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nPE)J,HCJlOBHE KO BTOPOMY H3)J,AHHIO

Bo BTOpOM 113,.a:aHHll llCrrpaBJIeHbI aaMeqeHHbIe He,.a:OCTaTKll. HeKO-

TOpbIe H3 HHX ObIJIH JII06e3HO C006meHbI MHe IO. A. Bpy,.a:HbIM,
51. C. ByrpoBbIM, B. 11. BypeHKoBbIM (pe,.a:aKTOpOM KHllrll), K. 11. Oc-
KOJIKOBbIM HIt D:aHcKllHbIM (J. Danskin), KOTOpbIH: rrepeBeJI EJTY KHHrY
Ha' aHrJIHH:CKllii H3bIK ,.a:JIH 113,.a:aTeJIbCTBa IIIrrpHHrep. 51 llX oJIaro,.a:aplO.

-

51 ,.a:orrOJIHHJI 3TO 113,.a:aHlie 10-H: rJIaBOH:, rrocBHrn.eHHOH: BeCOBbIM

KJI8CC8M. OToopaHbl HaH60JIee xo,.a:Klle C TOqKH 3peHllH npHJIO)KeHHH:
TcopeMbI BJIO)KeHllH. npoBepeHo, qTO C nOMorn.blO 3TllX TeopeM II

Oorn;HX c006pa)KeHllH: 113 TeopliH rHJIbOepTOBblX npocTpaHcTB MO)KHO

,.a:OKaaaTb cymecTBoBaHlie perneHllH nepBoll KpaeBoll 3a,.a:aqll ,.a:JlH

ypaBHeHHH 3JIJIliITTHqeCKOrO Tllrra C CllJIbHbIM BbIpO)K,.a:eHlleM Ha rpa-
HHI.(e H Y3HaTb ,.a:mp<pepeHl.(llaJIbHbIe cBoikTBa perneHHH BnJIOTb,.a:o

rpaHllQbI.
OCHOBHbIe pe3YJIbTaTbI, 0 KOTOpbIX 3,.a:eCb H,.a:eT peqb, npllHa,.a:JIe-

)KaT A. A. BarnapI1HY, JI. D:. Ky,.a:pHBQeBY, n. 11. JI1l30PKllHY,
C. M. HHKOJIbCKOMY II C. B. YcneHcKOMY. D:aJIeKO He Bcer,.a:a OHH

,.a:OKa3bIBaJIliCb ,.a:JIH 06JIacTell C KpliBOH: rpaHHQeH:. ABTOpbI Hepe,.a:KO
OrpaHllqHBaJIHCb paCCMOTpeHlleM nOJIynpocTpaHCTBa II <POPMYJIlipOB-
ROH: (He Bcer,.a:a rrOJIHOH:) COOTBeTCTBYlOmero pe3YJIbTaTa ,.a:JIH OOJIa-

CTH C ,.a:OCTaTOqHO rJIa,.a:KOH: rpaHHQeii.
MbI 3,.a:eCb paCCMaTpHBaeM BeCOBOH: KJIaCC W;a (Q) <PYHKQHH:

(CM. 10.1), 3a,.a:aHHbIX Ha OrpaHHqeHHOH: OOJIaCTli C ,.a:OCPTOqHO rJIa.n:-

Koii (n - 1 )-MepHOH: rpaHHQeH:. KaK rrpaBllJIO, cooTBeTcTBYlOmee
HepaBeHcTBo ,.a:OKa3bIBaeTCH CHaqaJIa ,.a:JIH (o,.a:HoMepHoro) oTpe3Ka HJIli

rrpHMoyrOJIbHHKa, a 3aTeM OHO rrepeHOCHTCH Ha 06mHH: CJIyqaH: O,.a:HHM
H TeM )Ke MeTo,.a:OM, pa3BHTbiM aBTopOM.



BBE)J.EHHE

B nOCJIe,D.HHe ,ABa ,AeCHTHJIeTHH TeopHH BJIO)KeHHH: KJIaCCOB ,D.H<J>-
«pepeHII.HPyeMbIx «PYHKII.Hit MHorHX nepeMeHHbIX, Ha'IaJIO KOTOpoA
nOJIO)KHJI ern.e B TpH,D.II.aTbIX rO,D.ax C. JI. COOOJIeB, rtOJIY'IHJIa OOJIb-
UIoe pa3BHTue. B HaCTOHrn.ee BpeMH peUIeHHe pH,D.a OCHOBHbIX Borrpo-
COB B HeH: npHUIJIO K 3aBepUIeHHIO H nOHBJIHeTCH HeOOXO,D.HMOOTb
B KOMrraKTHOM HX H3JIO)KeHHH. JIH'IHO H npHIUeJI K BorrpocaM Teb-

pHH BJIO)KeHHH B CBH3H C ,D.aBHO HHTepeCOBaBIlIHMH MeHH H,D.eHMH

KJIaCCH'IeCKOH: TeopHH rrpHOJIH)KeHHH «PYHKII.HH: nOJIHHOMaMH, rrpe>K,D.e
Bcero TpHrOHOMeTpH'IeCKHMH rrOJIHHOMaMH H HX HenepHO,D.H'IeCKHMH

aHaJIOraMH - II.eJIbIMH «PYHKII.HHMH 9KCnOHeHII.HaJIbHOrO THna.

3TH H,D.eH, KOTopble MHe rrpHIlIJIOCb COOTBeTCTBYIOrn.HM oopa30M
pa3BHTb, rrOCJIY>KHJIH MHe OCHOBOM ,D.JIH rrocTpoeHHH TeopliH BJIO)Ke-

HHH: H-KJIaCCOB, r,D.e Y)Ke Borrpocax 0 cJIe,D.ax «PYHKII.HH: B03HHKJIH

He TOJIbKO rrpHMble, HO H nOJIHOCTblO llX 06parn.alOrn.He 06paTHble
TeopeMbI. DOCJIe,D.HHe MO>KHO ern.e Ha3BaTb TeopeMaMH 0 rrpO,D.OJI)Ke-
HHH «PYHKII.Hll Ha rrpOCTpaHCTBO C npHHa,D.JIe>KaIlI,HX K HeMY MHoro-

OOpa3HH: MeHbIllero 'IHCJIa H3MepeHHH:. DpH 9TOM OblJI OXBa'IeH He

TOJIbKO H30TpOrrHbIH: CJIY'IaH: «PYHKII.HH:, HMelOIlI,HX ,Il.ll$PepeHII.HaJIb-
HbIe cBoikTBa, O,D.HHaKOBbIe rro pa3HbiM HarrpaBJIeHHHM, HO TaK)Ke

H aHH30TponHbiit
B ,D.aJIbHeH:UIeM O. B. BecoB rrOCTpOHJI aHaJIOrH'IHYIO TeopHIO

BJIO>KeHHSl BBe,D.eHHbIX HM B-KJIaCCOB, TO>Ke oa3HPYSlcb Ha MeTO,D.ax

TeopHH rrpHOJIH>KeHHSl TpHroHOMeTpH'IeCKHMH nOJIHHOMaMH HJIH

II.eJIbIMH «PYHKII.HSlMH 9KCnOHeHII.HaJIbHOrO Tllna. B-KJIaCCbI 3aMe'la-

TeJIbHbI TeM, 'ITO OHH nO,D.OOHO H-KJIaCCaM HBJISlIOTCSl, KaK MbI rOBO-

pllM, 3aMKHYTbIMH B ceoe no OTHOIlleHHIO K TeopeMaM BJIO>KeHHH.

3THM MbI XOTHM CKa3aTb, 'ITO HHTepeCylOIlI,He Hac TeopeMbI BJIO)Ke-

HHSl (Mbl He OY,D.eM Y>K 3,D.eCb HX «POPMYJIHpOBaTb) BbIpa)KalOTCH
B TepMHHax B-KJIaCCOB H npH 9TOM OOJIa,D.aIOT B H3BeCTHOM CMbICJIe

cBoikTBaMH TpaH3HTHBHOCTH H oopaTHMOCTH B CJIyqae np06JIeMbI
CJle,D.OB.

C. JI. COOOJIeB ,AOKa3aJI CBOH TeOpeMbI BJIO)KeHHSl ,D.JISl KJIaCCOB

W =W (Q) «PYHKII.HA, HMelOIlI,HX Ha ,D.OCTaTO'IHO 06IlI,eH: oOJIaCTH Q

n-MepHoro npOCTpaHCTBa Rn HHTerpHpyeMbIe B p-fl CTeneHH

(1 P co) npOH3BO,D.HbIe ,D.O nOpH,D.Ka l BKJIlO'IHTeJIbHO. Co(50JItB-



8 BBE,n:EHI1E

CKHe KJIaCCbI MOLKHO Ha3BaTb ,D.HCKpeTHbIMH KJIaCCaMH, rrOTOMY qTO

rrapaMeTp I, BbIpaIKalOIII.HH ,D.HqxpepeHUHaJIbHble CBOH:CTBa BXO,D.RIII.HX
B HHX <PYHKUHH:, npOOeraeT ,D.IfCKpeTHYIO nOCJIe,D.OBaTeJIbHOCTb

1=0, 1, 2, ... KJIaCCbl IKe H H B B SlTOM CMblCJIe Herrpepb1BHb1.
4HTaTeJIb, KOr,D.a OH 03HaKOMHTCR C rJIaBOH: 9 SlTOH: KHHrH, OT,D.aCT
ce6e OTqeT B TOM, qTO Te TeOpeMbI C. n. CoOOJIeBa C ,D.OrrOJIHeHHRMH

K !iHM, npHHa,D.JIeIKaIII.HMH B. H. KOH,D.pamOBY H B. n. HJIbHHY,
KOTOpbIe COrrpOBOIK,D.aIOTCR H3MeHeHHeM MeTpHKH, RBJJRIOTCR B onpe-
,D.eJIeHHOM CMbICJIe OKOHqaTeJIbHbIMH If ,D.aIKe, HaCKOJIbKO SlTO n03BO-

JI5IeT ,D.HCKpeTHOCTb KJIaCCOB, TpaH3HTHBHbIMH.
4TO IKe KacaeTCR TeopeM BJIOIKeHH5I, corrpOBOIK,D.aeMbIX TOJIbKO

H3MeHeHHeM H3MepetIHR oe3 H3MeHeHH5I MeTpHKH, - MbI Ha3bIBaeM

HX TeopeMaMH 0 CJIe,D.ax,
- TO 3,D.eCb ,D.eJIO OOCTOHT CJIOIKHee. KOHe1ffiO,

TeopeMbI C. n. COOOJIeBa n.aBaJIH orrpe,D.eJIeHHblii OTBeT Ha Borrpoc,
KaKHMH ,D.HqxpepeHu,HaJIbHbIMH CBOH:CTBaMH OOJIa,D.aeT CJIe,D. <PYHKUHH

I
KJIaCCa Wp (Q) Ha MHorooopa3HH r c: Q, HO OH ,D.aBaJIC5I B TepMH-
Hax KJIaCCOB W, a Tenepb MbI 3HaeM, qTO, Bo06III.e rOBOp5I, eCJIH

He CqJlTaTb CJlyqa5I p = 2, OKOHqaTeJIbHblii OTBeT Ha 8TOT Bonpoc

He BblpaIKaeTC5I B TepMHHax KJIaCCOB W.
.

nepBbIe OKOHqaTeJIbHble pe3YJIbTaTbI no rrpOOJIeMe CJIe,D.OB W-KJIaC-

COB 6bIJIH nOJIyqeHbI npH p = 2 ApOHmaH:HOM [1] H He3aBHCHMO OT

Hero B. M. Ba6HqeM H n. H. OIOOO,D.eu,KHM [I] H n. H. CJI060-

,D.eu.KHM [2]. B STOM CJIyqae (p = 2) 6bIJIH BBe,D.eHbI ,D.po6Hble KJIaCCbI

W (Q) H W (f), cooTBeTcTBYIOIII.He JIIOOOMY rrOJIOIKHTeJIbHOMY He

065I3aTeJIbHO u,eJIOMY napaMeTpy I, H B TepMHHax SlTHX KJIaCCOB

nOJIyqeHbI np5IMble H nOJIHOCTblO HM 06paTHble TeopeMbI BJIOIKeHH5I.

B npHH5ITbIX B EJTOH: KHHre 0603Hp.qeHH5IX W; = L; = B ..D.aJIbHeil-
mHe HCCJIe,D.oBaHH5I raJIb5lp,D.0 [1], O. B. BecoBa [1], [2], n. 11. nH30p-
KHHa [11] H C. B. YcneHcKoro [1], [2] rrpHBeJIH K nOJIHoMY peme-
HHIO rrp06JIeMbI 0 CJIe,D.ax <PYHKU,HH: KJIaCCOB W rrpH JI1060M KOHeL[-

HoM p> 1. KaK BblrJI5I,D.HT SlTO pemeHHe, 4:HTaTeJIb HaH:,D.eT B TOll

LKe rJIaBe 9 (rrOJIOLKHB W = L ).A ceiiqac Mbl TOJIbKO .CKaIKeM, 4:TO

CJle,D.bI <PYHKUHH: f KJIaCCa W rrpH P =1= 2, BOOOIII.e rOBopR, npIfHa,D.-
JIeLKHT He K W-, a K B-KJIaCcaM. 3TO YKa3blBaeT, C O,D.HOH: CTOpOHbl,
Ha TOT <paKT, qTO TeopeMbI BJIOLKeHHR pa3HbIX H3MepeHHH: (TeopeMbJ
o CJlen.ax) nepeCTalOT 6b1Tb 3aMKHYTbIMH rro OTHomeHHIO K W-KJIaC-

caM, a C ,D.Pyroii, - Ha TO, qTO MeIK,D.Y KJIaCCaMH W H B HMeeTCR

TeCHaR CBR3b. HaCTOJIbKO TeCHaR, qTO B CBoe BpeMR, KOr,D.a B SlTHX

I

Bonpocax 6bIJIO He BCe RCHO, CqH'faJIH, qTO KJIaCCbl Bp rrpH n.po6-
HbIX I RBJIRIOTCR eCTeCTBeHHbIMH npO,D.OJIIKeHHRMH u,eJIbIX C060JIeB-

I
CKHX KJIaCCOB H 0603HaqaJIH HX qepe3 Wp. Ha caMOM ,D.eJIe eCTeCT-

BeHHbIMH TaKHMH .rrpO,D.OJILKeHIfRMH RBJIRIOTCR TaK Ha3blBaeMbIe JIHY-
BH.riJIeBCKHe KJIaCCbl L . HM nOCBRIII.eHa rJIaBa 9, TaKHM 06pa30M,
B qaCTHOCTH, H KJIaCCaM W, nOToMY qTO MbI CqHTaeM W =L 
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(l = 0, 1, ...). 4HTaTeJIb  OJILKeH rrOMHHTb, qTO B  aHHoHKHHre

0003HaqeHlle W yrroTpe6JIHeTCH TOJIbKO rrpll l = 0, 1, ... no 3TOMY
rroBo yCM. 4.3.

C. JI. C060JIeB H3yqaJI <PYHK£I:Hll CBOliX KJIaCCOB rrpll rrOMoru.ll
BBe eHHbIX llM llHTerpaJIbHbIX rrpe CTaBJIeHllH, rrOJIyqHBIIlHX 60JIb-
IIloe pa3BHTlie B llCCJIe OBaHllHXB. n. 11JIbllHa, a saTeM O. B. BecoBa

(CM. rro 3TOMY rroBo y HliLKe 6.10). <l>YHK£I:llll KJIaCCOB L orrpe,ne-
JIeHbI Ha BceM rrpocTpaHcTBe, II rrpll llX llHTerpaJIbHbIX rrpe,ncTaBJIe-
HHHX OqeHb BaLKHO rr03a60TllTbCH 0 TOM, qTOObI H,npa nOCJIe,nHHX
 OCTaTOqHO 6bICTpO y6bIBaJIli K HYJIlO Ha oeCKOHeqHOCTli. TaKtIMli
HBJIHlOTCH 113BeCTHbIe H,npa BeCCeJIH - MaK,nOHaJIb,na. OHli II B3HTbI

B KaqeCTBe OCHOBbI rrpll rrpe,nCTaBJIeHllll <PYHK£I:llH KJIaCCOB L .MbI
rOBopliM B KaqeCTBe OCHOBbI, rrOTOMY qTO Ha caMOM ,neJIe 8,neCb pac-

CMaTpHBalOTCH aH1l30TporrHble KJIaCCbI L .51,npa llX llHTerpaJIbHbIX
rrpe,nCTaBJIeHllH HBJIHlOTCH orrpe,neJIeHHbIMM YCJIOLKHeHHHMH MaK,no-
HaJIb,nOBbIX H,nep. OrMeqy, qTO rrpll HarrllcaHlili rJIaBbI 9 H cyru.e-
CTBeHHO rrOJIb30BaJICH MaTepllaJIaMll, rrpe,nocTaBJIeHHbIMli MHe MOliM

KOJIJIerOH n. 11. JI1l30pKllHbIM, KOTOpbIH COBceM He,naBHO rrOJIyqllJI

rrOJIHYlO cHcTeMY TeopeM BJIOLKeHllH ,nJIH 06ru.llX aH1l30TporrHblx KJIaC-

COB L , r,ne r - JIr06ble rrOJIOLKHTeJIbHble BeKTOpbI. Ero pe3YJIbTaTbI
orrYOnliKoBaHbI rrOKa B Bll,ne KpaTKoH saMeTKll.

,

B o,nHoMepHoM cJIyqae (r,ne rrpOOJIeMa CJIe,nOB He B03HllKaeT) Teo-

peMbI BJIOLKeHllH pa3HbIX MeTpliK ,nJIH KJIaCCOB L; II rrpll He£I:eJIbIX ,

lI.JIH KJIaCCOB H rrOJIyqeHbI eru.e B pa60Tax Xap,nH II JIHTTJIBy,na.
Orrepa£I:Hll Ir' orrpe,neJIHeMbIe H,npaMli BeCCeJIH - MaK,noHaJIb,na,

HOCHT YHHBepCaJIbHbIH xapaKTep. B 3TOH: KHllre OHli 113yqalOTCH if

rrpHMeHHIOTcH B pa3HbIX CJIyqaHX. MbI ,nOBOJIbHO IIllipOKO rrOJIb3Y-
eMCH rrOHHTlieM ooooIl eHHOH: <PYHK£I:llll, rr03ToMY KHllra co,nepLKHT
HeOOJIbillOH rraparpa<p, r,ne rrpHBelI.eHbI C rrOJIHbIMli ,nOKa3aTeJIbCTBaMH

TOJIbKO Te CBe eHHH H3 Teoplill 0606ru.eHHbIx <PYHK£I:llH, KOTopbIe
'111TaTeJIlO He06xo,nHMO 3HaTb 1I.JIH rrOHliMaHliH ,naJIbHeH:IIlero. 51 BBO}l{)'
rrOHHTlie perYJIHpHOH: B CMbICJIe Lp ooooru.eHHOH: <PYHK£I:llll, rrOJIb3YHCb
orrepa£I:HeH Ir' .lI.JIH perYJIHpHbIX <PYHK£I:llH: pa3JIllqHble ,nOKa3aTeJIb-

CTBa, CBH3aHHbTe C yMHoLKeHHeM Ha oOOOru.eHHYlO <PYHK£I:HIO, CllJIbHO

yrrponr.alOTcH. 3THM H IIlHpOKO rrOJIb3ylOcb, rroToMy qTO BCTpeqalO-

nr.HeCH B 3TOH: KHHre oo06ru.eHHbTe <PYHK£I:llll perYJIHpHbI.
Orrepa£I:HH Ir rrOJIyqllJIa HHTepecHble rrpHMeHeHllH TaKLKe B rJIaBe 8.

aHa ocynr.eCTBJIHeT H30MOpcpH3MbI He TOJIbKO L-, HO II B- II H-KJIaC-
COB II MOLKeT CJIYLKHTb cpe,nCTBOM ,nJIH HHTerpaJIbHbIX rrpe,nCTaBJIe-
HHH: <PYHK£I:llH 3THX KJIaCCOB. 3Tll ll,nell, KOTopbIe B rrepllo,nHqeCKOM
OlI.HOMepHOM CJIyqae HCXOlI.HT em,e OT Xap,nll II JIllTTJIBYlI.a, COBceM

He,naBHO 113yqaJIHCb C pa3JIHqHbIX TOqeK 3peHIIH.B pa60Tax ApoH-
IIlaHHa II CMHTa, KaJIblI.epOHa, T3HOJICOHa, JIHoHca, n. 11. JIH30p-
KHHa H aBTopa H lI.p.
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B EnOR KHllre, eCTeCTBeHHO, Y,lI;eJIeHO MeCTO OCHOBaM Teopllll

npll6JIllLKeHllH <PYHKlI,llR MHOrHX nepeMeHHbIX TpllrOHOMeTpllqeCKllMll
nOJIllHOMaMH H lI,eJIblMH <PYHKlI,llHMH 9KCrrOHeHlI,HaJIbHOrO Tllna. OHH

CBMH no ce6e MorYT npe,ll;CTaBJIHTb llHTepec, HO B OCHOBHOM OHH

HMelOT nO,ll;qllHeHHYlO pOJIb
-

Cpe,ll;CTBaMll Teopllll npll6JIHLKeHllH
,lI;BJIee ,lI;OKa3bIBalOTCH TeopeMbl BJIOLKeHllH ,lI;JIH H- II B-KJIaCCOB,
,lI;aIOTCH TaKLKe npe,ll;CTaBJIeHHH <PYHKlI,llR 9THX KJIaCCOB qepe3 pH,lI;bI
no lI,eJIblM CPYHKlI,llHM 9KCnOHeHlI,HaJIbHOrO Tllna HJIll TpllrOHOMeTpH-
qeCKHM nOJIHHOMaM. I1Me51 B Bll,ll;y 9TH lI,eJIH, Hap5l,ll;Y C Tpa,ll;HlI,llOH-
HblMll HepaBeHCTBaMll Mbl BBO,ll;HM II npllMeHHeM ,lI;PyrHe HepaBeH-
CTBa (pa3HblX H3MepeHllH H MeTpllK).

Cne,ll;yeT OTMeTllTb.., qTO B 9TOH KHHre MbI ,lI;aeM nOJIHbie ,lI;OKa3a-
TeJIbCTBa TeopeM BJIOLKeHllH ,lI;JIH yrroMHHYTblX KJIaCCOB CPYHKlI,llR,
onpe,ll;eJIeHHbIX Ha BceM n-MepHOM npOCTpaHCTBe Rn. Ho 9TH KJIaCCbl

MOLKHO Onpe,ll;eJIllTb ,lI;JIH 06JIaCTeR Q c: Rn- TaKHe Onpe,ll;eJIeHllH ,lI;aHbI
B KHllre. CcpOPMYJIllpOBaHbl TaKLKe (6e3 ,lI;OKa3aTeJIbCTBa) BeCbMa

06III.lle TeOpeMbl 0 rrpO,ll;OJI}!{eHllll CPYHKlI,HH 9TllX KJIaCCOB Ha BCe

npOCTpaHCTBO (C COXpaHeHlleM KJIaCCa). 3TO ,lI;aeT B03MO}!{HOCTb pac-

npOCTpaHllTb TeOpeMbI, ,lI;OKa3aHHble ,lI;JIH npOCTpaHCTBa Rn HB CJIY-
qaH 06JIaCTeH Q c: Rn.

HaKOHell" OTMeqy, qTO B nOCJIe,ll;Hee B peMH BeJIHCb HCCJIe,ll;OBa-
HHH (HaqaTble JI. LI.. KY,lI;pHBlI,eBblM) 60JIee 06rn;HX - BeCOBbIX KJIaC-

COB. B 9TOH KHllre Mbl OrpaHHqllJIHCb TOJIbKO OT,lI;eJIbHblMll 3aMeqa-

HHHMH 0 CBH3ll BeCOBbIX KJIaCCOB C paCCMaTpllBaeMbIMll 3D:eCb He

BeCOBblMH KJIaCCaMH.

OTMeqy eIII.e, qTO Ha npOTHLKeHllH rrOCJIe,ll;HHX 60JIee qeM ,lI;eCHTH

JIeT B MaTeMaTllqeCKOM HHcTllTYTe llM. B. A. CTeKJIOBa pa60TaJi
nOCTOHHHO ,lI;eHCTBYIOIII.llH ceMllH'ap no TeopHll ,lI;llcpcpepeHlI,HPyeMbIx
CPYHKlI,llH MHOrHX nepeMeHHblX, B03rJIaBJIHeMblH B. 11. KOH,lI;pallIO-
BbIM, JI. LI.. KY,lI;pHBlI,eBbIM II MHOIO. B HeM aKTllBHO yqaCTBOBaJill
O. B. BecoB, 51. C. ByrpoB, B. 11. BypeHKoB, A. A. BallIapllH,
IT. 11. JIH30pKllH, C. B. YcrreHCKllll:, r. H. 51KoBJIeB II ,lI;pYrHe
MBTeMaTllKll. MHorlle pe3YJIbTaTbI, H3JIaraeMbie B 9TOH KHHre, n!Jll-
HB,lI;JIeLKaT yqaCTHllKaM 9Toro ceMllHapa H 06CYLK,lI;aJIllCb Ha HeM no

Mepe HX B03HllKHOBeHllH.

B 3aKJIIOqeHlle H CqllTalO npHHTHbIM ,lI;OJIrOM Bblpa3HTb rJIy60KYlO
6JIarO,ll;apHOCTb CBOllM KOJIJIeraM O. B. BecoBY, rrpOqllTaBllIeMY

PYKonHCb KHHrH, IT. 11. JIH30PKHHY, npoqHTaBllIeMY ee rJIaBbI 8 H

9, H C. A. TeJIHKOBcKOMY, npoqllTaBllIeMY HeCKOJIbKO rJIaB. OHll

C,lI;eJIaJIH MHoro lI,eHHbIX 3aMeqaHHll:, KOTopbIe MHOIO TaK llJIll llHaqe

yqTeHbl.
51 6JIarO,ll;apeH TaKLKe T. A. TllMaH, YKa3aBllIeH Ha OT,lI;eJIbHbIe

He,ll;OCTaTKH pYKonHCH.
HaKoHell" H rJIy60KO 6JIBrO,ll;a plO Moero MOJIO,ll;oro KOJIJIery

B. H. BypeHKoBa - pe,ll;aKTOpa KHllrH. MHOrHe ero COBeTbl, OTHOCHIII.lle-

CH He TOJIbKO K cpopMe, HO H K CYIII.eCTBY H3JIOLKeHllH, MHOIO yqTeHbl.



rJIABA 1

nPE):\BAPHTEJIbHbIE CBE):\EHH5I

t. t npOCTpaHCTBa C ( )" Lp ( )

B ,noH: KHure 6y.nYT paccMaTpuBaTbcfI <PYHKUUU, 3aBucfI ue,
Bo06 erOBopH, OT MHOruX nepeMeHHbIx.

CUMBOJI Rn (n = 1, 2, ...) Bcer.na 6y.neT 0603Ha'IaTb n-MepHoe
eBKJIu.nOBO npocTpaHcTBo TO'IeK X = (Xlt ..., xn) C .neH:CTBUTeJIbHbIMU

Koop.nuHaTaMu. .LI.JIUHa BeKTopa x 6y.neT 0603Ha'IaTbCH TaK:

Ix I ={ Xk. (1)

ECJIU r! eCTb 3aMKHYToe MHO)!{eCTBO, npuHa.nJIe)!{allJ,ee K Rn (r! c:

c: Rn), TO C (fS) 6y.neT 0603Ha'IaTb cOBoKynHocTb Bcex paBHOMepHO
HenpepblBHbIX Ha rff (.neH:CTBUTeJIbHbIX UJIU KOMnJIeKCH03Ha'IHbIX)
CPYHKUUH: f = f (X).

Ka)!{.lI.0H: CPYHKUUU fEe (rff) npuBe.neM B COOTBeTCTBue ee HOPMY
(B CMbICJIe C (rff»

II f I!c<€) = SUp If (X) I.
XE€

(2)

B cJIY'Iae OrpaHU'IeHHOrO (3aMKHYToro) MHO)!{eCTBa r! sup MO)!{HO

3aMeHUTb Ha max.

ECJIU p eCTb .neH:CTBUTeJIbHOe 'IUCJIO, y.noBJIeTBOpHtOllJ,ee Hepa-
BeHCTBaM 1 p < 00, U Ha HeKoTopoM U3MepUMOM He 06H3aTeJIbHO

OrpaHU'IeHHOM MHO)!{eCTBe rff c: Rnt npUHa.nJIe)!{allJ,eM K Rn, 33,.naHa

U3MepUMaH .neH:CTBUTeJIbHaH UJIU KOMnJIeKCH03Ha'IHaH CPYHKUUfI f
TaKaH, 'ITO <PYHKUUH If IP UHTerpupyeMa (cYMMupyeMa) B CMbICJIe

JIe6era Ha It TO nOJIO)!{UM.

f IILp <Ii)
...

(11 f IP dr!t
P

, (3)

BeJIU'IUHa (3) Ha3bIBaeTCH HOpMOH: <PYHKUUU f B CMbICJIe Lp (fS).
4epe3 Lp (rff) 6y.neT 0603Ha'IaTbCfI cOBoKynHocTb Bcex <PYHKUUH:,
UMeIOIlJ,UX KOHe'IHYIO HOPMY (3).
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MbI He oY.lI.eM pa3JIH'laTb .lI.Be 8K8U8aAeH.mH.bLe CPYHKUHH 11 H 12 E
e Lp (Iff), T. e. OTJIH'laIOIll,HeCH Ha MHO)!{eCTBe MepbI HYJIb. EY.lI.eM
C'lHTaTb HX paBHbIMH O.ll.HOMY H TOMY )!{e 3JIeMeHTY CPYHKUHOHaJIb-
Horo npOCTpaHCTBa Lp (Iff) H nHcaTb 11 = 12' B 'laCTHOCTH, eCJIH

CPYHKUHH IE Lp (Iff) paBHa Hymo nO'lTH .lI.JIH Bcex X E Iff, oY.lI.eM
nHcaTb 1=0, OTO)!{.lI.eCTBJiHH TaKHM oopa30M 3TY CPYHKUHIO C CPYHK-
UHeH:, TO)!{.lI.eCTBeHHO paBHOH: HYJIIO Ha Iff. TaKHM oopa30M, H3

paBeHCTB3 11 - '2/IL (.f) = ° CJIe.ll.yeT, 'lTO fl - 12 = ° H 11 = f2.
p

MHO)!{eCTBO Iff MO)!{eT HMeTb H3MepeHHe m, MeHblllee, 'leM n, H

TOr.ll.a HHTerpaJI, BXO.ll.HIll,HH: B paBeHcTBo (3), nOHHMaeTCH B CMbICJIe

eCTecTBeHHOH: (m-Mep HOH:) JIeOerOBOH: MepbI, orrpe.ll.eJIHeMOH: Ha MHO-

)!{eCTBe Iff. HaM He nOHa.ll.OOHTCH paCCMOTpeHHe CJIO)!{HbIX no CBOeH:

KOHCTPYKUHH MHO)!{eCTB Iff. 4aCTO Iff oY.lI.eT COBrra.ll.aTb co BceM npo-
CTpaHCTBOM Rn HJIH 0Y.lI.eT HeKOTopbIM ero m-MepHbIM rrO.ll.npOCTpaH-
CTBOM HJIH m-MepHbIM KYOOM HJIH lllapOM, npHHa.ll.JIe)!{aIll,HM K Rn.
HaKoHeu, Iff MO)!{eT ObITb rJIa.ll.KOH: HJlH KYCOLJHO-rJIa.ll.KOH: rHnepno-
BepXHOCTbIO, COCTOHIll,eH: H3 .lI.OCTaTOLJHO rJIa.ll.KHX KYCKOB, H TOr.ll.a

Mepa H3MepHMoro n0.ll.MHO)!{eCTBa Iff, Ha oa3e KOTOpOH: onpe.ll.eJIHeTCH
HHTerpaJI, BXO.ll.HIll,HH: B npaBYIO LJaCTb (3), rrpe.ll.CTaBJIHeT COOOH:
OOOoIll,eHHe (pacnpoCTpaHeHHe) OObILJHOrO nOHHTHH nJIOIll,a.ll.H runep-
nOBepxHocTH.

Onpe.ll.eJIeHHe (3) eCTeCTBeHHO pacnpoCTpaHHeTcH H Ha cJIY'laH:
p ==- 00. .LI.eH:CTBHTeJIbHO, eCJIH cpYHKUHH f (x) H3MepHMa H cYIll,e-
CTBeHHO OrpaHH'leHa Ha OrpaHH'leHHOM MHO)!{eCTBe Iff, T. e. .lI.JIH Hee

cYIll,eCTByeT BeJIH'lHHa

sup vrai I f (x) 1= MI ,

xEIt

Ha3bIBaeMaH cyU{ecmeeH.H.blM. .Ma1XUMYMOM *) I f (x) I Ha Iff, TO HMeeT

MeCTO paBeHCTBO
lirn U IlL (It)

= MI.
p-+oo

p
(4)

OHO .lJ,OKa3b1BaeTCJI CJIe,!\YlOlUHM 06pa30M. TIyCTb f1e 0603Ha1JaeT Mepy e. 'ECJJH

M!, OHJIH /l8 =0, TO paBeHcTBo (4) 01JeBII,!\HO. By,!\eM C1JIITaTb, 1JTO 0 < Mj < 00.
ECJIH 8- OrpaHHQeHHoe H3MepllMoe MHOJKecTBO, TO

( II (x) jPdxtP:o;;;; MI (!J.8)I/P,

CneJlOBaTeJIbHO,
Em IIIIIL (of):o;;;; Mj.
p-+oo P .

(5)

ECJIH 8- HeOrpaHHQeHHOe H3MepllMoe MHOJKeCTBO, TO HepaBeHcTBo (5), Boo6lUe
rOBOpJl, He BblnOJIHHeTCJI (HanpHMep, 8=Rn, 1 (x) == I). O.lJ,HaKO MOJKHO .lJ,OKa3aTb

*) M, ecTb HaHMeHbillee qHCJIO cpe,!\H 1JlIceJI M, 06JIa.lJ,alOlUlIX TeM CBolkTBOM,
<rro MHOJKeCTBO Bcex xe8, .lJ,JIJI KOTOpblX It(x)I>M, HMeeT Mepy HYJIb. JIerKo

BHJleTb, 1JTO OHO CYlUeCTByeT.
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!lTO HepaBeHCTBO B npe,!\nOJIOJKeHIIII, 'lTO f (x) E Lp (8) AJiH Beex AOCTaT01JHO 60Jlh-

WHX P H 'ITO lim  flIL (18)<0:>. B 3TOM CJIY1Jae
p-+oo p

( I f (x) IP dxtP M)l2 ( I f (x) I P/
2

dxt
P

,

n09TOM)'

lim ( I f (x) jP dX )
l/P MV

2

[ lim ( I f (x) IP dX )
1/P

] 1/2,
p-+oo 11 p-+oo 11

OTKYAa H BblTeKaeT HepaBeHcTBo (5).
C APyroA CTOpOHbI, H3 onpeAeJleHIIH cYlUeCTBeHHoro MaKcIIMYMa'«PYHKUHPI

CJleAyeT CYlUecTBOBaHlle OrpaHlI1JeHHOrO MHOJKeCTBa  'tnOJlOJKIITeJlbHOH Mepbl TaKoro,
'lTO AJISI Bcex ero T01JeK BblnOJlHHCTCH HepaBeHCTBO

If(x)I>Mj -8,

rAe 0 < 8 Mj. TI03TOMY

IlfllLp (r8);?: U, (Mj-8)Pd81tP= (Mj-8) (f181)1/P,

OTKY.Aa
lim IltllL (r8);?: Mj -8.

p-+oo
p

TaK KaK 8 npOH3BOJIbHO, TO

lim II filL (<8);?: Mj' (6)
p-+ro

p

OTMeTIIM, '!TO HepaBeHcTBo (6) cnpaBe,!\JlIIBO ,!\JIH JlI06oro 113MepllMoro MHOJKecTB3 It.
113 (5) H (6) CJleAyeT (4). .

'

TaKHM o6pa30M, AOKa3aHO, '!TO eCJIII 41Y HKUIIH f (x) cywecTBeHHo. OrpaHlI1JeHa
Ha OrpaHlI1JeHHOM 113MepllMoM MHOJKeCTBe 8, TO CYlUeCTBYeT KOHe1JHblA npeAeJi

lim II filL (18)' (7)
p-+oo p

paBHhIH cYlUecTBeHHoMY MaKCHMYMY f (x) Ha 8.
C APyroA CTOpOHbI, H3 CYlUeCTBOBaHIIH npeAeJia (7) cJle.l\YeT cywecTBeHHaH

OrpaHlI1JeHHOCTb f (x) Ha 8. B caMOM ,!\eJIe, ecJIH 6b1 &TO 6b1J10 He TaK, TO KaK 6b1

HH 6hIJIO BeJIIIKO N cyweCTBOBaJIO 6b1 113MepllMoe H Ol"paHH1JeHHOe nO)\MHOJKeCTBO
8' MHOJKeCTBa 8 nOJIOJKIITeJIbHOH MepbI, Ha KOTOpOM

If(x)I>N.

Tor,!\a ,!\JIH m06oro p;?: I

IlfilL (<8);?:N(f18,)I/P,
P

OTKYAa
-

Iim IlfilL (r8);?:N.
p-+oo p

TaK KaK N KaK yroAHo BeJIHKO, TO npe,!\eJI (7) He MOJKeT 6blTb KOHe1JHblM, H

Mbi npHillJIII K npOTHBOpe1JlllO.

Ilp1iBe.ll.eHHbIe C006paJKeHlUI YKa3bIBalOT Ha ueJIeco06pa3HocTb
CJIe.ll.YIOw.erO 0603HaQeHliH:

II t ilLoo (18)
= sup vrai I t (X) I,

xEr8
(8)



14 nPE,n:BAPMTEJlbHbIE CBE,n:EHM5I rfJl. t

.n:OIlOJIH5IlOllJ,erO 0003Ha'leHH5I (3) IlPH P = 00. B <PYHKUHOHaJIbHOM
aHaJIH3e IlpHHHTO ellJ,e 0003Ha'laTb HOPMY (8) CJIe.n:YIOIlJ,HM oopa30M:

U M<"') = sup vrai I f (x) I. (9)
XE'"

l\-1bI TmKe HHOf.n:a oy.n:eM IlOJIb30BaTbCH 3THM 0003Ha'leHHeM, C'lHTa5l,
TaKHM oopa30M, 'lTO

filM <"')
= II f Ikoo<"')' (10)

CHMBOJI M (6") oy.n:eT 0003Ha'IaTb COBOKYIlHOCTb Bcex <PYHKUHA f,
HMelOllJ,HX KOHe'lHYIO HOPMY B CMbICJIe M (6").

ECJlH 6" eCTb OrpaHH'IeHHOe 3aMKHYToe MHO)!{eCTBO H <PYHKUHH
f (X) HeIlpepbIBHa Ha 6", -TO BeJIH'IHHa (8) paBHa OObI'lHOMy MaKCH-

MyMY <PYHKUHH I t (x) I Ha 6". B 3T OM CJIY'lae

1\ f IILoo <"')
= /I f lie <"').

t.t.t. B CJIY'Iae, eCJIH <PYHKUH 51 f (X) = f (Xl> ..., Xn) HBJl5IeTCH

IlepHO.n:H'leCKOH IlepHO.n:a 2n IlO BCeM IlepeMeHHbIM, T. e. eCJIH Jl,JI5I

Hee BbIIlOJIHHeTC5I TO)!{.n:eCTBO

f(Xl> ..., XI-l> xI+2n, Xl+l> ..., xn)=f(Xr. ..., xn) (1)

.n:JIH Bcex HJlH IlO'lTH Bcex X H l = 1, ..., n, TO IlPH ee HOpMHpO-
BaHHH MbI B Ka'leCTBe MHO)!{eCTBa oy.n:eM paCCMaTpHBaTb n-Mep-
HbIA KYO

(1I)

d(n) - to Xl < 2n; i = 1, ...,

IlpoCTpaHcTBa Rn H cooTBeTcTBYlOllJ,YIO HOPMY
CJle.n:YIOIlJ,HM oopa30M:

IlfllL (,\fnJ)
= lit II  , flf 11M (LlfnJ )

= !Ifll )*, IIf lie (Ll<nJ )
= Ilf II l.

p p

HaJIH'IHe 3Be3.n:O'lKH Bcer.n:a oy.n:eT YKa3bIBaTb Ha TOT <paKT, 'ITO

<PYHKUH5I f IlepHo.n:H'IeCKa51 H HopMa ee BbI'lHCJleHa OTHOCHTeJIbjIO
Kyoa, OIlpe.n:eJIHlOllJ,erO IlepHO.n: <PyHKUHH.

fIpH n= 1, KaK IlpaBMJIO, oy.n:eM IlHcaTb  nL*'  f M.,If Ie.,
p

BMeCTO COOTBeTCTBeHHO  f/li. , fll *,flfllgl.
COBOKYIlHOCTb Bcex IlepHo.n:H'leCKHX IlepHo.n:a 2n oIlpe.n:eJleHHbIX

Ha Rn <PYHKUHH: C KOHe'lHOH HOpMOH: II f\lr oy.n:eT 0003Ha'laTbCH
p

(n)

'lepe3 L* . COBOKYIlHOCTb Bcex HeIlpepbIBHblX IlepHo.n:H'IeCKHX IlepH-
p

o.n:a 2n oIlpe.n:eJIeHHbIX Ha Rn <PYHKUHH oy.n:eT 0003Ha'laTbC5I CHM-

<n)
.

BOJIOM C. .

BIlpO'leM, 3Ha'lOK (n) B 3THX 0003Ha'leHHHX MbI IlO B03MO)!{HOCTH

oy.n:eM oIlycKaTb.
O'IeHb qaCTO MbI oy.n:eM paccMaTpHBaTb H3MepHMoe MHO)!{eCTBO

r! = Rm X rff
I

C Rno Ilpe.n:cTaBJIHIOllJ,ee co601O TOIlOJIOrH'IeCKOe IlpOH3-

n}
oy.n:eM 0603Ha'laTb

(2)
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Be.ll.eHHe m-MepHOrO nO.ll.npOCTp3HCTB3 Rm (m < n) TOqeK (Xlo ..., Xm)
H H3MepHMOrO MHOMeCTB3 cS' c Rn-m, r.ll.e Rn-m eCTb nO.ll.npOCTp3H-
CTBO TOqeK (Xm+lo ...,

Xn).
DpH 9TOM <pyHKIJ,HOH3JIbHOe npOCTp3HCTBO, COCTOHllJ,ee H3 H3Me-

pHMbIX H3 cS <PYHKIJ,HH f (X), nepHO.ll.HqeCKHX C nepHO.ll.OM 2n OTHO-

CHTeJIbHO nepeMeHHbIX Xl' ..., Xm H CYMMHpyeMbIx B p-iiI. CTeneHH

HB MHOMeCTBe 11m X cS', r.ll.e

I1m={O xk.:;;;2n, k= 1, ..., m},

MbI 6Y.lI.eM 0603H3q3Tb qepe3 L (rt). 3Be3.l1.0qKB 6Y.lI.eT YK33bIB3Tb
HB H3JIHqHe nepHO.ll.HqHOCTH (no 11m) Y <PYHKIJ,HH f E L (rt) H Ha TOT

<p3KT, qTO HOpM3 <PYHKIJ,HH f E L;, (cS) Onpe.ll.eJIHeTCH p3BeHCTBOM

f  L*(t8')=
p

(
211 2n

... If (Xlo ..., xm , Xm+lo ..., Xn) IPdxI ... dxmdXm +1 ... dXn)l/p.
o 0 e'

1.1.2. MbI 6Y.lI.eM IIIHpOKO nOJIb30BaTbCH TeM <p3KTOM, qTO .lI.JIH

CYMMHPyeMoiil. nepHO.ll.HqeCKOH <PYHKIJ,HH <p, T. e. npHH3.l1.JIeM31lJ,eH
K L n), HMeeT MeCTO .lI.JIH JIl060ro a ERn p3BeHCTBO

P

\I<JJ (x + a) IIL* = \I<JJ (x) b, (1)
p P

T3K Me K3K H .lI.JIH <PYHKIJ,HH <p (x) E Lp (Rn) p3BeHCTBO

II <p (x + a) liL
p (Rn)

= II <p (x) I!Lp (Rn)' (2)

1.2. JIHHeHHble HOpMHpoBaHHble npoCTp3HcTBa

1.2.1. JIHHeHHoe MHO:>KeCTBO. MHOMeCTBO a 9JIeMeHTOB x, y,
z, ... H33bIB3eTCH AUHeUHblM MHOJICeCmeOM, eCJIH B CHJIY HeKOToporo
S3KOH3 K3)K)1.bIM J],BYM ero 3JIeMeHT3M X H Y COOTBeTcTByeT 9JIe-

MeHT z=x+y, npHH3.lJ.JIeMaIlJ,HH K G, H33bIB3eMbIii CYMMOH x H

y, H eCJIH K3M.lI.OMY .lI.eH:CTBHTeJIbHOMY (KOMnJIeKCHOMY) qHCJIY a H

9JIeMeHTY X E G COOTBeTcTByeT 3JIeMeHT ax E G, H33bIB3eMbIH:

npOH3Be.ll.eHHeM qHCJI3 a H3 3JIeMeHT x, H npH 9TOM Onep31J,HH

CJIOMeHHH H YMHOMeHHH nOJ],qHHHIOTCH CJIe.ll.YIOIlJ,HM 3KCHOM3M:

1) x+y=y+x,
.

2) (x+y)+z =x+(y +z),
3) H3 x+y=x+z CJIe.ll.yeT y=z,

4) ax+ay=a(x+y),
5) ax+px=(a+p)x,
6) a (px) = (aP) x,

7) l.x=x.
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MHO)!{eCTBO 0 eCTb )l.eH:CTBHTeJ1bHOe HJ1H KOMnJ1eKCHOe J1HHeH:1I0e

MHO)!{eCTBO B 3aBHCHMOCTH OT TOrO, HBJ1HIOTCH JIH Bxo)i:HmHe B ere

onpe)l.eJIeHHe 'IHCJIa a, p )l.eH:CTBHTeJIbHbIMH 'IHCJIaMH HJIH KOM.nJIeKC-

Hb1MH.

113 OIIpe)l.eJIeHHH JIl1HeHHOrO npOCTpaHCTBa CJIe)l.yeT, qTO B HeM

cymecTByeT e)l.HHCTBeHHblH "meMeHT 6 - nYAeeou 3JIeMeHT TaKoH,
'ITO )l.JIH Bcex X E 0 cIIpaBeJ],JIHBO

x+8=x,O.x=8.

D:eiicTBIITeJlbHO, nycTb 3.1eMeHTbI X II Y npHHa,!\J1eJKaT K G. TIOJIOJKIIM 6 =

=6x=0.x II 6
y
=0.y, Tor,!\a

x +.fJx
= I . x+O. x=l. x=x

H aHaJlOrll'lHO

y+6y
=Y.

rI3 nOJIY1JeHHblX paBeHcTB Ha OCHOBaHIIH aKCllOM cJle,!\yeT

X+Y+6x=X+Y+6y
'

oTKy,!\a

6x- 6y=6.
TIOJlOJKHM elUe -I.x=-x., TorAa x+(-x)=6. ECJlII x Hy-npoH3BOJlb-

Hble 8J1ellleHTbI H3 G, TO ypaBlleHHe x+z=y HMeer pemeHHe z=y+(- x) el\HH-
CTBeHHoe no 8KCHOMe 3), KO't"Opoe eCTeCTBeHHO Ha3b1BaTb pa3HOCTblO y H X H 0603-

H8'18Tb z-y-x. TaKHM o6pbOM, B G onpezteJleHa, KpoMe CJlOJKeHHH, onepauliH
BbI'IIITaHHH.

AKCHOMbJ JIHHeHHOro MHO)!{eCTBa )l.alOT HaM npaBO, IIOJIb3YHCb

Onepal1.HHMH CJIO)!{eHHH, Bbl'IHTaHHH H YMHO)!{eHHH Ha 'IHCJIO, npe-

06paaOBbIBaTb KOHe'IHb1e CYMMb1 BH)l.a

ax+py+...+yz,

IIO)l.o6HO TOMY, KaK .9TO )l.eJIaeTCH C 6YKBeHHb1MH aJIre6paHqeCKHMH
Bb1pa)!{eHHHMH.

BCHKoe MHO)!{eCTBO 01 cO, CO)l.ep)!{amee BMeCTe C 3JIeMeHTaMH X,
y .9JIeMeHT ax+ py, r)l.e a, p - )l.eHCTBHTe:;rbHble (KOMIIJIeKCHbIe)
qHCJIa, OqeBH)l.HO, eCTb B CBOIO Oqepe)l.b JIHHeHHOe MHO)!{eCTBO.

KOHe'IHaH CHCTeMa .9JIeMeHTOB Xl' ..., XII H3 0 Ha3b1BaeTCH

AuneuHo ne3aeUCUMou, eCJIH H3 paBeHCTBa

alxl + . . . + anxn
= 8

CJIe)l.yeT ak = 0 (k = 1, ..., n). B IIpOTHBHOM cJIY'lae 3Ta CHCTeMa

Ha3b1BaeTCH AUHeuno 3MUCUMOU.

MHO)!{eCTBO <PYHKl1.HH C (6'), onpe)l.eJIeHHOe B 9 1.1, eCTb, oqe-

BH)l.HO, JIHHeH:Hoe MHO)!{eCTBO. HYJIeBblM :)JIeMeHTOM B C (6') HBJIHeTCH

<PYHKl1.HH, TO)!{)l.eCTBeHHO paBHaH HYJIIO Ha Iff.

MHO)!{eCTBO Lp (6') <PYHKl1.HH t, HHTerpHpyeMblx B P-H CTeneHH

Ha H3MepHMoM MHO)!{eCTBe 6', eCTb TaK)!{e JIHHeH:HOe MHO)!{eCTBO
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C HyneBbIM 9neMeHTOM, npe.lI.CTaBmUOIlJ,HM C060H cpYHKIJ,HIO nOtlTH

BCIO.lI.Y Ha rff, paBHYIO HynIO (9KBHBaneHTHYIO HynIO).
t .2.2. npOcTpaHcTBo 6aHaxa. npOcTpaHcTBa Lp (It), C (It). JIHHefI-

Hoe (.lI.eHCTBHTenbHOe HnH KOMnneKcHoe) MHO)!{eCTBO E Ha3bIBaeTCH

HOp.MUpOBaHHblM npOCmpaHCmBOM., eCnH Ka)!{.lI.OMY 9neMeHTY X e E

npHBe.lI.eHO B COOTBeTCTBHe HeOTpHlJ,aTeJIbHOe tlHCJIO "X II, Ha3bIBae-

Moe HOpMOH 9JIeMeHTa X (B np02TpaHCTBe E HJIH B CMbICJIe npOCT-
paHcTBa E), Y.lI.OBJIeTBOpHIOIU,ee CJIe.lI.YIOIU,HM YCJIOBHHM:

1) eCJIH II X " = 0, TO X = 6,

2) Ilx+YII llxll+IIYII (x, YEE),
3) Ilaxll= I all[xll,

r.lI.e X E E H a - npOH3BOJIbHOe (.lI.eHCTBHTeJIbHOe HJIH 'KoMnJIeKcHoe)
tlHCJIO.

H3 2) CJIe.lI.yeT CnpaBe.lI.JIHBOCTb HepaBeHcTBa

III X 11- ilY III II X -Y II (X, Y E E). (1)

HOpMHpOBaHHoe npocTpaHcTBo E Ha3bIBaeTCH nOAHbt.M, eCJIH

H3 TOro, tlTO .lI.JIH nOCJIe.lI.OBaTeJIbHOCTH Xn E E (n = I, 2, ...) BbillOJI-

HHeTCH YCJIOBHe (KOIIlH)

lirn Ilxn-xm[[=O,
n, m-+oo

CJIe.lI.yeT cYllJ,eCTBOBaHHe B E 9JIeMeHTa Xo, .lI.JIH KOToporo BbinOJI-

HHeTCH paBeHcTBo
lirn Ilxn-xoll=O.
n_ro

(2)

TOT cpaKT, tlTO BbillOJIHHeTCH CBOHCTBO (2), 3anHCbIBaIOT ellJ,e
TaK:

lim Xn
= XO,

n_ro

(3)

rOBopH, qTO Xn cTpeMHTcH K Xo no HopMe npoCTpaHcTBa t! HJIH

B CMblCJIe MeTp HKH E.
JII1HeHHOe HOpMHpoBaHHoe nOJIHOe npocTpaHcTBo Ha3bIBaeTCH

ellJ,e npoCmpaHCf11.80M. Ea1iaxa HJIH 6aHaXOBbLM npOCmpafLCf11.80M..
Onpe.lI.eJIeHHOe B 1.1 cpYFIKIJ,HOHaJIbHOe MHO)!{eCTBO C (rff) eCTb,

OqeBH.lI.HO, 6aHaXOBO npocTpaHcTBo. XOpOllJO H3BeCTHO TaK)!{e, qTO

onpe.lI.eJIeHHOe B TOM )!{e naparpacpe MHO)!{eCTBO cpYHKIJ,HH L (r!)
(I p (0) TaK)!{e eCTb 6aHaXOBO npocTpaHcTBo. f1pH 9TOM C (I)
II Lp (rff) HBJIHIOTCH .lI.eHCTBHTeJIbHbIMH HJIH KOMnJIeKCHbIMH npocTpaH-
CTBaMH B 3aBHCHMOCTH OT Toro, COCTOHT JIH OHH H3 .lI.eHCTBHTeJIb-
HblX HJIH KOMnJIeKCHbIX cpYHKUHH f. B nepBOM cJIyqae n03BOJIHeTCH

f YMHO)!{aTb Ha .lI.eHCTBHTeJIbHbIe tlHCJIa, a BO BTOpOM
- Ha KOMn-

JIeKCHbIe.
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1,2.3. KOHe'lHOMepHoe npocTpaHcTBo. MHO)!{eCTBO Wl c: E Ha3bI-
BaeTCH nO.lI.npOCTpaHcTBoM 6aHaxoBa rrpocTpaHcTBa E, eCJIH OHO

eCTb saMKHyToe (OTHOCI1TeJIbHO HOpMbI II. II) JII1HeHHoe MHO)!{eCTBO.

TIYCTb npHHa.lI..T1e)!{arn.He K E SJIeMeHThI Xl>"', Xn 06pa3YIOT
JIHHeHHO He3aBHCHMYIO CHCTeMY. MHO)!{eCTBO ID1n SJIeMeHTOB BH.lI.a

n

y = CkXk, (1)
I

r,n:e C = (Cl> ..., cn) - rrpOH3B0.T1bHaH CHCTeMa .lI.eiicTBHTeJIbHbIX

(KoMrr.T1eKCHbrx) lIHCe.T1, Ha3bIBaeTCH n-Mep1-lbtM (K01-lett1-l0Mep1-lbtM)
npocmpa1-lCmBOM. ECJIH Wl

n eCTh lIaCTb E, TO ID1n Ha3bIBaeTCH ern.e

n-MepHhIM rrO.lI.rrpOCTpaHCTBOM rrpOCTpaHCTBa E, a CHCTeMa 3JIeMeH-

TOB Xl>"', Xn
- ero 6a30iL lh06bl 060cHoBaTb C.lI.eJIaHHOe orrpe-

.lI.eJIeHHe, MhI .lI.OJI)!{HhI y6e.lI.HThCH B TOM, lITO ID1n eCTb 3aMKHYToe
JIHHeHHOe MHO)!{eCTBO. JIHHeHHOCTh  mnOlIeBH.lI.Ha, 3aMKHyToCTb 6Y.lI.eT
YCTaHOB.T1eHa HH)!{e.

Ecmr HapH.lI.Y C 3.T1eMeHTOM y, orrpe.lI.eJIHeMbIM paBeHcTBoM (1),
3a.lI.aH ern.e .lI.pyroH S.T1eMeHT

n

y' = C;'Xk'
I

orrpe.lI.eJIHeMbIH cHcTeMoH c' = (c ,..., C ), TO, OlIeBH.lI.HO,
n

Ily -y' II 2: I Ck - C;, III Xk II.
I

OTCIO.lI.a C.T1e.lI.yeT, lITO

\irn Ily- y'II=O.
I c-c' 1-+0

(2)

CBOHCTBO (2) 03HalIaeT, lITO SJIeMeHT y HerrpephIBHO (OTHOCH-
TeJIbHO HOpMhI) 3aBHCHT OT Orrpe.lI.eJIHIOrn.HX ero Koscpqmu,HeHTOB Ck'
B CHJIY HepaBeHCTBa

IIIYII-!!y'\11  1!y-y'll
H3 (2) BhITeKaeT TaK)!{e , 'ITO

!irn Ily' II = IIY II. (3)
I c-c' 1-+0

TaKHM o6pa30M, HopMa

IIY II = <D (Cl> ...
, cn) = <D (c)

eCTb HerrpephIBHaH cpYHKli.HH OT C = (ClJ ...
, cn)'

MHHHMYM STOH cpYHKli.HH Ha (3aMKHYTOM H OrpaHH'IeHHOM) MHO-

>KeCTBe, orrpe.lI.eJIHeMOM ypaBHeHHeM

\cl= V*CZ = 1,
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 OCTHraeTCH JIHHeKOTOpOH CHCTeMbI K03q>q>HIJ,HeHTOB CO = (C O),. ..
, C;;")

H paBeH tlHcny

= a> (C(O» > 0,

3aBe OMOnOJIO}lmreJIbHOMY, nOTOMY tlTO CHCTeMa Xlo ...
,
Xn mmeHHO

He3aBHCHMa.
3a a HMnpOH3BOJIbHYlO cHcTeMy tlHCeJI C = (Cl, . .

., Cn) (i C I > 0)
H nOJIO}KHM

, c
e
=fCT'

Tor a B CHJIY TOrO, tlTO I C' 1=1, 6y eTHMeTb MeCTO HepaBeH-
CTBO

""  c;x+
KOTopoe nOCJIe YMHO}KeHHH JIeBo1\: H npaBOH tlaCTeH: ero Ha AI e ,
npeBpa aeTcHB HepaBeHcTBo

lel A *CkXk!l. (4)

Tenepb y}Ke HeTpY HoJl,OKa3aTb, tlTO JIHHeH:HOe MHO}KeCTBO IDln

3aMKHYTo H, TaKHM 06pa30M, HBJIHeTCH no npocTpaHcTBoM.
B caMOM  eJIe, H3 Toro, tlTO

n

Yl=  Cf)Xk (1= 1,2, ...)
I

(5)

H

!!Yl -Ym 11-+ 0 (i, m -+ 00),

CJIeJl,yeT B CHJIY (4), tlTO

\ ell) - elm) I  AIIYI-Ym -+0 (i, m -+00),

r ee(l) = (C l),... ,d,;» (i = 1, 2,.. .). CJIe OBaTeJIbHO, cyrn.ecTByeT

npe eJI
lim e(l) = e(O), (6)
1-+00

oTKy a

IIYl-Yo 11- 0 (1-+ 00), (7)

r e
n

(0) ffi')

Yo = L.J Ck Xk E ;W n'
I

(8)
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OTMeTliM ern;e O.ll.HO Ba:>KHOe CBOHCTBO KOHe'lHOMepHOrO npOCTpaH-
CTBa W1n , HenOCpe.ll.CTBeHHO BhITeKalOrn;ee li3 HepaBeHCTBa (4). OHO
3aKJIlOtlaeTCH B TOM, tlTO BCHKOe OrpaHHtleHHOe (no HopMe) MHO:>Ke-

CTBO Q c W1n HBJIHeTCH KOMnaKTHhIM B Wln , T. e. li3 BCHKOH

nOCJIe.ll.OBaTeJIbHOCTH 3JIeMeHTOB Yl E Q (l = 1, 2, ...) MO:>KHO BbI.lI.e-

JIliTb nO.ll.nOCJIe.ll.OBaTeJIhHOCTh, CXO.ll.Hrn;YlOCH (no HOpMe) K HeKOTopOMY
3JIeMeHTY W1n . .LLeHcTBliTeJIhHO, li3 Toro, tlTO 3JIeMeHThi Yl, onpe.ll.eJIH-
eMhle paBeHcTBaMli (5), 06pa3YlOT OrpaHlitleHHOe MHO:>KeCTBO, CJIe.

.lI.yeT B CliJIY (4), tlTO BeKTophI c(l) TaK:>Ke OrpaHlitleHhl B cOBoKyn-
HOCTli. Ho TOr.ll.a .lI.JIH HeKoTopoH nO.ll.nOCJIe.ll.OBaTeJIbHOCTli HaTypaJIb-
HhlX tlHCeJI I 6Y.ll.eT BhIIlOJIHHThCH paBeHCTBO (6) ,n:JIH HeKoToporo

BeKTopa c(O), a CJIe.ll.OBaTeJlbHO, H COOTHOIlleHliH (7), (8).
3 a Me tI a H li e. B Cne liaJIhHhlX Kypcax 4>YHK liOHaJIhHOrO

aHaJIH3a .lI.OKa3blBaeTCH, tlTO H Ha060pOT, eCJIH BCHKoe OrpaHHtleH-
Hoe MHO:>KeCTBO, npliHaMe:>Karn;ee K .lI.aHHOMY 6aHaXOBOMY npOCTpaH-

CTBy  .R, HBJIHeTCH KOMnaKTHhIM, TO W1 eCTb KOHetlHOMepHoe
npOCTpaHCTBO, T. e. Bce ero 3JIeMeHThI MorYT 6bITh 3anlicaHhi

B BH.lI.e KOHetlHOH CYMMhl (1), r.ll.e 3JIeMeHThI Xl' ..., Xn 06pa3YlOT
JIliHeihw He3a BliCHMYlO CliCTeMY.

TaK KaK

jCk\"'::; V*C '
TO

n

I Ck I ",::; n I c I,
i

n03TOMY, eCJIli CtlliTaTh, tlTO

M 311xkij (k = 1, ..., n),

TO, npliHHB ern;e BO BHHMaHlie (4), nOJIytlliM

II*CkXkli",::;M ICk I ",::;Mn I cl MnAl1 *CkXk '
li MhI .lI.OKa3aJIli, tlTO .lI.JIH JI106hIX Ck (k = I, .

.., n) BhIIlOJIHHlOTCH

HepaBeHCTBa
n n n

l (! CLt
2

"'::; }>kXk[I Mn(!ckt2,
I I I

(9)

f.ll.e ). H M - nOJIO:>KHTeJIbHbIe tlliCJIa, 3aBliCHIII.lie OT CBOHCTBa HOpMbI,

onpe.ll.eJIeHHOH B WIn.
ECJIli B paCCMaTpliBaeMOM n-MepHOM MHO:>KeCTBe BBe.ll.eHa .lI.pyraH

HopMa 11.11', onpe.ll.eJIHlOIII.aH, TaKHM 06pa30M, .lI.pyroe npOCTpaHCTBO
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ro1 , TO nOJlyqHM HOBbIe HepaBeHCTBa

I

(
2

)
1/2 II' ,

(
9

)
1/2

').,'  II/k   ..; ./kXk  Mn  Ck ,

1 I I

(10)

f.ll.e ').,' H M' - .lI.pyrHe, OTJlHqHbIe Boo6rn.e OT ')." M nOJlOJKHTeJIbHbJe
IIHCJla. H3 (9) H (10) CJle.ll.yeT, liTO

n n n

')., /n II! CkXk II' II!CkXkll ').,IMn I12>kXkll'. (11)
. I 1 1

t .2.4. 3KBHBaJ1eHTHbie HOpMHpoBaHHble npoCTpaHCTBa. ECJIH
Jll-lHeHHOe MHOJKeCTBO HOpMHpoBaHo .lI.BYMfI cnoco6aMH, qTO npHBO.ll.HT
K .lI.BYM HOpMHpoBaHHbIM npoCTpaHcTBaM E1 H E2' H eCJlH cyrn.ecT-
BYlOT .lI.Be nOJlOJKHTeJlbHbIe KOHCTaHTbI Clo C2, He 3aBHC5Irn.He OT x E

EEl' E2 , TaKHe, qTO

clil  El /IX liE. C2 /Ix /IE. (1)

.lI.Jl5I Bcex x E E10 E2' TO npOCTpaHCTBa E1 H E2 Ha3bIBalOTC5I

8K8U8aJlel-lml-lbtMU.

KaK npaBHJlO, MbI He 6Y.ll.eM pa3J1HqaTb 3KBHBaJleHTHbJe HOp MbI,
T. e. 6Y.ll.eM nOJIb30BaTbC5I O.ll.HHMH H TeMH JKe 0603HaqeHH5IMH .lI.Jl5I

3KBHBaJIeHTHbIx HOpM.

H3 HepaBeHCTBa 1.2.3 (11) CJIe.ll.yeT, qTO Jl106bIe .lI.Be HOpMHpOBKH

n-MepHoro JIHHeHHOro MHoroo6pa3H5I .rrpHBO.ll.51T K 3KBHBaJIeHTHbIM

HOpMHpoBaHHbIM npoCTpaHcTBaM.
B .lI.aJIbHeHUIHx paccYJK.lI.eHH5IX B KaqeCTBe KOHeqHOMepHbIx no,lJ,-

npoCTpaHcTB 6Y.ll.YT 06bItlHO qmrYPHpoBaTb MHOJKeCTBa TpHroHoMeT-
pHqeCKHX HJlH aJlre6paHIIecKHx nOJlHHOMOB OT O.ll.HOH nepeMeHHoH
.lI.aHHOH: CTeneHH v HJlH OT n nepeMeHHblx .lI.aHHbIX cTeneHeH V10 . ..

,
Vn

HJIH npocTo CHCTeMbI S = {6h ..., Sn} H3 n IIHCeJl, HOpMHpOBaHHbIe
TeM HJIH HHbIM. cnoco6oM.

1.2.5. )J.eHcTBHTeJIbHble rHJIb6epTOBbl npocTpaHcTBa. r1YCTb H-
JIHHeHHOe .lI.eHCTBHTeJIbHOe MHOJKeCTBO H KaJK.lI.bIM ero .lI.BYM 3JIeMeH-

TaM I, cp npHBe.ll.eHO B COOTBeTCTBHe .lI.eHCTBHTeJIbHOe qHC.lIO (j, cp) -

CKG/lflpl-lOe npOU38e()el-lUe I H cp,
- 06JIa.ll.alOrn.ee CJIe.ll.YlOrn.HMH CBOHCT-

BaMH:
.

1) (t, f)?:: 0; H3 (t, f)=0 CJle.ll.yeT, liTO f=B-HYJleBOH 3J1e-

MeHT H;
?) (I, cp) = (cp, f);
3) (c1f1+C212' cp)=cdI1o CP)+C2(f2, cp), KaKOBbI 6bI HH 6bIJlH

.lI.eHCTBlfTeJlbHble tmCJla Ch C2 H 3J1eMeHTbI I, cp, '10 f2 E H.

B H BBO.ll.51T HOPMY

/I I II = (j, f) 1/2



22 nPE,n:BAPMTEJIbHbIE CBE,n:EHMSl [rJl. I

(HeTpY,lI.HO npOBepliTb, liTO 3TO BblpaJKeHlie B caMOM ,lI.eJIe HBJIHeTCH

HOpMOH:). C 3TOH: HOpMOH: H .lI.eJIaeTCH HOpMlipOBaHHblM npOCTpaH-
CTBOM. ECJIIi H - nOJlHOe npOCTpaHCTBO, TO H Ha3bIBaeTCH eUJlb-

6epm08blM npOCmpaliCfnBOM (aeu.CfnBUmeAblibLM).
3aMeTliM, liTO npli JIl06bIX ,lI.eH:CTBliTeJIbHbIX ').. Ii f, cp E H

O (')..f+cp, ')..f+cp)=')..2(f, f)+2')..(f, cp)+(cp, cp),

n03TOMY
I(f, cp)I<(f, f)1/2(cp, cp)I/2=lIfllllcpll.

TIpoCTpaHCTBO L2 (Q) ,lI.eH:CTBliTeJIbHbIX <PYHKU:liH:, Ii 3Mep Ii MbIX

Ha Q Ii liMelOIII.liX liHTerptipyeMble KBa.ll.paTbI Ha Q CO CKaJIHpHblM
npOli3Be,ll.eHlieM

(f, cp) = , (X) cp (X) dx (f, cp E L2 (Q)),
g

CJIYJKliT BaJKHblM npliMepOM .lI.eH:CTBliTeJIbHOrO rliJIb6epTOBa rrpOCTpaH-
CTBa. MbI BCTpeTliMCH Ii C ,lI.PyrliMIi npliMepaMIi (CM., HarrpliMep,
4.3.1 (4)).

JIerKo BIi,ll.eTb, liTO .lI.JI5I JIf06bIX f, cp E H BblIIOJlHHeTC5I paBeHCTBO

f + cp 112 + II f - cp If = 2 (II f 11
2
+ II cp 112) , ( 1 )

HanOMliHalOIII.ee li3BeCTHbIH: <paKT li3 reOMeTplili: CYMMa KBa.ll.paTOB
,lI.liarOHaJIeH: napaJIJIeJIOrpaMMa paBHa CYMMe KBa,ll.paTOB ero CTOpOH.
TIpocTpaHCTBO Lp (Q) npli p =1= 2 He HBJI5IeTCH rliJIb6epTOBbIM,
nOTOMY liTO MOJKHO YKa3aTb npliHa,ll..TIeJKaIII.lie K HeMY <PYHKU:HH " cp,
.lI.JIH KOTOpblX paBeHCTBO (1) He BbmOJIHHeTCH.

t .2.6, PaccToSlHHe OT 9JIeMeHTa ,lI.O nO)1.npOCTpaHcTBa, HaHJIYQWee
npHOJIHJKeHHe. TIYCTb  meCTb nO,ll.npOCTpaHcTBo 6aHaxoBa npocTpaH-
CTBa E, H nycTh Y E E. PaccmoflliueM OT y .lI.O W1 Ha3bIBaeTCH

HIi)i{HHH rpaHb

E(y)= inf JIy-xll,
XE!!n

(1)

pacrrpOCTpaHeHHaH Ha Bce 3JIeMeHTbI X E W1. MbI lIaCTO 6Y.lI.eM,
CJle.ll.YH Tpa.ll.liU:liHM, B03HliKllIliM B Teoplili npli6JIliJKeHliH: <PYHKII:liH,
Ha3b1BaTb IIliCJIO E (y) liauJlyttUluM npU6J1ualCeliUeM 3JIeMeHTa y npli
nOMOIII.1i 9JIeMeHTOB x E  m.

MOJKeT CJIYIIHTbC5I, liTO B Wl cyw.eCTByeT 3JIeMeHT x* TaKOH,
liTO ,lI.JIH Hero paCCMaTpliBaeMaH HliJKH5IH rpaHb peaJIli3yeTcH, T. e.

E(y;= min Ily-xl/=IIY-x*". (2)
XE!!n

B STOM cJIYllae 3JIeMeHT x* Ha3bIBaeTC5I liauJlyttUlUM 8AeMelimoM,

npli6JIliJKalOIII.liM y npli nOMOIII.1i 3JIeMeHTOB x E Wl.
BaJKHO OTMeTliTb Te .lI.OCTaTOIIHO o6III.lie CJIYllali, KOr,ll.a MOJKHO

3apaHee YTBepJK.lI.aTb, liTO B 3a.ll.alle (1) HaliJIYllllIHH: 3JIeMeHT cYIII.e-
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cTByeT. KpoMe TOrO, rrpe)J.CTaBJI5IeT HHTepeC )J.pyrOH: BOrrpOC, 51B-

JI5IeTC5I JIM HaHJIytmmR 3JIeMeHT )J.JI5I )J.aHHOR 3a)J.a tlH e)J.HHCTBeHHbIM,

HeTpY)J.HO BH)J.eTb, IITO eCJIH W1 = Wln eCTb KOHeIIHOMepHOe rrO,lI.-

npOCTpaHCTBO rrpOH3BOJIbHOrO HOpMHpOBaHHOrO rrpOCTpaHCTBa E, TO

)J.JI5I BC5IKorO 3JIeMeHTa y e E HaHJIYIIIIIHR 3JIeMeHT, rrpH6JI1iMalO-
 HH:y rrpH rrOMO HX E W1n , BCer)J.a cy ecTByeT.B CaMOM )J.eJIe,

nYCTb

E(y)= inf Ily-xlI;
XE!!nn

Tor)J.a cy ecTByeT(MUHUMU3UPYIOU{aJl) nOCJIe)J.OBaTe,'IbHOCTb 3JIeMeH-
TOB X(l) (l = 1, 2, ...) TaKa5l, IITO

Ily - x(l) II = E (y) + 8z (8Z;?:0, 8z-+0).
z_ 00

Eha nOCJIe)J.OBaTeJIbHOCTb orpaHHIIeHa H, CJIe)J.OBaTeJIbHO, KOM-

naKTHa H, TaKHM 06pa30M, HeKOTOpa51 ee rro)J.rrOCJIe)J.OBaTeJIbHOCTb

CXO)J.HTC5I rro HopMe K HeKoTopoMY 3JIeMeHTy x* E W1n-. HeTpY)J.Ho
BH)J.eTb, IITO x* eCTb HaHJIYIIIIIHR 3JIeMeHT, rrpH6JIHMalO HHy npH
nOMOilJ,H X E 2))ln. OH, Bo06 erOBOp5l, He e)J.HHCTBeH.

ECJIH  m- 6eCKOHeIIHOMepHoe (He KOHeIIHOMepHoe) rrO)J.rrpOCTpaH-
CTBO rrpOCTpaHCTBa E, TO B 3a)J.aIIe (1) HaHJIYIIIIIHR 3JIeMeHT MOMeT

He cy ecTBoBaTbBOBce. TaKHe 51BJIeHH5I 06HapYMHBaIOTC5I, HarrpH-
Mep, B npOCTpaHCTBax Loo (6") Ii Ll (6"). O)J.HaKo rrpH p, Y)J.oBJIeTBO-
p5l1OilJ,eM HepaBeHcTBaM I < P < 00, cy ecTBoBaHHe HaHJIYIIIIIeH
<PYHKU:HH HMeeT MeCTO )J.JI5I JII060H <PYHKU:HH f E Lp (6") H JII060ro

rro)J.rrpocTpaHcTBa Wl c Lp (6"). EOJIbllIe Toro, B 3TOM CJIYIIae HaH-

JIYIIIIIa51 <PYHKU:H5I Bcer)J.a 51BJI5IeTC5I e)J.HHCTBeHHOH; 3TH <paKTbI )J.OKa-

3bIBaIOTC5I HHMe B 1.3.6. B npocTpaHcTBax Ld6") H Loo (6"), eCJIH

HaHJIYIIIIIHH: 3JIeMeHT CYilJ,eCTByeT, TO OH He Bcer)J.a 51BJI5IeTC5I e)J.HH-

CTBeHHblM (CM. 1.2.7, rrpHMepbI 1) H 2)). BrrpoIIeM, H B rrpocTpaH-
CTBax L, Loo H C HMeIOTC5I BaMHble )J.JI5I aHaJIH3a CJIYIIaH e)J.HHCT-
BeHHOCTIi HaHJIYIIIIIeR <PYHKU:HH; HO 3TH CJIYIIaH 3aBHC5IT OT crreU:H-

aJIbHblX CBORCTB nO)J.npOCTpaHCTB Wl H rrpH6JIHMaeMbix <PYHKU:HH f,
r10)J.06Hble BorrpOCbl He 6Y)J.YT paCCMaTpHBaTbC5I B 3TOH: KHHre.

1.2.7. r1pHMep 1. r1YCTb <PYHKU:H5I f (x) =signx. EY)J.eM rrpH-
6JIHMaTb ee B MeTpHKe L (-1,1)*) rrpH rrOMO HrrOCT05lHHbiX <PYHK-
U:HH <p (x) = C, T, e. liCKaTb TaKYIO KOHcTaHTY A, npH KOTOpOR
)J.OCTHraeTC5I MHHHMYM

I I

minllf -C\\L<-I, +1)
= min I f (x) -c I dx = 1 f (x) - A I dx.

C C
_I _I

HeTpY)J.HO BH)J.eTb, IITO MHHHMYM)J.OCTHraeTC5I )J.JI5I JII060H nOCT05lH-

HOR A, Y)J.oBJIeTBOp5l1OilJ,eH HepaBeHcTBaM -1 A 1.

*) Lp (a, b) 0603Ha1JaeT Lp (8), r.l1e 8 eCTb cerMeHT [a, b].
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C TO'IKH 3peHHH 0603Ha'IeHHR, KOTOpbIe qmrypHpOBaJlH B npe-
.nbI.nYllI.eM naparpacpe, MOJKHO CKa3aTb, 'ITO MbI npH6J1HJKaJlH CPYHK-
U:HlO fEL(-I, +1) npH nOMOIll.H nOCTOHHHbIX Ha (-I, +1)
CPYHKU:HH <p (x) = C, 06pa3YIOIlI.HX O.nHOMepHoe no.nnpocTpaHcTBo npo-
cTpancTBa L (-I, + I). HaHJlY'IllIaH CPYHKU:HH OKa3aJIaCb He e.nHH-

CTBeHHOH.

r1 pH Me p 2. <I>YHKU:HIO f (x) = sign x 6y.neM npH6J1HJKaTb Tenepb
B MeTpHKe Loo(-I, +1)=M(-I, +1) npH nOMOIll.H JIHHeRHbIx

<PYHKU:HR

<p (x) =Ax+B,

r.ne A H B - npOH3BOJlbHbre .n.eRcTBHTeJlbHbIe 'IHCJIa.

HeTpy.nHo BH.neTb, 'ITO

min 11 f (x) - Ax - B 11M (-1, +1)
= min max I f (x) - Ax - B 1 =

A. B A, B -I';;; x 0;;;; I

= II f (x) - AX 11M (-1, +1)'

r;J:e A MOJKeT 6blTb JlI06bIM 'IHCJlOM, y.n.oBJIeTBOpHIOIlI.HM HepaBencTBY

! Ai I.
TaKHM 06pa30M, H B 3TOM npHMepe HaHJlY'IllIaH CPYHKU:HH He

e.nHHCTBeHHa.

t .2.8. JlHHeHHble onepaTopbl. ECJIH E H E' - 6aHaxoBbl npo-

cTpaHcTBa H KaJK.n.oMY 3JleMeHTY X E E npH nOMOIll.H HeKoToporo
3aKOHa cooTBeTcTByeT onpe.n.eJIeHHbIH 3J1eMeHT

y=A (x),

npHHa.n.JIeJKaIII.HR K E', TO rOBopHT, 'ITO A eCTb onepaTOp, OT06p 
JKalOIII.HH E B E'. OnepaTop A AUfleCUiblU, eCJIH, KaKOBbI 6bI HH

6bIJlH 3JIeMeHTbI Xl, X2 E E H 'IHCJla Cb C2 (.n.eRCTBHTeJlbHble HJlH

KOMIIJleKCHbIe B 3aBHCHMOCTH OT Toro, HBJlHIOTCH JIH E H E' .n.eR-
CTBHTeJIbHbIMH HJlH KOMIIJIeKCHblMH npOCTpaHCTBaMH), HMeeT MeCTO

paBeHCTBO
A (CtXl + C2X2 ) = ctA (xt) + c2A (x2).

J1HHeHHbIH OIIepaTOp A Ha3bIBaeTCH OepaflU'-leflflblM, eCJlH cYllI.e-
cTByeT IIOJIOJKHTeJlbHaH KOHCTaHTa M TaKaH, 'ITO HMeeT MeCTO

HepaBeHcTBo

I: A (x) k M II X .lI.JIH Bcex X E E. (I)

HaHMeHbllIaH KOHCTaHTa M, .nJlH KOTOpOH BbIIIOJlHHeTCH 3TO Hepa-
BeHCTBO .nJlH Bcex X E E, Ha3bIBaeTCH flOpMOt1 onepaTopa A H 060-
3Ha'IaeTCH CHMBOJlOM II A II. HopMa onepaTopa MOJKeT 6bITb elll.e onpe-
.neJIeHa KaK o.nHa H3 BepxHHx rpaHeH:

'I !I A (x)llp'

11 A J = sup  -'-
= sup 11 A (x)  E"

B*XEE [IX I!.'j ilxiE":;;1
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OnepaTOp A Ha3bIBaeTC5! BnOJl1-le 1-lenpepbIB1-lbllrt, eCJIli OH oTo6pa-
1KaeT BC5!KOe OrpaHIi'IeHHOe MHOlKeCTBO 6" c: E B KOMnaKTHoe MHO-

1KeCTBO, npliHa,ll.JIelKalll,ee K E'. l-1Ha'Ie rOBOp5!, KaKOBa 6bI Hli 6bIJIa

OrpaHIi'IeHHa5! nOCJIe,ll.OBaTeJIbHOCTb {Xl} 3JIeMeHTOB E, B03MOIKHO

Bbl6paTb li3 Hee TaKYIO nO,ll.nOCJIe,ll.OBaTeJIbHOCTb {Xlk } Ii TaKO 'r

3JIeMeHT Yo E E', 'ITa

Jim A (Xlk) =Yo.
k....oo

ECJIIi npOCTpaHCTBO E' KOHe'IHOMepHO, TO BCHKliH mlHeHHbIH

OrpaHIi'IeHHbIH onepaTop A, oTo6palKalOIlI.liH E BE', eCTb BflOJIHe

HenpepbIBHbIH onepaTOp, TaR KaK A oTo6palKaeT BCHRoe OrpaHH'IeH-
Hoe MHOlKeCTBO li3 E B OrpaHIi'IeHHOe MHOlKeCTBO li3 E', a nOCAe,D'

Hee Bc e,ll.CTBHe KOHe'IHOMepHOCTIi E' KOMnaKTHO.

PaCCMOTpliM npliMep. nYCTb E no-npelKHeMy 0003Ha'IaeT 6aHa-
XOBO npOCTpaHCTBO, Ii nYCTb  )1 ecn. ero KOHe'IHOMepHoe no,ll.-

npOCTpaHCTBO.
nYCTb ellI.e KalK,lI.OMY 3JIeMeHTy X E E COOTBeTcTByeT TOJIbKO

O,ll.HH 3J1eMeHT x* = A (x), HaliJlY'IillHM 06pa30M npH6J1lilKalOIlI.HH X

cpe,ll.li 3JIeMeHTOB U E W'l, liHa'Ie rOBOp5!, nycTb A (x) eCTb e,ll.liH-

CTBeHHbIH 3JIeMeHT li3  H, ,lI.JI5! KOToporo BbIIIOJIH5!eTC5! paBeHCTBO

min II x- U liE = Ii x -A (x) liE'
UEWl

Tor,ll.a A (x) eCTb onepaTop, oTo6palKalOIII.liH E B Wt ::hOT one-

paTOp, Boo6III.e rOBOp5!, HeJIHHeHHblH (OH JIliHeHHbIH, eCJIIi E eCTb

rIiJIb6epTOBo npocrpaHcTBo), HO BnOJlHe HenpepblBHblH, KaK 3TO

BH.D.HO H3 CJIe,ll.YIOIII.liX coo6palKeHHH. H3 HepaBeHCTBa

II A (x) liE -I] X I]E II x - A (x) liE il X liE

CJIe,ll.yeT, 'ITa

II A (x) liE  2flxIIE'

OrclO,lI.a BbITeKaeT, 'ITa onepaTop A oTo6palKaeT OrpaHIi'IeHHOe
MHOlKeCTBO 3J1eMeHTOB E B orp aHIi'IeHHOe MHOlKeCTBO 3JIeMeHTOB WL
Ho noc,JIe,ll.Hee BCJIe,ll.CTBlie KOHe'IHOMepHocTIi  )1, KOMnaKTHO.

3 a Me 'I a H Ii e. Onpe,ll.eJIeHlie BnOJIHe HenpepbIBHoro onepaTopa
M01KeT 6b1Tb pacnpOCTpaHeHO Ii Ha MHOr03Ha'IHble onepaTopbl, OTO-

6pa1KalOllI,lie E B E', T. e. TaRlie, 'ITa KalK,lI.OMY x E E COOTBeTCT-

ByeT, Boo6III.e rOBopH, He O,ll.liH 3JIeMeHT y = A (x). MHOr03Ha'IHbIH

onepaTop A Ha3b1BaeTC5! BnOJlHe HenpepbIBHblM, eCJIH li3 BC5!KOH

OrpaHIi'IeHHOH nOCJle,ll.OBaTeJIbHOCTIi 3.TIeMeHTOB Xl E E MOIKHO Bbl-

,n,eJIliTb nO,ll.nOC.T1e,ll.OBaTeJIbHOCTb {Xlk } Ii TaKlie onpe,ll.eJIeHHble 3Ha.

'IeHliH onepaTopa A (Xlk), 'ITa nOCJIe,ll.OBaTeJlbHoCTb {A (Xlk)} cxo-

,lI.H-tCH B E'.
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npliBe.n.eHHbIH npliMep onepaTopa A (x) HaliJIY'Iillero nplioJIliJKe-
Hlifl :meMeHTa x npli nOMorn.1i :meMeHTOB KOHe'IHOMepHoro no.n.npo-
CTpaHCTBa Wl B oorn.eM C.T1Y'Iae .n.aeT MHOr03Ha'IHbIH onepaTop, fIB.T1fIlO-

rn.liHCfI B YKa3aHHOM BbIille CMbICJIe BnOJIHe HenpepbIBHbIM onepa-
TOpOM.

t .3. CBOHCTBa npocTpaHcTBa Lp ($)

MbI TO.T1bKO C<POPMYJIliPyeM H pa3'bfICHliM HeKoTopbIe CBoHcTBa

npocTpaHcTBa Lp (6"), OTCbIJIafi 'IliTaTeJIfi sa ,n:OKa3aTe.T1bCTBOM HX

K .n.pyrliM liCTO'IHliKaM (CM. 3aMe'IaHlifi K rJIaBe 1 B KOHI.(e KHlirH).
1.3.1. B 1.2.2 ObIJIO y eOTMe'IeHO, 'ITO Lp (6") eCTb oaHaxoBo

(.n.eHcTBliTeJIbHOe HJIIi KOMn.T1eKCHoe) npocTpaHcTBo. TaKliM oopa30M,
.n.JI5I :meMeHTOB npoCTpaHcTBa Lp (6") BbillOJIHfIlOTCfI CJIe.n.YlOrn.lie
CBOHCTBa:

1) HopMa

II f IILp Coif) = 0 I f IP d6")
lip

KaJK.n.OH <PYHKU:liH f E Lp (6") HeOTpliu:aTe.T1bHafi Ii paBHa HY.T1lO TO.T1bKO

.n.JIfi <PYHKU:liH fo, 9KBliBa.T1eHTHOH HY.T1lO (fo = 0);
2) II f1 + f2I!L

p
(.) IIf11kp C.) + Ilf21ILp(oif);

3) "cf !ILp (.)
= I c III f IILp C"),

r.n.e c - npOli3B0.T1bHOe (.n.eHcTBliTe.T1bHOe H.T11i KOMn.T1eKCHoe) 'IliC.T10;

4) li3 Toro, 'ITO fk E Lp (6") Ii

II fk - flllLp C") -+ 0 (k, 1-+ 00),

CJIe.n.yeT cyrn.ecTBoBaHHe <PYHKU:HH ,. 6 Lp (tS), ,ZI,JIfi KOTOpoA

limllfk-f.lk (.)=0. (1)
k_oo p

CBOHCTBa 1) H 3) O'IeBIi.n.HbI. HepaBeHcTBo 2) HOCHT HaSBaHHe

Hepaeelicmea MUliK08CKOC!O. OHO MOJKeT oopaTliTbcH B paBeHCTBo
B TOM Ii TO.T1bKO B TOM C.T1Y'Iae, Kor.n.a <PYHKU:1i1i f1 H '2 JIliHeHHO

saBliCliMbI KaK :meMeHTbI npOCTpaHCTBa Lp. CBOHCTBO 4) - STO TeopeMa
o nO.T1HOTe npocTpaHcTBa Lp.

MbI oy.n.eM nlicaTb

'V (x) = Uo (x) + u1 (x) +. . , (x E r!)

Ii rOBopliTb, 'ITO pH.n., .cTOHllI.HH B npaBoH 'Iacm 3Toro paBeHcTBa,
CX0.ll.HTC5I B CMbICJIe Lp (6") K ero CYMMe 'V (x), eCJIIi

tim 'V - £ U) = o.

N....OO 0 l (<<1)p
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HepaBeHCTBO  HHKOBCKOrO pacnpOCTpaHHeTCH no HH YKQHH
Ha CJIyqaH N <PYHKQHH, H Tor aOHO HMeeT BH 

II i:.fk ll  fllfkllL(&). (2)
I L

p
(!?) 1 P

113 Hero TaKJKe JIerKO CJIe.rr.yeT HepaBeHCTBO

I I
00 I' 00

l  tkl l   llfdL(&)'
I 1 ,L p (&) 1 /J

COOTBeTCTBYfOrn.ee CJIyqafO N
= 00. QHO qHTaeTCH TaK: eCJIH <PYHKUHH

hELp (6'') (k = 1, 2 ...) H pH (qHCeJI) B npaBoH qaCTH (3) CXO.rr.HTCH,
TO pH !I + f2 +... CXO.rr.HTCH B CMbICJIe Lp (rff) K HeKOTopOH <PYHKUHH

00

(npHHa JIeJKarn.eHK Lp (r8')), KOTopaH 0603HaqaeTCH qepe3  fk'H HMeeT

1

MeCTO HepaBeHcTBo (3).
OrMeTHM ern.e CJIe.rr.YfOrn.HH HYJKHbIH .rr.JIH Hac <paKT. ECJIH pH.rr.

(3)

f (x) =!I (x) + f2 (x) +...

CXO.rr.HTCH B 06blqHOM CMbICJIe nOqTH BCfO.rr.y Ha r8' K <PYHKQHH f H, KpOMe

Taro, OH CXO.rr.HTC5I K f * B CMblCJIe Lp (6), TO f (x) = f* (x) nOqTH

BClO.rr.y Ha r8'. B caMOM .rr.eJIe, no YCJIOBHfO CYMMa Sn (x) nepBbIX
n qJIeHOB Harnero pH.rr.a CXO.rr.HTCH B MeTpHKe Lp (£3') K f*. Ho Tor.rr.a,
KaK 3TO H3BeCTHO H3 TeopHH <PYHKUHH  eHCTBHTeJIbHOrOnepeMeHHoro,
cyrn,eCTByeT no.rr.nOCJIe.rr.OBaTeJIbHOCTb HH.rr.eKCOB nh n2, ... TaKaH, 'ITa

Snk (x) CXO.rr.HTCH B 06blqHOM CMbICJIe noqTH BCfO.rr.y K f*(x) Ha r8'

H, TaK KaK Snk (x) nOqTH BCfO.rr.y TaKJKe CXO.rr.HTCH K f (x), TO nOqTH

BCIO.rr.y f (x) = f* (x).
B JIeBOH qaCTH HepaBeHcTBa (2) CHaqaJIa npoH3Bo.rr.HTCH onepaQH5I

CYMMHpoBaHHH no HH.rr.eKcy k, U K pe3yJIbTaTY npHMeH5IeTC5I onepa-
UHH B3HTHH HOpMbI, B npaBoH me qaCTH 3TH  BeonepaQHH MeHHfOTCH

MeCTaMH. HHJKe npHBo.rr.HTCH nO.D;o6Hoe HepaBeHCTBO, Kor.rr.a onepaQHH

CYMMHpOBaHH5I no 3HaqKY k 3aMeHHeTCH Ha onepaQHfO HHTerpHpo-
BaHHH no nepeMeHHOH k.

t .3.2. 0606 eHHoe HepaBeHcTBo MHHKoBcKoro. 1I.JIH <PYHKQHH
k (u, y), 3a.rr.aHHoH Ha H3MepHMoM MHOJKeCTBe r8' = r8'I X r8'

2 eRn, r.rr.e

X = (u, y), u = (Xl' ..., xm), y = (xm+1, ..., xn), HMeeT MeCTO He-

paBeHCTBO

( I k (u, y) d /!
P dU)

l/P

( I k (u, y) I P dU)
l/P

dy,
df, df, / df, df,

/

1  p oo, (1)

KOTopoe Ha.rr.o nOHHMaTb B TOM CMbICJIe, qTO eCJIH npaBa51 ero qaCTb

HMeeT CMbICJI, T. e. nOqTH  JI5IBcex y E r8'a cyur.eCTByeT BHYTpeHHHH
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HHTerpa.T1 no Iff 1 H cyrn.eCTByeT BHellIHHH HHTerpaJI no Iff
2, TO

MMeeT CMbICJI H .T1eBaH; H .T1eBaH IIaCTb He npeBbliliaeT npaBYlO.
1.3.3. HepaBeHcTBo 1.3.2 (1), B IIaCTHOCTH, 6Y.ll.eT IIaCTO npH-

MeHHTbCH npH CJIe.ll.YlOrn.Hx 06CTOHTe.T1bCTBax:

( I K (t - x) f (t) dt IP dx)
I/p
= ( I K (t) f (t + x) dt /p dx) I/p

I K (t) I ( If (t + x) jP dx)
lip dt = I K (t) [ dt ( If (u) jP du) I/p

=

=/IK/k(R)IIflkp(R), (I)

r.ll.e I P 00, K E L (R), f E Lp (R) *).
ECJIH <VYHKIJ,HH K (t) H f (t) HBJlHlOTCH nepHO.ll.MIIeCKHMH ne-

pHO.ll.a 211 <PYHKIJ,HHMH H .eCJlH K E L (0, 2n), f E Lp (0, 211), TO

HMeeT MeCTO aHaJlOrHIIHOe HepaBeHCTBO

(
211

\
211

I
p

)
I/P

K (t - x) f (t) dt dx II KilL (0, 211) II f Ilrp(O, 211) (2)

HJIH nO.ll.06HOe HepaBeHCTBO .lI.JIH nepHO.ll.H'IeCKHX <PYHKIJ,HH OT n ne-

peMeHHblx.
1.3.4. HepaBeHcTBo reJlbJ1.epa. EcmI f1 E Lp (Iff), f2 E Lq (Iff) If

 + =I,f.ll.e l p oo**),TO HMeeT MeCTO Hepa8eHcm80 reAb-
p q
iJepa

I f1f21 d IIf11it
p

(<8') IIf2 !kql&)'
<8'

OHO 06parn.aeTCH B paBeHCTBO TOrJ1.a H TOJIbKO TOf.ll.a, KOr.ll.a I fliP
H I f21 q .T1HHeHHO 3aBHCHMbI.

1.3.5. HepaBeHcTBa KJlapKCOHa ***). PaBHoMepHaSi Bb1nYKJIOCTb,

TIYCTb f10 f2 E Lp (Iff). ECJlH 2 P < 00, TO

ftt/2 11: (<8') +li 'l-; /2 11: (<8') IIf1[ p(<8')+ "f21 p(<8')' (1)
p p

I I
ECJlH JKe 1 < p 2, - + - = I, TO

P q

(1)

1

li
ft t /2

/i: (<8')
+ Ii 11-; 12

Ii: (<8') ( Ilfd p(<8') + II f2 IrL
p (<8'))p

-I .

(2)
p p

TIpH P = 2 HepaBeHcTBa (1) H (2) nepeXO.ll.HT B paBeHcTBo (paBeH-
CTBO napaJIJIeJIOrpaMMa).

*) 3,!\eCb H B .naJIbHeli:!neM == } R =Rn.

I
U) TIpH p=c:o CIJHTaeTCH, 'ITO  =o.

p

U*) CM., HBnpHMep, KEHry C. n. Co60JIeBa [4].
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rOBOp5lT, 'ITa 6aHaXCBO npOCTpaHCTBO E .pa8HOAtepHO 8btnYKAO,
eCJlH H3 Toro cpaKTa, 4TO

max (1 -Ii ax n)+ (1 - a) x n)10 11=';-00 0,
O a l

r eII x n)II = II x n)II = 1, CJJeZLyeT

II x(n) - x(n) II- 0.1 2 n-oo

J13 HepaBeHCTB (1), (2) KJJapKCOHa CJJe yeT, 'ITa npoCTpaHcTBo
Lv (6") (1 < p < (0) paBHoMepHo BbmYKJlo. B caMOM  e"1e, nycTb

11'IILp (c8')
= 11.11 H Ilt:

n ) II = Ilf n)[I = 1.

Tor aH3 (1), (2) CJJe yeT, 'ITa

fIn) - fIn)

11
\

\1
f(n) + f(n) III.1 2  1-1 i I

2 1----= 2 1;'

cJlY'lae (1) H 'A = q B Co1JY4ae (2). ECJJH Tenepb

max ( 1 - I I af(n) + (1 - a) fIn) II) -=;- 0,
O a 1

I I 2 n co

(3)

r e'A=p B

TO

1 _II f l!) f n)II 0.

Ho TOr anpaBa51 4aCTb (3) CTpeMHTC5I K HYJI!O, a C Hell II JleBaH.

3Ha4IiT,

I
'! f In) - f (n) II- 0.I 1 2 n-oo

t .3.6. T e 0 p eM 3. nycmb E (8 tiaCmHOCmu, Lp (6"), 1 < p < (0)
ecmb pa8HOMepHO 8btnyKAoe 6aHaxo8o npocmpaHcm8o,  )1eeo noJnpo-
cmpaHcm80 u Y E E - ill1.

ToeJa cyw,ecm8yem, u npumoM eJuHcm8eHHblii, 8AeMeHm U E W1,
l-LaUAYtiUlUM 06pa30At npu6AuJICalOw,uii y npu nOMow,u 8AeMeHn1.08 U3 W1:

IIY-ul!= inf IIY-x[[. (1)
XE !In

.lL a K a 3 aTe JJ b C T B O. nYCTb

inf IIY - X II = d
xE!ln

(d> 0);

Tor acyrn.eCTByeT MIIHHMH3Hpy!Orn.aH nOCJJe OBaTeJJbHOCTb3JJeMeH-

TOB Xn E W1,  JlHKOTOpblX

IIY-Xn =d+Bn (Bn-+O, Bn O).

By eMC'IHT3Tb, 'ITO X, x' 0603HatIa!OT KBKIIe-TO .3JJeMeHTbI Wl.

-QqeBH HO,9J1eMeHTbI

w -
Y-Xn

n
-

d+en
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liMelOT e.ll.HHlillHble HOpMbI Ii .lI.JISl JIlO6bIX a,  ;?:O,a+ =I,

0:0;;;; I-llawn+ wmll=
:2 I-'I ( + )y-x ll = 1 - ( +-L) b-x' :O;;;;d+8n d+8m d+8n d+8m

&1- ( + ) d-'Y\ 0-=

d+8n d+8m
-

'mm n, m--+oo '

paBHOMepHO no paCCMaTpliBaeMblM a,  .
B TaKOM CJIyllae, COrJIaCHO onpe.ll.eJIeHlilO paBHOMepHO BbmYKJIOrO

npOCTpaHCTBa,

Il wn-wm ll --O."!: n. m oo

Ho

IIWn-Wm = Y(d 8n- d 8m)-( d n8n- d  m)ll=
= d nen- d  m +o(l)=iIIXn-xmll+o(l) (n, m oo),

TaK KaK 3JIeMeHTbI Xn , Xm orpaHHlleHbI no HopMe. Mbl .lI.OKa3aJIH, liTO

II Xn
- Xm II n m--+ oo O.

BCJIe.ll.CTBlie nOJIHOTbI E Ii 3aMKHYToCTIi 9)1 cYIII.eCTByeT 3JIeMeHT

U E Wl TaKOH, liTO Xn-U Ii, OlleBli.ll.HO, BbmOJIHSleTCSl (1).
TIYCTb Tenepb cyrn.ecTByeT ern.e O.ll.HH 3JIeMeHT u', .lI.JIH KOToporo

BbmOJIHHeTCH (1). D.JIH O a 1liMeeM

d :o;;;; au+(l-a)u' -YII a/I u-yl!+ (I-a) Ilu' - yll=
=ad+(1-a) d=d.

CJIe.ll.OBaTeJIbHO, II au + (1 - a) U' -Y II = d. TaKliM 06pa30M,

II a u-;/ + (1-a) u':;Y  =1,
nplilleM U-;;Y = II

u'

:;Y II = 1. BCJIe.D.CTBlie paBHoMepHoH BbmYK-

JlOCTIi npocTpaHcTBa E(x n)=.E.-;;Y , x n)=U';;Y ), nOJIYllliM

 Y_ u'-Y
d

-

d

T. e, u = u' .

1.3.7. HaM lIaCTO eIII.e npIl.ll.eTCH nOJIb30BaTbCH CJIe.ll.YlOIII.liMH
<paKTaMIi, OTHOCHIII.liMliCH. K TeopliH <PYHKlI:HH .lI.eHcTBliTeJIbHOrO nepe-
MeHHoro.

.

TIYCTb t, t" ELp( )(k= 1, 2, ...) Ii

lirn IIt-f" Lp(.)=O (k__oo), (l p oo). (1)
" --+ 00
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Tor,n3 CYIll.eCTByeT no,nnOCJIe,nOB3TeJIbHOCTb {kz} H3Typ3JIbHbIX
QHCeJI T3K3H, qTO

lim fkz<X) = f (X) nOtITH ,nJIH BCeX X E <If. (2)
kz-oo

T3KHM 06P330M, cyrn;ecTByeT MHO)KeCTBO <If' c <If, OTJIH'IHOe OT t!,
H3 MHO)KeCTBO MepbI HYJIb, TaKoe, 'ITO t H tkz (I = I, 2, ...) H3 <!,

KOHe'IHbI H p3BeHcTBo (2) BbInOJIHHeTCH ,nJIH Bcex X E &'; OTCIO,n3

JIerKO CJIe,nyeT, 'ITO eCJIH H3pH,ny C (1) rrpH HeKoTopoM p* HMeeT

MeCTO lim Ilf*-fkllr. (<8')=0, TO f*=f H3 <If, T. e. <PYHKlI.HH f H f*
k_oo

P

3KBHB3JIeHTHbI H3 <If.
ECJIH H3MepHMoe MHO)KeCTBO & = <If 1 X &2 eCTb TOnOJIOrH'IeCKOe

npOH3Be,neHHe ,nBYX H3MepHMbIX MHO)KeCTB &10 &2' T. e. K3>K)J.3H

TOqKa X E <If MO)KeT 6bITb npe,nCT3BJIeH3 B BH,ne n3pbI X = (y, z).
r,ne y E <!1o Z E &2. TO MO)KHO CQHT3Tb, 'ITO

f(x)=f(y, z), fk(X)=fk(Y. z) (k= 1,2, ...).

B !:ITOM CJIY'I3e

II t - fdLp ( )= O. YJ!k (y) dyt
P

(k=1,2,...),

r,ne

YJ!k(y)= If(Y, z)-tJi(Y, Z)!Pdz=IIf(y. Z)-tk(Y. z)/Ji
p (<8'.)' (3)

€.

- CYMMHpyeMbIe H3 rff 1 (npHH3,nJIe)K3rn;He K L (&1» HeOTpHlI.3TeJIbHble
<PYHKlI.HH .

113 p3BeHCTB3 (I) CJIe,nyeT, 'ITO

lim YJ!k (y) dy = O.
k_oo

<8', ".

H, T3KHM 06p330M, npHMeHHH"1 K YJ!k OTMe'IeHHOe BbIllie cBoAcTBO

(r,ne H3,n0 C'IHT3Tb P
= I H 33MeHHTb rff H3 <If 1), MbI npH,neM K CJIe-

,nYlOrn;eif JIeMMe.

1.3.8. JI e MM 3. H3 paeeHcmea 1.3.7 (1), eoe U3MepUMoe MHO:JICe-

Ctn80 <If = <If 1 X <If
2 ecmb monOAOeUtl.eCKOe npOU3eeoeHue U3MepUMblX MHO-

[JfCectn8 <If
10

iff2, C/leoyem. ttmo O/lR HeKomopoti. noonOC/leOOeame/lbHOCmU

{k z } Hamypa/lbHbLX ttUCeA kz notU11.U O/lR ecex y E &10 ebtnO/lHJU!mcfJ

paeeHcm80
lim H (y, z) - fkz (y, zHL (<8'.)

== O.
 _oo P

(1)

113 ,nOK333HHOA JIeMMbI H 33MeQ3HHH B H3Q3JIe n. 1.3.7 BbITeK3eT

eIll.e T3K3H JIeMM3.

1.3.9. JI e M M 3. nycmb MHO:JICeCmeo <If = t!1 X Iff 2 onpeOeAJlemcR,
KaK 8 npeiJblOY/J..{eti. /leMMe, U nycmb O/lR nocAeOOeame/lbHOCmU rfJUHK.-
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l{Ua fk E Lp (&) (k = 1, 2, ...) U CPyflKl{UU I if E Lp (&» 8btnO/lflRemCR

pa8eflcm8o

!irn III - Ik IIIp (<8')
= 0

k-oo
(I p oo). (I)

flycmb, KpoMe moeo, O/lR fleKomopoeo IlUC/la pi (I pi (0),
8oo614e om/lUllflOeO om p, U CPYflKl{UU ,* 8btnO/lfl5lemCR paeeflcm80

!irn  I*(y, Z)-Ik(y, Z)I!Lp' (tB',)
= 0 (2)

k_oo

nOllmu O/lR 8cex y E&l'

Toeoa I=f*, m. e. CPYflKf.{UU I (x) U f* (x) 3K8U8a/leflmflbl fla &.
.lI. 0 K a 3 aTe JI b C T B o...,B CHJIY npe.n.bI.n.yw.eH JIeMMbI .n.JIH HeKO-

TOpOH no.n.nOCJIe.n.OBaTeJIbHOCTH HaTypaJIbHbIX IJHCeJI {kl } H Ha HeKO-

TOpOM MHO)KeCTBe &1 C &h OTJIHIJHOM OT &1 Ha MHO)KeCTBO MepbI
(B CMbIC.T1e &1) HYJIb, HMeeT MeCTO paBeHcTBo 1.3.8 (1) .n.JIH Bcex

Y E &;. MO)KHO ClIHTaTb, IJTO paBeHcTBo (2) TaK)Ke HMeeT MeCTO

.n.JI5I Bcex y E &;. J1TaK, eCJIH Y E &;, TO .n.JIH Hero BbInOJIHHlOTCH

o.n.HOBpeMeHHO (I) H (2).
Ho Tor.n.a paBeHcTBo f (y, z) = f* (y, z) HMeeT MeCTO .n.JIH nOllTH

Bcex Z E & ,T. e. nOIJTH BClO.n.y Ha H3MepHMoM MHO)KeCTBe & = &
1 X t!f .

OrMeTHM ew.e CJIe.n.YlOw.He TeopeMbI.
1.3,10. T e 0 p eM a (fl. <l>aTY) *). EC/lU nOC/le008ame/lbflOCmb U3Me-

PUMbLX fleompul{ame/lbflbLX CPYflKf.{UU {fn} nOllmu 8CIOOY fla U3MepUMOM
MflO3fCeCtn6e rff C Rn CXOOUtnCR K CPYflKf.{UU F (x), mo

F dx supn fn d }.
1.3.11. TeopeMa**). H3 oepaflUtteflflOU 8 C},f.blCAe L

p (&)
(1 < p < (0) nOC/le008ame/lbflOCmU CPYflKf.{UU {fk}:

IllkilLp (tB') M

MO:JICflO 8blOe/lUmb noonOC/le008ame/lbflOCmb {fkt}, c/la6o CXOORI4YIOCR
K flemmopou CPYflKf.{UU f E Lp (&) C II f lirp (") M. 3mo 3Hattum, ttmo

UMeem Mecmo pa8eflCtn60

lim fk<P dx = H<p dx
k_oo tB' tB'

O/lR /l106blX CPYHK/{Ua <P E Lq (&) ( + + = 1).
1.3.12. <l>YHKIJ.HH f E Lp (&) Ha3bJBaeTCH flenpepbt8HOU. 8 /{e/lOM

8 Lp (&), eCJIH .n.J1H JI106()ro 8> 0 HaH.n.eTCH t3 (8) > 0 TaKoe, ({TO

Ilf (x+y) - f (x) ::11' ("6) < 8

*) CM., Hanpl!Mep, KHHry H. TI. HaTaHcoHa [1].
**) CM., HanpH lep, KHI!ry B. II C I1IpHO;Ja [1].
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K8K TOJIbKO Iy 1<6. (3.l1.eCb rff <5
- MHO)J{eCTBO TaKHX X E rff, 'ITO

x +Y E rff .lI.JI5I JIl06blX y, Y.lI.OBJIeTBOp5l10W.HX HepaBeHcTBY I Y 1<6.)
T e 0 p e M a. BCRKa51 ifJyI-tKU,U51 f (x) e Lp (rff), 1 p < 00 I-tenpe-

pblBHa B u,eAoM B Lp (rff).
1.3. t 3. Mbl 6Y.lI.eM illHpOKO nOJIb30BaTbC5I TaK)J{e cJIe.ll.yr0w.HMH

H'epaBeHcTBaMH npH 1 p < 00:

(
00 'I/p

(
00 \I/p

(
00

)
I/P

lak+bk [p)  . lak IP) + I b le Ip .

co

(
00

)
I/P

(
oo

)
I/q

! I a"bk I ! I ak IP ! I bk I q ,eCJIH + ; "'Z 1,
I \ I I

(1)

(2)

r.ll.e ak, bk
-

npOH3BOJIbHble 'IHCJIa. OHH Ha3bIBalOTC5I COOTBeTCTBeHHO

'H.epaBeI-tCmBOM MUI-tKOBCKOcO H l-tepaBel-tCmBOM FeAboepa OAR CYMM.
C nOMow.blO (1) YCTaHaBJIHBaeTC5I, 'ITO JIHHeHHOe n-MepHoe MHoro-

o6pa3He BeKTopoB S = gh .... £n} C HOpMOii:
I n \ lip

S III n = I I £k IP I, 1 p 00,
P \ I /

eCTb HOpMHpOBaHHoe npOCTpaHCTBO. B 'IaCTHOCTH, H3 1.2.4 CJIe.ll.yeT,
QTO .lI.JI5I JIl06bIX P H p' (l p < p' 00)

cdnn IIHn c2rrsllln, (3)
P p' P

r.ll.e Ch C2
- nOJIO)J{HTeJIbHble KOHCTaHTbl, H 3aBHC5IIll.He OT  .KOHe'IHO,

'TH HepaBeHCTBa MO)J{HO nOJIY'IHTb HenOCpe.ll.CTBeHHO, yCTaHoBHB
TO'IHBle KOHCTaHTbI Ch C2 .

t.4. Ycpe.ll.HeHHe 4>YHKUHH no C060JleBY *)

0603Ha'IHM 'Iepe3

O's={lxl<B}, 0'1=0',

map B R =- Rn pa,ll,Hyca B C UeHTpOM B HYJIeBOH TO'IKe.

f1YCTb 'P (t) eCTb 6eCKOHe'IHO ,lI,HcpcpepeHUHpyeMa51 'IeTI'Ia51 HeOTpH'
u:aTeJIbHa51 <PYHKUH5I oT O,ll,HOH nepeMeHHOH t (- 00 < t < 00), paBHa51
HYJIlO !I,JI5I I t I;:? 1 TaKa5l, 'ITO

 'P(ltl)dt=1. u)
B Ka'IeCTBe 'P MO)J{Ho B351Tb <PYHKUHlO

1
1 t> - I

'P (t) = T;;
e

t2

,

0,

*) c. .n. Co (5 0 JI e B [4].

o ltl<l,

1  Itl,

2 C. M. HHKonbcKHI! .
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f.n.e KOHCT8HTa 1." nO.n.06paHa TaK, qT06hl BhlnOJIHHJIOCb YCJIo-
BHe (1).

<l>YHKl(HH

<Ps(X)= a <p( : ), <p(x)='P(lxl), 8>0, (2)

6eCKOHeQHO .lI.HqxpepeHIJ:HpyeMa Ha R (yqeCTb qeTHOCTb 'P), HMeeT

HOCHTeJIb Ha 0'8 (CM. .n.aJIee 1.4.1) H Y.lI.OBJIeTBOpHeT YCJIOBHlO

<P8 (x) dx = e <P ( )dx = 1. (3)
4

DYCTb gc.R" = R - OTKpbITOe MHO)J{eCTBO H 1 aLp (g) (l <;.p oo).
DOJIO)J{HM f = 0 Ha R - g. <l>YHKU:HH

I

(
X-U

)
I

(
U

)
.

fs(x)=fg,8 (x) = e" J <P -a f(u)du= e" J <P 8' f(x-u)du (4)

Ha3bIBaeTCH e-ycpe.n.HeHHeM no C060JIeBY. 3TO, OqeBHJ\HO, 6eCKO-

HeqHO .n.H  epeHU:HpyeMaH YHKU:HHHa R.
DOKa MbI 06paTHM BHHMaHHe Ha CJIe.ll.YlOw.ee Ba)J{Hoe cBoikTBO fa:

IIf8-fllp-+0 (8-+0, Hp=II'lkp( )o 1  p<oo). (5) I

OHO nOKa3blBaeT, qTO npH KOHeqHOM p (1 P < 00) MHO)J{eCTBO

6eCKOHeqHO .lI.HqxpepeHU:HpyeMbIx Ha R  YHKU:HH BClO.lI.Y nJIOTHO

B Lp (g), T. e. He3aBHCHMO OT T0fO, KaK yCTpoeHo OTKpblToe MHO-

)l{eCTBO g, .n.JIH Ka)J{.lI.OH.  YHKU:HHf E Lp (g) MO)J{HO yKa3aTb ceMeH-
CTBO 6eCKOHeqHO .lI.HqxpepeHU:HpyeMbIx Ha R  yHKU:HH.f8 (ee c060-
JIeBCKHX ycpe.ll.HeHHH.) TaK, qTO BbInOJIHHeTCH (5).

B caMOM .lI.eJIe, B CHJIY (3)

f8 (x) - f (x) =

= e S <P ( x-;u ) U (u) -I (x)] du = S <P (v) (f (x - 811) -I (x)] dv,

OTKy.n.a, npHMeHHB 0606w.eHHoe HepaBeHcTBo MHHKOBCKoro H yqH-
ThlBaH, qTO <P HMeeT HOCHTeJIb Ha a, nOJIYQHM

IIf8 - fI  <P (v) Ilf (x - 8V) - f (x) lip dv 
a

sup Ilf(x-v)-f(x)llp-+O (8-+0). (6)
1"1 < 8

B CJIyqae p = 00 CBOH.CTBO (5) He BbInOJIHHeTCH. O.n.HaKO eCJIH

CqHTaTb, qTO g = R H f (x) paBHOMep HO HenpepbIBHa Ha R (f E C (R»,
TO (6) 3anHIlieTCH B BH.n.e

U8-fllro sup If(x-v)-f(x)I-+O
1"1<8

(8 -»- 0).
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OTMeTHM eli e HepaBeHCTBO

 fe p e <p( : )llf(x-u)l/pdU=lInp (1  p oo). (7)

1.4.1. <l>uHuTHble $YHKl(UU. f1YCTb g c R - OTKpbITOe MHO)J{eCTBO.

<l>YHKIJ:H5I <P (x) Ha3b1BaeTC5I cjJuflumflou B g, eCJIH OHa onpe)l.eJIeHa
Ha g H HMeeT KOMnaKTHblH HOCHTeJIb, JIe)l{all(HH B g. HOCUmeAeM.

<PYHKIJ:HH Ha3b1BaeTC5I 3aMblKaHHe MHO)l{eCTBa Bcex TO'IeK, r)l.e OHa

He paBHa HYJIIO.
JI e M M a. ECAU f E Lp (g) (1 P < 00), mo cyU{ecmeyem noclle-

OOBameAbflocmb 6eCKOflet1flO oucjJcjJepefll{UpyeM.bIX cjJuflumflblX e g cjJYflK-
l{uu <Pit OAfl Komopblx BbtnoAflfllOmCfl ceoucmea

II f - <Pzllp -+ 0 (l-+ 00),

I <Pz (x) I  supvrai If (x) I.
XEg

ECAU f OOfl06peM.eflflO npUflaOAe:JICUm K Lp U Lp' (1  p,p' < 00),
mo nocAeooeameAbflocmb {<Pz} M.O:JICem 6blmb 83flma OOflOU U moti.  .

11, 0 K a 3 aTe JI b C T B O. 3a)l.a HM 11 > 0 H nO)l.6epeM OTKpbIToe
OrpaHH'IeHHOe MHO)J{eCTBO Q c Q c g TaKoe, 'IT06bI

Ilflkp(g-a) < .

0603Ha'IHM 'Iepe3 d paCCT05lHHe OT Q )1.0 rpaHHIJ:bI g (d> 0;
eCJIH g He OrpaHH'IeHO, TO d = 00). BBe)l.eM ell(e <PYHKIJ:HIO

fa (x) = {
f (x), X E Q,

0, x EjE Q.

Ee 8-ycpe)l.HeHHe fa, 8
= <P npH 8 < d eCTb 6eCKOHe'IHO )l.H<p<pepeH-

IJ:HpyeMa51 <pHHHTHa51 <PYHKIJ:H5I B g, )l.JI5I KOTOpOH BbInOJIH5IIOTC5I

HepaBeHCTBa

 f- fg, ellrp (g)  I/f - fa IILp (g) +[Ifg - fa, eIILp(g) =

= Ilf I/Lp(g- a) +[1 fa -:- fg, e  Lp(g)< + = 11,

eCJIH TOJIbKO 8 )l.OCTaTO'IHO MaJIO.

11,aJIee (CM. 1.4 (7»

Ita, 8 (x) I  supvrai I fa (x) I sup vrai I f (x) I.
XER XER

f103TOMY, eCJIH 11
= 11z-+ 0, TO, C'IHTa5l, 'ITO 8 = 81t Q = Qz, MbI

nOJIYQHM, 'ITO <PYHKIJ:HH <Pz = faz, 8Z Y)l.OBJIeTBOp5lIOT Tpe60BaHH5IM
JIeMMbI. f1pH 3TOM, eCJIH O)l.HOBpeMeHHO f E Lp, Lp" TO )l.JI5I 060HX

P H p' MO)J{HO nO)l.06paTb e)l.HHble Qz H 8z, a CJIep;oBaT"eJIbHO, H <Pz.
1.4.2. JI eM M a. ECAU f E LCD (g) (U3M.epUM.afl U cyU{ecmeefl-

flO oepaflut{£flflafl fla omKpblmOM. M.flO:JICeCtn8e g c R cjJYflKltUfl) , mo

2*
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clfWlecmeyem nOC.!leaOOame/lbflOCmb 6eCKOfle'lflO auq)(pepefll{Upge.MbtX cjJu-
HUmflbtX e g f/lYflKl{Ua <PI' ya08/lemeOpfllOU{aJl YC/lOOUfl.M

lirn <pZ(x)=f(x) nottmu eClOay fla g, (1)
1_00

I <PI (x) I.;;;;; sup vrai I f (x) I. (2)
xeg

.n. 0 K a 3 aTe JI b C T B O. 0603HaIJHM IJepe3 gN nepeCeIJeHHe g
C rnapOM I x 1 < N, H nYCTb llN MOHOTOHHO y6blBaeT K HYmo
(N = 1, 2, .. .). TaK KaK f E L (gN), TO MO:H<HO yKa3aTb <PHHHTHYIO
B gN, CJIe.llOBaTeJIbHO B g, <PYHKU:HIO fN TaKYIO, IJTO

!f fNI (gN)<llN (3)

H

IfN (x) I sup vrai I f (x) I.
xeg

(4)

113 (3) H (4) CJIe.llyeT, IJTO H3 nOCJIe.llOBaTeJIbHOCTH {fN} MO:H<HO

Bbl.lleJIHTb nO.llnOCJ1e.llOBaTeJIbHOCTb {<PI}, nO.llIJHH5IIOI.I.\YIOC5I Tpe60Ba-
HH5IM JIeMMbl.

1,5, 0606m.eHHble t»YHKD.HH

BBe.lleM KJIaCC S (.n. IIIBapu: [1]) OCHOBHblX <PYHKU:Hii: <P = <P (x).
<l>YHKU:HH <P KJIaCCa S onpe.lleJIeHa Ha R, KOMnJ1eKCH03HaIJH8

(<p = <PI + i<P2' <PIt <P2 .lleHCTBHTeJ1bHbl), 6ecKOHeIJHO .llH<P<PepeHU:H pyeM8
Ha R H TaKOBa, IJTO ,lJ,JIH JII060ro HeoTpHu:aTeJIbHOrO IJHCJIa 1

(.llOCTaTOIJHO ueJ1oro 1) H HeoTpHu:aTeJIbHOrO u:eJIoro BeKTopa k =0

-= (kIt ..., kn)

sup (1 + I x II) 1 <p(") (x) I = x (1, k, cp) < 00,
x

r.lle

a/ 111 m
<p(k) =

T

-"
k
1 -" k"

'

vX
j

... vX"

n

Ikl= ! kj .

i=1

(1)

TIOJIO:H<HM Lp=Lp(R). 113 (1), B IJaCTHOCTH, CJIe.llyeT, IJTO

1
I <p(k) (x) 1";;2 x (0, k, <p) < 00,

T. e. <PYHKU:HH <p(k) E S OrpaHHIJeHa (<p(k) E Loo). .LI.aJIee <p(k) E Lp
(1..;; p < 00), nOToMY ,'ITO

S I m(") (x) IP dx ..;; C S ! 'P(k) (x) ( 1 + I xI ) IP dx
T 1. (l + I x I )n+1

-=

P (
n+l k ) \ dx p(n+l k )Et;;;Clx -p' ,<p J (l+lxl)n+l

= C2X ,-p' ,<p <00,
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r.ll.e n - pa3MepHOCTb R. TaKHM 06pa30M, npH JI1060M k

Ip(k) E Lp H 111p(k) Ikp ex ( nt
I

, k, Ip). (2)

KpOMe Toro,

I m(k) (x) l &
x(I, k, <p) -*O

't' -=

1+lxl

ECJIH Ipm, Ip E S (m = 1, 2, ...) H

HblX ueJloro IJHCJIa i H ueJIoro BeKTopa

x(i, k, Ipm-Ip)-*O

(I x 1-* 00). (3)

.lI.JlH JI106bIX HeoTpH uaTeJIb-

k

(m -* 00),

TO 6Y.lI.eM nHcaTb

Ipm -* Ip (S).

Dpo <PYHKUHIO 'P, 6eCKOHeIJHO .lI.HqxpepeHuHpyeMYIO Ha R, 6Y.lI.eM
rOBopHTb, IJTO OHa HMeeT nO/lWiOMUaAbl-tbta poem, eCJIH .lI.JlH JII060ro

HeOTpHUaTeJIbHOrO BeKTopa k cy ecTByeTi = i (k), TaK 'ITO

1'P(k) (x) I <e (1 + 1 x II),

r.ll.e e He 3aBHCHT OT X.

ECJlH Ip E S, TO 'i-' (P E S, nOTOMY 4TO

(\I;1p)(k) = 1: C 'P("icp{k-S)
sE;;;k

(k = (kl , ..,
,
kn), s = (S1o ..., Sn),

CS_
kl

k-sl(k-s)I'

n

kl = II kj I),
1=1

H eCJlH m - HaTypaJlbHoe 'IHCJlO, TO

1(1 + I x 1m) 'P(S)Ip(k-S) I ell (1 + I x 1m ) (1 + I x VIS» Ip(k-S) I
 e21(1 +1 x jm+1 (6» Ip(k-s) I  e2x(m +1 (S), k-s, q».

EOJlbllle TOrO, 3TH HepaBeHCTBa nOKa3bIBa1OT, 'ITO eCJIH

q>m, q> E S H Ipm -* Ip (S), TO 'Pq>m -*'P1p (S).

Dpe06pa30BaHHe <l>YPbe <PYHKUHH Ip 6Y.ll.eM 0603HaIJaTb TaK:

(j) (X) =- /2
('

Ip (A.) e- iAX dA.,
(2n)n J

n

A.X =! 'A/XI'
1

H 06paTHOe K HeMY npe06pa30BaHHe TaK:

(X) = /2
(' Ip (A.) eib d/...

(2n)" J
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DOKameM, qTO eCJIH cp E S, TO (p, ip E S H, KaKOBbI 6bI HH

6bIJIH HeOTpUu:aTeJIbHOe qHCJIO i H l(eJIbIll BeKTOp k,

(l+lxll)lip(k)(x)I CI.k X (1', k', cp), (4)
(/', k') 6  lk

r,n:e Cl, k
- KOHCT3HTa, 3aBHC5Irn;a51 OT (i, k), H rff1k - 3aBHC5Irn;ee OT

(i, k) KOHeqHOe MHomeCTBO IT p (1', k'). OrclO.n:a CJIe.n:yeT, B qaCT-

HOCTH, qTO eCJIH CPm, cpES, CPm--CP(S), TO ipm--ip(S) H

 m  (S),
B caMOM .n:eJIe,

ip(k) (X) == 'P (I..) e- i1o.x d1v,
r,n:e

;h (A) =
(_il,)k

(A) ( Ak  k1  kn)'I'

(2n)n/2
cP = ""1 .,. ""n .

OqeBH.n:Ho, qTO 'P (I..) E S,

(1 + I X I ) (1 + I xd + ... + I Xn I) (5)
H

I q>(k) (x) I C I 1..11 k I I rp (A) I dA

1j.,llkldj.,
.

 C
.

Ikl+n+2 x(lkl+n+2, 0, cp) clx(lkl+n+2,0, cp). (6)
I + [I, I

JJ.aJIee .n:JI5I I Xj I 1

I Xjip(k) (x) I I ip(k) (x) I CIX (I k I + n + 2, 0, cp),

a .n:JI5I I Xj I 1, CIIHTa5l, qTO I1N eCTb qaCTb R, rp;e I A} I < N. H

yqHTbIBa51 (CM. (3»), qTO'P--O rrpH Aj= + N-+oo, nOJIYtJHM

q>(k)(x)=!irn {'P(A) e-i.h jAj=N + S mp
e-

i1o.xdA} =N--+CD -IXj A.=-N IX; ()').,)1
6.N

= S mp
e- i1o.x dA =

IX} ()').,)

= ;j ( () j (ij 1.:8) cP (I..) + ij A: S

: ) e- ih dA. (7)

TaK KaK () j (ijA»  CdApkl-l(rrpHk=OHa.n:03aMeHHTh

Ikl-l Ha 0), TO

1').,llkl-I+Ij.,llkl
IXlp(k)(X)' C2 n+'kl+2 (x(n+lkl+2, 0, cp)+

.1+1').,1 I

+x(n+/kl+2, ej' cp»dA, (8)
T.u.e e}

- HarrpaBJIeHHblH ITO OCH x} e.n:HHHqHbIH BeKTop.
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113 (5), (6), (8) CJIe.n.yeT, IJTO

(1 + I x I) I cp(k) (x) I

..;; Clk (X (n + I k I + 2, 0, <p) + ;tl x (n + I k I + 2, ef, <P»),
H MbI .n.OKa3aJIII HepaBeHcTBo (4) rrpu JIl060M k II 1 = 1. f1pII rrpo-
H3BOJIbHOM I 1I.0Ka3aTeJIbCTBO aHaJIOrUIJHO, HY)KHO TOJIbKO B paBeH-

CTBe (7) rrpoII3BecTu uHTerpupoBaHue rro IJaCTHM BMeCTO o.n.Horo

I pa3.
f10JIO)KIIM .n.JIH cP, 'IjJ E S *)

(<p, 'IjJ) = <P (x) 'IjJ (x) dx.

118 Teopuu IIHTerpaJlOB <I>YPbe II3BeCTHO, IJTO

( ,'IjJ) = (<p,  ), ( ,'IjJ) = (cp,  ).
.nUHeHHbIH II HerrpepblBHbIH Ha S <PYHKUIIOHaJI if, <p) Ha3bIBaeTCH

0606U{eflflOU cjJYflKt.{ueu (flcW S).
TaKUM 06pa30M, eCJIII <Plt <P2' <Pm, <P E S, Clt C2

- KOMnJIeKCHble

IJIICJla U <Pm -+ cP (S), TO

(f, CICPl + C2CP2) = Cdf, CPI) + C2 if, <P2)

". (j, CPm)-+(f, <p) (m-+oo).

MHO)KeCTBO BCeX\ 06061l.{eHHbIX (Hall. S) <PYHKUIIH f 0603HaIJaeTCH
IJepe3 Sf. \

JIpOU380aflafl OT f E Sf rro rrepeMeHHOH XI orrpe.n.eJIHeTCH KaK

JIIIHeHHMH <PYHKUUOHaJI

(f j' cp)=-(f, <P ;)-
ECJIU f (x)

- 06MIJHaH II3MepIIMaH <PYHKUUH, orrpe.n.eJIeHHaH Ha

R II TaKaH, IJTO cY1l.{eCTByeT IIHTerpaJI

(t, cp)= f(x)<p(x)dx (9)

.lI.JIH Bcex <P E S, KOTOpbIH OKa3bIBaeTCH JIIIHeHHbIM <PYHKuUOHaJIOM
Ha.ll. S, TO 06061l.{eHHYIO <PYHKUUIO, onpeD.eJIHeMYIO paBeHcTBoM (9).
omo:J/CaeC/11.8/lfllOm C f (x). HanpuMep, eCoHI f E Lp (1:;;;; p (0), TO

IIHTerpaJI (9) eCTb JlUHeHHbIH <PYHKUUOHaJI Ha.ll. S. B caMOM .lI.eJIe.

I f (x) <P (x) I dx ( If IP dx)
I/p

( I cP Iq dxr
lq

cx (
n

--;
I

, 0, <p)
( + =1),

*) 06palUaeM BHHMaHHe 1JHTaTeJIH, 1JTO no,!\ HHTerpaJIOM \jJ B3J1TO (le3 3HaK3

KOMnJIeKCHOro conpJlJKeHHH (CM. B. C. BJIa.llHMHpOB [I)).
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H CJIe.ZJ;OBaTeJIbHO, fiHTerpaJI (9) KOHeqeH .ZJ;JIH Bcex qJ E S If Henpe-

phIBeH B S. .nlmeAHOCTb (9) OqeBH.ZJ;Ha.

ECJIH f (x) E 8, a E R fi e =I=- 0 - .ZJ;eHcTBHTeJIbHOe qHCJIO, TO

f (x + a), f (ex) E 8' fi orrpe.ZJ;eJIHlOTCH COOTBeTCTBeHHO KaK <PYHK-
[J,fiOHaJIbl

(f(x+a), <p(x))=(f(x), <p(x-a)),

f(ex)= (f(X),<p( : )).
ECJIH f eCTb 06Q6 eHHaH tPYHKIJ:HH, a '" - 6eCKOHeqHO ,D. fitP4>e-

peHIJ:H PyeMaH tPYHKIJ:HH rrOJ1HHOMfiaJlbHOrO pOCTa, TO <PYHKIJ:HOHaJI
Ha.n S, orrpe,D.eJlHeMbIH paBeHCTBOM

(N, <p) = (f, 'Pcp),

OqeB,H,D.HO TaK)J{e eCTb 0606 eHHaHtPYHKIJ:HH, 0603HaqaeMaH qepes
"" HJlH 1jJf (f'" = ",f).

ECJlH "'1 II "'2 - )l.Be cecKoHellHo )l.HqxpepeHlJ.HpyeMbIe <PYHKIJ:HH
C nOJlfiHOMHaJ1bHbIM pOCTOM, TO HX rrpOIf3Be)l.eHfie o6J1alI.aeT TeM )J{e

CBoAcTBOM; rrpH 3TOM JIerKO BH_':(eTb, liTo eCJIfi f E S', TO

('IJt<V2) f = <Vt (<V2f).

5ICHO, qTO eCJlH f (x) eCTb 06bIlIHaH, rrpHHalI.J1e)J{a aH K L,
a <V (x) - 6eCKOHellHO )l.fiqxpepeHIJ:fipyeMaH <PYHKIJ:fiH C rrOJlfiHOMfiaJlb-

HbIM pOCTOM, TO O(,bl4Hoe rrpOH3BeJLeHfie f (x) <V (x) COOTBeTCTByeT
no rrpaBfi.TIY OTO)!()l.eCTB.TJeHHH o606 eHHOH <PYHKIJ:HH N (rrpOH3Be-
.n.eHl1lO 06c6Il\eHIWrJ Q1YHKIJ,fifi f fi 'I).

Ilpeo6pa3oeaHue c[Jypbe (rrpHMoe fi 06paTHoe).lIJIH f E S' orrpe-
.n.eJlHeTCH COOTBeTCTBeHHO paBeHCTBaMH

(t, cp)=(f, ip), (1, cp)=(j,  )(cpES).

TaK KaK <Pm - cp (S) (<Pm, cp E S) BJleqeT ipm - ip,  m- (S),
TO t, J E S'.

ECJIfi f (X) E Lp (1 p (0) eCTb 06bIQHaH CYMMfipyeMaH B p-ft.
CTerreHH Ha R <PYHKIJ:fiH, TO OHa, KaK MbI 3HaeM, ecTb o606 eHHaH
$YHKIJ:HH H HMeeT rrpe06pa30BaHHe <Pypbe f, HBJlHlOIl\eeCH, Boo6Il\e

rOBopH, 0606Il\eHHOH <PYHKIJ:fieH. ECJlfi f E L2' TO, KaK H3BeCTHO,

1 E L2 (TeopeMa D3J1H - BfiHepa, CM. KHfiry H. 11. AXfie3epa [1]).

l(x)=
I

lim r f(t)e-ixtdt,
(2n)n/2 N  ccJ

"'N

dN={lxjl<N; j=l, .... n}.

H CXO,n:HMOCTb rrOHHMaeTCH B CMbJCJle. L2 . DpH 3TOM l<p dx -
- fip dx (,n:JlH Bcex <P E S), liTO rrOK33bIBaeT, liTO B )l.aHHOM CJIYlIae
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q<)blqHoe npe06pa30BaHHe <t>ypbe <PYHKLl:HH COBna aeT (OTO}K,IJ.eCTB-
.tHeTCH) C 0606w.eHHbIM.

nYCTb q> E S; TOr a

q>(k) (X) = (2 )n/2 S (la)k If> (a) elxu da

II
---

(k) k

c:p = (la) If> (a) (
k k{ fin)a == u1 ... un '

.lI.aJIee

ip(k)(X)=
1

S (-la)kq> (a)e-ixuda= (-la)kcp(a) .

(2n)n/2

.lI.JIH 0606w.eHHbIX <PYHKLl:HH f E S' HMelOT MeCTO aHaJIOrHqHble

paBeHCTBa

F> = (ia)k f, f(k) = (- ia)kj. (10)

B caMOM  eJIe, eCJIH f E S', q> e S, TO

(F>, q» = (-1)/ kl (f, ip(k» = (-1)/ kl (" <= la)k )== «(fa)" f, cp).

(f(k) , q»=(-I) lkI V, q;<k»)==(-I)lk l (f, (ia)ktp)=(f-ia)kl, q».

nYCTb no-npe)l{HeMY q> e S H

L1N= {lx,1 <N; j= 1, ..., n} cR,

Tor a

(i, q» = (1, tp) =-k S dx S q> (t) e- lxt dt-
(2n)

=

I
!im S q> (t) dt S e- lxt dx -

(2n)n/2 N_oo

A.N

I r n
n

sinNtj
= (2n)n/2 11m

nn J q> (t) . dt == (2n)nIJl cp (0).
N_oo

1=1
I

nOCJIe Hee paBeHcTBo CJIe yeT H3 06bIQHOA TeopHH HHTerpaJI&
<t>ypbe.

TaKHM 06pa30M,

i = (2n)n/2 (x),

r e6 (x) eCTb H3BeCTHaH aeAbma-rjJYH.Xl{UR, T. e. 0606III.eHHaH <PYHIE-
Ll:HH, onpe eJIHeMaHpaBeHcTBoM

(6, q» = q> (0) (q> E S),
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OTClO,na, eC.T1H k = (kll ..., kn) - BeKTOp C LJ:eJIbIMH HeOTpHLJ:aTeJIb-
HblMH KOMnOHeHTaMII, TO

...-'" ----

Xk = ik (- iX)k . 1 = i" (2n)n/2 (I(k) (x). (11)
JJ:aJIee

(8 ) - (6
-

) ==
I r (t) dt

, q> - ,q>
(2n)n/2 J

q> ,

T, e,
- I
<5 =

(2n)n/2
.

.lI.JIH <PYHKLJ:HH: f, fl E S' (l = 1, 2, ...) nIIrnyT

fz - f (Sf), eCJIII (fit cp) - (f, cp)

(12)

(13)

JJ;JIH BCeX q> E S, H rOBOpHT, qTO fl CTpeMHTCH K f B CMbICJIe S'
H.T1II e ec/la60. ECJIII fz II f - 06bIqHbIe IIHTerpHpyeMbIe <PYHKLJ:HH
TaKHe, qTO nOqTII BCIO,ny

fz(x)-f(x) (l_oo)
H

Itz(x) I.;;;; <D (x) E L (l = 1, 2, ...),

r,ne CD He 3aBHCIIT OT l, TO, OqeBH,nHO, fz, f E S' II, COrJIaCHO

TeopeMe .ne6era, fl - f cJIa60.
yfg (13) CJIe,n:yeT, OqeBH.lI.HO, qTO eCJIH fz - f (S'), TO

11-f, 'l-f(S'), (14)
Aft - Af (S'), (15)

W) - f(9) (S'), (16)

r.ll.e A - 6eCKOHeqHO ,nIIqxpepeHLJ:IIpyeMaH <PYHKLJ:HH nO.T1IIHOMIIaJIbHOrO

pOCTa.
DYCTb cp E S, ,.., = (l!1I ..., l!n), t = (tll ..., tn) - ,neHCTBHTeJIb-

tiMe BeKTOpbI. Tor,na

=

I r eiJA.t
I \

cp (u) e-1ut due1xt dt =
(2n)n/2 J (2n)n/2 J

= (2 )n e
ixt dt q> (,.., + v) e- h,t dv = cp (,.., + x), (17)

ECJIH Terrepb f E S', TO, yqHTbIBaH, qTO <PYHKLJ:IIH eiJA.t 6ecKO-

< ellHO.lI.HqxpepeHLJ:HpyeMaII OrpaHHqeHa BMeCTe CO CBOIIMH npOH3-
B0.ll.HbIMH (nOJIHHOMIIaJIbHOrO pOCTa), nOJIyqIIM .lI.JIH q> E S

(eiJA.tf , cp)=(f,  )=(f,q>(,..,+x)=(f(x-,..,), q>(x),
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T. e.
,-'

eiJA,tJ =, (X - /-1-) (j E S'). (18)

.D.SJIee

(;;-y, qJ) = (" eiJA,t ) = (j (x), qJ (x - /-1-)),

T. e.
------

e1JA,tj =, (x + /-1-) (f E S'). (19)

1.5.1. CBepTKs. MYJ1bTHnJ1HKSTop. MbI qaCTO oy.n:eM HMeTb .n:eJI()

C cHTyaLJ:HeA, Kor.n:a HeKoTopaH H3MepHMaH <PYHKLJ:HH lL (x) YMHO-
}KaeTCH Ha j (x), r.n:e , E Lp = Lp (R) (R = Rn). ECJIH f (x) eCTb-

OOblqHaH <PYHKLJ:HH, TO eCTeCTBeHHO CqHTaTb, qTO

lLj= lL(X) f(x). ( I}

O.n:HaKO H B 3TOM KaK oy.n:TO npOCTOM CJIyqae MOrYT B03HHK-

HyTb Tpy.n:HOCTH, 3aKJIIOqaIOIlI,HeCH B TOM, qTO HapH.n:y C onpe,rr;eJIe-
HHeM f1f npH nOMOIll,H paBeHcTBa (1) MO}KeT OblTb .n:pyroe onpe.n:e-
JIeHHe f1f KaK HeKOTOpOH: OOOOIll,eHHOH: <PYHKLJ:HH (npHHa,rr;JIelKaIll,eH
K Sf), H TOr.n:a B03HHKaeT Bonpoc 06 H.n:eHTH<pHLJ:HpOBaHHH 3THX

.lI.BYX on pe.n:eJIeHHH. _

B cJIyqae, eCJIH , E Sf eCTb 0606Il1,eHHaH <PYHKLJ:HH, B HailleM

pacnopHlKeHHH nOKa HMeeTCH e.n:HHCTBeHHoe onpe.n:eJIeHHe lL; B npe.n:-
nOJIO}KeHHH, qTO lL eCTb oeCKOHeqHO .n:H<p<pepeHLJ:HPyeMaH <PYHKLJ:Hff
nOJIHHOMHaJIbHOrO pOCTa. ¥IMeHHO lL; onpe.n:eJIHeTCH KaK <PYHKLJ:HOHaJl

(lLf, qJ) = (j, f1qJ). (2)

ECJIH ; E Lp, TO 3TO onpe.u,eJIeHHe corJIacyeTcH c <popMYJIoA (1)
TaK KaK B 3TOM cJIyqae

(lL;, qJ) = [lL (x); (x)] qJ (x) dx =  '(X)[f1 (x) qJ (x)] dx == <1, Wp).

HHlKe OYP,YT BBe.n:eHbI .n:pyme onpe.n:eJIeHHH lL;, r.n:e lL npHHa.n:-
JI6}KHT K HeKoTopoMY KJIaccy H3MepHMblx OrpaHHqeHHbIX HS R = RfI.
<PYHKLJ:HA, S , E Lp. ::hOT naparpa<p nOCBHIlI,aeTCH Ba}KHoMY CJly-

QSIO, Kor.n:s = K E L. B 3TOM cJIyqae <PYHKLJ:HH

I

S
A

.... (X) = n/2 lL (u) e-ixu du
(2n)

OrpaHHqeHa H HenpepbIBHa Ha R, HO, KOHeqHO, OHa He eCTb npo-
H3BOJIbHaH HenpepbIBHaH Ha R <PYHKLJ:HH.

ECJIH , E S, TO <PYHKLJ:HH ;, lLf, ;;r E Sf. Ho OHH TaKlKe MorYT
6bITb BbIqHCJIeHbI cpe.n:CTBaMH 06blqHOrO aHaJIH3a (nOHCHeHH1!
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HH)I{e):
.- -:::-- I
JA.l- Kl =

(2n)3n/2
1

-

(2n)3n/2
I

-=

(2n)3
n/2

e1xu du K ( )e- lu £is f (TJ) e- 1Ufl dTJ-

e1xu du K ( )d f (). - )e- 1u). d)'-

e1xu du e- lu).. d)' K ( )f(). -  )d -

-; (2 )n/2 K ( )f(). - )d = K * f. (3)

TaK KaK f E S, TO HHTerpaJI B TpeTbeM qJIeHe no TJ eCTb <PYHKqH$I
OT u, npHHa JIe)l{a aHK S c L; OHa YMHOlKaeTCH Ha HHTerpan
no  ,HB.T1HIOW.HHC$I HenpepblBHOH OrpaHHqeHHOH <PYHKLl.HeH:; npOH3-
Be eHHe npHHa.ll..T1elKHT K L, H nOTOMY nOCJIe YMHOlKeHHH ero Ha

-:::--

ilxu H HHTerpHpOBaHHH no u nOJIyqHM HenpepblBHYIO <PYHKLl.HIO kl
OT X. 3aMeHa nopHAKa HHTerpHpOBaHHH no S H no ). B qeTBepTOM
paBeHcTBe 3aKOHHa, nOTOMY qTO K, f E L (B CHJIY TeopeMbi <t>YOHHH).

I1HTerpaJI B npe.ll.nOCJIe.ll.HeM qJIeHe aTHX COOTHOrneHHH: Ha3bI-

BaeTCH c8epmKOu. K H f; npH aTOM B paCCYlK.lI.eHHHX, r.ll.e K <pHKCH-
pOBaHO, a f E Lp - npOH3BOJIbHaH <PYHKLl.HH, K Ha3bIBaeTCH R.apOM
C8epmKU, <PYHKLl.HIO f1. Mbl OY.lI.eM Ha3b1BaTb M.YAbmunAUKamOpOM. B Lp.

DpaBaH qaCTb (3) HMeeT CMbIC.T1 He TOJIbKO .lI.JIH f E S, HO H

,l1JIH f E Lp. KaKOBbl Obi HH 6b1JIH <PYHKLl.HH K E L H f E Lp
(1.;;;; p.;;;; 00), HMeeT CMblCJI HX CBepTKa

K.f=
I

n/2
r
K(x-u)f(u) du=

2 \n/2 r
K(u)f(x-u)du, (4)

(2n) J ( n. J

Y OBJIeTBOpHIOIIJ,aH K TOMY lKe BalKHoMY HepaBeHcTBY (CM. 1.3.3(1»
I

K * f I .;;;;
(2n)n/2

K IU f ( ' =HLp(R)'Hk=HL(R». (5)

PaBeHCTBO (3), BepHoe .lI.JIH <PYHKLl.HH f E S,  aeTOCHOBaHHe

1I0.T10lKHTb no onpe.ll.eJIeHHIO

f1.1 = j(;f ( -=K E L, f E L
p). (6)
----

TaK KaK, COrJIaCHO (5), K * f E Lp C S', TO K * f E S', H STY
nOCJIe.ll.HlOio 0600W.eHHYIO <PYHKLl.HIO MbI YCJIaBJIHBaeMCH, TaKHM

06pa30M, 0603HaqaTb qepe3 f1.f.
.

DOKalKeM, qTO  JIHmOOOH <PYHKqHH f E Lp (1.;;;; p 00) cyw.e-

 TByeTHe 3'8BHCH1l\aH OT f1. ( E L) nOC.T1e.ll.OBaTeJIbHOCTb 6eCKOHeqHO

AH<P<PepeHLl.HpyeMblx <pHHHTHbIX <PYHKLl.HH fl T8KaH, liTO npH 1-- 00

,,-- f (S') H f1.1, -+ III (S'). (7)
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EcmI P KOHeqHO, TO onpe,n:e.7UIM (CM. n. 1.4.1) nOC.7Ie,n:OBaTe.7IbHOCT&

<l>HHHTHbIX <l>YHKLl.HH: fl TaKHX, qTO

 f- fzl -+0 (l-+ 00),

( *f) - ( *fzHp .;;; IlL II f - fz -+ 0,

C.7Ie,n:OBaTe.T1bHO, H B C.T1a60M CMbIC.T1e fl-+ f H f1ft-+ f1f. EC.7IH )!{e

P
= 00, TO onpe,n:e.T1HM (CM. 1.4.2) nOC.7Ie,n:OBaTe.T1bHOCTb 6eCKOHeqHO

,n:H<p<pepeHLl.HpyeMblx <pIIHIITHbIX <PYHKLl.HH ft, OrpaHllqeHHO CXO,n:H-

lLJ.YIOCH nOqTH BCIO,n:y, TaKHM 06pa30M, c.7Ia60 CXO,n:HIlJ,YIOCH K f.
B CII.T1Y Toro, qTO E L H f - fz E Loo, <PYHKLl.IIH

( *f) - ( *fz) = /2 5 (x - t) [f (t) - fz (t)] dt
.

(2n)n

OT X HenpepbIBHa II OrpaHIIqeHa Ha R. Ha OCHOBaHHH TeOpeMbI
JIe6era 0 npe,n:e.T1e no,n: 3HaKOM HHTerpa.7Ia OHa OrpaHl-IqeHHO CTpe-
MHTCH .n:.7I5I Bcex X K HY.T1IO, C.T1e,n:OBaTe.7IbHO, KaK 0606Il1,eHHaH <PYHK-
Ll.UH OHa c.7Ia60 cTpeMHTcH K HY.T1IO, T. e. HMeeT MeCTO (7).

ECJIH = K E L H B TO )!{e BpeMH f1 6ecKOHeqHO ,n:IIqxpepeHLl.H-
pyeMa5I nO.T1HHOMHa.T1bHOrO pOCTa, T<2 B HameM paCnOpH)!{eHIIII HMeeTCH

,n:Ba onpeIte.7Ie:m5I npOII3Be.IJ:eHIHI f1f (f E Lp). C O,n:HOH: CTOpOHbI, 3TO

<PYHIUJ.II 0HaJI

(!1f, cp) = a, f1CP) (cp E S),

a C .IJ:pyroH - <PYHKLl.IIOHaJI (6). f1oKa)!{eM, qTO 3TH <PYHKLl.HOHaJIbI
paBHbl.

f1 YCTb {f1 f eCTb nOCJIe.n:OBaTe.T1bHOCTb 6eC OHeqH_0 ,n:II<pcpepeHLl.H-
pyeMblx <pHHHTHbIX <PYHKLl.IIH, ,n:mI KOTOpbIX f1ft-+ f1f cJIa60. Tor.IJ:a,

eCJIl1 He TOJlbKO E L, HO II eIll,e f1 6eCKOHeQHO ,n:IIqxpepeHLl.IIpyeMaH
nOJIHHOMHaJIbHOrO pOCTa, TO

(f1f, cp) = !im (f1ft, cp) = lim (ft, f1CP) = (t, f1CP), (8)
l--+co 1-+00

H Mbl .IJ:OKa3a.T1II MHTepeCYIOUl,ee Hac paBeHCTBO <PYHKLl.HOHa.T10B.
TaKIIM 06pa30M, onpe.n:eJIeHIIe (2) .IJ:JIH 6eCKOHeQHO ,n:II<p<pepeHLl.H-

pyel\lOi'I <PYHKUHII f1 rrOJIIIHOMHaJIbHOrO pOCTa II onpe.n:eJIeHIIe (6),

r,n:e EO L, He npOTHBOpeQaT .n:pyr ,n:pyry, KaKOBa 6bI HH 6bl.T1a

<PYHKUHH f E Lp (1 P 00).
ECJIII 'A, f1- ,n:HqxpepeHUIIpyeMble <PYHKLl.HH nO.T1HHOMHa.7IbHOrO

pOCTa H f E S, TO MbI 3HaeM (CM. 1.5), QTO

'A (f1f) = f1 ('Af) = ('Af1) f. (9)

ECJIH Tenepb j, = Kl E L, = K2 E L, TO H i;i E L H ,n:.7IH Bcex

f EO Lp (1.;;; p.;;; 00)

'A (f1f) = f1 ('AT) = ('Af1) f.
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B CaMOM ,zr.eJIe, JIerKO npOBep5leTC5I MeTO,zr.aMH OObIqHOrO aHaJIH3a,
qTO npH YKa3aHHbIX YCJIOBH5IX  YHKUH5I

K = KI '" K2
= KI (X - u) K2 (u) du

npHHa,zr.JIe)!{HT K L H HMeeT MeCTO

KI * (K2 * f) = K2 * (K1 * f) = (K1 * K2) * f, (11)

qTO (B CHJIY (6» 3KBHBaJIeHTHO (10). MbI He COOHpaeMC5I BO BceA
OOW.HOCTH paCCMaTpHBaTb cJIyqaii, Kor.n:a MYJIbTHrrJIHKaTOp eCTb

rrpOH3Be.n:eHHe 1,fA., r.n:e f, E L, a fA.- OecKOHeqHO .n:HqxpepeHUHPyeMa51
 YHKUH5IrrOJIHHOMHaJIbHOCO pOCTa. 3T0 He nOHa.n:OOHTC5I HaM B .n:aJIb-

HeHweM. Ho eCTb O.n:HH CJIyqaH, KOTOpbIH oy.n:eT HaM Hy)!{eH
-

CJIY-
qaH MHO)!{HTe.T151 V-lfA.V, r.n:e V, E L H V, - KpOMe Toro, rrOJIO-

)!{HTeJIbHa51 oeCKOHeqHO .n:H  epeHUHpyeMa51 YHKUH5IrrOJIHHOMHaJIb-
Horo pOCTa. ECJIH f E Lp, TO orrepauH5I

V-lfA.Vf = V-I (fA. (Vf»

HMeeT CMbICJI. B caMOM .n:eJIe, Vf MO)!{HO rrOHHMaTb B CMbICJIe (1)
HJIH (6); .3TO rrpH,!3o.n:HT K O.n:HOMY H TOMY )!{e pe3YJIbTaTY; orrepa-
UHIO fA. (Vf) (Ha.n: Vf) BO BC5IKOM CJIyqae MO)!{HO rrOHHMaTb B CMbICJIe (6)

(0 E Lpl) H, HaKOHeu, rrOCJIe.n:HIOIO orrepaUHIO V-I (fA. Vf) (Ha.n: fA. V/)
BO BC5IKOM CJIyqae MO)!{HO rrOHHMaTb B CMbICJIe (2); .n:JI5I 3TOro Ha.n:o

_
/'0-..

_

TOJIbKO 3aMeTHTb, qTO fA. (Vf) E Sf, rrOTOMY qTO fA. (Vf) E Lp.
Ba)!{HO, qTO HMeeT MeCTO paBeHCTBO

V-IfA. vf = (V-lfA. V) f = fA.f (12)

.n:JI5I Bcex f E Lp. B caMOM .n:e.T1e, eCJIH f eCTb  HHHTHa51 YHKUH5I,
TO OHO CBO.n:HTC5J K COOTBeTCTBYIOIIJ,eMY OqeBH.n:HOMY paBeHCTBY Me)!{.n:y
OObIqHbIMH  YHKUH5JMH. EC.T1l1 )!{e f E Lp, TO, KaK MbI 3HaeM, MO)!{HO

rro.n:oopaTb rrOCJIe.n:OBaTeJIbHOCTb oeCKOHeqHO .n:Hqxp peHu pyeMwx_ H-
HHTHbIX  YHKUHHfl TaKYIO, qTO o.n:HOBpeMeHHO fA.fl -+ fA.f H (fA. V) fl-+
-+ (fA. V) f cJIa60 (iJ! E L!). Ho Tor.n:a, yqHTblBa5l, qTO V-I- oecKo-
HeqHO .n:HqxpepeHUHpyeMa5J  YHKUH5J rrOJIHHOMHaJIbHOrO pOCTa, H

V-IfA. vfl-+ V-1fA.Vf cJIa60. n03TOMY paBeHCTBO (12) MO)!{HO rrOJIyqHTb

rrpe.n:eJIbHbIM rrepexo.n:oM rrpH l-+ 00 H3 y)!{e YCTaHOBJIeHHOrO pa-
BeHCTBa

(V-lfA. Vfz, q» = (fA.fz, Ip) (q> E S).

1.5.1.1. 06U{ee onpeaeAel-lUe M.YAbmUnAUKamOpa 8 Lp (1 p  oo).
nYCTh .... = fA. (x) eCTb OrpaHHqOOHa5J H3MepHMa51 Ha R = Rn  YHK-
UH5I, TaKHM oopa30M, fA. E Sf.

.

nO,n:qepKHeM, qTO eCJIH f E S, TO f E S eCTb oeCKOHeqHO .n:H -

cpepeHUHpyeMa5J  YHKUH5JrrOJIHHOMHaJIbHOrO pOCTa, H CJIe,zr.OBaTeJIbHO,
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onpe.rr.eJIeHO npOl-l3Be.rr.eHHe f1f E S':

(f1f, q»=(f1, fq»,

KOTOpOe npe.rr.CTaBJIHeTCH H3MepHMOH  YHK HeH

f1f = f1 (X) f (X).

(1)

Do onpe.rr.eJIeHHIO  YHK HHf1 Ha3bIBaeTCH .M.YAbmunAuKamOpOM.
B Lp (1 p < co), eCJJH OHa H3MepHMa H OrpaHH'IeHa (Ha R) H .rr.JI5I

ino60H 6eCKOHe'IHO .rr.HqxpepeH HpyeMoH  HHHTHOH YHK HH(HJIH,
itro TO Me caMoe, .rr.JIH JII060H  YHK HHf E S) BbmOJIH5IeTC5I Hepa-
BeHCTBO

!1llp Cp f  , (2)

r.rr.e KOHCTaHTa Cp He 3aBHCHT OT f.
ECJIH Tenepb f E Lp H 'l- 6eCKOHeQHO .rr.H<P<t>epeH HpyeMble H-

HHTHble  YHK HH,.rr.JIH KOTOpblX 1'-fll O(l co),TO HS (2)
CJIe.rr.yeT, 'ITO

II k- l P cpllfk-'dp O(k, l co).

Cne.rr.oBaTeJIbHO, cYIll,ecTByeT  YHK HHF E Lp, K KOTOpOH npH I  oo

B CMbICJIe Lp cTpeMHTcH  l'Ee eCTeCTBeHHO 0603Ha'IaTb Qepe3

F= = *', (3)

Ha3bIBaH *' cBepTKoH  YHK HH (Boo6Il1,e 0606Il1,eHHoH) C ,. .BTa-
pOH 'IJJeH B (3) YKa3bIBaeT Ha TO, 'ITO Mbl onpe.rr.eJIHeM eIll,e f1f no-

Cpe.rr.CTBOM paBeHCTBa
-----

f1f= *f, (4)

r.rr.e * f nOHHMaeTCH YKa3aHHbiM BbIllle cnoc060M. 3THM orrpe.rr.eJJeHO

npoH3Be.rr.eHHe f1f .lI.JJH cpYHK HH'E Lp (1,,;;; P < co). DpH P = co

!TO orrpe.rr.eJIeHHe YMe He rrpoxo.rr.HT, rrOTOMY 'ITO OrpaHH'IeHHYIO
Ha R  YHK HIOHeJJb3H CKOJIb yro.rr.Ho XOpOIiiO arrrrpOKCHMHpOBaTb
B MeTpHKe Loo  HHHTHbIMHcpYHK HHMH.Ho .rr.JIH HaIIIH2< HYM.rr. 6y.rr.eT
BnOJIHe .rr.OCTaTO'IHO B CJIY'Iae p = co orrpe.rr.eJIeHH5J f1f, BBe.IJ.eHHoro

B rrpe.IJ.bI.IJ.YIlI,eM rraparpacpe, KOr.IJ.a = K E L.

MYJIbTHrrmmaTOp f1 (Y.IJ.OBJIeTBOpHIOIlI,HH CBOHCTBY (2» Mbl eIll,e

6y.rr.eM Ha3bIBaTb M.I-lOa/CumeAe.M. Map/{U/-lKe8W-la (CM. .rr.aJIee 1.5.3).
O'IeBH.rr.Ho, 'ITO

II !11 cp ' p (5)
.rr.JIH Bcex 'E Lp (1 p < co), r.rr.e cp Ta Me KOHCTaHTa, 'ITO H
B COOTBeTCTBYIOIlI,eM HepaBeHCTBe .IJ.JIH 'E S.

<l>YHK HH f1, .IJ.JIH KOTOpOH E L, O'IeBH.IJ.HO, eCTb MYJIbTHrrJIH-
KaTOp B CMbICJIe .IJ.aHHoro CeH'IaC orrpe.IJ.eJIeHH 51, nOTOMY 'ITO
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(eM. 1.5.1) JWI 6ecKoHe11H0 .lI.HqxpepeHI.IHpyeMbIx <pHHHTHbIX <PYHKI.IHH: f
/"'-.. I A

f1T = -n;2 f1 (X
- u) f (u) du,

(2n)
(6)

OTKY.lI.a HeMe.ll.JIeHHO CJIe.ll.yeT (2), r.ll.e

1 A

Cp
=

(2n)fI/2
11 f1  L'

81'0 Orrpe.ll.eJIeHHe .lI..T1H E L 9KBHBa.T1eHTHQ COOTBeTCTBYIOIIJ,eMY orrpe-
.lI.eJIeHHIO MY.T1bTHrr.T1HKaTOpa, BBe.ll.eHHOMY B 1.5.1; - CKa3aTb, liTO

<PYHKI.IHH  T=< * f orrpe.ll.eJIHeTCH (.lI.JIH f E Lp, 1 p < 00, H E L)
KaK HHTerpa.T1 (6) H.T1H Ka,K npe.ll.eJI B MeTpHKe Lp TaKoro HHTerpaJIa,
BbIlIHCJIeHHOrO .lI.JIH 6eCKOHellHO .lI.HqxpepeHUHPyeMOH: <pHHHTHOH <PYHK-
UHH ft, Kor.ll.a II f - f,llp -+ 0, 3TO, OlleBH.lI.HO, Bce paBHO.

Ho MbI 3.l1.eCb 0606IIJ,H.T1H rrOHHTHe MYJIbTHrr.T1HKaTOpa H cBepTKH.

rrOTOMY liTO MomeT He rrpHHa,lJ.JIemaTb K L H 6bITb .lI.ame 0606IIJ,eH-
HOH (He 06bIlIHOH) <PYHKUHeH.

OrMeTHM, liTO eC.T1H f E L" (I < p < 00) H f,- 6eCKOHellHO .lI.H<p-
4JepeHUHpyeMble <pHHHTHble <PYHKI.IHH, .lI.JI5! KOTOpbIX II fz - f I -+ 0

(1-+ 00), a f1- MYJIbTHrrJIHKaTOp, TO

II  f-  lllp';:;;Cp II f - It I -+ 0,

OTKY.lI.a CJIe.ll.yeT, liTO

f1T' -+ f1f (S'). (7)
EC.T1H f1 eCTb MHOmHTeJIb MapUHHKeBHlIa H B TO me BpeMH 6e-

CKOHellHO .lI.HqxpepeHUHpyeMaH <PYHKUHH rrOJIHHOMHaJIbHOrO pOCTa, TO

.lI..T1H f E Lp H rrOCJIe.ll.OBaTeJIbHOCTH {ft} 6eCKOHellHO .lI.HqxpepeHUHpye-
MblX <pHHHTHbIX <PYHKI.IHH, .lI.JIH KOTOpOH BbmOJIHHeTCH (7), 6Y.lI.eM
HMeTb

(f1f, cp)= lim(f1fl' cp)= lim(f" f1cp)=(f. f1CP). (8)
1-00 1-00

B rrepBoM lIJIeHe (8) f1f rrOHHMaeTCH B CMbICJIe (4), BO BTOpOM

paBeHcTBe (8) rrepe6pocKa f1 3a 3arr5!TYIO 3aKOHHa, rrOTOMY liTO f1
6eCKOHellHO .lI.HqxpepeHUHpyeMa H rrOJIHHOMHa.T1bHOrO pOCTa, rrOCJIe.ll.-
Hee paBeHCTO OCHOBaHO Ha TOM, liTO f,- f (S) H f11p E S.

PaBeHCTBO (8) rrOKa3bIBaeT, liTO eCJIH f1 eCTb MHOmHTeJIb Map-'
UHHKeBHlIa H B TO me BpeMH 6eCKOHellHO .lI.HqxpepeHUHpyeMaH <PYHK-
I.IHH nO.T1HHOMHa bHoro pOCTa, TO COOTBeTCTBYIOIIJ,He 3THM <paKT8M
onpe.ll.e.T1eHHH f1f .lI..T1H f E Lp (l < p.< 00) He rrpOTHBopellaT .lI.pyr
.lI.pyry.

nOKa>KeM, liTO BMeCTe C 'A H f1 rrpOH3Be.ll.eHHe 'Af1 eCTb MYJIbTH-

nJIHK8TOp B Lp H HMeIOT MeCTO paBeHCTBa

'Af1f = f1'Af = ('Af1) f (f E Lp . 1 p < 00). (9)
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B CaMOM ,n:eJIe, HaqHeM C Toro, qTO nOKa)!{eM caMO no ce6e

HHTepecHoe YTBep)!{,n:eHHe, qTO eCJIH <PYHKLJ:H5I 'A (x) H3MepHMa H

OrpaHHqeHa, a <PYHKLJ:H5I P He TOJIbKO npHHa,n:JIe)!{HT K Lp, HO Ii

K L2' TO

'AF = 'A (x) f (x), (10)

T. e. npOH3Be,n:eHHe 'AF, nOHHMaeMoe B CMbICJIe (4), npe,n:cTaBJI5IeT
06bIqHOe npoH3Be,n:eHHe CPYHKLJ:HH 'A (x) H F (x). B caMOM ,n:eJIe, TaK
KaK P E L2' TO cyrn.eCTByeT nOCJIe,n:OBaTeJIbHOCTb 6eCKQHeqHO ,!:J;Hqxpe-
peHLJ:HpyeMbIx <pHHHTHbIX <PYHKLJ:Hli Pk (k = 1, 2, ...) TaKa5l, qTO

(CM. n. 1.4.1)

.aJI5I 6eCKOHeqHO
HMeeT MeCTO

 P-Pkllp 0,

II P - Pk 112 0,

,n:H<p<pepeHLJ:HpyeMblx <pHHHTHbIX <PYHKLJ:HH Ph

'AFk = 'A (x) Pk (x)

no onpe,n:eJIeHHIO. C ,n:pyroH CTOpOHbI,

(l1)

/'.. /'..

'AFk --+ 'AF (Lp),

CJIe,n:OBaTeJIbHO, B S' H, 3HaQHT,

'AFk --+ 'AP (S'), (12)

BCJIe,n:CTBHe OrpaHHQeHHOCTH 'A H Ha OCHOBaHHH paBeHCTBa nap-
CeBaJI5I

"'A (x) Pk (x) - 'A (x) P-(x) 112 cllFk -FI]2 =cllPk -PII2 -+0,

oTKy,n:a BbITeKaeT, QTO

'A (x)Fk (x) 'A (x) F (x) (S'). (13).

113 (11)-(13) CJIe,n:yeT, OQeBH,n:HO, HY)!{HOe YTBep)!{,n:eHHe (10),
3a,n:a,n:HM Tenepb npOH3BOJIbHYIO <PHHHTHYIO <PYHKLJ:HIO f E S.

nOJIO)!{HM
/'.

F = !ll.
TaK KaK f E L2' TO B CHJIY OrpaHHQeHHOCTH !l TaK)!{e !If e: L" H.

P E L2 . CJIe,n:OBaTeJIbHO, B CHJIY (10)

'A!l; = 'A (x) (!l;) (x) = 'A (x) !l (x) f (x) =

=!l (x) 'A (x) 1 (x) = ('A (x) !l (x» ; (x) = ('A!l)'. (14}o
3THM paBeHcTBo (9) ,D;OKa3aHO nOKa ,n:JI5I f E S. n03TOMY ,D;JIH fEElS..
YQHTbIBa5l, QTO 'A H !l- MYJIbTHnJIHKaTOpbI,

I-I I_I
"

II ('All) flip = II 'A (Ill) lip ell Il; I .s;;;ee' II f L"
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H MI>I ,nOKa38JIH, qTO Af-l eCTb TOMe MYJIbTHnJIHK8TOp. OCTaeTCJI

)J.OK8S8Tb p8BeHCTB8 (9) .n.JIH npOH3BOJIbHoft <l>YHKnHH f E L,
(1 ...;; p < 00). JLJIH 3Toro HYMHO B3HTb nOCJIe.n.OB8TeJIbHOCTb 6eCKO-

HeqHO .n.H<l><PepeHnHpyeMbIx <l>HHHTHbIX <l>yHKUHft ft, CXO.n.HlI YIOCHK f
B MeTpHKe Lp, no,n:CTaBHTb ft BMeCTO f B (14), npHMeHHTb KO Bcea
qJIeH8M (14) onepaUlIIo /"0.. H nepeftTH K npe.n.eJIy npH 1- c4
B CMbICJIe Lp.

1.5.1.2. J1 e M M a. Jlycmb a E Rn - CPuKcupOea/-l/-lafl mot.tKa. To2f)a
6.MeCme c f-l (x) CPY/-lK/{Ufl f-l (x - a) ecmb .MflOJ/CumeAb Mapt{U/-lKeeU'la
U ebtnOA/-lfl£mCfl paee/-lcmeo

/ / ,

e1atf-l (t) e-latf =!l (x - a) f (aAfl ecex t E L
p), (1)

us 1COmopoeo c.lleayem, ttmo

/
/---;'\

!l (x - a) f  p= II !le- tatt lip cp II e-latt IIp = cp f b. (2)

TaKHM oopa30M, KOHCTaHTa c
p B 3TOM HepaBeHcTBe Ta Me, liTO

H B COOTBeTCTBYIOIIJ,eM HepaBeHCTBe ,n:JIH !l (x).
II. 0 K a 3 aTe JI b C T B O. DOJIOMIIM

f(3 = e
i (3t f(t) ( ERn). (3)

Tor.n.a (CM. 1.5 (18»

f = i"- it3th = h (x + f3).

D03TOMY (CM. CHOBa 1.5 (I8))
/  / '\ / '\

!l(x - a)f =!l (x - a) T-a (x - a) = e1at!l (x) f-a (x),

H B CHJIY (3) MbI nOJIyqaeM (1).
1.5.2. nepHo,n:HlJeCKHe <l>YHKLI,HH H3 L;. <l>YHKUHH

<On (x) = sign sin (2n+1nx) (0 x 1),

n-O, 1,2, ... oopa3YIOT opTOrOHaJIbHYIO H HOpM8JIbHYIO (Ha [0,1])
cHcTeMY (Pa,n:eMaxepa).

lI.JIH JIIOOOH ,n:BOH:HOH: nOCJIe,n:OBaTeJIbHOCTH KOMnJIeKCHbIX qH-

ceJI {amn} H p> 0 cnpaBe,n:JIHBbI HepaBeHcTB8 *)
II

( a Y/2 -< I amn<Om (a) Cl)n (a') IP da dB' -< ( a )PfJ (1)
00

c KOHCTaHTaMII, He 3aBl:ICHU IIMH OT amn .

B caMOM ,n:eJIe, eCJIII S - HaTypaJIbHOe qIICJIO, TO, BOCnOJIb30BaB-

lIIHCb nOJIHHOMIIaJIbHOH: <POPMYJIOH: HbIOTOHa II TeM <paKTOM, qTO

*) 3,l!ecb H B ,l!aJ/bHeHilleM MbI 6y,!\eM 1JaCTO nHcaTb A < B BMeCTO A cB.
r.zte C-KOHCTaHTa.
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[(J)n (8)]' = (J)n (0) npH HelieTHbIX I, nOJIYlIHM CHallaJIa JVIH .u.eiicTBH-
TeJIbHbIX amn

II

I amn(J)m (0) (J)n (0') 1
28

dO dO' =

00

-=
"\'1 (2s)1 2a:

1
2a:

28

(2al)1 '" (2a28)1
a
mlnl

... am28n28 """"

(2s)1 "\'1 sl 2a:1
2a:

28 _
(2s)I ( "\'1 I

)
1.

.e:;;;
sl 2 8 all '" a28 1

a
mlnl

... am2Sn28
-

sl 28
amn

(al +.. .+a28= s).

Ho TOr.na, eCJIH amn = amn + i mn- KOMnJIeKCHble,

11 11

I amn(J)m (0) (J)n (0') 1 25 dB dB' < I amn(J)m (0) (J)n (B') /25 dO dB' +
00 00

II

+ \  mn(J)m(6) (J)n (0') 1 25 dB dO' <
00

'.

« a nY+(   nY< ( Iamn 12Y. (2)

TIO.9TOMY JJ:JIH JIlo6oro p> 0, eCJIH B35ITb HaTypaJIbHOe S TaKHM,
liTO 2s;::=: p, 6y.neM HMeTb (HCIIOJIb3Y5I HepaBeHCTBO feJIb.nepa)

(
I I

)
1/P

I amn(J)m (0) (J)n (6') jP dB dB'

(
1 I

)
1/2,

I amn(J)m (0) (J)n (0') 1
25
dB dO' <( a n)1/2,

liTO .nOKa3bIBaeT BTOpOe HepaBeHcTBO (1). .lJ.aJIee, eCJIH p;::=: 2, TO.

(
I I

)
1/2

( a nt2-= I amn(J)m (0) (J)n (B') 12dO dO' -<

(
I I

)
I/P

< .. I amn(J)m (0) (J)n (B') Ip dO dB'
,

liTO .nOKa3bIBaeT nepBOe HepaBeHcTBo (1). OCTaeTCH ero .nOKa3aTb

npH p < 2. B CHJIY (2)
I I

1 amn(J)m (0) (J)n (B') 1
4
dB dO':E;;;; 3( a t

00

TIYCTb S2 = a n,8 = amn(J)m (B) (J)n (B'), A - MHOLKeCTBO TO-

lIeK (0, 0') TaKHX, liTO I (8 (B, 0') I> ]., CA .nonOJIHHTeJIbHOe K A
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B e.nHHHqHOM KBa.npaTe MHO)!{eCTBO H I A I H I CAI- HX Mepbl. Tor.na
II

S2 = S2 dB dB' = + <
"

< s'l CA +; A I ( .\ SOdi di. )
1/2

< (- -+ V3 ViAl) S2.

o 0

3HallHT,

1 < + 2VfAl HJIH I A I> .

CJIe.nOB aTeJIbHO,
I I

r r
I S I p dB dB' ::::", . sP ::::", Sp

j j 8 2P 32 '

o 0

liTO .nOKa3blBaeT nepBOe HepaBenCTBO (I) npH p < 2. 3THM Hepa-
BeHCTB3 (I) lIOK333HbT nOJIHOCTblO.

AH3.,OfWiHO JJ:OK33blI3aIOTC5J COOTBE'TCTBYIOIlT.He (2) HepaBeHCTBa
B n-MepHoM cJIYlIae:

'1 I

)
I/P 1/2

( I a1 IY/2 < d ... I LlkO)k (B) !r dB « (2; I a1 I) ,

\0 0

fJle k = (kb ..., k n) - BceB03 IO)j<Hble ueJIOlIIICJIeHHble HeoTpHUaTeJIb-
Hble BeKTopbl H

O). (0) = Q)k
j (Od ... Q)k" (6'1)' (4)

TIYCTb f (t) E L = Lp (0, ::>n:) (l < p < 00) eCTb <PYHK1IHH aT O.D:HOH

nepeMeHHOH t nepHO.D:a 2n:, p33JIafalOw,aHCH B pH.D: <PYPbe BH.D:a

(3)

co

f (t) = Ckeikt .

o

¥I3BeCTHO (CM. 3HfMYHL\ [1], fJI. VII), liTO npH 1 < p < 00 9TOT

pH.D: CXO.D:HTCH K f B CMblC,rye L .
3a.D:a.D:HM B03paCTalOIlT.YIO nOC.'Ie.D:OBaTeJIbHOCTb HaTypaJIbHbIX

tIHCeJ1

O=no< 1 =nl <n2 <...,

Y.D:0BJ1eTBopHIOW.YIO YCJIOBHIO

nk+i
>a>1

nk

H BBe.neM <PYHKIJ.HH

(k=I, 2, ...), (5)

n
k

60 (f) = co, 6k (f) = eveNt
nk_l+ 1

(k= 1, 2, ...).
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Tor,lI.a pH,lI.
00

f (t) = 6k (f)
o

eXO,lI.HTCH K f B CMbICJ1e L .TI0J10)!{HM ,lI.aJ1ee

00

f1 (t) =: 8k6k (f)
o

r,lI.6 IIHCJ1a tk
=: + 1 J1I06bIM 06pa30M saBHCHT OT k. Tor,lI.a HMelOT

MeCTO HepaBeHcTBa (JIHTTJ1BY,lI.a H TI.9J1H [4], CM. 3HrMYH,lI. [2], II, XV)

(8k= + 1; k=O, 1, ...),

 fb<H1 -<llfllp (6)

C KOHCTaHTaMH, SaBHCHIII.HMH OT p, HO He OT f H pacnpe,lI.eJ1eHHH {8k}'
H C HopMaMH, B3HTbIMH no nepHO,lI.Y. 3TH YTBep)!{)J.eHHH J1erKO pac-

npOCTpaHHIOTCH Ha  YHK HHMHorHX nepeMeHHbIX

f (x) = C."eivx = 6k (f) E L 
\';;0;.0 It

(v = (Vh ..., Vn); k = (klt ..., kn», (7)
f,lI.e

6k (f) = 6k1X1 . . . 6knXn (f)
II

elt = 8k1
... 8k

n , f1 =: tltBk (f).

3,lI.eCb npe,lI.nOJ1araeTCH, liTO es (s = 1, ..., n) MorYT npHHHMaTb
TOJ1bKO 3HalleHHH + 1. JI.J1H TaKHX f H fl TaK)!{e HMelOT MecTO He-

paBeHcTBa

Ilflk-<llfdlp<\\np (l <p<oo). (8)

r,lI.e y)!{e HOpMbI BSHTbI no n-MepHoMY nepHO,lI.Y {O < xI < 2n; I =-

- 1, .." n}. BY,lI.eM CIIHTaTb

6k,(f)=6klXl'" 6kn-lXn_l (f), dx'=dxl ... dXn-h

8k' = 8kl
... 8k

n _ l
'

nO.9TOMY, eCJ1H npHHHTb, liTO HepaBeHcTBa (8) BepHbI ,lI.J1H n-l,
H CIIHTaTb, liTO HHTerpaJ1bl 6ePYTCH no COOTBeTCTBYIOIII.HM nepHO,lI.aM,
TO nOJ1YIIHM

If  =dXn If IP dx' -< dX
n I 8k,6k, (f) IP dx' =

... dx' I ek,6lt
, (f) t dXn -< dx' I 8kBk (f) \P dXn <

-< dXn If jP dx' = f ,
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T. e. (8), eCJIH npHHHTb BO BHHMaHHe, liTO

1: ek/Jknxn 1: ek,l),., (f) == 1: e,.(>k (t).

H3KOHell., MO)!{HO ,l(JIH <PYHKlI.HH (7) HanHcaTb Hep3BeHcTB3

U <:(l11:16:(f)lr2Ib<:lIfl (1 <p<oo) (9)

C KOHCT3HT3MH, He 33BHCHIlI.HMH OT I.
B C3MOM ,l(eJIe, nOJIar3H Q = {O 6i I}, nOJIYIIHM

I 1 == 1 I d6 <: 111: roll (6) 6k (f) II d6 =
Q 9

= 11: roll (6,6" (f) \P d611: <: " (1: 16 (f) I Y/211 <

<: 11: rok (6) 6" (f) !P d6[
= 111: rok (6) 6k (f) II d6 <

< IIfllgd6 =IIIII . (10)
g

nepexo,l( OT 2-ro K 3-MY H OT 6-ro K 7-MY IIJIeH3M npOH3BO,l(HTCfl

H3 OCHOB3HHH HepaBeHcTB3 (8) npH ek = rok (6) H OT 4-ro K 5-MY
H 33TeM K 6-MY IIJIeHaM - H3 OCHOB3HHH HepaBeHcTB3 (3).

:Vb (9) CJIe,l(yeT, liTO eCJIH f E L eCTb <PYHKlI.HH, Y KOTOpOH K03Q:J-
<pHlI.HeHTbI <Pypbe Ck He paBHbI HYJI10 pa3Be liTO ,l(JIH k 0 H ,-

npOH3BOJIbHOe MHO)!{eCTBO BeKTopOB k, TO <PYHKlI.HH

1: 15" (f) = cp = 1: 15" (cp)
kE<8' k

nopO)!{,l(aeT pH,l( <Pypbe HeKOTopoii <PYHKlI.HH cp E L ,,l(JIH KOTOpoA
B nOJIHHIDTCHHepaBeHCTBa

II cp I < (,, <8'115: (f) It
2

t ( 1 15: (f) I t
2

l < f la.

3aMeTHM, liTO eCJIH npOH3BOJlbH3H nepHO,l(HlleCK3H <!>YHKlI.HH OT o,l(HoA
nepeMeHHOH

00

1 (t) = 1: Ckeikt = 1: + 1: =1+ +f-
-00 ";;;'0 "<0

npHH3,l(JIe)!{HT K L ,TO eii COnpH)KeHHaH (TpHrOHOMeTpHlleCKH) <PYHK-
IJ.HH (npH I <p<oo)

co'

f* (t) = - i 1: sign kCkeikt (11)
-00

(3,l(eCb signO= 1), 3 BMeCTe CHell H if* =/+-1- T3K)!{e npHH3,l(JIe)!{HT

K L; (3HrMYH,l( [1], rJI. VII, 2.5). CJIe,l(OB3TeJIbHO, f+= (f + il *) Eli
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E L; H II f+ -< np' OTCIO.n.a no HH.n.YKlI.HH CJIe.n.yeT. liTO H .llJIH <!>YHKlI.HH

f (x) = 1: Cke
illX

MHorHX nepeMeHHbIX. eCJIH nOJIO)KHTb

f+= Cke
illX

.

k;;;'O

(n)
TO H3 Toro. liTO f E L = L;. CJIe.n.yeT "f+  p-< np

.

nYCTb k = (ki . .... kn) eCTb npOH3BOJIbHblH: (He 06H3aTeJlbHO He-

OTpHlI.aTeJIbHbIH:) lI.eJIOllHCJIeHHbIH: BeKTOp. nOJIO)KHM

::!:nlkil ::!:nlknl
l>1l (f)=- 1: cme

imx
.

:!:njktl-I+I :!:njknl-I+ I

r.n.e Ha COOTBeTCTBYIOIII.eM j-M MeCTe CTaBHTCfl + HJIH - B 3aBHCH-

MOCTH OT Toro. 6y.n.eT' JlH kJ > 0 HJIH kJ < O. a npH kJ = 0 Ha.n.o
CQHTaTb nlllJ I-I + 1 = O. Ha OCHOBaHHH CKa3aHHoro BbIIlle. OlleBH.n.HO,

Hapfl.n.y C HepaBeHcTBaMH (9) HMelOT MeCTO TaK)Ke aHaJIOrHlIHble HM

HepaBeHcTBa

(12)

II f I\p -< II ( \l>k (f) J2)1/2\\p < II flip (13)

.n.Jlfl npOH3BOJIbHOH: nepHo.n.HlIeCKOH: <PYHKlI.HH f (x) (He 06fl3aTeJlbHO

TaKOH:, y KOTOpOH CIl =I=- 0 TOJlbKO .n.Jlfl k;?: 0).
J1erKo npOBepHTb, liTO HepaBeHCTBa (I 3) coxpaHfllOTcfl H .n.JIH

<!>YHKlI.llH
i:nkx

f (x) = C 
-y-=  l>df), (14)

I
i:nku

Ck=[ii  f(u)e---"ldU, Ll/={lxll t;j=l, .... n},
d/

npOH3BOJIbHOrO nepHo.n.a 2t. npH 9TOM Ha.n.o, KOHellHO, COOTBeTCTBeHHO

BH.n.OH3MeHHTb onpe.n.eJIeHHel>k (3aMeHa x Ha T x B npaBoH lIaCTH (12».
Ba)KHO OTMeTHTb, liTO KOHCTaHTbI, BXOJ],HIII.Ile B HepaBeHcTBa (13),

He 3aBHCflT OT t.

1.5.2. I. nYCTb
co

f = C /kt= + =f++f- E L';
-co k;;;'O k<O

(1 <p<oo) (1)

nepHo.n.HlIeCKafl <PYHKlI.Ilfl OT OJ],HOH: nepeMeHHOH:, a nOCJle.n.OBaTeJlb-

HOCTb {nk} H <!>YHKlI.HH {)k (f) (k = 0, 1, ...) onpe.n.eJIeHbI TaK )Ke,

KaK B 1.5.2.
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TIOJ1OLKHM ell{e

nk

 -k(f) = C_ve-/'Vt,
nk_l+l

Pk(f)= k(f)+ -k(f), k=l, 2...,

Po (f) = lIo (f) = co.

Tor,l(a H3 HepaBeHcTB 1.5.2 (6) CJIe,l(YIOT aH3J10rHQHbIe HM He-

paBeHcTBa

(2)

(8)

UI -< f*IIp-<UI , l<p<oo, (4)
r,l(e

00

f* = 8kPk (f) (8k = + I),
o

(6)

C KOHCTaHTaMH, 3aBHCflIl\HMH OT a H p, HO He OT f H pacnpe,l(eJIe-
HHfl {8k}' B caMOM ,l(eJIe,

( 8k k(f»)+ = 8kllk (f+),

( 8k k(f))_ = 8k k(f- (- t),

KpOMe Toro,  f+\\p, \\f-\\p<:llf\\p, n03TOMY B CHJ1Y 1.5.2 (6)

 f+ lip <: II 8kllk (f+) lip <: II 8k k(f)  p'
 f-llp=llf- (- t) lip <: II 8kllk (f- (- t» I -< i 8kPk (j) L'

oTKY,l(a CJIe,l(yeT nepBoe HepaBeHcTBo B (4).
lIaJIee

I 8k k(j) lip II 8kll k (f+) lip +11 8kllk (f- (- t» L <
-< f+ b + f-I -< f b.

T. e. BTopoe HepaBeHcTBo (4).
113 (4) CJIe,l(YIOT HepaBeHcTBa

II fl <: \ pt (f)r'2 p-<U ,
lITO ,l(OKa3bIBaeTCH, KaK B 1.5.2 (10) (3aMeHHTb Ha  ).

CnpaBe,l(JIHBO eIl\e CJIe,l(YIOIl\ee YTBe p)!{,l(eH He, KOTopoe B O,l(HOMep-
HOM CJIYQae ,l(OKa3aHO B KHHre 3Hf.MYH,l(a (rJI. XV, 2.15) H MO)!{eT

6bITb pacnpocTpaHeHo no HH,l(YK HHHa MHoroMepHbIH CJIYQaH.
nYCTb fl' f2'." E Lp' (I < p< 00) - nOCJIe,l(OBaTeJIbHOCTb CPYHK-

UHH OT X= (Xl> ..., xn) nepHO,l(a 2n C K03qxpH HeHTaMH<l>YPbe CII,
He .paBHbIMH HYJIIO pa3Be liTO ,l(JIH k 0, H nycTb Sn, kn

0603HaQaer

CYMMY <l>ypbe fn nOpfl,l(Ka kn . Tor,l(a CyW.eCTByeT KOHCTaHTa Ap, He
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saBHCHIII.aH OT f/I H N TaKaH, liTO

r ,.. r l 11Sn, k
n j

2t
2

dxI .., dXn 

2n 2n

(
N

)
P/2

=e;;; Ag ... I fn /2 dXI ... dX/I'
o 0 I

t ,5.3, TeopeMa 0 MYJlbTHnJlHKaTOpax B nepHO,lJ,H'IeCKOM CJIY'Iae.
.l{J1H lIHCJIOBOH nOCJIe,lJ,OBaTeJlbHOCTH {At}, 3aBHCflIII.eH OT O,lJ,HOrO

HH,lJ,eKCa I, BBe,lJ,eM pa3HocTb dAI = Am - AI' .lI.Jlfl KpaTHoH nOCJIe.n:o-

BaTeJlbHOCTH {Ak}, 3aBHCflIII.eH OT HeOTpHlI.aTeJIbHOrO lI.eJIOllHCJIeHHOrO

BeKTopa k = (kI , ..., kn), MbI 6y.n:eM paccMaTpHBaTb pa3HocTH djAk,
B3HTble no KOMnOHeHTe kj , H KpaTHble pa3HoCTH diJ .., dJmAk (m =e;;; n).

T eo p e M a (Mapll.HHKeBHlIa). flycmb 3aiJaHa KpamHaJl noc/leiJo-
Same/lbHOCmb {Ak}, noiJlJ.UHfllOU{aJlCfl HepaeeHCmOaM.

:!::2I ktl_l ::!::2Ikml_l
lA.kl=e;;;M, jdJI ...dJmA.vl M (1)

I k I-I I k /-1
vI, =:!::2 t

vim =:!::2 m

(6)

 .Ilfl /l106bLX Ha60poo Hamypa//.bHblX 'lUGe//. it,..., im maKUX, 'lmo

IE;;; it < i. <. .. < im n, ciJe M - KOHcmaHma, He 3aeUCfUlIyaJl om k

u ix, ..., im (npu kJ = 0 coomoemcm8YIOU{aJl CYMMa pacnpoCmpaH.eHa
mO/lbKO Ha VI = 0); + U/lU - cmaeumCfl 0 3aeUCUMocmu om moco,

6yiJem .1U kj > 0 U/lU < O.

flpe06pa3yeM cfJytiK/.{UIO nepuoiJa 2Jl: ouiJa (CM. 1.5.2 (7»

f (x) = cke
ikJC= {)k (f) E L (l < p < (0) (2)

k

nocpeiJcmooM 'luce/l Ak (MHO:JICUme//.eii Map/.{uHKeOU'la):

F (x) = AI.Cke1kx = {)k (F).
k

(3)

Toma F E L U cyw,ecmBgem 3aeuc.'lU{afl mO//.bKO o:n p KOHcmaHma c
p

maKaJI., 'lmo

II F lip cpM II flip' (4)

.lI. 0 K a 3 aTe JI b C T B O. OrpaHHlIHMCfl CJlYliaeM n = 2. DOJIbrue

TOro, 6y.n:eM ClIHTaTb, liTO B (2) pfl.n:bl pacnpocTpaHeHbI TOJIbKO Ha

k;::=: 0, liTO He HapyruaeT 06W.HOCTH.
nOJlQ)KHB

s I

C\lVel(\lx+VY) = 'st = 's, t, k, I

J.I.=2
k - 1 v=21-1

(5) .
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H npHMeHHB npe06pa30BaHHe A6eJ1H, nOJ1YQHM
2k_12l_1

tiki (F) = 1: A.IWcl-tVei (l-tx+vy) =

2k-1 21-1

2k_221_2
= rldA.I,/- 11.1,/+1

- A.i+l,} + 11.1 + 1,/+1] +
2k_121_1

21_2

+ f: r2k_I, j [A.2k_l, f
- A.2k_I, HI] +

2 -I

2k_ 2

+ r
l

, 21_1 [11.1.21_1 - 11.;+1, 21_d + r2k_l.  1_IA2k_I,21_1= rl/VI},
2'k-1

(6)

DpHMeHHM HepaBeHCTBO BYHHKOBCKOrO H YQTeM (1):

I 6kl (F) 1 2 = (1: rl/VI/)2 I VI} 11: rlj I VI} I M rfj I VI} I.

D03ToMY Ha OCHOBaHHH 1.5.2 (13) CJ1e,n:yeT (nk = 2k):

IFp \ < (H I 6kl (F) 1)1/2, <:
21t 21t

< Mp/2 { (rl/ VI VI} Il}
P/2

dx dy. (7)
o 0 k, I

B KpyrJ1blX cK06Kax npaBoH qaCTH (7) CTOHT CPYHKlI.HH (CM. ern.e (5»

rl,}, k,l J/TYijT (8)

( -K03cpcpHlI.HeHT, He 3aBHCHIlI.HH OT x, y). Ee, OqeBH,n:HO, MO)!{HO

paCCMaTpHBaTb KaK OTpe30K pH,n:a <Pypbe CPYHKlI.HH
6kl (f) J/TYijT. (9)

CJIe,n:oBaTeJIbHO, B cpHrypHblx cK06Kax npaBoH qaCTH (7) CTOHT

cYMMa KBa,n:paToB oTpe3KoB pH,n:OB <PYPbe CPYHKlI.HH (9).
k, I

Ha OCHOBaHHH 1.5.2.1 (6) HHTerpaJ1 (7) Ma)!{OpHpyeTcH TaKHM LKe

HHTerpaJ10M, r,n:e oTpe3KH <Pypbe CPYHKlI.HH saMeHHIOTCH caMHMH

<PYHKlI.HHMH
21t 21t

IFp I < Mp/2 f 1 6kdf) I I VI/I}
P/2 dx dy-<

o 0 "\k, I
21t 21t

-< Mp { 1: I 6kz(f) I }
P/2 dx dy < MP flip,

o 0 kiP
H Mbl nOJ1yqH.T1H HepaBeHcTBo (4).

J1erKo npoBepHTb, qTO HepaBeHcTBo (4) coxpaHfleTcH ,n:J1H CPYHKlI.Hii

npOH3B0J1bHOrO nepHo,n:a 2l C TOH LKe KOHcTaHToH cp.
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1.5.4. TeopeMa 0 MYJlbTHnJlHKaTOpax B HenepHo)J.H'IeCKOM CJIY'Iae.
3a)J.a)J.HM BeKTop BH)J.a

k=(kh ..., kn) (kj=O, 1; j=l, ..., n). (1)
Hocume/te.M 8eKmopa k Ha3bIBaeTCH MHomeCTBO

ek = {h, ..., jm}
Tex HH)J.eKCOB j, ,lI.JlH KOTOpbIX kJ = 1.

T eo p e M a. flycmb Ha R = Rn 3aoaHa CPYHK/tUR ').., (x), o6/taiJalOU{afl
O.lleOYIOU{U.MU C80UCm8aM.U.

KaKo8 6bl HU 6bl/t 8eKmop k 8uoa (1), npoU3800Hafl *)
a1kl ],

Dk')..,= k k (2)
aXil... ax

n
n

ClfU.JJecm8yem U H.enpepbl8Ha 8 /t106ou mOf.lKe X = (Xh .." Xn) C Xl =1= 0,
toe i E ek, U nOOI.{.UHH.etnCR Hepa8eHcmey

I xkDk').., I M. (3)
Toma ').., ecmb .MHOJ/Cume/tb MaP4uHKe8Utta. H.MeHHO, cyU{ecm8yem

He sa8UCRU{afl om M U f KOH-CmaHma X
p maKaR, I.{.mo

/'0..

P,fllp xpM II f Ib (1 < p < (0) ( 4 )

8/lR 8cex f E Lp.
3aMeTHM, qTO TaK KaK ').., Y,lI.OBneTBopHeT YKa3aHHoMY B TeopeMe

CBOHCTBY npH k = 0, TO OHa orpaHHqeHa Ha R H HenpepbIBHa pa3Be
qTO 3a HCKJlfOqeHHeM TOqeK, npHHa.lI.J1emaIlJ.HXKKOOp.lI.HHaTHbIM nno-

CKOCTHM. I109TOMY ').., - H3MepHMaH CPYHKlI.HH Ha Rn H B TO me BpeMH
o606IlJ,eHHaH (').., E S').

.D. 0 K a 3 aTe n beT B O. OrpaHHqHMCH paCCMOTpeHHeM ,lI.BYMepHoro
CJIyqaH. I1YCTb f (X, y) - cpHHHTHaH 6eCKOHeqHO ,lI.HqxpepeHlI.HpyeMaH
CPYHKlI.HH. HOCHTeJlb ee 6Y,lI.eM CqHTaTb npHHa.lI.J1emaIlJ.HMKKBa.lI.paTY

Lls. = { I X I, I y I < so}. (5)
:vI nYCTb

.:1"1

)
s IS (l-tx + vy)

f (x, y = L.J cl-tv e

I-t, v
(s ;;:=: so), (6)

f,lI.e

I r r -i (l-tu+vv)

c v= (2S)2 j j
f (u, v) e

s du dv

I1s

(1-1, v = 0, + 1, ...) (7)

ee pH,lI. <Pypbe. I1onomHM
:1"1

( ) _ ').., (
vn

)
s

i s(IJ.X+VY)
Us X, Y

-

k.. s' s
cl-tv e .

I-t,v

*) B03MOJKHO HeKOTopoe 0606w.eHHe 3TOH TeopeMbI B TepMHHax 0606w.eHHbIX
npOH3BO,!\!IbIX.

(8)
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B CHJIY (3) (npH k = 0)

I A (
!t
s

1t
, V; ) I M,

nYCTb Tenepb k> 0, 1;::=: 0, TOr.na

2"_1

! I A «!t+/)
1t

, '; ) _ A(  1t, ' )I =
1J.=2k-1

!1-t+I)n
s

=!I ( , 1; )d l 
I11t

s

(9)

(1J.+I)n
s

n. "-I! I ( ,1; )ld  2kl_1 2kM 2M. (10)
1J.:rI
s

of...
B .9TlfX BblKJla.nKax HCnOJIb30BaHa HenpepbIBHOCTb ax

no x npH

x> ° H JI1060M y. nOJIYtleHHOe HepaBeHcTBo coxpaHHeTcH TaK}I{e H

.nJIH k = ° npH JIl060M 1:

I A ( ; , I; ) - A (0, I; ) 1  !A ( ; , I; ) I + ! A (0, I; ) I 2M.

o'}.,
AHa.T10rHtlHO, HCnOJIb3YH HenpepblBHOCTb ()

no y npH y> ° npH
JI1060M x, nOJIytlHM

Y

21_1

! jA(  :rI , (V I)1t)_A(  1t, :1t)! 2M (k, 1;::=:0). (11)
v=21-1

.D.a.T1ee, nOKa .n.T1H k, 1> °
2"_121_1

! !IA( (!t I)1t, (V I)1t)_A( !ts1t , (V I)1t)_
2"-1 21-1

_A C!t I)n,

V

s

1t

)+A(
!t
s

1t
, :1t )! =

(1-t+I)Jt (v+.!l.:!...
S s

= !! I a 2 y( , 1]) d d1] I
IJ.:rI vn

s s

(1J.+J)n (v+J)n

s s

( r 2":1-2 !! I  1]a  y( ,1]) I d1] M. (12)
I11t vn

. .
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82')..
3.n:eCh HCnOJIh30BaHa HenpephlBHOCTh 8x8y npH X, y> O. .QJI5I k > 0

H 1 = 0 3TO HepaBeHcTBo CBO.n:HTC5I K CJIe.n:YIOIII.eMY:

2"-1

! IA( (ft l)n, : )_A(  n, )_A( (ft l)n,0)+
2k
- 1

+A(  n,0)\  4M (13)

(YIJeCTh HepaBeHcTBo (10), BepHoe .n:JI5I JII06hIX k, I 0), a IIPH
k = 0, 1 = 0 cYMMa B JIeBOll IJaCTH CBO.n:HTC5I K O.n:HOMY IJJIeHY, He

npeBhlllIalOIlI,eMY TO>Ke 4M.
MhI .n:OKa3aJIH, IJTO JIeBhIe IJaCTH (9) - (12) IIPH JI106h1x k, I 0

He npeBhlllIalOT 4M. AHaJIOrHIJHhIe HepaBeHCTBa .n:OKa3hlBaIOTC5I .n:JI5I
OCTaJIhHhlX Tpex KBa.n:paHToB: 1) k 0, 1 0; 2) k 0, 1 0;
3) k, 1.s;;;,0.

81'0 nOKa3h1BaeT, IJTO YCJIOBHfI TeopeMhI MapUHHKeBHIJa C06JIIO-

.n:alOTCfI H, CJIe.n:OBaTeJIhHO, CYIII.eCTByeT He 3aBHC5IIII.an OT S

(CM. 3aMeIJaHHe B KOHue n. 1.5.3), M H f KOHCTaHTa cp TaKa51, IJTO

I Us p( s) cpM II f IILp ( s)= cpM II flip, 1 <p<oo. (14)

B .n:aHHOM cJIYIJae npeoopa30BaHHe <PYHKUHH f IIPH nOMOIII.H MHO-

>KHTeJIfI A 3anHChlBaeTC5I B BH.n:e HHTerpaJIa

00 00

u (x, y) = 2 
.

A (s, f) f (s, f) e
i (xi,+YT\) ds df),

-co -co

r.n:e

1 (x y) r f (u v) e
-' (xu+yV) du dv,

= 2 J '

6s

(s so).

OIJeBH.n:HO,

n

1 (
kn in

)C1.z=2S2" 5' 5 ' (15)

OueHHM Ha npOH3BOJIhHOM <PHKcHpoBaHHoM KBa.n:paTe  j.t (lA- > 0)
.pa3HocTh

U(x, y)-us(x, y)=rl+r2+ra.
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3)J.eCb

'1 = 2 A ( . ,,) f( .,,) ei(x +YTJ)d d" -

!;.N

"\1 A (
k1t .!!!...) Cs ei:! (kx + Iy) =

,t.. s
·

s kl s

Jkl, Ill aN

= 2 A ( . ,,) f (s. f) e
i (xi.+YTJ) d df) -

!;.N

n

_ "\1 "\1 A (
k1t .!!!...) (

k1t .!!!...) / s (kx + ly)
( 16)2s2 ,t..,t.. s's I s's ·

Ikljll aN ,

N - H3Typ3JIbHOe qHCJIO H S nO)J.06p3Ho T3K. qTO a = -

H3TY-

p3JIbHOe qHCJIO;

'2 = 2n 5 A (s. f) f (s. f) e
i (xi.+YTJ) d d'Y).

R2 -!;.N

, =_ "\1' A (
k1t .!!!...)t

-

(
k1t .!!!...) / (kX+lY)3 2s2,t.. s's s's ·

r)J.e CYMM3 1:' p3crrpOCTp3HeH3 H3 T3KHe rr3pbI (k, l), '1TO HJIH

I k I, HJIH Il[ 60JIbWe, '1eM aN. <I>YHKIJ.IHI t, 6YJIY'IH 6eCKOHe'lHO
)J.H<P<PepeHIJ.HpyeMoH cpHHHTHOH cpY..HKIJ.HeH, rrpHH3)J.JIe2KHT K OCHOB-

HOMY KJI3CCY S, rro3ToMY T3K2Ke t E S, 3H3qHT.

I f (s. f) I < (1 + S2)-1 (I + f)2)-1

H

1'21< (1+S2)-I(l+'Y)2tldS d'Y)-+0
R2 -!;.N

(N -+ 00).

s

DpH a =
n >

1 .lI.Jl5I '3 HMeeT MecTO rrO)J.o6H35I 0IJ.eHK3:

"\1' [ (
k1t

)
2

]
-1

[ (
In

)
2

]
-1

I '31 < ,t..
I + s

I + s
-- 0 (N __ 00).

33)J.3B 8> 0, M02KHO YK333Tb T3KOe N > 0, '1TO )J.JI5I BCeX 8> So

1'21.1'31<8.

DpH 3TOM N M02KHO YK333Tb T3KOe 81> 80, '1TO )J.JI5I BCeX 8> 81 H

)J.JI5I BCeX (x. y) E  j.t
1'11<8.
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MbI  OKa3aJIH, 'ITO  JI5I JIIo60ro ft > 0

lim Us (x, y) = U (x, y) = ff
5-+00

paBHOMepHO Ha  W
113 (14) CJIe yeT, 'ITO

II US liL
p ( J-l)

c
p 1/ f I/p (ft S).

nepexo 51 K npe eJIY npii S -+ 00, a 3aTeM npii ft -+- 00, nOJIy<rIIM

HepaBeHcTBo (4)  JI5I <pIIRIITHbIX <PYHKQIIH f E S.
&rIIM  OKa3aHO,'ITO 'A eCTb MH02KIITeJIb MapQIIHKeBII<ra.
1.5.4.1. ECJIII <PYHKQII51 u(X)=U(Xb ..., xn) OT n nepeMeHHblx

no <rIIH5IeTC5I YCJIOBII5lM TeopeMbI, C<POPMYJIIIpOBaHRoH B 1.5.4, TO

ORa, O'IeBII HO, no <rIIH5IeTC5I TaK2Ke YCJIOBII5lM :nOH TeopeMbI, eCJIH

ee paCCMaTpIIBaTb KaK <PYHKQIIIO OT k nepeMeHRbIX Xli ..., Xk

(k < n) II, CJIe OBaTeJIbHO, 51BJI5IeTC5I MYJIbTIInJIIIKaTOpOM OTHOCH-
TeJIbHO HII x.

1.5.5. npHMepbl MHO.1KHTeJIeH MapQHHKeBH'Ia (B CMblCJIe Lp,
1 <p < 00 ).

n

1. sign x = TI sign xf'
I

2. (1 + I x 12)-" ('A> 0).
3. (1 +Xj)'/2 (1 + I X 1 2)-r/2 (r> 0; j = 1, ..., n).

4. (1 + I x 1 2Y/2 ( 1 +* I Xj Ir fl (r> 0).

5. x' (1 +1 X 1 2)-r/2 (111 r,r>O, 1 0).

6, x' (1 +x:)
x s{* (1 +xf) 'if

1

(
n

if )r>O, 1 0,x= 1- frj O.

7, (1 + I x 1 2Y/2 (1 + * I xf rr
(r - npOH3BOJIbHOe  eHCTBHTeJIbHOe'IIICJIO).

8. (1 + I X 1 2)-r/2A;:1 (x) (r = r1 =...= rn > 0).
9, (1 + I x 1 2Y/2Ar (x) (r = rl =.. .

= rn > 0).
r

i

10. (1 +xlf2Ar (x) (i = 1, ... In).

f n rf

}
-1

11. 1 1(1 +x'f'2 A;:-l (x).
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{
n rl

}
O

(
n rl'

}
a

(
n rj (1.+ <'I)

}
--(J

12.  (1+Xj)
20

 (1+Xj)20  (1+Xj)
20

(rj>O; a, 6, A>O).

(
n rjo

}
_!..

Ar (x) = j l(1 +xjf2 o.

3Tll <PYHKIJ:llll MbI 0603HaqllM COOTBeTCTBeHHO qepe3 ftl (I = I, ...

..
., 12). OHll 6Y.lI.yT HaM HYMHbI B .lI.aJIbHeHIIIeM. .LI.oKa3aTeJIbCTBO

Toro, '1TO OHll CyTb MHOMllTeJIll MapIJ:llHKeBllqa, CBO.lI.llTCfI K npe-

.lI.h1.lI.yrn.eH TeopeMe 1.5.4.

KpllTepllH ee .lI.JIfI ftl BbmOJIHfleTCfI TpllBll8,JIbHbIM 06p830M, T8K

KaK ftl eCTb KOHCTaHTa (+ 1 llJIll -I) B KaM.lI.OM OTKpbITOM KOOp-
lI.llHaTHOM yrJIe.

cIJYHKIJ:llll ftl HenpepbIBHbI BMeCTe co CBOllMll qaCTHbiMll npOllS-

BO.lI.HbIMll JIIo60ro nOpfl.lI.Ka Ha R = Rn' 3a llCKJIIOqeHlleM <PYHKIJ:HH ftl
(i = 4, 5, 6, 7), KOTopbIe HenpepbIBHbI Ha R, HO llX qaCTHbie npo-
ll3BO.lI.HbIe Bo06r.u:e pa3pbIBHbI Ha KOOp.lI.llHaTHbIx nJIOCKOCTflX.

HllMe JI.aeTCfI .lI.OKa3aTeJIbCTBO BbinOJIHeHllfl KpllTepllfl MapIJ:llH-
KeBllqa .lI.JIfI pH.lI.a <PYHKIJ:llH ftl' Bonpoc CBO.lI.llTCfI K npoBepKe TOro,
qTO <PYHKIJ:llll

Xkft k) (k=(kh ..., kn), kj-O, 1)
.

OrpaHllqeHbI Ha KaM.lI.OM KOOp.lI.llHaTHOM yrJIe npocTpaHcTBa R.
BCJIe.lI.CTBlle cllMMeTpllll 3TllX <PYHKIJ:llll .lI.OCTaTOqHO TaKyIO npoBepKY

npoH3BecTll .lI.JIH nOJIOMllTeJIbHOrO KOOp.lI.llHaTHOro yrJIa. Bce pac-

CMaTpHBaeMbIe <PYHKIJ:llH, KpoMe ft8 H ft12' cYTb npOH3Be.lI.eHHfI

ftl
= Ai'Pl onpe.lI.eJIeHHbIX <PYHKIJ:HH AI H "'I' CorJIaCHO <popMYJIe JIeH6-

HllIJ:a

X
k (k)

_ X
k

Ca (k-a).h(a)ftl -

.LJ k"'l 't'1'
a";;k

r.lI.e cYMMa pacnpocTpaHeHa Ha BceB03MOMHbIe IJ:eJIOqllCJIeHHbIe HeOT-

pllIJ:aTeJIbHbIe BeKTopbI a k. Bonpoc CBeJICfI K OIJ:eHKe <PYHKIJ:HA
BH.lI.a

XkA k-a)",\a)= XkX1

Ha nOJIOMHTeJIbHOM KOOp.lI.llHaTHOM yrJIe.

YCJIOBHMCH nHcaTb A A::I B BMeCTO I A 1= cB, r.lI.e c - HeKOTOpaft
KOHCTaHTa. I1MeeM

XkX4 A::IXkXk-a (1 + I x 12y/2-1 k-al x('r-l)a (1 +* X;fl_1
al

=

x
ar

x
2 (k- a) (I + I X 1 2)r/2

== 1 . 1 . c < 00.

(
n

)
,al

(1+ l xI2)fk-al n

l+ xJ
I

1+ >I
1 1
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npH r < 1 CPYHKU:HH X4 pa3pblBHa, Kor aO HaH3 Koop HHaTxi'
r ej E ea C ek (ea - HOCHTeJIb BeKTopa a) paBHa HYJIIO. Ho COrJIaCHO

TeopeMe 1.5.4  OCTaTOqHO. qT06bI CPYHKU:HH X4 6bIJIa HeIIpepblBHoR
 JIH nOJIO:tKHTeJIbHbIX xi C j E ek H JII06bIX OCTaJIbHbIX xi' qTO.
OqeBH HO, B  aHHoMcJIyqae C06JIIO aeTcH. npH ou:eHKe l-'-6

= uvw

6y eMHMeTb

(I)

r ecYMMa pacnpocTpaHeHa Ha BceB03MO:tKHble BeKTopbI a. 13. 'V
C KOMnoHeHTaMH. paBHbIMH I HJIH 0, TaKHMH. qTO a+13+'V=k.
IJpH ou:eHKe npOH3BOJIbHoro CJIaraeMOro :nOR CYMMbI 6y eMCqHTaTb
(HHaqe OHO paBHO HYJIIO) , qTO eu eel, a /3 eCTb BeKTOp, SoH KOM-

nOHeHTa KOToporo paBHa I. a OCTaJIbHble KOMnOHeHTbI - HYJIIO.
Bonpoc CBO HTCHK ou:eHKe

X's 'j

{
n 'i

}
- 1-1'\':

Xkx1 - a (l + X >,2'
-I

XsX'\' n (I +Xj)2
-I

(I +x-j) 2'

e\, 1

'j

II (I +xj)T
X2\' e\, I

!: (I + xl) {* (I + x7) 'f }'
\' I

.

xk (UVW)(k) = xk u(a)v(l3)w(\,).

X's
Xl (I + x )2-- x;
n 'j l+x2

(I +xj)2
s

1

C eJIaeM nOHCHeHHe K Ou:eHKe nepBOrO MHO:tKHTeJIH BO BTOpOM

qJIeHe .9THX COOTHOIIIeHHR. nyCTb

(I +xfo)'/o =max (I +xj)'i;
/

Tor a

X's [.
1
( 1 2

)"2 'I +X'I n '//0
X + Xs

(l + X )
-

0

2

0

II (l -I- X )2rf= (l + X )0 = 1.
It 'j

10 10 I.

2; (l+xJ)2 /=1

1

npH Ii> I ou:eHHBaeMoe npOH3Be eHHe ce3 MH02KHTeJIH xk
pa3-

pbIBHO, Kor aO HaH3 Koop HHaTxi' r ej E eu C ek paBHa HYJIIO.
HO, COrJIaCHO TeopeMe 1.5.4,  OCTaTOqHO,qTc6bI 3TOT MH02KHTeJIb

6bIJI HenpepblBHbIM  JIHXj> O. r ej E ek H JII06bIX OCTaJIbHbIX Xjt
qTO B  aHHOMCJIyqae, OqeBIl HO, BbIIIOJIHHeTCH.

lI.JIH l-'-7
I n

)
-'-IGtr

Xk
X7 R::: XkXk- a (l + I x 1 2Y/2-1 k-a I ( I + xi

=

\ 1

x
2 (k-a) x

a

(
1+IXI

2)1/2

)
'

(I+lxI2)lk-a l

(
n

)
IGtI n

<C<OO.

I + Xj I + x/
/=1 1=\

8 c. M. HHKonbcKHI!
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3AeCb npHMeHeHM HepaBeHCTBa

C1 (1 +* Xj) (1 + I x 12) 1/2 < 1 + .2>j'

BTopoe npH r> ° H nepBoe npH r < 0.

<I>YHKQHH X7 pa3pbIBHa Ha HeKoTopbIX KoopAHHaTHbIx nJIOCKO-

CT51X, HO ee npeAeJIbI Ha HHX H3HYTPH Ka2KAOrO KoopAHHaTHoro
yrJ1a Cym:ecTBYIOT, n03ToMY B Ka2KAOM 3aMKHYToM TaKOM yrJIe X7
M02KHO CtlHTaTb HenpepMBHoll.

L{JI51 118 6YAeM paCCY2KAaTb CJIeAYIOIlI,HM 06pa30M. nYCTb l-

BeKTOp C KOMIIOHeHTaMH, paBHMMH 1 HJIH 0. DpHMeHH51 <POPMYJIY
J1eH6HHQa ° AHqxpepeHQHpOBaHHH npoH3BeAeHHH <PYHKQHll MHorHX

IIepeMeHHblX, onycKaH nOCTOHHHbIe K03<P<PHQHeHTM If paccMaTpHBaH
BeKTopbI x C HeOTpHQaTeJIbHbIMH KoopAIfHaTaMH, nOJIyqHM (e8 -

HOCHTeJIb BeKTopa s)

x'D' {(I + I X [2)-rI2Ar}-<

(
rO

)
1/0-/8/

< x'x' - 8 (1+lxI
2)-r/2-11-81  (1+xlf2 X

. l

2
 -I X2 (1- 8) ;(l8

X IU (1 +Xj)2 Xj =
(1+lxi

2)11-81 II (l+xJ)
X

8 8 1 jEe8
rO

II (l+xf)2 (
rO \I/o

jEe8 (I +xj) 2 )
X < 1
f 2

rO

}
ISI (1+lxI2Y/2

(I +Xj) 2

(yqeCTb, 'ITO ( unI/O-< Uj,a>O, U{?:O).
L{JIH 119

x'D' {(l + 1 X 12)-r/2Ar}-<
'0  -181

-<  X1XI-8(1 + I x 12)'/2-11-81 ( (1+Xif2")o X

,0
_I 2(1-8) X28

X n (l+x)2 x
8 =

k. (

X

2)1.1- 8 1 II (l+xj)181
X

JEe; 8";1
l+lxl

IEe8
ro

II (1 +xif2
I Ee8

X

(
'0

)
181

(I +xif2'

(I + I X /2)'/2
1 <1.

(
'o

)
a

(I +xj)2
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L(JIfI l-'-10

X'D'{(1 +x1)iA,(x)} <: , ,X{t, (1 +X1>';T -I"X
rJ.(] -I

X II (1 +Xj)
2 xpet-'V)(l +Xn 2 =s

lEes

2!..
II (I +xf)

2
r,

!
X
2S

jEes x
1- S D(l-S)(I+xD2

-

..", ,v.. (1 +4)'"

tt, (t + xi) 'i" }'" tt, (I +x1> '{r
.

nepBble .lI.Be .lI.pOOIi B npaBoit qaCTIi He npeBblIIIaIOT KOHCTaHTY,
TpeTbfl .lI.pOOb TOMe He npeBbliliaeT KOHcTaHTy, nOTOMY qTO ee

r,

qIiCJIHTeJIb 'IjJ E! 0, eCJIIi cymecTByeT j =1= i, i E el-.r; 'IjJ = (1 +X1f2,
 -I

eCJIIi 1-8=0; 'IjJ=2x (I+xn2 ,eCJIIi MHOMeCTBO el- s COCTOIiT

TOJIbKO H3 O.ll.HOrO HH.lI.eKCa i.

L(JIfI l-'-n

xlDl {A l(x) (* (I + xi) ifI} <
rJ -I

.
II (l+xf) 2

Xj

{
n rf1

}
l/O-'S'

< ! X1

{
1:

e1 - S

rj

}
I+ll-SI !O+xif"2 X

S I

(I + xi)T
1

1

J:!-l
X II (l + xi) 2

Xj=
jEes

=!
s";l

r/J

II (J +xifT
j E es X

2 (I
- s)

{
n rlJ

}
ISI

{
n rJ

}
ll-SIX

(J +xjf2' (I +xD2

X
{* (t+xj)i"}""

n rJ

(I +xj)2
I

x
2s

II (I +xj) <: 1.

lEes

8-
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L(JI5I 1112 O,lJ,IIH II3 qJIeHOB CYMMbl JIeli6HIIua (I) OIJ.eHIIBaeTC5I
CJIe,lJ,YIOllI,IIM 06pa30M:

In ri

}O-laIJn
rlJ

}
O-1131

Ukl (l +ulf
2a

l (l + uif2a- X

i
n r

j (1.+II)

}
-O-IYI rj'J..

X  (l+Uf) 20 n (l +u7f2a
- I

UjX
I 1Eea

  +M
X n (l+uj)2a-

1

Uj n (l+uj) 20 -IUj=
IEel3 IEey

f n rj'J..

}
O

f n rjlllo
_

1 (l+ujf2 1
(l+uj)2a r

-

J
r
j (1.+II)

}
O

t* (I +ui) 20

U
2k

II (I +uf)
X

lEek

rl :.f. rj (1. + II)

n (1+uj)20 n (1+uj)20 n (1+uj) 20

IEea IEel3 IEeV
X

J
r
i
1.

}
1 al

{
ri

}
1131

J rj (1. +II)

}
I vi -< 1.

1* (I +uj)
20 * (I +uj) 20

1* (1 +ul) 20

(2)

B nepBOll ,lJ,PC6II, eC.TIll BCIO,lJ,Y 3aqepKHYTb cr, nOp5lJ(OK He II3Me-

HIITC5I, OH He H3MeHIITC5I TaK:tKe, eCJIII CTeneHH A, 0, A + 0 BblHeCTH

3a 3HaK cooTBeTcTBylOllI,IIX <PIIrYPHbIX cKo6oK.

npii ,lJ,OKa3aTeJIbCTBe B cJIyqae <PYHKUIIII I1T n05lB5ITC5I CJIarae-

Mble, KOTopbIe MO:tKHO 3anIIcaTb KaK npaBYIO qaCTb (2). 113MeHIITc5I
JIIIIIIb Ha o6paTHYIO BeJIIIqIIHY ee nepBa51 .n.P06b, KOTOpa5I Bce paBHo,
OqeBH,lJ,HO, 6Y,lJ,eT OrpaHHQeHHoll.

JIerKo BII,lJ,eTb, qTO <PYHKIJ.IIH 1112 II 111 OCTaHYTC5I MHO:tKIITeJI5IMH

MapUIIHKeBIIQa, eCJIII B Ka:tK,lJ,OM II3 Tpex ee MHQ}KlITeJIell napa-
MeTp a npHHIIMaeT pa3Hbie 3HaqeHII51 a1> a2' as HJIII eCJIII B ee

nepBOM MHO:tKHTeJIe 3aMeHIITb n Ha m< n. B nOCJIe,lJ,HeM CJIyqae
B (2) Ha,lJ,O CqIITaTb, qTO HOCHTeJIb ea COCTOIIT II3 IIH,lJ,eKCOB C HOMe-

paMII, He npeBbllllalOllI,IIMII m, IIHaqe COOTBeTCTBYIOllI,ee CJIaraeMOe

CYMMbl JIell6HIIIJ.a paBHO HYJIIO. B. nOCJIe,lJ,HeM qJIeHe (2) B nepBoM
MH02KHTeJIe QIICJIIITeJI5I n Ha,lJ,O 3aMeHIITb Ha m.

1.5.6. PacnpocTpaneHHe HepaBeHcTBa 1.5.2 (13) Ha HenepHo)l.H-

'1ecKHii cJlY'Iaii. Il,eJIblO HallleH 6y.n.eT ,lJ,OKa3aTb, qTO ,lJ,JI5I JII060H

<PYHKIJ.IUI f E Lp (Rn) = Lp (1 < p < 00) BbJnOJIH5IIOTC5I HepaBeHcTBa

Glilf  { Il5k (j) 1 2}l/2/b c2 11f lip, (1)
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r,D,e C1> C2
- KOHCT3HTbI, He 33BIIC51IIJ;lle OT I,

((1 = {
1, x E e,

))e
0, x =F e

t3k (f) = (l):) (2)

If ,D,JI51 k 0

!1k=!1kt....,kn={2kj-l u; 2k;;j=l, ..., n} (3)

(2
kj-1 npll kj = 0 33MeH51eTC51 H3 0), 3 ,D,JI51 npOll3BOJIbHbIX k npH-

MoyrOJIbHIIK !1k eCTb MHO.iKeCTBO TO'leK {Ul sign k" ..., Un sign kn },
r,D,e u= (u" ..., un) EO !1

lktl . ..., )kn /.
B ,D,aJIbHellllIeM 6Y,D,eT nOKa33HO (CM. 8.10.2), '1TO eCJIH f eCTb

peryJI51pH351 B CMbICJIe Lp (1 < p < 00) 0606ru;eHH a51 <PYHKQH 51

(CM. ,D,aJIee 1.5.10), ,D,JI51 KOTOpOll HOpMa, CT051ru;351 BO BTOpOM
qJIeHe (1), KOHe'lH3, TO f EO L

p .

Orp3Hll'lllMC51 paCCMOTpeHHeM ,D,BYMepHOrO CJIY'Ia51. 3a,D,3,D,IlM
6eCKOHe'lHO ,D,llqxpepeHQHpyeMYIO <PllHIITHYIO <PYHKQlllO f (X, y) C HOCll-

TeJIeM, npllH3,D,JIe.iK3ru;IlM K

!1 so ={lxl, !Y!<So}, (4)
II p51,D,OM ct:>YPbe 1.5.4 (6). B CllJIY Toro, '1TO f = 0 BHe !1 so AJIH

s> So, 6Y,D,eM IIMeTb Hep3BeHCTB3

1/ I I <II( 1 6kl (f) j 2t
2

/1 Lp ( .s)< II f I , (5)

r,D,e

:!::nlkl :!::nill i (/!x+"y)
t3 k1 (f) = c/!"e

s

:!:(njk 1_1+1) :!::(nlll_I+1)

If r,D,e MbI H3 3TOT pa3 C'IHT3eM, '1TO no = n-l = 0, nl = 1, nk =

=2k-2 (k=2, 3, ...), II s>so nO,D,06p3HO T3K, qTO  = >2
n

u.eJIoe. 3H3K + llJIll - CT3BIITC51 B 33BIICIIMOCTII OT Toro, 6Y,D,eT
JIll k llJIH 1 nOJIO.iKIITeJIbHbIM llJIll oTpllQ3reJIbI-lbIM. YCJIOBlle 1.5.2 (5)
C06JIIO,D,eHo:

nk + I
> 2 (k 1 2 )nk

=
, ,...,

n03ToMY KOHCT3HTbI, BXO,D,51ru;lle B Hep3BeHcTB3 (5), He 33BIIC51T OT

S>So.
DOJIO.iKIIM

fJk1 (f) = 2 S 1 (u, u) el(X1t+y-v} du du = m::J,
 k.l

rJl.e !1k1 - np51MoyroJIbHIIK (3) (npll k1
= k, ka = 1, n.... 2),
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llYCTb
kIn b _ kzn Iln d _ lzn

.

a=T'
-

s ,C=----s-' -

s
·

.6= {[a, b]x[c, d]}; b-a, d-c?l;

In I ; I, I ; I, I a 2 yI  M,\, (x, y) E.6,

llpHMeHHM npeo6pa30BaHHe A6eJIH K cYMMe

k, II 11: k. II

R _  Is(kx+ly)_ f
'

(
kn lit

) i (kx+ly)
V,\ - i,1II/kle

-

2s2 s' s
e s

==

k, I, k, I,

co ; !el-;ly {k!l/k(X).6kf( k: . l: )+f( k:n , 1: )lkl(X)} . (6)
I, k,

r e

k i (k + I) x
n e

S _I
Ik (x) =  .&s"X =

n

i-x
v=1

e
S

-1

.6xakl = akl - ak+l, /.

LlaJ1bHeRlliee npe06pa30BaHHe A6eJIH npHBO HTK paBeHCTBY

{
k'_III_1

n .
.

(
kn In

)6'\= 2s1 t
Ik (x)/z{y).6xyf 5' 5 +

k.-l I.-I

+ .6xl ( k; .

12
: ) 1k (x) III (y) + Ik. (x)/z(y).6uf (k n, I: ) +

4

+ f ( k;n . IZsn ) I" (x) III (y)}. (7)

ECJ1H yqeCTb. qTO

IIk (x) I

liE. x2 I
-< I; I

e S _I

( I x I < s).

to H3 (6) H (7) CJIe YIOTqeTbIpe HepaBeHcTBa

16'\I cM'\I.6I{1. lxi-I, lyl-l., jxYI-l},lxl. Iy!<s, (8)

r e0 He saBHCHT OT pH OMCTOHIII.HX MH02KHTeJIefi H OT s. BTopoe,
HanpHMep, nOJIyq:aeTCH H3 (6) npH nOMOIII.H CJIe YIOIII.HX BbIKJ1a OKI

1

{
s M,\ s

}16AI<- (/.-/1) (k2 -k1)--+M,\-(b-a)
81 Ixl 8 Ixj
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(BO BTOpOM CJlaraeMOM B qmrYPHbIX cKo6KaX ,l(06aBJleH MHOLKHTeJli>
b - a 1). 4eTBepToe HepaBeHCTBO CJle,l(yeT C nOMOmblO aHaJlOmq-
HbIX BbIKJla,lJ,OK H3 (7).

DOJlOLKHM (I\(x, y)=minc{l, lxi-I, Iyl-l, Ixyl-l}. OqeBH,l(HO,
<1>1 E Lp (1 < p < (01) H H3 (8) CJle,lJ,yeT, qTO

I d I M I d I <1>1 (x, y) «x, y) E ds). (9)

Ha OCHOBaHHH (9), CqHTafl, qTO

6%tlJ) = d s,

kl

d' - {+
(nk_l+1)1t  x +nk1t

. + (n1_l+I)1t
y ,,;;::+ n1rc

}k1 - -

5 ::::>'::::>'
-

5
' -

b :::;; -

5
'

nO.T1yqHM 16 1(f) I M sI d%l! <1>1 (x, y).
kl

TaK KaK <PYHKII.HH f, , y6bIBalOT Ha 6eCKOHeqHOCTH

6bICTpee (1 + I x IA + I Y IA)-I, r,l(e KaK yrO,l(HO Be.T1HKO, TO, OqeBI1,lJ,HO,

M sI d%l! < A < 00,L.J k1

r,l(e KOHCTaHTa A He 3aBHCI1T OT S. D03TOMY

{ \6k1 (I) IT/
2

I dk1 (I) I  A<1>1=
= <1> (x, Y)ELp (Rn) «x, y) E ds). (10)

OrpaHI1QHBaHCb ,l(.T1H npOCTOThI HeOTpHII.aTe.T1hHbIMIi k, 1, 6Y,l(eM
HMeTb (s nO,lJ,06paHO TaK, QTO = - II.eJloe)

2k -2/3 2
1 - 2

/3

115
(I) =

l ( f.1rc vrc

) /
(jLX+VY)

__Uk1 252 I 5' 5 S-+OO

2k
- S

/3+ 121 - S
II+ I

2k
-

2
2
1
-

2

s::.--c;; 2 f (u, v) ei(UX+'VY) du do = 6k- I,1-1 if)
2k

-

s
2
1
-

s

paBHOMepHO OTHOCHTeJIbHO (x, y) E dN ,l(JIH k, I 2 (2-
1

Ha,l(o
3aMeHI1Tb Ha 0), KaKOBO 6bI HH 6bIJlO <pHKCHpOBaHHoe N > O. ECJIIi >Ke

O,lJ,HO 113 QHCe.T1 (nOKa HeOTpHII.aTeJIbHoe) MeHbllle 2, TO ,l(BYKpaT-
Hafl CYMMa npeBparu.aeTCfl B O,l(HOKpaTHYlO HJlH ,l(aLKe (,l(Jlfl 6 o' d o,
6g1) CYMMa BbIpOLK,lJ,aeTCfl B O,l(HH QJleH. B 3THX cJlYQaHX 6kl if) -- 0

paBHOMepHO Ha dN, TaK KaK no,l( HHTerpaJIOM CTOHT <PYHKII.HH,
HenpepblBHaH OTHOCHTeJlbHO x, y, u, v. AHaJlOrHQHbIe <paKTbI BepHbI
H .D,JUI QHCeJl k, 1 Jl1060ro 3HaKa, n03ToMY ,D.oKa3aHo, qTO npH
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JI106hIX k, 1

6tdf) s:.--;; 6k - 2 ,1-2 (f) Ha I1N

paBHOMepHO, KaKOBO 6hI HH 6hI.T10 N > O.

113 BTOpOrO HepaBeHcTBa (5) C.T1eAyeT npH .T1I06hIX N, N1> a

II ( 16%1 (f) /2)
1/2

11  "tlip
Ikj,lll<Nt Lp(!lN)

II nocJle nepexo,lI,a K npe,lI,e.T1Y npH 8 -+ 00, 3aTeM N1 -+ 00 II aaTeM

N -+ 00 nO.T1YQHM

II ( 16kl(f) j2Y/2llp II flip'

113 (10) C.T1e,lI,yeT

Cr.  <N] 6%1 (f) [2t
2

cD (x, y),

n03TOMY nOC.T1e nepexo,lI,a K npe,lI,eJIY CHaQa,'Ia npH 8 -+ 00, 3aTeM

N -+ 00 nOJlYQIlM

{ Idk1 (f) 1 2f/2 cD (x, y).

HaKOHeu.,

111 { ,6 1(f) f2}1/2 [I p(!ls)-II { 16kl(f) 12}1/211 p(R 2) 1-<
-< III{ 16 1(f) 1

2

}
1/2

/
!P

-

I I { 2: 1 6kl (f) 1 2}
1/2

[
IP

1 +Ikl.111<N ILp(!lN) ! ,ki,lli<N ILp(!lN)
+ ILr,  <)6%df) IIILp(!ls-!lN) + I kl, <) 6kl (f) 1!!L

p (R2 -!lN)
+

+11  'IM,L (f) IIILp(!lN) + li '1 6kl (f) IIILp(!lN) = 11 +... + 15 ,

rAe  'eCThCYMMa no napaM qIlce,'I k, t, no KpaH:HeH: l\Iepe OJ];HO

H3 KOTOphIX He MeHhlIIe N.

3AeCh

12 , 13 llcDlkp(R2-!lN)'
14  'M!l lll1kllllcD lip cN I: cD lip,

rAe cN He 3aBHCHT OT 8 H CTpeMI1TCH K Hymo npH N-+oo

15 cN-+0 (N-+oo).

TaKilM 06pa30M, N MO)KHO B35!Tb HaCTO.T1bKO 60.T1hlIIHM, QTo6bI
It, ..., 15 6hI.T1H MeHhlIIHMH 3a,lI,aHHoro c> 0, a 3aTeM nOAo6paTh 80
TaK, tITo6hI 6hlJlO 11< C AJIH Bcex 8> 80'
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MbI ,lI,OKa3aJlIf, qTO ,lI,Jlfl JII060ii 6eCKOHeqHO ,lI,HqxpepeHIJ:IfpyeMoii
 HHHTHOii YHK HHf

I  II CS I {)kl (f) IT/
2

1IL
p (As)

= H,S I {)kl (f) n
l/2

lip,
II Tor.n:a Ha OCHOBaHHH (5), r,lI,e KOHCTaHTbI B HepaBeHCTBe He 3aBH-

C5IT 01' S, nOJlyqHM (1) (noKa ,lI,Jlfl 6eCKOHeqHO ,lI,HcpcpepeH HpyeMbIx
 HHHTHbIX YHK Hit).

ECJlH Tenepb f E Lp, TO nO,lI,6epeM nOCJlen:OBaTeJlbHOCTb 6eCKO-

HeqHO ,lI,If(pcpepeH HpyeMblx cpHHHTHbIX CPYHK HH f} (j = 1, 2, ...)
TaK, qTO

Ilf - f} Ik -- 0 (j -- (0). (11 )

EYro nOKa3blBaeT, qTO ,lI,Jlfl JlI060ro 8> 0 Haii,lI,eTCfl TaKoe A, qTO .n;JlH

i, j>A
/ - '-..,

II { ,S [(I)Akl (ft - f})] 11 < Ilf} - fl lip < 8,
Ikl,lli<N f p

nOCJIe nepexo,lI,a K npen:eJIY npH i -- 00 B 3THX 'HepaBeHcTBax fl
saMeHHTCfl Ha f. .LLaJIbHeHUlHH :tKe nepexo.n; K npe,lI,eJlY npH N -+ 00

npHBO,lI,HT K HepaBeHcTBY

II {,S I {)kl (f} - f) nl/21 < 8 (j> A),

OTKyn:a CJIen:yeT, qTO

II {,S I {)kl (f} - f)J2f/21!p -- 0 (j __ 00). (12)

.LLJl5I CPYHK HH f} HepaBeHcTBa (1) BbInOJlHHIOTCfl. BCJle,lI,CTBIIe :tKe

(11) H (12) B 3THX HepaBeHcTBax 3aKOHHO nepeHTH K npe,lI,eJlY npH
j __ 00, nOJlyqHB npH 3TOM HepaBeHcTBa (1).

1.5.6.1. COBeprneHHo aHaJlOrHqHbIMH paccy:tK,lI,eHHflMH, 60JIee

npocTblMH, nOToMY qTO Mbl HMeeM B BH,lI,y O,lI,HoMepHbIH cJlyqaii,
.n;OKa3bIBaeTCfl, QTO ,lI,Jlfl CPYHK Hii f (x) E Lp (- 00, 00) = Lp (1 <
< p < 00) HMelOT MeCTO HepaBeHCTBa

/i f lip <II {,S  I(f)2f12! < II flip, (13)

r.n;e

/-'-..,

 I(f) = (lhi,

Al = {21_1 < I x I < 2l
, 1=0, 1, ...; 2l-1 npH 1=0 3aMeHfleTCfl Ha

HYJlb} H KOHCTaHTbI B (13) He 3aBHCflT 01' f. B KaqeCTBe HCXO,n;-
Horo HepaBeHCTBa B nepHon:HqeCKOM cJlyqae Ha,lI,O B35'ITb 1.5.2.1(4).
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1.5,7. npeo6paaoBaHHe ct>ypbe 4JYHKIJ,HH signx. ct>YHKLI.H5I
n

sign x = II sign x}
j=1

eCTb MYJlbTlW.T1HKaTOp npH 1 < p < 00 (CM. n. 1.5.5). <l>YHKLI.HOHaJI
(n05lCHeHH5I HmKe)

(sign.i, Ip)=(signx,  )= 1"/2 r signudu r eiutlp(t)dt=
(2n) J J

n

= r du r (t) II (eitjUj - e-tt}u}) dt =-

(2Jt)n/2 J J Ip

R+ 1=1
I

= ( )
n/2

in lim r
Ip (t) dt r fI sin t}u} du} '"'"

N--+oo J J+ 1=1
aN

n
11/

<= ( t
2

in J oo Ip (t) dt II J sin tjUj dUj =

(
2

)
n/2

n

l-cosNt}
=

n
i" Urn Ip (t) II t

dt =
N--+oo

1=1
j

( 2

)
n/2 r

n l-cos Nt}
=

n
in Jim

j
dip (I) II t

dt =
\ N--+oo

R+ 1=1
}

=( )"/2i"l   (t)dt=( t2in rp t) dl. (1)

3,l{eCb R+ - nOJlO)KHTeJlbHbIH KOOp,l{HHaTHbIH yrOJl,

dt={O xJ' N;i=1, ..., n},

dip (t) = d1d2 . . . dnlp (t) (2)
H

djlp (t)=1p (t)-Ip(tlJ ..., tj -1> -t}, t}+1> ..., tn) (j= 1, ..., n). (3)

B npe,l{IIOCJle,l{HeM paBeHcTBe (1) npH nepeMHOJKeHfIH fUleHOB

npOH3Be,l{eHH5I n05lB.T151IOTC5I HHTerpaJlbl

r  rp(t)
Il
k

cos Nt dt __ 0
J t },
R+ 1=1

CTpeM5IllJ,HeC5I K HYJlIO npH N __ 00 BCJle,l{CTBHe CYMMHpyeMocTH
r1 dip (t) H8 R+ B CHJlY XOpOlllO H BecTHoHB TeopHH p5l,l{OB <l>YPbe
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neMMbI. I1HTerpaJI B nOC.T1e,li.HeM tI.T1eHe (1) HamlcaH B CMbICJIe KouHI:

CPt(t) dt =  i 
cP ;t) dt, (4)

R
B

r,l(e RB eCTb MHO)KeCTBO TOtIeK x E R, OTCT05Irn:HX ,li.0 mOt)bIx KOOp-

,ltHHaTHblX n.T10CKOCTeH Ha paCCT05IHHH, 60.T1bllleM tIeM e > O. <l>YHK-
II.HOHa.T1 (4) onpe,li.eJl5IeT 0606rn:eHHYIO CPYHKUHIO, KOTOPYIO o603Ha-

I
qalOT tIepe3 v. p. T'

I1TaK ,li.OKa3aHO paBeHcTBo

 -'\

(
2

)
n/2 'n I

slgnx= n
L V. p. t'

.LlJl5I f E S

,,-'\
sign x * f = sign Xf

-

=

r sign u r f (t) e- itu dteiux du =
(2n)n J J

= (2 )n sign u du f (x - t) eiut dt = ( rl (x;- t)
dt, (5)

r,li.e nOCJle.llHee paBeHCTBO CJle,li.yeT H3 Y)Ke ,li.OKa3aHHoro paBeHCTBa

Me)K.IlY TpeTb!lM H rrOCJle.llHHM tIJIeHaMH (l), eCJlH 3aMeHHTb TaM

Ip (t) Ha f (x - t). DOCJle.lJ.HHH HHTerpaJl (5) rrOHHMaeTC5I B CMbICJle

KOIllH.

3arrHcbIq

/-'\ /-'\

(
.

)
n r I ( t)

sign x * f = sign xl = j x; dt (6)

MbI 6Y,li.eM rrOJIb30BaTbC5I H TOr,li.a, KOr.lla f E Lp (1 < p < 00), rrOHH-

Ma5I tIJIeHbI (6) KaK rrpe.lleJlbI, K KOTOpbIM CTpeM5ITC5I B CMbICJIe Lp,
cooTBeTcTBYIOrn:He Bblpa)KeHH5I .IlJl5I cpHHHTHblX CPYHKII.HH fl' r,l(e

"f - fz lip -- O. B OTHOllleHHH rrepBoro H BToporo tIJleHOB (6) 3TO 6b1J1o

06oCHoBaHo Bblille (CM. 1.5.1), rroToMY liTO sign x MYJlbTHnJlHKaTOp

B Lp .IlJl5I 1 < p < 00. COOTl3eTCTBYIOrn:ee orrpe,li.eJIeHHe ,li.Jl5I Bblpa-
JKeHH5I BHelllHe 3arrHcaHHoro B BH,li.e HHTerpa.TIa Mb( C,li.eJlaJlH CeHtIac.
Ha caMOM .IleJIe MOJKHO ,li.oKa3aTb (M. PHC. [I] rrpH n= 1), t[TO ,li.Jl5I

f E Lp (I < p < 00) 3TO eCTb ,li.eHcTBHTeJIbHO HHTerpaJl B CMbICJle

KOlllH, cyrn:ecTBYIOrn:HH rrOtITH ,li.JI5I Bcex x, HO Ha 3TOM MbI aCTa-

HaBJIHBaTbC5I He 6Y.lleM. HaM 3TO He rroHa,li.06HTC5I.

DYCTb 1-I.=(f-L1o ..., f-Ln), a=(a lt ..., an»O (aj>O)-,l(Ba
4>HKCHpOBaHHblX BeKTopa H

da={[xjl<aj; j=l, ..., n},

d(1-I., a)={lxj-f-Ljl<aj; j=l, ..., n}, d(O, a)=da .

TaKHM 06pa30M, d (1-1., a) eCTb C.IlBHr d.. Ha BeKTOp 1-1.. 3aMeTlIM,
qTO xapaKTepHCTHtIeCKa5I CPYHKII.H5I (OT O,l(HOH nepeMeHHOH
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HHTepBaJla (a, b) paBHa

(l)(a,b)= ; [sign(t-a)-sign(t-b)].

()rClOJI.a CJIeJI.yeT, 'ITO

n

(l)A(J,t, a)
= TI [sign (Xj - f-lj+ aj) - sign (xJ - f-l;

- a
J)] =

;=1

= (2nl )n sign a sign (x - /..I. - a), (7)

rJJ:e cYMMa pacnpocTpaHeHa Ha BceB03MO)!{HbIe  BeKTopbI a ==

= (al> ..., an) TaKHe, 'ITO I aj I = a
j , j = 1, ..., n.

MbI 3HaeM, 'ITO CPYHKUH5I sign x - MYJlbTHnJlHKaTop:

/-"

II sign xlllp xpllfilp (1 < p < co), (8)

rJJ:e Xp He 3aBHCHT OT f (CM. 1.5.5), 3 sign (x - a) - TO)!{e MYJIb-

THnJlHKaTOp C TOH )!{e KOHcTaHToH x
p

B cooTBeTcTBYlOIlJ,eM Hepa-
BeHCTBe (CM. 1.5.1.2), KaKOB 6bI HH 6hIJI BeKTop aER, n03TOMY
H3 (7) CJIeJJ:yeT

/-"

II (I)A(J,t, a)f lip in Xp ilfllp = Xp II t lip (I < p < co), (9)

nOTOMY 'ITO CYMMa pacrrpOCTpaHeHa Ha 2n CJlaraeMblX. 3aMe'IaTeJIbHO,
'ITO KOHCTaHTa Xp B (9) Ta )!{e, 'ITO H B (8), H, TaKHM 06pa30M,
He 3aBHCHT OT /..I. H a.

113 (7) CJIeJJ:yeT (CM. 1.5 (I8», 'ITO

/'-. (_ l)n  ' .  -"
(I)A(I-1, a)= L.J slgnae

t (l-1+a)X
sign x=

I.
n

ia x _ ia.x

(
2

)
n/2. I

==znetJ,txD(ejj-e J/) Jt (-t)nv.p.x=
/=1

(
2

)
n/2 .

=

n etJ,txDa (x), (10)

rJI.e

n
I

n
sin afxf

Da (X):z: 11 sin a/x/ v. p.
- = 11

1=1
X

1=1
(II)

B (11) npH nepeMHO)!{eHHH 06bI'IHOH CPYHKII.HH Ha 0606ru.eHHYlO
nOJIYtIHJIaCb 06bItIH3H CPYHKII.HH. HanpHMep, B oJJ:HoMepHoM CJIYtIae
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9TO ,lI.OKa3bIBaeTCH TaK:

(SinaXv.p. ,<p(X))=(V.p. , sinax<p(X)) =
00

\ b.[sinaxcp(x)Jdx Sinar
( )d'"'" =: -fp X X,

.
x x

o

(12)

r,ll.e !:J.F(x)=F(x)-F(-x). I1HTerpaJl B npaBOH qaCTH (12)
MOlKHO nOHHMaTb B CMbICJle JIe6era.

.D.JlH <PYHKUHll: f E S HMeeT MeCTO paBeHcTBo

/-,

(I)Ll (1-1. a)f =
Jt

l

n
e
i l-1 (x- U)Da (x - a) f (a) da,

B qaCTHOCTH npH I-t = 0

/-,

F (x) = (1)Lluf =  n Da (x - a) f (a) da,

YlK8

(13)

r,ll.e HHTerpaJlbI B npaBbIX qaCTHX nOHHMaIOTCH B CMbICJle JIe6era.

OCTaHoBHMcH nO,ll.po6Hee Ha (13). I1HTerpaJl (13) HMeeT CMbICJI H ,lI.ml

JlI06oll: <PYHKUHH f E Lp (1,,;;;;: p < (0), nOToMY qTO Da (x) E!!

EL ( +- =1) I1
q

P q

I Da (x - a)f (a) I da IIDailq II flip < 00.

HenocpeJJ,CTBeHHO BHJJ,HO, qTO OH eCTb HenpepbIBHaH <PYHKUHH OT )C

(JJ,alKe paBHOMepHO HenpepbIBHa5I):

I F (x) -F (y) I ,,;;;;:!]Da (x- u) -D (y - a) :Iq Ilfllp-+O (x-+y).
ECJUI fz E S, I' fl - flip -+ 0 H Fi eCTb pe3YJlbTaT nOJJ,CTaHOBKH "
BMeCTO f B (13), TO

I F (x) - FI (x) I ,,;;;;: II Da Ilq II f - fz lip -+ 0

paBHoMepHo. C ,lI.PyroH CTOpOHbI, (1)Lla eCTb MHOlKHTeJlb MapUHHKe-
BHqa, H nOToMY :1 FI? - FtI!p -+ 0 (k, l-+ 0). 3TO nOKa3bIBaeT, qTO PI
cTpeMIITC5I B CMbIC,1e Lp HMeHHO K <PYHKUHH F, orrpe,ll.eJ15IeMOH HHTer-

paJlOM (13), H qTO JJ,,1H f E Lp cnpaBeJJ,JIIIBO paBeHcTBo (13), r,ll.e ero

npaBa5I qaCTb eCTb IIHTef'paJI JIe6era, a JIeBa5I nOHIIMaeTC5I B TepMH-
Hax MHO:tKIITeJI5I MapUIIHKeBHqa (CM. 1.5.1).

Ha caMOM JJ,eJle F (x) eCTb aHaJIHTHqeCKa5I <PYHKUH5I npHToM ueJlaSl
9KcnOHeHUHaJIbHOrO THna (CM. ,lI.aJlee 3.6.2).

t .5.8. <1>YHKUHH qJe H 'I1e. <PYHKUH5I <Pe onpe,ll.eJleHa Ha R = Rn,
3aBHCIIT OT MaJIOf'O nOJl0)!<HTeJlbHOf'O napaMeTpa 8 (0 < 8 < 80) H 06J1a-

,lI.aeT CJIeJJ,YIOw.Hl\lI/ cBoiicTBaMH: <Pe (x) 6eCKOHeqHO ,lI.IIqxpepeHUHPyeMa
II HeoTp HuaTeJIbHa Ha R, HMeeT HOCHTE'Jlb Ha Ky6e

!:J. e = { Ix i I < 8; j = 1, .
", n}



78 nPE.D:BAPHTEJIbHblE CBE,n:EHH (rJI. I

(T. e. q>.
= 0 BHe  e)II, KpOMe Toro, y.n:OBJleTBOpfleT paBeHCTBY

rpe (x) dx = 1 (0 <8 <eo). (1)
<1e

Ba:H<Ho, tJTO rpe E S II HMeeT KOMnaKTHbIH HOCIITeJlb, T. e. eCTh

cpHHIITHafl cpYHKUHH (CM. 1.4.1).
EMIl rp eCTb npOH3BOJlbHaH HenpepbIBHaH Ha. R cpYHKUIiH (,n:alKe

JIOKaJIbHO CYMMHpyeMaH Ha R II HenpepbIBHaH B HYJleBoH TOtJKe), TO

!i ill rpe (x) rp (x) dx = rp (0), (2)
e....O

nOTOMY tJTO

I rpe (x) rp (x) dx - rp (0) I
= rpe (x) [rp (x) - rp (0)] dx <

<1e <1e

< rpe (x) sup I rp (x) -rp (0) I dx = sup I rp (x) - rp (0) I  O(8  O).
<1e <1e <1e

ECJlII rp E S, TO paBeHCTBO (2) MOlKHO 3amfcaTb CJle.n:YIOIlI,HM 06pa30M:

!im (rpe, rp) = (6, rp) = rp (0), (3)
e....O

r.n:e 6 = 6 (x) eCTb .n:eJlbTa-<PYHKUHfl.
DOJlOlKHM

'l\Je (x) = (2n)"!2CPe (x).

TaK KaK rpe 6 (8 0) cJla60, TO 'l\Je (2n)"/26= 1 cJla60. KpOMe
Toro, 'l\Je (x) KaK 06bl'IHaH <PYHKUHH npH 8 0 OrpaHHtJeHHO CXO-

.n:HTCH K 1 .n:JlH Bcex x:

'l\Je (x) = rpe (t) e-ixt dt 1,

! 'l\J8 (x) I epe (t) dt = 1.

(4)

(5)

HHlKe 6y.n:eT nOKa33HO, 'ITO eCJ1If f E Lp, gEL II 8 0, TO cJla60

.pet f. (6)

'l\Jeg* f  g*f, (7)

g*'l\JJ g*f. (8)
I I

.lI.aJIee, eCJlH f E L
p. g E Lq, Ii +q

= 1, TO MOlKHO Onpe.n:eJlHTb

CBepTKY g * f npH nOMOIlI,1I HHTerpaJla
.

g*f= C g(U)f(x-u)du.(2n) I J

OqeBH.lI:HO,
I

I (g * f) (X) I
(211:)n/2

g Ilq II f llo.
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ma CBepTKa HaXO,l(HTCfl B CTOpOHe OT BBe,l(eHHblX B 1.5 0606rn:emdi
9Toro nOHflTHfl, r,l(e g E S' 6bIJIa TaKoH <PYHKII.HeH, qTO f E Lp B.lJeqeT

g*f E Lp. B ,l(aHHOM me cJIytrae npH f E Lp <PYHKII.Hfl g*f npHHa,l(-
JIemHT K KJIaccy LCD = M OrpaHHqeHHbJX (H3MepHMbIx) <PYHKUHH.
O,l(HaKo ,l(JIfl TaKOH CBepTKH HMeeT MeCTO CBOHCTBO, aHaJIOrHqHoe (8)

g*'IPef---+g*f (8---+0). (9)

.IT. 0 K a 9 aTe JI b C T B 0 (6). B CHJIY TeopeMbI JIe6era

Nel, qJ)= 'Ve(t)f(t)qJ(t)dt---+ ff[!dt=(f,qJ).
.IT. 0 K a 9 aTe JI b C T B 0 (7).

Neg*f, qJ)= \' \' 'Ve(t)g(t)f(x-t) qJ(x) dtdx---+
(2n)n j j

---+ 
/2

\' \' g(t)f(x-t)qJ(t)dtdx=(g*f, qJ).
(2n)n j j

TaK KaK

I g (t) f (x - t) I dt I f[! (x) [ dx

II I g (t) f (x - t) ! dtt Ii f[! Jlq  llglldfllpllqJ q

.II; 0 K a 9 aTe JI b C T B 0 (8).

(g*'IJ?el, f[!)= \' \' 'Ve (t)f(t)g(x-t) f[!(x) dxdt-+
(2n) j j

-+ \' \'
f(t)g(x-t)qJ(x-t)dxdt, (10)

(2n)n j j

( + = 1),

TaK KaK

If (t) g (x - t) qJ (x) I dt dx II f (t) g (x
- t) dt  pqJ  q

g Ik f  pqJ  q.

.II; 0 K a 9 aTe JI b C T B 0 (9). TaKoe me, KaK H ,l(OKa3aTeJlbCTBO (8),
HO Ha,l(O npHHflTb BO BHmWHHe HepaBeHcTBo

If(t)g(x-t) f[! (x-t) I dx dt l!fllpllgllq!lqJ L.

1.5.9. OnepaLl,Jifl IT JmYBHJlJleBCKOro THna. f1YCTb r eCTb npOH9-
BO.lbHoe ,l(eiIcTBHTeJIbHOe qHCJIO. <PYHKUHfl

(1 + I U [2Y/2 = (1 + it] uif2
6eCKOHelJHO ,l(HqxpepeHll.HPyeMa Ha R H HMeeT nOJIHHOMHaJIbHbIA pOCT
npH JII060M 3HaKe r.

(1)
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DOJlmKHM

/ "-
Gr (U) = (1 -+- I U 12)-r I2. (2)

TaK KaK

Or (U) = (I -+- I U 12)-rI2

- 6eCKOHeqHO .n:mjxpepeHUHpyeM351 CPYHKUH5I
pOCTOM, TO .n:Jl5I Jl1060H o606r.ueHHOi:'r CPYHKUHH
CBepTKa

(3)

C rrOJlHHOMHaJlbH M

f E S' HMeeT CM CJ1

/, / "

F=Gr *f=C1r;=(1-+-luI2)-rl2{=Irf, (4)

orrpe.n:eJ151lOr.ua51 orrep3UHlO lro OTo6p3:tK3101lI,YlO f E S' B FE S'.

OqeBH.n:Ho,

Iof = f. (5)

ECJlH r H p - rrpOH3BOJlbHbIe .n:eHCTBHTeJlbHbIe qHCJla H f E S', TO

/ " /

IT+pf -:- (1 + I 'A J2)-r/2 (1 + I 'A 12)-P/2f = (1 + I 'A 12)-rI2Ipf = IrIpf.

B qaCTHOCTH, rrpH p = - r

IrI-rf = Iof = f,

(6)

(7)

T. e. orrepauHH I r Ii I_r B3aHMHO 06paTHbI.
HeTpy.n:Ho BH.n:eTb TaK:tKe, qTO orrepaUH5I Ir OT06pa:tKaeT S Ha S

B3aHMHO 0.n:H03H3qHO H HerrpepbIBHo: eCJlH Ipm. Ip E S H Ipm _Ip (S)
rrpH m- 00, TO

Irlpm - Irlp (S).

MO:tKHO elll,e BBeCTH orrep3UIilO I ,orrpe.n:eJl5leMYlO <POPMYJlOM

I = (1 + , 'A 1 2)-r/2f,

KOTOPYlO eCTeCTBeHtIO H33B3Tb cOrrp5l:tKeHHOH K Ir. OHa, OqeBH.n:HO,
06J1a.n:3eT BceMH CBOHCTB3MH, YCT3HOBJleHHbIMH BbIllJe ,ll,Jl5I Ir. B TOM

qHCJle HerrpepblBHOCTblO B CMbICJle CXO.n:HMOCTH B S.
CB5I3b Me:tK.n:y I, H U rrp05lBJl5IeTC5I B p,lBeHCTBax

(I,f, Ip) = (f, I Ip),

(ln, Ip) = (f, I,Ip) (f E S', Ip E S).

113 HHX HeMe.n:JleHHO CJle.n:yeT, qTO orrepaUHH Ir H I HerrpepbIBHhI
Ha S' (cJla60 HerrpepbIBHbI), T. e. qTO H3 Toro, qTO fm. t E S',
m= 1,2, ....

H

fm - f (S'),
CJle.n:yeT, qTO

Irfm-Irf.
<

INm-In(S').
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B CaMOM ,lJ.e.1e, naIIpilMep,

(Irfm, cp) = (fm, Ucp)--+(f, Ucp)=(Irf, cp).

3aMeTI1M, 'ITO IIPH r = - 2 I1MeeT MeCTO 3aMe'IaTeJIbHOe paBeHcTBo

r--"
/ " n

I-d = (1 + 1 A 12) , = f + Ai' =
'

i=l
n
/-' n

(PI
.

=t- !,(iAj)2f=t- ! ox =t-I1f=(1-I1)t..
;=1 i=l

/

r,lJ.e 11- OIIepaTOp J1aIIJIaca.

CJIe,lJ.OBaTeJIbHO, IIP I1 JIl060M HaTypaJIbHOM l

/ "

L2zf = (1 + I A 12)1' = (1- 11)1 t (t E S'). (8).

1.5.10. PerYJ1S1pHble oooow.eHHble !f>YHKl.\HH. )J.aJlbHeH1IIee paC1IIH-

peHHe nOHSITHSI CBepTKH. OIIepaUI15I Ir MO)/{eT CJIY)/{I1Tb y,lJ.06HbIM
cpe,lJ.CTBOM ,lJ.JI5I paC1III1peHI15I IIOH5ITI15I CBepTKil Ha K.1acc o606rn:eHHblx

CPYHKUI1H, KOTopbIe MbI Ha3bIBaeM perYJI5lpHbIMil.
Do OIIpe,lJ.eJIeHHlO CPYHIUI.I11O f E S' Mbl 6Y,lJ,eM Ha3bIBaTb pe2YAJlp-

/-lOii 8 CM.bICAe Lp I1 IIHCaTb f E S;, eCJlI1 ,lJ.JI5I HeKOTOpOro PO> 0

I1MeeT MeCTO

IpJ=F E Lp. (1)

DYCTb f.L eCTb MYJIbTI1IIJlI1KaTOp B Lp (  E L IIPI1 P
= 1) (CM. 1.5.1,

1.5.1.1). DYCTb elUe t eCTb perYJI5IpHa5I B CMbICJIe Lp CPYHKUI15I, ,lJ.JI5J

KOTOpOH BbIIIOJIH5IeTC5I CBOHCTBO (1).
DOJIO)/{I1M .lJ.JI5I P po

* t = I
_p ( * Ipf) . (2}

 hoOIIpe.lJ.eJIeHile He 3aBI1CI1T OT p po. B caMOM .lJ.eJIe, IIYCTb.
Hap 5I.lJ.Y C (I)

Ipf=FtELp (p'>p). (3)

Tor,lJ.a IIPH p' - P = r, Y'II1TbIBa5I, 'ITO IpJ = FE Lp, IIOJIY'II1M

Lp' ( *Ip,t) = LpLr ( * Irlpf) =
/ / ...

= Lp (1 + I X 1 2)'/2 1t (I + I X 1 2)-r/2/pt = Lplt lp{ = Lp (It * IP{)

(CM. 1.5.1 (12) IIPH It eL H 1.5.I.I (9) IIPH 1  p<oo).B TpeTbeM
paBeHcTBe MbI BOCIIOJIb30BaJIHCb TeM <paKToM, KOTOpbIH 6Y.lJ.eT .lJ.OKa3aH,

II03)/{e (CM. 8.1), 'ITO

/ "

(1 + Ix 1 2)-r/2 E L (r> 0),
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H TeM, tITO <PYHKUH5I (1 + I x 12) npH JII060M ,n;eHcTBHTeJIbHOM A. 6ecKo-
HeqHO ,n;H<p<pepeHUHPye ,ra II nOJIHHOMHaJIbHOrO pOCTa.

f1pH JU060M ,n;eHCTBHTeJIbHOM r HMeeT MeCTO paBeHcTBo IrX = X =
= Xl .. . Xn , nOKa3blBalO ee, qTO <PYHKUHH X He npHHa,n;JIe./KHT K S;
(1 p -0:::; (X), XOTH OHa npHHa,n;JIemllT K S'.  hoCJIe,n;yeT H3 1.5 (12)
npH k=ffi=(!, ..., I):

r n r n

-(1 + 1 x 1 2)-2X = in (2,,)
2'

(1 + I X 1 2)-2 <')(00) (X) = in (231)
2 <')(00) (X) = x.

BamHO 3aMeTIlTb, qTO ,n;JIH perYJIHpHOH B CMblCJIe Lp 0606 eHHOiI
4JYHKUI1I1 f paBeHCTBO

L ( *1J) = * f (4)

HMeeT MeCTO ,n;JIH JII06blX A. (nOJIOmHTeJIbHbIX H OTpHUaTeJIbHbIX).
LLeHCTBHTeJIbHO, ,n;JIH f CY1II.eCTByeT p> 0 TaKoe, qTO Ipf E Lp. f1pH
J. P paBeHCTBO (4) yme ,n;OKa3aHO Bblrne, eCJIH me A. < p, TO nOJIO-

lliHM p=A.+o' (0'>0). Tor,n;a <PYHKUHH I,j perYJIHpHa. l1MeHHo
IaIJ E Lp . f103TOMY

L ( *IJ) = LALa ( *Ipf) = I_p( * Ipf) == *f.

113 (4) CJle,n;yeT, qTO ,n;JIH perYJIHpHbIX B CMbICJIe Lp <PYHKIJ:Hii f
II JII060ro ,n;eMCTBI1TeJIbHOrO r

Ir( *f) = IrLr( * Irf) = * Irf, (5)

T. e. K perYJlHpHoll <PYHKUHI1 f onepaUl11O Ir MOlliHO rrpl1MeHI1Tb rro,n;
3HaKOM CBepTKIl.

113 (5) CJIe,n;yeT, qTO eCJIH ft
- MHOml1TeJlb MapUHHKeBl1qa I1 f pery-

JIHpHaH B CMblCJle Lp <PYHKUI1H, TO CBepTKa * f Tome perYJlHpHa.
,LLeHcTBHTeJIbHO, rrYCTb Irf E Lp, Tor,n;a I1MeeT MeCTO (5), r,n;e rrpaBaH
qaCTb rrpI1H3.LJ}IemHT K Lp.

PaHee 6blJIl1 ,n;OK333Hbl paBeHcTBa 1.5.1.1 (9), KOTopble Mbl 3arrH-

rneM B TepMlIHax cBepToK:
A. A. A A .......-....

A*( t*f)= t*U.*f)=Aft*f, fELp(l p<(X). (6)
OmI BepHbI, eCJIlI ').. H  t

- MHOmHTeJII1 MapUI1HKeBl1qa, oTKy,n;a BblTe-

KaeT, qTO (Aft) eCTb TOlKC MHOml1TeJIb Mapl HHKeBHqa.f1YCTb Terrepb f
eCTb peryJIHpHaH B C .lbICJIe Lp o606 eHHaH CPYHKUHH H Ipf E Lp
(p> 0). Tor.D:a paBeHcTBa (6) 6Y.D:YT BbIIlOJIHHTbCH, eCJIlI B HIIX rro,n;-

CTaBI1Tb Ipf BMeCTO f. Ho ,n;JIH perYJIHpHblX f orrCpaul11O I
p 3aKOHHO

BO Bcex qJIeH3X (6) BblHeCTH 3a 3HaKil cBepToK, HO Tor,n;a paBHb1
Mem,n;y C060M <PYHKUHI1, CTOH l1e rro,n; 3HaKOM Ip, H MbI ,n;OKa3aJIH,

qTO (6) HMeeT MecTO ,n;JIH JII060M perYJIHpHOH B CMblCJIe Lp 0606w.eH-
HOM <PYHKUHH.



f.nABA 2

TPHrOHOMETPH4ECKHE nOJIHHOMbI

2.1. TeopeMbI 0 uYJ1S1x. JIHHeHHaSi He3aBHCHMOCTb

<l>YHKIJ:HSI
n

Tn (z) =  o+ ! (ak cas kz +  ksin kz),
k=l

r.D:e ak,  k(k = 0, 1, ..., n) - rIpOH3BOJIbHble KOMrIJIeKCHble 'IHCJIa,
a z - KOMrIJIeKCHaSl HJIH .D:eHCTBHTeJIbHaSl rIepeMeHHaSl, Ha3bIBaeTCH,
mpucol-lo.MempU'ieCKU.M nOAUI-lO.MO.M n-co nOp510Ka. 9T0 orrpe.D:eJIeHHe He

HCKJIIO'IaeT CJIY'IaSl an =  n= O.

TpHrOHOMeTpH'IeCKHH rIOJIHHOM eCTb CPYHKUHSI rIepHO.lI.a 2n, n,
CJIe.D:OBaTeJIbHO, rIPH ero H3Y'IeHHH .D:OCTaTO'IHO OrpaHl1'IHTbCSI pac-
CMOTpeHHeM H3MeHeHHSI He3aBliCHMOH rIepeMeHHOll Z = X + iy B rIpO-
1I3BOJIbHOH BepTHKaJIbHOH rIOJIOce a X < a + 2n (HJIli a < X

a + 2n), - 00 < y < 00 KOMrIJIeKCHOH rIJIOCKOCTH IIlHpHHbI 2n.
C rIOMO bIOpaBeHcTB

eikZ+ e-ikZ eikZ _ e-ikZ

cos kz -
2 ' sin kz

2i (2).

(1)

(k=O, 1,2, ...)

TplirOHOMeTpH'IeCKliH rIOJIHHOM (1) M02KHO rIpe06pa30BaTb K 60JIee-

cHMMeTpH'IHoMY BH.lI.Y
n

Tn(z)= CkeikZ ,

k=-n

ctk -  ki
Ck 2

ctk +  ki
C-k = 2 (k = 1, 2, .. .),

<Xu
co=2'.

(3)

113 (3) BH.lI.HO, 'ITO eCJIH Ko3cjJcpHUHeHTbI ak,  krIOJIHHOMa (I),
.lI.eHcTBHTeJIbHbI, TO Ko3cjJcpHUHeHTbI Ck, C-k .lI.JISI Ka2K.lI.oro k mmapHC.
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KOMIIJIeKCHO COIIpmKeHbI

C-k = Ck, k=O, 1, ...,-4 (4)

'06paTHO, H3 (4) CJIe.D:yeT, 'ITO 'IHCJIa rJ..k,  k.D:eHCTBHTeJIbHbI.
BamHeHwee CBOHCTBO TpHroHOMeTpH'IeCKHX IIOJIHHOMOB Bblpa-

maeTCH cJIe.D:YIO eH TeopeMoli.
2.1.1. T e 0 p eM a. TpucofloMempwlecKuu nOAUflOM Tn nopflOKa n,

Y Komopoco KOJrjJrjJW{Ueflmbl Cn U C-n e (3) fle paeflbl flYAIO,

U"Heem e AI060u nOAoce a x < a + 2n: KO.MnAeKCflOU nAOCKocmu

pOGflO 2n flYAeu C Y'lemOM UX Kpamflocmu *).
ECAU 0603flaQUmb UX Qepe3 Zlo' .

., z2n, mo UMeem Mecmo

paeeflcmeo
2n

A II
. Z-Zk

Tn (z) = Stn ,
k=l

(1)

ciJe A =1= 0 - fleKomopafl KOflcmaflma. Hao6opom, paeeflcmeo (1) onpe-
iJeAflem mpUcOflOMempUQeCKUU nOAUflOM nopflOKa n.

11. 0 K a 3 aTe JI b C T B O. BOCrrOJIb3yeMc rrpe.D:CTaBJIeHHeM Tn
B BH.D:e 2.1 (3). fIocJIe rrO.D:CTaHOBKH Z = e'z, KOTopaH rrpeo6pa3yeT
B3aHMHO 0.n.H03Ha'IHO paCCMaTpHBaeMYIO rrOJIOcy rrJIOCKOCTH Z Ha

BCIO KOMrrJIeKCHYIO rrJIOCKOCTb Z (KpOMe Z = 0), rrOJIY'IHM

n

Tn (Z) """ CkZk = Z-nP2n (Z),
k=-n

r.n.e

P2n (Z) = C-n + C-n+1Z +.. . + cnZ2n
.

B CijJIy YCJIOBHH TeopeMbI Cn =1= ° H C-n =1= ° H rrOTOMY MHOrO'IJIeH

P2n (Z) CTerreHH 2n HMeeT B KOMrrJIeKCHOH rrJIOCKOCTH Z pOBHO 2n

HYJIeIi (c Y'IeTOM KpaTHOCTH), He paBHbIX HYJIIO.
OTCIO.D:a CJIe.D:yeT, 'ITO TpHrOHOMeTpHqeCKHH rrOJIHHOM Tn HMeeT

B paCCMaTpHBaeMoii rrOJIoce TaKlKe pOBHO 2n HYJIeH (c Y'IeTOM HX

KpaTHOCTH). 0603Ha'IHM HYJIH MHOrO'IJIeHa P2n (Z) 'Iepe3 Zk = eizk

(k= 1, ..., 2n), TOr.D:a

2n

Tn (z) = cne-
inz II (e

iZ
_ eiZk) =

k=l

2n

Zk 2n

(
Z Z Z Z

)=cne
k=l I1 e

i
k

_e
i k =A

k=l

2n

II
. Z-Zk

Stn ,
k=l

*) 4HCJIO a Ha3bIBaeTCH nYAeM Kpamnocmu m 41YHKUHH I, eCJJH I (a) =
= f' (a) = ...

= 11m
-

v (a) = 0, '1m
) (a) =F O.
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r,n;e
2n

{ Zk
A =cn2

2n (-1)n e
k=l

TaKHM 06pa30M, nepBa51 qacTb TeopeMbI ,n;OKa3:1Ha. 4TOObi y6e-
,n;HTbC5I, qTO <PYHK H5I (I), r,n;e qHcJIa Zk (k = I, ..., 2n) rrpHHa,n;-
JIemaT K HeKoTopoH BepTHKaJIbHOH (3aMKHYToH C O,n;HOH CTOpOHbI)
rrOJIoce KOMrrJIeKCHOH rrJIOCKOcTH nmpHHbI 2n, ecTb TpHroHoMeTpH-
qeCKHH rrOJIHHOM rrOp5l,n;Ka n, ,n;OCTaTOqHO rrpOBeCTH c,n;eJIaHHOe rrpe-
o6pa30BaHHe B 06paTHYlO CTOPOHY, HCXO,n;51 H3 (I).

2.1.2. JIHHeHHaSi He3aBHCHMOCTb. ECJIH TpHroHOMeTpHqeCKHH
rrOJIHHOM Tn (z) paBeH HYJIIO 60JIee qeM B 2n TOqKaX BepTHKaJIbHOI'i
rrOJIOCbI nmpHHbI 2n, TO Ha OCHOBaHHH TeopeMbI 2.1.1 Bce ero K03<p-
<pH HeHTbI,n;OJImHbI paBH5ITbC5I HYJIIO. B qaCTHOCTH, 3TO HMeeT MeCTO,
eCJIH TpHroHOMeTpHqeCKHH rrOJIHHOM rrOp5l,n;Ka n Tom.n;ecTBeHHO HJIH

nOqTH BCIO.n;y paBeH HYJIIO Ha .n;eHcTBHTeJIbHOH OCH.

OTCIO,n;a CJIe,n;yeT, qTO CHCTeMa <PYHK HiI

I, Cas x, sirrx, ..., casnx, sirrnx (I)

JIHHeHHO He3aBHCHMa B C* H L (CM. 1.1.1 H 1.2.1). HaAo yqecTb,

qTO HYJICBOH 3JIeMeHT B L eCTb <PYHK H5I,rrOqTH BCIO.n;y paBHa5I HYJIIO.

J1HHeHHa5I He3aBHCHMOCTb CHCTeMbI (I) CJIe.n;yeT TaKme H3 OpTO-
rOHaJIbHbIX CBOHCTB TpHroHOMeTpHqeCKHX <PYHK HiJ:(m, n = 0, 1,2"..)

n n

I r. .

d
I r d {

I, m = n,

n J
smmxsmnx x=-n J

casmxcosnx x=

0,
-n -n

m =1= n,
n

sinmxcasnxdx=O.
-n

2.1.3. ECJIH Tm H Tn TpHrOHOMeTpHqeCKHe rrOJIHHOMbI COOTBeT-

CTBeHHO rrOp5IAKOB m H n H m;;::: n, TO CYMMa H pa3HOCTb HX eCTb

TpHrOHOMeTpHqeCKHH rrOJIHHOM rrOp5l.n;Ka He BbIllie m.

fIpOH3Be.n;eHHe me HX eCTb TpHrOHOMeTpHqeCKHH rrOJIHHOM rrOp5I.n;Ka
He BbIllie m + n, qTO BbITeKaeT H3 paBeHCTB

I
cas mx cos nx=

2' [cas (m - n) x + cos (m+ n) X],

sinmxsinnx= [cas(m-n)x-cas(m+n)x].

cosmxsinnx= [sin(m+n)x-sin(m-n)x].

2.1.4. 113 opTOrOHaJIbHbIX CBOHCTB CHcTeMbI 2.1.2 (I) BbITeKaeT,
qTO eCJIH TpHroHOMeTpHqeCKHH rrOJIHHOM qeTHbIH (qeTHa51 <PYHK H5I).
TO OH cOAepmHT B KaqecTBe CBOHX qJIeHOB TOJIbKO KOCHHYCbI ( .=<
:0=: 0), H eCJIH OH HeqeTHblH,- TO TOJIbKO CHHYCbl (Gtk = 0).
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P8CCM8TpHB8S1 .n.eikTBHTeJlbHble qaCTH paBeHCTBa

COS nx + i sin nx = (cos x + i sin x)",
nOJIyqHM

cos nx = cos"x C cosn-
2
x (1 - cos

2 x) + c:. cos,,-4x (1 - cos
2X)2 +.'"

OTKy.n.a CJle.n.yeT, qTO BCSlKHH qeTHbIi!: TpHroHOMeTpHqeCKHi!: nOJIHHOM
n-ro nopH.n.Ka MomHO npe.n.cTaBHTb B BH.n.e P" (cos x), r.n.e

P" (z) =llo +alz +.. .+anz
1J

eCTb HeKoTopbIH aJIre6paHqeCKHi!: MHOrOqJIeH n-'i!: CTeneHH.

C .n.pyroH CTOpOHbI, H3 paBeHcTBa

(eix + e-1x)" 1 / I )
.

cos
n
X =

2n
=

2n (e nx + Che (1J-2 x

+. .. + e-'nx)

CJIe.n.yeT, qTO

I [  -I c
i]cosnx =

2n
-

1
cos nx+ C:' cos (n - 2)x+...+ C cos 2x+T (1)

.ZI.JISI n qeTHOrO,

cosnx= 2nl_1 [cosnx+C:'cos(n-2)x+...+d ]cosx] (1')

.n.JIH n HeqeTHoro.

TaKIlM 06pa30M, 4>YHKL(I1H Pn (cos x), r.n.e Pn (z) eCTb aJIre6pal1-
QeCKI1H nOJII1HOM n-H CTeneHI1, npe.n.cTaBJIHeT C060H qeTHbIH nOJIH-
HOM n-ro nopH.n.Ka.

2.2. BalKHble npHMepbl TpHrOHoMeTpHlfecKHx nOJIHHOMOB

H3 paBeHCTBa

n

.

k eirn+1Jx_(
e' x_-

eiX-1

i (n+..!..) x -I!..
{'

2
-e

2

i!.. -i!..
e

2
-e

2

!
k=O

paCCMaTpllBaSi B HeM OT.n.eJIbHO .n.eiiCTBI1TeJIbHYro I1 MHIlMYro qaCTH,
nOJIyql1M

" .

(
I

)I  .
Sin n+'2 x

'2 + "'"
cos kx =

. x

= Vn (x),

.

k=1 2 Sin
'2

" cos -cos(n+ ) JC

I
.

k
2 2

V*( )SIn X::::z -

/I X .

n' X

Ii-I SII1
'2

(1)

(2)
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B 'IaCTHOCTH, paBeHCTBO (I) nOKa3bIBaeT, 'ITO nO.T1UHOM Dn (X)
oOparn.aeTCH B HYJIb B TO'IKaX

2nk

Xk=-
+1

(k= I, ..., 2n)

HHTepBa.T1a (0, 2n), CJIeJI,OBaTeJIbHO, ero TaK)!{e MO)!{HO 3amrcaTb

B BHJI,e npOH3BeJI,eHHH
2n

D ( ) A II
. X-Xk

n X =

stn ,
k=1

rJI,e A - nOCTOHHHaH. fIOJIaraH B 3TOM paBeHcTBe X = 0, nO.T1Y'IHM
COOTHOIlleHHe

2n
2n+ I

A II
. Xk

 =sln
2 ,

k=1

H3 KOToporo MO)!{HO onpeJI,eJIHTb A.

TpHroHoMeTpH'IeCKHH nOJIHHOM Dn (x) HrpaeT OO.T1bIIIYIO
B TeopHH pHJI,OB <l>YPbe. OH HOCHT Ha3BaHHe f[opa f!.upux/w.

OTMeTHM, 'ITO (noHcHeHHH HH)!{e)

pOJIb

11:
. 2n+1

S
SIll X

 Dn L*=
. x

o
SIll

2'
(2n+l)n

2 nn

>= 2 I si:
u I du + ° (l) = 2 I si:

u I du -I- ° (l) =

o n

n-I n n-I n

-=2 ! Ik  Jdu+O(l)=2 ! k sinudu+O(I)=
k=1 0 k=1 0

n-I

= ! +0(1)= Inn+O(l) (n=l, 2, .,.).
k=1

n

I
. 2n + I

ISIll X
dx=2 S x

dx+O(I)=
o

(3)

I
BeJIH'IHHa

"it IIDn !IL* HOCHT Ha3BaHHe KOflcmaflmbl JIe6ec CYM..Mbl

(n-ro nOpHJI,Ka) <l>ypbe. 3JI,eCb 0(1) 0003Ha'IaeT HeKoTopyIO orpaHH-
'IeHHYIO Q:>YHKUHIO OT HaTypaJIbHOrO n. B nplfBeJI,eHHblx BbIK.T1aJI,Kax
MbI BOCnOJIb30BaJIHCb orpaHH'IeHHOCTbIO Q:>YHKUHH X-l - (sin X)-l Ha

[0, ] H TeM <paKToM, 'ITO JI,JIH U E [0, n]
n-I n-I

! (k - kn u) C! ;2 <Cl<OO'
Ii-I 1
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OpH KOHeqHOM p> 1 HopMa IIDn\1L* HeOrpaHHqeHa:
fJ

S
:rt

sin 2nt
I
x

P

S
:rt

I
sin 2n:

I
x

/
p

! Dn II *= 2 dx ?;?; 2 dx>
2 sin x_ x

P
0 2 0

2n+1

 :rt

> cpn
P- 1 1 Si 

u

IP du > ApnP-l (n = I, 2, .. .). (4)
o

2.2.1. Pa3.lJ.e.T1HH .lJ.eikTBHTe.T1bHYIO H MHHMYIO qaCTH paBeHcTBa

n
I

i (n+ ) x

"\1 e

i (k+'2)x= e
2
-e .2

""" 1- e'x
k=O

l_ei (n+1)X

. x . x
'

-1- I-

e
2
-e

2

nOJIyqHM
n

"\1 (k +
I

)
sin (n+ I) x

"""
cos

'2
X =

. x
'

k=O 2 sm
'2

(I)

n

"\1 .

(k +
I

) l-cos(n+l)x
"""

8m
'2

X =
. x

k=O 2 sm'2

. 2 n+l
sm -»

2

. x

SIU'2
(2)

2.2.2. BOCnOJIb30BaBIllHcb 2.2 (1) H 2.2.1 (2), nOJIyqHM

n n

1 "\1 rn+ l-k I "\1
2+ """ n+1

coskx=
n+l ""- Dk (x) =

k=1 k=O

. n+l
I ..u.

(
1

)
I

sm 2
x

- 7. sm k+-i X=T'+Tf =Fn(X).
2 (n+ I) sin  -k-=:O

n
2 sin 2

3TOT rrOJIHHOM B TeopHH pH.lJ.OB <PYPbe HOCHT Ha3BaHHe J{,opa
q)euepa nOpH.lJ.Ka n.

3aMeTJ1M, qTO CPYHKIJ,J1H

kv (x) = (
Si 

)
2a

, (2)
sin

-2-

(I)

rJl.e A. H a - H3TypaJIbHbIe QHCJla, eCTb TpHfoHOMeTpHtleCKHH rrOJlHHOM

nOpH:lI.Ka v = a (A - 1), TaK KaK OHa TOJIbKO Ha n0CTOHHHbIH MHO-

>KHTeJlb OTJlHqaeTCH OT a-it CTeneHH H.lJ.pa <Peitepa F')..-l (x).



2.3] HHTEPn0.T151UHOHHbIr1 nO.T1HHOM .T1ArPAH)I(A 89

lI.JUI .lI.aJIbHeHillerO 6Y.lI.eT n0.T1e3HO OueHHTb TO'IHbIH: nOp5I.lI.OK

H3MeHeHH5I BeJIH'IHH 

11: 11:

av
= kv (x) dx = 2 kv (x) dx ,

-11: 0

(3)

Kor.n.a v= 1, 2,
EC.T1H npHHHTb BO BHHMaHHe, tlTO

a sina a(O a ), (4)

TO 6Y.lI.eM HMeTb

11:

(
. 'J...X

)
2<J

11:SlIT-

22 <J+1 -f dx av 2n2 <J

o 0
(

. 'J...X

)
2<J

SlIT
'2
- dx.
X

Ho
 11:

f (""Xt-tdx ( ; r-' J ("; 't dt A'"-")

(11.= 1, 2
, .. .).

O'IeBH.lI.HO, TaKHM 06pa30M, 'ITO npH cpHKcHpoBaHHoM a

av r--J A2 <J-l (A = 1, 2, .. .). (5)

BBe.lI.eM e eTpHroHOMeTpH'IeCKHH nO.T1HHOM

dv (x) = - kv (x) = (
Sin  X

)
2<J

(v = a (A - 1)), (6)Uv Uv . x
SlIT

-2

r.lI.e a> 0 - cpHKcHpoBafIHoe ue.T1oe 'IUC.T10, 11.=1
, 2, ... H av

- KOH-

CTaHTa, onpe.lI.e.T1HeMa5I paBeHcTBoM (3).

2.3. HHTepnOJ1S1UHOHHblH TpHroHOMeTpH'IeCKHH nOJ1HHOM JIarpaHJKa

EC.T1H .lI.Ba TpHroHOMeTpH'IeCKHX nO.T1HHOMa Tn (x) H Qn (x) COB-

na.lI.aIOT B 2n + 1 pa3.T1H'IHbIX TO'IKaX n0.T1Y3aKpbIToro HHTepBaJIa
a x < a+ 2n, TO H X pa3HOCTb Tn (x) - Qn (x), HBJI5IIO a5IC5InOJIH-

HOMOM nOpH.lI.Ka n, paBHa HYJIIO B 3THX TO'IKaX
,

a CJIe.lI.OB.aTeJIbHO,
H T02K.lI.eCTBeHHO paBHa HY.T1IO, TaK KaK He paBHblH T02K.lI.eCTBeHHO

HyJIIO nOJIHHOM n-ro nOp5I.lI.Ka M02KeT HMeTb Ha nepHO.lI.e He 60JIee

2n HyJIeH.

*) BclO,!\Y B 3TOii KHHre MbI C1JHTaeM, 1JTO U - b ('J... E 8), r,!\e It eCTb HeKOTo-

pee MHOJKeCTBO qHCeJI J.., eCJlH CYlUecTBYIOT .!lBe nOJlOJKHTeJlbHble KOHCTaHTbI Cl H C,
'I'8KHe, 1JTO ,!\JHI Bcex 'J... E 8 Bb1nOJlHHIOTCH HepaBeHCTBa cIa;.,,,s:; b;., c2a ,
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I1TaK, TpHfOHOMeTpHlJeCKHH: 1I0JIHHOM Tn (X) 1I0pSl Ka n BlIOJIHe

OlIpe eJISleTCSI CBOHMH 3HalJeHHSlMH

Yo, Yn, ..., Y2n,

COOTBeTCTBYIO HMHKaKHM-HH6Y b2n+ 1 pa3JIHlJHbIM TOlJKaM

Xo <Xl <... <X2n <xo+2n

lIepHOJl,a.
HeTPYJI,HO HalIHCaTb SqxpeKTHBHOe BbIpa}KeHHe  JISI HerO.

LLeHCTBHTeJlbHO, Ha OCHOBaHHH 2.1.1 CPYHKIJ:HSI

. x-xo
i

X-Xm_l
in X-Xm+f

. x .ri'l
8m ...8n

2
8

2 ...sm,-----
Q(m) (X) =

. Xm-Xo . Xm-Xm_l . xm -xm+1 . Xm-Xan
8m ...8m 2

8m
2

...8m
2

(m=O, 1, ..., 2n)

eCTb TpHroHOMeTpHlJeCKHH: 1I0JlHHOM 1I0pSlJl,Ka n, 06J1aJl,aIO HH:, olle-

BHJI,HO,. CBOHCTBOM

{
I k = m,

Q(m) (Xk) =
'

0, k=l=m

f103TOMY HCKOMbIH: TpHroHOMeTpHlJeCKHH:
TBOpSlIO HHYCJlOBHHM

Tn (Xk) = Yk

(k, m=O, 1, ..., 2n).

1I0JIHHOM Tn (x), YJI,OBne-

(k=O, 1, ..., 2n),

MO}KHO 3anHcaTb B BHJI,e

2n

Tn (X) = Q\m) (X) Ym=
m=O

2n
. X-Xo . X-Xm_i . X-Xm+I . X-Xan
8m ...8m

2
8m

2
...8m

=.! . Xm -Xo .
Xm -Xm_l .

xm -xm+1 .
Xm -xa...

Ym.
m=O 8m

-y-...
8m

2
8m

2
...8m

2

Oco6eHHO Ba}KHbIM SlBJISleTCSI CJIYlJaH: paBHoOTCTOSl1lI.HX Y3no.
HHTepnOJISlIJ:HH, T. e. KOrJl,a

2k:n
Xk = 2n+1

(k=O, 1, ..., 2n).

B 3TOM cJIYlJae MO}KHO HalIHcaTb lIpocToe Bblpa}KeHHe Jl,JlSI Q\m) (x),
ecn" npHHSlTb BO BHHMaHHe, liTO TpHrOHOMeTpHlJeCKHH lIOJIHHOM

. 2n+l
I 8m x

Dn (X) =-2 +cosx+...+cosnx= (1)
2

. x
8m

2'
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06JIa aeTCBOllCTBaMH

2n+ I 2kn

Dn(O)= .Dn(Xk)=O, Xk=
2n+1

(k= 1, 2, .." 2n).

OTclO aCJIe yeT. tlTO nOJIHHOM

2

Q(m) (X)= 2n+1 Dn(X-xm) (m=O, 1,2, ...)

Y OBJIeTBOpHeTyCJIOBHHM

{
I k = m,

Q(m) (xk ) =
'

0, k=l=m.

TaKHM 06pa30M, BCHKHH TpHroHOMeTpHtleCKHH nOJIHHOM

n

Tn (x)= + (ak cos kx+bk sin kx)
k=l

(2)

MO>KHO 3anHcaTb B BH e

2n

Tn(X)= 2n 1 Dn(X-Xk) Tn (Xk) =
k=O

. 2n+l
I

2n
sm (x-xk}

=

2n+ I
. X-Xk

Tn (Xk)' (3)
k=O sm 

3aMeH5IH B 3TOM paBeHCTBe Dn (x) COOTBeTCTBYIO eHcYMMoA.
nOJIYtlHM *)

2n n

Tn(X)= 2n 1  'COSi(X-Xk) Tn (Xk) =

k=O ;=0

= 2n I f' [( i cos ixkTn (Xk») cos ix + (i sin ixkTn (Xk») 'sin IX].

;=0 k=O k=O

CpaBHHBaH K03<p<!Hf!1.HeHTbI npH cos ix H sin ix C cooTBeTcTBylO HMH
K03<p<!m!1.HeHTaMH Tn (X). nOJIytlHM

2n

aj= 2n
2

+ I cos iXkTn (Xk) (j = 0, 1, .... n),
k=O

2n

bj= 2n l,! sin iXkTn (Xk) (j=I, 2, "" n),
k=O

n n

-) Mbi C'IHTaeM, 'ITO ,!' Uk = + Uk'
k=O k=l
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2.4. UHTepnOJJSIIJ,uoHHaSi 4JopMYJJa M. Pucca *)

ECJIU Tn (0) eCTb TplIrOHOMeTplIqeCKIIH nOJIUHOM

n

Tn(O)= a; + .! (akcoska+bksinka), (I}
k=l

TO  .T1S1 HerO crrpaBe JIMBOTo  eCTBO
2n

Tn (a) = an CDS na + CO nna (- I)k ctg a--;ak Tn (ak) , (2}
k=l

r e

2k-1

ak= n (k = I, 2, ...
, 2n).

JJ:OKa eMero.
TOqKII Ok CYTb HYJIII rrOJIMHOMa cos na, rronOMY

2n

a A n
. a-ak

cosn =

SIn .
k=l

(3}

OTCIO a<PYHKIJ.MSI
. a-{n+am)
sm

Q(m) (0) =
cos na

(_I)m ctg
a-am

= (_I)m+1
cos na 2

2n 2 2n. a-am
sm
-y-

(m= I, 2, ..., 2n)

eCTb TplIroHOMeTpHqeCKIIH rrOJIIIHOM rropSl Ka n, TaK KaK OHa rrpek
CTaBJIHeT c060ii rrpolI3Be eHlIe BII a (3), B KOTOpOM MHO IITeJIb

. a-Bm . a-(n+Bm) '='
SIn 3aMeHeH Ha MHO IITe.T1b SIn

2
. .:7TOT rrOJIIIHOM,

OqeBII HO,paBeH HYJIIO BO Bcex TOqKaX ak' 3a IICKJIlOqeHlIeM TOqKII am,
r eOH paBeH e IIHIIIJ.e. B

I
rrOCJIe HeMMO HOy6e IITbCSI, rrplIMeHIIB

rrpaBIIJIO J1orrIITaJIH. I1TaK,

Q\m) (
O

k) = {
I, m = k,

u (k, m =" I, 2, ..., 2n).
0, m=l=k

OTclO aCJIe yeT, qTO <PYHKIJ.II H
2n

T (a)=CO :B (_I)kctg a-;Bk Tn (ak)
k=1

eCTb TplIrOHOMeTplIqe KlIii rrOJIIIHOM rropH Ka n, cOBrra aioIIJ.IIA
C IICXO HbIM rrOJIIIHOMOM Tn (0) B HYJISIX cos na. B TaKOM cJIyqae

*) M. PH C C [I].
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Ha OCHOBamm TeopeMbI 2.1.1 0 HYJUIX TpHroHOMeTpHqeCKOro IIO,'U!-

HOMa

Tn (e) =c cos ne+ T (e), (4)

r ec - KOHCTaHTa.

HaM OCTaJIOCb eIIJ;e IIOKa3aTb, qTO

c=an. (5) 

B caMOM  eJIe, K03<P<PHI.I.HeHT <I>YPbe TpHroHOMeTpHqeCKOrO IIOJIH-

t 1J-lJk u

eHOMa cos ne C g ---r' cooTBeTcTBYIOIIJ;HH cos n
, paBeH

n n

1 r 1J-lJk I r u

n J
cos

2 ne ctg-y- de
=n J

cos
2 n (u + ek) ctg 2 du =

-:ni -n

n

= S sin2
nu ctg du = 0..

-n

TaK KaK IIo bIHTerpaJIbHaH<PYHKIJ.HH B IIO(,JIe HeMHHTerpaJIe HeqeT-

HaH. B TaKOM cJIyqae rrOJIHHOM Q(m) (e), a CJIe OBaTeJIbHO,H IIOJIH-

HOM T (e) He CO ep:iKHT B ce6e qJIeHbI C cas ne. OTCIO aH3 (1) H

(4) BbITeKaeT (5).
TO:iK eCTBO(2)  OKa3aHO.ECJIH IIpo H<p<pepeHIJ.HpyeMero H IIOJIO-

:iKHM 3aTeM e = 0, TO rro.'IyqHM
2n

T (0) = 4
"\1

(_I)k+1 IJ
Tn (e k).n,," '2k

k=1 sm
2'

cno IIOCJIe Hee paBeHCTBO crrpaBe JIHBO  JIH JII06oro IIOJIHHOM3

IIopH Kan, B qaCTHOCTH, OHocrrpaBe JIHBO JIHrrOJIHHOMa Tn(u+e),
r e u - IIepeMeHHaH, a e 3a<pHKcHpoBaHo IIpOH3BOJIbHO. TaKHM

o6pa30M,  JIHJIlOOOrO e HMeeT MeCTO

2n

T (e) = 4 (_I)k+1 Tn (e+ek).
k=1 sm2

2'

cho H eCTb <popMYJIa M. PHcca.

(6)

2,5, HepaBeHCTBO nepHIIITeiiHa

ECJ1H IIOJIO:iKHTb B <popMYJIe M. PHcca 2.4 (6) Tn (e) = sin ne..
TO npH e = 0 IIOJIyqHM

n

n=4   '
k=1 SIn

2'

(1 ).
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Tl03TOMY H9 2.4 (6) .l(JUI m06oro TplfroHOMeTpHqeCKOrO nOJIHHOMa

nOpH.l(Ka n CJIe.l(yeT HepaBeHcTBo

T IIL* 0;;;; n Tn IIL* (1 0;;;; p..o:;;; 00), (2)
p p

ijf  L = (f I tiP der
p

,

lIa3bIBaeMoe HepaeeHCtn80M. BepHtUmeuHa.
OHO HBJIHeTCH TOqHblM B TOM CMbICJIe, tITO cyrn;ecTByeT TpMro-

HOMeTplfqeCKHH: nOJIMHOM, .l(JIH KOToporo OHO npeBparn;aeTCH B paBeH-
CTBO. I1MeHHo, 3TO IfMeeT MeCTO .l(JIH nOJIHHOMa

Tn (e) = A sin (ne + a),

f'.l(e A If a - npOH3BOJIbHbJe .l(eH:CTBHTeJ1bHble KOHCTaHTbJ.

2.6. TpHrOHOMeTpH'IeCKHe nOJ1HHOMbl OT MHorHX nepeMeHHblx

«1>YHKUHH BH.l(a

Tv
l. ...,Vn (Zlo . . .

t
z ) = C el(klzl+...+knZn>n .L..I k

I , ...,
k
n t

-'Y I:s;;.k/:s;;.v/
/=1, ..., n

(1)

r.l(e '\1 10 ..., '\In - HaTypaJIbHble qHCJIa, Z1' ..., Zn - KOMnJIeKCHble

nepeMeHHble H Ck
l , ...,

k
n
- IIOCTOHHHble K03<p<pHUHeHTbI, Bo06rn;e rOBOpH,

KOMIIJIeKCHble, 3aBHCHrn;He OT ueJIbIX kl , ..., kn , Ha3bIBaeTCH mpu-
eOHOMempUI/.eCKUM. MAUHOM.OM. nOpflOK08 '\11, ..., '\In COOtn8emctn8eHHO

no nepeM.eHHblM. Z10 ..., Zn'
YnOTpe6.TU1H BeKTOpHbJe 0603HaqeHHH

'\I = ('\110 ..., '\In), k = (klo ..., kn),

z = (ZIo .f.., Zn),

n

kz = k/Zz,
1

(Sy.l(eM ern;e nHCaTb

T= Tv (z) = C,.elb
-v/:s;;.k/:s;;.v/
1=1, ..., n

'If rOBOpHTb, qTO T = Tv eCTb TpHrOHOMeTpHqeCKHH: IIOJIHHOM OT Z

IJOpH.l(Ka '\I.

ECJIH K03<p<pHUHeHTbI y.l(OBJIeTBOpHIOT COOTHOlIIeHHHM

C_II = CII, (2)

T. e. eCJ1H OHH H3MeHHlOTCH Ha HM COIIpH>KeHHbJe qHCJIa npH IIepe-
MeHe 3HaKa Y Bcex HH.l(eKCOB kz, TO .l(JIH .l(eHCTBHTeJIbHbIX Z-
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= (Zit..., zn) nOJIHHOM Tv eCTb ,n:eHcTBHTeJIbHaH <PYHKI1.HH. B caMOM

,n:eJIe, eCJIH x = (XIt ..., xn) eCTb ,n:eHcTBHTeJIbHaH TOqKa, TO,

B CHJIY (2)

Tv (x) = Cke-tkx = C-ke-
tkx
= Tv (x).

I kzl E;;v1 -V1 E;;-k1 E;;V1
1=1, ..., n 1=1, ..., n

MbI 6y,n:eM rJIaBHbIM 06pa30M HMeTb ,n:eJIO C nOJIHHOMaMH, y,n:OB-
JIeTBOpHIO HMH YCJIOBHIO (2), KOTopbIe eCTeCTBeHHO Ha3BaTb oeu-

cmeumeAbfiblMU mpucofiOMempUI/.eCKUMU nO/lUfiOMaMtl.

l(JIH KOMnJIeKCHbIX Z ,n:eHcTBHTeJIbHbIe nOJIHHOMbI Tv (z) Bo06 e-
He HBJIHIOTCH ,n:eHCTBHTeJIbHbIMH, HO OHH ,n:eJIaIOTCH ,n:eHCTBHTe,,1b-
HbIMH <PYHKI1.HHMH, eCJIH HX paCCMaTpHBaTb KaK <PYHKI1.HH OT ,n:eii-
CTBHTeJIbHbIX x = (X1o ..., Xn).

1\1bI onpe,n:eJIHJIH ,n:eHCTBHTeJIbHbIe TpHrOHOMeTpHqeCKHe nOJIH-

HOMbI Tv KaK JIHHeHHbIe KOM6HHaI1.HH (I) H3 KOMnJIeKCHbIX <PYHK-
I1.HH etkx C KOMnJIeKCHbIMH K03qx!mI1.HeHTaMH, y,n:oBJIeTBOpHIO HMH>
YCJIOBHHM (2) conpH)KeHHOCTH, HO HX MO)KHO onpe,n:eJJHTb TaK)Ke-

KaK JIHHeiiHbIe KOM6HHaI1.HH C ,n:eikTBHTeJIbHbIMH K03cjxpHI1.HeHTaMH
H3 ,n:eHcTBHTeJIbHbIX <PYHKI1.HH. TaKHMH <PYHKI1.HHMH HBJIHIOTCH Bce-

B03MO)KHbIe npoH3Be,n:eHHH BH,n:a

'Pl (Xl) 'P2 (X2)... 'Pn (Xn), (3f

r,n:e 'PdX1) (1=1, ..., n) eCTb JIH60 <PYHKI1.HH sinkx1 (I k V1)'
JIH60 <PYHKI1.HH COS kXI (0 k V1)'

Ha060poT, BCHKaH JIHHeHHaH KOM6HHaI1.HH H3 <PYHKI1.HH BH,n:a (3}
C ,n:eHcTBHTeJIbHbIMH K03cjxpHI1.HeHTaMH eCTb cYMMa BH,n:a (I) C K03<P-
<pHl.J.HeHTaMH, y,n:OBJIeTBOpHIO HMH YCJIOBHIO (2) conpmKeHHOCTH,.
T. e. ,n:eiicTBHTeJJbHbIH TpHroHOMeTpHqeCKHH nOJIHHOM nopH,n:K3

v = (V1o ..., vn).
TpHroHOMeTpHqeCKHe nOJIHHOMbI Tv CYTb HenpepbIBHbIe nepHO-

,n:HqeCKHe no Ka)K.lJ:oA nepeMeHHoH <PYHKI1.HH H, CJIe,n:OBaTeJIbHO, OHU
(n)

BXO,n:HT KaK 3JIeMeHTbI B npOCTpaHCTBO C* H TeM 60J1ee B npo-
(n)

cTpaHcTBo L; (CM. 1.1.1).
Pa3JIHqHbIe <PYHKI1.HH BH,n:a (3) y,n:oBJIeTBOpHIOT YCJIOBHIO opToro-

HaJIbHOCTH Ha npHMoyrO.T1bHHKe

8(n) = {O Xk 21t; k= I, ..., n}

6
u d

n) L(n)H nOTOMY 0 pa3yIOT JIlmeHHO He3aBHcHMYIO cHcTeMY B * H B ;
(I  p oo).

B KaqeCTBe npHMepa OTMeTHM, qTO BCHKHH ,n:eHcTBHTeJIbHbIH
TpHroHOMeTpHQeCKHii nOJJHHOM nopH,n:KOB Jl, v COOTBeTCTBeHHO no
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x, Y MO:lliHO 3anHCaTb B BH e

J-I, v

T
J-I,," (X, Y) = S S (akl cos kx cos ly +

k=O 1=0

+ bkl COS kx sin ly + Ckl sin kx cos ly + dkl sin kx sin ly),

r eakl, bkl , Ckl, dkl
-  eikTBHTeJlbHbleK03qxpHIl.HeHTbI.

ECJlH B nOJIHHOMe T" (z) 3acpHKcHpoBaTb Bce nepeMeHHble, KpoMe
O HOH, HanpHMep, ZI, TO Mbl nOJIYtlHM, OtleBH HO, TpHrOHOMeTpH-
tleCKHi.J: nOJIHHOM OT O HOH nepeMeHHOH ZI CTeneHH VI, H K HeMY

npH.T10:lliHMbl Bce CROHCTBa TpHrOHOMeTpHtleCKHX nOJlHHOMOB OT

OAHOH nepeMeHHOH.
O HaKOTpHrOHOMeTpHtleCKHe nOJIHHOMbl OT MHorHX nepeMeHHbIX

06,1Ja aIOT TaK:llie HHTepeCHbIMH CBOHCTBaMH, KOTopble TPY HO3apa-
nee npe BH eTbHa OCHOBaHHH TOJIbKO 3HaHHH CBOHCTB nO.T1HHOMOB

DT O HOHnepeMeHHOH.

2.7. TpHroHOMeTpHtleCKHe nOJIHHOMbI

no HeKoTopbIM nepeMeHHbIM

f1YCTb Iff = Rm X Iff' c: R n
-

Il.HJlMH pHtleCKOe MHO:llieCTBO TOtleK

x=(u, y), u=(xb ..., xm)ERm , y=(xm+1' ..., xn)EIff', r e
Iff' - H3MepllMoe (n

- m)-MepHoe MHO:llieCTBO. BbI,lLeJlHM H3 Iff ycetleH-
HblH Il.HJIHH p

Iff
*
=!l (m) X Iff',

r e

!l(m)={O xk 2n:;k= I, ..., m}

eCTb m-MepHbIH Ky6, H BBe eM npocTpaHcTBo L (Iff) CPYHKIl.HH f =
= f (x) ( eHcTBHTeJIbHbIX HJlH KOMnJIeKCHblx), npHHa JIe:lliaUJ.Hx
K L (Iff *), H nOtlTY\  JI5I Bcex Y E Iff' (B CMbICJIe (n - m)-MepHoH

MepbI nepHO HtleCKl1x*nepHo a-
2n: no Ka)J{..'l.OH 113 nepeMeHHblX Xli ...

..., Xm' OtleBH HO, Lp (6') - nOJIHOe npOCTpaHCTBO.
0003HatlHM  aJIeetlepe3

T,,(x)=T,,(u, y)=T,,(xlI ..., Xm , y)

CPYHKIl.HH TaKHe, tlTO Ka:lli a51 H3 HHX npHHa Jle:lliHTK Lp (Iff) H nOtlTH

 Jl5I BCeX y E Iff' no U = (Xl, ..., Xm) eCTb Tpl1rOHOMeTpHtleCKHll
nOJlHHOM *) nOp5l Ka,,= (v!, ..., Vm):

MHO:llieCTBO Bcex TaKHX CPYHKIl.Hll npH ,lLaHHOM " 0603HatlHM

.tlepe3 an. (Iff). OHO, OtleBH HO,JlHHellHoe.
"p -

") Ha,!\o HMeTb B BH,!\Y, lITO <PYHKUHH, 9KBHBaJIeHTHaH (OTHoCHTeJIbHO 8) 41YHK-
,({HM T" (x), paccMaTpHBaeTcH KaK paBHaH T

".
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Kam,lJ,afl <PYHKIl.lIfl Tv E Lp (tff *), rro3ToMY (TeopeMa <I>YOIIHII)
cYIII.ecTByeT MHomeCTBO tff; c tff, rrO.T1HOH Mepbl TaKoe, qTO Tv (u, y) E
E Lp (t!.(m) c L (t!.(m) rro u ,lJ,JIH Bcex Y E tff; (t!.(m) OrpaHlIqeHo!).
MomHO 3aO,lJ,HO CqlITaTb, qTO ,lJ,.T1H Bcex Y E tff; IIMeeT MeCTO rrpe,lJ,-
CTaBJIeHlIe

Tv (u, y) = cdY) e
lkU

,

-vI kl vI
1=1, ...,n

(1)

r,lJ,e Ck (y) - HeKOTopbIe <PYHKIl.IIII, 3aBIICflIII.lIe OT y. B CII.T1Y OpTO-
rOHa.T1bHbiX CBOHCTB elku CrrpaBe,lJ,.T1IIBbI paBeHCTB8

Ck (y) = (2 )m ) Tv (u, y) elku du,
,6.lm l

(2)

113 KOTOpbIX CJIe,lJ,yeT, B qaCTHOCTII, rro TeopeMe<I>YOIIHII, qTO Ck (y)-
1I3MeplIMbie <PYHKIl.1I1I Ha tff', rrOTOMY qTO T'\), KaK rrpHHa,lJ,.T1emaIII.aH

K Lp (tff *), BO BCflKOM CJIyqae .T10Ka.T1bHO CYMMlIpyeMa (eC.T11I ObI

,lJ,ame rfJ' ObI.T10 HeOrpaHlIqeHHbIM). 113 (2), rrplIMeHIIB 0606III.eHHOe

HepaBeHcTBo MIIHKoBcKoro, a 3aTeM reJIb,lJ,epa, rrOJIyqlIM

Ilck(Y)\\Lp(c8") (2 )m ) II Tv (u" Y)I\Lp(c8',)du 
,6.lmJ

(2 )11l1 t!.(m) II/q 1\ Tv I!L
p

(c8'.)
= cll Tv l\Lp (c8'.) ( + = 1) , (3)

r,lJ,e It!.(m) I eCTb (m-MepHbIH) oODeM t!.(m) II C-KOHCTaHTa.

MbI ,lJ,OKa 3 a.T1 II
,
qTO Kam,lJ,aH <PYHKIl.IIH Tv E  )l p(rfJ) rrpe,lJ,CTaBIIMa

B BII,lJ,e (1), r,lJ,e Ck (y) y,lJ,OB.T1eTBOpHlOT HepaBeHCTBaM (3). OopaTHoe,
OqeBII,lJ,HO, TaKMe BepHo.

nOJIb3YHCb 9TIIM CBOHCTBOM <PYHKIl.IIR Wl p(tff) II TeM <paKToM,
qTO rrpoCTpaHcTBo Lp (tff') rrO.T1HO, .T1erKO BII,n:eTb, qTO BepHa C.T1e-

,lJ,ylOIII.aH JIeMMa.

2.7.1. J1 e M M a. M!-IO:J/Cecmeo  )l p(tff) ecmb no8npocmpaf-lcmeo
e Lp (tff).

ECJIII tff = Rn, T. e. rfJ' rrYCTO, TO  )l;p(rfJ) eCTb, OqeBII,lJ,HO, K TOMY

me KOHeqHOMepHoe rrO,lJ,rrpOCTpaHCTBO. EC.T11I me rfJ' IIMeeT rrOJIomlI-

TeJIbHYlO (n-m)-MepHYlO Mepy, TO Wl;p(rfJ) He KOHeqHOMepHO.
2.7.2. JI..T1H <PYHKIl.IIH

Tv = Tv (Xl> y) E  )l;p(tff) =  m;p(RI X rfJ'),

(5!BJI5!lOIII.HXCH TplIroHOMeTplIqeCKIIMII rrOJIIIHOMaMH rro Xl CTerreHII v)
rrOqTII ,lJ,.T1H Bcex Y E rfJ', BbIIIOJIHHeTCfl 0600III.eHHOe HepaBeHcTBo

4 C. M. HHKonbCKull
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BepHWTeAH8

i  lp(".)...; v T" Ik
p (".)

(c8'."",,[O,2n]x6"'; XI E[O,2n],

(1)

11 E! c8"),
.D.eikTBHTeJIbHO, T" (Xlt y) eCTb TpMrOHOMeTpHqeCKJd\ nOJIHHOM

no Xl .l1.JIH Bcex y e 6" c 6"', f.l1.e 6" MHO>KeCTBO nOJIHoA MepbI B If,
nOiTOMY H8 OCHOBaHHH 2.5 (2) npH l.e;; p < 00

2 2n

J I iJT"J:;' y) IP dXI ...; vP J IT" (Xlt y) IP dxl (y ail ID. (2)

HHTerpHpYH ooe qaCTH SToro HepaBeHCTBa nO y E 6"1 H B03BO.l1.H

B CTerreHb lip, nOJIyqHM (1). npH p = 00 HepaBeHcTBo (1) OQeBH.l1.-
HbIM oopa30M BbITeKaeT H3 cooTBeTcTBYIOIII.erO HepaBeHcTBa 2.5 (2).

2.7.3. JJ:pyrHe HepaBeHcTBa .l1.JIH TpHroHOMeTpHQeCKHX nOJIHHG-

MOB, KOTOpbIMH MbI oY,lLeM nmpOKO IIOJIb30BaTbCJI, CM. B 3.3 H 3.4.



fJIABA 3

Ll.EJ1bIE <l>YHKLl.I1I1 3KCllOHEHLl.I1AJ1bHOrO Tl1llA,
OrPAHI14EHHbiE HA Rn

3. t. llpe,!l.BapHTeJIbHb1e CBe,!l.eHHSI

B 3TOH rJIaBe MbI paccMoTpHM HeKOTOpb1e CBoHcTBa UeJlb1x CPYHK-
UHH 3KcIIoHeHUHaJlbHOrO THrra, OrpaHH1J:eHHbIX Ha ,!I.eHCTBHTeJIbHOM

rrpocTpaHcTBe Rn = R. Mb1 YBH,!I.HM, 1J:TO OHH BeCbMa aHaJlOrlI1J:Hb1

cooTBeTcTByIOII.{IIM CBOHcTBaM TpHroHOMeTpH1J:eCKHX rrOJIHHOMOB. B TO

BpeM5! KaK TplIrOHOMeTpI1'IeCKHe nOJIHHOMbI 51BJI5IIOTC5I XOpOIllI1M

CpeD:CTBOM rrpI10JIII)j(eHlI5I rrepHO,!l.H1J:eCKHX CPYHKUHH, ueJlble CPYHKUHI1
3KCnOHeHUI1aJIbHOrO THrra MOrYT CJlY)j(HTb Cpe,!l.CTBOM rrpHOJIH)j(eHII5I *)
HerrepHO,!l.II1J:eCKHX CPYHKUIIH, 3a,!l.aHHbIX Ha n-MepHOM rrpOCTpaHCTBe.
BblTb M02KeT, HeHCKYIlleHHOMY B 3THX BOrrpOCax 1J:HTaTeJIIO CJIe,!l.yeT
HaqaTb 3TY rJIaBY C 1J:TeHHH 3.1.1, r,!l.e ,!I.OrrOJIHIITeJIbHO ,n:alOTC5I

06I1.{He CBe,!l.eHH5I H3 TeopHH KpaTHblx CTerreHHblX p5l,!l.OB.

3a,!l.a,!l.HM n HeoTpHUaTeJIbHbIX 1J:HCeJl VII ..., Vn (He 005l3aTeJlbHO
ueJlbIX) HJlII HeOTpHuaTeJIbHb1H BeKTOp v = (VII ..., Vn) O.

<l>YHKUHIO

g = gv (z) = gvP .... v

n
(ZII ..., Zn)

Ha3bIBalOT t{e.llOu cpYHKt{uer1. 8KCnoHeHt{uaAbHOeo muna v, eCJlH ,!I.Jl5I

Hee BbIIIOJIH5IIOTC5I CJle,!l.YIOUJ:He cBoikTBa:

1) OHa eCTb UeJIa51 CPYHKUlI5I rro BceM rrepeMeHHbIM, T. e. pa3-
JIaraeTC5I B CTerreHHoii p5l,!l.

g (z) = akzk =
k;;;'O

a Zkl Zknk
l , .... k

n 1
...

n

k1;;;.O
1=1, ..., n

(1)

*) BnpO'leM, B TO BpeMH KaK TpHrOHOMeTpH'IecKHH: nOJIHHOM onpe,!\eJlHeTCH
KOHe1JHbIM 1JHCJIOM 1JHCJIOBbIX napaMeTpOB (Ko9<jxpHuHeHTOB), 41YHK HJI 3KCnOHeH-
UHaJIbHOrO THna, Bo06lUe rOBOpJI, CYlUeCTBeHHO onpe,!\eJIHeTCH 6eCKOHeqHb\M (CQeT-
Hb1M) 1JHCJIOM napaMeTpOB (m\npHMep, K03<p<pHlJ.HeHTOB ee pJI,!,a TeH:JIopa), n03TOMY
B npaKTH1JeCKHX BbI1JHCJIeHHJIX nOHBHJIaCb 6b1 He06xo,!lHMOCT& B npH6JIHJKeHHH ee

elUe 60JIee npoCToH 41YHKIJ,HeH.

4*
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C nOC'FOHHHbIMH K03<pqJHI1.HeHTaMH ak = (ak1, .... k
n)' aOCOJllOTHO CXO-

.l(HlII,HikH ,lJ;JlH Bcex KOMITJIeKCHblX Z = (Zh ..., Zn)'
2) .ll.JIH IICHKOrO 8> 0 CYlII,eCTByeT ITOJIO}KHH JIbH06! qHCJlO As

TaKoe, qTO .l(JlH Bcex KOMnJleKCHblX Zk = Xk + lYk (k -1. ..,. n) Bbl-

nOJlHHeTCH HepaBeHcTBo

BY.l(eM elII,e

K KJlaccy E'\I'
nOJlO:lliHM P = (PI, .... Pn) (Pj > 0; j = 1. ..., n).

IZjl pj, M(p)= sup Ig(z)/.
I z;lo;;;Pj

n

I g (z) I A8 exp (Vj + e) I Zj I.
1=1

rOBopHTb, qTO YKa3aHHaH <PYHKI1.HH g'll npHHa.l(JleIKHT

(2)

H nycTb

Tor.na H3 CBoHcTBa (2) CJIe.nyeT, OqeBH.nHO, HepaBeHcTBo
n

M (p) Ae exp (v; + e) PI>
1=1

H Hao6opoT, ITOTOMY qTO

(
n

)
'/i n

Ig(z)I M  IZjr  A8eXPi 1(vj+e)lzj!'

npOH3BO.nHYlO ITOpH.nKa k = (k1 , ..., kn) OT g B TOqKe

= (zt. ..., Zn) MO:lliHO 3aITHCaTb ITO <popMYJle KOIIlH

(k) (z) = S S g (b1' ...,  n)dbl'" dbn
g (2

.

)n
. ..

11 '
m

k.+1ci C
n II (b;-Zt) 1

/=1

z=-

(3)

r.ne Cj
- OKPY:lliHOCTb B ITJlOfKOCTH C I1.eHTpOM B Zj' C7Ie.nOBa-

TeJlbHO, eCJlH CqHTaTb, qTO Z = 0 H Cj HMeeT pa.l(HYC Pit TO ITOJIY-

qHM HepaBeHCTBO KOIIIH
M (1')

lakl  ,p

TIYCTb
kj

Pj= '11/+ 8
'

TorJ{3

I ak ! ..,..; A 8

el k I ('\I
k

+ 8)k
"""'"

k
(e = (e, ..., e». (4)

MbI .l(OKa3?JIH, .
QTO 113 (2) CJIe.nyeT, qTO .nMI BCHRoro f > 0

Hai%.l(eTCH As TaKoe, qTO BbIITOJIHHeTCH (4). COrJlaCHO <popMYJIe
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en!pmiHra

 -eV21t )n(k1 ".kn)I/2
n
n

( 1 + )kf ( 0 k )1.1
-

Bkf Bkf-+' {-+oo,
k kl j=1

n09ToMY li3 (4) C.T1e.n.yeT (2) (HO Bo06uw C ,n:pyroH KOHcTaHToH Ba):
n

(v+2e)k (v/ +2a) Pi

M(p) "",laklpk Be"", kf pk=Bee l
I

1.1 1.1

r.n.e Be - .n.OCTaTO'lHO 60JIbiliOe 3aBliC5IIII.ee OT B 'IliC.T10.

1.13 .n.OKa3aHHoro C.T1e.n.yeT, 'ITO eC.T1H g 6 Ev, TO li m06a51 ee 'IaCT-

Ha51 npOli3BO.n.Ha51 g(J..) e Ev. ,LLeJIO B TOM, 'ITO li3 (4) C.T1e.n.yeT, 'ITO

MO.n.YJIb (k - A)-ro K09<P<!mUlieHTa CTeneHHOrO p5l.n.a g(J..) y.n.OB.T1eTBO-
p5leT HepaBeHCTBY

12-a I &A, elk- I(v+2e)k-J..
(k- /.,)1

1.1 -= 8

(k- J.,)k-J..
'

r.n.e A .n.OCTaTO'lHO Be.T1liKO.

113 CKa3aHHOrO CJIe.n.yeT, 'ITO B C.T1Y'lae ue.T10H <PYHKUlili
ex>

f (Z) = akzk
k=O

OT O.n.HOH nepeMeHHOH C.T1e.n.YlOIII.lie .n.Ba YC.T10Bli 51 , Ka2K.n.Oe li3 KOTO-

pbIX Bblpa2KaeT, 'ITO f 9KCnOHeHulia.T1bHOrO Tlina CTeneHli V, 9KBli-

BaJIeHTHbI:
_

I
' In M (r)
Im- v

f-+ co
r (5)

li

!im !!... VI an I = !im y nil an I v. (6)
n-+co

e
n-+co

0603Ha'lliM 'Iepe3 W1
vp (R) = :JJ1

vp (1 p 00) cOBoKynHocTb
Bcex UeJIbIX <PYHKUliH 9KcnOHeHUliaJIbHOrO Tlina V, KOTopble KaK

<PYHKUlili OT .n.eHcTBliTeJIbHOrO X EO R = Rn npliHa.n..T1e2KaT K Lp =<

= Lp (R). DOJI02KliM eIII.e W1v
=  )1vex>, T. e. W1v COCTOliT li3 Bcex

<PYHKUliH Tlina v, OrpaHli'leHHbIX Ha R.
3aMeTliM Y2Ke CeH'IaC, 'ITO B .n.a.T1bHeHilleM 6y.n.eT }1.0Ka3aHO , 'ITO

(CM, 3.2.5 li.T1li 3.3.5) npli JI1060M p (1 p 00) W1
vp <= Wlv . KpoMe

Toro, 6y.n.eT Bli.n.HO (CM. 3.2.2 (10), (f =Rn, n=m), 'ITO .n..T151 Ka2K.n.OH:

<PYHKUlili g EO  )1v CYIII.eCTByeT He 3aBliC5IIII.a51 OT Z KOHCTaHTa A

TaKa5l, 'ITO
n

1: V;!Ykl
Ig(z):  Aej=1 (Zl = xI + iYj). (7)



IO'J UEnblE CZ>YHKl.J.MM SKCnOHEHl.J.HAnbHOrO TMnA (rn. a

31'0 HepaBeHCTBO CHJIbHee HepaBeHcTBa (2). 113 Hero Henocpe.llCT-
BeHHO CJIe.llyeT, liTO g orpaHHlleHa Ha Rn. TaKHM 06pa30M, ID1y
MO>KHO onpe,n:eJIHTb KaK Knacc l.I.eJIbIX <PYHKl.I.HA f (z), ,IlJIH KOTOpbIX
HMeeT MeCTO (7).

<I>YHKl.I.HH
etk8 + e-tk8 .

k
etkz - e-tkz

e
ik8

, cos kz =
2 ,S1O Z =

2/ '

r,n:e k - .u.eikTBHTe.T1bHOe IIHCJIO, npHHa.ll.T1e)!{aT,
IDl/ kl (Rl) = W1jk /.

TpHroHoMeTpHllecKHH nO.T1HHOM

Tv (z) = Tv
l. .... V

n
(Z1> ...,

OqeBH.u.HO, K K.T1accy

Zn) = C ikZ
I ktlE;;vl
fE;;lE;;n

npHHa.u.ne)!{HT K W1" (Rn), HO He K ID1"p (10.;:;; P < 00).
<I>YHKl.I.H5I sin z/z OT O.u.HOH nepeMeHHoH z npHHa.u..T1e)!{HT K ID1lP (Rl)

1 < p E;;;; 00. B caMOM .u.ene, KaK CPYHKl.I.H5I OT .u.eHcTBHTe.T1bHOrO x

OHa, OlleBH,n:HO, npHHa.u..T1e)!{HT K Lp C YKa3aHHbIMH orpaHHlleHH5IMH
Ha p. C .u.pyroH CTOpOHbI, OHa eCTb, OlleBH.u.HO, l.I.e.T1a51 CPYHKl.I.H5I;
.IlaJIee, sin z eCTb l.I.e.T1a51 <PYHKl.I.H5I, H HeTpy.u.Ho BH.u.eTb, liTO .u.n51 Hee

npH HeKOTopOH KOHCTaHTe Cl BbInO.T1H5IeTC5I HepaBeHCTBO

Isinz lo.;:;;cle1yl ,

n09TOMY

I
sin z

I I
----z- Cle l y (I z I 1).

C ,n:pyroH CTOpOHbI, cyrn.ecTByeT n0.T10)!{HTe.T1bHa51 KOHCTaHTa Ca Ta-

Ka5l, liTO

l  zl C2 (lzl l),

Ho, TaK KaK 1  eIYI,TO

I s 
z

I C2el y I (I z I 0.;:;; 1),

TaKHM oopa30M, HMeeT MeCTO

I s 
z

I  cefgl »;n51 Bcex z,

r,n:e

C = max (Clt C2)'

<I>YHKl.I.H5I ee npHHa.u..T1e)!{HT K EdRl) , T. e. eCTb l.I.e.T1a51 aKcna-

ReHl.I.HaJIbHOrO mna, HO He npHHa,n:ne)!{HT K ID1lP (Rl) npH mOOOM p

(1-=-p oo).C .IlpyroH CTOpOHbI, !f>YHKl.I.HH eiz npHHa.u.ne)!{HT, olle-
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BH,n:HO, K rol1CO = roll (R1). AJIre6paH'IeCKHt\ MHOrO'IJIeH P (Z) ..

n

-= akzk eCTb, O'IeBH,n:HO, <PYHKUH5I THna ° He npHHa,n:JIe)l{aI.l{aSi
o

o,n:HaKO K rolop (R 1) HH rrpH KaKOM p (1 p (0). 113 ,n:aJIbHet\rnero
(CM. CHOCKY Ha CTp. 115) 6y,n:eT BH,n:HO, 'ITO eCJIH f E rolop (R1), TO

f - KOHCTaHTa (paBHa51 0, eCJIH I p< (0).
O'IeBH,n:Ho, rol

vp c
Wl

v
'
p , eCJIH

v=(Vl> ..., vn):E;v'=(v , ..., v ), T. e. Vj vJ U=l, ..., n).

ECJIH C'IHTaTb, 'ITO gv 0603Ha'IaeT HeKoToPYID <PYHKUHID HS KJIaCCa

Wlv , TO, OqeBH,n:no,

gvgiJ,
= gv+iJ,' gv + gv' :=z giJ,'

r,n:e

1-1. = (1-11> ..., f-ln), f-lj = max (VI> vj),
n

II gVj (Zj) = gv (Z).
1=1

.nerKO BH,n:eTb, 'ITO eCJIH g eCTb UeJIa51 <PYHKUH5I THrra e,n:HHHUa

rrO BceM rrepeMeHHbIM H f-lj =F ° (j = 1, ..., n), TO g (f-l1Xl> ...
, f-lnXn)

eCTb ueJIa5I <PYHKUH5I Tlirra I f-l11, ..., I f-ln I. BepHO H 06paTHOe
YTBep.)I{,lI,eHHe. MO)!{HO, rrOJIb3Y5ICb rrpHBe,n:eHHbIMH 06I.l{HMH CBOHCT-
BaMH, KOHCTpYlipOBaTb H3 3a,n:aHHbIX ueJIbIX <PYHKUHt\ 3KCrrOHeH-

UHaJIbHOrO Tlirra ,n:PyrHe TaKHe <PYHKUHH. MbI rrpHMeH5IJIH ,n:JI5I SToro

orrepaUHH CJIO)!{eHH5I H YMHO)!{eHH5I, B351TbIe B KOHe'IHOM 'IHCJIe.

Ba)!{HbIM cpe,n:CTBOM KOHCTpYHpOBaHH5I ueJIbIX <PYHKUHA 3KcrrOHeH-

UHaJIbHOrO Tlirra HBJI5IeTC5I rrpouecc HHTerpHpOBaHH5I no napaMeTpy
(CM. 3.6.2).

3.1.1. Clle"eHHSI 0 KpaTHbix CTeneHHblX pSl,ll.ax. D:ocTaTO'IHO Bce paccMoTpeHHSI
npoBecTH Ha npHMepe JI;BoIiHbIX pSl,nOB. D:JISI pH,nOB 60JIee BblCOKOA KpaTHOCTH OHB
8HaJlorH'IHbI.

TIO,A CYMMOU pJlQa
co co

S = uk1,
k=O 1=0

r,!\e Uk1' Bo06lUe rOBopH, - KOMn.neKCHble 1JIICJla, nOHHMaeTCSI npe,neJI
m n

lim Uk1=S
m, n_co k=O 1=0

(I)

(2)

(eCJIH OH cym,eCTByeT), KOr,ll.a HaTypaJIbHble 'IHMa m H n HeOrpaHHQeHHO B03-

paCTalOT He3iBHCHMO ,ll.pyr OT ,npyra.

PSI" (I) Ha3blBaeTCSI a6COAlOtnI-lO CXOQJI UMCJI, eMH CXO,nHTCSI PSlJJ; C 'IJIeHaMR

I Uk11. O'leBH,I,HO, a6COJIIOTHO CXO,ll.JIJUHIICH pSl,n CXO,nHTCSI.
fCJIH pSi" (I) a6COJIIOTHO CXO,!\HTCSI, TO ero 'IJIeHbl paBHOMepHO OrpaHH1JeHbI,

T. e. cym,eCTByeT KOHCTaHTa K TaKaSl, '1TO

I ukzl..; K (k, 1 = n, I, 2.. ..).
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OAWIKO ecJJH pH.lJ. (I) CXO,!\HTCH Hea6coJIIOTHO, TO ero 'IJIeHbI He 06H3aHbI 6b1Tb
paBHoatepHO orpaHllqeHHblMH, KaK nOKa3bIBaeT npHMep pH.lJ.a

00 00

akl>

o 0

(3)

r,ne 1201=11, all"'" -11, akl=O ,!\JIH OCTaJIbHblX HaTypaJIbHblX k, 1. OH CXO.lJ.HTCH
K cYMMe, paBHoli HYJIIO. HO He a6COJIIOTHO, H flJIeHbI ero He OrpaHH1JeHbI B COBO-

KynHOCTH.
PaCCMOTpHM CTeneHHoli p H,n

ex:> 00

f ("1,  )= 1J Ckl"1k l,
o 0

r,ne Ckl- KOMnJIeKCHbIe nOCTOHHHble H '1').
- KOMnJIeKCHble nepeMeHHbIe. TIYCTb

'TOT pH,!\ 86COJIIOTHO.) CXO,nHTCH B TOflKe '10,  o,r,ne '10:1= 0, '0:1= O. Tor,na OH

CXO.lJ.HTCH TaKEe a6COJIIOTHO H paBHOMepHO ,nJIH JII06b1X 'I,  ,y,nOBJIeTBOpHIOlUHX
HepaBeHCTBaM

(4) _

I I,r;;;;; PI I '10 I, I I PI I  o\, 0 < PI, PI < 1. (5)

B caMOM ,lteJIe, cyw.eCTByeT KOHCTaHTa C TaKaH, 'lTO

I Ckl1')Z &1< C (k, 1 =- 0, I,. ..),

n09TOMY JVIH yKalaHHblx  ,

I Ck(T}k ll"'" t Cklf)   'I r I  :r E;; cP P 

ft,  e.u.oBaTeJlbHO, 'lJIeHbI pJI,na (I) no a6COJIIOTHOA BeJIH1JHHe COOTBeTCTBeHHO

He rtpetlblWaIOT qJleHoB cxo,n  rOCHpJI,na

c   P!.P ""'(I-PJ I-P2)'

PJIA (I) saKOHHO nO'lJIeHHO ,nH4141epeH HpOaaTb,!\JIH YKa3aHHbiX Tj, CKOJIbKO

yro,nHO pM. a caMOM ,neJIe, nOCJIe o,nHOKpaTHoro .lJ.H#epeH HpOBaHHH, HanpHMep
no f'), oi5lUHIi 'lJIeH nOJIY'leHHoro p H.lJ.a ,nJIH YK83aHHblx '0, 6y,neT y,!\OBJieTBOpHT&
HepaBeHCTBaM

I cklk1]k-l ll""I Ctt  bII I  oI II r-
1

1  :r I I p -lp .

Cne,noBaTeJlbHO, npo,nH4xI>epeH HpOBaTIHbllip H,!\ paBHoMepHo CXO.lJ.HTCH B 06JIaCTH (5),
'taK KaK CXOJl.HTClI pSl,n

 1Jkp -lp <00.

lis CKa3aHHoro CJIe,nyeT, 'lTO

C _ ak+lf (0, O}
kl-

kIll t1r]ka l
.

*) ECJIH OT6POCHTb CJIOBO «a6COJIIOTHO», 10 9TO YTBep>K,!\eHHe Bo06lUe HeBepHo.

HanpHMep, eCJIH B (4) B KafleCTBe ckl B3HTb K09#HUHeHTbI akl pH,na (3), TO pH,n (4)
CXO,nHTCH npH 41=\;= I H pacxoJI.IITCH npH 1')=0 H JJI060M  :I=0, TaK KaK OH

BbIpoQaeTCH B iTOM CJIyqae B pacxo,!\HlUHllcH pH,!\

00 00

aOl 1= l/ l.
o 0
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OTO, B 1JaCTHOCTII, nOKa3b1BaeT, '1TO pa3JIO)KeHHe p3CCMaTpHB3eMoil (j>YHKnHH ,
B CTerreHHoll p.Sl,!\ (I) e,!\HHCTBeHHO.

<1>YHKUIIH 1 ('I'],  ), npe.lJ.CTaBHMaSl B BH,ne a6COJIIQTHO *) C;(tO,!\SllUerocSI CTeneH-
aoro pH,!\3 (4) B KOMnJIeKCHOIl 06JIa,CTH onpe,neJISleMoll Hep3BeHCTB3MH

I '1']1 < Ph I I < P2, (6)

Ha3blBaeTCSI 3a3JIHTH'leCKOIl B sTOll 06JIaCTII.

fIyCTb 1 ('I'], 1;) - aHaJIHTH'IeCKaSl B 06JIaCTH (6) 41YHKUHSI. Tor,!\3 npH cpHKCH-
poBaHHoM 'I'] (I '1']1 < pJ H npOH3BOJIbHOM 1; (11; I < P2) (j>YHKUH$I

1('1'],  )= ( Ck1'l']k)Y
pa3JIaraeTCH B cxo,nSllUel!cSI no CTeneHHM pH,n. fI03TOMY 1 (1'),  )eCTb 3H3J1HTH"

1JeCKa H 41YHKUHH OT ,nJISI I I < P2' AHaJIorH'IHO f ('I'],  )npH 41HKcllpoBaHHoM
1; ([ I < P2) eCTb aHaJIHTH'IeCK3S1 <£YHKUHSI OT 'I'] ,nJISI I'l']l < Pl' OTCIO,n3 CJJe,nyeT

rrpe.lJ.CTaBJIeHHe f B BH,ne HHTerpaJIa KOillH

f ('I'] 1;) =
1

;,
1 (u,  )du = 1

J. J.
1 (!I, v) 4Y!lp (7), 21tT u-'I'] (21tl)T (u-T)(O ')'

1 1 j

nOJlY1JaeMOe nYTeM nOCJle,!\OBaTeJIbHOrO npllMeHeHIIH 3Toro rrpe,!\CTaBJleHIIH no KaJK,!\ol!
113 nepeMeHHblX '1'],  .3,!\eCb CI , C2 -OKPYJKHOCTH COOTBeTCTBeHHO B KOMnJleKCHbIX

nJlOCKOCTHX 1'], \; C  eHTpaMII B HyJleBbIx T01JKaX H pa)\lIycaMII '1 < P1' '2 < P2 H

I'l']l < '1' 11; I < '2'
TaK KaK pH.lJ.

!

(U-'I']) (v- )
'l']k1;l

=

""" """ uk + IVl+ 1

paBHOMepHO CXO,!\IITCSI OTHOCHTeJlbHO U E CI, v e C2 H '11,  , y,nOBJIeT90pSllOlUHX
Hep3BeHCTBaM

I '1']1 < , < '1> I I < , < '2,

TO no,nCTaHOBKa ero B (7) H nO'lJleHHOe HHTerpHpoB3Hlle npllBo,nSlT K HCXO,nHOMY

paBeHCTBY (4), oTKy,!\a

Ck1= \ 1 (u, v)
du dv.

(2ni)2 J Uk+IV 1+ 1

1 C.

(8)

BCJIII 6bI MbI HCXO,!\IIJlII 113 npOH3BOJIbHol! HerrpepblBHol! Ha Ch C2 41YHKUHH 1 (u, v).
TO HHTerpaJi (Tllna KOillH) , CTOHlUlIH B npaBOH 1JaCTH (7), 6b1JI 6b1 paBeH HeKOTO-

pOM (j>YHKUIIII F (u, v), npe.!1CTaBJIHeMblll B BII,ne a6COJIIOTHO II paBHOMepHO CXO.lJ.SI'
lUerocSI lI JISI 1'111 < , ,11; I <, pSl,na

00 00

F (u, v) """ Cklrf l,
k-O 1-0

(9)

K3KOBbI 6b1 HH 6b1JIH , <'i H , <'2' TaKHM 06p330M, 41YHKUHSI F (u, v) 8HaJIH-

TH'lHa, eCJIH 1'111 < 'i, I I < '2'

*) 3,!\eCb CJIOBO «a6COJIIE>THO» MO)KHO ony,CTHTb TaK K3K MO)KHO ,nOKa31tT&, 'lTQ

H3 CXO,nHMOCTH pSl,na (4) .!IJISI Bcex (I) '11, c I '11 I < Pi, I I; I < P2 cJleAYeT ero
a6COJIIOTH3 SI CX0.llHMOCTb AJISI Bcex YKa33HHblX '11, t.
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a. TOro <paKTa, qTO <PYHKUHSI f. aHaJIHTHqeCKaSl B 06JIacTH (6), "BJlSleTCSI

aHanaTHqeCKOA no Ka loAnepeMeHHofi, CJIe yeT<popMyJIa
21t 2:rt

f (T), 1;) = (2 )2 f (T) + ,e/s , 1; + pelS) dB dcp, (10)
o 0

0<'<p1-1T)1,0<P<P2-11;I.
KOTopaSl nOJIY1JaeTCSI H3 cooTBeTCTBYIDlUeA o HoMepHoA<POPMYJI .

OTMeTHM elUe TaKoe CBoAcTBo: eCJJH nOCJIe OBaTeJIbHOCTb aHaJIHTHqeCKHX
B 06JIaCTH (6) <PYHKUHA fN (T), 1;) CXO HTCSInpH N -+ cx> paBHoMepHo Ha MHo eCTBe

1 T) 1.<'1 < Ph 11; I <'2 < P2

IIPH JIIOOblX yKa3aHHblX '10 '2, K <PYHKUHI! f (T), 1;), TO nOCJJeAHSISI aHaJIHTHqHa

B 06JIacTH (6). 4ro(\bI y(\e HTbcSIB STOM, nO,!\CTaBHM fN B (7) BMecTO f H nepeA,!{eM
K npe eJIy npH N -+ 00, TOr a AJiSI npeAeJIbHOH <PYHKUHH f (T). 1;), r eI T) I < '1'

11; 1< '2' (\YJ1"eT BblnOJIHSlTbCSI (7), qro nOKa3bIBaeT, 'Iro OHa aHaJIHTHqtl:a ,!{JISI

j T) I < 't. I t I <'. H BCJJe,!{CTBHe npOH3BOJIbHOCTH '1 < Ph '2 < P2 aHaJIHTHqHa

B 06nacTH ( ).
nyc'I'b S8.11aHa nOCJIe,!{OBaTeJIbHOCTb creneHHbIX pSl,!{OB

00<;0

f,dTJ, 0-  >W'll1;l(n= 1,2, ...),

a(\cOJ!IOTHo CXOAmD.HXCSI AnSI TJ - TJo :1= O. 1; - +- 0 H TaKHx, qro

00 OQ

141) -C<k'Y) 11 TJo ,k I 1
1
-+ 0 (n, m -+(0).

o 0

Tor,!{a, 01JeBII.ZI.HO,

I
" (n)1m Ck1 =CkH

n-co

f',!{e Ck1-HeKoropble qHCna. TIpH !iTOM pSl 

OQ co

f (T), 1;) = Ck1TJ
k1;1

o 0

a6COJIIOTHO CXO.llH TCSI npH T)
= T)o, 1; =;' . I! ,ltJISI I T) I ,;;;; T)o, I 1 ,;;;;

co OQ

If (TJ, 1;)-111 (T), 1;) I..;;; \ ck1-cW I \ TJo jk 11;0 1
1
-+ 0 (n -+(0),

o 0

()TKYAa BH,!{HO, qro paBeHCTBO

Urn {II (T), 1;) =f (T). 1;)
n oo.

fiMeeT Mecro p8BHOMepHO B O(\naCTH

IT) 1 E;; 1 TJo I. l1;i..;;; I  I.

:B &ToA KHHre Mioi (\YAeM onepHpOBaTb TOJIbKO ueJIblMH <PYHKUHJlMH

{(z)= a"z", (II)
" 8

t'. e. TaKHMH <PYHKUHSlMH,  nSlKOTOpblX pSl.l (11) a(\cOJ)IOTHO CXO.lHTCSI AnSI BCSlKoro
«OMnJIeKCHOro Z.
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Hs OTMe'leHHbIX Bb/Ule CBOHCTB 8HaJIHTH'IeCKHX 41YHKUHH CJIe,!\yeT, 'ITO CTeneH-
HOi\ pH,!\ (11) ueJJot! 41YHKUHH CXO.l\HTCH paBHoMepHo Ha JlI060H OrpaHH'IeHHoi\
06J1aCTH, TaK me KaK H pH,!\bI, nOJIY'I3eMble nO'lJIeHHblM ,!\HljJ<pepeHUHpoB8HHeM (11),
KOTOpoe 38KOHHO npoH3Bo,!\HTb no JlI06bIM nepeMeHHblM Z1' ...

, Z1I JII060e KOHe'lHoe
'IHCJlO pas. TIpH 41HKCHp0B8HHblX zm+l> '"

, Zm 41YHKUHH f (Z1' ... ,2m, Zm+1' ...

..., Zn) eCTb ueJiaH !}>YHKIJ,HH OTHOCHTeJJbHO Z1> '" , Zm'
ECJIH «PYHKUHH f (z) UeJJaH, TO ee MomHO pa3JIOmHTb (e,!\HHCTBeHHbIM 06pa30M)

B pH.lI

f (z) = C
k (Z_ZO)k

k;;;'O

k k k
no CTerreHHM (Z-Zo) -(Z1-Z01) 1... (Z1I- Z01l) n, a6COJIIOTHO CXO.llmII.Ht!CH ,!\lUf
Bcex Z. HanpHMep, B CJIY'Iae n '"" 2 9TO YTBepm,!\eHHe CJIe,!\yeT HS TOr0, 'ITO q>o.p-
MaJIb Hble TOJK,!\eCTBa

00 00

f (z l' Z2) '"" aklz z:-
k-O 1-0

00 00 k Z

- a
k1 CS  05(zl-ZI0)5 Clz ol(Z2 -zsi-

b.O 1-0 5-0  o
eo 00

- CJLV (Zi-Z10)JL (2a-Zao)'"
j.t'= 0 v - 0

saKOHHbI no cymeCTBY. TIoCJIe,l{Hee p8BeHCTBO nOJIY'IeHO nOCJIe npHBe,!\eHHR no,!\06-
HblX 'IJIeHOB npH O,!\HHaKOBblX cTeneHHx (Z1-Z10)JL (za-Zao)v, 4r06b/ o(jOCHOBaTb
ero, ,!\OCTaTO'IHO nOKa3aTb, 'ITO ero JIeBaH 'IaCTb eCTb a6COJIIOTHO CXO.ltmII.HAcSi
KpaTHblH pH,!\, T. e. 'ITO

0000 k 1

I ak11 C X:-5(X-Xo)'1" Cfy -I(g-Yo)i <00
k_O 1=0 5=0 1--0

(xo=lz101, Yo-jz20I,X-Xg-Iz1-Zi9!' Y-Yo-I Za- 2201).

Ho 9TO TaK, nOTOMY 'ITO Bce 'IJIeHbl .9TOro pHJXa HeOTpHuaTelJbHb/ Hero C}'MM3-
ro 00

I akl I xkyl < 00

k-O 1....0

no YCJIOBHIO CXO.llHTCH.

3.1.2. npeo6pa30BaHHe <l>ypbe 4>YHKIJ,Hii KJlacca mtvp. 113 3.1 MhI

3HaeM, qTO UeJIYlO <PYHKUlllO OT O.u.HOH rrepeMeHHofi

F(z)=ao+ at z+ Z2+... (1)

TIIrra a> 0 MO}KHO orrpe.u.eJUITb KaK QeJIYlO <PYHKQHlO, 06JIa,n:alOIII.YIO
O.u.HIIM IIS CJIe.u.ylOIII.IIX CBOHCTB:

11m
In M (r) E;;;; a (2)

'-+00
r

IIJIII

11m -VI a1l I .e;;;;;a, (3)
n-+cc>
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B CFI.T1Y  noro MO)KHO CKa3aTb, 'ITO onpe.u.emleMa51 p5l.lI:OM (1)
4>YHKIU!51 F (z) HMeeT THn a Tor.u.a H TO.T1bKO Tor.u.a, eC.T1H p5l.ll;

f (z) =
ao
+ a + a: +...

z z z (4)

CXOP;HTCfI .u..T151 I z ,> a.

<I>YHK H5If (z) Ha3b!BaeTC5I npeo6pCl30BaHueM EopeAfl <PYHK HHF(z).
C HeM CB5I3aH C.T1e.u.Y1OIII.HM HHTerpa.T1:

00 (9)

Fme- zd =f(z,6),
o

(5)

B3HTb!H B.u.O.71b .T1Y'Ia ( =pe-
iS

, 0 p < (0). I1MeHHo, OKa3b!BaeTC5I,
CM. KHHry H. l1. AXHe3epa [1], 81, 'ITO eC.T1H  e.T1a51 <PYHK H5IF
THna a, TO .u..T151 Hee HHTerpa.T1 (5) paBHoMepHo H a6C0.711OTHO cxo-

.u.HTC5I Ha .T11060M MH02KeCTBe, BHYTpeHHeM no OTHOIlleHH1O K no.71Y-
n.T10CKOCTH  s, KOTOpa51 He co.u.eP)KHT TO'IKY z = 0 H rpaHHueH
KOTOpOfI 51B.T151eTC5I KaCaTe.T1bHa51 K OKPY)KHOCTH I z I = a B TO'IKe ae

iS
.

npH 3TOM HMeeT MeCTO T02K.u.eCTBO

f (z) =f (z, 6) (z E  s)

.u..T1H .711060ro (.u.eMcTBHTe.T1bHoro) 6.

nYCTb H3BecTHo, 'ITO <PYHKUH5I F (z) He TO.71bKO ue.71a51 3KcnOHeH-

 Ha.T1bHOrO THna a, HO H npHHa.u..T1e2KHT K L = L (- 00, (0) KaK

<PYHKUH5I OT .u.efICTBHTe.T1bHOrO x, HHa'Ie rOBOp5l, F EW1a1 (R1) = 9J?al'
EC.T1H nO.7102KHTb B (5) a = 0, n H z = x + iy, TO nO.T1Y'IHM

co

f (x + iy) .... F ( )e- (x+iy) d 
o

o

f (x + iy) == - F( )e- (x+iy) d 
-00

(x;:::: 0), (6)

(x 0). (7)

3aMeTHM, 'ITO Ha OCHOBaHHH 06III.HX BbICKa3aHHb!X Bb!Ille co06pa-
2KeHHH Mb! MOr.T1H ObI CKa3aTb TO.T1bKO, liTO HHTerpa.T1bI (6), (7)
CXO.u.51TC5I COOTBeTCTBeHHO .u..T1f1 x> a H x < - a. O.u.HaKo B .u.aHHOM

CJIYlIae paccMaTpHBaeTC5I <PYHKUH5I F E L. l{.T151 Hee Henocpe.u.cTBeHHo
BH.u.HO, liTO HHTerpa.T1bI (6) H (7) CXO.u.51TC5I B 60.T1ee umpoKHx
oO.T1aCT5IX {cooTBeTcTBeHHo) x 0 H. X O. I1HTerpa.T1bI, nO.T1Y'IeH-
HbIe H3 (6) H (7) 4><>pMa.T1bHbIM .u.H<P<PepeH HpoBaHHeMno z = x + iy,
CHOBa, OlleBH.u.HO, a6C0.T11OTHO CXO.u.51TC5I npH x;? 0 H X O. 3TO

nOKa3bIBaeT. liTO HHTerpa.T1bI (6), (7) onpe.u.e.T1511OT aHa.T1HTH'IeCKHe

4>YH  HHnpH x> 0 H X < 0 COOTBeTCTBeHHO. OHH, CJIe.u.oBaTeJIbHO,
COBna.u.a1OT Ha YKa3aHHbIx OO.71aCTflX C 4>YHKUHefI f (z) - npe06pa30-
BaHHeM Bope.T1f1 4>YHK HHF,
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113 (6) II (7)  JIHB > ° C.T1e yeT

OG

f (B+ ly) - f (- B+ ly)..... F m e-i YB-81 I dip
-00

oTKy a,rrepeA.nH K JIpe e.T1Y rrpII B-+O, rrO.T1ytIIIM

00

0- F( )e-i Ydg (Iyl>a),
-00

T. e. rrpe06pa30BaHIIe <1>YPbe tPYHKUIIII F E  )1(J1 eCTb tPYHKUIIfl
(HerrpepbIBH8H), TOiK eCTBeHHOpaBHaH Hymo BHe oTpe3Ka [-a, a].

EC.T1t1 0' - (0'1' .,.
, an) - rrOJIOiKIITe.T1bHbIH: BeKTop II F E  »1(J1(Rn) >=

= W(Jlt TOP (x) eCTb HerrpepbIBHaH Ha Rn tPYHKUIIH. TaK KaK F (Ult ...

. .
., Un) = F (u) eCTb Ue.T1aH TIIrra 0'1 tPYHKUIIH rro Ult rrpIIHa.ll..T1eiKaw,aH

K L (R1) = L (- 00, 00) rrOqTII .lI.JIH Bcex u' = (U2 , ..., Un) II3 COOT-

BeTCTBYlOru.erO (n - l)-MepHoro rrpOCTpaHCTBa, TO  .T1H TaKIIX U'

F (Ult U') e-ix,tI, dUl = ° (! xII> 0'1),

HO TOr.ll.a F (X) -= 0, eC.T1II I xII> 0'1- 3TO paCCYiK.lI.eHIIe MOiKHO rrpo-
BeCTII .lI.JIH BCeX Xj (j = 1, ..., n). TeM caMblM .lI.OKa3aHO C.T1e.ll.YlOw;ee
YTBepiK eHIIe.

3. t .3. T e 0 p eM a. EC/lU F E W1(J1o mo F (x) - HenpepbtBHafl rPIJHK-
I1Ufl, pCU3Hafl HIJIlIO BHe

 (J= {I Xj I a
j , J -= 1, ..., n}.

3. t.4. H3BecTHo, II B STOM 3aKJIlOQaeTCH TeopeMa nS.T1II - BIIHepa *),
QTO eC/Iu FE W1(J2' 0' = (0'10 ..., an), mo rPlJHKI1Ufl

1
F (X) =- F (U) e-ixu du

(2n)n/2
, (1)

eae uHmeepall nOHuMaemcJl B CMblC/le CXOOUMocmu 8 cpe(JHeM.

F (X)- l' f (U) e-ixu du i -+0 (N -+00), (2)
(2n) J

t:.N L
2(!lN)

 N-={lxjl<NI 1=1, '" n},

He mO/lbKO npUHa lleOICUm K L2 (Rn), KaK 8tnO BbttneKaem us (2),
HO, KpoMe moeo, F (x) = ° nof.imu BClOay BHe A(J' Hao6opom, eCllu

*) TI 9 JI H II B H H e p [I] npH n = I. D:oKa3aTeJlbCTBO B 9TOM CJIY1Jae CM.,

HanpllMep, B KHHre H. 11. AXHe3epa [I], TIJIaHWepeJIb H TIOJIHa [1]
npH n> I.
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cp
-

npOU380AbHWl cjJYHKl{UJl U3 L2 (Aa) ,
mo cjJYHKl{UR.

F (X) = r
cp (u) e

ixu du (3)(2n)n/2 j
!J.a

npuHa8AeJICUm !JJ1a2 , U onpe8eAJle.MaJl cjJOp.MYAOU (I) cjJYHK[fUR F = cp
nOilmu 8ctoiJy.

JIerKo rrpOBep5IeTC5I, 'ITO eCJIIf C'IIfTaTb, 'ITO F (x) E !)J1a2 rrpe.n:-
CTaBJIHeT o606ru.eHHYIO CPYHKUMIO (F E 8'), TO CPYHKIJ,IfH F (X) rrpe.n:-
CTaB.T15IeT rrpe06pa30BaHIfe F (B CMbIC.T1e 8) If F == j (CM. 1.5).

TaK!1M o6pa30M, rrpeo6pa30BaHIfe <DYPbe CPYHKIJ,IfIf F == Wla2 MO»\HO

paccMaTpIfBaTb KaK o606ru.eHHYIO If 06bl'IHYIO CPYHKIJ,IfIO, If npllToM
rrpIlHa.n;JIe)!{aru.ylO K L2 (Aa).

113 .l{a.T1bHeHIIlerO 6y.n;eT BIf.n;HO, 'ITO eCJIIf 1 ..:;;;; p..:;;;; 2 If F 5 ID1ap , TO

FE ID1a2 , rro3ToMY F IfMeeT HOCIfTe.T1b Ha Aa If FE L2 (Aa). Ho ec.T1If

2 < p..:;;;; 00, TO rrpe06pa30BaHIfe <I>YPbe CPYHKUIfIf FE Wlap MO)!{eT OKa.

3aTbC5I cyru.eCTBeHHO o606ru.eHHOH CPYHKIJ,IfeiL HanpIfMep, 1 E3 !)J1aex> =-

= W1a , a i = (2n)n/2 6 (x) (CM. 1.5). ITo3TOMY npIf p> 2 YTBep)!{JI,eHIfe,
'ITO F IlMeeT HOCIfTeJIb Ha Aa MO)!{eT 6bITb CCPOPMYJIIfpOBaHo TO.T1bKO

Ha 5I3bIKe 0606rn.eHHblx CPYHKIJ,IfiL
6YJI,eM rOBopIfTb, 'ITO o606meHHafl CPYHKIJ,If5I <D E S' IlMeeT HOCU-

meAb Ha Aa, eCJIIl Jl,JI5I JII060H: OCHOBHOH: CPYHKUIfIf cP (cp E!! S) TaKOH:,
'ITO cp!ill! 0 Ha Aa+e , r.n;e a + 8 """ {al + e, ..., an + e} IfMeeT MeCTO

(<D, cp) """ O.
3.1.15. II:oKB)!{eM cJIeJl,YIOru.yIO TeopeMY, npIfHaJl,JIe)!{a1lI,YIO

n.lliMp . _

T eo p eM a. ECAU g e !)J1ap (1 oe;;; p ..:;;;; (0), mo g U.Meem HocumeAb

B b"a.
II: 0 K a 8 aTe JI h C T B O. BBeJl,eM CPYHKIJ,IfIf CP8 (CM. 1.5.8) If 'ljJ8 =-

- (2n)nI2cp8' TSK K8K CP8 E 8, TO 'ljJ8 E 8 c: Lq ( + - 1), n03ToMY

'lJ>eR' E L. KpoMe Toro, !f>YHKUIf5I 1J'8 ueJIa5I 3KCnOHeHIJ,IfaJIbHOrO TIlna B,

n03ToMY'P8g 3KCrrOHeHIJ,IlaJIbHOrO Tllna a+8=(a1 +e, ..., an+e)
II, CJIeJl,OBaTeJIbHO, 'ljJ8g E Wla+e, l' 3Ha'IIfT, eCJIIf cP E 8 If cP

= 0 Ha

!!.a+e, TO (CM. 3.1.3)

(  ,cp)=O.
ITocJIe nepexoJl,a K npe.n;eJIY npll e-+O nO.T1Y'IIfM (CM. 1.5.8 (6»

(g,cp)=O,.
'ITO If Tpe6oBaJIOCb .n;OKa3aTb.

4TO KaCaeTC5I o6pameHIf5I 3TOH TeopeMbI, TO Jl,JI5I HaIIlIfX IJ,eJIeH:
6YJI,eT Jl,OCTaTO'IHO 3HaTb, 'ITO npe06pa30BaHIfe <I>YPbe CPYHKIJ,IlIf
(06bI'IH0#1:), paBHOH: HYJIIO BHe Aa If npIfHaJl,JIe)!{aru.eH: K (Aa), Ha

OCHOB8HRII TeopeMbI TI3JIII - BIfHepa eCTb CPYHKIJ,If5I KJIaCCa ID1n.
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3.2. HHTepnonSl HoHHaSi$opMyna

DYCTL (CM. CafuHlH [1]) rov(t) eCTb HenpepbIBHaH <PYHKII.H:H nepH:o,I!.a
2v > 0 no Ka>K,I!.OMY H:S nepeMeHHblx H: a - (alt ..., an) TaKoR BeK-

TOp, qTO pSI,I!. <Z>ypbe
. kn
,-Je

e
1ax rov (x) = L..J cv"e

v

k

I r l(a- )ucv" = (2v)n j
rov (u) e v du,

"'v

( I XI ,< v), (1)

(2)

a6COJIlOTHO CXO,I!.H:TCH, T. e.

! C;; I < 00.
"

(3)

,lJ.oKa*eM, qTO eCJIH:, KpOMe Toro, f, 'e L (TaKH:M 06pa30M, f
H laenpepb1BHbI H: orpaHHqeHbI Ha R) , TO

/ "-

v (t) f( = lim (::/(  "-a) 1

f (t) """

N-.CO\k/i<N

-l m 2: cv"f(x+ kVn _ a) = 2:C;;f(x+
k

; -a), (4)
N ct)

I kl I < N k

r,I!.e pSI,I!. cnpaB8 paBHOMepHO CXO,I!.H:TCSI OTHOCH:TeJIbHO X e R. DepBce
paBeHCTBO B (4) CJIe,I!.yeT H3 Toro, qTO H:MeeT MeCTO paBHOMepHaSI
CXO,I!.HMOCTb npH N -+- 00 qaCTHqHOH CYMMbI

AN(X)= cv,/( kv" -a) 1

I k/l < N

K rov (X). B caMOM ,I!.eJIe, yqH:TbIBaSI, qTO f E L, nOJIyqHM

I  J-()I= ( rov
- AN) il

{'
lrov-ANllflldt-+O (N-+-oo).

(2n) J

BTOpOe paseHCTBO (4) CJIe,I!.yeT H:3 <POPMYJIbI 1.5 (19). TpeTbe oqe-

BH,I!.HO.

3.2.1 T e 0 p e M a. llycmb Q (x) - Q (Xlt ..., Xn) ecml> {JeCKOH.eItHO

tJutjx/JepeHtJ,upyeMaR ljJYHKtJ,UR nO/lUHOMUaAbH020 pocma, ttemHa!l. UAU

H.eltemHaJl. ECAU Q (x) -l(£mHaR, mo 6yaeM npeanO/la2amb, IlI1W OM
A106020 V > 0 nepUOaUlteCKO,Jl nepUOaa 2v no KaJICaOMY us nepeMeHHblX
ljJYHKijUJl

.

rov (x) = Q (x) (I xII <v; i = I, ..., n) (1)
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pasAazaemcR. Ha  v8 a6COAfOmHO CXOaJlU{uiiCR. pR.a CPYPb8 (3.2. (1)
npu a = 0), BCAU ;)ICe Q (x) - HettemHafl CPYHKlIufl, mo 6yae.M. npea-
nOAaeamb, ttmo pfla 3.2 (1) npu a = av

= ( ;, , ..., ) a6coAfOmHo

cxoaumcJl.

Eyae.M. eU{e CttUmamb, ttmo

I C}; I c
k (v vo) (2)

u

 Ck<OO.
k

(3)

nycmb {JaAee g (x) E W1
vp (R n) = W1

vp
.

Toeaa U.M.eem .M.ecmo paseHCtnBO

 }= ckg(x-av+
k

v

1t

) (4)
k

(av = 0 npu ttemHOU Q, av
= ( 2 ' ..., 2 ) npu HettemHOU Q), zae pJla

cxoaumCfl 8 C.M.blCAe Lp.
HeTpY.llHO BII.lleTb, '1TO eCJIH Q (x) eCTb He'leTH8H TOLK.lleCTBeHHO

He paBHaH Hymo CPYHKUIHI, TO eii COOTBeTCTBYlOru8H rrepIlO.llIl'leCKaH
CPYHKUIIH ffiv (x), Bo06rue rOBopH, paspbIBH8 II 003 YMHOLKeHIIH Ha

e
lat ee pH.ll <1Jypbe 3aBe.llOMO He MO)KeT a6comoTHO CXO.llIlTbCH.

IL 0 K a 3 aTe JI b C T B O. 3a.lla.llHM 81> 0, II rrYCTb ° < 8 < 81'
BBe.lleM CPYHKUHII CPe II 'ljJe. B 3.1.5 6blJIO rrOKa3aHO, '1TO 'ljJgg E W1v+e l'

CJIe.llOBaTeJIbHO, eCTb HerrpepblBHaH CPYHKUIIH C HOCIITeJIeM B  v:e'
TaKIIM 06pa30M, 'ljJ4!EL II 3aKOHHO rrpIlMeHIITb K 'ljJegCPOPMYJIY 3.2(4).

HMeeM

/- 
Ae (x) = Q (t)'IjJeg= ffiv+e,'ljJeg=

= cre''ljJe (x - av+e, 4-
v 8Jg (x - aV+8, +

v  J(5)
k

(aV+8' = ° rrpii '1eTHoii CPYHKUIIII Q II av+e, = ( 2 (v 81)
, ..., 2 (v 81) )

npii He'leTHOH CPYHKUIIII Q).
B STIIX COO!HOll1eHIIHX BClO.llY cpIlrypIlpYlOT 06bI'IHble <tJYHKUIIIIj

BTOpOe paBeHCTBO I1MeeT MeCTO rrOTOMY, '1TO Q = ffiV+8, Ha ftv+e,-

HOCIITeJIe CPYHKUIIII1peg; TpeTbe p8BeHCTBO BepHO B CIIJIY 3.2 (4).
TaK KaK  gE L, TO 'ljJeg - OrpaHH'IeHHaH Ha R CPYHKUIIH II

pH.ll (5) paBHOMepHO Ha. R CXO.lliiTCH K ero CYMMe, KOTOpylO MbI

0603Ha'lIlJlIl '1epe3 Ae (x). C .llPyroH CTOpOHbI,

I 'ljJe (x) 1= [1e CPe (t) e-txt dt

/ I 58 CPe dt 1= 1
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H: no YCJIOBlllO g E Lp, n03TOMY p5J (5) CXO llTC5JK Ae (x) TaK)Ke

14 B CMbICJIe Lp. By eMHMeHHO TaK nOHHMaTb CXO HMOCTbp5J a(5).
3aMeTH:M, IITO

'lJJe (x) = <Pe (t) e-ixt dt -- I

de
(8 -- 0),

n03TOMY

Hm Ae (X) = cre'g (X - aV+8' + +
kJt

)e->O V 81
k

(6)

B CMbICJIe Lp. B caMOM  eJIe,

/I Ae (x) - ! cre'g (X - av+e, + V El)
k Ikp

! I CX+
e, III ['lJJe (X - av+e, + v:JteJ - I] X

Iii}! < N

Xg(X - av+e, + V E1) 'ILp + 2 !' I CX+et I  g[Lp 

r eUITpllX BO BTOpoii cYMMe 0603HallaeT, IITO cYMMa pacnpoCTpa-
HeHa Ha Bee k, KOTopbIe He BOIliJIH B nepBYlO CYMMY. Bcer aMO)KHO
B3HTb N HaCTOJIbKO 60JIblllllM, IIT06bI BTopaH cYMMa 6bIJIa MeHblllen
Hanepe 3a aHHoroY) > 0, H: 3aTeM no o6paTb80 HaCTOJIbKO MaJIbIM,
IIT06bI nepBa5J CYMMa 6bIJIa MeHblllen Y)  JI5JnOJIO)KllTeJIbHbIX 8 < 80,
IITO B03MO)KHO no TeopeMe JIe6era. 06e llaCTH paBeHcTBa (6) Ha

caMOM  eJIeHe 3aBH:CHT OT 81
- 3TO BH: HO H3 (5). 113 (6) nOCJIe

nepexo aK npe eJIYnpH: 81 __ 0 CJIe yeTHaKOHel{, IITO

Iim Ag (x) = !CXg (x-av+ ) , (7}
e->O

k
V

r epH cnpaBa CXO H:TCH'B CMbICJIe Lp, npe eJICJIeBa, KaK OTMe-

llaJIOCb BbIllle, TaK)Ke nOHH:MaeTCH B CMbICJIe Lp. B caMOM  eJIe,

HopMa B CMbICJIe Lp pa3HOCTH: npaBblx llacTeii (6) H (7) He npe-

BbIllIaeT

1 +et-C lllgllrp+! Ic lllg(x-av+et+V EJ-
I kjl < N I kj I < N

-

g (x - av + kvJt ) flLp +"g IILp . 2 !' I Ck I,

r eYIITeHbI HepaBeHCTBa (2) H: (3), B KOTOpbIX Ha oCIIH:TaTb, IITO

"0 =" + 8° (81 < 8°). OnHTb N MO)KHO B3HTb HaCTOJIbKO 60JI,bllIH:M

QT06bI TpeTbH CYMMa 6bIJIa MeHbllIeii Y), npH: 3TOM N nepBaH H

BTOpaH CYMMbI 6Y YT npH:  OCTaTOIIHO MaJIbIX 81 TaK)Ke MeHbllle

qeM 'Y), nOTOMY IITO av+et -- av
H: CX+et -+ (81 -+ 0) (YlleCTb, IITO
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Q - 6eCKOHeqHO .IJ.llqxpepeHl..{llpyeMaH, CJIe.IJ.OBaTeJIbHO, CYMMllpyeMa5I
Ha  "+e,<PYHKl{IlH).

I1TaK, (7) .IJ.OKa3aHO.

C .IJ.pyroll CTOpOHbI (CM. (5)),

 \, r-J.. r-J.. /";:.

(Ae, cp) = (Q'Peg, cp) = ('Peg, Q<p) 8--+0 (g, Qcp) = (Qg, cp),

II MbI .IJ.OKa3aJIll IIHTeprrOJIHl{IlOHHYIO <POPMYJIY (4).
3.2.2. "HTepnOJlSl HOHHaSi$opMYJla )J.JlSI npOH3BO)J.HOii  enoii$YHK-

 HH9KcnOHeH HaJlbHorOTHna. 3Ta <p<>pMYJla 6Y.IJ.eT rrOJIyqeHa KaK

qaCTHbIll cJlyqall 06rn.eil <POPMYJIbI 3.2.1 (4). nYCTb g" (x) = g (x) E
S W1"p (R1) = W1"p, T. e. eCTb l{€JIaH <PYHK IlHOT O.IJ.HOH rrepeMeHHOH:
CTeneHll v, OrpaHllqeHHa5I Ha .IJ.eACTBIITeJIbHOil OCII. D.JI5I ee npOH3-
BO.IJ.HOH IIMeeT MeCTO <popMYJIa (1.5 (10»

/'0.

g' (x) = ltg. (1)

<l>YHKl{IlH it 6eCKOHeqHO .IJ.llqxpepeHl{llpyeMa, HeqeTHa H IIMeeT IIOJIll-

HOMllaJIbHbIH pOCT. PaCCMOTpllM rrepHO.ll.HqeCKYIO nepllO.IJ.a 2v <PYHKl{IlIO
co

ikn

e'atlt_ ! cv,i"v
t

{Itl<v, a"""i-},
k--oo

i i ( - ) u

ex::::o2V" J
ue 2" " du =

-'V

- - f u sin (k - ; ) > du
.

·

t)"-j' .

o n k-
2'

HCHO, qTO

I ex I  ,I .I (0 < v v0)
H

I ex. I < 00.
k

n03TOMY <PYHKl{H5I it Y.IJ.OBJIeTBOpHeT BceM Tpe60BaHHHM, KOTopbIe

npe.IJ.'bHBJIHJIHCb K Q (t) B 3.2. I. B CllJIY 3.2.1 (4) CrrpaBe.IJ.JlHBa

HHTeprrOJIHl{HOHHaH <popMYJIa

g' (x) -iiR- ;, ! t ) ),g (x+ : (k --})). (2)
-co k

2

r.IJ.i pH.IJ. CXO.IJ.HTC5I B CMhlCJIe Lp. Ee MO}HHO paCCMaTpRBaTb KaK

aHBJIOr <P<>pMYJlhl M. PHcca .IJ.JlH TpHrOHOMeTpHqeCKHX rrOJIHHOMOB.
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B  aJIbHei'nI1eM6y eTBII HO, 'ITO W1vp c: ID1voo 0= W1v II, TaKHM

06pa30M, Ha CaMOM  eJIe p5J.D: (2) CXO IITC5J He TOJIbKO B CMbICJIe Lp,
HO II paBHOMepHO,

.

ECJIII nOJIO)l{IITb B (2) g (x) = sin x E W1loo , II 3aTeM nO CTaBIITb

x = 0, TO nOJIyqIIM
00

I!
I

l=1t2_ 00 (k_ ; Y'
n03TOMY  JI5JJI1000B CPYHKI..{IIII g E W1

vp (1 p 00) IIMeeT MeCTO

Hep8BeHCTBO

(3)

g' /lLp E:;;; V /I g Ilrp ' (4)

KOTOpoe HOCIIT H8SBaHIIe nepaeencm8a Eepnmmeiina *). OHO  OKa-
saHO C. H. BepHiliTeAHOM ([I], 269 - 270) npII p = 00.

ECJIII Z - x+ Ig eCTb npOII3BOJIbHoe KOMnJIeKcHoe 'IIICJIO, TO

00

g (z) = 1: (l:r g<l) (x), oTKy a
o

 g(x+iy)rlLp ev Igl g Lp' (5)

r eHopMa CJIeBa B35JT8 no x E Rl'
TaK KaK CPYHKI..{II5J g (u + ly) npII JI1060M CPIIKCIIpOBaHHOM y no u

eCTb CHOBa l..{e.na5J 9KCnOHeHI..{IIaJIbHOrO TIIna '\I, TO II3 (5) CJIe yeT,
'ITO eCJIII g{z) edU1vp , TO II g(u+iy) edU1

vp , HO Tor.n.a BepHo
paBeHcTBo (2), eCJIII saMeHIITb B HeM x Ha npOII3BOJIbHoe KOM-

n.T1eKcHoe z:

00

g' (z)- ;, A t:-l{) g(z+ (k- )),
flI.e CXO IIMOCTb nOHIIMaeTCH no x(z=x+ly) B CMbICJIe Lp(RI).
Mbl y)l{e npe ynpe)l{ aJIII'IIITaTeJI5J, 'ITO B  aJIbHerrilieM6YlI.eT  oKa-
3aHO (CM. 3.3.5), tJTO ID1

vp c: ID1voo =W1v , oTKy a HenOCpelI.CTBeHHo
CJIe yeT,'ITO p5J (6) paBHoMepHo CXO HTC5Jno x (z == x+ Iy), a B CIIJIY
(5) JIerKO CJIe yeTTaK)I{e, 'ITO OH CXO IITC5J p8BHOMepHO Ha JI1000B

nOJIoce {YI <Y<Y2}, r eYb Y2
- npOII3BOJIbHbIe  eBCTBIITeJIbHbIe

'IIICJIa.

nYCTb g (x) = g (Xl> x') eCTb CPYHKI..{II5J, onp'e eJIeHHa5J Ha II3Me-

pIIMOM MHO)l{eCTBe tf = RI X fff' (Xl E Rl> X' E (ff'), npIIH8,ZVIeJKaIl{a5J
K Lp (rif), u,e.na5J 3KcnoHeHu,IIaJIbHOrO TIIna v no Xl nO'ITII ,ZVI5J Bcex

(B CMbICJIe (n - 1 )-MepHorr Mepbl) x' E rif!. B CIIJIY TeopeMbI $y6IIHII

(6)

") HepaBeHcTBo (..) Bep HO H npH v= 0: Be,nb H3 (4) H Toro, '!TO go E! IDlop c: IDlvp'

CJIe,nyeT, '1TO Ilg' IIp=O H g-KoHCTaHTa, paBHaH, 01JeBH.l!HO, HYJIIO npH KOHe'lHOM p,



116 UE.T1blE 4>YHI\UHH 3I\CnOHEHUHA.T1bHOrO THnA rrJI. a

MOLKHO CK838Tb, 'ITO J1.JIH YK838HHbIX x' no Xl <PYHKI..{IiH g (Xl> x') e!I

E Wl"p (R l), Ii rrOTOMY BCJIeJ1.CTBIie (4)

II :;1 11:
p (R1)  vP"gl'fp(Rl) (1  p<oo).

OocJIe IiHTerpHpoB8HlfH o6eIix 'I8CTeR ,noro Hep8BeHcTBa no x' E Iff'
Ii B03BeJ1.eHHH B CTerreHb IIp nOJIY'IHM

II : IIL
p

(&')  vllgllrp(r8') (I  p oo). (7)

MbI npIinHC8JIIi T8KLKe O'IeBIiJ1.HbIH CJIY'I8H p = 00.

ECJIIi CPYHKI..{IHI g (x) = g (Xl' ..., Xn) E W1"p (Rn), TO, Y'IIiTbIBaH,
'ITO mooaS'! ee 'IaCTHa5!. npOIi3BOJ1.HaH g('-) eCTb l..{eJI8H <tJYHKI..{IiS'!
9KCnOHeHI..{lIaJIbHOrO TIina 'IV (CM. 3.1), JIerKO nOJIY'IHM Ha OCHOB8-

HHII (7) (Iff = Rn) HepaBeHCTBO

II g(A) Ih
p (Rn) VA" g I/L

p (R,,)' (8)

Ero MOLKHO 0606rn;HTb ern;e, rrpeJ1.rrOJIaraH, 'ITO g (x) = g (u, X') =
= g (X1o ..., Xm , x) E Lp (Iff), Iff = Rm X Iff' c Rn - Ii3MepllMoe MHO-

LKeCTBO, m < n Ii g - nO'ITII )IJ1S'! Bcex x' E Iff' no X10 ..., Xm

I1.eJ1aH 3KcrrOHeHI..{HaJIbHOrO THrra v = (Vb' ..,
v
m). TorJ1.a, eCJIH Iv =

= (Ai> . .
., Am, 0, ..., 0), TO rrOJIY'IlIM

II g(A) IILp (<8) Vie II gllr
p

(<8)'

ECJIIi Y'IeCTb, 'ITO rrO'ITII )IJIS'! BCeX X'

g (u + iy, X') = g (z) = g (u + iy) = ! g(A r(U) (iy»).,
'-;;:.0

(9)

TO Ii3 (9) JIerKO nOJIY'IIIM, 'ITO

m

 >,IY(I
Ilg(u+iy, X')!IL (<8) "g(x)11r (r8'jeJ

=l (10)
p p

lis (2) MomHO nOJ1Y'IHTb KaK 'I8CTHbIR CJIY'IaH CPOPMYJIY M, PIiCC8,
)I.OKa3aHHYlO B 2.4. Ha)Io TOJIbKO Y'IeCTb, 'ITO TpIirOHOMeTpIi'IeCKIiR
nOJIIIHOM rrOpHJ1.Ka V S'!BJIHeTCH l..{eJIOR OrpaHIi'IeHHo:li H8 J1.eRCTBIi-
TeJIbHOii OCH CPYHKUHeR V (T" e W1v), n03TOMY K HeMY npIiMeHIiMa

q>OPMYJI8 (2). Ha)Io Y'IeCTb ern;e, 'ITO T" eCTb rrepIiOJ1.Ii'IeCKaS'! rrepHo.n.8
2n CPYHKI..{IiS'!. .

3,2.3. HepaBeHCTBO 3.'2.2 (4) MOLKHO pacrrpOCTpaHIiTb Ha OOJIee

o6w.He HOpMbI *). OyCTb E eCTb 6aHaXOBO npoCTpaHCTBO CPYHKI..{IiH
f (X, W), onpeJ1.e.rreHHbIX H IiSMepIiMbIX Ha rff -- Rl X rff1, OOJl8J1.alOw.ee
CJIeJ1.YlOw.IiMII CBOH:CTBaMIi:

*) CM. B KOHu:e «HllrH 3aMeqaHlle K 3.2.3,
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I) CJIOLKeHIie ,I!.BYX <PYHKl{IiH E Ii YMHoLKeHIie <PYHKl{IiIi H8 llIiCJIO

orrpe,I!.eJI5IeTC5I 06bIIIHbIM 06p830M. JJ:Be <PYHKl{IiIi f1 Ii f2, p8BHbIe
rrOllTH BClO,I!.y Ha  ,CllIiT8lOTC5I paBHbIMIi (fl = f2) KaK 3JIeMeHTbI E;

2) eCJIH f = f (x, w) E E, TO fXu = f (X + XO, W) E E ,I!.JI5I BC5IKOrO
,I!.eHCTBIiTeJIbHOrO 3HalleHH5I Xo Ii II f (X, W) 1/ = II f (X + XO, W) II;

3) H3 Toro, IITO fnEE(n=l, 2, ...), fEE, Ilfn-fll-O Ii

fn (x, w) -'IjJ (x, w) (n - 00) ,I!.JIH X E R1 Ii rrOllTH Bcex W E  1'
CJIe,I!.yeT, IITO 'Ii' = f.

ECJIH <PYHKl{H5I gv (x, w) e E H rrOqTH ,I!.JI5I Bcex W OTHOCH-

TeJIbHO x OHa eCTb OrpaHHqeHHa51 l{eJIa51 <PYHKl{H5I THrIa v, TO ,I!.JI5I

Hee HMeeT MeCTO paBeHCTBO
00

g'(x, w)= ;2 ! (- i)2g(x+ (k-+), w) (I)
-00 k

2

rrOqTH ,I!.JI5I Bcex W B CMbICJIe 06bIQHOll CXO,I!.HMOCTH. C ,I!.Pyroll CTO-

pOHbI, BCJIe,I!.CTBIie CBoHcTBa 2) cYMMa HOpM QJIeHOB p5l,I!.a (I) He

rrpeBbIliiaeT v II gv II, Ii, TaKIiM 06pa30M, rrpaBa51 llaCTb p5l,I!.a (I) C xo-

,I!.IiTCH rro paCCMaTpHBaeMOH HopMe K HeKOTopOll <PYHKl{HH 'IjJ E E.
Ho <PYHKl{Ii51 'IjJ B CIiJIy CBoHcTBa 3) ,I!.OJIMHa He06xo,I!.IiMO 6bITb

paBHoH  v. 3THM 060cHoBaHo HepaBeHcTBo

II °fxv II vllgvll. (2)

3.2.4. 0606Il(eHHoe HepaBeHcTBo, aHaJIOmllHOe 3.2.3 (2), MOLKHO

rrOJIYQIiTb, OCHOBbIBa5lCb Ha 2.7.2, Ii ,I!.JI5I TpIiroHOMeTpIiQeCKIiX rrOJIH-

HOMOB. JJ:JIH 3Toro ,I!.OCTaTOQHO CQHTaTb, IITO rrpocTpaHcTBo E COCTOIiT

Ii3 <PYHKl{Hll f (x, w) rrepHO,I!.a 2n rro x C HOpMOll, rrO,I!.IlHH5IlOIl(eHC5I
TOJIbKO CBoHcTBaM I) Ii 2).

3.2.5. T e 0 p eM a *). llycmb I p < 00 U l{e/laR. q;YHKl{UR.

g= gv (z) =gv (x+ iy)

8KcnOHeHl{UMbHOZO muna v = (Vb"" Vn) > 0 npUHaa.I/BJ/CUm K K/laccy

Lp (Rn)' Tocaa

lim gv (x) =0.
Ixl-+oo

(I)

OrclO,I!.a, B llaCTHOCTH, Cne,I!.yeT, IITO gv (x) Orp8HIilleH8 H8 Rn.
JJ: 0 K 8 3 aTe JI b C T B O. JJ:OCT8TOIIHO ,I!.OK838Tb TeOpeMY B CJIYllae

VI = ...
= Vn

= I, K KOTOPOMY MOLKHO rrpIiBeCTIi H811IY <PYHKl{IilO,
3aMeH5I5I ee Ha CJIe,I!.YlOIl(YlO gv ( ,... , ) . Orp8HIillIiMC5I MY-VI Vn

MepHbIM CJIYllaeM, rrpM n> 2 ,I!.OK838TeJIbCTBO 8H8JIOmllHO.

*) n Jl a II we p e Jl b B no Jl B a [I].
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HTaK, rrYCTb 3a,I!.aHa UeJIaH CPYHKUIiH g (Zit Z2) z:: g TIirr8 (1,1),
rrpHHa,I!..T1e>Ka aHK Lp (R2), r.IJ.e 1 .;;;;;; p < 00. KaK BCer.IJ.a, 6Y.IJ.eM CtJIi-

TaTb Xl, Xa ,I!.ei!:cTBHTeJIbHbIMH.
HMeeT MeCTO paBeHCTBO (CM. 3.1.1)

2n 2n

g (Xlt x2) = (2 )2 g (Xl + Ple
i6

., X2 + P2eiOI) del dea ,

o 0

r,I!.e Plt P2> o. nOMHO)!{HM 06e ero llaCTH Ha PlPa Ii rrpoIiHTerpHpyeM
Ha rrpHMoyrOJIbHHKe 0 E:; PI, P2';;;;;; 6. Tor,I!.a rrO.T1YtJHM

g (Xlt x2 )  4= (2 )2 g (Xl + Sl + ifllt Xa + S2 + ifla)  ldfll dS2 dfla,
<1 a

r,I!.e (Sl, Th) Ii (S2' fl2) CYTb .IJ.eKa pTOBbl KOOp.IJ.IiHaTbl, 0' - Kpyr pa,I!.Iiyca
c ueHTpoM B HatJa.T1e KOOP.IJ.HHaT.

OTCIO,I!.a

Ig(Xl' Xa) I.;;;;;; 64 2 I g(Xl +Sl +ifll' Xa +S2 +ifl2) Id ldfll 2dfl2E:;
a <1

.

15 6 x.+c5x.+c5 IIp

0<;

6' (1  )'" OJ, d ,d.. ..LJ, Ig(H l )r <1;;,) , (2)

6 + it) = (Sl + ifll' Sa + ifla).

LI.oKa)!{eM, IITO HHTerpa.T1

o 15 00 ""

I (g) = tiSl dsa I g (6 + it» !P dfll dfl2
-15-0 -00-00

KOHetJeH, OTKY,I!.a 6Y,I!.eT CJIe.IJ.OB Tb, tJTO rrpaBaH tJaCTb (2) CTpeMIiTCH
K H)"JIIO, Kor,I!.a I X I 00, Ii TeopeMa 6Y,I!.eT "nOKa3aHa.

B caMOM .IJ.eJIe (c .3.2.2 (10»,
o 0

I (g) = IIg (S + ifl) Ilf
p(R2) dTlI dTl2 .;;;;;;

-0-15
o 0

E:; II g m IIZ
p(R2)

e( [TI. I + I TI, I) P dfll dTl2 < 00,
-6-0

npH p... 00 9Ta TeopeMa HeBepHa, KaK rrOKa3bIBaeT rrpIiMep CPYHK-
UIiIi sin Z E roll, 00 (Rl).

3.2.6. Il.eJlble 4>YHK HH aKcnoHeH HaJIbHOro c4>epH'leCKOrO THna.

npo  eJIYlO<!>YHKII.IilO

g (z) = g (ZI' ..., z,J
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Mbl 6Y,I!.eM rOBOpH:Tb, 'ITO OHa fJKCnOHeHI{uaAbH020 e<f;epUI{€CK020 muna

C1 0, eCJIH JI.JI5I JII06oro 8> 0 MOLKHO YKa3aTb KOHCTaHTY As> 0

TaKYIO, 'ITO

Ig(Z)I<Asexp{ (C1+8)V IZJI2}
,I!.JIH Bcex z. COBoKynHocTb Bcex TaKH:X <PYHKl{H:iI: ,I!.aHHoro TH:n3

C1 0 0603Ha'IH:M llepe3 SEa. TaK K3K

(1)

In- ! IZJI V! IZJI2 IZil,
I-I 1=1 I-I

TO

E
a/Yn

c SEa c Ea'
MHOLKeCTBO <PYHKU,H:iI: g E SEa, KOTopble KaK <PYHKl{H:H: ,neHCTBH:-

TeJIbHoro B KTopaX E! Rn npH:Ha,I!.JIeLKaT K Lp (Rn) = Lp, 0603Ha'IH:M

'Iepe3 SW1ap
.

nYCTb ro = (rol, ..., ron) eCTb npOH:3BOJIbHblli e,I!.H:HH:'IHbIli BeKTOp
(,I!.eHCTBH:TeJIbHbIH). 0603HallH:M 'Iepe3

n

DrJ (X) ::s:: f (X) = ! :: (x) roJ
1=1

J

npOH:3BO,I!.HYIO OT f B TO'IKe X no HanpaBJIeHH:IO ro H: llepe3

f )(x)=DlJ)f -I)(X)= f(k)(X)rok (/=1,2, ...)
I kl=l

npOH:3BO,I!.HyIO nOpH,I!.Ka l OT f B TOIIKe X no HanpaBJIeHH:IO roo BBe-
JI.eM npeo6pa30B2HH:e

X = (Xl, ..., Xn) = ( lr ...,  n)= S,

r,I!.e  lr...,  n- KOOp,I!.H:HaTbI X B HOBoil: np5JMoyroJIbHoil: CH:CTeMe

KOOp,I!.H:HaT (,I!.eil:cTBH:TeJIbHble), KOTopaH Bbl6paHa TaK, 'ITO B03paCTa-
HH:e  lnpH: <PH:KCH:pOBaHHbIX  2' ...,  nBe,I!.eT K nepe,I!.BH:LKeHH:IO
TO'IKH: X no HanpaBJIeHH:IO roo npeo6pa30BaHH:6 KOOp,I!.H:HaT

n

Xk""'" CtkS 8 (k-l, ..., n)
5=1

(2)

onpe,I!.eJI5JeTCH ,I!.eHCTBH:TeJIbHOH opTOrOHaJIbHOH M3TpH:l{eH. &fa MaT-

pH:l{a onpeJI.eJI5JeT TaKLKe npeo6pa30BaHH:e
n

Zk = Ctk6WI
a-I
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KOMIIJIeKCHbIX CHCTeM W = (Wb ..., Wn) B CHCTeMbI Z = (Zb .." Zn)'
npH 3TOM, OqeBHjI,HO, BbIITOJIH5IeTC5I paBeHCTBO

n n

L I Zs [2 = I Ws i 2 ,

5=1 5=1

nOJIOIKHM

g(Z)=g(ZI' ..., Zn)=g",(Wb .
..,

Wn) =g", (W),

H IIYCTb g E S;'JJl
ap ; TOrjl,a H g", E SWl

ap , IIOTOMY qTO g", eCTb,
OqeBHjI,HO, ueJIaH cj:>YHKIJ:HH H

11
n

V
n

(0+8) IZ/'"
. (0+8)

JWJl'
Ig",(W)I=!g(z)!<A 8e

/=1 ....Ace 1=1.

113 3TOrO HepaBeHCTBa BHjI,HO, qTO g*
- cj:>YHKIJ:HH THIIa a IIO Wl

H K Hell IIpHMeHHMO HepaBeHcTBo 3.2.2 (4).
ILaJIee

ii
g< )ex) = a f

g", (6),

1I03TOMY

I l g )(x)IIL
= alg*/s) \1  all)g",(S)/IL ==al g(xHL. (3)

. p II a 1 L
p

P P

nOJIara5I Z = (Xl + iYb ..., Xn + lYn) , 1I0JIyqHM

00 00

g (z) = ! * ! g(k) (x) (iy)k = ! *g< )(x) (llY 1)1,
1=0 Ikl=l 1=0

(lkl=/ 1kj , IY'12=/ IIYjI2, O)= I I).
r,n:e, TaKHM 06pa30M, g )eCTb npoH3Bo,n:Ha5I 1I0pH,n:Ka 1 IIO HanpaB-

JIeHHIO 0) =y/!y I HJIH y.
Ho Tor,n:a

!g(x+ ly) !!Lp Ilg (x) I/L
p ! (a 1ft [)I .

Ilg (x) IILp exp (a V ! Yi) ,

1-0 I

(4)

flpe06pa308aflUe C/JYPbe g CPYflKl{UU g E SW10p UMeem flocumeAb
1

npuflaiJAeJICaU{uu K tuapy Vo C Rn paiJuyca a c l{eflmpOM 8 flYAeeoa
mO'lKe (JI. llIBapIJ: [1]).
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B CaMOM .n.e.T1e, eCJUI g E LltTO, yqHTbIBa5l, qTO npH OpTOrOHa.T1b-
HOM npe06pa30BaHHH KOOp.n.HHaT (2)

X 6,u v,

HMeeT MeCTO xu -= 6V, du = dv, H, CqHTa5l, QTO v' -= (v2 , ..., vn),
nOJIYQHM

g
N

(X)_ Sg(U)e-lxudU= r g (V)e-16'C1dv=
(2n)h/2 (211:)n/2 J *

= S e-I ''CI'dv' r g*(vl , V')e-IV161dvI=g*(6)'
(211:) J

Ho g* ( lt 6') THrra 0' rro  1H rrOQTH .n..T151 Bcex 6' rrpHHa.n.JIe/KHT
K L(RI)' rr03TOMY (CM. 3.1.3) g* (6) paBHa Hymo BHe n0.T10CbI ISII 
.e;;;;; 0' npH JIl060M BbI60pe Koop.n.HHaT (S2, ..., Sn), HO Tor.n.a g (x) =
- 0 BHe mapa Va. Harne yTBep/K.n.eHHe, eCJIH g E S!)Jlal , .n.OKa3aHO.

EC.T1H g E SWlap , 1'0 BBO.ll.HM CPYHKI.(HH CPe (x) H 'l/Je (x) H paccYJK.lI.aeM,
KaK B 3.1.5.

ECJIH f - o606IlI,eHHa51 CPYHKI.(H5I H e c= R - OTKpbIToe MHOJKeCTBO,
TO 6y.n.eM rrHcaTb

eCJIH

(t)e = 0,

(t, cp)=O

(5)

AJI5I BCeX q> 6! S, HMelOIlI,HX HOCHTe.T1b, npHHa.ll..T1eJKaIlI,HH K e.

nYCTb 0 < 'A < 0' H Va
-

rrO-rrpe/KHeMY map C I.(eHTpOM B HY.T1e-
Boli TOQKe pa.n.Hyca 0'. nOKaJKeM, QTO ec/l.U f E Lp (1:r:;; p:r:;; co) U

(f)va = 0,

mo O.llJl 4e/l.OU CPyl-lK4uu g ccpepUfieCKOU cmenel-lu 'A, npUl-laO/l.eJICaU{eu
" L, UMeem Mecmo pa8el-lCm80

g*f= /2 r g(x- u)f (u) du =0.
(211:) J (6)

BBe.n.eM orrpe.ll.e.T1eHHbIe B 1.5.8 CPYHKI.(HH CPe H 'l/Je = (2J1)n/2 qJe.
)J.JIfl cP E S H TaKoro 8> 0, QTO 'A+ 8 < 0',

('l/Jeg * f, cp) = (&f,  )= (j, & )= 0, (7)

nOTOMY QTO g BMeCTe co CBOHMH rrpOH3BO.ll.HbIMH
-

OrpaHHQeHHaH

6eCKOHeQHO .n.Hct><PepeHI.(HpyeMaH CPYHKI.(HI1, 'l/Je E S, 'l/Jeg E S, ,p:g E
€I S, a CJIe.ll.OBaTeJIbHO, E S, H HMeeT HOCHTe.T1b, rrpHHa.ll.JIe-
maIlI,HH CTporo K Va' nOCJIe rrepexo.ll.a K rrpe.ll.e.T1Y B paBeHCTBe (7)
npH e __ 0 (CM. 1.5.8 (7», nO.T1YQHM (6).
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3.3, HepaBeHcTBa pa3HbIx MeTpHK
,ll.JUI QeJJblX 4>YHKQHH 9KcnOHeHQHaJlbHOrO THna

B 9TOM naparpacpe Hac 6Y,lI,YT HHTepeCOBaTb KJIaCCbl IJ,eJIblX

cpYHKQHH W1
vp (Rn).

ll,eHTpaJIbHOe MeCTO 3,lI,eCb 3aHHMaeT HepaBenCTBO pa3HblX MeTPHK,
C nOMO blOKOToporo HopMa cpYHKQHH gv (x) B MeTpHKe Lp ' """ Lp' (Rn)
OQeHHBaeTCH qepe3 ee HOPMY B MeTpHKe Lp (1 p p' 00) H

npOH3Be,L(eHMe HeKoTopbIX CTeneHeH '\lit ..., '\In' 81'0 HepaBenCTBO

6Y,L(eT HrpaTb cyrn.eCTBeHHYlO pOJIb B ,lI,aJIbHeHllIeM npH H3YQeHHH
,L(H4J4JepeHQHpyeMblx cpYHKQHH 60JIee 06rn.HX KJIaCCOB.

OqeBH,lI,HO, W1
vp (Rn) eCTb JIHHeHHOe MHO)f{eCTBO. OHO 6eCKOHeQHO-

MepHO. HanpHMep, cpYHKQHH sin2 /X2 (k = I, 2, ...) npHHa.Me)f{aT
K  )'lP(R1), 1.,;;; p.,;;; 00, H 06pa3YlOT JIHHeHHO He3aBHCHMyK> CHCTeMY.
n09TOMY y)f{e H3 06 HXC006pa)f{eHHH cpYHKQHOHaJIbHOrO 8HaJIH38

MO)f{HO 3aKJIlOQMTb, QTO e,L(HHHQHaH ccpepa B W,vp (Rn) He KOMnaKTHa

B MeTpHKe Lp (R n) = Lp. O,L(HaKO MbI YBH,L(HM, QTO OHa KOMnaKTHa

B OCJIa6JIeHHOM CMbICJIe (CM. 3,3.6).
3.3.1. TeopeMa, llycmb I p oo,h>O, xk=kh (k=O,

+ I, + 2, " .), gv = gv (z) - 4eAaJl rfJYHK4UJl om 08HOU nepeMeHHOa
muna v U

((gv»)L
p

=

s p(h I gv (Xk
- u) IP)I

/P

< 00

UAU IIgv!lL <00. TOc8a UMelOm Mecmo HepaeeHcmea
p

gv IILp ((gv))L
p

.,;;; (l + h'\l) II gv IIL
p

' (1)

.lJ. 0 K a 3 aTe JI b C T B O. npH p = 00 TeopeMa TpHBHaJIbHa. nYCTb
1  p<ooH IlgvllL <00. Tor,L(a

p

00 00 Xk+1 00

. I gv IP dx = L I gv IP dx = h I gv ( k)IP,
-00 -00 X

k
-00

f,lI,e QHCJIa  kY,lI,OBJIeTBOpHlOT HepaBeHcTBaM Xk <  k<Xk+1' I1cnoJIb-

3YH 0606rn.eHHoe HepaBeHcTBo EepHIlITeHHa, HepaBeHcTBo reJIb,lI,epa,
a TaK)f{e HepaBeHcTBo III x -

y Ill.,;;; II x - y II, nOJIYQHM

I (h 'gv (£k) jp)
IIp
- (h I gv (Xk) jP)IIP \

(h I gv (£k) -gv (Xk) IP)
IIp

[h A I x:C g (t) dt r fP
00 xk +1

)
IIP

 (h ooJk Ig IPdthP/q =hllg \\Lp(R1) hv gvl/Lp(R1)'
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n03TOMY

(
ex>

)
IIP

h Ig";(x,,) IP =0

[(
ex>

)
IIP

(
0:>.

)
IIP

]
(

ex>

)
lIP

= h I gv (Xk) IP - h I gv ( k)IP + \,h I gv (Gk) IP .,;;;

.,;;;(1 +hv)IIgvllLp(R1)' (2)

ECJIH npHHHTb BO BHHMaHHe, liTO npH JI1060M <pHKCHpOBaHHOM
U <PYHKI.I.HH gv (X - U), paCCMaTpHBaeMaH KaK <PYHKI.I.HH OT X, eCTb

I.I.eJIaH <PYHKI.I.HH THna V, TO 113 HepaBeHcTBa (2), 3aMeHHH B HeM

gv (X) Ha gv (X - u), nOJIYIIHM BTopoe HepaBeHCTBO (I).
C .D.PyroH CTOpOHbl, eCJIH «(gv»L < 00, To

fJ

r
0:> "k+l 0:> h

Igvlpdx= Igv/Pdx=  lgv(Xk+1-u)IPdu=o
-(10 -00 x

k
-0:> 0

h 0:> 0:>

=  Igv(Xk+l-U)IPdu.,;;;hsup Igv(Xk-U)IP, (3)
0-0:> U -00

r.ne 3aMeHa nOpH.D.Ka CYMMHpoBaHHH H HHTerpHpoBaHHH 3aKOHHa

B CHJIY TOro, liTo onepHpyeM C HeOTpHI.I.aTeJIbHblMH <PYHKI.I.HHMH.
BTHM .D.OKa3aHO nepBoe HepaBeHCTBO (I).

3.3.2, T e 0 p eM a *). llycmb I.,;;; p .,;;; 00, hi> 0, x )= kh,

(I = I, ..., n, k = 0, + I, + 2, .. .), g = gv
-

UplaJl CPYHKl{UJl muna

Y=(Vlo ..., vn),

«(g» n)
=

(
n 00 ex>

)
1/fJ

"",sup 11 hm .., I g (xl:) - Ul' ...
I xl:) - Un) Ip < 00

"I m=1 1.--(10 'n--oo

(1)
U/lU

 g"Lp(Rn)=IIgllp < 00.

Toe8a

n

Ilgv IILp(Rn) .,;;; «gv»b
n)

.,;;; II (1 + hlVi)  gvIILp(Rn)' (2)
I

.) O. M. H H K 0 JI be K H Ii [3].
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,Q 0 K a 3 aTe JI b C T B O. f1pH P = 00 HepaBeHcTBa (2) TpHBHaJIbHbI.
f1YCTb l.s:;;,p<oo. TOf.ll.a

CD CD hI h
n

 ... I g (xl )- Ub
I =-CDO 0
n

(n)

Ip d. .
., Xl

n

- Un U =I g !p dx =
11 = - CD

hI h
n

= ...  ... I g (xJ )- Ub
o 0

(n)
) 1 d ( )

(n)
..., Xl

n

- Un U (g)p ,

H MbI .lI.OKa3aJIH nepBoe HepaBeHCTBO (2) B npe.ll.nOJIO)f{eHHH, lJ.TO

BTOpOH qJIeH (2) KOHeqeH. f1YCTb Tenepb KOHelJ.eH TpeTHH lJ.JIeH (2).
t-h06bI .lI.OKa3aTb BTopoe HepaBeHCTBO (2). 3aMeTHM, lJ.TO g (z

- u) =
""" g (ZI

-

Ub ..., Zn - Un) npH JIlOObIX cpHKCHpOBaHHbIX UI eCTb u:eJIaH

cpYHKU:HH THna V no Z, .lI.JIH KOTOpOH II g (x - u) lip = II g (x) lip' n03TOMY
 OCTaTOqHO.lI.OKa3aTb HepaBeHCTBO

(
n CD CD

)
I/P n

[II hill CD In  Jg(xl ),
..., xl:») Ip [II (l +h/v/) ilgllp '

Ho OHO y)f{e .lI.OKa3aHO B npe.ll.bI.lI.yrn.eH TeOpeMe npH n = 1. ,QonYCTHM,
'-ITO BepHOCTb ero YCTaHOBJIeHa .lI.JIH m = n - 1. TOf.ll.a B CHJIY Toro,
lJ.TO npH JI1060M CPHKCHpOBaHHOM Xl cpYHKU:HH g eCTb u:eJIa51 Tilna

V2, ...,
Vn COOTBeTCTBeHHO no X2 , "" Xn , 6Y.lI.eM HMeTb

n

Il (l+h/Vl)P ... !g(XbX2 .

1=1

.,"
,
Xn) !P dx2 . '" dxn :;:::

n CD

:;::: fI hi
1= 2 1

2
= -

CD

CD

\g(Xb xj ), ..., xj:») Ip,
In=-CD

OTKY.lI.a nOCJIe HHTefpHpOBaHH5I' no Xl H B03Be.ll.eHH5I B CTeneHb p-l
nOJIYlJ.HM

rI

n (l + hlv/) II g  p:;:::
1= 2

(
n

)
I/P

(
CD CD

)
I/P

l1-2hl ;;:::
1
2

CD

..

\ CD

( \g (Xl' X  )...., xj:)) Ip dXI :;:::

lip

xl:)) IP) .:;::: I +lh1VI (D hi
1
1

CD

CD

Ig(xj )....,
In =-CD

nOCJIe.ll.Hee HepaBeHCTBO HMeeT MeCTO B CHJIY BTOpOrO HepaBeHCTBa
3.3.1 (1), TaK KaK g eCTb u:eJIa51 cpYHKU:H5I THna VI no Xl'
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3.3.3. JI eM M a *). JI,/lf/. /l106blX all 0

(
CD

p,

)
I/P'

(
CD

P

)
I/P

ak ak

I I

.IT. 0 K a 3 aTe JI beT B O. .IT.ocTaTOqHO CqHTaTb, qTO

(1  p p' oo). (1'.

CD

a = 1,
I

TOf,ll;a
CD co

0' p

ak 1, .L.I ak L.J ak = 1,
I I

OTKy.n.a CJIe.n.YeT HepaBeHcTBo (1) rrpH 1 p < p' < 00. 4T06bI rroJIY-
qHTb (1) rrpH p' = 00, ,lI;OCT8TOQHO rrepeHTH K rrpe,aeJIY rrpH p' -+ 00.

3.3.4. T eo p eM a. B YC/108Uf/.X meopeMbl 3.3.2 UMeem Mecmo I-lepa-

Bel-lCmeO

1 I

«g))  ) ([£1 hIt-ii «g))<;) (1  p p' oo). (1)

OHO Herrocpe.n.cTBeHHo BbITeK8eT H3 orrpe.n.eJIeHH5I «g)) n)H rrpe.n.bI-

.n.yrn.eA JIeMMbI.

3.3.5. T eo p eM a * *). EC/lu 1 P p' 00, mo O/lf/. l{e/lotl
CPYI-lKl{UU aKCnOl-lel-l[fua/lbI-lOcO muna g=gvELp(Rn), \'=(V1> ..., vn),
UMeem Mecmo l-lepa8el-lCm80 (pa3l-lblX MempuK)

I I

gv  Lp'(Rn) 2n (IT Vkt-p; II gv  LP (Rn)'
\ I I

(1)

npu cpuxcap08aHI-lOM n u np0U380/lbl-lbtX Vk amo l-lepa8el-lcmoo moltl-lo

8 CMblC/le nopf/.OKa.
.IT. 0 K 8 38 T e JI b C T B o. Ha OCHOBaHHH 3.3.2 (2) H 3.3.4, nOJIsra5I

I I
(J) = - - - rrOJI yqllM

p p'
,

 gIILpl (Rn) «g))  ) ( IT hl)
-m

«g)) n) IT I +

h
:1'V1

 g L
p (R )

Ell

1= 1 I I
n

11
1+

(
n \ro

='n ---P- IT VI)  gIILp(Rn)' (al = h1Vl)' (2)
I

a
l 1

*) eM. Xapl1H, .nHTTJIBY,!\ H TIOJIHa [I).
**) C. M. HHKOJIbCKHH [3], CM. 3aMeIJaHHH 3.3-3.4.3 B KOHne KHHrH.
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ct>YHKII.HH
(a) ....

1

dro 
Ha nonYOCH 0 < a < 00 .n.OCTHraeT CBoero MHHHMYMa, paBHoro

I
ACI) =:" WOO (I _ W}l-(j)

2. (3)

TaKHM 06pa30M, MO)f{HO HanHcaTb

 g Lp'(Rn) (Aoo)n (i) Vlf Ilg Lp(Rn)'

oTKy.n.a B CHJIY (3) CJIe.n.yeT (I).
4T06bI .n.OKa3aTb BTopoe YTBep)f{,n:eHHe TeopeMbI, paccMoTpHM

CPYHKII.Hro

Fv =
n

IT
I

sin
2 VkZk

2

Z'
k

(4)

OqeBH,n:HO, npHHa.D.JIe)f{ar.u:yro K Lp (Rn) npH JIro60M p, y,n:OBJIeTBOpH-
ror.u:eM HepaBeHcTBaM I.;;;;;;p 00 H npe,n:cTaBJIHror.u:yro C06bH II.eJIYro
CPYHKII.Hro THna ,,= (V1o ..., vn). Ee HopMa paBHa

(
00

\
.

2 Vkt

/
p \ _p

I

2-.!..
n

SInT

) (
n

)
P

 FvIILp(Rn}= 2n dt = Cp If \'k

(l  p oo),

r.n.e Cp
- nOJIO)f{HTenbHaH KOHCTaHTa, He 3aBHCHr.u:aH OT VI' CJIe,n:OBa-

TeJIbHO,
I I

(
n

)
P-fii

II Fv I/Lp' (Rn) = !If Vk II Fv I/L
p (Rn) ,

QTO H Tpe6oBaJIOCb .n.OKa3aTb.

3.3.6, T eo p eM a 0 K 0 M n a K THO C T H *). 113 BCflKOii ozpal-lu-
ttel-ll-lou B .MempUKe Lp (R n) nocAei)OBameAbl-lOCmU CPYI-lKlfUU g(k) E
E W1

vp (R n) (I p 00, k = I, 2, ...) MOCIICI-lO BbtaeAUmb nOanOCAe-
a08ameAbl-lOCmb g(kl) (l = I, 2, ...) U OnpeaeAUmb maKYlo CPYI-lKlfUIO
g E Wl

vp (Rn), ttmO UMeem Mecmo pa8el-lCmBO

11m g(k l) (z) = g (z)
kl--+oo

p0131-l0Mepl-lO I-la AI060M oepal-lu'-iel-ll-lo/vt J..tHOCIIC2cm8e.

*) p=CXJ, n= I, C. H. Be p H ill T e H H (I), CTp. 269-270.
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.a 0 K 8 a 8 T e JI b C T B o. no YCJIOBHIO Cyrn.eCTBYeT KOHCTaHTa Al
TaKafl, ({TO

Ilg(k) IILp (Rn)'S:;:; Al (k""" 1, 2, .. .).

OrclO,n:a B CHJIY 3.3.5 (1)

(1)

I
n

-

Ig(k) (x) I <E;;; 2
n (I] VkY  g(k) Lp(Rn).s;;;;A,

r.n.6 J<OHCT8HT8 A TaK2Ke He saBHCHT OT k.

Pa3JI02KHM g(k) (z) B pfl,lI, TefIJIOpa:

d.k)ZO
g(k) (z) == ! -%r,

a;;;;' 0

f,lI,e a""" (alo .,., an) - CHCTeMbI HeoTpm.I.aTeJIbHbIX II.MbIX ({HCM H

2
al+...+ an (0)

e
lk) r; 'grkl
a ==

a al ;, an
XI'" uX

n

(2)

BCJIe,lI,CTBHe (2) H HepaBeHCTBa BepHIlITeiift (3.2.2 (8))

Ic )I A"a(k=I, 2, ...). (3)

TaKHM 06p830M, K03<p<pHII.HeHTbI C<a
k) (k = I, 2, ...) paBHOMepHO

OrpaHH({eHbI npH Ka2K,lI,oii <PHKCHpOBaHHoii CHCTeMe a H, B03MO)!<HO,

BOCnOJIb30BaBIlIHCb ,lI,HaroHaJIbHbIM npOII.eccoM, nOJIyqHTb nO,lI,nOCJIe-
,lI,OBaTeJIbHOCTb HaTypaJIbHbIX qHCeJI klo k2 , ... TaKYlO, ({TO

Jim C(ks) = C
o O.

ks--+co
(4)

nOJI02KHM

Do
g(z)= (ifZa.

a;;;;' 0
(5)

Tor,lI,a

Ig(z)I A!
a;;;' 0

nOTOMY ({TO ({HCJIa Ca Y,lI,OBJIeTBOpfiIOT HepaBeHCTBY

ICal Ava. (6)

CJIe,lI,OBaTeJIbHO, g(z) eCTb II.eJIafi <PYHKII.HfI 3KCnOHeHII.HaJIbHOrO
THna v.

n

0

' lal I Ian l: v/l 1" Zl 1 ... Zn
A I

«I
= e t
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n

lI.a.T1ee, CtIIITaH, lITO I a 1 2 = a', nOJIYlIIIM
j=l

I c _c(ks) I
 g(z) - g( s)(z) II  .!

U

ala I zllaI ... I Zn Ian +
la:<N

+ !
IU ?3N

I Cu 1+1 ciks) \
I lallaa! ZI'" I Zn I

n = a
l + a2 .

Ho B CIIJIY (3) II (6) .lI.JIH V IZj 1 2 K

a2  2A.!
lal?3N

I VIZI ,aI ... I VnZn Ian
al <8

npII .lI.OCTaTOlIHO 60llblIlOM N. ECJIII 3TO .lI.OCTaTOlIHO 60JIblIlOe N

3aqJHKCHpOBaTb, TO B CIIJIY (4) MOLKHo YKa3aTb TaKoe So, lITO

I (1t 1< 8 .lI.JIH BCeX S> So II I z I K.
TaKIIM 06pa30M,

. lirn gk (Z) = g (z) (7)
ks-oo

s

paBHOMepHO .lI.JIH Bcex Z, Y.lI.0BJIeTBopmOUJ,IIX HepaBeHCTBY I Z ) K,
r,1(e K - .T1l060e nOJIOLKIITeJIbHOe lIHCJIO.

HaKoHeu:, eCJIII VpeRn eCTb ccpepa pa.ll.IIyca P C u:eHTpOM
B HalIaJIe KOOp.ll.HHaT, TO BCJIe.ll.CTBIIe (7) II (1)

Ilg L ( V )
= li rn ll g(k ) I IL (V )  AI'P P s-co

s P P

OTKY.lI.a nOCJIe nepexo.ll.a K npe.ll.eJIY npII p __ 00 nOJIYIIIIM

jjg liLp(R n) Al

II

g E 9Jl
vp (Rn).

. 3.3.7. npIIMep npHMeHeHHSI TeopeMbl 3.3.5. 3a.ll.a.ll.IIM lIIICJIa
1  Pl>P2' . ..

, Pn 00 II paccMoTpIIM npocTpaHcTBo L(pl'.... Pn) (Rn) =

-Lp(Rn) II3MepIIMbIx Ha Rn CPYHKU:IIH f(x)=f(Xl' ..., xn), .II.JlH

KOTOp XKOHelIHa HopMa

{f [ ( f ( f
\ P  I

)
:: 2I

]
: 

}
PI

 f!kp(Rn)= ... If IPn dx n) dXn - I ... dXl , (1)

f.ll.e Bce IIHTerpaJIbI 6epYTcH OT - 00 .lI.O + 00.
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3.n.ec'b. eCJIH Pn'
= Pn'+1 =... = Pn = 00, TO Ha.n.O CIIHTan,

{f[. .. (dIII" <1>:.)... .<I>:.-f r:1 <1>:..f' -
SUp If (Xlt ..., Xn,- I. Xn "

..., Xn) I (2)
X
n

" ..., x",

npH <pHKcHpoBaHHbIx npOH3BOJIbHbIX Xh ..., Xn'-I'

nYCTb CHallaJIa I P P1 Pa ... PnH gv=gv1',...'9n =g
ecTb u:eJIa51 <PYHKIJ:H5I 3KcnOHeHU:HaJIbHOrO THna 'Y. orpaHHlleHHaSI
Ha Rn. PaccMaTpHBa51 ee KaK <PYHKlI.HIO TOJIbKO OT nepeMeHHotl: Xn ,

MOLKHO HanHcaTb

I I I I

( Ig/Pndxn)'P;;  2v n-l--p;; ( IgjPn-l dxn) Pn-l ,

r.n.e HHTerpaJIbI BCIO.ny MbI YCJIOBHMC5I CIIHTaTb B351TbIMH B oeCKO-

HellHbIX npe.n.eJIax (- 00, 00).
OrclO.n.a

I

(f ( !gjPndXn)Pnp 1dXn_1/'/_l
I I I

2v n-l
-

(  ,g\Pn - 1 dXn _1 dxntn-1
I I I I I

21+2V n-l
-

(V n _1Vn)
Pn - 2

-

Pn-l (  Ig/Pn-2dXn_1 dXn)Pn-t .

TIepBoe HepaBeHCTBO 3n:eCb CJIen:yeT H3 TeopeMbI 3.3.5 npH n = 1
H P = Pn-h p' = pn. a BTopoe H3 TeopeMbI 3.3.5 npH n = 2 H P =
= pn-2. p' =pn-1' TIpOn:OJILKHB 3TOT npou:ecc .no KOHu:a. nOJIYIIHM
HepaBeHcTBo *)

n(,,+I) I I I I

----z-
Pn-l

-

P;; Pn-2
-

Pn-l
gv IIL(p 1 ,...

, Pn)(Rn)
2 v

n (Vn -1Vn) X ...

I I

... X (v1 ... vn)p PI [lgv[kp(Rn) =2

n(n+l) n .!.. 
2

llvC Ph \\gv Lp(Rn)'
I

(3)

.LJ.JI5I nOJIYlleHH5I 3Toro HepaBeHCTBa B CY HOCTHnpHMeH5IJIOCb n pa3
HepaBeHcTBo 3.3.5 (1) B cooTBeTcTBYIO HXlIaCTHbIX CJIYlla5lx.

.LJ.JI5I Toro IIT06bI .n.OKa3aTb HepaBeHcTBo (3) B 06 eMcJIYllae
1 P Ph .... Pn 00. lJOCTaTOIIHO 3aMeTHTb, liTO

II f Ik (PI'..., Pn) < II f fk (ql....' qn)'

*) C. M. H Ii K 0 JI b C K Ii iJ: [5], [131, [14].
5 C. M. HHKonbcKHi!

(4)
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r,Ae qh ..., qn
-

nepeCTaHOBKa qHCe.n Ph ..., Pn B Hey6bIBalO eM
nOpfl,ZJ:Ke. HepaBeHcTBo (4) BblTeKaeT H3 o606w;eHHoro HepaBeHcTBa
MHHKOBCKoro (CM. 1.3.2). HanpHMep, npH n = 2, P2 PI HMeeM

I I

[H If(x},X2)IP'dX2)  :dXI]P;  [ ( lt(XhX2)IPtdXI)
 :dX2r ,

HepaBeHCTBO (3) B CMbICJIe nOp5l,ZJ:Ka TOqHOe, qTO npOBep5leTCfI
Ha CPYHKUH5IX Fv (CM. 3.3.5 (4».

3.4. HepaBeH.cTBa pa3Hblx u3MepeHuu Jl.JISI lI.eJIblX 4>YHKlI.UH
9KCnOHeHlI.UaJIbHoro Tuna

3TH HepaBeHCTBa TaKIKe 6YlI.YT HMeTb cy eCTBeHHOe3HaqeHHe

AJI5I AaJIbHeMWero, C HX nOMO blOHopMa ueJIOM CPYHKUHH  JKcno-

HeHUHaJIbHOrO THITa, HCqHCJIeHHa51 ,ZJ:JI5I ITO,AITpOCTpaHCTBa Rm eRn
(m < n), oueHHBaeTC5I qepe3 HOpMY ee, HCqHCJIeHHYlO ,ZJ:JI5I BCero

npOCTpaHCTBa Rn. MbI YBH,ZJ:HM B lI.aJIbHeMWeM, qTO HepaBeHCTBa
pa3HbiX H3MepeHHM nOCJIYIKaT OCHOBOM npH H3yqeHHH YCTOn-qHBbIX

rpaHHqHbIX CBOMCTB lI.H<p<pefJeHUHPyeMblx CPYHKUHM.
3.4.1. DYCTb {f =Rmx(g' C Rn eCTb UHJIHH,ZJ:pHqeCKOe H3MepHMoe

MHOIKeCTBO TOqeK X = (a, y),

a = (Xl, ...,
xm) E Rm'

y=(xm + It ..., Xn)E{f'cRn - m

H

v = (VIt ...,
v
m) o.

no onpe,ZJ:eJIeHHlO CPYHKUH5I g (x) E 9Jl
vp (Iff), eCJIH OHa ITpHHalI.JIeIKHT

K Lp ( )H nOqTH lI.JI5I Bcex Y E Iff' ITO a 51BJI5IeTC5I cpYHKUHeM
3KcnOHeHUHaJIbHOrO THITa v.

.LJ.JI5I cpYHKUHM

g = gv E 9Jl
vp (Iff) = z))l

vp (Rm x Iff')

BbInOJIH5IeTC5I HepaBeHcTBo
I I

IJ/jgv (a, y) Ikp'{Rm) IIL p (€') 2 ( Vkt
-

P'
Ilgv IIL

p (€),

1  P P' oo,

r,ZJ:e B JIeBOM qaCTH BHyTpeHH5I5I HopMa BblqHCJI5IeTCH ITO nepeMeH-
HOM a E Rm, a BHeWH5IH

- no nepeMeHHoM y E Iff'. B caMOM lI.eJIe,

Ha OCHOBaHHH HepaBeHcTBa pa3Hblx MeTpHK (3.3.5 (1», KOTopoe

(1)
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npIIMeH5IeTC5I ,n:JI5I nOlJTII BCeX y E (f'.

H(1 v.(
:'
 g(u.Y)IV.,)'

 ),(20((1 v.( ;,
 g(u.y) Ie,!..,)' dy:;;"

:;::: Ilg(u, y)llfp,(Rm)dy,
Q!i'

oTKy.n.a, B03BO.n.51 o6e qaCTII nOJIyc:eHHoro HepaBeHCTBa B CTeneHb

lip, rrOJIYlJIIM (1).
DOJIO)KHM B cpopMYJIe (1) p' = 00 II YlJTeM, lJTO .n.JI5I HeKOTOpOro

MHO)KeCTBa {f c {f' nOJIHOH Mepbl IIMeeT MeCTO CJIe.n.YIOIlI,ee CBOH-
CTBO: ,n:JI5I BC5IKOrO y E {f CPYHKQII5I g (U, y) TIIna v no U II KOHelJHa

HopMa

 g(u,y))ko(R ) =sup
vrai 1 g(u, y) 1=

m
UER

m

= lim max I g (u, y) I:;::: I g(u, y) I (u E Rm), (2)
p-co UE v

P

r,n:e lJepe3 Vp
MbI 0603HalJIIJIII iliap C QeHTpoM B HalJaJIe pa,n:IIyca p,

npIIHa.n.JIe)KaIll,HH K Rm.
HepaBeHcTBo (2), TaKIIM o6pa30M, cnpaBe.n.JIIIBO ,n:JI5I y E (f; II

u E Rm, rr09TOMY

Ilg(u, y) IILp(g') <llllg(u, Y)IILco(Rm)\\Lp(g,),
II Mbl nOJIyqIIM, YlJHTbIBa5I (1), cJIe,n:YIOIQee HepaBeHcTBo:

I
m

-

Ilg(u, y) [ILp(g,) <2
m (I;I 'VkY Ilgv Lp(g). (3)

3.4.2. T e 0 p eM a *). ECAU 1 < p < 00 U 1 < m < n, mo OAR
6CJlKOU l{eAOU rjJYHKlI,llU gv (z) = g"l' .... "n (Z1> ..., Zn) E Lp (Rn) 9KCnO-

flefll{UaAbH020 muna v Ulvteem .M.eCmO HepaeeHCm60 (pa3HbtX U3.M.epeHUU)
1

(
COCO

)
p

Jco...Jcolg(UlI ..., Um, Xm+lI ..-, xn)IPdul'" dUm

I I

(
n \ p

(
COco

)
p

<2n-m n'Vk\ )...) IgIPdul...dun .

m+I / -co -co

(1)

*) C. M. H If K 0 JI b C K If if [3J.
5*
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llpu f!JUKCUpOBaH.H.blX n u m U npoU3BOAbH.blX V = ('1110 ..., Vn)
sma H.epaBeH.CmBO B CMblCM nopRiJlw mof./,H.o.

.IL 0 K a 3 aTe JI b C T B O. DpOCTpaHCTBO Rn MO.IKHO paCCM8TpHB8Tb
KaK TOnOJIOrHqeCKOe npOH3Be eHHe

Rn=Rn-mxRm.

r.n.e (X 1o .." Xm) E Rm. (Xm+lt.... Xn) c: Rn-m. ECJIH Tenepb
B HepaBeHCTBe 3.4.1 (3) CIIHTaTb. IITO Iff = Rn. Iff1= Rm H 38MeHHTb

Rm H8 Rn-m. TO nOJIyqHM HCKOMOe Hep8BeHCTBO.
TOIlHOCTb HepaBeHCTBa (I) B CMbICJIe nOpfl,n:Ka OTHOCHTeJIbHO v

MO}!{HO npOBepHTb Ha CPYHKUHfiX Fv (CM. 3.3.5 (4», KOTopble Y.lKe
CJIY}!{HJIH B 3.3.5 ,n:JIfi no,n:06HoH: ueJIH.

3aMe1l8HHe. DOJIarafi B 3.3.7 (3) Pl=...=Pn=P, Pm+1=."
...
= Pn = 00. nOJIyqHM Hep8BeHCTBO

I

(jco ... J", xm+  ?"Xn j g (u1 . .... Urn. Xrn+1. .... Xn) IP dUl ... dUmt
I I

n (n + 1)

(n )
p

(
OJ OJ

)
p

2 2

\
II 'Ilk  ... I g (u) /P dUI ... dUn ,

m+l -OJ-CO

KOTopoe YTOIlHfleT Hep8BeHCTBO (1) B TOM CMbICJIe. qTO CJIeB8 no)).

HHTerpaJIOM BMeCTO I g (U1o .... Urn. Xm + 10 ..., Xn) IP CTOHT

sup I g (U1o ..., Urn. Xm + lt .... Xn) IP.
Xm+I' ..., x

n

3.4.3. HepaBeHCTBa pa3HblX MeTpUK U U3MepeHU" .lI.JISI TpU-

rOHOMeTpUqeCKUX nOJIUHOMOB. OHH aHaJIOfHqHbI COOTBeTCTBYIO-
llI.HM Hep8BeHCTB8M ,n:JIfi ueJIbIX CPYHKUHH: 3KcnOHeHUHaJIbHOrO

Tuna.

DYCTb T = T.v (x) E W1 (Rn). T. e. T - TpHrOHOMeTpHqeCKHH
nOJIUHOM nopfl,n:Ka v OT n nepeMeHHbIX. U

(
n

N
I

N
n .

«T»r=m xI hll I...I lIT(X :)-Ul'
I

.... xl:) - un) IPr
(1)

(hl
= i .Nt = 1, 2, ..., l = I, ..., n, 1 P 00) .
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Tor 8HMelOT MeCTO Hep8BeHCTB8 *)
n

T"II(n)  «T,,)) n)<n (1 +hjVI) T"lt
n),

L: p
I L;

1 I

T" Iltl, 3n (fI V i)
11
-

P'
T" Iltl,

PIP

1

..., Um, Xm +1' ..., Xn) jP dUl ... dum)11
(

n

)
.!.

(
23"1 23"1

)
.!.

.;;;;;;3n
- m n Vi

P

 ... ITIPdu1...dun p.
m+l 0 0

2n 23"1

( .., I T (Ul'
o 0

OHH 8HaJIOrHqHbI COOTBeTCTBYIOIII.HM ,n:OKa3aHHbIM BbIUIe Hep8BeH-
crBaM ,n:JHI UeJIbIX <PYHKUHH 3KcnOHeHUH8JIbHOrO THn8 H ,n:OK83bI-
B810TCfI aH8JIOrHqHO. Tenepb y}!{e npH ,n:OK83aTeJIbCTBe Bce CYMMbI
(1:) pacnpOCTpaHfllOTCfI, KaK B (1), Ha KOHeqHOe qHCJIO CJIaraeMbIX

(N10 ..., Nm), HHTerpaJIbI 6ePYTcfI no nepHo,ll.aM H npHMeHfleTCfI
HepaBeHcTBo EepHUITeH:Ha ,n:JIfi TpHroHOMeTpHqeCKHX nOJIHHOMOB.

O,ll.HaKo eCJIH BeCTH paccy}!{,n:eHHfI no aHaJIOrHH C TeM, KaK 3TO

,n:eJIaJIOCb ,n:JIfi <PYHKUHH: 3KcnOHeHUHaJIbHOrO THna, nOJIyqaercfI

(oKpyrJIeHHafl) KOHCTaHTa 3 BMeCTO 2, qTO 06'b5ICH5IeTCfI TeM, qTO

B nepno,n:HqeCKOM CJIyqae npHxo,n:HTCfI HCKaTb MHHHMYM 'Ii' (ex:) cpe,n:lf
,n:HcKpeTHbIx 3HaqeHHH: ex:. Ho, KOHeqHO, B 060HX cJIyqaflx npHBe-
,n:eHHbIe KOHCTaHTbI 3aBbIUIeHbI.

.I!JI5I TpHroHOMeTpHqeCKHX nOJIHHOMOB MO}!{HO nOJIyqHTb aHaJIOrH

H ,n:pyrHx npHBe,n:eHHbIx B 3.3 HepaBeHcTB.

TOqHOCTb YKa3aHHbIX HepaBeHcTB B CMbICJle nopfl,n:K8 H8 STOT

p83 npOBepfleTCfI Ha fI,n:p8X <I>ei1:epa (CM. 2.2.2).

3.5. nO.n.npocTp8HcTBa «PYHK HA.n.aHHoro
aKcnoHeH HanbHoroTHna

TeopeMa. IlpocmpaHcmeo fmvp(rff)=W1vp(Rmxrff') (CM. 3.4.1)
ecmb noanpocmpaHcmeo npocmpaHcmea Lp (rff), m. e. /luH.euH.oe saMK-

H.ymoe e Lp (rff) MHOJ/Cecmeo.

.I! 0 K a 3 aTe JI b C T B o. .nHHeHHOCTb fm
vp (rff) OqeBH,n:H8.

DYCTb ,n:JIfi nOCJIe,n:OB aTeJIbHOCTH gk = gvk E W1"p (I) (k = 1, 2, ...)
BbmOJIHfleTC5I YCJIOBHe

lim Ilgk-gzilL (&)=0, (1)
k,l-+oo p

*) CM B KOHue KHHrH 3aMeQaHHSI 3.3-3.4.3.

133

(2)

(3)

(4)
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.

Tor,n:a cy ecTByeT<PYHKUHR t E Lp (rff) TaKaR, '1TO

!im jj{- gk IjL (&)
= O.

k-+oo P
(2)

OtIeBII,n:HO, MO)KHO YKa3aTb MHO)KeCTBO rff c rff' ITOJIHOH MepbI O,n:HO
H TO )Ke ,n:JIR Bcex k= 1, 2, ... TaKoe, '1TO gk(U, y) 6y,n:eT ,n:JIR

Bcex Y E rff UeJIOH ITO U 9KCITOHeHUHaJIbHOrO THITa v. 3ao,n:Ho MO)KHO

C'IHTaTb, '1TO rff; 06JIa,n:aeT ,n:OITOJIHHTeJIbHO CBOHCTBOM

!im 1I{(u, y)-gk (u, y)//L (R )=0 ,n:JIR Bcex YErff , (3)
ks-+co

s P m

r,n:e ks - HeKOTopaR no,n:ITOCJIe,n:oBaTeJIbHOCTb HaTypaJIbHbIX '1HceJI

OJ{Ha H Ta :>Ke ,n:JIR Bcex y E rff (.3TO CJIe,n:yeT H3 (2) Ha OCHOBaHHH

JIeMMbI 1.3.8). .I!aJIee H3 (3) BCJle,n:CTBHe HepaBeHCTBa 3.2.2 (10)
(p = 00) H HepaBeHcTBa pa3Hblx MeTpHK CJIe,n:yeT, 1ITO (y E rff )

jgks(U + i'll, y) - gks
' (u + i'll, y) 1<

m

1: vII vjl

 s pIgks
(U, y) -gkst (U, y) /ej=l <

m

m .!. 1: vII vII
2m TI Vf Ilgks (u, y) - gks

' (u, y) \!Lp(Rm) ef=1 -+ 0, (4)
1=1

S, S' -+ 00.

&1'0 nOKa3bIBaeT, '1TO gk (z, y) ,n:JIR JlI060ro <PHKCHpOBaHHoro y E rfff
s

npH S _ OQ paBHOMepHO Ha JIl060M OrpaHHtIeHHOM MHO)KeCTBe KOMn-

JIeKCHblX Z CTpeMHTCR K HeKOTopOH <PYHKUHH g (Z, y), O'leBH,n:HO,
1I.eJIoif ITO Z. flYCTb

LlN={lx/l<N; j=l, ..., n}.

113 CK 3aHHoroCJIe,n:yeT, '1TO gks(X)-+g(X) (8_00) ITO'lTH BClO,n:y

Ha LlN, a H3 (2) Tor,n:a BbITeKaeT, '1TO g (x) = {(x) ITO'lTH BClO4)'
Ha rffLlN, a CJIe,n:OBaTeJIbHO (B CHJIY ITpOH3BOJIbHOCTH N), H Ha &,

HaKoHeu, H3 HepaBeHcTBa, aHaJIOrH'IHOrO (4),
m I

Igks(Z, Y)I<2
m TIvrllgk/U, Y)llhp(Rm) (YErff ),
1=)

nepeif,n:R B HeM K npe,n:eJIY ITPH S- 00, ITOJIY'lHM TaKoe )Ke Hepa-
BeHCTBO, HO TOJIbKO y)Ke ,n:JlR g, '1TO nOKa3bIBaeT, '1TO g ITPH JIlO60M

Y E 9KCITOHeHUHaJIbHOrO THITa v ITO U.

MbI ,n:OKa3aJIH, tiTO <pHrypHpylOllJ,YlO B (2) <PYHKUHlO f MO)KHO

'BH,n:OH3MeHHTb Ha MHO)KeCTBe n-MepHoH MepbI HYJIb TaK, '1TO OHa

n01lTH ,n:JIR Bcex Y 6y,n:eT ueJIOH 9KCITOHeHUHaJIbHOrO THITa v ITO U,
Ii TaK KaK f E Lp (Rn), TO { E  )1vp(rff). TeOpeMa ,n:OKa3aHa.
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3.6. CBepTKH C lI,eJIblMH cfJYHKlI,HSlMH SKCnOHeHlI,HaJIbHorO THna

3,6,1. JIeMMa. nycmb
co

g (t) = C2kt2k
o

(1)

ecmb ttemHaJl l{eAaJl q;YHKl{UJl om OOHOU nepeMeHHou 8KCnoHeHl{uaAb-
H.oeo muna v. Toeoa q;YHKl{UJl

co

g* (x)=g(lxl)= c2klxI2k
o

(2)

ecmb l{eAaJl cq;eputteCKoeo muna v.

.I!oKa3aTeJIbCTBO. PH.D. (1) a6COJUOTHO CXO.D.HTCH .D.JIH
JIl06oro t, MHOrOQJIeH

I X 1 2k = (xi + . . . + X )k

HMeeT nOJIO}!{HTeJIbHbIe K03qxpHUHeHTbI. fl03TOMY pH,n: (2) nOCJIe

pacKpbITHH CKo6oK B Ka}!{.D.OM ero qJIeHe eCTb a6COJIlOTHO CXO,n:H-
III.liikH .lI.JIH JIlO60ro x = (Xl' ..., xn) CTerreHHOH pH.lI. rra CTerreHHM

Xl' ..., Xn' CJIe.lI.OBaTeJIbHO, g* (Z) - ueJIaH <PYHKU,IlH. OHa .3KCnO-

HeHu,liaJIbHOrO ccpepHqeCKOrO THrra v, rrOTOMY qTO

(v+e) 'I j- i: [zf/2
Ig*(z)I=lg(iz!)! Aee VI.

3.6.2. T eo p eM a. JIycmb g ecmb l{eAaJl rjJYHKl{UJl 8KCnOH.eHl{uaAb-
Hoeo muna Vf no zf (j = 1, ..., n) (UAU crjJeputteCKoeo muna v), npu-
H.aOAe;J/CaUlpJl K Lq (R n), 1 q 00, H f E Lp (Rn) ( + = 1),
Toeoa rjJYHKl{UJl

ro (x) = g (x - u) f (u) du

npUHaOAe;J/Cum K W1vco (coomBemCmeeH.HO K SW1vco), m. e. ecmb oepa-
HU4.eHHaJl Ha R = Rn l{CAaJl 8KcnoHeHl{uaAbHoeo muna v} no z} (coom-
BemcmeeHHo crjJeputteCKot1 cmeneHU v).

ECJIH gEL, f E Lp (1 p 00), TO ro E Lp (1.3.3), n03ToMY
ro E W1

vp (SW1vp)'
.I! 0 K a 3 aTe JI b C T B O. OrpaHHqeHHOCTb ro Ha R CJIe.D.yeT H3

HepaBeHCTBa

I ro (x) I Jig (x - u) Ilq" f (u) lip = Ilglk Ilfllp. (1)
B CHJIY Toro, qTO g eCTb u,eJIaH cpYHKUHH, HMeeT MeCTO pa3JIO}!{e-
HHe B pH.lI. TeHJIOpa

(k)
( )

g(z-u)= ! g

k uZk, (2)
k O
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a6COJIIOTHO CXO,ltSI HHCSI npH JII060M U E R H JII060M KOMnJIeKCHOM

Z = (Z1> ..., Zn).
HMeeM

! I g(k)(-: t(U)ZkI !I g(k)(_ V(U)Zk!=<D(U),
Ikl<N k;;;>O

TOr,lta ( + = 1 )
<D (U) dU !I :I

 gk'kllf 
k

/I

I k! II 1: ''J I %}I
  gIJq np  = g q f el='.

k

&rO HepaBeHCTBO nOKa3blBaeT, qTO paBeHcTBo (2) nOCJIe YMH02Ke-

HHSI ero Ha f (u) 3aKOHHO (Ha OCHOBaHHH TeopeMbI JIe6era) nOIlJIeHHO

HHTerpHpoBaTb

ro(z)=  g(Z-U)f(u)dll= Zk, Ck=  g<k)(-U)f(lI)dll, (3)
k

II npH 3TOM HMeeT MeCTO HepaBeHcTBo
n

v,1 2tl
Iro(z)I llg!Utl!pei=1 ,

ECJIH g eCTb He TOJIbKO nma v no Kam)10H nepeMeHHOH, HO II

C<PepHlIeCKOrO nllla v, TO Ha.lI.O ellJ,e ){OKa3aTb, qTO ro TaKme c<t>e-
pHlIeCKorO THna v.

B caMOM .lI.eJIe, .lI.JIfI .lI.erlcTBHTeJIbHbIX x, II, y
-

"\1 g(k) (x - u 
g (x + iy - II) = III (iy)k =

k;;;>O

_ '1 g(k) (x-a) k _ '1 g )(x-u)
- t

k! Y - t
11

1=0 Ikl=ll 1=0

r.lI.e g )eCTb npOH3BO.lI.HaSI aT g nOpfl.lI.Ka 1 B HanpaBJIeHHH y.
&TOMY, paccY2K.lI.afl, KaK npH BbIBO.lI.e (3), 6Y.lI.eM HMeTb j

co
\" (1) (x a) t (u) du

( +
.

) _ "\1 Jgy
(

'

j 1 ) 1ro X ty - "" 1I
t Y .

1=0

1 Y !l,

Do-

¥QlITbIBaSI HepaBeHcTBa

\ g<;) (x - u) f (u) du I IIg )Ilq lltllp vlllg q np,
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KOTopble BbIBO,n:HTCH Ha OCHOBaHHH 3.2.6 (3), ilOJIYQI1M
00

I ffi (x +iy) I  llgllqlinp !
(v I I!)1 =llg!lq Ilfllp ev1yl .

1=0

Mbl ,n:OKa3aJIH, QTO ffi E  J1voo.
3.6.3. T eo p e M a. JIycmb

ffi (z) = k ( Iz - u I ) f (u) du, =
'

Rm
(1)

eoe

k (t) = ( Si: *r ' (2)

A. - H.amypaAbl-lOe ttemHoe ttUCAO. yoooAetn80pfllOU{ee HepaeeHCtn8aM

(I.. - f.1) q - m>0 (3)
u

( + =l)
If (ll) (1 + I u ! )-11 IP du < 00 (fL> 0). (4)

Tocoa ffi (z) ecmb l{eJlaR q;YHK'{IL<1 &KcnoHe/-ll{UaJlbHOeO crjJeputleCKOcO
muna 1.

n. 0 K a 3 aTe JI b C T B O. TIOJlOMHM

(
m \ 1/2

A = 2: I Z, 12) .

,1=1 I

TIpHMeHHSI HepaBeHCTBO fCJIbl!epa, nonyql!M

I ffi (Z) I 1 (z) [I f (u) (1 + I U J)-I1IIL
p (Rm)' (5)

r,n:e

1 (z) = ( i k (i z - u I) Iq (1 + I U I) qf
l dut

Q

 (utJ/Q+(uILJI/Q+(uJI,3At
Q
=11+12+13' (6)

3aMeTHM, qTO

I z - U 1 2 = 12: zj- 22: ZiUj + 2: Uti:;:,:
I u r - 2A I u i - A2 = (I u 1- A)2 - 2A2 ='/J (I u I). (7)

<l>YHKUHH (sin *)"" H k (t) OT O,n:HOH ilepeMeHHoH t ueJIbIe THila l 

OrpaHHQeHHble Ha ,n:eHcTBHTeJIbHOH OCH, n03TOMY (sin I I )"" H k (I z I) 
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n.eJIbIe C<pepH'IeCKOrO THrra I, OrpaHH'IeHHbIe Ha Rm '(3.6. I). B TaKOM

oCnY'Iae, y'IHTbIBa5l, 'ITO U E Rm - .lI.eH:CTBHTeJIbHbJe TO'IKH H Z =

= (xl+iYh ..., xm+iYm), HMeeT MeCTO (CM. (3.6.1) II 3.2.6 (4»

k (I z- U I) <exp IY I  expA, (8)

(sin I
z-;.:u IY <exp Iy I exp A. (9)

rI03TOMY B CH.T1Y (8)

11<expA ( (I +IU!)ql1 dU) I/q<exp A, (10)
lul<l

12<exp A ( ) (I +1 U I)Ql1dU)
l/Q

<exp{(1+B)A}, (II)
lul<3A

f'.lI.e B> 0 - npOH3B0.T1bHO Ma.T10e 'IHCJIO, KOHCTaHTa BO BTOpOM Hepa-
'BeHCTBe (I I) 3aBHCHT OT e, a B CHJIY (7) H (9) (rr05lCHeHH5I HH)Ke)

A

(
(' pI1Q+m-l \ I/Q

13<exp j
dp ) <expA (p=[ui). (I 2)

p>l,3A
'P (p)

2
J

<PYHKIlH 51

p2

'P (p)
= cp (p) (p 3A)

orpaHHtJeHa, rrOTOMY 'ITO OHa rrOJIO)KHTeJIbHa H ee rrpOH3Bo,n:Ha5I
OTpm.(aTeJIb.Ha. CJIe.ll.OBaTeJIbHO, rrOJIara51

I
v =

2' (Aq - f.1q
- m + I)

H P
= t.ti, rrOJIY'IHM, 'ITO HHTerpaJI, BXO.ll.5IW.HH: B (12), C TO'IHOCTblO

Jl.O nOCT05lHHOrO MHO)KHTeJI5I H'e rrpeBbIIIIaeT

(' dp I (' dt

J 'P (p)V
=

A2V-l J 1jJ (t)V
<

.p>3A. I
1>3 ..!..

'A

1
co

f-2V dt -< I

< A2 -1 t  < 3

l'
I

A2V-l I1>3.
A A2V-l

=

(A?::: I),

(A < I),

"T. e. crrpaBe,n:JIHBO BTopoe HapaBeHcTBo (12).- vb rrOJIY'IeHHbIX Ol(e-

 OKCJle,n:yeT, 'ITO .lI.JI5I JIIOOorO 8> 0 CYW.eCTB yeT KOHCTaHTa Cs , He

:3aBHC5I1l.(a5I OT t, TaKa5l, 'ITO

10) (z) I Cs t (u) (I + I U 1)-11  1J(Rm)exp {(I + 8) A}, (13)
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OCTaeTCfI ,n:OKa3aTb, qTO <0 (Z) eCTb ue.T1afl <PYHKUIIfI. nYCTb
fN=f ,n:.T1f1 lul<N II fN=O ,n:.T1f1 lul>N II

<ON (Z) = k (I z - u [) fN (U) dUo

3a,n:a,n:IIM rrpOH3BOJIbHOe qIIC.T10 A> 0, II rrycTb 8A eCTb MHOLKe.
CTBO TOqeK Z = (ZIo ..., Zm), .lI.JIfi KOTOpbIX I zil < A. JI,JIfi TaKIIX

TOqeK

A=V$ IZI12 mA

II B CII.T1Y (13)

1<0 (z) - <ON (z) I <cemAI] (f - 'N) (1 + 1 u 1)-1-1  1J(Rm)-+O,
N-+oo

T. e. <ON (z) -+ <0 (z), N -+ 00 paBHOMepHO Ha m060M A, II CJIe,l{o.-

BaTe.T1bHO, <0 (z) - UeJIaR (CM. (3.1.1». YTBepLK,n:eHIIe ,n:OKa3aHO (CM.
,n:aJIee 4.2.2),



fJIABA4

KJIACCbl <l»YHKl.{MA W, n, B

4.1. 0606m.eHHaSl npOH3BO)l.HaSl

3a,n:a,n:HM B npoCTpaHcTBe R = Rn OTKphlToe MHO)KeCTBO g H 060-

3HaqHM qepe3 gl ero opTOrOHaJJhHYlO npoeKUHlO Ha rHnepnJJOCKOCTb

Xl = O. DYCTb Ha g 3a,n:aHa ,n:eHCTBHTeJJhHa5I (KOMnJIeKCHa5I) H3MepH-
Ma5I <PYHKUH5I {(X) = {(XIt y). DpH <pHKCHpOBaHHOM y OHa ecTl.

<PYHKUH5I OT Xl' onpe,n:eJIeHHa5I Ha COOTBeTCTBYlOW.eM OTKphITOM O,n:HO-

MepHOM MHO)KeCTBe. ECJJH <P)THKUH5I { aOCOJJlOTHO HenpephIBHa Ha

JIlOOOM npHHa,n:JJe)Kaw.eM K .9TOMY MHO)KeCTBY 3aMKHYToM KOHe<lHOM

OTpe3Ke, TO oy,n:eM rOBopHTh, QTO OHa npH YKa3aHHOM y A01WAbHO

-a6coA10mH.O Henpepbl6Ha no Xl'

no onpeaeAeHUIO f/JYHKI1UR { UMeem. o606lWHH.YIO np0U360aHym a
Of

Xl

(no Xl), eCAU f U3MepUMa Ha g U cyU{ecmeyem 8K6U6aAeHmHaR eu

(omH.OCUmeAbH.O g) f/JYHKI1UR {1> AOKaAbHO a6cOA1OmHO Henpepbl8HaR

nOl/,mu aAR 6cex aonycmuMblx Y (T. e. Y E gl)' cfJYHKI1UR {I 6yaem
UMemb nOl/,mu 6Croay H.a g (6 CMbLCJle n-MepHOU Mepbl) 06bll/,H.ylO ttaCm-

H.YIO npOU360aH.YIO  ft. J]I06Yf() 8K6ueaAeHmH.ylO eu (6 CMblCAe n-M.ep-uXI

H.OU Mepbl) f/JYHKI1UIO Mbl U 6yaeM HCl3bl6amb o606U{eHHOU npOU360aHot1
()m f Ha g no Xl U 0603Hal/,amb ttepe3 a

af
.

Xl
ECJIH qJ (t) eCTb <PYHKII.H5I OT O,n:HOH nepeMeHHOH t H Q - OTKpbI-

Toe MHO)KeCTBO TOqeK t, TO TOT <paKT, QTO qJ HMeeT Ha Q 0606w.en-

HyIO npoH3Bo,n:HYlO <P' (t), MOJKHO BhIpa3HTb cJJe,n:ylOw.HM oopa30M:
.cyw.ecTByeT <PYHKUH5I <PIt .9KBHBaJIeHTHa5I <P (OTHOCHTeJIhHO Q'),
JIOKaJIhHO aOCOJIlOTHO HenpephlBHa5I Ha Q. Tor,lI,a <PI HMeeT, KaK

H3BeCTHO, nOQm BClO.ZJ:Y Ha Q 06bIQH-YlO npOH3BO)l.HYlO <P; (t). J1lO0a5I
-4>YHKIJ.H5I, 3KBHBaJJeHTHa5I <P; (t), Ii ecTh nG onpe,n:eJIeHHlO 0006w.eH-
Ha5I npOH3Bo,n:Ha5I <P' (t) Ha Q.

4T06u He 6b1JIO Hellopa3YMeHHA, nOIlCHHM 60JIee nOllP06HO, n01JeMY npH YKa-

88HHblX YCJlOBHJlX 06u1JHaJi qaCTHaJi npoH3Bo,!{HaJi  ftcyruecTBye-r n01JTJI BCIOA)'
VXl

.aa g.
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TIpoeKUIIJI gl OTKpblTOrO MHO)KeCTBa g Ha nO)\ITpOCTpaHCTBO TO'IeK y=(O, X2 , ..., Xn)
eCTb, 01JeBH,!\HO, TaK)Ke OTKpblTOe MHOJKeCTBO. Ka}K,!\oH cpHKCllpOBaHHOH TO'IKe y Egi

COoTBeTCTByeT O,!\HOMepHOe OTKpblTOe (B O,lJ;HOMepHOM CMblCJJe) MHOJKecTBO e
y

T01JeK

BII,!\a (XJ"Y) E g. MHOJKeCTBO g MOJKHO paCCMaTpHBaTb KaK reopeTHKO-MHO)KeCTBeH-
HYJO CYMMY

g= U e
y

.

yEg,

Do yCJJOBlI!O CPYHKUHJI ft (Xl> y) nO'1T1I ,!\JIJI Bcex y E gl a6COJIIOTHO Henpe-
pblBII8 no Xl Ha KaJK,!\OM 3aMKHyTOM oTpe3KI! H3MeHE'HHH Xl> npHHa,!\JIe)Kam,eM Key.
OrcIO.lI,8 CJle.ll,yeT, 'ITO ,!\JIJI n01JTH Bcex TO'IeK Y E gl CPYHKUHJI It (Xl, y) IIMeeT nO'ffH

.lI,JISI Bcex Xl E e" 06bI1JHYIO 1JaCTHYIO IIpOIl3BO,!\HYIO  f,l= tIx . 0603Ha1JIIM Qepe3 g'
oT uXI '

MHOJKeCTBO Bcex T01JeK x = (Xl> y) E g, ,!\JIH KOTOpbIX He CYlUecTByeT 1JaCTHaH npo-
113BO,!\HaH t Ix,'

MHO)KecTBO g/ 113MepHMO, TaK KaK OHO HBJIHeTCH ,!\onOJIHHreJIbHblM

K MHOJKeCTBY rex TO'IeK x E g, ,!\JlH KOTOpbIX cYlUecTByeT npe,!\eJI OTHOllleHIIJI

I
. fdxl +h, y) - It (Xl> y)

f (1m
h lx, Xl' y),

h-+O

npe,!\CTaBJlJllOllI.erO C060H ,!\JlJI KaJK,!\oro h H3MepH.MYIO CPYHKUIlIO (f H3MepHMa Ha g

no YCJJOBIlIOI). Ha,!\o HMeTb B BII,!\y, 'ITO MHOJKecTBO T01JeK CXO,!\HMOCTH nOCJIe,!\OBa-

TeJIbHOCTII H3MepllMblX CPYHKIJ:HH Ha (H3MepHMOM) 'MHOJKeCTBe & H3MepHMO *).
C ,!\pyroH CtoPOHbI,

g'= U e ,
YEP,

npH1JeM n01JTH ,!\JIH Bcex Y E gl B CMbICJIe (n - I )-MepHoii Mepbl, f.t€; = O. OTCIO,!\a

(no reopeMe <1>y6HHH) g/ HMeeT n-MepHYIO Mepy I-Lg/ =0, II, TaKIIM 06pasOM, cf>YHK-

I{HH It HMeeT n01JTH BCIO,!\Y Ha g 06bl1JHylO 1JacrHYIO npOH3BO,!\HylO g; ' KOTOpylO

MbI Ha3BaJIH o606lUeHHOH 1JaCTHOH npOH3BO,!\HOH f no Xl'

<I>YHKLUHI ",at (H3MepHMaH Ha OTK pbITOM
*
*) MHO)KeCTBe g) MO)KeT

uXI

B CBOlO 01Jepe.ll.b HMeTb o606IlI,eHHYlO QaCTHYlO npOH3BO.ll.HYlO no Xl>

*) FIyCTb {Fk} - nocJIe,!\osareJIbHOCTb H3MepHMblx CPYHKI{HH, 3a,!\aHHblx Ha

H3MepHMoM MHOJKeCTBe &, enm = {X: IFk (X) -Fz(x) I < } ,!\JIJI JII06b1X k, I n;

n, m = I, 2,... Tor,!\a A = n U enm eCTb MHO)KeCTBO T01JeK CXO,!\HMOCTII {Fk}, O1Je-

m n

BH.llHO, H3MepHMoe.

**) B onpe,!\eJIeHHH }f MOJKHO BMecTO OTKpblTOrO B Rn MHO)KeCTBa g c Rn
uXI

B3J1Tb H3MepHMoe MHOJKeCTBO g c Rn, HBJIJilOlUef'CH OTKpbITbIM no nepeMeHHol!: Xl'
T01JHee, MOJKHO B3HTb H3MepHMoe MHOJKecTBO & c Rn' npOeKI{HH KOTOporo &1 Ha

no,!\npocrpaHCTBO T01JeK Y=(O, X2 , ..., X
n) H3MepHMa B (n-I)-MepHoM CMblCJIe,

TaKoe, 'ITO

{£= U e
y,

yE ,

r.ll,e ey-OTKpblTbIe O,!\HOMepHble MHOJKeCTBa TO'IeK BII,!\a (Xl> y) C 113MeHJlIOlUHMCH

1JIICJlOM Xl' B 1JaCTHOCTH, TaKIIM HBJIHeTCJI H3Me.pHMoe M1IO)KeCTBO BH,!\8 &=RlX&lC
c: Rn' r,!\e. {/l- H3MepHMoe B CMblCJJe (n-I)-MepHol!: Mepbl MHO)KeCTBO.
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T. e. MO/KeT OKa3aTbCSI, llTO CYllJ,eCTByeT ell 3KBHBaJIeHTHaSl (B CMblCJIe

n-MepHOH MepbI) onpe.ll.eJIeHHaSl Ha g <PYHKQHSI qJ, a6comOTHO Henpe-

pbIBHaSl no Xl Ha m060M 3aMKHYTOM OTpe3Ke H3MeHeHHSI Xl> nOllTH

.lI.JISI Bcex y E gl' 06blllHaSl npOH3BO.ll.HaSl no Xl OT qJ, CYllJ,eCTBylO-
llJ,aSl nOllTH BCIO.lI.Y, H.T1H ell 3KBHBaJIeHTHaSl <PYHKQHSI 0603HallaeTCSI

llepe3 J2" DO.ll.06HbiM 06pa30M no HH.lI.YKQHH orrpe.ll.eJISleTCSI k =

=t1 )(k=O, 1,2, ..., f  )=f).HeTPY.lI.HO BH.lI.eTb, llTO eCJIH cYllJ,e-
akf

cTByeT Ha g 0606llJ,eHHaSl npOH3BO.ll.HaSl axk ' TO BCer.ll.a MO/KHO <PYHK-
QHH f npHBeCTH B COOTBeTCTBHe ell 3KBHBaJIeHTHYIO, onpe.ll.e.T1eHHYIO

aqJ a2
qJ akqJ

Ha g <PYHKQHIO qJ TaKYIO, llTO npOH3BO.ll.Hbie a' 2' ..., cYllJ,e-Xl aX
I aXi

a'
CTBYIOT B 06bIllHOM CMblCJIe nOllTH BCIO.lI.Y Ha g H npH 3TOM ' 

aXI

(i = 0, I, ..., k - I) a6COJIIOTHO HenpepblBHbl rro Xl Ha JII060M

3aMKHYTOM OTpe3Ke H3MeHeHHSI XI .lI.JISI Bcex y, npHHa.ll.JIe/Ka-
IlJ,HX K O.ll.HOMY H TOMY /Ke MHO/KeCTBY g; c gh OTJIHllHOMY OT gl
Ha MHO/KeCTBO MepbI HYJIb.

AHaJlOmllHO onpe.ll.eJISllOTCSI 0606lQeHHble Ha g npOH3BO.ll.Hbie ak 
aXi

(i = 2, .... n). CMeruaHHble npOH3BO.ll.HbIe BToporo H BbICruHX nopSl,lt-
a2f

KOB Onpe.ll.eJISlIOTCSI no HH.lI.YKQHH. HanpHMep, npOlI3BO.ll.HaSl _a aXl X2

onpe.ll.eJISleTCSI paBeHCTBOM

a2f a af
OXI aX2

=

aXI aX2
.

01leBH.lI.HO, TOT <paKT, llTO <PYHKQHSI f (X) OT O.ll.HOli rrepeMeHHoli
HMeeT Ha (a, b) 06061lJ,eHHYIO npOH3BO.ll.HYIO rrOpSl.ll.Ka k, CBO.ll.HTCSI
K TOMY, llTO OHa (nOC.T1e H3MeHeHHSI Ha MHO/KeCTBe Mepbl HY.T1b)
HMeeT 06blllHbie rrpOH3BO.ll.Hbie .lI.O rrOpSl.ll.Ka k - I BK.T1lOllHTeJIblIO
a6COJIIOTHO HerrpepblBHble Ha JII060M 3aMKHYToM oTpe3Ke [c, d] c
c (a, b), llTO BJIelleT 3a c06011 ellJ,e cYllJ,eCTBOBaHHe rrpOH3BO.ll.HOli
f(k) (x) nOpSl.ll.Ka k nOllTH BCIO.lI.Y Ha HHTepBaJIe (a, b).

Mbl 6yCJeM 8CIOCJy 8 amou KIiUce UMemb CJeAO C o606w,eliflblMU npo-
U3BOCJflblMU U 'iacmo noamOMY 6yCJeM lia3blBamb UX npoU3BOaHblMU 6e3

CJo6aBAeliUJl CAOBa <<o606w,eHliblMU>>.
XOTSI .lI.aHHOe Bblrue orrpe.ll.e.T1eHHe, 06061lJ,eHHoli rrpOH3BO.ll.HOli

SlBJISleTCSI BeCbMa 061lJ,HM, HO Y/Ke OHO caMO no ce6e SlB.T1S1eTCSI

.lI.OCTaTOllHO  eKTHBHNMB npHMeHeHHHX npH HHTerpHpOBaHHH no

llaCTSlM. DYCTb <PYHKQHSI f HMeeT Ha g 06061lJ,eHHYIO rrpOH3BO.ll.HYIO

a

af
. DpH 3TOM f Mbl 6Y.lI.eM CllHTaTb Y/Ke BH.lI.OH3MeHeHHoli Ha MHO-

Xl

>KeCTBe n-MepHoli Mepbl HYJIb, KaK 3TO Tpe6yeTcSI orrpe.ll.eJIeHHeM.
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DYCTb, KpOMe TOrO, <p (x) eCTb <PYHKII.IUI, HenpepbIBHaH Ha g BMeCTe

co CBOeli np01l3BO.ll.HOli a
a<:p

. Tor.ll.a nOqTll .lI..T1H BCeX y
= (X2 , ..., Xn),

Xl

KaKOB 6bI Hll 6bI.T1 OTpe30K [a. b] xy, npllHa.ll..T1e)KaI1l1111 Kg. 3aKOHHO

IIHTerpllpOBaHlle no qaCTHM

b

S
acp

f (Xl> y) aXI (Xl' y) dXI =

a

b

\ at
= f (b, y) <p (b, y) - f (a. y) <p (a. y) - j aXI (Xl> y) <P (Xl, y) dx.

a

(1)

qacTo n05IB.T1HeTCH He06xo.ll.IIMOCTb 9TO Bblpa)KeHlle IIHTerpllpOBaTb
no y. H0 .lI..T15I 9Toro H3MepllMOCTll f (x) = f (Xl> y) Ha g He.ll.OCTa-

TOqHO, HY)KHbI .lI.06aBOqHble YC.T10BIIH Ha f. TaKIIMll 9qxpeKTIIBHbIMll
YC OBHHMIIMoryT 6 TbCYMMllpyeMocTb 1l.T111  OKa.T1bHaHCYMMIIPY 

MOCTb f II
a

at
ll.T1H TO.T1bKO

a

at
Ha g.

Xl Xl

DOHHTHe 0606I1leHHoli rrpOH3BO.ll.HOli MbI HaXO.ll.IIM B llCC.T1e.ll.OBa-

HIIHX Benno JIeBH [1]. KOTOpbIli paccMaTpllBa.T1 0606I1leHHbIe I1'pO-
113BO.ll.Hble C IIHTerpllpyeMbIM KBa.ll.paTOM Ha g. B .lI.a.T1bHellIlIeM MHO-

rIle MaTeMaTHKll npllxO.ll.H.T1H K 9TOMY rrOHHTHIO Hepe.ll.KO He3aBllCHMO

OT CBOHX npe.ll.IlIeCTBeHHHKoB.
C. JI. C060 eB [1], [2] rrO.ll.OllleJI K onpe.ll.e.T1eHHlO 0606I1leHiwH

np01l3BO.ll.HOM C TOqKll 3peHIIH H,n:ell BBe.ll.eHHOrO IIM nOHHTIIH 0666-
I1leHHoli <PYHKII.llll. Onpe,n:e.T1eHlle C060.T1eBa 3aK.T1lOqaeTCH B CJle.ll.YlO-
I1leM. IIycmb f u Iv - IlOIWllbliO cY.M.MUpye.Mbte lia OtnlCpbttnO.M .MliO:JICe-

cm8e g CPYliKt{UU. ECllu OIlR 1l106oii. 6eCK01-le'-tlio oucpcpepelit{upye.Moii.
cpuliumlioii. 8 g CPYliKt{UU <p 8btnOllliRemCR paeelicm80

Iv<p dx = (_I)l s l f<p(s) dx.

mo Iv ecmb o606U{eliliWl npou3800liWl f\s) om f.
EC.T111 <PYHKII.IIH f .T10Ka.T1bHO CYMMllpyeMa Ha g BMeCTe co cBoeH

u at u

np01'l3BO.ll.HOll
_

a ' IlOHHMaeMOll B CM C.T1enepBoro onpe.ll.e.T1eHIIH, TO
Xl

.lI..T1H <pllHHTHOli B g 6eCKOHeQHO .lI.H<p<pepeHII.llpyeMoH <PYHKII.IIH <p

6Y.lI.eM IIMeTb (CM. (1))

S f : dx = dy S f(x, y) :X (Xl> y) dXI
=

g II,

= - dy S a (XI, y) <p (Xl. y) dXI
= - S :L <p dx.

g,

u at
II MbI .lI.OKa3a.T111. QTO 113 nepBoro onpe.ll.e.T1eHIIH np01l3BO.ll.HOll

\lXI

CJIe.ll.yeT BTopoe. 06paTHoe TaK)Ke BepHo. HaM Y.ll.06Hee npllBecTll
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)l.OKa3aTeJJbCTBO 9TOrO YTBep)K,.'I,eHHH n0311.Hee (CM. 4.5.2), a nOl(a

M 6YlI.eM HCX0ll.Hfb H3 rrepBoro orrpell.eJIeHHH. OTMeTHM, 'ITO 06a

.

6 6
. . apt

onpell.eJIeHHH HeClv:ewaHHOH 0 0 IlI,eHHOH npOH3BOll.HOH - TaK)Ke

axf
connall.alOT. Ho 9TO Y)Ke He TaK lI..T1H CMewaHHOH rrpOH3BOll.HOH. 113
nepBoro orrpell.eJIeHHH BbITeK3eT BTopoe, HO He H3060pOT, KaK nOKa-

3blBaeT npHMep <PYHKUHH f (Xl, X2) = CP (Xl) + 'IjJ (X2) , rll.e CP (Xl) H

'Ip (X2 ) - HenpepbIBHbIe HHrll.e He lI.H<P<PepeHUHpyeMble <PYHKUHH.
a2tB CMblCJIe C. J1. C060JIeB3 _

a a
= 0, 3 B CMbICJIe nepBoro onpell.e-Xl X2

iJ2t
JIeHH5I npOH3BOll.Ha51

_

a a
He CYIlI,eCTByeT.

Xl X2

CoBrrall.eHHe 060HX orrpell.eJIeHHH f(s) HMeeT MeCTO BO BC5IKOM

CJIYIlae TOrll.a, KOrll.a f(9) = f(51
. ...,

5

n), a T3K)Ke

f(51' .... 5

n_I
, 0) f(51' ..., Sn_2 0,0) f (S1' 0, ..., 0) f, , .._, H

JIOKaJIbHO CYMMHpyeMbI. 3TO HMeeT MeCTO lI.JIH <PYHKUHH KJIaCCOB W,
H, B, L, KOTopbIe MbI 6YlI.eM H3YIl3Tb B 9TOH KHHre (CM., HanpH-
Mep, 4.4.6).

TIpHBe)l.eM xapaKTepHYIO 3311.3IlY, eCTeCTBeHHbIM 06pa30M npHBo-
lI.51Il1,YIO K nOHHTHlO 0606Il1,eHHOH npOH3BOll.HOH.

DycTb Ha g 3a1l.3Ha nOCJIell.OBaTeJIbHOCTb HerrpepblBHo lI.H<P<PepeH-
II.HpyeMbIx <PYHKUHH fk (x) (k = I, 2, " .), 06JIall.aIOIlI,a51 TaKHM CBOH-

CTBOM: K3KOB3 6bI HH 6bIJI3 orpaHHIleHHaH 06JI3CTb Q c Q c g

II fk - fll!Lp(O) -+ 0 (k, 1 -+ co), (2)

I !

\
atk

_

atl II -+ 0 (k, 1-+ co). (3)\ aXI ax! ( Lp(0)

Tpe6yeTcH oxapaKTepH30B3Tb JIOKaJIbHbIe CBOHCTB3 <PYHKUHH f.
K KOTOpOH tk CTpeMHTcH B Cpell.HeM (JIOKaJIbHo):

!irn II fk - filL (0)
= O.

k-+oo P
(4)

3TH CBOHCTBa 3aKJIIOIlalOTCH B TOM (CM. 4.4.5), IlTO <PYHKII.H5I t
HMeeT 0606Il1,eHH)'IO npOH3BOll.HYlO a

 -Ha g H f H
a
i}L JIOKaJIbHO CYM-

Xl Xl

MHpyeMbI Ha g B P-H CTeneHH.

TIpHBell.eM eIll,e Oll.HY 3a.l13IlY, TeCHO CB5I33HHYIO C H3IllHMH ue-

Jl5lMH, npHBOll.HIlI,YIO K rrOHHTHIO 0606rp.eHHOH npOH3BOll.HOH.
0603HaIlHM Ilepe3 Q" MHO)KeCTBO TOIleK x E Q, OTCTOHIlI,HX OT

rpaHHUbi r OTKpbIToro MHO)KeCTBa Q Ha paCCTOHHHH, 60JIbWeM IleM

h>O, H nYCTb

. Ilf (Xl +h, y)-t (Xl' y) IILp (0,,)
Ma [f] = s p I h I G

< co (0 < a 1). (5)
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DYCTb ew:e Ha Q 3a.aaHa nOCJIe.l{OBaTeJIbHOCTb HenpepblBHO .l{Hcpcpe-
peHI..{HpyeMbIx cpYHKI..{HH fk (X), 06JIa.l{alOw:a5I CBOHCTBOM (5) H TaKa5I,

lITO

Ma[  :- g :l--+0 (k,l--+oo). (6)

Tpe6yeTC5I oxapaKTepH30BaTb CBOHCTBa cpYHKIlHH f, .l{JI5I KOTOpOH
HMeeT MeCTO (4). 3TH CBOHCTBa 3aKJIl04alOTC5I B TOM (CM. 4.7), lITO

f HMeeT Ha Q 0606w:eHHYIO rrpOH3BO.l{HYIO a
_at H BeJIH4HHa Ma (aat )XI Xl'

KOHeIlHa.

4.2. KOHe'lHble pa3HocTH H MO.!l.YJIH HerrpepblBHoCTH

DYCTb' g c Rn eCTb OTKpblTOe MHox<eCTBO H h = (hI> ...,
h
n ) E

ERn - rrpOH3BOJIbHbIH BeKTOp. 0603HallHM Ilepe g" MHox<eCTBO
TOlleK x E g TaKHX, lITO BMeCTe C x rrpHHa1I.JIe)KHT K g TaKx<e J1IO-

6aH TOIlKa x + th, r.n.e 0 t 1, T. .e. JI106a5I TO'lKa OTpe3Ka,
coe.n.HH5I1Ow:ero x H x+ h.

MbI TaK)Ke 6Y.l{eM yrroTpe6JI5ITb 0603HalleHHe g6, r.l{e 6> 0, MHO-

)KeCTBa TOlleK x E g, OTCT05IW:HX OT rpaHHl..{bI g Ha paCCT05IHHH,
60JIbilieM lleM 6. MHO)KeCTBa g" H g6 MorYT 6bITb rrYCTbIMH. Olle-

BH.l{HO, gl"lcg".
DYCTb f eCTb cpYHKI..{H5I, orrpe.l{eJIeHHa5I Ha g. ECJIH x E gh, TO

HMeeT CMblCJI (nepeafl) pasHOCtnb

 4= .,.f(x) = f (x + h) - f (x)

cf;Y1-lKt{UU f 8 mO'IKe x C (eeKmOp1-lbIM) UlG20M h.
Do HH.l{YKI..{HH BBO,J:HTC5I rrOH5ITHe k-u pa31-l0CmU cf;Y1-lKt{UU ,

B mO'-lKe x C UlaC!OM h:

Ll:f = Ll f(x) = LlhLl -1f (x) (Ll'hf=f, Llk=Llh , k=l, 2, ...).

OHa BO BC5IKOM CJIYllae orrpe.l{eJIeHa Ha MHO)KeCTBe gkh'
OlleBH.l{HO,

k

Ll f(x) = (-I )I+k C f(x + lh)
1=0

(k=O, 1, ...). (1)

ECJIH S - HaTypaJIbHOe 4HCJIO, TO, OlleBH.l{HO,

$-1

Llshf (x) = Llhf (x + lh)
'=0

H (no HH1IYKI..{HH)
s-I s-l

Ll:,J(x)= ... Ll f(x+llh+...+lnh). (i),
11 = 0 In = 0
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MoiJYJleM Henpepb18HOCmU nopfliJKa k ifJYliK4UU f 8 MempUKe LD (g)
no Hanpa8JleliUlO h Mbt Ha3bleaeM eeJlUitUHy

w
k (6) = w (f, 6) = sup Ilt1fhf (x) IlL (gkth)'

It. 11 p

00 (6) = Wh (t, 6) = wi. (f, 6).

(EC.T1l1 ,g - nYCToe MHOMeCTBO, TO MbI C'UlTaeM 11'lk D (<8')
= 0.) .ami

Toro 'IT06bI HMeJIa CMbIC.T1 Be.T1l1'IHHa (3), He06xo)J.HMO,' 'IT06bI HOpMbI
no)J. 3HaKOM sup 6bIJIH KOHe'IHbl, 'ITO 6y.n:eT, HanpHMep, eCJIH f E
E Lp (g). HHMe MbI OCTakIOBHMCH Ha HeKoTopbIX xapaKTepHbIX
CBollcTBax MO)J.YJIeH w

k (6).
XOpOIllO H3BeCTHO (CM. 1.3.12), 'ITO eCJIH CPYHKII.HH f E Lp (g) H

1 P < 00, TO

Ihl= 1,
(3)

lirn 00 (t) =0.
t-O

(4)

npH P = 00 3TO CBOHCTBO He HMeeT,
O)J.HaKO OHO BbITIOJIHHeTCH TpHBHa.T1bHbIM
MepHO HenpepbIBHa Ha g.

I1MelOT MeCTO HepaBeHCTBa

o (i) (6 2 ) - 00 (6 1) 00 (62 - 61) (0 < 61 < 62), (5)

Bo06w:e rOBopH, MeCTa.

06pa30M, eCJIH f paBHo-

nepBoe H3 HHX O'IeBH)J.Ho. BTopoe MOMeT 6bITb )J.oKa3aHo CJIe.n:y10-

W:HM 06pa30M. ECJIH 610 62 ? 0, TO BCHKoe t C I t I 61 + 62 MOMHO

npe)J.CTaBHTb B BH)J.e t = t1 + t2 , r)J.e t1 H t2 O)J.Horo 3HaKa C t II

t 1 1 61,' I t2 1 62 ,

R03TOMY

00 (<'II + 62) = sup Ilf (x + (t' +t") h)-f (x) IlL (gth)
I t'i II,

P

It"I II,

sup IIf(x+(t'+t")h)-f(x+t"h)IIL (gth)+
It'I lIt P

it" I  1I2

+ sup II f (x + t"h) - f (x) IlL (gth)
I t"I II, P

sup II f (x + t'h) - f (x)lk (gt'h) +
00 (<'12) = 00 (61) + 00 (62),

I t'i lit
P

3aMeHHB B 3TOM HepaBeHCTBe 62 , <'II + <'12 COOTBeTCTBeHHO Ha <'1 2 - <'Ih
62 , nOJIY'IHM (5).

113 (4) H (5) CJIe.n:yeT, 'ITO CPYI:IKII.IJ:H w(t) (npH l p<ooII

p
= 00, eC.T1H f paBHoMepHo HenpepbIBHa Ha g) HenpepbIBHa npII

JII060M t? O.
113 BToporo HepaBeHcTBa (5) CJIe.n:yeT ew:e TaKoe CBOllCTBO

00 (16) 100 (<'I) (<'I> 0; 1 = I, 2, .. .).
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OHO MO)KeT 6bITb nOJlyqeHO TaK)Ke H npHTOM B 60JIee 06rn,eM
BH.lI.e H3 paBeHcTBa (2) (s = i):

ffik (i6) ikffik (6) (k, I = I. 2, .. .). (6)

O'IeBH.lI.HO, 'ITO

ffik (6) ffik (6') (0 < 6 < 6'). (7)

HepaBeHcTBo (6) o606llI.aeTc5I Ha rrpOH3BOJIbHble, He 06513aTeJIbHO

ueJIbIe I> 0. 1I.JI5I 3Toro rrO.ll.6epeM HaTypaJIbHOe m TaK, 'ITo6bI

m i < m+ 1; TOr.ll.a

ffik (i6) ffik [(m + I) 6] (m+ l)k ffik (6) (i + I)k ffik (6) (8)

(i>O, k= 1, 2, ...).

3aMeTHM ellI.e, 'ITO

sup II   :kf(x) Ik
p (gt (S+kJ h) sup 2

8

II  :hf(x) IILp(gtkh)' (9)
Itl t5 Itl t5

H CJIe.ll.OBaTeJIbHO,

ffis+k (<I) 2sffik (6). (10)

fIYCTb 1 m n, x = (u, y), U EO (Xl. ...,
xm) EO Rm. y =

= (xm+lJ ..., xn). Mbl 6y.ueM TaK)Ke 0603Ha'IaTb 'Iepe3 Rm MHO)Ke-

CTBO TOqeK (XlJ ...., Xm , 0, ..., 0) rrpoCTpaHcTBa Rn (Rm eRn).
BBe.ll.eM BeJIH'IHHY

Q (I, 6}L (g)
= sup O) (I, 6}L (g), (11)m p
hE Rm

p

Ihl=l

KOTOpylO Mbl 6Y.ll.eM Ha3bIBaTb MoiJYAeM Henpepbl8HOCmU nopfliJKa k

cpyHKI1UU f 8 HanpaeAeHUU (noiJnpocmpaHCmea) Rm eRn. ECJIH g-
OrpaHH'IeHHOe MHO)KeCTBO H d - ero .lI.HaMeTp, TO JIerKO BH.lI.eTb, 'ITO

.lI.JI5I 6> d CPYHKII.H5I Q m(I, <I) eCTb rrOCT05lHHaH.

DYCTb Terrepb CPYHKUH5I f HMeeT .T1106ble rrpOH3BOll:Hbie rro U EO Rm
nOp5lll:Ka p. Torll:a lI:JI5I Hee HMeeT CMbICJI Ha g rrpOH3BOjl,Ha51 rro

HarrpaBJIeHHlO JI106oro e.ll.HHH'IHOrO BeKTopa h EO Rm:

f<,f) = f(S)hS

ISj=p

(12)

(h = (hlJ ...,
hm, 0, ..., 0). I h I = 1,

h
S
= h l. . . h m= h l. . . h mOO. , .0°, 00 = 1).

fIOJIO)KHM

QRm (f(p), <I) = sup ffik (f(P>, 6) .

hERm
h h

Ihl=l

(13)
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3Ty BeJIH'BiHY MbI 6Y)J.eM Ha3blBan, Moi}YAeM Henpepbt8HOCmU npOU3-
80i}HblX (ecex) nopfli}Ka P Q;YHKI1UU f.

TaK KaK B cHny (8)

(J) (t}f), 16) (1 + l)k (J) (f<t),  ),
TO H BepXHHe rpaHH 3TH X BeJlH'IHH no hE Rm, I h I = 1, OCTalOTC5I

B TOll 2Ke CB5I3H

Q m(f(P), 16) (I+I)kQ m(f(P),6). (14)

HepaBeHcTBa (8), (14) nOKa3blBalOT, 'ITO KOHe'IHOCTb Mo.n:YJIell He-

npepbIBHocTH .n:Jl5I ManbIX 6 BJJe'IeT 3a C060ll KOHe'IHOCTb HX .n:n51

oonbIIIHx 6.
B cHny Toro, 'ITO f'!:) ecn KOHe'IHa51 JIHHellHa51 KOM6HHaII.H5I H3

npoH3Bo.n:HbIX f(S), 181 = p (no Koop.n:HHaTHbIM HarrpaBneHH5IM) C orpa-
HH'IeHHbIMH K03cpqmII.HeHTaMH hs

, (I h
s I 1), He 3aBHC5Irn.HMH OT x,

HMeeT MeCTO

Q m(jj,P). 6) = sup sup II Mhf}f) (x) IlL (gth)
Ihl=lltl 1\

p

hERm

 ., n k (s) IIsup sup LJ fldthf (x) ,Lp(gth)
=

h t Isl=p

=sup (J) (f(8). 6)= Q m(f(S). 6). ,(15)
h

Isj=p Isj=p

r.n:e CYMMbI pacrrpocTpaHeHbI Ha Bce Koop.n:HHaTHbIe npOH3BO;ll-
Hb,!e f(s) IIOp5l.n:Ka p C 8=(S1> .... Sm, 0, .... 0).

4.2.1. EcnH 6'=R l x6"c:.Rn (x=(X1> y), XIER1> YE6",
ecn II.HnHH.n:pH'IeCKOe H3MepHMoe MH02KeCTBO. H f - onpe.n:e.JIeHHa51
Ha 6' <PYHKII.H5I nepHo.n:a 2n no Xl. TO B 3TOM cnY'Iae HopMa <PYHK-
I1.11H f B L. (6') nOHIIMaeTC5I B CMbICJ1e

p

II f 11r ( )
=

(  If iP dX) I/p,

r)l.e 6'* = {(O, 2n) x6"}. fI03TOMY B 3TOM cnY'Iae

(J) (t) = sup Ild ,hf(X)!IL (<8.),
x, Ihl t

p

r)l.e h eCTb npHpaIil.eHHe Xl ('IHCno).
CBOllCTBa Mo.n:ynell HerrpepbIBHotTH (J): (I) aHanOrn'IHbI CBOIlcT-

HaM (J)k (t).
4.2.2. POCT tflYHKII,HH C OrpaHH'IeHHOH pa3.HOCTblO. TIYCTb 8=RmX8'-uu-

.ilHH,ltpH'IecKoe MHOJKeCTBO TOqeK X=(U, y), u=(x1 . ..., xm), y=(xm+l' .... X
n).

II E Rm' y E 8'. Ey,!\eM ,!\JUI KpaTKOCTH nHcaTb (B 3TOM nYHKTe)

u.  A=11'IILo(AX '), 1J.IJ=HRm=II.IILp ( ).
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3a,Ita,!\HM HaTypaJIbHOe k H nOJIOJKHTeJIbHOe 1JHCJIO b > O.

TIYCTb Ha /5 3a,!\aHa 41YHKUHH f (x), Y,!\OBJIeTBOpHIOll(aH YCJIOBHHM

 f(x) II{I u 1<6(k+m)} < A,

II d f(X)II < B

(I)

(2)

AJIJI JIJ06bJX hE Rm, I h i = It
TIOJIOJKHM

rJN={N < I a I <N+l, Y E 8'}. (3)

D:oKaJKeM CYlUecTBoB3HHe KOHCTaHTbI C = clIk, ZlJIH KOTOpOH BbIfIOJIHHeTCH He-

paBeHcTBo
m-I

11f116
N
<cN p (A+(A+B)Nk), N=I, 2, ...

3aMeTHM, 'ITO .aJIH 8> 0 H3 (4) CJIeAyeT

II fIIgN c
1

Nm+(k+8) p
<

Nl+8,
'

rIle C1 He 3aBHCHT OT N = I, 2, ... H 81 > 0 3aBHCHT OT 8, oTKy,!\a npH 8 > 0,

npHHHB BO BHHMaHHe (I), nOJIY1JHM HepaBeHCTBO

(4)

k+,:, )+,+,)t,,,,
<00

B KOTOpOM He.nb3H C1JHTaTb 8=0, KaK 3TO nOKa3blBaeT npHMep 41YllKUHH OT O,!\HOH
nepeMeHHOH x" (k= I, 2, ...).

TIpH ,!\OKa3aTe.nbCTBe ,!\JIH npocToTbl 6y,!\eM C1JHTaTb 1\ = I.

3a,!\a,!\HM np H3BOJIbHblH e,!\HHH'IHblH BeKTop a' E Rm H onpe,lJ.eJIHM B Rm
(m-I)-MepHbJH Ky6, opTOrOHaJIbHblH K a' C ueHTpoM B HYJIeBOH T01JKe H HMelOlUHH

pe6pa e,!\HHH1JHOH ,!\JIHHbI. Ha 3TOM Ky6e KaK Ha OCHOBaHHH H BeKTope a' KaK aa

BbJOOTe nocTpoHM e,!\HHH1JHblii Ky6 0) =O)u' E Rm.
.

3a,!\a,!\HM elUe HaTypaJIbHOe 1JHCJIO N, H nycTb O)N=O)Nu' 0603Ha1JaeT e,!\HHH1J-
HblH Ky6, COCTOHll(HH H3 TOlIeK BH,!\a Na' + a, r,!\e a np06eraeT 0).

3aMeTHM, 1JTO ,!\JIH JIOKaJIbHO CYMMHpyeMoH B p-li CTeneHH (npH p== JIo-

KaJIbHO OrpaHH1JeHHoii) 41YHKUHH 'P (x) HMeeT MeCTO

N-I

1p(Na'+a, y)=1p(a, y)+ d",(ja'+a, y),
1=0

d"'(ja'+a, y)="'((j+l)a'+a, Y)-'t(ja'+a, Y).

(5)

OTKYlla
N-I

II 1p Ilow 111\J 1100 + II d'" [100/
1=0

(6)

D:oKaJKeM HepaBeHcTBo

1\ d ;-sf IlwNU' < C (A + (A + B) NS (7)

(C=Ck, s; N =0, I, ...; 5=0, I, ..., k).

npH s=O OHO HenOCl'e,!\CTBeHHO CJIe,!\YeT H3 (2) (1\= I). TIYCTb (7) BepHO npH 5.

AOK8JKeM ero BepHOCTb npH 5 + I. By,!\eM C1JHTaTb

1t (X)=   S-II(X).
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Torlla

II'" riw-,s ll k-,t-I (-ll+k-S-1CLs_lf(u+I'x, y)\1  Ak1-
1

C _S_1=2k-S-1A,
1=0 Lw 1=0

I i ""u,IV i l
,.. II "" ;-sf t. < c (A + (A + B) jS).

I I;VJ; jj
1

D03TOMY Ha OCHOBaHHH (6)
N-I

Ii ",, ;-S-lf!iwN 2k-s-IA +c (A+(A +B) jS)  Cl(A +(A+B) NS+l)
j=O

MbI 1I0Ka3aJIH (7). TIOJIaraJl B (7) s=k, nOJIY1JHM

Ii f IlwNu' c (A + (A + B) Nk). (8)

{.13 (8) H (3) CJIe,!\yeT cyruecTBoBaHHe KOHCTaHTbI C2 TaKoii, 'ITO

l]ngN c2Nm-l(A+(A+B)Nk)P (N=I, 2, ...)

HJIH (4). D:eJIo B TOM, 1JTO 06JIaCTb aN MOJKeT 6bITb nOKpbITa Ky6aMH BHlla ffi
Nsu',

r lie s = N- I, N, N + I, KOJIHlJeCTBO KOTOpbIX HMeeT nOpJl,!\OK Nm-l.

4.3. K.JJaCCbI W, If, B

HaqHeM C llUIpOKO rrpHMeH5IeMOrO B :)TOH KHHre orrpe.n:e.T1eHH5I
rrOH5ITH5I BnO}f{eHH5I.

EC.T1H E H E' - .n:Ba HOpMHpOBaHHbIx rrpOCTpaHCTBa, E c E', H

rrpH 3TOM CYIlI.eCTByeT He 3aBHC5Iw.a5I OT x KOHCTaHTa C TaK, qTO

Ilxk cljx!b (1)

rn:e IHE" II. liE - HOpMbI COOTBeTCTBeHHO B CMbICJIe E' H E, TO Mbl

6y.n:eM rOBopHTb, qTO HMeeT MeCTO 8AOJICeliUe E -+ E'. EC.T1H E -+ E'

H E' -+E, TO 6y.n:eM rrHcaTb E E'.
EC.T1H 3.T1eMeHTbI o.n:Horo H Toro }f{e .T1HHeHHOro MHO}f{eCTBa HOp-

MnpOBaHbI B CMbICJIe pa3HbIX MeTpHK E H E1 H E Elf TO MbI

qaCTO 6y.n:eM [mcaTh: E = E1 H .n:a}f{e II x [IE = II x liE" .n:06aB.T15I5I B Tex

CJIyqa5IX, Kor.n:a MorYT 6bITb HelI:Opa3YMeHH5I, qTO 3TO paBeHCTBO
HMeeT MeCTO C TOqHOCTblO .110 9KBHBaJIeHTHOCTH.

DYCTb Rn paCCMaTpHBaeTC5I KaK rrp5IMOe rrpOH3Be.n:.eHHe Rn =
= Rm xRn-m Koop.n:HHaTHbIX rro.n:rrpOCTpaHCTB Rm H Rn-m, 1 m n.

Tor.n:a rrpOH3BOJIbHYIO TOqKY X E Rn MO}f{HO 3arrHcaTb B BH.n:e x =

= (u, y), r.n:e U E Rm' y E Rn-m. B qaCTHOCTH, x = u rrpH m
= n.

DYCTb .n:a.T1ee g eRn - OTKpblTOe MHO:iKeCTBO H 1 p 00. B 9TOM

rra parpacpe orrpe.n:e.T15IIOTC5I K.T1aCCbI

I
W

I
LWup

= up(g) (1=0, I, ..., W p(g)=p(g»,

H p= H [J(g) (r> 0).

B p5= B p (g) (r > 0, 1 6 < 00; B pp= B p)'
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OpFi m = n B 9TFlX 0603Ha'IeHFl5IX 6YKBY u 6y.n:eM OnYCKaTb FI

TOr.n:a nOJlY'IFlM: W ,H;, B &,B (6 = p). B .n:pyroM BaJKHOM cJlY-

'Iae, Kor.n:a Rm = RXI (j = 1, ..., m), 6y.n:eM nFicaTb W;iP' H r
B /PG' B r

3TFI KJlaCCbI MbI 6y.n:eM Ha3bIBaTb u30mponfiblMu no fianpae/le-
HURM Rm' nOToMY 'ITO FIX .n:wpcpepeHIJ,Fla.nbHble CBOH:CTBa no JlI06bIM

HanpaBJleHFl5IM Rm o.n:IIHaKOBbI, FlJlFI npocTo u30mponfiblMu, eCJlFI

m = n. LLJl5I II,eJloro BeKTopa l = (l1> ..., lm) 0 (i} 0) FI BeKTopa

p = (Ph ..., Pm), r.n:e 1:;;:;; p}:;;:;; 00, 6y.n:eT eIlI,e onpe.n:eJleH KJlaCC

(npFi pa3HbIX II FlJlFI PI afiu30mponfibltl)
n

W (g) = 101 W PI(g) (W =W npFi p=(p, ..., p))

I

KaK nepeCe'IeHFle KJlaCCOB WJ.p. (g). AHaJlOm'IHO onpe.n:eJl5lIOTC5I
, ,

K.naCCbI

n

H (g) = n H: p.(g),
1=1

"

n

B;s (g) = n Blp
J
.B (g),

1=1
'

r.n:e r = ('h ..., 'n) > 0 (H; = H ,B;& = B s npFi p = (p, "., p)).
I

K.naCCbI (n-MepHble) Wp (g) (l = 0, 1,. ..) Ha3bIBalOT K/laCCaMU

Co6o/leea no FlMeHFI C. J1. C060JleBa *), Fl3YQFlBmerO FIX OCHOBHble

CBOH:CTBa FI BrrepBble nOJlY'IFiBWerO .n:Jl5I HFiX OCHOBHble TeopeMbI
BJIOJKeHFlH npFlMeHFlTeJlbHO K 06JIaCTHM g, 3Be3.n:HbIM OTHOCFlTeJlbHO

HeKoToporo mapa, FI K KOHe'IHbIM cYMMaM TaKFIX 06J1aCTeH:. 3TFI

KJlaCCbI COCTOHT Fl3 CPYHKII,FlH:, FlHTerpFlpyeMblx B P-H: CTeneHFI Ha g

BMeCTe co CBOFIMFI 'IaCTHbIMFI npoFl3Bo.n:HbIMFI (0606IlI,eHHbIMFI) no-

pH)J.Ka l.

KJlaCCbI (n-MepHble) H (g), H (g) onpe.n:eJleHbI .n:.n51 JlI06bIX , > 0

FlJlFI ,} > 0. OHFI COCT05lT Fl3 CPYHKII,FlH:, npFlHa.n:JleJKaIlI,FlX K Lp (g)
FI FlMeIOIlI,FlX Ha g 'IaCTHble npoFl3Bo.n:Hble onpe.n:eJleHHbIX nopH.n:KOB,

y.n:oBJleTBOpHIOtu.FlX B MeTpFlKe Lp YCJIOBFlIO reJIb.n:epa (J1F1nmFlIl,a
npFi p --= 00) FlJIFI (npFi u.eJIbIX " '1) 0606IlI,eHHoMY TaKoMY YCJlOBFlIO

(YCJlOBFlIO 3F1rMYH.n:a ), B KOTOpOM nepBaH pa3HocTb 3aMeHHeTC5I Ha

pa3HocTb 60JIee BblCOKoro nopH.n:Ka.
H-KJlaCCbI BO BCeH: nOJIHOTe onpe.n:eJleHbI B pa60Tax C. M. HFI-

KOJlbCKOrO
*
*), nOJlY'IFlBmerO .n:JI5I HFiX TeopeMbl BJIOJKeHFl5I. OKa3a-

JlOCb, 'ITO 9TFI TeopeMbI 06pa3YIOT 3aMKHYTYIO cFlcTeMY FI, B lIaCT-

HOCTFI, TeopeMbl BJlOJKeHFlH pa3Hblx Fl3MepeHFlH: (CM. .n:aJlee) nOJIHOCTbIO

06paIlI,aIOTcH.

*) C. /1. Co 6 0 JI e B [3], [4]. AHH30TponHbIe C060JIeBCKHe KJIaCCbI w 
CM. C. M. H II K 0 JI b C K II H [10].

**) C. M. H II K 0 JI b C K H H [3], [5], [10].
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KJIaCCbI B;e, B BO BCeH: nOJIHOTe onpe.n:eJIeHbI a. B. BeCOBbIM *),
nOJlY'IIIBllIliM .llJlH HIIX 3aMKHYTYIO CliCTeMY TeOpeM BJlOlKeHIIH.

TeOpeMa BJIOIKeHIIH pa3HbIX II3MepeHIIH: .n:JIH .9TIIX KJlaCCOB TOIKe

06paIll,aIOTCH.
B .n:aJIbHeH:llIeM .n:JlH KJIaCCOB H II B 6Y T.n:aHbI .9KBIIBaJleHT-

HbIe onpe.n:eJleHIIH B TepMIIHaX HaIIJlY'IllIliX npII6J1IIIKeHIIH: <PYHKQIIHMII
3KCnOHeHQIIaJlbHOrO Tlina. npliMeHIITeJlbHO K KJlaCCaM B OHII 6y.n:YT
60Jlee III II pOKliMII , OXBaTblBaIOIlI,IIMII cJlY'IaH: 6 = 00. Mbi YBII.n:IIM,
'ITO eCTeCTBeHHO C'IliTaTb, 'ITO

B poo= H p'

B .n:aJlbHeWllleM 6y.n:eT nOKa3aHO (CM. 9.3), 'ITO .n:JlH .n:OCTaTO'IHO

06Il1,IIX 06J1aCTeH: (6 = p)
*
*)

I
B

l
Wup

-+-
up

I I
1Bup-+- Wup (,,;:;;p,,;:;;2),

(2,,;:;; p,,;:;; 00, B oo= H c>:,) (l = 1, 2, .. .).

(2)

(3)

B 'IaCTHocTII,. TaKliM 06pa30M,
I I

BU2
= Wu2 (1 = 1, 2, .. .). (4)

PaBeHCTBO (4) YKa3bIBaeT Ha Onpe1J:f\7JeHHYIO CBH3b MeIK.n:y KJIaCCaMII

B II W, npOHBJIHIOIlI,YIOCH npli J' = 2. Ho IIMeeTCH II .n:pyraH CBH3b,

npOHBJlHIOIlI,aHCH YfKe npli JlI060M p. aHa BblTeKaeT II3 CBOH:CTB

CJle.n:OB <PYHKQIIH: yKa3aHHbIX KJIaCCOB (CM. 9.1).
HCTOpII'IeCKII HaJlII'Ilie 3TIIX CBH3ew .n:aJlO nOBO.n: Ha3bIBaTb ***)

KJIaCCbI, KOTopbIe 0603Ha'IaIOTCH 3.n:eCb 'Iepe3 B ,B (6 = p), B cJlY-
'IaHX .n:pOOHbIX (He QeJlbIX), r, r COOTBeTCTBeHHO K.7JaCCaMII W ,W;,
C'IliTaH, nO-BII.n:HMOMY, 'ITO IIMeHHO 3TII KJlaCCbI HBJIHIOTCH  CTeCT-

BeHHbIMII npo.n:OJlIKeHIIHMII C060JIeBCKliX (c QeJIbIMH I, I) KJIaCCOB
I I TT

Wp , Wp . geJIO, KOHe'IHO, 3.n:eCb He B 0603Ha'IeHHHX, HO Tenepb

YIKe, Kor.n:a Bce OCHOBHbIe BonpOCbI 0 B3aIIMOOTHOilleHIIHX YKa3aH-
HbIX KJIaCCOB BbIHCHeHbI .n:o KOHQa, HCHO, 'ITO eCTecT13eHHbIMII (eCJlII
yrO.n:H0 , IICTIIHHbIMII) npo.n:OJlIKeHIIHMII C060JIeBCKliX KJlaCCOB B n-

MepHOM CJIYlfae HBJIHIOTCH .n:pyrIIe TaK Ha3bIBaeMbIe JIHYB IIJIJIeBCKlie

KJlaCCbI, nOCTpoeHHbIe Ha OCHOBe HenOCpeJlCTBeHHoro 0606Il1,eHIIH
nOHHTHH .n:P06HOH npoII3Bo.n:HOH B CMbICJle J1IIYBIIJIJIH (IIJIH BeHJIH
B nepIIOJlIIlfeCKOM CJIYlfae). Mbi rOBopliM 06 n-MepHoM cJ1Ylfae nOToMY,
'ITO B 0.n:HOM2pHO ICJIYlfae BCer}la TaR CllHTaJIOCb - npo6.'1eM3 CJJe.n:OB

TaM He B03HIIKaJIa.

*) O. B. 6 e COB 12], 13]. TeopeMa BJIOJKeHIIH )\JIH KJIaCCOb B;e CM.

B. n. I1JIbliH II B. A. cOJIOHHIlKOB [I], [2).
**) O. B. BeeoB [3], [5).

***) JI H CJI06011eUKIIH [I].
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Y!TaK, MbI 6y.n:eM HCXO.n:HTb H3 C.ne.n:YIO HX0603HatJeHHH. I1MeIOTc5I

C060.neBCKHe K.naCCbI W ,orrpe.n:e.neHHble .ZJ:JI5I u:e.nbIX 1 = 0, 1, ...,

OHH «rrorpY)KeHbI» B .n:p06Hble .nIIYBIIJIJleBCKHe K.naCCbI, 0603HatJa-

eMble tJepe3 L (1- .n:eHCTBIITeJlbHOe tJIICJlO); TaKliM 06pa30M, W =
= L (1 = 0, 1, .. .). MbI YBII.n:IIM, tJTO KJlaCCbl L; 06'be.n:IIHeHbI TeM,
'11'0 npIIHa.n:JleJKam,He K HIIM CPYHKU:IIH IIMelOT e.n:HHoe HHTerpaJlbHOe

npe.n:cTaB.neHHe (tJepe3 cBepTKH 51.n:ep BeCCeJlH - MaK.n:oHa.nb.n:a C CPYHK-
 H5IMHf E Lp, CM. 9.1). MbI YBII.n:HM T8K}Ke, tJTO KJlaCCbI L; 06pa-
3YlOT 3aMKHyTyIO CHCTEMY rro OTHOIIleHHIO K TeopeMaM BJIO)KeHH5I

pa3Hblx MeTpliK. 3aMKHYToCTb rrpOHBJ1HeTCH B TOM, tJTO TeopeMbI
BJIO)KeHIIH pa3HbIX MeTpHK .n:JIH KJlaCCOB L; Bblpa)KalOTC5I rrOJlHOCTblO

B TepMHHax 3THX KJlaCCOB II rrpliTOM 3TII TeopeMbI, 06JIa.n:a1OT CBOn-

CTBOM Tp-aH3IITIIBHOCTH (CM. .n:aJIee 7.1). O.n:HaKo KJlaCCbI L; rrpil

p *- 2 He 06pa3YIOT 3aMKHYTOn CHCTeMbI rro OTHOIIleHHIO K TeopeMaM
BJIO)KeHH5I pa3HblX H3MepeHI-lii, H a..n:eCb HeT pa3JIHtIH5I MeJK..n:y
lleJIbIMH II He u:eJIbIMH r.

TOtJHble TeopeMbI BJlO)KeHH5I pa3HblX H3MepeHHH .n:JI5I KJIaCCOB L;
npH p =1= 2 y)Ke He Bblpa)KaIOTCH B TepMIIHax 3THX KJlaCCOB. LIT06bI

Bblpa3IITb IIX, rr05lBJIHeTC5I He06xo.n:IIMOCTb B rrpHBJletJeHHH KJlaCCOB

B;. O.n:HaKO IICKJllOtJeHile COCTaBJlHeT c.nYtJan P = 2, H3YtJeHHbIH
B pa60Tax ApoHIIlaiiHa [1] II JI. H. CJlOoo.n:eU:Koro *). TeopeMbI
BJIO)KeHH5I pa3Hblx MeTpliK .n:J15! KJIaCCOB B (B 0003HatJeHHil JI. H. CJIO-

60.n:eU:Koro W;), r.n:e He MeHHeTCH p
= 2, 33MKHYTbI B ce6e. CaMH

no ce6e KJIaCCbI B 06pa3YIOT 3aMKHyTyIO clicTeMY no OTHOIIleHHIO

K TeopeMaM BJlO)KeHH5I pa3Hblx MeTpliK II II3MepeHIIll (II HeKoTopbIM
.n:pyrIIM) H HMelOT e.n:IIHoe IIHTerpaJlbHOe rrpe.n:cTaBJIeHile tJepe3 51.n:pa
MaK.n:OHaJIb.n:a (CM. 8.9.1), HO B TO )Ke BpeMH 3TH KJlaCCbI IIrpalOT

c.nY)Ke6HYIO pOJIb B aa.n:atJe 0 cJle.n:ax CPYHKU:I1ll KJIaCCOB L; (IIJlH
W npil r = 1 HaTypaJIbHoM), KOTOpa5! peillaeTC5I TeopeMaMH BJIO-

)KeHH5I pa3HbIx H3MepeHIIll. B 3TOM aaKJlIOtJaeTC5I CBH3b Me)K.n:y
KJIaCCaMH L H B; ..n:pyraH CBH3b, KaK 6bIJlO OTMetJeHO BbIIIle, 3aKJIIO-

tJaeTC5I B TOM, tJTO L = B; (l = 0, 1,;. .). OO.n:06Hble B3aIIMOOTHO-

meHIIH HMelOT MeCTO H llJlH cooTBeTcTBYIO IIX aHII30TporrHbix
KJIaCCOB.

OocJle CKa3aHHoro 6bIJIO 6bI u:eJIeC006pa3Hee JIII60 CtJIITaTb, tJTO

W; .n:Jl5I ..n:P06HbIX r 0603HatJaeT JlHYBHJlJleBCKHll KJlaCC, H BOBce He

ynoTpe6JI5ITb 3HaK L ,JIH60 OCTaBIITb TOJlbKO 060aHatJeHHe L .n:JI5I
I

Bcex r, BbI6poCilB crreU:HaJlbHOe 0603HaQeHHe Wp .n:JIH C060JIeBCKHX
KJIaCCOB. Ho H 3Toro He c.n:eJlaJI B 3Toii KHIIre, rrOTOMY tJTO 60lOCb

yrro.n:OOIITbCH JlII U:Y, KOTopoe YBH.n:eJlO u:eJleCOOOpa3HOCTb rrepeliMeHO-

*).n. R. cJI060,!\eUKHH [I], [21, CM. elUe B. M. Ba6H'I H

n. H. cJI060,HUKIIH [11.
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BaHFlH Y.T1I1UbI, nepeFiMeHOBa.T10 ee, HO He cnpOCFlJIO MHeHFlH 06 9TOM

2KFlTe.T1eH, ee HaCe.T15IIoruHX.

MbI YBFI,n:FlM (CM. 6.1), tJTO rrpFl m06bIx E> ° FlMelOT MeCTO BJIO-

2KeHFlH

H
,+e B

'
H

'

up
-+ upS -+ up

l+e I I

Hup -+ Wup
-+ Hup

(r>O, I f) oo),

(/= I; 2, ...).

(5)

(6)

YKa3aHHbIe K.T1aCCbI HB.T1HIOTCH mmeHHblMFI HOpMFlpOB aHHbIMFI

npocTpaHcTBaMFI. 3T0 6y eTHerrocpe cTBeHHoBFI HOFl3 FIX orrpe e-
JIeHFlH. KaK 6y eTBFI HOB  a.T1bHeHWeM, OHFI HB.T1HIOTCH nOJIHbIMFI,

C.T1e OBaTe.T1bHO, 6aHaxoBbIMFI rrpocTpaHCTBaMI1 (CM. 4.7).
MbI YBH FlM, tJTO HopMa B CMbICJIe W, H, B C.T1araeTCH Fl3  BYX

tJHCeJI

II f Ilw= II fib + II f Ilw, II f IIH = II f IILp + II f Ilh, ..., (7)

r.n.e BTopoe C.T1araeMOe (KOTopoe MbI 6y eMHa3bIBaTb rrOJIYHopMOH)
xapaKTepH3yeT tJHCTO  HqxpepeHlJ:HaJlbHbIe CBOHCTBa f. DOJIYHOPMY
MO)KHO CtJFlTaTb HOpMOH B COOTBeTCTBYlOrueM npOCTpaHCTBe W, h, b,
r eHe pa3.T1F1lJamTCH <PYHKU;FlFI, OTJIFltJHbIe  PyrOT  PyraHa MHoro-

tJJIeHbJ O!1pe eJIeHHbIX CTerreHeH (OTHOCFlTeJlbHO Xl> ..., Xm).
B  aJIbHeHWeM(CM. 8.9.2, 9.2) YKa3aHHbIe KJlaCCbI 6Y YTonpe.

 e.T1eHbI B cJIYtJae g= Rn II  JlHHYJIeBbIX FI oTpIIU;aTeJlbHbIX 3HatJe-

HHH r, HO OHFI Bo06rue COCTOHT Fl3 0606rueHHbIx <PYHKUFlH (pery-
JlHpHbIX B CMbICJIe L

p).
4.3.1. I(JIaCCbl W. DYCTb g ERn

-

OTKpbIToe MHO)KeCTBO, 1-

u;e.T10e HeOTpFlU;aTe.T1bHOe tJFlCJlO, 1 P 00 FI X = (u, y), U = (Xl> . ..

...,
Xm) E Rm' Y = (Xm+l> ..., Xn); tJepe3 Rm 6y eM o603HatJaTb

TaK)Ke no npOCTpaHCTBOTOtJeK BFI a(u, 0).
J]o onpeoeJle1-lUIO f E W p(g) (W p(g) = W (g) *) npFi m = n.

wtp (g) = Lp (g)), eCJlU K01-lelf,1-la 1-l0pMa

Ilfllwl (g)=llfIILp(gJ+ flLI (g) (1=1,2. ...), (1)
up up

II f Ilw o (g)

= II f /lLp (g),
up

I!f!\wl (g)
= U(8J IIL

p
(g)

up Is 1=1

(s = (Sl> .... Sm. 0, .... 0), 1 s I = 51)' (2)

eoe, maKUM 06pa30M, CYMMa pacnpOCmpa1-le1-la 1-la 8Ce npOU38001-lble
(o606U{e1-l1-lble) CMeuta1-lflble U He CMeuta1-l1-lble nopfloKa 1 no u. TeM
caMbIM rrpe rrOJIaraeTCH, tJTO Y f CyruecTBYIOT 0606rueHHbIe rrpoFl3-

*) C. n. Co 60 JI e B (3], (4].
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Bo,n:HbIe rro U rropH,n:KOB MeHbIllIIX t, HO a priori He rrpe,n:rrOJIaraeTCH,
qTO OHII rrpIIHa,n:JIe)KaT K Lp (g). Ho Mbl yBII,n:IIM, qTQ OHII BO BCHKOM

cJIyqae JIOKaJlbHO CYMMilpyeMbI Ha g, KpoMe Toro, OHII, B TOM qIICJ1e

H rrpOII3Bo,n:HbIe rropH,n:Ka t, He 3aBliCHT OT rropH,n:Ka, B KOTOpOM
rrpOII3Bo,n:IITCH ,n:II<PcPepeHIJ:IIpOBaHile (CM. 4.5.1).

I I
MO)KHO paccMaTpliBaTb rrpocTpaHCTBo wup (g) (rrpil m = n wp (g»

CPYHKUIIH: f, ,n:JlH KOTOpbIX KOHeqHa rrOJIYHopMa (2), T. e. rrpe,n:rro-
JIaraTb, qTO w p(g) COCTOIIT II3 H3MepIIMblx CPYHKUIIH: f, 6blTb MO)KeT,
He rrpHHa,n:Jle)KaIll,IIX K Lp (g), HO TaKIIX, qTO ,n:JI5I HJIX IIMeIOT CMblCJI

rrpIIHa,n:JleJKaIlI,IIe K Lp (g) 0606IlI,eHHbIe rrpOII3Bo,n:Hble Ha g rropH,n:Ka t.

OqeBII,n:HO, w p(g) eCTb JlIIHeH:HOe MHO)KeCTBO. OHO 6y,n:eT HOpMII-

pOBaHHbIM rrpOCTpaHCTBOM, eCJIli CqIITaTb, qTO ,n:Be CPYHKUIIII f10
f2 E w p(g), OTJlIIqaIOIlI,IIeC5I Ha MHOrOqJleH CTerreHil t- 1, orrpe,n:e-
JIHIOT O,n:HH H TOT )Ke 3J1eMeHT rrpOCTpaHCTBa Wi (g); HHaqe rOBopH,p

HYJleBblM 3J1eMeHTOM B w (g) 5IBJlHeTCH rrpOH3BOJlbHblH: MHOrOqJleH

Pz-dx)= a"xk, k=(k1o ..., km ; 0, ..., 0),
Iklo;;;;l-1

CTerreHil t- 1 C K03<PcPIIuIIeHTaMil ak = ak (y), 3aBliCHIlI,IIMil OT y
=

= (Xm+h ..., xn)'
HopMa (1) 3KBilBaJIeHTHa cJle,n:YIOIlI,eH HopMe:

Ilf\lw p(g)
=

0 (I f!P + 18 /1f(8) IP) dxt
P

,

S = (51' ..., Sm, 0, ..., 0).

IT peliMYIlI,eCTBo 3TOH: rrOCJIe,n:HeH 3aKJIIOqaeTCH B

P
= 2 OHa rIIJIb6epTOBa. CKaJIHpHOe rrpOII3Be,n:eHIIe,

rrpil P = 2 3Ty HOPMY, IIMeeT BII,n:

(j, cp) = Hfcp + 18 /8)cp(8»)dx. (4)

MO)KHO rOBOpIITb TaK)Ke 0 KJI8CCaX W .p(g) CPYHKIJ:HH: f, ,n:JlH
,

KOTOpblX KOHeqHa HopMa

llfllwl = [If:ILD(gJ+ I
'

I :lf, 11
1

(j= 1, ..., n), (5)
x;p xi lLo (g)

H KJlaCCaX *)

(3)

TOM, qTO rrpil

rrOpO)K,n:aIOIlI,ee

/I

r

n W
r.

( (
r r

Wup (g) = /0 I
g) Wup

= Wup

(=]
/

r=(Th ..., Tn»O, P=(Ph

rr pil P = PI = . . . = Pn),

..., Pn), 1  P/ oo,
(6)

*) C. M. HIIKO,lbCKHH [10].
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C HopMon

Ullwr (g)
= i (llfIILP/(g)+II' a' . ) . (7)

up
1 II aXI' I/Lp. (g),

BBe.n:eM e e.n:pyroll KJlaCC 'W p:CPYHKUJIH f E 'W p(g), ecnFl

.n:nH nee FlMeeT CMblCJI HOpM3

f\\. Wi (g)
= Ii f I/Lp (g) + su p II f IILp (gh (8)

up uEk
m

r.n:e

n= f(S)uS (US=(U l...U ),lul=l),
,sl=p

(9)

npOFl3Bo.n:HaH OT f nopH.n:Ka p no HarrpaBJleHFllO u.

B .n:aJlbHelllI1eM 6y.n:eT rrOKa3aHO (CM. 9.2), qTO

W ...,
I

(Rn) -+ W (Rn).
EC.T1F1 06J1aCTb g TaKOBa, qTO .n:JIH Hee FlMeeT MeCTO TeopeMa 0 npo-
.n:OJlMeHFIFI (CM. 3aMeqaHFlH B KOHlJ:e KHFlrH K 4.3.6)

W ...,l(g)_ W ...,l(Rn),
Tor.n:a

'W (g) -+ W ....I (g) -+ W ....l(Rn) -+ W (Rn) -+ W (g),
r.n:e nepBoe B,'TOMeHUe 06'bHCHHeTCH TeM, qTO npOFl3Bo.n:HaH f1 eCTb

x
j

B TO Me BpeMH npOFl3Bo.n:HaH no HanpaBJleHFllO XI' 06paTHoe BJlO-

MeHFle

W (g) -+ 'W (g),
OqeBFI.n:HO, TaKMe BepHO, CJle.n:oBaTeJlbHO, npFi HaJlFlqFlFl TeopeMbi
o npo.n:OJlMeHFIFI

W (g) 'W (g).
KaK 6y.n:eT BFI.n:HO Fl3 .n:aJlbHelllI1erO, .n:JlH MHorFiX .n:oCTaToqHO «XOpO-

lI1F1X» MHOMeCTB g Fl3 Toro, qTO f E W p(g), aBTOMaTFlqeCKFI CJle.n:yeT,
qTO Bce qaCTHble rrpOFl3Bo.n:Hble OT f no u .n:o nopH.n:Ka p - 1 BKJllO-
qFlTeJlbHO npHHa.n:Jlen<aT K Lp (g). O.n:HaKo .n:JlH npOH3BOJlbHOrO
OTKpb1Toro MHOMeCTBa g 3TO Bo06ll1.e 'HeBepHo.

4.3.2. npHMep. <1>YHKUHfl f (x) OT o,!\Hoii nepeMeHHoii x 3a,!\aHa Ha MHOJKeCTBe

00
.

g = (Jk, npe,!\cTaBJIfllOlUeM c060ii reOpeTHKO-MHOJKeCTBeHHYIO CYMMY HHTepBaJlOB
1

(Jk = (ak < x < bk) .IIJ1I1HbI 8k = k-2.
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TIYCTb

f(x)=
(x-ak)

(k=l, 2, ...).
8 

1
Tor.1!a, eCJIH

2p
ex. < I, TO

 fIILp(g)= (f (X;kt dX)
I/P

1 Uk
k

I

( 8P (I-a) + l)
l/P

I ( I

)
IIP

(p+I)I/p +
k

(p+I)J/p +k
2 [p(l-a)+I]

 fcl) L(g)=O npll 1 2,
p

ijn,(m ( >,1 , I' ..f

<00,

00

= ! k2(l aPJ
1

+00.

TIpll 9TOM yCJ1'OBlle 8k = k-2
nOKa3b1BaeT, '1TO MHOJKeCTB0 g MOJKeT 6blTb orpaHH-

1JeHHblM.

TaKIlM 06pa30M, f E W )(g) (1 2), HO HopMa ee nepBoH npoH3Bo.1!Hoi\

B MeTpHKe Lp (g) paBHa + co.

4.3.3. I(JIaCCbl H. 0603HaQeHll5I, BBe.n:eHHble B HaQaJle 4.3.1,
COXp8H5IIOTC5I B ClIJJe. DYCTb 1 P 00, r> 0 II qlICJJa k, p u:eJlbIe

HeoTplIu:aTe.n:bHble, y.n:oBJJeTBopHIOIlI,lIe Hep8BeHcTB8M k> r - p > O.

TaKlIe rrapbI (k, p) Mbi 6y.n:eM H83bIB8Tb (JonycmuMblMu.
no onpe(JeMflUIO t/JyfllHfUR f E H p(g) *), eCJlU Ofla npUfla(JJle:JfCUm

K Lp (. U (JAR flee UMelOm CMblCA npOU3800l-lble f(S) nopRoKa s-
m

= (Sl, ..., Sm, 0, ..., 0) cis I = Sf = P U (JJlJl flUX 8btnOAl-lRlOmcR

I

Hepa8eflCm8a

f1 f(S)(x) \\L
p (gkh) I M I h Ir- p

, (1)

z(Je M fle 3a8UCUmOm hE Rm, UAU fJK8U8aAeflmflble UM flepa8eflcmaa

Q'(f(S), 6)= sup (J) (f(S). 6) M6r-p. (I')
hERm
Ihl =1

DpH 3TOM rrOJJaraeM

 fllHr (g)
= llflkp(g) +llfllhr (g)'UP up

(2)

r,n:e rrOJJYHopMa

1\ f !Ihr (g)
= Mf

= inf M
up

(3)

*) npll p =co 311eCb IIMeeTCH B BHlIY, '1TO 41YHKUIIH f 3KBHBaJIeHTila HeKOTD-

pOH <PYHKUIIH, o003Ha'laeMOH CHOBa '1epe3 f, JI.IUI KOTOpOH BblTIOJIHeHO (I).
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eCTb HlDKHHH rpaHb BCeX M, ,n:JIH KOTOpbIX ,n:JIH BCeX h E Rm,
I h 1=1 H mo6blx YKa3aHHbix S BblIIOJIHHeTCH HepaBeHcTBo (1).

3TO onpe,n:e.neHIfe Ha caMOM ,n:e.T1e 3aBI-ICI-IT eIll,e OT ,n:onycTHMoH
napbl (k, p), HO 6y,n:eT ,n:OKa3aHO (5.5.3), tJTO HOpMbI (2) (HO Boo6Il1,e
He (3» ,n:JIH H3Mepi-iMOrO MH02KeCTBa g

= Rm xg' H pa3Hblx ,n:onYCTH-
MblX nap nonapHo 3KBHBa.T1eHTHbI, a ,n:.T1H ,n:pyrHx MHOMeCTB g 3KBH-

BaJIeHTHOCTb 6y,n:eT 3aBI-ICeTb OT B03M02KHOCTH npo,n:OJlMeHHH CPYHK-
u:ml 3a npe,n:eJlbI g Ha Rn C coXpaHeHI-IeM cooTBeTcTBYIOIlI,HX HOpM
(CM. 3aMetJaHHH B KOHu:e KHI-IrH K 4.3.6).

ITYCTb r=i'+a, r,n:e t-u:e.noe H O<a l.EC.T1H a<I, TO,
Bbl6paB B KatJeCTBe ,n:onYCTI-IMOH napbI tJHCJla p=i', k= 1, nO.T1YtJHM
tJaCTHblH BH,n: HepaBeHcTBa (1)

I1hfCr) (x) Ikp (gh) M I h ja (0 <a <1). (4)

EC.T1I-1 Me a= t, TO 3Ta napa He ro,n:HTCH, HO M02KHO B3HTb B Ka-

tJeCTBe ,n:onYCTI-IMOH napy P = t, k = 2, H Tor,n:a HepaBeHcTBo (1) 6y,n:eT
HMeTb BI-I,n:

1111 t<')(x) IILp (g2h) M I h I. (5)

06bltJHO n0.T1b3YIOTCH onpe,n:e.T1eHHHMH *) (4) H (5) H.T1H npOCTO O,n:HI-IM

onpe,n:e.T1eHHeM

1111 fCr)(x) Ik
p (g2h) M I h la, (0 < a 1), (6)

ro,n:HblM ,n:.T1H mooblx paccMaTpHBaeMblx a.

B03M02KHO, BI-I,n:OI-l3MeHeHI-Ie 3TI-IX onpe,n:eJIeHHH, 3aKJIIOtJaIOIlI,eeCH
B TOM, tJTO B KatJeCTBe nOJIYHopMbl MJ 6epeTCH HH2KHHH rpaHb
TaKHX M, ,n:.T1H KOTOpblX (1) BbIIIO.T1HHeTCH- ,n:.T1H Bcex hE Rm, y,n:OB-
JIeTBOpHIOIlI,I-IX HepaBeHcTBY I h I 'Y), r,n:e 'Y)

- 3a,n:aHHoe nOJI02KI-I-

Te.T1bHOe tJHCJIO. TaK BI-I,n:OH3MeHeHHaH HopMa TaK2Ke, KaK MbI YBI-I-

,n:I-IM, 3KBHBa.T1eHTHa Bblweonpe,n:e.T1eHHbIM HopMaM BO BCHKOM cJIytJae
,n:.T1H 06JIaCTeH BI-I,n:a g=Rmxg'.

HaKoHeu, B03M02KHO eIll, O,n:HO onpe,n:e.T1eHI-Ie: CPYHKUHH f E

E H p(g), eC.T1I-1 ,n:JIH Hee I-IMeIOT CMblCJI npOI-l3Bo,n:Hble f rropH)r,Ka p
no .T1I06oMY HanpaB.T1eHI-IIO hE Rm H

1111:fg Ik
p (gk I h I) M I h Ir-p , (7)

r,n:e (k, p) - ,n:onycTI-IMaH napa H M He 3aBI-ICI-IT OT h ERm. 3TO
HepaBeHCTBO 3KBHBaJleHTHO C.T1e,n:YIOIlI,eMY:

Qk (jP; 6) = sup sup 1111:hfK IlL (gkh)
M6r-p

. (8)
Ihi=l it i";;l> P

HOpMa f onpe,n:eJIHeTCH aHaJIOrI-ltJHO (2).

*) C. M. H H K 0 JI b C K H ii [5].
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ECJIH Rm (m = 1) eCTb KOOp.n:HHaTHaR OCb Xjo
 HiiKJlaCC H p(g) MbI 6y.n:eM 0603HaqaTb Qepe3

..., m) If HOPMY qepe3

Ilf11H iP(g)
= Ilf1\L

p
(g) + MX;f'

Mx;f=llfllh,
(g)'

xjP

HaKoHeu:, eCJIH r=('1> .... 'm), P=(Pt>
1 Pi 00; j = 1. ....

m n). TO IIOJI02KI1M *)

TO COOTBeTCTBYIO-

H .p(g) (j = 1, ...

J

(9)

(10)

..., Pm) ('1> o.

m

H p(g) = n H;fp (g) (H p= H pIIPI1 P = PI =... = Pm) (11)
;=1 'I

C HOpMOH

 nHr(g)= max Ilf\\Lp.(g)+llfllhr(g)'
up I ,,;;, I";;' m J p

Ilnhr (g)
= max Ilfllhr; (In'up 1,,;;,/,,;;, m

X;P;

(12)

(13)

B (13) M02KHO 3aMeHHTb max Ha  ,IIOJIYQHB 3KBHBaJleHTHYlO
J

_ J

HOPMY.
,.

4.3.4. K.JIaCCbl B. CoxpaHHM 0603HaQeHI1H, J3Be.n:eHHbIe B HaqaJIe

4.3.1, H BBe.n:eM e eIIapaMeTp 8. r.n:e 1 8 < 00. DYCTb , > 0 H

QHCJIa k, p (06pa3YlO He.n:OIIYCTHMYlO IIa Py) u:eJIble HeOTpI1u:aTeJIb-

Hble. y.n:OBJIeTBOpHlO HeHepaBeHCTBaM k > , - p > o.

no onpeaeAefiUfO rjJYfiKll,Wl f npUfiaaJle:JICUm K KJlaccy B p9(g) *

*)
(npu m = n npocmo B;9 (g»). eCJlU f E Lp (g). cyU{ecmeYfOm o6u6U{efi-
fibte '1flCmfibte npoU3eOafible no U E Rm om f nOpJlBKOe S = (S1> ...

...
. Sm. 0, ..., 0) (I s I p) H KOHeQHa o.n:Ha H3 CJIe.n:YIO Hx

nOJlYHopM:

1// f lib' (g)
= (f t-1-6 (r-p) Q (f(S). t)t (g)

dt)
1/9

,

up9 I S I = p 0
m p

(
CO

\ 1/9

211 f II = \' t-I-8 (r-p) Q" (f
P t )

9 dt
)b' (g) J R' L (g) ·

up9 0 m p

311 f II =

(
\' I U l-m-8 (r-p) 1\  kf(S) (X) 11 9 dU

)
I/9

(3)b' 9 (g) L..J J u Lp (gku) ,

up Isl=p Rm

411 f II =

(
\' I U I-m-e V-Pili  "fp(xa dU

)
'

b' a tin J u u Lp (gku)
up Rm

(1)

(2)

(4)

*) C. M. H H K 0 JI b C K H ii [10].
**) CM. CHOCKH Ha CTp. 160.
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(CM. 4.2 (12), (13)). npH 3TOM nOJIaraeM

illflk, (g)
= Ilf\\L p (g) +'1Ifll b

,
(g)

(j= 1, 2, 3, 4). (5)
upO upO

Bce qeTblpe npHBe.aeHHble nO.T1YHopMbI (I) - (4) 3aBIICHT ern:e OT

.lI.OnYCTIIMbIX nap k, p; KpoMe Toro, IIX MOMHO BH.lI.OH3MeHHTb, B3HB

HanHcaHHble TaM HHTerpa.T1bI no OrpaHIIqeHHbIM 06.T1aCTHM (COOT-
BeTCTBeHHO no 0 t 'Y) H.T1H I u I 'Y), H Bce Me onpe.ll.e.T1eHHble
npII nOMOIll,H HHX HOpMbI OKa3blBalOTCH 3KBHBa.T1eHTHbIMH BO BCHKOM

C.T1yqae .lI..T1H' 06.T1aCTeH BH.lI.a g=Rmxg' c: Rn (CM. .lI.a.T1ee 5.6) H,

C.T1e.ll.OBaTe.T1bHO, .lI..T1H 06.T1aCTeH g, C KOTOpblX CPYHKU:IIH npO.ll.O.T1MIIMbl
Ha Rn C coxpaHeHHeM YKa3aHHbIX HOpM.

4aCTO 9TII HOpMbI 3a.ll.alOTCH B c.T1e.aYlOrn:eH cHTyaU:IIH *). LL.T1H
.lI.aHHOrO r> 0 onpe.ae.T1HeTCH u:e.T1oe f TaKoe, qTO r = l' + ex II

0< ex 1. EC.T1II ex < 1, TO .lI.0CTaTOqHO B3HTb .lI.OnYCTHMYlO na py
p = 1', k = I, eC.T1II Me ex = I, TO P

= f, k = 2 H.T1H Me, qT06bI 06'b-

e.ll.HHHTb 3TH .lI.Ba C.T1YQaH, MOMHO B3HTb P = 1', k = 2.

EC.T1II g
-

OrpaHH'IeHHOe MHOMeCTBO H d ero .lI.IIaMeTp, TO .lI..T1H

t> d KaM.aaH H3 CPYHKU:HH Q B (I) H (2) paBHa HeKoTopoH nOCTOHH-
00

HOll C H OCTaTKH HHTerpa.T10B, CTOHrn:IIX B npaBblx qaCTHX (1),
d

(2), KOHeqHbI (Be.ll.b a, r - p> 0). n09TOMY KOHeqHOCTb nO.T1YHopM
(1), ( )3aBHCHT IICK.T1lOqHTe.T1bHO OT CBOllCTB YKa3aHHblx MO.ll.YJlell
.lI..T1H MaJIbiX t.

K.T1aCCbI B p (j = 1, ..., m) cooTBeTcTBYlOT TOMY C.T1yqalO,
R

j . v

KOr.ll.a m 3aMeHHeTCH KoopJI.IIHaTHoH OCblO xi'
nO.T1araeM **)

m

IIfl1 8,
(g)

= Ilfll '}upO i=1 Bx;p;9(g)
OTMeTHM npOCTellllIIIe HepaBeHCTBa MeM.lI.Y nO.T1YHopMaMII (1)-

(4) (npH O.ll.HOll II TOll Me nape k, p):

311 f lib -< 111 f lib, 'II f lib -< 211 f Ilb, 211 f lIb -< 111 f lib' (6)

( B'
- B'

upO
-

pO npII m = n).

nOC.'Ie.ll.Hee HepaBeHcTBo C.T1e.ll.yeT II3 HepaBeHcTBa 4.2 (15). nep-
Bble .lI.Ba nOJIyqalOTCH HeMe.ll..T1eHH0, eC.T1II BBeCTH nOJlHpHble KOOP.ll.II-
HaTbI U = (t, 0'), t = I u I, du = tm

-I dt dO' II yqeCTb HepaBeHcTBa

11  f(S)(X)lkp(gku) Q m(f(S),t)Lp(g). (7)

11  fP(x) Ik
p (gku) Q m(fP, t)Lp(?J' (8)

.o) O. B. Be COB [3], [5]. B 3TIIX pa60Tax paccMaTpHBaJIHCb HOpMbI (I) H (3).
**) 0 B. 5PCOB [3]. [5], cJIY1Jajj Pl='" =Pn' B. TI. I1JIbHH H

B. A. Co JI 0 H H H K 0 B [I], [2]. 06lUHH CJIyqaH.
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4.3.5. nepHO,Il.H'lecKHe KJlaCCbI. TIepIIOlI.IIqeCKIIe KJIaCCbl W (r!) ,

XjP

Hf.p(r!), B:.pe(r!) orrpelI.eJI5UOTC5I Ha MHO)f{eCTBe {f=Rjx{fjc.Rn ,

rlI. Rj -lI.ell TBIITeJIbHa5I OCb Xj (j = 1, ..., n). 3TO KJIaCCbI <!>YHK-
l.{IIH f (Xj, yl), yl = (Xli ..., Xj-lI Xj+1, ..., xn) rrepIIOlI.a 211: rro Xj'
OHII orrpelI.eJI5IlOTC5I B TOqHOCTII TaK )f{e, KaK COOTBeTCTBYlOIIJ.IIe
KJIaCCbl W .p(g"), ... HerrepIIOlI.IIQeCKIIX <!>YHKl.{IIH, HO TOJIbKO BClO.z:r.y

,

HalI.O HOPMY 11.lkp (II) 3aMeHIITb Ha HOPMY Hk
p (II .), r.z:r.e r!. =0

::::; [0, 211:] X {fl. AHaJIOrIIQHO orrpelI.eJI5IlOTC5I rrepIIOlI.IIlIeCKIIe KJIaCCbI

W:p({f), H:p({f), B:p(r!), r.z:r.e r!=Rmxr!'c.Rn (l m n);rrpII
m == n 3HaQOK U orrycKaeM).

4.3.6. DpOJl,OJI1KeHHe IIJYHKIl.HA c coxpaHeHHeM KJIaCca. C.z:r.eJIaeM
eru.e Ba)f{HOe 3aMellaHIIe. TIYCTb A (g) 0603HaQaeT OlI.IIH II3 KJIaCCOB

W (g), H (g), B (g) C TeMH HJIH IIHbIMH rrapaMeTpaMH r, p, ...

ECJIII 06JIaCTb g c. Rn TaKOBa, qTO BC5IKOii <!>YHKl.{IIII f E A (g)
MO)f{HO rrpIIB cTII B COOTBeTCTBIIe orrpelI.eJIeHHYlO Ha Rn <!>YHKl.{IIlO 1
TaKYlO, qTO f = f Ha g II

IlliiA (Rn)
C II filA (g)'

rlI.e c He 3aBIICIIT OT f, TO 6YlI.eM rOBopIITb, QTO cf;Y'-lK.4UU f K.Aacca

A (g) MOJICf-lO npOOOAJlCUmb c g H.a Rn c COxpaH.ef-lue.M. K.AaCCa (UAU
H.Op.M.bl). BYlI.eM eru.e rOBopIITb B 9TOM CJIYlIae, QTO IIMeeT MeCTO

BJIO)f{eHIIe

A (g) -- A (Rn).

HauIII KJIaCCbI YCTpoeHbl TaK, liTO eCJIII <!>YHKl.{II5I f E A (Rn),
TO ee 3HalleHH5I Ha g 06pa3YlOT <!>YHKl.{IIlO f E A (g) II

"f IIA (g) II filA (Rn)'

B CB5I3H C 9THM fOBOpHT, liTO IIMeeT MeCTO BJIO)f{eHIIe

A (Rn) __ A (g).

.lJ.onYCTHM Tenepb, liTO 1I.JI51 HeKOTOpOH 06JIaCTH
KJIaCCa A (g) II A' (g) H

A (g) -- A (Rn) -- A' (Rn)'

A (g) -- A' (g).

g 3a;J,aHbl .z:r.Ba

Tor.z:r.a
(1)

(2)

B 3TOH KHHfe YlI.eJI5IeTC5I fJIaBHOe BHHMaHHe II3YlIeHIIlO YKa3aH-
HblX KJIaCCOB B CJIYlIae, KOflI.a g=Rn HJIH g=Rmxg', r.z:r.e 1

m < n H g' - II3Mepm.me (n - m)-MepHoe MHO)f{eCTBO. B 3aMella-

IIH5IX B KOHIJ,e KHHrII K 4.3.6 lIHTaTeJIb HaHLl.eT <!>OPMYJIIIpOBKH
HeCKOJIbKIIX 06ru.IIX TeopeM 0 rrpOlI.OJI)f{eHI-IH C coxpaHeHIIeM KJIaCca.

HaJIHlIHe BJIO)f{emIH (I) BJIelleT 3a C060H aBTOilIaTHlIeCKIf BJIO)f{eHHe (2).

6 c. M. HIlKO;JbCKHD.
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4.4. npe)J.cTRBJIeHHe npOMe1KYTO'lHOM npoH3BO.ll.HOH
lJepe3 npoH3Bo)J.HYIO oOJIee BbICOKoro nopfl)J.KR H cjJYH;{ HIO.
CJIe.!I.CTBHfI

B 3TOM rraparpa<pe BBO,lJ,51TC5I HeKoTopble BH,lJ,OH3MeHeHH5I <pop-
MYJIbl TeHJIOpa, Ha OCHOBaHHH KOTOpbIX 6Y,lJ,YT rrOJIYlJeHbl HeKOTO-

pbIe HepaBeHcTBa
4.4.1. PaccMoTpHM Ha KOHelJHOM HHTepBaJIe (a, b) <PYHK HlOf (x),

HMelOW:YlO Ha JI1060M BHyTpeHHeM rro oTHorueHHlO K (a, b) oTpe3Ke
a6COJIlOTHO HerrpepblBHble rrpOH3BO,lJ,HbIe ,lJ,O rrOp5l,lJ,Ka (p - 2) BKJIlO-

lJHTeJIbHO H, CJIe,lJ,OBaTeJIbHO, rrOlJTH BClO,lJ,Y Ha [a, b] npOH3BO,lJ,HYlO
nOp5l,lJ,Ka p - 1. ,LLJI5I Hee HMeeT MeCTO rrOlJTH ,lJ,JIfI Bcex Xo <popMYJIa
TeHJIOpa

p-l

f (x) = ! f(J) (xo) (X to)J+ R (x, xo)
;=0

..

(a <x, xo<b) (1)

lJHCTO cpopMaJIbHa5l, nOTOMY lJTO rrpH BbICKa33HHbiX YCJlOBmIX HHlJero

HeJIb351 CKa3aTb 0 rrOBe,lJ,eHHH OCTaTOlJHOrO lJJIeHa R (x, xo).
.

Dp5ll',lOyrOJIbHHK {a < x, Xo < b} 0603HalJIIM lJepe3 11. Pa3,lJ,eJIHM

OTpe30K [a, b] Ha 2p paBHbIX lJaCTHlJHblX OTpe3KOB

l'1 0 , ...,
l'1

2P
-1

H Bbl6epeM Ha Ka)K,lJ,OM OTpe3Ke l'1 2k C lJeTHbIM HH,lJ,eKCOM COOTBeT-

CTBeHHO rro TOlJKe Xk' DYCTb g 0603HalJaeT p-MepHbIH Ky6 TOlJeK

(XII'" ,xp). KOOp,lJ,HHaTbl Xk KOTOpblX COOTBeTCTBeHHO npHHa,lJ,JIe-
)KaT K lJaCTHbIM OTpe3KaM l'1 2k :

Xk E l'1 2k (k = 1, "', p),

DepeHecfI B (1) R (x, xo) B JIeBY!,O lJaCTb H nOlJ,CTaBJIfl5I BMeCTO

x lJIICJIa Xl1 ..., x
p ' nOJIYlJHM JIHHeliHYlO CHCTeMY H3 p ypaBHeHHH:

p-I

! (Xkj;
Xo)1

f(J) (xo) = f (Xk) - R (Xk' xo) (k = I, ..., p) (2)
;= 0

C P HeH3BeCTHbiMlI f(J) (xo) H onpe,lJ,eJII.lTeJIeM

I (Xl -Xo)
(X1- XO)P-1
(p-l)!

w = W (Xl - Xo, ..
It,

X
p
- Xo) = .....

.1 (' fJ-Xo)
(Xp -XO)P-1

(p-I) I
p

'\'1
_ )

(Xk - xo)f
_ '\'1 (x k - xo)1

r:t.fk (Xl - XO, ..., X
p Xo

jl
- r:t.fk j!

,

k=l k=1

r,lJ,e r:t.;k eCTb aJIre6paHlJeCKOe ,lJ,OnOJIHeHHe orrpe,lJ,eJIHTeJI5I W, COOT-

Be1cTBylOw:ee era 3JIeMeHTy (Xk - xo)f (j1)-I,

(3)
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1-13 (2) H (3) CJIe,nyeT
p

tv) (xo) = a.Jk [f (Xk) - R (Xk, Xo)]
k=l

(j=o, I, ..., p-l). (4)

<l>YHKUHH W TOJIbKO rrOCTOHHHbIM MHOJKHTeJIeM OTJIH'IaeTCH OT

orrpe,neJ1HTeJIH BaHJI,epMOHJI,a, paBHoro rrpoH3Be,neHHlO BCeB03MOJK-

HbIX MHOJKHTeJIeH BH,na (Xk
- Xl)' r,ne k < I, k, I = I, ..., p, H TaK

KaK pa3Hble Xk, Xl HaXO,nHTCH Ha paCCTOHHHH, 60JIbilleM rrOJIOJKH-

TeJIbHOH KOHCTaHTbI, TO 4JYHKUHH IIW OrpaHHlleHa. <l>YHKUIIll a.;k
TaKJKe OrpaHHlleHbl, rr03TOMY H3 (4) CJIeJl,yeT HepaBeHcTBo

I tv) (xo ) i c1 ct\ I t (x,,) : + [R (x", xo) i) (5)

(xo E [a, b], (Xl>..., xn) E g).

TaK KaK J1eBaH 'IaCTb (5) He 3aBHCHT OT Xk (k = I, ..., p), TO,
O'IeBH,nHO,

p

I tv) (Xo) I C2 2: (II t (x,,) liLp (g) +:1 R (X", Xo) r:Lp (g))
/,=\

 c3(lltIILp(a,b)+IIR(x,Xo) IIL
p , x (a,b») (j=0, I, ..., p-l), (6)

r.n;e 3HaK Lp, x 0603HallaeT, 'ITO HopMa HC'IHCJIHeTCH rro rrepeMeHHoH x.

HaKoHeu, H3 (6) CJIe,nyeT

 tv)lkp(a,b) c(llfIILp(a,b)+IIRIILp(L )) (j=O, I, ...
I p-I). ,(7)

I1pH p = 00 3TO Oll ,nHO,a rrpH p KOHellHOM 3TO rrOJIY'IHTCH, eCJIH
B03BeCTH JIeBYlO H rrpaBYlO 'IaCTH (6) B CTerreHb p, K rrpaBoH 'IaCTH

rrpHMeHHTb HepaBeHcTBo

J-..!.
a+b 2 P (aP+bP)ljp (a, b>O, I p oo),

rrpOHHTerpHpOBaTb 06e llaCTH HepaBeHcTBa rro Xo H, HaKOHeU, B03-
BeCTH HX B CTerreHb lip.

4.4.2. 3aMeTHM, 1JTO eCJIH Ii RilL ("')
< CD, TO, nO,!\CTaBHB BblpaJKeHHH 4.4.1 (4)

,!\JIi! npoH3BO,l\HbIX f'}1 (xo) B paBeHCTBo 4.4.1 (I), npOHHTerpHpOBaB oele ero qaCTH
no Ky6y g TO'leK (Xo , ... 'XfJ) H pa3,!\eJIHB Ha BeJIH1JlIHY ero 06'beMa x, nOJIY1JlIM
iPOPMYJIY *)

t(X)=P (x)+F (x), (I)
r,!\e

p-I p

P(X)= !  
;=Ok=1 Ii

ajk (X1-Xo , '"
, Xp-Xo) (X-Xo)l

[f (xk)-R (xk' Xo)]
j!

dgW (Xl' ... ,
X
p)

t2)

*) eM. HHKC.J1bCEI1H [Ill.

0+
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eCTb MHOrO'lJleH CTeneHH p
- I H

F (X) -= R (X, xo) dg. (3)

g

<I>opMYJIa (I) nOKa3bIBaeT, Ilro <PYtlKqIlH 'MO)f{er 6blTb npe,!\cTaBJIeHa B BH,!\6

CYMMbI HeKoTOporo MHOrO'lJleHa P (x) CTeneHH p
- I H OCTaTKa F (x). TIpH !lTOM

P H F HBHO BbIpaJKeHbI TOJIbKO llepe3 C8MY <PYHKUHIO , H ee OCTaTOIlHbIA IlJleH

TeitJIOpa R.
OcraToK R 06b1'1HO BbIpaJKaeTCH llepe3 npoH3Bo,!\HYIO f'PI OT <PYHKUHH , no-

pH,!\K8 p.

TaKHM 06pa30M, B npaBYIO llaCTb 410pMyJlbI (I) BOBce He BXO,!\HT HBHO npOMe-

JKYTOIjHbIe np01l3BO,!\HbIe '" I, ... , "P-I), 'lT0 .n;aeT B03MOJKHOCTb oqeHIIBaTb HOpMbl

STIIX npOH3BO,!\HblX llepe3 HOpMbl f H f'P).

4.4.3. PaccMoTpHM Ba)l{Hble qaCTHble CJIYIJ:aH <POPMYJI 4.4.1 (6)
H (7).

ECJIH <PYHKUHH t 6i wg (a, b), TO OHa iKBHBaJIeHTHa BnOJIHe

onpe.n:CJIeHHOH HenpepblBHOH <PYHKl.{HH, KOTOpyIO MbI CHOBa 0603Ha-

.IJ:aeM IJ:epes f. JJ.JIH Hee cnpaBe.n:JIHBa <popMYJIa TeHJIOpa 4.4.1 (1)
C OCTaTOIJ:HbIM qJIeHOM

1r

R (x, xo) = (P 1) I S (x - U)P-I 1<P) (u) du,
x.

r.n:e 1<p) E Lp (a, b).
113 (1) CJIe.n:yeT HepaBeHcTBo

IR(x, xo)l cdf(P)IILp(a,b)' a x,xo b.

TeM oOJIee

(1)

(2)

R liLp (,,) c2 II tip) r,L
p (a, b), (3)

r.n.e KOHCTaHTa C2 3aBHCHT OT b - a, p n p. B T3KOM cJlYIJ:ae H3

4.4. I (6) H (7) CJIe.n.YIOT COOTBeTCTBeHHO HepaB HCTB3

I f(j) (xo) I CJ (I! nLp (a, b) + II t<p) l\L
p (a, h\) = c r,: ir\ (0 h)' (4)

';)
.

Ilf(j)IILp(a,b) C3 Ilf Ilwif> (a. b) (j=0, I, ..., p-l). (5)

06a nOJlYIJ:eHHbIX HepaBeHCTBa Henocpe.n.CTBeHHO pacnpOCTpa-
HHIOTCH Ha cJIyqaii K.11acca <PYHKl.{HH: w p(6"), r.n.e 6" = [a, b] X 6"1
(x E [a, b], Y E 6"10 6" eRn)

-

H3MepHMoe MHO)f{eCTBO

nf<j> (xo, Y)IIL ( € )  c41It!I\\P ( <8)'
(6)\I 0

'p I
xp

'1

FV) L (<8)
= n :;tV> (x, y) i[f

p
(a, b) dY)

P
p \<8,

1

oe;; C3 (111 f 11 \7 p(a, b) dY)
P oe;; C411 f II

W p(tSl
(7)

(j = 0, I, ..., p).
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ECJIH f E H p(I) H r=p-I, TO I SalIHCbIBaeTCH lIO <popMYJIe
4.4.1 (I), r.n;e

x

R (x, xo) = (P 2)I S (u -xo)P-2 [f -I)(u, y) - t<:-I) (xo, y)] duo

x.

OTclO.n;a

\ R IP dxo  c(\L I f -I)(u, y) -1f-
l )

(xo, y) IP du dxo 1+
j
b x.

1
\

(p-I) (p-I) !p
+ I Ix (u, y)- fx (xo, y) I du dxo ) =

x x /

co c ( 1 Xf' I t'f-
I )

(Xo + 11, y) - N-
1 )

(Xo, y)!P dh dxo 1 +\ a 0

+ I XIX / t -I)(Xo - h, y) -t 
- I)

(Xo, y)!P dh dx I ) -
=c I xl

aX

r
t

/ tiP-I) (xo+h, y) -f -I)(Xo, y) /P dh dxo 1 +
+c l bIx I f -I)(Xo -h, y) -t -I)(Xo, y) /P dh dxo jo x+h _

,.If

(JJ I R /P dxo dyr <

<CIa 11, xl
h

I f<:-I) (xo+h, y) - tf-
I )

(Xo, y)!P dxo dy I dhr +

I

[
b_X

j
b

I ]
"i"

+ I f -l)(Xo - h, y) - f -J)(Xo, y) jP dxo dy dh .

o <I.x+h

OTCIO.na, npHHHB BO BHHMaHHe, lITO npIf h> 0

I

(
t-h

)
p

/tJ>-I) (xo + h, y) - f -')(Xo, y) /P dxo dy ".;;" MhG
,

.<1. a

r.ne

M =U h'<')'
P
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nOJIYtIHM

 RIko (IE)
= G), J j R!P dxo dy dx)f _

(1xrMPhrzp dh dx)f + (1 br MPhap dh dx)f < c2M.

D03TOMY H3 4.5.1 (7) CJIe,nyeT

(')
IIN  Lp(IE) Ca (II f \\Lp (IE) + II R IILp (IE»

cd\\ f Ikp (IE) +M) c411tllH,
(IE)

(j = I, ..., r). (8)
p

HepaBeHCTBa (4), (5), TaK :tKe KaK (8), BepHbI H rrpH a = -

00,
b = + 00. B cJIytIae (4) 3TO OtIeBH,nHO. B CJIYtIaHX :tKe (5) H (8)
9TO CJIe,nyeT H3 6.1 (2) H (8), B cJIytIae (5) (1 < p < 00) eIli,e
H3 9.2.2. CooTBeTcTBYIOIl1.ee HepaBeHcTBo ,nJIH HHTepBaJIa (a, 00)
CBO,nHTCH K rrpe,nbI,nYIl1.eMY rrYTeM rrpHMeHeHHH TeopeMbI 0 rrpo,noJI-
:tKeHHH 4.3.6.

4.4.4. 3aMeTHM, tITO rrpH orrpe,neJIeHHH 4JYHKIl,HH KJIaCCOB W (c8')
H H (c8') rrpe,nrroJIaraJIOCb cYIli,eCTBOBaHHe Ha c8' 0606Ili,eHH x tIaCT-

HbIX rrpoH3Bo,nHbIX tV) rropH,nKoB j = I, .
.., p

- 1 (F), HO He rrpe.n-

rrOJIaraJIOCb, tITO OHH HMelOT KOHetIHYIO HOpMy B CMblCJIe Lp (c8').
HepaBeHcTBa 4.4.3 (7) H (8) rrOKa3bIBa1OT, tITO KOHetIHOCTb

HOpM YKa3aHHbIx rrpoH3Bo,nHbIX Bb1TeKaeT 'H3 orrpe,neJIeHHH COOTBeTCT-

BylOIl1.HX KJIaCCOB. Ho Tor,na rrpoH3Bo,nHble t()! (j = 0, 1,..., p - 1)
rrOtITH )l.JIH Bcex y E c8' 1 rro rrepeMeHHOH x a6COJIIOTHO HerrpepbIBHbI
Ha 38MKHYTOM OTpe3Ke [a, b]. TaKHM 06pa30M, rrOtITH ,nJIH Bcex

y E c8'1 HMeeT MeCTO pa3JIO}I(eHHe t rro 4JopMYJIe TeHJIOpa

p-I (k) I
x

Ix (a, y)
( )

k St
(P)

( ( P-l df(a, y)= '- kI
x-a +

(P_I)I
x u, y) x-u) u (1)

o a

B oKpecTHocTH KOHIl,eBoH TOtIKH a cerMeHTa [a, b] H COOTBeT-

cTBYIOIl1.ee pa3JIO:tKeHHe B oKpecTHocTH ,npyroH KOHueBoH TOtIKH b.
OTMeTHM HepaBeHcTBo

M/.h t [iLp (gxip / h /)  'Ih IP II ::; IILp (g)

, (2)

KOTopoe MO:tKHO TpaKToBaTb cJIe,nYIOIli,HM 06pa30M: eCJIH HMeeT CMblCJI

rrpaBaH tIaCTb HepaBeHcTBa (2), TO H JIeBaH, H HMeeT MeCTO caMO

nepaBeHcTBo (2).
B 4.8 6y,neT rrOJIYtIeHO 06paIl1.eHHe HepaBeHcTBa (2) rrpH p = 1.
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LI: 0 K a 3 aTe JI b C T B O. TIYCTb CHa'IaJIa p
= 1; Tor,na B CHJIY

paBeHcTBa
h

t1x" hf (x) = f ,(Xl + t, y) dt,
o

x = (Xlt y) E gj hi,

HMelOrn:ero MeCTO nOllTH ,nJIH Bcex ,nonYCTHMblX Y = (x2 , ..., Xn) H

)l.JIH Bcex Xlt h, )l.onycTHMbIX ,nJIH BCHKoro TaKoro y, nOJIYlIHM

(CM. 1.3.2)

t1x,. hf \\L
p (gl h /) I II f ,(Xl + t, y) liLp (gl h /)

dt I
. ! II f ,I!Lp(g) dt 1 = I h III f 1 Lp(g).

TI03TOMY npH rrpOH3BO,'lbHOM p

t1f.. i  Lp(gx,P I h \)
= il t1x.. h t1 ::V//Lp (gx,P I h I)

I h III t1f,-:hf ,IILp(gx, (p-I) I h /).:;;;;
I h /2 /I t1 ;: f;1 Lp(gx, (p-2) I h I) .,;;;;. .. I h jP f ) Lp(g).

C.T1 e,n C T B H e 1. LI:JIH 4JYHKUHH gv (x) = gv (Xlt . ..
,
xn) E

E i1Hx, vp (6"), 6" = R I X 6" 1 (T. e. npHH a,nJIe:tKaw,eH K Lp (6") H I.I,eJIOH
creneHH v no Xlt CM. 3.4.1) HMeeT MeCTO HepaBeHcTBo *)

11t1 "hgvIIL (rE) lhlpija
i)pg; I '  (vh)P"gv"L (II) (3)

p II XI ILp (&') P

(CM. 3.2.2 (7)). 3,necb Ha,no YlIeCTb, liTO 6"
x" 6 " TaK KaK rff eCTb

I.I,HJIHH,npHlIeCKoe B HarrpaBJIeHHH Xl MHO:tKeCTBO.

CJIe,nCTBH e 2. EC.Tm r>O-ue.T1oe, TO

W  (g) -+ H )p(g). (4)

3TO CJIe,nyeT H3 Toro, liTO

/I t1;t' hf -I)I/Lp (gxi2 I h I) II t1Xt , hf )"Lp (gx/I h I) 2! f )fLp (g).

4.4.5. JI e M M a. flycmb 3aaaHa Iwc/lea08ame/lbHOCmb cpY/-lKl{ut1
ft (l = 1, 2,.. .), npu/-laa/leJ/Cawpx K WP (g) , eae g c:: Rn - omKpbl-

Xh P

moe M/-lOJ/Cecm80.

EC/lu a/lJl a8YX cpY/-lKl{uii f, fjJ E Lp (g)
lif-fl/lL (g)-+O, 1-+00, (1)

II fjJ
- :;i IlL: (g)

-+ 0, 1-+ 00, (2)

*) HepaBeHcTBo (3) BepHo H .1\JIH TpHroHOMeTpH1JeCKHX nOJIHHOMOB gv nop5l,UKa 'Y
no Xl' eCJIH 3aMeHHTb Lp (8) Ha Lp' (8).
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mo (8 o606U{eflfLOM CMblCM)

oPt
cp=- Ha g.

oxf
(3)

.l{oKaaaTenbCTBO. DYCTb CHaqana g=[a, b]. ¥Is TOro, qTO

<PYHKIUUI fIEWfp[a, b] (1-1, 2, ...) cne,weT, qTO JI,JIfI Hee HJIH

HeKOTOpoH 3KBHBaJIeHTHOM eM <PYHKU,HH, o603HalfaeMoH CHOBa qepe3 ft,
JI,nfI JII06bIX x, Xo E [a, b] HMeeT MeCTO pa3JIOJKeHHe fz no <popMYJIe
Tellnopa

P -I

tfk) (xo)
k

1 CII (X) = 1:  (X-Xo)+ (P-l)! J (x-t)P-lf<t) (t) dt.
o

(4)

B CHJIY 4.4.3 (4) H YC.'lOBHH JIeMMbI

I f )(xu) - f f)(xo) I
 C[ fk-flkp(a, b) +lIf )-f P)"Lp(a,b>]-+Cf k, 1-+00,

T. e. IIMeeT MeCTO paBHOMepHaH CXOJI,HMOCTb

Jim f  /)(xo) = Aj (Xo)
1_00

(a xo b;j=O, 1,..., p-l)

Ha oTpe3Ke [a, b]. Ho TorJI,a nOCJIe nepexoJI,a K npeJI,eJIY B (4) npH
1-+ 00 nOJ1YlfHM

p-I x

f(x)= 1: }"kl;o) (X-xo)k+ (p

1
1 )1 (x-t)P-lcp(t)dt.

o

T. e.

AJ (t) = fUJ (t),

cp (t) = f(P) (t)

j=O, 1,..., p-I,

[a t b],

II JIeMMa JI.OKa3aHa.

B 061l1,eM CJIylfae JIeMMa 6YJI.eT, OlfeBHJI.HO, JI.OKa3aHa, eCJIH 6YJI.eT
JI.OKa3aHa CnpaBeJI.JIHBOCTb paBeHcTBa (3) Ha npoH3Bo.'IbHOM npHMo-
yrOJIbHOM napaJIJIe.nenHneJI.e d c g.

BYJI.eM ClfHTaTb, lfTO d = [a, b].Xdh rJI.e Xl E [a, b], Y E dl .

B CHJIY YCJIOBHM, HaJIOJKeHHblX Ha <PYHKUHH fl' H Toro <paKTa, lfTO

HX clfeTHoe KOJIHlfeCTBO, MOJKHO ClfHTaTb HX BHJI.OH3MeHeHHHMH

Ha MHOJKeCTBe MepbI HYJIb TaK, qTO CYllI,eCTByeT MHOJKeCTBO d c dl

IIOJIHOH Mepbl: TaKoe, [ITO JI.JIH Bcex y E d Bce <PYHKU,HH fl JIOKaJIbHO

a6COJIIOTHO HenpepbIBHbl no x. ¥I3 (1) H (2) CJIep;yeT, lfTO nOlfTH

/l,JIfI BCfIKoro y E d ,JI.JIfI HeKOTopOH (aaBHCfIllI,eH OT y) nOJI.nOCJIe-
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.n:OBaTeJIbHOCTII IIHlleKCOB Is IIMeeT MeCTO (CM. 1.3.8)

f - tis //Lp (a. b) -+ 0,

iJPfzs
cp-- -+0

ax Lp (a, b)

.

Ho Torlla llJIH YKa3aHHbIX y

apf
cp (Xlo y) =

ap
(Xlo y)

Xl

Xl E [a, b]. dTO II npIIBOlliiT K YTBep}K.1I.eIIII10notJTII .1I.JIH Bcex

JIeMMbI.

4.4.6, T e 0 p e M a. flycmb g eRn
-

omKpbLmoe MflO:JfCeCmBO U

gl
- opyzoe omKpbLmoe OZpaflU/fRflflOe MflO:JfCeCmBO maKoe, 'lmo il c

c gl C g. Tozoa, eC/lU f E W (g), mo

II f(S) I\L
p

(g,) =e;;; Cg, II f 1\ wI (g) (j s I l),
p

(1)

Cg, -KOflcmaflma, 8aBUCJlU{aJl om p, 1 U gl, flO fle om f.
9Ta TeopeMa JIerKO BbiTeKaeT no IIHllYKU,IIII II3 HepaBeHcTBa 4.4.3

(7). YtJIITbiBaH, tJTo gl MO}KHO nOKpbITb KOHetJHbIM tJIICJIOM Ky60B
cg c pe6paMII, napaJIJIeJIbHbIMII OCHM KoopllIIHaT, llOCTaTOQHO

TeopeMY .1I.OKa3aTb llJIH OllHoro II3 HIIX.
....

4,4.7. JIeMMa. flycmb oafla noC/le008ame/lbflO b ifJUfl1Clfuu

fk=fk(xI"", Xn) =fk (x) (k=l, 2, ...),

uflmezpupyeMbLx fla g 8 p-U cmeneflU (1 p 00) 8.M.eCme co C80UMU

rjJUZUPUPYIOlJ.{UMU flU:JfCe 8 (1) tlaCmflbl.M.U npou8800flbl.MU 00 nOpJlO1Ca p
BK/lIO'lUme/l ,bflO U, KpO};te moco, oaflbl cjJyflKlfuu

f, fal' ta la 2'
...

, fal'" as

(al +. ., + as p, a} -lfe/lble no/lOJICUme/lbflbLe, 1 =e;;; s n) maxue.
'imo

!irn Ilf-fk L (g)=O,
k-+oo p

.

II aa'fk!tm fa, - ---;;:-
= 0,

k-wl axl
'

Lp(g) (1)

!irn Iital...as_ aal:...+a k II =0.
k-+oo I aX

I
l... ax

s

s '
L (

")I
P

..

Tocoa (8 0606u;.eflflOM CMbLCM)

[fL'f
la1=-'

axf'

aa,+a'f
fa..1 Cl2= ,...,

axr'ax '

aa,+... +asf
fat". as

=

a a
'

ax!! ... ax,'
(2)
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.lJ.JIH CJIYtIaH S = 1 3TO JIeMMa 4.4.5. Depexo)J. K 06meMY cJIYtIalO
cOBeprnaeTcH 6e3 TpY)J.a rro HH)J.YKUHH.

4.4.8. ECJIH paccMaTpHBaeMble B 4.4.7 <PYHKUHH fk H HX tIaCT-

HbIe rrpoH3Bo)J.Hble cooTBeTcTBYIOllI,HX rropH)J.KoB HerrpepblBHbI Ha g,
TO 3TH tIaCTHble rrpOH3BO)J.Hble He 3aBHCHT OT rropH)J.Ka )J.H<p<pepeHUH-
pOBaHHH, rr03TOMY H 0606meHHbIe rrpoH3Bo)J.Hble 4.4.7 (2) He 3aBHCHT

OT rropH Ka)J.H<p4epeHuHpOBaHHH rrOtITH BCIO YHa g.

4.4.9. T e 0 p e M a. nycmb cpy/-lKl{UU fIt f2, '" /-lenpepbI8/-lbl 8Mecme
co C80UMU 'laCm/-lbIMU npOU3800/-lb1MU 00 nopfloKa p 8KAIO'lUmeAb/-lO U

8Mecme C cpYfiKl{ueu f yoo8Aem8opflIOm YC/108UflM AeMMbl 4.4,7 u npu

fJmOM paJ3e/-lCm8a (1) 8btnOA/-lfllOmCfl OAfl AI06blX ex = (aI' ..., an)
C I ex I p. nycmb, KpOMe mozo, 06Aacmb g U3Me/-le/-lUfl nepeMe/-l/-lbIX

Xl' .
..,

Xn 83aUM/-lO OO/-103/-la'l/-lO Om06paJICaemCfl /-la 06Aacmb if nepe-
Me/-l/-lbIX tIt..., tn npu nOMOU{U cpy/-lKl{UU

XJ = fIJj (tIt ..., tn) (1)

/-lenpepbI8/-lbIX, UMelOU{UX /-lenpepbI8/-lbte U Ozpa/-lU'le/-l/-lble /-la g 'lCU;m/-lble

np0U3800/-lble nopflOK08, He npe8b1UJaIOU{UX p U maKUX, t(mo flK06ua/-l

D (t) =
D (Xl' ..., X

n)
> k > O.D (fl. ..., In)

Tozoa cpy/-lKl{Ufl
F (lIt..., In) =- f (fIJI, ..., ([!n)

U/-lmeZpupyeMa 8 P-U cmene/-lU /-la g 8MeCme CO C80UMU t(aCm/-lbIMU

np0U3800/-lbIMU nOpflOKa 00 p 8K/lIOt(Ume.ll.b/-lO, npUIfRM 9mU t(acm/-lbte

np0U3800/-lbte 8blt(UC.Il.fllOmCfl no K.Il.aCCUIfRCKUM cpopMYAaM, KaK ec.Il.u 6bl

cpY/-lKt{Ufl f UMe.ll.a /-lenpepbI8/-lble t(cu;m/-lbte npOU3800/-lble.
.lJ. 0 K a 3 aTe JI b C T B O. B caMOM )J.eJIe, H3 YCJIOBHH JIeMMbl CJIe-

)J.yeT, tITO f(8) E Lp (g) )J.JIH Bcex S cis I p H HMeeT MeCTO

I f(8) (x) IP dx = lim I fk
8)

(x) jP dx =
g k-+oog
= Iim I W) (fIJIt .... ([!n) jP D (t) dt = I f(8) ({[!h .... ([!n) jP D (t) dt,

k-+oo
_ _

g g

H T8K K8K D (t) OrpaHHtIeHa CHH3Y rrOJIO)f{HTeJIbHOH KOHCTaHTOH,
TO f(8) ({[!h .,., ([!n) E Lp (g). DOJIO)f{HM

Fk (t) = fk ({[!It .... ([!n), F (t) = f ({[!h .... ([!n).

CorJI8CHO KJIaCCHtIeCKOH <popMYJIe rrpOH3BO)J.HaH OT Fk rropH)J.K8
1 = (h, ..., In) HMeeT BH)J.

F )(I) = a8f 8)(fIJlt .,., ([!n),
J81<60111

(2)
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r eas - on pe eJUleMblen pe06pa30BaHH5IMH (l) cpYHKIJ:HH, Hen pepbIB-
HbIe H OrpaHHqeHHbIe Ha g. TaK KaK I S)-+ lS) (k -+ (0) B. CMbICJIe

Lp (g), TO Ha OCHOBaHHH CKa3aHHaro Ik
S)

(cpt, ..., CPn) -+ ,(S) (cpt, .:., CPn)
B CMbICJIe Lp (i) H H3 (2) CJIe yeT naCJIe nepexo aK npe eJIYnplI
k -+ 00, qTO

PU) (t) = asl(s) (cpt, ..., CPn)
Isl III

(2')

noqTH  JI5IBcex t E g. B cpOPMYJIY (2') BXO 51T, Boo6m.e rOBopH,
o6061l1.eHHbIe npoH3Bo HbIe. ECJIH nOCJIe HHe HenpepbIBHbI, TO (2')
eCTb KJIaCCHqeCKa51 cpopMYJIa.

B 3THX paccY)K eHH5IXMbI CqHTaJIH, qTO P KOHeqHO (1 :s;;;; P < (0).
ITpH P = 00 H3 YCJIOBH5I JIeMMbI HHqerO HOBoro He B03HHKaeT, nOTOMY
qTO Tor a!kS) (I s I"s; p) paBHOMepHO CXO HTC5I K I(S).

4.5. Ew.e 06 ¥,lI,HeHHH no C060JIeBY *)

ITYCTb g c R = Rn - OTKpbIToe MHO)KeCTBO, 1"s; p:s;;;; 00, cpYHKIJ:H5I
I E Lp (g) H

fs(x)= e S cp( x-:U )f(U)dU (f=0 Ha R-g) (1)

ee 8-ycpe)J.HeHHe (CM. 1.4).
OqeBH HO,fs (x) 6eCKOHeqHO  HcpcpepeHUHpyeMaHa R H

f(s) (x) = S cp(s) (..!...-U ) f (u) du (2)s en + ISIlO

,Il.JI5I JIlo6oro IJ:eJIoro BeKTopa S = (S1> ..., Sn);::O O.

4.5. t. 0603HaQHM, KaK 06bIQHO, Qepe3 gs MHO)KeCTBO TOQeK X E g.
OTCT05llll.HX OT rpaHHUbl g Ha paCCT05lHHH, 60JIbilleM QeM 8> O.

ITYCTb f E Lp (g) H :!f E Lp (g). ECJIH X E gs, TO B paBeHCTBe
uXI

d . 1

S
'

(
X-U

)7J'x--; ts (X)
=

en +1 CPXt ----;- f (U) du

no)!. HHTerpaJIOM, KOTOpbIrl MO)KHO CqHTaTb pacnpocTpaHeHHbIM Ha

Illap paJJHyca c C ueHTpoM B X, CTOHT cpYHKUH5I f, a6COJIIOTHO
HenpepbIBHa51 no Ul nOqTH .lI.JI5I Bcex (u2 , ..., Un), n03TOMY 9TOT

HHTerpaJI MO)KHO npoHHTerpHpoBaTb no QaCT5IM no Ul (npH X £/= gs
:no, Boo61l1.e rOBOp5l, He TaK, I MO)KeT 6bITb CYlll.eCTBeHHO pa3pbIBHOH
B YKa3aHHOM Illape).

YQHTbIBa5l, QTO

a

(
X-U

)
1,

(
X-U

)au; cP ----;-
= -

8' CPXt -e

") C..n. C060JleB [4].
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H 'ITO <P - 0 BHe YlIOM5IHYTOro mapa, lIOJIyqHM

 f.(x)-- S_a
a

<p ( ) f(U) du=(jXi & Ul 8

:0= ;" S <p (
X

&

U

) :!l (u) du = ( :!l )8 (x).

al (PI
Bo06U1,e, eCJIH paccMaTpHBaTb <PYHKIJ:HH t, a' , ..., TO,

Xii axj, aXil

pa YJK aHlIO HH YKIJ:HH, lIOJIyqHM

Ds (fl!) = (Dsf)1! (x E gl!)' DS=
alSi

aXSl ... ax
s
"

I "

(1)

npH OlIpe eJIeHHH KJIaCCa W (g) lIpe lIOJIaraJIOCb, qTO BCHKaH

lIpHHa JIeJKam.aH K HeMY <PYHKUHH t lIpHHa JIeJKHT K Lp (g) BMeCTe

co CBOHMH qaCTHbIMH lIpOH3BO HbIMHfU) lIopH Kal. LITO KacaeTCH

lIO,Zl;qHHeHHbIX lIpOM3BO HbIX fi S I ( I s I < I), TO OHM, ec-reCTBeHHO,
lIpe,Zl;lIOJIaraJIHCb cym.eCTBYlOm.HMH (B o606m.eHHOM CMbICJIe) Ha g,
HO He 065I3aTeJIbHO cyMMHpyeMbIMH B p-f1. CTeneHH Ha g.

B 4.4.6 6bIJIO lIOKa3aHO, eCJm f E W (g) Hac g- lIpOH3BOJIb-

HblA n-MepHbIH map, TO f(S) E Lp (a) (I s,.s; l). Ho Tor a M5I
,ZI;OCTaTOqHO MaJIOrO e> ° HMeer MeCTO Ha a paBeHcTBo (1), H3

KOToporo B CHJIY 1.4 (5) CJIe yeTlIPH 1.s; p < 00 (HJIH lIPH P = 00

II npe lIOJIOJKeHHH, qTO DSf paBHoMepHo HelIpepbIBHa Ha R,,), qTO

IDS (f.)-DSnL (0) =11(Dsf)I!-Dsf L (0)-+0 (8-+0, IsJ l). (2)
p p

¥qHTbIBaH, qTO fl! - 6eCKOHeqHO ,ZI;H<p<pepeHIJ:HpyeMaH <PYHKIJ:HH H,
CJIe,Zl;OBaTeJIbHO, MH Hee pe3YJIbTaT OlIepaIJ:HH Dstl! He 3aBHCHT OT

lIOpJl,Zl;Ka ,ZI;H<p<pepeHIJ:HpOBaHHH (IIO 810 ..., 8,,), H qTO a c g- lIpOH3-
BOJIbHbIA map, MbI lIpHXO HMK CJIe YlOm.eMYBbIBO Y.

ECAU f e W (g), mo OAR YKCl3aHHbtX s npOU3800Hbl€ f(S) nO'lmu

scwy He 3a1JUc.nm om nopROKa owj}(jJepeHtfUpOeaHuR.
4,5.2. T e 0 p eM a. JIycmb f U 'A - AOKaAbHO CYMMupyeMble Ha g

£/JYH1C.fJUU. ECAU £/JYHKfJUJl 'A ecmb npOU3800HaR no Xl Ha g no Co6o-

/leSO, mo OHa maKafCe ecmb npOU3800HaJl

'A= ( 1 )aXl'

6 IInOmpe6/lJl£MoM HaMU CMblcAe (CM. HaqaJIO 4.1).
.n: 0 K a 3 aTe JI b C T B o. nYCTb

fs (x) = <Ps (x -"u) f (u) du, (2)

{I- ycpe,Zl;HeHHe f; Tor a

f (x) - ! a l<PI! (x - u)f (u) du = - S a l<PI! (x - u)f (u) du =

:0= <Ps (x - u) 'A (u) du (x e gs)' (3)
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nOC.T1e HeepaBeHCTBO HMeeT MeCTO B CHJIY Toro, qTO 'A eCTb npo-
H3BO HaHOT f no Xl Ha g B CMbICJIe C060JIeBa, H Toro, qTO (jJe (x - u)
npH <pHKCHpOBaHHOM x e ge eCTb <pHHHTHaH <PYHKIJ:HH no u.

TaK KaK f H 'A JIOKaJIbHO CYMMHpyeMbI Ha g, TO H3 (2) H (3)
CJIe yeT(CM. 4.5.1) (2», qTO

Ilfe-f\\L(u) -+0, 8-+ 0,

Ilf -AIIL(u) -+0, 8-+0,

ua JII060M 3aMKHYTOM nrape cr c g, HO Tor aCOrJIaCHO .T1eMMe 4.4.5

HMeeT MecTO (1).

4.6, Ou.eHKa npHpaw.eHHH no HanpaBJIeHHlO

PaccMoTpHM JIHHellHOe npe06pa30BaHHe
n

XI = 2: alklk
k=1

(i = 1, ..., n)
.

(1)

c onpe eJIHTeJIeM, He paBHbIM HYJIIO, oT06paJK31orn.ee B3aHMHO O HO-

3HaqHO TOqKH x = (Xl, ... Xn) E g B TOqKH t = (t1o ..., tn) e g.
OHO Y OBJIeTBOpHeTTpe60BaHHHM TeopeMbI 4.4.9. ECJIH , e W (g),
TO MbI 3HaeM YJKe, qTO  JIHKaJK OrOmapa cr c: (j c g BbInOJIHHeTCH

4.5.1 (2), HO Tor a BCJIe CTBHe TeopeMbI 4.4.g npe06pasoBaHHaH

nocpe cTBoM(1) <PYHKIJ:HH f (t) "'" f (Xl (t),... Xn (t» HMeeT Ha JII060M

mape cr c g, a CJIe OBaTeJIbHO, H Ha g Bce npOH3BO Hble/7..8) (t) no t,
r eIs I..s;;;; 1, BblqHCJIHeMble K TOMY JKe no KJIaCCHqeCKHM npaBHJIaM.

7
1-

5ICHO., qTO e Wp (g).
I

4T06bI onpe e.T1HTb npOH3Bo HylO OT <PYHKIJ:HH f 5 Wp (g) no

HanpaBJIeHHlO BeKTopa hE Rn, BBe eM opTOrOHaJIbHOe npe06pa30-
BaHHe (I) TaKoe, qTO H3MeHeHHe 11 B nOJIOJKHTeJIbHOM HanpaBJIeHHH

npH <pHKCHpOBaHHbIX t2 , ..., tn BJIeqeT H3MeHeHHe x B HanpaBJIe-
HHH h. MbI 6y eMCqHTaTb, qTO npOH3BO HaHOT f no HanpaBJIeHHIO h

onpe eJIHeTCH paBeHCTBoM
n

af at af
ah

=-

atl
=

ax:
cas (h, Xj),

j=1
!

aSf
=

asf
= f(s)hs

ahs ats

1 Isl=1

(S = (S1o ..., Sn); I s I 1, h
S
= h:i .. . h n, I h I = 1).

OqeBH HO,3TO onpe eJIeHHeHe 3aBHCHT OT BbI60pa opTOrOHaJIbHOrO
npe06pa30BaHHH (I), nO qHHHlOw.erOCH YKa3aHHbIM Tpe60BaHHHM.

(2)

(3)
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I1MeeT MeCTO paBeHCTBO

I

b.hf (X) = f (X + h) - f (x) = I h I fl. (x + th) dt, (4)
o

oTKy a

I

 b.hf(x)IIL (gh) I h I \\ fl. (x + th) IlL (gh) dt = I hili fl.lIL
p (g), (5)

PoP

r eh eCTb rrpOH3BOJIbHbIH BeKTop. JIerKo rrOJIY'IHTb TaKJKe 60JIee

06m.ee HepaBeHcTBo (B 'IaCTHOCTH, co epJKam.eeaHaJIOrH'IHOe 4.4.4 (2»

II b. f(x) 11Lp(gph) I hiP IlfhP) 11Lp (g), (6)

4.7. nOJlHOTa npOCTpaHCTB W, H, B

T eo p eM a. KaKoBo 6bt HU 6btAO OmKpbtmOe MHOJICeCIJ1BO g eRn,

npocmpaHcmBa

W p(g), W p(g), H p(g), H p(g), B p&(g),B pdg)

nOAH-bt.

Cym.ecTBYIOT pa3JIHLJHble Bapl1aHTbI orrpe eJIeHHH YKa3aHHbIX
KJJaCCOB. .lIJI5I rrpOH3BOJIbHOrO OTKpblToro MHO)KeCTBa g OHH Bo06m.e
TtIe 3KBHBaJIeHTHbI. Mbl  OKa3b1BaeMrrOJIHOTY  JI5IBapHaHToB: 4.3.1 (1)
 JI5I rrpocTpaHcTB W p,4.3.3 (5)  JI5I H p,4.3.4 (2) HJIH 4.3.4 (4)
 JI5I B p&' .lIJI5I .!I.PYrHX BapHaHToB  OKa3aTeJIbCTBO He OTJIH'IaeTC5I

cym.eCTBeHHO.

J1. 0 K a 3 aTe JI b C T B O. 5y eMC'IHTaTb, 'ITOgl Cgl C g- orpaHH-
'IeHHOe OTKpbITOe MHO)KeCTBO. DYCTb 3a aHarrOCJIe OBaTeJIbHOCTb<PYHK-
UHH fk E W p(g) (k= 1,2, ...), Y OBJIeTBOp5l1Om.a51 YCJIOBHIO KOllm

B MeTpHKe W p(g).
Tor a(CM. 4.4.6 H 4.4.7)

IIW) - f}S) IILp (g,j Cg,llfk - fill w p(g)
-+ ° (1)

k, j -+ 00, S = (81) ..., Sm, 0, "', 0), I S I t,

cyrn.tcTByeT <PYHKUH5I f,  JI5I KOTOPO"

IlhS)-f(S)IILp(g,j-+O. (k-+oo). (2)

OHa rrpHHa,MeJKHT K W p(gl), rrOTOMY 'ITO fk E W p(gl)' 3a aB
e> 0, MOJKHO YKa3aTb N > ° TaK, 'ITO  JI5I k, j> N

 fk-fjl\Lp(g,j+ \\fkS)-tY)IILp(g,) llfk-fJ\lw (g)<8 (3)
Isl=1

p
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J,JI5I JIl06bIX gl' nepexoJJ, B rrepBOM qJIeHe (3) K rrpeJJ,eJIY rrpH j 00

B CHJIY (2) rrpHBoJJ,HT K TaKOMY /Ke BbIpa/KemHo. rJJ,e HaJJ,O 3aMe-

HHTb fj Ha f. T. e. HMeeT MeCTO

II fk - f II Wi (g)
8

up
, (k> N)

JJ,JI5I JIlOOOrO gl. CJIeJJ,OBaTeJIbHO. H JJ,JI5I g. npH 3TOM f rrpHHaJJ,JIe/KHT
(BMeCTe C fk) K W p(g). 3THM rrOJIHOTa W p(g). B qaCTHOCTH.

I I
W j (g) JJ,OKa3aHa, HO TOrJJ,a. OqeBHJJ,HO, H Wup (g) rrOJIHO.

xlP
,lJ,oKa/KeM Terrepb rrO,TIHOTY B pQ(g) (1 e 00. B pco= H p).

MO/KHO JJ,OKa3an (CM. 3aMeqaHHe B KOHIJ,e KHHrH K rr. 4.3.6), qTO

<PYHKIJ,H '1IKJIaCCOB B"..." (g) = B 'p'9'"
,

(g) MO/KHO rrpoJJ,OJI/KHTb

C gl C gl-C g Ha R C coxpaHeHHeM HOpMbI (rro g). T. e. MO/KHO JJ,JI5I

Ka/KJJ,oH f E B', ..., r

(g) orrpeJJ,eJIHTb ee rrpOJJ,OJI/KeHHe 1 (j = f Ha gl)
TaK. qTO

111\\B" .... '(R) cllfIIB" ..., reg)'

Ho JJ,aJIbwe OYJJ,eT JJ,OKa3aHO (5.6.2). qTO

B', ..., , (R) = B' (R). (5)

n03TOMY JJ,JI5I <PYHKIJ,HH fk, YJJ,oBJIeTBOpmoII1.HX YCJIOBHlO KOWH B B' (g)

(4)

O+-llfk - fill B , (g):> Ilfk - flllB " ..., ,
(g,) :>

:> II fk -11 liB" ..., r (R) :> Illk - flllBr (R) >- 11 W) - W) lkp(gv (6)

(S=(81. .... 8m. O. .... 0). ISI f.r=f+a.

f-UeJIOe, O<a 1).

nepBoe HepaBeHCTBO TpHBHaJIbHO (B' B', ... . r); BTopoe crrpaBeJJ,-

 mBOB CHJIY BblweYKa3aHHOH TeopeMbI 0 rrpOJJ,OJI/KeHHH. 3JJ,eCb ,1 ,

fk - <PYHKUHlI, rrpOJJ,o.n/KalOII1.He, COrJIaCHO 3TOH TeopeMe. COOTBeTCT-

BeHHO <PYHKIJ,HH fk, fl C MHO/KeCTBa gl; Tpene HepaBeHCTBO CJIeJJ,yeT
H3 (5); qeTBepToe OYJJ,eT JJ,OKa3aHO rr03JJ,Hee (6.2 (8)). OTMeTHM, qTO

B CJIyqae H /P(g) (m = 1) HepaBeHCTBO Me/KJJ,Y rrepBbIM H rrOCJIeJJ,HHM

qJIeHaMH (6) CJIeJJ,yeT HerrocpeJJ,CTBeHHO H3 (4.4.3 (8)) 6e3 rrpHBJIeqeHH5I
TeopeMbI 0 rrpOJJ,OJI/KeHHH.

1-''1:3 (6). OqeBHJJ,HO, CJIeJJ,yeT, qTO rrpH p = f

II ffu - ffu Ik
p (gl) 0 (k, 1- 00. U E Rm), (7)

rJJ,e ffu - rrpOH3BO.l Ha5I OT fk rrOp5IJJ,Ka p rro HarrpaBJIeHHlO U, KaKOBO

6bI HH 6bIJIO gl C gl C g.
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Terrepb, paCCMaTpHBaH KJIaCC H p(gr H .n:JIH rrpOCTOTbI CqHTaH,
1jTO H 0 < ex < I, H 3a.n:aB 8> 0, rrOJIyqHM (gl c gl c gu)

n f f I' + :;(tZu (X+U)-tfu (;+U»)-(tgu (X)-tfu (X»)lkp (1(1)
u k- I,!Lp

([!,)
iu:U

 iifk-ffii,  8(k, j>N, II ERm), (8)
HupUi)

me N .n:OCTaTOqHO BeJIHKO. ECJIH k 3aqmKcHpoBaTb H cTpeMHTb

i -+ 00, TO B rrpe.n:e.ne rrepBbIH qJIeH (8) B CHJIY (7) rrpeBpallI,aeTcH
B T8Koe me BbIpameHHe, r.n:e fJ Ha.n:o 3aMeHHTb Ha f. B HeM 3aMe-

HHeM gl Ha gu, qTO, OqeBH.n:HO, 3aKOHHO. B3HB BepXHlO1O rpaHb
nOJIyqeHHOrO BbIpa1KeHHH rro U, rrOJIY'IHM

I: fk - f \\H;,p (g)
8 (k > N),

H TaK KaK H3 Taro, 'ITO fk E H p(g), C.T1e.n:yeT, qTO f E H p(g), TEl

rrO.T1HOTa H p(g) rrpH ex < 1 .n:OKa3aHa. DpH ex = 1 B (8) Ha.n:o BMeCTO

rrepBoH pa3HOCTH OT ffu - f7u B3HTb BTOpylO, paccym.n:aH aHa.T10-

rHqHO.

.lI.T1H KJIaCCa )!{e B ps(g) (1 B < 00) .n:JIH .T11060ro 8> 0

(gl c gl Cgku)

 f -fv\\L(g)+( lul-m-sa,'i\A (f -f )!11(g1)dU )1/S 8p
\A<'U'<)(

p

( ,v>N, UERm, p-=f, k 2,rrpH ex<l k l), (9)

r.n:e 0 < A < x - rrpOH3BOJIbHbIe qHCJIa.

Depexo,'I. K rrpe.n:eJIY rrpH v -+ 00 npHBo.n:HT K TaKoMY me Hepa-
BeHCTB y, r.n:e f Ha.n:o 3aMeHHTb Ha fl'. 3TO CJIe.n:yeT H3 Taro, qTO

3,D;eCb MomHO rrpHMeHHTb TeopeMY JIe6era 0 rrpe.n:eJIe rro.n: 3HaKOM

HHTerpaJIa. .lIe.T1o B TOM, qTO 3aBHCHlII.aH oT U HopMa rro.n: 3HaKOM

HHTerpaJIa B (9) OrpaHHqeHHO CTpeMHTCH K TaKOH me HopMe, r.n:e
BMeCTO f CTOHT fP (CM. (6), (7». B rrO.T1yqeHHOM HepaBeHcTBe, Bep-
HOM .n:JIH JII06bIX YI{a3aHHbIx A, x, MomHO, O'IeBH.n:HO, rrOJIOmHTb A = 0,
x = 00 H 3aMeHHTb gl Ha gku, 'ITO B.T1eqeT

Ilf -trlB' 8,
upS

 >N.

KpOMe TOro, H3 Toro, qTO f E B ps(g)CJIe.n:yeT f E B ps(g). nOJI-

HOTa B ps(g) .n:oKa3aHa.
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4.8. OQeHKa npoH3Bo,!\HOA pa3HocTHbiM OTHOllleHHeM

T e 0 p e M 8 (06p8ru.aIOru.8H HepaBeHcTBo 4.4.4 (2». nycmb cPYHX-
'iWl , (x) == f (Xh y) saOaH.a H.a omKpblmOM. M.H.OJiCecmee g, /lOKO./lbH.O

CYM.Mupye.Ma Ha H.eM. u yaOB/lemBOpflem H.epaeeH.cmey

S I  x.,Z
(x)

\P dx'-'G M (1 < p < 00), (1)
Ilk

tOe M H.e 3Cll3ucum om h.

Tozaa H.a g cyuiecmByem npOU3BOaHafl .o6Aaamow.afl cBOUCmBOM.
UXl

I :L \P dx M.
g

(2)

.n: 0 K a 3 aTe JI b C T B o. 3a.n:a.n:HM .lJ,Ba CTporo BJIO>KeHHbIX .npyr

B ,!\pyra OTKpbITblX Ky6a Ll eXc Lll c Kl C g C rpaHHMH, napaJIJIeJIb-
HbIMH OCHM KOOp.n:HHaT. VIMeeM

8xt. hIe (X'
= (  XI'd (X)

)h h e

« . )8 - e-ycpe.n:HeHHe),

n03TOMY H3 (1) H 1.4 (7) CJIe.n:yeT .n:JIH .n:OCTaTO[lHO MaJIbIX h H 8

I  x.,;:8
(X)

!P dx I  Xl'zt
(X)

IP dx M.
6. 6.,

nepexo.n:H K IIpe.n:eJIY npH h 00, IIOJIYIIHM

I  :lIP dx M.

6.

(3)

VIMeeM
x'
I

'8 (X;, y) - f8 (Xh y) = :: (t, y) df,
x,

(-4)

r.n:e MbI CIlHTaeM, IlTO y
= (£2. ..., 6n) np06eraeT npHMoyrOJIbHblA

napaJIJIeJIeIIHne.n:

Ll. = {XI 6j' : X/ + hi; j = 2, ..., n}
H

[Xl' X;] X Ll. ell.

VIHTerpHpYH (4) no y E Ll*, IIOJIY"HM
x 

l UII (x ,y) - fll (xlo y)] dy = dy j ! (1, y) dl. (I)
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113 (3) CJIe yeT, qTO Cym.eCTByeT /IIOCJIe OBaTeJIbHOCTb qHCeJI

ate'
8k _ ° H <PYHKUH5I 'P E Lp (d) TaKa5l/ qTO - 'P CJIa60 B CMbICJIe

uX]

Lp (d) (CM. 1.3.11). C  pyroHCTOpOHbl, H3 Toro, qTO li fe'
- f ll -0,

k Lp(L\.)
H3 rrOCJIe OBaTeJIbHOCTH {8k} MOJKHO Bbl eJIHTb rro rrOCJIe OBaTeJIb-

HOCTb {8k} TaKYlO, qTO

fek (Xlt y) dy -+ f (XIt y) dy,
.1., .1.,

8k -+ 0,

 JI5I BCeX Xl H3 HeKOTOpOrO MHOJKeCTBa rff c [a, b] = rrpx,d (rrpoeK-
UH5I d Ha OCb Xl) Mepbl (JIHHeHHOH) b - a. B TaKOM CJIyqae, eCJIH

B (5) rrOJImKHTb 8 = 8k, TO B rrpe eJIe rrpH 8k -+ ° .rr.JI5I JI106bIX XIt

x; E 6" rrOJIyqHM
x'

1

[f (X;, y) - f (Xl' y)] dy = dy 'P (t, y) dt,
A. A* Xl

ECJIH pa3 eJIHTb06e qaCTH :YJoro paBeHcTBa Ha hIt ...,
hn H rrepeHTH

K rrpe eJIY rrpH hl_O, 3aTeM h2 -+O H T.  ., TO rrOJIyqHM rrOqTH

.rr.JI5I Bcex y = (x2 , .." Xn ) H

Xl E rff, X E rff ((Xlt y), (X ,y) Ed):
x'

1

f (X ,y) - f (Xlt y) = 'P (t, y) dt.
x,

(6)

Ha CaMOM  eJIe3TO paBeHCTBO BepHO rrOqTH .rr.JI5I BCeX  OrrYCTHMbIXY
H BCeX Xlt X E [a, b], rrOCKOJIbKY ero rrpaBa51 qaCTb HerrpepblBHa
rro Xl, X .OHO YKa3bIBaeT Ha cym.eCTBOBaHHe Ha L1 (0606m.eHHOO)
qaCTHOH rrpOH3BO HOH t= 'P E Lp (d) H B CHJIY rrpOH3BOJIbHOCTH d

uXl
.

Ha cym.eCTBoBaHHe -;;- E Lp (Q), KaKOBO 6bI HH 6bIJIO OTKpbITOeuXl

Q c Q c g.
TaK KaK Terrepb YJKe MbI 3HaeM, qTO rro bIHTerpaJIbHa51<PYHKUH5I

B (1) cTpeMHTC5I rrOqTH BClOlJ.Y Ha Q J{ I ::] /P, TO (TeopeMa <PaTY

1.3.10)

I !L I
P

dX SUP l hx"ht IPdX M,Q
oXl h Q

.

h

H BCJIe CTBHe rrpOH3BOJIbHOCTH Q c Q c g crrpaBe JIHBO(2).
4.8J. TeopeMa 4.8 rrpH p = CXJ n = 1 eCTb H3BeCTHa51 TeopeMa

H3 TeopHH <PYHKUHH .rr.eHcTBHTeJIbHOrO rrepeMeHHoro: eCAU cf;YHKlfUR f
yao8AemeOpJlem Ha uHmep8aAe (a, b) YCA08UKJ JIumuuu,a C KOHcmaH-

mou M, nw OHa UMeem notJmu BCKJdy Ha (a, b) npoU3BodHYKJ, ydo8-
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Aeln80pfl1OUiY1O H.epa8eH.CT8Y I f' (X) I M (CM. n. c. AJIeKCaH.n:pOB
H AWl. KOJIMOrOpOB [1]).

4.8.2. TeopeMa 4.8 rrpH p = 1, n = 1 rrepexo.n:HT B cJIe.n:ylOm.ylO:
eCAU aAfl A01WJlbH.0 CYMMupyeMot1 H.a (a, b) rPYH.K/{UU f 8btnOAH.flemCfl

f/.epaeef/.Cm80
b-h

If(x+h)-f(x)ldx Mh (O<h<b-a),
a

mo Of/.a 9K8U8aAef/.mf/.a f/.eKOmopot1 rjJYf/.K/{UU, KomopylO Mbl Cf/.08a 060-

3f/.a'iaeM 'iepe3 f, ozpaf/.u'ief/.f/.ot1 8apua/{uu f/.a (a, b) U

Var f M.
(a, b)

B CaMOM .n:eJIe, paccYlK.n:a5l, KaK B HaqaJIe .n:OKa3aTeJIbCTBa TeO-

peMbI 4.8, rrOJIyqHM

I f; I dx M,
A

r.n:e 11- rrpOH3BOJIbHbIH HHTepBaJI TaKOH, qTO Xc 111 C Xl c (a, b),
n03TOMY

b

Var fe = 1 f; I dx M.
(a, b) a

(1)

TaK KaK f E L (11 1), TO I fe - f I dx - 0 H B CHJIY rrpOH3BOJIb-
A,

HOCTH 11 1 C &;, c (a, b) cym.eCTByeT rrOCJIe.n:OBaTeJIbHOCTb ek _ 0 Ta-

Ka5l, qTO

fSk (x) - f (x) (2)

rrOqTH BCIO.n:y Ha (a, b). Ho rro TeopeMe XeJIJIH (CM. VI. n. HaTaH-
COH [1]) H3 YCJIOBH5I (1) H Toro cpaKTa, qTO BbirrOJIH5IeTC5I (2) .n:alKe

TOJIbKO B O.n:HOH TO'lKe HHTepBaJIa (a, b), CJIe.n:yeT, qTO cym.ecTByeT
rro.n:rrOCJIe.n:OBaTeJIbHOCTb {ek} rrOCJIe.n:OBaTeJIbHOCTH {ek} TaKa5l, qTO fek
cTpeMHTC5I BCIO.n:y Ha (a, b) K HeKoTopoH cpYHKII:HH 1jJ, OrpaHHqeH-
HOH Ha (a, b) H

Var 1jJ M.
(a, b)

Ho TOr.n:a m H f 3KBHBaJIeHTHbI Ha (a, b).



rJIABA 15

np5IMblE " 06PATHbIE TEOPEMbI

TEOP"H np"6JI")I(EHHA, 3KBHBAJIEHTHbIE HOPMbI

5.1. BBe)l.eHUe

BCIO YB .3Toit rJIase 1\lbl CqHTaeM, qTO U = (Xlt ...,
Xm) E Rm.

y = (Xm+1' ..., Xn), H paccMaTpHBaeM UHJIHH pHqeCKOe H3MepHMoe
MHO)l{eCTBO 1= Rm X rff' TOqeK X = (u, y) = (xlt ..., Xn), r eU E Rm,
yeti'. 4epe3 Rm Mbl 0603HaqaeM TaKlKe rro rrpoCTpaHcTBoRn TO-

qeK (u, 0) = (Xlt ..., x"', 0, ..., 0). flpH m = n (g = Rn; CJIyqaH
m = 0 6y eTMaJIO HHTepeceH.
 hafJIaBa rroCBHw,eHa H3yqeHHIO rrpH6JIH)I{eHHH cpYHKUHH H3 H, W

H B KJIaCCOB (CM. rJI. 4), 3a)JaHHbIX Ha YKa3aHHoM UHJIHH pHqe-
CKOM MHOlKeCTBe rff. <PYHKUHH KJIaCCOB Hp H Wp 6Y YTrrpH6JIH-
)l{aTbCH UeJIbfMH cpYHKUJIHMH 3KcrrOHeHU:HaJIbHorO THrra (rro u) B MeT-

pHKe Lp, rrepHO HqeCKHe)l{e cpYHKU:HH KJIaCCOB H H W - TpHro-
HOMeTpHqeCKHMH rrOJIHHOMaMH (rro u) B MeTpl1Ke L .

.D:JIH KJIaCCOB H H W 6Y YT OKa3aHbIrrpHMble TeopeMbI TeopHH

rrpH6JIH)I{eHH H (THrra .lIlKeKCOHa), rrOKa3bIB,aIOllI,He qTO orr pe eJIHIO-
UI.He KJIacc qHCJIa r HJIH CHCTeMbI qHCeJI (rlo ...,

rm) orrpe eJIHIOT
TaK)I{e rropH OK rrpH6JIHlKeHHH rrpHHa JIelKaw,HX K HHM cpYHKUHiL

BY YT OKa3aHbITaKlKe 06paTHble TeopeMbI TeopHH rrpH6JIHlKe-
HHH (THrra BepHUlTellHa), rrOKa3bIBaIOw,He, qTO rropH OKrrpH6JIHlKe-
HHH .n.aHHOH cpYHKU:HH f rrpH rroMow,H cpYHKUHH KOHeqHOH CTerreHH

HJIH TpHrOHOMeTpHqeCKHX rrOJIHHOMOB qaCTO rrOJIHOCTbIO orrpe eJIHeT
TOT KJIaCC H (HO He W), K KOTOPOMY rrpHHa JIe)l{HT cpYHKU:HH f.
B pH e HHTepeCHbIX  JIH aHaJIH3a CJIyqaeB 6Y YTrrOJIyqeHbI Ha

H3hlKe rropH KOBrrpH6JIH)I{eHHH He06xo HMbleH  OCTaTOqHbleyCJIO-
BHH rrpHHa JIe)l{HOCTH cpYHKU:HH f K'TOMY HJIH HHOMY H-KJIaccy.
Ba)l{HhlM cpe cTBoMBblpmheHHH 3THX TeopeM 6y eTCJIY)I{HTb rrOHH-

TH' HaHJIyqIIIerO rrpH6JIHlKeHHH, H eH KOToporo BOCXO HT

K n. JI. 4e6hlIIIeBY.
C 3TOH TOqKH 3peHHH 6Y YT paccMoTpeHbI TaKlKe KJIaCCbI B;e.

npHHa JIe)l{aUI.He K HHM cpYHKU:HH TaK)I{e rrOJIHOCTbIO xapaKTepH-
aYIOTCH rroBe eHHeM HX HaHJIyqIIIH x rrpH6JIHlKeHHH u:eJIbIMH cpYHK-
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LI,liflMH 9KCnOHeHUHaJIbHOrO Tlilla HJIH (B nepHO,lJ,HqeCKOM CJIyqae)
TpHrOHOMeTpHqeCKHMH nOJIHHOMaMH. I1MeHHo, ,lJ,JIfl TorO qTOObI <PYHK-
UHfl npHHa,lJ,JIe)KaJIa K ,lJ,aHHOMY KJlaccy B, HeOOXO,lJ,IiMO H ,lJ,OCTa-

TOqHO, qTOObI CXO,lJ,IiJICfl Onpe,lJ,eJIeHHbIH pfl,lJ" COCTaBJIeHHbIH H3 ee

HaHJIyqIIIIIX npHOJIH)KeHHH. MbI YBH,lJ,HM, qTO Onpe,lJ,eJIeHHe KJIaC-

COB B eHa fl3bIKe HaliJIyqIIIHX npHOJIH)KeHHH, eCTeCTBeHHO, paCIIm-

pfleTCfl Ha CJIyqaH 8 = 00 H npHBO,lJ,HT K 3KBHBaJIeHTHOCTH: B  =
H(T)

....
p'

B 3TOH rJIaBe Ha OCHOBe MeTO,lJ,a npHOJIH)KeHHH OY,lJ,eT nOJIyqeHO
MHoro pa3JIHqHbIX 3KBHBaJIeHTHbIX onpe,lJ,eJIeHHH HOpM B H H B
KJIaCcax. CaM cpaKT 3KBliBaJIeHTHOCTH CBO,lJ,HTCfl K HeKOTopbIM
HepaBeHCTBaM, B qaCTHOCTH HepaBeHCTBaM Me)K,lJ,y qaCTHbIMH npo-
H3BO,lJ,HbIMH O,lJ,HOH H TOH )Ke <PYHKUHH.

BY,lJ,eM paCCMaTpHBaTb onpe,lJ,eJIeHHble Ha rff = Rm X rff' <PYHKL(HH
g" (X) = g" (u, y), \I = (Vh ..., Vm), flBJIfllOrn;HeCfl nOqTH ,lJ,JIfl Bcex

y 6 rff' ueJIbIMH <PYHKUHflMH 3KcnOHeHUHaJIbHOrO THna \I no nepe-
MeHHbIM u = (Xl' ..., Xm). COBoKynHocTb Bcex TaKHX <PYHKUHiI
g" E Lf1" (rff) npH ,lJ,aHHOM \I oopa3yeT nO,lJ,npOCTpaHCTBO W1"p (rff) c
c Lp (6) (CM. 3.5).

DYCTb 3a,lJ,aHa <PYHKL(Hfl f E Lp (g) (l p 00). HauAY'l/.UUM
npU6AUJICeflUeM f npu nOMoU{u 4JYI-lKI{Ua g" E W1"p (rff), cae \I =

= (Vh ..., vm) -3aaal-ll-laJl cucmeMa 'JUceA, l-la3b18aemcJl 8e/lU'JUl-la '

E" (f) = E" (fk (<8)
= Inf \If - g" IlL (<8)

= inf [I f - g" IlL (0'). (l)
p

g"E!JR"p (<8) p
g"

P

DpH m = n HH)KHflfl rpaHb (l) ,lJ,OCTHraeTCfl ,lJ,JIfl HeKoTopoH (HaIiJIyq-
weiI) <PYHKL(HH. .IJ.eiIcTBHTeJIbHO, H3 (1) CJIe,lJ,yeT cyrn;ecTBoBaHlie no-

CJIe,lJ,OBaTeJIbHOCTH <PYHKUHH g"s E W1"p (Rn) (8 = 1, 2, .. .), ,lJ,JIfl KO-

TOpbIX BbmOJIHfllOTCfl HepaBeHcTBa

Ilf - g"s l\Lp(Rn) E" (t)Lp(Rn) +es
= d+es (es-+O).

113 9TOH nOCJIe,lJ,OBaTeJIbHOCTH MO)KHO B CHJIY 3.3.6 Bbl,lJ,eJIHTb no,lJ,-

nOCJIe,lJ,OBaTeJIbHOCTb, KOTOpylO MbI CHOBa 0003HaqliM qepe3 {g"s}
TaKYlO, qTO OHa paBHOMepHO CXO,lJ,HTCfl K HeKOTopOH <PYHKL(HH
g" E W1"p (Rn) Ha JIlOOOH OrpaHHqeHHOiI OOJIaCTH g eRn' Ho Tor,lJ,a

 t-g"l/L(i)
= !im Ilf-g"S L(i) 1im l/f-g"sllL (R )

=d.
p s-+oo p 5-+00 P n

Cne,lJ,OBaTeJIbHO,

II f - g" Ik-
p (Rn)

= d.

TaK KaK W1"p (rJ') eCTb nO,lJ,npOCTpaHCTBO npOCTpaHCTBa Lp (rJ'),
1'0 npH YCJIOBHH 1 < p < 00 HH)KHflfl rpaHb (1) ,lJ,OCTHraeTCfl ,lJ,JIfl
-e,llHHcTBeHHoH (HaHJIyqweiI) <PYHKUHH g" E! W1"p (rff). l1Hor,lJ,a y,lJ,06HO
pacCMaTpHBaTb <PYHKUHH, KOTopbIe MbI oY,lJ,eM 0003HaqaTb qepea
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guv (X) (V> 0). 9TO eCTb onpe)],e.T1eHHb!e Ha Iff CPYHKI.um, HB.T1HlO-

llI;lieCH nOqni )],.T1H BCeX y = (Xm+b' ,Xn) Qe.T1bIMIi 9KCnOHeHQIiaJIb-

HOro TIina no U = (Xl> ...,
Xm) ccpepnqecKoii CTeneHIi V.

HaUAyttUlUlf1 npU6AUJICeHUeM CPYHKtfUU t E Lp (Iff) npu nOMOU{U

cpYHKtfUa guv (npu aaH/-lOM V> 0) Ha308eM 8eAUttUHY

Euv (f) = Euv (f}Lp(<E)
= inf lit - guvlk (<E),

guv
p

Ha 8ee guv E Lp (Iff) npu aaH-

(2)

cae HUJlCHflfl epaHb paenpoempaHeHa
HOM V.

4aCTHbIM CJIyqaeM 9TIiX nOHHTIill HBJIHeTCH BeJIIiqIlHa

Ex.v (f}L (<E)
= inf lit

-

gx.v IlL (<E),I P g
I I p

xIV

r)],e Iff = RJ x Iffj (j = 1, ..., n), Rj eCTb OCb Koop)],HHaT Xj

CPYHKQIiIi Ii3 Lp(lff) 9KcnOHeHQIiaJIbHOrO TIina v no Xj'

(3)

Ii gxjV
-

5.2. TeopeMa 06 annpoKcHMau.HH

5.2.1. npSIMaSI TeopeMa 06 annpOKcHMau.HH u.eJIblMH $YHKU.HSIMH
9KcnoHeHu.HaJIbHOrO THna. DYCTb g (s) eCTb HeoTpIiQaTe.T1bHaH qeT-

HaH CPYHKQHH OT O)],HOll nepeMeHHoll 9KcnOHeHQIiaJIbHOrO TIina 1,
y)],oBJIeTBOpHlOllI.aH YC.T10BIilO

CD

Xm g (S) sm-l ds = g (I u I) du = 1, (1)
o Rm

me Xm
- cooTBeTcTBylOllI.aH KOHCTaHTa, Ii nycTb Iff = Rm x Iff'.

.IJ.JIH npOIi3BOJIbHOii CPYHKQIiIi <p (x), onpe)],eJIeHHOll Ha Iff, BeK-

Topa h E Rm H HaTypaJIbHOrO qIiCJIa l cnpaBe)],JIIiBO paBeHcTBo
I I

(-l)I+lL\;,<P(X)= (-1)j-1cf<p(x+jh)= dj<p(x+jh)-<p(x),
;=0 ;= I

(2)
r)],e

I

dj
= 1. (3)

1= I

3a)],a)],IiM CPYHKllIilO t E Lp (Iff); Tor)],a )],JlH nOqTIi Bcex Y E Iff' CPYHK-
QIiH t (u, y) OT U npIiHa)],JIe)J{IiT K Lp (Rm), Ii IiMeeT CMbICJI CPYHKQIiH

gv(x)=gv(u, y)= g(ltl){(-l)'-lL\ /J(X)+t(X)}dt=
Rm

I

= g([t\)! dJf(U+j ,y)dt= .\ Kv(t-u)f(t, y)dt, (4)
Rm 1=1 Rm
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r,lJ,e
I

'\1 (
v

)
m

( I U Iv)Kv (u) = dJ T g -y-
.

1=1

(5)

B CHJIY (1)

gv (x) - f (x) = (_1)1-1 g (i t I)   /vf(X) dt.

Rm

Dpe,lJ,nOJlO)KHM Tenepb, qTO CPYHKUHH f HMeeT Ha Iff no u npo-
H3BO,lJ,Hble nopH,lJ,Ka p, npHHa,lJ,Jle)Karn;He K Lp (Iff) H k = l- p. Tor,lJ,a
H3 (6) cJle,lJ,yeT (noHcHeHHH HH)Ke)

Euv{f)L (18') llf-gv L(18')= 11
' g(ltJ) :/vf(X)dt

p p
R L (18')m p

:E;;; g (I t I) II  :/Vf(x) IlL (18') dt

R
P

m

EO;; S g (j t I) (' I Y II M/vtf ik
p

(18')
dt  PSg (f t I) I t /11 Q m(tP ,

I I)dt 
Rm Rm

-; S g (I t I) It IP (1 + It I)k dt Q (fp, ..!..) =

v' m V L (<8')

Rm
P

- Q
k

R (fP ..!..) (V > 0) (7)-

vP m 'v L (18')
,

p

eCJIH npaBaH qaCTb KOHeqHa.

B qaCTHOCTH, H3 (7) CJle,lJ,yeT, qTO eCJlH f E H p(cff'), TO

Euv (f) . (8)

(6)

MbI npHMeHHJlH o606rn;eHHoe HepaBeHCTBO MHHKoBcKoro 1.3.2
H HepaBeHcTBo 4.6 (6); ff eCTb npOH3Bo,lJ,HaH OT f nopH,lJ,Ka p no

HanpaBJIeHHIO t, Q m(fP, 6) - MO,lJ,YJIb HenpepbIBHocTH t no BceM

npOH3BO,lJ,HbIM nopH,lJ,Ka p. K HeMY npHMeHeHO CBOHCTBO 4.2 (14).
HaKoHeu, MbI CqHTaeM, qTO CPYHKUHH g BbI6paHa TaK, qTo6bI HHTe-

rpaJI
DO

g (t) tp+k+m-1 dt
-00

6bIJI KOHeqHbIM. B KaqeCTBe g MO)KHO B3HTb CPYHKUHIO BH,lJ,a

(SinJr , (9)

r.D;e A. p + k +m+ 2 - ueJloe qeTHOe H - nocToHHHaH, ,lJ,JIH KOTO-

poA HMeeT MeCTO (1).
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TaK KaK g (i;) eCTb ueJIaH cpYHKUliH OT O.LU!OH nepeMeHHOH 9KCnO-

HeHUliaJIbHOrO Tlina I, TO B CliJIY (5) cpYHKUliH gv (x) eCTb B CBOlO

Ollepe.L(b ueJIaH ccpepliliecKoro Tlina v no U = (Xl> .. .
,
xm) (CM. 3.6.2),

npliHa.L(JIe)KaIII.aH K Lp (<8').
5.2.1.1. L(onycTHM, 1JTO npo 41YHKUIlIO f MbI 3HaeM TOJIbKO, 1JTO ,!\JIH Hee KC-

He1JeH MO,!\YJIb HenpepblBHocTH

Q (jP, 6) < co
m

(1)

npH HeKOTopOM 0> O. Tor,!\a, paCCYJK,!\aH KaK BblllIe (cnpaBo RaJleBO), MbI MO}KeM

I

nOJlyqHTb ,!\JIH
- 0 BCIO uenoqKY CooTHollleHHii 5.2.1 (7), HCKJlIOqHB nOKa nep-
v

Boe HepaBeHcTBo Pa3HOCTb f-gv 6 eTnpe,!\CTaBJlHTb co6oii 410EMaJlbHYIO 3anHCb

41YHKUHII, cToHlUeii no,!\ HHTerpaJlOM B TpeTbeM qJleHe 5.2.1 (7). O,!\HaKo eCJJH

H3BeCTHO, qTO 41YHKUHH f JlOKaJlbHO HHTerpHpyeMa B p-ii CTeneHH Ha B (HJlH p;8}Ke
HeCKOJlbKO MeHbllle: CM. HHJKe), TO MOJKHO 3aKJIIOqHTb, qTO f HHTerpHpyeMa B p-iI
CTeneHH Ha (5 C onpe,!\eJIeHHblM BeCOM, a gv npH Bbl60pe nO,!\XO,!\HlUero H,!\pa g eCTb

ueJIaH tPYHKUHH ctPepll1JeCKOrO Tllna v (IIHTerpllpyeMaH C TeM JKe BeCOM). B caMOM

l(eJle, H3 (I) ,!\JIH JII06oro h E Rm C I hi",; 6 CJIe,!\yeT:

A (x) I!L
p
(g)

oP II A  (x)IILp ( ) OPQ mUP, 6)

Ii B CHJlY 4.2.2 (5) (3a leHIITb k Ha 1)

 f(x)(I+!UPL)!lL( )<CO, (2)
p

r,!\e

m

!l=p+I+B (8) 0). (3)

Ho TOrp;8 nO'lTH P;JlH Bcex y E 8'

 f(u, y) (I + I u 1)/1 IlL ( )<
co.

p

H B CHJIY 3.6.2 MO}KHO H,!\pO g (t) BH,!\a 5.2.1 (9) nop;of)paTb TaK (B3HB ;., ,!\OCT8-
TOqHO 60JIblllHM), 1JTO 41YHKUIIH

gv (x) = Kv (t-u) f(t, y) dt (4)

Rm

(CM. 15.2.1 (4), (5» 3aBe,!\OMO 6Y,!\eT c41epHqeCKOrO THn8 noqTH ,!\JIH Bcex y.
Tenepb npH06peTaeT CMbICJI TaK}Ke H nepBblll '1J1eH B 410pMyJIe 5.2.1 (7)-

Eav (f)L ( )' Ero MO}KHO paCCMaTpHBaTb K8K H8HJlY'llllee np1l6JIH}KeHHe B

p

MeTpHKI Lp (8) p8ccMaTpHBaeMoii tPYHKI1HH f npH nOMOlUH ueJlblX 41YHKUHii c4!epH-
1JeCKOrO THn8 V (Boo6lUe He npHHa,!\Jle}KalUHX K Lp (8». MbI nOKa3aJIII, '!TO ecJlII
P;JIH JlOKaJlbHO CYMMHpyeMoii B p-ii CTeneHH tPYHKUHH f HMeeT CMblCJI MOp;yJllo (1),
TO ee HMeeT CMbICJI npH6JIHJKaTb B MeTpHKe Lp (8) 41yHKUHHMH c<PepHqeCKOrO
THna v no u.

H8 caMOM ,!\eJle (CM. 4.2.2 (4» BMecTO J1:oKaJIbHOii CYMMHpyeMocTH If IP (npH
p=-co-JlOKaJlbHOii OrpaHlI1JeHHOCTH II H3MepllMOCTH f) p;OCTaTOqHO npe,!\nOJlaraTb
CYlUecTBOBaHHe  flIL (VX ')' r,!\e v={ lul <o(l+m)}.

p .

3.2.2. APYfHe oueHKH annpOKCHMaUIIII. HIIJKe npHBO,!\HTCH ,!\pyme oueHKII,
OCHo!,!8HHble Ha 410pMYJle 5.2.1 (6). ECJIH f HMeeT o606lUeHHble npoH3Bo,!\Kble no

U ==- (Ut, ... , um) ,!\O nopH,!\Ka p BKJII01JHTeJIbHO, TO H3 5.2.1 (6) CJIe,!\yeT, qTO BO
BCHKOM CJlY'lae $opMaJibRO AJiH JlI06oro ueJlO'lHCJleHHoro HeoTplluaTeJIbHOrO IleK-
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Topa $= (SIt ... , Sm' 0, '"
, 0) cis 1 p IIMeeT MeCTO paBeHCTBO

g S)_fS)=(_I)I-l g <I t I) L'1 /vfS)(x) dt

Rm
(I)

H HepaBeHCTBO

  S)-fS)IIL(e)==:;; fg(lti)IIL'1 /vfS)(X)IIL (e)dt.
P ii. P

m

(2)

ECJlH npH JII060M s cis I ==:;; p IIHTerpaJI B npaBOH 1JaCTIl (2) KOHe1JeH, TO HMeeT

MeCTO YJKe He41opMaJIbHOe paBeHCTBO (I) H HepaBeHcTBo (2).
6y,!\eM eLUc nOJIb30BaTbCH HepaBeHcTBoM

1]L'1 <p(x)IIL (e)==:;;c]IL'1J:<P(X) L (e) (O<l' <l),
P P

(3)

r,!\e c=2
1 - 1', hE Rm.

Tor,!\a (noHcHeHIIH HH}]{e) npH k=l-p, Isl==:;;p

Il lS)-[<S) II ,< r g([t[) (Ul) P-IS'11L'1k+lsl
aP-lsl f(S)(x) dt<'v Lp(e) J v t/v
atP

- lsl IlL <E )
R p(
m

< r g(lt[)lt[P-ISIV [[ L'1
k +I S il(P)I\

vp-1s1 J
' "- t/v I'L (<E)dt<

Rm
P

<vP IS! g(jtj)ltIP-ISI!Q  ISI(t<P),! i)dt<
Rm

< r g('tl)JtIP-ISI ( I +l t lk+lsr) dt  Qk(f(P) ) #.

vP
- is! J ! I I 1.. Rm \ tv"

Rm
00

< vP ISI g(t) (I +t)p +k+m-
1

dt! Q m(t(P), ) ==:;;

o

,<
c V Q

k

(I(S)
I

)vP -I S I "- "Rm ' V
Isl=p

(v> 0). (4)

ap -isl
nepBoe HepaBeHCTBO nOJlyqaeTCH Ha OCHOBaHlI1I 4.6 (6), 3,!\eCb

I I
0603Ha-

atP
- S

1JaeT npo1l3Bo,!\HYIO nopH,!\Ka p-I sino HanpaBJIeHIlIO t. BTOpoe nO,1Y1JaeTC5I
B CIIJIY Toro, '1TO 9Ta npOIl3BO,!\Ha51 eCTb JIIIHei'lHaH KOM6I1HaUIl51 H3 06bl1JHbIX npo.
H3BO,!\HblX (no KOOp,!\IIH8THbIM HanpaBJIeHH5IM) Toro JKe nop5l,!\K8 C OrpaHH1JeHHbIMII

K03qxplll(lIeHTaMII, He 3aBHCHwllMII OT x; npll 3TOM CYMMa pacnpOCTpalleHa Ha Bce

npOH3BO,!\Hble t(PI nopH,!\K8 p. TpeTbe BblTeKaeT H3 onpe,!\e.1eHHH 4.2 (13). 1!eTBep-
Toe, B CHJIY 4.2 (14), npH p=O (r,!\e Ha,!\o I 3aMeHHTb Ha '(PI) H B nOCJIe,!\HeM

HepaBeHcTBe Ha,!\o C1JHT8Tb g BbI6paHHblM TaK, 1JT06bI BbIfIOJIHHJIOCb 5.2.1 (I).
OTMeTII 1 elUe, 'lTO JlI06aH npoll3Bo,!\HaH gr: J no U E Rm nop5llJ;Ka p MOJKeT

6b1Tb 3anucaHa (CM. 5.2.1 (4) B BII,!\e

I

g P)(x) = g(] t I) 2>jl O)(u+ ,Y) dt.

Rm /=1
.



186 TEOPH5I nPHBJIIDI<EHMl1. SKBMBAJIEHTHbiE HOPMbI [rJl.5

OTKYJ!!
1

L'1J:glf) (X) LO(,g)=RS g (I t j) j 11dj I L'1 P}(X+ )  Lp(<3') dt
m

 cg(lti)dtwjf) (f(P),/ hi) L (<3'} CIW )(j<P), Ih/)L ( <3')
R

m p m p
m

IIJlH

Q (g P),6):C cQ (f<P), 6),
m m

(5)

r,!\e C He 3aBHCIIT OT v II f.
3T0 nOKa3blBaeT, 1JTO ,!\1I<p<pepeHUllaJIbHble cBoiicTBa f nepe,!\aIOTCH Ha gv paB-

HOMepHO OTHOCHTeJIbHO V.

5.2.3. BepHeMcH CHOBa K H.rr.py 5.2.1 (5), KOTopoe Hac 6y.rr.eT
HHTepeCOBaTb Ha 3TOT pa3 npH m = 1. 5y.rr.eM, TaKHM 06pa30M,
npe)J,nOJIaraTb, LITO Iff = Rl X Iff' eRn.

OOJ10ffiHM
I

Kv,l (u) = ! dj g(i!.j-)
j= I

(l=p+k, -oo<u<oo). (1)

B CHJlY 5.2.1 (7)

I)t - 'i K (I - 1; ) f (t y) dl II & !!J.. (Ok (f<P) ..!...) (2)
I J v, 1 -I,

L"U?}"---"'VfJ x, x.' V L,,<g)

B npe.rr.nOJIO)KeHIIJI, KOHellHO, LITO npaBaH lIaCTb (2) HMeeT CMbICJI.

KOHellHo, MbI ClIHTaeM, KaK B 5.2.1, LITO lI,eJIaH nOJIOffiHTeJIbHaH

lIeTHaH CPYHKlI,HH g (t) OT O)J,HOH nepeMeHHOH 3KCnOHeHlI,HaJIbHOrO
THna 1 BbI6paHa TaK, LITO BbInOJIHHeTCH YCJIOBHe 5.2.1 (1) npH m = 1,
06ecnellHBafOIlI.ee Oll,eHKY (2). OO)J,lIepKHe!\!, LITO H3 Hero, BO BCHKOM

CJIYlIae, CJIe.rr.yeT, LITO

00

Kv, dt) dt = 1,
. (3)

- 00

00

I Kv, z(t) I dl  A< 00

- 00

(V> 0), (4)

r.rr.e C[ He 3aBHCHT OT V> O.

OYCTb Tenepb Iff = Rm x Iff' eRn, g (x) - CPYHKlI,HH, KOTopaH
nOliTH )J.JIH Bcex Y E Iff' eCTb lI,eJIaH 3KCnOHeHlI,HaJIbHOrO TIlna \I =

= (Vb"" \1m) no (Xb "', Xm); Mbl' KaK BCer)J,a 6y.rr.eM ee 0603Ha-
qaTb lIepe3

gv = gv1.... "m (Xb ...
,
Xm).

3TO onpe)J,eJleHHe HMeeT CMbICJI, KOr)J,a Vi (i = 1, ..., m) - nOJIOffiH-

TeJlbHbIe KOHe'lHbIe 'lIICJIa. PacnpOCTpaHHM 3TO onpe)J,eJIeHHe Ha CJIY-
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GaH, KOr.ll.a HeKOTopble Vi (He Bce) paBHbI 00. I1MeHHo, eCJUi Vi = 00

(i m), 6Y.lI.eM CqliTaTb, qTO no nepeMeHHOH Xi CPYHKlI,H51 g He 0651-

3aHa 6bITb lI,eJIOH. HanpHMep, gv" v,. 00, ..., 00, r.n.e Vb V2 KOHeqHbI,

0603HaQaeT, qTO 3Ta CPYHKUH51 nOQTli .lI.JI51 Bcex (X3' ..., Xn) B CMbICJIe

(n - 2)-MepHOH MepbI eCTb OHIOCHTeJIbHO Xl' X2 lI,eJIa51 CPYHKlI,li51
3KCnOHeHlI,liaJIbHOrO THna COOTBeTCTBeHHO Vb V2'

5.2.4. T e 0 p e M a. nycmb Pj, kj (j = 1, ..., m) - Hamypa/lbHble
tJ,uc/la, lj = pj+kj, t (x) = t (u, y) E Lp (Iff) U 3aoaHa CucmeM.a CPYHK-
ItUU

00

gv" 00, "',
00 (x) = Kv" I, (u) f (Xl + U, x2 , ..., xm ; y) du,

- 00

00 00

gv" VJ, 00, ....00 (x) = Kv" I, (UI) Kv" I, (u2) x
-00-00

X t(XI+Ub X2 +U2 ' X3, ,.., xm ; y)dul du2 , (1)
.... ..... ........ ........ ...........

00 00

gvl, ....
V
m (x) = '" Kv

l
, 11 (UI) . . .

-00 -00

.,. Kv
m

, 1m (Um) f (Xl +Ub ..., Xm +Um; y) dUI .,. dUm,

eae vf>O.
Toeaa Ka:J/CaaJl U3 CPYHKItUU gv

l, ..., VI' 00, ...
,
00 (otJ,e8UaHO) npuHaa-

/le:J/Cum K Lp (Iff) U fl8/lflemCfl Ite/lou BKcnoHeHltua/lbHOcO muna Vb .,.
, Vi

coom8emc1118eHHO no Xb ..., Xl (1 I m). KpoM.e moeo, BblnO/l-

HJUOmCfl Hepa8eHcm8a

cu/" (f(P')
I

)x, x, ,;- L (<8')

lit II
1 p,

-

gVh 00, ...
II
00 IILp1 (g) PI

'

VI

cook, (t<P')
I

)x, x, '
V2 L (<8')

II gv.. 00, ." .
00

-

gv" v,. 00, ... ,
00 l\Lp, (<8') 0,

p,
, (2)

v 

. . . . . . . . . . . . . . . . . . . . . . . , . . . . . .

Ilg
-

gv v II
VI' ..., V

m_1
' 00

l'
...,

m ilLp (<8')
m

cwkm ( lP m) I

)X
m

X
m

'
v
m Lp (<8')

m

P
,

V
m

m

u/; ( (Pi)
Xi

gvx
i

,

flgv iiL p .
(&) c Ii f I!Lp . (<8'),

, - I

8 \ cu/'; ( f(Pi) 8))Lp .(<8')
x
j xi' L

p .(<8')
J J

U=l,...,m).

(3)

(4)
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113 J). B qaCTHOCTH. npH P = PI =... = Pm. OqeBH HO.cJle yeT:

m (jlj ( lPi) )
Ilf - II. &

xi xi
·

vi L
p

«(1)

, gV!Lp«(1)-=C P
.

/=1 V/

l{ 0 K a 3 aTe JI b C T B O. npHBe eM  OKa3aTeJlbCTBO TeOpeMbI
B cJlyqae m

= 3;  JlHm> 3 OHO aHaJlOrHqHO.

nepBoe HepaBeHcTBo (2) rroJlyqaeTCH Ha OCHOBaHHH 5.2.3 (2):

II f I I &
bl, (k)

(f
(P') I

)-gv., 00,..., co 'L
p
«(1)--=

vf'
(Ox, x"

VI Lp«(1)'

(5)

BTopoe HepaBeHcTBo (2)
BbIKJla OK:

II gv" 00, 00
-

gv,. Vi, 00 IILp, «(1)
=

-=Lt Kvt.

nOJlyqaeTCH npH nOMOrn;H CJIe YlOrn;HX

I, (UI) hI (Xl + UI, x2 . Xii; y) dUI l1 '

Lp, «(1)
(6)

r e

hI (XIt x2 . x3 ; y)....
00

= f (XIt X2 . x3 ; Y) - Kv.. 1, (U 2) f (XIt X2 + u2 , x3 ; y) dU2

-00

H B CHJIY 5.2.3 (2)

b (j)k, (t(P') )I, x, x, '
V

hI  Lp . «(1) .;;;
2

,
I

'II
'

Tor a,rrpm,feHHSI K (6) o606rn;eHHoe HepaBeHcTBo MHHKOBCKOfO,
nOJIY'UIM (CM. ern;e 5.2.3 (4»

gv" 00. 00
-

gv" 'II.. 00 IILp, «(1) .;;;

00

I Kv" I, (uI) I II hI (Xl + UIt x2 . x3 ; y) liLPI «(1) dUI =
-00

00 cI bl (j)k l (t (p,) )r
t I

XI x.
J

V2
=ll hdLpl «(1) ) I K'II" I, (UI) I dUI';;;

-00 v '

HaKOHeu.. TpeTbe HepaBeHCTBO (2) nOJlyqHM npH nOMOrn;H pac-
cY)l{ eHHH:

(gVto v., 00
-

gv,. 'IIi, 'III) (XIt X2 . X3 ; y) =
00 00

= KVh I, (UI) KVI' II (U2) h2 (Xl + UIt X2 + u2 . X3 ; y) dUl dUa,
-00 -co
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r,ne

h2 (Xl> X2, X3; Y)::::I
00

= f (Xl> X2 , X3 ; y) - Kv., I. (u) f (Xl, X2 ,
X3 + U; y) dUo

-0:>

D03TOMY, npHMeHsl51 0606rn;eHHoe HepaBeHcTBo MHHKoBcKoro H

COOTHOllIeHIiH 5.2.3 (2) Ii (4), nOJIYlfIiM

(
I

)c c b {i)
k. (P.)

I, I, I. x. t x, 'V-
i! - Ii & 3

igv" v,. 00 gv,. v,. v. iiLp ( ) P
.

3

V33

HepaBeHCTBa (2) ,nOKa3aHhI. HepaBeHcTBo (3) (npIi m = 3) HeMe.n-

neHHO nO.T1YlfaeTcH, eCJIIi K IiHTerpaJIY, CT051rn;eMY B npaBoH lfaCTH

nOC.T1e,nHero paBeHcTBa (1), npHMeHIiTb 0606rn;eHHoe HepaBeHcTBo
MIiHKOBcKoro

gv" '070, v.  LPI(,g) .e;;;;

00 0:> 00

E;;; I Kv" I, (UI) Kv" I, (u 2 ) Kv.. I, (u3 ) ! dUI dU2 du 3 11 f fiL
PI

(<8')
-00 -00 -00

CI, CI,cI, l1 t IIL
pl

(0') (i = 1, 2, 3).

HaKOHeIJ., eC.T1H npo.QH<PcrepeHI1.IipOBaTh nOCJIe,nHee paBeHcTBo (1)
PI pa3 no Xl H npHMeHIiTh onepaIJ.mo krH pa3HOCTH no Xlt TO

B CH.T1Y HepaBeHCTBa MHHKOBCKoro nOJIYlfIiM

(JP' I
I

co 00 00

Ll "h ;)
X  vi Kv" I, (Ul) Kv,. I, (u 2 ) Kv,. I, (us) X

u
1 ilLp,( ) -00-00-0:>

X Ll :,htl ')(Xl + Ul, X2 + U2 , X3 + U3 , y) I!Lp (<8') dUI dU2 dus <
00 00 00

.e;;;; I Kv" I, Kv., I. KV6 . I. I dUI dU2 dU3 ffi  ')(fl.'), I h I),
-00 -00 -co

oTKy,na C.T1e,nyeT (4). DpH i = 2, 3 ,nOKa3aTeJIbCTBO aHaJIOrIilfHO.

1).3. nepHO)l,H'IeCKlfe KJlaCCbI

TeopeMhl 5.2 coxpaHHfOTCH C HeKoTopblMH BIi)l,OH3MeHeHIiHMII
B ,nOKa3aTe.T1hCTBaX, eCJIH B IiX <POPMY.T1HpOBKax paCCMaTpHBaeMhIe
TaM <PYHKIJ.HIi ClfIiTaTb nepHo,nHlfeCKIiMH nepIiO)l,a 2n, a npH6.flHLKafO-
rn;He IJ.eJIhIe <PYHKIJ.HH gv 3aMeHHTh Ha TpHrOHOMeTpHI.JeCKHe nOJIIi-

HOMbI Tv. KaK Bcer,na, B 3TOM CJJYlfae Ha)l,O HOpMbI II. IlL ( ) (df 1=

p

-= Rm X df 1 eRn) 3aMemITb Ha HOpMhI II. IlL ( ) (df * = Ll(m) X df 1), r,ne
D' *

A\m) = {O XI 2n; I = I, ..., m}. DepBbIe npoCTeHllIHe npRMbIe
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TeopeMbI npH6JIHJKeHH5J 6blJIH nOJIyqeHbl B nepHO HqeCKOMCJIyqae.
J1MeHHo, .D.JKeKCOH nOKa3aJI, qTO nepliO HqeCKYlOnepliO a2n CPYHK-
UlilO OT O HOMnepeMeHHOH, HMelOllI.YlO HenpepblBHYlO npOli3BO HYlO
nOpH Kar, MOJKHO npli6JIH3HTb TpHrOHOMeTpliqeCKHMli nOJIliHOMaMH

Tn (x) (n = 1, 2, ...) TaK, qTO OTKJIOHeHlie (B paBHOMepHOH MeT-

pliKe C) y OBJIeTBOp5IeTHepaBeHCTBY

I f (x) - Tn (x) I Cr
( 11

1

)(0* fin,

nr (n = 1, 2, .. .),

r ero
* tr'r) , «5) eCTb MO YJIbHenpepblBHOCTli CPYHKUliH f(r). MeTO 

npli6JIliJK:eHliH nepliO liqeCKliX CPYHKUliM TplirOHoMeTpliqeCKliMli
nOJIliHOMaMli, KOTOpblM 6Y eT paCCMaTpliBaTbCH HliJK:e, HBJIHeTCH

Mo epHli30BaHHbIM MeTO OM .D.JK:eKCOHa. B npOCTeMIlIliX CJIyqaHX
(CM.  aJIee5.3.1 (6), (8) l=l, 0'=2, n=l) OH COBna aeTC MeTO-

 OM.D.JKeKCOHa. C  PyroM CTOpOHbI, OH HBJIHeTCH aHaJIOrOM pac-
CMOTpeHHoro Bblille MeTo a 5.2.1 (4) npH6JIHJKeHH 51 ueJIblMH CPYHK-
UHHMli 3KcnOHeHUliaJIbHOrO Tlina,

5.3.1. TIepBble ,!\Ba paBeHcTBa 5.2.1 (4) npH m = I, -00 < X < ex:> MOJKHO eUI.e

3anllcaTb B BH,!\e

00

gv(x, y)= S vg (vt){(_I)I+1 il;' tf(x, Y)+f(x, y)}dt=
-00

00 I

= S vg (vt) dkf (x+kt, y) dt, (I)
-00 k = I

r,!\E!

dk =(-I)k-
1

cf (k= I, ..., I) (2)

H

qv (t) =vg (vt)

eCTb ueJIaH HeOTplll(aTeJIbHaH 41YHKl(HH 3KcnOHeHUHaJlbHOrO THna v, y,!\oBJIeTBO-

pHIOUI.aH (CM. 5.2.1 (I), (2» CJIe,!\YIOlUeMY YCJIOBHIO:

00

S qv (t) dt= I.
-00

(3)

BBe)J.eM B paccMoTpeHHe no aHaJIOfHH TpHroHOMeTpll1JeCKHe nOJlHHOMbI Tv (t)
(v = 0, I, 2, ...) nopH,!\Ka He BbIIlTe v, 06JIa,!\aIOlUHe CJle,!\YIOlUHMH CBorrCTBaMH:

2n

S tv (t) dt 1.
o

(4)

2:11

S I Tv (lj I dt c,

e

(v= 1,2, ...), (5)

rJle C-KOHC'TilIITa, He 33BHUIUJ.aH 01 v.
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01JeBH,!\HO,

2
To (t) =-.

1t

TIpH V> 0 nOJIHHOMbI Tv (t) onpe,!\eJIHIOTCH HeOlJ,H03Ha1JHO.
TaKHe nOJIHHOMbI MOJKHO nOJIY1JHTb, HanpHMep (CM 2.2.2 (2», npH nOMolUH

<POPMYJIbI

(
'At \

2a

I sinT
dv(t)=a ) ,

v
SIn-

2

(6)

r,!\e (J> 0- ueJIoe, He 3aBHCHlUee OT 'A 1JHe.10, 'A - HaTypaJIbHOe 1JIICJIO TaKoe, 1JTO

2 ('A-I) a v < 2'Aa; (7)

KOHCTaHTa Uv no,!\06paHa TaK, 1JT06bI BbITIOJIH5IJIOCb paBeHcTBo (4). B npHMepe (6)
nOJIIIHOMbI Tv (t) HeOTpHuaTeJIbHbI, n03ToMy CBOHCTBO (5) aBTOMaTH1JeCKH CJIe.u,yeT

H3 CBOHCTBa (4).
Onpe,!\eJIHM no aHaJIOrHH c (I) ljJYHKUHIO

2n

Tv (x, y)= S Tv(t){(-I)I+I  .tf(x,Y)+f(x,y)}dt=
o

2,., I

= S Tv (t) dkf (x+kt, y) dt, (8)
o k= 1

r,l\e Ha 9TOT pa3 f(x)=f(x, y) eCTb onpe,/\eJIeHHaH Ha &=R1 X8'c:Rn (xERl>
y E 8") nepHO,l\a 2n no x, HHTerpHpyeMaH B p-H CTeneHH Ha 8* = {O, 2nJ X 8'

ljJYHKUIiH.
OnleTHM, QTO

2n1

To (x, y) = 5 ! dkf (x+kt, y) dt=

o k = 1

2,., I 2n

= S f (a, y) da (_I)k + Ie; = S f (a, y) da = To (y). (8')
o k= 1 0

TaKHM 06pa30M, npH ljJHKCHpOBaHHOM y ljJYHKl(HH To (x, y) eCTb KOHCTaHTa (ljJYHK-
UHH OT y), npe,!\cTaBJIHIO!.l(aH C060H cpe,!\Hee 3Ha1JeHHe f (x, y) no nepHo,!\y 21t.

B CHJIY nepIlOilH1JHOCTH f MOJKHO elUe HanHcaTb:

I 2kn

Tv (x, y)= !  k5 Tv( )f(x+a, y)da=
k= 1 0

I k-12(s+1)n

=

 k_
k=J 5=0

dk k'\il 2f (
'+2sn

)
2

5
'"

=

T J'V 'k" f(x+t, y)dt= Kv(t)l(x+t,y)dt.
'k=l s=oo 0

5
2$'"

TV ( n f (x+a, y) da=

(9)
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1'){8

I k-l

Kv (I) = ! tt; ! 'tv C+k
2sn

),
k-l 5_0

(10)

nOKaJKeM, 'lT0 41YHKUHH Kv (t) eCTb TpHroHOMeTpH1JeCKHH nOJIHHOM nOpH){Ka
HI Bblwe v, OTKY.zta CJIe,!\yeT, 'lT0 Tv (X, )/) no X (n01JTH IlJIH Bcex y) eCTb TBKJKe

TparoHoMeTpHqeCKHH nOJIHHOM nopH,!\Ka He BbIllIe v.

B caMOM ,!\eJIe, TpHrOHOMeTpH1JeCKHii nOJIHHOM 'tv MOJKHO 3anHcaTb . BHlIe

HeKOTopoii JIHHeiiHOii KOM6HHaUHH

v

'tv (t) = a-;.,eif..t (ll1. = a_I.)

c nOCTOHHHbIMH K09<p<pHUlIeHTaMH aI.'
Ho

k - I 11.
t + 2sn 1M k - I . "2m

1 ,
k Reek  ,'"=

5=0 5=0

I?:!.
ke k = kei!J.t npH

A

-r=P

')..,

T=11 He e.IOM.

Uf'JT0.M.

o npH

H, CJle40BaTeJIbHO, CyMM8

k l ( t+2S1t ) _ k ll"
t+

k

2S11

'tv ---r
- a1. e

5=0 5=0

eCTb TpHrOHOMeTpHqeCKlIii nOJIIIHOM nopH,!\Ka v. Ho TOr]1a Kv TaKJKe eCTb TpHro.

HOMeTpH1JeCKlIfi nOJIIIHOM nopH,!\Ka v.

li3 (8) CJIe,!\yeT
2n

Tv-f=(-I)I+1 S 'tv(t)  ,tf(x, y)dt,
o

(II)

OTKy,!\a npHMeHeHHeM 0606weHHoro HepaBeHcTBa MUHKoBcKoro nOJIY1JHM OCHOBHoe
HepaBeHcTBo

2:<

,
"

II [ II

IITv-filL ( IE ) I Tv(t). I.{ xtf(x, y)IL ( € )
dt

p *
0

I.. II
P *

(\'=0. I, ...)

(12)

I1MeeT MeCTO CJIe.aYlOwaH Teope"la, CBo.aHIl(aHCH K HepaBeHCTBY, aHaJIOrH1JHOMY
5.2.1 (7).

5.3.2. TeopeMa. llycmb l p co,8=RIX& cRn' tjJYI-lKl{U!! I=-
=- f (x, y) (x E Rl' Y E 81) onpeue.1el-lQ I-lQ 8, UMeem nepuoa 2n oml-lOCUmellbH.O ;c

nwmu all!! BCex y E 8' U npul-laalleJICum K K./laccy Lv (8 *), &'
*
= [0, 2n] X 8 .KpoM.8

meeo, nycmb f UMeem I-lQ g 0606lU,eHliYIO npo1l380al-lYlO fiP)
= ;; nOp!!aKa p(t1°)=t).
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HaKOHf!!{, nycmb 'l.l!mHble HeOmpUl{ameAbHble mpU OHOMempU'Iec'<uenOAUHOMbl 't" (I)
nopRiJKa v yiJ08AemeOpRlom HapRiJy c YCAOBueM 5.3.1 (4) etqe iJonoAHumeAbHOMY
YCAoeufO

n

'tv (I) IP dt (V':I)P ,

o

(1)

eiJe KOHcmaHma a
p

He SaBUCum om v = 0, I, 2, .., (TaKue nOAUHOMbl MOJICHO MAY'
'1Umb no tjJOPMYAe 5.3.1 (6) npu coomBemcmBYIOt/J,eM Bbl60pe au",.)

Toeaa OnpeaeAReMaR paBeHcm'JGMU 5.3.1 (8) tjJYHKl{UR T" (x, y) (mpueofWMem-
pU'IeCKut1 MAUHO'" nopRiJKG v no x) npu6AuJICaem f B MempuKe Lp (8'*) co CAeiJyfO'
tqet1 Ol{eHKOt1:

CD (f(P) )x, Lp(tE) 'x , v+l
Ilf- T"liLp (<8'*)

E;b
p (v+I)P

(v=O, I, ...), (2)

eae b -KOHCmaHma, SaBUCRU{aR om p.
11. 0 K a 3 aTe JI beT B O. MbI YJKe 3HaeM, qTO TpHrOHOMeTpHqeCKHe nOJlH-

HOMbi d" (t), onpe,!\eJIHeMbIe COOTHOllleHHSlMH 5.3.1 (6), (7), y,!\oBJIeTBOpSiIOT YCJIo,
BHSlM 5.3.1 (4).  r6e,!\HMcH, 1JTO OHH npH v I y.uoBJIeTBOpHloT TaKJKe HepaBeH-
CTBY (I) np" HeKoTopoH ,KoHcTaHTe a

p+!
B npe,!\nOJlOJKeHHH, qTO 2a-p 3.

9rHM 6y,!\eT YCTaHOBJIenO cYll(eCTBOBaHlie nOJIHHOMOB, YlIOBJIeTBopHIOll(HX YCJIOBHHM
TeOpeMbl.

B caMOM neJIe,

d.ln "'d''';; ( .", r I'd',,;;  :
C3 ap

E;1:PE; (v+I)P

(sin u)2a
u2a-p

du

(v= I, 2, ...),

fll.e nOCJIe,!\Hee HepaBeHcTBo CJIe,!\yeT H3 5.3.1 (7).
TIpHMeM BO BHHMaHHe, qTO HMeeT MeCTO HepaBeHcTBo

II l1 t1/f(x, y)IIL;(<8') E;j tIPIIl1 ,tfiP> (x, y) IIL (<8'>E;lt IPCD:(I t I), (3)

r.tle

k k
CD

* (6) = CD ,Lp (<8')
(j, 6).

3aMeTHM elUe, lITO cnpaBe,!\JIHBO HepaBeHCTBO

CD:(t)E;C(V+l)ktkCD:( V I) (  t), (4)

Koropoe ,!\OKa3bIBaeTCH aHaJIOmqHO HepaBeHcTBY 4 2 (8).
7 C. M, HSKOoIIbCKaA
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TIpuMeHHM HepaBeHcTBo 5.3.1 (12) npH l = p+k, Y'lTH (3) H (4):
:I

Uf-'tvIIL*(e) 5 Tv(t)II  .-j/f(x,y)IIL*(<8')dt P -:I P

:I

S 1:v(t)tPw:(t)dt 
:I

v+1

 2W:(V I) [ ( V I)t+ (v+l)k TV(t)tP+kdt]v+1

 2W:(V:I )[( V:l t + (:P:I PJ= (V I)Pw: C:I )'

:I :I

S Tv(t)ltIPw <ltl)dt=2STv(t)tPw:(t)dt=
-:I 0

:I

v+J

=2 S T
v (t)t Pw:(t)dt+2

o

r.ue

b
p
= 2 (:ltP+ P+1)'

3THM TeopeMa ,!\OKa3aHa.
n p U M e 'I a H H e I. D:JIH paccMoTpeHHoro TpHroHOMeTpH1JeCKOrO nOJIHHOMa Tv

BbinOJIHHeTCH paBeHCTBO 5.3.1 (II), n03TOMY

2:1

T( )(x,Y)=f(p)(x,y)+(_I)I+1 S1:v(t)  ,i )(x,y)dt,
o

H MbI nOJIY1JHJIH paBeHCTBO, aHaJIOrH1JHOe paBeHcTBY 5.2.2 (I). PaccYJK,!\aH, KaK
B 5.2.2 npH l=p+k, JIerKO nOJIY1JHM HepaBeHcTBo, aHaJIOrH1JHOe 5.2.2 (5):

k k
(

w* (T!t), 6) cw* (f P), 6), (5)
x, Lp (<8') x, Lp (<8')

rZ\e KOHCTaHTa C He 3aBHCHT OT pH,!\OM CTOHIUero MHOJKHTeJIH.

TI p H M e q a H H e 2. ECJIH nepHo,!\H1JeCKaH !fiYHKUHH f (x, y) TaKoBa, 'ITO ee

Cpe,l\Hee 3Ha1JeHHe no nepHo,!\y paBHO HYJIIO, T. e.

2:1

S feu, y) du=O,
o

n03TOMY HepaBeHCTBo (2) npH v=O CBO,!\HTCH K CJle-TO To=O (CM. 5.3.1 (8»,
'!\Y1OIUeMY HepaBeHCTBY:

k
( () )1lfil L ( <8' )

b w* L (<8')/xP ,:It.
P'" P x, p

(6)

5.3.3. KaK B 5.2.3, MOR<HO onpe,!\eJlHTb (aHaJIOrH'IHbIe g (x» !fiYHKUHHvI' ..., V
m

T., (Xl' ..., Xn), 3a.uaHHbIe Ha H3MepHMOM MHOJKeCTBe {!=Rm X {!1 c.. Rn,
"1' '" · "m

HBJlHlOIUHeCH TpHrOHOMeTpH1JeCKHMH nOJIHHOMaMH nO'ITH .uJIH Bcex y = (xm+1 , ..., xn)e
e G OTHOCHTeJIbHO nepeMeHHbIX Xl' ..., Xm COOTBeTCTBeHHO nopHJ1KOB VI' ... , vm.
Mbi 6y,!\eM, KaK B 5.2,3, AonycKaTb, 'ITO OT,l\eJIbHbIe Vk (k = I, ..., m) MOrYT paB-
UBTbCH 00,
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TIYCTb r= (r1> ..., rm) > O. Onpe,!\eJIHM 'IeTHbIe HeOTpHuaTeJJbHbIe TpHrOHO-
MeTpH'IeCKHe nOJIHHOMbI 1'" , (t) nOpH,!\Ka v, Y,!\OBJIeTBOpHIOll(He YCJIOBHHM Teope-., }
MhI 5.3.2 COOTBeTCTBeHHO npH p=ri, ..., p=rm. D:JIH HHX, TaKHM 06p8S0M, BbInOJI-

RI'lIOTCH YCJIOBHH

2n

 1'v.,;<t)dt=l, (1)

23t

1''11, '1 (t) dt,;;;

o

Onpe./leJIHM ./IaJIee TpHrOHOMeTpH1JeCKHe nOJIHHOMbI Kv , (H./Ipa) nOpH./IKOB v
. 1

110 410pMYJIaM

ar;

(v + 1)'1
(/=1. ..., m; v=l, 2, ...). (2)

I} q-l

K (t) = ! dq ! (
t+2S:rt

)v , . (k=I, ..., m),, 1 q v.
'} q

q=l s = 0

(CM. 5.3.1), r,!\e 11 r+k.
nOJIaraeM ./I8JIee

T
"r 00,

2n

.... oo(x)=SKV1 '1
(u) !(Xl+U, X2, ..., Xm; y)du,

o

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

T
v1. ..., '11m

(x)=

2n 2n

=S... (Kv , (ul)...Kv , (Um)f(Xl+Ul' ..., Xm+Um; y)dUt...dulft.
o d 11 mm

D:JIH YKa3aHHoro ceMeikTBa Tv
l , ..., '11m

41YHKUHii f MOJKHO no aHaJIOrHH CCPop-

MyJIHpOBaTb H ,!\OKa3aTb TeopeMY (0606ll(eHHe reOpeMbI D:JKeKCOHa), 8H8JIOrH'IHyro
TeOpeMe 5.2.4.

,

B 1JaCTHOCTH, H3 Hee CJIe,!\yeT, 'ITO eCJIH f E H* (8), TO

up

c 1/ f 1/ r

h*

E (f) "::: Xt, P

 tV
p 

('\1+1)'
, (3)

rlle C He  aBHCHTOT p H,!\OM CTOHll(erO COMHOJKHTeJIH.

5.4. 06paTHbie TeopeMbi TeopHH npH6J1H1KeHHii

B 9TOM naparpa<pe 6Y.Il.eT BbIHCHeHa cxeMa. CJle.ll.YH KOTOpoii
MO)KHO 1l0J1YlIHTb 06paTHbie TeopeMbl TeopHH IlpH6J1H)KeHHH, YKa3bI-
BalOIlI,He Ha IlpHHa.ll.J1e)KHOCTb <PYHKLI.HH K TOMY HJ1H HHOMY KJ1accy,
eCJ1H H3BeCTHbI OLI.eHKH ee IlpH6J1H)KeHHH.

LI.oKa3b1BaeTCH 06Il1,aH TeopeMa, B OCHOBe KOTOpOH JIe)KHT 06paT-
HaH TeopeMa TeopHH IlpH6JII1)KeHHH (.n.J1H TpHroHOMeTpHQeCKHX nOJ1H-

7*
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HOMoB H IJ,eJlblX <PYHKIJ,HH 9KClIOHeHIJ,H8JIbHOro THlI8), lIpHH8.l{JIe)J(8m.8H
C. H. BepHlllTeHHY*).

5.4. I. T e 0 p e M 8. flycmb Rn ectizb n-Mepl-LOe npocmpaHcmeo
mOtteK X = (a, y), a = (Xlt . . .

,
Xm), Y = (Xm+1' . . .

,
Xn) U Rm = (a, 0) -

eeo m-MepHoe noiJnpocmpaHCtrl80 (1 m n). flycmb oaAee r> 0,
k -HamypaAbHoe IJUCAO, 1 P CX), U DJl v - AUHeUHbte, 3aBUCfl14ue
om napaMempa v 1 MHO;}ICeCmea CPYHK4uu, onpeoeAeHHbtX Ha omKpbt-
mOM MHO;}ICeCm8e g eRn, nputteM

 mvc W1
v

' (v < v'). (1)

j£onycmuM, ttmo JC{l;}ICOQJl CPYHKlfUfl Tv E W1v 06Aaoaem CAe0YI014UMU
ceOUCtrl8aMU: Tv UMeem Ha g npOU3eoOHbte no a nopRi)Koe, MeHblUUX

. r + k, U UMelOm MeCmo HepaBeHCm8a

II T S)IjLp(g) cv l S III Tv !!Lp (g), (2)

8= (Sl' .", Sm, 0, ..., 0), ]8J<r+k,

zoe KOHcmaHma c He 3aeucum om v.

flycmb, KpOMe moeo, OAfl oaHHOU CPYHK4UU f E Lp (g) cYt.l.{ecmeyem
ceMeucmeo CPYHKlfUU Tv E W1v, 3aBUCfl14UX om v, maKoe, limo

K

IIf-Tv!ILp(g) vr (v l), (1)

zoe K He 3a8UCUm om v.

Toeoa f E H p(g) (CM. 4.3.3) U ebtnOAHfllOmCfl HepaeeHCtrl8a

Ilf(P)I\Lp(g) A(Ilf I/Lp(g) +K) (4)

OAR ecex npoU38oiJHbtX f(P) om f nopfloKa p < r U

IIfllH,
(II)

A (\lfl\Lp(g)+K), (5)
up

ziJe A He 3aeUCum om pRi)OM cmOflt.l.{eeo MHO;}ICUmeAfl.

38M e '18 H He 1. <l>YHKIJ,HH Tv MO)KHO em.e C'IHT8Tb nepHO,ll.H-

llecKHMH lIO Xl lIepHo,ll.8 211:, OlIpe eJIeHHblMH H8 g
= rff = R1 X rff', H

Tor,ll.8 B (1) - (5) H8,l1.0 Lp (g), H p(g) 38MeHHTb H8 L (rff), H  (Iff).
38M e '18 H H e 2. MO)KHO C'IHT8Tb, 'ITO v lIp06er8eT 3H8'1eHHH

'V = V (s), 38BHCHm.He OT S = 0, 1, ..., H Y,lI.OBJIeTBopHIOIII.He YCJIOBHHM:

1) v(s) I,

2) v (s) CX)(s CX),
v(s+l) A

.

3) v(s) <00 (s=O, 1, ...),

r,ll.e A He 38BHCHT OT S. B 1l8CTHOCTH, MO)KHO C'IHT8Tb, 'ITO V (s) = as,
a> 1.

.} C. H. 1) e pH W T e ii: H (11. CTp. 11-104.
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L(eHcTBHTe.T1bHO, nYCTb
K

II f - 'tv (s) l\L
p

(g)
v (sV (8 = 0, I, ...)

H Vo
= min V (8), 8 = 0, I, ..,

EC.T1H I  V Vo, TO n0.T18r8eM Tv
= ° H TOr,n:8 IIf - Tv 1/ =

III II V'
= Ilf 1] 7'eC.T1H me V> vo, TO nO.ll.6epeM 8 T8K, "1T06bI

V (8)  V<v (8+ I).

T8K K8K Vv (s)
c  Jlv(s) c  )lv, TO MOJKHO ClIHT8Tb Tv (s)

= Tv H, CJ1e-

,n:OB8Te.T1bHO,

[If-'tvl\Lp(g) v V ( V S( l)r  r, v l.

TaKHM 06p830M,

I]f - Tvll , V I,

r,n:e

Kl=/IfM+KA,
H Hep8BeHcTBo (3) BbInO.T1H5IeTC5I ,n:.T15I Bcex v I, K8K Tpe6yeT Teo-

pelv18. 38K.T1IOlIeHYle TeopeMbl (CM. (4), (5» He MeHHeTCH OT 38MeHbi

K H8 Klo nOTOMY liTO Ilfll+Kl<:llfll+K.
L( 0 K 8 :3 8 T e.T1 b C T BOT e 0 p eM bi 5.4.1. B CH.T1Y (3) CPYHKIJ,IfIO

f MOJKHO npe,n:cT8BHTb B BH,n:e pH.II.8
00

f = Q;,
o

(6)

r,n:e

Qo = T\
= 't

2
0, Q; = T

21
-

't2/-l (j = I, 2, .. .),

cxo,n:HllI.erOCH B CMbICJ1e Lp (g). flpH 3TOM (II' IlL pIg)
= 11,/1),

IIQo\1 = II Tl II K+/Ifll,

 Q/II IIT21-fll+llf-T2J-1"  + =cIK
(j=I, 2, ...). (7)21r 2 Cj-l) r 21r

B03bMeM K8KYIO-.T1H60 npoH3Bo,n:HYIO OT f nopH,n:Ka p, cMe1ll8HHyIO
H.T1H HecMe1ll8HHYIO:

00

f(Q) =  Q Q),Ipl=p.
o

(8)

T8K K8K MHOJKeCTBa Wl21 J1HHeHHbi H Wl21
-

1 C Wl21 (j = 1, 2, .. .),
TO Q; E W121 H Ha OCHOB8HHH OlJ,eHKH (2) HMeIOT MeCTO Hep8BeHCTBa

 Q Q)  C Qoll  cd n+K). QjQ)  c2pjIIQII/ 2;: P)'
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nOKa3bIBalOIlI.He, liTO cpOpMaJIbHOe nOllJIeHHOe )].HcpcpepeHllJlpOBaHHe (8)
pH)].a (6) npH p < r 3aKOHHO H pH)]. (8) CXO)].HTCH B CMblCJIe Lp (g)
K f(Q) (CM. JIeMMY 4.4.7), flPH 3TOM f E W p(g), H BbmOJIHHlOTCH

Hep a BeHCTBa (4).
3a)].a)].HM BeKTop h = (hI. ..., hm . 0, ..., 0) E Rm H no)].6epeM

HaTypaJIbHOe N TaK, liTO

m

I h 1
2 = !hi.

1=1

PaCCMOTpHM k-lO pa3HOCTb cpYHKLI:HH f(Q) , COOTBeTCTBYlOIlI.YIO
1

C)].BHry h. YlIHTblBaH paBeHCTBO MIp(X) = I h I  k(x+ th)dt, nOJIY-
o

I I

2
N+ 1 < I h I

2
N · (10)

lIHM

1:1 t<Q)(x) =
N 1

= t I h Ik
I

\ ak

Q
(Q)

iJhk j (X+h(Ul+,,,+Uk))dul'" dUk+
o

00

+ ! I:1 Q Q)(x), (11)
N+l

r)].e x E gkh' OlleBH)].Ho,

1:1 t<Q)(x) Ik
p (gkh)
N 00

 Ihlk! a kQ Q\ L(g )
+2k ! IIQ Q) Lp(g)=Jl+J2' (12)

o p kh
N+I

ak

YlIHTblBaH, liTO npOH3BO)].HaH iJhk
eCTb KOHellHaH JIHHeHHaH KOM-

6HHaLI:HH H3 06blllHbiX npOH3BO)].HbIX no Koop)].HHaTaM Xl> ..., Xm

H HepaBeHCTBa (2), (9), (10), nOJIYllHM

N

11 I h Ikc, ( f + K) 2[ k- (I' - p)] j

o

";;;;Cr; I h Ik (il f +K) 2[k-(I'-p)] N  C601 n +K) I h II'-p. (13)

Ba)!{Ho OTMeTHTb, liTO MbI npe)].nO.T1araeM, liTo k> r - p. ECJIH 61>1
Mh1 ClIHTaJIH, liTO k = r - p, TO CYMMa'

N

 2[k-(I'-P)]I = N+ 1
o

He "MeJIa 6b1 nopH.lI.Ka 2[k
- (1'- p)JN = 1.
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,IlaJIee
<XI

12 ,,;;; c7K
I

,,;;; c8K I h /r- p
.

2(r-p)i
N+I

H3 (12)-(14) H (4) npH p=o CJIe)].yeT (5).
5.4.2. TeopeMa (o6paTHaH 5.2.1. (8) *). flycmb r>O, 1 ";;;p oo,

1 ,,;;; m";;; n, ,g = Rm x,g' U f E Lp (,g).
ECAU aAR liaUAYI.£UleeO npu6Au'J/CefluR f e MempUK.e Lp (,g) npu

nOMoU{u l{eJlbtx rjJYflK.l{Uii. 8KCnoHefll{uaAbfloeo crjJepul.£ecK.oeo muna v

eblnOAHflRmCR Hepaeeflcmeo

(14)

K
Euv (f)L

p
(<8') ,,;;;

vr (v";;; 1), (1)

eae K fle 3aeucum om v (v MO'J/Cem npo6eeamb 3flalf.eflUR v = v (s),
yaoeAemeopRIOU{ue YCAoeURM 3aMel.£aHUR 2 e 5.4.1, s = 0, 1, .. .),
mo fEH;(,g), U

II f IIHr (<8')
,,;;; A (lit Ik

p
(<8') + K), (2)

p

Ilt(P)lk
p (<8'),,;;;A(l1flkp (<8')+K), (lpl=O, 1, ..., f), (3)

eae A He 3aeucum om pRaOM cmOftU{eeo MflO'J/CUmeAR.

.n: 0 K a 3 aTe JI b C T B O. H3 YCJIOBHH CJIe)].yeT CYlll.eCTBOBaHHe
ceMeHCTBa <PYHKl.(HH gv (u, y) (u E Rm, y E ,g,) 3KCnOHeHl.(HaJIbHOrO

C<PepHqeCKOrO THna v no u (nOqTH )].JIH Bcex y E ,g,) TaKHX, qTO

2K
II f - gv Ik o (c8') ,,;;; 2Ev (f)L

p (<8') ,,;;;
vr'

Ho Tor)].a YTBepm)].eHHe TeopeMbI Henocpe)].CTBeHHO BblTeKaeT H3 Teo-

peMbI 5.4.1, eCJIH yqeCTb, qTO gv HBJIHIOTCH TaKme <PYHKl.(HSlMH
3KcnOHeHl.(HaJIbHOrO THna v no Kam)].oH H3 nepeMeHHbIX Xl ..., Xm ,

H nOTOMY )].JIH HHX BbInOJIHSleTCH HepaBeHCTBO (CM. 3.2.2 (9»

II g k)IILp (<8')";;; vi kill gv I/L
p

(<8'),

KaKOBa 6bI HH 6bIJIa npOH3BO)].HaH nopH)].Ka k = (kl , ..., k
m , 0, ..., 0).

CJIyqaH, Kor)].a v = v(s) npo6eraeT 3HaqeHHSl, onHcaHHble B 3aMeqa-

HHH 2 B 5.4.1, CBO)].HTCH, COrJIaCHO 3TOMY me 3aMeqaHHIO, K CJIyqalO

HenpepblBHo H3MeHHIOIlI.erOCH v.

5.4.3. T e 0 p e M a (o6paTHaH K 5.3.3 (3) **). flycmb r > 0,
1 ,,;;; p.";;; 00, ,g = RI x,g, c Rn U rjJYflK.l{UJ:1 f (x) = l (XlJ y) (Xl E RlJ

Y E ,g') no nepeMeflfloii. Xl (nol.£mu aAR ecex Y E iff') nepuoaul.£ec1CaJl
nepuofJa 2Jt U npuflai)Ae:JICUm K. L (,g).

*) m=l, p=co-C. H. BepHllITeiiH [I], CTp. 421-432; m=n-l,
l p co-H.11. AXHe3ep [I]; m=l, l p co-C.M. HHKO....
C K H H [3].

**) CM. SaMeqaHHe B KOHlJ,e KHHrH K 5.4.
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ECAU (JAf/. HaUAYfituecO npU6AUJICeHUf/. f e MempUKe L* (I'ff) npu
p

nOMOU{U fjJYHKl{uii Tv (XI, y), f/.eAf/.fOU{uXCf/. (nOfimU OAf/. ecex y E I'ff')
mpUcOHOMempUfieCKUMU nOAUHOMaJvLU nOpWKa V, ebtnOAHf/.emCf/. 1-lepa-

8eHCmeo

K
EXtv * (f)L

p
(<8') (v+ IV

mo f E H (I'ff) U
XtP

(v=O, 1...), (1)

II f<;:) Ik (<8') AK (1 P < r),

Ilf\\, =Mf AK,
h*

x,p

(2)

(3)

cae A He 3aeucum om K.
B YCJlOBHH TeopeMbI ,!I.OCTaTOqHO CqHTaTb, qTO qHCJIa V np06eralOT

3HaqeHHH, onHcaHHble B 3aMeqaHHH 2 B 5.4.1.
::ha TeopeMa aHaJIOrHqHa TeopeMe 5.4.2. Ho HCTOpHqeCKH OHa

B03HHKJIa paHee 3TOH nOCJle,!l.HeH *), npeJK,!I.e Bcero, npH p = 00, n = 1.

Ee YCJIOBHe (1) npH V = 0 CO,!l.epJKHT HepaBeHcTBo ,!I.JIH HaHJIyqrnero

npH6JIHJKeHHH f npH nOMOill.H KOHCTaHTbI, qTO npHBO,!l.HT K HepaBeH-
CTBaM (2), (3) C npaBbIMH qaCTHMH, 3aBHCHill.HMH TOJIbKO OT K (cpaBHH
C 5.4.2 (2), (3».

5.4.4. fapMOHHL(eCKHe nOJ1HHOMbl. PaccMoTpHM rapMOHHqeCKHU
nOJIHHOM

n

<Dn(P, B)=  p"(a"coskB+b"sinkB)
o

(O p I,-oo<B<oo).

(1)
0603HatlHM

12n

II<DIIL (aR)
= \ <D (p, B) jP P dp dB (O: R 1). (2)

PRO

T e 0 p e M a. J1M.efOm Mecmo 1-lepaee1-lcmea **)

II
a

a[(!J[n II  cRn[li<DnIIL (a )
'

P Lp(aR) p R

II p[  ;nk(aR) cn
l [I <Dn (ILp (aO)'

II
a[(!Jn I

[ l iI <D n

7IL
p (aR)
 nH. niILo(aR)

(n, /=1,2, ...; I p oo).

(3)

 4}

(5)

 )C. H. BepHwTeliH [lJ, CTp. 11-104, CM. 3aMe1JaHHe B KOHue KHHrH

K 5.4.'

**) A. JI. 111 a r H H II H [I J npH p= 00, 71. C. B Y r P 0 B [2J - 06IUHH cJlY1JaA.
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lI. 0 K a 3 aTe JI b C T B O. IloJIO)KHM
I

X (x - I) ... (x - t + I) = 'A/Xl,
i=1

r,Zl.e, TaKHM 06pa30M,  ./- 'UlCJIa, 3aBHcHw.He OT i H t. Tor,Zl.a

n

iJI<!J I

iJ/ = Pz
k (k - I) ... (k -t + I) pk (ak COS k6 +bk sin k6) =

k=1

n I I

= 'Y. 'A/kipk(akcosk6+bksink6)= 1p' )(p, 6),
PI ...... ...... p

k=II=1 /=1

r,Zl.e
n

1f )(p, 6) =  II ! klpk (ak cos k6 + bk sin k6).
k=1

HMeeM
2n n

'I" )(p, 6) = :;1 <Dn (p, u + 6) ! k/ COS ku du =

o k=1

2n

= 2;  1 cos nu<Dn (p, u + 6) X )(u) du, (6)
o

n-l

r,Zl.e X )(u)
-

!' ( 1 - Y cos ku H UlTpHX 0603Ha'IaeT, lITO CJIarae-

o

I

Moe, COOTBeTCTBYlOw.ee k = 0, paBHO 2" 3,Z1.eCb Ha,Zl.O YlIeCTb, 'ITO

I
cos nu cos ku =

2' (cos (n + k) u + cos (n - k) u) H nOJIYlIeHHbIe, TaKHM

06pa30M, 'IJIeHbI cos (n + k) u npH k> ° opTOrOHaJIbHbI Ha OTpe3Ke
(0, 2n) H3MeHeHHH u K TpHrOHOMeTpH'IeCKOMY no u nOJIHHOMY
<Dn (p, 6+u) nOpH,ZI.Ka n.

-

.

IlpHMeHHH rrpeo6pa30BaHHe A6eJIH, nOJIY'IHM
n-3

X )(u)=! (k+l)Ll2(1- YPk(U)+
k=O

+ Pn-du)+n l(2/-2)Fn-2 (u),
n'-l n'

r,Zl.e Pk(u)-H,ZI.pa <1>eiIepa (CM. 2.2.2(1», Ll2fLk=fLk'-2fLk+l+fLkW

Cyw.ecTBeHHo OTMeTHTb, lITO Pk (u)?==O H Ll2 (1 - y?==O, BCJIe,Zl.-

2:1:

CTBHe 'Iero X )(u)?==° H r yJ/) (u) I du = 1 (j = 1, 2, . . .). npHMeHHH
o
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K (6) 0606m:eHHoe HepaBeHcTBo MHHKoBcKoro, nOJIY'-IHM
2:1:

'I' )lp (a ) 21 "'il niR-
i

<DnllLp (a ) I X i)(u) I du
o

cRn
i II <Dn  Lp(aR).

OTKy.n:a CJIe.n:YlOT (3) H (4). HepaBeHcTBo (5) CJIe.n:yeT H3 Toro, '-ITO

<1>n (p, 6) eCTb TpHroHOMeTpH'-IeCKHH nOJIHHOM no 6 nopH.n:Ka n.

5.5, npHMb1e H 06paTHb1e TeOpeMb1 0 HaHJIY'-IWHX npH6JIH1KeHHHx.
3KBHBaJIeHTHb1e H-HOpMb1

B 9TOM naparpacpe conOCTaBJIHlOTCSI .n:OKa3aHHbIe BbIIlle npHMb1e
H o6paTHble TeopeMbI 0 HaHJIY'-IIllHX npH6JIH)KeHHHx. Mb1 YBH.n:HM,
QTO CPYHK HHKJIaCCOB H nOJIHOCTblO xapaKTepH3YlOTCH nOBe.n:eHHeM
HX HaHJIY'-IIllHX npH6JIH)KeHHH. KaK H BClO.n:y B :noH rJIaBe, df...
- Rm xdfl eRn.

HaHJIY'-IIllee npH6JIH)KeHHe H3MepHMoH Ha df CPYHK HH f npH
nOMom:H  eJIbIXCPYHK HH9KcnOHeH HaJIbHOrOccpepH'-IeCKOrO THna 'V

no U, COrJIaCHO 5.2.1 (7), y.n:oBJIeTBOpHeT HepaBeHcTBY

Ev (f) = Euv (f)Lp(lS) U
-

gv  Lp(IS)  PQ m(fp , )
:P ! Q m(f(B), ), (1)

ISI=P

ecJIH, KOHe'-IHO, npaBaH ero '-IaCTb HMeeT CMbICJI. TaKHM 06pa30M,

Ev (f) = 0 (v-P) (v - (0) (2)

.n:JIH f E W p(df) npH p KOHe'-IHOM (1 P < (0) H npH p = 00, eCJIH

npoH3Bo.n:HbIe f(S) (I s I = p) paBHOMepHO Henpepbl6Hbl Ha df 6 Hanpa-
6.AeHUU Rm, '-ITO 0603Ha'-IaeT, '-ITO .zI.JIH JI106oro B Hafi.n:eTCH () > 0
TaKOe, '-ITO

If(s)(x+h)-f(s)(x)l<e (Ihl<{), hERm).
KaK nOKa3bIBalOT npHBo.n:HMbIe HH)Ke npHMepbI (5.5.5), o eHKa(2)

npH p > 0 He o6pam:aeTCH, T. e. H3 Toro, '-ITO .n:JIH f E Lp (df) BbInOJI-

HHeTCH (2), He CJIe.n:yeT, '-ITO f E W p(df).
B CJIY'-Iae )Ke p

= 0 OHa o6pam:aeTCH. I1MeHHo, HMelOT MeCTO

CJIe.n:YlOm:He .n:Be TeopeMbI (THna BefiepI.IITpacca).
5.5.1. T eo p e M a. flycmb 1 p < 00. /l,JlJl moco t{.mo6bl ljJYHK-

ijUJl f E Lp (df), Heo6xoouJrtO U oocmamot{.Ho, t{.mo6bl cYUieCfll806aJlO
eeMeUcfll80 ljJYHK/{Ua gv E Lp (df) /{eJlblX 3KcnoHeH/{uaJlbHOcO cljJepu-
'ltCKOcO muna 'V no u maKUX, t{.fTW

 f- gV Lp(IS) - 0 (v_oo). (1)
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He06xo,n:HMOCTb CJle,n:yeT H3 5.5 (1) rrpH p = 0, ,n:OCTaTOqHOCTb

TpHBHaJIbHa.
5.5.2. T e 0 p e M a 4 *). jJ,JlR moco Ifmo6bl tjJYHKtI,UR t 6blJla oepa-

HUlfeHHot1 U paBHoMepHo HenpepblBHot1 Ha <ff 6 HanpaB/leHUU Rm,
Heo6xoOUMO U oocmamOIfHO cyw,ecmBOBaHue maKoeo ceMet1cmea ocpa-

HUlfeHHblX B cOBoKynNocmu Ha <ff tjJYHKtI,Ut1 gv t{eJlblX EJKCnOHeHtI,uaJlb-
Hoeo ctjJepUlfecKOcO muna v no u, Ifmo

lim g" (x) = t (x) (1)
".... ro

pa6HOMepHO Ha <ff.
II 0 K a 3 aTe JI b C T B O. CHOBa He06xo,n:HMOCTb CJleL\yeT H3 5.5 (1)

npH p = 0. 1l0Ka)KeM ,n:OCTaTO'lHOCTb. TaK KaK g" OrpaHHqeHbI H HMeeT

MecTO paBHoMepHaH CXO,n:HMOCTb (1), TO t OrpaHH'IeHa H cyru:eCTByeT
nOCTOHHHaH A TaKaH, qTO ,n:JlH Bcex paccMaTpHBaeMbIx v H X E <ff

I g" (x) I A.

D03TOMY ,n:JIH hE Rm

Ig" (x+ h) - g" (x)! Ih I s pI a g" (x) , 
I h I v sup I g" (x) I AV I hi,

x

T. e. g" (rrpH ,n:aHHOM v) paBHOMepHO HerrpepblBHbI Ha <ff B Harrpa-
BJIeHHH Rm, a rroToMY H t paBHoMepHo HerrpepbIBHa Ha df B Harrpa-
BJIeHHH Rm.

5.5.3. PaccMoTpHM HOpMbI

illt IIHr =jllt II = lit I/+jllt Ilh, IH= HLp (8),
up(8)

H COOTBeTCTBYlOW.He HM KJIaCCbI iH, jh, r,n:e

ill t Ilh = iM t (j = I, 2, 3, 4)

HaHMeHbIIIHe KOHCTaHTbI M, L\Jl5I KOTOpbIX COOTBeTCTBeHHO

HHlOTCH HepaBeHCTBa (CM. 4.3.3)

Q (/(S), 6)L (8) M6
r-p

m p

Q (f, 8)L (8) M6r-p,m p

II i1Zt(s) (x) IlL (8) M I h r-
p

p

II !1Zt (x) Ik (8) M Ih r-
p

p

(p?:O, k>r-p>O) H hERm. Mbi BBO,n:HM

61ltllh= sup v
r£" (f),

,,<I)

BbIIIOJI-

(lsl=p),

(lsl=p),

(1)

(2)

(3)

(4)

ew.e HOPMY (KJIacc)

(5)

*) c. H. BepHillTeAH [2], crp. 371, npH n=l.
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r.n;e Ev (f) = Euv (f) eCTb HaHJlY'-IllIee rrpHOJlH.iKeHHe CPYHKrr:HH f B MeT-

pHKe Lp ( )rr:eJlbIMH CPYHKrr:H5JMH ccpepH'-IeCKOrO THrra V rro u. 3.n;eCb v

MO.iKeT TaK.iKe rrp06eraTb3Ha'-IeHH5Jv(s)=as
, a>1 (5=0, 1,2, ...).

KpoMe Toro,

611 f jjH = inf SUp asr

II Qas II,
5=0, I ...

(6)

r.n;e npe.n;rrOJlaraeTCSI, '-ITO CPYHKrr:H5J f npe.n;CTaBHMa B BH.n;e CXo.n;5J-

 erOC5JK Hell B MeTpHKe Lp( )p5J.n;a

ro

f=  Qas(X),
5=0

(7)

'-IJIeHbl KOToporo
- rr:eJlble CPYHKrr:HH ccpepH'-IeCKOrO THrra as no u,

npH'-IeM HopMa (6) KOHe'-IHa. HH.iKH5JSI rpaHb B35JTa rro BceM pa3J10-
.iKeHH5JM (7). OTMeTHM, '-ITO HopMa f 5JBHO B (6) He BXO.n;HT.

IlpH j = I, 2, 3, 4 MO.iKHO ew.e paccMaTpHBaTb BH.n;OH3MeHeHHble
KOHCTaHTbl IMI , KOTopble Mbl oy.n;eM 0003Ha'-IaTb '-Iepe3 JMf-9TO
HaHMeHblime KOHCTaHTbl B cOOTBeTcTBYlOW.HX HepaBeHcTBax (I) - (4),
Kor.n;a «') 1'] HJlH "h II < 1'], r.n;e 1'] - 3a.n;aHHoe rrpOH3BOJlbHOe rroJlo-

.iKHTeJlbHOe '-IHCJlO. CooTBeTcTBYlOW.He KJlaCCbl 6y.n;eM 0603Ha'-IaTb
Qepe3 iH', Ih' H HOpMbl

l11f 11ff' = Ilfll+ i II f Ilh"
HaIlleH rr:eJlblO 6y.n;eT .n;OKa3aTb, '-ITO Bce KJlaCCbl iH, 'H' (HO

Bo06w.e He ih, lh') 9KBHBaJleHTHbl Me.iK.n;y C060M; rrpH 9TOM Ka.iK.n;bIM
H3 HHX MO.iKHO B35JTb C JllOOOH He3aBHcHMoH CHcTeMoH .n;orrycTHMbIX
rrapaMeTpoB k, p, 1'], a. BrrpO'-IeM, KOHCTaHTbI cooTBeTcTBYlOW.HX
BJlO.iKeHHH 3aBHC5JT OT 9THX rrapaMeTpOB (Hap5J.n;y C r, n, m).

CKa3aHHoe .n;aCT OCHOBaHHe B .n;aJlbHellIlleM yrrOTpe6J15JTb e,aHHoe

0603Ha'-IeHHe II filH , -" ,aJl5I' Bcex HOpM
i 1/,11, ill.llw, orrYCKa5J j H IllTpHX;

p
(,,)

'-ITO KaCaeTC5J HOpM iHlh' i[l. k, TO ,aJl5I' HHX 9TH 0603Ha'-IeHH5J, BoOow.e
rOBOp5J, cyw.eCTBeHHbI. IlorrYTHo MbI rrOJlY'-IHM HeKOTopble BJlO.iKeHH5J

.n;JI5J KJlaCCOB h, HHTepeCHble caMH rro ce6e.

Herrocpe,aCTBeHHO H3 orrpe,ae.'1eHH5J Mo,aYJleH HerrpepbIBHOCTH, BXO-

,a5JW.HX B (I), (2), CJle.n;yeT, '-ITO HMeeT MeCTO 3KBHBaJleHTHOCTh

IH 3H, 3H 4H, (8)

eCJIH cpaBHHBaeMble KJlaCCbI 6epYTC5J rrpH O.n;HHX H Tex .iKe rrapax k, p.
31'0 .iKe HMeeT MeCTO, eCJlH B (8) 3aMeHHTb H Ha h, H' HJlH h' (rrpH
cpaBHeHHH C o.n;HHaKOBbIMH 1']). HH.iKe oy.n;eT rrOKa3aHO, '-ITO IH-:"
Z 2H IH' Z 2H', H rrpH 3TOM 3TH KJlaCCbI MO.iKHO B35JTb He3aBH-

CHMO C JI106bIMH .n;orrYCTHMbIMH k, p, a TaK.iKe Jl106bIMH 1'] > O. Tor,aa
B CHJIY (8) K 3TOM rr:errO'-IKe MO.iKHO rrpHcoe.n;HHHTb H KJlaCCbI IH, iH'

npH i = 3, 4, KOTopbIe, TaKHM 06pa30M, TaK.iKe MO.iKHO 6paTb Ka.iK-
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.nbIH C pa3.T1HIJHbIMH .nOrrYCTHMbIMH k, p, 1']. CJIYIJaH j = 3, 4 MomHO

CIJHTaTb paCCMoTpeHHbIMH.
3a.na.nHM 1']-> 0 H .norrycTHMbIe k, p (p;::': 0, k> r - p> 0).

113 (I) H (2) CJIe.nyeT:
lh' --+ 2h' . (9)

(10)
lLaJIee

2h' --+ 5h',

r.n;e Mbi rrOKa CqHTaeM

511 f Ilh' = SUp V
rEv (f).

v;;;'.1..
1]

B CaMOM .n;eJle, B CHJlY 5.5 (I) .n;JI5I f E 2h' H <PYHKUHH gv,
JI5IeMOH paBeHcTBoM 5.2.1 (6):

e I e 2M! f I

)Ev (f) [If - gv liLp (<8') Vii' 2M! vr-p
=

---;yr (v> T) ,

Ii rroToMY

(II)

orrpe.n;e-

(12)

511f!k  C12Mt.
EcmI Terrepb fE 5H', TO fELp(lff) H .n;Jl5I f KOHeIJHa HopMa (II).

Tor.n;a B CHJIY 06paTHofi TeopeMbi 5.4.2 f E lH H

5H' --+ lH --+ lH'. (13)

BTOpoe BJIOmeHHe TpHBHaJlbHo. B (9) H (10) MomHO, OIJeBH.n;Ho,
3aMeHHTb h Ha H, IJTO BMeCTe C (12) .n;aeT

2H --+ 2H'

lH' --+ 2H' --+ 5ll' --+ lH lH" (14)

T. e. KJIaCCbI, Bxo.n;Hru.He B 3TY uerrb, 3KBHBaJIeHTHbI. TaK KaK 5H'

He 33BHCHT OT k, p, TO MomHO CIJHTaTb, IJTO B 3TOH uerrH rrapbI k, p
B jH H jH' (j = I, 2) B35ITbI rrpOH3BOJIbHO H He3aBHCHMO. LJHCJlO 1']
B lH' H 2H' Tome MomHO B35ITb He3aBHCHMO, rrOTOMY IJTO lH He

3aBHCHT OT 1'].

HaM eru.e rrpe.ncToHT rroKa3aTb, IJTO OTMeIJeHHbie BbIllle BapHaHTb1

HOpM 511.11 3KBHBaJleHTHbi Mem.ny C060H.
113 (5.5) (I) CJle.nyeT, IJTO .nJI5I f E lH

elM!
Ev (f) ---;yr (v> 0),

rr03TOMY

lMt>supvrEv(f);::': sup asrEas(f).
v>O 8=0,1....

Ho eCJlH rrpaBa5I qaCTb B 3THX COOTHOllleHH5IX KOHeIJH2, a> 1 H

f E Lp (Iff), TO rro 06paTHoH TeopeMe 5.4.2 (CM. eru.e 3aMeqaHHe 2

B 5.4.2) f E lH. 3TO .n;OKa3bIBaeT 3KBHBaJIeHTHOCTb.
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.lI.8JIee, nYCTb f E 5H H gv
- CPYHKU,IIH u,eJIble ccpepHqeCKOrO THIIa V

no II T8KHe, IJTO

II f - gv II ,s; 2Ev (f),s;
2

6 tIlh .

3a,Zl.aD.HM a> I H IIOJIOlliHM

Ql = Qao = gao
, Qas = gas

-

ga
s-1 (s = I, 2, .. .).

TorD.a IIOJlYIJHM IIpeD.CTaBJleHHe CPYHKU,HII f B BHD.e CX0D.SIlU,erOCH

K HeH B CMblCJle Lp ((;g') pHD.a
ro

f = QaS

5=0

(15)

C Ou,eHKOH

II Ql",s; f II +1111 fllh -< IIliflJa.,

il Qas ,s;II gas - fll +llf - gas-III -<    l",

rD.e KOHCTaHTa B IIOCJIe,Zl.HeM HepaBeHCTBe 3aBHCHT OT a,

TaKHM 06pa30M

611 f 11,s; sup ars II QaS < 1111' k.
5=0,1,...

Ha060poT, H3 Toro, IJTO CPYHKU,HH f E 6H, CJIeD.yeT, IJTO ,ZI.JIH

JIlo60ro 8> 0 OHa IIpeD.CTaBHMa B BHD.e pHD.a (7) TaK, IJTO

sup asr  Qas<6 Ilf IIH + 8.
5

003TOMY

EaN (f) ,s; f -
N I

Qas =  "QaS11 ,s;
co

,s; (6 II fliH + 8) a-rs <(8If +e) a-Nr,
N

T. e.

lI11flVz = sup arNEaN (f) <8 "' II+e,
N

KpOMe TOro,

II f II,s;  "Qas11,s; (8 fliH + B) a-
rs < 811' k+8,

H MbI D.OKa3aJIH B CHJlY IIpOH3B"OJlbHOCTH e, IJTO

5H _ 6H .....5H,

T. e.

5H "H.
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DOJIYIIeHHbIe pe3YJIbTaTbI, B II aCTHOCTM , cO,n:ep)KaT CJIe,n:YIOIIJ:YIO
TeopeMY.

3 aM e II a H Me 1. BbIpa)KeHMe (6) eCTb 6aHaXOBa HopMa, IIOTOMY
liTO ,n:JI5I JII06bIX <PYHK HH

ro ro

f = Qs M f* = Q:
s=O s =0

sup ars IIQs + Q; II sup an II Qs II + sup ars II Q: II,
s s s

sup an II cQs ii = C I sup a
rs II Qs Ii,

s s

r,n:e rc_ rrpOH3BOJIbHOe 'IHCJIO, a 3TH COOTHOlIIeHH5I COXpaH5IIOTC5I H

,n:JI5I HH)KHHX rpaHeH, T. e.

611 f + f* [IH 6[1 f Iw + 611 f* k
5.5.4, T e ope M a. .o./lJl nweo tinw6bt onpeae/leHHaJl Ha cff = Rm X cff'

tPYHKl{UJl f npUHaa/leJICa/la K OaHOMY U3 K/lQCCOB
i
H p(Iff) (j = 1, 2,

3, 4) U/lU
iH' p(cff) (j = 1, 2, 3, ;1), Heo6xoaUMO U aOCmamO'lHO,

1{J1l06bt ee HaU/lY'lUlee npu6.1.UJlCeHUe npu no.Mo u /.{e/lbtX cjJyHK/.{uCi.
8KcnoHeHl{ua/lbHOeO ctjJepU'leCKOeO muna v no U yaOB/lemeOpJl/lo Hepa-
eeHcmBY

Euv (fkp(g) :r ,

r,n:e c He 3aBHCHT OT v>O HJIH v=as (8=0, 1, ..., 1'>0, a> 1).
CrrpaBe,n:JIHBa TaK)Ke

5.5.4.1. T eo p e M a. flpOU380/lbHafl tjJYHK/.{Ufl f E H:,p (cff) MOJICem

6btmb npeaCma8/leHa 8 8Uae CXOafl ecocfl K Hea 8 Mempwre Lp (Iff)
pflaa 5.5.3 (7) q;YHKlf,U11 QaS (x) - t{e/lbtX ctjJepUtteCKoco muna no u-

maK, ttmo onepamopbt Qas = As! (8 = 0, 1, ...) /lUHeUHbte U 8btpaJICCHUe

sup as II Qas II = 711 t IIH
s

ecmb 9K8U8a/leHmHafl NOpMa 8 Hr (6').up

B CaMOM ,n:eJIe, rrycTb f E H p(6'). DOJIO)KHM

QaO = gl, Qas = gas
-

gas-l (8= 1, 2, ...),

r,n:e <PYHK HH gv -  eJIbIe3KCIIOHeHIJ:HaJIbHOrO THIIa V rro u - orrpe-
,n:eJIHIOTCH paBeHcTBoM 5.2.1 (6), H3 KOToporo BH,n:HO, IITO <PYHK-
 HHgv, a BMeCTe C HHMH Qas JIHHeHHO 3aBHCHT OT f. DpH 3TOM

(CM. 5.5.3 (12»
c2M

f

 f-gvlkp(g) ---vr (v>vo>O),
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OTKy.n.a

Qa. II = Ilglll llfll+C2M!,
c1

2
M!

 Qas11 llgas- fll+ Ilf -gas-III  ars-- (s = 1, 2, ...)

II, CJIe.n.OBaTeJlbHO, llJl51 YKa3aHHbIX Qas

611! i:H  supa
rs

II Qas II 21If/IH.
s

T. e.

611 f IIH r--J 111 f IIH r"'-' 211 f I ,

nOTOMY IJTO 3KBMBaJIeHTHOCTb 6\1 f IIH r"'-' 211 f IIH y)!{e YCTaHOBJIeHa.

5.5.5. TI P H M e p I. XOpOillO H3BeCTHO, 1JTO eCJIH n;eHCTBHTeJIbHa51 ljJYHKUHH
[(x) nepHo,!{a 211: npHHa,!\JIeJKHT K npOCTpaHCTBY L ,TO OHa pa3JIaraeTCH B pH.lI

<1>yp be

00

[(x) = a; + (ak coo kx+bk sin kx).
1-

(I)

CXO,!{51IUHHCH K Hei! B CMblCJle Lf = L
2
(0, 211:), r,!{e

2:rt

ak

} = r [(t) {C?S
kt

} dt (k=O, I. ...).b k 11: j smkt
o

(2)

OpH 9TOM

2:rt 00

[2 dx= aJ + (a:+b:).
o k=l

(3)

Ha060pOT, eCJIH pH,!\ H3 .lIIo6b1x ,!\eHcTBHTeJlbHblX qHCeJI ak. bk CTOHIUHH B npa-

BOH qaCTH (3), CXO,!{HTCH, TO pH,!\ (1) CXO,!\HTCH B CMbICJIe Lr K HeKoTOpoH 41YHK-
UHH [E Lf H HMeJOT MecTO paBeHcTBa (2).

Bc.ne,!\cTBHe H3BeCTHbiX opTOrOHaJIbHblX CBOHCTB TpHroHOMeTpHqeCKHX 41YHK-
uHii, KBa,!{paT HaHJIyqillerO npH6JIHJKeHHH npH nOMOIUH TpHrOHOMeTpHqeCXHX nOJIH-

HOMOB nopH,!{Ka n-l (B CMblCJIe Lf) 41YHKUHH [E Lr. onpe,!\e.neHHoA PHAOM (I),

panen
2:rt

[
n-I

]
2

En(f)r = min [(x)- '\'; - ('\'kcookx+6ksinkx) dx=
·

'P
k

, l'J
k

0 1

2:rt

[
n-l'

]
2

= [(x)- -

+ (ak COS kx+bk sin kx) dx=

2:rt

[
OO

]
2 00

(ak cos kx+bk sin kx) dx=Jt (ak+b:), (4)
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ECJIH 41YHKIJ,HH t npHHa,!\JIeIKHT K W ,T. e. a6COJIIOTHO HenpepblBHa H ee

(CYlUecTBylOlUaH n01JTH BCIO,!\y npOH3BO,!\HaH f' E L ,TO ee K094141HUHeHTM
<1>ypbe ak, bk MOIKHO (npOHHTerpHpOBaB no 1JaCTHM) npe,!\CTaBHTb B BH,!\e

 k rJ.k 5
ak=-T' bk=-r (k=I,2), ( 

r,!\e rJ.k,  /:- KO HIJ,HeHTbI<1>ypbe npoH3Bo,!\HO f', ,!\JIH KOropOH pH.!!

CXO,!\HTCH. HaoC5opOT,

co 00

  k+ k= k2(ak + bk)
I I

41YHKUHH f npHH8,!\JIeIKHT K W ,
.

(6)'

eCJIH OHa npe,!\CTaBHM&
00

B BH,!\e (CXOllHlUerOCH B HeM B CMblCJIe Lr) pH,!\a (I), npH1JeM  k2(ak+bk)<CD
I

HaHJIy1Jillee npH6JIHIKeHHe 41YHKUHH f E W npH nOMOlUH TpHroHOMeTpH1JeCKHX.

nOJIHHOMOB (n -1)-ro nopHllKa nOD,1JHHHeTCH HepaBeHCTBy

E (f)
.
*

rJ.L + Bk 3t

(
2 2

)11-1 L =3t k2 n2 rJ.k+Bk =0 (n- 2) n-+co,

II n

(7)

1JTO corJIaCYeTCH C 06lUe TeopHeM (nepHO,!\H1JeCKHii aHaJIOr ljJOPMYJIbl 5.3 (I».
l!T06b1 y6e,!\HTbcH B TOM, 1JTO, 06paTHO, H3 (7) He BblreKaeT npHHa.!!JIeIKHOCTb f

1
K KJIaccy W:, paCCMOTpHM 41YHKUHIO

co

cos kx

cp (x) = "" k
3/2 V In k

I

01JeBH,!\HO.
00 co

. I I I .

En (f)L =:n"" k3 In k 3tlU"n k3=0 (n-2)
n n

(n -+ co).

C ,!\pyroH CTOpOHbI. f $. W f' TaK KaK pH,ll
00

! k I k '

I

cooTBeTCTBYlOlUHH pH,!\Y (6), pacxo,!\HTCH.
TI p H M e p 2. <1>YHKUHH nepHo,!\a 2:n

00

sin kx
f (x) = "" k2 In k '

I

01JeBHlIHO, HenpepblBHa H HMeeT HaH.JJY1Jillee npH6JIHJKeHHe npH nOMolUH TpHroHo-

MeTpV:1JecKHx nOJIHHOMOB (n-I)-ro nopH.!!Ke B MeTpHKe C (HJIH Loo), y,!\oBJIeTBo-.
p HlOlUee HepaBeHCTBY

0)

E
I C 0 (I)

11 - 1 (f)e k2 In k
E;

n In n =-----n-
n

(n -+ co).
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B TO )He BpeMH nO'lJIeHHO npO.ltHlprpepeH HpOBaHHblii PHil

[rJI. &

ex>

f' (x) =!   n (8)
2

B CHJJY MOHOTOHHorO y6bIBaHHS! K HyJIIO ero KD94><PHuHeHTOB paBHOMepHO CXO,!\HTCS!
'Ha Ie, 211:-eJ npH JII060M B> 0 (CM. 3HrMyH,!l [I], 2.6). TaKHM 06pa30M, ero

CYMMa HenpepblBHa Ha HHTepBaJIe (0, 211:) H paBHa npOH3BO,!lHOA f' (x). TIpH 9TOM

p5l,!\ (8) eCTb pS!,!\ <1>ypbe ,!lJIS! f' (x), TaK KaK ! k21 2k < 00. B TaKOM cJJY1Jae f'

'pa3pbIBHa B T01JKe x = 0, nOTOMY qTO eCJIH 6b1 f' 6b1JIa HenpepblBHoli: BCIO,!\y, TO

.ee n-S! CYMMa <1>eRepa B x= 0 CTpeMHJJaCb 6bI K f' (0). MeJK,!\y TeM CYMMa <1>eiiepa
KaK cpe,!\HHS! apHq>MeTHqeCKaH H3 nepBblX n+ 1 CYMM <1>YPbe CTpeMHTcS! B x=O
BMeCTe C 9THMH cyMMaMH K co.

5.5.6. AHH30TponHblii CJlY'laii. By.n;eM HCXO.n;HTb H3 .n;oKa3aHHoA
B 5.2.4 (5) o eHKH

k
j (t(Pj)

1

)W

Xj
x
j 'Vi Lp( )

1lf-gvllL (8)
 C p (I=RmX I', 'Vj>O). (1)

p
1=1 v/

vb Hee .n;JI5J HaHJIyqmero rrpH6JIHmeHH5J f E W p(I) npH nOMO R
lI,eJIbIX <PYHK HH gv 3KCrrOHeHlI,H aJlbHOrO THrra v = ('V1' .." 'Vm) no

u = (Xlo ..., xm) cJIe.n;YeT Hep aBeHCTBO
m

0(1)
Ev (f)Lp(8) --r

1=1 vI'
('Vi -+- 0) (2)

rrpH I p < 00 HJIH rrpH p = 00, eCJIH qaCTHble rrpoH3Bo.n;Hble ffj)
!

COOTBeTCTBeHHO paBHoMepHo HerrpepblBHbl Ha B HarrpaBJIeHHH XJ'
ECJlH f E H (Iff), TO H3 (1) CJIe.n;yeT, qTO

m

Ev Uk
p
(8) II f - gv liL

p
(&) G [I t I!hr (&)! +. (3)

P
I v/

B qaCTHOCTH, eCJIH 3aMeHHTb B 3TOM HepaBeHCTBe 'Vj
CTBeHHO Ha v

l /rl (v> 0), TO rrOJIyqHM (OrrYCKa5J Lp (Iff»
vEvl /r

!, ..., v
l /r
m

(f) GIll t Ilhr (&) (V> 0).
p

3a.n;a.n;HM a> 1 H BBe.n;eM HOpMbI

lil'IIH = 11.II+ill.llh (j = I., 2, 3), 11-1\ = HLp( )'

II! f Ilh = II f Ilhr (8)'
p

211/ I = sup vE I/r I/r (f),
v> 0 V 1,... . v

m

 Ifllh= sup asE s/r1 sir (f).
5=0, J. ..

a, ... fa m

r.n;e

COOTBeT-

(4)

(5)

(6)

(7)

(8)
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KpoMe TOro, nOJlO)KYlM

4 f IIH = inf sup aSllQs II,
s=o, I,...

(9).

r.n:e nOCJle.n:H1010 HOPMY (He co.n:ep)Kall.\YlO HBHO Ii f  )Ha.n:o nOHHMaTb

B TOM CMbICJle, tlTO f npe.n:CTaBI1Ma B BH.n:e cxo.n:Hll.\erOCH
.

K HeH
B MeTpHKe Lp( )pH.n:a

00

f = 2:. Qs,
o

(10)

tlJIeHbI KOToporo CyTb <PYHKU:HH u:eJlbIe TlIITa a
s/'/ ITO Xj (j = I, ..., m).

TaK, 1JTO HopMa (9) KOHe1JHa. HH)KHHH rpaHb B3HTa ITO BceM pa3-

JIO)KeHHHM (10), .

Bce tleTbIpe HOpMbI J11.IIH (HO He ill./lh) H COOTBeTCTBYlOll.\I1e HM

KJIaCCbI /H 9KBHBaJleHTHbI. HH)Ke 9TO YTBep)K.n:eHHe .n:OKa3bIBaeTCH
.n:JlH j = 1,2, 3. 3KBHBaJleHTHOCTb 3H = 4H 6y.n:eT CJIe.n:OBaTb (CM. 5.6.1)
KaK tlaCTHbIH cJlY1JaH H3 cooTBeTcTBYlOll.\erO ITpe.n:JIO)KeHHH .n:JIH B
KJIaCCOB.

I1MeeT MeCTO 01JeBH.n:Hoe HepaBeHcTBo

E
s/', (f) E

s/'1 s/, (f),
x/a a . .... a

m

r.n:e CJleBa CTOI1T HaHJlY1JIIIee ITpH6JIH)KeHHe f B MeTpHKe Lp ( )ITplJi

ITOMOIII,H <PYHKU:HH u:eJlbIX 9KCITOHeHU:HaJlbHOrO THITa a
s/,/ ITO o.n:HOIt

ITepeMeHHOH Xj' Il09TOMY, eCJlH f E 3H, TO

SUp asE sl" (f) sup asE sl' s/, (f) = 3[1 f  .
s x/a s

a 1,... , a
m

Ho TOr.n:a, YtlHTbIBa5I eIII,e, tlTO f E Lp ( ),ITOJlYtlHM, tlTO f E HJ,p ( }
(CM. 5.5.3) H

InH'j (,,)< If (j=I, ..., m).
x/p

Il09ToMY f E H ( )= lH H

lU <3 nH'
 I.n:OKa3aJIH, tlTO

lH-+ 2H -+ 3H -+ lH,

T. e. 9TH KJIaCCbI 9KBHBaJleHTHbI.

IlOJ1YtleHHbIe peaYJIbTaTbI, B tlaCTHOCTH, cO.n:ep)KaT CJIe.n:ylOllJ,yIO.
TeOpeMY.
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5.5.7. T e 0 p eM a *). I1.Afl m020 'lm06bl rjJYHKlfUJl t E H; ( ),
.Heo6xoaUMO U aocmamo'lHO ObLnOAHeHUe HepaoeHcmoa

m

Ev(f) c2:+ (Vj> 0). (1)
I v/

HepaBeHcTBo (1) HeooxoJJ:IIMO cJleJJ:yeT 1I3 5.5.6 (3), HaooopoT,
.eCJIH OHO BbIIIOJIHHeTCH JJ:JIH JII06bIX He3aBlIClIMbIX Vj >0, TO TeM oOJlee

,n:JIH Vj BII,n:a Vj
= v l/rj(j = 1, ..., m), If TorJJ:a KOHeqHa BepxH5uI rpaHb

5.5.6 (7).
KOHeqHO, onpe,n:eJIHIO lIeH KJlaCCbI Hrj MO)KHO paccMaTplIBaTb

xjP
B pa3JIlIqHbIX BaplIaHTax, onlIcaHHbIX B 5.5.3 (m= 1, Rm=/lxJ)'

5.5.8. Bce ,n:OKa3aHHble B 3TOM naparpa<pe TeopeMbI 6e3 1I3MeHe-
H!lrl nepeHOC51TcH' Ha neplIoJJ:lIqeCKIIH CJIyqaH, nplI 3TOM BCIO.n:y B pac-
.cY)K,n:eHl151X Ha,n:o 3aMeHlITb COOTBeTCTBeHHO H, W Ha H*, W* II u:e-

JJbre <PYHKU:1I1I gv Ha TplIroHOMeTplIqeCKHe nOJIIIHOMbl. CJIe,n:yeT nplf
"TOM yqeCTb CKa3aHHoe B 5.3.

5.6. Onpe,n:eJIeHHe B-KJlaCCOB C nOMOIII,blO HaHJlytJIUHX
npl!6mDKeHHiL 3KBHBaJleHTHbIe HOpMbI

T1YCTb = Rm x 'c: Rn' r>O, k II P - ,n:onycTIIMble u:eJIble tJlICJla

(Y-'LOBJIeTBOp5l1OIII,lIe HepaBeHcTBaM p 0, k> r - p > 0), 1 p 00,
1 6 < 00, a> 1 n <PYHKUII5I t 1I3MeplIMa Ha  .

OCHOBHOII u:eJIblO 6YJJ:eT ,n:OKa3aTeJIbCTBO Toro, tJTO HOpMbI

jll tllBr (S') =1]) fils =lln +Jllnb (j = 1, ..., 5),
ap6

r,n:e 11.11 = Ii .lkp(S'),

11!t lib = (1 {--1-6(r- P)Qk (t(S),
Isl=p 0

2iltll b =(f t-1 - 8 <r-P)Qk(fP, t) dt)I/8,
3'l tll (

\' I ,-m-8(r-p) 11 '''f
(S)

(x)
fl8

dU)
I/6

II b = L.J ) I U I L u :: (S') ,

ISI=p Rm

411tllb = () I U ,-m-8(r- p ) I\  t (x) !I p(S') dut8,
m

611 t lib = { a
tr8

E at(f) L (S')} 1/8,
1=0 p

*) C. H. BepHillTcllH [2], CTp. 421-426, p=CD; C. M. HIIKOJIb-

CKlIll [I], l p<CD.

\ 1/6

t)8dt) ,

/
(1)

(2)

(3)

(4)

(5)
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9KBlIBaJIeHTHbI; KpOMe TOrO, OHU 3KBIfBaJIeHTHbi HopMe (He cOJJ:epJKa-
rn.ell 5IBHO II f I 

611f1IB = inf t oaIrS II Quallltp (e)}
Ija

(a> 1), (6)

fJJ:e HIIJKH5I5I rpaHb pacrrpocTpaHeHa Ha Bce rrpeJJ:cTaBJIeHlI5I f B BlIJJ:e

cxoJJ:5Ill.\ero K Hell B CMblCJIe Lp ( )p5IJJ:a
00

f = Qual (X),
1=0

(7)

(WeHbI KOTOpOrO IJ:eJIbIe 3KCrrOHeHIJ:IfaJIbHOrO C<peplItleCKOrO TlIrra a
l

no UERm, TaK tlTO HopMa 6il f liB KOHetlHa.

3JJ:eCb f(S) 0603HatlaeT rrp01I3BOJIbHYIO rrp01I3BOJJ:HYIO OT f rrOp5IJJ:-
K3 S = (Slo ..., Sm), I S I = p, no nepeMeHHbIM Ulo ..., Um, a f -
npOIf3BOJJ:HYIO no HarrpaBJIeHlIlO U E Rm nOp5IJJ:Ka p,

Qk(f(S),6)=Qk (j(S) , 6)L (e)
= sup 1I  f(S)(X)!IL(e),m p lul<<'! p

Qk (jP, 6) = Q (r, 6)L (e)
= sup sup II  7uf (x) IlL (e).

m p IUI=lltl<<'! p

uER
m

MbI BBOJJ:lIM el[\C HOpMbI

illfllw=llfll+ J1Ifllb' (j=1, 2,3,4).
3TO TaKIfe JKe HOpMbl, KaK coOTBeTCTBeHHO ill  B, ill lib, HO B HlIX

no onpeJJ:eJIeHlIlO lIHTerplipOBaHlIe np01I3BOJJ:IITC5I no t E [0, 'I'}] lIJIIi

no U C I U 1<'1'}.
BYJJ:eT JJ:OKa3aHO, tlTO 3TlI HOpMbI 3KBlIBaJIeHTHbI rrpeJJ:bIJJ:Yll.\lIM

(6e3 llITpIIXOB), HO C KOHCTaHTaMII, 3aBlIC5Ill.\lIMlI OT 'I'}. HaJJ:o lIMeTb

B B lIJJ:Y , tlTO K aJKJJ:blH 1I3 nepetllICJIeHHbIX KJIaCCOB 3aB lIClIT ell.\e OT

JJ:onYCTHMOll napbI (k, p). BYJJ:eT nOKa3aHO, tlTO JII06bIe TaKlie JJ:Ba

KJlaCCa, COOTBeTCTBYIO Ifepa3HbIM napaM, TOJKe 3KBliBaJIeHTHbI (c KOH-

CTaHTaMII, 3aBlIC5Ill.\IIMlI OT 3TIfX nap).
OTMeTlIM, tlTO 3KBlIBaJIeHTHOCTb HOpMbI (5) C OJJ:HOH 1I3 OCTaJIbHblX

HOpM JJ:JI5I KJIaCCOB B pa(<B') COOTBeTcTByeT YTBepJKJJ:eHlIlO TeopeMbI

5.5.4, JJ:alOll.\eH B TepMIIHax H3l!JIYQUIlIX rrplI6JIlIJKeHlIH He06xoJJ:lIMble
If JJ:OCTaTOtlHble YCJIOBlI5I nplIHaJJ:JIeJKHOCTlI <PYHKIJ:lIlI f K KJIaccy

H p(rff). 113 (5) CJIeJJ:yeT, tlTO B POJ(rff) = H:p (rff).
KJIaCCbI, COOTBeTCTBYIOll.\lIe YKa3aHHbIM HopMaM, KpaTKOCTlI paJJ:lI,

MbI 6YJJ:eM 0603HatlaTb tlepe3 iB,ib (j = 1, ...
, 6), jB', ib' (j = 1, ...

, 4).
HaJJ:o IfMeTb B BlIJJ:y, tlTO caMII no ce6e nOJIYHopMbI ib, lb',

Bo06ll.\e rOBOp5I, He 3.KBlIBaJIeHTHbI, 3KBlIBaJIeHTHbI CYMMbI lIX C

U II =/1 filL (e), T. e. HOpMbl iB, IB'.
HlIJK/MbI ,!{oKa3bIBaeM p5I,!{ BJIOJKeHlIH, 1I3 KOTOpbIX 6YJJ:eT cJle-

,!{OBaTb BbICKa3aHHoe BbIllie YTBepJKJJ:eHIfe 06 3KBlIBaJIeHTHOCTIi. 3TlI
BJlOJKeHlI5I If caMIf no ce6e npe,!{cTaBJl5IIOT IfHTepec. HeKoTopbIe If3
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HHX BepHbI He TO.T1bKO JJ:.T151 JJ:onYCTIIMbIX nap k, p, T. e. YJJ:OBJIe-

TBOp5l1O IIXHepaBeHCTBaM k> r - p > O.
¥IMeeM nOKa JJ:.T151 OJJ:HOll: II TOll: JKe He 06513aTe.T1bHO JJ:onYCTHMOll

napbI HaTypaJIbHbIX k, p

lb -+- lb' -+- 3b' -+- 4b'. (8)

IlepBoe II BTopoe B.T10JKeHII5I 01JeBIIJJ:HbI, a TpeTbe C.T1eJJ:yeT H3 COOT-

HOIIIeHlIll
.

11  f (x) 11= II  IS /(S)( rjl IS P11  f(S) ,
AHaJIOrlI1JHO TaKJKe JJ:JI5I OJJ:HOll 11 TOll JKe He 06513aTeJIbHO JJ:onYCTH-
MOll napbI k, p:

lb -+- lb' -+- 2b' -+- 4b'. (9)

IlyCTb Tenepb f E 4B' nplI HeKOTopbIX He 06513aTe.T1bHO JJ:onYCTH-
MblX k, p.

.LI..T151 KaJKJJ:oro v> 0 cy ecTByeT IJ;eJIa51 c<peplI1JeCKOrO TlIna v

no u E Rm <PYHKIJ;1I5I gv TaKa5l, 1JTO (5.2.1 (6»

gv-f=(-l)Z-l g(lul)  , Pf(x)du, (10)
Rm

11 TorJJ:a

Eaj (f) IlgaJ - fll =!I)m g (I u I)  :  f(x) dull
=

=c ll f g(t) :-=jt f(X)tm-]dsdt ,
o I I=I

Il03TOMY (n05lCHeH1I5I HIIJKe)

{
00

}
l/O

{
OO

}
I/O

51l f lib = i2;o ai'OE:J (f) :;;; a' j I

ai,oE:; (f) dj <.

{
00

II
00 1

1
0

}
I Ie

<. j ai'o
Ii )= I

g (t)  :-=jt f(x) t
m - l

ds dtl dj

00

{
OO 0

}
I/O

:;;; tm-lg (t) j ai'OIII  =II  :  f(X)I ds II dj dt <.

00

{
at

}
I/O

<. t
m

-1+'g(t) v-'8-lll  tPf(X)IIOdsdv dt<.
o 0 I I=I

.

<.f tm'l+rg(t)dt{ lul-
m (r-p)811"  fi)118du+

o lul<T1
00

}
I 

+ t/-re-
l

dv fljS <'4Ullh' + rr' Ii fli <.4U/IB" (11)
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B tleTBepTOM COOTHOIIIeHlIlI (Hep3BeHCTBe) rrpI1MeHeHO 0606 eH-
Hoe Hep3BeHCTBO MI1HKOBCKoro: CH3t13J13 HOpM3 11.11 rro x rrOJJ:BeJJ:eH3

rroJI. 3H3K lIHTerp3J13 no j, 3 33TeM HOpM3 no j
- rroJJ: 3H3K I1HTe-

rp3J13 no t. B n5ITOM I1HTerp3J1e CJJ:eJl3H3 33MeH3 j H3 V npll

nOMO lInOJI.CT3HOBKI1 a-it = v.

ECJIH 1']
= 00. TO

5//nb <4U b' (12)
T. e.

4B' --+58,

4b--+ 5b.

(13)
(14)

(13), HOB JI.3J1bHellIIIeM 6YJI.eT I1CnOJlb30B3HO TOJIbKO BJlO)KeHlIe

BJlO)KeHI1e (14) C3MO no ce6e I1HTepecHoe.

nYCTb Tenepb f E 58. 0603H3t1l1M tlepe3 gal <PYHKU:I1lO u:eJlYlO C<pe
-

plltlecKoii CTeneHlI a1 no U T3KYlO, tlTO

 f- gi 2E
adf) (l = O. 1, . ..),

11 nOJlO)KI1M

Qao = gao, Qa1 = ga1 - ga1-1 (l = 1, 2. .. .).

TOrJI.3 B CMWCJle Lp( )
OJ

f = Qi.
1=0

nOTOMY lITO I13 KOHetlHOCTI1 511.\lb CJIeJI.yeT. tlTO Eal(j)--+O (1--+00).
.lJ.3J1ee

Qao II II f II + 2EaO (f),

II QJII IIga1 - f 11+lIf-gal-l 4Ea1-1 (f),

nOTOMY tlTO Eal (f) He B03p3CT3eT npll B03p3CT3HI1I1 l. n03TOMY

{
en

}
I/B

611 f liB < ( n+ 2Eao (f»S + l lairSEa1-I(f)S <

{
en

}
I/B

<lIfll+ 1 0alrSEal(f)S =51InB.

H MW JJ:OK333J111, tlTO

58--+ 68.

nYCTb Tenepb f E 68, 33JI.3HO B > 0 11 f npeJI.CT3BI1M3 B BI1JI.e (7).
rJJ:e CYMMa p5IJI.3 B (6) He npeBbIIII3eT 611 f liB + e. 33JI.3JI.I1M np0I13BOJlb-
HbIe JJ:onYCTI1MbIe H3Typ3J1bHbIe k. p. .lJ.Jl5I JIl060ro U E Rm' u:e-

nOtlllCJleHHOrO BeKTop3 S = (81. .... 8m. O. . .
.. 0) CiS I = p H
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HaTypaJlbHoro N

N-I 00

t1 f(S)(X) = t1 Q  )(X) + t1 Q  )(X),
1=0 I=N

N 00

Rt1 fPII lulk i(P+k) II Qal ll+ 2k alPIIQal .
1=0 I=N

OTClOJJ:a

gk (t), a-
N

) _ SUp II t1 f(S)(X) II <:
lul<a- N , ueR

m

N co

<: a-
Nk al(P+k) II Qalll+ alP  Qal .

1=0 I=N

OueHHM 111 f I!b" ¥IMeeM

1

t- 1-6 (r-p)Qk (/(S), t)6 dt=
o

00

= In a a
6 (r- p) nQk (f(S) , a-

n)6 dn =
o

00 N+l

=lna a6 (r-p)nQk(f(s), a-
n)6dn<

N=O N

00

<: a
6 (r-p)NQk (/(S), a- N)6 = J1 + J2 , (16)

N=O

r,ne (o6'bfICHeHIHI HlDKe)
00

(
N \6 00

J1
=

N Oa
8 (r-p-k)N

l al(p+k)IIQalll ) <1 0ar6111Qa1116,
00 00

J2
=

);0 a
8 (r-p)N

C NalP IIQal I\t <:: 1 0a
1r6

II Qal 11
6

.

(17)

(18)

HepaBeHCTBa <:: 060CHOBbIBalOTCH CJleJJ:YlO HM06pa30M. ECJlff a> 1.

O<6< ,bl O(l=O, 1, ...), TO

00 I N \6 00

(
N.

)
6

a- 6f3N I bl ) = a-6f3N a(!I- )lal -!l)lbl <:
N = 0 \1 = o! N= 0 I = 0

00 N 00 00 00

..;  .fJfJN ( -1I)61b
6 ( -!l)611.6 -66N..; - !l61

b
6

........ L.J a L.J a I = L.J a I:ll L.J a ........ L.J a I,
N=O 1=0 1=0 N=l 1=0

(19)
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i; a8fJN ( i; bl)
8

= i; a8fJN ( i; a\6-fJ) la(fJ-6) Ibl )
8

'

N = 0 \1 = N N = 0 I N j

00
(

00
\ 8/8'

(
00

\
< 1: a8fJNl 1: a(6- fJ )8'l

j 1: a(fJ-6 ) 8IbYI<
N = 0 ,I = N /, N /

00 00 00 , 00

-< 1: a86N 1: a(fJ-6) 81b; = 1: a(fJ-6) 81b; 2:: a8aN < 1: afjOlb7; (20)
N O I=N 1= 0 N=l 1=0

npI1 :iTOM A < B Ha.D:O rrOHI1MaTb B CMbICo'Ie A cB, r.D:e c - KOH-

CTaHTa, 3aBI1CHll.\aH OT a I1 0, HO He OT b,.
HepaBeHcTBo (17) rro.nYlIaeTcH I13 (19), ec.nI1 rrOo10)KHTb = k-

- r + p (> 0), bl
= al\P+k) II Q '

1
1

11,
a HepaBeHcTBo (18) rro,1Y'IaeTCH H3

II a

(20), ec.nI1 rrOJIO)KI1Tb

= r - p, bl
= alp II Qal .

OpI1MeHeHI1e 3TI1X .D:BYX HepaBeHcTB Tpe6yeT rrpe.D:rro.n0)KeHl1H .D:orry-
CTI1MOCTI1 rra pbI k, p, T. e. BbIllo.nHeHI1H YC.nOBHH k> r - p > O.

MbI .D:OKa3a.nI1, 'ITO

(
'11

\
1/8

t-8 (r-p)-lQk (f(S), t)8 dt) <61IfliB+e.

I I
.LLa.nee, rro.nmKI1B

a + 6'
= I, rro.nY'II1M

(21)

IIfll i; Qalll = i; a-lralrll Qalll (i; a_Ir6')
l/6'

(6 ilfllB+ e) =
U 0 0

=c(61If/iB+e), (22)

n03TOMY B CI1.ny rrp0I13B0.T1bHOCTI1 e I13 (21) I1 (22) c.ne.D:yeT, tlTO

(.D:JlH .ITl060ll .D:OrrYCTHMOll rra pbI k, p)

6B --+ 1B'. (23)

HaKOHeu:, C rrOM0ll.\blO (7) c.ne.D:yeT, liTO (I s I = p < r)
00 00

I{(s) -< 1: alp 1\ Qa'li = 1: a- llr - p)alr II Qalll <
1=0 1=0

(
00 \ 1/8

< 1: a
8lr II Qal n = (611 f liB + e),

o /

(24)

H TaK KaK <PYHK1J.HH t-8 (r-p)-1 I1HTerpI1pyeMa Ha 0,00) Ii (lsl=p)
Qk (((S), t) < /f"} ,
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TO

00

t- 6 (r-p)-IQk(f(S), t)dt«61IfIIB+B),
T]

OTKY,Ila B CI1JIY np0I13BO.lbHOCTI1 B I1MeeT MeCTO 60Jlee CI1JIbHOe, lIeM

(23), BJIO)KeHI1e

6B --+ IB, (25)

BepHoe ,IlJIH JIl060ll ,IlOnycTI1MOH napbl k, p.
DYCTb Tenepb k, p - ,IlOnycTI1MaH napa. C06paB BMeCTe (8), (9),

(13), (15), (25), nOJIYllI1M

/
Ib' --+ 3b'

"'.
Ib 4b'

"'.lb' --+ 2b'/
'

TaK KaK 3,IleCb BClO,Ily MO)KHO 3aMeHHTb b Ha fl (nOTOMY liTO 9TO

03HallaeT TOJIbKO, liTO COOTBeTCTBYIOII eeHepaBeHCTBO He I13MeHHeTC5I,

eCJII1 npI16aBHTb K 06eI1M ero lIaCTHM II f II), TO

3B'
IB --+ IB'/ "'.4B' --+ 5B --+ 6B --+ lB.

"'.2B' /

4B' --+ 5B --+6B --+ lB.

C ,IlpyroH CTOpOHbI, OlleBI1,IlHO (uenI1 (8), (9) BepHbl, eCJlH B HHX

BCIO,Ily onYCTHTb lIlTpI1XI1),

3B
IB/ "'.4B--+4B'--+IB,

"'.2B/

9TO nOKa3blBaeT, liTO Bce BXOlJ.H He B 06e uenH KJIaCCbl 9KBI1Ba-

JIeHTHbl. Ll.1H lJ.pyroH lJ.OnycTI1MOll napbI k', p' CHOBa nOJIYllI1M 9KBI1-
BaJIeHTHOCTb 9TI1X KJIaCCOB, I1 TaK KaK KJIaCC 5B, TaK)Ke KaK 6B,
He 3aBI1CHT OT (,IlOnYCTI1MbIX) k, p, TO, OlleBI1,IlHO, Bce YKa3aHHbie
KJlaCCbl (iB (j = 1, ..., 6), ;B' (j = 1, ..., 4)) 9KBI1BaJIeHTHbl Me)K,Ily
C060H He3aBI1CI1MO OT TOro, KaKI1MH napaMI1 k, p I1JII1 napaMeTpoM
'I'] > 0 OHH Onpe,IleJIHIOTcH. KOHellHo, B03HI1KalO I1e3,IleCb KOHCTaHTbI

BJIO)KeHI1H 3aBI1CHT Bo06 eOT k, p, '1'], a. OTMeTI1M e e,liTO KJIaCCbI

5B, 6B OCTalOTCH 9KBI1BaJleHTHbIMI1 npI1 I13MeHeHI1I1 a> 1. 9TO CJ1e-

,IlyeT I13 Toro, HanpI1Mep, liTO OHI1 9KBI1BaJIeHTHbl (HO C KOHCTaHTaMI1,
3aBI1CH I1MI1 OT a) KJIaccy

I B, He 3'aBI1CH eMYOT a,

3 aM e II a H I1 e. DYCTb f E: lB. Onpe,IleJII1M ,IlJIH f <PYHKUI1I1 gv
npI1 nOMO I1 paBeHcTBa (10). JIerKo BI1,IleTb, liTO gv nOJIYllaeTC5I
!f3 f npI1 nOMO I1JII1HeHHOll onepaUI1I1 gv = Av (f) (CM. 5.2,1 (4».
113 .

uenOllKI1 HepaBeHcTB (11), KOTOPYIO Ha,IlO lII1TaTb, HallI1Ha5I

c TpeTbero lIJ1eHa, !f !f3 ,IlaJIbHeHlIlI1X oueHOK (CM, (12» CJ1e.n.yeT
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HepaBeHCTBO

(
00

\ I/S

fJo airS l\gaJ - f jlS) < 411 f II < III f .

n03TOMY, eC.nH nO.nOJKHTb (Qv = Quv!)

QaO= gao, QaJ = gal
-

gal-I (i=1, 2, ...)

H YlIeCTb, liTO

II Qai \\ Ilgai -f\\+I\f-gai-I ,
TO JlerKO rrOJlYlIHTb HepaBeHCTBO

I 00

)
1/S

6il f liB \; oairS II Qa i liS < 111 f liB'

STO paCCYJK.n:eHHe rrOKa3blBaeT, liTO BblpaJKeHHe

(26)

(
00

)
I/S

711 f liB = t;o airS II Qi liS (27)

MOJKeT CJlYJKIiTb 3KBHBaJIeHTHOll HOpMOll .n:.n51 B pS(8). npIi 3TOM

CPYHKL(HH Qs y.n:oB.neTBOp5lIOT (7) H rro.nYQaIOTC5I H3 f rrpH rrOMOIII.H
JIIiHellHOll OrrepaL(HIi 5.2.1 (4) H.nH KaKOll-JlH60 .n:Pyroll OrrepaL(IiIi,
.n:Jl5I KOTOpOll BepHO BTopoe HepaBeHCTBo (26). BaJKHO eIII.e OTMeTHTb,
liTO .n:JlH .n:aHHorO '0> 0 .n:.n51 BCeX , <'0 3TH OrrepaL(HH .n:.n51 KaJK,!I.OrO
S MOJKHO B351Tb O.n:HHMH H TeMH JKe.

B .n:a.nbHellllIliX paCCYJK.n:eHH5IX MbI 6y.n:eM llIlipOKO rrOJlb30BaTbCH

HOpMOll (27), He orOBapHBa51 KaJK.n:bIH pa3 rrpOHCXOJK.n:eHIie Qv.

5.6.1. AHH30TponHbIii cJ1Yllaii. 3a.n:a.n:HM CPYHKUHIO f E B s(6"), r.n:e

P=(Ph ..., Pm), 6=(81' ...,
8m), r=('h ..., 'm),

I m n,1  PJ>8/ 00, ,/>0, a> 1, 6"=Rm x6"'.

Orrpe.n:eJlIiM .n:JIH Hee CeMellCTBO CPYHKL(Hll gv1,....
V
m

L(eJlbIX 3Kcno-

HeHL(IiaJlbHOrO TIirra v/ rro x/ rro cpopMy.naM 5.2.4 (1), r.ll:e 0 < v/

E:;;; 00, Ii BBe.n:eM rrocT05lHHYlO a> 1. LlOKaJKeM, liTO IiMelOT MeCTO

HepaBeHCTBa, 0606III.alOIII.He HepaBeHcTBo 5.2.4 (2) Ha CJlYliaH
KOHeQHbIX 6:

(
00

)
I/S'

as,S\\f-gas/r" co, .... 00 II ' ( )  cllfllbr( )'
8=0 p, pS

C
OO

)
I/SI

as,s 1\ gas/r,
, 00. ..., 00 -gas/r,. as/rl. co,.... ool] ( ) E:;;;c['nbr,,( ),

-0 PI pu
(I)

00

)
 m

( a msn gas/ri a
s/rm-l. co

-

gas/r
1 a

s/r
m

ff8
L
m

(
-"'

)
E:;;; c U lib' (.) .

.==0
U ..... ...... llLpmfO p6
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IlpH 6} = CO COOTBeTCTBYIOIII.ee j-e HepaBeHCTBO HMeeT BIi.n:

aS ll gsl' 5/' -gsl' 51'1 " cllfl/I' .
a 1..... a I-I, 00. ..., 00 a 1,.... a . 00, .... 00 ilL ( ) h

p
("')

. P,

OHO HerrOCpe)\CTBeHHO CJle.n:yeT Ii3 5.2.4 (2). EC.T1Ii JKe 8f KOHeliHO.
TO (rj-Pj>O. Pj;::':O. CM. 5.2.4 (2); 5.6)
00

" fJ,s
1\

.

[
lfJ

L..J
a g 5/'1 5/' 1

-

g 51'1 51' j
5=0

a .....a 1-,00.....00 a ,....a ,.OO,....ooILP/ )
'j-PI00 fJ 5

& " a '-----"- o/j (f(Pj) a- 51'
l)

fJ
I ..#'

---= L..J x, x,' L ( )""'
5=0 PI

1

< r ('I-Pi) fJ,- 1 (j/I (f(Pj) t)fJl dt 1/ nfJl
o

x, x,
·

Ib fJ( )
II MbI 1I0Ka38JIH (1).

IlycTb Terrepb P = PI =. "
= Pn. 8 = 81 =. ..

= 8m. BBe.n:eM HOpMbI

( II f /I = II filL (<8)):
P

ilIfIIB=llfll+/1Ifllb (j= I. 2. 3). (2)

Mbl ClIHTaeM. liTO Ib = b fJ(6"). T. e. 3TO YJKe Ii3BeCTHbIH K.T1aCC.

(
00

)
1/fJ

211 f lib = \ OdJsEasl,1, .... a

s/'
m (/)10) (<8) (3)

II

(
00

)
1/fJ

 lfIIB=, f\afJsllQslr · (4)

r.n:e rrpe.n:rrO.T1araeTCH. liTO f rrpe.n:CTaBHMa B BH.n:e CXO.n:HIII.erOCH K HeR

B CMblCJIe Lp( )pH.n:a
00

f = Qs.
5=0

(5)

lI.T1eHbI KOToporo Qs - CPYHKU:HIi u:eJIble TIfITa a
sl '; COOTBeTCTBeHHO

rro  L(j = I. ..., m).
HOpMbI (2) (KJIaCCbI B), HO He ;11'1 . 3KBHBa.T1eHTHbI.

B caMOM .n:eJIe. rrYCTb f E IB = B fJ(6")

2\\f\\b ( 0afJS\\f-gaS/'I,.... as/'mll p( »)l/fJ 1\\f!\B (6)

(Cpe.n..HHH qaCTb (6) He rrpeBblIIIaeT CYMMY JleBbIX qaCTeii HepaBeHcTB
(I) npH paBHblx PI Ii paBHblx 8;).
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C ,npyroH CTOpOHbI,

(
00 ,1/9

211 t lis = II t IILp (€) + a
9s

EX aslr/1)9 ) :> II t II r
l

'

OJ.
B
x .p9 (&)
,

r,ne BTopoe HepaBeHcTBo BepHO B CHJIY 3KBHBaJIeHTHOCTH HOpM,

cooTBeTcTBYlOllI.HX nOJIYHopMaM 5.6 (I) H 5.6 (5).
113 (6), (7) CJIe.ll.yeT, liTO lB = 2B.

DepeXO.ll.HM K .lI.0Ka3aTeJIbCTBY 3KBHBaJIeHTHOCTH lB = 3B. DYCTb
f E lB. Onpe.ll.eJIHM .lI.JI5I f CeMeHcTBO u.eJIbIX cpYHKlWH gs = g sir sir

a 1, ....a 111

(a> I, S = 0, I, .. .), .lI.JI5I KOTOpbIX HMeeT MeCTO (6):

(
00

\ I/!!

\ oa9sllf-gsli!!) <lllfIIB'

(7),

(8),

OTClO.lI.a, B lIaCTHOCTH, CJIe.ll.yeT

U-goll< ll/tllB II II go 11< ll/fIIB'
DOJIOlKIIM

Qo=go, Qs=gs-gs-1 (s= 1,2, ...). (9)

V.!3 CXO.ll.HMOCTH p5l.ll.a, BX0.ll.51llI.ero B (8), CJIe.ll.yeT, liTO cpYHKU.H5I
npe.ll.CTaBHMa B BH.lI.e CX0.ll.51llI.erOC5I K HeH B CMbICJIe Lp (g") p5l.ll.a (5).

llaJlee,

 It liB = ( oa!!s II Qs li9)
I /9

(
00

\ 1/6

(
00

)
1/9

:E;;;;IIQoll+ \S 1a9Sjlgs-flj!!) + \ 1a!!Sllgs_l-fll!! <31ItII I
B.

HaKoHeu., eCJIH f E 3B, TO f npe.ll.CTaBHMa B BH.lI.e p5l.ll.a (5) C KOHell.

HOH HOpMOH (4). Ho Qs .lI.JI5I Ka2K.lI.OrO j eCTb u.eJIa51 mna a
slr/ no-

xl' n03ToMY f E B p(c8') (CM. 5.6 (6), 3aMeHHTb a
r
Ha a H nOJlO2KHTb-

m=l, Rm=Rx,) H

Ilfll r
j <311f11B (j=l, ..., m).

.. BxfP
TaKHM 06pa30M, f E B (c8') H

llltll=I/f  B"(&)<  'fIlB.
p

MbI .lI.0Ka3aJIH, liTO IB = 3B.

B 3aKJllOlIeHHe nO.ll.lIepKHeM, liTO HOpMbI KJIaCCOB lB = B; (c8'}
BbIpa2KalOTCH (4.3.4) lIepe3 HOpMbI Bl!, (c8') (j = I, ..., m), KOTopble
M02KHO MhICJlHTb B m06blx 3KBHBaJIeHTHbIX cpopMax, onHcaHHblX

B 5.6 (npH m=l, Rm=Rxj).
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OTMeTHM, liTO MbI BClO.lI.Y 3.l1.eCb CIIHTaJIH, liTO 6} II 6 MO}KeT paB-
HHTbCH 00, n03ToMY, B lIaCTHOCTH, .lI.0Ka3aHO, liTO B 0603HalleHHHX
n. 5.5.6 HMeeT MeCTO 3H = 4H.

5.6.2. DOKa}KeM 3KBHBaJIeHTHOCTb KJIaCCOB

B e'"
.

,

( )= B !!( ) (1 6 00). (1)

DepBbIM H3 HHX 0603HallHM lIepe3 B, BTOpOM lIepe3 B'. Bbl6epeM
IIHCJIO a TaK, IIT06bl a l/,;:=: Vm, Tor.ll.a Vm as/' as + 1/, (s = 0, 1, ...

.
.., m). 3aMeTIIM, liTO I1.eJIa51 cpYHKI1.H5I Q 5/' 51' THna as/' no Ka}K-

at,.., a

.lI.0M nepeMeHHOM X} (j = 1, ..., m) B TO }Ke BpeMH eCTb CcpepHlIeC-
KOrO THna vma

s/' no U, TeM 60JIee ccpepHlIecKoro THna a(s + 1)/,

no u:

QaS/', .... a
s/'
= Qua (5 + I)/r'

DYCTb Tenepb f E B. Tor.ll.a
00 00

f = Qas/,. .... a 5/'
= Qua(S+ 1)/,

5=0 s=O

!II

:!] f liB = (. oa!!s II Qua (5 + 1)/, II:)
I/!!
=

(, ,a'H.." I Q..<o+ "I' I:f' "" (, "a" I Q...w I:)'"
T.lI.e Mbl nOJIO}KHJIH Qua. = Qui = O.

YhaK, .lI.0Ka3aHO, liTO eCJIH cpYHKI1.HH f E B, TO OHa npe.ll.CTaB-
Jl5IeTC5I B BH.lI.e pH.lI.a

I
= -  fliB"a

00

f E Quas/,
o

'I1.eJIbIX <PYHKI1.HM ccpepHlIeCKoro nma asl'

!I f liB' -< fll13,

B - B'. 06paTHoe

no U TaK, liTO

T. e. .lI.0Ka3aHO, liTO

MbI .lI.0Ka3aJlH (1).
5.6.3.T eo p e M a *). nycmb f E B !!( )u 1 = (110 ..., Lm) -l{eAO-

.&f,UCAel-ll-lblU l-lilompuu,ameAbl-lblU 8eKmop (Ii;:=: 0) maKOU, f{mo

m

l
%=1- J..>O.

rf
;=1

BJIO}KeHHe TpHBHaJIbHO, II

(1)

*) CM. 3aMeQSHHH B KOHI(e KHHrH K n. 5.6.2-5.6.3.
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u

T02aa eyw.ee11l8yem np0U380aHafl

(
1)
E B;:; (Iff)

Ilf(l)IIBxT(&)
ell f I'B T

( &)
'

v8 v8

(2)

(3 

eae C He 3a8ucum om f.
TeopeMa nepeCTaeT 6bITb BepHOH npH 3aMeHe p = xr Ha p + E,

r.n.e e > 0 (CM. 7.5). KpoMe Toro, OHa, Bo06Il1.e rOBopH, HeBepH3'

npH x = 0 (CM. 3aMeqaHHe K 5.6.3).
.L{ 0 K a 3 aTe JI b C T B O. B CHJIY YCJIOBHH TeopeMbI

00 00

f= Qs/rl s/rm= Qs (a> I),
s = 0

a , ... · a
0

r.n.e tlJIeHbI pH.n.a
- u,eJIble <PYHKU,HH 3KcnoHeHu,HaJIbHOrO THna as/rr

no Xi (j = I, ..., m), npHqeM

II f liB = ( a
8s II Qs 118)

1/8

(B=B;8 (Iff), HI=;i'lkp(&h a> I).
11MeeM nOKa cpopMaJIbHO

00

f(k) = Q k\ (4),
o

r.n.e k - JI1060H H3 BeKTopoB (it. 0,

...,
1 = (llo ..., in). 3aMeTHM, qTO

...
, 0), (II, 12 , 0, ..., 0),

m
I

s f
I] Q k)II a

I III QsII = as (I-X) II Qs II.
003TOMY

( asx811 Q k)\\8)
1/8

( as8 [/ Qs f/8)
1/8
= fl f /lB' (5)

113 (5) CJIe.n.yeT, qTO pH.n.bI (4) CXO.ll.HTCH B CMbICJIe Lp, n03ToMy
Ha OCHOBaHHH JIeMMbI 4.4.7 nOqJIeHHOe .n.HqxpepeHu'HpoBaHHe B (4)
(B 0606Il1.eHHoM CMbICJIe) 3aKOHHO.

3aMeTHM, QTO Q '), TaR }!{e KaK Qs, eCTb u,e.rraH THna a
s/', no Xi

(j = I, ..., m). ECJIH nOJIO}!{HTb aX = b (b> I), TO HepaBeHcTBo (5).
.n.JIH k = 1 3amuueTCH B BH.n.e

( bs8 [I Q l)11
8)

1/8

II f liB,

r.n.e Q l)- u,e.rraH THna bS/r;x ITO Xi' B TaKOM CJIyqae t<l) EB (Iff),.
H BbInOJlHHeTCH HepaBeHcTBo (3).
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C,n:eJIaeM eIlJ,e CJIe,n:YIOIlJ,ee ,n:06aBJIeHHe. .LI.onYCTHM, 'ITO MbI nmKe-

JIaJIH npOH3BO,n:HYIO f(1), 0 KOTOpOH IIlJIa pe'lb B TeOpeMe, npo,n:mp<pe-
peHI1.HpOBaTb eIlJ,e i' = (/1, ..., l ) «pa3». COrJIaCHO 3TOH TeOpeMe
3TO B03M02KHO, eCJIH Be.JIH'IHHa

m

['
x' = 1 - -L > O.

'lY.
1=1

OrclO,n:a
m

['
m

l.+r
XX' = X - .i = 1 - L-!. = X* > O.

'f 'f
1=0' 1=1

Ho BeJIH'IHHa X* B CBOIO O'lepe,n:b npe,n:CTaBJI5IeT c060ft KOHcTaHTy
X, B03HHKalOIlJ,YIO B TeOpeMe, eCJIH B HeH i 3aMeHHTb Ha [+ ['.

B 3TOM CMbICJIe paCCMaTpHBaeMa5I TeOpeMa HOCHT TpaH3HTHBHbIH
xapaKTep.

5.6.4 n p H M e p. HH2Ke npHBo,n:HTC5I npHMep, nOKa3bIBalOIlJ,HH,
'ITO nOJIYHopMbI 3b H 3b', Bo06IlJ,e rOBOp5I, He 3KBHBaJIeHTHbI

{CM. 5.6 (3), (4». OrpaHH'IHMC5I o,n:HoMepHbIM CJIY'IaeM

m=I, r=I- <I, p=O, k=I, 6=p,

llYCTb fN (x) - 'IeTHa5I <PYHKI1.H5I, paBHa5I

( ,O x N,
fN (x) =

\
' N

1, N<x.

Tor,n:a .

co co

h
N N-x

 lfNII:=2 dh \ fN(x+  -fN(X)r dx-:;:::2 S dx S =N2-P,
o -co 0 0

: "Nr., dh{f+I+ JJdx J.+J'+J' O(NH).
nOTOMY 'ITO

J.-J. T dx :. + J. dx(T:. + Jl l t[P dhl 
= 0 (NI-P),

I 0

I
x+h

+
x

I
p

Ja== dh Jh

lT
h
N

dx=O(NI-P).



5.6] B-I\JIACC. SI\BHBAJIEHTHblE HOPMbi 225

OTClO)I.a BII)I.HO, liTO He CYllJ,eCTByeT KOHCTaHTbI C TaKOR, liTO )I.JlSI

Bcex N > 0 6bIJlO 6bI BbIllOJIHeHO HepaBeHCTBO  IfN lib";;;; C, fNllb"
5.6.5. HenpepblBHocTb no C)I.Bury. T eo p eM a. npu h -+ 0

U(x+h)-f(x)lIw-+O (fEW=W (Rn)'I,,;;;;;;;p<oo, l O), (I)

 f(x+h)-f(xHB-+O(fEB=B;(Rn), 1 ,,;;;;;;;p, a<oo, r O).(2)

YTBep2K)I.eHlIe (I) npll p = co He HMeeT MeCTa, TaK 2Ke KaK (2) npH
a=oo (B oo=H ,CM. )I.aJlee 7.4.1); npll p=oo I,,;;;;;;;a<co (2)
OCTaeTCR BepHbiM.

.LI. 0 K a 3 aTe JI b C T B O. B cJIYllae 1 = 0 (W = Lp (Rn» cBoiicTBO

(I) ecTb XOpOIIIO 1I3BeCTHbIH cpaKT (HeBepHbIH, O)I.HaKO, npll p = co).
K HeMY CBO)I.IITCR II 06llJ,IfH CJIYlIaH, nOTOMY liTO II f Ilw eCTb CYMMa

a f. .

HOpM f II
I

B Lp (Rn) U = I, ..., n). .LI.JlR CPYHKQIIIi f Ei B IIMeeT

ax!
MecTO npe)I.CTaBJleHlIe

00

f = L. Qs,
o

{
00

}
1/9

1/ f I/B = 2s9 II Qs II ,

r)I.e Qs - ueJIbie <PYHKUIiIi Tlina 25/', no Xj' 003TOMY

{
N-I

}
1/9

IIf (x+h) - f (x) liB";;;;;;; 2s9 11Qs (x+h) -Qs (x) I +

{
00

}
 9

+ 2 2s911Qsll <8+8=28, Ihl< ,

eCJlH B3RTb N )I.OCTaTOIlHO 60JIblll1fM, a 3al'eM Y2Ke nO)I.o6paTb )I.OCTa-
TOIlHO MaJloe 6.

OpliMellaHlie. B (I) H (2) MomHO 3aMeHHTb p Hap=(ph'"
..., Pn) (I,,;;;;;;; PI < co), nOTOMY liTO 3TH COOTHOIIIeHHR BepHbI, B lIaCT-

W il
( B'I '

- 1HOCTII, MR KJlaCCOB
XI' PI Rn), xI' P, (Rn), 1- , ...,

n.

5.6.6. Opll YCJlOBIIH, liTO I,,;;;;;;; a, P < co, g c. Rn - OTKpblroe MHO-

2KecTBO, gN = g (Rn - VN), r)I.e VN - IIIap C UeHTpOM B HYJleBOH TOIlKe

pa)I.lIyca N, u f E B 9(g) = B (g), HMeeT MeCTO

ilfIIB(gN)-+O (N-+co). (I)
8 C. M. HBKO.IIbCKHIL
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Eho BII)I;HO 113 Onpe)l;eJIeHIIH HOpMbI . liB, HanpHMep, B <POpMe 4.3.4 (2)
(p=O, k 2):

/a:>

)
1/0

211 f [1 =' r t-l-0rQ (f t)! (gN )
dt __0

b
r

p (gN) \ J m' p
o ,u

(N __ 00).

Be)l;b f E Lp (g), n03TOMY Q m(j, tkp(gN) KOHellHa npll JII060M t II

CTpeMIiTCH K HYJIIO, MOHOTOHHO y6bIBaH, npll N -- 00, II M02KHO

npllMeHIITb TeOpeMy JIe6era 0 npe)l;eJlbHOM nepeXO.ll.e nO.ll. 3HaKOM

IIHTerpaJIa.



r.nABA 6

TEOPEMbI BJIO)l(EHH5I PA3HbIX METPHK H H3MEPEHHA

6.1. BBe)J.eHue

HaqHeM C Toro, qro npHBe)J.eM CPOPMYJIHpOBKY TeopeMbI BJI02Ke-

HHH C. n. C060JIeBa [3] C nOCJIe)J.YlOI.qHMH )J.onOJIHeHHHMH B. H. KOH)J.-

pawoBa [1] H B. n. HJIbHHa [2] *). npHMeHH'reJIbHO K npocTpaH-
CTBY Rn HerO Koop)J.HHaTHOMY nO)J.npOCTpaHCTBY Rm (1 m n)
3Ta reopeMa rJIaCHT:

ECllU cPYHK[fUfl f E W (Rn) U

O<.p=l
n m

p + p"
1 <p<p' <00, (1)

mo **)

w (Rn) W ](Rm), (2)

eae [p] - t{e.lzafl f.laCmb p. .9mo 3Ha1./Um. limo cyU{ecmeyem C/lea cPYHK-
[fUU fiR =!'p. npUHaalleJlcaU{UU K K/laccy W ](Rm) , U ebtnO/lHflemCfl

m

HepaeeHcmeo

 !'pIlw ](Rm) C II t ff w (l n)'
eae C He 3aeucum om f **).

nOHHTHe CJIe)J.a f 6Y)J.eT 06'bHCHeHO B

CKa2KeM, qTO BO BCHKOM CJIyqae, eCJIH f
CJIe)J.OM Ha Rm Ha3bIBaeTCH <PYHKl HH tp

1I.HeH f Ha Rm.
B qaCTHOCTH, npH m  "'"n H3 (2) CJIe)J.yeT «qHCToe» BJI02KeHHe

pa3Hblx MeTpHK:

(3)

)J.aJIbHeHWeM, a nOKa MbI

HenpepbIBHa Ha Rn' TO ee

fiRm' HH)J.Y1I.HpyeMaH CPYHK-

w (Rn) W  ](Rn), ( 4)

*) CM. 3aMe1JaHHe B KOHue K HHrH K 6.1.

**) 06lUaH reopeMa C. .n. C060JIeBa MOJKeT 6bITb 3anHcaHa B BH,!\e <P<>PMYJlbI
(2), r,!\e Ha,!\o 3aMeHHTb Rn, Rm COOTBerCTBeHHO Ha g, Am =Rmg H CqHTaTb, qTO

II eCTb 06JIaCTb 3Be3,!\HaH OTHOCHTeJlbHO HeKoToporo n-MepHoro illapa.

8*
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YTBep2K)J.alOIlI,ee, liTO eCJlII f E W (Rn), TO f E w q](Rn) H

f I! W  ](Rn)
C II f i!w (Rn) (5)

lIPH YCJlOBHH, liTO BbmOJlHHeTCH (I) (npH m = n).
TeopeMbI BJlO2KeHHH C. JI. C060JleBa 6y,n:YT ,n:OKa3aHbI B rJlaBe 9.
B ,n:aHHOH: 2Ke rJlaBe MbI c06HpaeMcH paccMoTpeTb YKa3aHHble Bon-

pOCbI ,n:JlH KJlaCCOB B o(Rn), B lIaCTHOCTH (npH a = 00) KJIaCCOB

H;(Rn). BnpolleM, H3 nOJlYlleHHblx B 3TOH: rJlaBe Teo'peM, B lIaCT-

HOCTH, 6y,n:YT CJle,n:OBaTb C<PoPMYJlHpoBaHHble BbIIlIe TeopeMbI B CJlYlIae,
Kor,n:a p> 0 - Heu,eJlOe, " Tor,n:a, KaK MbI YBH,n:HM, OHH BepHbI npH
60Jlee IlIHpOKHX YCJlOBHHX: 1 P p' 00.

DpHBe,n:eM Y2Ke ceH:lIac xapaKTepHYlO TeopeMY BJlO2KeHHH pa3HbIx
MeTpHK, KOTopaH, B lIaCTHOCTH, 6y,n:eT nOJlYlIeHa B :noA rnaBe:

B o(Rn)-+ B 'o(Rn)' (6)
eCJlH

I p < p' 00, I a 00, p = r - n ( - pI, ) > O. (7)

TaKHM 06pa30M, eCJIH CPYHKU,HH f npHHa,n:JleRmT K JIeBoMY KJlaccy (6),
TO OHa npHHalJ:.Tle2KHT H K npaBOMY KJlaccy H, KpOMe Toro, BbmOJI-

 HeTCHHepaBeHCTBO

IIfllBP (R )  cllf[IBr (R )
'

p'O n pO n

rl]:e c He 3aBIICHT OT f.
XapaKTepHaH (npHMaH) TeopeMa BJI02KeHlIH pa3HbIX

KOTopaH 6Yl]:eT ,n:OKa3aHa B 3TOH: rJlaBe, 3anHCbIBaeTCH

06pa30M:

(8)

H3MepeHHH:,
CJIe,n:YlOI1J,HM

B;o(Rn) -+ B o(Rm), (9)
r,n:e

1
n-m

I  p,a oo,  m<n,p=r-->O.
p

OHa YTBep)K,n:aeT, liTO npH YCJlOBHHX (10), eCJlH 3a,n:aHa Ha Rn
CPYHKU,HH f KJlaCCa B o(Rn)' TO OHa HMeeT CJlel]: cp Ha Rm, npHHa,n:-
Jle)KaI1J,HH: K KJlaccy Bgo (Rm), H BbInOJIHHeTCH HepaBeHcTBo

IICP//BP (R )  cllfIlBr(R )
'

pO m pO n

rl]:e c He 3aBHCHT OT f. .

HepaBeHCTBO (11) Ba)KHO ,n:JlH npHJlO)KeHHH:, OHO YKa3bIBaeT
Ha onpe,n:eJleHHYlO (YCTOH:IIHBYlO) 3aBHCHMOCTb HOpM CJle,n:OB CPYHKU,HH: f
OT HOpM f.

T opeMbIBJlO)KeHHH pa3HbIX H3MepeHHH: ,n:JlH KJlaCCOB B oxapaK-
TepHbI TeM, qTO OHM nOJlHOCTblO 06paTHMbI. DpHBe,n:eM B KalleCTBe

(10)

(II)
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npHMepa TeOpeMY, 06paTHYlO TeopeMe (9). OHa 3anHCbIBaeTCH CJIe-

.lI.YlOr.qHM 06pa30M:
B e(Rm)-+ B;e(Rn) (12)

(npH YCJlOBHHX (10)) H IIHTaeTCH TaK: KQJlCiJOU CPYHK4UU !p, onpeiJe-

AeHHou Ha Rm U npuHaiJAeJICaU{eu K KAQCCY B e(Rm), MOJICHO npu-

8ecmu 8 coom8emcm8ue ee npoiJoAJlCeHUe HQ Rn - CPYHK4U1O f E B;e(Rn)-
maK, f.lmo f IR =!p U

m

littlBr (R )  cll!pI!BP (R )
'

pe n pe m

(13)

ziJe C He SQeUcum om !p.

BOJIee 06r.qHe TeopeMbI BJI02KeHHH pa3Hblx H3MepeHHH, KOTOpb1e
HaH,'I,eT IIHTaTeJIb B ,rr,aHHoH rJIaBe, TaK)J(e COOTBeTCTBeHHO 06par.qalOTcH.
Eho nOKa3bIBaeT, B IIaCTHOCTH, HeYJIYIIIlIaeMocTb 3THX TeopeM. LITO

2Ke KacaeTCH TeopeM BJI02KeHHH pa3HbIX MeTpHK, TO OHH T02Ke HeYJIYIIIlIa-
eMbI (B TepMHHax, B KOTOpbIX OHH BbICKa3bIBalOTCH); 3TO ,rr,OKa3bIBaeTCH

B CJIe.ll.YlOr.qeM rJIaBe. TaM 2Ke IIHTaTeJIb npoIITeT 0 He!\OTopbIX HHTe-

pecHblx TaK Ha3bIBaeMbiX TpaH3HTHBHbIX CBoMcTBax TeopeM BJI02KeHHH.

LI.aHHYlO rJIaBY MbI HaIIHHaeM C YCTaHOBJIeHHH npdcTeilIlIHx CBH-

seM Me2K.lI.Y KJIaCcaMH \\I', H, B, Bblpa2KaeMbIX npH nOMoIIJ.H BJI02Ke-

HHiL

3,rr,ecb MbI OTMeTHM TOJIbKO CJIe,rr,YlOr.qHe CBH3H:

H
r + B

W
r

H
r

( 0 0 1 )p
-+

P
-+

P e>, r =
, ,. ..

, (14)

BTopaH H3 KOTOpbIX HaM Y2Ke f!3BeCTHa.

113 (14), (6) H (9) CJIe.ll.yeT (p = l- ; + ;' > 0 - HeI1.eJIOe ) :

(
I 1

)1 1 l-n - - -

P [p]Wp (Rn)-+Hp (Rn)-+H
p

'
p p' (Rn)-+Hp.(Rm)-+Wp

' (Rm) , (15)

T. e. (2).
LLJIH KJIaCCOB H (Rn) TeopeMbI BJI02KeHHH pa3HbIX MeTpHK H

H3MepeHHM TaK 2Ke KaK 06paTHbIe TeopeMbI BJI02KeHHH pa3HbIX
H3MepeHHH, ,rr,OKa3aHbl C. M. HHKOJIbCKHM [3] MeTo,rr,al'vnI npH6JIH-
2KeHHH I1.eJIbIMH <PYHKI1.IIHMH 3KCnOHeHI1.HaJIbHorO THna. OHH 0606-

r.qeHbI O. B. BeCOBblM [2], [3] Ha BBe.ll.eHHble HM KJIaCCbI B e(Rn)
(H = B ro). O. B. BeCOB TaK2Ke 6a3HpOBaJICH Ha MeTo,rr,e npH6JIH.
2KeHHH I1.eJI bIMH <PYHKI1.HHMH 3KCnOHeHI1.HaJIbHOrO nma. HeKOTopbIe
TeopeMbl BJI02KeHHH pa3HbIX MeTpHK ,rr,JIH O.ll.HOMepHbIX KJIaCCOB H;
6bIJIH H3BeCTHbI Xap.ll.H H JIHTTJIBY.lI.Y [1]. LI.JIH60JIee 06r.qHX KJIaC.

COB H (Rn) (Pi' Boo6r.qe rOBOpH, pa3JIHIIHbIe) TeOpeMa BJI02KeHHH

pa3HbIX H3MepeHHH TaK2Ke .lI.OKa3aHa C. M. HHKOJIbCKHM [10] MeTO-

.lI.aMH npH6JIH2KeHHH. 3aTeM OHa 0606r.qeHa Ha KJIaCCbI B;e B. n. I1JIbH-
HbIM H B. A. COJIOHHHKOBbIM [1], [2], HO Y2Ke .lI.PYfHMH MeTO.lI.aMH.
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HmKe MbI BClO.n.y npH .n.OKa3aTeJIbCTBe 6a3HpyeMcfI Ha MeTO.n.aX

npH6JIH2KeHHH, B TOM IIHCJIe H npH paCCMOTpeHHH YKa3aHHOH TeO-

peMb1 .n.JIfi 06III.HX KJIaCCOB B;e *).

6,2. CBH3U MeJK.n.y KJlaCCaMH B, H, W

<I>YHKIl,HH 9THX KJIaCCOB MbI 6y.n.eM paccMaTpHBaTb Ha Il,HJIHH.n.pH-
qeCKoM H3MepHMoM MH02KeCTBe =

m x '(1 m n, U = (Xl' ..,

...,
Xm), W=(Xm+1, ..., xn)).

nOJI02KHM .n.JIfi KpaTKocTH

B pe( )=B e.H p( )= H .W p( )= W ,

 f!!Lp(&)=  fII, r> 0, 1 a 00.

I1MelOT MeCTO BJIQ)!{eHHfI (r = f + IX, ° < ex 1, r - Il,eJIoe)

B;I-+ B;e -+ B;fJ' -+ B;co = H; (1 a < a' 00), (1)

w -+ H; (r = 1, 2, . ..), (2)

H;+B -+ B;e -+ H (8) 0), (3)

H;-+W (p=o, 1, ..., r), (4)

B;t
B
-+ B;e (8) 0). (5)

BJI02KeHHfI (1) nOKa3bmalOT, liTO npH B03paCTaHHH a KJIaCCbI B;e
paCllmpfllOTCfI. 1I.oKa38TeJIbCTBO (1) Henocpe.n.CTBeHHO BblTeKaeT !f3

TOro, liTO (CM. 5.6 (6), (7)) CPYHKIl,HH f E B;e M02KeT 6bITb onpe.n.e-
JIeHa KaK CYMMa cxo.n.HIII.erOCH K HeH B CMbICJIe Lo pH.n.a

00

f = Qs.
5=0

(6)

qJIeHbl KOToporo CPYHKIl,!f!f Qs - Il,eJIble ccpepHlIeCKoro THna as (a> 1)
no U TaK, liTO (CM, 5.6 (27))

 nB;e
=( asre II Qs  efe (a> 1). (7)

Be,n;b npH B03pacTaHHH a npaBaH lIaCTb (7) y6blBaeT (CM. 3.3.3),
113 Il,enOIlKH (1) BH.n.HO TaK2Ke, liTO npH cpHKCHpOB8HHblX r H p

cHaHxy.n.IlIHM» KJIaCCOM HBJIHeTCH KJIaCC H; H «HaHJIYIIIlIHM» B I'
BJI02KeHHH (3), !f3 KOTOpblX CJIe.n.yeT, liTO

B'+B B
'

B
,-e

pe' -+ pe -+ pe-

*) CM. T. 11. A M a HOB [3J.
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,n:JIH mo6bIx I e', e, e" 00, KaKHM 6bI MaJIbIM HH 6bI.T10 B> 0,
nOKa3bIBaIOT, 'ITO K.T1aCC B o6o.T1ee cy ecTBeHHo 3aBHCHT OT "

HeMe.T1H OT e. BTopoe BJIOMeHHe (3) YMe ,n:OKa3aHO B (I). IlYCTb
f E H;+e; Tor.na

II t IIHr+e = sup a
s (r+8) II Qs II = M < 00,

p s

n03TOMY

{
00

}
I 

IltllB;o s o(a
sr as eJ)O  cM,

r.ne c He 3aBHCHT OT M, oTKy.na C.T1e.nyeT rrepBoe B.T10MeHHe (3).
B.T10MeHHe (5) BbITeKaeT H3 Toro, 'ITO rrpaBaH 'IaCTb (7) B03pacTaeT
BMeCTe C ,. Ha.no HMeTb B BH.ny, 'ITO ,n:.T1H .naHHoro '0> ° .n.T1H Bcex

,< '0 <PYHKU:HH Qs MOMHO C'IHTaTb O.nHHMH H TeMH Me (CM. 3aMe-

'IaHHe B KOHu:e 5.6).
BJIOMeHHe (2) C.T1e.nyeT H3 HepaBeHcTB (h E Rm):

d tCr) (x) II 2k
-1 dht(r) (x) [I 2k

- 1 I h I a t(r) (x) < I h I f(r) I

(r = , - I),

r.ne cYMMa pacrrpocTpaHeHa Ha Bce rrpoH3Bo.nHbIe f(') OT f rropH.nKa r.

113 (I) H (4) C.T1e.nyeT, 'ITO

B;o -+ H -+ W (p = 0, I, ..., r).

.l1..T1H aHH30TporrHbIx K.T1aCCOB

B po(6") = B;o, H p(6") = H p,W p(6") = W 

HMeIOT MecTO BJIOMeHHH (p = (PI, ..., Pn»

B l-+ B;o -+ B O'-+ B;oo = H;, I e < e' < 00,

W -H (p-u:e.T1bIH BeKTop),

H,+e
B

'
H

'

( 0 0)p
-+

pO
-+

P
B > ,

T. e. Bj > ,

B;te -+ B;o (r> 0),

B;o-+H;-+ W (p<r, p-u:e.T1bIH: BeKTop).

(8)

(9)

(10)

(11)

(12)

(13)

OHH aHaJIOrH'IHbI BJIOMeHHHM (I) - (5), (8) H HeMe.n.T1eHHO H3 HHX

CJIe.nYIOT. ECJIH P = PI =... = Pn, TO BCIO.ny p 8aMeHHeTCH H8 p.
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6,3. BJ10}l{eHHe pa3Hblx MeTpHK

HMeeT MeCTO *)
, "

Bpe (Rn) -+ Bp'e (Rn), (I)

eCJIH BbIlIOJIH5HOTC5I CJIe.n:YIO He YC.T10BH5I:

1 p < p' 00, 1 e 00; (2)
n

X = 1 - ( - ) V > 0
p p'  " '

I

(3)

r'=xr. (4)

(Mbr CqHTaeM, qTO r> 0.)
B qaCTHOCTH, eC.T1H yqeCTb, qTO B (Rn) = B;'

.... r

(Rn) (CM. 5.6.2),
HMeeT MeCTO

, "

Bpe (Rn) -+ Bpe (Rn) (1 ')

npH YCJIOBH5IX
1  p<p' oo,

(
I l

)
n

x = 1 - - - - - >0
p p',

,

r'=xr.

(2')

(3')

(4')

HanpHMep, npH p' = 00 H

r'=r-n ( - ) =r- >Opoop
,

B;e (Rn) -+ B;;'e (Rn) -+ H (Rn)

H, CJIe.n:oBaTeJIbHO, eCJIH <PYHKLI:H5I t E B;e (Rn), TO OHa HenpepbIBHa
H OrpaHHqeHa Ha Rn BMeCTe CO CBOHMH qaCTHblMH npOH3BO,!{HbIMH

nop5l.n:Ka, MeHbllIero qeM r'. DO.T1bllIe Toro, eC.T1H, HanpHMep, r' =
= p+ a, p

- LI:eJIoe H 0 < a < 1, TO npOH3BO,!{Hble f(p) nop5l.n:Ka p
y.n:OBJIeTBOp5lIOT Ha Rn YCJIOBHIO J1HnIlIHLI:a CTeneHH a.

.l1.oKmKeM (1). nYCTb B, B' COOTBeTCTBeHHO 0603HaqaIOT nepBbrit
H BTOpoii KJIaCCbI (1) H Hip = II. \\Lp(Rm)' 3a.n:a.n:HM <PYHKLI:HIO t E B

H qHCJIO a> 1. <I>YHKLI:HIO t MO)KHO npe.n:cTaBHTb B BH.n:e p5l.n:a
00

t = Qs,
5=0

(5)

*) C. M. H H K 0 JI be K H A [3], CJJY1Jaif H; (Rn) =B;oo (Rn); O. B. Bee o.

12], [3], CJJY1Jaif 1.:;;6<00; AJiH HeKoTopblX oAHoMepHblx KJlaCCOB H;-XapAIi
. JIHTTJlBYA [I].
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tI.T1€Hbl KOTOpOrO Q.s - lI:€.T1b1€ TlHIa as/rt rro Xj (f = 1,
 lflf, If rrplf 9TOM

HI1B=( aos\IQ.sII:ro<00 (a> 1).

.lI.JIH CPYHKlI:lfH Q.s BbIITOJlHH€TCH H€paB€HCTBO pa3Hblx M€TPlfK (3.3.5 (1))
Q.s lip' 2na(1-x)s II Q.s!Jr,

... , n) CPYHK-

(6)

n09TOMY

(
00

)
1/0

(
00

)
1/0

\

aOxs Ii Qs Ii:, -< aOs II Qs II: = I] f  B'

Ho eC.T1H rr0.T10RUITb aX = b (b> I), TO rrOJIY'IHM H€paB€HCTBO

,00

)
1/0

( bOs (II Qs rlD')o -< f [s, (7)

r.n:€ Qs - lI:€JIbl€ TI!ITa b
S/fj rro Xj' 113 H€rO C.T1€.lJ.Y€T, 'ITO pH.n: (5)

CXO.n:lfTCH B l\I€TPHK€ Lp' If rrplf 9TOM K f, rrOTOMY 'ITO OH CXO.n:HTCH

Y)K€ K f B M€TPIIK€ Lp (CM. (1.3.7)). DOJIblll€ Toro, 1f3 (7) C.T1€.n:Y€T,
tITO f E B' H JI€BaH 'IaCTb (7) €CTb Ilf\1B" Mbl .n:OK,a3a.T11f tITO

Ii f \\13, -< 11 f liB,
If BJlO)K€HIf€ (I) .n:OKa3aHO.

B .n:aHHOM cJlYtIa€ YCJIOBlfH (2') - (4') 9KBlfBa.T1€HTHbl CJI€.n:YlOli.{lfM:

,

0 1 ' n, n
r, r >,  p<p oo,r--=r -,.

p p

n
B HlfX cym€CTB€HHO ,BXO.n:lfT B€JlHtIlfHa r -

p' KOTopaH .n:OJl)KHa

6b1Tb IfHBaplfaHTHoH, tITo6bl MO)KHO 6b1JIO rapaHTlIpoBaTb B.T10)K€HIf€.
B 06li.{€M c.T1Y'Ia€ rro 9TOMY rroBo.n:y CM. 7.1.

3aM€THM, 'ITO B (I) HeJIb3H 3aM€HHTb Rn Ha Rnxtff', TaK KaK

B 9TOM cJlY'Ia€ H€T H€paB€HCTBa, rrO.lJ.06HOrO (7). .lI.a If no cym€CTBY
9TO H€Jlb3H, 'ITO JI€rKO o6HapY)KIITb Ha rrpHM€pax.

6.4. CJle.ll. (jJYHKlI:HH

<I>YHKlI:lfH f, rrpIdHa.n:.T1€)KamaH K TOMY IfJIH IfHOMY KJIaccy B (Rn) ,

W (Rn), orrp€.n:€.T1€Ha Ha Rn TO.T1bKO C TOtIHOCTblO .n:o MHO)KeCTBa

n-M€pHOH M€Pbl HY.T1b 1f.T11f, KaK Mbl €li.{€ 6y.n:€M rOBopldTb, C TOtI-

HOCTblO .n:o 9KBHBa.T1€HTHOCTH OTHOClfT€.T1bHO Rn IfJIIf B CMblCJI€ Rn. no-
ITOMY CJI€.n: CPYHKlI:1f 1f f

f tRIA = <p = <P (Xl> ..., Xm) (I)
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Ha KaKOM-JIH60 rrO.n:rrpOCTpaHCTBe R.m c: R. n (m < n), He HMeeT CMbICJIa,
ecJIH ero rrOHHMaTb 6YKBaJIbHO.

HH)Ke Mbl ,!{aeM orrpe,!{eJIeHHe CJIe,!{a <PYHKLI:HH f Ha R.m . rrpHBO-
J1.flIIJ.ee K e,!{HHCTBeHHOH <PYHKLI:HH cP C TOqHOCTbIO ,!{O 3KBHBaJIeHTHOCTH

OTHOCHTeJIbHO R.m .

By.n:eM 0603HaqaTb Ka)K.n:yIO TOqKY X E R. n B BH,!{e rrapbI X =

= (u, W), r.n:e u = (Xl> ...,
Xm), W = (Xm+1, ..., Xn), H rrYCTb R.m (w)

eCTb m-MepHoe rro,!{rrpOCTpaHCTBO TOqeK (u, w), r,!{e W <PHKCHpOBaHO,
a u rrpo6eraeT BceB03MO)KHble 3HaqeHH5I. B qaCTHOCTH, rrycTb
Rm (0) = R.m .

nYCTb f (x) - H3MepHMa51 Ha R.n <PYHKLI:H5I.
EydeM eOBopumb, 'imo CPYHKl{Ufl

cP = cP (u) = fiRm (2)
ecmb CAed f Ha R.m, eCAU f MOJICHO BUdoU3MeHumb Ha MHOJICeCmBe

n-.ttepflOU Mepbl f-iY/lb maK, 'imo nOC/le Bmoeo npu fleKomopOM p,
1 p 00, 6ydym BblnO/lflflmbCfl C/ledYIOU{ue CBoucmBa:'

1) f (u, w) E Lp (Rm (w)), I W I < 8,

2) f (u, 0) = cP (u),
3) Ilf(u, W)-cp(U)!!Lp(Rm(W»)-+O, Iw 1-+0,

2de () docmamO'iHO Ma/lO.

nOKa)KeM, qTO orrpe.n:eJIeHHbIH TaKHM 06pa30M CJIe.n: f Ha Rm
 ,!{HHCTBeH C TOqHOCTbIO ,!{O 3KBHBaJIeHTHOCTH B CMbICJIe Rm.

B caMOM .n:eJIe, rrYCTb y.n:aJIOCb HaHTH ,!{Ba BH,!{OH3MeHeHH5I fl H

'2 <PYHKLI:IIH f Ha MHO)KeCTBe n-MepHOH MepbI HYJIb H TaKHe qHCJIa PI

H P2 (l  Pl P2 00),qTO .n:JI5I f1> CP1> PI H f2. CP2' P2 OT,!{eJIbHO

BblITOJIH5IIOTC5I COOTHOrneHlI5I 1) - 3), H rrycTb geRm
-

rrpOH3BOJIb-
Hoe OrpaHHqeHHOe OTKpbIToe MHO)KeCTBO. Tor,!{a

]CP2 (u) - CPl (u) liLpl (g) II CPl (u) - ft (u, w) IILpl (g) +

+llfdu, W)-f2(U, W) LPI(g)+c f2(U,w)-cp2(u)I!Lp,(g)J (3)

r.n:e C - KOHCTaHTa, 3aBHC5IIIJ.a51 OT MepbI g. <1>YHKLI:HH ft H f2 3KBH-

SaJIeHTHbI B CMbICJIe Rn, rI03TOMY

If1 - f2\pl du dw = 0

Rn

H no TeopeMe <1>y6HHH rrOqTH }I.JI5I Bcex W

1ft - f2!PI du = O.

Rm(tII)

Ho H3 MHO)KeCTBa TOqeK w, .lI.JI5I KOTOpblX BbIITOJIH5IeTC5I 3TO paBeH-

 TBO, MomHO Bcer.n:a Bbl6paTb rrOCJIe.n:OBaTeJIbHOCTb WlJ w2 , ".

C L'ZIIk I o. npaBa51 qaCTb (3), Kor.n:a W rrpo6eraeT 3TY rrOCJIe,!{o-

B8TeJIbHOCTb, cTpelllHTCR K HYJIIO, HO TOr.n:a JIeBa51 qaCTb paBHa

uymo, H TaK KaK geRm npOII3BOJIbHO, TO CPl
= CP2 Ha R.m .
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HeTpy,n:HO BH,n:eTb, qTO eCJlH <PYHKLlHH f He TOJlbKO H3MepHMa Ha RII 
HO H HerrpepbmHa B n-MepHOH OKpeCTHOCTH Rm, TO ee CJIe,n: <p C TOq-

HOCTbIO ,n:o 9KBHBaJIeHTHOCTH B CMbICJIe Rm COBna,n:aeT co CJIe,n:OM ,
Ha Rm B 06blqHOM nOHHMaHHH 9Toro CJIOBa. 3aMeTHM ,n:aJIee, qTO
eCJIH ,n:JIH ,n:BYX H3MepHMbIX <PYHKLI:HH flo f2 B03MO)l{Ha npH HeKOTO-

pOM p orrpe,n:eJIeHHaH BbIIlle OrrepaLI:HH B3HTHH CJIe,n:a (2), KOTOpylO
MbI elLJ.e 0603HaqHM TaK:

<p
= A (f) = fiRm'

TO OHa B03MO)l{Ha TaK)Ke ,n:JIH JII060H JIHHeHHOH KOM6HHaLlHIf

cdl + c2f2'

r,n:e Cl, C2
-

npOH3BOJlbHble ,n:eHcTBHTeJIbHbIe qHCJIa H HMeeT MeCTO

paBeHcTBo

(4)

A (cd1 + cd2) = cIA (fl) + C2A (f2)'

TaKHM 06p.a30M, MHO)KeCTBO Bcex H3MepHMblx <PYHKLI:HH f, ,n:JIH

KOTOpbIX OnepaLI:HH (4) npH HeKoTopoM p B03MO)KHa, JIHHeHHO H (4)
eCTb onpe,n:eJleHHa51 Ha HeM JIHHeHHaH OnepaLI:HH (onepaTOp). KaK

6y,n:eT BH,n:HO H3 ,n:aJIbHeHillero, <PYHKLI:HH KJIaCCOB B;s H W; np"
COOTBeTCTBYIOlLJ.HX 3HaqeHH5IX rrapaMeTpoB p, r HMeIOT CJIe,n:bI Ha Rm
B YKa3aHHoM BbIIlle CMbICJIe.

fIYCTb 06JIaCTb g c Rn H g' C g, TaK qTO, B qaCTHOCTH, g'
MO)KeT 6bITb rpaHHLI:eH g. fIycTb ,n:aJIee Ha g' onpe,n:eJIeH KJIaCC

<PYHKLI:HH  )1. 3a,n:a,n:HM Ha g <PYHKLI:HIO f If ,n:onycTHM, qTO OHa

HMeeT Ha g' cJle,n::

<p = f !g',

npHHa,n:JIe)KalLJ.HH: K W1. Tor,n:a MbI 6y,n:eM He TOJlbKO nHcaTb: <p-
1= fig' E Wl, HO H f E 9)1.

6.5. BJlOlKeHHS1 pa3HblX H3MepeHHH

HMeeT MeCTO *)
r r'

Bps (Rn) -+ Bps (Rm) (1)

npH YCJIOBHHX
o m < n, 1  p,e  oo, (2)

n

I
x= 1--

p
v  >O
.i.J'j

,

/=m+1

(3)

,

(
' ,

)r=flo...,fm , f; == Xf,. (4)

') C. M. H H K 0 JI be K H ii [3], cJlY'Iaii H; = B;co; O. B. 5 e COli [2}. [31.
CJlY4aii I e < co.
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3 eCbRm 0603HaqaeT m-MepHOe nO npOCTpaHCTBOTOqeK

JC -= (a, y) -= (Xl, ...,
Xm , Xm+1, ..., Xn),

a = (Xl, ..., Xm), y"'" (Xm+l, ..., Xn), r ey <PHKCHpOBaHO. DYCTb
B, B' - COOTBeTCTBeHHO nepBbIH H BTOpOH KJIaCCbI B (1) M . 11m =
= 11'I\Lp(Rm)' BJIo»<eHHe (1) YTBep»< aeT,qTO BCHKaH <PYHKIJ.HH f E B

HMeeT CJIe 

fiR = qJ E B' ,
m

H BbIIIOJIHHeTCH HepaBeHCTBO "')

qJ [!H, c f liB,

r eC He 3aBHCMT OT f.
B cJIyqae, eCJIH m = 0, npe IIOJIaraeTCH, qTO

B  (Ro) = B;;', e (Rn).

T8KHM 06pa30M, B 3TOM cJIyqae pe% H eT0 BJIo»<eHHH B pa3HbIx
MeTpHKax (OT p K p' = 00), OHO y»<e  OKa3aHOB 6.2.

ECJIH yqeCTb, qTO B (Rn) = B '
..., ,

(Rn), B; (Rm) = B '....
,

(Rm),
TO H3 (1), B tIaCTHOCTH, CJIe yeT, tITO

B e(Rn) -+ B; (Rm) (1')

npM YCJIOBHHX

O m<n, 1  p,e oo, (2')

x= I- >O (3')rp
,

"=,x=r- . (4')
p

nepexo HM K  OKa3aTeJIbCTBY npH 1 m < n. <I>YHKIJ.HIO f E3

E B;e (Rn) IIpe CTaBJIHeMB BH epH a

00

f = Qs (5)
o

<PYHKIJ.HH: IJ.eJIbIX TUIIa as/'j (a > I) no xI (j = I, ..., n) C HOpMOA

 f =( ase( Qs n)er/e. (6)

11/IH Qs npHMeHHeM OIJ.eHKY (3.4.2 (1»

Qs tn..o;;; 2n-masll-XJ Qs r,

*) rtPH HexOTOpblX orOBopX8X HUeeT uecro Oonee 'l'()qHoe HepaBeHCTDO I' I.,
IIIO;cBflb (CM, 7.2 (10) H (11».
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oTKy.n:a

(
CO

)
I/B

(
00

)
I/B

aBxs ,II Qs IJm)B <: a
sB  IQsIln)B = f  B'

nOJIaraH aX = b (b > 1). rrOJIyqHM

( bBs GI Qs l]m)B)
liB

<: II f liB (Qs
= Q s/r s/r'm) '

b. ,.... b
(7)

8T0 HepaBeHCTBO. B qaCTHOCTH. rrOKa3bIBaeT, qTO pH.n: (5) CXO.n:UTCH

rrpH JII060M <PHKCHpOBaHHOM y B CMblCJIe Lp (Rm) rro a = (Xlt . . .
,
xm)

K HeKOTOpOll: <PYHKU:HH fdx) = fda, y) E Lp (Rm). Ho Tor.n:a fl =1
rrOqTH BCIO.n:y B CMbICJIe n-MepHOll: MepbI (CM. 1.3.9).

B CHJIY HepaBeHcTBa (7) fl (a, y) E B' rrp" m060M y

II fda, y) liB' <: /I f /lB' (8}
KOHCTaHTa B 9TOM HepaBeHCTBe He 3aBHCHT OT y.

ECJIH 6y.n:eT .n:oKa3aHo, qTO ft (a. y) eCTb CJIe.n: f Ha Rm rrpH
JiI060M y, TO BMeCTe C HepaBeHcTBoM (7) 9TO rrpHBo.n:HT K Tpe6ye-
MOMY BJIO)KeHHIO (1). TaK KaK (CM. 6.1 (14»

B = B B(Rn) -+ H (Rn),
TO

II Qs fin < a-So (9)

npHpa emIeQs (x) B CBOIO oqepe.n:b eCTb u:eJIaH <PYHKU:HH Tlma

as!'1 rro Xj (j= I, .... n), rr09ToMY Ha OCHOBaHHH 3.4.2 (1),3.2.2 (7)
" 4.4.4 (2)

S (I-X+ )III1XjhQs li
m ,,::; 2n-

m
a
d1-X )

Ii I1xihQsiin,,::; 2
n -m

a rJ 11 Qs  nI hi.

CrrpaBe.n:JIHBO HepaBeHCTBO

Ill1Xjhfllim ,,::; (J + (J ,

r.n:e
 -I

(J = L: ill1x;hQs 11
m

.

a

co

(J = L: ill1x/hQs 11
m

.

3a.n:a.n:HM qHCJIO h C I hi,,::; 1 H rro.n:6epeM u:eJIoe JA. TaK, QT06bI

a- /ri<lhl,,::;a-( -J)/rJ. (to)
Tor.n:a (CM. (9»

 -I

(
I

)
 -I

(J ,,::;2n
m as l-x+'j-IIQs\\nlhl<lhl '\1 , (11) a

a a
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r.n:e
I

<')=X--.
'i

ECJIH <') < 0, HHaqe rOBopH, eCJIH rl = rjX < 1, To

(J <: I h II a-J111 I <: I h ITI,
a eCJIH <') > 0, T. e. eCJIH 1 < rl, TO

(J <:lhl.

DplI <')=0, T. e. rl=1

(J <: I h I f-t <: I h Illn I h II.

C .n:pyroH CTOpoHb1,

CD CD
CD

(J  2 II Qsllm <: a
s \l-X) II Qs I!n <:! a s<:a-XJ1 <: I h(l. (12)

J1 J1 J1

113 rrOJIyqeHHbIX OLI:eHOK, OqeBH.n:HO, CJIe.n:yeT, qTO *)
( O(lhl J),

IItlxihf1 (x) jjm=J 0 (I h IJln Ih 11),

l 0 (I h I),

o < r; < 1,

r; = 1,

r; > 1.

(13)

npaBbIe qaCTH (13) cTpeMHTcH K HYJIIO BMeCTe C h, n09TOMY
f1 (u, y) eCTb npH JII060M y CJIe.n: f (u, y).

nO.n:qe{JKHeM, qTO Hcxo.n:HaH <PYHKLI:HH f (x) = f (u, y) 6bIJIa H3BeCTHa
C TOqHOCTbIO .n:o MHO)KeCTBa n-MepHoH MepbI HYJIb, n09ToMY paccMaT-
pHBaTb ee KaK <PYHKLI:HIO OT U rrpH <PHKcHpoBaHHoM Y He HMeeT

CMb1CJIa. Bbl111e 6blJI YKa3aH crroco6 rrOJIyqeHHH CJIe.n:a <PYHKLI:HH f E B.

.l1.JIH noro Ha.n:o f pa3JIO)KlITb B pH.n: (5) C KOHeqHOll: HOpMOH (6) H

sa<pHKcHpoBaTb Y B ero qJIeHax Qs. Tor.n:a rrOJIyqeHHblH pH.n: <PYHK-
LI:HH OT U CXO.n:HTCH B CMblCJIe Lp (Rm), HMeHHO K cJIe.n:y f1 (u, Y)
<PYHKLI:HH f.

06bIqHO B HepaBeHcTBax TaKoro po.n:a, KaK (13), Bce )Ke rrHlllYT
t BMeCTO f1, rrOHHMaH 9TO B TOM CMbICJIe, qTO f MO)KHO BH.n:OH3Me-

HUTb Ha MHO)KeCTBe n-MepHOll: MepbI TaK, qTO rrOCJIe noro .n:JIH JIIO-

60ro Y HMeeT MecTO (13) H npHToM c. KOHCTaHTOll:, He 3aBHCH ell:
OT y.

6.5.1. n p H Me II a H H e. BJIO)KeHHe 6.5 (1) OCTaeTCH BepHblM rrpH
Tex >Ke YCJIOBHHX 6.5 (2) - (4), ecJIH B HeM 3aMeHHTb Rn, Rm COOT-

BeTCTBeHHO Ha H3MepHMble LI:HJIl:IH.n:pHqeCKHe MHO>KeCTBa r!
n
= Rn X r!',

-) Jr.  .I< Y.II P JIB It e B [2], 'I, 1.
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Iffm=Rmxt!', rJJ:e rrO-rrpe2KHeMY RmcRn il Z=(X, W), xERn,
W E Iff'. LI.eilcTBil JIbHO, rrpil KOHe'lHOM p rrOlJ:Til JJ:JI5I JlIo60ro w

CrrpaBeJJ:JIilBO HepaBeHCTBO, cooTBeTCTBYIO ee6.5 (I), rJJ:e KOHCTaHTa c

He 3aBI1CilT He TOJIbRO OT y, HO il OT W. B03BeJJ:eM 06e ero lJ:aCTil

B CTerreHb p, rrpomnerpI-lpyeM rro W, a 3aTeM B03BeJJ:eM B CTe-

I
rreHb -". B pe3yJIbTaTe rrOJIYlJ:I1M HY2KHOe HepaBeHcTBo. DpH p = 00

P

3TO yTBep2KJJ:eHile TpI1DI13JIbHO.
6.5.2. HepaBeHcTBa 6.5 (13) caMH rro ce6e ilHTepecHbJ. OHII YKa-

3bIBaIOT JJ:JI5I <PYHKLl.I1H KJIaCCa H (Rm) rrOp5lJJ:oK CTpeMJIeHil51 HX CJIe-

JJ:OB B cpeJJ:Hel\I. 3TOT rrOp5l.1J,OK HeYJIYlJ:WaeM (CM. 7.6).
HeTpY.1J,HO rrOKa3aTb, lJ:TO ilMeeT MeCTO HepaBeHcTBo

II   ihfdX)11
m
= 0 (I h J) (ri = I, k> I) (I)

(Y2Ke 6e3 In), JJ:orrOJIH5IIO ee BTopoe HepaBeHcTBo 6.5 (13).
TaK KaK

w (Rn) -+ H (Rn)
(r- ueJIbIH BeKTOp),

TO oueHKil 6.5 (13) rrpl1MeHilMbl il K W (Rn)*). OHil il B 3TOM

cJIYlJ:ae HeYJIYlJ:WaeMbl B TOM CMbICJIe, lJ:TO HeJIb351 B ilX rrpaBblX
lJ:aCT5IX YKa3aHHble TaM CTerreHil 1 hi 3aM€HilTb 60JIbWilMil. O.1J,HaKO

JJ:JI5I Ka2K.1J,OH ilH.1J,HBil.1J,yaJIbHOH <PYIIKUI1H f E W (Rn) ilMeIOT MeCTO

CJIeJJ:YIO l1e oueHKil:

r 0 (I h I'i) (I h 1-+ 0),

II xihf(X)lt=lo(lhlllnlhll) (lhl-+O),
I 0 (I hi) (I hi < I),

YJIYlJ:WaIO ile rrpil rj,s; I oueHKil 6.5 (13).
B caMOM .1J,eJIe (CM. 5.6. I (9) il 5.2.4 (5)), B 3TOM CJIYlJ:ae

II Qs Iin \\gasfr1, '"
,
a
s/rn

- f II + II f
-

ga(S -1)/'1, ... ,
a(S- 1)/,nil = 0 (a- S)

(S-+OO),

n TOrJJ:a HepaBeHCTBa 6.5 (I I), (12) 3aMeH5IIOTC5I Ha TaKile:

a <o(lh[r/)(r;<I), a <o(lhlllnlhlJ)(r1=I), a;<o(lhl'i).
OueHKY 2Ke 0 (I hI) yJIYlJ:WilTb H€JIb351. 3TO JI€rKO rrpOBepnTb Ha

rrpilMepe f = g (x) g (y), rJJ:e g (x) E Lp (R1) - u.eJIa51 TllIIa 1 TaKa5l,
tITO g' (0) =I=- 0 11 Rm = Ri'

o < r; < I,

r; = I,

r;> I,

(2)

*) OueHKII (13) ,!\JIH KJIaCCOB W (l= I, 2, ...) nOJlY1JHJI Henocpe,!tCTBeHHO
B. 11. KOH,!\paillOB [I].
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6.6. npocTeiirnaH o6paTHaH TeopeMa BJ10IKeHHH

pa3Hblx H3MepeHHH

DYCTb 1 m < n H Rm - KoopJJ:HHaTHoe nOJJ:rrpocTpaHcTBo Rn.
.lI.JIH orrpeJJ:eJIeHHOCTH 6YJJ:eM CqHTaTb. qTO OHO COCTOHT H3 TOqeK

(u, 0) = (xb ..., Xm. 0, .... 0). B 6.5 6bIJla JJ:OKa3aHa TeopeMa:

B o(Rn) -+ B o(Rm) (1) .

npH YCJIOBHH, qTO

" = rx= r-
n-m

>0.
p

(2)

HmKe JJ:OKa3bIBaeTCH, qTO HMeeT MeCTO TeopeMa, nOJIHOCTbIO ee

06paJl aIOw'aH*):

B  (Rm) -+ B;o (Rn) (3)

npH YCJIOBHH (2). DOHcHeHHe CM. 6.1 (12).
0603HaqHM qepe3 B, B' COOTBeTCTBeHHO nepBblH: H BTOpoii

KJIaCCbl (1). 3aJJ:aJJ:HM rrpOH3BOJIbHYIO <PYHKLI:HIO <p E B'. Ee MO)f{HO

npeJJ:cTaBIiTb B BHJJ:e CXOJJ:Hw,erOCH K Heii B CMblCJle Lp (Rm) pH)l.a
00

<p (u) = QaS/T ,

s=o

rJJ:e QaS/T
- LI:eJIble c<pepHqeCKOrO THna asfr (a> 1) If

{
00

}
I/O

I] <p \!B' = a
Xso Qs Ilm)O ,Hm = HLp(Rm). (4)

DOJIO)f{HM

(
. vt

)
2

SIn-

Fv(t)=
V!,

2

2 ,

(v> 0).

3To LI:eJIaH <PYHKLI:HH OT OJJ:HOH rrepeMeHHoii t THna v TaKaH, qTO

( (
vt

)
2P

)
I/P

cos
2' vt 2 I/p cp

IIF,IL,(R,) j \ 'f d(,) (-;-) =-;rii (v> 0).

BBeJJ:eM HOBYIO <PYHKLI:HIO OT X ERn. onpeJJ:eJIHeMYIO pH)l.OM
00

t (x) = qaS/T (x),
o

(5)

.) C. M. H H K OJI b C K H A [5], cJlyqaii H;=B oo;O. B. Be COB [2), [3],

CJlyqaH 1 6 < CD.
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r,ZJ:e
n

qas/, (X) = Qas/, (U) n Faw (Xj)'
m+l

(6)

OqeBH,ZJ:HO (CM. (2»,

Ii qaS/' !i
n = II Qasfr Il

ma-(I-X) sc;- m.

B TaKOM CJIyqae

(
CD'lie

(
CD

\ 1/9

ase (II qas/' Ir)e) = c 
- m

a
xse

GI QaSI' I!m)e !
= c;

- m II cp k.
o \ 0 .

(7)

TaK KaK CPYHKIJ:HH qa S/' -:- IJ:eJIbIe (3KCnOHeHIJ:HaJILHOrO) nIlla a'/' no

KaLK1I.oii nepeMeHHoii Xl' ..., Xn ,
TO B CHJIY 5.6.1 (4), (5) CJIeBa B (7)

CTOHT HopMa f B CMbICJIe B 'e'''''(Rn). Ho B;o..." (Rn)--B;e (Rn)=B,
H Mb1 ,ZJ:oKa3aJIH, qTO f E B, II !lIB <: II cp liB"

<I> YHKIJ:IUI f on p e,ZJ:eJIH eTCH pH1I.OM (5), CXO,ZJ:HlIJ:HMCH K HC!}

B CMb1CJIe Lp (Rn). Ho 3TOT pH,ZJ: npH BCHKOM V = (xm+1' ..., xn) cxo-

.lI.HTCH TaKJKe B CMbICJIe Lp (Rm) K HeKoTopoii CPYHKIJ:HH f 1 (x), KOTO-

paH MOJKeT OTJlHqaTbCH OT f (X) TOJlbKO Ha MHOiKeCTB2 n-MepHO;I Jl-Iepbl
HYJIb (1.3.9). OqeBH,ZJ:Ho,

fdu, 0) = cp (u)

B CMb1CJle Rm, T. e. nOqTH ,ZJ:JIH Bcex u B CMbICJIe m-MepHoii MepbI..
Lla,'Iee, yqHTbIBaH, qTO Fv (0) = 1, Fv (t) OrpaHHqeHbI no v H t Il

CD

[I Qas/, Iin < 00, nOJIyqHM
o

l]f1 (u, y) - fl (u, 0) [1
m £ I IT Fa'/' (Xi) - 1 1 1/ Qas/, 11

m
-- 0

o m+l

(Y=(Xm+l' ..., xn)--O).

3TO paCCY}I{)J.eHHe nOKa3bIB3eT, qro q> eCTb CJIe,ZJ: f (6.3). 3THM
YTBep)K.ZJ:eHHe (3) .lI.OKa3aHO nOJlHOCTblO.

OTMeTHM, qTO KJIaCC B = B e(Rn) npe)J.CTaBJIHeT C060H 6aHaXOBO

npOCTpaHCTBO. ECJIH

r' =r-
n-m

> 0,
p

TO, COrJIaCHO (1), ,ZJ:JIH CPYHKIJ:HH f E B HMeeT CMbICJI onepaIJ:HH no-

JIyqeHHH CJIe,ZJ:a

Af = f IR = q>
m

(8 

Ha Rm c Rn (1 m < n). 3Ta OnepaIJ:HH JIHHeAHa; 60JIee Toro, co-

rnaCHO (1), OHa OrpaHHQeHHO oro6paJKaeT B B B', npHqeM B CHJIY
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06paTHMOCTH BJlO}l{eHHH (1) ,lJ,a}l{e He B B', a Ha B'. BbIllie Mbl ,lJ,0-

Ka3aJlH, qTO B CBOIO Oqepe,lJ,b B' MO}l{HO oT06pa3HTb HR HeKOTOpyIO
qaCTb B npH nOMOllI.H HeKOToporo OrpaHHqeHHOrO JlHHeHHOro onepa-
Topa. 3TOT nOCJle,lJ,HHH He e,lJ,HHCTBeHHbIH, MO}l{HO YKa3aTb 6eCKOHeq-
Hoe MHO}l{eCTBO TaKHX onepaTOpOB.

Ha H3blKe CPYHKD:HOHaJlbHOrO aHaJIH3a JIHHeHHblH OrpaHHQeiIHblH
onepaTOp A, OTo6pa}l{aIOllI.HH 6aHaXOBO npOCTpaHCTBO B Ha 6aHa-

XOBO npocTpaHcTBo B', Ha3blBaeTCH HenpepbIBHO 06paTHMbiM *).
B nOCJle,lJ,YIOllIHX nYHKTax Mbl ,lJ,OKa3bIBaeM 60JIee 06llIYIO QeM

6.5 (1) TeopeMY BJlO}l{eHHH, B KOTOpOH peQb H,lJ,eT 0 rpaHHQHblX
CBOHCTBax He TOJIbKO caMOH CPYHKD:HH f Ha nO,lJ,npOCTpaHCTBe Rm eRn,
HO H ee HeKOTopbIX qaCTHbIX npOH3BO,lJ,HbIX. 3TY TeopeMY Mbl 3aTeM

rrOJlHOCTbIO o6pallIaeM.

6.7. OOllI.aSl TeopeMa BJIOJKeHHSI pa3HbiX H3MepeHHH

T eo p e M a **). nycmb f E B e(Rn), 0 < m < n U OJl5l HeKomo-

poeo eeKmopa A = (Am+b ..., An) C HeomputtameAbHblMU tteAOttUCAeH-
HblMU KoopOUHama.MU ebtnOAHfllOmCfl HepaeeHcmea

p ).)=ri(l- !  ;- i r » O.

j=m+1 j=m+1
(1)

nycmb, KpoMe moeo,

?im+l +... +'Anf
'IJ=

" 'm 1 a
'A

UX
m + 1

... x
n
n

u Rm 0603Hatlaem m-MepHOe noonpOCmpaHCmeO Rn, nOAytteHHOe npu
<jJUKCUp08aHUU eeKmOpa y = (Xm+b ..., Xn), a P (A) = (p ).), ..., P ).»).

Toeoa

'IJ !Rm = fjJ E B J).)(Rm)

u ebtnOAHflemCfl HepaeeHcmeo

II fjJ IIBQ ().) (R )
c II nBr (R )p8 m p8 n

C KOHcmaflmou C, He 3aeUCflU!eu om f U y.
.IT.oKa3aTeJlbCTBO. 113 (1) CJIe,lJ,yeT, qTO

n
.

"\1 ..!. < 1
.'-' rj

,

j=m+1

.) <1>. X a y C,!\ 0 p 41 [I], ,!\o6aDJIeHlle.
n) C. M. HI! K 0 JI b C K I! ii [5], cJIY1Jaii H; =B oo;O. B. Bee 0 B [2]. [3].

cJ!Y1Jaii I 6 < co.
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n03TOMY Ha OCHOBaHIIII TeopeMbI 5.6.3

'J1 E B; (Rn),

r'=(r ,..., r ), ri=rl(l- i ;:)k=m+l

(i = 1, ...
t n)

II BMnOJlHHeTCH HepaBeHcTBo

I] 'J1 IIBr' (R ) <: II f IIBr (R )
.

p8 n p8 n

I-IT06bI YBII.l{eTb, K KaKOMY KJIaccy npIIHa.l{JIe)!{IIT CJIe.l{ 'J1 Ha Rm.
BOCITOJIb3yeMC5I TeopeMoH BJIO)!{eHIIH 6.5 (1). OHa ITpIIMeHHMa, ITO,

TOMY 'ITO

11

'X=l-...!.. '\'1
--,=

p rj
m=l

"A I
11

I
I _ '\'1 J.. _ _ '\'1

_

rj p rj
m+l m+l

> 0
" '

1-!
Aj

m+l
rj

II IIMeeT MeCTO YTBep)!{.l{eHIIe TeOpeMbI.

6.8. 06 a5Jo6paTHa5J TeopeMa BJlOJKeHH5J

T e 0 p e M a *). nycmb 3aaa1-l 8eICmop r= (r1o ..., r,,) > 0 U 8ce,.

803AtOJ/C1-lbte 8eICmOpbt

Iv = (AmH' ..., An) (1)

c 1-leompUUpmeAb1-lb/..MU l{eAOt{,UCAe1-l1-lbIMU KOOpaU1-lamaMU, aAJlICOmOpbl.\:
onpeaeA5teMbte ljJOPMYAOii. 6.7 (I) 8eICmopbl p (Iv) = (piJ..), ..., p J..») no
AOJICUmeAb1-lbt.

nycmb, ICpoMe mozo, lCaJICaoMY 8eKJnOpy Iv npU8eae1-la 8 coomeem,

cm8ue ljJyftlCl{Ufl

fjJ(J..) (Xh ..., Xm) E Bg J..)(Rm). (2)

Tozaa MOJ/C1-l0 nocmpoumb 1-la Rn ljJY1-lICl{UIO f E B e(Rn) malCYIO, t{,mo

nBr (R )
C fjJ(J..) IIBP  J..) (R ) , (3)

pe n
J..

P m

zae c fte 3a8UCUm om fjJ (Iv), cYMMa pacnpocmpa1-lefta 1-la 8Ge803MOJ/C,
ftbte ylCasaft1-lbte RelCmOpbt Iv U fjJ(J..) cymb cAeabt IlQCm1-lbIX np0U380a1-lbIJC

*) C. M. HHKOJlbCKHA [5], cJlY'Iaii H;=B ",,;O. B. BecoB [2], [3]..
CJlY1JaH 1 6 < 00.
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'4JYHICl{UU f:

im+l +... +1-.
nf I1-. 1-.

= IJ>(1-.)'
ox
m

m

-fl'" oX
n

n

R
m

(4)

11. 0 K a 3 aTe JI b C T B O. DOJIOMHM

r11-.)=r l (l- i ) (i=I, ..., n),
m+l

J
(5)

n

I

!
I

x(1-.)=I-- -.

p ,(1-.)
m+l I

(6)

Tor,ll.a, OtleBH.n;HO,

p 1-.)= r 1-.)x(1-.). (7)

DYCTb IJ>(1-.) E B J1-.)(Rm) = B(1-.). Tor.n;a
co

IJ>(1-.) = L: Qs (1-.h
o

r)J.e Qs (1-.)
- LLeJIbIe nma 2'/'1 (1-.)

no Xi (i = 1, ..., m) H

(
00

)
1/8

II IJ>(1-.) IIB (1-.)
=

\
28x (1-.) s ([I Qs [[m)8 ,

CI.[:m = 11'IILp (Rm»)'
BBe.ll.eM TpHroHOMeTpHtleCKHe nOJIHHOMbI Tv (X) (v = 0, 1, ..., I),

r.n;e l o003HatlaeT HaH60JIbillee H3 tlHCeJI Aj, BCTpetlaIOIII.HXCH B pa3-
JIHtlHbIX paccMaTpHBaeMblx BeKTopax Iv = (Am+!, ..., An). DYCTb 9TH

nOJIHHOMbl 06JIa.n;aIOT CJIe.n;YIOIII.HMH CBOHCTBaMH: <PYHKLLHH

(8)

q> ( )
_

Tv (x)
v X
-X2

QeJIaH H, KpOMe Toro,

q>(V) (0) = q> (X) I = 1 q>(k) (0) = 0v dxV v
x_o

' v

(k = 0, ..., v-I, V + 1, ..., l).

(9)

o BeJIHtlHHe CTeneHH TpHrOHOMeTpHtleCKOrO nOJIHHOMa MbI He 3a-

60THMCH, n03TOMY YKa3aHHbIe BbIIlIe YCJIOBHH ero 0.n;H03HatlHO He onpe-
.n;eJIHIOT. BY,lI.eM CtlHTaTb, tlTO MbI BbI6paJIH BnOJIHe onpe.n;eJIeHHbIe
nOJIHHOMbI, HMeIOIII.He CTeneHb /! (V). Tor.ll.a q>v (X) - Q6JIaH THna /! (V),
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8 q>v (!t  V)X) - u:eJI8H Tllll8 k. OqeBH.n;HO, .n;8JIee

(
CO

)
I/P

q>V(!t( )X) Lp(Rl)= -t lq>v(!t V)X)IP dx =

= (!t t)t
P

C[ I q>v (u) /P du)I/P = k ;, (10)

r.n;e Av 38BIICHT TOJIbKO OT v.

Onpe.n;eJIHM CPYHKU:IIH t(A) (Xl> ..., Xn), COOTBeTCTB)'IOIlI,He pa3-
RHqHMM BeKTop8M A npH nOMOIll,H pH.n;OB

/(",) (Xl> ..., xn) =

Q n
n

(
!t (Ai) Y' ( sir ("') XI ) R

s-=-o
s("')

/=m+1
2
s/ r, (A» ) q>AI 2 I

!t (Ai)
=

s.l::o
sl"')' (11)

r.n;e, OqeBH.n;HO, Rs (),,)
- u:eJIble THna 2

s/rl ("')
no XI (i = 1, ..., n).

¥qHTMBaH (5)-(8), (10), HMeeM
.

R 11m / II Qs (),,) 11m
_

i: Qs (A) I[m 2
sX (""

s ("') '"

[
n n

-

r
I (A)

s r:-:A) + rl A)] 2s---rj
2 m+1 m+1

HJIH

/I(),,)
2

r
l II Rs ("') Iin <: II Qs ("') 11m 2sx (),,),

n03TOMY B CHJIY (8), yqHTbIB8H eIll,e, qTO

n

rl (A)
= 1-

Ai

rl J. r/
m+1

H8 caMOM .n;eJIe He 38BHCHT OT i, nOJIyqHM Hep8BeHCTBO
t(",)  r(R ) <:" <p(",) 118 (",),

pO n

38MeTHM errr.e, qTO B CHJIY CBoiicTB CPYHKU:HH q>v .n;JIH CPYHKU:HH
,{"" , eCJIH BeKTopA .n;onYCTHM, T. e. y.n;OBJIeTBOpHeT YCJIOBHHM 6.7

(1), HMeeT MecTO p8BeHcTBo

im+1+'" +)"nl("')

{J )"m+1 a Anx
m+ I ... x

n Rm
B C8MOM .n;eJIe, eCJIH cpopMaJIbHO npo.n;HcpcpepeHU:HpOB8Tb nOqJIeHHO

pH.n; (11) no Xm+l> ..., Xn COOTBeTCTBeHHO Am+l> ..., An p83, TO

nOJIyqHM
'" + +'"

co n co

a m+1
'"

II

n ()".) ( s/r("') Xi 1
"'m+1 "'II f= Q'(1) q>'J.../ 2 I

!tt (')..)/= /-ls("')'
lJx
m+l

'" aXil .=0 I=m'+ 1 .=0

= <Pc),,) (Xl' ..., Xn)' (12)

(13)
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1'13 npHBe.ll.eHHblX O[,LeHOK .lI.JHI Rs('}..) CJIe.ll.yeT, tlro Ha JII060M
cHane .lI.HqxpepeH[,LHpOBaHHH nOJIytlaIOTcH CXO.ll.HIII.lIeCH B CMblCJIe

Lp (Rn) pH.lI.bl, n03TOMY paBeHcTBo (13) .lI.eHCTBHTeJIbHO HMeeT Mecro

B CMblCJIe CXO.ll.HMOCTII Lp (Rn) (CM. JIeMMY 4.4.7). lXaJIee, B CHJIY

OrpaHHtleHHOCTH q>'}..j OrpaHHtleHbl TaKMe npOH3BO.ll.Hble q>t"'{) ,n03ToMY

II f (fls ('}..)
- Qs ('}..)) E:;

I
0  Lp(l m)
N 00

2)Qs('}..)I\Lp(Rm) I q>  j)(2SjTj('}..) Itjx{,,» ) -1\+2C ! "QS('}..) Lp(Rm). (14)
o N+l

3a.ll.aeM Tenepb 8> 0 H nO.ll.6HpaeM N .lI.OCTaTOtlHO 60JIbIIIHM,
tlTOObl BTopoe CJIaraeMOe npaBOH tlaCTH (14) 6blJIO MeHbIIIHM 8,

a Tenepb nO.ll.6HpaeM (CM. (9)) 6 HaCTOJIbKO MaJIbIM, tlT06bl .lI.JIH

I x/ I < () (j = m + 1 ..., n) nepBoe CJIaraeMOe 6blJIO MeHbIIIHM e.

ECJII1 Me {'A'} - .lI.pyroH .lI.OnYCTHMblH BeKTOp ('A z+1' ..., 'A ), ro
nO.ll.06HblMH paCCYM.lI.eHHHMH nOJIytlHM

i:n+1 +... +'J.. 
f('J..)

j)x'J.. +1 . . . j)x'}.. 
n+1 n Rm

B TaKOM CJIytlae <PYHK[,LHH

=0.

f = .s f('}..),
'}..

r.ll.e CYMMHpOBaHHe pacnpOCTpaHeHO Ha BceB03MOMHble .lI.onYCTHMbIe

BeKTopbl 'A, Y.ll.OBJIeTBOpHeT BceM Tpe6oBaHH MTeOpeMbI.

6.9. 0606rn.eHHe TeopeMbi BJlO)KeHHSl pa3Hblx MeTpHK

HH.fKe .lI.aeTCH 0006rn.eHHe TeopeMbl BJIO)l{eHHH 6.3 (I) Ha CJIY-

tlaH KJIaCCOB B;e (Rn).
T e 0 p e M a *). llycmb OAfI paccMampU8ae.MblX flU{)fCe 'luce/l 8bl-

nOJlfl51lOtnC51 flepa8eflcm8a (rj > 0)

l pj p' OO, (1)
n

x' = 1 - "\'1 ( - J,) > 0,
i'r PIP rl
1=1

(2)

n

Xi = 1 - "\'1 ( - ) > 0
.t.. PI PI ri
i=1

"') C. M. HHKOJlbCKHJl [10], cJly'IaJl H =B;ro; B. TI. 11J1bHH H

B. A. Co JI 0 H H H K 0 B [I], [2], CJJY'Iail I 6 < OJ (MeToAoM TeOpHH npH6J1mKeHHB
T. 11. A M a HOB (31).

(i = I, ...
t n) (3)
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u

r(,,'/ *
)Pi=- .

xi

flycmb aaAee r=(rl' ..., r,,), P=(Ph
Tocaa UAteem MeCmO 8AOJ/Ce1-lUe

(4)

"', p,,), P = (Ph'" , p,,),

B;e (R,,) -- Bg'e (R,,). (5)

113 (5) rrpli P=Pl="'=P" CJIe,lJ,yeT (6.3) (1), p=r'. 3aMeTliM

eIll,e, qTO 1I3 Toro, qTO x' > 0, CJIe,lJ,yeT, qTO %i > 0 ,lJ,JIH Bcex i,
TaK KaK p';;::: Pi'

LL 0 K a 3 aTe JI h C T B O. BBO,lJ,IIM ceMellCTBO CPYHKQHfl gv =
= gv1, ... ,v" (0 < Vj 00; j = 1, ..., n) QeJIblX 3KcrrOHeHQrWJIbHOrO

Tlirra Vj rro rrepeMeHHoll Xj, orrpe,lJ,eJIHeMbIX rrOCJIe,lJ,Hl1M paBeHcTBOM
B 5.2.4 (1) rrpli m = n.

DOJIO)!{IIM

Vk = Vk (8) = 2
s /Pk (k = 1, ..., n; 8 = 0, 1, ..., H 8 = 00)

II

Qo = gv (0), Qs = gv (S)
-

gv (S-l)

OqeBH,J,fIO,

(8=1,2, ...). (6)

"

Qs = 2: Q i)
1=1

(8= 1, 2, ...), (7)

r,lJ,e

Q i)= gV1 (S), ..., Vi (s), vi+! (s-I), ..., v" (s-I)-

-gv1(s), ...,vi_l(s)' Vi(s-I), ..., v,,(s-I). (8)

11MeeM
"

 Qs p' 2: IIQ i)llp' (8=1,2, ...)
1=1

(II, lip' = 11'liLp ' (R,,»).

(9)

DplIMeHHM K Ka)!{,lJ,OMY i-MY CJIaraeMoMY 3TOll CYMMbI HepaBeH-
CTBo pa3Hbix MeTpHK (3.3.5)

"

II (
'

) II s( -?)2: :j
II (

'

) I,II Qs' 1Jp' 2"2 I QS.!Pi =

[
r
i

(
I I

)
"

I

]= 2"2

-,

Pj- P;-fj' I IPi 2'  : Q i) Pi (l=l,...,n). (10)

"') M0'!tHo B 9TOii TeopeMe HCXO,!\HTb H3 YCJlOBHH, qTO ace Pj> 0, TaK KaK

,lJ;J1H Toro i, .lVIH KQToporo Pi npHHHMaeT HaHMeHbillee SHa1JeHHe, Xi> 0, HO ror,!\a

H X' > 0, CJle,lJ;OBaTeJIbHO, OCTaJlbHble Xi > O.
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nO.n.6epeM Tenepb tlIICJIa Pi TaK, tlToObI BblpaJKeHIIH B CKOOKaX 6bIJlH

paBHbI e.n.IIHIIue:
n

1 = 2. - ( - J,) "\1
PI ,PI P PI

1=1

(i = I, ..., n). (11)

D.eJIH Bce paBeHcTBa Ha fl, 3aMeHHSI i Ha 1 II CYMMIIPYH no 1, no-

JlYtlHM

n

(
n

I l

)
n

"\1 = 1- "\1 Pi-?   .
rl rl ."-i PI

1=1 1=1 1=1

I1CKJIIOtlIIB CYMMY II3 (11) II (12), nOJIYtlIIM

(12)

x

PI=fl-
XI (i = I, ..., n). (13)

n03TOMY CYMMHpOBaHHe (10) no i npIIBo.n.IIT (CM. (7)) K HepaBeHcTBY

n s 
2s II Qs lip' 2n 2 PI II Q I)IIpI'

i=1

II3 KOTOporo CJIe.rryeT, tlTO (noHcHeHIIH HIIJKe)

co 1/8 n

{
CO

8s

}
1/8

{ 28SIIQs \i ,} <: i 1S I2
PI IIQ i)II I <:

<: i: ( ;8S 03:
1 (f:I

,
2- ;1 )

8

)
1/8

i = I S = I
I PI

(
al ( s\8

)
1/8

i: r 28SPi03;, \f:I

I
, 2- pi)p ds <:

i= I 0
I

n

(
look (F ,t)

8 IIPI

"\1 r xI xI PI )<:
i 1 J t

l Hal
dt <: Ilf Ik;8 (Rn)' (14)

BTopoe HepaBeHCTBO (14) CJIe.n.yeT II3 TOro, tlTO eCJIII V10 ..., Vn H

v - npOII3BOJIbHbIe tlIICJIa II Vn V ,TO B CIIJIY 5.2.4 (2)

Igv1, .... 'Yn
- gvl. .... 'Yn_I' 'Y Ilp

n IlgvI' .... 'Yn
- f  Pn+

2coo: ( Fn, )n
X
n Vn fin+llf g , II (rn-rn-a.n).U

-

VI' ..., V
n_1

' Vn Pn vrn
n
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l{aJlee, TaK KaK t E LpI' TO TaK.fKe Qo E Lpi (CM. HHTerpaJlbHOe
npe,n:CTaBJleHHe 5.2.4 (1», TeM 60Jlee Qo E Lp" TaK KaK PI P' H

IIQollp' IJtllpl llt[IBr(R )
. (15)

p6 n

113 (14) H (15), B qaCTHOCTH, CJle.l{yeT, qTO pH.l{
co

 Qs
o

(16)

CXO.l{HTCH B CMbICJle Lp'. OH 3aBE'.l{OMO CX02I,HTCH B CMbICJle L
pi K t,

nOTOMY qTO

If - Q,
(i) (t'l , VI (NP)I XI P

=llt-gV(N)llpI< r

1
<

V I
I

1

<--r O
vI (N) I

(N 00),

TaK KaK B;a H; H'i ,

xlPI

11TaK, pH,lJ, (16) CXO,lJ,HTCH K t, CnpaBe,lJ,JlHBbI HepaBeHcTBa (14)
H (15) II Qs- LLeJlbIe TlIna 2

s/Pi no XI (i = 1, ..., n), CJle,lJ,OBaTeJlbHO,

t E B ,(Rn) H HMeeT MecTO BJlO.fKeHlIe (5).
6.9.1. DYCTb BMeCTO qlICJla P' (CM. 6.9) 3a,lJ,aH BeKTop p' -

-= (p , ..., p )TaKoii, qTO pi Pi (i, j = 1, ..., n). DOJlO:>KHM
n

x;= 1- ! ( - J,)  >O
1=1

Pi PI'Z
(1)

H

, 'IX;
'1=-,

XI
(2)

r,lJ,e XI onpe,lJ,eJlHlOTCH, KaK B 6.9 (3).
Tor,lJ,a, COrJlaCHO TeopeMe 6.9,

,

,

R
'1

Bp6 ( n) -+ Bx.p 6(Rn)I I
(i = I, ..., n) (3)

H, CJle,lJ,OBaTeJIbHO,
, "

Bp6 (Rn) Bp'6 (Rn). (4)

6. t O. .lI.onOJIHHTeJ1bHble CBe.ll.eHHH

6. t O. 1. DOJlyqeHHble B 9TOA rJlaBe TeopeMbi aBTOMaTHqeCKH nepe-
HOCHTCH Ha nepHO,lJ,IIqeCKIIH cJlyqaA. Hx cpOPMYJIHpOBKH OCTaHYTCH
BepHbIMH, eCJlH B HHX CHMBOJlbI W, H, B saMeHHTb COOTBeTCTBeHHO

Ha W*, H*, B*.
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DpH ,lJ,OKa3aTeJIbCTBe B rrepHO,lJ,HqeCKOM CJIyqae pOJIb [,LeJIbIX CPYHK-
Ql1ll 3KCrrOHeHQI1aJIbHOrO THrra Tenepb Y)J{e HrpaIOT, KOHeqHO, TpHrO-

HOMeTpHqeCKHe rrOJIHHOMbI. B HallieM H3JIO)J{eHHH 6b1JIO cy ecTBeHHO,
qTO [,LeJIbIe CPYHKQHH 3KCrrOHeH[,LHaJIbHOrO THrra 06JIa,lJ,aIOT CrreQHaJIb-
HbIMH CBOllCTBaMH: ,lJ,JIH HHX CrrpaBe,lJ,JIHBbI HepaBeHcTBa I) ,lJ,JIH

rrpOH3BO,lJ,HbIX (THrra HepaBeHcTBa BepHlliTellHCi), 2) HepaBeHcTBa pa3JIlI'I-
HbIX MeTpHK H 3) HepaBeHcTBa pa3Hb1X H3MepeHHll. DO,lJ,06HbIMH
cBoiicTBaMH 06JIa,lJ,aIOT TpHroHOMeTpHqeCKHe rrOJIHHOMbI. KpoMe Toro,

,lJ,JIH rrepHO,lJ,HqeCKHX H HerrepHO,lJ,HqeCKHX CPYHK[,LHll MO)J{HO, KaK MbI

3HaeM (cp. 5.2.1 (6) H 5.3.1 (II», rroCTpoHTb aHaJIOrHqHbIe MeTO,lJ,bl
HX npH6JIH)J{eHHll TpHroHOMeTpUqeCKHMH rrOJIHHOMaMH H COOTBeT-

CTBeHHO CPYHK[,LH5IMH 3KCrrOHeH[,LHaJIbHOrO THrra. 3THMH MeTO,lJ,aMH MbI H

rrOJIb30BaJIHCb, H3JIaraH TeopHIO B HerrepHo.lI.HqeCKOM cJIyqae.
6. t 0.2. MO)J{HO YKa3aTb crroc06 rrOJIyqeHHH 06 HxCHCTeM CPYHK-

Will He aHaJIHTHqeCKHX, HO TaKHX, qTO ,lJ,JIH HHX BbIIIOJIHHIOTCH

HepaBeHCTBa, OqeHb rrOXO)J{He Ha ,lJ,HCKYTHpyeMbIe BbIllie HepaBeHCTBa
,lJ,JIH rrpOH3BO,lJ,HbIX, HepaBeHCTBa pa3HbIX MeTpHK H pa3HbIX H3MepeHHH.

DYCTb (0. B. BeCOB) *)

h=(hl , ...,hn), hl>O, Y:h=(  :' ...,  :),
('

n

I
<Ph (x) = J 11 hX(y:h)<p(x+y)dy,

R j=1
I

n

r,lJ,e CPYHKQHH X (y) 6eCKOHeqHO ,lJ,HcpcpepeHQHpyeMa Ha Rn H cocpe,lJ,O-
TOqeHa (HMeeT HOCHTeJIb) BHYTPH rrepBoro KOOp,lJ,HHaTHOro yrJIa, H

(I)

X (y) dy = l.

Rn

<t>YHKQHIO <Ph (x) Ha30BeM cpeOHeu OAf{, <p (x) c eeKmopHblM UlaC!OM

h = (hI, ." ,hn).
l{JIH Cpe,lJ,HHX CPYHKQHll crrpaBe,lJ,JIHBO HepaBeHCTBO

II Da<ph (x)\\Lq (Rm) CI (1) h-;-al) (1) h ;)(I) hfr) 1\ <p1\L
p (Rn)' (3)

(2)

HepaBeHCTBO (3) B H3BeCTHOll Mepe **) aHaJIOm'IHO cooTBeTcTBYIO-

LLLHM OQeHKaM ,lJ,JIH QeJIbIX CPYHKQHll KOHeqHbIX CTerreHell VI = Ilhi>
qTO rr03BOJIHeT rrepeHecTH 6e3 cYLLLecTBeHHbIx H3MeHeHHH H3JIaraeMYIO

TeopHIO Ha CJIyqall rrpH6JIH)J{eHHH. Cpe,lJ,HHMH CPYHKQHHMH <Ph (HJIH

*) CM. O. B. Be COB, B. n:-. 11 JI b H H H C. M. H H K 0 JI b C K H ii [1].
*'*) HeKOTopoe OTJIH'/He 3aKJIlO'IaeTCH B TOM, IlTO B rrepBOH 1JaCTH (3) rro.l1

3HaKOM HOpMbl CTOHT <p, a He <p". BbIXO,!\ H3 rrOJIOLKeHHH HaXO,!\HT B TOM, '1TO

HepaBeHcTBo (3) npHMeHHlOT ,!\. H <Ph' H TOr.!la B JleBoii 1JaCTH BMeCTO <Ph 6y,!\er
 HrYPHpOBaTb<Phh.
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BTOpbIMII Cpe)l.HIIMII <Phh
= (<Ph)h), B3flB B 5.2.1 (5) BMeCTO

g (t) = I-L (sin, r
rJIa)l.KYIO CPIIHIITHYIO CPYHKIJ:1I1O £ (t).

3TIIM nYTeM, HanpliMep, MO)KHO nplIlhli K (noJlyqeHHOMY 1I3

)l.PyrlIx C006pa)KeHIIH) IIHTerpaJlbHOMY npe)l.CTaBJIeH1I1O B. n. I1J1bIIHa

[6] CPYHKIJ:1I1i qepe3 ee pa3HoCTIi. OTMeTHM, qTO npH nOCTpoeHHH (1)
Cpe)l.HeH : CPYHKIJ:HH <Ph (X) yqaCTBYIOT JlHillb 3HaqeHHfl CPYHKIJ:HH
<P (X +y) )l.Jlfl TOqeK y H3 qaCTH OKpeCTHOCTH TOqKH Y = 0, JIe)Kaw.eH
B ne.pBOM KOOp)l.HHaTHOM yrJle. 3THM 06eCneqHBaeTCfl B03MO)KHOCTb

C03)1.aHHfl COOTBeTCTBYIOW.eH «JIOKaJlbHOH» TeOpHH.
,lJ,oKa)KeM HepaBeHCTBO (3). MO)KHO CqHTaTb, OqeBII)l.HO, qTO ex = o.

C nOMow.blO HepaBeHCTBa feJlb)l.epa )l.JIfl Tpex CPYHKIJ:IIH
q-p p

I X 11-8, I <P (x+yf"q-, I X [81<p (x+y) Iq (8) 0)

C nOKa3aTeJlflMII A1 =
1 ' A2 =....!!..9..-, A3 = q IIMeeM *)

p- q-p

\
n

I

J II h X (y : h) <P (X +y) dy
R 1=1

I

n

(
n

1

)(
1-8

)
1_ 

[II hi }IX(Y:h)IP-I PdY X

n

I

X I    (t,C 1 X (y: h) I" I  (x+y) l'dY)';
OTCIO)l.a

1

<Ph liL q (Rm)  C1(;i] hlrPII<P   (t)X
X X:   ':  n{) I X (y : h) leq ) I <P (X + y) IP dX1'" dXn dyr

q

n m

C ((I hl- )((1 ht) <P Lp(Rn)'
6.10.3. TIOJle3HO IIMeTb B BII)l.Y cJle)l.YIOw.ylO JleMMY.
JIeMMa. flycmb Ha Rn=RmxRn-m, (x=(u, W), ue.Rm.

WE Rn-m) 3aiJa.Hbl Gee cjJYHKI{UU f E Lp (Rn) (1 P (0) U f* u

*) D:JIJ'I nOKa3aTeJIeH A1' A2' A3 BblnOJIHeHbI COOTHOilleHHSI 1 0;;;; Al 00;;; 00,

All + A I+ Ail! = I.
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nOCAeaOOameAbl-IOCmb l-lenpepblOl-lblX l-la Rn fjJYl-lKl{UU fk (k = 1, 2, .. .),
maK 'lmo ObtnO.11-lfllOmCfl COOUCl118a:

1) Uk-fl!Lp(Rn)-+O (k-+oo);

2) 11 fk (a, w) - f* (a, w) \\L
p (Rm)

-+ 0 (k -+ 00)

pa01-l0Mepl-lO oml-lOCume. b1-l0 w (I w 1 < a);

3) \1 fk (a, w) - fk (a, w')  Lp(Rm)-+ 0

(lw-w'I-+O, Iwl, Iw'l<a)

pa81tOMep1-l0 oml-lOCUmeAbl-lO k = 1, 2, ...

Tozaa f* npu A1060M fjJuKcUp08a1-ll-l0M w (I w I < a) ecmb cAdi

fjJY1-lKl{Ull f l-la coomoemcmoYI014eM m-Mep1-l0M noanpocmpa1-lcmoe
Rm (w),

.n: 0 K a 3 aTe JI b C T B O. 113 cBoiicTB 1), 2) CJIe,ll.yeT B CHJIY JIeMMbl

1.3.9, liTO f H f * 3KBHBaJIeHTHbI Ha Rn: f = f* rrO'lTH BCIO,lI.Y Ha Rn.
Ll8JIee, ,lI.JI5I YKa3aHHbiX w, w'

 f* (a, w) - f * (a, w') l\Lp(Rm)"'-;; II f* (a, w) - fk (a, w) \\L
p (Rm) +

+llfk(a, w)-h(u, w')\\L (R ) +i!fda, w')-f*(a, w')\\L (R ) <pm' p m

< 8+8+8=38 (k>ko , I w -W' I <<5)

rrpH ,lI.OCTaTO'lHO l\1aJIOM () H 60JIbillOM ko. .3TO B03MO)KHO B cHny
CBolicTB 1), 2), 3).

t..IT06bl 6blJIO HCHO, KaKoe MO)KeT HMeTb 3HalleHHe rrpHBe,ll.eHHaR

JIeMM8, BepHeMCH K TeopeMe BJIO)KeHH5I pa3HbiX H3MepeHHH, ,lI.JI5I

npOCTOTbl orpaHHlII1BIllHCb H30TporrHbiM CJIYlIaeM. C rrOMOI.qblO 3TOH
JIeMMbl JIerKO 3aKJIIO'lHTb, liTO ,lI.OCTaTOllHO ,lI.OKa3aTb TeOpeMY 0 CJIe-

,lI.8X TOJlbKO ,lI.JIH HerrpepblBHblX HJIH ,lI.a)Ke 6eCKOHellHO ,lI.HcfxPepeHl H-
pyeMblx CPYHKIJ:Hii COOTBeTCTBYIOw:erO KJIaCCa, KaK OHa aBTOMaTH-

lIeCKH 6Y,lI.eT BepHa ,lI.JIH Bcex CPYHKIJ:HH 3Toro KJIaCca. TIOHCHHM 3TY
MbICJIb.

TIYCTb B = B;s(Rn), B' = B s(Rm(w» (p = r - n-;m> 0,

1 .s;;; m < n) Ii W1 c B - MHO)KeCTBO HenpepbIBHbIX CPYHKIJ:HH, rrnOT-

Hoe B B (B MeTpHKe B) *). TIYCTb ,lI.aJIee ,lI.OKa3aH.bI HepaBeHCTBa

IlfiIE' ",-;;cllfl:B,' (1)

f (a, w) - f (a, w') liLt> (Rm) ",-;; II f liB A (I '1/') - W' I), (2)

(A.- (0) -+ 0, () -+0),

r,ll.e C He 3aBHCHT OT w H YKa3aHHbIX f, TaK )Ke KaK CPYHKIJ:H5I 'A (6)

.) B 3TOM pacrY)l{Jl.eHlI1I MOJKHO B 3aMeHIITb Ha w (Rn) (I = I, 2, .. .).
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He 3aBHCHT OT f H W H w'. Tor,ll.a 3TH HepaBeHc,TBa C TOIJ: lKe

KOHCTaHTOH e H CPYHKD:HeH A (8) HMelOT MeCTO ,lI.JlH Bcex f E B.
B caMOM ,lI.eJle, rrycTb fk E ml (k = 1, 2, ...) H II fk - f liB -+ ° rrp!!
k-+oo. Tor,ll.a

Ilfk liB' ellfk II, (3)-

Ilfk(a, w)-fk(a, w')IILp(Rm) KA(lw-w'!), (4)

r,ll.e KOHCTaHTa K He 3aBHCHT OT k. H3 (3) ew.e CJleJJ,yeT, 'ITO

I!fk - fz liB'  ellfk- ft\IB,

OTKy,ll.a BCJle,ll.CTBHe rrOJIHOTbI B' rrpI-l JlI060M w CYW.eCTBye-r c1,)YHK-
D:HH f* (x) = f* (a, w) TaKaH, 'ITO

Ilfk - f* liLp(Rm) Ilh - f* liB'  ellfk- f* IIB-+O, (k -+ (0),

 f* (a, w) - f* (a, w') l/Lp(Rm) KA (I w - w' /),

IIf*"B' ellfl!B. (5),

TaKHM 06pa30M, ,lI.JlH f, f*, fk BbIfIO.'IHHIOTCH YCJlOBHH 1)-3) JleMMbI,

H, CJle,ll.OBaTeJIbHO, f* rrpH JlI060M w eCTb cJleJJ, f Ha Rm (w). 3TII:\i
,lI.OKa3aHbI HepaBeHcTBa (1), (2) ,lI.JIH rrp0113BOJlbHOH CPYHKUI1H f E B

(Ha,ll.O Y'IeCTb, 'ITO KOHCTaHTa K B (4) rrpH JJ,OCTaTO'IHO 60JlbIII!1X k,
1 MOJKeT 6bITb B3RTa KaK yroJJ,Ho MaJlO OTJlH'IalOw.eHcH OT il f liB)'

DO,ll.o6Hoe paccYJK,lI.eHHe MOJKHO rrpOBeCTH B CJIY'Iae o6paTHoH
TeopeMbi BJlOJKeHHH. DycTb  Jl'c B' - MHOJKeCTBO HerrpepblBHblx

CPYHKD:HH, rrJlOTHOe B B', H rrYCTb KalKJJ,oH orrpe,ll.e.1JeHHoII Ha Rm =
= Rm (0) HerrpepblBHoH CPYHKUHH cP E  JI'rrpHBe,ll.eHa B COOTBeTCTBl1e

HerrpepblBHaH CPYHKD:HH Acp = f (x) E B, orrpe,ll.eJleHHaH Ha Rn, TaKaH,
liTO CJIe,ll. f Ha Rm eCTb cp, H BbirrOJlHHeTCH HepaBeHCTBO *)

II f liB e II cp liB" (6)

r.n.e e He saBHCHT OT cp E WI'. 3a,ll.a,ll.HM rrpOH3BOJlbHYlO CPYHKD:HIO
cP E B', 11 rrYCTb CPk E  xn', II cP - CPk liB' -+ 0 (k -+ (0), ACPk = fk' TorJJ,a

Ilfk - fz I!B ell CPk
-

CPt liB' -+ ° (k, l-+ (0)

11 cyw.eCTByeT fEB (B rrOJlHO), TaK 'ITO Ilf-fkIIB-+O. O'IeBH,lI.HO,
liTO ,lI.JlH CPYHKD:HH cP, f BbIfIOJlHHeTCH HepaBeHcTBo (6) (c Toil JKe

KOHCTaHTOH e).
OTMeTHM, liTO rrpH KOHe'IHOM 6 MHOJKeCTBO  J1D:eJlbIX CPYHKD:Hlt

f E Lp (Rn) (1 p (0) 3KCrrOHeHD:HaJlbHbIX ccpepH'IeCKHX THrroa

(Bcex) rrJIOTHO B JII060M B = B e(Rn) (B MeTpHKe B). B caMOM ,lI.eJle

*) CHOBa 3,!\eCb B MOJKHO 3aMeHIITb Ha W (Rn) (1 = 1, 2, .. .). CooTBeTcTBYIO-
lIijUI TeopeMa 0 npO.llOJIJKeHlI1I c Rm Ha Rn .l\OKa3aHa B 9.5.2,
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OHO fIJlOTHO B JIl060M B = B;6 (Rn) (l,s;; 6 < 00), fIOTOMY 'ITO eCJIH

f E B, TO (CM. 6.2 (6»
00

(
00

)
119

f = Qs, II f lIB = ,
a
sre II Qs \\e

o \ 0

oM

(
00

)
1/6

II f - fk 118 = a
sre \1 Qs \\e -+ 0

k+l '

(k -+ 00),

r)l.e
k

fk=  QsE WI.
o

DpH I,s;; p < 00  )l TalOKe fIJIOTHO B W (Rn) (I = 0, I, 2, .. .),
'ITO CJIe)l.yeT li3 Ol(eHOK 5.2.2 (4).

KOHe'IHO, li3 CKa3aHHoro CJIe)l.yeT, liTO MHO)KeCTBO Bcex 6eCKO-

He'IHO )l.HqxpepeHl(HpyeMblx CPYHKl(liH KJIaCCa B;6 (Rn) (I,s;; 6 < 00)
HJIH W (Rn) fIJlOTHO B cooTBeTcTBYIOw:eM KJIaCCe, fIOTOMY 'ITO OHo

CO)l.ep)KHT B ce()e MHO)KeCTBO CPYHKl(liH 3KCfIOHeHl(HaJIbHbIX THfIOB,

fIpHHa)l.Jle)KaI.qHX K Lp (Rn).



r.nABA 7

TPAH3MTMBHOCTb M HEYJIYlfWAEMOCTb

TEOPEM BJIO)l(EHM5I. KOMnAKTHOCTb

7, t, TpaH3HTHBHb1e CBoHcTBa TeopeM BJIO)KeHHSI *)

3a,ll.a,ll.HM CHCTeMbI tlHCeJI

r = (rh ...
,
rn) > 0, P = (PI, ..., Pn) (1,,;;; PI";;; (0) (If

H tlHCJla p', p", Y,lI.OBJleTBOpmOIll,He HepaBeHCTBaM

PI";;; P' < p" ,,;;; 00.

ECJlH BMllOJlHHIDTCH YCJlOBHH

(2)

, rix

Pi=Xi'
n

I I

%= 1 - ! Pz' P'>0,
1=1

n  _ 

%1= 1 - "\'1 PI PI
> ° (i = 1, ..., n),"- rl

1=1

(3)

(4).

(5).

TO HMeeT MeCTO TeopeMa BJlOJKeHHH (6.8)

B;e (Rn) -+ B :e(Rn),

OCYIll,eCTBJlHIDIll,aH llepeXO,ll. OT CHCTeMbI tlHce.1J (1) K CUCTeMe tlHCeJI

,

(
' '

)
'

P = PIt .
.., Pn , P .

Ha,ll.o HMen B BH,lI.Y, tlTO %";;; %1, H llOTOMY HepaBeHcTBo (5)
eCTb CJle,ll.CTBHe HepaBeHcTBa (4).

*) C, M. HHKOJlbCKHll {3], [10].
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Ho Terrepb MOJKHO K.T1aCC B :6(Rn) CtlHTaTb HCXO.n.HbIM H rrpH

Ha HtlHHHepaBeHCTBa
n

X' = 1- ( - ) '\1 > 0
P' pH p'

I
k

3aKJIlOtlUTb, tlTO HMeeT MeCTO .n.a.T1bHeH:Wee BJIOJKeHHe KJIaCCOB

(I)') (P")
Bf1'B (Rn) -+Bp"o (Rn),

r.n.e

p" = (p;, ..., p )= X'p'.

TaKHM 06pa30M, Mb1 rrpe06pa30BaJIH CHCTeMY (r, p) B CHCTeMY
(p' , p'), KOTOpylO B CBOIO Otlepe.n.b rrpe06pa30BaJIH B CHCTeMY
(p", p"). Ha.n.o HMeTb B BH.n.y, tlTO p' orrpe.n.eJIHeTCH Ilepes r, p H

p', a p" - tlepe3 p', p' H p". 3aMetlaTeJIbHO, tlTO 9TH rrpe06pa30Ba-
HUH HOCHT mpaft3UmUBftbtU xapaKTep: rrepexo.n. OT rrepBoft CHCTeMbI

KO BTOpOH, a 3aTeM OT BTOpOH K TpeTbeft MOJKeT 6bITb 3aMeHeH

O.n.HHM rrepexo.n.OM OT rrepBoft CHCTeMbI K TpeTbeH:.
B caMOM .n.eJIe,

w rkY..Y..'
Pk=- (k= 1,..., n),Y..k

r.n.e rrpe.n.rr0.T10JKeHO, tlTO

X, x', Xk> 0 (k= 1,..., n). (6)

C .n.pyroft CTOpOHbl, rrycTb Pk p" (k = I, "', n), H rrycTb HMelOT

MeCTO HepaBeHcTBa

X",Xk>O (k=I,...,n), (7)
r.n.e

n  __
x" = 1 _ '\1 PI p"

rl
1=1

Tor.n.a HMeeT MeCTO BJIOJKeHHe

'r (Q")

Bpa(Rn)-+Bp" (Rn),
'T. e. rrepexo.n. OT (r, p) Herrocpe.n.CTBeHHO K (p:, p"), r.n.a

P: = {P;h .
.., P;n}

H

, rk'K 
P.t=- (k = 1, ...

, n),
'Kk

Ho JIerKO no.n.CtlHTaTb, tlTO

x" -= xx' , (8)
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n03TOMY

p;=p".

KpoMe TOrO, B CHJlY HepaBeHCTBa p' < p", OqeBH)l.HO, x' > x",
T. e. x' > O. Ho TOr)l.a BCJIe-,!:CTBHe (8) x> 0, H TpaH3HTHBHOCTb
)l.OKa3aHa.

TpaH3HTHBHOCTb TeopeM BJIO)KeHHH pa3Hblx H3MepeHHH

B;a (Rn) -- B;s (Rm,) -- B; (Rm2)

(l m2<ml<n),

r,n:e

ri = rix' (i = 1, ...
, ml),

n

x'=l-  >O
p rj

,

m,+1

r;=r[x" (i=1,..., m2),'
m,

x" = 1 -
p r"
m2 + I I

CJle,n:yeT H3 JlerKO npoBepHeMoro paBeHcTBa

n

x= 1-  =x'x".
p rj
m2+ 1

7.2. HepaBeHCTBa C napaMeTpoM e.

MYJlbTHnJlHKaTHBHbIe HepaBeHcTBa

3an:a)l.HM CPYHKIJ:HIO f (x) EO H; (Rn) = H; H nOJlO)KHTeJlbHbIA

BeKTop e=(e1o"" en)' ITOJlO)KHM F(x)=f(elX1o"" enXn) =fe (x).
OqeBH)l.HO (kj > ri

-

Pi > 0),
1

 L\ FiPj)II E /I\ L\  /E.htiPj) (E1Xv '"
, EnXn) II <Ie

-

P

II L\ .8.htlPj) (X) IIj p
_

J J j [ 'JJ.. =
J J j Ip

h'l-Pj (Ejh)'j-Pf (Ejh)'j-PJ
(e

a = e . .. e ).

BepH BepXHlO1O rpaHb OT 06eux qaCTeU HepaBeHCTBa no h, nOJlyqHM
I

lifE (x)/I 'j =e?e-Pllfll'j ,

hx p hx p
I j

KaKOBO 6bI HH 6bIJlO e > O.

(1)

9 C. M, HHKOlIbCKUI!
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, 'jPaCCMOTpHM eIll.e nO.'1YHOPMY bx p= bx;pe (Rn), 1 e 00:

Ilfll{j = (ffI_e (',- pi Q: (t ?), t)rp (Rn) dt)
IIB

XjP
0

B Hee Tome MomHo BHeCTH CPYHKUHIO fe H npOH3BeCTH 3aMeHy
nepeMeHHbIX B HHTerpa.T1e noJI. 3HaKOM Q. B pe3YJIbTaTe nO.T1YtlHM
paBeHCTBO, aHa.T10rHtlHOe (1):

(2)

I
,
--

\lfe(x)IVj =e/8 p

Ilfllb'j' (3)
xfP xjP

OHO, TaKHM 06pa30M, BepHO JI.Jl5I JII06bIX e (1 e 00).
OtIeBHJI.HO, JI.a.T1ee, tlTO

n03TOMY

I

Ilfdp = e-pllfl/p, (4)

lifellB T
= 8-; {llfl +i: e?\lf\lb'j }.p 1=1 x,p

(5)

,UJI5I CPYHKUHH f, npHHaJI..T1emaIll.HX K H3QTpOnHbIM KJIaCCaM,
nOJIara5I fe (x) = f (ex), fJI.e Tenepb e - nOJIOmHTeJIbHbIH CKaJI5Ip, H

paccymJI.a5I, KaK BblIIIe, nO.T1Y'lHM

n n
- - r- -

Ilf(ex)llp=e p Ilfllp, Ilf(ex)lih, =e
p \\f\\h"

p p

n .

,--

Ii f (ex) lib' = e p II f lib' .

p p

npHBeJI.eM npHMepbI npHMeHeHH5I CPOPMYJI (3) - (6).
C B.T10meHHeM B; --+ B (0 < p < r) CB5I3aHO HepaBeHcTBo

II f II BP c (II flip + II f lib')'
p p

H3 KOToporo B CHJIY (6) C.T1eJI.yeT HepaBeHcTBo

II f IIBP c (e-1> II flip + e'-P II f lib')
p p

(6)

..

(7)

(7')

C npOH3BOJIbHbIM napaMeTpOM e.

Hao60pOT, H3 (7') npH e= 1 CJIeJI.yeT (7). B npHJIOmeHH5IX
HepaBeHcTBoM (7') n0.T1b3YIOTC5I, Konia XOT5IT, tlT06bI onpeJI.eJIeHHbIH
OJI.HH H3 tIJIeHOB ero npaBoH qaCTH 6bIJI JI.OCTaTOtlHO MaJIbIM. MHHH-

MH3HPYH npaBYIO tlaCTb (7') no e, nOJIYtlHM HepaBeHcTBo
P

Ilfllb  C[(r pt
l'

+(r

p

PY-P/']llfII;-r (1Ifllb )P/" (7")
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KOTOpoe Ha3blBalOT .MY/lbmUn/lU1CamU8Hbl.M flepaoencm80.M. 113 (7"),
OlleBHJI.HO, o()paTHO, CJIeJI.yeT (7').

PaccMoTpHM em.e CBR3aHHble C BJIO}KeHHRMH pa3Hblx H3MepeHHH
H MeTpHK HepaBeHCTBa

Ilfll B (l m)
C (II f IILp (Rn)

+ II' lib; (R n}) (8)

(l m<n,p=r_ n-;;m >0),
II' [IB ;', (R n)

c ([I' IILp (Rn)
+ [[, [Ib (Rn»' (9)

r' = r - ( - ) n> 0
p p'

,

rJI.e Rm - IIOJI.IIpOCTpaHcTBo TOlleK (Xl> . ..
, Xm. Xm +1, ...

,
Xn) C IIpOH3-

BOJIbHbIM cpHKcHpoBaHHblM Y = (Xm +1' .
..,

Xn) H C He 3aBHCHT OT ,
H <p. ECJIH B 9THX HepaBeHcTBax 3aMeHHTb f Ha fe, a 3aTeM H3rHaTb

H3-IIOJI. HOpM 8 npH IIOMOm.H (6), TO IIOJIYlIHM COOTBeTCTBeHHO

II' Ilb (Rm) C (e-
r

IItriL
p (Rn) + Ilf Ilb (R,,})'

II' [Ib ,(Rn) C (e-
r II' IILp (Rn)

+ [I f lib; (Rn))'
nepeXOJI.R K IIpeJI.eJIY IIPH e -+ 00, IIOJIYlIHM HepaBeHCTBa

II f Ilb (Rm) C [I f llb (Rn) , (10)

"fll
b;', (Rn)  c[I'llb;(Rn)' (11)

YTOlIHRlOm.He HepaBeHCTBa (8), (9), IIOTOMY liTO B HHX BXOJI.HT

Ta }Ke KOHCTaHTa c, HO OHH YJKe He COJI.ep}KaT CJIaraeMOe

II f IILp (Rn) , KOTopoe IIpeJI.IIOJIaraJIOCb KOHellHblM. OJI.HaKO ecJIH

HII L (Rn)
= 00, TO HepaBeHCTBa (10), (11). Boo()m.e rOBopR, HeBep-

Bbl. Tax, npH r - p;::: 1 MHOrOllJIeH

PI (x) = I; akx
k

,

jkl";l

rJI.e 1 = r, eCJIH r - Heu:eJIOe, H 1 = r + 1, eCJIH r - U:eJIoe,

o()pam.aeT IIpaBylO lIaCTb HepaBeHCTBa (10) B HYJIb, B TO BpeMH KaK

ero JIeBaR llaCTb Boo()m.e He paBHa HYJIIO. npH r - p < 1 HepaBeHcTBa

(10) MorYT BblIIOJIHRTbCH ()e3 Toro, lITOObI HopMa ()blJIa KOHellHOH

(CM. 3aMellaHHe K 7.2).
MO}KHO B JI.yxe <PoPMYJI (10) - (11) JI.aTb yTollHeHHe TeOpeMb1 06

ou:eHKe CMellIaHHblX npOH3BOJI.HbIX. HaIIpHMep, JI.JIR Wp (1 < p < 00)
HMeeT MecTO HepaBeHcTBo (CM. 9.2.2)

ax  :1  c(  : +  +llu,,).
g*
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OTKY,lI.a

a  :2Ii c (II  : II + Ii  : 11 + E- 211 u II) ,

M nOCJIe nepeXO,ll.a K npe,ll.eJlY npM E -+ 00 nO.T1ylIMM HepaBeHCTBO

II a ;x2IJ c (II  : II + II  : II),
cnpaBe,ll..T1HBOe npM YCJlOBMM, lITO II u Ii < 00.

nO,ll.06HhIe yTOlIHeH1-1R He BCer,ll.a MMelOT MeCTO. HanpHMep,
B HepaBeHcTBe (7) nepBhIH lIJleH ero npaBoH tlaCTM onycTMTh HeJlb351,
3TO BM,lI.HO M3 3KBMBaJIeHTHOro eMY HepaBeHcTBa (7'). ECJIlI 6hI
B nOC.T1e,ll.HeM nepBhIH lIJIeH OTCYTCTBOBa.T1, TO nOCJIe nepeXo,ll.a K npe-
,lI.eJlY npM E -+ 0 MhI nOJlYtlMJIM 6bI, lITO .T1eBa51 lIaCTh paBHa 0, lITO

B03MO)KHO, JIMIllh KOr,ll.a f - MHOrOlI.T1eH.

PaCCMOTpHM eIll.e npHMep, OTHOC5IIll.HHC51 K aHM30TponHOMY CJlY-
tlalO.

B HepaBeHCTBe pa3HhIX M3MepeHMH

IlfllbPj (R )
 c(llfiIL +I:fllbr (R ») ,

xjP m
P P n

n

%=1-   >0
p -'- r

'

m+1
I

( 12)

Pj = %rj (j = 1, ..., m), (13)

nepBoe CJIaraeMOe B npaBOH tlaCTM JlHillHee. B caMOM ,lI.eJIe, 6ep51
,lI.JI51 Y,lI.06CTBa j = 1 M nO,ll.CTaBJI5151 fB B (12), Ha OCHOBaHMM (3)
nOJIYtlMM

Ep'(El... Em)-I/p!lfll p,
bx,p (Rm)

C (PI" . En)-I/p Ir: filL (R )
+ E jII f II Tj } .

II p n
j=1

bx
/
p (Rn)

COKpall1.aeM Ha (El...Em)-ljp, nepeXO,ll.HM K npe,ll.e.T1Y npM Ej-+O,
'2

TO.T1hKO ,lI..T151 j = 2, .
.., m, M nOJIaraeM Ej

= E J, j = m + 1, .." n.

Tor,ll.a

 fIlbp, (R )
:E; c {EiT'II{ IlL (R)

+ II n TJ } .

x,p m p n
j=m+1

b
xjP (Rn)

nepexo,ll. K npe,ll.eJIY npM El -+ 00 npHBO,ll.MT K HepaBeHCTBY (12),
HO Y)Ke 6e3 nepBoro C.T1araeMOro B npaBOH tlaCTM npM j = 1.

Ho TO )Ke MO)KHO C,lI.eJIaTh npM .T11060M j = 1, .
..,

m. CYMMMpYH
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no I, nOJlYtIHM (eCJlH lit IlL < 00) HepaBeHCTBO
p

II f Ilb (Rm) cd f Ilb (Rn)'
YTOtIH5IlOIII.ee COOTBeTCTBYlOIII.YlO TeopeMY BJlOlKeHH5I pa3HblX H3Me-

peHHH: .

7.3. KpaHHHe (jJYHKIJ,HH B H;.
HeyJlYIJWaeMOCTb TeopeM BJlO1KeHHSl

Ey,n:eM nHcaTb 8 = (elo .
.., en) > 0, eCJIH ,n:JI5I BCeX ej;;:: 0 H

XOT5I 6bI O,n:Ha H3 KOMnOHeHT ej> O. <l>YHKlUllO f 6y,n:eM Ha3bIBaTb

KpaUl-leU cjJYI-lKf.{UeU B KJlaCCe H;, eCJIH OHa npHHa,n:JlelKHT K H;
H He npHHa,n:JIelKHT K H;+'\ KaKOB 6bI HH 6blJl BeKTOp 8> O.

MbI 6Y,lJ.eM paCCMaTpHBaTb KJI CCH;(Rn), r=(rlo ..., rn»O,
p = (Ph ..., Pn), I Pj 00, ! = I, ..., n. KaK Bcer,n:a, eCJIH

P
= PI =. .. = Pn. TO BMeCTO BeKTOpa p 6y,n:eM rOBOpHTb 0 tIHCJle P

H BMeCTO H; nHCaTb H .Ha BeKTOp p HaJIQ)KIIM YCJlOBHe

n

Xj=x.(P)=l- ( - ) >O1
Pl Pj'l

l=1
(j = I, ..., n). (1)

B tIaCTHOCTH,

Xj (p) = I (j = I, .
.., n),

H B cJlytIae KJlaCCOB H (R n) YCJlOBlIe (I) aBTOMaTHtIeCKH BbIllOJlH5IeTCSI.

OTMeTHM, tITO

n

! ; =! ,: + !! (;l - p )'l }= ! , .

/=1 I I l I

TIOJlOlKHM

Sin

; )
2

F (t) = (2)

H

n '

ro II F(aSX;I'jXj)
'Ip (x) =\jJp,r (a, x)=! /S(II-  )s=O Dirt

a

(3)

(a> I, X}=Xj (p».
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B lJaCTHOCTH,

co

'lpp, r (a, x) = !
s=o

n

II F (as/'Ix})
j=1

(
I 1

)
.

S I-
p

a

(4)

TIoKaLKeM, tITO '\Jp, r (a, x) E H (Rn). B caMOM ,lJ.eJle, nYCTb Qs
ecTb soH: tIJleH pH,lJ.a (3). TaK KaK F -l.{eJlaH <PYHKl.{H5I tHna 1 OT

x}
s-

O,lJ.HOH: nepeMeHHOH:, TO Qs -lI.eJla5I <PYHKII.HH THna v} (s) = a '1 no

x} H npH 3TOM

Qs  L ( R )
f"J a-

sx
,

PI n
(s = 0, 1, ...), (5)

nOTOMY tITO

n n n

1-V + V .=l-'1

(J..._ )  =Xi' (6)
P,'I Pi '1 PI Pi'l

I I I

Cne,lJ.OB8TeJlbHO *),

(
X

i

)
'i

Vi (s)'ill Qs IlL (R)
= as r; il Qs Ik ( R)

f"J 1
Pi n Pi n

(s=O, 1, ...). (7)

TaKHM 06pa30M, JleBaH tIaCTb (7) OrpaHHtIeHa )l.JfH v} (s), np06e-
ralO1IJ.HX B03paCTalO1IJ.YIO nporpeccHIO. 3TO nOKa3bIBaeT (CM. 5.5.3 (6»,

H'i
R

.

1 r

tITO '\J E XiPi ( n) ,lJ.JlH Jl1060ro 1= , ... , .n, T. e. '\J E HP (Rn).
Ho HHLKe (CM. 7.4) 6Y,lJ.eT ,lJ.OKa3aHO, tITO BO BCHKOM cJlYtIae npH

,lJ.OCTaTOtIHO 60JlbUIOM a> 1 <PYHKII.HH '\Jp, r He TOJlbKO npHHa,lJ.JleLKHT

K H; (Rn), HO H HBJl5IeTCH KpafmeH B 3TOM K.T1aCCe, a nOKa Mb[

C,lJ.eJlaeM HeKOTopbIe BbITeKalO1IJ.He OTCIO)l.a BbIBO)l.bI.
3a,lJ.a,lJ.HM tIHCJlO p' p} (j = 1, ..., n), KOTopoe, B tIaCTHOCTH,

MOLKeT paBH5ITbC5I 00, TaKoe, tITO

n

X = 1 - V (- - ) > 0
PI P' rl

1

(TOr,lJ.a aBTOMaTHtIeCKH x} > 0, j = 1, ..., n), H onpe,lJ.eJlHM, KaK

OreopeMe BJlOLKeHH5I pa3HbIx \MeTpHK QHCJla

Pi=
rix

(i=l.....n).
Xi

*) TIo onpe,lteJleHHIO as", bs (s E e), eCJIH CYlUeCTBYIOT nOJI01KHTeJJbHble lie

SaBHCJllUHe OT SEe KOHCTaHTbI C1' C2 TaKHe, QTO C1aS:::;; bs :::;; C2aS (s E e).
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ECJllf nOJlO>KlfTb

x}
s-

b = aX, a TI = bS/PI (j = 1, ..., n), (8)

TO nOJlYtIlfM

co IT F (b
S
'  IxJ

\!J (x) = \!Jp'. Q (b, x) = 1=(1 1 I

)
.

.- S 1-- -

S = 0

b
p' PI

(9)

B caMOM .lI.eJle,

x ( 1 - J, V )
= x - J, V =

P PI' P '1
I I

=1- V ( - ) -J,V =I-V....!-.PI P '1 P  'I PI'I
I I I

PaBeHCTBa (3) If (9) YKa3bIBalOT Ha TOT <paKT, tITO \!J HBJlHlOTCH

O.lI.HOBpeMeHHO <PYHKI1.HHMIf \!Jp, r(a, x) If 'ljJP', Q (b, x), r.lI.e b If a

CB5I3aHbI paBeHcTBoM (8). Ho eCJlIf a .lI.OCTaTOtIHO BeJllfKO, TO

'ljJp,rEH (Rn) If \!Jp',QElPp, (Rn), tITO corJlacyeTcH C TeopeMOH
BJlO>KeHH5I. Ho \!Jp', Q KpaH:HH5I <PYHKl1.lffl B KJlaCCe  ,(Rn). OHa He

nplfHa.lI.J1e>KlfT Hlf K KaKOMY KJlaccy  ,+E(Rn), r.lI.e 8> 0, 3ro

.lI.OKa3bIBaer, tITO BJ10>KeHlfe H; (Rn) -+ Hg,+ e

(Rn) (8) 0) HeBepHO.
Ho Tor.lI.a HeBepHo TaKlKe BJlO>KeHlfe B;e (Rn) -+ Bg,+e (Rn), nOToMY
tITO, eCJlIf .lI.OnYCTlfTb, tITO OHO BepHO, TO HMeJlIf 6b1

I

H:+2e (Rn) -+ B;s (Rn) -+ B ,te(Rn) -+ H ,+e(Rn),

tIro, KaK Mb1 ,nOKa3aJlIf, HeB03MO>KHO. EY.lI.eM IfCXO.lI.HTb Tenepb H3

<PYHKI1.IfIf 'ljJP. r (a, x) (CM. (3», If nycTb
n

I

!
1

x=I-- ->0
P '1
m+I

(1  m<n). (10)

EY.lI.eM CtIlfTaTb, tITO BeKTop p = (PI, ..., Pm), Tenepb YlKe m-Mep-
Hb1H:, onpe,neJlHeTCH, KaK B TeopeMe BJlO>KeHlf5I pa3Hb1X H3MepeHHH:
paBeHCTBaMH

P}='/X (j= 1, ..., m),

If nycTb X = (u, y), u = ( h.... Xm), Y = (Xm+h .... Xn), 'Ip (x) =
= 'IjJ (u, y). 0603HatIHM tIepea Rm KOOp.lI.HHaTHOe no,nnpOCTpaHCTBO



264 HEYJ1yt:1lllAEMOCTb TEOPEM B.T10)l(EHH5I. I\OMnAI\THOCTb [rJ1.1

TOtIeK (a, 0). CJle.lI. \jJ Ha Rm eCTb CPYHKIJ:HH (F (0) = 1)

00 ITPC*xJ 00 rrp(b*XJ
w(a,o)=!

1=

(
1

n

)
!

1=

(
1

m

)
-\jJp,Q(a)

5=0 5 I-..!... "'..!... 5=0 5 I-..!... "'..!...
p p

a
. 1

b
1

(b = aX),

(11)

nOTOMY tITO

(
m

)
m n

X 1- '\1 =x- '\1 =1- '\1 .
p PI P '1 P '1

I I 1

1-13 (I I) MbI BH.lI.HM, tITO CJle.lI. \jJp, r (x) Ha Rm eCTb \jJp, Q (a). TIpM
9TOM \jJp, r (x) E H (Rn), \jJp, Q (a) E H (Rm), tITO co06pa3yeTcH
C TeopeMoH BJlO>KeHHH pa3Hblx H3MepeHHH. Ho \jJ 

- KpaHHHH CPYHK-
IJ:HH B H (Rm) M He npHHa.lI.Jle>KHT K H +E(Rm) (8) 0), n09TOMY
BJlO>KeHHe H (Rn) __ H +E (Rm) HeBepHO. PaccY>K.lI.aH, KaK BblIIIe,

MbI rrpHXO.lI.HM K BbIBO.lI.Y, tITO HeBepHO TaK>Ke BJlO>KeHHe B e(Rn) __
__ B tE(Rm). 3THM .lI.OKa3aHO, tITO TeopeMa BJlO>KeHHH pa3HbIX
MeTpHK B YKa3aHHOM CMbICJle HeYJlYtIlliaeMa, O.lI.HaKO YJlYtIIIIeHHe
B03MO>KHO B TepMHHax 60Jlee 06W;HX KJlaCCOB. HanpHMep, A, C. J1.>Ka-

cpapoB [I] nOJlYtIHJI YTOtIHeHHH TeopeM BJlO>KeHHH .lI.JlH KJlaCCOB H ,
paccMaTpHBaH 60Jlee 06W;He KJlaCCbI H '

of

(H '
0
= H )CPYHKIJ:HH f,

KOTopble, HanpHMep, npH n = 1, r < I onpe.u.'eJ1HIDTCH TaK: f E H;' 5,
eC.T1H f E Lp H

II f (x + h) - f (x) IILp M I h Ir Iin * r.
MbI BH.lI.eJlH, tITO 3aKJlIDtIeHHe 0 HeB03MO>KHOCTH YKa3aHHoro

BJlO>KeHHH CBeJlOCb K .lI.OKa3aTeJlbCTBY HeB03l\10>KHOCTH conyTcTBYID-
w;ero eMY HepaBeHCTBa. O.lI.HaKO OCTa.T10Cb HeHCHbIM, cyw;ecTByeT JIM

B KJlaCCe B e(Rn) <PYHKIJ:HH, He npHHa.lI.Jle>Kaw;aH K B tE(Rm)'
B 7.6 6Y.lI.eT nOKa3aHO, tITO TaKaH CPYHKUHH cyw;ecTByeT.

7.4. El1!e 0 KpaHHHx (jJYHKQHSlX B H 

TIepeXO.lI.HM K .lI.OKa3aTeJlbcT.1!Y Toro, tITO W = Wpr (a, x) (7.3 (3))
npH .lI.OCTaTOtIHO 60JlbIIIOM a eCTb KpaHHHH CPYHKIJ:HH B H (Rn).

OTMeTHM, tITO <PYUKIJ:HH F (t) 06J1a.lI.aeT CJle.lI.YIOW;HMH CBOHCTBaMH:

l1JISl Ha>K.lI.Oro HaTypaJ1bHOro I MO>KHO YKa3aTb TaKHe, aaBHCHrn;He
OT I tIHCJla c, 6, tITO
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1) npoH3Bo)l.HaH F(t) (I) coxpaHHeT 3HaK Ha (0, 6);
2) Ha (0, 6) BbInOJ1HHeTCH HepaBeHcTBo

I F(t) (I) I ;:::. cl. (1)

TIepBoe CBOIICTBO BblTeKaeT H3 aHaJ1HTHtIHOCTH F. BTopoe H3

Toro, tITO

F (I) = ao + a2/
2
+ a4/

4 + ...
J

r)l.e a21 =i= ° JJ.J1H JIl06bIX i = 0, 1, ...

TI0J10JKHM
n

,\,=1- "- PI'I
1

(2)

H 3aMeTHM, tITO

-2... 2-Xi=-2... - (1- ( - ) ) =-,\" (3)
PI t.. '/ PI t.. '1 t.. PI PI'I

i= 1 I I

3a)J.aJJ.HM nOCJleJJ.OBaTeJlbHOCTb

{) -I-t  
h=h!J.='2a '1 (f-t = 0, 1, ...), (4)

rJJ.e l3 - tIHCJlO, 0 KOTOpOM CKa3aHO BbIlIIe, nOJJ.o6paHHoe JJ.JlH 1 =

='1+2 (rl=fl+a, f1-LI,eJloe, O<a l).
Hallia <PYHKLI,HH 3anHCbIBaeTCH B BHJJ.e

(
Kj

)
00 n

$-

'IjJ= 2:Qs, Qs=a-sv IT F a 'j Xj .

o / = 1

HallieH ueJlblO HBJlHeTCH OLl,eHKa CHH3Y HOpMbI L\ ,h'IjJr,,)(x) B MeT-

pHKe L
PI (Rn)' rJJ.e 'ljJV,') 0603HatIaeT npOH3Bo.1I.HYlO OT 'IjJ no Xl

nopHJJ.Ka fl'
HMeeM

2 (,) A2
Q

(r,) + A2
Q

(,,)
(h (hL\ ,h'IjJx '=.::::... lJ.x,h SX , .::::... lJ.x , h SX,

=s )+a ),
S";; I-t s>1-t

 a(h) Ikp (Rn) 4 IIQ  :)t(R) 4 a

- SK, (1- ;: ) =
,

S>I-t P, n
S>I-t

'Xt 00 ')(1

= 4a
- (it + I)

r,-
a

2: a

- S

r,-
a

= ( hr
o

a  :a (l-a-  :a)'

(5)

4
(6)

Bo BTOpOM HepaBeHCTBe MbI BOCn0J1b30BaJ1HCb oueHKOH 7.3 (5),
B nOCJle)l.HeM me paBeHcTBe npoH3BeJJ.eHa 3aMeHa Hi h = hJJ. no
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<popMYJle (4). Mbl BblttHCJlHJlH KOHcTaHTY rrpH ha He 3pfl - rerrepb
BH)l.HO, ttTO OHa CTpeMHTCfl K HYJllO rrpH a -- 00.

C )l.pyroH CTOpOHbl (rrOflCHeHHfl HH>Ke) ,

II s (hHl.
p (Rn)

= a- sy (has  :Y i"  :F '+ 2) (as  :(Xl + ah») X
, II S  11

n

( s )X IT F a '1 xJ ?= II.IIL [(0. h)XRn_l ) ?=
f= 2 L ( R )

P,

P, n

( 11 )2'_I1 (Y_;:' )ha" a
"

X

X F ,+2)(al1 :(XI+ah»).IT F(al1  :xJ 1,= 2 IIL
p , [(0, h)XRn_1 l

1
n

xJ

( +
ax,

) (
h

I
x,

/
P'

)
I/P'

-11
'PI I'f

(
t)

)
2

- 11 Y - x, - r 11
-

Cl 2'
a

"

J
ca

"
Xl dXl a

2
-

o

I+...!... I

6 2 (
X,

)
p,

(
X,

)
-a

6
3 - IX +

P.'
= C2 ( '2 ) ha

l1 ---'-; ha
l1 ---'-; ha = C2 ('2) ha . (7)

Bo BTOpOM COOTHOllIeHHH (HepaBeHcTBe) 06JIaCTb HHTerpHpoBa-
HHfl Rn 3aMeHeHa Ha ee ttaCTb (0, h) XRn-h COCTOfl YlOH3 TOtteK X,
r)l.e 0<x1 <h, -oo<xl<oo rrpH j=2, ..., n. B TaKOM CJlY-

')(1 ')(1
S- . 11--

qae rrpH s fJ. B CHJlY (4) a
" (Xl + ah) a " 2h <') H rrOTOMY

<PYHKIJ:HH Fr.,+2)(aS  :(Xl +ah») coxpaHfllOT 3HaK H, TaK KaK e e

F 0, TO HopMa, 1\ KOTOpOH Mbl rrpHIlIJlH, MO>KeT TOJlbKO YMeHb-
IlIHTbCfl, eCJlH B CYMMe OCTaBHTb O,lJ.HO CJlaraeMOe, COOTBeTCTBYlO ee
S = fJ.. 3TO 06'bflCHfleT rrepexo)l. OT TpeTbero ttJleHa K tteTBepTOMY.
TIepeXO,lJ. OT tteTBepTOro K rrflTOMY ttJleHY ocy eCTBJlfleTCflB CHJlY (4)
H HepaaeHCTBa (1) rrpH 1=i'1+2; rrpH HHTerpHpOBaHHl{ rro Rn-l
Ha)l.O yqeCTb, ttTO

(S IF (Nx) IP dxt
P
= N:/P (S IF (u):P dut

P

=cIN-I/p.

TIepexo)l. OT rrflTOro qJleHa K llIecToMY OCHOBaH Ha rrpHMeHeHHH (3).
HaKOHeIJ:, B rrOCJle)l.HeM paBeHcTBe rrpHMeHfleM (4). Cy ecTBeHHo
S8MeTHTb, qTO KOHCTaHTbl C, Ch C2 B (7) He 3aBHCflT He TOJlbKO 01

.. fL. HO H OT a. C ,npyroH CTOpOHbI, KaK Y>Ke 6blJlO OTMeqeHO

KOHCTaHTa npH ift(1, B HepaBeHcTBe (6) MOLKeT 6b1Tb C)l.eJIaHa

. AocTaTOttHO 60JIbllIOM a KaK yro,nHo MaJIOH. CJIe,lJ.oBaTeJIbHO, H3
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(5), (6) H (7) BbITeKaeT, tIro npH )J.OCTaTOtIHO 60JlbillOM a BbIIIOJl-

H5IeTC5I HepaBeHCTBO

1]  ,h\jJ : Lp(Rn);::: lis (h)IILp (RlI) -II a (h) IILp (Rn);:::C (a) ha , (8)

r)J.e h np06eraeT y6bIBaIO YIO K HY.T11O nOCJIe)J.OBaTeJlbHOCTb (4). Ho

ror)J.a <PYHKI1.H5I \jJ He MOJKeT npHHa,n:JIeJKaTb K K.T1accy H;:i;e (Rn)
(8) 0). B caMOM )J.eJle, ,n:orrYCTHM, tITO \jJ E H :i;e(Rn), H nYCTb

0< 'Y\ < min {8, I}. Tor)J.a TaKJKe \jJ E H :-::TI (Rn) H rrpH iTOM

'1 + 'Y\ - '1 = ex + 'Y\ < 2 = k, rr03TOMY )J.OJIJKHO BbIlIOJIH5ITbC5I Hepa-
BeHCTBO

11  2\jJr, II M [h la+TI
x,h x, Lp, (Rn)

)J.Jl5I BCeX h, tIro rrpOTHBOpetIHT (8). AHa.T10mQHO )J.OKa3blBaeTC5I, tIro

- 'i+ 8

6
.

I 0'II' E/=. HPiXi (Rn) .1I.JI5I JIIO oro l =
, ..., n, ecJlH 8> .

MbI )J.OKa3aJlH, tIro <PYHKI1.H5I \jJp, r (a, x) npH )J.OCTaTOtIHO 60JIb-

illOM a He npHHa)J.JIeJKHT HH K KaKOMY KJlaccy

H;+e (Rn), r)J.e e > O.

7.4.1. LL.T15I KpaHHeH B H (Rn) = H (r > 0) <PYHKI1.HH 'Ii' HopMa
11\jJ (x + h) - \jJ (x) I!H He CTpeMHTC5I K HYJIIO npH h -- O. B caMOM

)J.e.1Je, rrYCTb '1> 0 H '1 ='1 + ex ('1 -l1.eJIoe, 0 < ex < 1). B CHJlY
7.4 (8) )J.JI5I )J.eHCTBHTeJIbHbIX h > 0, rrp06eralO HxHeKOTOpylO cxo-

)J.5I YIOC5I K HYJIIO rrOCJle)J.OBaTeJIbHOCTb (11'[ILp (Rn)
= II. lip):

II x,h\jJIIH;::: sup L\XlkL\: h1jJ :llp;::: L\ , : :llp m>0. (1)
k>O

TIpH ex = 1 rrpHillJIOCb 6bl orrepHpoBaTb B (1) BTOpOH pa3HOCTblO
no k (BMecro nepBoH), tIro npHBo)J.HT K He06xo)J.HMOCTH )J.OKa3aTb
HepaBeHcTBo 7.4 (8) )J.JI5I TpeTbeH pa3HOCTH (BMecro BropOH). 3ro
)J.eJI aeTC5I aHaJIOmtIHO.

7.5. HeYJIylJrnaeMOCTb HepaBeHcTB

)J.JUI CMernaHHbiX rrpoH3Bo)J.HbIX

B 5.6.3 6bIJIO ,ZJ.OKa3aHO HepaBeHcTBo

II fU) IIBQ ( R \ c" fllBr ( R )p8 nJ. p8 11
(1)

npH YCJIOBHH, tIro

p=xr,

n

x= 1 -  >O."- rk
I

(2)
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OHO nepeCTaeT 6bITb BepHbIM, eCJlu B HeM 3aMeHUTb p Ha p + 8

(8) 0). 9TO TOIKe MOIKHO )J.OKa3aTb, paCCMaTpUBa5I KpaHHlOlO <PYHK-.
11.HlO

n

00 II P (a
5/rj Xj)

;p = 1pp, r
= V /

(III I

)s 1-- -

.=0
a

p r
l

(a> 1).

Ee npOU3BO)J.Ha5I

00

1p(l) (x) = 1:
5=0

n

II p(lj) (b
5/Pj Xj)

/=1

5 (I- )b
p PI

(aX = b)

XOT5I U He 5IBJI5IeTC5I 4aCTHbIM cJlyqaeM paCCMOTpeHHbIX HaMU ceMeHCTB

KpaHHUX <jJYHKLI,UH, HO Bce IKe HBJlHeTC5I KpavlHei'c B KJIaCCe H (Rn),
U 3TO )J.OKa3blBaeTC5I COBeprneHHO aHaJlOrUqHO TOMy, KaK 3TO )J.eJla-

JlOCb B 7.4, r)J.e Ha)J.O CqUTaTb P = PI = ... = Pn. To 06CT05ITeJIbCTBO,
qTO Tenepb no)J. 3HaKOM npOU3Be)J.eHU5I HaXO)J.5ITC5I pa3HbIe <jJYHK-
Ll,UU p(lj) , He UMeeT cyrn.eCTBeHHoro 3HaqeHU5I.

3TO )J.OKa3blBaeT Hallie YTBepIK)J.eHue )J.Jl5I H-KJlaCCOB *), HO Tor)J.a

U )J.JI5I B-KJlaCCOB.

7.6. ,[(pyroe Jl,OKa3aTeJlbCTBO HeYJIy'lrnaeMOCTH TeopeM BJlOMeHH5I

PaccMoTpUM Bonpoc, OTHOC5Irn.UHC5I K 06rn.ei'c Teopuu <jJyHK11.U0-
HaJlbHbIX npocTpaHcTB. DycTb E1 H E2

- 6a.HaxoBbI npocTpaHcTBa,
KOTopbIe KaK JlUHeHHbIe MHOIKeCTBa npHHa)J.JlelKaT K O)J.HOMY H TOMY
Me JIUHeHHOMY MHOIKeCTBY E.

T e 0 p eM a 1 **). ECJlu JlUHeiiHbtU O!paHWieHHblu onepamop A

83aUMHO 08H03Ha'lHO omo6pa:JICaem E1 Ha E2' mo o6pamHbiu K HeMY

onepamop A
-I

, o'le8u8HO, JlUHeUHbtii U omo6pa:JICalOU{uu E2 Ha E10

8 C8010 O'lepe8b OZpaHU'leH.
DYCTb 6aHaxoBbI npOCTpaHCTBa E1 H E2 HMelOT HenycToe nepe-

CeqeHUe E1E2 . 3J1eMeHTaM X E EIE2 MbI npHnulileM HOPMY

II X IIE.E. = II X liE. + x liE.. (1)

Tor.rr.a E1E2 eCTb HOpMHpoBaHHoe npoCTpaHCTBo.
T eo p e M a 2. ECJlu E1E2

- noJlH08 npocmpaHcm8o, m. e. 6aHa-

X080, U eCJlU He cyU{ecm8yem 1({)flCmaHmbl C> 0 maKOU, 'lmo

II X  E.  IX liE.

*) C. M. H H IV6 JI b'C K H H [2], cJJytJaif p = co.

**) CM. X a y C J{ 0 p 4> [I], )::L06aBJIeHHe.
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iJM 8CeX XE£1£2, mo 8 £1 cyU{ecm8yem 3AeMeH.m, H.e npuHaiJJ/e:J/Ca-
U{ut1 K £2'

Ll 0 K a 3 aTe JI b C T B O. B caMOM )J.eJIe, )J.orrYCTHM, qTO 3TO He TaK,

T. e. £lC£2' Ka>K)J.blll 3JIeMeHT x 6aHaXOBa rrpOCTpaHCTBa £1£2
MO>KHO CqHTaTb oT06pa>KeHHblM (0)J.HO-0)J.H03HaqHO) B x >Ke, HO

rrpHHa)J.JIe>Ka Hll K £1' 3Ta orreparUHI JIHHellHa H OrpaHHqeHa:

[I x  E, [IxiiE, +:1 x [IE. = [I X bE"

H oT06pa>KaeT £1£2 Ha £1' Ho Tor)J.a Ha OCHOBaHHH TeopeMbI 1

)J.OJI>KHa cy ecTBoBaTbrrOCTOHHHaH C TaKaH, qTO

[I X liE, +!I x [IE. ql x fiE,
HJIH

 X[IE, I)xk, XE£1£2,

H MbI rrpHIIIJIH B npOTHBOpeqHe C YCJIOBHeM TeopeMbI.
ITpHMeHeHHe TeopeMbI 2 Tpe6yeT rrpoBepKH rrOJIHOTbI £1£2'

ECJIH £1 = B; (Rn), £2 = B ,(Rn) (3)J.eCb Bp=Bpe), TO rrOJIHOTa £1£2
HMeeT MeCTO, rrOTOMY qTO B 3TOM CJIyqae H3 Toro, qTO [I fk - fl [[E,E,  O,
k, l CX), B CHJlY rrOJIHOTbl £1 H £2 CJle)J.yeT cy ecTBoBaHHef E £1
H FE£2 TaK, qTO Ilf-fdE, O, [IF-fkIIE, O (k CX)), HO

Tor)J.a H

II f - fkl/LPi (Rn) 0, II F - fk [/Lp' (Rn) 0 (i=l, ..., n).

OTCIC')J.a (CM. 1.3.9) f = F rrOqTH BCIO)J.y, H MbI )J.OKa3aJIH cy ecTBo-
BaHHe f E £1£2 TaK, qTO

[I f - fk [IE IE, O.

ITYCTb r=(rlo ..., rn»O, P=(P1' ..., Pn), l Pf CX)'Xj=
= Xi (r, p) >0 (CM. 7.3 (1) ).

BBe)J.eM <PYHKIJ:HIO F (t) OT O)J.HOll rrel' eMeHHOll, <PHHHTHYIO H

6eCKOHeqHO )J.H<p<pepeHIJ:HpyeMYIO.
Ee HOpMbI B MeTpHKe B (R1)(0 < p l) rrOJIO>KHTeJIbHbI, HHaqe

OHa 6blJIa 6bI HYJIeM.

ITOCTpOHM ceMellCTBO <PYHKIJ:HH: (CM' 7.4 (2), y = 1 - V )PjTj
1 1

<DN = <DN
. p, r (x) = N\ if F(N xJ, (2)

1=1

saBHCH I1XOT rrapaMeTpa N > O.
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Ha OCHOBaHHH <POPMY.T1 7.2 (1) H (6)

1
n

X.
_ _ J_y

II <D II r--..J N
PI j = l'j

= N-xiN, p, , .PI (N)O), (3)

'IXI

II <DN P , I I ,.
r--..J N'iN-xi = N° = 1

, ,

'b I

xlPI

(b'l =b'l )xlPI
-

xlPle
.

(i = 1, ..., n)

3a<pHKcHPyeM BHHMaHHe Ha orrpe)J.e.neHHoM i H 3a)J.a)J.HM QHC.T1a P* :?:
? PI, r*? '1, r)J.e XOTH 6bI O)J.HO H3 3THX HepaBeHcTB cTporoe.
BWQHC.T1HM )J..T1H cpaBHeHHH HOpMW

n

_-.!... "' -y
p*  ,.

II <DN, p,' lip. r--..J N I J
= N-(XI-8),

"XI

(
"

)II <DN, p, , lib'. r--..J N- (xi - 8) N"""i/ = N '1-
1 xI +8

XiP*

(N) 0, e = (J... _ ...!.-) ! X :?: 0) .

PI P*
1

'J

TaK KaK Xi> 0, TO B CHJIY COr.T1arneHHH 0 P* H ,* nOJIYQHM

II<DN,p"llb,. __00 (N-;+oo). {4)
x/P*

I1TaK, KaIK)J.Oll nape BeKTopOB p, r, Y)J.OBJleTBOpHlOlliHX YKa-
3aHHWM Bwrne YCJIOBHHM, Mbl rrpHBeJIH B COOTBeTCTBHe ceMellCTBO

<PYHKIJ:Hll <D (N, p, r), HOpMbl KOTOpblX

II<D(N, p, r)IIB;(Rn) c<oo (N)O)

OrpaHHQeHbI, H B TOIKe BpeMH )J..T1H JI1060ro i BbIIIO.T1HHeTCH CBOllCTBO

(4), eC.T1H TO.T1bKO ,*? 'i, P*:?: PI H O)J.HO H3 3THX HepaBeHCTB

CTporoe.
CeMeii:cTBo <I> (N, p, r) MW 6y.rr.eM Ha3WBaTb epanU'IJlblM CeMeUCm-

80M cjJynK/{UU B K.T1aCCe B; (Rn).
DOKaIKeM, QTO (.rr.OKa3aHHOe B 6.9) BJIOIKeHHe

B;e (Rn) -- B ;e(Rn)
rrpH YCJIOBHHX I PJ p' oo,x>O (CJIe)J.oBaTeJIbHO, H )(J>O,
CM. 7,1 (4),(5»,

'jX
PJ
=- (j= I, ..., n) (5)

XJ
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nepeCTaeT QblTb BepHbIM, eCJHI B HeM YBeJIHqHTb XOTH ObI OlI,HY
H3 KOMnOHelIT Pj HJIH qHC.T10 p' HJIH ClI,eJIaTb II TO H lI,Pyroe. B ca-

MOM lI,eJIe, eCJIH CqHTaTb Nl
= NX, TO  rIOHCHeHHHHHJKe).

I
n

(?- )<I>N. p, r=wII F\N IXj =

i=1

3)J.eCb

n

I

II ( I/Pj )=

N'h
F N1 Xj =<DN.. p, Q

1
i = I

(Nl
= NX). (6)

n

'Ir'1=I-J,   =1'(p,p'),
P "'" p[

1

nOTOMY qTO

X1'l=X-  2=1-  + -   -
p "'" Tj "'" p[T[ P "'" T[ P "'" T[

- + --'-- (-'--- - --'--) - 1 - -

l'P' T[ P' "'" p[ Pj T[Tj
-

"'" p[T[
-

,

i [

)J.aJIee

Xj (p, p') = 1 - (+- - +) ;[ = 1.

3TO )J.OKa3bIBaeT paBeHcTBa (6).
TaKHM oopa30M, ceMeHCTBO <PYHKlI,HH <DN HBJI5IeTCH o)J.HoBpeMeHHo

rpaHHqHblM B KJIaCCaX B; H B ,H HOpMbI <DN B MeTpHKax 3THX

KJIaCCOB paBHoMepHo OrpaHHqeHbI rIO N. OlI,HaKO HOpMbI <DN B MeT-

pHKe B ,"it-ETl He OrpaHHqeHbI. Ho Tor)J.a He CYIlI,eCTByeT KOHCTaHTbl C,
He 3aBHCHIlI,eH OT N H TaKOH, qT06bI

II <DN IIBQ+E ell <DN IIBr,
p'+Tl p

II MbZ )J.OKa3aJIH HaIIIe YTBepJK)J.eHHe.
B CHJIY TeopeMbI 2 B TaKOM CJIyqae CJIe)J.yeT, qTO )J.JIH JIlOOblX

e 0, 'YJ 0, r)J.e O)J.HO H3 HepaBeHCTB CTpOrOe, B KJIaCCe B; (Rn)
CYIll,eCTByeT <PYHKlI,HH, He rIpHHa)J..T1eJKaIll,aH K B ,\ETl(Rn)' B qaCTHO-

CTH, B KJIaCCe B; (Rn) CYIlI,eCTByeT <PYHKlI,HH, He rIpHHa)J.JIeJKaIll,aH
K B t (Rn).

BJIOJKeHHe ()J.OKa3aHHoe B 6.5)

B (Rn) -+ B (Rm),
1  m<n,p/=xrj, ;= 1,

(7)

..., m,
n

x=l - --'--
P "'" Tl'
m+1
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nepeCTaeT 6bITb BepHbIM, eC.T1l1 B HeM 3aMeHHTb p, p Ha p*;:::: p,

p* p, f,/(e O,/(HO H3 HepaBeHCTB CTporoe.
B caMOM ,/(e.T1e, cyw.eCTByeT cpYHKII.HH <p E Bh (Rm), HO He npH-

Ha;i.T1eJKaw.aH K B t .Ha OCHOBaHHH TeopeMbI 0 npO,/(O.T1JKeHHH <p
MOJKHO npO,/(O.T1JKHTb C Rm Ha Rn TaK, 4TO npO,/(OJIJKeHHaH cpYHK-
II.HH t E B; (Rn). TaK K3K t IR = <p, TO t eCTb npHMep cpYHKII.Hll

m

f E B; (Rn), CJIe,/( KOTOpOH Ha Rrn He npHHa,/(JIeJKHT K B tE1](Rm).
y!3 CKa3aHHoro nonYTHO C.T1e,/(yeT, 4TO TeopeMa 0 npO,/(O.T1JKeHHH

B (Rm) -+ B; (Rn)
TOJKe He MOJKeT 6bITb YJIY4IIIeHa B TepMHHax paCCMaTpHBaeMbIX
K.T1aCCOB. O,/(HaKO 3TO He 3Ha4HT, 4TO 3Ta TeopeMa He MOJKeT 6bITb

y.rIY4rneHa B ,/(pyrHx TepMHHax. HanpHMep, B r.T1. 9 6y,/(eT ,/(OKa3aHO,
4TO npH TOM )Ke CBH3H MeJK;:(y r If p, n H m HMelOT MeCTO B3aHMHO

06p3THbIe BJ10)!,eHHH

B (Rm) L; (Rn),

f,/(e K.T1aCC L; npH p -=I=- 2 He 3KBHBa.T1eHTeH B; (Rn).
3a,/(a,/(HM elII.e ceMeHCTBO (rpaHH4Hoe B B; (Rn) )

n

<DN = cDN . p, r
= N\ II F(NI/fjXj)'

j=1

B ,/(aHHOM C.T1Y4ae
n

I

!
I

,,= 1-- ->0r
p rz

'

I

Xj (p, r) = 1

(j = 1, ..., n).

LlonYCTIfM ew.e, 4TO F (t), KpOMe Toro, 4TO OHa cpHHHTHa 11 6ecKo-
He4HO ,/(HcpcpepeHII.HpyeMa, HMeeT Te{wopOBO pa3.T10JKeHHe

F (f) = 1 + alf +... + aZ+1tZ+1 +RZ+l

C HepaBHbIMH HY.T11O KosqxpHII.HeHTaMH, CTOHW.HMH Ha He4eTHbIX MeCTax

H.T1H 4eTHbIX. Tor,/(a, KaK .T1erKO BH,/(eTb, MO)KHO YKa3aTb nOJIOJKH-
TeJIbHOe 4HC.T10 6 H KOHcTaHTY B TaK, 4TO

I flk) (f) I Bf (k = 0, 1, ..., I, If I <6).

f1YCTb Rm eCTb no,/(npocTpaHcTBo T04eK (Xl> ..., Xm , 0,..... 0) =
= (a, 0), a = (Xlo ..., xm). Tor,/(a

m
/

I
\

1

II
i

P
\

cDN (a, 0) =
NY' F\N1IXj) = tDN" p. Q (N1

= NX),
1

j
= I
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r,/(e
m

/'1'1 =1'dp, p) = 1-..!.
p "'" Pl

1

(yqeCTb, qTO l'
= XVI)' .

DYCTb h> 0 II i = m+ 1, ..., n. PaccMoTpIIM npIIpam.eHIIe

t1
xli

DN (u, 0) = N 'IT F(Ni Xj) [F(N i'h) - F (0)] =
1 j = 1

= CDN.. p, Q (U)[F(N!' h) - F (0)]'.
ct>YHKU.IIH F He paBHa HyJIIO TOlK,/(eCTBeHHO, n03TOMY Hau,/(eTC5J
TaKoe 6> 0, qTO IF (6) - F (0) 1= K > O. By,/(eM paccMaTpIIBaTb

I

3HaqeHIIH h, N1 , CBH3aHHble paBeHCTBOM 6 = N;'h. B CflJlY nepBoE.

ou.eHKll (3) IIMeeM (B HailleM CJIyqae XI = 1)

t1
xlh

CDN (u, 0) !!Lp (Rm) = II CDN1, p, Q liLp (Rm)K:> >- I h I Pi .

9Ta ou.eHKa CHII3y rrOKa3bIBaeT, qTO BbIBe,/(eHHoe paHee rrepBoe Hepa-
BeHCTBO 6.5 (13) (PI = ri) ,/(OCTllraeTCH II rrpIITOM He TOJIbKo ,/(JIH

KJIaCCa H; (Rn), HO II ,/(JIH B;8 (R).

7.7. TeopeMbI 0 KOMnaKTHOCTH

T e ope M a. IIycmb 3aaal-ta nocJ/.eaoeameJ/.bHocmb £jJYHKl.{U a {t/} .

o6.1aaalOU{GJl OaHU.M U3 cJ/.eoYIOU{ux ceoucme:

a)  fzlkp(Rn) M,  flt (Rn) N

(r -l.{eJ/.blu eeKmop)

Ilfll/r.p(Rn) M, Ilfll!b 8(Rn) N
(1  p,8 oo).

(1 ).

6) (l ' 

Tocaa .MO:J/CHO eblaeJ/.umb noanocJ/.eaoeameJ/.bHocmb {tlk} U maKYIO £jJYHK 

l.{UlO f, ya08J/.em80pJl1OU{YIO *) coomeemcmeeHHo YCJ/.08UJl.M. (l), (1'), 'lmo,

*) <1>YHKUHH f y,!\oBJJeTBOpHeT (1) HJJH (1') C TOll JKe KOHCTaHToii N, eCJlIf

nOHIfMaTb HOPMY B O,!\HOM H TOM 1Ke CMbICJJe; B cJJY'Iae 6) HH1Ke ,!\oKa3aTeJlbCTBG,

npOBe};!eHO ,!\JlH BapHaHTa HOpMbI  I'IIB'P =1' (CM. 5.6).
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-KaKOBbl 6bl H.U 6bl/IU ttUCAa ,j, 0 < ,j < ,} (j = 1, ..., n), U.Meem

.Mecmo

II Ilk - f  Hr'(g) -+ 0

P
(lk -+ 00) (2)

O/lJl AI060u ozpaH.utteH.H.ou o6Aacmu g eRn.
LloKa3aTeJIbCTBO :nOll TeopeMbI 6y,/(eT 6a3lipoBaTbcH Ha CJIe,/(ylO-

-meii JIeMMe li3 CPYHK1I.liOHaJIbHOrO aHaJIH3a.

JI e M M a. llycmb OOH.O U mo 'JICe AUH.eUH.Oe .MHOJICeCmeO 3Ae.MeHmOB X

HOp.MUpOBaHo OBYMJl HOp.Ma.MU ".11 U 11.11*, nputte.M nOAytlalOU{uecfl HOp-
..MUpOBaH.Hble npocmpaHcmBa E U E* flBAflIOmcfl nOAHbl.MU U II X 11*
--< c II X II, roe KOHcmaHma c He saBucum om x.

llycmb B E saiJaHo ozpaHUtteHHoe .MHO'JICeCmBO F U nocAe008a-
meAbH.OCmb onepamopOB An (X) (n = 1, 2, .. .), omo6paJICalOU{ux E
-6 E*' onpeOeAF.e.MblX paBeHCmBa.MU

An (X) =x-Un (X)

U y008AemBopfllOU{UX YCAOBUJl.M:

1) onepamopbl Y = Un (X) (X E E, Y E E*) BnOAHe Henpepb18Hbl

{AUHeUHocmb Un He mpe6yemcfl);
2) suplIAn(x)II=l1n-+O (n-+oo).

XEF

Tozoa .MHOJICeCmBO F KO.MnaKmHO B E*
.

Ll 0 K a 3 aTe JI b C T B o. 3a,/(a,/(HM npOli3BOJIbHYlO rrOC.T1e,/(OBaTeJIb-
HOCTb SJIeMeHTOB XII x2 , ..., rrpHHa,/(JIeJKar.u.HX K F. OHa orpaHH-
1J:eHa H BCJIe,/(CTBHe CBoHcTBa 1) H3 Hee MOJKHO BbI6paTb rro,/(rrOCJIe-

,/(OBaTeJIbHOCTb x\lJ, X lI, ..., ,/(JIH KOTopoa Udx ')(k=l, 2, ...)
CXO,/(HTCH B E

*.
113 STOH rrOCJIeJl.OBaTeJIbHCCTH MOJKHO Bbl6paTb

B CBOIO Oqepe,/(b rro,/(rrOCJIe,/(OBaTeJIbHOCTb x\"', X 2',..., ,/(JIH KOTOpOH
U2 (xli') (k = 1, 2, ...) CXO,/(HTCH B E

*.

.

TIpO,/(OJIJKliB STOT rrp01l.ecc
HeOrpaHHqeHHO H B3HB ,/(HarOHaJIbHYIO rrOCJIe,/(OBaTeJIbHOCTb Zl = X\11 ,

Z2 = xt, ..., MbI rrOJIyqHM, qTO Un (Zk) CXO,/(HTCH B E
* rrpH k -+ 00

H JII060M n. 3a.LI.a.LI.HM Terrepb 8> O. B CIIJIY YCJIOBHH 2) rrpH HeKO-

TOpOM n = N BblITOJIHHeTCH HepaBeHCTBO

"AN (x) 11*  C[IAN (x) II < 8

,/(.T1H BCeX X E F. EC.T1li p, q rrpeBbIIllalOT ,/(OCTaTOqHO 60JIbiliOe

qHCJIO, TO

IIZp - Zq "*  IIAN (Zp) "* +" UN (Zp) - UN (Zq) 11* +11 AN (Zq) 11* < 38,

H KOMrraKTHOCTb F B E
* ,/(OKa3aHa. .

LlOKa3aTeJIbCTBO TeOpeMbI. TIYCTb K=M+N. Pac-

CMOTpHM CHaqaJIa cJIyqaii 6) rrpH /J = 00, T. e. cJIyqaii KJIaCCa H; =
= H (Rn).

TIYCTb W1 ecTb MHOJKeCTBO Bcex CPYHK1I.HH f, ,/(JIH KOTOpbIX
BbIITO.T1HHeTCH HepaBeHcTB.o (1 ') (rrpH a = 00). LlJIH KaJK,/(oii H3 HHX
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HMeeT MeCTO pa3JIO)KeHHe (5.5.3 (6), (7))
co

f = Qs,
s= 0

r.ll.e

Qs = Q s/r 1 s/r
na ,... , a

(a> 1)

- 1I.e.n:ble <PYHK1I.HH 3KcnOHeH1I.HaJIbHOro THna a
s/r j COOTBeTCTBeHHO

no xl (j = 1, ..., n) H

sup as [I Qs Ik = [I f [IH , cK.
s p

3a.ll.a.ll.HM QHC.T10 y, Y.ll.OB.T1eTBopHIOr.u.ee HepaBeHcTBaM 0 < y < 1 If

nOiIO)KHM
m-l

Tm (f) = Tm = Qs,
o

aY=b.

Tor.ll.a (II' lip = II'I/L
p (Rn»)

[If-TmIIH '=ss  bS

ll
Q
y y: IIb I,.... b

n
p

= sup aYS[IQs[b an- )msupasllQdp afl  m' (3)
s m s

KpOMe Toro,

IIfllHyr c fIIH , cK
p p

(CM. 6.2 (3)).
<l>YHK1I.HH f H3 npocTpaHcTBa

E = lfj,' = 1Ii/ (Rn)
Mbl 6Y.ll.eM paccMaTpHBaTb TaK)Ke KaK 3JIeMeHTbI npOCTpaHCTBa

E* = H '(g) (gc Rn),

npHQeM, OQeBH.lI.HO,

I1MeeM

Ilf liE. Ilflk.

f = Tm (f) + (f - Tm (f),
r.ll.e .lI.JIH f E WI

II f - Tm (f) liE afl m
-+ 0 (m -+ 00).

,LlaJIee
Tm (f) I]" Tm (f) IIHyr f Ik + a(IC )m .

p
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D03TOMY 06pa3 JIl060li C<pePbI E rrpH rrpe06pa30BaHHH Tm eCTb

'OrpaHHqeHHOe B CMbICJIe Lp =0 Lp (Rn) MHO)KeCTBO <PYHKII.Hli Tm (I)
3KCrrOHeHII.HaJIbHOrO THrra am/rj rro Xj. B TaKOM cJIyqae 3TO MHO)Ke-

'CTBO KOMrraKTHO Ha JII060M OrpaHHqeHHOM MHO)KeCTBe g eRn B CMbICJIe

MeTpHKH c
l (g) (CM. 3.3.6 *», rrpH JII060M HaTypaJIbHOM i, CJIe,/(OBa-

TeJJbHO, OHO KOMrraKTHO TaK)Ke B CMbICJIe E* = Hi/ (g). MbI ,/(OKa-

3a.T1H, qTO Tm (I) eCTb BrrOJIHe HerrpepbIBHbIH orrepaTop (Bo06lIJ.e
He.T1HHeHHbIH).

BC.T1e,/(CTBHe ,/(oKa3aHHoH BbIIIle .T1eMMbI  )1 eCTb KOMrraKTHoe

B Hi/ (g) MHO)KeCTBO. TaK KaK 3TO paccY)K,/(eHHe rO,/(HTCH ,/(JIH

JlI06oro Y C 0 < y < 1, TO  J1KOMrraKTHO B CMbIC.T1e Hh
r

rrpH .T11060M

YKa3aHHOM y. BbI6epeM orrpe,/(eJIeHHYIO rrOC.T1e,/(OBaTeJIbHOCTb qHCe.T1 {Yk},
MOHOTOHHO CTpeMHlIJ.YIOCH K 1, H 3a,/(a,/(HM rrpOH3BOJIbHYIO rrocJle,/(o-
BaTe.T1bHOCTb <PYHKII.HH {fl} H3 F (c  )1). B CH.T1Y ,/(OKa3aHHoro H

rrO/IHOTbI Hh1r
(CM. 4.7) H3 Hee MO)KHO BbI,/(e.T1HTb rro,!J,rrOC.T1e!J.OBaTe.T1b-

HOCTb {fl  }, CXO,/(HlIJ.YIOCH B MeTpHKe H lr K HeKoTOpoH CPYHKII.HH

f E Hh
1r

. 113 rrO.T1yqeHHOH rro,/(rrOC.T1e,/(OBaTe.T1bHOCTH MO)KHO B CBOIO

Oqepe,/(b BbI,/(e.T1HTb rro,/(rrOC.T1e,/(OBaTe.T1bHOCTb {f1 ,,}, CXO,/(HlIJ.YIOCH B MeT-

pffKe H;,r K <PYHKII.HH f E Hh,r, OqeBH,/(HO, K TOH )Ke. npOlJ:O.T1)KHB
3TOT rrpouecc HeOrpaHHqeHHO H B3HB ,/(HafOHa.T1bHYIO rrOC.T1e,/(OBaTe.T1b-

HOCTb, KOTOpylO MbI 0603HaqHM qepe3 {flk} , rrO.T1YQHM, QTO flk -+ f
B CMbIC.T1e MeTpHKH H sr,KaKOBO 6bI HH ObI.T10 S, HO TOf,/(a (6.2 (3»

r' , .

H B. CMbIC.T1e MeTpHKH Hp , r,/(e rj < rj (j = 1, ..., n).
MbI ,/(OKa3a.T1H (2) B c.T1YQae 6) rrpH /J = 00, K 3TOMY c.T1YQalO

CBOlJ:HTCH OCTa.T1bHbIe C.T1YQaH a) H 6) rrpH 1 /J < 00, rroToMY QTO

\\7;, B;fJ - H;. Ho HaM elIJ.e OCTa.T10Cb ,/(OKa3aTb 60.T1ee TOHKHH

cpaKT, QTO rrpelJ:e.T1bHaH <PYHKII.HH f rrpHHa,!J,.T1e)!<HT COOTBeTCTBeHHO

K W ,B fJH BbIrIOJIHHIOTCH COOTBeTCTBeHHO HepaBeHcTBa

 ftr,Ilfllbr N.
p pfJ

HepaBeHCTBO IlfJ!p M C.T1en:yeT H3 (1), (1 '), (2).
KaK Bcef,/(a, 6Y MCQHTaTb, QTO rj=fj+aj, r,/(e fj -II.e.T1oe H

0< a; 1. DYCTb f' j 0603HaQaeT QacTHYIO rrpoH3Bo,/(HYIO OT f
, xl

rropH,/(Ka i'j rro Xj (fj < rj < rj)'

*) 1-13 OrpaHl!1JeHHOCTI! (8 CMbICJIe L
p) 41YHKUI!H Tm (fk) (k = I, 2, ...) CJIe,!\yeT

OrpaHI!'IeHHOCTb I!X npOI!3BO,!\HbIX JII060ro 3a,!\aHHoro nopH,!\Ka. TIpl!MeHeHl!e 3.3.6
He TOJIbKO K 41yHKUI!HM, HO I! K I!X npOI!3BO,!\HbIM ,!\O nopH,!\Ka l BKJIIO'II!TeJIbHO H

,!\l!arOHilJIbHbIH npouecc npI!BO,!\HT K KOMnaKTHOCTH He TOJIbKO 8 CMblCJJe c (g), HO

H B CMblCJJe d (g).
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Tor,/(a (6.2 (3))

lihk-f\\p, l\f; Xf-f: llp cllhk-fIIH '-+O(lk-+ OO). (4)

B c.T1yqae 6) <PYHK1I.HH fz k rrO,/(QHHHIOTCH HepaBeHcTBy (1 '), rro3ToMY

(1IUI-1-8ajll ;luf; xj(X)II:dUr8 =mjk) (1 6<00), (5)

11  ;.uf;/ (x) \1  m k)lulaj(6=00),, kXj jp

f,/(e

n

m}k) N (j = 1, ...
, n; k = 1, 2, .. .).

/=1

DepeXO,/(H B (5) K rrpe,/(e.T1Y rrpH k -+ 00, Ha OCHOBaHHH (4) rrOJIytlIlM

mJ= ( I I UI-I-8a/ ll   .uf:/(X)I dU)I!8 lirn mY)
-00

' I Ip k--+oo

(1 6<00),

II   iuf;1Xt(x) lip lirn mjk) I u I
a
j (6 = 00),

n03ToMY (f E L
p) f E B;8'

n

II f lib' = mj N.
p8 1=1

B cJIytlae a) <PYHK1I.HH hk
rrO,/(QHHHIOTCH HepaBeHcTBaM

f' /

!xfl ikxj < II f
'
i
j II & m(k)

u p kXI p
---= I , (6)

f,/(e
n

(k) NL.J m/ .

/=1

DepeXO,/(H K rrpe,/(e.T1Y B (6) rrpH k -+ 00, rrOJIytlHM

[I f
'

IX.U xi. -

(k)
m.= <lirn m.J I u p

---=

k--+oo
J ,

H TaK KaK e ef E Lp, TO (CM. 4.8) f E W II
n

Ilf \\w' = mj N.
p 1=1
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n p H M e q a H He. B ,n:OKa3aHHOll: TeopeMe W;, B;8 MOJKHO 3aMe-

HHTb COOTBeTCTBeHHO Ha W;, B;8, H Tor,n:a B (2) Ha,n:o 3aMeHMTb r'

Ha r', 0 < r' < r. CJIyqall: W H rro,n:06HbIe CJIyqaH, KOTopbIe MorYT
6bITb ,n:OKa3aHbI rro aHaJIOrHH, Haxo,n:HT rrpHMeHeHHe B TeopHH BapHa-
II.HOHHbIX MeTo,n:OB. ,lJ,JIH rrpHMeHeHHll: OqeHb cYlIJ.eCTBeHHO TO, qTO

HepaBeHCTBO Tlma (1) BJIeqeT 3a c060ll: TO JKe HepaBeHCTBO ,n:JIH

rrpe.ll.eJIbHOll: <PYHKII.HH C TOll: JKe KOHCTaHTOll:. B cHOll: TeopeMe MOJKHO

TaKJKe paCCMOTpeHHbIe KJIaCCbI 3aMeHHTb Ha COOTBeTCTBYIOlIJ.He rrepHo,n:H-
qeCKHe KJIaCCbI.

7,7. t. T eo p eM a. /l.Afl moeo limo6bl .M1iO:JICeCmBO WI rjJy1iK4U11
f E Lp = L (g), eae g eRn

-

npOU3BOAb1iafl o6Aacmb, 6blAO KO.MnaKm-

1ibl.M B Lp (g), 1ieo6xoau.Mo U aoCmamOli1iO, limo6bl 01iO 6blAO: 1) oepa-
1iUlie1iO B Lp, 2) pa81iocmene1i1io 1ienpepbl81io no caBuey B Lp:

A(6)=supro(6, f)p-+O (6-+0, l p<oo),
fEIDI

.

ro(6, f)p= sup Ilf(x+h)-f(x)llp (f=O 1ia Rn"--.g),
Ih!<6

3) limo6bl rjJY1iK4UU f E  mpaB1iO.Mep1io y6bll3aAu no 1iop.Me B Lp
1ia 6eCK01iC'l1iOCmu

sup lit IlL ([xl>N. XEg)-+O (N-+oo).
fEIDI P

3n TeopeMa ,n:OKa3aHa B KHHre C. JI. C060JIeBa [4], rJI. I,
4.3. ,lJ,JIH OrpaHlIqeHHOll: 06JIaCTlI g CBOll:CTBO 3), OqeBH.lI.HO, OTrIa-

,n:an. DpH p = 00 TeopeMa Bo06lIJ.e rrepecTaeT 6bITb BepHOll:. B 3TOM

cJIyqae HopMa C.lI.BHra OT,n:eJIbHOll: <PYHKII.HH Bo06lIJ.e He CTpeMHTCH
K HyJIIO rrplI h -+ O.

7.7.2. TeopeMa. JI.Afl moeo limo6bl o"epa1iUlie1i1iOe B Lp=Lp(Rn)
.M1iO:JICecmeo 9)1 rjJy1iKU,Uii. fEW = W (Rn) (1 p < 00, I 0) 6blAO
KOMnaKmHblM 8 W, 1ieo6xoou.ffO U aOCmamOli1iO, limo6bl WI 6blAO

paB1iOCmeneH1iO Henpepbl81iO no ca8uey:

A(6)= sup sup Ilt(x+h)-t(x)!lw-+O (6-+0) (1)
fEIDIlhl<6

.

U linw6bl rjJY1iK4UU f E WI paB1iO.Mep1io y6blBaAu no 1iop.Me 1ia 6ecKO-
1ieli1iOCmu:

sup IIfllL (lxl>N)-+O (N-+oo).
fEIDI P (2)

B npu3eoe'-lHol rjJOPMYAupo3Ke W .MOJlC1iO 3aMe1iUmb 1ia B = B;e (R n)
(1  p,8<00, r O).

,lJ, 0 K a 3 aT eJI b C T B O. EY.lI.eT paCCMaTplIBaTbCH rrpOCTpaHCTBO W,
HO BCIO.lI.Y MOJKHO 3aMeHlITb W Ha B. DY::Tb W1 K'OMrraKTHO B W.
Tor.ll.a OHO KOMrraKTHO H B Lp, rr03ToMY (CM. 7.7.1) BbirrOJIHHeTCH

CBOll:CTBO (2). COrJIaCHO 06lIJ.eMY KpHTepmo KOMrraKTHOCTH (Xayc-
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JJ:Op<p [I]) .nJIH 3a.naHHOrO 8> ° MO)KHO YKa3aTb KOHeqHYIO CHCTeMY

<PYHK1I.HH f1 (j = I, ..., N) TaK, tlTO .llJIH JII060H <PYHK1I.HH f E Wl
HaH.neTCH j (3aBHCHru.ee OT f), .nJIH Koroporo

Ilf - f;llw< 8.

MO)KHO TaK)Ke YKa3aTb 6 H N TaK, qTO 6y.nYT BbIITOJIHHTbCH Hepa-
BeHCTBa (CM. 5.6.5)

Ilf(x+h) -f (x)llw< 8, IlfilL (Ixl >N) < 8, I h 1< 6
P

.rtJIH Bcex f; (j=I, ..., N). Ho TOf.na.llJIH .T11060H fEWl rrpH
cooTBeTcTBYIOru.eM j

tif (x+ h) - f (x) !Iw<" f (x +h) - f; (x+ h) Ilw+
+llf; (x + h) - f; (x) l!w+11 f; (x) - f (x) Ilw< 38 (I h 1< 6),

eCJIH 6 .nOCTaTOqHO MaJIO, H MbI .nOKa3aJIH (1). He06xolUfMOCTb YCJIO-
BHH TeopeMbl .nOKa3aHa.

nYCTb, Ha060poT, Wl- MHO)KeCTBO, OrpaHHqeHHOe B Lp, H YlJ:oBJIe-
TBopHeT YCJIOBHHM (I) H (2). TOflJ:a Ha OCHOBaHHH 7.7.1 OHO

KOMrraKTHO B Lp (11'lIw? II. IlL ). BBelJ:eM HOBOe rrOHHTHe - MOOYAb
f)

1ienpepbLB1iOCmU fEW:

w(t)=w(j, t)= sup Ilf(x+h)-f(x):;w.
Ihl<1

OH YlJ:OBJIeTBOpHeT YCJIOBHHM

0< w (62) - W (61 ) < w (62 - (1) (0 < 61 < (2),

w(l6)<(l+I)w(6) (l,6>0). (3)

9TO lJ:OKa3blBaETCH B TOqHOCTH TaK )Ke, KaK lJ:JIH MOlJ:y.T1H HerrpepblB-
HOCTH f B Lp (CM. 4.2). I13 (3) CJIelJ:yeT, qTO lJ:J1H <PYHK1I.HH A (6)
(CM. (1) TaK)Ke BbIITOJIHHeTCH HepaBeHcTBo

A(l6)<(l+I)A(6) (1,6>0). (4)

BBe.neM eru.e <PYHK1I.HIO OT OlI.HOH rrepeMeHHoH

Kk(t)=ak (Sin/7
'

(k> I)

ueJIYIO 9KCrrOHeH1I.HaJIbHOrO THrra k"A, r.ne "A> n + 1 - qeTHOe HaTY-
pa.T1bHOe q1lCJIO H KOHCTaHT3 ak orrpelJ:e.T15IeTC51 113 paBeHCTBa

CD

1 = \ Kk (I u ') du =akXn ( Sin/t )" [n-l dt =

Hn 0

CIO

=k"'-nal/xn (Si 
t

y tn
- 1 dt=ck"'-nal/

o
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(x..- IIJIOr.u.3,/(b e,/(HHH'-IHOH C<pePbI B Rn, C He 33BHCHT OT k), OTCIO,/(a
CJIe,/(yeT, '-ITO

ak = 0 (kn-A) (k> 1).
DOJI3r 3eM

Ukf = Kk (I u I) f (x + u) du,

OTKY,/(3

Ukfllp II Kk /lL /I f I . (5)

LlJ1H f E Wl

f - Ukf = Kk (I u I) [f (x) - f (x + u)] du,

II03TOMY

II f - Ukf IIw Kk (i u :) Ilf (x) - ! (x + u) !Ix. w du

Kk ([ u I) A ([ u i) du

Kk (I u I) A (I u I) du +  .Kk ([ U [) A ( I I fJ) du
lu :<<'\ IUI ><'\

 A(6)+A(6) Kk(IUI)(1+ )dU<8+8=28(k>ko), (6)
IUI ><'\

r,/(e ko ,/(OCT3TO'-IHO BeJIHKO, IIOTOMY '-ITO B CHJIy (1) MOLKHO YK333Tb
T3Koe 6, '-ITO A (6) < 8, H IIPH 3TOM 6 BTopoe CJI3r3eMOe IIpe,/(IIo-
CJIe,/(Hero '-IJ1eH3 B (6) MOLKHO c,/(eJI3Tb IIPH ,/(OCT3TO'-IHO 60J1bIIIHX k
T3KLKe MeHbIIIHM 8:

00

S Kk(i U /)(l + )dU<kn-AS ( sin/t t(l +i)tn-1dt<
1111> <'\ <'\

00
.

<kn - A S (1 +i)tn-i.-ldt=c<,\kn-A-+O (k-+oo).
/j

Mbl ,/(OK333JIH, '-ITO

sup ilf-Ukfllw-+O (k-+oo).
fE!JJl

(7)

DYCTb TeIIepb 33,/(3H3 IIOCJIe,/(os3TeJ1bHocTb <PYHKU,HH fl E WL
OH3 KOMII3KTH3 B Lp, II03TOMY H3 Hee MO)f{HO Bbl,/(eJIHTb IIO,/(IIOCJIe,/(Q-

B3TeJIbHOCTb, KOTOpylO Mbl CHOB3 0603H3'-IHM '-Iepea {fl}, CXO,/(Hr.u.YIOCH
K HeKoTopoH <PYHKU,HH f E Lp. DpH JII060M <pHKCHPOB3HHOM k:
(CM. (5»)

Ukfl-+ Uk! (l-+ 00)
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B Lp, HO TOr.ll.a II B W, nOTOMY 'ITO npll <pHKCHpOBaHHOM k <PYHKIJ,llH
Ukfl (l = I, 2, ...) - IJ,eJIbIe 9KCnOHeHIJ,llaJIbHOrO c<pepn'leCKOrO Tlln8

k'A (eM. 3.6.2 II JIeMMY 7.7.3 HH:>Ke).
B CllJIY (7) .lI.JIH JIl06oro e> ° MO)KHO nO.ll.o6paTb k TaK, 'Iro

Ilfz-Ukfdw<e (.lI.JIH Bcex l=l, 2, ...).

CJIe.ll.oBaTeJIbHO, nOCJIe.ll.OBaTeJIbHOCTb {fl} o6JIa.ll.aeT TeM CBOH:CTBOM,
'ITO .lI.JIH JIl060ro 8> ° MO)KHO YKa3aTb TaKoe k, 'ITO

fl = Ukfl + (fl- Ukfl),

r.ll.e nepBoe CJIaraeMOe CXO.ll.llTCH npll l-+ 00 B CMbICJIe W, a BTopoe
no HopMe W He npeBbIllIaeT e .lI.JIH JIl06bIX l = I, 2, .... Ho Tor.ll.8
BCJIeJ]:CTBlle nOJIHoTbI W

fz-+f (l-+oo)

B W. TeopeMa .lI.OKa3aHa.

7.7.3, JI eMM a. B o603FiatteFiUJlX meopeMbl U3 7.7.2 UMelOm J.tecmo

H.epaeeFiCm8a

IIgvllw (1+* V;/) Ilgv I/L
p ,

 gvllB C(I+* V?}lgvIlLp,

20e C - KOFicmaFima, Fie 3a8UCflU{Wl om PflOOM cmoflU{eeo MFiOJICUmeAfl.

gv
- u,eAafl f/JYFiKf1Ufl 8KcnoFiefif1uaAbfioeo muna v = (VI, ..., vn) O.

B fiepaBeficn:8e (2) B MOJICfiO 3aMefiumb fia H = H; (Rn).
T aKllM o6pa30M, eCJIH nOCJIeJ]:OBaTeJIbHOCTb g IJ,eJIbIX <PYHKIJ,llH

O.ll.HOrO II Toro )Ke nma cTpeMllTcH K HeKoTopoH <PYHKIJ,llll gv (CM. 3.5)
B CMbICJIe Lp, TO OHa CTpeMllTCH II B CMblCJIe W, H II B.

L1. 0 K a 3 aTe JI b C T B O. HepaBeHcTBo (1) HenOCpe.ll.CTBeHHo CJIe-

.lI.yeT ll3 onpe.ll.eJIeHllH W II HepaBeHcTBa EepHIlITeHHa 3.2.2 (9).
<I>YHKIJ,llH g = gv eCTb IJ,eJIaH Tllna Vj no Xj, a CJIe.ll.OBaTeJIbHO, II

Tllna 2s > 1 + Vj, rJ]:e s eCTb HallMeHbllIee HaTypaJIbHOe 'IllCJIO, npM
KOTOpOM BbillOJIHHeTCH 9TO HepaBeHCTBO. TIOJIO)KllM

g2o=g2
=

... =g2s-1 =0, g2s =g,

(1)

(2)

rof.ll.a (CM. 5.6.6 (6»
s

g=g2o +  (g2j-g2j-l),
1

Jigil ,
/
= 2

sr

/llgI!L
p

2'1 (I +v;)'f II gllp c(1 + v?) Ilg I 
B
x p8
f

u= I, ..., m),
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OTKY.lI.a CJIe.ll.yeT (2). B 9THX paccY:>K.lI.eHlUIX, O'leBH.lI.HO, MO:>KHO
3aMeHHTb B Ha H.

7.7.4. TeopeMa H3 7.7.2 OCTaeTCH BepHoH II .lI.OKa3bIBaeTCH B TO'I-

HOCTH TaK :>Ke, eCJIH B HeH 3aMeHHTb W Ha H = H (Rn) (r 0,
1 p < 00), HO npe.ll.nOJIO:>KHTb, 'ITO .lI.JIH Ka:>K.lI.OH <PYHKUHH f E WI
HMeeT MeCTO

ii f (x + h) - f (x) I\H - 0 (I h 1- 0) (1)

(lITO Bo061l1.e He HMeeT MeCTa).
B CJIY'Iae p = 00 cnpaBe.ll.JIHBa
7.7.5. T e 0 p e M a. llycmb 3aoaH.o MH.O:JICeCmBO W? C H =H (Rn)

(r 0) cPyH.Kl{UU f, Ka:JICOa.Jl U3 Komopblx npuH.aoAe:JICum eU{e K KAacCY
C = C (Rn) cPYH.Kl{UU., Henpepbl6H.blX Ha Rn U uMelOU{ux KOH.elf.H.blU

npeoeA e mOlf.Ke x = 00. Toeoa OAR Ka:JICOOu. cPyH.Kl{UU f E WI, olf.e-

eUOHO, UMeem Mecmo 7.7.4 (1). llycmb, KpoMe m020, WI oepaH.ulf.eH.o e C.

JI.AR moeo tttl106bl  )I 6blAO KOMnaKmHblM e H, H.e06XOOuMO U

oocmamOttHO, ttm06bl 6blflOAH.RAUCb YCAoeuR

A(6)= sup sup Ilf(x+h)-f(x)IIH-O (6_0)
feIDllh/<6

U If.m06bl OAR AI06oeo 8> 0 H.aUlAOCb maKoe N > 0, If.mo

If (x) -f (x') 1<8, (1)

KaKoebl 6bl HU 6blAU x, x', yooeAemeopRIOU{ue H.epaeeHCmBaM I x I,
I x' I > N OAR ecex f E WI.

Ll.oKa3aTeJIbCTBO TaK:>Ke B'TO'lHOCTH TaKoe :>Ke, KaK .lI.OKa3aTeJIbCTBO

B 7.7.2, eCJIH npHHHTb BO BHHMaHHe, 'ITO HMeeT MeCTO YTBep:>K.lI.eHHe:

.lI.JIH Toro 'IT06bI MHO:>KeCTBO WI c C <PYHKUHH 6bIJIO KOMnaKTHbIM B C,
He06xo.ll.HMO H .lI.OCTaTO'lHO, 'IT06bI OHO 6bIJIO: 1) OrpaHH'IeHHbIM,
2) paBHocTeneHHo Henpepb1BHbIM (Ha Rn) H 'IT06bI 3) .lI.JIH JIl060ro

8> 0 HaIIlJIOCb N TaK, 'IT06bI HMeJIO MeCTO CBOHCTBO (1).
3TO nOCJIe.ll.Hee YTBep:>K.lI.eHHe JIerKO nOJIY'IHTb, 6a3HPYHcb Ha

TeopeMe ApueJIa: BbIITOJIHeHlle .lI.JIH WI YCJIOBHH 1),2) Ha npOH3BOJIb-
HOM IIlape I x I N He06xo.ll.HMO H .lI.OCTaTO'lHO .lI.JIH KOMnaKTHOCTH

WI Ha 9TOM IIlape.



fJIABA8

UHTEfPAJlbHblE nPE.lI.CTABJlEHUS'I
U U30MOP<I>U3M U30TPOnHbiX KJlACCOB

8.1. S'I,iq)a 6ecceJ1S1 - MaK)J.oHaJ1b)J.a

npe06p830BaHHe <PYPbe <PYHKUHH (I + I X 12)-r/2 npH .lI.OCT8TO'lHO
60JIbiliOM , > 0 MO:>KHO nOJIY'IHTb 3Q>4>eKTHBHO; T8K K8K OH8 eCTb

<PYHKUHSI OT I X I, TO K HeH npHMeHHM8 H3BeCTH8S1 <PoPMYJI8 *)
/ "I r iui, d 
(I + I X 12)-r/2 =

(2n)n/2 J (I + I S I;),n
=

00

I \ pn/2
=

n -, J (1 + 2)'/2
I (I u I p) dp

lul 2 0
p 2

r.ll.e I eCTb OeCCeJIeB8 <PYHKUHSI nOpSl.ll.K8  .
3TOT HHTerp8JI (THn8 X8HKeJISI) nO.ll.C'IHT8H, H8npHMep, B KHHre

TH'f1IM8pIlI8 **), r.ll.e HaAO C'IHT8Tb + 1 = ; , V + 1 = '
'ITO .lI.8eT

Kn_' (I X I)
2"'""/ " I

(I + I X 12)-r/2 = r-2

22"'""r ( )
n-, 0, (I X I), (I)

I X 12"'""

I

(
Z

)
V r -;- 

Kv (Z) = K-v (Z) = 2' 2' J
6-

V-1e 4; d6.
o

(2)

<PYHKUHSI Kv (Z) H83bIBaeTCSI <PYHKUHeii M8K.lI.OH8JIb.ll.8 nOpSl.ll.K8 V

llJIH MO.ll.H<PHUHpOB8HHOii <PYHKUHeii EecCeJISI nOpSl.ll.K8 v.

.LlJISI SI.lI.p8 Kv (x) K8K <PYHKUHH OT O.ll.HOH nepeMeHHOH x H3BeCTHbl

aCHMnTOTH'IeCKHe OUeHKH. 3.l1.eCb MbI npHBe.ll.eM HX 6e3 .lI.0K838TeJIb-

*) Box H e p [lJ, TeopeMa 5.6, CTp. 263.

**) THT1JMapill [1], 7.11.6, crp. 264, CM. elUe BncOH ll], 13.6 (2),
crp. 476 H H. 71. Co H H H [I).
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CTBa, CCbIJIaHCb Ha KHllry BaTcoHa [1]. HMelOT MeCTO aCIIMrrTOTHtIe-

CKHe paBeHcTBa:

KV(X)=(2:r2e-X(I+0( )) (1 <x)

(BaTcoH [1], 7.2.3 (1), CTp. 226),

Ko (x) = In ..!.. + 0 (1) (0 < x < 1)x

(BaTcoH [1], 3.7.1 (14), CTp. 95),

(O<x < 1, n*O-u.eJIoe)
I (n-l)t

(
I

)Kn (x) = 2"

( r
+ 0

xn
-

2

(BaTCOH [1], 3.7.1 (15), CTp. 95),

K ( ) -
n

( ..!.. )
-IVI

+ O ( IVI )v x -

2 sin I v i n r (_I v 1+1) 2
x X-

(x _ 0, V - Heu.eJIOe)

(BaTcoH [1], 3.7 (6), CTp. 92; 3.1 (8), CTp. 51).

.LlJIH HanlllX u.eJleH 6yL\eT BrrOJlHe L\OCTaTOtIHO IIMeTb B Bll.ll.Y, tITO

113 rrpllBe.ll.eHHbIX ou.eHOK CJIe.ll.yeT, tITO

ce-X

IKv(x)I l/2 (1 <x),
x

IKo(X)I c(ln +1) (O<x<I), (3)
c

I Kv (x) I (0 <x< 1, v* ° -JI106oe),
x' I

f.ll.e c 3aBliCliT OT V, HO He OT x.

BrrpOtIeM, HepaBeHcTBa (3) JIerKO rro,lytIIITb HerrOCpe.ll.CTBeHHo,
ou.eHIIBaH IIHTerpaJl

00 x2

<D (v, x) = s-v-1e
- -

4 ds. (4)
o

B HHTerpaJIe (4) MO)KHO CtIHTaTb napaMeTp v = 'A + i KOMnJIeKCHbIM.
ECJIli ytIeCTb, tITO

I s-v I = I S-A\, (5)

TO ou.eHKH (3) OCTalOTCH BepHbIMlI npll 3aMeHe B HIIX v Ha 'A II npH
KOMrrJIeKCHbIX v. OTMeTIIM, tITO IIHTerpaJI IIMeeT TOJIbKO .lI.Be oc06eH-

HOCTII s = co II S = 0, a nO.ll.blHTerpaJIbHaH <PYHKU.llH HenpepbIBHa
OTHOCIITeJIbHO (s, x, v) (s> 0) .lI.JlH Jl106bIX .lI.eHCTBHTeJIbHbIX x H

KOMrrJIeKCHbIX v, KpoMe Toro, IIHTerpaJI paBHoMepHo CXO.ll.IITCH OT-

HocIITeJibHo YKa3aHHbIx x, v B .lI.OCTaTOtIHO MaJIOH oKpecTHocTli
JI1060H YKa3aHHoH TOtIKlI Xo, Vo. aTO rrOKa3bIBaeT, tITO <D (v, x) He-
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npepbIBHa OTHOCHTeJIbHO v, X. TIO.ll.06Hble <paKTbI HMelOT MeCTO II ,n:JlH

<popMaJIbHO npo,n:HqxpepeHIJ:HpOBaHHoro no v HHTerpaJIa. cho rrOKa-

iJ
3bIBaeT, 'ITO <PYHKUHH <D (v, x) IIMeeT rrpOII3BO,n:HYlO iJv

<D (v, x) rro v,..

HenpepbIBHYlO no (v, x). TaKIIM 06pa30M, <D (v, x) aHaJlIITII'leCK3H

no v.

B paBeHCTBe (1) ero JleBaH 'IaCTb, ecJIH ee paCCMaTpIIBaTb KaK

0606r.u:eHHYlO <PYHKUHlO, IIMeeT CMbICJI ,n:JlH JI1060ro KOMrrJleKCHOro r.

TIpaBaH 'IaCTb, BblpamaeMaH C rrOM0r.u:blO IIHTerpaJIa (2), TaKme--

IIMeeT CMbICJI KaK 06bI'IHaH <PYHKUIIH OT (r, x), KaKOBbI 6bI HII 6bIJIlf

KOMnJIeKCHOe 'IIICJIO r (R.e r > 0) II TO'lKII X E R.n' x =1= O. KpoMe
Toro, Or (I X I) HenpepbIBHa OTHOCHTeJIbHO YKa3aHHbIX (r, X), TaK

me KaK II ee rrpolI3Bo,n:HaH nO r. TaKIIM 06pa30M, OHa aHaJIIITII'le-

CKaH no r.

¥I3 oueHOK (3) H paBeHcTBa (1) CJle,n:yeT, 'ITO

I
-Ixl

e 
I x I

2

IOr(/XI)I Cr InTh+1
I

1

[ Ixr

(I x I> 1, n, r - JI106bIe) ,

(I x I < I, n - r = 0),

(I x I < I, n - r > 0),

(I x I < 1, n - r < 0),

(6),

r.ll.e cr>O - HerrpepbIBHaH <PYHKUIIH OT r.

MbI C'IIITaJlIf B .9TIIX HepaBeHCTBax r ,n:errCTBIITeJIbHbIMII. OmI'

BepHbI TaK)I{e B CHJlY (5), eCJIII B JleBbIX IIX 'IaCTHX C'IIITaTb r KOM-

rrJIeKCHbIM, a B rrpaBoR 3aMeHIITb BClO,n:y r = 'A + ill- Ha 'A.
JIerKo BII,n:eTb II3 (6), 'ITO Or ([ X I) E L (Rn) = L. ¥I3 CKa3aHHoro.

CJIe.ll.yeT, 'ITO paBeHCTBO (I) Ha caMOM ,n:eJIe BepHO rrpH Jl1060M KOM-

rrJIeKCHOM r, eCJIH R.e r = A> O. B caMOM .lI.eJIe, rrYCTb <p E S, Tor,n:a

<PYHKUHH
/ '\ A

((I+IxJ2)-r!2, <p)=((1+jxI2)-r/2, <p)='P(r)

ecTb, KaK JIerKO npOBepIITb, aHaJlIITII'leCKaH <PYHKUIIH OT r. C ,n:PY-
rOR CTOpOHbI, C rrOMor.u:blO oueHOK (6) HerrOCpe.ll.CTBeHHo YCTaHaBJIH-
BaeTCH, 'ITO <PYHKUHH Or (I X 1) no MO,n:YJIlO He rrpeBbIllIaeT paBHO-
MepHO OTHOCIITeJIbHO r, Y.lI.OBJIeTBOpHlOlUHX HepaBeHCTBY I r - ro I <
< 6 ('Ao> 6 > 0), CYMMIIPyeMYlOcpYHKIl.HlO *), H TaK KaK Or (I X I) <p (x)
HenpepbIBHa OT (r, x), x =1= 0, II <p OrpaHH'IeHa, TO, CorJIaCHO rrpH-

SHaKY BetieplliTpacca, <PYHKUHH

'PI (r) = (Or (I X I), <p (X) ) = Or (I X I) <p (X) dx

*) KOHCTaHTbI Cr B HepaBeHCTBe (6) OrpaHH1JeHbI AJiH YKa3aHHblX r.
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eCTb KOHeqHaH HenpepblBHaH <PYHKLI;HH no r (A, > 0). C nOMOl.LI;blO
OLl;eHOK (3), (6) aHaJIOrHqHblH: <paKT *) YCTaHaBJIHBaeTCH .l1.JISI npoH3-

.

BO.l1.HOH:

:, 'Pdr) = ( :, Or (j X I), cp (X»).
3TO nOKa3bIBaeT, qTO 'PI (r) aHaJIHTHqeCKa5I .l1.JIH A, > O. OHa, KpOMe
Toro, paBHa 'P (r) .l1.JIH ,UOCTaTOqHO 60JIbllIHX .l1.eH:CTBHTeJIbHbIX r,

CJIe.l1.0BaTeJIbHO, H .l1.JIH JII060ro KOMnJIeKCHOro r C A, > 0, KaKosa

6bI HH 6bIJIa cp E S. 3TO BJIeqeT paBeHcTBo (1). TIoKa:>KeM, qTO .l1.JIH

npOH3BO.l1.HbIX OT Or (I X \) nOpH.l1.Ka S = (SIt ..., Sn) HMelOT MeCTO

CJIe.l1.YIOI.LI;He OLl;eHKH:

I D$Or (I X I) I
( e- 1x1

n-r+l (i X I > 1, n, r, S - m06bIe) ,

 c

Ixl
I

InTXT + 1

I I

[I
X

I" '+'"

(Ixl< 1, n-r+lsl=O, Isl-qeTHoe)

(I xl<I, n-r+ls!>OH n-r+lsl =0,
a Is 1- HeqeTHoe),

(lxl<I, n-r+lsl<O),

(7)

r.l1.e C (HenpepbIBHO) 3aBHCHT OT n, r, S, HO He 3aBHCHT OT x.

3aMeTHM, qTO no HH.uYKLI;HH JIerKO npOBepHeTCH, liTO

Ixl' Ixl' A Xk
D$e-T =e-"'4f"!--¥- (2i-lkl lsl;Ikl i lsl),(8)

r.l1.e D$ - onepaTOp .l1.HqxpepeHLI;HpoBaHHH nOpH.l1.Ka s = (SIt ..., sn),
Xk = Xkl.. . xkn, k = (kIt ...,

k n) - Ll;eJIble HeOTpHLI;aTeJIbHble BeKTOpbI,1 n

Ak, 1- nOCTOHHHble, H CYMMa pacnpOCTpaHeHa Ha napbI k, i, Y.l1.0B-

.JIeTBOpHIOI.LI;He HepaBeHCTBaM, YKa3aHHbIM B CKOOKax.

TI03TOMY

I
0) n-r Ixl'

IjD$Or(lx\)l-< D$ s'""2e-'-4f"ds-<

I
0) n-r+21 Ix I'.

I< Xk C
II

l
e-'-4f ds -< lxkOr-2dlxl)l, (9)

I'.l1.e CyMMbI pacnpOCTpaHeHbI Ha YKa3aHHbIe B (8) napbI k, i.

.) B 9.4 no.ltp06HO pacCMoTpeH aHaJIOrH1JHbllI: aHH30TponHblII: CJJY1Jall:.
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ECJIH ., X I > 1, TO B CHJIY nepBOH: oueHKH (6)

s

!
Ixk/e-ixi r 1x /

ID G,(jxl)l< n-(r-2IHI < n-r+1 <
-+I-Ikl

Ix i
2

Ix I
2

e- 1x1

n-r""t-l
'

Ixl 

nOTOMY 'ITO l-I k I? 0. Mbl .lI.OKa3aJIH nepBoe HepaBeHcTBo (7).
TIYCTb Tenepb 'x 1< 1. ECJIH, KpoMe Toro, n - r + 2l > 0, TCY

B CHJIY TpeTbeH: oueHKH (6)

I xkl
1 XkG'_21 (I xi)I <

In
-,+21

XI

nOToMY 'ITO 21-1 k I I s I.
LLaJIee, eCJIH n - r + 21 < 0,

I I
-

I X In-r+21-, R I I X In-r+1 s I
' (10),

TO B CHJIY 'IeTBepTOH: oueHKH (6)

I XkG'_21 (I xi)I < I Xk I < 1. (11 ).

ECJIH :>Ke .lI.JIH HeKoToporo I (O.ll.HOro) n - r + 2l = 0, TO B CHJIY

BTOpOH: oueHKH (6)

I XkGHI (1 X D I <I xkjlndi' (12)

LLa,'!ee, eCJIH n - r + 1 s , > 0, npaBaH 'IaCTb (10) 60JIbllle npaBblx
'IaCTeH: (II) H (12) (I k I? 0). Mbl .lI.OKa3aJIII .lI.JIH n - r + I s I? °

TpeTblO oueHKY. ECJIH :>Ke Il- r+ [s 1 = ° II 1 s 1- He'leTHOe, TO HeT

HaTypaJIbHOrO I, .lI.JIH KOTOporo n - r+ 21 = 0, H B 9TOM cJIY'Iae
oueHKa (I 2) He B03HIIKaeT, a OueHI<H (10) H (II) .lI.alOT I. 3THM

TpeTbH oueHKa (7) .lI.OKa3aHa nOJIHOCTblO. ECJIH :>Ke n - r + I s I = °

(I s! - 'IeTHoe), TO MO:>KeT B03HHKHYTb H oueHKa (I2). 3THM .lI.OKa-
3aHO BTopoe HepaBeHcTBo (7).

HaKoHeu, eCJIH n-r+ls!<O, TO npaBble lJaCTH (10), (II) H

npH I k I> ° (12) oueHHBalOTCH e.ll.HHHUeH:. OCTaeTcH TOJIbKO HCC.'!e-

.lI.OBaTb cJIY'IaH: (12) npH k = 0, HO OH HeB03MO:>KeH, nOTOMY 'ITO H3.

n - r + I s I < ° = n - r+ 2l CJIe.ll.yeT Is 1 < 21, 'ITO npoTHBOpe'lHT'
TOMY <PaKTY, 'ITO HapH.lI.Y C 9THM .lI.0JI:>KHO BbInOJIHHTbCH npH I k 1 = 0

HepaBeHcTBo 21-1 k I I s I, T. e. 21 I s I. 3THM .lI.OKa3aHO nOCJIe.ll.-
Hee HepaBeHcTBo (7).

H3 HepaBeHcTB (7) JIerKO BH.lI.eTb, 'ITO G, (I X I) npH JIl060M r> 0
H JIl060M HaTypaJIbHOM n npHHa.ll.JIe:>KHT K L (Rn) = L, n09ToMY .lI.JI51

<PYHKUHH f E Lp (Rn) = Lp (I p 00) HMeeT CMblCJI cBepTKa

F (x) = (' G, (I X - u I) f (u) du = (l + I u 12)-'/2f= I,f, (l3}
(2:rt) J

TIpH 3TOM, O'leBH.lI.HO, FE Lp' Ha caMOM .lI.eJIe <PYHKUH51 F 06JIa-

,naeT, KaK MbI YBH.lI.HM, 3Ha'lHTeJIbHO JIY'IlllHMH CBoHcTBaMH,
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8.2. U30MOpl!>H3M KJ1aCCOB W 

BY!l.eM rOBopHTb, qTO 6aHaxoBbI npoCTpaHcTBa E1 H E2 U30-

.J.tOpcfJHbl, eCJIH Cyru:ecTBYlOT JIHHeHHblH onepaTOp A, oT06pa:>KalOru:HH:
E1 Ha E2 B3aHMHO O!l.H03HaqHO, H!l.Be nOJIO:>KHTeJIbHble He 3aBHCH-

ru:He OT x E E1 KOHCTaHTbl C1 H C2 TaKHe, qTO

c111xlb i! A (x)b  c21Ix[iE, (I)
!i.JIH Bcex x EEl'

Opo onepaTOp A 6Y!l.eM rOBopHTb, qTO OH ocyru:eCTBJIHeT H30-

'MOp<pH3M E1 H E2 :

A (E1) = E2 . (2)

Tor!l.a 06paTHblH onepaTOp A-I, OqeBH!l.HO, cyru:eCTByeT, JIHHeeH H

'8 CBOlO Oqepe!l.b ocyru:ecTBJIHeT H30MOp<pH3M
A-I (E2) = E1 0

llOKa:>KeM, qTO onepaIJ.HH It npH HaTypaJIbHOM I ocyru:eCTBJIHeT H30-

MOp<pH3M

(l<p<co;

I

II (Lp) = Wp

I
W

I
L

0
Wp

= p(Rn), p=Wp ,

(3)

[=0, 1, ...).

TIYCTb F E W .Tor!l.a

(----;'::: _ alF
(w/) F -

ax!'
E Lp

I

'R B CIIJIY TOro, qTO W sign ui)1 eCTb MHO:>KHTeJIb MapIJ.HHKeBHqa
{CM. 1.5.5, npHMep 1 H 1.5.4.1),

/-;'::: i I I alF

I
I

Illuil Flp Cll ll
.

,

I ax; ,IP

(j=I,...,n),

TIO.9TOMY, yqHTblBaH eru:e, qTO FE Lp, nOJIyqHM
/ "

1\(1 + ;t,1 u; II) fit  c21IFI!\f' 0

Ho <PYHKIJ.HH (I + I U 12)1/2 (1 + * I ui I)
-I

eCTb MHO:>KHTeJIb MapIJ.HH-

KeBRqa (1.5.5, npHMep 7), n03ToMY'

/ ::,
f = (1 + 1 u 12)1/2F E Lp

H

Ilf lip c311 F ijw l .

p
(4)
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nYCTb Tenepb f E L
p; TOrJJ;a F= eM= (1 + I A /2)-1/2 f H, CJIe,ll05a-

TeJIbHO (1.5 (10)),
I

%>= (iJ..)k (1 +1 J.. 1 2)-2 f.
Ho npli I k 1== l <PYHKJJ.lISI

(iJ..)k (1 + I J.. 1 2)-1/2

eCTb MHOJKlITeJIb MapJJ.HHKeBHtIa (CM. 1.5.5, npHMep 5). n03TOMY

II F(k) lip c4/lfllp ' (5)

Ho TaKJKe (8.1 (13» II F lip c611 np, n03TOMY F (3 W H

IIFllwl  cllfllp'
P

MbI ,llOKa38JI1I, 'fro OnepaI1lIJI II OCyw.ecTBJISIeT H30MOp<pH3M (3).
B ,llaJIbHeHllieM 6Y,lleT nOK83aHO, tITO otJa MOJKeT CJIYJKHTb cpe.n;-

CTBOM ,llJIH onpe,lleJIeHHSI H ocyw.ecTBJIeHH$I H30Mopqm3MoB ,llpyrHx
KJIaCCOB ,llH peHUHpyeMbIx<PYHKUHA.

8.3. CBoifcTBa SlJl.pa EeCCeJUI - MaK)J.oHaJ1b)J.a

HHJKe ,n:OKa3bIBaeTCH )J.JIH SI,n:pa Or (I X I) EeCCeJIH - MaK,n:OH8JIb,n:a
npH r > 0 OJJ.eHKa (s - HaTypaJIbHOe tIHCJIO, -00 < h < 00)

A = r I !l2
iJsGr (I X I) I dx & M I h jaJ hx; iJx 

---= r

J

(1)

(j=I, ..., n; S=f, r=f+a, f-ueJIOe, O<a I).
TaK KaK Or (I X I) E L = L (Rn) npH r> 0, TO H3 (I) CJle,n:yeT

(CM. onpe,n:e.neHlIe KJIaCCOB H B 4.3.3 H 5.6.2), tITO

Or (I X I) E H = H (Rn) (2)
H

Ii Or (I X \) II H , = II Or (I X I) ilL + Mrt
1

(3)

f,lle Mr
- HaHMeHblliaH KOHCTaHTa, ,n:JISI KOTOpoA BbmOJIHHlOTCH Hepa-

BeHCTBa (I).
nOJIOJKHM U = (U/, uI), uI = (Ult ..., Uj-l' U/+1' .." Un),

g(S) (x) =
aSGr ([ X I)

, !l cp(t) = cp (t +h) - 2cp (t) + cp (t - h).
iJx!

Ey,n:eM nOJIb30BaTbCH tIeTblpbMH OUeHKaMH 8.1 (7) (0603HatIliM HX

COOTBeTCTBCHHO I), 2), 3), 4)).
10 C. M. HHKOJIbCKHI!-
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COrJI8CHO 1)-3)

A <; 4 I g(') (u) I du <

 (
1 1

) S l!jl-< loW + I,. /n-r+,
du + ,- du E:;;C< 00,

'" <I 1"1;;'1

n01'OMY lITO n - <r - s) - n - a< n. Cne.nOBaTeJIbHO, JI.JHI I h I 1

AIII!(;a<;o Ih la. (4)

nepeXO)l.HM K cnYlIalO I hi < 1. By.n.eM .n.JJH onpe.n.eJJeHHOCTH

CIIHTaTb, lITO 0 < h< 1, MMeeM

A-AI+A., (lS)

r.ne Al TaKoA )Ke, KaK A HHTefpan, HO B3HTblA He no BceMY npo-

CTpaHCTBY, a no lIIapy I u 1< 4h. Tor.n.a

Al III!(; 4 S Igl') (u) I du -< S J,. I  '-l'-< 2t pQ-I dp -<ha (6)
'"1<2h 1"1<2h

B c yo eHKH(3).
 "HaKo OCTaJJCH cJJYlIaA n-r+s-O, S-IIeTHoe. TaK KaK

0< r - s < 1, 1'0 91'0 MO)KeT 6b1Tb, JJHlIIb eCJIH n =- 1,s - r - 1 -

qe l?e,T, e. ex "'" r - s = 1.

H)1JKHaH Ou.eHKa TOr.n.a nOJIYlIaeTCH cJIe.n.YI01lI.HM 06pa30M (HHTe-
rpanbI o.n.HOMepHbIe):

AlE:;; Igls)(u+h)-g(s)(u)ldu+
lul<4h

+ Ig(G) (u) - g(s) (u -h) I du<
lul<4h

< 2 Ig(s) (u +h) - glS) (u) I du =
la I<5h

-h 0

- 2 Jh Ig(G) (u+h) _g(s) (u) I du +2 t Ig(s) (u+h) _g(s) (u) I du+

IIh

+ 2 J Ig(') (u +h) - g(s) (u) I du =A l)+A  )+ A1
3

),

F.n.e

IIh

A1
3)
= 2 du u1h

Bu+h

gls+l) (t) dt -< du  t=
5h 8

- J In (1 + )du=h In{I+t)dt<:h,
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H 8H8JIOrHIIHO

A(I).# hI"" ,

H (YIIQTbIB8H, liTO 0,. (I u I) - lIeTHaH $YHKD;HH, a nOTOMY npH S-

.. f -1 qeTHOM $YHKD;HH g(s) (u) TOR<e lIeTHaH)
o

Af') - 2 Ig(s) (u +h) - g(S).(u) I du =
-h

o

_ 2 !g(s) (u+h) _g(s) (-u) I du =
-h

h h

I
U

I_ 2 (I g(s) (u) - g(s) (h - u) I du = 2 du g(Hl) (t) dt <:
0 h-"

II u II I

< \' du  t=2 Iln h uIdu=2h .\ Iln l tIdt <h.
h-u 0 0

8TUM nO.T1HOCTblO ,n:OKa3aHO (6). Oepexo,n:uM K OD;eHKe

A,= 1  ,x;g(S)ldu=
lul>4h

h h

r r r 82
g'SI

:=:

J J J aT(u/+v+t, uI) dvdt du =-

I u I > 4h 0 0 f

+ + =A I)+A  I+A a),
I u I > 4h I u I > 4h I u I> 4h

Uf>O -2h<uf <0 "/<-2h

r.ll.6 B CH.T1Y 3) (YlleCTb, liTO n + S - r + 2 = n - a+ 2 n + 1 > Ot
00

A I),A a)-< h J I u /::S-m -< h' pa-8 dp -< ha, (7)
I u I < 2h 2h

u,>Q

H npuHHMaH BO BHUMaHHe, liTO ,n:.T1H I u I > 4h, -2h < Uj <0
I uf I I u I -I Uj I 4h - 2h = 2h, nO.T1YIIUM

00

A(') h
8 duJ

h8 r pn-2 dp
i <: I"j jn+s-r+2 -< J pn+s-r+2 -<

I uj > 2h 2h

""

-< h
3

pa-i dp -< h
S

, (8)
2h

118 (4), (6), (7) U (8) CJIe,n:yeT (1).
10"
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8.4. OQeHKa HaHJ1YlJwero npH6J1H)KeHHJI }J.J1J1 I,!

TIYCTb <PYHKLl.IHI fELp=Lp(Rn), r>O II (8.1 (13))

F = Irf = (2n n/2 Or (I u I) f (x - u) duo (1)

nYCTb .lI.8JJee Wv E L, f..v E Lp - I1pOll3BOJJbHble <PYHKLl.llll SKcno-

HeHLl.llaJJbHOrO c<pepllqeCKOrO Tllna V. TaKllM 06pa30M, Wv E S mVlt
f..v E S9Jl

vp
. nOJJO)KllM

F (x)
- Qv (x) =

= r [Or ( I u I) - Wv (u)][f (x - u) - f..v (x - u)] duo
(2n) J

OqeBll.ll.HO, Qv E S9Jl
vp (CM. 3.6.2) II

I

II F - Qv lip
(2n)n/2

II Or (I X !) - Wv (x) IlL II f - f..v lip.

n09TOMY, yqllTbIB 851
,

qTO <PYHKLl.ll51 Or (I X \) e H (CM. 8.3) II IJTO,
CJJe.ll.OBaTe.T1bHO, ee Hall.T1YIJillee npll6.T1ll)KeHlle B MeTpllKe L npll
nOMorn:ll Ll.e.T1bIX <PYHKLl.llH c<pepllIJeCKOH CTeneHll V llMeeT I10p51.ll.0K
o (V-') (CM. 5.5.4), 6y,n:eM llMeTb

Ev (F)p (2n;n/2 Ev (Or (I X /)r Ev (f)p = Ev (f)p, (2)

r,n:e Ev (qJ)p, Ev (<p)r 0603HaqalOT HallJJYIJilille npll6.T1ll)KeHll51 <p npll
nOMorn:ll Ll.e.T1bIX <PYHKLl.llH c<pepllqeCKOrO Tllna V COOTBeTCTBeHHO

B MeTpllKax Lp, L, a KOHCTaHT8 br He 38BllCllT OT pSI,n:OM CT05lrn:erO
MHO)KllTe.T151.

nYCTb CHOBa f E Lp ll, KpOMe TOrO, npe06pa30BaHlle <l>YPbe ,
(Bo06rn:e o606rn:eHH851 <PYHKU.ll51) p8BHO HY.T1lO Ha IIIape Vv C Ll.eHT-

pOM B HaIJa.T1e KOOp.ll.llHaT pa.ll.llyca V (CM. 3.2.6 (5)):

1=0 Ha Vv . (3)

Tor,n:a (CM. 3.2.6 (6)), eCJIll 0< f.. < V, TO CBepTKa JJ1060i!: <PYHKLl.llll
w E S lnvlC f paBHa HYJJlO:

w..*t= r w..(u)t(x-u) du =0,
(2n) J

n09TOMY

F (x) = Irf= r [Or (I u I) - w.. (u)]f (x - u) du
(2n) J

.

I
F I --;;;211 Or - Wdrll np.

(2n)
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Ho TOr,n:a, OepSl mDKHlOlO rpaHb no 0);1., nO.T1YIJHM HepaBeHCTBO
I brntllp

II F lip (2n)n/2
EdGrh II f lip.... At '

cnpaBe,lI,JIIiBOe ,n:JlH Bcex A. < '\I, n03TOMY

Prfl!r-=IIFllp br  "p ('\1>0, (f)vv"'O), (4)

r,n:e br
- KOHCTaHTa, Bxo,n:H aH B HepaBeHcTBo (2). OHa He 3aBHCH1'

OT '\I> 0 Ii paCCMaTpliBaeMblX f.

8.5. MYJ1bTHnJ1HKaTOp, paBHblA e)l.HHHo.e Ha OOJ1aCTH

Do onpe,-eJIeHHlO 00oo1ll.eHHaH <PYHKLl.HH Ie S' paBHa HY.T1lO Ha

OTKpblTOM MHO)KeCTBe g c Rn, eCJIH .lI.JlH .T1lO6oi!: <pHHHTHOi!: B g <PYHK-
Ll.HH cp HMeeT MeCTO

(I, q»...0.

ECJIH npH 3TOM f He TOJIbKO npHHa,Me)KHT K S', HO eCTb TaK)K9

.T10Ka.T1bHO CYMMHpyeMaH Ha g <PYHKLl.HH, TO nOIJTH BClO.lI.Y

f (x) = 0 Ha g.

B caMOM .Il.eJIe, nYCTb (J c g - npOH3BOJlbHbli!: map. CY1ll.eCTByeT
(CM. 1.4.2) nOCJle,n:OBaTe.T1bHOCTb <pHHHTHb1X B (J <PYHKLl.HH q>N, ,n:J1H

KOTOpOH HMeeT MecTO OrpaHHIJeHHaH CXO,n:HMOCTb

!im q>N (x) = sign I (x) nOIJTH BClO,n:y Ha (J.
N-HXJ

D09TOMY B CHJ1Y TeOpeMb1 .ITe6era

0= (t, q>N) = /(x) q>N (x) dx -+ If (x) I dx
(J (J

(N -+00),

T. e. I (x) = 0 Ha (J nOIJTH BClO,n:y, CJle,n:OBaTeJIbHO, H Ha g.
ECJIH II, '2ES' H 11-12=0 Ha OTKpb1TOM MHOR<eCTBe g, TO

eCTeCTBeHHO rOBopHTb, IJTO II = 12 Ha g.
8.5. J, .IT e M M a. IIycmb f..I.

-

MYAbmunAUlwmop 8 L, (1 p 00;

E L npu p=co; CM. 1.5.1, 1.5.1.1), paeHblu eOUHul{8 Ha omKpbl-
mOM MHOJICeCm8e g eRn. TociJa OAR f E Lp U 8oo6 eOAR pe2y./lJl.p-
HOU 8 CMblCAe Lp ljJYHKl{UU f

jf;j= f..I.f = f Ha g (K ....  ), (1)

11 0 K a 3 aTe JI b C T B O. 11J1H cp E S, HMelO1lI.ei!: HOCHTeJIb B g, H

6eCKOHeIJHO ,n:HqxpepeHLl.H PyeMoH <pHHHTHOi!: <PYHKLl.HH /

(f..I.f, cp)=(ft, fcp)=(1, fq»=(f, cp). (2)'
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8J1.eclo Ha,ll.O )'1IeCTb, liTO f..I. (no onpe.neJleHiHO MYJ1bTlinJIIiK8TOpa)
eCTb o6bIIIHaH IiSMepliMaH <JIYHKD;IiH no YCJIOBHIO JIeMMbI, paBHaH
e,D.HHHD;e Ha I, H nOTOMy BTOpoA IIJIeH B (2) eCTb IiHTerpaJI JIe6era;
KpOMe Taro, no YCJIOBIiIO JIeMMbI f..I. (x) = 1 Ha g, a 11f> IiMeeT HOCIi-

'felIb B g, qTO ,lI.OK8SblB8eT BTOpoe paBeHcTBo.
ECJIIi f e Lp, TO HaA.neTCH nOCJIe.nOBaTeJIbHOCTb 6ecKoHellHo .n1i<JI-

4>epeHD;lipyeMbIX <JIliHHTHbIX <JIYHKD;IiA fz TaKaH, liTO IE"- f, f..I.1z- f..I.1
ClIa60. nO.nCTaBHB B (2) Iz BMecTO f Ii nepeii:.nH K npe.neJlY npH
1-... 00, nOlIYllliM CHOBa (2), HO yR<e .nJISI f E Lp.

ECJIIi Tenepb f - perYJISlpHaSl B CMblCJIe Lp <t!YHKD;HSI, TO .nJISI

qI a S C HOCIiTeJleM B g JI/lSI .nOCT8TOIIHO 60lIbllioro p nOJIYIIHM

(1(;f, cp)-(I-p(K;:iJ>, cp)=(i0:iJ. (1+IAI1)P/2cp)-

=(t;!, (1+IAI1)P12cp)=(f, cp),
T. e. (1).

8.5.2, JI eM M a. llycmb MYAbmUnAUKamOp f..I. - f..I.N'"'"' 1 Ha I1N =-

1:1( {I xJ I < N; /....1, .... n}. Tozoa, eCAU N' < N U ljJYHKl{UJl (ON' a
& ID1N" (ijeAtlJl 81CCnOHeHl{uaAbHOzo muna N' no BceM nepeMeHHbtM,

npunabAe",aU¥lfl " Lp), mo

/"-..

K * (ON' = f..I.WN' = (ON' (K =  ). (1)

.ll.oK8SaTeJIbCTBO. flYCTb e>O Ii N'+e<N. TaK KaK '/18
.KcnOHeHD.liaJIbHOrO Tlina e, '/1e(ON' 51 W1N+8,p. KpoMe TOro, 1JJ8(ON' a

& S, nOTOMY liTO '/1e E S, a (ON' BMecTe CO CBOIiMIi JII06bIMii npo-
HSBO.nHbIMIi OrpaHlilleHa «(ON' nOJIIiHOMHaJIbHOrO pOCTa). fl03TOMY

..-' ..-'

(f..I.;jJ8(ON', If» = (f..I., W8(ON'CP) =- (1, 'l'8(ON'CP) = Ne(ON', Ip),
--'"

r,ne BTopoe paBeH<;TBq HMeeT MecTO nOTOMY, liTO HOCHTeJ1b '/1e(ON'CP
npIiHa.nJIeR<IiT K AN. Cne.noBaTeJIbHO,

 "
---

f..I.'lJJ8(ON' .... 'l'e(ON" (2)

flepexoJl" K npe.ne.rry B (2) B CJIa60M CMbICJIe npli 8_ 0, nOJ1Y-
IIIiM (1). .LI:JISI npaBoH lIaCTIi (1) 9TO CJIe.nyeT liS 1.5.8 (6). LITO
K8caeTCH JIeBoii:, TO Ha.no yqeCTb, liTO

 '/1e(ON'- (ON' II = I ('/18 (x) -1) (ON' (x) lit dx- 0 (e_O)

no TeOpeMe JIe6era, OTKy.na B CIiJ1Y Toro, liTO f..I. eCTb MYJ1bTlinJlH-
K8TOp, JIeBaSl lIaCTb (2) cTpeMHTCSI K JIeBoii: lIaCTH (1) He TOJ1bKO

ClIa60, HO .naR<e B Lp.
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8.6. CYMMhI BaJ1J1e-nycceHa perYJlJ.lpHoA tlJYHK HH

B TeopHH HHTerpaJIa <t>YPbe lI.npO
N

sin Nt \ d
---r-

== cos nt n

npH I1.eJIOM N cOOTBeTCTByeT TpHroHOMeTpHlJeCKoMY nOJIHH0M)'

N
sin (N+.!.) t

D1.(t)- + ! cosnt=
t
2

(N-O, 1, ...),
n-I 2 sin

2

Ha3bIBaeMoMY lI,D.pOM ,lJ,HpHX.T1e nopSl.nKa N.

Cpe,ZtHee apHcpMeTHlJeCKOe

DXr+l +... +D N 1
vXr =- vXr (t) =- N

-

1"" + coskt+
o

2N

+-1- (2N+l_k)coskt= cOS(N+I)t-COI?N+I)t (3)
N+ I 4N sin1

y

Ha3bIBaeTClI JliJpOM. Ba,vte-flycceH.a *). MbI 6y.n.eM rOBopHTb, IJTO

OHO HMeeT I10pll.nOK N.
Ba)KHbIe CBOllCTBa lI.npa BaJI.T1e-DycceHa 3aKJIIOIJalOTClI B CJI8-

.nYlO1ll.eM :

1 *) VN -lJeTHbIH: TpHroHOMeTpHlJeCKHH: I10JIHHOM I10pSl)].Ka 2N;

2*) K03<PCPHII.HeHTbI <t>ypbe VN C HH.neKcaMH k =- 0, 1, ..., N

paBHbI e.nHHHu.e;
:rt

3*) VN (I) dt= Ii
-11

n 11

4*) .!. {' I VN (I) I dl= {' I cO! (N+ I) I-coe ( N+I) t I dt<
n J 2Nn J si I i

-:rt 0 n

n r I sin t sin (  N+ 1) t I 11

f I sin ? t sin -f t I dt +
N J t3

dt .r;;;, 7V II
o

11

J
:rt I sin t I At I sin 1- sin i u I 11 

+ N t
dt 1t

J u 
du +T -< A -< 00,

o

r.ne A He 3aBHcHT OT N 1.

*) B a JI JI e - TI Y c C e H {l].

fill

(1)

(2)
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HIDKe 6y.neT paCCMOTpeH COOTBeTCTBYlOIIJ.HtI aHa.T10r H.npa Ba.T1J1e-

nycceHa B C.T1yqae HHTerpa.T10B <t>YPbe B n-MepHOM C.T1yqae.
HaqHeM C TOrO, qTO paCCMOTpHM 06blqHYlO H3MepHMYlO H OrpaHH-

qeHHylO H8 R -= Rn 4>YHKLl.HlO g (x) TaKYlO, qTO ee npe06pa30BaHHe
g>ypbe g B CBOlO Oqepe.nb eCTb 06blqHa51 OrpaHHqeHHa51 4>YHKLl.H5I.
nYCTb eIIJ.e A. = (At, .,., An) ecTb BeKTOpHbltI napaMeTp, KOTopbrtl
i5y.neT H3MeH5ITbC5I Ha np5lMoyrO.T1bHHKe QJ = {a<A}<2a; f = 1. .

.., n},
r.ne a> O. HMeeT MeCTO paBeHcTBo

g (A.IXh ..., A.nxn) d'lv = g (A.IXh ..., AnXn) d'lv. (4)
Qa Qa

B caMOM .neJle, eCJlH Ip E S, TO

( g (/"'lXh . .
., A.nXn) dA.. Ip)

'

= dA g (AIXh ..., AnXn) Ip (x) dx """

Qa Qa

==

U
a

g (A.IXh ...
, A.nXn) d'lv) Ip (x) dx =

=(Ja

g(AIXh Anxn) dA., q>(X»).
Bce paBeHCTBa s.neCb OqeBH.nHbI, Tpe6yeT n05lCHeHH5I TO.T1bKO TOT

(\JaKT, qro g (A.l l' ..., A.nXn) eCTb npH A. E Qa 06blQHa51 OrpaHHQeH-
AaH 4>YHKl!HH. HI)  TOBblTeKaeT H3 paBeHCTB

i (),tXt, ... J J..nxn) = r g (A.tUh ...
J A.nUn) e-1xu du ....

(2n) J
n

I r -i. xi
'j

U}

-

/I J g(u)e 1=1 du

IT A{ (2nt/
2

I

N

a npe.nnOJIOR<eHHH, qro g eCTb 06bIQHa51 OrpaHHQeHHa51 H3MepHMaH

$YHKLl.HH.
AHa.T10r H.npa BaJlJle-nycceHa onpe.ne.T151eTC5I C nOMoIIJ.blO paBeH-

CTBa, aHaJlOrHQHOrO (3):

I (' II
n

sin Ai)
VN (t) = Nn J  d'lv=

QN 1=1
n 2N

. n

II l' Sill vt}
= II

cos Nt}-cos 2Nt}
-

Nn J t
dv

Nn t 2
'

I=IN
/

;=1
I

(5)
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5I;r,po VN y.n.OB.T1eTBOp5leT CBOHCTB8M, 8H8JIorHQHbIM cBoAcTBaM

1 *)- 4*):
1) VN (z) - Ll.e.T1851 <pyHKLl.H5I 3KCnOHeHLl.Ha.T1bHOrO THn8 CTeneHH 2N

no K8)K.n.OH H3 nepeMeHHbIX I} (f =< 1, ..., n), OrpaHHQeHH81I H CYM-

MHpyeMaH Ha R;

( t
2

VN =  n VN (t) e-1xt dt""" 1 Ha  N.

 N={lx}I N;j=1, ..., n},

 n VN (t) dt = 1,

nln I VN (t) I dt M (N;::::: 1).

CBoAcTBO 1) yCTaHaB.T1HBaeTC5I 6e3 Tpy.n.a. CBOHCTBO 3) BblTeK8eT

H3 paBeHcTBa

2) (6)

3)

4)

(7)

(8)

..!... {' sin vt
dt =- 1

n J t (v> 0),

r.n.e Hec06cTBeHHbIA pHMaHoB HHTerpa.T1 paBHoMepHo CXO,D.HTC5I OTltQ-

CHTe.T1bHO v E! [N, 2N], BC.T1e,D.CTBHe Qero HHTerpHpoBaHH6 3Toro HHT"

rpa.T1a no napaMeTpy v 3aKOHHO npoH3BecTH no,D. 3HaKOM HHTerp8.T1al

n 2N

I {' I

n {' {' sin vt}
7 J

VN (t) dt =-

(nN)n J dt} J -r-
dv =

/=1 N
}

(
2N

)
n

=  n dv ¥dt """ 1.

IN

CBoAcTBO 4) OQeBH,D.HO:

0:> 0:> I sin !!- t sin 1.. Nt I1 {' I CQS Nt-cos2Nt I dt=
2 {' :t 2

dt-
7rJ t 

.

NJ t 
-0:> 0

0:> 1
' u . 3

lS
slll2"slll2u

= 2 du < 00.
u

o

PaCCMOTpHM <PYHKLl.HlO
n

n
sin Ajtj

D}. (t) =-

-----r;- ,

f= 1
j

HB.T1HlOIII.YlOC5I aHa.T10rOM H,D.pa JJ.HpHX.T1e B n-MepHOM C.T1YQ8e. Ei np.
06pa30BaHHe <PYPbe (CM. 1.5.7 (10»

,---'

n
n

sin Ajtj ( -.i"it)
n

D}. (t) = -----r;-
=0

r 1" (1)A}.J
i-I
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(1)"'1 -4>yHKqHH, paBHaH e.nHHHqe H8  1-{I XI I < A./; / -I, ..., n}
H HYJIIO IIHe  1' OHa, TaKRM 06pa30M, OrpaHRlJeHa BMecTe CO

CHOHM npe06paSOBaHHeM <t>YPbe, nO'TOMY K HeA npHMeHHMO paBeH-
tTBO (4) npH a... N, CJle.nOB,8TeJIbHO npHHHB BO BHHMaHHe, liTO

n

(lh1 (x) - n (lh, (xI)'
, "'1

ue (I»)", -4>YHKqHH OT o.nHoA nepeMeHHoA xI' paBHaH e.nHHHqe HI

MHTepB8J1e I X, I < 'AI M HYJIIO .nlIH OCTalIbHbIX Xl' nOlIYIJUM

VN - rJ;. ( IT Iinl /tl d'A - (T -V r ( (Ih)" (x) dA.-
IN'-I  N

n 2N n

- II -} -VT \ (lh, (Xl) d'Aj = II (Xl)' (9)
I-I;] f 1

fA.

(
I ( I I < N),

 )- -V ir (2N - a) (N < I ; I ,,;;;;;; 2N),

o (2N < I I ).
Mbl nOJIYIJHJlH l<fxtJeKTHBHYIO 4>OPMYlIY ,nlIH VN. Hs Hee

.eHHO ClIeAYeT (6).
nycn. '&Lp (I p oo).Tor.na

aNY, X)-(lt2(VN",f)- VN(x-u)f(u)du

(10)

HeMe,n-

(11)

ecn. npHHSAJle>KarqaH K Lp <!>YHKqHH, TOlIbKO nOCTOHHHbIM MHO}KH-

TeJIeM OTJIHlJalO aHCH OT CBepTKH VN '" f. 3Ta <PYHKIJ:HH HB.T1HeTCH

IUaJlOrOM nepHo,nHlJecKoA CYMMbI Ba.T1.T1e-fIycceHa rropH.nKa N. TaK
KIK VN E3 nn'N (IJ:e.n:asr SKCIIOHeHIJ:HaJIbHOrO THIIa 2N no BceM xI'

DpUH8,!JJIe>Kam.aH K L), TO ON (t, x) E rol2N. p (CM. 3.6.2) .nJIH Bcex

f e 1.,.
. BoJlee TOro, eclIH roN E rolN, p'

TO HMeeT MeCTO TO}K)I.ecTBO

ON (roN, x).... roN (x). (12)

B C:8MOM ,neJIe, VNaL, CJleAOBaTeJIbHO, 11'N ecTb MYlIbTHII.T1HKaTop.

KpoMe TOro, B CHJIY (9) U (10) VN - (it Ha  N,II09TOMY, COr.T1aCHO

lIeMMe us 8.5.2

(]N.(roN, X)-roN(X) (N<No).

Hs Q()Jl)'1leHHOrO paBeHCTBa npH No N clIe,nyeT (12). 3aKOHHOCn.
nepe o"8K np  yJIerKO SaKJIlOlJHTb HS paccMoTpeHHH l<fxtJeKTHB-
RoA 4K>PMYJlhI (5) .J(3IH VN'



1I.6J CYMMbl BA.T1.T1E-IIYCCEHA PErY.T1 PHOA4>YHI<UMM 2 

Ecm1 f E Lp H: ffiN E Lp - II.e.na51 <PYHKII.H:51 3KCIlOHeHII.H:aJIbHOrO

TH:Ila N, TO B CH:JIY (12)
aN (f, x) - f (x) = aN (f - O)N, x) + O)N (x) - f (x),

OTKy.na

/1 aN (f, x) - f (x) j (1 +M) EN (f)p, (13)

T. e. IlpH:6JIH:)KeHH:e f IlpH: IlOMOIII.H aN (f) H:MeeT IlOp5l.nOK HaH:JIyq.
mero IlpH:6.T1H:)KeHH:51 f IlpH: IlOMOIII.H: <PYHKII.H:H: 3KCIlOHeHII.H:aJIbHOrO
TH:ila N.

ECJIH: P KOHeqHO, TO IlpaBa51 qaCTb (13) CTpeMH:TC5I K HYJIIO npH
N -+ 00 (CM. 5.5.1), OTKy.na C.T1e.nyeT, qTO

aN(f)-+f (N-+oo) c.T1a60. (14)

TIpH p = 00 BeJIH:qH:Ha EN (f) Y)Ke He CTpeMH:TC5I K HYJIIO, HO CBO -
CTBO (14) Bce paBHo H:MeeT MeCTO. B caMOM .neJIe, Ha OCHOBaHH:H: 8.3 (1)
(0 <a; 1)

I L\lxjGa (I u') I du M I h la.

TI09TOMY

I L\ Xj Go ( I x - u I ) f (u) du I ....

-  IL\ xjQa(u)f(x-u)dul Ukx)Mlhla(I-I, ."t n),

f  co-= supvrai I f (x) I.
xeR

Mhl BH.l.HM, llTO <PYHKII.H:51 F (x) ",. Ia (f) y.nOBJIeTBOp5leT YCJIOBHlO

IL\ xl(X)I clhla (j= 1, ..., n),

II TaK KaK OHa, KpOMe TOro, OrpaHH:qeHa, TO IlpH:Ha.nJIeR<H:T K If:, (R)
H, CJIe,!l;OBaTeJIbHO, paBHOMepHO HeilpepblBHa Ha R, T. e. npHH .
JIeR<HT K C.

Ho TOr.zr.a

EN (Iaf)a:> - EN (F)co -+ 0

Sro IlOKa3b1BaeT, qTO

(N -+00).

aN (F) -+ F CJIa60,

n03TOMY

(aN (f), cp) = ( t
2

(VN ... f, cp) =- ( t
2

(I-a (VN ... Iat) , cp)....
= (aN (laf) , I acp)-+(lJ,I acp)=(f,cp), N-+oo, (15)

H: MbI.lI.OKa3a.T1H: (14) H: B c.T1yqae P=oo.
HTaK, (14) HMeeT MeCTO )l.JI5I JII06oH: f E Lp H: JIIoooro p

(1 ,,;;;;;; P 00). Ba)KHO 3aMeTH:Tb qro 3TO CBoHCTBO COXpaH5IeTC" )].JIR
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JIIo60A perYJIHpHOH: B CMbICJle Lp <PYHKUHH f. qTo6bI y6e.n;HTbCH
& UOM, ,nOCTaroIIHo npO,n:eJlaTb Ha.n;f npHBe.n;eHHbIe BbIllIe BbIKJ1a.n;KH (15).

HaKoHeu, OTMeTHM CJ1e,nYlOIII.He Ba}l{Hbie ,nJ1Sl Hac HepaBeHCTBa

(f e! Lp):

I Ir-£ON (j) - 02N (j)] ijp";;;;; '\'rN-r ON (j) - 02N (j) , (16)

PrOI (j) ijp '\'r 01 (j) lip, (17)

r,ne r - JllOooe .n;eHCTBHTeJlbHOe IlHCJ10 H '\'r He 3aBHCHT OT N H f.
npH r>O HepaBeHCTBO (17) CJIe.n;yeT H3 Toro, lITO onepaUHH Ir

"MeeT H,npo, npHH8,llJIemam,ee It L (CM. 8.1 (13) H 1.5.1 (5», a He-

paBeHCTBO (16) - H3 roro, lITO (CM. 8.5.1 H 8.6 (6»
r"-..I ,-

ON (j) - C1'AN (j) .... 0 Ha !!.N'

npH r me OTpHUaTeJIbHOM HepaBeHcTBa (16) H (17) BbiTeKalOT

Jl3 HepaBeHCTBa, KOTOpoe 6y.n;eT ,nOKa3aHO B CJIe.n;YlOIII.eM naparpa(j>e,
eCJIH YlIecTb, qTO

ON (j) - 02N (f) E! W14N, P'

B 8.8 6y.n;eT ,nOKa3aHO, lITO HepaBeHcTBa (16), (17) coxpa-
HHlOTCH ,nJIH JII060H perYJIHpHOA B CMbICJIe Lp (0606III.eHHoH) <PYHKUHH.

8.7. HepaBeHCTBO ,nJlH OnepaLl,HH Lr (r> 0) HM IJJYHK HSlMH
8KcnOHeHLI,HaJIbHOrO THna

nYCTb g - gv E ro1
vp (Rn) = 9J1

vp , T. e. g eCTb <PYHKLI.HH 9KcnOHeH-

tI.HaJIbHOrO THna 'Y no KIDK.n;oA nepeMeHHoH x}, npHH8,llJ1e1KaIII.aH
K Lp-Lp (Rn). npHMeHHM K HeA onepauHIO (CM. 1.5.9)

/ "-

Lrg= (1 + I or j2Y/2 g. (1)

OCHOBHaH IJ;eJIb 9TOro naparpa<pa nOKa3aTb, lITO HMeeT MeCTO

HepaBeHCTBO

Lrg Ilr
p (Rn)";;;;;; Xr (1 + vy" g flr

p (Rn)

(r, 'Y > 0, 1,,;;;;; p.s;;; 00),

(2)

r.D;e Xr
- KOHCTaHTa, He 3aBHCSlIII.aH OT 'Y.

nOJIOmHM CI) (x) =- (1 + I x I'AY/'A H .n;J1H JI106oro v> 0 BBe;;J.eM <PYHK-
nHlO Cl)v (x) nepHo.n;a 2v (no KIDK.n;OH nepeMeHHoH x}), onpe.n;eJlHeMYlO

paBeHCTBoM

Cl)v(x)....(I+lxI2Y/'A {lx}l..;;;;;v, 1-=1, ..., n}. (3)

nYCTb
i .!!.....

Cl)v (x) .... q,e \I (4)
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ee p5I.n: <I>ypbe. Mbi nOK,a2KeM 'I:rO .n:JlH , > '0, r.n:e '0 .n:OCTaTO'IHO
BeJIHKO, HMeeT MecTO HepaBeHCTBQ-

ICk I %r (1 +V2Y/2, (5)
k

r.a;e %r He 3BBHCHT OT V, oTKy.n:a BCJle.n:CTBHe TeopeMbI 3.2.1 CJIe.n:yeT
cnpaBe.n:JlHBOCTb HHTepnOJl5IQHOHHOH  OPMYJIbi

Lrg= !CV,.g(X+  n). (6)

H3 KOTopoA HeMe.n;JIeHHO BbiTeKBeT HepaBeHCTBO (2):

Lrg lip =- I Ck III g I E:; %r (1 + v
2(/211 g p (7)

k

H TOT  aKT,'ITO I-rg - QeJlaH <PYHKQH5I 9KCnOHeHQHaJlbHOrO THna v

(CM. 3.5). I

TIpH MaJIbiX , paccy2K.n:eHHH, CBH3aHHbIe C OQeHKOH CYMMbI I £:); I,
CTaHOBHTCH DOJIee CJlO2KHbIMH. Ho H3 Taro q,aKTa, 'ITO HepaBeHcTBo (2)
BepHo npH OOJlbIIIHX " MbI BbIBe.n:eM H3 06III.HX co06pa2KeHHH, 'ITO

OHO BepHo C cooTBeTcTBYlOllieH KOHcTaHToH %r H .n:JIH JIIOObIX , > O.

OrpaHH'IHMC5I paccMoTpeHHeM .n:BYMepHoro cJlY'IaH. TIpH n 32

paccy2K.n:eHHe CJIO)KHee, HO aHaJIOrH'IHO.

I1MeeM ( '
=

)k k*O

1£:);/1 = I o1+  'Ic o1+  'I II+ ' 'I£:);d= JO +J1 +J2 +J8,

k 1 k I
'Y 'Y

Jo
=  2 (1 + u

2 +v2r/2 du dv (1 +2v2r/2  C1(1 +V2Y/2,
-v-v

v v ikn

J1
= ",12 !' w (U, v) e

-

V-
U

du dv E:;
k -v-v

2
' ikn

max
V J

W (U, v) e- V-
U

du
[vl';;;v k -v

v iknu

= max C "\'" J.. (' am
e- ----v--- du

v
k J au

k -v

"" m:x" {f' 1. : e- ";' du T'.,; m:x+1 ( :: r dUr""
m xC4 {v 1 (1 +u2

+ V
2Y-2 u

2 dur2 Co (l +V2Y/2 (, 2).
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3.!1.ecb Mbi npHMeHHJIH HHTerpHpOBaHHe no 'IaCTSlM H HepaBeHCTBO
napCeBaJIH no nepeMeHHOH u. AHaJIOrH'IHO

J3 czdI+V
2Y/2 (r 2).

HaKOHeu., npHMeHeHHe HHTerpHpOBaHHH no 'IaCTHM H paBeHCTBB
OapCeBBJIH no 06eHM nepeMeHHblM U H v .!I.aeT

v v in

"\'" "\'" I r r 02CO
-

V (ku+lv)
J8
-

.0;;;.. .0;;;.. kln2 J J ou Ov
e du dv

k I -v -v

{"\'" V' 02CO
- t: (ku + Iv)

2

}
1/2

oE;;; C6 .0;;;.. """" J J ouOv
e du dv

-v-v

C7 {V2 n u
2
v
2 (1 +U2 + V

2Y- 4 du dVr2 C8(1 +vl)'r 
(r 4).

Mbi ,n:OKa3aJIH (5) npH r 4.

I1YCTb renepb r - npOH3BOJIbHOe nOJIO)KHTeJIbHoe 'IHCJIO H no-'

npe)KHeMY g = W1
vp

. I10,n:6epeM HaTypaJIbHOe S TaK, 'IT06bI

2
9-1 < 1 +v 2a,

H npe,rrCTaBHM g B &H,rre (CM. 8.6 (11), (12»
s

g (x):c: <1
2s (g, x) -= qj,

1-0
r,n:e

qO=(J2,(g, x), qj=(J<Ji(g, X)-(J2j-1(g, x) (f-l, ..., s).

I1YCTb 'IHCJIO p> r ,rrOCTaro'IHO 60JIbIIIOe, 'Iro6bI .!I.JIH:Hero BbInOJI-

HHJIOCb HepaBeHCTBO (2). Tor,rra HMeeM

s

Lrg= Jp-rJ_pqj
o

H (nOHCHeHliH HHme)
s s

I I......"\" I I B......"\" 2pj......-rflll........ .0;;;.. 2(p-nj -p{fj IIJI........ .0;;;.. 2'p-nj ........

1-0 1-.8

.

<::: 2rl <::: 2s1 <::: (l +vy. (8)
j e

I1epBoe COOTHOIIIeHHe B 3TOH u.enH HMeeT Mecro HB OCHOBaHHH

yme YCTaHOBJIeHHbIX He}'>aBeHCTB 8.6 (16), (17) (p - r> 0). Bropoe
COOTHOWeHHe CJIe.l.yeT H3. roro, 'Iro p eCTb TaRO€! lIHCJIO, 'Iro MH

HerO HepaBeHCTBO (2) (npH r -= p) sepHO.
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9THM HepaseHCTBO (2) AOKasauo npH JIlOC>OM r. KOHetlHO, npH-
Be.IleHHbIe p8CCY>K.aeHIUI A810T rpy6.ylO KOHCT8HT)' x,. Ho HSBecTHbI

 yqaH,KOr.n;a MO>KHO nOJIyqHTb TOqitQ.e (H8HMeHbIIIee) ee SH8qeHHe,

PaCCMOTpHM .n;JIjJ npHMepa enyqaA n - 1.

BCJIe.!I.CTBHe qeTHOCTH CI) (t) - (1 + tl)F/t- (0.'- (I + i) 1-)
v

v k-I 9f+2t
I 1m. I r kn

d';." == ex - v CI) (t) cos V t dt =
V J

CI) (t) cosvt dt....

(-0
9

"

f-Wi

"

k - 1 2k

- (_1)1-1  [CI)(e,+t}-CI)le&-t}]Sin tdt, (9)

EenH r 1, TO no.zr.aqeTlil nOK8BElB81OT, qTO

CI)" (t) > 0,

H nOTOMY pa3HOCTb, CTOjJ aHB KBa.npaTHblX CKOC>K8X no.l. HHTerpa-
nOM B npaBoA qaCTH (9), MOHOTOHHO B03pacTaeT BMecTe c /, OTcIO.na
CJIe.nyeT, qTO en8raeMbIe B npaBoA qaCTH (9) no a6COJIIOTHOA
BeJIHqHHe B03pacT81OT, nOCJIe.n;OBaTeJIbHO MeHjJH 8H8K, H SH8K c"

COBna.n:aeT co 8HaKOM nOCJIe.n:Hero enaraeMoro, COOTBeTCTBYIOll.{ero
1.... k - 1. 9THM .nOKa3aHO, qTO

(-l)"q O (k==O, + 1, =1:2, ..,; r I), (10)

113 qeTHOCTH Cl)v (t) CJIe.nyeT, qTO

00

Cl)v(t}-c;+2 !OkcOS I,
I

n09TOMY B CHJIY (10) HMeeT MeCTO 3aMeqaTeJIbHOe paBeHcTBo *)
00 00

(1 + v
2Yf2 = Cl)v (v) == c: + 2 (-1)" 0k == I 011,

I -tiJ

9THM ,Il.OKaS8HO, qTO npH r 1 H n == 1 B HepaBeHCTBe (7) MomHO

cqHTaTb x,- 1. B TaKOM BH.ne 9Ti KOHCTaHTa HBJIHeTCfl HeYJIyqIIIae.
MOR *), HO Ha .nOKaSaTeJIbCTBe 9TOro MbI S,aecb OCT8HaBJIHB8TbClI

H 6YJl.eM.

*) n, 11. JI H U P K H B [a}.
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8.8. Pa3J10}KeHHe perYJ1S1pHoii cJ>YHKl\HH B pSl,ll.
no CyMM8M BaJ1J1e-nycceHa

ECJIH f - o606rn.eHHa5I perYJI5IpHa5I B CMbICJIe Lp <PYHKU,H5I, TO

eCTeCTBeHHO nOJIO)KHTb (CM. 1.5.10)

(]N(f)=( r/2 (VN*f)=( r/2 Lp(VN*Ip{), (1)

r,ll.e p > 0 ,lI.OCTaTOtIHO 60JIbIIIOe, tIT06bI Ipf E Lp. Ho VN E L,
n09ToMY VN * Ipf npHHa,ll.JIe)KHT K Lp, a B CHJIY Toro, tITO <PYHKIl.H5I
VN 9KcnoHeHu,HaJIbHOrO THna 2N (CM. 3.6.2), VN * Ipf E W12N, P'

DpHMeHeHHe K 9TOii nocJIe,ll.Heii <PYHKU,HH Onepall.HH Lp (CM. 8.7) He

BbIBO,ll.HT H3 KJIaCCa W12N, p'

TaKHM 06pa30M,
(]N if) E  m2N,p' (2)

KaKOBa 61>1 HH 6bIJIa perYJI5IpHa5I (B CMblCJIe L
p) <PYHKIl.H5I f.

,lXaJIee npH JII060M ,lI.eiiCTBHTeJIbHOM ')."

I1-.,<JN if) = (]N (fJ) (3)

(CM. 1.5.10 (5». TaK KaK ,lI.JI5I perYJI5IpHoii <PYHKU,HH f (]N (f) E W12N, p'

TO npH ,> 0 ,ll.JI5I Hee, OtIeBH,lI.HO, BbInOJIH5IIOTC5I HepaBeHCTBa

8.6 (16) H (17). DpH ,<0 OHH TaK)Ke HMelOT MecTO ,lI.JI5I JIlo60ii

perJJI5IpHO <PYHKIl.HH f, nOToMY tITO ,lI.JI5I Hee (]N (f) - (]2N (f) E Lp
H c1

R (f) - (]2N (f) = 0 Ha I1N (CM. 8.5.1 H 8.6 (6».
HaM 6Y,lI.eT Y,lI.06HO CB5I3MBaTb C Ka)K,lI.oii perYJI5IpHoii <PYHKIl.Heii

CJIe,ll.YIOIII.HH pH,lI.:
Cf:)

f=(]20 (f)+ [(]2k (f)-(]2k -I(f)],
k=1

(4)

CXO,ll.5IIIJ;HHC5I, KaK MbI BbI5ICHHJIH, K f cJIa60. 3TOT p5I,l( MbI eIII.e

6Y,lI.eM Ha3bIBaTb pG.3/l0:JICeHUeM peeY/lJlpHOU ifiYHKltUU f no cYMMaM
muna Ba/l/le-J]ycceHa.

DpH JII060M ,lI.eHCTBHTeJIbHOM , K HeMY 3aKOHHO n pHMeH5ITb
nOtIJIeHHO Onepau,HIO

co

u= 1,020 (f) + I, [02k (j) -(]2k - 1 (f)] =
k=1

co

= (]20 (IJ) + [02k (I,f) - (]2k - 1 (lJ)], (3)
"=1

nOTOMY tITO, eCJIH f- perYJI5IpHa5I <PYHKIl.H5I, TO Irf TO)Ke, H nOTOMY

Irf pa3J1araeTC5I B BH,lI.e cJIa60 CXO,ll.5Irn.erOC5! K Hell ee p5I,l(a BaJIJIe-

DycceHa - BToporo pH,l(a B (5). 4JIeHbI BToporo H nepBoro p5I,l(a
coomeTcmeHHO paBHbl B CHJIY (3).
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8.9. npe.ll.CTaBJ1eHHe cjJYHKl\HH KJIaCCOB B;8
Qepe3 PSl.ll.bl 8aJ1J1e-nycceHa. HY.JIeBble KJ1aCCbI (I  p";;;;;00)

MbI npe.n;nOJIaraeM, tITO r > 0, l.,;;;;;p.,;;;;; 00, 1 .,;;;;;e 00, 8;8 (Rn) =
= B 8(B;co = H ). By.n:eM HCXO.n:HTb H3 CJIe.n:YIOIIJ;erO onpe.n:eJIeHHH

KJIaCCa B;8 (5.6 (5)): <PYHKl\HH f npHHa.n:JIe)KHT K B;8, ecJ1H .n:JIH

Hee KOHetIHa HopMa

(
CO

)
1/8

611 f II = II f II
B;8
= [I f I +

S o2
s8rE2s(f): ' (1)

JJ:pyroe 9KBHBaJIeHTHO€ 9TOMY onpe.n:eJIeHHe (5.6 (6)) 3aKJIIOtIaeTC5I

B TOM, tITO f E B;8, ecJIH B03MO)KHO npe.n:CTaBJIeHHe f B BH.n:e CXO-

.n:HIII.erOCH K f B CMbICJIe L" pH.n:a

co

f = Qs
s o

TaKoro, qTO HopMa
co 178

611 f II = Ilf 11 8;8
= ( o2s8r

II Qs II:) (2}

KOHetIHa (3.n:eCb Qs -l\eJIbIe <PYHKl\HH 9KCnOHeHl\HaJIbHOrO THna c<pe-
pMtIeCKOH CTeneHH 2s , JIHHeHHO 3aBHCHIIJ;He OT f).

nOKa)KeM, tITO 9THM onpe.n:eJIeHHHM 9KBHBaJIeHTHO TaK)Ke H CJIe-

.n:yIOIIJ; ee.

ifJYHKl-jUJl f E B;8, eC/lU f ecmb peey/lJlpHaJl B CMbIC/le Lp (0606-
U{eHHaJl) cfJYHKl-jUJl U eC/lU cootnBemctnBYIOU{ut1. et1. pJla Ba/l/le-nycceHa
(cxoaJlU{ullcJl K Hell c/la60)

co

f = qs,
s=o

qo =(J2o (I), QS=(J2s (f) - (J2s
- 1 (f) (8= 1, 2, ...),

(3)

(4)

maKoB, Ilmo

(
CO

\
1/8

 lfll=llfIIB 8
=

s o2sr81lqsll ) <00. (5)

B caMOM .n.eJIe, nYCTb f - perYJIHpHaH <PYHKl\HH B CMblCJIe L
p .

.n:J1H KOTOpOH HMeeT MeCTO (3) - (5). Tor.n:a qs eCTb l\eJIaH <PYHKl\HH
SKcnOHeHl\IIaJIbHOrO THna 2s+ 1

no BceM nepeMeHHbIM, HO Tor.n:a H

SI<cnOHeHl\HaJIbHOrO c<pepHtIeCKOrO THna vn 2S + 1 (CM. 3.2.6) H, CJIe-

)(OBaTeJIbHO, THna 28+1, r.lle MbI CtIHTaeM, tITO I ecTb HaTypaJIbHOe

tIHCJIO TaKO€, tITO 2 Vii 2/
, DOJIara51 q: = 0 (5 = 0, 1, ..., I) H
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00

q:+Z = qs (8 = I, 2, . ..), nOJIytIHM, IITO f = q ,q: C<pepHIIeCKOrO
8=0

THna 25 H

(
(1Q

)
1/9

S O2
5r9 q:  : <00,

T. e. 611' II < 00 H 'E B;o.
nYCTb Tenepb 511' II < 00, TOr.n:a , E L, H (CM. 8.6 (13»

qs lip';;;; i 0'2 s (j) -, Ib + II 0'25 - 1 (j) -, lip
.,,;;;2ME2.-I(f)p (8= 1,2, ...), (6)

II qo .,,;;; M  , .

n03TOMY  I'II -< 5'" II, H MbI ,ZJ.OKaSaJIH 3KBHBaJIeHTHOCTb HOpM (5)
C HopMaMH (1) H (2).

n pH M e II a H He. 3KBHBaJIeHTHOCTb coxpaHHeTCH, eCJIH CYMMbI
BaJIJIe-nycceHa 02s (f) saMeHHTb COOTBeTCTBeHHO CYMMaMH .lI:MpHXJIe
S25 (f) (CM. .n:aJIee 8.10), O.n:HRKO npH YCJIOBHH, IITO I < p < 00.

npH p... 1, 00 B HepaBeHCTBaX (6) KOHCTRHTa M 8aBHCHT OT 8 H

npHTOM He orpaHHIIeHa npH S -.. 00,

BBe.n:eM HgM!8011 K/tClC() B:9 BooC5 eoC5oC5 eHHblX<PYHK HA.
no onpe.n:eneHHlo f a B:9' ec/tu f peeg.llJl.pHa 8 DMbleM! L, U eMU

ee pRa Ba/tAe-flgcceHa (3) maK08, tf,mo

"'"B;9=( 01Iqsl )1/9<oo, (7)

B II aCTHOCTH,

 nHO= sup qs lip < 00. (8)
p s

npHBe.n:eHHbIe s.n:eCb onpe,lI.eJIeHHH (7) H (8) HYJIeBbIX KJIaCCOB

HMelOT TO npeHMy ecTBO, tITO OHH He saBHCHT OT onpe.B.eJIeHHA
COOTBeTCTBYIO HX KJIaCCOB .n:JIH nOJIO)KHTeJIbHbIX SHaIIeHHA ,. Ho

BOSMO)KHO TRKoe onpe,ZJ.eJIeHHe B 9:fJmo ecmb K/tacc ifJgHKt{UI1 , 8uoa

[_,.<p, eae <p Eil! B;9' a ,> 0- /t106oe tf,uc/to. 3aMeTHM e e,IIro anna-

paT, C nOMO blO Koroporo C5blJIH ,ZJ.aHbI HCXO,ZJ.HbIe onpe.J{eJIeHHH H.
If B-KJIaCCOB ,ZJ.JIH nOJIO)KHTeJIbHblX " nO-BH,ZJ.HMOMY, He npHcnoco().
JIeH .n:JIH Henocpe.n:CTBeHHblX oC5oC5 eHHH Ha CJIYIIaA '''';;; O.

8.9. J. ltSOMOPCPHSM KJJaCCOB B;9 .n:JJSI pasHblx r,

T eo p e M a. Onepat{Wl [r (, > 0) .ocgu;ecm8Aflem U30MOfXPU8M

[r(B 9)=B;9 (1  p,9"';;;00, B oo=H ). (1)

Pa81!HCm80 (1) aaem npeaCf1UJlJ/teHue tPgHKt{UI1 K./lllCCa B;e 'lepe8

ceepmKg Rapa EecceAR - MaKaOHa/tba" Or 0 tPgHKt{UJlMU KMlCCIl JJ e,
8oo6U{e eo60pR, 0606U{eHHblMU.
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.LJ: ° K a 3 aTe JI b C T B o. nYCTb f E B;a, Tor,n:a f eCTb perYJIHp-
HaH B CMbICJIe Lp <PYHKIJ.MH, pa3JIaraIOI.IJ.aHCH B [pH,n;

00

f - qs, qo = 0'20 if) , q, = 0'25 (f) - 0'2S-1 if) (8 =- 1, 2, .. .), (1)
.-0

r,n;e

(
00

)
l/a

UiBOe=  qslr <'00.
p

.-0

(2)

Ho
F -I,f

ecTb TaK>Ke perYJIHpHaH <PYHKIJ.HH, pa3JIaraIOI.IJ.aHCH B pH,!!;
00

F= Q., (3)
.-1

fll-6'2.(F), Qs....0' (F)-0'2s-dF) (8"",1,2, ...).

npH !ITeM

Q. 11.0 = III,.qsl E;; a. 2-r" II qs b.
CJIe,ll.OBaTeJIbHO,

(
00

)
l/a

(
00

)
I/a

 FIIB'= 2"a'IIQ,,( rr;o;;;;c IIqs( -U BOa'"a .-0 .=0 p
(4)

Hao6epOT, eCJIH F 6 B;a, TO ,!I.JIH F CYI.IJ.eCTByeT pa3JIO>KeHIIe (3)
TaKoe, qro

IF B'= ( 2sr(j Q. :)
l/a

<00,
pa . _ I

a ,!I.JIH f = L,F - pa3JIO>KeHMe (1) II (CM. 8.6 (16))

 qsll.o==IL,Qsl E;;c.2sr Qsl(8=0, 1, ...),

n09TOMY

(
00

)
lliJ

I IIB_a =  qs  cIFIIB'.
. _ I pO

(5)

TeopeMa AOKa3aHa.

8.9.2. KJ1acCb1 B;a "PH r < ft. nOH1lTIIe perYJIHpHOH: <PYHKIJ.HH
1-1 ee pa3JIO>KeHHH B pH,lI. BaJIJIe-nycceHa ,lI.aeT B03MO>KHOCTb paCIIIH-

pMTb KJIaCCb1 B;e Ha OTpIIIJ.aTeJIbHb1e r. ECTecrneHHO CqHTaTb, qTO

rPYHK/{UJI. f,E  O, KJe r - np6 O/lbHoe j)f ume/lbHOe tf,UCIlO
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. eeAU f pe2YAJlpHa (8 eMbleM L
p) U ee pa3.1l0:JfCeHUe 8 pJla Ba.ll.lle-flyeeeHa

00 00

f= qs=fJ2o (f) + [fJ2s(f)-fJ2
s -df)]

1=0 s=l
(1)

maK08o, tf,mo

(
00

\
I/e

1IfIIB O
=

s o2
sr8 1\ qs II:) <00. (2)

JIerKo BH,neTb, paCCYM,na5l, KaK B npe,nbI,nYIl.{eM naparpaq,e, tITO

npH JIJOt)bIX ,netfCTBHTeJIbHblX , H '1 onepau,H5I Ir, -r OCYIl.{ecTBJJ 51eT

H30MOptpH3M

Ir,-r (B;o) = B;h (1 < p, e < 00; B;:x> = H ). (3 

8.10. PSI.1I.bI no cYMMaM  HpHXJIe(1 <p <00)

ECJIH P y,noBJIeTBOp5leT HepaBeHcTBaM 1 < p < 00, TO H3JIOMeH-

Ha51 BbIllIe TeopeMa MOMeT 6bITb pa3BHTa Ha OCHOBe H,ZI.ep .LJ:HpHX.T1e

n
n

sin Nfj
DN (t) = f

'

j= I
f

51BJI5IJOIl.{HXC5I aHa.T10raMH nepHO,Zl.HtIeCKHX CYMM LI.HpHX.T1e.
5I,npa DN (Z) 06JIa,Zl.aIOT CJIe.l{YIOIl.{HMH CBOHCTBaMH:

1) DN (z) - u,eJIa51 <PYHKU,H5I 9KcnoHeHu,Ha.T1bHOrO THna N no KaM-

.l{otf nepeMeHHoH Zj (j = 1, ..., n), npHHa.l{JIeMaIl.{a51 K Lp, r)J.e
1 <p oo.

2) ( )
n/2
D = 1 = {

I Ha  N= { I Xj I < N},
n

N ()""N 0 A
BHe D.N

(CM. 1.5.7 (10».

3) n DN(t) dt= 1

(1 )

(2)

(N > 0). (3)

4) CBepTKa

SN (f, x) = DN * f = (2 )n DN (x - t) f (t) dt

)tJI5I f E Lp (1 < p < 00) eCTb u,e.T1a51 <PYHKU,H5I 9KcnoHeHu,Ha.T1bHOrO
THna N no KaM,ZI.OH nepeMeHHoH (CM. 3.6.2), npHHa.l{JIeMaIl.{a51 K Lp
{CM. 1.5.7 (9), (13); 3.6.2; SN (f) E 'JJ1Np)' npH 9TOM

 DN*np<xp fllp, (4)
r,ne .%p 3aBHCHT TOJIbKO OT p. npH p = 1, 00 3TOT "aKT nepecTaeT
6bITb BepHbIM.
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5) EC.T1H ffiN E WINp , TO

SN (ffiN) = ffiN' (5)
TOT <paKT, liTO

DNo*ffiN= (2 )n DNo(x-t)ffiN(t)dt=ffiN(X) (N<No), (6)

CJIe.n:yeT H3 8.5.2. .LJ:aJIee

I
sin Notj I {

Nto I tj I 1,
 cp(tj)=

It I> 1 (N<No<Nt),
I tj [' j

n03ToMY
n

I DNo (x - t) ffiN (t) i cp (x - t) \ ffiN (t) IE L (Rn) , cp (t) = Il cp (t/)
j=l

(ffiN E Lp (Rn) , cp E Lq (Rn), + = 1). KpoMe Toro, .n:.T1H Bcex t

bNo(x-t)-+DN(X-t) (No-+N). CJIe.n:oBaTe.JIbHO, no TeopeMe J1e-

6era B (6) MO)KHO 3aMeHHTb No Ha N.

6) v;;;{ = f Ha I1N (CM. (2) H 8.5.1).
113 (4) H (5) C.T1e.n:yeT, tITO eCJIH f E Lp (1 < p < 00) H ffiN

- ee

npH6.T1H)KaIOw;aH B CMbICJle Lp HaHJIYtIIIIaH <PYHKIJ:HH KJIaCCa WINp ,

TO (1 <p<oo)

H - SN (f) I  llf- ffiN :ip+11 SN (ffiN) - f lip
(l + Xp) EN (f)p -+ 0 (N -+ 00). (7)

B lIacTHoCTH, TaKHM 06pa30M,

SN (f) -+ f (N -+ 00) cJIa60. (8)

PaccY)K.n:aH, KaK npH .n:OKa3aTeJIbCTBe 8.6 (14) (CM. 8.6 (15», r.n:e

VN Ha.n:o 3aMeHHTb Ha DN' nO.T1YtIHM, tITO CBOHCTBO (8) coxpaHHeTcH
.n:.T1H JII060tf perYJIapHOH B CMblCJIe Lp <PYHKIJ:HH.

B TaKOM cJIYllae perYJIHpHYIO B CMhICJle Lp <PYHKIJ:HIO f MO)KHO

pa3.T10)KHTb B pH.n:
ro

f =- S2d!) + [S2k (f) - S2k-r(f)],
k-l

(9)

CXO.n:HIII.HH:CH K HeH: cJIa60 (aHaJIOr 8.8 (4». K 9TOMY PH.n:y 3aKOHHO

nOtI.T1eHHOe npHMeHeHHe OnepaIJ:HH Ip, r.n:e p
- JII060e .n:eHcTBHTeJIbHOe

tlHCJIO. Ba)KHO OTMeTHTb, liTO k-H IIJIeH pH.Il.a (9) ecTb 06b1I1HaH

4>YHKIJ:HH KJIaCCa Wl
2k.., KpoMe Toro, Ba)KHO, liTO

-- --

S (f) - S2k-1 (f) = 0 Ha  2k-l (k = 1, 2, ...)
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H HMelOT MecTO HepaBeHCTBa

Ir [SN if) - S'J.N (f)]L, 'ArN-r SN (j) - S'J.N (f) b, (10)

PrS1 if) 'Ar II S1 if) I ( 11 )

,ZI,JHI JII06b1X .neikTBHTeJIbHblX r H perYJI5IpHoii B CMbIC.T1e Lp CPYHK-
UHH f.

Paccy*.n:a51, KaK B 8.9, r.n:e Ha.n:o BCIO.ny 3aMeHHTb (II (f) Ha SI (f),
nOJIYQHM Ha OCHOBaHHH CKa3aHHoro cJIe.n:   TeopeMY.

8.10.1. TeopeMa. flycmb 1 <p<oo, 1  a ooU r-npo-

U380Abfwe aeUCtn8UmeAbHOe f.lUCAO. Toeaa f E B;a (B;oo = H;) moeaa
U mOAbKO moeaa, KOeaa f peeYARpHa 8 CMblCAe Lp U ee (CXOOJUJ{UiiCR
K He a cAa6o) pRa

co

f -  S> (1)
k""g

 O=S2.(f), S=S2s(j)-S2s-df) (8-1,2, ...),

maK08, f.lmo

U Br= ( 2sra  s :)
l/e

<00, (2)
pa 5=0

 nHr=lInBr =sup25r  sL.<00 (3)
p poo 5

(CM. npHMeQaHHe B 8.9).
JI.oKa*eM JIeMMY, .nonOJIH5IIOIII.YIO pe3YJIhTaThl 1.5.6 (8 rex *e

0603HaQeHH5Ix) .

8.10.2. JI eM M a. flycmb f ecmb peeYARpHaJI. , CMWCAe h

(1 < p < 00) o606U{eHHaR ifJyHK/{UR, aAR KOtnOpotl

H 16k (j) I'J.H 2< 00. (1)

Toeaa f E Lp.
.l1 0 K a 3 aTe JI b C T B O. .l1:JI5I npOH3BOJIbHOrO qHCJIa N > 0 onpe-

.B.eJIHM MHO*ecTBO ueJIOqHCJIeHHblX BeKTopoB k:

QN={k: Ik11oe;;;;N; j=l, ..., n}

H CYMMY fN = 6k , 6k = 6k (f). TaK KaK f perYJI5IpHa, TO fN -+ f
kecN

(N -+ 00) CJIa60. C .B.pyroH CTOpOHbI, B CHJIY (1) fN CXO.!.HTCB

B CMbICJIe Lp:

I fN'-fNL.<d ( l kI2) 1/211 -+0 (N, N'_oo),
keCN,'\.CN

n09TOMY fN cTpeMHTC5I K f B CMbICJIe Lp H f = Lpo
AmiJIOrHqHQ .l.OK83b1BaeTCSI (0603HaqeHH5I CM. B 1.5.6.1)



1.10] PjlAbi no CYMMAM .nHPHXJIE: (I < p < <XI) 811

8. t 0.3. T e 0 p eM a. ECAU cfJYH.Kt{UJl f (x) om OOH.Oa neIJeMeH.H.Oa -

peeYAJf,pH.aJl 6 CMblCAe Lp (- 00, (0), 1 < p < 00, o606UJjeH.H.aJl cfJYH.K-
ijUJl, 8/lJl Komopoa

IC oI  lif) ,ar
/2

t <00, (1)

mo OH.a npuH.a(}Ae3ICum K Lp.
8.10.4. npHMep. HH>Ke npHBo,!\HTCI! npHMep <PYHKUHH g{x) a Lp (--co, co)-

_ Lp (2 < fJ < co) ueJloA &KCnOHeHUHaJIbHOrO THn8 I, npeo6p830B8HHe <I>ypbe
JO'l'O OA ecn. 0606w;eHHal! <PYHKUHJI, He CYMMHpYeMal! HH H8 K8KOM HHTepBaJIe
(a, b c: (-I, +1).

YCTb

{ a.k (2k_ < I x I < 2k+ )'i'k (x) "'" 2 2 '

o (AJlI! OCTaJlbHbIX k)
(I)

(k-l, 2, ...),

rJle qHCJIa a.k > 0 T8KHe, qro

co

 ak=-oo,
1

ro

a. < co

1
(2 < p <co). (2)

N

nOJllJ>KHM ewe fN- 'i'k H

1

co

f(x)-  'i'k(x).
I

(3)

PJIA (3), OqeBHAHO, CXOAHTCI! B CMbIcJIe  -Lp(-co,co), 8 CJleAOBareJlbHO, H

. CMblcJIe S', HIe Lp c: S', II f lip =- (2 2.j I a.k !pYlp < co. TIYCTb ew;e

2"+{
-. ;2 {' sin xy

Ak (x) = a.k V 1t J ------y- dy

2k_..!..
2

(k= I. 2, ...).

J1erKo npoBepllTb (CM. 1.5.7 (10), 1JTO

- sin":" - sin":"

V
2 2

11
2

( l2kx l2kx)
2 -

Ak'(x)=2a.k -cos2kx-=a.k - e +e- -='i'k(X).
1t x 1t X

nOJlOJKHM elUe

N roN

"\" I -.;2 {' "\" sin xy
FN (x) =- Ak (x) "'"

'2 V 1t J
'i'k (y)

---g-
dg,

I --00 1

ro

F (x) = Ak(x).
1
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Tor,/t8
00

I PN (X) I « f (y) I sJn/y I dy ...

-00

'" H ,(II "n/
y

I' dYf' < II, I x ,
1 -  . (')

r,!\e KOHCTaHTbI, BXO,!\HIUHe B 3TH HepaBeHCTBa, He 3aBHCHT OT N, "f lip II x.

TI03TOMY

IF(X)-FN(X)I C  "'kllplxll-t (5)

H F
N (x) -+ F (x) paBHoMepHo Ha JII060M KOHeqHOM oTpe3K8. Ho TOr,!\a F (x) - He-

npepblBHaH <PYHK HH.113 (4), (5) JIerKO TaKJKe CJIe.llyeT, qTO F .. S' H F
N

-+ F (S').
B TaKOM cJIY1Jae

00 00

F'= Ak= lh=f,
1 I

r,!\e Bce onepa HH(,!\H#epeH HpOBaHHH,CYMMHpOBaHH!I H npe06pa30BaHHH <1>YPbe)
nOHHMalOTCH B CMbI CJIe S'.

MOJKHO ,!\OKa3aTb (,!\OKa3areJIbCTBO CM. B KHHre 3HrMYH,!\a [2J, 'I. II, rJl. XV,
B KOH e n. 3.14), 1JTO <PYHK HHF (x) (noHHMaeMa!l KaK 06bIqHa!l <PYHKUHH) He

HMeeT npOH3BO,!\HOH n01JTH BCIO,!\Y. Ho TOr,!\a 0606IUeHHa!l npOH3BO,/tHa!l F' Ha JlI060M

HHTepBaJIe (a, b) He eCTb CYMMHpyeMaH 41YHK H!I,HHaGe rOBopH, KaKOB 6bI HH

6b1JI HHTepBaJi (a, b), He CYIUecTByeT CYMMHpyeMoll Ha (a, b) <PYHK HHa: (x) TaKoll,
qTO

b

(F', <p) = a: (x) <p (x) dx
a

(6)

p'JI!I Bcex ljJYHK HH <p E S, HMelOIUHX HOCHTeJIb Ha (a, b). B caMOM 11..eJle, eCJiH

6b1 TaKaH ljJYHK HHa: CYIUeCTBOBaJIa, TO, HHTerpHpY!I no qaCTHM npaBYJO qaCTb (6),
nOJIY1JHJIH 6b1 paBeHCTBO

b b x

5 F (x) <p' (x) dx= 55 a: (t) dt <p' (x) dx,
a a a

T. e.

b

5'" (t) <p' (x) dx=O,
a

x

'" (x) =F (x) - 5 a: (t) dt,
a

KaKOBa 6b1 HH 6b1JIa <PYHKUHH <p E S C HOCHTeJIeM Ha (a, b). Ho TOr,/ta '" (x)
-'- C

eCTb KOHCTaHTa H F 6bIJia 6bI ,!\H#epeH IfPyeMollnOqTH BCIO,!\Y Ha (a, b). TOT
ljJa KT, 1JTO '" = const, MOJKHO ,!\oKa3aTb CJIe,!\)'IOIUHM o6pa30M. ECJIII 6bl 3TO 6b1JIO

He TaK, TO MOJKHO 6bIJIO 6b1 no,!\o6paTb TaK:YIO KOHCTaHTY Cl' qTO <PYHKUH!I A (x) '""'

='''' (x) + Cl npHHHMaJIa 6bl 3HaqeHHH pa3Hblx 3HaKOB B HeKoTopbIX ,!\BYX T01JKax.

TIYCTb ,!\JIH onpe,!\eJIeHHOCTH a < Xl < X2 < b H A (Xl) < 0 -c( t.. (X2)' D:JI!I paccMaTo
pHBaeMblx ljJYHKUHI! <p, 01JeBH,/tHO,

b

S A (x) <p' (x) dx=O,
a
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b

nOTOMY qTO cp' (x) dx= O. TIo,!\6epeM 6> 0 HaCToJlbKO MaJlblM, qTO A (x) < 0 Ha
a

(XI- 6, Xl + 6) H A (x) > 0 Ha (x2 - 6, X2 + 6), H nYCTb (0 (x) eCTb HenpepbIBHaff
6 6

H8 (a, b) 41YHKUHH, paBHaH HyJIiO, j\Jlff x < XI- 2"
H x> X2 + 2"

H TaKaff, qTO

CI>'(x)=-1 Ha (XI- '
x
l +-}) ,

(0' (x) =0 Ha (XI+ ' x2
- n , (O'(x) 1

HB (X2 - {, X2+ ). Ee e-ycpe,!\HeHHe (08 (x) npHHa,!\JIeJKHT, Oq,eBII,!\HO K KJlaccy

paCCMaTpHBaeMbIX 3,!\eCb ljJYHKUHH cp, H nOTOMY

b b

0= S A (x) (O (x) dx -+ S ').., (x) (0' (x) dx> 0 (e -+ 0),
a a

H Mbi npHillJlH K npOTHBOpeqmo.
DOJlOJKHM

/-,
N I {'

g (x) '"'" (I)Af -=1t' J Ddx- t) f (f) dt, L\={I x I < I}.

'faK KaK f 6! Lp, TO <PYHKUHH g E Lp H eCTb UeJIaH 3KcnOHeHuHaJlbHorO Tllna I.
Be npe06pa30BaHHe <1>ypbe

g= (I)Af

ecTb 0606w;eHH8H <PYHKUHH, paBHaH 1 Ha L\. 3TO 3Haq1lT, qTO

(g, cp) = if, cp)
IJiH Bcex cp E! S C HOCHTeJleM Ha L\. Ho TOr,!{a 1, a CJle,!{OBaTeJlbHO H g He npeA-
 i8J1SleTCSlHH H8 OAHOM HHTepBaJle (a, b) <= L\ CYMMHpyeMoH 41YHKUHeH.



rJIABA 9

JIUYBUJlJlEBCKUE KJlACCbl L

9.1. BBeAeHHe

JIHYBHJlJleBCKHe KJlaCCbI Mb1 0603HalfaeM lfepe3 L; (Rn) (r 0,
L (Rn) = L"'p' (Rn» B H30TponHoM CJlYlfae H lfepe3 L; (Rn) - B aHH30-

TponHoM. llpH ueJlb1X r, r OHH COBna,lI.alOT C KJlaCCaMH C060JIeBa W.

w (Rn) = L (Rn) (r = 0, 1, .. .),

W; (Rn) - L (Rn) (rj = 0, 1, 2, ...; j - 1, ..
't n).

B03MO)KHb1 0606m.eHHSI Ha cJlYlfaA, KOr,lI.a p HMeeT BeKTOpHbIA xa-

paKTep.
KJlaccb1 C, L' npH ,lI.p06HbIX r, r SIBJlSIlOTCSI HaH60Jlee eCTeCT-

BeHHbIMH npO,lI.OJl)KeHHSIMH KJlaCCOB W
r

, W
r

.

.lI.JlSI opHeHTHpOBKH MbI Y)Ke cerrlfac OTMeTHM HX OCHOBHb1e CBoA-
CTBa.

cI>YHKI1.HH F E L (Rn) onpe,lI.eJlSIlOTCSI B BH,lI.e Y)Ke H3BeCTHb1X
lfHTaTeJllO HHTerpaJlOB

F (x) = lrl= S Gr (I x- u 1)1 (u) du, IE Lp (Rn), (1)
(231:)

r,lI.e (CM. 8.1) Gr
-

SI,lI.pO BecceJlSI - MaK,lI.OHaJlb,lI.a. ECJlH r - HaTY-

paJlbHOe, TO (CM. 8.2) F npo6eraeT KJlaCC W; (Rn), KOr,lI.a I np06e-
raeT Lp (Rn) , npH 3TOM HMeeT MeCTO H30Mopqm3M 1rLp (Rn) = W; (Rn).
.LI.JlSI ,lI.p06Hb1X r paBeHcTBo (1) CTaBHTCSI B onpe,lI.eJIeHHe KJlaCCa

L; (Rn) (no KparrHerr Mepe B 3Torr KHHre, CM. 9.2.3), T. e. MbI ClfH-

TaeM, lfTO FEL (Rn)Tor,lI.a H TOJlbKO Tor,lI.a, Kor,lI.a F=I,I, r.zr.e

f e Lp (Rn), H nOJlaraeM
.

IIF t (R,,)
= III IJLp(Rn)'

.LI.JlSI Jl106oro r> ° L; c H;, 60JIbll1e Taro, «C TOlfHOCTblO ,lI.0

Jl106bIX MaJlb1X £» KJlaCCbI L , TaK )Ke KaK B ,COBna,lI.alOT C H;,
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a HMeHHO

H
r+ e

L
r

H
r

p
-

p
-

p.

n03TOMY «C TOqHOCTbIO l1.0 B» l1.JlJl KJlaCCOB L CnpaBel1.JlHBbl Te 2Ke

TeopeMbl BJlO2KeHHJl, qTO H J1.JlH KJlaCCOB H;. HanpHMep, (O<m<n,
I"-;;;;p q<oo,r-n/p+m/q>B>O)

r r-!.'..+ r- + -&
L; (Rn) - Hp (Rn) - Hq p q (Rm) - Lq p q (Rm).

CnpaBf,lI.JlHBbl BJlO2KeHHJl (CM. 9.3, B; = B;p)
B _L (I.,;;p..-;;;;2), L;_B; (2 p 00). (2)

CoBnal1.eHHe KJlaCCOB B H L HMeeT MecTO TOJIbKO npH p.... 2 (B .." L ).
npH p =I=- 2 OHH cyw.ecTBeHHo OTJIHqaIOTCH l1.pyr OT l1.pyra.

KJlaCCbI L; o61.e.u.HHJlIOTCH el1.HHbIM HHTerpaJlbHblM npel1.CTaBJle-
HHeM qepe3 4>YHKII.HH f e Lp. KJlaCCbl B; 06'bel1.HHJlIOTCH 9THM 2Ke

npel1.CTaBJleHHeM, HO Qepe3 <PYHKII.HH f 8 B ,rl1.e Bg eCTb KJlaCC,

cyw.eCTBeHHO OTJIHQHblif OT Lp , npH p > 2 OH COl1.ep2KHT B ce6e

0606rn:eHHble <PYHKII.HH (CM. 8.9.1).
CeMeHcTBo KJlaCCOB L; 3aMeQaTeJlbHO ew.e TeM, qro OHO 3aMK-

HyTO no OTHOllJeHHIO K TaKHM TeopeMaM BJlO2KeHHJl, rl1.e npOHCXOl1.HT

nepexol1. OT ol1.HoA MeTpHKH K l1.pyroH. TaK, HMeeT MecTO BJlO2KeHHe

pa3Hblx MeTpHK

L; (Rn) _L (Rn) (3)

(p....r- n ( - ) O,1 <p <q <00).
.l{pyroif, 60Jlee 06W.HA cJlyqaA' npel1.CTaBJlReT co6oA BJlO2KeHHe

  J-   

(p=r - ; + ; ;?!;O, 1 <p<q<oo),
rl1.e HapRl1.Y C H3MeHeHHeM H3MepeHHJl npOHCXOl1.HT nepexol1. OT ol1.Hoif

MeTpHKH K l1.pyroif. 4TO 2Ke KacaeTCH TeOpeM BJlo:a<eHHH, rl1.e H3Me-

HHeTCH QHCJlO H3MepeHHif 6e3 H3MeHeHHH MeTpHKH, TO cooTBeTcTBYIO-

maH npHMaH' TeOpeMa BblrJlHl1.HT TaK (1 m < n, 1 < p < 00, p....

n-m
0)- r---,;-> :

L; (Rn) - Bg (Rm), (5)
a oopaTHaH TaK:

Bg (Rm) _L; (Rn). (6)
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Ha OCHOBaHlnI CKa3aHHOrO BbIllJe B M02KHO SaMeHHTb Ha L npH

p = 2 B (5) H (6), KpoMe Toro, B (5), eCJIH 1 < p < 2, H B (6),
eCJlH 2 < p < 00. B OCTaJlbHhlX cJlyqa5Ix TaKa5I 3aMeHa HeBepHa.
TaKHM 06pa30M, TeopeMa BJlO2KeHHSI pa3Hhlx H3MepeHHH Boo6llJ,e
He 3aMKHYTa no OTHOllJeHHIO K KJlaCCaM L.

HMeeT MeCTO CJle,lI.YIOllJ,a5I CHTyaI1.HSI:

B (Rn) L; (Rn) Bg (Rm) B; (Rn) (1 < p 2),

L (Rn) B (Rn) Bg (Rm) L; (Rn) (2 p < (0),

nOKa3bIBaIOllJ,a5l, tno ,lI.Ba pa3J1HtlHbIX KJl8CCa B; (Rn) H L (Rn) <PYHK-
I1.HH, onpe.IJ.eJIeHHblX Ha Rno .IJ.aIOT O,lI.HO H TO 2Ke MH02KeCTBO CJle.IJ.OB

Ha Rm (KJlaCC Bg (Rm»).
CJle.IJ.yeT OTMeTHTb, qro BJlO2KeHH5I

B; (Rn) +t Bg (Rm)

npH YKa3aHHbIX m, n, p, r, p M02KHO nOJlyqHTb KaK CJle}I:CTBHe

BJlO2KeHHH (5) H (6). B caMOM ,lI.eJle,
1

B (Rn) +t L
r +
P (Rn+l) +t Bg (Rm)'p

cI>aKThl, KOTophle MbI 3.IJ.eCb H3J102KHJlH, 5IBJl5IIOTCSI XapaKTepHhlMH.
B aHH30TponHOM cJlyqae HMeIOT MeCTO nO,lI.o6Hhle 2Ke cpaKTbI. OHH
TaK2Ke 6Y,lI.YT ,lI.OKa3aHbI B 9TOH rJlaBe.

9.2. Onpe.n.eJ1eHHSI H OCHOBHble CBOHCTBa KJlaCCOB L; H L;

IlycTb 1 m n, x = (u, y), u = (Xl, ..., xm) E Rm' y =
"'" (Xm+h ..., xn) E Rn-m. .lI.JlSI CPYHKI1.HH qJ (x) = qJ (u, y) KJlaCCa S

(CM. 1.5) 6Y,lI.eM 0603HaqaTb HX npeo6pa30BaHH5I cI>YPbe (npSlMoe H

o6paTHoe) no nepeMeHHoH U Qepe3 cpu,  u(cpu = cp,  u= npH m = n).
HarrpHMep,

cpu (u, y) = (2n;m/2 S qJ (t, y) ($ itu dt. (I)

Orrepal1.HH cpu,  uoTo6pa2KaIOT S Ha S H cJla60 HerrpepbIBHhl (CM. ,lI.a-
Jlee 9.2.1), n03ToMY ,lI.JlSlrrpOH3BOJIbHhlX o606llJ,eHHblx CPYHKI1.HH f e S'

(orrpe,lI.eJleHHbIX Ha Rn) cOOTBeTcTBYIOlll,He rrpeo6pa30BaHHSI cI>YPbe f",
f' KoppeKTHo orrpe,lI.eJISlIOTCSI CPYHKI1.HOHaJlaMH

au, ) = (t, cpU),

(Ju, qJ)=(f,  u).
ECJIH A(U) eCTb 6eCKOHeQHO ,lI.H<p<pepeHI1.HpyeMaSl CPYHKI1.HH nOJlH-

HOMHaJlbHOrO pOCTa, 3aBHCSllll,aSl TOJlbKO OT U, TO ,lI.Jl5I f 6i S'
....---. rx: r---...<

Afuu = AI, Afuu = Af,
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qTO HenOCpe.llCTBeHHO CJle.llyeT H3 CnpaBe.l(JlHBOCTH 3THX paBeHCTB

.l(Jlfl qJ E S.

BBe.lleM OnepaIJ.HIO

/ ,, / "

F = 1art = (l + I U 12)- r/qaa = (l + I U 12)- r/21 (2)

(IUI2= Uj,lar=lr npH m=n, IES'), cooTBeTcrnylOIlI.YIO ,lI.eH-

cTBHTeJlbHoMY qHCJlY r, oT06pmKalOIlI.YlO S' Ha Sf B3aHMHO O.llHO-

3HaqHO. IlpH m = 1, KOr,lI.a Rm = RXj eCTb OCb KOOp,lI.HHaT Xj, 6Y.lleM
0603HaqaTb ee eIll.e qepe3 Ix .r'

.lI.Jlfl <PYHKIJ.HH IE Lp = Lp (Rn) (l p (0) 3Ta OnepaIJ.H5l npH
r > 0 CBO,lI.HTCfl K CBepTKe

F=lurl= r Or(lu-tlm)f(t, y)dt (Itf =it Ii) ' (3)
(2n) RJ

m

r,lI.e Or - 5!,lI.pO BeCCeJlfl - MaK,lI.OHaJlb,lI.a, qTO ,lI.OKa3blBaeTCfl CJIe.ll.YIO-
IlI.HM 06pa30M.

.lI.Jlfl I E S' HMelOT MeCTO paBeHCTBa

A /-"

f (X) = I (- X) = f (- X),

KOTopbIe CJle.llYIOT C nOMOIll.blO 06blqHbIX «nepe6poCOK» H3 TOro, qTO

OHH, OqeBH.llHO, BepHbI ,lI.Jlfl JlI06bIX qJ E S. .lI.aJlee, eCJlH A E L H

f E Lp, TO

r--J
 "

At= An=-;;) (- X) = (2n n/2S A (- X - u) I (- u) duo

B qaCTHOCTH, eCJlH A (u) = A (- u), TO At= AI. Ilo3TOMY .llJI5I

IE Lp, qJ E S, yqHTbIBafl, qTO Or (I U 1m) = Or (1- U 1m) E Lp (Rm),
nOJlyqHM

(Iurl, qJ) = Ct, (1 + I u 12)- r/2 )=
/ ,,/ "

= (t, (1 + I u 12)- rf2cp) = (t, (l + I U 12)-r/2cpau) =

-= r I (U, y) du dy r Or (I U - t 1m) qJ (t, y) dt =
(2n) ..1 ..1

:=: (2n)lm/2 S IjJ (X) dx S Or (I t - u 1m) I (U, y) du (dx = dt dy),

qTO H ,lI.OKa3b1BaeT (3).
BBe,lI.eM <PYHKIJ.HOHaJlbHble KJlaCCbI L p= L p(Rn),

L ip=L iP(Rn),L p=L p(Rn),r=(rlJ ..., rm).
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no onpe)].eJ1emnQ cpYHKt{Ufl F E S' npUHaaAe:JICUm K L p= L p(Rn),

L /P= L ,P(Rn) , 1 p 00, - 00 < r < 00, eCAU OHa npeOCtna8UMa
COOtrl8emcm8eHHo 8 8uae

F..... Iur' , F -- Ix,r',
tOe , E Lp. npu smOM 880aflmcfl HOpMbl F IILr """ U ,8 tlacmHOCmU,

up

J F r
==  , ,mpU8UaAbHblM 06pa30M YKa3b18alOlUsue Ha U30MOpcpU3Mbl

LXIP
Iur (Lp) := L p,Ix,r (L ):= L;,P'

ocyw,ecm8/lfleMble onepat{UJLM.U Iur, Iy. KAacC L p= L II(Rn) , coom-

8emcmeYlOlUsuii np0U380AbHOMY aeii.Ctrl8UmeAbHOMY 8eKmopy r, onpeae-
AflemCfl KaK nepeCetteHUe

m

L p= n L'j
I = I xjP

D HOpMOa
m

 ' Lr= IlnLr
j

,

up j = I Xjll

B CHJ1Y CKa3aHHoro BbIllIe KJ1aCC L pMomHO onpeJ.eJIHTb eIll.e
KaK KJ1aCC !fIYHKqHH, npe)].CTaBHMbIX (noqm Jl.J15I Bcex y) B BH,ZI.6

HHTerpaJ1a (3), r){e , (x)....., (u, y) E Lp (Rn)'
npH YCJIOBHH 1 < p< 00

L
r

Lr, .... r

( 0)Up
-

up r ,

L p:= W p'"w p""
r

(r =- 1, 2, . ..),

L p-- w p (r= (rlo ..., rm),

(4)

(5)

(6)

'1 - qeJ1bIe HeoTpHqaTeJ1bHbIe).
PaBeHCTBa (5) H (6) nOKa3bIBaIOT, lITO KJIaCCbI L p,L IIMomHO

paCCMaTpHBaTb KaK pacnpOCTpaHeHH5I Ha J1I06bIe ){eHCTBHTeJ1bHbIe r,

r C060JleBCKHX KJIaCCOB w p,w p'Ho Ha)].o HMen, B BHJl.Y, lITO

!fIYHKqHH KJ1aCCOB L'up, L ponpe)].eJIeHbI HaMH Ha BceM npOCTpaH-
CTBe Rn' B TO BpeMH KaK <PYHKqHH C060JIeBCKHX KJIaCCOB MomHO

sa)].aBaTb Ha npOH3BOJlbHbIX OTKpbITbIX MHomeCTBax g c: Rn.
nepBce paBeHCTBO (5) npH m = n )].OKa3aHO B 8.2. ECJIH me

m < n, TO nycTb nOKa' E S (KJIaCC OCHOBHbIX <PYHKqHH). Tor)].a
Ie W; (Rm) )].JI5I JII060ro y. OlIeBH)].Ho TaKme, lITO' E L; (Rm) )l.JI5I

JII06oro y, Be)].b <PYHKl(HH , (u. y) no u npHHa.lI.JIe}f{HT K S = S (Rm),
8 Onepal(HH IT (no u) oT06pamaeT ee B <PYHKl(HIO KJIacca S (Rm),
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TaKHM 06pa30M, B Lp (Rm). Ilo3ToMY B CHJIY yme ,AOKa3aHHOrO B 8.2

ctllnWr (R )  pu(-r>fIIL(Rm) C2 nWr(R )
' (7)

p m P
p m

rJ,e Ch C2 He 3aBHCSIT OT f H y.
B03seAeHHe 3THX HepaBeHCTB B CTeneHb p, npHMeHeHHe 3JIeMeH-

TapHbIX HepaBeHCTB *), HHTerpHpOBaIme no y H nOBTopHoe npHMe-
HeHHe 3THX HepaBeHCTB npHBO,AHT K HepaBeHCTBaM

o'/If wr  Fu(-rnL c"lIfllw' (8)
up

p
up

nOKa ,AnSI <PYHKIJ.HH f E S.

ECJIH Tenepb f E W p(Rn), TO onpe,AeJIfleM nOCJIe"OBaTeJIbHOCTb

<pHHHTHbIX (npHHa,AJlemaIlJ.HX K S') <PYHKIJ.HH fl (1- 1, 2, .,.) TaKHX,
qTO Ilfl-fllw'

(R )
-0 (/_00).

Up n

H3 (8) CJIe,AyeT, qTO

o'U..-fdw'   CP..-CPI!lr.I' 
up

 O" fk-fz\lw'_0 (k, 1_00) (flk==Iu (-nTk),
up

H B CHJIY nOJIHOTbi W pH Toro <paKTa, qTO (CM. (3»

fl (u, y) == S Or (I u-t 1m) CPz (t, y) dt,
(2n)

r,Ae Or (I U !m) E Lp (Rm), HMeeT MeCTO BTOpoe HepaBeHCTBO (8), r,Ae

IIIu(-rl L ==<lIfllLr .

p up

ECJIH me f E L pH Iu (_ r)f = cP, TO MomHO nO,A06paTb nOCJIe,AOBa-

TeJIbHOCTb <pHI-IHTHbIX (npHHa,AJlemaIlJ.HX K S') <PYHKIJ.HH CPI TaKHX,
qro II  k- <p IlL -+ 0, n03TOMY B CHJIY nepBoro HepaBeHCTBa (8) H

I'

nOJIHOTbI W pnOJlyqHM nepBoe HepaBeHCTBO (8). 9THM ,AOKa3aHO

nepBoe paBeHCTBO (5).
H3 nepBoro paBeHcTBa (5), npHMeHeHHoro K Ka.>K,AoH OCH RXJ

(j==I, ..., n), OqeBH,AHO, CJle,AyeT (6).
Ilepexo,AHM K ,AOKa3aTeJIbCTBY (4). IlycTb Fe L'd,;'.

"

(r:;:::: 0),
ror,Aa

/ "-
m

'i' == (1 + uW/2 FE Lp, 11'i' Ih, <:JF  L" .".'

j _I up

*) HMelOTCH B BH,!\Y HepaBeHCTB8

C I ak jP tl :EO;;Cll1: Ok /p,
rj1e qHCJJa ak> 0 H C, Cl 38BHCHT TOJIbKO OT P H KOJIHQeCTB8 (KOHeQHOro) CJla.

raeMbiX nOA 3HaKOM CyMMbI.
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H, TaK KaK CPYHKl(IHI

(l +1 U 1 2Y/2 ( I(l +UW/2fl
ecTb MHO)KHTeJlb Mapl(HHKeBHqa (CM. 1.5.5, npHMep 9 npH r = r/,
(J= I; yqeCTb 3.lI.eCb H HH)Ke npHMeqaHHe 1.5.4.1), TO

/ "-

I u (_,)F = (l +! U 1 2y/2P E Lp,

IIFllLf = III u(-f)Flip <11'l\JI\p <11 F t".'..",
UfT up

OTKY)J.a CJIe){yeT, qTO L 'p"'" -- L p' Hao6opOT, eCJIH F E L p,TO
/ "

f = (l + I U /2)'/2 FE Lp, If I p = II F flL'
up

H, TaK KaK CPYHKl(HSI

(I+i U 1 2)-'/2 (I +uW/
2 (r O)

eCTb MHO)KHTeJIb Mapl(HHKeBHqa (CM. 1.5.5, npHMep 3), TO

/ '\

ff = (l + ui)'/2 P E Lp, Ilf;[Jp <llf I = IIF IlL' ,

Uli

n03TOMY L p__ L'.;p'
. . .

"
H (6) )J.OK a3aHO.

H3 CKa3aHHoro CJle.lI.yeT

W
' -+ L

' -- L
" ... , ,

-- W'. ...
,
,

up -+- up -+- up -+'- up (r=O, I, ...),

qTO BJleqeT BTopoe paBeHCTBO (5). HeTpHBHaJIbHaSl era qaCTb eCTb

BJIO)KeHHe W'.;p...,' __ W p(I <P<oo), BbIpa)KaIOIlI.ee, qTO eCJlH

CPYHKl(HSI t E Lp H HMeeT HeCMernaHHbIe npOH3BO.lI.HbIe nOpSl.lI.Ka r no

nepeMeHHbIM Xt. ..., Xm B OT.lI.eJlbHOCTH, npHHa.lI.JIe)KaIll.He K Lp, TO

OHa HMeeT TaK)Ke JII06b1e CMernaHHbIe np0113BO.lI.HbIe nOpSl){Ka r no

YKa3aHHbIM nepeMeHHbIM, npHHa.lI.JIe)KaIll.He TaK)Ke K Lp. CYIlI.eCTBYIOT
npHMepbI, nOKa3bIBaIOIlI.He, qTO 3TO BJlO)KeHHe npH P = I H P = 00

He HMeeT MeCTa (5. C. MHTSlfHH [I]).
9.2. t. CJla6aSl HenpepblBHocTb Onepal(HH cpu (cp E S) BbITeKaeT

H3 CJIe.lI.YIOIlI.HX co06pa)KeHHii. 5Y.lI.eM nHcaTb cp BMeCTO cpu. 3a.lI.a.lI.HM
HaTypaJIbHoe I H l(eJIOqHCJIeHHbIll HeOTpHl(aTeJIbHbIll BeKTop k =-=

- s + p, r.lI.e S = (kt. ...,
km , 0, ...

, 0), p = (0, ..., 0, km+1' ... ,
kn).

Tor.lI.a, OqeBH){HO, npoH3Bo)J.HaSl

Dk-
_ D

S"'-J(Q)C{)- cp ,
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11MeeM (nOHCHeHHH HH)Ke)

(1 + 1 X 12)11 D(k)CP I (1 + Iy 12)1 (1 + I u12)11 DS )I..,;;;;;
c (1 + Iy 12)1 max (1 + I u 12)1' I D(s')cp(Q) (u, y) I,.,.

(I'. s') E ,s
I'

S U

C% C (1 + Iy 12)1 (1 + I Uo 12)1' 1 D(s'+o)cp (Uo, y) 1

 C(1 + Iy 1 2 + I Uo 12)21/ D(s'+Q)cp (Uo, y) I

E;;;;C %(2I, S'+p, cp). (1)

BTOpOe HepaBeHCTBO CJIe.ll.yeT H3 1.5 (4), B TpeTbeM qJIeHe KOHCTaHTa c

saBllCHT OT I H k, HO He OT cp H y, CYMMa B TpeTbeM H nOCJIe.ll.YlO-
IIJ,HX qJIeHaX pacnpOCTpaHeHa H8 HeKOTopoe (3aBHCHIIJ,ee OT I H p)
KOHeqHOe MHO)KeCTBO I; S nap (l', s') HaTYP:3.JIb HbIX qHCeJI I' H He-

OTpHIl.aTeJIbHbIX s'. B qeTBepTOM qJIeHe Uo E Rm Ha caMOM .lI.eJIe

3aBHCHT OT COOTBeTCTBYlOIIJ,erO CJIaraeMOro H OT y; Uo - 3TO TOqKa

MaKCHMYMa (no u) COOTBeTCTBYlOIIJ,erO CJIaraeMOro npH <pHKCHpOBaH-
HOM y. 113 HepaBeHcTB (1) CJIe.ll.yeT CJIa6aH HenpepblBHOCTb cpa.

9.2.2. TeopeMa 0 CMellIaHHblX npOH3BO.ll.HbIX. IIycmb
1 <p<oo, PEL;=L (R),R=Rn , r=(rh ..., rn»O (rj>O)
u 1 =0 (lll ..., In) 0 - /.{eJlbiU eeKmop (lj 0 -l{e/lbie), aM KO-

mopoeo
n

1
%=1- 2 O.

j_I'1
(1)

IIycmb aaJlee

p=xr. (2)
Toeoa npOU3eOOJ-lG.5/.

/-"

p(l) = (ix)lF E Lg (3)
u

 P(l)II Q c PIIr. (4)
Lp Lp

.lJ. 0 K a 3 aTe JI b C T B O. no YCJIOBHlO P E L ,n03TOMY
/'., n

'Ip=AF ELp, A= (1+x7YI!2, 11'P pE;;;C P r, (5)
j=1

llT06bI .lI.OKa3aTb (3), (4), Mbl gOJI)KHbI YCTaHoBHTb, qTO ,l{JHI JIl060ro
B== 1, ...,

n

,/ "
)lr

s"'--'
,/

(1 +X )TP(I)= (1 +x:)xrS(ix)l P E Lp,
11 C. M. HHKonbcKHIl
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HO 9TO CJIeJl.yeT H3 (5), eCJlH npHHHTb BO BHHMaHHe, tITO <{>YHKIl.HH
nr

s

(I +x:)T(ix)tA-z

CYTb MHO)KHTeJIH MapIl.HHKeBHtIa (CM. 1.5.5, npHMep 6).
.lI:oKa3aHHaH TeopeMa 9.2.2 B onpe,ll.eJleHHOM CMbICJIe aHaJIOrHtIHa

TeopeMe 5.6.3 )l,JIH B-KJIaCcoB. O,ll.HaKO TeopeMa 9.2.2 BepHa npH
1 < p < 00 H %;:::: 0, B TO BpeMH KaK TeopeMa 5.6.3 BepHa npH
1  p oo,HO 'npM %>0.

n l' H Me p. nYCTb f eCTb <PYHKIl.HH, onpe,ll.eJleHHaH Ha Kpyre
u = {p2 = x

2 + y2 I} paBeHcTBaMH

f = xy In p2 (p> 0), f = 0 (13 = 0) (I)
H npO.D.OJl)KeHHaH Ha BClO nJIOCKOCTb R TaK, tIT06bI OHa BMeCTe co

CBOHMH tIaCTHbIMH npOH3BO,ll.HbIMH ,lI.O BToporo nOpR.D.Ka BKJllOtIHTeJlbHO

i ? IJla OrpaHHQeHHOH H Hen ep'bIBHofl Ha 06J1aCTH p> (CM. Teo-

peMY 3 B 3aMeQaHHHX K 4.3.6).
af of

!!erKo npoBepHTb! tITO f, ax ' ay HenpepblBHbl M OrpaHHtIeHbI,

821 82/?- . a2f
a

ax2
H

ay2 OrpaHHtIeHbI Ha R, B TO BpeMH KaK
ax ay HenpepblBHa

.D.JIH p> 0, HO HeOrpaHHtIeHa II oKpecTitocTH HYJ1ei3M 1'OtrKH.

3TOT npHMep nOKa3blBaeT, tITO npH p = 00 TeopeMa 9.2.2 Boo6Il1.e

HeBepHa.
9.2.3. 3aMetIaHHe 0 npOH3BO)l.HblX )l.p06HOro nOpH)l.Ka. Mbi onepu-

pOBaJIH Bblpa)KeHM5IMH BH,lI.a

 "

(ix)af=f(a) (fES') (1)

TOJlbKO B cJlytIae ueJ1bIX BeKTopoB a. ECJlH a;:::: 0, TO f(a) eCTb npo-
Ii3BO,lLHaR OT f E S' nOpR.D.Ka a. <PYHKil,HR (ix)a npH il,eJlbIX a 6ec-
KOHetIHO .D.HqxpepeHuHpyeMa H nOJlHHOMHa.1bHoro pOCTa, n03TOMY
Bblpa)KeHHe (I) KoppeKTHO onpe,ll.eJl5leT ra )

E S'.
ECJlH .JI,eHCTBHTeJlbHOe tIHCJlO a HeUeJlOe, TO CPYHKIl.H5I (it)a

(- 00 < t <00) MHOr03HatIHa, HO MO)KHO YCJlOBHTbC51 nOHHMaTb no,ll.

9THM BbIpa)KeHHeM O,ll.H03HatIHYlO BeTBb 3TOH CPYHKil,HH

(it)a = I t 111. exp { 1tiasign t},
H TOr.D.a npH a HaTypaJ1bHOM

(it)a = (it) '" (it).
'-.0---'

a paa

ECJ1H ,lI.aJlee a, - ,lI.eHCTBIlTeJlbHble tIHCJ1a, TO

(fW': f1 = (it)" (1'/)/3.
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EC.T1H Terrepb a = (aI, ..., an), f} = ( I'...,  n)- ,lI.eikTBHTeJIb-
HbIe BeKTOpbI H X = (Xl> ..., Xn) - ,lI.eHCTBHTeJlbHaR BeKTopHaR rrepe-
MeHHaH, TO rrOJIO)KHM

(ixt = (iXIt1 .., (ixntn ,

H TOr,ll.a, OqeB H,lI.HO , 6Y,lI.eT BbIrrOJIHRTbCH paBeHCTBO

(ix)a (iX)/3 = (ix)a+/3.

Terrepb eCTeCTBeHHO Orrpep;eJIHTb rrpOH3BO,ll.HYIO f(a) rrOpR,lI.Ka a

,lI.JIH rrpOH3BOJIbHbIX He 06H3aTeJIbHO UeJIbIX BeKTopOB a rrpH rrOMO H

BbIpa)KeHHH (1). O,l1.HaKo 3,l1.eCb B03HHKaeT 3aTpY,lI.HeHHe, 3aKJIIO-

qalO eeCRB TOM, qTO ,lI.JIH ,lI.p06HblX a <PYHKUHH (ix)a He HBJIReTCR

6eCKOHeqHO ,lI.H<p<pepeHuHpyeMoH; OHa TaK)Ke He HBJIHeTCH MHO)KHTe-

JIeM MaplJ.HHKeBHqa H, TaKHM 06pa30M, HerrpHMeHHMa B CMbICJIe

paCCMaTpHBaeMbIX B 3TOH KHHre orr,pe,ll.eJIeHHH ,lI.a)Ke eCJIH f E Lp.
BbIXO,D, H3 rrOJIO)KeHHH HaXO,ll.HT B TOM, qTO BMeCTO S paCCMaTpH-

BaeTCR ,lI.pyroH KJIaCC Q OCHOBHbIX <PYHKlJ.HH, COCTOH HHH3 <PYHKlJ.HH,
opTOrOHaJIbHbIX MHOrOQJIeHaM (D. H. JIH30pKHH [5]).

Ha,ll. Q orrpe,ll.em:IeTcH KJIaCC <PYHKlJ.HOHaJIOB (o606 eHHbIx<PYHK-
/-\.

lJ.HH) Q'. B TepMH Hax Q' HMeeT CMbICJI rrOHHTHe (ix)«f ,lI.JIH ,lI.po6-
HbIX BeKTopoB a. DpH 3TOM ,lI.OKa3bIBaeTC5I, qTO KJIaCC L .p, rl!;e

J
r> 0 Boo6 e ,lI.p06HOe, MO)KHO orrpe,ll.eJIHTb KaK COCTOH Hii H3

<PYHKlJ.HH f, ,lI.JIH KOTOpbIX KOHeqHa HopMa

 \.

Ii tilL + il (iXjY tilL'
p P

3Ta HopMa OK a3bIB aeTCH 3KBHBaJIeHTHOH BBe,ll.eHHoii HaMH HopMe  f L'.
J&jp

9,3. B3aHMooTHoUJeHHfl JIHYBHJIJIeBCKHX H JI.pyrHx KJIaCCOB

BY,lI.e:\! C4HTarb, 4TO R = Rn' L = L (R), H = H (R), ... H

B
'

B
'

B
'

B
'

pp
=

p, pp
=

P'

CrrpaBe,ll.JII-IBbI BJIO)KeHHH (r 0, r 0)

L;-+H , L -+H; (2 p 00),

B;-+L;, B -+L (1  p 2)*),

L -B ,L;-+B (2 p 00, B = B ro= H )*).

(1)

(2)

(3)

*) O. B. BeeOB [5]-u,eJIbIe r, r, I <p<co; IT. 11. J1U30pKHH [8}_
o6lUIIH cJIY1Jaii, I < p < co. C 1. elUe 3aMe1JaHlle K 9.3.

U"
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113 (2) Ii (3) CJIe yeT, tITO

B = L , B =L (4)
Ii, B qaCTHOCTIf,

B =W ,B =W (r, rl=O, 1,...). (5)

TaKHM oopa30M, 3HatIeHHe napaMeTpa p = 2 HBJIHeTCH HCKJIlOtIH-
TeJIbHbIM -  JISl Hero COOTBeTCTBYlOmHe KJIaCCbI B Ii L, a  JIHHaTY-
paJlbHbIX r, r Ii W COBna aIOT.

DpliBe eM  OKa3aTeJIbCTBa (1) - (3) nOKa npH n = 1. B 3TOM

CJIYtIae BJIO)KeHliSl, BXO HmHeB Ka)K YIO H3 nap (1), (2) HJlIi (3),
COOTBeTCTBeHHO COBna aIOT.

TIYCTb <PYHKUHH f E Lp = Lp (R1) H aN (f) eCTb ee CYMMa BaJI-

Jle-DycceHa. Tor a
II a2° (f) lip M1\ flip,

a2k (f) - a
2k
-

1 (j) Ib 2M I lip'
a 9TO nOKa3bIBaeT, tITO (CM. 8.9.1 (1»

lit IIH = s p{II a 20 (f) I , II a 2k (j) - a2k-l (j) lip} 2M II flip,
o

T. e. Lp Hp, HO TaK KaK onepauliH Ir ocymeCTBJIHeT H30MOP<PH3MbI:

Ir (Lp) =L;, Ir (H )= H ,
TO

L H .
LJ.oKa)KeM (3). CJIYtIaH p = 00 Y)Ke paccMoT eH.DycTb 2 P < 00

Ii <PYHKUHH f E Lp = Lp (- 00, 00), CJIe OBaTeJIbHO, perYJIHpHaH B

CMbICJle Lp.
Tor a,CtIliTaH, tITO  km HMeeT TaKoH )Ke CMbICJI, KaK B 8.10.1,

nOJIyqliM (noHcHeHliH HIi)Ke)

UII >H I  k(f) if/T  II{ ' k(j) IPflP Ir =
00 00 00

= S I  k(f) IPdx = II  k(j) II =llfll o.
-000 0 p

DepBoe HepaBeHcTBo CJIe yeT li3 1.5.6.1, BTopoe - li3 3.3.3 H,
HaKOHeu, nOCJIe Hee- li3 TeopeMbI 8.10.1. CJle OBaTeJlbHO, Lp _ B .

DycTb Tenepb npH Tex )Ke 0603HatIeHliHX t E B ,1 < p 2.

Tor a(noHcHeHHH HH)Ke)

00 0000 00

 tII  = II  k(f) II = S I  k(f) JPdx S { I  k(j) 1 2Yfdx > !It  ,
I) _000 0
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DepBoe COOTHOllIeHlie CJIe,ll.yeT HS 8.10.1, npe.u.nOCJIe,ll.Het HS 8.3.3

M nOCJIe,ll.Hee HS 1.5.6.1. Cne,ll.OB8TeJIbH0, B ....L,.
DpH P = 1 paccY)K,lI.aeM HHalla. DYCTb <PYHKUHH f. Bt TOr,ll.8

OHa perymlpHa B CMbICJIe L H npe,ll.CT8BJIHeTCSJ B BH,lI.& CJIa60 cxo-

,lI.HmerOCH B CMbICJIe S' pH,lI.a 8.9 (3) BaJIJIe-DycceHa
00

f""" qs,
o

00

r,ll.e qs I\z. -< 00, Ho TOr,ll.a, OlleBH,lI.HO, f Eii L H

f I\z. f IIB 
.

MbI ,lI.OKa38JIH (1) - (3) npH n -1. Ho Torga BepHbI TaK)Ke BJIO-

)KeHHH

L jP(Rn) -+ H jP(Rn),
B 

I P (Rn) -+ L jP (Rn)

L .p(Rn) -+ B .p(Rn)
I I

(I p 2),

(2 p oo).

(6)

(7)

(8)

B caMOM ,lI.eJIe, HenOCpe,ll.CTBeHHo HS onpe,ll.eJIeHHH H- H B-KJIaCCOB

BH,lI.HO, liTO eCJIH <PYHKlJ.HH F (X) = F (Xl' y), Y""" (X2' ..., Xn), npH-
Ha,ll.JIe)KHT K H lP(Rn), B lP(Rn), TO nOllTH ,lI.JIH BCeX Y OHa KaK

<PYHKlJ.HH OT Xl npHHa,ll.JIe)KHT COOTBeTCTBeHHO K H (Rx.), B (Rx,),
r,ll.e Rx, OCb Xl; aHaJIOmllHO, eCJIH F (X) e L ,p(Rn), TO nOllTH ,lI.JIH

Bcex Y OHa npHHa,ll.JIe)KHT K L (Rx,) (3TO CJIe,ll.yeT H3 HHTerpaJIbHOrO

npe.n.cTaBJIeHHH 9.2 (3) <PYHKlJ.HH KJIaCCa L ,p(Rx,».
CnpaBeMHBbI npH 9TOM C rollHOCTbIO ,lI.O 9KBHBaJIeHTHOCTH

paBeHcTBa

IIFllAr (R )
= ( IIF(XloY)IFAr\R )

dY ) '/P,x,p n P x,

IIF\\L ,p(Rn)=( llf(XloY)IIi.p(Rx,) dYtP,

(9)

(10)

r,ll.e BMeCTO A MO)KHO nO,ll.CTaBHTb H HJIH E, a B (10) F H f CBH3aHbI

paBeHcTBoM 9.2 (3) npH m = 1. HepaBeHcTBa, Onpe,ll.eJIHIOmHa BJIO-

)KeHHH (6) - (8), CJIe,ll.YIOT TOr,ll.a H3 cooTBeTcTBYIOmHX Y)Ke ,lI.OK83aHHbIX
B O,ll.HOMepHoM cJIYlIae HepaBeHcTB Me)K,lI.Y HOpM8MH no,ll. HHTerpa.naMH
B (9), (10).

H3 (6) - (8), r,ll.e MO:tKf!O Xl 3aMeHHTb eme Ha Xl (l = 1
1

.

 l.n),
TpHBHaJIbHbIM 06pa30M CJIe,ll.yIOT BJIO)KeHHH (1) - (3», eCJIH YlIeCTb



326 JIMYBMJIJIEBCl(HE l(JIACCbl lrJI.

(npH Ji,OKa3aTeJIbCTBe nepBbIX BJIO)!{eHl.di (1) - (3», 'lTO

H _H ,....r(l.;;;p.;;;oo), B =B;....,r(l.;;;p.;;;oo),

L = L '
.... r

(1 < p < 00).

9.4. HHTerpaJIbHOe npe)J.cTaBJIeHHe aHH30TponHbIx KJIaCCOB

B 3TOM rraparpa eM 3afiMeMcH H3Y'leHHeM onepa HH
/"0...

F=Arf= I,f,

A = A, = { (1 + XnrjOI2}
-

1=1

(U>O, r=(rb ..., rn»O),

3aBHCHmeH OT nOJIO)!{HTe.nbHOrO BeKTOpa r H napaMeTpa U. OHa
aH8JIOm'lHa y)!{e H3Y'IeHHOH OnepaD,HH I, (r - 'IHCJIO), H B OJi,HOMep-
HOM CJlY'lae OHH npH , -='1 H U = 1 COBnaJi,alOT. B CJlY'l ae n> 1,
'1=.......'n==' onepau,HH I, H I, Ji,a)!{e npH u= 1 He COBnaJi,alOT,

OJi,HaKO OHR HMelOT aHaJIOrH'lH e CBOHCTBa, 'lTO, HanpHMep, BHJi,HO
HS TOro, 'lTO  YHK1I.HH

(1)

(2)

(1 + I x /2)'/2A, (x) (3)

1:1 Be.nH'IHHa, eA oopaTHaH npH JIlOOOM U > 0, eCTb MHO)!{HTe.nb

Map1I.HHJ5eBH'la (npH 1 < p < 00, CM. 1.5.5, npHMepbl 9, 8).
MbI  y.neMnHcaTb erne

L,F-f. (4)

TaK KaK MHOLKHTe.nb A, - oecKoHeQHO Ji,H<IxPepeH HpyeMaH<!>YHK1I.Hll
nOJIHHOMHaJIbHOrO pOCTa, TaK LKe KaK BeJIH'IHHa eH oopaTHaH, TO I,.
TpaHccjJopMHpyeT B3aHMHO 0Ji,H03Ha'lHO S' Ha S'.

Onepa HHI, SaMeqaTeJIbHa TeM, 'ITO OHa ocyw;eCTBJIHeT H30MOp H3M

L == I, (Lp)

B caMOM ,AMe, ecJIH f a Lp, TO

Lrl p<:Ifb,

(1 <p<oo). (5)

QTO CJIeJi,yeT H3 TOro, 'lTO <!>YHK HH

(I +xfYll2A, (x) (i = I, ..., n) (6)

CYTb MHO)!{HTe.nH Map1I.HHKeBH'la (CM. 1.5.5, npHMep 10). fl03TOMY
FeL; H

! F , <: f L,.
Lp
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HaooopOT, eCJIH FE L;, TO

U lIP <: IIF ILr.
p

OTO CJIe,D,yeT H3 Toro, 'ITO <PYHKII.HH (CM. 1.5.5, npHMep 11)

A;:-' (x) { (l+X:Y/2r
l

(7}

eCTb MHO}KHTeJIb MapII.HHKeBH'Ia.
nYCTb r> 0, 'A, 6> 0, TOr,ll.a, KaK MbI ,lI.OKa3aJIH, HMeeT MecTO

H30MOptpH3M

/ (L ) L ().+O)r
().+O)r p

=
p

3aMe'IaTeJIbHO, QTO XOTH onepaII.HH
"--t. ':.

hr/Or

(1 <fJ<OO). (8)

8006rne OTJIH'IaeTCH OT OnepaII.HH /().+r,)r, HO OHH 9KBHBaJIeHTHbI B TOM

CMbICJIe, 'ITO HapH,UY C (8) HMeeT MeCTO H30MOp<pH3M

hrhr (Lp) = L ).+O)r (1 < p < 00).

8TO CJIe,ll.yeT H3 TOro, 'ITO <PYHKII.HH ,..." ,...,-1, paCCMaTpHBaeMbIe B npH-
Mepe (1.5.5, npHMep 12), lIBJIHIOTCH MHO}KHTeJIHMH MapII.HHKeBH'Ia.

9.4.1. Ou.eHKH aHH30TponHbIX SI)l.ep. 3a,ll.a,ll.HM r = (rl, ..., rn) > 0
H 1 = (110 ..., In), H nYCTb U > 0 HaCTOJIbKO BeJIHKO, 'ITO BbinOJI-

HHIOTCH HepaBeHCTBa

n

1
n

I I
 --L<U- -+-.t..J rj .t..J rJ r,

I I

(I r= 1, ..., n).

BJIH}Kafllueii HarneR II.eJIbIO OY,lI.eT nOKa3aTb, 'ITO B TaKOM cnY'Iae

npe06pa30BaHHe <Pypbe (CM. 9.4 (2»

A = Ar (x) = Or (x) (I)

eCTb OObI'IHaH <PYHKII.HH, 06JIa,ll.aIOrnaH «npoH3Bo,ll.Holb *)

n/ 1/'
L,Or

.... n (1 +xJ) j
2
A

1

*) MOJKHO nOK838Tb, 'ITO !lTO YTBepJK,!{eHHe COXp8HHTCSI, ecJlH B HeM onep8-
 '\

UHIO I_I npH ueJlblX I 38MeHHTb H8 onep8I1H10 npOH3BOJtHOA D'(J,-(iX)'A.
(n. H. JI H 3 0 P K H H [12]).
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(06bIt[HOA 4>YUKIUleA), nO)I.t[HHHIOrn.eA:CH HepaBeHCTBaM

{
n

}
-I

(
n

1+1

) IXII? X=f----rf-I>O,
I L 10, (X) I.s.;;;; c

(
I

)In m+ 1 (x=O),

1 (x <0),

I L,O, (x) I  ce-Ctlxl (I x I> I),

(2)

(3)

r.s.e Cl> 0 )I.OCTaTOt[HO MaJIO H (J BXO)I.HT TOJIbKO B KOHcTaHTy C,
113 KOTOpblX CJIe.n.yeT, t[TO Or E L. Eho, B t[aCTHOCTH, nOKa3bIBaeT, t[TO

l,f= 0, (x- u)f (u) du (4)

06blt[HaH CBepTKa )I.JIH f E Lp (1 p 00).
9.4.2, fIYCTb Q 0603Hat[aeT KOMIIJIeKCHYIO nJIOCKOCTb C Bblpe30M

- 00 < X <; ° H P
= '" + if..l- KOMnJIeKCHOe t[HCJIO. BY)I.eM B )I.aJIb-

HeHrneM Ct[HTaTb 6e3 nOHCHeHHH, t[TO zP eCTb O)I.H03Hat[HaH, onpe)I.e-
JIeHHaH H8 a BeTBb MHor03Hat[HoH !j)YHKlJ.HH zP, paBHaH xP =

=xAei!llnx H8 JIyt[e o<x<oo. HHat[e rOBopH, eCJIH Z=X+iYE Q,
TO npe)I.nOJIaraeTCH BCer)I.a, t[TO zP = I z IP eip arg z, r)I.e I arg z 1< n.

J1eMMa 1. TIYCTb O<a 1. Toz/)a

Iza-Aetl.s;;;;Mlz-Ala (ZEQ, A O), (I)

2lJe M He BOiJucum om z u A.

.IX 0 K a 38 T e JI b C T B O. PaCCMOTpHM CHat[aJIa 0)I.H03Hat[HYIO aHa-

nHTHt[eCKYIO !j)YHKIUIIO
,et_l

f (z) = (z-l)et (2)

H8 06JIaCTH gill KOMOJIeKCHOH nJIOCKOCTH C )I.BYMH pa3pe3aMH

-00 <.t<;0, I..;;X<oo, paBHYIO

f
XX-I

(x) = (x- Iy 

H8 BepxHeM 6epery p83peaa I,.;;;;; x < 00.

Ih06bl CKOHC,.-pYHPOB8.Tb TaKYIO !j)YHKlJ.HIO, Ha)I.O ct[HTaTb, t[TO

4>YHKlJ.HH zet, cTosuu.aH B t[HCJIHTeJIe (2), Gnpe)I.eJIHeTCH 4JopMYJIoA
ia = paeiaS (z:= pe'S, p > 0, - n < a < n); T. e. t[TO za (B t[HCJIHTeJIe)
nOHHMaeTCH KaK 0)I.H03Hat[HaH BeTBb za., onpe)I.eJIeHHaH Ha Q, paBHaJ?
x
a

)I.JIH ° <x < 00; t[TO )!{e KacaeTCH !j)YHKlJ.HH (z -I)a B 3HaMeH8-

TeJIe, TO OH8 nOHHMaeTCH B CMbICJIe (z - I)a = rae'(J,qJ (z - 1 = reiqJ
,

r>O, 0 q>E;;;;2n).
Ohpe)I.eJIeHHaSi TaKHM 06pa30M 4JYHKlJ.HH f (z) HMeeT npe)I.eJI

Hm f (z) .1, KpoMe TOro, OHa orpaHHt[eHa Ha Bcex 6eperax 060HX
,.....1:0
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pa3pe30B. TaKHM 06pa30M, OHa orpaHHtJ:eHa H8 BCen rpaHHD;e 0*

H, COrJIaCHO npHHUlmy MaKCHMYM8, orpaHHtJ:eH8 H8 C*:

I
zet - I

I I zet- I I I zet - I I
M

(z-l)et
=

I (z-l)ctj
=

I z-ljet
'

H MbI )J.OKa3aJIH HepaBeHcTBo (1) npH A = 1 H Bcex z e 0*, HQ

Tor)J.8 H )J.JIfI Z E Q, nOToMy tJ:TO )J.JIfI .n.eikTBHTeJIbHbIX z... x> 1

Hep8BeHCTBO

I xa - 1 I I x-I la (0 < ex. 1)

XOp01ll0 H3BeCTHO.
ECJIH Tenepb A - npOH3BOJIbHoe nOJIO)KHTeJIbHOe tJ:HCJIO, TO )J.JIJI

zEQ

I za
- Aa I = A

a

I ( r - 1 I MA
et

I - It
et

= M I z - A let,

H MbI )J.OKa38JIH (1).
JIeMM8 2. flycmb ex. I, moeaa aAfl zEQ U Af06oeo A>O

UMeem Mecmo

Izet-Aal MIz-A I(Aa-l+lzla-l), (3)

eae M He 3a8ucum om z u A.

.LJ: 0 K 8 3 8 T e JI b C T B O. B C8MOM )J.eJIe, coe)J.HHHM TOtJ:KH A H II

oTpe3KoM 0:

= A + t (z - A) (0 t 1),

npHH8)J.JIe)K8Il1.HM, OtJ:eBH)J.HO, K Q. Tor)J.8

I

za - A et = ex. za-l dz = ex. [A + t (z - An --l(z - A) dt,
c 0

OTKY)J.8 H CJIe)J.yeT (3) ((a+b)l3 c(al3+bl3),  >O,tJ He 38BHCH'I

OT a H b).
9,4.3. BBe)J.eM 0603H8tJ:eHHSI

n rjo n :.L
V = (l + u,f2, U = (1 +uj)2'11 ('1> 0) (1)

I I
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H -OTMeTHM HepaBeHCTBa

U'n
O

 CV, (2)

r.ll.e C He 3aBHCHT OT V,
'n

I Un I (l + U )1/2= (l +u )2'n U.

3.l1.eCb (2) CJI-e.ll.yeT H3 Toro, liTO .lI.JlH > 0 H JU06bIX XI > 0

(3)

(
n

)
1/11 n

xf clli>/I
a CII He 3aBHCHT OT XI'

B IIJIOCKOCTH KOMIIJIeKcHoii: IIepeMeHHOH: Wn = Un + iVn
.

BBe.zreM

KPHBYIO Lu'

un+ikU (O<k<l, -OO<Un<OO), (4)

3aBHCHInYIO OT k H BeKTOpHOrO napaMeTpa U' = (Ull
>I<

.lI.eM, KpOMe TOrO, KPHBYIO La" DYCTb

,..
, Un-I)' BBe-

(
n-I '1

)B = k (l + uj)
2,

n + 1 , (5)

>I<

T.lI.e k - IIOCTOHHHaH. ECJIH B 1, TO 6Y.lI.eM CIIHTaTb, liTO Lu' = Lu"
-eCJIH me B> 1, T. e. KOr.ll.a Lu' aaX0.ll.HTCH BhIIlIe TOIlKH i, TO nycTb

L:, = Lu' + lu',

r.ll.e lu' eCTb npOXO.ll.HMbIR .lI.Ba pa3a oTpe30K [i, iB]. TOIlHee, MbI

CIIHTaeM, [ITO opHeHTHpoBaHHaH KpHBaH L;, nOJIyqaeTCH CJIe.zrYIOInHM
.lI.BH)!{eHHeM: CHallaJIa TOIlKa L:, np06eraeT JleBbIH: KYCOK Lu" COOT-

BeTCTBYIOInHA: B03paCTaHHIO Un Ha HHTepBaJIe (- 00, 0), 3areM OHa

cnYCKaeTCH no OTpe3KY lu' BHH3 .lI.O i, om6aeT i, nO.ll.HHMaeTCH .lI.O

Lu' H YXO.ll.HT K + 00 IIO npaBoMY KYCKY Lu"
0603HaIlHM lIepe3 Eu' MHO)!{eCTBO TOlleK Wn , 3anOJIHHIOInee lIaCTb

KOMIIJIeKcHoA: nJIOCKOCTH Wn Me)!{.lI.Y .lI.eH:CTBHTeJlbHOH: OCbIO Un H KPH-
>I<

BOR La"
I

TaK KaK A = V- Ii eCTb 6eCKOHellHO .lI.HqxpepeHII.HpyeMaH CPYHK-
({HB IIOJIHHOMHaJIbHOrO pOCTa, TO HMeeT CMhICJI A E S', DpH .MaJIbIX

.,., HHrerpaJI

A (x) =
I

L2 S elxaA (u) du
(2n)n.
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Y)K BO BC5IKOM CJIYllae MO)KeT He CXO.n.HTbCSI a6c0JIlOTHO, n03ToMY
I13YlleHHe CPYHK1I.HH A oy.n.eT npOH3Bo.n.HTbCSI OKOJIbHblM nyreM BBe-

.n.eHH5I BcnOMOraTeJIbHOH CPYHK1I.HH

p

v-a =Ap,r,o (p=A+i ,A>O, At,r,o=A,=-A) (6)

C KOMnJIeKCHblM napaMeTpOM p. ,I(JIH .n.OCTaTOIIHO 60JIbIIIHX A HMeeT
CMbICJI Henocpe,n:CTBeHHaH 3anHCb lIepe3 JIeOerOB (aOCOJIIOTHO CXo.n.SI-

rn.HHC5I) HHTerpaJI *)

n

II (I +uj)li/2ixu du
A I 1

1 A =---I p, r, 0

(2n)n/2 v p/o

n .

I
II (I +ul/;l

2e'xn
u
n

=- \ eix'u'du' r t
du (7)

(2n)n/2 J J vp/o n

(x' = (Xl> ..., Xn-l), U' = (Ul> ..., Un-I»'

HapSI.n.y C (7) Mbl oy,n:eM paCCMaTpHBaTb ern.e npH Xn> 0 CPYHK1I.HIO-
.

IT (I +uj)/;/2/
X
n
U
n

,...,(1) (x) = r elx'u' du' r t
du . (8)p (2n)n/2 J J vp/a n

*

l u'

ECJIH Xn < 0, TO  (l)(X) onpe.n.eJISIeTCH aHaJIOrHIIHO, HO B KalleCTBe
p

L ,OepeTC5I KpHBaSI B KOMnJIeKCHOH nJlOCKOCTH, cHMMeTpHIIHa51 eM

OTHOCHTeJIbHO ,n:eHcTBHTeJIbHOH OCH. PaCCMOl'peHHe .n.JlSI 3Toro BTO-

poro HHrerpaJla, KOTOpbIH MbI TaK)Ke 0603HallHM lIepe3 ,...,0) (x), aHa-
p

JlOrMIIHO, H npHBo.n.HT K aHBJIOrHIIHblM pe3YJIbTaTaM.
IlpH Xn > 0 H .n.eHCTBHTeJIbHbIX p> Po, r.n.e Po ,n:OCTaTOIIHO BMHKO,

BHYTpeHHHe HHTerpaJIbI (7) H (8) paBHbl Me)K,n:y COOOH. B caMOM

.n.eJIe, B (8) B V BXO.n.HT KOMnJIeKCHOe CJIaraeMOe

'nO

(l + Z2) 2

rno rno

=[1 +(X+iy)2]2=( +i'YJ)2

 =1 +X2_y2, 'YJ=2xy.

(z E Eu')'

n .

*) TIpH paCCMOTpeHHH onepaUH,H D 1

Ap B (7), (8) npOlj:3BeJ(eHHe IT (1 +X1)
'
JZ2

I

3aMeHHeTCH H8 (iX)I.
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t}HCJIO + IT] MOmeT npHHa.n;JIemaTb K pa3pe3Y - 00 < ..;;;; 0 TOr.n;a
H TOJIbiO TOr.n;a, KOr.n;a X"'" 0, yl;>-: 1, T. e. eCJIH

z = iy, y2;;;:::: 1. (9)

Ho TOIIKH BH.n;a (9) He npHHa.n;JIemaT K Eu', liTO nOKa3bIBaeT, qTO V
ecTb 0.n;H03HaqHaH aHaJI1fTHllecKaH <PYHKIJ.HH OT Wn Ha Eu" B .n;aJIb-
HethneM (CM. 9.4.6 (7)) 6y.n;eT nOKa3aHO, qTO npH 3TOM npH .n;OCTa-
TOIIHO MaJIOM k

-n<arg V <n (10)

(ecJII1 a priori CqHTaTb, qTO I arg V \..;;;; n), qTO nOKa3bIBaeT, liTO

Kor.n;a Wn np06eraeT Eu" TOqKa V npHHa..n;JIemHT K Q (nJIOCKOCTH
C pa3pe30M

- 00 < x..o;;;; 0), HO Tor.n;a H Vp/o- (npH .n;eiiCTBHTeJIbHbIX a
H KOMfIJIeKCHbIX p) ecTb 0.n;H03HaIlHaH aHaJIHTHlleCKaH <PYHKIJ.HH.
TaKHM 06pa30M, no.n; 3HaKOM BHyTpeHHHX HHTerpaJIOB (7) H (8)
CTOHT 0.n;H03HaqHaH aHaJIHTHlleCKaH B 06JIacTH Eu' <PYHKIJ.HH. PaBeH-
CTBo HX CJIe.n;yeT H3 TOro, tlTO HHTerpaJI no oTpe3KY c TOqeK + i'rJ
(0 'rJ kU) cTpeMHTcSI K HYJIlO npH I 1-* 00:

\ (1 + u )ln/2e'xn"n
k

r
Vp/o

dUn";;;;
J
0

e-
x
n'rJd1l

..;;;;
'nP-In

II +re+i1l)2j---Y-

..;;;

co

\ e-Xn'rJ d'rJ4- 0.
'nP-In

(I 1_ I)
----r- 0

I10.n;06HbIM 06pa30M .n;OKa3bIBaeTCH paBeHCTBO BHYTpeHHHX HHTerpa-
JIOB B (7) H B BbIpameHHH, COOTBeTCTBYIO eM(8) npH Xn < 0. 3TO

nOKa3blBaeT, liTO

..

(I)
IIAp, r, 0- (X) = IIp (X) (Xn=#=o, P>Po), (11)

ecJIH Po» ° .n;OCTaTOqHO BeJIHKO.

B 9.4.6 6y.n;YT nOJIyqeHbI OIJ.eHKH .n;JIH <PYHKIJ.HH Il )(X).
Ha OCHOBaHHH 9THX OIJ.eHOK H aHaJIHTHqeCKHX CBoiicTB I_lAp, r, 0-

H Il ) y.n;aeTCH nOKa3aTb (CM. 9.4.7), qTO paBeHCTBO (11) Ha caMOM

.n;eJIe HMeeT MeCTO .n;JIH Bcex KOMnJIeKCHbIX P = A, + ill, B qaCTHOCTH

,ll.JIH P
= 1. TaKHM 06pa30M, 0600rn.eHHaH <PYHKIJ.HH A npe.n;CTaBJIHeT

06bIqH)'IO CYMMHpyeMYIO Ha Rn <PYHKIJ.HIO A (X) = III (X) = lliO!. OIJ.eHKH,

KOTopble 6y.n;YT nOJIyqeHhI .n;JISI Il\') (X), Henocpe.n:CTBeHHO nepeHOCHTCH

ua L,A(') (X), liTO H npHBO.n;HT K UepaBeHCTBaM 9.4.1 (1), (2).
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9.4.4. HaqHeM C TOro, qTO ou.eHHM n-KpaTHbIH HHTerpan {rAG
'j, s > 0, I = (iI, . ..

. in);;;:::: 0, nOHCHeHHH HH)Ke)

I u 1<1

+
I u I> 1

n

II (I +u7)
ll2 da

I
s

{ (l+un'{r
n

II (1 +u1)'Jl2
< 1 +

{" r
dll<

I u I > 1 u/u
1 >

0
1

n .1.-1
(I +;;/'1)1/2;?

1-1
dS<

(  Jr

n

II (I +uj)lp

S
1

!.
du =

yO'

ro

<1+ 

<1+
I I> >O
 j> 0

n

1+1} -n-
LJ '1 co

P
I

pn-1dp rip
s -1+

(
n

)
p

1+ s- I /J
P

1

<00, (1)

eCJIH

n

"\11 +lJ
S> -.

1
'1

(2)

B TpeTbeM COOTHOmeHHH ou.eHKa HHTerpana Ha {I u I > I} CBe.n.eHa
K ou.eHKe Ha {I u I > 1, UI > 0; J = 1, ..., n} BCJIe.n.CTBHe CHMMeT-

PHqHbIX CBOHCTB <PYHKU.HH V. B qeTBepTOM BBe.n.eHa 3aMeHa nepeMeH-

HblX U? =  IC HK06HaHOM, CTOmII.HM B qHCJIHTeJIe no.n. HHTerpanOM

B nHTOM qJIeHe; npH STOM ew.e HCnOJIb30BaHO HepaBeHCTBO

(
n

)
1/0' n

  f>  I(0'>0); s.n.ecb  >O-.n.OCTaTOqHOManOe qHCJIO,

qT06bI map I u 1< 1 co.n.ep)Kan B ce6e IlIap III < .B nHTOM

BBO,n:HTCH nepexo.n. K nOJIHpHbIM Koop.n.HHaTaM. HI (I), (2) CJIe.n.yeT,
qTO npH p = A, + if-t, 1=0 H

n

h> J..
.

1
'1

(8)
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HHTerpaJI 9.4.3 (7) aOCOJIlOTHO CXO.rr.HTCH II MO)KeT ObITb 3aIIl1caH

B BH.rr.e

= du' dUn, u' = (Ulo ..., Un-I)'
R R'

r.rr.e BHYTpeHHHH HHTerpaJ1 (rro Un) aOCOJIIOTHO CXOJJ:HTCH rrpH JII0t'5bIX

u'(lVPI=[VIA>IUniAfn, "-'n> 1, CM. (3».
9.4.5. I1oKalKeM, 'qTO, KaKOBa ObI HH ObIJIa <p E S, cpYHKlI.HH

<D(p)=(I-1Ap,r,a, <p) (p=,,-+i ,"->0), (1)

aHaJIHTHqeCKaH Ha {"- > O}. I1MeeM, OqeBH.rr.HO,

c 1jJ (u) du (
n

2 I /2
A

)<1> (p) = (Ap, r, a, 'I/J) = j vp/a 'I/J = I} (1 + Uj) f
qJ E S . (2)

I1pOIl3BO.rr.HaH OT <D <pop:vm1bHO HMeeT BIIJ,

<D( (p) = _ J.. C 'IjJ In V
duo

G j vp/a (3)

I10.rr. HHTerpaJIaMH B (2) H (3) Haxo.rr.HTCH HerrpepblBHbIe cpYHKlI.HH
(V 1) H, KpOMe Toro,

I
1jJ (u)

1 =
I 1jJ (u) I

I'I/J (u) I E L
V p /a VA/a

--= ,

I
ln V1jJ (u)

f =
'In V1jJ (u) I

< I 'I/J (U) I E L
Vp/a VA/a

'

r.rr.e rrpaBbIe tJaCTH He 3aBHCHT OT p. 31'0 .rr.OKa3bIBaeT, tJTO .rr.Hcp-
cpepeHlI.HpOBaHHe (3) 3aKOHHO H qTO <1>' (p) HerrpepbIBHa, a CJIe.rr.oBa-
Te.T1bHO, <D aHaJIHTHqHa IIPH "- > O.

9.4.6. HHlKe .rr.OKa3blBaeTCH, qTO eC.T1H rrapaMeTp a .rr.OCTaTOqHO

BeJIHK (TOqHee, 'n (x - a) < 1, x =
I

 /j_ "- *»). TO HHTerpaJI

(CM. 9.4.3 (8»
n

O+uj)Ij!2elXnlln
 (l)(x) = C e1x'u' du' C 1

.

du (1)
p (2n)n/2 j j vP/a

n

L ,

(p="-+i/-1, "->0, KpoMe TOro**), 1/-11<1)

.) 3,!\eCb x=x (A.), HO x (I) 06paIUaeTCH B paCCMOTpeHHYIO B 9.4.1 (2) BeJlH-

qHHy x.

U) OrpaHHqeHHe I J1/ < I Ha caMOM AeJle HecYIUecTBeHHo.
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ecTb HenpepbIBHaH nQ (p, X) $YHKIJ,HH Ha MHomeCTBe {A. > 0, III I <
< 1, Xn =1= O}, aHaJIHTH.llecKaH no p, H cnpaBe.n;JIHBbI OIJ,eHKH

I
lx:'nxl (x>O),

11l )(x) i < IIn I x" II + 1 (x = 0), (I Xn I < 1),
1 (x<O),

IIl l)(x) ! < e-
c I Xn I

(c> 0, I Xn I > 1). (3)

Oo03HallHM lIepe3 V * pe3YJIbTaT no.n;CTaHOBKH B V BMeCTO Un

KOMnJIeKCHOii nepeMeHHoii Un + i'l1n E Eu" r.n;e Eu' - OOJIaCTb Mem.n;y Lu'
H OCblO 'I1n=O, T. e.

Eu' = {Un + iYJn: - 00 < Un < 00, 0",;;;;; 'I1n <.kU}

(CM. 9.4.3 (4». OlleBH.n;HO,

(2)

V *
= V +00,

rAe ('I1n = '11)
'nCI 'nCI

00 = (1 + (Un + itl)2) 2' - (1 + U )2'"' =

'nCI 'nCI

=(1+u +2Un'l1l-'I12)2'-(I+u )2.

OIJ,eHHM 00 cBepxy. ECJIH O<rna 2,TO B CHJIY 9.4.2 (1)
(nOHCHeHH5I HH)Ke)

,n(J ,nCI

100 I <.M 12Un'l1 i
-

'11
2 ! 2 < II Un I '11 + '11

2 [2 <
,nCI ,nCI ,nCI

<([un lkU)2 +k'nCIU'n
u

«:::,k2'U'nCI<k2 V. (4)

DpHMeHeHHe HepaBeHCTBa 9.4.2 (1) 3aKOHHO, nOTOMY liTO OblJIO

BbIHCHeHO B 9.4.3, liTO KOMnJIeKCHaH TOIIKa B nepBOH CKOOKe,
Onpe.n;eJIHIOIII.eii 00, npHHa.n;JIemHT K Q (nJIOCKOCTH C pa3pe30M

- 00 <

<Un O).
MbI CIIHTaeM, liTO KOHCTaHTbI, BXO.n;HUJ.He B HepaBeHCTBa <,

He 3aBHCHT OT k. TpeTbe HepaBeHCTBO CJIe.n;yeT H3 TOro, liTO (x + y)CI.-<
< xCI. + yCI. (x, y> 0); npe.n;nOCJIe.n;Hee H3 Toro, liTO I Un 1<. U
(CM. 9.4.3 (3» H nOCJIe.n;Hee

- H3 9.-;i.3 (2).
ECJIH me rna 2, TO (CM. 9.4.2 (3»

100 I < 12Un'l1i -'11
2

1 [(1 +U )' 6-I + 1 2Un'l1 i _'I121 -1]-<
<kV'nCI<kV, (5)

nOTOMY liTO (CM. 9.4.3 (3) H 9.4.3 (4), YllecTb, liTO 0",;;;;; T] :E;;;;kU)

12Un'l1l- T]21 -< I unkU I + k2lJ2 kU2
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H
rnC1

(I + U ),--1..:;;;; UrnC1- ,
Ha (4) H (5) CJ1e.rr.yeT, qTO IIPH .rr.OCTaToqHO MaJIOM k MO)KHO

.l(OCTHrHYTb Toro, qTO .rr.J1H Bcex Un + i1'J E Eu'

Irol<I'V (I'<i-),
r.rr.e I' MO)KeT 6blTb KaK yro.rr.HO MaJ1bIM, OTKy.rr.a

(I-I') V I V",, (1 +1') V.

(6)

(7)

HepaBeHCTBa (6), (7), B qaCTHOCTH, BbIIIOJ1HHIOTCH Ha 1'epHB01!: L:.
(BepxHe1!: rpaHHlI,e Bu')' lI.J15I .rr.H<P<tJepeHlI,HaJIa .rr.JIHHbI .rr.yrH L:, HMee1'

MecTO OlI,eHKa:

Ha Lut : dL ,= 11 I + (k :u: r dUn =

== VI + (kUn)2 (I + U )-ldUn < V2dUn, (8)
Ha lu': dL ,= I d1'J I.

AprYMeHT V", (T. e. V Ha Bu') IIPH .rr.OCTaTOqHO MaJIOM k ou.eHH-
BaeTCH TaK (CqHTaH a priori, qTO I arg V", I.;;;; n):

I V \
I 1m V. I 1 0)1 yV Iarg '" I Re Y * V -10) I (I-I') V

< . (9)

::h'HM .rr.OKa3aHO HepaBeHcTBo 9.4.3 (10), KOTopoe IIOHa.rr.06HJIOCb
HaM, qT06bl IIOKa3aTb, qTO VP/C1 eCTb 0.rr.H03HaqHaH aHaJIHTHqecKaH

<PYHKlI,HSI OT KOMIIJIeKCHOH IIepeMeHHOH: Wn E Bu" 113 (9) H (7)
CJIe.rr.yeT TaK)Ke, qTO

1
'-+114

1
'" 14

Iv /al=(/V",leiargv.)-----a- =IV",lae-aargv. 
I '" "

e

-

a I V* la GVa

G He saBHCHT OT 'A> 0 Hr.rr.e, TaKHM 06pa30M,
I1MeeM

,,(I) (x) = r eix'u' du' Xr P (2n)n/2 J

(
Cf) i: (I + uf)l/Z eiXn (un + ikU) V 1+ kUn (I + u )-

1
dUn

X
1

V!3/C1 +
-00

*
.

(11-11<1), (10)
IJ.LI < 1.

+ 

n

(I +uf)ltf
2 lcnwn

)1
dWn

= 1\1) + I t),
yp/C1

lu'

(II)
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r.rr.e V", 3.rr.ecb nOHlUdaeTCH KaK V Ha Lu" BTOp01!: HHTerpaJI B03HH-

KaeT, eCJIH TOJIbKO

kC (1+Uj) + 1» 1.

MO.rr.YJIb no.rr.bIHTerpaJIbHOii <PYHKlI.llli B 1\') He npeBbIlIIaer

n

(l+uj)'Pe

- kX
n
U

a
1

vA/a
= (% (A, Xn , U), (12)

r)"(e 0 He saBHCHT OT U, Xn , p=A+ill (1..>0, 11l1< 1). HHTerpaJI
no U E2 Rn OT (12) MbI H 6Y)"(eM Oll.eHIIBaTb. MbI YBll')"(ll'M, tITo

OH KOHetIeH npll' JIl06bIX 1 0, Xn> 0, A> O. ECJIH YlleCTb, tITO

(% (A, Xn , u) B03pacTaeT a YMeHblIIeHHeM Xn H A (V;;;;. 1), TO HMeeT

MeCTO

(% (A, Xn> u) (% (1.0, x ,u) E3 L (Rn) '"" L

(A 1..0 > 0, xn x >0).

KpoMe Toro, no.rr.bIHTerpaJIbHaH <PYHKlI.ll'H BIl') HenpepbIBHa no (P,
x, u). B TaKOM CJIyqaG Ha OCHOBaHll'll npH3HaKa Be1!:eplIITpacca
1\') - Ill) (p, x) eCTb HenpepbIBHaH <PYHKlI.HH OT (p, x). ECJIH

nO)"(bIHTerpaJIbHOe Bblpa)KeHll'e BIl') npo)"(ll'<p<pepeHlI.HpOBaTb nO (KOMn-
JIeKCHoMY) p, TO MO)"(YJIb nOJIYtIeHHOll npOll'3BO)"(Ho1!: C TOqHOCTblO

)"(0 nOCTOHHHOrO K03<p<pllll.lleHTa 6y.rr.eT paBeH

J a
'

! e- kxnU II
In v.. 1 I a'le-

h U

I VPlO
=:;;&; 0 ... (% (1..0 - e, X , u) (13)

>I<

v <t

(A> 1..0 - i- > 1.0 - a> 0; III I < 1, Xn Xo > 0)
H, TaK KaK npaBaH qaCTb (13) no u npllHa)"(JIe)KlIT K L, TO BCJIe)"(CT-

Bll'e npll'3HaKa Be1!:eplIITpacca paBHoMepHo1!: CXO)"(ll'MOCTll' ll'HTerpaJIa
MO)KHO CKa3aTb, tITO ,l(JHI YKasaHHbIX p H X ayrn;ecTByeT HenpepbIB-

HaH no (p, x) npOll'3BO)"(HaH Ii'). aTO nOKa3bIBaeT, liTO <PYHKlI.HSI
I

P

II )
(p, x) aHaJIll'THqHa no p (I;;' 0, A. > 0, III I < 1, Xn > 0).
OTMeTll'M, liTO KOHCTaHTb1 B HepaBeHcTBaX (12) ll' (13) (TaK )Ke,

KaK B nOCJIe.rr.YlOrn;ll'X HepaBeRcTBax npll' Oll.eRKe I '» HenpepbIBHo
saBHCHT OT p.
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D.JIH 0 < Xn < 1 (noHcHeHHH TaKHe lKe, KaK B 9.4.4)
"

II (I +ui) '/2 ,-ltxnU

jIV) 1<
1

V)./IJ

.

du <
"

,"
n -kx

n
u.l n

:r;r (I +uj)I/2 e
I

I

\ + \

(" rlur<llur>1 t>?/tJ
1 I/'n

" --I -Itxn il
-< 1 + :If (I + /2/'I)'P ? '

1

I g I > 13 > 0

I  tI
).

 J>o  "'J

00 1- 00

< 1 + p"'-le-CXnP'n dp < 1 +
(' e-czz'n"'-I dz <J 'nX

VXn
X"

(
x;'nx (x> 0),

< 1 (x<O), O<xn < 1.

I1nxnl+1 (x=O),

du<

d6<

(14)

Ha.rr.o npHHHTb BO BHHMaHHe, qTO HHTerpaJ1 B npe)J.noCJIe)J.HeM
H9 3THX CooTHoIlIeHHH, B9HTbIA no (1, 00), CXO)J.HTCH, a no (yx", 1)
OH He npeBbliliaer

.

1

c z'n
X- 1

dz < f <nx
'l'X" liin x" I + 1

(x> 0),

(x < 0),

(x = 0),

I
O<x,,<--,

y
(15)

Terrepb )J.mI x" > 1

" ']1'n
k

!.1. -

kX" UJ

I )I <: S e- x" du + S (1 + un 2
e

I du <
lul<1 lul>1

U/ >
0

(
2,

)
1./2 ,

" "J n I-kx g

<e-k.1:n+ S IT 1 + 71.  /J
-

e

n
I

j

dS<
111;>13/- 1

1/ > 0

.

<,-bn + rp'n (x+M-Ie-cxnP dp <e-
Itx
" + [e-i-

xnP
<e-C1%n (Cl> 0).

(16)
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Depexo.rr.HM K ou.eHKe I '). TelIepb BHYTpeHHHH HHTerpaJI OepeTCSI
B.rr.OJJb pa3pe3a (i, iB), I',il,e

In-I

)B = k (1 + Un 2'n + 1 .

, 1

4HCJJO B 3aBHCHT OT u', lIPH U' = 0 OHO MHHHMaJIbHO H paBHO kn.

ECJJH kn> 1, TO lIPH BblqHC.T1eHHH I l) BHeilIHee HHTerpHpOBaHHe
lIpOH3BO.rr.HTCSI lIO BceM U' E Rn-h o.rr.HaKO eC.T1H kn < 1, TO HHTerpH-

pOBaHHe lIO u' Be.rr.eTCSI lIO BHeJ11HOCTH HeKoTopoH OrpaHHQeHHOH oKpecT-
HOCTH TOQKH U' = O. Ha (i, iB) HMeeM Un = iy (1 Y B), lIPH 9TOM

, (]
n

Bxo.rr.SIllI.ee B V CJIaraeMOe (1 + U )'"'2 Ha O.rr.HOM oepery lu' Ha.rr.o lIOHH-
,n(]

i
'n(]

n
'n(]

_ t
'n(]

n

MaTb KaK (y2-1) 2
e

2
,a Ha .rr.pyroM KaK (y2_1) 2

e
2

COOTBeTCTBYIOW.He 3HaQeHHSI V Ha pa3HbIX oeperax lu' KOMlIJIeKCHO

COlIpSI)KeHbI .rr.pyr K ,n:pyry, CJIe.rr.OBaTeJIbHO, HX lIpoH3Be.rr.eHHe paB HO

KBa.rr.paTY HX MO.rr.y.T1SI, H BHYTpeHHHH HHTerpa.T1 B I )paBeH
B n-l

- S n (1 + unltlVne-XnY X
1 1

X { {
I,

ay/(]
-

{
1,

1
P/(] } dy, (17)

A+[(y2-1) e-tn]+ A+[(y2-1) ein]+
n _ I 'j(]

A = (1 + ujf2
I

(p= A+ i ,A> 0).

MO.rr.YJJb Bblpa)KeHHSI B qmrypHblx CKooKax He lIpeBbliliaeT (iiOSICHeHHSI
HH)Ke)

I (A + [(y2_ I) eln?';'r
a

_ (A + [(y2_ I) e-in/t-r
a

I
I A _ (y2_1)

'

 arAja
A I { ( i

n

)
'na1.p/a { (

- i E...

)
'na1.P/a \

= A
-

cr 1 + Te
2 j - I + Te 2 j

<:
11-'/n(] .1

2A/(]

<: a
-,nA,r:' n(] I sin

r

n n\ <: a
-,nA,r:'n(1,

r,ne KOHCTaHTbI B HepaBeHcTBax BO BCSIKOM CJIYQae
JIOKa.T1bHO He 3aBHCHllI.HMH OT p = A + i ; 3.rr.eCb

I

a=A 'no,

MO)KHO CQHTaTb

't - a-I Vy
2
- 1-

'. (18)
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H TaK KaK 1 <g<B, TO

0< 't<a-I VB2- 1 <a-IB =

k{ n l(I+uJ) ::n +1}
1

ck = (J) < I, (19)

{n l(I+un ' <1}
'n<1

rJJ.e (J) MO)KHO C'IHTaTb MeHbllIHM eJJ.HHHlI.bI, B35:1B ,l\OCTaTO'IHO MalIOe k.
Ha 9TOM OCHOBaHHH MbI OilYCTHJIH 3HaMeHaTeJIb BO BTOpOM rrJIeHe,

OrpaHH'IeHHbIH CHH3Y IlOJIO)KHTeJIbHOH KOHCTaHTOH. <I>YHKlI.H5:I IlO,l\

3HaKOM MO,l\YJI5:I B rrHCJlHTeJIe aHalIHTHrrHa Ha HHTepBaJIe I 't I < I,

paBHa HYJIlO IlPH 't" = 0. K HeA IlpHMeHeHa TeopeMa 0 cpe,l\HeM.
I1TaK, IlO,l\bIHTerpaJIbHOe BbIpa)KeHHe B I l)He IlpeBbIlliaeT IlO MO,l\YJIlO

n-l

en (1 +u,)IJ/2y
1
ne-XnYa-'n"''t"'n<1,

1

(20)

r.ne C He 3aBHCHT OT a', y, Xn> ° H BO BC5:lKOM CJIyrrae JIOKalIbHO

OT A.>O.
MbI IlOKa)KeM, rrTO CPYHKlI.H5:I (20) CYMMHpyeMa IlO OOJIaCTH (a', y)

OIlpe,l\eJIeHH5:I HHTerpalIa I l) IlPH JIlO6bIX yKa3aHHbIx x, p, KpoMe

TOro, HeIloCpe,l\CTBeHHO BH,l\HO, 'ITO OHa B03paCTaeT C YMeHbllIeHHeM Xn

H A.. 3TO IlpHBOJJ.HT K TOMY, rrTO [ l)(p, x) HeilpepblBHa IlO YKa3aH-
HbIM (p, x) H ecTb ,l\eHCTBHTeJIbHO IlpOH3BO,l\Ha5:1 (ilO x) IlOp5:l,l\Ka 1
OT [2' HaKOHell., eCJIH IlpO,l\HqxpepeHlI.HpOBaTb IlO,l\bIHTerpaJIbHOe BbIpa-
)KeHHe B (17) IlO p, TO IlOJIyrrHM

n

rr
-l

(l+ ) li/2 In _Xny j InC+[(y2-I)e-iTl]+)
_UJ Y e

(J

(
, (J

'

)
P/<1

1 ..!!....

A+[(y2-I)e-iTlJ
2

In (A + [(y2_ I) eiTl]' <1t<11
(

,n<1

)
P/<1 \.

A+[(y2-1) e1Tl]2 J

ECJlH BbIpa)KeHHe B cpHrYPHbIX CKOOKax IlpHBecTH K oom.eMY 3Ha-

MeHaTeJIlO, B35:1Tb OT Hero MO,l\YJIb H BbIHecTH BClO,l\Y 3a CK06KH A,
TO, K8K MbI 3HaeM, IlPH Oll.eHKe (cBepxy) 3HaMeHaTeJIb MO)KHO OIlY-

CTHTb KaK orpaHHrreHHbIH CHH3Y IlOJIO)KHTeJIbHOH KOHcTaHTOH, rrTO

)Ke KaCaeTC5:I rrHCJlHTeJI5:I, TO OH, orreBH,l\HO, Oll.eHHBaeTC5:I cBepxy
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CJIeJJ:YlO HM 06pasoM:

I { ( + I
11

)
',lJ}

P!U

{ (
_
i 

)
',lJ

}
P!IJ I

In A I + 'te 2" - I + 'te T 1+

+ 1 { I + ('te l: )'nar
IJ

In {I + ('te- )'n
IJ

} _
_ {I + ('te- )'nIJr

IJ

In (I + ( 'te l: Yn
IJ

} I <: (I n A + I) 't'nIJ
=

=(Ina'nIJ+I)'trnIJ<:ae'trnIJ (8)0, a I).

KOHCTaHTa B npaBo1i tlaCTH saBHCHT OT (npOH3BOJIbHO MaJIOro) 8,
HO MomHO CtlHTaTb, tITO OHa He 3aBHCHT OT p H3 HeKOTopOH MaJIOH
OKpeCTHOCTH Po. B pe3YJIbTaTe nOJIYtlaeTCfl, tITO npOJJ:H<j$epeHl.I,HpO-
BaHHoe no p (HenpepbIBHoe no (a', y, p, Xn), Xn> 0, A> 0) IIOJJ:bIHTer-

paJIbHoe BbIpameHHe He npeBbIlliaeT no MOJJ:YJIlO CPYHKIJ:HIO, aHaJJO-

rHtlHYlO (20),
n-I

C IT (I+unl,f2lne-XnYae-ri'-{nIJ EL.
I

(20'

aTO nOKa3bIBaeT, tlTO CPYHKII.Hfl I ')(p, x) aHaJIHTHtlHa no p.

I1TaK (noflcHeHHfl HHme) ,

n-I B

II l)I< IT (l+unl,/2a-rn" y'ne-XnY'trnIJdy<
I I

n-I (i)

< IT (I + u1)ljf2i-'n" da' (I +a
2
't
2)1,J2 e-XnV I + a",;" 't'n

IJ
d't <:

I 0

I.

(
2, \...L ,

n-I n

)
2 n

1

<: I + IT I + ,'i  !Tj- a
1-'n" d'S X

I I> 13 > 0 I

;j > 0

co

X (I + a
2
't
2
Yn/

2
e-xn

v l+a'1;'
't
r
n

IJ

d't-<
o

n- 1
1+1.

co 0:> I +1-, ,,+, ----1..-1

< I + 't'n
o

d't p
n n n

l' r, e-XnV l+C'P'';'
dp=

o 13

co 00

= I + 't'n
IJ
d't p'nX-le-Xn

V I +C1pl,;1
dp <:

o (3

co co

< I+ \ d. \  'nX-le-C d 
'nX J 'n (x-a) Jx
n 0

·
j3xn

't

(c> 0). (21)
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B nepBOM COOTHOillemUf MbI BOCI10.T1b30BaJIHCb ou:eHKoH (20); BO BTO-

pOM npOH3Be.T1H BO BHYTpeHHeM HHTerpaJIe 3aMeHY Y Ha T 110 <pop-
MY.T1e (18), yqTeHO TaKlKe HepaBeHcTBo (19); B TpeTbeM IIHTerpaJI
no a' pa36HBaeTCR Ha ,n:Ba 110 I a' I < I H I a' I> I, H3 KOIIX l1epBbli%,
OqeBH,n:HO, OrpaHHqeHHbIH; KpoMe Toro, yqTeHbI cHMMeTpHqeCKHe CEOH-
CTBa 110 a' 110,n:bIHTerpaJIbHOH <PYHKU:HH; Bonpoc CBe,n:eH K HHTerpH-
pOBaHHIO no ul> 0, npH 9TOM BBe,n:eHa 3aMeHa nepeMeHHbIx

'n
' I' ,--I

/
=u.i n, du.=....!!.. '1 d£J'

1 I 'I I
(j = I, ..., n - I);

B qeTBepTOM H3MeHeH nopR,n:oK HHTerpHpoBaHHR, BBe,n:eHbI B npo-
cTpaHcTBe S nO.T1RpHble Koop)J.HHaTbI (I S 1 = p), HCn0.T1b30BaH TOT

<paKT, qTO nepeMeHHbIe a H p HMeIOT O)IJIH H TOT lKe nopR,n:OK:

(
n-I \1/2

{
n-I 'i(J

}p = Urll'n) <: (1 + uf)2'" 'n(J =a <: p,
\ I I J

H npHMeHeHO HepaBeHCTBO (I+p2't'2YnI2<:pln(p> , ° <'t'<ro).
HaKOHeu:, B nOCJIe,n:HeM COOTHOIIIeHHH HCI10.T1b30BaHO HepaBeHcTBo

VI +C2
p
2't'2 > cp't' H BBe,n:eHa 3aMeHa xnp't' = ,Xn't' dp = d .

TIYCTb x> ° H napaMeTp a 110,n:06paH TaK, qT06bI rn (x - a) < I,
TOr)J.a HHTerpaJI no B I1paBoH qaCTH (21) no HHTepBaJIY (0, 00)
KOHeqeH, TaK lKe KaK KOHeqeH HHTerpa.T1 no 't', n09ToMY

II t)I <: x;'n"i",

EC.T1H X = 0, TO HHTerpaJI 110 HMeeT npH Ma.T1bIX Xn nopR,n:oK In (x, 't'),
n09ToMY npH a> ° 6y,n:eM HMeTb

II t), <: I In Xn I + 1.

HaKoHeu:, npH x < ° HHTerpaJI 110 npH MaJIbIX Xn HMeeT nopR-

Jl,OK <n"", n09ToMy I1PH a> 0

II )I <: 1.

Mb! ,n:OK,a3aJIH qTO (l1pH cooTBeTcTBYIOIll.eM a)

j
x-'n"" x>O

II t)I <: I 'x < 0:
I .

In-, x=O,
Xn

o<Xn < 1.

HaKOHeu:, qT06bI nO.T1yqHTb ou:eHKY l ),n:.T1R 60.T1bIIIMX Xn , pa36HBaeM
H!!TerpaJ! l t) Ha Jl:Ba HHTerpaJIa: 110 I a' I < I H no I a' I> 1. TIep-
D1>I1% HHTerpa.1 (CM. TpeTHH q.'IeH B <popMYJIe (21» MMeeT nopRJJ.oK
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e-Xn (Xn > 1). 4T06bI OIJ:eHHTb BTOpOH, BOCnOJIb3yeMcfl npe'z]JIOCJIe.rr.HHM
HHTerpaJIOM (21). Tor.rr.a nOJIyqHM

co 00

II ')1< e-xn + 1;'rn
a

d1;' prnX-1e-xn
V I +C2p''t2

dp =
o 13

co 00

= -xn +
d1:

trnX-1 -XnVl+c2 'dte
j r (x-a) j '" e '"

o
1: n

13't

E; e-xn + f r
n
 '-a)(y rn

X-1

d e-xn+ f e-xnclS d ) < e-c2xlI

o
1:

13- Bco

(rn(x-a)< I; C}, C2 , 0'>0).
B CJIyqae Xn<O KpHBafl L ,(CM. (I» B KOMIIJIeKCHOH: nJIOCKOCTH Un

6epeTCfl cHMMeTpHqHOH: no OTHOIIIeHHIO KOCH Un = 0, .rr.OKa3aTeJIbCTBO
B 9TOM CJIyqae aHaJIOrHqHO.

HTaK, MbI .rr.OKa3aJIH HepaBeHcTBa (2), (3), npH 9TOM YlKe OTMe-

Q8JIOCb, qTO KOHCTaHTa B HHX HenpepbIBHO 3aBHCHT OT p.
9.4.7. DpH onpe.rr.eJIeHHH f-t

p (X) = f-t ) no <popMYJIe 9.4.3 (8t
6bIJIa BbI.rr.eJIeHa pOJIb IIepeMeHHOH: Un. I1Mefl 3TO B BH.rr.y, IIOJIOlKHM

f-tp (x) = f-tpn (x). C TaKHM lKe YCIIeXOM MOlKHO BBeCTH <PYHKIJ:HH f-tpj (x)
U = I, ..., n), r.rr.e pOJIb Un HrpaeT Uj. ECJIH X = (Xl> ...

, Xn)-
TOqKa, y KOTOpOH: Xi =1= 0, Xj =1= 0, TO

f-tpi (X) = f-tpj (X),

IIOTOMY qTO 9TO paBeHCTBO HMeeT MeCTO BO BCflKOM CJIyqae .rr.JIfl
60JIbIIIHX .rr.eHCTBHTeJIbHbIX p, HO TOr.rr.a H .rr.JIfl JII06bIX KOMIIJIeKCHbIX

p = A + if-t (A> 0), BCJIe.rr.CTBHe aHaJIHTHqHOCTH 06eHX <PYHKIJ:UH IIO P

npH <pHKCHpOBaHHOM X. .IT.JIfl 3a.rr.aHHoro. j <PYHKIJ:Hfl f-tPL (X) OIIpe.rr.e-
JIeHa H HenpepbIBHa (IIO x) B JII060H: TOqKe x, HMeIOIII.eH KOOp.rr.HHaTY

Xj =1= 0. 113 CKa3aHHOrO flCHO, qTO f-tpj (X) MOlKHO npO.rr.OJIlKHTb IIO

HenpepbIBHOCTIl B JII06yIO TOqKY X =1= 0, H TOr.rr.a

f-tp (X) = f-tPl (X) = ... = f-tpn (X) (X =1= 0). (I)

DpH 9TOM .rr.JIfl BeKTopa I;?: 0 CYIII.eCTByeT TaKoe 0'0> 0, qTO .rr.JIfl

a> 0'0 <PYHKIJ:Hfl f-t )(x) HeIIpepbIBHa H

(
IXj/-r;x (x>O),

I f-t )(x) I <: I III I xIII + 1 (x = 0),
1 (x < 0)

(
n

I +1
x=f -A,IX/I<I, p=A+if-t, A>O),

I f-t )(x) I <: e-
c

I X, I (I x, I> 1, C> 0).

(2)
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OrclO.n:a HeMe.II.JIeHHO C.T1e.n:YIOT Ou:eHKH

{
(t I Xj I?'t

1

(I) X C
\ I

I ,( ) I

;
In I x II + 1

I f-t )(x) I ce-c' I x I

(x> 0),

(X-O), Ixl<I,

(x < 0),

(Ix I> 1, 0'>0),

(3)

(4)

r.n:e nOJIOlKHTe.T1bHble KOHCTaHTbI C H C', BXO.n:flID:He B HepaBeHCTBa,

Henpepb1BHO 3aBHCflT OT p.

DpH 1=0 H3 9THX ou:eHOK C.T1e.n:yeT, lITO

f-tp (X) = f-t 0)(X) ea L == L (Rn).

B CaMOM .n:eJIe, npH X 0 9TO OlIeBH.n:HO, eCJIH lKe X> 0, TO

B CH.T1Y TOro, lITO '" > 0,
n

!.. !!..--I=!:>OX

I
r; X

H, CJIe.n:OBaTeJIbHO (rrOflCHeHHfl, KaK B 9.4.4),

S I f-tp (X) I dx-< S { I Xj I?}
-!

dx+ S e-c'lx1dx<
Ixi < 1 1 Ixl>!

n

-< S (  j)
-l

iI   ;X
-I

ds+ 1 -< j /  -2dp+ 1 < 1.
Iii < 13 1 1 0

 />
0

DYCTb Terrepb cp E S, TOr.n:a HMeeT CMbICJI (f-tp e; L)

(f-tp, cp) = f-tp (X) cp (X) dx ('" > 0). (5)

0603HalIHM lIepe3 f-t  (x) npaBYIO lIaCTh (3) 6e3 MHOlKHTeJUI

C = C (p). JIerKo BH.n:eTb B CHJIY MOHOTOHHhIX CBOH:CTB CPYHKD:HH x

(no ",) H HenpepbIBHocTH c (p) (no p), lITO .n:JIfl .T1I060ro Po = 1..0 +
+ if-to ("'0 > 0, I /-lo I < 1) HaH.n:eTcfl {j > 0 TaK, lITO eC.T1H I p - Po 1<
<{j (p=",+if-t, "'>0, 1f-tI<I), TO (c, c1>0)

I f-t l)(X) I Cf-t )-o.(x) E L (I X 1< 1),

I f-t )(x) I er cd -- I e L (I xl> 1),
(6)

r.n:e 0, Cl He 3aBHCflT OT YKa3aHHblX p. D09TOMY BhInOJIHfleTCH npHS-
HaK BeH:eprnpacca paBHOMepHOH: CXO.n:HMOCTH (JIOKaJIhHO no p)
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HHTerpa.T1a (5) H (/1p, <p) 3aBHCHT HeI1pepbIBHo OT KOMI1JIeKCHbIX

p (A, > 0). npOH3BO.D.Hafl OT <P/1p I10 P T8Kme HeI1pepbIBH8 I10 (p, x),
H .n:JIfl Hee HMeIOT MeCTO T8KHe me ou:eHKH, K8K (6) (CM. 9.4.6 (13)
H (20)). 9ro I10K83bIBaeT, qTO CPYHKU:Hfl (/1p, <p) .n;HcpcpepeHU:HpyeM8,
CJIe.n:OBaTeJ1bHO, aH8.T1HTHQH8 I10 p.

9.4,8, 11.nfl .T1I06bIX KOMITJIeKCHbIX p = A, + i/1 (A, > 0), 8 CJIe.n:OB8-

TeJIbHO, H .n;.T1fl P = 1 HMeeT MeCTO I1PH .n;OCT8TOQHO 60JlbillOM 0'

(rn (x - 0') < 1) p8BeHcTBo

A
p , r, cr

= /1p (x). (1)

B C8MOM .n;e.T1e, cpYHKU:HH

(Ap, r, cr, <p) H (/1p, <p) (<p E S)

8H8JIHTHQHbI ITO P (A. > 0) H COBI18.n:8IOT .n:JIH .n;eHcTBHTeJIbHbIX .n:OCT8-
TOQHO 60.T1bIIIHX p, I103TOMy OHH COBI18.n:8IOT .n:.T1H JII06bIX p, HO

T8Kme H .n:JIfl JII06bIX <p E S, QTO B.T1eQeT (1).
9.4.9. ApyrHe ou:eHKH aHH30TponHbix SI)1.ep. B HHmeCJIe.n:YIOIII.eH

JIeMMe ou:eHHB8IOTCfl p83HOCTH fl.n:p8 Gr B MeTpHKe Lp (Rn-l)' 8TH

ou:eHKH 6y.n;YT HCI10JIb30B8Hbl I1PH .n:OK838TeJIbCTBe TeopeM BJIOme-

HHfl. BBe.n:eM 0603H8QeHHfl:

X=(1'), C), 1')=(Xl' ..., Xn-l), XnS:Z '

JIeMM8*). llycmb r=(rh ..., rn»O, l<p<oo, U sa()a1iO

1iel{eJloe nOJlO:JfCUmeJlb1iOe ttUCJlO L maKoe, ttmo npu 1ieKOmOpOM j,
1 = 1, ...,

n - 1 8btnOJl1ifllOmCfl 1iepaJ3e1iCm8a (CM. 9.4, 9.4.1)

{
,n

}
I L. I I

l--<-<mlll 0'- ---
rn rj I rk rl

1
.

(1)

Toeoa

Id ;tIGr(1'),  )ld1') Clh\LI I-rnVn + -I), (2)
R n-I

roe S -l{eJlafl 'tacmb L, m. e. L = s + t, 0 1 < 1, S -l{eJloe.
11. ° K 888 T e.T1 b C T B o. He H8pyIll8H 06III.HOCTH, 6y.neM CQHTaTb

h>O, i=l, Gr=G H BBe.n:eM fl .n:pO

/ '\

Kv (t) = (1 + t2)-v/2 (- 00 < t < 00).

*) TI. 11. .n H 3 0 P K H H [12].
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BYAeM nHCaTb

G (I) = G (i, X2, ..., Xn),

LLG (I) = \IJ (i);

S-IO pa3HocTb C lIlarOM h OT CPYHKU:HH <P ( )6YAeM nOHHMaTb B CMbIC.T1e

Ah<P = <P ( +h) - <P ( ), Ak+
1

<P = AhAh<P'

M3 .l\aJIbHeH:lIlHX ou:eHOK 6YAeT BHAHO, qTO \IJ eCTb CYMMHpyeMaH
CPYHKU:HH OT i BO BCHKOM cJIyqae AJIH nOqTH Bcex X2' "', xn +1'

HMeeM

G (I) = KS+l (I - )'" ( )d ,

{
t t + (s + I) h OO

}Ah+IG(/)= + + Ah+IKs+l(/- )\IJ( ) =
-00 t t+(s+ I) h

= 11 + 12 + Ia, (3)
-" 00 00

I III dl 11jJ ( )I d I Ah+
1

Ks+z(1 - )1 dl
-00 6

OJ

1)1jJ IlL I Ah+
I

KS+l (I) I dl, L = L (- 00, 00).
o

Ho (rrOHCHeHHH HH}Ke)

ro OJ h h

(
S+ 1

)I Ah+
I
Ks+z(t) I dl = S dl ... I K S-tll) I + Ik I dl1 ... diSH <

o 0 0 0 I

OJ h h 00 m

./ dl r r dt1...dts+i ./ r dl pSdp .#'"

....... J'" J

(
5+1

)
1-(S+l)+5+1....... J U +p)2-1........

o 0 t+ tk 0

1

ch

-< ps+l-l dp -< hS+ z
,

o

Bo BTOpOM COOTHOlIleHlm (HepaBeHCTBe) rrpHMeHeHa (TpeTbH) ou:eHKa

8.1 (7), B TpeTbeM B npocTpaHcTBe ilt ..., ISH BBe,t(eHbI nO.T1HpHbie
s+ 1

(
'+ 1

)
'/1

KOOpAHHaTbI H yqTeHO, qTO Ik tZ ,B qeTBepTOM SaMe-

HeH nOpHAOK HHTerpHpOBaHHH.



UI MHTErPAJIbHOE nPE,n:CTABJIEHHE AHH30TPOnHbIX I\JIACCOB 347

I1HTerpaJI Is OlJ,eHl-IBaeTCH aHaJIOrHQHO:

II} I dt chs+111 'I' IlL (j= I, 3). (4)

LLaJIee

co co

I
t+(s+l)h

Ililal dt = Joo

dt   +I/(S+I(t - )'I' ( )d 

co _

E;;; 1'I'@\d; I  +lKS+I(t- )ldt,=,
-00  -(s+I) h

o

=II'I' L I  +I/(s+1 (t) I dt=
-(s+l)h

- 'I'I dt r ". {/(  I(t+ .ttk+h) --(!+I)h 10 0 1

- K s+I (t + * tk)} dt1 ... dts \
E:-;; 21 'I'  L(SY)h dt ...1 \ /( s I (t + .t tk ) I dt1 ... dts -<

-(s+l)h 0 0 I

s+1 h
ch P

 'I'IIL ps+L1dp 11::ll-l
o -(s+I) 

p

(s+l)h ch

r r pS -ldo
-< 'I'IIL J

dt
J I t+p i;-I

-(s+l)h 0

S+l
h+1ch P

21111' IlL S pH1-1 dp S V  1 <-
o 0

ch

< 11'1' IlL pS+I-I[( r + l]dp<II'I'ikhl+s. (5)
o

113 (3) - (5) CJIe,nyeT ITOCJIe ,nOITOJIHHTeJIbHOrO HHTerpHpoBaHHH
HepaBeHcTB ITO (XI, ..., Xn-l), 'ITO

f   ,hOr (1],  )I d1] < hs+l, II " -(s+/,) Or I d1]
Rn_l Rn_l

(s=o, I, ...; j= I, ..., n-I).
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BOCnOJIb30BaBllIHCb OlJ,eHKaMH 9.4.1 (2) (yqeCTb, qTO x =
I +S+ll

+
rl

11

+ 1- - 1 > 0) nOJIyqHM rl '

2

11-1 .l.._l

II ').,'1" d').,

)1x" _ (s+I,) Or I d1J <: d _1 <:
I In_I <:

Rn_1  />O '1Ix+ xiX  ,,,x+ ')."
I I

n-I

  -I
,,x

(' P II\,<: J 'x dp =
t' x J; n

+p n

p<;'nx

n-I

(
n-I

I I
, - , --x
" , 11, s+I, I

/--..!....t I '

+ t I I) -,,,(-+--1) .

"""'" ;'"x...
'" = 2 "'"

11-1

....!...--I
'Ix

P
I

n-I

(' ...!--2
dp + J pI',x dp<

 'nx<p

TIepBoe HepaBeHCTBO CJIeAyeT H3 nepBoro HepaBeHCTBa 9.4.1 (2)
(x> 0) H CHMMeTpHH ero npaBoR qaCTH, BO BTOpOM .rr.eJIaeTCH

no.rr.CTaHOBKa x?X = Ajt B TpeTbeM BBO.rr.flTCH nOJIHpHb1e Koop.rr.HHaTb1,
B nOCJIe.rr.HeM HMO yqeCTb, qTO

n-I

x- ..!... = s+11 +..!..._1 >0,
r, rl r1l

I

9.5. TeopeMbl BJIO}KeHHSI

9.5. J. T e 0 p e Map a 3 H bl X H 3 M e p e H Ii H. Cnpa8e8AU80
8AO:JICeHUe

L (R,,) B (Rm),

P=(Plo ..., Pm), pZ=rZx (i= 1, ..., m),

1 <p oo,B =H ,1  m<n,

(1)

(2)

n

x= 1-..!... ..!...>O,
Ii r,
m+1

flpH YCJIOBHH 2 p ooHMeeT MecTO L  B (CM. 9.3 (3»
H TeopeMa CJIe.rr.yeT H3 COOTBeTCTBYIOl.IJ,eH TeOpeMb1 .rr.JIH B-KJIaCCOB

(CM. 6.5). fl03TOMY CYl.IJ,eCTBeHHO .rr.OKa3atb ee .rr.JIH 1 < p < 2.

O.rr.HaKO rrpHBo.rr.HMoe HHLKe .rr.OKa3aTeJIbCTBO ro.rr.HTCH .rr.JIH Bcex
KOHeqHblX p.
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11. 0 K 8 3 8 T e J1 b C T B O. 11.0CT8TOtJHO rrpOBeCTH .n;OK838TeJIbCTBO
B CJIytJ8e m

= n - 1, rroToMY tJTO eCJIH m < n - 1, TO MOlKHO rrepeihH
OT n K n - 1, rrOJIb3YflCb BJIOlKeHHeM (1), 8 rrepexo.n; OT n - 1 K m

oCYl1I,eCTBHTb C rrOMOl1l,bIO cooTBeTcTBYIOl1I,eii TeopeMbl .n;JIfl B KJI8C-

COB (CM. 6.5). 3To B03MOlKHO BCJIe.n;CTBHe 1'p8H3HTHBHOCTH COOTHG-

llIeHHH (2) (CM. 7.1).
11.T8K, H8.n;O TOJIbKO .n;OKa3aTb BJIOlKeHHe

L (Rn) -+ B (Rn - l),

P == (PIt ..., Pn-l), PI = 'IX,

I
x= 1 -->0.

prn

(3)

(4)

(5)

11.MeeT MeCTO (CM. 9.3 (1»

L (Rn) -+ H (Rn) -+ ftt, (Rn-l) -+ Lp (Rn-v.
3To nOK83bIB8eT, tJTO rrpOH3BOJIbH8fl CPYHKIJ,Hfl f E L; (Rn) HMeeT

CJIe.n; g (x) = f l.Rn_1 H8 Rn-lt rrpHH8.n;JIe)K8l11,HH K Lp (Rn - 1) II BbmOJI-

HfleTCfl Hep8BeHCTBo

Ilg IILp(R n-l) C 11 f IlL (R n).
(6)

By.n:eM CtJHTaTb, tJTO Y=(Xh ..., Xn-l) ERn-It Z=Xn, H nYCTb
(K8K Bcer.n:a) i'h eCTb H81160JIbllIee IJ,eJIoe tJIICJIO, MeHbllIee PIt H

f E L (Rn). COrJIaCHO TeopeMe 9.2.2

(}Q'f r'
-=- E Lp (Rn),
ax?'

r.n:e

r' = x'r, x' = 1 _ PI
>0

rl

(Be.n:b PI < PI < '1), 11

II :lp 1 L '(Rn)  cllfIIL (Rn)'
TI03TOMY I1MeeT MecTO npe,n:CTaBJIeHl1e (1) = ('Y}l' .. " 'Y}n-l»

ap'f ('
--= =

J
Or' (y - 'Y), Z - ,) V ('Y), ,) d'Y} d'

axp'
(V E Lp (Rn» (7}

11

i
aD,f

iIlvlkp(R n)= P r'  cllnLr( R )aX
l

t
Lp (Rn) p n.

(8}
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nOJIO}KHM

w (y) = Gr' (y - 1],  )V (1],  )d1') d =
a(J'f

I (9)
axf' R n-i

(yqeCTb qeTHOCTb Gr')' n05lCHeHHe Toro_<paKTa, qTO <popMaJIbHaH
a(J'f

BaMeH3 Z = 0 B (7) npHBO,!l.HT K CJIe,!l.Y -= H3 Rm, 6Y,!l.eT C,!I.eJI3HO

axf'
B KOHue ,!I.OKa3aTeJIbCTBa.

nYCTb
A(y, Z)=M,hGr.(y, z)

eCTb BTOpa51 pa3HOCTb Gr
, C llIarOM h B HanpaBJIeHHH OCH Xl' Tor,a:a

/ \
 j:lhW= J . ) A (y -1'), ,) V (1'),  )d11 i d =

-OO\Rri_l /
00

- Joo (Rl_1

A (1'), ,) V (y -1'),  )d1')) d ,
OTKY,!I.a, npHMeH5I5I ,!I.Ba pa3a HepaBeHCTBO MHHKOBCKOro, I10JIyqHM

00

l  i'h,WIILp(Rn_I) J { dy l
A (1'), {;)v(y-1'),  )d1')I

P

}l/Pd  Rn_l Rn_l
00

d{; IA(1'),  )\d1')OIv(y-1'),  )IPdyY/P=
-00 Rn_l

00

= ) I(h, {;)llv(1'), ,) !ILp{Rn_l) d', (10)
-00

I (h,  )= I  i,hGr'(11, {;) I d1'). (11)
Rn_l

nOJIQ)KHM

al = PI
- PI

If 3aMeTHM, qTO

.!...+ ct 1

J,+ ct:= ( +ctl) = 'n '1
>1 (p>I),

'n '1 I_ P1 'n '1.  +ctl
'1 P'n ,)

I109TOMY MO)KHO Onpe,!l.eJIHTb 110 Y,!I.OBJIe]'BOp5lI0rqee HepaBeHCTBY
0< /1 < al H TaKOe, qTO

..!.+ >I.
r ,;
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B TaKOM CJIyqae B CHJIY 9.4.9 (2) )l.JIH Or' npH h-l+11' 11

I (h,  )-< I h J1+1t I III', (12)
I (h,  )-< I h /1. I III (13)

(3aMeHa B (13) a6COJIIOTHOH BeJII1qHHbI BTOpOH pa3HOCTH Ha npeBblIIIaIO-
1ll;yID ee CYMMY a6COJlIOTHbiX BeJIHqHH nepBbIX pa3HOCTeH), r,ll.e

= - r () + ; - 1 ) ,

, n I

 '= - r (-.;. + lrt l
_ 1 ) = - i.

'fj'1 '1

BBe.ll.eM em;e qHCJIa

"

a = ----':-- p (11 - (1) - 1 < - I,
"

" "

a
'
= ----':-- p (11 - a1 + 1) - 1 > - I, a

'
= a+ ---;. p,

'1

4ncJIa a, a',  , 'CBH3aHbl CJle.ll.YIOm;HMH COOTHOIIIeHHHMH:

a + p +p = - 1 -
,  lP+ r p= _ 1 _

'
n alP

+ rnp
(
\

1 - ) ....

" '1 '1

= -1 - 'na,p
+ rnP ( 1 - PI -(1

) = - 1 + rnp ( 1 _ 2!... ) =
= -1 +rnP (1- 1 +-.!.... ) =0,\ '"p

a' + p+pW =0.

HHJKe Mbl BocrroJlb3yeMc5I Hepa8eHcm8oM Xapau (<p (t) ;::: 0):

{ftU ( <p md ')Pdt }I/P= {fdt ( <P (tU)t +ldU)
P

} I/PE;;o l i<1 , 0 lul<1

\f <p (tu)P tu+p dt)
I/P

du = c ( f <p ( )PI S IU+p d )
I/P

t

I u I < I ..0
- co

I

du
c=

a+1 <00,
1+-o

u P

eCJlM a <- 1, 1 E;;p<oo.

LlOK33aTe.1bCTBO ero, T2KHM o6pa30M, CBeJlOCb K 3aMeHe rrepeMeH-

HOll == tu H 3aTeM K rrpHMeHeHHIO HepaBeHcTBa MHHKoBCKoro *).

*) CM. Xap,!\H; .nHTTJIBY H ilOJII:\8 [I].
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AH8JIOfHIIHO ,nOKa3bIBaeTCH HepaBeHCTBO

co co

\ ta ( qJ ( )d )
P
dt Cl qJ ( )PI la+p d ,

g Iwl>f -00

co

du
Cl >=

a+1 ' eCJIH a>-I,
1+-1

u P

1 <p<oo.

Tenepb HMeeM (nOJIaraH B TpeTbeM COOTHOIIIeHHH t = h'l/'n)
co 00

fliP E:2 (' h- I - pa, II w liP dh (' h- I - pa, dh x
bPt ( R )

J x,h Lp (Rn_l) J
XtP n -1 0 0

X f[  "+  ,,J I(h,  Hv(1], )"Lp(Rn_l)d }
P

<:
11,cl<h'/'n ICI>h'/'n
co

<: h- I - pa, dh

( ,
hl'l l II v (1],  )liL

p (Rn_l) d )
P
+

o ICI<h';/'n

+ ( ,hl,+II I 'llv(h,)IILp(Rn_l)d )P<:ICI>h';/'n
co

<: tUdt ( ICI 13 llv(1], )kp(Rn_l)d )P+o I C 1< f

00

+ \ ta' dt ( I 1 13
'

I) v (1],  )IILp (Rn_l) d )
P

<:
g I C I>f

co

<:J00

II v (1],  )Ilfp( Rn_1)
d = II v IIfp (Rn)"

TaK KaK B nOJIYlleHHOM HepaBeHCTBe Xl MOJKHO 3aMeHHTb Ha XI, TO

Mbi ,nOKa3aJIH (CM. eIII.e (8», liTO

 HQI -< " V  Lp(Rn)b
xlP (Rn)

(l= 1, ..., n-l),

OTKy,na (CM. eIII.e (6» npH Z = 0 HMe TMeCTO

 f(Y,z)IIB (Rn_l)-<llfIIL (Rn)' (14)

OHO, OlleBH,nHO, BepHO npH JIl060M Z, He 06H3aTeJIbHO paBHOM HYJIIO,
liTO ,nOKa3bIBaeTCH aHaJIOfHIIHO. 3THM ,lI.OKa3aHO (3).
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(PYHKIUHO f E L (Rn) !lIOIKHO 33T111C3Tb B B11)I,e

f (y, ?) = Gr (y -11, Z - )'A (11,  )d1} d .

II f IIJ.r ( R )
= II I, IlL ( R )

.

{J /I /' n

D03TOi\ry

f(y, ;+h)-f(y, z)=

= Gr(Y-1),Z-\;)[I..(I),  +h)-A{1},mdl]d 
II B CIIJ1Y (14)

I I or.
[f(y, z+/i)-f(y, <'n il -<

I,hr' l. ( R J)p !I-

<':llf(Y, z+h) f(Y,z)llnQ ( R )
< Ilf(y,z+h)-f(y, z)IIL' ( R )

==

p n P n

=IIA(I),  +h)-A(1), )!IL ( R )
_0 (h_O) (l.6;.p<oo).

{J /I

01',
:iTa rrOr,!13hIfJ!1CT, qTO ('cmr B - f(y, z) 3!1qmKcnpoBUTb Z, TO no-

oxr,
I

(Jr"
.T1Y'IIITCH (l,YIIJ([{II51 OT Y E Rn 1> 51RJJHlOrr affCH C.T1e)I,OM Ha nOk

o...r.
rrpOCTpaIlCTBe Xn = z.

9.5.2. 06 paT n a 51 T (' 0 P C Map 33 H hi X H 3 M e p e H H A.

nljClnb l:E; P < 00 tl 3a(Jmibl lLOJlO.JfC/lIJlfJlbflble 'l/lCIIa 'I (i = I, ..., n)
11 8CNI03JLO:JICflble (/(,Kln0Plil A, C f/fOtJ1pll/(anlfJlbHbl.ltU l{e.l/n>tllCAeHflbWU
I\OO(lrlllf/a/I WJIIt

1.= (1..1I/!1> ...
, 1,,,) ,

(LIH IWII/I>pIJIX

po..\=,. ( 1 -  - 
i, i..I'j p

/=01+1 /=01+1

(i = I, ..., m).

nljCl/lh ('1/((' KWfCr7(Ullj Bel,mOp!! A. flpllBeoeHa -'f! coomBemcmBue

rplJflKI(II'1

) = '(If. > 0
'1

(1)

-
- BQ(},)

Rfr(},) (ll) -- fJ)\ ) (x 1o ..., xm) t::: p (01)'

TOci'Ja .IIM/CItO flocnzpollmb (PYHKlfUIO f (x) = f (Xl> ..., xn) om n

fiepeAleNflblX, oUAaiJmOtl{ljlO cAeiJYIOU{UMIt cB(Jt/cm8aA/ u:

f EO:: L (Rn), (2)

IlflILr ( R )
 c llfP().) Q( ) , (3)

P n 1.. Br e m)

f( )1Rm = 't\}..) (u). (4)

1/. 12 C. 1\1, UUKOJIbCKHI
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l1. () K a 31] T E' J! beT DO. DOf\m!\eM, lITO B K3lfE'C'TR0 r  lOiKHO

R3f1Tb Y/Ke onpClI.CJlCHHY'O B 6.8 <PYIIKU,IHO

f = fo,), (5)
A.

r}.{e cYMMa pacnpoCTp:1HeHR Ha BceB03MO/KHbre 1I.0nycTHMblE' BCK-

TOpbl '" H

et:> n _:!1...
( \

1o,,)
= <r ",) [[ h ? 1'D)'t b '}'i x/). (6)

5=0 l=m+1

CYllI,eCTBE'HHO onleTIITb, lITO <PYHKIlH!I

q5 = <r ),)= g S 5 (s = 0, I, ...)

h'lx
. .... b'm

x

5

IleJlble 9KcnOHeHIlHaJlbHOrO THna b 'i
x

no Xi (j = 1, ..., m),
00

<r(A)
= <r(I..)

5=0

H

Ilfp(A) II Q(I..)
= ( bSpllqsll (lR »)

IIP

<00.

Ep (Rm) s=O P m

qTO KaCaeTC5I CPYHl<IlHl1 (PI.. (t), TO !IX MOLKHO ClIHTaTb paBHblMH
I

TI...(Ait)
WA

}
(t) =

J

t3 (7)

f'.iJ.C 7';. - COOTBeTCTBYIOlll.HM oopa30M no}.{oopaHHble TpilrOHoMeTprr-
I

4tCI\He II D.1J11II0Mbl H At- qrrCJla. TIpH 9TOM WI../ CYTb u,e.J1ble <PYHK-
W'II 91\cnO!leHII.H3.'1bIlOrO TIma 1. B OTm:llJrre OT 6.8, B 3HaMeHaTeJle

(7) nOCT313J1CHO f3 (BMeCTo t2), lJTO HecYllI,ecTBeHHo, 3aTO Tenepb
rpYHKIlHH <DA . BMeCTe co CBOHMH npoH3Bo}.{HbIM!1 nepBoro nOp5l}.{Ka

, .

npHHa}.{J1eLKaT K L = L (- 00, 00),
TOT <paKT, lJTO I E B (Rn) Ii BbInOJlH5IIOTC5I rpaHillJHble CBoHcTBa (4),

}.{OKa3aH B 6.8. OcTaeTcH .n.OKa3aTb CBoHcTBa (2), (3).
0603HalJHM lJepe3 Rn-l no.n.npocTpaHcTBo TOlJeK (Xl> ..., xn- 1).

CnpaBe.n.JIHBO HepaBeHcTBo (n05lCHeHil51 HHLKe)
I
Xi (_ ri/(1..J (X) IILp (Rn_l) =e;;;;;

.

S

(
n

'}.,. In-I 1

)_ 1_ -.L_. -

x ,.{...I r I' ,.

II II b m-t l I
m-tl

I
I ' (x )1=--=o qr Lp{Rm)

S 'Jl

.

0:= 2: t'sas/ p 11p (Xn) \, (8)
.
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r!l,e

I

As=llq,i!LI'(Rm)b<, o=b'n" (f/> I),

1 's(I) = (D (a'/) III»f i = I, ..., 11 - I, 1.J = 1.»,.,
,

4's (I) = a-',,' I_r
n

(I) (It't) npH i = 11, (v = <I)i ,

11

(9)

(10)

(11 )

Hop Ia H  teTplll\e Lp (R" 1) Kail(;J.oro 'I.nella pj[)l<.J (Ii) pasHa
npUlnBe;J.CHflHJ Lp-HOpM COMHOII-;rITCJICH, 113 KOTOpbIX Ull COCTOHT

(u COO1'BeTCTB)'IOW,IIX IrOJiJIpOCTpallC'l'ilax lIl'pl:'Ml'llllbIX, 0'1' J\OTOpbIX
3TH  IIiOiI(llTC.'III 3aHl!CH r). I Ipl! 3TOM lla;lo Y'I\'CTb, 41'0

11/\(-li)f{,I!L ( R ).<b,/xllqsIIL ( R ){I III p ffI
(i=I, ..., m; 1i=O, I, ...)

(c !.  .7),

II (
, \ I I

'

II
I, \

.
rv .!"u ( ,Iill, (_ ,) rD,. .b' Xi ii/ (R )

<: b 1.') b' Xu \,1.
(
R

)
'

t t. I J'
\

Y
l/' t tJ xl

II (& i l i '-,;,'.,, '

II'l',,' /J' Xi I/I'(p,[)
= r/I t (i = III + I, ..., n-I),

D.e Rx.-OCb Xi II Ci He 3aflf1CIIT OT 5=0, 1,2, ...

j

I I3 (8) CJle.n.yeT (1I0JICHCIlIlH IIIDl\\')

/ 'Y'i

)
lit.

I : I /
..

-

) Ii .F I
\ I \' , <.:" ' I '

)
[r J <I

t;(-'i) II) (-\'
"I.{' ([I" I)

---"

\.....:'';0 1"7'
/,0 ., (.11

I
(Y .

? .': /.' 1/1' ! " I \ '

II II
"

)
1/11

II II<." ( L. A,) =

i
)' I q.\ /

U (R)
= qJ(),) Q(U ,

S / \ -'
m Bp (Rm)

lITO .n.oKa3bIBaeT (2), (3). Ho B :lTHX COOTHOWeHUHX Ha.n.o 060CHO-

BaTb BTopoe HepaBeHcTBo.
OTMeTuM HepaBeHcTBa

I 'Ps (t) I < A,

I \jJs (I) ! <
as1 t I

(as I t I > I),

(12)

(13)

00

as I 'Ips (t) I dt < A,
-co

(I 4)

f.n.e KOHCTaHTa A He 3aBHCUT OT pH.n.OM CTOHW.UX MHOLKUTeJlell.

B cJlYlIae (10) 3TH HepaBeHCTBa HeMe.n.JleHHO CJle.n.YIOT U3 TOro, 4TO

cD (t) eCTb I1.e.naH <PYHKI1.UH, rrpe.n.CTaBUJaH B Bu.n.e (7). B cJIYlIae LKe

(I I) 3TO Tpe6yeT rroHcHeHull. <I>YHKI1.HH cD (t) I1.eJIaH 3KCIIOHeHI1.UaJIb-

1/2 12"
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HOro nma I, 11 PItIW,LVIC}I\ltT I( L Bl\ll'CTC co CBOE'll IJ pOll380Jllluft,

n09ToMY ee lIpeoopa30BaHl1e c{JYPbC V2Jt P (x) ItMt'('T IICIlpCpWW)'IO
npOII3BO,l1.HYIO I1I\OMllaKTHbli'lliocIITe.rlb Ha (-I, +1).

TaKItM oopa30M,  t(I)=J.t(-I)=O II, CJIeJiot aT(,.rJl>HU (r=r,,),

+1

cD (t)=  t(A)ei).,!dA, (1;»
-I

+1 0'

tI' (aEt) =  (A)elf.o' 1dA = US  I(a's) ei';,J d ,
-1 _as

I
a'

lIt (-r) «JI (Q t)I = W' (l +  2)'/2p (a-S £) ei td =
_ as

(IS

-= a;s S [ l'(u:s )a-S(1+  )'/2+,.(I+ 2)'/2-I ,,(a' )]ei td -<
- a'

a- a!f'-lJ oS

<: Itr a
E (a'afS + a(r 2) Sa') = 2

171
,

Mb! .L1.0Ka3aJIH (13) (CM. (J 1)). D.a.1Jee, eCJIH Y1IeC1'b, 111'0 cD-(a.'t)-
Ll,emill THna as, nOJIYlIHM

I 'i's (t) I ,.,;; a-
r
n
S

a'lt
s

max I cD (ast) I < A,

I 'i's (t).\ dt a-'n' a'ns

I cD (ast) I dt < Aa-s
.

T. e. (12) H (14),
Tenepb HM€E'M

a'

I AsQ,/r'\P, (y) r dy < '\1 +.\2 +.\a, (16)

r.L1.e

Al = at I  's'7'!r1J-'s (y) I
p

dy,

.

m=O 0-"'-1 ., =0

A 2
= i: o( I s ;.,0'1I'111

s iff) i
t'

,ly.
m=-:0ll m-l ..:.-mfl

cc

I
C':>

I
I'

A8 = Asa,j' 15(y) dy.
I . =u
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Ho (CM. (12), + = 1)
00

(
m S (I - e) se

)
p

AI< a-m 'Asa-r-ap
m=O s=O

00 m

(
m seq\p/q 00 m

..;; m oa-
m

s o'A as
(I-e)

s oap--) m oa-
m

s o'A as(J
-e)

a
me
=

00 00 00 00

= 'A aS(I-e) a-m(l-e) < 'A as(l-e)aS(e-l)= 'A 
s=o m=s s=o 0

(npH p = 1 TpeTHH tmeH B onOH u.enH MOJKHO onYCTHTb).
LLaJIee (CM. (14), n05ICHeHH5I HHJKe)

00 a
-m

A2 
m= 0 a-m-1 s=m+1

00 a
-m

'A as
a-m

-

1

00 00

'A as I 'Ps (y) I
s=m+1

I 'Ps (y) IP-l dy <

00

< 
m=O s=m+1

00 s a -m

I 'Ps (y) I dy = 'A as
S = 0 m = 0

a
-m-l

l'Ps I dy=

00 1 =

-= 'A as I 'Ps I dy < 'A ,
s=o 0 s=o

nOTOMY lITO (CM. 13»
= 00

! l'Ps (y) 1< Th ! a-s < ama-m
-l < 1

=m+1 s=m+1

HaKoHeu. (CM. (14»,

As r s o/!sas

I 'Ps (y) I ( oI 'Ps (y) I r-
l

dy <

= 00

< J" as ! 'Ps I dy < J" ,
5=0 1 s

(a-
m-l
< y). (17)

nOTOMY lITO

00 00

I 'Ps (y) I = I 'Po (y) I + I 'Ps (y) I < 1 (1 y < 00)
5=0 1

(CM. (12) H (17) npH m = 0).
MbI ,lI,OKa3a.T1H, lITO HHTerpaJI (16) He npeBbIlliaeT  'A .TIo,ll,06-

HbIH cpaKT aHa.T10m1IHO ,lI,OKa3bIBaeTCH H ,lI,.T1H Toro JKe HHTerpaJIa,
pacnpocTpaHeHHoro Ha {- 00 <y < O}.

12 C. M. HHKOJIbCKHI!
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9.5.3. ECJ1If CtHl:TaTb, KaK MbI YCJIOBH.T1HCb, B = H ,TO TeOpeMa
H3 9.5.2 npH p = 00 nepecTaeT 6bITb BepHoiL B caMOM ,D;eJIe, npo-
H3BOJIbHaH  YHKQHH

f(x, Y)EW 1(R2)=L I(R2)c::H 1(R2)clf;;a(R2)'O<a<l,

paBHoMepHo HenpepbIBHa (nocJIe Ha,D;JIeJKarn.ero BH,lI,OH3MeHeHHH ee

Ha MHOJKeCTBe n.T10CKOH MepbI HYJIb). OHa Y,D;OBJIeTBOpHeT Ha Rg ,

n03TOMY H Ha OCH Rl> YCJIOBHIO JIHnUlHQa CTeneHII 1. O,lI,HaKo Ha

OCH R1 MOJKHO Orrpe,lI,eJIHTb  YHKQHIO <P (Xl) E H (R1), He Y,lI,OB.T1eT-

BOpHIOrn.yIO YC.T10BHIO JIHnUlHQa (,lI,aJKe HHr,lI,e He ,lI,HqxpepeHQHpyeMYIO,
CM. 3aMeqaHHe K 5.6.2 - 5.6.3). Ilo3ToMY He cyw.eCTByeT  YHKQHH

f (Xl> X2) E W;;
1

(R2) , KoropaH npO,D;OJIJKaJIa 6bI <P C R1 Ha Rg.
9.5.4 *). 113 9.5.1 H 9.5.2, KaK CJI e,lI,CTBHe , MOJKHO nOJIYQHTb

TeopeMbI BJIOJKeHIIH:

B; (Rn) B (Rm), (1)
n

r,lI,e p = xr, % = 1 _...!.. J.... > 0, 1< p < 00. B caMOM ,lI,e.'1e (nOfIc-
p "'" rl
m+l

HeHHH HmKe) ,

B' (R ) --+Lx;,...'-x."n+I (R ) _ BX;'I'....Xl
'm

(R ) =BQ (R ) (2)
p n p n+ I p m pm,

f,lI,e

I

%1= 1-->0,
prn+I

n

I

1:
Xl I

'1'..2= I--
p

- - -='1'..1%;
rl prn+I

m+1

PI Pm ''''+1 'n

BQ
(R ) L

x. '...'X;'----x;-,.... x; 'n+1
(R ) B

r

(R )p m,
-+

p n+ 1
--+

P n'

IlepBOe B.T10JKeHlIe B (2), TaK JKe KaK B (3), C.T1e,lI,yeT 1I3

a BTopoe B (2) H (3) - H3 9.5.1.

(3)

9.5.2,

9.6. TeOpel\18 BJlOlKeHHSI c npC,lI,eJIbHbIM nOKa3aTeJleM

9.6.1. JI e M M a. IlycTb g E Lq' (Rm), f E Lp (Rn),
I I I I

.1 <m<n, I <p<q<oo, - + -,= 1, - + -,= I,.

p p q q

I n '- 1/2

X=(Xl, ..., Xn) ERn' r(s) ( I£j 1
2/ XI), %j>O,

n m

S = (£1> ..., £n), A = + 1: XI ++ 1: %j.
I 1

(1)

*) 3'1'0 3aMeqaHHe npHHaAJIeIKHT B. 11. BypeHKoBY.
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Tocoa CnpaBeoAuBo HepaBeHcmBo *)

I Jm dXl g;:)(  )y y\ Cilfl[Lp(Rn)llgIILq'(Rm)' (2)

eoe c He 3aBUCUm om t, g U (Xm + 1 , ..., Xn) ERn om, U3 Komopoeo
cAeoyem, £f.mo

II r   )  )II  cllt"Lp(Rn)' (3)
n Lq(Rm)

.D: 0 K a 3 aTe.T1 b C T B O. B O}.{HOMepHOM c.T1yqae (n = m = 1, Xl = 1)
(2) eCTb HepaBeHCTBo Xap}.{H - JIIITT.T1By}.{a

co co

r l' g(;;)f(Tj)d;;df]
 cilt:I' flgll (4)J J ..;.+J.. Lp(R1) Lq'(Rl)'

-co-co

1;;-1JIP q

MbI He 6y}.{eM ero }.{oKa3bIBaTb 3}.{eCb **). TOT <paKT, qro H3 (2) CJle-

}.{yeT (3), eCTb TeopeMa <P. PHca (CM. DaHax [1]), r.T1aC51 a51, qro

eCAU u3Mepu.ttafl Ha Rm CPYH/\.LfUfl F maKOBa, £f.mo uHmecpaA JIe6eea

Fg dx

Rm

cyw,ecmByem OAfl A106ou g E Lq' (R m), mo
.

FELq(Rm)

liF I!Lq(Rm) = sup Fgdx.
II gILq,(Rm) 1 Rm

Ou.eHHBaeMbIH: HHTerpa.T1 3anllUleM B BH}.{e

[= g(x) dx S dY
'

[ f(Y :Y"] , (5)
Rm Rm Rn_m

Y'=(Yl' ..., Ym), y"=(Ym+b ..., Yn)' K HHTerpaJlY, croH eMY
B CKOOKax, npHMeHHM HepaBeHCTBO fe.T1b}.{epa

1[' ] I (R)_m I t (y) i P dY")
lip

(Rn m! ':fP'
= P (y') Q (y').

*) Xapl1H I! .nHTTJIBYI1 [I], c.1Y1JaH n=m=l; B. TI. I1JJbHH [9},
06IUHH cJIv1Jaii.

**) .r1oKa3aTeJIbCTBO HMeeTCH B KHHre X a P.l!. H, JI H r T JJ B Y.It a H TI 0 JJ H a

II], crp. 346.

12*
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Ho (nOSlCHeHHSI HIDKe)

ct' =
dYm+l '" dYn

=

Rn_m

{
n

}
1/2 ( f xj+e)

H2+ JYt 12/Xt m+l

m+l

I dUm+! ... dUn
-==

He

Rn m
1/2 ( t X

j+
e)

'

-

{1+ I UJ[2/XJ }
m+1

m+1

c
=

He
==

c c

' (
I I

)
'

{
on

}
p j?+q-

.IT i xf-Yjl
J=I

m

p'" (
I I \

2'L..JXt T7
+

Ii)

{ .Xi_ Yi

2/ Xf}
1

BbIllie HCIlOJIb30BaHbI CJle.n.YIO He 0603HaqeHHSI:

H2 = { IXj _ Yj j2/Xt},
n m m

e='Ap' - ! Xj !Xj+ P; !Xj>O.
m+l 1 1

Bo BTOpOM paBeHCTBe BBe.n.eHa nO.n.CTaHOBKa

YJ
UJ
'=- (j=1, "'J m-l);

HXj

HHTerpaJI B TpeTbeM qJIeHe 0603HaqeH qepe3 C; KOHeqHOCTb ero Ha

e.zI.HHHqHOH: c4>epe Rn-m OqeBH.n.Ha, BHe JKe ee, eCJIH nOJlOJKHTb uJlXJ = 6j,
OrpaHHqHBaSiCb nOJIOJKHTeJIbHbIMH Uj1 H BBeCTH .n.JISI S = (Sm+1' . ..

,  n)
nOJISlpHble Koop.n.HHaTbl, TO COOTBeTCTBYIOIII.Hl1 HHTerpaJI ou.eHHBaeTCSI

CJIe.n.YJO HM 06pa30M:

J
n xI

- I
.

II E/ d oa
e

on + I

In' . -< p

- 1
-"2 dp < 00

n

)
1/2 (m 1 xj+e) tI

Ii I> 13 > 0
I  J
\n;+1

(e > 0).
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TIOCJIe.nHee HepaBeHCTBO nOJIYllaeTCSI H3 OlleBH.nHbIX HepaBeHcTB
(Ii -I Xi - Vi I )

iJ -=  ;i- <.; (t ':/ 8)
H/2

(j = 1, ..., m),
s 1

KOTopbIe OCTaeTCH nepeMHO)KHTb H B03BeCTH B CTeneHb p' (,Jr + ) 
CJIe.noB aTeJ1bHO,

<JO <JO

I I I -< r r dXl dYt
J J .!..+.!.

-00-00

[XI-YIIP
'

q

00 00

I g (x) I P

1. ).!.dXm dYm,

.-oo-oo/xm-Ym/ P
'

q

OTKy.na CJIe.nyeT (2) IIYTeM nOCJIe.nOBaTeJIbHOrO m-KpaTHoro npHMe.
HeHHSI o.nHOMepHoro HepaBeHCTBa (4).

9.6.2. 0606w.eHHe TeopeMbI BJ10JKeHHSI C060J1eBa *).
T eo peM a. npu YCA08UflX 1 < p < q< 00, 1 m n,

r=(rto ..., fn);:::O,

m n

X = 1 - ( - -'- ) J... - -'- J...;::: 0 (1)
p q  'J p 'J

1 m+l

UMeem Mecmo 8AO:J/CeHue

L (Rn) -+ L (Rm), (2)

P=(Ph ..., Pm), PJ=XfJ (j=I, ..., m).

.a 0 K a 3 aTe JI b C T B O. By.neM 0603HaQaTb Qepe3 I-r OilepaIJ.H10,
06paTHYlO K Ir (r;::: 0, 10 - e.nHHHQHbIH oilepaTOp), H YIITeM, liTO

OilepaUHH Ir, Ir" I-r, I-r' KOMMYTaTHBHbI. TIYCTb feL;(Rn)
(r> 0), Tor.na

f = Irg (g E Lp (Rn»

H, CJIe.nOBaTeJIbHO,

f= IQIr(l-x)h,

r.ne

h = LQLr(l-x/rg,  hIILp(Rn) C Ilg IILp (Rn)'
nOTOMY liTO <PYHKUHH

{
m rIX

}
O

{
n rj(l-x)

}
o

{
n

}
-a

(1 +uj)2a (I +uj)"2iJ t: (I +UJr/20

*) CM. 3aMeqaHHH K 6.1 H 9.6.2.
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ecTb MHO}KIfTeJIb MapUIfHKeBIfqa (CM. 1.5.5, IIpIfMep 12 If 3aMeqa-

RIfe B KOHue 1.5.5). HTaK,

f = JQU'

U = G(I-X)' (x -y) h (y) dy

(3)

(4)

H IIpIf .n:OCTaTOqHO 60.T1b1ll0M 3HaqeHIfIf IIapal\leTpa (J BbIIIO.T1HHlOTCH

HepaBeHcTBa

1 (
n

)
' - 1

n ,,(I-X) r (i-x) -1

I G(l-X)' (x)j« I Xi! 5=1
s }

l 1 J

1 (
n

)
'-1

(
n

)n 'J   -l+X n -1/2 r -I+x
=t IXil

5=1
s

J <{ IXi[2ri} 5=1 =r(x)-".

(5)

3.n:eCb Ha,n:O HMeTb B BIf.n:y, qTO % < 1 If.

n n m

!
1 1

!
11

!
1

A= --1+%=, -+- -,
rs p r, q r,

5=1 1 1

(6)

If MO)1{HO IIpmv!eHHTb OIJ.eHKY (IIepBYlO) 9.4.1 (2). B IIOCJIe.n:HeM

HepaBeHcTBe MbI IIpIfMeHIfJIIf 06bIqHYlO Ol(eHKY (   )I/f3c  i'r.n:e

C = Cn
- KOHcTaHTa).

y!3 (4), (5), (6) B CHJIY .T1eMMbl H39.6.1 (CM. cpOPMYJIY 9.6.1 (3),
r.n:e Ha.n:o CqHTaTb xi

= l/'j)' IIO,'Iyql1:\!

Ii II IL (R )
C ,I h;L (R )

.

q m {J n

Ho TOr.n:a H3 (3) CJIe.n:yeT, qTO f E Lq (Rm) IIPH .T1106bIX cpHKcHpoBaH-
HbIX xm+I' ...,

Xn H

Ilf IIL (Rm)
= II U liLq(Rm) C2 II hIILp(Rn) c31IgIILp(Rn)

= c311f IIL (Rn)'
H TeopeMa .n:OKa3aHa.

9.6.3 *). H3 9.6.2, eC.'IH IIpHHHTlJ BO BHHMaHHe TeopeMbl H3

9.5.1 H 9,5.2, l\IOlKI!O KaK C.T1e.n:CTB!:Ie IIO,1yqHTb aHaJIOrHqHYlO TeopeMY
)l.JIH IIpoCTpaHcTB B:

.

B; (Rn) -B (Rm)

*) 31'0 3aMe'laHHe npHHa,!lJIeJKHT B. H BypeHKoBY,

(1)
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IIPH yCJIOBHHX I <p<q<oo, 1  m n,r>O, p=xr, x>O
(x CM. 9.6.2 (I». B caMOM ,n:eJIe (IIoHcHeHHH HH)Ke),

'1 '
n

B (Rn) -+ L "
..'.,

Xt
'
n+1' 'n+g(Rn+2)-+

x. X,X, K,X,

-+ L ''1'
... ,

x,
'
n'

X
2
'
n+l

(R ) -+ B"""X;" 'I' ...,"""X;"'m
(R ) _ B 9(R )q

n+1
q m

-

q m, (2)

r,n:e rn+II rn+2 > 0 BbIOpaHbI HaCTOJIbKO OOJIblllHMH, I1TO

1

(
I I

)x1=1-- -+- >0,
p rn+l rn+2

(
n

)
I I )(1 I I

X2=1- (---) V_+_ -->0.
p q "'" r} rn +! pfnH

1

npH 3TOM

X3=I- ( V + ) =
XXI

.

q "'" X2'I X2'n+I X2

m+1

BJIO)KeHHH (2) IIOCJIe,n:OBaTeJIbHO CJIe,n:YlOT H3 9.5.2, 9.6.2, 9.5.1.

9.7. He3KBHBaJ1eHTHOCTb KJIaCCOB B; H L 

B 3aKJIlOIIeHHe IIOKIDKeM, I1TO KJIaCCbI B H L IIPH 1 P < 00,
P =I=- 2, He 9KBHBaJIeHTHbI (CYIIJ,eCTBeHHO pa3JIHIIHbI). OrpaHHIIHMCH
paCCMOTpeHHeM o,n:HOMepHoro CJIYIlaH.

nYCTb CHaIlaJIa 1 < p < 00. PaccMoTpHM IIOCJIe,n:OBaTeJIbHOCTb

<PYHKUHH
N N

VA V
[

k sint

([)N (t) = "'" <Pk (t) = x
"'"

cos (2 + 1) t]
IJ 0

(N = 1, 2, . ..),

<Pk (t) = {
I (2k < I t I < 2k + 2),

o ,n:JIH OCTaJIbHbIX t

(CM. 1.5.7 (10».
3aMeTHM, I1TO IIPH 1 < p <00

00 00

r A

d r I
sin t

I
p

j I <Pk (t) IP t <:. j
dt = A < 00,

-00 -00

(1)

00 11/2

I  k(t) IP dt:> I cas (2k + 1) t jP dt > B> 0
- 00 11/3

(2)



864 JIMYBMJIJIEBCI\ME I\JIACCbl rrJI. 9

(Ha (1&/2, :rc/3) <PYHKU,IUI I i-I sin i I OrpaHHtIeHa CHHSY IIOJIO}KHTeJIbHOit
 ciHcTaHTo1t), r,ne B He 3aBHCHT aT k.

OtIeBH,nHO (CM. 1.5.6.1?,
r-'\. /-'\.

Ph (<DN) = (I)A/bN = <Ph (i), Ah = {2k I i I 2k+1}

H HMeeT MeCTO

I! (
N

A

) 1/21l<DN lip <: I
<P 

I
<: II <DN lip, (3)

r,ne Bxo)J.Hm.He B HepaBeHCTBa KOHCTaHTbI 3)J.eCb H HH}Ke He aaBH-

CHT aT N.

113 IIepBoro HepaBeHcTBa (3) CJIe)J.yeT

i<DN «IWi' I . 
'

I'dl)'" <Nil'. (4)

,U.a.nee H3 BToporo HepaBeHcTBa (3) IIPH 20;;;;;; P < 00 (CM. 3.3.3)
CJIe)J.yeT

II (
N

\
lip '

I (
00 N

)
I/P

 <DNllp>- I  kIP)
I

I
= I  kIP di > (NB)I/P >- N1/p (5)

o I,p - 00 0 ,

H npH 1 < p 2 C nOMOJ..u,blO oooom.eHHoro HepaBeHcTBa MHHKOB-
2

CKoro 1.3.2 (1) c nOKa3aTeJIeM (X=- 1
p

j (DN II; >- II (  k)I/21J:= -L (  kr/2di 

{
N

}
P/2

I
N

)
P/2

;;?; ( I  k!P diflP :> \
B

2/p == BNP/2
.

113 (4), (5), (6) CJIe)J.yeT, tITO

Nl/2J<:II<DNllp <:Nl/2 (1 <p< 00).

C )J.pyrofl CropOHbI (CM. 8.9. (5», B CHJIY (I), (2) BeJIHtIHHa

II<DNIIBg=C } kl )I/P Nl/p,

(6)

(7)

(8)

T. e. HMeeT cTporo nopH)J.oK NJlp.
MbI BH)J.HM, tITO nopH)J.KH BeJIHtIHH (7) H (8) IIPH P =I=- 2 pa3-

JIHtIHbI. ;:no IIOKa3bIBaeT, tIro HYJIeBble KJIaCCbI L = Lp H B ,a CJIe-

)J.oBaTeJIbHO, H KJIaCCbI L; H B; IIPH JIlOOOM' He 3KBHBaJIeHTHbl.
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C rrOM01ll.blO <PYHKUIfii ([)N aHaJlOIIIfIlHO ,n:OKa3bIBaeTCfl, tlTO If rrpH

JI1000M a =I=- 2 KJlacC B GHe :9KBIfBaJIeHTeH Lp (CM. O. B. BecoB [5],
{{OTOPOMY rrpIfHa,I\JIe)1{lfT rrpIfBe,n:eHHoe BbIll1e paccY)1{,n:eHIfe). Up})
e """ 2, rp =I=- 2 TaK)Ke IfMeeT MecTO He3KBIfBaJIeHTHOCTb, o,n:HaKO 61th
,n:oKa3bIBaeTCH If HaIle (CM. K. K. rOJlOBKIfH [1]).

TIepexo,n:IfM K CJIYIIalO p = 1. O,n:HoMepHoe H,n:pO BaJIJIe-UycceH8
(CM. 8.6 (5), (10), (11))

VN (t) ="*-  osNt 2cOS
2Nt

IfMeeT llpeoopa30BaHIfe <PYPbe VN = -V .!-tAr (t), r,n:e

1
1 <I t 1< N),

!-t1:.r (t) = N

O

I
(2N - t) (N < I t I < 2N),

(2N < I t I).

ECJIIf k If N-HaTypaJlbHble I1IfCJIa If k=l=-N, TO

!-t;k (t) !-t N(t) = !-t l(t), I = mill (k, N).

U03TOMY k-H cYMMa BaJIJIe-UycceHa <PYHKLI,HIf V
2N paBHa

(2 --. ;2 ";:--\..

CJ2k(V2N)=} n(V2k*V2N) = V nV2kV2N= V
2
k (k<N),

CJ2k(V2N)
= V2N (k>N)

If pa3JIO)1{eHHe V
2N

B pH,n: llO CYMMaM BaJIJIe-UycceHa IfMeeT BIf,l{

N-I

V2N
= V

20+ (V2k
- V

2k-l)+(CJ2N
- V2N-J)+(V2N - CJ

2N),
J

r,n:e \N = CJ2N(V2N). OTClO,n:a

N:-J

II V2N IIBO IIV20 llL + IIV2k- V
2k-l!k __00 (N -- (0),

1
k= J

llOTOMY I1TO (llOCJIe 3aMeHbI llepeMeHHoii u=2k - 1
t)

II V - V _ II =
\ I

cos 2u - cos 4u
_

cos u- cos 2u

I d . > 0
2k 2

k 1 L J 2u2 u2
U -- 0 .

r,n:e C He 3aBIfCHT OT k = 1, 2 ... C ,n:pyroii CTOpOHbI, HopMa

II V II
- \ Icosu-cos2u! d - <2N L
-

J u2
U - 01 00

orpaHIfIleHa. 3T0 llOKa3bIBaeT, I1TO BJIO)KeRlfe B -- L Heoopa,TlfMO.



r.nABA 10

TEOPEMbl BJlO)l(EHHSI )J.J1S1 BECOBblX KJlACCOB

10.1. BBe)l.eHHe

MbI 6y.n:eM paCCMaTpHBaTb CPYHKUHH, 3a.n:aHHbIe Ha OrpaHHqeHHOH
06JIaCTH Q eRn C rJIa.n:KoH (n - 1)-MepHoH rpaHHueH r, T. e. r

eCTb OrpaHHqeHHOe 3aMKHYToe .n:H<P<PepeHUHpyeMoe MHoro06pa3He (CM.,
HanpHMep, KHHry HHKOJIbCKOrO [19], TOM II, rJI. 17, HJIH KHHry
O. B. 5ecoBa, B. n. I1JIbHHa, C. M. HHKOJIbCKOrO [I], 22).

MbI e1Ue 6y.n:eM nHcaTb r E C(l) B 3HaK TOro, qTO r onHCbIBaeTCH

(JIOKaJIbHo) HenpepbIBHO .n:HqxpepeHUHpyeMbIMH CPYHKUHHMH. ECJIH
Ha caMOM .n:e.ne OHH HenpepbIBHO .n:HqxpepeHUHpyeMbI I pa3, TO 6y.n:eM
nHCaTb r E Gll).

nYCTb r, p, a - .n:eHCTBHTeJIbHbIe qHCJIa, npHqeM r HaTypaJIbHOe

(r = 1, 2, .. .), 1 P 00. TaKHM 06pa30M, MO)l(eT 6bITb p
= 00.

0603HaQHM Qepe3

W CG(Q) = W CG

",/laCC CPYHKUHR f, onpe.n:eJIeHHbIX Ha Q, C KOHeqHOH HOpMOR

I] f Ilwr (Q)
= II f ilL (Q) + II f I!wr (Q)'pCG P pCG

II fIILp(Q) = ( I f (x) IP dxfP (I p  oo),

II
f(k) (x)

I"II f Ilwr (Q)
=

p(x)a L (Q)'pCG
I k I =r

p

(I)

(2)

(3)

r.n:e CYMMa pacnpOCTpaHeHa Ha BceB03MO)l(HbIe qaCTHbIe npOH3Bo.n:HbIe

01 k If
f(k) (x) = k k '

aXil... ax
n
n

n

Ikl =  >J>
I

OT f nOpH,!I.Ka r, a p (x) - paCCTOHHHe OT TOQKH X E Q .n:o r,



10.1] BBE,n:EHME 367

Uplf P = 00 JIeBaH If rrpaBaH (!) 'IaCTlf (2) rrOHlfMalOTCH KaK

IlfilL (Q)=supvrailf(x)[.00 XEQ

KJIacc W CG(Q) eCTb 6aHaxoBo rrpocTpaHcTBo C YKa3aHHoH HOp-
MOll, rrplf a; = 0 3TO rrpOCTpaHCTBO C060JIeBa W (Q) (W o= W;).

LLeJIb 3TOH rJIaBbI ,n:OKa3aTb CJIe,n:YlOIII.lfe YTBep)1{,n:eHlfH 1) - 6).
1)

W CG(Q) W; l(Q) (4)

npu
I

a;/<p' a;/ a;+l,rEClI), O l r.

2) EeAu
o < r+ a; < r, r E C(l), (5)

mo

W a(Q) B +CG(Q). (6)
31'0 BJIO)1{eHlfe BepHo H rrplf a; = 0, eCJIH 2 p 00. LI:JIH Q = Rn

3TO eCTb BJIOJReHlfe 9.3 (1). 113 HerO CJIe,n:yeT (6) ,n:JIH OrpaHH'IeH"
HOR 06JIacTlf Q C rJIa,n:KoH (,n:a)Ke JIlfrrllllflLeBoH) (n - 1 )-MepHoR rpa-

HlfILeR, rrOTOMY 'ITO B 3TOM cJIY'Iae <PYHKILlflf f E W (Q), B (Q)
MO)1{HO rrpo,n:OJI)1{lfTb 3a rrpe,n:eJIbI Q Ha Rn C coxpaHeHlfeM KJIaCCa,
T. e. ,n:JIH Ka)1{,n:oH TaKOR <PYHKILH H f MO)1{HO YKa3aTb (rrpo,n:oJI-
)1{alOll1.YlO f) <PYHKILHlO f, rrplfHa,n:JIe)1{aIII.YlO COOTBeTCTBeHHO K W (Rn),
B (Rn), TaK, 'ITO f (x) = f (x) Ha Q If

1fllw r (R )  e f"wr(Q)'p n p

IIf IIBr (R )
e IlnBr (Q) ,

p n p

COOTBeTCTBeHHO, r,n:e e He 3aBlfCHT OT f (CM. 3aMe'IaHlfH K 4.3.6).
UYCTb Terrepb

I
O<r+a;--<r

p

1
lfso-HalfMeHblllee HaTypaJIbHOe 'IHCJIO, He MeHbllleer+a;--, T. e.

p

1 I
r + a; -

p So < r+ a; -

p +
1 . (8)

ECJIlf HapH,n:y C (5) BhIrrOJIHHeTCH (7) If r E C(so+ 1) (rrplf p = 1
If r + a; - 1 = So, r E C(so + 1 + E), E > 0), TO BJIO)1{eHHe (6) MO)1{HO

rrpo,n:OJI)1{HTb:

(7)

W CG(Q) B +a(Q) B +CG-I/p(f), (9)
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KaK 3TO C.T1e)J.yeT H3 TeOpeM BJIO)l(eHlf51 )J.JI51 KJIaCCOB B (CM. KHlfry
O. B. 5eCOBa, B. n. I1.T1blfHa, C. M. HlfKO.T1bCKOrO [1], 24).

O)J.HaKo BepHO TaK)I(e CJIe)J.ylOm.ee YTBep)l()J.eHlfe.
3) ECAU ebtnOAH.RlOmCR H.epaeeH.cmea (7) U (8) U

fEOso+1+e), (10)
mo

r r+CG-..!....
Wprx (Q) Bp p (f). (11)

TaKlfM oopa30M, )J.JI51 crrpaBe)J.JIlfBOCTlf BJIO)l(eHlf51 (11) TpeoyeTcH
BblITOJIHeHlfe (7), HO He o0513aTe.T1bHO (5).

Ha caMOM )J.eJIe lf3 (7) If (10) CJIe)J.yeT oOJIee oom.ee YTBep)l(){e-
Hlfe: eCAU CPYH.KI1UR f E W CG(Q), mo OHa UMeem CAeObl (epaH.UIi.H.bte
CPYH.KI1UU)

1

i)Sf I
r+CG---s

8nS r=q>sEBp p (f) (8=0,1, ..., so-I) (12)

U 8btnOAH.RlOmCR H.epa8eH.Cm8a

 q>s r+CG--L-s os;;;;c fllw CG(g) (s=O, 1, ..., so-I), (13)

Bp
p

(l')

eae C H.e saeucum om f.
4) H.Meem .Mecmo 06pamHoe ymeepJICoeH.ue npuycAoeuRX (7), (8),(10):

eCAU H.a f saoaH.a cpyH.KI1Ufl

r+CG- ...!..

q> E Bp p (1'),

mo cyw. ecmeyem cpYH.KI1UR f E W rx(Q), OAR Komopot1 fir = q> U

IIf11wr (Q)
OS;;;; cil q>11 r+CG-..!- (14)

PCG
B P

(n
p

50JIee oom.ee YTBep)l()J.eHlfe rrplf Tex )l(e yCJIOBlf51X rJIaClfT: eCAU

SaOaH.bl cpYHKI1UU

r+CG-..!....-s
q>sEBp

p (r) (s=O, I, ,.., so-I),

mo cyw.ecm8yem cpYH.KI1Ufl f e W CG(Q), ,OAfl Komopot1 8blMAH.fllOmcfl

YCA08Ufl (12) U H.epa8eH.cmeo

So-I

 fllwr g
OS;;;;c  1Iq>" Br+CG--s(i')'

pCG
( ) 5 ... 0 p

,(}e C H.e 3ll8ucum om q>s,

(I4
r

)



10.t} BBEL(EHME

5) YCA08UJl (7), (8), (10) U Hepa8eHcm8o

r/2 so

8AeKym sa co6ou Hepa8eHcm80

II f IILp \Q) C { [I cp l)I/L (1') + [[ f wr (Q)} ,

r
P pa

1+ s< '"2

cae C He 3a8UCUm om f (CM. (12».

6) ECAU O<i+cx-.!..<r U fEC(I), mo HopMap

ijf
  a(Q)

= II ;a llLp (Q)
+llf ilw a(Q)

.9K8U80AeHmHa *) HopMe (1):

llf\\wr (Q)f"oo.Jllfll r ( Q)
(fE W;a (Q».

pa pa

869

(15)

(16)

(17)

(18)

YTBep)1{,n:eHH5I 1) - 6) cOrrpOBO)1{,n:moTC5I cooTBeTcTBYlOlqHMH Hepa-
BeHCTBaMH. CHaqaJIa OHH ,n:OKa3bIBaIOTC5I B o,n:HoMepHoM cJIyqae,
Kor,n:a Q eCTb KOHeqHbIH HHTepBaJI, 3aTeM o,n:HoMepHble HepaBeHcTBa

pacrrpOCTpaH5IIOTC5I Ha MHoroMepHblH CJIyqaH, rr0.T1b3Y5ICb JIeMMOA

o rrOKpblTHH Q KOHeqHbIM qHC.T10M TaK Ha3bIBaeMbIX perYJI5IpHblX
MOCTOB.

10.1.1. MbI Ha3bIBaeM MHO)1{eCTBO A e Rn npOCmbLM .MHOCHCeCmeoM,
eCJIH HaH,n:eTC5I TaKa5I rrp5IMoyrOJIbHa5I CHCTeMa Koop.n;HHaT b ==-

= ( h...,  n)' qTO B Hell

A = {;: cp (;')  n '" (;'), b' E a},

r.n;e a eCTb (n - l)-MepHbIii: wap TOqeK

n-t

;' = ( h'.' , n-I)' I;' II ==-  ,< 61
,

t

(1)

a cp H 'Ii' - <PYHKUHH OT ;', HerrpepblBHo .n;HqxpepeHuH pyeMble Ha ero

3aMbIKa HH H (j.

Mbl BH.n;HM, qTO MHO)1{eCTBO A 3aMKHyTo cBepxy H CHH3Y (B HaIIpaB-
JIeHHH  n)' HO OTKpbtTO C 60KOB.

HH)1{H5I5I erO rpaHHua  n= cp (;'), ;' e (j, IIYCTb 6y.n;eT 1'1' Bepx-
H5I5I -  n= 'Ii' (;'), ;' E (j, - 1'2 H 60KOBa5I - 1'a == (aA\ 1'1) \ 1'2.

10.1.2. BepHeMC5I K OrpaHHqeHHoMY MHO)1{eCTBY Q eRn C (n-l)-
MepHoH rJIa,n:KOH rpaHHuell r.

*) MbI nHlIleM 'J... (z) J.t (z) (z E g), eCJJH CYIUeCTBYIOT He 3aBHCHIUHe OT

z e & KOHCTaHTbI Cl' C2 > 0 TaKHe, 'ITO 0 < ct'J... (z) J.t (z) c2'J... (z) (; e g).
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By.n:eM rOBOpHTb, 'ITO MHO)1{eCTBO A eCTb peeYAflpflblU .Mocm

MHO)1{eCTBa Q, eC.T1H

a)A - npocTOe MHOIKeCTBO (CM. 10.1.1),
6) Ac a,
B) BepXH5I5I H HII)1{H5I5I 'IaCTH rpaHHUbI iJA MHO)1{eCTBa A (B HanpaB-

JIeHl!l! cooTBeTcTBYIOI..UeH: ;\ OCH Sn) npHHa.n:JIe)1{aT K r (1'10 1'2 c r),
HO 60KOBa5I 'IaCTb 1'3

= iJA npHHa.n:.T1e)1{HT K Q, T. e. Bce TO'IKH 1'3

He npIIHa.n:.T1e)1{aT K r.

10.1.3. 0 n p e .n: e JI e H II e. By.n:eM rOBopHTb, 'ITO peeYARpHblU
.Mocm A onupaemcR Ha nAoUlpiJKY a, a KpyroBOH: UHJIHH.n:p G, OIm-

palOI..UHikH Ha a (c OCblO Sn), Ha3bIBaTb t{UAUHiJpO.M, npoiJoACHCalO/4U.M A.

10.2. nOKpblTHe 06JIaCTH perYJ1SIpHblMH MOCTaMH

10.2.1. DYCTb Q cRn -OrpaHH'IeHHa5I 06JIaCTb C (n-I)-MepHoH
r.T1a.,'lIwH: rpaHl-!QeH: (r=iJQEC(1)).

3a.n:a.n:HM npoH3Bo.1JbHYIO TO'IKY X E Q H BbInycTHM H3 Hee npo-
II3BOJIbHbIH: .T1Y'I L. TaK KaK rpaHHua r - 3aMKHYToe OrpaHH'IeHHOe
MHO)1{eCTBO, TO CYllI.eCTByeT Ha L TO'IKa X' E r TaKa5I, 'ITO HHTep-
Ba.1I (x, x'), COe.il.IIH5IIOllI.HH: x H x', npHHa.n:.T1e)1{HT K Q «x, x') c Q).
B CB5I3H C 3THM 6Y.'J:eM rOBopHTb, 'ITO AYf{ L, eblxoiJR U3 mOf.{KU x E Q,
(enepeble) HamblKaemCR Ha r. EC.7JH npH 3TOM L He KaCaeTC5I r B x',
TO 6y.n:eM rOBopHTb, 'ITO L, 8blXOiJR U3 X E Q, HatnblKaemCR Ha r

e mO'IKe x' peeYJlRpHO.
DYCTb L_ eCTb BbIXO,l,HllI.IIH: H3 x .T1Y'I, HanpaBJIeHHbIH: npOTHBO-

nO,10)1{HO L.
MOiKeT C.T1Y'IHTbC5I, 'ITO II L H L_ HaTbIKaIOTC5I Ha r perY.T15IpHO.

BBe,;:(eM np5IMoyrOJlbHYIO CHCTeMY KOOp.n:HHaT S = (610 ,.., 6n), .n:JIH

KOTOpOH: nOJIO)1{HTe.T1bHOH: nOJlYOCblO 6n CJIY)1{HT JIY'I L. TaK KaK r

eCTb HenpepbIBHO .n:ncpcpepeHUHpyel\IOe MHoro06pa3He, TO CYllI.eCTByeT
(n - I )-MepHbIH: map

{
n-I

}a = S': 6f <(\2
]=1

TO'IeK S' = (610 ..., Gn-l) II onpe.n:e.leHHbIe Ha ero 3aMbIKaHHH Henpe-
pbIBHO .n:HcpcpepeHUHpyeMble cpYHKUHH

Ip (S') < 'iJ (S') (S' E a)

TaKlIe, 'ITO npOCToe MHO)1{eCTBO (CM. 10.1.1)
A = {S: Ip (S') 6n 1P (S'), S' E a} (1)

npHHa.n:.Tfe)1{HT K Q :

AcQ,

HH)1{HH5I ero (B HanpaB.T1eHl1H 6n) rpaHHua

'\'1 = {S: 6n = Ip (s'), s: E a} c r,

(2)

(3)
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BepXHHH
-

1'2 = {S: 6n = 1/7 (6'), i' E CJ} c: r (4)
H 60KOBaH-

1'3 = (oA\ 1'1)\ 1'2 c: Q. (5)

HHaIJ:e rOBopH, A eCTb perYJIHpHbIH MOCT 06JIaCTH Q, nOKpbIBa-
lOIII.HH x (x E A, CM. 10.1.2). .

ilYCTb Tenepb TOIJ:Ka x E r H H3 Hee BbIXO.ll.HT He KacalOm.HHCH
B HeH K r JIYIJ: L BHYTPb Q. ilOCJIe.ll.Hee 03HaIJ:aeT, IJ:TO cym.ecTByeT
.lI.OCTaTOIJ:HO MaJlbIH HHTepBaJI (x, y) c: LQ. ECJIH TOIJ:KY Y HenpepblBHo
ABHraTb B HanpaBJIeHHH L, TO OHa HaTKHeTCH Ha r B HeKOTopOH
TOQKe Y = x' E r. TaKHM 06pa30M, HMeeT MeCTO CJIe.ll.YlOm.aH cHTya-
lUIH:

x=!=x', (x, x') c:LQ, x, x' e r

H L He KacaeTCH r B x. B 3TOM CJIYIJ:ae MbI TOLKe 6Y.lI.eM rOBopHTb,
IJ:TO JlYIJ: L, BbIXO.ll.H H3 X E r, HaTbIKaeTCH (BnepBble) Ha r B TOIJ:Ke

x' H npHTOM perYJIHpHO, eCJIH L He KacaeTCH r TaKJKe B x'.

ilpH perYJIHpHOM HaTbIKaHHH L Ha r B x' 6Y.lI.eT HMeTb MeCTO

cHTyarW5!, YJKe pa306paHHa5! BblIlle, HMeHHO, eCJIH BBeCTH np5!MOY-

rOJIbHYIO CHCTeMY KOOp.ll.HHaT S = (6" ..., Sn) C nOJIOJKHTeJIbHOH nOJIY-
OCblO 6n, COBna.ll.alOm.eH C L, TO cym.eCTByeT npOCToe MHOJKeCTBO A

BH.lI.a (I) co cBoikTBaMH (2), (3), (4), (5), 5!BJI5!IOm.eeC5! perYJIHpHblM
MOCTOM 06JIacTH Q H nOKpblBalOm.ee TOIJ:KY x. B CHCTeMe S TOIJ:Ka x

eCTb HYJIeBa5! TOIJ:Ka (HMelOIII.a5! KOOp.ll.HHaTbI Sj = 0, i = 1, ..., n).
OTMeTHM, IJ:TO B .lI.aHHOM cJIYIJ:ae TOIJ:Ka x npHHa.ll.JIeJKHT K 1'" O.ll.HaKO

OHa He 5!BJI5!eTC5! TOIJ:KOIl Kpa5! 1'1 (CM. KHHry C. M. HHKoJIbcKoro

[22), T. 11, 17.2).
BnpOIJ:eM, MOJKeT CJIYQHTbC5!, IJ:TO JIYIJ: L, BbIXO.ll.5! H3 X E Q,

HaTbIKaeTC5! Ha r He perYJI5!pHO. Tor.ll.a HaM nOMOJKeT JIeMMa.

10.2.2. .IT e M M a. Ilycmb U3 mOi.{KU X E Q eblxooum /lYi.{ L, liambl-

KalO uiicfl lia r lie pecY/lflpIiO. B c/lYi.{ae, eC/lU X E r, Oli lie KacaemCfl

r u eblxooum U3 X eliympb Q. Tocoa, KaKoe 6bl IiU 6bl/l KPycoeot1
no/lYKOHYC K C eepulUlioii e x U OCblO L, Haiioemcfl npuliaoAe:J/Ca uii
K lieM.Y Kpycoeoii nO/lYKoIiYC K' C eepmuliou e x maKoii, i.{mo ece

npuliao/le:J/Ca ue K lieM.Y eblxoofl ue U3 x /lYi.{U L' liamblKalOmCfl

lia r pecYAflpliO. 3mu /lYi.{U e mOi.{Ke X lie KacalOmCfl r.

11. 0 K a 3 aTe JI b C T B o. He HapYIlIa5! 06m.HocTH, 6Y.lI.eM CIJ:HTaTb,
IJ:TO x eCTb HYJIeBa5! TOIJ:Ka H JIYIJ: L COBna.ll.aeT C nOJIOJKHTeJIbHOH

nOJIYOCblO Xl' KOOp.ll.HHaTY Xl TOIJ:KH x', B KOTOpOH L BnepBble HaTbI-

KaeTC5! Ha r, 0603HaIJ:HM IJ:epe3 Xl (x' = (xl, 0, ..., 0). TaK KaK

no YCJIOBHIO JIYIJ: L (HJIH OCb Xl) KaCaeTC5! r B x', TO r B OKpeCTHO-

CTH TOIJ:KH x' He MOJKeT onHCblBaTbC5! <PYHKUHeH, BblpaJKalOIII.eH HBHYIO
3aBHCHMOCTb Xl OT OCTaJIbHbIX KOOp.ll.HHaT X2 , ..., Xn. He HapyuraH
06III.HOCTb, 6Y.lI.eM CIJ:HTaTb, IJ:TO TaKaH <PYHKUHH (onHcbIBalOIII.aH I')
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eCTb Xn
= cp (X'), X' = (X!, ..., Xn-l)' ToqHee, 3aJ].aB npOlI3BOJIbHOe

e > 0, MOJKHO YKa3aTb np5!MoyrOJIbHIIK ( , 0' < e)

Ll={x: IXI-X;I< ;IXjl<6, j=2, ..., n-l; Ixnl<O'}

TaKon, qTO rLl onHCblBaeTC5! <PYHKIJ.Hen
Xn = cp (x'),

HeIIpepblBHO J].H<p<pepeHIJ.HpyeMoll Ha 3aMbIKaHlIlI

IIp5!MoyrOJIbHHKa

Ll'={x': IXI-X;I< ;IXjl< ,j=2, ..., n-l}.
K TOMY JKe (He Hapywa5! OOIll.HOCTb!), Mbl oYJ].eM CqlITaTb, qTO

oo.lIaCTb QLl pacnOJlOJKeHa HIIJKe r (B HanpaBJIeHHII Xn) II, TaKIIM

oopa30M, BbIwe r TOqKII d
He npHHaJ].JleJKaT K Q.

CKOHIJ.eHTplIpyeM Haw 
BHHMaHHe Ha nepeceqeHHH Q
IIJlOCKOCTblO (X!, Xn) (Xj = 0,
j=2, ..., n-l, CM. pHC. 1).

Ha oTpe3Ke [xl- ,xl]
CeqeHHe r IIJIOCKOCTbIO

XI
(Xlt xn) onHCblBaeTC5! Henpe-

pblBHO J].H<j$epeHIJ.HpyeMoil
<pYHKIJ.Hen Xn = 'IjJ (Xl) =

= 'IjJ (Xl' 0, ..., 0). OHa no.7IOJKHTeJIbHa Ha [xl - ,xl) H paBHa

HYJIIO B xl. ilOJIOJKHM M='IjJ(xl-6). YMeHbWa5! 6>0, MOJKHOJ].O-
cTHrHYTb Toro, qTO

(1)
(n -1)-MepHoro

Xn

1/

o

PHC. I.

M = max 'IjJ (Xl)'
xl-6:::::x1 ::::x}

TaK KaK IIOJIYHHTepBaJI (0, Xl - 6] OCH Xl IIpHHaJ].JIeJKHT K Q II

TOqKa 0 JIHOO npHHaJ].,leJKHT K Q, JIHOO B Hell OCb Xl He Kaca-

eTC5! r, TO IIPII J].OCTaTOqHO MaJIOM f, > ° BHYTpeHHHe TOqKH <pH-
rypbl OAxj (CM. pHC. 1) npHH:ilJ].JIeJKaT K Q, a Jlyq OA, BMeCTe C JlY-
qaMH, 3anOJIH5!IOIlI.Hl\fH yroJI A OXI npHHa,lJ,JIeJKHT K 3a,lJ,aHHoMY nOJlY-
KOHYCY K, H, eCJlH 0 E r, TO 3TH JIyqH He KaCaIOTC5! r B O.

ilYCTb Iff eCTb MHOJKeCTBO TOqeK Xl E [xl - 6, xl], ,lJ,JI5! KOTOpbIX

'P' (Xl) = 0, a Iff' = 'IjJ (Iff) - oopa3 Iff IIpH nOMOIll.H 'IjJ. OqeBHJ].HO, Iff'

1I3MepHMO KaK oopa3 H3MepHMoro MHOJKeCTBa Iff npH nOMOIll.H Henpe-
pblBHO J].H<p<pepeHIJ.HpYeMOll <PYHKIJ.HH 'IjJ. ilpH 3TOM

miff' = dXn
= 'IjJ' (xl) dXI

= 0.
 '

3a,lJ,a,lJ,HM npOH3Bo.7IbHYlO TOqKY Y E [0, M) '" Iff'. ilYCTb xf eCTb

HaHMeHbWee CpeJ].H TeX Xl E [xj- ,xl], J].JI5! KOTOpblX Y
= 1/? (XJ:

*
.

Xl = mill Xl'
V=1jJ(x,J
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TIpOIl3BO)J.Ha51 '1\"  Xj)=1= 0, HO OHa He MO)/{eT 6bITb nOJIO)/{IlTeJIbHOH,

II03TOMY 1/7' (xT) < 0. J1YIJ: 0B BIIepBble HaTbIKaeTC5! Ha r B TOIJ:Ke B.

TIYCTb e = (e1o 0, ..., 0, en) - e.zr.HHIIIJ:HbIH BeKTOp, HaIIpaBJIeHHbIH

(acp acp acp )IIO JIYIJ:Y OB, M n=
a
- (B), a

- (B), ..., a
- (B), -1 (CM. (1)). OIJ:e-

Xl X2 Xn_l

BH.zr.HO, BeKTOp n HaIIpaBJIeH IIO HOpMaJIH K IIOBepXHOCTll Xn = <p (X')
B ee TOIJ:Ke B. TIpH 3TOM

a

a

CP
(B) = 1/7' (xn < 0.

Xl

TaK KaK e10 en> 0, TO CKaJI51pHOe IIpOll3Be.zr.eHlle

en =el
a

a

CP
(B) -en <0.

Xl

31'0 IIOKa3bIBaeT, IJ:TO JIYIJ: OB HaTbIKaeTC51 Ha r B TOIJ:Ke B perymlpHo.
IIOTOMY IJ:TO HHaIJ:e en paBH5!JIOCb 6bI HYJIlO. Ho Tor.zr.a B CHJIY
HeIIpepbIBHoH .zr.H<j$epeHlI:HPyeMocTH <PYHKUHH <p cYIII.eCTByeT IIOJIY-
KOHYC K' c: K, Bce JIYIJ:H KOTOpOro, BbIXO.zr.51 H3 0, HaTbIKaJOTC51 Ha

rpaHHuy r perYJI51pHo.
J1eMMa .zr.OKa3aHa.
113 Hee HeIIocpe.zr.CTBeHHO CJIe.zr.yeT, IJ:TO, KaKOBa 6bI Hll 6bIJIa

TOIJ:Ka x E Q, HaH.zr.eTC5! KpyroBoH IIOJIYKOHYC K C BeplllHHOH B x

TaKOH, liTO Bce IIpllHa.zr.JIe)/{aIII.He K HeMY JIYlIH, BbIXO.zr.5! H3 x, HaTbI-

KaIOTC5! Ha r perYJI5!pHO. 113 3TOH )/{e JIeMMbI CJIe.zr.yeT, liTO IIOJIYKO-
HYC K., .zr.OIIOJIHHTeJIbHbIH K K, .zr.o IIOJIHOrO KOHyca co.zr.ep)/{HT B ce6e

KOHYC K'- C BeplllHHoit B X, Bce JIYIJ:ll KOToporo HaTbIKaIOTC51 Ha r

perYJI51pHO. TIYCTb L'- eCTb O.zr.HH H3 3THX JIYIJ:eu H L' - IIpOTHBOIIO-
JIO)/{HblU eMY, BbIXO.zr.5!III.HH H3 x. 06a JI YIJ:a L'- H L' HaTbIKaIOTC5!
Ha r perYJI5!pHO, H IIOTOMY, KaK MbI 3HaeM, x IIOKpbIBaeTC5! pery-
JI5!pHbIM MOCTOM 06JIaCTli Q.

CKa3aHHoe .zr.OKa3bIBaeT CJIe.zr.ylOIII.YIO JIeMMY,
10.2.3. J1 eM M a. IlPOU380AbliYIO mO'l.KY3aMbl1WIiUfl Q Ocpaliu'l.elilioii

o6Aacmu Q c: Rn C cAaoKou (n - 1)-Mepliou cpaliUtteU MOJ/CIiO no-

Kpblmb pecYAflpliblM. MocmOM o6Aacmu Q.

10.2.4. TIYCTb TOIJ:Ka x E Q. TIOJIb3Y5!Cb JIeMMOH H3 10.2.2, HeTpy.zr.Ho
.zr.OKa3aTb, IJ:TO H3 Hee MO)/{HQ BbIIIYCTHTb JIYIJ:H L10 ..., Ln. HaTbIKa-

IOIII.HeC5! Ha r perYJI5!pHO H 06pa3YIOIII.He JIHHeUHO He3aBHCHMYIO
CHCTeMY. TIpH 3TOM MO)/{HO ClIHTaTb, IJ:Te eCJIH X Ei r, TO JIYIJ:H Lj
He KacalOTC5! r B x H H.zr.YT H3 x BHYTPb Q.

B HaIIpaBJIeHHH Ka)/{.zr.oro H3 JIYIJ:eu Lj OIIpe.zr.eJIHM IIOKpbIBalOIII.HH
x perYJI5!pHbIH MOCT Aj 06JIaCTH Q, 3a)J.aBaeMbIH HepaBeHCTBaMH
BH.zr.a 10.2.1 (1). Ero UllJIHH.zr.pHIJ:eCKOe IIpo)J.OJI2KeHHeOOOiHaIJ:HM 'lepe3 Gj .

TIepeCeIJ:eHHe 3TIIX MOCTOB

n

Ax = n AJ
j-l

(1)
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Ha30BeM Cepal{eeUHOu. K.peCma pe2YA5lpHblX Mocmoe (At. . .
.. An)

o6Jlacmu Q.

10.2.5. .IT eM M a. KaJICaou. mOliK.e X E Q MOJICHO npueecmu e coom-

eemcmeue npflMOY20AbHUK. /1x C l{eHmpOM e Heu. u 06Aacmb O>x C 2Aaa-
K.ou. (n - I )-MepHOu. 2paHUl{eu. maK.ue, limo

Q'/1x C Wx c Ax (I)
(CM. 10.2.4 (I».

LI. 0 K a 3 aTe JI b C T B O. TIYCTb X E Q, Tor,n:a X eCTb BHYTpeHHHH
TOllKa JIIo60ro Aj (j = I, ..., n) H CYllI,eCTByeT n-MepHaH c<pepa 0>",

C u,eHTpOM B X, 3aMblKaHHe KOTOpOH I1pHHa,n:JleJKHT KO BceM Aj' 0603-
HallHM ee llepe3 O>x. 0603HallHM ,n:aJIee llepe3 Llx JII060H I1pHMoyrOJIb-
HHK C u,eHTpoM B x, JIeJKalll,HH B O>x. .llJlH /1x H O>x, olleBH,n:Ho,

Bb!l10Jl HHeTC5! (I).
TIYCTb Tel1epb TOllKa X E r. BBe eM I1pHMoyrOJIbHYIO cHcTeMY

Koop HHaTZ = (Zt, ..., zn) = (z', zn), Z' = (Z1o ..., Zn-t) C 110JlOJKH-

TeJIbHOH Koop I1HaTHoHrrOJIyocblO zn, COBl1a alOllI,ell C BHYTpeHHeH
HOpMaJlblO B TOllKe X K r. HallaJIO Koop,n:HHaT 3TOll cHcTeMbl, Olle.

BHJI.HO, eCTb TOllKa X.

CYllI,eCTByeT I1pHMoyrOJIbHHK

Ll={Z: IZjl<6, j=l, ..., n-I; [znl<a}

KaK yro,n:Ho MaJIOrO ,n:HaMeTpa, Bblpe3alOllI,HH H3 r KYCOK V = r/1,
OIII1CblBaeMblH <PYHKu,HeH zn = 'IjJ (Z'), z' E /1', Hel1pepblBHo ,n:H<P<t>epeH-
u,HPyeMoH Ha 3aMblKaHHH I1poeKu,HH /1:

/1' = {z': I Zj I < 8, j = I, ..., n - I}.

V ,n:eJIHT Ll Ha ,n:Be llaCTH: BepxHlO1O /1+ c Q, COCTOHllI,YIO H3 TOlleK

Z E /1, paCIIOJlOJKeHHblX Bblille V (B Hal1paBJleHHH zn), H HHJKHIOIO

/1-, COCIOHllI,YIO H3 TOlleK ZELl, pacI10JIOJKeHHbiX HHJKe V. 3TH

TOllKH Haxo,n:HTCH BHe Q.
YMeHblllaH, eCJlH HYJKHO, ,n:HaMeTp /1, MOJKHO ,n:OCTHllb Toro, liTO

ilQ=K+cAx . (2)
MHOJKeCTBO /1+, eCJlH He CllHTaTb TOlleK rJla,n:Koro KYCKa V, llaCTH

ero rpaHHu,bl, IIorpYJKeHO B OTKpblTOe H,n:pO MHOJKeCTBa Ax. TI03TOMY
HeTpy,n:Ho BH,n:eTb, liTO V MOJKHO rJla,n:KHM 06pa30M IIpO,n:OJlJKHTb BHYTPb
Ax'"il+ H 06pa30BaTb 3aMKHYTYIO rJla,n:KYIO (n - 1)-MepHYIO IIoBepx-
HOCTb, orpaHHllHBalOllI,ylO HeKoTopylO 06JIaCTb 0>, H IIPH 3TOM TaK,
liTO

/1+ ewe Ax. (3)

3T0 YTBepJK,n:eHHe MOJKHO IIo,n:KpeIIHTb <popMaJIbHblMH BbIKJIa,n:KaMH,
HO MbI orpaHHllHMcH PHCYHKOM B )J.BYMepHoM CJlYllae (CM. pHC. 2).

ECJIH /1x=/1. o>x=o>, TO IIOJIYllHM (I). .ITeMMa )J.OKa3aHa.
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10.2.6. J1 e M M a. 3aMbllwHue Q 02paHUIJ£HHOU. o6Aacmu Q c: Rn
c 2AaaKOU. (n

- I)-MepHoii 2paHUtteu. MOJICHO nOKpblmb KOHe'lHbIM 'lUC-

AOM pe2YA5/.pHblX Mocm08. EOAee m02o, .Q MOJICHO noKpblmb KOHe'lHbIM

'lUCAOM MHOJICeCm8 ffi, 2ae (i) - o6Aacmu, OnpeaeAeHHble 8 10.2.5.
Ha OCHOBaHIIH JleMMbI EOpeJIH Cpe,IJ,H npHMoyrOJlbHIIKOB Llx MO)/{HO

OCTaBHTb HX KOHeqHOe qHCJIO Ll
x1

, ..., LlxN , nOKpbIBalOIIJ.HX Q. Ho

TOr,IJ,a II MHO)/{eCTBa ffi
x1

, ...,
ffi
xN nOKpbIBalOT Q. fIpII 3TOM ffi

xk
c:

c: AXk (k = 1, ""_N). Ho TOr,IJ,a cO,IJ,ep)/{aIIJ,He ffi
xk perymlpHble

MOCTbl nOKpwBalOT Q.

10.2.7. P II P;n' PerYJIHpHbIll
MOCT A 06JIaCTH Q 6bIJI onHcaH
B cooTBeTcTBYIOIIJ.ell eMY npHMo-
yrOJIbHOll CHCTeMe KOOp,IJ,HHaT S =
= (£1> ..., £n) npII nOMOIIJ.II COOT-

HOilieHIIll 10.2.1 (1)-(5). B 3THX

COOTHOIlIeHHHX yqaCTByeT (n - 1)-
MepHbIll OTKpbITbIll IlIap (J TOqeK

S' = (£1> ..., £n-l)' MbI YCJIOBHJIHCb
B 10.1.3 roBOpHTb, qTO perYJIHp-
Hblll MOCT A onHpaeTcH Ha IlIap (J.

ECJIH B 3TIIX paccMoTpeHHHx IlIap (J Pnc. 2.

3aMeHIITb Ha KOH eHTpHqeCKHll C

HHM IlIap (J* c: a* c: (J, TO MbI nOJIyqHM ,IJ,pyroll perYJIHpHbIll MOCT

A* c: A* c: A, OnIIpalOIIJ.HllCH Ha (J*.

,lJ,oKa)/{eM JIeMMY (CM. C. M. HHKOJIbcKHll [24]).
J1 e M M a. P'Afl OnpeaeAeHHblX 8bltue pe2YAflpHbiX Mocm08 A* c: A

o6/lacmu Q, onupalO UXCfl coom8emcm8eHHO Ha' KOHtteHmpU'leCKUe
tuapbl (J *, (J, 2ae (J * c: a * c: (J, UMeem Mecmo coomHotueHue *)

p (s) rv P n(6) (s E A*), (1)

2ae P (s) ecmb paccmoflHue S ao r 8 Hanpa8AeHUU  n'
n

,lJ, 0 K a 3 aTe JI b C T B O. fI03BOJIHM ce6e CqHTaTb pa,IJ,HYCbI III a-

pOB (J*, (J COOTBeTCTBeHHO paBHbIMH a, 2a. 3a,IJ,a,IJ,HM TOqKY SO =
= (£0',  )E A*. EY,IJ,eM ,IJ,JIH onpe,IJ,eJleHHOCTH CqHTaTb, qTO 6JIH-

)/{alliliaH K Hell TOqKa r B HanpaBJIeHHH £n HaXO,IJ,HTCH Ha BepXHeii
rpaHH ei' MOCTa A*, T. e.

P n(SO)
= '\J (s )- £ -

cp (SO'). (2)
<I:>YHK HH '\J (s') HMeeT Ha a HenpepblBHble qaCTHble npOH3BO,IJ,Hble.

fIYCTb : eCTb npOH3BO,IJ,HaH OT '\J no HanpaBJIeHHIO n II

M = max (6'),
n.  'EO

n

*) CN. CHOCKY Ha CTp. 262.
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r.rr.e MaKCHMYM paCrrpOCTpaHeH Ha BCe yKa3aHHble S' H BCeB03MO.H{-

Hble HarrpaBJleHHH n.

3a.rr.a.rr.HM KOHHqeCKYlO rrOBepXHOCTb K:

 n=- Mis' - So' I + 'I' (So'),
n-I

Is' -So' 12 = ( j- i)2.
1=1

fIyCTb X - KYCOK :noii rrOBepXHOCTH, pacrrpOCTpaHeHHblii Ha S' E Ct,

fIOBepXHOCTb

'\'2 = {s:  n= 'I' (S'), S' E Ct}

Haxo.rr.HTCH He HHMe (B HarrpaBJIeHHH  n)X. 3TO CJIe.rr.yeT H3 Hepa-
BeHCTBa

'I' (S') - 'I' (SO') - M I 6' - SO' I (6' E Ct).

fIYCTb 1]0 - TOqKa r, 6mDKaHWaH K SO, B03MO)/{HbI TPH CJIyqa 1I

1) 1]0 E '\'2' 2) 1]0 E '\'1' 3) 1]0 E (r", '\'1) '" '\'2'

B cJlyqae 1) OTpe30K s°1]° rrepeceKaeT x H rrOTOMY

P (SO) = I SO _1]0 I min I SO -y I ruin I SO -Y I =
yEX yEK

= :sin ex ['I' (SO') -   ]= sin exPsn (SO) = cPsn (SO). (3)

3.rr.ecb ex - yroJI Me)/{.rr.y (HarrpaBJIeHHbIMH BHH3) OCblO H 06pa3ylOw.eii
KOHyca K H

sinex= (1 + M2)-1/2.

B cJIyqae 2) (rroHcHeHHH HH)/{e)

P (SO) C [£ - IV (SO')] C ['I' (SO') -   ]= cPs (SO'). (4)

3.rr.eCb rrepBoe HepaBeHcTBo MO)/{HO rrOJlyqHTb, paccy)/{.rr.aH KaK

npH nOJIyqeHHH nepBblx qeTblpex CooTHoweHHH (3). BTOpoe Hepa-
BeHCTBO - CM. (2).

B cJIyqae 3) TOqKa 1]0 E r Haxo.rr.HTCH BHe IJ:HJIHH.rr.pa 6' E ct,
Ii TaK KaK SO npHHa.rr.JIeMHT K IJ:HJIHH.rr.py S' E a *' TO

P (SO) = I SO - 1]0 I a = ; M PSn (SO), (5)

r.rr.e

M = max ['I' (s') - IV (6')],
 'EO

I1MeeT MecTO TaK)/{e TpHBHaJIbHOe HepaBeHcTBo

P (s) PSn (s) (s E A*). (6)



10.21 nOI\PblTMB OBJIACTM PBrYJISlPHbIMM MOCTAMM 877

yl3 (3)-(6) CJIe.!l:yeT

cp "(6) P (6) P "(6) (I E A),
T. e. (I).

10.2.8. .IT eM M a *). llycmb Rn U R - n-MepH.bt.e e8KAuoo8bl npo-
cmpaH.ctn8a I1WIieK x = (Xh ..., Xn), Y = (Yh ..., Yn) COOm8emCtn8eH.H.O

u Q eRn. Q* c R - omKpblmble OcpaH.UlleH.H.ble MH.OJ/Cecm8a C cAao-

KUMU (n - 1)-MepH.bLMu cpafiUl{aMU r, r*.

llycmb, oaAee, Y = Ax - H.enpepbl8fiO ouq)(jJepeH.l{upyeMafl onepal{Ufl

y/=q>dXl' ..., xn). XE Q (i=I. .... n). (I)

npeo6pasYIOWP,fl Q fia g* e3aUMH.O OOH.03H.allfiO 0 flKo6uafioM. Y008-
/lem80pfllOUjtlM fiepaeeficmeaM

o < m <
D (y)

< M (x Ei Q). (2)D (x)
Tocoa

CIP (x) < P* (y) < C2P (x) (y = Ax, x E Q), (3)
 {Je P (x). P* (y) - paCCmOflH.Ufl om X. y ao r. r* coom8emCm8eH.H.o.
iJ. eCAU onepal{Ufl A x H.enpepbl8fiO ouq)(jJepeH.l{UpyeMa r pas. mo

cd f (x) [Iw r (C) II f * (y) Ilwr (C*)
C2 [I f (x) IIwr (C) (4)

.pa pa pa

(l p oo,f(x)=f*(Ax), XEQ),
eoe nOAOJ/CumeAbH.ble K.OH.Cmafimbl C1 U c2 H.e 3Cl8UCflm om f.

LI. 0 K a 3 aTe JI b C T B o. f1YCTb TOqKa X E Q. x' - ee OJllDKaH:Wafl

TOqKa Ha r (x' E r) II V
-

oTpe30K xx'. onpe.lI.eJIeHHbIH: ypaBHe-
HIIflMII

Xj=ajt+bj (j= I, ..., n. a. t  ).
Tor.lI.a

P (x) = ( -a.) (. ai) I/2.
1=1

Onepa IIflA OTOOpa)/{aeT V Ha rJla.lI.KYIO KpIIBylO V*
= AV:

y/ = q>/ (aIt + bIt .... ant + b)

(i=l. .... n, a. t  )
C KOH aMIIy = Ax. y' = Ax' E r*. f1YCTb I V* I eCTb .lI.JlIIHa V*.

Tor.!l:a

p (y) .;;; I Y. 1-n ,(J, ::; ",rf' dt ""

E;; M (t al)
I/2

( -a.) = Mp (x),
k=l

.) CAt. C. M. HHKOJIbCKHA [24].
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r)J.e
n n

M2= ma !! ( : r.
xEQ j =1 k=1

MbI rrOJlYl1HJlH BTopoe HepaBeHCTBO B (3). ilepBoe MO)/{HO rroJlY-
l1llTb TeMll )/{e paccY)/{)J.eHll51MH, rrOMeH51B MeCTaM11 x 11 y.

ilepBoe HepaBeHcTBo (4) BblTeKaeT H3 CJle)J.YIOIIJ.IfX HepaBeHcTB
(Ikl=r):

lit (x) IIL;(Q) = ( I f (x) IP dX)
l/P
= ( If * (y) IP g dY

'

)
' I/p

Q \Q'

1z C If * (y) IP dyYIP = \If * IILp (Q*),

Ii f k:; IlL (Q)
< I I p* (y)-a ! f.l (y) f(S) (y) (  ;J

/P

II <
p

I 1 ls, r Lp(Q')

< ! II /;  fr)-S!II\ <llf (y) llwr (Q')' (5)
1 lsl r

r. Y ILp(Q') pa

B rrepBoM COOTHOIIJeHHH B (5) Mbl 3aMeH51eM X Ha y IT P (x)
Oll,eHHBaeM l1epe3 p* (y), rroJ1b3Y51Cb (3). LIaCTHa5I rrpoH3Bo,n:Ha5I
f(k) (x), I k I = r eCTb Jl11HellHa5I KOM6HHall,H51 rrpoH3Bo,n:HblX f(S) (y)
rrOp51,n:KoB I s I r C HerrpepbIBHbIMH Ha Q K03cpcpHlI,HeHTaMH !1 (y).
Bo BTOpOM COOTHOIIJeHH11 f.l (y) 11 ClI,eHeHbl KOHCTaHTaMll IT

B TpeTbeM ex. 3aMeHeHO Ha ex. + (r -I s I), liTO, Ol1eBIf,n:HO, 3aKOHHO

rrpIT COOTBeTCTBYIOIII.eM rro,n:6ope KOHCTaHTbl B <.
BTOpoe HepaBeHcTBo (4) BblTeKaeT 113 rrepBoro rrocpe,n:CTBOM 3a-

MeHbl MeCTaMH X H y.

10.3. .lI.oKa3aTeJIbCTBO BJIO}KeHHSJ

W;a (0) W;;-dl (0), (1)
r)J.e

I
ex.l < Ii . ex.z ex. + l, r E C(l), 0 I r (2)

(CM. 10.1 (4».
Hal1HeM C HepaBeHCTBa Xap,n:11

( (I) dI

'

tbf' .;;; C (a) ( I .,;q I' dlt (3)

(CM. KHllry Xap,n:IT, .IT11TTJIBy,n:a IT ilOJI11a [1]). BepHoro rrpIT YCJIQ-
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I
BHH, lITO !l < --, !l + 1. 3.n:eCb KOHCTaHTa C (a) HenpepblBHO

p
B03paCTaeT BMeCTe C a. TaKHM 06pa30M, OHa orpaHHlIeHa npH JIl060M
a E [0, ao], r.n:e ao < 00.

HepaBeHcTBo (3) BepHo H .n:Jl5! a = 00, HO TOJIbKO npH
= !l- 1

(CM. CTp. 351). ECJlH 1 p < 00, TO

( ;. J (I) dI
'

dxr (J .. ,r (xu) du
'

dxr '"'

co

(
a/u

)
I/P co

I

(
a

\ I/p

S I qJx  )IPdX dU=S u -I-PduSI :ft  )iPdX)
I 0 I 0 /

f u"-'- dUa I .X) x"" I' dxr '"' C (a) ( I"xn dx)"",
r.n:e KOHCTaHTa

C (a) = Cai3-IHI (C (0) = 0)

HenpepbIBHO B03paCTaeT BMeCTe C a.

ECJIH JKe p
= 00, TO (3) CJIe.n:yeT H3 cOOTHorueHHH

a

S cp (t) dt

x

a/x

\' qJ (xu)
(XU)i3-IHI U -IduJ (xu)i3

o

co

C (a) supvrai I qJ (I)

I '
C (a) = a13-IHI uft- I duo

O<t<a I

BJIOJKeHHe (1) B o.n:HoMepHoM cJIYlIae CBOgHTC5! K HepaBeHcTBY

(J I f': ,(X)I' dxr '"' C (aj [( I "':;X) [' dxr+ II f 1£, (0. 'J
f.rr.e C (a) He 3aBHCHT OT t, B npe.rr.nOJIOJKeHHH (2).

1(oKaJKeM (4) CHalIaJIa npH 1=1. I1MeeM (n05-1CHeHHH HHJKe, -<
0603HalIaeT C (a), r.rr.e C (a) - KOHcTaHTa)

(4)

x

t(r-II (x) = tV-I) (a) + tlr ) (t) dt,
a

OTKy.rr.a

Il t(f- ,(X)II < I t\r-I) (a) I ( x-a.,p dX)
I/P

+ IJ x-a., tV) (t) dt II -<x Lp(O. a) 0 0 Lp(O, a)

< II t IILp (0. a) +11 t; IILp(O. a)' (5)
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Be.n:b npIf KOHellHOM p IfHTerpaJI BO BTOpOM lIJIeHe UenIf KOHellHbIA

(r:x.1P < 11), eCJIIf me P
= 00, TO 3TOT B03Be.n:eHHbIH B CTeneHb I/P

IfHTerpaJI 3alyIeH5IeTC5I Ha max X-a" TOme KOHellHbIH, TaK KaK B 3TOM
x

CJIYlIae r:x.1 < 0.

lXaJIee, npIf p> 1 (CM. 4.4.3 (8»

I f(r-1) (a) 1< Ilf IIH -i( ,a)
< Ilf Ilw (%' a) <llnLp(o,

a) + I': lp(o. a)

If npII p=1
a

If(r-1) (a) I.;;;;;; I f(r-1) (x) I + 1ft ,) (t) I dt (  x.;;;;;;a),
x

OTKy.n:a, IIHTerpIIpY5I no x E ( ; , a) II .n:eJIH Ha a/2, nOJIYlIIfM

a a

I f\r-1) (a) I < I f(r-1) (x) I dx + I t<rJ (x) I dx <
a/2 a/2

111m (x)
< II f II

w (%' a)
II f IILp(o, a) +

---xa-IILp(O, a)
.

TaKIIM 06pa30M, npII JIl060M paCCMaTpIIsaeMOM p nepBoe CJIara.

eMoe BTOporo lIJIeHa uenII (5) oueHIIBaeTCH HOpMOll, CT05lm.eH B npa-
BOll lIaCTII (4). EhoH me HOpMOll oueHIIBaeTC5I If BTopoe CJIaraeMOe

Ha OCHOBaHIIIf (3). CJIe.n:oBaTeJIbHO, (4) .n:OKa3aHO.

HepaBeHcTBo (4) B 06III.eM cJIYlIae CBO.n:IITC5I K npoBepKe uenIf
BJIO)KeHIIH

W
-'

W
,-I tVl,-2 W

r- Z

(pa-+ p,az -(l-I)-+W p,a z -(l.-2)-+...-+ p,a z
' 6)

r.n:e MbI 0603HallIIJIII lIepe3 wgA, npocTpaHcTBo <PYHKUIfit f, onpe.n:e.
JIeHHbIX Ha (0, a], C HOPMOll

IlfllwgA, =[Iflkp(o, a)+ r:; ijLp(O, a)'

A 3TO TaK, nOTOMY liTO

r:x.z-lo;;;;;r:x.z< , r:x.z-i=r:x./-(i+l)+1 (i=O, 1, ..., 1-1).
p

nYCTb Tenepb A c:::. Rn eCTb npOCToe MHomeCTBO (eM. 10.1.1) If

Ha HeM aa.n:aHa <PYHKUII5I f @ = f ( /, Sn), JIOKaJIbHO npIIHaMemaIII.a51

iJ1"f
K Lp BMeCTe CO CBOIfMIf npOII3BO.n:HIoIMII ----x (A. = Q, 1, .." , - 1) II

a n
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HMelO allKOHeQHYIO HOPMY

I n",r (A).... nLp (A) + nc;r (A)'pa pa

If! (A) _113-p 11 '"'-'  ( n-q»--a(",_gn)--a ,(7)pa. 'On ILp (A) "n I/Lp(A)
r.Zl.e P n(I) ecTb paCCT05lHHe TOqKH sEA B HanpaBJIeHHH  n.ZI.O rpa-

HH bIA.

3aMeTHM, qTO

P n(S)
'"'-' (£n - fjJ (S'» (1jJ (S') -  n) (S E A)

(CM. CHOCKY Ha CTp. 369).
DpH YCJIOBH5IX (2) HMelOT MeCTO BJIO)f{eHH5I

W a(A)-+ W; '(A) (/=0, 1, ..., r-l). (8)

B caMOM .ZI.eJIe, H3 (4) HenOCpe.Zl.CTBeHHo CJIe.Zl.yeT HepaBeHcTBo
(a < b)

( r
I

fcr-lJ (x)

I
p

)
1/P

(x_a)az (b-xt'
dx

.,; C (b - a) [I f (XHL, (,. b) +( I (X- ;:  X)'I' dxfl
D03TOMY

(
$ ')

)
l/P

I ar-    'l
£n)

( n- fjJ (S,»-a, (1J1 (S') -  n)-a,I
p

 n
qJ(6')

n

..;;;;; C ('\J (6') - q> (S'» [($r If (6', Sn) jP dsn)
l/P

+
qJ(6')

+ ($r I
art (;'

£n)
( n- fjJ (S'»-a ('\J (S') -  n)-aI

P

d n)
17P

] . (9)
qJ(6')

£n

DOJIO)f{HM

max C ('\J (s') - q> (6'» = C < 00.

6'Ea

3.Z1.eCb KOHCTaHTa C KOHeqHa, nOTOMY qTO <PYHK H5IC (a) HenpepbIBHo
saBHCHT OT a> ° H COrJIaCHO onpe.Zl.eJIeHHlO npocToro MHO}l(eCTBa

o <m < '\J (s') - fjJ (6') < M (s' E a)

J1lI5I HeKoTopblX KOHCTaHT m, M.
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,y-lfEcmi YtJeCTb, tJTO <PYHKIUUi
a£ -l

(I = 0, I, ..., r) H3MepHMbI

Ha A H HopMa (7) KOHetJHa, TO nocJle B03Be,n:eHH5I HepaBeHcTBa (9)
B CTeneHb p, npHMeHeHH5I BToporo H3 HepaBeHCTB

 l A7 0:;; ( AJ)
P

0:;; C2 AI (AJ 0), (10)
I I I

r,n:e Ct> C2 3aBHC5IT TOJlbKO OT N H p, HHTerpHpOBaHH5I no S' E a

H HaKOHe npHMeHeHH5I nepBoro H3 HepaBeHCTB (10) nOJIYtJHM

II f II w r - l
(A)

o:;;q f II W' (A)'
pal pa

VI TaK KaK, KpOMe TOrO,

IlfIILp(A) o:;;/If/l w '
(A)'

pa

TO HMeeT MeCTO BJlOJKeHHe (8).
TIYCTb Tenepb Q c R eCTb orpaHHtJeHHa51 06J1aCTb C rJIa,n:KOH

(n - 1 )-MepHOH rpaHH eHH f E W a(Q) H c06mo,n:8IOTC5I YCJIOBH5I (2).
Ha OCHOBaHHH 10.2.6 06J1aCTb Q MOJKHO nOKpbITb KOHetJHbIM

'IHCJlOM perYJl5IpHbIX ee MOCTOB Ai,..., A!$, onHpalO HXC5ICOOT-
BeTcTBeHHO Ha (n - 1 )-MepHbIe ruapbI ai, ..., ax,. YMeHbrua51
HeCKOJlbKO 3TH ruapbI, MOJKHO ,n:06HTbC5I TOro, 'ITO perYJl5IpHbIe
MOCTbI At> ..., AN, ormpalOru:HeC5I Ha YMeHbrueHHbIe ruapbI at> ...

..., aN (aJ c U/ can, TOJKe 6y,n:YT nOKpblBaTb Q.

.il.oKaJKeM BJlOJKeHHe (1) npH 1= 1

lV;a (Q) -+ w :-d"al < ' al a + I, 1 p 0:;; 00. (11)

OTClO,n:a ITO HH,n:YKLI,HH, KOTOpylO MbI He 6y,n:eM npOBO.1J:HTb,
ITOTOMY 'ITO OHa aHaJlOrH'IHa paCCYJK,n:eHH5IM B (6), nOJlY'IaeTC5I H

06ru:ee Bo10)KeHHe (1).
4T06bI ,n:OKa3aTb (11), ,n:OCTaTO'IHO ,n:OKa3aTb, 'ITO .ZJ:JI5I Jl1060H

'IaCTHOH npoH3Bo,n:HOH f<;-I) nOp5l,n:Ka r - 1 H MOCTa A cAe A*

(HH,n:eKc MbI onYCKaeM !) HMeeT MeCTO

!I
f(r-I)

II  cllf!lwr (Q)'
I P

I
L
P
(A) pa

BBe,n:eM HOBYlO np5lMoyrOJlbHYlO 'CHCTeMY Koop,n:HHaT

(£1> ..., £n)=S=X=(Xlo ..., xn), (13)

B KOTOpOH omlCbIBaeTC5I A
*

(CM. 10.1.1 (1». TaK KaK npe06pa30-
BaHHe (13) JlHHefmoe C nOCT05lHHblMH K03qxpH HeHTaMH,TO JIlO6a51

'IaCTHa51 npOH3Bo,n:Ha51 f )nOp5l,n:Ka 1 no x eCTb HeKOTOpa51 JIHHeUHa51

(12)
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KOM6lfHaIUUI H3 npOH3BO,n:HbIX fr) no 6 Toro JKe nOp5l,n:Ka l. YIJ:T5I

STOT <paKT (npH 1 = r - 1) H TOT <paKT, IJ:TO onpe,n:eJIHTeJIb npe06pa-
30BaHH5I (13) paBeH 1, Mbl BH,n:HM, IJ:TO HepaBeHcTBo (12) 6y,n:eT
,n:OKa3aHO, eCJlH 6y,n:eT ,n:OKa3aHO HepaBeHcTBo

tr-I)  \-----a;-
c II f II wr

(Q)'P Lp(A) pa

r,n:e fr-
I )

eCTb KaKa5l-JlH60 npoH3Bo,n:Ha51 nOp5l,n:Ka r - 1 no 6,
a HHTerpaJI CJIeBa B351T no MHOJKecTBY A c A*

TOIJ:eK 6.
3,n:ecb

(14)

p (6) = P (x)
- paCCT05lHHe OT TOIJ:KH x (HJlH, IJ:TO Bce paBHO, 6) ,n:o r.

U'

f
(r-I)

nTaK, 3a,n:a,n:HM 6 .

I1MeeM B CHJlY 10.2.7 (1) H (8) npH l= 1 (n05lCHeHH5I HHJKe)

ll
i r- 1 ) :1

Il
t(r-l)

Il t<: \ 1 <:llfliLp(AJ+
II peA) ,

!;n peA)

at r-I) I
atr

- I I
 -I <:

P6n L (A)
p

atr-
1 )

a£r-I
<:llfIILp(Aj+ -T Lp(A)  llnrw a(Q)

H (14) ,n:OKa3aHO.

B nepBoM IJ:JleHe 3 Toi'I u,enH HHTerpHpOBaHHe npOHcxo,n:HT no X

Ha A, 3,n:eCb p (x) - paCCT05lHHe OT X ,n:o r. Bo BTOpOM IJ:JleHe cOBep-
ruaeTC5I 3aMeHa nepeMeHHoH X Ha 6 B HHTerpaJle H npHMeH5IeTC5I
10.2.7 (1). B TpeTbeM

-

npHMeH5IeTC5I BJlOJKeHHe (8) npH 1 = l.

B IJ:eTBepToM
-

P6n 3aMeH5IeTCSI Ha MeHbruylO BeJIHIJ:HHY cp, nOJlb-

3Y5ICb 10.2.7 (1). I1epexo,n: K nOCJle,n:HeMY IJ:JleHY CBO,n:HTC5I K 06paT-
atr-

1 )

HOH 3aMeHe 6 Ha x, npH 3TOM -
a

3aMeH5IeTC5I Ha HeKOTOpylO
£n

JlHHeHHYIO KOM6HHaUHIO H3 IJ:aCTHbIX npOH3Bo,n:HbIX f ). 3aMeHa A
Ha Q TOJlbKO YCHJlHBaeT HepaBeHCTBO.

10.4. ,lJ;oKa3aTeJIbCTBO BJI01KeHHSl

W;a (Q) B;+a (Q) (O<r+a<r)

I1YCTb So eCTb HaHMeHbruee HaTypaJlbHoe IJ:HCJlO, ,n:JI5I KOToporo

r+a; so'PaccMoTpHM ,n:Ba cJIYIJ:a51 r+a;<so H r+a;=so.
10.4.1. CJlYIJ:aH 1:

So - 1 < r + a; < So. (1)
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HaM 6y,neT y,nOOHO BJlO)f{eHHe 10.4 (1) CBeCTH K CJIe.nYlOmHM

,nBYM:

W a(Q) - W ',a+r-so (Q) _ B;+a (Q). (2)

1
I1epBoe H3 HHX BepHO, nOTOMY 'ITO r + ex - So < 0 -

P

(CM. 10.1 (4), (5)).
I10JlO)f{HM (+ex-so= <o,Tor,na r+ex-so+l=I+ ,

o< 1 + < 1. (3)

BTopoe BJIO)f{eHHe (2) B o,nHoMepHoM CJlY'Iae CBO,D.HTCSI K Hepa-
BeHCTBY

b-a

-"2
dh 111(so-l) (x+h)_f(so-I) (x) Ilfp(a. b-lI)

S h1+PCl+!3J
=

o

b-a

-"2 b-h x+h p b

I
()

I=
r dh r dx r f(so) (t) dt c (b _ a) S 1 So (x) p

dx,J h!+pCl+1'\1 J J p (x)1'\o a x a

(4)

KOTopoe HaM npe.nCTOHT .nOKa3aTb. 3.necb C (t) > 0 - HenpepblBHaH
<PYHKIJ,HH OT t>O H p(x)'-""'(x-a) (b-x), xE(a, b)-paCCTOHHHe
OT TO'IKH x .no rpaHHIJ,bl (a, b).

Mbl Ha'IHHaeM C HepaBeHcTBa (noHcHeHHH HH)f{e)

I l-h x+h P

r dh r d r.h (t) dt :0:::::
J h1+P(1+f\J J

x
J 'I'

o 0 x

S
l

dh I.t dx x.t I
'" (t)

I
p
dt (X-t £1'\ d£)

P7Q

"""

h1+P(1+I'\J J J tf\,q J
o 0 x x

=
r dh I-t dx Xc

h

]
'" (t)

!
p

tl'\ dt (xt £1'1 d£)
P_l

E;;;;J h1+P(1+I'\J J J tf\ J
o 0 x x

I I

l "'t i2 jP g (t) dt C (i) I "'t )r dt, (5)

r.ne C (l) > 0 - HenpepblBHaH <PYHKIJ,HH OT i.
B nepBoM COOTHOIIIeHHH (5) npHMeHHeTCH HepaBeHcTBo reJIb.nepa

1 I
no t E (x, x + h). Bo BTOpOM - Ha.no Y'IeCTb, 'ITO - + - = 1.

p q
B TpeTbeM - MeHHlOTCH MeCTaMH dx dt H dt dx, a 3aTeM dh dt H
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dt dh, npH STOM Mbl n0J10:a{HJlII

r dh t (Xt
h

)
P_I

g (t) = tfJ
J h1+P<1+fJ) J J  fJd dx,
o A(t, h) x

r)J.e

'A (t, h) = {
0, ° < t < h,

t-h, h< t<l.

HaKOHeII., B nOCJ1e,n:HeM (mnoM) COOTHOilleHIIII Ha,n:o YtJeCTb, tJTO

4>YHKII.II5I g (t) orpaHIItJeHa Ha [0, l] (g (t) C).
B caMOM ,n:eJIe, n0J10)f{IIM g (t) = gdt) + g2 (t), r,n:e

t/2 t

(
X+h p-I

gl (t) = tfJ h1+  +fJ)  fJd ) dx.

o A (t, h) x

t

TaK KaK S,n:eCb h < 2" < t, TO 'A (t, h) = t- h. KpoMe Toro,

t t
 >x> t -h > t-

2"
=

2"
II < 0, n03TOMY  fJ<tfJ.CJ1e,n:oBaTeJ1bHO,

t

YtJIITbIBa5l,
.

tJTO xfJ dx < h1+fJ, 6y,n:eM IIMeTb

t-h

t/2 t t/2

gl (t) tfJ
dh

tfJ(p-l) (' hp
-1 dx < tfJp < tfJpt-pfJ = 1.

J h1+P<1+fJ) J h1+pfJ
o t-h

C ,n:pyrofi CTOpOHbl, eCJ1II YtJecTb, tJTO ° 'A (t, h), TO nOJ1YtJIIM

1 t

(
X+h p-I

[/2 (t) = tfJ h1+: +fJ) .\  fJd ) dx <
tL2 A(t. h) x

1 t 1

-< tfJ (' dh (' dxh(1+fJJ(P-l) < tl+fJ (' dh
< t1+fJt-1-fJ = 1.

J h1+).'<1+fJ) J J h2+fJ
t/2 0 t/2

B TpeTbeM COOTHOilleHIIII Ha,n:o YtJeCTb, tJTO (x + h)1+fJ - x1+fJ h1+fJ
,

TaK KaK ° < 1 + < 1.

KOHetJHo, paccMaTpIIBa51 BMecTO '\jJ (t) <PYHKLI,IIfO '\jJ (- t) Ha (-I, 0)
II paccY)f{,n:a5l, KaK B (5), Mbl J1erKO nOJIYtJIIM

I l-h x+h p 1

dh C dx r '\jJ (t) dt C (l) ('
I I

p
dt. (5')

h1+P(1+fJ) J J J (l-t)fJ
o x 0

nYCTb -renepb a < b. n0J10)f{IIM ,n:J151 KpaTKocTff c= at
b

,
d =

b-a
= a +-;r-'

lt ('A, v) = Ii f(50
- 1) (x + h) - f(50 -1) (x) liZ p(A, v), (6)
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O'leBH,n:HO, 'ITO

fl (A, v) fl (AI, VI), eCJlH (A, v) C (A1> VI)'

n03TOMY, Y'IHTbIBa51 eIlJ.e (5) H (5'), 6YJIeM HMeTb

(1
a

f.l (a, b-h) dhY/P r1
a

f.l (a, c-h) dh )
l/P

+
\ h1+P (1+ ' ) \ h1+P 11+13)

lip

(
b-a \l/p

f! (a, c-h) dh

)
\
+

h1+p (1+ )

(7)

(
b-a

+ T 11 (c-h, b-h) dh

\ h1+P <1+13'

t(b;a\ \I/p

+ \
r fl (d, b-h) dh \ 

< (b _ ) f( , f(S,)(x) I
p

d )
I/P

+J h'+P(I+f\)
 CI a

J (x-a) P
x

o i a

+ (J \  ;  jP dxriPJ C2 (b - a) ( I (x :s) (  X)Pr dX)I/P,
II Mbl ,n:OKa3aJlH (4).

TIepexo,n:HM K ,n:oKa3aTeJlbCTBY 10.4 (I) (B cJlY'Iae I).
10.4.1.1. Ha OCHOBaHHH JleMMbI 10.2.6 MbI MOllieM C'IHTaTb, 'ITO

MHOllieCTBO Q nOKpblTO KOHe'lHhIM 'IHCJlOM MHOllieCTB (j), Ka*,n:oe 1I3 KO-

TOpblX o6J1a,n:aeT CJle,n:YlOIlJ.HMH CBoHcTBaMH: I) 0) - 06.T1aCTh C (n - 1)-
MepEoH rJla,n:KoH rpaHHueH, 2) (j) npHHa,n:JIelliHT K cep,n:ueBIJHe

n

Ax = n AJ «(j) c Ax)
1

lIe;WTOporo KpeCTa perY.T151pHbIX MOCTOB 06J1aCTH Q.

3aqJHKCHpyeM BHIIMaHHe Ha onpe,n:e.T1eHHOH TaKOH 06J1aCTH 0).

BBe,n:eM ,n:Jl5I Hee CHCTeMY Koop,n:HHaT = (S1> ..., Sn), Bo06IlJ.e KO-

coyrOJlbHYlO, C n0.T10lliHTeJlbHbIMH nOJlYOC5IMH, COBna,n:alOIlJ.HMH COOT-

BeTCTBeHHO C JlY'IaMH L1> . . .
, Ln' onpe,n:eJI5IlOIlJ.HMH KpecT AI, ..., An

(CM. 10.2.6).
<PYHKUHlO f (x) nocJle 3aMeHbI X 6y,n:eM CHOBa 0603Ha'laTb

'Iepe3 f ( ).
ECJlH Tenepb 3a,n:aHa CPYHKUH5I f (x) E W a(Q), TO ,n:Jl5I Hee Bbl-

nOJlH5IlOTC5I HepaBeHCTBa (n05lCHeHH5I HHllie)
I

I
as, f 1

'

1 Ii as' f
. I

I
.

I, a i'
( )

/ II a i'
( )

I .

J I
'

or+a-so II -
<

II O( )'+a-s,ii _
-<llf(x)l! So -<

" J Lp(l'-j)
'

i'Lp(A/) W
p , r+a-so(Q)

-<lit (x) II r (j=I, ..., n). (1)
Wpa(Q)
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3.n:eCb AI - OTOOpa)f{eHHe AI npH npeoopa30BaHHH X {; H p .eCTb1

paCCTOHHHe OT TO'IKH {; E AI .n:o r B HanpaBJleHHH  /' I1epBoe COOT-

HOIIIeHHe B (1) BepHO B CHJlY 10.2.7. BTopoe COOTHOIIIeHHe BepHO
aso

f
B CHJlY Toro, 'ITO 'IaCTHaH npOH3Bo.n:HaH

- eCTb JlHHeHHaH KOM-

aqo
6HHa HHC nOCTOHHHbIMH K03cpqmI1.HeHTaMH H3 'IaCTHblX npOH3Bo.n:HbIX

,(so) (X) no X nopH.n:Ka so, K TOMY )f{e, B .n:aHHOM cJlY'Iae HKOOHaH

nepexo.n:a OT {; K X eCTb nOCTOHHHOe 'IHCJlO, a paCIIIHpeHHe HOpMbI
OT AI K Q TOJlbKO YBeJlH'IHBaeT ee. HaKoHe ,nOCJle.n:Hee COOTHO-

IIIeHHe B (1) BepHO B CHJIY nepBoro BJlO)f{eHHH B 10.4.1 (2).
By.n:eM C'IHTaTb, 'ITO

AI = {{;: fjJ ({;/)  j '/J ({;/), E aj},

r.n:e 'q = ( b...,  /-b /+l' ...,  n) H al - (n - l)-MepHbIH
I1pH 9TOM fjJ ({;'), '/J ({;') HenpepbIBHo .n:HcpcpepeHrJ,HPyeMbI

m '/J ('q) - fjJ ({;' M ({;j E a}).

9J1J1Hnc.

Ha at H

(2)

B CIIJIY 10.4.1 (4) HMeeT MeCTO

m

2 '" (;/)
C dh

I ps.o
- 1)

( j + h) _ [
(so - I)

( j r
.) Ip dt

h1+p n+ ) j. nl ':0, I  I '  I I -I

o <p (;/)

'" (;/)

I f o)
( /,  /)

\
p

c ! d /' C = max ['\jJ ('q) - cp ({;1)].
<p (;i) P I(6)13  IEO-}

I10cJle IIHTerpHpOBaH!l5I noro HepaBeHCrBa no {;f E aJ nOJlY'IHM
(CM. 4.3.4, =, + ex. - So (1»

(3)

II' ({;) Ilb . /LrO) lit ({;)ll
b; +b (Ai)

<

113 (1) H (4) C.T1e,liyeT

II t ({;) lib' j- a

( -)
< II t Ilw' (Q)

P i
0)

pa

aSo
f

a i" (j= 1,..., n). (4)
p +

a - SO

"'I ;;L p (Ai)

(j=1, ..., n). (5)

Ho Tor,lia B CHJlY Toro, 'ITO ffi orpaHH'IeHa H HMeeT rJla,liKYlO

(n - 1 )-MepHYlO rpaHH iJ,y, cpYHKiJ,HlO t ({;) MO)f{HO npo.n:OJl)f{HTb Ha Bce

n-MepHoe rrpOCTpaHCTBO Rn TO'IeK {; = ( lo ...,  ,,) C COXpaHeHrIeM

CBoikTB (4) H (5). TO'IHee, CYIlJ.eCTByeT <PYHKiJ,I-I5I to) ({;) E B;+a (Rn)
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TaKaH, tlTO

fc,., ( )= f ( ), E ffi, II fro ( )I!B + a,

(R n) <: II f Ilw a,«(,I) (6)

(CM. npHMeIJ:aHHe K 4.3.6).
TaK KaK npe06pa30BaHHe b x JIHHeHHOe HeBblpO)f{,n:eHHoe C no-

CT05lHHbIMH K03<pqmUHeHTaMH, TO

II fro (X) IIBr+a (R ) <:llfllw' «(,I)p n pa

(7)

(CM. O. B. BecoB, B. I1. l1J1bHH H C. M. HHKOJIbCKHH [I], 21).
CYIIJ:eCTByeT KOHeIJ:HOe IJ:HCJIO np5lMoyrOJIbHHKOB f).x

k (OTKpbITbIX)
H HM cooTBeTcTBYlOIIJ:HX MHO)f{eCTB ffik, 0 KOTOpbIX IIIJIa peIJ:b B JIeMMe

H3 10.2.5 (k = I, ..
., N). Ka)f{,n:oMY k MO)f{HO npHBeCTH B COOTBeTCT-

BHe 6eCKOHeIJ:HO ,n:H<p<pepeHU,HpyeMYlO Ha Rn <PYHKU,HlO C{Jk (x) co

CBoHcTBaMH:

I) O:O::;;;C{Jk(x):o::;;;I,
2) C{Jk (x) <pHHHTHa B f).x

k
,

N.

3) C{Jk (x) = 1 Ha 0
I

(CM., HanpHMep, C. M. HHKOJIbcKHH [22], T. II, 18.4).
f10JIO)f{HM

N

F (x) = frok (x) C{Jk (x).
I

(8)

O1leBH,n:Ho,
N

II F \lB'+ a,

(R ) <: II frok (x) liB' + a,

(R ) <: II f Ilw' «(,I)' (9)
p niP n pa,

f1YCTb XE Q . Tor,n:a ,n:JI5I JIlO6oro k=l, ..., N

frok (x) C{Jk (x) = f (x) C{Jk (x), (10)

nOToMy IJ:TO, eCJIH ,n:JI5I 9Toro k x E f).xk' TO X E f).xkQ C ffik H

frok (X) = f (X), eCJIH )f{e X fj f).x
k

, TO C{Jk (X) = 0 H paBeHCTBO (10)
Bce paBHO BbITIOJIH5IeTC5I. Ho Tor,n:a

N

F (x) = f (x) C{Jk (x) = f (x) ,n:JISI Bcex x E Q. (II)
k=1

113 (8) H (9) CJIe,n:yeT

II f liB' + a,
«(,I) <: \I f Ilw' «(,I)p pa

H BJIO)f{eHHe 10.4 (I) B CJIYIJ:ae 1 ,n:OKa3aHO.
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10.4.2. C JI Y lJ a II 1:

r+a=so. (1)
B :nOM cJlyqae

W;'a (Q)- W7 ., II (Q) 4- B 
+ II

(Q), (2)

nppBUf-:' COOlHoweHue B (2) BepHo (CM. 10.1 (4», ITor{l IY q10
1

'11+ I <;r H r+a-50-1 =-I<O .-.BTopOe-npe,'I,CTOlIf )!.Oha-
p

-> i['b.

HdlJHt' 1 c nepam'lICTBa (nOHCHeHIIH 1II1I1\e)

{,I. 1-  '/J

 'dh r
. ., hl+J1 ju" 0

i fi;o-
I) (x + '2h) - 2f(So- I) (x + It) + f(so- I) (.t) IP dx =

I/? 1- ','11

l' dh
'

' h l+ I ' \
o 0

h It

\
1'

.\ Jh+l) U+f+fj)dtdtl ell"""

IJ 0 I

It! {- :'h \ +- ;, (, + It

[
"

= h ;i' tlt l /(;,+ 1) (I) dt dx 
o 0 \ /,

1/2 1 - n t + " /, -+- h

\ h i:l' \ £Ii' \ £It] \ U('.+I 
'

V (I, 11) dt =

0
"

0

.. t t
x it

//2 I - 2h A +-  h

l' dlz \ I f( .+ !)
(I) {It'

J
.

,.

=' hl+P .,
dx

J t ) (t,x,h))(\,h)dt=
o U x

I I

= I f<'" + I}(t) t II' g (t) dl -< I f<'o 1- Ii (I) t It' £It. (3)
o 0

B Tr!PTf,p 1 ((\iJI!f(!WE'HI111 Mb! YMH(){l\aeM H Jl,e.i1HM {iso 1- I! (t) Ha
/

I I

)tl,q (t + q
='= 1 H np!! IE'lIqeM 1\ HHTerpa,l1)' ITa dl lIf! HepaBeHCTBo

re,'lb),epa; npl!  ro 11I0,l1araeM

(
x+ft v+ft

)
,,-1

y(x, h)= dv  -ld .

x v

(4)

B qerseprml com HOWt'H!!1!  leHlIeT(,H I10plI.'J,OK I!HTerpHpO;aH!U! no

dt! dl Ha dl dfl , B pe3Y,'lbrare IToc.'1e IIHTerpllpoB3HHH ITO dill
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KOTopoe R03MOiI<I1O LlOBeCTI! 1tO KOHllCl, 1I0JIYlJlIM HUlIlIC<llIlIOe paHeH-

CTBO, r.li.e

{
t-x, x<t<x-I-h,

 I(t, x, h) =
x-t+2h, x+h <I <x+2h.

(S)

HaKOH€rt  leHHeM !IOPHllO/( II!1Terpllp()fkJlI/IH 110 rI.r dt HJ dt dx,
a 3aTel\f dh ell Ha ell £lit !f nOGIe IIbllWCCllIIH 3a ChO()!(!! I /(,,.-t Ii (t) t V'
nO.Tly'-!aeM npC,lUlOcM:Ulllii lJ.lIClI (; ), 1','1.e

I If dll C
g (I) = [

.
hl+p

o 1 (I, ,h)

p (t, x, h) I' (x, II) d.t (0<1<1> (G)

H

.,
_ f fI,

JU, _It)-
\ t - '.lit, '-'Ii < 1 < I.

() -< f < '211 ,

(I)

HHlK€ Mb! .J.01\J3b!8JE' 1 OrpaH!i4E'HHOClb <bHI\!lI!l1 q (I) HJ (i'), l),
01K)')13 Ole..'lyer 1l0C'lt:.'J.Ht'E' COOIlWlllClIllC B (3). rlCI./!8121EM

g (/) =.';1 (/) + g2 (I), (0)

r.ITE'

1,'4 ,

! C dh. \'
gdt)=f' h 1 + P ' p(t, X, h)y(.\, l1)d\=

.. .

o  .(t. ch)

1/4 I

I \' dh \'=

{ J h1 +P J !l (t, x,

o t-?h

h) V (Y, 11) dx. (9)

t
3.n:ecb 2h < 2" < t, H nOTOMY 'A (t, 2h) = t - 2/1. 113 (6) CJIe.n:yeT, lJTO

f,t(t, x, h) <h. (10)

D.oKaJKeM, lJTO

v (x, h) <:" h
P-1

. (11 )

B C3MOM .n:eJIe, nepeMeHHH nopH.n:oK HHTerpHpoBaHHH
B npaBoH lJaCTH (4), nO.'lY'-!HM (noHcHeHHH HHiKe)

t+h "+11 x-I.IL x+ 2IL

r dv r ?-ld?=  .  -xd'- +  . 2h+x- dt .

J J.... j J x+h
-
<

v x x+h

x+IL

<

B HHTerpaJIe

%

<+ 211

1 d +
x+h

1 d = h + h = 2h.

%
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BeJI.b  -x« -x)+x= ,Tal( I\Dl, x>O, H 2h+x-;-
=(x+h)-( -h)<x+h,Tm, 1,8K x+h< H, CJTe..u.OBaTeJlbHO,

 -h>x>O.
Ho TOfAa !l3 (9), (10) II (II) CJ1eAyeT

1/4

I r h. hhp-l A I .

Rl (I) < T.) hlTp dh, T t -< 1.
o

(12)

IIMt'eM ..u.3.lTee (noHcHeHHH HfDKe)

1/2 I
I \' dlJ \' .

ig2 (I)  'fJ iPfi ., II (t, x, h) '\' (r, It) I x=

II-I 0

(/2 I 1/2 t

I r dll .4 I r Jrl dh r=

-, .) hITp (t - X))' (x, h) dx <: -{ .) J (I - x) dx-<
o "

1/2

.e t \'  h./t . '-«' 1 (13)'" .) 112 ''''"
t '-<", .

I/ 

TaK KaK 3..u.eCb x < t, TO po (t, x, h) = t - x. Bo BTOpOM tI.rleHe

 ermMbI p3CllIHpHJlH HHTepB3JI HHTerpHpOBaHHR no dx, nOJIb3.Y\1Ch

TeM, tITO ')... (t, 2h) ° (CM. (7)).
.

113 (8), (9) H (13) CJIe..u.yeT OrpaHHtIeHHOCTb g (t) Ha (0, I).
.9THM HepaBeHcTBo (3) 060CHOB3HO nOJIHOCTbIO.

KOHetIHO, paccMaTpHBaH BMeCTO f(50 + I) (t) <PYHKUHIO f(so+ I) (- t)
Ha (-i, 0) Ii paccY*J1.aH, KaK B (3), Mbl JIefKO nOJIytIHM

1/2 1- 2h

h  
h h p

f(so+l) (x+t1 +t2) dt1 dt2 dx<.
o 0

I

-< 1 f(50 + I) (t) (i- t) IP dt. (3')
o

n a+b b-a
nYCTb Tenepb a<b. OJIO*HM c= ,d=a+ ,

'\1- 2h

I
h h

j
p

po(')..., v)=   f(X+t+tl)dtdtldx,
1, 00

OqeBH,ITHO,

J-L (1., v) J-L (')...1/ VI), eCJIH (A, v) c ([.1' VI),
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H TOr)J.a B CIIJlY (3), (3')

(b a II {(So-I) (x+ 2h) _ 2f(s.-I) (x + h)+ {(So-I) (x) III' )
1 'I'

J hlt-p >!.,,(d.b-0h)
o

= (b a l(a, b-2h) dh )
111'

(
/>-

S
4

a

!l (a, c-2h) dh )
1/"

+J h1 +P h 1+P

o 0

+(  1a!l(C-2h,b-2h)dh)
I/P

( bfa  l(a, C-2h)tlh )
I/!'

+h1+P hlt-p

13 (b-a)

)
IIP

+(T"(\,'c-;2h) dh ..

".;:;; C1 (h - a{G I t(s.-t- I ) (t) (f - a) /1' dfrp +
'

(
11

)
11

]+ } I f(S, + I) (t) (b - f) jP df
I'

G;

( \ 1/1'

C2 (b - a) V I t(S, + 1) (i) (t - n) (h - t) :" "1/ ' (1.1)

H MbI )J.OK33aJlH BTopoe BJIO)KeHITe (2) B o.n:HOl\repIrOM c,lY43e (Q = (a, b)).
PacnpoCTpaHeHHe ero Ha CJIYlJaH npOI-r3BOJIblwti OrpaHH'IeHIIOii

06JIaCTI-I Q c R.n Be.n:eTCH paccY)i{)J.eHHHMH, aHaJIorulJHbIMI! npHBe.n:eH-

HbIM B 10.4.1.1. Tenepb Yllie .n:JlH <PYHloUru f (x) EO \\7;", (Q), fit,"

r+a.=so<r, HcpaBcHcTBO cOO1BeTclRYlOlIJ.ee 10.4.1.1 (I) I:\LlrJIR.n:HT

TaK (r+a-su-I =-1 (I)):

a'd-It

a i"
+ I

p-I <If (x)  wr(0)"
Lp(AJ poc

A HepaBeHCTBO, COOTReTCTB YIOrtl.ee 10.4.1.1 (3), HMeer BH.n: (CM.
10.4.1. 1 (2))
III

oj 'I. ( i) .

.

l' I r\,,-I) ( . ( ,", + 0h)-2tl'"-"I) (  (
'"
/-+-11 )-+.

hi t-p " I / ; ." '"'1 -, ,-,  ,

  1
'

1/' ( f)

+t'!'"
- I,

( '1 C. ) I I' J .<- c \' I f\:o+
I) (bJ }) P.

/
" d't "

..,
\) , 4  J- J..,

'
-}

\jol' ')
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nOCJIe ero HHTerpHpoBaHHH no bf nOJIYtJaeM HepaBeHCTBa, COOT-

BeTCTBYlOIIJ.He 10.4.1.1 (4) H (5):

if. + If

a i.
+ 1

-1

Pt.t
 f( Hb  a(00)< -< I (x)  wr(Q)'

_

)
"a.

Lp (Aj

qTQ6bl OKOHtJaTeJlbHO nOJIytJHTb BJIOLKeHHe W;a (Q) _ B +a(Q),
Ha,n:o nOBTopHTb paCCYLK,n:eHHH, npHBe,n:eHHbIe B 10.4.1.1 nOCJ1e <pop-
MYJIbI (5).

10.5. J].OKa3aTeJlbCTBO BJIOH<:eHHH

r r+a- 
(

1

)Wpa(Q)-Bp P(r) O<r+a-p<r, rECCf,J), (1)

J.Io> r + a - HaT Y p a JI b Hoe.

OTMeTHM, tITO BepHOCTb 3Toro BJIOLKeHHH npH a = 0 (B TOM 'IHCJ1e

H npH p = 00) CJIe,n:yeT H3 COOTBeTCTBYlOIIJ.eH reopHH ,n:JIH 6e3Beco-

BblX KJI,aCCOB TaK KaK Tor,n:a

I
r--

W;o (Q) = W; (Q) -- Bp
p
(f) (2)

(CM. KHHry O. B. BecoBa, B. n. HJIbHHa H C. M. HHKOJIbCKOro [1],
reopeMa 24.3).

PaccMOTpHM CHa'IaJla CJ1Y'IaM

I
r+a--=so.

p (3)

I I
TaK KaK 50<r, TO r+a- - r-lH a --I O.Crry-

p p
'laM a = 0 YLKe paccMOTpeH. ECJIH LKe a < 0, TO, ytJHTblBaH, 'Ira

So> 0, nOJIY'IHM

I
O -<r+a<r.

p

QIe,n:OBaTeJIbHO (CM. 10.4 (1) H reopeMY 24.3 ynoMHHYTOM KHHrH),

I
r r+a r+a--

Wpa (Q) - Bp (Q) _Bp P (f).
13 C. M. HHKOJlbCKHI!

(4)
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OTMeTI-IM, qTO B YCJIOBl-le 3TOll TeOpeMb1 BXO,n:I-IT f E C(IL) (J.I. > r + ex)
(CM. 3aMeqaHl-le nepe,n: reopeMoH 24.3 1-1 cpOPMYJIY 21 (8') B YKa3aH-
HOll KHHre).

nepexo,n:HM K CJIyqalO

1
r+ex--<so.

p (5)

ECJIH Ha caMOM ,n:eJIe r + ex < So, TO B CHJIY HepaBeHCTBa 50..0;;; r
I

nOJIYIIHM ex<O. KpoMe roro, H3 (1) CJIe,n:yeT, lITO r+ex>-;;:::O,
p

n03TOMY O<r+ex<r H B CHJIY 10.4 (1) 1-1 reopeMbl 24.3 yaoMH-
HYTOll KHl-lrH

1
r r+a r+a--

Wpa (Q) -+ Bp (Q) __Bp P (f), (6)

ECJIH )l{e

r+ex-so O, (7)
1

TO npn So -
- > 0
p

1

W a(Q) -+ W o,r+a-so (Q) __ W o(Q) -+ B;o-p (I). (8)

1
3,n:eCb nepBoe BJIO)l{eHHe CJIe,n:yeT 1-13 TOrO, qTO r + ex - So <-

P

(CM. 1O.t- (4». BTOfoe-TpHBlfaJIbHO BblTeKaeT 1-13 (7). TpeTbe-
CJIe,n:yeT H3 TeopeMbl 24.3 KHHfH O. B. BeCOBa, B. n. HJIbHHa,
C. M. HHKOJIbCKOrO [1].

BTOpoe BJIO)l{eHHe rpy6oe, H Mb1 He IIOJIYIIHJIH TOIIHblll KJIaCC

,n:JIH CJIe,n:a CPYHK!LI-IH f E W a(Q). O,n:HaKO MbI ,n:OKa3aJIH, lITO CYIlLeCT-

ByeT CJIe,n: fir = q>, HMelOIlLHll HHrerpHpyeMble Ha f qaCTHble IIpOHS-
Bo,n:Hble ,n:o IIopH,n:Ka So - 1 BKJIlOqHTeJIbHO, KOTopble MorYT 6bITh

nOJIyqeHbl H3 cooTBeTcTBYlOIII.I-IX lIaCTHbIX npOH3BO,n:,HblX oIIpe,n:eJIeH-
HblX Ha Q, KaK npe,n:eJIbl B cpe,n:HeM (B CMblCJIe L

p), HJII-I IIOIITH

BCIO,n:y, KaK !:ITO OIIMcaHO B 24 KHHrH O. B. BecoBa, B. n. HJIh-

HHa H C. M. HI-IKOJIbCKOrO [1] (CM. TaK)l{e C. M. HHKOJIbCKHll [5]). ::ho
I

YTBep)l{,n:eHHe BepHo H npH So
- - = 0, T. e. IIPH SO = P = 1, HO

P
1

80-- 6
B 3TOM CJIYlIae B !LenH (8) Ha,n:o 3aMeHHTb B p (f) = Bp (I) Ha

. p

4(1).
-

to.5.1. HH)l{e MbI 3aHMeMCH CJIyqaeM 10.5 (5), KOTOpblll MO)l{HO

sanHcaTb elll,e CJIe,n:YIOIIJ.HM o6pa30M:

I
So
- 1 < r+ ex - - < So.

P. (I)
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f1YCTb

L\={x: O xl I.i=I. .... n}

- e,l!:IfHHqHbIH Ky6 B R.n H L\' - ero rpaHb. npHHall.JIe)Ka aH nJIO-

CKOCTH Xn = 0:

L\'={X'=(XI. .... Xn-l): O xi I.i=I. .... n-I; Xn=O}.

BBell.eM KJIaCC <PYHKUHH W;a (L\). Onpell.eJIeHHbIH KaK W;a (L\)
B 10.1. HO rll.e p(x) eCTb paCCTOHHHe OT XEL\ 11.0 L\'. T. e. p(x)::z
= px (x) = Xn' f1pOH3BOJIbHYIO TOqKy X = (Xl> .... Xn) 6Yll.eM 3anH-

n

CbIBaTb e eTaK: x = (x'. Xn) = (Xl. X". Xn). CqHTaH. TaKHM o6pa-
30M. qTO X' = (Xl. .... Xn-l) = (Xl. X"). X" = (X2 . ..., XII-I)'

HaM npell.CTOHT 1I.0Ka3aTb. qro

1

W;a (L\) \¥1 r+a-so (L\) B 
+a- P (L\') (2)

npH YCJ10BHH (1). f1epBoe BJIO)KeHHe BepHo B CHJIY 10.1 (4), nOToMY
I

qro r + ex - So < -. BTopoe CBOll.HTCH K HepaBeHcTBY
p

(
I

dh o'o-If (Xl +h, x', 0)

l+p(r+a-.!..-so+l)  I o o-I
-

h
P 6h

'0- 1 .

!
p

)
17P

_

a f (Xl> x, 0)
dx' ...:P" II f 11- ,'-.

;> '0
- I WS6 (6)'uXl p, r+a-so

(3)

rll.e L\" = {x": 0 Xl 1 - h. 0 Xi 1, i = 2. ..., n -l}. H Bo06w.e

o.o-If
K aHaJIOfHqHbIM HepaBeHCTBaM lI.JIH qaCTHbIX npOH3BOll.HbIX

o  .-I
,

(i = 1. 2. ...,
n
- 1). f10JIO)KHM lL1I5I KpaTKOCTH

'IjJ (X) =
oso-If (X)

.

ox o-I
(4)

TaK KaK

\jJ(xl+h. x", O)-'ljJ(xl . x". 0)=
h

 <71jJ
= -

j OXn
(Xl + h,

o

x" .

h

t) dt + (Xl +t, x", f) dt,

13'
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a a a
f]J..e MbI CtJl-IT8eM

at
=

OXI + OXn
' TO JIeB8H tJ8CTb (3)

( hl+p(r  -so+1)
p

)
17P

"P (Xl + h, x
n

, 0) - "p (XlJ x", 0) dx' <

 h

.s;;; 11 + la, (5)

r]J..e (nOHCHeRlUI RlUKe)

I =( 
I

dh

h ::n (xI+h. x", t) dt

)
p

dx'

IIp

=
1

 +a- +I
 h 0

-0 dh 1 J

.;JdUUdhJ
I I

(ur+a-so-p du

:r (Xl +h, x', hu) du

)
Xn

P

dx'

IIp

<:
hr+a.-so

:: (Xl +h. x", hu)
P

)
IIP

n dx'
hr+a.-so

ihp
(x)OXn

xr+a.-s.
n

p

)
IIP

dx < fI1-so '

W
p , r+a.-so ( )

(6)

Bo BTOpOM COOTHorneHHH (6) MhI .lI.eJI8eM 38MeHY nepeMeHHoft
t=hu, di=hdu B HHTerp8JIe no di.

B TpeTheM - npHMeH51eM 0606 eHHoeHep8BeHcTBo MHHKoBcKoro.
B qeTBepTOM

- B HHTerp8JIe no dh dx' BBO.lI.HM BMecTO Xl H h HOBbIe

nepeMeHHhIe X; = Xl + h H Xn
= hu C HK06H8HOM, p8BHhIM U, H,. ene-

]J..OB8TeJIhHO, C OOp8THhIM HK06H8HOM, p8BHhiM u-
l

. Teneph Y>Ke 3TOT

Kp8THbIR HHTerp8JI 6epeTcH no dXI dx" dXn = dx. ITpH 3TOM HHTef-

pHpOB8HHe 6epeTC5J no HeKOTOpOMY MHO>KeCTBY e c: /1 TOQeK x. EenH
S8MeHHTh e H8 /1, TO nOJIYtJHM npe.lI.nOCJIe.lI.HHH lIJIeH B (6). I1HTer-

paJI no du B HeM KOHetJHhIH, nOTOMY liTO r + a - So
- >-1

. p

(CM. (1)), 8 B03Be.lI.eHHhIti B CTeneHh lip HHTerpaJI no dx He npeBbI-
W8eT nOJIYHopMY

.

(
d'i' a'Oj

)t Ilu/ +a 1.:\)' OX
=

---;-s.- I .

p, r+a.-so n VX
n
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Ou:eHHM Teneph

( 
1

{' e :t (Xl +t, X", t) dt
P

,)
I/P

la = dh
J J hr+a-sO + I dx =

Ah 0

(
l l

(Xl + hu, X", hu) du
P

)
l/P

-= dh dx'
hr+a- So

o Aft 0

I

( \
1

(Xl +hu, X', hu)
P

)
l/P

E;; du dh dx'
h,+a-sO

/) AI,
l

r+a-so-..!.. (5
(x)

u P du
x +a-s.

,

dx)'" <U -so '

W

p , r+a-so (A}
(7)

9TH paccY)K.n:eHHH aHa.T10rHtIHhI npHBe.n:eHHhIM BhIllIe MH 11'
B tIeTBepTOM COOTHOllIeHfIlf B IfHTerpaJle no dh dx' 3aMeHHeM Xl, h

Ha X =Xl +hu, Xn =hu If 3aTeM X Ha Xl' fIOJIYtIaeTCH KpaTHhI1\ HHTef-

paJI no HeKOTOpOMY MHO)KeCTBY el c 11 TOtIeK x, KOTOphI1\ TOJIhKO

YBeJIHtIHTCH npIf 3aMeHe el Ha 11.
H3 (5), (6), (7), YtIIfThIBaH (4), nOJIYtIIfM HepaBeHcTBo (3) .n:JIH

aso-If
tIaCTHOll npoIf3Bo.n:HOll

a so-I
' AHaJIOfIftIHO, KaK Y)Ke 6hIJlO OTMetIeHO,

Xl

as.-IfMO)KHO nOJIYtIIfTh no.n:06HhIe HepaBeHcTBa .n:JIH npoIf3Bo.n:HOH
lJX:O-

1

(1=1,2, ..., n-l).
9THM .n:OKa3aHO BTopoe BJlO)KeHHe (2).
fIYCTh reneph 3a.n:aH3 CPYHKU:HH f (x) E W a(Q), r.n:e Q cRn-

06JIacTh_ C (n - 1 )-MepHoll rpaHHu:e1\ r c GSo, H nycTh A. H A

(A. c A* c A) - perYJIHpHhIe MOCThI (s' = ( 1o...,  n-l))06JIacTH Q:

A = {s: cp (6')  n '" (6').. s' E a},
A* = {s: cp (s')  n '" (s'), 6' E a *),

onpe.n:e.neHHhle B HeKoTopoll npHMoyrOJIhHOll cIfcreMe KOOp.n:HHaT i-
-= ( l' ...,  n)' r.n:e MO)KHO CtIHTaTb, tITO a H a

*
- (n - l)-Me HhIe

Ky6hI (a. c u. c a). TaK KaK r E G(S6), TO cp, 'Ii' 61 d
"

(I:f).
KpoMe TOro,

'" (6') - cp (s') > m (s' E 0'),
H nOToMY MHO)KeCTBa

A = {s: cp (s')  n< cp (s') + m,

A* = {s: cp (s')  n< cP (s') +m,
S' EU} cA,
s' E u*} cA..
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BBe.n:eM (' eHOBOe oTo6pa)KeHHe

S=( l'''',  n) (TJlo..., TJn)=1)

nOCpe.n:CTBOM paBeHCTB

£J=TJJ (j=I, ..., n-l),  n-qJ(S')=TJn (6'EO). (8)

HMeeM (rroRcHeHHR HHme)

If (xHw ' (0»> II f (s) Ilw' (Q»> Ilf (s) Ilw so (fi»>
Pt a p, a P, r+a-so

:> II f (S) \\w o.,+a-so(A o»> II f (1) I\w o,,+a-so
(t). (9)

fIepBoe COOTHOllleHHe B (9) BepHO (CM. 10.2.8 (4» B cHny TOro.

QTO oTo6pa)KeHl1e X S (Q Q) nl1HeHHOe HeBbIpO)K.n:eHHoe C rro-

CTORHHblMI1 K03<MmUHeHTaMI1; BTopoe - Ha OCHOBaHHH 10.1 (4), (5).
B TpeTbeM

- BeCOBOH K.T1aCC W rrOHHMaeTCR C BeCOM

P n(S)
=  n- qJ (s') = TJn;

Ha)l.O yqeCTb, qTO P (6) rv P (s) (s E A*) (CM. 10.2.7 (1». B qeTBep-
_

n

TOM (rrOCJIe.n:HeM) -}.* eCTb rrpRMoyronbHHK

}.* = {TJ: ('Ih, ..., TJn-l) E a *, 0,:;;; TJn':;;; m},

nOJIyqaeMblH KaK 06pa3 A* rrpH rrOMO H oT06pa)KeHHR (8). 3TO
OT06pa)KeHHe HerrpepblBHo .n:H<J$epeHII.HpyeMo So pa3, rrOTOMY qTO

4p (s) E C(so> (A). fI03TOMY <PYHKII.HR f (S) E W :,+a-So (A*) rrepexo.n:HT

B <PYHKII.HIO f (1) Knacca W  ,+a-s. ( *), r.n:e ponb p HrpaeT TJn'

B TaKOM cnyqae, B CI1.T1Y BToporo BnO)KeHHR (2) <PYHKII.HR f (1)
IfMeeT cne.n: Ha rpaHH 'iJn = 0 rrpRMoyronbHHKa i.*:

,+a-.!.
f (TJlt ..., TJn-lt 0) E B p (a*)p

 f(TJlI .... TJn-lt 01\ '+a- <llf(TJ)ilwso ( )'<U w'(C)o
Bp p(Oo)

p, ,+a- s. 0 pa

ECJIH 0603HaqHTb qepe3 yf HH)KHIOIO rpaHHUY Mona A*, orrpe-
AeJlReMYIO ypaBHeHHeM Sn = qJ (6'), s'. E a*, TO rronyqHM

Iltly,ll '+a- <llfllw' (1.:/)'

Bp P(Yl)
pa

II TaK KaK rrp0l13BOJIbHYIO TOqKy X E r MO)KHO rrOKpblTb perYJJ5Jp-
HblM MOCTOM A (06nacTH Q), TO'IHee, HI1)KHeH ero rpaHHII.eti Ylo
113 KOTOpOH Bbl6pOilleH Kpaft (CM. 10.2.1 (3) H HH)Ke), TO HMeer
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MeCTO (CM, KHHry O. B. BeCOBa, B. IT. I1JIbHHa H C. M. HHKOJIb-
CKoro [1], 23)

r+a- 
flrEBp p(r),  flr\\ r+a-!. <Ullw'a(D)'

B p (f)
P

P

H BJIO)l{eHHe 10.5 (1) .n.OKa3aHO rrOJIHOCTblO.

10,6.  OKa3aTeJlbCTBOBJ101KeHHSI

1

Br+a-p(r) W a(g)
p

(CM. 10.1 (14»),
I

0< r+ex -- <r, r E C(r).
P

6y.n.eM yrroTpe6JISlTb oO03HaQeHHSI:

x = (x", Xn-l> xn) = (x', xn),
x" = (Xl> ..., Xn -2), X' = (X", Xn-l) = (Xl> .... Xn-l),

n-I n-2

X,2 = xj, X,,2 = Xi.
1=1 1=1

10.6.1. JI eM M a. JIycmb

L\={x: O"';;;Xj"';;; 1, j= 1, ..., n}
- eOUl-lutt/-lblU Ky6 u

L\'={x': O",;;;xj",;;;l, j=l, .... n-l} (2)
- eeo npoeKl{UJl /-lO, n/lOCKOCmb Xn = O.

JIpu YC/108UJlX 0 < r + ex _..!.. < r O/lJl /l106o/t rPY/-lKl{UU f (x') E
1

P

r+a-- _

eBp
p

(L\') /-laUi)emcR eapMO/-luttecKaR /-la L\ cpY/-lKl{UJl U e W a(L\)
maKaR, ttmo

 U wra(A)",;;;qfll r+a- ·

p
B P (A')p

we C /-le 3aBUCUm om f U

U Ix =0
= f (x') (x' E L\').

n

30eCb

U(k)
U Ilwr (A)

= U IILp (A) + "'" ----a .

pa Ikj='
Xn Lp(A)

(1)

(2)

(1)

(3)

(4)

(6)
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r+a- 
TaK KaK BCflKYIO <PYHKIUiIO f E B p ( ') MOJKHO IIpO]J.OJI-p

)KHTb Ha Rn-l C coxpaHeHHeM HOpMbI, T. e. MO)KHO IIOCTpOHTb <PYHK-
- r+a- -

lI.HIO f E B p (Rn-1) TaKYlO, qro f (X) = f (X) Ha  /, TO JIeMMa
p

10.6.1 Herrocpe]J.cTBeHHo BbITeKaeT H3 CJle]J.YIO eH: JIeMMbl.
10.6.2. JI eM M a. JIycmb /-lO, BepXl-leM nO/lynpocmpa1-lC11'l88

R = {x: Xn > O} 3aOal-la ZapMOI-lUtleCKafl rPYl-lK4Ufl

r f (t') dt'
.

V (x) = V (I, x) = kXn J [(t' _ x')2+ x:Hn/2
'

Rn-l

r + a-!.
cPYl-lK4UU f (t') EBp p (Rn-1)

(1)

coomeemcmeYIOU{afl zpal-lutll-lOU

(o<r+a - <r),zae
. r dt' r du'
1 = kXn

J [(t' _ x')2+x ]n/2
= k

J (U'2+ l)n/2
'

Rn_l Rn_l

(2)

u nycmb R 0603Hatlaem noflOcy

R = {x: O xn a} (3)
U1UPUl'lbl a.

Tozoa V E W;a(R ),

IV  wr(R
a

) =I/UI!L (R
a
)
+ u :)IlL (Ra)pa n P n Ikl=rll n p n

 C(a)lltil I (4)
r+a- -

Bp
P

(Rn_l)

we KOflCmal-lma C (a) 3aBucum I-le mO/lbKO om r, a, p, 1-lO U om a,

u f (x') ecmb C/lea rPYI-lKl{UU V I-la noonpocmpal-lcmee Xn
= 0 (CM. 6.4):

U Ix = 0
= f (x'). (5)

'n

10.6.3. JI eM M a. P'/lfl Onpeae/lel-ll-lOU B /leMMe us 10.6.2 zaPMOflUtte-
Cleoa CPYI-lKl{UU V BblnO/ll-lfllOmCfl I-lepa8eliCmea

I)
U (r)

II
I

-a  cII/IIBr+a-p ,

X
n Lp (R ) p (Rn_l)

I
8ru

II,r-l
ax" ax.. - " f ' l----II  cuI 1 ,

x
a II

(
+

)
r+a--

.

n ijLo Rn
Bp

P
(Rn-u

(1)

(I')
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,(Je C He 8a8ucum om 1 u a, U ';>-llaCmHO.fl npoU3803Hafl om U
{YU

nopRiJKa r no x' = (Xlo ..., Xn-1) ,
a

1
- nopfliJKa r - 1 no

aXn axl,-

x' u mo/tbKO nepeo20 nopMKa no Xn.

nYCTb So - HaHMeHbllIee HaTypa.T1bHOe, .lI.Jl5I KOToporo

I
r+a-- so' (2)

p

)J.oKa:>KeM HepaBeHcTBo (1) .lI.JI5I tIaCTHOH npoH3BO.lI.HOA

U<;) =
iJrU

(3)
a  I a  nIXI'" xn-=t

He HapYllIa51 06III.HOCTb, 6Y.lI.eM CtIHTaTb An-I> 0.

,+ct- 
I1TaK, nycTb 1 (t

'

) E Bp p (Rn-1),
I

 =r+a.---so+1(>O!).
p

(4)

I1MeeM (rr05lCHeHH5I HH:>Ke)

U(r) - k (' 1 (t
'

)
I

dt
'
=

X
- Xn j axl, [(t' -x/)2+x r/2

Rn_l .

( I)'k (' 1 (t
'

)
iJr I

dt
'
=a= - Xn j atl, [(t'_X/)2+x r/2Rn-l

=(-I)'-so+lkXn I(So-l) (t", Xn-1+tn-1) X

Rn_l

a'
- So + 1

I
X dt

'
= (-I)'-so+lkx X

at',-so+1 [(t"-x")2+t _1+x ]n/2
n

a,-so+1 I
X 1('o-I) (t" x - t ) dt'

(6)
R

' n-l n-l

at,,-so+1 [(t"_x")2+t _I+X ]n/2
.

n-l

TaK KaK l(so-l) (t') E Lp (Rn-1), TO 9TO .lI.aeT B03MO:>KHOCTb

B TpeTbeM paBeHCTBe 1.{errH (5) nepeKHHYTb So - I npOH3BO.lI.HblX
Ha I. Ee3pa3J1HtIHO, KaKHe HMeHHO npOH3BO.lI.HbIe nepeKHHYTb. n03a 
60THMC5I 0 TOM, tIT06bI npH 3TOM OCTaBllIa5lC5I npOH3BO.lI.Ha51 HMeJl8

BH.lI.
a'
- So + 1 a'

- So + I

at,,-so+1
-

at"-so atn-l
'

liTO B03MO:>KHO, nOTOMY tITO A.n-l> 0 H So E; " CJle.lI.OB8TeJIbIlO,
b

Bo-I < r. npH nepe6pOCKe, .lI.JI5I Onpe.lI.eJleHHOCTH npOH3BO.lI.HOH aE;'
COOTBeTCTBYIOIII.HH HHTerpaJI (TOJlbKO no tll) npeo6pa30BbIBaerC5I no
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 e.lI.YIOIII.eA cxeMe:

1 ;P;'-dl,=  i ro{;p jN l  d+1  dI..

Be.n.h S6COJllOTHO HeITpepblBHa ITO tl (ITOlJTH .lI.Jl5I Bcex (t2 , ..., tn-I»
R '1', atl

EI Lp (-00, 00), OTKY.lI.a

! 'I' (N) I =e;;; I 'I' (0) + f '1" (tI) dtil
I 'I' (0) 1+ (f I '1" IP dtI)

IIp

Nllq = 0 (Nlltt).

Ho q> (tI) ITPH tl __ 00 .lI.OCTaTOlJHO 6blCTpO CTpeMHTC5I K HYJlIO, lJT06bI

", (N) q> (N) __ 0, N __ 00 H, KpOMe Toro, q> E Lq (-00, 00).
I1MeeM

ar-so+1 1
kx 1(51 -1) (t

lr

X ) dt' =-
11

R .

,n-I
at'r-so+1 [W-XW)I+t;_I+x tI2

n-I

kxn 1(50 -1) (t
lr

, Xn-I) dt" X

Rn...s
GO

 - a 1
X _

at 12
dtn-I =0.

at'r- 5I

-oo
n-I [W-XW)I+th_l+x r

a
nO.lI. 3HaKOM

atn--I
CTOHT lJeTHaH <PYHKlI;H5I OT tn-I, ITOCJle .lI.H<P-

$epeHlI;HpOBaHH5! ITO tn-I OHa CTaHOBHTC5I HelJeTHOH <PYHKlI;HeH, cJle-

JJ;OBaTeJIbHO, HHTerpaJI OT Hee ITO tn-1 E (-00, 00) paBeH HYJlIO .II.JI5I
JlI06bIX t", X", Xn'

n03TOMY, ITOJlara51

.A _I,,f<50-1) (t", Xn-I) =
- 1(56 -1) (t", Xn-I + t) - 2/(So-l) (t

lr

, Xn-I) + 1(50 -1) (t
lr

, Xn-I + f),

1J CHJIY (5), (6) ITOJlYlJHM

U. ( 1 )
,-so+1 kXn ('  2 I(So-l) (t" X ) XJ#' =0 - 2 J n-I, tn-I ' n-I

R
n--l

ar-so+
I 1.

dt'X
at,r- 50+ 1

[(t"-x")I+t _I+X r/2
.

CnpSBe.MHBO HepaBeHCTBO

I :;:1  :I <: p:+I' ·

(6)

(7)

n

p2 =0 !x"
1

(8)



to.5J
r+«-!

n01<A3ATEJlbCTBO BJlO)KEHM5I Bp
P

(r).... W a(0) 4m

QI1+1
rne n - H8Typ8J1bHOe tIHCJlO, 8

axil+!
- Onep81.I:H5I K8KOii-JlH60 q8CT-

H01\ npOH3BO.n.HOH nOp5l.n.K8 + 1. OHO JlerKO CJle.n.yeT H3 paBeHCTBa

::tv P P P

I
; -l(v HeqeTHOe),

V' X
n V+1 V_I v-a P

""5XV pn.... pnHV
+

pn+2V-2
+

pn+2V-4
+... =

PI
n+v (v qeTHoe),

p

KOTopoe MO:>KeT 6bITb npOBepeHO no HH.n.YK1.I:HH. 3.n.eCb P

/
- HeKOTO-

pbIH o.n.HOpO.n.HbIH MHorotIJIeH OT X = (Xl' ..,
, Xu) CTeneHH . KOHeqHO.

B Hep8BeHcTBe (7) MO:>KHO 38MeHHTb HeKoTopbie xI H8 xI
- tl H OHO

OCT8HeTC5I BepHbIM.

113 (6) H (7) CJIe.n.yeT (n05lCHeHH5I HH)Ke, + + = 1)

 J1) r dx <
Rn

5 5
  -It 1(50 -1)

( 1" X )
p

-< x-
n

pIX dx
'

n-l 'n-l
dt'

n+r- 50
,,;;;;

Ri, Rn_l [(t"-X.)2+t _I+X ] 2

5 5 I   -I,t {(50 -1)(t", xn_t> I"
E:; X-pIX dx n-l

, dt' X
n

Ri, Rn_1 [(t"-x")2+t _I+x r2
X ( 5

dt'

n+r-50 -E )
P/Q
=

Rn_1 [(t"-x.)2+t _I+X;a 2
Q

1  2 /(50-1)(t" X )/Px-pl3-lx-n+I+IPn-I,tn_1
'n-l n n

dt'.C...
ep

[W -x?+t _1 +xn"2

-= dx

R;; Rn-I
00 00

.... C dtn-l dt" dXn-'I  _I,tn-l!(50 -1) (t", Xn-l)jPX
-00 Rn-2 -00

oo

x-pl3-lx-n+l+ep
X dx.

n n

dx =

ep
n

Rn_2 -00 (x. +t _ 1 +X )2'
00

-= r dtn_1 r
1  2_ !(50-I) (t' )/Pdt'. C <j t

l + pB j
n I, tn-I 1

-00 n-I
Rn_l

<U pr+IX- · (9)
b
p

p (Rn_l)

Bo BTOpOM qJleHe (9) B HHTerp8JIe B CK06K8X MbI 38MeHHJ1H
t" - x. H8 t", tITO He H3MeHHJlO HHTerpa.n, a 38TeM npOH3BeJlH
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38MeHY t' Ha a' npH nOMow.H paBeHCTB tj
= XnUI (j = I, ..., n

- I),
B pe3YJlbTaTe nOC.T1e BbIHeCeHH5I 3a 3HaK HHTerpaJla MHO:>KHTeJUI XII

. COOTBeTCTBYIOW.eH CTeneHH B03HHK HHTerpa.T1

(' du'
C=

j
<00

Rn_I [n 1Ui+IJ+r-;so-e
q

1=1

KOHetlHbIA, eCJlH npeAn0.T10:>KHTb, tITO

(n+,-so-e)q>n-I,
T. e.

n I
8<-+'-So+-.

p q
(10)

B tIeTBepToM tIJleHe (9) MbI H3MeHH.T1H nOp5lAOK HHTerpHpoBaHHH
H SaMeHH.T1H tn Ha t. Tenepb B HHTerpa.T1e no dx" dXn npOH3BoAHTCH
3aMeHa nepeMeHHbIx xI = tVj (i = I, .... n - 2, Xn

= tVn-I)' B pe3YJlb-
TaTe nOCJIe BbIHeceHHH 3a 3HaK HHTerpaJla t-1-pfi B03HHKaeT HHTe-

rpaJl

c, z=

R _I

t/-pfi-n+ep d1J'

(I:' '"r: I.t +,1 <

< r v-pfi-n+ep dv + f pn-l-pfi-n+8P
dp <n-I n-I  p

I

-< v;  -n+epdVn _ 1 + p-I-pfi dp < 00

o I

(CM. (4», eC.T1H

-p -n+ep>- I,

T. e.

n-l n- I 1
Ie>-+ =-+,+ ex---so+ .

p p p
(II)

,lJ..nH cyw.ecTBoBaHHH e, YAoBJleTBopHIOw.ero oAHoBpeMeHHo (I 0),
(11), AOCTaTotJHO BbIllOJlHeHH5I HepaBeHCTBa

n-l I
I
n.

+
I

-+,+ex---so+ <.-+'-So -,
p p p q

I
.

T, e. ex < -. Ho BbIllOJlHeHHe :)Toro HepaBeHCTBa BCer.Aa npe,u.no-
p

,j(araJlOCb.

MbI AOKa3aJlH (I).
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llOI{ASATEJIbCTBO BJIO)l(EHMSl B
p

P (r)_W a(0) 40S

OepeXO.lI.HM K .lI.OKaSaTeJIbCTBY (l '). YlMeeM, KaK B (5),

iJrU
k

iJ (' f (t')
iJ l I

dt'
Ix,r-l aXn aXn

Xn J ax,r-l [(t' _x')2+x ]n/2
=-

Rn.-l

( I )
r-l k

a (' f (t')
ar-l I

dt'= -

ax"
Xn

RJ at'r-l [(t'_x')2+x ]n/2
=-

n.-l

=(-I)'-s'k xn (' f(S.-I) (t", xn-1 +tn-1) X
aXn R

J
n-l

a
r - s. I

x- dt'=
at"- So [(t" _X')2 +t -1+x ]n/2

=(-I)'-s'k a IIXn f(s.-O(t", Xn-l+tn-I)X
Rn.-l

a' - s. I
X

Ot"-So[(t"_x")2+t _1+X ]n/2
dt'.

TaK KaK r - So > 0, TO So
- 1 < r - I. He OrpaHHlJHBaH 06W.HOCTb,

a'
-

s.

6Y.D.eM ClIHTaTb, liTO npOH3BO.D.HaH
at"-s,

CO.D.ep)KHT .D.HqxpepeHIJ:Hpo-

BaHHe no tn-I' 003TOMY, KaK B (6),

a'
- So I

f(s.-I) (t", X ) dt' =
n-l

at"-So l(t" -x')2+t _I+x ]n/2
Rn.-I

= \' f(So-l) (t
"

,
X )dt

"

x
.\ n-l

Rn_2
00

a,-s.-I (' a I ,

xat,,-so-I J at l(t"-X")
2
+ f. + x2 ]n/2dt

=0.
_ 00

n-l n - 1 n

Tenepb, KaK B (6), HMeeM

aru =(_l)'-s, ('  2_ f(s.-I)(t" Xn-l)X
(JX,r-l aXn 2 J "1, In_l '

Rn_l
a' - So + I

x
at"

- s. aXn

Xn dt'.
[(t" _x")2 +t _1+x ]n/2

Ha OCHOBaHHH (7)

a'-S.+I x

Ot,,-s'oxn [(t"-x")2+t{_I+X;r/2< n+r-.. I

[W-X')2+t _1+X ]
2



n03TOMY OCTalOTC1I BepHbIMH BCe HepaBeHCTBa (9), eCJIH

(,) 8'U
118CTH (9) 3aMeHHTb Ux' Ha

,-1 ' 3THM HepaBeHCTBO
aX,. ax'

K8saHO.

10,6.4, JI e M M a. D,.I/.Jl onpeoeAeHHOu B AeMMe U8 10.6.2 eapMoHu-
'leCKOt1 CPYHKlI,UU U BbLnOAHR.emcR HepaselicmBo

U("

k c
"""F (R+)

EO;; II n
, + a_ J..

n
p

n
b
p

P

(Rn-v

roe KOHcmaHma C He aasucum om f.
.LI. 0 K a 3 aT eJI b C T B o. PaCCMaTpHBaeMa1l rapMOHHtIeCKa1l <!>YHK-

II.HH U Y.ZI.OBJleTBopHeT Ha Ri. ypaBHeHHIO JIanJlaca

n-I

!
a2u a2u

a +_a 2
= O.

X, X
n

1=1

BY.ZJ.'eM CtIHTaTb, tITO r 2. I1pO.ZI.H<txj:JepeHlJ:HpOBaB (2) (r - 2)
pa3 no x' = (Xh ..., Xn-l) , nOJlYtIHM

U l+ cYf I
'" O.

ax" aXn

BMeCTe C nepBbIM tIJleHOM JIeBOH tIaCTH (3) Y.ZI.OBJIeTBOpHeT HepaBeH-
iYU

CTBY (1) H BTOpoi\ ""'2'
. Ho Tenepb npH r 4, eCJIH npHMe-ax' aXn

a,-2
HHTb K (2) onepaU:HIO ,....2 I ' TO nOJIYtIHM, tITO tIaCTHaH npOHB-ax' ax,.

a'u
BO.ZI.HaH ,-4 4 Y.ZI.OBJIeTBOpHeT HepaBeHcTBY (1). I1pO.ZI.OJDKHB 3TOT

ax' aXn

npou:ecc no HH.ZI.YKU:HH, MbI nOJIYtIHM, tITO Bce npOH3BO.ZI.HbIe BH.ZI.8
a'u
-2V 2 (r 2) Y.ZI.OBJleTBOpHIOT HepaBeHcTBY (I).

ax" ax
n

v

Ho B HarneM pacnOp1l)KeHHH HMeeTCH TaK)Ke HepaBeHcTBo 10.6.3 (I '),
H3 KOToporo npH nOMOlll.H nO.ZI.06HOrO )Ke paccY)K.ZI.eHHH CJIe.ZI.yeT, tITO

a'u
tIaCTHa1l npOH3BO.ZI.Ha1l nop1l.ZI.Ka r 2 BH.ZI.a '-2V-J. 2 + 1

TO)Ke
ax' aX

n
v

Y.ZI.OBJleTBopHeT HepaBeHcTBY (1). BnpOtIeM, HepaBeHcTBo 10.6.3 (1')
6blJlO .ZI.OKa3aHO npH .ZI.OnOJlHHTeJlbHOM YCJIOBHH r - So > o. 3aMeTHM,

I
tITO TaK KaK r-a.+-<r, TO npH r=1 Hso=I, T.e. r-80=0.

p
3TI1:M HepaBeHcTBo (]) .ZI.OKa3aHO.

10.6.5. BBe.ZI.eM nOJIO)KHTeJlbHOe tIHCJlO A = A (j.!), SaBHCHllI.ee OT

f1 > 0, CJIe.ZI.YlOlII.HM c6pa30M:

"A=j.!,

JII060e A < I,

406 'I'EOPEMbI BJlO)l(EHMSl ,n:JlSl BECOBblX I(JlACCOB

(r - So > 0),

eCJiH 0 < j.! < 1,
eCJIH 1..:;;).t.

(rJI. 1.

B JIeBoA

(1') .ZI.G-

(1)

(2)

(3)

(1)
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P
(r)- W l!(0) 407

Tor.n.a .n.JI5I CPYHKLI:HH f E B (Rm) BbIIIOJIH5IeTC5I HepaBeHCTBO

IIf (X + u) - f (X)  Lp(Rm) qnB (Rm)I u I". (2)
m

X=(Xh ..., xm)ERm, U=(Uh ..., Um), luI2= U',
I

r.n.e KOHCTaHTa C He 3aBHCHT OT f H U.

HepaBeHcTBo (2) CJIe.n:yeT H3 BJlO2KeHH5I (CM. 6.2 (9) H (11))

B (Rm) -H (Rm) (I.  )
Ii Toro cpaKTa, qTO 0 < < 1.

10.6.6. JI e M M a. P/lR Onpeae/leliliot1 8 10.6.2 eapMOIit:lllecKot1.
fjJYIiKl{UU U 8blno/lJ-iRemcfl J-iepaeeJ-iCm80 (CM. 10.6.5)

( IU(x', Xn)-f(X')IPdX')I/P Cllfllr+a-.!. x , (1)
Rn_l B P

(R )P n-l

eae KOIiCmGJlma C lie Sa8ucum om f (xn 0).
3aMeqaHHe. 3aMeTHM, qTO H3 (1)"CJIe.n:yeT, qTO f(x') eCTb

CJIe.n. U Ha nOJIyrrpocTpaHcTBe Xn = O. 3ro .n:OKa3b1BaeT YTBep)K.n.e-
HHe (5) JIeMMbI 10.6.2.

11 0 K a 3 aTe JI b C T B O. I1MeeM (rr05lCHeHH5I HH)Ke)

( I U (x', Xn) - f (x') I P dX')
IIp
=

Rn_l
= ( r dx' i k

r Xnll(X'+U')-I(X')] dU' f
P

) I/P=.

J J (U,2 +x )n/2,Rn-l R
n-l

= k (
r dx' I

r f (x' +XnV') -I (x') dv' I
P\

)
I/TJ

,,;:::
J J (V,2 + l)n/2

-=

Rn_l Rn_l I

k Rt (v'2 'I)n/2Ct I f (x' + XnV') - f (x') IP dx'f
P

<

r (xn ! '0' I )Adv'
_ "

<:RJ (v'2+I)n/2 1]f"B {Rn_l)-Cdnr+a- 
Xn,

n.-l Bp (Rn.-l)

r.n.e  =r+a- , I.=I.( ) (CM. 10.6.5) H

(2)

CIO

r I fJ' I dv' r p"+n-2 if)C1
=

J (fJ,2 + l)n/2 <:., (p2 + l)n/2
<

Rn_l b

1 00

<
(p2 : )"/2 + p"-2 dp < 00,

nOTOMY QTO l.+n-2> 0 (n 21) H 1.-2 <-1.
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80 BTOpOM 'IJIeHe (2) B npe.n.cTaBJlemm V (x) no cpopMYJle
10.6.2 (1) Mbl 3aMeHHJlH t' = (tIt ..., tn-I) Ha a' = (UI' ..., Un-V,
nOJlara51 t

'
- x' = a' .

Ha.n.o npH 9TOM yqeCTb, qTO (CM. 10.6.2 (2»
, r f (x') du'

I(x )=kxn

J(u'2+x )n/2'
8 TpeTbeM tL1IeHe (2) 3aMemIlOTC5I nepeMeHHble a

'
= (UIt ..., Un-I) HI

{.I' = (VIt ..., Un-I) np" nOMOIII.H paBeHCTB UJ
= XnU/ (HJlH a

'
= Xn{.l').

8 qeTBepTOM
- npHMeHeHO HepaBeHCTBO MHHKoBcKoro, a B mlTOM-

npHMeHeHo HepaBeHCTBo 10.6.5 (2).
10.6.7, JIeMMa. l1.AJl onpeoe/leliliou B 10.6.2 eapMoliu£lecKOu

CPYIiKIJ,UU V BblnO/lliflemCR. liepaBe/iCtneo (CM. 10.6.2 (3) H (4»

IIVllw a(R ) C(a)I"11I+a-!... (1)
Bp

TJ

(Rn_l)

3THM 6y,neT 3aBeprneHo .n.OKa3aTeJlbCTBO JIeMMbl H3 10.6.2 (CM. ew.e
3aMeqaHHe nOCJIe <POPMYJlHpOBKH JleMMbI H3 10.6.6), CJIe.D.OBaTeJIbHO, "
JleMMbI H3 10.6.1.

.lJ. 0 K 8 3 aTe JI b C T B O. ECJlH HepaBeHcTBo 10.6.6 (1) B03BeCTH

B p-lO CTeneHb, npoHHTerpHpoBaTb no Xn E [0, a] H pe3YJlbTaT B03-
BeCTH B CTeneHb IIp, TO nOJIyqHM HepaBeHCTBO

!IV (x) - I (x') IlL (R ) Cda) I1II1 r+a-!..' (2)
TJ

TJ _J
f.n.e KOHCTaHTa C1 (a) 3aBHCHT OT a.

TaK KaK

III (x') II (
a

)  al/p I(X') 
"

LTJ Rn Lp(Rn-l)

TO H3 (2) CJle.D.yeT HepaBeHcTBo

/I V (x) IlL (R )
Ca (a) II f II

. + a-.!.' (3)
TJ

B
TJ

(Rn_l)

113 (3) H HepaBeHcTBa 10.6.4 (1) TOr.D.a CJIe.n.yeT .n.OKa3bIBaeMoe

H8MH HepaBeHCTBO (1), HO nOKa npH YCJIOBHH r - So > 0. Ho 9TO

YCJIOBHe MmKHO CH5ITb.

8 C8MOM .D.eJIe, nycTb r - So = 0. TaKHM 06pa30M, r eCTb HaH-

MeHbrnee HaTypaJlbHoe, He MeHbrnee

I
-

I
r+a-p

= (r+ 1) +(ix-l) - p'

Ho , < ,+ 1, H nOTOMY CnpaBe.D.JlHBO HepaBeHcTBo

 V wr+I

(R )
Cs (a) I!fll r+a-.!..

'

P. a-I n-l Ii
.

Bp (Rn--J
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P

(r)--+ W a(D) 409

Ho TOf.lI.a, YtIMTbIBa51 10.1 (4), nOJlytIMM

 U -r(
a

)
";;C4 (a)I!UII_r+ I

( ) ";;C5(a)H 
1

w
pa Rn W

p , a-I Rn--l r+a-p-
Bp .(Rn.-t.>

T. e. (1) M npM r=so.
10.6.8, LI.oKa3aTeJlbCTBO BJlO:>KeHMH 10.6(1), (2).
nYCTb Ha rpaHMIJ:e r E C\r> OrpaHMtIeHHOH 06J1aCTM Q 3a.lI.aHa

r +a-...!.
<PYHKIJ:MH E Bp p (r) (CM. O. B. BeCOB, B. n. I1J1bMH Me. M. HM-

KOJIbCKMH [1], 9 23). PaCCMOTpMM B COOTBeTCTBYlOW.efi CMCTeMe KOOp-

.lI.MHaT ; = ( h...,  )perYJl5lpHbIe MOCTbl 06J1acTM Q (CM. 10.1.2):

A=g: <p( ')";; n";;'\1( '),  'Ea},

A", = g: <p ( ')";; n";;'\1({;'), {;' E a",},
a c 0' c a*, 0 < m.,;; '\1 ({;') - <p ({;'), {;' E 0'*,

TaKMM 06pa30M, A cAe A*.
BBe.lI.eM ew.e MHO:>KeCTBa

9)1 = {b: <P (b') .,;;  n.,;; <P (b') + m,

Wl* = { :<P ( ').,;;  n <P ({;') + m,

b' E a},

rEa*}

M oT06pa:>KeHMe
( ', Sn) (b', 11), (1)

ocym.eCTBJl5IeMoe npM nOMow.M paBeHcTBa

 n= <P ({;') + 1'] ( 'EO'*).

TaK KaK <P (b') E C1rl
( 'EO'*), TO oT06pa:>KeHMe ocyw.eCTBJl5IeT

B3aMMHO 0.lI.H03HatIHOe M HenpepbIBHO .lI.MqxpepeHIJ:MpyeMoe r pa3 COOT-
BeTCTBMe COOTBeTCTBeHHO Me:>K.l!Y MHO:>KeCTBaMM Wl, W1* M

 ={({;',1']): b'Ea,
 *= {({;', 1']): {;' E a*,

0.,;; 1'] .,;; m},
o .,;; 1'] .,;; m}

(W1  , )1*  "')C e.lI.MHHtIHbIM 51K06MaHOM.
HM:>KHMe (B HanpaBJleHMM  n)rpaHMIJ:bI A, A"" KOTopbIe MbI 060.

3HatIMM COOTBeTCTBeHHO tIepe3 1', 1'*' npMHa.lI.Jle:>KaT K r. OHM onpe-
.lI.eJI5IlOTC5I B KOOp.lI.MHaTaX ( ', 11) COOTHOllIeHMHMM. 11 = 0, {;' E a,

COOTBeTCTBeHHO 11 = 0,  'E a*.

r+a- l
I1cXO.lI.Ha51 rpaHMtIHa51 <PYHKIJ:M5I !-I. E B p (r) Ha 1'. MO:>KeT

P
I

r+ --
6b1Tb paCCMaTpMBaeMa KaK <PYMKIJ:MH OT  ': ( ')E B" p (0'.).



410 TEOPEMbl BJlO)l(EHIHI ,n:JUI BECOBblX KJIACCOB [rJI. 10

Ha OCHOBaHHH JleMMbl 1 0.6.1 cy eCTByeT Ha Ll
*

<PYHKUJI5l
U ( /,1)), .D:.T151 KOTOPOH

IJU\\;', 1J)"W a(Il.) II (\;')/lr+a-  II /Ir+a-!.' (2)

Bp (a.) Bp Per)

UIT]=o=U( ',0) =I ( '). (3)
TaK KaK npe06pa30BaHH5I

( ',1J)   X

nCnpCpb1BHO ,n:H<p<pepeHuHpyeMbl (Ha Ll *) r pa3, TO (n05lCHeHH5I HH-

>Ke: feG(r)!)

 uijwr (!DI )
= II U (X)!!L (

""

)
+ }: 11

U(k

(

)
(

)
 )1\pa P :;.."

I k 1= r P X ,Lp(!DI)

II U ( )l/Lp(!DI) + II ( u::,) (  ')t1/I k 1= r n <P Lp(!DI)

I I U(k) (\;' 1])

IIII U ({;', 1]) IILp(ll) + ..:. I
a

'
=r

I k 1< r 11 Lp(ll)
= II U (;', 1']) Ilw;a(ll) [I Ilr + a _ 1.. . (4)

Bp
P

(r)

U 1,,= ft. (5)
Bo BTOpOM q.T1CHe (2) MbI 3aMeHHM nepeMeHHbIe X Ha  .B 3TOM

c.1Jyqae QaCTHbIe npoH3Bo,n:HbIe U(k) (X) 0T U(x) nOp51,n:Ka r cYTb

JIHHeHHble KOM6HHaUHH C nOCT05lHHbIMH K03<p<pHUHeHTaMH QaCTHbIX

npOH3BO,lJ,HbIX OT U ( )Toro Me nOp5l,n:Ka r. Mbl e e3aMeHH.T1H p (X)
Ha  n- <p ( /), BOCnOJIb30BaBIllHCb COOTHOIlleHHeM (CM. 10.2.7 (1) ):

p (x) = p (\;) P n({;)
= Sn - <P (r) (\;' e 9.TI).

B TpeTbeM Q.T1eHe cOBepilleHa 3aMeHa nepeMeHHbIx t Ha ( /, 1)),
r,n:e 1)= n- <p( /) (c e,n:HHH'IHbIM 5lK06HaHoM!). Tenepb Y2Ke 'IaCT-

Ha51 npoH3Bo,n:Ha51 U (k)(\;) OT U (\;) nop5l,n: reCTb HeKOTOpa51 .T1H-

HeFfHa5l KOM6HHaUH5I C HenpepblBHbIMH Ha Ll K03  M:LI;HeHTaMH'1a-

CTHblX npoH3Bo,n:HblX U (.1') (\;, 1)) pa3J1H'IHblX nOp5l):(KQB OT 1 ,n:o r. Ho

II
U(8) (b' TJ)

IIa

'

 "UIIWr (Il)
II U IIwr ( Il)

(I s I r),
TJ Lp(ll) p, a-(r-) D pa

n03TOMY Ha!IHCaHa TO.T1bKO 3Ta !IOCJle,n:H5I5I HopMa.
I

TaK KaK HopMa II U II--:-r KOHeQHa H 0 < r + ex - - < r, TO
Wpa(D) P

cfJYHKUH5l U HMeeT Ha y C.T1e,n: (CM. 10.5). B CH.T1Y (3) 3TOT CJIe.ll

C TO'lHOCTblO 110 MH02KeCTBa (n-1)-i'i MepbI HyJlb paBeH  ( ').2ho
.u.OKa3bIBaeT (4).



10.6]
r+a- !

,n:01\A3ATEJ1bCTBO BJ10)l(EHM51 Bp
p

(r>-- W a(0) 411

ECJ1H IlIap a H n0J10JKHTeJIbHOe tIHCJIO a B351Tb ,AOCTaTOtIHO MaJ1blMH.
TO MHOJKeCTBO (oTKpblTOel)

A == { : <p ( ')- a <n< 'IJ ( ')+ m}

6Y,AeT 06J1a,AaTb CJ1e,AYlO HMCBOHCTBOM:

AQf=y.

npOH3B0J1bHYlO TOtIKY XO
E Q MOJKHO nOKpbITb MHOJKeCTBOM

BH,Aa W1 (CM. 10.2.3). a BMeCTe C HHM - MHOJKeCTBOM BH,Aa A. Cy e-
cTByeT KOHetIHOe tIHCJ10 MHOJKeCTB BH,Aa Wl:

Wllt .... W1N.

a BMeCTe C HHMH MHOJKeCTB BH,Aa A:

Alt....AN.

nOKpblBalO Hx Q. no J1eMMe 0 pa36HeHHH e,AHHHUbI MOJKHO YKa.
3aTb 6eCKOHetIHO ,AH<p<pepeHUHpyeMble <PYHKUHH 'lJl (x). .... 'lJN (x)
co CBoHcTBaMH:

N

3)  'lJ1(x) = 1 Ha Q.
1

Ha OCHOBaHHH CKa3aHHoro BbIIlIe Ha MHOJKeCTBe W1j MOJKHO onpe-
,AeJIHTb <PYHKUHlO VI. 06J1a,AalO YlO CBoHcTBaMH (4). (5) (r,Ae Ha,AO
3aMeHHTb V Ha Vj).

n0.T10JKHM Vj (x) = o.

1) 0 'lJ1 (x) E:; 1. 2) 'lJ1 (x) <pHHHTHa B Ai>

x Et W1j H

N

f (x) = 'lJj (x) Vj (x).
1

(6)

I1MeeM

'lJpj  p(O)<: Vj l/Lp(!JJl) <:  ,...
r +a;-..!' (7)
Bp

P (Rn_l)

!I.aJ1ee.

(""Pj)(k) == Vs'IJ}k- s)V(S) (I k 1 = r).
04iO;s.o;;k

r,Ae V s H 'IJ k-S)- <PYHKUHH. HenpepbIBHbIe Ha Wl
,. He 3aBHCfl He

OT Vj . n03TOMY

(",pi
k) II

=
II ('$pj)(k) II -<

pa h (0) pa L (!JJlj)
p

-< J,.p  :)l (!JJlj) -< ,... r+a;-l.
.

O.o;;sE;;k P B P (I')p

(8)
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1-13 (6), (7), (8) Cne,AyeT, tlro

IIHwra(g)< "" r+a-...!. .

P
B p(l')
P

(9)

KpoMe Toro,

I I :3 £ '1'/ 1 VI I = ""£'I'J / =,....
r 1

r r
1 r

(10)

r+a- 
MbI ,nOKa33JIH, tlro Ka>K,AOH <PYHKUHH ,... E Bp p (Rn-1) MO>KHO

npHBeCTH B COOTBeTCTBHe <PYHKUHlO A,... = I E W (0) co cBoA-
CTBaMH (9), (10), T. e.  OKa3aHOBJlO>KeHHe 10.6.

HaIIIH paccY>K,l{eHH5I 6blJlH TaKHMH, tlTO oneparop A,... = I nHHeA-
HMA. BCJIe,ACTBHe (9) 3TO JIHHeflHMll OrpaHHtleHHMll oneparop, oT06pa-

r+a- 
)l{aIOUJ.HH 6aHaxoBo npocTpaHcTBo B

p
p (Rn-1) B 6aHaxoBo npo-

cTpaHcTBo W a(Q).

to,7. CB5I3b Me)l{Jl.Y rpaHHtlHb1MH 4!YHKUH5IMH

nYCTh B npocTpaHcTBe TOtleK b = ( l'. .,
,  "-h ,,)= (r,  ,,)38J{aHa

nOBepXHOCTh Y:

 ,,=(jJ (;') = (jJ ( },...,  "-1) (r E a), (1)

r,Ae (jJ HenpepblBHo ,AHqxpepeHUHpyeMa ,... pa3 Ha 3aMb1KaHHH 0

(n -I)-MepHoll C<PePbl o.

B oKpecTHocTH Y 3a,AaHa ,... pa3 HenperblBHO ,AH<jxpepeHUHpyeMa51
<PYHKUH5I I ( )= I (;"  ,,).

nOnO>KHM

(1" )
_

aSf

I
- (1" ( 1" » ( 0 1 )"'5 'II

-

a  y
-

a  
'II, (jJ ." S = , ,. .

., ,...

n ,nOKa>KeM, tlro npH n1060M HaTypaJlbHoM k  ,... m06a51 tlaCTHa51

npoH3BO,AHa51 I(k) OT I nOp5l,AKa k Ha Y MO>KeT 6b1Tb 3anHcaHa B BH,Ae

KOHetlHOH CYMMb1

(2)

f(k) I y = ex (b') A l)(b') (k ,...),
OO;;;;s+lo;;;;k

(3)

r,Ae cz (;') Henpepb1BHO ,AH<P<PepeHunpyeMb1e (,... - k) pa3 <PYHKUHH OT

r (ex (b') E C(I1- k», a A l)(b) - HeKoropb1e tlaCTHbIe npOH3BO,AHb1e no

b' OT As nOp5l,AKa t.



10.7) CB 3bMEJK,n:y rPAHHtJHblMH 4>YHI(UH MM 413

OpH k = 1 9TO YTBep)!{]'leHHe ,l{Jl5J :t" CJle,l{yeT H3 (2) npH S = 1.

a ,l{Jl5J :ft (j = 1. .... n -1) H3 Toro cpaKTa. tITO

if}..o of I + of ,

( )
, a<p 1

a'J
=

a J y o "CPj Y. cPj=
O't

(j=. .... n-l). (4)

oTKY,l{a

I = f(I) I =  (
o
1)
-

l
m'

J
' (J 1 n 1)O t y y

I\, I\, 't'

.

=

. ...,

-

.

TIpHMeH5J5J rerrepb MeTO,l{ HH,l{YKLlHH, 6Y,l{eM CtIHTaTb, tITO ,l{Jl5J

HeKOToporo k <,... YTBep)!{,l{eHHe (3) y)!{e ,l{OKa3aHO, H paccMoTpHM
KaKYlO-JlH6o rrpOH3BO,l{HYlO rrOp5J,l{Ka k + I (k + I = + v)

f(k+1) =
of3+ vf ( all

f3
0f3

f3 '

I

I

 t= ) .

Ob,1I O, ab,1I
=

0'.1 ... o',, l
..;;.

(5)

ECJIH = 0, TO

{(k + I) Iy = Ak+1

H (3) CJIe,l{yeT H3 (2) rrpH S = k + 1.

TIpHMeH5J5J rrpH cpHKcHpoBaHHoM k HH,l{YKLlHlO rro  ,rrpe,l{rrOJIaraeM,
QTO (3) ,l{OKa3aHO ,l{Jl5J HeKoToporo k, H paccMaTpHBaeM rrpoH3-
BO.n.HYlO

{(hI) = iJf3-wf
( + v = k+ I).

ab' (II+I)O, -I
iI>-w-lfB CHJlY (4), r,l{e Ha.n.o 3aMeHHTb { Ha

,

Ob,f3 o  
af3+vf

I
0

(
0f3+V-l{

I )
of3+vf

I
'

Ob,(f3+I ) 0, -1y

=

ab' ob,1I a, -.y

-

Ob,f3 o; y

cP =

= o ,( ! ex (;') A »)
..:.. ! ex ( ')A )= ! ex (n A ).

s+l k s+l k+1 s+l k+l

9THM YTBep)!{,l{eHHe (3) ,l{OKa3aHO.

10.7.1. 3 aM etI a H H e. PaBeHCTBo 10.7 (3) COXpaH5JeTC5J rrOtITH

,lI)I5J Bcex ;' E a ,l{Jl5J

f(;) EH +A(CiJ) (VEYCCiJ, A> ),
r.n.e CiJ C R" eCTb HeKOTOpa5J oKpecTHocTb 1'.

B caMOM .n.eJIe, TaK KaK {(;) MO)!{HO rrp0,l{OJl)!{HTb Ha R" 3a rrpe-

,l!e.1b1 It) C coxpaHeHHeM KJlaCCa, TO, He YMeHbIlla5J 06III.HoCTb, MO)!{HO

CtIHTaTb. tITO f (;) E H +A(R,,), 3a,l{aB B> 0, r.n.e A- B>.!.., rro,l{-
p
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6epeM nOCJIe OBaTeJlbHOCTb 6eCKOHe'lHO  lIqxpepeHIUlpyeMbIx Ha RII
4>YHKIJ.HH fv (v= 1,2, ...) T8KylO, 'lTO  f-fv H +A-8(Rn)-+0,v-+oo
(CM, 7.7 (3), r ef E H (Rn)).

Tor 8

Hf(I)-nl»)l.I' L (v) lif-fvll +A-_.!- < f-fv H +A-e(R )
-+0

P H
p

8
p (V) p n

(/=0,1, ..., fJ.).

Ii H3 TOro <p8KT8, 'lTO p8BeHcTBo 10.7 (3) BblITOJlHHeTCH .D.JlH ty
(v = 1. 2. .. ,). CJle yeTBblITOJlHeHHe ero nO'lTH BCJOAY H .l{nH f.

10.7.2. f1YCTb <PYHKIJ.HH f (x) E W c;dQ), r.l{e 0 < r +a _..!.. <,
P

11 Q c: Rn. - Orp8H1I'leHH8H 06J18CTb C rp8HHIJ.eH: r c: C(So+ I). 8 So-

H8HMeHbllIee H8Typ8J1bHOe 'lHCJlO. Y.l{OBJleTBOpHlOlI1,ee Hep8BeHcTBY

SO;;::: r+ a- .LlJlH T8KOH: <PYHKIJ.HH p8BeHcTBo 10.7 (3) BbIITOJlHHeT-
p

CH npH k=O. 1. ..,. so-1 nO'lTH BClO.l{Y.
3TO YTBep)!{.l{eHHe CJle.l{yeT H3 38Me'l8HHH 10.7.1, eCJIH Y'leCTb.

'lTO npH CK838HHbiX YCJlOBHHX

W ex(Q) -+ H o-1+8(Q) (8) 0). (1)

lho6bl y6e.l{HTbCH B BepHOCTH (1). p8CCMOTp1lM TPH B03MO/KHbIX

CJlY'l8H, KOTopble y)!{e paCCM8TpHB8nHCb (CM. 10.5 (3) - (8)). Y'lTCM.
I

qTO So
- 1 < r + a - - < r + a 11 r + a = So - 1 + 8.

P

CAyttaU 1: r+a- = So. TOr.l{8 a 1 (CM. HH)!{e 10.5 (3».
p

f1 0 W
'

W
'

HSo-l+8 0 W
'

H
,+a

Hso-l+.
pH a = pO

=
p
-+

P . 8 npH a < po. -+ p
=

p

(CM. 10.5 (4»,

CAY/faU 2: r+a-.!.<so H r+a<so. TOr.l{8 W ex-+H +o.=-
p

= H o-I+8(CM 10.5 (6»).

CAyttaU 3: r + a - ..!... < So H r + a - so;;::: O. TOr.l{8 W a.-+ W -+
p

-+ H;-I +8
(CM. 10.5 (8)).

10.8, AOK838TeJIbCTBO Hep8BeHcTB8 10,1 (16),

T. e.

i filL (Q)
C

( II cp )t (r)
+ II f II w' (Q»)

.

p , P pex

l+s<2'

rEC(S.+l). CPs= ; Ir (O<r+a-;<r. -;- so).

(1)

(2)
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r)1.e C He 3aBHCHT OT f H 50
- HaHMeHbillee HaTypa.n:bHoe tJ:HCJIO, npH

I
KOTOpOM r+a-- 50, T. e.

p

I

50-1 <r+a-- 50. (3)
p

B o)J.HoMepHoM CJI,YtJ:ae Kor)J.a Q eCTb KOHetJ:HbIH HHrepBaJl (0, a),
HepaBeHcTBo (1) HMeeT BH)J.:

I f  Lp(a,b) "';;;;C [ !
r

(I f(5) (a) I + I f(5) (b) I) + (J I f' X)1,)
l/P

] . (1')

0';;;5<'2

to.8.t. D:oKa3aTeJIbCTBO O)J.HOMepHoro HepaBeHcTBa
10.8 (1').

BBe)J.eM HHrepIIOJl5lUHOHHblH aJlre6paHtJ:ecKHH MHorotJ:JleH 3pMHTa
Q (x) CTeneHH r - 1 npH r tJ:eTHOM H CreIIeHH r IIPH r HetJ:eTHOM,

06JIa)1.alOIII.HH: cBoifcTBaMH

Q(s) (0) = f(s) (0), Q(s) (a) = f(s) (a) (0 5 < ): (1)

&roT MHorOtJ:JIeH, KaK H3BeCTHo, e)J.HHCTBeHHbIH H 3anHCbIBaeTC5I no

4>opMYJIe
Q (x) = (POS (x) f(S) (0) + PIS (x) f(S) (a)),

r

0",,"5<2

r)1.e POS. PIS - MHorOtJ:JIeHbI ToA Me CTeneHH, tJ:TO H Q, He saBHCH-

III.He OT f.
TIYCTb M =M (a) - KOHCTaHTa (HenpepbIBHO 3aBHC5IIII.a51 OT a> 0),

)1.JI5I KOTOpOll IIPH 0 5 < i, 0 l r, I P l(x) /, I PI:) (x) I".;;;; M
Ha OTpe3Ke [0, a]. Tor)J.a, eCJlH IIOJIO)!{HTb

f (x) =Q (x) +F (x),
TO nOJlYtJ:HM

 f (0 a)   Q L(o,a)+!IF L (o,a) al/PMA(f)+!lF L(O,a)o (2)
P , p P P

r)1.e

A (f) = (I f(s) (0) I + I f(s) (a) I),
r

0';;;5<2'

(3)

II F(r) (x) r
a (a - x)-a l\I.

p
(0, a) II Q(r) (x) x-a (a - x)-a  Lp(0, a) +

+lIf(r) (x) x-a (a -x) aIlr
p

(0, a) MA (f) !Ix-a (a-x)-a IILp(o, a)+
+ II f(r) (x) r

a (a - x)-a IIr
p

(0, a) c] A (f) + II fIr) (x) ra (a - x)-a  L (0, a),p
(4)

I
r)1.e IIOCJIe)1.Hee HepaBeHCTBO BepHO, IIOTOMy tJ:TO a <-.

p
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npHMeHHM <POPMYJIY TeHJIOpa:
r-u-I

F(u) (x) - '\'1 Bk (x - a/2)k +
I

(x - tY-fJ-IF(r) (t) dt (5)r (r-O')
"-0 a2

(O<x<a, Bk=F(k+a) (a/2)/kl, k-O, 1, ..., r-a-l).

3.neCb 0'- HaTypaJIbHOe tlHCJIO, )],.1151 KOToporo y.noBJIeTBOpHlOTCH Hepa-
BeHCTBa

a - 1 < r/2 a. (6)

TaK KaK p(S) (0)=0 (8=0,1, ..., a-l.e;;;;So-I), TO HHrerpH-
pOBaHHe (5) 0'- S pa3 npHBo.nHT K paBeHcTBY

x

p(s) (x) >=

I

S (x - t)a-s-lp(a) (t) dt =
r (a-s)

o
r-a-I x

-

r (a

l
_ s) ! Bk S (x - t)U-S-l (t -- a/2)k dt +RS (x), (7)

k-O 0

x t

R (x)=
I

S r
(x_t)a-S-l(t_uy-a-lp(r) (u)dudt. (8)S r (a-s) r (r-a) J

o a/2

npH 9TOM
a/2 t

- r (0' -8) r (r- 0') Rs (x) = (x- t)U-S-l(t - uy-a-lp(r) (u)du dt+
o a/2

a t

+ (X-t)a-S-l(t-uy-a-lp(r)(u)dudt....ldS, x)+I.(£, X). (9)
a/2 a/2

I I
CtlHTaH - + - = 1, 6Y.lI.eM HMeTb

p q

a/2 a/2

Ih(s, x)1 <: (u-tY-a-1IP(r) (u)!dudt<
o t

 u

< (u - tY-a
-1 dt I p(r) (u) I du -= ur-a I p(r) (u) I du <

000

a/2

< ur-a+a I p(r) (u) I u-
a du.e;;;; .

o

(ar uq(r-a+a) dU)
I/q

 p(r)(x) x-a II
( 3.... )

<:
o Lp 0, 2

< p(r)(X)X-a (
Q )

, (10)
Lp 0,

T



10.11] ,n:OI(A3ATEJ1bCTBO HEPABEHCTBA 10.1(16) 417

nOTOMY tITO

I
r-a+a r-80+a>--,T. e. q(r-a+a»-l. (II)

q

r

8,necb 80 2'a a- HaIIMeHbillee HaTypaJIbHOe, He MeHbillee ,/2,

n05TOMY 80 a II cnpaBe,nJ1IIBO nepBoe HepaBeHCTBO B (11). BTO-
poe - CJ1e,nyeT H3 10.7 (3).

AHaJ10rIItIHO

a t

I I. (s, x) I <: (t- uY-CJ-11 p(r> (u) I du dt =
. a/ a/ 

a a a

_ (t - uy-a-1dt I P\r> (u) I du <: (a - uy-a I p(r) (u) I du <:
a/ u a/ 

<: II p(rJ (x) (a-x)-all (fa )
. (12)

Lp 2'
a

I1s (9), (10) II (12) CJ1e.ll.yeT

I Rs (x) I <: II p(r) (x) x-a (a - x)-a IILp(O, aJ

(8=0, 1, ..., a-I).

D:aJ1ee, B CIIJ1Y TOro, tITO p(s)(a)=O (8=0, 1, ..., a-I),
HS (7) CJ1e.ll.yeT, tITO

(13)

r-a-l

')..,sk8k = Rs (a)
k O

(14)

(8=0,1, ..., a-I, k=O, 1, ..., r-a-I),

r,ne

a

Ask = r (a

l

_s)
(a - W-s- 1 (t - a/2)k dt =

I

aa-s+k \=

r(a-s) (I-t)U-s-l(t-I/2)kdf.

MaTpIIu;a ')..,sk 11 IIMeeT (J CTpOK II ,- (J CT0J16U;OB II npII 3TOM

r- a a, nOTOMY tITO ,/2 (J. PaRr ee paBeH ,- a. D:eikTBII-
TeJ1bHO, eCJIII 6bI 3TO 6blJIO He TaK, TO CYIII.eCTBOBaJ1a 6bI HeTpII-

BHaJIbHa5I CIICTeMa tIIIce.'J 8 k , .lI.JI5I KOTOpblX

r-a-l

')..,5k8k=0 (8=0,1, ..., a-I).
k=O
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Onpe.ll.eJ1IIM .lI.J15l 9TlIX 41ICeJ1 MHOf04.T1eH

r-a-! x

P(X)= r(I(J) ! Bk) (x_t)a-l (t-a/2)k dt

k=O 0

creneHII a. Dpli r 4eTHOM a = ; < r. T. e. a r - 1, npli r He4eT-

r+ I
HOM a = r. D09TOMY CTeneHb P (x) He BbIIlle CTeneHII Q (x).

04eBII.lI.HO.
r-a-I x

pes) (x) = r ((JI_S) k OBk (x- I)(J-S-l (t-a/2)k dt

II

p(s) (O)=P(s) (a) (s=O. 1. .... a-I).

Ho TaKoH MHOf04J1eH e.ll.IIHCTBeHHbIH, TO)K,L{eCTBeHHO paBHbIH HYJlIO.
T. e. P (x) = 0 II

r-a-I

pea) (x) = Bk (x - a/2)k ==. O.
k=O

CJ1e.ll.OBaTeJlbHO, Bk=O (k=O, 1. .... r-a-I). II Mbl nplIIllJ11I
K npoTIiBope4lIIO.

I-haK. MaTplIua {/-.sd IIMeeT paHr r - a, n03ToMY 1I3 (14) II (13)
CJIe.ll.yeT

I Bk I <max Bs (a) <llf(r) (x) x-a (a -xtaIILp(O, a). (15)
s

06paTlIMCH renepb K <popMYJ1e (7) npli S = 0:

I-(J-I x

F(x)= r:IJ) ! Bk )(X-t)U-l(t- rdt+Ro(x). (16)
k.=O 0

TaK KaK a-I. k O. TO

x

.\ (X-t)(J-l(t- r dt c.
o

D03TOMY B CIIJ1Y (16). (15). (13)
II F ilL (0, a) < II F(r) (X) x:-

a (a - x)-a IlL (0. a) (17)
o f)

II B CIIJ1Y (2). (17), (4)

UIILp(o. a) <A (f) +IIF IILo(O. a) <A (f) +lIf(r) (x) x-a (a - X)-a Lp(O,a),
II HepaBeHCTBO 10.8 (l') .lI.OKa3aHO.
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to.8.2.1I.0Ka3aTeJ1bCTBO HepaBeHcTBa 10.8 (1). TIYCTb
Q eCTb OTKpbIToe OrpaHHQeHHOe MH02KeCTBO C rJ1a.l{KOH rpaHHu,eit
r E C(5o+l) HAc A c A* - perYJ1HpHble MOCTbI Q, orrpe.l{eJ1eHHbI&
B HeKoTopoH rrpHMoyrOJIbHOH CHCTeMe KOOp.l{HHaT S = (s',  n)",.

- ( 1' ...,  n-lo  n)COOTHOIlIeHHHMH

A={ :cp(S') Sn 'IJ(S'),S'EO"}, (1)

A*={S: cp(S') Sn 'IJ(S'),s'EO"*}, (2)

O"cacO"*, 1p(s')-cp(s')?m>O Ha 0'""

cP (s), 'IJ (s') E C(so+l) (0'*).

O.l{HY H TY 2Ke <PYHKUHlO F (OT TOqeK) MbI 6Y.l{eM paccMaTpHBaTb
KaK <PYHKUHlO OT x Ha HeKoTopoH 06J1acTH A H <PYHKUHlO OT S
B cooTBeTCTBYlOIII.eH 06J1aCTH H HOpMbl HX B MeTpHKe Lo 3arrHCbl-

BaTb COOTBeTCTBeHHO Qepe3 II F (x) IlL (A), II F (s) IlL (A).p p

CrrpaBe.l{J1HBbI COOTHOIlIeHHH (rrOHCHeHHH HH2Ke)

If (x) IILp(A) =11 f (S) IILp(A) <:

I I
a7

:"1
a 

r (S)
<  ,(IA"  L,(")+  , L,("»)+ (<<!'I_"I: (!;. _. (!'»"

0E;;V<2

< cp l)Ik (f) + f (x) Il w ' (Q)',P pa
OE;;m+s<

2"

L,wl<
(3)

KOTOpb1e .l{OKa3bIBalOT HepaBeHcTBo 10.8 (1).
B rrepBoM COOTHOIlIeHHH (3) rrpOH3Be.l{eHa 3aMeila rrepeMeHHbIX

X S B KpaTHoM HHTerpaJ1e (c HK06HaHoM, paBHbIM 11). Bo BTO-

pOM
-

rrpHMeHeHO K <PYHKUHH f ('6) HepaBeHCTBO 10.8 (1 '). 3.l{eCb

aVf (s',  n)
_

_

aVf I 'Av (s') = !im

 n""tp(s'>+o a  1'1'(

aVf (s',  n) aVf

I!--tv (s') = !im
 n....1jJ( ')-O a  a£ '1'.

H 1'1, 1'2
- HH2KHHH H COOTBeTCTBeHHO Bep XHHH fpaHHUb1 (orrHCbIBae-

MbIe paBeHCTBaMH Sn = cP (S'), Sn = 'IJ (S'), S' E 0"). B TpeTbeM COOT-

arf
HOIlIeHHH (3) BeCOBaH HopMa OT rrpOH3BO.l{Hoit --; (s) B CMbICJ1e Lp (A)

a n
oueHeHa rrOJ1YHopMOH

'\1 II r
k)

(x)
U (x) Ilw' (Q)

=

P (X)u IlL (U)'pa
jkj=r

0
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3 eCbHa OyqeCTb, qTO

= ! M(r) (X),

f e - nOCTOflHHbIe qHCJIa, a f(r) (x) - BceB03MO)!{HbIe qaCTHbI8

npOH3BO HbIeOT f no x nopfl Kar. KpoMe TOro, Ha oyqeCTb, qTO

('IJ (6') -  n)(Sn - cP (6')) >- p (x) (6 E A)

(CM. 10.2.7) H TOT <paKT, qTO A c: Q.

HepaBeHcTBo

(II A.v IlL (0) + 1\ !lviIL (0») -< II cP l) Lp(I') (4)
r P P

r

0';:;V<2 0';:;5+1<2'

HenOCpe CTBeHHO CJIe yeT H3 paBeHCTBa 10.7 (3). Be b,HanpHMep,

(noSICHeHHfl HH)!{e, v < ; )
A.v I/Lp'(O) = II :; I =

( ! 't (6) f\k) (6») III -<
n 'V. Lp(O) If k.o;;v 'V. Lp(O)

<: II f\k) ( )1'V.11Lp(0) = II ex (6') cp l)(6')  -<
k';:;v k';:;VI1';:;s+l.o;;k II

<: Ilcp l)(6')IILp (O)' (5)
5+1';:;v

113 TOqKH P = (b', cP (b')) E 1'1 (b' = ( 1I ...,  n-l)E (1) BbInYCTHM
HOpMaJIb K KpHBOH 1'1 BHYTPb A. H OTMeTHM Ha HeH TOqKY, OT-

CTOflIl1.YlO OT .p Ha paCCTOflHHH  n' Eha TOqKa HMeeT, C O HOi\

CTOpOHbl, rrpflMoyroJIbHble Koop HHaTbI 6 = ( h ...,  n), a C  PY-
rOH - KpHBOJIHHeHHble Koop HHaTbIb = ( h...,  n)' npH :lTOM npH
 CTaTOqHOMaJIOM {j HMeeT MeCTO B3aHMHO O H03HaqHOeCOOTBeTCTBHe

6 b (O  n {j),

HenpepbIBHO  H<P<t>epeHIJ:HpyeMoe (so + 1) pa3, nOTOMY qTO cP (6') E
E C(so+l) (CM. O. B. EeCOB, B. D. HJIbHH, C. M. HHKOJIbCKHH [1],

24.5, HJIH C. M. HHKOJIbCKHH [22], T. I, 7 .25). CnpaBe JIHBOpa-
BeHCTBO

aVf
_

a  
- !

O.o;;k.o;;v

't '(b) f(k) (b),

r.ne 't (b) - HenpepblBHble Ha (j <PYHKIJ,HH. 3TO 06'bflCHfleT BTopoe
COOTHOIlleHHe (5). 4eTBepToe COOTHorneHHe BblTeKaeT H3 paBeHCTB8

10.7 (3), BepHoro noqm BClO Y JIfl HarneH !}>YHKIJ,HH f (CM. 10.7.2).



10.9) ,A01(A3ATEJIbCTBO SI(BMBAJ1EHTHOCTM HOPM 42)

10.9. AOKaaaTeJ1bCTBO SKBHBaJ1eHTHOCTH HOpM

(CM. CHOCKY Ha CTp. 369)

 f Lp(Q)+ ft a(Q)rvll ta tp(Q) +  nW a(Q)
(O<r+a- <r)

.lI.JIH OrpaHHQeHHOH 06JIaCTH Q C rJIa.n:KOH rpaHHII.eH.
11MeeM

ta  Lp(Q)<"fllw ,a_r(Q)<llfIlW a(a)' (2}

r.n:e nepBoe COOTHOIlIeHHe CJIe.n:yeT HS 10.1 (4), a BTopoe - TPH-
ImaJIbHO, Be.n:b a - r < a.

C ,!I.pyro1i CropOHhI,

U Lp(Q)<llfllwr (Q)<llfllwr (Q)' (3)
p, a-r pa

r,!l.e nepBoe COOTHOIlIeHHe CJIe.n:yeT H3 10.1 (4), a Bropoe BepHo 
1

nOToMY Qro 0 < r + a -- r +a M, CJIe,!l.oBaTeJIbHO,
- r a.

p

113 (2) H (3) CJIe.n:yeT (I).

(I}



3AMEQAHHSI

I( rJlaBe 1

1.1- 1.4. TIpHBe,!\eHbl, '1acTO 6e3 ,!\oKa3aTeJJbcTBa, H3BeCTHbie .paKTbiIl3 reopHH
41YHKUHH ,!\eHcTBHreJIbHOrO nepeMeHHoro H TeopHH 6aHaxoBbix npoCTpaHCTB, '1TOObi
B ,!\aJIbHeffIIleM Ha HHX CCbIJIaTbCH H 1JT06bl '1HTaTeJIb 03HaKOMHJICS! C npHHHTbIMH
0603Ha1JeIIH5IMH. 9TH ljJaKTbI MOJKHO HaHTH B KHHraX: TI. C, AJleKcaH,!\poB H

A. H. KOJIMOrOpOB [I], A. H. KOJIMOrOpOB H C. B. <1>OMHH [I], BaHaX [I],
JI. A. .nIOCrepHHK H B. 11. C060JleB [I], 11. TI. HaTaHCOH (I], B. I1. CMHpHOB (I],
C. .n. C060JIeB [3].

1.5. Mbl npHBeJIH C ,!\OKa3aTeJJbCTBaMH 9JIeME'HTapHble CBe,!\eHHH (TOJIbKO re,
KOTopbIe HYJKHbI ,!\JIH ,!\aHHoH KHHrH) H3 TeopHH 0606IUeHHblx ljJYHKUHH Ha,!\ KJIaC'
COM 8 TaK, KaK onpe,!\eJIHJI 9TOT KJlaCC .n. ll1Bapu (I]. OTMeTHM CTaTbH C. .n. C060-
JIeBa (I j, [2], r,!\e BBe,!\eHO nOHHTHe 0606w.eHHoH ljJYHKUHH, H KHHfH Ha PYCCKOM
H3bIKe no TeopHH 0606w.eHHblx ljJYHKUHH faJIbnepHHa [I], B. C. BJIa,!\HMHpoBa (I],
11. M. feJJbljJaH,!\a H f. E. ll1HJIOBa (I].

OrME'THM ew.e KHHry XepMaH,!\epa (I], r,!\e nOJIY1JeHbI ,!\aJleKO H,!\yruHe Pe3YJIb-
TaTbI 0 MyJIbTHnJlHKaTOpax. MHO)l{HTeJIb /-l 3apaHee MOJKHO 6b1JIO 6bl He onpe,!\eJIHTb
KaK OrpaHH1JeHHYIO H3MepHMYIO ljJYHKUHIO, a C'IHTaTb, '1TO /-l E 8' H 06JIa,!\aeT TeM

/'-

CBOHCTBOM, 'ITO II /-llilp c
p II flip ,!\JlH Bcex f E 8. XepMaH,!\epoM ,!\OKa3aHO, '1TO

TaKaS! 0606w.eHHaH ljJYHKUHH /-l He06xo,!\HMO npe,!\CTaBJIHeT OrpaHH'IeHHYIO H3MepHMYIO

ljJYHKUHIO /-l (x).
1.5,2. HepaBeHcTBa (6) ,!\OKa3aHbI B pa60Tax .nHTTJIBy,!\a H TI3J1H [I], 113J10.

JKeHHbie TeopeMbI B nepHo,!\H'IeCKOM O,!\HOMepHOM cJIY'Iae HMeIOTCS! B rJI. XV KHHrH

3HrMYH,!\a [2J, B ,!\BYMepHoM CJIY'lae CM. MapUHHKeBH1J [I].
1.5.3. TeopeMa MapUHHKeBH1Ja B nepHo)J.H1JeCKOM ,!\BYMepHoM cJIY1Jae ,!\OKa3aHa

B ero ynOM5!HYTOH CTaTbe [I] f1epexo,!\ Ha HenepHO,!\H1JeCKHH CJIY1JaH OCYIU,CTBJIeH
C. r. MHXJlHHblM (I]. D:aJIbHeIiillee pa3BHTHe CM. n. H. JIH30pKHH [6]. BBe,!\eH-
Hoe B 1.5.4 YCJIOBHe, 1JTo6b1 Dk'A B KaJK,!\OM Koop,!\HHaTHOM 3aMKHYTOM yr.ne 6b1JIa

HenpepblBHoH B JlI060H TO'IKe x C XI * 0, i E ek, npHMeH5IeTC5I, HanpHMep,
B npHMepe 1.5.5 (5), KOTOpblH HCnOJlb3yeTcH B ,!\aJIbHeHilleH TeopHH.

1.5.9. OnepaUHH Ir H3Y'IaJIaCb B p5l,!\e pa60T, cpe,!\H HHX .n. lliBapu [I],
KaJIb,aepoH (I], ApoHillaHH H CMHT [2], TI. H. JIH30pKHH (1]-[8], C. M. HH-

KOJIbCKHH, )1(. .nHOHC H n. I1. .nmopKHH [3], T3i16J1cOH [I].
1.5.10, TIoHHTHe perYJIHpHOH B CMbICJIe Lp 0606w.eHHoH ljJYHKUHH CM.

C. M. HHKOJlbCKHH (17], (18].

I( rJlaB 2

CBe,!\eHHH, H3J1araeMbIe B 2.1-2.5, H3BeCTHbi H HOCHT 3,!\eCb BcnOMOrareJIbHblA

xapaKTep. B '1aCTHOCTH, 06 HHTepnOJlHllHHX CM., HanpHMep, KHHrH B. .n. fOH1Ja.

pOBa (I] H A. <1>. THMaHa [I]. OTMeTHM ew.e KHHrH H. I1. AXHe3epa [I],
A. 3HrMYH,!\a [2] H f1. n. HaTaHcoHa [2]. rLle, TaK iKe KaK B ynoM5IIIYTblX Bblille

KHHrax, ,!\aIOTCH nO.l{p06Hble CBe,!\eHHH 0 TpHroHOMeTpH'IeCKHX nOJIHHOMaX OT o,1!HoA
nepeMeHHOA,
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K rJlaRe 8

3.1 0 ueJIblX «PYHKUHHX O,!\HOH nepeMeHHoH 3KcnOHeHUHaJIbHorO THna, orpaHH-
4eHHblX Ha .l!elkTBHreJIbHOH OCH, CM. KHHry H. 11. AXHe3epa [lJ. B 1JaCTHOCTH,
TaM npHBO,!\HTCH KpHTepHH 3.1 (5), (6) ,!\JIH ueJlblX ljJYHKUHH 3KcnOHeHUHaJIbHOrO
!Hna H nOJIHOe .l!OKa3aTeJIbCTBO ljJaKTOB, OTHOCHIl(HXCH K TeopHH HHTerpaJIa BOpeJIH,
IOTopbIe MbI B CBoeM H3JIOJKeHHH onycTHJIH.

3.2. TIpH BblBo,!\e HHTepnOJIHUHOHHOll ljJOPMYJIbI (4) .l!JIH ljJYHKUHH 3KcnOHeHUH-
aJIbHoro THna Mbl CJIe,!\oBaJiH cxeMe, npHBe,!\eHHoll B CTaTbe CaHBHHa [I]. Ho pac-
cYJK,!\eHHH (CM. 3.2.1) Be,!\YTcH C npHBJIe1JeHHeM 0606rueHHblx ljJYHKUHH TaK, KaK

 TOp;eJIaJI TI. 11. .nH30pKIIH [10]. MbI HX HeCKOJIbKO CQBepilleHcTByeM.

3.2.2. l1HTepnoJIHUHoHHaH ljJOPMYJI8 (2) p;JIH npoH3Bo,!\HOH ljJyHKUHH f (z}
 KcnoHeHUHaJIbHOrO THna, OrpaHH'IeHHOll Ha ,!\eHcTBHTeJ!bHoH OCH, HMeeTCH

B 3a.l!a1JHHKe TIOJIHa H Cere [I] B npe,!\nOJIOJKeHHH, 1JTO YJKe H3BeCTHO, 1JTO If(z) I",;;
,.,;;Ae o I Y I (z=x+iy). TIOJIHbIH BblBO,!\ ,!\aH B KHllre H. 11. AXHe3epa [I], 984.

8.2.3. TIo,!\xop; ,!\JIH nOJIY1JE'HIiH HepaBeHcTB THna HepaBeHcTB BepHillTeHH3
B CJIY1Jae 06Il(HX HOpM YKa3aH B KHHre H. 11. AXHe3epa [I] (9 81, TeopeMa 3).
Mbi ,!\06aBHJIH K nepe1JHCJIeHHbIM TaM YCJIOBHHM I), 2) YCJIOBHe 3).

8.8- 3.5. D:JIH TpHroHOMeTpH1JeCKHX nOJIIiHOMOB HepaBeHcTBa 3.4.3 (2), (3),
(4) nOJIY1JeHbI C. M. HHKOJIbCKHM [3] BMeCTe C aHaJIOrH1JHblMH HepaBeHcTBaMH ,!\JIH

 e.nblX ljJYHKUHI! 9KcnOHeHII.HaJIbHOrO THna (3.3.2 (2), 3.3.5 (I), 3.4.2 (I».
J1,JlH. TpHrOHOMeTpHQeCKHX nOJIHHOMOB CJIY1JaH 3.4.3 (3) npH n = I, p' = 00 H3-

BecTeH (SblJI  eD:JKeKcoHY [2]. HepaBeHcTBa 3.4.3 (2) P;JIH TpHroHOMeTpH1Je-
CKHX nOJIHHOMOB B CJly'Iae n=p= I BblTeKalOT H3 pe3YJIbTaTOB C. M. .n03HH-

CKoro [II].
KOHcTaHTbI npHBe,!\eHHbIx HepaBeHcTB HBJIHIOTCH T01JHbIMH B CMblCJIe nopH,!\Ka,

HO OHH He T01JHbI a6COJIIOTHO. B HeKOTopblX CJIy,Qa5lX H3BeCTHbI (SOJIee T01JHble HJlH

aCiCOJIIOTHO T01JHble 3HaQeHHH 9TllX KOHCTaHT. B CBH3H C 9THM YKaJKeM KHHry

H. 11. 116parHMoB8 [I], CM. eIl(e H. K. BapH [I].
HepaBeHcTBo 3.4.1 (I) B npe,!\noJIOJKeHHH, 1JTO gv (x)=gv (u, y)-ueJiaH

,KcnOHeHUH8JIbHOrO THna v no BceM Xl' ...
, XII, CM. C. M. HHKOJIbCKHH [3]. 3,!\ecb

pacCMaTpHBaeTcH (SoJIee 06Il(HH CJIY1JaH, Kor,!\a g eCTb ueJiaH TOJIbKO no u.

3.3.7. Ha HepaBeHcTBo IlfilL ",;;llfllL ' r,!\e ql'"'' qn-
(PI' ... . Pn) (ql' ". . qn)

ynopH,!\01JeHHaH B Hey6b1BalOIl(eM nopH,!\Ke nepeCTaHOBKa 'IHCeJl PI' '" , Pn'
06paTHJI MOe BHHMaHHe B. 11. BypeHKOB.

K rJlIlBe 4

4.1. KpoMe YJKe OTMe1JE'HHbIX B TeKCTe pa60T Benno .neBH [I] H C. .n. Co6o-
JIeBa [1]- [5], 0(So6Il(eHHaH npoH3Bo,!\HaH H3Y1Ja,laCb B pa60Tax TOHeJIJIH [I],
HBeHca [I], [2], HHKo,!\HMa [I], KaJIKHHa [I], MOppH [I], C. M. HHKOJIbCKoro [3],
[5], D:eHH H .nHOHca [I, 2], r,!\e HMeeTCH ,!\aJIbHeliillaH 6H()JIHOrpaqJHH no 9TOMY

Bonpocy.
4.2. <l>opMyJIY (2) H HepaBeHcTBo (6) ,!\JIH nepHo,!\H1JeCKHX ljJYHKUHH OT O,!\HOH

nepeMeHHoH CM. C. B. CTe1JKHH [I].

4.3. D:p06HbIe KJIaCCbI W (Q) =B (Q) (r - p;p06Hoe) B03HHKJIH ecTeCTBeHHblM

06pa30M K8K KJIaCCbI CJIe,!\OB ljJYHKUHll H3 ueJibIX KJIaCCOB W (g) Ha MHoro06pa3HH
Q c: g HJIH rpaHHue g H3MepeHHH m, MeHbillero, 1JeM H3MepeHHe 06JIacTH g.
CHa1JaJIa 9Ta 3a,naQ8 0 cJIe,!\ax 6blJIa peilleHa npH P = 2 B pa60Tax ApoHillaHHa [I],
B. M. Ba6H1Ja H .n. H. CJI060,!\eUKoro [I], 3aTeM npH m=n-I raJIb5lp,!\o [I],
.n. H. CJIOoo,!\euKoro [I] H npOH3BOJIbHblX m H I O. B. BecOBa[2]. B nOCJIe,!\HeM

cJlY'Iae nOTpe6OBaJIHCb He TOJIbKO ,!\p06Hble B-KJlaCCbl, HO H ueJibIe.

3HfMYH,!\ [I] 06paTHJI BHHMaHHe Ha TOT ljJaKT, 1JTO C HeKOTopbIX T01JeK 3peHH5I,

HanpHMep C T01JKH 3peHH5I 3a,!\a1JH 0 nopH,!\Ke HaHJIY1JillHX npH6JIHJKeHHH ljJYHKUHH
TpHrOHOMeTpH1JeCKHMH nOJIHHOMaMH KJIaCC nepHO,l\H1JeCKHX nepHO,lta 2" H3MepHMbIx
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4!YHKUHR OT o,!\HoA nepeMeHHoA, Y,!\OBJIeTBOpHlOIl(HX YCJIOBHIO

cr I tJ.':J (x) /P dX)
lip

M I hi, (1)

r.ne k> I, (5oJIee eCTeCfBeHHO ,!\onOJIHHeT KJIaCCbI 41YHKUHR OT x nepHo,!\a 2n:,
Y,!\OBJIeTBOpHIOIl(HX YCJIOBHIO

(Tlf(X+h)-f(X)IPdX)IIP  Mlhla (O<IX<I), (2)

1JeM KJIaCC 41YHKUHR, ,!\JIH KOTOpblX BblnOJIHHeTCH (2) npH' IX = I.

TeopHH BJIOJKeHHR H- H B-KJIaCCOB .l\aeT pH,!\ HOBblX npHMepoB, nO,!\TBepJK,!\31O-
Il(HX 3TOT 41aKT.

4.3.4. B HaCT05IIl(ee BpeMH H3BeCTeH UeJIblH pH,!\ 3KBHBaJIeHTHblX cnoc060B

onpe,!\eJIeHHH npOCTpaHCTB B;9' MHorHe H3 HHX c06p3HbI B 2 0630pa B. 11. BypeH-

KOBa [3].
4.3.6. BBe,!\eM nOHHTHe OTKpblTOrO MHOJKeCTBa g c Rn C JIHnillHUeBoA rpaHH-

uen. ECJIH MHOJKeCTBO g OrpaHHqeHO, TO ee rpaHHua r Ha3bIBaeTCH AunulUW/Joit ,

eCJIH, KaKona 6b1 HH 6b1JIa TOqKa XO E r, HaH,!\YTCH npHMoyrOJIbHaH CHCTeM8

Koop,!\HHaT 6 = ( l''"
,  n)C Ha1JaJIOM B XO H npHMoyrOJIbHHK

tJ.={I JI<rlJ;i=I,..., n}, (I)
BbIpe3alOIl(HR H3 r 1JaCTb y = rtJ., onHCblBaeMYIO ypaBHeHHeM

 n=1jJ(,,), "=( l'"'' n-l)' (2)
" E tJ.' = {I  JI TIJ; i = I, ... ,

n - I },

r,!\e \jJ (A,) y,!\oBJIeTBOpHeT Ha tJ.' YCJIoi!H1O .nHnillHua, T. e. cYIl(eCTByeT KOHCTaHTa M

TaKaH, 'ITO

! \jJ (,,')-1jJ (A,) I M I'" - "I,
A" ,,' E tJ.'.

ECJlH MHOJKeCTBO g He OrpaHHqeHO, TO ero rpaHHU3 r Ha3b1BaeTCH /lUnUlUI{e-

/JOU, eCJIH CYlUeCTBYIOT He 3aBHCHIl(He OT XO E r nOJIOJKHTeJIbHble qHCJIa TJ H M H

KOHe1JHOe MHOJKeCTBO e npHMoyrOJIbHblX CHCTeM Koop,!\HHaT, nOJIyqaeMblX nOBOpOTOM
,!\aHHoii npHMoyroJlbHoR CHCTeMbI (Xl'''', Xn), TaKHe, 'ITO , KaKOBa 6b1 HH 6b1JIa
TO'IKa XO E r, HaH,!\eTCH npHMoyroJIbHaH CHCTeMa KOOp,!\HHaT S = ( l' ...

,  n)
C Ha'laJimI B XO, napaJlJleJIbHaH O,!\HOH H3 CHCTeM MHOJKeCTBa e, H npHMoyrOJIbHHK

(I), BbIpe3aIOIUHH H3 r1JaCTb y=rL'i, onHCbIBaeMYIO ypaBHeHHeM (2), r,!\e 1jJ(A,)
y,!\OBJleTBop5leT Ha L'i' YCJlOBHIO .nHnillHua (3).

T eo p eM a I. llycmb OmKpb/mOe MHOJICecmoo Q eRn UMeem /lUnUlUl{eey

epaHUI{Y. //106011 U3 KAaccO/J W (Q) (1-l{fJ1oe, I < p < (0), H (Q) (r> 0,

I P ,s:; (0), B e(Q) (r> 0, I P ,s:; 00, I Ii -0:; (0) MOJICHO npOaOAJlCUmb AUHeiJ-

HblM 06pa30M 3a npeoeAbl Q Ita Rn c coxpaHeHueM HOpMb/.
06JIaCTH Q, 33 npe,!\eJIbl KOTOpblX B03MOJKHO npO,!\OJIJKeHHe 41YHKUHR aHH30-

TponHbIX KJIaCCOB, CYIl(eCTBeHHO 3aBHCHT OT onpe,!\eJlHIOIl(erO KJIaCC BeKTOpa r HJIH,

TOqHee, OT TOR nponopUHH, B KOTOpOH HaXO,!\HTCH ero KOMnOHeHTbI.

3I1,!\a,!\HM nOJIOJKHTeJIbHblR BeKTOp r> 0 (rJ> 0; j = I, '"
, n), & > 0 H eIl(e

nOJIOJKHTeJIbHblR BeKTop a> O. 0603Ha1IHM 1Jepe3 P (r) = P (r, p, a, &) MHOJKeCTBO

(pre C BepillHHoA B HyJIeBOli TOqKe) TOqeK x = (Xl' ... ,
xn) ERn' nO,!\1JHHHIOIl(HXCH

YCJlOBHHM

(3)

ajh < x[1 < (aJ +&) h (j = I, ... , n),

0< h < p,

(4)
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RJIH JIl060e MHOJKeCTBO, nOJIyqaeMOe H3 (4) 3epKaJIbHblMH oT06paJKeHHHMH (MOJKeT
6b1Tb, HeCKOJIbKO pa3) OTHOCHTeJIbHO (n - 1)-MepHblx Koop,!\HHaTHblx nJIocKocTeA.
TaKHM 06pa30M, npOH3BOJIbHblH por P (r) MOJKHO elUe onHcaTb HepaBeHcTBaMH

r

ajh < [Xj I 1< (al+ &) h, sign xi =const,

o < h < p.

0603Ha1JHM CHMBOJIOM

gI +g2

BeKmopHYIO CYMMY MHOJ/CeCmlJ gI, g2 C R", T. e. MHOJKeCTBO BCeB03MOJKHbIX CYMM
x+y r,!\e X Egv Y Eg2 .

By,!\eM rOBopHTb, 'ITO OTKpblTOe MHOJKeCTBO 0 E Ae (r) (e> 0), ecJIH: 1) era

MOJKHO npeJlCTaBHTb B BH,!\e ,!\ByX CYMM
N N

O=U Vk=U V:. (6)
1 1

r,!\e V; eCTb MHOJKeCTBO TO'IeK XE Vk, OTCTOHIl(HX Ha paCCTOHHHH, 60J1bWeM

qeM e, OT rpaHHUbI Q \ Uk, H 2) CYll(ecTBY!OT p, a, & TaKHe, 1JTO KaJK,!\oMY k
MOJKHO npHBecTH B COOTBeTCTBHe por pk = pli (r, p, a, &) TaKoR, 1JTO

Vk+pk c 0 (k= I, '"
, N). (7)

CooTHoweHHe (7) BblpaJKaeT, '110, KaKOBa 6bI HH 6blJla T01JKa X E Vk, eCJIH por pk
nepe,!\BHHYTb napaJIJIeJIbHO caMOMY ce6e TaK, QTo6bI ero BepWHHa COBnaJia C X,
TO CLIBIIHYTbIH TaKHM 06pa30M por npHHa,!\JIeJKHT K O.

3aMeTHM, 1JTO B CJIY1Jae, eCJIH rl =...
=

r"
= r, por P npe,!\CTaBJIHeT c0601i

KOHYC, OnHpalOll(lIHCH Ha HeKOTopbIH MHororpaHHHK, C BepWHHOH B HY JIeBoii T01JKe.
MOJKHO ,!\OKa3aTb, 'ITO B 3TOM CJIY1Jae nOHHTHH 06JIaCTH, HMelOlUeH JIHnIIIHueBY
rpaHHUY, H 06JIaCTH KJIacca A 8 (r, ...

, r) COBna,!\aIOT.
T eo p eM a 2. llycmb saoaHa o6Aacmb 0 E Ae (r) U KAacCbl C HopMaMu

lit II !t =11 t 1ILo (Q) + ! II i? I IWp(Q) i=l ox/ILp(Q\
(lj-/.fe,1ble, 1< p <(0),

"

(
H

II
'

kl aPjt 11
9

dh
\ 1/9

lit II r =IIfIIL (Q)+! S t'J.Xl'a P, hl+9(rrPj»)Bp9 (Q) p
i=1 0 Xi Lp (Qkjh)

(kj>r}-pj> 0, l e<oo, l p oo),

n

11\ t'J. h:P: IlL Q

IItl1 =llf/i +" sup
Xi p( kjh)

H
T
(Q) Lp (Q) . h

h'j-PjP
}=I

(I P (0).
KAacCOIJ npOOOA:JICaemcfl. sa Q fla R" AUHe{lHblM 06pCI:30M.Jloooli U3 IJmux

c coxpaHeHueM HOpMbl.

LlJIH W
t
(0) npH II =,..= I"= I 3Ta TeopeMa ,!\OKa3aHa CMHTOM [I], !YCHJIHBo

IllHM pe3YJIbJaT KaJIb,!\epoHa [2], KOTOpbl11 LIOKa3aJI ee lIJiH 60JIee CIPlbHOii HOpMbI

II filL (Q)+ l: II/eu'IIL (Q)=llfll*wl (Q)'P
iUI 1

P
p

14 C. M. HHKonbCKHIl
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(5)

(8)

(9)

(10)



426 3AMP-lAHH 

3,!\eCb HMelOT MeCTO BJIOJKeHHSI

W (Q)-+W ,...,I(Q)-+W ,....l(Rn)-+W (R,,)-+
-+ *W (R,,) -+ *W (Q) -+ W (Q), (II)

r,!\e nepBOe H ,l\Ba nOCJIE',LHI!X TpHBHaJIbHbl, BTopoe eCTb OTMe1JeHHbIH: pe3YJIbTaT

CMHTa, a TpeTbe ,!\OKa3b1BaeTCH B 9.2. 113 (II) CJIe,!\YeT TeopeMa I ,!\JIH npo.

CTpaHcTB W (Q).
TIpl! HeO,l\HHaKOBblX HaTypaJlbHblX if 3Ta TeopeMa ,l!JISI W (Q) .ltOKa3aHa O,l!HO.

BpeMeHHo H He3aBHCHMO O. B. BeCOBblM [9], [10] I! B, TI. I1JIbHHblM [6].

D:JISI HOpM B 6(I IJ (0) 3Ta TeopeMa (TaKHM 06pa30M, I! TeopeMa I)
ltOKa3aHa O. B. BecoBblM [9], [10], CM. TaKJKe O. B. BeCOB H B. n. I1JIbHH [I].
D:OKa3aTeJIbCTBO 9THX TeopeM npHBe,!\eHO B KHl!re O. B. BecoBa, B. n. I1JIbl!Ha
H C. M. HI!KOJIbCKOrO [I], TeopeMbI 18.5 I! 18.6.

B. 11. Bypel!KOB [4], [5] nOKa3aJI, 1JTO ,!\JISI KaJK,l\oro r> 0 MOJKHO YKa3aTb

06JIaCTb, He npHHa,l\JIeJKaIl(YIO. K Ae (r), ,!\JIH KOTOpOH TeopeMa 2 0 npo,!\OJIJKeHHH

YJKe He BbIfIOJIHHeTCH. HanpHMep, JI1060H: por P (k), r,!\e k =1= cr, SlBJIHeTCSI TaKofi
06JIaCTblO.

TaM JKe ,!\oKa3aHo, 1JTO eCJIH TeOpeMa 2 HMeeT MeCTO ,!\JlH npoCTpaHcTB W; (Q),
B' (Q)  JISI KJIaCCa 06JIaCTeH BH,!\a Ae (r), TO TOJIbKO B TOM CJIY1Jae, tKor,!\a BMeCTO

p6ra P (r) paCCMaTpHBaeTCH por P (r, p)=P (r, P. P. a, 6), onpe,!\eJIHeMblH KaH

MHOJKeCTBO T01JeK X E R", nO,!\'lHHSlIOIl(I!XCSI HepaBeHCTBaM

p.
a/h<xi'«ai+u)h (i=I, ..., n, O<h<p),

r,!\e
"

P/=!..!..., x/=I- ..!... ( ..!..._J. ) .

Xi ..::.. '1 PI p/
1= 1

QTMeTHM eIl(e BbITeKalOIl(YIO 1!3 TeopeM I H 2 TeopeMY.

T eo p eM a 3. ECAU g c: R,,-npOUSIJOAbHOe omKpblmoe MHOJ/CeCtnBO U gl c: gl c:

c: g-apyeoe OepaHU'leHHOe omKpblfnue MHoJ/CeCmIJo, mo ljJYHKI{UU AI06oeo tuacca,
ynoMuHaeMoeo IJ meopeMax I U 2, Komopblu Mbl 0603Ha'lUM 'lepes A (g), MOJ/CHO

npoaOAJ/Cumb c gl Ha Rn AUHeUHblM o6pasoM c coxpaHeHueM HOpMbl (no g). Brrw
HaaO nOHUMamb B mo.« eMblelte, 'lrrw KaJ/COOU ljJYHKl{UU f E A (g) MO:JICHO npueeemu

B coomeem::mBUl! ee npoooAJ/CeHUl! f E A (R,,) C gl (He C g) maK, 'lmo

II filA (R,,)
c II IliA (g)'

roe c He 3aBueum om I U Sa8UCUMOemb I om I AUHeUHafl.

B caMOM ,l\eJIe, 3a,!\a,l\HM npHMoyrOJIbHYIO ceTKY, ,!\eJIHIl(YIO R Ha Ky61!KI!,

H nYCTb Q - MHOJKeCTBO, COCTOSlIl(ee 1!3 Ky6HKOB CeTKI!, co,!\epJKaIl(HX TO'lKI! gl'
fpaHl!ua Q, 01JeBH,l\HO, Y,!\OBJIeTBOpHeT YCJIOBHIO Ae (r) npl! JII060M r H eCJlH ceTKa

,!\OCTaTO'lHO rYCTa, TO gl c: Q c: g. <1>YHKUHH I E A (g) c: A (Q) npOLIOJIJKHM, nOJIb-

SYHCb BbICKa3aHHoH T opeMoH,C coxpaHeHHeM HOpMbI C Q Ha R: ,!\JIH COOTBeTCT-

BYIOIl(I!X npo,!\oJIJKeHl!ii I HMeeT MeCTO

II IliA (R,,) < II filA (Q) < II IliA (g)'

STy TeOpE'MY 3 MOJKHO ,l!OKa3aTb 60JIee npocTbIM nYTeM, nOJIaraH 1=1q;, r,!\e

q;-«illanKa», T. e 6eCKOHe1JHO ,!\H4J<PepeHUl!pyeMaH Ha R" <PYHKUIiH, paBHaH E'LIIi-

HHue Ha gl I! HYJIIO BHe g (,n;JlH KJIaCCOB H (g), CM. C. M. HHKOJIbCKHH [5]).
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4aCTHbIe CJIY1JaH TeOpeM I H 2, OTHOCHIl(HeCH K npo,!\OJIJKeHHIO 3a 06JIaCTb

C ,!\OCTaT01JHO rJla,!\Koll rpaHHl(ell H 3:1 npe,!\eJIbl OTpe3Ka, paCCMaTpHBaJlHCb B 60Jlee

paHHHX pa60Tax C. M. HHKOJlbCKOrO [4], [7], B. K. D:351,!\bIKa [I], O. B. BecoBa [4].
CM. eIUe B. M. Ba6H1J \I].

4.4.1.-4.4.3. 06 HCCJle,!\OBaHHHX 3Toro po,!\a CM. C. M. HHKOJlbCKHH [II].
HepaBeHcTBo 4.4.3 (4) CM. B KHHre C. .n. C060JleBa [4].

4.4.5. ECJlII npoH3BoAHYlO ;,of nOHHMaTb B CMbICJIe C060JleBa, TO 3Ta JIeMMa
vXI

,!\OKa3b1BaeTCH HeMe,!\JleHHO. B caMOM ,!\eJle, nYCTb Ha g 3a,!\aHbI ,!\Be nOCJle,!\OBaTeJlb-

HOCTH ljJYHKl(Hll tk H J....k E Lp (g) TaKHX, 1JTO

fk ; dx=- J....kcpdx (k=l, 2, ...) (I)

,!\JIH Bcex mwpep ,IBHO ,!\Hcp.jJepeHUllpyeMblx ljJlIHIITlIbIX Ha g ljJYHKUIIH cp. ECJlu

npH 3TOM h--+t, Ak-+A B CMbIC,1e Lp (g), TO U3 (I), 01JeBH,I\HO, c.12,I\yeT, 1JTO

t :: dx = - J....CP dx, t, J.... E Lp (g)

,!\JIH Bcex YKa3allHbIX cp, T. e. J.... eCTb npOH3BO,!\HaH OT f no Xl Ha g no C060JIeBY.
C. .n. C060JleB (4J illHpOKO nOJlb30BaJIC5I 3TOH JleMMOll. 3,!\eCb OHa ,!\OKa3b1BaeTCH,

HCXO,!\H H3 npUHHToro B 3TOH KHure B Ka1JeCTBe OCHOBHoro onpe,!\eJleHH5I 0606IUeH-
HOH npOH3BO,!\HOH (CM. Ha1JaJIO 4.1).

4.4.9. 3TY TeopcMY CM. C. M. HIIKOJlbCKHH [51.
4.8. 3Ta TeopeMa B nepHo,!\H1JeCKOM c.1Y1Jae ,!\OKa3aHa Xap,!\H H .nHTTJlBY,!\OM [lJ,

6e3 ,!\oKa3aTeJlbCTBa CljJOPMYJlHpOBaHa A. A. D:e3HHbIM [I J, ,!\OKa3aTeJlbCTBO npH P = 2

npHBc.lIeHO B ,!\HccepTal(HH A. C. <1>oxTa [lJ.

I( rJIaBe 5

5.2. MeTo,!\ npH6J1HJKeHH5I 5.2.1 (4) H3Y1JaJI C. H. BepHillTeHH [2J, cTp.421-432,
,!\oKa3aBillHll HepaBeHcTBo 5.2.1 (7) npH p=oo, m=1 cJlyqall m=l, I  p oo
CM. C. M. HHKO.1bCKIIH [3]. 3,!\ecb paccMoTpeH 60Jlee 06IUHH CJlY'Iall m n npH-
6J1HJKeHH5I l(eJlbIMH <PYHKUHHMH cljJepH1JeCKOrO 3KCnOHeHl(HaJlbHOrO Tuna.

CalVlO no ce6e HepaBeHcTBo 5.2.1 (7) npH m= n= I, I P < 00 nOJIY1JeHO
P;PyrHM MeTO,!\OM H. M. Axue3epoM [I].

TIepHO,!\H1JeCKHe HepaBeHcTBa 5.3.2 (2) BnepBble nOJlY1JeHbI (n=k= I, p=oo)
D:JKeKCOHOM [I]. cJlY1Jall n= I, I P ooCM. HCCJle,!\OBaHHH KBa,!\a [I] H H. M. AXHe-

3epa [I]. TIpe,!\cTaBJleHH5I 5.3.1 (11) (aHaJlOrH 5.2.1 (4» CM. c. B. CTe1JKHH [lJ.
HepaBeHcTBo 5.3.2 (5) B cJlY'Iae ljJYHKl(UH, y,!\oBJleTBOp5lIOIl(HX YCJlOBHIO .nHnillHua
,!\JI5I CYMM <1>er!epa (p=oo), CM. A. 3UfMYH,!\ (3), 4.7.9 H B 06Il(eM cJlY'Iae (p=oo)
c. B. cTe1JKHH [I].

TeopeMa 06 annpoKcHMallHII 5.2.4 H H3J10JKeHHbIH B 5.3.3 ee nepHO,!\H1JeCKllii
aHaJlOr B CJlY'Iae P

= PI =... = Pn = 00 CM. C. H. BepHillTeHH [2], CTp. 421-432,a eCJlH

1JlICJla PI' ...
, Pn Bo06Il(e pa.gHb!e-C. M. HHKOJlbCKHH [lOJ. HepaBeHcTBo 5.3.2 (6)

P;JIH CTeneHHbIX  1O,!\yJIeH HenpepbIBHOCTH CM C. M. HIIKOJlbCKHH [6].
5.4. 06paTHa51 TeopeMa C. H. BepHillTeHHa 0 npH6J1HJKeHHH aJIre6paH1JeCKHMH

H TpHroHoMeTpHt;ecKHMH nOJIHHOMaMH (p=oo, n= I) ,!\OKa3aHa B ero pa60Te [lJ,
CTp. 11-104. aHa YT01JHeHa B nepHO,!\U1JeCKOM cJlY'Iae (npH Hel(eJIblX r) BaJlJIe-

TIycceHoM [I] H 3HrMYH,!\OM [I] (npu l(eJlbJX r).
5.4.4. 71. C. EyrpOB /3), [4] nOJlY1JHJI TaKJKe no,!\06Hble HepaBeHcTBa ,!\JlH nOJIH-

rapMOHH1JeCKIIX ljJYHKl(IIH B Kpyre H nOJlynJlocKocTH H npHMeHHJI HX npu H3Y1Je-

HHH ,!\HljJljJepcHUHaJIbHbIX cBoHnB yKa3aHHbIx <PYHKl(HH BnJlOTb,!\O rpaHHl(bI.
5.5.3. 3KBHBaJIeHTHOCTb HOpM II. ilH ,!\Jl5I pa3JIII1JHbIX ,!\onycTHMblX nap (k, p)

MOJKHO p;OKa3aTb np5lMbIM nYTeM, He npll6eraSl K MeTo,!\aM npH6JIHJKeHHH (CM. B O,!\HO-

MepHOM cJlY'Iac Mapwy [I]). BOoTee 06Il(He HCCJlel),OBaHHSI B 3TOM HanpaBJIeHHH
CM. K. K. fOJlOBKIIH [I), [2J. MeTO,!\OM npll6JIHJKeHHH B nepHOAH1JeCKOM OAHOMepHOM

14*
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CJ1Y1Jae OHa ;zJ;OKa3aHa 3HrMYH,n;OM [I]. OH 06paTHJI BHHMaHHe Ha 9KBHBaJIeHTHOCTb

npH ueJIblX , HOpM BH,n;a I .IIH * C HOpMOH 5[1' i!H*' BbIpaJKaeMOH qepe3 HaHJ1YQillHe
npH6JIHiKeHHSI. B HenepHOAH1JeCKOM cJlY'Iae CM. C. H. BepHillTeHH [2], CTp. 421-432.
3,!\ecb paccMOTpeH 9TOT Bonpoc ;zJ;JISI npH6JIHiKeHHll ueJIblMH ljJYHKUHSlMH 9KcnOHeH-

unaJIbHOrO cljJepH1JeCKOrO THna.

5.5.4. B nepHo;zJ;H1JeCKOM o,n;HOMepHOM cJ1Y1Jae npH p
= co 3TO eCTb KJ1aCCH1Je-

CKa51 reopeMa, ,n;OKa1aHHaSi B pa60Tax C. H. BepHillTeHHa [I], CTp. 11-104,
LI:iKeKcOHa [I), BaJIJ1e-DycceHa [I), 3HrMYH,n;a [I). DpH I P < co CM. KBa,!\ [I)
H 3HrMYH,n; [I). B HenepHO;zJ;HQeCKOM O,!\HOMepHOM CJIY1Jae npH I P co

CM. H. 11. AXHe3ep [lJ. 3,n;ecb ,n;aeTCSI 0606Il(eHHe Ha CJIYQaH npH6JIHJKeHHH ueJIbIMH

ljJYHKUH5IMH 3KcnOHeHUHaJIbHOrO C epH1JeCKOrOTHna.
5.5.8. B nepHo,n;HQeCKOM cJ1YQae HMeeTC5I MHoro pe3YJIbTaTOB, OTHOC5IIUHXCH

K 3TOMY Bonpocy.

5.6-5.6.1. DpH H3JIOiKeHHH 3THX naparpaljJOB MbI cYIUecTBeHHo nOJIb30BaJ1HCb

pa60ToH O. B. BecOBa [5] H B cJ1Y1Jae 5.6.1 eIUe pa60TOH T. 11. AMaHoBa [31.
O. B. BeCOB npe,!\oCTaBHJI B Moe pacnopHiKeHHe HOBblH (npHBe,!\eHHblH B reKCTe)
BapHaHT ,n;OKa'laTeJIbCTBa BJIO)jieHII5I 4B' -+ 5B STOT npHeM HMeeT TO npeHMYIUeCTBO,

'ITO OH CB060J{HO nepeHOCHTCH Ha 60JIee 06Il(He CJIY1JaH TeopeM 3TOro pona

(CM. K. K. fOJIOBKHH [2)).
Cpep;H pa3JIH1JHblX 3KBHBaJleHTHblX HOpM /I. /I B (B 1JaCTHOCTH, /I . /IN) MbI BBe.1H

HOpMbI  \. lIB H 411 . II B' BbIpaiKaeMbIe 1Jepe3 npOH3BO,!\HbIe no HanpaBJIeHH!O, B H30-

TponHOM CJIY1Jae OHH HMelOT npeHMymecTBo, BO BC5IKOM CJIY1Jae, TeXHH1JecKoe-
BMecTO CYMMbI HHTerpaJIOB, COOTBeTCTBY!OIUHX BceBo3MOiKHbIM 1JaCTHbIM npOH3BO'!\-
HblM nopH,!\KOB S cis 1= p, 6epeTC5I O.u,HH HHTerpaJI. B CJIYQae p= 0 TaKHe HOp jbl
ynoTpe6J1HJlHCb B JlHTepaType Hepe,!\KO.

3KBHBaJleHTHOCTb KJIaCCOB IB 8(Rn)H 5B 8(Rn) (1  e<co) ,!!OKa3aHa

O. B. BeCOBbIM [3J, [5], B nepHo,!\H1JecKoM o,!\HoMepHoM cJIY1Jae-A. A. KOHlOill-

KOBblM [I) H D. .n. YJIbHHOBbIM [lJ. 3KBHBaJIeHTHOCTb IB 8(Rn)H 3B 8(Rn) ;zJ;0-

Ka3aHa B TCX JKe pa60Tax O. 8-. BeCOBa H npH e = p, '1 ueJIblx B pa60TC C. B. Y c-

nelICKoro [4].
B 1JaCTHblX cJlY1Ja5lx e = p = 2 (,!!JI5I ,!\onycTHMbIX nap (r, I), (r, 2)) HOpM0I

811," 6bIJIH BBe)\CHbI H H3Y1JaJ1HCb B 60JIee paHHHX pa60Tax ApoHillaHHa [I), B. M. Ea-
OH1Ja H Jr. H. CJI060p;eUKoro [I], a npH p = e '* 2 P;JI5I HeueJlblX , faJlb5lp,n;0 [II
H Jr. H. CJ1060p;eUKoro [I].

Pa3J10iKeHHH <PYHKUHH f B BH,!\e p5l,!\OB 5.6. (7) C HOpMOH 611. liB CM. O. B. BeCOB

[3J, 51BHbIM 06pa30M HOpMbI 611. liB npHMeHHJlHCb B pa60Te T. I1. ,\MaHOBa [3).
a

f

If
5.6.2. - 5.6.3. DYCTb ljJYHKUH5I !(x) WI-1eeT npOH3IJOJ\iILle ---,---- (j=I, ..., n),

iJx i
.

1

y,n;OBJIeTBOp5lIOIUHe no XI Ha OrpaHH1JeHHOH 06JIaCTH Q YCJlOBH!O .nHnillHua CTeneHH

(Xj (0 < (Xj I, '1 = rl+(Xj) paBHOMepHO OTHOCHTeJlbHO OCTaJIbHbIX nepeMeHHLiX,
n

H nYCTb P = (PI> ..., Pn)-BeKTOp (U JIblH),]1;JI5I KOToporo
pj

<1. C. H. BepH'
1 '1

ImeHH (1911 r., CM. [lJ, CTp. 96-104) npH , ='1 =... ='n H MOHTCJIb (1918 r.,

CM. [I)) npH JII06bIX '1> 0 nOKa3aJlH, 1JTO B TaKOM cJlY'Iae Ha Q CYIUecTByeT

CMeillaHHa51 HenpepbIBHaSi npOH3BOp;Ha51 r(Q>., OrpaHII1JeHHaH Ha JI!060!! 06JIaCTH

al c: QI c: Q. C. H. BepHillTeHH nOKa3aJI eIUe, 1JTO npOH3Bop;Hble f(Q) ( Ip I = r =

= ,-(X, , = 'j) y,!\OBJlemop5l!OT Ha QI yCJIOBHIO .nHnillHua CTeneHH (X' < (x.

TeopeMa 5.6.3 YCHJIHBaeT 3TH pe3YJIbTaTbI, yKa3bIBaJl T01JHO KJlaCC, K KOTOPOMY

npHHa,!\JIeiKHT rift) H pacnpocrpaHHeT (npH Q = Rn) Ha cJlY'Iaii   eTpHKHLp (I  p co)
H B-KJlaCcoB. D:Jl5I H-KJIaCCOB npH p = co H , = 'I

=
'"
= rn 3Ta TeopeMa ,n;OKa-

saHa C. H. BepHillTeHHoM ([2), 426- 432) H o,n;HoBpeMeHHo He3aBHCHMO ,n;JI5I npo-
B3BOJIbHblX 'j (j = I, .... n) C. M. HHKOJ1bCKHM [2J, nOKa3aBillHM eIl(e ee HeYJly'I-
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illaeMOCTb B TepMHHaX H-KJIaCCOB H HM JKe [5] B MeTpllKe Lp. D:JIH KJIaCCOB B OHa

AOK83aHa O. B. BecoBblM [5].
Bonpoc 0 pacnpOCTpaHeHHH TeopeMbI 5.6.3 Ha CJIY1JaH 06JIaCTeH Q c: RTI pewa-

eTCH C nOMOIUblO TeopeM 0 npo,!\OJIJKeHHH (CM. 4.3.6). B ynoM5IHYTOH pa60Te MOH-
TeJJH HB caMOM ,!\eJIe B Ka1JecrBe Q paccMaTpHBaeTCH KBa,!\paT co cropoHaMH,

n8paJlJleJIbHbIMR OCHM Koop,!\HHaT: p He 06H3aTeJJbHO UeJJblH BeKTOp, H rorJ(a f(Q)
ecTb CMeillaHHaH qaCTHaH npOH3BO,!\HaH B CMblCJIe .nHYBHJIJIH.

TeopeMa 5.6.2 06 9KBHBaJleHTHOCTH

B e
...

,
r

(RTI ) = B;e (RTI),

npH r HeueJIOM CJIe,!\yeT H3 reopeMbI 5.6.3. B 06w.eM CJIY1Jae ee ,!\OKa'laTeJlbCTBO

,!\aHO (APyrHMH MeTo,!\aMH) B. A. COJIOHHHKOBbIM [I], CM. eIUe C. M. HHKOJlJ;,CKHH,
11<. .nHOHC H n. 11. .nH30pKHH [I]. flpH 3aMeHe B (I) Rn Ha Q CBOHCTBO 5.6.2 (I)
KOReqHO coxpaHHCTCH ,!\JI5I 06JIaCTeR Q c: RTI' j],JI5I KOTOpblX cnpaBej],JIHBa TeOpeMa

o npo.!l.OJIJKeHHH ljJYHKUHR KJIaCCOB B;e'"
,

r

(Q) (CM. 4.3.6 H 3aMe1JaHHe If ".3.6).
B. 11. BypeHKoB [2] HCCJIe,!\OBaJI 06J1aCTH, ,!\JIH KOTOpblX 9KBHBaJIeHTHOCTb 5.8.2 (1)
He HMeeT MCCTa.

flYCTb B - B p(RTI), H =- B co(RTI), Lp =- Lp (RTI ). YCJIOBHe TeopeMbI 5.6.3

npH x - 0 H I :!!O; p';;;; 2 (8 = p) BJIe1JeT f(l) E Lp. 9T0 CJIe,!\yeT H3 9.2.2 H 9.3 (2).

flpH 2,;;;; p < co 9TO YJKe He TaK: CCJIH, HanpHMep, f E B (R1), TO OTCIO.!(a Bo06-

IUe He CJIe,!\yeT, qTO f(l) cyw.eCTByeT H npHHa,!\JIeJKHT K Lp (CM. 9.7).
D:JIH KJlaCCOB H =- B co TeopeMa 5.6.3 B cJIyqaEl x = 0 TOJKe HeBepHB.

B caMOM ,!\eJIe, ljJYHKUHH

co

f(8)= b-scosbs8 (b>l)
s=1

He HMeeT HHr,!\e npOH3BO,!\HOR (Bei!epillTpacc, Xap,!\H, CM. 3HrMYH.1t [2], rJl. II,
I

4.8 - 4.11) H B TO JKe BpeMH OHa npHHa,!\JIeJKHT K nepHO,!\HqeCKOMY KJIaccy H..
p

TIoCJIe,!\Hee YTBepJK.I.leHHe .!I.0Ka3b1BaeTCH CJIe,!\YIOIURM 06pa30M. .nerKO npoBepHeTcH,
qTO

II cos bSx HL* = 11 cos bSx HL (0 2n) .si; K,
p p .

r,!\e K He 3aBHCHT OT S = I, 2, ... 3a,!\8,!\HM h> 0 (0 < h<l) H nO.1t6epeM H8TY-
paJIbHOe N TaK, 1JT06b1

b
- (N + I) < h -:5; b- N,

Tor,!\a
N co

&1f IIL* <: b-SII& cos b
S
8 II L*+ b-s -<

p s 1 P N

N-I

<:h
2

b-
s
b
2S
+b-

N
<:h

2
b
N
<:h

2
b
N
+b-

N
<11,

s=1

r,!\e npHMeHeHo HepaBeHcTBo 4.4.4 (3) ,!\JIH TpHroHOMeTpH1JeCKHX nOJI HHOMOB (CM.
CCblJIKY H a CTp. 167).

5.6.4. TIpHMep ,!\aH 10. C. HHKOJIbCKHM [I].
5.6.5. CBoikTBa 5.6.5 (I), (2) BblpaJKaIOT lIenpepblBHocTb no HOpMi B COOTBeT-

CTByIOIUHX npocTpaHCTBaX W ,B e'B cJlY'Iae B-KJl8CCOB HB STO CBoHcrBO o6paTHJI
Moe BHHMaHHe fl. 11. .nH30pKHH.
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K rJl3Be 6

6.1. D:onOJIHeHHe B. TI. I1JIbHHa [2] B TeopeMe BJIOJKeHHH (I) OTHOCHTCH K CJIY-

'1aIO npC,!\eJIbHOrO nOKa3aTeJIH (KOr,l\a p = 0, I, 2, ...) npll m < n. 9TO YTBepJK,l\e-

HHe B oT,!\eJIbHbIX CJIY1JaHX npe,!\eJIbHOrO nOKa3aTeJIH 6bIJIO H3BeCTHO B. 11. KOH,l\pa-
WOBY [I], OH HCCJIe,!\oBaJi TaKJKe HeKoTopble CJIY1JaH npH m < n H HeueJIOM p.

C. .n. C060JIeBbIM ,!\OKa3aHO TaKJKe, 1JTO B Tf'OpeMe (I) npH m = n MOJKHO

C'IIITaTb p
= I.

B o,!\HoMepHoM cJIY1Jae Bonpoc 0 CJIe,l\ax He B03HIIKaeT H MOJKHO rOBopllTb
TOJIbKO 0 «1JHCTOH» TeOpeMe pa3HbIX MeTpIlK. OHa ,l\OKa3aHa Xap,l\H II .nHTTJIBY,l\OM
{I], CM. eIl(e KHHry Xap,!\H, .nHTTJIBy,!\a H TIOJIHa [I].

6.4. TIYCTb f c: R" - ,l\OCTaTO'lHO rJIa,!\KaH nOBepxHocTb H3M2peHHH m < n.

D:JIH Hee KoppeKTHo onpe,!\eJI5IeTCH CJIe,!\ fir ljJYHKUHH f E H; (R,,) BO BCHKOM CJIY-
n-m

'1ae npJ!' YCJIOBHII r--> O. TIpll STOM YCJIOBHII IIMeIOT MeCTO npHMoe H eMY
p

n-m
r--

06paTiiOe BJIOJKeHIIH H (Rn) Hp P (f) (CM. C. M. HHKOJIbCKIli1 [5]). COOT-

BeTCTByroIUee 0606IUeHHe Ha B-KJI3CCbI CM. O. B. BeCOB [II].
 .7. 71. c. ByrpOB [4] nOKa3aJI, 1JTO BJIOJKeHHe

r' r

Hp (Rm)-+H
p (R,,), r'=r_

n-m
,

p

BepHO He TOJIbKO npll r' > 0, HO H npll r' = 0, eCJIII 3aMeHHTb B ero JIeBoii 1JaCTH

H (R[1I) Ha Lp (Rm).
Pjl3J1111JHbIe YC-IIJIeHH H TeopeMbl 0 npO,l\OJIJKeHHH MorYT 6bITb nOJIY1JeHbI, eCJIII

Tpe60B8Tb OT npO,l\OJIJKaIOIUeH ljJYHKUIIH BbITIOJIHeHHH ,l\onOJIHHTeJIbHbIX CBoiicTB.

JI. D:. Ky.rrpHBueB [2] nOKa3aJI, '1TO B reopeMe 6.6 ljJYHKl(HIO t E H; (R,,),
npO,l\OJlJKaIOIUYIO Ha R" ljJYHKUHIO

r- 

(
n-m

)cpEH p (Rm) l,,;;;m <n, r--p>O,
MOJKHO nOCTpollTb TaK, 1JT06,?' OHa 6bIJIa 6eCKOHe1JHO ,!\H4141epeHl(HPyeMoit Ha R" -Rm
H 1JT06bJ BbITIOJIHHJIHCb CBOHCTBa

I pp(S-aJ+8 [ sii+sf s /
p

dR" < co,

R" iJX1I...iJX,,"
n n

8>0,  Sk=r+s(l";;;p<co), p2= xi'
1 2

9TH HepaBeHCTBa nepeCTaIOT 6brTb BepHbIMH npll 8 = O. AHaJIOrll1JHbIii pe3YJIbTaT
nOJIY1JeH 11M npH p=co. 9TH ljJaKTbI YKa3bIBaIOT Ha onpC,!\eJIeHHYIO CBH3b paCCMaT-
pHBaeMbIX 3,!\ecb KJIaCCOB C TaK Ha3bIBaeMbIMH BeCOBbIMH KJIaCCaMH ljJYHKUHit, npo-
H3BO.llHbIe KOTOpbIX (HJIH HX pa3HOCTII) IIHTerpHpyeMbI B p-it CTeneHH C BeCOM. ECJIH

HCXO,!\HTb He H3 H-, a H3 B-KJIaCCOB (8 < cO), TO HMeIOT MeCTO no,!\06HbIe ljJaKTbI
YJKe DPH 8 = 0 (C. B. YcneHcKIIH [3]).

CHcTeMaTH1JCCKOe H3Y'leHHe BeCOBbIX KJIaCCOB 6bIJIO Ha1JaTO B OTMe1JeHHOH BbIille

pa60Te .n. D:. Ky,!\p5lBUeBa [2], CM. em.e A. A. BawapHII [I], C. B. YcneHcKHH [4],
11. A. I<HnpHHHoB [I] H A. KY41Hep [I]. BH6JIHOrpaljJHIO no 9TOMY Bonpocy CM.

B. 11. BypeHKoB [3], .n. D:. Ky,!\pHBueB [3], 11. He'lac [I], C. M. HHKOJIbcKHiI [12].
71. C. ByrpoB [I] ,l\OKa3aJI ,!\JIH e,!\IIHH1JHOrO Kpyra a Ha nJIOCKOCTH B TepMH-

Hax KJlaCCOB H IJpe,!!eJIbHO TO'IHYIO TeOpeMY.

(I)
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flycmb rpYHK/,fUU nepuo8a 2n

CPk(8)EH;t
1 - k - 1

(k=O, I,..., l-l, l p co,r>O).

Towa nO/lUZapMOHU'leCKaJl rpYHK/,fUfl U (p, 8) om nO/lRpHbIX Koop8uHam (0 p I,
o 8 2Jt), peUlaKJUI,afl e e8UH.U'lHOM KPYce (] KpaeeylO 3cWa'lY

8ku

I .tu(p,8)=0,
8pk P=1=CPk(8) (k=O,I,...,!-I)

r+l+..!....-l
(D.-onepamop JIan/laca) , npuH.cW/leJICum K K/laccy Hp

p
(a).

AHaJIOrH1JHbIit pe3YJIbTaT nOJIY1JeH ,!\JIH nOJIynJIOCKOCTH (71. C. ByrpoB [3]).
9THM TeopeMaM npe,!\illecTBOBaJIH T01JHble pe3YJIbTaTbI H. M. flOHTepa (II Ii KeJl-

JIora [II ,!\JIH TpexMepHOJi: 06JIacTH C rJIa,!\Koit rpaHHl(eit npH p = co H r Hel(eJlOro;

O. B. BeCOBa [II ,!\JIH nOJIynpocTpaHcTBa npH I P = H Hel(eJibIX r; H. 11. M03-

JKepoBoit [I] ,!\JlH TpexMepHoH 06J1aCTH C rJla.l\KOH rpaHHl(eit npH 1 p < = H

Hel(eJIbIX r; C. M. HHKOJlbCKOrO [4], (9] .l\JlH Kpyra npH p=2 H JlI06b1X r. CM.

eIUe T. 11. AMaHoB (2]. B HaCTOHIUee BpeMH HMeeTCH MHoro pe3YJIbTaTOB 9Toro

po,!\a C Ol(eHKaMIi peilleHHH pa3JIH1JHblX KpaeBblx 3a,!\a1J B TepMHHaX paccMaTpHBae-
MblX 3,!\ecb KJIaCCOB (CM., HanpHMep, B. A. COJIOHHHKOB [I], He'lac [I], [21 Ii

I1. H. BeKya (1]).
6.9. TIYCTb k=(k1 , ..., kn);:oO (T. e. kj,?-O ,!\JlH Bcex j)-l(eJI01JHCJIeHHblit

BeKTop, h=(hl> hn)-npoH3BOJIbHblH BeKTop (hr/:-O, j=I,..., n). TIo
onpe,!\eJleHHIO

k k
1

k

D.hf=D.h '" D.hnl,
1 n.

r,!\e D.  h/-pa3HOCTb I nopH,!\Ka kj C illarOM hj no HanpaBJIeHHIO Xj (D. jh/= I).
3a,!\a,!\HM BeKTop r = (rl, ...

,
rn) 0, Ii nycTb e eCTb KaKOe-JIH60 nO,!\MHOJKeCTBO

MHOJKeCTBa HaTypaJIbHbIX 1JHCeJI en.
= {I, ... , n}, a r = (r , ...

, r )- B6KTOp,
KOMnOHeHTbI KOToporo nO,!\1JHHHIOTCH yCJIOBHIO

r
e
= { rj, jEe,

1 0, j rf=. e.

TIOJlOJKHM

;e={ ,..., r },
ae=re_ r

e

={.a ,...
, a },

 e,eCJIH ri > 0, TO

r}=O.
BBe,!\eM eIUe

=1 (Xl'"'' Xn.)

rj eCTb HaH60JIbillee l(eJIoe, MeHbillee rj, Ii eCJIH r = 0, TO

BeKTOp 0) = (I, ..., 1). fl0 onpe8e/leHUIO rpYHK/{UJl f (x) =

npUHcW/leJICUm K K/laccy S;H = S ,eC/lU KOHe'lHa HOpM.a

D. fJ),c;e) (xL II
e '

h
U

"Lp (R,,)
III IlsrH= !sup

p
h

e

a
e

a
e

a
B (?)we cYMMa pacnpOCmpaHeHa H.a ere no8MHOJICecmea e, h = hI. . . h nut1 n

'1acl11H.WI npOU300tJHafl nopfli)Ka;:e, 3ma CYMM.a coCep)I(;um C/laZaekwe II f III.
[I ( Rn.)

.

womtJemC1fl8YIOw,ee nycmoMy MHOJfCeCI11.3Y e,
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T eo p eM a 0 n pep; eTa B JI e H H H. IIycmb r> 0

f (x) E S H,He06xOOUMo U oocmamo'lHO, 'lm06bl UMeIlO Mecmo

f (x) = Qk (x),
k O

lI.1lf! m020 'lmOObl

npeOCtnaBlleHue

(1)

We Qk (x) = Q k r k r (x) -IWllble cpyHKlfuu 8KCnOHeHlfuallbHOZO mUM 2
k
ll

2
1 1, ...

,
2
n n

coomeemcmeeHHO no XI' Ollf! ICOmopblX

II Qk IILp (Rn) .;:; c2-
kr ( kr= k1rl )1=1

(2)

U C He SaBUCum om k.

HMeIOT MeCTO BJIOJKeHHH

S (Rn) S ,(Rn)(l,;:;p<p'.;:;m, p=r-( -+)0»0), (3)

e

S (Rn) S 
m

(Rm) (4)

(em = {I, ..., m}; l.;:;m<n; ri- >0, j=m+l, ..., n).
B caMOM liMe, eCJIH f E S (Rn)' TO cnpaBep;JJHBbI (I), (2). Ho TOr,!\a

II Qk ilL p' ( Rn)
.;:; c1 2-

kll
(p > 0)

H f E S ,(Rn)' D:aJlee
n

-kr+ k;'1
Qk  Lp(Rm) .;:; c1

2 m+ 1

H, ecJIH nOJlOJKHTb B (I) Xm+l='" =xn=O. TO ,!\JlH CJIe,!\a f Ha Rm nOJlY1JHM
npep;craBJleHHe

«P(Xl"'" xm)=f(xt. ..., X
m ' 0, ..., 0)= q e .

e k
m

k m O

r,!le CYMMa pacnpocrpaHeHa Ha m-MepHble BeKTOpbl k'm' 0 H

q e
= Qk (Xl' ...

,
X
m ' 0, ...

. 0),
k
m

ki 0
m+I";;;';";;;'n

npH1JeM (ri- > 0)
m

- kirl

 q/m «2
1

k. O

m+{";;;'I.;;n

n m

-' ki(r;-+) - k1rl
2 m+1

«2
1

'!TO BJle'IeT (4) B CHJly 06paTHoit TeopeMbI 0 npe,!\cTaBJleHHH.
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D:JlR BeKTOpOB r
l

, ,.. , r
N

BBe.aeM npOCTpaHCTBO

N

S,I,.... ,N =S,I...., ,N
= n S',

p P
1

e HOpMOll

N

IIIIIS,I, ..., ,N=
i l lilliS""

p
-

p

CrrpaBe,!\JlHB3 TeopeM3 06 HHrepnOJlR1I.HH:
N

1: A.k,k
S,I, '" .

,N
-+ S

1

(Ak 0, * Ak .;:; I ). (5)

ECJlH N=n H r/=(O, ... ,0, r/, 0, ..., 0), TO

I N I N

S'.....' =S',...,' H=H'l'....'"- -

P

9TH pe3YJIbTaTbl ,!\OKa3aHbI C. M. HHKOJlbCKHM [15), [16).
OTMeTHM pa60TY H. C. BaXB8JIOBa [I), r,!\e He3aBHCHMO ,!\OKa33Ha B O,!\HY CTO-

POHY (He06xo,!\HAoJOCTb) reopeMa 0 npe,!\cT3BJleHHH <PYHKl(HH nepHo,!\H1JeCKOrO
, ,

KJlaCC3 S*H: eCJlH f E S*H, TO HMeeT MecTO (I), (2), r,!\e Qs-TpHroHOMeTpH1Je-
p p

CKHe nOJlHHOMbI, PacnpocTpaHeHHR 3THX reopeM C H- Ha B-KJIaCCbI npHHa.lJ,JIeJKaT
T. 11. AMaHoBY [3) H ('!\PYrHMH MeTo,!\aMH) A. D:. D:JKa6paHJlOBY [I).

6.10.2. 9T0 33Me1JaHHe 0 cpe,!\HHx <PYHKl(HRX co06weHo MHe O. B. BecoBblM.

K rJlaBe 7

7.2. HepaBeHcTB3 MeJK,!\Y HopMaMH 'IaCTHbiX npOH3BOAHblX C napaMeTpOM 8 H

MYJlbTHnJlHKaTHBHble HepaBeHCTBa MbI HaXO,!\HM B pa60Te B. TI. l1J1bHH3 (7] H

B nOCJle,!\YIOIUHx ero pa60Tax, B. A. COJlOHHHKOBa [I], K. K. fOJlOBKHH3 (I],
B. TI. l1J1bHHa H B, A. CoJIOHHHKOBa [I] H ,!\p.

HepaBeHCTBa C 8 npHMeHHIOTCH B reopHH ,!\H<p<pepeHl(HaJlbHblX yp3BHeHHll,
Kor,!\a XQTRT, 1JT06b1 O,!\HH H3 1JJIeHOB BH.!I.a

8a IIfll+ III'k) II
81\

6b1J1 MeHbillHM Hanepe,!\ 3a,!\aHHoro 'IHCJla.
.

113 pe3YJlbTaTOB C. M. HHKOJIbCKOrO [II), OTHOCRIUHXCR K 60Jlee 06IUHM reo-

peM3M BJlOJKeHHH, CJle,!\yeT, 'lTO HepaBeHCTBa MeJK,!\Y nOJIYHopMaMH

IIfllh;;(g) ,;:;cllfllw;<g)' (1)

III II I
(
m

C II trI '
(m

(2)
w
p

' 51 W
p

51

(l.;:;p<P'';:;ro, r'=r-( - ;, )n>o, l<r')
HMelOT MeCTO ,!\JlR npOH3BOJlbHOH 06J1aCTH g c: R", 6e3 npeJJ;nOJlOJKejfHH, 'no

II filL (g) KOHe1JHa, eCJlH TOJlbKO r .;:; r' < r (B CJJY1J3e (I» H r < I <,' < r

p

(B cJlY'Iae (2»).
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J13 pa60T .n. D:. Ky,!\pRBueBa [4] H 10. C. HHKOJIbCKOrO [11, nOCBRIUeHHblX
BeCOBblM npOCTpaHCTBaM, CJle,!\yeT HepaBeHCTBO

I fll 1  cllfll I
I-
p wp(Rn)

W
p ( Rn_1)

(I <p <OJ)

I-..!....
H yrBepJK,!\eHHe 0 B03MOJKHOCTH npO,!\OJlJKeHHH <PYHKUHH cp E w

p
p

(Rn-l) HaRm
TaK IlTO ,!\JlH npo,!\OJIJKaIOIUHX HX <PYHKl(HH HMeeT MeCTO

!lfII I  cllcpll 1 (I <P<OJ)
wp(Rn) I-

p
w
p (Rn_l)

6ea npe,!\nOJIOJKeHHH, 1JTO HOpMbI II filL (R)
H II cp IlL (R )

KOHe1JHbI. B 9THX
P niP

n-l

,!\BYX TeOpeMax, TaK JKe KaK BbIille, 0 < t-- < t.
p

7.3. KpaHHHe <PYHKllHH BBe,!\eHbI H H3YQeHbI B pa60Tax C. M. HHKOJIbCKOrO
[2], [3), T 11. AMaHOBa [I), TI. TIHJIHKa [1 C nOMOIII.bIO HHX 6bIJIa YCTaH0BJleHa

roQHOCTb (HeYJIy'IillaeMOCTb) npHBO,!\HMbIX 3,!\eCb HepaBeHCTB MeJK,!\y H-HopMaMH.
7.7. TIp06JIeMe KOMnaKTHOCTH KJIaCCOB <PYHKUHH, H'!\YIUeH OT pa60T ACKOJIH [I]

H ApHeml [I), nOCBHIUeHO MHoro HCCJle,!\OBaHHH. OCHOBHaH TeopeMa ApueJl3 0 KOM-

na'KTHOC'i'H OTHOCHTCH K KJIaccy HenpepblBHbIx <PYHKllHH. B MeTpHKe Lp eH COOT-

BeTCTByeT TeopeMa KOJIMOrOpOBa [I) (,!\JIH p> I) H TYJIaHKOBa [I) (,!\JIH p=I).
K HCCJIe,!\oBaHHRM no Bonpocy 0 KOMnaKTHOCTH KJIaCCOB ,!\H<jxpepeHllHpyeMblx 41yHK-
UHH OTHOCHTCH pa60TbI PeJIJIHXa [I), 11. f. TIe-rpoBcKoro H K. H. CMHpHoBa PI,
B. 11. KOH,!\pailloBa [I), TIHKoHe [I), TIY1J1JH [I), .n. D:. Ky,!\pHBueBa [I), O. B. Be-
COBa [12), B. TI. I1JIbHHa L8] H ,!\p.

TIpHBe,!\eHHyIO 3,!\eCb TeopeMY AJIR K.naCCOB H;, W; CM. C. M. HHKOJIbCKHH [8).
B CyIUHOCTH 3,!\eCb pe1Jb H,!\eT 0 cJIa60H KOMnaKTHOCTH: H3 orpaHH1JeHHOH B MeT-

pHKe H HJIH W nOCJIe,!\OBaTeJIbHOCTH MOJKHO BbI,!\eJIHTb no,!\nOCJJe,!\OBaTeJIbHOCTb,

CXO.1l,!IIiI.YIOCH B CMblCJIe H;-e (8) 0) K HeKOTopoii 41YHKUHH f E H ,W .
B TcopeMax 7.7.1-7.7.5 pe1Jb H,!\eT YJKe 0 KOMnaKTHOCTH MHOJKeCTBa B MeT-

pHKe TOro npoCTpaHCTBa, K KOTOPOMY OHO npHHa,!\JIeJKi1T. B 1JaCTHOCTH, OHa OXBa-
Tb.iJiJeT TeopCMY 0 KOMnaKTHOCTH B Lp (CM. C. .n. C060JIeB [41, rJI. I, 4.3).

TcopeMbI 7.7.2-7.7.5 ,!\OKa3aHbl TI. 11. .nH30pKHHbIM H C. M. HHKOJlbCKHM.
O. B. BecoB [12) H3Y1JaJl BonpocbI KOMnaKTHOCTH MHOJKeCTB <PYHKllHH f B H-

I(JJaccax, HaJIaraH Ha f ,!\onOJIHHTeJlbHble yCJIOBRH. HanpHMep, B CJJY1Jae H (r < I)
npe no araJIOCb,IlTO

Ilf (x+h)-f (x) II  a(h) I h Ir

(a (h) - 0, I h 1_ 0).

K rnane 8

8.1. OnepaUHH 11 cooTBeTcTByeT B H3BecTHoH Mepe onepaUHH BeiiJIH (CM. 3Hr-

MYH'!\ [9), rJI. XII, 8)
n

f (x) = qcp = S Kz(x- t) cp (t) dt,
-;)'I

(I)

I<;I (0= }:
v=1

ro
cos (vt+ !;)

Vi
(t > 0),

;)'I

5 tp (t) dt=O,

-;)'I

IpEL.
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OHa TeCHO CBH3aHa C (HenepHO,!\H1JeCKon) onepaUHen
x

t (x) =
r /a) (x- t)a-l rp (t) dt

a

.nHYBHJIJIH. 71,!\pa h It HMeIOT ,!\JIH MaJIbIX t O,!\HY H Ty}!(e OC06eHHOCTb It la-I
(MbI HMeeM B BH,!\y O,!\HOMepHbIH cJIY1Jafi, cp. 8.1 (6), (13) H 3HrMYH [I],
rJI. V, 2.1). 3TY }!(e oc06eHHocTb HMeeT H,!\pO .nHYBHJIJIH (x_t)a-I npH t=X.

OUeHKH BH,!\a 8.1 (7) ,!\JIH 'IaCTHbiX npoH3BO,!\HbIX OT Or (i X I) CM. ApOHillanH
H CMHT [I].

8.2. TeopeMa 06 H30MOP41H3Me KJIaCCOB W (Rn) ,!\oKa3aHa B pa60Tax KaJIb-

,!\epoHa [3] H .nHoHca H Ma,!\}!(eHeca [I].
8.3. OueHKH pa3HocTeH npoH3Bo,!\HbIX OT Or (I X I) CM. ApoHwaHH H CMHT [I],

C. M. HHKOJIbCKHll, )1(. .nHOHC H TI. 11. .nH30pKHH [I], rJI. I, C. M. HHKOJIbCKHH
(c ,!\06aBJIeHHeM E. HOCHJIOBCKoro) [18].

8.4. HepaBeHcTBo (2) CM. C. M. HHKOJIbCKHH, )1(. .nHOHC H TI. 11. .nH30pKHH
[I], rJI. I, H C. M. HHKOJIbCKHH (18), JIeMMa 6.

B nepHo,!\H1JeCKOM cJIy1Jae npH n= I, p=oo OHO 6bIJIO H3BeCTHO 11. TI. HaTaH-

COH} [2], 119-120, eCJIH C1JHTaTb, 1JTO E (f)oo eCTb HaHJIY1Jillee npH6JIHJKeHHe 41yHK-
UHH t TpHroHOMeTpH1JeCKHMH 1I0JIHHOMaMH co cpe,!\HIIM 3Ha1JeHHeM no nepHo,!\y,

*

paBHbIM HYJIIO, H C. B. cTelJKHHY [2] npH 06bl1JHOM nOHHMaHIIH Ev (/)00; CM. ewe

CyHb lOH-ll1eH [I].
HepaBeHcTBo (4) HBJIHeTCH aHaJIOrOM cooTBeTcTByIOwero o,!\HoMepHoro HepaBeH-

CTBa <1>aBapa [I] B nepHo,!\H1JeCKOM cJIY1Jae. OHO npHMeHHeTCH npH nOJlY1JeHHH
HepaBeHcTBa 8.6 (16) (r> 0), H 3,!\eCb MHe 6bIJI IIOJIe3eH COBeT Moero KOJlJlerH

C. A. TeJIHKOBcKoro.
8.6. H. 11. AXHe3ep H B. M. .neBHTaH H3y1JaJIH B ,!\pyrHx UeJIHX 60JIee 06IUHe

1JeM V
N (t) H,!\pa, cooTBeTcTBYIOwHe 60Jlee 06wHM TpHroHOMeTpH1JeCKHM cYMMaM

I
(

* *

)
*

BaJIJIe-TIycceHa _I DN-p+...+DN , r,!\e Dk-H,!\pa D:HpHXJIe.
p+

o pa3JIOJKeHHHX, perYJIHpHbIX B CMblCJIe Lp 41YHKUHIi no cYMMaM BaJlJle-TIyc-
ceHa CM. C. M. HHKOJIbCKHH [17].

8.8 - 8.9.2. 113JIOJKeHHble 3,!\eCb 41aKTbI, OCHOBaHHbIe Ha nOHHTHH perYJlRpHoH
B CMbICJIe Lp (I,s; P ,s; (0) 0606weHHoH ljJYHKUHH H pa3JIO}!(eHHH ee B CJla60

Cxo,!\HIUHecH pH,!\bI BaJIJIe-TIycceHa, CM. C. M. HHKOJIbCKHH [17], [18].
CaMH no ce6e nOHHTHH HYJIeBbIX KJIaCCOB 8 8'H30MOP41H3MbI 8;8 ,!\JIH pa3Hblx r

II HHTerpaJIbHble npe,!\cTaBJIeHHH 8;8 1Jepe3 HYJIeBbie KJlaCCbI H OTpHU3TeJlbHbIe

KJIaCCbI 8;8' 6blJIH YCTaHOBJleHbI 113 pa3JIH1JHbIX C006paJKeHHfi B pa60Tax J(aJlb)\e-

pOHa [3], ApoHillaHHa, MYJIJlbl H ll1enTHUKOrO [I], T3ii6JICOHa [I], [2], C. M. HH-
KOJIbCKOrO, .nHoHca H n. 11. .nH30pKHHa [2].

8.9. cOBoKynHocTb S; = S; (Rn) Bcex perYJIHpHbIX (CM. 1.5.10) B CMblCJle

Lp (I ,s; P ,s; (0) 0606weHHblx 41YHKUHH MO}!(HO onpe,!\eJIHTb ewe KaK CYMMy

S =UH;" (I)
k

(H; = H;(Rn»)' r e{r k} - npOH3BOJIbHaH nOCJle,!\OBaTeJlbHOCTb ,!\encTBHTeJlbHblX

1JHceJI, cTpeMHIIlaHcH K -00. B CaMOM .lIeJle, eCJIH t E S;, TO ,!\JIH HeKOToporo

p?:O IIMeeT MeCTO IptELp (CM. 1.5.10), n09ToMY (CM. 8.2) Ip+JEW cHh,
-p r

k r
HO Tor,!\a t E H

p
--+ H

p
, eCJIH k TaKOBO, 1JTO r" <-po Ha060pOT, eCJlH t E H,/

nJIH HeKoToporo k, TO I-rk+d E H c L
po
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5ICHO, 'ITO B (I) MOJKHO H SaMeHHTb HB B HJIH L (CM. 6.1).
VCJIOBHMCH rOBopHTb, 1JTO 41YHK1I.HH f E S HMeeT cneKmp B 06JIacTH G eRn,

eCJIH ee npe06pa30BaHHe <1>ypbe 1 HMeeT HOCHTeJIb Ha G, T. e. 7=0 BHe G.

14'8 CKaaaHHcro CJJe,!\yeT, 1JTO eCJIH 41YHKlI.HfI f E S ,TO H K H; npH HeKOTO-

pOM r H pa3JIaraeTCH B pH,!\
00

f= qs
o

CO CJIe,!\YIOIUHMH CBOHCTBaMH: a) qs E Lp H HMeeT cneKTp
= I, 2, ...),  o(npH 5=0), r.lIe  s={! Xj I < as}, a> I; 6)
BeHCTBa

(2)

B  S+1-  S-l(5 =
BbIfIOJIHHIOTCH Hepa-

II qsilL .;:; Ma-
sr

p

(s=O, I, ...), (3)

r,!\e M He saBHCHT OT 5.
B caMOM l{eJIe, B Ka1JeCTBe qs MOJKHO B3f1Tb COOTBeTCTBYIOw.He CyMMbI BaJIJIe-

nycceHa 41YHKUHH f (CM. 8.9). B CJIY1Jae I < p < co CBOitCTBO a) MOJKHO 3aMeHHTb

Ha CJIe,!\YIOIUee: a) qs E Lp H HMeeT cneKTp B  S- S-l(5= I, 2, ...),  o(npH
5 = 0) (CM. 8.10.1).

BcnH <PYHKlI.HH f npe,!\CTaBJIeHa B BH,!\e cJIa60 CXO,!\HIUerOCH K Heit pH,!\a (2)
C YKa3aHHblMH cBoitcTBaMH a), 6) npH HeKoTopoM ,!\eitcTBHTeJIbHOM r, TO 6y,!\eM
rOBOpHTb, 'lTO STaT pH,!\ eCTb peZY/lflpHOe pCL3/l0J/CeHue f.

.n e M M a. IIp0U390/lbHbla rpopMa/lbHO COCmaB/leHHbla pflO
00

  ,
o

'1/leHbl leomopozo yOO8JlemeOpfllOm CBOaCmBaM: a*) Us E Lp U UMeem cnelemp BH£  nl
(ns =X5, x> 0, -He 3128UCfl 0J! om 5 KOHcmaHma) , 6)

II Us ilL  a-sr (5=0, I, ...), (5)
p

cA(J/jo CXoiJUmcfl Ie H£1COmopoa rpYHKU,UU f E S .CaMU rpyHIC/{uu us' maKUM 06pa-

30M, 06pCL3y;om noC/leOOOame/lbHOCmb, CXOOfl yIOCflc/la60 Ie Hy/llO.
B 'IaCTHOCTH, pfl,!\ B npaBoit 1JaCTll (2) co cBoitcTBaMH a) H 6) cJIa60 CXO,!\HTCJI

K HeKoTopoit <PYHKlI.HH f E S ,60JIee T01JHO, f E H;.
D:oKaaaTeJIbCTBo. nYCTb xp>-r, Tor,!\a (CM. 8.4 (4» II IpUs IlL <

P
a-s (xp+rJ, H nOTOMY pH,!\

00

Ipus=F
o

CXO,!\HTCfI B CMblCJIe L
p,

a CJIe,!\OBaTeJIbHO, cJIa60 K HeKOTopoA F E Lp, HO TorZl8

pfl,!\ (1) CXO,!\HTCfI cJlaCiQ K f E l-l E S;.
3aMeTHM, 'ITO npH r> 0 pH,!\ (I) CXO,!\HTCfI B Lp B npe.llnOJIOJKeHHH, 'lTO Y.ll0B-

JIeTBOpfieTcH YCJIOBHe 6) (6e3 a*».
CnpaeeO/lU8bl B/lOJ/CeHUfl

L; (Rn) -+ Lg, (Rn) (I < p < p' < co), (6)

B;e (Rn)-+ Bg'e (Rn) (I  p p'.;:;co;1.;:;8:E;co, B;",,=H;), (7)

P =r-n ( - )p p"

tee r-npoU380/lbHOe oeacmBUme/lbHoe '1UCJ1O.
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B CaMOM ,!\eJle, nyCTb A 0603Ha1JaeT O,!\HH H3 41HrypHpYIOIUHX B JleBbIX

qaCTHX (6), (7) KJlaCCOB, H nycTb k-TaKoe 1JHCJlO, 'ITO k+p> 0, Tor,!\a (CM. 8.2,
8.7, 9.6.2, 6.2)

I (A') =A,+k AP+k
k p p p"

OTKY.lta

A' I (AP+
k

) =APp -k p' p"

H MbI .ltOKa3aJlH (6) H (7).
C TeopeMaMH BJlOJKeHHA pa3HbIx H3MepeHHA  eJJo 06CTOHT CJloJKHee, KaK 3TO

6Y.lteT BH.!tHO HHJKe.
nOJIOJKHM x=(a, 'V), a=(x1, ..., xm), 'V = (Xm+1' ..., Xn) (1,:;;m<n), H

nYCTb Rm ('V°)=Rm 0603HaQaeT JlHHeAHoe no.ltnpoCTpaHcTBo Rn TOqeK (a, 'V0),
r,!\e 'V0 41HKCHpOBaHO, a a npOH3BOJlbHO.

On p e.lt e JI e H H e. IIycmb CPY'-lK/fUfI f E S; ==S (Rn)' 1 p,:;; 00 U

00

f (a, 'V) = qs (a. 'V)
1= 0

- ee pezy/lflpflOe pCl3/lorJ/CeHue, o6/laOalOU¥!e meM C80Ucf118OM, 'lmo npu AI060M S

cneKmp qs npuHalJll.erJ/Cum K cneKmpy f. (3a.MemUM, 'uno 'l/leltbl pfllJa Ba/lIl.e-IIycceHa
nolJ'lUHeHbl smoMY c8oUcmay.)

EC/lu, KaK080 6bl HU 6bl/lO onpelJell.eHHoe 8bUUe peZY/lflpHDe pCl3/lorJ/CeHue f, pRiJ

(8)

00

f (a, 'V0) = qs (a, 'V0)
8=0

(9)

CXOOUmcfl c/la60 TI'() a (8 CMblell.e S (Rm» K HeKOmopoCi. cpyHKtjUU f (a, 'V0), He

8aBUCflU¥!CI. om pa5AorJ/CeHUfi f, mo sma CPVHKtjUfl (om a) HaSbl8aemCfI C/leaOM f Ha Rm.
OTMeTHM, 1JTO eCJlH 41YHKUHH f (a, 'V) ueJiaH 9KcnOHeHUHaJlbHOrO THna, TO

JIlo6oe ee perYJlHpHOe pa3J10JKeHHe eCTb KOHe1JHaH cYMMa (8) H, 01JeBH.!tHO, ee CJle.zt
Ha Rm eCTb f (a, 'VO).

HHJKe npHBo,!\HTCH HeCKOJlbKO yTBepJK,!\eHHA 6e3 .ltOKa3areJlbCTBa
T e 0 p eM a. C/lelJbl cpyHKtjUU f (a, 'V) Ha Rm 8 CMble/le clJe/laHHOZO onpelJell.eHUR

U 8 CMblCII.e onpelJe/leHUfi 8 6.3 c08naoalOm.

4epe3 !In" 0603Ha1JHM BCHKoe MHOJKeCTBO T01JeK x = (a, 'V) BH,!\a

!m" = A + { I'V I < I a I"} (A. > 0),

r.lte A eCTb OrpaHH1JeHHOe MHOJKeCTBO B Rn' npHHa,!\JleJKaIUee K Ky6y  M={ rXj 1<
<aM, a> 1}.

T e 0 p e M a. EC/lU CPYHK/fUfl f (u ,'V) E S (Rn) (I ,:;; p ,:;; (0) UMeem cneKmp,

npuH01Jll.erJ/Caw.uCI. K MHOOfCecmay !m", mo OHa UMeem Cll.elJ f (a, 'V0) E S (Rm).
DOIlee mO'lHO, lJ/lfi K/lacc08 cpyHKtjUU H; (Rn), uMelOw.ux cneKmp 8 !mt.> UMelOm

MecmO 8/lDalCeHUR C KOH.CmaHmaMU, 3aBUCflW.UMU om M U A.:

(
n-m

)Hp'-""-
"

(Rn)

H (Rn)
H-;;8 (Rm)

(,_
,,(n-m)

)

I
Hp

p
(Rm)

l

(
n-m

)r

------p-
< 0, A. > 1

,

(
n-m

)r -

-----p-= 0, A. 1
,

(10)

(0 < A. 1, KpOMe C/ly<l(lfl

n-m
T--=O

P
. 1..= I).
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o 6 paT H a H T e 0 p e M a. <PYHK£{UIO

(
'A (n-m»

)cp(a) E H/- -p- (Rm) (O</.., I)

U/lU

cp(a) E H r-n m) 'A

(Rm) (/..,> I)

MOJICHO npOaO/lJ/Cumb Ha Rn maK, IJmo npOaO/lJ/CeHHaH rf1W-lK£{UH f (a ,v) e H (Rn)
UMeem cneKmp, npUHaa/leJ/CaU{uu K MHOJ/Cecm8Y 8uoa !In)., U ee C/leo f (a, 0)-
= cp (a). llpu smOM UMeIOm Mecmo 8/l0JICeHUH (c coom8emcm8YIOU{u lu Hepa8eHcm-
BaMU, CM. 6.0 (13»

(
'A (n-m»

)Hpr------p- (Rm) -+H (Rn)

H r:-n m)
'A

(Rm) -+ H (Rn)

(O</.., I), (II)

(/..,> 1). (12)

n-m
BJIOJKeHHe (It) npH /"'=1 H r-- >0 YJKe H3BeCTHO (CM. 6.5), HO 3,!\eCb

p

eMY npH,!\aHa 60JIee CHJIhHaH 410PMYJIHpOBKa, BKJIIO'IaIOIUaH YTBepJK,!\eH lie 0 xapaK-
n-m

Tepe cneKTpa npo,!\OJIJKaIOIUeH 41YHKUHH. npH /..,> I H r--=O (o6paTHoe) BJIO-
.. P

JKeHHe (12) H COOTBeTcTBYIOUJ.ee (np HMoe) BJIOJKeHHe (10) YJKe He HBJIHIOTCH B3aHM-

HO 06paTHhIMH.
nO,!\1JepKHeM, 1JTO B COOTHoweHHHX (II), (12) Ha cneKTphI 41YHKUHH HCXOP;HhIX

(BKJIa,!\hlBaeMbIx) KJIaCCOB HHKaKHX OrpaHHqeHHH He HaKJI8,!\hIBaeTCH.

B cJIyqae 0 < /.., 1 y,!\oBJIeTBOp HIOIUa H YCJIOBHIO TeopeMhI npo,!\OJIJKeHHaJl
q,YHKUHH f (a, v) MOJKeT 6hITb onpe.l(eJleHa B BH,!\e cJIa60 cxo,!\HUJ.erocH pHp;a

co

f(a, v)= Qs (a, v),
5 = 0

M

Qs(tt, v)=Cf!s(a) II F(2,s-k>'A Vj),
/=m+J

(
. t

)
2

sm -

F(t)=4 '

r.D;Q
co

cp (a) = CPs (a),
5= 0

% (a)=(J2of, cps(a)=((J2s -(J2S
-

1)CP
(CM. 8.9).

B cJIyqae JKe A> I npO,!\OJIJKeHHaH 41YHKUHH f (a, v) onpe,!\E'JIHeTCH cJIa60
CXO.D;HwHMCH pH,!\OM

co

f(u, v)= qn (a, v),
5=0

s

M

II
n -I

(
n -I

)v)=cps(a) as (vj), as(£)=cos3.2 s £F2 S b
J=m+l

qn (a,
s
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r,!\e nS (5=0, I, ... )-B03paCTaIOIUaH nOCJIe,!\OBaTeJIbflOCTb HaTypaJIbHbIX 1JHCeJI

TaKaH, qTO
ns

-+ I (8 -+ CD), a 41YHKUHH CPs HMeIOT npe}!(HHH CMbICJI.

SA

tPYHKl{Ufl 'IjJ (x, y) am OBYX nepeMeHHblX, UMelOU{afl npe06pG.30BaHUe tPypbl!
_

{
U-1U-l (u, u> 2),

'IjJ =
0 ,!\JIH OCTaJlbHbIX (u, u),

npUHaO/leJ/Cum K H /2(R2) U B mo J1Ce BpeMfl He UMeem c/leoa Ha ocu u=O.

D: 0 K a 3 aTe JI b C T B O. B KaqeCTBe ee perYJIHpHOro pa3JIO}!(eHHJJ B03bMeM pH,/(
ro

'IjJ= qs,
s=1

r,!\e

1

qs (x, Y) = 2n
u-1u-1ei (XU+Y'lJ) du du,

"'S-"'s-1
H

25 2$

1\ qs Ill. (R,)
2 u-2 du u-2 du 2-s

,

2S -1 2

n03TOMY 'IjJ E H /2(R2). D:aJIee
N

SN (X) = ! qs (x,

1

0) = 2 u-lu-leixu du du =

"'N

2N 2N 2N

= 2 u-I du u-Ieixu du = cN u-1eixu du .

cI>YHKUHR S
N (x) He CXO,!\HTCR CJIaf5o, nOTOMY 1JTO, HanpHMep, ,!\JIR 41YHKUHH cP

TaKofi, 1JTO ip = e-
x'

E Sf HMeeT MeCTO

2N

(S N' cp) = (SN'  )= cN u-1e-
U'

du -+ CD (N -+ CD).
2

B03MO}!(HO nOCTpOHTb npHMep, nOKa3blBaIOIUHH, 1JTO B (10) HeJlb3H 3aMeHHTb

e>OHaB=O.
YKa3aHHbIe Bblille YTBep}!(,!\eHHR MorYT 6b1Tb pacnpOCTpaHeHbI C KJlaCCOB

H; Ha B;e.
CnpaBe,!\JIHBbI BJIOJKeHHH (npRMbIe 11 06paTHble I P < co, I,:;; m < n)

n-m

Bpf (R n) Lp (Rm) (I)

(npHMoe CM. KHHry O. B. BeCOBa, B. n. I1JIbHHa, C. M. HHKOJlbCKOrO; 06paTHoe-
M. .n. fOJIb,!\MaH [I] H He3aB1ICHMO B. 11. BypeHKOB. OTMeTHM 60JIee paHHHH pe3YJIb'

Tar faJIbHp,!\o [I]: L1 (Rm) W -rn(Rn).)
B I(Rn) C (Rm)

(M. .n. fOJIb.ilMaH [I])
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nplIMalI TeOpeMa (I) CJIe,!\yeT H3 HepaBeHCTB (CM. 3.4.2 H 8.9.5)

co co s 

IlfIILp(Rm)  OII  sIILp(Rm)  O2
p

II  sIILp(Rn)=11/11 n,-;;m
(3)

BpI (Rn)
rp;e

00

f (x) =  s(X),
o

- pa3JIOJKeHHe f B plI,!\ BaJIJIe-nycceHa.
nplIMalI TeopeMa (2) TOJKe JIerKO nOJlY1JaeTCII, eCJIH Y1JeCTb, 1JTO ,!\JIH pa3JIO-

JKeHHH f E B 1(Rn,) HMeeT MeCTO

X=(Xl> ..., xn,) (4)

00

\lfllBo (R )
= rnax l s(x)l<oo,

001 n, 5=0 XERn,

cTKy,!\a CJIe,!\yeT, '1TO 1 E C (Rn,) -+ C (Rm).
06paTHbie TeOpeMbi (npHHa,!\JIeJKaIUHe B. 11. BypeHKOBY I! M. .n. fOJIb,!\MaHY)

He TpHBHaJIbHbI- nOTpe60BaJIocb nOCTpoeHHe HeJIHHeiiHblX Onep2lTOpOB npo,!\OJIJKe-
HHH Ha Rn <PYHKUHii, onpe,!\eJIeHHblX Ha Rm. 06paTHoe BJIOJKeHHe (I) 0606IUaeT
pe3YJIbT3T 5{. C. ByrpoBa (CM. SaMe1JaHHe K 6.7).

TpH6eJIb [I] ,!\oKa3aJI, 1JTO npH I < p < 00 npocTpaHcTBo B e(Rno) HMeeT

6e3YCJIOBHbIii 6a3Hc, T. e. nOCJIe,!\ BaTeJIbHOCTb <PYHKUHii CPv (x) E B e(Rn)
(v = 0, I, .. .), KOTopbIe MOJKHO JII06bIM 06pa30M nepecraBHTb, 06JIa,!\aIOIUYIO CJIe-

,!\YlOwHM cBoiicTBOM: BCHKaII <PYHKUHH f E B e(Rn,) npe,!\cTaBJIlIeTCH e,!\HHCTBeHHblM
00

o6pa30M B BH,!\e plI,!\a f=  cvCPv, r,!\e Cv=Cv (f)-JIHHeiiHble <PYHKuHOHaJIbi OT f.
o

npH 9TOM HopMa II f 11 r 9$PeKTHBHO BblpaJKaeTCH 1Jepe3 Cv.

Bp (RtI)
n. H. JIH30pKHH \13] nOJIY1JHJI no,n06Hble pe3YJIbTaTbi P;JIII npocrpaHcTB3 B 

p

<PYHKUHii nepHo,!\a 2:rc. <1>OPMYJIbi n. I1. .nH30pKHHa BblrJIII,!\IIT npocTo H 9$PeK-
THBHO, H 9TO ,!\aeT B03MOJKHOCTb HaM c<PopMYJIHpOBaTb HeKOTopbIe H3 HHX, orpa-

HH'IHBWHc;b O,!\HOMepHbIM CJIY1JaeM.

n. I1. .nH30pKHH ,!\OKa3b1BaeT,

npep;CTaBJIlIeTCII B BH,!\e cXO,!\HIUerOCII

1JTO npOH3BOJIbHaII <PYHKUHII

B MeTpHKe B (R1) pH,!\a
p

r

f E B* (RJ
. pe

00

f (x) = fnEn, (x),
-00

(5)

r,!\e fn =fn,(f)-1JHCJIa, E_1(x)=Cix
, Eo(x)=I, E1(x)=eiX

,
H eCJIH HaTypaJIb-

Hoe n> I npe,!\CTaBHTb B BH,!\e n=2m
-

l +s, r,!\e m=m(n» I-HaTypaJIbHoe,
a s=s(n)-O,!\HO H3 1JHCeJI 0, I, ..., 2m

-

I -'I, TO

(5) + +

( (s)
)En,(x)=E2m-dx)=E2m-1 x-t

2m
-

1
_1 '

(8) 2s+1
t
2m-l_ 1= 2m-1 ,

2
m
_I

+ 1 "\'1E2m_1 (x) = 2m-1 k.
II = 2

m
-

1

eikx.
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ECJIH JKe n < -I, TO HaXO,!\HM HaTypaJIbHoe m > I H O,!lHO liS 'IHCeJl

0, I,..., 2m
-1-1 TaK, 1JT06b1 - n=2m

-

1 +s, H nOJIaraeM

En(x)=E Sh _1(X)=E;;'-l_l (X-t %-l_l)'
_ 2

m-1

-

(
I "\'1E2m-l_ 1 X) = 2m
-

1 ..:..
k=_2

m
+l

eikx .

CHCTeMa 41YHKUHH {En (x)} opTOrOHaJIbHa Ha [0, 2:t), nOTOMY 'Iro

2Jt
_

2"

{
0, n =1= m,

En (x) Em (x) dx= EnE_m dx=
2
-

m
," n = m.

CJIe,!\OBaTeJlbHO,
211

2m
-2

\rn=-n  fEndx.
HMeeT MeCTO paBeHCTBO (CM. (5))

lit II r =(1 ro le+( ;ety/e,
B e

p,e

[
00

]
lro

  e= 2m (r-l/p)EJ

{ _

Irk IP}
e/p

m=l 2m l lkl 2m_1

  e=SUp 2
m (r-l/p) f Irk IP}

I/P (8=00).
m;;;'l 12m-l k 2m_1

(I 8  oo),

r

OTMeTHM, 1JTO CHCTeMa 9KcnOHeHT {eikX } %"=-00 o6pasyeT TOJKe 6a3HC B B* ,
pe

0.ltHaKO He 6e3YCJIOBHblH,
n. 11. .nH30pKHH Ha OCHOBaHHH 3THX pe3YJIbTaTOB nOJIY1JHM npOCTO ljJOPMY-

JIHpyeMble YCJIOBHH, He06xo.ltHMble H ,!\ocraTO'lHble ,!\JIH Toro, 'IT06b1 pH.lt <1>ypbe
00

CJI3ikx E B nepeXO,!\HJI B pH,!\  'kCkeikXE B ,T. e, 'IT06b1 B -to B .

p
_ 00

pe p p'e

B ynoMHHYTOI'j pa60Te TpH6eJIH MbI HaXO,!\HM YCJlOBHH ,!\JIH nepeXO.lta B e(Rn) -+
--------

-to B e(Rn) npH nOMoIUH onepaUHH t (x) f(x).
8.10-8.10.1. 113JIoJKeHHble 3,!\eCb ljJaKTbI, OTHOCHIUHeCH K pa3JIOJKeHHHM 41YIlK-

 HHKJlaCCOB B eB pH.ltbl no cYMMaM D:HpHXJle B cJIY'Iae I < p -< 00, 6JIH3KII

K pe3YJlbTaTaM n. 11. .nH30pKHHa [9), a TaKJKe K pe3YJIbTaTaM M. J1.. PaMa3a-
HOBa [I), HCCJleL\OBaBwero C 3TOH T01JKH 3peHHH KJIaCcbl 41YHKUHH, HeCKOJlbKO OT-

JlH'IHble OT B e'

K rnaBe 9

9,1. nYCTb
I < p < q < 00,

n m
I m n, p = , - - + - O

p q

(I)

(2)
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H , ueJIOe. Tor,!\a H3 9.1 (4) CJIe,!\yeT BJIOJKeHHe

W (Rn)= L; (Rn) --+ L (Rm) --+ W P](Rm) (3)

(C. .n. C060JIeBa C  OnOJIHeHHHMHB. 11. KOH,!\pallioBa H B. 11. I1JIbHHa, CM. 6.1).
TIpH P HeueJIOM H p= q cnpaBe,!\JIHBO (CM. 9.3 (I), 6.2 (4), 6.5 (I '»

L (Rn) --+H (Rn) --+H (Rm)--+ W P](Rm).

I1HrepeceH CJIY1JaH p = 0, p= I < q < 0::>; B 3TOM CJIY1Jae ,!\JIH HaTypaJIbHOrO ,

(L =W ) OKa3aHO (C. .n. C060JIeBbIM [4] npH m=n H 9. raJIbHp,!\o [2] npH
m < n), 1JTO BJIOJKeHHe (3) TaKJKe OCTaeTCH BepHbIM.

9.2.2. TeopeMa 0 npoH3Bo,!\HbIX ,l(OKa3aHa npn p = 2 C. H. BepHillTeHHoM [I],
CTp. 98, ,!\JIH 11 =12 =2 H.n. H. CJI060,!\eUKHM [3] B 06IUeM c.ijY1Jae; npH 1 < p <0::>
H UeJIbIX 1=11 =...=ln -A. 11. KOllleJIeBbIM [I], H JlI06bIX I> o-n. 11. .nH30p-
KHHblM [12]; npH rrpOH3BOJIb HbIX I B nepHo,l(H1JeCKOM CJIY1Jae -10. .n. BeccoHQ-
BblM [I, 2].

9.4 - 9.6. 113JIaraeMble 3,!\eCb pe3yJIbTaTbI, OTHOCHIUHeCH K aHH30TponHblM
KJIaCCaM L ,B OCHOBHOM npHHa,!\JIeJKaT 11. 11. .nH30PKHHY, ony6JIHKOBaBllleMY HX

6e3 ,!\OKa3aTeJIbCTBa B 3aMeTKe [10]. OH npe,!\ocTaBHJI B Moe pacnOpHJKeHHe HeKoTopbIe
pYKonHCHbIe MaTepHaJIbI, KOTopbIe nOJIOJKeHbI B OCHOBY Moero H3JIOJKeHHH. 71 BCIO,!\y
eBO,!\HJI Bonpoc K onepaUHH In B TO BpeMSI KaK 11. 11. .nH30pKHH B COOTBeTCTBYIOIUHX
CJIY1JaHX ,!\eHCTBG'BaJI «1JHCTbIMH» JIHYBHJI.1eBCKHMH npOH3BO,!\HbIMH (CM. 9.2.3). OCHOB-
HaH ueJIb 3THX HCCJIe,!\OBaHHI'l nOJIY1JHTb HH rerpaJIbHble npe,!\CTaBJIeHHH ,!\JIH (ljJYHKl(HH)

8HH30TponHblX KJIaCCOB L' npH JII060M r;:::: 0 H Ha HX OCHOBe nOJIY1JHTb nOJIHYIOp
CHereMY reopeM BJIOJKeHHH ,!\JIH 3THX KJIaCCOB. D:JlJl H30TponHblX KJIaCCOB H HTerpaJIb-
Hble npe,!\CTaBJIeHHH 3Toro po,!\a 6bIJIH nOJIY1JeHbI B npe,!\bI'!\YIUeH rJIaBe. HYJKHble
oueHKH B03HHKaJIH TaM H3 ljJa KTOB, OTHOCHIUHXCH K TeopHH H,!\ep BeCCeJIH -Ma K,!\O-
HaJIb,!\a. B aHH3OTponHoM CJIY1Jae cooTBeTCTBYIOIUHe 51,!\pa YCJI01KHHIOTCH. KOHe1JHO,

1eopeMbI BJIOJKeHHH B H30TponHoM CJIY1Jae nOJIY1JaIOTCH H3 COOTBeTCTBYIOIUeH aHH3OT-

ponHOH TeopHH, eCJIIi nOJIOJKHTb r1 =... = rn
= r. I1pH ueJIblx r, r nOJIY1JHM COOT-

BeTCTBYIOw.He pe3YJIbTaTbI ,!\JIH W-KJIaCCOB, B 1JaCTHOCTH TeopeMbI BJIOJKeHHH C. .n. Co-

(jOJIeBa, C KOTOpbIX HCTOpH1JeCKH Ha1JaJIaCb 3Ta MHoroMepHaH TeopHH.
9.4.1. OueHKH (2), (3) ,!\JIH 1_10, (x) 3KBHBaJIeHTHbI B cJIyqae r1=...=rn =r

H3OTponHbIM Ol(eHKaM 8.1 (7).
9.5.1 - 9.5.2. TeopeMbl9.5.1 H 9.5.2 BO BeeH ax nOJIHOTe nOJIY1JeIlbI n. 11. .nH30p-

KHHblM [12]. OIlH COllep1KaT B ce6e PHlI npe,!\lllecTBYIOIUHX pe3yJIbTaTOB, OTHOCHIUHXCH

K CJIY1JaIO ueJIblX r (W =L )H npOH3BOJIbHbIX r npH p=2, ApoHlllaHH [I],
.n. H. CJI060,!\eUKoro [I] (CM. eIUe B. M. Ba6H1J H.n. H. CJI060,!\eUKHH [I j),
faJIbHp,!\o [I], O. B. BecoBa [2], 11. 11. .nH30pKHHa [11], C. B. YcneHcKoro [I]
(no,!\p06Hee eM. 0630p C. M. HHKollbcKoro [12]).

CIO,!\a JKe OTHOC5ITCH cooTBeTcTBYIOIUHe pe3yJIbTaTbI ,!\JIH H30TponHbIx KJIaCCOB

L = L;'
...

.
"

npHHa,!\JIeJKaIUHe CTeH HY [1], ApoHwaHIIY, MyJIJIe H ll1eTITHUKoMY [I]
H n. 11. .nH30PKHHY [3] (no,!\p06Hee CM. B. l1. BypeHKoB [3]).

9TH pe3YJIbTaTbI 6b1JIH nOJIY1JeHbI pa3JIH1JHbIMH MeTo,!\aMH.

B 3TOH KHHre npH npo,!\OJIJKeHHH ljJy HKUHH C Rm Ha Rn npUMeHHJICH MeTO.ll

pa3JIOJKeHWI ee B pH,!\ no l(eJIblM ljJYHKUHHM 3KcnOHeHUHaJIbHOrO THna H nOCJIe,!\y.IOIUero

HapaUI.HBaHHH ero 1JJIeHOB CneUHaJIbHblMH ljJYHKUHHMII (C. M. HHKOJIbCKHH [5]).
B 3THX ueJIHX '!\Pyme aBTOpbI TaKJKe npHMeHHJIH ,!\pyroH MeTO,!\, oeHOBaHHbIH Ha

ycpeJI;HeHHH ljJYHKUHH no CTeKJIOBY (CM. A. A. D:e3HH [1], raJIbHp,!\o [I]).
OTMeTHM ,!\OCTaT01JHO npocTOe npHMoe ,!\OKa3aTeJIbCTBO TeopeMbI BJIOJKeHHH

pa3Rblx 113MepeHHH B aHH30TponHoM cJIY1Jae ,!\JIH ueJIblX KJIaCCOB L = W ,npHHa,!{-
..I!eJKaIUee B. A. COJIOHIIHKOBY [I].
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9.6.2. TeopeMa BJIOJKeHH5I C. .n. c060JIeBa (c ,!\onOJIHeHH5IMH B. H. KOH,!\pallioBa
H B. n. I1JIbHHa) (CM. 6.1 H 3aMe1JaHHe K 6.1) BXO,!\IIT B TeopcMY 9.6.2 KaK

1JaCTHbIH CJIY1JaH H B Tep IHHax(l(eJibIx) KJIaCCOB w 51B.n5leTCH npe,!\e.1bHo TO'lijOn.
B H30TponHoM cJIY1Jae ,!\p06HbIX l TeopeMa 9.6.2 ,!\OKa3aHa CTeHnOM [1] H

n. 11. .nH30pKHHbIM [17] H B aHH30TponHoM (npHBe,!\eHHoM B TeKcTe) CJlY'lae
n. 11. .nH30pKHHbIM [12].

B CTaTbe Ca,!\ocKH H KOTJI5Ipa [I] onpe,!\eJIeHbI ,!\JI5I pal(HOHaJIbHbIX BeKTopoB

r 0 KJIaCCbI, 3KBHBaJIeHTHbIe KJIaCCaM L , H ,!\JIH HHX ,!\OKa3aHbI HeKoTopbIe

TeopeMbI BJIOJKeHH5I.

K rJlaBe 10

10.1. nepBbIe CHCTeMaTH1JeCKHe HCCJIe,!\OBaHHH no TeopHH BeCOBblX KJlaCCOB

npHHa,!\JIeJKaT .n. D:. Ky,!\pHBl(eBY. OHH H3JIOJKeHbI B ero MOHorpa41HH [2]. B
1JaCTHOCTH, .n. D:. Ky,!\pHBl(eB nOJIY1JHJI HepaBeHcTBa 10.3 (I) C T01JHOCTbIO ,!\O &

H TeopeMbI BJIQ}KeHHH 0 rpaHH1JHbIX 41YHKl(H5IX BeCOBbIX KJIaCCOB B H-KJIaCCbI If
HM 06paTHbIe ,!\JIH nOJIynpoCTpaHcTBa. BbIpaJKeHHe rpaHH'IHblX 41YHKl(IIH B TepMHHax
H-KJIaCCOB n03BOJIHJIO nOJIY'lHTb 9TH TeopeMbI TOJIbKO C T01JHOCTbIO ,!\O B.

MbI paCCMaTpHBaeM OrpaHH'leHHbIe 06JIaCTH Q C rJIa,!\KOH (n-I)-MepHoif
rpaHHueH, XOTH B JIHTepaType H3BeCTHbI COOTBeTCTBYIOruHe HCCJIe,!\oBaHHH ,!\JIH

m-MepHbIX rpaHHU (HJIH 1JaCTeH rpaHHl().
OTMeTHM 0630pbI no BeCOBbIM KJIaCCaM C. M. HHKOJIbCKOrO [12], a TaKJKe

O. B. BecoBa, B. n. I1JIbHHa, .n. D:. Ky,!\pHBl(eBa, 11. 11. .nH30pKHHa H c. M. HHKOJlb-

CKoro ([I], CTp. 38-64), r,!\e paccMaTpHBaIOTcH TaKJKe npHJIOJKeHHH 3Ton TeopHll
K KpaeBbIM 3a,!\a1JaM MaTeMaTH'leCKOH 41H3HKH.

10.2. TeopHH nOKpblTHH 06JIacTH c rJIa,!\Koit rpaHHl(eit peryJIHpHbIMH MOCTaMIf

npHHa,!\JIeJKHT C. M. HHKOJIbCKOMY [19].
10.3. BJIOJKeHHe 10.3 (I) nOJIY'leHO C. B. YcneHcKHM [I] ,!\JI5I nOJIynpocTpaH-

CTBa Rn. B !:iTOM cJlY'Iae, BCJIe,!\CTBHe HeOrpaHH1JeHHOCTH Rn Ha,!\o C'lHT8Tb

az=a+l (BMeCTO at"s; a+l). D:JIH OrpaHH1JeHHOH 06JIaCTH C rJIa,!\KoH rpaHHueH
CM. C. M. HHKOJIbCKHit [24].

10.4. BJIOJKeHHE! 10.4 (I) CljJOpMyJIHpOBaHo B CTaTbe C. B. YcneHcKoro [3],
f I

0630pe C. M. HHKOJIbCKOro [12] \TeopeMa 38, r,!\e C'lHTaJIOCb, '!TO
-p r+a-

- < r). D:oKa3aTeJIbCTBa B n. 10.4.1 B cYlllecTBeHHoM npHHa,!\JIeJKaT B. B. ll1aHb-

KOBY.
10.5. - 10.6. BJIOJKeHHe 10.5 (I) H eMY 06paTHoe 10.6 (I) BnepBbIe nOJIY'leHO

A. A. BaIllapHHbIM [I], [2] ,!\JIH KJIaCCa W a(Q) H n. 11. .nH30pKHHbIM [I] ,!\JIH

60JIee 06111ero KJIaCCa Wha (Q) npH YCJIOBHH (B Hallieit TepMHHOJIOrHH) 0 < I + a.

B 3aMeTKax C. B. YcneHcKoro [3] H 11. 11. .nH30pKHHa [2] 3TH TeopeMbi

C410pMyJIHpOBaHbI B 06111eM BH,!\e ,!\JIH nOJIynpocTpaHCTBa, eCJIH HCKJII01JHTb CJIY1Jan

ueJibIX r +a-.!., KOTOpbIH Ha 3TOM 3Tane 6b1JI eruE! He BbIHCHeH. C. B. YcneH-

p

CKHH [3] C410pMyJIHpOBaJi TaKJKe cooTBeTcTBYIOruHe TeopeMbI H ,!\JIH 06JIacTH <; rpa-

HHl(eH r E C<T+!J npH p > 2 ,!\JIH npHMoH TeopeMbI H I < p < 2 ,!\JI5I 06paTHoH.
TeopeMbI 10.5 (I), 10.6 (I) 3aTeM nOJIHOCTbIO ,!\OKa3aHbI (B TOM 1JHCJIe H ,IlJIIJ

I

r+a -- ueJi bI X) C. B. YcneHCKHM [I]. npHBe,!\eHHoe 3,!\ecb ,!\OKa3aTeJIbCTBO
p

npHMOH TeopeMbI HeCKOJIbKO HHoe. I1pH ,!\OKa3aTeJIbCTBe JKe 06paTHOH TeopeMbi .2!JIH
npHMoyrOJIbHHKa MbI CYlllecTBeHHo CJIe,!\OBaJiH paCCYJK,!\eHHHM C. B. YcneHCKo'ro,

B3HBIllero B Ka'lecTBe npO,!\OJIJKaIOrueH Ha R (rpaHH1JHbIe 3Ha1JeHH5I) 41YHKUHIi
rapMOHH1JeCKYIO. MbI OT,!\aeM ce6e OT1JeT, 1JTO HCnOJIb30BaHHe 3Toro pe'lyJIbTaTa npH
nepexo,!\e OT npHMoyrOJIbHHKa K 06JIaCTH C KpHBOH rpaHHl(eH OKa3aJIOCb B03MOJKHOIM

JlH III b. eCJIH r E C(TJ. MeJK,!\y TeM KaK npHMaH TeopeMa ,!\OKa3aHa npH r E C(so+l).
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MbI He lI8eM 3,!\eCb JJ;OKa3aTeJIbCTBO 60Jlee CJlO>KHbIX TeopeM 10.1 (13), (14')
H OTMeIJ8eM TOJlbKO CTaTbH .n. D:. Ky,!\p5lBl(eBa [4] H 10. C. HIIKOJlbCKOrO [2J, r.n;e
OHH ,!\OK83bIB8IOTC5I lIJiH nOJlynpocTpaHcTBa B HeCKOJIbKO Jlpyr0I1 cHTyal(HH.

10.8. Hep8BeHcTBo 10.8 (I) CljJOPMYJlHpoBaHo B 3aMeTKe C. M. HHKOJlbCKOrO

H n. !1. JIH30pKHHa [I] H JJ;OKa3aHO ,!\JI5I ripoH3BOJlbHOrO , C. M. HHKOJlbCKHM [21].
ABTOp nOJIyqHJI COBMeCTHO C n. 11. .nH30pKHHbIM COOTBeTCTBYIOruee o,!\HoMepHoe
Hep8BeHCTBo, KOTopoe OKa3aJlOCb HYJKHbIM npH HCCJle,!\oBaHHH O,!\HOH KpaeBOH 38-

Jl8qH .n;JlSI 06b1KHOBeHHoro JJ;H<p<pepeHl(HaJIbHOrO ypaBHeHH5I IJeTBepToro nopSlllK8.
Hep8BeHCTBo 10.8 (I) MO>KHO paccMaTpHB8Tb K8K YCHJleHHe HeBeCOBoro (a: =0)
HepaBeHcTB8

flfUL (Q).s;;;C { Ilcp l)IlL (r) +11 f IIw r (Q) } ,
p

l+s<r
P p

(I)

r.n;e CYMM8 B3HTa no 1, S (O..;l+s<,). HepaBeHcTBo (I) npH p=2, ,=1, CPo=O
BnepBLIe IOK838HO B. A. CTeKJIOBblM [I] (CM. B. C. BJla,!\HMHpoB H 11. 11. Map-
KYllI [I]), KOTOpblA npH 9TOM YCT8HOBHJI, qTO H8HMeHbillaH BXOJJ;Hrua51 B 3TO Hepll-
BeHCTBO KOHCT8HTa c = c (Q) =A.1 eCTb HaHMeHbillee c06CTBeHHoe 3H8qeHHe npooJIeMbi
Au-A.u "" 0, u Ir=O.
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