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lpeancnoBue Ko BTOPOMY U3JaHMUIO

JlaHHOe u3zaHue sIBIAETCA y4yeGHO-CIIpaBOYHBIM ITOCOOMEM IO
HeoIlpe/leJIEHHbIM UHTerpajaM, pa3paboTaHHBIM aBTOPOM Ha OCHO-
Be JJINTEJILHOTO OIIBITA IIPOBEJEHU CEMUHAPOB II0 MaTeMaTudec-
KOMY aHa/JIN3y Ha Miaafmux Kypcax ¢akynbrera BMK MI'Y umeHu
M. B. JlomoHOCOBa.

3a BpeMms, Ipollejuiee C MOMEHTa BbIXoJa 1-ro u3jaHud
(2007 r.), cTapiiekjacCHUKH U cTyAeHThbI CITO B G0JIBITHHCTBE CBO-
€M CTaJIi WUCIIBITHIBATh HEXBATKy OOILIeMaTeMaTUYECKUX 3HaHUM.
HegocTaTok pasHoo6pa3us pelaeMbIX B CpeHel IKoJIe 331a4 He-
Me/lJIEHHO CKa3bIBaeTcs Ha 001el TOAr0TOBKeE ITKOJIbHUKOB 10 Ma-
TeMaTHUKe (3TO He KacaeTcsi CUWIbHBIX (PU3MKO-MaTeMaTU4eCKUX
IIKOJT). B pe3ysnbrare cTapileKJIacCHUKUA UCIBITHIBAIOT BCE GOMIIb-
1IMe TPyZAHOCTY B U3y4EHUU OCHOB MaTe€MaTUYEeCKUX JUCLUIUIVH,
Y B YaCTHOCTM Hayasl MaTeMaTU4YeCKOr'o aHaIn3a, YTO CKa3blBaeTCs
B 11€JIOM Ha YPOBHE IIOJITOTOBKU IIPUXOJAIINX Ha ITepBHIN Kypc abu-
TyprueHTOB. O6paiiieHHe K yueOHBIM T0COOMAM, KaK KIaCCUYeCKUM,
TaK U CO3JaHHBIM IIperno/aBaTeaaMU KoJUleKa WIK By3a, I7ie YIUT-
Cs CTYyJIEHT, AaeT BO3MOXXHOCTh BOCIIOJIHUTH IPOOEJbI IIKOJIHHOTO
oOpa3oBaHMsI, HABEPCTATh CBOMX YIIEAIINX BIlepeZ COKyPCHUKOB,
KOTOPBIM NOCYACTIMBWIOCH YUYUTBHCA B XOPOIlIel MaTeMaTU4eCKOM
IIKOJIe, U IIybxe pa3o6paThes B JaHHOM IIpeAMeTe yKe Ha HOBOM
ypoBHe. Be3yc/lI0BHO, CTyZIeHT [OJDKEH JJIA 3TOro 00/IaZlaTh HABBI-
KOM CaMOCTOSITEIbHOI paboThI ¢ yu4eOHOI (ClienuaabHOM’) JIUuTepa-
TypOU.

JlaHHasA KHUTA YCIENHO MPOIUIa arpobaryio BpeMeHeM U ITpakK-
TUKOHN Ha dakynpTeTe BMK MI'Y, 1 X04eTcss HaZeSIThCA, YTO HOBOE
Ieper3anye IocoOUs pacIIupUT KPyT YUTaTeled U IIOMOXKET CTy-
ZleHTaM By30B IIOBHICUTh YPOBEHb CBOMX 3HAHUM IIPU U3y4eHUU He-
OIlpe/ieJIeHHBIX UHTErPaJioB.

Eciu kpaTko chopMyIrpoBaTh eI JaHHOTO U3/JaHusA, TO B pe-
3y/bTaTe paboTHI C JAaHHON KHUTOMN CTYZAEHT AOKEeH OCBOUTD:



mpyodoesle delicmeus

* HaBBIKM BBIYMC/IEHUS UHTETPAJIOB Pa3HOM CII0KHOCTH;
Heob6xo0umble YMEeHUS

* dopMyIHpPOBaTh HEOOXOAUMBIE OIIPEeIEHUS U CBOIMCTBA;
* IIPUMEHATH HEOOXOAMMEBIE CBOMCTBA B PEIIEHUH 33/1aY;
Heobxo00uMble 3HAHUS

* OCHOBHbIE MIOHATHS, CBSI3aHHBIE C HEOIIpeeJIeHHbIM UHTerpa-
JIOM;

* CBOMCTBA HEOIIpEACJIICHHOI'O MHTEI'paJjia;

* IIpHEMBI ¥ METO/bI BHIYMCIEHUA HEOIIPEEIEHHOTO HTerpaja
JUIST Pa3HBIX KJ1accOB QYHKITHA.



lpeaucnoBue K nepomy U34aHUIO

KHura nocssmeHa OZHOM WX BaXXKHEWIIUX TeM, TPaZUIMOHHO
M3y4aeMbIX B 00pa30oBaTe/NbHBIX YUpeXAeHUAX cpeZHero npodec-
CHOHAJIBHOTO 00pa30BaHUSA, — WHTETrPAJIbHOMY HCYHUCIEHUIO.
He Bce mocTynuBIINe Ha IEPBBIN KypC U3ydaau 3Ty TEMY B CpeAHEeN
IIKOJIe, & HAYYUThCA XOPOILIO MHTETPUPOBATh 32 BpeMs OTBEZEH-
HBIX 10 y4e6HO# nporpamMme 3-4 ceMUHAPCKUX 3aHATHHN SBISAETCS
TPYZHO BBIITOJHUMOM 3a/iaueil faxke JJIA CIIOCOOHBIX MOJIOZBIX JIFO-
Jle, IOIyYUBIIIHX B CpeAiHel IIKojie Ha4aJlbHBIN OMBIT. /[eJio B TOM,
YTO HEOOXOAMMO pa3bupaThCA B CYIIECTBYIOUIUX MPUEMaX WHTET-
PUPOBAHUSA U MHOTOYMCIEHHBIX TTO/ICTAHOBKAX, HA U3y4YeHHEe KOTO-
pBIX TpebyeTcs olnpezeneHHOe BpeMs Ui BRIPabOTKU ITpaKTHUYeC-
KUX HaBBIKOB.

JlaHHas Opolmopa HamMcaHa UMEHHO JJIS1 TOTO, YTOOBI JIF000H
CTYZEHT, HAYMHAIOUIUI U3ydaTh UHTerpajbHOE MCYUC/IeHHe, MOT
MIOJIyYUTh B CKaTOM BuZe mMHOpMaIuio o Haubosiee U3y4yeHHBIX
Klaccax uHmezpupyemulx yHkyuil OAHOU BellleCTBEHHOM IlepeMeH-
HOH, a Takke 00 OCHOBHBIX Memooax 8blUlCeHUs. HeonpedeseHHbLX
uHmezpano8. OTo TeM H6ojiee BaXKHO, YTO MOJIyYeHHbIe IIPU 3TOM Ha-
BBIKY IIPUTOZAATCA B OyZyIeM Ipy U3y4YeHUU OIpe/leJIeHHBIX, a TaK-
’Ke KPaTHBIX, TOBEPXHOCTHBIX, KPUBOJIMHENHBIX U MPOYUX BUJOB
MHTETPAJIOB.

B Hauasie nmocobus IPUBOAATCA OIpeJeieHus IepBooOpa3Hoi
U HeompeZeNeHHOr0 WHTerpaia, cHopMy/JUpOBaHbl BaKHEUIIHE
CBOMCTBa MHTETPAJIOB, /laeTcsA Tabiuia Hanbosiee 9acTo UCIOb3Y-
€MBIX MHTETPAJIOB OT dJIeMeHTapHbIX QYHKIIMH, a 3aTeM AJIA KaXKA0-
I'0 KJIacca MHTerpUpyeMbIX QYHKIMH (paloHaIbHbIe pobu, uppa-
IIUOHAJNIbHbIE, TPUTOHOMETpUUYeckue U JApyrue QyHKIUU)
pPacCMaTpUBAIOTCS COOTBETCTBYIOIIVE TNPUEMBl MHTErPUPOBAHUA.
B 3TOM CMEBIC/IE JaHHOE TIOCOOUe SABIAETCS MUHU-CNPABOYHUKOM IO
IIpyeMaM UHTerpupoBaHuA. Kaxablii U3 IIpUBeJeHHBIX CIIOCOOOB
BBHIUMCJIEHUS UHTETPAJIIOB WLIIOCTPUPYETCS IIpUMepaMU pelleHus
3azad.
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KoneuHo, pa3o6paHHBIX B TOCOOMH ITPUMEPOB 33/1a4 HEZOCTATOY-
HO /11 60JIee 0emaibHO20 U3YYEHUS STOTO pa3ziesia MHTErpaJbHOTOo
UcuncieHus. B 13BeCTHOM Mepe KHUTa SIB/ISeTCA JIUILIb ITyTeBOAUTeE-
JIEM 110 HeOoIIpeZeJIEHHBIM UHTEerpajiaM, C IIOMOIIbI0 KOTOPOI'O MOX-
HO HayaTh OCBaWBaTh JAHHBIN pazges. [IpakTudyeckoe UHTETPUPO-
BaHHE C HeOOXOJUMOCTBIO [JOKHO IPEeABApPATHCA HU3yYEeHHEM
TEOPUU HEOTPEAEIEHHBIX UHTErPAJIOB C MOAPOOHBIMYU BHIBOZAMH,
TeopeMaMHd U 000CHOBaHMAMU. [Ipu 3TOM peKoMeHAyeTcs obpa-
IAaThCS K MPOBEPEHHBIM BpeMeHeM y4yeOHUKaM 0 Kypcy MaTeMa-
TU4YecKkoro aHanusa (Hampumep, Tpyzam [. M. ®duxreHrosnbia,
JI. B. Kyzapsasuesa u C. M. Hukonbckoro, B. A. WinbuHa, 3. I. [1o3HA-
Ka, B. A. CagoBHuuero, bi. X. CeHzoBa u [pyrux), HAQy4YHEIM TpyZam
M3BECTHHIX MaTEMATUKOB II0 YIIOMSHYTOU TeMe, a TaKXe JIEKIUAM,
YUTAaEMBIM ISl CTyZAEHTOB CIelIMaIbHOCTU. V1, KOHEYHO, paboTy C aH-
HOI OPOIIIIOPO# HaZIO COYETaTh C pellleHHUEM JOCTaTOYHOT'O KoJIhJe-
ctBa 3a7a4. TombKo Torza OyayT mpuobpeTeHb HEOOXOAMMEIE Ha-
BBIKY IIPaKTAYECKOI'0O UHTETPUPOBAHMA.

U B 3axiIt04eHME HECKOJIBKO IPAKTUYECKUX COBETOB CTYAEHTaM.
CiegyeT UMETh B BU/Y, YTO MPOpabOTKy MaTepuaJa 1o Jiro00ii TeMe
He CTOUT OTKJIAaJbIBaTh «HA IIOTOM», T.€ HA BpeMs ceccuu. Jlydie
BCEro JieJIaTh 3TO IIOCTENEHHO, IapauleJIbHO TOMY, KaK Ha IIPaKTH-
YeCKUX 3aHATUAX M3ydaeTcs C IIpernojaBaTeseM TOT WIN UHOU pas-
Aen. Eciu ipy 3TOM BO3HUKAIOT BOIIPOCHI, TO HE HAZ0 CTECHATHCA
3a/laBaTh UX MpenojaBaTeyio ¥ CBOM KojuieraM. BaXXHO MPOABAATH
WHUIMATUBY, KOHCYJIBTUPOBAThLCA Y JIIOZEH, Jydlle Bac pa3buparo-
ITUXCS B JJaHHOM 006JIaCTH, UCIOJb3ys JI0OYI0 BO3MOXKHOCTb, IIO-
CKOJIbKY BBl 3aMHTEPECOBAHBI B TOM, YTOOBI XOPOIIIO OCBOUTD H3y4Ya-
eMyI0 JUCITUIUIAHY.

OTBeuas Ha 9K3aMeHe Ha BOIIpoc b6wieTa, 9eTKO popMyIupyiTe
HeoOXOVIMBIE OIpeZieieHuss U cBoMcTBa. Hazo mpuydyuth cebs
K aKKypaTHOCTH M CTPOT'OCTH IIPOBeEeHUA MaTeMaTU4YEeCKUX JOKa-
3aTeJIbCTB, OBITH I'OTOBBIM B JIIOOOM MOMEHT, €C/IM IIOHAZO00UTCH,
MIPUBECTU BCe HEOOXOAMMEIE TIOSICHEHUSA U 000CHOBaHMA. [ToaToMy
rpu paboTe ¢ yueOHOI TUTEPATypOU cpa3y obpaliaiiTe BHUMaHHE
Ha BCTpeyvaloumuecs B TeKCTe ompezeNeHUA U (GOPMYIUPOBKU
CBOMCTB, CTapaiTech UX 3alIOMHUTD. CiielyeT IOMHHUTD, YTO BO Bpe-
Ms 3K3aMeHa CTYZAEHTY OOBIYHO MpEAIaraeTcs PENINTb OAHY WIN
HEeCKOJIbKO 3a/ia4, IPOZAE€MOHCTPHUPOBAB TEM CaMbIM HaBBIKU U yMe-
HUA UCIIOJIb30BaTh CBOY 3HAHUA Ha MpakKTHKe. i 3TOro, Kak yxe
OTMeYasIoCh BhIIlIe, HEOOXOAUMBI COOTBETCTBYIOLIHH OIIBIT U IIOCTO-
AHHaA TPEHUPOBKA B pEllIeHUY 3a/ay.
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[Tocobue HanmMcaHO aBTOPOM, KaHAWAATOM (PU3UKO-MaTeMaTH-
YeCKUX HayK, ZIOLIEHTOM, Ha OCHOBE MHOT'OJIETHET'O OIILITA BEEHUS
CEMUHApOB 110 MaTeMaTU4YeCcKOMy aHajau3y Ha IlepBOM Kypce ¢a-
KyJIbTE€Ta BBIYUCIUTENTbHON MaTEMAaTUKK U KnbepHeTUKH MI'Y ume-
Hu M. B. JlIomoHOCOBa.



maBa 1
NMOHATWUE HEONPEAENEHHOIO UHTEIPAJIA

VIHTerpasbHOE MCUYHUCIEHWE — pa3Zesl MaTeMa-
THUKH, B KOTOPOM M3y4alOTCs CBOMCTBAa MHTETPAJIOB
Y CBA3AHHBIX C HUMM IIPOLIECCOB MHTEIPUPOBAHMUS.
[IpocTeHIIMMY OHATUSIMYU WHTETPAJBHOTO HCUHC-
JIEHUS SBJISIIOTCS HEOTIpeZleIeHHBIM UHTErpajl U OIl-
peleeHHBIH UHTerpal. JTOT pasfesl TECHO CBA3aH
¢ audbdepeHIANTEHEIM UCUUCIEHUEM, BMECTE C KO-
TOPBIM COCTaBJIsSIET OAHY M3 OCHOBHBIX YacTel MaTe-
Martudeckoro aHanmusa. Kak auddepeHnmnanbHoe,
TaK ¥ WHTETPaJbHOE MCUYMUCIeHHe 0asupyloTcs Ha
MeTozie 6ECKOHEYHO MaJIBIX WX METOZE IIPEZAETIOB.

BOJIBIIONM SHIUK/IONEANYECKUH CIOBaph’

HampacHo gymaroT, 4To oHa (paHTa3us) HyKHa
TOJIBKO ITO3TYy. JTO IIyMbIi mpexpaccynok! Jlaxe
B MaTeMaTHKe OHa HY)XXHa, Zjake OTKphITHE Andde-
PEHIIMAIBPHOTO ¥ WHTETPAJIBbHOIO HCYUCIEHUM He-
BO3MOJXHO ObUTO GBI 6€3 dpaHTaszum.

B. U. JleHuH

1.1. Uctopuueckan cnpaBka

B HacTosIIee BpeMs U3ydEeHNE TEMBI «AHTETPAJIbI» Yallle BCETO
HAUYWHAIOT C MIOHATHS TePBO0OPa3HOM GYHKIIUU, ITOTOM BBOZAST II0-
HSTHE HEOIPeeJIEHHOTO UHTErpaia, U3y4aloT €ro CBOMCTBA U YIKe
3aTeM IepexXoJAT K U3Y4YeHUIO OIlpeZle]IEeHHOTO WHTerpaja W ero
PasHOBUAHOCTEMN (COOCTBEHHOTO ¥ HECOOCTBEHHOTO BUIOB) U YCTa-
HOBJIEHUIO TECHOM CBSI3U HEOIIpeZleIeHHOT'O U OIpe/ieJIEHHOTO WH-
TerpaysioB. OZIHAKO UCTOPUYECKU IEPBOHAYAIBHO CHOPMHUPOBAJIOCH
MIOHSTHE MHTETpajia oIpeZieJIeHHOTO.

! MaremaTuka. BoJIbIIOM SHIMKIONEAUYECKHH coBaps / mog pes. FO. B. ITpo-
xopoBa. 3-e u3z. M. : bosbIas poccuiickas sHuukIIoneaus, 2000.
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VI3BeCTHO, 4TO BIUIOTH 0 KOHIIa XVII B. MaTeMaTHUK! YMeJU BhI-
YHCJIATh HEKOTOPHBIe BU/BI OIIpe/ie/IeHHbIX MHTErpaoB, Pelas ¢ Ux
IIOMOIIIBIO OTJe/IbHbIE IPAKTUYECKUE 33/1a9U 10 BBIYUCIEHUIO IUIO-
mazieil 1 06beMOB TeJl, OZHAKO B TO BPEMA €llle He CYIIeCTBOBAJIO
YETKOT0 OOIIero onpezesieHUs OIpeJie/IeHHOro HTerpaia. He cyrme-
CTBOBAJIO TOTZla W IOHATHA NEePBOOOpasHON. DTO OBLIO CBSI3AHO
C HeJOCTaTOYHBIM PAa3BUTHEM TEOPHUHU NPeJeIOB U OCHOBAHHOT'O HA
Hell tuddepeHIIMaIBHOrO UcUKCIeHN. VX pa3BUTHeE, B CBOIO OYepe/ib,
TOPMO3WIOCh OTCYTCTBUEM CTPOTOM TEOPUM BelIeCTBEHHOTr'0 YHCIIa.

B kom1e XVII B. B EBporie 06pa3oBaiuch ABe KPYITHbIE MaTEMa-
TUYeCKHe IIKOJIbI, KOTOPhIe CyIeCTBOBAJIU Ha MPOTKEHUU ITOYTU
Bcero XVIII B. ['1aBo¥ ogHOM M3 HUX OBLT KPYITHBIN HEMEIKUH y4e-
HbIM [Jom@Ppud Bunveensvm ¢on Jletibnuy (1646—1716). Kak oH cam,
TaK U ero y4eHUKU U COTPyZHUKU — [unvom Ppawncya Jlonumans
(1661—1704), 6patbs Ako6 (1654—1705) u HozanHn (1667—1748)
BepHyanu, a Takke ero HelocpeACTBEHHbIe II0CIel0BaTeNI, B TOM
yucie Jleonapd Jiinep (1707—1783), w1y ¥ TBOPWIN B OCHOBHOM
Ha KOHTHUHeHTe. BTopas mikosa, mpeziiecTBEHHUKaMM KOTOPOM
6nutu /[ncon Bannuc (1616—1703) u Hcaax Bappoy (1630—1677),
Bo3masasaemasn Mcaakom Hvtomonom (1643—1727), cocTosuia U3
aHIMIMUCKUX Y MIOTIAHJACKUX Y4eHBIX. B ux uucie 6bul u Koauw
Maxknopern (1698—1746). PaboTta 06erx IIKOJ IIpUBeIa K 60JIbIIO-
My Iporpeccy B 06IacTH MaTeMaTU4eCKOTrO aHaau3a, K CO3ZaHUIO
B JOCTaTOYHO 3aKOHYEHHOM Bujle AuddepeHIINaNbHOTO U UHTET-
PaJIbHOT'O UCYUCTIEHUM.

Tax, I. JleiOHMUII, MCXOZS U3 ITIOHATHSA ONPeJeIEeHHOTO MHTErpaa,
IIPUILE K TOHATHIO QYHKIMK F(X), ABIAoLeiicsa nepBodopasHoi’
utst iaHHOoM GyHKIMH f(x), Tak uyTo F'(x) = f(x). OTcioaa ciegoBaio
3aKJIouYeHre o ToM, 4To AuddepeHIpoBaHe U UHTETPUPOBAHUE
SIBJISIIOTCSI IByMsI B3AIMHO OOPaTHBIMU OIlepallUsiMU, BPOZE CIIOXKe-
HUS U BBIYUTAHUSA, YMHOXXEHUS U JieIeHYs], BO3BeJIeHUs B CTENleHb
U U3BJleyeHUs1 KOpHsA. Berumcienve wHTerpanoB JIeH6HUI U ero
y4eHUKU (IIepBBIMM U3 KOTOPHIX ABJLSUIUCH O6paTha f. u V. BepHyi-
JIN) CTaJId CBOAUTH K OTHICKAHUIO IEPBOOPA3HbIX. [Ipy BEIYMCIEHUU
WHTETPAJIOB C OIpeZie/IeHHBIMU ITpeZieiaMU C IIOMOIIbIO HeollpeJe-
JIEHHBIX MHTerpajioB Kak HpIOTOH, Tak U JIeHOHUI] ITOJIb30BAIUCH
HocsAmel ux uMsa GopMyJIo.

Cpezu mcnonb3yeMbIx JIeHOHUIIEM CIIEIIUATBHBIX CIOCOO0B UH-
TerpUpOBaHUA ObUIM 3aMeHa llepeMeHHOM, NHTerpupoBaHUe 110 Ya-

! Ot cnioBa «66pas». HOra BeTpeyaeTcs yIapeHHe Ha YETBEPTOM CJIOTE.
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cTAM, a Takke AuddepeHIpPOBaHUE M0 ITapaMeTPy IT0J 3HAKOM
uHTerpasa. JIeiOHUIly IpUHAJIEXKUT TaKXKe Uesi MHTeTPUPOBaHUs
palMoOHAIbHBIX APO6ei MpY ITOMOIIU Pa3IoXKeHUs UX Ha IIPOCTeH-
mve Apo6u, BIIOC/IEACTBUY YCOBEPIIEHCTBOBAHHAA IPYTUMH YU€HBI-
mu. ViMeHHO JIeHOHUI TTPEAJIOKIWI HCITONb30BaTh A 0O03Have-
HUA UHTerpana 3HakK |ydx (1686), rme cuMBOI eCcThb
CTWIN30BaHHOE YAJUHEHHOe S (IlepBas OyKBa ¢JIoBa «Summay).

TepMuH «mmepBoob6pa3Hasi» (MIU MPUMHUTUBHASA) QYHKIMSA BBEJ
B Hauasie XVIII B. ZIucozed JIyu Jlazpaun (1736—1813). TepmuH «uH-
Terpaji» BIlepBbie yIoTpebw B evatu S1. BepHyswtu B 1690 1., mocite
Yero BOIIIO B 0OMXO/ Y BEIpPaXKEHUE «MHTErPAJIbHOE UCYHCIEHE.

He3zaBucumo ot I. JIeiiOHUIIA U ellle 10 HET'O 3TU Pe3y/IbTaThl ObI-
s mosrydeHbl V. HeroToHOM. MHOTHe 3aja4u U3 MEXaHUKU U GU3U-
KU BeJyT, KaK U3BECTHO TeIlepb, K IIOHATUIO IepBO0Opa3HO QYHK-
LM U HeOoIIpeJleJIeHHOTO HWHTerpajia, OZHAKO MCTOPUYECKH,
B YacTHOCTH Y HbIOTOHA, 3TO OHATHE BO3HUKJIO U3 TeOMETPUM KaK
3a/lavya KBaZpaTypbl KpuBOii. HbIOTOHY yZaI0Ch J0Ka3aTh, YTO IIO-
mazab S(x) KpUBOJIMHEWHOM Tparelu, OrpaHUYeHHON CHU3Y OChI0
abcruce, cBepxy — rpapukKoM KpuUBOH y = f(x), ompezaereHHOMH
Y HellpepbIBHOM Ha oTpe3ke [a; b], ecsin ee paccmaTpuBaTh Ha OT-
peske [a; x], rae x — MpoU3BOJIBLHO B3ATOE HA [a; b] 3HaueHUe, eCTh
mepBoobpasHas GyHKuwMs A1t GyHKIuM y = f(x): S(x) = F(x) —F(a).
OTO paBEHCTBO, ITOJIb3YsACh COBPEMEHHBIMU CHMBOJIaMM, MOXKHO 3a-
IMcaTh B BU/JIE

S = [fG)dx = F(x) - F(a).

Jia omnpezeneHUs IUIOWIAAY BCell KPUBOJMHENWHOMN Tpameluu
cylelyeT MOJIOXKHUTh X = b:

b
S = [fe)dx = F(b) - F(a).

OTO U ecTh Tak Ha3bBaeMas gopmyna Hotomona — JleiibHuua,
coZiepKaHue KOTOPOMU IO CyliecTBy BocxoauT k U. Bappoy. B Hei
onpeZleJIeHHBI UHTErpaj, pacCMaTpUBaeMbIi Kak QyHKIMA Bepx-
Hero NepeMeHHOrO NpeZiejia UHTErPUPOBaHUA X, IIpe/[CTaBJIeH B BU-
Jle OTHOM U3 nepBoobpasHbixX F(x) + C (C = —F(a)) nogsiHTErpaib-
HoU QyHKUMM f. Ta GopMysa HOCUT TaKKe Ha3BaHUE OCHOBHOLL
@opmynvL uHmezpanbHoz2o ucuucaeHus. OHa MO3BOJIAET CBOAUTD JIO-
BOJIBHO CJIOXKHOE BBIYHC/IEHUE OIIpe/ie/IeHHBIX UHTErpajioB, T. €. Ha-
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XOXK/IeHUe TIpe/ieJIOB UHTETPATIbHBIX CYMM, K CPaBHUTENBHO 6osiee
IIPOCTOM OIlepaIriiy OTHICKAHUSA ITeEPBOOOPa3HBIX.

ITpaBas yacTb B 3TOM popMysie Ha3bIBaeTcs 0801IHOU NOOCMAHOBKOL
Y 3anuchiBaeTcs B Buze F(x) |Z. WTak, 3aZ1a4a BEIYUCIEHUS IUIOMIA-
v uryp, T. €. KBaipaTypa, BeZleT K IIOHSITUAM KaK OIpeZeIeHHO-
ro, TaK ¥ HEOIpeIeJIEHHOTO MHTErpayioB. BOT mouyeMy BBIYKUC/IEHHE
WHTErpajioB CTald MHOTZAA Ha3blBaTh kgadpamypoii. BaxHeinryro
POJIb B UHTEPUPOBaHUU HbIOTOH yI€JIST Pa3IOKEHUIO0 UHTETPUPY-
eMoi QYHKIIUU B CTETIEHHOM PsZ U 3aTeM IOWIEHHOMY €ro MHTeT-
pHUpOBaHUIO. MIHTErpupOBaHNE B KOHEYHOM BHZE TaKKe He OBLIO
octaByiieHO HbloTOHOM 6€3 BHUMaHUSA, XOTS UTPAJIO B €r0 UCCIE0-
BaHUIX BTOPOCTEIIEHHYIO POJIb.

B XVIII B. HanOobIMI BKJIaZA B Pa3BUTUE U TOMY/IIPHU3AIIHIO
addepeHIIMaTbHOIO M MHTETPAILHOI0 UCYMCIeHnH BHec JI. Ditrep.
Jlo Hero Kpome «AHanm3a 6eCKOHEYHO Masbix» JlomuTansa (1696),
coZiepKallero JUIb HavyaJabHble cBelleHUs 1o AuddepeHIInaabHO-
My MCYUCJIEHUIO, U Kypca JIEKIIUHA 10 UHTETPAIbHOMY UCYUCIEHUIO
. bepuy/uin (1742), cocTaBilieHHBIX, Kak W KHUTra JlomuTas,
B 1690-x IT., 11O CyTH, He ObUIO HUKAKUX y4eOHUKOB WX OOLIUX PYy-
KOBO/ICTB IIO0 3TOM HOBOM OTpaciyd HAayKd. YKa3aHHbIE JB€ KHUTH
3HAYUTEIHHO YCTApEJH U B epBoi nosjoBuHe XVIII B. oTcTamu ot
pa3BUTHA aHau3a. OCTPO YyBCTBOBAJIACh ITOTPEOHOCTH B HOBOM
CHCTEMATHUYECKOM Kypce. DTO 00CTOATENBCTBO M MOOYAMIIO Jittepa
COCTaBUTbD ITOJIHBIN KypC MaTeMaTHYECKOT0 aHa/IN3a. DTOT KypcC CO-
CTOUT U3 CJIEAYIOIINX KHUT:

1) «BBeseHue B aHaIU3 OeCKOHEeYHbIX», 2 ToMa (1748);

2) «IlupdepeHnmanbHOe UCYUcIeHUe», 1 Tom (1755);

3) «MHTerpasbHOE HcuucaeHne», 3 Toma (1768—1769).

OTH KHUTH COZepXKaT KaK pe3ylbTaThl paboT IMpelecTBeHHU-
KOB ¥ COBPEMEHHUKOB Jiyilepa, TaK 1 MHOTHE €r0 COOCTBEHHBIE HC-
cJleloBaHUA B 00JIaCTH aHa/IM3a. B cBoMX Tpyzax Dijiep u3jaraer
MHOTOYHC/IEHHBbIE IIPUEMBI BBIYUCIEHUSA HEONpeAe/IeHHBIX MHTET-
pajioB, IPUMEHSA ¥ pa3BUBas HOBHIE METOABI, TaKMe KaK, HalpH-
Mep, UHTETPUPOBAHME I10 ITapaMeTPY, UCIIOIb30BaHHE PA3HBIX ITOJ-
CTaHOBOK (MOACTaHOBKYU Diiepa) u Ap. B omiuuue ot JlelbHUIA,
y Oitnepa, Kak u y Hbl0TOHA, MCXOHBIM SIBJIAETCA MOHATHE TIEPBO-
00pa3HoM, T. €. HeollpeieJIeHHOTO UHTerpasia. «HeomnpeaenreHHbIM»
WHTETPaJl Ha3bIBAETCs ITOTOMY, YTO OMPEAENAETCS C TOYHOCTBIO 10
MIPOU3BOJIbHOM mocTosTHHOM C. OmnpeeneHHbIN UHTErpaj ObUT AJIsd
Oiiyiepa JIUIIb YaCTHBIM CIy9aeM HeOIpeJe/IEHHOT'0, OAHOM M3 IIEPBO-
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06pasHbIX. IMeHHO Diliep MpeIoKUWI UCII0Nb30BaTh 3HaK Y, (rpe-
Yyeckas OyKBa «CUTMa») i1 0003HaYeHUs UHTETPATbHBIX CyMM.

CylecTBeHHBIN BKJIA/ B Pa3BUTHUE UHTETPAIBHOTO U AndpdepeH-
I[MAJIbHOTO MCYMC/IEHUA BHeCHU TakkKe paHIy3CKUH ydeHBIH
u pocBetuTenb JKau Janambep (1717—1783) u, ocobeHHO, KpyTI-
HBIN ¢paHiy3ckuii MmatemaTtuk Ozrocmen JIyu Kowu (1789—1857).

PasButmeM MaTteMaTHdeckoro aHaiusa B XIX B. 3aHUMAaIWCh
U pyccKye y4ueHble, HarpuMep M. B. Ocmpoezpadckuii (1801—1862)
u II. JI. Yebbiwée (1821—1894). Akagemuxy Muxawrty BacuibeBu-
gy OcTporpajcKkoMy IpUHAAJIeXKaT TaKue BaKHeHIIne pe3yabTaThl
B 00J1aCTV MHTErpaJbHOr0 MCUYMC/IEHUA, KaK GpopMysia, CBOAAIIAs
BHIUMCJIEHHE TPOHHOrO (M, BOOOIIE, n-KpaTHOr'0) MHTerpaja K BbI-
yrcaeHuro ABOHHOro ((n — 1)-KpaTHOrO) UHTETpasa, OOLIHiA TpreM
HMHTerpaluy palioHaIbHbIX QYHKIMH, popMysnia nmpeobpa3oBaHUs
IepeMeHHBIX B MHOTOMEPHBIX UHTerpaiax u Ap. [TapHyTuii JIbBoOBUY
YeObI1IEB IOCBATWI 1IeCTh OONBIINX MEeMyapoB UHTErPUPOBAHUIO
anrebpandecknx PpyHKUM. Cpesy ero KIacCUYeCKUX pe3yIbTaToB
MMeeTCs 3HaMeHHUTas TeopeMa 00 MHTerpupOBaHUM OMHOMUAJIb-
HBIX AN depeHIIaIoB.

WTak, paccMOTpUM 33/jayy BOCCTAaHOB/IEHUs QYHKIIMH IO ee U3-
BECTHOU IIPOM3BOJAHOW. DTO BaKHeUIIadA 33Zjadya WHTETPabHOIO
ucuucienus. Ilponeaypa HaxoxgeHUsI GYHKIUU II0 ee IIPOU3BOJ-
HOM HA3bIBAETCS UHMe2puUposaHuem. VIHTErpUpOBaHUE SIBISETCS
mpoueypoi, oopatHoii fuddepeHipoBaHUI0 (HAX0XJEHUIO IIPO-
M3BOJHOM OT 3a]aHHOM PYHKITUM).

1.2. lloHATHE NepB006pa3HOM PYHKLMM
W HeonpepeneHHOro UHTerpana

I[Tyctp Ha uHTEepBase (a; b), BO3MOXXHO 6ECKOHETHOM, OIIpeZeie-
Ha QYHKLMSA OAHOM AeNCTBUTEIbHOM IIepeMeHHOH! f.

Onpeaenenue 1.1 (mounoii nepgoobpasHoii). dynkuus F Ha3bl-
BaeTCs MOUHOIL Nep8o06pa3HoLl IO OTHOIIEHUIO K QYHKIUHY f Ha UH-
tepBasie (a; b), ecu B JIIOOOM TOYKE X 3TOrO MHTepBaia QyHKIUA F
muddepeHnpyeMa U MMeeT NMPOU3BOAHYIO F'(x), paBHy®O f(x)
(wm, 4ro TO XKe caMoe, f(x)dx cayxuT aAuddepeHnanom aua F(x):
dF(x) = f(x)dx).

Hampumep, GyHKUMSA sinx SABASeTCA TOYHOH IepBOOOpa3HOM
Zuisi YHKIIMU COSX HAa MHOXXECTBE BCeX JIeMCTBUTENbHBIX uncen R,
IIOCKOJIBKY (Sinx)’ = cosx.
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3ameuarue. [Tog ToyHOM ITepBoOOpa3HOM At GYHKUMY f HA cez-
Menme [a; b] 6yaem nmoHuMarte GyHKIHIO F, UMEIOIIYIO TTPOMU3BOJ-
Hy10 F'(x) B 110601 BHyTpEHHEHN TOYKE X CETMEHTA, PaBHYIO f(x), U,
KpOMe TOro, UMeIOIIyIo IpaByto npousBogHyto F'(a + 0), paBHyO
fla + 0), u neByto npousBogHyto F'(b — 0), paBHyto f(b — 0).

3ameTuM, yTo ecau PyHKIUs f uMmeeT Ha (a; b) XOTA OBl OAHY
nepBooOpasHyro ¢QyHKIUI0 F, TO OHa UMeeT Ha 3TOM HHTepBaJe
cpa3y 6eCKOHeYHOe MHOXKECTBO IEPBOOOPA3HBIX, ITOCKOIBKY JIIO-
6as oynkuusa Buga F + C, rae C — NpoU3BOJIBHOE JIeCTBUTENTBHOE
YHCJI0, TaKKe OyZeT yZOBJIETBOPATH OIpPeAeNeHHIO0 IIepBO0oOpas-
Hol. Bonee Toro, ecm F — oHa 13 nepBo00pasHbIX A QYyHKIMH f
Ha (a; b), To mobas Apyras nepBoobpasHas F A1 3Toi GyHKIKY Ha
ZJlaHHOM HMHTepBajsie uMmeeT BUA F = F + C, rae C — HEKOTOpoe Jeii-
CTBUTeIbHOE 4ucyio. Takum o6pa3oM, obble Be ITepBOOOpa3HbIe
OAHOM QYHKIMM MOTYT OTIMYAThCA TOJBKO HAa KOHCTaHTy. Iloz-
YyepKHeM, YTO B cIy AuddepeHIpyeMoCcT! nepBoobpasHas Bce-
I/1a ABJISAETCS HelpephIBHOU QyHKITHEH.

He Bcsakas GyHKIHSA UMeeT ITepBO0OPa3HYIO B IPUBEJEHHOM BHI-
Ille CTPOT'OM CMBICJIE CJIOBA, IIOTOMY YTO He BesAKas GyHKUUA ABIIA-
eTcsl MPOU3BOAHOM oT Apyroi ¢dyHkiuu. Ho eciu dpyHkIus f, onpe-
JeneHHas Ha (a; b), UMeeT Ha 3TOM MHOXECTBe IIEPBOOOPA3HYIO,
TO OHA Ha3bIBaeTCsA UHmMezpupyemoil Ha HeM. PacIupuTh Kjiacc UH-
TErpUpPyeMbIX QYHKIMI MO3BOIIIO BBeJeHUE TOHATUSA 0000IIeH-
HOU ITepBO06Pa3HOA.

Onpeaenenue 1.2 (0o606ujeHHoll nepgoobpasHoil). Oynkuusa F
HasbIBaeTCcs 0606weHHOll nep8oobpasHotl Ayt GyHKITUY f Ha UHTEP-
BaJe (a; b), ecim:

1) F venpepsiBHA Ha (a; b);

2) B moboii Touke x € (a; b), 3a UCKIIOYEHUEM, OBITh MOXKET,
MHOXXecTBa Touek K, dyHkuusa F guddepeniiupyema u uMmeeT mpo-
U3BOZHYIO F'(x), paBHYyO f(x). IIpy 3TOM B Cciiyyae KOHEYHOT'O UH-
tepBasa (a; b) MHOXecTBO K cocToUuT He 6ojiee 4eM 13 KOHEYHOT'O
yurcia Toyek. Ecim ke uaTepBal (a; b) 6eckoHedeH, T. €. UMeeT BU/
(—o0; b), (a; +o0) win (—oco; +00), To MHOXKeCTBO K MOXeT ObITh
CYETHBIM, HO IIPYU 3TOM KaXK/JbIii KOHEUHBIN MoAbIHTepBas u3 (a; b)
He JIOJDKEH coZiepKaTh 60jiee KOHEYHOT0 YMeIa ToueK K.

Takum o6pa3oM, B OT/INYME OT OIpeZiesleHUs] TOYHOU I1epBoo0b-
pa3HOM, B TOHATUM OOOOINEHHOUN NEepBOOOpPA3HOU AOIYCKAeTCcs,
YTO NMPOU3BOAHASA MOXET He CYIIEeCTBOBATh B OTAENbHBIX TOYKAX
HMHTepBaja UHTerprpoBaHus. Eciu HeT He0OX0AMMOCTH ITOAYEPKU-
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BaTh, YTO MBI UM€EM /I€JI0 UMEHHO C TOYHOU WM 00001eHHOM TIep-
BOOOpa3HoM, To OyZieM Ha3bIBaTh GYHKIMIO F MPOCTO nepsoobpas-
Holl.

ITpumep 1.1. Halitu Bce nepBoobpasHble At GyHKIMU f(x) =
= sgnx Ha u"TepBase (-1; 1).

Peutenue. TlokaxkeM, 4TO TOYHas nepBoobpa3Has A JAaHHOMU
byHKIIUM

1,ecmnx € (0; 1),
f() =4 0,ecmux =0,
-1, ecmux € (-1; 0)

Ha YKa3aHHOM HWHTepBaJie He CyIeCTBYeT ¥ MOXXHO HAWTH JIUIIb
060011eHHYI0 ITepBoobOpa3Hyo. JleictBuTtenbHo, mpu x € (0; 1)
mmepBoob6pa3Has F umeer obmuii Bug x + C;, anpu x € (-1; 0), co-
OTBETCTBEHHO, BUA —Xx + C,, rae C;, C, — MPOU3BOJIbHEIE [eICTBU-
TeJIbHbIE KOHCTAHTBL. YYTEeM, YTO B TO4Ke X = O mepBoobpa3Has
JIOJDKHA OBITh HEIIPEPHIBHOM. 3aIucaB yYCJIOBHE HEIIPEPHIBHOCTH
lim (-x+ Cy) = lim (x + C;) = F(0),
x—0-0 x—0+0

ompezenseM MCKOMOE COOTHOIIEHHEe MeXAYy KOHCTAaHTaMMU:
C, = C,. Takum o6pa3om, obImuii BUZ JI000M U3 MepBOOOPA3HBIX:
F(x) = | x| + Cy, tae C; € R. Jltobas u3 3TuX QyHKIMHA HETIPEPHIB-
Ha Ha (-1; 1) u Vx € (-1; 0) U (0; 1) ee mpou3BoAHAA COBMIAJAET
c sgnx. [Ipu aToM B Touke x = 0 mepBooOpa3Has He UMeeT IIPOU3-
BOJIHOM.

ITpumep 1.2. Halitu o6uyii BUA epBooOpasHOM A1 GyHKIIMU
f(x) = el*| Ha Bceit uncnoBOI MPAMOL.

Pewenue. Tlpu x > 0 f(x) = ¢ u nepBoobpa3Hasi UMeET BU/
F(x) = e* + C;, tae C; € R. IIpu x < 0 f(x) = €™ 1, COOTBETCTBEH-
HO, ee epBoobpasHas umeet Buz F(x) = —e™* + C,, C, € R. Yurem
Telepb HEIIPEPHIBHOCTH IIEPBOOOPA3HOM B TouKe X = 0:

lim (-e*+Cy) = lim (e¥+ C) <
x—0+0

x—0-0
<:>—1‘|'C2=].‘I‘C1<:>C2=C1'|'2.
Takum o6pa3oM, o61mIuit BUZ 1000 13 IEPBOOOPA3HBIX CIEAYIO-
LM

Flo = e* + Cy, ecm x > 0,
X = —-e*+C; + 2,ecmux < 0.
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OTmeTHM, YTO, TaK Kak

F(x) —F(0) — lim e*+Ccp-A+cCy _

FI(0) = lim 1 1
x—0+0 X x—>0+0 X
nu
x—0-0 X (=x)—0+0 -X

To ¢yHk1uA F 1uddepeHnipyeMa BCiofly, BKItodas TOUky x = 0, T. e.
MBI HaIIUTM TOYHYIO IIepPBOOOPAa3HYIO.

Onpeaenenue 1.3 (HeonpedeneHHozo0 uHmezpana). COBOKYII-
HOCTh BCEX IepBOOOpPa3HbIX QYHKIUH I AaHHOW QYHKIMU f Ha
npomexyTke (a; b) HasbIBaeTcs HeonpedesleHHbIM UHMEe2PANoM OT
GYHKIIUM f Ha TOM MHOXXECTBE M 0003HaYaeTcs

[feodx =F) +C,

rae F — mob6as nepBoobpasHas aui f Ha (a; b); C — mpousBosibHasI
JMelcTBUTEIbHAsA KOHCTaHTa. IIpy 3TOM CMMBOJI | Ha3bIBaeTcA 3Ha-
KOM HHTerpala, f(x) — moasIHTerpajabHOU QyHKIIHelH (ec/iv UHTeT-
paJ CymecTByeT, TO GYHKIMA HA3bIBAETCA WHTETPUPYEMOM),
f(x)dx — moabIHTErpaIbHBIM BhHIpPAXKEHUEM, X — IIEPEMEHHOUN WH-
TerpUpoOBaHUs, a dx — ee AudpdepeHITHaIOM.

O6nacTtb uHTerprpoBanus (a; b) 06BIYHO MOXKHO OTIPEJIEIUTD U3
KOHTEKCTa 3a7ayy (Jale BCEro 3TO MPOMEXYTKH HEPEPHIBHOCTH

¢yukuuu f). Hanpumep,
_[Od.x=C; Idx=x+C.

IMIpumep 1.3. HaliTu HeompezeleHHBIA UHTErpasl Imax(l ; X2)dx.

Peuterue. Paccmotpum ciaydau: |x| < 1lwu |x| > 1.
1. Ecmu -1 < x < 1, TO uMeeM

Imax(l; xP)dx = _fdx =x+ C.
2. Ecau x > 1, To uMeeM

Imax(l; x)dx = szdx = x; + C;.

B cwty HenpepBrIBHOCTH ITepBOOOPA3HOM B TOUKE X = 1 JODKHO

BBIIIOJIHATBCA yenoBue 1 + C = % + Cy, otkyza C; = C + %
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3. Ecmu x < -1, To uMeeMm
Imax(l;xz)dx = Ixzdx = § + Cy;

COOTBETCTBEHHO, /I HENPEPBIBHOCTU IEPBOOOPA3HONM B TOYKE

1
X = —1 J0/DKHO BBHINIOJHATBHCA paBeHCTBO —1 + C = _§ + C,, OTKY-

2
fdaCy=C- —.
3
HNTak, OKOHYATEJIbHO
!
%—%+C,r,qex<—1,
jmax(l;xz)dx=<x+C,r,ae—1<x<1,
3
x—+%+C,mex>1,

\

roe C — IIpOMU3BOJIbHAA ITIOCTOAHHAA.

ITpumep 1.4. HaiiTu HeolnipeZieleHHBIN UHTErpaj J\/l —sin2xdx

O<x<nm).
Pewenue. UMeeM

j\/l—siandx=I\/(cosx—sinx)zdx=_[|cosx—sinx|dx=

(cosx —sinx)dx,ecm0<x<—,

a

N

s 0
(smx—cosx)dx,ecmz<x<n

-

. T
smx+cosx+C,eCJm0<x<Z,

. T
—smx—cosx+C1,eanZ<x<n.

N

T
B Touke X = — 3amuIIeM YCJIOBHUE HENPEephIBHOCTH IIepBO0Opas-

HBIX:

sin® + cos” + C=—sin§—cos§l + CL,wm V2 + C=-+2 + Cy,

oTkyza C; = C + 242.
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Takum o6pa3zom, nMeeM

sinx+cosx+C,ecmm0< x <

_[\/1 —sin2xdx =

b

(1)

ahIla

—sinx—cosx+C+2\/§,ecm/IZ<x<fc.

3ameuarue. VIHOTZ]a B JaHHOM 3a/iaue IIPUBOJAT OTBET B BUE
j\/l —sin2xdx = (sinx + cos x) -sgn(cos x —sinx) +C.

Hazo rnmoHuMMaTh, 4TO 3TO HE BIIOJIHE KOPPEKTHO. ,Z[eﬁCTBHTeJIb-
HO, TaK BBITJIAAUT HeOHpeﬂeJIeHHHﬁ HHTETrpal HA Kancoom u3 IIpo-

T T
MEXYyTKOB | 0; ‘—J U [4_1 ; T |. OnHako Ha ecem ompe3ke [0; ] uuTer-

paJl paBeH UMEHHO BhIpakeHwmIo (1).

Boob1ite, eci B yCIOBUY 3aZlaq¥ CKa3aHO, YTO HAZI0 BEIYUCIUTD
HeollpeieJIeHHBIM UHTEerpajl, HO He yKa3aHo, Ha KaKOM MMeHHO IIpo-
MEXyTKe, TO 3TO I0Zpa3yMeBaeT, YTO ero TpebyeTcs BHIYUCIUTD Ha
06J1aCTH MHTErPUPYEMOCTH ITOABIHTErPATbHON GYHKIUU. Vi, CTPOro
TOBOps, B OTBETE CJIeAyeT YKa3blBaThb 3Ty 00JIACTh UHTETPUpYe-

dx
MOCTH, HallpuMep: _[— = In| x| + C (x# 0). Takas 3anuch o3Haya-
X

eT, 4yTo JaHHasA popMyna crpaBeAvBa ZJA JOO0OT0 WHTEpBaa,
He coflepKaliero BHyTpHU cebs 3HaveHue x = 0 (B TOM uucie s
KaXXZIoTo U3 6eCKOHEYHBIX UHTepBaioB (—oco; 0) u (0; +00)). Ora
¢dopma oTBeTa B JAHHOM CJIydae eANHCTBEHHO BO3MOXKHAsI, TaK KaK
HalTU UHTErpaJ Ha OOBEJUHEHUU STUX IPOMEXYTKOB HeJb3s
(nmepBOOOpa3HbIe TEPIAT Pa3phiB 2-TO pojia B Touke X = 0).
VHorza mpu BEIYMC/IEHUU MHTETpaia IPUMEHSETCS UCKYCCTBEH-
HBII [IpUeM JleJIeHUs Ha HEKOTOPOe BEIpaXXeHUe, KOTOPOe, eCTECT-
BEHHO, TOr/la He JIOJKHO o6palaThes B Hysb. JIOIycTUM, 3TO BhIpa-
’KeHHe PaBHO HYJIIO IIPU X = Xy. TOTZa BBIYUCAAIOT UHTErpaj Mpu
X # Xg, @ B KOHIIE, eCI IIPU 3TOM 3HaUY€HUU Xy HU MOABIHTErpajb-
Hast QYHKIMs, HU IepBOOOpa3HbIe HE UMEIOT 0cobeHHOCTel (ompe-
JleJIeHBl U HelIpepbIBHBL), ZI0OIPeJEIAIOT IIOTydeHHOe BhIpakeHne
ZUTSl IEPBOOOPA3HBIX B TOUKE X UX MPeAebHBIMU 3HAYeHUAMU.

ITpumep 1.5. HaliTu HeonpeZieJieHHBII UHTErpaj
J‘ x2-1
02 +x+1)%
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Pewenue. TloppiHTerpasbHass GyHKIUA ONpesesieHa, HellpephIB-
Ha U, CJIefloBaTelbHO, MHTErpUpyeMa IIpU BCeX JeCTBUTEIbHBIX X.

ITpu x # 0 uMeeM
1
xX*l1-=
x2

G+ +1)° xz(x+l+1)2

X
X
j 5= +C=-————+C.
(u+ 1) u+l X +x+1
B Touke x = O mogbIHTErpabHAsA PYHKIUA U ee TIEPBOOOPa3HbBIE
x il
————— + C HemnpephIBHBI, IO3TOMY MOJYYE€HHBIN /JI1 UHTET-
x+x+1

pajia pe3y/bTaT MOXKHO CYMTaTh BEPHBIM U IIpH X = 0, eyt Zioo1ipe-
JEJIUTh KXAYIO U3 IEPBOOOPA3HBIX ee 3HaYEHUEM B HYyJI€.

Omeem: X + C,x e R.
+x+1
IMpumep 1.6. HatiTu Heollpe/ie/IeHHBIN UHTErpaj
J' 2 +1
x*t+32+1

Pewenue. IIpu x # 0 umeem

3],

) o

x*+1
J.x“+3x2+1dx_-.. ( J J
x| x*+3+— [x_j +5
x? X
du x% -1
=|————=——arct +C =—arct +C.
J’u2+5 NN & x5

FTETE

[MogeiaTerpasbHass GyHKIUS OIpe/ieieHa, HelIpephIBHA, a CJIe-
ZI0BaTeJIbHO, U UHTEerprpyeMa IIpU BceX AeMCTBUTENbHBIX 3HAYEHU-
sX X. VIHTerpas BhIYMCJIEH celvac OTebHO Ha KaXKA0M U3 IpoMe-
XKyTKOB (—o0; 0) u (0; +00). 3amMeTnM, YTO B JAHHOM CJIy4ae MOXXHO
HAWTM HMHTerpaJl Ha BCEM MHOXKECTBe JAEeHWCTBUTEJbHBIX YMCE.
L1 3TOro HaZo AOIOJTHUTENBHO YYeCTh YCJIOBHE HelIpephIBHOCTU
mmepBooOpa3HbIX B Hyse. Haiiziem mpezessr:

lim ] F T .
x\/— 25

x—»io[\/—

arctg
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ITockosmbKy 06a OZHOCTOPOHHUX ITpeJiefia B HyJle CyLIeCTBYIOT U KO-
HEYHBI, TO Pe3y/IbTaT HHTEIPUPOBAHUA MOXXHO IIPEJCTaBUTh B BUZIE

r—arctgxz—_+C+l x>0
J5 x/5 J5° ’
x%+1 1 x> -1
—— — _dx={—arctg=——+C,x<0,
J.x4+3x2+1 J5 & x+/5
T
—+C, x=0
25

O6paTuM BHMMaHHE YUTATEA €llle Ha OJHO OOCTOSTEIhCTBO.
Eciu no/:LBIHTerpaJIbHaﬁ OYHKIUA COAEPXKUT paJAvKadbl BUJA

Jx? —a® (wm ) TO B 9TOM CJIy4ae IIepBooOpa3Has UIeTCs Ha

JIyde X > a WK Ha leqe X < —a. Tak KaK 0ObIYHO HET HUKaKKUX OCHO-
BaHUI IPEAIIOYECTh OAWMH Jyd APYTOMY, TO YacTO BBIOMPAIOT TOT
JIy4, Ha KoTopoM OyzieT 60Jsiee mpocTas 3anuch IMpeoOpa3oBaHHOTO
TIOABIHTETPAJIBHOTO BHIPAXKEHUSA, T. €. JIyd X > a (Ha APyroM Jyde
X < —a mepBoOOpa3Has HaXOAWTCS COBEPIIEHHO aHAJIOTUYHBIMU
paccy’kZeHusMu). DTO TO3BOJISET NP YIPOIEHUU PaJUKaIOB Of-
HO3HAYHO PaCKPhIBaTh MOAY/IU. B 3TO Xe CUTyal[uu MPHU 3alUCH
oTBeTa (M HENOCPEACTBEHHO MHTETPUPOBAHUM) MOXKHO TAaK)KE HC-
10/Ib30BaTh QYHKIUIO CUTHYM.

IMpumep 1.7. HaliTu HeonpezeleHHBIA UHTErpal

jL
xx2-1

. 1
Pewernue. Bocrionb3yemces IOACTaAHOBKOU t = —, TOrZa
b

2
dx——z,\/ - ——1—“1_t

¢

Y, YIUTHIBAsA TOXKAECTBO |t| = t-sgnt, moaydyaem

dt
L S dief _
Ix /xz_l J.l /1_t2 SgntJ- /1 t J- [1_‘1_‘2
t |t

=—arcsin|t|+C = —arcsmﬁ +C.
X
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1.3. UHTerpanbl, BbipaXkaemble U HeBblpaXaembie
B IN1eMeHTapHbIX QYHKLMUAX

TpyAHOCTb MHTETPATIBHOTO MCUMCJIEHUS CPABHUTENBHO ¢ Judde-
peHLIMaIbHBIM UCUMCIEHHEM COCTOUT B TOM, UTO HEOIIpeZleIeHHBIM
WHTETPAJ OT dJIEMEeHTapHON QYyHKIIMU MOXKeT He OBITh dJIeMeHTap-
Hol ¢yHKIMel. [laxke B TeX CIydasx, KOTZla UHTerpasl BEIpaKaeTcs
yepes s/eMeHTapHble GyHKIMU (T. €., KaK roBOpAT, bepeTcs B KO-
HEYHOM BH/IE), HET €IUHBIX PeLlelITOB, KOTOPHIE ITO3BOJISTY ObI HAl-
TH TaKOe BEIpaXeHue. B To jxe BpeMs pasjMyHbIe CIIOCOOBI MHTET-
PHPOBAHUSA pacCMaTPUBAIOTCA B Kypce MaTeMaTUYEeCKOT'O aHA/IN3a,
CYILIECTBYIOT OOIIMPHBIE TAOIUIIBI HHTErPAaJIOB.

VI3BeCTHBI CpPaBHUTENbHO HEMHOTHE OOIIMe KIacchl QpyHKIMH,
JUIs1 KOTOPBIX MHTErpHpPOBaHUE MOXET OBITh BBHIITOJIHEHO B KOHEY-
HOM Buzie. OGBIYHO UX M M3y4alOT B Kypce BEICIIEH IIKOJIBL. B gacT-
HOCTH, BaXXKHBIN KJ1acc QYHKIMM, UHTETPAJIBI OT KOTOPHIX OepyTcs
B KOHEYHOM BU/Ie, TIPE/ICTABJIAIOT COO0M paloHaIbHbBIE ajarebpau-
P(x)
Q(x)

MHorue uppalyoHaabHble anrebpandeckue GyHKINM, HAlpUMeED

paIMOHAIbHO 3aBUCAIINE OT +/ax? + bx + ¢ YU X WIH )K€ OT X U pally-

YECKHeE CI)YHKHI/II/I B BHJ€ OTHOIIEHHA ABYX MHOTI'OWICHOB

. ax + b
OHAJIbHBIX CTelleHel Apobu —d, TaK)kKe MHTETPUPYIOTCA B KO-
cx +

HEeYHOM ByZle. B KOHEYHOM BU/le WUHTEIPUPYIOTCA U HEKOTOpPBIE
TpPaHCLeHAeHTHbIe QYHKIIMU, HAIPUMep palroHaIbHbIEe QYHKIIUU

CHHYyca ¥ KOCHHYCa.

JlokazaHo, 4o r00ast HellpepbIBHAA Ha oTpe3ke [a; b] oyHkuums f
Bcerzia MeeT Ha uHTepBasle (a; b) nepBoobpasHyto, B KauecTBe KO-
TOPOM MOXXHO B3AThb OIpeJeJeHHBI HHTerpajg ¢ IepeMeHHBIM

X
BEPXHUM TipeziesioM: F(x) = I f()dt (a < x < b). IToaToMy Bce ate-
a

MeHTapHble QYHKIIMY UHTEIPUPYEMBl Ha BCceX UHTEPBAJIaX, BXOA-
MUX B uX obsactu onpegenenusi. OZHAKO B pe3y/IbTaTe UHTETPUPO-
BaHUA AAJIEKO He BCETZa MOMyJaroTCs CHOBA 3JIeMEHTapHbIE QYHK-
ITUY, KaK 3TO UMeeT MecTo ITpu AnuddepeHITpOBaHUM.

®yHKIMY, KOTOPhIE U300pakaloTcsl HeOoIpeeJIeHHBIMU UHTET-
pajiaMu, He 6epylMMucsa B KOHEYHOM BHZle, 06pa3yroT coboii Ho-
Bble TpaHCIleH/eHTHble QyHKIMU. MHOrMe U3 HUX TaKXXe XOPOIIO
n3ydeHbl. K HUM OTHOCATCS, HAIIpUMeD:
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» uHTerpas Ilyaccona Ie‘xzdx;
e unTerpans ®penens _fsin(xz)dx; _fcos(xz)dx;

* MHTerpajbHbIN Jorapudm li(x) = _[ E;
nx

J‘ sinx

* UHTerpajbHble CHUHYC Si(x) = —dx U KOCHHYC ci(x) =

J‘ COSX

X

. e
. I/IHTEI‘paJIbHaH nmokasaresibHast GyHKuuA Ei(x) = I—dx.

X
x

e
He BrrunciAwOTCA B JJIEMECHTAPHBIX CI)YHKI_II/IHX HHTECr'paJjibl I—ndx,

x
smx CosX
I I—dx (n € N) u mHOrHe fpyrue. Tak, UHTerpasibl BUZa

_[R(x, Jax® +bx? +cx +8)dx, Kax IIPaBUJIO, YK€ He BBIPAXKAIOTCS

B KOHEYHOM BH7IE Yepe3 djieMeHTapHble PyHKIuM. PyHKIIMMU, caMu
He SBJIAIOLIMECS 3JeMeHTapHBIMU, HO OIpezeisieMble dyepe3 HUX
C TIOMOIIIbI0 AHAIMTUYECKUX COOTHOILIEHUH TUIIAa UHTETPUPOBAHUA
U nuddepeHnpoBaHusA, OOBIYHO HA3bIBAIOT CNeUUANbHbIMU PYHK-
yusamu.

Jlaxxe eciii MHTerpaJj He MOAJAeTCs aHAIMTUYEeCKOMY BhIYHMCIIe-
HUIO, €70 MOXXHO PacCYMTATh IPUOIKEHHO C HEKOTOPOU CTETIEHBIO
TOYHOCTH. Tak, B Kypce BHIYUCIUTEIbHBIX METOIOB U3Y4alOTCs CIIEI!-
aJbHBIE CITIOCOOBI MPUOIMKEHHOTO BHIYMCIEHUS UHTETPAJIOB C II0-
MOIIbIO PA3JIMYHBIX PA3HOCTHBIX cXeM (MeTOZABI IIPSMOYTOJIbHUKOB,
Tpamnenuii, mapabos, CIulaifH-aMMpPOKCUMAIIHA U POYHE TIOAXOBI).

1.4. OcHOBHbIe (BOICTBA HeonpeaeneHHOro UHTerpana

OcHOBHBIE CBOMCTBA HEOIIPeAeJIeHHOIO UHTerpaja CaeAyioT U3
ero ompezeneHusa (CM. I0Ka3aTeabCTBO B pabore [13]).

1. ([ feodo)’ = f60; d(| fedo) = feodx.

2. [dF(x) = F(x) + C (C € R).

3. ..C fdx = C- j f()dx, tae C € R\{0} (mOCTOSTHHBI!1 MHOXHU-
T€JIb MOXKHO BBIHOCUTH U3-TI0/l 3HaKa MHTErpasa).

4, :( f) = g0))dx = j fG)dx = J. g(0)dx (cBoOMCTBO aAAAMTHBHO-
CTH; IoZipa3yMeBaeTcs, 4To obe ¢yHkiuu f(x) u g(x) uHTerpupye-
MBI Ha OZHOM U TOM K€ MHOXKECTBE).
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CBoiicTBa 1 ¥ 2 oTpaXkaloT B3aMMHO OOpaTHBIA XapaKTep orepa-
1Iui uHTerprpoBanus u guddepernuponanus. Ceorictsa 3 U 4 0T-
pakaroT CBOMCTBO JIMHEMHOCTU HeollpeZle/IeHHOT'O UHTerpasa, Ipu-
YeM 5TU paBEHCTBA HOCAT YCJIOBHBIM XapaKTep: OHU BBIIIOTHAIOTCSA
JIVIIb C TOYHOCTBIO O IIPOM3BOJIBHOM KOHCTaHTHL. Ciezyiolnee
CBOMCTBO 5 IOKa3bIBaeT, UTO NpUBeZleHHasA HIDKe Tabiuila UHTer-
PaJIOB CIIpaBe/INBa He3aBUCHMO OT TOT'O, ABJIAETCS JIU IepeMeHHas
MHTerpyupOBaHUsA He3aBUCUMOM IepeMeHHOM win QyHKIIUe.

5. Ecm J- fO)dx = F(x) + Cuu = ¢(x) — HemnpepbIBHO Audpde-
peHITpyeMa, TO J- f(w)du = F(u) + C.

6. OaHa 13 nepBooOpa3HbIX YeTHOM PYyHKIIUM ecTh QYHKIIUA He-
YyeTHas, a BCsAKas IepBooOpasHas HeueTHOU QYHKIUU eCTh QyHK-
IIUA YeTHasd.

PaccmoTpuM zpanee mabauuHble MHTETPaIbl 1 Hanbosee obujue
MemoObl BEBIYMC/IEHUA HeollpeZieIeHHBIX MHTerpaioB. K HuM Tpazu-
IIMOHHO OTHOCAT CJlefiyloliyie: CBeleHre MHTerpasa K MpoCTeUITnM
WMHTerpajaM IIpU IOMOIIY TOXAECTBEHHBIX Tpe0Opa3oBaHUM U UC-
IIOJIb30BAHUA CBOMCTB HMHTErpajoB, MeTOJ 3aMeHBl IepeMeHHOU
Y MHTErprpoBaHue 1o YacTaM. O6paTuM BHUMAaHHE HA TO, YTO IIPU-
IIMCHIBATh KOHCTAHTY C B HeOIIpeZieJIEHHOM UHTerpaje Hy>KHO 005-
3aTeJIbHO, B IPOTUBHOM CJIydae Bbl HAXOAWTeE JIUIIb OJHY U3 IIEPBO-
00pa3HbIX, ¥ 3TO CUUTAETCSA BecbMa Ipyboii ommbkoii. Kpome Toro,
HAa/I0 IPUYYUTH cebs IPY BEIYUCIEHUH HEONpeJeIeHHBIX MHTerpa-
JIOB BCETZIAa YKa3bIBAaTh 00/IaCTh MHTETPUPOBAHUA (aHAIOT 06IacTH
pomyctuMbix 3HaueHud (O/I3) B ypaBHEHMSAX M HEPaBEHCTBaX, 00-
JIaCTH ompeZiesieHusT QYHKIUI). 3aMETUM TaKXKe, YTO HIKE MBI Oy-
ZleM TOBOPUTB 00 MHTETrpaiax TOJbKO /i1 HEIIPEPHIBHBIX QYHKIIHH.
Eciu jxe QYHKITUA NMeeT TOYKHU Pa3phiBa, TO pacCMaTpUBaTh ee Oy-
ZleM JIVIIb B IPOMEXXyTKax ee HEIIPephIBHOCTH, I7le UHTEerpaJj OT Hee
CyIIeCTBYeT.

1.5. Tabnuua npocTeiLuMX UHTErpanos

OTmeTHUM, YTO Ha3BaHUE «TaOJIUYHBIA UHTErpaj» SBJISAETCS J0-
BOJIbHO YCJIOBHBIM. CylllecTByeT HEKOTOPHI MUHUMAJIbHBIN Habop
HeoIlpeZieJIEeHHBIX UHTErpajioB, K KOTOPBIM Hanbosiee 4acTo CBOJUT-
s BBIYMCJIEHHE MHTETPAJIOB. B 4acTHOCTH, K HUM OTHOCSIT UHTErpa-
JIBI OT HEKOTOPBIX U3BECTHBIX dJIeMEHTAPHBIX QYHKIUM. [Io Mepe
TOTO KakK BBl MMpUOOpeTaeTe Bce OOJIbIIE HABBIKOB B BHIYMCJIIEHUU
HeOIpe/Ie/IEHHbIX UHTETPAJIOB, MIOHATHE «TaOJIMYHOTO UHTErpajas»
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pacImpsieTcs U B YCJIOBHYIO TaOJIHILy MTOTIAfal0T MHOTHE M3 BBIYHUC-

JIEHHBIX MpeX/ie UHTerpaoB. [IpaBUIbHOCTD BHIIIOJIHEHHOT'O MHTE-

IPUPOBAHUsA B CIy4ae COMHEHUU BCerzia MOXHO IIPOBEPUTH, IIPO-

nvddepeHINpOBaB NOJYYEeHHBIN pesynbraT. [IpuBezeM JUIIb

HEKOTOphble, Haubosiee yacTo yrnoTpebifaeMble BUbI HHTETPajIoB.
VIHTerpassl OT cmeneHHblX GyHKITUN.

. xn+1
1. [xtdx = +CeRn#-1;xeR).

n+1
2.jd—x =In|x| + C (n = -1, x # 0).
X

I/IHTeI‘paJIbI OT nokasameJibHblX, 1 B YaCTHOCTH 3KCNOHEHUUAJlb-

Hotl (a = e), GyHKIUH.
. x
3. axdx=1a_+C(a>o,a¢1;xeR);jede=eX+c.
‘ na
VIHTerpaibl OT mpuzoHoMempuueckux GpyHKIIHIA.

4, [ cosxdx = sinx + C(xeR).

5. .sinxdx =-cosx+ C(xeR)

o8
5 =tgx+ C(x# - + nn,n € Z).
° Ccos“x 2

— = —tgx + C (x # nin, n € 7).
* sin“x

VIHTerpasbl OT payUOHANbHbLX QYHKIIHIA.
8.j de _ { arctgx + C,

1 + x2 —arcctgx + C

MeBaeT JBOSIKYI0 GOpPMY 3aIlMCH; B 3aBUCUMOCTHU OT CUTYaI[UH MOX-
HO KCII0JIb30BaTh KaK IEPBOE, TaK K BTOPOE €ro IIpe/CTaBlIeHHE.

(x € R); aTtoT uHTerpan nogpasy-

dx 1 arctg£ +C,

9. jﬁ =.4 1 a (x € R); 3mech u HIKe TapaMeTp a
X +d ——arcctg—+C
a a
CUMTaeM IIOJIOXKUTETbHBIM.
dx 1 x-a
1O'Iﬁ = —In + C (x # xa).
x“—-a 2a |x+a

VIHTerpassl OT UPPAYUOHANbHBIX GYHKITHI.

11] dx {arcsinx+C,
-2

—arccosx+C (Jx| < D).
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. X
arcsin—+C,
a

dx
12. J.ﬁ= x (|x] < a).
a —x —arccos—+C
a

dx
13. | ———
J. /x2 iaZ

=In|x+Vx*+@|+C 2 = a® > 0).

2
14. J\/az—xzdx=§\/a2—x2 +%arcsin§+c (x| < a).

2

15. J\/az +x2dx=§x/a2 +x2 +a?ln‘x+x/a2 +x2‘+C.
VIHTerpasl OT 2unepboiuueckux GyHKIIUH.
16. Ichxdx =shx + C (x € R).

17.
18.

19.

shxdx = chx + C (x € R).

g

—— =thx+ C(x e R).
* ch?x

c dx

—— = —cthx+ C(x#0).
* sh?x

CylecTBYIOT CllelaabHbIE (TIOMOMHAEMbIE) TAaOJUIBI HEOTIPE-
JleJIEHHBIX MHTErpajioB, coiepKalire OGOJbIIoe KOJUYECTBO HBIHE
M3BECTHBIX UHTErPajioB, K KOTOPHIM MOXXHO 0OpaIaThbcs B CIydae
HeobxoauMocTH (Hampumep, cM. paboty [1]).

3apaun oA CamoCTOATENIbHOrO pelleHunn

Haiftu HeonpeZieieHHbIE UHTETPaJIblL:

1.1.

1.2.

1.3.

1.4.

1.5. I\/1—2x2 +x*dx.

[ .
(11 +x]) - |1-x])dx.
1, ecmu —oo <x < 0,

.'f(x)dx, raefG) = x+ 1,ecmm0<x<1,

2, ecmnl < x < +oo.

. _J1-x*ecm | <1,
f(x)dx, rae f(x) {1 — |, ecnm |x > 1.

1.6. I(—l) [x]dx, r7e [x] — 1esasg 4yacThb JeHCTBUTEJIbHOI'O YHMC/IA X.

1.7. Imin(S ~-x2, 1, x¥)dx.
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naBa 2
OCHOBHbIE METOAbI UHTETPUPOBAHUA

[TpakTudecku 000¥ HeOpeAeeHHBIA UHTETPAJ BEIYUCISETCS
ITyTeM €ero YIPOIIEHUs ¥ CBeIeHHUsI B KOHEYHOM UTOTe K TabOJIUIHO-
My (TabaudHbBIM) UHTerpaiy. Crienuduka UCIIONb3yeMbIX IIPU 3TOM
MaTeMaTU4eCKUX CPeJCTB MO3BOJIAET OTHECTU K OCHOBHbLM Memo-
0aM UHMe2pUPOBAHUS CIELYIOIINE TPU criocoba UHTerpaIuu:

1) ucnionp3oBaHue anre6pandecKrx, TPUTOHOMETPUYECKUX U TIPO-
yux peobpa3oBaHMii, a TAKXKe CBOMCTB MHTEIPAJIOB;

2) 3amMeHa nepeMeHHOM UHTerpUPOBaHUS;

3) uHTerprpoBaHue 10 YacCTAM.

3aMeTHUM, 4TO B JII0O0I OoJjiee-MeHee CIOXKHOM 3a/jaye OOBIYHO
B Pa3/IMYHbIX KOMOMHAIIMAX HUCTIOB3YIOTCA CPa3y HeCKOIBKO IIPHUEMOB.
B wacTHOCTH, IpU BBIUUCJIEHUU HHTErpajia 3aMeHa IlepeMeHHBIX
(W11 MHTErpUpOBaHUE 110 YaCTAM) MOTYT UCIOIb30BaThC HEOAHO-
KpaTHO, CONPOBOXZAsCH YIPOIIAMIIUMU pellleHre peobpa3oBa-
HUSIMM TIOJBIHTETPAJIbHOTO BhIpakeHMA. OCTaHOBUMCSA Ha KaXKZ0M
13 [lepevyrcIeHHBIX METOZOB oApobHee.

2.1. UHTerpupoBaHue nyTem cBefieHNA K TabNUUHbIM
WHTerpanam C NOMOLLbI0 Pa3NINUYHbIX NPeo6pa3oBaHMmil

VIHorzja uHTErpan yzaeTcs BIUUCIUTH, He Ipuberas K 3aMeHe
IlepeMeHHOU WM MHTEerpUPOBAHUIO 110 YACTAM, a IIPOCTO C TOMO-
IIBIO Pa3/IMYHbIX AIreOpandecKrX, TPUTOHOMETPUIECKUX U APYTUX
mpeo6pa3oBaHUil TOABIHTETPAJILHOTO BHIPAXKEHUS U UCIONb3Ys
CBOMCTBO JIMHEMHOCTH WHTerpaioB. K mpeobpa3oBaHHMAM TaKOTO
POZia OTHOCAT OOBIYHO CJIeAyIoIINe:

» no6asneHue (c OJHOBPEMEHHBIM BBIUYMTAHUEM) K IIOJBIHTET-
pasbHOM QYHKITUY KOHCTAHThI WIM HEKOTOPOT'O BEIPAXKEHUS; 0OBIY-
HO 3a 3TUM cJlefiyeT pa3bueHue MHTerpala Ha cyMMy 6osee IIpo-
CTBIX UHTErPaJIOB,;
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* OZIHOBpEMEHHOE YMHOXKeHUe WIHU JieJieHre YUCIUTENA U 3Ha-
MeHaTess1 Apobu 1o/ 3HAKOM HWHTErpaja Ha HEKOTOPOE BHIpaXKe-
HUe; HalIpuMep, IPU UHTEerpUPOBaHUY GYHKITUH ¢ paUKaIaMH 4a-
CTO IPUMEHSAIOT JIOMHOXKEeHYE Ha CONPsDKeHHOE BhIpayKEHUE;

* BhIZIeJIEHHE TIOJHBIX KBapaToB (KyOOB);

* HCIIOJIb30BaHue GOPMYJT COKPAIEHHOTO YMHOXKEHUS;

* BhIZIEJIEHHE Y ApOOM 11eI0¥ JacTy (YacTO HCIIONb3yeTCs P
MHTETrpUPOBAHUU PAIMOHATIBHBIX APO0OEii);

* BBIZIEJIEHHE B YHCIHTEIE APOOH IIPOU3BOIHOM OT 3HaMeHaTeJIs;

* WCITOJIb30BaHUE aIrebpanvyecKux TOXKJECTB, TPUTOHOMETPU-
YeCKHUX U Tuiepbonmndeckux Gopmys  T. II.

PazHooOpa3Hble IMpUMEPHI HCIIOAb30BAHUS IMEPEUNCTEHHBIX
1 HEKOTOPBIX APYTUX IPHUEMOB pacCMaTPUBAIOTCA HIDKE B TEKCTE
rmocobusa. ObpaiialiTe Ha HUX BHUMAaHKWE U CTapalTech 3aloMU-
HaTh, B KaKUX CJIydasx KaKue IIpHUeMBbI yJ00HO UCIIOTb30BaTh.

Boobi1re, yMeHre HAaWTH i1 BEIYMCISIEMOTO UHTErpajga Hamubo-
Jiee KpaTKUM U «KPaCUBBIM» CIIOCOO MHTETPUPOBAHUS SIBJIAETCS Ya-
CTO HEIPOCTOM 3a/adeil. DTO yMeHUe BhIpabaThIBa€TCSA MOCTENEH-
HO U IIPUXOJUT C OIIBITOM.

2.2, UHTerpnpoBanune nytem 3ameHbl nepemMeHHOM

VI3/10KMM OJVH U3 CHUIbHEUIITUX IPUEMOB /1T UHTETPUPOBAaHUA
OYHKIMH — Memo0 3ameHbl nepeMeHHOll, WX Memod no0CmMaHos-
ku. PaccMOTpUM /1Ba BO3MOXKHBIX CIyJast.

1. Buecenue ¢ynxkyuu nod 3Hak ouggeperyuana. Eciu noasIHTE-
rpajbHOe BeIpakeHue f(x)dx npexacraBumo B Buge g(t(x))t' (x)dx,
rae GyHKUIMA g HellpepbhlBHA Ha MHOXXecTBe T, a GyHKumA t = t(x)
HeIpephIBHA Ha COOTBETCTBYIOIIEM MHOXeCTBe X BMECTE CO CBOEH
MIPOM3BOAHOM t'(X), TO CIIpaBeAIMBaA ceAyomas ¢popmMyia rnepexo-
Zla OT X K HOBOU IlepeMeHHOU NHTETPUPOBAHUA t:

[foodx = gt cadx = [g@)dt. 2.1)

[Tpu 3TOM Mpou3BoAHAs t'(X) BHOCUTCSA 10/ 3HaK AuddepeHIraia
COIVIACHO M3BECTHOMY CBOMCTBY Auddepennmana t' (x)dx = d(t(x)).
B npocTedmmx ciyJasnx, YToObI paclio3HaTh 3Ty CUTYAIHIO, ObIBAaeT
JIOCTaTOYHO 3HAHWA TaOJIMYHBIX MHTErPaJIOB, HA[PUMED:

2xdx = d(x?), cosxdx = d(sinx), sinxdx = -d(cosx),

dx dx dx
— =d(lnx), —— = d(arctgx), ——=d(/x),
x im0, G = e, o
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dx

cos?x

B Gosiee CJIOXKHBIX CIy4asx MOTYT OTpeboBaThCsA IpUOOpeTeEH-
HBIM paHee OIbIT ¥ UHTYUIIUS:

a—y 1
ﬁ—d( 1+x ) ( jdx d(X"‘x) nuT. Il

3aMeHy NepeMeHHOM HWHTEerpUpPOBaHUSA OCYIIECTBJIAIOT B TeX
cJIydasx, Kora IojydaeMasi B pe3y/bTraTe «HOBasi» ITOABIHTErPab-
Hast OyHKuus g(t) yoobHee 0ns1 UHMe2PUPOBAHUS TIO CPABHEHUIO
C UICXOZHOM MTOABIHTerpaibHOU dyHKIIMel f(x). OCHOBHAs CI0XKHOCTD
3TOT'0 METO/Ia COCTOUT B TOM, YTOOBI «YBU/IETh» B UCXOAHOM ITOZIbIH-
TerpajJbHOM BhIpaXkeHUM f(x)dx Oosiee MpOCTOe AJIT UHTETPUPOBA-
HusA BeipaxkeHue g(t())t' (x)dx = g(t)dt. [IpakTUYECKH peayir3aIiys
MEeTO/ja 3aKJII04YaeTcss BO BHeceHUM QYyHKIUM t'(x) mog 3Hak gudde-
peHnmazna dx c o6pazoBaHrueM HOBOTO AnddepeHIana dt. Berauc-
JIUB UHTEerpai Ig(t)dt = G(t) + C, B KOHIle HEOOXOAMMO BEPHYTHCSA
K TIEpPBOHAYa/IbHOM ITepeMEHHOM MHTErPUPOBAHUS X IyTeM ob6paT-
HOM IOACTaHOBKM t = t(x): j fG)dx = G(t(x)) + C.

PaccMoTpuM 371eCh JIUIIb HECKOJIBKO IIPUMEPOB BEIYUC/IEHUS UH-
TErpajioB 3TUM MeTOZOM. MHOXXeCTBO APYTHUX MPUMEPOB BBl CMO-
>KeTe HaHTH B TEKCTe I0COOU.

= d(tgx), eXXdx = d[%ez"].

IIpumep 2.1. Hatitu J-sin3x cosxdx.

Pewenue. Tak kak d(sinx) = cosxdx, To, mojaras t = sinx, Ipe-
o6pa3syeM MOABIHTETPATbHOE BEIpAXKEHHE:

sin®x cosxdx = sin®xdsinx = t3dt.

I/IHTeI‘paJI OT IIOCJICAHET'O BEIPAXKCHUA BBIYUCIIACTCA JICTKO:

t4
j't3dt - ic
4

OcTasioch JUIIb BEPHYTHCA K IIEPEeMEeHHOU X, MOACTABIAA Sinx

BMECTO t:
_ sin®x
Ism xcosxdx = —— + C.
4

OTmeTHM, 4TO B JAHHOM IIPpUMEpPE OCHOBHBIM Ha3HAYE€HUEM CJe-
JIAHHOM 3aMeHBI IepeMeHHOM OBbLIO CBeZIEHNE UHTETpajia OT TPAHC-
IIEHAEHTHON (QYHKIMK TPUTOHOMETPUYECKOTO BHZA K MHTErpaIy

OT palMOHAJbHOM ajnrebpandeckoil GQyHKIIUU.
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3aMeTHM TaK)Xe, YTO IIPHU OIpeZie/IeHHOM HaBBIKE HOBYIO IIEpe-
MEHHYIO B IPOCTHIX CIy4asX MOXXHO B SBHOM BHJI€ U He BBOJUTh,
MIpoJieJiaB 3TO MBICIEHHO. CKaXkeM, B paCCMOTPEHHOM BBIIIIE TIPH-
Mepe MOXXHO ObUTO 060HTHCH 6e3 BBeZIeHUST HOBOM ITepeMEeHHOH ¢t.
Torza pelieHue 3a1a4y BRITJIAAEIO OBI KOpOYE:

j sin®xcosxdx = j sin®xd (sinx) = smT“x + C.

B ciiegyromux ABYX MpUMepax IIpY CBEIEHUHM UHTErpajioB K Tab-
JIMYHBIM TaKXe He O6y/leM BBOAUTH HOBBIE IEPEMEHHEIE, a Cpa3y 3a-
MIUAIIIEM Pe3y/IbTar.

. dx

IIpumep 2.2. Hautu J—

V2 —3x?

PeweHue.

arcsin \/gx +C.

t-

IIpumep 2.3. Haiitu _[eS"dx.
Pewenue.

Iesxdx = %Iesxd(Sx) = %es" + C.

2. Hcnonwv3osanue noocmarosok. Eciy nmogsiHTErpaibHast GyHK-
1y f(x) HenmpephlBHA Ha MHOXXecTBe X, To, mosiarad x = x(t), rae
¢yHKIUA x(t) HempephlBHA Ha COOTBETCTBYIOLEM MHOXKecTBe T
BMeECTEe CO CBOEH MPOU3BOAHOMU X' (t), MOJYyYUM ellle OAHY GopMyIIy
IlepexoZia OT X K HOBOM IlepeMeHHOM MHTErPUPOBAHUA t:

[foodx = [fx(®) -x @t 2.2)

Hepezaxu cuTyaliuu, Korja AJis pellleHus OZHOM U TOH ke 3aja-
YW MOTYT CYIEeCTBOBATh Pa3jMYHbIE ITOJCTAaHOBKU. YMEHUE TIOZ0-
6paTh Haubosiee 3pDEKTUBHYIO B JAHHON KOHKPETHOM CUTyaIuu
IIOZICTAHOBKY OIIpeZEJISIET B TOM YHCJIE KYJIbTypy UHTETPUPOBAHUSA
yJaIerocs.

PaccMOTpUM IpUMeED 33/la4yy, TZie IPU BHIYUCIEHUH UHTEerpaia
BO3MOXXHBI Cpa3y HECKOJBKO Pa3jWYHBIX IOACTAHOBOK. CiieZoBa-
TEJIbHO, BO3HUKaeT IpobyieMa BeIOOpa Harboiee ONTUMAIbHOM U3
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HUX. A U1 TOTO YTOOBI BRIOpATh 60Jiee yA0OHYIO MOACTAaHOBKY, Ha-
[10 3HaThb UX PA3HOBUAHOCTH U objacTy mpuMeHeHwus. VTak, cpaB-
HUBaMTe U BHIOMpaliTe.

dx
IMpumep 2.4. Havitu J—
xvx? -1

. 1
Pewenue. 1-ii cnoco6 (noocmawnoska t = =). O/A3: |x| > 1. Boc-
X

. 1
IIOJIb3yeMCs IIOICTAHOBKOM t = —, TOTZAa
X

= [ 1- __1_\/1—t2

£

Y, YIUTBIBasA TOXJECTBO |t| = t-sgnt, B pe3yJbTaTe IOIyIaeM

dt
x ¢ £ dlef _
J.x\/xz—l J‘l'\ll—tz sgntj.\/l t? J.J |t
t |t

=—arcsin|t|+C = —arcsmﬁ +C.
X

2-11 cnocob (nodcmawnoska t=+/x>—1). CaenaeM paroHaIU3U-

PYIOLIyIO 3aMeHy IepeMeHHO#, MONoXUB t =+/x>—1, Torga x? =
=t2+ 1, xdx = tdt m

j dx =J- xdx =J- tdt =J‘
wxt—1 Y xt-1 @+t ¢
=arctg(vx*>-1)+C.

3-1i cnocob (mpuzoHomempuueckass NOOCMAHOBKA X =

=arctgt+C =
1 g

1
sint

).

1
BrITOJTHUM TPUI'OHOMETPHUYECKYIO IIOACTAHOBKY X = ——, T/A€

st
te[—g 0] (O n} TOorZia

f /cos t _ cost .
— =sgn(sint)-ctgt,
sin’t sin’t  |sin]

cost
de=—"2C g
Sll‘l t
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U JJId UHTErpajia UMEEM

cost
dx _sinztdt J‘
———=sgn(sint)| ——— =-sgn(sint) | dt =
Ix'sz_l j— -ctgt
sint

=—sgn(sint)-t+C=—-sgnx- arcsm1 +C——arcsmﬁ+c
X X

BaMETI/IM, YTO MOXKHO OBLIO OBl BHIYKMC/IUTH I[aHHBIﬁ HHTErpal

C IIOMOIIIBIO aHaJIOTUYHOM IMIOACTAHOBKH Y€PE3 KOCUHYC: X = ——

cost’
T T
raet e {0; —}u(—; n}.
2 2

4-1i cnocob (eunepbonuueckas noocmaroska |x| = cht). Tenepnb
BBIYMCJIUM MHTErPaJI MPU IOMOLIY TUIEpOOTMIECKOi TOACTaHOB-
ki |x| = cht, t > 0. Toraa vx? —1=+/ch*t—1=+/sh?t =|sht| u, cie-
ZI0BaTEebHO,

d|x| _J d(cht) =J- sht

dx
= = d
J‘x\/x2 -1 J‘|x|\/ 2_ cht-sgn(sht)sht

cht-|sht|
—sgn(sht)j—=s (ht)j cht-dt_ (ht)j d(Sh”
_sgn(sht)J- d(s t) —sgn(sht) arctg(sht)+C= arctg\sht\+C =

=arctg\/ch2t—1 +C=arctg+x*-1+C.

5-1i cnoco6 (1-s1 noocmanoska Jilnepa). HOJIO)KI/IM t=vx*-1+x,

) ) t2+1 t% -
Torgax“—-1=(t-x)*=>x = 5 =>dx = 5 dtI/IZ[JIHI/IHTe-
t t2
rpaja mojyJaem
t? -1
dx 2 dt
J =.[ 2 2 ;o dt=2|5—=
xvx? =1 t +1.t -1 t°+1
2t 2t

=2arctgt +C = 2arctg(~/x>* -1 +x)+C.

HOZI;‘-IepKHEM €lic pa3, 4TO 3aM€Ha HepeMeHHOﬁ — Hauboee
MOIIIHBIM M 4aCTO I/ICHOJIBBYEMHﬁ METOA ITpY BEIYUCUJICHHUH NHTEI'pa-
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JIOB OT UPPallMOHAIBHBIX U TPAHCLIEHJEeHTHBIX QyHKIMi. Kak mpa-
BWIO, ITOZ0OPaTh MOAXOZASAIIYIO 3aMeHY B CJIOXKHBIX CIy4asx — Iie-
JI0e MCKYCCTBO. B HEKOTOpPHIX CiIy4asx yzgaeTrcs cHOpMyIUpPOBATH
obIre peKOMeHJaluu 110 3aMeHaM, OPUEHTUPYsACh Ha KOHKpeT-
HBIH KJIacc UHTerpupyeMmsbix ¢yHkiuii. Hanmpumep, paspaboTaHbI
U IIPOBEpPEHHI IMPAKTUKOHN CIlel[haJibHbE PaIlMOHAIU3UPYIOIUIHE
ITO/ICTAHOBKY P MHTETPUPOBAHUY MPPAIMOHAIBHBIX ajrebpau-
yecKuX GYHKIUH; CyIeCTBYIOT peKOMEeH/IalliY 110 3aMeHaM B KJIac-
ce TPUroOHOMeTpHUYECKUX QYHKIUM. MHOTHe U3 TaKUX ITOACTAaHOBOK
6yZyT pacCMOTPEHBI HMXKE B COOTBETCTBYIOIIUX pas/esax.

2.3. iHTerpupoBaHue no yacram

Ecm u u v — guddepeHnipyeMble Ha OZHOM M TOM K€ MHOXe-
cTBe QYHKIMM M CyIeCTBYeT IepBooOpasHass Ansa GyHKIUA uv',
TO CYILeCTBYeT U IlepBo0OOpasHas Aui GyHKIHUH vu', IpUYeM CIIpa-
BeZMBa GpopMysia MHTETPUPOBAHUS IO YaCTAM:

[uGov edx = uGve) - [veu @ dx,
WIU B KpaTKoi popme
Iudv = uy - jvdu.

B xauecTBe u 06BIYHO BeIOHpaeTcsa GpyHKIIMSA, KOTOpas yIpouia-
etca auddepeHIpOBaHNEM, B KauecTBe dV — OCTaBIIAsACA YacThb
MIOABIHTErPAJIbHOTO BBIPAXKEHMA, cofeprkamas dx, U3 KOTOpOu
MOXXHO OIIpeZIeIUTD V IIyTeM UHTEIPUPOBAHUA.

JlaHHBIN METOZ UCIIONB3YIOT B TEX CIydasX, KOIrZia MHTerpaJl B Ipa-
BOM yacTtu GOpMysbl BEIUMCIAETCSA Ipolle MCXOAHOIO MHTerpaia
(B neBoit yactu). Kak npaBuio, popmysna IpuMeHsSeTCA B CUTyally-
X, KOTZIa TIOABIHTErpaIbHAsA QYHKIUA IIpeCTaBiAeT cob0i Ipous-
BeZleHUE «Pa3HOPOAHBIX» (QYHKIUM, HAlpUMep aarebpandecKou
Y TPaHCIeH/IeHTHOU. B 11e10M MHTerpupoBaHue 10 YacTAM MMeeT
6osiee orpaHUYEHHYI0 00JaCTh MPUMEHEHUs, YeM 3aMeHa Iepe-
MEHHOM, HO eCTb IieJIble KJIaCcChl MHTErpajjoB, HallpuMep:

Ix”eadx, _fx”sin axdx, Ix”cos axdx,
Ix”lnmxdx naeR,n#-1,meN),
Isin(lnx)dx, Icos(lnx)dx,
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a TaKxe
I e cos bxdx, I e™sin bxdx, J.P(x) e™dx, IP(x) sin axdx,
J.P(x)cos axdx (a, b € R), IP(x)lnxdx, _[P(x)arcsinxdx,

IP (x)arccos xdx, IP (x)arctgxdx, IP (x)arcctgxdx,

rae P(x) — mesblii anre6pandyecKuii MHOTOWIEH OTHOCUTEBHO X:
PG) =ax"+ a, X" '+ ..+ ax+ay(aq R, a,#0),

KOTOpPBI€ BBIYUCJIAIOTCA UMEHHO C IIOMOIIBI0 MHTETPUPOBaHUsA 110
YacTAM.
[Ipu sTOM B UHTerpassax

j P(x)e%dx, IP(x)sin axdx, IP(x)cos axdx,

3a u ciexyeT NpUHATH P(x), a 3a dv — COOTBETCTBEHHO BBIPAXKEHUS
e®dx, sin axdx, cos axdx; a B MHTerpajaax Buzaa

J.P(x)lnxdx, IP(x)arcsinxdx, IP(x)arccosxdx,

I P(x)arctgxdx, I P(x)arcctgxdx

3a U MPUHUMAIOTCS COOTBETCTBEHHO QYHKIMHU InX, arcsinx, arccosx,
arctgx, arcctgx, a 3a dv — BeIpaxkeHue P(x)dx.

B HEKOTOPBIX CAy4asax JJIs IOMydYeHUs pe3yJbTaTa MPUXOJUTCS
HECKOJIbKO pa3 MHTEIPUPOBATh I10 YaCTSIM, IIOCTEIIEHHO YIIpOIIast
3aza4y. VIHOr/la Ha KaKOM-TO 3Talle OOHApY>KUBAETCS, YTO HUCXOJ-
HBIN WHTErpaJl BRIpA)KAeTCs Yepe3 HEKOTOPhie PYHKITMU U cebst ca-
MOT0, TOT/Ia €T'0 BHIYMC/IAIOT, BRIpaXkas U3 IaAHHOTO paBeHCTBa (pac-
cMaTpuBasi PaBEHCTBO KaK ypaBHEHME OTHOCUTEIHHO HCKOMOIO
UHTerpaa).

[ToBTOpHOE MpUMeHEHUE MTPaBWIa UHTEIPUPOBAHUA TI0 YACTIM
TIPUBOJUT K TaK Ha3bIBAEMOM 00001eHHOTL hopMYyTie UHMe2PUPOBAHUS
no uacmsm. Ilycts QyHKITMY U ¥ V UMEIOT B paCCMaTpPUBAEMOM IIPO-
MEXXyTKe HellpephIBHBIE IIPOU3BOAHbBIE BCEX MOPAAKOB 210 (n + 1)-ro
BKJIIOUUTENbHO: U, V', u", V", ..., ut* D yr+1),

Toraa nmeet Mecto hopMyia

Iuv("+1)dx =W _yy@-D 4 -2
+ (_1)nu(n)v + (—1)"+1ju(n+1)vdx.

Ocob6eHHO BBHITOZHO TOJb30BAThCS ITOM GOPMYJIOH, Korja Of-
HUM U3 COMHOXXKUTEEHA B MOABIHTETPATbHON QYHKIIUM CIY>KUT aJl-
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re6paudecKuii MHOTOWIEH n-ii cTeneny. Torma mpoussoanas u® ™D
TOXKJECTBEHHO paBHA HYJIIO U JJI1 UHTETPaia B JIEBOU YaCTH IOJy-
JaeTcsl OKOHYATeNbHOEe BEIPAKEHHE.

C IOMOIIBI0 MHTErPUPOBAHUS 10 YaCTSAM MHOT/A YAeTCs BhIBe-
CTH PeKyppeHTHYI0 GOpMysIy MOHIDKEHUS JJIS OTAeIbHBIX TUIIOB
HMHTETpaJioB, Coep)KallliX HATypaJbHBIN MapaMeTp N, MO3BOJISAIO-
IIyI0 CBECTU BHIYUCJIEHUE JAHHOTO UHTErpajia K BHIYUCIEHUIO UH-
Terpajia TaKoro e THIIa, HO C MeHBIINM 3HayeHneM n. Hanpumep,

dx
s uHterpana I, = | ——— (n € N) nosyueHa ¢popmyna noHu-
pana I, I(x2+a2)" ydeHa popmy.
JCEeHUS CTEIIEHU
X 1 2n-3

I = += 1.
" 2a*(n-1)(*+a®)"! a?2n-2 "

1 b'e
3Haa uHTerpasl [; = —arctg—, 3a KOHEYHOE YUCJIO 1IaroB IIPUXO-
a a

UM K uHTerpany I, (cm. mogpobHee maparpad 3.6). ObpaTumcs

K IpUMepPaM.

IIpumep 2.5. Haiitu Ix31nxdx.
Peuwenue. Tak xak aguddepeHupoBanue lnx NpuBOJUT K yIIPO-

dx 1
MIEHUIO, MTOJIOXUM u = Inx, dv = x3dx. Torma du = —, v = =x*

b 4
U, UHTErpUpy4 110 YacTAM, HaXOJUM

jx3 1nxdx=1x4 lnx—ljx3dx= lx4 lnx—ix4 +C (x>0).
4 4 4 16

IIpumep 2.6. Haiitu Ixz sinxdx.
Pewenue. Umeem

fxzd(— cosx)=-x2cosx— _[(— cosx)d(x?) =
=—x2 cosx+2jxcosxdx =—x?cosx+2(x sinx—Jsinxdx) =

=—-x%cosx +2(xsinx +cosx)+C.

B o611eii CI0XKHOCTU 37IeCh MTPABWIO MHTErPUPOBAHUA IO 4Yac-
TAM IIPUIILIOCh TPUMEHUTD ABAKIBI.

IIpumep 2.7. Hatitu j e®sinbxdx (a # 0).
Pewenue. VIHTerpaisl Bua J'ea"sin bxdx, Ieaxcos bxdx BbIUUCIA-
I0TCA BYKpPaTHBIM UHTETPUPOBAHUEM I10 YaCTAM. B pesysnbrare 1mo-
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JlydaeTcsi ypaBHEHHE OTHOCHUTENIbHO HEW3BECTHOTO HHTerpaja.
B gaHHOM ciy4yae HOJOXKUM u = sinbx, dv = e®™dx. Toraa du =

1
= bcosbxdx,v = —e™ u UMeeM
a

) 1 ) b
Ie“sm bxdx = —e®sinbx — — j e™cos bxdx.
a a

Ele pa3 mpouHTErprupyeM II0 YacTsIM 06pa30BaBIIMICA CIIpaBa

WHTETpaJl, MOJOXKUB B HEM U = cosbx, dv = e®™dx. Torga du =

= —bsinbxdx, v = lea" Y TIPUJEM K PE3YIIBTATY
a

j e™sin bxdx = 1e"xsin bx - 9(1 e™cosbx + éje""sin bxde =
a ala a

a a

2
= 1ea"[sinbx— écos bx] - b—zjeaxsinbxdx.
a

O603HaYMM Telnepb UCXOAHBIM MHTerpasn yepes I. Torza nmeem
ypaBHEHUE OTHOCUTEJBHO I:

1 ) b 2
I= —e"’{smbx— —cosbe - b—I,

a a a?
OTKYyZla BBIpaXKaeM

a+b%, 1 [
s

— ax
2 e

inbx — écos bx},
a a

a
1

a? + b?
OKOHYaTe/ILHO UMeeM

T.e.l =

e™ (asin bx — bcos bx] .

jea"sinbxdx = - ! 2e""(asinbx— bcosbx] + C.
a‘+b

ITpumep 2.8. Haittu jarcsinxdx.

Peutenue. Tlonaras u = arcsinx, dv = dx (|x| < 1), onpegensgem

1
du= — dx, v = x. CirefoBaTeIbHO,
1-x

) ) 1
jarcsmxdx = xarcmnx—_[x—dx =
1-x
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_1
=xarcsinx+1'|.(1—x2) 2d(1-xH=

2
—xarcsmx+£ %+C=xarcsinx+\/1—x2 +C.

IIpumep 2.9. Haiitu szarccosxdx.
Pewenrue. ITOM0XKUM U = arccosx, x2dx = dv. Torga

3

x> x
x? arccos xdx = | arccos xd| — —arccosx +—
J. I ( 3 ] 3 J V1-x°

O6pa3oBaBIIMICA B IMPABOM YaCTU HHTErPAJI elle pa3 IPOUH-

9 —xdx
TErPHUPYEM II0 YacCTAM, ITOJIOXKUB Ha 3TOT pa3 U = x°, dv= :
1-x
(|x| < 1):
3
%arccosx—%szd(\/l—x2)=
3 2
=x?arccosx—x?\/1—x2 +%J\/1—x2d(x2)=
3 2
=x?arccosx—x?\/1—x2 —%\/(l—xz)3 +C.
t
IMpumep 2.10. Havitu I are gx dx.
dx 1
Pewenue. [lonoxum u = arctgx, — = dv. Torga u’ = 3 R
b x“+1
1
ox?
arctg x 1 1 1 dx
dx = |arctgxd| —— |=arctgx:| — |- || —— | ——=
J‘x I g(ij g{2xzjj[2x)x+1
=—L2arctgx+—_[ 5 df =— 12arctgx+—j%dx=
2x 27 x*(x* +1) 2x 27 x*(x*+1)

= Larctgxro| [Ho [
2x* & 2(4x* Yx*+1

——Larct x+1 —l—arct x +C——larct X l+1 —i+C
2 TOBX T T 8 9 T8 2 2x
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IMpumep 2.11. Hatitu J\/az —x2dx (a > 0).

Pewenue. TTonoxum u=+/a® —x*, dv = dx, otkyza du=—

5
Ja* -x*
v = x. C1eaoBaTeJbHO,

J-de=xm—J‘ —x_dx \/7 J-a -x*-a d =

. X
= xJa® — x —J\/a —x2dx +a*arcsin=.
a
BrIpaXkas U3 IIOTy4eHHOTO PaBEeHCTBA MCKOMBI MHTerpas, Ha-

XOAM OKOHYAaTEJbHO

2
x a . X
j\/az —xzdx=§\/a2 —x? +?arcsm—+C.
a

IIpumep 2.12. Haiitu I\/xz +kdx (k #0).
Pewenue. TonoxuM u=+x>+k, dv = dx. Toraa

[= 2 edoe = 1 x> +k- k dx =
[N ke =i+ k- [ _x k- [
=x\/x2+k+k1n‘x+\/x +k‘+I.

OTcroza HaXoAMM OKOHYATENIbHO, BhIpakasi I:

J.\/x2 +kdx=§\/x2 +k +§ln‘x+\/x2 +k|+C.

Ecnu nopbHTErpasbHasA QYHKIUA COAEPXKUT TPAHCLIEHJEHTHYIO
byHKIMIO (JToraprudMUYECKyo, IOKa3aTeabHyI0, 00paTHYIO TPUTO-
HOMETPUYECKYI0, TUIEPOOTUYECKY O U IIP.) CIOXKHOTO apryMeHTa
¢(x), TO 9acTo AJiA yIpOIIeHUs MOABIHTErPAJbHOTO BHIPpAKEHUS
OBIBaET MOJIE3HO CZIeIaTh 3aMeHY, IPUHSAB 3TOT apTYMEHT 32 HOBYIO
IepeMeHHYI0 UHTETPUPOBaHUS.

ITpumep 2.13. Hatitu J.arcsinidx.

Jx
1 1
Pewernue. Tlonoxxum t=T 0O<t< 1), Torma x = — U dx =
X t
2dt arcsint
=-— [Toryyaem mHTerpasn —ZJ' 3 dt. VIuTerpupys IO 4ac-
t
: dt 3 1
TSAM, IPUHAB U = arcsint, du=——, dv = t°dt,v = ——> IMeeM
1-¢t* 2t
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arcsint
) J‘ .

) 1 arcsint dt
dt= jarcsm td = |= - J‘ =
t t2

t t* h-2
1

dl =

arcsint 1 [tz j arcsint |1

= 3 + — J = 2 + - 1+ C.
t 2 1 t t

o1

Takum o6pazom,

1 1
arcsin —dx = x arcsin——++/x—-1+C.
Jx Jx

IIpumep 2.14. Haiitu Ie‘mdx :

Pewenue. Tonoxkum t=—3/x+1, Torna x = -1 — £3, dx = -3t3dt
3
" je Yl — _3 J. e't?dt. VIHTeTpupys 10 4acTAM, OIydaeM

—3(elt? - 2jtetdt) = 3(elt® - 2te! + 2¢) + C =
= —3t%" + 6tet — 6t + C,

roe t=—-3x+1.

IMpumep 2.15. Haiitu Icos(lnx)dx.
Pewenue. TTonoxum t = Inx, Torga x = ef, dx = e'dt u unaTerpan

IPUHUMAET BUJ] _‘-etcos tdt. [IpOMHTErpUPYEM €ro IO YaCTAM:
I= _fetd(sin t) = elsint — Ietsin tdt = e'sint + _[e‘d(cos t) =
= e'sint + (e‘cost — Ietcos tdt) = e'(sint + cost) —I.
BeIpaXkas 13 IIOJy4EHHOI'O paBEHCTBa I ¥ IPUNKCHIBAsA KOHCTaH-
Ty C, OKOHYaTeJIbHO HaXOAUM

1
I= iet(sint + cost) + C = Jé(sin(lnx) + cos(Inx)) + C.

MO>KHO OBLIO BEIYMCIUTE 3TOT MHTErPaJl, U He Ipuberasi K mpe/-
BapUTEIbHOW 3aMeHe IepeMEHHOM, a cpa3y HEITOCPeACTBEHHO HH-
Terpupys o yactam. Tak, momoxum u = cos(Inx), dv = dx, Toraa

I= jcos(lnx)dx = x-cos(lnx) — J'x-(—sin(lnx) . 1]dx =
a

= x-cos(lnx) + Isin(lnx)dx.
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Eme pa3 npouHTerpupyem MoJIyquBIINKCA UHTErPaJI 110 YaCTAM:

I

= x-cos(Ilnx) + x-sin(Inx) - _[x- cos(Inx) - 1dx =
a

= x- (cos(Inx) + sin(Inx)) -1,

OTKyZad HaXOAHUM

ITpumep 2.16. Ham‘nj

I= g(sin(lnx) + cos(Inx)) + C.

sin x

Pewtenue. [lonarasg v MHTErpUpy 10 YaCTAM, IIOTYIUM

J- xdx Iy — cosxdx
5 = —XCtgx + Ictgx = —Xxctgx + j - =
sin“x sinx
d(si
= —xctgx + j (Si:;) = —xctgx + In|sinx| + C (x # nn, n € Z).

3apauu ana CamoCcToATeNIbHOrO pelueHunA

Hatitu HeOHpe,Z[eJIeHHI:Ie HWHTET'paJIbl:

21j

-2x + 2

dx. 2.2. [23 ldx. 23[3 -

2.4. Ixe dx. 2.5. jxcosxdx. 2.6. szexdx.

2.7. |

2.10.
2.13.

2.16.

2.18. _'

2.19.

|t] < —.
2

\/dec7. 2.8. Ictgzxdx. 2.9._[(2x+ || )dx.

1
J-x/¥+lnxdx 911, J~ 3x+1dx 01, J_
[xsin(1 -2®dx. 2.14. [sin3(2x)dx. 2.15. J‘E
1
_ ﬁdx 2.17. j\/%

(5x — 2)’dx. YkazaHue: cienaTsb MOJCTAHOBKY t = 5x — 2.

J\/ 4 —-x*dx. YkazaHue: czenaTh MOACTAHOBKY X = 2sint,
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dx
2.20. | ———. Yka3aHue: czenaTh MOACTAHOBKY t =+/2x+1.
J xv/2x+1 w
2.21. | xe*dx.

2.22. |x*In?xdx. Ykasarue: ABaXAbI IPOMHTEIPUPOBATS IO Yac-
TAM.

2.23. ..excosxdx. 2.24. [\233xdx. 2.25. j 2’3 + )3dx.

. 5 3
2.26. [(25+3-5%1)dx. 2.27. | X2AXTH 34
* x2+1

2.28. [(x + [x])%dx. 2.29. [xf"()dx. 2.30. [f'(2x)dx.

2.3

iy

1 0
[ eem s ={ 1 5% 50



naBa3
WHTETPUPOBAHUE
PALIMOHANBHBIX OYHKLIUN

OcTtaHoBuMCcs TogpoOHee HA HEKOTOPHIX U3 Haubosiee M3ydeH-
HBIX KJIACCOB UHTErPUPYeMBIX QYHKIIUM U CYIIEeCTBYIOIMIUX METOAaxX
WX UHTerpupoBaHus. B fJaHHOM naparpade peub moizieT 06 MHTer-
pUpOBaHUM ajrebpanyecKnX palOHAJbHBIX QYHKIWN. BHavase
PacCMOTPUM HEKOTOpPBIE M3 Haubojiee 4acTO BCTPEYAIOIUXCS TH-
IIOB MHTErPAJIOB OT PallOHAJbHBIX QYHKIWH U y)Ke 3aTeM — 00-
MU TOAXO0Z K UHTETPUPOBAHUIO TAKUX APOOE.

+ b
3.1. UuTerpanbl Bunajax+ ddx (ac#Z0,cx+d#0)

VIHTerpas ot ApoOHO-TUHENHOM PYHKITUN JIETKO CBOAUTCA K CyM-
Me ZIBYX TaOJIMYHBIX MHTErPajIOB BhIIEJIEHUEM B MOABIHTETPATbHOM
pobu palMoHAIbHOU YaCTH:

ad
—(c;x+d)+b——

J'Gx+bdx_ C dx—— b—ﬂ J- dx _
cx+d cox+d c c cx+d
a bc—ad ¢ dx a bc-ad d
=—X+—7 _[ g Xt— In{x+—|+C.

c C v+l < C c

c
. +1
IIpumep 3.1. Haitu j 5
Pewenue. BeryucisieM:
2 7
=(3x-2)+= 3
J‘2X+1dx=J'3 3dx=gJ’dx+ZJ'd(3x 2)=
3x-2 3x-2 3 97 3x-2

=2x+zln\3x—2|+C (x;é%).
3 9 3
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dx
3.2. UnTerpanbi Buna_f e+ (a#0)
ax? + bx + ¢

BrigesieHrEeM IOJTHOTO KBaZpaTa B KBaZI[paTHOM TPEXWICHE HH-

TErpajibl IAHHOI'O BHJA IIPUBOAATCA K OAHOMY M3 IBYX THUIIOB Tab-
JIMYHBIX UHTETr'PpaJIOB:

dt 1 t dt 1 t-A
_[ = —arctg— + C wiu J. = —In + C.
t2+A2 A A t2 24 |[t+A
dx
IIpumep 3.2. Hanitu .
prMep Ix2 + 4x + 13
Pewenue.
_[ 3 dx =_[ dx —larctgi+c
x“+4x+13 (x+2) +9 3 3
dx
I[Ipumep 3.3. Havitt | ——.
prvep J.x2—6x—16
Pewenue.
B 1) O Y .« S
x“-6x-16 ‘(x-3) 25 10 [(x—-3)+5 10 [x+2
dx
3.3. UuTerpanbi BUpa j (a #Db)

(c+ a)(x + b)

Hapsiay co crioco6om, 13/10:KeHHBIM BhIIIE B maparpade 3.2, aus
BBIYMCJIEHUS] UHTETPAIOB JAHHOTO BHZA MOXXHO BOCIIOJIb30BaThCs

CJIEIYIONIUM OYEBUAHBIM TOXAECTBOM: a — b = (x + a) — (x + b),
TOrZla UMeeM

,[ dx _ 1 J-(x+a)—(x+b)dx=
(x+a)(x+b) a-b" (x+a)(x+b)
_ 1 (J-dx _J'dx )= 1 lnx+b+C.
a-b\'x+b ‘x+a a-b |x+a

IMIpumep 3.4. Havitu _[

dx
2o (a #=0).

Pewerue. BriuuciasieM:
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R
x*—-a® ‘x+a)(x-a) 2a? (x+a)(x—a)

1 dx_ dx =i
_ﬂox—a J.x+a] 2aln

dx
IMIpumep 3.5. Haittu Im
x —_

dx 1 ' (x+a)—(x—a)dx_

X—a
xX+a

+C (x #+a).

PeuwierHue. BerauciasaeM:

1 1 __(x+2)—(x—1)_1( 11 )

Crx—2 -Dx+2)  3x-D(x+2) 3

CJI€eJOBaTEJIbHO,

[ —1U dx [ dx }=%ln|x—1\—%ln\x+2\+c=

*+x-2 3ldx-1 Ix+2
LY ee—21).
3 |x+2
dx
3.4. Unterpannl Buna_[ — - (@a#b;m,neN)
(x+ a)™(x+ b)
VIHTerpaibl yKa3aHHOTO BUJa 6epyTcs B TOM YHCJIE ITOACTAaHOB-
. xX+a b-a
KO t = . Torma dt = 5dx,
x+b (x + b)
1 1 (c+b)-(x+a)_ 1 .(1_x+a] _1-t
x+b b-a x+b b-a x+b b-a
Takum o6pazom,
dx 1 1 b-a _
m n_ _ ’ m ’ 2 -
(x+a)"(x+b)" b-a (x+a] et hyrme? (x+b)
xX+b
n+m-2
= 1n+m—1 ’ (1 t) dt'
(b-a) t"
CiengoBaTebHO,
dx 1 (1_t)n+m—2
= dt. 3.1
J-(x+a)"’(x+b)" (b—a)’”""lj‘ t™ (3.1)
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HPI/I m=n=2 HWHTErpaJI BBIYUCIAECTCA IIPYU IIOMOIITU TOXAECTBA

15((x+a)—(x—b)}2
a->b
HNmeeMm
1 _(_x+a)-(x+b) Y _
(x+a)(x+b)* |(a-b)(x+a)(x+Db)

_ 1 { 12 1 1), 1 ]
(a-b)?| (x+b)? (a-b)\ x+b x+a) (x+a)]|
Torpa

dx 1 1 2 x+b 1
R S U S|
(x+a)*(x+b) (a-b) x+b a-b |x+a| x+a
a+b+2x 2 x+a

+C (x#-a,x #-b).

+ n
(a-bY(x+a)(x+b) (a-b)* |x+b

dx
Oc—2)20¢ + 3)%

IMIpumep 3.6. Haittu _[

Pewenue. Ilomoxum t = u, mpumenss popmyiny (3.1), rae

x+3
=-2,b=3,m = 2,n = 3, mosy4um

Jog e [ S = (13t e
(x=2)*(x+3) 625 625 t

2
=L(—1—31n|t|+3t—t—] +C,
: 2

(x#z2,x#-3).

x_
rmet =
X +

dx
Oc + 2)%(x-3)%

IMpumep 3.7. Haittu _[
PeuweHue. BeiuuciasieM:

R S O N S}
(x+22%(x—3)>* (5(3(—3 x+2n Bl
lpd 1o i 20 &

5037 250 (x 12 259 (x-3)(x+2)
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S S N N U
25(x—-3) 25(x+2) 125\ x-3 x+2
-t 1t 2 ln\x—3|+iln\x+2\+c

25(x—3) 25(x+2) 125 125

(x#-2;3).

Ax + B
3.5. UuTerpanol Bunaj et dx (a # 0)
ax? X + C

otu HWHTETpaJibl BBIYUCIIAIOTCA BEIACJICHUEM B YN CIIUTEIIC I[pO6I/I

BEIpa)KeHUSA, PAaBHOT'O IIPOU3BOAHON 3HaMeHaTeJIs pOoou:

—(2ax+b)+ B—A—b
Ax+B 2a 2a
[ dx=] dx =
ax? +bx+c ax®+bx+c

d(ax? +bx+c)+(B Ab)J' dx

" 2a? ax?+bx+c 2a ax® +bx+c
2
_A d(ax® +bx+¢) [B_A_bj I

2a’ ax®+bx+c 2a

rae uHTerpan I = BBIYHCJ/IIETCA CIIOCOOOM, PacCMOT-

J' dx
a® +bx+c

PeHHBIM B nmaparpade 3.2.

x+ 2
+2x+5
Pewenue. Tak xkak (02 + 2x + 5)' = 2(x + 1), umeem

ITpumep 3.8. Hatitu j 2

x+2 x+2 (x+1)+1
Iz—dx=J—2 PRI
X“+2x+5 (x+1)°+4 (x+1) +4
_J‘ x+1 +J‘ dx _1J‘d(X2+2x+5) J' x+1
(x+1)*+4 (x+1D*+4 27 x*+2x+5 (x+1)? +22

=11n‘x2 +2x+5|+1arctgx—+1+C.
2 2 2

x+ 2
2x -3

IMIpumep 3.9. HaHTHj o
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PeuwieHue. BeruucisgeM:

J' xX+2 dX=J (x+1)+1 dX=J‘ x+1 dx+J dx _

x*+2x-3 (x+1*-4 (x+1)?*-4 (x+1)>-4

=1jd(x2+2x_3)+J d(x+1) =lln‘x2+2x—3‘+lln—x—+1+C.
29 x*+2x-3 (x+1)*-4 2 4 |x+3

dx

Oc® + bx + )"
(n e N,n >2;b%-4ac <0)

3.6. UHTerpanpl BUAA j

b)? b2
BrigesneHureM IIOJIHOT'O KBa,/:[paTax2 +bx +c= (x + —] +c- Z

Y 3aMeHOM 2 = X + 5 HWHTErpaJ IpUBOAUTCA K BUAY

dz
I=|————.
I(az + ZZ)n

,Z[JIH BBIYHMCJIEHUA IIOCJTIEAHETO MHTErpajia UCII0JIb3YEeTCA II0ACTa-
HOBKa 2 = a-tgu WIK BBIBOAUTCSA PEKYPPEHTHOE COOTHOIIEHMUE,
IIO3BOJIAOIIEE IIOHU3WUTDh CTCIICHb N B 3HAMEHATE/IE HHTCIPpHUPOBA-

HHEM I10 YacTsIM. JIefiCTBUTENbHO, TIpeACTaBIIsis I, B BUge KOMOUHa-

22dz

(@ + 29"
TerpUpOBaHUEM IIO YaCTAM, HOMYIUM

B dz 1 ¢@+2)-2>, 1 1 2dz
Lol e @y T T

RR%0% In—l n I Y BBIYHCIIAA HOCJICI[HI/II‘/JI ¥3 MHTETrpajiOB NH-

= P4
(a2+ZZ)n a2 a2 (a2+22)n
1 1 1 1
=—1 .——|zd : =
a " azJ (Z(I—n) (a2+22)”‘1)
1 Z 1 dz
==Lt 2, 2y-1 2,[ 2, 21
a 2a°(n-1)(a” +2°) 2(n—-Da” 7 (a” +2°)
Z 2n—-3

= 2 2 2yn-1 + 2 n-1° (3.2)
2a*(n-1D(a” +z°)" 2a“(n-1)

3Hasa uHTerpan I, = 1arctgE + C, o ¢opmyse (3.2) npun = 2
a a
IoJiy4aeM
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_ b4 4 1
2a%(a® + )1 24?
2

1 Z
= @D + 773 arctga + C. (3.3)

[Tonaras n = 3 B popmyine (3.2), moayyaem
Z 3

+
4a%(a® + 22)?  4a

Z 3z 3 Z
= + + arctg— + C (3.4)
4a2(@® + 2%  8a*(d® + ¥ 8@’ ga

I3=

;L=

U T. A. Takum 06pa3oM MOXKHO BBIYUCIUTE UHTErpat I, Aj1s1 1060ro
HaTypaJbHOIO N.

IMpumep 3.10. Haiitu j+—2)2
(a® + x

Pewerue. BriunciasgseM:

J dc 1 (a2+x2)—x2dx_ 1J dx 1,[ xdx

(a2 +x2)2 a2 (aZ +x2)m a2

=iarct Xy 1 jxd 1 =
a ga 2a? x*+d

—larct E+1 x- 1 —I dx \_
a’ ga 2a® x’+a® Y x?+d?

—larct £+ 1 X- 1 —larct X +C=
a ga 2a® x>+a*> a ga
—Larctg +;+C.
2a a 2a*(x*+ad*)

Mo:kHO OBUIO POCTO BOCHOJb30BaThes dpopmysnoi (3.3). Hako-
Hell, MOXHO OBLIIO BOCITO/Ib30BaThCSA TPUTOHOMETPHUYECKOM TTO/CTA-

adt
HOBKOH x = atgt, Tae t € (—E; EJ. Torga dx = —-, x* + a® =
2 2 cos“t
_< 1 TIO3TOMY
cos?t
dx 1 1+cos2t
Jﬁ=—3jcos2 tdt =— _[( )d (t+smtcost)+C
(x*+a*) a 243
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Ocrasnochk czenaTb 06paTHYIO HO,Z[CTaHOBKyt

a X

( )2 N

1 _a

x
cost=cos| arctg = | = = )
( gaj \/1+(sz I +ad?

X
t= arctg— sint = sm(arctg )
a \/

a

[ToaTOMy MCKOMBIN HHTETPAJl paBeH

1
—arctg + 5 + C.

2a° a 2223 + @
dx
(1 +xH3
Pewenue. Bocrionbayemest popmysioii (3.3) mpua = 1:

Tpumep 3.11. Haittu |

dx x 3x 3
J. 53 = s T 5. + —arctgx + C.
(1 + x9) 4(1 + x°) 8(1+x%) 8

Ax + B

Oc® + bx + )"
(n e N,n>2;b*-4ac < 0)

3.7. UnTerpanpl BUAa I

Ax + B
[l BEIYHCIEHUS UHTETPAJIOB BI/I,ZI;aJ. dx (kBazpart-

O + bx + c)"
HOe BBIpa’KE€HHE B 3HaMeHaTeJsle IpOOM He MMEET JeHCTBUTENTbHBIX
KOpHEH) IIpeJCTaBUM JHUHEHHYI0 (PYHKIUIO B YKCIUTENIE B BHUE
KOMOMHAITUY TIPOU3BOHON KBaZIpaTHOTO TpeXWwieHa ¥ HEKOTOPOM
KOHCTAHTHI, T. €.

Ab
| Ax+B =Jz(2 +oI+B- _
(x> +bx+o)" (xc? +bx+0o)"
__J-d(x +bx+c¢) [B_A_bjj- dx _
(x +bx+o)" (xc* +bx +¢)"

=A 1 : +[B-221
2 1-n (x +bx+o)" 2
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dx
2+ bx + )"
BEIUMC/IeHHe UHTerpaa J, paccMaTpUBaIoCh BHINIE B IIaparpa-
de 3.6.

rae J, = I

3x+1
o2 + x + 1)?

IIpumep 3.12. HaI/ITI/IJ.

Peuwernue. BerauciasseM:
3 1
J Sx+1 XU
(* +x+1)° (* +x+1)?
J-d(x +x+1) 1J- dx _
> +x+1)? 27 (P +x+1)°
d x+1
_ 3 1 2)

C2(x% +x+1) 2( 1% 3Y
X+ | +—

3 3 3 2x+1 1 _arct 2x+1
2*+x+1) (3 1V 3 .3
6| —+|x+ - 4 2
4 ( 2) (4]2

3.8. MeTtop anre6panyeckux npeobpasoBaHmi

+C.

Tak kak QyHAaMeHTaNIbHBIN ITOAX0A, OCHOBAHHBIM Ha pasjoxe-
HUM PaITMOHAIBHOM pobu Ha MpocTekinive Apobu (KOTOpEIi OyzeT
M3JI0KeH HIbke B naparpade 3.9), yacto TpebyeT IpOMO3AKUX BbI-
KJIQJIOK, TO IIPYU BEIYMCJIEHUH UHTETPAJIOB OT PAIIMOHATIBHBIX QYHKIIMI
1pu Jit060M BO3MOXKHOCTHU II0JIE3HO MCIIOJIB30BaTh aJbTEPHATHUB-
Hble TIOAXOZABI B BH/le PA3JUYHBIX YIIPOLAIOIINX airebpandecKux
mpeo6pa3oBaHMi, BCIIOMOTraTeNbHBIX 3aMeH ITepeMEHHBIX — BCETO
TOT'0, YTO TaK WIM MHAYe YIPOIIaeT BEIYUC/IeHNEe NHTerpaioB. Pac-
CMOTPUM IIPUMeEPHI TaKHUX MpeoOpa3oBaHUM, B KOTOPHIX paIlHoO-
Ha/IbHbIE BBIPQYKEHUs MHTETrPUPYIOTCS HEITOCPEJCTBEHHBIM CBeJe-
HUEM K TAOJUYHBIM HHTErpajiaM, 4acTO ITyTEM HCIIOJb30BAHUS
Pa3IMYHBIX UCKYCCTBEHHBIX NMPUEMOB M WHOTZA BBEJEHUS HOBBIX
ITIepeMEeHHBIX.
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IIpumep 3.13. Haiitu jx(l - 20%dx.
Peuwernue. BerauciasieM:

o o Y 07— L T 938 4y 2 L (1 9y 137 e —
j( 5 (1 2x)+2j(1 2x)%7 dx zja 2x) dx+2j(1 2x)% dx

1 3 1 3 —
=Zj(1—2x) 8d(1—2x)—zj(1—2x) 7d(1-2x) =

L(I—Zx)” _1

= (1-2x)* +C.
156 152

IIpumep 3.14. Haiitu Ix3(1 — 5x?)1%x.
1-t¢t
Pewenue. CaenaeM 3aMeHy t = 1 — 5x%, oTkyza x> = —~

1
2xdx = - s dt, u B pe3y/bTaTe IPUXOAUM K UHTErpary

| -ty f_di)_ L tlldt—ijtl"dt:
5 10 50 50

12 11 2312  E2311
_t —t—+C=(1 5x*) _(1 5x*) N
600 550 600 550

IMpumep 3.15. Haittu I xzi
o (x + 2)107

Peutenue. BEITOTHUM NOZCTAaHOBKY t = X + 2, KOTOpasi I03BOJISA-
€T CZieJIaTh TaK, YTOOHI CTelleHb CyMMBI OKa3ajiach He B 3HaMeHare-
Jie, a B YUCIUTeNIe IpoOU, UTO CyIeCTBEHHO yZo6Hee /s BEIYUCIe-
HUS JAaHHOTO MHTerpaja:

J(t 2)"dt =J~[t 4t+4]dt=J’(t_9s _4E% £ 467190) g =

C.

thO thO
-97 -98 -99
=L a4l _sc-
97 98 99
1 2 4
97(x+2)7  49(x+2)® 99(x+2)” ( )

dx
O+ 2)%(x-3)%"

IMpumep 3.16. Haittu _[

Pewerue. BeiuuciasieM:

[ & 2=IHL_LH dx =
(x+2)*(x-3) 5lx-3 x+2
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=LJ dx 1y dx 2 dx  _
257 (x-=3)* 257 (x+2)* 257 (x-3)(x+2)

_ 1 _ 1 _ 2J- 1 1 =
25(x-3) 25(x+2) 125{x-3 x+2
-1 1 2 g Lmxez+c
25(x—-3) 25(x+2) 125

(x#-2;3).

xdx
I[Ipumep 3.17. Haiitu
prMep I x*+ 22+ 5
Pewenue. [peob6pasys 3HaMeHaTeNb ApobH, momyauM x* + 2x2 +
+5 = (> + 1)?> + 4. BLIIOJHUM IIOACTAHOBKY t = X2 + 1, Torza

dt
xdx = —. OTcroga Ajid MHTerpajga HaXoauM
2

+1+C.

J- xdx _1J- dt

l ctg£+C—larctg
x*+2x*+5 2't%+4 4 2 4

IMIpumep 3.18. Haf/imj g
x J—

Pewenue. Tak Kak
1 _6¢+D-*-D_ 1 1
202 -1DOE+ 1) 202-1) 202+ 1)

xt-1
TO UMeeM j —11 x—_l—larctgx+C(x¢il).
x*=1 4 |x+1] 2
IMpumep 3.19. Haiitu _[ L
o ¥Che-1)°"
x—-1
Pewenue. I = j—e [Tonoxum t = ——, Torzla UMeeM
x9[x—1) X
X

7 _ 4
j(l t) dt J-l 7t +21t* - 35¢° +35t —21t° +7t° — dt=

=It_6_7j§+z1j—4—35j 35j 21j7+7jdt—jtdt=
2

Ly 7 7,3 3 o1 |t\+7t—%+c

5t 4t 2 2t* ¢t

(x#0;1).

x_
rmet =
X
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dx
IMpumep 3.20. Haittu I T

PeweHue. Beruncisaem:
S S 5 S S ] du__
x1-x*)? Ix*Q-x )2 37 x°1-x*)? u(l u)?

=1 L 1+L du= ljl du 5 _J. du=
31-ulu 1-u 3'(Q-u) u 1 u

3
+C_1.L+lln 51+C (x#0;1).

3 x°-1 3

1-x

1-u

dx
IIpumep 3.21. Havitu | ——.
PHMEP J P02-2)
Pewerue. BriunciasseMm:
J‘ dx _ 1J- dxz _ 1 _ '[ u—2-— u

o2 -2) 29 x(*-2) 2 u(u 2) 49 utu- 2)
1¢du 1 du 1 1. |lu-2
S L. N L, G
47u* 47u(u-2) 4u 8 u

2_
-1 Zn|X 2+C(x¢0;ix/§)-
4x b
2 +1
IIpumep 3.22. Hatitu dx
pep 3.2t 5.2

Pewernue. UMeem

[ a —f
)

TaKKaK(1+x2}dx d(x——jnxz+;—(x2 2+x12J +2

X

1 2
= ( - —J + 2, TO IPUXOAYM K UHTETrpaLy
X

d[x—lJ )
J-—xziarctgx—_l_kc
[x-5)r2 |
x—— | +2

X
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x?-1
G2+ x + 1)?
Pewenue. Cm. pemenuie mpumepa 1.5 u3 naparpada 1.2.

IMpumep 3.23. Haiitu I

x2+1

IIpumep 3.24. HaI/ITI/II y

+3x* + 1

Pewenue. Cm. pemenue mpumepa 1.6 us naparpada 1.2.
+1

IMpumep 3.25. Haiitu Ix 1 dx.

Peuwterue. BeiuuciasieM:

dx =

J-x +1 J-x +1-2x>

x° -1

_fx + X2 +1 31T

d x+l 1
x) 1. |x*-1 1 1 e -t
=J—2 ~In|—; +C=—lnf+—l |+
(x_'_lj 1 3 [x'+1 2 x4 3 Ix+1
x x
2 2
=11nx2—x+1+lln xz 1+C (x#£1).
2 | x"+x+1 x“+1

3.9. lpencraBneHue paynoHanbHoi apodbu
B Buie CyMMbl NpocTeMiLmnx apo6en ¢ ncnonb3oBaHnem
mMeTofia HeonpeaeneHHbIX K03$puLneHToB

Viiess UHTErPUPOBAHUA pallMOHAJIBHBIX ApOoOei IpH MOMOIIU
pa3IoyKeHU UX Ha IIPOCTeHIre Jpo6y IpUHAJIEKUT, KaK OTMeda-
Jioch BeIe, I Jletibuuiry (1702—1703). PaccMoTpuM 001uiz o -
X0/l K UHTETPUPOBaHUIO PAllMIOHAIBHBIX APOOEH, T. €. QYHKITUI BU-

P(x
Ja (% rae P(x) u Q(xx) — uenble aarebpanyecKyie MHOTOWIEHHI OT X.

OTOT moAxo/ 0OBIYHO IPUMEHSIOT B C/Iy4yae, Korja HeT 6ojee mpo-

CTBIX IIPUEMOB, [I03BOJIAIOIIVX BEIYUCIUTD UHTErPaJL.
VHTerpupoBaHue HeNnpaBWIbHOM pobu. Ecii creneHs MHO-

rowieHa P(x) 6osblie Wiy paBHa cTelleHu MHorowieHa Q(x) (MHBI-

P(x)
MU CJIOBaAMHU, ,Z[p06b —_— HeraBI/IJIbHaF[) , TO AC€JICHUEM MHOI'OWIE-
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Ha P(x) Ha MHorowieH Q(x) BHayasie BBIAENAIOT I[€yI0 YacTh —

P
MHOTOWIEH S(X), T. €. IPeACTaBJIAIOT APpoOb B BUJE (% =Sk +
X

R(x)
+ m, € CTE€IIEHb MHOI'OYIECHA R(x) MEHBbIIIEe CTEeIIeHHU MHOI'O-
X

wreHa Q(x). Takum o00Opa3oM, MHTErpHUpOBaHME APOOHO-pPAIHIO-
y P(x)

HaJIbHOU QYHKIIMH m B 00I1leM CTydae CBOAUTCSA K MHTETPUPOBa-
X

. . R(x)
HMIO MHOTOWIeHa S(Xx) ¥ mMpaBWIbBHOM paIlMOHAJIBLHOM Ipobu ——

Q)
VIHTerpupoBaHue NPaBWIbHOH APpo6U. PaccMOTpUM UHTETpU-
. P(x) .
pOBaHI/Ie HpaBI/IJIBHOI/I ,Z[pO6I/I m, B KOTOPOI/I CTEeIIeHb MHOrouie-
X

Ha P(x) meHbI1e cTenneHH MHOrowIieHa Q(x). OHO OCHOBaHO Ha IpeJ-

CTaBJIEHUH 3TOM ApOOU KOHEYHOU CyMMOM IIPOCTENIINX APOOET.

1. IlepBoe, YTO HEOOGXOANMO CeIaTh, 3TO BHIITUCATH PA3JIOXKEHUE
ZpobOU B CyMMY 3JIEMEHTapHBIX pobeii. By 3TOro pas3ioKeHUs 3a-
BHCHUT OT pa3jiokeHUA 3HaMmeHaTens1 Q(x) Ha MHOXuTenu. V3BecT-
HO, YTO aireOpanvecKuii MHOTOWIEH JIi000# CTeleHH pacKIaibiBa-
eTcsd Ha COMHOXUTENU JTUHENHOro (x — a) u (Win) KBaZApaTUYHOTO
Buza x> + bx + c. [Tpeamonoxum, 4To B pasnoxkeHnu Q(x) Ha MHO-
*KUTEJIN MTPUCYTCTBYET COMHOXXUTEb IMHEWHOT0 BU/A B N-1 CTETIEHU:
(c—a)" (a — pericTBUTENBHBIN KOPEHh MHOTOWIEHA KPaTHOCTH ). Tor-
Zia eMy OyzieT COOTBETCTBOBATh CyMMa POBHO N IMPOCTEHIINX Apobeii:

A A A A
o+
x—-a (x-a) x-a) c—a)™

3.5)

rae Ay, k = 1, 2, ..., n, — HEKOTOPbIe MIOCTOSTHHBIE. EC/I COMHOXU-
TeJiel IMHEeMHOTr0 TUIIA B pa3joXKeHNU MHOrowieHa Q(x) HeCKOJb-

KO, TO KaXX/JOMy M3 HUX COOTBETCTBYET aHaJIOrMYHas CyMMa.
KaxzjoMy COMHOXXUTENI0 KBaJpaTUYHOTO BHUZA B M- CTEleHU
(x2 + bx + ¢)™, re TpexwieH x? + bx + ¢ He UMeeT JeHCTBUTE/Ib-
HBIX KOPHEH, COOTBETCTBYIOT, B CBOIO OU€PE/Tb, M MPOCTEUIIHX APObeti:

M;x + N, 4 M>x + N,
X2 +bx+c (% +bx+0)?
Msx + N3 - M,x + N,
O2+bx+¢)®  E+bx+™
rae M;, N;,i = 1, 2, ..., m, — IOCTOSSHHEIE.

(3.6)
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P(x)
TakuM 00pa3oM BBIMMCHIBAETCA IIPEACTaBIeHHE Apoou ——

Q(x)

B BH/Ie KOHEYHONH CYMMBI 3JIeMEHTapHBIX Apobeil Buzaa (3.5)
u (3.6):

P(x)= 4 + A Ay Ay Mx+N, +

Q(x) x-a (x-a)® (x-a)’ (x—a)" x*+bx+c
];/sz+N22+ ¥3X+N33+...+ Az/[mx+N’" . @B7)
(x“+bx+c)* (x*+bx+c) (x*+bx+c)"

2. lanee memodom HeonpedesleHHbLX KO3PPUUUEHMO8 HAXOAATCA
nmocrostHHbIe A, M;, N;, ... (k=1,2,...,n;i=1,2,..,m; ...). [l1a
3TOrO BCe MpocTeimue Apobu B MpaBoi 4acTu paBeHcTBa (3.7)
IIPUBOAATCA K 00IeMy 3HaMeHaTelo (3TUM 3HaMeHaresieM OyZeT
MHorowieH Q(x), Kak u B ieBOM 4acTu). [Ipu 3TOM B YUCIUTEJIE TI0-
JIy4EHHOUW B pe3y/bTaTe ApoOU OKaXKeTCs HEKOTOPHIM MHOTOWIEH
T(x), y koToporo k03¢bUIMeHTH IPU Pa3JINYHBIX CTEIIEHSIX X 3aBU-

CAT OT HEU3BECTHHIX Ay, M;, N,, ... . [IOCKOJIbKY IBE palluOHAJIbHbBIE
Px) TX)

,Z[pO6I/I —— U —— C OIMUHAKOBBIMHU 3HAMEHATC/IIAMHU TOXAECCTBECH-
Q) QM)

HO paBHHI (T. €. paBHBI Cpa3y NpHU BCEX JOIMYCTUMBIX 3HAYEHUAX X)
TOIZ]a U TOJIbKO TOI/Z]a, KOTZIa PaBHBI UX YMCJINTENH, TO OCTAIOCh 3a-
[HcaTh YCJIOBHUE TOXAECTBEHHOI'O paBeHCTBa MHOTOWIEHOB P(x)
u T(x). B cBOlO ouepesb, IBA MHOTOWIEHA TOXKJECTBEHHO PaBHBI
TOTZIa ¥ TOJIBKO TOTZa, KOIZla PaBHBI UX CTENEHU U KOIPPUIINEHTHI
IPY OAVHAKOBBIX CTelleHAX X. [I[pupaBHUBasA 3T KO3)OUIIUEHTHI,
COCTABJIAIOT CUCTEMY airebpandecKux ypaBHEHUM, B KOTOPOH KO-
JINYECTBO HEU3BECTHBIX (HeoIpe/eNeHHBIX KO3PQOUIIMEHTOB) COB-
MaZlaeT C KOJIMYECTBOM YpaBHEHUM CHCTEeMBI. 3aTeM 3Ta CHCTeMa
pemaetcst (O0CTaTOYHO MOAOOPATh OAHO KaKoe-INOO pellleHue), U,
TaKUM 00pa3oM, HeoIpezeleHHbIe paHee KO3(UIIMEHTH OKa3bl-
BalOTCSI HaWi/IeHHBIMH.

3. [Nocne aToro HalZieHHbIe 3HAYeHUA KO3GUIIMEHTOB Ay, M;,
N;, ... IOACTaBIAIOTCA B pasyioxeHue (3.7), 1 UHTerpUupoBaHUe pa-

. P(x)
IIMOHAJIBHOM APOOM —— OKAa3bIBAETCS B Pe3yJIbTaTe CBEAEHO K MH-
X

TEIPUPOBAHUIO CyMMBI 3JIeMeHTapHBIX Apobeit (3.7). Ocramockh
paccMoTpeTh 3aBeplileHyre IPoLlelyphl UHTerPUPOBaHUS.
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ViTak, MHTErPHPOBaHWE TMPABWIbLHOM pallMOHAJBHOU ApOo6HU
CBO,Z[I/ITCH K MHTErpUPOBAHUIO Apobeii BuAa:
A Mx + N
)—B) n>2,neN);B) ———;
—-a Gc—a)™ x“+ bx + ¢
Mx+ N
O + bx + )™
BerumciieHre UHTETPAJIOB OT YKa3aHHBIX APOOel OCyIIeCTBIISET-
Cs1 CJTeZYIOIM 06pa3om:

(m=22,meN).

A)Iidx=A-ln|x—a| + GC;
x—a

A A 1
b dx = - . +C(Mm=22,neN);
)'[(X—a)” n-1 (x-a)*! ( €N)

B)

—(2 +b)+N—M7b

Mx+ N
[ —dx=]-2 dx =
X +bx+c x*+bx+c

__jd(x +bx +c) N—Mbj dx _
{ J(

x“+bx+c 2

(V- /2) -arctg 2
\Jc— b

+ bx + c He uMeeT JeNCTBUTENIbHBIX KOpDHEH, TO

=Mln‘x2 +bx+c‘+
2

(Tak Kak x>

2
-— >0).
4 Mx + N
I") Beruuc/ieHHEe MHTErPAJIOB BHUJA dcm=22,meN)
P I O + bx + o)™

6BLTO0 paccMOTpeHO B maparpade 3.7.
PaccMOTpHM NpHUMeHEHHE AaHHOTO METo/la Ha IIpUMepax.

xdx
O+ 1) =2)%
X

Peuterue. Pa3noxeHue Jpobu

IMpumep 3.26. Haiitu j

ot Doe_2)? B CyMMY IIpOCTEN-

IIMX APOOei UIlleM B BUAE
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X -4 B L ¢ &g
c+1Dx-2)2 x+1 x-2 (x-2)>

[TpuBozs ApobU B ITpaBoii yacTu paBeHcTBa (3.8) K 06I11eMy 3Ha-
MeEHaTeJIlI0, UMeeM
X _Ax-2)2+ B+ D(x-2) + Clx + 1)
o+ DEc-2)% G + 1)(x - 2)2
[TpupaBHUBAsA YUCTUTENH APOOEH, ITOTyYaeM TOXKIECTBO
x=Axx-2)2+B(x+ 1(x-2) + Clx + 1). (3.9)

[TlpuBesieM MHOTOWIEH B IIpaBOM 4acCTH K CTaHZAPTHOMY BULY,
YIIOPSIZOYMB CTENIEHH X B MIOPsAKEe YOBIBAHUS:

x=((A+B)x*+ (C-B-4A)x + (4A-2B + O).

[TpupaBHUBas k03PpPUITMEHTHI IPU OAVHAKOBHIX CTEIIEHX X, II0-
JlydaeM CUCTEMY TPeX YpaBHEHUM C TpeMs HeU3BeCTHBIMU A, B, C:

A+B=0,

C-B-4A =1,
4A-2B + C =0,

pelrasi KOTOPYIO, HaXOAUM HeolpeJeleHHble K03PUIMEHTHI:

1 1 2
A= —5, B = 5, C= 3 HakoHel, moAcTaBUM HaieHHbIe KO3pdu-

I[MEHTHI B pasjioxkeHue (3.8) u mpouHTerpupyeM, pa3ouBasi MHTET-
paj Ha CyMMY TpeX TaOJIMIHBIX HHTeraJIOB:

dc« 2 dx

e L LN
(x+1D(x-2)* x+1 9 x-2 37 (x-2)
=—lnx_2—% 1 +C(x¢—].,x¢2).

9 |x+1] 3 x-2

VHorza 1mosie3HO B PaBeHCTBO, MOJydeHHOe IIpHpaBHUBaHHEM
MHorowieHa P(x) K uuciaurento T(x) ApoOH, MOJIyYeHHOH IOCIe
MIpUBEAEHUs K 00IeMy 3HaMEHATeN0 MPOCTENIMX Apobei, moz-
CTaBJATh BMECTO X HEKOTOPHIE CIEIUAJBHO MMOAOOPaHHBIE YKCIIA
(OGBIYHO 3TO AEHCTBUTENbHBIE KODHU 3HamMeHaTesst Q(Xx) ZaHHBIX
npobeit). B pe3ynbTaTe MOIy4aloTcsa JMHEHHbBIE ypaBHEHUA OTHOCH-
TEJIbHO UCKOMBIX KO3)PHUILIMEHTOB, XOTA CJIEAYET IOMHUTD, YTO ITPU
IIOZICTAHOBKE ITPOM3BOJIbHBIX YKCEJI ITI0JIyYeHHbIE YPaBHEHUSA MOTYT
OKa3aThCA 3aBHCUMbBIMH.
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[TpyMeHUM ZaHHBIN ITPUEM K IpeAbIAyIeMy IIpuMepy. st 3To-
ro, He NPHBOASI MHOTOWIEH B IpaBOM 4YacTU ToxzectBa (3.9)
K CTaHZapTHOMY BUJY, IIOJIOXKUM B HEM IIOC/I€ZIOBATEIFHO BHAYaIE

2
Xx = 2 1 HangeM 1ipu 3ToM 2 = 3C, oTkyza C = 5; 3aTeM IOJIOKHUM

1
x = -1, monay4uum, yto -1 = 9A, a 3HaUUT, A = 5 ; HAaKOHEII, II0JIO-

kUM B ToxzecTBe (3.9) x = 0 (He xopeHb MHOTOWIeHa Q(x), HO TO-
’Ke [0CTAaTOYHO yZ0OHOe IS TMOACTAaHOBKHM YUCJIO). B pesynbraTe

nveeM 0 = 4A — 2B + C, OTKyZa C y4eTOM HaWJleHHBIX paHee
1 2 4A+C 1
A= —5 ucC = 5 omnpezensaeM B = 2 = 5 WU panee uHTErpU-

PYEM II0 OIMCAHHOM BHIIIIE CXEME.

ITpumep 3.27. Hatitu J-( ngf I;(: _2 5
3% —x + 2

Peuwenue. PaznoxkeHue Apobu B CyMMY IPOCTeMU-

02 + 1)%(x-1)
IIMX APOOEii UIEM B BUZE

3 -x+2 _ A +Bx+C+ Dx + E

02+ 1D%(x-1) x-1 x¥*+1 2+ 1D?%

KoadbdurtueHnTsl A, B, C, D, E onpeAieIUM UCXO/S U3 TOXKAECTBa

3 -x+2=A02+1D?*+Bx+Ox-1D*+ 1) +
+ Dx+ E)(x-1).

[TpupaBHUBasA Ko3PpPUIIMEHTH IPU OAMHAKOBHIX CTENEHAX X,
IIPUXOAUM K CHCTeMe YpaBHEeHUH

(A+B=0,
—B+C=0,
32A-C+D+B=3,
C-B+E-D=-1,
|A-C-E=2.

[lonarasa x = 1, HaxoguMm A = 1. Pemad cucteMy ¢ yueToMA = 1,
ompezesieM ocTaabHble KoadduiueHTol: B = -1, C = -1, D = -1,
E = 0. CregoBarebHO,
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J- 3x*—x+2 dx=J-xdx1_J- x+1 dx+f xdx

o +1P(x-1) P R eI I
1 1 1
=In|x-1|-=In|x*+1|-arctgx ——- +C (x#1).
e =1=JInjx? +1|-arctgx— - —+C (x#1)
ITpumep 3.28. Haiitu jxs + 30+ e 7dx.
xr+ 2

Peuwenue. BeieiM 1eJTy10 YaCTh HEMTPABWIBHOMN pPAIllMOHATbHOM

- x34+3x2+5x+7 |x2+2

npobu:

_3x2+3x+7
3x,+6
3x+1
Takum ob6pazom,
X +3%+5x+7 3x + 1
2+ 2 mxFSE 2 +2

[loacTaBias IIOJIY4YE€HHOE IIpE€ACTABJICHUE 1104 3HAK MHTErpajia,
BBIYUCIIAEM UHTETr'paJI:

3 2
J-x +3x2 +5x+7 =J(x+3)dx (3x+1)dx—
xX“+2 x%+2
2
=X 13x+2 JZde J' fx =
2 xX“+2 xX“+2
x> 1 X . c
=—+3x+—1n x*+2)+——arcte—+C.
g P3G+ parctg o

IMpumep 3.29. Hanmj i1

Pewerue. Pa3znoXM MHOT'OWIEH B 3HaMeHaTeie Ha MHOXXUTENIU:
Xt 1=t +2x2 +1)-2x2 =(x? +1)* - (V2x)* =
=0 +xV2+D (% —xV2+1),
a 3aTeM IpeJCTaBUM MTOAbIHTEIPATBHYIO QYHKIINIO B BUZAE CyMMBI:

1 = Ax+B N Cx+D
x*+1 2 +xv2+1 xP—x2+1°

63



Vicrioib3ysi MeTo/] HeollpeZieJIeHHBIX KO3)PUIIMEHTOB, HaiaeM

A= L ,B= 1 ,C=— 1 ,D= 1 . 3aJlaua oka3sajach CBeZieHa K cJie-
242 2 2277 2
AYIOIEMY BBIYMCIEHUIO:

J~ 1 x++/2 3 1 x—+/2 dxe =
272 X2+ xJ241 242 x> —xJ2+1

x+% 1 dx
- 2\/§Jx2+x\/§+1dx+zj(x+\/2§]z+; -
V2
) 2\1/§Jx2x\/§+1dx4j(x_g]z+1 -
2 | 2

1, X 2 +x2 2+1
1 1
e e D g D]

IMpumep 3.30. Haittu I

+6
+1
Pewenue. CHauasna npeo6pa3yeM MTOAbIHTErPaIbHYI0 GYHKITHIO:

1 (x +1)+(x* —1) O+ (ot -1

x6+1 2(x°+1) Tox®+1) 20x°+1)
=(x“—x2+1)+x +(1—x )1+ x> ) _
2(x®+1) 2(x®+1)
1 x> 1-x?

= 2 + 6 + 4 2 *
2(x*+1) 2(x°+1) 2(x"—-x"+1)
VIHTerpasbl OT IepBHLIX ABYX CJaraeMbIX PaBHBI, COOTBETCTBEH-
1 1
HO, iarctgx +Ciu garctg(xB) + C,.

BeIYKCIIUM UHTErpas OT TPEThero cjaaraeMoro. Jjisi 3Toro, y4u-
THIBas, YTO

= +1=0c* +2x + 1) - (V3x)? = (0 +/3x+ 1) (2 =/3x +1),

Pas3JIoKUM pobb Ha CYMMy dJIeMeHTapHBIX Ipobeii:
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1-x? __ Ax+B N Cx+D
2x* =x?+1) X +3x+1 x2—3x+1

[TpuBozs Apobu K 0bIIEMy 3HAMEHATEJIO, MIOYIUM TOXAECTBO

2

_x?+% = (Ax +B) (x>—/Bx+1)+(Cx+ D) (x* +~/3x +1),
OTKYZla AIMEEM:
x*:0=A+C;

x* —%=—\/§A+B+\/§C+D;
x': 0= A—+/3B+C ++/3D;
x°: 1=B+D.

2

Pemraa cucremy, HaxoguM A =—C = 1 ,B=D= l

243

[loacTasiiaa B Pa3IOXKEHHE, ITOJYyIUM

¥E ¥E

2x* —x*+1) 243 x? +Bx+1 2V3 32 —Bx+1

VIHTerpupys, IpUXoAM K OKOHUYATeJTbHOMY OTBETY:

X +\/_x+1
X —x/_x+1

f dx =larctgx+1arctg(x3)+ 1 In +C.

xX*+1 2 6 43

3.10. Metop OcTporpaackoro

Ellle oZIMH METO/i, UCIIOIb3yEMbIH TPY WHTErPHPOBAHUU IIpa-
P(x)

BWIbHOI HECOKPATHUMOIi palliOHAIbHOM ApOo6H (E HOCHT Ha3Ba-
X

Hue memoda Ocmpozpadckozo’. CyTb 3TOr0 METO/Ia COCTOUT B BbIZIe-

JIEHUU pallMOHAIIBHON YacTHU IepBOO6GPa3HOM.
I[Tycts MHOTrOWIEH Q(X), pacnosoXKeHHbIN B 3HaMeHaTeJsle UHTe-
rpupyeMoi Apobu, uMeeT KpaTHblE KOPHU, BKJIIOYAs U KOMIUIEKC-

! MeTtoz HasBaH B YyecTb Muxauna Bacunsesuua Ocmpozpadckozo (1801—1861) —
PYCCKOTO MaTeMaTHKa, wieHa [leTepOyprckoii akaZieMuu HayK, OZHOTO U3 OCHOBA-
Testell [leTepOyprckoii MaTeMaTH4eCcKOH IIKOIBL. Er0 OCHOBHBIE TPYZABI OTHOCATCS
K MaTeMaTUYeCKOMY aHa/IM3y, TEOPETUYECKOM MeXaHUKe, MaTeMaTUIeCcKoi Qu3HKe.
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Hble (YeM BbIllle KpaTHOCTh KOpHe, TeM 3 deKTUBHEE, BOOOIIIE TO-
BOpS, OKa3bIBAETCA JAHHBIA METOZ, B CPAaBHEHUM C METOAOM Heo-
npeZieJieHHBIX Ko3dPuirieHToB). PasoxxuM 3TOT MHOrowIieH Q(x)
Ha IIpor3Be/ieHle JMHEWUHBIX U KBaJ[paTUYHBIX COMHOXUTeei. Co-
CTaBUM MHOTOWIEH Q,(X) TakK, YTOOBI KaXKAbIi1 KOPEHb MHOTOWIEHA
Q(x) aBisuica 661 KOpHEM MHOTOWIeHa Q5 (), HO BXOAWI OBI B 3TOT
MHOT'OWIEH C KpaTHOCTBIO 1. J[pyrux KopHeu y MHorowieHa Q,(x),
OTJIMYHBIX OT KOpHeU MHorowieHa Q(x), HeT.

Omnpenenum Temepb MHOTOWIEH Q; (X) Tak, 4ToOBI Q; () - Qo (x) =
= Q(x), T. e. KaXAbIH KOpeHb MHOrowieHa Q(x), eciu IepBOHa-
YaJIbHO OH MMeJ KpaTHOCTh n (n € N), BoiizieT ¢ KpaTHOCTBIO, PaB-
HoM 1, B MHOrowieH Q,(x), ¥ C ocTaBIIelCs MOC/e 3TOr0 KpaTHOC-
Thi0 (n — 1) — B MHorowieH Q;(x). B dacTHOCTH, Bce IIPOCTHIE
(xpatHOCTM 1) KOpHU MHOTOWIeHa Q(X) OyayT KOpHAMU Q,(X) U He
6yayT xopHaMu Q;(x). [lasee, BBeleM B pacCMOTDEHHE ellle ABa
MHorowieHa P;(x) u P,(x), 3amucaB ux B 00IIeM BHIe C HeOIpe/e-
JIeHHBIMU Ko3dHUIlMeHTaMU, NMpUYeM HX CTelleHW Ha eJUHUILY
MeHbIIIE COOTBETCTBEHHO CTelleHel MHOrowieHOB Q(x) u Q,(x).
Torza cpaBeayuBa gpopmyna Ocmpozpadckozo

J‘@dx: P;(x) _l_J‘Pz(x)dx
QM) Q1 (x) Qy(x)

YToObHI C ee ITOMOIIBIO BEIYUC/IUTE UHTETr'PaJI B JIEBOM 9aCTH, He-
O6XO,Z[I/IMO BHa4daJjie HpO,Z[H(l)(l)EpEHHI/IpOBaTb I1O X 3TO PaB€HCTBO:

P(x) (P1(X) J + P2
0]69) Q:1(x) Q2() ’
Y 3aTeM, IPUBe/SA [poOU B IIPaBOM YacTH paBeHCTBA K 001eMy 3Ha-
MeHaTelo, HaWTu HeompejeleHHble KO3POUIIMEHTH MeTOZ0M
C aHAJIOTUYHBIM Ha3BaHUEM U 3aKOHUYUTDh UHTETPUPOBaHUE 110 hop-
myte (3.10). O6paTuMcs K IpuMepaM.

xdx

- D2+ D¥
Peuwenue. Tlox 3HaKOM MHTErpajia BUAMM IIPaBWIbHYIO APOOD,

(3.10)

ITpumep 3.31. Havitu I

3HaMeHaTesb KoTopoit Q(x) = (x - 12(c + 1)3. Haxoaum, 4uTO

Q00 = (- 1)(x + 1), mroraa Q00 = 2% — o 1)(x + 12
2\X

Tak Kak crerneHb MHOrowieHa Q;(x) paBHa 3, To P;(x) — kBazapar-

HBIA TpPeXWwIeH, 3allMCAaHHbIN B 0011eM Buzie: P;(x) = ax?® + bx + c.
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AHaJIOTUYHO, IMOCKOJIBbKY cTeneHb Q,(x) paBHa 2, TO Py(x) — MHO-
rOWIeH MepBo cTeneHu: Py(x) = dx + e. CiezoBaTebHO, UMEEM
IIATh HEOIPeAeNeHHBIX KO3GOUIIMEHTOB a, b, ¢, d, e. Popmysna OcT-
pOrpaZiCKOro IpUMeET BUJ,

J- xdx ax? +bx+c¢ +J- dx + e

-2+ 1° -Dx+ D2 T x-Dx+ 1)

[TpoandepeHIPOBAB HOCIEAHEE PABEHCTBO 10 X, MOIYIUM

x [ ax®+bx+c '+ dc+e
(x -1 (x+1)° _((x—l)(x+1)2 J (x-D(x+1)
_ Qax+b)(x -1 (x +1)* —(@x? +bx+)[(x +1)*+2(c -1 (x+1]? N
(x—1)*(x +1)*
L dxte
(x-D(x+1)
CokpaTuB IepByIO U3 Apobeii B mpaBoii yacTu Ha (x + 1) u npu-
BeJisl Bce pobu K 001eMy 3HaMeHaTeJIo, TOIyIUM

x =
(x-1D*(x+1)°
_ (2ax+b) (x-D(x+D—(ax® +bx+c)(Bx -1+ (dx +e) (x - 1) (x +1)?
(x—1*(x+1)° '
Utak, ripu Bcex x # *+1 AO/DKHO BBINOIHATHCA JaHHOE TOX/ECT-
Bo. Tak Kak 3HaMeHaTeu pobeli ciieBa U ClipaBa paBHBI, TO TOJDK-
HBI OBITh TOXXIECTBEHHO PaBHBI MHOTOWIEHHI, HAXOASAIINECS B YHC-
JIUTENAX:
x=QRax+b)0%-1) - (@2 +bx+c)(Bx-1) +
+ (dx + e)0Z-1)(x + 1).

Haiizem koaddurireHTHl a, b, ¢, d, e MeTOAOM HeollpezeeHHbIX
k03 dunreHTOB (CHAB BpeMeHHO orpaHuyeHus x # =1). IIpupas-
HsieM K03pPHUIIMEHTHI IPU OAUHAKOBHIX CTEIIEHAX X CJIEBA U CIIpaBa:

x*0=d;
x}:0=-a+d+e;
220=-2b+a+e-d;
L.1=-2a-3c+b-e-d;
0=-b+c-e

2R X
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Pemras CUCTEMY IIATHU ypaBHeHI/Iﬁ C ITATBIO HEM3BECTHBIMHA, HAXO-

1 1 1 1
mma=-—,b=-—,c=--,d=0,e=——.
8 8 4 8

[ToacTaBuM 3HavYeHUs1 K0adouieHToB B popmyny OcTporpaz-
CKOTO:

J‘ xdx __ J(.'2 +x+2 _ lj- 1 dx
(c—1D*(x+1D° 8(x-D(x+1D?* 8 (x-D(x+1D
OCTaJIOCb BBIYUCJ/IUTH I/IHTel"paJI:

I dx _1 (1+x)_(x_1)dx=1f[ 1 1 )

(x-D(x+1) 27 (x-D(x+1) 23l x-1 x+1
=%ln|x—1\—ln\x+1\+C.

HNTak, OKOHYaATEeJIbHO UMEeeM

2 J—

| xde  __xx+2 1) Il cess.

(c—-1)"(x+1) 8(x-D(x+1)° 16 [x+1

dx

IMpumep 3.32. Haiitu | ——.

prMep ‘[(x3 + 1)?
Peusenue. CormacHo ¢popmysne OcTporpazickoro

dx Ax*+Bx+C dx Ex+F
| = +Df + [——
x+1 xX-x+1

B+12 B+1

JnddepeHIpysa U IPUBOZASA K 00IIEMy 3HAMEHATETIO, TTOTyda-

€M TOXK/IECTBO
=—Ax"*-2Bx® -3Cx* +2Ax+B+
+DO x4+ + X2 —x+ D+ (Ex+F)(x* +x* +x+1),

OTKyZla IMEEM:

x*:0=D +E;

x%0=-A-D+E+F;

x3:0=-2B+D +F;

x*:0=-3C+D +E

x:0=2A-D+E+F;

x:1=B+D+E.

Pemasa cucremy, HaxoguMA =C=0,B= -, D=-E =

W=
O I N
ey
I
NJEN

HTak,

68



j de X < 1n|x+1|—%'|‘2x;2dx=
(x® +1)? 3(x +1) 9 9 x"—x+1

x 1 (x+1) 2 2x
T30+ 0 x4l 3BT

. dx
HaHTHJ.x4 +23+32+ 2+ 1

Pewenue. TTockombky x* + 23 + 32 + 2x + 1 = (x%? + x + 1)?,
TO pasJioKeHue cormacHo Gpopmysne OCTpOrpaCcKoro HilneM B BH7IE

J~ Ax + B + Cx+D
4+2x3+3x2+2x+1 TRix+1 x4+l

OTKyZa, AnddepeHIupys PaBEeHCTBO U IIPUBO/S APOOHU K 0bIIemMy
3HaAMEHAaTeJII0, II0JYIAEM TOXK/IECTBO

1=A02 +x+1)-Ax+B)(2x+ 1) + 62+ x+ 1)(Cx + D).

Nmeewm:

x3:0=C;

x>:0=-A+D +C;
x':0=D-2B + C;
x

991=A-B+D,

2 1
OTKyza A =D = 5, B = g, C = 0. INoacrasisas B popmyiny OcTpo-

1+C (x#-1).

IIpumep 3.33.

IpasicKoro, OKOH4aTeIbHO MOTydaeM
f dx __ax#l 2 dx _
X2 +3x*+2x+1 302 +x+1) 37 x*+x+1
__ 2x+l + 4 arctg 2x+1
3 +x+1) 343 J3

+C.

3apaun oA CamoCTOATENIbHOrO pelleHunn

HaiiTu HeonpeziesleHHbIE UHTETPAJIBL.

31 [12% 2x+3dx.3.3.j dc
2 32+ 4x+1
3.4.]L.3.5. [ dx 3.6, [ 3
15 — 2x — x? Gc+2)0c+3) e+ 2)(x-1)
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3.10.
3.13.
3.16. [

3.19.

3.22.
3.24.
3.27.
3.30.
3.32. |
3.33. (

3.35. |

2xdx x+1 5x + 3
37I x2+3x—4 3'S'Is)c2+2x+1 ' °'Ix2+10x+29
- x3dx
‘(X 1)1de 311J. )30 .Im
- ¥ +1 dx
f@x + 3)2(1 —x)%dx. 314[ o 3.15.jm.
¥ +1 x2dx dx
dx. 3.17. .3.18. .
Toe-130c+3) 317 '[(x +2)2(x+ 1) J-xs—xz
e xdx x2 - 2x x2dx
.3.20. | —————dx. 3.21. .
Tx®-1 I(x2+1)2 j(x2+2x+2)2
3x+ 2 2+ 3
dx. 3
Y (2 + 2x + 10)? I(x2+2x+5)2
dx x2+1
—.3.25. —. 3.26. dx.
'(x + 2)° J‘(x +1 )2 KX +1
- x* +1. x>+ 2
dX - -
'x+1 8J.x1+x 39“-x3+x2—2x
Zszdx 3.31. [ X+ 20+ 6
x*-5x% + 4 c-Dx-2)(x-4)
4 + 4x-11
2x-1D(2x + 3)(2x-5)
x+ 4 X+ 42+ 6
dx. 3.34.
‘X +6et+1lx+6 4I(x+1)2(x2+2)
3x + 1 x +1
—— dx. 3.36.
Y x(1 + x3)? I x*—-8x% + 16




InaBa 4
WHTETPUPOBAHUE
UPPALIMOHANBHBIX OYHKLIUN

OCHOBHOI TOAXOJ IIPU HMHTErpUpoBaHUU (QYHKIMH, coAepika-
IIUX [TepeMeHHYIO 1107 3HaKOM paJiiKajia, COCTOUT B ITozbope payu-
OHANUBUPYIOUWUX NOOCMAHOBOK, T. €. TAKUX IO[CTAaHOBOK, KOTOPBIE
IIPUBOZAT MOABIHTErPaJbHOE BEIpAXKEHUE K pallMOHAJIbHOMY BUZY.
HaszoBeM 3TOT IOAXOZA METOZOM palMOHANIN3alUy ITOABIHTETPAJb-
HOTO BBIpa)keHHsA. PaccMOTpHMM HeKOoTOphle U3 Haubojee U3BeCT-
HBIX KJIaCCOB MHTETPAJIOB OT MPPallMOHATbHBIX QYHKITHM.

4.1. UHTerpupoBaHmne IMHEMHbIX N APOOHO-NMHENHDIX
UppauuoHanbHoCTeN

4.1.1. NaTerpansl BUAa

JR(x, Yax +b)dx, JR(x, n / ax+b ]dx
cx+d

3zechb oz R(x, y) moHMMaeTcs palioHaibHasA GYHKIIUA ABYX ap-
I'YMEHTOB, T. €. OTHOIIIEHHE JBYX are6pandecKux MHOTOWIEHOB CO-
Py(x,y)
Qm (%, y)
YWIEHOM CTelleHU N C AByMA I[epeMeHHBIMU X U y Ha3bIBaeTcs
BBIpa)KEHUE BUJA

_ n n n-1 n-1
Pn(x’y)_anox +a0ny +a(n—1)1x y+a’1(n—1)'x:y +
2 2 _ i,,J
+ ...+Cl20.X‘ +a11xy+a02y +a10x+ a01y+a00 = z aijx Y,

0<i+j<n
i,j=0,1,2,...,n, rae cyMMapHas CTeNeHb [ + j KAKA0T0 OJHOWwIe-
Ha HEOTpHUIlaTeIbHA U He MPEBBINIAET 1, IPUYEM cpeau Ko3b UIu-

OTBETCTBEHHO cTeneHel n, m: R(x,y) = . TIpu TOM MHOTO-
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€HTOB Gng, A(n-1)1> A(n-2)2> (no €CTH XOTA OBl OAMH, OTIMYHBIA OT
HYJIA.
ZIpobHO-NUHeliHOT UPPAYUOHANBHOCMbI0 Ha30BeEM (PYHKITUIO BU-

Jaa R[x, n/ax_'-s}, rmen € N, a, b, ¢c, d € R — mocTossHHEIE,
cx +

ad — bc # 0, ¢ # 0. B wydae ¢ = 0, a # 0 mosiy4uM, B YaCTHOCTH, JIU-
. a b
HeliHyto uppayuoHanisHocms R(x,YAx+B), tne A = a, B = E
1. PanvoHa/iM3anusi JUHeUHbIX UPPAUUOHANbHOCMel BUAA
R(x,¥ax+b), rae a u b — nocrosiunbie (a # 0,n € N, n > 1), ocy-

IIECTBJIIETCA C IIOMOIIBIO IIOACTAHOBKU t = {ax+b. Bo3soza ob6e

YacTU 3TOr'O paBeHCTBA B CTeNeHb n, MOIy4YuM t" = ax + b, oTkyza

t"-b n
x= , dx = —t""1dt. TTlepexozsi B BEIpa>keHUU R OT IepeMeH-
a a

HOM X K HepeMeHHOﬁ t, MOJy4YHM pallMOHA/IbHOE BBIpAKEHHE

R(t _b,tj.
a

2. AHa/JIOTUYHBIM o6pa30M PAIAOHA/TIU3HUPYIOTCA BBIPpAXKCHUA

R(x™,¥ax™ +b), tme m,n € N, m > 1, n > 1. [Ipx 5TOM HCIIOJIb3Y-

eTcd roAcTaHoBKa t = Yax™ +b.
3. PanuoHanm3anus Opob6HO-NUHElUHbIX UPPAYUOHANbHOCMeT

ax+b
OCYIIECTBIAETCA C IOMOIIBIO IMOACTAHOBKHU t=n,/ 1 Torza
cx+

n_ _ n-1
t" = ax + b, X = de”-b , dx = (ad - be)nt dt v A uHTErpana
cx+d a-—ct" (a - ct™)?
TTOJIy4aeM
n__ _ n-1
.[R x,nfax+b dx=jR dt b’t\(ar bc)nt2 it
cx+d a—ct" } (a—ct")
NJx+9

dx.

ITpumep 4.1. Haiitu J‘
x

Pewenue. Iloa 3HaKOM HHTEr'pajia UMEETCA JIMHEeNHas Hppanuo-

HAJIBHOCTD +/ax +b =+/x+9, m03TOMy MOIOKUM t = /x+9, Toraa
x = t> -9, dx = 2tdt u uMeeM
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J~\/x+ dx = 2J‘tdt _zj'(t 9)+9dt

\/x+ -3

+C,
xXx+9+3

—2t+31n ”

3+C 2Jx+9++31n

rmex =2 -9, x# 0.
dx

2+x (2 x)?
Peutenue. Tlog 3HAKOM UHTETpajia BUANM APOOHO-TMHENHYIO UP-

ITIpumep 4.2. Hairtu j

2—Xx
PaIMOHANBHOCTh 3/2 ; COIVIaCHO peKOMeHallii MPUMEHUM pa-
+x

2(1-t3)
1+¢3

2—Xx
LIMOHAJU3UPYIOIIYIO IOACTAHOBKY t = 3/2 , TOorZIa X =
+Xx

2-x= 4t = “12t” dt. IToacTasaasa B UHTErpal, IIOIy4UM
1+t 1+t3)2 pall, HoMyH

2
V2+x (2- x) 4 t° 8t 8 2—-x

(x #= +2).

4.1.2. MHTerpassl BUja
J-R X ax+b §—i ax+b 22_2 ax+b 5—:
Neoe+d ) \eax+d ] 777 ex+d

WuTerpasnsl ykasaHHOro BUza, rae R — paI.II/IOHaJIbHaH byHKIIMA

CBOHUX apT'yMEeHTOB, IIOKa3aTelu cremeneit 2L ~(pieZ,qgeN),i=
i

=1, 2, ..., k, — HecokpaTuMbIe ApobOH, HAXOAITCA C ITIOMOIIBIO PaIHO-

HaJIM3UPYIOLEeN ITOJCTAHOBKHU t = n/ ax +Z ,tmen = HOK(qy, g5 ..., Qi)-
X+

Torzga HaliyTCs Takue HaTypajibHble Yucia ly, [, ..., Iy, 9TO

G 'll =n,
q, lz =n,
q L =n
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nj_ tn—l d-b
Brlpaxkaem x = _td-b ,dx = nt” (a 5 2 dt u B pesysbTare
t"c—a (ct"—a)

MIPUXOAUM K CJIeAYIOIIeMY UHTETPAIY OT PallUOHATBHON QYHKITUM:

b 123 Pr
J'R X, ax+b q1, ax+b ‘b, " ax+b \« die=
cx+d cx+d cx +d

_jR t"d—b thh ¢pob P \nt"‘l(ad—bc) dt
t'c-a’ 77 J (ct" —a)?

ITpumep 4.3. Haittu Jm

Pewenue. VIHTerpan ABisgeTCA UHTErpajoM pacCMaTpUBAEMOrO
1 1
tuna, raea=d=1,b=c=0, — Pr_ 2 P2_Z . O61Mii 3HaMeHa-
@ 2 g
TeJb 3TUX Apobeil paBeH 6, MO3TOMY NpPHMEHSEM ITO[CTAaHOBKY

t =$§/x, B pesynbraTe 0cBO60XAasACch OT 060MX paAuKanoB. C HOMO-
IIBIO 3TOM palOHAIM3UPYIOLIE MOACTaHOBKY UHTETPa OT Uppa-
I[MOHAJBbHON (QYHKIMU OKAa3bIBAETCA CBEAEHHBIM K MHTETpajay OT

panuoHanpHON QyHKIMH. UMeeM x = t0 dx = 66°dt, x =t
2 —_—
t>dt . t*+1) 1—6(

%/§=t2HTor/:[a
J =6| :
«/_(1+\/—) 1+¢2 1+t 1+t
—6(t—arctgt)+C=6(9/;—arctg2/;)+c (x>0).

x+3x* + \/_
x(1+3/x)
PeweHue. DTOT MHTErpas TakKXKe OTHOCUTCA K MHTerpajaM yKa-

2 1

3aHHOrO Buza, mpuieMm a =d = 1,b = c = 0, b1 _ =, pa _ 2

1 g1 3 g2 6

Ps _ g OO6muii 3HaMeHaTe b BCex Ipobeii paBeH 6, TO3TOMY aHa-
qs

JIOTWYHO HpeblylleMy IPMMepy IpHMeHseM IIOZCTAHOBKY t = $/x.
Torza x = t%, dx = 6t°dt, 3x =t?, Yx? =t*. CregoBarennHo,

IIpumep 4.4. f

2

3 2 6 5 3 3.2
J.x+\/x_+\/;dx=6-_[t +t +1dt=6-jt (t +1)+1dt=

x(1+3x) 1+t 1+¢2
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=6[t%dt+6| dttz

1+
=%-3/?+6-arctg(9/;)+c (x>0).

=%t4 +6arctg(t)+C=

4.2. UHTerpupoBaHue KBaApaTHUHbIX UPPaLMOHANbHOCT eI

PaccMOTpUM OCHOBHEIE NPUEMBI BHIUMCIEHUS WHTETPAajJoB OT
KBa/IpaTUYHBIX UPPAIMOHATIBHOCTEH, T. €. UHTErpajoB BUa

JR(x, Jax? +bx +¢)dx,

rae R — parnvoHanbHast QYHKIMA CBOMX apryMeHTOB, d, b, c — He-
KOTOpble MOCTOssHHBIE, a # 0.[Ipu 3ToM OyZeM JOIOJHUTEIHHO
CUMTATh, YTO KBAZPaTHBIU TPeXWIEeH ax? + bx + ¢ He UMeeT KparT-
HOTO KOpHS, T. €. He IIpeJCTaBUM B BHJe a(x; — X,)2, uHaUe KOpeHb
13 3TOT'0 BBIpAXKEHUS ABIAETCA pallioHaIbHBIM. O6paTrMcs BHava-
Jie K HEKOTOPBIM BaXXHBIM YaCTHBIM CIy4asaM.

4.2.1. HTEerpasisl BUja J\/ ax? +bx +cdx

VHTerpasibl yKa3aHHOTO BHJA BbIeJIEHHEM IIOJIHOTO KBaZpara
107l 3HAKOM paZiuKaja IPUBOAATCA K OZAHOMY U3 IBYX TUIIOB UHTET-

PaJIOB: J.\/A2 —t?dt wm IVtz +Adt,

JleicTBUTE/IbHO, BBIZIEJIUB IIOTHBIN KBaApaT, MOJIyIUM

meﬂ'\/a(x%éx}cdx:

a
2 2

=j\/a(x+£} —b—+c dx.
2a 4a

Janee, eciii a > 0, TO MOACTaHOBKOM t = X + 2— UHTErpaj npu-
a

BOJUTCA K BUAY J\/ t? + Adt (¢ TOYHOCTBIO 10 K03bdUITMEeHTA) ; eCTU

2

kea<Owmc- a > (0, aHaJIOTUYHOM MOACTAHOBKOU IIOIy4yaeM UH-
a

Terpaja Buja J.x/A2 —t?dt. BEIYMCIMM 5TH MHTErPAJIbL.
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1. _[\/Az—tzdt. IMomoxum u = +A®>-t?, dv = dt, oTkyza

tdt
du=-——, v = t. IHTerpupys o 4acTam, IoJydaeM

J.\/Az—t dt =t{A* -2 —f tdt =tJA> -t —f \/TAZ

=tJA2 2 —_[x/A2 —t2dt + A2 arcsin%.

Brlpaxkasd U3 MOJIy4YEeHHOTO pPaBeHCTBA MCKOMBIN MHTErpas, Ha-
XOZVIM OKOHYaTelbHO

2
I\/Az —tzdt=%\/A2 —t? +A?arcsin%+c (tI < A).

2. thz +Adt. Tonoxxum u = Vt*+A, dv = dt. VIHTerpupys 1o

9acCTAM, II0JIydaeM

2dt t*+A- A
I=[JE+Adt=tJE+A-[-L =tJt?
'[ '[\/t2+A J. VEE+A

=t t2+A+Aln|t+x/t2+A‘+I.

OTcroza HaxoAUM OKOHYaTE€JIbHO, BhIpaXKas I:

_[\/tz +Adt=%\/t2 +A +§ln‘t+\/t2 +A‘+C t*+A>0).

Jlpyrue cmoco6bl BBIYHUCIEHHUS MHTErPaIoB J\/ A® —t3dt
u j\/ t> + Adt paccMaTpUBarOTCs B mognaparpadax 4.2.11—4.2.13.

3ameuanue. Eciu B KBaZIpaTHOM TPEXWIECHE axz + bx + ¢ BbLJE-

2 2
JIUTH IIOJHBIA KBazpar a(x + —J + [c — —] U TIOJIOXKUTH
2a 4a
= +- x+i , TO HHTerpa jR(x,\/ax2+bx+c)dx
c-b /(4a) 2a

MIPUBOJUTCA K OAHOMY M3 CJIeyIOIUX TPeX BUAOB:

le (t,V1-t2)dt, _[Rz(t, Jt? —1)dt,_[R3(t, J1+t2)dt.
[Ipumep 4.5. Haiitu J'\/x2 +8x +25dx.
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Pewenue. Umeem
J'\/x2 +8x+25dx=J.\/(x2 +8x +16)+9dx =
=j (x+4)2+9dx=J.\/(x+4)2+9d(x+4)=

= %4\/3(2 +8x+25 +gln’x+4+ Vx? +8x+25’+C.
[Ipumep 4.6. Haittu J‘\/—x2 +2x +8dx.

Pewenue. UMeeMm

JN=x + 2+ 8dx = [{=(x* —2x) +8dx = [{—((x-1)* ~1)+8dx =
=J\/9—(x—1)2 =x7_1\/—x2 +2x+8+§arcsinxT_1+C

(c e [-2; 4D.

4.2.2. HTerpassl BUaa J‘(Ax + B)Vax?* +bx +cdx

VHTerpasbl JaHHOI'O BU/A BEIYMCIAIOTCA BBIIEJIEHUEM B BBIpaXKe-
HUU Ax + B mpousBogHOM 2ax + b OT NOAKOPEHHOTO BBIpAXKEHUA C I10-
cyleiyroIM pa3breHreM B CyMMY JBYX TaOJIMYHBIX UHTETPAJIOB:

f(Ax+B)\/ax2+bx+c =
j[—(z +b)+(B——”x/ax +bx+c

=2£'[\/ax2 +bx + cd(ax? +bx+c)+(B——]J\/a.x2 +bx+cdx =
a
=£\/(ax2 +bx+c¢) + (B—A—b) 1,
3a 2a

rjae MHTErpai I moce BhIZIeIeHUA 10/ KOPpHEM IIOJIHOTO KBaJpara

b
U 3aMEHBI t = X + 2— CBOAUTCA K OJHOMY U3 CJICAYIOUINUX MHTEr'pa-
a

J0B (cM. mogmaparpad 4.2. 1)'

'[Vt +kdt =—+t? +k+ ln‘t+«/t +k ‘+C
NIn

j\/kz t*dt= L x/ arcsm . +C
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IIpumep 4.7. Haiitu _[(Zx +7)Nx* + x +1dx.

Pewenue. Umeem
I[(2x+1)+6]\/x2 +x+1dx =
=J'(2x+1)\/x2 +x +1dx +6_[x/x2 +x+1dx =

= [V (e + x4 1)+ 6 (x+%]2+%dx=§m+
+6[(§+%]M+gln x+%+M}+C=
=§m+3(x+%jm+

+21n +C.
4

dx
4.2.3. UHTerpasnsl BUAA f Tt beac
ax” +bx+c

I/IHTEI'paJII:I YKa3aHHOI'O BH/ia ITyTE€EM BBIZICJICHHWA IIOJITHOT'O KBaJpa-

Ta U3 KBaZpaTHOI'oO TpexwieHa ax? + bx + ¢ moA 3HaKOM pazukanaa

dx . X
IIPUBOJATCA K TabJIMYHBIM HHTErpajgam J‘ﬁ =arcsin—+C

WIN —ln‘x+\/x +A|+C
‘[\/x +A
o dx
IIpumep 4.8. Hanitu J .
-3x* +4x -1

Peuwierue. Brigensia IOMHBINA KBaJpaT 1O IIEPEMEHHOM X, TTPe00-
pasyeM UHTerpaJ cjeAyoumM o6pa3oM:

1 d(x-2/3) =i -2/3 _1 9
\/§J‘ \/1/9_()(_2/3)2 NG rcsm 173 +C= \/§arcsm(3x )+C
(xe{l; 1}).

3

IMpumep 4.9. Havitu j

dx
\/x2+2x+5.
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Peutenue. Brigienas ONMHBIN KBaZpaT 10 IlepeMeHHOH X, IIpeo6-
pasyeM KBaZIpaTHBI TpexwieH k Buay (x + 1)2 + 4. B pesysnbTare
IIPUXOAUM K UHTerpaiy

J%=ln‘x+l+\/xz +2x+5‘+C.

(Ax+ B)dx

4.2.4. UHTerpasinl BUAa J \/2—
ax“+bx+c

I/IHTEI‘paJIbI YKa3aHHOTI'O BH/d Yalll€ BCEro BEIYUCIIAIOTCA BbIAEIE-
HHWEM B YMCJIMTEIIE ,Z[pO6I/I l'IpOPIBBO,Z[HOfI OT ITOAKOPEHHOI'O BEIPAXKCHHUA

Ab
I (Ax+B)dx _ (2ax+b)+B—£dx_

NJax* +bx+c Jax* +bx+c

A d(ax2+bx+c)+[B_A_bJj dx
2a° \Jax® +bx +c 2a ) Jax* +bx+c
Sx—3

V2x? +8x+1

Pewerue. BeigeuM B 4HUCIUTENE TPOU3BOAHYIO IOAKOPEHHOTO
BEIPQYKEHU:

IMpumep 4.10. Havitu J

E(4x+8)—13
4

J‘ 5x-3 dx=J dic =
V2x%+8x+1 N2x?+8x+1
EJ' 4x+8 dx—13_[ dx _
47 J2x* +8x+1 x/2x2+8x+1

=§\/2x2+8x+ _[

x? +4x+1/2

=§\/2x2+8x+1—21n x+2+,/x2+4x+1 +C
2 V2 2
rae xe[—Z—\/ﬁ;—2+\/ﬁ]
2 2
3x+4

IMIpumep 4.11. Hatitu J

V-x*+6x—

79



Pewerue. BelgeuM B YHUCIUTENE TPOU3BOAHYIO TOAKOPEHHOTO
BEIPQYKEHU:

J' 3x+4

-3/2:(-2x+6)+13
J-x*+6x-8 J-x*+6x-8
3 -2x+6

dx
=2 dx+13[——2 =
J‘\/1—(x—3)2

dx=J' dxe =

27J-x*+6x-8
=-3vJ-x? +6x -8 +13arcsin(x—3)+C
(x e (2;4)).

4.2.5. UHTerpansl BUAA f B, ()dx
o Jax* +bx+c

VIHTerpassl JaHHOTO BUza, re P, (x) — anrebpamvecKkuii MHOTO-
YIeH n-¥ CTeleH!, HaXOASTCS C IIOMOIIbIO TOXK/IECTBa

P (x)dx 3 dx
L =Q, ,(0ax”+bx+c+A , .
'[\/ax2+bx+c J.\/ax2+bx+c “.1)

rae Q,_1(x) — mHorowieH (n — 1)-¥ cTeleHu C HeonpeeieHHBIMU

Ko3pPULIeHTaMH, A — ellle OAUH HeOolpeJeeHHbINH Ko3bdUIu-

eHT. JluddepeHnupys 3TO TOXAECTBO U YMHOXas Ha v ax’ +bx +c,
IIOJ[yYMM PaBEHCTBO JIByX MHOTOWIEHOB:

P09 = Q41 (0@ + bx + O + %Qn_l(x)(zax 1B+

1“3 KOTOPOTO METOJOM HeOoIllpeZieJIeHHBIX KO3(GGUIIMEHTOB MOXXHO
onpezaenuTb K03bUIMeHTH MHOToOWIeHa Q,_1(x) 1 yucyo A.

. (x® -2)dx

IIpumep 4.12. Hautn | ————.
prVEP ‘[ Vx?+x+1

Peuwenue. Bocionb3yemces popmysoit (4.1):

(x3—2)dx 2 2
j—=(ax +bx +c)Vx +x+1+k_[
X +x+1

JuddepeHnyipys 3To TOXJECTBO, IMeeM

x3-2 =(2ax+b)m+(ax2+bx+c)(2x+l) A

= + )
Jxt+x+1 20x% +x+1 Vxt+x+1

dx
N
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OTKyZa, yMHOXKas Ha 2v/x” + x +1, moay4um
203-2) = Gax + 2b)( A +x+ 1) +
+ (@3 + bx +c0)(2x + 1) + 2.

st HaxoXKZAeHWs HeollpeZieIeHHbIX KO3GOUIIMEHTOB a, b, c 1 A
MMeeM CUCTEMY YpaBHEHUI

2=4a+2a,

0=4a+2b+a+2b,
0=4a+2b+b+2c,

—4=2b+c+2A,
1 5 1 5
OTKyZa omnpegensieMa = —,b = -——, c = ——, A = ——. CiezgoBa-
Rt P 3’ 12 24 16

TEJ/IIBHO,

J‘(x—Z)dx (1 2ix 1)m__-’- dx

V2 +x+1 12 24 1} 3
x+- | +=
2 4
(12, 1 Vx? x1-21n x+1+\/x2 +x+1[+C.
3 12 24 16 2
4.2.6. NaTerpasnsl BUga 'f dx (neN)
4.0, (S
(c—o)"Vax*+bx+c
7 | & (n=1)6
HTerpajbl BUAa n= epyTcs ¢ IOMO-
P (x—o)Vax® +bx+c 26
1
IBIO TIOACTAHOBKYU t = —— . B pe3y/ibTaTe OHY IPUBOAATCA K MHTE-

X -0

dt
rpajaM THUIIA J.\/m .

dx
VHTerpansl Buza J TaKXXe BBIYUC/IAIOTCA
(x—o)"ax® +bx +¢
1 1 dt
¢ nmomompio 3aMeHsl t = ——. Torga x = — + @, dx = - —,
xX—a t t

(a0® +bo+O)t* +(2aa+b)t +a
tZ

ax®+bx+c= Y NIOJIy4aeM, 4To
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dx t"ldt
J.(x o)"Vax® tbhxtc ‘[J(aa > +bo+o)t* +(2ac+b)t +a

(T. e. UHTETpaJ CBOAUTCA K UHTErpajly, paCCMOTPeHHOMY B IIOATIA-
parpade 4.2.5).

dx
TIpumep 4.13. Haiirn | .
xV5x% —2x+1
1

1 t
Pewenue. ITonoxum t = —, Torgax = —, dx = — — U, IOACTaB/IAA
x t t

B uHTerpas, momyyum (mpu t > 0 cM. 3aMedaHue B IOATIaparpa-
de 4.2.13):

dt

dx _
J‘x\/5x2—2x+1_ '[1 5 2 +1 '[\/t —2t+5

t\Nt? ¢

=—ln‘t—1+x/t —2t+5‘+C

— 2
=—lnl—1+\/E +C=—11'11 X+m +C
X X X X
(x > 0).

) GBx+2)dx
HpHMep 4.14. Hautu J’(x +1)\/m .

Peutenue. PazobbeM MHTErpas Ha CyMMY ABYX UHTETPaJIOB:

J' (3x + 2)dx J- 3(X + 1) 1

(c+DVx*+3x+3 " (x+DVx?+3x+3
dx
'[\/x2+3x+3 J.(x+1)\/x2+3x+3 v

BeIIMCIMM KaXKbId U3 UHTErpasioB [ U I.

I,=In x+§+\/x2 +3x+3[+C,.
B uHTerpase I, MOI0OXKUM t = (t > 0):

x+1
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dt

2='[1 1 - _'[t+t+
]t

t+1+\/t +t+1

=In +C,.

t

|
t

OKOHYaTe/JIbHO UMeeM
J' (Bx+2)dx

(c+DVx*+3x+3 -

=31nx+§+\/x2+3x+ P Vx®+3x+3
2 x+1 2 x+1

Gc+1>0).
dx

IMpumep 4.15. Haittu I( 0 Nl
x— x°+3x

1 1
,Tordax =1+ —, dx = ——zdt
x-1 t t
U B pe3y/ibTaTe IlepexoZia K HOBOM NEepeMeHHOM NMPUXOAWM IpHU
t > 0 x unTerpany I ——IL Jlanee Bocmonab3yemcs Gpop
V562 +56+1

Pewerue. ITonoxum t =

mysoi (4.1):

2
J%=(At+3)\/5tz+5t+1+kj
Vot~ +ot +

JlnddepeHIVPys 3TO TOXK/AECTBO, MTOJIyIaeM

2
t _A\/m+(At+B)(10t+5) A .
V5% +5t+1 2V5t2 +5t+1 /52 +5t+1

YMHOXUM IIOJTlydeHHOE TOXK/ECTBO Ha 2- V5t* +5t+1:

t? = t2(204) + t(15A + 10B) + (2A + 5B + 21).
[TpupaBHUBasA K03 GUITMEHTHI IIPU OAUHAKOBBIX CTENEHSX t, TTO-
JIyda€M CUCTEMY

dt
J5t2 +5t+1

2 = 204,

0, 15A + 10B,

0 =2A + 5B + 24,
1 3 . 11

OTKyZa HaXOAMMA = —, B=—-——, A = —.
o 10 20 40
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Hanee,

dt 1 dt+1/2) 1 1 ) 1
j—=—-f =—Int+—+,[/t" +t+=|+C.
52 +5c41 V5 7 Je+1/22 120 V5 | 2 5
OxoHYaTe/IbHO UMeeM
1 3 1 1 1
I=—| —t—— |\/5t* +5t+1— Inft+=+,[t? +t+=|+C,
[10 10) 4045 2
raet = , WIN
x-1
_3x-5  raairo Al (x+1)\/§+2\/x2+3x+1
= x“+3x+1- +C
- 20(x-1)? f x-1
Gc>1).
dx
4.2.7. UHTErpaIbl Bn,qaj (ne?)

(> +a)" -bx*+c¢
VIHTerpasbl 3TOro TUIA IpU be # 0 BEIYUCIAIOTCS MTOACTAHOBKOM

bx ct? ctdt
t=(bx*+c) = .Tormax?= ———, xdx = H, yM-
(Wb e) vbx? +¢ " b(b -t (t* - b)?

HOXas U Jie/iA TOABIHTErpaIbHyIo Apobb Ha bx?, moaydum

J‘ dx =1J~ 1 bx dx =
(2 +a) -bx*+c b? xX*(*+a)" | Jbx? +c

1 1 t. ctdt
_E'[ ct? ct? G
+
bb—t2) || bo—12)

IMIpumep 4.16 Haﬁmj dx

o GE+DVXE+2

2t2

P . Homoxum t=(\x? +2) =—> Tormax? = —,
euleHue JIOXKUM (Wx ) m TOorZla X 2

2

t“+1 2tdt
= 22 xdx = 22
1-t¢t (1-t9)
YMHO)KI/IM Uu paB,Z[eJII/IM l'IO,Z[bIHTer‘paJIbHoe BHpaH(eHI/Ie Ha x2:

. [lnst ynobcerBa mpeobpa3oBaHUM
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. 2tdt

j dx =J' x - xdx =J‘ .(1—t2)2 _
2 +DVx+2 T xP+2-x%- (0 +1) 2t* t*+1
1-¢2 1-¢°

='[ dt =arctgt+C = arctg X +C.

t*+1 Vx?+2

dx
4.2.8. lHTErpaisl BUAA J o+ )): Jbx +c
xX“+a) -vbx"+c

VIHTerpassl JaHHOTO BH/a py bc # 0 pallMOHATU3UPYIOTCS IO -

(ne2)

craHOBKo# t =+/bx” +c. Torza x? = tzb_—c’ xdx = % ¥ UHTerpal
peo6pasyeTcs K BUAY
xdx 1 tdt
'[(x2 +a)y Nbx® +c _E'[

tz_c+a n-t.
b
. xdx
IIpumep 4.17. Havitu J.(x2+1) Nk

Pewenue. Tlonoxum t=+x*+2, Toraa x> = t> — 2, xdx = tdt
¥l TIPUXOJUM K UHTETPaIy

d 1, |t-1 1. [Wx?+2-1
I 3 =_In|—|+C==In|————|+C.
t°-1 2 t+1 2 */X2+2+1

(Ax+B)dx
4.2.9. nTerpaisl Buaa '[(xz +px+qJax® +bx+c

37ech cuuTaercs, 4To p2 — 4q < 0, T. e. KBaJpaTHEI TpexXwIeH
x? + px + q He UMeeT JefCTBUTeIbHEIX KOPHEii.

(neN)

TIpeAmonoXuM BHavase, 9To ax> + bx + ¢ = a(x®* + px + ).
Torza

J- (Ax + B)dx _ ¢ (Ax+B)dx

(x* + px+q)"Vax* +bx +c nes

(x> +px+q) 2
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A A
[Tockonbky A1x + By = ?1(2.)( +p) + B; - 71p, TO

dx

J- (A, x +B,)dx j d(x*+px+q

)+D1-f

G 1 1
(x> +px+q) 2 (x*+px+q) 2 (x*+px+q) 2

[TepBBIii M3 MOMYYEHHBIX UHTETPAJIOB TaOMUYHBINA. ISl BBHIYKC-
JIeHUs UHTerpaia

dx
.[ ne L 4.2)
(x*+px+q) 2

IpUMeHsAeTcA IoAcTaHoBKa Abensa: t = (/x> +px+q)'.

B o61ieM cirydae, KOTZia OTHOIIIEHHE TPEXWIEHOB o +bx+cu
(Ax + B)dx

(x* +px+q)"Vax* +bx +c

A€JIal0OT 3aMEHY nepeMeHHoﬁ HWHTEIPpHUPOBAHHUA TAK, YTOOBI BO BHOBb

x? + px + g HEIIOCTOAHHO, B MHTErpaJe J

ITOJyYEHHBIX TPEXWIEHAX OJHOBPEMEHHO MCUYE3JTH WIEHEI C TIEPBOM

CTEIEeHbI0. DTO IOCTUTAETCH, HAIIPUMED, C IIOMOIIIBIO APOOHO-THHEL-

+ B b p b
,ECIUD # — , UX=1t——,eCiup = —.

t+1 a 2 a
B pesysbraTe nosydaem MHTerpal

HOM MOJICTaHOBKU X =

J‘ Mt+N dt 4.3)
2 +A)"ot2 +r '

AJIAA BBIYUCJIIEHHUA KOTOPOT'O IMpEACTaBHUM €Io B BUAE CYMMEL

J Mtdt N .[ dt
2 +A)"Vot* +r (t>+0N)"Jot® +r
K mepBOoMy M3 3THUX HHTErpajoB IpPUMEHsAeM IOZACTAHOBKY

u=+/8t> +r, a Ko BropoMy — mozcTaHoBKy Vv =({/0t, +1)’ (cM. moz-
naparpads 4.2.7, 4.2.8).

. dx
IIpumep 4.18. Haittu '[(xz e D) m .

Peuwtenue. 1-ii cnoco6. Bbiensisa MOMHBIA KBaZpaT, IepenuiremM
UHTETPaJ B BUZE
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2

Ix2+x+1dxx2+x—1=j 1}V 3 1¢ 5
R (G

- dx

5J5((2x+1Y 3 [(2x+1Y
+2 0 1250 -1
8 J5 5 J5
2x+1
[Tomoxxum t=T’ Torna ~/5dt=2dx u, smauwur, IIPHUXOUM

K MHTErpay

4 dt

> [t2+§) t*-1
5
1 1 dt
TNonoxuM Tenepsb t = ——, OTKyAa — = sinu, - — = cosudu.
sinu’ t t
[IosToMmy
iJ- dt _ 4 cosusinudu __iJ- sinudu
S 3\ el S [143sintu |eosu O 8_3 costu
5 5 S5 5
_ﬁj d(cosu) _ \/—+\/§cosu L
3 g—coszu \/_ * V8= Beosu

rae u=arcsin .
2x+1

OKOHYATENIBLHO IOJIYYUM IIPU X & {— % aQ+ J5 ); %(\/E - l)}

J- (2x+1)«/—+\/3(x +X+ )
(x* +x+1)\/x +x— 1 6 (2x+1)x/— V30 +x+ )

2-1i cnoco6. BEIMUCIUM 3TOT JKe UHTerpas 6e3 IpuMeHeHUs TPUTo-

1
HOMETPUYECKUX ITOCTAaHOBOK. [Toyarasy = x + > Cpasy IIPUXOAUM

dy .

, KOTOPBIA
2+3) 5
4 4
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5 !
PalOHAIU3UPYETCSA ITOACTAHOBKOM t =[, / y? _Z} =7 = oT-
2

LAy _ dt 4
Kyp; 2_5 1_t2'
Y74
TlozcTaBnAa B MHTErpal, UMeeM
.[ dt _ 1 1\/_+\/_t ‘C)
§—2t2 \/_ \/_ \/_t
4
2x+1
rme t=——.
20xt+x-1

1 1
OKOHYATEJIbHO NOJy4YaeM IpU X & {— 5 1+ J5 ); 2 (\/g - 1)}

(2x+1)V2 + /30 + x - 1)
(2x+1)v/2 —/3(x* +x-1)

dx 1
= Lin
J‘(x2+x+1)\/x2+x—1 J6

dx
IMpumep 4.19. Havitu J m .

Pewenue. dTto mHTerpan Buza (4.2), BOCHONb3yeMCA AJIS €ro

BBIYMCIEHUST TIOJCTAHOBKOM A6Gesns, moioxuB t= (Vx> +x+2)=

= L. To]_-ﬂa

20xt+x+2

420 +x+2) =4 +4x+1=40F+x+2) -7,

OTKyZa x> + x + 2 = 4;7 7 JuddepeHuupysa paBeHCTBO
tc —

1 v
tNX?+x+2=x+ B C MCITOJIb30BaHNEM B €r'0 JIEBOH YacTH IIpaBUIa

d(uv) = vdu + udv, nMeem

(2x+1)dx
dtVx*+x+2)= d[x+ j Nl +x+2-dt+t- ——————_=x,
2Ux*+x+2

VX +x+2-dt+tdx =dx,
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OTKyZa royiy4aeM TpebyeMoe COOTHOILIEHYE, CBs3BIBaoIIee Ardde-
PEHITUAIBI «CTapOH» U «HOBOM» IT€pEMEHHBIX UHTETPUPOBAHUA:

de _ dt
I +x+2 1=t

[loacTasiiAaa B HUHTErpaJj, Ioay4Ymm

dc dx _
fm‘1m<x2+x+zy

2 A2 3
=J-(4t 4)° dt J'(l . )dt—E[t—t—}+C=
49 1-¢ 49 3

16 _2x+1 1 2x+1 L
W +x+2 24 P +x+2 '
(x+2)dx

GE+Ix2+2

Peuwenue. OTo unTerpan Buzaa (4.3). PazobbeM ero Ha /jBa MHTe-
rpaja:

J' (x+2)dx 2dx

_ xdx
(x2+1)Vx2+2_'[(x2+1)x/x2+2 J.(x 24DV +2

TTOJI0XKUB B IIEPBOM M3 MHTETPaIoB U = X2, a 3aTeM 2 =+/u+2,
IIOJTyYUM

ITIpumep 4.20. Haiitu J

=1, +1L,.

I =lj =J dz =11

V2l w+DVu+2 Y- 2
1, |Wx*+2-1

——mPME 2
2 [Jx*+2+1

JUtsi BBIYHCJIEHHS] BTOPOT'O MHTErpasia MOMOKUM t = (v/x2 +2) =

2t2 2+ 1 2tdt
=X Tormax®= 2 +1=

- ) ,de= u,
Jx2+2 1-t2 1-t2 (1-t»)2

ImoACTaB/IAA B MUHTEI'paJl, IIOJYIYNM

z—1

z+1

+C=

2tdt

I =J- 2dx =I 2x(xdx) J‘ (1 t*)?
G +DVX?+2 T PO+ DX +2 2t £+1
21-¢2
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+C.

=2arctgt+C =2arct
t*+1 s s x* +2

OxkoHYaTe/IbHO UMeeM

(x+2)dx X
————|+2arctg—=+C.
'[ \/x +2+1

O +DVx%+2 2 Nx?+2
dx

3ameuanue. VIHTerpan '[ Ha IpoMexyTke x > 0
(2 +DVx?

\/x+ -1

(¢ < 0) 3ameHOH U = 1 MIPUBOJUTCS K B J —du
x? PHBOA e (u+DV1+2u

11x-13
IMpumep 4.21. Havitu J
—x+DVx*+1

Pewsenue. Tak KaK OTHOIIEHME TPEXWIEHOB x> —x + 1 ux? + 1 He

ABJIA€TCA KOHCTAHTOM, TO IIPUBEAEM 3TOT MHTerpaa K Buzay (4.3)

at + B
t+1

ApOOHO-TUHENHON IOACTAaHOBKOM X = . Hatizem xoadduiu-

eHTH o 4 (. IMeem

o’t? + 20t +B* — (ot +B) (t +1)+ 1t +2t+1
(t+1)°
[IprpaBHUBAs K HY/TIO KOOQPUIIMEHT IIPH ¢t B YUCIUTEIE STOH PO-

6u, IIoJIy4yaeM COOTHOIIIeHHEM MeXAy o U B: 20 —a—pB + 2 = 0.
[TIockonbKy

x> —x+1=

o’t? +20Bt +B* +t* +2t +1
(t+1)°

TO, IPUPABHUBAA K HY/TI0 KO3OGUITMEHT ITPU t B YHUCIUTEIIE 3TOM JPO-
6u, IToJIy4aeM ellle OZHO COOTHOIIIeHre Mexay o U 3: 2a3 + 2 = 0.

x’+1=

b

Pemrag cucremy

{ZOLB—OL—B-I-2=0,

20+ 2=0,
HaxoAuM { g - 1 CnezmoBaTenbHO, B JAHHOM UHTErpase Hazo Je-
t-1 X ?+3
JIaThb 3aMEHYy X = . Torma umeemx“-x+ 1 = 5, X"+ 1=
t+1 t+1D
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2t2 + 2
2t + 24 d = 2dt

e+ ¥ t+1°  (t+1)2
TerpaJ, nojy4daeMm ero B Buze (4.3):

J‘ 11x-13 dx=—2\/§_[ (t+12)dt

X2 —x+DVx*+1 (t2+3)\/t2+1'

Jlanee nmeem
1

f tdt jd('t 1 I =——arct i+C—
2 + 32 +1 t?+3 w’+2 /2 8

U, I1I0ACTaBJIAA B H-

1 Vt2 +1
=—arctg———+C.
N RN
JI1 BBIUMCIIEHUSI UHTerpaja I dt cZejlaeM IOACTa
>+ 3Vt  +
_ 2
HoBKy 2=(t*+1)'. IMeem de __dt ,t2 +3=% Y TOrZa
1-2 2 +1 1-2
J3 +Z\/_

dt 1
j(t2+3,)Jm_JB—2zz "2V Na-w2l
1 V3t2 +3++/2t
V6 |32 +3 -2t
OKoHYaTe/JIbHO UMeeM

11x-13 Jt?
=—2arct ~443-In
'[(x 2 _x+DVx*+1 T m \/—

+C.

J3t 3+«/_t‘
J3t2 +3 -2t |

+C,

rzet = x+1
1-x
R(x)dx
4.2.10. MuTerpasasl BUAA
‘[ Jax? +bx+c
T ()
3aecb R(x) = ( — paumonanbHas Gyrkums, Ti () u Q,,(x) —
b

1[eJIble anrebpanyecKre MHOTOWIEHBI COOTBETCTBEHHO CTEMEeHeH k
1 m. Beiiensas npu k > m w3 pauuoHaabHOU Apobu R(x) Lemyro
4acTh — MHorowieH S(x):
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RGO = Sem@ + 2% nam,

Qm()

P,(x)

)BCYMMY

Y packyaZiblBas MOMYYeHHYIO0 IIPaBWIbHYIO ApO6b
m
IpocTedmyx Apobeit, mosydyaeMm, YTO MHTerpupoBaHUe QyHKIIMI

R(x)

Jax? +bx+c

HWHTEr'pajloB TPEX THUIIOB:

IMIPpUBOAWUTCA K BBIYMCICHHWIO PACCMOTPEHHBIX BBIIIE

A)J- Pn(x)dx .

Jax? +bx+c

B)j dx :
(c—a)'Jax® +bx+c

B)J' (AX+B)dX

2
(x* + px+q)"Vax® +bx +c
IZle KBaZ[paTHLI TpexwIeH x> + px + g He UMeeT JefCTBUTeIbHBIX
KODHEH.
(x+2)dx

G+ DV +2

Pewenue. Cm. npumep 4.20.

IMpumep 4.22. Halitu J

4, .3 _
Mpumep 4.23. Hajiru [ 1% A7 iy

(G +DVx2+1 .

X+ +4x-7

Pewenue. Briziensass U3 apobu IIeJIyI0 4acThb,

X+1
nuMeeM
X+ +4x-7 3x-8
=x+1+ .
X +1 x>+ 1

X3+

3x-8 A Bx + C
3 - T3 ’
x°+1 x+1 x‘-x+1

Pazioxum 1pobb

1 B CyMMY IIPOCTEHIINX ApObeti:

oTKyzAa 3x — 8 = A(x?> - x + 1) + (Bx + C)(x + 1). Ilonarasa B 3ToM

paBeHCTBe X = —1, HAXOAUM A = 3 [IpupaBHUBas ko3 Purren-
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ThI IIpH Xz nu CBO6OZ[HbIe WICHBI, IIOJIyda€M €II€ JBa paBC€HCTBA:

11 1
A + B =0uA + C=-8, oTKyza onpezensaeM B = ? C——gg Cie-

AOBaTEJbHO,

'[x4+x3+4x—7

G +DVxr+1

J'(x+1)dx 11J dx 1 (11x—13)dx
e+l 3 DV el 3 (e —xe DAl

31ech

dx =

j(\);%lx—\/x +1+ln‘x+\/x +1 ‘+C

11 BTOoporo uHTerpasia npu x + 1 > 0 monoxum t =

x+1

11 dx 11‘[
(x+DVx*+1 V1- 2t+2t
11 1 1 2 2
n——-———+,[/1- + +C
3f x+1 2 \/ x+1 (x+1)?

Tpetuii mHTerpas 6bUT BBIYKCIIEH BhITIE B mpuMepe 4.21.
Takum o6pazom,

4, .3 _
Jx X +4x 7dx=x/x2+1+ln‘x+\/x2+1‘+
G +DVxr+1

1
BJ—

2 e +1 4 6(x +1)+J_(x+1)
— Zarctg

3 (x— 1/ (x*+1) \/—X+1

4.2.11. MHTerpansl BUAA

jR(x\/:)dij( \/;] jR[ \/m]

PaCCMOTpI/IM BBIYHCIICHHUE 3TUX MHTEI'PaJIOB C IIOMOIIBIO TPUTO-
HOMETPHUYECKUX U I‘I/Il'[ep6OJII/I‘IeCKI/IX IIOZICTaHOBOK.

1 1 2 2
nl— - ———+ [1- + 3
x+1 2 x+1 (x+1)
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1. ParnioHanmn3aIuio MO BIHTErPAJIbHOTO BBIpAXKEHUS
J.R(x, Ja* —x*), a > 0, MOXXHO TIPOBOJAUTD C TIOMOIIBIO MPUZOHOMe-

o . T T
mpuueckou NnodCMaHosku X = asin t,roet |:— 5; £:| . HpI/I 9TOM €C-

T T
ant <<1'1p06eraeT>> OTPE3OK |:— 5; §i|, TO IMMEpEMEHHAaA X, COOTBETCT-

BEHHO, «ITpoberaeT» oTpe3ok [—a; a], uro oTBeyaeT O3 UHTErpasa.

Torsa +a’-x* =a-|cost|=a-cost, Tak Kak Ha IIPOMEXYTKeE
T
t e {—5; 5} KOCHHYC TIPUHUMAeT HEeOTPULATEbHBIE 3HAYEHMWS.

[Ipu >ToM anrebpawyeckoe UppaIMOHAJbHOE BHIpAXKEHUE
fR(x, Ja® —x*) npeobpasyeTcsi K BUZly TPUTOHOMETPHUIECKOTO pa-

. a-x
I[MOHAJBHOTO BhIpakeHUs R(asint, acost). B cirygae R [x, ]
a+x

umMeeM, ¢ yuetom O/I3, t [—g g}, a B cIyyae R[x, arx ], COOT-
a-x

T T
BETCTBEHHO, t € |——; — |.

2 2
2. Takke B 3TOM CjIy4ae MOXXHO OBUIO CJ€laTh IMOACTAHOBKY
x = acost, rae t € [0; ©], ¥ TOrZa BMECTO UPPALIMOHAIBHON QYHK-
105051 IR(x,\/az —x?) mOy4Yru OBl palOHAJIbHYI0 TPUTOHOMETPH-
yecKyro GyHKIMIO R(acost, asint).

Ipumep 4.24. Haiitu j\/az —x*dx (a > 0).

Pewenue. CrenaeM TPUTOHOMETPUYECKYIO IIOACTAHOBKY X =
T T
= asint. [Tockonpky no O/I3 x € [-a; a], TO TONMOXKUM t € {—5 5}

Toraa +a® — x* = a|cost|=acost, dx = acostdt u nmonyyaem

I\/az —x?dx = a2'|.cos2 tdt = a{[#dt =

2

CI—Udt+ Jcosth 2t)]+C——[t+1sm2t] +C=
2 2 2
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a’ LoxX . . X . X
=—_| arcsin = +sin| arcsin= |cos| arcsin= | |+C =
2 a a a
2
a X X
=—arcsin=+=+va*-x*+C
a 2

(|x| <a

3ameuarue. MOXHO OBLIO BOCIIOJb30BaThbCA ITOACTAaHOBKOM
x = acost, t € [0; ].

IMpumep 4.25. Haittu '[ xdx (a > 0).
-X

Pewenue. 1-ii cnocob. ITonoxum x = asint, raet e {—g g) Tor-
7a dx = acostdt ¥ IpUXOAUM K UHTETpaIy
aJ /1+s%nt costdt =aJ- x/1+s%nt -\/1+sTnt costdt =

1-sint J1-sint -+/1+sint
(1+Smt)COStdt=aj(1+sint)dt=a(t—cost)+C=
|cost|

. X . X
= a{arcsm— —COsS [arcsm— J i| +C=
a

a
2
. X x . X
=gq-arcsin——-a-,[1-]| = | +C=a-arcsin=—-+a*-x*>+C
a a a
(ra<x<a).

2-1i cnoco6. JInst cpaBHEHUS PEIIUM 33/1a4y C IIOMOIIBIO TIO/CTa-

HOBKH X = acos2t, rae 2t {—g EJ Torma dx = —2asin 2tdt, 2t =

X
= arccos —,
a

a+x 1+cos2t 2cos’t  cost ... cost cost
= = —— =——— =sgn(sint)——=sgnt——
a-x V1-cos2t \2sin’t |[sint| sint sint

Y, CJIeIOBaTENIbHO,

j a+xdx —4asgnt_[cos tdt——4asgnt(2 %sinZt)+C=

X
a

X .
arccos—|—asin|arccos

a

=—a|2t|-asin|2t|+C=-a
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2
— _q-arccosX —a 1—[£J +C=—a-(§—arcsin£} —Jad-x*+C=
a V a a

. X T
=a-arcsin = —+/a? — x? +C—Ea.

a

4.2.12. IaTerpajsl BHjA jR(x, Ja® +x*)dx

1. /1A panpoHanM3aliy BeIpaxkeHM Buzga R(x,va® +x?) npu-
MEHAIOT TPUTOHOMETPUYECKYIO0 IIOACTAHOBKY X = a-tgt, rae

T T
t € |——; — |. IIpu aTOM, KOTZIa TIepeMeHHas t «poberaer» yKa3aH-

T T I U
HBIN HMHTEPBaJ [—5 EJ B HAIIpaBJIEHHUHU OT —5 A0 5 ImepeMEHHad X

OUH pa3 «Ipoberaer» BCce MHOXXECTBO J€UCTBUTEIbHBIX YHCET OT
—0o 10 +oo (B3aMUMHO OJHO3HAYHAs 3aMeHa IlepeMeHHOM). B aTom

cIIydae st KOpHS +/ a® + x° Toyqaem

1 a a
Ja? +x* = +a* tg’t =a- | = =
\ 8 cos’t |cost| cost’

TaK KaK Ha paCCMaTpHBa€MOM HHTEPBAJIE KOCUHYC ITOJIOXHUTEJIEH,

adt
dx = —-. B pesyibrare  MppauvoHanbHas GYHKIHA
cos“t

R(x,va*+x*) mpeobpasyeTcsi K TPUTOHOMETPUYECKOMY BHUAY

a
R (a tgt, cost ) , He coZiepkalleMy pajgyuKaioB.

dx
IIpumep 4.26. Haittn | ————— (a > 0).
'[x\/ a® +x?
T
Pewenue. ITonmoxxuM x = a-tgt, raet —5; EJ Torzga npuxogum
K MHTETpaIy
t ) t t
- dtg—
_[ == ( —1 : 2 t—lj—2=—lntgt +C
sint - a” gnLeogt @ tg—cos’~ 9" tg 2
2 2 2 2

X
rge t = arctg— (x # 0).
a
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2. B ;aHHOM CUTyaI[U1 MOXXHO TaK)Xe HCII0Jb30BaTh ITOACTAHOB-
Ky x = a-ctgt, raet € (0; ). Torga

1 a a

V& +x* = Ja® +a* -ctg*t =a- |— ==,
sin“t |sint| sint
TaK KaK Ha PacCMAaTPUBAaeMOM MHTEpBaje CHHYC IOJOXUTENEH,
adt
dx =-——. B pesynpraTe HUppalMOHaAbHAsA QYHKIHA

sin’t

R(x,va*+x*) mpeobpasyeTcas K TPUTOHOMETPUYECKOMY BHUAY

R(a ctgt, Lj.
sint

dx
IIpumep 4.27. Havitu J—
xva® +x?

Pewenue. ITonoxkum x = a - ctgt, t € (0; n). Torz[a nmeeM rpux = 0

J' dx =J‘ —adt =__ dt __jd(Sint)=
N +x* Tgin?r.q.ctgr. & cost cos® t
sint
=_1J-d(smt) 1J- d(sint) _ il sint—1 iC,
cos’t a’sin’t-1 2a |sint+1

X
rge t = arctg—.
a

3. Beipaxkenus R(x,+/a® + x*) palioOHaIU3UPYIOTCA TAKXe C II0-
MOIIIbIO THITepOOTMYeCKOU MoACTaHOBKY X = a-sht, t € R. Toraa

Ja? +x? =\Ja® +a*-sh®t =|a|-\/ch®t =a-|cht|=a-cht
(cht >0Vt eR).
Ipumep 4.28. Haittu IVaz +x%dx (a > 0).

Pewerue. BBITOJTHUM rUepOOIMYECKYI0 IOACTAaHOBKY X = a sht,

dx = achtdt, Ja®+x* = \/a2(1+sh2 t) =acht. Ilepexoasa K HOBOM
IIepeMeHHOH, IToyJyaeM UHTerpasl

a*[ch’tdt=a J'1+(;h2td ——Utdt+ [ ch2ed( 2t)]

a2 2

=—t+a—sh2t+C.
2 4
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Ocranock caenaThb O6paTHYFD HOACTﬁHOBKY.I&B pPaBE€HCTBa

ef—-et x . x_x/a +x?

5 = — HaxoguM, 4yTo ¢’ =———— = Tak Kak e > 0,
a a

TO t= ln‘x +Va® +x? ‘ —Ina. OueBuzHO,

sh2t =2sht-cht =2shty1+sh?t =2.% ———\/a +x2

a a®

2
a

IIO3TOMY OKOHYATEJIbHO IosydaeM (uucio ——Ina Bouwio B C)
2

sht =

J\/a + X dx——ln|x+\/a + X |+ a’+x*+C.

4.2.13. UHTerpasnl BUjaa
_[R(x,\/xz—az)dx,JR X, x—a dx,jR X, Xtda dx (a > 0)

xX+a X—a

Jia pauvoHanu3aluMW BBIpPAXXEHUU BUZA R(x,Nx*—a*),

R xX—a X+a
X, , R| x, IIPUMEHAIT KaK TPUTOHOMeETpUYec-
xX+a xX—a

KHe, TaK ¥ TUTIIepOoIMIecKye MOACTaHOBKH.
Paccmorpum ciaydaii R(x,vx* —a®). [IoAKOpeHHOE BHIpa)KeHHe
oIpezieIEHO IIPH |X| > a. BO3MOXXHBI CJIeyIoIye TI0ACTaHOBKH.
a T
l.x=——roete|—— O U | 0; — |, IpH 3TOM paiiKaJ Ipeoo-
sint’ 2 2

pasyeTcs CIeLyoImuM obpa3om:

S a’ 5 1-sin®t cost ¥
x*—a’=,|——-a'=a,[——=a- || — | =actgt],
sin®t sin®t sint

Y TIOZABIHTETpaIbHAS QYHKIUA OKa3bIBAETCS PAIIOHAIBLHO 3aBUCH-

o y a
el OT TPUTOHOMETPUYECKUX QYHKITUN: R{ ——, alctg t|j
sint
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2. AgasiornyHas IOACTAaHOBKA 4Yepe3 KOCHUHYC X = , Tae

te {0; g] U [g, n} , IPUBOJIUT K CJIEAYIOIINM IIpeo6pa3oBaHUsAM:

Jo—a a’ ) 1-cos®t sint ¥
x*-a’ = ——a’ =a-,|—5—=a-|| — | =a-|tgt|.
cos’t cos’t cost

U omaTe IMOoABIHTETrpaJIbHAA Cl)YHKHI/IFI IIpUHHUMAET paHI/IOHaJIbHHﬁ

. a
(OTHOCHTEIEHO TPUTOHOMETPHUYECKUX QYHKIIHIL) B R( —, a tgt|].
cost

3. loacTanoBka x = a-cht, t > 0 (e x > 0) win x = —a-cht,
t 20 (ecmu x < 0). Torga

Vx?—a* =a-ysh’t =a-|sht|,

U BeIpakeHue R(x,+ x?—a*) npuBoauTcs K Buzy R(acht, a|sht|).

HPI/I HaJIMYNK pauKajia B IIOABIHTCT'PAJIBHOM BBIPpAXKE-

x+a
Huu (0/13: x € (—oo0; —a) U [a; +00)) MOX>XHO BOCIIOJIb30BaThCA IIO/-
o a T i
CTaHOBKOM X = ——, et € |0; —J U [—; nJ, U TOT/ZIa
cost 2 2

1 _ /1—cost _
1+cost

C Apyroil CTOpPOHBI, B 3TOM CJiydae BO3MOXXHa IIOZACTAHOBKA

x = a-cht:
\/x—a =\/cht—l _
x+a cht+1

3ameuarue. Eme pa3 06paTiM BHUMaHHWE YUTATE/SA Ha OAHO 00-

cToAaTenbcTBO. Eciu nmogbiHTerpaibHas QYHKIUSA COAEPXKUT paju-

[x-a
Kausl BUAA \ x> —a* (WM ,|~——), TO B 3TOM cjIy4ae IepBoobpas-
x+a

99



Has UIETCA Ha Jiyde X > a WiIK X < —d. Tak Kak OObIYHO HET HUKa-
KUX OCHOBAHUH IPEATIOYECThb OAUH JIyd JPYyTOMYy, TO 9aCTO BhIOUpa-
IOT TOT JIy4, Ha KOTOpoM OyzeT 6ojiee mpocTas 3anuch Ipeobpaso-
BAaHHOT'O IIOJABIHTErPaJbHOIO BBIPAXEHUS, T.e. Jyd X > a (Ha
JIpyroM Jyde X < —a IepBooOpa3Has HaxXOAWUTCSA aHaJOTUYHBIMU
paccyxzeHuaMu). [losToMy, y4uTBIBasg 3TO, B YKa3aHHBIX BHIIIE
MMOZICTAHOBKAX MOXXHO OTPAaHUYUTHCS YMEHbIIEHHBIMU BIIOJIOBUHY

a T a
IIPOMEXYTKaMH IO t: X = —— IpU t € (O; —|, x = —— 1pu
sint cost

te [0; g], x =a-chtoput e [0; +00). DTO TO3BOJISIET IIPHU YIIPOIIIE-

HUU PaZiiKaJiOB OHO3HAaYHO pacKpeIBaThb MOAyau. B aToil cutya-
MY MOKHO UCIIOIb30BaTh QYHKIIUIO CUTHYM.

Pewenue. HPI/IMeHI/IM TPUTOHOMETPUYIECKYIO IIOACTAHOBKY X =

= L, raet e {O; gj Nmeem

cost
dx_asintdt_atgtdt
cos?t cost
3
Jx2-a*)® = « —a’ | =aJtgbt=a®tg’t
| cos?t B gr=atet

[loacTaBiisaAa B HHTErpajl, MmoJay4iruM

lj dt =l2'|-costdt _

de  _

tg’tcost a’’ sin’t
1 ¢d(sint 1
=_2J ( 2 )=_ 7o tC
a®’ sin’t a’sint
a
OcTasoch c/ieaTh 06paTHYIO HOACTAHOBKY. Tak Kak x = ——,
cost
a
TO COSt = —,
x
a’ x2—a> x*-a?
sint=v1-cos’t =,/1-— = — = )
x x x
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dx X
CrefoBaTe/bHO, =— +C.
.[ /(xz_az)s A% — &

ITpumep 4.30. (x> a).

Hairtu IL
Vx* —d?
Pewerue. TIppuMeHNM rumnepb0oIMIecKyro MOACTAaHOBKY X = acht,

t > 0. Torna dx = ashtdt, Vx*-a®> = a|sht| = asht u unTerpan
CBOZUTCA K UHTErpay Idt =t + C. CzenaeM obpaTHYyIO ITOJCTAaHOB-

x x
Ky: X = acht © cht = = © t = Arch-, rae obparHasa QyHKIUsS
a a

K YKa3aHHOM BETBH TIuUIepOOJIMYECKOr0 KOCHHYCA HMEET BH/
Archx =In(x++/x*-1), x > 1. Utax,

2
J'dt=t+C=Arch£+C=ln £+,/(£} -1 |+C=
a a a

=In(x+Vx*-a®)+C,

r7le B MOCTOsAHHYIO C' 3/1eCh BKJIFOUEHO cyiaraemoe (—Ina).

X—a

TIpumep 4.31. Haiitu J‘ dx (x> a).
x+a

Peutenue. B HEKOTOPHIX CTyYasx IPH BHIYMCIEHUN MHTETPAJOB
paccMaTpUBaeMOro BHA HapsZAy C YKa3aHHBIMU HOJCTaHOBKaMMU
MOXXHO IIPUMeHATh M Apyrue. HampuMep, B ZaHHOM cIydae IIO-
JoXUM X — a = 2ash?, Torma x + a = 2a(sh?t + 1) = 2ach?

_ 2
u ,x a=,/2aSh2x=th,dx=4asht-cht-dtnanXOAHMKHH-
xX+a 2ach®*x chx

Terpaiy

j /x_adx=4ajsh2 tdt=4aJCh2t_1dt=ash2t—2at+C.
X+a 2

/x—a /x+a
YuuteiBasg, 4To sht= 5 ,cht= 7 nuMeeM da-sht =
a a

= 2a-sht-cht = Vx*—ad®. Jlanee, sht + cht = e, orcroza
Jx+a +\/x—a}

V2a
=In(Jx +a+Jx—-a)-1n+/2a.

t =In(sht+cht)= ln(
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OxkoHYaTeNbHO IMOJIY9YM

J X7 i =x? - —2aln(Wx+a++x-a)+C,

X+a

rie C'=C—In+/2a.

4.2.14. TlepBas noAacTaHoBKa Jiliepa

Jax? +bx+c=t-xa

MHTerpaisl BUza fR(x, Jax? +bx+c)dx B 06l1eM ciydae MOIyT
BBIUMCJIATHCA C IIOMOIIBIO PalliOHATU3UPYIOIIMX TOACTaHOBOK JH-
nepa. Ilepgas nodcmaHnoska dilnepa IpUMeHHUMa B ClIy4yae, Koraa
a > 0. I[Tomoxum vax* +bx+c=t— x«/a (MOXHO Taxke OBUIO ITOJIO-

KUTb Vax? +bx +c =t + x+/a). BossegeM 310 PaBEHCTBO B KBaJpar:

ax® +bx+c=(t—xva)?, ax® +bx +c=t* - 2txJa + ax?,

t?—c

OoT a BbIpakaeM x uepes t: x=—_.
KyAd BEIp P 2Ja-t+b
Ja-t2 +bt+ca
5 dt
2Ja -t+b)
T, Ja-t? +bt+ca
Jaox? +bx+c=t-xJa=t—+Ja- = )
2Ja -t+b 2Ja-t+b

[Tepexoziss K HOBOM IlepeMEeHHOW WHTEIPUPOBAaHUsA, IOIydaeM
HHTerpaJj OT pallioOHaJIbHOU Apobu

JR(x,x/ax2+bx+c)dx=
2 2 2
=J'R{ t?—c Aat +bt+c\/5)_2\/5t +bt+C\/Edt.

Torga dx=2-

>

2Jat+b°  2Jat+b (2/at +b)?

BeI4KCIMB UHTETpa, HEOOXOAUMO cZAenaTh OOpaTHYIO IOACTA-

HOBKy t =+ ax® +bx+c +x+/a.

dx
IIpumep 4.32. Hauitu Jz—
Vx“+a
Pewenue. TIockoMbKy cTapmuii Ko3pQOUIIUMEHT KBAAPATHOTO
TpexwIeHa IOJI0XUTeJIeH, TO IPUMEeHUM IIEPBYIO ITO/ICTaHOBKY DU-
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Jiepa: \/Xz +a =t—x. Bo3Boasa 006e YacTH 3TOro PaBE€HCTBA B KBaA-

2 2 2 t*-a
paT, OoJIy4YuM X~ + a = t° - 2tx + x*, WM x = o
t2+a
JluddepeHnypyss JaHHOe paBEHCTBO, HaXoAuUM dx = 22 dt,
> t?+a
x‘+a = o IlozcTaB/sAA B TOABIHTErpaJbHOE BBHIpAKEHMUE,
TTOJTyIUM

U nt +C=ln|x+ x2+a‘+C.
= J ¢ J
Vx?+a

ITpumep 4.33. Haiitu '[

dx
i —xe1
Peutenue. Tak kak crapmuii kKo3pGUINEHT KBaJpaTHOTO TPeX-
WieHa IOJIOXUTEJIEH, 31eCh TAK)Ke BO3MOXKHO IIPYMEHEHUE ITepBOH

HOZCTaHOBKM Diitepa: vx* —x +1 =t —x. Tenepb Bo3BeZIEeM 3TO pa-
BEHCTBO B KBaZIpar:

C-x+1l=(t-x)?ex-x+1=C22tx+x*=
t2-1
2t-1°

=X =

2 ! _
Jlubdepennypys, HaxoauMm dx = [;t 1 ] dt=2. E t +)1 dt. Te-
— t —

2?-t+1
— t
t2t-1)
Jlanee mpeacTaBisfieM MOABIHTETPAIbHYIO QYHKIIVIO B BUJle CYMMBI
MIPOCTENIINX APOOE U BEIYUCIISIEM:

2_
e
(2t—1) t 2t-1 (2t-1)
_pdt 3 d(2t-1) 3 1 3
2.‘- 1 2." |_

= =2In|t|-=In|t——|-——+
2t-1) 2 2] 2(2t-1)

pexoiA K HOBOU epeMeHHOM, MoJlydaeM UHTerpas 2 j

b

2

e t=x+vx*—x+1.
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4.2.15. Bropas nozcTaHOBKa Jiliepa
Vax? +bx+c=xt+-/c

BTopas moacTaHoBKa Jiiyiepa IpuMeHHUMa TP BEIYUCIEHUY WH-
TErpajioB BUza JR(x, NJax? +bx +c)dx, eciu cBo6ogHBIN wieH ¢ > 0.

TTomoxuMm vax?+bx+c=xt++/c (MOXHO Takke 6GBUIO TOJO-

KUTB vax* +bx +c = xt —+/c). Bo3BezieM JaHHOE paBeHCTBO B KBa/-
patr: ax®+bx+c=x%*+2xt/c+c. TTocie cokpameHust Ha x # 0

ZVF t—b Je-t? —bt+adr

uMeeM i x: x =———— Torga dx=2- 5
—t? (a-t)

m-xﬁf__zﬁ b s o= et obtrave

a—t

B pe3ysnbrare 3aMeHbl IEpEMEHHOMN MIPUXOANM K UHTErpajy OT
panroHaJIbLHOM APo6HU

JR(x, Nax? +bx +c)dx =
—jR(ZVFt b Jct? —bt+aJrJ JY-—bt+avr

a—t? (a-t*)

Jax® +bx+c—+c

X

BBIUMCIMB MHTETrpal, B KOHIIE TIOJCTaBUM t =

IMIpumep 4.34. Haiitu J

dx
x+Vx?-x+1
Peutenue. PaccMOTpUMM HHTErpal M3 IpeAbLIAYLIEro IPUMepa,

HO Telephb BEHIYHUCIUM €TI0 IIPY IIOMOIIM BTOPO¥ MOACTaHOBKH Jiiie-
pa (Tak KaK CBOOOAHBIN WieH KBaZIpaTHOTO TpexwieHa ¢ = 1 > 0,

3TO BO3MOXHO). [Tonoxxum x> —-x+1=xt—1, Bo3BegeM B KBaJ-
paT: x> —x + 1 = x%% - 2xt + 1.
[Tociie cokpallleHUs Ha X BhIpa)kaeM U3 OCTaBIIErocs paBeHCTBa

-1 2-t+1
X depe3 t: X = . Torma dx = —Z-ﬁdt u
t2-1 t*-1)
2_
\/xz—x+1=xt—1=%,x+\/x2—x+1=ﬁ.
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[loacTaBiisasa B HWHTErpaj, rmojay4imM

J dx _ 2t +2t -2
x4Vt —x+1 °tt-D(t+1)

=I[“ 1 3 3 Jdt:

t 2(t-1) 2(t+1) (t+1)?
g T o Pt
t-1 29t+1 (t+1)2

=21n|t\—£1n\t—1|—Eln|t+1\+%+c,
+

Ixi-x+1+1

X

raet=

4.2.16. TpeTba moAcTaHOBKA Jiliepa
Jalbe=2) (x—w) =t(x—A)

TpeTbH IIOACTAaHOBKA Bﬁﬂepa INIPpUMEHACTCA IIPU BBIYUCICHUHU

WHTErpajjoB jR(x, \/M)dx B CJyyae, KOrZla KBaJpaTHBIN
TpexwieH ax® + bx + ¢ UMeeT pasIM4HbIE BellleCTBEHHbIE KOPHU A
UL, T. €. ax® + bx + ¢ = al(x - 1) (x — ).
ITonoxum +ax” +bx +c =t(x—A\). Bo3BeieM paBeHCTBO B KBajl-
par:
ale—A)0c—p) = t2(x—A)>

CokpatuM Ha x — A # O |, BeIpaXkas Xx 4epe3 t, IOJyIUM

—ap + At 2 Mt
x = i— uddepennupys, HaxoAuM dx = M dt,
t?—a (t? - a)?
A—ut
Ja? +bx+c=t(x—A) = u. IToacTaBaAA B UCXOAHBIA UHTE-

t2—a
rpaj, MoJy9aeM UHTETPaI OT PAIMOHATBHOM pobU

2
[RGe,Nax? b+ o) = | R{‘“*:”f ,aﬂ-mf] 2aQ-Mt

t>—a t?—a (t* —a)*

BEIYMCIIMB MHTErPasl, B KOHIIE BEIIIOJIHUM OOPAaTHYIO ITOCTAHOB-

Jax® +bx+c

xX—A

Ky t=
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dx
IIpumep 4.35. Haittu ‘[ﬁ .
a —x

Peuwienue. Jlns BEIYUCIEHUS MHTErpajia BOCIOIb3yeMCs TpeThei
TIOAICTaHOBKOM Diinepa: va’ —x* =t(a—x). Bo3BegeM paBeHCTBO
t?-1
2+1
Torza nonyyaem cieayrolee COOTHOIIeHUe Mexay AuddepeHIIna-

4atdt 2at
gamu: dx = ————— . Kpome Toro, vJa’-x*= . Tlepexoas
(t + 1) P t2+1 P

K HOBOI ITepeMeHHO 110/l 3HaKOM MHTEerpaia, IojydaeM Ipu |x| < a

_[L=2-J'2d—t=2arctgt+c=2arctg,/a+—x +C.
\/aZ_xz t°+1 a—-x

B KkBazpar: (a + x)(a —x) = t(a — x), OTKyZa HalzgeM x = a -

dx

IMIpumep 4.36. Haittu .
'[1+\/1—2x—x2
Pewenue. [TockonMbKy KBaZpaTHBIU TPEeXWIEH I10Z 3HAaKOM paJiuKa-

Jla MeeT [iBa Pa3JUYHBbIX JeUCTBUTEIbHBIX KOPHA X;, = ~1£42 ,
TO NPUMEHMM TPETbIO IOACTAaHOBKY OJiiepa: V1-2x-—x?=

=t(x+1++/2). [lepemnucas faHHOE PABEHCTBO B BUZE

V=0 +1-v2) (e +14++2) =t +1+2),

BO3Be/IEM €ro B KBaZpaT U COKpaTuM Ha (x+1++/2). Bepakas 3a-
TEM X 4epes t, IOIyIUM

— 2 —_—
= t(\/§42-1)+«/§ 1’m=22x/§t’
t“+1 t“+1
2
1+1-2x—x2 =t+2zﬂ,dx=—%.
t°+1 (t"+1)

Takum o6pa3oM, CBOAUM HCXOAHBIA MHTErpaJ K UHTETPAIy OT
panoHaJIbHOM APOOH:

dx tdt
=442
J14.\/1_2x_x2 4\/_J-(t2+1)(t2+2\/§t+1)’

KOTOPI:.IfI BBIYHUCIIAEM CTaHAapPTHBIM o6pa30M.
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TTogcTaHOBKY Jiiiepa, Urpas BaXHYIO0 TEOPETUYECKYIO POJIb,
Ha IIPAKTHUKE YaCTO MPUBOZAAT K TPOMO3/KIM BBIKJIaIKaM, I03TOMY
K HUM IpuberamT B KpaHUX CJIydasx, Korza He yzaetcs 6osee
IIPOCTO BHIYUC/IUTD UHTETPAJI JPYTUM CIIOCO6OM.

4.3. UHTerpupoBanne 6uHommanbHbiX aguddeperumanos

BuHomuanvbHbimMu  HasbBalTca aAuddepeHIUaANBl  BUAA
x™(a + bx™)Pdx, rne a, b — felicTBUTENbHBIE YHMCIA, OTIMYHBIE OT
HYJISI; M, N, p — palOHaJIbHbIE YHCIIA.

Kak gokasan II.JI. YeGbimés', mepBoobpasHast i GyHKIUH
x™(a + bx™)P aBnsercsa aneMeHTapHON PYHKITUEHN TOJIBKO B CJIEAYIO-
IIUX TPEX CIydasax:

1) p — nernoe;

2) m—+1 — IIeJIOE;
n
+1

3) mr- + p — LeJioe.
n

PaccMoTpuM 3TH ciIy4au.

1. Eciiu p — 11es10e, TO noJsiararoT t = i/;, rae s — obmui (HaTy-
paJbHBIN) 3HaMeHaTesb Apobeit m u n (CM. UHTErpUPOBAHUE JIU-
HeWHBIX UDPallMOHAIBHOCTEMN).

IIpumep 4.37. Haiitu .[ Jaxdx

A+3x)*
1 1Y?
Pewenue. TlepemnuiiieM UHTErpaa B BUZE sz 1+x3 | dx. Oue-
1 1
BUJHO, YTO m = E,n = g,p =-2,a=b=1.

Tonoxum t=%x, Torna x = t°, Vx =t3, ¥x =t dx = 6t3dt
U B pesy/bTaTe 3aMeHBl IIepeMeHHO MHTerpUPOBAHUA IIPUXOAUM
K CJIefIyIoleMy UHTerpaLy:

! Yebvuwés IMagrymuii Ibeosuu (1821—1894) — pycckuii MaTeMaTHK M MeXa-
HUK, akajgeMuk [leTepOyprckoii akazeMun HayK. OKOHYWI MOCKOBCKHII YHUBEp-
curert. fIBasieTcss ocHoBarTeseM IleTepOyprckoil MaTeMaTHYeCKOM IIKOJbI. 3aHH-
Majica Teopueil mpubAMKeHUs OQYHKIWI MHOTOWIEHaMH, WHTErpajbHBIM
HcYMCIeHNeM, TeopHel Jucell, TeoOprell BepoATHOCTeM, Teoprel MallluH U MeXa-
HUM3MOB H IIp.
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f £8dt 61( 2y 4 t?’szt—
(1+t%)? 1Q+t7)

2
=6/ t4—2t2+3—w dt =
A+t%)

t3dt

—4t® +18t —18arctgt — 6j T

t2dt 1 1 t 1
rme | ———=—=—|td =— +—arctgt+C.
e [ arer =2l [1+t2] 21+ 2008

CnepoBatesnbHO, IIpu x = 0 UMeeM

J‘ﬁ—éﬁ _
1+3¥x)* 5
e t = Yx.
m+1 S -
2. Eciu — 1IeJIoe, TO IoJIaraioT t =3/a+bx", rae s — 3Ha-

n
MeHaTeJb ApooH p.

1

xdx
IMpumep 4.38. Haiitu jﬁ
1+3/x?
2

Peutenue. Ilepemnuiiem uHTErpal B BUAE _[x(1+ x3 de, OTKyZa

2 1 m+1
omnpegensieMm = 1,n = g,p = E,s = 2. Tak Kak
n

=3_ue_

2
2 3 3 1
JI0€, TO TIOMOKUM t =\ 1+ x3. Torma x =(t* —1)%, dx= E(t2 —1)22¢dt.

CinengoBaTenbHO,
J‘ xdx
1+ Q/x_2
F
rae t=\1+x3.

3. Ecim

=3J(t2 —1)2dt=gt5 —263 +3t+C,

+ p — 1eJI0e, TO peKOMeH/IyeMas IOoACTaHOBKa
n

t={ax™" +b, rme s — 3HaMeHaTeJb APOOH p.
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IMpumep 4.39. Haitu J

dx
N+x*
1
Peutenue. [IpuBesemM MHTErpaa K BUAY Jx°(1+x4) 4dx u ompe-
+1

1
AeJIﬂemm=O,n=4,p=—Z,s=4.HOCK0J1bem +p=0—

IeIoe, TO MOJIOXKHM, cileayd pekoMenzamuu, t=31+x*. Torza

1 5 1
x=(t*-1) 4, dc=—t>(t"-1) 4dt,J1+x* =t(t* -1) 4. CremoBaTen-
HO,

A B Cx+D)dt=

J‘ dx =_Jt2dt =J‘ + +
m t4—1 (t+1 t-1 t*+1

__'[ R t+1
t+1 t-1 t?+1 4

rae t=31+x7*.

—larctgt+C,
t—1 2

4.4. YMHOXeHue Ha conpsAXeHHOe BbipaXeHue,
HecTaHAapTHbIE NOACTAHOBKMN U ApYyrue npeobpasoBaHua

1. [Ipy UHTErpUPOBAHUM BBIpAXKEHUM, COZEepXKAIINX PAAUKaIbI,
WHOTZIa BO3MOXXHO MCIIOJIb30BAHUE M3BECTHOI'O IPUEMA yMHONCe-
Hust (c 00HOBpeMeHHbIM OeJleHUeM) HA CONPANCEHHOE BblpaXceHUe.

ITpumep 4.40. Haiitu '[ dx (a > 0).

Pewenue. Ha O/I3 umeeM —a < X < a, i IO3TOMY

\/ a+x ~Ja+x
a-x “a-x
YMHOXHUM ¥ PasfeuM MOABHTErPAJbHYIO Apo6b Ha BhIDAXe-

HUe, CONpsDKeHHOe 3HaMeHaresito. B pesynbraTe UHTErpa ygaeTcs
CBECTH K CyMMe ZIBYX O0Jjiee IIPOCTHIX UHTErPaJIOB:

Ja+x -Ja+x a+x X
== J\/idx J\/a j\/z

d(a® —x
=a- arcsm———j%—a arcsin — +\/a -x?+C.
a’—-x a
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dx

++/x+b
Peulenue. YMHOXXMM YHC/IATENb U 3HAMEHATeJNb Jpo6H Ha BhIpa-

(a #b).

IMpumep 4.41. Havitu J N,
x+a

JKE€HHue, COIMpAXKEHHOE K 3SHAMEHATEII0, T. €. Ha \/X +a-— \/x +b:

dx _ ((Wx+a-x+b)
'[\/x+a+\/x+b_'[ a-b b=

=£(_|.de—]me)=
%b(_[\/md(x+a)—_[\/md(x+b))=

L (%(x+a)§ —g(x+b)%) +C

=a—b
(x>-a,x>=-b).

2. B cieayrolieM nmpuMepe UCIONb3yeTCs PUeM 8bl0esIeHUs NOJ-
HO20 k8adpama B TIOZAKOPEHHOM BBIpaXXEHUU.

Jxt+xt+2

x®
Pewenue. Ecii 3aMeTUTBD, UTO 110/, 3HAKOM KBaJpaTHOI'O KOPHA

HaxoguTcA TTOJTHBIN KBaJpaT, TO 3TO IIO3BOJIAET 130aBUTHCA OT pa-
AVKajia U TEM CaMbIM CYIIIECTBEHHO YIIPOCTUTD BEIYUCIICHUEC NHTET -

ITpumep 4.42. Haiitu _[ dx.

pana:
P e
_j[ j —ln|x\—4T+C
(x#0).

3. YacTo npu MHTETpUPOBaHUM UCIIOIb3YIOTCSA Pa3INYHbIe TIO/-
CTaHOBKH, B TOM YHCJIe HeCTaHAapTHEIE.

xdx

\/1+x2+\/(1+x2)3.

Peutenue. [IpeobpasyeM MOABIHTETPAILHOE BEIpAYKEHUeE:

IIpumep 4.43. Haitu f
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j xdx =J xdx
\/(1+x2)+(1+x2)\/1+x2 V142 V1+V1+x>

xdx

V1+x?

J d(\1+x*) =jd(1+\/1+x2).
V1+4/1+x? V1+41+x?

[MonoxuM t =1++1+x>. Torna

J%=2\/E+C=2\/1+\/1+x2 +C.
IIpumep 4.44. Haittu Jx,/ X dx (a > 0).
2a—x
X

Pewenue. Cornacuao O/I3

=d(W1+x?). Torza umeem

Bocnonb3yemcesa TeM, 4TO

20 < x € [0; 2a). Caenaem Tpu-
a-x
. T
TOHOMETPHUECKYIO NOZICTAaHOBKY BUJA X = 2asin’t, rae t € {O; 5]

IIpuxoauM K UHTErpany

2a-2asin’t

2
=8q? 1-cos2t dt=8a2j 1—lc052t+1c0522t dt =
2 4 2 4

2
J.(Za sin? t)\/ ﬂd@a sin®t) = 8a? '[sin“ tdt =

=8a2'[(§—%c052t+%cos4tj dt =d* [3t—25in2t+%sin4t] +C.

Ocrasoch cenaTh 06paTHYIO MOACTAHOBKY. O4eBHUAHO,

sint = ,/i,cost=\/1—sin2t = ‘/Za—x’
2a 2a

sin2t =2sintcost =2- /zi 2a_x=l-\/x(2a—x).
a a

2a

TOTZa

Hatigem cos2t. Ecnu t € [O; ‘EJ (xe[0;a)), Tocos2t >0u
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cos2t =+/1-sin?2t =, [1 x(2a—2x) \/ 2 _x(2a-x)=

a

=L fap iHl_aox,
a a

a

T T
Ecmxet e {Z, EJ’ T. e.Xx € [a; 2a), To cos 2t < 0 U, cyieoBaTeNbHO,

cos2t = —+/1—sin? 2t=_|a—x| _a-x

a a

Takum obpasom, Vt € {O; gJ cos2t = u. [ToaToMy
a

sin4t =2sin2tcos2t = E x(2a—x) u.
a a

HOI[CTEIBJIHH, IIOJIYYHUM JJIA UCXOAHOI'O UHTETrpajia

dx=
=a {Barcsm\/:——\/x(Za x)+—\/x(2a x (1——}} =

=3a® arcsin 21 - 3a2+ X Jx(2a-x) +C.
a

dx
ITpumep 4.45. Haiitu Il NCENCTSE

2 2
t“ -1
Peutenue. TTonoxum t =+/x ++/x+1, Torga x = [ 5 ] .
t

[Tepexozsa K HOBOM ITlepEMEHHOM, TOTyYrM

I dx _ljts—t2+t—1 ot 11

T+/x +Vx+1 2 t* 2 2 2t 4t
= x—%ln(\/;+\/x+1)+§—%x/x2+x+C(x>O).

K uHTerpasam ot KBaZpaTU4YHBbIX UPPAIIMOHAIBHOCTEN €CTeCT-
BEHHBIM 00pa30M MPUMBIKAIOT MHTETPAJIbI OT UPPALMOHAIBHOCTEHN

clIeZ[yIoIIero BUA:
JR(x, Jax® +bx® +cx +d)dx, J'R(x, Jax* +bx® +ox® +ex+r)dx,

coZiepXkaliye 1o/ 3HaKOM paZiuKajia MHOTOWIEeHH 3-i1 U 4-i1 cTene-
Hel (¢ AeficTBUTENbHBIMU KO3 PuIlueHTaMu). ITU UHTErpajbl Ya-
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CTO BCTPEYAIOTCA B IPUJIOXKEHUAX U, BOOOIIle TOBOPS, HE SBJISIOTCSA
aneMeHTapHbBIMU QyHKIUAMU. O6a 3TU UHTerpaja IPUHATO Ha3bl-
BaTh /IUNMUYeCKUMU B Te€X CIy4adax, KOrZjla OHU He BBIPAXAIOTCA
yepe3 sjeMeHTapHble GYHKIUM, U nceg0oaUNmuueckumu B TexX
CJIy4yasx, KOTZla OHU BBEIPAXKAIOTCA depe3 d/eMeHTapHble QYHKIUU
(mpoucxoxAeHWe Ha3BaHWA UHTETPAJIOB CBA3aHO C TEM, 4TO BIIEp-
Bble C DTMMU HHTErpajaMM CTOJKHYJIUCH IIPY pELIeHUM 3aJa4u
O BBIUMCJIEHUH JJIMHBL AyTY sjutuIica). Cpeiu SJUTMIITUYECKUX UHTe-
I'PajIoB 0COOEHHO BaYKHYIO POJIb UTPAIOT TaK Ha3bIBaeMble SJUTUITU-
yecKue MHTerpajbl 1-ro u 2-ro poga B popme Jlexncanopa

F(k E(k, ¢)= [1-K* sin? gdo.
(k, )= j\/TH((p)I sin® pde

st 3TMX QYHKIIUM cOCTaBIeHbl OOIMMpPHBIE TAOIUIBI U rpadu-
Ku. A. JlexxaHZ[poM U Jpyr¥MU MaTeMaTUKaMH U3ydeHbl CBOMCTBA
JAHHBIX QYHKIIMH U YCTaHOBJEH psAZ GOpPMYIL.

Hapszy c anemenTapHbiMu GyHKIMAMY GyHkumu F(k, @) u E(k, ¢)
IIPOYHO BOILTH B ceMeCTBO PYHKIIHIA, YaCTO UCTIONb3yeMbIX B aHaIM3E.

3apauv pna CcamoCToATeNIbHOrO pelleHunA

Hairtu HEOIIpE€ACTIEHHBIEC MHTEI'PAJIbI.

4.1.'[x\/x—2dx. 4.2. j x2-31-xdx.4.3. j

dx Nx+1+42
L] . —. l5.
44J(3—x)\/1—x 4 j(x+1)2—\/x+1
dx J- 2x-1+1

4'6'.[ 2 —4.7. .
(2x+1)3 —(2x +1)2 (2x-1DR2x-1-1)

§/x+1+\/x+1 1—_x 3x_—l—l
8.J(X+1)(4_§/xT)dx.4.9.J./ +xdx.4.1o.j -

1
4.11. /x+ dx. 4.12. /x+1 4.1 dx
j J x-1x+1 I\/(x Dx+1)?

4.14.

I Jox- 1)3(x+2)5 ] J(x+1)2(x Dt
.16. .4.17. | ——.4.18.
* jx(1+2\/¥+%/§)4 Aot

X
dx
Jx+4

dx
3x*—6x+9
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2X+3

ax
J6—4x-2x> V=x*+4x+5

3x+2
4.21. dx.4.22. | \Vx? +4x +13dx.
ij 2ix+2 J.

4.23. j J5+4x — x2dx. 4.24. _[x\/l — x%dx.
4.25. j a —3x)J1+ x —x>dx. 4.26. j(x +1)Vx? +4x +1dx.

4.19. j 4.20. j

427j 428.j

dx
x\2x? —2x-1

4.30. j dx

(x+1)Vx® +x+1

dx dx
432 | ———.4.33. | ——.
T P
_Jx+2x+ dr.4.36.[ X5
o V1+2x—x?

x- \/1+x J\/—(1+\/_)2
4.40.[ & .| YL g -
%/x—2(1+%/x_2) J_(J_+1) x \/1+x

Jx+1-+/x-1
Jx+1++/x-1

Jx? +x+
(x+2)\/x2 +2x
dx
(x—1P%Vx*+x+1

2
X +2x+3dx435j

V=x*+4x
4.37. j—vls/_;_i/;dx 4.38. j

4.29, j

4.31. j

4.34. j

4.43. 4.44.

_odx
x1+x®

V1+x® +4/1—x2 xdx

4.45, j

4.47. j 4.48. j

4.49. j

4.51. j

dx.4.46. .
J1-x* J\/x+2+\/x+3
x“dx
(4—2x+xW2+2x—x%
O +x+DVx* +x+1 1)\/X —x—
dx 452j d"
x4t +x+1 T 1+1-2x—x%
4.53.j
4 3 _
4.55.'[x 5x° +6x 7dx.

2 dx
1- x4)\/1+x2.
(x+1)dx 450."
dx 4.54. | dx
x—Ax*-x-2 (1+1/x(1+x))2.
Vx? +2x+3
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naBa5
WHTETPUPOBAHUE
TPUTOHOMETPUYECKUX OYHKLIUN

[Ipy MHTETPUPOBAHUU TPUTOHOMETPUIECKUX PYHKITMIH HapsAy
¢ anrebpanyecKUMHU IIpeobpa3oBaHUAMHU 3GGEKTUBHO HCIIOIb3Y-
IOTCS BCEBO3MOXXHBIE TPUTOHOMETpUYecKre npeobpa3oBanus. Bee
HMHTEeTrpaJbl BEIYUCIAIOTCS Ha POMEXYTKaX 00J1acTH ONlpeZiesieH s,
rZie MOABIHTErPAIbHbIE QYHKIIMY OIPeie/IEHbl U HETTPEPHIBHEL.

B mpocTeHMX CIyqasx UHTErPaIbl BHIYUCIAIOTCA HETOCPEACT-
BEHHBIM CBeZIeHHEM UX K TaOmyHbIM. HO B 6OIBIIMHCTBE CITyyaeB
HaJI0 3HATh IOAXOABI U OCO3HAHHO IIPUMEHATDh UX TaM, I/le HYXHO.
PacCMOTPUM OTAEIbHBIE KJIACCH MHTETPaJiOB OT TPUTOHOMETpUYe-
CKUX QYHKIIUHA U 001MIe peEKOMEH/JallUY 110 UX BBIYKUCIIEHUIO.

5.1. UnTerpanbl Bupa jR(sin X, cos x)dx

37ech, KaK U Ipexze, o R moHMMaeTcs: panyoHasbHas QyHK-
I[MsI CBOUX apIyMEHTOB. DTO JJOCTaTOYHO IIMPOKUH KJIacC MHTErpa-
JIOB, €CJI yYeCTh, UTO tgX M CtgX TAK)Ke BBIPAXKAIOTCA Yepe3 CUHYC
Y KOCHHYC. PacCMOTPUM METOZBI BHIYMCIEHUSI UHTETPAJIOB JaHHO-
ro Buza.

5.1.1. MeToz yHUBepCaJIbHOMN MOACTAaHOBKH

WHTerpaisl J-R(sin X, cos x)dx TIPUBOAATCA K UHTerpajaaM OT pa-

IIMOHAIBHBIX QYHKIIMI C TOMOIIBIO YHUBEPCAIbHOU MpU20HOMempu-
2t

o x x .
yeckoll noocmaHosku t = tg— (wmu t = ctg—). Torga sinx = —;
2 2 1+t

1 - t2

J
1+ t2
JIAIOTCA COOTBGTCTBYI-OH.II/IMI/I METOJaMHAu I/IHTel"pI/IpOBaHI/Iﬂ pauHo-

CoSXx =

2dt
x = 2arctgt, dx = ] Y lajiee UHTeTPaJIbl BBIUUC-
+

2
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HaJIbHBIX Ipobeii. O6paTuM ellle pa3 BHUMaHUE Ha TO, YTO IIpUMe-
x
HEHUe MOACTAaHOBKU t = tgi BO3MOXXHO TOJIbKO Ha IIPOMEXYTKaX,

He cofiepXXamux Todek Buga n + 2nn, raen € Z (-n + 2nn < x <
< © + 27mn) . B ganpHelinieM 3To noApasyMmeBaeTcsa. K HejocTaTkam
3TOr0 MOAX0JA MOXXHO OTHECTU TOT GaKT, YTO YHUBEPCATbHAs MTOA-
CTAaHOBKA BO MHOTHUX CJIy4asX IPUBOJAUT K CJIOXXHBIM BBIYHCIIEHU-
M. B yacTHOCTH, 3TUM METOZOM MOXXHO BHIYUC/ISATh UHTETPAJIbI BU-
j dx
asinx + bcosx + ¢’

IIpumep 5.1. Hatitu -[sn1—4-2
x

PeuwieHue. BeruuciasgeM:

2dt
J' dx _J' 1+t =J- dt =J- dt _
sinx+2 t2+t+1 1V 3
+2 t+- | +>
1+t 2 4
2 2t+1

raet = tgx
5

cos xdx
sinx(1—cosx)

IMIpumep 5.2. Haittu _[

x
Peutenue. ITonoxum t = tgi, TOT/ZIa IPUXOAUM K UHTErpary

1-t* 2tdt
1+22 1+t ——Jl t* Udt Jdtj
2t
51—
1+t 1+t }
_—l_£+C=—1ctg£_ltg£+C
2t 2 2 2 2 2

B HEKOTOPHBIX CIIy4adX BbIYMCIICHHE UHTETPA/JIOB JAHHOT'O THUIIA

MOXeT OBITh YIPOIIEHO 3a cueT BhIOOpa ApYyrux, 6ojee yAauHBIX
IIOZICTAHOBOK.
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5.1.2. Cixy4yau, korga R(-sinx, cosx) = —R(sinx, cosx)

Eciu nogbiHTerpasbHass GyHKIMA HeYeTHA OTHOCUTENBHO Sinx,
T. €. [IPU BCEX X 13 00JIaCTU UHTETPHPOBaHUA BEPHO R(-sinx, cosx) =

= —R(sinx, cosx), TO MHTerpaja palUOHAIU3UPYETCA C MTOMOIIbHIO
IIOZICTAHOBKHU t = COSX.

IMpumep 5.3. Hatitu Itgxdx.
Pewenue. BeryuciasieM:

J-tgxdx =.[51nxdx =_Jd(cosx) =—In|cosx|+C
COSX COS X

(x¢§+nn,neZ).

" J' (sinx + sin3x)dx
Cos 2x
Pewenue. 3ameTuB, 4YTO IMOABIHTEerpasbHasA (QyHKUIUA
sinx(1 + sin?x)

IMIpumep 5.4. Hant (x# Z + %1, nel).

> He4yeTHa OTHOCUTEJBHO SinXx, cAejlaeM peKOMeH-
1 - 2sin“x

AyeMyIo HOJCTaHOBKy t = cosx. Torza sin®x = 1 — t2, —sinxdx = dt,
Y TIOJTyYaeM

> 1 3
J(Z—coszx)(—dcosx)_ (t2—2)dt_j _E_Edt—i—g dt
2cos” x -1 2t* -1 2[tz_1j 2 47,1
2 2
t—L COSX ———
t 3 J2 cosx 3 J2
=—— In C= — In +C
2 42 |, 1 2 42

sin 2xdx

4cos®x + 12cosx — 7
Peutenue. Tak xak nmoAbIHTerpaibHas GyHKIMA HeUeTHA OTHOCHU-

TEJIbHO SinX, cieJlaeM ITOACTAHOBKY t = cosx. Torza rmojxyJyaeM WH-
Terpas

ITpumep 5.5. Haﬁmj (c# J_rg +2nn,n e )

=
(t+§] -4 2
2

—2tdt 1 _[ tdt 1 J‘ udu N 3 J‘ du
Y T2 4 T a) 2
4(t2+3t+%)—16 2 w-4 4 u-4
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5.1.3. Ciy4yai, korga R(sinx, —cosx) = —R(sinx, cosx)

Ecim nmoapHTerpanbHas GyHkKIuMA R(sinx, cosx) HeYyeTHa OTHO-
CUTENBHO COSX, T. €. MPU BCeX JOIMYCTUMBIX X BEPHO PaBEHCTBO
R(sinx, —cosx) = —R(sinx, cosx), TO peKOMeHAYeTCs IOACTaHOBKA
t = sinx.

(cos®x + cos®x)dx

4x

IMpumep 5.6. Havitu
sin®c + sin

cos3x + cos’x

sin®x + sin*x

HedYeTHa OTHOCUTEIBHO COSX, TO MOJOXKUM t = sinx. [Tosyaum uH-
terpain (x # nn, n € Z):

J(l—t z(zzt )dt J( 2_ Jdt=
t* +t t2 14t

. 2 .
=sinx ————6arctg(sinx) +C.
sin x

Peuternue. [ToCKONIBbKY IOABIHTETpaTbHAA QYHKITUA

cosxdx

IIpumep 5.7. Haiitu
P P J‘cosx+smx+231nx+1

Pewenue. 3aMeqaﬂ, YTO IIOABIHTEr'paJibHAA (bYHKHI/Iﬂ HE4YETHa
OTHOCHTEIBHO COSX, IIOJOXUM t = sinx:

'[ d(sin x) _1 de
(1-sin® x)* +sin® x +2sin® x +1 2 t4+1
t++2

dt =

4x/—'[t+tx/—+1 4J_-[ t\/_+1

1 lnsm x+\/—smx+1+
8/2 " sin®x—+/2sinx+1
arctg(\/f sinx+1)+ arctg(x/i sinx — 1)] +C

+

1
il
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5.1.4. Cixy4yau, xkorga R(-sinx, —cosx) = R(sinx, cosx)

Eciu mogbiaTerpanpHas GyHKIMA R(sinx, cosx) 4eTHa OTHOCH-
TeJIbHO CUHYyCa ¥ KOCHUHYCA, T.e. IIPHU BCeX AOMYCTUMBIX X BBITIOIHA-
eTcs TOXAecTBO R(—sinx, —cosx) = R(sinx, cosx), TO K LieJi IIPUBO-

T T
[IUT TIOAICTAHOBKA t = tgX, —5 +n<x< 5 + nn (wim t = ctgx,

wn < x < mn), rae n € Z. Ilpu 3ToM sinx = cosx =

t 1
5 b
J1+t2 V1+t2
. B YaCTHOCTH, OTNM CHOCO6OM MO>XHO BBIYUC/IATH TpI/Il"O-

dx
asinx + bsinx-cosx + ccos?x

dx =

1+ ¢2

HOMETPHUYECKHME MHTETPAJIbI BHJA j

IIpumep 5.8. Haiitu Itgzxdx.
Pewenue. Beruncisem:

_ J» tg? x
cos’x J1+tgx

(tg®x+1)-1 d(tg x)
d(tgx)= | d(tg x)— =
J. Tttgx (tg x) I(g) -[1+tg2x
=tgx—arctg(tgx)+C=tgx—x+C

J'tg2 xdx = thz X -cos’ x- d(tg x) =

(x¢g+nn,neZ).

OpxHaxko mnpoire 6bLUI0 MOCTYIIUTD CJIEAYIONIUM 00pa3oM:

e e e

—de =tgx—-x+C.
cos® x

dx
sin®x + 2sinxcosx — cos®x

IMpumep 5.9. HaI/ITI/II

PeuwieHue. BeruuciasgeM:

J dx =,[ dtgx =_[ d(tgx+1) _
cos® x(tg® x+2tgx—1) Jtg®x+2tgx-1 7 (tgx+1)*—(/2)?
_ 1 In tgx+1-+/2 +C
242 |tgx+1++/2

(tgx # -1 + +2).
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sinxdx

IIpumep 5.10. Haiitu J‘coszx(Sinx + COSX).

Pewenue. TlogenuB ofHOBPEMEHHO YUCIWUTENb U 3HAMeHaTeJb
pobU Ha COSX, IPUXOAUM K UHTErpasy
sinx
dx tg xd(tg x
J cosx ._— =_[ g xd(tg x) =—In[l+tgx|+tgx+C
sin x cos” x 1+tgx
+1
COSX

(tgx = -1).

3ameuanue. Jlroboe panrioHaIbHOE BhIpakeHWe R(u, v) apry-
MEHTOB U U V BCETZja MOXHO NPEACTaBUTD B BUZIE CYMMEI TP€X BBI-
pPaXeHUM, pacCCMOTPEHHBIX B noAnaparpadax 5.1.2—5.1.4:

R(u,v)= R(u,v)—R(-u,v) N R(—u,v)—R(-u,—v) N
2 2
N R(-u,-v)+R(u,v)
2

wii R(u, v) = Ry(u, v) + Ry(u, v) + R3(u, v), rae dyukuus Ry (u, v)
HedyeTHa OTHOCUTENbHO u, QyHKIUA R, (U, V) HeueTHA OTHOCUTEIb-
HO Vv, a GyHKIUA R3(u, v) 4eTHa OTHOCUTENBHO U U V. [T03TOMY MBI
paccMOTpeNX BechbMa OOILIWHA ITOAX0[ K MHTErPHUPOBAHHUIO PaIlHO-

HaJIbHBIX BBIPQXXEHUH OT TPUTOHOMETPUYECKUX QYHKIIUI.

b

5.2. UnTerpanbl BUAa Isin“x cos™xdx

5.2.1. laTerpassl Buja _[ sin™xdx, Icos"xdx neN)

oTu WHTEIrpajibl MOXXHO BBIYHUCIIATD, IIOCIE€AOBATC/IbHO IIOHWXXKAaA
CTCII€EHD C IIOMOIITBbIO COOTBETCTBYIOIIIMX (bOpMYJII

1 1
sin®x = 5(1 — cos 2x), cos®x = 5(1 + cos 2x),

3sinx — sin 3x 3. _ 3cosx + cos3x

sin3x = , COS3x = ,
4 4
. 4. 3-—4cos2x + cos4x  , 3 + 4cos2x + cos4x
sin"x = 3 , COs™x = 3 U 1p.

VIHTerprpOBaHUEM IIO YaCTSIM MOXXHO BBIBECTHU 00OIIme Gopmy-
JIbI TIOHVDKEHUA CTeleH! [JIA UHTEerpajoB AaHHOTO Buza (CM. IpU-
Mmep 5.15).
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IIpumep 5.11. Haiitu jsiandx.
PeuweHue. BeiuuciasieM:

1 3 1
Isin3xdx = —j(Bsinx —sin3x)dx = -=cosx + —cos3x + C.
4 4 3
MosxHO 6BUTO MHTEIPUPOBATh HHAYE:

X
—cosx +C.

j(l —cos? x)sinxdx = —I (1—cos® x)d(cosx)= cos

IIpumep 5.12. Haiitu Isin“xdx.
Pewerue. BeiuuciasieM:

_[sin“ xdx = %J‘(B—4c052x+cos4x)dx =
=§x—lsin2x+isin4x+c.
32

Ecimu dopMynbl IOHMKEHUS CTelleHU HeT II0Z, PYKOM, ee JIerKo
MOXXHO BBIBECTU WIM UHTETrPHPOBATh MOCTENIEHHO:

2
J-(l—coszxj dx=lj(l—2cos2x+1+COS4x ]dx=
2 4 2

= %J'(B —4cos2x +cos4x)dx

U T.J.

IIpumep 5.13. Haiitu Icos5xdx.
Pewerue. BerauciasgseMm:

Jcoss xdx=J‘(1—sin2 x)? cosxdx=I(1—t2)2dt =J(1—2t2 +tHdt =
=t—2t3 +%t5 +C=sinx—§sin3x+%sin5 x+C.

TIpumep 5.14. Haiitu Icos6xdx.
Pewerue. BrruuciasseM:

I(cosz x)dx= J‘(%T dx =

=%'|.(1+3c032x+3cos2 2x +cos® 2x)dx =
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3 ¢l+cos4x

=£+isin2x+—_‘- dx+1_[(1—sin22x)c052xdx=
8 16 8 8

= £+isin2x+3—x+isin2x +1J.c052xdx—ijlsin2 2xd(sin2x) =
16 64 8 16

5—x+lsm2x+ism4x—ism 2x+C.
64 48

16

IMpumep 5.15. BeiBecTu GpopMysty MOHMKEHUS AJII UHTETPAJIOB
I, = Isin"xdx neN,n>2).
Peutenue. B aTom nmpuMepe 3¢ dekTa NOHMKEHUS CTETIeHN YAaeT-
cs1 JOOUTBHCSA ITyTeM UHTETPUPOBAHUA IT0 YACTAM:
= —_[ sin"* xdcos x =—cosxsin" " x+(n— 1)_[sin"'2 xcos* xdx =

=—cosxsin" ' x+(n-DI_,—-(n-DI_,

1
otkygal, = —[(n-1)I, 5 - cosxsin!x],n=3,4,5, ....
n

5.2.2. Cixy4aii, KOria n ¥ m — HaTypajbHbIE YeTHbIE YHUCIA

Ecin o6a mmokasaTesiss n 1 m — IIOJIOXKUTEIbHBIE YEeTHBIE YHCIIA,
TO, KaK ¥ B MpeAbIAyINeM moanaparpade, MpuMeHAIOTCI GOPMYJIbI
MOHMKEHUA M 2-U, 3-1, 4-1 U T.J. CTeleHeu:

1 1 1
sinxcosx = Esin 2x, sin®x = 5(1 — cos 2x), cos®x = 5(1 + cos 2x).

TIpumep 5.16. Haiitu Isinzxcos”'xdx.
Peuwerue. BeiunciasieM:

1+ cost 1-cos4x

= Jcos xsin® 2xdx = I 5 dx =

= E f(l +c0s2x —cos4x —cos2x cos4x)dx =

_ X sin2x B sin4x
16 32 64
_ £+ sin2x B sin4x _ sin 2x 3 sin6x

16 32 64 64 192
X sin2x sin4x sinbx
=—+ - - +C.
16 64 64 192

- % _[(cos 2x +cosb6x)dx =

+C=
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IIpumep 5.17. Haiitu j sin®x cos®xdx.
Pewenue. Beruucisem:

Jsin“ x cos® xdx = '[(sinx cosx)?sin® xdx =

. 2
=J(s1n2x) (1—c032x) dx=%jsin2 2x(1 - cos2x)dx =

2 2
1¢., 1.,
=—Jsm 2xdx——jsm 2x cos2xdx =
8 8

= %J'(l —cos4x)dx — % J.sin2 2xd(sin2x) =

=i—lsin4x—isin3 2x+C.
16 64

5.2.3. Ciy4aii, KOria h Wil m — HaTypajJbHOe HedeTHOe
4HUCIIO

Eciu xoTs 61 OMH U3 TIOKasaTesell n Wik m — HaTypaibHOe
HeyeTHOE YHMCJIO, TO peKOMeH/yeMas MO/ICTAHOBKA t = sinx (eciu
HaTypaJbHOe HedeTHoe — m) WK t = cosx (ec/u HaTypaibHoe He-
yeTHOe — n). [Ipy 3TOM HcOMb3yI0TCA GOPMYIEI cos?x = 1 —sin?x,
sin?x = 1 — cos?x, a Taxke pOPMY/ILI TOHIDKEHHUSA CTENeH

. 3 3sinx — sin 3x 3. 3cosx + cos3x
sin°x = 2 , COS°X = p u Ip.

IIpumep 5.18. Haiitu Isin3 xdx.
Pewenue. Beruncisgem:

J'sin3 xdx = j(l —cos? x)sin xdx = —_[ (1-cos® x)d(cos x) =

_cos’x

—cosx +C.

IIpumep 5.19. Haiitu I sin® x cos* xdx.
Pewerue. Briuuciassem:

_[sins xcos”* xdx = —_[ sin* x cos* xd(cosx) =

= —J- (1-cos® x)? cos”* xd(cos x) = —%cos5 X+ % cos’ x— écos9 x+C.
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. sin® x
IIpumep 5.20. Haiitu Icosx-m dx.

4
Peuwenue. IlpuBeeM UHTErpaJ K BULY '[sins x cos 3 xdx u caena-

€M IIOZICTAaHOBKY t = COSX:
5

4 x4 51
—I(l—tz)t 3dt=j(t3 —t 3)dt=§t3+3t 34C=

=§\/3 cos’ x +

3 +C
3/cosx

T
(x # 5 + nn, n € 7).
5.2.4. Cnyyau, korjan um —
1iejible OTpHIaTeIbHbIe YHCIa OAHON YeTHOCTH

EciM n 1 m — 1ieJible OTPHUIIaTeNbHBIE YKCIa OJHOM YEeTHOCTU
(oba omHOBpPEMEHHO 4YeTHBHI OO 006a HEYETHHI), TO IOJATAIOT

t = tgx (WIu t = ctgx) u npuMeHsIOT GopMynl 1 + tg2x = 5
Cos“x

, cos?x + sin®x = 1. Taxxe 6BIBaeT MHOTZA IIOJIE3-

1+ ctg?x = —
sin?x

HO ITOHU3UTD CTENIEHU B 3HAMEHATeJIe, IPE/ICTAaBJISA €AUHUITY B YHC-
JuTeste Apoby KaK TPUTOHOMETPUYECKYIO eIUHULLY (VWIH ee CTEIEHb).

dx
IIpumep 5.21. HaI/ITI/II
sin®xcos® x
PeweHue. BeruuciasgeMm:
J‘ dx _J' dtgx _J~(1+tg2x)3dtgx_
sin 1 tg® x

2 6 3
cos“xcos’x tg8 X 7 3
cos’ x (A+tg" x)

JW—J‘(—+ +3u+u’ j du=

=—L2+31n\u\+§u2 Lutic=
2u 2 4

_ +31n\tgx\+§tg2 x+ltg4x+C
2tg° x 2 4

(x # ’%‘,nGZ).
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dx

IMpumep 5.22. Haitu j—z
sin?x cos? x

Pewerue. 1-ii cnocob. BeruucisieM:
,[ dx _Jsin2x+coszxdx J» J dx
sin? x cos® x sin® xcos® x cos’x Jsin®x
=tgx—-ctgx+C

nn
(x#—,n e 7).
2
2-1i cnoco6. B faHHOM ciTydae MOXKHO OBUTO ITOCTYIIUTh MHAYE:

dx 4dx d(2x)
= =2| ———=-2ctg2x +C.
J- sin® x cos® x -[ sin? 2x -[ sin® 2x &

(neN)

J- dx

5.2.5. UHTerpasisnl Bn,qaj -
sin"x " 7 cos"x

Ciyugaii n = 1 6yzeT paccMoTpeH B mpumMepe 5.23. [lpun = 2 3TO

M3BECTHbIE TaOIUYHBIE I/IHTeI‘paJIBII —— = —¢ctgx + C, J- =
sin“x cos®x

= tgx + C.IIpu n > 2 MHTerpaJbl TAKOTO BUZA CBOAATCS K UHTET-
pajiaM, pacCMOTPEHHBIM B nozmnaparpade 5.2.4. B camom zere,

denC =J‘ d[;] _ 1 J~ du

sin" x nX 2" sin"ucos"u

10X
2" sin" ~ cos
2
B cBoIO ouepesp,

[ | d(“g] [

. T sin"u’
sin” (x + 2)

cos" x
VIHOTla OHM BBIYHCASIOTCSI C IIOMOINBI0 (GOPMYI 5
Ccos“Xx

1
=1+tg°xum —— =1+ ctg’x.
sin®x
VIHTerpabl OT HeYeTHOHM HaTypaJbHOH CTeIeHM CeKaHCa WIH

KOCEKaHCa IIPOIIe BCero HAXOAATCSA [0 PeKypPPeHTHBIM GopMysiam
MIOHVKEHUA:
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cos*x 2n cos*" x

[fx 1 cosx +(1—i]j—d" NCE)

dx 1 sinx 1 dx
J. il o o +H1-- .[ PEE G.1)

sin'x  2n sin*x 2n )7 sin®*" ' x

dx dx
ITpumep 5.23. Haittu: a) _f —; 0) .
sinx CoSX

1
Peutenue. a) TIpy unTerprpoBaHuu yHKIUM cosecx = —— (Ha
sinx
MIPOMEXKYTKAX MEXAY COCEAHUMM TOYKAMU CEPUU X = 1N, n € Z,

IZle KOCEKaHC oIlpeZie/ieH) Ilepeli/leM K TaHT€HCYy ITI0JIOBUHHOTO ap-
ryMeHTa:

oy ) G ),

sinx

+C.

x
tg—
. X x 2 X X 2
sin—-cos—  cos” —-tg— tg—

2 2 2 "2 2
C Apyro#l CTOPOHBI, B 3TOH K€ CHUTyalll¥l MOXXHO OBLIO ZOMHO-

1 .
KUTb U OTHOBPEMECHHO pa3AC/INTh BBIpA’)KEHUE —— HaA SINX H IIC-

sinx
peiiTu K 1uddepeHIINATY OT COSX:
cosx—1
cosx+1

+C.

J- dx J-sinxdx =J-—d(cosx) =J- d(cosx) 1

. = ) 2 2 =—-In
sinx sin” x 1-cos” x cos"x—-1 2

6) YMHOXXEeHUEM U OAHOBPEMEHHBIM ACJICHHUEM IIOABIHTEI'PAJIb-
HOr'O BBIPAXX€HHA Ha COSX MOXXHO BBIYUCJIMTDh M UHTErpaJI OT CEKaHCa:

sinx+1
sinx -1

+C.

dx _ fcosxdx o d(sinx) 1
J‘cosx_J- cos® x _I =5

1-sin*x 2
C Zpyro# CTOPOHBI, IPY BBIYMCICHHM IIOCAEJHEr0 MHTErpasa
MO>XHO 6bLTO IPUOErHYTh K BBEJIEHUIO BCIIOMOTaTeIbHOIO apIyMeH-

T
Ta ‘_l Y CBECTH K IIpeAbIAyIeMy UHTErpaly OT KocekaHca (cosx # 0):

X T
tgl —+— [|+C.
g(z 4)‘

R o

Cosx . T . T
sm| x+— sm| xX+—
3) el
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IIpumep 5.24. Hanmj
sin*x

PeuterHue. BeruuciasgeM:

_[ df = —j d(ctgx) = —j(l +ctg® x)d(ctg x) =
sin® x sin® x
= —ctgx—%ctgg’ x+C

(x#mnn,n e 7).

IIpumep 5.25. Haiitu j
cos*x’

Pewerue. BeiuuciasieM:

1
-[ cos® x

(x¢g+ﬂ:n,n€Z).

d(tgx)= J(1+tg2 x)d(tg x) =tgx+%tg3 x+C

IMIpumep 5.26. Haittu j
sin®x

Peuwenue. [IpumeHss pekyppeHTHYI0 dopmyiy (5.2) mpun = 2,
IIOJIy4UM

_[ dc 1 cosx L3 3 J- dx
sinx 4 sin®x 49 sin® x
ITonaras Ternepb n = 1, o Toi ke GopMysie UMeeM

J-dx_lcosxl dx
+

sinx 2 sin’x 2Ysinx

Tak kak £=1ntg +C, TO

sin x 2

J- d): _ cosx l ‘ ‘C,

sin” x 2sm X 2
a

dx cosx  3cosx 3 X
J.s = —In|tg—|{+C
sin’ x 4sm X 851n X 8 2

(x#mnn,n e 7).
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IIpumep 5.27. HaHTHI
cos®x’

Pewenue. IIpu cosx # 0 umeeM

i-cos82
cos’ — 2
u 4
1+tg® —
_i ( gzjd J‘(1+Z)4
16 t sU 2 16 Z
59
1 ¢1+42%+62* +42° +28
—_ — dz:
16 Z°
=—iz4‘—lz‘2+§ln|z|+lzz+iz4+c=
64 8 8 8 64
sinx 3sinx X T
= + +—= 1 —+— ||+C.
" 4cos*x 8cos’x 8 2 4

5.2.6. Cy4aii, Koraa n 1 m — 1eJjible OTpUIaTeJIbHbIE YHCIIA,
npu4eM O HO U3 HUX HEUYEeTHOe

Eci n ¥ m — Ijefile OTPHUIATEIbHEIE YUCIA, IPHYEM OZHO U3
HUX HEYeTHOe, TO MoJaraioT t = sinx (ecsii m — HaTypajJbHOE He-
YeTHOe) WM t = cosX (ecIM n — HaTypanbHOoe HedeTHoe). MHorza
B c/Iydae GOJBIIMX CTeNeHeH n U m C LeJbIo IOHIDKEeHHA STHX CTe-
TleHell M0JIe3HO B YMCIHUTENE HOABHTErpaNTbHOM GYHKIIMU HEOHO-
KPaTHO 3aMeHMTh eIUHUILy CyMMoii sinx + cos?x wmu naxe ee cTe-
TIEHBIO.

dx

IMpumep 5.28. Haiitu J.—4
sin®xcos*x

Pewerue. BeiuuciasieM:

J-(sin2x+coszx)2dx J-smxdx_l_zj dx +J- dx _

sin® x cos* x cos* x sinxcos*x 7 sin’®x
1 +2J-(s1n x+coszx)dx+J- dx
3cos® x sin x cos? x sin® x
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1 1 X Ccos X
= —+2 +lhnjtg=| | +| ————+= 1 +C=
3cos’ x CcoSX 2 2sin?x 2 2
1 2 CcoS X ‘
= + l
3cos X COSX 231n X 2

+C

@¢%inem.

5.2.7. Ciy4aii, KOra OAUH 13 MOKa3aTeJieil YeTHBDIMH,
a Apyrou — 1eJblil OTPULIATEIbHBIN

Eciu n — 4deTHOe 49UCIIo, 4 m — LEJI0€ OTPHULATETIbHOE YHCIIO,

2 2 2

TO MOXXHO 3aMeHUTH Sin“x mo ¢popmyiie sin“x = 1 — cos“x, 1 B 3TOM

(n € N).

ciIyda€ HMHTErpa CBOAUTCA K HHTErpaly BHAA J.
cos™x

B cily4ae YeTHOTO M U LIEJIOTO OTPUIATENIBPHOIO N aHAJIOTUYHO 3a-
MeHSIOT cos?x Ha 1 — sin®x. Ecu o6a mokasaTenss n U m 4YeTHHI,
TO HosaraioT t = tgx. Ecau o6a mokasaTess CTelleHH OTPHIATENb-
HEI, TO C I1eJIbI0 IIOHIDKEHNA STUX CTelleHel MHOT/a peKOMEHYeTC s
3aMEeHUTD €JMHUITY B YUC/IUTEIe IOAbIHTErPATbHON GYHKIHU CyM-
MOIi sin®x + cos?Xx WIH ee CTENeHbIO.

sin®x
dx.

IMpumep 5.29. Haittu j
cos>x

Pewerue. BeiuuciasieM:

J(l cos? x)?

dx dx
cos® x dx= J‘cosx 2J-cosgx-'-j

COos Xx

sinx SSmx LT
= 1 — ||+C
~4cos*x 8cos®x 8 2 4
(x¢g + nn, n € 7).
IMpumep 5.30. Haiitu I sin’ xdx.
cos®x
Pewenue. [lomarasa t = tgx, Haxo,a;HM
3 5 3
J-smx dx t tgsx tg X, c

cos* x cos® x

u¢g+nmnem.
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dx
IMpumep 5.31. Havitu I—z
sinxcos“x

Pewerue. Brruuciassem:

J- dx B '[ cos® x +sin® x e — J- J-d(cos x)
sin x cos® x sinxcos® x sin x cos® x
x
=Inftg—|+ +C
2| cosx

(x:s%“,neZ).

5.2.8. Ciay4aii, Korzja OJMH U3 IOKa3aTejieil He4eTHHIN,
a Apyrou — 1eJblii OTpULIATEIbHbBIN

Ec/ii n — HedeTHOe 9HCI0, @ M — Iieloe OTPHIATeTLHOE YHCIIO,
TO HOJIATaloT t = COSX ¥ MIPUMeHAI0T GopMyiy sinx = 1 — cos?x.
B ciy4ae, KOrJa m — HedeTHOe, a N — IleJIoe OTPUIIATebHOE JHC-
710, IOJIATaloT t = Sinx ¥ IpuMeHsA0T PopMyaIy cos’x = 1 —sin?x.

sin’ x
dx.

IMpumep 5.32. Haiitu j
cos®x

Pewerue. BeruuciasseM:

J-sm xdcosx _ J-(l cos® x)*dcosx _J-l 3u? +3ut - du—

cos® x u?

cos® x

1 1 1 1
=—+3u-u*+-u’+C=——+3cosx—cos®’ x+—-cos’ x+C
u 5 COSX 5

(x;ﬁg + nn, n € 7).

5.3. NuTerpanbl Bupa I sin ax cos bxdx,
_[sin ax sin bxdx, _[ cos ax cos bxdx,

a TaKkKe I sin ax - sin bx - sin cxdx n gpyrue

OTU MHTErpajbl HaXOJATCA C MOMOIIBI0O TPUTOHOMETPUIECKUX
dopmyn mpeobpa3oBaHUs NPOU3BEAEHUN CHUHYCOB M KOCHHYCOB
B CyMMEHI (pa3HOCTH):
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sino - cosP = % - [sin(a — B) + sin(a + B)],
sino-sinf = % - [cos(a — B) — cos(a + B)],
cosa-cosfP = é - [cos(a. — B) + cos(a + B)].

IMpumep 5.33. Haiitu Isin 5x cos 3xdx.
Peuterue. Brruncisaem:

1J'(sin8x+sin2x)dx = —ic058x —lc052x+C.
2 16 4

ITpumep 5.34. Haiitu jsin 7x cos 3xdx.
Peuwerue. Briuuciasgem:

1J.(cos 4x —cos10x)dx = 1sin 4x — isin10x +C.
2 8 20

IMpumep 5.35. Haitu Icos 3x cosxdx.
Pewerue. BeiuuciasieM:

1 I(cos 4x +cos2x)dx = 1sin 4x + l sin2x+C.
2 8 4

IMpumep 5.36. Haiitu jsinx- sin%c -sin ;—cdx
Peuwenue. UMeeMm

lj cosf—coss—x -sinidx =

2 2 2 3
= lj —sin£+sin5—x+sin7—x—sin& dx =
4 6 6 6 6

3 x 3 5x 3 7x 3 11x
=—C0S———C0S———C0S— +—cos——+C.

2 6 10 6 14 6 32 6

5.4. UnTerpanbi BuAa Itg”xdx, jctg”xdx (n e N)

Crnyquam n = 1 u n = 2 pacCMOTpeHHl HUXe B mpuMepax 5.37
u 5.38. [Ipu n > 2 ykasaHHbIe VHTETrPabl BEIYUCIAIOTCA C IIOMO-
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1
mpio popmyr tgix = —— - 1 u ctg’x = ——
cos?x sin®x

CJIEAOBATEJIbHO ITIOHMXXAIOT CTEIIEHb TaHT'€HCA MJIM KOTaHT'€HCA.

— 1, xoTopHIe 110-

IMpumep 5.37. Haittu Itgxdx.
Peuwernue. BerauciasseM:

ftgxdx = j sin xdx =_J-d(cosx) =—In|cosx|+C.
COSX CoSX

IIpumep 5.38. Haittu jtgzxdx.
Pewernue. BeraucisieM:

Jrg? xde= [ X = 190 X [ B [axrgx-xsc.

(xig + nn, n € 7).

IIpumep 5.39. Haiitu Itg7xdx.
Peuwernue. BerauciasieM:

ths x(co:Z " —1] dx =J.tg5 xdtgx—J'tg5 xdx =

_1 6 3 _ 1 6 3 3 —
—gtg x—jtg x[ —1)dx— gtg x—jtg xdtgx+th xdx =

cos® x

1 ¢ 1 . 1
=_tg’ x——tg " x+ |tgx -1 |dx=
6 5 4 & jg (coszx ]

1 . 1, 1, 1,
=—tg x——tg" x+ |tgxdtgx— |tgxdx==tg" x ——tg" x+
58" x - 18" x+ [rgxdigx— [tgxde=Ctg’x- 18

jdcosx 1

1 ,
+=tg" x+
2 cosx 6

~tg x—%tg4 x+%tg2 x+In|cosx|+C

(xig + nn, n € 7).

5.5. UnTerpanbi BuAa I tg"x- jct "
cos™x’ sin™x’

rpen R, m — Y4YeTHoe HaTypaJ/ibHOoe YN0

Takue HUHTErpajibl HaXoAATCA aHAJIOTMYHO PACCMOTPECHHBIM

B IIpeAblAyleM mnoAnaparpade ¢ moMoibio GOpMyII o =
cos“x
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=1+ tg’xu —— = 1 + ctg’x c noceyromeit 3amMeHoi t = tgx
sin®x

WU, COOTBETCTBEHHO, t = CtgX.

IIpumep 5.40. Haiitu jtg“x- —
cos®x

Peuwerue. BeiunciasieM:

dx 1
th“x- - ='|.tg4x [ ] d(tgx)= '[tg X (
cos® x sin” x sin® x

= _[tg x(1+tg® x)*d(tg x) =
= J-tg“ xd(tg x) +2 J' tg® xd(tg x) + ths xd(tg x) =

] d(tgx)=

1 . 2 , 1 4
=—tg’x+-tg' x+—-tg"x+C
SteTx+tglx+otg
(x;tg +an,ne ).
5.6. UHTerpanol BUAa
=
asinx + bcosx + ¢

asinx + bcosx’

dx
1. ITpu BBEIYMCIIEHMU UHTErPAJIOB BUZA I - MOXHO
asinx + bcosx

x
6bUTO OBI CZIe/IaTh YHUBEPCAIBHYIO IIOJCTAHOBKY t = tgi. OaHako

Ipole CHavasia mpeobpa3oBaTh MOABIHTETPATIbHYI0 QYHKIIUIO Me-
TOZIOM BBE€ZIEHUS BCIIOMOTaTEIbHOTO apryMeHTa:

1 1
asinx +bcosx Ja® +b? sin(x + @) ’

b a
—— ,COSp = ————,
Va2 +b? ? Ja? +b?

Torga dx = 2_dt, sin(x + @) =
1+ ¢

T o

. X
rae sme= U TIOJIOXKMUTD Jajee t = tg

t
5 H, CJIEAOBATEC/IIbHO, ITPHUXO-

JVIM K MHTETpajy
1 J‘ dt b 0]

nltg=~|+C.

\/a +b2
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dx
2. I/IHTel"paJIbI BHUZa J. BBIYUCIIAIOTCA YHUBED-

asinx + bcosx + ¢

. . b 2dt
caJbHOM moAcTaHOBKOM t = tg—. Torga x = 2arctgt, dx = ,
2 1+ ¢
. 2t —t2
sinx = ——, cost = Y UHTErpaJjl CBOAUTCA K UHTETPAIY OT
1+ ¢ 1+ ¢
panroHaIbHON QYyHKIUN.
IMpumep 5.41. Havitu I dx .
3sinx + cosx
Pewenue. 1-ii cnocob. Vimeem I _ dx = _[ .dx ,
3sinx+cosx ¢ 10sin(x+ ()]
| x4+ o 2dt
rae @=arcsin——. ITomoXuMm t = t , Torga dx = ———,
e ® V10 s : 1+
. 2t
sin(x + ¢) = —— U, cjIeZloBaTeNbHO,
1+ ¢
2dt
1 dx 1 (1+62
= njt|+C=
x/ﬁ'[sin(xﬂp) V1o’ 2t J_J J10 In
1+¢62
1 X+
= In|t +C,
N A
rze @=arcsin—— \/_ (sin(x + @) # 0).
2-11 cnocob. BerauciaseM:
J~ dx _ dx _
3sinx+cosx < ggin X 05X 4 cos? E—sng
o53)
- X = X X =2 B
6tg=+1-tg”> = | cos® = 2 X _6tgx -1
ey Jooss g6
Y d_ 1, [t-3-410|
(t-3)*-10 J_ —3+10| "
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1 tg£—3—x/1_0
=— In|—2 +C

V10 tg§—3+«/ﬁ

(cosJ—C #0).
2

ITpumep 5.42. Haiitu ‘[Ll
sinx +

Pewenue. [loMmumo MeToza YHHBepcaJIbHOﬁ IIOACTaHOBKH, 3TOT
HWHTErpaj MOXHO TaKKe€ BEIYUCIINTD CICAYIOITHUM o6pa30M:

& d(i_x) | d(z_i) =_tg(£_£]+c

sinx+1 1+cos(g—x] cosz(ﬁ—fj 2 2

(x#—g + 2nn, n € 7).
dx

3 + sinx + cosx.

IMpumep 5.43. Halitu I

x
Pewenue. TIpuMeHUB YHUBEPCAJIbHYIO IIOJCTAaHOBKY t = tgi,

MIPUJEM K UHTErpay

2dt
J 1+t _I dt ‘j dt _
27 ) .2 - 2
34 2t +1—_t t*+t+2 t+12+ ﬂ
1+t 14t 2 2
X
=larctgﬂ+c=—arctgﬂ+c
N7 J7 N7 J7
(x#n+ 2nn,n € 7).
dx

5.7. UHTerpanbi Buaa
P J.asm x + bsinxcosx + ccos®x

Jna BeiuucieHusa uHterpana (ac # 0) mepeiizeM B HeM
Kk d(tgx):
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asin? x +bsin x-cosx +ccos® x

(atg® x +btgx+c)cos*x

=J‘ d(tgx) =J' dt
atg*x+btgx+c Jat*+bt+c’

J - J o

rae t = tgx. Takum 06pa3oM, IOJYyYWIN UHTETPAJI, BEIYHCIEHHE KO-
TOPOT'0 pacCMaTpUBAJIOCh B maparpade 3.2.

dx

[Ipumep 5.44. HaﬁTHI — . -
sin“x + 2sinXxcosXx — Cos“Xx

Pewerue. BriuuciasseMm:

j dx =J- dtgx _
cos® x(tg® x +2tgx—1) 7 tg’ x+2tgx—-1
d(tgx+1) 1 . [tgx+1-+/2
=J. 5 5= n +C
(tgx+1) -2 242 tgx+1+x/§

(tg x = -1+ /2).

5.8. UHTerpanbl Buga
[
sin(x + a)sin(x + b)’? cos(x + a)cos(x + b)’

dx
a Tamej . (a #b)
sin(x + a)cos(x + b)
dx
,Z[]IH BBEIYHMCIICHUA MHTErpajia j HCIIOJIb3YET-

sin(x + a)sin(x + b)
Cs1 UCKyCCTBEHHBIN IIpUeM YMHOXX€HHUA W OJHOBPEMEHHOro JeJie-
HUS TIOABIHTErPAJbHOM QYHKIIMM HAa OJHO U TO XK€ BhIpaXKEHUE
sin(a — b) ¢ mocaeayomuM pa3breHUEM WHTErpajia Ha pa3HOCTh
ZByx uHTerpasnos (sin(x + a)sin(x + b) # 0):

J- dx _ 1 Jsin[(x+a)—(x+b)]dx=
sin(x +a)sin(x+b) sin(a->b)” sin(x+a)sin(x+b)
1 J-sin(x+a)cos(x+b)—cos(x+a)sin(x +b)

= - - dx =
sin(a-b) sin(x + a)sin(x +b)
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1 Ucos(x+b)dx_-[cos(x+a)dxj=

N sin(a—b)\ Y sin(x+b) sin(x+a)
1 sin(x+b
B sin(a—b) i smgx+a;| *C.
AHAaJIOTUYHO BBIYUC/ISIETCS MHTETPAJT C KOCHHYCAMHU:
dx 1 sin[ (x+a)—(x+b)] _
Jcos(x+a)cos(x+b) ~ sin(a-b) J.cos(x+a)cos(x+b) -

1 Jsin(x+a)cos(x+b)—cos(x+a)sm(x+b)dx_
~ sin(a-b) cos(x+a)cos(x+Db) -
1 sin(x+a) , ¢sin(x+b) _
_sin(a—b)[Jcos(x+a)dx J’cos(x+b)dx]
1 d(cos(x+a)) .d(cos(x+b)))
~ sin(a-b) _I cos(x+a) +I cos(x+b) |
1 cos(x+b)
- sin(a—b)ln cos(x+a) e
VIHTerpassl BUAA I dx ¢ oMotk Gpopmy pu-

sin(x + a)cos(x + b)
BeZIEHUS IIPUBOJATCS K OJHOMY U3 ITPEAbIAYIINX BUIOB, HAIIPUMEP:

J = =
sin(x+a)cos(x +Db)
_ dx B dx
sin(x + a)sin(;c —(x+ b)J sin(x +a) sin[x+ (b— g ﬂ

U T.J.

dx
sin(x — 1)cosx.

IMIpumep 5.45. Haitu I

Pewenue. [Ipeobpa3yemM MHTErpajy COIJIACHO MPUBEAEHHOUN BBI-
IIIe cXeMe ¥ BBIIUCIUM ero (sin(x— 1) -cosx = 0):

[ &
sin(x—1)cosx * 1) sin(g - x]
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sin[(x—1)+[n—xﬂ
1 J- 2 dx
sin[n—l) sin(x—l)sin(n—x]

2 2

. T . (T
sm(x—l)cos(g—x] +cos(x—1)sm(§—x)

dx =

_ 1 ,f
cosl sin(x—-1) sin(g - xj

T
1 J- C()S'(z_x]_i_cos(x—l)
cos1 sin[g—x) sin(x—1)

_ 1 J-smx_i_c?s(x—l) e =
cosl”’| cosx sin(x-1)

1 U—d(cosx)+ d(sin(x—l))]=

~ cosl COS X sin(x-1)
=L(—ln|cosx|+ln\sin(x—1)\)+C= 1 In
cosl cosl

sin(x —1)| LC
cosx |

5.9. UnTerpanpl BUpa
dx dx dx
J J J

sinx — sina’

COSX — COS a’ sinx — cosa

dx
[Ipy BHIYKMCAEHUM HWHTErpaja I— YMHOXXHUM U pas-
sinx — sina

JleIUM TIOABIHTETPaJbHYI0 (QYHKIIMIO Ha COSA M 3aTeM BOCIIOJb-

. . . X—a X+ a
3yeMcs TOXKJEeCTBaMHU sinx — sina = 2sin - COS U cosa =
2 2
xX-a x+a
= COS - :
2 2
cos x-a
J—& J =
sinx—sina 2cosa sin X — x+a
2 2
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xX—a +a . x—-a . x+a
1 cos 5 -COS 5 +sin 5 sin 5
=2 J x—a x+a dx =
cosa sin cos
2 2
x—-a . x+a
1 cos sin
. xX—a x+a
2cosa sin cos
2 2
. X—a x+a
d| sin=—— d| cos——
_ 1 .f J' 2 )i
- . X— x+a |
cosa sin=——— cos
2
sin* ¢
1 . X—a xX+a 1
= .| In|sin=——|—1n|cos +C= In 2
cosa 2 cosa cosx+a

(cosa # 0, sinx # sina).

HpI/I BBIYMCIICHUH HWHTEIpaJia j
COosSXx — cosa

IIOCTyIIa€M aHaJIO-

T'MYHO: YMHOXHWM M pa3gc€/M IIOAbBIHTEIPAJIbHYIO (IDYHKU;I/IIO Ha

sina u 3arem BOCITIOJIB3yEMCA TOXAECTBAMU COSX — COSda

. x—-a . x+a . . (x—a x+a]
= -2sin - sin U sina = sin — :
2 2 2 2
sin xX—a x+a
dx 1
-[ ~ 2si j b'e 2a x2+a dx =
COSX —cCcosa sina” o sin
2 2
. X—a x+a xX—a . x+a
1 sin 5 -COoS > —CO0S 5 sin 5
T o I x—a x+a dx =
2sina sinX~% sipXta
x_
1 coOs——— Co Ty
=—2 - X dx:
SINA” Gin ™7 g T
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. d(s\in%j d[sin%]
. J' J' =

i . X—a . X+a
sind sin—— sin——
2 2
sin x—a
1 .. X—a . X+a 1
=——:| In|sin——|—In|sin +C=—-1In 2 _ic
sina 2 sina . X+a
sin———
(sina # 0, cosx # cosa).
L) dx
Cnyyayi | —————— TIpHMBOAUTCA K OZHOMY M3 JIByX PacCMOT-
sinx — cosa
PEHHBIX BhIIIE IIPU TOMOIIY GOPMYJ IIPUBEAEHUS
J- dx dx

. . [T T
Sinx—sin| ——a COS| ——X |—Ccosa

ITpumep 5.46. Haiitu I—
sinx —sin5
Pewernue. UMmeem

cos x—5_x+5
e =y
sinx—sin5 2cos5 Sin36—5(:0Sx+5
2 2
x-5 xX+5 . x-5. x+5
1 cos cos +sin sin
— J‘ 2 2 2 2 dx=
2cos5 Sinx—5cosx+5
2 2
x—5 x+5
1 cos n
2c0s5 sinx_s x+5
2
d sinx_ d cosx—-l_5
_ 1 J‘ 2 _J 2
cos5 sinx_s cosx+5
2 2
sin”~
=~ |In|sin =— ‘—lncosx—-i-5 +C= 1 1 C
cos5 2 cos5 COSx+5
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5.10. UuTerpannl BUAa
J~ a;sinx + bjcosx Ialsinx + bicosx + ¢;

dx,

asinx + bcosx asinx + bcosx + ¢

jalsinzx + 2b;sinxcosx + c;cos’x

: dx
asinx + bcosx

a,sinx + b cosx
1 1 dx

1. IIpu BHIYMCIEHUH HHTErpajoB BUZA I :
asinx + bcosx

Mpe/CTaBUM YUCAUTENb (a;sinx + b;cosx) B Buzie JMHEHHON KOM-

OouHaiuu 3HaMmeHaTens (asinx + bcosx) U ero NPOU3BOJAHOM
(acosx —bsinx):

a;sinx + b;cosx = A(asinx + bcosx) + B(acosx —bsinx),

rae A u B— nioctosiHHbIe. HaiizieM A 1 B MeTOZIOM Heollpe/ieJIeHHBIX
K03bdUITHeHTOB. /[Ba IMHENHBIX TPUTOHOMETPUYECKUX MHOT'OWIE-
Ha OTHOCUTEIbHO QYHKITHUM SinXx U COSX TOXK/eCTBEHHO PaBHBI TOT/Ia
U TOJIbKO TOTZ]a, KOTZJa paBHBI UX KO3GUITUEHTHI IIPU SinX U COSX.
[ToaToMy A1 HaxOXKAeHUs KO3QUITMEHTOB UMEEM CUCTEMY

a, = Aa—Bb,
b, = Ab+ Ba,
OTKYyZia OIIpeiesiieM
a,a+bb
A — 1 1 ,
a’+b?
ab, —a.b
B=—1—"1".
a’ +b?

TNozacTaBIsAA MOIyYEHHOE pas3jIoKeHMe 0/ 3HaK MHTerpaja, Ha-
xoauM (asinx + bcosx # 0):

dx =

IA(asinx+bcosx)+B(acosx—bsinx)

asinx+bcosx
(acosx—bsinx)dx _

asinx+bcosx
d(asin x+bcosx)

asinx +bcosx

=Ax+B_[

=Ax+Bj = Ax + Bln|asinx +bcos x|+C.
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sinx — 3cosx
dx.

4sinx + 5cosx
Pewenue. TIpeacTaBUM YMCIUTENb B MOABIHTETPAJIBHON ApOOU

IMpumep 5.47. Haiitu j

B BH/JIE
sinx — 3cosx = A(4sinx + 5cosx) + B(4cosx — 5sinx).

Otcroaa nmeeM CUCTEMY

1=4A-5B,
—-3=5A+4B,
13 KOTOPOU HaxOAUM
_11
41’
_17
41
[MoacTapiisaa HaleHHbIe KO3GOUITUEHTHI, TIOTyYUM
,[ sinx —3cosx d = — 11 & 17 ¢d(4sinx+5cosx) _

4sinx+5cosx 4] _41 4sinx +5cosx
11 17 )
=———x—-——In|4sinx+5cosx|+C.
41 41

2. AHaJIOTUYHBIN IIOAXO0A HUCIIOJIb3YETCA YU IIPHU BBIYUCIICHHUN WH-

a-sinx + bycosx + ¢
TerpajoB BHa j 1 . 1 ! dx. A umeHHO, IIpeZICTaBUM
asinx + bcosx + ¢

YHCIUTENb ApoOU B BUE
a;sinx + b;cosx + ¢; = A(asinx + bcosx + ¢) +
+ B(acosx —bsinx) + C,

OTKy/ja, IpUpaBHUBAsA KO3UITMEHTHI IIPU SinX, COSX X CBOOOAHEBIE
YIeHBI, HAXOJUM

a;a + blb Clbl - bCll
2 2’ B= 2 2’ ¢
a‘+b a“+b
[loacTaBisaa B UHTErpaji, OKOHYaTEeJAbHO MOIydaeM

A= = ¢; —Ac.

a,sinx +b, cosx +c )
J 1 : L dx = Ax+Bln|asin x +bcosx +c|+
asinx+bcosx+c
dx

+C'|. - R
asinx+bcosx+c
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rae l'[OCJIe,Z[HI/Iﬁ HWHTETrpaJl BEIYUCIACTCA YHI/IBepcaJIbHOﬁ IIoacTa-

HOBKOI t = tgg (@n-Drn<x<@n+Dr,ne ).

J- 2sinx + cosx -1

IMTpumep 5.48. Haiitu dx.

sinx — cosx + 2
Pewenue. ITpegcTaBuM yncauTesb (2sinx + cosx — 1) B BUze Ju-
HeMHON KOMOMHAIINKM 3HaMeHaTesd (sinx — cosx + 2), ero mpowus-
BoAHOM (cosx + sinx) ¥ KOHCTAHTHI:

2sinx + cosx -1 = A(sinx - cosx + 2) + B(cosx + sinx) + C.

g HaxoxaeHus K03 PuiineHToB A, B 1 C 1oIydYaeM CHCTEMY

2=A+B,
1=-A+B,
-1=2A+C,

1 3
OTKyagaA = —,B=—,C =-2.
Rt 2 2

[losTomMy umeem

2sinx+cosx—1 CoSX +Ssinx
= =g a3 -
sinx — cosx+2 sinx—cosx+2
— 2'|. X2 ln\smx cosXx +2|—
sinx—-cosx+2 2 2
dx
_zj —

2

a)

x x x
22| 3tg? = +2tg = +1
2( JER D J

. XX X . ,X s x
2sin = cos= —cos? = +sin® = +2| sin® = +cos* =
2 2 2 2 2

=£+§1n|sinx—cosx+2|—4j
2 2

x 3 3tg£+1
=—+—ln\sinx—cosx+2\—2@arctg—2+C.
272 Np)

3. DTOT Ke NMpUeM UCIIOIb3YeTCs NPU BHIUUCIEHUN UHTErpajoB

BUZA

J-alsinzx + 2b;sinxcosx + c;cos®x

dx.

asinx + bcosx
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1A 3TOro 3amuileM YHUCIUTENb APOOU, CTOSINEH IT0A 3HAKOM
WHTErpaja, B BUZEe CIEAYIOmIei JMHEHHONH KOMOMHAIINH

a;sin®x + 2b;sinxcosx + c;cos®x =
= (asinx + bcosx)(Acosx — Bsinx) + C(sin®x + cos?x),

OTKyZa, IpUpaBHUBad Ko3QPUITMEHTH IpH sin’x, cos?x U sinx cos,
TIOY4YMM CHCTEMY YPaBHEeHHHA

a, =-aB+C,
2b, =aA-bB,
¢, =Ab+C,

pelasi KOTOPYI0, HaXOANM
_ ble;—ay) + 2ab, B = a(c; —ay) — 2bb,
a? + b? ’ a? + b?
a;b? + c,a® - 2abb,
a? + b?
[MoacTapnasa HatiZeHHBIe KO3GPUIIMEHTH B MHTETPaJ, IOIydaemM

A

>

C =

Jal sin® x + 2b, sin x cos x + ¢, cos’ X g
asinx+bcosx

dx
. b
asin x+bcosx

=Asinx+Bcosx+CJ

rae asinx + bcosx # 0.

= 2 . 5
Ipumep 5.49. Haiiu J'251n X + 3sinxcosx + 5cos”x doc.

sinx — 2cosx

Pewenue. Hpe,Z[CTaBI/IM YUCIHTEIDb B BUJIE

2sin?x + 3sinxcosx + 5cos®x =
= (Acosx — Bsinx) (sinx — 2cosx) + C(sin®x + cos?x).

g HaxoxaeHusa Ko3dduiireHToB A, B 1 C UMeeM CUCTEMY

2=-B+C,
3=A+2B,
5=-2A+C,
9 19
OoTKyiaA =—,B=—-,C= —.
Rt 5 5
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[IosTomy

J-Zsin2x+351nxcosx+5coszx 9 3.
: dx==cosx——sinx+
sinx—2cosx 5 5
X
19 dx 9 3 2dtg
+ = | = =2cosx——sinx+— P Pt
5 sinx—-2cosx 5 5 5 2tg25+2tg——2
x, 1.5
=2cosx—§sinx+ 19 In—2 2 2 ,¢
5 5 55 x 1 5
tg=+ -+ —
2 2 2

5.11. UuTerpupoBaHue no yacram

YacTo B cUTyalUsX, KOTZa 110/ 3HaKOM MHTerpajia IOMHUMO TpU-
roHoMeTpruyeckol QyHKIMU HaxoAuTcs QYHKUUSA APYroro THUIIA
(MHoOrOusNEeH, jorapudMuyecKkas WIM IOKasaTelbHass YHKIUU
U [p.), A BIYUCJIEHUS UHTEerpajia IpUMEHAETCS MeTO UHTerpu-
POBAHMS 110 YaCTSAM.

IIpumep 5.50. Haiitu J.cosz(\/;)dx.
Pewenue. Tonoxum t = /x, oTKyzAa x = t2, dx = 2tdt. Torza

2
I= _[cosz (Vx)dx = th cos? tdt = _[ t(1+cos2t)dt = % + J' t-costdt.

[TocnenHmit HUHTET'paJl BBIYUCIACTCA UHTECI'PUPOBAHHUEM IIO 4Yac-
TAM:

t? 2 1 . 1
I=—+J't-costdt=—+—tsm2t+—c052t+C=
2 2 2 4

=§+% X sin(2x/§)+%cos(2x/;)+c

(x=0).

. X cosxdx
IIpumep 5.51. Hauitu I—s
sin’x
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Pewerue. BeiuuciasieM:
xcosxdx _ xd(sinx) 1
I sin® x -[ sin® x -[ ( 2sin® x ]
X 1, dx X

1
=—— 5+t |- —-—ctgx+C
2sin“x 27 sin x 251n x 2

(x#mnn,n e ”Z).
IIpumep 5.52. Haiitu I(sz — 1)cos 2xdx.

Peutenue. Pa3o6beM MHTerpas Ha iBa MHTETpajia U IPOUHTErPU-
pyeM IepBbIi U3 HUX 110 YaCTAM:

J.(2x2 —1)cos2xdx = 2'|‘ x? cos 2xdx — fcos 2xdx =

=2 1sin2x-x2 —lJ.sin2x - 2xdx —lsin2x =
2 2 2

=sin2x- x2—l -2 _Xcos2x 1J-c052xd.>c =
2 2

=sin2x-(x2 —%J +xc052x—%sin2x+C=
=sin2x-(x* -1)+xcos2x +C.

IIpumep 5.53. Haiitu Ix- tg2xdx.
PeweHue. Beruncisaem:
jx-tgz xdx = de(tgx—x) =x(tgx —x)—j(tgx—x)dx =

x2
=x-tgx—?+ln\cosx\+c

(x¢g+nn,neZ).

IIpumep 5.54. Haiitu Ix-tg“xdx.
Pewenue. ITpouHTErpUpyeM IO YacCTAM, MOJOXKUB U = X, dV =

= tg*xdx. B JaHHOM C/lydae BUZ, GYHKIMH V(X) He O4eBH/IeH, TI03TOMY,
yTOOBI HAWTH €€, BEIYHC/INM OTAENbHO BCIIOMOTaTeIbHbIN MHTErPaI:

jtg xdx = J(cos x—l]tg2xdx=Itg2xd(tgx)—th2xdx=

tg’x 1-cos’x tg® x
= — dx=
J cos® x 3 -[cos x

3

Idx— x—tgx+x+C1.
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3
g~ x
BosbpMmeM B kaudecTBe v(x) = gT —tgX + X ¥ IPOAO/DKUM UHTe-

TPUPOBaHUE:
3

3
jx.tg4 xdx=x[thx—tgx+x) —J(thX—th+xj dx =

3
{5 -
o5 x CoS X 2
ro? d(cosx d(cosx X
=x[g _tgx]_—thxd(tgx) -[ E:osx) -[ E:osx)

2
=X g X _tgx 8 x——ln|cosx|+—+C
3 6 3 2
(x¢g+nn,neZ).

5.12. ipyrue noacTaHOBKM U NOAXOAbI K MUHTErPUPOBAHUIO

B 3axsiioueHue IaBbl paCCMOTPUM IIPHUMepPbl UHTETPHUPOBaHUSA
TPUTOHOMETPUYECKUX QYHKIIUHM JOCTaTOYHO OOIIETO BU/A, HE YK-
JIAABIBAIONIUXCA HY B OJHY M3 PaCCMOTPEHHBIX BBIIIE CTAHAAPTHBIX
cxeM. [Iyi1 HUX MMPUMEHSIOTCSA BCE Te JKe MPUEMBI: pa3HOOOpa3HbIe
ITOICTAHOBKH U IIPe00pa3oBaHUs MOABIHTETPATbHOM QYHKITHH.

1. IToHumenue cmenenu. IHOTZAQ, €CJIM 3TO He HapyllaeT paLuo-
HaJIbHOCTU TIOABIHTErPAJIbHOT'O BEIpa)KEHMA B MHTErpajax Buzia
IR(sinx, cosx)dx, II0JIe3HO IIOHU3UTh CTEIEHHU SiNnX U COS X, UCIIOJIb-
3y Mepexo K KpaTHBIM yIJIaM WA UHBIM CITOCOO0M.

dx
sin®x + cosx

Pewenue. TlpumeHas GOPMY/IEI HOHIKEHUS CTEIEHM COS2X =

1+ cos2x . , 1 - cos2x
=_ o sinfx=-———

2 2

cos®x + sinx = ‘1}(1 + 3cos?2x).

IMIpumep 5.55. Haittu I

, IMeeM

[lonarasa t = tg 2x, HaXOAUM
_[ dx _ 4dx
sin® x+cos® x J1+3cos®2x

=arctg % +C.
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2. HUcnonv3osaHue aﬂee6pauqec1cux u mpucoHomempuuecKux npe-

obpazosaHuii.
sinxcosx

IMpumep 5.56. Haiitu I—dx
sinx + Cosx

. 1, . 5 1
Pewuerue. TTonb3ysich TOXKAECTBOM Sinxcosx = — (sinx + cosx)*— —,
2 2

HaXoAUM
[Sinxeosx g 1 f(sinx-+cosx)de -1 [P~
sinx +cosx 2 27 sinx+cosx
1, . 1 X T
=_(sinx—cosx)——=Inltg| =+= ||+C
2 N g[z 8)

(x;t—:—:+1m,neZ).

I 5.57. Haiitn | o dx
HMeE O/ AAUTU | T—/———— .
P P N2+sin2x
Peuwenue. Vcrionb3ysi TOXAECTBEHHbIE MTpeoOpa3oBaHUsA, IIOJY-
qyaeM

,[ sinx l——l'f d(sin x +cosx) _I_lJ- d(sinx—cosx)
V2+sin2x 2 \/1+(sinx+cosx)2 2 \/3—(sinx—cosx)2
=—lln(sinx+cosx+\/2+sin2x)+larcsinw+0
2 2 J3
.5
IMpumep 5.58. Haiitu SX
1-cosx

Peuwenue. Eciu 3HaMeHaTeb APO6KU TPUTOHOMETPUIECKOTO BU-
Zla cofiep>XUT BelpaxkeHUe 1 + cosx (1 + sinx), To uHOrZa OBIBaET I1e-
J1Ieco06pa3HO OAHOBPEMEHHO JJOMHOXKHUTD YUCIUTENb U 3HAMEHATETh
3TOM Apobu Ha BhIpakeHuHe 1 F cosx (cooTBeTcTBeHHO 1 F sinx)
Y 3aTeM YIIPOCTUTh 3HaMeHaTeJIb 10 OCHOBHOMY TPUI'OHOMeETpUyYe-
CKOMY TOXJECTBY:

J- sin® x B J- sin® x(1+ cosx) = j sin® x(1 + cos x) =
1-cosx (1-cosx)(1+cosx) 1—-cos® x
+ .5
= I Sinl xgljc"sx) dx = J‘sin3 x(1+cosx)dx =
sin® x

sin*x

= jsin?’ xdx + Jsins xd(sinx) = %J'(B sin x —sin 3x)dx +
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: 4
sin” x
+C

3 1
=——COSX+—Cc0S3x+
4 3

(x #2nn, n € 7).

3. Hcnons3osaHue HecmaHOapmMHbLX NOOCMAHOBOK.
cos xdx

IT 5.59. Haii .
puaMep 9 dUTU J. m
Pewenue. TTonoxxum t =+/1+4sinx, Torga t? = 1 + sin4x, cosxdx =

1
= 5tdtI/IHOJIyqaeM
cos xdx 1 t 1
— == =" |dt=—+C==+1+4sinx +C.
J\/1+4sinx ZJ- 2 2

dx
I ep 5.60. Haii . .
prvep i J sinx+/1+cosx
Peuwenue. TIpousBesis MOACTaHOBKY t =+/1+C0s X, moay4aem
B Ct+D
—+— dt,
t t° -2

e e

sin x~/1+cos x t*(t*-2) t

r/le METOZOM HeollpeZieIeHHbIX Ko3dduiireHToB Haxoqum A = 0,
=-1,C = 0, D = 1. Takum obpa3zom, UMeeM

J‘ dx 1 1 t—2
_ =—+ In +C=
sinxv1+cosx t 272 |t++/2

_ 1 N 1 1nx/i—\/1+cosx_|_c
J1+cosx 242  2++/1+cosx

(x#mnn,n e 7).

. sin® x
IMIpumep 5.61. Hatitu J'z—dx
COS” X4/tg X
Pewenue. TIpou3BeseM 3aMeHy IlepeMeHHOW MHTEeTPUPOBAaHMAA,

T
nonaraa t=./tgx, rae tn < x < 5 + 7mn, n € Z. Toraa NpuxoauMm

K UHTEerpamy
dt

2t* _
1+t

o dr=2t-2|

j(tg x)% dx = f
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t+2 1 t-2 _
=2 ZJ[ZJ_t 211241 24212 —t\/_+1]dt_

1 t+% 1 dt
=2t—| —=|-—2—dt+= +
\/Ejt2+t\/§+1 2'[ LY 1
t+— | +
2 2
J2
1 9 1 de
+| —=|——=2  dt—= =
\/i'[tz—tx/i+1 2J 2 1
t——— | +=
2 2
1 t2+t\/_+1
=2t— arctg(t2 +1) +arctg(tv/2 -1 +C,
4\/5 t —t\/_+1 \/—[ g( ) g( )]
rae t =./tgx.
sin2xdx
IMIpumep 5.62. Haittu | —————.
J.\/3—cos4x
Pewenue. IIpousBezeM TIIOACTAaHOBKY t = coszx, TOorzZA

—2cosxsinxdx = dt, T.e. sin2xdx = —dt. [lepexoasa Kk HOBOU mepe-
MEHHOM, IoJlydYaeM

IM=—I—=—arcsm : +C=—arcsinm+c
\J3—cos*x \J3-t? J3 J3

3apauu ana camoCToATeNIbHOrO pelueHunn

BBIUKCIIUTD HEOoIIpeAeJIEHHbIE MHTEr'PAaJIbI.

5.1. (tgx + ctgx)?dx. 5.2. 53. | ——
J‘sm3x Il + cosx
5.4. .55.[—=.56.] d
5+ 4cosx 3 + sinx sinx + cosx
5.7. dx .5.8. dx .
“sinx + 2cosx + 6 2 + sinx + cosx
sin xdx dx )
5.9. | ————.5.10. | —— (tgx > 0). 5.11. |sin 3xcos 2xdx.
J\/1+6cosx J‘\/tgx j

5.12. Icos 4x cos 2xdx. 5.13. _[cosxcos 2x cos 3xdx.
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dx
sinx sin 2x

5.16. | dx 5.17.
“sin(x + 1)sin(x + 7)

5.18. [ 519 |

“sinx —sin4

5.21. 'L .5.22. j
*1 + sin®x

5.24. [ 5.5 jsin3xcos3xdx. 5.26. j sin®xdx.
1+ ctgx

5.14. _.sin3 2x cos?3xdx. 5.15. I

cos(x — 1)cos(x + 2)

5.20 IL
' sin5x—cosl'

dx
cosx cos3

5.23.[ &

1 + cos®x 1+tgx

Cos’x sin®x
dx.

5.27. [tg°xdx. 5.28. [ == X dx. 5.29. |
dx

SlIl X COS X
' dx
5.30. [ = 531
® sIn”xcos“x Sll'l .X'COS x

5.32. [ dx .5.33.

* 7cos?x + 16sinx

dx
5cos®x + 9sinx

5.34. ..sin\/;dx. 5.35. Ixsiandx. 5.36. Ixzcosxdx.

5.37. _.ez"sin(ex)dx. 5.38. I(x + 2)cos( + 4x + 1)dx.
xdx

5.39. .(xz + 2x + 3)cosxdx. 5.40. Ixsin(xz)dx. 5.41.
. sinZx

cos xdx

5.42. [ X 5.43. . 5.44. .
° sin*x ‘[\/1 4sinx +cos® x J.\/sin3xc035x
5.45. j\/c052x sin xdx. 5.46. fdcoszx cos xdx.

1+si i
5.47. [—— = dx.5.48. M 5.49, [ Smxdx
COS X+/COS2Xx 1 + sin®x 2sinx + 3cosx
5.50. [ sinxdx . 5.51.I cosxdx )
° cos®x — 3cosx + 2 cos®x —5cosx + 6
5.52. dx __ 5s5s. [— sinxdx
Y sin*x + cos*x sin3x + cos3x
5.54. dx .5.55. | sinx + cosx+1 ;.
* sin®x — 5sinx + 6 2sinx + cosx + 2
sin2x
5.56. [ dx.

\J1+cos* x
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InaBa 6
WHTETPUPOBAHWE BbIPAXKEHUN,
COAEPMALUUX TMNEPBOJTUYECKUE,
NOKA3ATE/IbHBIE, NTOTAPUOMUYECKUE
W APYTUE TPAHCLLEHAEHTHBIE OYHKLUWU

6.1. UnTerpupoBaHue runep6onnyeckux GyHKUumn

[Ipy UHTETpHPOBAHUU BHIPAKEHUH, COZep)KaIluX rurepbou-
yeckue QyHKIUM, IPU HEOOXOAVMMOCTH BHIIOJIHATH ITpeobpa3oBa-
HUS HaJl HUMU UCIIOIb3YIOTCS, B YaCTHOCTH, CIeAyroure GOpMyJIbl:

* OCHOBHOE TUIePOOTNIECKOE TOXKAECTBO

ch?x - sh?x = 1;
* $OpMYJIELI IBOHHOTO apryMeHTa
sh2x = 2-shx-chx; ch2x = ch®x + sh?x;
* bopmybl

1-th?%x = i; cth?x-1 = L;
ch?x sh?x
* GOPMYJIbI IOHWKEHHA CTelleHH
ch?x = ch23;+ 1; shZx — chz;c— 1 :

* bopMysBI CyMMBI ¥ Pa3HOCTH /IByX apIyMEHTOB:
sh(x +y) = shx-chy +shy-chx; ch(x+y) = chx-chy + shx-shy;
thx + thy . cth(xty) = cthx-cthy+1

th(xty) = ;
1+ thx-thy cthy + cthx
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* bopmysbl Mpeobpa3oBaHUsS MPOU3BEAEHUN CUHYCOB M KOCHU-
HYCOB B CYMMBI:

shx-chy = %(sh(x + y) + sh(x-y));
chx:chy = %(ch(x +y) + ch(x-y));

shx-shy = %(ch(x +y) —ch(x-y)) u op.

TToguepKHeM, 9TO GOMBIIMHCTBO IPAKTHYECKUX IIPUEMOB HHTe-
TPUPOBAHUA MOZOGHOTO poja BHIPAKEHUH MMEIOT CBOY aHAJOTH
Cpe/iy COOTBETCTBYIOIUX IPUEMOB, Pa3paboTaHHEIX /Il TPHIOHO-
MeTpUYecKUX QyHKIMiL. TaK, MHTerpabl OT YeTHBIX cTeleHei shx
¥ chx HAXOJATCA C IIOMOIILIO GOPMYJI IIOHIKEHHA cTelleHu ch?x =
= M; shx = P21 L ohychy = %, VIHTerpasi OT

2 2 2
HeYeTHHIX CTeneHel shx u chx HaXoAATCA OT/eTeHIEM MHOXKUTEIIS

IIepBOM CTelleHU U BBeJleHHeM HOBOM nepeMeHHOH U T.J. [TosaTomy
OTAENbHO Ha HUX OCTaHABIUBAThHCA He OyzeM.

O6paTvM BHMMaHME Ha CYIIEeCTBYIOUIYIO CBSI3b MEXAY Tabimd-
HBIMU UHTerpasamu (a > 0)

J%=ln‘x+\/xz ia2|+C(|x\ >a); 6.1)
ta
dx

sz—a 2a1 x+a+C(\x\¢a) (6.2)

1 06paTHBIMU TUNEepOOTNIECKUMU QYHKIIUSIMU.

1. M3BecTHO, yTO 06paTHO QyHKIMEN K TUIIepOOTIeCKOMY CH-
Hycy y = shx Ha MHOXecTBe R siBisieTcs apeacunyc y = Archx =
= In(x++vx*+1),x € R. C yueToM 3TOr0 OAWH U3 UHTErpasioB (6.1)
MOJXXHO 3aIlicaTh B BUe

Rrvs

2. VI3BeCTHO TakXXe, YTO 0OpaTHEIMU q)yHKuHHMH K IByM BETBSIM
runepbodeckoro kocunycay = chx, x > 0uy = chx, x < 0 aBa-
IOTCSI COOTBETCTBEHHO QYHKITUU

y=Arch*(x)=In(x++/x*-1) u y=Arch (x)=In(x-/x* -1).

= Arsh +C.
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Ob6e >Tu QyHKIMHU, pacCMOTpPeHHBIE KaK JBEe BETBU JBYy3HaU-
HOM QYHKIIUU, HOCAT Ha3BaHVe apeaKoCHHyca U 0003HAYAITCAY =
= Archx = In(x ++/x*—1) . C y4eToM 3TOro moysy4aem, 4To Ha Ipo-
MEXYyTKE X > a BTOPOM U3 UHTerpasos (6.1) mpuHMUMaeT BUJ

+C.

[T (3)

3. Hakoser, npu |x| < 1 onpezaeneHa ¢yHKIMsA, oOpaTHas K TU-

nep601mqec1c0My TaHI'€HCYy KW Ha3blBa€Mad dpedamdaH2eHCoM: Yy =

= Arthx = 1ln1 kel

2 1-x
byHKIUSA, 0OpaTHast K rUnepboIMIecKoMy KOTAaHT'€HCYy Y Ha3hIBae-

1. x+1
Mas apeakomauzeHcom: y = Arcthx = =In

; a Ha IpoOMeXyTkKax |x| > 1 ompezeneHa

. YuuThIBad 3TO,

x-1
TIoJTydaeM elle ofHy dopMy 3anucu A uHrerpana (6.2):

1 X

—Arth—+C,ecn <a,

J’ i . . H|x|<a
2 2

@ - lAI'Cth£+C,eCJII/I‘x‘>a.

a a

OTMeTUM, YTO K WHTETPUPOBAHMIO TUIMEPOOTNYECKUX (YHK-
LMK CBOAATCA, B YaCTHOCTH, UHTErPaibl BUZAA J R(x,Nx?* —a*)dx,

JR( ‘/ ]dx JR[ x+a] dx TIIOACTAaHOBKOH X
x+a x—a

t 2 0, a TakKe MHTErpajabl BUAa _[R(x, Vva® + x*)dx moacTaHOBKO#
x =a-sht, t e R.

a-cht,

IMTpumep 6.1. Haiitu J‘ﬂ

Peuienue. IIpeobpa3ysi oAbIHTErpajJIbHOE BEIpAXKEHUE, IIPHU X #= 0

HOJIY‘IaeM (aHaJIOFI/I‘-IHO BBIYUCJIEHUIO I/IHTeraJIa j—)
Sinx
d (th = ]
jdx=j dc g dx 2 )X+
X 2

shx “onXen® “omXen?¥ T m*
29 2 g 2
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IIpumep 6.2. Haiitu jshzxdx.
ch2x-1

Pewenue. Tak kak sh’x = ——=~ o
2

Ishz xdx =1j(ch2x—1)dx =ljch2xd(2x)—ljdx = 1sh2x—£+C.
2 4 2177 2

IIpumep 6.3. Haiitu _[sh3xdx.
Peuwiernue. BerauciasieM:

ch®x

—chx+C.

Jshz x-shxdx = J.shz xd(chx) = J-(chz x—-1d(chx)=

IIpumep 6.4. Haiitu Ich“xdx.
Pewenue. [TpuMeHss GOPMyIIBI HOHMKEHHUSA CTEIIEHH, OTyJaeM:

Ich4xdx=lj(1+ch2x)2dx=l 1+2ch2x+1+Ch4x dx=

4 4 2

=1j E+2ch2x+1ch4x dx=l 3—x+sh2x+lsh4x +C
47\ 2 2 4\ 2 8

(x #0).

IIpumep 6.5. Haiitu jcthzxdx.
Pewerue. BeiuuciasieM:

dcx=-cthx+x+C

ch?®x 1+sh®x
[ =]

sh® x sh® x
(x#0).
ITpumep 6.6. Haittu J‘ \/Sl;l_;c dx.
ch2x

Pewerue. BriuuciasseMm:

shx 1 d(~/2chx) 1
2 dx=—— = In(v2chx++/ch2x)+C.
J.\/ch2x x/fj\/(\/ichxf _1 2

IMpumep 6.7. Haittu jchz xd;/m.

Peuwterue. BriuuciasieM:

2
3d(thx)=3-3thx +C (x#0).

dx _ .
J.chzx'x/S th? x _J(ﬂlX)
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IMpumep 6.8. Hatitu Ichx' ch 3xdx.
Pewenue. Vicnons3ays ¢popMyity mpeo6pa3oBaHUs IPOMU3BEJEHIS TH1-

nepbosmaeckux KocuHycoB cha-chfp = %[ch(a —B) + ch(a + B)1,

IIOJTyYUM

jchx-cthdx =%j(ch2x+ch4x)dx =%sh2x+ %sh4x+C.

IMpumep 6.9. Hatitu Ishx- sh 2x - sh 3xdx.

Peuwenue. ITocnenoBaTebHO IPUMEHSA GpOPMYJIBI Tpeobpa3oBa-
HUS [TPOU3BEIeHUS rUIepOoIiecKrx GyHKIIUM B CyMMBL, IIOTy4aeM

Ishx~sh2x-sh3xdx = %jsth-(ch4x —ch2x)dx =

=1J(sh6x—sh2x—sh4x)dx = ch6x — ch4x - ch2x +C.
4 24 16 8

dx
h?x + ch?x
Peutenue. TTob3ysiCh OCHOBHBIM THIIEPOOTUYECKUM TOXKIECTBOM
ch?x —sh?x = 1, mpescTaBUM eJMHUILY B YUCIUTENE APO6H KaK I'U-
epOOIMIECKYIO eANHUITY:

IMpumep 6.10. Havitu .[

f dx J-chzx—shzx -] dx - dX _  thx—thxsC

shx-ch®x ¥ sh’x-ch’x sh’x Jch®*x
(x#0).
1.3
IMpumep 6.11. Haiitu J. de
1 + ch®x

Pewenue. Umeem

shx-ch®x shx-chx[(ch?x+1)- 1]
[ —dx=] ;
1+ch®x 1+ch®x

Tonoxxum t = 1 + ch?x, orkyza dt = 2chx-shx-dx. 3Hauur,
uMeeM

—j—d _———1 \t\+c_—(1+ch2x)——ln(1+ch2x)+c

IMpumep 6.12. Haittu J\/thxdx.
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1 1+
2 1—t

Pewenue. Tonoxum t = /thx. Torga x = Arth(t?) =

(|t| <1),dx= 12t—d I[Tepexozs K HOBOM IepeMEHHOM, TOyIUM
t4

——lnli—arctgt+C—

’d
e =2 = [T =g

1++thx
=—ln - — = |-—arctg/thx+C
2 (1—\/thx] 8

(x=0).

6.2. UHTerpupoBaHue noKkasaTeNibHbIX QYHKLMIA

Ecnu nozbIHTErpasbHOE BEIpAKeHME COAEPKUT ITOKa3aTebHY0
GYHKIIUIO, TO JIMOO 3TOT UHTETPAJ CBOAUTCA K TaOIUYHOMY, OO
cieAyeT oAo6paTh COOTBETCTBYIOILYIO IIOACTAHOBKY (BHECTH IIOA-
XozsIyo GYHKIUIO oA 3HaK AuddepeHIana), JMb0 MPOUHTET-
PUPOBATh IO YaCTSIM.

VHTerpan Buza J. R(e¥)dx, rne R — pauuoHasbHass PyHKIHUS,
C IIOMOIIBIO ITOACTAHOBKY t = e* IpeobpasyeTcs K UHTETrpajy OT pa-
IIMOHAJIBHON QYHKIIUM. PaccMOTpUM IpUMeEDHL.

Tpumep 6.13. Haitrn [ 27+ 3% 5%dx.

Peuwenue. TIpeobpasyeM OABIHTETPATbHYIO GYHKIIMIO K BUY OfI-
HOM ITOKa3aTeJIbHON QYHKIMM (T€M cCaMbIM, CBeZisi MHTErpaj K Tab-
JIMYHOMY UHTerpaiy):

2250"
+
In2250

jzx .32 -53"dx=j(2-32 -53)*dx=j2250"dx=

-7 dx
IMpumep 6.14. Haiitu Je R

1
Pewenue. BHeceM OYHKIIHIO —; ToA 3HaK muddepeHnmana:
X

3 2

o)
— =d|-— | ¥ noay4yum
x x

x° x?

1
Ie & (X 1 "d( 1 ]=—le * 4 C(x#0).
X 2 2
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IIpumep 6.15. HaI/ITI/II N
e*+e™

Peuterue. YMHOXXUM OZHOBPEMEHHO YHC/IUTENb Y 3HAMEHaTeb
Ipobu Ha e*, a 3aTeM BHeceM e* 1oz 3HaK AuddepeHIrana:

J- dx J-edx J-d(e")

= =arctg(e*)+C.
e +e* +1 JY(e)*+1 8(e")

. dx
IMIpumep 6.16. Haittu J —.
J1+e*
Pewerue. BoiHeceM e* U3-110/, 3HaKa paZivKaja U 3aTeM BHeCeM
e™ oz 3Hak guddepeHIUaa:

j dx =J dx =J- e “dx =_J‘ d(e™) _
Vire® Jerde 41 e 1 \/m

=-In(e™* +Ve>* +1)+C.

-1
IIpumep 6.17. Hatitu j,/ :x +1dx

Pewenue. ITomoxuMm t = e*. Toraa

ngz_ JJ:?T t— 11&_4Jdt ‘J dt1=

=In(t++t* - )+arcs1n +C =In(e* +ve**—1)+arcsin(e *)+C

(x=0).
X
ITpumep 6.18. HaI/ITI/IISe e+ 1dx.
-2¢*-3
Pewenue. Tlomoxum t = e*. Torga mnonayyaeM UHTerpan
IBH+t+1 2
& dt. Tak Kak t(t* — 2t — 3) = t(t + 1)(t — 3), To pasJo-
t

KE€HHE Ha HPOCTeI';IU.II/Ie IZ[I)O6I/I HNMEET BU/
3t*+t+1 _A B . C

tt+1)(E-3) t t+1 t-3°

[TpuBozs Apo6u B IpaBoii YacTH K 00IeMy 3HaMeHaTeJIo U ITpU-
PaBHUBAs TOXAECTBEHHO MHOTOWIEHBI B YUC/IUTEIIAX, ITOTyIUM

32 +t+1=At+ 1D({t-3) +Bt(t-3) + Ct(t + 1).
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1
Eciu nmozacTaButh t = 0, TO HaXoAUM A = — = ; eCJIM e IIO/CTa-
3

1
BUTH t = —1, To monyuum B = —. HakoHel], eC/Ii NOJ0XKUTb t = 3,
2

(¥] 31 (v]
To HauzeM C = —. IloAcTaBisaa HanIeHHOE pa3jIoKeHUE 10 3HAK
12

HWHTerpasa, NoayIuM

Jse2x+e"+1 _lgedt 1pdt 31pdt _

e’ —2e* -3 37t 27t+1 127¢-3
= It + 2 mpg-3+c=
3073 12

=—£+lln(e"+1)+£ln
3 2 12

e -3/+C

(x #In3).
dx

ITpumep 6.19. Haiitu J

x oxoxt
1+e? +e3 +e®
X

Pewerue. Tonoxum t = e®, Torma

dx dt dt
j x X £=6jt(1+t+t2+t3)=6jt(1+t:)(1+t2)=
1+e? +e3 +ef
=JAdt+J-Bdt+J‘Ct+?dt=
t t+1 1+t

=%+Bln{1+e6 ] +%1n(1+e3 ] +Darctg[e6 ]+C1.

MeTtoz0M HeolpeeneHHbIX KO3pPHUIIMEeHTOB HaxoauMm A = 6,
B = C = D = -3. OKOHYaTe/JIbHO UMeeM

j xdxx . =x—31nH1+e6]\I1+e3}—3arctg(e6]+Cl.

1+e2+e3 +eb

IIpumep 6.20. HaiiTu jx363xdx.
Pewenue. TTonaras u = x>, dv = e3*dx, mpouHTerpupyeM II0 Jac-
TAM:

x3

3
1
I=[xPedx=""e% - = [ (3x2)dx =2 €% — [ x2e**dx.
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Tlonaras Tenepb u = x2, dv = e3*dx, BTOpoii pa3 IIpOMHTErPUPY-
€M II0 YaCTsIM:

3 2 3x
X 3x b S R 3 24 € 2 3x

= e —| e =21 (2x)dx | =(x° —-x°)—+= | xe*dx.
3 [3 3‘[ (2x) ) ( ) 3 3'[

HaxkoHer, moaras u = x, dv = e>*dx, mociesHuil pa3 IPOUHTET-
PHPYEM IIO YaCTAM:

3x 3x
I=(.)C3—xz)e_‘|'g £e3x_1‘|‘63xdx = x3—x2+gx_g e—+C.
3 33 3 3 9)3

6.3. UHTerpupoBanue norapudpmuueckux GyHKuUuit

Ec/iv moAbIHTErpaIbHOE BRIPAYKEHUE COZEPXKUT JloraprudMudec-
Ky1o QYHKIIUIO, TO, TaK JKe KaK U B CJIydae C IIoKa3aTeJbHOU QyHK-
1[Uel, MHTErpas MO0 CBOAUTCA K TaOIMIHOMY, JIMOO OGEPETCS C TI0-
MOII[bI0 HEKOTOPOM IOACTAHOBKU (PYHKIIMSI BHOCUTCA ITOJ 3HAK
muddepeHnnana), 60 UHTETPUPYETCA IO YACTSIM.

IMpumep 6.21. Haittu Ilnxdx.
Pewenue. IHTerpupys 1o 4acTam Ipu u = Inx, v = x, moixydaem

Jlnxdx=xlnx—jx-ldx=xlnx—x+C(x>0).
X

IIpumep 6.22. Haiitu jlnzxdx.
Pewenue. JIBaxxibl MHTETPUPYS IpK X > 0 110 YacTAM, HAXOAUM

jlnz xdx=x1n2x—jx-zlnx-ldx=x1n2x—2j1nxdx=
X

=xIn*x-2xInx +2x +C.

IIpumep 6.23. Haittu jln"xdx (n e N).
Pewerue. IHTErpupya MO 4YacTAM, IIOJIYYUM pPEKypPPEHTHYIO
bopMyTy IOHWKEHUS CTENleHU ISl UHTEerpajoB JaHHOI'O TUIIA:

I, = Iln"xdx = xIn"x - njln”‘lxdx =xIn"x-n-I, 4,
rae Iy = x.
Hanpuwmep:
I =xlnx-x+ C;
I, = xIn?x - 2(xIlnx - x) + C;
I, = xIn®x - 3[xIn?x - 2(xInx-x)] + Cur. 1. (x > 0).
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ITpumep 6.24. Haiitu _[ln—xdx
x

1
Pewenue. BHeceM — moj 3HakK AuddepeHIirana:
x

Inx 2

——dx= jlnxd(lnx) = In
X

x+C(x>0).

IIpumep 6.25. Haiitu szlnxdx.
Pewenue. VIHTeTpupy4 110 YacTAM IpH u = Inx, dv = xdx, mosy-
UM

_[x 1nxdx=—lnx——fx dx——lnx—%+C(x>O)

dx

IMIpumep 6.26. Haiitu lenx- 0’

Pewenue. TIpyHMMasi BO BHUMAaHUE, YTO iﬂ = d(In(Inx)),
xlnx

“MeeM Ipu x > 1:

'[ dx _ J-d(ln(ln x))

xInx-In(Inx) B In(Inx)

=In|In(lnx)[+C.

3
IMpumep 6.27. Haittu I [ln_xJ dx.
x

PeuteHue. 3aMeTHUM, YTO AaHHBIN UHTETPaJ OTHOCUTCA K TPYIIIE
WHTETPAJIOB BUAA Ix"lnmxdx (n e R, n# -1, m € N), ay19 KOTOPBIX
CYIIECTBYET PeKyppeHTHasi GopMyJia IIOHMKEHUS CTEIIEHH M.

Ix" In™ xdx =——
n+l

II0 KOTOPOU BBIYHCJIEHME PAaCCMaTPUBaeMOro HHTerpaaa CBOAUTCA
K BBIYVCJIEHUIO MHTErpajia TaKoro Ke TUIla, HO C MeHbIIUM Ha ey-
HUIly TIOKa3aTesJieM CTeleHU npu Inx. B zanHOM ciydae n = -3,
m = 3. Ha mpakTuke Zep>xatb B yme GOpMy/Iy He UMeeT OOIbIIOro
CMBICJIa, TIPOLLlEe TPU pasa IIPOUHTEIPUPOBATD II0 YaCTAM:

X" 1n™ x——J.x In™ ! xdx,

j(lnx}dx j—ln xdx=——1n + —ln xdx =
X 2x2

=—L2-ln3x+§ —Lz-lnzx+ —-Inxdx | =
2x 2\ 2x x
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=— 32 gln3x+ln2x+lnx+1 +C (x>0).
4x*\ 3 2

ITpumep 6.28. Haiitu: a) Isin(lnx)dx; 0) Icos(lnx)dx.
PeweHue. IHTETpUpYs IO YaCTAM KaXK/bIi U3 UHTETPAJIOB, UMEEM:

I = Isin(lnx)dx = xsin(lnx) —J.cos(lnx)dx = xsin(Inx) - I;

I, = Icos(lnx)dx = xcos(Ilnx) + Isin(lnx)dx = xcos(Ilnx) + I,.
OTcroga ony4yaem, 4To

I = g(sin(lnx) —cos(Inx)) + C;

I, = g(sin(lnx) + cos(Inx)) + C (¢ > 0).

3ameuarue. MOXXHO ObUIO OBl HAWUTU 3TH UHTErpajbl, UHTETPU-
Py MOC/IeI0OBAaTEIbHO KXK/AbIN M3 HUX ZIBA Pa3a IO YacTIM.

IMIpumep 6.29. Haiitu Ix"(l + Inx)dx.
Pewenue. TTonoxuM t = x*, Toraa dt = x*(1 + Inx)dx u g19 uH-

Terpajia UME€EM

[ + Inx)dx = [dt =t + C =2+ C (x> 0).

xln(x+\/1+x2)dx

IMpumep 6.30. Haiitu J N
1+x*

Peutenue. VIHTerpupys 1o 4acTsM, HAaXOAUM

J-xln(x+\/1+x2)
V1+x?
=+/1+x? 1n(x+x/1+x2)—_[dx=\/1+x2 In(x++v1+x*)-x+C.

dx=j1n(x+J1+x2)d(J1+x2)=

IMpumep 6.31. Haittu jlnz (x ++1+x*)dx.

Pewenue. HPI/IMeHﬂﬂ HHTEIpHpPOBaHUE 110 YaCTAM, IIOJIydacM
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jln (c+41+x3)dx=xIn*(c++1+x%) - ZJXIH(\);; J1+x’ )dx_
1+ x>

=xln2(x+\/1+x2)—'[ln(x+\/1+x2 )d(2V1+x?) =

=xIn®*Oc+41+x2) =241+ x* In(x +v1+x%)+2x +C.

IIpumep 6.32. Haiitu _[xsz +1-In(vx*-1)dx.

Pewetue. TonoxuM t =+/x* +1 U IPOUHTErPUPYEM II0 YACTAM:

3
Jx\/xz +1-In(Wx*-1)dx = %Jtz In(t* —2)dt =1J.ln(t2 —2)d[%]=

1a 5 t*de
==t In(t —=
ot N2 -[t 2"

t—/2 _
t+\/_]+C—

\/(x +1)3 _x +7 N2 Jx2+1-2
Ty O lmw

==t In(t"-2)——| —+2t+~21
c n( ) 3[3 V21In

(| > 1).

TIpumep 6.33. Haiitu J'ax +1b ‘In 11 —X dx.
x? - +x

1
Pewenue. TTomoxxum x = tht, Torjat = =1In
2 1+x

N MHTErpal

IIpPUMET BU/J

J-ax +b 1 x J-ath t+b
x? - 1+x th®t -

= zj(a th? t + b)tdt = bt + 2ajt -th? tdt.

[MocnegHuli UHTerpaJ BBIUUC/ISAEM WHTETPHUPOBAHUEM IO Yac-

TAM:

jt-thz tdt = .[td(t—tht) =t(t—tht)—j(t—tht)dt=
2
=%—t-tht+ln|cht|+C.
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Urak,

2 _ 2
J-axz +b 1,1 xdx=bt2+2a(t——t-tht+lncht]+C=
x*-1 1+x 2

=(a+b)t* —2at-tht+2aln|cht|+C=

2
=(a+b)(lln1+—x] —ax-ln1+—x+2aln|ch(Arthx)|+C=
2 1-x 1-x

= a+bln2(1+xj+a(xln1_—x—ln(1—x2))+c,
4 1-x 1+x

Tak Kak ch(Arthx)= (] < D).

1-x?

6.4. UuTerpnpoBanue
06paTHbIX TPUrOHOMETPUYECKUX QYHKLMIA

[Ipu uHTErpUpOBaHUU OOPATHBIX TPUTOHOMETPUYECKUX PyHK-
I[UA KCIIONB3YIOTCS BCe Te JKe 00Ire MpueMbl MHTEerPUPOBAaHUS
(npeo6pa3oBaHus, 3aMeHa IlepeMeHHOM, MHTerpupoBaHUe I10 Jac-
TsAM). HalmoMHUM, 4TO MHTErpasibl BUAA

IP(x) arcsinxdyx, j P(x)arccosxdx, jP(x) arctgxdx, IP(x) arcctgxdx,

rae P(x) — ueneiii anrebpanyecKuii MHOTOWIEH OTHOCUTENBHO X,
BBIMHC/ITIOTCS MTHTETPUPOBAHKUEM IO YacTsM. [Ipu 3TOM B Ka4uecTBe U
BBIOMPAIOTCS COOTBETCTBEHHO (YHKIIUM arcsinx, arccosx, arctgx,
arcctgx, a 3a dv 6epetcs BeipaxkeHue P(x)dx.

dx
IIpumep 6.34. Halitu '[arcsins Nk

PeuwieHue. BerauciasgeM:

Jd(arc§11:x)=_ 1. —+C(0<[x|<D).
arcsin’ x 4-arcsin” x
TIpumep 6.35. Haittu jarctg& ax
Jx o x+1
Pewenue. TTonaras t = arctg+/x, UMeeM x = tg>t, dx = 2tgt- dt2
cos“t

U TOorza
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J-arctg\/_ dx J- 2tgt dt thdt=
x+1 tgt cos’t-(tg*t+1)

=t2+C=arctg’(\/x)+C
(x> 0).

IMIpumep 6.36. Haittu Iarccosxdx.
Peutenue. VIHTerprpys 1o yacTsAM U Iojlaras u = arccosx, dv =

1
= dx, onpezenseM du = ——zdx, v = x. CiiegoBaTebHO,
1-x

dx =

farccos xdx = xarccos x + jx
1—x?
. 1
2
—xarccosx——j(l x)zd(l x?)=xarccosx——- 1 A-x) +C=
2 1/2

= xarccosx—+1-x2+C

(]x < 1.

IMpumep 6.37. Haittu Iarctgxdx.
Peutenue. Ionaras u = arctgx, dv = dx, UHTerpupyeM IO 4ac-
TAM:
d(xc? +1)
1+x?

—xarctgx 2J‘

=xarctgx—%ln(1+x2)+C.

IIpumep 6.38. Haiitu jarctg Jxdx.
Pewenue. IHTerpupys 1o 4actaM, ojay4aeM

jarcth—dx x-arctg/x — IZJ—(x+1)

1 1
="'ar°tg&‘f[2&‘z&<x+1)] e

=x.arctg\/§—\/§+_[(j_)(c)%=x-arctg\/§—\/;+arctg\/;+c

(x> 0).
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IMpumep 6.39. Haiitu sz arccosxdx.
Pewenue. TTonoxuM u = arccosx, x2dx = dv. Toraa, UHTErpUpys
II0 9acCTAM, IToIy4aemM

3

3
X X
sz arccos xdx = jarccos xd[?} = ?arccosx += J'

37J1-x*

O6pa3oBaBuIniics B IPaBOil YacTy MHTErpasl elle pa3 IPOUH-

TerpupyeM II0 4acTsAM, TTOJIOKUB Ha 3TOT pas U = x2, dv=——
J1-x?
(Ix <1
3
%arccosx —%J'xzd(\/l -x*)=
3 2
= %arccosx —%x/l—xz +%Jx/1 —x*d(x*) =
3 2
= %arccosx—%\/l—xz —%\/(Vl—xz )® +C.
IIpumep 6.40. Haiitu j(arcsinx)zdx.
Pewenue. IHTErpUpy4 10 YaCTAM, HaXOAUM
: 2 . 2 2x R
_[(arcsm x)“dx = x - (arcsin x) —j -arcsin xdx =
V1-x?
= x-(arcsinx)* + 2jarcsinx dW1-x3)=
= x-(arcsin x)* +241— x> -arcsinx —2x +C
(| < 1.
ITpumep 6.41. Haittu j arctgx dx.
Pewenue. VIHTerpupysa IO 4YacTAM, HOJOXKHMM U = arctgx,
d_x =dv. Tormjau' = L V= —L 1 UMeeM
X3 . x>+ 1 272
arctgx 1
dx=|arctgxd| —— | =
J x> J 8 ( 2x2 )

8 2x> 2x* | x*+1
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=_Larct x+1J.L=
2x> 5 20?41

20O +1)
1
=———arctgx+—| | —— =
2x> 5 2("‘x2 J.x2+1j
=—Larctgx+1(—l—arctgx] +C=
2x> 20 x
1

=—1arctgx- lz+1 -—+C
2 X 2x

(x#0).

IIpumep 6.42. Haiitu jx~ arcin(1 - x)dx.
Peuwerue. TlpuMeHsiA TpocTellye TpeoOpa3oBaHUA, 3aMeEHY

u=1-xu HWHTEIpYPOBAaHUE 110 YaCTAM, HAXOANM

Jx -arcsin(1-x)dx =
= j(l —x)arcsin(1-x)d(1—x)— jarcsin(l -x)d(1-x)=

= Ju arcsinudu —Jarcsin udu=

2

—u—arcsmu——j —uarcsinu+.|‘ﬂ=
2 V1- u V1-u?

2

u )

——arcsmu——j —uarcsmu—xll—uz.
2 J1-u?

u*d
u
VuTerpan I N BBIYMCJIUM TPUTOHOMETPUYECKOM ITOoACTa-

o . m T
HOBKOHM U = sint, raet [—5; 5]

2
f wdu =_[sin2tdt=1J'(1—c052t)dt=E—lsin2t+C1=
1’1_112 2 2 4

—larcsmu—i 1-u? +C,.
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OxkoHYaTe/IbHO UMeeM

Jx -arcsin(1—x)dx =
2

=u—arcsinu—uarcsinu—\/l—u2 —1 1arcsmu—— 1-u® |+C=
2 2\ 2 2
=%arcsinu-(u2—2u—%)—\/1—u2(1_%J+C=

2x4 arcsin(1- x)—m x+3

(x € (05 2)).

ITpumep 6.43. Haittu Jarcsmx L+ dx.

J1=x?
Peuwenue. ITomoxxuMm t = arcsinx, pa3obbeM MHTErpal Ha CyMMY
ZIBYX UHTErpajoB U 3aTeM OAWH U3 HUX IIPOUHTErPUpPYyeM IO 4dac-

M (0 < |x| < 1):

t 1+sin®t

arcsinx 1+x?
: dx = : costdt =
'[ Xt 1-x? -[sinzt 1- sinzt
—f (1+sin? t)dt = L, +[ = tdt ———J'td(ct t)=
sin®t 2 Jsin’t 8
2
=%—t-ctgt+ln|sint| +C=
. 2 .
_(aresinxy _  resinx. c?s(arcs.ln *) L 1n |sin(arcsinx)|+C =
2 sin(arcsin x)
. 2 2
=m—arcsinx- X +In|x|+C.
2 b'e
+ b
ITpumep 6.44. Haiitu I—l arctgxdx.
+

Pewenue. IlomoxuMm t = arctgx, Torga x = tgt ¥ IPUXOAUM K UH-
Terpany

2

2
Jax +b -arctg xdx =J‘t(atg2 t +b)dt =b%+aj-t-tg2 tdt.

x?+1

HOCJIE,ZLHI/If/'I HHTET'paJI BBIYHCJIIMM HMHTCIPDHPOBAHHEM IIO YacC-
TAM:
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[ttg?tdt = [td(tgt -0 =t(tgt—0)— [(tgt —D)dt =
2
=t-tgt—%+ln\cost\+C.

[loacTaBiisasa, OKOHYATEIBHO IIOJIYy9YrM

2 2 2
J-axz +b-arctgxdx=bi+a t-tgt—t—+ln|cost\ +C=
x“+1 2 2
b-a ,
=Tt +at-tgt+aln|cost|+C=

= “arctg” x+ax-arctg x +aln|cos (arctg x)|+ C =

=%aarctg2 x+ax-arctgx—%aln(1+x2)+c

).

1
(Tak kak cos(arctg x) =
V1+x?
IIpumep 6.45. Haiitu I&rxl(ex)dx

Pewerue. [Tomoxum t = e*, Torza

arcsint dt

1 ]
dt=——arcsmt+j =
t

tv1-t>
/ _ 2
=—%arcsint—ln¥+c=

=—e " arcsin(e®) - In(1+V1-e*)+x+C (x<0).

J-arcs;n(e ) d = J-

3apauv ana camoCToATeNIbHOrO pelueHunA

BeI4uciInTh HEOIIpEACJICHHBIC MHTCI'PAJIBI.

6.1. Ishzxchzxdx 6.2. I(shx chx)?dx. 6.3. Ish(ax)cos(bx)dx.
2x 21 2x+3
6.4. [\2~1dx. 6.5. jz Lax.6.6. [ 3" “ax.
62.x
6.7. J.xze_idx. 6.8. j (2x2 —2x+1)e_5dx. 6.9. Ie"sinxdx.

6.10. Iezxsinzxdx. 6.11. jexcos(e")dx. 6.12. J‘x7e"‘2 dx

xe* dx
6.13. | ——dx. 6.14. . 6.15. dx.
J‘\/1+e" '[J1+ex +1-¢" ‘[ “+4
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ceX + e 2e¥ —¢“-3

6.16. dx. 6.17. [ = """ dx,
T 1-e e -2 -3
o p2X 3
6.18. [ <3¢+ 104 610, j“ln X dx. 6.20. j—
: -16 xlnx
6.21. 'lnxdx 6.22. j INX 4. 6.23. [xIn?xdx. 6.24. [ Jin’xdx.
' X
6.25. jlnxdx. 6.26. jx1n£1 " ljdx. 6.27. [xInx—>_dx.
x 1+ x?
6.28. [In(x? + x)dx. 6.29. [x?In(1 + x)dx. 6.30. [cos?(Inx)dx.
6.31. J‘ln(cosx)dx. 6.32. Isianln cos xdx.
cos?x 1
x+1 nx
6.33. dx. 6.34. | ——==dx
J\/lenx+x3 '[\/(1+x *y

In(x + 1+ x? )
Ja+x*)?

dx. 6.38. [x-arctgx-In(1 + x?)dx.

6.35. Jln(\/l—x +/1+x)dx. 6.36. j

J‘ X
J1-a? \/ —X
6.39. | [xxarcsinxdx. 6.40. J'x arcctgxdx. 6.41. Ix arcsinxdx.

6.37.

X arccos x
JaA-x )3

dx. 6.46. Ixz arctg®xdx. 6.47. Jarcsin —dx.
x+1

6.42. _.x arctgxdx. 6.43. Ixarccos dx. 6.44. J.

r arcsinx

6.45.
3

N 2
arcctg(3x) dx. 6.49. J-x+arccos X dx

1+9X'2 J1-x

. 3
6.50. j“aics? sz)dx. 6.51. X+ VarCtgzx
V1—4X

arcsin x —arccos x
J1-=x?

3 + 2x?
6.54.j 21 arctgxdx. 6.55. J

6.48.

6.52. J' dx. 6.53. I arctgxdx.

x2+1

x° arccos x

V1-x?

6.56. jmdx 6.57. J‘&(_)dx
1+x° e2(1+e*) |

dx.
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OTBeTbI

I'maBa 1

1.1, X

+ C.1.2. -((1 +x)|1+x] +(1-x)|1-x|) +C.
x+C,ecnu oo<x<0,
2

1.3. x?+x+C,eanO<x<1,

x2+0,5+C,ecml< x < +oo.

x3
x—?+C,ECJII/I|x‘<1,

1.4.
x|x| 1
x——+gsgnx+C, ecyu |x| > 1.

.

(.3
x——x—i+C,ec1m —oco<Xx<—1,
3 3

3
1.5.{x—%+C,ec1m—1<x<1,

x3

——x+i+C,ean1<x<+oo.
3 3

1.6. |x-2n| + C,rne2n-1<x<2n+ 1,n e Z

-

3
5x—%+6,ecm/1x<—2,

+%,ecm/1 2<x<-1,
3

1.7.<?,ecm/1 1<x<l1,
x—%,eum1<x<2

3
5x—?—6,ecm/1x>2.
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I'maBsa 2

23 1
+C. 2.3.--1n[3-5x| + C.
6ln 2 5

2.1. %xz—x+ In|x-1| + C.2.2.

2.4. le"2 + C. 2.5. xsinx + cosx + C. 2.6. x%¢* — 2xe* + 2¢* + C.

2
. X | x|
2.7. arcsin——=+C. 2.8. —ctgx-x + C. 2.9.x]x + — | + C.
242 2
In®x 3 1) 1
2.10. 2\/x + —= + C.2.11. —In| x*+= | +—=arctg~/5x +C.
2 10 [ 5] N

1

2.12. —ex +(C.2.13. écos(l -x?) + C.2.14. —%cost + écost + C.

.2

+C.2.16. In|x +cosx| + C. 2.17. arcsin Sin

X
+C.
J2

2.15. In

tgX
52

2.18. i(Sx— 2)? + i(Sx— 2% +C.
175 100

2
2.19. 2arcsin§+x, /1—% +C.2.21. x¢" — ¢ + C.

2.22. x—s[lnzx— glnx + g} + C. 2.23. %ex(sinx + cosx) + C.

3

7 3

5 7
2.24. gﬁ%i/x—uc. 2.95. x+§x3 +;x3 +x?+c.

9x+3, 52x-1 +
2.26. — — + C. 2.27. — + 3arctgx + C.
In50 4

2.28. %(x + |x]) + C. 2.29. xf'(x) - fx) + C.

x2
1 ?+x+C,x<0,
2.30. —f(2x) + C. 2.31. f(x)= 4
2 —%+x+C,x>O.

I'maBa 3

3.1.—1x— 11n|4x—3| + C (x # §).
2 8 4
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X+ cien—L: 1.
3 3

3.2. Ex+§ln x+z +C(x;t—2). 3.3. 1ln
3 9 3 3

2

3.4.%1 X+5 X2 ce#-3;-2).

+C(x#-5;3).3.5. In
x+3

x_

4
3.6. L1n/Xx= 1
3 x+2

+C (x#-2;1). 3.7. lni/(x—l)2 (x+4)° +C

5x+1+C.

(x #—-4;1). 3.8. 1—101n(5x2 +2x+ 1) + garctg

(X _ 1)11
11

+ C. 3.10. + C.

3.9. gln(x2 + 10x + 29) - 11arctgx o

3.11. 1 (1-300%°+C@x# 1).
87 3

1 3 3 1
99(x-1” 98(x-1* 97(x-1” 96(x-1)

3.13. —%(1 0N +2(1-010- 235(1 -x)° + C.

3.12. - e TC(x#1).

Gc+ 1D?

3.14. -2x+ 2In|1 + x| + C (x#-1).

3
3.15.- = ——— — —arctgx + C (x# 0).
x 20 +x®» 2 8

1 3 5
- +—In
4(x-17 8(x-1) 32
4

x+ 2
1 1 (x 1)°
3.18. —+=In———— rct
x 6 x*+x+1 J_ AN \/—

2

X _1‘—%arctg(x2)+C(x¢i1).

n
x%+1

3.20. _3 + éln(xz +1) +C.

202+ 1)

3.21. ; + arctg(x + 1) + C.

x+ 2x + 2
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312 xt-x?+1

_I_S{ 1 x+x\/_+1

1 1
3.26. —arctg x> +
378 T

3.27. arctgx + %arctg(xB) + C.3.28.In|x]| - %ln(l +x)2+C
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3.34. —ln x+1-——+= l 242 ——arct +C(x#-1
3 | | 13 (x*+2) 8\/— ( ).

1 3x+1 3
3.35. In|x|-=In(1+x*)+————+"arctgx +C.
x| =g QX+ oo Hp s
2
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3 o1y T BT gty e t={ L D
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31 1 N 5 2x -1
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4.39. - 3 ——+C (x>0). 4.40. 3arctg/x +C (x #0).
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1 4 (2x? — 1)W1+ x?
4.41. - + +C(x>0).4.42. +C
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4.55. [%x?’ —%xz +§x+6]\/x2 +2x+3—5—231n|x+1|+
+Vx?+2x+3+C (x=-1).

I'maBa 5
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51.tgx—ctgx + C (x # n?n, neds).5.2. %ln tg? +C
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3tg—+1
5.4. garctg(étg)ﬂ + C. 5.5. iarctg—2+C.
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1 tv2
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5.7. +C.
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12 4
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515. -1 _lip|SX-1) L o™ ne ).
2sinx 4 sinx + 1 2
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cos4 cosx+4
2
.. x-3
1 sin=——
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sin3 sin +3
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L s 2
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2
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525.- 2%+ 2% 4 ¢
4 4
5.26. > x — “sin2x + isin4x + Lsintox + C.
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sinx
1 2 T
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1
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5.32. arctg——=—+C. 5.33. +C.
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1
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3\ sin®x  2sin’x
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J6
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cosx—2
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5.51. ———arctg| \/2tg= | + —arctg| V3 tg= +C (x#n + 27n,
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3 _x 32Y(, 32 !
6.5. — 2 122 +22 |+C. 6.6. In=— | +C.
In2 5 5

6.7. —2¢ 2(x* +4x+8)+C. 6.8. —2(2x* +6x+13)e 2 +C.

6.3.
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X
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(x#1n2). 6.19. §(lnx)g +C (x> 0).6.20. In|lnx| + C (x> 0;
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b b'e 4x
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+ C (0> 0).

3
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