThb LBeToB. I1yCTh CMexXHble Bep-
IIHHBl Uy, Uy, Us, U4, U, OKPAllEHHBIE COOTBETCTBEHHO B 1IBETA
Cyy Cg C3 Cqy Cj, UHKJIHUECKH ymTOpAAOUeHH! (puc. 21) (3TO
BCEra MOXHO cJe/aTh, 3aHyMepPOBaB MOJAXOAfAUHM 0Opa3oM
CMeXHble BeplUHHbl M TEepPeHyMepoBaB, €CJIH HYXHO, lIBETa).
O6osnauum uepes G,; noarpad rpada G — v, MOpPOKIEHHBI
BCeMH BeplMHAMH, OKpalUeHHbIMH B OAHMH M3 LBETOB C, H Cj.
1ot rpad MoXeT ObITb HecBA3HHIM. ECJH BEepLIMHB ¥; H U4
MpUHAJJIEXaT TIPH 3TOM Pa3HbIM KOMIOHEHTaM, To rpap G — v
MOXKHO MepeKpacHTb B Te XKe NATb I(BETOB, MOMEHSB /ISl 3TOr0
B KoMmoHeHTe rpada G,;, coiepxauleit v;, APYr -C ApPYyrom
1BeTa BEpLUHH ¢, U C3 (C, HA C3 U C3 Ha ¢;). Yl Toraa ans okpa-
CKH BepLIMHBI U BLICBOOOXJAeTcsl LBET C;.

PaccMoTpuM Tenepb ciydail, Koria BepUIMHBI U; U U NpH-
Haanexar ofHo# KomnoHeHnte G,;. Torna B rpade G — v ume-
eTcs 3JeMeHTapHas Lenb, COeJHHAIOWAn U; C Uz, BCe BepllH-
Hbl KOTOPOH- IONepeMEeHHO OKpalleHbl B €; H Cy. ITa Lenb BMe-
cTe C lemblo vzvv, o0pasyer B rpade G 3/1eMeHTapHbI LUK,
KOTOPLIH OKpy»aeT JIM60 BepILHHY U,, JHO60 ABE BepIUUHHI
U, U vg. B mo6Gom U3 3THX c/y4yaeB BepIIMHBI U, H U, HeJb3s
COeHHHTh Lenbio B rpade G — v, BepLUMHBI KOTOPOH GbliH Obl
OKpallleHbl MomnepeMeHHO B LBeTa ¢, M cy. [lostomy  pac-
cMarpuBas noarpad G,, rpada G — v, NMOPOXKIEHHBIH BCeMH
BepIIMHAMH, OKpalleHHBIMH B LBETa C, H C4,  3aKJIOYAEM,
YTO BEpIUMHbl U, M U, NMPHHAAJIEKAT Pa3IHYHbLIM €ro KOMIO-
HeHTaM. MeHss Mexay coOOH LBera ¢, U ¢, BEPIUUH TOH KOM-
noHenthi moarpada G,,, KOTOpas CONEPXKHT BEPLIHHY U,
BhIIeJIfiEM «OCBOGOAMBLIMACH» WBET C, AJISA BEpUIHHBI U. ITHM
3aBeplluaeTcsl J0Ka3aTesbCTBO.

OaHO3HAYHOCTb PACKPAINBAHHUSA

Kaxnas packpacka rpaga G B k LBETOB MOpOXKiaer pas-
6HeHHe MHOXKEeCTBa €ro BepLIMH Ha Rk OJHOLBETHBIX KJacCoB.
Ecan moGoit apyroit packpacke B k2 UBETOB MHAYLHPOBaHHOE
pa36ueHde Ha KJjacchl GyJeT TeM e, TO roBopAT, uto rpadp G
O00HO3HA4YHO packpawusaemcs 8 k ysemos.

3ameruM, 4TO NpH JMOGOH k-packpacke OJHO3HAyHO pac-
KpallluBaeMoro B £ 1BETOB rpada Kax/Jas BepilMHa v J0JIKHA
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ObITh CMEXXHa XOTSA Obl C ONHOM BepLIMHOM Ka)IOro LBera, OT-
JIHYaloLlerocst oT 1Bera BepIunHb v. HHaue, nepekpacus ToJIb-
KO OJHY BepIUHHY U, MOJyuuJu Obl APYTyl0 pacKkpacky. Mel
31eCb NMpPHBEJEM HEKOTOpble pe3yJbTaThl OTHOCHTEJBHO OJHO-
3HAYHOCTH PacCKpallHBaHHs rpada B K 1BETOB.

Teopema 1. Ilpu k-packpacke 00HO3HQUHO PACKPAULUBAEMO-
20 e2pagha 6 k ysemos nodzpag, sasasoujuiica 00BeOUHEHUEM
MobbLx 08Yx OOHOYBEMHbIX KAQCCOB BEPULUM, CBA3EH.

Teopema 2. O0ro3rauno k-packpawiueaemeii epagp — (k—1)-
ceasnuuti. Coomeemcmsyrowjuii nodepag u3 m  00HOUEEMHBIX
Kaaccos (2:=<m-=<Ck) — (m—1)-cea3nobuii.

Teopema 3. [as kamdozo k=3 cyuecmsyem 00HO3HA4HO
k-packpawusaemoui epag, He codepicauiuii 8 Kavecmee nodzpaga
noansil epag wa k eepuiuHax.

3ameTHM, YTo 3/1eCh peyb Livia He TOJIbKO O MJIaHapHbIX rpa-
tdax. Urto Kacaercs mnJjaHapHbIX TpadoB, TO NOCKOJBKY B
KaXIOM TakoM rpade ob6s3aresibHO HMeeTcst XOTA Obl ofHa
BeplUHHA He GoJiee YeM C MATHIO CMEXHbLIMH BEepLIHHAMH, MJa-
HapHblll rpad packpaiunBaerca B k LBeToB npH k=6 Heon-
Ho3HauHo. Bosiee TOro, He cyulecTByer mJjaHapHbIX rpados,
OJIHO3HAYHO pacKpalllMBaeMbIX B MATh LBETOB. M3BeCTHO Tak-
JKe, UTO KaXXIbIH OJIHO3HAYHO 4-pacKpallliBaeMblii NJIaHapHbLIH
rpad sBISieTCs MaKCHMAJbHBLIM IJIAHAPHLIM.

Teopema 4. Iycme G — 3-xpomamuseckuti nAAHAPHHLLL
epag. Ecau 6 G coleprcumcs maxod mpeyeosorux T, wmo Ka-
KYro 6epuluny U HU 638mb, Cyuyecmsyent nocae0o8amesbHocHib
mpeyeorvhuxkos T, T, ..., Tp,, 8 Komopoti coceOHue 08a mpeyeorb-
Huka umerom obujee pebpo, U BepULUHA U eCrmb 8ePUIUHA NOCAE0-
neeo mpeyeorvtuka Ty, mo epag G packpawusaemcs 6 mpu
ygeema OOHO3HAUHO. ‘

Onna3HayHO pacKpallWBaeMbli B TPH LBeTa IJIaHapHBIA
rpad, uMelOIMA He MeHee YETHIPEX BEpIUMH, JOJ/IKEH COjep-
KaTb 0 KpaHHe# Mepe JBa TpeyroJibHHKa.

B ofwem e ciayyae packpaliHBaHHe KapThl WM rpaga
HEOJIHO3HAYHO.

Hexoropble nocJieiHHe pe3ynbTaTbl

BHe xpyra BompocoB, paccMaTpHBaeMblX B 3TOH CTaThbe,
ocrajach npo6jaeMa packpackH GECKOHEUYHbIX MJaHapHbIX rpa-
¢oB, B CBA3H C KOTOPOH MOXKHO OBbIIO Obl YIIOMAHYTL 006 HCe
cnefoBanusix paewa, X3kHana, XsHiMeHa,
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Ham 6bl Takxke Xxoresoch o6paTUTh BHHMaHHE YHTAaTe]sl Ha
HeKOoTopble Apyrue paGoThl mocjelHHX JeT. MoxHO ompene-
JIMTb HecessHoe packpawusanue (Mau D-packpawusanue) rpa-
(a KaKk pa3bHeHHe MHOXeCTBa BepLUHH Ha MNOAMHOXecTBa V,,
V,, ... V,, Takoe, uto A8 Kaxzuoro { yactb rpaga G, nopox-
IeHHas MHOXecTBOM V;, HecBsizHa. D-xpomamuueckoe 4HCJIO
%¢ (@), aHANIOrMYHO XpOMAaTHYECKOMY YHC/1Y, €CTL HaHMeHb-
llee YUCJO MOAMHOXECTB NpH JitoG6oM D-pacKpalllMBaHUH rpa-
¢a G. D-xpomarHueckoe YHCJIO 06JajaeT MHOTHMH CBOHCTBa-
MM XPOMaTHYECKOro Yuc/a, HO Koe B yeM ecTb pasjuude. Ha-
npuUMep, [OKa3aHa cjenyiouias TeopeMa: ecjiu G — mjlaHapHHIH
rpad, To %4(G)<4.

HeckoJibko c/10B 06 3BpHCTHYECKOM METO/le pacKpallUBaHUs
rpada, paspaboraHHom Ilekom u YunabsaMcom. OHH paccmat-
puBaloT rpad M npepnaralorT BBINOJHHTH LIS HaXOXJEHHS TeX
BEpLIHH, KOTOpble JO/IKHBI GbITb OKpalleHHl B k-i 1BeT, cie-
AylOllKe OmepalHu:

1) Ha#iTH cpean HeOKpalleHHBIX BEpLIMHY ¥ HaHUBbICLIEH
CTeMeHY;

2) npoBepHTb, ABJSAETCH JH U CMEXHOH C KaKoH-HHGYIb
BEpIUMHOM, yXKe OKpalleHHOH B Kk-LBeT;

3) ecaM HeT, TO OKpacHTb U B' LIBET &;

4) ecau na, TO HCK/IOUMTh U M3 YMCJAA BeplHH, OKpallH-
BAlOIIUX B LBET k2, H BepHYTbCA K mary l).

10T 3BDUCTHYECKHI METOX OMHMPaeTCi Ha PacCMOTpeHHe
BeKTOpa d, i-i KOMIIOHEHTOH KOTOpOro siBjsieTcs CTeneHb i-i
BEPLIHHBI. Y HIbAMC MOAM(DHULUpYET 3TOT MpoUecc, 3aMeHss
ajs aroro Bektop d Ha d,, rie BekTop d,, onpene/siercs mo-
caenosarenbHo: d,=d, d,,;,=Ad,,; 3aecp uepe3 A 0603Ha-
yaeTcsi MaTpuua cmexHocTell rpada G. Bekropa d,, npu m—-oo
CXOAATCAA K CJIaBHOMY COOCTBEHHOMY BEKTOpY Matpuubl A.
YuabaMcC 3aMeyaer, YyTo 3Ta CXOAHMOCTb HacTynaer, BooOiLe

rosops, nocje m=i/n uTepauui, rie n — 4YUCJIO BepIIHH B
rpade.

YunabsaMc npumMeHHs cBoH MOAMGMHIMPOBAHHLIA MeTOd K
packpacke ogHoro rpaga, cofiepxainero 700 BepLIMH, HCNOJb-
30BaB M 3Toro 28 KpacokK. 3ameTHM, yTo 34eChb peyb HAET He
o nuaHapHoM rpade. [losnHee ObLIO OGHapyKeHO, YTO 3TOT
rpag comepKHMT NMO/IHHI noArpad Ha 26 BepuIMHAX H Ywe LI
pacKpacKH Takoro mojrpapa HyxKHO 26 ueroB. Tak 4To OleH-
Ka YHuiabsMca, MPsSMO-TaKH, CKaxeM, He CJ/HIIKOM 3aBbl-
LIEHa.
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Kax Mbl yxe orMeuasu, PuHreab u §IHrc noarsepauny ru-
noresy Xmusyza. Ilo mHenuio flHrca, ux coBmecTHas pa6ora
MOXeT OBITb HCNoJb30BaHa JUISl TMOJYYEHHS NPAMbIX J0-
Ka3aTe/IbCTB TOTO, YTO pas/IMYHblE THMOTE3bl, B YaCTHOCTH
runoresa 3, SKBUBAJIEHTHBI THIOTe3e uYeThlpex Kpacok. EcTb
HaJieXxJa, YTo 3TH MeToAbl (rpadbl TOKa, BHUXpeBble rpadel, 3a-
koH Kupxroda) B KOHeYHOM cyeTe JaiyT HaM HOBYIO HH(Op-
MauHio B 3TOH 06JIaCTH, XOTA [0 CHX NMOp OHH 3TOro elle He
chenaJy.

3akaioyeHune

B 3ak/oyeHne, BO3MOXHO, NpeICTaB/AAeT HHTEpPeC NPOLHTH-
poBaTh KpYMHOro coBpemeHHoro reoMetpa Kokcrepa:

«Eciin 6Bl A OB HAcCTOJbKO CMEJbIM, YTOObl BBIABHHYTb
runoredy, A Obl NpPeANOJIOKH], YTO CYLIECTBYET KapTa, IJs
pacKpacky KOTOpPOH HeO6XOAMMO MNATb LBETOB, HO MpPOCTEH-
Iasl TaKas KapTa CONEpPKHT TaK MHOro o6nacreil (BO3MOXKHO,
COTHH HJIH THICSIYH), YTO HHM Y KOro, mepej KeM crosJa Obl 3Ta
3ajjaya, He XBaTWJo Obl TepneHHs npojenaTb Bce HeOGXOLH-
Mble TPOBEPKH, KOTOpble norpeGoBajHCh Obl AJs 3TOro, 4TO-
6Bl MCKJ/IOYHTb BO3MOXXHOCTb PacKpacKH 3TOH KapThl B YeThl-
pe uBera. MHorue, ¢ Apyroi CTOPOHbI, BEPAT, YTO MOXET OLITh
runoresa YeThipeX KpacoK BepHa; AECHCTBHTENbHO, PENAKTO-
PhHl 2KYPHAJIOB HEPEJKO HMEIOT HecyacTbe MoJy4aTb PYyKOINHCH,
B KOTOPHIX OHa «lOKasbiBaeTcs». TaKHe pyKomucu JuGo oye-
BHJIHO HEKOMIETEHTHbI, JIH60 HACTOJNbKO MJIMHHBI, YTO OGpe-
KaloT PELEH3EHTOB HAa YTOMHTE/NbHYIO paboTy MO OTHICKAHHIO
B HUX HM3BSIHOB. JTa npob/eMa pacCMaTpHBalachb CTOJb. MHO-
THMH CNOCOOHBIMH MaTeMaTHKaMH, YTO JI0GOH, KTO CMOXeT
JloKa3aTb, YTO HEKOTOpas Kapra JAeHCTBHTeNbHO TpeGyer AJs
PacKpackH NATH LBETOB, CTaHeT CPa3y BCEMHUPHO H3BECTHBIM»*.

K stoit npobiiemMe no-npexkHemMy nposBJIfeTcs GOMBIIOH H
JKHBOH MHTepec. B yaCTHOCTH, COTPYAHHKH BBLIYHCJIHTENBHOTO
neHTpa BpykxsBuHCKOH HauMOHa/lbHOH JaGopaTQpHH co6Hpa-
I0TCA MNPEACTaBHTb PaboTy MO [0Ka3aTeJbCTBY THMOTE3bl Ye-
ThIpex Kpacok. OJMH M3 3TanoB 3TOro JoKasaTe/bCTBa OIH-
paercs Ha CJIOXHYIO BBIYHCJIMTENbHYIO MPOrpammy, Haj KOTO-
po#t BCe eme paGoTalOT B HacTosllee Bpems.

* H. Coxeter. The four-color map problem, Math. Teacher, 52
(1959), 283—289.
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C.K.Crenn*
AJITEBPAUYECKUE MO3AUKU

Pa3HooGpasuble 3aflaud, OTHOCsLIHECS K TEOPHH 4YHCed,
K pa3GUeHHUsIM eBKJ/IH0Ba POCTPAHCTBA Ha KYyObl HJM KpecTo-
obpa3Hble G/IOKM M3 KYGOB, a TaKie 3aflaid H3 TEOPHH KOALH-
pOBaHHSl H TEOPHH Mrp NpPHBEJH K 3aJadaM H3 TEOPHH TpYMM.
Mbl 06cynMM HeKOTOpble W3 3THX Mpo6JeM, HX MCTOPHIO H He-
KOTOpble JeTajii ajre6pauuyecKHXx MeTOJOB pelleHHA TaKHX
3ajay.

lpensapuTtenbubie 3aMmeyaHus

Takue cnoBa, Kak «Kagesb», «MO3aHKa» OObIUHO HaIlOMH-
HalOT HaM IJIOCKOCTb, pa3GHTYI0 Ha paBHble TPeyroJIbHHKH
WIH BbINYKJble YeThIpEXyroJbHHKH. Bo3MoxHO, uyTO CJIOBO
«kaesib» MOMET HANOMHHTb HaM NAapKeT «B €JOYKY», COCTaB-
JeHHBIli M3 npsmoyroabHHKoB. Ho B so6oM TakoM cayuae
3K3eMILISIpbl (KOMHMH) KaKoi#-To QUTrypHl NMpH NOMOIIH HEKOTO-
poil COBOKYMHOCTH [BHXXEHHH 3aMlOJIHAIOT 6e3. B3aHMHBIX Iie-
PEKpHITHH (3a HCKJIOYEHHeM OOIIMX TPpaHHL) APYTyio Gurypy.

MeI paccMOTpHM B 3TOH CTaThe TOJBKO HEKOTOpPHIE THILI pas-
Guennil. B ogHom cayyae sto 6yayT pa36HMEHHS A-MEPHOro
eBKJIH/I0Ba NMPOCTPAHCTBa R" Ha paBHbIE M MapaJjliieJibHO pac-
T0JIOXKEHHbIe n-MepHble KYObl, WIH Ha paBHble H NapajjiesbHbIe
6JI0KH, coCTaB/leHHEIe M3 KOHeYHOro yucaa Ky6os. Ecau ox-
Ha ¢urypa paBHa M Napa/leJIbHO pacrnoJioxkeHa B NMpPOCTPaH- -
CTBE OTHOCHTE/JbHO ApPYrod (Urypel, To Mbl GYAEM TOBODHTb,
4yTO0 OfiHa (urypa ectb mpancaayus Apyroir ¢urypol. lanee
Mbl CKaXeM, YTO TNPOCTPAaHCTBO pa3bumo Ha TPaHCASIHH
HEKOTOpPOH GHUryphl, eclH oObefHHEeHHe 3THX TPaHCJAALHM
3anoJIHsAET BCe MPOCTPAHCTBO, B TO BpeMsi Kak BHYTpPeHHHe 06-
JIACTH TPaAHCJAALMA MOMAapHO HE NepeKPLIBAIOTCS.

C npyroit cTOpOHB, paccMOTpHM BMecTe ¢ rpynnoit G 1Ba
noaMHoxectBa A u B 3TO# rpynmbl, MpHYeM TakHe, YTO Kax-
Ablit sjieMeHT u3 G OJHO3HAYHO TNpeJACTaBUM B BuAe ab, rie
3jleMeHT a NpuHamaexutr A u b npunamiexutr B. Toraa Mm
MOXeM ceGe mpeacTaBHTh rpynny G Kak Gbl pa3buTOii Ha mepe-
ceKalolecsi MHOXeCTBa — KONMHM MHOXecTBa B:a,B, a,B,...

* C. K. Crefin— npodeccop MaTemaTitueckoro ¢axyabrera Kann-
(OpHHIICKOTO YHHBEPCHTETA.
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WIH, YTO CHMMETpHYHO, Ha Konuu MHOXectBa A: Ab,,
Ab,, ... 210 Mbl obo3HauuMm: G=(A, B) u GyneM Ha3sbBaTh
pasaoxceruen rpynnbl G nocpencTsoM noimHoxects A u B.

B 3To#i cTaThbe HaM BCTPETUTCS TaKKe APYroil BaXHBIN THII
pa36uenusn. ITyTb G — aGesneBa rpynmna, 3anicaHHas ajJHTHB-
HO, H {Sy, Sy, ..., §';]— MHOXKeCTBO LiesIbIX ynces. Kaxnoe uncio
s; onpezensier otoGpaxenue s;:G—G no popmyse s,(g)=s,g=
=g+g+ ... +g,5; pa3, ecliu s; — NOJIOXHTebHOE, H S;(g)=
=(—g)+(—g) ... +(—g) [s;] pa3, ecin s; — oTpHLATEIb-
Hoe. IlycTh Kaxkiblfi HeHyJ/eBoil 3JjieMeHT U3 G OJHO3HAYHO Bbl-

paxaercsi B Buge s;(b), rie b U3 HEKOTOPOro GMKCHPOBAHHOTO
MHOxectBa BCG. Bynem o6o3HauaTh 310 Tak:

G—{0}={sy, S5 ..., S¢}:B

i rosopmb, uTO {S;, Syy ..., S,} PacCIlenJifeT MHOXecTBO G—
{0}. B 3tom cnyuae MHOJECTBO G— {0} pasbuBaercs Ha k
Konuit MHOXectBa B: s,B, s,B, ..., sB.

B yacTHBIX cayyasx paciienvieHue OQHOM TpYNIbl 9KBHBa-
JIEHTHO Pa3JIOXKeHHIO Apyroil rpynnbl. UTo6bl GBITh KOHKPETHbIM,
NyCcTb p — MOJIOXKHTENbHOe npoctoe uuciao u C(p) — annu-
THBHAsi TPyNna HeJbIX YHcesq no monysio p. Honmyctum, 4ro
{s1, S3, ..., Sy} pacumenaser C (p)—{0}. HyC'rb Z, — nozne
BBIYETOB MO MOAyJio p U Cp, — ero MyJ]bTHnJIPIKaTPIBHaﬂ rpyn-
na. Torma Mbl uMeeM pasnomenne

=({S1s S35 ---» Sx}s B).

Hanpumep, Tak kak umeer Mectro pacueniesne C,y—{0}=
={=£l1, =2} : {1, 3, 4}, To umMeercs cJenyloilee pa3IOKeHHE:

1={=x1, £2}, {1, 3, 4}).
TpoGnema MHUHKOBCKOrO

I'unoresa Munkosckoro. Iloxanyit, camoit apamaTHuHOIl
paboToii B BONpocax pasJioXXeHHWsA TIpynn sBisercs pa6oTa
Xaiioma 1942 rona, B KoTOpOfi OH pelnJ npobseMy, NOCTaB-
JeHHylo MunkoBckuMm eme B 1907 rony. MHHKOBCKHH CHa-
yajla paccMaTpHBaJ OJHMH W3 BOIPOCOB TEODHH UHCEJ, KOTO-
pHIl OH OBHICTPO CBeJl K BONPOCY O BEKTOpax M OTCioAa K Mpo-
6JeMe pa36MEeHHsl MPOCTPAHCTBA Ha paBHble KyObl. Xakol
BBLIPa3MJI 3Ty 3allayy Ha si3blKe pas/ioXKeHHsi KOHE4yHoH abelie-
BOH rpynnsl M pemus ee. JlaBaHte AeTajbHO PacCMOTPHM 3TH
nepexo/ibl, B LEJIOM TaKHe XXe NnopasuTe/bHble, KaK MeTamopgo-
3a ryceHuusl B 6aGouKy.

Q



Hcxonnas npobnema Kacajiach OfHOBPEMEHHOrO Np HG/IHKe-
HHSl HECKOJIbKMX BElIECTBEHHBIX UHce/ pallHOHAJbHBIMH:

Ilyemeo a,, a,, ..., a,_, u t— eewjecmeennoe wucra. Cy-
WECMBYIOM AL YEADIE HUCAQ X1y Xgy «.. 4 Xq, MaKue, 4mo 0<x, <<
KU | ay—xyfx, | <Uxali | @g—xofiy | <U/xal; ..

I an—l l xrz—-l/xn I <l/xnt> (l)

Cayyait n==2, Hanpumep, OTHOCHUTCH K BONPOCYy O mNpHG-
JIMKEHHH OTHeNbHO B3SITOrO YMCJa g, PalHOHAJNBHBIM YHCJIOM
X1/Xq, TAKHUM, UTO | @1—X4/x, | <l/xot v 0<lx,<lt (3ame-
THM, YTO H3 IBYX HEDABEHCTB CIENYeT  a;—X,/x, <<l/x2).
Ecan t=2 u a,=1/2, 10 x, fo/keH ObITb paBeH eQHHMHILE,
H HEPaBeHCTBO | a;—x,/x, | <<1/x,¢ He MOXeT BHINONHATHCS.
OnHako, Kak Huxe OyleT NOKasaHo, eclid f— He lieJioe, TO
cucreMa HepaBeHCTB (1) MoxkeT GbITh yJOBJIETBOpEHA.

Msbl paccmotpum _pasBuTHe 3TOH 3ajaud B cjlyyae n=3,
TaK KaK 3TOT CJyuail WJIOCTPHpYyeT CYLIeCTBO Bompoca s’
NPOM3BOJILHOTO 1 U CPAaBHUTEJBHO JIETKO MOJJAEeTCsi ONHCAHUIO.

Bonpoc MuHKOBCKOro B ciaydyae n=3 MOXHO, NpeaBapH-
TeJIbHO H30aBUBLUMCb OT 3HaMeHareJsed, nepedopMyJUpOBaTh
clenyiolHM obpasom:

Iycme a,, a, u t>1— eeugecmeenubze uucaa. Cywecmeyrom
AU Yenvle HUCAQ X, X, X3, HE 6ce pasHbie 0, maxue; 4mo

tx, + Ox, — aytx,| < 1;
0x, +tx—atx|<1 (2)
10, + Oz, + (1% x] < 12

Onpenenutenb Marpuubl, cocrosiied H3 Ko3dpduuneHToB
IPH X,; X5, X3 B CHCTEME HepaBeHCTB (2),

0 t _azt
0 0 —1/

paBeH eluHHLe. MHHKOBCKMi nocraBHJ Gojee obwui Bonpoc,
ITycme

bu blz b1s
B= b21. bzz bzs (3)
b:n baz bss

— eewjecmeennas mampuya c onpedeaumesem 1. Koeda cyuye-
cmeylom yeavle x,, Xy, X3, He 6ce pasoe 0, HO Yydoeremeopsto-
wue cucmeme HepaseHcms:
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Ib lxl + b 2x2 + blsxal < l
[bg1%y + bzr\z l b23x3| <l
Ibslxl + bazxz aaxa| < 1

Takue ueawle uucaa Xy, X, X3 CYIUECTBYIOT HE€ BCEr/ja.
Hanpumep, €IHHCTBCHHbIM LEJOYHCJCHHBIM DpELIEHHEM CJie-
le}OU.leﬁ CHCTEMBbl HEpaBEHCTB

[1xy 4 byoxy + by,x,| < 1
Oxl—{-l Xy + byx | < 1
0%, 4+0-x,+1-x| <1

asaserca (0, 0, 0). B caMoM nene, O4eBH/IHO, YTO X, JOJIKEH
OuiTh paBeH 0, rTorja x,=0 H OKOHuareNbHO X;=0.

Uro6el HalTUH Te JONMOJIHUTEJbHEIE YCIOBHA Ha Matpuuy B,
KOTOpble rapaHTHPOBa/M Gbl HETPHBHAJIBHOE PELUEHHE CHCTEMB
HepaBeHCTB (4), MHHKOBCKHII TpPaHCOPMHPOBAa 3TOT BOMPOC
B YHCTO TeOMETpPHYECKHIl.

B cBfA3M ¢ 3THM 3aMeTHM, 4TO TpPH BeKTOpa cToabua

by "byo bys
vy = | by Uy = | by, Ug = | byg
bg 32/ bss

NOPOXKJAIOT Mnapasiie/ienune] efHHHYHOro oGbema.

B nanbreiiwem ans ypo6cTBa Mbl He 6yleM OT/IHYATh BeK-
TOp OT TOYKH, KOOPAMHATHI KOTOPOH CYTb KOMMOHEHTHI 3TOro
BEKTOpa. )

[Tycts v,, v,, v, — TPH NUHEHHO HE3aBHCHMBIX BeKTOpa B

R3. CoBOKYNHOCTb BCeX BEKTOPOB (TOUEK) BHIA X,U;+X,0,+
+Xx30;3, TAe KOIDDUIHEHTHI X;, X,, X, MPOGEralOT He3aBHCHMO
IpYyr OT Apyra MHOXECTBO LEJBIX tmcen, HasbiBaercsl (Tpex-
MepHon) DEILETKOH, a TPOiKa BEKTOPOB U;, Uy, U — GA3HCOM
s1o#t pewerkd. OTMETHM, YTO pa3HbIX 6a3HCOB Yy NaHHOM pe-
LIeTKH 6GeCKOHEYHO MHOro.

Ha puc. 1 n3o6paxeHa 1ByMepHas pelleTka (TOuHee, YaCThb
peuueTkH) ¢ 6asucom v,=(3/2, 1), v,=(1/2, 1). Ilapa BekTOpOB

=(1, 0), ve=(1/2, 1) sABnsieTcs apyrum 6GasucoM 3TOH pe-
ILIETKH.

Peierka HasbiBaeTcsi yHUMOAYJSIPHOH, eclH BeKTopa ee
6asuca vy, U, U, MOPOMAAIOT NMapajilesienHre]l eIHHHUHOrO
o6bema. OGo3HauuM uepe3 C Ky6, peGpa KOTOPOro paBHH 2
H mapasjie/ibHbl OCSIM KOOpJAMHAT, a LEHTp JIeXXHT B Hauale.
Toraa Bonpoc MHHKOBCKOrO MOXHO mpouecTb HHave. Koeda
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ernympu Kyba C aeccum renyresoli 8eKmop YHUmodyaapHot pe-
wemku?

Ecan Bmecto TpeGoBanHs, UYTOOBI HEHYJIEBOH BEKTOP YHH-
MOZLYJIADHOM pelUeTKH Jexan ewympu Kyb6a C, norpeGoBaThb
TOJIBKO, YTOGbI HEHY/1eBOil BEKTOp Jiexas B Ky6e C (BO3MOXKHO,
H Ha ero MOBEPXHOCTH), TO, KaK MoKasan MHHKOBCKHH, 310

| X,
e ® - @O e - 0 ®
[ ] [ ] [ ] [ ] ® [ ]
Xa
/
Pue. 1 /
X, Puc. 2

BepHO Bcerda. Ero paccyxpenns npHO/IH3UTENIBHO TaKOBBI.
[Mycte D — Ky6 c pe6poM eauHMUA, Napal/eNbHbA OcsAM,
U LUEHTP ero HaXoAMTCA B Hayajle KoopauHar. PaccMoTpum
MHOXKECTBO BCeX TpaHcaAuud Ky6a D Ha BeKTOpa pelleTKi
XU XU X450 (Xg, Xa, X5 — uenbie). Takoe MHOXECTBO
TPaHC/AUMA HA3BLIBAIOT peulemKotl mparcaayul.

ConocTaBUM KaxJblii BEKTOP pELIETKH X,U,+X,U, -+ X505
TPaHCJAILLMH Ha 3TOT BeKTOp mapajJjefenunena P, nopoXieH-
HOTO BEKTOPAaMH U,, U,, U;. Tak Kak o6beM napaJielienunena
paBeH eJHHHLE, TO YHCJIO TOYEK pelieTKH B GoJbluoil o6JacTu
o6bema V (ckaxeMm, mojo6HO# napaasenenuneny P) npu6au-
3utesibHO paBHO V. Tak urto B 3Toi o6sacTu MMeercsl nMpHOJIU-
3UTeJbHO V TpaHcasumii exuHuyHoro kKy6a D. Bciuencrsue To-
ro, yro o6beM Ky6a D Takxke paBeH 1, TO 3TH TpaHCIfALUH He
MOTYT ObITb pa30OILEHHBIMH — HEKOTOpble H3 HHX JOJIKHbI
nepeceKaTbCsi, BO3MOMCHO, TOJNbKO CBOHMH I10BEDXHOCTSIMH,
T. €. JOJXKHBl HAalTHCh 1Ba BEKTOPa PELIETKH U W U *, TakHe,

YTO TpaHC/AUMM Ky6a D Ha Bektopa v v * nepecexalorcs.

A 3HauuT, HalRYTCA W ABe TOYKH ¢ H ¢ * B Ky6e D, ans Koro-

PHIX 0U-4-c=0v*+c *. 3anuwmem 310 HHave: v—U *=c *—c.
TTocKOMbKY BEKTOp ¢ ¥—Cc, OYEBHAHO, JEXHT B (yABOEH-
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HoM) KyGe C, a BeKTOp v— 0 * — HEHYJIEBOH BEKTOp peLIeTKH,
TO nOJIyyaeM H3BECTHYIO TeopeMy MHHKOBcKoro (0 mpousse-
JIeHUH JIMHEHHBIX ¢opM) O TOM, 4TO 8 Kybe C 06a3amenbHo co-
Oepacumcs (6HYMpPu Ul HA 2PAHULE) HEHYyAesoli eeKmop pe-
wemxu.

Takum obGpasoM, cucTeMa HepaBeHCTB (4), ecii B Heil 3a-
MEeHHTb 3HaK < 3HAaKOM <, 063aTe/IbHO MMeeT HeTpHUBHa/Ib-
HOe pellieHHe.

Kak Mbl yxe BHAenH paHblue, ecsu

_ 1 _ bys _ bys
v =|0 v,=| 1 Ug=| by | (7
0 0 1

TO cucreMa (4) HMMeeT TONLKO TPHBHAJbBHOE pellieHHe. DTO Ke
yTBepXKJeHHe BepHO H B Gojiee oOLIeH (opMe: ecad BeKTopa

5%1 (4T C13
U =\Cn Uy =] Coo U=\ Co3 8)
Ca1 \C32 C33

COCTaBJIAIOT MOMNPOCTY APYrod 6GasHC pelleTKH, NOpOXKJAeHHOH
BeKTOpaMH U,, U,, U3 Buja (7), To cucTeMa HepaBEHCTB
[c1a%1 + €19%y + €198 | < 1
[€31%) + CagXy + Coas | < 1; 9)
[ €31%1 + C33%y + Cos¥s | <1
He MMeeT JpYTruX, KpoMe HeHYyJeBOro, UEe/bX pelleHHH. 310
yTBEpXK/JEHHe NPHBOAMT K rumnorese MHHKOBCKOro, KOTOpYIO
Mbl opmysiupyeM Aas caydas n=3.

ITycme (c;;) — (83X 8) — mampuya, onpedeaumend Komopoi
pasern edurnuye. Ecau yeaouucarennoim peulenuem cucmembt suoa
(9) asasemcs auwe (0, 0, 0), mo pewemka, nopoxcdeHHas 6ex-
mopamu u,, Uy, Uz, 0bradaem 6asucom U3 6eKMOPos vy, Uy, Us
suda (7) (uau eexmopos, Komopele OMAUYAIOMCA OM Uy, U,y Us
O0HOBPEMERHOL 80 6CEX Mpex 6eKmopax nepecmaHosKol Koop-
Ounam).

Ecau 3ta rumoresa cnpaBeijuBa, TO NO KpalHed Mepe B
OJIHOH CTPOKE MaTpHIUbl (C;;) BCe YHCJA JOJKHBI OBITh LENBIMH.
IlostoMy, B uyacTHOCTH, eciu ! — He LieJoe, TO CHCTeMa He-
paBeHCTB (2) JoJkHa HMMeTb HeHyJieBoe pelueHHe. Jpyrumu
C/I0BaMH, CHCTEMa HepaBeHCTB (4) HMeeT JIMIUb TPHBHA/BHOE
peizenne (0, 0, 0) Torga U TONBKO TOrAa, KOrja BellecTBeHHas

46



MarpHua (3) ¢ onpeneautesneM | yHUMOAYJISApDHO SKBHBAJIEHTHA
TPEYroJIbHOH MaTpulle, Y KOTOPOH Ha JIHaroHalH eIHHHIHI.

MUHKOBCKHH BBICKa3a/l CBOIO THIIOTe3y YHCTO TeOMETpH-
yeckH. M3 yTBepkjeHMs, 4YTO pelleTKa TPaHCASUMA eJHHHY-
Horo xy6a D umeer 6a3uc BHAa, CKaxeM,

_ 1 _ b12 _ bl3
v,=10 Vo=| 1 | wvy={byl
0 0 1

cllelyeT npexne Bcero, uto Ky6 ¢ pe6pom 1 u uentpom B (1, 0, 0)
NPUCYTCTBYET B 3TOH peILETKe TPaHCASUMH. DTO 3HAYHT, YTO

Puc. 3

JIBa eIMHHYHEIX Ky6a c uentpamu B (0, 0, 0) u (1, 0, 0) cMexxHEI
no uejoil aByMepHO# rpaHu. Tak Kak pelleTKa TpaHCJsHi
Ky6a OZHOpPOZHa B TOM CMBICJIE, YTO KaxAblii Ky6 B HeHl urpa-
€T OJIMHAKOBYIO pOJib, TO pellleTKa NOJ2KHa ObITh COCTaBJeHa
13 «KOJIOHOK» KyG6oB, mapajjeibHbXx ocH X,;. OnHa Takas
(6eckoHeuHasi) KOJIOHKa MNOKa3aHa Ha pHC., 2.

Torza npucyrctBue B 6a3uce pelueTkH BeKTopa vy,=(b,,,
1, 0) sKBHBa/JIeHTHO CYIIECTBOBAHHIO APYrOH KOJIOHKH H3 KY-
GoB Ha TOM e BHICOTe H Kacaiouleicsi mepBOH KOJIOHKH, HO,
OLITb MOXET, CABUHYTOH OTHOCHTEJIbHO NEpBOi BJOJb Hamnpa.-
aenuss X,. Takum oGpasoMm, pa3buenue mpocrpaHcTBa R3
npexnosiaraer pasbueHue ciaosi |X,|<<l/2, Kak mnokasaHo
Ha puc. 3.

TpaHCAsUKUK 3TOrO CJI0S Ha BEKTOPA X3Us COCTaBJSAIOT pa3-
GueHHe Bcero npoctpaHcTBa. JIpyruMu cjoBaMH, 3TO pasbue-

47



HHe MOXKHO MOCTPOMTH lLAr 3a LUaroM, COCTaB/fAs CHauala H3
KYGOB KOJIOHKH, 3aTeM H3 KOJIOHOK (opMHPYS C/IOH. Mbl npuiu-
JIH K reoMerpuueckoil dopMmyaHpoBKe runotesnl MHHKOBCKOro
JJ15l TIPOU3BOJIBHOTO 1.

Ecau mpaxcasayuu n-meproeo Kyba pasbusarom n-meproe
NPOCMPARCMBO NO peulemke, MO HeKomopas napa Kyb6og cmesc-
Ha no yeaot (n—1I)-mepHoid epanu.

Ara dopMyanpoBka nossuaack B 1907 roxy. dta xe npob-
Jema B apudMernyeckoii ¢opme Oblia NocTaB/leHa OAMHHAA-
LaTbl0 TOAAaMH paHblle.

MNMoareepxnenue Xaiiowem
runore3bl MHHKOBCKOro

MuHKOBCKHI JIefKO MOATBEPAMJ/ CBOIO THMOTE3Y As n=2
u 3. B 1909 roay $fIHceH mosa6otuiacs o cayyasx n=4, 5, 6.
B 1930 rony Kesnep o6o6uiu/ runoresy, or6pocHB npeanoJo-
JKeHue, 4TO KyOBl o6Gpasyior peluetky. Hcnonb3ys ToJIBKO
NpeanoJ/ioXKeHHe, 4YTO mapaJuiesbHble Ky6bl ¢ pe6pom 1 pas-
6UBAIOT NpPOCTPAHCTBO, OH JOKa3al: AJf JIOObIX IBYX TaKHX
Ky6oB Hail1eTcsi KOOpAMHATHasi OCh, BJOJb KOTOpOH KOOp-
JIMHAThl HX LUEHTPOB OTJIMYAIOTCH Ha uesaoe yuchao. Henas o6-
30p pabor mo 3ToH mpoGJeme, BLIMONHEHHBIX K 1940 rony,
Ileppon 3amerus: «$1 BHIHYXJEH NPH3HAThb, YTO B GOJIBILIMHCTBe-
pa6oT s HaTaJKuBajcs XOTA Obl pPa3, a TO H yalle, Ha TaKHe
MecTa, TJe 1 He B COCTOSIHHH Gbl1 CJIE0BaTh JIHHHH paccykie-
HHusl aBTOpa. Tak uTO 51 B NEHCTBHUTENILHOCTH He 3Halo, B Ka-
KOl Mepe 3TH YTBepXKIeHHA ABJAIOTCA NOKasaHHBIMH. Otya-
CTH, HO He TMOJHOCTBIO 3TO MOIVIO ObITb OT TOrO, YTO MHE He-
JIOCTaBajJlo TOTO TOHYAMILEr0 HHTYHTHBHOrO MPEACTABJIEHHA
n-MepHOro MpOCTPAaHCTBA H NPOHHUATENBHOCTH, KOTOPHI MH
Kaercsl, HajelJeHBl ApYrHe aBTOphLI».

B stoit paGote IleppoH nposepsier Bepcuio Kemtepa ans
n=6 u CBOIHMT mpobieMy IJs JIOGOr0 4HCJa H3MepeHHH n K
KOHEYHOH 3ajaue o 27 napajyiesbHbIX Ky6ax ¢ peGpamu |,
IIeHTPBl KOTOPBIX OCOGbIM 06pPa3oM pacnosioXeHbl B APYTHX
2" eNMHUYHBIX Ky6aX, KOTOpHE COCTaBJAsAIOT Ky6 c peGpom 2.
Ha stoM OoH u ocTaBua 3aflauy, TPYAHOCTb KOTOPO#l CTpeMH-
TEeJbHO BO3pPACTaeT C POCTOM YHCJAA H3MepPeHHit.

Bckope nociie storo, B 1942 rogy, Xa#ow o6GocHOBas ru-
notresy MHHKOBCKOro, B KOTOPOH npejinonaraercsi, 4To KyGbl
pacnoJiokenbl Mo peleTke. JT0 OH cienan Mocje MpeiBapH-
TeJIbHOH OTVIMBKH 3TOH rumotesbl B ¢OpMy 3KBHBaJEHTHOH TH-
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note3bl O KOHEYHbIX abeneBbIX rpynnax. Mbl onuiiem 31ech
3Ty OKOHYaTeJbHYI0 GOPMYJIHPOBKY.

IlaBaiite paccMOTPMM TOJIBKO c/ydYail n=2, MJIOCKOCTb,
TaK KakK 3TOT ¢/yyall XOpOIUO HJIIOCTPHPYET O6ILyI0 el H
ero Jierko H3o6pasuth. [IpencrasuM,-yTo niaockocTs pa3Gu-
BaeTcs M0 peuleTKe Ha €1HMHHYHLIE KBaJpaThl, napa/iebHbie

o ollg o o 9

- 00

o o o 0o & o ©

Puc. 4 Puc. §

ocsiM KoopauHat. Byzem 3anaBaTh mnoJsioxkeHHe KBaJapaTa Ha
MJIOCKOCTH €r0 HHXKHei JieBoii BeplnHOH (cM. puc. 4). It
TOYKH o6pa3yoT rpynny (peweTrky) L *.

[Mpexe Bcero Xafiow ceen obiuui cayyai K TOMy, KOrjia
TOYKH TPynnel L* uMeloT pallMOHa/bHble KoopiauHarthl. Ecuu
3TO TaK, TO JIHHefiHoe mpeoGpasoBanue Buaa (X, Y)— (m,X,
m,Y), rae m; u m, — HEKOTOpble leble MOJOKHTENbHbIE YH-
caa, mpespawaer rpynny (pewerky) L* B noarpynny (moj-
pelieTky) L, TOUKH KOTOpOH HMEIOT leJible KoopAauHaThl. Ox-
HOBPEMEHHO JIHHeHHOoe npeo6pa3oBaHHe MepeBOUT eIHHHY-
Jible  KBajpaThl B (111, Xm,)-NpAMOYTrOJIbHHKH, MO-NIpeXHe-
My napaJJesbHble OCSAM.

B 3toit HOBO# cHTyauun Mbl HMeeM rpynny (pewertky) H
BCceX TOYEK C LeJbIMH KOOpAHHAaTaMu M moarpynny L, cocros-
LLYI0 H3 JIeBbIX HHXKHHX BepLUHH ceMeHCTBa (m, X Mm,)-npsaMo-
Yro/bHHKOB, KOTOpble pa3buBalOT MJIOCKOCTb (CM. PHC. ).
3areM XaHow BbIpa3ua runotesy MHHKOBCKOrO B TepMHHaXx
¢akrtop-rpynnel G=H/L.

Iyctb u,=(1, 0) u uy;=(0, 1) — crannaprible e1HHHYHELIE
BeKTOpBI B /1 (cM. puc. 5), [TycTb Takxke ay=u,+L uay=u,+L—
COOTBETCTBYIOILKE 3/eMeHThl B G=H/L (Mbl GyjeM onepauuio
B G 3anmuchiBaThb MYJBTHIJIMKAaTHBHO, a onepauuio B H — an-
JIUTHBHO).

[Npennosioxenne, 4TO NPAMOYrOJbLHHKH pa3GUBAIOT MJIO-
CKOCTb, COCTOMT H3 JBYX YCJIOBHH:
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1) npsAMOYroJbHHKH NMOKPHIBAIOT MJIOCKOCTS;

2) npAMOYroJIbHHKH He NepeKpHIBAIOTCH (32 HCKJIIOYEHHEM
HX PPaHHL).

Hpennonoxenne, uto (m,Xm,)-npSMOYroJbHHKH MOKpH-
BAIOT IJIOCKOCTb, YHTAeTCsl B TEPMHHAX rpynnsi A ciaepyiomum
ofpasom:

Has moGoro snementa h us H cyuwecTByer s/jemeHT [ us,
L v uenble uucna e; H e, ¢ ycioBveM O<ge,<my, i=1, 2,

TaKHe, YTO

h=l4e,u,+e,u,.
B TepmHHax ¢akTop-rpynnel G 3TO 03HaYaeT: Kamiblf se-
MeHT g u3 G Moxer OHIThb 3amucaH B Buje

g=ata %, O<<e,<m,, i=1, 2.

Honymenue, uto (m, X m,)-npAMOYIONBHUKH He NepeKpHl-
BalOTCSl, 4YUTaeTcss B TepMHHaX H
Ecmu I, n I, us L u0<e,, e,<mi, i=1, 2 Lteu+

+e2u2—l.+e1u1+e2u2, TO e,=e; H e,=ej.
B TepMunax rpynnsl G 310 yCJIOBHE MOXHO BbICKa3aTh TaK:

Ecan af'ay =af! a52, O<ge,, es<m,, T0 ey=e, W e,=e,.

Takum oGpa3oM, yc/oBHsI FHMOTe3sl MHHKOBCKOIO Tenepb
NOJIHOCTBIO BhIpaKeHbl B TepMHHaxX rpynmbl G, KoTopas Mex-
Iy NPOYHM COCTOUT H3 m,m, 37eMmeHTOB. Kak e uuraercs
3aKJIOYeHHe THNOTE3bI?

IlpencraBuM, YTO 1Ba NpPSAMOYrOJIbHMKA CMEXHHI M0 Le-
JIOH CTOpPOHe, MapasesbHOM, cKaxeM, ocH Y. He ymenbias
OGIHOCTH, MOXXHO CUMTaTh, UTO OO6Ilasi CTOPOHA SIBJIAETCA Mpa-
BOH CTOPOHOH NpSMOYroJIbHHKA, HHXKHSIA JleBas BeplUHHA
KOTOpPOro JeXHT B Hauaje KoopauHat, Torma Touka m,u,
npuHaajaexur L. B repmunax rpynnsl G 910 BHpaXaercs ypas-
HenueMm a'f'=1.

370 npUBOAMUT K cienyiouleii GopMyHpOBKe runoresbl Mus-
KOBCKOTO Il n-MEPHOTO IPOCTPAHCTBa:

Ilycme G — koneunasn abenesa epynna u nycmo a,, a,, ... ,
a, — n aremenmos u3 G. Ilycme maxoce nopsadox sremenma a,
ne menvwe m;, i=1, 2, ..., n. Ilpednoaoscum, 4mo Kaxcooui
anemenm u3 G 0OHO3HAUHO BbipANCAENCS 6 8ude

af* a8 ...a’m,

rie O<e<<m,, i=1, 2, ..., n. Toz0a xomsa 6ot 0as 00HOZO
Homepa i evinoansemcs a)'i=1,
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B Takom BHje rumoresa Kacaercst BONPOCa O Pa3JiodkeHHH
rpynnsl G Ha n MHOXECTB

G=({1, a5, ..., a™ '} {1, ay, ..., a':'z"}; v}

{1, a, ..., a™'})
M YTBepJaeT, YTo Mo KpaiiHeidl Mepe OJHO M3 3THX MHOXKECTB
ecTb rpynna. B atoii ¢popme npobsema MuHKOBCKOro 6bljia pe-
IleHa OKOHYaTeJbHO.

[Nocne pewenuss Xafowem npo6jeMbl MHHKOBCKOIO HH-
Tepec K pa3bMeHHIO MPOCTPAHCTBA Ha paBHbE KYOBI mpoiad.
Kaxercsi, HHKTO He 3aHsJ/cs HM runoresoit Kennepa, B ko-
TOpo#i OT6pachiBaeTcsi NMpEANOJOXKEHHe O pelleTKe, HH 3ala-
yell 0 2" Ky6Gax B n-MepHOM mpoctpaHcTBe. Ho teopema Xafio-
Ila MOPOAMJIa HOBble BONMPOCHI M JajibHEHIUHE HCCelOBaHHS.
Buith Moxer, HaunGosiee HMHTEpeCHbIM sBJseTCS 0600lEHHe Te-
opemnl Xaitowa, cienaHHoe B 1965 rony Penen, B kotopom
yxe He TpeGyercs, 4TOOH (HaKTOPHl OBUIH LHKJIHYECKHMH.

Teopema Peneu. [Tycmo G — xonewnan abesesa epynna u
nycme Ay, A,, ..., A, — noOmnoxcecmsea us G, kaxdoe u3
KOmopeix co0epacum eQURUYHBIL IAemMeHm u umeem npocmoti
nopsadox. Honycmum, 4mo G pasioxcuma 8 mom cmbicae, 4mo
KasOouti anemenm u3 G 0OHOBHAMHO bIPAXCAEMCA KAK npousee-
Oerue a,a,...am, 20e a, npunadaexcum A, Toz0a xoms 6ot
00HO u3 MHooaecms A, ecmb epynna.

Hetpyano cBectn Teopemy Xaiiola K ToMy c/yvalo, Koraa
Kaxznoe uuc/io m; — npocroe. Tak yto Teopema Penen B ca-
MOM JieJle fiBJsieTcs oGoGlieHHeM TeopeMul Xa#ouia.

Ilpyras cBa3b ¢ 3aaa4amMu
reoMeTpHYecKHX pa3GueHuit

Teopusi BHIMYKJBIX TeJ CONEPXKHT MHOTOYHCJEHHBE pe-
3yJbTaThl O pa3bUEHHAX, YNAKOBKAX W MOKPHITHAX MpPOCTpaH-
CTBAa TPAHC/ALHAMH BBIMyKJoro Tesa. Ecau BeImyKJble Tesa
H3 JaHHOTO ceMeficTBa NONMApHO He MepeceKaloTcs (3a HCKJIo-
YeHHEeM TpaHHll), TO CeMEeHCTBO Ha3bIBAeTCA YnaxKoeKou; ecin
o6bedHHEHHe Tesl U3 JaHHOTO CeMeHCTBa eCTb BCe NMPOCTPAHCTBO,
TO CceMeHACTBO HasblBaeTcsl noxpuumuesm. Takum obpasom, pas-
6ueHHe MpPOCTPAHCTBA Ha BLINYKJIble Teja SBJASETCH OJHOBpe-
MEHHO M YNAaKOBKOH M MOKpHITHEM.

HM3BectHo, yTo 1151 M10GOH BBINYKJOH (PUIYphl Ha MJIOCKO-
CTH IVIOTHeMIUasi ymakoBKa ee TpaHCAALMH obecneuuBaercsi, B
YaCTHOCTH, pelleTyaToH ynakoBKoH. Kacasicb opHo# reomer-
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puyeckoit mnpoGiembl, llaccenxays otmerusn: «UpesBblyaiino
HHTepecHO HabJIofaTh, KaK OAHA H3 MJIOTHEHIUMX YMaKOBOK
X-ZonycTHMBIX TOYEYHBIX MHOXKECTB OKAa3blBaeTCsl «PeLIeTKOH
¢ 6a3oii», TO €CTb TOYEYHLIM MHOMKECTBOM, KOTOPOE €CTb 0Gb-
eHHeHHe KOHEYHOro uMc/ja TPAHCAALMH reoMeTpHYECKHX pe-
IETOK... JTOT (akT (HECKOJIbKO HeonpeneneHHo cHOpMYJIH-
pOBaHHBIH), YTO ONTHMAJ/bHble KHCKPETHble pachpeseJeHus
CTpeMATCA K pewserkaM ¢ 6a3oi, Obli U3BECTEH KaXIOMy yue-
HOMy, iiHTepecoBaBllieMycsi (H3HKOH TBep;Oro Tena, BCJeEi-
cTBHe OTKpbiTHH Bparra u Jlays... MoxHo /1M npeano.sararo,
YTO pelueTKH ¢ 6a30i mpeicTaB/sOT co6oi o6pa3eil ONTHMAJb-
HO¥ ynmakoBku™™* [lacceHxays, mo-BUAUMOMY, HMeJl B BH1y TOT
(haKT, YTO KOTJa KHAKOCTb 3acThiBae€T, TO OHa CTPEMHTCH K
tdopme Kpucraina, uMelomiero OOGbIYHO Ty  KOH¢HUTypalluio,
KOTOpasi MHHHMH3HDYET MOJHYIO BHYTPEHHIOIO 3HEPTHIO.

Y sToro Bompoca HMeeTcs OAHH ajreGpaHyecKHii aHaJor,
MpaBja, CKopee A/s pa3GueHHil, HexenH LIS YNakoBOK, KO-
TOphIH CBOAUTCSA K caenytoulemy. [Tycte Zn=ZXZX ... XZ —
cBoGonHass abeneBa rpynma c 2 o6GpasylomtuMd (aHajor n-
MEpPHOro eBKJIHAOBA NPOCTPAHCTBA) C MNOKOOPAHHATHHIM CJIO-
xeHueM. [lyctb A — KOHeyHoe MOAMHOXECTBO TIpymmbl Z*".
IpennonoxuM, 4To CYLIECTBYeT TaKoe MHOXeCTBo B, uro
Z"=(A, B). CyuecTByioT JH B TakoM cilyyae B rpymnne 2"
noarpynna H u koweunoe MHOXecTBO S, Takue, uro Z'=(A,
H, S)? (MHoxectBo H+S urpaer poab «peuerku ¢ 6a3oii».)
OrBeT Ha 3TOT BOMNPOC HeH3BECTEH.

Pa3GueHue eBKAHA0BA MPOCTPAHCTBA
Ha KpecTbl H NOJYKPECTbI

HenocpencreeHHbiM 0GoOlEHHEM BBIMYKJbLIX Tesl ABJAA-
IOTCAl TaK HasblBaeMble 3Be3/IHble Tes1a. 3Be3/Hoe Tes10, Mo On-
pene/ieHHIo, COAEPIKHT XOTs 6bl OAHY TOYKY, M3 KOTOpOil npo-
cMaTpUBaeTcsl BCA rpaHdua. BoinmykJoe Tesio, OYEBHAHO, SIB-
JIeTC 3Be3JHBbIM: H3 JII0GOH TOYKH BBIMYKJIOrO Tesia rpaHuua
BHJHA NOJHOCTbIO (CM. puc. 6). Teopus 3Be3gHbIX TeJ AOCTATOY-
HO XOpolO pa3BuTa. Mol 3aTpoHeM 31eCh TOJIbKO JBa THNA
3BE3JHBbIX TeJ, TaK HasblBaeMble KPECTBI» H. «MOJYKPECThI»,
noToMy uTO npobJeMbl pa3bHeHHH MPOCTpaHCTBA Ha TaKHe
Tesa, XOTS H CJHLIKOM o6iiHe, MOryT ObiTh 06paGoTaHbl ajre6--

*Il. Zassenhaus Modern developments in the theory of num-
bers. Bull. Amer. Math. Sos., 67 (1961), 426—439.
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paHyecKH M elle BC/EACTBHE MX 3HAUeHMA A1 KOMOHHATOPUKH
H TEOpUH KOAUPOBAHHUA.

[Mycts k& — HaTypa/dbHOe yuc/10. PaccMoTpuM B mpoCTpaH-
crBe R" kn+1 TpaHcasiuuil e JMHHYHOTO 7-MEPHOro KyOa C LeHT-
paMH B TOuKax, KoopauHathl Kotopwix (0, O, ..., 0), (j, O,
ey, 0), 0, 4,0, ...,0...0,0, ..., j), rre j=1, 2, ..., &

Puc. 6

OGbe:uHeHde 3THX TpaHCAsiUMil HasbiBaetca (R, n)-noaykpe-
cmom. (R, n)-MOJYKpPECT COCTOMT M3 1 «OpYChbeB» IJIUHBI &,
IPUCTaBJAEHHBIX K TpaHsM «yrjosoro» ky6a. Ha puc. 7 uso-
OpaxeH (2, 3)-moaykpect. Ecau Mbl, NOMUMO 3THX TPaHCAAUUHA
€ IMHHYHOrO Kyba, pacCMOTPHUM IONOJNHHUTENbHO TPaHCAALHH
c ueHTpamu B Toykax (—j, 0, ..., 0), (0, —j, 0...0) ... (O,
0, ... —j), T0o noayuum (k, n)-kpect; (k, n)-Kpectr, OueBUAHO,
UeHTPaJbHO-CHMMETpHYeH (CM. pHC. 7).

Mbt 6yseM npeanosaraTtb, 4TO NPH pasGHEHHH MPOCTPaH-
CTBA Ha KPECThbl HJIH MOJIYKPECThl LEHTPEl KYGOB HMEIOT WEJOo-
ypc/aeHHble KoopauHaThl. [lo cyliecTBy, Mbl cefiyac MoAMeHs-
eM MpocTpaHeTBO R” cBoG0AHOI rpynnoii Z" ¢ n 06pa3yioLuMH.
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Cnenyomasi TeopeMa ' NOACKa3blBaeT ONpeJeNeHHbI THN aJ-
re6paHyecKHX 3ajay, K KOTOPOMY NpPHUBOAAT TaKue pa3GHeHHs,
a Takxke OODbsCHsET, MOYEMy pelueTyaThie pasGHeHHs Ha No-
JIYKpecTbl HJIH ‘KPecTbl 0COGEHHO JIErKO MOAJaloTcsl anreGpau-
yeckoi 06paGoTKe.

Teopema. [Tpocmparncmeo R" pasbusaemcs no pewemse Ha
(k, n)-noayxpecmot mozda u moavko moeda, K020a MHOJNCECHBO
{1, 2, ..., k} pacwenanem aberesy epynny G nopsdka kn+1,
T. €. :

G—{O}={l’ 2v tee s k} : {gl' 82 ooy gn}!
20e g1, oy - » 8n — 3neMermoL epynnsi G.

JHokasarenbctBo. Ilycte Z, — cBoGonHast aGeseBa rpynna
¢ n o6pasyiolyuMH (Tpynna LeJblX Toyek B NpocTpaHcTBe R7).
Ecnu R" pas6uBaercsi Ha (k, n)-NONYKPeCTHl MO peLIeTKE, TO
LEHTphl YIVIOBBIX KYGOB NMOJIYKPecToB 06pas3yloT moArpymnmy
H rpynnut Z*. Ilycte G — ¢akrtop-rpynna Z*/H wu f:Z"— G
— eCTeCTBEHHbIi TOMOMOD(H3M (KaXJbIH 9JEMEeHT Trpymn-
nel Z" oto6pa)kaercs B CBOH CMeXHbIH Kiacc). O6o3HauuHM
yepe3 E; Ga3uCHBIH €IMHHYHBIH BEKTOpP B j-M HamnpaBJieHHH
©, ... 0, 1, 0, ... 0), (eaunuua HaXoAUTCS Ha j-M MEcCTe) M
nyctb g;=f (E;). 3amerum, uto Z" ecTb oGbeauHeHue kn--1
CMEXHBIX KJsaccoB BHAa c+FH, rie ¢ — UEeHTp OHOTro U3 KyGoB
B MNOJIYKpEcTe, Yroj KOTOpOTO pasMellieH B Hauajle KOOpJIH-
Har. TakuM o6pa3oM, MOCKOJBKY ¢ npoGeraetr kn ToueK BHIa
iE;, 1<<i<<k 1<<j<<n u, KpoMe 3TOro, HayaJoO KOOPJMHAT, TO
f (c) npoGeraer Bce s;iemenThl rpynnet G. Tak yTo Mbl nosyya-
€M pacilenyieHse IpyMsl.

O6patHo, npeanoJiokuM, yto G ectb aGesieBa rpynna nopsika
kn-+1 ¥ Kaxaplii ee HeHYJIEBOH 3JleMEHT OJHO3HAYHO BBIpaXKa-
ercsi B BUle ig;, l<li<Ck, 1<{j:<in. Onpenennm otobpaxenne
f:5 Z"— G KaK e]MHCTBEHHBIH roMOMOp(dH3M, NMpPH KOTOPOM
f (E;)=g;, n nyctb H — anpo f. Toraa MHOXeCTBO moJyKpe-
CTOB, LEHTPHl YIVIOBHIX KYGOB KOTOPBIX PacroJIOXeHH B TOY-
Kax u3 H, o6pasyior pas6ueHHe nmpocTpaHcTBa R”".

TouyHo Tak Ke MOXHO NOKa3aTh, 4TO (R, 7)-KpecThl pa3tu-
BaloT R” no pelueTke B TOM H TOJIbKO B TOM CJydYae, €CJIH MHO-
xectBo {41, +2, ..., £=k} pacuennser abeneBy rpynny mo-
panka 2kn+1. B yactHocTH, Tak Kak C (13)—{0}={=*1, +2}:
:{1, 3, 4} (cm. «IIpenBapuTenbHble 3aMedaHHus»), To (2, 3)-Kpect
pa3buBaeT TpeXMepHOe EBKJHAOBO NPOCTPAHCTBO.

Hrak, Bompoc, «koraa noJiyKpecT MJH KpecT pa3OGHBaeT
NpoCTPaHCTBO R™ mo pelieTke», CBOAHTCSA K BONpPOCY O pacluen-
JIeHHH KoHeuHbIX aGeneBbix rpynn. O6Ga sTH Bompoca AajieKH
OT CBOEro paspelleHHs.

=

54



Al. Meriew Tor*

M3ONEPMMETPUHECKUE MPOBJIEMBI,
CBA3AHHbIE C MO3AUKAMHA

1. IlpaBusibHass ¢opMa nNYeNMHBIX COT, HX XapaKTepHoe
pacnosioxkeHHe NpHUBJexaNd K ce6e BHUMaHUe yXKe B JPEBHOCTH.
Mann AnexcanOpuiickuii  OGBACHAN IIECTHYTONBHYIO (GOpPMY
MYEJHHBIX COT TE€M, YTO CPelH NPaBHJbHBIX MHOIOYroJIbHHKOB
paBHOH MJOWAJH, 3aNOJHAIOMUX IJIOCKOCTb (T. €. CpelH npa-
BHJILHLIX TPEyroJbHHKOB, YeTHIPEXYroJIbHHKOB H LIECTHYIOJb-
HHKOB), ILECTHYTOJIbHHK HMeeT HauMeHbluuii nepumerp. Ille-
CTHYTOJIbHasi MO3aHKa BCTPEYaeTcs TaKKe BO MHOTHX APYTHX
NPUPOAHLIX CTPYKTypax (HanmpHMep, B ceTyaTKe YeJIOBEYeCKOro
IMasa), U BO3MOXHO, YTO OGpa3oBaHHe BCEX 3THX CTPYKTYp
cBs3aHO c 3amevanueM [lanna. Tlostomy O6blIo Ghl BecbMa
AenareJbHO JO0Ka3aTh 3TO «H30NEPHMETpPHUECKOe CBOMCTBO»
IIECTHYTOJIbHEIX MO3aMK npu 6oJee LIHPOKHX YCJOBHAX.
Tak Bo3HHKaer 3ajaya: pa3buth JaHHyl0 o6JacTb Ha GoJib-
1loe, HO 33/laHHOE YHCJIO YacTeli paBHOH MJOMWAfH INPH NOMO-
1M caMoll «KOpOTKoil» ceTKH. BoJiee TouHo:

a) pa36uTb IJIOCKOCTb HAa KYCKH eIMHHYHOH IVIOLIAfH TaK,
yTOGb! CPeIHHH NEpPHMETP 3THX KYCKOB Obl1 BO3MOXKHO MEHb-
ILHM. o

B 1Ol cTaThe MBI paccMaTpHBaeM CJeAyIOlLlylo, ABOHCTBEH-
Hylo npobJieMe a) 3ajauy:

6) pasbuTb IVIOCKOCTb Ha KYCKH €IMHHMYHOrO MepHMeTpa
TaK, YTOOBl CpelHssl IJIOLLaAb 3THX KYCKOB Obljla BO3MOXHO
6oJ1blLIEH.

T'oBops GoJiee MPOCTBIM A3BIKOM, MBI XOTHM MOKPHITH ILJIO-
CKyI0 06/1aCThb AOCTaTOYHO GOJIBbLIOH IVIOLAAH CEThIO, COCTOf-
e, CKaxXeM, H3 THICSYH SiYeeK €AMHHYHOTO NEPHMETpa.

IloMHMO €BKJIHZOBOH IJIOCKOCTH, Mbl PacnpocTpaHHM Ha-
UM HCC/leOBaHUsA H Ha cdepy M runepGOIHYECKYIO IIJIOCKOCTD.
Ho npexze Mbl JaiuM 0630p H3BECTHLIX pe3yJbTaTOB B 3TOM
HanpaBJieHHH.

2. §1 naBHO 3aMeTHJI, YTO YaCTHBIA cay4yaill 3ajauH, a HMEH-
HO Korja 06/1aCTH NpeANoJarajoTcsi BhIMYKABIMH, MOXeT OLITh
Jerko peuen. 1 paccmoTpes aHaJlOTHUHYIO CepHYECKylO 3a-
Jlauy H JOKa3aJ CJAelYyIOLlylo TeopeMy.

*Jlacano deftemwn ToT— Hu3BeCTHHA BEeHTrepCKHH MaTeMaTHK;
BO3rJIaBJ/IeT MaTeMaTHueCKHfi MHCTHTYT BeHrepckofi axajaeMHH Hayk.
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Pa3o6beM noBepXHOCTb €AHHHUYHOH cephl Ha n=2 BhIMyK-
JiblX MHOrOYroJIbHHKOB papHo# mJoutaiu. Eenu yepes L 0Gos-
HayuTh CyMMYy MepPHMETPOB MHOMOYroJbHHKOB, TO

L>l2(n—-—2)arcc0s(] = Cos ,iz 2 )

PaBeHcTBO BbINOJIHAETCSA TOJNBKO A5 NpaBH/bHOTO pa3s6ue-
HHA C TpPeXrpaHHbLIMH BepIUHHaMH.

Ilpu GonbluMX 3HAUEHHSIX 7 3TO HEPABEHCTBO SABJsETCA
aCHMNTOTHYECKH TOYHBIM M BBIPaXKaeT COOTBETCTBYIOILee 3K-
CTpeMaJ/IbHOe CBOMCTBO LUECTHYTOJIbHOHI MO3aHKH Ha €BKJIHIO-
Boii miockocTH. Tak 4To MOXKHO CKa3aTh, YTO HamnHCaHHOe He-
PaBEHCTBO ABJSAETC TOYHLIM TipH n=3,4, 6, 12 u oo.

JloKa3aTe/IbCTBO OCHOBAHO Ha BBIMYKJOCTH OJHOM JOBOJIb-
HOH CJIOXKHOH (DYHKILHMH, a MMEHHO Ha BBIMYKJOCTH caeayoueii
$yHKIHH OT v:

P (v, @) = 2varccos ——5—— (v>2, 0<a<< 2m).
cos ——
Ipu uenbix 3HaueHussx v P (v, a) paBHO NepuUMETpy NpaBHJIb-
HOTO Vv-yroJIbHHKa IJIOWalH a.

Cnenyomas TeopeMa KacaeTcsi MpaBHJBbHBIX ChepHYECKHX,
€BKJHUI0BLIX H rHnepOOJHYECKHX MO3aHK € TpeXrpaHHBIMH
BepiuvHaMu. Ha cdepe Takux Mosauk ueThipe, B €BKJIHJIOBOM
NJIOCKOCTH TOJIBKO OJHA, a B runep6o/Hueckoii GecKOHeuHO
MHOrO.

ITyctb U — o6vennHeHne n siueek NPaBHIBHOH MO3aHKH
C TpexrpaHHbIMH BepiuMHamu. Toraa cpean Bcex pasGHeHHid
MHOXecTBa U Ha n BBIMYKJBIX MHOTOYTOJIbHHKOB PaBHOH IJIO-
IaAH NpaBUIbHOE pa3bHeHHe HMeeT MHHHMAaJbHO BO3MOXK-
HYI0 CYMMy MepHMETpPOB CBOMX slue€ek.

[NonyyeHne aHalOrMYHBIX pe3yJbTaToB AJA pa36GHeHHi,
COCTOSIUX He TOJNBKO M3 BBINYKJBIX KYCKOB, NpEACTaBJIseTcs
TPyAHOH 3ajaveil. SIpKWil CBET Ha 3TH TPYIAHOCTH MPOJHJIO
cllefyloilee MHTepecHoe 3aMmeuaHHe Xennewa: ecau LeJoe
yncno n>>1 He aABaserca JenuteneM 12, To Kparvaiiuasi CeTb,
Jensiias cepy Ha n yacTedl paBHOH IUIOWIafH, BCEraa cCofep-
JKHT HeBHINYKAYyI0 siuefiky. C Apyroil cTOpOHbI, MOXHO mpej-
NONIOXKHTB, uTO, A1t n=2, 3, 4, 6 n 12 3kcTpemasbHas Mosau-
Ka COCTOHMT TOJIbKO W3 BHIMYKJBIX SiueeK, W TOrAa B CHJY Bbl-
LIeNpHBEICHHON TeOpeMbl JO/KHA ObITh npaannbﬂoﬁ. Hmeercs
HI3ALIHOE [I0Ka3aTe/NIbCTBO 3TOrO IPETNOJIOKEHHA B cjyuae
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n=2. Ilyctb ¢ — npocras 3aMKHYTasi KpHBas, Je/siias cge-
py Ha aBe paBHOBesnMKHe 4acTH. OTpaxkas KPHBYIO ¢ B LEHTpe
cdepsl, noJyyaeM APYrylo KpHUBYIO, KoTopas JOJ/KHA rnepeceyb
KPUBYIO ¢ B HeKoTopoil Touke A. Tak KaK TO4Ka, MPOTHBOINO-
JOXHas Touke A, TaKKe NPHHAIJEKHUT KPHUBOH ¢, TO JJIHHA
KPHBOH He MeHbllle 271 U paBHa
27 ToNbKO ToOrAa, Koraa A —
GosbL1asi OKPYXHOCTb. \l

Hy aecan sueliku He nos-

HOCTbIO 3aMOJHAIOT MPOCTPAHCT- ‘\_/

BO, KaK 3T0 GbIBaeT B CaMblX pa3- P= >
HOOOpas3HbIX  GHOJIOTMYECKHX

WM  pacCTHTEJbHBIX TKaHAX? < D 4
Toraa paccMoTpeHue TakHX TKa-

Hefl NPHUBOJMT K LOBbLIM MaTeMa-

THYeCKHM 3anauaM. PaccMoTpum b 4 P>

TKaHb H3 HeENepeKpbiBaIOMINX-
CA NJIaCTHYHBIX sYyeek, coaep- \q

Kawuxcea B HCKOTOpOl'r'l 4yacTH /_\

npoctpaHctBa. [lpeanosaras, Puc. 1

BO-NEPBbIX, YTO SYEHKH HMe-

IOT OJMHAKOBBHI MOCTOSIHHBI

o6beM, Mbl MOXKEM CIIPOCHTb, Kakylo OpMy H pacrnoJioxKeHue
JO/KHBl HMETb 3TH fiYeHKH, 4TOObl MOJIHafA MJIOLiajb HX MO-
BepXHOCTell Oblla Kak MoxHO Menblueil. C 1pyroi CTOPOHHI,
npeanosaras, yto fYeHKH HMEIOT .OAHHAKOBYIO MOCTOSSHHYIO
NOBEPXHOCTHYIO MJIOWa/b, CIIPOCHM, NMPH KaKoH Qopme sueek
H HX PacnooxeHuu o6veM HX GYLET BO3MOXKHO GOJIbLIHM.

Ha puc. 1 nokasan nonepeuyHbiii cpe3 BOJOKHHCTOH TKaHH
cTe6J1sl KYKypy3bl. DTH iueiKH npeACTaBaaIoT co6oii MaJleHbKHe
KOJIOHKH, BHITAIHYThIE BJ0JIb OCEBOrO HampaBJleHHsl, U UX O0b-
€M H MNOBEPXHOCTHYIO IUIOLIAJAb MOXHO CUHTaThb MPOMNOPIIHO-
HaJIbHBIMH COOTBETCTBEHHO IJIOLWAAH H NEpPHMETPYy HX ceue-
Huit. Tak 4T0 ynomsHyThle TpeXMepHble 3aauu CBOAATCS 3/eCh
K JBYMEpHbBIM.

A) PaccMotpuM B €BKJHIOBOHM MJIOCKOCTH MHOXECTBO He-
nepeKpHIBAIOIIHNXCA CBA3HBIX AHCKOB paBHOH nuowanu. Ilpea-
NOJIOXKHM, 4TO (JOPMY H TNOJIOKEHHE JHCKOB MOXHO MEHSATb,
COXpaHfs MPH 3TOM HX OOILYI0 MJIOLIafb H MJIOTHOCTb HX pac-
npenenenusn. KakoBbl Te ¢opMa M pacnosioxeHHe AMCKOB, KO-
TOpble 06EecrneyuBaloT MHHHMAJNbHO BO3MOXKHBIl cpeiHuil me-
puMeTp?

B) PaccmoTpiM B €BKJIHAOBOH [1JIOCKOCTH MHOKECTBO He-
nepeKphIBAOILMXCA CBA3HLIX JHCKOB paBHOro nepumerpa. Ho-
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NYCTHM, 4TO (GOpMY H MOJIOXKEHHE NHCKOB MOXHO MEHfATb, COX-
paHsAs HX OOWMIA NepHMeTp H IJIOTHOCTB HX pacnpejeseHHs.
KakoBbl Te GopMa M pacnosioXeHHe AHCKOB, KOTOphie ofecrie-
YMBAIOT MaKCHMAJbHO BO3MOXHYIO CPEIHIOIO IJIOIMalb AHCKOB?

OTH 3ajayy, KOTOphIE MOXHO pacCMarpuBaTh KaK OCHOB-
Hble H30MepHMeTpHYecKHe 3ajayd O IBYMEPHBIX SUEHCTHIX CO-
BOKYMHOCTAX, OYEBHIHO, ABJSAWOTCA 06oO6lieHHeM copMyJH-
POBaHHLIX paHee OCHOBHBIX H30MEpPHMETPHYECKHX 3ajay o
MO3aHKax, a MMeHHO 3anau a) u 0).

B ToM cnyuae, Koraa AHCKH BbINYKJbI, npo6nema bB) Gblia
pelleHa aBTOpoM, a npoGJjeMa A) — aBTOPOM B COTpYIHHYECTBE
¢ Xennewem. IlaBafiTe npH NOCTOSHHOH NJIOTHOCTH YBEJHUH-
BaTb OJAMHAKOBHIH I/ KaXIOro AMCKa NEepHMETP WJH OIHHa-
KOBYIO IJIOLialb, HauHHas C OYeHb MasblX 3HaueHuii. Toraa
JKCTpeMa/bHBEIMH o6sacTsiMH OyNyT CHauaja pacnoJoXeHHbie
NPOM3BONIBHO KPYrH; NPH HEKOTOPOM 3HAYeHHH MNepHUMeTpa
WM IJIOWAJAH 3TH KPYrH o6pasyloT CTECHEHHYIO reKcaroHalb:
HYIO VIAaKOBKY; 3aTeM OHH HauHYT pasjyBaTbCfl B IIECTHY-
rOJIbHHKH C 3aKpYTJIEHHBIMH KpPasiMH; H HaKOHel, OHH npeBpa-
TATCA B TPaBWIbHBE ILECTHYTOJbHHKH, 3amoJHAIOLHe IJIO-
CKOCTb 6€3 NpOMEXYTKOB.

[Nosnuee Xennew samerus, yto peluenue 3ajaun B), nau-
110 JJ1f BBIMYKJBIX JIHCKOB, MOXXHO pacnpoCTPaHHTb Ha 06-
IMHA cayyal. 10 BKJIOYaeT B ce6s NMOJHOe pelueHHe 3anauu 6):

INpu pasbueHuH eBKIMIOBOH IJIOCKOCTH Ha CBA3HbIE KY-
CKHM C MEpHUMETPaMH, He NMPEBOCXOAALUIUMH €IHHHMLEBI, CPelHsAs
oAb KYCKOB He MOXeT GhiThb 6oJiblle, 4eM IVIOLIanhb Npa-
BWJIbHOTO ILECTHYTrOJIbHHKA € E€AMHHYHBIM MEpPHMETPOM.

Cefiuac MBI paccMOTpHM 3ajauy 6) B cJelylolleii 3KBHBa-
JIEHTHOH (POpPMYJIHpOBKe: KakK pa3GuTb JaHHYIO 06JAacTh Ha n
YacTel KaK MOXXHO MeHbILero rnepHMerpa.

3. IoBepxHoCTb chepbl MOXKeT GbITh pa3bMTa Ha n yacrei,
KaXjasi M3 KOTOPBIX MMEET CKOJIb YTOJHO MaJblit mepumerp,
HO CHTyalMs MeHSeTcsl, eC/IM MNPENNoJIOXKHTb NMPH 3TOM, YTO
oAb HU ONHOH M3 3THX uacTell He NMPEBOCXOAHMT IVIOMIAfH
nonycgepnl. Takoe pa36nHenne Mbl 6yneM Ha3biBaTb HOpMAAb-
HoiM. JloKaxkeM cJleyIOLLyIO TeopeMmy.

[Ipu  moGom HopmansHom pasbuenuu eOuHU4HOU cghepol
HQ n>1 ceasnoix wacmell Hauboabwul u3 nepumempos pa-
een \,, 20e

2n man=2

7\,"= n—2 2 n
12 —— arccos Y 308n—276 | A n>2.
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Pasetcmeo moxcem docmuzamecs moasko npu n=2, 3, 4,
6 u 12, a umento ecau obaracmu pasbuenus npedcMABAAIONL Co-
Goii aubo dse noaycgpepor, aubo mpu 08yyeorbHuka (capOysHoie
Ooabku», 00Ha u3 Komopowx moxcem Ooumb noaycgepois), ru6o
Yemobipe NPABUAbHLIX MPEY20AbHUKA,  AUBO wecmb NpPABUAbHYIX
Hembipexy2oabHUKo8, Aub0 06eHadyams NPABUAbHLIX NAMUY20Ab-
HUKO8.

IlpuHnMas BO BHHMaHHeE TO, YTO Hallle HepaBeHCTBO NpH 60JIb-
IIMX 3HaYEHHAX N aCHMITOTHYECKH TOYHO, MOXKHO CKa3aTb, YTO
PaBEHCTBO HMeeT MECTO NpPH n=o00 B C/yYyae NPaBUJIbHOTO rek-
caroHaJIbHOro pas6GueHusi. OTMETHM ellie, YTO A,=A,>A >...

. P
" }lgrgnkn 2y 3.

[Ipu nokasartenbcTBe TeopeMbl Mbl BOCMOJIb3yeMCsi CJeylo-
IIKM HM3BECTHHIM (DaKTOM, YTO ecJH 3aMKHYTas KpHBasi Ha
chepe mnepecekaercsi ¢ KaxJaoH GOJBILOH OKPYXKHOCTbIO, TO
ee JUIMHA He MeHblle 21 U paBHa 27 TOJILKO B TOM CJ1y4ae, KOrjia
3Ta KpPHBasi COCTOMT M3 JBYX GOJbLIMX IOJYOKPYXKHOCTEH.

IpeanonioxxkuM cHauana, 4to Kaxjas M3 obracreét d,, d,,
.., d,  pa36HeHHs OAHOCBA3HA. B 3TOM C/1yyae MOXKHO TaKKe
CYMTaTh, YTO Kaxjas 06JacTb d; JIeXXHT B HEKOTOPOH 3aMKHY-
Toi moaycgepe. Ecan Gbl 3170 6blI0 He Tak, TO Kaxnas GoJb-
1as OKPYXHOCTb JOMKHa Gbila UMeThb o6uiyto ¢ d; TOUKY.
Ho nockosbky niowane d; no ycioBuio He Gosblue 27, TO
KaxJas Go/iblllasi OKPYXKHOCTb nepecekasna Gbl rpaHuuy o6-
JacTH d;, H, 3HAYHT, B CHJY TOJbKO YTO YNOMHHAaBILUErocs
¢akra nepumetp obsiactH Obi1 Gbl GosblLie 27t.

Ecan cpepa pa3buta TONbKO Ha JBE -CBSI3Hble 0GJIaCTH, TO
3TH 006/1aCTH 0653aTeJIbHO ONHOCBfA3HBI. Tak 4TO M3 NpHBeeH-
HBIX pacCyXJeHHil ciienyeT KOpPEKTHOCTb Haiueil TeopeMbl AJIs
n=2. TlostoMy nanbuie Mbi OGynem npeanoJaratb, 4ro n>2.

3aMeHHM Kaxaylo obiacTb d; ee BHIIYKJIOH 0GOJNOYKOM
¢;. Tlpu sToM nepumeTp HHU OfHOMH U3 o6GacTeil He YBEJTHYHTCS.
MoxHo Takxke npeanojaratb, YTO HH OfHAa H3 o6Jjacteél cy,
..., C, HE MOKpHITa ApYyroi o6sactbio. [leficTBHTENbHO, B NPO-
THBHOM CJlydae MOXXHO OMYCTHTb 9Ty 06JacTh, M 3ajaya CBe-
JeTcst K caydaio n—1 oGiacreil BMecTo n objactefi.

Tenepb MBI mepeiizeM K onucaHHuio nmpouecca, NpH NOMOLIH
KOTOpOro 06J1aCTH €y, ... o C, OYAYT CTATHBATHCA K BHIIYKJIbIM
MHOTOYrOJIbHHKaM p,, ..., p,, NOKpHIBaioluM chepy Ge3 mne-
pexpoituii. Ilyctb ¢; u ¢; — ABe obaactu, uMmeloLiye onHY 06-
Llyl0 BHYTPEHHIOIO TOuKY. Tak Kak, COIJIacHO Hailemy npex-
TIOJIOXKEHHIO, HH OfHa M3 o0JiacTeil He COJepKHTCS B APYroM, TO
Ha rpaHuie o6JacTH ¢; Hailgerca Touxa, Jiexauiasi BHe oGua-
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ctH ¢;. JlaBaiite oCofizem rpanuiy o6aacTu ¢; B KakoM-HHOY b
HamnpasJieH1il, OTIPAaBJIAsCH 113 TOYKH, BHELIIel 10 OTHOLIEHIO
K o6nactu ¢;. Toraa cyulecTByer Touka A, B KOTOpO#H MBI BOJi-
neM BHYTpb 06/1aCTH Cj, ¥ TOYKa B, B KoTOpoO#i BhliileM M3 ¢;.
Mpr yTBepxnaeM, uTo GOJbllle TaKHX TOYEK <MEpEceYeHHs»
Her. Ilyctb A, B, A’ u B’ — ueThipe nocsieoBaTte/ibHbE TOY-
KH nepeceuenns (puc. 2). Ha kaxnoit n3 orkpoiteix ayr B'A
H BA’ rpanuubl 06JacTH ¢; HafileTCsi NO Touke, MpHHaJJEka-

A’
Puc. 2

el rpaHuue obsactu d;. Tak kKak obnactb d; CBf3Ha, TO
9TH TOYKH MOXHO COEIHHHTb JAyroH, MNpoxoisiiei BHYTPH
d;. AHanoruyHo Moxem HaiiTh Ha ayre AB, a Takxe W Ha Ay-
re A’B’ rpanuubl 061acTH ¢; TpaHHYHbE TOYKH OGJAcTH dj,
KOTOphIE CO€AMHHM AYro#, npoxoisile#i BHYTpH obGnactu d;.
OTH 1Be AYTH CONEpXKarcs Takxke W B 06nacTaX ¢; M ¢; Co-
orBeTcTBeHHO. [ToaToMy oHM nepecekaioTca. Ho 310 HeBO3MOXK-
HO, MOTOMY YTO O6nacTH d; U d; He HMEIOT O6LMX BHYTPEHHHX
TOYEK. ' ,

3ameHHM Tenepb ¢; M ¢; 061aCTAMH C;CC; W ¢;CCj, 0OOb-
€/lHHEHHe KOTOpHIX coBmajaer ¢ oOLeiHHeHHeM objactedl c;
H ¢;, HO nepeceyeHHe cBoauTcsi K oTpe3ky AB. Ilpu stom
MorJio 6bl OKa3aThbcs, 4TO OTpe3ok AB nepecekan Gbl TpaHHLLY
KaKo#-TO TpeTbelt 06/1acTH ¢, B ABYX Toukax. Toria rpaHuua

Cp miepeceKasa Gbl IpaHHIy, CKaXeM C;, B 4eThipex TOYKax
- (puc. 3), TaK 4TO ONMHCAHHOE BHILE CTATHBAHHE HeNb3si ObLIO

6bl IPUMEHHTD K 06/1aCTAM Cy, ¥ ¢;. Ho 3Ta cuTyauns Moxer Bcrpe-
THUTBCS, TOJNIBKO €CJIH NepeceyeHHe ¢; U € COJEPXKHTCA B nepe-
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CEYeHHH ¢; H C;. HOSTOMy €CJIH MPHMEHATb CTATHBaHHEe BCeraa
TOALKO K TaKHM mapam o6/1acTeil, nepeceyeHHe KOTOPLIX He
collepKHTCst B mepeceyeHny Apyroii napbi obJjactelt, To obna-
/
n
CTH ¢4, ..., C, He OJlee ueM 3a (2 ) LIaroB CTAHYTCA B MHOTO-

/

YTONBLHHKH p,, ..., p, C TpeOyeMEIM CBOMCTBOM.

Ecnn n=3, T0 310 nocTpoeHye npHBOIMUT JHGO K TPEM IBY-
yTONbHHKaM (OMH M3 KOTOPBIX MOXeT ObiTb noJycdepoil),
JuGo (ecay oaHa M3 obnactedt Obl1a omylueHa) K ABYM MOJy-
ctepam. Ilepumerp stux oGnacreii paseH 2n. Ilostomy ecan
01112 U3 HHUX Obl/1a NEpBOHAYAIBHO HEBBINMYKJO#, TO ee nepHMeTp
Jo/KeH ObiTh Goablue 2. Takum oGpasoM, MOXHO B JasIbHEH-
lleM npeimnoJaratb, 4to n>3.

Ecan p ecto nHanGoabluuii 13 NEpHMETPOB MHOTOYrOJIbHH-
KOB, TO BBHIY H30MEPHMETPHYECKOrO CBOHCTBA NpPaBHJbHBIX
MHOT'OYTOJIbBHHKOB HMeeM p, <A (v;, p), T1e v; €CTb UYHCJIO
CTOPOH MHOTOYroJIbHHKA p; 1

a
CoS—~

A (v, p)=2n—2v arccos =2n—P (v, 2n—p).

('OSQT
[Tockoabky P (v, a) — BbINyKJas PyHKUHA ot v (v>2, 0-<a<
<2n), 10 A (v, p)— Borsytas Bo3pacTaiowas ¢yHKUHS OT
v (v>2, 0:<p:<2n) (ee MOHOTOHHOCTb CJIE1YET M3 BOTHYTOCTH
W CyeCTROBaHHs nperena e A (v, p). CnenosarennHo,

4n—2p, \EA (vi, PY-<nA 6—121n, p),

OTKYy/la non)qaeM p>?»

PaBeHCTBO BLIMOJIHAETCA TOJNBKO, €CJAH UHCIO0 m= 6—-12/n
€CTh Le/ce W KaXKAblii MHOTOyrofibHHK — NpaBHJbHBIA M-
yrOJbHHK NEpHMETpPa p, a 3TO HMEEeT MecTO TOJNbKO B yKasaH-
HBIX B TeopeMe ciyuasax. Ecau He Bce u3 o6jacreit d,, ...,
d, nepBoHayaJbHO OblM BBIMYKJbl, TO OHA H3 HHX, BEPOSATHO,
HMeer nepumeTp GoJblue A,.

Mbl eine A0MKHBI ucc.nerloaa'rb cayyad, KOrfa HeKOTOpble
M3 NaHHBIX obnactedt d,, ..., d, HeonHocBA3HH. [Ipeamoso-
XKHMM, Hanpumep, 4to objaacTb d; OrpaHHuYeHa ABYMsl OTIE/b-
HbIMHU TIPOCTBIMH KPMBEIMH S; U S,. Kakaas M3 3THX KPHBBIX
pasGuBaer chepy Ha siBe wyacTH. PaccMoTpHM uacTb cdepsl p’,
onpenesiemMyto KpHBOH $1, KOTOpasi COAEPXKHT obnacTb d;,
a TaKkxe yacTb p’’, onpene/isieMyl0 KPHBOH Sy, KOTOpas e
coepKHT obnactb d;. Ilepemectiim o6aactb p’’ B o6aacth p’
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TaK, 4To6b p'’ M p’ HMeJH OOILYI0 TPaHHYHYIO TOUKY. TakuMm
Crnoco6oM KaxJiasi HeoJHOCBsA3Has 06/1acTb MOXET GbiTh 3aMe-
HeHa 006J1acTbiO, OTpaHHYECHHOH 3aMKHYTOH (HO He npoCTOii)
KpuBo#i. M onsiTh MOXKHO CYHTaTh, YTO KaxKJasi M3 3THX HOBBIX
o6nacTell JIeXHT B 3aMKHYTOH nosycdepe, Tak YTO MOXKHO IpPH-
MEHHUTb BLIUENPHBEJEHHOE [0Ka3aTeJbCTBO 6€3 KaKHX-jH60
H3MEHEHHUH.

4. Ceftuac Mbl NMpPHCTYNaeM K J0Ka3aTelbCTBY CJEAYIOUIEH
TEOpEMBI.

Mycmo U-o6vedunenue n pasaudnolx a4eex NnpasubHol
€6KAu00601i uAw 2unepbOAUHECKOLl MO3auUKU, Y KOMOpPOL 60 6CA-
Kol epuiune CX00Amcs mpu
pebpa. Kax 6ot Mot Hu pas-
6usaru U ra n ceasnox ua-
cmet, Hauborbwull u3 nepu-
mempoe smux uacmeti 6ydem
npegocxoOume A, 20e A —
nepumemp O00HOU s4eliku 6
mosauxe. Pasencmso umeem
MeCmo Auule 8 cayuae npa-
.8UAbHO20 pa3Ouerus.

3aece MoA NpaBHJBHBEIM
pa3bHeHHeM MHl TIOHHMaeM,
yTO O6JIacTH pa3GHeHHs CYTb

Puc. 4 siyefiIKH MO3aHKH, COJepKa-

wueca B U. Oas chepuuec-

KHMX MO3aHK 3Ta TeOpeMa He HMeeT MecTa, NoToMy 4to 3zech U

MOXKET COCTOSATh U3 L0 chephl, KOTOPYIO MOXHO pa3GHTb Ha
YaCcTH CKOJIb YTOJZHO MaJloro nepuMerpa.

Iycrs dy, ..., d, — obaactu u ¢y, ..., €, — HX BBINYK-
Japie o6onoukH. PaccMoTpuM o6benHHeHHe BCeX 4 siyeek MO3a-
KH, KOTOpHleé MMEIOT BHYTpPEHHHe HJH IpaHHYHbE TOYKH, 06-
He ¢ o6/1acTAMH Cy, ..., C,, H, KPOME TOTO, MOMOJHHM MHO-
JKECTBO 3THX fiyeek, J00aBsAs, €CHH HYXKHO, HOBble SYEHKH
MO3aMKH, uTOOBbl MOJNYYMJIOCh OXHOCBf3HOe MHOX€ECTBO U.
OGo3HauuM siyeiiku Mo3aWkH, BxoAsuue B U, HO He Bxoas-
mue B U, uepes ¢,4q, ..., Cpp, H MPHMEHHM K OOGJIACTAM Cy,
«es y Cp, TIPOLIECC CTATHBAHHUS, KOTOPBIH GBI OMHCAH IJIf CJY-
yasi cdepel. TeM caMbIM Mbl HOJYYHM MHOMXECTBO BBINYKJBIX
MHOTOYTOJIbHHKOB, 3anojHsiowux U Ges nepekpurTuil H Ges
nponyckos (puc. 4). Ecau uHc/Io 3THX MHOrOYrOJbLHHKOB MEHb-
1u€e m, TO Mbl pa306beM HEKOTOpble H3 HHX Ha BBHIMYKJIbie MHO-
TOVroJIbHHKH TaK, 4yToObl B OOLLEM MOJYYHJIOCh TOYHO 1M MHO-

62




TOYTOJNILHHKOB Py, ... , Pp. OTH pa3bueHHS MBI OCYLIECTBJS-
€M TaK, YToObl Ha rpanuue U He Gbl10 HOBHIX BepiuuH. Ham
HY}XHO JI0Ka3aTh, 4TO p=A, rne yepes p oGo3HaueH HaHGOJIb-
KA nepuUMeTp, BCTPEYAIOMMACH CPEAH MHOTOYTOJLHHKOB, H
PaBEHCTBO NpPH 3TOM BLINOJIHAETCS TOJBLKO B TOM CJyuae, Koraa
Py .- Pm COBNANAIOT C AYeiKaMH MO3AHKH, COJAEPKaIIHMH-
ca B U. OcHoBHbIE MOMEHTH JOKa3aTe/bCTBa caenyroue,

Benencrue n3onepHMeTpHYECKOTO CBOMCTBAa NpPaBHJIBHBIX
MHOTOYIOJIbHUKOB MBI HMeeM

pi<A (v, p),

rae

p* T
Tctg e B €BKJIHAOBOM CJyyae

A("» p)= cos—— =

v_B_runep6o.iu-
—2m+2varccos 5 yackom cayuae

chay 2v
C onHoii cTOpOHBI, JOKasbiBaercsi, uto A (v, p) — BOTHY-
Tas *, Bospacraiomas ¢GyHKIHsA OT ¥ npH v=>2, a Cc Apyroi —
noxamem. 41O

Vitvet o VS,
rle v — YHCI0 cropou siueeK Mo3auku. ITostomy

U—zp, <2A vy pP)<<mA (V p),
i=1

OTKyJa p;k W paBeHCTBO MMeeT MeCTO JIHIUb KOTJa KaKablil
MHOTOYTO/JIbHHK ~fIBSIETCS] MPaBHJIbHBIM  V-YTOJBHHKOM C
miowmanbio U/m. A u3 BornyrocTH GyHKunu A (v, p) u cyuiect-
BOBaHHS 4 A (v, p) BbITEKaeT MOHOTOHHOCTb A (v, p).

Ilpu n0Ka3aTesbCTBE HEPABEHCTBA Vi + ... +V, <MV MOX-
HO MpeANoJaraTh, YTO B KaX/0ii BeplIHHEe MO3aHKH, COCTOSILEH
M3 MHOTOYTOJIbHHKOB Py, ... , Pm, CXOOUTCS He GoJblle Tpex
MHOTOYTOJIbHHKOB. [1/151 3TOro BEpLIHHY CO CXOASALMMHUCS B Hel
3+h (h>0) pe6pamn MOXKHO Bcerja 3aMeHHUTb /i TpeXrpaHHbIMH
BEpPIUHHAMH TaK, YTO YHC/IO MHOTOYTOJIbHHKOB OCTaHETCS Npex-
HHUM, B TO BpeMsl Kak ofliiee YHCJI0 HX CTOpOH Bo3pacrer. [lycTsb
Uy H Uy — YHC/IA COOTBETCTBEHHO IBYTPAHHBIX U TPEXIPaHHBIX
BEPLUMH, JEXAWHUX Ha rpanuue U, v — oblee YHC/IO BepLIMH
H e — 4Hcjio peGep. CorJacHo q)opmyﬂe Diinepa umeem

m+v=e+1.

* Iloxaaare.nbcwo sornytoct  ¢yuxkuun A(v, p) npu uepesoie
on)u.lcuo
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Takum oGpasom, BcaeacTBie Toro 4rto 3v=2¢+-uv,, losyya-
eM

V1’+‘ s +Vm=26—02—03=6m+02—v3——6.
Te ke caMble BhIKJIaAKH MpHUBOASAT B CJy4Yae NpaBHJAbBHOIO pas-

6uenus U K cooTHOLIEHHIO
mv=06m-+ vy—uv;—6.

Ho nocko/ibKy 3HaueHus v, W U; 31€Cb TE zKe, YTO W Bhillie, TO
HMeeM

Vit o FV,=mv.
STHM [0Ka3aTeqbCTBO 3aBepilaercs.
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