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B 3Toit KHHre HA BIOJHE 3JEMCHTApPHOM MaTepHaje, HauHHalouleMcs
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MH ¥ TIOHATHSAIMHM COBpeMeHHOH anreGpel. Bosbioe NOCTOMHCTBO KHHIH —
COTIPOBOKAIOLLHE H3JIOXKeHHe 3a1auM, KOTOpble MO3BOJIAIT YHTATEJIO BCe
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OT PEALAKTOPA

Wms nepsoro M3 aBTOPOB—Ipodeccopa yHHBEPCHTETA
B Kune ®puapuxa baxmana-—3HGKOMO COBETCKOMY HHTATEJIIO
10 TepeBofy ero o6CTOATeNbHOM MCHOTpagHH, B KOTOpO# H3-
JIaralTcs pa3BHBAEMbIE KHJBCKOH WIKOJIOH HJeH B obnactH
OCHOBaHHi1 (€BKIHAOBOH H HEEBKJHIOBOH) reoMeTpuH !).

Hacrosiuiass KHHra HOCHT COBCeM JDYTOd XapakTep.
Ona HauMHaeTcs C JOCTATOUHO MOBEPXHOCTHOH (M LIHPOKO
H3BECTHOM) TEOPeMbl® cepedutbl CMOpPOR 4100020 Uemblpexyeonb:
HUKG A6ASIOMCA eepuiuHamy  napaanesoepamma. (Y aBTOpOB
BepIIHHbI UeTHIPEXyroNbHAKA MOTYT MPHHAIEKATD JnoGoMy —
KOHEYHOMEepHOMY WJIH GeCKOHEUHOME PHOMY — BEKTOPHOMY MpO-
CTPAHCTBY, MOCTPOGHHOMY Haj MOYTH JIOOBIM MOJIEM; 4HTa-
TeJllo, OJHAKO, Mbl PEKOMEHAVeM paccMaTpHBaTb MOCTPOCHHA
aBTOPOB Ha OOBIUHOM TMJIOCKOCTH HJH B TPEXMEpPHOM NpOCT-
paHcrBe.) C 3TOro mpocToro MpeasiozKeHHs HauHHaeT pacKpy-
YMBATBCS 1LleMb TeOpeM —H Kak AajeKo 3Ta lenb Befer! Bua-
yaje KaXKAOMy AH-yrOJbHHKY COMOCTaBJAOTCA TPH ApYTHX
n-yroJibHHKa: BepLIHHAMH OJHOTO H3 HHX ABJAIOTCA CEPEAHHEI
CTOPOH HCXOLHOTO n-yrofibHHKa (OTOGpakeHHe °); BepILIHHAMH
BTOPOTO— TOUKH TIepeceueHnst Meauan (UeHTpH TSXKECTH)
TPeyroNbHUKOB, O06pa30BaHHBIX TPOMKAMH COCEAHHX BEpUIHH
HCXOIHOTO f1-YTOJIbHIKA (0TOOpaxkeHnne ® ); BeplIHHAMA TPETh-
€ro— yeTBepThie BepLUIHHbI NapaJiiesorpaMMoB, MOCTPOCHHBIX
Ha Tpex COCeJHHX BepIIHHAX HCXOJHOro A-yrosbHHKA (oro-
GpaxeHne ). DTH «UHMKJIMYECKHE ONepaLnn» 0T06paxaioT MHO-
JKECTBO BCeX n-VIOJBHHKOB B €0, HO, BooOlle roBOps, He
Ha cebsi: «MOJHOE» MHOMKECTBO BCEX /1-yTOJbHHKOB OHH MOTYT

1y &, Baxman, [TocTpoeHne reoMeTpuH Ha OCHOBE MOHATHA CHMMeT-
pun, «Hayka», M., 1969.
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MepeBecTH B €ro MOJAMHOMKECTBO, B ONpelesieHHbIH «UHK/IHYe-
CKHIl KJ/1acC» f-yroJbHUKOB.

Tak, orobpaxkenne® nepeBOAUT MHOXKECTBO BCEX 4-yroJib-
HHKOB B KJ/IaCC [1apaJi/1e/lorpaMMoB; TpH oTobparkenus °, * u ',
B3sATHIe B J1I0G0M MOPSIIKE, «CKUMAIOT» MHOXKECTBO BCeX 6-yrob-
HUKOB B KJAacC IIECTHKpaTHbIX Touek  (6-yrosibHHKOB
A,AA,A A A), KaK BHIHO M3 c/lellylolleli «KOMMYTaTHBHOM
ZiMarpaMMably: :

bee
6 - Y20bHUKU

! L)
G- Y2onbHUKU B G-napanaeno-
Y oo 6-rpusul %a/mu
>< )<
{
080EHN BIE A@PUHHO - NPABUNTLHELE YImpOoeHHYIE
queo/lbﬁuw i 6- yeagb/mku oenpeaxu
° !/ o
LULECTIIUKDAMHEL®
moyKU

Jlanee MOHsATHSI WHMKJIHYECKOH orepaiyy (oToGpaalomei
MHOXKeCTBO BCeX /1-yTOJBHHKOB B ce0f) M LHKJIHYECKOTO
KJacca n-yroJbHHKOB 0006IAIOTCAA; paccMaTpHBAIOTCs BCe-
BO3MOXKHBIE HMKJHYECKHE KJAacChl N-yroJibHHKOB—Iernouka
TaKHX KJAacCOB BefeT OT MHOXECTBA BCeX f1-yrONbHHKOB
K «HYJIEBOMY KJaccy», COAeprKalleMy e1HHCTBeHHbIH (BbIPOK-
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JeHHbl1!) n-yrolbHUK, BCe BepIUHHBI KOTOPOTO COBMNAjaloT
¢ HayaJioM KOopjuHar. BrpoueM, BbipaxeHHe «Ilernouka kJjac-
COB» MOXET CO3/laTh Y UHTaTe/s HenpaBH/IbHOE BliedaT/IeHHe:
CTPYKTYpa UMK/JIHYECKHX KJacCOB OKa3blBaeTCsi JOCTATOUYHO
C/IOKHOH M pa3BeTBJIEHHOH; B Hell yCTaHaBJIHBAaeTCs Olpeje-
JIEHHBIl «MOPSIIOKY M BBOAATCA aJsrebpanyeckue ornepanni,
NpeBpallaoliie 3Ty CTPYKTypy B Oy/eBy ajrebpy KJaccoB
n-yrolbHAKOB, Ha BCEM MpPOTSAKEHHH KHHUIH CJIyXKallyio OLHHM
H3 OCHOBHBIX HHCTDPYMEHTOB HCC/IEJO0BaHHS.

IMocTeneHHO H3J0XKeHHe oforamjaercs HOBBHIMH ajreGpau-
YeCKHMH M TeOMeTpHuecKUMH jeTansmu. YUucao paccmarpu-
BaeMbiX KJIaCCOB /1-yrOJbHHKOB pacTeT; paccMarpHBaeMbie
CBOMCTBA CHCTEM f1-yTO/bHHKOB CTaHOBATCA GoJiee ITyOOKHMH.
MenstoTCsT M COMpPOBOXKJAIOLLHE H3/MO0KeHHEe 3a/a4l (KOTOPBIMH
Mbl HACTOSITEJIbHO COBETYeM He IpeHe6perartb):. CHauasla 3TO
HECJIOXKHBIE  YIIPAXKHEHHs; 3aTeM CpeIH HHUX MOABJIAKTCA
W HEKOTOpbie «BOJIbllHe TeMbl», KOTOpbie MOTYT MOC/YXHTb
TPAMILIHHOM /ISl CaMOCTOSTe/IbHOM HCC/Ie0BaTe/IbCKOH paBoThl
yutateds. Ha paHHeil cTaguu HccsenoBaHHs GOJbLIYIO POJIb
npHoGpetaer ajare6pa MHOTOY/IEHOB, B YaCTHOCTH «MHOTrO-
yJieHbl JeJIeHHsi KpYra» (1eqHTeJ]H MHOTOY/IeHOB X" —1); 3aTeM
HEOXHJAHHO BO3HHMKAIOT MOTHBBI, HaBesIHHblE TeOPHEl uHcel.
HcnosbdyeMble ajreGpanyeckue CpeicTBa CTaHOBATCA Gonee
rnyGoKHMH: HapAny ¢ OyJeBoH anare6poil  NpPHUMEHSIOTCS
HEKOTOpble TMOHATHS TEOpHH CTPYKTYp (Mepednc/ieHHble
B npuioxenun lI); crneunanbHO aHaJU3UPYIOTCS CJIydyaH TOTO
HJIH HHOTO OCHOBHOTO T0JIl, HaJ KOTOPLIM CTPOHTCA «IPOCT-
PaHCTBO n-yTOMLHHKOBY (B YacTHOCTH, CIeLHalbHO paccMar-
pHBalOTCS MHOTOYTOJIBHHKH Haj T0JIeM BellleCTBeHHbIX HJH
KOMIJIEKCHBIX uucen). M mpH 3TOM Bce MOCTPOeHHSA OCTAIOTCS
COBEpLIEHHO MPO3PAaYHLIMH M 3/IEMEHTaPHLIMH.

ABTOp HacTOAIMX CTPOK Hajeercs, 4TO 3Ta cBoeobpas-
Hag M OYeHb KpacHBas «<MHKpPOTEODHs», BHIPA3HTEJbHO AEMOH-
CTpHpYyIOl[as Ha CPAaBHHUTEJNLHO 3JeMEHTAPHOM YPOBHE HeKo-
TOpble THIHYHBIE 4epThl «OOJIBLINX» MATeMaTIYeCKHX TEOpHH,
BLI3OBET MHTepec uuTateseil. KakeTcs TONbKO, UTO aBTOPHI
HECKOJIbKO TNEPerpysuin H3/0XKeHHe He 0COGeHHO CYLIeCTBEH-
HHIMH ajreGpanuecKUMH JeTasIsMH, U MperojaBaTefio, KOoro-
puiit  3axores1 Obl HCIOJB30BATH MatepHasd 3TOH KHHUIH
B 3aHATHAX C HAUMHAWOULIMH MaTeMaTHKaMH, cJefyeT nosa-
GOTUTBCS O TOM, YTOOLI PAaCKPHITH «s1PO» pasBliBaeMbIX 31€Ch
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KOHCTPYKLMIA, He CJAHIIKOM YrjyGisisich B YaCTHOCTH, COCTaB-
Jstiole «o60oouKy» 3TOr0 siApa (CM. TaK:Ke aBTOPCKHIT 0630p
cojlepxanusi Ha crp. 12).

Hemuorounc/ieHHble NOACTPOYHBIE NPHMEUaHHs INepeBOA-
yHKa U pelaKkTopa KHHIH 0603HayaioTCs 3Be3/0YKaMH B OTJIH-
yie OT HYMEPOBAHHBIX CHOCOK aBTOPOB; 3BE@3JI0YKAMH XK€
OTMEYeHBl Ha3BaHHs TeX (UTYyPHPYIOUIMX B CIHCKE JHTEpa-
Typbl paboT, CCHIIKM Ha KOTOPbiEe OTCYTCTBYIOT B HEMELKOM
opuruHaje. Mel Takxke H3MEHHJIH MNOPALOK TPHJIOKEHHH,
NOCKOJbKY TO M3 HHX, KOTOPOe TMOCBSIEHO MHOrouJeHaM
JeneHus Kpyra, G6oJee TeCHO, 4YeM BTOpoe, NPHMBbIKAET
K OCHOBHOMY TEKCTY KHHIH.

H. M. Serom




M3 NPEAUCNOBUA ABTOPOB

MaTeMaTuKa 06/1aj/aeT CnocoGHOCTbIO
OTKPHIBATb B OKPYXKalOUIHX Hac Bewax
HOBBIE CTOPOHbL H HEOXKHaHHbIM 06pa30M
paclupsATh Halld MPeiCTaB/eHHS.

M. C. ATEKCAHAPOB

Dro Kuura o6 n-yIoJbHHKaX, KJjaccax n-yrojlbHHKOB H
OTOGpaXKEHUsIX MHOXKECTBA f1-YTOJbHHKOB B cebs.

N-yTOMBHHKH OTHOCATCA K H3HAYa/bHLIM E€OMETPHUECKHM
o6beKTaM. Kaxplii 3HAKOM C KaKHMH-JTH00 K/IacCaMH 7-yroJlb-
HUKOB, M TreoMeTpuuecKHe HabJiofeHHs, HA KOTOPBIX OCHO-
BLIBACTCS 3TA KHWra, HACTOJBLKO 3JEMEHTapHbl, 4YTO OYAyT
nousiTHE BeeM (cM. BBejeHue). OnHako TpakTOoBKa Gonee
o6IWMX BOMPOCOB YKe Omupaercs Ha onpejiesieHHbI aJre6-
paHyeckH# ammapar.

Jlas yro6eTBa HMCMOJB30BAHHS STOTO annapara Mbl OMpe-
JejisieM A-YTOJbHHK Kak HaGop

(a,a, ..., a,

f  5MeMEHTOB HEKOTOPOro BEKTODHOrO TMpOCTPAHCTBA Hal
nonem, B KotopoM n- 1540, Tlepedpasupys I'. llloxe!), MOKHO
CKa3aTb, YTO NOHATHE BEKTOPHOTO f-Habopa OTKPHIBACT HAM
«UApCKHH MyTb» B T€OMETPHIO—IyTh AHHejiHOf asnre6phl *).

OCHOBHBIM OGBEKTOM HAIIEro HCC/eJ0BaHUs SABJSIOTCA
onpejieJieHHbE MHOXeCTBa - yrO/MbHHKOB, KOTOpble Has3bl-
BAIOTCST LMKJMUECKHMH KJjaccamu. I1poToTHn 3TOr0 MOHATHA
(mpu n=4)—KJaacc napajijiesorpaMMoB, T. €. MHOXECTBO
4-yTONbHHKOB (@, @5, Qs a,), A1 KOTOPBIX a,—a,+a;—
—a,=0. B obuem ciyyae HMKJIHUECKHH KJsacC COCTOHMT H3
BCeX n-YTrOMbHHKOB, YIOBJETBOPAIOWHX HeKOTOPOH «IHKJIH-
YeCKOil» CHCTEME OJHOPOAHBIX JIHHEHHBIX ypaBHeHH# ¢ KO-
¢uuHeHTaMH H3 JAHHOrO MOJA.

OcHOBHAA TeOpeMa O LHKJIHYECKHX K/accax yTBEPHKIAeT,
YTO YHCJO IHKJIMUECKHX KJACcCOB AJIs KaXJIOro 7 KOHEUHO,

1y T. Ilfoke, Teomerpus, «Mnp», M., 1970.
*) ImeloTcs B BHAY NpHMHCHIBaEMbIE EBK/NAY cJ0Ba: «B reoMeTpHio
HET LapCKOro MyTH».
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TOYHee, UYTO LHKJMYeCKHe KJjacchl 06pa3yloT HeKOTOpYIO
KOoHeuHyto OyJeBy anre6py. I1ponsBoJibHEI A7-YrOMBHUK ONHO-
3HAYHO DA3JIaraeTcsi B «CYMMY» £1-YTO/JbHHKOB H3 «aTOMaPHBIX»
IAK/IMUECKHX KaaccoB. TakuM o6pasoM, 7-yroJbHHKH 06Ja-
JAlOT HEKOTOPOH artoMapHoH CTpyKrypoill. KpaeyrosbHbie
KaMHH —71-yTOJbHHKY K3 aTOMapHbLIX KJAacCOB— OT/IHYAIOTCH
onpefe/ieHHbBIMH CBOHCTBAMH TPaBUJ/ILHGCTH.

Asre6panueckye CpejcTBa, KOTOPHIMH Mbl IOJIb3yeMcs,
JieXKat B OCHOBHOM pycJe aJre6pel!), H OfHa H3 LeJed 3Toi
KHMIH COCTOMT B TOM, YTOOBl OMHCAaTh OYeHb KPACHBLIE, Ha
Haul B3IJIsA, CB3H MexJy TIeoMeTpuell n-YrOJbHUKOB H
aJrebpoii.

Msbl npeanosaraem, 4To 4YHTaTesNb 3HAKOM C OCHOBHBIMH
thaktamu JinHeifiHOHl aare6pbl M TaKUMH aJjreGpanuecKHUMH
MOHATHSIMH, Kak TCpyNna, KoJblO, I0Je, BEKTOPHOE MPOCT-
paHcTBO, roMomopduaM ?). Heo6xonnMble MOHATHS H pe3yJib-
TaThl TEOPHUH CTPYKTYP, @ TaKKe OCHOBHbIE CBOACTBA MHOIO-
4JICHOB Je/I€HHS KPyra H3J/0KeHbl B ABYX MPHJIOKEHHUSX.

Mb Becbma npusHarenpHn I'. Kungepy (HanucaBuemy
NPHJIOXKEHHE O CTPYKTYpaxX), HalleMy MOCTOSIHHOMY cofeces-
HHUKY, OJHOMY H3 aBTOPOB pa3BHBaeMOi 3Jech TEOpHH, a
takxke ¥. Llnenrsepy, mnpopewabiiemy 126 ynpaKHeHuH.
3a nomoub INpH KoppekType Mbl Gnarozapum JI. Bpekkepa
u I1. Knomua.

Kuae

é. b.
3. I.

1) OfHAaKO MOMNBITKH CGOOLWIHTL 3Ty TEOPHIO MOTYT BCTPETHTH anrel-

panyueckHe TPYAHOCTH.
%) Cwm., nanpumep, (3], [6], (9], [10], [12].




NPEABLICTOPUS KHUIM

Ocenbio 1964 . Bo Bpems KoHdepenunu OCuiecTBa yco-
BepIIeHCTBOBAHHS MPENOJABaHHs ECTeCTBEHHLIX HAyK # 3a-
JaJicsi BONPOCOM, Hesb3fl JIH JUIsi OXKHBJEHHS Kypca reoMer-
DHH TpeAJOXKHTb TeMy, AOCTYIHYIO CTyJeHTaM, CBA3AHHYIO
¢ CHCTeMaTHUecKOH TeopHeil, HO HE CJHIIKOM OTATOMIEHHYIO
5/1eMeHTaPHO-TeOMETPHYECKHMH  PAacCMOTpeHHsMH. 1 3anancs
TOrfa HCCJeJ0BaHHEM A-yTOJbHHKOB Ha OCHOBE HEKOTOpOro
AKCHOMATHYECKOTO ToueyHoro Hcuucaenus. OCHOBHYIO poJib
NpH 5TOM HIpaeT MOAXOAAIIMM 00pa3oM CrelHai3npoBaHHAs
AM3ApasbHas rpymnna (abesesa rpynmna, paciiy peHHas NpHCOe -
HeHHeM CMeXXHOro KJacca HEKOTOpPOro HHBOJIOTHBHOTO 3Je-
MeHTa). ITOT MOAXOJ, KOTOpBIi Jer B OCHOBY CTAaTbH [21],
ony6aukoBannoit B Grundziigen der Mathematik *), u Obia
Gosee MOAPOOHO PasBHT B Kypce JIEKLHH B snBape — (eBpase
1966 r., ucnoibszoan . IImuar, Koropwlif joKasasn Vike
M3BECTHYIO K TOMY BpPeMeHH OCHOBHYIO TeOpeMy AMs palno-
HAJIbHOTO H BELIeCTBEHHOTO UHCJOBbLIX MOJIEH C TOMOILbIO
JHAroOHA/IN3aLHH IHKJIHYECKOH MaTpHIbL.

Jletom 1966 r. T'. Kuugep, mnoOyxaaeMblit K TOMY
B. TlefiacoM, mpeaJoXnJ HOBBIA TOAXOA K 5TOH TeOpuH Ha
s3bIKe BEKTOPHBIX MpocTpancTB. OH MOKasas, uTo CBfA3b MEXAY
LIMKJHUECKHMH KJacCaMH A-yroJbEUKOB U MHOTOYJI€HaMH Mpo-
ACHSeT Kacalolifecs LHK/JIMUECKHX KJacCOB 3aKOHOMEDHOCTH.

Dra KHHra M3Jaraer Cojep:KaHHe JBYXuacoBOH JIEKIHH,
KOTOPYIO i MpouHTan ocerbio 1966 r. B Muunranckom yHH-
BepcHTeTe M, B pa3BEpPHYTOM BHIE, sumMoit  1967/68 r.—
B KHJBbCKOM YHHBepCHTETE.

[Ipy mMOAroTOBKE HACTOAILLETO H3JaHMA A 4acTo ¢ 6s1aro-
JAPHOCTbIO AyMaJs O MaTeMaTHKaX, KOTOPbe BO BpeMs# JOK.ja-
JOB H B JIHYHHIX Oeceflax CO MHOH MPOABJAIH HHTEPEC K 3TOH
HeGOMBLION TEOPHH W DEKOMeHJ0Bajd OIyGIHKOBaTh ee H3-
JIOXKeHHe,

P. b,

*) «OCHOBE MaTeMaTHKH» —MHOTOTOMHOE W3JaHHe, MO CBOHM yCTa-
HOBKaM OJH3KOE K BHITyCKaeMEIM H3jaTesbcTsoM [octexmspaT—dusmat-
rus— «Hayka» kuuram «JHUHKJIONEAHH 3/EMEHTAPHON MaTeMATHKIY.



OB30OP COAEPYAHMS

B xoHue BBeieHHS H B I'. | H 2 onpenensiOTCS NOHATHS
IMKJIHYECKOTrO KJ/1acca N-yrOMbHHKOB H LIMKJ/JIHYECKOro oToGpa-
xeHna. ['naBel 1—4 mnocBsimeHbl B TepBYIO Ouepeab MpH-
MepaMm?).

B ran. 5uB § 1 rn. 6 passuBaiorcs ajnreGpaHyeckue
MeTOAbl, C TOMOUIbIO KOTOPBIX B § 2 ri. 6 JoKasbiBaercs
OCHOBHasl TeopeMa O LHMKJ/HUECKHX KJaccax.

[Tocne anreGpauueckoil MOATOTOBKH, KOTOPOi OTBEAEHHI
. 7u §1—2ra. 9, Ml B 1. 8 1 9 mepexoauM K cHCTeMa-
THUYECKOMY paccMOTpeHHI0 OyseBoil agare6pbl LHKJIHYECKHX
KJIaCCOB 71-YrOJbHHKOB. Pe3yibrathl CBelleHbl B OCHOBHYIO
auarpammy (puc. 61, crp. 157).

B ra. 10—12 paccmaTpuBaeTcss pasfioxeHHe r-YroJbHH-
KOB B CYMMy A-YroJbHHKOB M3 arTOMapHBIX UHKJIHYECKHX
KJIaCCOB I/l CJyyaeB, KOIJla OCHOBHBLIM TMOJieM $IBJSIETCS
nosie palHOHAJbHBIX, KOMIJIEKCHBIX HJIH JAEHCTBHTE/IbHBIX
qced.

MoXHO COKpaTHTb YTeHHE 3TOH KHHIH, OrPaHHUHBLIHCH
guwb ra, 1, § 1—5 . 2, § 1—4 ra. 5 u ra. 6.

1) Mlpn uTeHURn ISTHX IJIaB MOXKHO OCTaBaTbCsl HA HAHBHOH Touke
3peHus, B CTHJe BBefleHHSl, M paccMATPHBaTb CHelHa/dbHbie KJacChl
0TOGpaKeHHH N-yrOJbHHKOB, He 3aAyMbIBasich 0 CKPHITHIX 34 HHMH O6UIMX
MOHATHAX.




BBEJIEHME

Bo BBeleHMH MBI 6YJeM MO/Mb30BAaThCsl HECTPOTrHMH co06-
pakeHHIMH HarasjHocTH. Bce reomerpnueckue o6pasbl npe-
[10J1araloTCs BJIOXKEHHBIMH B HEKOTODOE €BKJIHI0BO NpOCTpaH-
CTBO MpPOM3BOJIBHOM PasMEPHOCTH ).

BCTIOMHHM TPOCTYIO TEOPEMY: 60 6CSKOM 4ermblpexyeorbHuKe
cepedurbl CMOpoH 06pasyIoMm napasrer0zpamm (puc. 1). B sroit

Pue. 1.

TeopemMe BCSKOMY 4eThIpeXyrONbHHKY A craBuTcq B COOTBeET-
CTBHe HOBHI UeTHIpEXyroibHHK A° 006pa30oBaHHbI Cepent-
pamu cropoH A. Tem camblM 3a71aHO HEKOTOPOE orobpaxenne
MHOYKECTBA UeTbIPeXYroNbHUKOB B cefsi. B pesysbrare 3TOrO
oToGpaeHHs MOJyuaeTcsi He BCe MHOXKECTBO YeThl peXyrob-

1) TIpu 3TOM Mbl HCMIOJIb3YeM JIHUIb adduHHBIe, HO He MeTpHuecKue
MOHSATUS W pesyJbTaThl.
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HHKOB, a HEKOTOPbIH €ro MnoAk/aacc —KJacC MNapasiiesorpaM-
MOB: OTOOpakeHHe «CMeLHANH3UDYeTy MHOXKECTBO HeThIpex-
yronpHHKOB. Crelani3auns NpoaBJsgeTcs TAKKE B TOHMKe-
HHH  PasMepHOCTH: BeJb MPON3BOJbHBIA UYeThblPeXyro/bHHK,
BOOGLEe TOBOPs, UMeeT PasMepHOCTb 3, B TO BpeMs Kak ma-
PansiesiorpamMm camoe GoJibluee JByMepeH.

Hrak,

1°. Ecau A— uemvipexyeonsuuk, mo A°— napaaseroepamm.

EcrectBenHO Bo3HHKaeT ofmiHii BOIPOC: A5 BCAKOTO JIH 71
MHOXKECTBO 71-yTOJIbHHKOB CIIELHANH3HPYeTCsl TPH MOR0GHOM
oro6paxeHuu? [IIsi HEueTHbIX n OTBET OKAa3HIBAeTCS OTPHLA-
TeJIbHBIM (47181 =3 3T0 oYeBHAHO). [Jsl # =6 CcreuHasu3aLus
CYWIECTBYET '), HO OHAa He TaK HAl/IsAHA, KaK MpH n=4,
BooGuwe, cnpaBeannBo Takoe yrBepixkienue:

2°. Cepedunbr cmopon npoussonsroeo 2m-yeoseruka A obpa-
syrom 2m-yeorvrur A°, cmopons. komopozo, 83smsie uepes 00Ky,
00pasyrom 3aMKHYMble BeKMOPHOIE MHO20Y20NHUKLL.

Ilocnennee yTBepskieHHe MOXKHO YTOUHHTH C/IeAYIOLUIHM
o6pasom. Ecau Mbl ycsoBumcs 0603Hauath CTOPOHBEI MHOT'0Y-
roMbHHKA A° MonepeMeHHO uepes a U b, TO a-CTOPOHBI, B3fi-
Thble OT/le/IbHO, 00pa3yioT 3aMKHYTHI BEKTOPHBIH MHOTOYTOJIb-
HUK?) U TO ke camoe BepHO ana b-ctopo. Tak, CTOPOHHI
H306paXkeHHOTo Ha pHC. 2 WeCTHYrOIbHHKA ToMcena (cm. [25],
puc. 3, ua [22], puc. 28) o6MajaT yKasaHHBIM CBOHCTBOM.
OTHM e CBOHCTBOM O6/1aaet H306pakeHHas Ha pHuc. 3 msATHKO-
HeuHasl 3Be3za. _

K coxanenuio, TepMHH «Mapa/ie/norpaMM» He OXBaThIBAeT
HHKaKHX n-yroibHHKOB, rae n > 4. Yro6sl HcnpaBHThL mo-
JIO’KeHHe, BBelieM HOBOe MOHATHe, 0606liaioliee MOHATHE Ma-
pajienorpaMMa M HMEIOLIee CMBICA AJSl KaXIOTO YeTHOro
n=2m. A uMeHHO, 2m-yroJbHHK Ha30BeM 2m-napaasrenoepan-
MOM, €CJH Kaxlas H3 ero CTOpoH obpasyer C MPOTHBOIMO-
JIOXKHOH CTOPOHOH OOBIuHBIA NMapanienorpamm. K yheay 6-na-
PaJlsIeJIorpaMMOB  IPHHALJIEXKAT, HANIPHMEP, KOHTYphl OGBIYHO
ynoTpeG/sieMbx Napaje/bHbIX NPOEKUHi (Napasileenyneon

1y Cu. Sraom [27], ctp. 31.

%) MnbIMH  cJ10BaMM, eC/H Mbl CABHHEM NnapaJsielbHO  a-CTOPOHb
(B3aTHIe B JIOGOM MOPSLKe) TaK, 4TOOLl KOHel Kaxioil CTOPOHbBI COBMaJ
€ Haya/oM cseflyolileli, TO KOHEl caMoi MOCJeNHel a-CTOPOHH! COBMagaer
C HaudaJioM nepBoii.
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(cM. puc. 4)); onHako, pasymeercs, 6-mapasJielorpaMM MOXKeT
4 He OBbITb MJIOCKHM.

Eciu A—nekotopeiit 6-yronbuuk, 10 A° He 06513aH 6bITh
6-mapasreiorpammom.  MoHO, OZIHAKO, MOCTABHTH BOMPOC
O TOM, He/b3sl M YKa3aTb OToGpakeHHe, KOTOPOE MepeBOJHT
MHOXECTBO BceX 6-yroJIbHHKOB B KJacc 6-Mapasi/ielor paMMOB.

UTo0bl AaTh OTBET HA 3TOT BOMPOC, MOAH(HIHPYEM HCIOb-
30BaHHOe paHee otobpaxkernHe. CepeHHBI CTOPOH A-YTONbHHKA
ABJIAIOTCS LEHTPAMH TAXECTH ABYX II0CJEJ0BAaTeNbHBIX €ro
BepiwiHH. OTcioia BO3HHKaeT ecTeCTBEHHOE BHAOH3MEHeHHe
3TOH KOHCTPYKUHH: BMECTO CepeJHH CTOPOH YCJIOBHMCSH pac-
CMaTpHBATb LEHTPHI TAMKECTH TPeX MOC/AeJ0BATE/BbHbIX BEPIIHH
Nn-yronbHHKa. Tlosyuennble HeHTpEI TsiKeCTH 06pa3yioT HOBHIM
N-yronbHUK A ®, KOTOPHIf MBI M IIOCTaBHM B COOTBETCTBHE
HCxOAHOMY n-yronbHHKY A. Ha puc. 5 npusesen mnpumep
YKa3aHHOTO IIOCTPOEHHs1: TouKa | ® AB/IAETCS LEHTPOM THKECTH
BepwHH 1, 2, 3; Touka 2°® —BepwH 2, 3, 4 U T. 1.; Bce
NoJyyeHHBIe TOUKH 1 *, 2 .., n* gBadorcs BepUIHHAMHU

“N-yTOJIbHHKA A * , IpH 5TOM HMeeT MeCTO TaKOe MpeiJIoNKeHHe;

3°. s aobozo 6-yeorvhuka A 6-yeonsrux A * ssasemcs
6-napanresoepammon.

Paccmorpum, Hakowen, eye omso otoGpamenne. JloGble
TPH TIOCJIE/I0BATE/IbHbIE BEPIUHHBL /1-YTOJbHUKA NOTOJHHM YeT-
BEPTOH TOUKOH 10 mapasnesorpamma. (Ha puc. 6 Touka 1’ siB-
JA€TCA YeTBepTOH BepuwMHOM MapaJsesnorpamma 1, 2, 3, 1’;
TouKa 2’ —mapasienorpamma 2, 3, 1, 2’; Touka 3’ —napasn-’
Jenorpamma 3, 1, 2, 3'.) MuoxecTBO uerBepThIX BepLUUH
Napaj/iesorpaMmMoB 06pasyer 71-yrobHHK, KOTOPbISi MBI 060-
3HauyuM uepe3 A’. Hame HoBoe oTo6pamerie— 310 oro6pa-
Kerue A— A'. Tlpu stom cnpaBeanuBo caenyiouee yTBep-
KICHHe:

4°. [lan ecakoeo 6-yeonewuxa A wecmuyeonbrux A’ ag-
ASeMCs NpU3MoL.

Hon npusmoii Mbl nomumaem TO, uTO HarasLHO H3o6pa-
MEHO Ha puc. 8, a u 6. (O6parure BHHMaHue Ha HyMepauuio
Bepwin!) YTBepxaenue 4° teM Gosiee 3aMeyaTesbHO, YTO AJA
n=1,2, 34,5, 7,8, 9 10, 11 oro6paxenne A — A’ He-
BLIDOXKIEHHO, T. €. HHMKAaK He CrelHaJu3HPYeT MHOXECTBO
BCEX N-YrOoJbHHKOB,

Bor eme oxno yrBepxienne, B KOTOPOM caM HCXOAHBI
71-YTOJILHHK NPUHAAIEKHT CrelHATbHOMY KJaccy:
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5°. Ecau A ecmo 8-yeoabHUK, 6 KOMOPOM 6epuiURbl, 83AMmble
uepes 00wy, 06pasyrom naparrenozpammol, mo A° ecmob 8-na-
paanesoepams. (puc. 9).

4 3 4 6

Puc. 9.

Gurypupytouwuii B 5° 8-yrojabHuk A MOxKeT ObiTb MOCTPOEH
caenyiolM 06pasoM. BosbMeM Ba MPOH3BOJLHEIX Napasljie-
MorpaMma M TepeHyMepyeM HX BEpLIMHBL COOTBETCTBEHHO
TOJIbKO HEUETHHIMH M TOJBKO UYeTHBIMH yucqaamu (1, 3, 5, 7)
u (2, 4, 6, 8). Torna nckombiit 8-yroibHHK A ecTb 8-yroJib-

uuk (1, 2, 3, ..., 8).
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MHOecTBO 6-YroNbHUKOB CreLua n3upyercs NpH Mo6om
H3 pacCMOTPeHHbIX OTOOpaXkeHHit (cM. yTBepKaenns 2°, 3° u 4°),
[MocnenoBaTeibHOe BEIMOMHEHHE 3THX OToGpaxeHuli Bce 6oJee
1 Gosee cyxKaeT CHelHaNH3aIHI0;

6°. [aa awbozo 6-yeororuka A 6-yeorsnur A° ® aersemcs
apunno-npasurvroim (M. puc. 10), a A°* ' — mpusuarsnom
6-yeoabHuKom, m. e. B-Kpamuo 83amoli mouKoLl.

[Ipu sTOM CHMKaeTCs MaKCHMaJbHO BO3MOXKHAs pa3Mep-
HOCTb 6-YTrOJIbHUKOB: €CJI HCXOIHBIH 6-YroJbHHK MOXKET GbITh
NSATHMEPHBIM, TO adpHHHO-NPABUJbHBIN 6-yrOJLHHK He GoJee
ueM JBYMEpeH, a TPHUBHA/bHbIH HMeeT pasMepHOCThb 0.

Kak MoxHO J0Ka3aTh copMy/HPOBAaHHblE YTBEPKACHHA?

[lepBHiii BO3MOMKHBIN [JIsi 3TOFO TyTh OCHOBAH Ha 3Jle-
MeHTapHO# reomerpun. Hanpumep, yTBepxaenus 1° u 5° cie-
AYIOT M3 TEOPEMbl: CPeOHAA NUHUS MPEY20AbHUKA NAPALNCAbHA
OCHO8QHWIO U pasHa e2o noaosure (cMm. puc. 11 u 12), Hanee,
nycTh B yeThipexyrosbHHKe (1,2,3, 4) Touku 1°, 2 °* aBag-
I0TCSl LEHTPaMH TSXKECTH COOTBETCTBEHHO BepuwiuH 1, 2, 3
u 2,3,4. Torna orpesok (1 *,2°*) naparresen cmopone (1, 4)
u pasen ee mpemu (puc. 13). IlecTuxpaTHoe npuMeHeHHe
3TOro (axkTa JOKa3biBaeT yTBepxKiaeHHe 3°,

Bropoit nytb ocHoBaH Ha BekTOpHOiH aJsreGpe. BriGepem
NPOH3BOJLHO B TNPOCTPAHCTBE Hawano koopauHaT. Toraa
TOYKa TNPOCTPAHCTBA 3aJaeTci CBOMM pajHyCcOM-BEKTOPOM,
a N-yroJbHHK-—HabopoM #n  pajuyCOB-BEKTOPOB— BEpLUHH
n-yrojbHUKa:

(@, a,, ..., a,).

- Ilpu sToM MBI Jasee He GygeM pasnHuyaTh TOUKY H OTBeuaio-
KA el BEKTOp, a Takke N-yroNbHHK H OTBEHaIOWHi emy
HaGop n-BekTopoB. Bee cBoiictBa (1°—6°) slerko nepeBectH
Ha A3LIK BEKTOPHOR asre6pbl, MOCJe Yero HX J0Ka3aTesabCTBO
CBeieTCsl K NPOCTBIM BBIKJIAJKaM.

HNoxaszateabcTBO 1°. 3aMeTHM, uTO 4emoipexy2orbHuK
(a,, a,, a,, a,) 2825eMCA NAPANIEN0ZPAMMOM M020A U MOALKO
moeda, Koeda @,—a,= a,—a,, Ui

a,—a,+a,—a,=o, (%)

T. €. KOT/a 3HaKOTePeMeHHas CyMMa ero BePIUHH paBHa Hy-
JeBoMy Bekrtopy 0. Ilycib Teneps A= (a,, a,, a,, a,). Torza,



Puc, 10.

Puc. Il

Puc. 13,
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OUYeBHJIHO,

A= (%(aﬂrag), é(aﬁas), -;-(a3+a4), -;—(a4+ al)).

Jlerko mpoBepHTb, YTO 3HAKONepeMeHHast CyMMa BepILHH ue-
TeIpexyroJibHuka A° Bcerja paBHa 0.

HokaszaTteabcTtBo 2°. B 2m-yroibHHKe CTODPOHHI,
B3AThie 4epe3 OAHY, 06pa3yloT 1Ba 3aMKHYTBIX BEKTOPHBIX
m-yroJbHHKa TOrJa M TOJBKO TOrAa, KOrAa

(ae_a1)+(a4"'aa)+ v +(a2,,,-—a2,,,_1)=o,
(aa_az) +(a5—a4) +...+ (al_a2m)=o‘

(B KaxIOM M3 paBeHCTB B CKOOKax CTOSIT BEKTOPhI CTOpOH,
B3ATHIX uepe3 ofHy.) Ho Kaxpoe M3 3THX DaBEHCTB MOXHO
nepenucath TaK: @, — @, +Q;— @+ .. oy — 0y =0;
TaKHM 06Pa30M, BHAKONEPEMEHHAA CYMMA 6EPUILLK 2MM-Y20NbHUKA
00AXCHA PABHAMBC HYAIO.

Ecain temepp A=(@y, ..., @,,)—TNpPOH3BObHBIA 2m-
YrOJNbHHK, TO

A°% (-é—(al-{—ag), -;—(ag"i‘as)’ ceey %(a2m+al))'

Jlerko TNpoBepUTb, UYTO 3HAKOMepeMeHHas CYMMa BepILHH
2m-yronbuuka A° Bcerja paBHa o.

NokasarteabcTBo 4° HerpyaHo Buuethb, 4to 6-yroib-
HUK fIBASieTCss MPU3MOI TOTAa M TOJbKO TOrja, KOrja

a,—a,=0;—0;=0;,—0a,
(cM. puc. 8, a, 6). Tlycre A=(a,, ..., @) —NPOH3BOJIbHEIH
6-yronbnuk. Yepes a;, @;, ... OGO3HAUHM UeTBEpPThbIE BeEp-

LIMHBI COOTBETCTBYIOUUX MapaJIesior paMMoB: (@, @y, @5, @),
(a,, a,, a, a,;), .... Torna u3 (¥) HaXoAuM

4, =0,—0,+ay, G=0,—0;+ 0y, ..., G=0—0 +0a,.
Jlerko mpoBepHTb, YTO BCerja

4 —0,=0a;—0; =0, —ay,
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TaK KaK KaxXJAas W3 3THX Da3HOCTell paBHa @,—a,-+ @, —
—a,+a,—a, Urak, A'=(ay, ..., a;)—npusma.

HokasatenbcTBo yTBepxKIenuit 3°, 5°, 6° mpegocraBnasercs
YHTaTeIo.

YrBepxnenus 1°—6° BO3HHK/IH H3 pacCMOTPEHHS €CTeCT-
BEHHBIX T'eOMeTpHYeCKHX OTOGpakeHHil; OHM MOKa3biBaIOT, KaK
CreLHaJH3UPYIOTCS NpPH TeX WJIH HHbIX OTOOpaXKeHHAX OMNpe-
JeJIeHHble KJacChl 7-yTOJBHHKOB, TAe 7 (PHKCHPOBAHO.
CyuectByeT MHOrO Jpyrux TeopeM Takoro THna. UrtoGwl
ouepTHTb oOlIHe paMKH HamuX HccJdefoBaHHH, HEOOXOAHMO
CTPOro yCTaHOBHTb, KakKHe MHOMKECTBA N-YTOJbHHKOB Mbl Ha-
3bIBaeM «KJ/1aCCaMH» H KaKHe OTOOpa:KeHHs 71-yrOJbHHKOB Hac
MHTEpPECYIOT, T. €. JaTb OCHOBHble ompejesenus. [Tpocreiine
npaMepsl, pa3obpaHHble BEIlle, MO3BOJAIOT HAfeATbCH, 4TO
MBI Hamaju Ha cjefl ryGOKHX 3aKOHOMepHOCTeH, CBA3bIBAIO-
IMX KJAacChl N-YrOJbHHKOB M OMNpeJe/eHHbe OTOOpaXKeHHs.

Teneps oT npumepoB Mbl nepeiiieM K OOCUIHM TOHATHAM
YUKAUYECKO20 Kaacca M yukaudeckozo omobpancenus. Onpene-
HAEHUSAM 5THX MOHSTHH MNOCBslleHBl IV1. 1 M 2 HaweH KHHUIH.




rmMABA 1

LUWMKIMYECKUE KITACCHI 7-YIOJIbHUKOB

§ 1. n-yronbHWKH, NPOCTPAHCTBO M-YroJbHHUKOB

[ycTb n—HarypanbHOe uyHCAO H K— (KOMMYyTaTHBHOE)

NmoJIé, XapakTepHCTHKa KOTOPOrO B3aHMHO MpocTa ¢ n. dJe-
MeHTH 3Toro mnoast GyieMm o6o3Hauatb GykBamu a, b, ...,
HYJIeBOit 3JeMenT — cuMBoJIoM 0, eanHHuHbl — 1. OGpaTHbIl K
n 3JeMeHT (OH CYLIECTBYeT B CHJy TpeGOBaHHs, HAJIOXKEHHOTo
" Ha XapakTepHCTHKY nosist) o6osnauum 1/n. [[las noas xapak-
TepucTHKH 0, B YaCTHOCTH A/Isl MOJIS pallMOHAJbHBIX HHCe/] qQ,
3T0 Tpe6OBaHHE BBHINOMHSETCA NPH JioGoM 7.]
* O6o3nauumM uepes V BeKTOpHOe NpocTpaHcTBo Han K sie-
MeHTH @, b, ... H3 V Ha30BeM ero mo4xkamu, HyJeBOH BEKTOD
0—ero Hauaom. PazmepHocTb V MOXeT ObiTb KaKOi YTOAHO,
KOHeuyHOll HJH GeCKOHEUHOH, HO OHa He JNOJIXKHA PaBHATLCS
Hymo (T. e. V He JOMKHO CBOAUTLCS K OJHOMY JHIIb Ha-
qajay o).

n-yeoabHuKom Has3oBeM J0GOH ymopsijoyeHHBH HaGop n
sneMeHToB H3 V: (@,, @,, ..., @,); N-YrOJbHHKH Mbl Gylem
0603HauaTh Tak:Ke 3araaBHbiMu GykBamMu A, B, . .. ; 6ykBoit O
MbI 0603HaUuM HYJIEBOI 71-YTOJbHHK (0, 0, . . ., 0). MHOXecTBO
BCEX N-YTOJbHHKOB 0003HAUHM A,.

Caostenue n-yroJbHUKOB H YMHOXMCEHUE UX HQA 1eMeHMmbl
noas K onpenenuMm paBeHCTBaMH

(@, a, ..., a,)+ b, b, ....,b,)=
=(al+bl’ a2+bzv ooy ar,-+bn)’
clay, ...,a,)=(a, ...,ca,) :

(cMm. puc. 14 u 15). TIpu 3TOM MHOXKECTBO BCeX 71-yrOJbHHKOB
CTAHOBUTCS BEKTOPHLIM [POCTPAHCTBOM Haj K, a HMEHHO

A, =V"=VEVED ... GV.

DT0 mMpPOCTPaHCTBO o, Mbl OyleM HasblBaTb NPOCHPAHCMIEOM
N-Y20AbHUKO8,
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Hapsny ¢ ¢opMabHBIM ONpenesieHHeM A-yroJbHHKA Mbl
GyjaeM HCIIO/b30BaTh H T€OMET P HU€eCK y [0 TePMHHOJIOTHIO.
Touku a@,, ..., @, Mbl Ha30BeM 6epUIUHAMU N-YTOJNIbHUKA,
yMOpsI0UeHHblE T1apbl MOC/IEN0BATENbHEIX BEPIIHH (@;, ;) —
ero cmoporamu (TAe HaTypajbHble uncaa [ Gepyrest modn;
TakuM o6pasoM, (@,, @,)—TOXKe CTOPOHA A-YroJbHHKA); pas-
HOCTH @;,,— @;—6ekmopamy cmopon. Ecau n=2m ueTHo,

cay

AV,
A

ca;

Puc. 14. Cymma aByx Tpeyrosp-  Puc. 156. YMHoKeHHe 3-yrosbHHKA
HHKOB, Ha YHCJIO.

TO @ W @;,, HA30BEM MPOMUEONOJONCHOIMI BepUILHAMU
n-yrojbHuka, a (@;, @;.y) " (Q;y,, @;ipmy,)—Er0 npomuso-
noaoscHoimu cmoporamu. OQHAKO NpPH 3TOM He caeayeT 3a6bl-
BaTb, YTO HA 7-YIOJbHHKH MOKHO TaKKe CMOTpeTb KakK Ha
3/IeMeHTHl BEKTOPHOTO MpocTpaHcTBa V™.

B onpegmenenuy n-yroJbHHKa He MpeArnoJ/araercs, 4ro ero
BepuUIMHb 0653aTeslbHO pasniuuHbl. 7T pusuarvHoim Mbl 6yneM
HasbiBaThb f-yroJlbHUK (@, @, ..., @), T. €. 7 pa3 NOBTOPEHHbIA
1-yrosibHUK. MHOXKeCTBO TpPHBHAJBHBIX M-YTOJBHHKOB Mbl
Gynem 0603HauaThb CHMBOJIOM oA, ,. Jlerko MpoBepHTh, 4TO
Ay, n— NOANPOCTPAHCTBO MPOCTPAHCTBA oA,,.

§ 2. Hukanyeckue Kaaccbi

K wugekcam n-yroJbHHKa (@, ..., @,) TPHMEHHM n pas
IHKJHYECKYI0 TOACTAHOBKY. MBI MOJMYYHM 71-yrOJbHHKH

(@, ...,aq,a,),(,...,0,a,0),...,@,0a,...,a,,)(1)
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C TeM e Ha6OpOM BepIHH M CTOPOH. DyzeM cuutars, uro
BCE OHM 32/[al0T O M H FeOMeTPHYECKHH n-yrOJbHHK,
Eciiu HCXOAHBI n-YTONBHHK YAOBJETBOPSET yPaBHEHHIO

ca,+ca,+ ... +¢c,_,a,=0

C TpPOU3BOJILHBIMH KOIDOHLUHEHTAMH €y, C;p ..., C,_ €K,
TO 5TOMY YypaBHEHHIO BOBCE€ He JOJIKHbI yJOBJIETBOPAThH BCe
n-yroabHukH (1). TTosToMy Mbl OrpaHHUMMCH PacCMOTPEHHEM
JHLIb YUKAUYECKUX cucmem YpaBHeHHH, T. e. OJHOPOJAHBIX
cucreM

ca,+ca,+ ... +c,_,a,=0,
ca,+ca,+...+c,,0,=0, . @)

e e & e s e e e e e o e v e

ca,+eca,+...+¢,_,a,.,=0

¢ 3ajlaHHBIM HaGopoM KO3(ppHLHEHTOB €y, €}y ..., C,_; EK.
MHOXecTBO pelleHHil TakoH cHcTeMbl 006/ManaeT TeM CBOHCT-
BOM, UTO éMecme ¢ f-yeoroHukom (@, ..., @,) emy npuxao-
aexum u eca nocaedosamersrocme (1).

MHOXeCTBO pellieHUH IHKJIHYECKOH CHCTeMbl Mbl Ha30BeM
YUKAUMECKUM KAOCCOM N-Y20abHUK0S. VI3 Teopuu cHcTeM oaHO-
POAHBIX YDaBHEHHH CHENYeT, UTO YUKAUMECKULL KAQCC ABAAEMCA
nodnpocmpascmeom npocmpancmea A,,.

B cBfi3u c TeM uro BCcA LUKJIMYECKasg cHcTeMa (2) ofHO-
3HAYHO OMpe[esisieTcss ONHHM H3 CBOMX YpaBHeHHil, Mbl BBe-
JeM COKpAlUIeHHYIO 3aMHCh CHCTeMBI (2):

Gty + @yt .. Fc,@,=0, . ... 2

Ha6op n snementoB (¢, ..., ¢,-,) H3 K Oyaem Ha3bBaTh
Kod(ppuyueHmamy UNKIHYECKOH CHCTEMBI, a 3JeMEHT 3 ¢;—
ee cymmol Koappuyuenmos.

Beskuit n-Habop aneMeHTOB M3 K omnpelenser eAHHCTBEH-
HYIO cHcTeMy (2), a crefioBaTesbHO, H €HHCTBEHHBIH LHKJIH-
ueckuil kmaacc. OnHaKO pasHble n-HAGOPbl MOTYT OIpele]ATh
ONHH H TOT XKe UMKAHUecKHH k.jacc. TakoBbl, Hanmpumep,
HaGopbl, pasjHyaloUiecs JIHUb OOMHM MLEOKHTeNaeM ¢ 7 0.
ITosromy B cnyuae K=Q Bcsikuil LHKJHUeCKHH KJjacc Me-
KeT ObITb ONKCAH LeJIOYHCJIEHHBIM 11-HabopoM.

LlnkJnyeckass cucreMa ¢ HaGopom KoadupuuHentoB (0, ...
..., 0) onpegensieT MHOKecTBO 4, BceX n-yrolbHUKOB. LIH.
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KJInyeckasg CcHCTeMa
a,—a,=o, ...

onpeneJsieT MHOXECTBO 4, , TPHBHAJbHBIX N-YTOMbHHKOB?).
MHOXeCTBO. pellieHHii LHK/IHUeCKOH CHCTeMBI

a,=o, ...

COCTOHT M3 OfHOro n-yroibHuka O=(o, ..., 0). Hraxk, A,
Ay, n» { O} —LHKIHYECKHE KJIaCCHI.

a,-aytl,

a, a;

Puc. 16.

Mpumep. Ilycrs n=4. YerblpexyroieHuk (@,, @,, as,
@,) Ha3blBaeTCs NApPAALes0ZPAMMOM, €CJIH BEKTOpHas CyMMa
NPOTHBOTMOJOXKHBIX CTOPOH paBHa 0: (@,—a,)+ (a,—a;)=o0,....
[TonyyeHHy0 HUKJIHYECKYIO CHCTEMY 3anuuleM B ¢opme

a,—a,+a,—a,=o0, .... 3)

31ech nepBoe paBEHCTBO O3HAayaeT, 4YTO 3HaKONepeMeHHas
CyMMa BeplIMH paBHa O, a oOcTajbHble TPH PaBeHCTBA CJie-
ayloT u3 nepsoro. KMrtak, mruoxecmeo naparreroepammos 06-
pasyem yuxauueckuli Kaacc.

Ilns BCAKHX Tpex Touek @,, @, a,€V Touky a,—a, +
+ a, (cM. puc. 16) Mbl Ha30BeM 4emasepmoti 6epuitiHoli napaa-
aAencepamma mpotku (@,, @, @,) HIH, KOpoue, MPOCTO Hem-
sepmoti eptuunoli mpovku (@,, @,, @,).

1) [Tpu n=1 o6a 3Tu KJacca COBMaJaloT: BCAKHIl 1-yro/bHUK, pasy-
MeeTcsl, TPHBHAJEH.

i ettt s aaarade e b o
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YnpaxHeuus®)

1. Beskuit uukauueckuil KJaacc @ MHBapHaHTeH OTHOCHTEJbHO JiH-
HefiHBIX Ipeo6pasoBanuil o npocTpanctsaV: us (ay, ..., a,) €@ caenyer,
yto (a@y, ..., d,)€EE.

2. Bcfikoe M NOANPOCTPAHCTBO HpocTpaHctBa A, =V", Kotopoe
C KaXAbiM n-yrojbHHKOM (@y, @y, ..., @) COLEPKHUT BCIO MoC/IeLOBa-
TenbHOCTb (1), SIBJSIETCS LHMKJIHYECKHM KJaccom?

3. O6s3aTeIbHO JM KaKAblH LHKJAMYECKHil KJacc BMecTe C A-yroJb-
HUKOM (@q, ..., @,;) COEPKUT TaKKe U A-YIOJAbHUK (@, ..., Gy @)

4. Bcakuil Ha6op, nomydeHubllt u3 (Co, €y, +.., Cp—y) UHKJIHYECKOH
TOJCTAHOBKO, ONpejeJisieT TOT XKe WHKIHIECKHI Kace, 4TO U (Cq, .+ - ., Cp—1).

5. Ecan (¢, 15 ‘;"C"“l) u (dy, dy, ..., dy—;) ONPENENAOT OJHH
M TOT e LHKJHYeCKUit Kjacc, TO {cq—dg, ¢1—dy, <oy Cpmy—0y-1)
onpenensieT UMKJIHYECKH i KJacc, OXBaTbIBAIOUMA MnepBblil.

§ 3. LleHTp TsKecTH n-yroJbHHUKa.
Hynb-n3o6apuyuecknii knacc

Ton yenmpom masxecmu n-yrojibHHKa (@, @, ..., @,)
1
MBI GyieM MOHHMATb TOUKY 72 a; n3 V, T. e. cpennee

apudmeTHyecKoe BepulMH n-yronbHuka. IIpu n=2 uentp 1s-
JKECTH Ha3blBAETCSl TaKXKe cepe0uHoi 2-yrojbHHKa (OTpesKa).

KaxpoMy n-yroibHHKY (@,, ..., @,) €V" nocrasum B co-
OTBeTCTBHE TPHBHAJBHBIA 1-YFONbHUK, KamOas 8epuiuna Ko-
Mopoeo AEARLMCA YEHMPOM mascecmu ucxodnoeo. TlosmyyenHoe
oroGpaxkeHHe 0603HAUHMM 4epes o:

1 1
o. (al, ...,a,,)——»(;Za,', ...,72(1[),

O6pas o(a,, ..., @,) n-yeorbHuka TpU HaweM orobpaxe-
HHH Mbl GYNeM Ha3biBaTb 11-Y2ONbHUKOM UeHmpa msxecmu,
HJIH IPOCTO YEHMPOM MAXCECMU HCXOAHOTO n-yroNbHUKA **),
SIcHO, uTO O ecTb JiHHelHOe OTOGpakKeHne MpPOCTPAHCTBA A,
nepeBoasuiee f, B Kaacc o, , TPUBHAJIbHBIX f-yrOJBHHKOB;
JJIS1 BCSIKOrO TPHBHAJIBHOIO N-YTOJIbHHKA UMeeM 0 (@, ..., @)=

*) B Tex cayuasix, Korga ycloBHe ynpakHeHHs umeeT BHA (opmy-
JNHPOBKH HEKOTODPO# TeopeMbl, TpebyeTcsi J0Ka3aTb 3Ty TeopeMmy.

*#*) TakuM 06pa3oM, TePMHH «UEHTP THKECTH» GYIEeT MMETb Yy Hac ABa
3HAYeHHs: TOUKH H A-YTOJNbHHKA; H3 KOHTEKCTa Bcerga GyAeT sCHO, O YyeM
HJIET peyb.

e
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= (a, ...,a). Orciona BbITeKaeT cJeaywollee CBOHCTBO OTO-
OpaxkeHHs o.

G(av KR an)=o(a1’ "‘-’an) (4)

— LEHTP THAKECTH LeHTPa TAXKECTH f-yroibHHKa COBMAajaer
¢ (mepBbiM) HeHTpoM TsixkecTH. (Orciofa BHAHO, yTO OTOGpa-
meﬂne 0 ABAsieTcd npoekuuei: o*=o; cM. § 4 ra. 2.)
MHoroyronsHuku (@, @,, ..., @,) C LeHTpoM TsxecTd O,
T. €. TakHe, 4TO

o(@,...,a,)=(0,...,0), )

06pa3yloT HHUKJIHUYECKHH KJace, TaK KaK PaBEHCTBO (5) ecThb
pHas GopMa 3anucH LHKJAHYECKOH CHCTEMbI

720,-?‘0, co e

(Bce ypaBHEHHS 3TOH CHCTeMbl COBﬂallalOT) DTOT UMKJIHYe-
CKuil KJacc siBJsieTCs SIAPOM JIHHeHHOro oTOoOpa)keHHs O, OH
o6o3Hauaercs uepes ,A, » H COCTOMT-—eC/H BepHYThCSl B HC-

XOJIHOE NPOCTPAHCTBO °V—u3 Beex n- YTOJMIbHHKOB, (OGBIUHBLH)
LLEeHT TSI KECTH KOTOPBIX COBMAfiaeT C HauaJoMo npocrpanctaa V.

Hszobapuuroimu Mbl GyneM Has3piBaTh JBa A-YTOJbHHKA
(a,,...,a,), (b, ..., b,), uMetol1€ OJHUH U TOT e LEHTp TH-
JKECTH:

o(a, ...,a,)=0o(b, ..., b,). (6)
Ycnoshe (6), OueBHAHO, SKBHUBAJEHTHO DABEHCTBY

%2a,-=%—20,- HJIH Za;=Zb,~.

CBOMHCTBO «H306apHUHOCTHY €CTh OTHOILEHHe SKBHBAJEHTHOCTH
B MHOXKeCTBE .{, BCeX N-YrOJIbHHKOB, COBMECTHMOE C JIHHeH-
HBIMH OmepanusiMu B ,*); OHO 3ajaeT pa30OHeHHE MHOXe-
CTBa BCeX 7-YTOJIbHHKOB Ha wu3obapuueckue Kaaccol. Besakuit
n-yroJbHIK H306apiiueH CBOeMy LeHTPY TaxecTH [cM. (4)].

*) Hpyrumu cjosamu, ecim A ~ A, u B~ B;, rie ~—3Hak OT-
HOILUEHHU ST 1!306apwmoc1‘n n-yTroJLHIKOB, TO

A+ B~ /‘1"{"81 H cA ~CA‘.



-

¢4, IBA TUNA LIUKJUYECKUX KJACCOB 29

JlBa TpPHBHAJILHBIX 71-yroibHHKa M3062pHUHBI TOTla H TOJIBKO
TOrla, KOrja oHM coBragawr. OTCiofa clepyer, 410 6cakuil
u306apUdeCcKULl KAGCC COOePXHCUM POBHO O0UH  MPUBUANbHbIL
n-yeorbHuk, SIBAsOUKKACA OOCIMM LEHTPOM T#AXKECTH BCEX
N-YTOMLHHKOB 3TOTO KJjacca. DTOT TPHBHAJbHBIA f-YTONbHHK
ABJIETCA NpeAcTaBHTeNeM H300apHYECKOro KJjacca.

A, ABJAETCS H300apHYECKHM KJacCoM, COJlepXKalluM

o
(0, ..., 0); Ha30BeM €ro HYyib-uzobapuecKum KAACCOM. [Bes-
KHil H306apHYeCKHil KJIace SIBISETCS CMeXHBIM KJaccoM o ,+
o

+ (a, ...,a). Ecin a0, TO CMeXKHBI Kyacc He fBJjfercs
noAnpocTpaHcTBoM V”, a 3HAUMT, LHKJIHYECKHM KJ/accoM;
A, —eJMHCTBEHHBIH LHKJHYECKHH KJjacc, ABJSAIOIMIACS H30-

)
6apHUECKHM KJ1accoM.]

§ 4. JBa THNA UMKJHYECKHX KJacCOB

BesKull  UMKJIMYECKHHl KJAcC COAEPXKUT TPHBHAJbHbIM

n-yroabHuk 0= (0, ..., 0).

1°. Ecau uuxaudecKuil Kaacc coOepokum mpueuasbHolil
n-yeorbHux, omausnsii om Q, mo ox codepaum ece mpusu-
QAbHBIE N-YeONbHUKU.

INokaszaTteabcTBO. [IpeanosoKuM, 4TO JAaHHBIA LH-
KJMUEeCKHil KJacc ompefessiercs Ha6opoM KO3(hHUHEHTOB

¢y ++.» Cu_y) € K. TpHBHATBHBI n-yroJbHUK (@, ..., @),

@ 5= 0, TIPHHALIEKUT 3TOMY LHKJIHMYECKOMY KJaaccy. JT0 03-
Hayaer, 4TO OH YJOBJETBOPSET CHCTeMe ypaBHeHH# (2):

o +c,a+ ... +c,_;a=o0 um (Qc)a=o. M

Tak Kak 10 YCJI0BHIO @ 5= 0, T0 X¢;=0. Ho econ Yie; =0,
10 (7) yHOBJETBOpsieTCs MPH J06OM @.

9°, Beaxkudl yukauqecKutl Kaacc emecme ¢ Kaxcdolm 1-yeonb-
Hukom A codepacum u e2o yewmp msasecmu A.

IlokasaTeabCTBO, 7N-YyrOJMbHUK GA sBJfeTCS cpel-

'HUM apHdMEeTHUECKHM 71-yTOJbHHKOB roc/iefoBaTelbHOCTH (1),

BKJI04asi Hcxopubifi, TTosToMy OH fBJAeTCS pelleHHeM OLHO-
POZHOM LHMKJHYECKOH CHCTeMBl KaK JHHeiiHas KOMOHHAIHA 7
ee pelleHHi.
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M3 1° cienyer, 4yto CYLIeCTBYeT JBa THHA LUHKJIUYECKHX
KJ1aCCOB:

A. IlMKaHYecKHe KJ/1acChl, oxeamowsarouyue Kracc Ay, , mpu-
BUANbHLIX N-Ye0abHuKos. Kiace Takoro THna BMECTe C 71-yroJib-

HHUKOM (@, ..., @,) CONEPKUT BCE N-yTOJLHUKH
@,...,a))+ (@, ...,a)=(a,+a, ..., a,+a),
noJjyyaemsie us3 (@,, ..., @,) BCEBO3MOXKHBIMH I1apaJiyieJIbHLIMH

fiepeHocamu. IlpyruMH c/10BaMH, 3TOT KJAcC wWUHBAPUAHMEH
OMHOCUMEAbHO NAParIeAbHolLX nepenocos. Takue LHKJIHUECKHe
KJIacChl Mbl Ha30BeM C80600HbIMUL.

B. Lluk/HueckHe KJaccel, KOTOPble H3 TPHBHAJbHBIX
Nn-yroJIbHHKOB CONEPKAT TOJIbKO n-yroabHUK Q. U3 2° cienyer,
YTO BCAKHHA TaKOfl LMKJHMYECKHH KJacC COAEPXKHTCHA B HYJb-
H306apHUeCcKOM KJacce ‘,04,,. OTH UMKJIHYECKHE KJacchl Haso-

BEM UEHMPANbHOIMU . ‘
CopmynpyeM OKOHUATe/IbHEIA pPe3yJbTar:

Teopema 1. Cywjecmsyem 06a muna yuKAu4ecKux KAaccoe:
c60600KbIe, m. e. me, KOmopsie COOepItam KAAcC mpustanoHelx
N-YeoNbHUKOB, U YEHMPAAbHble, COOePHAUUCA 8 HYAb-u3oba-
puueckom Kaacce. Ceob600Hble YUKAUUECKUE KAQCCHL SBASIOMCA
NPOCMPAHCMBAMU  PelueHull YUKAUHECKUX CUCMeM C  Hy.aeeotl
CYMMOLL  KOIPPUUUeHmOos, — YeHMParbHbe — NPOCMPAHCMEAMU
pewterull cucmem ¢ cymmol Koapguyuenmos, omaudnod om
HYas.

A ,—MaKCHMaNbHbIH, 4, ,—MHHUMAJbHBIA CBOGOAHBIE
IHKJIHYECKHE KJACChl; «/,—-MaKCHMaAbHbIH, {OQ} —MHHHMAIb-
o

Hblil LeHTpasbHEle LHKJIHYeCKHe Kjaccel. Ha npuBeaenHof
Auarpamme (puc. 17) cBAA3b Mex1y 3THMH YeTbIPbMSi OCHOB-
HBIMH KJIacCaMH HM300pakeHa HarJAJHO: LUHKJIHYEeCKHe KJ/acChl
OTMEUaIOTCSl TOYKAaMH, a COeJUHSIOUIHe 3TH TOYKH HAKJOHHLIe
WM BePTHKAJbHbIE OTPe3KH O603HAUAlOT BKJIOUEHHE HHIKe
PacnoJsio’keHHOro KJjacca B KJacc, PACIOJOMXKEHHBIH Bbllle Ha
TOM e oTpe3ke. IIpu 3TOM CBOGOAHBIE LHKJHYECKHE KJIACCHI
MOKHO MpeACTaB/iaATh ce6e pacnoJoKeHHBIMH TJe-TO Ha OT-
peske, coefuHfomeM 4, , U 4,, a LeHTpaJbHble KJacChl —
Ha oTpeske, coeaunsiomenm {0} u A
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Mpumep. Iycrb n=4. Torga cBoGOAHBIA LUKJIHYECKHH
KJacc o0pasyioT napaaienoepammet, a LeHTpasbHbIH LHKJIHYE-
CKHH KJacc, onpepensieMblii cUCTeMOH @, + a@;=o0, ...,—na-
-PANACA0SPAMMBL C UEHMPOM mAXcecmu 6 Hadare o.

\4[1

oAn

ﬂ:\u

Puc. 17,

0}

Ins mwo6oro n-yrosbHuka A n-yroibHUK A —oA npu-
HapnexxuT A,. HeiictButenbHo, B cuay (4)
o]

6(A—0A)=04A—0cA=0.

CeoMerpuueckH n-yrofbHuK A—cA nonyuaercs u3 A Takum
napajjesbHbIM MEPEHOCOM, YTO €ro HOBBIA LEHTP TAXKECTH
COBMAJaeT C HayajoM o.

Ecnn A npusajiexXuT HEKOTOPOMY LIHKJIHUECKOMY KJaccy,
TO, COTJIaCHO 2°, eMy Ke MpPHHAJIEXKUT OA, a CJieJOBaTENbHO,
u A—oA. Ilo3nHee Mbl J0Ka:KeM, 4TO OTOGpa:KeHHe

A— A—o0A,

KaK M CJelyeT OXHJAaTb, CTaBHT B COOTBETCTBHE KaKIOMY
CBOGOZIHOMY UMKJIMYECKOMY KJaccy cofepxKalluiicas B HeM
UEHTPANbHBIH KJAacC M YTO 3TO COOTBETCTBHE B3aHMHO OJHO-
3HAYHO.

HMrax, nBa THma KJacCOB eCTeCTBEHHBIM 00pa3oM CBsi3aHBL
APYT C ApYroM; MO3TOMY Mbl He NOTepsieM HHKaKHX TIeoMme-
TPHYECKHX CBOMCTB £-YrOJBHHKOB, €C/JH OFPaHHYUMCS JHIb
OfHUM M3 3THX THMOB. B Hawmmx npumepax Mul GyzeMm npes-
MoyHTaTh CBOGOAHbl€ LHKIMUECKHE KJacChl,
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YnpakHenus

1. Tlpu n # | yeTblpe OCHOBHBIX LHKJIHYECKHX KJacca MoMapHoO pas-
auunbl, TIpH n=2 HMKaKuX APYrHX IHKJHYECKHX KJIACCOB HET.

2, TycTb HeROTOpPHI CBOGOAHBIH LHK/IWYeCKHA Knacc @ ompepeseH
1 1
Ha6opOM (Cgs +++y Cp=1), TAE 2c,~=0. Torpa nabop (c0+71- , c1+7,

1
ey c,,..l—l-? onpejensieT KJA4acC A-yrolbHHKOB H3 @ C LEHTPOM TH-

*eCTH B Hauage 0.
3. TycTh ueHTpadbHLI KJaace onpefeseH HaGopoM (Cp, vy Cn—1)
Torzna Ha6op (cg—C, €;—C, ..., Cyp=y—C), TAe C—NIO6OH 3/€MEHT noJd,

1
He paBHbIf ;20,3 ompefienfieT TOT XKe IHKJHYeCKuil KJjacc.

§ 5. Mepuognueckne KJaaccobl

IMycts d— penutens n: n=d-d.
PaccMOTpHM LMKJIMYECKYIO CHCTEMY YypaBHEHHH
a1=ad+1, ey (8)

onpeneNsomy0 HUKIHUeCKHH Kaace, COCTOAUMA U3 n-yroJb-
HUKOB
@y ooy gy Qyy oo Qgy ooy By, o, By),

T. €. u3d pa3 npoiileHHbIX d-yroJbHHKOB (PaccMaTPHBAEMBIX,
pasymeercs, Kak (d-d)-yronbuuku). HasoBem Takue n-yroib-
HHKH nepuodudeckumu ¢ nepHojioM d; paccMaTPHBaeMbIH KJjace
Ha30BeM Toxe nepuodudeckim H 0003Ha4HM uepe3d A4, 7.
SIcHo, 4TO A4, 7—CBOGOAHBIH LUHKJIMYECKHA KJIacc.

Kaxaomy nenurteno d yucia n COOTBETCTBYeT CBOH Tie-
pHopuueckuil knacc g, 3. Kpaiinwe ciaydau: A, ,—Kjacc
BCeX N-YTONBHHKOB A,; A, ,— KJacc TPUBHAJbHBIX 1-YTOJb-
HHKOB.

B cBssn ¢ aTHM mpuBesemM cielyiomyio tabauuy. Pacro-
JIOXKHM BepIIHHBl n-yrolbHHKa B d cTONOLOB M3 d BepIHH
KaX/bli:

Ay @iy oo Bugyg
Ay Qyyg oo Qp_yyy

L R T B R ]

Qg Qyy ... Q,
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Crpoxu 3Toii Tabmuubl cojepxar d 3s/7eMenToB. Kaxayio- u3
HHX Ha30BeM d-wazo8oim d-yeoabHUKOM MHOTOYrOJIbHHKA A=
=(a, @, ..., @,), W, Kopoue, xopdosvim d-yeosvHuKOM.

[Tos:xke Mbl HEOJHOKPATHO BOCIOJ/b3YyeMCA BO3MOXKHOCTbIO BEI-.

}iEJIﬁHI/IH T€X UJH HHBIX HOBBIX LHUKJ/JUUYECKHX KJAaCCOB C MNO-
MOIILBIO HAJIOKEeHUA OINpeIeJIEHHBIX OFpaHW{EHHﬁ Ha XOopuo-

An
n . cﬂn

n-1

Ay, T
1n {9}

Puc. 18.

Bule d-yrosibHUKH. B wacTHocTH, Kiace oAg, 7 COCTOHT H3 TeX

n-yroJibHUKOB, JJA KOTOPBIX BCE€ XOPJOBbI€ d-YI‘OJIbHHKI/I
TPHUBHAJIbHEI.

§ 6. Crenenb cB0GOABI LHKJHYECKOTO Kiaacca

Kak Mbl yxe OTMeuasin, LMKJIMYECKHI KjacC mapaJeso-
rpamMMoB o6JafiaeT C/IeyHOUIM CBOHCTBOM: BCKHE TPH TOYKH
@,, a,, @, MOTYT ObiTb eJMHCTBEHHBIM 06Pa3oM JOMOJHEHbI
JO mapaJjsenorpamMMa: @,=a,—a,-+a,. MoxHO ckas3arsb,
YTO 3TOT LHKJHYecKuil KJacc o6/ajaeT mpemsa cmeneHAMU
c606006 (MJI1 YTO €ro cTerneHb CBOGOABI paBHA 3).

Hanum ofwmee onpenenenue. [lukanueckn#d kaace €
n-yrolbHHKOB uMeer cmeneHs (c6o6oder) f, ecan f—makcu-
Ma/ibHOE YMC/IO MPOM3BOJbHO B3ATHIX TOUEK @y, ..., &y, KO-
TOpble MOTyT OBITh €JMHCTBEHHBIM O6pas3oM jomno-

HeHbl JI0 N-YFOJbHHKA (@, ..., &y, Qfyy, ..., @,) k1acca §.-

CreneHb LHMKJHYeCKOro KJjacca 6 oGosHauaercsi Grad €.
Ha puc. 18 uncsia nop uukJIHuecKUMH K/jaccaMu oGO3Ha-
YalT MX CTemeHH cBoGojpl. Jlas mnepHoaHyecKHX KJaccos,

2 N 588

e
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oueBujHO, Grad 447 =d, 160 MpU MHOTOKPAaTHOM MPOXOKJe-
HHH OJIHOTO M TOTO e MHOIOYrOJNbHHKA €ro CTeneHb, oye-
BHJIHO, He MEHSeTCH.

PaccMoTpuM Tenepb HHKIHUYECKYIO cHCTeMY (2), 3a1aBaeMyio
HabopoM KO3(DDHULHEHTOB (Cy, ..., C,_,). 3amuch (2) ana JH-
HeHOH crucTeMbl HeoObIuHA; NepenHileM ee B 6oJiee NMPHUBLIYHON

tdopwme:
ca,+ea,+...+c,_,a,=0,
Cpanl@ytColy+ ... Fc,_a,=0,

. v e s 8 6 o s e o e

C,a,+ca,+ ... +c@,=0.

Tenepb Jsierko BeINHCaTh MaTpHLY K03(DbHUUHEHTOB 3TOH CH-
CTeMbI:

\

Co € +vv Cpoy
Chcy Co vor Cpe

M(CO’ Cl’ "”c’l“l)= .n.—.‘l. .0. e .{‘.’.
€, € .. G

-

Kaxnas cTpoka MaTPHIbl COAECPIKHT OJHH U T€ XKe 3JIeMeHTH,
TOJBKO OT CTPOKH K CTPOKE MX COBOKYNHOCTb LHKJIHYECKH
CIBHTaeTcsl Ha OAMH 3JIeMEHT BMpPaBO. TakHe MaTpPHLbI HA3bl-
BAIOTCH YUKAUHECKUMU.

ITpennosiokuM, 4yTO nepBbie r CTPOK 3TOH MATpHUB JH-
HeHHO He3aBHCHMBI, a (r-+1)-1 cTpoka fBJsieTCs UX JHHef-
Hoii KomOnHaumeii. Torpa Bcsikas ciepyiouas CTpoka siBJISeTCs
TOH e JMHeHHOH koMOuHauueR r npexabiaymiux. Mrak, r no-
CIeIOBaTENbHBIX CTPOK MaTpHUBl ABJIAIOTCA MaKCHMAaJbHOH
JMHEAHO He3aBHCHMOH CHCTeMOH, cJjeloBaTeslbHO, paHr Ma-
TpHIbL paBeH r. K3 Teopuu cHcTeM JMHEAHBIX ONHOPOAHBIX
ypaBHeHHH cJiefyeT, 4TO B 3TOM CJydae n——r NPOH3BOJIbHO
3aJlaHHBIX NOCJ/Ie0BaTe/IbHbIX TOUEK MOT'YT GBITh € IHHCTBEHHBIM
06pa3oM JonoJHeHbl 10 peureHHsi cucrembl. Orciona cienyer

Teorema 2. Cmenens 8060061 YuKAUUECKO2O KAaccq, 3a0aH-
H020 Habopom (Cy ..., C,_,), PABHQ
n—RangM (c,, ..., ¢,_,).

Ynpaxuenue. [lyers dimV=m. Torga dimV?=n.m, u ecau
P y i :
% = V" —unkanveckuit kaacc, takoit, yto Grad €=f, 1o dim G = fm.

anc e
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§ 7. PaamepHOCTb 1-yrosbHHKA

Onpenenum pasmeprocms dim A n-yronbuuka A, MOHH-
MaeMOro Kak CHCTeMa M3 f TOYEK BEKTOPHOIO MpPOCTPaH-
ctBa V. Jl1a n-yroJbHHKA C LEHTPOM TSKECTH O €CTeCT-
BEHHO MOJIOXKHTh

dim(a,, @,, ..., a,)=dim<a,;, @, ..., @;>,
rae <@, ..., @,>—TNONNPOCTPAHCTBO, HATAHYTOE HA BeK-
1
TOpH @y, ..., @, TaKk Kak an,-:o, TO pa3MepHOCTb

5TOro momnpocTpaHcTBa He mpesbimaer n—1. Jlas mpous-
BOJIBHOTO 71-yrOoJbHHKAa A MOJOXHM

dim A = dim (A —oc4),

TaK 4TO N-yroJbHHKH, TOJNyyeHHbIE OAHH H3 JPYroro mapaif-
JIeJIbHBIM TIEPEeHOCOM, HMEIOT TO OrpelesieHHIO OJHHAKOBYIO
pasMepHOCTb. Pa3MepHOCTb f-YFONbHHKA HE IPEBOCXOAHMT
n—1, BCAKHil TPUBHAJBHBIA N-yrOJbHHK HMEET pasMep-
Hocte 0, pa3MepHOCTb TPeyrobHHKA H IMapaJjiesiorpamma
He MpPEeBOCXOMHT 2.

Pa3MepHOCTb 71-yroJIbHHKA eCTb Pa3MepHOCTb MHHHMalb-
HOTO COJEp¥AIIEro ero JHHEHHOro MHorooGpasus B V. [MTo
onpefieieHHI0, BCE JIHHEHHbIE MHOroo6pasusi B V cyTh CMeX-
upie  kaaccsl T -+a, rae T —rnognpoctpaHctBo V u
dim (T +a)=dimT.]

3ameuanue. I[lycth pasvepHocts V paBia n. Pac-
CMOTPHM MaKCHMAJbHYIO Pa3MepHOCTb, KOTOPYIO MOTYT HMETb
f1-yTONbHHKH, NpHHAAJeXALHEe 33JaHHOMY LHK/IHUECKOMY
kJaaccy. D10 uuc/Io OyeT OAHHM H TeM ke L cBoGoHOTU
LMKJHYECKOTO KJacca M Jyia OTBEYaioulero eMy LeHTpaJjb-
HOTO KJjaccal); OHO PaBHO CTemeHH CBOGOAbI 1EHTPaJbHOTO
KJacca, B TO BpeMsil Kak CTelleHb CBOGOAHOro KkJaacca Gyaer
Ha | BbiLe,

1) 910 BBejenHoe B § 4 TOHATHe OGyJeT eme yTOuHeHO B § 2
r. 3.

2#
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§ 8. MNpumepbl LHKJIHYECKHX KJACCOB

31ech Mbl OrpaHMUHMCSl JIMIIL [PUMEPAMH  C60600HbLX
LHKJ/IHYECKHX KJIAaCCOB, BbIAGNSEMBIX B MHOXKECTBAX /-YroJib-
HUKOB TIPH TeX H/JAM HHBIX (UKCHPOBAHHLIX 3HAUEHHAX M.
OTHolleHHe TNPUHANJIEKHOCTH MEXAY 3THMH KJacCaMH, Ko-
TOpoe Oyner Hac OCOGEHHO HHTEPeCoBaThb, MBI YCJOBHMCS
CXeMaTHYeCKH H300paxkaTb Ha rpaduuecKHX CXeMax HJH
AuarpaMmax CJelylowuM 0o0pasoM: ecJAH B AUarpamme JBa

A,
')ﬂp 4
D
A
pe {Qr}
oA A
hp e
Puc. 19. Puc. 20.

UHMK/IHYECKNX  KJIACCA COeJMHEHBI HAK/IOHHBIM ~HJH BepTH-
Ka/IbHbIM OTPE3KOM, TO KJACC, HAXOASIIMHCA HHKe, BKJIIO-
YaeTCs B BEPXHHH, NpPHHAQJMeKALHE TOMYy Ke OTPe3KY.
HUneno mop KiaccoM 0603HauaeT CcTeneHb cBoGOAbI  3TOMO
Ksacea, .

3aMeTHM, uTO MBI He CTPEMHMCH yKa3aThb 31eCh MOJHBII
Habop BceX WMK/IMYECKHX KJIACCOB, Aake IS MAJbIX 11,
Bonipocami  mosHOTBI MBI GyzeM 3aHMMATbCA  HECKOIBLKO
HOo3/iHee.

a) n=p (upocroe uncio). Ham yKe H3BeCTHH cB06oj-
HEIE LUK/IHYECKHe Kaacehl of ,, oA, , (puc. 19). Stum ncuep-
TILIBAETCST MHOXKECTBO MePHONHYECKIIX KJIACCOB p-YTObHHKOB,
TaK KaK p HMeeT TONbKO TPHBHA/bHBIE AeJUTeNH p W 1.

b) n=4. CyumecTByioT Tpu nepHOIMUECKHX KJacca: A,
Ay, (K1aCC ABaXKIBI MPONJEHHBIX OTPE3KOB), A,, 4 npuba-
BAM K HHM €Ile MIK/IIYeCKUA KJacC NapaJsesorpaMMoB,
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npH 3TOM Mbl NpuUAeM K Juarpamme, H300parkeHHOH Ha
puc. 20.

c) n=2m. Bo BBeleHHH YyKe YNOMHHAIUCL 2m-napan-
ACA02PAMMbL, JJIST KOTOPBIX BEKTOpHas cyMMa MPOTHBOMNO-
JIOXKHBIX Map CTOPOH paBHA HYJIO; OHH, OYEBHAHO, OMpeje-
JISIIOTCST LWMKJIHYECKOH cHCTeMOH

a,—a,4+a,,,—a,,,=0, ....

OKBHBANIEHTHLIM fABJAETCA Tp&ﬁOBaHHe COBMaaeHHUs CepeiHH
OTPE3KOB, COEAMHAIOUIMX [apbl MPOTHBOMNOJOXKHBIX BEPIUIHH:

';‘(a1+am+1) =’;‘(a2+am+z): cee e

Knace 2m-napajsenorpaMmoB uMeet ctenedb m--1. Ha
puc. 21 n3o6paxkeH OJMH CrelHaJbHbii ]2-mapansienorpamm.

4-napaseiorpaMMbl SIBJSIOTCA TaKxe 4-YroJbHHKaMH,
3HaKOMepeMeHHass CymMMa BepIIHH KOTOPHIX paBHa O (CM.
paBeHCTBO (¥) Ha cTp. 19). 3T0 yc/oBHe MO3BOJAET TaKKe
BBIJGNHTb OMNpeefeHHBIH LHUKJIHYeCKHI Kaace 2m-yrolbHH-
KOB, 3aj|aBaeMblii LUKJHYECKOH CHCTEMOM

a,—a,+a,—a,+...+0a,, ,—a,=0, ....

Bce ypaBHeHHS 3TOH CHCTeMbl COBMAjaioT C MEpPBBIM ypaB-
HeHMeM, OTKYJa CJelyeT, UTO paccMaTpHBaeMbIfl Kjacc HMeeT
crenedb 2m—1. TOT UUKAMYECKHH Kaacc Mbl OyneM Hasbl-
Batb ACO-kaaccom (6yxBbi ACO HanomMHHAIOT HaM, UYTO 3/leCh
«AnbTepHHpoBaHHas (3HakonepeMenHas) Cymma (BepiuuH) —
Hynb»). Takum obpasoMm, mosyueHa

TeoPEMA 3. MHooKecmeo 2M-napariesozpammos . MHodxwe-
cmeo 2m-yeonrvruxoe Kaacca ACO cyme yuKkauteckue Kaaccot
2m-yeoreHUK08.

Ilpy n=4 o6a 3TH UMKJHUECKHX KJacca COBMajaioT,
AT0 COBMAaJieHHe HMEeeT MEeCTO TOJNbKO NMpu n=2m=4, TaK
Kak Jumwb npH m-+ 1=2m—1 creneHd 3THX KJIAcCoB
OIMHAKOBB: M3 m+ 1=2m—1 caenyer, yto m=2.

ITpu n=4m cnpasennuBa

TeopPeMA 4. Beakuidl 4m-napansesoepams 00HOBPeMEHHO A8-
asemea ACO-MH020Y2016HUKOM.



4 3 & 7
y — T —C)
5 ~6
12 I
o= 6
I 2 9 0
Puc. 21
as
a;=a,=a;
a=a;=-a;
Q, ' a; /4] a;
P uc. 22. 6-mapaJsenorpamm. Puc. 23. ACO-6-yrosbHuxk.

da 05 a‘

a3
as L a;

q

Puc. 24, Ilpusma, Puc. 25. AddunHo-npaubHbiii
6-yronbHuK,
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HokasateabctBo. Ecmu (a, @, ..., @;) ecTb
8-napajnenorpamm, 10 (@,, @,, @5, Q) H (A, a,, A,, A5) —
napajjesiorpaMmbl, OTKYJa YKe CJelyeT ero NpHHALJIeX-
Hocth kJaccy ACO. To xe paccyKieHHe NMPOXOAHT H B. 06-
LIeM clayyae.

d) n=6. Hmeercqa ueThipe NEPHOIHYECKHX KJacca: A,
Aj,  (KJ1aCC ABaXK bl IPOANEHHBIX TPEYTOJNbHHKOB), A, ¢ (KJACC
TPHKIABI TPOMJEHHBIX OTPe3KOB), A, 4 A TaKike, COMVIACHO
TeopeMe 3, Kinace 6-napasnenorpammon (puc. 22) u ACO-knacc
(puc. 23).

Bo BBeeHHH YyKa3aH elle OAHH BHJ 6-yroJbHHKOB —
npusms. (puc. 24). PacrnosiouM BepLUHHbl TPOH3BOJBHOTO
6-yrosbHHKa B TabJHLy

a, a, a,
a, a a,

B KOTOPOil HMHIEKCH IO CTPOKAaM OT/IHYAITCA Ha JBe, a MO
cronbuaM—Ha TpPH eaMHHUBI. Torza npusmy MOXHO Oyjer
OnpeNesHTh Kak Takofl 6-yroJpHHK, Ala Kortoporo B V cy-
IlecTBYeT NapaJJesbHblii nepeHoc, NepeBOAAIIHA TOYKH Mep-
BOM CTPOKH TaGMHUbL B COOTBETCTBYIOIIHE TOUYKH BTOPOH
cTpokH. LluMk/auyeckas cucrema @,—@,=a,—@a,, ... MOKa-
3bIBAET, . YTO MHOXKECTBO MNpHU3M fABJASeTCd  LHUKJIHUECKHM
KJ1aCCOM.,

6-yrO/MIbHAK HA3BIBAETCA APuHHO-npasurbroim, ectu B V
CyulecTBYeT Takasi..To4yKa, KOTopas JOMOJHAET KaXAble - TPH
noc/iei0BaTe/IbHble BepLIHHBL 6-yrolbHHKa [0 Mapasieso-
rpamma (puc. 25). MHoxecTBO adpHHHO-MPaBHILHBEIX 6-yro/ib-
HHKOB (0G03HauMM ero yepes A,) TaKxke ABJACTCA LUKJHYE-
CKHM KJIaCCOM, TaK KaK OHO MOXeT ObiTb 3aaHO LHKJHYE-
cKofl cucTeMoH

a,—a,+a,=a,—a;+a, ....

‘B nuarpamme (cm. puc. 26) yKasaHb!l BRJIIOUEHHs, CYlle-
CTBYIOLHE MEXKIY BOCEMbIO LHKJIHUECKHMH KJaccamu 6-yroJp-
HHKOB. Ecim 13 opHoro Knaacca AHarpaMMbl HCXOIAT - IB&
NOAHHMAIOMKUXCsl BBEPX OTPE3Ka, TO KaXblif pa3 MOXHO yOe-
JUTbCSA, YTO COOTBETCTBYIOUIMI KJlacc “fIBJSIETCA Tepeceye-
HHeM BBILIECTOSIIMX, B KauecTBe mnpHMepa MOKaxeM, 4YTO
crpaBejJiHBa :
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Teorema 5. Agppunro-npasursote 6-yeorvnuku cymo 6-na-
PANNCA0CPAMMYL € HYALBOL 3HAKONEPEMEHHOU CYMMOL 8epULUH.
- Ong - nokasatenbctBa 3ametnM, uto ACO-6-yrojbHHK,
6-napanenorpaMmM H abgUHHO-MPABHUJLHLIA 6-YTOJBHHK CJle-

6-Y20MbHUKLL
6

&-napadenozpammet ACQ-&- yeonHuna

mpudedsl npoidennsie  ap@urna- GBaxeds npoldenyie

2-Y2005HUKY npabunmensie  3-yeonsHuKu
2 6-yeonmHuKL 3
mpuBuansube

6-yeoneHuku

Puc. 26,

AYIOIHM 06pasoM ONPeResISIOTCS ¢ MOMOILBIO YeTBEpTOil Bep-
WHHBl @; = @;—@Q;,,+ @;,, TPEX NOC/]EIOBATENbLHEIX BepUIHH
iy Qiryy Qpyyl
ACO-6-yeonvruxu cymo 6-yeorsnuxu, 01 KOmopbix
a,=a, a;=a;, a;=a;;
6-napanneroepammer cymo 6-yeorsruru, 018 Komopsx
a,=a;=a;, a,=a,=aj;
agppunro-npasurvroe 6-yeororuku cymo 6-yeorsHuKy, 0as
Komopoix
o =a,=a,=a,=a,=a,.

Orciona cpasy BbiTeKaer cnpaBeMBOCTL HALIEro npen-
JIOKEHHUsl. -
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OTMeTHM ellle OOHO CBOHCTBO cTermeHeil CBOGOAE!: B H30-
GpakeHHOH Ha puc. 26 nuarpaMme HMeEIOTCA OTPE3KH Tpex
pa3HbIX HanpaBJeHHii, H BIOJb OTPE3KOB KaxJ0ro ¢ukcH-
pOBAHHOTO HampaBJieHHSl ~Pa3HOCTb crerieHell IOCTOSIHHA,
[pHYEM CYMMa 3THX TpPeX pPa3HOCTEll paBHAa Pa3HOCTH MEXNY
MaKCHMaJbHOH ¥ MHUHHMMAJIbHOH CTenmeHAMH KJaccoB Juar-
paMMEL.

Puc. 27,

Cnyualt n=6 ecTb nepBblii JIeACTBUTEJIbHO HHTEPECHBIH
npHMep PasBHBaeMOH HaMH TEOPHH, M Mbl PEKOMEHJyeM ero
YHTATeNI0 B KauecTBe «CaMOro IJ1aBHOrO» IpHMepa.

¢) n==8. Hapsiny c yeTbIpbMsi TMEePHOAHYECKHMH KJaCCaMH
Ag, Ay, 5 (K12CC ABAXKABl MPOMJEHHBIX 4-YTOJIBHHKOB), A, 4
(K/acc UeThipexkibl IPOH/ICHHBIX OTPE3KOB) H o, ¢ 31€Ch HMe-
1oTCsi Takke (Teopema 3) kuaacc 8-napanneroepammos u ACO-
kaacc. V13 teopemnl 4 cienyer,” uto ACO-kjacc oxBatbl-
BaeT KJacc 8-mapajiiesiorpammoB.

Ianee, 1Bak bl 1POHAEHHBIE N1 paJl/ieJIor pAMMbl COCTABJISIOT
LUMKJHYECKUH KJacc, BXOAAUMA B A, ,; OH onpelelsercs
CHCTEMOH -

a,—a,+a,—a,=o,....

Kpome TOoro, oTMeTHM MHOXKECTBO 8-YroJIbHHKOB, NI KOTO-
PbIX 063 XOpPAOBBIX UeTbIPeXyroJbHIKa (00pa3oBaHHBIX Bep-
LIHHAMH, B3SITBIMH uepe3 OAHY) ABJAIOTCA NapaJjenorpam-
MaMH (pHuC. 27); 3TO MHOXKECTBO TaKKe ABJACTCA LHKIHYECKHM
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KJ1acCcOM, OMpeJeJieHHbIM CHCTeMOH
a,—a,+a,—a,=o, ... .
B nuarpamme (puc. 28) 3TOT KJacc He Ha3BaH, a JHIUIb

OTMeueH TOYKOH, MOoJ KOTOpO# cTOMT uudpa 6—creneHb pac-
CMaTpHBAEMOro KJjacca.

8- Y20/IbHUKLL
/ 8 \
dbaxcdor npolidenHnte ACO- 8- y2onbHuKuL
4-Y20NbRUKY ,

yembipexcdet npou- Gbadnetbt a-napaﬁﬂe/wzpamu

@ 2-y20nbHuKu npoddentble
Qennsie y na%amezmepamm

NS

mpubuansnete
8- YeonbHUKY
!

Puc. 28.

InarpamMma KJjaccoB 8-yroJbHHKOB OTJIMYAETCsl OT Jua-
rpaMMbl  BOCbMH KJacCOB 6-YrOJIbHHKOB: TePHOJHYECKHE
Kjaccel 00pasyioT B Hell Ienouky, NMpu3Mbel H addpuHHO-Npa-
BHJIbHbIE 8-YrOJMBHHKH OTCYTCTBYIOT. Kilacchl ABaxIbl mpoii-
JeHHBIX 4-yroJbHHKOB 00pa3yioT Mojjauarpammy Hawe# jaHa-
rpaMMbi, COBNAJAIOULYI0 C AHArpaMMoi 4-yroJbHHKOB.

f) n=10. Jlerko yxasaTb BOCeMb LHKJHYECKHX KJIaCCOB,
aHAJNOrHYHBIX KJaccaM 6-yrosbHHKOB.

Bwmecto adqpuHHO-npaBU/BHBIX 6-YTrOJBLHHKOB 3[eCh MOSB-
JIeTCa KJacc, ONpefiesIeHHbIH CHCTeMOH

a,—a,+a,—a,+a;=a,—a,+a,—a,+a, ..,.

R,
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Droit cHCTEMEe YIOBJETBOPAIOT OOGLIKHOBEHHbIE TMpaBUJIbHbIE
10-yrosibHUKY eBKIHA0BAI MJIOCKOCTH H HX adduHHbIE 06pasbl
(noxaxure!). OnHako Ha puc. 29 nokasan 10-yroJbHHK 3TOTO
KJ1acca, OTHIOAb He ABJSAIOWUACS ahdHHHO-TIPaBHIIbHEIM. DTOT
HMKJIHYECKHH KJacC HMeeT CTelleHb O; MakCHMaJjbHas pas-
MepHOCTb BXOAsuMX B Hero 10-yronbHHKOB paBHa 4 (eciu
pasmepHocTh V He MeHee 4).

O6wyuM cBoiictBoM aiaa 6, 8, 10 aBasercd To, 4TO 3TH
yHcJa HUMET Mo 4 aenuTteds.

g) n=12. Uncno 12 wumeer 6 penntenei; 310T (akr
CHJIBHO yBEJHYHBAET YHCJIO CBOGOJHBIX LIMKJIHYECKHX KJIACCOB.

1) —6) cyTb mepuogMueckue Kjacchl 12-yroJbHHKOB, OT-
Beuatomue genurensm d=12, 6, 4, 3, 2, 1.

7)—11). Knacc Tpmxkiapl NpoHAeHHBIX MapaJiJiesiorpam-
MOB ompenensiercss HaGopom 12 umcen (1, —1, 1, —I,
0, ..., 0). JBaxabl mnpoiifieHHble 6-yroJbHHKH KJ/acCcOB
ACO-6-napannenorpaMMoB, NpH3M H ad@uHHO-MPaBHILHBIX
6-yronbHUKOB 00pa3yioT euie YeThipe LHKJIHYECKHX KJacca,
OTJIMUHBIX OT BhluleyKasaHuuwix. Ecau (¢, ¢y, .. . ., ¢;) —Habop
KO3(HLMEHTOB, ONpeeNAIOHX OfMH H3 KJ/accoB-6-yroJb-
HHUKOB, TO COOTBETCTBYIOLIMHA K/acc 12-yrolbHHKOB oOrnpene-
Jsietcs HabopoM (Cqy €4y -« .., C5 0, .:., 0).

10 7

Puc. 29.

12) —16). HManbHefiline UHK/AHYECKHE KJAaCChl MOJYYHM
nyTeM HaJOXKEHHA YCJIOBHH Ha XOpJOBble d-yrOJbHHKH
(cM. § 5). Te 12-yroibHHKH, y KOTOPBIX TPH XOpPAOBBIX
4-yroJibHHKa SABJSIOTCS MapasiiesorpaMmamt, 06pasyroT UHK-
JIMYECKHH KJjace, ompenenseMblii HaGopom (1, 0, 0, —1, O,
0o, 1, 0, 0,0 —1, 0, 0). Ananoruyio 12-yroJbHHKH,



SN B

Puc. 31. 32 cBoGOAHBIX WMKJHUECKHX KJacca 12-yroJbHHKOB; Re 2 —
K/1ace ABaX bl PO ACHHbIX adPHHHO-IPABULHBIX 6-yTOLHHKOB; {4-l'lr3 —_
KJace TPHKAbI NMPOHAEHHBIX Napas/iesor paMMOB,
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Y KOTOPBIX XOpJOBHle 6-YrOJIbHHKH MpHHALekKAT LHKIHYe-
ckuM Kaaccam ACO, 6-mapaJiesorpamMmoB, Npu3M H apduH-
HO-TIPABHJ/IbHBIX ~ 6-YTrOJIBHHKOB, 00pasyloT  LHKJHYECKHe
kaaccel. Ecou (¢, ..., C3)—Habop, Ompeessiomiuid pac-
cMaTpuBaeMblil KJacc 6-yrobHHKOB'), TO COOTBETCTBYIOLIUH
knacc 12-yrosbHuKOB ompegeasercst HaGopom (¢, 0, ¢, 0,
...y €y 0). «Manbtuficknii KpecT», H300paXkeHHbIA Ha
puc. 30, ecTb 12-yrombHHK, B KOTOPOM 002 XOPJOBLIX 6-yro/ib-
Huka. apduHHO-NPaBHbHEL.

17)—20). Jdpyroe tpeGoBaHHe, KOTOPOE MOXHO HaJo-
XHTb Ha XOPJIOBbIE d-YrOJbHHKH,— 3TO TpeboBaHHE HX u30-
6apuunocmu. das d=2, 3, 4, 6 noayyaercs yeTbipe LHKJIH-
yecKHX Kaacca 12-yronbHnkoB. Ecin H306apHUHBl XOPJOBBIE
2-yrofbHUKH (Mapbl MPOTHBONOJNOKHEIX BepUIMH), TO MOJY-
yaeM 12-napassiesiorpaMMbl; ec/JH  H300apHUHBI  XOP/OBBIE
6-yroabHukH, TO noaydaeM ACO-12-yrojbHHuKH.

B MasabTHiicKOM Kpecte o6a ap@HHHO-MPaBHILHBIX XOp-
JOBBIX 6-yroibHHKa—H Iaxke BOOGIIe BCe XOPAOBbie d-yroJib-
HHKH — H300apHYHBI,

21). Pacrnosiokum BepuidHbl 12-yrofibHuka B TaGuuily

al a4 a7 alG
a5 a8 all a2
a9 al2 a3 as

rlle HHAEKCH MO TOpH30HTaNM BO3pACTalOT Ha TPH, a IO
BepTHKAJi—Ha UeTbipe efuHHIbI (no Momymo 12). ITorpe-.
GyeM, 4TOGbI CYLIECTBOBAH MapaJiie/ibHbie MePeHOCH, Tepe-
BOASIIHE TOYKH OJHOH CTPOKH B COOTBETCTBYIOIHE TOYKH
M06oi apyroil. Jlerko BHIETb, uTO 3TO TpeGOBaHHe COBMa-
JaeT C aHAJOTMYHLIM TpeGOBaHHEM IJIsl CTOJOUOB; 12-yrosb-
HHKH, YAOBJETBOPSAIOLIHE 3TOMY TpeboBaHHIo, HazoBeM (3, 4)-
npusmamy. OueBHIHO, MHOXeCTBO (3, 4)-MpPHU3M onpefesercs
IMKJ/IHYECKON CHCTEMOH

' _ a,—a,=a,—a, ...
M TMOTOMY SIB/IsleTCS LHKJHYECKHM KJIacCOM.

Uyrateaio MpeJoCTaBaseTcsl BO3MOXKHOCTb OMpeeNuTh
jaJbHefiluMe LHKJHYeCKHe KJacchl 12-yro/IbHHKOB M pacno-
JIOXKUTb UX B auarpammy (puc. 31).

1) Bru 6-nabopu G6wm takose: (1, —I, 1, —1, 1, —1), (I, —1,
0,1, —1,0), (1,0, —1, —1, 0, 1) u (I, —2, 2, —1, 0, 0).



46 . 1. HUKJIIUYECKHE KJIACCHI n-YTOJIBHUKOB

YnpaxHeHud

1. Kaxayio BepwMHY TpeyrolbHuka @, b, ¢ € V oTpasuM oTHOCH-
TeJbHO KaxAoi npyroi Bepwnubl (puc. 32). ITosydenuniit 6-yrosabHuk
(2a—b, 2a—c, 2b—c, 2b—a, 2c—a, 2c—b) uMeeT 3HaKONepeMeH-
HYI0 CYMMY, PaBHYIO O.

2. Ilyets @, b, ¢, p € V. TlocTponM oTpaxeHHe TOYKH P OTHOCH-
TeJIbHO @, NMOJyYeHHON TOUKH — OTHOCHTE/IbHO b, 3aTeM OTHOCHTE/IbHO €
W 3aTeM TMOBTOPHO OTHOCHTeqbHO @, b u c¢. TlonyuenHas 3amkHyTas
¢urypa ects npuama (puc. 33).

3. Ilycts a, b, ¢, p €V. TlocTpoum 4eTBepThie BEpPIIHHH MNapaj-
JejorpaMmos @a—p-+b, b—p--c¢, c—p-+a. Muoroyrosphuk A=
=(a, a—p-+b, b, b—p-+c, ¢, c—p-+a) ectb 6-napannenorpamm.
Besaknit qu 6-mapassieqorpamMm omuchiBaeTcss Takum o6pasom?

BepilnHb! wecTHyroisHUKa -;—(A-i-P), rie P=(p, ..., p), asas-
IoTcsl  cepeuHamu peGep «reTpasnpa» @, b, ¢, p. MHoroyroibHHK
5] (A+P) rakxke sBisercs 6-napaanenorpammoM (puc. 34). Takum 06-

pasoMm, TpPH Mapbl CepelMH NPOTHBOMONOXKHHIX pefep Terpasgpa HMeOT
o0l1yi0 cepeluHy, ABJAIOMYIOCH LEHTPOM TAMeCTH TeTpasapa. HUTo Mbl
MOJIYYUHM, eC/IM p—IeHTp TsxecTH (@, b, c)?

4. Ilyete n=d.d 1 @ —nuukauveckuit kjaacc d-yromHukos. MHo-
JKEeCTBO 71-YTONLHHUKOB, B KOTOPbIX BCe XOPAOBble d-yroJbHUKM TpPHHAL-
JexaT kjaccy @4, ABASETCH UHKJIHYeCKHM KaaccoM. HaGop n umcen,
onpele/SOMMA 3TOT UMKJHYECKHH Kjace, nosnydaercs H3 d-HaGopa
(Coy ++vs Cq~1), €CHIH MEXKAY KaxIbIMH ABYMsl YHCJ4MH [OCJEAHEro mo-
cTaBuTb d— 1 Hyseil.

5. Mycts n=dd— pasnoxeHue Yncaa n Ha B3aHMHO TPOCTHIE JeH-
Teau. Llukanveckas cucrema

a’— —a-
1— a4 +1 ad+1+a o,

ded+1
onpelle/isieT UHKAHYECKHH Kace n-yroasrukos. Hasosem ux (d, d)-npus-
mamu; (d, d)-npusma cocTOHT M3 d COBMECTHMbIX NapajeNbHHMH me-
peHocaMH d-yrolbHHKOB, MJAH M3 d COBMECTHMbIX MNapaienbHBIMH
nepeHocaMH d-yrofibHHKOB; (2, 3)-NpH3MBl—3T0 OGEIYHbIE 6-npu3ML.
Besikuit n-yroabuuk ects (n, 1)-npusma. [as KakMx n He cyuiectsyer
GoJsiblle HHKaKHX KJIacCoOB Npu3M?

6. Ilycts n=d.d. Ecan @ 4— wukandeckut kaacc d-yroibHUKOB,
TO MHOXECTBO € 7 Bcex n-yro/bHHKOB, ABAAIOWMXCH d pas npoiigeH-
HbIMH d-YTO/IbHHKaMH U3 @4, T. €. MHOXKECTBO 71-YTONLHHKOB

(@, ooy aq, ay, ..., aq, ..., @y, ..., ay),
e (@i, ..., @y) € 64, ABAAETCHA UMKIHUECKHM KJIACCOM. YTBepKieHHe
«ecau (Cg, .« . ., €q— 1) —oONpelensiomuii Habop gas €y, TO @4, 7 onpege-
aseTcs HaGopoM (o, ...y €g-1, 0, ..., O)», BocGule roBops, HepepHO.







-~ TJOABA 2?2

UMKNUMYECKUME OTOBPAXKEHMA
n-YronbHUKOB

§ 1. Uukinueckue otoGpaxeHus

Bo BBenennu npusefieHbl mpuMephl OTOGPaXKeHHi MHOKe-
CTBA N-yTONbHHKOB B CMELHA/TbHbIE MOAMHOXKECTBA, KOTOPbIE
OKa3blBAIOTCS UHKJ/IHYECKHMH KJaaccamu. Hanpumep, KaxaioMmy
N-yroJlbHUKY CTaBHTCS B COOTBETCTBHE N-YTOJMbHHK, 06paso-
BaHHBIH CepeflMHaMU CTOPOH:

(al’ Ay ..oy an) - (bv bzv NS bn)’
rjae

1 Lo 1
bl=7(a1+a2), b2=?(a2+a3)’ MR b":?(a"—'-al)'

Cucrema, ompefesisiiolasi 5To oToGpaxkeHHe, HOCHT SBHO LH-
K/IHYECKHH XapaKTep: BCAKOe MOC/IEAYIOLIee ypaBHEeHHe TOTy-
YaeTCs M3 Mpeibiylero UHKJIHYECKOH [OJCTaHOBKOH HHeK-
coB 1, 2, ... . '

Hanum tenepb obuwee onpenenenue. Jlnneiinoe oToGpaxe-
HHe MHOKeCTBAa BC€X AN-YTONBHHKOB 4, B ce6a Ha3biBaeTcs
YUKAUYECKUM, €CJIH OHO 3ajaeTcsi CHCTeMOM

b,=ca,+ca,+... +c,_,a,,

b2=0002+01a3—|— v e -l—c,,_lal,\" ~ R (1)
b,=ca,+ca,+ ... 4+c,_,a,_,
rae (b,, ..., b,)—oGpas n-yrosbHHKa (@, ..., a,) upu
AaHHOM oToGpaxenuH. Kosdduumentsi (c,, ..., c,_,) Ha3oBeM

n-Habopom  KoIppuyuenmos UHKINYECKOTO orobpaxkeHus.
S1ApO 3T0ro oTOGpaKeHUs (MHOMKECTBO 1-yrosibHUKOB, MNepe-
xopauwux B O (0, 0, ..., 0)) onpenesnsiercs OJHOPOAHOH CH-
cTeMol, . nosiyuatomteficst, ecan B (1) MOJOKHTD b;,=o0. Ona
coBrmanaer ¢ cucremodt (2) ru. 1 (crp. 25) u, cJenoBaTesbHO,
ONpefeNsieT yuxiudeckutl Kaacc (3ajJaBaeMblii TeM ke 71-HaGo-
poM (¢, ¢y ..., Cy_y)). Hrax, nomyuena

gk ks
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Teorema 1. Hukauveckud Kaacc sgasemcs S0pom yukaude-
CKO20 Omobpasienus ¢ mem oKe HABOPOM KOIPPUYLermos.

S1a onpefelsionas CBA3b MEXKAY LHUKIMUECKHMH KJAcCaMH
M LHUKJIHUYECKHUMH OTOGpa)KeHHSIMH $SIBJIETCA OCHOBAHHEM AAA
JajbHeHINero H3yYeHH§ LHKJIHYECKHX KJacCoB.

Teorema 2. Pasauunsie n-naboper ssemenmos us K onpede-
ARIOM  PasiuUrble OMoOpaXceHus.

HokasarenbcTBo. Hamo nokasate, uTo ecau JBa
OTOGpaXkeHHs COBMAJAlOT, TO COBMANAIOT TAK¥Ke OIpelesio-
mue uX n-Habopbl (Cy €y ..., Cu_y) H (dy, dyy ..., d,_,).
Kak u paublie, NpeinosioxuM, uto npoCTPaHCTBO V cOCTOHT
He H3 OJHOTO TO/ILKO HYJIb-BeKTOpa; HTaK, MyCTb @ 7 0.
ITo npeanonoxenuio o6a LHMK/IHYECKHX OTOGpaKeHHs mepe-

BOIAT n-YTOJIbHHK (@, O, ..., 0) B OAMH M TOT XK€ H-YroJb-
HUK, T. €.
(co@, c,,a, ..., c,a)=(d,a, d,_,a, ..., da).

Tak kak @0, orciona crefyer,  uto c¢;=d; A Bcex
i=0,1, ..., n—1.

Urtak, aucio yuxiudeckux omobGpasenuii pasHo wucay
n-Habopoe saremenmog u3 K. PasnuuHbie uHKJIHIeCKHE OTOGpa-
JKEHHsI MOTYT HMeThb ONMH H TOT Ke LMKJHUYeCKHH KJacC B
kauectBe aapa. K wmesy croswux nepel Hamu 3ajay OTHO-
CUTCA M 3ajaya ONpeiesNeHHs KOJHY4eCTBA UMKJHYECKHX
KJIaCCOB. ' )

Ilpumepbl M3 BBeieHHS NPHBOAAT K GNHM3KOMY BOMPOCY:
6CAKOE AU YUKAUHECKOE 0mobpajcenue nepeeooum  MHOMe-
CMBO 6Cex N-YeoAbHUKO8 6 yurkaudeckuil Kaacc? B stoit u cie-
Aywouwe rnaBax OyayT HaijieHbl -06pasbl eOMETPHYECKH
HarJIiHBIX LUK/JAHYECKHX oToOpaxkeHni. OrtBer Ha ofumui
Bonpoc OyaeT JaH B Ia. 6 u nagee,

§ 2. AsreGpa ILMKAMYECKHX OTOGpaXeHHii

Ilpexne uem nepefiTH K NpHMEpaM, Mbl XOTHM OYEPTHTb
oflHe paMKM HalliX HCCJeM0BaHMii,

[lyctb ¢ —oto6paxenne MHoxecTBa A, B cebs. Uepes
@A obo3sauuM 00pas n-yroabHuka A T[PH 5TOM OTOGpasKe-
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HuH. [Moaubii o6pas U AApo oToOpaxeHus ¢ 0603HAUHM TaK:
Kero={A:9A=0}, Imo=od,={9pA:A€A,}.

IMycts @, ¢, ...—3HAOMOP® H3MB BEKTOPHOIO Mpo-
crpaHcTBa A, (nHelHble oTo6paxenus A, B cebs). Croxe-
HHEe, YMHOXeHHUe Ha uucjio c€ K Hu mpousBelieHHe 3HIOMOD-
(PH3MOB ONpeNe/sioTCs: PaBeHCTBAMH

@+v) A=0A+pA,  (cg) A=c(ed), (Vo) A= (eA), .
TaK UTO YMHOXEHHE SHAOMOP(H3MOB —5TO HX MOC/IeJ0BATE/b-
noe BuinonHenne. OGo3HaunM uyepe3 O HyJeBOH 3HAOMOP-
¢u3sm @, aaa koroporo Img=o0, 1 uvepes | —eAHHUHUHBIH
sujaoMopdu3M ¢, Ans koroporo A=A a1a Beex A. Ilo
OTHOLIGHHIO K HA3BaHHBLIM OMEpalUsM MHOXKeCTBO 3HAOMOD-
¢u3MoB o6pasyer anrebpy Haa K, KOTOpyo Mbl OGO3HAuHM
yepes End(4,); 0 u 1—HYy/JeBOA U €IMHHUHBIA 3JIeMEHTHI
aToH anreGphl.

Llukanueckne oOTOGpaXKeHUsT SABJSIOTCS YaCTHBIMH CJY-
yassMu 3HA0MOpH3MOB. OtobpakeHHe

¢ (ay, ay ..., a,)—(a, ..., a, a)

AIBJSETCA UMKJHYECKUM M ONpefensercss n-naGopom Koshdu-
unentos (0, 1, 0, ..., 0). [TIpy n=1 nmeem {=1.] Oue-
BHAHO, uto §"= 1. Crenenu :

lv C, QZ’ e etey Cn—l (2)

sHpoMOpGH3Ma { o6pa3yloT LHKIHUYECKYIO TPyNny mopsaxa rn
H NEepPeBONAT KaKABbIH n-yroJbHHK A B MHOXECTBO N-YroJb-
HHKOB, MOJIy4alOUIMXCd M3 A UHKJIHYECKHMH IIOJCTaHOBKaMH
BepiunH., OUeBHIHO, UTO 8CAKUL YUKAUMECKULL KAQCC UHBAPUAH-
men omHocumensHo .

[Tyctb Temepb @ — LUHKJAHYECKOE OTOGpaxkeHHe, ONpese-

Jasemoe n-HaBopoM (¢, €, ..., C,_,). Torma cucremy (1)
MOXKHO Nepenucarb Tak:

(b, b,, ..., b,)=
= (Colly, Collay -.+» Coll,)+ =col(@y, a, ..., a,)+
+(c,a,, ca;, ..., c;a)+ +cil(ay, a, ..., a,)+
A (Cno i@y -+ o, Cror@py_1) = —l—cn_lC,”'l (@, ay, ..., an)=

n-1

=¢26 cti(ay, a, ..., a,).
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[ockonbky (@, ..., @,)—m060H n-yroJIbHUK, MOJyuYeHa
TeopeMa 3. L[uxkauueckoe omobpadncerue ¢ Habopom Ko3gh-
puyuenmos (cy, Cyy - - -, C,_y) Npedcmasuno 8 asebpe End (A,)
6 sude
n-1
2 ek (3)
=0

Pasymeercst, camo oToGpaxeHHe { He NPEICTaB/IseT HH-
KaKOro IeOMeTPHYECKOr0 HHTepeca; OfHAKO BCAKOE LMKJHYe-
cKoe oToGpaxKeHHe OKa3biBaeTcsl NPeACTaBHMbIM B BHAE JH-
HeifHOH KoMGHHalUMM creneHeil (2), KOTOPEIE B CHJIY TEOPeMEl 2
JHHeHHO He3aBHCHMBI. JIeficTBHA C 3THMH JIHHEHHBIMH KOM-
GHHALMSAMH MOJHOCTBIO ONpPEeNsAOTCs OnepaluaMy B aare6pe
End (4,). PaBeHcTBa

Deli+Ddi =X (e;+d)t, e Dell= ()t

MOKAa3biBAIOT, KaK [MPOM3BOJHTCS CAOXMEeHUe UHKJIHYECKHX
oToGpaxeHnit H ymHoowenue Ha 4ucro ¢ € K. Tlpu mepemuo-
eHHH JByX JHMHeHHbHIX KoMOMHauuii cremenefi ' cienyer
yUHTBIBATH, 4TO ("= l; nosromy

2 d,-C,i' 2 cici — 2 eigi’

eg=dyc,+dicp_y+ ... +d,_icy,
e,=dyc, +dicy+ ... +d,_Cy @)
€y =0oCyyFdiCy gt ..+ dy_iGo
Takum o6pasom, npoussedenue yuxauveckux omobpasieruit
CHO6Q ABAALMCA YUKAUHECKUM OMOBpasceruem.
Koathduunentsl nponsseeHns He MEHAIOTCS MPH 3aMeHe ¢;

Ha d;,, u Haobopor. Orcioja ciefyer, uTO MpPOH3BEJEHHE
LUMKJIHUeCKHX OTOOpaxKeHHH KOMMYTaTHBHO:

rjpe

TeopeMA 4. [[uxauueckue omobpasenus obpasyrom KOMmy-
mamusnyro aseebpy nad K, nodanreebpy ascebpor End(A,),
¢ 6asucom 1, T, ..., "L,

Dra anrebpa ABJISETCA OAHOBPEMEHHO epynnosoli areebpoli
(nan K) yukauseckoid epynne,, noposoenHol ssemenmom §.
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Mbl Gynem o6osnauaTh ee uepes K [{] u Gosnee moppoGHO
paccmorpuM B § 1 rai. 8.

M3 KOMMyTaTHBHOCTH LHKJHYECKHX OTOGpa’KeHHH B CHJY
TeopeMbl | BLITEKAET, YTO YUKAUHECKUE KAQCCH. UHBAPUAHMHbL
OMHOC UMEAbHO 6CeX YUKAUYECKUX OmOobpasiteHud.

Teorema 5. Ecau — yukauueckoe omobpancenue, a € —
npoussoavrell yukaudeckul kaace, mo Y= €.

HokasateabctBO. B cuiy Teopemu 1, € apasercs
A7lpOM HEKOTOPOTO LHKJ/IHYeCKoro oroGpaxenns ¢: € = Ker ¢.
Ecin A € Kerg, 10 94 = O; nostromy Tem Gonee ppA=9p0=0.
Ho Tak kak yo=¢¢, 10 ¢pA= 0, OTKyna cjeayer, uTo
YA € Ker g.

§ 3. Cymma K03hPHUHEHTOB LHKJIMYECKOTO OTOGpaKEHHs

Hekotopble  cBOficTBa  LMKJM4ECKOrO  OTOGpaxKeHHs
o= ct’ cBasanbl ¢ uuciaoM s (@) € K—cymmoi Koahpu-
yuenmog sroro otobpaxkeHusi. CooTBeTcTBHE

(p=20£"—ﬂ(cp)=20,- )]

siBJIseTcst romoMopdu3amom anrebpul K [{] B K: neficTBuTENBHO,

PaBEHCTBO
s () =5 (9)-s (V)

HernoCpeACTBEHHO cJefyeT H3 (4).
Ananoruuno, u3 onpenenenus (1) umriaHueckoro oro6pa-
JKeHHs CJefyeT, 4To

Zb;=20i-2a,., HIH %Zbi=20i-%—2a,~. (6)

Orciona BbITEKaeT:

Ecau cymma xosppuyuenmos s (@) yukauueckoeo omobpa-
acenus ¢ passa 0, mo ¢ nepesodum KaxcOoii N-yeosbHUK 8
N-YeONbHUK C YEeRMPOM mAaxcecmu 0, Q 8Ce MHOXMeCcmeo A,
8 HYyab-usobapuueckut Kaacc %4,,. Takue omobpascenus co-
cmasasrom a0po eomomopgusma (5) u, caedosamersro, udear
anreebpor K [C].

Lukauueckue omobpancerus ¢ ¢ cymmoi Kosghduyuermos
s(¢) =1 —3mo me omobpadncenus, kKomopbie COXPAHAIM yenmp

WA S
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masecmu 2106020 n-yeorvruKa u, caedosamensvro, usobapuye-
ckue Kaaccor. Takve uUMK/IHUeCKHe OTOGDaXKeHHS- Mbl Oylem
HasblBaTh U300aPULECKUMU  YUKAUMECKUMI OMOBPANEHUIMU.
[TpousBenenne Takux oroGpakeHHH sABAsSETCS H306apUUECKUM
LIHKJIHYEeCKUM OTOGpakKeHHeM.

[MTpumep.. Oro6paxkenne ¢ u3 § 3 ra. 1, conocrasasio-
llee Kax[IOMy n-yrolbHHKY €ro LEHTp TSKECTH, ecTh H3006a-
PHUYECKOE LHKIHYECKOe OToOparkeHHe ¢ HaGOPOM KOapdHIHEH-

TOB(i L i)'
n’n’® """ n)’

= (LT T,

OueBHaHO, YTO
Imo=d,,, Kero=d,.
(<]

Teopema 1 gonyckaer yrouHenue, BesiKHH LHK/IMYeCKul
KJIacC CJHYXHT fAAPOM LHKJIHYECKOrO OTOGpaXkeHHs, JHG0
MMEIOLLEro HYJIeBYI0 CyMMY KO3¢HIHeHTOB, 160 H306apHu-

o 1
yeckoro. [eiictBuTenbHo, ecau s (9)5=0, To -E(T”cp—uso6a-

pHueckoe otobpaxenue ¢ TeM ke sapoM, uro H . Orciona
H M3 TeopeMbl 1 ri. 1 cienyer ’

TeoreMa 6. C80600Hble yuKkAUdECKUE KAQCCHL  SIBAAIOMCA
A0pamu yuraudeckux omobpascenuti ¢ HyAeeoll cymmoti Kosg-
uyuenmos; yenmpanbHole KAACCol— A0pAMU  UB06ApULECKUX
omobpasicenui.

YnpaxHenusd .

1. Tlyets A=(ay, @y, ..., @,). Bepumus n-yroabuuka ({—1) 4
ABASIOTCS «BEKTOPAaMM CTOPOH» @4y —@; Ans A; npu sTom

Im (=D =cfm Ker@—=uly,n

2. OGpaTuMble UMKIHYECKHe OTOGpameHHs! O6PasyiOT TPYNNy OTHO-
cHTesbHO yMmHOXeHusi B K [{]. Besikoe o6paTuMoe umkJ/nueckoe oTo6pa-
JKeHHe B3aHMHO OJHO3HAaYHO MNepeBOAUT B ce6a JI0G0H LHKJIHYECKHE
kaace. [Tpumeprr: pacmsocenue (unn eomomemus) c-1, rie ¢ # 0—sme-
MeHT U3 K ompaxcenue n-y2onbHuKa OmHOCUMENbHO €20 YeHMpPa MAXecmu
20—1; §; {—c, rne ¢® # 1. Kakne u3 3THX OTo6paxeHuil SABAAIOTCA
1306apHUECKHMH?

[{uknnueckue oToGpakeH s ¢ CyMMO# KoaduIHeHTOB 0 HEOGPATIMEL
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3. TIlycts ¢—uukauyeckoe oToGpaxeHHe. Muoxectso Fix¢=
={A:pA=A} ectb umkiuueckuit Knacc. Ecam ¢ u306apuuHO, TO
Fix ¢ —cBoGonustit kaacc. [Ipumep: ecan d— peaurens n, 1o Fix {4 =

”Zi,?; npu n=4 raacc Fix ({— {2+ (% —>3T0 Kkaacc napaJseso-

TP aMMOB.
Jlng BcsAKOro LMKJMYECKOTO KJjacca $ cCylmecTBYeT UHKJIHYeCKoe
oTo6paxeHnue, a1 Kotoporo @ =Fix¢. Hceaenyiite cooTHomwenne

Fix ¢=Fix ; nanpumep, ecau Char K # 2, To Fix 9 =Fix 2p—1).

§ 4. Npoekuun

ITycte M —moGoe MHOXKeCTBO 3J€eMeHTOB a, b, ..., a
¢, P, ...—orobpaxkennsi M B cebsa. DByzeM oGosHauaThb
yepe3 Img o6pas M, a uepe3 Fix ¢ MHOXeCTBO Henodsudc-
HblX 91eMeHmoe OTOOpakeHHs @:

Imgp={¢ga:a€M}, Fixg={a:9a=a}.

(Fix ¢ ecTb MaKcHMalbHOe MOAMHOXKECTBO M, Ha KOTOpOM ¢
ToXjecTBeHHO.) OueBuaHo, uto Fix ¢ = Img.

Oro6paxeHne ¢, Takoe, YTO (¢ =@, Ha3biBaetcs Ulem-
nomenmuoim oToGpaxeHueM (udemnomenmom ), WIH npoexyuet
{npoexmuposaruem) M B cebsi. YTBep:KIeHHe, 4TO ¢ €CTb
NpoeKUHs, 35KBHBAJEHTHO KaxKAOMy H3 TpeX CJefyIoumHX
YTBEPKASHHH:

1) cyxkenne ¢ Ha Im¢ fSBJAAETCA TOXAECTBEHHBIM OTO-
6paxeHueM;

2) Im ¢ =Fix g;

3) Im ¢ = Fixo.

PasnnyHble NpoeKIHH MOT'yT HMeTb OIHH H TOT e o6pas.
3aMeyaTesIbHO, OJHAKO, YTO €CJH MPOEKUHH KOMMYTHPYIOT,
TO M3 cOBnajeHHsi 00pa3oB cJefyeT COBMajieHHe CaMHX
NpOeKuHH:

' Teorema 7. Ecau ¢ u Y—Kommymupyrowue npoexyuu
(t. e. pPp=2vp) u Imoe=Imy, mo ¢=1. ¢

HokasarteabcTtBo. [Tycth a—umo6oit anemeHT H3 M.
[To ycnosuto Tteopembr Ime=Imy < Fixy. Takum o6pa-
3oM, ga€ Fixy, 1. e. Ypa=qa. AHajloruuso ¢pa=1ypa, HO
TaK Kak @Y =19P¢, To ga=1Pa (114 Bcex a).

Keasunpoexyuedi 6yneM HasbiBaThb Takoe oTobpaxkenue M
B cebs, .KoTopoe Ha ofpase M [eliCTByeT B3aUMHO OJHO-
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3HayHO (APYrUMH CJIOBAaMH, CyXeHHe @ |ime KOTOPOro Ha
o6pas Im¢ MHoxectBa M B3aHMHO OJHO3HAYHO).

BeeaeM o603HaueHHe @ =@ |img. TOrAa ecHH ¢— KBa3u-
npoekiusi, 10 ¢ ¢ —mnpoekuusas M na Imq.

IMycts temepb (A4, -+)—abeneBa rpynmna ¢ 3J/eMeHTaMH
o, a, ...; ¢ V... —3u10Moppu3Mbl 4. SlcHo, uTO Im @
u Fix ¢ ssastorca moarpynnamu B 4. Hapany ¢ numu ¢
3ajaeT eue OAHY MOArpynmny—sadpo ¢:

Kerg={a:9a=o}.

MHoxecTBO 3HAOMOPGDH3MOB A4 SABJIAETCS KOAGYOM IO
OTHOLIEHHIO K onepanusM cjloxeHHs ((¢+¢) a=¢a -+ a)
¥ yMHOXKeHMs (T. e. IOCJEL0BATEbHOrO BBHINOJHEHHS 3HJIO-
MOpP(U3MOB); HYJIEM 3TOTO KOJIbla sBJseTCH 3HAOMOphu3M 0,
nepeBoAsAINi Kax bl 3/1EMEHT 4 B 0; eIUHHIeH —ToXecT-
BeHHbill 3H70MopduaM 1. Ecin ¢ —snpomopduam, 10 | —¢p —
toxe sHpomopdpusM. [lonoxkum 1—@=¢’; Torna ¢"=gq,
T. . ¢ — | —@ ecTb HHBOJIIOTHBHOE COOTBETCTBHE B KOJIbLie
suaoMOppH3MOB 4. QOueBHIHO, CNpaBeiJIMBhl COOTHOLUEHHS

Fixg=Ker (1 —¢); Ker¢=Fix(I—g).
[Tycts Tenepb (— HAEMNOTEHTHBIH 3HIOMOP(H3M, HJIH

npoekunss B 4. Torma l—¢-—ToxXe npoekKuuss M BHIIOJ-
HSIOTCS paBeHCTBa

l=o+(1—9) ¢(l—g)=(1—9¢)¢=0.
JIBa oToGpakeHusl, YIOBJETBOPAWOUIHE IIOCJACAHHM paBEHCT-
BaM, Ha3bIBAIOTCH 63AUMHO OonoanumensHomu. ViMeeM Takxke
Img=Ker(l—¢), Kerp=Im(l1—g). )

Teoprema 8. Ecau ¢ — udemnomenmuboul sHoomopgusm abe-
Aegoll epynnot A, mo

A=1m ¢ Ker ¢. ®)

[[Mocnennee paBeHCTBO O3HAYaer, yTo
A=Ime+Kerg u Ime¢nKerg=/{o}.

ToBopst Takwke, uro Imq¢ n Kerp—pononmnswomue apyr
Apyra MOArpynmbl rpymniibl .
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HoxasateabctTBo. Hdas Beex a € A4 umeeM
a=a-l=gat+(l1—¢)a€lme+Im(l—¢)=
) =1Im ¢ 4 Ker ¢.
Ecan a € Im ¢ N Ker ¢, T0 (mockosbky Im @ = Fix ¢)
Pa=a u ga=o0, oTKyla a=o0.
Indomopgusm’ ¢ epynnet A moeda u moasko mozda ecme
Keasunpoexyus, koeoa
Imp?=Im¢ u Kerg>=Kerg. 9)
- JleficTBUTe/IbHO, (—KBa3UNPOEKUUA TOTAd H TOJBKO
TOTJQ, KOrja BCAKHA 31eMeHT u3 Im ¢ HMmeer cBoi#i npooGpa3s
B Ime:
Img€glmg,
HJIH, TOCKOMBKY ¢ Im @ =1Im ¢?,
Imp=Ime? 1. e Imep=Img¢?

(oOpatHoe BkmOueHHe oueBHAHO), [lanee, yTBepKieHHe:
«p JeHcTByeT Ha Im¢ B3auMHO OJHO3HAYHO» 3KBUBAJIEHTHO
YTBEPKACHUIO: «H3 QA =0 CJefyeT @@ =:0», T. €. SKBHBa-
JIEHTHO BKJIIOYEHHIO

Ker ¢* = Ker .

Takum o6pasoM, @ eCTb KBAa3HNMpOEKIUHs TOFAA H TOJbKO
TOrAa, Korja ‘

Imp<=Imeg?, Kerg?< Kerg,

T. e. Korja (9) HMeloT MeCTo (NMOCKOJIbKY O6GpaTHble BKJiO-
YeHHS TPHBHAJIbHBI).

Teorema 8'. [laa moeo umober domopusm ¢ abenresori
epynnot A ydoeremsopsia ycaoeuio (8), Heobxodumo u Oocma-
mouro, 4mobbl @ Obla Keasunpoexyuerl,

Hoxkazartenbcrpo. Creayloniie BHICKa3bIBaHHS SKBH-
BaJIEHTHBI MeX1y coboli:

1) ans BeAKOro @@ cymecTsyer ¢b, Takoil, 4To ¢a = eb;

S
3
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2) pna BCAKOrO @ cyuiecTByeT b, Takoil, uTo @@= @@b,
u @ (@a—oeb)=o0, nim a—oeb€ Kergp, uin a=o¢b -+
+ (a—ob), rie a—ob € Ker g¢; T

3) A €Imqg+Kerq.

Kpome TOro, 5KBHBaJIeHTHH BHICKA3bIBAHHA: H3 Q@@ = 0
cnenyer oa=0; H3 @a€Kerg crenyer ga=o0; Imgen
N Ker ¢ = {o}.

[Tpoekuyn cymecTBylOT H CPefH LHKJHUYECKHX OTO-
OpaxeHUH MHOXeCTBa BCeX N-yrolbHUKOB A, B cebs; GyneM
HasbBaTh HX yurauveckumu npoexyusmu. Tak, 0 u 1 —
LUKJ/AHYeckHe mpoekuuu. B § 1 sroit riaBel 6bin1 nocrasieH
Bonpoc o6 ofpasax UMKJIHUECKHX oToGpaeHHit. Crenyromas
TeopeMa JlaeT Ha Hero YacTHYHBIH OTBET:

Teopema 9. Ecau @— yukaudeckas npoexyus, mo Im @ —
yuKaugecKkull Kaacc.

HokasatenbctBo. Ecin ¢ —nukanueckas npoekuus,
T0 1—@—rTo)ke umknmyeckas mnpoekuns. Torga Img =.
= Ker (I —¢); Ho Ker (1 —¢) siB/iseTcs UMK/IHYECKHM KJjac-
€oM (Teopema 1), '

CymMa Ko3((HIHEHTOB §(@) LHK/IHYECKOH MNpPOEKIHH ¢
paBia 0 uaum 1. Jleficreurenbho, oToGpaxeHue @ — s (gp)
siBasercs romomopgusmom K [{] Ha K. Ecam ¢—wugemno-
TEHT, TO S (p)—TOXe HAeMNoTeHT B K, HO moje He HMeer
HIEMIIOTEHTHBIX 3JIeMeHTOB, OTAHYHBIX oT 0 u 1. Ecanm
s(@)=1, to s(I—¢)=0 (u HaoGopor). Orciofa u H3 Teo-
peMbl 6 clenyer, uTo ecau @— u306apULeCKan LUKAUYECKAR
npoekyus, mo Im @—c0600n6i yukauweckuii xaacc. Ecau
e s(q) =0, mo Im ¢— yenmparonoii yuxauueckuii kaace.

O6pa3 u aapo JMmo6oil UUKJIHYECKOH MPOEKIUHH SBAAIOTCS
B3aHMHO JIOMONHHTE/bHBIMH MOANPCCTPAHCTBAMH BEKTOPHOTO
npocTpaHcTBa 4, (cM. Teopemy 8).

CymMupYyeM mosiyueHHbIE pe3y/bTaThl:

Teopema 9'. Ecau @—yuxaudeckas npoexyus, mo Imip
u  Ker @ —e3aumno Oonosnumensroe yuxauueckue Kaaccel.
Ecau npu smom ¢ wusobapuurno, mo Im ¢ — 806000, a
Ker ¢ —yenmpanonoui yuxauueckue xaaccei; ecau e s(p)=0,

!
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mo, wnanpomus, Ker cp—ceoéoanb:u a Imeg— qeumpa/zbnbtu
Kaaccet..

[Tpumep: 0 ecThb H306apHYecKast UMKJIHYECKAs IPOeK-
nuda, Imo=., ,—Knacc TpPHBHA/bHLIX N-YTOJbHHKOB,
Ker 0 — Hynb-u3obapuueckuit knace 4, (cm. § 3 ra. 1 n §3

o

aTofi rnaBbl). Janee, 1—0 ecTb UMKIHYecKas IpPOEKIHS
¢ HyJieBOH cyMMoH Koa(ppuuueHtos. Mrak,

A, =Jl,,,,@a;l,,, rie Imo=d,, ,=Ker(l—o),
Ker o=, = Im (1—o0).

IMycte A—npoHu3BOAbHLIA 7n-yro/ibHHK. Pasnoxenne
A=0A+4+(1—0)A

AIBJISIleTCA MpeacTaBjeHHeM A B BHJe CYMMBl TPHBHAJbHOTO
n=yroJbHMKa —IleHTPa TAXKEeCTH A—H 7-YroJbHHKa, MOJay-
YeHHOro M3 A TaKUM MapallieNbHbIM NEPEHOCOM, YTOOBI €ro
HOBHIH LEHTP TSXKECTH COBNAJM ¢ 0. IT0 IpejcTaBjeHHe A
B BH/JIe CyMMBI TPHBHAJBHOTO H HYJIb-H300a pHYECKOTO N-YTroMb-
HHKOB €IHHCTBEHHO.

YnpaxHeHH e dugomopdusM abeneBoil Tpynnsl TOraa H TOAbKO
TOra SABJAAETCA KB&BHI‘[pOeKﬂHeﬁ Korja cyuecTsyeT HeKOoTopas Npoek-
1Hs, HMelomas C JaHHBIM 3HAOMOp(dH3MOM ORMHAKOBhIe 0o6pas H Anpo.

Tak Kak NMpoeKLHs MOJAHOCTHIO ONlpeAie/IsieTCsd CBOUMH 06p330M H SALpOM, TO
A Sa,ﬂaHHOﬁ KBa3sMIIpOEKIHH @ HCKOMasA MPOeKUHs eANHCTBEHHA H

pasHa ¢-!¢.
§ 5. Ipumepnt

Mbl ykameM mpHMepbl H306apHYeCKHX LHKJIHYECKHX OTO-
6paxenuit aag n=4 u n=6.

a) n=4. Luxauueckoe omobpaxcenue (a,, @,, a; &) —
— (by b, b5, b)) <

— (@ +ay), ... :

CTaBHUT B COOTBETCTBHE KaxKIOMy 4-YroJIbHHKY 4-yroJIbHHK
cepeauH ero cropoH. O603HauyHM 5TO OTOGpaKEHHe 4epes X,:

ng (a]_’ a2) aa’ a4) =
= <2l (al"l" ae)’ % (az+ as), % (as + a4)’ %(ad +~a1)> *
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O6pa3 BCAKOrO 4-YroNbHMKA IPH 3TOM OTOOPAaKEHUH HMeeT
3HAaKONepeMEeHHYI0 CYMMy BepUIHH HYJAb H, CJIeIOBaTe/]bHO,
ABJSETCS TNapaJjiienorpaMMoM; Imx, ABAAETCS WHKIHMYECKHM
KJlaccoM MnapaJiienorpamMmoB. IIpu 3TOM %, nepeBOAHT B MHO-
3KeCTBO TPHBHAJIbHBIX 4-YrOJIbHHKOB KJacc ABaXKAbl IIPOM-
J€HHBIX OTPe3KOB (@, &,, @;, @,), T. €. A,, B A,,,.

. a3

Puc. 35.

TepeiineM Tenepb K usobaputecKum yurxaugecKkum omobpa-
ocenum A, B A,,. OueBHIHO, YTO TaKHM fBJsAeTCA OTOGpA-
JKeHHe

1
b1=?(a1+aa)» ceey

KOTOpOe KaxXAOMY 4-yroJbHHKY CTaBHT B COOTBETCTBHE JBaK bl
NpofileHHbIl 2-YrOJIbHHK CepefiiH JHaroHajeil HCXOQHOro
4-yronbHuka (puc. 35). IIpooGpasaMH TPHBHAJbHBLIX 4-yroJib-
HHUKOB SIBJIAIOTCS 3JeCh NapaJsijiesiorpaMMel. 10 oToGpaxkeHHe
0603HaYHM 4Yepe3 [,.

Htak, Aaa BCeX OTPE3KOB AHarpaMMbl CBOGOAHBIX KJIacCOB
4-yroJibHUKOB W3 § 8 rsi. 1 MBI HMeeM IMKJHYeckoe oTo6pa-
JKeHHe, KOTOpoe MepeBOJHT BepXHHH KJacC B HHXKHHUH
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(puc. 36). IMocefoBateibHOe BHINOJHEHHE X,\, TPHBHAMH3H-
pyer Bce 4-yroJbHHKH.

Kak snementsl K [{], %, M p, MOXKHO 3amucaTh TaK:
=g (14D, w=p(1+8),
OTKYJa
“2“2=%(1+€)~%(1+€2)=%-(1+c+;2+;3)=o.

Orobpaxkenne p, sBAfETCS UMKJIHYECKOH mNpoekiue
(unemnoreHToMm). HeficTBHTeNBHO,

(FO+8) =5 1 +28 429 =5 (141, 12 xax =1,

ITpumevanue. BykBa % c HueKcOoM Bcerja o6o3Ha-
yaeT OTOGpaxeHHe, COMNOCTABJISANIIe KaXKIOMY - f-YTONbHUKY

Ay
He 3,
A2 {nr}
%2 73
. Ay :
Puec. 36. —

n-yroJbHHK UEHTPOB THAXKECTH HeCKOJbKHX [0C/efloBaTe /b=
HbIX BepLIMH HCXOJHOrO; W C HHIeKcoM o6o3HauaeT orofpa-
JKEeHHe, COMOCTABJAIIIE KaXKAOMY A-YTOJBHHUKY f-yrOJbHHK
LIeHTPOB TSXKECTH XOPJOBbIX MHOTOYrOJbHHKOB. JTO TakK
HasbiBaeMble n0cAedosamenbHble U xop0osbie YcpeOHeHus (CM.
1. 4).

b) n=6. Yepes x,, #,, o; 0603HAUHM LHKJIHUECKHE OTO-
Gpaxenua (a,, ..., @) — (b,, ..., b;), 3aganHble mnocpex-
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CTBOM LHKJHYECKHX CHCTEM
1
Uyt bl=?(al—l—a2), .

1
%gt b1='§(a1+az+as)’ s
a: b,=a,—a,+a, ...;

%,—3HaKOMOE HaM OTOOpaxkeHHe, CONOCTABJIAIONIEE KAXKIOMY
6-yronbHHKY 6-yronbHHK CepefiiH €ero CTOPOH; %, M %y —
OTOGpaxkeHHsi B 6-YrOJBHHKH LEHTPOB TSXKECTH COOTBET-
CTBEHHO JBYX H Tpex TI0C/Je0BaTeIbHO B3fAThIX BepLIHH
HCXOJHOTO 6-yrONbHHKA; 0. NePeBOAHT 6-YTrONbHHK B 6-yroJib-
HHMK, COCTOALIMH H3 UeTBePTHIX BepIMH [0CJ/EL0BaTEIbHBIX
TPOEK BepUIMH HCXomHOro 6-yronbHuka. s sTux Tpex
OTOOpakeHHil CNpaBejNHBbl CJAELYIOUIHE TPEAJNOKEHHS BBe-
JeHHs:

1°. %, omobpasaem A, 6 Kaacc 6-yeoabHuxos ¢ Hynresol
BHAKONEPEMEHHOL CYMMOLL Bepuiun;

2°. ng omobpaxaem A, 8 Kaacc 6-naparisencepammsos,

3°. a, omobpasaem Ay 8 Kaacc npusm (cM. pHc. 37—40).
B ux cnpaBefMBOCTH Mbl y6exkiaeMcst 3JeMEHTAapHBIM MOJ-
CYeTOM:

1°. 2 (&£b;) =0 [ (£b;)—3HaKonepemMeHHas cymma Bep-
LIHH]. '

2°. M3 cucrembl, onpegessioieii x,, CjaeAyeT, 4TO

Ot b)) =5 (B, +b) =5 (5,4 b) =+ a.

10 03HAayaeT, 4TO BO BCAKOM 6-yrombHHKe —0Bpase cepe-
JHHBl [MAaroHajeil CcOBMAJAIOT MexXAy CcOO60M M C LEHTPOM
TSXKECTH HCXOMHOTO 6-yroibHHKAa (OH »Ke—LeHTP THAKECTH
NOJIy4eHHOTO 6-yrosibHHKA).

3°. M3 cucrembl, onpefensiomeil a,, ClIeayer, uTo

b,—b,—b,—b,=b,—b,= (+a),

T. e. B 6-yronbnuke —o6pa3se Tpoiiku BepunH (B,; b, b,) u
(b,, b, b,) pasnuualOTC Ha BeKTOP TNapaJiiebHOrO mepe-

Hoca ¥ (z=@;) (mpuambi). Kpome  Toro, Y (£a) =

= 53X (=b).

T .



2

Puc. 39. a;. Puc. 40. agngx,.
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B nunarpamMme BOCBMH CBOGOAHBIX KJacCOB 6-yroJbHHKOB
(§ 8 ra. 1) %, neficrByer B HanpaBaeHHH NW —SO (ceBepo-
3anaj—ro-BoCToK), %*;—B HanpaBjaesnn NO—SW, a, —
B HanpaBneHHH N—S, Ha KaXIOM OTpe3Ke BBILECTOSUIMH
KJacc orobpakaercs B HHxectoswuil (puc. 41).

Tor dakr, yTo %, mepeBOAUT Kjacc 6-mapaJijiesorpaMMOB
B KJacc adpHHHO-MPABHABHBIX 6-yrolbHUKOB (pHC. 42),
MOXKHO OCHapyXHTb H 0e3 MOJCYUETOB CIEAYIOLIUM 0Gpa3oM,

ITyers A ecTb 6-mapannenorpamm; toraa »,A4 no teopeme 5 —
ToXe 6-napasnjesorpamm, a, corjacHo 1°, 3HakKornepemeHHas
CyMMa ero BepliMH paBHa O; TaKHMM 06pasoM, B CHJY Teo-
pembl 5 ra. 1, %,4 —appUHHO-NPaBUAbHLIA 6-yrONbHHK.

BosbMeM npou3BO/IbHBIA 6-yroJbHHK H MPHMEHHM K HEMy
TNOC/el0BaTebHO B JIIOOOM MOPSIAKE TPH OTOOPaKEHHS X,
%3, O B PE3ysbTaTe MOJYYUTCA TPHBHANBHBIA 6-YrOJNbHHK,
a HMeHHO 6 pa3 TOBTOPEHHBIH LEHTDP THMKECTH HCXOLHOrO
6-yrosbHuKa (cM. puc. 40).
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B K[{] paccmarpuBaemble O0TOGpakeHHsl 3aMHCHIBAKOTCS
B BHJe

to=w (14D, ty= (I 4+THD), o= 1048,

oTKYyAa

ottty = (14D g (L) (1 =L+ 1) =

= (LT ) =0

Vnpaxuenns

1. OtpasuM KaxAylo BepulMHYy 5-yrosbHuka (@, ..., @) OTHOCH-
Te/bHO CepefHHEI MPOTHBONONOXKHOH CTOpPOHbL. TeM caMbiM onpexensercs
HHKJIHYeCKoe OTOGpaxeHne B MHOMecTBa 5-yronbHUKOB B cebsi. ITpume-
HUM oToGpaxeHHe a3 K P (a@;, ..., @;); "B pesyabTaTe NONYYuM
(as ..., @s, a;); nosroMy B —o6paTumoe OTOGpaXKeHHE .

2. O6oGuieHnem otz ABJIAIOTCS H306apHUYECKHE LMKJMUECKHe OTo6pa-
KEHHUs!, oMpefleJieHHble NJS HeYeTHbIX #, a HMEHHO:

0y (@1, oony @p) —>(by, ..., by), TRED,=a;—as+a3—...Fay ...}

npu stom o, =1—{+§2—... 4+ ¢#~1. Ilpu meueruwix n u Char K # 2
OTOGpaKeHHs! O, H %y B3aHMHO OGPATHBL. .

i
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§ 6. Llukanuyeckas KBa3HMPOEKLHs

TTpuMepBl Npe/blAyLIero naparpada rnokassBawT, 4To NpH
n=4 1 6 MHOTHe LIMKJIHUECKHe OTOOpaxKeHHsl NepeBOAAT MHO-
JKECTBO BCEX f-yTrOJbHHKOB B LHKNHYecKHe Kiacchl. Mexny
TeM Hac MHTEPeCyeT BOMPOC O TOM, SIBJSIOTCS JIH BCe LHKJH-
yecKHe OTOGpaXKeHHs OTOOPaKEHHSIMH Ha  LHMKJHYECKHe
KJACChl, T. €. NMEePeBONAT JH OHH Bce MNPOCTPAHCTBO A, B
(Te WaM HHble) LHKIHYECKHE KJIacChl.

B KauecTBe MNpuMepa MpHBeleM JajbHeidliee HCCJeI0Ba-
_HHe 3TOro BOMpOCA AJIA OTOOPaxKeHHA X, Mpu n=4.

[Tycts A—npoH3BO/IbHBIN 4-YTONBHHK; TOFAa %,4, T. e.
4-yroJbHHK CepefiHH CTOPOH, ABJAETCH napaJJiesior pPaMMOM.
O6paTHo, mycTh B-—3ajaHHblil MapasiieorpamM. Cyugecr-
BYeT JIM «OMHCAHHBIH BOKPYI Hero» 4-yrolbHuK, T. €. Cyle-
cTByer Ju 4-yroabHHK A, TaKoi, 4To B=x,A? Ecan pa,
TO YTO MOMKHO CKa3aThb O MHOXKECTBE OMHCAHHBIX 4-yroJbHH-
koB? CyIecTByIOT JIH CpeJi HAX MapasiesiorpaMMel, H €CJH
Ja, TO CKOJIbKO HMEHHO [apaJi/iesior paMMoB?

Mbl yTBepKiaeM clesylollee:

1°. x,A—e6ceeda naparrenoepamm. 2°. Jaa ecaKoeo napar-
seaoepamma B cywjecmsyem  maxoil  4-ye0sbHUK A, umo
B=1x,A. 3°. [aa ecaxoeo naparrescepamma B cyuecmsyem
eQuncmeennsul napasreacepamm A, maxod, 4mo B=ux,A.

Ipexne ueM JOKa3biBaTbh 3TH TNpPeLJIOKeHHd, 00beH-
HUM HX:

Teorema 10. ITycmb n=4; moeda %, omobpadxaem MmHo-
oHecmeo 6cex 4-yeoNbHUKO8 HA YUKAUHECKUL KAAcC naparneso-:
2DAMMOB; 8 MHONECIge NAPANACAOZPAMMOE %, Oelcmeyem
63QUMHO OOHO3HAYHO.

Teopema 10 yTBeppmaeT, uYTO %, €CTb KBa3HIPOEKLHS.
OueBHJIHO, YTO TpoeKuMed %, He sBasgercs: Imx, 7= Fixx,

1
" u2=-2-(l + ) ne coBmajaer cO CBOMM KBallpaTOM.]

NokasateabctBo 2°u 3% Ilycrs B=(b,, by, b3, b,)—
napaJ/iesiorpaMM, Tak 4To

b,—b,+b,—b,=o0. (10)

3 Nsss
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Haijizem pelueHne HeogHOPOAHOH CHCTEMbl

b1= '%'(al'l'az)r bz"""é—(az'!‘aa)’
b= (@,+a), b=+ (@,+ay),

IJie 4eTBEPTOe ypaBHeHHe MPeJCcTaB/IfeT co6oH 3HaKOMepeMeH-
HyIl0 CYMMY IepBBIX TPeX H MMO3TOMYy SBJSAETCH HX CJEACT-
BueM. [TosoxuM @, =0; Toraa ocra/ibHble TPH BEKTOpa Haii-
AyTCS OJHO3HAYHO M Mbl MOJNYYHM YacTHOE pelieHHe CH-
crembl (11):

(0, 2b,, —2b,+2b,, 2b,—2b,+2b,). (12)

O6uiee perieHHe COOTBETCTBYIOIIEH 00HOPOOHOL: CHCTEMBI eCTb
LUMKJIHUeCKHH KkJacc Kerx,; OH cOCTOMT M3 [BaKinl MpOM-
JEHHBLIX OTPE3KOB C LEHTPOM TSXKECTH 0, T. €. U3 4-yroJib-
HHMKOB (¢, —¢, ¢, —¢). OGuiee peuieHHe HCXOJHOH CHCTEMbI
(11) ectb cymma yactHoro pewenus (12) u obuiero peuieHHs
OJJHOPOJHOH CHCTEMBI

(¢, —c+2b,, ¢c—2b,+ 20, —C+2b,—2b,+2b,), (13)

rje ¢ NnpoH3BOJbHO.

Muoxecto pewenuit (13) Bcerna copepsut napasteso-
epamm, H60 TpeGoBaHHe, 4YTOObl «3HAKOMEPEMEHHAsi CymMa
BEepLIMH paBHsAJ/ACh HYJIO», NPHBOJHT K eJHHCTBEHHOMY 3Ha-

YeHHIo c=%(3b1—2b2+b3). Coruacuo (10),
c=b,—b+b, tie b=1 b, (14)

Pemenne (13) naHHOH CHCTeMBl HMMeeT CJ/eAyHOUIHH Ieo-
METPHYECKHH CMBICJI: 4YTOOBI IOJNYYUTb YETHIPEXYrOJbHHK,
ONHCaHHBIA BOKPYr mnapainenorpamma (b,, b,, b, b,), no-
CTaTOYHO, BBIGpaB JIOOYI0 TOUKY €, OTPasHTb ee OTHOCH-
TeJbHO TOYKH b,; TNOJYYEeHHYI0 TOYKY OTpasuTb OTHOCH-
TeNbHO b,, 3aTeM OTHOocHTeabHO b,. Tak Kak ¢opmyaa (13)
JaeT Bce pellleHHsl CHCTeMEl, TO BCAKHII OZHCAaHHBIA 4-yroib-
HHK MOXHO MOJY4YHTb TakKHM o6pasoMm. OmnucaHHbifi mapaJ-
Jejorpamm, Kak cJjeiayer u3 (14), mosyuurcs B TOM cayuae,

(-
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KOT/Ja ¢ —ueTBepTasi BepLIHHA MapaJuiesiorpaMMa, HaTsHYToro
Ha ToukH b,, b, b, (rae b—ueHTp TsAKECTH 3aJAHHOTO
napaJsesorpaMma; puc. 43).

TIpuBefeHHbIii pa3bop MPHMEPOB LHK/IMUECKHX OTOGpae-
HUil CTABHT PsAA AONOJHHTEJbHBIX o6umx Bompocos. Hampu-
Mep, 8CAKOe AU YUKAu4ecKoe omobpajcenue fBASLMCA K6A3U-
npoekyuet, T. e., COrJacHo Teopeme 8', A7 BCAKOro JH

Puc. 43.

LUKJAHIeCKOro oToGpakenHs o6pas H SiAPO—B3aHMHO AOMOJ-
HUTeNbHBIE MOANPOCTPAHCTBA NpocTpaHcTBa V7?

YnpakHeHHd

1. (WWoxe [26], cTp. 68.) Mycrs Char K # 2. Jlas npoussosibhoro
n-yronbHuka B onpejennTe Bce n-YTOJbHHKH A, nna Kotopuix B siB-
JsileTcsl N-yroJNbHUKOM CepellHH CTOPOH, T. €. #eA=B. (U3 ynp. 5 § 2
caleflyeT, YTO MpH HEYeTHOM n JJIs BCAKOTO 7-yrosbHHKA A cymectByer
@IMHCTBEHHBI COTTMCAHHBIAY N-yrOJbHHK, BEPUIHHLI KOTOPOrO SIBJIAIOTCA
3HAKOMEpEMEHHEIMH CYMMaMH 7 MOC/e0BATe/bHbIX BEPUHH HCXOLHOrO
n-yronbHuka A.) .

2. Mycrs n=6. Beskuit ACO-6-yrofbHHK ecTh %,-06pa3 TOUHO
omHoro ACO-6-yronbhuka. Besikmit 6-napansenorpamm ecth %3-o6pas
TOUHO OJHOro G-mapansenorpamma. Besixas mpusma ecTb ¢3-06pas TOUHO
OJlHOH TNPHU3MBL,

3. Myets n=4, Char K # 3. Torla a3, *; B3aWMHO OLHO3HAUHO
oTo6pakaloT 4, Ha ce6s. OLMHAaKOBEl JIH MapaseorpaMMbl CepeiuH

1
ctopon 4-yroabuukos A u agA? Ecau .4644, TO %3-4=——3—§-1A.
4. Mycts n=>35, Char K # 2, 3. Torga e, %3, Oz B3aHMHO OJHO-
1
sHauHO oTOGpaxaiT 5 a ce6a. Ecan Aegls, TO UgHyOzA = 5 A.

3#
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§ 7. HsobapHueckne UHKJIMYECKHE NMPOEKUUH 1isi 1 ==4

[lyetb n=4. Ilna KaXmoro M3 TpexX NepHOLHUYECKHX
KJIacCOB 4-YrOMbHHKOB H306apHYECKHMH IPOEKUHAMH, Iepe-
BOJAIIMMH B 3TH KJIAaCChl BCe MPOCTPAHCTBO oA,, ABAAIOTCS
COOTBETCTBEHHO 1, W,, ©. DBosbllle HHKAKHX UMKIMYECKHX
NMPOEKUHMIl C STHMH KJaccaMH B KayecTBe O6PasoB He Cyllle-
CTBYeT. IJTO CJelyeT W3 TeOpeMbl 7 M KOMMYTATHBHOCTH
LHKJINYeCKHX OTOOpaKeHHH. :

Haiinem uukiuveckyo mnpoekumio, mepesogsimyio A,
B KJacc napaasesoepammos. IockONbKy %, —KBa3UNpPOEKIH
(Teopema 10), Hckomoft npoekuuedt sBasieTcs %5 '%,, Tae X,—
OrpaHHYeHHe ¥, HAa MHOXeCTBe MNapaJjesorpamMmoB (cm. § 4
3TOH TIJiaBhl).

ITycts A—npon3BosibHbIil 4-yrofbHHK, W MyCTh %,A=DB,
#;'%,A = %;'B = A*. Torza %A =%,A*= B, 1.e. A*—napaa-
JIeJIOTPaMM, HMEIOIHA ¢ A OJMHAKOBHIE CepeiHHbl CTOPOH, H
A — A*—uckomasi mpoekuusa:

Teorema 11. ITycme n=4; omobpasenue, conocmasasio-
wee Kancdomy 4-yeonbHuKy mMaxod napariercepamMm, 4mo ce-
pedunor cmopon 06pasa u ucxodnozo 4-yeonsruka cosnadaron,
ABAACMCA  YUKAUHECKOU  npoekyued  mHoxcecrmea A, Ha Kaace
naparneroepammos; oxo uzobapuino u pago 1—p,--o.

Rokasareabcrso. Ilyete A=(ay, ..., a,), B u A*
ompejesieHbl, KaK Bblille, A*= (a3, ..., a;). Uto6bl noayynts
fIBHOe BBIPaxKeHHe @] uepe3 @;, HeOGXOAHMO, MOJOKHB

1 1
B=%,A= (—2-(a1+a2), ceey ?(a4+a1)) ,

noactaBuTh B dopmyny (13) u3 § 6 snauenue ¢, 3agaBaemoe
paBenctBoM (14). Tlpu stOM MBI MOMyYHM UMKIHUECKYIO CH-
cTeMy

1
aI=T(3a1+az—a3+at), cee e

Takum o6pasom, A — A*—uHK/IHYECKOE OTOGPaKeHHe C Ko-
1
spunenTaMu T (3, 1, —1, 1), cymvma KoTophix paHa I;
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B K[{] sro oro6paxkenue 3ajaercs Tak:

FOHE—T ) = 1= (148 + 3 (1 +5 4+ 48 =

=1l—p,+o.

[Mocnennee BbipaxeHHe, 3anHCaHHOe B (opMe
C A*=A—p,A+0A,

Puc. 44.

Jaer cnoco6 MNOCTPOeHHdA NapaJjenorpamMma A*, eciau 3anaH -
4-yronbHUK A: @; ecTb uyeTBepras BeplIMHA MNapaJeso-
rpaMMa, HaTSIHyTOrO Ha TOUKY @; CepeiHHy [HaroHajH
(a;, a;.,) n nentp tsxectn A (puc. 44; ueHTp TsxKecTH A
€CcTh cepeJiHHa OTpe3Ka, COeAMHSAIOLUIErO CepPeiHHBl JAuaroHa-
Jeit B A).

Hrak, ans Kaxporo 3 yeTbipex CBOGOAHBIX LHKJIHYECKHX
knaccoB (cM. § 8 ra. 1) cymectByer H306apHuecKasi UHKJIH-
yecKas INpoeKlHMs, mnepeBOAsLIash B 3TOT KJacc BCe MPOCTpaH-
CTBO A,.

Teneps cHOBa BO3HHKaeT OGUIMil BOMpOC: 041 6CAK020 Al
YUKAUYECKO20 KAGCCA N-Y20AbHUKOB Cyuiecmeyem UYUKAUHECKAR
npoexyus, nepesoOAIas 8 Hezo 8ce npocmpaHcmeo A,?
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YnpaxHeHusd

1. Tlyers n=4. [Ina Kaxznoro u3 omepatopoB 1, Wy, 1—py+0, 0
BBeJeM HOBbIfi omepaTop, NMOJYYeHH bl BbIYHTAHHEM €ro H3 TOXKIECTBEH-
Horo oneparopa l. Mbl nosyyum UHMKJHYeCKHE MPOEKUHH, KOTOpble Ie-
peBoasT A, COOTBETCTBEHHO B {O}, B KJlacC NapaJjiiieJorpaMMoB C LieH-
TPOM TSKECTH O, B KJIacC ABaXKAbl NMPOHAEHHBIX 2-YTOJAbHUKOB C LEHTPOM
THAXKECTH 0, B KJace %44.

B cuay Tteopemnl 8, A= A*4(n,—0) A ecTh 0aHO3HAUHOE Pa3JIo-
xkeHue A Ha 4-yronbHuk u3 Imx, H 4-yronbuuk us Ker x,.
2. Im({—1)=A,=Im(l—o0). MNycts n#1. Torpa {—1 ecrs
o

KBasHNpOeKUHUS: A5 x.—_%(g 4+ 282 + ... +(rn— 1)""1) uMeem
(¢t—1)x=1—0o, a Ha 4, oro6paxkeHne !—o, a cjegoBartenbHO, H
(§—1)x sBasOTCA TOXAecTBeHHbIMH. Takum o6pasom, {—1 u y 06-
paTHHB APYT APYry. DeMeHT ¥, sBJsieTcs o6paThMbIM: faxe B K [{] MOxHO
Halith P& K [{], Takoe, uto Py =1 (caenaiite aro!).

3. Ilycts n=4. OnpemesuM uUHKIHYeCKOe OTOGpaxeHHe % PaBeH-
CTBOM %p) = 1—Wy+40. O6paTumo s § B K [L]?

§ 8. LluKinuecKHe MaTpHIbI

3anuumem B o6bluHOM dopme cHcTemy (1), ompexensiouyio
LMKJIMYECKOE OToOpaxkeHHe ¢ HaGopoM Ko3hdHILHEHTOB

(Cor €y ooy Cuy):
b= c,+ca,+... +Crsi@y,
b,=c,_,a,+ca,+...+c,_.a,
b,= ca,+ca,+...4+ ca,
Kosunnents 3toro orobpaxenus o6pasyior UUKIHYECKYIO
marpuuy M (cy, ¢, .., C,_;), onpeseneHuyw B § 6 ra. 1.
L{uKk/HYeCKOMy OTOGpaXKEeHHIO { COOTBETCTBYET LHKJHYE-

"ckas marpuua Z=M (0, 1, 0, ..., 0)—mampuya nexomo-

poii nodcmarosxku *); Z"=E (rne E-—enunnyHas matpuia).
Hmeer mecTo passnoxenue

M(Co, Ciy veey n_l)=20"zi.

Seil— ezt

*) To ecTh Takass MaTpula, BCe 3JeMeHTH KoTopofi pasubl 0 mam 1
U B KaXJIOH CTPOKE H B KaXJOM CTOJ6LE KOTOpoil HMeeTCs POBHO ofHa
CAHHHLA. ‘

CooTBercTBHE

R AN A
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ecTb M3oMopdbuaM anrebpnl K [{] Ha aseebpy K [Z] yurauue-
ckux mampuy, nopsoka n Hao K. TlocnefoBarelbHOMY BhI-
HOJIHEHUIO LHMKJHUECKHX OTOOpa)KeHHH COOTBETCTBYeT YMHO-
JKeHHe UHKJHMYECKHX MaTpHI; OTCIOla CJeayer, 4YTO 3T0
YMHOMEHHE KOMMYTaTHBHO.

Taxum o6pa3oM, MBI MOJyyaeM elle OAHY HHTEepIpeTauuio
TEOPHH ULHUKJHYECKHX OTOOpaxKeHHH £-yroJbHHKOB B BHIE
TEOpPHH UMKJIHYECKHX MaTpHLl nopajaka n. LIHKIHuecKHH
KJIacC N-YrOJbHHKOB MOXXHO Telepb OXapaKkTepH30BaThb Kak
MHOKECTBO TeX MN-YTOJbHHKOB, KOTOpbl€ LMKJIHYeCKas Mar-
pHLa NepeBOJAHT B HYJIb.

[TpencraBieHne UMK/IHYeCKHX OTOOpaxeHHH Ha si3biKe
anre6pbl MaTpPHIL OTKpPBIBaeT HOBBIH NOCTYNHBIA M NpHBJEKa-
TeNbHBIA MOAXO[ K H3YUeHHIO LHKJIMYeCKHX OToOpakeHHH H
LMKJHYECKHX KJacCOB N-YTOJbHHKOB.

YropakHeHUS

1. Heoco6rie muk/uueckue MaTpuilbl mopsifika n o6pasyloT abesesy
TpyNny OTHOCHTEJbHO MaTPHYHOTO YMHOMEHHH.

2. Heoco6rle AnaroHasbhbie MaTpuubl D nopsigka n, KOTOpbie TNpe-
06pa3yloT KaxkAylo iMK/aAxuecKylo MaTpuily T CHOBa B UWK/IMYECKYIO
[T. e. Takue, uto D-1TD—cHoBa UMK/JIHYeCKas MaTpuual, CyTb Te MaT-
pHIbl, IHATOHAJbHbIE 3/EMEHThl KOTOPbIX HMEIOT BHJ

¢, cw, cw? ..., cwr-l,

n T o
roe c#0, a w=1/l B K. Haiitu tTakue wmaTpuuesl D Hag noseMm pa-
HMOHAJIBHBIX U JeficTBUTeJbHBIX uncea (cm. § 5 ri. 9, ynp 3).

3. Ilycts K—movse, cosepallee Bce KOPHHM n-ii cTemeHd us I, a
w= 1'71 —nepBooGpasubiii kopeHb, Heocobast MaTpuua nopsiaka n
U=(u;, ), rie uj j=wh),

npeobpasyeT BCAKYIO LHK/IHYECKYIO MaTpHily B Auaroaangnyb. [Mycts

T — nuKaMueckast MaTpHLia, COOTBETCTBYIOMWAs HAGOPY (Co, €1y «++s Cp—1)-
Torga AuaroHansHas Marpulla D=U-1TU CcOCTOMT u3 3JeMEHTOB
di =y 00 o 4 . . ., =Y rpe i=1, 2, ..., n. Kaxue

CJIeACTBUS MOXHO BBHIBECTH OTCIOAa /IS HJEMIOTEHTHBIX IHKJIHYECKHX
MaTpHIL? :



TJTABA 3

Ob NU3OBAPHYECKHNX Ll,MKﬂH‘-IECKIdX
OTOBPAXKEHMSX

§ 1. a-ampo

3nech Mbl 6yjeM 3aHHUMATbC OTOGPAKEHHSIMH, KOTOpHIE
ABJIAIOTCA OJHOBPEMEHHO LHKJHYECKHMH H H300apHYECKUMH;
K HX UHCJY OTHOCATCS, Hanpumep, otobpaxenus 1, o, .
BanomHum, uT0 usobapudeckum HasbiBaeTcs OoTOGpa’keHHE @,
nepepojsllee B ce6f Kaxiabii u3o6apuueckuii Kjacc, T. e.
TakKoe, uro0 O09A=0A [nd BCAKOIO n-yrojibHHKa A, 4TO
MOXHO TaKxKe 3anucaTbh B BHJE paBeHCTBa

op=a. 1)

Ecnu ¢ —yukaudeckoe orobpaxkenue, to ¢dopmyse (1) sxBu-
BAJICHTHBI (JIE[YIOLHE YTBEPKIEHHS:

(I—0)g=9—o; @
s(@)=1 3)
A, » = Fix q. 4)

[To nosony skBuBaieHTHocTH paBeHcTB (1) m (3) cM. § 3
TN, 2. Ora 3KBHBANEHTHOCTb BBITEKAET TAKKE M3 CJeAyIOme
JIeMMBI ; '

Jlemma. [aa scakoeo yukiuueckozo omobpascenus
o =5 (})0.

Hoka3aTenbCTBO HETPYAHO TMOMYYHTb, BCIOMHHB
CBOHCTBA NPOM3BEJEHHS LHKJHYECKHX OTOGpaXKeHHil; cM. § 2
ra. 2.

O6parumes Temeps K sKkBHBaseHTHocTH (1) M (4). ScHo,
uTo (1) 3KBHBa/JIEHTHO DABEHCTBY (O =0 (H6O LHKJIHUECKHEe
0TOOpaKeHHs KOMMYTATHBHEI); MOCJe/Hee Ke O3HayaeT, 4To
/I BCSIKOTO n-yroJibHHKa A

¢ (cA)=04, 1. e A, ,=Fixe.
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Urak, mycTb ¢— usobapuyeckoe omobpancerue. slapo @
ecTb LEHTpaJbHBIA Kjaace (cM. TeopeMy 6 i 2). Hapsany ¢
MHOMECTBOM 1-yTOJILHHKOB, KOTOphie OTOGpaxeHHe ¢ obpa-
aet B HyJb, PacCMOTPHM MHOXECTBO 71-yrOJbHHKOB, KOTO-
pble @ MEPeROJMT B TPHBHAJbHbIE MA-yrOJbHHKH (r. e. B HX
HeHTpbl TskecTH). D10 MHOmecTBo Kerg HaszoBeM 0-20poM
oTo6paxKeHns @:

Ker ¢: = {A:9A = 0A} = Ker (p—0) *).

O-IAPO ¢ TaKKe SBJSETCS UMKJIHYECKHM KJaccoM (Teo-
pema 1 I 2); OH COJEpMKHT BCE TPUBHA/MbHbIE /1-YTONLHHKH
fu6o 0A=A MIa KamaOro TPHBHAILHOIO f-yrOJbHHKA A
u B cuay (4) ¢A=A, a cJefoBaTe/bHO, ¢A=0A] u, 3Ha-
yuT, ABJAETCS CBOGOJHBIM LHKJIHYECKHM KJIacCOM. dro crne-
IyeT TaKkxe H3 Teopembl 6 ri. 2, ecin yuecTb, 4TO

s(g—0)=s(p)—s(0)=1—1=0.

Ynpaxuenue CnpaseluBo paBeHCTBO {0 =0. [Monb3ysgcy HM,
IOKaXKHTE JIEMMY.

§ 2. /lBa THNa UHMKIMYECKHX KJaccoB

—

Teopema 1. Beakud yuxaudeckutd  Kaacc ASASEMCA  UAU
G-20pOM, UL SOPOM HEKOMOp0e0 UB00APUHECKOZ0 YUKAULECKOEO
omobpasicenus. Ceo600Hble YUKAU4ECKUE —KAACCHL ABARIOMCA
o-adpamu, @ yenmparbHole— A0pamu usobapueckux yuxKauue-
cKux omobpasceHuti.

JlokasateabcTBO. B chny Teopembl 6 ra. 2 no-
CTATOUHO MOKA3aTh, UTO A0pPO YUKAUHECKO20 OmOGpadcerus P,
das komopoeo s(P)=0, asasemcs maKice 0-20pOM HEKOMmo-
pO20 UB06APUHECKOZ0 YUKAUHECKO2O0 OMOOPANCEHUA. OGo3HaunM
P+ o=g; Toraa s(p)=1#u Ker ¢y = Ker ¢.

(4

MBI XOTHM YCTAHOBUTb CBf3b MeXKAY CBOGOAHBIMH H
LIeHTpaJIbHBIMH LUKJHYECKHUMH KJlacCaMH. HpeuBapme.ano
YCTAaHOBUM ciaenymwue COOTHOLLIEHUSA (B KOTOpbIX ¢ —IHK-

*) 3nak := (B Hameil JuTepatype uaime HCNOJb3YeTCH B TOM Ke

e
cMblcsle cuMBOa = def—cokpaieHue JIaTHHCKOro CJoBa definitio—
Qnpese/eHHe) 03HAYAET «PABHO MO OMPeLe/IEHHION.
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JHYeCKoe H300apHueckoe oTOGpakeHHe):

Ker ¢ N Ker 0= Ker ¢; (5)
Ker ¢ =1Im o+ Ker g; (6)
o}
(1—o0) Ker ¢ = Ker ¢, )
g

Ker 6— Hynb-n306apuyeckuii kJaace, Imo = Fix 0 —kuaace TpH-
BHA/ILHBIX N-YTOJbHUKOB (cM. § 3 ra. 2).

Hokasarennctso (5) u (7). [Tyctb A —npousBousb-
HblH n-yroMbHuK. TpH clefyiomnx yTBepKIeHHS 3KBHBa-
JIEHTHBI MEX1y c06oit: a) A =0; b) ¢A=04=0; c) cy-
LeCTBYeT TaKOH n-yrofbHUK B, uto A= (1—0) B u ¢B = oB.

U3 a) caenyer 69A=00=0, a 3uauur, B cuay (1),
6A=0, T. e. paBeHctBa b). Eciu Buimoansercs b), ToO
A=(l—0)A nu 9A=0A, ciefoBarebHo, BepHO H c¢). U3
¢) B cuay (2) caenyer pA=¢(l —0)B=(¢9—o0) B=
=@B—oB=0, 1. e. a).

OKBHBAJIEHTHOCTh b) u a) BHjHA M3 paBeHCTBa (5), 3kBH-
BaJIeHTHOCTb C) M a)—u3 paBeHcTBa (7).

PaBenctBo (6) MOxHO f0OKa3aTh aHAJIOrH4yHO, HO Mbl BOC-
noib3yeMcs CBOHCTBaMH MopyJefi. Ecan B, €, @ —nox-
NMPOCTPAHCTBA HEKOTOPOrO BEKTGPHOTO NMPOCTPAHCTBA (a LHK-
JIMYECKHE KNACCHl ABJAIOTCH HMH), TO

U3 B <= D caegyer (B+E)ND =B+ (€N D)
(cm. npunokenue 1I). Hanee, o-anpo oro6paxenus ¢ sB-
JIieTcsl CBOGOAHBIM LHK/IHYECKHM KJACCOM; nostomy Imo <
=Kerg u
o
Ker ¢ = £, N Ker ¢ = (Imo 4 Ker 6) N Ker ¢ =
o [y o
=Imo+ (KeronKerg)=Imo+ Ker ¢.
[

U3 teopemer 1, (5) u (6) caenyer, uro 0TOGpaKeHHe
Kerg — Kerg (¢ — n3obapuueckoe)
(4

ABJIACTCA 63AUMHO OOHOSHAUHLIM OMOGPAsceHUeM MHOXNceCBa
CG0B00HBIX YUKAUHECKUX KAQCCO8 HA MHOXCECITB0 YEHMPAbHLY

BT P TR R N
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kaaccos. Takum o6pa3oM, KaxkJIOMy CBOGONHOMY LHKJIHYe-
CKOMY KJaccy 6 COOTBETCTBYeT eNMHCTBEHHbIi LeHTpa/lbHbIA
KJacc, KOTopulii Mbl oGosHaunM €. PesynbTar chopmynH-

o
pyeM B BHe CJEAYIOLIEro MpaBuja W TeOpeMbl 2:

Mpasuno. Ecau ¢ usobapuuno u € = Ker g, mo € = Ker q.
o o

An
1-6
An
c= <
chr? 1-6
C=Keryp
-6
Apn
) {0}
Puc. 45.

Teorema 2. Coomeemcmsue € — €, 20e € —ce0600HulL, O
o
@ —omeewarowuil  eMy UEHMpaavbHoll YUKAUYECKU  KAaace,

FBASIEMCA 83AUMHO OOHOSHAYHBIM OMOBPANCEHUEM MHONCECMBR
ecex CB0GOOHBIX YUKAUHECKUX KAQCCO8 HA  MHOXMCECIBO YEHM-
panbHblLx yukaudeckux Kkaaccos. Ilpu smom cnpasedruso pa-
8eHCmea '

ENd=%, €=y, +8 (1—0)6=%.

Llukauueckas npoekuus 1—o (em. § 4 rui. 2) cormo-
CTAaBJAET KAXKIOMY MA-YFOJbHHKY A N-yrOJbHHK € LEHTPOM
TS:KeCTH 0, ToJsiyuyaeMbii H3 A mapasiesibHbIM E€pPEeHOCOM.
Teopema 2 yTBepXKJaeT, uTO 3Ta MPOEKIHA YCTaHABIHBACT
B3aMMHO OJHO3HAUHOE COOTBETCTBHE Mexay OOOMMH THMAaMH
KJIacCoB.

PaccmaTpuBaeMoe CCOTBeTCTBHe (cM. pHC. 45) oueHb
ectecTBeHHO. JlOoCTATOYHO OrpaHHUMTBLCS OXHHM H3 STHX TH-
OB, MOCKOJbKY MpHBJeUeHHe BTOPOrO THMA HE MOXKeT [10-
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CTaBUTb HaM HHKAKHX HOBLIX TeOMETPHUECKH COjleprKaTeJIb-
HbiX  ¢aktoB. OpHako nogo6HOe OrpaHHYeHHE (ckaxewm,
CBOGOAHBIMH LMK/JHYECKHMH KJIaCCaMH) MOXET OKa3aThCA 3a-
TPYAHUTEIBHBIM H3-32 YHCTO a/reGpauyecKUX OCJOKHEHMUII.

Crefyiomunit naparpa COepXHT HEKOTODble yKasaHHs IO
3TOMYy IOBOAY.

Puc. 46.

Hroraa Mbl GyAeM TOJI30BAaTbCS STHMH OFPAHHYEHUSAMH,
Hanpumep B § 1 u 2 ra. 4, HO A8 TOrO, YTOGHI copmy-
JMPOBaTh M JI0Ka3aTh OCHOBHYI TeOpeMy Halleii TeopHH, W
AN BBIAICHEHHs CBSISH MeXJy WHKJIHYECKHMH KJIaccaMH H
LHK/IHIECKHMH OTOGpaXKeHHIMH HaM MOTpebyioTcss ofa 3TH
NIOHATHS B HX €CTeCTBEHHOH ajreGpaHuecKoH OGIHIHOCTH,

Ha usobpaxenHoll Ha puc. 46 auarpamme YKa3aHhl Bce
BKJIIOYEHHS 16 LMKJIHYECKHX KJaccOB 6-yroMbHUKOB, KOTO-
peie nosyyarorcs, ecaiM K 8 CBOGOAHBIM LHKJIMYECKHM KJjac-
CaM  MPHCOEJMHHTb  COOTBETCTBYIOL(HE MM ILEHTpAJbHbIE
KJacchl (1o moBoay oGosHayeHHi cM. § 1 ra. 4),

3ameuanne 1. Ilycrh cHOBa @— H306apHUeCcKoe IHK-

nHyeckoe oroGpaxenre. Kak caeayer us (4), Img coziep-
KHT KJI1aCC TPHBHAJILHBIX 1-yTO/BHHKOB [A4,, ,=Fix g=Img].
3uaunT, ecam Im@ sBASETCS LMKAMYECKHM KJAaccoM, To
oGsi3aTelbHO CBOGOAHBIM, PaBeHncTBo YIme=Imy-¢ BH-
NOJIHACTCA YXKe Il BCAKOrO OTOGpPAXKeHHsS MHOXKECTBA B

\

P

G tenstescdidmas
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ceGsi; Ajs Pp=1—0 OHO HMeeT BHA
(1—0) Im ¢ =Im (¢p—0)
[em. dopmyay (2)]. M3 Teopembl 2 creflyeT Takoe

Measuno. Ecau  @— usobaputeckoe  omobpascenue u
¢=Im¢, mo €=Im(p—o0). (3Aecb & —cBOGOAHBIA WHK-

JIMYeCKHH KJsacc.)

3ameuanue 2. JlBa nognpocrpaHctBa B H € BekTOp-
HOFO MPOCTPAHCTBA o, HA3HIBAIOTCA 63AUMHO OONOAHUMENb-
HolMU, €CJIH

A, =B+E, BnE=1{0}, 1. e A,=BDE.

M3 1ByX B3aUMHO JOTOJIHHTE/bHBIX UHKIHYECKHX KJjac-
COB OJUH BCerja CBOGOAHbIN, pPYyroil —IeHTpalbHBIH. Hefi-
CTBHTEJbHO, ABa CBOGOAHBIX IMKJHMYECKHX KJjacca He MOryT
6biTh B3aHMHO AOMOJHHTEJbHBIMH, TaK KakK HX MNepeceueHHe
CONEPXKHT IO MeHblIeH Mepe KJIacC TPHBHAJBHBIX f1-yrojb-
_ HUKOB; JiBa LEHTPaJbHAHIX KJacca Takxke He MOryT OblTh

B3aHMHO JIONOJIHHTENbHBIMH, TaK KaK HX CYMMa HE BBIXOJAHT
3a mpenenbl HyJb-H300apHYECKOro kJjacca.

YnpaxHeHus

1. Llukauueckoe oroGpaxenue {— ! B3aHMHO OJHO2HAuHO OTOGpa-
sKaeT MHOMXKECTBO CBOGOIHBIX UHMKJAHYECKHX KJacCoB Ha MHOXKECTBO
LeHTpaJbHEIX KJAaccoB (CM. ympaxHenns K § 3u7ra 2.

2, MMycts B MHOWecTBe 6-yroJbHHKOB OHO 33 LPYyTHM JeHCTBYIOT
HHKJAHYECKHE OTOGPANKEHHS Xy, g, G, 1—0. Ilpocienute mo 1306 pa-
JKeHHON Ha puc. 406 nmarpamme, Kak ¢ KaxIbiM oro6paxerueM Mbl Gy-
JeM chyckatbcsl K Bce Oojiee y3koMy Kaaccy 6-yrosbHHKOB M B KOHIle
KOHI[0B JofifieM A0 HYJIeBOTO KJacca {0}; TaKHM 06Da3oM, Ry%g0g(1—0)=0.

§ 3. 06 u306apHueCKHX LHK/IHYECKHX OTOGPAKEHHSX

Mbl CllelaeM HeCKOJNLKO 3aMedaHHi, Koropbie 6yayt mo-
Je3Hbl TIPH O €PHPOBaHHH ¢ H300apHUECKHMH LHKIHYECKHMH
oTo6paKeHHAMH.

Haromunm, uto K [{]— koMMyTaTHBHasi ajre6pa LHKJIH-
yeckHx OTOGpaKeHHit; ¢ — S (@) —TOMOMOPHH3M 3TOl airet-
psl Ha K. Slppo storo romomopgrsma (MHOXKeECTBO oroGpa-
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MEeHHH, A/ KOTOphiX s (@) =0) saABJseTcs wueanoM I, B
KI[t], K[t]/I,= K u, crenosatenbHo, [,— MakCHMAJbHbII
uzean 8 K[C]. [las moGoro ¢ € K MHOXeCTBO [, LMK/IHUe-
CKHX O0TOGpaxKeHu# @, TakHX, 4TO S (@) =c, ABASETCA CMEXK-
HBIM KJIACCOM MO HJeany [,; [, —MHOXECTBO H300apHUeCKHX
UHK/MYECKHX OTOOpaxkeHHd (118  KOTOphIX S (@) = 1) —
NpeJCTaBUMO B BH[E

I,=1,+o, 8)

TaK Kak o€ /,. Ecmm @, €7, 10 @Y€, HO —¢, @ +
+ P ¢/, Besikas sHaKomepeMeHHast CyMMa HEYeTHOro 4ucJja
SJIEMEHTOB H3 [, cHOBa mnpunagnexur [,. OrtobpaxeHne
@ — 1—q nepesopur [, u [, Apyr B Apyra, a

¢—l—¢+o 9)

ABJIICTCS HHBOJIOTHBHBIM OTOGpaxceHHeM [, B cebs. Ecun
(¢— HJEMIIOTEHTHBIH 3JeMeHT [, TO 1 — @+ 0—roxke ugemno-
TeHT. X npounssenenne paBHo o, a «GyJeBa cyMMa» (Cymna
MHHYyC npousselenue, cM. § 1 ra. 5) pasua 1; nostomy stu
ABe H3002apHyecKie WIHKJIHYECKHE IPOeKLIH HA3LIBAIOTCS
B3aHMHO O-0010AHUINENbHbIMLL,

[TeaBuno. Ecau ¢-—usobapuieckas yuxiuiecras npoexius,
mo amo cnpagedaueo u 041 1—q o, npuuem

Im(l—-cp—{—a):l(e;'cp, Ker (1 —¢+0)=1Im . (10)

PasenctBa (10) cuenyoT "3  oueBHgHOrO paBeHcTBa
Im@=Ker(l —¢) u onpenenenus o-sapa. O6a MHOMecTBa
B (l10) sBasOTCA CBOGOAHBLIMH  UMKJHYECKHMH KJIACCAMH
(teopema 1). -

ITpumep. 1, 0—B3auMHO 0-JONONHHTENLHLI, [Mpun=4
MHOZKECTBO HeTBIpeX HM306apHUeCKHX LHKJ/IIYECKIX MPOeKIHil
u3 § 7 ra. 2 pacnajaercs Ha aBe napsel B3aMMHO O-JOMOJI-
HHUTe/IBHBIX! 1, 6 1 p,, 1—p, + o; npn stom Im (1—p,+0)=
= Ker p, ectb knace napasesorpammos.

)

Ynpamxuenue. B K[C| rnasupii ugean (0), nopoxaennuli o,
ecTb KoO; c/efoBaTeNbHO, OH COCTOHT W3 UHKJ/IHYECKUX O0To6parkeHHit

ot raeco=cy=...=c,_,. ['NaBHbL unean (1—o)=I,u K[¢]=
=Kla@lm 0=c1 n-1 ( V=1, [¢]

e
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3aMeTKa 0 CJOMKEHHH M-yrojibHUKOB

1. ChoxeHue M-yroabHHKoB.. HamoMHuMm, urto moOZ
n-yroJlbHHKOM Mbl IOHHMaeM MpOM3BOJIbHBIA HAG0p 71 TOUEK
us V. Tlyerb A=(ay, ..., @;) W B=(b,, ..., b;)—nsa
TaKHX n-yrojbHHUKA.

Puc. 47.

Ecau A u B npuHajiexar Hy/lb-H306apHueckoMy KJaaccy
(MMEIOT LEHTp TSXKECTH 0), TO MX CyMMa HMeeT SICHBIA Treo-
METpHUecKuil cMpic: (- BepwnHa A+ B sBnsercs uersep-
TOH BEpLIMHON mapajielorpamMa, HaTAHYTOTO Ha TOUKH &
0—o6uwuit ueHTp Tskectd aas A W B wu b; mpH 3TOM
nentp Tamectd A+ B Taxke coBmajaer ¢ 0. Ha puc. 47
NOCTPOEHA CyMMa TPHMJIbl TNPOHIEHHOrO 2-yroJbHHKA H
JBaK[bl MPOHJEHHOTO 3-yTOIbHHKA C OOLHM LEHTPOM TsiKe-
CTH 0; 37echb n=6 u cymma A+ B ectb pusma.

Ilyctb Teneps A, B—mpon3BosibHbie n-yroapHHkH. Ilo-
npexxHemy i-i BepuiHHa A+ B €CTb ueTBepTas BepuIMHA
napajJenorpamma (@;, o, b)), HO Terepb 0—oGCbiuHas TOY-
Ka, TeOMEeTPHUYECKH He CBfidalHas C n-yroibHukamn A n B, a
jgexaias «rge nonasno». OfHAKO TreoOMeTpHYecKHe CBOMCTBA
CYMMBI BCE-TaKH COXPaHAIOTCH H B 3ToM cayyae. Tak, cymma
(¢» €3 ..., €;) TPHABI NMPOMJCHHOTO OTPE3Ka (a,, a,, a,,
a, @, @, W ABaxIbl NpOfIeHHOro 3-yroibHuka (b, b,
b,, b,, b,. b;) no-mpexHeMy SBIACTCA NPHIMOMH; JErKO Npo-
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BEPHTb, YTO €;,—C, = C3—C,, ... (H60 (@, + b,)—(a,+b,)=
= (a,+b;)—(a,+b,), ...).

Ins uentpoB TsxkecTH A, B 1 A+ B uMeer MecTo co-
"OTHOILLEHHE

o0 (A+ B)=0A+o0B.

Onnako ecin A u B usobapHunbi: cA=0cB=S(s, s, ..., ),
10 A-+ B TONIbKO B TOM C/lyyae NMpPHHAIJMEXKHT TOMY Ke H30-
GapHueckoMy Kuaaccy, uto A H B, kKorga S=0.

Ilnsa 1306apHYecKHX A-YroJbHHKOB MOXHO BBECTH HOBYIO
OMepaLHIO CAOMEHUA U3 YeHmpa mascecmu, He BBIBOAALLYIO
U3 HX usobapuueckoro kjaacca. OnpefenuM HOBYo cymmy A
H B Kak 7n-yrojbHHK, i-1 BeplUMHA KOTOPOTO SBJSETCH Yer-
BepPTOM BePUIMHOH 1 TPOHKH (@, S8, b)), rae s—obumi
ueHTp TsaxkecTH A W B. QueBHAHA CBfA3b MeX1y HOBOH CyM-
Mol (0603HauuM ee uepe3 A+ B) u crapoii:

(4

A4+-B=A+B-—S.
[y

Sra cBA3b MO3BOJIAET YHCTO ajre6paHuyecKHM MyTeM YCTaHO-
BHTb (pOpPMasbHble CBOHCTBA HOBOH CYMMBI.

YnpaxHenne. MuoxecTBo Bcex 4-yroabHHMKOB eBKJ/IHJIOBOI
TMJIOCKOCTH C NPOH3BOJILHO BLIGPAHHHIM HauasoM 06pasyeT Fpynny OTHO-
CHTeNIbHO cJokeHus. [lapaasesorpammel o6pasyloT NOArpynny 3roif
rpynnsl. O6pasyioT aiu MOArpynny KBaApaTbl?

2. CueHr cinoxenus B aGenesoii rpynne. [lycts (A, +)—
abeseBa rpynna M S€ .. BBegeM HOByio Omepaumio, KoTo-
pyto OyleM Ha3blBaTb COBUOM CAOMEHUS HA JAeMeHm S:

at+b=a+b—s. (h)

By/:(eM TFOBOPHTb TaKXke, YTO 3Ta OllepalHs MeJydyeHa na-
PANNCNAbHOIM NEPEeHOCOM HA 3JAemeHm 8.

X—XxX-ts )
OOBIYHOTO TPYMIOBOTO CJIOXKEHHA, B TOM CMBICJe, 4TO K Hell
NPHBOJHT LENMOYKa OTOGpaXKeHHH
(@, b)—(a—s, b—s)— (@a—s)+ (b—s) —
—((@—8)+(b—s)+s=a+b—s.

-

BT

e

T PR T
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Tak Kak (X+8)+ (¥ +8)=(x+y)+s, T0o neperoc (2)
s
ycraHaBiuBaer usomopdusm Mexay (A, +) u (4, ).
8
Orcrona caenyer, uro (A, -+)—mooce abesesa epynna c Hy-
8§ .

AN866LM 3NEMEHMOM §.
[Mycrs (U, +)—noarpymna rpynnel (+f, +). Iloarpyn-
no#i, usoMopoHoit (U, ) OTHOCHTENLHO CABHTA CJIOKEHHS -,

8
ABJSIeTC CMeXHBIl kaacc (U-+s, +). HaoGopor, xancdoui
! s

CMEINHHbIL KAACC MOJNCHO npespamumo 6 epynny, 3aMeHus epyn-
nosoe caodcenue cOBUeOM CAOMEHUA HA IneMenm S, npusadie-
Hawull smomy xaaccy.

Ecan @ —supomoppusm rpynns (A4, +) u s€Fixg, 10
MHOXKECTBO ¢-11Po06pPa30B 3jieMeHTa S: :

{c€A:9c=8}=Kerq+s 3)
siBJIfeTcs abesleBOl TPYNNOH MO OTHOWIEHHIO K onepauuu --.
8

Hakonen, nyctb (R, 4, -)—KOMMYyTaTHBHOE KOJbLO C
3JIeMeHTaMH a, b, ... W S—HIeMIOTEHTHHIH 3JeMeHT B R.
Orobpakenne x —s sx (YMHOXKEHHE HA S) €CTh HJIEMIOTEHTHBI
3HAOMOpPdH3M KoJbla R, NPH KOTOPOM S_NEPEeXOAHT B cebs.
slapo {x € R:sx =0} sroro snfomMopusma 0603HauuM uepes /;
NpPH 5TOM CHOBA

{c€R:sc=s}=1+s. 4)

Tak kak (x+s)(y+5s)=xy-+s nnsa Bcex x, y€ /[, 10 nepe-

Hoc (2) ycraHaBjuBaer H3omopguaMm Koden (/, -+, ) H

(I +s, 4+, +); B nociefHeM S—HYJEBOH 3JIEMEHT,
S

YnpaxHeHus
1. ITyets (A, +)—BextopHoe npocTpancTo Haj nodeMm K u SE€A;
toraa (A, +) ¢ oGbLIYHEIM yMHOMeHHeM (¢, @) —> ca (cEK, a€ A) B ToM
s

¥ TOMbKO B TOM cJjyuyae sBJIfeTCH BEKTOPHbLIM [POCTPAaHCTBOM, KOIAaA
§=0.
2. Ilyers (R, +, +)—xoabuo, SE€R u T —noaxoasuo; (T +s, +, +)

s
ABJIsIeTCS KOJIBLOM TOrJa M TOJIbKO TOrja, KOrAa s2=s sT:{O}:Ts.
3. Cnoxenue H306apHYECKHX M-YIONbHUKOB W3 LEHTpa

TAKECTH. B BeKkTOpHOM npocTpaHcTBe .4, BCAKHH H306apH-
YECKHH KJIAacC (MHOXKECTBO n-YTOMbHHKOB C OGLIMM LEHTPOM
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TSKECTH §) ABJIAETCS CMENKHBIM KJ1acCoM oA, + 8 10 oI, —Hy b=
o

(o]
1306apHuecKoMy KJaccy; 31eck S=(s, s, . .., §) —TpHBHA/Ib-
HBIH n-yrOJbHHK, OOUIMH IEHTP TAXKECTH 3TOro Kijacca.
[Mosmomy U306apUtecKUti KAACC OMHOCUMEALHO — CACOYIOUUM
o6pasom onpedeneHHol Onepayuu CAOMEHUA 1) (caosmerue u3
yenmpa maxcecmu ):

A+B=A+B—S
g

e
=A—B+S.

Mul zanee He OyfeM INONMb30BAaTbCA 3THM (CABHHYTHIM®
caoxkenueM. OTMeTiiM, oflHAKO, ABA cJyuyasi, Korja oObluHas
CyMMa 7-YTOJbHHKOB COBMAjaeT C HOBOBBeIeHHOH, H MO3TOMY
€€ MOXXHO TIOHHMATh B CMBIC/IE ¢CJIOXeHHS H3 LEHTPA TAKECTH»

1) cyMMa n-yroJIbHHKCB H3 HYJb-W300apHUECKOro KJacca;

9) 3HaKomepeMeHHast CyMMa HEUeTHOrO uhc/ia H3o6apHye-
CKHX M-yFOJbHHKOB [K 2) 3aMeTHM, 4TO A/l H306apHYECKHX
A, B, C umeem A—B+C=A—B+C].

g [y

odpa% m abenesy epynny ¢ wuysem S. OueBHAHO, uTQ
A—
g

Mpuwmepo. K cayuaro 1). Lukauuecknit Kmace n-yrofb:
HHKOB Ha30BeM QMIOMAPHbIM, €Cld OH OTJHYEH OT HYJEBOrO
knacca {0} M He COJEPKHT HHKakoro oramuyxoro or {0}
LLMKJHYeCKOro KJacca. M3 teopemsl 1 ra. 1 cuenyer, 4ro
kaace A, MPUBLANOHBIX N-Y2ONbHUKO8 ABASCMCA QMOMAPHOLM
(MMHHMMAaJIbHBEIA CBOGONHBIH LHKJIHYECKHIl KJacc); 6ce ocmans:
Hble QMOMApPHbIE KAACCbl— LEHTpaJibHble (oueMy?).

B nasbHefieM Mbl TOKaXKeM, 4YTO 6CAKUL N-YeoNbHUK
mogcern Goimb  eQUHCmBseHHoM  00pasom npedcmasien 6 6ude
CYMMbL N-Y2ONbHUKO8 U3 AMOMAPHBLY YUKAUYECKUX KAQCCOB.

Jliobass cymma n-yroJbHHKOB H3 aTOMapHBIX KJacCoB
= A, , OTHOCHTCA K c/yuaio 1); mpuGaB/ieHHe TPHBHATLHOTO
n-yrobHHKA O3HauaeT TOJbKO mapajuenbHbii nmepexoc (8 V)
IOJIyueHHOro panee n-yronbhuka. Orciona cienyer, 4To HC-
KOMOE Pas3/odeHHe Ha aTOMapHble K/IacChl HMeeT BHYTpeHHHI
reoMeTpHUecKHH CMBICJI.

1) B pupaxenun A--B uHIeKC O COKpauleHHO 0603HayaeT oBuiui
o]

UeHTp TsKecTH ¢ A=0B,
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K caysaio 2). Beaxas sHakonepeMeHHas cyMMa EeueTHOro
yncaa H306apHyecKHX 00pa3’oB 3ajaHHOrO n-yroibHHKA A
ecTb cymma 2). B camom pene, ecumn, Hampumep, @, P, y—
H300apuyecKne LHKIIHYECKHe 0TOBpakeHH s, TO (p— P-4 A=
=@A—YpA+yA ectb cymva 2). Ecau ¢ ecTb n306apuue-
cKas LHKJIMYeCKast Mpoekuds, 1o l—q@ -+ o—ee o-gomos-
HeHlle H

(1—9+0)A=A—¢A+0A=A—¢A4;
ag

{-l BEIIHHON 5TOrO n-yroJbHHKa ABJISETCS YeTBepTas Bep-
WIHHA NapajenorpaMma, y KOTOPOTO OCTA/lLHbE TPH Bep-
WHHBl —3TO i-f BepwuHa A, ji-A BepuinHa @A H LeHTp Ts-
xeetn A. Lng n=4 ¢ 3TUM NOCTpPOEHHEM COBMajaeT naHHAS
B § 7 ra. 2 KoHCTpyKilsi mapansesorpamma (I—p,+0)A4,
KOTOPBIi HMeeT OAMHAKOBBI/I MapaJiieJIorpaMM Cepeiti CTOPOH
C JaHHBIM 4-yroJbHUKOM A.

Buyrpu n3obapiyeckoro knacca, BASIOLErocs adesieBoil
TpyMIMoil OTHOCHTeJNbHO ciBHra caoxenus A -+ B, Beskoe

o
H300apHUECKOe OTOGpaK2HHe JeHCTBYeT KaK 3HAOMOPDH3M;
HHaye TOBOpH,

wwjm=wﬁw3

[cp. dopmyay (1) ra. 3].

\0:KHO cliesiaTh elle OAMH LIar B PacCMOTPEHHH CBSI3aH-
HBIX CO C/IBHIOM CJIOKEHHS KOHCTPYKIHH, ONpefesiB clefyio-
WHM 06pasoM cdsue CAOMCEHUR 8 MHOxcecmee U306apuiecKux
yukauveckux omobpascenuii {@ € K [¢]:0¢ = a}:

¢tv=9+p—o.

OTHOCHTeIbHO TaK ONpEAENEHHOTO O-CJOKEHHS 3TO MHOMKe-
CTBO CTAaHOBHTCH abesleBOH TPYMIOi; MpPHCOEIHHHB Ke Cioja
paHee ONpeje/IeHHYIO ONEpPaLHIoO YMHOXKEeHHS (IToC/ef0BaTe/ b-
HOe BbINOJIHEHHE OTOGpaXkeHH ), Mbl MOJYYHM KOMMYTATHBHOE
KOJIBIIO 3HJOMOP(H3MOB 1306apHYECKOro KJjacca, HYJeBbIM
3JIEMEHTOM KOTOpOro sBJsercss sHAoMopdusM o. [Ipu srom,
Hanpumep, | —@=1—¢ 4 0 1 118 KaXKIOro n-yrojbHHKa A
o)

(04) A=A+ pA.
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Takum o6pasoM, N0 OTHOLIEHHIO K omepauusMm (+, -) MHO-
[

3KeCTBO M306apHUYECKHX LMKJIHYECKHX oToOpaxkeHHi obpasyer
KOJIbLIO 5HI0MOP(}H3MOB J1I000ro LHKJIHYECKOro KJjacca, B KO-
TOPOM CJIOKEeHHe MOHHMAeTCs B CMbIC/Ie CIOXKEeHHS H3 LeHTpa
TAMKECTH.

Wrtak, Mbl BBISICHHJIH, YTO C MeOMETPHUECKOH TOUKH 3peHHs
JIOCTAaTOYHO OTPaHHYMTLCS CBOOOJHBIMH LMKJIMYECKHMH KJac-
caMH, MOCKOJbKY IOJIOXKEHHe Hauajga O 4BJseTca IJa Hac
HecyulecTBeHHbIM. B j1anbnefiieM, HMess 3TO B BHIY, Mbl
Hurge He OyneM JAo6HBaTbcsi (POPMYJHPOBOK, He 3aBHCALIHX
oT BhI6Opa HauyaJja.

R e

o L aaa L asluag



FAABA 4
OTOBPAYXEHMSA YCPEAHEHMSA

§ 1. H3obapuueckn pacnanaiouiuecs R-yroJbHUKH

OG6osHaunm uepes T (n) uncno genurenedi n. Kax H3BECTHO,
OHO 3aBHCHT OT NOKasaTesiell CTeNeHH, ¢ KOTOPBIMH BXOJST
MPOCTEIE JSHTeH B <KAHOHIUYECKOE Da3/oKeHHe» YHCA n *),

[Tyctb d—penntens n u n=dd. BepunHbl n-yrosbHuka

(@, ..., a,) pacnosoxum B TabMuLy Mo MOAyJo d:
Ay Qayy o0 By gy
Ay Cyiy oo Ay_d+e (l)

. . . . . . . . *

a,a,, ... a,

B crpokax sroft Tabamusl crost d-Habopsl, omnpee O He
XOpJIOBbIe d-YrONbHUKH 33AaHHOTO N-YTOJIbHHKA (eM. §5 ra. 1);
YHCJIO HX paBHO d. - .
Pasjnunble upKkIMYeCKHe K/IacChl MOXKHO ONpenensTh Ha-
JIO’KEHHEM YCJIOBHIi Ha 3TH XODJOBbie MHOTOYTOJbHHKU. Ecin

noTpPe6oBaTh, YTOGH BCE XOPAOBHIE d-yrOJbHHKH M3 (1) 6blan
TPHBHAJIBHBIMH, TO MOJYYHTCH nepuodudeckuli Kiace Ay, 7.
CymecrByer T(n) nepHoaHUeCKHX KJIaCCOB; HMX MOXHO pac-
TNOJIOXHUTb B IHATPaMMy BKJIOUEHHH, aHANOTHUHYIO JHATDAM-
Me JequTeNiell uucaa n,

Bynem roopure, uto n-yromwHuk (ay, ..., a,) d-xpamno
usobapuuecku pacnadaemcs, eciu d XODPLOBBHIX MHOTOYTOJIb-
HHKOB H3 (1) MMeloT OOwiHil weHTp TsKecTH. Jlerko npoBe-
PHTb, 4TO OH COBMAfa€T C LEHTPOM TSKECTH HCXOMHOTO
n-yroibHuka. Bee d-kpaTHo pacnagamomuecs N-yroJbHHUKH

L4

*) Ecmn n=pP pGe ... p%n, 10 T (M) =(ay+1) (@ +1).. . (2, +1)
(372 QopMyJta JOKasbiBaeTCA JIErKO M HMEeTCsi BO MHOTHX yue6HHKaX Teo-
PMH uucea).
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06pasyioT cBOGOAHBIN LHUKJIHYECKHH KJace A%, onpepesisieMslil
LHKJIHYECKOH CHCTeMOH

d 1
;(a1+ad+1+"- +an-—d+1)=°n_2a1’ cere )
Kpafinue cayuan sgech TakoBel: Ap=oA,, Ap=dJA, ,.

Mpumepn ana n=2m: A%,—Kaacc 2m-yroibHHKOB
C paBHOM HYJIO 3HAKOMepeMeHHOH CyMMOH Bepuind; A, —
KJacc 2m-napaJJe/orpaMMoB,

Ilna Bcsakoro jeaurens d 4yHCaIa A CYleCTBYeT CBOWM
kaacc A4. CnegosaresibHO, BCero nmeercs T () KJacCOB H30-
GapuyecKd pacrnajaloluxcsa A-yroJbHUKOB; HX MOKHO pac-
NOJIOKHTb B JUarpamMmMy BKJIOUEHHH COOTBETCTBEHHO JHa-
rpamme JesHTesiedl 4ucaa .

Ilpu n=6 xunacc A, ;+ A, , €CTb KaacC LPH3M (CM.
3aMeTKY O CJIOK€HHH 71-yroJIbHHKOB), a A} ) A§— MHOXeCTBO
6-yroJbHHKOB, pacnajaiouluxcs Kak Ha 2 H306apHUYeCKHX
3-yronbHuKa, TaK M Ha 3 11300apHUeCKHX 2-YTOJIbHUKA, T. €.
KJaace adPHHHO-NPaBUIbHLIX 6-yroJbHHKOB (Teopema 5 Il 1).
IMpuMepbl TNOKa3bIBAIOT, 4YIO CyMMa JBYX TEePHOAHUECKHX
KJ1accoB B O0ileM cjyyae HE ABJfAeTCs MepHOJHYeCKHM KJjac-
COM II TepeceyeHHe ABYX KJACCOB THMA ] TaKKe He ABJAETCA
KJaccoM Toro ke THuna. Taknum 00pasoM, ¢ MOMOIIbIO B3ATHSA
CyMM MepHOTHY2CKHX KJACCOB H Mep2ceyeHnd KJ/accoB THA
A% MOXKHO MOJyYyaTb HOBbI2 LHK/IHYECKHE KJIACCHL.

3amMeuaHnue no noBoay o6o3Hauenuit. las roro
yTOGbl OTTEHHTb pa3HULy MeXKAy JeaureneM d dHcaa n H
«IOTIOMHHUTEbHLIMY JeJIHTeIeM d, TIOJUepKHeM, uTo B 0603Ha-
yeHHn A4 BepXHHH HHIEKC yKasblBaeT YHCJI0 H300aPHYHBIX
XOpJOBBIX ~MHOFOYTOJLHHKOB, HAa KOTOpBI2 pacrnajaiorcs
n-yroJbHHKH paccCMaTpPHBAeMOro KJjacca, a He KOJHYeCTBO
BepIIMH B KaXIOM H3 3THX MHOTOYrOJbHHKOB. JTO 3aMeyaHue
6yjeT BaXKHO HH:Ke, NPH ONpeAe/ieHHH OTOOPaKeHUS (ig.

YnpaxHneHus

1. Grad f3=n—d+1.

2. Mycte A= (a;, ..., a,). Bepmmnamnu n-yronbiika (f—14
ABJASIOTC «XOpAbl NOpPSiAKA d», T. €. BEKTOpHl @;+4—4a; Ecnu d|n,
ro Im ({4 —1)= i, Ker (#—1)=Fix{=ud, ;.
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3. MHOXKeCTBO MepHOJHYECKHX KJaccoB A s 7 (rhe d|n) sBasertcs

«[)-TOACBSA3KOI», 8 MHOXECTBO K1accoB A% — «-- -NOACBA3KOMY CTPYK-

Typbl NOANPOCTPAHCTB MNPOCTPAHCTBA d{,‘. CpaBHm'e HX CO chyKTypoﬁ
neauTenel yuenaa n.

§ 2. Xopnosbie ycpeanenns

ITycte crosa d|n. Xopdosoim d-ycpednenuem Myl HasoBeM
UMKJIHYecKoe orToGpakenue (@, ..., a,)—(b,, ..., b,):

b1=%(a1+ad+1+---+an-d+1)v L) 3)

KOTOpOe Jasiee OyneT 0603HAYaThC CHMBOJIOM fiy. SICHO, uTO
Mg — H206apHYECKOE LIHKJIHYeCKOe 0TOBpakeH e, epeBojisiilee
BEPUIHHBl N-YTObHUKA A B LEHTPbl TsKecTH by, ..., b,
CTpOK Tabuauusl (1), T. €. XOpAOBbIX d-yrosbHHKoB, OueBHAHO,

uro b, =044y, ..., T.€. UTO py(@,, ..., @,) ecmo d pas npou-
OerHoill d-yeorvruk.

Teopema 1. pg  sersemes npoexyued; Imp, = Ay 7,
Ker py= A4
g

HokasaTenbcTBo. Mbl TONLKO YTO NOKA3a/H, YTO
Impy= Ay, 7. OueBunno, Ay 3 <Fix py. [Ecmm a,=ay, |, ...,
T0 by=a,, ....]Orcrona crenyior nepebie’ ABa yTBepKze-
HHsl Hawe#dl Teopembl. TpeTbe yTBepXKaeHHe IO CYIIeCTBY
COBNaJaer ¢ onpejfeleHHeM Kjacca A% paBeHCTBO

pa(ay, a, ..., a)=d(a, a, ..., a,)

—— 3TO JIHWIb HHas 3aMHUCb LHKJ/HYECKOH CHCTeMnl (2), 3ajaio-
et A4,
B asare6pe K [{]

ud:%(l +3*+ 874 ... +{*9), BuacTHOCTH 1, =0, p,=1.

MnoxkectBo Bcex T(n) npoekuuit W, AJNA 3aJaHHOTO 1
SAMKHYMO OMMOCUMEAbHO YMHONCEHUsS, TOYHEe, UMeeT MecTo

MlPaBHIO. W, ps= W, g, 20e (r, s)=HOI wucea r, s|n.

JokasatenbcTBo MBI OCTaBJ/IfieM UYHTATEJIIO B KauecTBe yn-
paxKHeHHus, .
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OroGpamenne 1—p,+ 0 sABIseTCH  O-IOMOJHHTENBHOH
K M, UHMKJIuYecKoil mpoekuueit. OHO H306apHUHO; KPOME TOTO,
u3 TeopeMbl 1 § 3 ra. 3 caenyer :

Teopema 2. Im (1 —p,+0) = Ad, Ker (1 —pg+0)=Aq, 7.
g

Ynpaxuenue Kaxapii u3 BocbMH CcBOGOAHEIX UMK/JIHYECKHX
KAaccoB 8-yrombHuKoB (cM. § 8 ra. 1) sBasercs obpasoM KkJjacca Ag
_ COOTBETCTBEHHO MpH CJENYIOUHX UMKJIHUECKHX MPOEKUHsX: pg=1, Mg,
P H1=0, Pg—Mg+ Mo Hs— Mgty Bg— Mgt By Ba—HRat Ry

§ 3. JonojHHTE bHbIE IMPOCKUHH

JlBe UHMKJHYECKHE TPOEKIMH Mbl Ha30BeM 63auMmHO 00noa-
HumensHoimu (cp. § 4 T, 2), ecau OHH MEPEBOAATCH APYT
B JApyra MHBOJIOTHBHbIM omepatopoM l—. Taxum o6pasom,
Ka10#l IIMKJIHYECKOH TNPOeKUHH ¢ OTBeYaeT eAHHCTBEHHAA
JOMOJHUTEIbHAS TpoekuHs 1 —q.

ITpoekMsMH, JOMONHUTENbHBIMH K fig H l—p,+ o0, aB-
asiorcs 1 —py ¥ pg—o0. Ilokamem, urto ofpassl H sipa
5THX YeThipeX OTOOpaxKeHUil ompejessoTCs caenywouiell aua-
rpaMMoii:

l—pg+0 1—py |Im| A% vfﬁi Ker|Ha—0 Mg
Ha Hg—0 Ad, 7 Aa,d I—py 1—py+o0

HNokasateabctBo. Im(1—py+0) H Imp, U3BECTHBI
(cM. Teopemst 1 u 2 u3 § 2). B cuny BTOpOro mpasH/a u3
§ 2 ri. 3 COOTBETCTBYIOUIHE HM LEHTpadbHbIE KJ/aCChl—3TO
Im (1 —p,) ¥ Im (uy—0). SIapa sTHX MPOEKLHIl NMOMYHAKOTCS
u3 ¢opmyast Ker g =Im (1 —¢), rae ¢— LHKIHYECKAA TpO-
eKLHS..

[Npumenenye TeopeMbl 9 r1. 2 K TNPOGKIHAM P, H
1 —p,-+ 0 NPHBOAHT K CJAyloleMy pesyJbTaty:

TeoPEMA 3. Jl,,=o4d,z@uél;‘£, e/ln=o4z@°gd. 7
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Ee nepBoe yTBepxjieHHe pPaBHOCHJIBHO OOHOSHAYHOCMU
npedcmagaenus Kandozo n-yeorbruxka 6 6ude cymmor d pas

npoti0enroeo d-yeorvHuKka U n-yeorvbHuka, éce xopdossie d-yzons-
HUKW KOMOPO20 UMerom yeHmp msaxcecmu 0. ITO Pa3jiokKeHHe

3

43

Puc. 48.

JIETKO ToNyuuTh reomerpuuecki. O6ozHauuM yepes B mepho-
JMYECKHH N-YroNbHUK —d pa3 npoiiieHHblll d-yrofibHUK 1eHT-

POB THXKeCTH IMOC/eI0BATE/]bHO B3ATHIX XODPIOBHIX d-YroJib-
HUKOB n-yronbHHKa A. Torma pasenctBo A= B+ (A—B)
U OyneT HCKOMBIM pasjioxkeHHeM. B wactHoctH, 1pu n=2m
U d=m MHOTOYrOJbHHK B eCTb JBaxawl NPOMAEHHBIN
m-yroJIbHHK, Be PIIHHEI KOTOPOT'O ABJAIOTCS CepelHHAMH «I'J1aB-
HBIX JAHaroHaneii» A (T. e. CPeHHMH apHPMeTHUECKHMH map
NPOTHBOMNOJIOXKHBIX BepiiHH), a A— B ecTb 2m-napanneo-
rpaMM C LEHTPOM TSKeCTH O (T. e. 2m-yroJibHHK, CePefHHbI
BCeX JHaroHajeil KOTOPOro COBMajalOT ¢ 0, cM. DHC. 48).
MakcumanbHass pasMepHOCTb MHOTOYTOJIbHHKOB B W A—B
B 3TOM cJyyae paBHa m—1 u m.

Ha puc. 49 nsobpakeHa auarpamMma BKJIIOYEHHH ueThipex
LMKJHYeCKHX KJIacCOB TeOpeMbl 3 M YeThipeX OCHOBHBIX KJac-
coB (cM. § 4 ra. 1). Orpeskn, coeauHsiomue JBa KJjacca
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5TOH HarpamMel, O3HAYAIOT CYUIECTBOBAHHE MPOEKLUUH (OAHO!M
U3 NPOeKUHit Py, 1 —p, -+ 0 uau 1—o), oroGpaxaiomeii Bepx-
HH#l kJacc Ha HuxkHHEA. [lapansenbHble OTpPE3KH O3HAyaoT

‘OJIMHAKOBHIE MPOEKIHH.

YnpaxXuenus

1. Besikuit 4-yrofbHHK OJHOSHAUHO MpENCTaBHM B BHAE CyMMsl
ABax<Ibl MPOHIEHHOTO 2-yroAbHUKa W MapaJjejorpamMMa ¢ LEHTPOM TH-
XKecTH 0. Beskufi 6-yrofbHMK OIHO3HAUHO NpEACTaBHM B BHAE CYMMbl

Puc. 49.

ABaXIb NpofifeHHOto TpeyrofinHWKa M 6-napanieforpamMma ¢ weHTpoM
TsKecTH 0. Beskuit 6-yroJbHUK OJLHO3HAYHO MPEeNCTABHM Takke B BHJAE
CYMMBl TPHXKJbI TpoiifieHHoro 2-yroibHuka H ACO-6-yrosbHHKa ¢ LeHT-
POM TAMXECTH O.

2, Ecan p—wu3so6apuieckas UHKJIHYeCKas NPOEKLHs, TO MPOeKIHH
¢—0 ¥ | —@ He sABAsOTCH H3obapuueckumH. Mx cymma paBua 1—o,
a npoussegenne 0. ITpu artom -

An=1m (p—0) O Im (1—g) =1Im (p—0) P Ker ¢,

a npu ==y HMeeM
d
An=s, 7D 4n

T A
acd

o

e




§ 4. MOCNEJOBATEJIbHBIE YCPEOHEHUS 91

§ 4. NMocrenoratenbHble yCpeIHEHHS

Paau nosHOTHI M3/10KeHHs PacCMOTPHM 3eCh 06OGLIeHHs
BBEJIEHHBIX paHee OToOpax<eHHil %, U %,, KOTOpPbiE NSl Hac
O6yayT MeHee BaxKlibl, 4eM OTOGpParkeHusl, BBEJeHHLIE B IIPeJbl-
LyWHX naparpagax.

[uknanyeckoe orobpaxenne (a,, ..., @,)— (b, ..., b,),
onpeJiesieHHOe cHCTeMOH
1
bi=7(@,+...+a,), ..., 4)

GyneM HasbiBaTh nocae0osamenvroim d-ycpedHenuem u 0603Ha-
yaTh uyepe3 %,; OTOOpaxKeHHe X, H306apHUHO.
[lpy n=4 wumeem: Imx,=Kerp,—«kaacc napasneno-
(o)

rpammoB A3, a Im p, = Kerx, —knacc ABaxKubl MpoiiieHHbIX

[y
2-yrofibHHKOB f, ,. Ilpu d|n cnpaBepmuBa obwas
Teorema 4. Imx,= A%, Kerx = A4 7.
[y

HNokasarenbcrBo. 1) PaccMorpum Tabmuuy (1) ams
n-yroibHuka (b,, ..., b,). Cymma snemeHTOB /11060ii €€ CTPOKH

paBHa — ¥ @;, OTKyia crenyer, uro Imx, = A4,
2) 0-a1p0 OTOGpaXkeHHs —3ITO MHOXKECTBO A-YrOJbHHUKOB,

Y/IOBJIETBOPAIOMHX YCIOBHIO %4 (@y, ..., @,)=0(a,, ..., @,),
KOTOpOe MOXKHO TaKe 3alHcaTh B BHJIE LHKJHYECKOH CHCTEMBI

-;—(al—l—...—i-ad):%Za,,.... )

M3 nepBeIX 1BYX paBEHCTB CHCTEMBI (5) CIEAYET, UTO @y =@ 4, 1,... .
Orciona B cuny nukanunoctu (5) Kerxny = A4,7. O6patho,

[
€CJIH @y = @ 4+,,... , TO CHCTEMA (5), OUEBH/IHO, Y IOBJIETBOPSIETCS,
3), 3amerum, uTO %d=%(l +C+84 ...+ u

Aallg = 0.

Ilns 3aBepiieHHst JOKa3aTesbCTBA TeopeMbl 4 ocTaeTcs
nokasatb, 4r0 A%< Imu,, T. e. 4TO AAS BCAKOTO d-KpaTHO
H306apHYeCKH Pacrajaiouerocs f-yroJbHHKa CYLIECTBYET ero
%4-poo0pa3. Mpl JoKakeM paxke Gosiblilee:
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Has ecsxozo n-yeorvruka us A% 6 AL cywecmeyem
MO4HO 00UH €20 % 4-npoobpas. (%)

HokasatenbcTBo. B K[] cymecTByer s/iement Ay,
YIOBJIETBOPSAIOIMH YPaBHEHHIO

I=2y+pq (6)

[Mexny npounm, orciona ciemyer, uTo ®y-A,- py=0]. Jler-
KO MPOBEPHTb, YTO 3THM 3JEMEHTOM SIBJISAETCH

— (1) (@4 2 4+ (n—d) L),

HanomHuM ocHOBHEIE TOXKpecTBa, KOTOPBIMH HEe06XO0LHMO
N0JIb30BaThCs MpPH MOACYETe:

1
% (1=0=7 (1= =1 py=2(1+004... +09).
PaccvorpuM mmKanueckoe oro6pakeHue ‘id_:-—kd-l- o. Tak

KaK %,0=0 [cM. popmysl (1) ra1. 3], TO %4-%4 = %4-Ay+ o,
u H3 (6) crepyer, uro

Ho, no teopeme 2, A%¢=Fix (1—p,+0). Takum o6pasom,
Al=Fixn %, : 8)

Hrak, ans BesKoro n-yrombHHKa B 3 A2 ero %,-mpooG-

pas paBeH %,B; no Teopeme 5 rai. 2 oH npHHANIEKHT AC,
OnHosHauHOCTb mpooGpasa Takke cJeayeT H3 (8): ecan
Ay, A, €A] m g A =%,44,, 10 wu A, = Xg%4Ay; B cuny
KOMMYTAaTHBHOCTH UHMKJHYECKHX OTOGpaxeHHH M u3 (8) moy-
yaem, uto A, = A,. HraK, yTBepxuenue (x) u Teopema 4 jo-
Ka3aHHl.

Ha xnacce d-kpatHo uso6apuueckn pacnagaiomuxcs
N-yrONbHUKOB CY)KeHHe OTOGpaXKeHHs %, ecTb OTOGpaKeHHe,
06paTHOE CYKEeHHIO %y .

Cneacreue. OmoGpaskenue %, ecmo K6asunpoexyus, umero-

waa ¢ yuxkayueckod npoexyuell 1—py-+ 6 odunakosoe 06pas
u adpo.

5 a3

24

T S

g
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3to caefyeT U3 TeopeM 2, 4, yTBepKAEHHSA (%) H MepBOro
npaBuna M3 § 2 ra. 3.
YnpaxHeHHUd

1. %4 ABaseTca o6paTuMbIM 3jeMerToM B K [{]; yKaxkuTe o6paTHbill
eMy 3/EeMeHT. _
2, Ha knacce 2m-napaniesiorpaMMoB X, B3aHMHO OJHO3HAauHO;

—'g(l——gH—o o6paTHO K %,. [lpumep ana n=4: oro6paxkente

1 —{ -0 xaxkzaoMy napasienorpaMMy CTaBHT B COOTBETCTBHE «OMHCAH-
HblH BOKPYT Hero» napagnesnorpamm (cM.§ 6 rn. 2 m ynp. 3 k § 7 ra. 2),
3. Ecan n=dd— pa3jioxeHHe n Ha B3aHMHO IIpOCThIE MHOXKHTE/IH, TO

Ker (¢4 —1) (g'ﬁ_ 1)=K6er g e =Impy+Im Mo = Ay 74+A7 4
— xuracc (d, d)-npusm (cM. ynp. 5 k § 8 ra. 1).



owmee L

Fr'JTABA 5

MOEMMNOTEHTHBIE JNIEMEHTbI
M BYNEBbI ANTEBGPHI

[Tonatue GyseBoit anreGpsl H OCTa/bHBIE ‘HEO6XOAHMbIE HaM
MIOHATHS M3 TEOPHH CTPYKTYP COAep:KaTcsi B MpHJoKeHHH II,
KOTOpOe M PEKOMEHAYeTCs TMPOCMOTpeTh, NMpeiJe YeM MPHCTY-
IHTb K 3TOH IiaBe.

§ 1. UpemnoTeHTHbIE 21eMeHTHI KOJbLA

Iyers (R, +, -) — KOMMYTaTHBHOE KOJBLO C 3JeMEHTaMH
0, a, b, ... . DleMeHT a Ha3bIBAeTCs UOEMNOMEHMHbIM, €CIH
a-a=a. MHOXKeCTBO HIEMIOTEHTHBIX 3JI€MeHTOB M3 R 06o-
aHaunM yepe3 E (R). OHO cogep:KUT HYJIEBOIl 3JIEMEHT H BMecTe
C JIeMeHTaMH a, b BCceraa cojepHT ab, HO He 006si3aTeNLHO
a-+b.

Ilns moGbIX 3JIeMEHTOB M3 R ompeiesuM npucoedurerroe
npouseedenue'):

aob=a-}b—ab. (1)

BBejenHoe TakHM 00pa3oM yMHOXKEHHE 3/IEMEHTOB KoJsblla R
KOMMYTAaTHBHO M aCCOLMATHBHO, €ro eiuHulei spisercs 0
KoJIblla. JIBa s/leMeHTa Ha3bIBAIOTCS B3aUMHO OpmMOcOHANbHbIMU,
ecqH HX (obbiuHoe!) mpousBepenue pasHo 0. Has B3anmuo
OpTOTrOHA/NIbHLIX 3/eMeHTOB aob=a-+b. Ecin a, b€ E (R),
T0 H aob€ E(R); B yaCTHOCTH, B 3TOM CJy4ae aoa=q.

(E (R), o, -) siBndeTca AMCTpUOYTHBHON CTpyKTYypoi. [eii-
CTBHTEJIbHO, JIErKO IPOBEPHTh, UTO IS 3THX OMepauui crpa-
BE/VIHBBl 3aKOHBI JHCTPHOYTHBHOCTH H TOIJIOUIEHHs (OCTaJlb-
Hble AKCHOMBI CTPYKTYpPBI OYEBHJIHHI).

1) Bau-pep-Bapaen ([6], I1, cTp. 57) oGo3nauaer ero 3Be3foukoil u Ha-
3bIBAET «3Be3[UaThiM yMHOxeHHeM», a Jlxeko6eon ([8], ctp. 20)—Kak H
MBI, KPY/KOUKOM (I Ha3LIBAeT «KPYTOBOI KOMMYyTalllieii»).
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C momouibIo onepaunil 0 U - B MHOXeCTBe s1eMeHTOB E (R)
MOXKHO BBECTH OTHOLUEHHe <J: Mbl OyjeM nmucath a<<b, ecau
ab=a, 1y, 4TO 3KBUBAJEHTHO, aob=2>. IIpu sTom 0 okas3wr-
BaeTCs HaHMeHbLIHM asieMeHTOM E (R). Takum oGpasom, ome-
palllH O, - MOXHO MOHHMATb KaK CTPYKTYpHbE MAKCHMYM H
MHHHMYM (cM. npuaoxeHnue II). :

Ecnu konbio R CONEPKHT €HHHIy, TO OHa SBJASIETCH
HaHGOMbWHM 3JieMentoM B E (R). Orobpaxenue @ — 1—qg
Koiblia R B R B3alMHO OJHO3HAYHO M WHBOJIOTHBHO. Ecin
a€ E(R), 10 1—a€E (R); npu 5TOM CripaBe//IHBL PaBeHCTBa

l=ao(l—a), a(l—a)=0, 2

T. €. a B 1 —a cyTb 63aUMHO OONOAHUMENbHbIE STIEMEHTHI CTPYK-
TypHl E (R).

Hrak, (E(R), o, -)—0ucmpubymusras cmpyxmypa ¢ do-
noaHeHuamu, m e. 6yiresa arcebpa.

TeopEMA 1. HOemnomenmubie anemenmor KoMMymamusrozo
Koabya ¢ eOunuyeti obpasyrom Gyiesy aireebpy no OMHOWEHUIO
K onepayusm o u': .

Hanee mpucoenuHeHHOe yMHOXKeHHe O MBI GyjeM Ha3LIBaTh
OyresoLm CAOJCEHUEM.

3amern™, urto oTOGpaxeHHe | -— mepecraBisier onepa-
uMH o H . IleficTBuTeIbHO, A7 JOGLIX a, b€ R

1—(@ob)=(1—a) (1—b), 1 —ab=(1—a)o(1—b). (3)

Tonomum 1—a=a’; Torna paBenctsa (3) NpuMyT BHZ
(@aob) =a’-b’", (a-b)’=a’'ob’, a,b€R.

ITpumepn x Teopeme 1.

1. B obmacti uenoctHoctH R ¢ 1 (B wacTHoCTH, B mode)
0 ¥ 1 —enMHCTBEHHBIE HAEMIOTEHTHbI2 3jMeMeHTH. [lelicTBH-
TeJbHO, U3 a*=a caepyer a(l—a)=0, a Tak kKak R He
HMeeT JesuTeiell Hynad, 10 a=0 uau 1 —a=0.

2. MneMnorenTamu Ko/b11a K/1accoB Bbiuetos Z/(30) stistiorea
0, 1, 6, 10, 15, 16, 21, 25. Ha puc. 50 narasigHo H306pa-
xKeHa OysieBa asrebpa E (Z/(30)).

3. Myers K, K,, ..., Ky—nons; R=Y@K;, T.e. R
€CTh MHOXKEeCTBO R-HaGopoB

(@, Gy, ..., a;), TR @;€K,, @
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B KOTOPOM CJIOKeHHE H YMHOXKEHHE OINpefe/IsIoTCs MOKOMIIO-
HentHo. 31eck E (R) cocrour u3 2* snemeHtoB BHAa (4), rie
Bce a; € {0, 1}. dnementn

(1,0,...,0), @O, 1,...,0),...,0,...,0, 1) (5

(nx umcyo paBHO k) artomapHel B E (R): IlpousBenenue 1Byx
Pa3/MUHbIX 3JIEMEHTOB H3 HHX DaBHO HYJeBOMY 3JEMeHTY
0,0, ..., 0); crenoBaTesbHO, OHH «B3aHMHO OPTOFOHAJBHBIY.

(1)
OO o
SRS

()

Puc. 50.

ByseBa cymma assneMeHTOB (5) siBIfieTcss OOBLIYHOM CYMMOH H
paBHa enuHHuHOMY 3JeMeHty (1, 1, ..., 1) konbua R. [[Tpu-
Mep 2 MOXKHO pacCcMarpHBaTh KaK YacTHBIH cJaydyail 3Toro
npHuMepa. |

YnpaxkHeHHud

1. [Tycts R — xommyTatnBHOe Koablo ¢ 1. Ecain a €E (R) u bEE (R),
10 E (R) NpHHag/eXUT TaKkKe M 3/MeMeHT

aPb:=a+b—2ab=a0b—ab=ab’}-a'b.

(E (R), €D, +) ABnsieTC Gyaesoim KoAbyoM C €NHHHMIEH, T. €. KOJbLOM
¢ 1, B KOTOPOM KaxJblif S/€MEHT HAEMIOTEHTEH.

2. Tlyets R —KoMMyTaTHBHOe KOJbLO C 1, B KOTOPOM CcyliecT-

1
Byer . O6o3naunm yepes / (R) MHOKECTBO WUHEOAOMUBHBIX 3AeMEH-

moé R, T. e. 3/eMenToB, KBajApaT KOTOPHIX pasen enuuuue; / (R)—nox-
rpynna TpyHnsl o6paTHMbIX 3/1€MEHTOB.
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PaccMOTpHM B3aHMHO OJIHO3HAYHOE oroGpakenue
e— 2—1 (%)

muoxectsa E (R) na [ (R). TlocpeacTBoM 3TOro oToGpakeHHsl nepeHeceM
onepauuu (0, -) n3 E(R) B I (R). Torja nonyuum, 4to I (R) sBasercs

GyneBoil anreGpoii OTHOCHTENBHO onepanui
awb: =—21—(1+a+b—ab), amb: =-é-(— 14a-+b--ab)

¢ MaKCHMa/bHBIM 5€MEHTOM | H MHHHMAJbHEIM S/IeMeHTOM —l;aw—a
ABJISIIOTCS B 3TOH anre6pe B3aHMHO JONOJHHTENbHBIMH, Onepauun W U M
MOKHO NMOHWMATh KAK MAKCHMyM H MHHHMYM OTHOCHTE/IbHO BBEJEHHOTO
ycJ/I0BHEM 14 a=(14-a) b oTHoweHHs a<bh.

Ecau e, f€E (R), mnpuueM MOCPEACTBOM oTo6pameHHs1 (%) aJe-
MeHTHl e, f MNEpexoiAT COOTBETCTBEHHO B 4, b, T0 efoe’f’ nepexoaHT
Bab(e'=1—e, ['=1—1). AemeHTH ef W e'f’ B3auMHO OpPTOTOHA/BHBI.

3. Ecqiu R—npsvasi cymma k noseit K, CharK; #2, 10 I (R)

comepxut 2% snementos (4), rae a;€{l, —1}.

§ 2. ByJaesbl anre0pel, MOPOKACHHbIE KOHEYHBIM UYHCJIOM
9JIeMEHTOB

TIpuMepsl MpebAYUIEro NyHKTa CIyxKat HJTIOCT palHet
TaKKe K CJelylomell Teopeme, KOTOpas OCHOBBIBAETCA Ha
NpeICTaBIEHHH eJHHHLB! B BHJIE CyMMEI MIONapHO OpTOroHa/lb-
HBIX 3JIEMEHTOB.

Teopema 2. ITycmoe 6 KomMMymamueHom Koabye R ¢ edunu-

yell SneMeNMbL €y, .. ., € OMAULHEL OM 0 u makoest, 4mo
l=¢,+e+ ... Té (6)
ee;=0, iz=]. )

Toeda 8ce «HACMUdHbIE CYMM» BbIDAKCEHUS €3+ ...+ e, obpas

ayrom Gyaesy ar2e6py NO OMHCUIEHUIO K onepayusm o, -, codep-

a0 2F AEMEHMO8, Npudem SAeMERMoL €; 8 Hell amoMapHet.
[lox «u4aCTHUHBIMH CyMMaMH» BblpPaXeHHS

et e ®)

ToApasyMeBaeTcs CaMo STO BhpaeHHe M BCe TE, KOTOpHIE -
noJIyualoTesl H3 Hero, eciii OTGpOCHTH mo6oe yucjIo crarae-
MbiX. TaKHX YaCTHUHBIX CYMM MOXHO MOCTDPOHTb 2k, BKJIIOYAst
NycTyi0 CyMMy, PaBHYIO 0.

4 58 °
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Tlepefinem Teneps k g0k a 3aTENbCTBY 3TOH TeOpeMbl.

1) Bee e; udemnomenmmer. HeficTBrTeNbHO, YMHOXHM 06Ge
4actu paBenctBa (6) Ha e;. B cuiy (7) nojyyaeM e;=¢?,

2) lna nonapHo OpTOroHasbHBLIX 3JIEMEHTOB OMepanud o
H + coBnajamor. A Tak Kak Bce €; TIONapHO OPTOrOHAMbHHI,
TO HAaCTHYHBIE CYMMBI BEIpaXeHHs (8) SBJSIOTCH TaKike Gye-
BBIMH CymmaMH. B uacTHocTH, ecakas wacmuumas cymma
udemnomenmna.

3) Mpoussedeniue deyx wacmuuness CYMM CcHO8a A8AAemcA
4acmuMHoll cymmol; OHA COCTOMT M3 Tex c/araeMbix e;, KOTo-
Pble BXOZAT B 06a COMHOXHTeNSA («IepeceueHmes YaCTHYHBIX
CyMM).

4) Bynresa cymma Oeyx wacmuunsix CYMM maKace sgrsemcs
“4acmu4Hol cymmoli; B Hee BXOZAT Te €;, KOTOpble cozepskaTtes
XOTSl Obl B OJHOM H3 COMHOMKMTeJel («o6bennHenyey yacTHY-
HEIX cymm). Tak,

(el—l—ez)o(eg—l—ea)=eloe,oezoea=eloe,oe,=el+e,+e,,.

5) HonosnHenne K faHHO# wacTHuHOR CYMMe ecTb cymMa
BCEX TeX e;, KOTOpble B HEe He BOIIJIH,

W3 1) u 2) caenyer, uro wacmuunse CYMMoL bipasicenus (8)
Asratomea saemenmamu E (R); cornacho 3), 4),.5), onu 06pa-
aytom Gy.esy nodareebpy aicebpor (E (R), o, +).

6) [Be uacTHuHBle CymMbI COBMAJAIOT TOTAA M TOJIBKO
TOT13, KOrla B HHX BXONAT B TOYHOCTH OJHH M Te e cJa-
raemete. (Ilycrb, Hanpuwmep, e, tete;=e,4e,+¢,; YMHO-
KMB 3TO PAaBEHCTBO Ha e, MOJYuHM ¢, =0 B NPOTHBOPEYHH .
¢ TeM, 410 ;% 0.) B uacrHocTH, €;7<e; €U = j.

Takum o6pasom, Hawa noxanreGpa cocToHT U3 2% 3/1eMeHTOB.

7) Tlpoussenenne e; Ha YaCTHYHYI0 CyMMy paBHO e;
WIR 0, cMOTpPs MO TOMY, BXOZHT e; B 3Ty HaCTHYHYIO CyMMy
wan ger. Orciona crenyer, uro e, aTOMapHBI (CM. MpHJOXKe-
Hue II).

Hakonen, ouesugno, uto uacTHumbie CYMMBI Gosiee YeM
¢ OLHHM CJlaraeMbIM He aTOMapHBI, ueM H 3aBeplIaeTcsi 0Ka-
3aTe/ILCTBO TEOPEMBI, :

Hononuenue 1. Ecau 6 meopeme 2 omxasamecs om npedno-
N0XceHUA e; =0 0ad écex i, mo wacmuumse CYMMbL 8o1PANCEHUA
e+ ... +e, no-npexcremy 6ydym cocmasnsme 6yresy nood-
aneebpy -(E(R), 0, -) ¢ amomapuemu ssemenmany e;5=0.
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Ecau | —uucao saemenmos e;+ 0, mo ama nodaacebpa cooep-
acum 2° aNemenmos.

IonoaHEHUE 2. [A 346MEHMO8 €y, - . .y e, €ER (6) u (7)

IKBUBANCHIMHbL PABEHCMBAM
’
l=e,06,0...06 (6")

u

e;(e,0€,0 ... 0€;_,064,0...0¢)=0. ")
Takum 06pa3oM, YTBEpXKJeHHE, YTO &, ..., €—TNONapHo
OpTOrOHA/bHBIE 3/EMEHTHI, B CyMME Jaiouue 1, 5KBHBAJIEHTHO
cJlenylolemy: JoGOH H3 SJEMEHTOB €y, .- -, €k JIOTIOJIHHTEJIEH

K GyJeBofl CyMMe OCTIBHBIX, H HX «MpAMasi» 6yneBa cyMMa
paBHa 1.

IlokasaTeabCcTBO. B J0Ka3aTenbCTBe TEOPEMBI 2 MHL
yxe nepemnn ot (6), (7) x (6, (7 [em. 1), 2), 3)]. O6-
paTHO, yCTh 3/IEMEHThI €y, . . .,e, € RynoBnersopsior (6), (7).
O6Go3HAYHM €,0 ... 0€;_10€;,;0 ... oe,=e;; TOrAa paBeH-
ctBa (6'), (7") npUHMMAIOT BHL

1=¢0e; u ee/=0.

70 o3HauaeT, uTo 1=¢;-F¢/. YMHOXKHB TMOCJENHEE paBeH-
CTBO Ha e;, TIONYUHM e;= €f; 3HAUHT, ¢; MIEMIOTEHTHH H,
CJIel0BATeJIbHO, HEMIIOTEHTHA Jio6as HX 6yJeBa cymma. [lasee,
ecnu i, 10 € -e;=(...0€;)-€;=¢;, B CHIY 3aKOHa MOorJio-
wenus (cM. npuioxkenne I, akcuoma 3). YMHOXHM Tenepb
IOTyueHHOE PABEHCTBO HA e;; Mbl IOJY4HM 0=e;e;, uTO OKa-
swiBaet (7). Pasenctso (6) cnenyer u3 (6') u (7).

IlycTb Tenepb &, ..., €;— NPOHIBOBHEIE 3EMEHTLI E(R)
[rak uro pasenctBa (6) u (7) ne 06s13aHBl  BBIIOJHATBCA].
OmpefeuM Tak HasbiBaeMbie MUHUMAAbHbLE GyreeoL  MHO20-
4AEHOL OT €y, -+ ., €, K UHCIY KOTODbIX OTHOCATCH BbIpa-
KeHHe

0,6y +vv € 9
i BCe MHOTOUJEHBI, KOTOphle MOTYT ObiThb moJydeHs H3 (9)
3ameHofl JOGOr0 UHCJa JeMeHTOB e; Ha ¢ =1—e;. @op-

MAJIBHO UHCJAO 3THX MHOTOUJIEHOB paBHO 2%; Mbl 0003HAUMM HX
yepes M,, M,, ..., M,z . CnpaBejsiuBLl PaBEHCTBA

I=M,+M,+...+Mp (10)
4#
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H
MIMJ'—‘O npu i#i. (]1)

[PaBenctBo (10) nokasbiBaeTca MHAyKuued mo k; (11), oue-
BHJHO, CJIEJYeT U3 TOro, 4To e;-¢; =0.]
Cymmor MURUMARbHOLX MHO2041€H06, T. €, YACTHYHEIE CyMMbI

M, +M,+ ...+ Mg, (12)

obpasyrom Gyresy nodanzebpy ascebpor (E (R), o, -) (nomoJ-
HeHHe 1 k TeopeMe 2); 3Ta mogajre6pa CONEPKHT 3JMEMEHTH
€y, €y, .+, €. ([leficTBHTENIBHO, 3amueM, HanpUMep, paBeH-
CTBO ¢; =e,-1 H npencTaBuM | B Buje CyMMBI BCeX MHHHMaJlb-
HBIX. MHOTOU/IEHOB OT €,, ..., €;.) DT0 €CTb MHHUMAJbHas
OyneBa mopnaare6pa E (R), comepxamasi 3agaHHbie 3JEMEHTH
€1, €3, +.., €,; OYIeM TOBOPHTb, YTO OHa MOPOXKIEHA HMH.

OtinyHble OT HY/S MHHHMAJ/IbHBIE MHOTOUJEHB ATOMAPHHL
B 3TOi mopanre6pe. Eciu X KosMuecTBO paBHO [, TO TOJ-
anre6pa cofeput 2! snementos. Ouesnpno, | << 2%, B cayuae
[ =2% Gynem Ha3bIBaThb MOPONKAEHHYIO SJIEMEHTAMH 1he v ey by
nonanrebpy ceo6odroii mofasre6poil.

[Tpumepn

1. ITyctb e€ E(R)u e 0, 1. MUHUMAJBHBIE MHOTOUIEHE]
OT e—3TO ¢ U e’; OCTa/bHble CyMMbl MHHHMAJbHBIX MHOTO-
uneHoB 0 u e+e’=1. ByseBa aarebpa, nopoxiensas sie-
MEHTOM e, COCTOMT M3 4 3nemeHtoB: 0, 1, e, €’ (puc. 51).

2. Ilycte ey, e, € E(R), e,,e,50, ee,=0, e, 46,51,
MuHHMaJIbHEIE MHOTOU/EHBI OT e, €, CYTb CJeAyiolIHe:
e-e,=0, e e =e, ee,=e, e e = l—e,—e, Tpu mo-
C/MEIHHX OTJIMYHBI OT Hy/sd. Bce omiMuHbie OT HyJs CyMmbi
MHHHMAJ/IbHBIX MHOTOUJ/ICHOB CBOAATCA K e, +e,, ¢;, e;, 1. Ta-
KHM oOpasom, OyseBa anre6pa, NOpPOKIEHHAas 3JeMEHTaMH
€1, €;, COCTOMT H3 8 ajemeHTOB (puc. 52).

§ 3. HnemnotenTHbie 3HROMOPDH3MBI abeneBoil rpynnbi;
Im-Broxenus

Hon. eroscenuem Mb1 Gynem monumarts H30MOp(H3M HJIH
AHTHH30MOPGH3M CTPYKTYpbl L, Ha NOACTPYKTYPY CTPYKTY-
pel L, T. e. B3aHMHO OJHO3HAYHOe orobpaxenue L, B L,,

e
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coXpaHsiIolee CTPYKTYPHbIE ONepaluy «MaKCHMyM» H «MHHH-
MyM» HJIH MeHslollee HX MECTaMH.

B TeopeMaX, CBfI3aHHBIX C 3THM MOHSTHEM (TEOpPeMbl BJIO-
JKEeHHA), peub HAET O BJIOKEHHSIX HEKOTOPBIX «MaJbiX»
CTPYKTYp C Onpeje/eHHbIMH CBOHCTBAaMH (xak, Hanpumep,
Gy/neBbiXx ajire6p) B «COblIHE», KOTOpHIE, BooOllle TroBODA,
Jaxe He fABJSIOTCS IHCTPHOYTHUBHBIMH .

{

1-é e

0
P uc. 51, Puc. 52.

Iycts (A, + ) —abenesa rpynna, (End (A4), +,-) —KoJbuo
sHpoMopduamos rpynnsl «f, (L(A), +, N)—cTpykTypa noxn-
rpynn rpynnst 4. ECIH @—HAEMIOTEHTHBIH 3HAOMOD-
usm A, TO ‘

({O’ 1) P, I—CP}, o, ') (13)

aBaseTcs GyneBoil aiare6pofl 3HAOMOPGH3MOB TPYNIHI A.
O6pass otoGpaxkennit (13) sBasioTcs mNoArpynnamu B A.
[Ipu nepexoxe K ofpasaM OmepauusiM © H . COOTBETCTBYIOT
onepauuu + u . [lostomy otoGpaxkenne Im sBsgerca uso-
MopduamMoM GyneBoit anre6pel (13) Ha cielyoOlLyIO MOACTPYK-
Typy ctpyktypst (L(4),+, N):

{{o}, 4, Im ¢, Im (1—e@)},+, N), (14)

KOTOpasi TeM CaMbiM TO:XKe SBJISeTCA GyneBoli anre6poit
(puc. 53). Pesay/bTaToM 3TOrO BJIOKEHHA ABJAETCS TEOPEMA 8
u3 § 4 ra1. 2. JIBoficTBEHHbIE PACCYX/JEHHA MPHBOAAT K BbI-
BoAy, 4To Ker —aHTHH30MOP(H3M CTPYKTYP (13) u (14).
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drto yTBepkIeHHe MOXKHO 0606wHTb. Ilyets (E, 0, ) —
npou3BoJibHas OyJieBa ajire6pa 5HAOMOPGH3MOB 4. 3ameTuM,
YTO 3JeMEHTaMH E ABJAIOTCA MOMapHO KOMMYTHpYIOUIHE
H/IEMIIOTEHTHEIE SHAOMOPGH3MBL. Ecin o= ¢ (1 g op=1p),
TO FOBOPAT, 4TO @ < .

Teopema 3 (Teopema 06 Im-Biioxkenun). Mycme (E, 0, +) —

6ynresa arzebpa sndomoppusmos abenesoii epynnot A, mozda
Im (m. e. omoGpasenue @ — Im ) agasemcs u30MOpHU3IMOM

!

A
? -’l’
o Img Im (1-g)
0 (0}
Puc. 53.

.

(E, 0, ) Ha nodcmpykmypy cmpyxmype nodepynn. (L (A),+, N ).
dT1a MOACTPYKTYPa, €CTECTBEHHO, TaKKe SIBJSETCH GyJe-
BOil a/ire0poii; 0603HaunM ee Lg(A).

HokasateabcTBo. B cuny teopemni 7 ra. 2 oro-
Opaxenne Im B3anMHO ofHosHauno. [losToMy ocTaercs fo-
KasaTb, 4TO /Il KOMMYTHPYIOUIHX WJEMIOTEHTHBIX 3HIOMOp-
(GH3MOB @ M ' CrIpaBel/IHBLI PABEHCTBA

Im(poy)=Ime+Imy; (15)
Im(g-¢)=Ime n Imy. (16)

Eciu @, € End (4) 1 =19, 10
Fixe+ Fix y=Fix (o) = Im (9o y)= Ime4 Imy; (15)
"Fixen Imyp=Imey= Imo N Imp. (16")
HeficTBHTENIbHO, ANA NEPBOTO BKJIOUEHHS (15’) umeem:

e @a=a, 1 (poP)a=(p+y—y9)a=a u Fixg=
< Fix (po). Bropoe Bkiiouenne odeBnaHO (cM. § 4 . 2).
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Tperbe BKJIOYEHHE NPOBEpAETCS JIErKO: (pop)a=(p+¢—
—g) a=qa+y(@a—0ga)

Ias mepBoro BKJouenus (16") nmeem: ecau ya € Fix g,
10 PYa=1pa, T. e. Ya € Imgyp. Btopoe BKIOYeEHe: QYpa =
=@ (ya) =V (¢a).

Ecau @ ¥ Y, KpoMe TOrO, HIeMMOTEHTHbI, TO Fix g=1Img,
Fixy=1Im+vy u (15') u (16") npeBpamaworcs B (15), (16).
[(16) BhimosiHAeTCA Jaxe AN TAKHX KOMMYTHPYIOIHX OTO-
6paxkeHHit @ H P, M3 KOTOPLIX MO KpaiiHéli Mepe OfHO HJIeM-
TNOTEHTHO. ]

Ilns KOMMYTHDPYIOIHX HAEMIOTEHTHBIX 3HAOMOPDH3MOB
¢, P BBINOJIHATCSA TaKxke NpaBuJa

Ker gy = Ker ¢ + Ker ; )
Ker (poy) =Kerg n Kerv, T (18)

KoTopsle BuBoAATCA H3 (15) (16) ¢ nomombi0 paBeHCTBA
Ker ¢ = Im (1 —¢) ¥ 3akoHOB 1e Moprana. Tpu caegyomux
COOTHOLIIEHHS] dKBHBAJIEHTHBI:

Doy, 2 Img = Im+, 3) Ker g = Ker .

Jlns Hac TeopeMa 3 TpeICTaB/isieT HHTEpeC B TOM CJyuae,
korna 0, 1€E. Torna {0} u A npurayiexar Lg(A); ana
BCSIKGT) 5J€MeHTa ¢ M3 E cyuecTByeT JAONOJHHUTE/bHLIH dJe-
MeHT | —q € E; B3aUMHO JOMOJIHHTE/IbHbIE 3/EMEHTHI us E
nepexofAT NPH 1m-BJIOXKEHHH BO B3aHMHO JOTMOJHHTEIbHEIE
noarpynrst B o, H mpou3seJeHue oToGpaxeHuit ¢ -— | —¢ —
— Im(1—9@)=Kerg (1. e oto6paxkenue Ker) spasercs
antuusomopduamom E Ha Lg (A).

Lononterue. Ecau @y, .. ., @,— sndomopuamot A, yOdose-
meopArouyue YeroBUAM
l=@,+ @+ .. T @ (19)
u
9;9;,=0, i%], (20)

mo A=Y@ Ime;.

NokasaTeabctBo. B cuay (20) ¢, ..., ¢, MONapHo
KOMMYyTHpPYIOT. B TMOpOXJEHHOM HMH MOJKOJBLE  KOJbIA
End (A) BbIMOMHEHBl TeOpEMa 2 ¥ ee JONOJHEHHS, 4acTHYU-

P



104 TJI. 5. UAEMIOTEHTHBIE 3JEMEHTbBI U BYJEBBl AJIFEBPBI

Hble CYMMBbl BbIPaX€HHs ¢, -+ ... - @, o6pasyior GyjeBy aJ-
re6py, aTOMapHLIMH 3J€MeHTaMH KOTOpO#l sBJsiotcs ¢; 5= 0.
3amenim (19), (20) sKkBHBa/JeHTHBIMH PaBEHCTBAMH BTOPOTO
JomonHeHHs. JloKasbiBaemoe YTBEpXKIEHHE CJEAYeT Tenepb
U3 TeopeMs! 3.

YnpaxXHeHHuSs

1. Ha#izute 6yneBy anreégy HJEMIOTEHTHLIX 3HAOMOPGH3MOB AJs
HUKJAHYeCKHX rpynn nopsika 6, 30, 105

2. Eciu @ — uAeMNOTeHTHBI SHIOMOPGHU3M BEKTOPHOrO MPOCTP aHCTBA
Haj moJeM, XapaKTepHCTHKa KOTOPOro He paBHa ABYM, To l+-@—aB-
Tomopdmuam. Haiinute obpaTHbifi Kk Hemy.

§ 4. Bynesa aareGpa UMKJIMYECKMX MPOEKL M

. OcHoBHast 1LeHHOCTb MaTepHana 3TOH TJIaBHl AJSl TEOPHH
n-yroJibHHKOB COCTOHT B BO3MOXKHOCTH NpPHMEHEHHS TeopeMml |
K ‘aare6pe K [{] UMKIHuecKHX OTOGpaKeHWil, 4TO NPHBOAUT
K (E (K[E]), o, +)—06yaescoi areebpe yuxauseckux npoexyui.

[Mocpeacrsom Im-Boxkenns sra Gynesa asnreGpa oroGpa-
JKaeTcst B CTPYKTYPY IOANPOCTPAHCTB. BEKTOPHOIO NPOCTPaH-
CTBa n-yrojibHUKOB 4,. Tak mnoayuaercs OGyneBa aJjreGpa
LHKJIHYECKHX KJaccoB (teopema 9 ra. 2). [Ilosxke (ra. 6)
MBI JIOKa)keM, 4TO 3Ta ajare6pa CONEpXKHT BCE UHKJMUECKHE
KJIaCCHI. " -

M3 § 4 ra. 2 wmbl 3HaeMm, 4TO H3 ABYX B3aHMHO JOIOJ-
HUTeNbHBIX TpoeKuui B E (K {{]) omna Bcerna msoGapHuHa,
‘a Apyras HmeeT HYJIEBYIO CyMMY Kosdpduuuentos. O6e oHH
npu Im-BnoKeHHH NepexoasiT BO B3aUMHO JAOMOJHHUTe/bHbIE
LMK/IMYECKHe KJacChl; OJAHH M3 HHX CBOGOAHBIH, Apyroi —
LeHTpa/bHbIA (CM. Teopemy 9’ rai. 2). .. .

o agasemca amomaproim 3semenmom 8 E (K [C]). [Heir-
CTBHTEJIbHO, S(¢)=0 Hau 1 ANA BCAKOH LHMKIMYECKOH mpo-
eKIMH @; CJaeloBaTeJbHO, B CHAy JemMbl u3 § 1 ra. 3
@o=0 HIH @O =0; NO3TOMY €CJH Q< O, T. €. O =@, TO
¢=0 wa ¢=o0.] Tak Kak 0-—HaHMeHblUas H306apHyeCKas
LUMK/IHYecKas npoekuus (cM. pasenctBo (1) ra. 3), To ocrass-
Hble atomapHsle s/1eMeHThl U3 E (K [{]) nMetoT Hy/eByio cymmy
Ko3pduunentoB. B Gynepoit anrebpe UHKJIWYECKHX KJIACCOB,
noJiyyeHHoH mnocpeacTBoM Im-Broxenus anre6pst E (K [£]),
kjgace Imo =, , TPHBHAJBHBIX N-yTOJbHHKOB— MHHHMAJIb-

I*J. 3
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Hbifi cBOGOAHBIA UMKAHYECKHTi K/IacC — SBIACTCS aTOMapHBIM;
oCTa/ibHble aTOMapHbIE KJ/acChl— LeHTPaJbHLIE.

Bynesa aare6pa E (K[]) comepxut mo MeHbLIeH Mepe
7(n) XOPLOBHIX yCpeAHEHHH pa(d|n) (cM. Teopemy l ra. 4),
a 3HAuMT, M TOPOXKEHHYIO HMH rojareGpy. [Hanomunaem,
4o p, =0} w,=1.] _

{ A
-6 ofn
Im
P
6 Ain
g {0
Puc. 54. .

§ 5. Mpumepnl Im-BroxeHnH

Byaesa~ mojanre6pa aireGpel E (K[L]), nopoxaeHHas
ONHHM 5JEMEHTOM O, COCTOMT M3 3JIEMEHTOB 0, 1, o, 1—o.
TlocpescTBoM [m-BJIOKEHHS MOJyHaloTCs HETHIpe OCHOBHBIX
LHK/IMUECKHX Kaacca (puc. 54;cMm. § 4 T 1).

TlocrpouM 6yaesy nodarceGpy E (g4, o) anze6pot E (K [E]),
1n0posNcIeHHYI0 0BYMA SACMEHMAMU g U O, TAE d|n, d#1. Byne-
BbI MHHHMaJbHble MHOTOWIEHbl OT By H O CYyTb

peo=0, (1—pg) =0, py(l—0)=ps—0,
(1—pg (1—0)=1—pq @1

MHorousieHst 0, py—0 H 1—p, ABIAIOTCA CHCTEMOH aTo-
MapHbIX 3/€MEHTOB nopaare6psl E (g, 0). CnenosatesbHO,
OHA COJEpPKUT 2°=8 3/1eMEHTOB—CYyMM MHHHUMAJIbHBIX MHO-
rouseHoB; uMH aBaswTcss 0, aToMapHble 3/EMEHTHI, AO0MOJ-
HUTeNbHbIE K HHM daementsl M 1. [d10 BepHO Ws JMo60H
nonanre6pul E (¢, 0), rie @ —NpoH3BOJIbHASA n3oGapuyecKas
LMKJIMUecKasi MPOeKIHs 7= 1, o.]

Ha puc. 55 u3o0paxkeHa puarpamma 6yJsieBoit  aareGpsl
E (g, 0). JnarpaMma LHKIHYECKHX K/aCCOB, noJiyueHHast
nocpescTBoM [m-BIIOXKeHHs, 3HAKOMA HAM mo § 3 r1. 4
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(cm. puc. 49). Temepb Mbi 3HaeM, YTO 3TH BOCeMb UMKJ/IH-
UECKHX KJaccoB 00pasyioT GyJeBy anre6py OTHOCHTE/JLHO
Omepauuii CyMMBl U NepeceyesHs. :

HHrepecHo mccnenoBath 6y.eay nodanzebpy E, arzebpo
E (K [Z]), noposxcdennyro scemu yuxauseckumu NPOEKYUAMY |4
(rie d[n; n—durcuposano). Ilpn n=4 u BooGwe mpu
n=p? rie p—mupocToe 4MC/IO, OHA HMeeT THII paccmorpeH-
HOH BbIlUE ajre6per.

Puc. 55.

Ilycrs Temepn n=6. Ioganre6pa E, nopoxzena npoex-
LHAMH W, =0, W,, W5 pg=1. MoOXHO cuntaTh, yTo oOHa
TIOPOXKJEHA TONBKO 3JIeMEHTAaMH [, H W, MHHUMabHbE
MHOTOUJIEHB OT Wy H Wy

Moty =0, "y (1 —pg) =py—0, (1—py) py=p,—o,

(1 —p,) (I—py) (22)

| AN e W2

OTJIMYHBI OT HYJISA, a CJIeNOBaTeJbHO, SBJASIOTCS CHCTEMOR
aTOMApHBIX 3JIEMEHTOB MOAAJIe6phl E,, cocrosimeii u3 2= 16
SJIEMEHTOB —CYMM MHMHHMAaJIbHBIX MHOTOWJIEHOB. DTO BoceMb
H300apHYeCKHX OTOOpaxKeHUi

1, l—p,z-i-d, 1-M3+0’ (l_uz‘['c)(l_”a'}‘c)’

g, Mas Was p‘a—f' Wg—0o (23)

(OHU DPa3BMTEl HA MapH G-ZOTIOMHHTEJbHBIX, 3aMHCAHHLX
B 4 cTO/I6NAX) M BOCEMB OTOGpaKeHHil ¢ HYJIeBOH cyMMOl
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K03(XpUILHEHTOB, KOTOpHIE MOJYy4aloTCs H3 (23) BbluMTAHHEM
3JeMeHTa O, HJH, YTO TO Xe caMoe, YMHOXEHHEM Ha (1—o0)

[em. popmyany (2) ra. 3].

Teopema 4. [ycmo n=6. Byaesa arcebpa, noposdeHHas
uemblpoMA X0posbLMU YcpeOreruamu (3deco T (6) =4), codep-
ocum 16 yurkauseckux npoexyutl. O6pasamu smux. npoexyutl
8 A, A6as10mMca 60cemb C60600HbIX WUKAUHECKUX KNQCCO6 U3
§ 8 rn. | u coomsemcmsyroujue UM UEHMPANbHbIE KAACCHL.
Amu 16 yukauveckux kaaccog 6-y20rbHUKOS o6pasyrom 6yaesy
ancebpy 8 cmpykmype, ABALIOWEICS NOONPOCMPAHCMEOM Ay—
8eKMOPHO20 npocmparcmea 6-y2orbHUKOs.

JloxaszaTteabcTBo. JloCTaTOYHO yCTAHOBHTbL CNpaBen-
JIMBOCTb BTOPOrO YTBEPKAEHHSI TEOPEMHl, TaK Kak TNepBoe
yxke ObIo AOKa3aHO Bbille, a TPETbe CJEAYET H3 BTOPOro
Ha ocHoBaHuH Teopembl 3. Ocranoch Haiith 06paskl A, MpH
npoekuusix (23) M COOTBETCTBYMIOMWHX HM HeH306apHUeCKHX
npoekuusix. O6pasel MepBbIX Tpex mnap H3 (23) moJayueHH
B teopemax 1 u 2 ri. 4. Jlanee, corsacHo § 1 ra 4,

Im(1—p,4-0) (1 —ps +0)= :
=Im(1—p,2+0)nIm(l—p,s—|—a)=‘4:n¢4§ 4

— kJace adHHHO-NPABUIBHbIX 6-yroJbHHKOB H
Im (p, + p,—0) =1Im (nopg) = Impy + Impy = Ay, s+ As, o

— knacc mpuaMm. O6pasamu A, NpH HeH3oGapHYECKHX LH-
KJIHUECKHX TIPOEKLHAX U3 E,, ABIISIOTCA UEHTPaAIBHEIE KJIACCHI,
COOTBETCTBYIOUIHE MePEUHCIEHHBIM CBOGOAHBIM (BTOpOE mpa-
BuJo H3 § 2 ra1. 3), 4TO W JOKa3biBaeT TEOpeMYy.

Kak HW3BeCTHO, €IMHMLIA MpeicTaBHMa B BHIE CYMMBI
aToMapHBIX 3JeMeHTOB (22) u3 E,:

1=0+ (u,—0)+ (ps—0) + (1 —(szl"l"s—o))- (24)

Mocpenctsom Im-BJloKeHHs (1OMOJIHEHHE K TeopeMe 3) noaqy-
yaeM pa3JoxKeHHe

Ag=d,, o@g‘/zz, 3'5‘343. 2@‘?6‘ (25)

CrnipaBa CTOST aTOMapHble KJIacchl GyJeBoit aare6phl, COCTOSA-
mell M3 16 LHKIHUECKHX KJIaccoB 6-yrojbHHKOB (cm. puc. 46).
M3 (25) caenyer
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Teopema 5. Beakuii 6-yeorvHux 00HO3HAUHO npedcmasum
8 eude cymmor mpusuasbrozo 6-yeorbruka, mpundes npotidex-
HO20 2-yeoMbHUKA ¢ yeHmpom masecmu 0, A6axncOot npotidex-
HO20 3-YeONbHUKY € YeHmpoMm manecmu 0 U agpdunro-npa-
8UNbHOZG 6-YyeonbHuUKA ¢ yeHnmpom msaxecmu 0.

Puc. 56. Pasnoxenne 6-yroabHuka ¢ LeHTpoM TAXECTH 0 B CyMMy
NPH3MLL C LEHTPOM TAXECTH O H apdMHHO-NPABHABLHOTO 6-yrosbHAKA
C LEHTPOM TAKECTH 0.

Flpumenum (24) x 6-yronbﬁﬁxy A: -
A=0A+ (1 —0) A+ (1;—0) A+ (1 — (1, +py—0)) 4. (26)

O10 1 ecTh HCKOMOE pasniokenHe A: epBas KOMIOHEHTa G4 —
9TO TPHBHAJILHBIH LIECTHYTOJIbHHK — LIEHTD TAKECTH A; 1,4 —
TPHXKIBL NPOHACHHBI 2-yrOJBHHK, COCTOSIHE H3 LEHTPOB
TAXKECTH XOPJAOBBIX 3-yroNbHHKOB 6-yroibuMka A; aHajo-
THYHO, ;A —BaXKIbl TNPOMAEHHBIH 3-yroMbHHK cepennH
Anaronaneit A. Bropas u TpeTbsi KommomeHTH (26) nosy-
HAIOTCS TaKHM CABHIOM W,A M pyA, 4TOGHI HX LEHTD THKECTH
COBNaJl C HYJEBOH TOUKOH. :
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6-yrombuuk A* = (B, +p,—0) A ABJIAETCA HpHU3MOH.
OnuuieM ee MOCTpoeHue: i-i BepuHa A* SBJAETCA UETBEp-
TOH BepLIMHOM NapaJjuiesorpaMma Ans TPOHKH (i-1 BepIUMHA
u,A, LeHTp TaxecTH A, - BepLIHHA psA). Bynem roBoputh,
yTo mpH3Ma A¥ HamAHYMA HQ YeHmpol MANECU xopoosbLx
MHO20Y20NbHUKOB MHO20Y20AbHUKA A. OueBHHO, UTO €CiH A —
npuama, 1o A*=A. :

Yerpeprasi KOMMOHeHTa A-—MHOrOYroJbHHK (1—(p,+
+u;—0) A=A—A*—ectp adHHHO-TIPaBUIIbHBIA 6-yroJb-
HHK C LEHTPOM TSKECTH O; Mbl Ha30BEM €ro agpurro-
npasubHoii Komnonenmoii 6-yronbHHKa A.

[TpocyMMHpyeM MOJyueHHbIE pe3yJbTaThl.

Teopema 6. ITycme A—npoussoabroil 6-yeorbHuk u A*—
NPUSMA, HAMAHYMOL HA YeHmpobl madKecmu eeo x0p0osbix
mHozoyzonrbuukos. Toeda A— A* saeasemca aggpurro-npastinb-
HolM  B-Y20MbHUKOM € YeHmpoMm mastecmi O (cM. puc. 56).

3ameuare bHO COOTHOLIEHHe pasmepHocTelt A, A* H
A— A*: wMHOroyrojeHHk A, Boofuie roBsops, NATHMEDEH,
npuaMa A* He Gosiee ueM TpeXMepHa, ahHHHO- T paBHJIbHBIHA
6-yronbHuk A— A* He GoJjee ueM AByMEpEH.

YnpaxkHeHHS

1. [MposeauTe aHaJOTMYHBIE HCCIENOBAHHS AMS n=_8.

2. Bynesa anreGpa, nopoxieHHas BCeMH Ug (rne d|n), umeer T (n)
aTOMapHEIX BJIEMEHTOB.

3. Myers K=Q, V=Q2 Pa3noxure 6-yronbHuK [(—5,6), (7,7),
10,2), (0, —7), (-5, —5), (—7, —3)] 8 COOTBETCTBHH C TeopeMoii 5.

4. Besikuii 4-yrofibHMK OJHO3HAUHO TNpECTaBHM B BHIE CYMMEH
TPHBHA/BHOTO 4-yTO/MbHUKA, ABaXKAbl npoiileHHOro 2-yTo/ibHUKa C LEHT-
POM TSKECTH O H NapainelorpaMma c LUeHTPOM TNKECTH 0. Pasnoxure
TaKMMﬁOGpaSOM‘l-yI‘O.ﬂbHHK [0, 0), (7,1), (6,6), (3, 7)]; 3mech K=Q,

=Q
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OCHOBHAS TEOFEMA
O UMKIIMHECKMX KITACCAX

§ 1. CpaBHeHHs B KoJblie TaBHBIX HAEaJI0B

Ilycte R —xkommyTatuBHOE Kosblo ¢ 1. Egumuup (nan
obparumble 3JeMeHTH) Kosibua R o6pasyior mo YMHOXKEHHIO
abesieBy rpynny U. dnementsl a, b € R HasmBawres acco-
UUUPOBAHHOIMU, €CTIH CYLIeCTBYeT TaKOH 3JeMeHT u€ U,
YT0 a=ub (B TaKOM cjlyyae Mbl muieMm a~nb). Accouuupo-
BaHHOCTb fIBJISIETCS OTHOLEHHeM KBHBaJseHTHOCTH B R. Kiace
aCCOUHHPOBAHHBIX C @ 3JIeMeHTOB 0Go3HaunM yepes Uag.

TTopoxieHHBIR 5MeMeHTOM @ ryIaBHBI Hiean Ra Mbl 6ynem,
Kak OObuHO, o6o3Hauath uepea (a). OueBHIHO, 4TO H3 @ ~ b
crenyer (a)=(b) (Ho He HaoGoport!).

Jlemma. Ilyemos e, u e* —udemnomenmusie dreMeRmbL
Kommymamuenoeo Koreya ¢ 1. Tozda credyiougue ymeepadenus
SKBUBANCHMHbL

1) e~e*; 2) ()=(e*); 3) e=e*.

OTCEOlIa CJENyeT, 4TO KJacC acCOLHHPOBAHHBLIX 3JIEMEHTOB
COEPXKHUT He GoJjiee OJHOrO HAEMIIOTEHTHOIO 3JIEMEHTA.

Hokasarenbctso. OueBuaHO, uTO I)=>2) u3)=1);
TaKHM 06pasoM, ocTaercs IOKasath, uTo 2) = 3).

MHOXecTBO (e} COCTOHT M3 3/MeMeHTOB ae, rie a€R. Tak
KaK e— HJIEeMINOTeHT, TO Qe-e=aqae: YMHOXEHHE Ha ¢ He Me-
HSET s/eMeHTOB M3 (¢). B wacrHocTH, ecinm e* € (e), To
e*e=e*. AHnasornuno ee*=e. Orciofa B CHJIy KOMMYTaTHB-
HOCTH KOJIbLIA CJIeAYeT, uTo e* =e,

Konoyom eragroix udeasos HasbiBaercst 06/1acThb 1eJOCTHO-
CTH ¢ 1, B KOTOPOH BCAKMH Hjean SIBASETCA TINIaBHBIM L),
ViaBecTHbIe MpUMeph! KOJEL IMIaBHBIX HAEAJIOB: KOJBIO LEMbX
YHCEJ, KOJbLO MHOTOYJIEHOB Haj [POH3BOJIBHEIM TEJOM.

1) Cum., nanpumep, [9], § 49; [5], 4, I, § 17, 18; [11], § 8, 9.
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B KOJIbLE TIJaBHBIX HMA€aJoB BCAKHH OTIHYHBIA OT Hy.f
sJeMEeHT, He ABJAUMACA eIMHHLEd KOJbLA, MNPEACTaBHM
B BUJe MPOHM3BEJEHHS TPOCTHIX 3JeMEeHTOB—H 3TO Mpel-
cTaBJEHHE eIHHCTBEHHO € TOYHOCTBIO 1O MNOpAAKA COMHO-
JKuTesefi ¥ 3aMeHbl MX acCCOLHHPOBaHHBIMH.

TTycTb Teneps R — KOJIbLO [VIaBHBIX HACAJIOB, H MYCTh 3a1aH
sqeMenT mE R. ByjeM TOBOPHTb, 4TO @ Cpasnum ¢ b no
MOOYAIO M '

a=bmod (m), ecin a—b€& (m).

CpaBHeHHe sBJSIeTCH OTHOLIEHHEM SKBHBAJIEHTHOCTH B R,
COIVIACOBAHHBLIM CO CJOXKEHHEM M yMHOXEHHWeM 3JeMeHTOB R,

DneMenT e € R HasoBeM udemnomenmubim no modyaio (m),
ecau e*=emod (m), WIH, YTO TO XKe caMoe, e(l—e)=0
mod (m). Ecan e uzemmorented mod (m), TO e=1—e—
toxke miemnotesten mod (m). Ilpoussenenue u Gynaesa cymma
ABYX 5JIEMEHTOB, MJEMIOTEHTHbX mod (), TOXKe HJEMIOTeH-
tHpl mod (m).

AneMeHT m 3 R HasoBeM c60600HbLM O Keadpamos, eC/n
OH NpeiCTaBHM B BHJE MPOM3BEJIEHHS NONAPHO HEacCOLHH:
POBAaHHBIX NMPOCTBIX 3/EMEHTOB:

m=p, py - Px (RZ1). (%)

Ias cayuas, Koria m CBOGOJEH OT KBaJparoB, MBI LO-
KaXkeM 1Be TeopeMbl 06 HIEMIOTeHTHEX mod (m) 3/eMeHTax.
IMpu stoM Mbl GyneMm M0/Ib30BaThCsA NPOCTEHIINMH CBOACTBAMH
cpaBHEHHil, 3HAKOMBIMH YHTATe/MO H3 3JIEMEHTapHOH TeOpUH
yHcesJ M CIpaBeMHUBbLIMH 1Jsi JIOGOr0 KOJblla IVIaBHBIX HJe-
aJioB'). :

Wrak, nyctb m umeer Bui (x) u i€{1, 2, ..., k}. Ham
NIOHAOGATCA CJEAYIOHe YTBEPKACHHA:

1°. a = b mod (m) mo2da u MmMOALKO moeda, Kozda
a=>bmod (p;) 044 ecex p;.

720, Suemerm e mo2da u moabKo moeda uOemnomenmer
mod (m),” Koeda 048 Kax0o20 p; OH CPASHUM mod (p;) 4ubo
¢ 0, aubo c 1.

1) Ilna JOKa3aTeqbCTBA OCHOBHOH TEOpeMbl TEOPHH ILHKJHYECKHX
KJIacCcOB 7-YTOJbHHKOB HaM TOHaJoGHTCH TOT cayuail, Koraa R — koablio
MHOTOYIeHOB Haj nojeM K.
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HokasatenbctBo. Creaywomue COOTHOLIEHHS 3KBH-
BaJIEHTHBL:
e(l—e)=0mod (m); e(l—e)=0 mod(p,) Anst Bcex P
Ansi_Kaxpuoro p; qn6o e=0mod (p;), mbo e=1mod (p,).
3°. («Kuraiickast koHcTpykuusy.) Jas ecaxozo p;: 6 R
cyuecmesyem 3nemMenm e;, maxoti, 4mo

e;= 1 mod (p;); (N
e; =0 mod (%) . @

U3 (2) cnenyer
. e;=0 mod (p) npu j%1i. : (2"

B cuny 2° e, udemnomenmen mod(m), a B cuny 1° e;
00HO3HAa4HO onpedesen mod (m). Cnpasediuso. pasercmea

l=e +e,+ ... +e, mod (m); 3)
e¢;=0mod (m), i+]. )

’ m
IlokasarenbcrBo. Tak Kak p; u -, B3aUMHO mpo-
. i

CTBl, TO CpPaBHeHHe %,xia 1 mod (p;) paspewnmo. O6o3naunm
13

Yepes e; JIeBYIO 4aCTb 3TOTO CPaBHEHHs,, B KOTOPOM BMECTO
X; CTOHT HeKortopoe ero pewende. OueBHAHO, e; yIOBJETBO-
pAeT cpaBHenuam (1), (2), a cnegoarenpHo, u (2°). Cpas-
HeHus (3), (4) yHOBMETBOPSIIOTCA MO MOAY/IIO Beex Py,
a B cuny 1° u mod (m).

4. 2% wacmuuney cymm eopamenus e, + ... 4 e, udem-
nomenmrol U nonapuo xe cpasrumot mod (m). Besaxud udem-
nomenmuoil mod (m) snemenm cpasHum ¢ o00HOL u3 smux
HACMUYHBLX CYMM.

HokasatennctBo. Ecan [ —noaMHOKeCTBO MHOKeCTBa

{1, 2, ..., k}, 10, cornacho (1) u (29,
Ze __{ I'mod (p;) ana i€,
iet /1~ \0mod(p;) nns ig /.

910 03HAuaeT, YTO YACTHYHBIE CYyMMbI e, + ... 4 e, ugem-
NoTeHTHB mod (m) (yTBep:kaeHHe 2°). Beskie jBe dopmasbHO
pas/muuHble 4acTHYHBIE CYMMBI HeCPaBHHMEI mod (m): ecam
€,, Hampumep, MpHCYTCTBYeT B OAHOH H3 HHX U OTCYTCTBYeT
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B Apyroii, TO mepBas CyMMa CPaBHHMa C elHHHULUell, Bropas—
¢ HyJem mod (p;). Ecin e—npousBosibHblil HAEMIOTEHTHEL
mod (m) snemeHT, T0 B cuay 2° CYLIECTBYeT MOAMHOXKECTBO
I muoxecrsa {1, 2, ..., k}, Takoe, yro e =1 mod (p,) nns
i€/ me=0mod(p) mna i¢/l. Orcioma crenyer, uto

e=Ye;mod (p;) AIs Beex p,, a 3Haumr, eEZ}ei mod (m).
i€l i€
Hrak, gokasana

Teopema 1. [Tycmo R — koabyo enasuoix udearos u m— ceo-
GoOnoul om’keadpamos snemenm euda (x). B R cyuecmeyern
poero 2% udemnomenmusix no modyaso (m) saemermos, nonapuo
He cpasrumolx mod (m) mewdy coboii u makux, 4mo KamcOoui
udemnomenmuoui mod (m) ssemenm cpaswum mod (m) posro
¢ OOHum u3 smux 2% 3nemenmoe.

Teopema 2. ITycme R-—xoavyo enasmoix udearos u m ceo-
6oder om Keadpamos. Bcskuii saemenm u3z R accoyuuposar
no mo0yat0 (M) ¢ HeKOMOPLIM UOEMNOMEHIMHBLM 1O modyaio (m)
SNEMEHMOM.

CkaxeM TouHee: 041 6cAK0e0 a € R cyuwecmeyom udemno-
MeRMmHbUL no  MoOyao (m) sseMeHm e u aremenm u, maxue,
4mo

a=ue' mod (m) [e'=1—e¢], (5)

cpasrerue ux = 1mod (m) paspewuno. (6)
HokaszarenbcrBo. Iyers m umeer BUA (*) H gy, ...,e,

— HJEMIIOTEHTHbIE MO MOAYJ/IO (M) 3JeMEHTHl «KHTAHCKOH
KOHCTPYKLHH». Pa3oGbeM Bee POCTHIE 5/1EMEHTHI p,, p,, . . ., Pr

Ha JBe TDYNMbL: Te, KOTOpble MeNAT a4, U Te, KOTOPHE @ He
Rensr, Ilycrs [={i: p;|a}. Tlonoxum

Zej=e.

O/IeMEHT e HEMIIOTEHTEH MO MOAYJIO (m). Kak u B jg0Ka-
3atenbcTBe 4°,

__J 1 mod(p)), ecmn p,|a,
*=1 0 mod (p), ecnu p; f a.
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Orciona cieayer, uto ae=0mod (p;) ans Beex p; (pH pila
nepBhIil COMHOXHTEJb, & MPH p; @ BTOPOH CPABHUMEI C HY-
nem mod (p;)). Takum obpasom, ae=0mod (m), uiu

a=a¢' mod(m) u a=(a-+te)e mod(m).

[[ocnennee cpaBHeHHe ClEyeT U3 TOTO, UTO ee’ = 0 mod (m).]
Monoxum a-e=u. Torna cnpasennuBo cpaBHenue (5) H

B _{0+151$0mod(pi), ecan p;la,
u=a+e=9 ;1 0=q=0mod(p), ecu p; ¥ a.

10 03HAYAET, UTO HH OAMH M3 MpocThix p; He peaut u. Cre-
OBaTeJLHO, & H m B3auMHO mpocThl H cpaBHenne (6) pas-
pewnMo. Teopema jfoKasaHa.

3ameuanue. MIeMIOTEHTHBIM H acCOUHHPOBAHHBIM
¢ amod (m) 31eMeHTOM sBIseTcA €', a He e. Takune o6o3Ha-
yeHHsi BHIOpaHl IOTOMY, YTO, KaKk MOKa3aHO B J0KasaTe/b-
CTBe, 3JeMeHT p; accouunposan mod (m) c e;=1—e; a He
C é;.

§ 2. OcHOBHbIE TEOPEMbl O LHKJHYECKHX oTto0paxkeHHaX
W UHKJAMHECKMX KJjaccaX

BepHeMcss K TeOPHH n-yroabHHkoB. ITycTb BBIMOJIHEHB

ee yeaosusi § 1 ru. 1. Uepes K [X] 0603HaunM k02640 MHO-
2ounenos nag K. OHo siBJIsieTcs KOJIBLOM IVIaBHBIX MJ€asIoB,

a takxke ajirebpoit najg moaem K. Eciu B I1POH3BOJIbHBIH -

MHOTOWIeH f(X) BMECTO X MOACTABHTBH §, TO MOJMYYHM LHKJIH-
yeckoe oto6paxenue f () — 3/1eMEeHT KOMMYTaTHBHOH anre6psl
K [{] nukmuyeckHx oroGpaxeHuii. [loactanoBka x—{ 3ajaer
romoMopdusm K [x] Ha K[{]. B cumy Tteopembl 4 rn. 2
SIAPOM 3TOro roMomopduaMa sBJIsieTCs Hieal, 10 POXK AEHHBIH
MHOTouJIeHOM x"— 1:

f (x) =0 mod (x"—1) sksuBanentHo [ (§)= 0.

Cpasuenue mod (x"—1) B K [x] 5kBHBaJIeHTHO PaBEHCTBY
B K [C]: :
f (x) = g (x)mod (x"— 1) KBHBaJEHTHO f@Q)=g(@).

TeopEMA 3. Mmocouren x"—1 & K [x] ceoboden om xead-
pamos. o

A
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HoxasatenbcTBo. Muorouten x*—1 ne sBasercs
HH HYJIEM, HM euHHLed Kosbla K [x]. Xopowo wu3BectHo,
YTO MHOTOUJIeH, He CBOGOJHBIA OT KBAaJpaToB, JOJKEH HMETh
CO CBOeH TMPOM3BOAHON OGLMA MHOXKHTENb, OTJHUHBIE OT
eAMHHUBL. Ho HeTpuBHanbublil 06Ul MHOMKUTEDb y MHoro-
WIEHOB f(X)=x"—1 H-nx""1 MOMET CyLECTBOBATH TOJBLKO
B TOM C/y4yae, KOrja MHOrOY/IeH nx"~! HyJeBOH, T. e. eCJu
n=0 B nose K, 4TO NPOTHBOPEUHT MpeAMOIOKEHHIO T, |
0 XapakrtepHcTHKe mons K.

[lycts umcno npoctwix genuteneii MHorowiewa x"—1 B
Konble K [x] paBHO k u

F—l=p, (x) p,(x) ... Pr (%), (7)

e p;(X)—TonapHO He acCOLHHPOBAHHBIE B CHJIy TeopeMul 3
NPOCTHIE AEJHTENH X" —1,

OGosnauum uepes F,(x) d-ii MHOTOUNeH efeHHs Kpyra
u3 K[x] (cM. npunoxenne I). Torma x"—1 MoxeT 6bITb
NpeaCcTaB/leH B BHIE MPOH3BeJeHHS

x"—l=;[IJFd(x). (8)

Tostomy k He MeHble uHcia COMHOXKHTENel B npaBoH# uya-
cru (8), T. e. uncaa t(n) meaureneii n. C Apyrofi cTOpoHHI,
k, KoHeuHo, He GoJjbllle, yeM n, NI03TOMY N

) <k<n. , 9)

Ecin K=Q (Q—noJie pauHOHa/bHEIX YHCEN), TO MHO-
TOUJIEHBl JIENIeHHsl KPyra, KaK W3BECTHO, HEMPHBOLHMBI H (8)
ABJISIETCA PA3J/IOXKeHHeM x" — | Ha MPoCTble MHOXHUTEH. B 9TOM
ciyyae t(n)=*k. Bropoe paBeHctBo B (9) (k=:n) BhnoJ-
HAeTCH, eclu nose K COAePXKUT Bce KOPHH n-i cTemeHu u3 |
(nanpumep, ecin K =C—rio/le KOMIIEKCHBIX yHcen). Muo-
royneH x—1 Bcerjga sBifeTCS NPOCTBIM feJiHTeSeM x"— |
He3aBUCHMO OT noJjsi K M uHcia n.

Lukaudeckue npoexyuu siBnsiotces o6pasamu udemnomenm-
Hox mod (x*—1) anementos us K[x] npu roMOMOp(H3Me
K[x] — K[t]. U3 Teopem 1, 2 u 3 cienyer

Teopema 4. Cyujecneyem poswo 2% yukiudeckux npoexkyulii,
Beakoe  yuxauueckoe omobpaneHue  accoyuuposano ¢ Heko-
mopoil  yukaudeckod npoekyueril, m. e. 0. 6CAK020 Yukauue-

ey b
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K020 OMOBPaNeHUs @ CYu4ecmayem YUKAUMECKAR NPOEKYUA Tt
u obpamumoe YuKiuuecKoe omobpascenue 'y, makue, 4mo
q)=XJT.

B cuiay JemMbl, LHKJIHYeCKas MPOeKLHs, acCOUHHPOBaH-
Hasl C LHKJIMUECKHM OTOGpaXKeHHeM @, OnpejieieHa OHO3HAIHO,
o6osHauuM ee uepes .. M3 reopeMbl 4 caepyeT, YTO MHO-
JKECTBO BCeX LMKJIHUECKHX OTOGpakeHHi pacmajaercsi Ha
KOHEYHOe YHCJO KJaCCOB aCCONHMHPOBAHHBIX 3/1EMEHTOB. Bor
eme ofHa (OPMYJNHPOBKA TeopeMbl 4:

Teopena 4'. Ancebpa K [L] cocmoum us 2% kaaccos acco-
YUULPOBAHHLLX 9NEMEHMOB; YUKAUUECKUE NPOCKYUL obpasyrom
noanyio cucmemy npedcmagumeneli dmMuUX Kaccos.

Tenepb MOXHO BEPHYTbCS K PAacCMOTPEHHIO LHKJIHUIECKHX
K/IaCCOB n-YTOJIBHUKOB. 3Jiech HaM GyJeT rnoJesHa

TeopeMa 5. [ yukauseckux omobpaxcenuid @, P caedyto-
wue ymeepocOeHus IKBUBANCHITIHOLL

Do~y 2 (@=@), 3) Kerg=Kery, 4)Ime=Imy
B uwacmnocmu, 0Af 6CAKO20 YUKAUHECKOZO omobpasicerus :

Ker ¢ = Ker n, (10)
Im¢=Imn,. (11)

NokasateabctBo. (QueBHaHO, 4TO 1) = 2). Ecmu
(@) = (V), 10 Kerg=Kerp n Img = Im (nefictBurenvHo,
ecan @ =yy, TO Ker¢o=Keryp=2Keryp u Imo=Imyyp =
= Impy = Imp); u3 (9) 2 () crenywor obpaTHbie BKJIIOYE-
Hus. 3Hauut, 2) = 3) H 2) = 4).

B uacrtHOCTH, MOJIOXKHUM ¢ = 7,; TOTAd, TaK KakK 1°¢ ~ m,,
To Takxke 2° (¢) = (m.), H yTBepxAeHHA 3) U 4) npeBpallaloTCs
B pasencrea (10) u (11). .

Ilanee, pacCMOTPHM yTBEPXKIEHHS:

1) n,~m, 2 () =(my), 3) Ker m, = Ker my,
4") Imn, = Im m,.

YunthiBas, uro 1°, 2°, (10), (11) cnpaBeasuBsl Takke H 115 P,
JIeTKO MOJYYHTh SKBHBaJeHTHOCTh 1) H 1'); 2) u 2°); 3) m
3’); 4) u 4'). Ho xaxnoe u3 yTBepxkaenuit 1) —4') 5KBH-
BaJICHTHO DaBEHCTBY i, = 7,. [B camom nerne, A 1) u 2)
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3TO CJIeflyeT M3 JIeMMbl; Ajas 4')—wu3 Teopembl 7 ra. 2.
B cuny dopmyn (7) ra. 2, 3') 3KBHBAaJEHTHO paBeHcTBY
Im(l—mn,)=1Im(l—mn,), a nmocregHee B cuiay Teopemur 7
Il 2 9KBHBaJeHTHO TOMy, uto 1 —m, = 1—m,, un n =,
Ha OCHOBaHHM paBeHcTBa (7) U TeopeMbl 7 M3 I, 2.

CrnenctBuem Teopem 4 M 5 -aBiseTcs

Teorema 6. Beakoe yuxauseckoe omobpaseHue sBasemcs
Keasunpoexyueli.

IlepBoe nokasaTenbcTBO. B KakoM KoMMyTaTHs-
HOM KOJIbL€ C eMHHLeH H3 a ~b ciegyer a® ~ b®. Ecau
3JIEMEHT 4 aCCOLHHMPOBAH C HAEMNOTEHTHBIM 3JIEMEHTOM e, TO
a® ~ e, CIeJOBAaTeNbHO, a®~ a. D70 yTBepXKIeHHE B CHAY
TeopeMbl 4 MPHMEHHMO K KaXKIOMY LHKJHYECKOMY OToGpa-
KEHHIO @; HO 1o Teopeme 5 H3 @2 ~ ¢ ciefyeT, yto Im @ =
=1Ime¢ n Kergp>=Kerg, T. e. uTo ¢—KBasUNpoekIHs.

Bropoe nokazatenbcTBo. Ilyctb ¢—uuKAMYecKoe
oto6paxenne. [To Teopeme 8 ra. 2 A4, =Im n, PKern,, a,
cornacio (10) u (11), A4,=ImoP Kerg. U3 Teopems 8’
. 2 Tenepb BbITEKAET, Y4TO (— KBa3HIIPOEKIIHS.

B cuiy Teopembl 1 rai. 2 WHKJIHYECKHe KAACCH A-YIOMbe
HHKOB ONPENeNsOTCS KaK A0pa yukaudecKux omobpasceruii,
B cuay Teopembl 5 1Ba LHK/IHUECKHX OTOGPaXKEeHHSI HMEIOT
OJAMHAKOBBIE A/pa TOrJa M TOJbKO TOrJa, KOTJA OHH acco-
uunposanbl. [To Teopeme 4’ cymecrsyer posHO 2* KJaccoB
aCCOLMHPOBAHHBIX 3JeMeHToB. Otciofia caefyer, uto cyuge-
cmeyem pogHO 2% yuKuwecKuX KAGCCO8 N-ye0NbHUKOB.

Tor ¢akr, uto (npu saganHoM n) CYILECTBYET TOJILKO
KOHEe4YHO€e YHC/IO (2 MMeHHO 2F) UMKJ/MYeCKHX KJIacCOB
n-yrolbHUKOB, COCTaBJIfeT BHYLUMTEJBHYIO YacTb OCHOBHOH
TeOpeMbl O LHKJHYECKHX KJaccax.

UTto6bl pasobpathest JeTajibHee B CTPOCHHH LHKJIHUECKHX
KJIaCCOB, TM0JIE3HO MOAPOGHEe 03HAKOMHTBLCSA € LHKJIHYECK MMH
TNPOCKIHAMH.

B cuny (10) u (11) BcsikOMy UMK/IHYECKOMY OTOGparke-
HHUIO @ OTBEYaeT €/JHHCTBeHHas WMKJIHYECKas MNPOEKUHS I,
HMEIoWas TO Ke caMOe AAPO M TOT Ke 06pas, uTo H .
PaccMOTpHM  LIMK/IHUECKYI0 MpOEKIHIo g,=1—um.. OHa Ha-
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3bIBACTCH QONOAHUMENbHOL K T, H YAOBJETBOPSIET «OGPaTHBIMY
(mo cpasHenno ¢ (10), (11)) ycmoBusam

Kerg=Kern, =Ime,, (12)
Img@=1Imn, = Kere,. (13)

MuoxectBo {n,;: @€ K[(]} comepxur Bce UHKIHIECKHE
NpoeKUHH (JeHCTBUTENbHO, KakJasg UHKIHYecKas MPOEKUHs
accoMHpoBaHa cama ¢ cobofi) M coBnajaetT C MHOXKECTBOM
TOMOJIHHTEbHBIX Mpoekuuit €,. B cuay (12) u (13) cosnadarom
MHOJecm8a: '

1) adep yuxauueckux omobpaxcenud,

2) adep yurxauueckux npoexyui,

3) 06pasos A, npu YUKAUYECKUX NPOEKUUAX,

4) 06pasos A, npu YuKAU4eCKUX OmobparceHusx.
Ho mnepBoe-u3 HHX (a 3Hauur, M BCe 4HeTbipe) sBAETCA
MHOKECTBOM LHMKJHYecKHX KaaccoB (teopema 1 ra. 2). Iloxn-
WepKHEM ellle c/elyoulHi (axr:

TeopEMA 7. Beakuil yukaudeckuld Kaacc agasemcs obpasom
A, npu Hekomopol YUKAU4ECKOU npoeKyuu.

Mbl OTBETH/IM Tenepb Ha BCe MOCTaB/eHHble B V. 2 BO-
AIPOCH, KacalouHecs UHKIMYECKHX KJAacCOB H UHKJIHYECKHX
oTo6paxkeHHH.

ByseBa anre6pa (E (K [L]), 0, +) WHKIHUECKHX NMPOEKLH
(cm. § 4 ra. 5) comepxut O u 1 ¥ cocrout, COMJIACHO T€O-
peme 4, H3 9% 3pemenToB. C rmoMoibio Im-BJokeHHs (CM.
TeopeMy 3 TJl. 5) ee MOXKHO OTOOPasHTb B CTPYKTYpy TOA-
npocTpaHcTB A,. B pesynbraTe B MHOXECTBE (8 Gynesoi
anrebpe) 2% IMKIMYECKHX KJAccoB (cM. Teopemy 9 T 2)
WHIYUHPYeTcst CTPYKTYpa HCXOAHOH OyiieBoit anrebpel (Te0-
pema 7). Htak, uMeeT MecTo

OcHoBHAS TEOPEMA. L{uKauuecKkue KaaccoL n-y2oabHuKos 06pa-
3yrom KoweuHyo Gyaesy areebpy.

Sma Gyresa areebpa sa1SLMCS NOOCMPYKMyYpoll cmpyKmypo.
nodnpocmpaxcms eexmoproeo npocmparcmea A,. Ecau k—
wucao npocmolx Oeaumeneii muoeodsena x"—1 6 K[x], mo
HUCAO YUKAUMECKILX KAQCCO8 N-Y20AbHUK08 pasHo 2F.

Ipu Beeil HeOGO3PHMOCTH CTPYKTYPhl MOAMNPOCTPAHCTB A,
IIOHSITHE LMKJWYECKOTO KJacca fn-yroibHHKOB BbIE/AET B Hell
KOHeuHYI0 OyJ/ieBYy PpeLIeTKy.
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BbiBoABI H3 OCHOBHOH TEOpPEMBl TAaKOBHI:

Cymma u nepeceuerue 08yX YUKAUYECKUX KAQCCOB M-Ye0Ab-
HUKO8 CHO8Q ASASIOMCS YUKAUYECKUMU KAACCOMU;

A, ABASEMCA NPAMOL CYMMOL QMOMAPHOLL  YUKAULECKUX
KAQCC08— AMOMAPHLIX 31eMERMO8 BYAe80l ar2ebpbL YUKAULECKUX
Kaaccos;

BCAKULL N-Y2ONbHUK OOHOBHA4HO Npeocmasum 8 ude cymmol
N-Y20NbHUKOB U3 QMOMAPHBIX LUKAUYECKUX KAACCO8.

[TonsaTHe aTOMAapHBIX LUKAMYECKHX KJIACCOB, KaK H YHCJIO
3THX KJaccoB, 3aBucHT OT noas K. I'py6o roeops, n-yroie-
HHKH aTOMapHBIX KJaccoB 06/1afaloT ONpeleseHHbIMH CBOIl-
CTBaMH perynasipHocTd. B ra. 10—12 bl paccMorpum 3tOT
Borpoc GoJiee NOAPOGHO.

ITpumep: n=6, K=Q. Tak kak t(6)=4, T0 cYy-
1ecTByeT 2= 16 LUKJHYECKHX KJjaccoB 6-yrosbHukoB. Cire-
JoBatesibHo, B § 5 ra. 5 mepeuuc/ieHH BcCe ILHKJMYeCKHe
KJacchbl 6-yroJibHUKOB H MOJTydeHHOE TaM passioxenue (puc. 46)
IBJIAETCS Pa3jioKeHHeM Ha <aTOMapHEle 6-yroJbHHKHY,

[Tpouenypa HaxoXAeHHsi aTOMaPHBIX LHKJIHYECKHX KJaCCOB
HJIM aTOMapHBIX KOMIIOHEHT NPOCTPAHCTBA N-YTOJNbHHUKOB MO-
KeT ObiThb cienyouleff. B coOTBETCTBHH ¢ «KHTaiiCKOHl KOH-
CTPYKLHUeH» A BCAKOro JenuTeNst p;(X) IByuJeHa x"— |
Onpelie/IHM  MHorousieH e;(x) € K [x],  ynoBaeTBOpsiouiui
YCJIOBHAIM

e; (¥) = 1 mod (p; (%)), (14)
. xn—1
e; (x) =0 mod (W) . (15)
Torza e, (©), ..., e (§)—oranynHble OT HyJA NOMapHO OpPTO-

roHa/bHble IUKJHYECKHe MPOEKUHH, CYMMa KOTOpHIX paBHa l;
OHHM SIBJIAIOTCSI ATOMAPHBIMH UMKJHYECKHMH TPOEKUHSIMH B
E(K[C]) (reopema 2 ra. 5); Ime, (§), ..., Ime, (§)—ato-
MapHble UMKJHYECKHe KJAcChl f-YTOJNbHUKOB, H PA3A0KEHUE
A Ha amomapreie KOMNOHEHMbL UMeeT BHL

A=e,A+e,(DA+...+e0)A. (16)

Nn-yrojbHUKH, QJIfi KOTOPHIX 3aJaHHBIE aTOMAPHBIE KOM-
NOHeHTH 06paINaloTCs B HYJb, 06PasyioT LHKAHYECKHH KJace,
H KaXIpli M3 2* UMK/JMYeCKHX KJ/ACCOB MOXKHO IMOJYYHTH
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sTuM crocoboM. Hampumep, ecin K=Q, 1O 6-YroMbHHKH,
y KOTOpHIX OTCYTCTBYeT a(pHHHO-NpaBuJbHAS KOMIOHEHTE,
aBasiioTcs mpuaMmamu (em. § 5 i 5).

YnpaxHenus

1. MycTb (—UHKIHYECKOE OTOOpaKeHHe. Ecin @ — uMkanyeckuit
Kaace, To @@ —ToXe UMKIHYeCKHH Kiace, NpHueM 9% < € (ycuueHue
teopeMbt 5 i1 2). CnpaBeATuBO PaBeHCTBO 9 =n.%. B GyJieBoit aJ-
refpe UMKIHYECKHX KJacCOB PacCMOTPHM HHTepBalbl [Kerg, Ayl H
[ }, Img]. Ecin @ npoGeraeT a/eMeHTbl MNepBOro HHTEpBana, TO

—> @ — H30MOp(H3M NIEPBOrO HHTepBaNa HA sropoit (puc. 57). Kakue

An T ¢
Imep
€ 4
?c
Ker @
)}
Puc. 57.

LMK/MYeCKHe OTOOpaXeHHs 06JafialoT CJelyolUM CBOMCTBOM: BCAKHH
MHKJMYECKUH KJacc MPHHAJIEKHT TOYHO ONHOMY H3 3THX ABYX MHTep-
panos? (CM. mpuioxkenue I1; § 5 r. 2; § 2 ra. 3.)

2. MHBOMIOTHBHBIE HHKAHYECKHe OTOGpasKeHUsi HA3LIBANOTCH YUKAUUE-
ckumu cummempusamny. OHH COCTaBAAIOT NOArPYNNY IPYnmbl eIHHUI KOJb-
na K[] v umetor cymmy Kod(QHIIHEHTOB + 1." Tlycts Teneps Char K # 2.
LIuKk/MdeCKHe CHMMETPHH 0G6pasyloT Takke GyJeBy anre6py no OTHoLUe-
HHMIO K KOMMOSHLHAM, BBeJeHHHM B ymp. 2 u3 § I ni. 5; e—2e—1
eCTb M30MOP®HM3M OyneBoit anreGpbl HHKJIMYECKHX npoekuuit Ha OyJneBy
anrebpy LMKJIHYECKHX CHMMETDHI; TNpH 3STOM 1) Fixe=Fix(2e—1),
Bahn ¢ = Bahn (2e—1). CymectByer TOYHO 2k IMK/JIMYECKUX CHMMETPHH.

Oto6paxeHue

¢ —Fixg

ecTb M30Mopdu3M GyJeBofi anre6pbl UHKIHUECKUX cuMMeTpHil Ha GyJ/ieBy
anre6py UMKAMYeCKHX Kjaaccos. LlMk/mueckne CHMMETDHH @, L7151 KOTO-
pux Fix@=, £BAA0TCA (OTPaKEHHAMH oTHOCHTeNbHO B», T. €.
snjoMopdH3MamMK V7%, KOTOphle § TMO3JEMEHTHO OCTAaBJAIOT Ha MecTe,
a BCAKHH n-yrojbHHK A M3 JOTOJHHTEJLHOTO K % knacca TnepeBOAST

1) Bahn{ (tpaekTopus, OpGHTa) OMpefensieTca Kak Im (1—1).

Riad
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B —A. [Ecom p=2¢—1, To MOXHO cKasaTb, 4T0 noa geiicTBuem ?
BCAKHIM A-yTOJNLHHK OTPaXaercst OT CBOero e-o6pasa.]

B rpynne uMK/IHYECKHX CHMMeTPHii H306apHuecKHe CUMMETPHH o6pa-
3YIOT NMOATPYNNy HHAEKCAa 2; HeH306apHyecKHe MOXKHO MOJYYHTb H3 HHX

yMHOXKeHHeM Ha —1. .
CTPYKTypHbli MHHHMYM TOMapHO Pa3JHYHBLIX aHTHATOMAPHHIX 3Jle-
MeHTOB GyneBofl aareOpbl LMKJIMYECKHX CHMMETPHI paBeH NpPOH3BeJEHHIO
9THX 3/1eMeHTOB, l[MK/IHYECKHE CHMMETPHH SIBJSIOTCS UaCTHYHEIMH Npo-
H3BENeHHAMH TPOM3BEJEHHS BCeX aHTHATOMAPHBIX JEMEHTOB.

3. Ecaiu n=2m, 10 {™ ecTb H3o6apHueckass ILHMKIHYECKAs] CHMMeT-
pusi. Tlyets K=1Q. Ilpu n=4 uso6apuyeckue LHKNHYECKHE CHMMETPHH
06pasyloT «yersepHylo rpynmy Kiefina», cocrostiuyo H3 ueThipex 3ie-

Mewmon: 1, 1%, 4 (—1+L+EHE), 5 (1+L—8+19). Onperemire

BCe H30GapHuyeckue LHKJMYeckue CHmMeTpHH npH n=6.

§ 3. MpocTbie feauTendH MHorouneHa x”—1
W aTOMapHble LHMKAHYECKHe KJacChl

[Tyctb p; (x) —MNpOH3BOBHBIA MpoCTOll JAeauTess x"—1.
Torpa p; ({)— uuKk/IHueCKoe OTOGpaxKeHHe, C KOTOPBIM acco-
LMHPOBaHa IHKJHYECKas npoekuHus 1—e; () (cM. 3ameuaHne
B Konue § 1). PaBeHcTBO (12) npuHHMaeT Buf

Ker p; (§) =1me; (§). (17)

Orciona cienyer, 4To A0po yuxauueckoeo omobpascenus p; (C)
ABARCMCA AMOMAPHOIM YUKAUMECKUM KAQCCOM.

Tak kak BOOOIWE HAAPO UMKJIHYECKOrO OTOGpaKeHHs
Co+et+ ... +¢,-,&""! ABAseTcs NPOCTPAHCTBOM pelleHHH
IHKJIHUECKOR CHCTeMB €@, +C¢,@,+ ... +¢C,_,8,=0, ...
(cM. § 2 r1. 2), TO HaWl BBIBOJ MOXHO MepedOpMyJ/iHpoBaTh
CJIelyIOIIHM 06pa3oM: .

‘Teopema 8. Luxauueckas cucmema ypasHenuil, n-nabop
Koaghpuyuernmos Komopod cosnadaem ¢ n-Habopom Koagpgu-
yuenmog npocmozo Oeaumeas muozousena x"—1 6 K [x], onu-
ColBllem amoMapHblil YUKAUYECKUL KAQCC N-Y20NbHUKOB.

[Mon n-nabopom Koappuyuenmos cobcmeenHoeo deaumenrss
Zc,-x" MHozousena x"—1 moppasymeBaercs HaGop (c,, ...
veey C,_y). TlONOXKHM TIO ONpejesIeHHIO, YTO OTBEYAIOUHii
MHOrou/leHy x"—1 Kak jeJiuTeNo camoro cebsi n-HaGop ectb
(0, 0, ..., 0). Ilocieanee cornawmeHHe Hal0 YYHTHIBAThL
TOJBKO B IIPOCTOM Claydae n=1.

t

!
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Kak roBopuJoch paHee, CYUIECTByeT eIHHCTBEHHbIH CBO-
GoiHbIi aTOMapHBI WMKJIHYeCKHH KJacc-—KJacC TPHBHAJb-
HBIX N1-YTOJBHHUKOB; BCe e OCTaJibHble aToMapHble KJacChl —
yenmpaavHole (Cp. ¢ 3aMeTKOH O CJIOKEHHH n-yrolbHHKOB B
KOHIe TJ. 3).

Knacc TpHBHAMBHBIX 7-YTOJbHHKOB COOTBETCTBYET INpOC-
ToMy neautemo x—1 MHorouneHa x"—1. JleficTBHTENBHO,
npu n==1 Habop Kosppuunentos x—1 umeer ug (—I1, 1,
0, ..., 0); cooTBeTcTBylOIAA LHUKIHYECKas CHCTeMa

—a,+a,=o0, ..., Wi @,=a,=...=4a,

N
onpesieseT Knace TPHBHAMBHBIX 71-yroubHukos. [[Tpu n=1
MHOTOUeH X—1 He ABASeTCHA COOCMEEHHHOIM JENTUTENeM;
B CHJy COIVIAlIeHHs ero 1-Ha6op KO3(h(HUHEHTOB ABJAAETCH
«HyJeBbiM HaGopom» (0); 3mech Kaxbli 1-yroibHHK yAOB-
JeTBOpsieT cooTBeTCTBYlowel cHcreme 0@, = 0, KoTopas ompe-
neqsieT Kjace BceX 1-YroJbHHKOB, COBNAJAIONIHE C KJIAacCoM
TPHBHAJILHEIX 1-YTOJLHHKOB. ]

Monoxum p, (x¥) =x—1. Tor dakr, uro ocraibHbe p; (¥)
ONpeNesoT YeHMpParbHbie KJACChl, JIETKO YCMOTPETh TaKkKe
H3 CJeLyIOmHX cooGpakeHHH: HMeeM P, (¥) ... pp(x) =
=x""14 . .. 4x+1; npu x=1 noayyaem )

p.(1) ... pe(l)y=n, 1. e p; ()50, i=2, ..., n

Ho p;(1)—3T0 cymma Kosppuyuenmos mHorounesa p;(x).
Hrak, cymma Ko>(pHLHEHTOB UHMKJHYECKOrO OTOOpaKeHHs
p; () oTnMuHa OT HyJd, M 3ajaBaeMas 3THM HaGopoM K030-
(DHLMEHTOB LMK/IHYECKasi CHCTeMa OMpeleJIAeT YenmpaabHbLll
kJaacc (cM. Teopemy 1 ra. 1).

Ec/M pOHOPMH poBaTh BCe MHOTOUJIEHH p; (x), rae i 1,

MHOXHB MX Ha ——, TO T[IOACTAaHOBKA X—{ TpHBeJET
y pi (1)

K usobaputeckuMm UHMKIHYECKHM OTOODAXKEHHSM C' TeMH ke
sapamu, uro H p; (£).

" Ecou K=Q (Q—nose pauHoHa/JbHLIX YHCEN), TO NMPO-
CTHIMH JEeJUTENAMH X"—1 SIBASIIOTCH MHO204AeHbl OeAeHUs
kpyea F, (x), rae dn w F,(x)=x—1; OHH H ompejeasioT
ATOMADHRIE IHK/JIHYECKHe KJacChl.
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[Tpumep: K=Q, n=6. B stom cayyae
0 —1=F, () F, (x) F () F, (x) =
=x—E+D)E+x+ D) 2—x41)

n F,(1)=2, F,(1)=3, F¢(1)=1. Llukauyeckue cHCTeMbi
¢ HOPMHPOBaHHBIMU HaBopaMH Ko3ppHLHeHTOB fnisi d =2, 3, 6
HMEIOT BHJ .

1 1
d=2: 5 (a,+ay)=o0, ...; d=3: z(a,+a,+a;)=o, ..;
d=6. a,—a,+a,=o0, ... .

Onn onpejiensiior (KaK BHAHO HENOCPEJACTBEHHO H3 ypaBHe-

HHUI) COOTBETCTBEHHO KJacc A TPHXKIBI TPOHJEHHBIX
° 2,3

2-yTOMbHHKOB ¢ LEHTPOM TSXKECTH O, KJjacc vgm JBaX bl

NpoiiileHHbIX 3-yroJbHHKOB C LEHTPOM THAKECTH 0 M KJacc
R4 aphHHHO-NPaBUJBHBIX 6-YTONIBHHKOB C LEHTPOM TAKECTH 0.
[}

BwmecTe ¢ KJaccom TPHBHANBHBIX 6-YTOJbHHKOB 3TH KJIACCHl
06pa3yioT moJHbI Hab0p aTOMapHBIX LMKJIMUECKHX KJACCOB.
HIMKJIHYeCKHMH OTOOpaKeHHSMH, KOTOpHIE MOJYYAIOTCA INOJ-
CTAaHOBKOH Xx—{ B HOPMHPOBaHHBIE MHOrouseHol F(x),
d=2, 3, 6, aBasOTCS

AR O=% +FEO=% F@=o

T. €. B TOYHOCTH Te OTOGpakeHHs, KOTOpble paccMaTpHBa-
JHCb B TJ. 2 B CBA3H C H3yuyeHHeM BO3MOMHEIX KJIACCOB
6-yroJIbHHKOB.

YnpaxkHenus

1. Ilna ntoforo n u nw06oro aonycTumMoro K «i-yroJbHuK — UeHTp
TSXKECTH» n-yroibHuka A sBisercss aToMapHOH KomnoenToll A.

2. Ilyetb n=4 u aneMedT —I1 He sBastetca kBagpatoMm B K. [Tycrs
- A—nekotopniit 4-yronbHuk u A—oA =4, (cMm. § 4 . 2). Atomap-
HBIMH KOMIOHeHTaMH A sBasiloTcs GA, ABaXAB NpOHIeHHHH 2-yroJbHHK
cepeflMH JuaroHajelt 4-yrosbHuka A, W NapaisesorpamMM, KOTOPELi
HMeeT TOT e MapajlieflorpaMM CepefiuH CTOPOH, YTo H A,

Ecan snement —!1 sBasietcss ksagpatoM B K, TO 3TOT mapange-
JorpamMm He OyAeT aTOMapHO# KOMIOHEHTOH: ero MOXHO GyJeT pasio-
WHTb Ha ABa KBagpaTta (cp. ra. 11).
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rJaABA 7

UMAEMNOTEHT-BJTIOXEHME.
®AKTOPKOJILLIO KOJIbLA
TNABHbIX MAEANOB

B HacTofilllell TJaBe Mbl PAacCMOTPHM C HEKOTOPO# ofiuei
TOUYKH 3peHHsI Te pa3BHThie B § 1 Iyl. 6 KOHCTpYKLHH, KOTO-
pbie COBMECTHO C TOHSITHeM [m-BJIOKEHHA NMOCHYXUH anred-
pauuecKUM (YHIAMEHTOM JOKa3aTelbCTBAa OCHOBHOH TeOpeMbI
0 UMKJHYeCKHX KJaccax f-YroJbHHKOB.

Sra raaBa sBjsercs 4MCTO anrebpanyeckod. Mbl H3yyuMm
3flech COOTHOIIEHHS MeXAy MAeJHTeJNSAMH 3JIeMeHTa m, MpH-
HaJJIeXKallero KoJblly IVIaBHBIX HAeasloB R; HaeajaMH KOJsblia
R, TOpOXMIEHHLIMH 3THMH JACJHTENAMH; HieasaMH (akTop-
KoJblia R/(m); HIEeMIOTEHTHBIMH 3JIeMEHTaMH Kosbla R/(m).
Hac ocobenno Gyjmer uHTepecoBaThb cayuaif, Korja m cBoGo-
JeH OT KBajpaToB.

dru anrebpaHueckue pe3ysbTarTel B I, 8 OyAyT npHMe-
HEHBl K TeOpHH n-yroJbHHKOB. Ilpu sTom B ri. 8 poib R
GyJeT MTpaTh KOJbLO MHOrouneHo K [x], a polb 3/ieMeHTa
m € R—CBOGONHEI  OT  KBajpaToB MHOroumeH  x"—1;
paxropkombo K [x}/(m) ¢ ToumocThio N0 H30MOpQH3Ma
coBmajgaer ¢ anareOpoidl LMKIHYECKHX OTOOpaxKeHHd BEKTOp-
HOTO TPOCTPAHCTBA 7-YTOJBHUKOB oA,,.

B § 2 ra. 8 Gyzer paccMoTpeHa B ofuieM Bhie ¢yHIa-
MeHTaJbHasl CBA3b MexK1y AeJNHTeJAMH X" — 1, UHKIHYeCKHMH
KJ1acCaMH A-YrOJbHUKOB M LHMKJIHYECKHMH TPOEKUHAMH (CM.
u306paxeHnHyio Ha puc. 60 cxemy). B § 3 ri. 6 s1a cBasb
Gbiia paccMOTPeHa JIMWb Al MPOCTHIX JeJHTened x"—1 H
aTOMapHBIX LMKJIHYECKHX KJIACCOB.

B Hauajie HacTosimeH TJIaBbl Mbl NMPHIAJUM HOBYIO (GopMy
BTOpOHl TeopeMe O Im-BioxeHHH, paccMaTpHBas ee Kak Teo-
peMy 0 R-MOAYJIfiX. DT0 NMO3BOJIMT HaM BBECTH NOHATHE HIEM-
MOTEHT-BJIOXKEHHS .

Teopeme 06 HIEMIIOTEHT-BJIOKEHHH B TJ1. 9 Mbl IPOTHBOIMOC-
TaBuM TeopeMy 06 Haean-BiioxennH. Ona onuchiBaer oGiLyiO

T p—
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CHTyauuwo, Hu3 KOTOpOﬁ, MHHYS LHKJIHYECKHE TIPOEKIHH,
CJIEAyeT TeopeMa O LUKJAUYECKHX KJaccax M YyCTaHaBJ/IH-
BAeTCA CBfA3b MeXAY [JeJHTeJAMH X"—1 M UUKJIHYeCKHUMH
KJIacCaMH n-yroJibHHKOB.

§ 1. R-monyau

Hyers (R, +, :)—kombuo ¢ 1 u (A, +)—abesesa
rpynna. SieMentl R Mbl 6yieM 0603HauaTh uepes a, b, ...,
ry s ..., a aneMedTsl A4 —vuepes a, b, ... .

A _HaspiBaeTcs R-mo0yaem, e onpefesieHo OTOGpase-
HHe RXA B A:

(r, @) —ra, hH

Ha3biBAEMOe YMHOJeHUeM, TAKOe, UTO BBIMONHAIOTCS CJeLyio-
e npaBuja:

1) r(a+b)=ra+rb; 2) (r+s)a=ra-+sa;
3) (rs)a=r (sa); 4) la=a.

Ina Besikoro r € R MHOKeCTBO 4 ecTb noarpynna B A,
loBopar, uro r annyaupyem a, ecnn

ra=o. 2

MHoXecTBO TexX r, A/t KOTOPHIX PABEHCTBO (2) BHIMOMHSETCS
npu moGoM @, HasbiBaeTcs awxyaamopom A (0603HauaeTcs
an A):

and ={rira=0 aa Beex a}={r:rd=/{o}}.

MuoxectBo an.{ sBisieTcsi (IBYCTOPOHHHM) HpeajoM B R.
(Pasymeercst, npaBusbHee Gblio Gbl mucath ang oA.)

ITpumep L. Tlycte R=End (A4). YMHOXeHHe (1) ompe-
HeJIUM Kak MpHMeHeHHe SHIOMOPDH3MA K 3JIEMEHTY H3 A,
Torpa an A = (0).

ITpumep 2. Kombuo (R, 4, -) sBasiercss R-mony.iem,
€CIM B KayecTBe YyMHOXKeHHMS (l) B3ATh yMHOXKeHHe B R,
Tak kak eaunuuy auHyaupyer toasko 0, To an R= (0).
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§ 2. HUaemnoTeHT-BlOXKEHHE

Mycts R kommyratuHo. Torna r.d sBasercst R-moamo-
ayneM A aas moGoro r. Ilycts, kak u Bhiwe, (E(R), o, ) —
Gynepa anre6pa MIEMIOTEHTHBLIX 3/eMEHTOB H3 R (Teopema 1
ra. 5). Ecau e, f€ E(R), TO A

u3 ed = fA cnenyer e={f (modan A), 3)
(eof) A=ed+fA, 4)
efA=eANfA. (5)

CaoiicTBo (3) JOKaswiBaeTcsi TaK e, Kak Tebpema 7
ri. 2, a (4) u (5)—xkak npaBuna (15) u (16) u3 § 3 ra. 5.
O6o3nauum uepe3 L (A) cTpykTypy R-noamonyJeit 4. Ilosb-
aysch cpojictBaMi (3)—(5), MBI TO-HOBOMY ChopMyJHpYeM
Teopemy 3 rJ. 5: .

TEOPEMA 1 (MIEMIIOTEHT-BJIOXKEHHE). ITyemos R —xommy-
mamueHoe Koasyo ¢ edunuyel, A ecms R-modyas, an A = (0).
Toz0a omobpaxcerue

e—ed (e€E(R)) (6)

ssasemcs usomopusmom Gyareeoii ancebpor (E (R), o, -) Ha
nodcmpykmypy cmpyxkmypet (L (A), +, N).

PaccmaTpHBaeMoe BJIOXKeHHe Bbijenser B L (A) OyseBy
anre6py R-moamopyneit A.

§ 3. YacTHblii cayyaii MIEMIOTEHT-BJIOKEHHS

PaccMOTpHM YacTHBIA cJIydait R-MOmyssi—caMo (KOMMY-
tatnBHoe) Kosbuo R (cm. B § 1 npumep 2). Tloamonyisamu
B HeM . ABJISIOTCS ero wupeassl. B wactHOCTH, rR= (r) ectb
rMaBHBI Hjeas, MOPOXAEHHbi -3aeMenTom r. Uepes L (R)
0603HauUM CTPYKTYpy HIeatoB Koiblia R. Ilo Teopeme 1

otoGpaxeHHe :
e—eR = (e) )

apagercss usomopduamom Gynesoit anre6pul (E (R), o, -) Ha

NOACTPYKTYPY CTPyKTyphl HzeanoB (L(R), +, N).
Oco6eHHO MpocTa CBA3b MEXKJY HAEMNOTEHTaMH H Hjea-
aaMiH R, eciu R TmpeicTaBiasieT cobOH npamyro cymmy noareil

R=K BKSD... ®K,.
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Enunnua 1z 3Toro Kosbua MMeeT BHA

lr==e,+e,+ ... +e, 8)
rae e, €, ..., e,—TONapHO OPTOrOHAJIbHEIE HAEMIOTEHTHHIE
3/1eMeHThl .

e=(1,0,...,0, e=(01,...,0),...!
ey ,=(0,0, ..., 1). 9)
OleMeHTH €, ..., e, aToMapHH B G6yJIeBoil anrebpe

(E(R), o, +); Bcakuit anement B E (R) mpeicTasasier co6oit
HaCTHUHYI0 CYMMY BhIPaXKeHHs e, - ...+ e, (cM. npumep 3
us § 1 r. 5 u Teopemy 2 ra. 5).

Buroxenne (7) nepesomut enuummy (8) kombua R B

R=(e)+()+ ...+ (), (10)

a BCAKYI YaCTHYHYIO CyMMY—B COOTBETCTBYIOULYIO 4acTHY-
Hyl0 CYMMY BblpaxkeHus (e;)+(e,)+ ...+ (e,). Ilpu sToMm
uzean (e;) COCTOMT H3 BcexX 3JeMEHTOB Kosbua Buaa (0, ...
vvey 0,05, 0, ..., 0) u, cregoBatesbHO, H3oMOpden K;.
Bonee toro, cnpasepiuBo yTBepxieHHe: Kamdeul udean
M roreya R agasemes wacmuunoli cymmor eoipaskerus (e) +

+ (e + ...+ (e

HokasateabcTBo. FHwmeem M=eM+teM+...
... +eM [Broxenne = csenyer u3 toro, uto M=1z-M,
H H3 (8); BlOXKEHHE =—H3 TOrO, YTO M = eM]. Besikuit
uzean e;M unum paBeH HyJeBOMy HIeany, HJH COBNajaeT
¢ (¢;) [acHo, uto (e;) 2e;M; ¢ Apyroit CTOPOHHI, Tak Kak
uneas (e;) H30MOpdeH MOMIO, TO OH COAEPKHT TOJNBKO HY.JIe-
Boit upean (0) u camoro ceGs]. »

Teopema 2. Ecau R~ (komeuHas) npsamas cymma nosed,
mo omobpasenue (7) ssrsemes usomopgusmom E(R) Ha
(noanytol) cmpykmypy udearoe korvya R.

Takum o6pasoM, B mpsiMoii cymme k moJsiei BCAKUH Head
€CTb T'JIaBHBIA HJeall, MOPOKAEHHbIH HEKOTOPHIM HAEMIIOTEHT-
HbIM 3JIEMEHTOM; CTPYKTypa HJeajoB sBiasercss G6yJeBoii
anrebpoit u3 2% sjeMeHTOB.
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§ 4. Mpeannl W JeaMMOCTb B KOJbLle TJABHBIX H1€A/0B

[MycTs R—KOJIbLO TVIaBHBIX HIEAJIOB. Bkatouenne (r) =
D (s) 5KBHBAJEHTHO YTBEPXKJEHHIO, YTO 1 JICJHT S ris.
Ecan r|s, To Bce accOUHHPOBaHHbie C r SJEMEHTHl LCNAT
mo6oil 3/JeMeHT, aCCOLHUPOBaHHBIH C §. B uacTHOCTH, yTBepXK-
genno 1) (r)=(s) 5KBHBAJIEHTHO 2) r|s u s|r, a ecmu
R —06/1acTh 1eJOCTHOCTH, TO H 3) F ~ S.

Cymma uzeasoB (a) H (b) ecTb uneart, nopoxaeHHbiit HOIL
(a, b) anemenToB a H b: (@) + (b) = ((a, b)); nepecevenue
ugeanoB (@) u (b) ecTb Hpuean, nopoxnennsit HOK [a, b)
snementoB a u b: (a)N (b)) = ([a, b]). HOL n HOK szemen-
TOB @, b ONpeesOTCS 3THMH CBOHACTBAMH C TOYHOCTBIO 0
aCCOLMHPOBAHHOCTH. o ,

Ortuowenne «peaut» ¥ nonstus HOI u HOK nepeno- é
cATCSL HA KJIAacChl acCOLMHPOBAHHBIX 3JeMeHTOB. MHooecrmeo
KAQCCO8  ACCOYUUPOBAHHBIX INEMEHIMOE ABASMCA CMPYKMYpol
L ¢ onepayusmu HOK u HOIL 6 xauecmse (cmpysmyproix)
maxcumyma u munumyma. OTHOIICHHE ¢IENHT» SBJIAETCH
B 3TOil CTPYKTYpe OTHOLIEHHEM YaCTHYHOH YMOPSANOYEHHOCTH.
CooTBeTCTBHE r—> (f) SBJSETCH AHTHH30MOP(HH3MOM CTPYK- L

typul L Ha crpyktypy L (R) uneasoB KoJbla R. O6e 311
CTPYKTYpHl 006/1ajlaloT CBOHCTBOM JMCTPUGYTHBHOCTH  (CM.
npuioxenne II).

B KoJjblle TVIaBHBIX HJ€aJoB pasjoxKeHHe Ha TMpOCThie
MHOXHTeJH OJHO3HAUHO (royHas ¢OpMYJHPOBKAa NpHBENEHA
, B § 1 ri. 6). Orciona cienyer BaxHoe CBOMCTBO KOJIel
[JIaBHBIX HI€atoB: B HHUX 6CAKASL 603paCMAOuas Yenoika
udearos 06puiBaeMCa. -

Iycte m€ R. Kumacchl 3/eMeHTOB, aCCOLUHHPOBAHHLIX
¢ JenuTeNAMH m, 06pa3yroT MOACTPYKTYPY L (m) = L; naso-
BeM ee m-nodcmpykmypoii CTPYKTYpsl L. Crpyktypa L (m)
TaKKe AMCTPHOYTHBHa M mpH m==0 KOHeuHa.

Ecou m cBoGoieH OT KBajipaToB, T. €. JOMYyCKaeT Npel-
CcTaBJ/IeHHe

m=p,py.. Pr (%)

Tfe p,—TONapHO HE ACCOUMMPOBAHHLIE MPOCTHIE SJEMEHTEI
(k>=1), 10 2F wacTHYHBIX MpoM3BeeHHH H3 P,p,. . .pg TIO-
NapHO HE aCCOUHHMPOBAHBI H MpPEACTaB/IAIOT co6oi Bce JenH- -
Teqn ymcaa m (MyCTOE HaCTHYHOE NPOH3BEJCHHE CHUHTaeM

N
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paBHbIM 1). OueBHAHO, 4TO M-NOACTPYKTYpa ABAACTCSA CTPYK-
Typoil ¢ JONONHEHHsAMH, Aaxe GyseBoii aire6poii ¢ 2% ae-
MEHTaMH H C TPOCTHIMH 3JeMeHTaMM p,, p,, ..., Pp B Ka-
yecTBe aToOMapHBIX.

Hpean (m) OyneM HasbiBaTh C80600H6IM Om K6adpamos,
€cJIH m HuMeeT BHA (%).

§ 5. PaKkTOPKOJLLO KOJbIlA INIaBHBIX HAEaJI0B

[MycTh 3ajaHbl KOJBLO TJIABHLIX HJIEalOB R M 3JeMeHT
m=~0 us R; panee, nyctb R/(m)— gaxmopKorbyo no eaas-
Homy udeary (m). PaccMOTpPHM ciiefyloliHe CTPYKTY PhI:

L,: m-nodcmpykmypa,

L,: unmepear [(m), R] cmpyxmyper udearos R,

Ly cmpykmypa udearos xoavya R/(m),

L,: (E(R/(m)), o, +)—06yresa arcebpa udemnomenmos
) Koavya R/(m).

Henurenn m oGoszHauuM uepe3 ¢, CooTBeTcTBHE
t—(4)

SIBJISIETCS aHTHH3OMOPMH3MOM i, CTPYKTYp L, u L,.

Jasee, KaHOHHUeCKHil roMmoMOpbH3M a — a + (m), oToGpa-
Kaoui R Ha R/(m), HHAyUHDPYeT H30MOPGH3M CTPYKTYPHI
HjeasoB, cojepxKauux (m), Ha CTPYKTYpY HIe€asoB KOJbLa
R/(m). Tak Kak HuieaJsl, COAepXKaiiHe m, CyTb HE UTO HHOE,
KaK Hjeasbl, TOPOXKICHHBIE NEMHTEAMH fm, TO OTOOpaKeHHe

ipet () — (L (m))

aBasietcss H3oMopduaMoM L, Ha Ly OueBuaio, crnpaBeinHBa

Teopema 3. [1pouseederue omobpasenuil iy, iy A828€MCA
QHMUUIOMOPPHUIMOM M-nOOCMPYKMYP6L KA cmpykmypy udea-
a08 koavya R/(m). Beaxuil udean us R/(m) umeem eud
(t+(m)), ede t|m. Ecau t,, t,|m, mo (t, 4 (m)) = (t,+ (m)
moeda u moavko mozda, koeda (i) = (t,).

M3 Teopembl 3 clefyeT, uTO BCAKHH HAeas KOJMbLA R/(m)
apaserca raaBHbiM. OpHako R/(m) MoXeT coaepxaTb JeJH-
TeJM HYJS,, H TOTJa €ro Hefb3s Ha3BaTh KOMbLOM TJIABHBIX
HeaJos,

5 588
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ITycTb a—npoussosbHbii 3MeMenT U3 R; Toraa (a + (m)) —
Hlean B R/(m) u cnpasenjusa

Jlemma. a) Ecau (a, m)=(t), mo (@ (m)) = (t + (m));
b) pasencmeo (a, + (m)) = (a,+ (m)) sxeusarenmmno (a,, m) =
= (a,, m).

HokasaTenserso. a) Ecanm ag (5, T a+(me
€ (t+(m)). C npyroit cTopoHsl, Tak Kak f€ (a, m), 1ot
AoMyCKaeT mpeAcTaBJeHHe f= ua-+um; oTcioga creqyer, 4To

t+(m)=ua+vm+(m)=ua+(m)e(a+(m)).

b) Mycts (a, m)=(¢), i=1, 2. Torma us a) crenyer,
uTO (2;+ (m)) = (¢, (m)), 1, B cuy Teopemst 3, (7, -+ (m)) =
= (t,+ (m)) skBHBaseHTHO (f,)= (2,).

HanomnumM, uro sjement e€ R Torma u Tosbko TOrza
uiemnoreHTed mod (m), KOrza CMexXHBI KJjace e (m) ugem-
ToTeHTeH B Kosible R/(m). Corsmacho § 3, cymecTByer n3o-
Moppuam

isge 4 (m) — (e+ (m))
L, Ha GyneBy mnogasre6py CTPYKTYpHI L,,

IIpousBesenne orobpaskennii [150ss J1@€T BO3MOMKHOCTB
NOJy4uTh BCe MAeasnl KoJbla R/(m), a otobpakenue g —
N0 KpailHeH Mepe OJHH H3 HHX, EcrectBenHo, Bosunmkaer
BOTIpOC: AABJISETCH JIH OTOGpaXkeHHe [,, OTOGpaXkeHHeM Ha,
HJIH, 4TO TO JKe caMoe, BCAKHH JIM Hiean B R/(m), KoTopbiii
MOxeT OBITb 3alHCaH B BHiE (t+(m)), rme t|m, nopox-
A4eTCs HIEMMOTEHTHBIM CMEXKHBIM KJjaccom? OTBeT Ha 3TOT
BONPOC JaeT «KHTaHcKas TeopeMa o6 OCTAaTKax» (cM.  Teo-
pemy 4'),

TeorEMa 4 («kHTalickass Teopema 06 ocraTtkax»). [Tycme
saemenm m==0 Koarbya erasmex udearog R npedemasum 6 ude
NPOU3geOEHUS NONAPHO G3AUMHO NPOCTIBIX SACMEHMOB: 1M —
=4ty ... t,. Toeda cywecmsyrom cmexcrvie Kaacces

e,+(m), e,+(m), ..., e, + (m) (11)
€O caedyrowumu ceolicmeamu:

a) cmexcrvie Kaaccor (11) NONApHO 0pMO20HALbHEL, A UX
CYyMMa ABAACMCR CMENHCHOIM KAQCCOM eOuHUybL,;

b) (¢4 (m)) = (1 —e;+ (m).
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INoxasateabctBo. a) [lycte m/t;=t; Tak Kak f,;,
{; B3aHMHO TpOCTHI, CpaBHeHHe fx;= 1 mod (¢;) paspewnmo
B R. OGo3HauhM uepe3 e; JIeBylO 4aCTh CpaBHEHHs, B KOTO-
poM X; ecTb HekoTopoe ero pewenue. Torma

e; =1 mod ({;), (12)
e; = 0 mod (7,) (13)
CaenoBatebHo, e; = 0mod (t;), js=i, u
l=e, +e,+...+e,mod(m), (14)
e, =0mod (m), i 1. (15)

IMocnennne aBa cpaBHEHHS CIpaBeNIHBBHI MnoTOMYy, 4TO OHH ’

BBITIOJIHSIOTCA /151 [10TIa PHO B3aHMHO IPOCTHIX £, i =1, 2, .. ..k,
B ¢akropkonbile R/(m) cpasHenus (14) u (15) mnepexonar
B paBeHCTBAa. YTBepXKieHHe a) JIOKa3aHo.

U3 cpaBuennit (14), (15) caenyer, 4T0 e; HAEMIOTEHTHBI
mod (m) [nocraTouno (14) yMHOXKHTb Ha e;]. 3uaunr, 1—¢;
Toxe HaeMnoTeHTHE mod (m).

b) 1—e€(l) [em. (12)1; mE€(t;), cNeROBATENBHO,
(1—e;, m) = (t;). C npyroit CTOpOHBI, B CHIY (13) cyutecTByIOT
u; € R, TaKue, 4TO e;= ;! CleJoBaTeNbHO, l=1—e;+ut;.
VMHOKHUB TIOCJIE/IHEE PABEHCTBO Ha f;, NONyunM ¢; € (1 —e;, m).
Takum obpasoM, (f;)=(1—e; m) H yTBepXJeHHE b) crenyer
U3 JIEMMBI.

TeoPEMA 4’ (WaCTHBI CJaydyall «KHTaHCKOH TeopeMbl 06
octatkaxy). Ilycme m=~=0-—3sremenm KOAbYA AABHOLX udea-
108 R u t—oeaumens m, esaumuo npocmoti ¢ mft. Tozda
cucmema CpasHeruti '

e==1mod (f), (16)

eEOmod(-'tﬁ) (17)

paspewwuma 6 R [00Hosnauno mod (m)], npusem e u 1—e
udemnomermrot mod (m) u

(t+ (m)) = (1 —e+(m)). - (18)

Caeacteue. ITycme, kak 6cezda, R-—K0AbYO 22QBHbIX udea-
108, m c60600Ho om Kkeadpamos u R/(m)— gakmopKoroto no

s‘
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(m). Beskuii udear 6 R/(m) fBAREMCA 2AQ6HbLM, NOPOHCOCH-
HOIM HEKOMOP6LM UOEMNOMEHMAHbIM INeMeRmOM (CM. TeopeMmy 2
ra. 6). .

HokazateancTBo. K3 Teopembl 3 ciefyer, 4To BCA-
Kuil upean B R/(m) MoxeT GbITh 3amucaH B BuAe (¢4 (m)),
rae t|m, a u3 TeopeMbl 4’ —uTO mpH CBOGOAHOM OT KBai-
paToB M OH MOPOKAAETCH HAGMIOTEHTHBIM CMEXHBIM KJIaCCOM.

Teopema 5. Ecau R—Koabyo enasHoix udeansos u m-— ceo-
600nbit om Keadpamos anremenm euda (x), mo cmpykmypot L,,
L, L, L, serstomecs Gynesoimu aneebpamu us 2% snemenmos.
I pousgedenue i,,i,, anmuusomopgro omobpaxcaem L, uepes L,
Ha L,, a omobpascenue i, asrsemcs usomop@usmom L, na L.

ODokasartenbcTBO. 1) L, saBasercs OyJeBoil airel-
poii u3 2% snementoB (cm. § 4); sHauur, L, H L,—Toxe
GyseBbl anreOpbl C 3THM e KOJHYeCTBOM 3JIeMEHTOB (TaK
KaK i, H [,,— aHTHH3OMOPGH3M H H30MODPDH3M).

2) i,, siBAsieTcs H3oMopdusaMom L, Ha L, (cM. TOJBKO
vTO JOKasaHHoe cneactBue). [Tostomy OyneBa anrebpa L,
TOXKE CONEPKHT 2% 3/1eMeHTOB.

YcaoBumcsi 0603HayaTh yepe3 €; pellleHHe CHCTeMbl CpaB-
Henuit (16), (17). B cuay (18) umeer mecto

Mpasuno. (¢ + (m)) = (1—e;+ (m)).

Tak kak 1—e;+ (m) U ¢ (m) — B3aUMHO IOTOJIHHTE/Ib-
HBle 9/IeMeHTHl W3 L,, To, NMpUMeHAf i,, U NOJb3ysCb Mpa-
BHJIOM, MOJIYYHM

(t+ (m)) u (e, (m)) —esaumno donoarrumensrole
udeaast 8 R/(m).

TeopemMa 6 («kHTaliCKHH H30MOpdH3M»). Ecau R — koasyo
enaerolx  udeanros u meE R c80600H0 om Keadpamos, mo

omoOpancenue
t— e+ (m) (19)

ABASIEMCA UBOMOPUIMOM M-nodcmpykmypol Ha 6yaesy areebpy
UGeMNOMeHMHbIX 3AeMenmo8 Koavya R/(m).

HoxasartenbcTBO. PaccMOTPHUM mNpoOH3BeleHHe Cile-
pylowHx oroOpaxkenui: 1) antuu3oMopdu3Ma [, CTPYKTYphI



§ 5. PAKTOPKOJIbLIO KOJIbLIA TJIABHbIX UEAJIOB 133

L, na L,; 2) nsomopdusma iy, CTpyKTYpnl L, Ha Lg; 3) «10-
MOJHATE/IbHOTO» oToGpaxenus L, Ha Lg: x— 1 —x (oHO
SIBJISIETCS] HHBOJIIOTHBHBIM aHTHH30MOPdH3MOM L, Ha Ly); 4) u3o-
Mopousma iz cTpyKTypu L, Ha L,. TlocienoBaresbHOCTD
YKa3aHHBEIX OTOGpaxkeHuH JefCTBYeT CJeAyIOUHM 06pasoM:

t— (8) = [t + (M) — (e, + (M) — €, + (m)

H fBJISI€TCST H30MOPHHIMOM. :

Hmes B BHAy creuHanbHO TEOPHIO 71-yrOJLHHKOB, MpHia-
AMM CBSI3H MEXAY pacCMaTpHBAaeMbIMH GyJeBBLIMH ajreGpaMu
Gosee ynoGHBIH Ads Hac BHA. Ilpu 3TOM, uToGBI H36exaTh
aHTHH30MOP(}H3MOB, 3aMmeHuM OyneBbl anre6pel L, L, u L,
ABOHCTBEHHBIMH K HHMM anreGpamu L;, Ly u L;.

¢ P00 (m)
L= Lyl
tIZ
o - “ L
Ly g
iz s

(E+(m))=(1-64+(m)
Puc. 58.

Teopema 5'. [Tpu ycaosusx meopemor 5 L, L, Li, Ly
asasomea 6yresomu arcebpamu u3 2% 3aemenmos, CA30HHbBIMU
ECMECMBEHHbIMU  USOMOPPUIMAMU i, I, U I,5, OMOOPQNCAIO-

’

wumu coomeememeenno Ly wa Ly, Ly, na Ly, Ly Ha L.

E
!
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OGosnauum uepes L, BTopoH sk3emmasp L, H paccMot-
puM GyJieBbl anareGphl

L, Li, Ly, L; Ly, tae Ly=L,=E (R/(m),o0, ).

Toria «IONOMHHTeJabHOe» oTo6Gpaxenue B E (R/(m)) aBasercs
MHBOJIIOTHBHBIM aHTHH30MOpGH3MOM GyJieBoil anreOpul Ly,
T. e. u3oMoppH3MoM L; Ha L;; CKHTalCKHil H30MOPPH3MY
oro6paxaer L, Ha L,.

OcraeTcs yKas3aTbh CJELYIOULYl0 HHTEpPNpeTauHtio cpopmy-
AHPOBAHHOTO B 3TOM maparpade mpasuma. Ilyctsb ¢|m; moct-
pOUM /IBE LIENOYKH OTOOparkeHHi

t— () — (t+(m))

.

t"*et+(m)—_> l——et'{‘(m)'—"(l—"et—!_(m))’

mepeBoAAWMX ¢ B Hiean M3 R/(m) (OTAe/NbHBIE WArH STHX

nienodek — 310 H3oMopduambl L, Ha L, ® L; wa Ly L, Ha -

L, L, na L, u L, na L; (cm. puc. 58)). B cuny mpasuia
pe3yJbTHPYIOLLHE OTOGpaXKeHHs SBJSIOTCA OJHHM H TeM e
usomoppuamom L, Ha Lj.

§ 6. PakTOpPKOJBLO KAaK CymMMa thakTopkoJel,

TeopEMA 4" (JOTMOJHEHHE K «KHTalCKol Teopeme 06 ocrart-
kax»). [Tycme eoinoanensr ycaous meopemor 4. Tozda

R/(m)= X DRI(t)).
NoxkasaTeabcTBo. OBo3HaunM uepes @;: a —a+(¢)
KaHOHHMUeCKHi romMomopdusm R Ha R/(t;). Toraa

P a— (@48, 9, - -+, P1)
— romomopdHaM R B TpsMyio cymmy kosem R/(f;). Slapom
5TOro romMomopouaMa spisercst uzean (m). Hanee, a € Kerg
TOra ¥ TOJBKO TOrAa, Korja a== 0mod ({;) ans Beex i, T. €.
korga a=0mod (m). Ecan a,, a,, ..., a,—3ajaHHbE 3J]€-
MeHTHI M3 R, a e, ..., €,—3JEMeHTHhl, pacCMaTpUBAEMbIe
B JOKa3aTelbCTBE Teopembl 4, a), 1o B cuny (12) u (13)

ae,tae,+ ... tae=amod(t), i=1,2 ..., k

Orciofa C/elyer, 4to ¢ ecTbh OTOOpaxeHWe R Ha MpAMYio
CYMMy, YTO M JOKa3biBaeT TeopeMmy.

i
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Pasnoxenne TeopeMb 4" MOXHO HECKOJNBKO YTOUHHTD:

R/(m)= 2P (e;+ (m)) (20)
(e;+ (m)) = R/(t)). @n

JlefiCTBUTENIbHO, YACTHYHbIE CYMMbI CYMMBI BCEX CMEXHBIX
KnaccoB (11) o6pasyior G6yneBy nogasre6py amrepul L,.
[9r10 caenyer u3 Teopembl 4, a) M jgonosHeHus 1 K Teopeme 2
ra. 5.] TlocpencTBoM i,, (MAEMIIOTEHT-BJIOXKEHHE) 3Ta MOAAJ-
re6pa oro6paxaercs B CTPYKTYPY wuzeanoB L, TpH 3ToM
CyMMa BCeX CMeXHbIX KaaccoB (11) oro6paxkaercs B pasiio-
xeHue (20). Hsomoppusm (21) nokaseiBaercs ciexyomum
06pasoM: MHIYLHPOBAHHHI ¢ H30MOPbH3M R/(m) Ha MpaAMYyio
cymmy R/(¢;) mepesoaur ae;+(m)B (0, ..., 0, 94,0, ..., 0),
HO

{ae;+ (m):a€ R} = (e;4(m)).

Cnenctsue M3 TeopeMul 4”. Ecau m—ce0600nbil om Kead-
pamos anemenm euda (x), mo R/(m)= D DR/(p,), npusem
R/(p;)—noas. ,

HAns mokasatesbcTBa OCTATOMHO MPHMEHHTH Teopemy 4"
K B3aHUMHO TPOCTHIM JeJHTEJSIM p; M BCHOMHHTb, 4YTO
HeaJ, TOPOXKJEHHBIH IPOCTHIM 3JIEMEHTOM, MaKCHMAaJb-
Hbill. 2TO 03HauaeT, YTO (AKTOPKOJILUO TO HEMy SBJSETCS
HoJieM.

HMrak, ecin R—KOJbLO IVIaBHBLIX HIEAJIOB, a m CBOGOAEH
OT KBajpartoB, TO R/(m) sBnserca npamod cymmoti noset.
Crpykrypa wumeanoB Kosblia R/(rm) u3omopdHa GyneBoii a-
re6pe ero HIEMMOTEHTHBIX 3JIEMeHTOB (Cp. TeopeMy 5).



rJTABA 8

BYJIEBbI ANFEGPbI
n-YrONbHUKOB (TEOPMS 1)

§ 1. Byaesn aareGpoi L, — L,

"~ Ilycrb BumoJiHeHbl Bce mnpepmotoxkenus § 1 ra 1.
Hanomuum, yto uepe3 K [x] o6o3Hauaercs KOJbLO MHOTOUJIE-
HOB Haj nojeM K; MHorounen x”—1 cBoGojeH OT KBajpa-
TOB, Ak—UuHCJO NpPOCTHIX JeJNHTeNell MHoroujleHa x"—1
B K[x], L(x"—1)—crpykrypa peautenefi x"—1—sas-
asercsi GyneBoit anreGpoit ¢ 2% snementamu (cM. § 2 ri. 6).

[MoacraHoBKa Xx—{ wuHayuupyer romomoppusm K[x] Ha
anreGpy UHMKJIHYeCKHX oTo6Gpaxenuit K [C]:

[ (x)—F (). (1)

Slapo 3TOro romomopu3Ma ecTb HjAeal, MOPOKIEHHBIH MHO-
rouseHoM x"—1. [He#ctButenso, §*—1=0; HO ecan

t(x)|x"—1, 10 t()+*0, 1ak xak 1, §, ..., {""! HesaBu-
cimbl (cMm. TeopeMy 4 ri. 2).] Orciona caefyer, 4to
K [x]/(x"—1) = K[E]. ©
Ipu 3toM u3oMopdu3me _
fE)+E—1)—F (&) 3)

B YaCTHOCTH, CMeXHHIH KJacc x rnepexomut B {. Mtak, Hmeer
MecTo '

Teopema 1. Aseebpa K [T] yukauveckux omobpasienudl uso-
MopHa axmopkorsyy Kosvya erasueix udearoe K [x] no ceo-
600Homy om keadpamos udeary (x"—1).

Ecan pasinoxeHue MHorousJeHa x”"—1 Ha TpocThie MHO-
kurenn B K [x] umeer BHJ

#—1=p, () P () - Py (4), @
K[x)/(x"—1) = XD K [x1/(p; (x)) (5)

(eM. cneacTBHe M3 TeopeMbl 4" rai. 7); cjaraemele B NpaBo#
YacTH SIBJSIOTCS TMOJMSMH. ‘

TO




§ 1. BYJIEBBI AJITEBPHL L, — L, : 137

Teorema 1”. K [C] f8asemcs npamoi cymmoil k nosed.

HarnoMHHM BaKHEIE CJeJCTBHS H3 3THX Teopem: 1) GyJsieBa
anrebpa E (K[G]) UMKIHYECKHX TPOEKLHI HMEET TOUHO 2%
s7eMeHTOB; 2) BCAKHH upean B K |[{] sBnsieTcs rJIaBHBIM,
n0p07>;<11eHbeM HEKOTOPOH WMKJMYECKOH MpoeKiHed (CM. §3
ra. 7). :

Crpyktypul L,—L, (§ 5 r. 7) B Haulem cjyuae NPHHH-
MaioT BHJ ,

L,: cmpykmypa Oeaumeneli MHO2041EHA x"—1;

L,: unmepear [(x"—1), K[x]] us cmpyKkmypbi udearos
Koaoya K [x];

Ly cmpykmypa udeanos Koaoya K&l

L,: (E(KI[El), o, -)—06yaesa anreebpa  YUKAUYECKUX
npoexyuli;

Ly (E(KILD), o, +)—0yaresa arcebpa  YUKAUMECKUX
npoexyui.

(HanmomnuM, 4To Ly—3TO IPOCTO Bropo#l sksemmasap L,.)
Bce 3TH CTPYKTYpHl SIBJIAAIOTCA OyJIEBEHIMU anreGpamMu. Mexay
HUMH CYLIECTBYIOT ~H30MOP(H3MBI HJIH aHTHH30MOPhU3MHL
(teopembt 5 u 6 ra. 7), nepeBoasiue KaXKJIblil 3/IEMEHT OJHOH
M3 3THX aire6p B €IMHCTBEHHbIH COOTBETCTBYIOLIUH eMy 3Je-
MeHT Jio6oil Apyrofi u3 HHX.

Mbl XOTHM OMKHCATh JAeficTBHe 3THX OToGpakeHHil. Hdns
9Toro BBeleM cJjeayiouide 0603HaYeHH: { (x) —IPOH3BOJIbHBIH
JenuTesb MHorouseHa x”—1; ¢ (¥) — JOMOTHUTE IbHBIi K HEMY
JefuTesb, Tak uto X"—l=1(x) ¢ (x); e (x¥) —MHOrouJieH,
WIEMIOTEHTHBI 1o MoxyJo (x”— 1); e (§) — oTBevaiowas e (x)
UMKJIHYeCKas NPOeKUHs.

Cucrema CpaBHeHHH

e (x) =1 mod (¢ (x)), (6)
e (x)=0mod (7 (x)) )

HMeeT eIMHCTBEHHOoe mo MofyJio (x"—1) peiuenne, T. €,
CYLIECTBYET €AHHCTBEHHBIi MHOLOWIEH CTENeHH < nt), yao-
BJIETBOPSIOLIHA 3TOH CHCTEME. dro pelueHHe HAEMIIOTEHTHO

1) K uucqy MHOTOYIEHOB CTeneHn < 7 MPHCOSAMHSAEM H HyJeBOH
MHOTOYJIEeH.
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no Mopy/mo (x”—1) (reopema 4’ ra1. 7); 0603HaunM ero yepes
e; (x).

Kak n paHbue, uTo6bl H36exkaTh aHTHH3OMOPDH3MOB,
saMeHHM Oy/ieBbl aire6pol L,, L,, L, NBOACTBEHHBIMH K HHM
anre6pamu L, L;, L. Vitak, Mbl 6yzeM paccMaTpuBath 6yJieBHl
anre6psl -

Lp L;’ L;r L;’ Ls (*)
H 0oTOGpakKeHHs

[150 t(X) — (¢ (x))—antunsomopdusm L, Ha L, u, cie-
ROBaTeJIbHO, H3oMOpdu3M L, Ha L

Lyt (t(x)) — (t (C)) —KaHOHHUecKHUl H3OMOpdHUaM L., Ha
L; n, cnenoBatesbHo, M3oMopduam L, na L (mog-
CTaHOBKa X —{);

i450 €(8) — (e(§))—w3omopdusm L, Ha L,, ciegosa-
TeJIbHO, TakKke L, Ha L, (MAEMIOTeHT-BJIOXKeHHe;
CM. TeopeMy 2 ra. 7);

i45: e () — 1—e () —«nononuuTenshoe» oToGparkeHue
(HBOMIOTHBHENT  aHTHH3OMOPDH3M) B E (K[L]),
CJIefloBaTe/IbHO, H30MOPGH3M L, Ha L, uim cosma-
JAIOWHA ¢ HUM H3oMoOpdH3M [y, L; Ha Lj;

[150 ¢ (X) — e, ([)—musomopduam L, Ha L, (teopema 6
ra. 7).

[OGosnauenust L,, L,, ..., Ly, iy, iy, i,5 6YIyT B Aab-
HeflleM ynoTpe6asTbCcsi HMEHHO B 3TOM, CreiHaH3H pOBaHHOM
No CpPaBHEHHIO ¢ IJI. 7 cMbicae.] CoriacHo Teopemam 5 u 6
rJ. 7, UMeeT MecTo

Teorema 2. Cmpykmyper L,, L,, L, L, L, ssrsomes
GyreeomiL arcebpamu us 2% s1eMenmos; oMU C6A3AHBL YKA3aH-
HOLMU BblULe LBOMOPPUIMAMU.

Ipoussenenus oroGpaxenuit i,, i,q: ¢ (x) — (t (%)) — (¢ )
H iy lsg i E(X) e (5) — 1—e, (8) — (1—e; (2)) conanaior
B cHJy npaBuja u3 § 5 ra. 7:

@) =(1—e ). ®)

Takum oGpasom, OTOGPAKEHHS i1y, Iy, 33, iys, ifs O6PA3YIOT
UMK H30MOP(H3MOB: MX TNpOH3BEJEHHE ABASETCS TOMKIECT-
BeHHBIM aBTOMOpQH3mMomM L, (puc. 59).

i3
!

7
by
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Haxoxnaenne o6Gpa3a HeTPHBHAJbHO JIMWIb J1JIf TOCJAEN-
Hero u3 otoGpakeHHit Teopembl 2. JLJIsi 3aJaHHOrO JeJTHTeINs
t(x) mmorounena x"—1 3gech TpebyeTcsi HailTH MHOTOWIEH
e, (x). Mbl ykaxem siBHOe BbIpaxkeHHe I/ e,(X) uepes mpo-
u3BOJHYIO ¢ (X).

tlx)
L‘ L5= 4
i \ i4s
v oL Ly
) \ 1-6: (%)
dp3 L'3 i43
(E(Q)=(1-e:2)
Puc. 59.

TeopeMa 3 [nubdepeHuHanbHOe BHIpaXKeHHe WA e (x)].
Ecau t (x) —Oeaumens x"—1, mo MHO2041eH

T ()xt (%) ©)

ydosremeopsem cpaerenusm (6) u (7), max swe Kax MHO204AeH 1)

_'11_['{ (%) xt' (x)—Grad ¢- (x"—1)] (10)

cmeneru < n.

1) Grad f (x) —creneHp MHorodjeHa f(x).
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- MokasarteabctBo. Ouesnano, MHOrouseH (9) yioBJe-
TBOpsieT cpaBHeHHIO (7). [lns npoBepKH cpaBHeHHS (6) mpo-
nngpdepennnpyeM ofe 4aCTH paBeHCTBa tx)t(x)=x"—1 n
YMHOKHM pe3yJ/bTaT Ha 7’:—:

T @ (43T 2t () =,

[leppoe  cnaraemoe =Omod(f(x)), a mpasas wacts
=1 mod (¢ (x)) [mockosbky x" =1 mod (f (x)), n6o ¢ (x) | x"—1].
Orcioza caenyer (6).

Crapmuit unen MHorousena (9) pasen %Gradt -x", Tlo-

STOMY CTeneHb MHorousieHa (10), cpaBrumoro ¢ (9) mod (x* — 1),
Oyrer <n, 4TO W JIOKa3bIBAET TeOpeMy.
B cuny reopemn 3

e Q) =~7Q) L ©). (11)

Npumep. Hdna pemutenedt ¢ (x): 1, x—1, x* 14 ..,
eooFx41, X"—1, UHMKIHYECKHMH TpPOEKIHSMH e; (¢) sB-
asworess 0, o, 1—o, 1. -

Tenepb Mbl MOXeM yKasaTb pelleHHe c/elyiowedl 3afayn:
049 Oannozo yuKaudeckoeo omobpascerus f (L) Hatimu yukau-
Heckyro npoexyuio, noposdarouyyro & K [L] mom srce udear, umo
u f(€). '

Bo-nepBbix, HafiieM, XOTS 6Bl C NOMOLIbIO aJIroOpUTMa
Esknuga, HOJl muorounenos f(x) u x"—1. O6osHaunm ero
yepes 7(x). Ilo nemme § 5 ra. 7 (f(2))=({(¢). Ucko-
Mas LHMKJIHYecKas TNPOeKUHMs, cOraacHo (8), Haxogutcs mo
TeopeMe 3. M3 teopembl 5 ra1. 6 criepyer

TeoPEMA ‘4. Ecau [ (L) —yukauueckoe omobpancernue u
t (x)=HOL (f(x), x»—1) & K [x], mo

FE)=C@)=0—e @) (12)

1—e, () seasemca yuxauueckolt npoexyuei, umerowiett ¢ omoo-
pasceriusmu f (L) u t (L) odunaroeme obpas u sdpo.

OroGpaxenne i, sBAsETCA U30MOPGHHIMOM. [Tostomy sne-
MeHTy {(x), JONOMHHTeNLHOMY B CTPyKType L, K {(x), OHO




§ 2. AENUTEAN MHOIOUJIEHA a7—1 Y LMKJIUMUYECKHE KJIACCHI [4]

CTaBHT B COOTBETCTBHE LHKJ/HYECKYIO TNPOEKIHIO 1 —e; (0),
JOTOIHHTeNbHYIO B CTpyKkTYpe Ly K €4 (C): er )=1—e; (0).

CaenoBatenbio, B cuay (11)

l—e (B) =+ (@) @) (E)

Vrnpaxnenue Onperennte HIEMIOTEHTHLIE 0 MOAYJIO xr—1)
MHOFOUJIEHHE cTelleHn < n u3 Q [x] an8 n=4u 6

§ 2. leauTean MHOrouJeHa x"—1
M IHKJHYECKHEe KJacChl

Kax u3BectHo, lm-BJIOMKEHHe SBASETCA H30MOP(HHIMOM Gy-
J1eBOfi a/re6pHl LHKJIHYECKHX MPOEKIHi L;:(E(K[t]),0, ) Ha
L,: GyneBy anre6py UHKJHYECKHX KJacCOB /1-yrOJbHHKOB
(cm. § 2 ru. 6). C mpyrodt CTOpOHBI, €C/IH t(x)|x"—1, 10
Ker f () — AP0 LHK/IHYECKOTO 0TOGpaKeHHs t (§) — aBasercs
LMK/IHUECKHM KJjaccoM (Teopema | ra. 2). Mgur GyneM Ha3bl-
BaTh €r0 YUKAUHECKUM KAQCCOM, ONPEOeACHHbLM MHO204AEHOM
t (x). Tounee roBopsi, 3TOT KJIACC ONPeAR/IAETCH LMK IHYeCKOH
cHCTeMOl ypaBHeHHH, n-Habop K03PpHUIHEHTOB KOTOPOIi COB-
najaer ¢ n-Ha6opoM KO3(DPHIHEHTOB MHOroOuJEeHa t(x) (cp.
§ 3 ra. 6). i

Teopema 5. Omobpasierue
{ (x) — Ker £ () (14)

sadaem usomopusm cmpyKmypol Oeaumenerl MHO204NEHA x—1
Ha Gyiesy areepy YUKAUMECKUX KAQCCO8 N-1j20AbHUKOS.

JlokaxkeM TeOpeMy MOCJeJ0BaTe/IbHbIM MPHMEHEHHEM yXKe
M3BECTHBIX H30MOP(H3MOB.

Lluxauueckas npoekyus, nepesodauyas — MHOJNMECMEO 6cex
11-Ye0NbHUKO8 8 YUKAUHECKULL KAALC 1-Y20NbHUKOS, onpedeneHHoiii

MHozouseHom L (x), ecmo ey (L):
Ker t (§) =Tme, (). (i5)

DeficTBuTebHO, {(f) M UHMKJAHYeCKas TMpPOCKIH: 1—e; (%)
UMEIOT COBMajaiouiie fAapa (Teopema 4); MOSTOMY

Ker ¢ (¢) =Ker (1 —e; (§)) =Ime; (5)
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[eM. dopMmysrr (7) ra. 2 u paBeHcTBO (12) ra1. 6, rae posb
& (¥) mrpaer eq .

JokasateabcTBO TeopeMu 5. [Ipoussenenue oro6- 1
paxenuit i, Im: ¢(x) — Ime;(§) sABnsercs wusoMopduamMomM §
Ly=L(x"—1) na L,. B cuny ¢opmyasl (15) on coBnajaer i
¢ oro6paxeHueM (14). ’

Aenumeny Lurmueyeckue
MHD20Y78E,
zn_,ﬂa npoexuuu
(z) —> (%) {

Ker t(2)=Im e:(2)

UYuknuyeckue
Hiaeccsl

Puc. 60.

[TpennosiokuM, uto BHIGpaHa cHcTema 2F nomapHo He
ACCOLMMPOBAHHLIX JesuTesiedl x"—1; Torza u3 teopembl 5
caenyer

TeopeMA 6. JIr0boil u3 2% yukauueckux Kaaccog n-yeorbHu-
K08 onucoieaemcs yuKauqecKod cucmemoll ypasrerudi, n-sabop
Koa(puyuernmos Komopoii coenadaem ¢ n-HAGopom Kospguyuen-
mos 00Ho20 u3 2% deaumeneli muoeousena x"—1 (cp. Teope-
My 8 ra. 6).

Teopema 7. Jlée yukaudeckue cucmemol ypasuenuil ¢ n-na-
bopamu Ko3pPuyUeHmO8 (Co, €1y v v\ Cu_y) U (dy, dyy .., d,_,)
moeda u Mmoabko moz0a onpedeAfkOm OOUH L MOM e YUKAU-
weckuil Kaacc, Koeda mrozounenvt X c;x' u Jd;x! umerom odun
u mom oe HOL ¢ mroeourernom x"—1.,
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Takum o6pa3oMm, BONpoC O TOM, ONMpeAessIoT JH ABe LHK-
JIMUeCKHEe CHCTEeMBl OJHH H TOT 2Ke KJacc, MOXKHO pelHTb
¢ moMouplo anroputma EBK/aHza.

JloxasaTenbCcTBO TeopeMnl 7. PaenctBo Kerf (§)=
= Ker g () sxBuBanentHo paBeHcTBY (f (§)) = (g (§)) (teopema 5
ra. 6); mo semMme U3 § 5 . 7 nocjeaHee paBeHCTBO 3KBHBA-
JICHTHO yTBePXKIeHHio, 4To [ (x) u g (x) umeior ¢ x"—1 omuH
u 1ot xe HOJI.

H3omopduaMel TeopeMbl 2 MO3BOJIAIOT OTOOPA3UTh KaXKAYIO
u3 anre6p L,, L,, L;, Ly Ha L,, Toraa Kak Im oro6paxaer
L, na L,. Takum ob6pasoM, mns Kax[oi U3 ajreGp

L, Ly, Lg Ly Ly (*)

uMeeTcst M30MOpdH3M, oTobparkaloluii ee Ha OyJ/ieBy anre6py
LLHKJHYeCKHX KJjaccoB L. Ilpu 3ToM smemeHTam ajrebp (x),
OTBeYAIOUIHM APYT APYTY B CHJY TeOpeMbl 2, COMNOCTABJsAeTCS
OIUH H TOT XKe IHKJHYecKHH KJacc.

Kaxapiit u3 usomopdusmoB anre6p () Ha L, yKasblBaeT
cBOM MYyTb K HM3YUYEHHIO LMKJIHYECKHX KJaccoB. [lJs u3omop-
¢usma L, Ha L, oH u3noxen B Teopemax 5 u 6. Haue Bcero
MBl GyJeM TO/Mb30BaTbCS STHM H30MOP()H3MOM H H30MOPOH3-
MmoM Im asre6pm L, Ha L,. Wsomopduam L; Ha L, sBasercs
oToGpa:keHHeM Ker; OH CTaBHT B COOTBETCTBHE KaXJOMY 3Jle-
MeHTy e (§) € Ly umnkanueckuii kaacc Im (1—e (§)) = Kere (§)
¥ TpelCcTaBJseT caMoCTosATeNbHbIN HHTepec (cM. § 3 ra. 5).
Nsomoppuambl L, u L; Ha L cTaBAT B COOTBETCTBHE Kax-
JOMy HIeany LMKJHYeCKHH KJacc H OyayT pacCMOTpEHBI
B . 9.

Ynpaxuenne. Ecm xn—1=1{(x)1(x), o Im¢ ()= Ker £(0).
Orobpaxenue f (x) — Im ¢ (§) sanaer anTHH30MOPQH3M CTPYKTYDHI Aeau-
TeJjeit x%—1 Ha OyneBy a/ire6py LMKAMYECKHX KJ1accoB.

§ 3. CnekTp

Iycts N —none pasioxeHnst MHorounena x"—1 #an K
H W—nepBoOGpa3Hbli KOpPeHb N-H CTeNeHH H3 eAHHHLBL
N = K (w). Tlog cnexmpom muorousena x"—1 mbl 6yeM MOHH-
MaTb MHOMKECTBO BceX KOpHe# n-ii CTermeHH M3 eNHHHIBL

w, W, ., w7, wh=1, (16)
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Ono pacnanaercss Ha k K/1accoB, Kaxblit H3 KOTOPbIX COCTOMT
U3 KOpHeil, MPHHANEKAIIHX OJHOMY IPOCTOMY B K [%] menu-
Temo x"—1. Kaxnaelii taKoii K/acc Mbl 6y/ieM Ha3biBaTh mo4-
Koll crekTpa.

®yHKuHSA, onpefienenHas Ha MHoxecTBe (16), ¢ o6acThio
sHauenuit {0, 1}, npuHuUMalomas paBHble 3HAYEHHS Ha comnps-
KEHHbIX KODHSX, Ha3blBAeTCSl 3aJlaHHOH Ha CIeKTpe XapaK-
mepucmuseckoll ynkyued. Ecan e, f—xapakrepucTHuecKHe
¢yHKUMH, TO GyHKNHA ef paBHa 1 B Toukax, rae obe dyHK-
UMK NPHHHMAIOT 3HaueHHe 1, u 0 BO BCeX OCTA/IbHBLIX TOUKAX:
eof paBHa | B Toukax, rae xoms 6bti 0dHa W3 ¢byHKuuii e
unu [ npuHuMaer 3HaueHne 1, M 0 B OCTa/bHBIX TOUKAX.
XapakrepucTuueckie (yHKIHMH C ONEPALHIMH O, - obpa3syior
OyneBy anre6py ua 2* sjementoB. Ee aTOMapHbIMH 3/eMeH-
TaMH ABAAIOTCA QYHKUHMH, MPUHHMAIOUHE 3HaueHHe 1 POBHO
B OfHOH TOuKe M 0 B OCTa/JbHBIX TOYKaX.

ToHsiTHE MHOTOU/TeHa, HIEMIIOTEHTHOTO MO MOLYJIIO (" —
B K[x], TecHO" CBfi3aHO C NOHATHEM XapaKTEPHCTHYECKO
GYHKUHH.

CpaBnenne no mopyswo (x"—1) o3Hauaer PaBEHCTBO Ha
CIeKTpe: ‘

1° f(x) =g (x) mod (x*—1) sxeusarenmro ymeepacoeruro
f(@') =g ') 0aa ecex w'.

)
H

HeitctBurensHo, h(x)=0mod (x"— 1) 5KBHBaJeHTHO yT-
BepKJeHHIO X" — 1|/ (x), a OHO B CBOIO OUepeb SKBHBAEHTHO
yTBepxKieHHio x—w’ | h (x) A5t Beex @, 1. e. h(w')=0 s
Bcex w'.

2°. e (x)=e (x) mod (x"—1) sKeueasenmuo ymeepadenuro
e(@')€ {0, 1} daa scex w'.

Hpyrumu cnosamn, MHorouwnen w3 K [x] uzemmorenten
TOTJa M TOJLKO TOr/d, KOTa OH MPHHHMAET Ha CHeKTpe JHIIb
3uauenus 0 u 1. .

Hoxasarteabctso. CornacHo 1°, nanHoe CpaBHeHHe
SKBHBAJICHTHO YTBEPXKACHHIO €2 (w')= e (w') anq Bcex @', a TaK
KaK e (@') —s/1eMenTbl 0t N, TO MOC/IEIHEe PABEHCTBO BHITNO-
HAETCA TONBKO TOrja, Koraa e (w')=0 uau 1.

Ecin muorounen f(x) € K [x] pasen Hy/io Ha OfHOM H3
KOpHeil n-it crenenu u3 1, 10 OH ofpamaeTcs B 0 Takke Ha
BCEX COMpFXKEHHBIX K HeMy KOpHAX; eciu f(X) nmpuHHMaer
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3gaueHne 1 Ha HEKOTOPOM KOpHe n-ii cTemeHH H3 1, To OH
NpUHHMAET TO XK€ 3HayeHHe HAa BCeX COMPSIKEHHHIX K HeMy
KOPHAX [HOCTaTOYHO MNPHMEHHThL MpebIAyilee yTBepKIeHHe
k 1—f (x)]. Otciona u u3 2° caeayer, uro

Mmroeounrenor us K [x], udemnomenmmsie no mooyao (x*—1),
ABAAIOMC  XAPAKMEePUCIUYECKUMUL  (QYHRKYUAMU HA Cchekmpe
MHoeousena x"—1. HecpaBnumbi€ no Mopymo (x”—1) MHoro-
yJeHBl, COrJacHo 1°, Ha CIeKTpe pa3/M4yaloTCs.

MblI MONYYMJIM HOBYIO HHTEPIPETAlHIO HAEMIOTEHTOB (ak-
topkosbua K [x]/(x*—1), a cnepoBaTe/ibHO, H LHKJIHYECKHX
npoekunii. IlocTpoeHHe UMKIHUECKHX TPOEKUHH CBOAHTCSH
K peLIeHHI0 HHTePMONSIHOHHON 3anaun B K [x]:

Teorema 8. ITycme t (x)—Oeaumenrs x"—1. a) Ecau

e(x) = 1 Ha Koprax mwuoeousena t(x),
0 Ha ocmaasHelx KOpHAX n-u cmenesu u3 1,

mo Kert(§)=Ime (), m. e. yuxkaudeckas npoexyus e ()
0moBpaNcaem MHONECMBO 6CEX N-Y20AbHUKOB HA YUKAUHECKULL
Kaace, onpedenerrouti mHozodaeHom t(x). b) Ecau

{ 0 Ha kopHAx mHo20uneHa t(X), :
1 | Ha ocmansHeix KopHAax n-ii cmenenu u3 1,

mo Ker ¢ () = Kere ().

IHokasaTeabCTBO. a) YCJIOBUS AIs e(x) 3KBHBa-
JeHTHBl cpaBHeHusM (6) u (7). CnemosatesibHO, e (x)=e; (¥)
u crnpaeennnBo (15).

e(x)=

[Bameuanue. Muorounen (10) Teopemn 3 pelnaer cie-
AYIOULYIO HHTEpNOJALHOHHYI0 3ajauy: 041 deaumers t(x)
MHo2o4NeHa X"— 1 Hatimu mHo2ouneH cmeneHu < N, NpUHU-
Marouuli Ha KopHax t(x) sHauenue 1, a Ha ocmaabHbIX KOp-
HAx n-ti cmenenu u3 eduruypt uaverue 0.]

b) HanoxeHHble Ha e (x) ycJOBHSA 3KBHBAJIEHTHBI TOMY,
yT0 1—e(x) ynoBJeTBOpsieT cpaBHeHHAM (6) M (7); mosTomy
l1—e(x) ectp MHorouneH e;(x). Taxum obpasom, e() =
= 1—¢; (), ¥ Hame yTBep:KAeHHe BHITEKAeT H3 TeOpeMhl 4.

YnpaxueHnne Llukanyeckoe oro6paxenue f (L) Torxa u Toabko
Torna ofpatumo, koraa f(x) m x*—1 B K[x] B3anMHO NpOCTH, T. €.
KOrja B T0Jle Pa3JOXKeHHs x”— 1 HH OQHH W3 KOpHeit n-i cTeneHn u3 | He
apaseTcst HyJeM f (X).
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§ 4. Ilpumepsl onpeneneHus LUHKJIMYECKHX KJACCOB
no JeauTeNsiM MHOrouneHa x”" — 1

IMpocro#t nenutens x— 1 MHOrouseHa x"—1 onpenenser
UMKJHYecKoe oTobpaxkeHHe {—1 H, ciefoBaTesIbHO, IHKJIH-
YyecKHH KJaacc

Ker((—1)={A:¢—1)A=0}={A:A= A}

— Knacc o, , TPHBHAMbHBIX N-yrolbHUKOB. lonosHurenb-
HOMY K X— | Jesnuteo

ml(x):=%(1+x—|—x2+...—|—x”‘1)

(HOPMHPOBaHHOMY TaK, 4To6b cymMMa ero Kos(duiueHToB

paBHsAJach 1) COOTBETCTBYeT UHMKJIHMUYECKOE OToGpa’keHHe

m, (§)=0, H, cIefloBaTe/IbHO, LMK/IHYeCK Uil Kace Ker o=, —
]

HYJ/b-H300apHUECKHH Kaacc (KaK H3BECTHO, OH JOMOJIHHTe/1eH
K KJacCy TPHBHAABHBIX A-YTOJNbHUKOB).
Bynem pasnnuaTh jBa THMa JejHTeseli f(X) MHOrouseHa
x—1:
I) x—1|{(x), uan, yto TO Ke camoe, {(1)=0;
II) x—1 )t (x), uto 3KBHUBaNeHTHO { (x) | m,(x), nan
t(1)s0.
[£ (1) ectb cymma Kosdxpuumentos £ (x).]

Besaxuii Oeaumens muna 1) onpedeasem Hexomopeui ceo-
6oOHbll yukaudeckuil Kaace, a ecaxkuli deaumess muna 11)—
yenmpaavrbil Kaacc.

HeiicTBUTENIbHO, MO TeopeMe 5 ycaoBue x—1 | ¢ (x) akBH-
BaJieHTHO BKJiouenuio A, , =Ker ({— 1) = Ker ¢ (€).

Ecau penutens {(x) tuma I) onpenensieT cBOGOAHBIA ILHK-
JUuecKui Kjaacc 8, 1o ¢ (x)/(x—1) onpenesser COOTBETCTBYIO-
muil HeHTpanbHei kaace €. efictButeabHo, f(x)/(x—1)

ectb HO £ (x), m, (x); on gnpenemel‘ ENA,=8.

o o
Besakuit genutens [ (x) tuma II) MoxHO, yMHOX<HB €ro
Ha 1/t (1), HopMHpOBaTb TaK, YTOOBI—ero cymma Ko3(hgHiH-
eHTOB Oba = 11); Torja COOTBETCTBYWOIAs MOJy4yaeMasn

1) UpemnoteHTHuit 10 Mogymo (x%—1) nequtens tama II) nosuxen
6bITb HOPDMHPOBAH Tak: NOCKOJNbKY €ro 3HadeHHe B Touke l cnekTpa
# 0, caexyer norpeGoBarh, 4ToGhl oHO Gbljo = 1.
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NOJACTaHOBKOH x — { LHKJHYeCKasl MpoeKuus Oyjper usobapu-
weckodi. denutenp ¢(x) tuna II) MOXHO HOpMHpOBaTH Tak,
yto6bl paBHsANMack | cymMMa KO3(HIMEHTOB MHOrouJieHa
t(x)/(x—1). _

[yets d | n 4 n=dd. Muorowren x?—1 sBisercs nesH-
teqeM x"—1 tuma 1), EMy coOTBeTCTByeT UMKJ/IHYeCKOe OTO-
Gpaxenue {¢—1, ¥ UMKJIHYECKHH KJjacc

Ker ({4—1)={A:(*—1) A=0}={A:{"A= A}

— 310 Knace A4 7 d pa3 NpOHJEHHBIX d-yroNbHHKOB.
Henuremo tuna II)

1 - 1 x4—1
ky(x):i = (14+x+... +x Y=

COOTBETCTBYET LEHTpaJbHbIH Kaace Aq, 3.’
(<)
Henutens tuna II)

My (x): =-;1(1 +xi4... —{-x""‘):%i":l

—

nponosnHuTeneH K x4—1. Ou omnpefensier JONOJHHUTENbHBIH K
Ag 7 Knace Af—xmaacc d-kpaTHO H306apuyecKH pacriaja-

IO XC A n-yro(}bunKOB C LEHTPOM TSKECTH O (CM. TeopeMy 3
ra. 4).

Muoeounen my(x) udemnomenmen no modyawo (x"—1),
MaK Kak OH npuxumaem 3nadenue 1 Ha Kopuax d-i_cmenenu
u3 1 u suauenue 0 6 ocmaavrbix moukax cnekmpa. IleficTBu-
TeNbHO, ecaH w' —KopeHb d-ii cremenH u3 1, 10 w'¢=1
H

mg (w’)=%(l tw gt L) =],

a ecin @' He sBaseTcs KopHeM d-# creneHH u3 1, Tre,
wé=£1, T0

Oto6paxenns my (§) n k4 (L) cyTh He 4TO HHOe, KaK X0poo-
60 U nocredosameavroe d-ycpeaneHHa. Mx snpa usBecTHH
U3 TeopeM | u 4 . 4 u nepsoro mpaBuaa § 2 ra. 3.
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UacTHuHbIe TPOH3BeleHns BhipaxeHua (x—1)ky (%) my (x)
ABJASIOTCS HOPMHPOBAHHBIMH TpPEACTABHTENAMH  3/1EMCHTOB
6yJ/1eBoit nojanre6pul ajnreGpel nenuTeseii MuorouseHa x"—1.
Ecin d+=1, n, 70 8 ¢dopMasbHO pas3NHYHBIX YaCTHYHBIX
npoH3BefeH i AeHCTBHTENbAO PA3MHYHbL. YacTuuHble MPOH3-
BeJleHHs1, COCTOSILILHE H3 Ry (X) H My (X), ONPeJe/aioT LeHTpasb-
Hele Kaaccel {0}, 344, 7, A, eél,,, a 3TU Ke MHOTOUJIEHHI,
YMHOXKeHHBIE Ha (X — 1),— ?:OOTBeTCTBy}OLUJ/Ie cBOOOJIHbIE IIHK-
JIHYECKHe KJAaCCHI.

Jenurenn MHorouwgeHa x%—1 onpejessioT MHKJIHYECKHE
KJacchl n-yTOJNbHHKOB, COIEpKallnecs B KJacce d pas mpoii-
JeHHBIX d-YroJbHHKOB. [[leHcTBHTE/bHO, yeqosue ¢ (x) | x4 —1
skBuBaseiiTHo BRJouenuo Ker ¢ (§) = Ker ¢4 —1) = A4, 3.]
B Gynepoit aire6pe LHKJIMYECKHX KJIACCOB f1-yroJbHHKOB OHH
06pasyIoT NOACTPYKTYPY, KOTOpas n3omopdHa GyJeBoit anret-
pe d-yroJbHHKOB; M-yroJbHHKH 3THX KJacCOB MOJyHaioTcs
d-KpaTHEIM TPOXOXJEeHHeM d-yroJIbHHKOB COOTBETCTBYIOUIHX

KJ/1acCOB,
BBegem cienyioiine 0GO3HaueHHA: €C/IH % 4 — HEKOTOPBIA

LUKJIMUeCKHil Kaace d-yroJbHuKOB, To uepes %a,a Oylem

o603HauaTh Kjaacc d pa3 npofifieHHbIX d-yroJbHHKOB H3 B4

(@ ovey Bgy Qyy wvey By wves By ooy a,,
rae (@, ..., @) €864 (17)

'gd,fi qBJISIeTCs LMKJIHYeCKHM KJaccoM f71-yroJlbHHKOB.

Nemwva, Hyems d | n, t(x) | x¥*—1 u 64— yursudeckul
Kaace d-ye0nbHUKO8, ONpedeseHHbLl MHO04AEHOM t (x). Toeda
€47 ecmb YUKAUMECKUL KAACC N-YeOrbHUKOS, onpedeneHHbil
MUM He MHOO4NEHOM.

lokasaTeabcTBo. Kaace d-yeoronuros, onpederentolil
rozouserom x3—1, ecmb A 4— MHOKHCECMBO 6CeX d-YeONbHIUKOS;
KAQCC MN-YeONbHUKO8, ONPeOeAeHHbIL SMUM JHE MHO204AEHOM,

ecmb Ag, 3.
d-1

[lycts Temepb £ (x) = D ¢;x! —CcoGCTBEHHBIH  JeJIHTeb
i=0

xd—1. Torga €, ABAAETCS MPOCTPAHCTBOM ellleHHA U HKJIH-
: d
YyeCKOH CHCTEMBI

Coly+ o v +C4-184=0, Colly .o +Ca_18,=0, ...
. (d ypaBHennit). (18)

L e
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Tak kak £ (x) | x4—1 | x"—1, To UHKJHYeCKHH KJacc 8.
onpeieleHHbIH MHOrousieHoM / (x), comep:kutcs B Ay, 7t €, =
&4, 3. C npyroii CTOPOHBI, OH SBSETCS MPOCTPAHCTBOM
pelIeHH# CHCTEMEI

Colly+ oo +Cqy@y=0, Coy+ ... +Cy_ By, =0, ...
(n ypaBuenuit). (19)

Ecan (a,, ..., a,) ynosnersopser cucreme (18), 1o (a, . . o Qg
@y, ..., Qg ..., @, ..., Q) yOOBRETBODPAET cHcTeme (19);
nosroMy #4,3 < %,. ObpatHo, nyctb (a,, ..., a,) <§,.

[lockonbky 6, < A4 3, uMeeM Qy,,=@,, ..., CJeI0Ba- -

TesbHO, cHerema (19) coBmamaer ¢ (18), T.e. 8,<= €y 5

Teopema 9. H3 amomaprbix yuKkAudeckux Kaaccog n-yeons-
HUKO8 He ABAAOMCA NOOKAACCAMU NePUOOUHECKUX KAACCO8 Atulb
me, Komopsle onpedesensvt Oeaumersmu Muozousena F, (x).
Ocmanbrole  amomapuvle YUKAUHECKUE KAQCCHL N-YeOAbHUKOS
NOAYHAIOMCA U3 QMOMAPHbIX YUKAUHECKUX KAACCO8 d-YyeonbHuKos

@1l n) ¢ nomowpro %-rcpamuoeo npoxoscdenus smux d-yao.n6-
HUKO8.

3nech d || n obo3HauaeT, 4to d— COGCTBEHHBI AeNHTeNDb
n, T.e.d|nudsn.

HoxkaszartenbcTBO. ATOMapHBIe WHK/IHYECKHE KJacChl
OnpejiesIfIOTCA MOCPEACTBOM MPOCTHIX AesHTeNel x"— 1, cJe-
AoBaTe/IbHO, MPOCTHIX JeJIHTe el MHOTOWIEHOB AeJIeHHs Kpyra
Fy(x) mpn d|n. PasnnuHble MHOrou/JeHbl JeNeHHs Kpyra
VIMEIOT DPa3/iiyHble MPOCThie JesuTesH. EcaH uuKauyecKui
KJacc € ompejesieH MPOCTBIM JeJHTENEM p (X) MHOrodJjeHa
F4(x) npu d|n, 1o, cornacko nemme, &, =%4 3, MOCKOIbKY
F4(x)|x*—1. Takum obpasom, npu d|n kaacc €, coxep-
KHUTCH B TNEPHOAHYECKOM KJacce Ay 7. [IpocThie jesutenu
MHoOrounena F,(x) He penar x*—1 npu d|n Tlostomy
onpejiesisieMble HMH KJacChl He COAEpPXKaTcs B COGCTBEHHO
NepHOAMYeCKHX KJlaccax.

Ecin K=Q, To g1s KaXIOTo n uUMeeTcss TOYHO OAHH
«THIIHYHBIH» aTOMapHbli KJace N-yrolbHHKOB, a HMEHHO TOT,
KOTOpBIH ompesiesifieTcst MHorouseHoMm F, (x). Bce ocTasbHble
aTOMapHble LHKJ/IHYECKHE KJACChl 71-YTOJBHHKOB MOJNYYaloTCs
H3 (TUMHYHBIX» aTOMapHBIX KJIACCOB d-yroMbHHKOB (d|n) ux
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MHOTOK PaTHbIM MPOXOXKAeHHeM. «THIHYHBI» aToMapHBIH KJacc
6-yroJbHHKOB COCTOMT H3 a(hHHHO-TPaBHJbBHBIX 6-yrosbHH-
KOB C LIEHTPOM TsiKecTH 0. LA MPOH3BONBLHOIO 71 «THITHYHBIEY
aToMapHble KJacchl onucansl B ria. 10.

YnpaxkHeHHS

1. Jeautean f(x) MHorouseHa x”—1 Toria M TONbKO TOTAa HIEM-
NoTeHTeH Mo MoayJio (x7—1), KOrla NOMOJHHMTENbHEIH JeJHTeNb ACJHT
MHoroujeH 1—¢ (x) MuorouseH

L g (=2 (= +- (=2 + ..+ (=), Tre d |

neautcst Ha x4—1; nosToMy mg (x) nIeMIIOTeHTEH MO MOAYJIO (xr—1).
2. Iyers d|n u mj(x)—npoussoaHas my (x). Toraa

1—my (x) = -‘li- (x4 —1) xm/ (x) mod (x*—1)

(cm. (6), . 4), _
3. Myctb n=dd. Ecau e (X) —MHOrou/ex u3 K [x], nieMnoTeHTHHI
110 MOLYJIO0 (x; —1), 10 e (x9) nleMnoTeHTeH MO MOAYJIO (xn—1). MMoab-
3ysiChb STHM, AOKaXHTe, 4TO M, (x) HAEMNOTEHTEH MO MOLY.IO (x7—1).
4. Ecau n=dd u w—Kopehb d-it crenedn u3 1 B K, 10 MHOrou/ex

n._1 -
%w-%—_—_;:% (1 +w=1x44 @12 + ... (@~ x9) 4-7)

AB/ISITCA HIEMIOTEHTHHIM N0 MOAYJIO (x"—1) cOOCTBEHHHIM JesHTeseM
x"—1 u3 K [x]. Moryr Ju 6uth B K ([X] Apyrue MHOTOY/EHB C 3THM
CBOIICTBOM? :

e o




FTABA 9

BYNEBbl AMNFEBPbI
n-YrONbHUKOB (TEOPMS 1)

§ 1. Cootserctue lanya Mexnay aHHYASATOpaMH H SADaMH
[Tpexxne Bcero HamoMHHM H3BeCTHHIE (AKTHI.

Jlemma. ITycmo M, N — muoxecmea; ¢—omobpaxcenue
M e N, a Yy—omobpasxenue N ¢ M, maxue, 4mo

1) ypx=1x 0ra 6cex x€M, 2) oypy=y 043 6cex YyEN.,

Toeda ¢ ecmb 63aUMHO O00HO3HA4HOe omoGpawcerue M na N
u P obpamuo K .

HeficTBUTEIbHO, @ B3aHMHO OJHO3HAYHO: €CIH QX = X,,
T0 Yox,=Ppx, H, coraacHo 1), x,=x, Kpome Toro,
¢ ABJAeTcsl OToOpaxkeHHeM Ha: B CHJY 2) J0G0H 3JeMeHT
Y€EN sBasercss @-06pa3oM sinementa Yy € M.

Ilycth, Kak M paHblle, R—KOJbLO C eIHHHUEH, A4 — He-
Kotopuii  R-Moaynab (cM. § 1 ra. 7). Tosopsr, uto r€R
aHuyaupyem a € A, eciau ' -~

ra=o.
AHHYyaamopoM TOAMHOXKeCTBAa H3 A HA3bIBAETCH MHOXECTBO
3JIEMEHTOB KOJIblla R, aHHYJUPYIOUHX JIOGOH 3JeMEHT 3TOro
TIOZAMHOKeCTBa.
Ecu 5B — Hekotopblii r-moaMoay/b «f, TO €ro aHHyJsTOp

an B={r:rB ={o}}

sBJsiercss HaeasoM B R. O6patHo, nycth S—wujgean B R.
SI0pom 3TOrO Hjeasla Ha3blBaeTCs MHOXECTBO 3JEMEHTOB H3
A, aHHYJUPYIOUIUXCS BCEMH 3JIEeMEHTaMH H3 S:

ker S={a:Sa = {o}};
OHO fABJIAeTCA R-moaMojiyneM B oA. :
Eciu S, T cyts ugeanst u3 R, a B, € cyTs R-noamo-

ayau A, 10
us S= T caredyem ker S = ker T, )

us B <€ credyem an B =ané, (2)
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ankerS§=S, 3)
ker an B = B, 4)
an ker an B3 =an 33, (5)
ker anker S=ker S. (6)

YrBepxkaenuss (1)—(4) oueBnansl. Jokaxkem (5): 3nech
BKJIIOUEHHe = moJiyuyaeTcsi, ecad B (3) mosoxuth S=an 3B,
o6paTHOe BKJoueHHe caeayeT H3 (4) u (2). YtBepxnenue (6)
JIOKa3bIBaeTCsl aHaJIOTHYHO.

MHOXKeCTBO HAeasoB KoJblla R, KOTOphe SIBJIAIOTCS aHHY-
Astopamu R-nogMonyJsel o, ofosnaunm L2"(R):

La (R)={an B:B ectb R-moamonynb A},

a MHOXKecTBO R-moamopynell £, SABJSIOUIMXCA fApaMH Hiea-
J0B KoJbla R, 0603Hauum Lker (A):

L¥er (4) = {ker S:S—mupean B R}.

Ilns Bcsikoro uueana Sc R wupean anker S ectb MuHH-
MaJibHBIl OXBaThiBawowuil S auHyasrtop. [[leficTBuTesnbHO,
an ker S siBifieTcsl aHHYJIATOPOM; B CHAY (3) OH COTEpPXKHT S;
ecai S=T u T —Hekortopblit aHHyJatop, To B cuiay (1),
(2), (5) ankerS<=ankerT=T.] Ecin M —MHOXKecTBO HJe-
ajoB B R M <M)>—wujeas, NopoxAeHHbIl HX OObeIHHEHHEM,
to an ker (M >—MHHHMAJIbHBIA aHHYJSATOP, OXBAaThIBAIOUHH
Bce Hjeannl u3 M.

Jas Beakoro R-moamonyns B < A MHoxectBo keran 3
ecTb MHHHMaJbHOe OXBaThiBawilee B anpo. Ecin off—MHO-
xecTBo R-moamopyneit 3 A U <{#>—TOAMOAYJb, NMOPOXK-
NeHHBIT HMX oObeanHeHHeM, To ker an {e#) —MHHHMAaJIbHOE
A1p0O, OXBaTblBaiollee BCe R-MOAMOAYJIH U3 off.

Hepecederue aHHYAAMOPOS ABASEMCA QHHYAAMOPOM, nepe-
cederue a0ep — A0POM:

N anB=an <k, ()
BEM ‘

N ker S=ker <Mp. ®)
SeM

HokasateanctBo (8). Bmecro N Oyxem mHcaTtb
SeM

€
npocro (). Brmouenne =: us S= <MD u (1) crenyer, uto
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P

ker S = ker <M>. Orcrona N ker S = ker <M».  O6pathoe
pKJIOUEHHe =: a1s Jwboro SE M umeem () ker S < ker S.
B cuny (2) u (3) an (N kerS) =anker S= S=<M>. Ilpu-
menM (1) K KpaitHuM uneHaM sToit nienouku: ker an (N ker S)=
= ker <M>. B cuaty (4) N ker S < ker an (N ker S) = ker <M.
YTBepKeHHe J0Ka3aHo.

Us dopmya (7) u (8) caexyer, uto L3"(R) u Lker(A)
ABJISIOTCS TOJHBIMH CTPYKTYypPaMH C BKJIOUEHHEM B KauecTBe
OTHOLIEHHS UYACTHYHOH YMOPSJOYEHHOCTH H CO CJIEAYIOUHMH
onepalUAMH MHHHMYM» COOTBeTCTBeHHO: inf M= N S ana

SeM
Bcsikoro moaMuoxectBa M M3 L2 (R) u infh= N B ana
RBE

BCAKOTO MOAMHOXKecTBa off M3 Lker(A4). Onmepaunn «MakcuMym»
OnpeleNAnTCA  OTCIOAa  CJeAYImHM  o6pasom: sup M =
—an ker <MD 1151 Lan (R) u sup off = ker an {ef> aas Lker (A),

Teopema 1. [Tyeme R—konoyo ¢ 1 u A —nexomopod
R-modyav. Oepanuuenus onepayuil Ker u an coomeemcmeerHO
Ha mruoxcecrnéa Le"(R) u LXer (A) feasromes napoi 63aumMHO
obpamusix anmuusomoppusmos cmpykmyp Lan(R) u L¥er (A).

HNoxkasateabctBo. M3 () n (6), cornacHo Jemme,
C/leflyeT, 4TO OrpaHHueHHs ker ‘M an SBJAAIOTCS B3aHMHO
OHO3HAYHBIMH H B3aHMHO OGPaTHBIMH OTOGpaXKeHUSMH Hd.
U3 (l))n (2) caenyer, 4TO OHH SABJAOTCA AHTHH30MOPHU3-
mamu ?). :

§ 2. Upean-proxeHue

-Tlorpe6yem Tenepb, 4To6bl R Obi0 KOJIBIOM IJIaBHBIX
upeanoB; A —nmo-npexHemy R-moaynab. CrnpaBelJuBhl Clle-
AyIolHe TPH YTBEPKACHHS:

1°. ker (r) N ker (s) = ker [(r) + (s)],

2°. ker (r) - ker (s) =ker [(r) N (s)], R

. Uz (0)£r=(s) u (r)€L*™(R) caedyem, amo
(s) € L*"(R).

1y TTo nosoxy obwero cootBercTBHA [anya, HHAYLHPOBaHHOTO HEKO-
TOPHIM OTHOUIEHHEM MexAy ABYMs MHOXeCTBAaMH, CM., Hanpumep, [2].
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Ouu osHauaot, 4To nepecedenue u cymma 0syx Adep — cHo8a
A0po u 4mo ecaxuil udean, codepacauyuil OMAUYHLILE om HYAA
QHRYAAMOpP, cam ABASEMCA AHHYALMOPOM.

IokasatenbctBo. 1° caeayer ua (8). Jokaxem 2°.
Bkuitouenne = ouesugno. ITycrs

(N + ) =(). ©)

Ecau £=0, To yTBepxnenne tpusmanbuo. Ecam #=40, to
CYLUECTBYIOT SJIEMEHTEHI 1,S;,U H U, TaKHe, 4T0 r =r,{, S=5,t U
t=ur--vs. [[elicTBuTe/IbHO, ¢ ecTb OGUIMil AeNHTeNb F U s,
H NOTOMY TNpEACTABHM B BHJIE HX JIHHEHHOH KOMOHHALHH.]
Wrak, t=urt+uvst, orkyna, NOCKOMBKY =0, HMeeM
1=ur 4vs,. Kpome toro, rs,=r,ts,=r;s€(r) N (s).

Ilycrb Tenepe a € ker [(r) N (s)]. Torma rs,a =r,5a =0;
CJlefloBaTeIbHO, §,@ € ker (r), r,a € ker (s). C apyroit cTopoHsI,

a=1-a=(ur,+vs)a=ura+uvsa € ker (s) +ker ().

BkJoyenne = nokasano.

Hokaxem 3°. D10 yTBepKIEHHE SKBHBAJECHTHO crenyio-
memy: u3 (0)==(r) =(s) u anker(r)=(r) caenyer, uro
anker (s) = (s). Tlomoxum an ker (s) = (£). B cuay (3) (s) = (1),
a B cuity (6) ker (s) = ker an ker (s) =ker (#). Tak kak (r) = (s),
TO CYyLIECTBYeT TaKoil r,, 4TO

r=rgs. (10)

Hans Besxkoro @ € ker (r) uMeeM r,sa = 0; ciefoBarensHo,
r.@ € ker (s) =ker (f), nostomy ¢r,@ =o0. Urak, tr, aHHyJu-
pyer ker(r): ¢tr, € anker (r) = (r). CymectByer Tako#i u, uyTo
try=ur=urs. Tak kak r==0, 1o us (10) caegyer, uro
ry#0, cremoBarenvho, f=us, T.e. (f)=(s). U3 ABYX
B3aHMHO OGDaTHbIX BKJIIOYEHHH BBITEKAeT, uto (f)=(s), u
an ker (s) = (s). )

Cnenctuem Teopembl | u yTBepaenusi 1°—3° apnsercs

TeopEMA 2 (Mpean-B/ioxeHue) . Ecau R—kosoyo enasueix
udeanos u A—mnekomopeui R-modyrs, mo Lan(R)u Lker (A)
ABASIOMCA  NOOCMPYKMYPAMU  COOMBEMCMBEHHO  CIPYKMYPoL
udeasos Komeya R u cmpykmypor nodmodyreii modyis A;
orrkloépao;ceuue ker sasasemes anmuusomopgpussom L*"(R) Ha
Lker (A4).

T T S

p—
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Ecau an A == (0), mo L2 (R) ecmb KoHedHbil unmepeas
[anA, R] cmpyxmyper udeasros us R.

TakuM o6pasoM, ecan an A == (0) u an 4 = (m), TO CTPYK-
typa Lan(R) usomopdHa wutepsany [(m), R], Kotopwlii B
CBOIO Ouepejb AaHTHH30MOP(EH CTPYKType Je/uTeNeil d/eMeH-
ta m (cM. § 4 ra1. 7). CrieloBaTe/IbHO, CYLIECTBYET H30MOP(H3M
CTPYKTYpul L (m)— fenuteniell sjeMeHTa m Ha CTPYKTYpy
Lker (A): t — (t) — ker (2).

B yacTHOCTH, ecsu ujean an A = (m) cBOGOJEH OT KBaj-
paToB M k—uHCJO TNPOCTBIX JeNHTeJeli >JemMeHta m, TO
L (m), [(m), R], L¥er (A)—xKoHeuHbie GyseBbl anreGpel U3 2k
3JIEMEHTOB. -

§ 3. Bropoe 10Ka3aTelbCTBO OCHOBHOH TeopeMbl.
OcHoBHas guarpamma

BepHeMcsi K TEOPHH f-YrOJbHHKOB. [TyCTh BBIMOMHEHBI
Bce yeaous § 1 ra. 1. Ecom f (§)—umkinueckoe otoGpa-
XeHue, TO yepes

f@A (11)

o6oanauaetcs o6pa3 n-yrojbHHKa A NpH OTOGpaxKeHHH f ©).
Jlerko TNpOBEPHTb, YTO OTHOCHTEJBHO 3TOTO (YMHOXEHHS»
Ha [ (§) MpoCTpaHCTBO BCeX A-YTOMBHHKOB A, = V" ABasercs
K [C]-monynieM. ‘

Onnako mpu n==1 xosmbuo K [C] He siBAsieTcs KOJBLOM
rJIaBHBIX HpeasnoB. YUToGbl HMETb BO3MOXKHOCTb NPHMEHHTB
TeopeMy 0O Hpeal-BIOKEHHH, MPHAETCS MepeiiTH K KOJbLy
raaBHbix uaeanoB K [x]. Ilis storo onpeiesnM YMHOXKEHHE
mHotousena f (x) € K [x] u n-yrombnnka A € A, QopmyJoi

f)-A=[ () A. (12)
Tenepb A, saBasiercs K [x]-moxynem u
an A, = (x"—1) % (0). (13)

TTo Teopeme 3 rai. 6 uiean x"—1 cBoGofeH OT KBAJpaToB.
[TosTOMYy CTPYKTYypa
L,: unrepsan [(x*—1), K [x]] cTpyKTyphl HieasnoB
kosbua K [x]
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ABJAeTCA KOHeyHOH OyneBofi aare6poil. Ilo Teopeme 2 oro-
Gpaxente ker ABJfeTCS aHTHH30MOPGU3MOM L, Ha CTPYKTYpy
Lker(A4,). 3Haunt, H 3Ta CTPYKTypa ABJIAETCS KOHEYHOIl
OynieBoi a/jre6poil B CTPYKTYpPe MOAMPOCTPAHCTB BEKTOPHOTO
HpocTpaHcTBa A,,.

Ias npoussonbHoro upeana (f(x))=K[x]-f(x) wnmeem

ker (f (x)) = Ker f (5). (14)
He#icteuTenbHoO,
ker (f (¥)) ={A:K[x]-[ (x)-A={0}} ={A:f (x)- A= 0} =
={A4:f(€)-A= 0} =Ker [ (¢).

Ho no Teopeme 1 ra. 2 sgpa HHK/IMYECKHX oTOGpakeHHil
SIBNAIOTCA LHMKIHYECKHMH KJaccaMH, M paBeHCTBO (14) noka-
3bIBAET CNPABENIMBOCTb CJIEAYIOMIETO YTBEPMKAECHHS:
Cmpykmypa L¥e (A,) cocmoum u3 yuxaudecKux Kaaccog
N-Y20NbHUKO8.
Hrak, cHoBa nosyuyeHa

OcHoBHAS TEOPEMA. [[ukauveckue Kaaccel N-y20abHUKo8 06-
pasyom KoHedryto OGyiresy arcebpy, oHa [AfemCs noOCmpyK-
mypoil cmpykmypol NOONPOCMPAHCME BeKMOPHOLO NPOCHPAH-
cmea A, (cp. § 2 rn. 6.)

ITepBoe 10Ka3aTesbCTBO OCHOBHOH TEOPEME! ONMHpasioch Ha
HIEMIIOTEHTH!, KOHCTPYKIHIO KHTAHCKOH TeopeMBb! 06 ocTaTKax
1 HIEMIIOTEHT-BJOXKEHHe (B cnenuanbHoll dopme Im-Bioxe-
HHs)). Bropoe nokasatenbcTBO 06X0oaHTCS 6€3 3THX BCIOMO-
rateIbHbIX CPeACTB H OCHOBBIBA€TCS TOJIBKO Ha TOHATHH
R-mOnyJ1s M MpeaJI-BJIOXKEHHH,

3ameuanue. Ilpy 3TOM roJy4eHo, OYEBHMAHO, H HOBOE
He HCMOJb3YIOllee LHUKJIHYECKHX TPOEKIHH A0KAa3aTebCTBO
TeopeMbl 5 TJI. 8 0 CBA3M MeXAy JAeNHTeNsAMH { (x) MHOro-
yjneHa x"— 1 H UUMKJMYECKUMM KJaccaMH, JleHcTBHTeNbHO, B
KOHLe § 2 MBl ycTaHOBHJH H30MOpdHaM ¢ (x) — (/ (x)) —

— ker (£ (x)) cTpyKkTypHl AesiHTesieit X" — 1 Ha GyJeBy aJre6py-

Lker (4,), KoTopasi, KaK nokasbiBaeT (14), COCTOHT H3 LHMKJH-
YeCKHX KJIacCOB n-yroJbHHKOB: ker (¢ (x)) = Ker ¢ ().

A, asnsercsa takxe K [{]-Monynem. W3 onpenenenus (12)
caenyer, 4to ker (f (x)) =ker (f (§)), a B cuay (14)

ker (f (x)) = Ker [ (§) =ker (f (€)). (15)

e AW S
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CriefioBaTeNbHO, OTOGpaXkeHHe Ker siBsiercsl Takike aHTHH30-
MOp(H3MOM CTPYKTYphl HjieanioB Konblia K [{] Ha GyaeBy
anre6py UMKJHMYECKHX KJ3CCOB (Cp. JOKa3aTe/bCTBO Teope-

Mbl 5 I 8)..
-1

Aenumen t@)—e,
0 +éyt)
1
()
(z"-1)

Wieans . uKmuyeckue
K u npoexyuu

kan

Hieanm
(9]

Kt

Puc. 61, OcnoBnas auarpamma.
[%// o6o3HayaeT MOACTAHOBKY X —> |

Takum o6pa3oM, Liejib, ToCTaBJeHHas HaMH B TJ. 8, 1o-
CTHTHYTa, M Mbl MOXeM C(OpMYJHDPOBaTb 3aKJ/IOUHTENbHYIO
TeopeMy 06 H30MOpH3ME MeXIy paccMaTpHBaeMbIMH GyJie-
BBIMM anre6pami (CM. Takke H306paxkeHHylo Ha puc. 61
OCHOBHYIO JMarpaMmy, rje MNpPOCYMMHPOBaHbl INOJyYeHHbIe
pesyabrathl). Oto6paxkenue ¢ (x) — Ker ¢ (£) (teopema 5 ri1. 8),
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qBASOleeCs Pe3yJabTaTOM IOCJIEA0BATeNbHOTO  BBINOIHEHHS
oto6paxennii x—§ u Ker, o6o3HaunM Ker-(x) —¢.

Teopema 3. OmoGpascenus Ker-(x) — §, ker, ker, Ker, Im
s8AsI0MCcA usomopuamamu Gyieolx arcebp

L,, Ly, Ly Ly Ly ()

Ha Gyresy ancebpy YUKAUHECKUX KAACCO8 [-YeOAbHUKOS L.
Anemenmam Oyreevix anreebp (%), coomeemcmsyloufum dpye

Opyey npu u30MOPPHUIMAX  MmeopeMol 2 ea. 8, oHu cmasam

8 coomeemcmeue 00uH U mom oxce uux/zuuecxud Kaacce.

NlokasaTeJbCTBO. 3anuiueM HaGop H3 NATH COOT-
BETCTBYIOUHX APYT APYTY 3JIEMEHTOB GyneBbix anrebp ().
Ecan  t(x)|x"—1 u K-—MyJbTHIIHKATHBHAA  TPYyMNa
nonasa K, To

Kt), (@), ¢@)=@EE@), &), &)

rae € ({)=1—e,; (), u ecTb HCKOMBIH HaGop. DTHUM 3J€MeH-
TaM COOTBETCTBYIOT LMKJHUECKHE KJacChl

Ker ¢ (§) = ker ( (x)) = ker (¢ (§)) =
=Ker (¢] (§)) = Kere; (§) = Ime, (©).

INepBoe, BTOpoe M ueTBEpTOE PAaBEHCTBA CNPaBEANHBBI B CH-
ay (15), nstoe—B CHJY DaBEHCTB (7) ra. 2.

YnpakHeHHd

1. Ecu @—osuiomopdusM BEKTOPHOro 'TPOCTPAKCTBA Hal K u
m (x) — MUHUMAJIbHBIA MHOTOY/IEH AJs @, TO K [g] = K [x]/(m (x)).

2, Ilyets Char K # 2. Torna KT§]=K [%g]: BCAIKOE LHMKJHYECKOE
oTo6pakeHHe MoXKeT ObiTb 3alHCaHO Kak JMHeiiHasi KOMOMHALus Crere-
Heill OToGpaeHHs X, I1pusegure npumep. Kaxos MMHHMaJIbHBIH MHOTO-
WieH A9 %o?

§ 4. pajpynposka.
Crenenb cBo0OAB LHKJIHYECKOTO KJjacca

TakHe MOHSATHS, KaK CTeneHb, pasMepHOCTb, PaHT, MO3BO-
JIRIOT MOCTABHTL B COOTBETCTBHE KaXKIOMY 3JEMEHTY OyJeBbiX
anrebp L,, Lj, Ly=L,, L, HeKOTOpOE HHCIO H3 MHOXKECTBA
{0, I, ..., n}. A uMeHHO:

S

St R
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(L,) Henmutemo x"—1, a Takxe KJIaccy accouuHpoBaH-
HBIX JleUTe/Ied COMOCTaBHM CMeneHb MHOTOYJIeHa

¢ (x) — Grad ¢ (x).
(Ls) Hneany us K|[{] comocraBum pasmeprocms wpeana

(f @) — dim (f ¢)).

[Anre6pa K[C] no Teopeme 4 ra. 2 sBasercs n-MepHBIM
BEKTOPHBIM NpPOCTPAaHCTBOM Haj K; BCAKHH HAea] Kak Moj-
npocTpaHcTBo K [{] umeer cBOW pasmepHOCTS.]

(Ls) LIMKTHYECKOH MPOEKLHH COTOCTABHM ee paHr

e (£) — Range (Z)

[non paneom yukaudeckoeo omobpasmenus f (Z) = et noun-
MaeTCsl paHr UMKJHYecKolt Matpuubl M (c,, ¢,, ..., ¢,_,)].

(L¢) IIMKMMYecKOMy KJacCy COMOCTAaBHM €ro cmenews
. 06060061

€ —Grad¥ (cMm. § 6 Ta. 1).

[Tpu 3ToM cnpaBeanuBLI COOTHOIIEHHS

Rang (€)= dim (f (¢)), (16)
n—Grad ¢ =dim (¢ )) aasa ¢ (x)|x"—1. 17

Heckobko OT/IOKHB J0Ka3aTeJIbCTBO 3THX PABEHCTB, BhiBe-
A€M M3 HHX BaKHbie CJIeACTBHS.
Ecau f(x) —pesurens x*—1 u (f @)= (), T

Grad Ker f (¢) =n—Rang f ({) = n—dim (f (¢)) = Grad ¢. (18)

IlepBoe paBeHCTBO BLIMOJIHSIETCS B CHITY T€OPEMbI 2 Il 1,
BTOpOe M TpeTbe ‘caenyior u3 (16), (17).

CHoBa 3aMeHMM CTPYKTYpy HzeanoB u3 K [{] iBoiicsen-
HOM el CTPYKTypoH Lj 1M MOCTaBHUM B COOTBETCTBHE Hleasam
HX KOpasMepHOCTb:

(L) (F () — codim (f (£)) = n—dim (f ().

Torma npoucXOmHT OJHOBPeMeHHasi 2padyuposKa anre6p L,,
L, Ly, L.
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TeoPEMA 4. Dsemenmam Gyaeeolx ai2e6p L, L L; L,
nepegodumetm 0pye 6 Opyea usomopusmamu meopemst.2 ea. 8,
coomeemcmeyem 00HO U MO e 4UCA0.

INokasaTeabcTBO. Uerbipe mnepexoadmux Apyr B
1pyra snemenra u3 Ly, Lj, L, L, MOXHO 3amucatb TakK:

K-t[x], (¢t @©), e ©), Kert (), raet(x)|x"—1
(cM. TeopeMbl 2 u 5 ra. 8). MM cooTBeTCTBYIOT YHC/A
Grad ¢, n—dim (¢ (§)), Range; (€), Grg_d Ker ¢ (©).

TlepBoe, BTOpOe H UeTBEPTOe 4HC/IA OMHAKOBEI B CHIY (18).

Hanee, (e (©)) = (f()) (cM. paBeHCTBO (8) rn. 8 M KoHell
§ 1 Toit xe ruase), a u3 (16) u (17) cnenyer, uro

Range, (¢) = dim (&, (€) = dim {f (¢)) = n—Grad ? = Grad ¢.

Teopema j0KasaHa.
CrefcTBHeM M3 TeopeMbl 4 sBJIAETCA

TropEMa 5. Crmeneno c60600bl YUKAU4ecKko20 Kaacca, onpede-
nennoe0 Oeaumenem t(x) mHocounena x"—1, pagna cmenenu
MHo204eHa T (X); cmenenb c60600bi YUKAUYECKo20 Kaacea, onpe-
QeNeHHO20 YUKALHECKOU CUCMEMOLL € KOIGpUYUEHMAMU Cy, Cy,
..., Cy_q, pasua cmenenu HOI (6 K [x]) mHoeoureroe 2
u x"—1. .

- *Tak KaK CyMMa CTereHed MpoCThiX JeJuTenel MHOrouJse-
Ha x"—1 paBHa n, TO CymMMa cTerneHell ¢BoGOAB ATOMAaPHBIX
IIMKJHIECKHX KJAacCOB n-YTOJIbHHKOB BCEria paBHA 1. Srtot
(aKT crelyeT TaKxKe M3 TOro, 4to CrpaBejIHBa

et

Tropema 6. Jlas aobelx yuKauseckux Kaaccos B u 6
Grad (8B + €) + Grad (8 n 6) = Grad B-+Grad €.

JleficTBUTENIBHO, AHAJOTHYHAS dopmyJa crpaBeinBa A
pa3MepHocTeii JIIOGbIX ABYX MOANPOCTPAHCTB BEKTOPHOro npo-
CTpaHCTBa; HAM JOCTAaTOYHO JIHIIL TPHMEHHTh €€ K Ipo-
crpanctBy K [¢] [umeansi (f (¢)) sBAsOTCA B HEM MOANPO-
CTpaHCTBaMH| H BOCMOJIb3OBATHCS TeM, HTO GradKerf () =

= n—dim (f £)):
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IIpenocraBnsieM unTartesio 0606IIHTE Ha GyJeBbl aareGphbl
LMKJIHYECKHX KJ1acCOB f-YTOJbHHKOB YTBePXKAEHHE O Da3Ho-
CTSIX cTeneHedl CBOGOAbI COCeNHHMX KJ/AcCOB B JHarpamme
LMKJIHYECKHX KJIAcCOB 6-yronbHukoB (cMm. § 8 ru. 1).

TlepeiineM, HakoHeln, K JOKa3aTeJbCTBY paBeHcTB (16)
n (17). Paccvorpum nsomopdroe kombiy K [] hakTOpKOJIBLO
K [x]/(x"—1). Ero anemeHThl—cMeXHBle KJaacch [ (x) +
+(x"—1), rae f(x) € K[x], Mbl ycioBHMca 0603HauaTh
[f (x)]; wmaccw [c], rae ¢ € K, o6pasyior usomopduoe K
noako/ibLo koibua K [x]/(x*—1). Ecan nonoxuts mno omnpe-

NeJIeHHIO
c[f®]):=[cf (0], c€K,

10 K [x]/(x"—1) npeBpatutcst B anre6py Hag K, Kammblil -
3JIeMeHT KOoTopoil Hmeer Bui [f(x)], rae f(x)=c¢,+cx+ ...
voo TC, X" 7Y, ¢; € K. Kak BeKTopHOe mpocTpaHcTBO Hag K
sTa aiare6pa HMeeT pa3MepHOCTb n; ee Gasuc o6pasyioT 3Je-

MEHTBI
(1, ooy [, (19)

Besikuit upean B K [x]/(x"—1) siBAsieTcss T JIaBHBIM HeasioM
([f (x)]) (cm. Teopemy 3 ra. 7), ero pasMepHOCTb Kak MOA-
MPOCTPAHCTBA BEKTOPHOTO MPOCTPAHCTBA MBI 0GO3HAUMM yepe3

dim ([f (x)]).
JlokaxeMm cienytouine GpopMyJbi:
Rang M (o, €55 - .., ¢,_y) =dim ([ c;x7)), (16")

n—Grad { = dim ([¢ ()]) a1a £ (x) | x"—1. (17"
B cuny usomopdusma |[f (x)] — f () onu cosmagaror c dop-
myaamn (16) u (17).

NokasartenpctBo (16°). Tomoxum c,+cx+ ...
eooFc,_x" " =f(x). CmexHBIe KJaCCHI

[F ] ], -y 27 (%)] (20)

06pasyioT CHCTEMY, TMOPOXKAAMOLIYIO nonnpcSCTpchrBo ([F D).
CorslacHo paBeHCTBaM

[f (x)] =0, []] +01 [x] +.. -+Cn—i [x"-ll»

6  Nosss
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[xf (0)] = Comn [1] H o [X] oo A Came [x"2],
[xm3f BIEAUES X1+ ... +6 [x*=1],
MaKCHMAJ/bHOe UHCJIO JIHHEHO He3aBHCHMBIX KJ1aCCOB CHCTe-

Mbl (20) paBHO paHry MaTpHLUEI M(Cp C1» +++» Cnon) UTO
u TpeGoBajoch [O0Ka3aTb.

NlokaszarteabctBo (17). Ias ¢ (x)=x"—1 yTBepK-
jnenne crpasejuso. [lycTb Tenepb Gradt=m < n. Cuex-
Hble KJacChl

[t (x)], [xt " ... [x"""‘lt(x)] (21)

nuHefiHO He3aBHCHMbl. JleACTBHTE/bHO, €CJH 661 JIMHEHHAs
KoMGHHALMA CMexkHBIX KiaccoB (21) ¢ KoshpHLHEHTAMH o,
a, +evr Op-m-,€K paBHATACH [0], To Mbl Hmean Gbl
(ot autt o Fayp ™) 1 ()] =[0]; . opmaxo ~sT0
BO3MOMKHO JHIIb -B TOM cCJaydyae, KOraa a,+ax+ ...
oo, ot =0.

O60o31aynM yepes S (x) MHOrOY/IEH CTENEHH < n, cpaBHH-
Mbill ¢ x"~™¢ (x) mo MOJLYJIO (x"—1). Tak kax t(x)]x"—1,
10 Takke S (xr)=x"""{(x)mod (4, (x)). Otcioa cJ/iefyer, 4To
t(x)]s(x), nau s (x) =$ (%) ¢ (x). OueBHAHO, 4TO Grads, (x)<
< n—m; TO3TOMY CMeXHBI Kiace

[x"=¢ (0] =[5, (x) 1 ()]

fexuT B nognpocrpanctse T, MOPOXKJEHHOM KJIaCCaMH 2n.
Caenosarensio, [x]T=T.

Vrak, [t(x)]€T=([t()]) 1 [x] T=T. Orciona crenyer,
yro T = ([f (x)]). Basuc T, COCTOSIUI H3 A —M CMEXHBIX
kaaccoB (21), ABaseTCA TaKkKe 6a3HCOM ([¢ (x)]), uto U JO-
kaspiBaer Gopmyay (17°).

YnpaKHeHHA
1. Buienute nepasenctso Grad Ker f(§) < Gradf pas f(x)=
m

= 2 cixt (e #0, m < 1) HEMOCPEACTBEHHO M3 LMKJIHYECKOH CHITEMBI

i=0 -
ypaBHeHHU# 1+t .. T CnBmn+1=0, --+

ke RS

s
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2. Bonee a6crpakTHOe JoKas3aTenbeTBO paBeHcTBa (17) momyuaercs
M3 COOTHOLUEHHUS ¢

n—dim (¢ () = dim K [£)/(¢ (£)) = dim K [x]/(¢ (x)) = Grad ¢
s t(x) | xr—1.

3. ITycte K=Q. Kakue u3 unucen 0, 1, ..., n asasiorcs crene-
HAMH CBOGOABI LMKJHYECKHX KJacCOB n-YrolbHUKos? Jas Kakux n

KaX J10e M3 3THX YHCeJ] MOXeT GbiThb CTeNeHbio CBOGOABI HEKOTOPOro
LHKJAUYECKOrO KJjacca?

§ 5. CmewaHHbie 3aja4u

1. Tlyeth @ — UHKAHYECKHH KJjacC CTeNeHH m, onpefefleHHb Je-
aurenem f(x)==cotcx+...+c,x" (rae ¢ (x) | x7—1). ITpoussoan-
HBIH N-YTOJALHUK M3 § MOXHO MOJYYHTh CJeAyIOUUM o6pa3oM: Ay, ...
«+-s @, BbI6CPEM NDPOH3BOJBLHO, @p+41, .., @, HAHAYTCH eLMHCTBEH--
HbIM 06pa3oM H3 PeKyPPeHTHOIl CHCTeMbl

@i+ ... Fcpni1=0, ..., C@p-p+t+...+cpa,=o.

[MoAyyeHHOe NpeAcTaB/eHHe LHKJIHYECKOrO KJjacca § Ha30BeM HOpMAAb-
Hotm. TIpH aTOM NpejcTaBieHHH @y, ..., @, —NapaMeTpsl. [f (¥) MoOXKHO
elle HOPMHPOBATb Tak, YTOGHl ¢, =1.
2. Ilycrp 3—aBTOM0p¢H3M, a @p—3HA0MOp(U3M HEKOTOpoi abée-
Boit rpynnsl. OGosnaumm ypy—! uepes ¢; Torma y (Ker ¢)=Ker g,
v (Im @) = Im g. )
3. Ilycts n=2m; orobpaxkenne a: (@, QAs, Az ..., Qgz) -+
—(a,,—a,, as, ..., —Aay,;) fABISETCS HHBOJIOTHBHLIM aBTOMOP®H3-
MOM f,;, HO He ULUKJIHUeCKHM orToGpaxkenueM. Jlis BCAKOro LMK/AMYe-
ckoro oro6paxenus f({) umeem f ({)*=f(—{C). Oro6paxenne
, F@)—F(=0) . (#)
sBJseTCS MIBOJIOTHBHBIM  aBToMopdusmMoM B K [{], a Takxke B
E (K [L]). Cnpasegnuso pasenctBo a (Ker ¢ (§)) = Ker ¢ ({)*=Ker ¢ (—{).
Oro6paxenue
Ker ¢ (§) — Ker ¢ (—{) (%)

ABASeTCS HHBOJIOTHBHBIM aBTOMOpdHaMoM GyJieBoit ajare6pel IHKANYE-
CKHX KJaccoB, COXpaHSIOWMM cTeneHb kJaacca. OHo MeHsieT MecTamu
ACO-knacc u  HyJb-n306apuueckHil Kjace, KJacC  TPHBHAJbHBIX
2m-yrofbHUKOB H KJace m pa3 NpoHAeHHBIX 2-YrONbHMKOB C LEHTPOM
TAXKECTH O.

IMpu K=Q, n=4 u n=~06 uccnenyiire, Kak oro6paxenne (¥) npe-
o6pasyer LHKJHUeCKHe NPOEKIHH, a OTOGpaXeHHe (##)—UHKAUYECKHE
KJ1acChl.

4. Tyctb n vetHo W d|n. Bmecte ¢ my(x) (§ 4 ri1. 8) muorousen
My (—x) sABASIETCS HAEMTOTERTHEIM mod (x”— 1) nesnTeseM MHOrousena
xn—1, Eean d uetno, 1o my (x) =my (—x). Ilycts d neuetno. Ycra-
HOBHTE CBA3b MEXKIY M4 (¥) U my(—x) M ONMHIATE ee B TepMuHax Gy-
JeBoll aqre6phl UHKJAHYECKMX TPOEKUHH M LHMKJMYeCKHX KJjaccoB. Has

6*
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upumep,
My (%) +my (—x)=mMgq (), mq(x) my (—x)=0mod (x»—1), (%)

l—my (—x)+my (—x) =1 — (maq (X) —my4 (x)) +
+ (mg (x) —my (x)).  (#%)

3ameHsss ¥ Ha { B (%), NOJYYHM LHKJIHYECKYIO NPOEKIHIO, KOTO-
past MMeeT OIMHAKOBbIe 00pas M sApo C ad=l——§—|-§2—...+cd—‘;
ee MOXHO 3alHCaTh Tak: [y O Py O (I —Hag).

5. Tycrs Char K # 2. Ilpn HeueTHoM n otoGpakeHne g (d|n)
06paTHMO; 06DATHBIM SJeMeHTOM ABasieTest %y (1 —4-HE2d—. . - {n=9).

6. OroGpaxenue og=1—{-(> creuuanuaupyer MHOXeCTBO
n-yrofbHHKOB ToMbKO mpH n=6, 12,18, ... .
" 7. IleficTBHe Q3 Ha TapajJesorpaMM, a Takxke MHOTOKpaTHO Mpoi-
JeHHbIl TapaafesiorpaMM CBOGHTCH K LHKJIMYECKOd MepecTaHOBKe ero
sepunH. CymecTBYIOT /M elle HeTPHBHA/bHbE n-yroJbHHKH, 06.1ajaio-
mue TeM Ke CBOMCTBOM? '

8. H_yCTb Char K =0. Paccmorpum oTo6paxenue x,=-i—(l+§+

++...+¢-Y mas moboro r=1, 2, .... Ecau d ecrve HOI
qHCeN r M 1, TO %, U g MMEIOT OJHHAKoBsie o6pa3 M s1po.

Ecau u uneuetHo n d=HO/ (¢, n), 10 @,, 07 UMEIOr OAHHAKOBbIE
obpa3 u AApo. o

9, Oro6pawenle { —>{~! sBiasercs aBTOMOPDU3MOM Ko/IbLA
K[g], nepesopsimwm f (§)=co+cil+4- ... 618"~ B F(E=Y)=0¢o +
Feyil4 ... Fcyfr-t Tyers ¢ (x)—neautens x"—1. Ecan £ (x)
CHMMETpHYEH HJH aHTHCHUMMeTpuueH (eM. § 1 ra. 12; mpu K=Q 310
TpeANoNoKeHHe BHIMOJHAETCA Beeraa), To otobpaxenns f (L) u ¢ ({~7)
HMeIT OZMHAKOBble 06pa3 H AApO.

10 (yukaudeckue KAACCH! YUKAUHECKUX omobpadenud). Llnkauueckoe
oTo6paxkenne mpocTpaHcTBa V7 3amaercs n-n1a6opoM Ko3hQHUHEHTOB
(Co» C1s +++» Cn—1), C;EK, crenoBaTeNbHO, «72-YTONLHUKOM» H3 BEKTOP-
Horo npocrpanctea K7 (3fech V=K, A,=K"). Bce nousitns teopun
n-yroNbHHKOB TOCPEACTBOM H30MOPGH3MA (Cg, €1y - -y Cp—y) —> ¢
nepenocsitest M3 K" Ha K [{]. Wpeannt B K [{] MoxHO HCTOMKOBAaTh
Tenepb KaK «UUKJIMYECKHE KJIacchl UUKIHYECKHX OroGpameHuily.

Mpuwmep. Hpean (0) COCTOHT H3 «TPHBHA/LIBIX» LHKIHYECKHX

oToGpawenuii, T. e. OToOpameHuil citl, Tme Co=C1=...=Cp~1}
unean (1—0)—H3 LHKJIHYECKHX OTOOpameHHil « meHTpoM TsakecTu 0,

w \ 1
T. €. H3 UHKJHUECKHX OToOpaxKeHHii Zci‘g", rae 71—20,'=0 (cp.

ynpaxHenne x § 3 ra. 3).

11 (yukaudeckue omobpadwenus yuxaudecxoeo Kaacca). ITo teopeme
5 ra. 2 UMKAnueckHi kaace @ ecTaeTcd Ha MecTe MOA JefCTBHEM JIiO-
6oro IHKaHueckoro otobpaxennsi. Ho, BooGiue rosopsi, BHYTpH & le-
KOTOpble OToOpaehHs AefiCTBYIOT OMNHAKOBO Mbl XOTHM BBIIENHTb B
K [¢] noaMHOXKeCTBO, cojepiKalliee Bce PasiHuHble LMKJIHYECKHE OToGpa-
jkenusa kKJjacca @.
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[ycTh Muorousen ¢ (x) | x?—1 onpegenser knace @€ = Ker ¢ (§)=
= Im'e; (¢). IlBa IMK/THYECKHX OTOGpaXKeH s ONHHAKOBO AedicTBYIOf HA €6,
koraa ouu cpaBuumel mod (¢ (§)). BceBosMoxHble pas/iHYHbIE HHKJMUE-
cKHe OTOGpaxeHHs € NPEICTaBIAIOTCA -djeMeHTaMu  uAeana (et (§)).
CnipaBef/iMBbl paBEHCTBA

K[E]=(t (£) D (et (0)) m (e (1) = K [L)/(¢ (B)) = K [x)/ (£ (%))

Wnean (e; (£)) COCTOMT W3 LMK/IHUECKHX OTOGpax<eHHil, KOTOphle me-
peoaaT A, B €.

12. Mycts n=4. Cucremoit npexacraBuTesiel BCeX ULHKMHYECKHX
oToGpaXKeHHH Ha KJacce MapajiiesiorpaMmoB

(ay, as, a;, @), a;—as+a;—a,=o
ABJSIOTCH LMKJHYeCKHe oToOpaxkeHHsl ¢ Ha6opoM KoapduiMeHTOB
(co €1s Ca» C3), THE Co—Cy+Ca—C3=0,

T. €. KJAcC «IapaJJie/orpaMMoB» LUHK/IHUECKHX OTOGpaxeHHil (B CMbIC/e
sagaun 10). B uacTHocTH, K HMM NpHHajJexar LMKJHYeCKue OTOGpae-
HMS, TMepeBOASIIME MHOMNECTBO BCeX 4-yroJbHHKOB B MHOXKECTBO napai-
NEJIOrPaMMOB, TaKHe, KaK %y M Npoekuus 1-—,40 c HaGopamH Kosg-

¢unHeHTOB 1 (1,10 0u — @3, I, —1, 1)
2 4

PyKOBOACTBYSICb 3THMH TpHMePaMH, YCTAHOBHTE OOLLyl0 Teopemy
OTHOCHTE/IbHO PA3/JHUHBIX IHKJHYECKHX OTOGPaKeHHH LHMKJIHYECKOro
KJ1acca n-yrolbHHKOB.

13 (Kungep). Ms Besikoit noncramosku a muoxectsa {1, ..., n}
MOXKHO TOJyYHTb ABTOMOPQHM3M Tl BEKTOPHOTO MPOCTPAHCTBA /-yTOMbHH-
KoB A,=V" Han K:

FL (al, ey a,,)——-»(a,tu,, ooy a,t(,,,);

—> T ecTb MoHomopdusm rpynnel &, BCex TNOJCTAHOBOK 4Hce]

{l, cery n} B rpynny asroMoppusMop ., Hanpumep, umxanueckoe
2 ...

orto6paxeHne § ectb o6pa3 I0/CTAHOBKH (; 3 tlz =(1,2, ..., n).

..

Boo6iue roBopsi, 7 He sBJseTCH LHKJMuecKHM orobpaxkeHueM. IToka-
JKHUTE, YTO AJs BCAKOro TE S, ciefyloune yTBepKAEHHS NONAPHO KBH-
BaJICHTHBI:

1° REK L] 2% at=Cm 3% a(l ... p)=(l ... n)m;

4. (m(l) ... n()=(l ... n); 5% su=(l ... n)/ nna Hexoropo-
ro j€{0, 1,...,n—1}; 6° w=_{/ nns wexotoporo j€{0, 1, ..., n—1}.

Orciona CJeAyeT, 4YTO T ABJsieTcsl IMKJIHYECKHM OTOGpaMeHHeM
TOTJa M TOMbKO TFOTJa, KOLAA OHO MMeeT BHJ HEKOTOpPOil crereHH L.

14 (Kuugep). CornacHo 3ajade 2, aBTOMOP(H3M NMPOCTPAHCTBA An
oTo6pakaer BCSKHIl LHKJHUeCKHil KJjacc 1a LMKJIHYeCKHit  KJacc,
ecad OH npuHamiexxuT HopManusaTopy N (K [E]) Koabua KI[t] B
End (A,). Tlokaxure, uto g1s BCAKOH MOACTAHOBKH T UKCes {1, ool



166 I'Jl. 9. BYJIEBBI AJITEBPH] #-YTOJIbHUKOB (TEOPU 4 11)

ciaenylomige yTBepXKIeHHda nonapﬁo SKBHBaJleHTHbIZ

1°. REN(K[CI) 2°. RCR'IEK[U c(d) . TE(fl))EK[C]

4. (n(l) .. n))——(l...n),rne/E{, , «.., n—1}; 5° Cyuwect-
BYIOT ]2, BsauMHo npocToe ¢ 7, kE{O, 1, ..., n—l}, Takue, YTO LS
i=l, y ey N

nu(i)=1i-j+*~modn. (*)

Ipynny nofcraHoBOK co cBofictBamn 1°—5° o6o3naunm uepes G,
Mycts Fp,—noarpynna noactanook nEG,, takuX, 4To asromopcbnsMbl
7 oToGpaxalor Ha ce6s BCAKMH LHKAHYecKHH kJaacc. Iloacranoka
(1 ... nN€F,(j=k=1) nopoxpaer rpynny Z, nopsaka n, KoTopas
B G, (n TeM cambiM B F,) ABJISeTCS HOPMaJbHBIM JE/HTEJIEM.

Hoxamu're, yTo ¢akroprpynna F,/Z, usomoppua rpymne Ianya
MHorouseHa x"—1 Hag noseM K. CmexHnlil kjace 1tZ, NMOACTAHOBKH T,

nosneTBopulomeﬁ CPABHEHHIO (%), COOTBETCTBYET 1( aB'romopcbusmy

c,w‘—» z,c,wi i (c;€K) mons K (w). 3mech w— nepBoo6pasHulil
KopeHb n-if cTenenn u3 1 B noJe pasnoxenusi K (w) mHorounena x"—1
Hag K.

15. Iycts Kp—npocToe nose xapax'repucmxu p u p|n. Ecmn
n=p'm u (p, my=1, To x"—l——(x"'——l)i’ CyuiecTByeT Nno MeHblueit
Mepe (p'+1)* nukamueckux xaacco. OnpenenuTe HUKJIHYECKHE

. Kazcewl  6-yrosbHuKoB Hax Kj; (oHH o6pasylor  AMCTPHGYTHBHYIO

CTPYKTYpY, HO He Gy/eBY anre6py).




FAABA 0
PALMOHATbHLIE KOMMOHEHTDI
n-YroOnbHUKA

§ 1. Q-npaBuJbHbIE 72-YrOJbHHKH

n-yronbHHK A HasbiBaetrcsi Q-npasunvHboiM, ecqiv éce e2o
xopdosele d-yeorvHuxu') usobapuuner (31ecb d— o060k He-
TPHUBHAJIbHBIA JesuTe]b uHcaa n). MHOXKecTBO Q-mpaBuJib-
HBIX 7-YTOJbHHKOB 06G03HAUMM uepes R,.

Beskuit 1-yrolbHHK M BCSIKHH p-YTOMBHHK (p—NPOCToOE
yucao0) Q-npaBuibHE: R, =A,, A, =d,; TakuM o6pasoM,
A1 n=1, p HoHATHe Q npaBuanocm 6ecco;1epmaTeJleo.
Yro6bl ouemm: HACKOJIbKO OHO OrPaHHYHTENBHO B CJydae
COCTaBHOTrO 7, MOJE3HO pa3o6paTh HECKOJbKO YACTHBIX CJY-

yaeB (cM. puc. 62—85).

B ra. 4 GbliM paccMOTpeHbI KJjacChl HM306apHYECKH

pacmajalomuxcs A-yrolbHHKOB: ecad d|n u n=dd, TO
n-yrojibHUK, BCE XOPJOBbIE d-yrOJbHHKH KOTOPOro M300apHu-
Hbl, Ha3blBaeTcsi d-kpamuo usobapuuecku pacnaaafotqumﬂ
MHOKeCTBO TaKHX n-yrolbHHKOB 00pa3yeT LUKJIHYECKHH
kjaace A4, AL ecTb KJaacc n-yroJbHHKOB; A7—KJacc TpH-
BHA/IbHBIX 71-yTOJBHHKOB.

OueBupHoO, uto R, SBJIdETCS NepeceyeHHeM BCeX KJac-
coB A4 rne d==n: :

R,= N A= n AL )
din dln
d#1,n d=n,1

AR, ABAAeTCA CBOOOAHBIM IMKJHYECKHM KJjaccoM (Kak mepe-
ceueHHe CBOOORRBIX LIMKJIHYECKHX KJIAcCOB).

[Tpumepol. &, coBnajgaer c KJaccoM rapasjesorpaMMoB
A% Re= AN A3 —xKaacc abpPUHHO-NPABHABHBIX 6-yroibHH-
koB (§ 1 ra. 4). Boobue, Q-npaBHAbHBIMH 2p-YroJbHHUKaMH

1) Xopaosule d-yroJbHUKH n-yroAbHHKa A-—5TO CTPOKH TaG/HLUH

o n
BEpUIHH 3TOro MHOroyroJibHHKa, 3anHCaHHOH mod 'E'.
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(p—rmpocToe HeyeTHOe YHCJIO) ABJAIOTCA 2p-Tapalijiesorpam-
MBI, HMEIOLIHE PaBHYIO HYJIO 3HAKONEePeMeHHYI0 CyMMY Bep-
WHH. DTO TakHe 2p-YrONbHHKH, B KOTOPHIX Bce p-HaGophI
[OCJIeI0BATeIbIILIX BepUIHH HMeIOT OJHY H Ty XKe 3HaKore-
peMeHHYIO cymmy. KX «napameTpHueCKHM MpeaCTaBJeHHeM»
sIBJIfeTCS

(@, ..., a,—a,+2s,...,—a,+2s),
rie s=a,—a,+a;,—...+a,

Hrak, Q-npaBHJBHBIH 2p-YrOJbHHK MOXHO MOCTPOHTD
c/leyomuM o6pasoM: BbiGepeM IMPOH3BOJILHO p TOUYEK, MOCT-
POMM HX 3HaKONepPeMeHHYI0 cymMMy (XoTs Obl MyTeM MOCJen0-
BaTeJIbHOrO JIOCTPauBaHHS UeTBEPTOH BepIUMHBI Mapasiieso-
rpaMMa) H 3aTeM OTPa3HM BhIOpaHHbIE TOUKH OTHOCHTEJBHO §.

Tropema 1. ITyems n == 1; n-yeoaeHux A moeda u moavKo
moeda Q-npasuren, Koeda 0is Kawdoeo npocmoeo desumerss p
qucAQ N 6ce e20 XOpdoeble p-Y0AbHUKU U300apu4HbL.

lokasatennctBo. Ecaum t|d|n, T0 A = 470
Tak Kak 171 Bcskoro genutens d =1 uucna n cymecTByer
NPOCTO JenuTesNb p, Tako#, uto p |d, TO A BCAKOrO
KJacca, BXOJsIEro B nepBoe nepeceueHHe (1), Hafigercs co-

nepxamuiics B HeM Kiaace A", DTHMH MeHbLIMMH KJaccamn
U MOMKHO -OTPaHHUHTbCS B MepeceyeHHH:

R,=NAYP qas n==1. . ()

rin

Mpumep. Ry= Ai—kacc 8-napajenorpamMmmos (cM.
teopemy 4 ra. 1).: - .

Bce xopdosvie d-yrosibHHKH Q-TNpaBHABLHOIO f-yroJbHHKA
(rme d|n) Q-npaBusbHbl. [eiicTBuTensHO, npu #|d|n Bce
XOpJIOBbie ‘{-yroAbHHKH XOPJOBOro d-yrojbHHKa A1 A camu
SIBJISIIOTCS XOPIOBHIMH #-YTONbHHKaMH 1Jf A H MOTOMY H30-
GapuuHbl, MoxKHO 3ajaTb OOpaTHBIH BONPOC: KaK BJHAET
Q-rpaBHILHOCTb H H300apHYHOCTL XOPAOBBIX MHOTOYTIO/IbHHKOB
Ha Q-npaBH/bHOCTL Bcero rn-yronbHuka? Hanpumep, ecan
BbIGpaTh jiBa appUHHO-NPABUJIBHLIX 6-YrobHHKA M NepeHy-
MepOoBaTh HX BEDIUHHBI TaK: (@,, A, .. ., Gy,), (@, &y, .. .,47),
TO 12-yronsHuK (@,, @,, ..., @;,) 9BaAgeTcs Q-NpaBHALHBIM.
B yactHoctH, npu cnenuaibHoM BuiGope addHHHO-NpaBHIb-
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HBIX 6-yroJbHHKOB MOJYYalOTCA «MaJbTHACKHA KpecT» H
«3Be3pa laBuga» (puc. 82, 77).

Q-npaBUJIbHEE 7-YTOJbHHKH C LIEHTPOM TSAXKECTH 0 06pa-
" 3YIOT LEHTPAaJbHBIN LHKJIHUeCKHH Kaace A,. ILns Hero Takxe

] B
crnpaBennBbl popmyssl (1) u (2), ecnu B HHX Bce cBOGOAHLIE
KJacchl A2 3aMeHHTb COOTBETCTBYIOUIHMH LEHTPAJbHBIMH
KJaccaMu A2,

o
YnpaxXHeHHUS
1. Tlpu n=pY, rie p—npocToe UMCJIO, A-YFOJBHHKH, XOpROBHIE
P-yTOJbHHKH KOTOPHIX H306apHuHLI, SIBAAIOTCH Q-NPaBHIbHBIMH.

2. Eciu n # 1 u n* —ceo6ognoe ot KBaaparoB 20po n (MakcHMaJb-
HbIl CBOGOAHBI OT KBaZpaToB Je/uTeNb 7), TO Q-MPaBHIbHBIMH sBJIS -
I0TCSl Te A-YFOJbHHKH, BCe XOPHOBble n*-yroJbHHKH KOTOPHIX Q-mpa-
BHJIBHBI W M300a PHYHBI,

§ 2. Uukiuueckue Kjaacchi, ONpeleieHHbie MHOTOYJIEHaM
JleNeHHs1 Kpyra :

B rn. 8 Mbl roBOpH/M O UMKJHYECKHX KJAccaX f-yrofb-
HHKOB, ONpeJie/IeHHBIX MHOrOUJNeHaMH JesneHHa Kpyra F,(x),
rie d|n, ¥ npexie BCero o KJjacce, OMNpeleJeHHOM MHOro-
yneom F, (x). [lpu n =1 310 ecThb KNacc Bcex 1-yrolbHHKOB.

Teopema 2. ITyeme n = 1. Lukauueckuii Kaace n-yeoabHu-
ko8, onpedenennoiii mrnoeodrenom F, (x), cocmoum u3 Q-npa-
BUNBHLIX N-Y2ONbHUKOB C UEHMPOM msasecmu 0: :

KerF, =% ®

HokasaTeabctBo. M3 MuorouneHoB my,(x) (cM. § 4
rn. 8) o6pasyem OysieBy cymmy (cm. § 1 ra. 5)

2 omy(x). 4)
diln .

Ha nepBooGpasHbiX KOpHAX 71-H CTENeHH H3 eIHHUIIL MHOTO-
uneH (4) npuHumaer 3Hauenue 0, a Ha ocrtanbHbix 1. [leit-
CTBHTEJNbHO, Ha TepBCOOpPa3HbIX KOPHAX KaKjJoe cJaraemoe
paBHO 0, a Ha KOpHAX d-H CTeneHH H3 elMHMUBI, rie d| 7,
cnaraeMoe my (x) paBHO 1, cienoBaTesbHO, M Oy/eBa Cymma
paBHa 1. S
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PaccMOTpHM CHCTeMY PaBeHCTB
Ker F, (0) = Ker 0y = N Kerpg= N £1= ..
; d||n \n

dj|ln° (<]

CrpaBe/IMBOCTb MEPBOTO PABEHCTBA CJIEJYeT H3 TOro, 4TO
my(5) = pg M u3 Teopempl 8b I 8; crnpaBemJIMBOCTb BTO-
poro—u3 mpasuna (18) ri. 5, Hakowel, TpeTbero—us3 § 3
ra. 4. ~

. Teopema 3. F, (x) onpedeasem Kaacc mpusuasbroLx n-yeone-
nuxoe; F,(x), ede d|n, d=#1,—&Kaacc d pas npotidenroix
Q-npagusbHelx d-y20abHUKO8 C YEHMPOM MmAXeCmU O:

Ker F, (€)= A4, n» Keer(§)=?a.&' ors d|n, d==1. (5)

INokasaTeabcTBO. IlepBas u3 dopmyn (5) Ham yxe
ussectsa {eM. § 3 rua. 6). ITycts tenepb d|n, d== 1. B cuny
teopeMbl 2, F,(x) onpeensier K/iace Q-npaBUIbHBIX d-yroJb-
HHKOB %ld; no Jemme H3 § 4 r1. 8 TOT JKe MHOrowieH omn-

pejensieT KJace n-yrojbHHKOB R, 7.
o
KaxjoMy fenutemo d COOTBETCTBYeT CBOH Kijace Ra, 7

ero cremeHb cBoGOAB paBHa (cM. Teopemy 5 ri1. 9) cTenen
onpeeNAlOLEero MHOrousena F, (x), c/iefoBaTe/IbHO, 3HAYEHHUIO
dyskunn diiepa @ (d). Orcrona ciefyer, Mexy NpouHM, 4TO
kaacc Q-NpaBHIbHBIX N1-yrOJBHUKOB NPH 1 7= | HMeeT cTeneHb
coGoapl ¢ (n)+ 1. . ,

[MocKo/bKY MPOH3BeeHHe MHOrOUJIEHOB Je/eHHs Kpyra
F,(x) (npu d|n) paBHo x"—1 M OHHM TNONApHO B3aHMHO
poCThI, TO, COMVIaCHO Teopewme 5 ra. 8, A, AB/IfAETCA npsMoin
CYMNO#i - LHK/IHYECKHX KJaccoB (5). :

Ecnu K=Q, To Muorousensl F,(x)(d|n, crapuue Ko3d-
(uLHEHTl PaBHBI 1) ABJISAIOTCS MPOCTHIMH AEJHTENAMH x"—1.
[Tostomy Kaacchl (5) ABJAIOTCS aTOMapHBIMH LHK/IHYECKHMH
kaaccamu (treopema 5 ri. 8; cp. § 3 ra. 6).

Teorema 4. ITpu K= Q amomapHoimu. yukauieckumu Kaac-
CaMU N-Y2ONbHUKOB ABASIOMCA KAACC Ay, , MPUBLANbHOLY N-Y20Ab-

HUK08 u Kaaccol Rag d pas npotiOennoix Q-npasunvrolx d-yeors-
- . o
HUKOB C yenmpom msxecmu 0 (d|n, d=1), exaouas (npu
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d=n,n==1) kace R, Q-npasusbHblx n-yeorbHUKOE UEHMpPOM
[e]
masaoicecmu. 0. :

Tpumep: K=Q,n=12. Cyuecrsyer wecTb aTOMapHEIX
LMKJIHYeCKHX KJaccoB 12-yrolbHHKOB!

TpuUBHaJbHBIE 12-yrOJbHUKH,

LIECTHKPATHO NPOHJeHHble 2-YrOJbHHKH € LEHTPOM
TSAXKECTH O,

YeTbIpeXKPATHO MpOfifieHHble 3:YrONbHUKH C LEHTPOM
TSAXKECTH O,

TPHXKIBl TPOfJeHHBIE NapajesorpaMMbl C UCHTPOM
TSXKeCTH O,

JBaX bl MpoiiieHHbIe adduHHO-NPaBHIbHbIE 6-yro/ibHH-
KU C LEHTPOM TSKECTH O,

Q-npaBH/IbHbE 12-YTOMBHHKH C LEHTPOM THAXKECTH o.

BbiicHUM, 4TO MPeJCTaB/IAIT coboit  Q-npaBHJbHbIE
12-yrosibHHKH. MHOrCU/IERY F,, (x) = x*—x® -+ 1 cOOTBETCTBYET
[MKJ/MUecKas CHCTeMa @, — @3+ @, =0, ... . Ona pacnajaercst
Ha JBe CHCTeMbl—C HEUeTHHIMH M UeTHbLIMH HHIEKCaMH,—
xawzas M3 KOTOPHX ~ omnpefenseT apduHHO-NPABH/ILHLIC
6-yrombuukH. Mrak, Q-npaBH/IbHBIMH aBasOTCs  12-yrodsb-
HHKH, 06a XOpHOBbIX 6-yrobHHKa KOTOPBIX auHRO-TIpa-
BHJIbHBI H H300apHYHBL.

§ 3. PauuoHaibHbie KOMMOHEHTHI n-yrofibHUKa

Kak M ais BCAKOTO jequrens x"—1, a1 MHCrou/leHa
nenenns kpyra F,(x), rae d|n, cymecTByer OJIHO3HAYHO Of-
pejieleHHas LUKJHUECKas MPOEKIHA, oTobpaaloas MHOKe-
CTBO BCEX n-yroOJbHHKOB HAa LHMKJMYECKHH KJAcC, OMPe/eIeH-
Herii MHorouneoM Fy(x) (cM. § 2 ra. 8). O6o3HauuM ee ue-
pes &,

Kel‘ Fd (C) = Im Sd‘ (6)

TTpoekuHsi &, COOTBETCTBYET MHOTOUJEHY F,(x) npu uso-
MOphH3Me CTPYKTYP iy Ly ua Ly (e §1 ra.-8). Tlpu sTOM
T1pOH3BEJIEHHIO nequtesneit us L, nsomopdua GynieBa CymMa
COOTBETCTBYIOUHX MMPOEKIHH M B3aHMHO MPOCTHIM JeJUTeJIAM
COOTBETCTBYIOT OPTOrOHaJIbHbIE MPOCKIHH. [TockosbKY MHOTO-
yienbl F,(x) ans Beex d|n momapHo B3aHMHO npocTel H HX
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npousBeieHHe paBHO x" — 1, mpoekuuH e, Ans Bcex d|n mo-
NapHO B3aHMHO OPTOTOHA/bHBI M HX CyMMa paBHa 1.

Puc. 86. Pasnoxenue 6-yroibHHKa C LEHTPOM TSAKECTH O Ha e€ro
pauuoHa/bHble KOMMOHEHTHI.

Orciofia noJyuaercs OflHO3HAYHOE Pa3/okKeHHe POH3BOJIb-
HOTO f-yroJibHHKa A Ha N-yroJibHHKH H3 IUKJIHYECKHX KJac-
coB (B):

|
A= DA, (7)

din

LlukJaHuecKas MPOEKUHS ¢€,, oToOpakaiouas MHOMXKECTBO
BCeX 7-yrOJbHHKOB Ha KJacCc TPHBHAJbHBIX, COBMAJaeT C O;
ClefioBaTeNbHO, &, A —UeHTP TaXecTH n-yrojbhuka A. Tlpu
d == 1 mHOroyrosibHHK £;4 ectb d pa3 mpolifieHHbii Q-npa-
BHJIbHBIA d-YTOJBHHK C LEHTPOM TSKECTH 0.

OTH n-yroNbHUKH €44 Mbl 6y1eM Ha3biBaTb PAYUOHANLHOIMU
KOMNoHeHmamu A, a n-yroibHUK &,A — payuonaneroli Q-npa-
suavroti komnonenmoti A. Ecan K=Q, 10 pasnoxenue (7)
IBJsieTCs aToMapHbIM (CM. pHc. 86).
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ILns Beskoro fenutedist d LMKJIHYECKYIO T1POeKLHIO €4 MOKHO
nonyuutb H3 F,(x) ¥ ero NpoH3BOAHOH C MOMOLLbIO opmy-
asl (11) ra. 8. CyuectByer ellle 0JHO HHTEPECHOE NPEACTaB-
" JIeHHE g4

TEOPEMA 5.
eg=pa Il (1—py).
flid

INoxasatenncTBo. Ilycte d|n. Paccmorpum MHOro-
uJIeH

fat:=mq () IT (1—m ().

On paBen | Ha nepBooGpasHbIX KOpHsX crenenn d u3 1 u 0
Ha OCTaNbHBIX KOpPHAX cremenu n u3 1. [leficTBuTesbHO, Ha
mepBoO6pa3HLIX KOPHAX cTemeHH d H3 1 BCe COMHOXKHTeNH
npoussesienust f, () paBHbl 1 (Ha KaXIOM H3 TaKHX KOpHeH
my(x) pasen 1, a my(x) paBen C, t]||d). OcrabHbie KOPHH
U3 1 JH6O ABASAIOTCS KOPHSAMH cTenenu f (¢ | d), 1H60 BooGiie
He siBIAIOTCA KOpHsAMM creneHd d u3 1. Ha mepBhix H3 HHX
my (x) pased 1, a 1—m;(x) paBen 0; Ha TOCHENHHX My (X)
pasen 0.

Orcropa caenyer, 4to f, (C) AB/IAeTCA UHKIHYECKOH MpPOEK-
LHeil, OroOpaxaioleil MHOXKEeCTBO BCeX f-YrOJbHHKOB Ha
LLMKJIHYeCKHH KJacc, OnpejesieHHbll MiorousneHoM F,(x) (cMm.
teopemy 8a ra. 8). Ioatomy f, () =e,. Teopema nokasaa,

IpuBeaem Gopmyay, o6paTHYIO K J0Ka3aHHO# B Teopeme 5:

Ra= PR @)
itd )
[MMocKosbKY €, MOMApHO OpTOTOHAMbHBI, B (opmyse (8)

MOKHO BMECTO MPOCTOH CYMMBI MHCATh TaKKe GyJieBy cymMmy. ]

JNokaszatTeabcTBO. Muorounensl mgy(x) u f,(x) cBs-
-3aHbl CJIEYIOLIHM CPaBHEHHEM: B

my (x) = t%z fi(¥) mod (x"—1). 9)

TleficTBUTENbHO, NOCKOJbKY MHoOrouseH fi(r) pasen 1 Ha
nepBOOGpasHEIX KOpHAX #-ft creneH H3 1 M 0 Ha ocTajbHBIX
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KOPHAX n-# CTereHH U3 1, TO crosiwas cnpaBa B (9) cymma
paBHa 1 Ha Bcex KopHsix crenen# d u3 | u 0 Ha Bcex OCTalb-
HBIX KOPHAX n-if crenenu u3 1. Takum o6pasom, sta cyMMma
COBMajaer C m,(X) Ha CHNEeKTpe MHOrowseHa x"— 1. Ecau
B (9) BMeCTO X MOACTaBHTH §, mosiyyum (8).

YnpaxHeHue. BolBectH HenocpelCTBEHHO 13 dopmy.ibl (8) MyJb-
THIVIHKATHBHO® NMPaBWJIO 1ad Uy (§ 2 ro1. 4).

§ 4. Bynesa aireGpa, mopoxnenuas XOpPIOBLIMH
YCpeIHEHHSAMH, ¥ €e aTOMapHble 3JeMeHTbI

Kaxk u3BecTHO, XOpIOBHle ycpenHeHHs Wy, The dln, aBas-
10TCA UHK/IHYECKHMH MPOCKLHSIMH U KaK 3JIeMEHTHl 6YJIeBOii
anrebpsi (E (K [C]), o, -) nopoxpator HEKOTOPYIO mojaJre6py
E, (§ 5 ra. 5). dneMents p, He sBaAsIOTCSH CBOGOAHBIMH
00pasyIolUMH aJre6phl E,, 1. e. He Bce p,y aToMapHEl B E,.
CnpaBegnusa

Teorema 6. Iukauseckue npoexyuu &, (e0e d|n) obpasyrom
Cucmemy  amoMapHeLx 1eMeHmos areebpo. E,. 9ma aszebpa
codepacum 2°™ snemernmos u 6 caywae K =Q' cocmoum uz 6cex
Yukaudeckux npoexyuii.

HoxasateawnctBo. Ilo TeopeMe 5, e, (rae dn) npu-
Hadarexcam E,; OHH OTJIMYHBI OT HyJd, TOMapHO OPTOro-
HaIbHBl M MX cymMa paBHa . Ortcioma (B cuay TteopeMsr
2 ra. 5) caenyer, uTo e; aTOMapHbI B HEKOTCpO# mopnaJreGpe,
npuHalnexauedt E, u conepxaueii 25 sgementos. Usa dop-
MyJbl (8) BbiTekaeT, YTo 3Ta nojasirebpa coBmagaer c E,.
Ilpn K = Q kosnuecTBo mpocThix pesntesei £ — 1 paBHoO T (1)
(§ 2 ra1. 6), a Ko/IMUECTBO LUKJHYECKHX NPOeKIHUHA paBHO 27
(reopembl 1" u 2 1. 8); crefoBatenbHO, Bee OHH cozepxkatcs
B E,. Teopema nokasana.

Qurypupyioumee B TeopeMe 5 NPOH3BENEHHE MOXKHO CO-
Kpatutb: NpH dz=1 MOXKHO OTPAHUMHTBCS MAKCHMAJBHAIM
COGCTBEHHBIM JleuTesnieM { uncaa d. 3amuch KOMOHHaL K
U3 Hy C moMouwbio onepauuit o, -, 1— [Kak, Hanpumep,
B Teopeme 5 H/H B dopmyse (4)] ynoGua TeM, YTO H30MOp-
¢usmMom Im (usm aHTHU3OMOpPOH3MOM Ker) oHa Hemocpes-
CTBEHHO TNEPEHOCHTCA Ha COOTBETCTBYIOUIHE KOMGHHALMH
LHKTHYeCKHX KnaccoB. C Apyroit cTOpoHwl, packpoem cko6ky
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B NPOM3BEJICHHH TeOpeMbl 5 M BOCMOJ/Ib3yeMCsl NpPABHJIOM H3
§ 2 ra. 4. Torna Mel M NpeicTaBuM e, B BHIe LLeJIOYHCIeH-
HOH JIHHEAHOH KOMOMHALMH H3 5/IeMeHTOB W, rae f|d.

Mpumep: n=12, e=p, e=p,—n, By =Wy —y,
By =My Eg=lg—y— Wy -y, E=N,—Ug—N, 1,y
(mpuuem Bceria p, =0, a npu n=12 eme p,=1

B sToM npuMepe KosdduLHEHTE NpH W, B NpecTaBJICHHSX
Ans &4 paBHbl 1, —1, 0 W cymma nx paBHa HyMmo npn d == 1,
Ora 3aKOHOMePHOCTb HMeeT o6l xapakTep. JleficTBHTEMbHO,
Ha OCHOBaHHH opMyJIbl o6pamenns Mébuycat) us (8) cienyer

TeoPEMA 7.

8d=tzw:l’« (';1) By

3peck p (m)—gpynryus Mébuyca HartypasdbHOrO apry-
MeHTa m, OINpeJeseHHas cJjefyrownM obpasom: (1) =1;
p(m)=(—1)", ecau m ectb npousBeieHHe r TONApPHO pas-
JIUYHBIX TPOCTHIX JenuTesedt; w(m)=0, ecau m=%=1 u He

CBOGOJHO OT KBaApaToB; Mpu 51oM X1 (£) = 0 NpH Bcex m=41.
tim

Wrak, Mel nosTyuusin iBa npescTaBieHns e, (TeopeMbl 5 1 7).
[IpnMensis sakonbl ge Moprana K ¢opmysie TeopeMsl 5 H
YUHTBIBas, YTO W,=l, STH MpeicTaBIEHHS MOMKHO MepemnH-
cath Tak: .

1—e, =3 oug (10
di|n
l—e,=— Y (§)ue (11)
© dln

Ynpaxuenne. [lpoekuns ey (rae djn) nomyckaer cienyioiee
npeicrabjenye ¢ nomouwbio Gynkuuu MéGuyca:

. 1 d
3d=2 ctfy e ci=— 2 p (T).t

i=0 {\(d, i)

1) Cm., nanpumep, Xacce [I8], § 4,7 [umu Bunorpagos [7}. —
fpum. ped.|
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[(d, i) o6o3nauaer HOJl uncen d u i]. Ecau unciao d cBo6onHo OT KBa-
1paTtoB, TO CIPaBeNJHBH TaKke (GOpMYJIbl

1 d .
ci=—H (m) ¢ ((d, 9)),
rie ¢ (m)—dyukuus diinepa.

§ 5. K nocTpoeHuio pauuoHa/ibHbIX KOMMOHEHT M-YyroJbHHKA

l-yrofbHHK HMeeT eIMHCTBEHHYIO PallHOHaJbHYI KOMIIO-
HeHTy —caMoro cebsi. Ilycte Teneps n=41.
Kunace .% Q-npaBHMILHBIX 71-yTOJBLHUKOB fIBJSETCSA Iepe-

CeueHHeM KJIaccoB Jl 4, rae d|jn. B GysneBoit anreGpe WUKJIH-
YeCKHX KJIaccoB - yl‘OJIbHPIKOB JLOTOJIHHTENbHBIMH K A”’ ABJISA-

1oTca KJaccel Ay, 7 (Teopema 3 1. 4); mostomy *Gonoani-
MeAbHBIM K yenmparbHomy Kaaccy R, Q-npasursHeix n-yeone-
o

HUKO8 A8asemca Kaacc

= X dy, 7, (12)

dl|n

CyMMa BceX COGCTBEHHO mNepHOAMYecKHX KaaccoB. s Hero
CrpaBeiJiuBa TeopeMa, aHaJoruyHas teopeme 1. C apyroi
CTOpOHBI, MOCKONbKY o, pasiaraercs B INPSAMYI0 CyMMY
ILMKJHYECKHX KJIACCOB M3 TeOpeMbl 3, TO ., ecTb CyMMa
BCeX 3THX KJIacCoB, KpoMme Jl,,.

W3 Im e,,—f/% BbeeKaeT, yto Im (1 —eg,)=A;.

I'Ipumepm. A;—Kaacc npusM (cM. § & ra. 5); AL—
Knacc 12-yronbHUKOB, 06a XOpHOBEIX 6-yroJbHMKAa KOTOPBIX
SBJISIOTCS NpH3MaMH.

Tenepb paccMOTpPHM pasfoxeHHe n-yroJbHHKa A Ha €ero
palHoOHa/bHEIe KOMIIOHeHTHI. 3anuiieM A cienyoouyM o6pa3om:
) A=De,Ad+e,A=A*+¢,A,

d\n
rie A*=dZe,,(A)= (1—e,) A. (13)
[in

[Tpexkae Bcero npeicraBuUM ce6e, uTo AJfsi BCsiKOro cobcT-
BeHHOro fesutens d uWcjJa 7 TOCTPOEH MNepHOXHUECKHH
n-yroJibHUK W A, BepIUIHHAMH KOTOPOTrO SABJAIOTCA UEeHTPH

TAYKECTH XOPHOBHIX d-yroibHMKOB (dd = n; Teopema 1 ra. 4).

RO

g
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KomnoneHTa €,4 npu d==n CTPOHTCH H3 TaKHX COOCT-
BEHHO TNEepPHOAMYECKHX n-YFOJbHHKOB, a HMEHHO H3 p,A H

o d
uiA, rie {—coOcTBeHHBIH AenuTedb d, A KOTOPOro ~ CBoO-

GoaHO oT KBazapaTtoB (cM. TeopeMy 7). Ilono6abiM ke o6pa-
30M Ha OcHOBaHHH ¢opmyJibl (11) cTpouTcs n-yronbHHK A*,
A* u ero cnaraemble e;4 (d||n) npuHapiexar knaaccy ;.
Q-npaBHJbHAs KOMIIOHEHTa €,A He NpPHHALIEKHT KJac-
cy A, (eciu A€ A;, 10 e,A=0) u He CTPOHTCA H3 COB-
CTBEHHBIX INEPHOJHYECKHX n-YroJbHHKOB. Ee MOXHO mpef-
CTaBUTh B BuAe pasHocTH A—A* uTo yxe OblIO cAeJiaHO
anst n=6 B TeopeMe 6 ra. 5; A U A* n306apHUHbI, TOITOMY
A— A*ecTb Q-npaBUJ/IbHBIN N-YTOJbHHK C LLEHTPOM THXKECTH 0.

YnpaxHeHUud

1. Eciu n paBHO cTenmeHd MNPOCTOrO 4HC/IA p, TO JAOMNONHHTENbHEIM
K UeHTpa/bHOMY Q-NpaBHJbHOMY KJaccy fBASeTCSl NePHOAHYECKHH

. o n
KJjacc, a UMeHHO KJjiacC p pa3 NPOHICHHBIX ?-yI‘OJ]leflKOB.

2. Besikomy cBOGOJHOMY UHKAHMYECKOMY kaaccy pl-yronbnukos €
MOXHO MOCTAaBHTb B COOTBETCTBHe 1Ba CBOGOAHBIX Kijacca p!+1l-yross-
HUKOB: 1) Kuaacc p!+1l-yrofbHUKOB, XOPIOBEE pl-yrONbHHKH KOTOPBIX
npuHamiexar ¢, 2) kaacc pl+l-yroJbHHKOB, XOpHOBble pl-yronbHUKH
KOTOPHIX H306apHuHbl U NpuHAgIexaT B. Beakuil M cBOGOXHBIA UHKIH-
yeckMii Kaacc pl'+l-yroJbHHKOB MOXKHO NpH K=Q nOJyyuTb TakuM
c6pa3soM?



raABA 11

KOMNNEKCHBIE KOMMOHEHTbI
n-YrONbHHUKA

§ 1. W-n-yroibHUKH, MPaBHJbHbIE 7-YrOJbHHKH

[TycTb w— HeKOTOpbIA KOpeHb n-# crenenn u3 1, npu-
Hagnexkamui no/mo K (w=1 Bcerga npuHamitexur noo K).
HazoBeM w-n-yeonrbHukom Takol n-yroabHHK, B KOTOPOM
Kaxjaa c/elylolas BepulHHa MOJyyaeTcs M3 Npelblayiled
YMHOXK€HHeM Ha w:

(@, wa, wa, ..., W 'a), a€V. (1)

Eciu a =40, To Bce BepliHHBl n-yrojbHuka (1) nmpuHan-
JeXaT OHOMEepHOMy mnoanpoctpaHcTBy Ka mnpocrpaHcTsa V.

Ecan w=1, TO MHOXECTBO W-r-yroJbHHKOB COBIafaeT
¢ KJaccoM TPHBHAJbHHIX A-yroJbhHKOB. Ecanm w1, TO
w—KopeHb MHoOrousieHa (x"—1)/(x—1)=1+4+x+4x2+4...
...+ x"71 csenoBatesbHO,

1 +wtw 4 ... +w~1=0, @)

Orclofa BHMJHO, YTO MNpH wW=~1 BCAKHH W-n-yrOJBHHK
BEKTOPHOTO MPOCTPAaHCTBA V HMeeT LeHTP TAKECTH O; AeHCT-
BHUTEJbHO, :

%(a—l—wa—l—w?a—I—...—]—w"‘la):o ®)

. Ansi Bcex w==1 n Bcex a€V.

Burecre ¢ w mnomo K mpuHajiexur Takxke w~l. Ecuau
BepLIMHBl n-yrodbHHKa (1) mepenxcath B 06paTHOM MOPsiKe,
TO MOJYYHTCS W~ '-n-yrOJbHHK H TaK MOXHO [OJyYHTb
Kaxapii @™ '-n-yroneHuk. IIpn w=~=+4 1 TONBKO HyNeBOH
n-yroJibHHK O ABJIAETCA OJHOBPEMEHHO ©-n-yrOJbHHKOM H
W™ 1-n-yroJbHUKOM.

W-n-yrolbHHKH 06pa3yloT UHKJIHYECKHH KJace, YHCJIO0
creneHeil cBoGoasl kotoporo pasHo 1. On ABAseTcs aTomap-
HbIM KJAacCoM, OmpefiesieHHbIM IPOCTBHIM JeJHTeNeM X——u.

3
:
:
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JleficTBUTENILHO, TIPH 7% 1 N-YTOJIbHHKH (1) sasasiorcs pe-
[IEHHAMH LHKJIHUeCKOH CHCTeMb @, =wd;, ... . Ilpn n=1
MHOJKECTBO W-A1-YTOJILHHKOB COBMAjJaerT € MHOXECTBOM BCeX
1-yroNbHHKOB H YTBep:KJEGHHE ocraeTcs  CMpaBe/THBBHIM
(cp. § 3 ra. 6).

Ecnn K cofepKHT Bce KOPHHM n-H CTemeHW H3 I, T. e.
ecnu x"—1 pasnaraercs B K [X] Ha JuHeliHble MHOXHTENH,
10 S BCAKOro KopHs n-fi CTemeHn W3 1 umeercs CBOH
KJIacC w-n-yroJbHUKOB H CNpPaBesinBa

Teopema 1. Ecau noase K colepocum 6ce kopru n-i cme-
nenu u3 1, mo amomaproimu YUKAUYECKUMY KAQCCAMU T-Ye0nb-
HUKOB ABASIOMCA KAQCCHl W-N-YeonvHukos, 2de w npobezaer
6ce kKopHu n-fi cmenenu w3 1 (M. § 3 ra. 6 nan Teopemy 5
ra. 8). :

Ecan K w-n-yroibHukY (1) npnGaBuTh 1POH3BOJIbHBIA
TPHUBHAJbHBIA 71-yTOJbHHUK, MOTYyIHM

@+b, watb, ..., W a+b), a, bEV. (4

MHOKeCTBO. 7-yTOJILHIKOB BUIa (4) o6osnaunM depes €.
Torga $,—KJacc TPHBHAJIBHBIX f-yroJbHHKOB. Ipu w1
kaacc 6, sBJIseTCA CBOOOJHBIM K/accoM, COOTBETCTBYIOIIHM
LeHTPAJbHOMY KJacCy w-N-YTOJIbHHUKOB; OH HMeeT CTemeHb
cBOGOIB 2, ompejessercsi MHOroueHoM (¥—1)(x—w) u B
6y/1eBOfi asre6pe HHK/JMYECKHX KJIaccoB sBJAETCS BEPXHHM
COCeJHHM K KJacCy TPHBHAJbHBIX 7-yrONbHHKOB.

ITycts Tenepb K CONePKHT BCe KOPHH 71-if CTeNeHH U3 1.
Torga cyuiecTByeT ¢ (n) K/acCOB

6., ede w— nepeoobpasnyil KOpens n-ii cmenenu u3 1. )]

Bce n-yroJbHHKH, MpHHALEKauue kaaccam (5), T. e. Bee
n-yroJibHUKH (4), Mbl Ha30BEM N1PABUNLHbIMU n-yeoroHuKamu *).
[MpaBuibHbIMH GyfieM TaKXkKe HasbiBaTb BCe TPUBHAJbHEIE
n-yroabHHKH'). B HeTpHBHANBLHOM NPABHILHOM 71-yTOJIbHHKE
BCE BEPLUHHBI Pa3JIHYHBL

*) Slcwo, uro npu K=% u dimV=1 (koMniexkcHas Ma0CKOCTb)
®.,—5T0 KJACC NPaBHJIbHBIX N-YTOJIBHHKOB (B 3J€MEHTapHO-TeOMeTpH-
yeckoM CMbICae; cM. cTp. 184, B uacTHocru, puc. 87).

1) [TocKoabKY KJacC TPHBHAMBLHBIX A-YTOJNBHHKOB CYUIECTBYET MpH
M06bix n n K, MMeeT CMbic/1 Ha3blBaTb HX NMPAaBMbLHEIMH TaKiKe H B TOM
cygae, Korja K He cojepKHT BCeX KopHedt n-# CTeNeHH M3 1.
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Knaacc (5) eamHCTBeH TOJBKO B ciyyae ¢ (n) =1, T. e.
npu n=1, 2. Knace %, (n=1), coorserctBenHo € _, (n=2),
CONepKUT Bce 1-yroJIbHHKH, COOTBETCTBEHHO 2-YTOJNIbHHKH,
NO3TOMY JUisfi BCSKOro fomyctumoro mons K moGoft 1- win
2-yroJIbHUK siBJIsieTcsl MpaBH/IbHBIM. [Ipu 3TOM ciyyail n=1
ABJAETCS HEeCKOJbKO OcoGbiM, H60 H3 BceX KJaccoB (5)
TONbKO €, npn n=1 sBJAETCA aTOMAapHBIM; BCE OCTa/lbHbIE
Kaaccel (B) mpum n==1 coxep:kar KJjacC TPHUBHAJbHBIX
n-yroJIbHHUKOB. -

MHO:KeCTBO MpPaBHJABHBIX f1-yTOJNBHUKOB, T. €. 00beJHHe-
HHe LMKJUdeCcKHX KJjaccoB (5), BooOlie Trosops, LHKJ/HYe-
CKHM KJaccoM He sBJsieTcs: AeHCTBUTENLHO, CyMMa JABYX
n-yrolbHUKOB H3 Pa3/IMYHEIX KJaccoB (5) He fBJseTcs mpa-
BUJBHBLIM n1-yrofbHHKOM. OHO sBJfeTcs KJaccoM TOJbKO
npu n=1, 2.

Cymma Beex KJjacco (B) ompepenserca npu n== 1 MHOro-
uneHom (x—1) F, (x) (teopema 5 rai. 8), a mpu n=1-—mHo-
rounedoM x— 1. Orcioga cjenyer, uto CymMa KJaaccos (5)
SBJISIETCA KJACCOM Q-MPaBHJIbHBIX A-YTOJbHHKOB; OJHAKO
ToMbKO Npu n=1, 2 BcAKUH Q-npaBHJbLHBIA 7-YTOJbHUK
ABJAETCS NPABHJbHBIM 71-YTOJbHHKOM.

Cneacteue u3 Teopenn 1. [Tyemo K codepocum 6éce KopHu
n-ti cmenenu u3 1. Amomaproimu YUKAUHECKUMU KAGCCAMU
ABASIOMCA: KAACC MPUBLANGHBIX N-YeOrbHUuK08 (MPH n=1—
eMHCTBEHHBIH) u, kpome moeo, npu n=1, @(n) kaaccos
NPABUALHLLY N-Y2ONbHUKO8 € YeHMpom msaxecmu O (B cymme
OHH COCTaBJSIIOT LEHTPa/bHBEIA KJace 23,, Q-npaBHJIBbHBIX

n v
N-YTONILHAKOB) U KAQCCHL ~-KPAMMHO NPOUGEHHBLY NPAGUALHOLY

d-yeonvrikos ¢ yenmpom msancecmu O (Tae d-——eces03ModcHbLe
HeMpuaUalbHble NeNHTeIH YHCIa n).

D10 caeicTBHe OGOCHOBEIBAeTCS CJ/EAYIOUMMH paccyiKnie-
HUAMH,

B m060M 13 K/1aCCOB w@-1-yTOJIbHUKOB /ISl BCAKOH TOYKH @
MOXKHO YKa3aTb eJMHCTBEHHHIl 7-yrOJBLHHK C HauajloM @.
Ecin w— neppooGpasublii Kopelib n-ii crenenn u3 1, To Bce
KJacchl TeopeMbl 1 CyTh KJaccel @'-71-yrOJbHHKOB, THe
le{l, 2, ..., n}.

O6o3HauuM w'-n-yroJbHUK C HauyajoM a uepes A, (a)
(tak uro A, (@) —5TO HCXOAALHA U3 TOUKH @ W-n-yTOJbHHK).
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Torza A, (@) —npaBHJbHBI 71-yTOJNBHIK. Ecau [ B3auUMHO
npocTo ¢ 7, TO w'—TOKe nepBoo6pasHblil Koperb U A, (@) —
ToKe TPAaBUJbHBIA A-YrONbHUK; MHOXKECTBO €ro BepLIHH CO-
pnanaer ¢ A, (@), ToNbKO Hymepauus Gyner HHOM: yCJIOBHMCS
roBOpHTH, uTo A, (@) nonyuex u3 4, (a) 1-xopdoebim 06x000M '),
rae [ B3auMHO mpocto ¢ n. B ofiiem e c/iydae eciH w —
nepBOOGpasHEIfl Kopenb d-il CTenmeHH W3 1 (roe d|n), TO

n o o e
A, (a) ecTb —-KpaTHO I OHJeHHBLIN IPaBHJbHbBIN d-yroJibHUK
! d

[1. e. @'-d-yroJbHHK C Haua/loM a]; npu d == n MHOTOyroJ/ib-
Huk A, (@) Gyner coGCTBEHHO MNEPHOAHUECKHM.
Muoroyronbuuk A4, (@) =(a, a, ..., @) MMeeT LEHTp
Tsskectd @. TIpH n == 1 Bee n-yronbHuku A, (@), ..., A,_(a)
(B TOM 4HMCJIe H MHOrOKpaTHO npoiifieHHble d-yroNbHHKH) B
cuay (3) MMeoT LEeHTP TAKECTH O.
ITonBeseM HTOr CKa3aHHOMY:

Teopema 2. Ecau A —npasuavrolil n-yeorbHuk, mo 8caKul
N-Y2oNbHUK, NOAYHEHHbIL U3 HE20 I-xopdoseim 06xodom (20e 1
63QUMHO MPOCMO € N), MAKdKKe ABAAEMCS NPASUALHOLM. Ecau
d—deaumeav n, mo xopdosolii d-yeorbHUK NPABUALHOSO N-YeOrb-
nwuka A seasiemcs. NpasubHbiM  d-YeorbHUKOM, Npu d+*1 oH
uMeem mom e Yenmp mscecmu, 4mo u ucxo0rslti A.

YnpaxHeHus
1. Cpennee apuMeTHuecKoe n-YrONbHHKOB Ay (a), ..., A, (a) ectb
n-yronbHHK (@, 0, ..., 0). .

2. O6nanaior aM Q-NpaBHALHBIE n-YTOMbHHKH CcBOACTBOM, cdopmy-
JUpOBaHHBIM B Teopeme 2?

3. MpocToe noje XapakTepHCTHKH P, pA'n, comepXuT BCe KODHH
n-it cTeriend W3 1 Toraa M TOJbKO TOrAa, KOorja p== 1 mod n.

§ 2. Cayuait noJisi KOMIJIEKCHBIX YHCE]

Ecin K = C—rosie KOMIIIEKCHBIX YHCeJ, TO AJsi BCAKOron
KOPHH n-fi CTemeHH M3 1 HMEIT BHI

w=e®=cosB+isinb, rae 9=—2n£l ((=12,...,n).

1) Tycts A=(ay, ..., @y) M [—TPOU3BOIBLHOE UHCJIO. OGpasyeM
N-yTOMBHUK (@y, A1+ +-+» Q1+@m-11), TAE HUAEKCH y d; 6epyTes
mod f, — HMeNIo 3TOT A-YFOJALHMK Mbl OyieM Ha3biBaTb MOJMyHEHHLIM
u3 A [-xopdosetm 06x000M.
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Bcakoe oanomepHoe moampocrpanctBo Ca B V, rae as4o,
npeacTaB/ser co60i rayccoBy 4HMCIOBYIO nuockoctb. OroGpa-
KeHHe

X — WX

31eCh TPEACTaBJIsAET CO6OH MOBOPOT BOKPYT HYJIEBOMH TOUKH O
Ha yroa 6. Kaxpaa BepunHa w-n-yrosmbHuka (1) nosyuaercs
M3 MNpeibiAymed BepUIHHBI ¢ MOMOMIbI0 3TOro nosopora. Cre-
LOBATEJIbHO, NPABUALHOIE 6 HAUIEM CMbICAE N-YSONbHUKU HA
2ayccosot NAOCKOCMU SBAAIOMCS NPABUAHOIMU  N-Y20NbHUKAMU
6 obbiuHoM (eBKJIHIOBOM) cmoicae (puc. 87).

Puc. 87.

; 2n
IMpn w=e®, rge 9=T’ W-A-yTOJNLHHKH CYTb OGBIKHO-

BeHHble NPaBHJbHbIE BBIMYKJbIE f1-YTOJbHHUKH C MOJOKHTE/b-
HbIM OGXOJOM BEepIUMH H LEHTPOM TsKeCTH O (cM. puc. 88);
WTL-N-YyTOJIbHHUKH — 3TO T€ K€ N-YTOJIbHUKH C O6PaTHBIM MO-
paakoM ob6xopaa BepuiH. OHU 06Pa3yioT HOBbIH LHKJ/JIHYECKHIT
KJacc: npu n > 2 oba 3TH KJacca MPaBHJIbHLIX N-YLOJAbHH-
KOB pa3/IHUHBl, OOWHM A1 HUX ABJIAETCA TOMbKO HYJeBOMH
n-yroabHuk. Ecau @ (n) >-2, TO cyuiecTByIOT eme H aApyrue
NpaBuJ/bHbIe -YTOJbHUKH C LEHTPOM TSIXKECTH O, Hamnpumep
NpH 71=295 KJjacC NPOHJeHHbIX B MOJOXKHUTEJIbHOM (COOTBETCT-
BEHHO B OTPHIATENbHOM) HAaNpaBJEeHUH TMpPaBHJbHHIX [ATH-
KOHEUHBIX 3Be3] C LEHTPOM TAKecTH 0 (puc. 89).

— ) sk AR

B T Y U



§ 2. CJIYUAM NOJSA KOMITIEKCHBIX YMUCEJ 185

Bcero Haj mnojeM KOMIJIEKCHBIX 4HCeJ CYIIECTBYeT n
aTOMapHBIX LMKJHYECKHX KJacCOB A-YrOJbHHKOB. Hwmu
ABJSIOTCA:

[lpu n=4—TpuBHabHble 4-yroJbHUKH; IBaXKAbl npou-
JeHHbIe 2-yrosbHHKH (@, —a, @, —a); KBajgparth (@, ia,

4 5

<y
N

'Pnc. 88. Puc. 89.

—a, —ia); KBajgpaThl, TpOiJeHHble B IPOTHBOIOJOXKHOM
HarnpaBJeHHH.
2 - i)\ -

Ilpu n=35 =%, w=e"):—TpHBHANbHEIE 5-yrosibHH-
KH; TpaBHJbHBIE 5-yrOMLHUKH (@, wa, ..., w'a), NpaBHJb-
Hble 5-yTrOJbHHKH, NMPOHAEHHBIE B MPOTHBONOJIOKHOM HalpaB-
JeHUH; TpaBaJbHble 3Be3fbl (@, w'a, w'a, wa, wa);
npaBUJbHBIE 3Be3fbl, IIPOHJEHHbIE B MPOTHBONOJOXKHOM
HamnpaBJIeHHH,

Ilpy n=6 (6 = %n , W= e"“) — TpUBHAJbHbIE 6-yrONBHH-

KH; TPUXKAbl TpOieHHble 2-yroJbHUKH (4, —a, ..., —a);
IBaXkjpl TIpOHJeHHBIE TNpaBHJAbHble 3-yroJbHHKH (@, w*a,
w'a, a, w'a, w'a), NpaBHJbHbIE TPEYrOJbHUKH, [BaXKAbI
NPOAJIEHHbIE B MPOTHBONOJIOXKHOM HallpaBJ/eHHH; M1PaBUJbHbIE
6-yrosbuuky (@, wa, ..., @w*a@); nNpaBU/bHbBIE 6-yroJbHUKH,
npoiiJieHHbIe B NPOTHBONOJIOKHOM HallpaBJeHUH,
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§ 3. KomniekcHble KOMMOHEHTbI 72-YroJbHHKA

Ilycts, kak u paHblue, mnose K CoZep:KUT Bce KOPHH
n-it crenenu u3 1. Beaxkuil n-yrosbHHK A OJHO3HAUHO pPas-
JaraeTcs B CyMMy A-YTOJbHHKOB M3 aTOMapHbIX LHKJHYe-
CKHX KJIaCCOB, T. €. B CHJY TeopeMbl | B CYMMY w-n-yroJb-
HHUKOB, I'ie w npoGeraer Bce KOPHH n-ii creneHu u3 1. Cna-
raeMoe, COOTBETCTBYIOllee 3aJaHHOMY KOPHIO W, Ha30BeM
W-KOMNnoHenmoti A, a BCe 3TH CJaraeMble — KOMNACKCHbIMU
Komnonenmamu A.

Haina 3agaya —HaiiTH KOMIJIEKCHBIE KOMIIOHEHTHI 71-YTOJb-

HHKa A= (a,, a,, ..., @,). 3amuueM Mpexie BCero oye-
BHJIHOE PaBEHCTBO
@, a, ..., a,)=(a,o0 ...,0)+(, a, ..., 00+
+(, ..., 0, a,). 6)

[MockosbKy cymMma Bcex KopHel n-ii cremeHu M3 1 mpH n==1
paBHa 0 [cM. (2)], umeem

1 -
(a,, 0, ..., 0)= Z F(al,wal,wﬁal, cowta). ()
no BCeM w
Tem caMbIM n-yrojbHUK (@, O, ..., 0) NpejcTaBJeH B BHJe

CYMMBI f1-yTOJIBHHKOB H3 aTOMapHbIX KJIaCCOB TeOPEMBI 1,

4 HMEHHO B BHJE CyMMBbI W-/1-YT'OJIbHHKOB C HayaJlOM B TOUKe
1

—-@; B CHIy OJHO3HAUHOCTH aTOMAPHOTO Pa3JIokeHHs
Mbl TOJIYUHJIH KOMIIEKCHBIE KOMIIOHEHTHl  f-yTOJIbHHKA
(a,, 0, ..., 0). Ananornuso

1 - -
(O) a29 0, sy 0)='—" E ‘,T (wn 1a2’ az, wag; ey wn 2a2)1

no BCeM w

rJ€ CMpaBa CTOST KOMILJIEKCHbIE KOMIOHEHTHI A-YroJbHHKA
(o, a,, 0, ..., 0), u 1. &. B cuay (6) Z0cCTaTOYHO CJONKHTb
BCE 3TH Pa3jI0XKeHHs; MPH 3TOM Mbl cobepeM Bce KOMIIOHEHTSI,
OTHOCSIIIHECS] K OJHOMY KOPHIO W; HX CYMMa JacT W-f-yroJb-
HHK, a HMEHHO W-A-yrOJbHHK C HauyaJoM

-1
1 - 15
—a +wTa,+ L ea)=— Y wla . (8)
i=0
- Kax u3BecTHO, Bce ocTa/IbHble BepIIHHBI 3TOMO W-A-YTOJIbHHKA
MOJTYYaloTCs M3 €ro Hauaja yMHOXKEHHEM COOTBETCTBEHHO HA
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w, w3 ..., w""1. TeM caMbIM Mbl TOJIHOCTBIO PEUIHJIH II0-
CTaBJCHHYIO 3ajady. [DTOT pe3y/bTaT MOXKHO ONHCATb CJle-
AytomkM o6pasoM. 3amuilieM OJHH MOA APYTHM @~ !-A-YroJib-
HHKH ¢ Havyajaom @, rae i=1, 2, ..., n. Torma uentp
TAXKECTH TOYEK, JeallMX Ha TJIaBHOH [JuaroHajM 3ToH Ttab-
JIMUBI, SIBJIS€TCA  mMepBOH  BepUIMHOA (8) wW-KOMIOHEHTHI
n-yroabklika A. OcTanbHble BepIUHHBI 3TOH KOMIIOHEHTHI
NOJIYYalOTCsT YMHOXKEHHeM TepBOH TMOocJefoBaTelbHO Ha W,
w?, ..., W' CHH ABJSIIOTCA TaKXe LEHTPaMH TAXKeCTH CuC-
TeM TOYeK, JeXKallHX Ha Mapajjiesiax K TJIaBHOH JHaroHaJ. ]

W-n-yroNbHUK ¢ HadajoM (8) sBaseTcss 06pas3oM f-yroJb-
HHKa (@,, @, ..., @,) TNPH LHKJIHYECKOM OTOOpaxKeHHH C

n-HabopoM Ko3(pdUILHEHTOB 7(1, wl Wt ..., wTTD),
T. e. (cM. TeopeMmy 3 ra. 2) mpH HUHKJIHYECKOM OTOOPAKeHHH

ey (8): =%(1 e Nk S R N TRl St =
1 ios
=7 nw
i=0
CdopmynupyeM mosyueHHBIH pe3yJbTaT:

Teopema 3. Ecau nose K codepxcum éce kopuu n-ii cmenenu
us 1, mo

A= X e,(0)A, rne e,‘,(g):.;]l.iwﬁgi’

o BCe .
M @ i=o0

A6N9EMCS OOHOHAYHOIM PASAOJCEHUCM NPOUBBONLHO20 N-Ye0Ab=
HUKQ A HQ N-YeONbHUKU U3 QMOMAPHOLX YUKAUYECKUX KAQCCOB.

Cnaraemoe e, (§) A ABAseTCA w-n-yrojJbHHKOM, a e, (§) —
npoexuuefi £, Ha MHO)KECTBO W-N-yroOJbHHKOB,

Cnexncreue. Omobpacerue e, ($) npoexmupyem mHoxcecmso
6CeX N-Y20NbHUKO8 HA KAQCC W-N-Y20AbHUKO8, A8AAWULCS amo-
MOPHOIM  YUKAUHECKUM  KAQCCOM, ONPeOeAeHHbIM MHO204NeHOM
X-—w.

Ipyrumu cioami, e, (§) SABAAIOTCS aTOMaPHBIMH LHKJIH-
HECKHMU MpPOoeKUHAMH. DTO c/IeACTBHE MOKHO B3ATh 3a OCHOBY,
NpoBepHB ero HemocpeACTBEHHBIM MOACYeTOM (IOZOOHO ABYM
NepBeiM  yTBepkAeHHsM TeopeMbl 1 ri1. 4). Torma H3 Hero
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6yneT BbiTeKaTb TeopeMa 3. OnHaKO, MOCKONbKY CTPOeHHE
orobpaxenuit e, ({) camMo mo cebe MpeACTaBJAAeT HHTEpEC,
MBI TIOJIYYHM Halle CJeACTBHe M3 oOLIMX TeopeM rij. 8.

B rn. 8 ykasaHbl-jgBa NyTH HaXOXAGHHA LHMKJIHYECKOH
npoekIyH, orobpaxatomeil 4, Ha LHKJIMYECKHH KJjacc, ompe-
JIeJIEHHBIHl MHOTOUJIEHOM X —W:

1) Oas ¢ (x)=x—w ortoGpaxeHHe e (§) eCTb HyKHas HAM
npoekius (cM. dopmyay (15) ra. 8). Beiuncsienne ¢ noMoribio
dopMyibl, cofepakanieil npoussouyto f (x) (treopema 3 ra. 8),
NPHBOJUT K CJeAYIOUIeMY pe3yJbTaTy:

e, (x)= —,ll- (14w (@ tx)2 .. .+(w‘1x)”‘1)=% 2_: w™ixt,

i=0

[MoacraHoBka x — { naeT HCKOMYIO MNpoekuHio e, (§).

2) Tlo Teopeme 8a ri. 8 HyxHasd HaM MPOEKLHS IOJY-
yaercs MOACTAHOBKOH { B MHorousen u3 K [x], paBHBif 1 Ha
w # 0 Ha oCcTaJbHBIX KOpPHAX n-if cTeneHH H3 1.

PaccMoTpuM fiesuTesb MHOrouseHa x”—1, JOMOJIHHTENb-
HBIH K X—W.

= (I 4+ (@ %)+ @ w2+ ...+ (@ )",

Ou paBeH HYy/MIO Ha BCceX KOPHSIX n-H crenenH u3 1, oT/Hy-
HBIX OT W; eCJH Xe MOACTaBHTb B HEro x=uw, To OH o6pa-
maercs B @~ 'n. TTo3TOMy AOCTaTOYHO IOJENHTL pPacCMaTpH-
BaeMblil MHOTOUJIEH Ha @™ !n W MPOH3BECTH MOACTAHOBKY X — L.

3aMeTuM elie pas, uTO HEHYJEBBIMH KOMIIEKCHBIMH KOM-
MIOHeHTaMH Q-TIPaBUJIbHEIX 71-YTOJbHHKOB C LEHTPOM TSXKECTH
0 Moryt GbITb TOJBKO MpPaBHJbHBIE A-YTOJILHHKH C LEHTPOM
TSXKECTH 0. '

xn—1
X—w

[Tpumep. Ha rayccoBoit uncnoBOfi MNJIOCKOCTH (c/yuyal
V=K =0C) ecakuii naparresozpamm ¢ UeHmpom msascecmu 0
00HO3HAUHO npedCmasum 6 8ude CyMmbL 08Yx K6aOpamos ¢ YeHms-
pom msgecmu 0, npoxoOUMbX 8 MNPOMUBONOAONCHBIX HANPAs-
aenusx. Ha puc. 90 A= (a,, a,, —a,,—a,) pasjaraercs Ha
i-KOMIoHeHTy A:

1 L . .
3 (@,—ia,, ia,+a, —a,+ia, —ia,—a,)

AR b A
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" (— i)-KoMnoHeHTy A:
1 . . . .
5 (a,+ia, —ia, +a, —a,—ia, ia,—a,).
AHaJIOTHYHO BCAKHH 3-YrONBHHK C LEHTPOM TSIKEeCTH O
OJIHO3HAYHO NPEACTaBUM B BHIE CYMMBI JBYX NPOXOAHMHIX B
I POTHBONOJIOKHBIX HANlPaBJeHHAX NMPaBHJbHBIX 3-YrOJbHHKOB
C LEHTPOM TSXKECTH 0; BCAKHH apHHHO-NPaBHIBHHIHA 6-yrosib-
HHK C LEHTPOM THKeCTH O0—B BHAE CYMMBI JByX IPOXOAH-
MBIX B TPOTHBOMOJIOXKHBIX HallpaBJeHHSX PABHJIbHEIX 6-yTOJb-
HHKOB C IIEHTPOM TsKecTH O (puc. 91).

YnpaxHenus

1. Kak cneunanusupyercst pasjoxeHMe MNapaJsejorpaMma Ha J1Ba
KBajgpaTa ¢ TeM e LEHTPOM TsKeCTH, ec/H 3TOT MapasejorpamM siB-
asercd pom6om?

2. JIns KaKHX n BCe KOMILJIEKCHble KOMMOHEHTHl n-yroibHUKA Ha
rayccoBofi YHCJ/IOBOfi IJIOCKOCTH MOXKHO NMOCTPOHTL IIHPKYJIEM H JIUHEHKOI?

3. Ilycts K comepkuT Bce KOpPHH n-H cTenend u3 1. DTy xopHu
ABJSIOTCSA COGCTBEHHBIMH 3HAYCHHAMHU SHAOMOPdU3Ma { MPOCTpaHCTBa A,,;
KJ1aCC W-N-YTOJIbHHKOB— COGCTBCHHBIM MOANPOCTPAHCTBOM, OTBEYAIOLIUM
COGCTBEHHOMY 3HAUEHHIO W (MHOXECTBOM A-YTOJNbHHKOB A, LISl KOTOPHX
{A=wA); atomapHOe pa3joxeHHe , —Pa3nokeHUeM Ha COGCTBEHHEIE
NOANPOCTPaHCTBA SHAOMOPH3MA {; ey ({) sBAseTcs npoekuuei A4, Ha
COOTBETCTBYIOLIEe KOPHIO @ COGCTBEHHOE MOXMPOCTPAHCTBO.

4. Besikoe mukauueckoe orto6pakenne f (L) nelicTByeT Ha KJaacchl
W-n-yroNbHUKOB KaK pacTsKeHHe (roMoTeTus) ¢ koddouuuentom f (w).

&
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FTJTABA 12

BELLLECTBEHHbIE KOMIMOHEHTb!
n-YTOJNbHUKA

§ 1. CuMMeTpHUECKHE LUKJHYECKHE KAACCHl

B BeKTOpPHOM MpPOCTPaHCTBE 71-yrOJbHHKOB PacCMOTPHM
oTobpazkeHHe

A=(a17 a,, ... an)_’A*=(al’ [ R az)r (l)

KOTOpOe BCSKOMY /f-yroJbHHKY A CTaBHT B COOTBETCTBHE
N-yrolbHHK A* C TeM ke HayasoM, HO C IMPOTHBOMOJOAKHBIM
nopsiikoM o6xos1a BepIUHH.

OueBHpHO, uTO OTOOpaxceHHue (1) siBjsieTCS HHBOJIOTHBHBIM
JIMHeHHBIM oTOGpakeHHeM £, Ha cebs:

A**=A, (A+B)* =A%+ B*, (cA)* =cA™.

Hanee, (LA)* =C"'A*, oTkyla cielyer, YTo s Jo60ro
nukayeckoro otobpaxenns f(C)

(F@QA*=FE™) A" 2)

Ecan A npHHaLNeKHT LUKIHYECKOMY KJaccy, ABJAIOLEMYCS
agpom orobpaxenna f (L), To A*¢cKerf({™') (1 obpatHo),
T. e. otobpaxenne (1) nepeBoANT BCAKHH LLHKJIHYeCKHil Kyacce
CHOBa Ha LMKJHYECKHH KJjacc.

Y coBHMCS Ha3bIBaTh cumMempudeckumu ') Te LIHKIHYeCKHe
KJIACCHl, KOTOphie MepeBOsTCs B Ccelsi OTOGpakeHHeM Iy
APYCHMH CJIOBaMH, LHMKJHUECKHH KJacC ABJAETCH CHMMETDH-
YeCKHM, €CJIH BMecTe ¢ KaxAbIM r-yroJbHHKOM A OH cojep-
XKHT TaKkke W n-yroJlbHHK A*,

Hwmeer mecto

1) CuMMeTpHYECKHe MHKJIHYECKHE KJaCChl M3BECTHB TaKiKe MOA Ha-
3BAHHEM YUKAUYECKUX-AHMUKUKALYECKUX KJIacCOB, TakK Kak BMecTe ¢
n-yronbHuKoM A Kam[blii M3 HHX COAEPXKIT BCE 7-yTOJbHUKH, MOJMyuEH-
Hole #3 A KaK LHMKJIMYECKOH, TaK M aHTHIMKJHYECKOH NOJCTaHOBKOH,
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Teopema 1. Cummempuueckue yukaudeckue kaaccor n-yeoao-
Huros obpasytom Oyaesy nodaizebpy Gyregoii anzebpor ecex
YUKAULECKUX KAQCCOB N-YeonbHUKoE. Ima nodareebpa codepocum
HembLpe OCHOBHbLX KAACca; eMecme ¢ KaxiObim cB0GOOHOIM YUK-
AUMECKUM  KAQCCOM OHQ  CoOepicum  coomeemcmeyiouyuti emy
UeHmpanoKoll Kaacc, U 06pammo.

Tlocnennee yTBep:kieHHe CleiyeT M3 TeopeMmbl 2 I 3,

Pacemotpum cresyiomiee oro6paxenne Kombua K [x] (on-
pellesieHHOe /1l MHOTOYJIeHOB == 0):

[ () = [* (x) = xCrad 1} (x73), )

SleHo, uro c*=c a1a kaxmoro c¢50 uz K; (f (x) g (x))* =
= [*(x) g* (x). MHorouseH f (x) Ha3blBaeTCs CUMMEMPULECKUM,
ecst f* (X) = (x), n Kococummempuseckum, ecau f* (x) = —f(x).

1°. Ecau [* (x) accoyuuposan ¢ f (x), mo f (x) —cummempue-
CKUl uaU KococumMempudeckuli Mroeounex (u 06pammo).

Hokasatenbcrtso. Ilyets [*(x) =cf (¥), rae c=£0
Hc€ K. Ecau ¢, % 0—crapumii kospduument f (x) u ¢, — ero
CBOGOAHBI WJeH, TO ¢, = €C,, C,, = CC,; CIIEI0BATEJIBHO, Cp=C2,
He=+l1,

2°. Omobpascerue (1) nepesooum yuxauueckudi kaace Ker f (2)
Ha yukauveckuti kaace Ker f* (§).

HokasatenbcTBo. Tak Kak Bce CTeNneHu { o6paTuMbl
B K[L], 10 f(§™) n {Oradif(5 1) =f* () acCcOLHHPOBAaHbI
B K[C], a sHauuT, uMelOT onMHAKOBbIe A1pa (M. TeopeMy 5
ra. 6):

Ker f (£7%) = Ker [* (¢).

Ilas noxkasatesbCTBA CJIELYIOUWIEH TeOpeMbl HATNOMHHM O
CYLIECTBOBAHHH M30MOP(H3Ma CTPYKTYpPbl AejuTesell MHOroO-
une#a x"—1 Ha OyseBy anre6py UMKJIMYECKHX KJIACCOB
n-yroibHUKOB (Teopema 5 ri. 8):

t (x) — Ker t (). 4)
Teorema 2. [Tyemv {(x)|x"—1. Ecau mrocousren t (x)

cummempuien uau Kococummempuuen, mo xaace Kert (§) cum-
mempuuer, u obpammo. ,

Y
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Tpe:xne Bcero 3aMeThM, u4to H3 f(x)|x"—1 crenyer
t* (x)|x"—1; B camoM Jene, €ciu x"—1=t(x)t(x), TO
— (=)= ("= 1)* =t* (x) t* (x).

JlokasaTeabcTBO Teopembl 2. B cuny usomoppusma
(4) t(x¥) W t*(x) accOUMHPOBAHEI TOra M TOJNBKO TOTAQ,
gorna Kert(f)= Ker¢* ({) (mo moBOAy «TOJBKO TOTAa» CM.
3aMeuanMe BBIUIE), MOCJe 4ero TeopeMa 2 cienyer u3 1° u 2°,

Muoroused x— 1 KOCOCHMMETpHUEH, H ecJH [ (¥) cHMMeT-
pHueH, TO NPOH3BeJeHHe (x—1) f (x) xococummerpuuno. Eciu
Char K== 2, TO KaXblii KOCOCHMMETDHYECKHH MHOTrOUJIEH
MOXHO IOJYUHTh M3 CHMMETPHYECKOTO YMHOXKEHHeM Ha x—I1.

3°. Ecau Char K 5= 2, mo MHOX#ecmso KococuMMempu4ecKux
MHO040EH08  COBNAOAem ¢  MHOMCECIMBOM MHO204AeHO08 6U0a
(x—1)f(x), 20e f(x)—cummempuseckutl MHO2O4ALH.

INokasarteabctBo. Jia mo6oro MHOTOUWIEHA g (%)
umeem g* (1)=g (1). Ecan g (x) KOCOCHMMETPHYEH, TO, KpoMe
toro, g (1) = —g (1); cnenosarenbro, g (1) =0 npu Char K=2,
T. e. g(x) neantcs Ha x—1: g(x) = (x—1) [ (x). U3 g* (x)=
=— g (x) cenyer, uto (x— 1)** (x) = — (x—1) [ (x), otkyna
* ) =T ).

4°, MHoeo4nen
P.() ="

x.___

1 -
T =14x+...F+x"1
He uMeem Kococummempuueckux Oeaumened.

NokasateabctBo. P,(l)=n-10. Orcioga ce-
AyeT, uTo HH P, (x), HH €ro JNeJHTEJH He Jensatcs Ha x—1.
Ecau Char K=%2, 10 B cuny 3° P, (X) He HMEET KOCOCHM-
Merpuueckux aeauteseii. Ecmu xe Char K=2, 10 Boskuil
KOCOCHMMETPHUECKHH MHOTOY/IeH OJAHOBPEMEHHO SIBISETCS
CHMMETPHYECKHM, UTO TOXe IO3BOJISIET YCJIOBHO CYHTAaTh
Hallle yTBEepXKAEeHHe CIPaBELIHBBIM.

CnenCTBHE TEOPEMH 2. Cummempudeckue Oeaumeau MHO20-
anrena P,(x) onpederstom — CUMMEMPUHECKUE UEHMPAAbHbLE
KAGCCbl; OHU e, YMHOXMCeHHble Ha x—1, onpedeasiom €60600-
Hble cUMMempU1ecKie KAaccol.

7 N 558
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HoxasarteabctBo. CuMMeTpHYeCcKHe LEHTpPaJbHHE
KJIaCChl COIePIKaTCsl B HyJb-H306apHyeckoM Kiacce. Tak Kak
rnoc/eHuil onpesessiercss MHorousneHom P, (x) (eM. § 4 ra. 8),
TO CHMMETpHYeCKHe LeHTpasbHble KJIACChl ONpPeJesIsioTCs CHM-
METPHUYECKHMH HJIH KOCOCHMMETPHUYECKHMH JeuTeasmM P, (X)
(reopeMa 2). B cuny 4° MOXKHO cyMTaTb 3TH JAEJHTENH CHM-
MeTpHYECKHMH.

Ecau MHOrouneH ¢ (x) —cuMMeTpHYecKHil feaurenb P, (x)
1 6 —onpeeneHHbI HM CHMMeTPHYEeCK Hil LleHTpaIbHbIH KJ1acc,

o )
T0 (x— 1) ¢ (x) — MHOrou/IeH, onpe/ie AL COOTBETCTBY FOLHH
cBoGomHbii kaacc 8 (§ 4 ran. 8). ITo Teopeme 1 kiacc €
TOXEe CHMMETpHUeH. .

ITpumep. Maorounens genenns kpyra F, (x), rae d|n,
cuMMeTpHuHbl TpH d==1 (cM. mpuioxkenue [); MHOrOUNEH
F,(x) xococummerpryed. Hax mosnem paumuoHasbHbIX 4uces Q
3TH MHOTOWIEHBI OTIPEe/IIOT aTOMapHble IIHKIHYECKHE KJIaCChl.
B cuny Teopemb 2 oHuM cummerpuuHbl. Orciopa caenyer
(reopeMa 1), 4TO CHMMETPHYHBl BC€ ILHKJHYECKHE KJacchl
Haj Q.

YnpaxHeHHH

1. Myers n#1, 2 n w—npunafgexamuii K nepsoo6pasHuiit
KopeHb n-i cremewn u3 1. Kuace w-n-yronbuukos oroGpaxeHueM (1)
nepeBOAMTCA B KJacC @=l-n-yroJqbHuKoB; npu n # 1, 2 Kaacch mpa-
BHJIbHBIX N-YTOJNLHHKOB He SBJISIIOTCS CHMMETPHYECKHMH.

2. Ha rayccoBo#t umcioBoli maockoctd Q(i) u3 16 uHKR/AHYeCKHX
K/1accoB 4-yro/MbHHKOB TOJbKO 8 CHMMETPHYECKHX; 3TH KJacchl ompene-
JeHbl H Hal Q.

3. Ecau Char K # 2, To cuMMeTpHUeCKHe JesuTesiH x"-—1 omnpele-
JISIOT LEHTpaJbHble CHMMETPHYECKHe KJIAacchl, KOCOCHMMETpHYECKHe HeJH-
TeaH X" — 1 onpenensior ¢BOGOAHBIE CHMMeTPHYECKHE KJacChl.

§ 2. CneunanbHbii THO LHKAMYECKHX
CHCTEM YypaBHEHHii

ViMest B BHIY BO3MOXKHOCTb PA3/IOKEHHSI BEKTOPHOTO IpO-
CTPAaHCTBAa N-yrOJbHHKOB Ha CHMMETDHYECKHe LHKJHYeCKHe
KJaaccel (B oflieM cilydae Takas BO3MOXKHOCTb CYIIECTBYeT
TOJIbKO Haj CHELHANbHBIMH TOJAMH), PacCMOTPHM B 3TOM H
cleflyiouleM —naparpagax — CHMMeTPHYeCKHe —LHMKJIHYecKHe

et preaniE? Aohesd
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.
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KJ1acCol 71-yTrOJbHUKOB MHHHMAaJIbHOH CTENEeHH, a HMEHHO:

Kaacc mpuguarohex n-yaoabHUKo8 U CuMMempuueckue
yenmpanohsie Kaaccol cmeneneil 1 u 2. (5)

Kiacc TpHBHANbHBIX N-YTOJbHHKOB—3TO €[MHCTBEHHBIN
cBOGOJHBIH LMKJIMYECKHH KJacc cTeneHH l; OH CHMMETpHYEeH.
[IpH: UETHOM 1 = 2m CYLIECTBYeT LEHTPAJbHbIA CHMMeTpHYeC-
kufl KJaacc creneHd 1; 3o u;lz',,,—macc m-KpaTHO NpPOHIEH-

HBIX 2-YTOMBHHKOB C LEHTPOM TSXKECTH 0. DTOT KJjaccC ompe-
nensercss MHoroudeHoM x4+ 1. Jlpyrux —CHMMeTPHYECKHX
KJ1acCOB CTeneHH | He CyILECTBYET. :

M3 kJaaccoB (5) mogpoGHOro H3y4eHHs — 3ac/yKHBAIOT
TOMbKO CHMMETpHUECKHe IEHTPalbHble KJIacChl CTeneHH 2.
OHH MOTYT Cyl[eCTBOBaTh JMIUb NMPH 71 >>3 H ONpeAesioTCs
KBaJPATHYHBIMH CHMMETPHUECKHMH JEJHTeJNAMH MHOro4/IeHa
P, (x), T. e. mHorouseHamn u3 K [x] Buza

2—cx+1|P, (%) (6)

(CM. CJIEICTBHe TEOpeMbl 2 M TeopeMy 5 TiI. 9).

B GyJseBoil anre6pe CHMMETPHUECKHX LHMKJHMYECKHX KJac-
COB M-YTOJBHHKOB BCe KJacChl (5) aTroMapHhll!).

Ilycte n>>3 u x*—cx+ | —KBagpaTHYHbIl CHMMETPH-
yeckuil MHorounen B K [x]; moka He OyleM MHpearnosiararb,
uto oH gemut P, (x). Ero kosdpduunentsi (1,—¢, 1, 0,..., 0)
ONpeeNiSIoT UMKJIHYECKYIO CHCTeMY YpaBHEeHHH

a,—ca,+a;,=0,.... 0]

Cummempuseckusi yuxaudeckuil Kaacc, ABISIOUMACA ee pelue-
HueM, 0603HaunM uepes € (¢): € (c) = Ker ({? —cf + 1). Crenenb
cBoGoabpl 3TOro KJjacca < 2, NpHHajIexamue eMy n-yrojb-
HHKH He 6oJlee yeM JBYMEPHBI.

CucreMa (7) HMeeT CleAyOUWHHA T€OMETPHYECKHH CMBICT:
cyweemsyem maxoe ¢ € K, umo cymma @, u @, pasua c-Kpam-
HOUL BepULLHE @,, CYMMA Q3 U @, PAGHA C-KPAMHOIL 6epUILHE Gy

1) CuMMeTpHuecKHil IIEHTPAJILHBIA KJaCC CTeNeHH 1 cyuecTByeT, Kak
MBI y2Ke OTMeYaJd, JHWb NPH 7 =2m; OH ONpefesiercs ABYH/IeHOM x41
¥ He CONCPKWTCS HM B KaKOM CHMMETPHUECKOM LEHTDaJbHOM  KJjacce
crenetu 2. LeficrBuTeabHo, cooTHowenne x--1]x2—cx+1| Py, (x) ne-
B03MOXHO [M3 X4 1| x2—cx -1 caefyeT, yTO c=—2, HO X2+ 2x 41 =
= (x4 1)? He sBasiercsl fesmTeneM P, (x)].

%
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W T. 1. U3 Hee cJeayeT, 4TO BCe BepLIHHBI f-yroJibHHKa
(@, @,..., a,) €E (c), Haunnas c TpeThbeii, MOXHO BBIpa3HThb
B BujJe JIHHEHHOH KOMOMHALMH BepiMH @ H &,. Ins storo

[OCTPOHM MO UHCJY ¢ TOC/IENOBATENBHOCT Lo, €y Cop - - EK:
z'o='—1» 51=0’ Ek+2=_Ek+CEk+1 (k= 0). (8)
W3 nepBuiX n-—2 YypaBHeHHH CHCTEMBI (7) BBITEKAET, 4TO
a,,=—-5k_lal—1—5ka2 ma k=1, 2,..., n 9
BeipasuB @,_, W @, U3 (9), 3anuueM JBa MOCJEAHHX ypas-
HeHns cucrembl (7) B BHIE
alz_znal—}— En+1a2’ a2=(5n-1+c)a1’“2na2' (10)
Ecan o= —1 HG,, =0, TO ¢, p= ¢, ana Beex k>=0.

B stom cayyae Mbl OyieM TOBOPHTb, HYTO MOC/EN0BATE/b-
HocTb (8) ABAsieTcs nepuodudeckoi ¢ nepuodom n. 3aMeTHM,

4TO MPH 3TOM €,y = —C.
ITpumephl nocJenoBatesbHocTell (8) A Pas3HYHBIX C:

c=92 —1,0,1,2, 3, 4,...;
c=—2: —1,0, 1, —2, 3, —4, ...}
c=—1: —1,0, 1, —1, 0, ...}
c=0. —1,0,1,0, —1,0,...
c=1: —1,0,1,1,0, —1,0, ...

€ (2) —kJacc TPHBHAMbHBIX 71-YTOJbHHKOB;

% (—2) npu n=2m-—Knacc u;lz’,,,;

€ (—1) npu n=3—Knacc 3-yroJbHHKOB C LEHT-
pOM TsXKeCTH O;

% (0) mpu n=4—Kjacc MnapajeyorpaMmmos ¢
IEHTPOM TSKECTH 0;

€ (1) npun=6—xaacc appUHHO-NPAaBHJbLHLIX
6-YrOJIEHHKOB C LEHTPOM TAXKECTH 0.

Teorema 3. [Tyemo n>3. Cucmema euda (7) mooem
onpedensimo U3 HEHYAEG6LX KAACCO8 AUULb KAACC MPUBLANOHGLY
f1-J20NbHUKOE U UEHMPAAbHble CUMMEMPpUYECKUe KAQcChL crme-
neweti 1 u 2. Cucmema (7) onpedeasiem yeHmpanvHoll cum-
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Mempuueckutl Kaacc cmeneHu 2 moeda u Moabko moeoa,
koeda nocaedosameavtocms (8) nepuoduueckas ¢ nepuodom n.

HokasarteabcTBo. CBOGOAHBIN CHMMeTPHUECKHUH KJace
CTEMeHH 2 CYUIeCTBYeT TOJNbKO INPH YETHOM 7= 2m—3T0
knacc A, ,, ONpeJeJeHHbIH MHOrouJMeHoM (Xx—1) (x+-1)
(cM. Teopemy 1). OueBnano, uTo OH He MoxeT ObITb Npen-
cTaBJeH IHKJauuecKofl cucremoit (7). LleHTpasibHbIA CHM-
MEeTPHUeCKHH KJacC cTemeHH 2 sABjferca KJaaccoM 8 (c)
TOrjJa M TOJNILKO TOI'fa, KOTja ¢ yAOBJETBOPAET YCJO0BHIO (6).
Ecau (6) He BbIMOJHSAETCS, TO & (€) —CHMMETPHYECKHH
IIMKJIMYEeCKHH KJace cTemeHH < 2, T. €. WJH HYJeBOH KJjacc
A, =% (2) TPUBHAIbHBIX A-YTOJbHUKOB, WJH, NPH 1= 2m,
KJacc .flz n=E (—2).

BTopoe ytBepxaeHne teopembl 3: Crad % (c)=2 osna-
yaer, 4yto MNpH mawo6oM BbiGope @, U @, cHcTema (7) paspe-
wuma. Tak Kak a,,..., @&, H3 NePBEIX n—2 ypaBHEHUH
BbIDaXKAIOTCA 4epes @, U @, Mo dopmyse (9), TO ¢ yyetroMm
3THX ypaBHeHHH nocne;ume JBa ypaBHEHHS CHCTeMBl, T. e.
ypaBHeHHsa (10), MOMXKHBI TOKAECTBEHHO YAOBJIETBOPSITHCSH
npu Jo6bX @, H @,. [Ina 3T0ro Heo6XOAMMO H JOCTATOYHO,
yTo6b B 0GEHMX uacTAX 3THX ypaBHeHHH KO3D(DHIMEHTHl NPH
a, 4 @, CoBmajanH, T. e. 4TOObl

l=—c,, 0=c¢,.y, O=c,_,+¢c 1=—c, (11)
[Ecau ypaBuenus (10) BbIMOJHAIOTCA NMPH MOOHX @,, @,, TO
OHHM BBHIMOJNHSIOTCS, B YaCTHOCTH, TNpPH @, =0, @,= 0 H MpHU
a,=0, a,5=0, 4yTO TNPHBOANT K paBeHcTBaM (11); ¢ apyroi
CTOPOHBI, ecJi BenoJHstores (11), To chcrema (10) ynosaerso-
psietcst npH moGblX @, H @,.] PaBenctsa (11) osHauawor, uTo
nocJseoBaTeIbHOCTL (8), mepuoAHYecKasi ¢ MepHOIOM f.

Hrtak, yTBepxkieHHe, UTO ¢ ONpeAessdeT CHMMETPHUeCKHH
LUEHTPaJbHBIA KJacC CTeNeHH 2, 5KBHBAJIEHTHO YcJoBHIO (6),
a OHO B CBOIO Ouepe/lb— YTBEePKICHHIO, UTO JAeMEHMYy C coom-
semcmeyem nepuoduueckas nocaedogamessHocme (8) ¢ nepuo-
dom n.

Takum o6pa3oM, NofoGHbIe NePHOAHUECKHE MOC/e10BAaTe/b-
HOCTH 3JieMeHTOB H3 K OKa3biBAlOTCH TECHO CBSI3aHHBIMH C
UeHTPAJbHBIMH CHMMETPHUECKHMH KJacCaMH CTeleHH 2.

.



198 rJl. 12. BEILECTBEHHBIE KOMITIOHEHTbI #-YTOJIbHUKA

VYnpaxHeHnus

1. Tlycts ycaosue (6) Bhimosusercsi. B mose pasnoxendst MHOTO-
anena x#— 1 nag K xopusamu x2 —cx~+ 1 siBistioTes 1Ba B3aUMHO 06paTHBIX
KOpHs n-# cTemern u3 1: @ H w-1; npu 3ToM c=w4w-!' H W # &+ 1.
MceXonst M3 3TOr0, JOKaMKHTe, UYTO TMOCJeA0BaTeNbHOCTb (8) — mepuoniye-
cKasi ¢ NEepHoioM 1.

R -2, EcJu nocisie10BaTeIbHOCTD (8) —nepuonuyeckas ¢ NepHOAOM 7, TO
CotcitCat v oo+ Camy=0.

8. Iln KakMX PalMOHAJbHBIX YHCE ¢ H J/Isl KaKHX BeleCTBEHHEIX ¢
nocsenoBaTeJbHOCTb (8) ABaAeTCH nepuHoOHYECKOH?

4. Tycts c€ K, mycTb @y, @,—JMHEHHO He3aBHCHMble SJEMEHTHI H3
V(dimV=2) n uMeeTcs peKyppeHTHas TMOC/IEOBATENBHOCTE B =
=—QpogtCAp_y ANA k=3, 4,.... IMocnenoBaTeIbHOCTD  TOUYEK
a,, @y, Qs, . .. ABASETCS NMEPUOAMYECKOH ¢ MEPHONOM 7 TOrAa M TOJBLKO
Torja, KOrjia TakOBa Xe MOC/eNOBaTeNbHOCTb 8).

§ 3. AdQUHHO-NPABHAbHBIE N-YTOJbHHKH

APUHHO-nPABUNLHOLMU LEHMPANLHBIMU KAACCAMU MBL 6ynem
Ha3LHBaTh CHMMETDHYECKHe LEeHTpasibHble KJacChl CTeNeHH
< 2, conepkalinecs B Q-npaBHIbHOM LIEHTPAJIbHOM KJacce A,

[EnuHCTBEHHBIH adhHHHO-TPABU/IBHEIH  LleHTPaJIbHBIA KaIace
crenent 0—3TO HYJEBOH KJjacc; adpHHHO-NPaBUIbHBIH LEHT-
panbHBLA KMace cTenenH 1 cyuiecTByeT TONBLKO MPH n=2: 3710
Uzz = R,— KJlacc 2-yroJIbHHKOB C LIeHTPOM TAXKECTH 0.] CoGoz-

HBle K/IAcChi, COOTBETCTBYIOUIHE abdHHHO-PaBUJLHBIM LEHT-
paJIbHBIM KJIACCaM, Ha30BeM c60600HbIMU APPUHHO-NPABULI6HBLMU
kaaccamu. Ha3oBeM n-yrONbHUK QAQPUHHO-NPABUALHOIM, €CTTH
OH NpHHANLIEKUT apdHHHO-NIPABHIILHOMY KJaccy.

Bee agppunro-npasureHble n-y2orbHUKU 362510mes Q-1 pasuie-
nowmu. Kaxaplil Takoil n-yroJbHHK camoe GoJibiliee 1BYMepeH
(T. e. pacroJioXeH B TJIOCKOCTH). .Bce TpHBUANbHEIE 71-yrOJb-
HUKH ¥ Bce 1-, 2-, 3-yrosibHHKH a¢ppHHHO-NMPABHIBHBIL.

TTocko/IbKY Q-TpaBUJbHBIA LEHTPATbHBIH KJace Npu n = 1
OTIpefieIAeTCs 1-M MHOTOUJIEHOM JesIeHust Kpyra F, (x) (Teopema
2 ra. 10), cnpaBennuBa

TeopEMA 4. [Jas n == 3 omauunsie om {0} apdurro-npasue-
Hole UEHMpPaabHble KAQCCHL O0npedensitomcs K8aOpamudHoLmu
cummempuseckumy, Oeaumensimu mrozousena F, (x).

A¢uHHO-PaBUNLHBIME 4-YTOJNbHHKAMH fBJAIOTCSA Napas-
JieJorpaMMEL; TNpH n =6 Hawe HOBOe ONpeJieJie HHEe COBMAALT

;

e b Wig

PP S
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c BBeJeHHEIM B . 1. B cayuasax n=1, 2, 3, 4, 6 Bcskuit
Q-npaBHJbHBIH 7-YrONBHHK fIBJsieTCS a(HUHHO-MPaBU/IBHBIM.

Teorema 5. HempusuaisoHole appurHo-npagusbHole n-y2ons-
Huku Had npouseorbroim nosem K (makum, umo Char K f'n)
cywecmeyom moasko npu n=2, 3, 4, 6.

JleficTBHTe/IbHO, YK€ Hal MOJEM palMOHa/MbHBIX YHCEJ
MHOTOUJIEH JAesieHus kpyra F, (x) HempHBOJMM H, CJIe0BaTE/b-
HO, HMeeT KBaJpaTHUHbIe JAeJHTeIH TOJbKO TOrJa, KOTJa OH
caM KBaJpaTHueH, T. e. Korja ¢ (n)=2.

Ecnu K comepxuT BCe KOPHH n-H cremeHd u3 1, TO
KBAaJPATHYHBIA CHUMMETPHUECKHil Jeautenb F, (X) CO CTapuIHM
Ko3(pHIlMeHTOM 1 HMeeT BHA

r—(wt+w Y)x+1l=x—w) (x—w?) (12)

(w—nepBoo6pasHblil KOpeHb f-fi cTeneHu u3 1).
Orciona ¢ yuerom H3oMopdusMa (4) caenyer

Teorema 6. Ecau K codepocum 6éce KopHu n-ii cmenexu
uz 1, mo npu n >3 ecaxutl apurro-npagurbHbiil n-yeorbHUK
C YEHMPOM MANCECMU O 0OHOBHAYHO NPEOCmasuUM 6 6ude CYMMoL
NPaBUALHO20 W-N-Y2O0NbHUKA U NPABUNLHO20 W™ 1-N-y2oabHU-
Ka, 20e W— HeKomopolii nepeoobpasneili Kopers n-ti cmenenu us 1.

Hnmocrpaunei K 310l TeopeMe MOXET CJYXKHTb IpHMEP
3 §3 ra. 11, .

JJemma. Mycme n>3, x*—cx+ 1€ K [x] —«Ksadpamuy-
Howl cummempuyeckuli Oeaumerv mHozoureHa F(x):

R—cx+1|F, (x) (13)

U Cq, €4y Cqy - » . — NOCAEAOBAMENLHOCITL 306 MEHMOE U3 K, 0N pede-
AeRHAR opmyranu

Cr=2, C;=C, Cpyq=—CptCps, (RZ0). (14)
Toeda 6 K [x]
' F,0= I (®—cix+1). (15)

(k, n)=1,
k'<'n/2

INokaszateabctBo. B none pasnoxenns x"—1 Hap
K s7neMeHT ¢ HMeeT BHA ¢=w-+w™!, Iie @w— nepBooOpasHblif
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KopeHb n-i crenenn u3 1. Ilosoxum
cp=wktt+w™* npu k=0, 1, 2, ... .

Torna cy=2, c;=c W CIpaBejIHBa peKyppeHTHasi opm™myJa
Chys = —Ch+ CChyy. OTCIONA CHIETYET, UTO €= Cj,. MHOrOUNEH
F, (x) paBeH mpou3BejieHHIO ABYYJIeHOB x—wk, rae (k, n)=1.
Tak Kak w-*=w""* u u3s (k, n)=1 creayer (n—=k, n)=1,
TO COMHOXHTENH X—w* W X—w™* BXOAAT B pasjioXeHHe
mHorouseHa F,(x) momapho. Jlemma joKasawa.

Kak nokasbiBaeT JOKa3aTeJbCTBO JEMMBI, n0CAe006amens-
Hocme (14) He moxem umemo menouiuil yem n nepuod, ¥ eCI 1
yertHo (n=2m), 10 ¢, = —2. Kpome T0ro, c;=¢,_;. H3 sem-
MBI CJIeflyeT

Teopema 7. ITyeme n>3. Ecau mroeouren F, (x) umeem
o0dun  Keadpamusnoul cummempuseckull Oeaumens ¢ K [x], mo
OH 8 SIMOM KOAbYE MOAHOCHIbI0 PA3AARAEMCA 8 npoussedeHue
Kkeadpamuunolx cummempuueckux Oeaumenedi. Takum oGpasom,
HempusUanbHbie apuHHO-npasubrbie n-yeorvruky #ad K cy-
wecmeyrom mozda U moabko moeda, koeda F, (x) pasrazaemcs
8 K [x] na xeadpamuunee cummempudeckue Oeaumert.

Hrak, npu 3agaHHbIX 7> 3 #u K U3 CyliecTBOBaHHs OJXHOTO
HeHyJieBoro apdUHHO-NPaBHJBHOTO LEHTPAJbHOrO  KJjacca

1
ClIellyeT CyIeCTBOBAHHE w @ (1) TaKHX KiaaccoB. Mx cymma

ABJISIETCS LEHTPAJBbHBIM K/1acCOM Q-NPaBHJIbHBIX /- YTOJbHHKOB.

Kpome Toro, M3 CyuecTBOBaHHA pasnoxenus (15) muo-
roynexa F,(x) ciaeayer cyuiecTBOBaHHe aHaJOrHYHOrO pasJjo-
XeHHs] MHOTO4JIeHOB F 4 (x) nJs Bcex penutenieit d # 1 uucsa n:

Fy)= I (e—cpx+1) s d|n, d=3  (16)
k, M=

n

k< 3 "

(cnyuait d=2 B J0Ka3aTeNbCTBE He HYMKJAETCsl), HJIH, UTO TO

e caMoe, CYIIeCTBOBaHHe HeTPUBHAJIbHBIX aQhHHHO-NPaBHIIb-
HBIX d-yroJbHHKOB (rfe d|n, d==1).

M3 cKa3aHHOTO CJeAyeT, YTO JieMMa OIHChIBAaeT Crocob,

C TOMOIIBIO KOTOPOIO OAHOMY adpHHHO-TPABHILHOMY KJaccy
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CTABHTCA B COOTBETCTBHE HEKoTOpas [MOC/eN0BaTebHOCTh
LMKJHYECKMX KJjaccoB. OCTaHOBHMCS Ha 3ToM mojpoGHee.
[yets n>3 w € (c) — adhHHHO-TIPABHJILHEIA LEHTPaIb-
HBIl KJIacC, OMpefe/IeHHbl KBaJApaTHYHBIM CHMMETPHUYECKHM
neanteneM x*—cx + 1 Muorounena F,(x). INocrponm mocie-
70BaTeJNbHOCTb LIMKJIHYECKHX KJACCOB f1-YTOJbHUKOB

B)=F (), € ..., Ecn) (17)

e ¢, YHOBJETBOPSIIOT COOTHOIIEHHSM (14). 3pecv € (c,) =
=% (2) =, ,—KnacC TPHBHAIbHBIX A-yrONbHHKOB; TPH
n=2m umeeM 6 (c,) =€ (—2) = A,, ,. 32 HCKJIOUYCHUEM STHX
o
ABYX cayuaeB, x2 —c,X -+ 1 ABAAIOTCA JeTUTENAMH MHOTOU/IEHA
xn—1
P, (x)= ~—1 (cM. 1OKa3aTeslbCTBO JIEMMbI), H, CJIeJ0BaTe/lb-
HO, COOTBETCTBYIOLIHE KJjacchl € (c,) ABIAOTCH CHMMETPH-
yeCKMMH LeHTpaJbHBIMH Kjaccamu crenenn 2. Tak Kak
€ (c,) =€ (Cp_;), TO NPH HEUETHOM 71 PA3NHYHBIE KJIACCHI (17)
npeAcTaBeHbl Ha6opoM B (¢,), B (cy), - .-, € (Cin-1)12), € (Co)s
a TpH ueTHOM 1 (n = 2m)—Ha6opoM € (c,), - .., € (¢), B (c,).
B cuny teopembl 4 u nemmbl, ecau (k, n)=1 (u moroko
8 smom cayuae), 6 (C,) — aPUHHO-NPABULLHLLL YEHMPANbHbIL
Kaace.,

Ecau k=~=n u (71/?):‘_‘1’ mo kaacc € (c,) cocmoum u3

n o
7 -Kkpammwo npoiidenHox  AQGUHHO-NPasUIbHBLX  d-Ye0NbHUK08

¢ yeHmpom masecmu O (IeHCTBUTENbHO, X* —CpX + 1 aBasercs
pennteaeM Fy(x); cM. (16) n nemmy u3 § 4 . 8).

Oas cayuaeB k=n H k=m, n=2m COOTBETCTBYIOLIHE
KJ1acChl yXKe YKa3aHH.

BbIsiCHMM, KakKHe TeOMeTPHUYeCKHe COOTHOLIeHHS CyLIeCT-
Bylor Mexx1y Kaaccamu (17). C 310 LeJbl0 paccMOTpuM 7
orob6paxenuil ., B cebs:

A=(a, a, ..., an) - Ak= (av Qyipy Qiiopy - ooy a1+n—k)r
(18)

rie k=1, 2, ..., n. 3nece A=A, A,=(a,, ..., @) —TpH-
BHaJIbHBI 71-YrOJNbHHK; BCeé A, HMEIOT CBOMM HayajoM @,;
A, v A,_, pa3IHyaloTcs Mexay coGoit TOJILKO HampaB/eHHEM
o6xona: A,-,= Ai. MHoroyroqibHuk A, mnojydaercs H3 A

8 Mss



202 rJil. 12. BELLECTBEHHBIE KOMITOHEHTbI 2-YIOJbHUKA

k-XopJioBbIM 06X0/10M (cM. mpumeyaHue Ha crp. 183). Ecan &
B3aMMHO MPOCTO C 7, TO MHOXKECTBO BepIUMH 71-yTOJbHHKA A,
n n o
coBnajaer ¢ A; ecau (k, n)= Z0 T A, ecTb —-KpaTHO NpOki-
JeHHBI XOpJOBbIH d-yroNbHHK A-YrojbHHKA A.
Mbl XOTHM NOKa3aTth, 4TO omobpaxcerus (18) n-yeosvbruxu
aghpuHHO-nPaBUALHOO YermPareroeo Kiacca € (c) nepesodsam
8 n-yeoavruku kaacca € (c,). TlpeBapHTeNbHO [OKaXKeM

[TPEANOKEHUE. ECAl 8bINOAHEHbL 6Ce YCA0BUSL AeMMbl, MO
s—cx+ 1| x2*—cxk+1 nna Beex k=1, 2, ..., n.

JlokasaTeabCTBO. B nose pasnoxeHHs MHOrousieHa
x"—1 Hag K KBajgpaTHblil TpexusieH x2—cx + 1 umeer ug (12);
¢, =wk+w™k nostomy w* —cwt+1=0 n 0w *—cw 4
-+ 1=0: KopHH w u @~ MHOrouleHa x*—cx+ 1 ABasOTCSA
TaKKe KOPHAMH MHOrouwseHa x2f—c,x* -+ 1. CnejoBaresibHo,
Halle MpeJJIoKeHHe CNpaBelJHBO HajJ HEKOTOPHIM pacuinpe-
HueM noss K; nostoMy oHO cnpaBenyinBo u B K [x].

M3 »storo mpejjiokenus cjeiayer, uTo Kaacc 6 (¢) =
== Ker (2 —ct + 1) conepxurcst B knacce Ker (22 —c,0f -+ 1).

Ecin A=(a,, @, ..., @,)€EE(C), TO Ay —Co@y .+ Oy ppp =
== 0, ..., a 3T0 o3HayaeT, uto A, € € (¢;), 4T0 H TpeGoBaNOCh
JIOKa3aTh.

Urak, otobpaxkenus A-— A, CTaBAT B COOTBETCTBHE ad-
(HHHO-TIPaBHJILHOMY 71-YTOJIbHHKY A € LEHTPOM TSXKECTH O
apdUHHO-TIpaBU/IbHBIE N-YTONbHHKH C UEHTPOM TSKECTH O,
MHOTOKPATHO Mpo¥ieHHble addUHHO-TpaBUIbHbIE d-yrOJbHHKH
C LEHTPOM TsKECTH O (TAe d-—HeTpHBHA/bHbIA JeJHTeNb
umMcaa n) M (AJs k=n) TPUBHAJbHBEIH n-yroJabHHK. Ecan A
NpHHAJIEXKHT Kaaccy € (c), TO ero o6pasbl pacrpeiesoTcs
no kaaccaMm € (c,). B cHmMerpHueckom knacce ¥ (c,) BMmecTe
¢ A, nexutr Takke A,_,=A;.

CdopMyiupyeM MoJydeHHBIE Pe3yJsbTaThl B BHJE TEOPeME,
aHaJjornuHoi Teopeme 2 u3 ra. 1l:

Teopema 8. Ecau A—agduHrHo-npasurbHeii n-yeorbHux,
Mo 6ce n-yeonbHuKU, Komopele noaysaromcs us A k-xopdossim
06x00om, 20e k 63aUMHO npocmd ¢ N, maxxce ABAAOMC ag-
punro-npasurersimu. Ecau d—Ooeaumens n, mo xopQogele d-yeons-

;
;
;
:
.
!

Lm.u;umA L
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HuKku ~ n-yeoasHuka A - Asaaomes appuUHHO-NPABUALHOIMU
d-yeorbHuKam, KOMopsle Nnpu d==1 umerom mom e yewmp
mancecmut), umo u A.

BepHeMcst K Pa3/iokKeHHI0 MHOTOU/JICHOB F, (x) Ha KBajpa-
THUHBlE CHMMeTpHueckue fAequtenn. Eciu npu n >3 8 K|[x]
CyIILeCTBYET OJHH KBaJpaTHUHBL CHMMETDHUECKHH JeJIHTE]b
y2—cx -+ 1 muorounesa F, (x), TO HMEET MeCTO pasfoxeHune

(n=1)/2
(x—1) Il (@ —cux+1) ana HeueTHBIX 75
k=1 .

n p—
—1= et

x—1) (x+ l)kI=I] (x* —Cpx + 1) 151 YETHBIX N = 2mm,
‘ (19)

rJe ¢, yIOBJIETBOPSIOT COOTHOLICHHAM (14) [em. (15), (16) u
dopmyay (8) us ra. 6; npu n= 1, 2 pasnoxenne (19) Tpu-
BHAJIbHO, COMHOMHTENH X®—CpX + 1 Onpesiesienbl TONbKO MPH
n>3]. CrpykrypHbli usomoppuam (4) mnepesomut (19)
B CJGLyIOUlee pasJioXKeHHe MPOCTPAHCTBA 7-yTO/NBHHKOB Ay

(Vil. "DE (c)DE () D - D€ (cn-1y/2)

IJIg HeYeTHhIX 1,

A, = 20

‘.Iwzl.,,@m,m@mco@%(c»@---@%’(cm-l)( )
° NS 4eTHBIX 1= 2m.

3nech Bce kaacchl € (Cg) <k= 1, 2, ..., '—l—;—l, COOTBeT-

n
CTBEHHO 5 1) ABJISIOTCS CUMMETPHUECKHMH [IeHT paJIbHbIMH

KJaccaMH CTeNeHH 2. :

Urak, 6 pasosnenue (20) gx00am KAaQcc MPUBUANOHBLY
N-YeONbHUKOB 1 CUMMEMPUHECKUe UEHMPANbHLIE Kaaceel cmene-
neii 1 u 2; ece oHu npu n =3 ONUCHIBAOMCA cucmemoil muna
(7) (reopema 3).

Ynpaxunenne Ilyetb n= 3 u € (c)—abduHHO-IPaBUABHBL
HenTpaJbHbIi KJjacc. O6pazom @ (c) nph OTOOPaXKEHHH A — A, (coor-
setcreeHno A — 4, -p) ABaseTCH G (cp), k=1,2, ..., n

. 1) CosnajeHue HEHTPOB THAMKECTH CHelyeT H3 Q-npaBuabHocTH A,
8
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§ 4. Tpu xpaitHuX caydyasi GyJeBblX aare6p LHKJIHYECKHX
KJACCOB 71-yroJibHUKOB

[TycTs, KaK ¥ Mpexje, n—HaTypaabHOe 4HCI0, K — He-
KOTOpoe ToJe H V-—BeKTOpPHOe MpOCTPAHCTBO HaA HHM,
ynoBJerBopsioiee Tpe6oBanuaM § 1 ra. 1. O603naunuM yepes
L, (K, V) 6yneBy anre6py n-yroJbHHKOB U3 V [cM. OCHOBHYIO
TeopeMy § 2 ri1. 6]; oHa H30MOpdHA CTPYKType HesHTesei
muorousena x*—1 B K [x] [byHnameHTanbHBIA H30MOPdH3M
(4)]. Orcrona caenyer, uro npH GuKcHpoBaHHOM K Bce GyJieBbI
anre6pu L, (K, V) nesaBucuMo ot V H30MOPGhHBI MeK1y COGOH.
B 4acTHOCTH, TOJIBKO OT K 3aBHCHT YHCJIO aTOMapHBIX KJjac-
coB ajre6pn! L, (K, V), paBHOe unc/ly TPOCTBIX JesHTenel
x*—1 B K[x]. O6o3nauum ero uepe3 k,(K). Torma uucno
LHMKJIHMYeCKHX KJaccoB B L, (K, V) (toxe He3aBHCHMO OT
BoiGopa V) paBHo 2k (K,

OGo3HaunM uepe3 f, My, ..., Mg, k) CTENEHH MPOCTBIX
nemuteneii x"—1 B K[x]. Torna
n=n,+n,4 ...+ g, . 21)

[Tax kak x—1 Bcerma penut x"—1, GyleM cuMTaTh, 4YTO
n,=1, a NpH YeTHOM 7, MOCKOMBKY X+ 1|x"—1, n n,=1.]
B cuay usomopdusma (4) v TeopeMnl 5 ra. 9 uncna ny, f,, ...
veuy Mgy, (k) SBJISAIOTCA TaKXKe CTeMNeHsMH CBOOOJbI aTOMapPHBIX
IHKJIMYECKHX KJjaccoB B L, (K, V).

HNuasa mo6oro mos K 27 1HKJIMYeCKHX KJaccoB, onpeje-
JIEHHBIX BCEMH YaCTHUHBIMH MPOH3BeJeHHSIMH, BXOAAIHMH
B TPOH3BeJeHHe

dIyd (x), (22)

. o
o6pasytor GyneBy nopaare6py L, (K, V)=L,(K, V) (scez0a
npucymemeyowie yukauseckue Kaaccel n-yeonroHuxos). Cnyuait
copmagenus L, (K, V)=L,(K, V) (Munuma/ibHBI# cJ/yuaii)
HMeeT MeCTo TOrja M TOJBKO TOrfia, Korja (22) sBasercs
pasjoxenneM Xx"—1 Ha NpOCThle MHOMXHTENH, T. €. KOrZa

1) k, (K)=1(n).
Booboue,
T(n) <k, (K)<n, (@3)

> e e

.

BIPRGIT b angroan ¢ mps . ner-
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¥ MaKCHMaJbHbll Cciyyad
9) k, (K)=n

JMeeT MecTO TOra W TOJMbKo TorAa, korpa x"—I1 B K [x]
pasjaraercs Ha JIHHEHbBIe MHOKHTEJH. PaBenctBo (21) npu-

HHMaeT B caydae ) BHA n= Y ¢(d), a B ciyyae 2) BHA
din

n=1+1+...4 1. Bonpoc o TOM, KaK BBIMMALAT B o6oHx
cyyasx aroMapHble UHKJMYeCKHe  K/acChHl, obcy2xaancs
Bra 10 u 11.

Tenepb TnOABJAfAETCS elle OAHA GysneBa nojajre6pa
L: (K, V)—nojanrebpa cumMmempudeckux JUKAULECKUX KA0CC08
n-yroJbHHKOB (Teopema 1). DTH KJacchl OMpPeesloTCs CHM-
METPHUECKHMH HJIH KOCOCHMMETDHUECKHMH [C/THTENAMH MHO-
rounena x"—1 B K[x] (reopema 2); mO3TOMY HX UHCIO He
sapucut or V. Ecam uepes kj (K) 0603Ha4MTL 4YHCJIO aTo-
MapHBIX LHKJHUECKHX K/acCOB B L: (K, V), To ofuiee 4HCJIO

*
KI1accOB B 3Tofl mojanreGpe Gyzer pasio 2°n (.

«Bcerja MpHCYTCTBYIOlIHE» LHKIHUECKHE KJIACChl 71-yToJb-
HMKOB CHMMeTpHuHB (cM. Koer § 1): LK, VY= L, (K, V).
Orciona caenyet, uto T(n) <ks (K). Ecau k;, npuHumaer
HAHMEHbIee BO3MOXKHOE 3HAueHHe kp (K)=1(n), 10 310 03-
HauaeT, YTO MHOTOYJEHBI JeJEHHA Kpyra Fq(x) (rze d|n)
ne umeioT B K[x] HH OIHOrO HETPHBHAJbHOTO CHMMETDH-
4eCKOro WJIH KOCOCHMMeTPHUeCKoro aenuteis. B srom caydae
Ly(K, V)=Ln(K, V).

Uncaio k2 (K) nprHHMaeT HanGo/bllee BO3MOZKHOE 3HAUCHHE
Torga M TOJNbKO TOrga, Korja x"—1 pasnaraercs B K [x]
HAa CHMMeTpHUYecKHe H KOCOCHMMETPHYECKHE MHOKHTEIH CTe-
memeit 1 u 2. B aTom cayuae paBeHcTBO (21) mpHHHMAET BHA

{ 142424 ... 42 pna HEUETHBIX 7,
=Y 1414+24...+2 119 UeTHBIX 7]

caenoBarensHo, & (K)=1+ [%] dro TOT C/ayua#, O KOTO-

poM rosopisocs B Kouue § 3. B ofleM caydae ClpaBelinBO
HepaBeHCTBO

v <k (K) <1+[ 7] @4)
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Ilpu stom L (K, V) aBasiercs OyJieBoii nonasre6poit a.-
re6pel L, (K, V), cnegosateabmo, kX (K)< £k, (K). Ocrano-
BHMCA Ha Clydasix, KOTHa kp=Fk,, T. e. KOrja ecaxuil yux-
Auseckuil Kaace seasiemes cummempudeckus. OueBUIHO, uTO
Al 3TOTO JOCTATOYHO MOTPEGOBATb, YTOGLI CHMMETPHUYECKHMHU
OblIH aTOMapHbie KJacChl B L,. [B cTpykrype nemuteseii
MHOro4/JeHa H3 K [X] 3KBHUBAJeHTHBIM SBJsieTCS yCJIOBHe,
YTOObl BCAKHE Je/HTe b GBI CHMMETPHYECKUM HJIH KOCO-
CUMMETPHYECKHM; 1/ 3TOTO JOCTAaTOYHO MOTPe6oBaTh, YTOGLI
TaKUMH  GBIIH [POCTHIE JeHTeNH x"—1.]

3Aech MbI TaKkXKe PacCMOTPHM 1Ba Kpainux cayuyas, ITep-

BbIH:
T(n) =k; (K) =k, (K) o3Hauaer, yTo
L7 (K, V)=L,(K, V)=L,(K, V)

H, Cllef0BaTe/IbHO, COBMANAeT C yxKe 3HAKOMBIM cayyaem 1),
Ocraercs

3) by (K) =k (K) =1+ [ 5].

Ecau npu smo6om n nmeer mecto ciydait 1), To cootBer-
cTByoulee nose K ob6sajaeT CJAELYIOMHM CBOACTBOM: Gcaxul
MHO204/eH OeneHUs Kpyea 6 Hem Henpusodum. Eciu npH Jio-
60OM n HMMEeT MeCTo ciayuvaii 2), 10 nose K codepaxcum ece
Kopru 41060 cmeneny u3 1. Ecau npu io6oM n umeeT mecto
caydait 3), 10 nose K maKoeo, umo 6cAKUll MHo2044eH dese-
HUA Kpyea, 3a uckouenuem F,(x) u F,(x), pasraeaemcs na
HenpueoduMole KeadpamudHole CuMMeMpudecKue MHOXCLMery,
Mbl XOTHM 10Ka3aTh, YTO 3THM CBOHCTBOM 06/1a1a10T MaKcH-
MaJlbHble YINOpPsJOYEHHbIE TMOJIS.

§ 5. BeulecTeeHHble KOMMOHEHTDI n-yroibHUKa

JleMma. Ynopadouennoe nose we codepmum ruxaxux
Opyeux kopueil us 1, xpome 1 y —1.

HokasartenbcTBo. ITycts K— ynopsgouentoe move.
HyxHo nokasarb, uto nuKakoil MHorousen x"—1 ge HMeeT
B K KopHeil, oranuneix ot 1 n —1, ITycte cHavana nuetTHo.
Tak kak B pasnoxeHHH

K —l=x—1)(x+1) (1 Fx24 x4 . .. +x"72)
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TPETHil COMHOMHTEJIb TMOJIOXKHTEJILHO OMPEAL/IeH, TO KOPHSAMH
v'—1 B K sBisiorcs ToabKo +1 H —1. Ecan n HeEUeTHo,
T0 x"—1 dABJAAETCA NEJNHTE]IEM x*"—1 H 1MOTOMYy HMEeT He
Gosbure ueM ABa KopHs: +1 n —I1; HO TaK Kak (=1 —I1=
=—1—15£0, TO ocTaercsi OAHH KOPEHb +1.

Ilycts Teneph K — makcumarbroe ynopadoueHHoe noiet).
Torza HeMpPHBOAMMBIMH MHOrOY/EeHaMH B K [x] saBasiwoTcs,
KaK W3BECTHO, JIHHe{iHble H 3HAKOOMpeJeJeHHbIE KBaJpaTHt-
Hbie MHOrouw/eHbl. IIpH n >3 MHOTOWIeHbl JeJEHHs Kpyra
F, (x) He HMeroT nenuteneit x—1 H x--1, moatroMy B CHJIY
JIeMMbl Pa3JaraloTCsi TOJbKO Ha 3HAKOOMpEIE/IEHHBIE KBajpa-
THuHBIe MHOXKHTeH. TToKaxem, UTO OHH CHMMETPHUHEL.

Tlycth x*—cx+ d—TaKoit je/nTe/b; TOrAa d siBasieTcs
KOpHEM n-H CTemeHH H3 1. B cuny nemmsl d=1 nin —1.
Ecnm d=—1, 10 x*—cx-+d upn x= 41 npuHHMaer 3Ha-
yeHHA pa3HbIX 3HAKOB (st c; OUEBHMAHO, UTO ¢==0), uro
POTUBOPEYHT 3HAKOOMPENEJICHHOCTH MHorouseHa x2—cx+d.
Urak, d= +1 H x*—cx-+d CHMMETpHYEH. Orciona criepyer,
yTO pasnoxenHe MHOrouseHa x"—1 Ha TpOCTble MHOXHTEJ/H
umeer BHA (19) (B 0603HaueHHAX JEMMbl H3 § 3), a pasio-
JeHHe A, Ha aToMapHble LHKIHYECKHE K/IaCChl HMEET Bux (20).

CgopMy/IHpyeM MOJyUeHHbie Pe3y/bTaTbl:

Teopema 9. [ITycmb K-— maxcumaroroe ynopadouerHoe
noae. Jlas -3adanHozo n Had K, KpoMe Kiacca mMpUsUarbHbIX

n—I1 n
n-yZOﬂbHuKOB, cywecmeyem _T’ ecall n Hewemuo, U 5

ecatl I 4eMHO, QMOMAPHBIX LUKAUMECKUX KAACCO8 N-Y2OMbRU-
Kog. dmu Kaaccel cocmoam ual U3 aPUHHO-NPABUNLHBLX

n
N-Ye0AbHUKOG C YeHmpoM mMAXcecmu 0, Ual U3 - kpamro

npotideHHblx  APHUHHO-NPARULLHbLY d-yeonbHUKOB € YEHMpPoM
msocecmu 0, 20e d npobezaem MHOJICECMSO 6CEX Hempuauab-
woix Oeaumeneti n. Bce yuxaudeckue KACCol N-YeorbHUKO8
CUMMEMPUHHDL.

Econ K sBasiercss [0JieM BelleCTBEHHBIX HHCE] R, 10
YHCJIO ¢ M3 JEMMBl § 3 PaBHO CyMMe JBYX B3aHMHO o6paTHbIX

1) Cu. Byp6aku [4]. MakcumanbHee ynopsiiodeHHble MOJA HHAUE
HASBIRAIOTCS BOIIECTBEHHO-3aMKHYTHIMH MOJMAMH ¢ HX OHO3HAUHO onpe-
JeJeHHBIM YO psilouelHeM (CM., HaTpuMep, Ban gep-Bapnes [5],4 1,11.9).



208 TJI. 12. BEHIECTBEHHBLIE KOMIIOHEHTBI n-YTOJIbHUKA

nepBOOGPA3HEIX KOPHell n-il cTemenu us 1:

9 .27 iz_n

T = -
=e "tfe 7,

2 cos —

a ¢ BBIUHCIAIOTCA 10 dopMyie

ce=2cos k2 (h—0, 1,9, . ).

Hns n=1, 2, 3, 4, 6 pasnoxenue x"—1 Ha npoctele
MHOXHTRH, @ 3HAUMT, U Pas/ioxKeHHe 4, Ha aTOMapHble IIHK-
JHUECKHE Kaacchl Haa R u Hag Q comagaior. B stHx caIy-
Yafx Halx R cymecTByioT TOMBKO Te UMK/IHyecKHe KJIaccHl,

q —-----l———--‘————-_ b 3

\ -7

Puc. 92 Puc. 93.

KOTOpEI€ cyllecTBYIOT Hag Q. Jlia n=>5 aToMapHbIMH Hajg Q
AIBJIIOTCHA KJ1aCC TPHBHAJIBHBIX 5-YrOJILHHKOB H KJacce Beex
5-yrofibHUKOB ¢ LeHTpOM TaxecTH 0. Hap R nocaeguuii
KJacc pasjnaraerci B NPAMYIO CYMMYy ABYX aTOMapHbIX

a(PHHHO-IPABUJILHBIX LEHTPATbHBIX KJIACCOB, onpefieleHHBIX
LUHKJHYECKHMH CHCTeMaMH

al—-2cos—253a2—|—a3=o, al—2cosisn—a2+a3=o,
(25)

(cm. puc. 92 u 93).
B uactHoctH, wa eewecmsennor agppunnoi  naockocmu
(V=R?) ecaruti 5-yeossnur c UeHmpom msaxcecmu 0 00HO-
SHAUHO pasinzaemcs 6 cymmy ap@HuHHO-npasuLbHo20 5-yeoab-
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RUKQ € Yenmpom maxecmu O U  apPunHo-npasurbHob
5-yeonvroll 38e306L ¢ yewmpom msaxecmu o0 (puc. 94).
Paznoxenue (19), TpusnasbHoe npu n= 1, 2, npun>3
CYWIECTBYET Ha/l BCAKHM mosieM K, yIOBJETBOPSIOMUM YyCJIo-
BusaM: CharK } n u F, (x) pasnaraercs B K [x] Ha kBagpa-
THUHBIE CHMMETPHYECKHEe MHOXHTeNH Xx%—cx+d, He obg3a-
TeJAbHO mnpocThie. Torga cywectByer u  pasioxenue (20);

Puc. 94.

IIpH 3TOM CJaraeMble —KJacC TPHUBHAIBHBIX 71-YTOJbHHKOB M
LEHTPa/IbHble CHMMETDHUECKHEe KJacchl cTermeHeli | m 2 —
ABJISIIOTCS aTOMAaPHBIMH, BOOOLLE TOBOPA. TOJBKO B GyJIeBOM
anreGpe cuMMempuseckux NHKJINYECKHX KJIaCCOB n-yTONbHHKOB.

HazoBeM eewjecmeennoimu xomnonenmamu n-yronbHuka A
KOMMOHEHTEI, BXOAAllHe B KJjacchl pasjoxenns (20). Ilpu
n=1, 2 pawioHa/bHbe, BEUIECTBEHHbIE H KOMIJEKCHBIE KOM-
TNONeNHTH 71-yrojibhuka coBnajawor. I[lpu n=3, 4, 6 copna-
Aa10T palHOHA/bHBIE M BeleCTBEHHbIE KOMIOHEHTHI.

Wrak, eewecmeennoimu  komnonenmamu n-YeorbHUKa  S6-
ASAOMCA AGYEPUHHO-NPABLALHLIE N-YON6HUKL UALL MHO20K PAMHO
npotidenHote aghdunno-npasusohse d-yeorsnuku, 20e d— cob-
Cimeennoul  Oerumens 1y Kpome MPUBUANbHOZO N-YeoAbHUKA
uenmpa mAaxcecmu, 6ce OCMAAbHble KOMNOREHMbl UMCIOM yeHmp
Mmcecmu 0, ’
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B CBfI3H C BBel€HHLIMM B 3TOH TIJiaB€ MOHATHAMH BO3HH-
kaer psia npobaem. Hanpumep, Gbu1o Gbl HHTEPECHO BBISCHHTD
COOTHOILEHHe MeXy MOHsATHeM apdHHHO-NIPABU/ILHBIX N-yTrOJ/Ib-
HHUKOB, BBeJeHHbIM B § 3, H OObIYHBIMH a(UHHBIMH obpa-
3aMH MPaBHIBHBEIX n-yroibHHKoB. Ho 'y BCSIKOH KHHTH J0J-

meH' ObITh KOHELl, U Mbl CUHTaeM BO3MOXKHBIM 371ech OCTaHO-
BHTBCA.

YnpakHeHHus

1. Llukauueckoil mpoexuueil, oTo6paxalomiel MPOCTPAHCTBO An Ha
LHKJHYecKHH KJacc, ONpefesIeHHblll nenTeleM x2—cx-+1 MHoOrouseHa
F, (x), aBJjsetcs

1 n-1 \ '
n ch;
k=0

(B MpPeANOJIOKEHUSIX JIeMMbl H3 § 3). Haitaute uuMK/IHYeCKHe NPOEKLHH,
oTo6paxamomue 4, Ha NMKJIHYECKHe KJacChl, ONPElE/eHHEIE JeJuTe-

2

2 (xocunyc-mnocounenv). Ilyetb K-—mose, XapakTepPHCTHKA KOTO-
poro He JHeJIMT 1, w— nepBoo6pasHblii KOpeHb n-il cTenenwu u3 1, npu-
HAJJIeKALUH  [0JI0 PasJiokKeHHs MHOrouneHa xn—1 wax K. Ecan
K=R, 1o cymmbl

asmu x2—cpx+ 1 MHorounena x”—I1 (rue k=1, 2, ..., [n-— l])

wktw-k, k=0, 1, ..., [%], )

2 .
paBHB! 2 cOS kT . OnpegenuM n-it KOCHHYC-MHOTOUJICH C,, (x) xax MHoro-

yeH cO CTapuM Kos(guiueHTOM |, HMEIOWHHA KOPHAMH SHaYCHHH (%).
Jlerko mpoBepHTb, UTO

Ci(x)=x—2, C, (¥)=(x—2) (x+2),
C;(x)=(x—2) (x+1), Cy(x)=(x—2) (x42) x,
Cy (0)=(x—2) (x*+x—1), Co (x)=(*—2) (x+2) (x+1) (x—1).

Boobue, n-it KocHuyc-MHorouwneH Cp (x) Ajast HEYETHBIX £ NpEACTas
BHM B BUJE

Chlx)=

-

(i=vp L on=1 1 a1
e B () e e,

=

i=0
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a JJis YETHbIX n—B BUJe

2 (x—2) x

+‘l\1|3

Co () =~ (£ —2) (++2)

l(n=2)4] n=2 .
X
by 1>

i}

i=0

X(x+2).

Kosdduunentsl n-ro KocHHyc-MHOrouseHa C, (x) nexat B mpocTom
noanose noas K u B ciyyae Char K =0 uesounciaenHsl.

3 (Kuugep). a) OroGpaxenue f () ~f(§~1) sBAsteTcH MHBOMIOTHB-
HbIM aBTOMOpdu3MoM K-anreGper K [C].

b) ®uxcupoBaHHble 3JeMEHTHl 3TOrO aBTOMOp(H3Ma — Ha30BeM HX
CUMMEMPUHECKUMU  YUKAUMECKUML  OMOGPadeRuamML — o6Pa3yioT  Mopas-

re6py K [n] B K [] (n::;-}ig-l). Ee paur pasen 1-- [%]

€) MUHHMAJBLIBIH  MHOTOUJIEH sHgoMopdusMa 1 npocTpanctea Vn
€CTb 7n-H KOCHHYC-MHOTou/eH Cp (x): K [n] =K [x]/(C, (x)).

d) Byzesa aare6pa (E (K [0]), 0,+) uaemnorentos u3 K [n] ssasercs
OyJeBoii  noaanre6poit  GyJeBoit  anreGphl LHKJIHYECKHX TIpOeKUHil
(E KT 0, ).

€) CHMMeTpHYeCKHe IHK/IHYECKHE KJAaCChl M-YTOJALHHKOB SBJASIOTCS
AApaMH CHMMETPHYECKHX WMKJMYECKHX oTo6pameHuil. TpeGoBaHue chm-
merpudHocTH Ker f ({) skBMBaseHTHO ycJ0BHIO F(E)~F(E-1) (reope-
Ma 5 ru1. 6); H1eMIOTeHTHOCTD f (L) SKBHBAJEHTHA UAEMITOTEHTHOCTH f(g=v
(cm. a)); accouuupoBaHHbE HAEMNOTEHTH paBlibl (JeMMa U3 § 1 rn. 6).

f) BysieBa anre6pa cHMMeTpHUECKHX LHKJAHYECKHX KJIACCOB n-yroJe-
HHKOB H30MOp(HA CTPYKType AesuTeseit MIOrouJelia C, (x).

Hetpusunanonsie  adduuno-npapusbible 7-yroabuuku CyllecTByIoT
(npu n # 1) Toraa W TOMLKO TOrAa, Korja C, (x) passnaraercs Ha Jqu-
HeliHble MHOXKHTEJH,

4 (Kungep) (cm. ymp. 14 B ra. 9). Mycms @— nepBoo6pasHbIil
KOpeHb n-il CTenenH W3 1 B HEKOTOPOM paciuupelnuw noas K. Iokaxure,
yTO

a) BCe WMKJIHYECKHEe KJACCH A-YFOMLHHKOB CHMMETDHUlIb TOTAA M
TOJIBKO TOrAa, Koraa w u w—1! conpsikens Haxy K. [310 He Bceraa Tak;
HanpHuMep, 3TO He Tak Npu n=8 u K=Q (i) ]

b) Ecin n ecTh cTeneHb HEKOTOPOro HeUeTHOTO NPOCTOro 4ucJa, To
BCE UMKJIHYECKHE KJACChl 7-YTOJLHHKOB CHMMETPUUYNBI TOTAA H TOJBKO"
TorAa, Koraa [w:K] uerno (cMm. mpunowenne I, § 1, ynp. 2).

5 (a-n-yrombnukn). [lyers n, K u V—mnarypanoiioe 4ucJo, nose
H BEeKTOPHOE TMPOCTPAHCTBO Hal HHM, YIOBJETBOPSIOMHE TPeGOBAHH M
§ 1 ra. 1. Bynem uutepnperuposath 4, Kak End (V)-monyab. Beskuii
Sulomop@u3m B npocTpancTBa V HHAYUHPYeT muneiiHOe 0ToGpaken e An
B cefs:

B(ai, a, ..., a,)=(Ba,, Ba,, ..., Ba,).
Ecan € — unknuyecknit kaace N-YTOJILHUKOB, TO

End (V) €=g.
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Ecan dimV>=Grad g, To cywectByer n-yronsuuk A€E, TakKo#, 41O
End (V) A=§.

Orpauuunmcs aBToMopu3MaMu G MOPsAKA n NPOCTPAHCTBA Vien=1,
OukchpyeM Takofl aBTOMOPQU3M M PacCMOTPHM MHOMNECTBO Q-f1-Yro/ib-

HHMKOB
A.={(a aa, ..., a*~la):a€V }.

Ecau  m (x)€ K [x]— MuHHMaAbHbIH MHOrou/eH asToMopdusMa a, TO
m(x)|x»—14

1°. A, = Kerm (L),

2°. End (V) A, =Kerm ({).

Boo6ie rosops, He BCAKHI LHKIHYECKHH KJjace % =Kerf(§), rne
t(x)| xn—1, npexcraBuM B Bule 2°, Ognaxo ecan dimV=nu € —
CBOGOIHbIH  LHKJMYECKHH  KJacc, TO CYLIeCTBYeT aBTOMOpdU3M O
nopsiika n MNpPOCTPaHCTBA V na ce6s, takoir, uro @ =End(V)A,.
MoXHO JH B NpeicTaBjeHHH 2° OTPaHHUHTHCS HIEMNOTEHTHHIMH SHAO-
Moppusmamu V?

Mo adduHHO-NPaBHILHBIM 7-YTOJbHHKAM CM. Borrema [23]; no no-
BOAy cofiepxanus ra. 10—12cm. Kungep [24],

©aroige % W™, S ¢ MR oo
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NPUNOXEHHUE I
MHOTOYNEHbI AENEHUA KPYTA

3. HImuom

§ 1. KopHu M3 egHHHLbI

[Tyctb 3aganbl HaTypaJdbHOe yHcao n H mone K, xapak-
TEPUCTHKA KOTOPOTO HE MEJHT A,

DieMeHT w HEKOTOPOro paciiMpenus nons K HasbiBaeTcs
KopHem n-fi cmenenu u3 1, eclu OH SBJAETCS KOPHEM MHO-
rouneHa x"—1.

B cuny mnpeanosioKeHHsT OTHOCHTE/BHO XapaKTePHCTHKH
nons K mHorouled x"—1 M ero mpoussojHas n-x"~! B3a-
umHO mpocTel. Orciofa cieayer, 4To MHOrouneH x"—1 cBo-
GolleH OT KBajpaToB H He HMeeT KpaTHBIX KOPHEH HM B Ka-
KoM paciupennn moas K (cp. ¢ teopemoit 3 ra. 6.)

Takum o6pasom, noje pasnoxkenus x"—1 Hag K umeer
POBHO 7 pa3NHuHbIX KOpHeH n-ii ctemenu u3 1. Onu oGpa-
3ylOT TPyNny OTHOCHTENBHO YMHOXKEHHfA. Dra rpymnna Kak
KOHeYHasl TMOArpynmna MyJ/bTHIJIMKATHBHOM TPYNNbl MoJs
IBJIieTC LHKJAHYecKoi ). Kaxplit nopoxaaiomui ee seMeHT
Ha3bIBaeTCs nepsoobpasHoim KopHeM n-Hf crernenu u3 1. Ecuan
w—nepBooOpa3Hbfl KopeHb n-H cterneHd U3 1, TO Bce 3Je-
MEHTHI

w, @? ..., W, w=1

ABJAIOTCA KOPHAMH n-H cTemeHH H3 1; npu stoM @' torpa
H TOJIbKO TOTJa fBJfeTCH MePBOOOPAa3HBIM KOPHEM, KOrjaa
(!, n)=1. Yucsno nepBoo6pasHbIX KOpHell n-# creneHH us 1
paBHO 3HaueHHI0 QyHKuUMH Jitnepa ¢ (n), KoTopasi ompeje-
JIAETCA KaK 4UCAO 63AUMHO RPOCMbIX C N HAMYPAAbHOIX 4U-
cen, MEeHbuux n.

B umkinueckoit rpynne KopHeill n-if crenenu u3 1 Beskuit
3JIEMEHT HMeeT MOPAAOK, PaBHBII HEKOTOPOMY AEJHTENIO d
yucaa n, M, CAEJ0BATENbHO, ABJIACTCA NepBOOGPA3HEIM KOPHEM

1) Cm. Aprun [1], Teopema 26.
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d-ii cremenn u3 1. Takum 00pa3oM, H MHOXKECTBO KOpHe#
n-fi cremenu M3 1 cocTOMT H3 MepBOOGPA3HBIX xopHeli d-il
creneny u3 1, rae d mpoGeraer Bce ACMHTENH HHCJA 7.
Tlone pasnoxenns x"—1 Haj MPOCTHIM MOJEM XapaKTe-
puctukn O (MM XapaKkTePHCTHKH p, DA€ p—IpOCTOE 4UCJIO,
He jensuiee £) HA3blBaeTCsl N-M noaem  O0eAcHUA Kpyea
XapakTepucTHKH O (COOTBETCTBAHHO —XapaKTepHCTHKH P).

A

] e[-ag-

O—
~

1

Puc. é5.

OHO ro/yyaeTcsi W3 HCXOZHOrO MPOCTOro Mo IpHCOeHHE-

HHeM K HeMy MepBoOGpasHBIX KOpHeil n-i crenenu u3 1.
[Mone KoMnAeKCHeiX uMces TIPH JIOGOM 71 CONEPKHT BCE

KOPHH n-ii cTeneHH u3 I. ITepBOOGPA3HBIM KOPHEM 71-Hi CTEMeEHH

us | saBagercs YHCJIO
2mi

w=e".

Ha rayccoBoii 4HC/JOBOA MJIOCKOCTH BCE KODHH n-# cTeneHH
us 1w, 0?, ..., 0%, w"=1 pacnonaraioTcs B BepiuIHHAX
NPaBHJBLHOTO /1-YFONbHHKA, BMHCAHHOrO B OKPYXKHOCTb pa-
auyca 1 (puc. 95).

PR

R I



MHOTOUJIEHB AENEHHS KPYTA 918

YnpaxHenus

1. Cymma Bcex Kopuell n-fi crenenn w3 1 npu n # 1 pasua 0;
cyMMa TnepBcoGpasHbIX KopHeit n-# creneHn u3 1 paBHa —u (n), rae
w— @ynkyus Mébuyca (cm. crp. 216). [Tpoussesenne KopHeil n-ii creneHu
u3 1 paeuo (— 1)?*1, npouspefeHHe neppoo6pasHLIX KOpHeilt n-ii cTeneHu
w3 | pasio —1 npu n=2wu +1 npu n #2.

2. EcqM npocToe HHCAO p sBJAsieTCs XapaKTepuctukoii noast K u
n=mp, 10 xP"—1=(xm—1)7 u BCAKHII KOpeHb n-ii CTeneHH H3 1
ABJIIETCS KOpHeM m-ii creneHd u3 I,

§ 2. MHoroujeHbl JeJeHHsi Kpyra

Coxparum npepnoJiokenne o ToM, yro CharK yn. Ilog
n-Mm MHO204AEHOM OedeHus Kpyea Mbl OyIeM IIOHHMaTb MHO-
rouseH cO crapuinM KosbduiueHToM 1, KOPHSIMH KOTOPOro
ABJASIOTCH TNepBoOGpasHbie KOPHH n-fi cremend M3 1, T. e.
MHOTOW/IEH

F,(x)=]I (x—w) (w npoGeraer mHO)ecTBO Bcex
@ nepBocGpa3sHbIX KOPHe# n-i cre-
nenu u3 1).

CreneHb n-rO MHOrOWIeHa JeJNeHHsl Kpyra paBHa ¢ (n),
W NOKa OH OMNpejeJieH JHIIb Haj MOJEM Pas3jOXKEHHs MHO-
rowiesa x"-—1. ‘ .

Tak KaKk MHOXECTBO BCeX KOpHeil M3 | COCTOMT M3 mnep-
BOOGpa3HLIX KOpHei cremeny d, rie d npoGeraet MHOXeCTBO
BCcex JeHTeNeH n, a nepBooGpasHble KOPHH d-H CTemeHu
ABJAIOTCSA KOPHSAMH d-ro MHOrou/eHa JeJIeHHs Kpyra, To

x"—l=ng(x). . (1)

®opmyna (1) omHosHauno ompepenser F,(x). M3 Hee
npexae Bcero chaepyet, uto F,(x)=x—1. Ecnu H3BecTHHI
F4(x) ansa Beex d||n, To MuHoroufien F,(x) MOXKHO INOJIYYHTb
U3 3TOH opMyJIbl, TPHMEHAS OObLIYHBIA aJTOPHTM Je/IeHH:
lleNoYHCNeHHBIX MHorouseHoB. Orciofa ClepyeT, yTo KO3¢-
¢uunentot F, (x) npu JMo60M n NpHHALIEKAT NPOCTOMY NOA-
noso nossi K u uedouncsennsl, ecan Char K =0. IToatomy
5TH MHOTOUJeHB MOXHO paccMaTpHBaThb Haj MPOCTBIMH IMO-
NAMH,

Had noaem payuoHAnbHbLX HUCEA MHO204A2HbL OeAeHUs
Kpyea nenpueoOumsi'): npejcTaaenne (1) sBisercs pasnoxe-
HHEM MHOroujeHa x"—1 Ha HeNpHBOJMMbIE COMHOXHTEJH.

1) Cm., nanpumep, Bau-gep-Bapgen [5], u. I, § 53.
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[Tpume pol
F, (x)=x—1, i F,(x)=x+1,
Fytx)=x*+x+1, F,(x)=x*+1,

F.()=xt+x+x+x+1, Fo(x)=x*—x+1

TFomomopguamM Z Ha Z/(p) (p—mnpocroe 4HCJIO, He fens-
liee n), NPOAOIKEHHBI Ha COOTBETCTBYIOUHE STHM MOJSAM
KOJblla MHOTOUJIEHOB, TEPeBOJHT n-# MHOTOUIeH Je/IeHHs
Kpyra Haj [OJeM palUHOHA/NbHbIX YHCeJ B n-ii MHOTOU/EH
fefeHHs Kpyra Haj NMPOCTBLIM T0JIeM XapaKTePHCTHKH p.

[Toab3ysich opmynamn obpamenns MéEGuyca'), MOXKHO
nonyuutb H3 Gopmyn (1) cienyiouee Bblpaxenue Ajs F,(x):

F, () =TJ =1/, @)

d\n

3nech p—yHkuus MEGnyca HaTypabHOTO aPryMeHTa, ornpe-
feJeHHasi CJAefYIOUHM 06pasoM:

I, ecy m=1,
u(m) = (—1)7, eciu m ectb NMpOM3BeACHHE 1 Ponapuo
pasMMUHBIX NMPOCTHIX AEJUTENEH;
0, ecau ms~=1 He cBOGOJHO OT KBajapaToB.

Mpuwmep. Ecan p—rmpocroe YHCMIo, TO
x#—1=F,(x) F,(x)
‘M, 3HAYHT, i

F},(x)=’§f:l1 =xP t P72l x4 1.

Ecnu n*—cBoGogHoe OT KBajpaToB supo n (cM. ctp. 171;
1*=1), T0

Fp (x) = Fp» (x"""). (3)

DToT pe3y/ibTaT MOXKHO MOJYYHTb H3 GOPMYabl (2), MPHHSAB
Bo BHMMaHHe, uTo (QyHKuHS Mé&Guyca He cBOGOAHOrO OT KBaj-
patoB aprymenta paBHa 0. CrepoaTe/bHO, MHOTOUJIEHEI
JeNeHHsT Kpyra J0CTAaTOYHO ONpeAeNHTh /i CBOGOAHBIX OT
KBaJpaToB HHJEKCOB.

1y Cp. sbuwe, cTp. 177; cm., Hanpumep, Xacce [18], § 4, 7 [nau
Bunorpanos [7]. — Tpun. ped.]. L § [
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MHorou/IeHbl JeleHHsi Kpyra YAOBJIETBOPSIOT CJIe/LY IOIILHM
pexyppenmubm COOMHOUIEHUSM:
F,, (xy=F, (xF), ecain p—npoctoe uucjao u pln,

4
F,,(x )—F (x) , €CI p—TpoCToe YHCJO H p f'n. ®

IHokasaTteabcTBO. 3anuumeM paseHcTBa (4) Ge3 apo-
Geit:
F,p(x)=F, (x?) npu pln, F,,(x)F,(x)=F,(x") npu pyn.

JleBble M MpaBble YacTH 3THX PABEHCTB ABJAIOTCS HOPMHPO-
BaHHBIMH MHOTOYJIEHAMH OJMHAKOBBIX CTeleHell, HMeOUHMH
OJMHAKOBble KOPHM, a 3HAUMUT, COBIAjaloT.

@opmyJibl (4) N03BOMAOT BEIYHCIATL MHOTOUJIEHB! [eJIeHH S
Kpyra pjs wo6oro n. VICXOAHBIMM B 3THX BBIYHC/JAEHHAX
ABJISIOTCA MHOI'OUJIEHBI

Fix)=x—1, Fp(x);xp'1+xﬁ+2+ cootxF 1

MHroeouren F,(x) KococummempuueH, 6ce OCMANbHble MHOEO-
yrenol Oenerus kpyea F, (x), n==1, cummempuuner (cM. § 1
ra. 12):
F,(x)=x°™F_ (x~!) npu n==1. )

W3 (3) cnenyer, 4To HOCTAaTOYHO JOKasaTb (5) 1S CBO-
GoxHbIX OT KBajpaToB n. [Lisi npocThix p mHorousessl F,(x),
OUeBMJIHO, cHMMeTpuuHbl, Ecau F, (x) cummerpuyen (n;&l)
H p—TpOCTOe YHCJIO, He fessuiee n, To F,, (x) cUMMeTpHYeH
KaK 4acTHOe CHMMEeTPHUYeCKUX MHOTouJieHOB (cM. (4)).

3HaueHue n-20 mHozoureHa OeneHus Kpyea npu x =1 (cyMma
K03(pUIIHeHTOB MHOTOUJIEHA) PABHO

0 npu n=1,
F,(1)={ p npu n=p* (p npocmoe, k==0), (6)
1 6 ocmanrbroix cayuasx.

CornacHo (3), AOCTAaTOUHO OTPAaHHYUTLCA CJaydaeM cBOGOA-
Horo ot kBajpatoB n. Ilpu n=1 u n=p yrBepxieHue (6)
oueBupHo. [lajee, ecan (6) BepHO Asa n==1, T0 B cuay (4)
IpHU MPOCTOM ¢ {'n HMeeM

F (O

nn (1) = ( ) 1:
uTo M TpeboBajoCh J0Ka3arhb.

9 Ness®
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BoT eule OfHO COOTHOLIEHHE /I HEeUeTHbX n 7= l:
Fpp (¥) = F, (— ). Y
CornacHo (3) u (4), 3To COOTHOLIEHHE JOCTaTOYHO [NOKa3aTh
IJ151 HEYeTHBIX TMPOCTHX p:

=)= _ xP+1
Fop ) == = x+1—

=xPl—xP i —x+1=F,(—x).
YnpaxXHeHHSd

1. Qopmyasr (2) v (4) ABAAIOTCS YaCTHBIMH CJyYafMH COOTHOLIEHHS
Fa=]1 Fﬁ/ff/” (xty ana djn.
{ld

L ety B FE NS

s

BRI

R A

2. Jlokaxure dopMyay (B), mojbsysch npejcraBieHuemM (2).

3. BuiuncsuTe 3HaueHHe A-TO TOJNHHOMA JesieHHs Kpyra F,(x) B
Touke x= —1.

4. n-ii MHOTOUJEH JeNeHHS KPyra Haj m-M TOJeM JeJeHHst Kpyra
XapakTepHUCTHKH HYJb HEeNnpUBOJHUM TOrZa U TOJbBKO TOorzia, Koria
(n, m)|2. s

§ 3. Teopema Penen

Kak BCSKHH UeJouYMC/ACHHEIH MHOTOWIeH, n-H MHOTo4JieH
JeJEHHsT KPyra MOpoKJaeT [VIaBHbI HMiean B Kouble Z[x].
CripaBemsiuBa ciefyouas ‘

Teoremal). B koasye Z[x] eaasuoui udear (F, (x)) npu
n==1 nopoxcoaemecs mHoeourenamu F,(x"?), ede p npobeeaem
ce npocmoie Oeaumesu 4ucaq n.

OrpannunMcss CBOGOLHbLIM OT KBajgpatoB n [cm. (3)].
Teopema n0KasbiBaeTcs MHAYKIHMEH MO UHC/TY MPOCTBHIX AeaH- %
teneil yucaa n. ILas MPoCcTOro n yTBEP:KAEHHE CIPaBeJHBO.
[lycte n=mp, rae m=~1 1 p—1pocToe YHCJIO, He Jiesliee m.
[Tonoxum

f(x)=F,(x?) Frp(x) u g (x)=F, (x") Fp (x).
B cuny (4), f()=F,(x)€Z[x] n
xmP —1
g(x)=m=ﬂmﬂp(x)€z[x]-

ti

1) .Cm. Pepen [14]; 1énGepr [20].
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KopusaMu MHorousena f(x) fBJIAIOTCS MepBoOGpPasHble KOPHH
m-# creneHu U3 1 u; KOPHAMH g (X) —nepBooGpasHbie KOPHH
tp-i creneny u3 1 v; # npoberaer Bce COGCTBEHHbIE EIHUTENH
uucaa m. Pesynbrant R MHorouwsnenoB f(x) M g(x) paBeH
R=T[w—u)=T] 1 —vw).
u, v u, v
R sBnsercs efuHuuedl B KOJblie UeJMBIX ajre6paHuecKHX
unces. JleficTBHTe/IbHO, eIHHHUAMH SIBJIAIOTCA U, w=0y~ly,
Kak MNepBooOpa3Hble KOPHH HEKOTOpoH cremeHM d==1 usz 1,
u 1—w=1—v"ly, KaK nokasblBaeT COOTHOUIEHHE
(I—w) JI (—w/)=F,(1)=1.
(i, =1
i#1
C npyro#t cTopoHsI, Pe3y/bTAHT MHOTOU/EHOB f (x) U g (X),
KaK H3BECTHO, MpEeJCTaBHM B BHJe

R=F(x)[(x)+G(x)gx),
npuyeM KospHuHeHTs MHOrouneHoB F (x) u G (x) npuHaz-
JeXKAT TOMY e KOJbIY, uTO H KO3bHIHEHTH [ (X) H g (x)1).

B Hamem ciyyae BCe MHOTOUJIEHBI LENOYHCIEHHBI, MOITOMY
RE€Z, a u3 ero obparuMocTd ciaeayer, uto R= 4 1. Hrax,

B Kosblle Z[x]
=), g(x)
H, CJel0BaTe/bHO,

(Fmp (X)) = (Fm (x7), Fp (xm)).

Orciona no HHAYKLHH JOKa3bIBAETCS OKOHYATE/JbHOE YTBep-
KICHHE TEOPEMBI,

IMpumep. IlpeacraBnenne F,(x), COOTBeTCTBYIOIEE
TeopeMe Pesen, serko ykasatb npu n=pq, Tae p, §— pas-
JHYHbIe mpocThle uncaa. Hadiayres uuena 0<a<q u
0<b<p, Takue, uto 1=ap—>bq. Toraa

ap | bg |
Fpq (x)zfx—_TFM (x)_xx——Tprq (x) =

xw —1 xb7 —1
=r—1 FP (x7) — x9—1 xFlI (x7).

COMHO}KI/ITGJIH, CToAlUUE Tepe] MHOrodJeHaMH JeJieHUus
Kpyra, gBJIAIOTCA LeJOUYHC/IeHHBIMH MHOrO4YJIeHaMH,

1) Cm., Hanpumep, Bau-mep-Bapaen [5], u. I, § 27.
9+ '
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YnpaxuHenus

1. Fg(x)=F5 (x?)—xF, (x%), Fy5 (x)=(x*+-1) F5 (x?) —xF5 (x%).

2. Kosdbunnentsl muorounena F,q () (p, g—npoctsie yicsa) pas-
et 0 uan + 1. Onpegesnte YHCJIO [OJIOXKHTEJBHBIX U OTPHUATENbHBIX
KO3((QHUIHEHTOB 3TOTO MHOTOYJEHa.

3. Muorousen Fig; (X) fBAsI€TCS MHOTOUJIEHOM JeJIEHHSI KDYra MHHH-
MaJIbHOT0 MHJEKCa, B KOTOPOM He Bce KoadduuHeHTH! paBHbl 0 mam 1.

§ 4. MHorouneHbl JeJeHHsl KPyra Haj MpoCTbIMH
KOHEYHbIMU TMOJSIMH

IlycTh 3amaHbl HaTypaslbHOE YHCJIO n M MPOCTOE p, He
nensmee n. [lopadkom uucaa p no modyamo n HasbiBaercs
MHHHMa/JbHOE HaTypajibHOe 4Hcao [, A1 Kortoporo pi=
=lmodn [oGo3nauaerca Ord(p, n)]. Coriacno Mao#
teopeme depma, Ord (p, 1) | ¢ (n).

MHOrou/IeHbl JIeIeHUs Kpyra, HelnpHBOAHMBIE Haj MPOCTHIM
noseM XxapaktepuctHku 0, MOryT He 06/1aJ]aThb 5THM CBOHCTBOM
HajJ TOJAMH KOHEUHOH XapaKTepPHCTHKH.

IIpuMmep. Bce p—1 OTIHUHBIX OT HYyJs 3JEMEHTOB
MPOCTOrO MOJIsi XapaKTePUCTHKH p ABJISIOTCA KOpHAMH (p— 1)-1i
crenenn u3 1. Ortciona. ciepyer, 4TO Haj MPOCTBIM MOJEM
XapaKTepUCTHKH p BCAKHH MHOrodYJIeH JeseHHs Kpyra ¢ HH-
JeKCOM 1, nenslinM p—1, pasnaraercs Ha JIMHeHHbIE MHO-
xkutenu, Tak, s p=7

F,(x)=x—1, F, (x)=x—6,
Fy(x)=(x—2) (x—4), Fy (x) = (x—3) (x—5).

YcioBue «n jpeant p— l» osnadaer, uro Ord(p, n)=1.
Boo6uwe, crnpasennisa

TEOPEMA., n-e nose OeseHUs Kpyea XApaKmepucmuku p
umeem Had ceoum npocmoim nosem?*) cmenero Ord (p, n).

HokxasateancTBo. Ilycte K ecth n-e mose peseHus
Kpyra XapakTepHCTHKH p W e—cTelleHb K Haj ero NpocThiM
noxanoJeM. Torga K —KoHeuHoe moJie, COAepxKallee pe 3JIeMeH-
TOB. MyJsbTHN/IMKAaTHBHAs Tpynna Jo6oro mosis H3 pb sJe-
MeHTOB (/—HaTypaJ/lbHOe UuMCJI0) sABJAETCA LHKJINYeCKOH

1) Cp. Pegen [15], § 135.

s

et




MHOTOUYJIEHB! IENEHHS KPYTA 291

rpynno#t nopsiszka p'—1. Tlone K sBJsieTcss MHHHMAJbHBIM
KOHEUHBIM PACLIMPEHHEM INPOCTOTO IO/, TaKHM, 4YTO €ro
MYJIbTHIIIMKATHBHASI TPYyMNa COAEPKHT MOATPYNNY KOPHeH
n-i crenenu M3 1, umewomyno mopagox n. HspectHo, uro
KOHEUHAs LHKJHYeCKas TpyNnna COAePXKHT MOArpymmy mo-
paaKa n TOT4a H TONbKO TOTJAA, KOrjJa ee MOPSOK HeJHTCS
Ha n. Urak, p?—1-—muHnMajlbHOe H3 uHcea p'—1, xoro-
pble JIeNATcs Ha n, HIH e—MHHHMaJbHOE H3 YHCea [, TakKHX,
yro n|(p*—1), T. e. p’==1modn, a 3To O3HaYaer, YToO
e=0rd (p, n).

U3 3Toif TeopeMbl CJEAYeT, uTo BCAKHH MepBOOGPasHBIH
KOPeHb n-ii cTenmeHu M3 | ABJAETCA aJreGpPaHyecKHM 3JIeMeH-.
tom mopsiaka Ord (p, n) Haj MPOCTHIM MOJEM.

Cnexcteue. Had npocmeim nosem Xapakmepucmuku p n-ti
MHoecouneH Oenenus kpyea F, (x) asasemcs npoussederuem no-
NAPHO He QCCOYUUPOBAHHBLY HEnpueodUMbLY MHO204AEHOB Crme-
newu Ord (p, n). Yucaro HenpugoOumelx comHoxcumeneli 6 pas-
aoocenuu F, (x) pasro ¢ (n)/Ord (p, n).

Ynpaxuenus (31ech PaccMaTPHBAIOTCA MHOTOUMEHH JeJCHHS
Kpyra Haj KOHEUHHIM NPOCTHIM MOJEM XapaKTepPHUCTHKH p.)

1. F, (¥) HeMpHBOJMM TOTAa M TOMbKO TOTAa, Korfa n=4, gk, 2g*
(k=0; g—HeueTHoe NPOCTOe UHMCI0) H p-—IepBooGpasHoe *) mo Mo-
LyJI0 1 9HCJO.

2. Mpu p=2  Fp()=(x2+x+41) (422 1),

npu p=13:  F,(x)=(x*43x+ 1) (x*+5x+1) (x*+-6x +1),

npu p=17:  Fy(x)=(x*+43x+41) (2 +4x4-1) (*—Tx+ 1),

npu p=3: Fg(x)=(x2+x—1) (x2—x—1),

mpu p=11:  Fyg (x) = (x2—2x+4) (*+4x+5) (x* +-5x4-3) X
X (x2+3x—2).

3. Onpejenute UHC/IO HETMPHBOAUMBIX MHOMHTENEH MHOrouJeHa
¥12—1 npu p=>5, 7, 1.

*) To ecTb sBAAETCA MO MOAYJI N NEPBOOGPa3HEIM KOPHeM H3
1 crenenn ¢ (n).



Axcuoma 5 (munumym): c<<a, b<=>c<Lanb.

NPUNOXEHUE II
CTPYKTYPbI
I'. Kundep

MuoxecTBo L HasHBaeTCs cmpykmypoiil), eciH B HeM
onpejieJieHbl 1Be GUHApHBIE ONCPALUHH W H m (OTOOGparkeHHs
LXL— L) u 6uHapHoe oTHOWeHHe < (IOAMHOMKECTBO LxL), !
YIOBJIETBOPAIOLIHE CJAEAVIONIHM aKCHOMAaM:

Axcunoma 1 (accoyuamusrocms): (awb)uc=auv(buc),

(@mb)mc=an(brd),
Axcuoma 2 (kommymamueHocms): aub=buag, '
amb=bnra.
Axcuoma 3 (noerowenue): au(amb)=a,
am(awb)=a.
Axcuoma 4: a<b{=amb=a.

ITpuMmeuanune k axcuome 4. Ecaum misa ABYX onepa-
UHA © M ~ B MHOXKECTBe L BHINOJHEHBl AKCHOMBI 1, 2 u
3, T0 oTHoweHHe < MOXHO ONMpefeNHTDh NPH TOMOLIH
aKCHOMBI 4.

Axcuomam 1—4 9KBHBAJIEHTHHI CJIENYIOUIIE AaKCHOMBI:

Axcuoma 1’ (pegaexcusnocms): a<a.

Axcuoma 2' (mpansumusrocms): a<hb ANV ca<Le.
Axcuowma 3' (ammucummempus): a<b Nb<a=>a=b.
Akcuoma 4" (maxcumym): a, b<c<=>auwb<ec.

N .

3

]

|

Ml npuBeseM NPHMEpHl CTPYKTYP M HEKOTOpPbIE METOAE! b
NOTy4eHUS HOBBIX CTPYKTYD W3 3afaHHbIX. Haunem ¢ Baxk- i
HEHIIero npumepa, SAB/SIOWEIOCH A0 HEKOTOPOH CTEMEeHH g
NPOTOTHIIOM BCEX CTPYKTYp:
1. MuoxectBo (M) Bcex noaMuoxects Muomectsa M &

C onepauHAMH U H [} U OTHOLIeHHeM <.

1) Auranmfickoe lattice, nemenxoe Verband.
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2. Ilycrb  (E—HeKoTOpoe MHOXKECTBO TMOJAMHOXKECTB U3
M (€ = P (M)), 3aMKHYTOe OTHOCHTEJbHO OMepalHH mepece-
yeHHs, T. €. TaKoe, YTo A/ BCAKOro noamuoxecrsa M <= €

NM= n TEGC.

Tem

Besikomy noamHoxkectBY A < M 1OCTaBHM B COOTBETCTBHE
MOJAMHOKECTBO <A>€(§—nepeceqeﬂne BCEX TIIOJMHOXeCTB
3 @€, comepxkamnx A. Torma (€, <UD, N, <) saBasiercs
cTpyKTypoit (<U > osnauaer onepaumto (7, U) —<T U U>).

Cnepylompe yerbipe npHMepa 3—6 SBJASIOTCS YaCTHBIMH
cayyassiMH npHMepa 2.

3. MHoxecTBO BCeXx MOATPYNI HEKOTOPOH TPYIHL.

4. MHoxecTBO BCeX HOpMadbHBIX JeJHTeNeH HeKOoTOpoi
rpynnel. (B srtoit crpykrype TwlU=<KTUU>=T-U.)

5. MHOXxecTBO BceX R-TOAMOAYJ/EH HEKOTOPOro R-MOAyJis
(R—xombro). (3pece <TUU>=T+U.)

6. MHoxectBo L (R) Bcex ABYCTOPOHHHX HJeaslOB HEKO-
Toporo Kosbua R. (3aecy <TUU»=T+U.)

7. MuoxectBo L (R)\ {(0)} Bcex OTJHYHBIX OT HyJs HJe-
aNoB 06/aCTH 1EJOCTHOCTH R ¢ omepamusiMd +, ) H <.

8. Ilyctb R—KoMbllo raaBHBIX HaeanoB, L (R)—cTpyk-
Typa uneajoB KoJabua R (npumep 6). PaccMorpum otobpa-
XkenHe @ — (a). TlonHeiM mpoo6pa3om wuaeana (a)= Ra
SBJISIETC KJacC acCOLMHMPOBaHHBIX ¢ a 3/jeMeHToB Ug; ue-
pe3 U o6osHauaeTcst rpynna oOOpPaTHMbIX 3/1eMEHTOB («eH-
HHI») KoJibuia R. CooTBeTcTBHe Ra — Ua B3aUMHO OJHO3HAYHO
oro6Gpaxaer cTPYKTypy - L (R) Ha MHOXKeCTBO KJIacCOB acco-
LHUHPOBAHHBIX 3/IeMEHTOB. B nocjegHeM MoXKHO CJ€YIOHIUM
o6pa3oM BBeCTH OMepanuH =, m, < A9 NPOH3BOJBHBIX
a, b€ R nyctb Uaw Ub—xiace HauGoJbluero obwero aet-
teasd a ¥ b, Uar Ub— KJacC HauMeHbIero o6iiero KpaTHoro
a u b, Ua<< Ub o3nauaer, uro a nenautcd Ha b. Torna yxa-
3aHHOE BHIlLIE COOTBETCTBHE CTAHET H3OMOP(H3IMOM CTPYKTYP.

9. Ilycrp (K, <) —npou3BoJibHOE JHHEHHO YNOPSAOUYEH-
HOEe MHOXeCTBO, T. €. TaKoe, 4TO B HeM BLIMOJHSAIOTCA aK-
cuomMel 1’, 2/, 3’ M Jas1a BCAKHUX JBYX 3JeMeHTOB a, bE K
CpaBeAJHBO OfHO H3 OTHoweHuit a<<b, b<Ca. OrHocu-
TeJbHO omnepalud awb=max(a, b), amb=min(a, b) u
OTHOIIeHHsi <, MHOXecTBO K sBJIfieTCS CTPYKTYpOi.
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10. Crpyxrypoit sBafercs MHoxecTBo E (R) Bcex HpueM-
NOTEHTHBIX 3JEMEHTOB KOMMYTAaTHBHOTO KoJblla R ¢ omepa-
Ml awb=aob(=a-+b—a-b) u amb=ab (cM. npume-
yaHHe K axkcuome 4; cM. Takxke § 1 ra. 5).

Ilycrp 3amana crpykrypa (L, =, m, <{). Onpegenum
OTHOLLEHHe > CJeAYIoIHM 0o6pasoMm:

az=b<{=>b<a.

Torpa (L, m, w, >) TaKkke dABJIAeTCH CTPYKTypoH; OHa
HaspBaeTcs  Odeoticmeennol K HcxopHoi. Chopmysnpyem
npuryun 080LicMeeRHOCMU TEOPHH CTPYKTYp:

Ecau nexomopoe ymeepoOerue & meopuu cmpykmyp cnpa-
6601160 047 6CexX CMPYKMYpP, Mo chpasedaueo maxmce u 08odi-
cmeennoe K Hemy ymeepucOenue S*, noryuennoe ua S samenoi
w, m, << COOMEEMCMEEHHO HA —, w, =, )

HeficTBuTeIbHO, &* CnpaBeAJIMBO AJisi BCAKOH CTPYKTYPHI
(L, v, m, <), Tak kak & cnpaBefIUBO AJs BCAKOH CTPYK-
TYypbl, B TOM uHCIe ¥ qaa (L, m, v, =).

IIpumenp.

11. Crpykrypa, ABOHCTBEHHass K CTPYKType mpHMmepa 8,
COCTOMT H3 KJ/acCOB AacCCOLMHPOBAHHBIX 3JIEMEHTOB C Omepa-
uuami HOK u HOJL u orTHowenHeM | («aemuT»).

Ilycte 3anano cemeticmeo cmpykmyp €, T. e. oroGpaxenue
i—C;=(L; w; m,; <,) MHOXeCTBa «HMHIEKCOB» / B MHO-

KecTBo CTpykTyp. [1poussedenuem cmpyxmyp [ € =] G,
i€l

Ha3bIBAaeTCs MHOKECTBO BCEBO3MOXKHBIX OTOGPaKEeHHI @ MHO-

)KecTBa | B oObefMHeHHe MHOXKecTB U L;, MPU KOTOPHIX
iel

i —a;€ L, Tpoussenenne [[ € sBasercs CTPYKTypOi OTHO-
CHTEJIbHO OmepauMii v, = H OTHOIEHHA <, ONpeje/eHHBIX
cJelyIoIHM 06pa3oM:
‘ (awb);=a;w;b;,
(@mb);=a;m;b,
a<b<=>vi€l:a; <0,

[Ecan I nycro (I = &), 10 € = &¥; oueBuano,uto u U L;= &,
iel

tak uto J[ € cocrour tombko us mycroro oro6pakennus

TyCTOTO MHOeCTBa B cebs, H Ju P =F =0 nd, 3<T.]
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ITpumenp. _
12. TMyctb N —ceMelicTBO KOMMYTaTHBHBIX KOJell C MHO-
xecTBOM  HHuekcoB [={l, 2, ..., n}. Orobpaxenne

i—(E X)), o, -) onpenensier cemeiicTBo cTpykTyp. Mx mpo-
u3BeleHHeM sBAsieTcs cTpyktypa (E(M,D...HN,), o, -)
HAEMIIOTEHTHBIX 3JIEMEHTOB mpsMoii cymmbl  J,P... D N,.

Bynem rosoputb, uro crpykrypa (T, v’, »', <') sB-
JISIeTCA COOTBETCTBEHHO 100C8A3KOL, w -no0c8sa3K0l, ™ -no0ces3-
Kot u nodempykmypoii cmpysmypor (L, v, m, <), ecau
OHa YHIOBJIETBOPSET YCJOBHSM, COODAHHBIM B CJIEAYIOLLYIO
tabauny:

r , ' CTPYKTYDHI (L, w, M, <), ecau
( TR \) HasblBaeTCR | p C L u ans scex a,be T BhNONHAETCA
n00ceAa3koll a<<'b<{=>a<b
W -nodceask ol aW' b=ab
™ -1n00c6a3K0L am’'b=amMb
nodcmpysmypoii | a W' b=a Y bAam'b=amb
[TpumepH.

13. B crpykrype (B ({1, 2, 3,4}), U, N, =) (cM. npu-
mep 1) noncsskoi sBasercsa {J, {1, 2}, {1, 3}, {1, 2, 3, 4}}.

14. B cTpyKType KJ/accoB AacCOUHHPOBAaHHBIX 3JIEMEHTOB
Koabla ueabix ukhcen Z c onepauusmu HOK, HOJL u otHo-
menueM | noxcBaskoii sBusercs {U, U3, U4, U6, U24}
(cM. mpumep 11 (u 8); 3mecy U= {1, —1}).

15. Crpykrypa (€, <UD, N, =) npumepa 2 sABisercs
N -MoACBA3KOH CTPYKTYypH noaMmuoxectB (P(M), U, N, =)
(npumep 1).

16. Crpykrypa R-mogMonmyseit R-mopyns M (npumep 5)
ABJIAETCA TMOACTPYKTYPOH CTPYKTYpbl MOArPYNN ajAHTHBHOM
rpynnst M (npumepst 3 H 4):

17. BcsiKoe MOAMHOXKECTBO, 3aMKHYTO€ OTHOCHTEJLHO Ore-
pamuii w M, crpyktypol (L, w, m, <) obpasyer MOA-
CTPYKTYPy OTHOCHTENBHO OrpaHHueHHs 3THX omepaunii. Cries
UHa/IbHBIE TMOACTPYKTYPH B (L, w, M, <) MOXKHO NOJYYHTb,
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BLIOpAB 1A 3JEMEHTOB a, b U3 L cjefyiouiye NoAMHOMKECTBA:

(@)<:={xra<x (sepxnuil (eaasroul) udear),
b)s:={x:b>=x (HuscHull (2nasueui) udeasr),
[a, b]: = {x:a < x<C b} (unmepsar, uau npomexcy-

mo4nas cmpykmypa bja).

K sTuM cneuuasbHEIM clydasiM OTHOCHTCA cJeRylouluit
npumep:

18. B cTpyKType K/IacCOB acCOLHHPOBAHHBIX 3JEMEHTOB
KOJ/IbLia TJIaBHHIX HAeasoB c onepauusimu HOK u HOJ u
oTHomienHeM | (npumep 11 (u 8)) Knaaccel, cocrosiue u3
AenuTeJIell  3aJaHHOTO 3JieMeHTa m, O06pasyloT HHTepBal
[U, Um]. B §4 rn. 7 on o6osnauasncs uepes L (m).

Ilyctb Tenepb 3ajaHa mpomusBodbHasi crTpykrypa (L, u,

y <). Ecim a<Cb u as%b, Gygem nucars a < b:

a<bi<=DabAazb.
OrHoleHne, JBoiicTBeHHOe K <, 0603HA4UM >,
Onpenenenune. -

DnieMeHT a U3 L HasmiBaeTcs B (L, w, My, <), ecJ/in

HYACBLIM 3NEMEHIMOM a<<x pad BceXx x € L

eOUHUUHOLM IAEMERMOM x<Ca ana Beex x € L

amomom (amoMapHbim 34e- | CyWleCTBYeT efIMHCTBEHHBI x € L,
MEHMOM) Takoil, uro x < a

QAHMUAMOMOM

CyWeCTBYeT elHHCTBeHHHH X € L,
TakoH, uto a < x

Bynem oGosnauaTh uyepes 0 HyneBoi, a uepe3 1 eguHHu-
HBIH 3JIEMEHT CTPYKTYphl (€CJH OHH cymiecTBYyIOT). MX efun-
CTBEHHOCTb CJIeyeT H3 aKCHOMBI 3'.

Ecin cymecrByer aromapHblii 3/€MeHT a, TO cymecTByer
¥ HYJIeBOH 3JIEMEHT CTPYKTYpPbl, MPHUEM 3TO €JUHCTBEHHBIi
3JIeMeHT, MeHbli a. [eficrButenpHo, nycth n < a. Hdas
Bcex X € L uMmeem xma<Ca, MO3TOMYy HJH Xoa=a, HJH
xoa=n. Urak, n<{x 1aq Bcex x € L. 1o 03Hay4aeT, yTo
n=0. AtoMapHble s/1eMeHTb GyneM 0Go3HauaTh GykBamH p,

E il 7

R T e T L e e

dme sty

N
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g, ... . MHoxecTBO Bcex aToMapHBIX 3JIeMEHTOB 0603HayuM
yepes A (L, v, m, ).
BbICKHSaHHOG YTBep}KﬂeHI/Ie AonycxaeT lIBOﬁCTBeHHOE.

[TpumepH.

19. B crpykrype (B (M), U, N, =) (ecMm. mpumep 1)
NyCTOE MHOXKECTBO (J sIBJAETCA HyJeBbIM 3JemeHToM, M —
enuHHUHBIM. OfHO3/IEeMEHTHBIE MOAMHOXKECTBA aTOMapHBI, HX
JoToONHEeHHst 10 M aHTHATOMAapHBI.

20. B cTpykTypax, BCTpeuawouuxcs B ajnreGpe, atomap-
Hble 3JeMeHTbl 4YaCTO Ha3hiBalOT MHHHMaJbHBIMH, aHTHATO-
MapHbIe — MaKCHMaJIbHBIMH 3JIeMeHTaMH (MOArpyMnaMH, Hiea-
JaMH, ...).

21. B cTpykType, cocTosieill M3 MHOXKeCTBA JeACTBH-
Te/bHBIX uHces oTpeska [0, 1], omepauuit max, min u ot-
HoweHHs < (cM. mpumep 9), HYJ/IEBbIM 3JEMEHTOM fBJAETCA
ypcqo 0, exMHM4HbIM—uHca0 1. Hu aTtoMoB, HM aHTHAaTOMOB
B Hell Her.

22. B crpykrype ({Ua:a€ R}, HOK, HOL, |) (npumep 11)
HyJIeBbIM 37eMenToM siBasercs U= U1, enunnunbiMm— {0} =
= UQ. AToMapHBIMH SIBJISIIOTCS KJIacChl, COCTOSIlIHe M3 Npo-
CTBIX 3/EMEHTOB, aHTHATOMOB He CyIIecTBYeT (ecaH R He
ABJISIETCS TIOJIeM).

Tlycth cHOBa 3ajaHa mNpoH3BoJbHas CTpykTypa (L, v,
o, <). O6o3HauuM uepe3 [a] MHOXKECTBO aTOMapHBIX 3Je-
MEHTOB p € L, TakHX, uTO0 p <L a:

[a]: ={p:p€A(L, v, », AP <a}.
Oro6paxenne

a—[d] (*)

TePeBOAHT HCXOXHYIO CTPYKTYpPY (L, w, m, <) B CTPYKTYypy
BCEX TOJMHOXKECTB MHOXECTBAa AaTOMapHbLIX  3JIEeMEHTOB
(BEL, =, », <), U, N, =)). D10 0TOGPaKEHHE MOKET
GEITH CHJILHO BBIPOJKJEHHEIM (CTPYKTypa rnpumepa 21 He nmeer
aToMapHBIX 3/eMeHTOB: [a]= & i JoGOro a), HO MOXKer
GBITH TakkKe H3oMopdusmoM. Tak, B mpumepe 1 (u 19) oro-
GpaxenHe x — {x} ABJsercs, OUEBHIHO, B3aHMHO OJHO3HAY-
HEIM oToGpaxennem M uHa A (P (M), U, N, =). Tlosromy
() aBaserca usomopduamoM cTpyktyp (B (M), U, N, =)
B QP M), U, N, =), U, N,S).
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Orciopa caenyer

Teopema 1. Ecau cmpykmypa (L, v, m, <) usomopgua
Hekomopoil cmpykmype (B (M), U, N, =), mo & Kaecmee
MmHooceernea M moocem 6umpb 63amo A (L, v, », K); moeda
OaHHbIL UB0MOPPUBM CMPYKMYP €Cib He 4mo uHoe, KaK omo-
6pasenue (x). [das moeo umcbor cmpykmypa (L, v, -, <)
6bLaa UBOMOPPHA cmpyKmype 6cex NOOMHOINCECME HEKOMOpO2o
MHOMECMBA, HeoBX00UMo 12 ocmamouHo, 4mobol 6bINOAHAAUCH
caedyrouyue 06a mpebosanua:

(1) 0aa aoboix a, bEL

[a] = [8] = a<<b;

(2) 0as awboeo mHoscecmea A amoMapHbIX 818 MEHMO8
empykmyper (L, w, o, <) cyuwecmeyem aremenm a € L, maxod,
umo A= [a].

Mbl XOTHM Temepb MOKa3aTh, YTO JA/IA TOrO UTOGbl CTPYK-
typa (L, w, m, <) ynoBJeTBOpAJa 3THM TpeGOBaHHSAM, He-
06X0JNMO H JOCTAaTOYHO, YTOGbI OHA Gblia NMOJHOM, aToMap-
HOM, AHCTPHGYTUBHOH CTPYKTYDOIl C IOMO/IHEHHAMH; APYTHMH
cjoBaMH, 4TOGBI OHa Gblia noaxoil 6yiesoti arzebpoil.

Haaum Heo6XoAuMble ONpefiesleHHs .

DneMeHT S CTPYKTYphl (L, w, m, <) Ha3bIBAeTCA 6epXHell
epanuyei. mHoxectBa A= L, ecin a<{s A1s Beex a€ A.
OGo3HaueHHe:

A<Ls.

dneMenT g€ L HaspiBaeTcs mouHotl 8epxHell epanuyei,
WIH CMpYyKmypHoim Maxcumymom MHOXKectBa A <=L, ecau

A<s<=>e<s,

T. €. €M g SIBJseTCd HYJEBbIM 3JIEMEHTOM B CTPYKType
BceX BepXHHMX rpanuin MuoxectBa A (cm. mpumep 17). Or-
CI0la, B YACTHOCTH, C/JefyeT eHHCTBEHHOCTb TOYHOH BepXHEH
rpanunel. Ee oGo3nauenue:

UA.

Hcnonb3ysi 310 oGosHauenue, tTpeGoBaune (1) B Teopeme 1
MOXKHO 3anHcaTh GoJiee CXKaTO: 048 00020 dsemeHma a€ L

a=U[a]. (1)
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JIBofiCTBEHHBIE MOHATHSA: HUNCHAS 2panuya MHooecmea A
s<< A

U MouHas HUNKHAS epanuya (MM MMHHMYM) MHOxecTBa A
nA.

B cuay akcHoMbl 4 BCSKOE JBYXSJEMEHTHOE MOAMHO-
xectBo A= {a, b} B L nMeer TOUHYIO BepXHIOIO rpaniily, a
HMEHHO

aub=l{a, b}.

CTpyKTypa Ha3blBaeTCsl M10/4KHOU, eciu no6oe ee MOAMHO-
JKeCTBO HMeeT TOuHyio BEpXHIOK rpanuily. B OJIHOH CTPYK-
Type 8CAK0e NOOMHOECMEO A umeem makice u HUJNCHIOW epa-
HUYY:

MNA=U{rx<<A}

JleficTBUTENIbHO, €CIH A€ A, 1o {rix<A<a Orcioza
c/eflyer, uTo Urirx<A}<a u Urx < A} saBasercs
HHJKHell rpaHHlell MHOXKeCTBa A, oueBHIHO, MPEBOCXOAsLEH
BCe OCTaJibHBIE HIDKHHE TPaHHIbI.

Cmpyskmypa, 0sotcmeeHHas K noArol cmpyKmype, moice
noaxa.

Beskas noanas cmpysmypa (L, w, 1, <) uneem Hyaesol
anemenm, a umeHHo QD (=TL), u COUHUYHDIL  INEMEHM

UL(=No)-

IIpume pH.

93. Crpykrypa (B (M), U, N, =) npumepa 1 [u, creno-
BaTeJqbHO, BcAKas CTPyKTypa cO coiictBamu (1) 1 (2)]
nonmna. Tourofi Bepxueil TpaHHUell MHOXKECTBA [OMHOKECTB
i3 M sBasercsa oGbeiMHeHHe 3THX MHOXKECTB, TOUHOH HHXK-
Hell rpaHHlled —HX NepeceueHue. >

94. Tlo/iHbi TaKXKe CTPYKTYpHl mpuMepoB 2—6, 8, 11 u2l.

25. ITpoussesenne ceMefiCTBa MOJHBIX CTPYKTYp [MOJIHO.

26. Bcakas Henycmas KOHedHQs CmpyKkmypa NnoArd.

97. HeronHoll CTPYKTYpOil sBAsieTcsi, HampuMep, MHO-
JKECTBO pALMOHA/MBHBIX unceaq Q ¢ onepalHaAMH max, min
u orHourenHeM < (mpumep 9).

DleMeHT y HasbiBaeTcsl 00nOAHenuei K X, €Cld

xmy=0 n xuy=1L
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 CrpykTypa ¢ HyseM H efHHHUE!N HasblBaeTCA crmpykmypol
¢ 00noAHEHUAMY, €CTH KaX/BIi ee 3/IeMEHT UMeeT Mo KpaiiHeil
Mepe OAHO JOINOJIHEHHe.

CrpykTypa, ABOHCTBEHHast K CTPYKType C JONMOJHEHHSMH,
cama sBJsieTca CTPYKTYpPOH ¢ jpomnosHeHusMH. UToGHl H0Ka-
3aTh, UTO MPOH3BeJeHHe CTPYKTYD C AOMOJHEHHAMH SBJACTCA
CTPYKTYpPOH ¢ JIONOJHEHHSAMH, HeoOXOAUMO HCIIOJNb30BATh
aKcHoMy BHIGOpa.

IIpumepH.

28. Crpykrypa (P (M), U, N, =) [a Takke Bcakas
CTPYKTypa, yjoB/eTBopsiiomas tpebosanuam (1) u (2)] ss-
JigeTca CTPYKTYpO# ¢ fonoJiHeHusiMH. Besikoe nmoamuoxkectso
A u3 M uMeeT eJMHCTBEHHOE JOMOJHEHHe, a HMEHHO MHO-
&KecTtBO, JonoJHsouee A no M: ‘

MNA={x:xe MN\x¢ A}

29. Crpykrypa K-mogmoxynefi Hekortoporo K-Mofy.s
(K—nmoste, cM. mpumep 5), a cJefoBaTesbHO, CTPYKTypa
NOANPOCTPAHCTB BEKTOPHOIO MPOCTPAHCTBA SIBJASIOTCS CTPYK-
TypaMH C JOMOMHeHHAMH, TaK Kak BCAKHi G6asuc mojmpo-
CTPaHCTBAa MOXeT OBITb [JOMOJHeH A0 Gasuca BCEro MpocT-
paHCTBa.

30. B crpykrype ({Ua:a€ R}, HOK, HO/I, |) npumepa 11
(1 22) wuntepBan [Ua, Ub], rpe a|b n as£0, sBrsercs
CTPYKTYPOil C HOMOJHEHHAMH TOTAa M TOJNbKO TOTZA, KOTAa

9JIeMEHT % € R cBoGoaen ot kBajparoB. B atoM ciyuae Kaacc
Ut € [Ua, Ub] obnajaer efHHCTBEHHBIM JOMOJMHEH HEM — KJ1ac-
com U at—b. B uacrnoctu, cmpyxkmypa L (m)=[U, Um] deau-

_meneil snemenma m€ R (cM. npuMep 18) ssasemes cmpyx-
mypoti ¢ OonoAHeHuAMU MOE0a U mOAbKO moeda, Koeda m
060600H0 om Kkeéadpamos (oGpaTHMble 3/JeMeHTHl OTHOCATCH K
cBOGOJHBIM OT KBaJparToB).

31. B crpykrype (E(R), 0, -) HIEMIOTEHTOB KOMMYyTa-
THBHOro Koabua R (cM. mpumep 10) Beskuil HemycToil orpe-
30K [a, b] ecTb CTPyKTypa C JOMOJHEHHSMH; OJHO3HAUHO
onpejie/IeHHBIM JONMONHeHHeM K X € [a, b] saBasercs a—xb.
Ecnn koabuo R umeer equHHuHBIE 3.emeHT 1, To O M 1 B R
coorBerctByloT 0 u 1 B (E(R), 0, -); B 3TOM ciyuae Bcsi
crpykrypa E (R)=][0, 1] ecTb CTpyKTypa c AOMOJHEHHSMH.

B i Dy ARG
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[Ecan B Kombue R BCIKMiL JIe/IMTE/Ib HYJs HHJBIOTEH-
TeH, KaK, HanpHMep, B GaKTOPKOJIbLE Z/(p") nou B 06/1aCTH Lie-
JOCTHOCTH, TO HAEMIOTEHTHBIMH 3/IEMEHTaMH ABJAAIOTCA TOJIbKO
0 u 1. JleficTBUTENbHO, U3 0°=a WJH a(a—1)=0 crenyer,
yto @= | WJH a— JeIuTe]b HyJd; HO TOrAa OH HUJIbIIOTEH-
TeH, a HHUJIbMOTEHTHBI/l HJEMIOTEHT DABEH Hymo. |

BeiicHUM Tenepb, 4TO O3HAYAET TpeGoBaHHe (2).

TeorEma 2. Ecau awoboll dremenm X noAxoll cmpyKkmypot
uMeen MouHo 00HO 0ONOAHEHUe x', mo 048 6CAKO20 MHOXMCECTEA
A amomog cmpyKkmypol

A=[uA]. 2

NokasatenbcTBo. QueBuaHoO, 4TO A =[UA]. Hoka-
sxeM obpaTHoe BKJiouenne. ITyctb p € [UA]. Tak xaK p<UA
u pmp =0, TO COOTHOLICHHE LUA<p' BHNOMHATBCA HE
MOSKET, C/IeNOBATE/BHO, HE MOMKET BBIMOJHATBCH H COOTHO-
wenne A < p'. 10 03HaUaeT, UTO CyWECTBYET aJeMeHT ¢ € A,
TaKoii, uto g <£ p’. Ocrasoch nokasarh, 40 p= g€ A. CopHoit
CTOpOHBI, TaK Kak p’'mq7 ¢, T0 p'nq=0. C apyroii ero-
poHbl, pu(p’wq)= 1. Tak Kak p aromapel, TO po(p' = q)
paBeH JU6O HYJIO, au6o p. Ecim p o (p'wq)=0, TOo B CUTY
@JIHHCTBEHHOCTH JOMOJHEHH pug=p 1 §< p', uero He
Mo3KeT GbiTh. TakuM 06pasoM, po(p'wq)=p- Torpa p'wq =
=pu(p’rg) =1

Hrtak, §— 3JEMEHT, JONOMHUTEbHbIE K p', 3HAUHT,

= p,
Crpyxkrypa (L, v, ™, <) Ha3bBaercs OucmpubymueHou,
ec/u B HeHl BHIMOJHACTCA JMCTPHOYTHBHBIH 3aKOH

() au (bme)=(awb) m (@9
JIBOfCTBEHHBIM K HeMYy ABJIACTCHA 33KOH
(Dr) ' an(buc)=(amb)u(amc).

JlokaxeM, 4YTO B QucmpubymueHotl cmpykmype BaKOK (D)
mosie cnpasedaus, n. e. cmpykmypa, deoticmeenHasn K oucmpu-
GymueHolL crmpyKmype, moxice ducmpubymusra.

Jloka3zaTenbCTBO.
aﬂ(buc)=an(auc)m(buc)=
= ((amb)ua)m((ar-nb)uc)=(anb)u(amc).
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O6paTHoe yTBepXKieHHe COBNAAeT C JBOHCTBEHHBIM K
TOJIbKO 4TO JI0KA3aHHOMY M CIpaBeAJHBO B CHJIy NpHHLHMA
JIIBOHCTBEHHOCTH.

HoacTpykTypa AMCTPHOYTHBHON CTPYKTYpHI JUCTPUOYTHB-

Ha. Ilponsseienne AUCTPUGYTHBHBIX CTPYKTYp AHCTPHOY-

THUBHO.

Ilpume pw

32. Cpykrypa (P(M), U, N, <=)[u, caeosatesbHo,
BeAKas CTpYKTypa, yloBJeTBOpsiowas TpeGosanusM (1) u (2)]
JHCTPHOYTHBHA.

33. Cmpykmypa (L(R), -+, N, <) udearos Koabya
2nagHolx udearos R Oucmpubymuena. JleficTBuTesbHO, foCTa-
TOYHO NOKa3aTh, UTO

Ran (Rb+ Re)=(Ran Rb)+ (Ran Re)

(MPOTHBOMOJIOKHOE BKJIIOYe HHE OYeBHIHO BO BCAKOI CTPYKTYpe).
Ilyerb Rb+Rc=Rd, torma d=bu-+tcv, b= db', c=dc'.
Besiknii snement u3 Ran (Rb -+ Rc) npeicraBum Kak B BHIE Xa,
TaK M B BUJe yd = ybu -} ycv. TlepBoe ciaraemoe ybu = ydb'u =
= xab’u € RaN Rb; Bropoe cnaraemoe ycv= ydc'v = xac'v €
€ RaN Rc, uto u TpeGoBajoch N0Ka3aTh. :

34. JlucTpuGyTHBHBL CJEAYIOWHME CTPYKTYDBL: CTPYKTYpa
npumepa 8, usoMopdHas CTpyKTypa npumepa 33, U ABOMCTBEH-
Hasl K He#i cTpykTypa ({Ua:a € R}, HOK, HOL, |) npumMepa 11,

35. lnc1puGyTHBHA CTPYKTYPa BCSKOTO JIHHEHHO ynopsijo-
UEHHOT0 MHOXeCTBa (mpumep 9).

36. Crpykrypa (E (R), o, -) (npumep 10) AHCTPHOYTHBHA.
IleilicTBUTeIbHO, ecJiH a, b, .C—HJeMNOTEHTHEIE 3JeMEHTHI
KOMMYyTaTHBHOro Kosbua R, 10 a(boc)=ab+ ac—abc =
= ab+ac—abac= (ab) o (ac) (cm. § 1 ra. 5).

Teorena 3. Ecau 6 Hekomopoti ducmpubymusHod cmpykmype
¢ 0 u 1 kax snemenmer x,, y,, max u ssemernmot Xo Y, 63AUMHO
donoarumenstol, mo ug x, < x, credyem Y, <Yy,

HokxaszateancTso,
Y << (yl""xl)'_‘(!/luyz):yﬁ"(xﬁ_’yz)<y1""(x2‘_‘y2)=y1~

M3 3101 Teopensl caenyer, uTo smeMeHTHI ducmpubymueroti
cmpysmypor ¢ 0 u 1 umerom we Gosee 00HO20 AonoaHenus.

Fo o
e

B
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JlucTpHOGYTHBHBIE CTPYKTYPHI C AOMOJIHEHHAMH Ha3BIBAIOTCSA
6yresoimu cmpykmypamu ) (Win 6ysesoimu areebpamu). Jonosn-
HeHHe 3/1EMeHTa X (OAHO3HAYHO ONpejie/IeHHOE B CHJTY TeOPeMBI 3)
o6o3HaunM uepes x'. Omo6pascerue

x—x'

ABAALMCA—CHOBA B CHJTYy TEOPEMHl 3 — usomopghuamom 6yaeeott
aneebpor (L, w, m, <, 0, 1, ") Ha Osolicmsennyro Kk Heil
6yresy anreebpy (L, =, w, =, 1, 0, "). Urak, GyneBa ajre6pa
IBoficTBeHHa cama cebe. Jlerko nmpoBepHuTh, YyTO B HEl CripaBej-
JIUBH 3aKoxb. de Mopeana

(awb) =a' mb" u (amb) =a' wb'.
Byaesoii nodanreebpodi 6ynesoit anrebpul (L, v, m, <, 0, 1, )
HasblBaeTcs MOACTPYKTYpa CTPYKTYphl (L, v, m, <), cogepxa-
mwas 0, 1 4 BMecTe ¢ KaxKIblM 3JIEMEHTOM X JOMOJHHTEJNbHBIH
K HeMy 3JieMeHT X', IpyTHMH CJIOBaMH, IOAMHOMKECTBO, COAEp-
Kamee 0, 1 ¥ 3aMKHYTOe OTHOCHTe/bHO omepauuii w, m, ’,
BMECTe C OrpaHHYeHHeM Ha Hero 3THX Ofepauui,

[IpuMep sl

37. (B (M), U, N, &) H, caenoBaTesNbHO, BCAKAsA CTPYK-
Typa co cpoiictBaMH (1) M (2) sBuasercs OyJieBoil anreGpoit
(cM. mpumeper 28 .m 32).

38. Humepsaa [Ua, Ub], onucarei 8 npumepe 30, 8 uacmro-
cmu  nodempyskmypa L (m), ecau m ce0600n0 om Keadpamos,
aeasionica 6yaesoimu arzebpamu (cM. npuMep 34).

39. ByneBwl anre6pel, cocTosIe H3 HAEMIOTEHTHHIX 3J€-
MEHTOB KOJ/bla, yKa3aHbl B npumepax 31 u 36.

40. B pgucrpubyrtuBHO# cTpykType ¢ O m 1 MHOxecTBO
3/IEMEHTOB, HMEIOLUHUX JOMOJIHEHHE, SB/SETCs MOACTPYKTYpPOH
(mpumep 17) u paxe OyJieBoi anreGpoii.

41. ByJeBoii anre6poii ABAAETCS MHOKECTBO BCeX OTKPHITHIX
MOJAMHOXKeCTB M HEKOTOPOro TONOJIOTHYECKOI'0 MPOCTPAHCTBA
¢ onepaunsaMu: M w N —MHOXKeCTBO BHYTPEHHHX TOYEK MHO-
kecrBa MUN, MaN=MNN wu ordowenueM: M<N
osHauaer M = N(uepra o3HauaeT 3aMblKaHHe MHOXECTBA).

CrencrBueM auctpubytuBHoro 3akona (D) daBasercs
MOOYAAPHYILL 3aKOH

(M) a<c>av(bme)=(awb)me.
1) George Boole, 1815—1864.
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Ilns  JokasaTejbCcTBa JOCTaTOYHO NpHMeHHTb (D)) K JeBoli
yactd paBenctBa B (M). CTpyKTypa, yJ0BJeTBOPSIONIAs 3TOMY
3aKOHYy, HasbiBaercsi Mmodyaaprot. OueBHAHO, CTPYKTYpa,
IBOHCTBEHHAs K MONYJspHOH, wmoaynaspHa. Bcesakas mnog-
CTPYKTypa M  TNPOM3BENEHH  MOAYJAPHBIX  CTPYKTYp
MOJY /15l PHBL.

s MOAYNSAPHEIX CTPYKTYP OYEBHJHBLIM 006pa3oM CrpaBei-
JMBa Caelyiowas meopema 06 usomopgpusme (cM. puc, 96):

af

arf
Puc. 96.

Has npouseosersix a, b w-omobpaderue
X — aux («o0belHHEHHE C a»)

unmepeasa [amb, b] e unmepsasr [a, awb] u —-omobpadxenue
y— ymb («nepeceuenue c by)

unmepeasa [a, awb] 6 [amb, b] sersomes e3aumrno obpam-
HOIMU U30MOpPUSMAMU CIPYKMYP, M. e.

amb<<x<<bD> (xwa)ymb=1y, 3)
u, no n,bunuuny OsoticmeeHHocmu,
ay<avban(bny) =y, (4)

O6GpatHo, 3akoH (M) fABJseTCA CEICTBHEM KaK yTBEp-
Knenus (3), Tak u yTBepxieHus (4). B stom MoxHO yGe-
IUTbCSs, NOJIOKUB, HampuMmep, B (4) y=(awb)me,
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[Tpumepsl

42, CrpyKTypa HOpMasbHBIX jgejuTesedt rpynnel G (mpH-
Mep 4) monyaspHa. CnpaBegiuBo fake Gomee obuiee yTBEp-
KIeHue: Jis BCAKHX Tpex MuoxectB A, B,C =G, Takux,
yto A-'=A u C.C=C,

A=C=A-(BnC)=(A-B)nC.
(IIOKaSﬂTEJIbCTBO TpUBHAJBHO; OHO HCIMONb3YyEeT BKJ/IIOYEHHA

A 1'C= AC=CC <= C.) B yacTHOCTH, CTPYKTYypa MOArpyIN
a6eJieBOM T'pYNIBl MOLYJsipHA H, CJeJOBaTelbHO, MOAYJsipHA

_ CTPYKTYpa MoaMOAyJeil HekoToporo R-monyas (mpumep 16).

(Otciona Ha3BaHHE «MOJYJSIPHBINY.)

43. TloacBsizka nmpumepa 14 M3 nfATH 3/1€MEHTOB He SIBJSA-
eTcs MOAYJISIpHOH. '

44. CrpykTtypa moArpynm rpynmnsl OGPaTHMBIX 3JIEMEHTOB
dakTopkosiba Z/(8) momyispHa (cM. npumep 42), HO He
JIUCTPHOYTHBHA.

Mbl XOTHM Tenepb yCTaHOBHTb JOCTATOYHbIE yCJOBHA LJA
TOro, yTo6bl CTPYKTypa ynoBJjerBopsia TpeGoBanuio (1). Ha-
30BeM amoMapHoll CTPYKTypy, B KOTOPOH TpeGoBanHe

[al =[] 2 a<Lb (1)
BLITIOIHAGTCA TO KpaiiHeil Mepe s caydas [a] =, T. e

B KoTOpO#l 3 [a]= & cnenyer, uto a=0. Beskas Henycras
aToMapHasi CTPYKTypa HMeeT HyJeBOH 3JIeMEeHT.

TeopEMA 4. Bcakas amomapras MOOYAAPHAS CMPYKMYypa
¢ QonoaHeHusmu yoosremeopsem mpebosanuio (1).

HdokasareabctBo. Ilycts [a] = [b]. Honomuenune K
amb o6o3HauuM yepe3 c. Mmeem

[cma]l=[cma]ln[b] =[cmamb]=[0]=g.
B cuny atoMmapHoctH cTpyKtyph cma=0. [lasee,
b>ambu(cma)=((amb)uc)ma=lma=a.

(3mech BO BTOPOM paBEHCTBE Mbl BOCIOJ/Ib30BA/IHCh 3aKOHOM
MOJYJ/IIPHOCTH.)

[TpumepHl.
45. (B (M), U, N, =), Kak H BcAKasg CTPYKTYpa €O CBOM-
ctBoMm (1), atomapua (cM. npunmep 19). :
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46. Crpykrypa ({Ua:a€ R}, HOK, HOJ, |)kaaccos ac-
COLMHPOBAHHEIX 3JIEMEHTOB KOJIblla TMIaBHBIX HjeasoB R aTto-
MapHa (cM. npumep 22).

47. Besikasg KoHeuHasi CTPYKTypa aToMapHa. _

48. CrpyKTypa MNOANPOCTPAHCTB BEKTOPHOrO MPOCTPAHCT-
Ba (cM. mpumep 29) atomapua. Ee aTomapHBIMH 3/€MeHTaMH
SIBJIAIOTCS OJHOMEpHbIE MOANPOCTPaHCTEA.

49. Crpykrypa (L(R),+, N, =) ufeanoB kosbua R
¢ eguHHLeH B oflieM cjydyae HeaToMapHa, HO BCerja aHTH-
atoMapHa (T. e. B Hell BBINOJHAETCA CBOHCTBO, JBOHCTBEH-
HOe K aTOMapHOCTH).

B 3aksmioueHne cobGepeM B OJHOH Teopeme (akThl, ycTa-
HOBJICHHbIE B Teopemax 1—4:

Teorema 5. Jasa moeo 4mober cmpykmypa 0Obiaa U30Mop-
(hra cmpykmype 6cex NOOMHONECMS HEKOMOopoeo MHOMeCMsa,
HeobxoOumo u Oocmamouro, 4mobel OHa Obira noaxol amo-
maproti 6yaesoti arzebpod.

Caexcteue. [Jaa moeo umober cmpykmypa Ooiaq u3omop-
(pra cmpykmype 8cex NOOMHOICECIE HEKOMOPO2O KOHEHHO20
MHONCecmaa, Heobxod0umo u docmamoyrHo, 4mobel oHa Obiaa KO-
HeqHoll Oyaeeoll areebpoil.

Jluteparypa k npunoxennio II: Bupkrod [2], Xepmec [19], Mak-

nefin u Bupkrod [13], Pesepgopa [16]. [Cm. Takwe Ckopusxos [17].—
Ped.]

- s
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OBO3HAYEHHS

n-yroavhngn, 0=(0, ..., 0) — HyJIeBO# 1-yTOJIbHHK,
crp. 23

[{uK/HyecKHe KJacchl n-yroJIbHHKOB:

MHOJKECTBO BCeX 7-yTOMBHHKOB, CTp. 23

KJ1aCC TPUBHAJbHBIX 7-yTOJILHHKOB, CTD. 24
HyJIb-u306apHyecKuil Kaace, CTp. 29

HeHTpaJbHbIH  KJace, COOTBETCTBYIOWIHH CBOGOHOMY
HMKaAHyecKoMy KJjaaccy @, CTp. 75

neproAHUeCKHil KJ1acC (n=dJ), crp. 32

knacc d-KpaTHO H306apHyecKH pacnajalomuxcs
n-yronsHukos (d|n), cTp. 85

KJaacc Q-mpaBH/IBHBIX 71-yTOJNBLHHKOB, CTP. 167
kaacc adduHHO-NpaBHbHBIX 6-yronbHHKOB, CTp. 39

CrienMaJibHble IHKJHYECKHE 0T06p aXeHHs:

(a,, ag, -, a,) (@, ..+ Qn a,), ctp. 50
NpoexLHKs; KamAOMy 7-YTOJbHHKY @y, A3y +ooy Q)
CTaBUT B COOTBETCTBHE n-yI‘OJIbHHK HEeHTpa TAXKECTH,

1
T. e. n-yroubiuk (@, @, ..., @), TAe a=-n-2at.,

crp. 27

(nois d | n) xopaosoe ycpelHelue, MPOEKLUHs, KaKAOMy
n-yroJbHUKy (@, @2, ««+» a,,) CTaBUT B COOTBETCTBHE

n ., "
~ kparHo npoiifieHHbifl  d-yTONBHUK € BEPUIHHAMH

d
’;(a1+ad+1+...+an—d+1), «vs; 3TH TOYKH fBe
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OBO3HAYEHUSA

%d

s(9)

K(g]
E(K[Z)
Grad €
Ker ¢

End (A4)

an A

ker S

aob: =a-t+b—ab,
T (n)

@ (n)

B (n)

diln

Fp (%)

mgy (%)

n
JIAOTCA UCHTPAMH THKECTH XOPAOBLIX —r-yTO/IbHHKOB
n-yronpHuka (@, @, ..., @,), ctp. 87
Tnoc/iejoBaTe/IbHOE YCPEAHEHHE; KaXKAOMY 7-YTONbHHKY
(a;, as, ..., @,) CTaBHT B COOTBETCTBHE 71-yTOJIbHUK
C BepLIUHaMH - (a;+as+...4+ay), ...; 9TH TOUKH
SIBJAIOTCS LEHTPaMH TsKeCTH d MocJ/eoBaTe/IbHbIX
BepLIMH 7-yroJbHUKA (@, @y, ..., G,), cTp. 91

cyMma Kod(dHLUHEeHTOB IHK/IHYECKOro OTOOpaXKeHus @,
cTp. 52

anre6pa UMKJHUECKUX OToGpaxeHuii, crp. 51, 52
6yneBa anre6pa LuK/AMYeCKHX npoekuuft, cTp. 104
cteneHb (cBoGOMbI) MHKJMYeCKoro Kiacca @, crp. 33
anpo oTobpaxenust @, Im ¢—o6bpas ¢, Fix ¢—mMHo-
3KeCTBO HENOJBHMKHBIX 3JIEMEHTOB OTOOpaXKeHHsi @,
ctp. 50, 54

KOJIbIlo 3HZOMOp(u3MoB abeneBoit rpynmnsl A, cTp. 50
anHyastop R-monyas A, ctp. 151

alpo ugeana S, crp. 151

crp. 94

yucsio Aenutenefl uucaa n, crp. 85

¢byuruust Jiepa, crp. 213

¢yukuus Mé6uyca, crp. 177

d siBasiercst coGCTBEHHBIM enuTeneM n: d|nwu d # n,
ctp. 149

CnenuanbHele MOJHHOMEL

n-#i HONMMHOM feNeHust kpyra, ctp. 215
=Lt = 2
crp. 147

xh—

1
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Annyasgrop 125, 151

Anruatom 226

ACO-kanace 37

AccouunpoBaHHbe 37eMeHTH 110
Atom 226

AromapHasi cTpykTypa 235
AtomapHbiit Kiaace 82

— 3jeMeHT 226
Aq%%uﬂﬂo-qpasnnbﬂuﬁ 6-yronpHuK

— n-yroabHuk 198

Bynesa anre6pa 233
ByJseso koatuo 96
— caoxeHue 95

BepuiHbl 7-yronbHuka 24
Buoxkenne 100

Ilbnonﬂmenbnbxe npoekuyuu 88
3akonsl e Moprana 233

HUpean-Bnoxenue 154
Hnemnorent 54, 94, 111
HpemnotenT-Bioxkense 126
H3obapuyeckne LHK/JIHYeCKHE OTO-
Gpaxenus 53, 72
H3o6apuueckkit Kiaacc 28
H3zo6apuunbie n-yroabuuku 28
VIHBOMIOTUBHHIN 3JieMeHT 96

KBasunpoekuns 54
Kurafickag koncrpykuus 112

Kuraiickas teopema of ocTaTkax
130, 131, 134

Kuraiicknit usomopdnusm 132

Koo raaeubix upeanos 110

KoMnoHeHTsl 7-yrosbHuka BeliecT-
BenHble 209

— —KoMnJeKcHue 186

— — pauuoHaJbHble 174

KococnmmeTpuueckiii  MHOTOYJIEH

Munumanbiele 6yJ1eBsl MHOTOU/IEHR
99 . . I

Mruorousien fnenexus kpyra 215
Monyab 125
Mopnynsipublit sakon 233

Hyub-n3o6apuueckuii kaacce 29

OpTOroHanbHble 3JIEMEHTH KOJbla
94

OcHoBHasi auarpamma 157
— reopema 118, 156

Mapannenorpamm 26

TNepropuyeckuit kmacce 32

TMoxcesizka 225

TMoactpykTypa 225

[Monnas cTpyKTypa 229

[MocnenoBateibHBe ycpeaueHust 60,
91

[MpaBubHeLi n-yrosabHuk 181

Tpusma 39

[MpucoeanHeHHoe npon3sefenne 94

[Mpoekuus 54

IMpocTpaHCTBO £-yroNbHHKOB 23



242 MPEJAMETHBIA YKA3ATEJb

Pa3Mepuocts uueana 159

— n-yroabHuka 35

Panr nuk/aunueckoro otoGpazkeHus
159

CeoGogHbIil OT KBafpaToB Haeaa 129

~— —>3jaement 111

— LMKJ/IHYecKHH kaace 30

Cagur ciaoxenus 80

CumMeTpHUeCKHii MHOrOusMeH 192

— LUKJNYecKuit Kaace 191

CrnoxeHue n-yroJbHHKOB 23

——wu3 neHtpa Taxectu 80

Cnextp 143

CpaBHuMble s/eMeHTHl 111

CreneHb (CBOGOZABI) LIMKIHYECKOTQ
kJaacca 33

CropoHEl 7n-yroJpHuka 24

CrpyxTypa 222

— ¢ gonoJaxenuamu 230

Teopema 06 Im-Bnoxenun 102
TpuBHANLHBIA 7-yTONBHUK 24

Ycpentenus 60

®ynkunsa Mébuyca 177
— Diinepa 213

XapakTepuctHueckas ¢byHkuHsa 144
Xopaossie ycpenuenus 60, 87
Xopposbiit d-yroasHuk 33

HeHTpanbHBIH LTUKJIHYECKHH Kaace
30

Llentp Taxkectn 27
Lukauueckass matpuua 34

— npoexkuus 57

— cHereMa 25

Llukauueckuit Kaacc 25
Llukauyeckoe oroGpaxenne 48

Yacruuynas cymma 97

flnpo ngeana 151

s

e e
n(.;ﬁ’."u&_ |

.



e ———— e — o oy

OrNABJIEHME

OT PEMAKTOPA . v s o « v o v v v v
W3 npemucnoBust aBTOPOB . . . . . . ...
IMpedbléTopHA KHMTH . . . . . . o . o« v v o v
O630p copepXaHHA . . . . . . . . . . .. .
Beemenpe . . . . . .. Lo

I'nasa 1. Llukauueckue Knacchl M-yroAbHHUKOB . . . . .

§ 1. n-yroabHHKH, NPOCTPAHCTBO n-YTOJbHHKOB . .
§ 2. LlukAMYECKHE KAACCHl & & « 4 & + « « o o &

.

.

§ 3. Llentp TsaxecTH n-yronbHuka. Hyab-uzo6apuyeckuit

KAACC s ¢ s o « 2 8 0 % s &+ o o o o o
§ 4. Isa TMNa UHKAMYECKHX KJAACCOB . . . . . .
§ 5. Ilepuomuyeckue KJACChl 4 s s 5 s « « « o+ .+

§ 6. Crenenb cBOGOXH LHK/AMYECKOTO Kjacca . . .
§ 7. Pa3MepHOCTb 7-YTOMBHHKA .+ + &« & o « « o &
§ 8. IlpuMephl UMKAMYECKHX KAACCOB . .+ . . . .

Tnasa 2. Llukanyeckne oToGpaxkeHHS 1-yroJdbHHKOB . .

§ 1. Llukauyeckve OTOGPaxmEHHSA . o « & . + « . .
§ 2. Aare6pa UMKJIMYeCKHX oToGpameHuit . . . .

.

.

.

§ 3. Cymma Ko3pduIHEHTOB LHK/JIHYECKOro 0TOGpaKeHUS
§ 4 TIPOCKIHE « 4 4 & 4 « v v o e v o o v e e u e
§ 5. TIPHMEPBL & « v v 4 &+ « v v s 5 o 3 & 5 8 8 & «
§ 6. Lluknuueckast KBAa3HMPOGKUHS ; « s s « « « + . .
§ 7. MaoBapuueckue LUHK/AHYECKHe NPOEKUHH 11 n= 4

§ 8. LluKANYECKHE MATPHUBL « 5 o 5 & + o o « o o« o &
I'naa 3. 06 n3o06apHueckKHX UHKJIHYECKHX OTOOpPaXEeHHAX . .
§L o-aIpo . . ... i e e e e e e e e e
. § 2. IlBa THNa LUMKAHYECKHX KJAACCOB . . « . . . .

§ 3, OF u306apHUYECKHX LHKJIHYECKHX OTOOPAKEHHAX .

.

.

27
29
32
33
35
36

48

48
49
52
54
58
65
68
70

72

72
73
7




244 OT'JIABJIEHUE
T'ndea 4. OToOpaXeHUS YCPEIHEHHS . . . . « + « « « o 4 5 3 85
§ 1. HMso6apuyecku pacnajaiomuecss 7-yrolbHUKH . & s s s 85
§ 2. XopmoBble YCPEAHEHHS 4 4 s 2 & s 1 s & & 1 5 5 ¢ s 87
§ 3. JlononHuTeNbHble MPOEKUHH s « s s s « s + 5 1 5 s s 88
§ 4. TocnenoBaTeNbHBE YCPERHEHHS , + s s « 3 s 3 2 t ¢ 91
I'naBa 5. UneMnoTenTHbE 3JeMEHTbl K GyaeBbl aireGpel . s & ¢ 94
§ 1. MpeMnoTeHTHblE 3JIEMEHTHl KOJTbLA « & s 3 ¢ « « 5 1 1 94
§ 2. ByneBb anreGpel, MOPOXAEHHbIE KOHEUHBIM YHC/IOM 3Je-
MEHTOB 4 s o o« « ¢ 5 & ¢ & o o s ¢ 2 & o § 3 2 € 8 97
§ 3. UnemnoreHnTHble 31joMopdu3Msl aGenteBoit rpynmel; Im-sJo-
KEHHSA 4 & & & o @ o ¢ & & ¢+ o ¢ « & & & & 8 2 3 3 100
§ 4. Bynepa anre6pa LHKJANYECKHX NMPOEKUHH , « & &+ « s « 104
§ 5. Tlpumepsl Im-BROKEHHH 4 . . 4 & v 4 4 1 s s 5 s & 105
TnaBa 6. OcHOBHAs TeOpeMa O LHUKJNMYECKHX KaaccaX . s » s « 110
§ 1. CpaBHeHHS B KoJblle TVIaBHBIX MAATOB .+ . 5 & + « « 110
§ 2. OcHoBHble TeOpeMbl O UHKJIHYECKHX OTOGpaMeHHAX U
IHKAMYECKHX KMACCAX o « s + s 4 5 + 2 ¢ + 4 3 ¢ « 114
§ 3. TMpocThle pesMTenn MHorouJeHa x"—1 W aTomapHble
LHKJAMHYECKHE KAACCH . o & » s s ¢ « s 5 ¢ s + + « 2 121
Fnapa 7. UpemnoreHT-BjaoXeHHe. PaKTOPKOAbUO KOMbUA FAABHBIX
"AeaJIOB . L] e . . K] e . * L] e * 2 . s . L] L] . L] 3 124
§1'R'M0nyﬂnaia‘o-ilnnniiiiiiiltl 125
§ 2. MNeMNOTEHT-BAOKEHHE , 4 & « + + 5 5 « 5 o s ¢+ 3 ¢ 126
§ 3. UacTubiil clydail HICMIOTEHT-BJAOKEHHA , + « « + « ¢ 126
§ 4. Uneansl W JeqMMOCTb B KOJbLe IJIaBHBIX HA€ANOB & 128
§ 5. ®aKkTOPKOMBILO KOJbLA [JABHBIX HAEANOB 4+ , o . » ¢ 129
§ 6. dakTopkoMbLO KaK cyMMa (akTOpKOMel . . . . ., s ¢ 134
Tnasa 8. Byaesb anre6psi n-yrogbHukos (teopusa I) . . . + » « 136
§ 1. Byseswt aare6per Ly—Ls . . . . . . . ... .. .. 136
§ 2. eautean miorousena x"—l M nukauueckue kaaccel 141
§3. CHEKTD « 4 s « « v v o a5 v o v v v v oo v o .. 143
§ 4. Tlpumepsl onpeneseHHsT LHMK/AUYECKHX KJacCoB MO Je-
AUTEJAM MHOTOWJena x7—1 . . . . . . . . .. s a0 . 146
Taasa 9. Byaeswl anreGpbi n-yroabHukos (Teopus II) . & & o ¢ 151
§ 1. Cootserctaue ['anya wmewmpy annysnsropamn # sapamn 151
§ 2. Ujeal-BIOKEHHE . « « o v v v o v v v oo a ... 153
§ 3. Bropoe noKa3aTelhcTBO OcHoOBHOI Teopembl. OcnosHas
DHATPAMMA 4 o« s o o o ¢ o v o o s o v o v v o 18D

s




OTJIABJIEHUE 245
§ 4. Tpagynposka. CreneHb cBOGOXB! LHKJMYecKoro kuacca 158
§ 5. CMewaHHble 38J@UH  « « v « « v . . . s o5 3 s 8t 163
Taasa 10. PauuoHaibHble KOMINOHEHTH! FI-YIOAbHHKA . . & : : « 167
§ 1. Q-npaBHIbHBIE N-YTOMBHHKH . « v + o v« o s s« 167

§ 2. Luknuueckne KJaccel, OnpejeseHHble MHOro4JeHaMH
HENEHUS KPYTA o o v+ o v 4 o o o v s 0 o v o5 171
§ 3. PaunonaibHble KOMIOHEHTH A-yFOJbHHKA . . . . 4 & 173

§ 4. Bynesa aareGpa, NopoXKAeHHas XOPJAOBLIMH yCpejHe-
HUSIMH, W ee aTOMapHble 3JeMEHTH . , , « » + « » ¢+ 176
§ 5. K mocTpoeHui0 pallHOHAbHEIX KOMIOHEHT n-yroabhHka 178
Tnasa 11. KoMMJeKCHbie KOMNOHEHTHI fI-yrOAbHMKA . . , + 1 & 180
§ 1. w-n-yroibHUKH, NMPaBUJIbHBIE N-YTOMAbHHKH . s &+ & 1 @ 180
§ 2. Cayuail NOAA KOMIJIEKCHBX HHCR & 4 &+ ¢ o « s ¢ ¢ 183
§ 3. KOMI/IEKCHBIE KOMIIOHEHTBI A-YTOMbHUKA & + & s s ¢ 186
Tnasa 12. BemecTBeHHble KOMNOHEHTbl M-YroJbHHKA . . & :+ & « 191
§ 1. CuMmMeTpuuecKHe LHKJMYECKHE KJACCHl . . . + s s ¢ ¢ 191
§ 2. CnenmanbHblii THN UMKJMYECKMX CHCTEM ypaBHeHuit , . 194
§ 3. AQGduEHO-NPaBHIbHBIE N-JTOABHUKH . . . . . . . & « 198

§ 4. Tpu xpaiiHuX cayyas OyJeBbiX a/ire6p UMK/AMYECKHX
KJACCOB A-YTOMBHHKOB . o « v o « o« v o v o o o o o 204
§ 5. BellecTBCHHBIE KOMIMOHEHTH! /-YTOMBHMKA . . . « o+ & 206
[punoxenne 1. MHorounenw genenus kpyra. . Ilmuar , . o 213
§ 1. KOpHU M3 EMMHHIBL . + « « « ¢ « o s 4 s ¢ o s 3 s 213
§ 2. MHOrouJeHEl JeJIeHHSI KPYTa . . + « « « o + s 2 1 1 215
§3. Teopema Peen . . . v v v v v v v v v v us . 218

§ 4. MuorouseHbl JielleHHst KPyra Haj MPOCTHIMH KOHEUHBIMH
MOMAME « v v v 4 o v o o o o o s o v o v a s oo 22
Mpunoxenne 11, Crpykrypw. I'. Kungep . . . .« v s« v s s 222
CIHCOK JHTEPATYPBl  « « « o = « o o« v o v v o 0 o s 1 s s 237
O603HAUECHHS « + « « v v v v v v v v v o v e e a s s 239
TIpeAMETHBIHl YKA3aTeMb .« « « « « v s s s + o ¢ o o s 2 2 s 241



YBAXAEMbBIA YHT ATEJIb!

Bauln saMeyaHHsl O COJEepKaHHH KHHIH, ee odopmie-
HUH, KadeCTBe [lepeBoja H ApyrHe IPOCHM NpPHCHLIATH MO
anpecy: 129820, Mocksa, H-110, I'CII, 1-ii Puxckuii nep.,
A. 2, u3pareascTBo «Mup»,

e A ol i 1 il A AN il s T

g—i—'*f—— ..
] ’

:

i




&. Baxman, 3. lImuar
n-erJ]bHHKH

Penakrtop H. H, IlayxHHKOBa
Xynoxuuk A. B, Llunos
XynoxecTBenHn# penaktop B. M. Illanosanos
Texunuecku#t perakrop E. C. [NoraneHKkoBa

- Koppektop K. JI, Bogsnnukas

Cnawo B HaGop 17/X 1972 r. IToxmucano k medatH

14/111 1973 r. Bymara Ne 2 84X108!/3,=3,88 GyM. J.

Ven. med. . 13,02, Va-wax. a. 11,120 Hax. Ne 1/6784,
1lena 77 kom. 3aka3s Ne 588.

HU3OATEJBCTBO «MUP»
Mocksa, 1-# Puxcknlt nep., 2

Ha6pano ¥ cMaTPHIIUPOBAHO
B opaexa Tpyaoeoro KpacHoro 3HameHH
TMeppo#t O6pa3uoBofi THROrpadun
umenu A. A, )K1aHosa «Coio3nonurpagpnpomas»
npu Tocy1apcTBeHHOM KOMHTeTe
CoBeta Muuanctpos CCCP no jgenam H3JaTeanCTs,
noadrpadun U KHHXKHOR TOProBJR
Mockpa, M-54, Basosas, 2§

Orneyatato B opaena TpynoBoro KpacHoro 3HamenH
Jlennurpanckofi THnorpaduu Ne 2
numeHn Eprenun CokonoBoft «Coio3nosurpagnpomar
npu TocynapctBennom komurere CoBeta MUHHCTPOB
CCCP 1o fenaM u31aTefNsCTB, NoMdrpadun
H KHUXXHOR TOProBa”
r. Jlenunrpag, JI-52, MamafisoBckuit mpocnexr, 29







