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IIpenucioBue peagakTopa nepeBoja

Kuuru A.Ilyankape yBieKaloT, yuaT, BOCXUIalOT. B cTyneHuyeckue ro-
Ibl Al UCIIBITA 3TO NIPU U3YUEeHUU KHUTHU «Jleknuu no HebecHOIt MeXaHUKey.
HaBcerga octanoch BHeyaT/eHHe O CHle aHATUTHUYECKOro MeToja B Hay-
Ke, BEJIMKOJENHO NPO/IeMOHCTPHPOBaHHON 3HAMEHUTHIM QPaHIy3CKUM yue-
HBIM.

Mpennaraemoe counnenue [yankape npencrabiseT oaud us 27 (1) Kyp-
COB 10 MaTeMaTuyeckoil pusuke and cTyneHToB CopGOHHBI, IPOYNTAHHOTO
B 1899 rony. I'naBHadg TeMa 3Toil KHUTM NMpUIILJIA U3 3a/a4 aCTPOHOMMHU: Jla-
Ha Bpaljaronadaca Macca rpaBUTHPYIOIIel KUJIKOCTH; TpeOyeTcA BIACHUTD
Te (opMbl, KOTOpbIE OHA MO#€ET NPUHUMATh B COCTOAHUM OTHOCUTEIbLHOTO
paBHOBeCHUHA.

Teopusa ¢uryp paBHOBecUA HMeeT AABHIOI U UHTEPECHYIO UCTOPUIO.
Buauane pasButue o MegienHo. lo 1885 r. yueHbIit MUp 3HalI TOAbKO JBe
¢urypbl oTHocUTelIbHOI'0 paBHOBecua — cdepoubl Mariopena u sanumnco-
une! fIko6u (Konbua u amnuncouns Pumana 3gech He B cuet). K mepBbiM,
OTKPBITHIM B 1742 r., ycnenu NpuBBIKHYTh U NPUHATHL 3a 3TaJOH, CO BTO-
pPbIMHU, U3BeCTHBIMU ¢ 1834 T., XO0TA M CMHUPUIUCH, HO UHOrJa TNEHAIU UM
3a Jlep3Koe NMOKYILIeHHe Ha CTOJb JI0GUMYIO ellle APeBHUMH BpamiaTelbHYIO
cumMetrpuio. UHepuua MblmieHua ymeer mackupoBaThea! Ho kakoBo ke
OblI0 ynuBieHHe, Korga B 1884 r. pycckuili matematur A.M.JlanyHoB u
rojgom nosjaHee, B 1885 r., A.Ilyankape coBepllieHHO He3aBUCUMO APYT OT
Ipyra OTKpbIBaIOT He OJIHY U He [Be, a Ieiblil 6yKeT HOBBIX (UT'Yp paBHO-
Becuf. OKra3bpIBaeTcA, YTO B OKPECTHOCTH ONpefeleHHbIX cheponnoB Mak-
nopeHa ¥ 3iunconoB Iko6u (MX MHOMECTBO GECKOHEUHOE, XOTA U CYeT-
Hoe!) CYIIeCTBYIOT HERTUIICOUAaNbHbIE GUTYPhI OTHOCUTENBLHOI'O PABHOBE-
cuf, OTJaJeHHO HallOMUHAIUe 1o ¢opMe TO I'PYIIU, TO pyOUaThle ABbIHH,
BOJIHUCTBIE MATUCCOHBI U Jpyrue PpyKThI U oBowmM. BHavane aTu uccieno-
BaHUA OrpaHNYUBAIUCH MEPBBIM NPUGINAKEHEM, IpeHeOperasa KBajJpaTaMu
TOJNIIMHBI BO3MYIIAIOIIEr0 CJIOA, HAIOKEHHOT'0 Ha MUIKUN sanuncoug. A
BOT 6e3YKOPU3HEHHO CTPOToe JI0Ka3aTelbCTBO CYIIeCTBOBAaHUA HE3IUICO-
uaanbHbeIX GopM AaHo JIAMYHOBBIM 3HAaUMTENLHO NO3JHee, B KiIaccUyecKoi
pabore 1912 ropna.
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dTo GiecTAlllee OTKPbITHE ABYX YYEHBIX OTKPHLIO HOBYIO CTpPaHUILY
B MaTeMaTH4ecKoil pusnke, chopMuUpoBaio Kpyr MOGONBITHRIX UAEH 1 AaN0
TONYOK PA3BUTHUIO HOBBIX aHAMUTHYEeCKUX MeTon0B. OTciofa GepyT Hayano
NOHATHA O JUHEUHBIX cepuAX GUryp paBHOBecus, OupypKanuax, HeluHel-
HbIX WHTErpanbHbIX ypaBHeHUAX. BbII cenaH mar oT uaealbHbIX MOBEPX-
HOCTell BTOPOro NOpA/IKa K CIO#HOI pealbHOCTU: IeHCTBUTENbHO, Y MHOTUX
ralakTHK M IUIaHeT B UX (opMe 3aMeYeHO NPUCYTCTBHE TPETbUX U Gonee
BBICOKMX T'apMOHMUK.

B npunnune, cama BO3MO#HOCTb CyI[€CTBOBAaHUA HOBLIX PABHOBECHBIX
¢dop™m cienyeT u3 dyHIaMeHTalbHOro (haKTa: BO3MYIEHHE MOBEPXHOCTU
TrPaBUTUPYIONIET0 OJJHOPOJHOTO AIIUIICONIa FapMOHUKaMU TPEThEero MopA-
Ka, HalpuMep, % = ao®3 + a12173 + asw1 22 + br1, NPUBOAUT K NOABIEHUIO
BO3MYIIIEHUA MOTeHIIUala, TaKk#e ONMUChIBAEMOr0 MOJUHOMOM TpPeThero Io-
pAfaka oT kKoopauHat d¢ = Agxd + A1x173 + Asx2x3 + Bry. K ciosy, Bos-
MOHOCTH MaTeMaTUUeCKOro annaparta JIo CUX 10p He MO3BOJAIOT IIPOBECTH
MOJIHBII HeMWHEeWHbIN aHanu3 AaHHON NpobJeMbl U MOKa ocTaeTcA TalHOM,
YTO 7€ NPEeACTaBIAIOT cO00i HEANIUIICOU JalbHbIE PUTYPBI 1A GONbUIMHCT-
Ba BK30TUYECKHX TOC/IeJ0BaTelbHOCTEN BHE Majoii OKPECTHOCTU OT MCXO[-
HBIX JIMIIcOUI0B. UncaeHHbIE pacyeThl ATOHCKUX aBTopoB B 1981-1983 rr.
JUIIb OTYACTH MPOACHUIMN CUTYAIHIO.

[IpucranbHoe BHUMaHKe UcclefoBaTeNeil MPUBIeKIa yi#e epBafd TouKa
6u¢ypranuu Ha NocaefoBaTelbHOCTH 3aauncounoB fIko6u, rae 6epeT Hava-
JIo TOC/IeI0BaTeNbHOCTD T'PYLIEBUAHBIX KoHGUrypanuii. CoriacHo TunoTese
[yankape u [lapBuna, eciu gedopManua UCXOOHOTO BIIUICOUAA Yyie Ha-
yanach, TO BJOJb O3HAYEHHOW MOCIEN0BATEIbHOCTH I'PYIIEBUAHOCTL (HOp-
MbI OyJeT BbIABIATHLCA Bce Golee OTUYETIMBO M 3TO MPUBENET K JeNeHHI0
Bpalialolleiica «rpyIiu» Ha JBe oTJelbHble #UAKKe Macchl. Ha 3ToM Gblia
NOCTPOEHA CTPOiHAA KOCMOI'OHUYeCKasa KapTHUHA NPOUCXO0#IeHUA TBOMHBIX
U KpaTHBIX 3Be3[ U Jlae IUNIAHEeTHBIX cucTeM. B jnanbHelineMm 3Ta Kpacu-
Baf rumoresa He moATBepauiaacb. Post factum, Hamek Ha uHyIO cyabOy
rpyuieBUHON GUTYPhI BUAEH y#e B TOM, UTO Iepelleek y «TpYILIuy, el-
Ba yrajbIBaeMblil [Jif MePBOr0 4YjeHa pAfa, OTHIOAb He CTAHOBUTCA Gonee
BbIpaeHHbIM y GUT'YpPbI U BO BTOPOM NpHUGIUzKeHUH. JIAMYHOB B MoJeMU-
Ke ¢ Temu e Ilyanrape u JlapBuHOM NpHIlen K 3aKIIOYEHUIO O BEKOBOU
HEeyCTOMYMBOCTH BCeX IPYLIEBUAHBIX QUIYp JAaHHOHN MOcief0BaTeIbHOCTH,
TaKk YTO FOBOPUTH O KBa3WPaBHOBECHOW 3BOJIONMM BOJbL Hee BooOIle He
uMeet cMmbliciaa. [IpaBaa cunTaerca, 4To NpU HEKOTOPBIX GIAroNnpPUATCTBYIO-
KX 06CTOATENLCTBAX JIeJeHUE IPYIIEBUAHON GUTYPbI MOTJIO GbI MPOM30UTH
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KaTtacTpoduuecKku OBICTPO, 38 XapaKTepHOe BpeMdA JTUHAMUUYECKOI 3BOIIO-
uuu. OHaKO M TaKkad BO3MOMHOCTh [JeIeHUA He MOKeT GbITh pealu3oBaHa,
T. K. YHCIEHHBIM PacyeTOM Ha KOMIbIOTEPE BLIACHEHO, YTO IOCJIEJ0BaTelb-
HOCTb I'PYIIEBU/HBIX QUTYD «3aKaHUMBaeTCA» UIEHOM, Y KOTOPOTo Ha cy-
JKEHHOM KOHIIe MOABIAETCA (HOCHK» (0co6afd TOYKa, rjae HeHTpobeskHad U
rpaBUTALMOHHAA CHJIbI yPABHOBELIEHBI).

Bcero npo6ieme Teopuu ¢uryp paBHoBecus [lyankape nmocBATUI Tpu-
HajnaTh cTaTelt U MeMyapoB U IecTb U3 HUX — B IoJl OTKpbITUA, 1885 T.
Brneuatnder xapaktepublit and ctunAa [lyaHkape WHTelNeKTyalbHBI Ha-
nop — TPU OOUIMPHBIX MeMyapa OJUH 3a JAPYTHUM.

Kuura coctout us Bocbmu riaaB. HapAny ¢ opurvMHaZbHBIMU Pe3yib-
TaTaMu, B Heil NoapoGHO pa3bupaeTcA 3HaMeHUTas npobiaema Kiepo o pas-
HOBECUU MeJJIeHHO Bpallamlleiicd HeOTHOPOIHOM MUIKON Macchl, u Golee
KpaTKo — BocxojaAmas k Jlannacy 3agaya o paBHOBECHH #UIKOI0 Clofl Ha
TBepaoit chepe. JlaloTcA Takie MHOrMe HeoOXoJuMble CBeleHUA MO Teo-
puu noTeHIualna, chepuueckuM QyHRIUAM U yHKuUUAM Jlama. Ilocnenuaa
riaBa MocBAllleHa MHTepecHOil 3a1aye paBHOBeCHUA U YCTOHUMBOCTHU Kolell
CaTypHa, BecbMa aKkTyalbHOIl U B Hallle BpeMA.

IlepeBo ¥ pemakTHpoBaHUe JaHHONH KHUTM NOTpeGOBalu NOBOJILHO
60sb11I0i1 paGoThl, B X0[le KOTOPO#l OBLIN HCIpaBIeHbl MHOI'OUUCIEHHbIE He-
TOYHOCTH U ONeYaTKM opuruHaina. B HeKOTOphIX MecTax JoKa3aTelbCcTBa
Ilyankape Henb3fd NpU3HATh CTPOTMMHU, €CTh B HUX U NPOCTO OMIMUOOYHBbIE
paccyskJeHud, WHOT/la MMelolue, YBbI, NPpUHIUNHNAaNbHbIN XxapakTep. He-
6osblre NOACTPAaHNYHbIE 3aMeYaHUA Mbl BRIIOUUIN MPAMO B TEeKCT, Golee
o6cToATENbHbIE TOJPOOHEIE KOMMEHTApUU BbIHECEHBI B KOHEl] KHUTHU.

Onnako Bce 3TO He ymalfeT LIEHHOCTU U aKTyalbHOCTHU NpejAcTaBife-
Mol kHuru. B Heit yyBcTByeTcA obasfAHUe OPUTHHAIBLHOTO yMa, eCTh HIEH,
KOTOpBIEe U ceifyac ellle Majo pa3paboTaHbl. KHura 6ymeT momesHa and Ha-
YUHBIX paGOTHHUKOB B 00JacTH MeXaHUKH, TeOpeTHYeCKOll acTPOHOMHUU U
pusuKU.



I'naBa 1
OBIIINE TEOPEMBI OJId
HBIOTOHOBCROTI'O ITOTEHIIHNAJIA

Iear wypca. B paHHOM Kypce Mbl paccMoTpuM GUTYpbl paBHOBe-
cufA Bpalaloleiici Macchl MUAKOCTU. B Takux cucTemax AefCTBYIOT TONb-
KO BHYTPEHHHE CHUJIbl, CBA3AaHHbIE C HHIOTOHOBCKUM NPUTHMEHHEM, KOI/a
JBe TOYKHU MPUTATUBAIOTCA C CUJIOM, IPAMO MPOHOPIUOHANBLHOM UX MaccaM
¥ 06paTHO MPONOPIUOHANBHOM KBaApaTy paccToAHUA Mexay HuMu. [Ipexe
BCEro, OCBEKUM B NMAaMATH HEKOTOPbIE U3BECTHBIE CBEJEHUA O HHIOTOHOB-
CKOM INOTeHIIHale.

OnpepneneHue noTeHIipaj a U ero cBoiictBa. Touka ¢ maccoit m
[PUTATUBAETCA BCell oCcTalbHON CUCTEMOIl C CUION, ABIAIOLelicH NIPOU3-
BoaHO# oT notennuana V. CocraBindiomue JeficTBYyIONmel Ha TOYKY CHJBbI,
T.e. ee IPOEKIUU Ha OCU KOOPAUHAT, ABJIAIOTCA YAaCTHBIMHU NIPOU3BOAHLIMU
OT OJHOW M TOH e QYHKUUU

v v v
™oz m@y’ ™oz

Ecau NpUTATUBaomecA MacCbl IUCKPETHBI, IOTEHOUAJ onpeaeilaeTCA
BhIpaieHuem:
2 : m;
V = T—i,

rje r; — paccTofiHue Me#Jy TOUKON ¢ Maccoil m U TOUKOW ¢ Maccoi m;.
Ecau aTi macchl HenpepbIBHBI, TO

B pldTl
Vo [ra

rae p’ npeicTasifger co6oi MIOTHOCTD 3leMeHTa ob6bema dr’, r — pacceTo-
fIHFe OT 3TOro 3JeMeHTa [0 TOUYKU C Maccoil m, a uHTerpan GepeTcA Mo
BceMy mpuTAruBamoiiemy o6beMmy. I3BecTHO, UTO JaHHBIN UHTErpal UMeeT
CMBICIL.
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Ecnu npurAruBaromad macca pacnpefielieHa 10 HOBEPXHOCTHU C ILIOT-
HOCTbIO y1/, MOTEHIMAJ BbIpamaeTca (popMyIIoi:

W do’
Vo[

HaHOHeI.I, eCqin Mbl UMeeM [eJlo C 0ECKOHEeYHO TOHKHUM 00BEMOM TOJI-
wo
LIINHOU &, TOorga

dr' =" do’

v /s’p do’

B o6bemMe BHe mpUTATHBAIOIUX Macc W HOTeHHuan V, u ero mnepsbie
MPOU3BOJHbBIE IPEACTABIAIOT c000i HenpepbIBHbIE QYHKIUU 110 BCEMY MPO-
crpaHcTBy. Kpome Toro, usBecTHo, 4TO

n nmoTeHpgual 6y)16T paBeH

0*v | 9*v | 9*V
AV = =0.
0z * O0y? * 02*

BHyTpH, B TOUKE ¢ IIOTHOCTLIO p,
AV = —4mp.

Ha rpauune AByX pasiudHbIX cpel BTOpbIe

B MPOU3BOHbIE MOTEHI[AlA TEPIAT Pa3pPhIBLI.
A Yrto racaeTcA moBepxHoCTH, QyHKUUA V He-
C paspbiBHA [0 BceMy MPOCTPAHCTBY, ONHAKO ee
MPOU3BOHbIE HA cAMOU IOBEPXHOCTH TEPMAT pas-

PBIBBI.
Puc. 1 Ha Hopmainu & Touke A, nesaieit Ha ToBepX-
Hoctu S (puc. 1), ormerum Toukn B u C rak,
4yT0G6bI 0Tpe3ku AB u AC paBHANUCH COOTBETCTBEHHO dn, U dn;.

Ecau V4 — 3To noTenuuan B Touke A, TO MOTeHUMalbl B Toukax B

u C 6ynyT paBHbI
oV
one

V.
on; dn;.

VB=Va+ dne,

Ve=Va+
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K Tomy e
av IV
on, 0
Ne n;
rfle (4 — 3TO MOBEPXHOCTHAA IIIOTHOCTb NPUTATHUBAIOIIEN MacChl.
[Ipennonoxum, 4To HopManb HalnpaBieHa Hapyky. Ecnu ee HanpaBng-
IollMe KOCHHYChl 0603HAaYUTh 4epes [, m, n, a 3HaUeHUA YacCTHBIX NMPOU3-
BOJIHBIX CHApY:H U U3HYTPH NMOBEPXHOCTHU Yepe3

(5). () (&) (&) (5. ().

= _471-/1’9

TO
o =(52). +m(5y). +7(57).
_g_f‘; - l(%_‘m/)z +m(%_‘:lj)i +n(%_‘;)z

Teopema TI'aycca. TI'aycc norasan, 4To BHe HPUTATHUBAIOIIMX Macc
¢yHruuA V He MMeeT HM MaKCUMYMOB, HM MHUHMMYMOB B CHIy TOTO,
yro AV = 0.

Boo6ie roeops, ecnu 3HaueHre AV HOM0MUTENLHO UIM PaBHO HYJIO,
¢yuruua V He MMeeT MaKCUMYMOB, ecly #e 3HaueHHe AV oTpuuaTelbHO
WM paBHO HYyJIO, GYHKUUA V He MMeeT MUHUMYMOB. B paccMaTprBaeMom
cnyyae AV paBHO HyIO 1160 OTpHULIATENLHO; ClleloBaTelbHO, yHKUUA V He
MMeeT MUHUMYMOB, a B 061aCTH BHE JeHCTBYIOIUX MacC — 1 MAaKCHMYMOB.

TakuMm o6pas3oM, eciu Ha MOBEPXHOCTH, He cojiep:ialleil NpUTAruBaio-
IIMX Macc, 3HaueHHe GYHKUUM V 3aKII0UeHO Memay uduciaMu g u h, To
BO BCAKOI TOYKe, PACIOIOKEHHOH BHYTPH NOBEPXHOCTH, GyAeT BEPHO He-
paBeHcTBO g < V < h.

Teopema I'puna. Ecau U u V cyTh HenpepbIBHbIE QYHKIUYU BHY TPU
o6bema T', orpaHUYEeHHOTI'0 MOBEPXHOCTHIO S, TO BBINOJIHAETCA Cleqylollee
paBeHCTBO:

ov . _ ou 9V , 9U 9V , 9U 9V
/Uanda_/UAVdTJr/(ax BV BUOY . &1 Vir. (1)
S T T

[Momenss Mectamu U ¥ V ¥ BBIYTA NONYydYEeHHOE PABEHCTBO U3 PABEH-

ctBa (1), momy4um ciepyiouiee BhIpameHue:

/(U%—Z - V%—Z)da - /(UAV ~ VAU)dr, 2)

S T
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YacrHbie cnyvan paBencta (1): mpu U =1
/ W 45 = /AV dr; (3)

anpulU =V

/V‘Z—Zdo: /VAVdT+/[(88—Z)2+ (%—‘;)2
S

T T

+ (%—‘;)2] dr.  (4)
Ecau ¢pyuruua V yposirerBopaeT ypaBHenuio Jannaca, AV = 0, To
/ Von / (G2) + (3 + (G ] ©

HpUYeM U MEepPBbIil, 1 BTOPOW WIEHbI 3[ieCh MOJOMUTEIbHbI.

Ecnu ¢yukuuu U u V onuckiBaloT NOTeHIUAlbl TOUEK, HaXOMAIMIMX-
cAl Ha cdepe IOCTATOYHO GONBIIOrO paguyca, TO UX 3HAYEHUA COCTABIAIOT
BeJNYMHBI nopAaka 1/R, a 3HaYeHMA MX MEPBBIX NPOU3BOJHBIX — MOPAL-
ka 1/R%. B aToM ciyyae BO3MO#HO NpUMeHUTh Gopmyay (1) ana omuca-
HUA NPOCTPAHCTBA CHAPY# U MOBEPXHOCTH S, HO BHYTPU HEKOTOPOIi Apyroii
cdepbl oueHb Gonbuioro paguyca. Eciu 3ToT paguyc A0CTaTOYHO BEIUK, TO
HWHTEerpal, B3IThIi 110 IOBEPXHOCTH cdephl , MpeHeGpemruMo Mal, T.e. Mo-
panka 1/R. OqHako cymecTByeT ciefyiolee COOTHOLIEHUE:

vV Vv _
/Uaneda—l—/UanidJ—O,
S

TaKk KaK dJIeMeHTbl HHTerpaJja B3auMHO YHUUYTOMHaIOTCA.

YTo KacaeTcsa HHTerpaJjaoB OT BTOPbIX YWIEHOB, HX CyMMa gaeT UHTerpa-
abl 1o Beeil obnactu. [locne cnoxenus ABYX IIOJTYYEHHBIX paBeHCTB UMeeT
MecCTo ciiegytouniee paBeHCTBO:

QVOU | 9V OU | OV I\, _
/UAVdr+/(8x ot Syt 5 az)dT 0, (6)

U UHTerpaibl 3[iech 6epyTcA 10 BceMy IPOCTPaHCTBY.
®opmyna (2) maer

/ (UAV - VAU) dr =0,
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U, YYUTHIBAA, YTO
—AV = 4np,
—AVl = 47Tp1,

MBI TONYYUM CIeAYIIYI0 GopMyIy:

/(le - Vpl)dT =0, (M)

rae UHTerpupoBaHve MNponu3BOAUTCA II0 BCeMY NIPOCTPAHCTBY.

@opMmyny, aHaOTUYHYIO BhINIENPUBENEHHOM, MO#HO BCTPETUThL B Te-
OpHUH 3IEeKTPUYECTBa:

val — Zle = 0.
IpousBenem ciieqyionue noicTaHoBKU B popmyie (7):
Vi=V +dV, p1=p+dp;

B pe3dyJabTaTe IOJYy4YUM BbIpameHHe:

/(V dp — pdV)dT —0. (8)

Pa6ora cun nputaAxmeHud. IlpeacraBum cebe cucreMy Mace m',
m' ... ¥ T. 1., UCILITHIBAIOUIYIO IPUTHNEHUE CO CTOPOHBI APYTOi CUCTEMBI
mace mj, my, ...

Mycts V/, V), ... ecTb norennuanst Touek m', m”, ... oTHOCHTeNIb-
HO NpUTATUBAKOIKX Macc mj, my, ..., a V', V" ... — noreanuainsi
ToueK mj, m{, ... oTHocuTenbHO NpUTAruBarOUKUX Macc m', m', ...

IIpu nepeMelieHuM NPUTATHBAIOMIMX Macc coBepllaeTcA cleaylollas
pabora:

e:Zm(%6m+%—‘;ldy+%5z),

rae dx, 0y, 0z eCTh CMeIeHUA TOUKH ¢ Maccoit m; Uiu

€=Zm6V1.

HpOI/I3Be)Z[ﬂ NoACTaHOBRY

II = ZmVl,
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HOJIYYUM Cledylollee BhIpameHue:
e = Il

Ecnn nepemMemaioTca mpuUTATrUBalonide Macchl, moTeHuan V; NpUHU-
MaeT Buj Vi + 8'Vi u uMeer MecTo cleyiolliee paBeHCTBO:

S =Y md'Vy.
Ecau e stu ABa MepeMelnieHuAa NMNpoucxogaT OJHOBpEeMeHHO, TO
e =61+ §'IL.

[Ipennonosum, 4To NIpUTATUBaEMbIe Macchl 00pa3yioT 06beM 1, B 3TOM
ciyyae

H:/ledT.
T

BnpouewMm, nHTerpupoBaHue MoeT IPOBOAUTHCA U 10 BCeMy NPOCTPaH-
CTBY, IOCKOJIbKY BHe o0beMa 1’ 3HaueHUe p paBHO HyIto. OTcrona

m:/m@m

rJe HHTerpUPOBaHNe TaKe NMPOBOJUTCA MO BCEMY MPOCTPAHCTRBY.
Ecnu nputArusarwiasa Mmacca paBHa NpuTAruBaemoit Mmacce, To V = V;
u

m:/vwﬁ

[IpunuMasn Bo BHMMaHuUe paBeHCTBO (8), 3TO MOMHO 3anucaTh cleyio-
muM obpasoMm:

5H:1/p5VdT
nin
o= [V,

llonycTuM Temnepb, YTO

_ [PV
W—/zdr,
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rae W — sHeprusa cucTeMbl, a MHTErPUPOBaHUE BCerjia MPOU3BOJUTCA IO
BCeMY NPOCTPAHCTBY.
NMmeeT MecTo cliefyioliee COOTHOIIEHUE:

oW =e.

Iocroabky AV = —4mp, Mo#HO 3anucaTh clegyioliee:
w=-L1 / VAV dr
8T

M, yYUThIBafA paBeHcTBO (6),

(o R R

BZ[ECB WHTerpupoBaHue Bcerga Npou3BoguTCA IO BCeMY IIPOCTPaHCTBY.

YcaoBuAa paBHOBecHA. A Tenepb, YYUThIBafg BbIIIEU3I0MEHHOE,
NPUCTYNUM K M3YUEHHIO 3aJayil, KOTOPYIO MbI Iepe] co00il MocTaBUIU.

PaccMmoTpuM #UAKYIO Maccy, U30MMPOBAHHYIO OT BCAKOI'O BHENIHErO
BIMAHUA U BPAIAIONIYIOCA BOKPYT HEMOJBUMHONU OCHU, KOTOPYIO MbI 060-
3HayuM 4epe3 (z; NBUKEHUE NMPOUCXOJUT PABHOMEDPHO C YTJIOBOI CKOpOC-
Thio w. BBenem takse ocu Oz u Oy, #eCTKO CBA3aHHLIE C }UTKOI Maccoii.

Iycth p — 3To faBieHUe B TOUKe ¢ KOOPAUHATAMH (X, Y, 2); P 3aBUCUT
TOJIBLKO OT KOOPJIMHAT T, Y, Z; CUILY, NefiCTBYIOYIO HAa eAUHULY 00BeMa dT,
MOHO NPEJCTaBUTh KaKk CyMMY TPeX COCTaBIAIOLINX:

Jp

i
9, 07 z="Lar.

i)
X=24r, v= o

ox

3anuieM ycJIOBHA OTHOCUTEILHOI'0 PABHOBECUSA, 3aMETUB, YTO KOPUO-

JIUCOBO ycKopeHMe paBHO HYt0. O603HauuB uepe3 X, Y u Z cocrapifioliue,

WY TIPOEKLUU Ha KOOPJUHATHbLIE OCHU, CUIbI, JeiiCTBYIOLIell Ha MOJIERYyIy
¢ KoopauHaTamu (x, ¥, z), MOIYYUM CIeJYIOIYIO CUCTEMY ypaBHeHuUIi:

_ oV 2
X_p8m+w px,
_ oV 2
Y—p8y+w PYs
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a JOMyCTUB, YTO

2
U:V+%(m2+y2),

MoJIlyYyuM

op _ R dp _ 9Uu Op _ 9U

ar oz By_pﬁy’ 9z Doz

OTRYJa ciienyeT

W g P gy 4 OP g = (W + O gy +

a9z ™ T By 9z oz dy
dp = pdU.

B ).

N3 naHHOTO COOTHOIIEHUA BHAHO, YTO p 3aBUCUT TONbKO OT p; TAKUM
o6pasoM, U Tak:e 3aBUCUT TOIbLKO OT P U, cleJoBaTelbHo, oT p. Ha ocHo-
BaHMU BBIIIEU3IOKEHHOI0 MOMKHO ¢HOPMYINPOBATh CIEAYIOMYIO TEOPEMY:

Teopema. FEcau audkas macca, cosepuianoujan spaujamenvHoe 08uU-
JHeeHue 80KpY2 HenodeuxHcHOI ocu, HATOOUMCA 8 OMHOCUMEALHOM PABHOBECUL,
Mo yposeHHble NOBEPTHOCINU ABAAIMCA NOBEPTHOCMAMU PABHO20 Ja8LeHUA,
a makdce paguoll NAOMHOCMU.

Ha nosepxnoctu muakoctu p = 0.1 CnegoparenbHo, Ha Heit U ecThb Be-
JIMYMHA MOCTOAHHAA, M Takafd cBOOOAHAA NOBEPXHOCTh MpPeJCTaBIAeT co6oi
YPOBEHHYIO OBEPXHOCTb.

IIpu orcyrerBuu Bpamenua U = V.

B o6mem cayuyae umeer mecto coorHomenue AV = —4xp. Takum 06-

pazom, AV ectb pyuruus ot U.

3aMeTuM, YTO CyMMapHas CUiia ¢ KOMIOHEHTaMU 3—U, 3—U, o B 00-

oxr’ 0y’ 0z

IeM clly4yae HopMalbHa K ypoBeHHbIM moBepxHocTaM U = C.

JTHU yCIOBUA paBHOBECHA ABIAIOTCA HEOOXOAUMbBIMHU.

Kpome Toro, Heo6XOOMMBIM M JOCTATOYHLIM YCIOBUEM paBHOBECHA
ABJIAETCA cledylolee: pe3yibTUpYOIad paboTa BUPTYalbHOr'0 CMeIeHUA
JonHa GbITb paBHA HymIO. dTa paboTa COCTOUT U3 pabOThI CHI MPUTHAHE-

HUA U paboThbl, cOBepLIAeMOii IeHTPOOEeHKHOI CUIION.

1370 numb yacTHBIHA cryuait. B o6meM #e faBieHne Ha MOBEPXHOCTH QHUIYPbI OTHOCH-
TeJIbHOI'0 paBHOBeCUA 06A3aHO GbITh IPOCTO NOCTOAHHBLIM. (3dech u dasree — npumeiLarus
pedarxmopa, Kpome cayiaes, 02060PEHHbLT 0€0060.)
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IepByto u3z uux, W, MbI y#e paccMaTpUBaliu, BTOpafd #e ONpeaenf-
eTcA U3 CIeJYIOIEro BeIpaKeHNA:

20,2 | .2
/pdr(w2m6m+w2y5y) = /pdTJM 25%2/1’(11’2"‘1/2)‘17-

Ecnu J — mMomeHT uHepiuu 1o oTHomenuo & ocu Oz, To paboTa eHT-
pobekHOl cuibl paBHa
2
a yCJIOBI/Ie paBHOBECI/IH BBITJIAOUT CHe,E[yIOH.II/IM OﬁpaSOM:
w2
W+ 6J=0
2
IJIA BCAKOI'O CMellleHuA, CorjlaCOBaHHOI'O CO CBA3AMU CHUCTEMBEI.
I[aHHOG yCJIOBI/Ie He 06H3aTe.IIbHO npeunonaraeT, yTo
2
W+ %J

6y;[eT MaKCHUMaJIbHbBIM; OJIAA 3TOr0 OOJIH{HBI ObITb COOJIIO/IEHBI TaK#e HeKo-

TOpbIe Apyrue yCcJloBUA, OJHAKO Korjga 3Ta (I)yHHIlI/Iﬂ AOCTUTr'aeT MaKCUMyMa,

paBHOBecHe ycToitunBo®.

IIycts T — oTHocuTelbHasA xuBad cuia. Umeem
2
T - (W + %J) — (e,

2 ~
Honyctum, ytro W + %J = U,? u 0603HauuM MaKcHMalbHOe 3Haye-

Hue U uyepes Up.
Hwmeet MecTo crenyioliee paBeHCTBO:

T-U =Ty — Up.

Teneppr nmpucBouM o¢yHkuuu U Heroe 3Hauenme U < Uy, a QyHK-
nuu T — 3HaveHUe «, U MOJIYYUM B pe3yibTaTe

T—fj=T0—[70, T=a—([70—[7).

MuBaa cuna T B KamAblil U3 MOCIEAYIONIUX MOMEHTOB OyneT MeHb-
me Ty. Takum o6pa3oM, paBHOBeCHe YCTONYUBO.

13710 — ycnosue ycToiiunBoctu no Kenbpuny.
2B opuruHaie THIbJa OTCYTCTBYeT, UTO MOeT BHECTM IyTaHHULY, NMOCKOMbKY He-
CKOJbKO Bbime noa U nmoHuMaeTcA Apyras GyHKLMA.
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CooTHollleHHe Me:ay Maccoii, 06beMOM U CKOPOCThLIO Bpallie-
HUA. OpHUM U3 Heo6XOAUMBIX YCJIOBUIl paBHOBecHA ABIAETCA CleAYIO-
Ilee: cuia, JeiicTBylomasa Ha M0OGYI0 U3 TOYeK CBOGOJHOI TOBEPXHOCTH,

JojxHa ObITh HampaB/ieHa BHYTPb, HHa4ye 3Ta TOYKa OTIOeJIUTCA OT CUCTe-
ou

Mbl. TakuM 06pa3oM, JOIAHO COOMI0JaTLCA HEPaBEHCTBO B < 0 u, Kak
Ne
cliegcTBue,
W 45 < 0.
one
S

VYuutsiBag ¢popmyiay (3), 1aHHOe HEPAaBEHCTBO MOMKHO MpeoGpa3oBaTh
K cllefylolleMy BUIY:

/AUdT<O.
T

CJIe,I[OBaTe.T[bHO, IOJ#HO cobiroaaTbCA HEepaBeHCTBO

/AVdT+/2w2dT<0,
T T

—47r/pd7'+/2w2dr<0.
T

O603HaunB 06beM yepe3d T', a maccy uyepe3 M, monydum
—47M + 20°T < 0.

B yacTHOM cilyuae OCTOAHHOI IIOTHOCTH p opMya npeobpasyeTcs
K CllefyiolleMy BAIY:
2w? < 4mp.  [1]*

[lpu mpuMeHeHHM NAHHOH GOPMYJBI clefyeT MOMHUTh, UTO €JMHHUIbI
U3MepeHUs BbIGpaHbl TaK, 4TO HHIOTOHOBCKAA CHJa NPUTAMEHUA BbIpama-
eTca GopMynoii?

LCchimkn B KBaJpaTHBIX CKOGKAaX yKasbIBAalOT Ha KOMMEHTapHH peJaKTopa, IpuBe-
JIeHHble B KOHLE KHUTH.
23pech rpaBUTalMOHHaA nocToAHHag G = 1.
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OJHOPOOIHAA MACCA RUTKROCTH

CJIYUYAN HEBPAIIIAIOIIIEVCH MACCHI
MUITKOCTH

Ynpomenue ob6mux dopmyis. PaccMoTpum Tenepb 4acTHBIN ciy-
4yail OIHOPOJHOI HeBpalaoLeiica Maccol #MUJKOCTU.

IIpumenss obuive TeopeMbl, MO#HO OOHAPYHUTh, UTO CBOOOJHAA TIO-
BEPXHOCTb [OJN#HA ObITh TaKie U MOBEPXHOCTHIO 3KBUIOTEHIHANbLHOM,
V =W.

Eciau npuHATH MIOTHOCThH paccMaTpUBaeMoO# MUIKOCTH 3a e€IUHUILY,
TO NOTEHLHAJI B HEKOTOPOI TOYKe OyIeT UMeTh BUA:

_ dr
V = / ran
T
IloTenunanbHadg 3Heprud TOYKM B 3TOM Cllydyae paBHa

pVdr _ [vdr
2 2

T T

@yHKUA V HenmpepbIBHA BO Beeil 061acTH — Tak ke, Kak U Ha cBoOO-
HOU MOBEpPXHOCTH; OHA oOpaljaeTcA B HYlb, KOr'la €e apryMeHT CTPEMUTCA
K OeCKOHEeYHOCTH; CHapy:Hu NPUTATUBaIOLlero oObeMa OHa He MUMeeT HHU
MaKCHUMYMOB, HI MUHMUMYMOB U 3akiaiodyeHa Mexay 0 u Vy; BHyTpu byHK-
Inud UMeeT MaKCUMYM, U ee 3HaueHUe Goabie Vj.

Uurerpan /g—vda, B3ATHI [0 HEKOTOPOil 3aMKHYTOil IOBEpXHOC-
n

TH, OKpy:KaloWeil paccMaTpuBaeMylO Maccy UAKOCTH, paBeH MHTerpa-
ny [ AV dr, koropslit GepeTcs 1o 06beMy, OrpaHHYEHHOMY 3TOi MOBepX-
Hocthio. UsBectHo, uto [ AV dr = —4n [ pdr = —47 M.
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JTa TeopeMa BepHa U OJIA y4YyaCTHKa MOBEPXHOCTH. Ona IIpuMeHnMa BHe
3aBUCUMOCTHU OT TOro, mycT OprHKEHHbe/'I IIOBEPXHOCTBIO 00beM WU 3a10JI-
HEeH MUJKOCTBIO. KpOMe TOro, ee MOHO IIPUMEHATb U K ClIy4yalo IMoBepX-
HOCTHOI'O paclipejejleHuAa mMacc.

HOCHOHbHy MBI IIpeanojiaraeM, 4To paCCManMBaeMBIﬁ o6beM OJHODPO-
O€H U uMeeT €eIMHUYHYIO INIOTHOCTh, TO BEPHO cCiieylollee:

/8—Vda:/AVd‘r:—/47rpd‘r:—47rT,
on
S T

rae T — o6beM Macehl }KUJKOCTH, a S — MOBEPXHOCTh, cojiep:kanias B cebe
BeCb 3TOT 06beM, BRIIOUAA U CaMy MOBEPXHOCTb.

[Iposegem HopManb u3 Toukn M moBepx-

M’ HOCTM Hapy#y M OTMETHM Ha 3TOHl HOpMaiu

toury M’ tar, uro6sr MM' = dn. (puc. 2).

M Toraa notennuan B Touke M’ 6yaeT UMeTh BUJ
Vv
Puc. 2 Vv =Vy + g— dne.
n
OpgHako
VM' < VMv
YTO O3Ha4yaeT
oV
< 0.
one

OueBHIHO, 3TO YCIOBHE HEOOXOJUMO [JJIfA PABHOBECHA: B JAHHOM ClIyyae
OHO Bcerja BbIMOJHAETCA.

IIlycts Vy — moteHIuan »uaKoro Teja Ha ero mopepxHocTH. Ilpenrno-
JIOUM Telepb, 4TO CYIIECTBYeT HEKHIl 3JeKTPUUYECKU 3apAMeHHBIN cioi
Maccbl M, HaXOJAIUACA B paBHOBECHUU C 3TUM TEJIOM U CO3JaIOLIUil B Ipo-
cTpaHcTBe noTeHuuan V', npuyeM Takoil, 4TO Ha MOBEPXHOCTH W BHYTPHU
o6bema xunkoctu V' = V.

Bue o6bema muaroctu V! = V. B camom nene, Ha nosepxHoctu V' =V,
a Ha 6eckoHedHoM yjaneHuu oT Hee V' = 0. Onnaxo pyusuuu V' u V ynos-
JeTBOPAIOT ypaBHeHUIO Jlannaca, U UX 3HaYeHUA HA MOBEPXHOCTU HUIKOU
Macchl ¥ Ha MOBEPXHOCTH cepbl OUeHb G0IbIIOro paguyca oguHakoBbl. Ciie-
JOBaTelbHO, 3TH JIBe PYHKIMH COBNAAAIOT; B 3TOM U 3aKJIIOYAETCA NPUHIIKII
HOupuxie.
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CoriiacHO U3BECTHLIM (QopMyaaM,
!
/ v’ do = —4n M.
on

O,IlHaI{O HU3BECTHO, 4TO

ov' . _ [V . _
n da—/ando— 47T.

Takum o6pasom, Macca M, pacnpejeneHHasa 10 MOBEPXHOCTH, UMeEET
snadenve T, u Haobopor; eciu M =T, o V' = V.

BeJII/I‘-II/IHy % Has3bIBaloT BJIeKTpI/I‘-IeCKOﬁ €MRKOCTBbIO TeJ'Ial. JTO MOHA-
0

THe Mbl UCIIOJIb3YyeM BIIOC/IE€JCTBUU NPU pelIeHUn MocTaBJIEeHHON 3ajauu.

Teopuna JlanyHoBa. [2] HauGonee oueBuaHON durypoii paBHoBecus
ABafAeTcA cepa, HO CYUECTBYIOT 1M Apyrue GUrypsl paBHoBecus? JTOro
Mbl He 3HaeM. O[JHaKo, ecliu peyb UJET O GPUTrypax yCTOMNUYNBOTIO paBHOBE-
CHA, TO 3aJaya BbIMIAOUT HECKOJIbKO UHAYe.

B cayuae chepuyeckoro Tena ¢pyHrnua W gocturaeT cBoero abconiioT-
HOI'0 MaKCMMyMa, OJHAKO MbI He MOKeM yTBep:jaThb a priori, uTo W He
UMeeT JIPYyTUX, OTHOCUTENbHBIX, MAKCUMYMOB. HeBo3MOKHOCTE CyIlecTBO-
BaHHNA TAaKUX MaKCUMYMOB Oblia Joka3aHa JlamyHoBbiM. [Joka3zaTelbCcTBO
JOCTAaTOYHO AJUHHO U MPOU3BOJUTCA 10 dTAnaMm.

Cy1ulecTBoBaHHE MaKCUMyMa 3Hep-
ruu. l[lorenuman Ttena awo6Goro oO6bema
B IIPOM3BOJbLHON €ro TOYKe MeHbllle NOTeH-
nuana cepuyecKoro Teja Toro e odbema
B €ero LeHTpe.

Bokpyr Touku M, mnpuHaanesalleit
Tery S, onuiieM chepy X Toro e obbema
(puc. 3).

Teno S meaurca Ha aBa o6beMa: 00b- )
eM K BHyTpHU chepbl X U 06beM A cHapy-

WU
IIycte B — vacTh o6bema cdepbl X, HaXoAAIAaACA BHe Tela S.
Ilo ycnosuio, B = A.

Puc. 3

1B JlaHHOM KoHTeKcTe noa T cilegyeT nNoHUMaThb MOJHbIN SHGHTPHHGCHHﬁ 3apAapq TeJaa.
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Ecnu R — 3T0 paguyc cdepsi, To
Ilotennuan A < 4,

B_ A

1I B>===.
oTeHuuan B > R R

Otcropna
Iorenuuan B > [lotennuan A,
Iorenuuan S = Iorenuunan K + Iorennuan A,

[Morenuunan ¥ = [lorennuan K + I[orenuuan B.
CrnemoBaTteibHO,
Ilotennuan ¥ > Ilotennuan S.
Ecnu V — norennuan B Toure M, a R — paauyc cdepsl Y, To
V < 21R2.

Takum 06pasoM, SHEePruf, paBHas
/ Vdr
2 b
©R? / dr;

W < mR2T,

OKaa3bIBaeTCA MeHblIlle, YeM

TO €CThb

rge T — ob6beMm Teia.
Y4uuThiBas, 4T0, COTJACHO onpejeieHuio R,

4
T = ng'RB,
Oy YUM
4 2
W < 272R5.
3
Taxum o6pasom, sHeprua W B o6beMe T' orpaHuueHa cBepxy; cleoBa-
TenbHO, GyHKINA W nMeeT MakcumyM. fl yTBep# a0, 4TO 3TOT MAKCUMYM
MeHbIIle MaKCUMaIbHON 9HEPruu Tela co chepruyecKkoil BHeIlIHel MOBEPXHOC-

ThIO.
OnHako JOKaMeM Ipexsfie CleAYyIONyIo TeopeMy:
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CymecTBoBaHMe MUHMMYMa 3jIeKTpocTaTUUYecKOii eMKOCTH.
U3 Bcex Ten oMHaKOBOro ofbema chepa uMeeT HauMEeHbUIYIO BIeKTPOCTa-
THUYECKYIO0 eMKOCTh.

lleiicTBUTENBHO, U3 bopMyusl (9) (cTp. 15) MbI 3HAaeM, YTO

2 2
_ 1 oV oV VT4
W= = +l5-) + T,
8T ox dy 0z

MHTerpupoBaHue 3Jech NPOU3BOAUTCA N0 BCeMy IPOCTPAHCTBY.

IIpeanonosuM, 9T0 MOBEPXHOCThL MPOBOAANIEro Tela o6beMa 1’ MOKpbI-
Ta NeKTpUYeCcKU 3apAHeHHbIM cloeM Macebl! T 1 4To cucTeMa HaxoguTcA
B paBHOBecuu. Eciv 0603HauUTh COOTBETCTBYIOIMIA NoTeHnuan depes V',

TO, COTJIACHO ompefiefieHnio eMiocT C MPOBOJHUKA, HA TOBEPXHOCTHU Tena
OyIeT BepHO clelylollee paBeHCTBO:

cvV' =T.

Buyrpu tena notenuuan V' mocrosHen; cHapysu V' ynoBierBopser
ypaBHenuto AV’ = 0 u obGpaiaerca B Hy/lb IpU GECKOHEYHOM YIaJeHUU OT
Tela.

CornacHo U3BECTHOI (hopMyile, dleKTprUUeckasn SHeprua> papHa:

w' = Loy = 172
CV =5

OpHako cyliecTByeT U apyras dopMmyJa:
12 N\ 2 !
8w ox dy 0z
WHTEerpMpoBaHue 3[eCh NPOU3BOAUTCA JUGO MO BCeMYy MPOCTPaAHCTBY, JU-
60 TOIbKO MO BHeLIHeMYy 00beMy, MOCKONbKY BHYTpU o6bema ¢yHKIuA V
IIOCTOAHHA.
Tenepb AOOKameM, 4TO B cliydae OJHOPOAHOI'O Telja e):[PIHPI‘-IHOﬁ IJ0T-
HOCTH DJJIeKTpHUYeCRad 3Hepruf Wl MeHbllle 3Hepruu W HBIOTOHOBCKOIrO

noTeHIuana.
[peanonoxum, uto norenyuan V = V' + U, torga

W= g [T+ [ )+ [ b

1Cm. npum. K ctp. 21.
2Tlo cMblcTy 3[€Ch U HUH€ Jy4llle FOBOPUTH (IIEKTPOCTATUYECKAA DHEPrUAD.
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WHTETrpUPOBaHNe POU3BOIUTCA 10 BceMy IpocTpaHcTBy. OueBUIHO,

W [I(5) + (5) + (55) Tor

+_/(8V’6U V' oUu aV’aU)d n

oz 0x T 0y Oy | 0z 0z

v [1G0) + (5) + (82) ]ar
[lepBbIit MHTErpal 3/1eCh MpejacTaBifeT cobon W',

Bropoii unTerpan packnangsiBaeTcAd Ha Ba. IlepBbIii U3 HUX, B3ATHIN
[0 BHYTpeHHeMY 00beMy Tella, paBeH HYIIO, OCKOIbKY

V' _av' _av' _

ox dy 0z

Bropoii e, B3ATHIN 110 BHENTHEMY 00BeMY, IpeobpasyeTcA 10 Gpopmyiie
I'puna Kk ciegyiomemy BUIy:

/ v U - do / V'AU dr.

Bropoii 13 3TUX ABYX MHTErpajoB paBeH HYIIO, Tak Kak AU cHapy:#u
paBHo Hymo. IlepBbiit HHTErpan Takixe paBeH Hymo. B camom pmene, V' Ha
[OBEPXHOCTH MOCTOAHHO U paBHO V. Takum 06pasoM, BTOpPOil HUHTerpai
MOMHO 3allicaTh CleJyounM 06pa3oM:

VO/aUd _VO/an —Vo'/gx'da,

/ oV do = 4nT, / ov’ do = 47T}
One

", cilegoBaTellbHO, 3TOT UHTerpai IeACTBUTEIbHO paBeH HYIIIO.
YuurniBan BLINI€U3JIOEHHOe,

V' ou | V' U | V' dU _
/((‘)w ox T dy Oy * oz Bz)dT_O'

HO

Tpertuii ke MUHTErpal He paBeH HYIIO, TAK Kak BHYyTpHU Tela U He paBHO
HyI110, ocKonbKy V' 3/ech MoCcTOAHHO, a V — HepeMeHHo.
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Tperuit unTerpan, Takum o6pa3oM, IMONOKUTEIEH U BEPHO CleAyollee:
w>Ww'.

06beaMHUB JBa paHee MoJdy4YeHHBIX pe3yl/ibTaTa, 3alulieM HepaBeHCT-

BO:
2
TRXT > W > g_C’
OTKYy[a
T
cC>—
2rR?’
U, HaKoHell,
2R,
C > 3

cnenoBateinbHo, C' uMeeT MUHUMYM. fl yTBep#aal, 4TO 3TOT MUHUMYM
€MKOCTU MoeT ObITh HOCTHMUM UL A cepruyecKoro Tena.

MuHuMmaibHOe 3HaueHHe eMKocTU. IIpeamnosnoskuM, 4TO HeKoe
NpoBojfAlllee Telo UMeeT Takyi Gopmy, OpH KOTOPOl 3IeKTpocTaThuyec-
Kafl eMKOCTh MUHMMalbHa. B aToM ciyyae

= U2 LT[0 (Y (2

0603Ha4YMB MPOU3BOAHYIO 10 HOPMAaIH K dKBUIOTEHIHAIbHO IOBEpX-
oV’
on

HOCTH, MPOXOJAIlleli yepe3 TOURy (x, y, 2), yepes , MOHO 3alucaTh

i (35 e

JedopMupyem npoBOJHUK TakuM ofpa-
30M, YTOOBI BJIEMEHT IOBEPXHOCTH do Nepeled
B aneMeHT do’ (puc. 4). 0603HaUYUM IPOEKIHIO
cMellleHHA s1eMeHTa do Ha HOpMalb K [I0BEpX-
HOCTH 4epe3 (, COXpaHAf 3HaK.

Torpa npupauieHie o6bemMa paBHO:

/Cda, Puc. 4
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a UHTerpall yBeJllJM4UuTCA Ha

M2dC _ [Cdo[(av'\2 , (oV'\? , (OV'\?] _ 1 aV'\?
= = 9 4+ + == ¢ do.
C dr ox Jdy 0z dr on
3TO 3Ha4YUT, YTO IIOTeHIHaJd oCcTaeTCA MNOCTOAHHLIM; OJHaKoO, corJjac-
2
HO yYCJIOBUIO, T€JI0O HaXOAUTCA B paBHOBECHUH. CJIe,D;OBaTeJIbHO, (I)yHKI.II/IH %
nMeeT MUHUMYM, a U3BMEHEHHe UHTerpala, CBA3aHHoe C MBMEeHEeHUEeM INOTEeH-
nuala, paBHO HY/IIO, TaAK KaK 3TOT MHTerpal nMeeT HauMeHblllee 3Ha4YeHue.
0603Ha4YNB NOBEPXHOCTHYIO INIOTHOCTDb YEpPE3 [, MOIYYUM

o _ _
o 47 .

2
MC—gC - /47r,u2§’d0 - 47r/u2CdU.

Onnako dC' ponHO GbITH PaBHO HYIIO, CliefloBaTelbHO,

/,ﬂcda = 0.

B To e Bpems, yuuThiBaf, uTo, N0 onpexenenuo ¢, [ (do = 0, 3Ha-
YeHUe y JOJHHO GbITb NOCTOAHHBIM.

H3BecTHO, BpoueM, uto M = uS, rge S — miomagb NOBEPXHOCTU
MpPOBOJHUKA, ClIeI0BaTelbHO,

Otcrona

2
S52dC _ yrar.
02
Ipeanono#umM Tenepb, YTo NPOBOJHUE JepopMUpyeTCA, 0cTaBadch I10-

ITOGHBIM caMoMy cefe: ero eMKOCTb M3MEHAETCA NMPpAMO MPOINMOPHOUOHAIBHO
Hyﬁnqecrcomy KOPHIO U3 06Lema, U nMeeT MeCTO COOTHOIIeHue

dC _ 14T,
cC 3T’

OTRKYJa 3aKjIrvaeM, 4TO
S? =12xTC.

Taxum obpasom, 1A n1060r0 Tena, o6aagarolero MUHUMAalbHOU BIIeK-
TPOCTAaTUYECKON eMKOCThIO, BBINOJIHAETCA JaHHOE COOTHOIIEHNE MEK Y M-
KOCTbIO, 06bEMOM U IJIOIIA/ILI0O MOBEPXHOCTH.
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O,IlHaI{O B TaKOM Cliy4ae OJii BCeX Tell OIMHaKOBOI'oO o0beMa eMKOCTh
MHHHMaAaJNbHa, €CJIi MUHHUMaAaJ/bHAa IlJIollagb IOBEPXHOCTH, a U3 BCeX TeJ OOu-
HaKoBOoro o6beMa HauWMeHbIllel Miouagbo INOBEPXHOCTHU obGiaagaet ctbepa.
CJIe,I[OBaTeJIbHO, HUMEHHO ctbeplxlqe(moe TeJlI0O UMeeT HauMeHbIIYIO 3JeKTPOo-
CTaTU4YeCRYIO €eMKOCTbhb.

HaKOHeI.I, MbI IIPUCTYIIaeM K 3aBepliarounemMy s3Tany AoKrasaTelbCTBa.

Cdhepa — eguHcTBeHHada ¢urypa paBHoBecuda. fl yTBepmjaio,
yTo 3HaueHne W MakcuManbHO, eciu Telo o6beMa 1’ uMeeT hopmy cdepsl.
IIycts T — cooTBeTcTBy0OMmUIT 06HEM, TOT/IA

dT = /Cda

— 3To npupalieHre oobeMa (puc. 4).
Kak usBectHoO,

W=/%d7, dW:/MdT:/Vdpdr.

IlockonbKky MBI NMPEANMOJOMUIN, YTO IJIOTHOCTL Tela paBHa 1, To dp
paBHo —1, 0 unu 1. Eciu Teno HaxomuTcA B paBHOBECHH, TO BOIM3M €ro
MOBEPXHOCTH, ABIAMOIIENHCA SKBUIOTEHUAILHOI MOBEepXHOCThIO, dp = 0,
T.e. eciu pyHKUUA V nocrodHHa, TO

aw =V, / dpdr.
Nurerpan 3necy paBen dI'. Takum o6pasom,

dw =V, dT.

Bo3MmosHO ycTaHOBUTD ellle 0JJHO cooTHolienue memxay dW u dT'.
[IpeanonosumM, 4TO Tell0 U3MEHAETCH, OCTABAACh MOJOOGHBIM CaMOMY

cebe. B satom cly4yae 3Heprua U3MEeHAEeTCA IPOINOPUHOHATBbHO CTElNeHU g
ero o6beMa. OTcroga dW _ 5dT
w 3T’

CorpatuB dW u dT' B IByX mocilieJHUX PaBEHCTBaXx, MONYyYUM

2w

CornacHo onpenenenuo W, Beanuuny T

MO#{HO Ha3BaTb CpeJHUM

NnoTeHnouanioM, OH paBeH —VO
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Onnako W, KpoMe Toro, onpejensercd ClIeIyIOUIMM HHTErPajloM:
1 oV VN2 | (OV
[(333) +(8y) +(8z)]dT’

B3ATHIM 110 BCEMY IIPOCTPAHCTBY.
YacTe ero, B3ATaA N0 BHyTpeHHeidl oGmactu, no ¢opmyie ['puna (4)

paBHa
Sﬂ/ Wd —Siﬂ/vmfdr.
T

Ha noBepxHoctu dpyukuua V nocroanna. Takum o6pa3oM, ©MeeM HHTErpal

/Wd —l/VAVdT,
8m
T

KOTOpbI, mockonbky —AV = 4mp = 47, npeoGpasyeTca HeNOCPeACTBEHHO
K clefylolieMy BUOY:

Y AV dr — L VAVdT:_E dr + Vdr _
8w 8T D)

__WTr 5 _1
=5 +W=- 6W—I—W—6W.

TakuM oGpa3oM, ecid Telo HaXOJUTCA B PaBHOBECHM, COOTHOIIEHUE
MeKAY YacThIO HHTerpaia, B3ATOU 10 BHyTpeHHeMY 00beMY, U ero YacThlo,

B3ATOI 1O BHelIHEMY 061;e1v1y, IIOCTOAHHO U paBHO %

Ho sHeprus Tena o6paTHO MPONOPLHOHAILHA €TI0 I€KTPOCTaTHUECKO
€MKOCTH.

OTciofia MO#HO 3aKJIIOUUTh, YTO Telo chepuyeckoit hopMbl 061agaeT
HauGounbureit sueprueit W [3].

CJIYUYAH BPAIIAIOIIIENCA MACCHI ;KUJIKOCTH

O6uiue ¢popmyasl. Ilpennonosum Tenepb, YTO OJHOPOIHOE HUAKOE
TeJIo BpallaeTcA BOKPYT 3aKpeIlIeHHON 0CH €O CKOPOCTHIO w.

0603HaYUM MOMEHT WHEPLUU OTHOCUTEIbHO JAHHON OCH BpallleHUA ue-
pes J

J= /dT($2 + ).
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[Ipu n3meHeHuu ¢opmel Tera MomeHT J Takie usmeHdercAa. 06o3Ha-

YHMB MMPOEKIHWIO CMENIeHNA dJIeMeHTa IOBEePXHOCTHU do uHa HOpMaJllb 4epes C,
Moy YuM

dJ = /Cda(wz +47).

OyHRUIUA
2
V+ %(:1:2 +9?)

Obl1a paHee ob6o3HaveHa yepe3 U.

(DyHI{I.II/IH W — st10 BCerga d9Heprufi HbIOTOHOBCKOI'O IIOTeHIUaJa.
HNmeer mecto clleqyroiiee paBeHCTBO:

AW + < dJ /c @2 (2 4 y?) da—/UCda

Ha noBepxHocTu paBHoBecus U moctofAHHa u paBHa Up.
CrenoBaTelbHO,

2
dW+w7dJ:UO/Cda:U0dT.

Raxk usBecTHo, eciu Telo nepopMUpyeTCcH, OcTaBafAch NOJOOHBIM cebe,
W u J uamMeHAIOTCA nponopuuoHanbHo 1’ B cTeneHU g.l
Tarum o6pasom,
2
dW + <-dJ
2 54T,
3T’

— =
W+
2
", ciegoBaTelbHO,

Sy _ w72
5U0T—W+ 2J—U.

H3BecTHO, UTO

AU = 2w* + AV = 20w? — 47p = 2w* — 4.

lCnpaBeanuBo TOMLKO AJIA OJHOPOJHBLIX Tel.
2Cwm. npum. 3 Ha cTp. 17.
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Kar yme ormeuanoce (ctp. 18), 0aHO M3 HEOOXOAUMbIX YCIOBUI paB-
HOBECHUA MUMeeT BUI:
2
2w* L 4m,

T.e. 3HaueHue AU — oTpunarenbHo.

CnenoBaTenbho, ¢pyHkuua U BHYTpPHU Tela He MOMKET UMETb MUHUMY-
Ma U, TaKk KaKk Ha MOBEPXHOCTU OHAa NMOCTOAHHA U paBHa Uy, BHYTpH Te-
na U > Uy.

Ecau AU = 0, U noctosanua u pasaa Uy.

Haroner, eciu AU nonomuTenbHa, To BO BceM o6bemMe Teia U GyneT
MeHbIe Uy.

PaccmoTpum unTErpan

2
/Ud7-=2W+“’7J.

B 3aBucumoctu ot 3uaka AU, unTerpan 6yner Goablile WIM MeHbllle
ClleJyIOLIEero BhIpameHua 1160 paBeH eMy:

2
/UOdT:UO/dT=U0T= g(W—I—%J).

Tarum 06p3301v1, 3JeCb MOHO pasjindyaTb TpHU cilly4daf:

2 2
AU < 0 g(W+%J)<2W+%J W > wJ,
2 2
AU =0 g(W+%J):2W+%J W = w?J,
5 w? w? 271
AU > 0 3(W+ 2J)>2W+ ST W<,

IIpenen cropoctu BpameHuA. Ilpegnonoxum Tenepb, YTO yrio-
Bafl CKOPOCTh w HENpepbIBHO M3MeHAeTcA. BelencTBre 3Toro Teio Hempe-

pBIBHO JedopMupyeTca®, U UMeeT MecTo clefyiollee paBeHCTBO:

2
AW+ d] +wl dw = %TdUO.

!B meficTBUTeNLHOCTH Hie MOC/TeHEe HEePABEHCTBO UMeeT YUCTO (pOpMalbHbI CMBICI,
MOCKOJbKY TpebGyeT HapylleHHA «Taby» — HepaBeHcTBa IlyaHkape anaf w.
206beM unM Macca TIpH STOM Y/IePAUBAIOTCA MOCTOAHHBIMH.
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Tak rak npeanonaraetcd, 4To GUrypa HaXoJUTCA B paBHOBECHH, 3Ha-

2
yenue W + %J MaKCUMAalbHO UM MUHUMAIbHO, U B JI0O0M ClIydyae BEPHO
cleqyonee:

2
dW+“’7dJ=O.

Torpa
wJ dw = %T dUs,

H, ciegoBaTellbHO,

Vs (1
do > 0.

@®yuruusa Uy Bo3pacTaeT, Korja Bo3pacTaeT w.
Ilockonbky V — 5T0 HBIOTOHOBCKUII MOTEHI[UAJ, HA IOBEPXHOCTHU BbI-
NONHAETCA CleyIollee PaBEHCTBO:

2
V=U— “’7(.7,2 +y?).

Takum o6pasom, Uy — 3T0 HEIOTOHOBCKUII MOTEHIMAA Ha IOJIOCE Bpa-
maroleroca Tena, T.e. B TOUKe IlepecevyeHUAl NMOBEPXHOCTU Teja C OChIO
BpauieHus. [Ipu yBelnueHNN CKOPOCTH BpallleHUA NOTeHL[Ual TaK#e yBelu-
yuBaetcd. Bnpouem, Uy He MomeT npeBbicuTb 2mR2 (eM. eTp. 22), rie R —
paguyc chepbl TOro e odbema.

Ilogenus paBeHcTBa, NOIYYUM

2 U,
0
W+ 2-J
2
Ecinu 6eckoHeuHO yBelU4YuBaTh w, TO HacTaHeT MOMEHT, Korja w? mpe-
BBICUT T, a 3Heprua W oramerca MeHbuie w?.J;

w2J 2
_ ¢ > 55
w? 3
7'] +W

", KaK cileacTBue,

1Tro60nBITHOE HepaBeHCTBO, BhIpaalollee 0JHO M3 BaHBIX CBOMCTB (GUIypbI OTHO-
CUTeNbHOTO PaBHOBECHA.
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IIpu GecroHeyHOM yBenWUYeHUM CKOPOCTH w moTeHnuan Uy Takxe 107-
#eH GeckoHeuHO yBenunuuBaTbeA. OHaKo uaBecTHo, uTo Uy HE MOMET mpe-
BoicuTh 27 R%. CnegoBaTenbHO, HEOGXOAUMO, 4TOGLI MepecTala yBelHuU-
BaThCAl CKOPOCTh w KGO YTOOGHI MOBEPXHOCTb PAaBHOBECHA He Tepeceka-
na Goibllle OCH BpamieHuA. B mociemHem ciydae Teno npuoGperaer Gpopmy
Kounblia.

llanee Mbl YBHAUM, UTO K (GUIypaM paBHOBECHUA OTHOCATCA BIIUIICO-
Wbl BpalleHUA ¥ 3IMICOMIbI ¢ TPeMA HepaBHbIMU ocAMHU. [lnA mepBbIX
w < 471 x 0,112, gas Bropeix — w < 4w x 0,093.

Take BO3MOMHO CyIleCTBOBaHUE pAa GUIyp paBHOBECHUSA, UIA KOTO-
PhIX w OpUHUMaET GeCKOHEeUHOe KOMMYECTBO MaKCHUMalbHbIX JTUG0 MUHU-
MajbHBIX 3HaueHuil. K aTomy ciyuyaio Hame paccysjeHue HelpUMEHUMO,
U w MOMET YBEeIUYUBATHCA N0 GECKOHEYHOCTH.

INocToAHcTBO ocu BpameHuA. J[lo cux mop Hac He 3aHUMaJO, PaB-
HOMEPHO JIU IIPOUCXO/IUT BpallleHUEe Macchl KUJKOCTH.

3agafuMcA BONMPOCOM, BO3MOMHO U cyllecTBOBaHHe GUTYpP OTHOCH-
TeILHOr0 PaBHOBecUA B cllydae KMJKON Macchl, Bpalaioulelicd HepaBHO-
MepHO.

llanee 6yeT f0Ka3aHo, YTO ATO HEBO3MOKHO.

[Ipesx e Bcero MoHO MPEHONOUTE, YTO MOCKOIbKY K Tely He Mpu-
J0#€HO HUKAKON BHENIHe CUIbI, TO HEHTP TAMECTH Tella HEeMOJBUKEH TU60
€ro JIBUeHHEe MOMHO CUNTATh NPAMOJIMHENAHBIM U PAaBHOMEPHBIM.

PaBHoBecue He HapyUIUTCA, €M NPUJATh CUCTEME HOBYIO CBA3b, T.e€.
IepeBECTU TeNO B TBepfoe cocToAHMe. Takoe nBUKEHNe TBEPJOTrO Tela BO-
KpPYT €ro [eHTpa TAMKEeCTH Ha3biBaeTcA ABMieHueM no Ilyanco.

CornacHo nmpunnuny Jlanambepa, BUpTyanbHasa paGoTa MOMHON CHIIBI
IJIA BCAKOT'O CMelIeHU s, COrJIaCOBAHHOTO CO CBA3AIMU CUCTEMbI, paBHA HYIIO.
B cayyae #uakroro tea cymecTByeT TOIbKO OlHA TaKad CBAi3b, 8 UMEHHO —
HeCKUMaeMOoCThb #UAKOCTU. Eciu Mbl UMeeM f1ejo ¢ HaXoAAlleiicA B paB-
HOBeCHM Maccoii rasa, To paBHOBecue a fortiori BO3MOMHO TOJbKO eClii 3Ta
Macca HecmuMaeMa.

MycTb dx, dy, §z — NpoeKUMH BUPTYaNbHOr'0 CMEIeHUA TOYKU C KO-
OpAMHATAaMU I, ¥, Z; YCIOBHE HECKMMAeMOCTH TOrJa BhIpaaeTcA clelylo-
UM COOTHOLIEHUEM:

da d s, _
Jac—i-dy(sy—i-dzéz—o.

MosHO pPas3inyuTb TPU BUAa BUPTYaJbHbIX cMelleHuit:

d
dx
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1) Cmemenus Bceil Macchl, pacCMaTpPUBaeMble KaKk CMeNIeHUA TBEPAOro
Tena. [IpumeHeHune K 3ToMy ciyyaio npuHnuna Jamambepa mokasbl-
BaeT, YTO TeN0 AONKHO JBUraThcA 1o IlyaHco BOKpYT cBoero neHTpa
TAMECTH, KaR y#e 0TMeualoch BBIIIE.

2) CMeleHus, IpU KOTOPBIX TEIO UCHBITHIBAET AehopMaruu.

3) CmMmerneHusn MOJIERYJ Ha MOCTOAHHLIX MMOBEPXHOCTAX paBHOﬁ IJIOTHOC-
THW NIpU OBUMEHUHN Tela.

IocKoNbKY MOBEPXHOCTH PABHOM INIOTHOCTU ABIAKOTCA MOBEPXHOCTA-

MU SKBUIOTEHIMANbHBIMU, MOMHO 3aliCaTh
@5x+@5y+3—'05z:0.
ox dy 0z

Tak Kak MOBEPXHOCTU PABHOMW INIOTHOCTH OCTAKOTCA HEM3MEHHBIMHU, TO
BHeIIHAA GopMa Tela Tak#e He uaMeHAercd. Takum o6pa3oM, Bce CBOIAUT-
¢l K BHYTPEHHUM CMeEIeHUAIM, 110 KOTOPbIM MbI U GyfileM paccMaTphBaTh
BUPTyalbHYIO paboTy.

MpencraBum cebe Toury M ¢ Maccoii m W KoOpOMHATaMUu &, Y, 2,
IBUAYLIYIOCA CO cKopocTkio ', i, 2'. Yekopenue asumenuna — z', y"’, 2",
cocTaBiAwIUe cUibl uHeptun — mzx', my", mz2".

0603HaUYUM COCTABIAON[HE MTHOBEHHOH YIJIOBOW CKOPOCTU OTHOCH-
tenbHo oceit Oz, Oy, Oz yepes wi, wy, W3 COOTBETCTBEHHO.

CorilacHO U3BECTHBIM (popMyJiam,

t' = wyy — wz,
Yy =wiz — wsz,
2 = wax — w1y.
CocTaBifAloNue yCKOPeHUA BRIMIAJAT clefylomUM o6pa3oM:
!/ ! !/ !
" = (w3y' — w22') + (w3y — wy2),
! ! ! !
(w12' —wsz') + (w12 — w3z),

= (war’ — w1y') + (whx — wiY).

[lockonbKy HMeeT MeCTO OTHOCHTeNLHOe paBHOBecHe, CyllecTBYeT
TaKsKe paBHOBeCHEe MeH 1y paboTON CUJI IPUTHMEHUA U PAOOTON CUIIbLI HHED-
uuu mz”, my", mz".
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dTa cuiia COCTOMT U3 ABYX CJIaraeMbIX: epBoe BLIYUCIAETCA UCXOIA U3

JONYIIEeHU , YTO IBUMEHNe PABHOMEPHO, BTOPOE #e CBA3AHO C YCKOPEHHBIM
BpallaTelbHbIM JIBHMEHUEM.

B Hexoe MrHOBeHue ¢ BpalleHie MPOUCXOAUT BO-

Q P kpyr ocu OP, a B MmruoBenue t + di MTHOBEHHOIT 0ChIO

Bpauenua cranosutea OP’ (puc. 5). Korpa dt ctpe-

/
P wmutcAd K Hymo, Bektop (O@), paBHbIil BEKTOpY Pd]tj R

CTPEeMHUTCA K HEKOTOPOMY NpelelIbHOMY IIOJOMEeHUIO.
(0) 0603HauYuM €ero NpoeKIU Ha KOOpAHWHaTHbLIE OCU 4Ye-
pes wi, wy, ws.
Monomum, uto och OP coBmagaer ¢ ocbio Oz,
Toraa

Puc. 5

wi =wjy =0.

TaruM 06pa3oM, cuia NHepINH, 00y CI0BIeHHaA YTIOBBIM yCKOPEHHEM,
cBoguTCA K BURY (why, —wiz, 0).

IIpiMeHUM Temepb K paccMaTpUBaeMbIM BHUPTYalIbHBIM CMeIeHUAM
npunnun Janambepa.

Pabora cui npuTAmeHns paBHA HYIIO, Tak Kak (popma Tena He H3Me-

Hunack. [onomus w? = w? + w2 + w2, NONyYUM BbIpaeHHe A PaGOTHI

2
EeHTPOOEHHOI CUITBI: “’7 dJ.

dTa paboTa paBHa HYJIO, Tak Kak J He U3MEHAETCAH.
Pa6ora cunbl uHepuuu paBHa

wh Z m(y éx — x dy).

HOCHOJIbHy TeJ0 HaXO0OUTCA B paBHOBECHU, dTa paﬁoTa TaR #e JOoJ/HHa
ObITh HyJ’[eBOﬁ. O}Z[HaHO MBI Bcerjga MOieM BbIﬁpaTb TaKkoe BUDpTYyalbHOE
cMelleHue, YTOOBI cyMMa

Z m(y dx — x dy)

He Obl1a paBHA HYIIO — J0CTATOYHO MPEINOoJ0MUTh, YTO JBUMEHHE IPOUC-
xoauT BoKpyr ocu Oz. CyMMa B 3TOM cillydyae pacCUYUTHIBAETCA B INIOCKOC-
TH TO0y, B TipeJelax MPOEKIUU CMelleHUA Ha 3Ty MIOCKOCTb.
3HaYUT, HyNeBbIM JOJHHO GbITh 3HaYEHUE W}, T. €. BpallaTelbHOe [BH-
#eHMe NON#HO ObITh oqHOpoAHbIM. UTo U TpeGoBaioch HOKa3aTh [5].
Kpome Toro, och BpallleHHA JONM#HA COBIMAAaTh ¢ OJHON U3 TJaBHBIX
oceil MHePLHUU. DTO BBITEKAET M3 UCCIEJOBAHUN JBUMKEHUA TBEPABIX Tel [6].
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YcToiiunBoceTh paBHOBecuA. Tenepb pacCMOTPUM YCIOBHA YCTOM-
YUBOCTHU PaBHOBECHUA.

Jlexen-Jupuxie gokasan, 4To HeOGXOJUMBIM U JOCTATOYHBIM YCIOBH-
eM YCTOWUMBOCTU paBHOBecHsA fBIfeTCA MakcUMalbHOCTb 3HaueHua W +

w2
+ 7‘] .

OfiHaKO HY#HO [leNaTh pa3invue Mem /Iy YCTONYMBOCTbIO BPEMEHHON U
ycToitunBocThi0 BekoBoii. Jlopa KenbBUH, nepBbIM cllenaBInii Takoe pasiu-
Yyye, Ha3Bal BEKOBOH yCTONYNBOCTHIO TaKYIO YCTONUNBOCTD, KOTOPaA UMe-
eT MeCTO U C Y4eTOM TpeHHA, Torja Kak BpeMeHHaf yCTONYMBOCThL CYy-
IeCTBYeT JUIIb 0 TeX MOp, MOKa TpeHHe He yuuThiBaeTcA. Jlopa KennBun
JOKa3al, YT0 Heo6GXOAUMBIM U JOCTATOUHLIM YCJIOBUEM BEKOBOI yCTOHUu-
BOCTH OTHOCHTEJBHOr0 paBHOBecHA fABlAeTcA yciaosue [upuxie [7].

Pasymeertcs, 3To ycioBue Becerja goctaTouHo. OHAKO NPEANON0KUM,

2
yT0 3HaueHne W+ %J He MaKcuMalbHO. B aToM ciyuae, coriacHo TeopeMe

KennBuHa, paBHOBecHe yCTONUYMBO NMPU OTCYTCTBUHM TpeHUA. Eciau TpeHune
NPUCYTCTBYeT, TO KAKUM Obl MajabIM OHO HU ObLIO, paBHOBecue OyaeT He-
YCTOWUYUBBLIM.

[IpencraBiafeTcA HEBO3MOMHBIM HENOCPEJCTBEHHO NMPUMEHUThL Teope-
My KenbBuHa K Hamemy ciyualo, Tak Kak OHa I10/pa3yMeBaeT, UTO BCAKOE
JBU#EHNe ecTb IPUUMHA TPEHNUA, UYTO He BEepHO 11 HUAKUX Macc. B camom
Jlelle, ecly TeJo U30JMPOBaHO B IPOCTPAHCTBE, OHO CMellaeTCA KaK eIuHOoe
nesoe, Nof00HO TBepAOMY Telly, U TPeHUd He BO3HUKAET.

JKBUBa/leHTHOe TBepjaoe Tedo. Ilpexae yeM OBUTraThCA Jalblie,
Heo6X0JUMO OIpeaelnuTh, YTO MbI GyJeM Ha3bIBATb TBEPAbIM TEJIOM, BK-
BUBaJEHTHBLIM MUAKON Macce. JKBUBalIeHTHOE TBepJOe Tel0 — 3TO TaKoe
TBepJoe TeJlo, MOJEeKYJbl KOTOPOT'0 3aHUMAIOT B paccMaTpUBaeMbIif MOMEHT
Te e IONOMEeHNA, YTO U B KUIKON CHUCTeMe.

CKOpOCTb LEHTpa THMECTH TAKOTO TBEPAOro Tela paBHa CKOPOCTH
[eHTpa TAMECTHU #MUIKONH Macchl.

PasymeeTcd, v riaBHbIe OCH HWHEPUUM 3aHMUMAIOT Te e MOJOMEHUH.
MoMeHTBI BpallleHUA BOKPYT 3THX Ocell Takie COBNAAalOT C COOTBETCTBY-
IOIUMHU BeJIMYUHAMU HKUIKOH Macchbl.

TakuMm o6GpasoM, IBUMEHHE MacChl MUIKOCTH OKAa3bIBaeTCH BIOJHE
onpejeleHO B HEKUII MOMEHT BpeMeHHU, OfHAKO cjlelyeT 3aMeTUThb, YTO JK-
BHBaJeHTHOEe TBepJoe Tel0 B MOMEHT ¢ He COBHaJaeT C BKBUBAJEHTHBLIM
TBEPABIM TeJIOM B MOMEHT t'.
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Teopema. /Husaa cura Hudkol maccvl pasHa cymme Hueoll CULbL
SKEUBANEHNMHO20 ell Meepdo20 mead U HuUsoll cuabl UKol maccol npu ee
nepemeueHulL OMHOCUMEAbHO PUKCUPOBAHHBLE 0Cell, C6AIAHHBIT C SKEUBA-
AEHIMHbLM MEEPIbLM MEeAoM.

0603HauUM cocTaBIAOI[He a6CONIOTHON CKOPOCTU MOJNERYJIBI 11 OTHO-
CUTENBLHO TpexX (UKCHPOBaHHBIX oceil yepes &, 7, (, cocTaBIAIOIUE CKO-
POCTH COOTBETCTBYIOIIEH MOJIeKY bl 3KBUBAIEHTHOIO TBEPIOro Tella — ue-
pes &, n', {', a cocTaBisAONe OTHOCUTENLHONW CKOPOCTH MONEKYIbI 11, 110
OTHOIIEHHIO K SKBUBaJIEHTHOMY TBepaoMy Texy — depes £, 7", ("'. BepHo
clienylolee:

E=¢+¢8" n=n9+7", =+

COOTBETCTByIOIJ.II/Ie M HUBbI€ CUJIbI PABHLI:
T=3 FE+n+%),
T'=) € 0?4+ ),
T" =3 €+ + "),
TpebyeTca nokasaTb, UTO
T=T+T".
Hmeem
T=Y B+ + 0+ +( +)] =
=T+ T+ m(Ee" + " + (')
Tenepb mporaxem, 4To
Do mEE "+ (¢ =0,

Bolpamenue B JleBOii uyacTu mpeicTaBifeT coOoil paboTy cHUCTeMbI
cun S” — Tawroit, 4To cuia, meliCTBYIOIAA HAa MOJEKYIy MM, UMEeT CO-
crasastomue mé’, mn", m{"”. Jra cucrema cuil oTiAMYHA OT ABYX ApY-
rux — S u S’, rge cocraBagomue cun paBubl mé&, mn, m¢ u mé&', my',
m('. JIBe nocienHne cucTeMbl 3KBUBaNeHTHbI. O6LIMe paBHOAENCTBYIOIUE
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CUJI U pe3ylbTHUPYIOIIKMe MOMEHTBI 3TUX ABYX CUCTEM HUIACHTUYHbI OTHOCH-
TE€JIbHO Tpex Q)PIHCI/IpOBaHHbIX ocef/i, KOTOpPKIE IO OIlpeaeieHUI0 OJHMHaKOBbI
y FUAOKON Macchl U 3KBUBAJIEHTHOIO €l TBepaoro rteJa.

B camowm pere,
Y mE=Y) me,

MNOCKOJIBRY CKRODPOCTBb LIEeHTpa TAMEeCTH 3KBHUBaAJ€HTHOI'0O TBepPAOro Tejia paB-
Ha CKOPOCTHU LEHTpa TAMEeCTHU FUAOKON Macchl.
BepHO TaKe cjleJyrouee paBeHCTBO:

> omy¢ —zn) =Y my¢ — zn),

M0CKOJIbKY MOMEHTbHI BpalleHWA BOKPYT TPeX KOOpIMHATHBIX Oceil coBla-
naloT y nByx cucteM. Takum obpasom, S = S’, a paBHOAelicTBYOMAA CUI
u pabora cucteMbl S” paBHBI HyIIIO.

CrnenoBaTelbHO,

Zm(flfn + 77,"7” + CICH) —0.

YcnoBue yctoiiunBocTu Jlemena-dupuxie. Bepuemcsa tenepb
K MMUJKOI Macce.
HmeeT mMecTo paBeHCTBO

T-W =C".

Otcrona
TI +T” _ W — Cte.

JTO paBeHCTBO IpeJIogaraeT, UYTo TPeHUe OTCYyTCTBYeT, HHAYe BhIpa-
menve T' + T" — W 6yneT NOCTOAHHO yMeHbIIAThCA.
Tonoxum
T +T" - W =¢,

TOrJa MpU OTCYTCTBUU TPEHUA % =0.

OJHAaKo B 3TOM ClIydae OTHOCUTEILHOIO JBUAEHNA HeT U, cle0BaTelb-
wo, T" = 0.

Ecau T > 0, To % < 0.

R TakoMY BpaljaTeJbHOMY ABUHE€HUIO IDUMEHUMa TeopemMa momanen,
a ero MOMeHThbI BpallleHUA MOMHO CUUTaTh OollpeleIeHHbIMHU.
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I[omameM, 4qTo HeOﬁXOZ{I/IMbIM U OOCTATOYHBIM YC/IIOBUEM yCTOfI‘{PIBOC-
TWU paBHOBeCUA ABIACTCA MUHHMAaJbHOCTh 3HAYEHUA PAa3dHOCTHU T' —_ W
BOSbMEM HEKOTOopoe I0J0MeHHe OTHOCHUTEJIbHOI'0O paBHOBECUA U 3allv-
memM
T =T, W=W, T"=0.

Usmenum cocTaB/AoIINe IBUHEHUA MOJIERYJ, HO TAKUM 06p83OM, qTo-
ObI MOMEHTEI BpalleHrnf He U3MEHHIUChb (P{ 9TOMY OrpaHuyeHUIO0 MEI ellle
BepHeMcCA BHOCJIe,].ICTBI/II/I). H’;I/I,Z[Haﬂ Macca B 3TOM ciiyyae He OTHKJIOHUTCH
CYUWECTBEHHO OT IIOJIO}HEHHNA pPaBHOBECHUA.
B camom pene, myctb T’ u W — 3HaueHHA MKUBON CUIbI U SHEPTUU
CUCTEeMbl, Tor'ga
T —W > T4 — Wp.

U, a fortiori,
T'+T"—W > T — W,.

Brpouewm, snavenue T’ + T — W = e 6ausko k Ty — Wy.

JTa BelMYMHA HUKAaK He MOKET YBeIMYUTbCA, Cle[0BaTelbHO, OHA
Bcerjia ocraHerca Gnuskoit K Tj — Wy.

JHaueHUA NepeMeHHbIX OYeHb Mallo OTJIHYAI0TCA OT COOTBETCTBYIOIINX
3Havenuit nua T3 u Wy, ciefoBaTenbHo, paBHOBecHe YCTONYNBO, a YCIOBUE
A0CTaTOYHO.

Kpome Toro, oHO ABIAeTcA Heo6Xx0AUMBIM. B camom nerne, eciu 3Have-
Hue pasHoctu Tj — Wy He MUHUMaIbHO, MO#HO BbeiGpaTh T’ nu W Takum
o6pa3oM, 4TOObI

T —W < TCI, - Wy

WJINn pame
T'+T" —W <T§ — Wo;

snavenue T" 3[ech J0CTaTOYHO MaJo.

Ho T' + T" — W MmoseT TonbKo yMeHbliiaTheA. Bennuuna T" yerpe-
MUTCA K Hym0, a T' 1 W He cMOTyT BOCCTAHOBUTH CBOM l€pPBOHAYAbHbIE
3HAYEHUA.

Temnepsb 0 BbINIEYTOMAHYTOM OrpaHudeHuy. IIpenonoA1uM, 4TO MBI OT-
KIOHAEM TeJo OT NOJOMEHHA PaBHOBECHA, He COXPAaHAA NMpU BTOM 3Haye-
HMI MOMEHTOB BpallleHUA BOKPYT TJaBHLIX oceil. B aToM ciiyuae nBuseHue
TBepJOTeNLHOr0 SKBUBaeHTa OyleT TaKUM, 4TO 3HAYEHHA ero MOMEHTOB
BpalleHya 6y 1yT HECKOIbKO OTIUYHBI OT MPeIbIAyIIMX 3HAYCHUI STUX MO-
MEHTOB, ¥ Mbl BO3BpalllaeMcAl K Haualy JoKa3aTelbCTBa.
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BpameHnue Bokpyr Maioii ocu 3juumncoujga uHepiuu. Joka-
K€M, YTO paBHOBecHe yCTOWUYUBO, TONbKO €C/U BpalleHie MPOUCXOIUT BO-
KpYT HauMeHbIedl 0cU JIUNCOMAa MHEPIUU, CBA3AHHOIO C MUIKON Mac-
coit [8].

Mycrs Ozyz (puc. 6) — HeroTopas
¢uKcupoBaHHaa cucTeMa Koopaunat, OA,
OB, OC — rnaBHble OCU VHEPUUH, W —
MTHOBEHHaf CKOPOCTb BpallleHUfl, Wi, Wa,
w3 — MPOEKIUU CKOPOCTH Ha (PUKCUPO-
BaHHbIE OCH, @ P, ¢, T — MPOEKIUU CKO-
poctu Ha ocu OA, OB, OC. UmeeT mecTo
creayollee paBeHCTBO:

w? :wf—l—w%—i—wg :p2+q2+r2.

IIlycts OR — MrHoBeHHas och Bpa-
meHud, a J — MOMEHT UHEpPUUHU OTHOCHU-
TelbHO 3TOI ocH.

Torﬂa Puc. 6
2
T = %(Ap2 +Bg* +Cr?) = %J.
HyCTb M1y M2, 43 — MOMEHTHI BpallleHHA OTHOCUTEJIbHO KOOpAWHAaT-

Hbix oceil. Orpesok OM, NPOEKUUAMU KOTOPOIro ABIAIOTCA (f1, th2, 13),
3adUKCUPOBaH B MpOCTpPaHCTBe (TeopeMa ILIOWaelt), U BEpHO cliedyolee:

W=+ s+ s = C*.

Ipoeknuamu orpeska OM Ha cucremy oceit OABC sasasorca Ap,
Bgq, Cr, 3Hauur,

1?2 = A%p? + B2 + C%r2.

Kak Ham yie U3BeCTHO, yCIOBHE YCTONUYUBOCTH 3aKII0UAETCA B MUHU-
MaibHOCTH 3HauyeHusa pasHoctu T’ — W. Ho eciau u3MeHUTh OpHeHTAIIO
BpalleHu, He u3MeHAA hopMbl Tena, W He usmenutcd. CiegoBaTenbHo, He-
06X01uM0, YTOObI MUHUMAaNbHBIM 6bl10 3HaueHue T'. Hamomuum, yto ot-
pesok OM 3aduKcupoBaH B IPOCTPAHCTBE.

Tonomum
p\/Z =X,

q\/E:Y,
G = Z.
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Torpga

T' = (X2 +Y? + 7%),

u? = (AX?+ BY? +CZ%) = C*.

TakuM o6pasoM, Touka ¢ koopaunatamu (X, Y, Z) noi:xHa 1emathb Ha
MOBEPXHOCTH JAHHOI'0 AIIUICOU/IA U B TO #€e BPeMA Ha MOBEPXHOCTH cdhepbl
MHUHUManbHOro paguyca. CliefoBaTelbHO, MTHOBEHHAA OCh BpallleHUA €CTh
HaUMeHbIIAfl 0Ch JAHHOTO 3JIUICOUA, T.€. DIIUICOUIA HHEPIUH.

Ecniu A — nauGonbmas us Beauuun A, B, C, ochbio Bpalienusa 6yaeT
och z. Torpa p =w, ¢q =0, r = 0.

CJIe,[[OBaTeJIbHO, HeO6X0,£[I/IMO, YTOOBI BbIpasieHnune
wor —w-_ (1)
2]

ObIJI0 MaKCHUMalbHBIM, T. €. JOJHHO cobntofaTheA paBeHCTBO

2
s(w-55) =0
IlocTaTouHo, 4TOOBI
(W + “’;J) (2)

6bL10 MakcuManbHbIM (cTp. 17), HO AaHHOEe yciloBUe He fAIBIfAeTCH HeoGXo-
JUMBIM.
Otcrona

2
w _
“wwan)_a
Hrax, y Hac ecTh clegyloliyue YCIOBUA:
257
pal
27
2
MV+%4J:&

oW +
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Takum 06pasoM, MOAHO 0UIATh, YTO €CIH BBINOIHAETCA ycioBue (2),
TO ¥ nepBoe yciaoBue (1) Takke BbINOMHAETCH.

JomycTuM, oflHAKO, YTO BTO He TaK, T.€., YTO BO3MOKHA CleAyrolan
cucTemMa ypaBHEHUI:

2 2
W+“’7J<WO+%J0,

2 2
_ B _ B
W-55>Wo—53-

Tak rar p = wJy, noryuum

w?Jo w? I3
5 <W-S 7T

Wo —
CrIa/biBaf HepaBeHCTBA, NOLYYHM
w2 w2 2
7(J—J0)J < 7(JJ0 -Jg),

OTKRYyZa
J?—2JJg+JE <0, (J—Jy)? <0,

yTo ecTb abcypa. CieqoBaTelbHO, JOMYLIEHHOE YTBEPH#/IeHUE HEBEPHO U BbI-
IOJIHEHHe BTOPOro YCIOBHA BieYeT 3a co60ii BbIMONHEHME HepBoro [9].
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COEPUYECHKRHUE OYHRI U

Bripasenue AV B NpAMOYTroJbHbIX KoopauHaTax. IlycTh Tpu
ceMelicTBa NOBEPXHOCTeNR

g(mv Y Z) =, 77(-’37 Y, Z) = 167 C(mv Y, Z) =7

06pa3yIoT NpAMOYTOILHYIO CUCTEMY KOODIMHAT.
PaccmoTpuM GeckoHeuHO Manblil NPAMOYTONLHBIN Napalielenunen,
rpaHy KOTOPOTO COCTABIEHbI U3 IMECTH CAEAYIONNX MTOBEPXHOCTEIH:

52507 €:€0+5€7
n="mno, 1M=10+n,
¢=2¢o, ¢=¢Co+dC.

Pe6pa nanHoro napaiienenumnena cOCTaBAT OTPE3KU
adf, bdn, cdC.
lluaronans! paBna
ds* = a®>d¢® + b dn® + 2 d¢.

Beegem ¢yuruuio V (&, 1, ) 1 monbitaeMcA ONpefelNTh 3HAYEHNE UH-

Terpaina
/AV dr,

B3ATOro 110 oﬁbemy napajujiejenumnena. On paBeH UHTerpaily

1%
/ on do,

B3ATOMY 10 MOBEPXHOCTH IMapasujienenunena.

1 To'-u-lee, KBagpaT AuaroHanau.
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Tak Kak 00beM GECKOHEYHO MaJl, IIepBbIi UHTErpai MOMHO 3alucaTh
B BUl€
AV abedé dndc.
BTopoii uHTerpai ABIAETCA CyMMOI TpeX HHTEerpaioB, Kam bl 13 Ko-
TOPBIX B3AT MO ABYM IIPOTHUBOIOIOHBIM IPaHAM 00beMa.

Hns rpanu § = o,
_ov
ad§

Jlna nporuBononoxHoii rpanu & = o,

(5 0% + 2 (5% ) e amac.

", cjaegoBaTeJbHO, OJA COBOKYIMHOCTU ABYX rpaHeﬁ MOoJy4YUM BbIpa:ieHue

i(@“’—V)dndcdg.

=——=bcdnd(.

9EN ¢ 0¢
Tarum o6pasom,
AVabcdgdndC=d€dndC[(%%%—‘g aif%l 3%%3_‘4{]

U, HaKoHell,
1 0 (bcdV
AV =L 30 (bedV),
abe Z N 9¢
To e B NOJAPHBLIX KOOpAUHATAX. J3alulleM [JA JaHHON cHCTe-

MBI
x=rsinfcosp, y=rsinfsinp, z=rcosé.

[onoxus cosf = p, Honyuum

=ryv1—p2cosp, y=ry1—p2sing, z=rp.

JIuHeiiHbI 21eMeHT!

IOIIUM BbIpa:KeHueM:

3TON CHUCTEMBI KOOpOMUHAaT onpeneindeTrcsa cieny-

ds® = dz? + dy® + dz® = dr® + r? d6® + % sin® 0 dp? =

d 2
=dr? 422 5 +r2(1— p?) de®.

1-p

101'lﬂTb e, KBagpart JIMHEeHHOro 3JeMeHTa.
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Bwmecto &, 1, ( y Hac ecTb T, y, . JuA naHHOIN CHCTEMBI MOMHO 3alu-

caTh
a=1, b:;z, c=ry1—p2, abc=r2.
1-p

Tenepb JIErK0O Haxoaum

LV 20V, 19 [, 0V 1 v
R T i (L ] R e v

Coepuueckue noannombl. Chepuueckue pyHruuu. Chepuuec-
KUM NOAUHOMOM HA3bIBAETCA OJHOPOIHBIN TOIUHOM OT &, Y, 2, YAOBIETBO-
paomuit ypaBuenuio Jaminaca AP = 0.

Ecnmu storT moamHoM oT z, y, z MMeeT CTemeHb 7N, TO OH COJep-

(n+1)(n+2)
T —
2
yro AP, = 0, KoAUYeCTBO COOTHOUIEHUN MMy STUMHU K03 dUINeHTaMu

orpaHnyeHo, a Tak Kak 3TO BbIpameHUue uMeeT CTelleHb N — 2, TO CyumecT-

NpOU3BOJIBHBIX K03d¢unueHToB. OgHaKO BBUAY TOrO,

2
Takum o6pasoM, ocTaerca

ByeT n( COOTHOIIEHUI Me#Ay ero KoadduurneHTamu.

m+D(n+2) n(n-1)
o) - 3 =2n+1

cepruuecKuX MOJIMHOMOB, HE3ABUCUMBIX OT CTENEHU 7.
BripasuB x, y, z B MOJAAPHBIX KOOPAUHATAX, MOIYYUM

P, =r"Y,,

rge Y, ecTb GYyHKIUA OT ¢ U i, KOTOPYIO Mbl Ha30BeM cdepruuecKoit pyHK-
nueil nopagka n.
OueBUIHO UMEET MeCTO COOTHOIIEHUE

oP,
TW = TLPn. (].)

Pacemorpum teneps paBeHcTBO (2), mpuBeneHHoe Ha cTp. 11,

vV LU\, _ _
/(U% - V%)da - /(UAV VAU)dr.
S T
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Ipennonoxum, 4To MoBepxHOCThL S mpejcTaBifeT coboit chepy eau-
HUYHOTo paauyca, a U u V ABaAmTcA chepuuyecKUMU MOJUHOMaMU MOPAL-
Ka m u n. Torja BTopoil wieH GyaeT paBeH HYIIO, 1 PABEHCTBO 3aMULIETCH
cleqylomuM o6pa3oM:

/[Pm% - Pn%iﬂ do = 0.

OTryna, yuutsiBasa paBeHcTBo (1), momyuum

(m — n)/PmPn do = 0.
5

Ecnu m He paBHO n,

/PmPn do =0,
S

rfie uHTerpain GepeTcd IO NOBEPXHOCTHU cdepbl eAMHUYHOr0 paguyca. To
K€ MOKHO 3amucaTh WHaye:

+1 27

//YmYn dedu = 0.

-10
Ecnu m = n, To maHHbI pe3ynbTaT He BepeH.

dyHnaMeHTaldbHble chepuueckre o¢yHrIMU. OueBUIHO, UYTO
BEPHO cleaylollee:

7 —ip
z=ry1—p2cosp=ry1- pz%,
. el — g7t
y=ry1—p2sing =ry1— /L?T.
3aMeHUB U y B BbIpa}eHuu 1A P, uX 3HaYeHUAMH, NOLYUYUM

p=n
P, = E rteP? XE,
p=-n

rae XP 3aBucuT TonbKo OoT p. UHade, 3To HOJAMHOM OT g U OT /1 — p2.
[TonuHOMBI ¢ 4eTHBIM p comep:aT /1 — pu? TOIbKO B YETHOI CTeNeHd, a no-
JUHOMBI C HEYETHBIM P cofiepat /1 — p? TOIbKO B HEUETHO! CTENeHH.
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Takum 06pa3oM, HepBbie ABIAIOTCA MOIMHOMAMU OT [4, & BTOPble —
MOJMHOMAaMHU OT (i, TOMHOKEHHOT0 Ha /1 — u2.

oacraBum 3nauenue P B ypaBHenue AP, = 0.

Ionyuyum

dX,i’;] _Xﬁpzrn_zeiw] —0.

n—2 _ipp vy P n—2 ipwi 2
Z[n(n—i—l)r ePPXP % dﬂ[(l ) i

1— p?

O6paTuB B HyIb KO3(QOGUIMEHT mpu r" 2eP?, monydnuM ypaBHeHHUe,
KOTOPOMY [OJ€eH yIoBIeTBOPATb XE. JTo ypaBHeHUe UMeeT BUJ

XP =0.

n

2 2
d 2 dX27 n(n4 1) = 1) +p
L= - :
du du 1—p

OGiuee pellieHre 3TOr0 ypaBHEHWA €CTh TPAHCIEHIEHTHaA (QyHKIMA,
0JJHAKO MMeeTCA OJHO YacTHOe pelleHue, NpeacTaBifionee co60it OIUH U3
IBYX BHUJOB IOJMHOMOB, NOApasyMeBaeMbIX onpefeneHueM XP, u ompeje-
JIEHHOE ¢ TOYHOCTBIO 10 HEKOTOPOI'0 MOCTOAHHOT'O0 MHOMUTENA.

OueBugHo, uro X? u X, P yooBneTBOpAIOT OAHOMY M TOMY i€ ypaB-
HeHuto. ClegoBaTenbHO, MO#HO 3anucaThb

P _ -p
XP=AX,",
roie A — Hekoropad KoHcTaHTa. TakuMm o6pa3oM, cylIecTBYeT I0cCaeI0Ba-
TeIbHOCTh U3 21 + 1 HCKOMBIX chepuuecKuX GyHRIUMN.
0 1 4 2 24 n_ ni
X,, X,e*¥, X.e™, .., Xpe™t, ...,
1 —i 2 —2i n,—ni
X,e %, Xie ", ..., Xpe ™, ...,
MozHo 3anucaTh 2n + 1 3TUX He3aBUCUMBbIX (QYHKIMIA HHAaUe:
X0 Xlcosp, XZ2cos2p, ..., XIcosng, ...,
X}sing, XZsin2p, ..., X'sinnp, ...,
Takum oGpasoMm, ABe cepuyeckre QYHKIUU pa3iudyalOTCA JU60 3HA-

YyeHUEM n, nU60 p, 1160, ecii n = P, TeM, UTO OJHA U3 HUX COAEPHKUT

CUHYC pp, a Ipyragd — KOCHUHYC py.
Panee 6b110 moKa3aHo, 4TO

+1 27

/du/YmYnd<p=0,
100
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eciin m ;’é n. Tenepb 3aBepliuM JOoKa3aTelIbCTBO, [IOKa3aB, 4YTO UHTEerpal

1 2r
/du/YY'd<p=0,
2100

ecin Y u 'Y’ — nBe pasHbie QyHKIUU.

JlocTaTOYyHO MPOU3BECTH AOKA3aTENLCTBO A ciydyad ABYX (QyHKIMi
OJHOTO MOpANKA.

CnenoBaTenbHO, MO¥HO 3aMUcaTh UHTErpal

+1 2
/X,’{X,‘i dp/cospgo cos qp dp,
-1 0
WU e

+1 2

/X,’{Xg d,u/sinpgo sin qp dep,
1 0

+1 27

/Xﬁ2 d,u/sinpcp cos pp dp.
-1 0

Bropoit u3 Tpex UHTerpanoB paBeH HYIIO.
HaxroHen, oueBHAHO, UTO MHTErpai

+1 27
/d,u/Y2 dy
-1 0

OTJIU4YEeH OT HYIJIA.

Omnpenenenve moauHomoB XP. Haiigem nommnom XP, maa yero
paccMOTpHUM CHayana ciydaii, korga p = 0.

3anuiieM ypaBHeHHe
d [ 2 dX]
— (1 - ==l 4+nn+1)X =0.
i (1—p%) o (n+1)

JTo ypaBHeHMe ompefendaeT nojuHombl Jlemanapa. meer mecto pa-
BEHCTBO

X, = czt—n(l — )"
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Takum o6pasom, X2 (cos#) ectb chepuueckan pynruua, rae 0 npea-
craBifeT coboil yron Mex /Iy HEKOTOPBHIM HampaBieHueM u ocbio Oz.

Buaronapa cummerpuu, dynsuua X0 (cose), Te € npecTaBifeT co-
60it yron Mesay AaHHBIM HalpaBleHHeM U KaKUM-IU00 APYruM ¢GUKCU-
pPOBaHHBIM HalpaBleHHeM, Takme OyneT chepuyecKkoil. 3aMeTHM, UTO MpPU
106b1X 6 u @' BbIMONHAETCH PABEHCTBO

cose = cosf cos ' + sinfd sinf’ cos(p — ¢').

OTtciona, pyHKIUA
X0 [0050 cos ' + sind sinf' cos(p — go’)]

Takme OyeT chepuyecKoi.
Ionosum
. N
sing e™*¥ =2¢, sinf e = 2.

OTcroa, moMHO#HUB 06a paBeHCTBa Ha €'Y U e 'Y COOTBETCTBEHHO U
CJIOKUB UX, IOJIYUYUM

sin @' cos(p — ') = e + ne ¥,
[lepeMHO#UB paBeHCTBa APYT Ha ApyTa, MOdyYUM
sin? 0" = 4¢&n,

oTKy/1a
cos® 0 =1 — 4¢n.

CnenoBaTenbHo, GyHKIUA

X [\/1 —4np— /1 - p? (€™ + ne"'“’)]

ecTb ellle o/Ha chepuyeckad QyHRIUA NMpHU MOGBIX & U 7).
B yacTHOCTH, €ciu IPUHATD

5217 77:07

TO QYHKLIUA
X, [u +v1- ;ﬂei“’]

6ynet cepuyecKoii.
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PasnoxuB ee no popmyie Taitnopa, moayyuM cieqyOMUil TOJIUHOM

[,u+\/1—;ﬂe“p]: +e“"\/1—u2%+...+

£ X n
eip(p(l _/1'2)2 den ezmp(l _u2)2
12...p ae VT T2

"X,

dp

Kaxapiit 4ieH aToit cyMMbI NpeacTaBifeT coboii chepruiecKkyio QyHK-
UIO.

n

Tarum obpasoM, dpyHKIUM X2 onpejeneHbl ¢ TOYHOCTbIO 10 HEKOTOPO-
ro MHOMKUTEIA.

gdeO gdn+p1_ 2\n
Xﬁz(l—uz)z n(/l'):(l_'u?)z ( /l') .
d'u,P d'u'n+p
CBoiicTBa chepuueckux dyHrnuii. Ilycrs U — ¢yHROuUA oT 7,
a P, — cdepuueckuil NoInMHOM.

r=+x2+y?+ 22

Boruncnum snavenve A(UP,)

A(UP,) = PAU+223U8P + UAP,;

HO

AP, —0; U _dU dr _dU a

or _dr 0z dr T
— U , 2dU] , 2dU ai (25
A(UP")_P"[dr2+7'dr]+7'dr( 3x+ oy t

U, MocKoibKy P, ecTh QyHKIUA OJHOPOJHAA,

)

_ (U | 2dU dU _ , [d?U  2(n+1)qu
A(UPn)_P(F+;W)+—Pn%_P[d2+ . dr]
Teneps Boiuncaum 3uauvene A(UY, ), koTopoe paBHO

NI
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Tak Kak P, = r"Y,,. Haxogum

wagzzdiéﬂ 2 dU ﬂliﬁgL

,,,n d’l"2 ,,,n+1 d’l" ,,,n+2

dr?  "dr r?

Codepounanbublii ciaoii. [IpuMeHUM BhIIIEU3JI0KEHHBIE paccy#ae-
HUA K U3yUYeHUIO chepouianbHON Macchl 3KUAKOCTHU, T. €. Macchl }KUAKOCTH,
¢urypa paBHOBecud KOTOPOii MaJso oTiI14YaeTcAd oT cepsl, Uiu, TOUHee, Mac-
Chbl #UJKOCTH, IIOBEPXHOCTb KOTOPOH 3akjal0uyeHa Memay IByMsA cdepamu
6nu3kux paguycoB. CdepouganbHbIM ClIOeM HA30BEM CIOH, 3aKIIOUEHHBIN
Me ]y OBYMA cdeporfalbHbIMU II0BEPXHOCTAMHM.

AUY,) =, [LY 240 ntnt DU

HeiicTBHe cheponganbHoro ciaoA. IlycTs
do — »leMeHT MOBEPXHOCTH CdepougalIbHOro
Ccl0A eJUHNYHOrO pajuyca, € — TONIMHa cdepo-
MIaIbHOTO Clofl, a dT — 3JIeMeHT 06beMa 3TOro
ciod (puc. 7). Torna

dr = edo.

Moz HO IpeAnoIoKUTh, UTO Macca 3JeMeHTa
o6beMa dT TOmIECTBEHHa Macce, paclpepeleH-
HOU Ha 3JeMeHTe NOBePXHOCTHU do, U paBHa i do.

Puc. 7 BosbmeMm HekoTopylo Touky M, ybu Aekap-
TOBbI KOOPAUHATHI paBHbI (X, Y, 2), a chepudeckue —

r, u=cosb, .
BosbMeM Takse Touky M’, 4bM KOOPAMHATHI COOTBETCTBEHHO DAaB-
wel (', y', 2Yu (r' =1, ' =cos', ).
Paccroauue MM’ paBuo 1 + r? — 2r cos(OM, OM').!
cosy = cos (OM, OM') = cos 8 cos ' + sin@ sin ' cos(p — ¢’).

Pasnoskenue W B pAA. Ilotenuuan, co3dmaBaeMblii chepougaib-

HBIM clloeM B Touke M, paBeH

_ [ €'do’
V_/MM”

rae €' — GyHRUMA oT p U p, r < 1.

1PB‘~lb naeT, KOHe4YHo e, 0 KBaJapaTe pacCTOAHUA.
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MM'? =1 —2rcosy +r2 = (1 —re?)(1 —re”™),

1 1 o1
=(1—-re) 2(1—re™™) 2.

MM
N3BecTHO, UTO
1
(1—re) 2 =1+ %re” + %rzezw + .o+
1-3:5-...-(2n—-1) nivy
2. 46-...-2n ¢ T

JTo BbIpasieHue IpeAcTaBiAeT co00il abGCOMIOTHO CXOAANIUUCA PAL
oA r < 1.

Taxme

-

- 1 1-3- (2n—1)
e T2 = Lpe— Y
(1—re™™) —1+2re Tt 5 4 o

[IpousBeneHne 3TUX OBYX PANOB TaKke AaeT CXONAIIUICA pAXd, ec-
au r < 1; koadpuuueHT npu uieHe r" paBeH

PR —ni'y +

_ L3 @uo) o 13- (20-3) 1 g,
=g ¢ tya (o2 2° *

]- 3- (2n_5) 1 3 (n 4)2’y+ +1 3:5- (2n_1) e—ni’)‘

tya . en_4) 2.4° 516 :

KosdduuuenT npu uneHe eP? paBeH ko3ddunuenTy npu e P9,
Tarum 06pa3oM, UMeeM IOJIMHOM C BelleCTBEHHBIMU K03 QULIUEeHTaMU
Ipy KOCHHYyCe yria Y M KpaTHbIX eMy YIJOB BILNIOTh A0 n. Tak Kak Bce
K03 (UIMEHTHI TaHHOI'O MOJUHOMA TOJOMUTENbHbI, OH JOCTUIaeT CBOEro
MaKcuMaibHoro 3Hayenus npu v = 0. Ho B aTom ciyuae
1 1

J— —_— n
UM 1—7*_1+T+"'+r + ...,

CienoBaTelnbHO, KO3(QGUIUEHTHI pasiioeHnA MeHbIle U PaBHbI equ-
HHUILIE.

Mo:HO 3anucaThb

= ZA,J‘",

rae A, ecTb QyHKUMA OT [, @, p' U .
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PasiomeHre B pAd moTeHIHana cdepougaibHoro ciaod. Ilo-
TeHuan V paBeH

Zr"/Ane’ do.

Jlio6oit uneH pasnomeHud V MeHbIe, 4eM

r" / ¢ do.

I[Ol'[yCTI/IMaH NOrpelTHOCThL pas3iioHeHUuA Vv NpU BBIYUCIIEHUU CYMMBI
IMEepBLIX N €r0 YJIeHOB MeHhbllle, YeM

+1
In_ . /6' do.

CrnenoBaTelibHO, pAJ CXOOUTCA, eciu 1 < 1.

chHHI.II/IH M‘ll\ll MOKeT ObITh pasjiosieHa B pAad 110 Bo3pacTarmomuM CTe-
NeHAM [epeMeHHbIX T, Y, Z:

1 _ 1 _ mpq/A ' do!
= = x"yPz mpqg€ do’,
MM @ — a2+ (y —y)? + (2 — 2) Z pa

a BEPHYBIIUCH K MOJAPHBIM KOOPAMHATAM, MONYYUM pasioeHue Mo cTemne-
HAM 1.

Ecnu B pasnomennn ¢yHruuu V' 0603HaYUTh COBOKYIHOCTH YJIEHOB
cTeneHu n 4yepe3 V,, MOKHO 3amucaTh

V=Vo+Vi+...4Va+....
Ho ¢oyuruusa V ypoBneTBopseT ypaBHeHuIo Jlaniaca, U 3HaUUT
AVop+AVi+ ...+ AV, +...=0.

Yro6b1 faHHOE PABEHCTBO BBINOIHAIOCH, HE0OXOAMMO, YTOObI BCE MOMU-
HOMbI V;, 6b11H chepuueckumu. Ecau 3ameHuts x, y, z B V,, cheprudyeckumu

KOOpJUHATaMHU T, K U p, HonyuuM ¢yHKuuio Bujga r"Y,, ruoe Y, — chepu-
yeckasa ¢yHruua. OTcrona

V= Z r"Y,.

dra dopMyia npuMeHUMa U K ciayyaio r < 1.
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Mpennonomum, yto r > 1, 1 Boo6pazum Touky M;, ABIAIOIYIOCA 06-
pasom Touru M, tak uto OM; x OM = 1 (puc. 8); o6o3nauum OM =r,

OM, = % Ecau Touka M’ pacnoiioseHa Ha MOBEPXHOCTH cHepbl, TO

MM' _ OM _ oM’ _ VOMxOM _ |om
M'My, OM' OM: JOM' x OM, OM,

Ilorenmuan B Touke M; paBeH

=r.

Vi = e'do _ r e do
MM’ MM’
Otcrona
M
v
= .
OpgHako mnoTeHnWaid B Touke M7,
PAacIoJIOKeHHONl Ha pacCTOAHUU 1 or

r Puc. 8
[eHTpa chepbl, MOHO 3amMucaTb UHaye:

Vlzz%.

CnenoBaTenbHO, MOTeHUal B Touke M paBeH
>
7“"+1
IIpennonosum, uto Touku M u M; npubaumaroTcd K NOBEPXHOCTH
ctepsl, coxpauaa cooTHoumenne OM; x OM = 1. 3HaueHuA TNOTeHIUala
B Toukax M u M, npubauskaioTcA ApYyT K OpPYTY, a 3HaYeHUA IIPOU3BOJHBIX

NnoTeHnuamna pa3jJuyHbl BHYTPHU M CHapy:H IIOBEPXHOCTU, U UMEET MeCTO
paBeHCTBO

wv _o_, .
or 87“1_47TE’
HO )
_ vy _ [0V dr _ o2 0V 3
Vi=Vr, ory _[ or +V] drq vr or '

TakuMm o6pa3om, Korjaa r cTpeMuTca K 1,

a2V 4 39V

ar o +V7’]:47re.
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Tar rak a—V KOHeYHa, IIPpU TeX e YCIOBHUAX BEpPHLI paBeHCTBa:

or

aV .\ _ V. .3\ _q.
lim 87_(1“ 1)=0, lim BT(T ) = 0;
U, HaKoHell,
limV (1 —r?) = 0.

CI—UIa,I[bIBaH YeThbIpe MocCleJHUX paBeHCTBAa, IOJy4YuM

lim [2r %V + V] = A4rme.

Ionoxkum

<I>_2T%V+V

Ecmn r < 1, & mMo#HO NpeiCcTaBUTh Kak PAX BUIA
d = Z(Zn + 1)r"Y,;

cnefoBaTelbHO, GyHKIUA ¢ ynoBireTBopAeT ypaBHeHUIO Jlanaca, MocKoib-
Ky OHa fIBIAETCA CyMMOU cepuyecKUX MOIMHOMOB.

Rorpa r crpemutca k 1, & crpemurca K 4mwe. lokasaB, 4To JaHHOe
pasioseHye JefiCTBUTENbHO TaKkMke 1A r = 1, MbI IpuaeM K Teopeme Jlan-
naca:

Teopema. Jiobyio gynkyuio deyxr nepemeHHbLE MOHCHO NPedCcmasunmd
8 eude cymmol cepuieckux PyHryul.

IToTeHiian B HeKOTOPOil Touke cdepouganbHoro ciaoda. Ha
NOBEepXHOCTHU cdepbl eJUHUYHOr0 paguyca 3ajajuM (QYHRIUIO €, KOTopas
onpefenseT notexnuan V BHyTpu cdepsl. [loTeHinan Ha moBepXHOCTHU cde-
pbI paBeH 47e.

JTOT MOTEHI[UAN pacKIaJbIBaeTCA B CTEINEHHOU PAN

D Aprm, (1)

KOTOpBIA cxoguteA, ecnu 7 < 1. Eciu paccMaTpuBaTh 7 Kak KOMIIEKCHYIO
nepeMeHHYI0, T = pe'¥, naHHbll pAfJ onpenensaet GyHkuuo P, cxoaAamyooca
BHYTDU OKPY#HOCTU €JUHUYHOTO paguyca.
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Honomum r = e*¢. Torga cymecTByeT GbyHKUUA ', onpeneneHHan Ha
OKPY#HOCTU eIUHUYHOTO paJnyca, KpoMe, GbITh MOKET, HEKOTOPOI'0 KOJIH-
4yecTBa CUHTYNAPHbIX ToueK. Ecau pax (1) exogured mgaa p = 1, o, coraacHo
Teopeme Abeis, oH npejcTaBideT coboii dyHrnuo P’.

fI yTBepmaio, UTO 3TO BEepHO B TOM ciyuae, ecid pyHKuua ®' pasio-
muMa B pAa Pypoe.

Torpga

P = EA'ne"i“’ + Bl e,

fl Takse yTBeps/Ial0, UYTO BEpHO CllefyIOlIee:

A =A,, B =0.

JleticTBUTENBHO, cornacHo TeopeMe Koiu, nocienoBaTenbHOCTL 3HAYE-
HUil GyHEOMM @' BHYTPU OKPYHMHOCTU eJUHHUYHOIO paiguyca olpejelser
dYyHRIMIO, KOTOpaA ecTh He 4To HHOe, kak GyHKHuA V (pe'?).

Jdra byHruuA pasnoxuMa B pAn Bupa (1); ¢ Opyroil CTOPOHbI, UMEIOT
MeCTO Clefyiolie paBeHCTBa:

_ 1 ' dp 1 / n—1 _
An—% W, % ' d(p—O,

rfie MHTerpaiabl 6epyTcA BAOIb OKPY#HOCTU eIUHUYHOIO paguyca.
Ho nepBbiit uHTerpan cBogutea k A, a Bropoit — k BJ,. CienoBarteinb-
HO,

A =A,, B.=0.

n

3uauut, ecnu Gyusuua P’ pasnomuma B pag Oypwe, To paAx Gymer
CXOIMThCA A BeeX r = €%, B yacTHOCTH, 1A 7 = 1.

Ham ocTaeTcs nuimb qoKasaThb, uTo GyHrnua ®' pasnomuma B pag Oy-
pbe, T.e. uTo ®' — 3T0 QYyHKUUA OT ¢, UMeloLaa NPOU3BOJHYIO BO Bceit
obnacTy onpejielleHUA, 32 UCRIIOUYEHUEM HECKOJIbKUX CHHI'YJIAPHBIX TOYEK,
M 4TO B 9TUX CUHTYIAPHbIX Toukax unterpan [ |®'|dp umeer cmsicn.

JoraseMm, 4To GYHKIUIO € MOKHO IIPEICTaBUTh B BUJe CYMMBbI chepu-
yeckux ¢yuruuii. llorenuuan B Touke M ¢ roopaunaramu (r, 6, @) paBen

V — / Eld(f’
MM’

rie € — mIoTHOCTHL cdepudeckoro ciod B Touke (6, ¢').
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HNmeer mecTo paBeHCTBO:

or MM'2 dr MM'3

Rar ye 6bLI0 JOKa3aHo,

oV _ [ do’ dMM' _ / €'(cosy —r) do’

_ _ v _ e'(1—r?)do’
e=®(0, <p)—V+2r3r _/—MM'3 .

lonyctum, yto nyuy OM 3apurcupoBaH B MPOCTpPAHCTBe, U MpPUMEM
ero 3a och Oz:
0=0, p=1,
MM =1—-2rcosy+r2=1-2u'r+1r%
dnemenT noBepxHocTu do’ = dy' dy', a 3snauenune ¢pyurnuun ¢ B TOU-
Ke M 3anuiieTcA cleJylomuM o6pasom:

+1 27
!

dp
by = (1—1r? / /s'd '
M= ) (1 —2rp’ + 1r2)3/2 , ?

-1

Tak Kak £ 3aBUCUT TONbKO oT . [lonoxum
27
F') = /e'dtp'.
0

Torpga

+1
(1)2(1—7‘2)/( F(H)dﬂ

L (L=2rp + r2)3/2°

Mpenmonoxum, 4To chepa pasieneHa Ha HEKOTOPOE KOHEUHOE KOJU-
4eCTBO chepUIeCKUX MHOIOYTOIbHUKOB, CTOPOHBI KOTOPLIX NMpPeACTaBIAIT
co0oli Iyru aHaIMTHUECKUX KPUBBIX, U UTO B Ka#JIOM M3 3TUX MHOTOYTO0Jb-
HUKOB QYHKUUA € ABIAETCA HENpepbIBHOM QyHKUMEH oT p' u ¢'.

Mpu takux ycnouax F(u') ectb aHanutudeckad GyHKRUuA oT p', 3a
UCKIIOYEHNEM TeX 3Ha4YeHHii ', KoTopble COOTBETCTBYIOT BepIIMHAM MHO-
royroibHUKOB WM NapaiiielfaM Ha cdepe, KacaTelbHbIM K CTOPOHAM MHO-

F(u')

royroasHukoB. Torga pyHKuMA T

oo +1.

HHTerpupyeMa Ha UHTepBaie oT —1
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Monomus r = e*¥, noryunm
1 1
MM'? = 2r[§(7’+ ;) - u'] = 2r(cosp — '),

a IoJIOUB 3aTeM

costp — p' = 72,
N0y YUM
+1 ! !
_ 112 /F(u)du
(27.)3/2 73 :

-1

lanee Mbl JokamkeM, 4yTo GyHKUMA P OT 7 UMeeT NMPOU3BOJHYIO M,
cllefloBaTelbHO, pas3noxuma B paa Dypre.

1 HakoHel, ecliy pa3jioHUTh €e M0 CTEeNeHAM T, TO MOJYUYUTCA CXOIfA-
muiica pan anda |r| < 1. B ToMm ciyyae, Korja € cogep}UT KOHEYHOE YHCIIO
YJIeHOB, AaHHbIA pAJ OGygeT cXOOAUIMMCA U 1A |r| =1.

PaccMoTpuM HeCcKONbKO MPUMEPOB, KOTOPble MbI MCIONbL3YyeM B Jallb-
HeleM.

Ecm ¢/ = 1

%, TO

r_ 1
aecme = =, To

F(u') =2.
CooTBeTCTBYIOMUMHU chepudyecKUMU QYHKIUAMU MOTYT ObIThb Yy =

_1 _1
—27TI/IJIMY0—7T.

!
)
Tak:xe, eciu € = 3 TO, IPHMEHUB dopMymy co ¢Tp. 54, moryuum

dre’ =Yy +3Y; +5Y + ...
B namewm ciyyae
Yo=Yo=...=0, Yi=2u
By = 2r = 2¢'Y.
Teopema Jlannaca. B no6om ciiyyae BepHO clieyloliee:

F(') = a+by' + Fi(4'),
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rge a u b— HEKOTOpbIe NIOCTOAHHBIE. (DyHHI.II/IH ® B 3TOM CllyJdae 3alMueTcAa
Tan:

2a + 2be? + ;.
ITonomxus
1— 72 = 7 sinz/)

2r3/2 ’

ny) =

MoJIly4yuM
+1F ()
W) dp
®, =77(T/’)/1T'

YuuThiBad BbINIEU3I0MEHHOE, A TOr0 YTOObI yOequThbeA, 4To QYHK-
uuAa ¢ pasnoxkuma B pag Oypee, clelyeT JoKa3aThb, YTO
1) mpousBogHas Z—i cyllecTByeT M KOHeUYHa Ha Bceill ob6iacTH ompeje-

JeHUA 33 WCKJIIOYEHHEM OrPaHMYEHHOT0 YMCJIa CUHTYJIAPHBIX TOUYEK
¢yHrnuu P;

2) unrerpan [|®|diy B 9TUX CUHTYIAPHBIX TOUKAX KOHEUEH.

Ho Z = 0 npu p' = costp, a snauur, F(u') ne umeer cmoicna. Heo6-
XOJIMMO BbIACHUTb, K KAKOMY Npelely CTPeMUTCA GYHKIUA, KOTa fi CTpe-
MHTCA K COS .

Ipoussoanas illi cymecTByeT. B camoMm gene,
d® _ o iy A1 Fldlt 1d.U
pri 2bie'¥ + — av | 2 ¢ .
21

MoskHo mogo6paTh a U b TakuM 06pa3oM, 4TOGI
Fi(cost) =0, F{(costp) =

CrefloBaTeNnbHO, eciiu cos ¥ — ' ecTb GECKOHEYHO Mallafl BellMuUHa Tep-
BOr0 NOPAIKa, TO 3HaYeHue GpyHKuuu F(u'), aHanuTuyecKol B OKpecTHOC-

TH c0S ), GyieT 6€CKOHEUHO Malloil BelIMYMHON BTOPOro MopAgKa. JHaMeHa-

TeJn o 3HAKOM HMHTerpajga — BEJIWYHUHLBI IOPAJKa § n g, a yuciurTelb —

2
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Belln4unHa BToporo nopaaka. MuTerpan, TakuMm o6pa3oM, KOHEUEH 38 UCKIIIO-
YeHHMEeM Clydafi, KOrJla Cos 1) — TOYKa CUHIYIAPHOCTH AaA dyHruuu F(u').
B sTux cunryaapueix Tourax (¢ = 1)y) uHTErpan

JEX

Jon#eH GbITh KOHEYHBIM.
[Ipennonomxum, 4To

a = F(costp), b=0.

Torpa

/|<I>|d¢ <2/|F(c0sz/))|d¢+/nd¢/ [F (1) —Zf(coszb)ldﬂ.

[IpaBas uyacThb AaHHOTO HepaBeHCTBa OOM#Ha OcTaBaThbCA KOHEYHOI.
IlepBr1it uHTerpan koHeueH. CleqyeT J0Ka3aThb, YTO 3TO TaK U JJA BTOPOIo
UHTerpaina.

JTOT UHTerpal npeacTaBifgeT co00il OBOIHOI MHTerpai, U ero 3Haue-
HUE B CUHTYJAPHBIX TOUYKAaX IOJKHO ObITh OECKOHEYHO Masoil BelUUYUHOU
NOpAJKA HUE JBYX, 8 B CUHT'YJIAPHBIX JIUHUAX — MOPAAKA HUKE eIMHUIIBL.

B namem cinyuyae uMeeTcA oJHa CUHTYyJApHad IWHUA, a UMEHHO, JU-
uuA ' = cost. B Toure p' = cos)y uncauTenn nommeH GbITH GECKOHEUHO
Maloil BeIMYMHOI MEPBOT0 NMOpPAAKA, a 3HaMeHaTelb — BeJINYUHON MOpAL-

Ka %, 3a UCKIIOYEHNeM CUHTYIAPHbIX Touek ¢yHruuu F(u'). CiegoBarennb-
HO, 3JIeMeHT UHTerpaia JojeH 6bITh 6€CKOHEYHO! BelMYNHOI MmopAAKa %,
U MHTerpaia uMeeT CMbICI.

B cunryaapueix Toukax F(u') # F(cost)) 3HaueHne QyHKUUM MMeEET

NOpPAOOK %, 1 UHTerpall cHoBa UMeeT CMBbICII.

Takum obpasom, pyHkuuA ® ynoBrIeTBOpAET HEOOXOOUMBIM YCIOBUAM
u pasnoxuma B pag Oypee.

®opwmyna Jlannaca geficTBUTenbHa A cliydad r = 1, U UMeeT MecTO
clefyloliee paBeHCTBO:

_ 1
e= - Y (@20 + 1)Y,.

Teopema Jlannaca gokasaHa.
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HEOJHOPOOHAHA MACCA ARHIKOCTH.
ITPOBJEMA RJIEPO

IlpenBapuTenbHble paccyskaeHua. llpeanonosuM, 4To BpaleHue
MUOKOM Macchl MPOUCXOAUT OYEHb MENJNEHHO: ee TOBEPXHOCTh Malo OTIU-
YaeTcA OT MOBEPXHOCTHU cephl, a KBaApaT CKOPOCTH BpalleHUA w? mpej-
cTaBlfAeT coboit 6eCKOHeUHO Malylo BeIUYUHY NEPBOTO NOpAJKA.

Panee Gb1no mokazaHo, YTO NMPU OTCYTCTBHM BpaIlaTelbHOr'O IBUMHiE-
HUA DKBUIOTEHIMATbHble IOBEPXHOCTU €CTh IOBEPXHOCTHU PaBHOI MIOTHOC-
tu. [lorennuan Vj B Kakoif-mu6o TouKke 3aBUCUT TONBLKO OT T, U ypaBHEHUE
Jlannaca cBogUTCA K clefylolleMy BUAY:

d2V0 2dV, i
a2 + T dr —4mp. (1)

AV =

Macca, 3arii04eHHand MexAY ABYyMA chepamu 6eCKOHEUHO GIU3KUX pa-
IOMYCOB " ¥ T + dr, paBHa
4rr?p dr,

B TO BpeMA Kak o0llaA macca, 3aKkjilOuYeHHaA BHYTpU cdepsl paguyca r,

paBHa
r

/ 4er? p dr.

0

0603HaYnM CpefHIO0 INIOTHOCTDL NaHHO# cdepsl yepe3 D. Toraa

T
/47rr2pdr = %n 3D.
0

D — 310 ¢pyHruMA oT 7, a ee npousBogHaa D’ — orpunarensHa, mo-
CKOJNIbKY paBHOBeCHE YCTONYMBO.
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Ipoaud pepenurposas nocieqHee ypaBHeHNe, MOLYYUM
4 pdr = 47r2D dr + §7r7’3D' dr.

Ilocne cokpallleHUA MHOMUTENA 47r? dr

3p=3D+rD'. (2)
BosbMeM Npon3BOAHYIO MOCIEeIHEr0 ypaBHEHUS:

3p' =4D' + rD"; (3)

9TO PpaBE€HCTBO MbI BIIOC/IEACTBHUH UCIIOJIb3yEM.
CZ[EJIHEM elje OJHO 3aMevdyaHue. BESyCJIOBHO BEpHO ciieayroiiee:

3D > 3D +rD' > 0.

IlepBoe HepaBeHCTBO BepHO, MOCKOIbRY D’ oTpuliaTelbHa; BTOpoe Bep-
HO, MOCKONbKY p monoxuTenbua. Orciona

!
0> 7"5 > _3.1
rD'
Ecnu sunkaa Macca ogHOpO/IHA, 3D = 0.
/
Ecinu BcA Macca cocpefioToyeHa B neHTpe cdepbl, % = -3.

Ilorenuuan, co3maBaemelii chepoit paanyca r B TOUKe, paclolo#eHHON
Ha ee NOBEPXHOCTHU, PaBeH

4_ 2
37rr D.

Cuna, JeficTByIOLIaA Ha MOJIEKYIY OBEPXHOCTH, PaBHA

av;
% _ 45D (4)
dr 3
Hockoneky p u Vy ABAAIOTCA QYHKUUAME TOALKO OT 7, MOMKHO NpPEANONO0-
#MUTb, YTO OJHA M3 HUX ecTb PyHKuMA oT Apyroil. Ha ocHoBanuu cooTHo-

wenud (1), AV, ects dyuruus ot Vp, t.e. AVy = f(Vp). Duddepenunpys

!
r
1Benu'-ltu T NPUHATO Ha3biBaTh NnapaMeTpoM KOHLEHTpauuu.
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3Ty QYHKIHIO, MOy YaeM

dAV,
df Vo)  d(AVo)  “ar  —4np
dVo Vo avo - éer'
dr 3

YuuTeiBaf cooTHoueHue (3), HOIyIUM

! n
V) = 4D’ +rD 5
0 — T N .
1'(v) = 224 (5)
Pasno:enue norennuana B paa. Ilpennonoxum Tenepb, 4To Mac-
ca MUAKOCTH BpallaeTcA ¢ HECKOJbKO Ooibleil ckopocThlio. [loBepxHOCTD
ee nedpopmupyercs, Ho He3HauuTenbHo. [loTennuan, co3maBaeMblii chepoit
B HEKOTOPOIl TOUKe, MOHO IpeJCTaBUTh B BHAE CYMMbI chepUUYECKUX
pyHRIU:
V=V+ E HY,

rae Y — HerkoTopas chepudeckana pyHruA, a H — kK03dPUIHEHT, KOTOPBIi
caM ecTh GYHKIHUA OT r NopAAKa w?, Tak kak V Malo oTindaercsa oT V.
YpaBHeHue Jlanaca Mo#HO 3anucaTh B ClIeIYIOIEM BUJE:

AV = AV + Y A(HY) = —4rp, (6)

[IpUyYeM coriacHo Gopmyiie, nokasaHHoii Bbime (cTp. 50), UMeeT MecTo pa-
BEHCTBO:

rge n — NopAnok chepuyeckoit pyHknuu Y.
Ilonoxum, uro

2
U:V+%(a:2+y2);

TOraa, Kak ObLIO J0KA3aHO paHee, YCIOBUE PABHOBECHA BBITIAJUT CIEAYIO-
UM 06pa3oM: MOBEPXHOCTH ¢ MOCTOAHHLIM 3HaueHueM U coBmagaioT ¢ mo-
BEPXHOCTAMH PaBHOM IJIOTHOCTH.
Otcrona
AV = —4xp ectb dyuruua ot U.
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IockonbKy BennunHA w? o4yeHb Mana, V He3HAUUTENbHO OTIMYAeTCH
ot Vy, a AV HesHauuTenbHo oTinvaercd or AVj.

Otnomenue memxay AV u V He3HaUMTeIbHO OTIUYAETCA OT OTHOIIEHUHA
Memay AVy u Vy. CiegoBaTelbHO, MOAHO 3alKMcaTh

AV = f(U) + ¢(U),

rie ¢ — HekoTopaa (QYHKIUA, 3HaYeHHe KOTOPOl Beerja MOpAgKa w?.
PasnoxuB npaBylo 4acTb IpeAbIoylIero paBeHCTBa o ¢popmyne Taii-
jopa, oIy YuM

AV = f(Vo) + (U = Vo) f'(Vo) + ... + 0(Vo) + (U = Vo)¢' (Vo) + ... .

Ha ocHoBanunu CcAeJlaHHbIX Hpe,I[HOJIOPHEHI/Iﬁ MOMHO npeHeﬁpeqb O6ecKo-
HE€YHO MaJIbIMHU YJIeHaMW BTOpPOro mnmopAara U 3anucaTb

AV = f(Vo) + (U = Vo) f' (Vo) + ¢(Vo) = AV + (U — Vo) f'(Vo) + ¢(Vo).
Haxowen, yunTsiBad paBeHcTBO (6), MO#HO 3amucaTh
D> AHY) = (U - Vo) f' (Vo) + (Vo)
OueBugHO,
U-Vo=) HY + %2(x2 + ).

2
DyHRIUIO %(3'32 + %) MO#HO B CBOIO OYepellb NpeJCTaBUTh B BUJle

CYMMEBI chepuuecKUX pyHRIUMA:

2
%(:ﬁ +y?) => CY.

2 2 2
Gy =@y 4 )+ S (@7 4y - 227 =
_ w2r? | w2 a? +y? — 227
3 6 2 )

Paznoxenne cBOAUTCA K cyMMe IBYX chepudeckux GyHkuuii ¥ = 1
2 2 2
-2
nY = ‘”'"yizz

CTBEHHO.

2,2 2,2
“’3r uCy=“" coorser-

6

¢ Koaddunuentamu Cy =
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OcranbHble KO3)GUNUEHTHI PAaBHBI HYIIO.
YuuThIBad BBINIEN3NO0MEHHOE, MOMKHO 3alKcaTh

U-Vo=)Y (H+C)Y,
N AHY) =D (H+CO)Y f (Vo) + (Vo).

OnpeneneHue Ko3dduUHeHTOB pa3siosxeHud. [iad Toro 4uTo6bl
HaiiTH 3HaYeHUuA KoddunuenTa H, Hajo npupaBHATL APYT K JPYry Ko3d-
(¢ULUeHTHI IPU OJUHAKOBBIX ujleHax Y.

Bripamenue

A(HY)

COoepHuT (I)yHI{I.II/IIO Y kak MHOHUTENb, Clieao0BaTEJIbHO

" !
AHY) = Y(H + C)f' (Vo) = Y (H + 0)%.
Bosbmem Y = 1. Torpa
_ W? 2\rD" +4D’
AH_(H+ 3r) 2=+ (Vo) 8)

Takum o6pasoM, Koabouurent H omnpeneinsercA JTUHEHHBIM ypaBHe-
HHEM BTOPOTo MOpAAKA.

BosbmeMm Tenephb
2?2 +y? — 222

Y = 5

r

B sTom ciayuae koadpounuent H onpenensercA ypaBHEHUEM

A@mY) = (H+ 9

rD" + 4D’
i)Y

. 9
rD (%)
HOna npyrux 3HavyeHuit Y nMeeT MecTo ypaBHeHUE

rD" + 4D’

A(HY) = HY "=

(10)

[locnennue Tpu ypaBHeHUA MMEIOT OJHO O4eBHHOe pemenue, H = 0.
JlokameM, 4TO HET HEOOXOAMMOCTH paccMaTpUBaTh JApyTHe PelleHU .
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B cayuae, korma Y mpencraBnfier co6oit GyHKIMIO IEPBOTO MOPAKA,

MO{HO HaiiTu cooTBeTCcTBYOMIee 3HaueHue H. JleficTBUTENbHO, CyIIeCTBYeT
TPHU HE3aBUCUMBIX (QYHRIUU EPBOT0 MOPAJKA

Rl
RS
S|w

PaccmoTpuM ofHy U3 HUX; HapUMep, % H3sBecTHO, YTO

AVy = f(Vo)-
Bosbmem NIpou3BOHbIE TIO & OT KamL[OI‘/'I u3 yacTel paBeHCTBa
9 -0
2 (av) = 2 (),
WV Ve
Or =), Oz’
(dVO ) % 3”‘
dr dz’
dVy dVb x rD" +4D'
o[ 5] - gt

rD

OueBugHO, uTO eciu Y = %, TO ypaBHeHUe

_ rD" + 4D’
A(HY) = HY D
crnpaBeiuBo npu H = adVO

LY _
o JT0 BepHO U AaA GyHRUMA Y = T u Y = =,

B TakoMm ciyyae uieHbI IepBOro MOPAJKA BRITIALAT CIEAYIOIUM 06pa-
30M:

%(aahLl;y—i-cz)’

rae a, b, ¢ — HeKoTopble KOHCTaHThI. Kak MbI BCKOpe YBHAUM, MOKHO
9

npeanojosinuTb, YTO 3TU KOHCTAHThI PAaBHbI HYJ/IO IPU YyCJIOBUH, UTO LHEHTP
TAMECTH Tella CoBIIagaeT C HavajJoM KoopaAuHaT

dunruncounaibHaAd (popmMa YpPOBEeHHbIX IOBepXHOcCTeil

ii. Pac-
CMOTPUM HEKOTOPYIO YPOBEHHYIO MOBEPXHOCTh, KOTOpafd MPHU OTCYTCTBHU
BpallleHUA uMeeT chepuyecKyio Gpopmy.
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TN IIpu Bpamenuu touka M (puc. 9) mepe-
N\ MemaeTcsa B Toury M’ Ha HOBOH ypoBeHHOH
/' nosepxHocT. HopmainbHoe cMelieHne nmeeT

clleAyomui BUMI:

¢=MM'cos(r, MM').

X—— o nedopmanuu B Touke M ObLIO BEPHO
paBeHCTBO
Puc. 9 AV = —4mp.
Mocne pedopmanuy MWIOTHOCTL B Touke M’ paBHaA NO-TNpemHEMY p,
a IIOTHOCTL B Touke M paBHa p' = —%—7‘:, rge V — moteHnualn B TOY-
ke M. AMeeT MecTo coOTHOIIeHUE
dAV,
AV = AV, — .
0—¢ dr

YuuTsiBad, 4TO
dAVy _ dAV, dV

dr — dVy dr’

U BOCIOJb30BaBUIUCH COOTHOEHUAMH (4) u (5), noayuum
AV = AVp + 4{((41)' +rD").
C npyroii cTOpoHbI, MbI MOK€M 3alucaThb
AV = AVy + Y AHY.

Otcrona

_ 3
¢= 4m(4D' +rD") D AHY. (1D

Bepuemca K ypaBHeHUAM, onpeenfiomuM Koadounnentsr H.
O6bem ¢urypsl paBHOBecHUA, HaXoJAllelicA B COCTOAHNY NOKOA, PaBeH
o6BeMy Toil e GUTrypbl, cOBepllalolleil BpamaTeibHoe qBusenue. Cieno-

BaTeJlIbHO,
/ Cdo =0,
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UiIn

/ZAHYda:O.

Mo:HO 3amucaThb cilenytoliee:

Zgo(r)/YdazO.

Ramioe cnaraemoe paBHO HYJIO, 33 UCKIIOYEHHEM IMepBOTo, IJIfA KO-
Toporo Y paBen egunune. Orcioga, o603HauuB Ko3ddunueHt npu Yy = 1
yepe3 Hy, monyuyum

A(Ho) - 0,
unu, Tak kak Hy ecTh QyHKIUA OT T,
_ d2H0 2dH0 _

Obmee peleHHe STOr0 ypaBHEHHA BBIMIAJUT CIeAYIONIM 06pa3oM:
B
Hy = A+ )

rie A u B — KOHCTaHTBI.
Hanomuunwm, ognako, uto V =Vy + > HY . Ha GeckoHe4YHOM ynaneHUH
ot moBepxHocTu V u V paBHbI HyI0. 3HAYUT, HylIO paBHbl U A, u B,
WHaye MOTEHIIMAl B [lEHTPe Tella CTaHeT OECKOHEYHBIM, YTO eCTh abcypi.
Ypasuenue (8), onpeaensioiiee H, CBOAUTCA B 3TOM Cllydae K BHILY

2,2
F'(Vo) 5= + (Vo) = 0.

Jro ypaBHeHue onpenenser ¢pyurunio o(Vp).

Hawm eme npenctouT y6eaAuThCA, YTO A JPYTUX 3HAUEHUN QyHKIUKU Y
€JUHCTBEHHbIM BO3MOMHBIM 3HAYEHHEM HOB(I)Q)I/II.II/IEHT& H ABJIAETCA H = 0
OngHako ecau AOMYCTUTh, UTO 3TO TaK, TO ( CBOAUTCA K OTHOMY 4JeHY,
a UMEeHHO,

_ 3 _AHY, _
C=drap 1,07 - Y0
Otcrona
x? +y? — 222
(= y—2¢(r)~

r
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13 sTOoro ypaBHeHMA BHMIHO, YTO yPOBEHHbIE IIOBEPXHOCTHU ABIAKTCA
3JIIANICONJaMU.
B camowm perne,

@+ +2°) =+ =r’+2r(+
HO BeauurHO# (2 Mo#HO npeHe6pedb, U TOTrJa NMeeM

2, .2 2
x4+ Yy — 2z
Py + 2=+ 2r—y2 (7).
r
JlaHHOe ypaBHeHHe IpejcTaBiIfAeT co0O0il ypaBHEHHe BIUIMICOUAA Bpa-
weHudA Bokpyr ocu Oz [10].

Csxatue. CiaTueM 3JUIMICOUJA HA3bIBAETCA OTHOIIEHWE PA3HOCTH
JUIMH €ro 3KBaTOPUAILHOTO WM NOJAPHOIO pPaJUuyCoB K CpefHEeMY paguycy,
KOTOPBIA MbI 0603HAYMIN Yepes 7.

YToGb! HAWTH 3TH PAJUYChl, Mbl MOEM BBbIUMCIUTL 3HaueHuA ( A
Touek ¢ KoopauHatamu (x =y =0,z =r)u (y = 2z =0,z = r). Atu
3HAYEHUA PaBHbI, COOTBETCTBEHHO,

¢ = =2r"y(r),
¢ =ry(r).
3HaueHHe pasHOCTU PafiiyCcoB PaBHO
3r24p(r);
OTCloJa ciaTtue
‘= w = 3ro(r) = z? +zZC— 22 3_1€’

rge yepe3 Y o6o3HaueHa chepuueckas QyHRIUA

22 +y? — 222
r? '

N3BecTHO, UTO
3 Y AHY

C: ETD//_'_ALD/'
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CyMMa 3ech CBOAUTCA K OQHOMY uieHy. BcrnoMuuM ypaBHeHnue (9):

_ w?r? ' _ w?r?\+,4D' + rD"
A(HY)_(H+ - )Yf(VO)_(H+ k )Y o
Otcrona
2 _ w?r?
4nr?DeY = (H+ 5 )Y,
2 _ 9 w2\ 2
Aer*py = L [AHY+ > Ar Y].
Ho

Ar’Y =0,

Tak Kak Y ecTh chepudeckana pyHKIUA BTOPOro MopAmKa.
Kpowme Toro,

D AHY = (rD" + 4D")erY.
4

Tarkum ob6pas3oM, ypaBHeHHE NPUHUMAaET BUJ
Aer’DY = (rD" + 4D"erY.

Panee 6n110 JOKa3aHo, 4YTO eClin P aBnsercsa cdaepnqecm/IM IIOJIMHOMOM
CTeneHu n, To

!
A(UP) = P[U” +2n+ 1)UT].
IonoxuB n = 2
U=eD,
P =%y,
NONYy4YUM ypaBHEHUE
d?* (eD) L6 d(eD)
a? T dr

i
— eDlI_'_ 4172 6;

npeo6Gpa3oBaB BhIpaseHue, NOIY YUM

2ep'+8¢p =02

"D +2e'D' + >

13710 — mepBuuHoe ypaBHeHue Kiepo, ciysaiiee 1A onpeaeneHuA Npobuila cAaTHA
[OBEPXHOCTEH paBHON MIOTHOCTH e(r) M0 3aJaHHOMY 3aKOHY paclpejeleHUA MIOTHOC-

Tu p(r).
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JTo ypaBHeHUe NpeAcTaBifAeT co6oii TMHeHOe OIHOPOIHOE YPpaBHEHUE

BTOPOTO NOPAJKA, KOTOPOE MO#HO MPUBECTU K YPABHEHUIO NMEPBOT0 MOPAJ-

Ka C IIOMOIIbIO 3aM€eHbI l'IepG,MeHHbIXlZ

! " 12 ! 2 I
n="g, =T TG, T =’
YpaBHeHI/Ie NpuHHUMaeT BUO
D(rn +n* +5n) +2rD'(14+1) = 0. (12)

Idmo ypasHeHue Ha3vlieaemcsa ypasHeHuem Kaepo.

Ilpenean! 3Hauenus 7. Panee (cTp. 61) Gblno NOKA3aHo, YTO

!
—3<%<0.

MopcTaBum »TU KpaiiHue 3Hadyenus 7D’ B ypaBuenue (12) u, oTkia-
IbIBafd MO OCHM abGClMCcC 3HAYEHUA 7), a 10 OCH OpAMHAT — 3HAYEHUA 77,
[OCTPOUM [IBe cleaylomue napaboast (puc. 10):

r +n° +5n=0

ry + 0% +5n—6(1+n) =0.

Touka ¢ KoopauHATaMu 7)) U 7) MOMET HAXOAUThCA TONLKO B 06JacTH
MesIy AByMA napaGoiaMu (3aliTpUXOBaHHAaA 06JacTh Ha PUCYHKE).

Noranem, 4To 3HaUeHMe 7) 3aKa04YeHo Mexay 0 u 3.

3HaueHUe 7) He MOKeT GbITh OTpUNaTelbHbIM. B camoMm nene, eciu oHO
OTpHUlIAaTeNbHO JJ1A HEKOTOPOTo 3HAUeHUA Ty, TO MOMHO NMoJo0paTh JBa Ta-
KHUX MONOMUTENbHBIX Yucaa a u 3, 4To

—-B<n< —a.
Kpowme Toro, a u 3 MOryT fae yIOBI€TBOPATHL HEpPABEHCTBY
l<a<2<pB<5.

fl yTBepaaio, 4TO 1) He MOeT ObITh GoJblIe —(x.

13Ty ynaunyio 3aMeHy NepBbIM cfenan Papo.
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rn

Puc. 10
JeficTBUTEeNbHO, ecny 6bl BeIMUYMHA 1) AOCTUTIIA 3HAUEHUA —q [JIA He-
d d
KOTOpOr'o 3Ha4eHuA r, MeHbLIero rg, To U d—", u rd—n cTanu Obl OTpULlaTelb-
T r

HBIMH.

Toura ¢ KRoopauHaTaMu ’I"l’]' H 1) = (¢ HaxoguJjachb ObI B 3TOM cly4yae BHe
3aHJTpI/IXOBaHHOﬁ obnacTu.

Paccy}ﬂ}laﬂ TaKuM e 06p330M, BUAUM, UTO 7) HE MOMKeET ObITh MEHb-

me —/3. B camMom pene, eciu AjiA HEKOTOPOro 3HAYEHUA 7, MEHbIIEro 7y,
dn rdn

uMeeM 1 < —3, To H e u o NOJIOKUTENbHBI, a u3obpamalonas
r r

TOYKA HAXOOUTCA B TOM 06J4aCTH MIOCKOCTH, Ifle He MOeT ObITh TOUKU
¢ KoopauHatamu (rn’, ).

3HAUNUT, ecid BeIUUYMHA 7) OTpULATENbHa A 7o, TO IJIA BCEX 3HaYe-
HUA 7, MEHBIIUX 79, 1) HAXOAUTCA MeMAY uuciaMu —a U —(3, U BepHbI
clleflylolye HepaBeHCTBa:

!
. e . _a
L <oy <2,

NuTterpupys ot r < ¢ 10 Ty, HOLYyUUM

ln% > ln(%) , e>Ar™<.
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Otciofa, Koria r CTPEMUTCA K HYINIO, 3HaYeHUe e 04YeHb GbICTPO yBe-
JIMYUBAETCH, U TPU JAOCTATOYHO MalbIX 7 CTAHOBUTCH CIAUINKOM GOIbIIUM,
KakKMM OHO ObITh He MoieT. CiemoBaTelbHO, 3HaYEHUE 1) He MOMKET ObITh
OTPHUIATENbHBIM.

f1 yTBep#aaio Tak#e, uto 1 < 3. JoKasaTelbCTBO aHAIOTMYHO BhIIlie-
IpUBEIEHHOMY.

B camoMm mene, momycTuM, 4TO IJA © = Tg MbI UMeeM 1) = 1) > 3.
3HauuT, A1 r < ro 3HayeHue 1) GyeT Takke Oonble 3.

lleiicTBUTENbHO, HEPABEHCTBO MepecTaHeT BbINOIHAThLCH, TOILKO €Cld
3HaveHue 7) 6yJeT MeHbllle 3 UK ecli OHO CTAaHeT OTPHUIATEeNbHBIM, IPOHaA
yepes GeckoHeuHOCTh. IlocieqHee mpeanonoxeHye cielyeT OTBEPrHyTh MO
NpUYMHAM, M3JI0#EHHbIM Bbille. TakuM o6pa3oM, HEOOGXOAUMO TOIbLKO IIO-
KasaTh, YTO 3HAUYEHUE 1) He MoeT ObITh paBHbBIM 3. Eciu n = 3, To u 7/,
U 77y’ CTAHOBATCH MONOMUTENbHBIMH, UTO €CTh abcypa. Touka ¢ KoopauHa-
tamu (7', 17) HAXOAUTCA B 3TOM Cllyuyae BHe 06NacTH, 3aKIIOYEHHON MeHK 1y
IBYMA paccMaTpuBaeMbIMU KpuBbIMU. CliefloBaTelbHO, BCeria BEpHO Hepa-
BEHCTBO

n < 3.

K Ttomy e mpu n > 3
' 4+n° —n—6<0.
A fortiori,
' +n’—n-6-5(n—-3)<0, ' +(n-3)7<0;

YMHOKaf Nocle/lHee Ha dr, KOTOpPOe OTPULATENbHO, €Cl T YObIBAET B MH-
TepBaie oT 1y Ao 0, noxyyum

dr dn
=+ —7 >0,
" (n-3)?
e 1 1 1, 1 1 1

[IpaBas yacTb mocieiHero0 HepaBEeHCTBA €CTh BelUUMHA KOHEYHas, a Jie-
Baf NpeJcTaBiAeT co6oil cyMMy OBYX WIEHOB, U3 KOTODPHIX NMEPBBIN CTpe-
MUTCcA K 6ECKOHEUHOCTH, eclid 1 cTpeMUTcA K Hyqno. CrefgoBaTenbHO, Hepa-
BEHCTBO HEBO3MOH#HO.
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Otciona,
0<n<3,

4yTo U Tpe60Ban0c5 JOKa3aThb.
BBIHCHI/IM, MOeT JU 3HayeHue 7 JoCTUraTb CBOUX IMpeaelioB.

/
Ecau % = 0, To ypaBHeHUe CBOJUTCA K BUIY

m +n°+5n=0

¥ IMeeT pelleHue
n=0.

rD'

Ecau D

= —3, TO ypaBHEeHHEe CBOOUTCA K BUOY

i’ +(n—3)(n+2)=0

U UMeeT pelleHue 1 = J.

IlepBeIit ciydail COOTBETCTBYET TOUKE, PACIIOJNOMEHHO! BHYTPH IIpei-
MOJIOMUTEIbHO OJHOPOJHON MUAKONM Macchl, BTOPOl OTHOCUTCH K TOYKaM,
HaxoJALIMMcA BHe Macchl #UAKOCTH, B 4acTHOCTHU, B TOM clydyae, KoOrja
BcA Macca cocpeloToYeHa B IIeHTpe Tela.

fl yTBep#aao, 4TO B 3TUX YaCTHBIX CIydyafdX eJUHCTBEHHO JONYCTH-
MBIMU pellleHMAMU fABnA0TeA ) = 0 u n = 3.

rD'

IIpeanonoskum, 4yto o = 0. YpaBHeHUe CBOJUTCA K BUIY
1 2 _
ry +n° +5n=0,
d
Tt —=0
N+ 51
U MMeeT pelleHue
Inr+ Lin—1_ = ¢te,

5 n+5
Mna r = 0 nony4yum
n
In = 00;
n+5 ’
orciona 7 = —5. Ho BenuuuHa 7) Beerjia nonoxuTelnbHa A 1106010 r, clieo-

BaTeNbHO, IOCTOAHHAA UHTETPUPOBAHUA HE MOMeET ObITh paBHa —00, U MH-
terpan ceogutcA K ) = 0. To e BepHo U anA 1) = 3, T. e. AIA clyyad Macchl,
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COCpe,I[OTO‘{EHHOf/'I B IEHTpe TeJia. Bue maccenr HMUIKOCTH UMeeT MeCTO ypaB-
HeHue
! 2
rn +n°—n—-6=0,

ob1ee pelaieHre KOTOPOr'o BRIMNIAAUT ClleAyOMNUM 06p830MZ

In7® =1In n-3 + Cte,
n+2
IocTosAHHaA UHTEr PUPOBAHUA He MOKeT ObITh paBHa 0, 1 3HAUUT 1) = 3.
ToNbKO B 3TUX IBYX CIIyYasfX 3HAYEHUE 7) MOMKET JOCTUTaTh CBOUX IIpe-
nenoB. B camom mene, momyctum, uto n = () OpU HEKOTOPOM 3HAUYEHHH T
U uyto 7 > 0 NpU HEKOTOPOM 3HAYEHWU T, OTIMYHOM OT HyuA. CremoBa-
tenbHo, 1'(rg) = 0. oxcraBifa naHHble 3HayeHud B ypaBHeHue Kiepo,

MoJIlyyuM
D' =0,

0JHAKO, TIOCKOMbKY
rD' + 3D = 3p,

10 D = p. Takum o6pa3om, NJIOTHOCTL B IaHHOH TOYKe paBHa cpeHeil MI10T-
HOCTHU, U, NMOCKOJIbKY TpejlojaraeTcf, 4YTo IMJIOTHOCTb He MOeT yMeHb-
maThCA 10 HaNpaBIeHUIO K IIEHTPY, AAPO Tella OAHOPOMIHO.

HonmycTuM Takme, 4To = 3 npu r = ry. Kar u B npeabIayeM ciyuae,
7', I0-BUAMMOMY, paBHa Hymo. TakuMm o6paszom,

rD' _
D = 3.

B nanHoit Touke p = 0. To #e BepHO U [JIA TOYEK r > ry. JHAUEHUE p
He MOKeT YBeJNUUUBATbCA, NOCKOIbKY TelO0 HaXOJUTCA B PaBHOBECHUM; Clle-
JoBaTelbHO, 1) = 3 Ipu r > ry.

Ilokamem, uto n = 3 u B cayyae r < ro. Jomycetum, uto 1 < 3, Toraa
3HaueHue BbIpameHuA 7°(n — 3) GyJeT yMeHbIIaThCA NPU yMeHbIIeHUH T,
a ero npousBoAHan OyleT moloxuTenbHoi. OTciona

rn’ +5(n —3) > 0.
YpaBrenne Kiepo MomeT GbITh 3amycaHo B cleyloleM BHe:

r’ +5(n—3)+ (n—23)"+ [2”71)'+6](1+n)=0-
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HOCKOJ’ILI{y ABa MOocCJeJHHUX YjieHa 9TOro paBeHCTBa IOJOHUTEIbHBI 110
cBOei CyTH, TO OOJMHO BBINIOJHATBCA PABEHCTBO

rn’ +5(n—3) <0,

YTO MPOTUBOPEUUT YCTAHOBIEHHOMY BBbIIIE.
CnenoBaTenbHo, 7 = 3 u aad r < 1o, a 3HAYUT,

[2rD’

- +6] —0.

Otciopa, p =0 gasa r < ro.
TakuMm o6pa3oM, Macca MIAHETHI IIETUKOM COCPEIOTOUYEHa B ee IIeHTpe.

dopma MHTerpaibHbIX KpHBBIX. Paccmorpum temeps dopmy
KPUBBIX, ONKUCHIBAEMBIX ypaBHEHUEM

!
g + 1% + 50+ %(14‘7]) =0.
[locTpoumM KoopauuaTHele ocu Oy u Or.
HO_BI/IZ[I/IMOMy, OOCTaTO4YHO pacCMOTpeTb y4YaCTKH KPHBLIX, COOTBET-
CTBYylolue 00JIaCcTU 3HAYeHUit

0<n<3.

IIpoBenem npamyio n = 3.

Boo6uie roBops, 4yepe3 KamIyl0 TOYKY IJIOCKOCTU NPOXOAUT OAHA U
TONbLKO OJHa KpUBaf, 3a UCKIIOUEHUEM cilyJyaeB, Korja QyHKIuA 7' He AB-
JAfeTcA roJoMopdHOii.

Ho

!
n2+5n+—2’"§ (1+n)
n=- r

Oyurnusa 1’ He roromopona npu v = 0. [Ipamas r = 0 ABIAETCA UHTer-
pajibHOll KpuBoil ypaBHeHuA. Ha 3Toit npAMoit uMetoTcA aBe ocobble TOYKH,
n=0wumn=—5, B KOTOpPbIX QYHKUUA 7 HE ONpe/eNeHa PU YCIOBUU, UTO

rD’

BeJIMYnHa T CTPEeMHUTCA K HYJIO BMeCTe C T. HNmeeT mecTo pPaBe€HCTBO
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IIpaBaﬂ YacCTb 3TOro paBeHCTBA HeEIIPpEMEHHO OoTpulaTelibHa, Tak KaKk
INIOTHOCTH CJIOA MeEHbIe Cpe,[[HefI INIOTHOCTHU TeJla mog 3TUM CjloeM, IIo-
CROJBRY IIpeamnoJjaraeTca, 4To Te€JO HaAaXOOHUTCH B paBHOBECI/II/Il.

Rorpa r cTpeMuTcA K HYIO, p CTPEMUTCA K HEKOTOPOMY Npeneny pg, U

p< D < Pos
p p .
2 1< D 1 <0
HO % — 1 cTpemMuTCA K HYNIO BMECTe C 7, 3HAYUT, % — 1 Takmxe cTpemurca
!
K HYJIO, U, ClIeJIoBaTeIbHO, BeJIMYNHA Tg CTPEMUTCA K HYJIIO BMecTe C 7.
B Touxkax 0
") =
r =0,
n=>5

ABe UHTerpal/ibHble KPpHBbIe OJHO3HAUYHO He OIlpeeIeHbl.
I[Ol'[yCTI/IM, 4YTO 3Ha4YeHue r JoCTaTo4YHO BEJIHWKO, Torjga

rD’ _

D —-3.

YpaBHeHI/Ie IIpuHUMaeT BUJ
rm +n*—n—6=0.

JTO ypaBHEHUE HENOCPEJACTBEHHO UHTET PUPYETCA, U €ro pelieHue B 06-
leM BHJe BBIMIAJUT clefyoUuM o6pa3oMm:

5
r (71 - 3) _ Ctte
n+2
NuTterpaibHbie KpHUBbIe MpENCTABIAIOT €060 acCUMOTOTBI K Mpf-
Moit 1) = 3, ofHaKo OHU He 00A3aTelbHO ABIAIOTCA aCUMITOTaMU K Ipf-

Moil r = (0, MOCKOIBRY TT?, # =3 mpu r = 0; K »TOMY ClIydyal Hallu
paccy#ieHuA HeNpPUMEHUMBbI.

Pacemorpum npsamoyronbausk OABC (puc. 11), o6pasyemblii npAMbI-
Mun=0,r=0,n=3ur=ry, rie rp — NpousBoibHOe 3HayeHue. Yepes

IpaBunbHee ckasaTh: B YCTOWYMBOM paBHOBEeCHH, H60 paBHOBecHe GOpPMalbHO BO3-
MOHO U NPU BO3pacTaHUU IJIOTHOCTU OT LIEHTpa.
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HEKOTOPYIO TOUYKYy P, Npou3BOJIbHO OTMeYeH-
Hyl0 Ha cTopoHe OA, MpoXoguT ogHA U TOJb-
KO oJHA WHTerpaibHad KpuBaf. [laA maHHOi A M N|B
TOUKU 3HaueHUe QYHKIUU

!
!
"=-p>Y
P Q
cjleqoBaTelbHO, KpHBafd, BXoJdAllaAd B IpA-
MOYTOJbHUK B TOYKe P, BLIXOOUT U3 HEro

B HeKOTOpOﬁ TOYKe, HaXoJAIlleldcA Ha CTO-

poHe AB. UHTerpaibHad KpuBafd He MomeT O C n

IOBamabl nepeceub cTopony OA, Tak Kak B

BTOM cily4ae OHa mpuobpeTeT (HOPMY, aHalo- Puc. 11

ruunyio ¢gopme kpusoit PM P', usoGpasennoii Ha puc. 12, a 3T0 HeBo3-

MOMHO, MOCKOJbKY IPOU3BOAHAA % He MO#eT o6pamaTbeA B Hy/lb BHY TPU
n

NpAMOYTOIbHUKA.

Tarkum oGpa3om, faHHaAd KpUBafA He MOMET BBHIUTH U3
NpAMOYToJbHUKA HHAaue, YeM B Touke M Ha cTopone AB.
PaccmoTpuM MHTerpanbHy0 KpUBYIO, IPOXOAAIIYIO Yepe3
TOYRKY (), npuHamiexaniyio cropoie C' B. YrioBoit ko3g-
(UIUEHT KacaTelbHON B 9TON TOUYKe OnpejendeTcA Bbhipa-
KeHUeM

dr _ r

dn %[6+ 21-D']

D

JTOT KO3 PUIUEHT OTPULIATENEH, TOCKOIbKY

Puc. 12

2rD’

D > —6.

CnenoBaTenbHO, KpUBas, BXOAAIIAA B IPAMOYTOIbHUK B TOUKE (), BbI-
XOOUT M3 Hero B HEKOTOpPOit Touke N, HaxoaAuleiica Ha ctopone AB. Pac-
cyIeHVe, aHAIOTUYHOe TPebIAYyIeMY, NOKa3bIBaeT, 4T0 N — eJUHCTBEH-
Hafd TOUYKAa, B KOTOPOIl JaHHaA KpUBafd MOKeT BBIATH U3 MPAMOYTOJIbHUKA.
Kpome Toro, oueBumHo, 4yTo Touka M pacmnonoskeHa cieBa OT TOUKU N,
HNOCKOJbKY MHTerpalbHble KPUBbIE HE MOTYT IlepecekaThCA.

Takum o6pasom, Touka M cTpeMUTCA K HeKoTopomy npenery M, kor-
na Touka P npubnuskaerca K Touke O, U TOUHO TaK ke TOYKa [N CTPEMUTCA
K npegeny N', Koraa Touka () npubnumaerca Kk Toure C.
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Bce Bosmosuble Touku M’ pacnonararoTcA Ha HEKOTOPOil KPUBOM, KO-
TOpad TOJNHOCTbIO 3aKnlodyeHa Mmemay npAmeiMu 1 = 0 u n = 3. To mxe
OTHOCHUTCH U KO BCeM BO3MOMKHBIM Toukam N'.

BosmomHo 11, uTo6el Touku M’ u N' coBnaganu? JomycTUM, 4TO 3TO
tak. Torga cyiiecTByeT OflHA M TOJILKO OJHA WHTerpajbHag KpuWBag, KO-
Topad mpoxoauT udepe3 Toury O. OuyeBHUOHO, YTO 3Ta KpUBafA AOMyCcTUMA
B HallleM clydae, TaKk Kak OHA He BBIXOOUT 3a Mpeflelbl, OrpaHUYeHHbIe
npameiMu ) = 0 u ) = 3. U3 sToro cienyer, uro dyHruu# 7(r), a ¢ Hei

!
re
¥ QYyHRUMA —- BIOIHe onpefenensl. Toraa

/rwdr

e=¢eyk0 R

rae FF — ocHoBaHHMe HeNmepoBbIX J0rapupMoB.
IlocToAHHYIO €9 MO#HO ONpeNeIUTh U3 OAHOTO U3 NPeAbIIYyLIHNX ypaB-
HEHU, HanpuMep

2 9 wrr?
er*D = In (H + 6 )

Bo3MoxHOCTH cyluiecCTBOBaHVA TOJBbKO OL[H0171 l'lpI/IeMJIeMOI.;I
MHTerpajJbHoii KpuBoii. [[okaxem, 4To JUIlIL OJHA UHTErpajlbHafd KPU-
Baf ABIAeTcA npuemieMoii. [lnA 3Toro nokaseM, 4To CyIECTBYeT OJlHA U
TONLKO OJIHA KpUBas, NpoxojsAmasn yepe3 Touky r = 0, n = 0, a ocTainbHbIe
KpUBbIE NIPOXOAAT yepe3 Toury r = 0, n = —5.

[Ipex e Bcero noraseM, 4YTO CyI[ECTBYeT 110 KpaiiHell Mepe 0HAa KpU-
Bafl, IpoxoaAumas yepe3 Touky 7 = (0, U ogHa, IpoXoJAIlaA yepe3d TOURY
n=—95.

Mb1 ye BUielM, KaKk MEHAETCA 3HAK 77’ NPY Pa3iInYHbIX 3HAUYEHHUSAX 7):
BeJIM4YUHa 7"7]' oTpunartelibHa, Korjga 7 MeHblIle —5 u OoJblle 3, 1 IIOJIOM -
TellbHa, Korja 71 HaXoAUTCA B UHTepBalie oT 0 pi(e) —2.

B npyrux mHTepBanax Bo3MoHbI 00a 3HaKa.

Ipu n = —5 3uayenue ry’ MomeT GbITH HYJIEBBHIM WU OTPULATENbHBIM,
HO He NOJOMUTEILHBIM.

HpI/I n = —2 3HayeHuUe 7‘?7/ MOKET ObIThH TOJbKO IMOJOMUTEIbHBIM WU
HYJIEBBIM.

rD’

Haxronern, mbr 3Haem, 4To GyHRLUUA ~~ CTPEMHTCA K HyIIO BMecTe

cr. le/l‘{eM, €CJIK 1aHO HEKOTOopoe MOJIOHMUTENbHOEe YUCI0 @ B OKPECTHOCTHU
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HYJA, MOHO ONpeleNUTh YUCIO 71 Takoe, YTO NPU
r<nry

BEPHO HEepaBE€HCTBO

ypaBHeHI/Ie Enepo MoseT ObITh 3alKcaHo B cileaymoueM Bujae:

' +(n—B)n+v) =0,

rae B U Y — HEKOTOpble MONOMUTENbHbIE UKCIa, OJJHO U3 KOTOPBIX cTpe-
MHUTCA K HYJIO, a Apyroe — K 5, KOorja o CTpeMUTCA K HYJIO.
B crenytomeit Tabauie nokasaHo, Kak U3MeHAeTCA 3HaK )’ npu r < r1:

N | —00 -5 -y 0 B +00

CyluecTByeT IBa UHTepBana, B KOTOPLIX 3HAK 1) HefCeH, OJHAKO 3TH
WHTepBalbl MeHbllle, YeM Te, UTO GbLIN ONpefeleHbl paHee.

JlokaseM Tenepb, YTO AJA r < 71 3HAUYEHUe 1) HEIPpeMeHHO MeHbIe 3.
lonyetum, 4to 1) = 19 > [ AJMA HEKOTOPOro 3HauYeHUA 79 < r1. fl yTBep-
Jaio, uto ecau r < r9, T0o r > 3. B camom fene, HepaBeHCTBO OyJeT BbINOJI-
HATbCA, TodbKo eciu 1 = (3. Ho Torja sHaueHue 7' B JaHHOM HHTepBale
OyOeT MONOMUTENbHBIM, YTO IPOTUBOPEYUT NPABUIY 3HAKOB.

YpaBHeHue Kiepo MomHO Tak:e 3amucaTh B BHJIE

rn’+(n—ﬁ)(n+7)+2(%)l+a)(1+n) =0;

COrJIacHO YCJIOBUIO,
D’
T—D > —a,

oTClOz1a
'+ —B)(n+7v) <0.
A fortiori,
'+ (n—p)* <0,
!

7(n17ﬂ)2+;<0.
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HuTerpupys B uHTepBaie oT r1 A0 r < 71, NOIYYUM

11 1 1
—Inyr———>—In> — ——
ron-p ooy = p
1, 1 1 1
miy Lt cpmlqy 1 |
"on-p noom-p

CoriiacHo Hanemy JONYLIEHUIO, 3HAUeHHe Pa3HOCTH 1) — (3 MOJIOKUTENb-
HO, 3HAYUT, a fortiori,

_1
m— B
HpaBaﬂ YaCTb HepaBeHCTBa HMMeET ollpeJelieHHOe 3HadeHue, a JieBasd

MOKET YBEIMYUBATbCA U Jalbllie 3TOTO Mpejena; TakuM o6pa3oM, clelaH-
Hoe HaMM JomnylieHue a6ecypaHno. CieqoBaTenbHo,

1 1
lIlF <lnﬁ+

n < p.

IIpenen n paBeH HyIIO, KOTAa r CTPEMUTCA K HYIIO.

fl yrBepxpaio nanee, uto ypaBHeHue Kiepo umeer no KpaiiHeil Mepe
OJTHO pellleHue, cTpeMAlleecAd K —J.

NeficTBUTENBbHO, JOMYCTHM, YTO HEKOTOPOe 3HA4YeHHe 7); HAXOOUTCA
B MHTepBajle 0T —7 0 —H,

_5<n1 <=7

U paccMOTPHUM HHTerpalbHYI0 KPUBYIO, IPOXOJAIIYIO Yepe3 TOURY 71, 7).
fI yTBepspalo, 4yTo ecau ry < 11, TO 73 < 7. B npoTUBHOM ciyuae 3Haue-
Hue 7)) cTaHeT OTPULUATENbHBIM IIPH 7) > —7, YTO NPOTHUBOPEUUT INPABHILY
3HAKOB.

Orciozia 1A HOCTaTOYHO MAJoro r BEPHO cliefylollee:

-5<n< -9,

HO MBI BIIOJIHE MO}eM BbI6paTh 3HadyeHHe 7y B okpecTHocTH H. OTcioma n
CTPEMUTCA K —H.

Ilycth 79 1 17 — pellleHuA, cyliecTBOBaHHE KOTOPLIX Mbl TOJbKO 4TO
nokazanu. IM COOTBETCTBYIOT PeLIeHUA €y U €1 CleJyIOLlero JUHEeHHOro
YPaBHEHHA BTOPOro MOpAIKa:

4¢"D +2¢'D + D' + 8e'D = 0.
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O61ee pemeHne 3TOro ypaBHEHUA
e = Aeg + Bey,
rie A u B — Hekoropble KoHcTauThl. O6mee peumenue ypaBHenusa Kiepo
MMeeT BHU[
re! _ Arey + Brej Anoz_(l) +Bm

n="e = Aeg + Be; - A3_0+B
€1

OnHako MBI 3HaeM, YTO KOrJa 7 CTPEMHUTCA K HYIIO, 7); CTPEMHUTCA
K —), a 1 Takme cTpeMutrca K Hymo. CiegoBaTenbHO, 3HaYeHUE pa3HOC-
TH 71 — 7)o MOMkeT 6bITh MeHblle —4. OTcroza

’ ’
'rel "'60 61 60 4
W_W<_4’ a—%<—F, er <egr
€o

T.e. IIpefiell ;- PaBeH HYIIO, KOrjia 7 cTpeMuTcA K Hymo. Takum oGpasom,
KOT'Jla 7 CTPEMUTCA K HYIIO, Ipejen 7) paBeH Npelelny 1; 10 TeX Mop, MOoKa
nocroAHHaa B orauuHa ot HyaAa. Ecniu B = 0, npegen paBeH 7)y. OTcioaa
BBITEKAET, UTO CYI[ECTBYET OJJHO U TOIbKO OJHO pellleHue ypaBHeHud Kiepo,
cTpeMAlleecs K HYIIO BMeCTe ¢ 7, a UMeHHo, pemenue npu B = 0 [11].

CooTHollleHHEe Me:AY c:RaTUeM, CUJI0H NPUTHMKEHUA U IeHT-
po6exkHoil cunoii Ha skBaTope. HKak y#e OblIO OTMeYeHO, HEIb3A To-
BOPUTH O NIOBEPXHOCTAX PaBHOW IJOTHOCTYU BHe IIJIaHEThbl, OJHAKO BIIOJIHE
MO3{HO F'OBOPUTH O BHEIIHUX YPOBEHHBIX IIOBEPXHOCTAX.

1A Takux moBepXHOCTell Bcerga BEPHO paBeHCTBO

AV = AV + A(HY) = 0.

3ameTuM, uTO BHe Macchl #ugroct AVy = —4mp obpamaerca B Hy/Ib.
CrnenoBaTenbHoO,
1
A(HY) =0, A(HY)= Y[H” +2m - "(LJ)H] =0.
r

Bosbmem n = 2, Toraa

H' + $H' — GH =0,
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O6uiee pelleHWe 3TOr0 ypaBHEHUA
H = Ar? + Br—3.

YuuTsiBad, 4To Ha 6eCKOHeUHOM yaaieHuu H fonmHO GBITH PAaBHO HY-
10, A cliefyeT Take NpUpaBHATHL K Hym0. Toraa

H = Br 3.

O6o3znauuM uepe3 M Maccy KUIKOCTHU, 3aKIIOUYeHHOIl B obbeme V),
OrpaHMYEeHHOM paccMaTpUBaeMoOil yPOBEHHON MOBEPXHOCTHIO, U 3aMUIleM

M _C
D = =" = =

Vo3

roe C = M
4
YpaBHeHUE
2 _9 w?r?
er’DY = 2o+ <]y

IIpUHUMAaeT BU[

eC _ 9 [B , wr? _9[ B |, W
T‘4W[T3+ 6 ] 6_47T[Cr2+60]'
Otcrona
' 9 [ —2B 3w
re = 471'[ C'rz GC ].

Tarkum obpasom,

9 5w?rd _ 15 o3 _ l5w?
4 6C 8w C 8rD"

Tar Kak MbI MOJOHHUIN

re' +2e =

re’ =en,
TO B KOHEYHOM CYeTe MOLYYUM
15 w?

JTO COOTHOIIIEHHE YCTaHOB/I€HO OJiA o6sacTy BHE Macchl HUOKOCTHU, HO
BEpPHO U Ha ee IOBEPXHOCTH.
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lenTpobexsHan cuia Ha 3KBATOPe paBHA w>r, cuila IPUTHKEHYA Ha 110~
BEPXHOCTH — %TI"I“D. 0603HauMB OTHOIIEHHE ePBOi BETUUHHBI KO BTOPOIL
qepe3 , MOTydHM
_5
e(n+2) = 5¢

3HaueHue 77 HaXoAUTCA B UHTepBaje oT 0 oo 3, OTClOJa HepaBeHCTBO

op ®
—_— >e> 5
4 2’
7) = 3 TOIBKO B TOM Clly4Yae, KOrJa Tejlo ogHOpoaHo. Takum o6GpasoMm, cma-
¥
2 9
OnpepgeneHyve NoJHOro KoMmiaekTa ko3 odunuentoB H. Jlora-
#eM, UTO ypaBHEHUA

THe JOCTUTaeT Tpejena TONBKO eClH IJIaHeTa ofHopoaHa [12].

rD" + 4D’

AHY = D

Hy,

KOTOpbIe onpeaeifaoT KoaddunuenTbl H pasnoxeHud
V=Vo+ Y HY,

He UMeIOT MHOro pelieHus, Hexeaun H = 0.
0603HaunM NOPAJOK cepuueckoil QYHRIUU Yepe3 1. U IMONOMUM

H=7r"D.

YpaBHeHUE NPUMET BU]

1 !
MZW‘Y.

A(Zr"DY) =
Bripasenue rY npencraBnfet coboit chepuueckuit moauuom. llpume-
HUB Ghopmyny
APU) = [0+ 2"7.—+2U] P,

NoJIy4YUM paBeHCTBO

2n+ 2

(zD)" + 22 (zpy = zp" 4 42D,
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KOTOpoe Iociie HpeoﬁpaSOBaHI/IH 3anuuieTcAa cileJyrimuMm 06pasoM:

7'D+27' (D' + "H1p) + 2222 7D <0,

IIpoussena 3aMeHy nepeMeHHbIX

ZI
TZ =,
Moy YnuM
12 2rD’ _
re' +e*+(2n+ e+ D (e+n-1)=0.
K 3ToMy ypaBHeHMIO NpUMEHUMBI Te e paccy#JeHHA, 4To U K ypab-

2rD’
D
TaruM o6pa3oM, HaM cilefyeT paccMOTpeTh JBa ypaBHEHUSA

Henuto Knepo. 3Hauenue

3aKiI04yeHo Mexay npegenamu 0 u —6.

re' + 2+ (2n+1)e = 0,
re' + €2 + (2n — 5)e —6(n — 1) = 0.

-2(n+1) -2(n-1)

Puc. 13
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MocTpoum [Be mapaGonbl, OTKJIAALIBAA € 1O OcH abciuce, a re’ — mo
ocu opaunat (puc. 13). Kak u B npegbigymem ciyuael, Mo#HO 10Ka3aTh,
4TO 3HAUEHHE £ MOMET HAXOJUThCA TOIbKO B UHTepBaie ot 0 o 3.

Bue mianetet A(HY') = 0, uiau

n(n+1)

,’,.2

H" 4+ 2H' - H=0.

Ob1iee peleHne 3TOTO ypaBHEHUA
H = ar" + br~ (",

nockoibKky H Ha GecKOHeYHOM ynaneHuu obpaiiaeTcA B HYJIb, @ TaK#e paB-
HO HYIIIO, CJIeJOBaTeIbLHO,

H=brmt, 7= Ly,

OTKyJa
e=-2(n+1).

Ho 3HaueHMe € JOM#HO HaXoAUThcA B MHTepBane oT 0 10 3; 3HAYHT,
b Takme obpaulaeTcA B HyJb.

Takum 06pasoM, eJMHCTBEHHOE BO3MOKHOE pelIeHHe, Kak CHapyHu
TaK ¥ BHYTPHU KHIKOH Maccel, 3To H = 0.

JTOT BBIBOJ HENPUMEHUM, Koria n = 1 uau 2, Ho 5THU cilyyan MbI yiie
paccMaTpuBanu [13].

TouHoe onpejeneHue c;KaTUA. I3BecTHO, 4TO

_ 3¢

AV = AVp +dmp/¢, AHY) =dnp'(, e = 3.

CnenoBaTenbHO, BEPHO PaBEHCTBO
A(HY) = %ﬂep’rY;
YUuTA popMyLy

1Cwm. puc. 10.
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rae n = 2, MOHO onpefenuTb H u3 ciexyoomero TuHeiiHOro ypaBHeHUA

BTOPOTI'O MopAgKa:

n, 2H' 6H _ 4 /
H +T—r—2—§ﬂ'6p’l".

O6iiiee pellieHre TOMLKO J1€BOM YacTH 3TOr0 ypaBHEHUA —
— 2 -3
H=ar*+p0r2,

rie a ¥ (3 — mocTofHHbIe UHTerpupoBanus. HaiieM peleHue Bcero ypas-
HEHHUS, YYUTBIBAA, 9TO & U B cyTh GyHKIUU 0T 7. MeToa BapuaLuu MocTo-
AHHBIX JaeT

a'r?+p'r 2 =0, (1)

cjiegjoBaTelbHO,
H' =2ar—38r~%, H" =2dr—36'r"*+ 2a + 126r7°.

IlogcTaBnfaa 3Ty 3HaYeHUA B nepBoHavYajJbHO€ ypaBHEHUE, IIOJYyUUM

207 — 3474 = %Wep'r. (2)

W3 ypasuenuii (1) u (2) onpenensem o u §':

o = %ep', B = —%ep'rs.
Takum obpasom,
r r
H= 471%'2 /ep'dr— %/ep'r5 dr.
a b

dTa GYHKUUA CONEPUT JIBe NIPOU3BOIbHBIX KOHCTAHTHI, a U b. Raku-
MM ux cneayet Bbi6paTh? IlycTh 71 — 3TO pagMyc NMIaHeThl; MIA T > T1
BEIMYUHBI p U p' paBHBI HYIIO, ClIeI0BAaTENIbHO, HHTErPajbl CBOJATCA K IO~

CTOAHHBIM
T1 T1
/ I/I / )
a b

IIpu r = oo Bennuuna H poixHa o6paTUThCA B HYJlb. SJHAUUT, KO-
¢unueHT npu r Tak;ke paBeH Hymo. OTcioga a = r;.
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Ipu r = 0 Benuuuna H koneuna. 3HauuT, K03 GUIMEHT IIpU r~° Hoi-
#eH ObITh paBeH Hymo. OTcioga b = 0.

Takum o6pasom, 3HaueHne H MONHOCTBIO ONpeeneHo.

IloncraBuB 310 3HayeHue H B ypaBHeHUe

2n_ 9 w?r?
er*D = in [H+ 6 ],
N0y YUM

”

3 (a3 15 3 W
e—5D/epdr 55D ep'r dr+8ﬂ_D.
T1 0

Kak 6y;[eT BBITJIAAETH 3TO BbIpaxeHue O/ MIOBEPXHOCTH IJIaHeThbl, KOI'-

na r =r;? Bmecto D nopctaBum D — cpefHIO MIOTHOCTH IIaHEThI! —

" MOJYy4YUuM
71

___3 15 3 w?

" ()
_ 3 /5 ®
e——m/epr d7"+—,

0

rge ¢ — OTHoOlIeHue HeHTpOﬁe?ﬂHOﬁ CHUJIbI HAa IKBATOpe K CUJIe IPUTAMEHHNA.

MomeHTBb! MHEepPLUH 3Juncouga. BbruucauM vHTerpal sz do,
rae Y npeacraBiafeT co6oit pyHKIUIO

22 +y? — 272
r2 ’

Nmeem

x=7ry1—p2cosp, y=ry/1—p?sing, z=ru, do=dudp.

Tarum 06p630M, HY#HO BBIYHUCJIUTL 3HaAUYEHUE HHTEerpalja

27 +1 +1

[ [a-su audo=2n [~ 602+ ) .

0 —1 -1

1D1 — CpeJHAA IIJIOTHOCThb Bcell MiaHeThl.
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KOTOpO€e PaBHO

Bbruucnum MOMeHTHI MHepuuu Macesl suakoctu A, B, C:

A= /,o(y2 + 2%) dr.

Nnmeem
AV = —4mp,
—4rA = /AV(y2 + 2%)dr,
—47B = /AV(z2 + 2%)dr,
—4nC = /AV($2 + y?)dr,
oA+ B+C) = /AV(:z:2 +y? + 22)dr.
Ho

AV = AV, + A(HY)

/A(HY)T2 dr = 0;

KpOMe TOoro,

dr = r¥drdpdyp = drdo.

B utore noxyuum

/AHYTZ d7':/A(HY)7'2 drdo =

:/@Tzdr.ma:/f(r)dr/ma.

JTo nmpousBelleHHEe PAaBHO HYIIO, TAK KaK paBeH HYJII0 BTOPOIl MHTer-
pan. CiemoBaTenbHO,

2r(A+ B+ C) =/AV07“2 dr = /AVorz dr do
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u, nockonbky AV, 3aBUCHUT TONBKO OT T,

2r(A+B+C) = 47T/A%r4 dr.

N3BecTHO, UTO

A2V, dV; d dV;
2 .2 0 e¥o _ a |, 2%
rAV =r dr? +2Tdr dr[r dr]’

HO
dVo _ _4rrD
dr 3’

oTcioga
T1

_ 8 [ 2d /3
A+B+C= 3 /r dr(Dr )dr.
0
Mpunumas Bo BHUMaHUe paBeHCTBO A = B U UHTErpupyd 10 4acTAM,

HOJIY YUM
1

2A+C = 8?7( [[7‘5D]61 - /2r4D dr].

0
HpeHeﬁperaﬂ 0eCKOHEYHO MallbIMU BeJIMYNHaAMU, MOMHO CYUHTaTb

A=C,' Torna
T1
C= %r[ri’Dl —2/T4DdT].
0
Briuucnum 3Hauenue pasHoctu C — A. Umeem

dn(C — A) = /AV(z2 — 2?)dr,

47(C — B) = /AV(z2 —y?)dr.

Otcrona
8w (C — A) = —/AVTZY dr,
2 2 _ 9,2
rae Y — 3To chepuyeckan GyHRIUA M
T

IPaBBHCTBO A=C npegHa3Ha4yeHO TOJbKO OJIA MOACTAHOBKU B BEpXHee ypaBHEHHE,
YTO He NMPOTUBOPEYUT HaAXOMOAEHHIO HUME Pa3HOCTH C - A.
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CJIe,IlOBaTe.HbHO, KaRK MBEI y#e oTMedalu,
SﬂC—m:—/A%ﬁYM—/AmYWYm.

[lepBbIit HHTErpan paBeH HYIIO, TaK Kak OH NpeAcTaBifgeT co6oil mpo-
U3BeJeHNe JIBYX UHTErpaioB

/A%#M/Yw,

13 KOTOPLIX NocaeqHUil paBeH Hynto. UHTerpan

/meWw:/égﬁﬂWm:/égﬁﬁm/Ww

U, TOCKOJIBbKY

!/Yﬂda::%?, (5)
0Ly UMM
_ A= _L6x [AWHY) 4.0
87‘&'(0 A) = 5 / % r*dr =
r1
2
—16T7T / 47rep'r5 dr = __641175T ep'rd dr.
0
Otcrona

1

__8_71' /.5
C-A= 15/0/)7" dr,
0

YTO eCTb BeNUYUHA MONOKUTENbHAA.
Takum o6pasom, o6paTack K Gopmyne (3) Ha cTp. 87, nomydnum
» 9 C-A

61_5_871' ri’D )

MokHO BBIJBUHYTH THIIOTE3Y, OTJIUYHYIO 0T runoTesbl Kiuepo. Ilpex-
IIONIOUM, HaIpuMep, cCyllecTBOBaHHEe TBEpPAOI'0 HEOJHOPOJHOTO Afpa, Io-
KPBITOI'0 3KUAKOCTbIO; [IOJTYUYEeHHOe HaMU COOTHOLIeHHe OGyJeT BEPHO U A
3TOro clryuvas.
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o C
ConocTaBieHue Teopuu U HabGmromeHuit. I[lomomum ol J,
TorJa 1
" 2 [r*Ddr
0
e1—£= 5J [T?D1—2/’I‘4Dd’r]=.} 1——5 .
2 ’I“lDl TlDl
0
Benuuuna e; u3BecTHa U3 reofe3anYecKUX U3MepeHUil 1 paBHa ﬁ,
9

BeJInyrMHa ¢ u3MepeHa q3PI3PIKaMPI U paBHa , & BeJIM4YruHa J HaiiieHa

_1
288, 38
U3 NpeaBapeHUA paBHoAeHcTBUil U paBHa 0,0032753 = 1

1
305,31 Tarkum

OﬁpaSOM, nMeeT MeCTO paBeHCTBO
4
2f’l‘ Dd’f‘_l_el—(p_

0,49145.
T?Dl J ’

Bepuemca k ypaBHenuio Kiepo:
r'D + (n? +50)D + 2rD' (1 + 1) = 0;
nMmeemM
Sn'D r°D'(1 + 5r4D(1 +
i[r5mp]=7“7) L P ( 77)+ ( 77):
dr 2T+ ovI+n Vit
_ 5D ry’  r(l+n) p
—\/m[l“””lo* B
OTcioga MoxHO 3anucaTh ypaBHeHue Kiepo ciegyionum o6pa3om:
R e R Ry~ T
e 1+nD—m1+n 10 2—\/m1—i-2 100

Hurterpupys ot 0 go r;, noryyaem

T1

5 _ 5rD n_n 2
rivV14+m Dy = m[l—i-z 10]dr.
0

1CoBpeMeHHbIe 3HAUEHHA XapaKTepUCTUK 3eMIM cM., Hanpumep, B kHure K.E.Byn-
neHa «IllnoTHocTh 3eMany.

23ra popma ypaBHenus Kiepo HasbiBaeTcsa ypaBHenumeM Pago. Ero neHHocTb B TOM,
YTO NOJbIHTErpaibHaA GpyHKLUA OUeHb c1abo 3aBUCUT OT nmapamMerpa 7 (cM. fanee QyHK-
umio K (€)).




92 T'naea 4

31ech MO#HO IPUMEHUTh TeopeMy O cpelHeM, Tak Kak GpyHKnua 5rtD
nojioxuTenbHa. 0603HaUYMB HEKOTOPOE YHCIO, 3aKIIOYEeHHOe B MHTEepBale

ot 0 mo 3, uepes ¢, nonyuum
2
L6 €
2 10

7’?\/1+7]1D1:?J’_€

OJIA HEKOTOPOro 3HadyeHuAd r, 3aRJII0OYEeHHOI'0 B HHTepBalje OoT 0 oo 7.
HOHaﬁJ’IIO,I[aG,M 3a UBMEHEeHHUAMU BeJIMYUHBI

2
1+
K=—"——,

V1I+E

Korja ¢ uameHaeTcA B uHTepBajie ot 0 g0 3:

5r4D dr

E=0 K=1
£= % K =1,00075 wmarcumMyMm
é“:% K =1,0002
£€=0,53 K=1
E=mn=0,544  K;=0,99954
E=1 K = 0,989
§=2 K=0,9
£E=3 K =0,8.

Mke1 BuauM, yTo 3H4eHue K n3MeHAeTcA o4eHb Malo, ocTaBaAch B UH-
tepaie oT 0,99954 no 1,00075, T.e. oueHb 6au3K0 K 1. 3ameHUB 7; B dop-
Myne 3HaueHueM 0, 544, noryuyum

2 [r*Ddr

-2 — 1
S - e V1 +m = 0,497 > 0,49663.

Panee MblI nonyuuau anf Toil #e BenuunHsl 3Hayenue (,49145.

Rak o6bACHUTD 3TY pasHUIy?

MokHO HOMYCTUTh, YTO BeIUUYUHBI, BXoAALue B popmyiy, T.e. J U ey,
ObIIM U3MepeHbl ¢ HEKOTOPOIi MOrPEeIHOCThIO.
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W3 mepBoro ypaBHeHHA MOJYy4YMM B KauyecTBe TOYHOTO 3HaUYeHUA clle-
nylolee:

2 [r*Ddr

’I“?Dl

1 e1—¢
= 0,49145 — 7 der + == 0J =

= 0,49145 — 305, 31 de; + 155,26 6.J.

U3 BTOpOTO:

2K [r*Ddr  — (g +2)de
r3 Dy  beyT+n

2K [r*Ddr

—— =0,49700 — 120,18 dey.
’I“lDl

lonyctum, yto §.JJ = 0. [lag Toro 4To6er HOpMYyIIbl OCTABATUCH CPABHU-
MBbIMH, He06X0AMMO, YT0ObI BednuuHa de; Golia paBHa —0,000027; e; Toraa

1
OyneT paBHO 205,85
Ecnu gonycTuThb, 4TO norpemHocTh 6blia BHeceHa J, TO
éJ = 0,000034.
_ 1
B stom cayuae J = 302,18

Jlonyctumo nu 3T0? 3aMeTUM Npes e Bcero, 4To Benuuuna J, Gurypu-

pyiolas B 1aHHOH (hopMyiie, eCTb He UTO MHOE, KaK, NPUGINHKEHHO, 5
Hcexona us atoro, BennuuHy J MO#HO 3aMEHUTH BhIpaskeHUEM

JonymuienHaa norpemHocTs §J paBHa %J"’, Ui

dJ = 0,000006.

3HayuT, NOTPEIIHOCTL BHECEHA JIPYTOil BeIUYHHOIA.
C npyroft CTOpOHbI, U3MepeHUA HyTalluu AOCTaTOYHO TouyHbl. 0603Ha-
YUB MOCTOAHHYIO HyTaluu 4yepe3 N, NONyduM

o
N=1 HJ[5,36542],
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rge g — OTHOLIeHHe % Macchl JIyHbI K Macce BGMJ'II/I; YHCJI0 B KBaJApaTHBIX

cKoOKax mpejcTaBifeT co6oil He K03 PuULIMEHT, a TorapudmM 3TOro oTHoOIIe-
HUA.
[pensapenne paBHOAEHCTBUN (p) ecTh CyMMa ABYX Y/IEHOB,

o 1",
p=p +p;
NEePBBIl U3 HUX CBA3AH C MpUTAMeHUeM JIyHbI,

;_ I _
p = 8661351 +NJ = 34,38,

a BTOpoit — c nputAxenueM ConHua,

p" = 4871,05J = 15,95.

Ionomum
L =€
1+p 7
Torna
ON _ e , 8]
N € ’
5p:p'[% + 57‘]] +p"57‘] =p'(§5—5 +p57‘].

Benuuuna p oIlnpejejneHa To4dYHee, 4YeM N, IO3TOMY MOMHO Jomyc-

t™Th O0p = 0. [lpunumasn 67‘1 = 0,000034 x 305,31 = 0,0103 u pewasn

CUCTEeMY YpPaBHEHUil, NONYy4YUM

e _
= = —0,015,

ON _
= 0,005,

Hexona us 3Toro, Mbl Mo#eM cUMTaTh 3HaueHue N paBHbIM 9”17 BMec-
To 9”21, a 3HaYeHMe j PABHBIM ﬁ BMeECTO 8l2 Ha nepBbIit B3rasam, stu
b
HUGPBI TPYIHO IMPUHATE.
MostHO, KpOMe TOro, MpPeanolo#UTh, YTO 00Iafd MOrPEIIHOCTh ABIA-

ercA CyMMOﬁ HOFpeI.L[HOCTeﬁ, BHECEHHbIX Ka:KJbIM HU3 YJIEHOB.
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lIpyroe ob6bfcHeHHe 3aKII04YaeTCA B TOM, 4TO runoresa Kiepo nuiib
npubIv#eHHO YYUThIBaeT uieHbl BToporo mopsagxa. Oanaro RKamnnawuppo,
MPOM3BOAUBINUI BHIYUCIEHNA, IOKA3al, YTO MPH y4eTe YIeHOB BTOPOro I0-
pAIKa BIaBIMBaHUe BIIUICOUAA COCTABUT BCETO JUIIL Y MeTPOB. JTOil Be-
JVUYMHON MOMKHO MpeHeGpedb.

MosHO Takke COPOCUTH, O KaKoil cTeleHM TO4YHa rumorte3a Kiuepo.
lonyctum, Hanmpumep, 4To 3eMid ceiiyac NpeAcTaBifeT co00il HeTuKOM
TBepOe Tello, 3a UCKII0UYeHneM Mopeil. B MOMeHT 3aTBepeBaHUA CIOU MOJ-
YUHAIUCH 3aKoHY Kilepo, olHAKO HAUWHAA C HTOO0 MOMEHTA CKOPOCTh Bpa-
IEHUA MO’KET U3MEHAThbCH (HampuMmep, NPUIMBBI 3aMeJIAIOT BpalleHue).
Kpowme Toro, caaTre BHYTPEHHHUX DJUIMICOU/IOB TAKH#e MOMET U3MEHAThCA
BCIe/ICTBHE OCeJJaHUA Irop U KOHTUHEHTOB.

Hakoneln, MO#HO NpeNONOMUTEL, UTO HEKOTOPAA YacTh BHYTPEHHEro
o6beMa 3eMilu 0CTaeTcA #UAKON: B 3TOM Clyyae Be #UAKUE YacTH U TBep-
Jaf OKa3bIBAIOT Ka#iijafA CBOe BIUAHME Ha ABIeHUe npeneccuu. OgHako ru-
noresa 0 MHUIKOM fApe 3eMid eBa I npaBionogo6Ha [14].

Jlo cux mop MbI paccMaTpuBaly IJIaHEThl KaKk #UAKUE Macchl U IOKa-
3a/1, KaKUM J0JIKHO ObITh pacnpefelieHre INIOTHOCTeH BHYTPU 3THX Macc.

[IpennonoxuM Teneps, UTO CylleCTBYET TBEPAOE TEIO HEKOTOPOil dop-
MbI ¢ HEKOTODPBIM pachpefieieHieM IMIOTHOCTel BHYTpPU HEro, MOJHOCTHIO
MOKPBITOE CIOEM MUAKOCTH Maljoil TOMIUHBI, KOTOPbI HCHLITHIBAET BO3-
JeficTBUE CUIbI TAMKECTHU U LHEHTPOOGEKHON CHUIIbI, CBA3AHHOU C BpalleHueM
TBepJIOro Teda.

BHeniHAA NOBEPXHOCTH Tella MpeacTaBifeT co60il YPOBEHHYIO MOBEpX-
HOCTb, JJIl KOTOPOIl BEPHO PaBEHCTBO

2
U=V + %(azz—i-yz) =C*,

HO 9KBUIIOTEHOUAJbHbIE INOBEPXHOCTHU BHYTPU TeJja He 006A3aTelIbHO ABJIA-
IOTCA MMOBEPXHOCTAMU paBHOfI IIJIOTHOCTH.



I'1ABA 5
TBEPIOE TEJIO, IORPBITOE CJIOEM
ANITKROCTHN

Teopema Ctorca. FEcau uszsecmmust diopma eHewHell noseprrocmu
meaa S, e20 macca M u yza06as ckopocms 6paujeHuss w, MOHCHO ONpedeumnns
3HaveHue nomenyuara V 6 4100601 sHeulHell moike.

CymecTByeT GeCKOHEUHOEe MHO#ECTBO 3aKOHOB paclpefeleHUA MaTe-
pUHM BHYTPH A/lpa, KOTOPble MOTYT JaTh OJHY U Ty € BHEIIHIOIO MOBEpX-
HocTb Tena. OqHaKo KakUM Obl HU GBLIO BTO pacHpejeleHye, noTeHnuan vV
CHapy:#¥ Tela IOJHOCTbIO olpefienfAeTcd Yyepe3 Benuuunsl S, M u w.

JeficTBUTENbHO, BHEe NMPUTATUBalONeil Macchl GyHRINA V' ynoBI€TBO-
paetr ypaBHeHuio AV = (. Ha 6eckoneunoM ynaneduu ot tena V = 0, Ha
MIOBEPXHOCTU e

2
V+w7(:v2+y2):U:K,

1, HaKOHel, UMeeT MeCTO paBeHCTBO
d
WV 4o = —dxM.
dn

3anaua onpeneileHud V, TaKuM 06p3301v1, MOJIHOCTBIO pelleHa. B camom
gejie, 1oNyCcTUM, UTO CylleCTByeT KaKnoe-TOo Apyroe peuieHue, u o603HaYUM

ero V'. Torga
V-V =U-U=K-K'=CcC".

HU3BectHO, uTo A(V — V') = 0.

Mockoabky ¢yuruua V — V' nocrofHHa Ha NOBEPXHOCTH Tela, OHA
npeicTaBafAeT co00il MOTEHIHAN AMEKTPUYECKOr0 3apfja, pacipeleleHHOro
10 IOBEPXHOCTH.

JTOT 3apAJ ONpeJieNAETCA BbIpaKeHueM

oV -V
/ o do,
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rie uHTerpai GepercA 1o BHellHell moBepxHocTH. OIHAKO B JAHHOM CllyyYae
3apAJ paBeH HYIJIO, TaK Kak

/dV do = —4nM, /d—wda=—47rM.
dn

Morennuan V — V' wyneBoro 3apaja Takie paBeH HYIO, 4TO U Tpe6o-
BallOCh JI0Ka3aTh.

Takum o6pa3om, U3 OmbITa ¢ MaATHUKOM,
MO3BOJAIONIEr0 ONpeIelUTh 3HAUEHUA g Ha pas-
JUYHOU BBICOTE, Mbl HE y3HAaeM OTHOCHUTEIbHO

pacnpejeleHiA BHYTPEHHUX Macc HUYero Tako- a

ro, 4To He 6bLIO GBI HAM y#e M3BECTHO U3 Bell-

YKH, yIoMHHaeMbIx B Teopeme CTokca. He 6onb-

e MBI y3HaeM U U3y4Jaa nepTypOanuu, BbI3bIBa-

eMble JBUMEHUeM JpYyruX HeGecHbIX Tell. Puc. 14
Pasnosxenve ¢pyHRIIUU JYavd B pAA moJuHOMOB. Ilycrh Tou-

ra O — Hauano KoopauHat, M' — npuTAruBaiolas ToYKa IIOTHOCTH p’

¢ koopaunatamu z', y', z’, a M(x, y, z) — npurAruBaemas Touka (puc. 14).
B nosApHBIX KOOpAMHATAX:

x =1ry1— p2 cosy, y=7ry1— p2sinp, zZ=Tu,
' =7r'\/1—-p?cosp’, y =r'\/1—-p?sing’, 2/ =r'y.

Otcrona

MM =7r* —2rr' cosy + 1'% =
2 2 2 ! ! ! 12 12 12
=ty +2° 2" +yy +22)+ 25 +y "+ 2
1 1

MM ’
2r' cosy | 42
r 1—*4‘7”—2

r? :x2+y2+z2,
P2 =2 4 yl2 + 22

cosy =

=8

z’ yy
PO

1k

z
7!
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1

Pazno#nm QyHKIHIO 110 BO3PACTAIOMUM CTeNeHAM 3, ko3 dUIIeHToM
npu in Gynmet noaunom H,(x, y, z; 2, y', 2').
T

I[OJ'I}HH])I BBIIIOJTHATLCA paBeHCTBa
A(Miv.f’) =9,

AI(M%W) =0

B mepBoM u3 HUX Z, Y, 2 paccMaTpUBAIOTCA Kak IepeMeHHble, a ', y', 2/ —
Kak (UKCUpOBaHHbIe 3HAYEHHA; BO BTOPOM — HA0GOpOT.

Ionxyuum
e R R
L B S
¥Gie) = e T e
N3BecTHO, UTO
1 :1+P1%'+...+Pn(%')n+...,

!’ 12
T T
\/1 — 25 cosy+ —
r
rae P, — MOIMHOM 10 COS 7y CIeAYIOLero Buia:
Agcos™y+ Agcos™ 2y + ... .

3aMeHUB COS 7y ero 3gayeHueM, Mnojy4d4um

Qx,y, zs ',y 25 ry 1)

rnrln

P, =

MoavnoM @ npeacraBifgeT co6oi OJHOPOAHBINA MOIUHOM CTENEHH 7 110
OTHOLIEHWIO K Kam/Joi U3 CUCTeM NepeMeHHbIX (z, y, z, r) u (2', ¥, 2/, r').
BrpoueM, OH COIEpUT NepeMeHHble 7 U 7’ TONbKO B YeTHOW CTeleHH, Tak

YTO MOMHO 3aME€HUThb 1"2 u 1"/2 UX 3HaYeHUAMU

22+ +22 n 2?4y + 22
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Ioxyuum
! . ! ! !
1 _ZQn(xayazaxayaz)
- 2n ’
! 12 T
T T
\/1 — 25 cosy+ —
r
!’
1 Qn
MM’ & p2ntl’
rie ()], — OJHOPOIHBIN MOIMHOM CTEIEHH 7. [0 OTHOLIEHHIO K KamAOMYy

u3 HabopOB MepeMeHHbIX, (x, y, 2) u (z', y', 2'), KoTopble BXOAAT B cocTaB
N0JMHOMAa CHMMETPUYHBIM 06pa3oM.
Kak yse orMeuanoch,

1
A/MM’ =0.
OTciona
QI
' _
A ,r21:|—1 =0

U, NOCKOJbLKY T He 3aBUCUT oT z', y’, 2/, Mo#HO 3anucarh
A'(Q) = 0.

Takum o6pa3oM, ' ecTb chepruecKUii MOIUHOM CTENEHHU 7 110 OTHOIIe-
HUIO K NepeMeHHbIM (i, Y, 2) U, ClleloBaTelbHo, Kk nepeMenubim (', y', 2').
N3BecTHO, uTO cyliecTBYeT 2p + 1 chepruyecKrux MOMMHOMOB MOPAIKA P

BUJA
(L — )
d'up+q

Py 4= Tpeiw(l - .U2)q/2 s
rie q NpuHUMaeT 3HaYeHUA
-p, —p+1, ..., -1,0, 1,2, ..., p—1, p.

3Ha'—II/IT, MOMHO 3alnucaTb

Q' = ZP ,a®@p, >

rie P ectb dyHIameHTaNbHBIA HOMIWHOM B NEPEMEHHBIX T, ¥, 2, @ @) —
MOJMHOM B mepeMeHHbIX z', y', 2’. Bopouem, () ABngercda pyHRUMEH OT

cosy = pp' + /1 = p? /1= p'? cos(p — ¢').
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Takum o6paszoM, ()' 3aBUCUT TOJILKO OT 3HAYEHUA PA3HOCTU ¢ — ¢'.
OTcioga BeITeKkaeT, 4To Ko3dpdunuesT npu P, ; MoxeT 6bITh TOIbKO BUJA

dPHa(1 — 2y
d'up+q

Qp,q = T/pe_iw(l - le)q/z 5

u, ciegoBaTelIbHO, MOMHO 3alnucaTb

1 A ’qP’quﬁ’_q
MM' Z r2p+1 ’

rae Ay o — YHCIEHHBIN K03 dHUIIEHT, KOTOPBIH MOKHO JIETKO ONpPENeInTh.

HpnmeHeHne. Hpe,Z[HOJIOPKI/IM, YTO BeJUYHUHaA r JOCTAaTOYHO BeJIMKa

110 OTHOWIEHHIO K paguycCy MmjaHeThbl. Paznomum norennuan mo Bo3pacTato-

UM CTelleHAM % " NOJYyYUM

V — B i qP 54
- E : r2p+1
CoriacHo IpUBeIEHHOMY BbIIIIE I0Ka3aTelbCTBY, YTOOBI ONpeneauThb V,

JOCTaTOYHO 3HATh 3HaueHUA S, M U w. ITHU e 3HAUYEHHUA N03BOJIAIOT OIpe-
geauts u B, ,. U3BecTHO, uTO

p'dr Ap, qPP, q
V = / VAL = Z T p'P;, _gdr.

OTtcioga
By,q= Ap,q PIP, dr'

p,—q ’

rae P, , — oauH u3 GyHIaMeHTalbHbIX cepuueckux MOJTMHOMOB CTere-

Hu p. UHTerpan
! D! !
/ p' P, dr
BNOJIHE MO#{HO BBIUHCIHUTh.

PaccmoTpuM cHauana nonauHoM HyJeBoro nopsaaka Py o = 1. Ilonyuum

/p'dT' =M.
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IMoauHoMbI TepBoro mopAnka pasubl z', y', z'. OTcioga nonyuum cie-
IyIOIie UHTErPalbl:

/p'a:' dr’, /p'y' dr’, /p'z' dr'.

3HaueHuA 3TUX HHTerpajoB IpegcTaBlIAOT coboit KOOPIAWHATHI HEHTpa
THAMECTHU TeJla C TOYHOCTBIO JO HEKOTOpPOro ROBQJQ)I/ILII/IEHTEI. I[Ol'IyCTI/IM, 4qyTo
BHEIIHAA MIOBEPXHOCTb KMeeT HEeHTP CUMMeTPpHUH, U padaMeCTUM Hayallo KO-

OpJUHAT B 3TOM LieHTpe. [JlaHHble HHTerpaibl B 3TOM ciiyyae OyAyT paBHbI
x Y =z

530 3 [pU 4jeHax pas-
JOMEeHUA oTeHuala U MNOCKOJbRY A 3KBUIIOTEeHIIMAJTbHBIX HOBerHOCTeﬁ
Hayvallo KOOPJAUHAT BbICTYIAeT KaK IeHTp cuMMeTpuu. lleHTp TAMecTH nua-
HeTHI coBNajJaeT ¢ ee [IeHTPOM CUMMeTpPUHU.

IlonuHOMBI BTOPOro nmopAaara paBHbI

HYIIO, TaKk Kak pPaBHbI HYII0 K03 (UIUEHTI

xryr’ yrzr, zlxl’ zlz _ xrz, Z!2 _ yrz'

Eciu [ 2'y'p' dr' = 0 — tak e, Kak ¥ ABa APYTUX aHAIOTMYHBIX MH-
Terpaia, — TO KOOpAMHATHBIE OCH ABJAKTCA TINIABHBIMA OCAMM MHEpPIUN
cucremsl. Eciu ussecten unterpan [(z'2 — y'?)p’ dr', To nsectna u pas-
HOCTh IIaBHBIX MOMEHTOB WHEPLWH.

CylecTByeT COOTHOIIEHUe MeMAy €1, 1, D ¥ w: 1Be NepBble Belu-
uuHbl onpepensaoTed us S, D1 — u3 S u M, ¢ — U3 w, 3HaYeHKe pasHoC-
™ C — A Tarme u3BecTHO. MO#HO 3aKJIIOUUTh, YTO COOTHOIIEHUE, BbIBE-
IeHHoe U3 ypaBHeHuA Hiepo, HCTUHHO, ¥ Bce #e BHyTpPeHHee paclpejeie-
HMe MaTepuu, M0-BUJUMOMY, He corilacyeTcA ¢ TeOpeTUIeCKMMHU 3aKrjioue-
Huamu'.

CooTHolIeHUe MeKOY caTheM, CUIOi NMPUTAMKEHUA U LeHT-

po6esxiHoil cuioii Ha 3kBaTope. Omnpefenum IepBble UleHbl pasioie-
1

MM’

CornacHo ¢opMysie 6MHOMA

MIM’ = %[1— %(—2TTICOS’Y—|— %2) +%(2Trlcos'y— %2)2—%...];

HUA QYHKIUU

1CMm. raasy 4.
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npeHe6perad yleHaMU TOpAJKa 14 , IOIYYUM
r

1 _ 1, r'cosy l[_r 3 1 ]
MM’_T+ .z +r3 2+2r COS’)’
11,1 (fﬂ'2+y’2+Z’2)]
MM,—F+T3[.1::B tyy - | +
+ s (wa +yy' + 22')? =%+%3(:w’+yy’+m’) -

[N
n—\ﬁ‘oo
ot

—ﬁ[(m2+y2+z2)(m'2+y’2+z’2)—3(:B:B’+yy'+zz’)2].

Rosddunuent npu unene —2% MOMHO 3allKcaTh
T

%(a: — (! —y’z)—%(azz—i—yz—2z2)(:1:’2+y’2—2z’2)—
—6(zx'yy + xa'22" + yy'22").
Torpga
p/ dT/
V = =
/ MM’

2

2
/pdT+Z /p'm dr' + 4T5y)/(m/2_y/2)p/d7_r+

1(17 +y _2z) 12 12 2\ 1 ! ry [N /1
+Zr—5 (2"* +y"* - 22 )pdT—GZ:r—5 z'y' p' dr'.

Ecnu M — wmacca tena, «, (3, Yy — KOOpOUHATHI €ro [eHTpPa TAMECTH,
a A, B, C — riaBHble 0CH UHEPIUUHU, TO

oM owtPytyz, 1 S[3@* —2)(B - )+

A,
r rd 495

+ (2% +y* —22Y)(-A - B +20) — 62 % /m’y’p’dr’].

I MHoMMTeNs pU MOCTeHeM uleHe B 3Toil, a Takme B cleaylomeil Gopmyie momkeH
6bITb He «—6», HO «+3».
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Hpe,[[HOJ'IOH{I/IM, 4YTO MMOBEPXHOCTHb ABJIAETCH IIOBEPXHOCThIO Bpall€eHUA,
YTO Havalo KoopauHaT pAacCIlOJIOEeHO B IeHTpe Tella, OrpaHu4eHHOoro 3TOH
INOBEPXHOCTbIO, U YTO KOOpJAHWHaTHbIe OCH COBIIaJdarmOT C I'NIaBHbBIMH OCAMHU

unepuuu. Toraa
B=A

M 1 /2 2 2
V= —+2—5($ +y — 2z )(C—A)
BI:I'-II/IC.TII/IM 3dHa4yeHUe IoTeHluajla V pItus: BHeEIIHeH IIOBEPXHOCTHU Tella,
ABJAKONIErocA, Kak MbI IojlaraeM, JUIMIICOUJOM CO CHaTueMm ej. (Dopmyna

IJIA BBIYUCIIEHUA IIOTeHIuajla uMeeT BUL
M
V=2"4+HY +) Q7

rae Y — pyHruua
2 +y? — 222

’
,,.2

a Z — HekoTopad chepuyeckad GyHKIUA, OTIUYHAA OT Y.

Rosdpdunuventsr H u () 10I1#HBI UMETh ONPeeleHHY 0 GOpMY, TaKk Kak
MoTeHIIMAal Ha 6ECKOHEYHOM yIajleHUU OT TIOBEPXHOCTH [0M:KeH ObITh paBeH
Hymo. Kak MblI y#e BUIenH, BHIONHAIOTCA PaBEHCTBA

H= Hy Q= _
- 9 - 9
,,.3 ,’.12n+1

rage HO U qo — HEROTOpbIe KOHCTAaHTHhI. OTCIO,I[a

M HoY Q7
V=9+ Z o+l

Ha cB0GOoHOI MOBEPXHOCTH

2
U=V+%2(2?+y%) =C",

2
U=V+ 221 LY _ e
3 6 )
Tarum o6pasoM,
M w?r? LW 2Y HOY Y cte.

T 3 6 prtl T
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Ionoxum
r=r;+(.

Kar mb1 yie sHaeM (cTp. 68),

_ 3¢,
€1 = 7'1_Y’
3HA4uT,
r=r7r [1 + %]

Tak rKak Bce claraeMble, KpoMe MepBOro, Malbl, MO¥HO NpeHeOpedb

BeNMYKMHON €? u 3anucaThb

r 1
()

Mo M (o)

Takum o6pasom, ypasHenne U = C* cpogutea K Bumy

MeY w2 W%32Y H)Y Z
M Me n 1y 17, Ho > 4o

— Cte
r1 37‘1 3 6 r% r{""’l

ITockonbRy, coriacHO NMPEIIONOMEHUIO, MbI UMEEM [0 C DIUIUICOU-
ooM, To qo = 0; 3HauuT, moTeHuuan V paBeH

HyY
M Ho

r ,,.3

CpaBHI/IB OBa 3Ha4YeHHUA IMoTeHluampa, MO¥HO 3aRJIIOUYUTh, YTO

_c-4

Hy 3

Otcrona

M (Mel 3 C—A)Y w?r? N WY
1 3r1 273 3 6

MOKHO 3aKJIIOYUTh, YTO KO3 PUUNEHT Npu Y paBeH HYIIO, U

Me;, C—A , W}

3r1 273 6
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Teepdoe meao, nokpvimoe caoem HHudkocmu
Bnpouem, u3BecTHO, 4TO

M = 471'D1rf, 8 = Mz’ wiry = pgo = Q0M2.
1 1

3
Otcrona
C—A_ rme  $g”"n
27.% - gO 3 6 9
C—A_%w%e_gy
r3 -3 2)’

IIPpUHAB paguyc BEM.TII/I 3a efMHUIy, MOMHO 3anucaThb
280 ®
O-A="3(a-9)

3HayeHUe CUJIbI THMKECTH B HeROTOpOﬁ TOYKe IIOBEepXHOCTU.
ou U 3—U, n UMeeT MeCTO

CocTaBIAIOIYMY CUIbI TAXECTH ABIAIOTCA , ,
oxr’ Oy’ 0z

= ) () (3

OGo3HauuB yroa MemIy BepTUKalblo U paguycoM OM uepes e, mo-
JAy4UM BbIpameHue A COCTABIAIONIENH CHIbI TAMKECTH, COOTBETCTBYIOIIEH

paBeHCTBO

3TOMY paguycy:
_oU _ g COSE;

or
NOCKONbKY YToJ € Mall, IPOU3BEeHHE g COS€E MOUTU PAaBHO eJUHUIE, C TOY-
HOCTBIO [I0 HEKOTOPBIX BeIMYMH BTOPOr0 NOPAJKA, U MOHO 3alucaTh

__ou

8= (97“’
M ,C-AY 2% w%Y
=t a5 T3

Ilonoxum teneps r = 1 + (. Torga

1
—=1-2C.
r? ¢
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OTcroga HaxoauMm

2
g:M—ch+%(0—A)Y—%—w2Y,

2 2
g=M(1-20) +go(er - 5)y - 2= L

P 3 3

_ _ 2aY _P\y _ 208 _ pgY
g_g"(l 3 )+g°(61 2)Y 3 3
& _q,aY Sp. 20 . 20 Y( _5p
-1t 3 % 3 =1 3+3(6 2)‘

IlocnenHee BeIpameHue — 3To popMyia Kiepo, mpeicrapidioman cuiy
TAMECTH B HEKOTOPOil TOYKe Ha NMOBEPXHOCTH IJAHEThl Kak (QYHKIMIO OT
LIMPOTHI 3TO# Touky [15].

Biuuauue BoicoTsl. FEciu HaGniogarenb MOJHUMaeTCA HA BO3MYII-
HOM Iape, OH JIeTKO MOeT clelaTh MONpaBKy Ha BBICOTY; HYHO JIHUIIb
3aMeHUTh 7 B popmyie Ha 1 + ¢ + h BMecTo 1 + (. OgHako B 3TOM cityyae
HeT Hy# /bl [elaTh Takylo nonpasry. Yaile Heo6X0AUMOCTh B MONpPaBKe Ha
BBICOTY BO3HUKAET, KOTJJa TOYKA HAXOAUTCH HA HEKOTOPOI BO3BBIIIEHHOCTH

U HeOoOXOIMMO y4ecTh CHUJIY NPUTHMEHUA, CBA-

P M S 3aHHYIO C 3TOH BO3BBLILIEHHOCTBIO.

JTOo 3HAUUT, YTO HYHHO yUECTh HEPOBHOCTH

[I0OBEPXHOCTH, MOJNOMUTEIbHbIE TUG0 OTPULATENb-
Hble, HO TIpeifie cleflyeT BbIOpaTh MOBEPXHOCTD,
OlpefelAIoyI0 00Ul YPOBEHb HaHHOW BO3BbI-
meHHocTH. TaKkoll MOBEepPXHOCTLIO fABIAETCH Cdhe-
pa nuametrpa OM (puc. 15), rae O — ueHTp che-
pouna, a M — TouKka, B KOTOPOil MPOU3BOAUTCH
HabmoneHre. MO#HO BLIUMCIUTL CUNY TIPUTAHE-
HUA, CBA3AHHYIO ¢ 00 EMOM, 3aKJIIOUEHHBIM MeH-
1y IByMA cdepamu; IOIpelHocTh OyieT He Tak
y# U BelMKa, TeM Gojiee, 4TO NPUTAMEHUE TOp
OYeHb Majo. 3a IOTHOCTh JaHHOT0 00beMa MOKHO B3ATh CPEIHIOI MIOT-

Puc. 15

HOCTb I'OPHBIX NMOPOJ y MOBEPXHOCTH, T.e€. %Dl, rae Dy — cpenHAA mIOT-
HOCTb cdepoujia.

IlonpaBka Byre. PaccMoTpuM ogHOpPOAHBIH cepruyecKkuii cioit Tomx-
muHbl h ¥ maoTHocTH p. O6bEM 3TOro0 ClloA paBeH

47r2h,
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a ero macca — M

2
4drhrip. A
IlonpaBra, BHOCMMasa B BbIYHMCIEHHE g, <>
paBua 4mphr?,! u umeer MecTo paBeHCTBO

dg _ Amph _ 3ph

g 4 "~ Diri’
3

7TD1’I‘1

IlocTpoum KoHyc, KacaTelbHBI K cdepe,

¢ BepUINHOI B Touke M, pacnoso;eHHoIi Ha He-

KOTOpO#l BbicoTe Han cnoem (puc. 16); aunua

KacaHufA pa3feNuT cloif Ha ABe YacTU, U HaM Puc. 16
U3BECTHO, UTO CUJIbI HPUTAMEHUA Kam/J0i U3 3TUX 4YacTell, JdelicTBylomNe
Ha TOYRY M, paBHBI.

[Ipumenum sty Teopemy. PaHee MbI paccmarpuBanu cdepy ouamert-
pa OM (puc. 15). Eciu Tenepb npeloiomuThb, YTO CUIA MPUTHMEHUA 00b-
eMa MRS cocToUT U3 cuUll NPUTAMKEHUA HEKOTOPOr'0 YHUCIA OJHOPOJHBIX
TOHKMX CII0€B, TO YacTh 06'be€Ma ITUX Cl0eB, orpaHndenHas cdepoit (OM),
OyIeT oka3bIBaTh Ha TOYKy M Takoe e AelicTBHe, YTO U NOJOBUHA 06beMa
Bcero ciofl. Takum 06pa3oM, YTOObI BBIYUCIUTDL CUIY NPUTHMEHUA, TelcT-
BYIOLIYIO Ha TOUYRY M, pacnono;keHHYIO Ha BbIcOTe h, HY#HO BBIUUCIUTH
CUJTy TIPUTAMEHNA OKPY:HKatolero chepousi Cliof IOTHOCTH p U TONIUHEI h,
a 3aTeM pa3leluThb €€ MOoMoiaM.

TonmuHa h cnod MoxeT ObITh NMpeACTaBIeHa B BUJIE CyMMBbI

h:Z’i—}:;

IOTEHI Al TaKoro ¢JIOfA, COracHo U3BECTHON (GopMmyJle, COCTABUT
Z 4m AY
(2n + 1)+t

Monomum r = 1. Toraga npupameHne GyHKIUU g UMeET clelyIOmuii
BU[:

_ 98V _ n+1
og = o —Z4AYTF—2n+1,

1 MonsHo 6bITH 4rmph.
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u panee 5_g 3p+zn+1
80 2n + 1
OrpanuuuBmIKuCh YieHOM 1 = (), IOIYUYUM

og _ 3p.

& D17

II0JIOBHUHA 3TOI'0 3Ha4YeHUuA 6y,£[eT ABJIATHCA HOHpaBKOﬁ Byre.

Tarum obpasom, noiHad MonpaBKa MpeAcTaBiAdeT coboit cyMMy ABYX
cjlaraeMbIX: IepBoe CBA3aHO C YBeJIUYeHHEeM BBICOTHI oe3 ydeTa Macchl BO3-
BLIINIEHHOCTU, BO BTOPOM 3Ta Macca y4YuThbiBaeTCA. OKoHyYaTelbHaA (I)OpMy-
Jla UMeeT BUJ

g _ 2h 3_ph
& 2Dy

Beruucasda nonpaBry no 3Toit ¢hopMyJie, HaX0JUM, UTO OHA YpPE3BbIYaii-
Ho Mana. B o6uem ciyuyae 3HayeHUe MONpPaBKH, MONyuYeHHOe U3 Habmioje-
HUMl, 1A TOYEK, PAcloJO#eHHbIX HaJ] MaTepUKaMM, MeHbllle BbIYUCIEHHO-
ro no ¢opmyne. I HanpoTuB, B TOYKAX, PacloJOMEHHbIX HAJl OKeaHaMU U
OT/IeTbHBIMHU OCTPOBAMHU, OMBITHOE 3HAUYEHHE TONPABKU GOJbIlE BhIUUCIEH-
HOrO.

Kpowme Toro, kak norkasan ®aii, He cTOMT yYUTHIBATL® monpaBKy Byre
IJA BLIYKMCIEHUA BIUAHUA Macc, KOTOPble MOT'YT GbITh PacloO#eHbI MOJ
MOBEPXHOCTbHIO OKEAHOB, MU MyCTOT, KOTOPble MOTYT HaXOAUTLCA MOJ Ma-
TepuKamu.

Ha noBepxHocTu okeaHoB umeeM U = Uy. Ilpogonian noBepXxHOCTh
U = U, nanee nox MaTepuKH, MbI JOJI#HbBI IOJIYUYUTh TelO BpalleHUA, Of-
HaKo 3TO He coBceM Tak. [lomyuyeHHoe TakMM 006pa3oM Telo Ha3bIBaeTCA
reou oM.

2

Cuia TAeCTU B TOUKe, PAcIo0KeHHOI Ha M0OBEPXHOCTHU reo-
upna. Paccmorpum chepy paauyca, 6nusroro paauycy 3emiau. O603HauuB
BBICOTY MaTepHKa, PacloJIO;KeHHOI'0 HaJ IOBEPXHOCTBbIO 3TOi cdepsl, ye-

pe3 (, MOKHO 3amucaTh
¢y,

!Bennuuna, BeIuMCAAEMadA U3 MocaeHeil GOPMyNbl, yUUTHIBAIONIEH BIMAHUE U BhICO-
ThI, ¥ BHEIIHHX Macc, B COBPeMEHHOM IuTepaType Ha3blBaeTCA He MONpPABKOM, a pedyk-
yuei Byre.

2MockonbKy nonpaBka Byre mpu penyuupoBaHuM Ha GUBHUYECKYIO NOBEPXHOCTh 3eM-
M ¥ Tak NPUBOJUT K yCTPaHEHHUIO NPOMEYTOUHOrO I7acTa BellecTBa.
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ecin C' — BbICOTa HaJ COOTBETCTBYIOMIHUM J3JJIUIICOUIOM, TO

(=) (H-qY.

Paccrosanue Memay cdhepoil U COOTBETCTBYIOIUM ILIUIICOUIOM PaBHO

(-¢=) a

HyCTb h — BbICOTa TOUYKU Hajag reouagoM:

h=>Y kY.

PE]C(‘,TOHHI/IE!7 Ha KOTOpoe reorug BO3BbIINIAETCA Hald COOTBETCTBYIOIIHNM
JUINIICOUIOM, PpaBHO

('=h=) (H-q-kY.

3uavenue ( — ¢’ cBogUTCA K CyMMe ABYX WIEHOB: TOrO, 4TO COOTBET-
z? 4+ y? - 227

2
r

Ha noBepxHoctu reouna umeeM U = gy = const, a B TOUKe, pacnoyio-
JKEHHOI Ha BbIcoTE h,

cTByeT Y = 1, U TOro, 4TO COOTBETCTBYET ¥ =

BU
U=go+ 5~ or
Ho p
_ou _
or &o-
Otcrona

U _ vV _
5_1+Z(H—k)Y, 5_1+E(H—k—7)y

KosddunueHTs! v M3BECTHBI: OHU COOTBETCTBYIOT Ko3(duimeHTam,
BXOJALIMM B pa3siioxeHne QyHKIUU

2
2go(ﬂf +9%).

Ecan OONNYyCTUTb OOJHOPOAHOCTHL Tejaa, TO

v_1, SUH-k-n)¥
r ,’,.n+1 ’

8o
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a MOCKOJIbRY
14
8= Ir 9

B UTOrIe MOoJy4YuM

Mn+1)(H-k—-v)Y
T"+2

g _ 1
o2

Benuuuny h nonyvaem u3 reoje3anyecKuX U3MepeHUil, onepanua HIBe-
IUPOBaHUA aeT BeIUUUHY (, a HaOMI0JeHuA MaATHUKA MO3BOJNAIOT ONpeie-
IUTh 3HavyeHue g. TeopeTHUeCcKHU, JOCTATOYHO JBYX Cepuil U3MepeHUil IiA
TOro, 4ToObl MOXY4YUThH 3HaueHuAa (, h u g. Ha pgene ke KoamuyecTBO U3-
MepeHUil KamJoil U3 3THUX BeJWUUH HUKOTAa He ObIBaeT AOCTATOUHBIM —
3TU U3MepeHHNA He HAaCcTONbKO TOYHbI, UTOObI KaKyl0-1100 U3 cepuil MO#HO
Ob170 cuecTh U3NUIIHEN.

o cux mop MBI JoMyCKalu, YTO NOBEPXHOCTh reoria Majo OTIUYaeTCA
OT MOBEPXHOCTH 3JMUIICOUa BpallleHUA.

B manbHeiinmieM MbI NOKakeM, UTO MOTYT cylllecTBOBaTh (UTypbl paB-
HOBECHA, OTINYHbIE OT JLIUICONAA BpalleHNA.
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OYHRIINU JIAMD

AniunTuyecKkye KoopauHaTbl. PaccMoTpuM cooKycHbIe TOBepX-
HOCTHU BTOPOTo MOPAJKA
2 y? 2

€T z _
)\z—a2+)\2—b2+)\2—02_1_0'

Yepes 1106yI0 TOUKY NPOCTPAHCTBA IPOXOAAT TPU TAKUX OBEPXHOCTH.
B camom fene, eciu AaHbl T, Y, 2, TO A% ompelenfeTcA U3 KyOUUecKOro
ypaBHEeHHfA, KOPHU KOTOPOro HaXOAATCA Me#ay uuciamu a?, b® u c2.

OTciofa crefyeT, 4To HauGONbLIINI U3 BTUX KOpHel (TOT, UTO 6oJb-
me a?) cOOTBETCTBYeT BILIMICOUAY, CPeIHUIl KOPeHb, 3aKII0UEHHbIH Mes-
ny a® u b%, onpenenAeT oQHONOIOCTHBIH TUNep6oIOU], a TPeTUil KOpeHb,
HaxoaAmuiica Mexay b? u ¢?, cooTBeTCTBYeT runep6oNoULy ABYNONOCTHO-
My.

O6o3HauuM 5TH KOpHU yepes p2, p?, v? u s3anumem

pr>a?>pt >0 > > A

C npyroii CTOpPOHbI, €CJIIH aHBI p, 4t ¥ V, TO UMEIOTCA TPU [IOBEPXHOCTH,
KOTOpble IlepeceKaloTcA B BOCbMHU TOYKaX, PacloNOMEHHbIX CUMMETPUYHO
OTHOCHUTEJNbHO KOOPAMHATHBIX MIOCKOCTEM.

Ecnu orpaHuuuTbCA paccMOTpPEHUEM TOYEK, PACION0EHHBIX B JAaHHOM
OKTaHTe, TO KaJad TPOHKa 4ucel p, [, ¥ ONpeJelfAeT OAHY U TOIbKO OJHY

TOYRY.
MosHo 3anucaTrb
x> + y? + 2> 1= = (A =) (N = p®)(N? = v?)
A2 — g2 A2 —p2? A2 — 2 - (Az_az)()\z_bz)()\z_cz) :

2 2

YmHo#uB Ha A2 — a2 u nonoxuB panee \2 = a

s (a2 )@ — ) (a2~ 1)
@ -

, IOy YUM
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Otcrona

r = (p _(Zz )_(ubz)_(;; )_(Vc2)_ ¢ )9

TO e A y U z:

_ | @ - - -
R T T N

@ - - )
\ (02—a2)(c2—b2)
3HaK, KOTOprﬁ cilenyeT MOCTaBUTH Iiepe] 3HAKOM KOPHA, 3aBUCUT OT

TOro, KaKoil OKTAHT Mbl paccMaTpPUBaeM.
BosbMeM HekoTopblit monuHoM f(z) M HOT0MKUM

R=f(p%), M=f4?), N=f@).

Ilonunom RM N 6GypmeT B 3TOM cily4yae CUMMETPUYHBIM HOJIMHOMOM OT
Tpex BeauuuH p?, pu?, v, KoTopble ABIAIOTCA KOPHAMU ypPaBHEHUA

2 2 2
:B+y+z

Moz oy oz !

u, clefoBaTeNbHo, Ieloil gyHknuei ot 2%, y2, 22
IMonoxsum
— 2 2 2
R = f(p ) pe —as,

1160

R = f(p*)V(p? — a?)(p? — ?),
6o

R = f(p*)V/(p? — a?)(p? — 0?)(p? — )
u 3anuumeM aaa M u N aHaloruuHble dpyHKRUUYU oT p U v. Torga RMN —
5TO NOIMHOM B TepeMeHHBIX x2, y?, 2%, YMHOMEHHBI COOTBETCTBEHHO
Ha x, Ty 1ubo Tyz.
IpeanonosuM, 4To R — LeJblil IOTMHOM OT p?; Mbl MO#€EM Pa3NOKUTh
€ro Ha MHOMKUTENN TepBOro NMOpAJKa U 3anucaTh

R=1](* - ).
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Torpga

RMN = [J(0* = X)(W® - 2 (* - W) =

=11] A A————) "

N2 X2op A

Takum o6pazom, RM N Bo Bcex ciyyasax npeacTaBiafgeT coboil mpous-

BefieHre MHoOuUTeNel Buaa (1), yMHOMEHHBIX Ha HEKOTOPYIO KOMOMHALMIO
BENIUYUH L, Y, Z.

JluHeliHbIi 3JleMeHT B 3LIMIITUYECKUX KOOpAuHaTax. IloBepx-
Hoctu p = C*, p = C*, v = C* 06pasyloT OpTOroHaNLHYIO CUCTEMY KO-
OpMHAT, KBaApaT JUHEeHHOro sj1eMeHTa KOTOPOil BhIpaskaeTcA cilelyIoluM
obpasoM:

ds®> = o* dp* + 3% dp® + v dv?,
rae a, 3, v — GYHKUUU OT p, |4, V, KOTOpPbIe MbI onpeaenuM nosse. Hmeem
ds* =dz® + dy® + d2?,
d d
dmzzppz"';uuz'i' ;dyz’
p?—a w—a vt —a
dy _ _pdp pdp vdy
Yy p2_b2 MZ_bZ V2_b2’
d d
dz _ _pap n map n vdv

- I - -
Orcrona
da® + dy* + d2* = p* dp® [(p2 fza"’)2 T gzlﬂ)"’ T ich")2] "
+p’ dﬂz[(uz fzaz)z + (u? ZizbZ)z + (12 2_262)2] +
+ v? dy2[ = fzaz)‘z + o {sz)z + (2 izcz)z]

H, ciregoBaTellbHO,

o _ W) -p)
P> (PP =a®)(p* =) (p* — )
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Ionoxum
Q* = (u* - p)(p* —v*)(V* — p?),

g2 (PP =a)(p? - P)p* — )

p

g2 W —a)(p? — ) (p? - )
IS ’

o a0 =)0 = )

rae Bemnuunbl A2 u C? — nonomutenbHbl, a B2 — orpunaTennbHa, T.e. A
u C ABJIAIOTCA BEI[eCTBEHHbIMU YKMCIaMM, 8 B — MHHUMBIM.
B coorBeTcTBUM C MPUHATHIMU 0603HAYEHUAMHY 3aIUIIEM

a = Q , B= Q s Y= @ s
A E =12 B\/1? — p? CVp? — 12
rage V2 - p2 — BeJIMYMHA MHUMaf, 3Ha4yuT 5 ABJIAeTCA BelleCTBEHHbIM

YHCJIOM.

YpaBHeHnue Jlanigaca. PaccmoTpum, Kakoit BuUJ IpUHUMAaeT ypas-
Henue Jlamnaca B aanMnTUdYeckuX KoopauHarax. Panee (cTp. 43) Mbl ye
YCTaHOBHIIU, YTO ecii 0603HAUNUTH KBaApaT JIUHEHHOr0 3JIeMeHTa yepes

ds® = o® dp® + 3% dp® + 42 dv?,
TO
AV = a%w 3 a% [@ 36—‘;].
U3 ypaBuenua AV = () monyuum
3 Bip (@ %—‘p/) = 0.
Nnmeem

By _ AQ povt _AVET -
@ BC\ PP - BC
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oTciofia ypaBHeHue Jlannaca BBIDIAAUT CIeIyIOMEM 06pa3oM:
0 [i 2_ 2 8_V] —0
Zﬁp BC(N ”)ap e

vV
dp

W3 BeauuuH B KBaJapaTHBbIX CK06HaX, KpoMe , TOJIBKO A 3aBuCHUT

OT p; NIO3TOMY 3anuiem

w2—v: 9rov
> BC " 0p [Aa_p]'
Ymuoxus Ha ABC, nonyunm
ov
ZA pu? —v? [A (9p] 0,
T[4 8V 4 adAV (2 2y o, @)

dp? dp 9p

KosdounuenTs! B 3TOM ypaBHEHUU NPEJCTABIAIOT COO0N BeIIECTBEH-
Hble uKcia, IOCKOIbKY BellecTBeHHbI uncia A%, B2, C? u, cregoBarenbHo,
UX TIPOM3BOJHbIE TaK:Ke CYIECTBYIOT.

®dyurnuu Jlama. Cpenu pemeHuit ypaBHeHus Jlannaca ecThb monu-
HoMbI Bua RM N; onu HasbiBaioTcA GyHKnuAME Jama®.
3aMeTHUM IIpesk]e BCero, YTO OUEBHU/HO BEPHBI TOMIECTBA

> W -v*) =0,
Y PP -vh)=o.

Otciona ypaBHeHue (2) SKBMBAJIEHTHO CIeyIONEMY yPaBHEHUIO:

Z[A??;’p +AdA%‘p/+H2V+KV](u —

Nonyctum, uto V.= RMN u uyto R ynoBieTBopsAeT ypaBHEHUIO

Az(?)pR _'_ACCIiA‘(lZR + Hp’R+ KR = 0; (3)

Moaunome! Buga RM N NMpUHATO cefiuac Ha3bIBaTh MpousBeneHuAMU Jama, a byHK-
uuAmMu Jlama — BXoAAIMe B HUX COMHOKUTEIH.
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Torga M u N yIOBIEeTBOPAIOT AHAJOTMUYHBIM ypaBHEeHUAM, a QyHROudg V
B 1IeJIOM yIOBIeTBOpAeT ypaBHeHMIO Jlamiaca. 9To JocTaToO4YHOE yCJIOBHE
AIBIAETCA TaKkM#e U Heo6GXOAUMBIM, T.e. eciu QyHKuuA V umeer sug RM N
U yaoBieTBopAeT ypaBHeHuio Jlammaca, To R yaoBieTBopAeT ypaBHe-
Huo (3), a M u N yI0BIeTBOPAIOT aHAIOTMYHBIM ypPaBHEHUAM, [OIYYeH-
HBIM MOCPEICTBOM 3aMeHbI p Ha i U v 1 3aMeHbl A Ha B u C' cOOTBETCTBEH-
HO.

B camom pene, eciu monoUTh (4 = v, TO ypaBHEHUE DOJMHO OCTaThCA
cnpaBeinBbIM. OyHENMA R B 3TOM city4ae cBoguTcd kK M, a ypaBHeHHe —
K BULY

pr&M  gdBAM g2y g =,
on? dp dp

CymecTBytoT 11 Takue gyHruuu? Pacemorpum dyHruuio p(u), onpe-
nenfgemMyio nuddepeHnralbHbIM ypaBHEHUEM

p'u=2v/(pu — e1)(pu — e2) (pu — es),!

rae
e1+ey+e3=0.
IMonoxsum
pPP=pu+h, a®>=e +h, bV =e+h, =es+h;
OTRYyJa
h— a? + b + ¢?
— s
Takum obpaszom,
p'u = 2v/(p? — a2)(p? — b2)(p? — ) = 24p.
3aMeTUM, UTO
p'uz—z =2p;
3HAYUT,
dp
A=-F
du

H, ciienoBaTelbHO,

dR _ drRdp _ dR
dp  dpdu du’

13neck Myankape ucnombayeT o6o3HauyeHus BeitepmTpacca.
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YpaBHeHUe
a4 [A@] +(Hp? +K)R=0
dpl dp
NpUHUMAaeT BUJ
PR | (g2 4 K)R = 0.
du?

MosHo nu nogo6path 3HaueHus H u K TakuM o6pa3oM, 4TOObI QYHK-
uuA R ABIATAach MOIUHOMOM OT p WIM MOJOGHBIM e MOJMHOMOM, YMHO-
#eHHbIM 1160 Ha +/p? — a2, mubo Ha /p? — b2, 1ubo Ha /p? — 27

Ilpu 3amene p? Ha p(u) Takoll MmoauHOM GyHeT NMpeacTaBiATh co6oii
IBOAKONEPUOJNYECKY IO QYHKINIO, UMEIONYIO JBa neproia p(u): 2wy u 2ws.
Nuaue roBops, cyliecTByeT yABOE€HHOEe GECKOHEUHOE KOIMYECTBO MONIOCOB
obyuruun p(u), T.e. u = 2mw; + 2nws, TIe M U 1 — HEKOTOPBIE Lelble YUC-
Ja — TOJOMUTeNbHbIe, OTPUNATEIbHbIE WU PaBHbIE HYII0. DTH ABOMHbIE
noioca oyHruuu p(u) GyAyT IJA MOMNUHOMA MOMIOCAMHU NOPALKA 2.

Kpome Toro, dpyurnua /p? — a? = \/pu — e; Tawme ABIAETCA ABOA-
KOMEPUOAMYECKOl ¢ eprojaMu 2w; 1 4w U B KaYeCTBE MPOCTHIX MOTIOCOB
umeer nogoca ¢yuruuu p(u). CregoBaTenbHo, Npu npuGaBleHUN K u 3HAYe-
HUit 2w1, 2wy WK 2ws QyHKOUA R coxpaHAeT cBoe 3HauYeHue JUG0 MeHAeT
3HAaK B 3aBUCHMOCTH OT TOr'0, CKOJIbKO OHA CONEPHUT pajuKalloB: HU O]-
HOTO, OJJUH WM JIBa, WIK OT TOrO, HA CKOIbKO pafuKaloB ObLT yMHOM#EH
MOJMHOM: Ha OfIMH, HA [Ba WK Ha TPH.

Takum o6pasom, GpyHknua R MomeT GbITh YeTHOH NTUGO HEUETHOM, HO
B M1060M cliy4ae JOAHO CYNIeCTBOBATh pasioeHue

a1 a2

un—Z + un—4

g

MopcTaBuM 3To 3HaYeHHe B MOMyYeHHOe paHee ypaBHEHHe, YYMTHIBAfA, 9TO
1 2
p(u) = = +au”+...;
u

B pe3yibTaTe ypaBHeHUE NMPUMET BU[I

[n(n—|—1)a0 N (n—=1)(n—-2)ay +] N

un+2 un
1 2 ag a _
+[H(F—|—au +...)+K][u—n+un_2+ ..]—0
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A Toro 4yTo6bl 3TO ypaBHeHUe ObLIO CHpaBeIIMBLIM, HEOGXOAUMO

npex e Bcero CORKpaTUTh cilaraeMnbie, cogep:hamue , & 39TO BO3MOMi-

un+2
HO, TOJBKO eclin

H=-n(n+1).

O6o3HaunB cTeneHb QYyHKRIUU R depe3 ¢, a KOIMYECTBO pagUKaloB,
BXOIAIIMX B Mpou3BeeHue, yepe3 p (p = 1, 2 unu 3), MoxKHO 3amKucaThb

n =2q+p.

INocTpoenue ¢pynruuii Jlama. HWrak, nonuHoms! Jlama, eciu oHM
CYIIECTBYIOT, JOMKHbI YIOBIETBOPATH HUMECIEAYIONUM YCIOBUAM.

JTHU NMOJIUHOMBI, paccMaTpUBaeMble Kak QYHKIWH OT &, Y, 2, ABIAIOTCA
HpOU3BEAeHUAMYU MHOKHUTeNEl BTOPOro MOpPAJKa M OJTHOT'0 WU HECKOIbKUX
MHOMUTeNeR x, y, 2. 3aMeHAA &, Y, z UX 3HAUEHUAMHU, T.e. GYHKIUAMU
ot p?, p?, v2, nonyyaem dyHruuio Buga RMN, rie R npencrapigeT co6oit
NOMMHOM OT p?, 1160 TaKoil #e MOJUHOM, YMHOMEHHBIH HAa OfUH, 1BA WUIH

TpU pajuKana
V2 —a, V-0, -

a M u N aBnfioTcd NoaoOHBIMU QYHKUUAMMU, e p 3aMeHAeTCcA Ha [ U V.

Ina ¢yusuuu () cyuecTByeT BoceMb BO3MOMHBIX GOpM, Kamaoi us
KOTOPBIX COOTBETCTBYeT cBoA ¢popMa R. Eciu n — crenenb dyHKUNM @, TO
crenenb R oT p? MomeT 6bITh

n n—1 n—2 — n—3
2’ 2 2 2

B 3aBUCUMOCTH OT TOrO, CKOJbKO paJuKaloB coJep#uT R — HU omHOrO,
O/IMH, 1B WIH TPH.

Haxonern, 3amenuB B ¢yHuuM R nepemennyio p? Ha pu, NOLYyYUM
GbYHKLUIO, KOTOpad NMpU 3aMeHe u Ha u + 2w; MeHAeT 3HAaK WU OCTAaeTCA
HEeM3MEHHO!N B 3aBUCHMOCTH OT YETHOI'O WM HEUeTHOro KoJAuuecTBa paiu-
KanoB \/p2 — b2 u /p? — 2, MOCKONbKY pamuKal \/pu — €; He UIMEHAeT
3HaKa QYHKIUM IPU 4 = U + 2w;.

AHaJOrMYHO NIpU YBeINYEHNN U Ha BeIMUUHY 2we paguKalbl /pu — €1
1 \/pu — e3 MEHAIOT 3HaK; cleoBaTeabHO, GYHKIMA R MeHAeT 3HaK 1160
HET B 3aBUCMMOCTH OT YETHOIO JIM6O HEeUeTHOro KoluyecTBa 3TUX pajuKa-
JI0B B CBOEM COCTaBe.




Oynryuu Jams 119

Bce aTu BbIBOABI IpecTaBiIeHbI B IOMellleHHOI HuMe Tabnute. [leppas
KOJIOHKA COflep#uUT Gopmbl QyHKIMK (), BTOpad — COOTBETCTBYIoHINe Ghop-
Mbl R, TpeTbfl — cTelleHb MOJMHOMA, KOTopafd BXOAUT B R rak dyHRUUA
ot ctenenu (). UeTBepTas u nATad YKa3bIBalOT, U3MEHUT JU OYHKIUA 3HAK
IpU yBelWUeHU!U 3HAUEeHUA u Ha Nepuoj 2w; U 2wy COOTBETCTBeHHO. DYHK-
uuA (Q; npencraBifer co60il MUCKIIOUMTENbHO MPOU3BeJeHHe MHOMUTENeiH
BTOpOTro NOpAJKA.

Q1 R He cofiepuUT paauKanoB g S i U '2" 2
Qiz |R comepmur p? — a2 n ; 1 ) %
Q1y p?—b? oo ||+

Q12 p?—c? PP e

— 2 1
Qiyz VP —=b2/p? —c? n2 + | = n-2|-
Q12 p? —c?y\/p? —a? oo ||+
Qizy p? —a?y/p? — b? N

Qizyz| ... VI —a?) (P2 = 02)(p? — @) n—3| | |n=1t

Otbickanue K. IIpuHumas Bo BHUMaHUe BBINIEU3NO#EHHOE, MOMbI-
TaeMcA oTbickaTb K. 1A ¢yHruuit nepporo Tuna R — nolivuHOM cTeneHn %,

coJep:almmi % + 1 ogHOpPOAHBIX KO3 PUIIUEHTOB.

IlogcTaBuB ero B auddepeHuaibHoe ypaBHeHNe, OIYUYUM HOJIUHOM
cTeneHu % + 1, KoTophlit nom:keH ObITh paBeH Hyllo. Tak Kak, coriacHo
Hamemy npepnonosxenuto, H = —n(n + 1), ko3¢ HULKEHT Npyu YieHe Hau-
Oonblllero NopsAjgKka cokpallaeTcA. 3HAUUT, HY#HO COKpPaTUTh elle % +1
K03} PpULIMEHTOB.

Tarkum o6pasom, %+ 1 ko3¢ PuLMEeHTOB TOJMHOMA IOJ#HbI Y AOBIETBO-
PATb TAKOMY 3Ke KOIUYEeCTBY JHUHENHbIX OJHOPOAHBIX ypaBHEHUl, ko3 du-
IUEeHTHI KOTOPbIX JuHelHo 3aBucAT oT K. Ilocne cokpamenuna koadoumu-
€HTOB MoJMKMHOMAa NonyuyuM 1A K ypaBHeHHe cTeneHU % +1.

n+1
2

. 3HauYUT, COrJIAcHO paccyje-

Ecnmu R oTHOocuTCA KO BTOPOMY THILY, HEOGXOAMMO ONpeNelUuTh

n—1
2

HOBQJ(I)[/I].[[/IBHTOB INIOJIMHOMAa CTelleHU
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HUIO, aHAJOTMYHOMY NPUBEJEHHOMY BbIllle, MOPAJOK ypaBHeHUA aifa K pa-
n+1

5
B cayuae pyuxiuu R TpeTbero tuma ypaBHenue A K uMeeT mopf-
IIOK %, a ecid R oTHOCUTCA K YeTBEPTOMY THUIY, TO MOPANOK ypaBHEHUA

BeH

n—1
5
ITHU BLIBOJbI COCTABIAIOT IIECTYIO KOJIOHKY BhIIIENPUBEIEHHOMH Tabau-
LIbI.
U3 ckazaHHOrO cilefyeT, YTO KaxIoMy KOpHIO ypaBHeHuil miaa K, mo-
JIyYeHHbIX TaKUM 06pa3oM, COOTBETCTBYET OJUH U TOJbKO OJAUH MOJUHOM.
Ecau n yeTHO, TO cymecTBYIOT TOJbKO MOJUHOMBI IIEPBOTO U TPEThHEro
THUIIOB; UX KOJIMYECTBO paBHO

mia K —

n n_
2-|-1-|-32 2n + 1.

Ecan n HeyeTHO, TO CYyIIeCTBYIOT TOJIbKO MOJMHOMBI BTOPOI'0 U 4YeT-
BEPTOro TUIOB; UX 06llee KOIMYECTBO PaBHO
n—1 n+1

+3

2 9 =2n+ 1.

CnepnoBatenbHO, UMeeTcA He Ooiee 2n + 1 noaunomoB Jlama. I roBopio
«He 6olieey, IOTOMY UTO ypaBHeHuA 1A K Morau 661 UMeTh KpaTHbIE KOPHH,
OJJHAKO MO3#€e MbI YBHAUM, UTO HUYEro Nof00HOr0 He MPOUCXOIUT.

CBA3b co chepuueckuMu pyHrRIHAMU. [Ipeanonomum, uTo x, y,
z ABNAIOTCA GEeCKOHEYHBIMH BeIMYMHAMHY [EepBOT0 MOPAMAKA; (4t U V OCTAIOT-
cfl, 0 CBOEIi CYyTH, KOHEYHBIMU, OTHAKO p TaKKe CTAHOBUTCA GeCKOHEYHOI
BEJIMYMHOI NepBOro NopfaaKa.

OnHopoJgHaA COBOKYNHOCTH Y/JIEHOB HAaWGONbLIEr0 MOpAAKA B (GYHK-
uuu Jlama, pazymeeTcd, yAOBIETBOpPAET ypaBHeHuo Jlamiaca. 3HauuT, oHa
npejacTaBifgeT co6oil chepruyecKUil MOIUHOM, KOTOPBIH MOMHO 3alucaTh
kak H(xz, y, z). Ynen HauGoapuiero mopaaka B noaunHome RMN ot p 3a-
numetca Kak ap™ MN.

[lepeiinem K MONAPHBIM KOOpJUHATAM

x=rsinf cosp, y=rsinfsinp, 2z =rcosh.

Ecnu Benuuuna p AOCTaTOYHO BellMKa, TO OHa Mallo oTiin4yaeTcHa OT 7,
nepeMeHHbIe Me [ U V, HalIpOTUB, 3aBUCAT OT ¢ U 0.
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B camom pnene, ypaBHeHUe, onpeneAmoIee L, MOKET ObITH 3aMUCAHO
cleqyomuM 06pa3oM:

+
wr—a? 2 —b 2 _ 2
Ecnu z, y, z mocTaToOYHO BeNUKU, TO eIUHHIIE MOMHO NMpeHeGpeub.

B pesynbTaTe ocTaeTcA ypaBHeHHe BTOPOro NMOPANKA; €ro KOPHAMU ABIA-

y

IOTCA KOHe4YHble BeJIUYNHBI (4 U V, KOTOPbIE 3aBUCAT TOJBKO OT OTHOILIEHU M z

3

g

COOTBETCTBEHHO, T.€. OT Y U 0.
CJIe,HOBaTeJIbHO, MOMHO 3anucaTb

r" H(sin 6 cos ¢, sinf sinp, cosf) = ap"MN
WY, TIOCKOIBRY 7 = p,
H (sin 6 cos p, sinf sinp, cosf) = aMN;

cleqoBaTelbHO, npousBeneHne M N dABiadercA cdhepuyeckoil ¢GyHKIUeN,
a nonuHoM H MoxeT GbITh NpeicTaBleH Kak NPOU3BeleHUe MHOKUTeleit
BTOporo nopaaka'. Kak mokasan MyTap, 5To eIMHCTBEHHBIH ciyuaii, Koraa
chepryecKuii NOJUHOM MOKeT ObITh pa3joxeH B IPOU3BeleHUe KBaJgpaThy-
HBIX U JUHEWHBIX MHOMUTeEIe.

Hoaunom M N, paccMarpuBaeMblii Kak GyHKIUA OT 0 U @, ABIAETCA,
TakuM o0pa3oM, chepuyeckoll pyHKLUUeH U, MOCKOJAbKY ni0bafd PyHKUUA
MoseT ObITh IIpe/icTaBleHa B BUJe CyMMBbI cpepudeckux GyHKIUA, nrobas
(GyHKUMA OT 4 U v MOKeT ObIThb IIpeicTaBleHa B BUJe CyMMbI

Y aMN.

CxomcTBO Memxay chepuuecKUMH GYHROUAMU U GyHKEUUAMU Jlamd mpo-
ABUTCA ellle 6oJblle, KOrga Mbl PaCCMOTPUM clIydail cOpOKyCHBIX MOBEPX-
HocTeil BpalleHuA.

duauncouasl BpameHud. PaccMoTpuM gBa yacTHBIX ciydas codo-
KYCHBIX [OBEepXHOCTeil BTOporo nopaaka: a =bu b = c.

B ciyuae @ = b uMeeM cikaTble 3MMMICOUAB] Bpamenus npu A2 > a? u
AByToN0CTHBIE Tunep6oaouast npu a? > A% > ¢?. OnHonmonoCcTHLIE TUIEP6O-
JoU/bI BHIPOMKJAIOTCA B IIOCKOCTH, MPOXoAAlue Yyepe3 ock Oz.

1Cwm. Journal de Liouville, T. XI, 1846, cTp. 278. — Ipum. asmopa.
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B cayuae b = ¢ umeeM BBITAHYTbHIE BIIUNCOMAbI BpallleHUA BOKDPYT
ocu Oz npu A2 > a? u oaHononocTHele Tumep6oaouabl mpu a? > A2 > b2,
JIBymnonocTHbIe TUNEPOONOUIBI BHIPOMAAIOTCH B IUIOCKOCTH, MPOXOAAIIHe
yepes ocb Ox.

B o6onx 3TUX ciydyasx HU g, HU V He MOTYT CIYUTh NapameTpaMHu;
HeoGXOIMMO BHIGpPAaTh B KauyecTBe IapamMeTpa yrojl MemJy paccMaTpuba-
eMOil MIOCKOCTbIO U HEKOTOPON (PUKCUPOBAHHOM MIOCKOCTHIO, HANIPUMED,
miockocThio £z NA HalIUX ciydaeB. IMeeT MecTO paBeHCTBO

y | (PP =) (=00 —v?) [q? — 2
T (p2—a2)(a2—u2)(a2—l/2) b2_c2'

Ecau b CTPpeMHUTCA K a, TO 4 TaKkMe CTpeMUTCA K a, U O4eBUIHO, YTO

MZ_bZ
a2 _u2'

Yo .
5—hm

0603HaUUB yrom MemIay INIOCKOCTBIO, IPOXOAAILIell Yepe3 TOURY (z, Y, z)
u ocb Oz, u miIockocTbio £z 4yepes3 , MOMKHO YBUAETh, UTO [ ABIAETCA
(pyHRIUER 0T @:

p? = a?cos? ¢ + sin® .

OuyeBUHO, YTO

2 2

lim % = sin ¢,
b2 2

lim T_lgz = COS (,0.1

HpI/I TakuX e YCJIOBHAX MOMHO 3alnucaTb YypaBHEHHE, oIpelnenfdro-
mee v, clieiyromnum 06pa30M:

1 Tom#uo 66T lim
a—b
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3a BbIY€TOM €JUWHHUIIbI, KOTOpaa HpeHeﬁpe}‘KI/IMO MaJa II0 CpaBHEHUIo ¢ T, Y
uz.
HEPEBEHH PaBeHCTBO B MOJAPHBIE KOOPDAWHATLI, NOJNYUYHUM

r2sin?0 | r2cos?f _
5 2T 3 2 =0
v —a V2 —¢

2 2 2 2
. a” — v vt —cC
sinf = S o cosf = - 3

a” —c¢ a” —c

Tenepb Mbl MOKeM NPUCTYNUThL K NOCTpoeHUuto byHkruuit JIama.
N3BecTHO, uTo M N sABaAeTcA chepudeckoii pyHriueii; M He 3aBUCHT

ot ¢, N He 3aBucUT OT §, u TakuMm o6pazom, M N — onHa u3 ¢byHIaMeH-

TalbHbIX chepruuecKuX GyHKIMHA, pACCMOTPEHHBIX BbIlIe (CTp. 45).
CnenoBaTenbHo, M = cos py unu sinpp, a gada N, N0J0KUB

U Jaiee

2

2 _
F2(cosf) = F? || -—5
a? —c

MOMHO 3anucaTb

p dn+p(1 _ t2)n
Py = (1 —¢2)2— "7
o) = (1- )2 —_

n
Hynu ¢yukuum N, He cunTas 3HaueHuil +£1, MOKHO ONpeeNUTh, BbI-
yucauB Hyau ¢yHruuu FP. Bee 5T 3HayeHUA BelleCTBEHHBI U Pa3lUYHBI,
IIOCKONbRY, Kak ABCTBYeT U3 TeopeMbl Ponnsa, Hynn ¢yuruuu FP pacnona-
raiorea Mexay Hyniamu oyHsuuu FP~1. Umeem

—)F = [
a’® — b?

CaefoBaTeNbHO, €ClM YUCIo p 4eTHoe, To GyHKuuA FP He MeHAeT CBoO-
ero sHaka BMecTe ¢ sinfl; ¥ HaoGOpOT, eci¥ YMCIO p HeuyeTHOe, TO 3HAK
¢Gynkuuu FP MeHsercA npu cMeHe 3HaKa sin 6.

BaMEHI/IM IepeMeHHbIe T, y, Z UX BbIpaxeHUAMHU B INOJAPHBIX KOOpAU-
Hatax. Torga ¢yHruusa (Q 6ygeT MeHAThb CBOi 3HAK, €CIM OHA COJEepHUT
OOUH U3 MHOMKUTeIel xr uiun y. ECHI/I e OHa coaepUT ABa TaAKUX MHOMH-
TeJA WJIN He CONEep:HUT HUX COBCeM, TO €€ 3HaK He U3MEHHTCH. B nepBomM
clyyae 3HayeHue p 6y,ﬂeT 4YeTHBIM, @ BO BTOPOM — HEYETHBIM.
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3aMeTUM TaKe, YTO Y U Sin py U3MEHAIOT 3HAK ogHOBpeMmeHHO. Cie-
JoBaTelbHO, ecl QYHKIUA () COMEPHMUT MHOMUTENb ¥y, TO yHruuio M
cienyeT 6paTb paBHOIi sinpyp, B IPOTUBHOM ciydae pyHrnuio M cinemyet
6paTb paBHOI COS py.

Amnanoruuso, eciu b = ¢?, To Mbl epexouM K cileyIOMUM ToIAPHLIM
ROOpJUHATaM:

r=rcosf, y=rsinf cosy, 2z =rsinf sine.

B atom ciayuae, N = sinpp nnu cospp, a M = FP(cosb).

Yucno p GymeT HeueTHBbIM, eclii () CONEepMUT OJUH U3 MHOMUTENeH y
WY 2, U YETHLIM, ecii () COlepUT 06a 3T MHOMKUTENA JTUO0 HU OJHOTO
u3 Hux. Ina ¢pyusuuu N BbIOUpaeM Sinpp WUIU COS Py B 3aBUCMMOCTH OT
TOr0, CONEPHUT U () MHOMUTEND 2.

Pe3siome. BriBoas!l gaHHOro 006Cy#IeHUA NpeACTaBIEHbI B HUMeECTE-
nytomeit Tabnaune. [lepBaA KolTOHKa cOOepKUT BOCEMb BO3MOMHBIX BHUOB
¢yHkuuu @, BTopas — cooTBeTcTBYyoOIUe Gopmbl R. TpeTha u yeTBepTas
KOJIOHKU OTHOCATCA K cilyyalo a? = b> — B Tperbeii crout 0, eciu p uer-
Hoe, U 1, eciu p HeUeTHOe, a B UeTBEPTOil YKa3zaHO, cBoOUTCA GyHKuuA M
K oS pp uiu sin py. llATas u mecrad KOJOHKYU COepsKaT COOTBETCTBYIOIINE

JaHHBIe A1d cryuas b = c2.

a2 =002 =2
P R 0| cos | 0] cos
Pxx |Ryp?—a? 1| cos | 0] cos
Pxy |Ryp?2—02 1| sin [1] cos
Pxz |Ryp?—c? 0| cos |1 sin
Pxzy |R\/(p?—b%)(p? — ?) 1| sin |0 sin
P xzx | R\/(p? — c®)(p? — a?) 1| cos | 1| sin
Pxazy |Ry/(p?—a?)(p? —b?) 0| sin [1] cos
P x zyz | R\/(p? — a2)(p? — b2)(p2 — c2) | 0| sin | 0| sin

BemecTBeHHOCcTh 3HaueHuii K. J[lokaseM Tenepb, YTO Bce KOPHU
ypaBHeHuil 1A K BelleCTBEHHBI.
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Ilng Toro uTo6bl HaiiTH 3Hauenuda K, fomycTuM cHayana, uTo a® = b2.
Monomum p? = a®cos? ¢ + b?sin® ¢, NocKoNbKY 3HAaYEHHE [ 3aKIIOYEHO
B UHTepBaie oT a 10 b u paBHo M npu a = b. llpuHAB ¢ 3a nepemeHHYyIO,
ypaBHeHUe, oNpe/elfollee (i,

BdGL( ‘g‘f) [n(n + 1)p® — K]M =0

MO HO 3allucaTb Kak

Vig=e Vi =@ G~ nin+ 1) ~ K]M =0,

aM

dp — [n(n + 1)p® — K]M = 0.

2
(u? — 02)% + (b* — a®) sinp cos p &=
do

Mpu a? = b? nonyuum ypaBHeHUe

d*M
dip?

2

(a® = ¢?) — [n(n + 1)u® — K]M = 0.

PeleHnAMU 3TOro ypaBHeHMA NOJHBI ObIThH COS P U Sin py, clenoBa-
TeJbHO,
K—-nn+1) »
a? -2
Takum o6paszoM, ypapHeHue 118 K umeer n+1 BellecTBeHHBIX KOPHEid,
COOTBETCTBYIOIMUX 3HAYEHUAM P

0,1,2, ..., (n—=-1), n

OueBHUHO, YTO BCce KOPHU ypaBHeHMii AiA K BelllecTBEHHBI, a8 YETHbIE
3HAYEHUA P PACIONaraloTCA MeH/y HeUeTHBIMU.

IIpu usmenenuu b B uHTepBalie OT a OO ¢ KOPHU ypPaBHEHUIi, COOTBET-
cTBylOIKWe AByM rpynnaM ¢yHrnuit Jlama, cogepskamux HU OJHOro JIu60
IBa paguKana, 6yyT pacrnojaraTbcf Me#aAy KOPHAMU, COOTBETCTBY IOMUMU
IBYM OPYTHM Tpynnam GyHRIUN, cofepKaluxX ofuH Ju60 TPU pagukKaia.
JTo mpaBUJIO MOeT GbITh HapyIllleHO TOJIbKO B TOM Clyuae, KOrja KaKoii-
1160 U3 KOpHEU ¢ OJHOW TpyNNbl ypaBHEHWil CTAHET paBeH KaKOMY-IH6G0
M3 KOPHeil Ipyroil rpynmel.



126 TI'nasa 6

Iycte K — Takoit kopedb, a R 1 S — cooTBeTcTByIoOIINe GYHRIUN
Jlams, npuHajnemanue, coriacHo HalleMy MpeNoNoMeHni0, K IBYM pas-
auyHbIM rpynnam. HMeem

R'—(HP* +K)R=0, S"—(Hp*+K)S=0,

OTKY/a

R'S-S"R=0.
HenocpecTBEHHO MHTErpUpys, 3anulIeM
R'S—-SR=aqa.

IIpennonosum, yrto ¢dyHkuuu R u S BbipameHbl B BIIUNTUYECKUX
¢GyHKIMAX OT MapaMeTpa u. Toraa MoHO YBEIMYUTD © Ha 2w, 2we UIHU 2w3
Tak, 4YTo6bl pyHKUUA R, HanpuMep, He U3MeHMIa CBOEro 3HaUeHu A, a QyHK-
A S uaMenuna Gbl 3HaK; TO e oTHocuTeA K R’ u S’. Ho Torpa pasHocThb

npousBenenuit R'S — S'R uaMeHUT 3HaK; cliegoBareibHo, a = 0. OTciona

3arjgrovyaeM, 4TO E — BeJIMYMHa IoCToAHHafd, 4To, padyMeeTCA, HEBEPHO.

S
Takum o6paszom, nBa ypaBHeHUA AjaA K, coOTBeTCTBYIOUINE OJHOMY

3HAYeHHIO N, He MOT'YT UMeThb 00LIero KOpHA.

3amMeTuM, 4To K03 PUUNEHT Npu WieHe Hau6OJIbIIero MopAAKa B ypaB-
HeHuU anA K cBoguTcA K edNHUIe; clefoBaTelbHO, NOHUMEHHNE CTeleHU
YpaBHEHHA HEBO3MOMHO.

JIuneiinaa He3aBHcuMoOCThb QyHKUUi Jlama. J[lokaxeM Tenepb,
YTO MekAY p dyHKUuAMYU JlamMd oaguMHaKOBOT0 BUJa ANA JaHHOT'0 3HAYEHUA N

He CyIIeCTBYeT JUHEHHOTO COOTHOIIEHUA C TOCTOAHHBIMYU K03 hULlMeHTaMu
n—1 n+1 n)

2 0 2 2
B caMoM Jeine, 1onyCTUM, YTO TaKoe COOTHOIlIeHUe CylleCTByeT U nMe-
eT BUJ

(p — omHO U3 uMcen % +1,

Rq+1 =a1R;i +asRs + ...+ aqRq, q <p.

Iocne nogcTanoBkY [y B ypaBHeHHe BTOPOro NopAAKa p Ko3hhuuu-
€HTOB NoJMHOMa obparmamTea B Hyab. OTclofia 1A onpeneneHud Koaddu-
IIMeHTOB (1, O3, ... , Oq NIONy4aeM p + 1 ypaBHeHuUil nepBoro NopsAaka, u3
KOTOPBIX MEePBOe BBINOIHAETCA TOMAeCcTBEHHO. B pesynbraTte umeeM p og-
HOPOJHBIX ypaBHEHUIl ¢ ¢ HeusBecTHhIMU. COKpalleHre HEM3BECTHBIX IacT
B HTOre HEKOTOpPOe KOJIMYecTBO ypaBHeHU#l giA K mnopaaka He Goablue g,
pUYeM 3TU ypaBHEHHUA AOJNKHBI BBINONHATHCA JJA p 3HaueHuit K, T.e. aTH
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yPaBHeHHA CBOJATCA, TaKUM 06pa3oM, K TomaecTBaM. CleoBaTelbHO, IPU
mo6oM K MoxHO onpefenuTh Ko3QQUUUEHTHI a1, Oz, ... , 0q. UHBIME cllO-
BaMU, B KayecTBe pelleHUuA ypaBHeHud Jlams npu mo6om K mMeem Heko-
TOPBII OJIMHOM, a 3TO yTBep:kJeHHe IPOTHBOPEUUBO.

BemecTBeHHOCTh KOpHel mnoauHoMmoB Jlama. [lokameMm, uTo
KOPHH 1106010 moinHoMa R BelllecTBEHHBI U 3aK/II0UeHbl MeKIy a’ u c2.

PazjienuM MHTepBajl OT —0O0 /10 +00 Ha YeThlpe OTpe3Ka uyuciaMu a?,
b u 2.

CHauana foKameM, UTO YHUCJIO KOpHell, 3aKII0YEHHBbIX B Ka#I0M U3 OT-
Pe3KOB, 0CTaeTCA NOCTOAHHLIM IPH yMeHbIIeHUH Beaudnnsl b2 ot a? go c2.
B camom pene, uHas cuTyalus MOeT BO3HUKHYTh, TONbKO eciu oba Be-
I[ECTBEHHBIX KOPHA CTAaHYT MHUMBIMU NPH HEKOTOpoM 3Hauenuu b. Ho tor-
Ia npyu AaHHOM b monuHOM Oy[eT MMeTh JBOIHON KopeHb, a R’ obpaturca
B Hyl1b. UMmeem

R'"=FR =0,

rae F = H?p + K; takue
Rm :FR'-i-F'R, RIV :FR"+2FIRI+F”R HOT. 0

BCe NMPOU3BO/IHbIE 06paIalOTCA B HYJIb, 8 3TO HEBO3MOMKHO.

Kpome Toro, MoeT CIyYUThCA TaK, YTO OAMH U3 KOpPHell OKamkeTcA
paBHBIM a2, b umu c. Ilpeanonosum, Hanpumep, 4To OJUH U3 KOpHeil pa-
BeH a?. Tak Kak MbI MOOMKUIN

pu—e =p’ —a’,
COOTBETCTBYIOIee 3HaUYeHue u Oyner paBHO wi. U3BecTHo, uTo p'w; = 0,
a wy fABIAeTcA HyjleM GyHEUuM p'ws. OTciofa wy Gyaer HyleM NPOU3BOJ-
Hoil R', u MblI Bo3BpamaeMcA K IpeJblayleMy cilydaro.

Monosum, 4To €1 — YMCIO MHUMbBIX KOPHEN COBOKYITHOCTHU MOJMHOMOB,
COOTBETCTBYIOIUX HEKOTOPOMY 3HAUEHHIO 7; €3 — YHUCIO BeleCTBEHHbIX
KOpHeil, 3aKII0YeHHBIX B MHTepBaJe oT a2 10 b?; €3 — YHCIO BellecTBeHHbIX
KOpHeil, 3aKIIOYeHHBIX B HHTepBaie oT b? 10 c?; £4 — YUCIO BelleCcTBeHHbIX
KOpHeii, He BXOJAIMMX B MHTepBal oT a? fo c2.

OGiee yncio KOpHEil paBHO cyMMe cTeneHeil MOJNHOMOB

n(n

5(54‘1) =¢€1+€&2+ €3 +éeq.
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Ecnu b? = a?, Bce KopHHU €3 CBOIATCA K a?, a KOpHU €} cBoaATcA K a’
win c?; ecan e b? = c?, Bce KOPHU €3 CBOIATCA K ¢2, 8 KOPHU €5 CBOIATCA
k a® unn 2.

Onunako npu a? = b?> NONMHOMBI NpeACTaBIAIOT c060ii Mocae10BaTENb-
Hble TpousBofHbie oT (v — 1), U Bce UX KOPHU BelllecTBeHHbI. OJUH U3
nonMHOMOB uMeeT () KOpHel, OflMH — OJAMH KOpeHb, OJIUH — /Ba KOpHA

W T. 1., NocheAHUil NOIMHOM HMeeT = KopHeil, He cuuTaf KopHeii +1. OT-

2
cloja
nfin
€3 = 1(5 +1) +6'3;

aHallorn4yHoO

€2=%(%+1)+€/2.

TakuM o6pa3oM, BEpHO PaBEHCTBO

el+52+53+54:%(%+1)+51 +es+ep +eh,

U3 KOTOPOTo 3aKrJIiouaeM, 4To
! !
€1+es+ey+e3=0

u, ciaegoBaTellbHO,

TeopeMa Joka3aHa.

JlnA Toro uToGbl HANTH KOIMYECTBO KOPHeN, cojepHKalluXca B UHTep-
Banax a?...b% u b?...c%, 3aMeTuM, 4TO B 0OOIEM clIydae OHO cOBHajaeT
C MX KOJMYECTBOM B 4acTHOM ciyyae, korja a’ = b2.

3aMeTHM Tak:ke, 4TO CyIeCTBYeT MOJMHOM, cofepsamuii 0 KopHeil

B MHTepBaie oT a? 1o b%, u % KopHeii B uHTepBane oT b? 1o c*; nonuHoM,

coflepaamuii 1 KopeHb B uHTepBaie oT a® 1o b? u %— 1 KopHeii B uHTepBane

ot b% Ho ¢%; u monMHOM, cofepamuil % KOpHeil B UHTepBaie oT a? o b?

u 0 kopHeii B uHTepBate oT b? 10 c>.

Pasnosxenue pyHruuu B cymmy ¢yHruuit Jlama. Pacemorpum
3JIIUIICOUT, IPUHANIEKAIIUNA ceMelicTBY NMOBEPXHOCTEN, 3agaBaeMoOMy Na-
pameTpoM p. Eciu monomuTh
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Moy YuM

/lMNMlNl do = 0,

rae MN — onHo u3 y#e paccMOTPeHHbIX NMpousBeaeHuit, M N; — eme
OJHO U3 TaKHUX INPOU3BeJeHUil, a HHTerpaia GepeTcA IO Bceil IOBEpPXHOCTHU
3JLIUIICONIA.
IIycts
V:RMN, Vi =R1M1N1.

Iockoabky AV = 0, uz dopmyisl I'puna moaydum

uHTerpan 6epeTcd 0 Kakoii-1u6o 3aMKHYToil moBepxHocTH. [Ipeanonomum,
YTO 3Ta MOBEPXHOCTh ABIAeTCA 3unconjoM. Torna R u Ry — NOCTOAHHBL.

dV;
Brrunciaum C(ll—V u d—lt IIpy cABUre BAOJb HOPpMAJIMW K IIOBEPXHOCTHU IIHUII-
n n

coua (4 U v ocTaroTCA IMOCTOAHHBIMU, a p yBeJUn4YnuBaeTCAd Ha dp. Nmeem

dV _ 9V Oop _ aVdudp _ 9V du,

dn ~ 9pdn  Odudpdn  Oudn’

OJIHAKO M3BECTHO, UTO
v _ M NdR;
ou du

cleoBaTelbHO, HHTErpall 3alilleTcA Kak

/MN - MiN; (RR), — RIR’)Z—;‘L do = 0.

Ho RR| — Ry R’ 3aBUCHUT TOIBLKO OT p U, MOCKOIbKY 3Ha4yeHHE HTOM
pa3HOCTH MpejcTaBaAeT co60il TOCTOAHHYIO BeIMYUHY, MO#HO BHIBECTH €€
U3-1I0J 3HaKa KopHA. Bopouewm,

RR, — RiR' #0;

NNOMeHAIB 3HaK, MOJY4YHUM

/—MNMINIZ—Z do = 0.
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Tenepb HaM cjiegyeT OThICKaThb

Cdu _  dudp

dn ~—  dpdn’

Monoxus p? = pu + h, MoxHO 3anKCcaTh

p L = P =D - PP~ P,

OTRY/a

dp _
2. = A,

Rorna p crpemuTca K 66CKOHEYHOCTHU, Pu TaKKe CTPEMUTCHA K 00, a U
crpemutcsi K 0, T.e. yMeHblaeTcAd. 3HAYUT, cjledyeT OCTaBUTb mepen A
3HaK MUHYC.

ITockonbRy KBagpaT JUHEIHOrO 3lIeMeHTa UMeeT BUJ

d82 — a? dp2 +ﬁ2 dll'z +72 dVZ,
a 3HaueHue p U3MeHAEeTCA TOJNbKO Ha HOpMalu, 3alulieM

@:1—‘4 /Nz_l,z‘

dn @ Q
Ionoxkus
- du
dn’
[OJIY YN M
/12 _ 1,2
=M 1 [16]

9
2 2 2 2
@ V=1 (p* = 1?)
4TO U ObLIO IIpuBeIEHO B Ha4dajie JaHHOr'o pasaeJa. I/IHTel"paJl, BIIpo4YeM, He

3aBHCHUT OT p, IOCKOJNBRY
do = [y dudy;

", Kar ciegcraue,

Q*V/—1dpdv (- vA)V-1dpdv

ldo = =
BC/(p? = 1®)(p® = v?) BC
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JNorasem, uto nmobad GyHKUNA, oNpeelleHHAA HAa TOBEPXHOCTH JIIUI-
couja, MoxeT GbITh NMpeJCcTaBlIeHa B BUJe cyMMbl byHKIui Jlama:

® = ZAkMka.

IIpenpigyinas Teopema MO3BOJNAET JETKO HANTH K03 PUIMEHTHI pasiio-
senuda. Umeem

/ 1® My Ny, do = / > AplMy Ny M;N; dos

npaBaf 4yacTb paBeHCTBa cBoguTcA K Ay [ lM,fN,f do, 3To BbIpameHue u
onpepenaeT Ag.

@Oyurnuu S. Pacemorpum eije ofHy QyHKIMIO OT p, TaKk##e yI0BIe-
TBOPAIOIIYIO ypaBHeHUIO JlaMa, U onlpeJiesluM ee HUKeCIe Iy omUM 06pa3oM.
IIycts R — ¢yuruusa Jlams creneHu n, 3agaBaeMas 0THOIIEHUEM

R'"+ FR = 0;
¢yHruua S, ceAzanHad ¢ QyHKuuell R, 3agaeTcA oTHOLIEHHEM
S"+FS =0,
rae F' umeet To e 3Hauenue. OTcioa 3arioyaeM, 4To
S"R—R'S =0.
HHTerpupys 3To BblpameHue, MOdydUM
S'R—-R'S = C*.
IIpousBonbHO BhIOEPEM KOHCTAHTY paBHOil 2n + 1. Toraa

S'R—R'S 2n+1

R? R?

S _ [2n+1
R_/ 7D du.

Otcrona
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Humuuii npemen MHTErPpUPOBAHUA TaK#e MOMKHO BbIOHpATh IPOU3-

BoibHO. [lomycTum, 4TO

S _ [2n+1
5= T du
0

InAa oyeHb 6ONBLIIOr0 3HAUEHUA p2 nMeemM
_ n
R = Ap 9

rae A— HEeKOoTopafd KOHCTaHTa, KOTOPYIO MO#HO IIPUHATH paBHOﬁ eJuHunIue.
3HayeHue u B 3TOM cjly4yae o4eHb Mallo, TaKk Kak

2

p = pu.
Benuuuna p? npubIu3MTENLHO paBHA L a Bennunna p— 1
w2’ u
Takum obpaszom,
2n 4+ 1
_ .. —n .. —n _ ..n+1,
R=u ) S=u / —on du=1u 5
U
0
n+1l __ 1 .
cleJoBaTelbHO, QYHRIUA S NpUOIU3UTENbHO paBHA U = Hpou3-

Benenue SM N Takme yIoBIeTBopAeT ypaBHeHuIo Jlamnaca.
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ITPUTAMAMEHUE 9/JIMIICOUI0B

OUTYPbI PABHOBECHSA

IIpo6nema [Hdupuxie pjaa »3aauncouga. Paccmorpum Tenepb
npobinemy [lupuxie and snaumncouja, B paMKaX KOTOPOH Ha MOBEPXHOCTH
3JUIMIICOMAA, ONpellelAeMOro napameTpoM po, JaHbl 3HAUYEHUA HEKOTOPOii
¢yurnuu V; TpebyeTcd HaiiTu ¢yHROuIo V, KoTopasa Obl yIOBIeTBOpAIa
ypaBHeHu1o Jlaniaca ¥ mpuHMMAala Ha MOBEPXHOCTH 3IUICOU]A JaHHbIE
3HaYeHu .

IIycTh Ha MOBepXHOCTH 3JIKANICOMAA

V=0¢= ZAthNt

Tonomum
_ 0 Q0

rae RY — snavenue npu p = py yuruuu R;, a SY — 3Hauenue npu p = po
¢yHruuu S;.
Torpaa
@ =Y oiR)S)M;N;.

Tenepb paccMoTpuM (QyHKEIMIO, 3aJJaBaeMyI0 BblpaxeHHeM
> aS"RMN
BHYTPHU JIIUIICOUA U BbIpameHueM
> aR'SMN

CHapy#H{ TOrO e BIUIUICOUAA.
dTH JiBa pAJla CXOJATCA B YKa3aHHBIX IPOMEMKYTKaX, U, CIeJ0BaTeILHO,
(YyHKIKA MOJTHOCTHIO ONpejielieHa.
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Haﬁ,ﬂ[eM 3Ha4YeHuAd BeJIMYUH

o, o
on. on;’

Nmeem

3,‘{, =" @wRISIM;N; - Z_Z = I RIS M;N;.

B To e Bpemsa

a—V =-1 Z aiSQR{OM,‘N,‘.
on, L

OyHruA V ocTaeTcA HelNpepbIBHONM NMpU TepeceuyeHUr C MOBEPXHOC-
ThIO, HO €e IPOU3BOHbIE TepIAT pa3pbIB. TakuM o6pasoM, V npencrasiset
coboii noTrenuuail, co3gaBaeMblit pacnpeneneHHOﬁ 10 MMOBEPXHOCTHU MaCCOﬁ,
IINIOTHOCTb HOTOpOﬁ 4 onpenenAaeTcAa COOTHOLIeEHHneM

oV _ 9V _ 47é.

8ne 8n,

BmecTo Toro uToGhI npeanojaraTb InepeMeHHylO IIJIOTHOCTb, MOMHO
NNpeanoinonuTb, 4YTO pacipeelieHrie IJIOTHOCTH paBHO €JUHHUlle, a U3MEHA-
€TCH TOoJIIIHNHAa CJIoA, MpuiYeM H3MEHAETCA COorJlaCHO OTHOLEHHIO

oV _ .

8ne 3’!1,@

3TO ypaBHeHUE MOJHOCTbIO onpeneifeT (, MOCKOIbRY
dn¢ = —1)  ai(RISP — R°S))MiN; =1 a(2n+ 1)MN.
Ecau TonmuHa cios onpenenderca ¢GyHKIKUel BUga

> IBMN,

TO MOTEeHIAal Ha MOBEPXHOCTHU BJUIMIICOUA ONpeieNaeTcA u3 GopMyIIbl
B MN
Z 2n +1 ’

OTKY/Ja JeI'KOo BbIBECTH BbIpameHUA QJIA NOoTeHUHualla BHYTPU U CHapyHHU
IIOBEPXHOCTH.



IIpumascenue saauncoudos 135

IIpumenenue. PaccMmorpuMm npocreiimue pyHkuuu Jama.
1. lIpu n = 0 umeem

R():MO:NO:l, S = u.
2. llpu n = 1 umeem Tpu pyHruuMn R:

Ry =+vp?—a? Rs=+/p2—0%2, Rs;=+/p?—c2

ITonoxus
hl = 1 ’
V@ =)@ =)
h2 = 1 9
V=P - )
h'3 = L )
V@ =)@ —P)
noxyuum?

r = thlMlNla Yy = thzMzNg, z = h3R3M3N3.
3. le/l n=2 umMeeM, lpesjie Bcero, aBa 1nojJuHomMa BTOpOﬁ CTeIleHU:

p2_h2

o — b2,
KOTOpbIe MOHO JerKo BBIUMCIUTh. 3BeCTHO, 4TO
a? > h? > b > h'? >

OTKyJa MOIYYUM TPHU bYHKIMH:
Ry =P -2~ @)

Ry =07 = )7 — ),
R =77 = )(? ~ ).

1TaKPlM 06p830M, coBepiiaeTcA rnepexo OT 3WIHUITHYECKUX KOOPAMHAT K JerapTo-
BBIM.
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Nmeem
Ry = R;R3, Rs=Ri1R;, Rg= RiRy;

U3 HUX cheayeT, 4To yz = hohsRyMyNy, zx = hghiRsMsN5, a xy =
= h1hoRe Mg Ng.

OtrMeTuM eme 3HaueHue ¢yHROu R, Ry, R3, KOTOpble ABIAIOTCA MO-
JIYOCAMHU BIUTUIICOU/IA, OTpeelaeMoro napamerpom p. Ero o6bem paBen

T = %TI'RleRg = %WR1R4.

Hpennonomnm, YTO Ha NNOBEPXHOCTHU JNIMNICOUIa UMeeTCA TOHKUH cioit
MOCTOAHHOM MJIOTHOCTU U TOJIIIUHBI

¢ = MoNo;
IIOTeHIHaJl Ha IMOBEPXHOCTHU B 3TOM CJjly4dae paBeH
V =47 RSy Mo Ny = 4dmug;

HUMKHUE UH]EKCHI 3[leCh YKa3bIBaIOT NOPAAOK GhyHKIUU JlaMa, a BepXHUil —
TO, UTO p GepeTcA paBHLIM py. lloTeHIMan BHYTPU MOBEPXHOCTU paBeH

47T58ROMON0 = 47TUO,

T.e. MOTEHIIUAN ocTaeTcA mocToAHHbIM. CliejoBaTeNbHO, pacipeeieHie Be-
mecTBa GyleT TaKUM e, KaKk PaBHOBECHOE paclpe/lelleHe 3IeKTPUYECKIX
3apAIoB HA MOBEPXHOCTH MPOBOJAILIEr0 JLIUIICOUA.

[loTeHnuan cHapy#u MOBEPXHOCTU PaBeH

47TR850MON0 = 47u.

Tarkum o6pa3oM, S3KBUNIOTEHIINATbHbIE TOBEPXHOCTH ABIAIOTCA OBEPX-
HoCcTAMH, rje u = C', uiyu noBepXHOCTAMHU HOCTOAHHOIO p, T.e. cOPOKYyC-
HBIMHU 3JUIMIICOUIaMU.

CooTBeTCTBYIOWUI TOHKUI CJIOH — 3TO CJIOH, 3aKIIOUYEHHBIN Memay
OByMfl COPOKYCHBIMHU IJIUICOUIAMU, paccTOAHUE MEAY KOTOPHIMHU paB-
HO (.

IIpuraxkeHne ogHOpPOOHOrO 3jauncouga. Bo3bMmeM 0IHOPOIHBIM
3IUIMIICOU, MOTeHUuan KoToporo pased V (puec. 17), 1 cMecTUM ero Ha
BeanuuHy € napaimieibHo ocu Ox. IloTenuuan B Touke (x, y, z) OpUMET
BU]

E(‘5’V

I — _
V(w anaz) V(:vavz) o1’
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a 3JIUINCOUL 3aliMeT IMOJIoMEHUEe E'. PassocTh nmotes-

PII
nouanoB 06ycn0BneHa TeM, 4TO nobGaBieHa 3allTprUuXoBaH- P P’
HafA o0yiacTb cnpaBa, U OTHATa 3allITpUXOBaHHaA 06-
JacThb cieBa. MoxHO NnpeanojnosuTb, YTO 3Ta Pa3HOCTb oo’

npejcTaBiAeT co6oil MOoTeHIUal HEKOTOPOro CIOA TOJ-
IMHBI {, pacpeie/leHHOro [0 NOBEPXHOCTH ILIUIICOU A,
rje BeauunHa ( MONOMMTENbHA CpaBa U OTPHUIATeNbHA
clieBa.

Beruncnaum snauvenue (. Ilycre PP"” — Hopmaib, Puc. 17
obman 1A 06oUuX AIUIConoB, T.e. ( = PP, PP' = ¢,
a PP'P" — npAMoyroibHbIA TPEYTrodbHUK ¢ IPAMBIM yTiIoM B Bepuinne P,
OTciona,

PP" =¢ cos(PP',PP").

ocronbry PP" cos(PP’, PP") aBaserca npoeruuneit PP" na ocy Ox
u PP" ecTb HOpMaib K 3IUIMICOUAY p, UMeEM

_ Oz g, dzdp 4 dxdp
CcosP—apdp—apdndn—apdn .

N3 sTux pPaBeHCTB BLIBOOAUM

0w dp _ o du _ 0

cos P = dpdn ~ dudn ou’

Mg yike 3HaeMm, 4TO

% — hR,M,N,,
rage
,_ORidp - p
R’ = dp du — ARl’

", IOCKROJIBRY

A= %\/(Pz —a?)(p? =) (p* —¢*) = %RleRs = %R1R4a
MO#HO 3aKRJIOYUTb, UTO

!
1=Ry

@ = hR4M1N1.
Ju
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CrenoBaTelbHO,
cos P = hIRYM1 Ny, (= ehlRIM;N;.

Tenepb, NpUMeHAA U3BECTHYIO GOPMYIY, MOKHO ONpPEIeNUTh MOTEH-
nuan V', oGycioBieHHblii cioem Tonmuusl (. Ha moBepxHocTH smaunconsa
nMeeM

V' =~ AT chRYSYRI My Ny

Buytpu snnuncounna
V' = 42l RYSOR My Ny

U, mocKkoibRy Ry MiN; = x,

,  eTxS)
VTR
1
orciona
ov _ TaS}
ox RY
CHapyu s11MIcoua UMeeM
oV _ 4mh TxS
% = %RRR?SlMlNl = - Rl 1.

Takum o6pa3oM, BeTUYUHA B—V, npeacTaBaAoman co6oil cocTaBIAlO-

or

VIO CUIIbI IPUTAMEHUA, Napanenbiyio ocu Ox, IponoplroHalbHa T BHY T-
PU D/UIUNICOUA; CHAPYHU Ke 3aBUCHMOCTb HECKOJNbKO CIOMHEe.

Teopema AiiBopu. PaccMmorpum aBa cohOKYCHBIX 3JIMIICOUAA: EP-
Bbiit Fy ompefeleH mapameTpoM pg, BTopoit F; — mapaMeTpoMm pip, Npu-
ueM p; > po (puc. 18). OTmMeTuM 1Be cooTBeTCTBeHHble TOUKH Py u P,
SIIMIITHYECKIE KOOPAUHATBI KOTOPBIX paBHbI (po, i, V) U (p1, i, V) COOT-
BeTcTBeHHO. [IpAMOyTonbHbIe KOOPAMHATHI ATUX TOYEK MPOMNOPIHOHANbHbI,
T.e.

Lo = PpT1, Yo =4qY1, 2o =Tz21,

rie p, q, r — GYHKIUU OT po U OT pj.
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Teopema AiiBopu ycTaHaBIMBaeT OTHO-
IIeHWEe CHUJIbI HPUTHMEHUA 3juminconga F, P
B TOuKe Py K cujle NpUTHMEHUA BIUIUIICO-
una Eyg B Touke P;. CocTaBifAiomad nepsBoit
U3 3TUX CW, NapaiieibHasa ocu Ox, paBHa

4ThR}STRIM; Ny;

COOTBETCTBYIOIIaAd cocCTaBJA0IIad BTOpOI71
CUJIBI paBHa

47th2Rfl)SllM1N1- Puc. 18

OTCI'O,Ha OTHOIIIEeHHe
REI) _ Cte,
E - 9
4
aHaJIOTM4YHO HaXOJATCA OTHOIIEHHA COCTaBJAIOUINX CUJ INPUTHMEHUA, Ia-
pauieJIbHBIX OCAM Oy n OZ, paBHbI€ COOTBETCTBEHHO

0 0
R Ry
w1
Ry Ry
Anauncoun Makaopena.! BosbMeM 0JHOPOAHBIN MLIUICOUT U TO-

BepHeM ero BOKpyT ocu Ox Ha 6eCKOHEeUHO Mainblii yroa w. [Ipu aTom Touka
C KOOpOUHATaMH T, Y, Z HOMYyUYUT HOBbIE KOOPAUHATHI

r, Y+twz, z-—wy,
a MoTeHIMal ee NpUMeT BUJ

Ve, y+ 2w, z—yw) =V(x, y, 2) +w(za—V - ya—V)
Jy 0z
Hotenuuan V' —V 06ycioBieH MOBEPXHOCTHBLIM CI0EM, 3aKII0YEHHBIM
Me#Iy ABYMSA BJLIUNCOUJaMHU.
Ecau Touka ¢ KooppunaTamu (, Y, z) pacionoxeHa BHYTPHU 3JIUICO-
1ia, To cocTaB/AIINe AeficTBYIONIell Ha Hee CUIIbI PaBHBI

TxSY TySY TzS3
R ' R Ry’

9

1 Ceituac MPUHATO rOBOPUTK: chepoun MakaopeHa.
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3TOU cuie COOTBETCTBYeT noTeHuajl
252 2&)
’

S
e

_y. _T( 251
V=" 2(‘”"1{1 R 7 R,

rae Vo — moTeHnuan B IeHTpe Tela. ITa GpopMyla BepHa Takxe U Ha MO-
BEPXHOCTHU 3JIUICOU]IA, @ 3HAUUT,

v o, o
dy 0z

HPOIOPIHOHAILHEI 3HAYEHUAM Y U 2z, 1 HMeeT MeCTO PaBeHCTBO
V' -V = Awyz = AwR4MyNy.

CoriacHo popmylie, NpUBeieHHOl Bbiiie (cTp. 134), TonuuHa ciof B He-
KOTOpOIi TOUKEe paBHA
5 Awl MyNy
dr 89

Yro6e1 aanuncon]; Mor ABIATLCA GUTYyPOil paBHOBeCHUA, Ha ero NoBepX-
HOCTH JIOJIKHO BBINOJIHATLCA Clefylollee yCIOBUE:

2
V+%(y2+22)20te.

O6cyauMm Tenepb Oojee o6uIyr0 mnpobiemMy. BbIACHUM, MoKeT Jau
TPEeXOCHBII 3/uncon] 6bITh GUIypoil paBHOBeCUA, yUUThIBaA, UYTO IOMUMO
BHYTPEHHUX CUJ B3aUMHOI0 IPUTHKEHUA Ha Hero JeficTByeT cuia, 00ycloB-

JIEeHHad ImoTeHnualaomM

1
2 (ax® + By* +42%),

rae a, (3, Y — HEKOTOpbIe KOHCTAHTHI.
Insa Toro yToGbI UMeENO MECTO paBHOBecHe, HEOOXOAMMO, YTOGBI Ha MO-
BEPXHOCTHU DIIUIICOU]A, 3alaBaeMOro ypaBHeHHEeM

22 |y 2
L2 1=,
R? R} Rj

Oblila IOCTOAHHON (QYHKIUA

2o 8) 423 18) 1 2(s- 1),
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Ciie10BaTeNbHO, JOJIMHO BHINOJIHATLCA PABEHCTBO
aR? — TSR, = BR3 — TS>2Ry = YR: — TS3R;3. 1)

B namem yacTHOM cjlly4ae Bpaljamouierocq ajuiminconia o = 0, ﬂ =9=
= wz, N PaBEHCTBO IIpUHUMAaeT BUJ

TSlRl = szg — TSsz = szg - TS3R3;

oTcroaa
2 R3 Sg — Rl Sl

w' _g R3S3 — R1 51,
T R2

: II
= (1)

=5

OLIEBI/II[HO,
T=%mmm.

2 penuunna T 3ajaHa

B 3apaue ¢ HeussecTHBIME p? — a2, p? — b2, p* —¢
M3HAYANbHO.
CornacHo nepBoHAYAILHOMY YCIOBHIO, BeIMUMHA w? IOM#HA OBITh MO~

JIOMKUTelIbHAa. 3Ha'—II/IT,
RzSz — R15’1 > 0, R3Sg — R15’1 > 0.

AT HepaBeHCTBa Bcerja cripaBelJIuBbI. I[OHa}KeM, Hanpumep, 4TO Bep-
HO IlepBO€ U3 HUX, T.e€.
R3Sy — R1S1 > 0.

3ameTHM, 4TO BeluuuHbl Ri, R, S; 1 S2 MOJOMUTENbHBI, MOCKOIb-
Ky p? > a?, a 3HAUUT, NOMHHO ObITH BepHO cledylolee:

Sz R1

5.~ Ry
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nin

S
=

Rl
=

°\g‘°\:

4YTO BO3BpamaeT Hac K U3BECTHOM apI/I(I)MeTPI‘{eCKOﬁ TeopeMe. 3HaueHUe
IIepBOro OTHOIIEHHWA HaXOJUTCA B MHTepBajle Memay HauboJbIIUM U Hau-
MEHbIINM 3HaYeHUAMU OTHOMIEHHUA BEJHUYUH, PACloJIOEHHBIX MO 3HAKOM

HWHTerpaJa: HauboJblllee U3 3TUX 3Ha'—leHHfI, COOTBETCTBYlIOIee u — (178 p =
2 2

—Q

= 00, eCTh €IUHNIIa, HAUMeHbIIIee PaBHO pz—b2 Teopema, Takum o6pa3om,
P> —

nokasaHa. Bosiee obliee 1oKka3aTenbcTBO GyIeT NpUBeIeHO HUME.

Janee Mbl BUOUM, UTO OCh BpallleHUA He MoOeT ObITb ochbio Oy, Tak
Kak HeoGXoauMo, 4To0bl BenuunHa Ry Sy Gblna Haubodbliei U3 Tpex aHalo-
TUYHBIX BEJIHYHUH.

Ypasuenue (II) umeeT oaHo o4yeBHAHOE pelleHue, a UMeHHO, Ry = Rs,
KOTOPO€ COOTBETCTBYET 3AIJIUINCOMAY BpaiieHua BokpyT ocu Ox. Takroii an-
JIUICOUJT Ha3bIBaeTCA IUICOMIOM MakiopeHa.

Aaanncoup Aro6u. Pasenctso (II) Momer Takme onuceIBaThL APY-
r'oii JTUIICOU]T, 8 UMEHHO — BJIJIUIICOUI, HalileHHbIi KoOu; olHaKo, mpesH-
Je 4eM MblI 3aiiMeMcH ero u3ydyeHueM, HEOOGXOAMMO clelaTh OJHO 3ameda-
HuUe.

PaccmaTpuBas HEKOTOPbIH OMHOPOAHBIN BJIUICOU, MbI BCEra MO#EM
noJo6paTh MOCTOAHHBIE «, [3, ¥ TaK, 4YTOGb BbINOAHALOCH paBeHcTBO (1),
T.€. 4TOObI 3TOT JLIUICOU] HAXOAWICH B PaBHOBECHUM IIOJ AelCTBUEM CH-
JIbI TAMECTH U HEKOTOPOM JOMOJHUTENbHOMN CHIIbI, COCTABIAIOIINE KOTOPOI
paBHbI ax, By, vz. Jaree Mbl npeanoiaraeM, 4to o = 0.

YcnoBue paBHOBecHA OJHOPOIHOro ainiunconna F, Ha KOTOpbIil geicT-
BYIOT CHJIa TAMECTH M HeKafA NPOTUBOJeiCTBYIOIIana cuia, 06ycloBIeHHaA

OTeH1aIoM %(ﬂyz +722), 3akI04aeTCA B TOM, 4TO6bI HA €r0 IOBEPXHOCTH
pyHRUUA
U=V + %(ﬂy2 +v2%)

OblJa MOCTOAHHOM.
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JomycTum, 4To anauncous ciabo nedopMupyeTcA, Tak YTO ero HoOBad
HOBEPXHOCTb Y. Majo OTIMYAETCA OT BJIUINCOMAANbHON, U BBIACHUM, IIpU
KaKkoM YCJIOBUHU 3Ta Y. facT GUTYypy paBHOBecHs, [loJaras, 4To Ha #KUJKOCTh
Mo-npeMHeMy [IeHCTBYIOT Te ke CHIbI, T.e. CHUla TAMECTU U cuia ax, 3y,
vZ.

06o3HauuB noteHuuan Gurypsl X yepes V + v, 3anuuiem 1A Hee ycio-
Ble paBHOBeCHA Ha OBEPXHOCTHU

V+ots (ﬂy +72%) = C*.

IIpoBenem HopManb Kk noBepxHocTU E 1 0603HauuM ee QIUHY Mexny F
u ¥ yepes (. Benrnunny ¢ MOKHO HpeJCTaBUTh B BUJIe CYMMBbI chepuyecKnx
pyHRUUAR

(=-) BIMN;
Ha NMOBEPXHOCTU UMeeM
— B 000
v = o+ 1R S"MN.
C npyroit cTOpOHBI,
_p. 40U
U=Uy+ anC

C TOYHOCTBIO 10 BEJIUWYUH IIOPpAOKa CZ. 0603HauuB HanpAMeHHOCThb IIOJA
TAMECTH Ha IIOBEPXHOCTU Yepeld g, 3alluliemM

__ou
g_ anv
OTRKYya
U ="Uo - g¢.

YcnoBue paBHOBecus Tpebyetr, 4To6bl GyHKIUA U Oblia MOCTOAHHOM,
a MOCKOJIbRY

Uy =V + 5 (6y +v2%) = C"*,

U=V+o+3 (ﬁy +72%) = C*,

TO HE00X0JUMO, YTOObI Ha MOBEPXHOCTHU Oblila MOCTOAHHON QYHKIUA

v+ 8¢,
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T. €. YTO6BI BBINOIHAIOCH CIeIYIOlee PaBEeHCTBO:

43

0 o0 te
5 +1RSMN ZglﬁMN C 1)

fl yrBepaar, uTo npousBeaeHue gl NocTOAHHO 1A sutuncounja. B ca-
MOM [ielie, eClid CMeCTUTh BIIUICOU napaiienbHo ocu O, paBHOBecHe He
HapYyUIMTCA, TAK KAK, COTJIacHO ycioBuio, « = 0 u paboTa cuilel ax, By, vz
Takie paBHa Hymo. MbI yike 3HaeMm, 4To

¢ = KIM1 Ny,

rae K — HekoTopaf KoHcTaHTa. IIpeasiayiiee ypaBHeHUe CBOAUTCA B 3TOM
cilyyae K BULY

dr K
3

9TO BEepHO, TOJBKO €ClIn

RISOM N, — glKM; N, = C*;

gl = %"R‘;Sg’.l

Torpa ypaBHenue (1) npunumaer Bua

>(fS By = o

N36aBuBIINChL OT UHIEKCa 0, 3anuuieM ypaBHeHHEe paBHOBeCUA

RS, RiS:

m+i 3 O

Ecau macca HaxogUTCA B paBHOBECHUHU I10J neicTBUEM CUI NPpUTHMKEHUA
n HeHTpOﬁe?ﬂHOﬁ CUJIbI, paBHOBeCHUE COXPaHHUTCA U IIOCJe IIOBOpOTa oceit

13T0 — Tak HasbIBaemMas TeopeMa KelbBHMHa: MoJHOe yckopeHMe B 06O TOUKe Ha
[0BEPXHOCTH PaBHOBECHOI'0 OJHOPOJHOIO 3JIHMIICOMJa 06pPaTHO MPOMOPLUOHAILHO JINHE
neprneHANKynApa | U3 LeHTpa A0 KacaTelbHOM MJIOCKOCTH, NPOBeJeHHON K HCIBITyeMoi
Touke. B naHHOM ciayuae

)

e |H
'
+
2[5
+
QA|NN
~—
[

rge a, b, ¢ — momyocu saauncounpa.
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Ha manbiil yroa. Takoit moBopoT mpeacTaBiafgeT co6oii 0OHO M3 TeX Mpeo6-
pa3oBaHMil, KOTOPHIM MOKHO NOABeprathb amiaunconn fAxo6u, He Hapymas
paBHOBECHUA.

Mbs1 3HaeM, UTO B 3TOM clIyyae

¢ = MyN,

¢ TOYHOCTBIO JI0 HEKOTOPOro MOCTOAHHOrO MHOMuTenA (ctp. 140), oTkyna
MOKHO 3aKIIOYUTh, UTO A 3nauncouaa ko61 BEPHO COOTHOIIEHNE

RiSi _ RiS
5 3
n HaOﬁOpOT7 MpeamnojJoxuM, 4YTO IJIIUIICOU HAXOOUTCA B paBHOBECHHU
nmon L[eﬁCTBHEM CUJI TIDUTHMEHUA U CUJIBI, 06yC.TIOBJIeHHOI71 moTeHuuajalomMm

LBy +422).

fl yTBepsaal, YTO eclid BO3MOMHO MOBEPHYThb 3TOT JJIUICOU] Ha
yrol w, He Hapyllad paBHOBecUfl, TO [3 = 7.
JleficTBUTENbHO, HA TOBEPXHOCTHU JOMHHO BBIMOIHATHCA PABEHCTBO

V+ %(ﬁyz +742%) =V = C',

rae V — HbIOTOHOBCKUil moTeHiuan. B Bepmune manoit ocu V = V;. Eciu
MOBEPHYTh 3JIUINCOUI Ha yrol w BOKpYyT ocu Ox, TO BeplidHa Maloil ocH
OCTaHeTCA Ha IOBEPXHOCTH, IIOCTOAHHAA Vi He U3MEHHUTCA, V Takme He
U3MEeHUTCA.
N3BecTHO, UTO
OV + By dy + vz dz = 6Vi;

TaKkMM 06pa30M, Ha MOBEPXHOCTHU BIUIUIICOM A
Bydy +vzdz = 0.

Y4utsiBas, 4To
oy = wz,
0z = —wy,
MONyYUM /Il IOBEPXHOCTH yCIOBUE
(8 = y)wyz = 0.

CiemoBaTelbHO,

B=n.
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YpaBHeHue snauncouaoB Ako6u. Tenepb HaM HeoOxoauMMO 06Cy-
OUTH ypaBHeHUe ainunconsoB Axobu

RiSi RS
5 3 (1)

Ilo CHOCOﬁy MNOJIy4YeHUAd 3TO ypaBHEHHEe He I'OOUTCA OJA ONMHWCaHUuf -
JUIICOMOOB BpallleHuA; B caMOM [ejie, B Cjlyvdae JJVIMIICOMOOB BpalleHUuA

¢=0.

Mostomy BMmecTo ypaBaenus (1) o6cynum Goiee obuiee ypaBHeHMe

RkSk _ RZSZ
2m+1 2n+1

F= —0,
rae m — nopAaok GyHkuuu Ry, n — nopanok dyHkuuu R;, u nogpasyme-
BaeTcs, uto p? > a?.

Benuuunsr F' u % MMEIOT OJIMHAKOBLII 3HAaK, GoJlee TOro, Ry, He MO#eT

k
OﬁpaTI/ITbCH B HYJ/b, TAK KaK KOPDHHU IIOJHMHOMA R 3ariiouyeHb! B HNHTepBaie

oT a? 1o ¢?; oTcioga ypaBHeHHMe

poF S S R
R (2m+1)Ry (2n+1)R; R?

HUMeeT Te e KOPHH, UTO U ypaBHeHue F = (.

2

KOpHI/I YpaBHEeHUA Rﬂ = (0 HaxogATCA Mem 1y KOpHAMU HpOPI3BOJ1HOfI
k

dFy 1 d Sk 1 R

_ _?ii_ 1 ii(_)
du — 2m+1lduRy 2n+1R?duR; LR; du\R? ’

Ilo onpenenenuio

d Sk 2m+1
du Ry, B R’%
", ciegoBaTellbHO,
dFy _ 9 S; R; RiRy—RiR;, 25, RiRy— RiR}

du ~  2n+1R; Ry R? T 2n+41 R
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dF;
Ho S; He MoeT o6pamaThbcA B Hylb, 3HaYUT, KOPHAMHU d—l ABIAIOTCA
u

KopHU ypaBHeHus R;Ry — R; R}, = 0. PazymeeTcs, Hac HHTePeCYIOT TOIBKO

KOpHH, 6oabue a’.

IlpousBoaHasa naHHOM GYHKIUU 1O 4 UMEET BUJI
R;IRk - Ri Z;
KpoMe Toro, 1o onpeaeneHuto R; u Ry,
R} = (Hp* + K)R;;
oTclofia
RiRi[n(n +1) — m(m + 1)]p* + K; — Ky.
llBa NepBbIX MHOMHUTENA He MMEIOT KOpHeil OTHOCHTeNbHO p?, 60Mb-

mux a?, TpeTuii #e MMeeT TONLKO OAMH KopeHb. ClegoBaTenbHO!, mpous-

BOJHAaA Ctll—F He MokeT UMeThb Goliee OBYX KopHeil, a F' unu F; — Gonee
u
Tpex.

R.
[Ipexnmonoxkum, uto GyHKIUA R_;: NOCTOAHHO BO3PACTAET, U €€ IPOou3-

BOJIHAad HUTrJe He obpamaeTcA B HYIb; B 3TOM ciayuae ¢yHruuda Fj mocrto-
7
k
Bcerja yoOniBaeT, F) Bo3pacTaeT Ha Bceil o6nactu onpeneneHud. C apyroii

AHHO y6bIBaeT U He MOoMeT UMeTb HU OOJHOI'0O KOpPHA. HaHpOTI/IB, ecliu

RA
cTopoHbl, pu v = 0 U p = o0 3HaUYeHHe (PYHKUUM —- MOUYTH PABHO %
i

CnenoBaTenbHO, GYHKIUA UCXOOUT U3 HYIA U AU60 NOCTOAHHO Bo3pacTaer,
au60 MOCTOAHHO yObIBAaeT, T.€. He UMeeT KOpHeil KpoMe p = 00, KaKOBOI
KOpeHb He ABIAETCA [JOIMYCTUMBIM.

B camoMm obmem ciyyae, Kak Mbl Buaeld, QyHEOUA F' MOMET UMeThb
[0 TpeX KOpHell, BKIIOUasA U KOPeHb p = 00, T.€. HU OJHOr0, ONVH U JBa

R,
KopHA, 60abmux a?. Hu ofHOro KOpHA OHa He MMeeT, eciu R—’ NOCTOAHHO
k

BoO3pacTaeT WU yObIBaerT.?

BepHemcsa K ypaBHeHHIO

RS R;S;

F=== 5,51~

0.

1Cornacho Teopeme Pomns.
20TcyTeTBUE KOpHeil 03HAaYAeT, YTO HOBBIX (GUTYP PABHOBECUA B BTOM Clyyae HeT.
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Eciu R; comep#utr 4/p? —a? B KayecTBe MHOMMTeENA, TO (PYHK-
uud (%)2 npeacTaBiafgeT co00il MOJIMHOM, BCe KOPHU KOTOPOT'O BeIecT-
BeHHBI U 3aKJI0OUeHbl B HHTepBale oT a® /1o ¢2, a ee IPOU3BOJAHAA HEe MOMKET
obpamarbca B Hymb npu p?> > a?. ®yusuua F B 3ToM ciyyae He HMe-
eT KopHeil, 60abmux a?. Ilpeanonoxum Tenepb, 4To R; Helb3A pa3feluThb
Ha y/p? — a? ¥ 4TO0 N MHOTO Goible equHUIbI. fl yTBep#aaw, 4To B 3TOM
cinyuvae F' umeer no kpaiiHeil Mepe olUuH KopeHb. B camom pene, eciu mop-
cTaBUTh a’ B ypaBHeHHe, TO NepBblil WleH o6paTUTCA B Hylb, a8 BTOPOIi
cTaHeT OTpHUllaTelbHbIM; 3HaUeHUe CYMMbI NIPH 3TOM TaKike CTaHeT OTPU-
natenbHbIM. Eciu ke BMecTo p MOACTaBUTh 00, TO NEePBbIil WieH ypaBHEHUA
cTaHeT NPUOIU3UTENbHO paBeH

o5~ mr1)

U pe3ynbTaT OyaeT nonoxutenbHbiM. ClieoBaTelbHO, CYIIECTBYEeT HEKOTO-
poe HeueTHOe 4HCIO KOpHeil ypaBHeHHA B MHTepBale oT a’ 10 +0o, a Tak
KaKk OHO He MO#eT GbIThb Golbllle ABYX, TO OCTAeTCA OAMH U TONbKO OAWMH
KOpEeHb.

JTOo paccy#iieHue He JeficTBUTeNbHO Npu n = 1, T.e. eciu

R,’ZRZZ /)2—b2

nin eciu

B 3THUX cIy4daax QyHKUUA

R _p -0

D2 T 2 2
R p°—a
U aHaloOrMyHble eil GYHKIUM Bcerja Bo3pacTaioT NMpH JI060M p? B UHTep-
Balte oT 0o 70 a?. CleoBaTelbHO, COOTBETCTBYIONlee ypaBHeHUe He MMeeT
KOpHeil; 3Ta TeopeMa yie Oblia u3noxeHa Boime (cTp. 142).
[IpumeHuM 3To mpaBwiIo K 3anuncouny fAxo6u. 3anuiieM ypaBHeHUe
R15‘1 R4S4

3 5

¢yurnua Ry He menutcA Ha R, 3HaUMT cyllecTBYeT OAMH U TOJbKO OAMH
KOpEHb p.
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TakuMm o6pasoM, cpean cOGOKYCHBIX 3JIIUIICOMAOB CyIeCTBYET ONUH U
TOJBLKO OJUH JUIMIICOU, ABIAIOMMIICA QUTrypoii pABHOBECHA — 3TO JUIUII-
coun Hxobu.

®urypsl, noposjgaeMble 3jauncouaom Maraopena. Ilono-
#uM b = ¢ U BBIACHUM, CYIIECTBYIOT U (QUI'YPbl PaBHOBECHHA, Majo OT-
auyaromueca ot sanuncouga Mawnopena. [lnfg Toro 4ToObl cyllecTBOBalia
HeKoTopas ¢urypa ¥, Mano oTianyvamImancd oT suuncouga Marnopena, He-
06X0/IMMO, 4TOObI BBINOIHANOCH YCJIOBUE

RS RS

5 "+l @)
Momomsum
7 =tgw
TOrJla, KaKk MbI yike BHJIEIH,
N; =cospp,?!

rae h — woHcTtaHnTa. IlomomuM TakHe

F(§)=(1-€)2D"P(1-¢)".

Heo6x0AuMBIM ¥ IOCTATOYHBIM YCIOBHEM TOro, 4ToGbl ypaBHeHue (1)
MMeJIo OJIVH KOpeHb, AIBIAETCA HelenuMocTh GyHruuu R; na \/p? — a?. Cue-

noBaTeNbHO, GYHRIUA M; Takme He JO/HA ObITh Jenuma Ha /a2 — p?,
a 3HayeHUe CYMMBI n + p, Tle n U p — HEKOTOpble oNpejeleHHble YHucia,
JOJ#HO ObITb YeTHbIM. PUrypa paBHOBecHusA, OMU3KafA K IIUICOUIY Bpa-
IIEeHUA, ONpeJeNfAeTCcA COOTHOIEHNEM

¢ = elM; cos py,
OTKYyZa B 00lileM BHUIE ClefyeT

¢ = IM;(e cospyp + €' sinpp).

1Mau N; = sinpep.
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IIpennonoxum, uto €' = 0; B 3TOM cilyyae cjieyeT NOBEPHYTh KOOPAU-
HaTHbIE OCH Ha COOTBETCTBYIOMMii yroa Bokpyr ocu Ox. B purype, nonyua-
€MOIi C MOMOIIbIO TAKOI'0 OBOPOTA, 0cb O BHICTYIAeT KAk 0Chb CUMMeTPUU
nopsaka p. Ilpu usmenenuu 3Haka & 3Hayenune pyuruuu F'(£) He MeHAeTcH,
ClIeJOBaTeIbHO, IIOCKOCTh Y2 ABIAETCA INIOCKOCThIO cuMMeTpuu. Ecnu p =
= 0, To { He 3aBUCHUT OT ¢, U purypa ABndercA GUrypoil BpalieHus.

Cpenyn nmoidydeHHbIX ypaBHeHUII HET HeOGXOQUMMOCTU paccMaTpUBaTh
ypaBHeHUe ¢ n = (, Tak Kak B 3TOM cly4ae He coxpaHdeTcA oobeM. Takme
cilelyeT UCKIIOUUThL ypaBHeHHe ¢ n = 1, MOCKOJAbKY QYHKIUA R; B 3TOM
ciyyvae 6ygeT neiuma Ha 4/ p? — a?. Takum oGpasoM, HaMMeHblIee 3Haye-
HUe 1 paBHO 2. ITOMY 3HAUYEHUIO N COOTBETCTBYIOT JBa 3HaueHud p: p = 0
up=2.

Ragrwve e 13 3TUX GUryp UMEIOT 3JuUnconJanbuyto popmy? Pacemor-
puM aBa snauncouna Fy u Ey, npuuem E; mano otiauvaetcd ot Ey, HO He
coorycen emy. [loTeHIMan BHYTPH KamIoro M3 HUX IpejcTaBifeT coboii
(GYHKIMIO BTOPOTO MOpAAKA OT AeKapTOBBIX KOOpPAMHAT Touku. PasHocTb
NOTEHIMANIOB TaKe ABIAETCA MOJUHOMOM BTOPOIo MOpPAAKa, KPOMe TOro,
3TO MOTeHIINal, co3JaBaeMbIil CJI0eM, 3aKJIIOUYEHHbIM MY JaHHBIMH 3JI-
auncouaamu. CliegoBaTenbHO, MOMHO IPEACTaBUTh 3TOT MOTEHI[UAI B BUJE
CYMMBI

Y eRMN,

rae R, M, N — cbepuueckue pyHruuu nopagka 0, 1 wnu 2.
Ha noBepxHocTu
V => eRyMN,

a BHYTpHU, KaK cClie[iCTBUe,

V= Ze ~SMN;

TOJIIWHAa CJ0oA, co3aarouero aToT noTeHguall, uMeeT BUI
2n+1
(== + & SMN = 3 E'IMN.

B cymmy BxoaAT Tonbko uneHbl mopAaka 0, 1 uiau 2, ogHaKo, KaKk MBI
3aMeTUIN paHee, pyHKUUA M He MozkeT UMeTb nmopAaok 0 unu 1; Takum
o6pasoM, octaeTcd aumib n = 2 U p = 0 unu p = 2. B cayuyae p = 0 pac-
cMaTpuBaeMas IOBEPXHOCThb ABJIAETCA NMOBEPXHOCTHIO BpalleHHA, 3TO -
JUICOMA, Malo oTINyaiomuiica oT nepsoro. Eciu p = 2, To noBepXHOCTh
npeacTaBafeT coboit annuncoun Arobu.
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N3meHeHue w? B 3aBUCHMOCTHU OT caTUA. Ilpu U3MeHeHUU p?
oT a? 1o +00 cmaTHe paccMaTpPHBAeMbIX 3JLUIUICOUAO0B M3MeHAeTCA B HH-
TepBaine ot 0 g0 1.

Mpu HyneBoM cmatuu w? = 0. [Ipu yBenTuueHNH caTHA BelUYHHA W
TaK;Me YBelUUYnBaeTCA, OHAKO OHA MOMET UMeTb MAaKCUMYMbI U MUHUMY-
Mbl. Takske NMpU yBeIWUEHUM CaTHUA Bo3pacTaeT IIaBHbIM MOMEHT MHep-
UH.

MbI 3HaeM, UTO BeJIUYHHA

2

2
w
TUy=H =W + 7']
HE€ MOeT MpeBLIIIaTh OllpegelIEeHHOro mpejaela. KpOMe TOoro,

2
dH = dW + wJ dw + %dj.
ECJII/I TeJIO HaXOOUuTCA B paBHOBeCI/II/I, TO
wZ
dW + %~ dJ = 0.
Otciona cienyeT, 4YTO NpY paBHOBECUU

dH = wJ dw.

HpI/I YBeJIMYEeHUHU CHHaTUuf J Bo3pacTaeT 1o 6eCKOHe‘lHOCTI/I; w IIpU 3TOM
YMeHblIaeTCA U CTPEMUTCH K HYJIO, a w2 HUCXOOUT U3 HYJA U BO3BpalaeTcHa
B HY/Ib, IIPOXOJA Ha 9TOM HMHTepBaJje yepe3 MakCUMYM.

3ameuanue. Hamensas p? B unTepBale oT oo A0 a?, Mbl GyaeM Io-
dy4yaTh Bce 6Gollee ciaTble DIUIUICOU[bI, NIOKa He JoiileM 10 TarkuX, AJIA
KOTODPBIX BEPHO PaBEHCTBO

RS RS
3 T 2n+4+1°

fl yTBepmaaio, yTo nmepBafd U3 BCTPEUYEHHbIX HAMU QUI'yp paBHOBeCHUA
6ynet sanuncounoM Ako6u. B camoM fene, eciy NpeanoNo#UThb, YTO QYHK-

R
iAot BO3PACTAET HA BCEM PACcCMATPUBACMOM NPOMEKY TKe, TO 0UeBH/IHO,

4
R4S4 R;S;

4yTO PYHKUUA 5 1

Bcerjga InoJjiosxuTelibHa.
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Ilpu p? = co umeem

R151 R4S4 RzSz
3 5 T+l

yBeiqinuuBafa p, NoJdy4YuM B UTOre

R151 _ R4S4 RzSz

3 5 4l

Nanee yBenuuusas p, NOIY4IUM

RiS1  R;S;
3 T 2n+1

OJlHAKO, KaK MbI BUJeNU, NepBoii GUTrypoil paBHOBecuA OYyAeT IIUICOU]
fAro6u.

®urypnl, nopoxaaemsoie aaauncounaom Hxo6u. Ham ocrtamoch
paccMoTpeTh (GUrypbl paBHOBECHA, Maj0 OTJIHYAIOIUECHA OT JIUIMIICOUIA
fAro6u. Umeem

R1S1 R4S

3 57
a s GuUrypsl, 61uM3Koil k santuncouny fkobu,
RS, RiS: |
3 T 2n+1’

BbICOTAa IMOBEPXHOCTH HOBOW1 (I)I/II‘ypr HaJ IMOBEPXHOCTHhIO JJIUIICOU 1A 3allu-
meTcA Kak
C = ElMlNl

TakuMm o6pa3omM, HaM clleiyeT pacCMOTPEThb ABa ypPaBHEHUA:

Rlsl _ R4S4 . RiSi

3 5 " 2n4+1°

[Ipu 3aganHOM 06BbeMeE

V=SV @)@ - P - )

¥MeeM TpU HeusBecTHHIX p* — a?, p? — b% u p? — c%.
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JIna Toro 4ToGbl ypaBHEHHE

RiS1  R;S;
3 T 2n+1

UMello OJWH KOpeHb, (YHKIMA R; momHa ObITb Helenuma Ha R; =
= \/p? — a2, a A Toro 4ToGbl ypaBHEHHE

RSy RS
5  2n+1

R; "
HMeJIO OOIWH KOpPEHb, (byHHI.II/IH R—Z He JOoJ}HHa Bo3pacTaTb Ha BCeUu o6aacTtu
4

onpenelieHnuA. OTClO,Ila €IJUHCTBEHHbIMH BO3MOMHBIMU (pOpMaMI/I Rz ABJIA-
I0TCA cieagylonue:

P, Px Vi1, PxViE—& Px (-0 - &),

rae P — noauHoMm ot p?.

BriAcHUM, B caMOM /4 Jie/le BO3MOHbI 3TU YeThIpe (OpMbI, YUUThIBAS,
uto Ry = /(p? — b2)(p? — c2).

1-% mun. ®ynknua R; ABIAeTCA MOIMHOMOM; €CIM (@ — HaHGOMbIINUIL
KOpeHb R;, MOKHO MOJOMKUTD

Ri = (p* — a)ll;;

KOpeHb «x HaXOAUTCA B UHTepBaljie oT a2 (o) 6‘2, n uMeeT MeCTO paBeHCTBO

R; e P’ —a
i : 1.
Rq 2 \Np2_2

pacTaer,

OyHRIUA

BMe, Bce KOPHU NolnHOMa R; 3akiioueHbl B MHTepBane oT b? fo c2.
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Cpenu dyurnuit JJams nopsAnka n cyuecTByeT ofHa U TOIbKO O[HA, BCe
KODHHM KOTOPOH 3aK/II04eHbl B MHTepBae oT b? 10 ¢?; ee U cliellyeT NIPUHATD
3a R; [17].

2-ii mun. BosbmeM R; = /p? — b2 P 1 0603HauuM HauGoIbLUINi KOPEHb
noauHoma P depe3 a. Umeem

Bce Tpu MHOMUTeNA Bo3pacTaloT Ha Bceeil 06JacTy onpeeneHud, Mo3-
TOMY Bce (QYHKIUU HTOTO THUIA clelyeT 0TOPOCUTh.
3~ mun. Ionomxum

Ri=+/p? = b (p* - o)1,

rae IT — MNOJIMHOM, KOPHU KOTOpPOI'o MeHbIlIe . Nmeem

IlnA Toro 4To6bI BTO ypaBHEHHe MMeNO ONHO pelleHHe, BeINYHHA
JoHa GbITh MeHbIne b?. 3HAaUUT, Bce KOPHU P 3aKIOueHbl B MHTepBaje
ot b? mo 2.

. . R;
4-1 mun. B cnyvyae ¢pyHRUUII 4eTBEPTOro TUMA MOJUHOM R—' He UMeeT
4

KOpHeli, 60JIbIIKUX (¢, clefoBaTelbHO, HAM HET He00XOAMMOCTU paccMaTpu-
BaThb 3TU QYHKIMU.

Tarkum obpa3oM, A Toro 4todbl GAu3KafA K saauncouny Hwrobu du-
rypa Gblna ¢urypoit paBHOBecus, Heo6Xoaumo, 4To6el GyHRUUA R; Oblia
oJHOI U3 Tex (QYHKUUI, KOTOpble Mbl HasBaiu Ry ,. f1 yTBepmpalo, uto
3TO ycloBUe Heo6X0AMMO U HOocTaTO4HO. [leficTBUTENbHO, NPEANONI0MHKUM,
uto b? u3MeHseTcA B UHTepBaile oT ¢® 1o a2. KamaoMmy 3Hauenuio b? coor-
BeTCTBYeT TaKoe 3HAauYeHHe p?, 4TO BbIIOJHAETCA PABEHCTBO

R1S1 R4S
3 5
PaccMoTpuM (yHKIHIO
_ R4Sy RS

F =

5  2n+1’
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R.
npu b? = ¢? dyHruuA R—Z NOCTOAHHO BO3pacTaeT, cjleJoBaTelbHO, 3HaUe-

2, To cooTBeTCTBYyIOIllee 3HaueHHe p>

uue F monomutenvuo. Ecnun b2 = a
cTpeMHTCcH K a2, Torja

Ry =0.
3uauenue R; He paBHO HYIIIO, IOCKOJIbKY R; He comepuT HU 4/ p? — a2,

HU +/p? — %, U Bce ee KOPHU HaXolATCA B UHTepBaje oT b> jo c?. Creno-
BaTelbLHO,
F <0,

U paccMaTpuBaeMble ypaBHeHNsA, 6€3yClI0BHO, UMeIOT HEKOTOPYIO CUCTeMY
KOpHeil.

OtTcioga o4yeBHAHO, UTO CyILIeCcTBYIOT (pUTypbl paBHOBecufl, 6IU3KUE
K smiuncouny Hro6u.

3ameuaHue. HKakoBa xe nepBaf U3 BCTPeUYEHHBIX HaMu GUTYp paB-
HoBecuA? MHBIMU clloBaMU, IPU KAKOM 3HAYEHUU 1 3HAUEHUE p MaKCUMalb-
HO?

Pacemorpum ¢yurnuu Ry ., u Ry, p,, Ipuuem

m > n.
f1 yTBep# a0, 4To PyHRUUA

RO,m _&
RO,n B Rz

INOCTOAHHO BO3pacTaer. I[OHa}KeM, 4TO ee MIporn3BogHafA IO u Bcerga IoJio-
MUTelbHA. Ta npou3BoHaf, C TOYHOCTLIO JO HEKOTOPOI'O IMOJOMUTEJIbHOI'O
MHOMHUTEeNA, paBHa

R.R; — RiR}; (%)

npuuem ecau R; He nenutcs Ha +/p? — a?, To R} menures, u HaoGopot. Ho
ecin GyHruuu R; u Ry He memumbl HUM Ha +/p? — a2, HU Ha +/p? — b2, TO

B pe3yJiabTaTte Npou3BogHada

R.R; — RiR;]
obpamiaerca B HyJIb npu p? = a?.
Bripaman R; u Ry kak ¢GyHRIUU OT apryMeHTa u, MMeeM

R = F(pu), R;=puF'[p(u)],
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npuyeM NPOU3BOJAHAA He UMeeT KopHeil, 6oabmux a®. B camom gene, mpo-
usBogHad GyHKUUM (*), B3ATadA 10 U, paBHa, KAK MbI yiie BUIEIH,

(RLR; — Ry R}) = (o1 — i) RiRy,.

Oyuruuu R; u Rj He MoryT obpamaTbca B HYIlb, @ @ — ¢; He MOMKET
MMeTb JBYX HyJleil, I0CKOJbKY 3T0 MOJIMHOM TepBoro nopsAnka ot p2. Takum
obpasom, npu a? < p?, T.e. Ha npoMemyThe 0 < u < e;, IPOU3BOJHAA He
Mo:eT ob6pamaTbcA B Hylb Gollee YyeM J[Ba#iIbI.

IIpousBoaHasn, paBHad Hy110 pu v = 0 U v = e1, He MoeT obpamaThbcA
B HY/Ib BHYTpPU OTPAHUYEHHOr'0 3TUMU 3HAUYEHUAMH IIPOMEKYTKa, 3HAUUT,
Ry,
R;
Otciofia Takke cieayert, 4To

Bcerga Bo3pacraet, IIOKa p2 U3MEHAEeTCA B MHTepBaje OT a2 o +o00.

R;S; Ry Sk
2n+17 2m+1°

Takum o6pa3oM, U3MeHAA p> B MHTepBale OT 00 10 a’

BCTpeTHUM 3Ha4YeHHe, yJOoBJ/IeTBOpAlOlee ypaBHEeHHUIO

, Mbl CHaydajla

RsSs  R;S;
5  2n4+1’
a 3aTeM 3HayeHHe, yJOBIETBOPAIOIIee ypPaBHEHUIO
R4Sy RySk
5  2n+1°

To ecTb B nepBoM ciyuyae n = 1, a BO BTOPOM 1n = 2 — 3THU 3HAUEHUA N
Mbl y#e paccMmaTpuBaiu. Tenepb HaM MPEACTOUT U3YUYUTh NMOBEPXHOCTD,
6a13KyI0 K sanuncouny kobu u cooTBeTcTByIONYyI0 GYHKIMU Ry 3.

PaccmoTpuM npesxjie NoBepXHOCTb, COOTBeTCTBYoOMY0 Ry 5, B 061eM
Buje. ToamuHa ciod 3anuuieTcd cieJyOUUM 00pa3oMm:

C = ElMlNl
JTa ToJIUHA paBHa HYJIIO B TeX TOYKax, rige
M;N; =0,

Ui
R;M;N; = 0.
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JTo BbIpaskeHHe MOKHO NpPeACTaBUTh B BHIE CYMMbI WIEHOB BTOPOLO
nopAika
2
@ Yy 2 .
- 9
a?2—a?2 o2-0 a?-¢

TaKk KaK 3Ha4YeHUuf a2 HaxogATCA B UHTepBajiae OoT b2 oo 62, COOTBETCTBYIO-

e NMoBepXHOCTHU ABJAIOTCA OBYIOJOCTHBIMU FHHepﬁOJ’IOI/I,IlaMI/I, nepecera-
IOMUMHU JNTUIICOU] 110 ABYM JIMHHUA KPUBU3HBI OAHOI'O U TOT'O e ceMeiicTBa.

Puc. 19

C oJHOI CTOPOHBI OJHOW U3 3TUX JUHUI BeianuuHa ( MOJOMHUTENbHA,
¢ Apyroit — oTpunarenbHal. Ilo 3TUM JaHHBIM MOSHO IOCTPOUTH (GUTYDY
paBHOBecus 1A n = 3. Ha puc. 19 mTpuX-nyHKTUPHON JUHUEll NoKaszaH
BUIMMBIIl KOHTYP 3JIIMIICOM/IA, HEIIPEPhIBHOM JUHUEN — MepecedyeHue pac-
cMaTpUBaeMoii TIOBEPXHOCTH € 3JUIUIICOUIOM, 8 TaKKe BUAMMBINA BHEUIHUI
KOHTYp ee 4acTH, HaXo[AllelicA BHe 3JUIMICOUIa, MIyHKTUPOM MOKa3aH KOH-
Typ 4YacTH NMOBEPXHOCTH, HAaXoAAllelcA BHYTpH ajiauncouga. OgHa us jau-
HUN KPUBU3HBLI ABIAETCA, KPOME TOTO, MNIABHBIM 3JLIMICOM, KaK 3TO BHUIHO

M3 COOTHOIIEHUA
Ro,g = p2 -2 x P. [18]

Hcexonsa us 3Tux me coobpaskeHuil, nocTpouM GUrypy paBHOBecHUf, CO-
0TBeTCTBYIOWYIO Ry 4 (puc. 20).

3aMeTHM, YTO Mbl He MOKeM B3ATh B KavecTBe ¢yHKuuu R; Ka-
KY10-1u60 GYHKIHUIO BTOPOTO MOpPAAKA, TaK KaK B 3TOM cliy4yae BMeCTO

1TouHee ckasaTh: C BOTHYTON CTOPOHbBI OIHOH U3 STUX JHHHUI KPHUBU3HBI, U306paHeH-
HOIl B npaBoii yacTu puc. 19, BeanunHa ( MOJOKUTENbHA, ¢ aHAJIOTMYHOMN e CTOPOHBI
BTOPOi AMHUHU ( OTpHLATelbHa.
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Puc. 20

dyHrunn Ry, » HeobGxoxuMo OyaeT B3ATb NOIMHOM BHAa p° — h?, 4To JactT
B HTOre [PYTroil 3IHICOUJ, 8, KaK MbI y#e BUIEIHN, IPH JaHHON CKOPOCTH
BpallleHUsi MO#eT CyIecTBOBAaTh TOIbKO diiuncons Hkobu.

Hcxoaa U3 BBIEU3IONKEHHOTO, €M U3MEHATh b? B MHTepBaie OT ¢
70 a”, MBI OLY YUM SIITHIICOU/bI, KaMKAOMY U3 KOTOPBIX COOTBETCTBYET Of-
HO U TOJbKO OJHO 3HaueHHe w; w He MOKeT MMeTb HH MaKCUMYMOB, HH
MMHHUMYMOB, TOCKOIbKY €cli Obl CyIeCTBOBal TaKOi MaKCUMyM HIH MH-
HUMYM w1y, TO 3HAYeHUIO, GIU3KOMY K wy COOTBETCTBOBAIM Obl JBe BIIUI-
coujanbHble QUrypbl, YTo He BepHo. Takum o6pa3oM, BelMUYMHa w Bcerja
M3MeHAETCA TONbKO B OJHOM HallpaBleHHU.

Ipeanonomum, uto b*> u ¢® crpemarea k Hymo. Torga dopma 31-
aunconga OyfeT CTPeMUTbcA K (opMe BBITAHYTON UIMbI, @ BelHYHHA w
0JMHAKOBa TOJNbKO y MOJOOGHBIX 3iIMnconoB. Takum o6pasoM, JocTaToy-
HO BBIACHUTH, UTO NMPOMCXOAHUT, KOTA a HeOrpaHMUEHHO BO3pacTaeT IPU
(UKCHPOBAHHBIX 3HA4YeHUAX b U c¢. B dTOM ciIyyae Mbl MOJYYMM 3IUIHI-
THYECKHI LUIMHAD, MPHYEM PaBHOAEHACTBYIONIAA BHY TPEHHIX CHI B3aUM-
HOTO TPUTAMEHUA HWIMHAPA M LEeHTPOOEKHOH CHJIBI J0NKHA ObITH Ha-
npapjeHa 10 HOPMald K UWIMHADY, T.e. NapalielbHo miockocTH yOz.
OTMeTHM Ha OJHON U3 06pasyIOINX, NPOXOAAILINX Yepe3 OCh BpallleHHH,
Touky. Biarogapsa cuMMeTpHM cuia NPUTAMEHHUA B BTOIl TOUKe J0JKHA
ObITh MapamienbHa miockocTH yOz, oTcioa LeHTpobexHas cuia, KOTO-
pas nepneHJuKyAApHa ocu Oz, MomeT GbITh TONBLKO HYJeBOl, U, cleo-
BaTeJbHO, IpU GeCKOHEYHOM BO3pPacTaHUH ¢ BeIMYHMHA w CTPEMHUTCA K HY-
1o [19].

C mpyroii CTOPOHBI, HY/KHO 3aMeTHUTb, UTO JUIA TOTO, YTOObI CTalI0 BO3-
MO#HBIM paBHOBeCHe, LUINHP HelIPEMEHHO J0JeH ObITh LNINHIPOM Bpa-
LIeHHA.

2
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YCTOMYUBOCTH HAMITEHHBIX ®OUT'YP

I'paduueckoe mnpencTaBiIeHNne
[oJy4YeHHBIX peayiabTaToB. Ilo-
CTPOMM INIOCKYIO CHCTEMY KOOpAMHAT
(puc. 21) u GyneM OTRJIAABIBATD [0 OCH
abcuuce snavenua R3/R2, a no ocu op-
nuHaT — 3Havenua R2/R?; stu Benn-
YMHBI [PEACTABIAIT cOGON OTHOLIEHUE
Cpe/lHell 0CH JJUIMIICOMJA K ero Maljoi
0CH ¥ OTHOIIIeHKe GONbIION OCH K Majoit
COOTBETCTBEHHO.

CHauana oTMeTUM TOYKy A ¢ Ko-
opaunatamu (1, 1); cooTBercTByIOMIEH
¢urypoit apnfaercd cdepa. YacTtp Ouc-
cekTpuchl yriaa xQy, HauMHAIOMAACA B Puc. 21
Touke A, COOTBETCTBYET 3JUIUICOMIAM
Bpamenud. diauncounsl fko6u npencrasiensl kpusoii CBC’, woropas
CMMMeTpPHYHA OTHOCUTEIbHO GHCCEKTPUCHI U MepeceKkaeTr ee B Touke B.

B cayuae smauncousop MaKkjiopeHa BeluuuHa w? Bo3pacTaeT NpH Tie-
peMenienuu oT Touku A K Touke D, mocie 4ero, no Mepe ygaleHUf OT
Touku D, oHa HauuHaeT yObIBATb M B GECKOHEYHOCTHU 0GpallaeTc B HYlb.
Touku Ha kpusoii CBC', cumMeTpuuHble oTHOCUTeNbHO ocu AH, mnpen-
CTaBJAIOT OJIMHAKOBBIE, HO pa3BepHyThle Ha 90° anauncouabl. Bernununa w?
yMeHbIIaeTcA MpU ABUKEeHUU oT Toukd B K toukam C unu C'. B cayuae
nuianHapa Bpamenna Toukd C' u C' GeCKOHEYHO yHalfloTCA OT TOYKU Bj
kpuBaa C BC' ABifAeTcA acMMITOTOH K NpAMbIM £ = 1 u y = 1.

Ormerum Ha npamoit AH touku E u F, cooTBeTcTBYy0OIHE DUy pam
paBHOBecHA, GIU3KUM K 3JUIMICOUAY BpalleHus, a Ha kpuBoit C BC' oTme-
tuMm Touku G, K, L, M u G', K', L', M’, cooTBeTCcTByIOLINE Pa3inuHbIM
byHRUMAM Ry, 5, T. €. pa3IMYHBIM GUrypaM paBHOBecUf, GIM3KUM K SJIUI-
couny flko6u, ¢ KOTOPLIMH Mbl BCTPeUallCh paHee.

CiemyeT 3aMeTUTh, UTO B3AThIe HAMU I1apaMeTPhl He COOTBETCTBYIOT
B IefiCTBUTEIbHOCTH JaHHBIM 3agauu. [lapaMerpamu ABiAlTcA 06bem T,
CKOPOCTb BpallleHHA w U IJIaBHbI# MoMeHT uHepuuu J. [onomum p = w?J,
toraa p u T MO#HO CUATATh 3aaHHBIMU, IOCKOJbKY BelnunHa w?.J fonxHa
ObITh MOCTOAHHOM; 44 MPONOPUMOHAIbHA MATOI CTeNeHu MJIuH oceii, a T —




160 TI'nasa 7
KyOy 3Tux maud. Eciu monomuthb

_ K
T o5/3’

To M 6yner 3agaHHOl BelWUMHON, HE3aBUCUMOI OT BHIOpAHHON eIMHUIbI
IJIUHBL.

JlnyBuUNIE BRIUMCINI, KAKUM 3HauyeHUAM M COOTBETCTBYIOT pa3iny-
uble Touku auHuit AH u CBC'. O" nokasai, 4To IpHU NepeMeleHdr 110
npamvoit AH Benuuuna M BospactaeT oT A 1o D u y6eiBaeT ot D &k H. Ha
kpuBoit C BC' Bennunna M y6biBaeT npu nepemetnesuu o B k C u C' [20].

TakuM o6pa3oM, eciii CKOPOCTh w OUEHb BeJNHKa, TO GUTYp paBHOBecUA
He CyllecTBYeT; eclli w HaXoJUTCA B MHTepBale OT Wp JI0 Wy, BO3MO#HBI
IBe GUrypbl paBHOBecHs, IpuyeM o6e ABIAIOTCA JIIUNCOMAAMHU BpallleHu .

IIpy w < wp BO3MO#HBI YeThbIpe GUIypbl paBHOBECUA — JBa BJLIUIICO-
una MaknopeHa u gBa sanuncouga ko6u; Bipoyem 3Tu 3anuncouast Axodu
OJIMHAKOBBI, KaK y#e ObLI0 0TMeYeHO.

KpI/IBbIe paBHOBeCHUA. PaCCMOTpI/IM CUCTeMYy, 3aBUCAINYIO OT N Iie-
PEMEHHBIX L1, T2, ... , Ty, NIOJABEPKEHHYIO JECTBUIO CUCTEMBI CUJ, 3aBU-
cAlled oT MoTeHUana F(ml, T2y eee y Ty )\) Heob6xoaumoe u gocTaTodHoe
ycClIOBYM€e paBHOBeCUA [JaHHOW cucTeMbl TAKOBO, UTO 3HauyeHUe F pomnsHO
ObITh MaKCUMalbHO MO OTHOIIEHUIO K X IpYA JaHHOM 3Ha4YeHUHn A. Nmeem

M2

2
— ”} _ w — ‘4/ _
a 2 T 2J°

YcnoBue paBHOBeCHA 3aKjI04YaeTcCAa B cilelyloliem:

OF _oF _  _ OF

8:81_3—:132_"'_8:13”:0;

JJ1A Toro 4yToObl paBHOBecHe ObLIO yCTOHUYUBBIM, HEOOXOJUMO, KpOMeE TOrOo,
4yT0oObI (hopma

b = Zax 3$k&£k

Obl1a OTPULIATENLHO ONPEelIeHHOU; 3TY GOpPMY TaKe MO#HO NPeJCTaBUTh
B BUJIe CYMMbI 7 KBaJpaTOB:

¢ = Z agn;.
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KoadpdunueHnTr! o, Ha3pIBalOTCA Ko3dpunneHTamMu ycroitunpoctu. FEe-
14 OJUH U3 3TUX Ko3dduuneHToB obpaimiaeTcd B HyJlb, TO JUCKPUMUHAHT
¢opmer ¢ Takme obpamaeTcA B HYlb, NOCKOIBKY B 3TOM ciaydae dbopma
cBoAMMa K cyMMe MeHblleit, 4eM cymMa n uieHoB. [lonoxum

_OPF _ .
Ox; Oxy, bk

Torua onpenelnuTellb CyMMBI HMEET BUJ

ai,1 ai,2 ... Q1i,n
2,1 a2,2 ... G2,qn
Ap,1 Ap,2 .. Qp,n

Ecnu paBHbl Hy110 1Ba K03 PULHEHTA (), TO MUHOPBI IEPBOTO NOPAZIKA
onpepenutend A paBHbI Hy110. MbI, 0HAKO, IPEMOI0HUM, UTO 3TO HE TAK.
Ilpun A, oTAMYHOM OT HYIA, YypaBHEHUA

OF _ OF _ OF _
81171_0’ (91172_0’ R B:En_o

MO{HO PEIIUTh; MONYyYUM

x; = i(N).

NucddepeHnpyda cOOTHOLIEHNE OF _ 0 mo A, moryyaem

8171

Z 9*F dx; 0*F =0:
- 0x10x; d\N = Ox1 O ’

9TO MOMHO 3anucaTb MHaye:

Y dvi __ _9’F
- LUAN T T 0z 0N

2

. dx;
IIpu A, OTIMYHOM OT HYJIA, MOMHO HAWTHU 3HAUEHUA o Tk Kak Mbl
“MeeM N TUHEHHBIX ypaBHEHU ¢ n HEU3BECTHBIMU, @ PYHKIUU T B OKPECT-
HOCTH paccMaTpuBaeMbIX 3HaYeHUuil ABIAIOTCA OOHOPOAHBIMHA prHHHI/IﬂMI/I

oT A.



162 I'nasa 7

Ipennonosum, yro A = 0, ¥ IpU 3TOM HU OJUH U3 MHUHOPOB MEPBOTO
nopAjKa Hymawo He paBeH. IlycThb, HanpuMep,

N

8aLi

B aTom cjl1y4dae Mbl MO ieM pelluThb 1 — 1 ocTaBmIMXCA JUHEHHBIX ypasB-
HEHUU OTHOCUTEIbHO

dzs dzs dz,
dx’  dx’ T d\’
oTcioJa BUAUM, YTO GYHKUUU T2, L3, ..., Ty ABIAIOTCA OAHOPOJHBIMU
GYHRIUAMU OT T1 U A.
3anuiieM 3HAYEeHUA X3, T3, ..., Ln B QyHKUUU F' B BuUJe QyHRUUI
OT 1 U A, IOIYYEeHHBIX U3 YpaBHEHUI
oF _ oF _ .
— =0, ..., Z=—=0
3:32 3$n

B pe3yibTare moayduM QGyHEOUIO tP(x1, A), NIPOM3BOAHAA KOTOPOH MO X
3aNUIIeTCA Kak

) _ OF | OF dzy OF dzy
dry  0xy  Oxodry W Oxndry’
OpHaKo, COrIacHO NMPeNoJOAEHNUIO, eCl IPeJCTaBUThb T, T3, ... , Tp
B BUZle QyHKLUI OT £; U A, TO
oF oF
— =0, ... — =0.
8.132 ’ ’ 3.13"
3HayuT,
a _or
d(l?l 8:131 ’
Taxum 06pa3oM, ycloBre paBHOBECUA UMeeT BU[
d
9 _,
dﬂ'}l

JaHHOE COOTHOLIEHNe MEMAY X1 U A OolpeleifeT HEKOTOPYIO KPUBYIO.
2
DYHKINA T1 ABIAETCA OJHOPOAHOI pyHKEIMEN OT A, eclii IPOU3BOAHAA 2

o
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OTJIW4YHAa OT HYIJIA. Yenosue A = 0 3KBUBaNEHT- Yy
2

d
HO, TaKUM 06pa3oM, yCJIOBUIO ) =0.
Ty

[Ipeanmonosxkum, 4To 3TO YCIOBUE BBINONHE-
d*ep
dzy d
maercd B Hyib. KpuBad B 3TOM ciydyae MMeeT

BEPTHRAILHYIO KacaTelbHYIO (puc. 22).

HO, HO IIPOU3BOJHAA npu 3TOM He o0pa-

Korga A mpoxoguT uepes TOuRy Hepeceue- Puc. 22
HUA ocu abcluce ¢ 3TOH KacaTelbHOI, IMeeM
AIA x1 ABa BellleCTBEHHLIX 3HaueHUdA, KOTOpble CIUBAIOTCA APYT C APYTOM,
CTAHOBACH 3aTeM MHUMBIMU; TO #€ BEPHO U JJIf T2, ... , Tp.

y Y

Puc. 23 Puc. 24

d2

Mpu _dy

dx1dA

HOM TOYKOMN ¢ Pas3iMYHBIMHU JIUG0 CIUBAIOMMMUCA KacaTelbHbIMHU, IPHUEM

OflHa M3 KacaTelbHbIX MOeT ObIThb BepTHKanbHOW. IMeem fBa pasiny-

HBIX ClIyuvaf: B [epBoM 06Ge KacaTelbHbIX Pa3iN4HbI U He BepTHKAIbHBI

(puc. 23), Bo BTOpOM i€ OfjHA U3 KacaTeJbHbIX BePTHKalbHa, a Apyrag —
Het (puc. 24).

=0 COOTBeTCTBYIOIIaAd TOYKa Ha KpPIBOﬁ fABJAeTCA [BOMi-

B nepBoMm ciiyyae 1Ba BelleCTBEHHBIX 3HAUEHUA T CIMBAIOTCA, a 3aTEM,
nocie MPOXO#IeHNA 3HAUEHHA, COOTBETCTBYIOIIEr0 ABOUHON TOYKe, CHOBa
CTaHOBATCA BelleCTBEHHBIMHU.

Bo BTOpOM ciyuae, 1Be TpyIIibl BelleCTBEHHbIX 3HAUEHU I CIMBAIOTCA U
CTaHOBATCA MHUMBIMHU, KOT'/Ia A IPOXOAUT KPUTHYECKOE B TaHHOM KOHTEKC-
Te 3HauYeHne. 3HAUYEHUA & 10 U ToCIe KPUTUYECKOro 3HaUeHUA OCTAIOTCA Be-
eCcTBEHHBIMHU. [ pyrue ciyyau B3auMHOTI'O Paclojo#eHn A JUHUN CBOAATCA
K BBILIEONKCAHHBIM, [10 KpaiiHeil Mepe, ¢ MHTepeCYIOlleil Hac TOYKY 3peHUA.
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O6MeH ycToituuBocThblo. HKak MBI yme 3ameuanu, paBHOBecue
YCTONHYNBO, KOT/la 3HaYeHNne GyHKINN F' MakcuMalbHO NPU NEePEMEHHBIX X1,
T,y ..., Ty A fortiori Heo6xoqumo, 4To6b1 3HaUeHUe GyHKIUYU F' GbLI0 Mak-
CUMalbHBIM, €CJU NPU 3aJlaHHOM 1 U3MEHATb 3HAUeHUA T2, T3, ..., Lp
POU3BOJIBHBIM 00pa3oM. 3HAUYHUT, HOMMHbBI ObITh CIPaBEIJIUBLI yPABHEHUA

OF _OF _  _ OF _
3032 3:133 333”

Beipasum zg, x3, ... , T, U3 DTUX YpaBHeHUIl, QyHRIIMOHATLHBIH oNpe-
JelUuTeNb KOTOPBIX 10 YCJIOBUIO He paBeH Hymo. I[logcTaBuB 3TH 3Haue-
uuA B pyuruuio F(xy1, xs, ... , T,), o1yddM QyHKIMIO, 3HAUEHHE KOTOPOIi
JOJAHO JOCTUraTh MakCcUMyMa JJIA TOro, 4To0Obl KMeJIo MeCTO paBHOBeCHe.
3HauUT, MaKCUMyMa JOIHHO AOCTUraTb U 3HaveHue QyHruuu (zq, A),

T.e. purypa 6yJaeT HaXoAUTLCA B PABHOBECUM NPH C%p = 0; oHaKo paBHO-
1
i

dz?

0.

Becue OyJeT yCTOMYUBBIM, TONBKO €CJIU IIPOU3BOIHAA npu 3ToM GynmeT

oTpuuarTreljbHa.

. d
I[yra KPUBOH d—d) =0 JE€JIUT ydJaCcTOR IJOCKOCTH Ha AB€ 4YacCTu: B O[-
Z1

HOIA L2 > 0, B apyroit L < 0. Ecin nannas gyra He MMeeT CHUHTYJIAp-
dx, dz
d*p

HOCTeﬁ, TO NMpou3BOAHaA F He 06pamaeTCH B HYJ/Ib U OTpUllaTelIbHa B TOM

Ty
dy
ciiyyae, eciii 001acTh, rjie GyHKIUA —— IMOJOMUTENbHA, PACIOI0KeHa MO

d:l,'l
d’y dip
— NOJIOHUTeNbHa, eClIn QJyHHLII/IH -

dz? dz:

NOJIOKUTENbHA Ha yyacTKe Haj paccMaTpuBaeMoii KpuBoii. [lepBriit ciyuaii
COOTBETCTBYET IOJIOKEHUIO HEYCTOUUUBOr0 PaBHOBECHUHA.

d
Sa]J.lTpI/IXOBaB y4yacToR IIJIOCKOCTH, I'fie d_w NoJIo}KHUTeJlbHa, Mbl BUIHUM,
T1

YTO pUc. 25 OTHOCUTCA K ClIyyal0 YCTOMUYMBOro paBHOBeCUA, a puc. 26 —
HEeyCTON4UBOrO.

B cayuae, rorna kpuBasd BAC uMeetr ofjHy KacaTelbHYIO B TOuKe A,
BO3MOKHBI JIBA pa3iNYHbIX BapuaHTa B 3aBUCUMOCTHU OT TOr0, KaKkoi ydJac-
TOK 3alITPUXOBaH: BBINMYKJbIN UIU BOTHY THIA.

Ha puc. 27 yyacTok KpuBoit BA cOOTBETCTBYET IOJIOMEHUAM HEYCTOM-
YMBOIr0 paBHOBECHA, B TO BpeMsA Kak yuacTok AC COOTBETCTBYeT MOJOie-

KpUBOIi; 1 HA060POT, MPOU3BOJHAA
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y y
I
/
0 [9) X
Puc. 25 Puc. 26
Y Yy C//
B 7

(0] [0) X

Puc. 27

Puc. 28

HUAM ycToiuuBoro paBHoBecud. Ha puc. 28 npejcraBneHa obpaTHasa cu-
Tyanuf: Ha yuyacTke BA — paBHOBecue ycTOiunBO, a Ha yuacTke AC —
HeyCTONUYUuBO.

31ech cileyeT OTMETUTD CyIleCTBEHHbI! MOMEHT: epeMeliadch 1o co-
OTBETCTBYIOIIMM KPUBLIM M MPOXOJAA uepe3 TOUKY A, I1Be cUCTeMbl GUTYD

paBHOBeCHUA o6MeHUBalOTCA yCTOﬁ‘-IPIBOCTblO.

Y

BI

C

Puc. 29

Y

Puc. 30
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B cayuae nBoitHo# TouKH, KOrjla BepTUKaNbHON KacaTelbHOM HEeT, TaKk-
e BO3MOKHBI JBa BapuaHTa: Ha puc. 29 u 30 yuyactku BA u AC' cooTBet-
CTBYIOT GUI'ypaM HeyCTOWUYMBOro paBHOBecus, a yuyacTku B’A u AC coor-
BETCTBYIOT QUrypaM ycToifunBoro paBHoBecHA. 3aMeTUM ellle, YTO B 3aBU-
CHUMOCTH OT TOTO, [0 KaKoii KpuBoii MbI nepemernaemea, BAC wiu B'AC’,
(¢urypsl paBHOBecUA NlepeXoJAT U3 yCTOHYNBLIX B HeyCTOHYMBbIe, U Hao60-
poT.

Puc. 31 Puc. 32

Haronen, B cinyyae ABOIHOI TOYKM C BepTUKaIbHON KacaTelbHOM
MbI NIPUXOJUM K TaKOMY #€ BbIBOJLY: (DUT'ypbl paBHOBeCHUA, MOJYyYaeMble
NpY JBUMEHUU BAOJIb KaKoil-1u6o KpuBOii, 0OMEeHUBAIOTCA YCTOMUNBOCTHIO,

d2
HpOXOJfi Yepe3 TOUKY, T'Je d_d) =0 (puc. 31, 32) [21].
i

2
1

YeToiiunBocTh paBHOBecHA HaligeHHbIX ¢uryp. IIpumenum
BBIIIEM3/I0KeHHOe K Hallell npobieMe M paccMOTpUM puc. 21; BennuuHa,
o6o3HaueHHaA HaMU paHee i, OyeT 3[echb NPEACTaBIATh BeIUYNHY, KOTO-
pyIo B IpeablaylieM naparpade Mbl Ha3Balu A, 8 BMECTO X1 MbI BOCIOJb-
3yeMcA 0003HaYEHUEM w.

OyHrnua F', KoTopasA JoM#HA UMeTb MaKCHMalbHOe 3HaueHue, 3alu-

meTcA Kan
2

I
W - —.
2J
Bennuunna w yBenuuuBaeTcA npu nepemelniennu oT A k D U yMeHbia-
eTcA npu nepemeniennu oT D k H. Benuuuna M yBenuuuBaeTcA B Hanpas-
neuvu AH, paBHo Kak u npu nepemernenuu or B &k C nunu & C'.
Tenepb HaM HY:KHO 00CYJUTh BOHNPOC 00 yCTOWUMBOCTH PAaBHOBECHUA.
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Bei6epem oTnpaBHO# Touykoii TOUuKy A, KOTOpas cOOTBETCTBYeET chepe;
w 37ech paBHa (), a paBHOBecHe, Kak HaM H3BECTHO, YCTOUYHMBO, T.€. BCE
Koa(dUIMeHThl ycToitunBocTU oTpunarenbuel. He Bce n3 HUX ocTaHyTcA
oTpHUlaTelbHbBIMU, KOT'JJa Mbl BCTPETUM NepBYI0 purypy 6udypranuu.

Ilepememanck B HanpaBienun AH, nepByio GudypKamuio Mbl BCTpe-
TUM B Touke B, rie sanuncoun MakriopeHa mMallo oTAuM4aeTcA OT DIIIUICO-
una fiko6u. 3gech Ko3hPULUEHT ycToliunBocTH 06paTUTCA B HYlb BMeCTe

¢ BbIpazeHneM
R1S1 R4S

3 5

Ilocne Touku B 3ToT KoadduuMeHT Goablile He obpamiaeTcA B HYJb;
B Touke! F o6palmaeTca B Hylb I CMeHe 3HaKa ApYyToii Kod(GUIHEeHT, B TO
BpeMA KaK MepBblIii 0CTaeTCA MOJ0MUTeNbHbIM. Takum o6pa3om, oT Touku A
0 TOUKM B paBHOBecue yCTOHUYUBO, a ocile TOYKU B — HeycTON4YNBO.

Ha yuactre BC, HanpoTuB, UMeeM YCTONYHMBLIE 3IUICOU/IbI BILIOTh
no Touku G. B Touke G oguH u3 Koad@uUIMEHTOB obpaliaeTcA B HYIb,
a 3aTeM OCTaeTcA MoJoxuTeNbHbIM. ClegoBaTenbHO, TOYKY Ha aunuu BC,
HayuHasA ¢ TOUYKH (G, COOTBETCTBYIOT Uy paM HEYyCTOWUYNBOTrO paBHOBECHA.
3amMeTHM, YTO 3TU GUTryphbl HOBBI [JIA Hac U HaM cleflyeT pacCMOTpPeTb UX
ycroituuBocTh. [leno ocnomHuAeTcA TeM, UTo BennunHa M [niA 3Tux ¢uryp
MO#eT Bo3pacTaTh 1160 yObIBaTh.

Jlerro yBueTh, 4TO BO Beex caydaax ¢pyHruua M npoxogut aubo ye-
pe3 MakcuMyM, au6o yepe3 MUHUMYM. B camom gnene, ecnu 3T QuUrypsi
Majlo OTJIMYal0TCA OT TOM, KaKyI0 Mbl HabdaO#anu B Touke (G, TO AIA HUX
BEPHO PaBEHCTBO

¢ = elMy, 3Ny, s,

npudeM B camoil Touke G € = 0. Eciu € MeHdAeT 3HaK, noiyvaeMm Gurypy,
CHUMMETPHUYHYIO MCXOIHOM, a BennunHa M He uamenserca. OTciona cienyer,
4T0 B Touke G (yHruua M mpoxoaut auGo yepe3d MakCUMYM, 1u6o yepes
munumyM. Ilpu M < Mg nonydyaeM eAHHCTBEHHYIO GUI'Yypy paBHOBecHH,
B To BpeMsA Kak npu M > Mg ¢uryp paBHOBecusa GyneT TpHu, IpUYeM
0[lHa U3 HUX ycToiunBa. XOTA MOMHOr0 BIYKUCIEHHUA ellje He IPOM3BOAHIOCh,
npeicTaBiAeTCA BeCbMa BEPOATHLIM, UTO B 3TOM Clyyae HMeeM MUHUMYM
¢byuruun [22].

1B sroit Touke E mpoucxomuT 6udypranna chepousa B HedNIUICOUAANLHYIO BUTY-
Py, B SKBaTOPHAaJIbHOM IJIOCKOCTH KOTOPOil KpyTrioe ceyeHue gedhopMupyeTcAa B rnopobue
TpeyrojlbHUKA.
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3araiouenue. PaccMoTpuM 3fech aBa npepnnodoskenuf. Ileppoe —
HMeeTCA Bpamamllaacd OMHOPOAHAA Macca MHUIKOCTH, IOJBepMeHHad
OXJIam IeHUIO, JOCTATOYHO MEeIJIEHHOMY A TOro, 4To6bl OHO pacmpocTpa-
HUJIOCh Ha Bech 00beM. BTopoe mpeamonoxenne 3akai04aeTcAd B TOM, UTO
JaHHafg Macca BpallaeTcA Kak elIuHoe [ejoe, T.e. YTO TPEeHHEe NOCTAaTOYHO
BEJIHNKO.

CROpoCTb BpallleH!A He TOCTOAHHA; MOCTOAHHA, COTNIACHO TeopeMe ILIo-
mageil, BenuunHa g = w2J. 06bem T [0M#€H yMeHbIIaThCA, TaK Kak
TeNlo0 oXJamiaaercA, ciegobaTeilbHo, M yBennuuBaercA. ®Urypsl ocTaroT-
CA B yCTOMYMBOM paBHOBECHM IO TOUKH B; mocjie Hee Te, YTO COXpaHU-
U YCTOWUYUBOCTD, ABIAAIOTCA 3mnuncougamu fAxo6u, U ocTaloTcA TaKUMU
1o toukd G. llpu panbHeiimem oxjamaeHuu siuuncousl fIko6u mepecra-
IOT CyLIeCTBOBAThb, MOCKOIbKY TepHIOT ycroiiunBocTb. Eciu Mg sABnger-
cA MakCUMyMOM (YHKIUU, TO U3 ApPYyroil cepuu GUTYp HU OfHA He OymeT
ycTOiUNBOM, U Telo pacceeTcd B mpocTpaHcTBe. M Haobopot, ecniu Mg —
MHHUMYM (YHKIHH, TO MBI IIOJY4YMM HeUTO Bpoje yIleMJIeHHOro oBaial,
pasjieleHHOTO 3TUM YylleMJIeHUeM Ha JABe HepaBHbIE YacCTH.

MbI He MPOU3BOIUIM OKOHUATENbHBIX BhIYMCIEHUI, HANlPaBIeHHbIX Ha
TO, YTOGBI BBIACHUTDL, K YeMYy MpPHUBEJET TaKkoe yIIeMJIEHHE U CMOMKET JIH
OHO YCHUJIMTbCA HACTONbKO, YTO QUIypa pasmeluTCA Ha JBa OTHENbHbIX Te-
na%. 3aMeTHM, 4TO K 3TOMY CIyd4aio Helb3f HENOCPeJCTBEHHO NMPUMEHHUTD
runote3y Jlannaca, Tak Kak mMacca TYMaHHOCTHU, KOTOPYIO paccMaTpuUBal
Jlanac, He ogHOpPOAHA, a, HAPOTUB, CHJILHO CKOHAEHCHPOBAHA B ee IeHT-
pe.

Rar 6bI To HM ObLIO, O HACTOAILIEI0 BpeMeHU HEM3BECTHO, COOTBET-
cTByeT Toyka G MAaKCUMYMy WM e MUHUMyMY ¢yHrnuu M.

Mox 5TuM uMeeTcA B BUAY Bce Ta e rpylieBuaHas Gurypa.

20 HeBO3MOKHOCTH JielleHUA Irpymu cM. Hame IIpenucnosue.

306 yMeHbIIEHMU yTIOBOrO MOMEHTa Npu 6udypKaLuyu B 3Toil TOUYKe CM. KOMMeHTa-
puit [22].
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ROJBIIO CATYPHA

HN3yuenve koabueBbIX puryp paBHoBecua. OTHOCUTEILHO NpU-
poabl Konblla CaTypHa MO#HO BBIJBUHYTBH TPU THIIOTE3bI: OHO MO0 LeTH-
KOM TBepjoe, 1160 #ugKoe, TM60 COCTOUT U3 OTIENbHBIX TBEPIbIX dleMeH-
toB. [locnennad runoresa, u3BecTHaA Kak runoresa RaccuHu, npeacrasns-
eTcA HaM HauboJjiee MpaBoNoA06HO!. !

T'HIIOTE3A TBEPIOI'O KOJIbITA

HcTopuueckasa cipaBra. JTa runoresa Oblia BIEPBbIE HCCIeA0Ba-
Ha JlannacoMm. OH BBIABHHYJ 3aMedaHHe, YTO eclu Gbl KoOJAblO ObIIO OZHO-
POJHBIM, TO €ro JBU#EHHe He MOIJIo 6bl 6bITh yCTOMUYUBLIM. CTOUT TONBKO
ero eHTPY CMeCTUThCA B CTOPOHY OT LieHTPa TAMECTH NJIaHeThl, IPUTHAME-
Hue CaTypHa yCHJIUT aHOMAaIUIO U KOJBbIO CTPEMUTEILHO OOPYIINTCA BHU3.
CrenoBaTenbHO, €ClIU KOJMbIIO TBEepPJ0O€e, OHO JOJHHO ObLIO ObI UMEThb Hemlpa-
BUIbHYIO popmy. Jlannac He MOTPYOUICA ONPeJeNUTh MOPAJOK BEIHMYMHBI
TpebyeMbIX HeperyiaAapHOCTell, 3To caenan MakcBel; coriiacHO ero BbIUKC-
JeHUAM, OHM [JO/KHBI GbITh BeCchbMa 3HAUYUTEIbHBIMH, MPUYEM HACTOJNbKO
3HAYUTENbHBIMHU, UYTO JaHHAA CUNOTEe3a CTAHOBUTCA HENpHeMJIeMO.

YpaBHeHUA aBUseHUA. Cpejau cuil, NPUIOMKEHHBIX K KOJbIY, HAM
HeT HY;Obl paccMaTpuBaTb CWIbl NPUTHMEHUA KoJblla Ha camoro cebs,
TaK KaKk pa3iuyHble YacTU TBePJOro Tela He NMOJBepP#EHbl OTHOCUTENIbHOMY
cMenienuto. CregoBaTelbHO, HEO6XOAUMO YUUTHIBATh TOJNbKO NPUTHMEHUE
CaTypHa u Apyrux HeGecHBIX Tel, OJHAKO MOCIeJHUM MOMHO NpeHeGpeys.

[Ipennomnoxum, 4To reoMeTpUUECKUIT IEHTP KOJIbLA HAXOAUTCA B IIEHT-
pe O niaHeThl — HaGMIOJeHNUA TIOKA3bIBAIOT, YTO TAaK OHO M €CTh, — a LIEHTP
tAmecTH G Koabua otauueH ot (. [lockoabKy MBI He TOBOPUM O BHYTpPEH-
HUX cHJaX B3alMHOI'O NMPUTAMEHUA, Touka M Konablla MojBepHieHa AelcT-
BUIO CUJIBI IpUTA#eHuA Toabko CaTypHa. COBOKYNTHOCTb CHJI NPUTAMEHNA,

lCeituac MbI, KOHEYHO, He COMHeBaeMcA B QMCKPeTHo# mpupone koien CaTypHa u
ApPYTuX 60NbIIUX MJaHeT.



170 I'nasa 8

TakuM 00pa3oM, ypaBHOBelBaeT cuiy uHepiuu. Ha Touky M pmeiicTByOT
cuna nputamenuna CatypHa u neHTpobemHasa cuia. Eciu nonoxkeHue reo-
MEeTPHUYECKOro [IeHTPa KOlblla HEU3MEHHO, TO U CU/ia IPUTAMKEHUA, U IIeHT-
pobesHan cuia ABIAIOTCA NOCTOAHHLIMU; B 3TOM cliy4yae Touka M Bpaiia-
eTCAl ¢ HEKOTOPOi CKOPOCThIO, PABHON CKOPOCTHU CHYTHUKA, NOMEI[EHHOT0
Ha TOM 7K€ PacCTOAHUU OT LIEHTpPAa IIIaHEThl — 3TO yCIOBUE ABIAETCA HEOO-
XO[MMBIM U JIOCTaTOYHBLIM yClOBHeM paBHOBecHA. Eciu Konblo oHOPOAHO,
TO 3TO yCIOBUE He fAIBIAETCA HEOOXOAMMBIM, TaK KaK CKOPOCTb BpallleHUA
MoeT ObIThb B 3TOM Clydyae Kakoil yrofHO; HAa Ka#Ayl0 U3 TOYEeK KOlb-
1a feficTByeT oJUHAKOBafd CUja, U NpU JH060i CKOPOCTH BpalleHUA UMeeT
MecTo paBHOBecue. Takum oGpa3om, B o0IieM ciyyae LeHTP TAmecTd G
OMHUCHIBAET NPU PABHOMEPHOM JBHMEHUU OKPY#HOCThH BOKpYyr CaTypHa.

IIpumem 3a eauHUIy NIUHBI pagUyC KoJblia, 3a eJUHUIY Macchl —
Maccy Koiblla; B 3TOM clydyae MOMEHT WHEepPHUH Kojblla 10 OTHOIIEHUIO
K €ro reoMeTpuyeckomy leHTDPy GyneT paBeH eguHuue. OcTaerca ompeje-
JIUTh eJUHHUIY BpPEeMeHU: MO#HO Moao6paTh ee TakMM 06pa3oM, 4YT00bI, 060-
3HauyuB Maccy CaTypHa uepe3 M, a rpaBUTalMOHHYIO IOCTOAHHYIO yepes f,
MblI nonyuuiau 6e1 fM = 1.

PaccmoTpuM fBueHUe TOHKOTO Kosbla. IlycTh o M y — KoopauHa-
ThI HleHTpa TAxecTd. 0603HAUUB MIOTHOCTH JUHEHHOro BIeMeHTa OyTHu ds
KOJblla Yepes p, UMeeM

x/pds:/pcossds, y/pds:/psinsds.

Macca Kosblia paBHa
/ pds.

ypaBHeHI/IH ABUMMEHUA LIeHTpa TAMEeCTU UMEIOT BUJ

2
%/pds:/pcossds:m/pds,

2
P d*y
2 =0 o
dt dt
IMogo6paB ymo6HOe Hayajlo oTCYeTa BpeMeHH, MO#eM 3amucaTh pelie-
HMA 3TUX ypaBHEHUI Kak

OTKYyJa

:y’

xr = acost, y=/sint.
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Takum o6pas3om, B obigeM ciydae Touka G omnuceiBaeT amiumnc. Ec-
M TOYKA ONUCHIBAET OKPYMHHOCTb, TO €€ YIJI0BafA CKOPOCTh, T.€. CKOPOCTh
CIyTHHKA, NIOMELIEHHOr0 Ha €JUHUYHOe PacCTOAHHME OT IIeHTpa ILIaHeThI,
paBHa eJNHUIE; B 3TOM clIyvae a = [3.

YeToiiunBoeTb ABUMeHUA. Tenephb HaM clelyeT BbIACHUTH, ABIA-
eTcA U JaHHoe ABUikeHue ycToituuBbIiM. [lonaras maccy Kodblia npeHebpe-
KMMO MaJoii o cpaBHeHMIO ¢ Maccoit CaTypHa, Mbl MOeM JONYCTUTh, YTO
CaTypH HeNoABUKEH.

Puc. 33

[IpoBemem yepe3 nentp O Catypna aBe HenoasuHbie ocu OX u OY
(puc. 33), a uepe3 reoMeTpPUYECKUIl LEHTP KOIbIA IPOBENEM OCH O U 0Y,
JKECTHKO CBA3AHHBIE C KONbIIOM; UX MOJOHEHNE, 8 3HAUUT, U MONOMKEHHE KOMb-
a, 6yieT onpeeneHo, eciid JaHbl KOOPJUHATHI & U Y TOUYKK O OTHOCUTENbHO
CHUCTEMbI KOOpAUHAT xoy u yrona § memay ocamu ox u OX.

Ilycts G — UeHTp TAMKECTH KONblla; MOKHO IPEION0MUThL, OH HAaX0-
OUTCA Ha ocH ox. BenuuuHa a = oG ABIAETCA 3aaHHOMN, a KOOPAMHATHI X
u Y ueHTpa TAMECTU PaBHbI

X = —ysinf+ (a —x)cosf, Y =ycosb+ (a— z)sind.

#uBan cuia Kolblia paBHa CyMMe }KUBOI CUIIbI IEpeMelleHUuA %(X’%L

+ Y'?) u musoit cunbl Bpamenua JO'2. MoMeHT MHepUUM N0 OTHOUIEHHIO
K TOuke o0 3ajaH cooTHomeHueMm I = J + a?. Takum o6pasoM, #uBag cuia
ABIAeTcA QYHKIMeH OT MepeMeHHbIX T, Y, § U UX MPOU3BOJHBIX, U UMeEeT
MeCTO paBeHCTBO

X2 4+Y? =2 4+ 942+ 0%y + (a — x)%] - 20'[z'y + (a — x)y).
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HOTEHHI/IaHbHaﬂ OHEepPrufa mMeeT BU[
U=-fMV,

rae V — moTeHnuan cui NpUTAMEeHNA KoJblla K HeHTPY THAMEeCTH, U, Mo-

CROJBRY
fM =1,

HONY YUM
U=-W.
llonycTuM, YTO MIOTHOCThL KONblla ABAAETCA GYHKIUEH, pa3norumoil
B pan @ypre. Ecau diyy — 370 yroa, nox KOTOPbIM Mbl BUJUM JIUHENHbI dlle-
MEHT U3 [IeHTpa Kojblia, T0, 0003HaYUB INIOTHOCTDb B TOYKE, ONpeJeleHHON
YTJIOM 1), Yepe3 p, MOIYYUM

2
p:p0[1+2acos1/)+2?acos21/)+ ?ﬁsin2¢+...].

0OGo3HaYMB KOOPAMHATHI TOYKM KOJIblla OTHOCHUTEILHO CUCTEMBI II0-
IOBUKHBIX oceil yepe3 £ U 1), 3aNULIEM

/pds:l, /pé“ds:a, /pnds:(],
/p(€2+n2)ds=/pds=1'

Haiinem Tarme

27

[ o€ =wyis= [ peoszoan = 5.
0
27

/pﬁnds:/psinmﬁd@b: g

0

Kak MbI yse Bugenau, npou3Boaa BbIYHUCICHUA, IOTEHOUAl B TOUKe G,
co3aBaeMblii CUJION NPUTAMEHUA KoJblia CaTypHOM, nmMeeT BU[J

d l2+ 12
/% :—U=1+ax+u+6$y+g(a¢2—y2)+----

4 4
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YpaBHenun Jlarpausa gaioT

HO, Tak Kak U He 3aBUCHUT OT ¢', UMeeM

49T -U) 9(T-U)
dt  oq 0q

=0.

MoskHo 3anucaThb

A0'? +2B0' + C .

T-U= 2

vV,
rae
A=J+y’+(a—-=)? B=-2y+y(a—=z), C=z"+y?%

3aMeTHM, 4To 3HayeHue pasuHoctu T' — U He 3aBucur ot . Takum o6pasom,
U3 NepBOro ypaBHeHUA JlarpaHma nomydum

5] -0

UK, nockodbky U He 3aBUCHUT OT 6,

ar
w =D

rje p — KOHCTAaHTa. ATY KOHCTAHTY, BIPOYEM, JIeTKO BLIYMCIUTL MPH 3a-
NaHHBIX HAYaJbHBIX yClIoBUAX. Pasnomus npesinyinee ypaBHeHUe, MO#HO
3anucathb

A0' + B = p.

Honoxus xg = 0, yo = 0 U, Kak clegcTBHUe, OUeHb Maible Tj U Y,
MOy YUM
AO = 1, BO = 0,

oTcloga p = 96 — CKOpPOCTh BpallleHUA Kolblla, KOTOpOe, N0 MpPeAnoJoHe-
HUIO, HAXOAUTCA B paBHOBecuu. Kak ObLIO I0Ka3aHO BhIIIE, 0() = 1, 3Ha4uUT,
u p = 1. [lonyyeHHoe ypaBHeHUe NpeAcTaBiAeT coboil ypaBHeHHE IJIOlIa-
neit.
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IIpeoGpasyem Tenepb ypaBHenus Jlarpan:xa. [lonomum
H=T-U-pb'.

IIpu 3amene pasHoctu T — U Ha H ypaBHeHus Jlarpan:;a coxpaHAOT
CBOIO (GOpMY; Tak KaK, eclii ¢ ABIAETCA OJHOI W3 NepeMeHHbIX, UMeeT
MEeCTO COOTHOIIIeHNe

oH _ 90T -U) oaro8 99

d¢ ~  Oq 00’ aq  Tog
a MOCKOIbRY
_ T
P= 99"
TO B UTOTE II0Jy4aeM
oH _ 0T =U)
O0q 0qg
AHajnoruuso
dH _ (T -U)
oq aq

MbI MoeM HCKIIOUYUTDH BeJIUYUHY 0’ u3 ypaBHeHHﬁ, nmoacraBuB BMeCTO
Hee
p—B
A 9
u tak Kak Hu T, uu U He copmepar 0, To ¢pyuxuua H nepecrtaeT GbITb
GYHKIUEN OT mepeMeHHbIX £ U Yy U UX MPOU3BOJHBIX U MIPUHUMAET BU[

_ (p-B? ¢
B=-"—=g—+3-V

HomycTuM Tenepb, YTO HEHTP KOJIblia HAXOAUTCA OUeHb GIU3KO K [EeHT-
py CaTypHa, T.€. 4YTO & U Yy Malbl, U IOCMOTPUM, OCTAHYTCHA JU OHU MaJlbIMU
IpH NoclefylonleM JBUMEHHNH.

UneHamu HyneBOIl cTeleHH B cocTaBe ypaBHeHHA ¢yHRUuu H Mos-
HO npeHe6Gpeyb, TaK KaKk OHM He BXOAAT B ypaBHeHud Jlarpansa. YmeHbl
NEepPBOro MOPAJKA 10 & U Y HONMHBI COKPAaTUTBLCA; B caMOM Jielle, B ypaBHe-
HuAX JlarpaHa Takue 4ieHbl CTAHOBATCA NMOCTOAHHBIMU, U NMO3TOMY 3THU
ypaBHeHUA JOJ#HbI UMeTh pemeHua = 0 u y = 0. Uto racaeTca uineHOB
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nepBoro nopAaka mo &’ u y', To OHW B ypaBHeHHAX JlarpaHska cokpamaoT-
cA. TakuM o6pa3oM, OCTAIOTCA TOJLKO UJeHbl BTOPOrO MOPAAKa, KOTOpPbIE
MbI 0603HaYuM uepe3 W; wieHaMu Gosiee BHICOKMX CTeleHell TaKkie MOHHO
npeHebpeub.

Pasnosum ¢yHrnuio H, coxpaHfifi TOJbKO 4WieHbl BTOPOIr'o MOPAIKA.
Iloayuum ana W ciepyioliiee BblpameHue:

a2
Ex? +2Cxy + Fy? +T+1 3 y'? —2'y + (1 - 2a®)zy/,
rie
_3 g2 _B p_3,a
B=3 9212 =8 r=3;2

Kak y:e Gbu10 3aMeueHo, ypaBHeHUA JlarpaHsa MO#HO CBECTH K BUILY

QoW _ oW oW _ oW,
dt ox' Or’ dt 9y oy’

—2(1—a?)y’ =2Ex +2Cy,
(1—a®)y" +2(1 - a?)z’ =2Cx + 2Fy.

1A Toro 4yToObI IPOMHTErPUPOBATH 3TU JUHEHHbIE YpaBHEHHUA C MO-
CTOAHHBIMU K03 PULMEeHTaMU, NOJ0HUM Npekje

iwt iwt
T =To€ 5, Y =Yoe
HOJIy'-II/IM YyeThbIpe BO3MOMHBIX 3HAUYEHUA OJA w, a ob1iee yYpaBHeHHe
OBHUMEHHUA 3allUIIEeTCA Kak

_ twit iwat twst twat
T = 11" + [5e'¥?" 4 [5e'3" 4 [4e'4,

iwlt

Yy = mye + maet??t

iLU3t iw4t
+ mge + mye s

rae ! ¥ m — HEKOTOpbIe KOHCTAHTBI, OpeelfeMble U3 HAaYalbHbIX yCIOBUI.
Il1si TOro 4T0GbI ABUHEHNE ObLIO YCTOHYMBBIM IPH KAKUX YTOJHO YCIOBUAX,
3HAYeHHA w JOJIHHBI ObITh, B YACTHOCTHU, BELIECTBEHHbIMH OTPULATENbHBI-
MM J160 HyIeBbIMH.

[lns onpefenenya w 3aMeHUM & U y B AuddepeHIuanbHbIX yPaBHEHUAX
¥ [0y YUM

wiz — 2(1 — a®)wy = 2Ex + 2CYy,
(1 - a®)w’y + 2(1 — a®)wz = 2Cx + 2Fy.
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Mo#HO UCKIIOUYUTDL T U Y; B UTore nuMeeM

wi(1 - a?) +w2(—1 + % + azTa) + i(i) —a® — % — 24a® 4 8a%a) = 0.
JT0 ypaBHeHHe A1 w? HOMKHO UMETh BeleCTBEHHbIe KOPHHU, Tak Kak
ecny 00a pelleHUAl ypaBHEHUA MHUMbIE, TO UX KBaJpaTHble KOPHU He Oy-
AYT YMCTO MHMMBIMHU BeluuHaMu. Benencrsue aToro, yuuThiBas, 4To OHU
PaBHbI, HO IPOTHUBOIOJOMKHBI 10 3HAKY, OJMH U3 KOPHell ypaBHeHud OyleT,
B YaCTHOCTH, BEI[ECTBEHHbIM U MONOKUTEIbHBIM. !
C mpyroii CTOPOHBI, B ClIy4ae OJHOPOJHOIO KOJIbIa

a=a=0=0,
a 3HAYNT, ypaBHEHWE CBOAUTCA K BUIY

wt—w? + 9 _ 0.

4
KopHu 3Toro ypaBHeHMA CyTb MHHMbI€ BEIWYMHBI; OHM OCTaHYTCH
MHUMBIMM U B TOM clyyae, eclii @, & U 3 HaXOAATCA B OKPECTHOCTHU HY-
aa. OTcioga clieiyeT, UTO BEIUYUHBI @, @ U (3 JONKHBI GbITh GOJbIIMMU,
T. €. 4YTO HeNpaBUIbHOCTbL (POPMBI KOJbIla BeChMa 3HAUNTENbHA, a ee BUIU-

Mas HpaBUIbLHOCTh HUYEM He 00bACHUMA.
MakcBe/s1 mpousBea BBIUKMCIEHMA, UCXOAA W3 IPEINOoJOMEHUA, YTO
KOJIbI[0 OJHOPOJIHO Be3[e, 3a UCKIOYEHNEM OJHON TOYKHM, I'ie IPUCYTCTBY-

€T HEKOoTopad OOMNOoJHHUTeJbHafA Macca, u 06Hapym1/m, 4YTO 3Ta Macca noJixHa

COCTaBJIATb HEe MeHee YeM % ob1eit Macchl KoJiblia, T.e. 4TO

a>0,8.

Pano uccrnegoBan ciyyail Konblia, IIOTHOCTb KOTOPOT'0 U3MeHANach Obl
OT TOUKM K TOUKe, U Halles], YTO 3Ta INIOTHOCTb J0J#HA Oblia Obl TOrja
MeHAThcA B UHTepBaine oT 2,7 1o 0,04, 4yTo MaloBepoOATHO.

K Tomy ke, eciu Kakadg-mu60 YacTh KOJbILA TOHbIIE JPYTUX, OHA JOJIHK-
Ha UMeTh GOJbIIYIO0 #ECTKOCTh, YTOObI MPOTUBOCTOATh NPUTAMEHUIO CIIY T-
HUKOB. ['MpH BbIUMCINI, YTO KO3(PUIUEHT KECTKOCTU KOJbLA JOJHEH
ObITh B ThICAYY pa3 Goiblle Ko3doduiueHTa xecTrocTu ctanu. Cienosa-
TelbHO, Koabyo CamypHa He aeasemcs meepoblm.

]'I/IB caMoro AUCIIePCUOHHOI0 ypaBHEHHA 3TO yTBepH#eHHE ellle He clenyeT. ,[[J'IH mno-
JIOMKUTEJIbHOCTHU OOHOI'O U3 HOpHeﬁ Heo6X0OUMOCTHU paBeHCTBa HOpHeﬁ Mo MOOyJ/lO HeT.
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T'NIIOTE3A  RiUITKOT0 KOJIBITA

IMoTennuan ogqHopoaHOIT okpysHocTHu. Haiinem norennuan, cos-
JaBaeMbIil OJTHOPOMHON OKPYHHOCTHIO B Touke P mpoctpanctBa. IlycTb
PA =awvu PB = b — HauMeHblllee U Hauboiblilee paccTOAHUE OT TOYKH P
1o okpy#HocTH. [lockonbKy gaH paguyc R OKpY#HOCTH, BEIUUYUHBI ¢ U b
MOJMHOCTHIO ONPEeelNAI0T MOTeHI[Ua.

p Q
M
- B o P A
B!/A
Puc. 34 Puc. 35

O6o3uauum yron AOM (puc. 34) uepes w. Toraa

PM2 = a? cos> %) + b sin’ “5),

a rnoTreHuual

27 27
_ [ pRdw dw _
V”‘/ PM ‘M/zyrxPM‘M‘p(“’b)'
0 0

Ilockoabky moTeHUUAN 3aBUCUT TONBLKO OT @, b U Macchl OKPY#HOCTH,
BCIIOMHUM, KaK BbIYMCIAeTcA NMoTeHnuan V', cozgaBaeMblil OKPYKHOCTbIO
B TOYKe, Jealleil Ha TOU e MIocKocTU. ONMIIeM OKPY#HOCTh AMAMeT-
pa (a+b) 1 BbIUKCIUM MOTEHUHUAT 3TOH OKPYHHOCTH B TOUKE, PACIIONOMKEH-
HOIl HA PACcCTOAHMU a OT ORHOM M3 KOHEYHBIX TOUeK auamerpa (puc. 35).

IloTrennuan B Touke P onpenenseTcA u3 Toil #e GopMybl; MeeM

27
V=M/ dw
2 o2 @ 1 p2ain? &
5 277\/(1 cos* 3 + b? sin 5
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KpoMe Toro,

27
V=M & s
0 271'\/0—442 cos2 ) + QP sin? ¢

rae () — TOUYKa HA OKPYKHOCTH, MPOEKIMA KOTOpoit Ha nuameTp AB mepe-
ceraet ero B Touke P, a ¢y — yron AOM. Orciofa umeem

p(a, b) = p(0A4, QP),
¢M7M=¢(a+b7¢@)

2

3anuiiem Tenepb InocjegoBaTelIbHOCTb 3HaUeHUM

a b
ax by
a'n bn

TaKkux, 4To
_ QGp-1 +bn—1 b — \/T
Ap = Ta n — Ap—10n—1;5
B ATOre MOoJy4YnuM

V = Me(an, by),

U 3TO BEpHO NpH Jio6oM meioM n. Jlerko gokasaThb, 4To a, W b, cTpe-

MATCA K OJHOMY Ipejeny, KOTOPbIi Mbl Ha30BEM CPeIHUM apupMeTUKO-
reOMeTpUYECKUM BEJIUYUH a U b.

0603HauuM 3TOT mpefen yepe3 m. Toraa

27 2w
V=M dy :M/ﬁﬂz%.
® N 2mm
0 2m4/m?2 cos? 5 + m2 sin 5 0

DyurnuA ¢(a, b) npencrasnfeT co6oil 0OAHOPOAHYIO GYHKIUIO CTele-
HU —1 OT @ u b, T.e. BEPHO PaBEHCTBO

o(Aa, Ab) = A"1yp(a, b);
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cjiegoBaTeJlbHO, MO HO 3anucaThb

o(a, b) = %90(%, 1).

3amenas ¢(a, 1) Ha @(a), noxydu™M

pla, b) = To($).

Kaxkoit Bug npumer dopmyna, ecin P npubnuzkaeTcA K OKPY#HOCTH,
T.€. BeIMYUHA @ CTAHOBUTCA oueHb Malioit? 0603HaYMB HemepoB Jorapudm
yepes ln, momyuum

V=2,uoln% + e,

rfle p — paccTofAHUe OT ToYkM P [0 Gauikaiinieil K Heil TOUKH OKDPY#HOC-
™ Py, € — HeKkoTopad BelW4yHHa, CTPEMAIIAACA K HYIIO BMeCTe C p, i
U K — KOHCTaHTBI, He 3aBUCAIIUE OT MONOMKEHUA TOUYKU P 1Mo OTHOIIEHHIO
K Touke Py, paBHO Kak U OT MOJNOKEHUA TOUYKU Py Ha OKpysKHOCTH.
Bo3o6HoBiAA NpeiIecTBYOIUE pacCy#AeHN A, 3anKiemM

V =2upln %,
a MOCKOMbRY
M =2mpR,
nMeeM
% = % In %.

Benuuuna b mano oraumvaerca ot 2R coriacHO NPUHATOMY NOPAARY
npubavMeHU; BOPoUeM,

V
— =¢(a, b).
M (p( 9 )
JTO COOTHOIIEHKNE O3BOJIAET BHIYUCIUTh MNOCTOAHHYIO K. B camom ne-

e, UMeeM
ol ) = oV ©52) = 250 (345):

HOJOMUM b = 1, Torga ypaBHeHUe CBOOAUTCA K BUOY

o) = 1 2oo(2L0).

:1+a 1+a
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B Hamewm cayuae, Korjga a npeHe6pesuMo Majo 110 CPaBHEHHUIO C elH-
HULlei,

o(a) = 2¢p(2va);
¢ ApYTroii CTOPOHBI,
¢(a) =In

CrenoBaTelbHO,

() =205,
InK —Ina=2InK-2log2 —Ina,

OTKRYJa 3arjvaeM, 4To

InK =2In2,
K =4,
1, HAKOHell,
V _ 2, 4
V- wing

B NIPUHATOM NPUGIUMEHUN.
MosHo oThICKaTh Golee TouHOe BhIpamenue miad ¢(a). [onoxum

p(a) = %lg%[l+A1a—|—A2a2+...]+%[B0+B1a+Bza2+...];

BOCIIOJIb30BaBIIUCh COOTHOLIEHUEM

pla) = 12— (2L2),

=1+a"0 1+a

JIErK0 HaxoguM
Al = 0, B() :Bl = 0,
Azziv Bz:—iln2

¢ TeM, YTOGbI MOMHO GbLIO B3ATH BMeCTO p(a) QyHRIMIO

npeHe6peraﬂ IpU 3TOM TOJBKO cjlaraeMbIMH, coep:raliuMu Lz
a
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Koabiieo6pasHoe Tejno BpameHuA. 06Go3HaYUM ILEHTDP TAMECTHU
MepHINOHANBHOTO CeUeHUA Komblla yepe3 G u npoBeeM npaMmyio Gy napai-
JIeIbHO OCH BpallleHWA, a Takie NpAMyr G B MepUAMaHHOI MJIOCKOCTH,
nepneHaUKynApHo Gy U TaK, YTOGbI MOJOMUTENbHBIM GbIIO HalpaBleHUe
OT OCH BpallleHHA K Touke (7; paccTOoAHHE OT OCH BpalleHUA OO0 TOYKH G
0603HauMM uepes [. JlIeMeHT MOBEepXHOCTH MepUAMOHaILHOro ceyeHua do’
¢ IJIOTHOCTBIO p' U KoopauHaTamu =’ U y' o6pasyeTr Npu BpalleHUH KOJbIO,
Macca KOTOporo paBHa

2mp' (1 + 2")do’.

Haiinem moTeHIMan 3TOro Koiblla B Touke P ¢ KoopauHaTaMu « 4 v,
Jexalnieil B MepuIUOHANIbHONU miocKkocTH. [Ipemae Bcero Heo6X0AUMO BbI-
YUCIUTDb 3HaueHud a u b. [Ipennonoxus, 4To Touka P HaXOAUTCA ¢ TO ke
CTOPOHBI OT OCH BpalleHHA, YTO U BJIEMeHT do, 3aluileM

a=+(z—a)2+(y—y)>
b=+l +a' + )2+ (y—y')%
JonycTuM, 4To TOMIMHA KOJblla He3HauuTelbHa, a Touka P pacnoio-
#eHa pAgoM ¢ G, Tak 4TO BeIUUMHBI X, Y, ©', y' NpeHeOpesuMo Maibl 10O

cpaBHeHuIo ¢ [. Torga @ — BeauunHa TOro e NOPAJKA, a b IpUGIU3UTENBHO
paBHO

204z + 2/,

nockonbKy BenuuuHa (y — y')? npenebpesumo Maia.
Boruucaum teneps ¢(a, b). Umeem

_1,(a)_ 1 4b
w(a7b)_b(p(b)_2l+$+xlln0,'

Torpga norennuan B Touke P umeer Buj

_4p'do'(l + =)

v b

ln%b.

Nmeem
I+ _ 1+2
- b
b 20+ x + '
TaKk Kak, COTJACHO NPeNOJOMeHNI0, & U &' Majbl, MOHO HPUOINHEHHO
3anucarhb

54 5
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Otcrona

4b 8l b b o ta|,
In-=In% +ln2l, ln2l—ln[1+ 50 ],

B NPUHATOM l'IpI/I6J'II/IH{eHI/II/I nocjeqHee paBeHCTBO MOMHO 3allMcaTb Kak

b _z'+z
o= o
Torna

V= do' - uh+ = H1&+$;ﬂ.

TakuMm o6pa3om, moTeHUAN KOIbla PaBeH

! !
/2pln81d0 /ml pln8ld0 +/mljp'da';

oCTalbHbIe cllaraeMble MpeHeGPeUMO Malbl, UHTerpalbl GepyTea 1o Mo-
BEPXHOCTH CcedeHUA. I[IpeanonomuM, 4YTO KOAbLO OFHOPOAHO, U MOJO-
swum p' = 1.

llBa mepBbIX uieHa MpeACTaBIAIT coGoi JorapupMuyeckue NOTEHIH-
albl, KOTOpbIE IPAIOT B IPUTAMEHUM IIOCKMX MacC Ty #e€ POllb, YTO HbIO-
TOHOBCKME MOTEHIHUAbl UIPAIOT B NMPUTAMEHHH 00beMHbIX Ten. CBoict-
Ba J0orapudgMUYECcKOro NoTeHUana Ha MIO0CKOCTH aHAaIOTHYHbI CBOMCTBAM
HBIOTOHOBCKOTO NI0TeHIMaia B ipocTpancTBe. JlokaneM, HanpuMep, 4To J0-
rapugMuUecKkuil MOTeHUHal OJHOPOJHOTO KPyra OCTaHETCA HeM3MEeHHbIM
Ia}e B TOM cliyuae, eClii BCA €ro Macca OyfieT cocpeloToueHa B IeHTpe.

Ecnu Touka P pacnonoseHa Ha IOBEPXHOCTU TOPA HA PACCTOAHUU Qg OT
HeHTpa 06pasyIolleli OKPYHHOCTH, JOCTATOYHO PACCMOTPEThL NorapudpMu-
YecKUii MoTeHHal B Touke P, co3aBaeMblii KpyroM paauyca ag. [liomann
ero MOBEePXHOCTH paBHA mal, a MoTeHnual —

mal In Sé
CiieoBaTelbHO, NepBbIii HHTErpal paBeH

8l

2ma? In o=
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BTOpOIi mpeAcTaBadeT cofoil cyMMYy OBYX MHTErpajoB

/f" in 8L 4o’ /xlnﬁda,

MocJleqHul U3 KOTOPLIX MO#eT ObITh BbIUKMCIEH HernmocpeacTBEeHHO. On paBeH

81

LraZln - a0

l

HepBbIﬁ HHTerpag Mbl BEIUUCIUM MO3:He.
B 1o e BpeMA, IOCKOJIbRY LIEHTP TAMECTH HaXOAUTCA B Ha4valle KOop-

AUHaT, UMeeM
X ! X ! €T 2
Zdo' =% | do’ = Zma,
/ l l / l 0>

g1
/ld”_l

OcTaeTcA BBIYUCIUTDH HUHTerpai

/%’m%da.

BocnonbayeMcesd cioco60M, KOTOPBI MBI y3#ie IPUMEHAIN B APYTOM CILIy-
yae. [IpeanonosuM, 4To MIOTHOCTL Kpyra paBHa

|
(S
—

a\
"
q\
I
=

aj mIZ + ylz
2 2 ’

U= /pdalnSI

[InoTHOCTB 3aBUCUT TONBKO OT PAacCTOAHUA JI0 IEHTPA, IOTEHINAN #e Kpyra
ocTaHeTCA HEM3MEHHBIM, €ClIU BCA ero Macca GyieT cocpe/JoTOUYeHa B IIeHT-
pe. Maccy Kpyra Jerko BBIYMCIUTDL, OHA paBHA

2w ao
2 2 2 2 2.2 4
ag—7r ' ag — T _ [GOT _ﬁ]ao_ﬂ'ao
/—2 da-/dgo/—z rdr = 2w ) sl, =1
0 0

Takum o6pa3oM, MOTeHIMal B Touke A, paclooMeHHON! HA paccTof-
HUU a; > Gy OT LIEHTpa Kpyra, paBeH

Torjga noreHyguan

4
Tag , 8l
T In —.
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IIpeamonomxum, uro kpyr C cMmemaerca Ha
BeJIMUMHY € MapaliielbHO OCHU & U 3aHUMaeT HOBOe
nonomenne C; (puc. 36). llorenunan B Toure A
OyneT paBeH
ou
ox’

a pasHoCTb IMOTeHIHaloB —

U+e=—

Puc. 36 (9U
333

BoifcHuM, oTkygsa Geperca 3Ta pasuuna. IlnoTHocTb p’ B HEKOTOPOId
TOYKe BHYTPU Kpyra paBHa Telepb

op'
poeo

B o6nactu kpyra C’, Haxonaumeiica cHapy#u kpyra C, IIOTHOCTE Gblia
HYJIeBOi, Tellepb e OHa paBHa p'; 3Ta BeIMUYMHA Maja, MOCKOJbRY ILIOT-
HOCTh p' Ha oKpy#HocTH Kpyra C' paBHa HYIIO, a ILIOIAjb paccMaTpuBa-
eMoil obi1acTu ecTh BeluuuHa nopanka €. Ciegyer emle paccMoTpeThb 06-
JlacTh, PaBHYIO BBILIEONMCAHHON MO IIOIIAaAW, KOTOpad HaXOAUTCA BHYTDPU
kpyra C u cuapysu kpyra C’. IlIoTHOCTDb 37€Cb U3MEHUIACH MPOTUBOIIO-
JIO#HBIM 00pa3oM Ha BelIMYUHY, NOPAJOK KOTOPOH TaK#ie He IIpeBbIIIAET €,
TaK Kak IIOTHOCTH p’, Manas Ha IpaHulle Kpyra, CTAaHOBUTCA B KaKO#-ITn60
TOYKe 3TOi 06JacTu HYJNeBOl.

3HauuT, U3MeHeHUe NoTeHI[hala, CBA3aHHOe ¢ 3TUMU ABYMA obnacTA-
MU, IIpeHeOpeKUMO Maljlo, 1 BEpHO paBEHCTBO

/ 9p' ln8ld

op'
ox’
oTcioJa, COKpallaf MHOMKUTENDb €, MONYYUM

81 oUu
/ ' In S do' = oz

Ho

= —22/;
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Tarum 06pa3oM, HCKOMbIIl UHTErpaln paBeH ‘Z—U € TOYHOCTBIO 10 MHO-
x
mutend [, HO ‘Z—U — cocTaBlAONIaA CUIbl NPUTAMEHUA, MapanieibHaf

ai, a ee cocrapisioman no Ox paBHa 2.
ai

ocu Ox. JTa cuia paBHa

Otcrona

4
T 8 _ Tt 1
/—ln do 1 —a%.

Hp(?,,E[I'IO.TIO}‘KI/IB7 4YTO TOYKa pacIliojio}HeHa Ha IOBEePXHOCTHU Topa, T. €. 4YTO a; —
= Qg, NOJJY4YUM 3HaUeHHe HHTerpala

2T
Tfa04l

CJIe}lOBaTeJIbHO, InoTeHuualn B HeKOTOpOﬁ TOYKEe Ha IOBEPXHOCTU Topa
nmMeeT BUJ

V—27ra01n—0— nGo+ T

8 x_ 2, 8 | 5z
;% 4

2

[
HpeHeﬁpeFaﬂ BeJINMYWNHaAMU NMOpAOKa —0.
l2

MepuauoHnanbHoe ceueHHe KoJgablia. 06o3HaunM maccy CaTyp-
Ha yepe3 M, ckopocTb BpallleHUA Koiblla yepe3 w. Heo6xonumoe ycioBue
paBHOBeCI/Iﬂ Ha TMOBEPXHOCTH TOpa 3aRrJII04YaeTcA B TOM, YTOGbI (GyHKUMA

U + Y * 6pu1a noctoaHHoil, o U 3eck nogpasyMeBaeTcd cyMMa cobCT-
BeHHOFO NoTeHIMala Kojiblla U MOoTeHIuana, co3fiaBaemoro CaTypHoM; mo-

cleJHUI MO#eT ObITh BhIpa#eH B IPUHATOM NPUGIUMEHUN KaK % 3HauurT,
Ha MOBEPXHOCTH KOJbIA JOJNHHO BBINOIHATHLCA yCIOBUE

AL 1 7 te
V+l+ 2 ‘_¢

Tonoxum
R=1+z, R?>=101?+2uz;
TOT/la pacCTOIHME OT TOYKHU Ha MOBEPXHOCTU TOpa [0 ero LeHTpa
2= (l+x)?+4%
B npuHATOM NMpUOIU#EHUM 3TO MOMHO 3alUCaTh Kak

p2 = (l + w)za
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OTKYyZa
p=1l+z,

U, HaKOHell,
1 1

= = x
P I+

2

YcnoBue paBHOBeCHA 3allMIIeTCA CleJyIOoIUuM 06p830M2

_1
!

2ma3 In 8 _ %ﬂ'ag In

8l | 5x
Qo + 57

M Mz , W22 27 te,

7m(2)+T—l—2+T+w

a 3HauUT, K03 UIMEHT NpU & AOIHEH GbITb PaBeH HYIIO, T.e€.

Smag  mag . 81 M, o _

N3 storo YpaBHeHUA MOMHO OllpeeIUTh w2 C TOYHOCTBIO OO BEeJIUYHUH
BTOpPOI'o nmopAaaka.

a
Tar rak BenrnuyuHa TO TaRKme Malla, tMeeM

w? = IMB
TakuM o6pa3oM, CKOPOCTb BpallleHUA TOpa, CeYeHHeM KOTOPOr'o ABIAETCA
KpYT AOCTAaTOYHO Majoro pajuyca Io cpaBHeHMIO ¢ paccTogHueM jo Ca-
TypHa, paBHa CKOPOCTU ABUKEHHUA CIyTHHKA, IOMELIEHHOT0 Ha TaKkoM e
paccTOAHUU OT IIaHETHI.

IIpu orcyTtcTBum neHtpanbHoro tera M = 0. B atom ciayyae Takrme

BO3MOM#HA KoJblleBad (QUIypa PaBHOBECHA: BeJUYMHA a’ TpeHeGpemumo
Maila, OTHOLIEHUE ai, pasyMeeTcfl, CTPEMUTCA K GECKOHEUHOCTH IIPU ag,
0

l

cTpeMAlleMcA K HYIIO, a BeluuuHa In al—o IpU 3TOM BO3pacTaer A0 Oecko-
HEYHOCTH.

Ecnu tpebyerca nyumiee npubnuskeHue, Heo6X0JUMO BHIYUCIUTh 3HA-
YeHUEe CYMMbI claraeMbIX BUJa

AT / a:'mly’"l In % do
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$myn /$/m'y/n’ do.

Hpe;{HOHOH{I/IM Ternepb, 4YTO CeUYeHHeM Topa ABJIAETCA J3JJIUIIC. B stom
clyyae HaM HeOGXOL[I/IMO BBIYUCIHUTDH JIOFapI/I(I)MI/I‘{eCKI/Iﬁ norenpgual 3JJIUI-
ca. I/I3BeCTHO, YTO HbIOTOHOBCKUI noreHuuall, CO3,[[aBaeM])II7I 0eCKOHEeYHOot
IpAMOIi B HEKOTOPOIi TOUKe, paBeH JorapudMHUYecKOMY NOTEHINANY, CO3/1a-
BaeMoOMY B 3Tojl TOUKe NpoeKIyeil TOUkH Ha npsamyo. OTcioja clefyeT, 4To
JIOFapI/IQJMI/I‘{ECHI/Iﬁ NnoTeHuurail, CO3,£laBaEMbII7'I JJUIUIICOM B TOYKE, He}HaIJ.Ief/'I
B €ro IJIOCKOCTH, paBe€H HbIOTOHOBCKOMY MNOTeHOUaly HUJIuHApa, JJNUHHOI'O
[0 CpaBHEHHIO C €ro IolepevYHbIM Ce4YeHHeM, B TOUKe, paCHOHO}HeHHOﬁ Ha
MaJjloM pacCTOAHUU OT ero NMoBEepXHOCTH. Takum 06pa30M, 3ajjlaya CBOOuTCHA
K BBIYMCJIIEHUIO IMMOTEeHIUa/ia O4eHb BBITAHYTOI'O dJIMAIICOU A, OJA KOTOpPOro
BeJIM4YUHa 02 npenmnoJjiaraeTcAa 0eCKOHEeYHOIA.

BHYTpeHHUIT MoTeHIUal BhIpamaeTca GyHKIMell BTOPOro HOpAAKa

V = Az® + By?,
K03(GUIUEHTHI KOTOPOit Nerko BeruucasioTea (cTp. 136).
IloTeHnuan #e cHapy:xu UMeeT BUJ
V = A0+A1{B+A2$2+A3y2+...

Mosuo Bbrunciauth Ag, A, As, Kak Mbl Jejlald 3TO paHee, TOIbKO
HHTerpalsl cilenyeT 6paThb MO INIOMIAAX JUIMIICA, yPaBHEHUE KOTOPOro

+ = =1.
a b
BenuunHamMu TpeThero HOpAAKA MO#HO mpeHeGpeus. CHIOBYIO BYHEK-
OUIO MOMHO TaRKMe pas3jlomHuTb B pAO BUOA
Co+ Cizx + 02.232 + ngz.

YcinoBue paBHOBeCcHA 1A TOBEPXHOCTH 3JIUIICA BBIMIAAUT CleoyOMUM
obpasoMm:

2
z? Y
2

(Al + Cl):B + (Ag + Cz):Bz + (A3 + 03)y2 = Cte,
a 3Ha4uT, OOJHbI BBINIOJHATHLCA PaBeHCTBa
A1+ C1 =0, (4s+ Cz)az = (43 + Cg)bz.

Jlaniac ucenemoBan 3T0 ypaBHeHHUe W IIPOU3Be BhIYMCIEHUA 6e3 ydeTa
yjaeHoB A, u As.
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KoBaneBcras chenana 6onble U Mokasaia, YTO MepUANOHANLHOE cede-
HUEe Topa He CUMMEeTPUYHO OTHOCHTEILHO OCHU Y.

Bomnpoc 06 ycToitunBocTH MBI U3Yy4YHM MO3#e, a ceffyac pacCMOTPUM
runortesy Kaccunu.

IT'NIIOTE3A KACCHUHH

IIpaBaonono6HocTh runore3sl Kaccunu. U3 Tpex runores auiib
runorte3a Kaccunu cornacyerca ¢ Tpynamu MakcBemna o konble CatypHa.
HabGnronenusa takske MOATBEPMIAIOT 3TY THIOTE3y — KOJAbIO IMPO3PAvYHO
IJA cBeTa U He BbI3bIBaeT mpenoMieHud. CienyeT, oueBHIHO, MpeANolo-
JKUTb, YTO KOJNBLO COCTOUT U3 TBePAbIX (MM60 UMKKX) YACTHUL, OTAENEH-
HBIX ApPYT oT apyra. K Tomy ke, cneKTpocKonnyeckue HaOMIOJEHUA TOKa-
3bIBAIOT, YTO CKOPOCTh OTJENbHON YacTHIbI KOJblla He MOCTOAHHA HU HA
BHeIIIHeM, HU Ha BHYTPEHHEM ero Kpae.

ypaBHeHI/IH ABHMEHHA. Haunewm c HN3y4eHUuA caMoro nmpocToro ciny-
yad. PaCCMOTpI/IM P COIYTHHUKOB OJMHAKOBOI MaccChbl My PACIOJIOMEHHBIX 110

KPYTY Ha paBHBIX PacCTOAHMAX IPYT OT Apyra; pacCTOAHHE MeMIy OBYMA

CIyTHURaMH 27‘” = 20, OTHOIIIeHHue % He ABIAETCA 0€eCKOHEeYHO OO0JbIIUM.

OfuH 13 BO3MOM{HBIX BAapUAHTOB JBUMEHUA TAKOM CHCTEMbI COCTOUT
B TOM, UTO KaM/Iblii CIIy THUK PABHOMEPHO JBUKETCA 110 OKPYHHOCTHU CO CKO-
POCTBIO w, ONpefielAeMoli MPUTAHEHNeM IIaHeThl U APYTUX CIyTHUKOB.!
BoiAcHUM, BO3MOMHO U JBUMEHUE, GIU3KOe K BbINICOMHNCAHHOMY.

IIycTb My, — cny THUK, 3aHUMAIONINI TIoo#eHue k, ero paguyc-BeKTop
paBeH 1 + pg, a moafApHbIil yron cocraBinder wt + 2kf + oy,. [Ipu HeBo3MYy-
I[EHHOM [IBUKEHUU

pr=0, o =0;

IpyU yCTORYNUBOM [IBUMEHUU BEIUUYUHA pj, JOJ#HA OCTAaBAThCA Maloil.
MuBasa cuna T u cunoBagd ¢yHruuA U cyThb QYHRUUM OT pp U Ok;
ypaBHeHus Jlarpau;a JaioT cieayioliie paBeHCTBa:

d(ILY_OT , OU _o d(OT)_ O , 9U _
dt \do}, doy, ~ Ooyg, T dt\dp, Opr  Opy ’
ITonoxus

T-U=H,

1Tal-me CUMMETPHUYHbIE HOH(IJMpraLU/H/l Has3bIBalOTCA LEeHTpPalbHbIMHU.
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Moy YuM
d0H OH _
dt dpj,  Opk

Mos#HO MpeAnonao#uThb, yTo CaTypH HENMOBUKEH; UHBIMU CIOBAMU, MbI
He GymeM paccMaTpuUBaTh BO3MYIEHUA B [BUKEHUHU CIIyTHUKOB, BbI3BaH-
Hble aBuxeHneM CarypHa. Takum o6pa3omM, mocTaHOBKa ypaBHEHUA 3a/1auu
He 3aBUCHUT OT ABumeHusa CarypHa.

MuBan cuia cucTeMbl UMeET BHJ

T =3 5lok> + (14 pr)*(w + o},
uny, npexeGperas 6eCKOHEYHO MalbIMU BeTMYMHAMHI TPEThEro MopAaka,
T = Z g[pff + w? + 2w py, + W?ph + 2wl + o} + 4pl o).

CunoBafg QyHKIUA UMeeT BUI

2
U= Z +,0k W,

rae R — nononHUTeNnbHBIN NOTEHLUA, CBA3AHHBIN C NPUTHMEHHUEM CIIyT-
HUKOB OpyT K apyry. Honomum

= (k — h)b;

2 4 8

op — O, O — Op
+(pn +pk)%0tg¢+ (T)Ctgl/""

1 +or (pn+pr)*  (pn—pr)?
R:Zzs. {l—ph pk+ ctg? ¢ +

)2
+M(l + 2ctg? 1)) +...},

OllylleHHbIe cjlaraeMbie HpeHe6pe}l{l/IMO maibl. Takme MOKHO 3amucaTh

m
1+ pr

= (1 — pr + p})-
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HauGonee BamHpIMU UlleHaMU B oTeHnuane R ABIAIOTCA, pa3yMeeTcH,
Te, I KOTOPBIX yroa ¢ Main. [Ipu 3Tom sin ecTb GeCKOHEUHO Malas Belu-

ct
YMHa nmepBoro nopAaaka, gi — OecKOHeYHO 0oJblllad BeJIUYUHA BTOpOro
Sin
ctg? ¢
InopAakKa, a —1/) — OecKOHe4YHO 0OoJbIllad BeJUUYUHa TpeTbero nopAaaka.
Sin

Rar mb1 3Haem, ¢pynruuu U u T He 3aBUCAT OT t U ABIAIOTCA QYHE-
[UAMU BTOPOTO TOPAIKA OTHOCUTEIbLHO MepeMeHHbIX p, p’, o u o'; mpous-

BOJHLIE g—T, % ABJIAIOTCA Q)yHHI.II/IHMI/I IepBoro nopAara OTHOCHUTEJIbHO
a g
. d (0T y
9THUX IepeMeHHbIX; HaKOHell, IpOou3BoJHaf d_t F ABJIAETCA q)yHKI.II/IeI/I
(o

epBOro MOpAJKa CO BTOPHIMHU NpPOU3BOAHBIMU. TakuM o6pa3oM, ypaBHe-
HusA JlarpaHma cyTh ypaBHEHUA C NOCTOAHHBLIMU K03 dUIMEHTaMU BHA

A+ B(p, plv .0"3 o, 0, JH) =0,

rie A — woHCcTaHTa, a B — 1uHejiHag GyHKLUHUA OT YKa3saHHBIX apryMeH-
TOB. O,E[HaHO 9TU YPaBHEHHUA OOJMHBI UMEThb pelleHue p =0 = 07 a 3Ha4vuT,
ko3 unuenT A gonmeH cokpamarbes. Torga ypaBHeHUA CTaHOBATCA JIM-
HeNHbIMU U OOJHOPOOHBIMHU U UX DElIeHUA BbIpasKaloTCA Yepe3 IKCIIOHEHThI;
nMeeT MeCTO paBeHCTBO At

p=)Y aeM,

rie A — KOpHM ainre6panyecKuX ypaBHEHMIi, 8 o — MOCTOAHHBIE.
JIBunsenue GyneT yCcTOUUUBBIM, €ClIU p He BO3pacTaeT Jalblile HEKOTO-
poro mpejena. 3anuiieM A B BUJe

A= X+ iA.

IBuenue GyneT yCTOMYMBLIM, €CIH YUCIO A9 OTPULATENbHO WJIU PABHO
HyJ/IO; U €Cl J0Ka3aTh, YTO KOPHU yPaBHEHUA [JIA A NONApHO PaBHBI IO
MOAYIIIO, HO UMEIOT IIPOTUBOIO/IOKHbIE 3HAKU, TO Mbl YBUIUM, UTO Ag MO-
#eT UMeTb TOJIbKO HyleBoe 3HaueHue. C Apyroil cTOPOHBI, eclyu 3aMEHUTh ¢
Ha —t, TO ypaBHeHUA He U3MEHATCA, TaKk Kak B ypaBHeHud JlarpaHsxa BXxo-
IAT TOJABKO 4ieHbI BToporo nopagka. OTcioja ciefyer, 4YTO eclid ypaBHe-
HUe A A\ MMeeT OJUH KOpPeHb, TO OHO TaKke MUMeeT W JPYroil KopeHb
[IPOTUBONOJOMHOTO 3HaKa, a 3HaYUT, He06X0AMMOe yCJIOBHe YCTOHUYuBOC-
TU PaBHOBECHUA 3aKJIIOYaeTCA B TOM, UTOObI KOPHU ypPaBHEHUA MIA A ObLin
UCKIIOYNTEIbHO MHUMBIMM unciaMu. Pazymeercs, 3To yciloBue Takke U
JOCTaTOYHO, Tak KaK B JaHHOM ciyuae p BblpamaeTcf 4epe3 TPUTOHOMET-
pryeckre GyHKLUU OT BellleCTBEHHON NepeMeHHOM f.
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Nmeem 2p ypaBHeHUi BTOpPOro nmopAaka, CleoBaTelbHO, \ yIOBIETBO-
pAeT oJHOMY aireGpandyecKkoMy ypaBHEHHUIO MOpAKa 4p, T.e. YpaBHEHHIO
A )\2 nopAaara 2]), BC€ KOPHH KOTOPOr'o BelleCTBEHHbI U OTpULAaTEIbHBI.

IlepBbie u3 ypaBHeHuit JlarpaHma UMeOT BUJ
OR )

Opr
BuyTpenHuit norennuan R mnpencTaBuM B BHle CYMMBbI WIEHOB HYIEBOTO,
IepBoro 1 BTOporo nmopAara —

R=Ry+ R+ R>

ph— (14 pr) — 2wo, + 1 — 2py, :u(

Wi ) )
OR R, R,
G2 == 4 p=—=,
Fooe ~Mope " Hops

rae % — INIOCTOAHHAaA, a @ — JuHelHaA prHK].[I/Iﬂ
Opk T Opr '
BTOpre YpaBHeHHUA ﬂarpaﬂma HMeIOT BU[
OR, ORs
" 2 / — .
Ty + WPk :u'ao_k uao_k

IlocToAHHbBIE UIEHBI B nNepBOM ypaBHEeHHUU NOJHHbI COKPATUTbLCA; UCXO-
oA U3 3TOoro, uMeeM

OR ] 1
2 _1=_, M __F 1
wi—1 H dpr, 4 sinp’
rje v npuHuMaeT 3Hadenus 6, 26, 36, ..., (p — 1)0. B cayuae p = 0 nony-

yum w? = 1.
TakuM 06pa3oM, ypaBHEHUA UMEIOT BUI

IR
“(%k'

3aMmeHa InepeMeHHbIX. HpOI/I3Be)IeM 3aMeHy NnepeMeHHBbIX
_ 2ik~y6 —
pr=3 &M y=1,2,...,p.

3amnuiiem, HalpuMmep,

JR.
P — 2way, — (W +2)py = ua—pja of — 2wpl, =

p1 = &% + Le? 4 e84
pr = 1649 + £ 4 120 1
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AHalOTUYHO HOJOMUM

o = Z 77762““79.

Roaddunuentst &, ¢ oqHOI CTOPOHBI, U 7}, C APYTO#l, CyThb MONapHO
CONpsAMEHHbIE MHUMbIE yncia. Bripamadcek Gonee TOUHO, CKa#eM, UTO CO-
NPAMKEHHBIMA MHUMBIMU ABIAIOTCA yncna &, u .. B camom pene, Mo#HO

3anucaTh
- 2ik(p—7)6 _ —2ikv0
Pr = pr—’ye P8 = E :511—76 e

BTopoe BhipaseHue 1A py BbIBOAUTCA U3 MEPBOTO MyTeM 3aMeHbI § HA —i
u & Ha &p_~. CrenoBaTenbHo, £y~ JOI#HO BLIBOAUTLCA U3 &y C MOMOIIbIO
3aMeHBbl § Ha —i; 3HAYUT, &, U &p_, ABIAIOTCA CONPAMKEHHBIMH MHUMBIMU
4ucnaMyu. AHaJOrMYHO MOMKHO J0Ka3aThb, UYTO KO3(QOHULIMEHTHI 1)y U Np_y
TaKke ABIAIOTCA CONPAMEHHbIMA MHUMBIMU unciaMu. [Ipu yeTHOM p unc-
10 £p BelIeCTBEHHO, TAK KAK OHO ABJIAETCA CONMPAMEHHBIM K caMOMy cebe.
2
dpr,

2
DyHRIUA (E) npeacTaBiadeT cofoil MOJIMHOM BTOPOro MNOPAIKA

! = ! !
no &, KOTOPBIA COMEPKUT TONbKO uleHbl Bupa &, &, .. B camom pene,
¢yuruuu T' 1 R cUMMeTPUYHBI OTHOCUTENBHO pp U 0. EcCIU NOMEHATh
MecTaMU py U Op, T.€. 3aMeHUThb &, Ha 5782179, TO YHUCIO, HA KOTOPOEe yM-
HOMUTCA §, HE N3MEHUTCA.

’ .

To ke BepHO U A KO3 PUUNEHTOB 1)y ¥ 7)., [Ipy Tarol samene nu T,
HU R He IO/MHBI U3MEHUTbCA. 3HAYUT, WIeH 5;5;, JoJeH npeoGpa3oBaTh-
cA cam B cebda. CnefoBaTenbHO, IPpU 3aMeHe IepeMEHHBIX CleJyeT YMHO-

HMUThb 3TOT KO3 puueHT Ha e2*"P9 T e. NOMMHO GBITH BHINOJHEHO paBeH-
CTBO

2i(y++")8 = 2ihp.
Otcroga

y+9' =p.

Paccy#nasa nogo6HbIM 06pa3oM, MbI B UTOTe IPUAEM K TOMY, UTO PYHEK-
uud T v R nonsHbl cofepskaTh TOJIBKO YieHbI BUOa

&y MWyllp—y
86— EyTlp—y
Ev&p—v EyMlp—
Elp—y My llp—v-
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Ecnu tenepb BHHUMAaTeNbHee B3rIAHYTh Ha crnoco6 o6pa3oBaHuA QyHK-
nuu H, To MbI YBUIUM, UTO MOMHO MOJOMHUTH

H=H +H,+...+Hy+...+ Hp,
rie BMecto H., clefyeT 3anucaTb
€'/y ;)—'y + 2“-’(577];;—7 + €p—7771,) + w2€'y€p—’y + 7)1,711’9_7 + 26'/)/51)—‘7 +
+N[_L75’75p—7 + My (&np—y + y€p—y) + N'm'y’?p—'v];

ro3¢¢unuents! L., M,, N, BblpamaloTcd cleayomumMu GopmynaMmu:

L, = Z( sin? y1) cos? 1 _ cos’ fyz/))

4sin® 1) 2siny
sin 2y cos
M,=Y ————
8sin® ¢
siny¢pcos®ep  sin® vy
Ny =3 + 2218,
7 Z 2sin® ¢ 4siny
Toraa ypaBuenus Jlarpau:a nIpuMyT BHU[
i(aH,y) B 0H, _0
738 &, ’

OTKHYJa Mojly4yuM, UCRIIOYUB 3HAYKU 7,
" — €(w? +2) — 2wn’ = p[LE + M),
n" + 2wt = p[ME& + Nn).
YpaBHeHue anA A2 3anuieTcA Kak
A —w? =2 Lpu)(A\? + Np) — (P M? — 40°X?) = 0.

O6Gcy:neHre ypaBHeHuii. Ilpu mo6oM 3HaYeHUU 7y KOPHU AAaHHO-
ro ypaBHeHUA JiA A2 [10N#HBI GbITh BelleCTBEHHBIMH U OTPHIATENbHBIMH.
OueBUAHO, YTO BTO ycloBUEe OyIeT BBINOIHATLCA HPU AOCTATOYHO MaloM

2,

3Ha4YeHuu p; Kark IMOoKasall MaHCBeHH, M OOJIHHO ObITb MeHbIlle 3 HpI/I
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TaKUX yCIOBUAX (P CTPEMUTCA K HYIIO, Korja p GeCKOHeYHO BO3pacTaeT.
31ech BO3HUKAET ONpe/lelleHHasA TPYAHOCTh, TaK KAaK Macca KOJdbla, TOYHO
paBHafA up, CTAaHOBUTCA NpeHeGpemumo Mamnoil. OHaKo 3Ta TPYAHOCTh UC-
ye3aeT caMa co00ii, ecld Mbl NPEIION0MUM, UTO CIYTHUKU paclpejeneHbl
He Ha OKPYHOCTHU, a B HEKOTOPOM 0ObeMe.

Eciu KopHU ypaBHeHUA MIA A2 oTpUIATeNbHbI, TO MO#HO MONOHUTh

g’y — Ae)\t — Ae""t,
rage n — HEKOTOpOe BelleCTBEHHOe YucCio, U, IPUHAB 3aTeEM
A = Ape'™®, B = Bye'"**,

3anuieM
_ int+i _ int+i
& = Ape ®, 1ny = DBype w1,

OnHo yacTHoe penieHye MbI IOJY4YUM, €CIIH K 67, Ty n06aBUTH pemieHuA

gﬁ:()a "7[3:09 ﬁ?é’)/

Tor;[a MOHO HalTHU YacTHOe peuienne Ojafl pg, IOJOKUB

P = Aoez(nt+ﬂ+2k70);
I[OﬁaBI/IB K 3TOMY pelleHUIO CONpAMeHHOe K HeMY MHUMOe YHCJIo, ITOJNYYHUM
OBa pelieHnud Bujaa

pr = Ag cos(nt + ¢ + 2kv0), o = Bo cos(nt + ¢ + 2kv0).

Boo6pa3uMm cuctemy KOOpAMHATHBIX oceil, KoTopas Bcerja cilegyeT 3a
CIyTHUKOM M}, Ipu ero HeBO3MYILIEHHOM JBU#EHUM, IPUYEeM OJHa U3 dTUX
oceil coBnagaet ¢ paauycoM OMjy; 3HaUeHUA py U Of CTAHOBATCA B 3TOM
clyyae KOOpAMHATaMU CIYTHHKA OTHOCUTENbHO AAaHHON cucTeMmbl. Kpome
TOro, Mbl BUAMM, UTO CILy THUK ONMCHIBaeT OTHOCUTENbHO 3TUX Oceil Malblii
BJLIUIIC.

[lepeiineM K TpaeKTOpHM CleAyIOIlero cnyTHUKA, 3aMeHUuB k Ha k + 1;
BTOPOIi CIyTHUK, TaKUM 00pa3oM, OTCTaeT OT NMEPBOro U Tak jAanee. Benu-
YiHa OTCTaBaHMA, KOTOPYIO Mbl Ha30BeM 3anasbiBaHueM, paBHa 6. Eciu
yucno kyf wpaTtHo 27, comyTHUK kK + 1 3aHMMaeT TO ke INOJNOMKEHHE, YTO
U TepBbIii, MoJO}eHNe CIyTHUKA Kk + 2 coBlajiaeT ¢ MOJIOeHHeM BTOPOro
COyTHUKA U T. .
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I[BI/I}HBHI/IE CJIOBHO ObI nepegaeTca OT OOHOro CnyTHURKa K JpyromMy
C oIlpedelieHHbIM 3ala3JbIBaHHheM. Mo:Ho CKRazaTb, YTO IOBHMHEHHE IIepe-

JIaeTcA KAk BOJIHA, JIMHA KOTOPOK 2777 [23].

Haubonee onacHbIMM /1A YCTOHUHUBOCTHU ABIAIOTCA KOPOTKHUE BOJHBI,
T.e. 6ollee Bcero yrpo;aioT yCTONUUBOCTH JBU#EHUA BOJIHbBI, COOTBETCTBY-
fomue 60abIIMM 3HaUYeHUAM . Bo3dbMeM focTaTouHO GonbInoe n; pu 607b-
MIKUX 7 BOJHA CTAHET OYEHb KOPOTKOU, TOr/la ABa COCEIHUX CHYyTHUKA CMO-
r'yT BeCbMa OLIy TUMO NPUOIU3UTHLCA APYT K APYTY, U UX B3aUMHOE IIPUTHA-
sKeHUe nepecTaHeT ObITh NpeHeOpeRUMO MalbIM 10 CPaBHEHUIO ¢ IPUTHAME-
HueM CaTypHa.

O6masa Macca Koablla pp, Kak ye 0TMeYaloch, JOJMKHA ObITh MEHb-

2,

me ——-,

Hanpumep, ecau p = 100, To Macca gon#Ha ObITb MeHbIle m;
3nech Teopua MakcBenia HecKonbko Heyno6Ha. OmHako 3TH HeynoGcTBa
HUCKYCCTBEHHBI, TaK KaK BBIIBUHYTaA HaMM T'HIOTe3a Yepecuyp IpPOCTa,
U cllelyeT Bce-TaKM MpPeJANOoNOKUTh, UTO CIyTHUKM 3aHUMAIOT OIpe/eNeH-
HbIl 06bEM MPOCTPAHCTRBA.

BO3My]J.leHI/Ie, BHOCHMO€ [OBU}i€HHEeM OJHOro CnyTHUKa B JABUMEHUE
7

IPYToro, ecTb BeJIUYMHA MOPAJKA i rige § — paccTOfiHue Memay ChoyT-

HUKaMH.
Ecin cnyTHUKM paclipeleleHbl MO0 OKPYMHOCTH UIMHBI [, TO § =

1
P
I Buenye 6yeT yCTONYMBBIM 0 TeX MOp, NOKa BO3MYIeHHe He TpeBbIIa-
eT HekoToporo 3aganHoro 3naueHua A. Takum oGpa3oMm, B paMKax T'HIO-
Te3bl 0 CIIyTHUKAX, paclpefiel]eHHbIX N0 OKPYHOCTU, HE06X0AUMO, YTOGBI

BBINOJIHAJIOCH HEPaBeHCTBO
nian

Ecnu cnyTHURYM pacnpefielleHbl 10 KOJIbLY, 3aKIIOYEHHOMY Me#AY JBY-
MA OKPY#HOCTAMU, HAXOAAUMMUCA Ha pacCTOAHUM, CPABHUMOM C HJIUHON
OflHOIl M3 HUX, TO YUCJIO CIYTHMKOB cpaBHMMoO c p°. Eciu Bce cIyTHUKH
HaXxoAATCA BHYTPU Kojblla OrpaHUYeHHOI'o o0beMa, M UX YUCJIO CPaBHUMO
¢ p%, To Macca KoJblla paBHa p°, a ycloBUe paBHOBECUA UMeeT BH[

up® < AR
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C.TIe,I[OBaTe.TIbHO, Macca RoJiblla He JOJI# Ha MMpeBhIllaTb HEKOTOpOoro 1npeaeinaa,
HOTOprfI He 3aBUCUT OT 4YHuCJia CIIyTHHUKOB.

YeroitunBocTh KuAKOro Kouabna. Tenepn, cienya MakcBenty,
paccMOTpUM BHUMAaTelbHee YCTOWYMBOCThL NBUMKEHHA A ciydaa 1160
JKUJIKOTO, TUGO COCTOAIIET0 U3 OTHENLHBIX YacTHull, Koiablia. PaccysaeHus,
HpuUBeIeHHbIe B 3Tl YacTu pa6oThl MaKkcBenia, He BIOJIHE CTPOTH U Jlae
He BIIOJHe ACHBI; BBIBOJbI, OJHAKO, ClelaHbl BepHble. BeposaTHo, cTporue
BBIUHCIEHUA NpuUBenu Gbl K pe3ynbTaTaM, HECKOIbKO OTIUYHBIM OT TeX,
K KOTOPBIM MPUJEM MBbI.

Iycts x, y, 2 — KOOPAMHATHI TOYKU IIPU HEBO3MYIIEHHOM ABUMEHUU,
U, ¥, W — COCTABJAIOIIAE €€ CKOPOCTH, a

r+& y+n z2+(¢

d§ dn dg¢

U+~ UV+ 5, WA+ -

a U dt

— Te e 3Ha4YeHUA NpUu BOSMYIUIEHHOM ABUMEHUU.
}RI/IBaﬂ Cujla CUCTeMbl UMeeT BUJ

o fl(e ) o (o Y5

NoTeHuruallbHad dHeprufa U paBHa

/(V+VNp+ﬂhh
2 9

roe V u p — noTeHUual U INIOTHOCTb IPHU HEBO3IMYIIEHHOM [IBUMEHUH,

aV+V' up+p — Te e BeAUUMHBI IPU ABUHEHNM BO3MYIeHHOM. DyHEK-
uua U ABIAETCA CyMMON YeThIpeX UHTErpaioB

Vpdr Vp'dr V'pdr V'p'dr
[ [ [ [

IlepBblit UHTErpal ecTh NOCTOAHHAA BeIMYNHA U He 3aBUCUT OT &, 1), (,
BTOPOIf U TPETUI paBHbI, KaK MbI 3HAaeM C Hauyajia JaHHoro Kypca. OHu npej-
CTaBJAIOT co00ii MOJOBUHY NOTEHIUATLHONU 3HEPTUHU, CBA3AHHYIO C MPUTHA-
#KEeHMEM BO3MYIIEHHON (HEBO3MYILIEHHOM) KOMIOHEHTHI INIOTHOCTH KOJIbLA
rpaBUTALMOHHBIM N0JEM HEBO3MYILEHHO! (BO3MYIIEHHON) CUCTEMBL.
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[Ipene6peraa kybamu &, 1, (, MOIOHKUM

r_ av BV 20
V4V V+g +n 225 +Z"Cayaz

CyMMy BTOPOro U TpeTbero HHTerpa/ioB MOM¥HO 3allMcaTb B BUIe

/(Z =&+ 5 Z €2+2Cnaya )pdT.

Tenepnb cliefyeT BbIYMCIUTL MOCHeIHUN WHTerpai. MomHO Mpeanoso-
#KUTb, 4TO cMerenue (&, 1, () ABIAETCA CYMMON ABYX CMENIEHWI: OJHO
NPOUCXOAUT B HaNpaBlIeHUU NBUMKEHUA, APYroe — IepneHANKYIAPHO eMy.
TTonomum

E=&+&, n=m+n, (=G+E.
BnpoueMm, U3 U3BECTHBIX (OPMYJ A MPOJOILHBIX U NOMNEepeyHbIX KO-
ne6aHuil U3BECTHO, UTO ypaBHEHUE

pé1dx + pmu dy + pCi dz = df

npejcTaBiadeT co0oit moiHbIi AuddepeHIal U UTO UMeeT MECTO PABEHCTBO

d(p2) N d(pn2) N d(pC2)

dx dy dz 0-

C apyroif cTOpoHbI, UM€EM COOTHOLIEHUE

d d d
gy o0 don) | d60)

I/ICXOZ[H M3 BbIlI€CKa3aHHOI'0O, MOMHO 3anucaTb

[viar=& [2arg v+

JlonycTuM Tenepb, 4TO MOJBUMKHAA CCTEeMa KOOpJUHAT BpaliaeTcA Bo-
KpYT OCH CHMMETPHH KOJbIla CO CKOPOCTbIO w. Bripamenue nna U He us-
MeHuTcH, a yHKuuA T Opu TaKUX YCIOBUAX NPUMET BU]

/{[u+%—w(y+n)]2+[v+%—w(m+£)]2+ (w+ flf)z}dr.

13Ta dpopmysa cleqyeT U3 3aKOHAa COXPAHEHHA MacChl.
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YcnoBue paBHOBecusa TpebyeT, 4T0ObI 3HAUEHHE

/G—Wﬁ
OBLIO MAKCHMAaNbHBIM. Y UNTBIBAA UBBECTHOE HAM COOTHOLIEHUE
pé1 dx + pni dy + pGi dz = db,

HONYy4YUM ypaBHeHUA 1A &, n U (:

W o 0P . 00
& =20 =56 t w0
"o y _ OP 00
w_OP 09
=% T o

rge P — nonunom BToporo nopsagka no (&, 1, ¢), a # — BcnoMoraTtenbHad
nepeMeHHafd, CBA3aHHAA C TPeMA NPeJbIAYIIUMHI COOTHONIEHUEM

0 0 0
Ap= 28, 0n, 0
dr Oy 0z
3anaouenure. MakcBe HoLyYui clefAyIOM Ui pe3yabTaT: JjiA TOro
4TOGBI paBHOBecHe ObLIO YCTOWYUBBIM, p AOJIHO ObITh MEHbLIe 3%.1

JToT pe3yibTaT BepeH KaK [OJA CKOINICHUA KOCMUYECKOH IbLIXU, Tawr
U OJA BMUIKOI'0 KoJblla, OJHAKO B clly4dae MHOKOIo KoJiblla uMeeTCA OJHO
OOMOJIHUTEeJIbHOEe yClIoOBUEe — Z[aBJ'[eHI/Iez Ha ero noBepXHOCTH OOJHHO OBbITH
HamnpaB/ieHO BHYTpPb. Jlannac yCTaHOBHJ OJA cliydyad #UIAKOro KoJabLa 3J-

JUITUYECKOI'0 CeYeHUA, YTO IJIOTHOCTH BellleCTBa KOJIbIla Ha ero Hapys#HOM
1
59

CyIJ.IeCTBy}OT JU OaA JaHHOro ciaydad apyrue (I)I/Il"ypbl paBHOBECI/IH?
BC]‘[OMHI/IM, YTO HJOJHHO BBINOJHATBCA YyCJIOBUE

Kpae OoJHa NpeBbillaTb a Ha BHyTpeHHeM — 2.

w? < 2mp.

1310 — Tar HasbIBaeMblil mpemen Makcpeina.
2Ha camoM flene, TpajiMeHT JaBJeHHUA.
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Bennuuny w B 3TOit dopMylne cienyer 6paTh paBHOIl yIioBOil CKOPOCTH
CIyTHHKA, OpOUTa KOTOPOro COBMafaeT ¢ KoiabioM. Takum oGpaszom, 060-
3HauyuB Maccy CatypHa uyepe3 M, a paguyc Koablla yepe3 L, Hoxydum

2. M

(.U:F.

Ecnu pg — nnotHocth CaTypHa, a R — ero paauyc, To
M = %FR3/)0.

Otcrona

4_R3
2mp >§7rﬁpo,

w55

3HaueHUe MPaBOil YacTH HepaBeHCTBa GoJblle % CpaBHUB 3TOT pe-

3yJabTaT C npeablayuunum, Mbl y6emnaeMCH, YTO KOJBbIO CaTypHa He MOoxeT
ObITh KUJKUM. Bnpoqu, KaK MBI y#ie 3HaeM, HabIoqeHuA IoKa3bIBaroT,
YTO 3TO KOJbIO, BEPOATHO, COCTOUT U3 MHO:eCTBa MeJKUX YacTull.



KoMmMmeHTapuu pemakTopa

[1] Moayueno Bamuoe HepaBeHcTBO IlyaHkape; 1A HEOJHOPOAHBIX GUIYD
OTHOCHTENLHOr0 PaBHOBECHSA OHO BBIMIAMHUT Tak: w’ < 2wGP, rie p — cpelHAA
IUIOTHOCTh. BhINONHEHMEe 5TOro HepaBeHCTBa rapaHTHpYeT HalpaBileHHe BHYTPb
[OHOM CUIbI THMKECTU U HEOTPULATEIbHOCThL AaBieHud. Bnociencreum Kpyne-
IM B /IBa pas3a YCHIWI 3TO HepaBeHCTBO (TOIbKO mpu p = const). laa oGumeit
Teopuu GUTYpP OTHOCUTENIbHOTO PAaBHOBECHUA 3TU [Ba KPUTEPHUA MMEIOT, OJHAKO,
HECKOJIbKO pa3Hoe 3HaveHue: ecau npenen Kpynenu moser 6bITh HpeB30iifeH N
cocTaBHBIX (UTyp paBHOBecHs, To npefen IlyaHkape — 3To cBoero poja «tady»,
KOTOpO€ He AaHO HapYIIUTh HUKAKOM MUAKOM GUrype OTHOCUTEILHOI0 PaBHOBeE-
cHUf.

[2] Bo-nepBbix, Ha3sBaHWe pasiena HeyJauHO. YMeCTHee ObLI Gbl 3ar0I0BOK
«Teopema JlanyHoBay, NOCKOJbKY MOJ TeOpHeHl BEIUKOr0 PYCCKOr0 MaTeMaTUKa
B 5TOi1 06;1aCTH HayKH Bce MMOHUMAIOT COBCEM MHOEe — ero oGIIMpHbIe U I'paHAN-
O3HbIEe HCClIe0BaHUA M0 GUrypaM paBHOBECHUA M UX YCTOHUYHUBOCTH.

Nanee, Bonpoc B TekcTe «CymecTBYIOT IU Apyrue GUrypbl paBHOBECHA?»
B JaHHOM KOHTEKCTe ceiffyac 3BYYHUT IPOCTO puTopuuyecku. 13 Teopemsr Jux-
TeHIITeiiHa 0 CYlleCTBOBaHUU Yy M060i1 GUTYpPbl OTHOCUTEIBHOTO PAaBHOBECUA K-
BaTOpPHAIbHON IIOCKOCTH CUMMETPHUU HeMeIJIEeHHO CledyeT, YTo KpoMme cdepsl,
IpYruX GUryp paBHOBECHA Al HeBpalaloUeicH #UAKOM Macchl He CYLIeCTBYeT.

Camo JoKa3aTelbCTBO TeopeMbl JIAMyHoBa 0 Tak Ha3blBaeMoOil NMOTEHIUAIb-
Hoit sHepruu cdepsl [lyankape npoBOAUT OpUrMHANLHBIM U Golee GUBUYHBIM (HO
BoBce He Goiee crporum!) croco6oMm, npuBiIeKas NOHATHE 0 eMKocTH. O6paTHM
BHUMaHHe Ha Ba#HYIO, YHCTO dusnmdeckyio popmyry S? = 12aTC (cm. c. 26).
BroceacTBUM MeTONl eMKOCTH aKTHBHO pa3pabaTbiBaica (cM., Hanpumep, {11}1).
OnHako HEO6X0AMMO OTMETHUTh, YTO A0Ka3aTenlbcTBO TeopeMbl y [lyankape coBep-
[IEHHO HeolpaBJaHHO 3aTAHYTO, U MOYTH Bechb pasgen «Cdepa — eqUHCTBEHHAsA
¢urypa paBHOBecHf», KpoMe OYKBalbHO [BYX NOCIeAHUX (pas, MOKHO U3BATH
KaK He UMeIuil abCOMOTHO HUKAKOr0 OTHOIIEHUA K IPOBOANMOMY [0Ka3aTelb-
ctBy. U Beaen 3a cioBaMu «. .. chepuyecKoe TelI0 HMeeT HauMEHbIIYIO 3IeKTpPOo-
CTaTUYECKYIO €MKOCTbY HYKHO cpasy mepexoquth K cioBam «Ho sHeprusa tena
o6paTHO NPONOPLHUHAILHA. . . ).

!B nanHOM pasfene B GUIypPHBIX CKOOKAaX JaHbI CCHUTKM Ha CIMCOK PEKOMEHyeMoit
NUTepaTyphbl, IPUBEEHHbIi Mocle KOMMeHTapHeB.
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Ho HeHy#<HOe 3lech MOKeT IPUTOAUThLCA B APYTOM. B aTOM winmuem» Kycke
TeKCTa ecTh HAMEK Ha II060NBITHYIO U/IeI0 0 Pa3ieleHUH [ONHOM IPaBU TALMOHHOM
BHEPruy Tela Ha [Be COCTABIAIONMEe — BHYTPEHHIOI U BHemHioo. Heuabss, Ko-
HEYHO, COrIaCUTHCA € BHIBOJAOM O TOM, YTO (... €CIH Tel0 HAXOAUTCA B PABHOBE-
CHY, COOTHOLIEHNe MeKIy 4acTbiO MHTerpana, B3ATOH 10 BHYTPEHHEMY 00beMy,
U ero yacTblo, B3ATOH 10 BHeIIHeMY 06beMy, MOCTOAHHO U paBHO 1/5». fI panee
JOKasal, YTo 3TOT BbIBOJ BEPEH TOILKO I OJHOPOLHOM cdepbl, U Aaxe B cIydae
ceponsia CUTyauua yse 3HAYUTENLHO cloxHee. Brpouem, ues o pasieireHuH
Mo#ieT GbITh NPMMeHeHA KaK OJWH M3 COCTABHBIX 3IEMEHTOB IIPH BbIBOJE NPHUH-
LMNNaTbHO HOBOIO BBIPaKEHHA A YTIOBOH CKOPOCTH Y GUIYyp OTHOCHTEIBLHOIO
paBHoBecus {15}.

[3] CoBepmenno HeTpuBHanbHOe 06006meHue TeopeMbl JIAnmyHoBa JaHO B
cratbe {14}.

[4] Ilyankape mogBOAMT MHTYWIMA, U TIaBHaA MbICIb B OCTaBIIENCA YacTu
pa3sfena ABifeTcA HeyfaaudHoil. OH moyeMy-To JoIycKaeT, a ero Kojilera Ammeib
{3} name 3aocTpseT Ha 3TOM BHUMaHHe, YTO IOMECTHB KUAKYIO GUTYpPY OTHOCH-
TeJbHOI'0 PaBHOBECHUA BO BHEIIHIOIO cpefy, o6ecneunBaioniyo NoCTOAHHOE J1aBle-
HHe Ha ee IpaHulle, MOMHO TaKylo (uUrypy sacTaBUThb BpallaThcA ObicTpee, yeM
BTO JIONyCKaeT HepaBeHCTBO w’ < 27Gp. ATo, 0OAHAKO, HEBO3MOHHO. [eo B ToM,
uro eciu AU = 2w? —4nGp > 0, To nonHst noTeHnuan U MMeeT MUHUMYM BHYT-
pu Tela, T. e. IIpU [lepexo/ie U3 BHYTPeHHell ToOUKU GUrypsl Ha ee IOBEPXHOCTh 3Ta
¢yuriua U ucneiThiBaeT Bospactanue u Ug > U(x, y, z). OnHaKo, Kak 0TMeTHI
BIepBble JINXTEeHIITellH, Takoe Bo3pacTaHHe MOJHOr0 NOTeHIHala o3Havaiao Obl U
POCT K INOBEPXHOCTU MOTEHIMala IPaBUTALlMOHHOI0, YTO MOMHO IPOJEMOHCTDHU-
poBaTb, BbIOMpasa NyThb Illepexoja Ha [OBEPXHOCTh IapaijelbHO OCH BpalleHHA.
Ho, u B 3TOM Bce fefo, B TeopuM NOTeHIMala XOpOIIO U3BeCTHO, YTO I'paBUTAlU-
OHHBII (HBIOTOHOBCKMIL) IOTEHIHAN He MOMET MMeTh MUHUMyMa BHYTPH CaMoi
NPUTATUBaloIeil Macchl. ITO 06CTOATENLCTBO U AelaeT abCypIHBIM IpeaIooe-
HHe 0 BO3SMOMHOCTH w? > 2nGp.

OpHako To, UTO He IPOXOAUT AJ1A 00bEeMHBIX QUTYDP, MO#ET ObITh JOCTUTHYTO
ana ¢uryp aBymepnseix. IIpaBma, B omHOoM cyry6o yacTHoM ciyuae. TakoB ciy-
4Yail MUJKOr0 KPYyroBOro rpaBUTHUPYIOEro HUIMHAPA, UMelolero 6eCKOHeUYHYy o
JIMHY ¥ IOMellleHHOTO BO BHEIIHIOIO cpely: A Hero npepel Ilyankape MmosxeT
6biTh mpesbimeH {9}. OQHaKo B TAKOM AWHAMHYECKOM peMHMMe LUINHAD GyHeT
ABHO HEYCTONYUBBIM.

[5] Bcrope (1890 r.) Ilyankape goramer Golee 06LyI0 TeOpeMy O HEBO3-
MOKHOCTH 1A GUTYPbl OTHOCUTEILHOI'0 PAaBHOBECHA HAaXOAUTLCA B COCTOAHUU
npeneccuu. OfHO yTOYHEHME K 3Toit TeopeMe cienan B.A.AutoHoB (B 3aMeTke
«O HeBO3MOKHOCTU CBOGOJHOIN NpelecCUU KUIAKON Macchl, JOCTHUTLIEH OTHOCH-
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TeiabHOro pasHoBecusy {16}). IIpu sHauMTenbHO Golee O6IUX YCIOBUAX HEBO3-
MOKHOCTh IpeleccHH JoKasaHa B craTbe {15}.

[6] Iyaurape He moroBapuBaet: BpalieHue GUIypbl OTHOCUTEILHOTO PABHO-
BeCHA BO3MOKHO TOJIbKO BOKPYT HaMeHbIIeH 13 [IIaBHbIX OCeli S/IIMICona HHED-
uuu. Heckonbko HHaUe 06CTOMT fiel0 y GUIYyp ¢ BHYTpeHHUM TedeHueM {8,9} u
y 3Be3aHbIX cucteM {9}.

[7] Ceituac npuHATO rOBOPUTH O JHHAMUYECKON WiIH KojleGaTelbHOI (BMec-
TO BpeMeHHoil) HeycToitunBocTH. Camblit GoNbuIO BKIaj B pa3BUTHE TEOPUU
yeroitunBoctu BHec A. M. JlanyHos.

[8] B oramnume oT TBepHoro Tena y MUIAKOH GUIYpBI OTHOCHTEIBHOTO paB-
HOBecHA HeT BbIGOpa: ee paBHOBecHe BOOGIEe HECOBMECTHMO C BpallleHHEM BOKPYT
cpefHeit U GOIbLION Ocell daaMICONAa HHepHUU (CM. KOMMeHTapwii [6]).

[9] Peun uper o6 oueBmgHOM, B 06meM-To, dakTe: U3 Makcumyma W +

Jw? Jw?
+ 5 clegyeT, 4To U pa3HocTb W — 5 O0y/eT UMeTb MaKCUMYM; oGpaTHOe
ke He BEepHO.

[10] AxumnecoBoit nATéit B npoGiaeme Kiepo ciemyer mpusHaTh BOIPOC O
¢ opme ypoBeHHbIX noBepxHocTeil. Cam Kiepo, He MyApcTBYA U HHUYEro He HOKa-
3bIBaf, IPOCTO BbIGPAN cikaThble chepOHAbI 10 MPUHLIUILY «4TO Giauzke aemuty. Ilo-
nan B Toukry! Jlannac u Jemanap, noab3yAch pasiomeHreM NOTeHI[Hana 1o chepu-
4yecKUM (GYHKIUAM, yiKe ObITaluch 060CHOBaTh Takoii BbI6op. Ilyankape B faHHOM
pazjeie MoguduupyeTr Mero] Jamnaca U He HOBTOPAET OMMOOK HOCHeJHEro NMpH
pasioeHuu NoTeHnyana B paabl. OfHaKO B IPUHIMIKATLHOM OTHOIIEHNH HUYEro
HOBOTO 3/1eCh MbI He BUAUM, U CUTYalAd OCTAeTCA CTONb #e HeyJOBIeTBOPUTEIb-
HO!l, Kak U paHbiue. [I[pUHATO rOBOPUTH, YTO 3ajaya 0 GUrype paBHOBeCHA He-
OJHOPOJHO UIKOI Macchl pellaeTcA B Tak Ha3bIBaeMOM IepPBOM NPHOIMAEHUN
(xorja oT6packIBaIOTCA Bee BelMUHHbI HOpAAKA w 1 Beme). OHAKO BCe MOMBITKY
pelnTb Npo6ieMy yse BO BTOPOM NPHUGIHMEHUH C TPECKOM IPOBalUBAIOTCA IO
TOI1 NPOCTO NPUYMHE, YTO HEOJHOPOJHbIe GUTYPhl HE MOTYT UMETb CTPOrO 3i-
JIMICOUAATbHYIO GOPMY MIM UMEThb 3JIMICOMAAIbHYIO CTpaTUOUKALMIO BHY TPH.
U1 Bo3HHMKaeT BOIpOC, YTO 7K€ BTO 3a IlepBOe NMpPHOIHAEHUe, eclIi Mbl He 3HaeM,
K 4eMy NpUOGIUKaThCA, Belb TOUHOe pelleHHe BooGuie HeusBecTHo. HememocThb
CUTyaluu OoTpa3uil JIADYHOB: «... COBepIIEHHO HENPaBHIbHO MCKAaTb BJIEMEHTbI
BIUIUIICOUOB B IEPBbIX NPUGIUHEHUAX, H60 BTO 31€MEHThl TeX BIUIUICOUIOB, KO-
TOpble CaMHU IPEJCTaBIAIOT HEU3BECTHbIE IOBEPXHOCTH B II€PBOM NPHGIMMEHUN)
{4}. Tak uTo yBepeHHbIIi TOH JaHHOI KHUTM He MOMET HUKAK 3aMEHUTb COGOi
HCTHHHO CTPOroro aHaausa npoG6ieMsl.

[11] Copepsxanue sToro pasiena Mo#HO pe3lOMUPOBATh Tak: Gopmyia (2) u

rD' rD’

HEPaBEHCTBO —3 < < 0 noxasbIBalOT, YTO NapaMeTp KOHIIeHTpaluu D= 0
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npu r — 0. Torga, Ha o0CHOBaHUM N3BECTHBIX CBOIMCTB 0c00BIX ToUek Jud epeHnn-
albHBIX ypaBHEHU [IepBOro MOPALKA, MOAKHO yTBEPHKAaTh, YTO U ypaBHenue (12)
MMeeT TOJIbKO OJHO pellleHHe, yJoBleTBopAiomee yciaoBuio ) = 0 mpu r — 0.

[12] 3pech mocagnaa myTaHHIa B BbIBogaX. PaBeHCTBO 1) = 3 oTHOCHTCH,
KOHEYHO, K Tely, BCA Macca KOToporo co6pana B neHTpe. [loaToMy B mociegHeMm

HepaBeHCTBe clydvail e = g (nmpenexn T'oiireHca) cooTBeTCTBYeT Kak pa3 ¢urype

¢ mpefelbHONl KOHIIEHTpanueil, a e = %go (HproToH, Hayana) — ¢urype ¢ oaHo-
POJHBIM paclipelieleHHueM IIOTHOCTH.

[13] B sTom pazieine ycTaHOBIEHO, YTO BCe ClIydaH, KpoMe n =1 un = 2,
AIBIAIOTCA TPUBUATbHBIMHU.

[14] YucaenHsie oneHKH B 3TOM pasjele CAelaHbl [IA TOTO, YTOObI BbIAC-
HUTb, HACKOIbLKO NepBoe Npubausenne B Teopun Kiepo coraacyerca ¢ nabmoaae-
MbIMH XapaKTepUCTUKaMM 1A 3eman. llyaHkape BepHO 0TMeYaeT, YTO UMelolee
MeCTO pasHorjiache He y[JaeTc yCTPaHWThb [axe C y4eTOM BTOPOro Npubiuse-
HuA (4TO U He YAMBUTENbHO, cM. KoMMeHTapwii [10]). Ceiiyac nonaraioT, yTo pac-
X0 eHre TeOpUHU U HabIIOeHUil ABIAETCA CleICTBUEM 0COGEHHOCTEH CTpOeHusn
Haleil IIaHeTbl; B IOBEPXHOCTHOI o6oiouke 3emuu ray6uHoit 90-100 kM ycio-
BUA T'MPOCTAaTUYECKOr0 PABHOBECHUA BHITIOIHAIOTCH UMb PUGTUAEHHO, I03TOMY
teopua Kiepo 3nech Henpumenuma! 3ameuanue [lyankape o Maioil BepOATHOCTH
TOro, 4To 3eMifl UMeeT FUAKOe AP0, pasyMeeTcA, HeBepHO. ITO 3aMedaHue Bbl-
rIAJAT TeM 6ollee CTpPaHHBIM, YTO UMeHHO IlyaHkape paspa6oTai ruapoauHaMU-
YEeCKYIO TEOPHIO #HMIKOr0 Apa 3eMiIH.

[15] BoiBoa mocnenHero BelpaxseHus coaep:ut y llyaHkape mecThb ymyue-

Huii. B ucnpaBiennoMm Buje nociaennue ¢opMyabl 6YIyT BBIMIANETh Tak:

2
g=M—2M(+3(C - Ay - 2 _ L2y,

crenyiomas ¢popMyia BepHa;

Kpome Toro, nox ¢opmyinoit Kiepo npuHATO MOHMMAaTh BbIpaeHue (p —
UpoTa)

£ _ S, )-2
ge—1+(2<p e1)sin” ¢.
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Mlocnennee cremxyer us gpopmynsl Ilyankape ¢ yuetom Toro, uto Y = 1 — 3sin? ¢,

a Ze Ha 3KBaTope OTHIONb HE paBHaA 8o — U JaeTcd BbIpamieHueM

i

Bce pacueTs! BegyTcA B HepBOM IPHUOGINKEHUH.

[16] Beauuunal no cMbICIy f0/M#HA GbITh OI0HUTENILHOM, I09TOMY 3HAKH
«—» 3[echb ABIAIOTCA IUIIHUMM.

[17] Opnaro aTo BasHoe yTBepsaeHue Ilyankape HU4YeM He 060CHOBaHO!
CMbICI €ro B TOM, YTO A KamAOro n > 2 CymecTByeT OJHA4 U TOIbKO OJHA
¢urypa 6udypranuu. laga n = 3 aTo crporo mokasan A.M. JIanynos. [lyankape
sKe 37leChb HHUYero He AOKa3blBaeT. Boilee TOro, B M3/I03keHUU Bompoca AmmeireMm
({3}, crp. 186), rae nana ccoluika Ha KieitHa, ecTb mpAMoe HefopasyMeHHe, UG0O
[OCIeI0BaTENILHOCTD SIIUICOUA0B SIKO6U He ABIAETCA MOCIEA0BaTENLHOCTEIO CO-
(GOKYCHBIX Opyr APYTY aiurunconnoB. Ho HMeHHO 3Ty COGOKYCHOCTb OMUGOYHO U
nojgpasymeBaioT 37ech [lyankape u Anmeis.

[18] 3ty HesmnunconpanbHyO GUIypy paBHOBeCHA HasbIBalOT TPYIIEBUJ-
Hoit. ¥ camoro Ilyankape sckus ee HeToueH. Boiee mpaBuibHO ¢opMy rpyiie-
BUAHOI ¢uryps! BeiacHua Japsun {8}; KoHTYp 3Toit GUrypbl OKasbIBaeTcA Golee
BBITAHYTBHIM U He MMeIOLIMM TOo4YeK neperuba u, TeM Gojiee, y4yacTKOB ¢ OTpHUIa-
TexabHON KpuBuaHoit ({3}, cTp. 214).

[19] 3necn roBopurcsa o TOM, KaKUM 06pa3oM 3aKaHUYMBAETCA MOCIEI0Ba-
TelIbHOCTh 3itunconnoB fko6u. IIpu ¢ — oo sanuncoup BhITATMBaeTcAd U 006-
pa3yeTci TOHKafA WUIrja KPYTJIOro ceyeHHs; YrioBafg CKOPOCTh YObIBaeT [0 HYIA,
MOMEHT BpallleHUA Bo3pacTaeT J0 GeckoHeyHOCTU. B aToM npenpene b — ¢, u Tak
KaK Bce KOPHU XapaKTepUCTHUYEeCKOro NOIMHOMa HaX0AATCA UMEHHO B 3TOM CTATH-
BalolleMcA B TOUKY MHTepBaie, TO Beael 3a 6udpyprauueii n = 3 (rpyma) 6s1cTpo
No6aBIAIOTCA BCe HOBble HeycTOHUYNUBOCTH. [l0aTOMY 171 rapMOHMK BBICOKOTO IIO-
PAMIKA 3TOT UIT006Pa3HbIN AIUIUIICOU]] CTAHOBUTCA aHAIOTMYeH HeBpalameMyc
JKUAKOMY KPYTOBOMY LUIMHADY, HEYCTOMYMBOMY Ha pacnajg B BHUJe OTAEIbHBIX
chepruUeCcKUX CTyCTKOB.

[20] B sToMm ab3aue myTraHuua, Tak Kak BIOAb MOCIefoBaTelbHocTell Mak-
nopeHa u flko6u onyceIBaeTCA NOBeJeHUe He YTI0BOro MoMeHTa M (mycThb M mpu-
BEJIEHHOI'0), & COBCEM APYTOil BEIUYNHbI — YTI0BOM CKOPOCTH w. CaM e yrioBoi
MOMEHT B0O3pacTaeT 10 6eCKOHEYHOCTH BJI0/b 00€eHX HoCae[0BaTelbHOCTel GUryp
paBHoBecusA. Ceplika Ha JIMyBHILIA, KOHEYHO, HelIpaBOMEpHa.
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[21] Mpwm yray6iaeHun TeopuM BBIACHWIOCH, YTO MeTOJ 06GMeHa yCTOHYH-
BOCTBIO B U3JI0EHHOH 3/lech IIOCTaHOBKE He MMeeT TOil MIMPOKOI1 o6iacTU Npu-
MeHeHHf, KOTOpyIo eMy Npouuin. Tak, oH BepHO ocBellaeT CUTYyalHIO C Ilepe-
Jadeil BeKOBOi1 ycToiiunBoCcTH 0T chepounoB MakinopeHa k amnuncongam fkobwu,
HO jaeT c6oii, npeAcka3blBasd Iepexo] YCTOMUMBOCTU OT HUX K I'DPyHIeBUIHBIM
¢urypam. dto npuseino I[lyankape k BecbMa JocaJHOil olUOKe B MOJEMUKeE, 3aBA-
3aBIeiicd BOKPYT Bonpoca 06 yCTONYMBOCTHU HOBBIX KoH¢urypanuii. Biarogapsa
MIsapumuabay (1896), MeTos o6MeHa YCTOWYMBOCTBIO GBI JONOIHEH HEOGXOAU-
MBIM [l BbIACHEHUA UCTUHBI aHAIU30M II0Be/IeH!f yTJI0BOr0 MOMeHTa pu obpa-
30BaHMU 6MYypPRAUMOHHBIX GUryp (cM. KoMMeHTapuii [22]). UHTepecHa dpusnyec-
KasA TpaKTOBKa 3Toil npobiaeMsl. ¥ camoro IlyaHkape HefiBHO mojaraioch, 4To Ipu
6udypranuy BHyTpeHHee TpeHUe B UJKOCTH HUKaK cebA He nposasiafeT. 1 sTo
leficTBUTENbHO UMeeT MecTO Npu 6eccaBUT0BoIl fedopManum }KUAKOro chpepouna
B TpexocHsIil smuncoua. Ho yxe npu o6pasoBanuu us smiuncouna Iko6u rpyure-
BUJHOI GUrypbl IyTeM HajloeHUf Ha Hero BO3MYIIEHUH ¢ TpeThbell rapMOHUKONH
JRUJIKYE CJIOM Teja UCIBIThIBAIOT B3auMHbIe cMelleHufl, U 3¢ deKThl BHYTPEHHe
BABKOCTH 3Jech ceGa mpoaBaAior. [loxome, ogHako, uyto [lyankape HU B Kakoil
Mepe He IPUCIYLIAICHA K apryMeHTaM, BbickasaHHbIM [IIBapumuiasgom {3}.

[22] Hapespa Ilyankape Ha TO, YTO yrI0BOHl MOMEHT KPUTHYECKOIO 3i-
auncouja Iko6u MeeT MUHUMYM B CpaBHEHHM CO 3HaueHHEM 5TOil XapaKTepHc-
TUKU Yy OTBeTBIAOUIeNcA I'PyeBUIHON GUrypbl B JaHHOM KOHTEKCTE BbIJaeT
€ro COKPOBEHHYIO Bepy B YCTOWUYMBOCTHL TPYIIEBUIHBIX KOHpurypauuii. Ognaro
HU JI0Ka3aTh, HU ONPOBEPTHYTH 3TO NpeJIoio}eHne caM OH He cMmor. [yaHkape
ckoHuyaiacA B 1912 r., Tak U He y3HaB UCTHUHY B 3TOM Bompoce. B oTcyTcTBuU
CTPOroro AoKa3aTeJbCTBa €0 3allIo CIMIIKOM jJaieko. [lon BIuAHMEM aBTOpH-
tera [lyankape rpynmna BUaHbIX yueHbIx Toro Bpemenu (KeanBun, Teiit, lapBun)
BBIJBUHYIM LEIYIO MPOrpaMMy [0 M3YYEHUIO SBOMIONUM U pacnaja rpyleBU-
HOU U elle Gosee CI0HBIX QUIYp Ha J1Ba WM HeCKOIbKo Tel. TakuMm oGpasom
OHU NBITAIUCh OGBACHUTHL 3arajKky HPOUCXOKIAEHUA NBOWHBIX U KPaTHBIX 3Be3[
U fake IIaHeTHbIX cucTeM. OJHAKO MOCTENEHHO SHTY3Wa3M CTOPOHHUKOB 3TOM
NporpaMmsl ObLI OXJIaskAeH: B ocTpoil monemuke ¢ Jlapsunom Jlanynos B 1912 r.
YCTaHOBUJI HEYCTONYMBOCTb IpyileBUIHBIX ¢uryp. KonkperHo, JamyHoB ycra-
HOBIJI, YTO IrpymeBHUaHad ¢urypa o6i1agaeT MeHbLIIMM yTJIOBHIM MOMEHTOM, YeM
ucxonuslit annuncouns Axo6u. BnocaencTeuu 3ty pe3yabraThl noaTBepaun JIxunc
(1916 r.). Mesay npounm, yrioBas CKOPOCTb [PH TaKoil 6u(ypKraLUK BCe e BO3-
pacraer!

ITH BakHbIe Pe3yabTaThl WITIOCTPUPYIOT Clefylomue ABe GOopMYyIbL:

frp = pax(1 — 0,067656”), w2, = wh (1 +0,05227¢?),

rje MOMeHT BpallleHUA f U YTI0BafA CKOPOCTb w HOPMHMPOBaHBI, a € < 1 — mapa-
MeTp OTKJIOHEHUA IPyIIN OT UCXOJHOI0 3JIUICOH/A.
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[28] Wsnaraemas speck Teopusa MakcBemna ycroitunBoctu Koabna CaTypHa
3aMeuaTelbHa KaK IepBblil 06pa3el] TeOPHH, yUNThIBaIOMell KO/IEKTUBHbIE fBIIe-
HUA B 3afade N IrpaBUTHPYIOMUX Tel.

PeromeHnnyemasa nurepaTypa

EcTh HeMano KHUT Ha PYCCKOM A3bIKE, IOCBANIEHHBIX PA3MIUYHBIM acleKTaMm
Teopuu ¢uryp paBHoBecus. Huse 6yIyT nepeuncieHbl HEKOTOPbIE U3 HUX, BRIIO-
yaf 1Ba 0630pa U JBe cTaThbu. KHUrY 3TH He NpeJHa3HAYEHBI [JIA JIETKOr0 YTeHV,
HO «Ge3 Hamopa M BIIOXHOBEHHA B HayKe JelaTh HEUYEroy.
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