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B monorpaduu HalOTCS U HCCAENYIOTCH aKCHOMa-
THUeCKHe ONMpefeneHdst NONATHA YHCTOTH!, KPyyeHUs H
TOJHOTH  (JIEIHMOCTH), HIPAOWKX BaXHYI0 PoOJb
B TeopuH abeneBbix rpynn. B nocnensee Bpems B
JIHTepaType NOABHIHCh pa3iHyHble 06OOLUEHHS STHX
nouatTHit Ha Mopyad. ITouTH Bce 3TH 06oO6uieHus
yKJAafbIBAlOTCE B NpejaraeMyld B MoHOrpadHH
cxemy. Leab Monorpadun — MOALITOXHTL yclexd B
STON 06/1aCTH H CO3NAThb «TPAMIVIHH® A AaJbHeil-
DIHX HCCMENOBaHHi. B H3J0XeHHH IIHPOKO HCMO.Jb~
8YIOTCA METOMABI OMOJIOrHYecKoit aare6GpLi.

Monorpadus npencTaBaseT HuTepec s Hayu-
HHIX paGOTHHKOB, acllHPAHTOB H CTYIEHTOB, CHelHaAH~
3HpyioHxcs B 06;1acTH anreGpeL.
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NPEJUCJIOBHE

OO6uien3BecTHa Ta BaXHasi POJib, KOTOPYIO HIpaioT
B TEOPHH abe/eBBIX I'PYNI MOHATHA YHMCTOTH (CepBaHT-
HOCTH), KDYYEHHS H NOJHOTH (ZenuMocTH). B cBsisH
C Da3BHTHEM B NOCJEJHee IeCATHJETHE TEOPHH MOJy-
Jiell MpeANpHHHMAJNHCh MHOTOUYHCJ/IEHHBIE MOIBITKH IpPH-
CHocoOHTh K HeH 3TH NOHATHA. Jla H B caMoil TeOpHH
abeJjieBBIX T'PYIII H3BECTHH Pa3/HYHBIE 0000IIEHHS KJjac-
CHYECKOro IIOHAITHS YHCTOTH. B HacTosime#f MoHorpa-
¢un npepjaraeTcs aKCHOMATHYECKHH IOAXOA K ompe-
JEJIEHHIO YKAa3aHHBIX TPeX NOHSATHH. DTH Ompese/eHHS
OXBATHIBAIOT IIOYTH BCE HX 00OOIIEHHS, BCTpeyaBLIHECS
B Jjurepatype. Cpean HCKJIOUEHHH OTMETHM ompeneJne-
HHS JAEJHMOCTH, IpelJjoxeHHnie XaTrropH u JleBu.
OnHako H JUIi HHX HAXOJAHTCS MecTO B oOuieH cxeMe.
B cinyyae aGeseBBIX I'pynn aKCHOMATHYECKH OMHCaHHHIE
KpyueHHe H AEJHMOCTb NpeBpamHlaloTCs B BeCbMa ecre-
cTBeHHble 00001IeHHsT KJaccHyecKHX moustuii. ITosoxe-
HHE C YHCTOTOH HECKOJIbKO XyXe, HOO HafTH ONHCaHHe
BCEX YHCTOT B cjyyae abejieBbIX TIpynnm IOKa He yaa-
JIOCh. B CBA3H ¢ KpYyueHHEM H3JaraloTcsi OCHOBHEIE BO-
Npochl TEODHH pajfHKajla B MOAYJSAX.

B MoHorpatduu IIMPOKO HCIHOJB3YIOTCA IOHSATHA,
METOJb! H Pe3yJ/IbTaThl FOMOJOTHYECKOH anreOphl. B yacTt-
HOCTH, NpeAanoJjiaraeTcsi 3HaKOMCTBO YHTaTeNlsd ¢ (YHK-
topaMu Hom, ®, Ext u Tor, a Takxke yMeHHe BecTH
«pqHarpaMMHBIH mnouck». Te H3 oTHocALIHXCA ClOfa pe-
3yJIbTaTOB, KOTOpble MOXHO HafiTH B KHHrax KapraHna
H Diinenbepra [6] uaum Makaeiina [r], HcmoabsyloTes
CO cchlKOH Ha 3TH KHHrH. OTCyTCTBYIOLIHE B HHX CBe-
JIeHHsT H3JI0KEHB BO BCIOMOraTesNbHOM naparpade Ha-
crosieil MoHOrpaduH. B OTHe/IBHEIX CIyyasix B OCHOBHOM
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113/I0XK€HHH MONYUIEHH CCHIJIKH Ha JIpyrHe HCTOUHHKH.
Bo-nepshix, 3a ompee/neHHeM cjoxeHHs B rpymme Ext
yMTaTeNb OTCHIIAETCS K KHure XuiaToHa u Yain [X],
TaK KakK onpefeseHHe 3 KHHTH Makseiina (pasymeercs,
5KBHBAJ/IEHTHOE DAacCCMaTPHBAEMOMY) HE COBCEM IPHCIO-
co6J/1eHO K IPHHATOMY B MOHOrpaduu Hanoxenuiol). Bo-
BTODBIX, NMpCHJAaraeTcsi 03HAKOMHTbCSA C NOHATHEM IIps-
Moro crnekTpa mo Kuure CruHpoaa u DditsenGepra [e].
B-TpeTbux, uHTaTeJ]b OTCHIAETCS K IKypHaJbHBIM
cratbaM [5] unu [31] B cBsAsH ¢ paccMoTpenuem 0606-
HIEHHBIX KOJIell YaCTHBIX. HaKkoHell, NIPH H3JOXEHHH
OJHOrO NMpHMepa JAONyCKaeTcs CChljKa Ha craThio [131].
TloMuMoO pe3y/bTaTOB, BKJIOYEHHHIX B OCHOBHOE H3J0-
XKeHHe, NpHBOAATCA 6e3 I0Ka3aTeJbCTBA MHOTOYHCJEH-
Hble (aKTH M3 TEOPMH TPYNN HJH H3 TEOPHH MOZLYJeH
HaJ CIellHa/IbHBIMH KJacCaMu KoJjlell, KOTOpble MOXHO
HaJlesATbCsl IepeHecTH B obmyio Teopuio. [IpuBelleHHylo
B KOHIEe OuGaHorpaduio Ml cTapa/uch cleaaTh IO BO3-
MOXKHOCTH IIOJIHOH, OJHAKO (akThl H3 TEOpHH IPYIII,
umelomecss B Kuurax Kypoma [B] u ®ykeca [H], kak
IpaBu/IO, NPHBOXATCH Oe3 CChIJIOK HAa OPHTHHAJbHBIE
cratbH. B TeKcTe MBI HEOOHOKpaTHO oOpanlaeM BHHMa-
HHE YHTaTe/]si Ha HepelieHHble Bompochl. Bce 3TH BoO-
npochl coOpaHsl B KOHLUE MoOHOrpadHH B BHJAE CIHCKA
npoGsemM. HekoTopbie pesy/abTaThl, CTaBLIHE H3BECT-
HEIMH aBTOPaM K MOMEHTY YTeHHs KOpPeKTyp, OTpa-
JKeHbl B JoGaBJeHHH Ha ctp. 131,

1) Cm. Takke [222], cTp. 90—96.



BCNNOMOTATEJIbHBIE PE3YJIBTATHI

B srom mnaparpade coGpanel HeoOXOAHMBIE HJst
JajbHeHIIero pesyJbTaThl, JOKa3aTeJbCTBAa KOTOPBIX
OTCYTCTBYIOT B YINOMHHaeMblX BO BBEJEHHH MOHOrpa-
¢usax. KpoMe Toro, mpHBOAATCS MOCTOSTHHO ymoTpeOJise-
Mble 0003HaueHHS,

Ha nporsKeHuH Bcefi 3TOH KHHIH, €CJH He OroBO-
peHO NPOTHBHOE, BCe paccMaTpPHBaeMble KOJbIla Nped-
10J1araloTCs AaCCOUMATHBHRIMH KOJbUAMH C eIHHHIEH,
BCE€ paccMaTpHBaeMble MOJYJH — JIeBbIMH H YHHTap-
HBIMH, a BCe paccMaTpHBaeMble TpYmIbi — abe/leBbIMH.
OcHOBHOe KOJBIO, KaK mpaBHJo0, 0003HayaeTcs yepes A.
CHMBOJ1 e, O3HauaeT TOXJAECTBEHHHIH aBTOMOp®du3M
monynsi A. Tlpoussenenue romomopdusmos f: A—B
u g: B—> C oGosHnauaetcs uepes fg. Ecau B—A-monyans,
A u M—ero moagMoOAy b H NOAMHOXKECTBO COOTBET-
CTBEHHO, TO IOJlaraeM

A:M={A|resA, Ax=A pna scex x=M}.

3ametuM, uto (A :M)— nesuifi upmean xoabua A. Ecau
B — A-moaynb, A —ero nmoxMonyJb H I —jieBBIH HOeal
kKoabua A, To moJsaraem

(A:)={p|b=B, Ib=A}.
KpoMme Toro, ucmoJsb3yeM 0003HaueHHe
rM={lt=sA, =0}

Kak caMo0 KOJbLO UEJNBIX YHCEN, TaK M €ro aInJHTHB-
Hylo rpynny Oyaem o6osHauyath cHiMBosoM Z. Cymma
Moxynedi o6osnauaercss uyepes A+B uam X A, Has
npsiMol CyMMBI HCHOJIB3yloTCA OGo3HaueHus A + B
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i1 2 Agy @ ISt IOJIHOA IPSIMOA CyMMBi (IIPSIMOTO TPOHS-
penenusi)— A+ B u XA, Tlox karteropuefi A-Mony-
Nefdl ‘Be3jle NOHUMAeTCSl KAaTeropusi scex A-MOny.Jed.

Iycts & —kateropust A-monyneir. Monynms Q€ &
HA30BEM UHBEKTUBHOLM OTHOCUTEAbHO 20MOMOPPUIMA
f: A—> B, eciu Bcsakas JHarpaMmma

A-L1sB

!
Q

MOXeT GBITb JOIOJHEHA MO0 KOMMYTAaTHBHOH HEKOTOPHIM
romomopusmom h: B—> Q. Ecau © u Q — Hekotoprie
KJacchl TOMOMOPGhU3MOB H 06BeKTOB KaTeropuu & coot-
BeTCTBEHHO, TO 0O6o3HauuM uepes D (S) kmace Bcex
A-monyneit, HHbEKTHBHBIX OTHOCHTEJNBHO BCEX TOMOMOP-
¢usmos H3 kjaacca &, a uvepes ¥ (Q)—kaace Bcex
roMoMop($u3MOB, OTHOCHTENBHO KOTODbIX HHBEKTHBHHI
Bce MOJAYJIH Kaacca L.

Fomomopdusm ¢: A—>B, rtme A, B— A-monynu,
Ha30BeM peTpakyuell, ecin QY=e, LIS HEKOTOPOroO
'q):BB—>A. TIpu sToM GyneM roBopHTb, yTO0 A — peTpaxr
B B.

(0.1) Jaa awbozo xaacca zomomopdusmos & u ao-
6020 xkaacca A-modyaeill 2 umeer mecro

a). » Q=D (©) r1020a u TOABKO TO2dQ, KO20
Qe =D (S) 9aa scex o; :

0) scaxan perpakyus aexwur 8 kaacce ¥ (Q);

B) ecau f, g ¥ (Q), ro fg =¥ Q)

) ecau fg= ¥ (Q), 70 f=e¥(Q);

n) ecau fg =Y (Q) u f— snumoppusn, ro ge¥ ([);

e) ecau Q — COBOKYNHOCTL BCEX PETPAKTO8 8CEX MO-
dyaeti kaacca 8, To ¥ (Q)=Y(R). .

1151 JOKa3aTe/IbCTBA CBOACTBA a) IOJIOKHM Q = ) Qg
H 0003HAaYHM yepe3 i; H T, €CTECTBEHHbIE BJIOXKEHHS Qq
B Q u mpoekunH Q Ha Qg coorserctBeHHo. Ecau
Q =®(S) u nana puarpamma

A-LsB

‘|

v

Qa )
10



rae f®, 10 @iy=fh a1a noaxomsumero h: B—>Q.
Otcona @ =@ (lg,) = f(hnu) T. e&. Qo= D (®). Haobo-
por, us Toro, uto Qa & @ (&) ana seex @, H 3 nanm-
UHS JHATPAMMBbI

A—-)B
7| (*)
Q

BHITEKAE€T CYLIECTBOBAHHE TaKHX TOMOMOpP(H3MOB
hy: B-—>Qa, yTo @n, = fhy. OTcClona, B CHJIY ONpene/eHH s
MOJIHOH NPSIMOH CYMMBI, BHITEKAeT, yTo @ = fA aJa mop-
xoisuero romomopdusma h: B-—>Q.

IMycts Temepb f— perpakuuss, Q =2 u naHa aua-
rpaMma (). Torma @=e @=7F(ho) lIJIH HeKOTOpOI‘O
h:B—>A. A 310 4 o3HauaerT, yro f& ¥

Ecau f: A—~B, gt B—>C, f, ge‘l’(&) u(p A—Q,
rie QERX, TO Add NOAXOAAUHX ToMOMODP(H3MOB
h,:B—>Q u hy: C— Q nosyyaem paBeHcTBa @=fh,=
—f (gho) = (f&) ho.

Ecin f: A>B, gt B—>C, fg=s¥(Q), Q=Q u
9:A—>Q, o p=(fg) h=f(gh), rne h: C— Q. Ecau xe
f — snumopduaM u YP: B—>Q, TO H3 paBeHCTBA Y=
=(fg) W =f(gh’) npu HekotopoM A": C—> Q BHITEKaET,
yto Y=gk’

Honycram, nanee, uro fe=W¥(R), 1 paccmorpum
JHaTpaMmy

. A-LB

|
Q .

rae Q=9. Halinerea Takas perpakuusa i: Q — K, uro
KeQ®. Torpa @i=fh, rne h: B—>K, u cymecTsyer
romomopqmsm w: K— Q, njs KOTOporo isx = eq- IToaroMy
Q = Qix q]‘(hn, T. e. fe¥(Q). Takum o6pasoM,
¥ () = ¥ (Q). O6paTuoe BKIIOYEHHE OYEBHJHO,

ITyerb © 3 — HEKOTOPbIE K/ACCHI TOMOMOD(hH3MOB
¥ Moaynaeii u3 & COOTBETCTBEHHO. Tapa B=(3, Q)
Ha3bIBAETCS UHBEKTUBHOL CTPYKTYPOL, €CIH

Cl. 2= D (®).

C2. 5=Y Q).

11



C3. Ilna Besikoro A-mopyns A HaiigyTes MOAY/b
Q 8  u romoMopdusm f: A~> Q, npunagnexawmi ©.

Mopynu us £ 6ynAeM HasbiBaTh B-UHBEKTUBHOLMU.
Ecnn uupekTHBHas cTpyktypa 8 = (&, Q) Takopa, uTo f
H Q, ykasauute B C3, Bcerga MoryT G6biTh BBHIGDaHBI
TaK, yTo Imf mioten B Q?), To 3Ta MHBeKTHBHAS CTPYK-
Typa HasbiBaeTci n.oTHoll. VIHbeKTHBHas CTpYKTypa
B=(S, Q) HasbiBaeTcss noaHOl, eCIH Kjacc f 3aMK-
HYT OTHOCHTEJbHO 3MHMOpPGbHEIX 06pa3oB, H MOHOUHBEK-
TusHoti, eciu kKiacc © COCTOMT H3 MOHOMOPGH3MOB.
Pasymeercsi, HHBEKTHBHBIE MOAY/IH B-HHBHEKTHBHH mJI1
BCSIKOH MOHOHHBEKTHBHOH CTPYKTYpHI.

VMeeT cMBIC/T paccMATpHBATh MOHATHE, NBOMCTBEH-
HOe MOHSATHIO HHBEKTHBHOH CTPYKTYphl. OnHaKO B majib-
HefilileM G6yaeT HCIOJb30BAaTbCA TOJBKO ClgAylouiee
ompese/ieHye: MOAYJAb P Ha3biBaeTCsl KONPOEKTUBHbLM
OTHOCHTE/NBHO MOHOMOpdu3ma f: A—B, eciu BcsiKast
aparpamma

p

0>A-LsB>C—0

¢ TOYHOH CTPOKOH MoxeT OHITh HONMOJHEHA JO KOMMYy-
TaTHBHOH HEKOTOPHIM romomopduamom h: P—>B.

0.2) ITycte M—kaacc A-modyaed, S=¥N) u
2 — cosokynrocte scex perpaktos modyaed us N.
Ecau 022 napor (&, N) svinoaneno ycarosue C3, 10
B = (S, Q)— unvekTUBHAA CTPYKTYpPA.

B camom pene, cnpaBemauBocTb cBofictB C2 u C3
cpasy caenyer u3 npennoxenus (0.le). anee, umeeM
cootromenn QS OV (Q)=P (©). Eciu A =D (), 10
s romoMoppusma @: A—N, rae =6, N =R, nai-
HeTcst Takoit romomopdusm h: N— A, uto ph=e,. Cie-
JI0BATe/bHO, @ — PETPAKLHs, a SHAYHT, MOAYIb A & 1.

Padukaarstolm (urbTpom Kojbua A HaseiBaeTcs
cHcteMa & JIeBBIX HjeasoB* Kojbua A, o6samamonias
CJIeLyIONIHMH CBOHCTBAMH:

Gl. Ecan Ie& u I<=J, rpe J—aeBnit Hpean
koibua A, To Je¥,

1) ByaeM roBopHTs, uto Moxyab A naomuo éroicer B MORYTb B,
ecti ASB u ANC 5% 0 pgna BCAKOrO HeHyaeBOro noAMopyias C
Moxayas B.
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G2. Ecau =&, 10 pas awoboro A= A jeBult upean
(7 :A) Takxe npUHAANERHUT &.

G3. Ecmn I<J, rme I—nesmt umean koapua A,
Je& v unean (I:g)=& nna moboro i/, 10 =&,

(0.3) Ecau & — paduxarcuoui guaetp u I, J=8&,
0 INTEE.

IeficTBHTE IBHO, PacCMOTPHUM JeBblt ugean (I J:E),
rae g J. Ecan snement Ae(1:¢), To A<INJ, T.e.
HmeeT Mecro BkJoueHue ([:E)=(INJ:E). Us cpoiict
G2 u Gl sBuiTekaet, uto (I()J :g)=&, H 0CTaeTCH TOMBKO
npumenutb G3.

(0.4) Iycre & — padukarvhoui Guastp Kosvya A u
T — MHOMCECTB0 ecTecTeeHHbIX BA0NceHull udeainos cu-
cremor & 8 koavyo A. ITycte ©¢— cosokynrocTs scex
MoHomoppusmos f: A—>B, Oas xaxmdozo uz koropolx
cyujecrsyer Taxoil snumopdusm g : B —C, uro fg — moto-
moppusm u (Imfg.c)es& 0dan scex c=C, u nycre
Dg=D(2). Tozda Bg=(Sg, Dg) — nsoTHAR MOHOUHD-
eKTUBHAs CTPYKTYpPA.

JlokasaTe/IbCTBO pacu/ieHHM Ha HECKOJbKO 3TalloB.
VeaouMmes nucate A<|B, ecntht A=B u (A:b)s& mna
Bcex b B.

(a) Ecau A<B u B<C, 10 AC.

HefictBurenbHo, nyctb ¢ =C. IMomoxum I=(A:¢)
u J=(B:c). SlcHo, uro I=J &, llycrb, nanee, EJ
H A=(A:&). Torna A)c=A(kc)=A, T.e. A=(]:E).
Takum o6pasoMm, (A :&c) = (I : E). Ho ic=B, u U3 cBOICTB
Gl u G3 BuiTeKkaer, uto I =&. Caemosateabno, A<C.

" (6) Beakuti A-modyrs A moser 66iT6 nAOTHO 840-
aen 8 A-modyse Q =Dg rak, wto A]Q.

Jnsi_mokasaTeJbCTBA BO3bMEM HHBEKTHBHYIO 060-
aouky A monmyas A ([I‘],ACT]J. 138) u paccMOTPHM MHO-
xecTBo ¥ ={X| A X < A}. Ucnoasays nemmy Kyparos-
ckoro — Llopua, HeTpyaHo yOemuTbesi, 4TO X COMEPIKHT
MakcuMaJbHbiH 3seMeHT Q. Ilycrsb Tenepb I=& u
@: /—>Q. BBHIy HHBEKTHBHOCTH MOAyJs A Hafinercs
TakoH sjeMeHT c€EA, uto Ep=§c Ans Beex fe&]
([6], ctp. 24, Teopema 3.2). ITonoxum Q=Q + Ac.

Ecan x=Q, 10 x=q+Ac, Te g=Q, A=A, Ecau
ps(liA), TO
pr=pg + (pA) c=pg + (ph) e = Q.
13



Takum obpasowm, (I : A) =(Q : x). IIpumeHsis ceoficea G2
u Gl, y6exnaemes, uto (Q:x)e&. Otcriona Q<Q u,
B cuiy yrtBepxnaeHus (a), Q=¥. Tak kak Q MakcH-
MaJseH, IpHXOAUM K BBIBOAY, 4T0 ¢ € Q. ITostomy romo-
mopodusm $: A— Q, onpenensieMblit paBeHcTBOM E = Ec,
IPONOJIXKAET @, H, cjeloBaTe/bHo, Q €Dy,

(8) Ecau A<B, i: A—> B—ecTecTeeHHoe 8A0d%CE-
Hue u QE Dy, 70 MY Q UHBEKTUBEH OTHOCUTEALHO
moHomopusma i,

B camom pene, nyctb @: A—> Q. IloBTopss H3Be-
cTHHE paccyxkienns KapraHa u Disenbepra ([6],
cTp. 24), HaXoauMm Takoi moxmonyab D Momyas B, uto
A<D u cymectsyer romomopdusm ¢ : D— Q, nponoJ-
XKalouHA @, KOTOpbIH yKe HeJb3st PaclpPOCTPAHHTb Ha
Gonbiuui noamonysib. Eciu c=B\ D, To paccMOTpuM
noamonynb D= D + Ac. Tlonoxum I=(D: c). Tak kak
unean I comepxut (A:c), To BBHAy cBofictBa Gl on
npurapiexuar &, OnpenenuM romomopdusm 8: I—Q,
non0XHB E0 = (kc)y. Tlockosnbky Momynab Q Dy, 3TOT
roMmomMop®H3M MOKHO IPOMOJKHTBL A0 roMomopduaMma

@ A—>Q. Ilyets g=1lo. Ecim x&D u A=A, 10
TIOJIOXKHM

(x+ A0) § = xb + Aq.

Ecin x+Ac=y+pc, tie y=D, pA, 10 A—pel.
ITosTomy

—gh=[r—ANclp=R—Mo=@—2)qg.

Takum o6pasom, {—romomopdusm wmoayas D B Q,
NPOJOJIXK AWK ¢. DTO, ONHAKO, IPOTHBOPEUHT BHIGODY .
3uaunt, D =B u, clenoBaTe/]bHO, MOAYIb Q HHDBEKTH-
BeH OTHOCHTEJIbHO MOHoMOpdH3Ma i.

(r) ©(S4)=Dg.

HeficTBHTeNbHO, H3 cBoficTBa G2 cpasy ciexyerT, uToO
L =Gy, Tlosromy, npuMeHHB NmpeinoXeHHe (B) K MOHO-
MOPGHIMY fg, /1erko BbIBECTH CJIEAYIOLIHE COOTHOLICHHS:

Dy = D (Sy) = O (T) = Ds.
(1) ¥ (Dy)=Ss.
B camoM nene, yTeepxpenne (r) naer
Sy = VD (Sy) =V (Dg).
14



Ecnu fe¥ (®Dyg) u f: A— B, To, corjacHo mpemjoxe-
Huw (6), noayuaeM A< Q, rne Q =Dy. Torga Hakpercs
Takol roMmoMopusM g: B— Q, uto fg =i, rae i —ecre-
cTBeHHoe BiaoxeHHe Moayas A B Q. ITonoxus C=1Img,
ybenumes, uto f = Sq.

(e) B=(Sg, Dg) — n10THAR MOHOUHBEKTUBHAR CTPYK-
TYpa.

IeHdcTBUTENBHO, BJIOXEHHE, YKasaHHoe B (6), MIOTHO
H yHaoBjeTBopsieT TpeGoBaHHAM cBofictBa C3. Cmpasen-
auBocTb cBoiicTB Cl u C2 BRITEKaeT H3 yTBepKIEHHI
(v) u (n). ’

L1 moCTpOeHHsT DajHKaJbHBIX (PHJABTPOB IOJE3HO
npeLJI0XKeHHe

(0.5) Cucrema seselx udeanros

g={I|VpeAN\I Jo=A\(:p), (I:0p) naorer 8 A}

ABARETCA PAOUKANBHOLM QUALTDOM.

B camom nene, nyeth =&, I<] u pl. Ecan
upean (J:p) nnored B A, 10 Bce gokasaHo. B mportus-
oM ciyyae AEN(J:p)=0 nnsa Hekoroporo § 5= 0. Ko-
HeyHo, Epe¢&l. CrenoBaTe/bHO, CYHIECTBYET TaKoe
og&(I:Ep); uro umean (I:ofp) miores B A. Ho
(I:0t0)=(J:(ct)p). Orcioga BBITEKAET, YTO HAeaJ
(J:(ct)p) nmnoren B A, npuuem ofe&&(J:p), Tak Kak
AEN(J:p)=0 notpe&l. Ecin I=&, AsAupe&(l:A),
To pAe&l.” Tlosromy (I :opA) mioren B A nasi Hekoro-
poro o (I :pA). Ocraercs 3ametuTb, uTO ((/ :A):p)=
=(l:pA) u ((I:MA):op)=(/:0opA). Ilyctb, HakoHeI,
Icied®, (:g)=& nna Beex t=J u pe&l. Ecan
p=J, 1o, mockosbky le&(/:p)e=&, nonyyaeMm, uTO
aesbifi uaean ((/:p):o) mioreH B A 18 HEKOTOPOro
o&((I:p):1)=(I:p). Ho (I : op)=((/ : p) : 0), H, cem0-
BaresabHo, uaean (/:op) maoren B A, Ecnu xe pel,
to Haligem o & (J : p), ansa koroporo (J:op) mioren B A,
Ecnu (J:0p)=(/:0p), T0 Bce nokasaHo. B mportuBHOM
cayuae aias ne(J :op) \ (I : op) umeem nop e J \ 1. Takum
o6pasom, 1 & (I : nop). ITostomy ((I : nop) : E) mioreH B A
ans Hekortoporo §Ee&& (/:mop). 3HauuT, JeBHI upAeas
(I:(Eno)p) nnoren B A u Enoe&(/: p), uTo H TPeGOBaJIOCH,

Panukanbibie QUABTDE MOXHO CTPOHTD H C IIOMO-
HIBIO CJIEAYIOLIETO pesy/bTaTa:

(0.6) Tycre O — MYA6TUNAUKATUBHO 3AMKHYTAR Cl-
cTema O08YycTopoHHux udeanos roasya A, koHeyHO-
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nopoxcdennoix kax resoie A-modyru. Tozda mroxecTso &
scex nesolx udeanos koasya A, xasxcowil usz xoTopblxX
codepacut nexkoropoil udeanr uz O, saeanerca paduxanrs-
HolM QuabTpOM.

JeiicTBuTENbHO, BbIMONHeHHEe Gl oueBngno. Ecau
I=&, to nafizercs takofi upean HeD, uro H= 1.
Ho Torna ans Beskoro A€ A u n€ H noayuum nAs
e H = 1. Takum ob6pasom, H = (I : A) H, cle0BaTeNbHO,
(I:Ne&. Iyemn Icied, (I:))=& s seex s

m

u H—ugean us O, nexamui B J. Ho H= 2 An,.
i=]

ITo ycnoBuio, CcyuwlecTBylOT Takue Hueann H;=O

(i=1,2, ..., m), uro H;<=(I :n,). Upean Hy=H,... H,H

npunagiaexut O, Ecimn s H, 1o §{= x Am;. TTockonbKy
i=]

npu {;=H,;(i=1, 2, ..., m) anement &; ... {LA; NEXKHUT
B upease H,;, TO 3neMeHTH &;...{mAM;, a CienoBa-
TeNbHo, H §yls ... {nxL MpHHaAJexaT uaeany I. Takum
o6pasom, H, =1, 1. e. I=&.

W3 Hanuuus usomoppusma A® A=A ([6], cTp. 40;
[r], ctp. 184) u mepecranoBouHocTH QyHKTOpPA @ C mps-
Mofi cymmoit ([6], cTp. 129, mpennoxenne 9.2) BEITEKaeT
npeaJoxKeHHe

(0.7) Ecau B —6asa ceobodrozo npasozo A-mo-
0yan F, x4y eoe. Xn =B, A~ sesout A-modyare, a,= A

m

u X x®a,;=0, 70 a;=0 dan ecex i.
=i

HasoBeM nodunwexTusHoimu wmonyisamu daxrop-
MOJyJ/IH HHBEKTHBHBIX MOAYyJei:

(0.8) Modyae A seaneTca noduHwsexTusHbIM To20a
u TOAbKO TO20Q, K020a OH UHDBEKTUBEH OTHOCUTEAbHO
sa00ceHutl c80600n6Lx modyaeil 1),

B camoMm nene, eciH MOAy/i1b A HHBEKTHBEH OTHOCH-
TeJbHO BJIOXEHHH CcBOGOAHBIX Moxynaed u st F—>A—
snumopdHuam, rae F—cBOGOAHBIA MOMyab, T0 A —smnu-

MopbHBIH 06pa3 HHbeKTHBHOM o6GosoukH F Monmyas F.
Hao6opor, ecin Mony/ib A NMOAHHBEKTHBEH, CYLIECTBYET
smuMop¢u3M g: Q—>A, rae Q — HHBEKTHBHBIH MOXYJb.
IMyctb F — cBOGOAHBIH MOAYJIB, f: F—> B—MOHOMODPOH3M

) M3 pnoxasaTesscTBa STOr0 MNpeJIOXKeHHs BHAHO, YTO B ero
(hopMyJIHPOBKe CBOGOAHBIE MOAYJIH MOXKHO 3aMEHHTh Ha NPOEKTHBHHE.
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H ¢ F->A. Torna ¢=¢'g, u60o F DIpOEKTHBEH, H
¢’ =f{’, u6o Q unbektuneH. [1010KHUB P =g, NOJIYUHM
paseHcTBa [ =fY'g =¢'g =0.

(0.9) Ecau F —ce0600Hs1i, a F[K — naockuil” A-mo-
Oyau u % ..., xp =K, TO cywecreyer raxoii eomo-
moppusm 0: F—>K, uro x,0=x, Oaq scex i.

HokasatenbcTBO OyneM BectdH IO HHAyKUHH. ITycTs

m=1u x,=; Au,, rae {u) —6asa moxyas F. IToso-
®xum H= N MA. W3 TouHOCTH mOC/EN0BATEIBHOCTH
0—>H ®AF/K—>AQAFIK

([r], crp. 212, Teopema 8.6) BhTekaer, uTo N A ®
®(u;+K)=0 B H®AF/K. Orciona BBHAY TOYHOCTH
IOC/Ie10BaTENbHOCTH

HQ@AK—>H®AF—>HQ\FIK—>0
([r], crp. 194, Teopema 5.1) monyuaem, uto

12 M®u,=; v,®w,,

rae v;EH, w;=K. Eciau w,=2uﬂu,, TO, YYHTBIBas
npepjoxenne (0.7), IpHXOAHM K DPaBEHCTBY

Al = ; Ul
Ho v,=§7~kvk,. Onpenesnm romomopbusm 0: F—K,

TIONIOXKHB 4,0 = X vy j@;. Torna
: i

xle= % kk (uke) = % (; kajwj) =
= ; (k% M;'ijl"‘jt) u = ; (; Ujpﬂ) u = 12 Muy = x,.

[lepexons K NpPOH3BOJIBHOMY m, Haxoium @: F—K H
P: F— K rakue, 4t0
Xm® = Xm»
yb=y; (i=1: 2, ... m_l):
rae y; =x; —x;9. Ilonoxus 6 =¢ +Vp — P, moayuynm
Xm0 = X+ X0 — X0 = X,
anpu i<m
x@=x;—y+xb0—(x; —y)P=1xs
2 A. . Muwnna, JI. A, Ckopuskos 17



Monyip A Ha3BIBAETCS KOHEYHO-CEA3AHHbIM, €CJH
CYyLIECTBYET TOYHas MoOcJaenoBaTeNbHocTh O —>K —>F —
—A—>0, rae K u F -— KOHEYHO-NOPOXJEHHHE MOIYJH,
npuyeM F — cBOOOIHBIH MOJIyJb.

(0.10) Koneurno-censannoii naockuiit A-modyase A
npoexTL 6eH.

s noKasaTeabCcTBA DACCMOTPHM TOYHYIO MOC/AENO-

BaTEJbHOCTD 0—>K—>F—>A->0 -
’

rie F — KOHeYHO-TIOPOXKJEeH H cBOGOAEH, a K — KOHeuHOo-
nopoxaeH. Ilpumensas (0.9), Jerko yGemuTbes, uTO
K — perpakT, mnocje Uero NPOEKTHBHOCTb Moayas A
ouepusHa ([6], cTp. 21, Teopema 2.2).

(0.11). Kaxcooui A-modyare A seaserca npedenrom
NPAMO20 CheKTpa KOHe4HO-c8s3atuelx A-modyaei.

HelicTBHTENIBHO, SICHO, 4YTO KaXaeli A-Monynb
ABJeTCS IpEesioM NpPSIMOTO chmekTpa (Hmame cyMMoi)
KOHEYHO-TOPOXKAEHHBIX Moxyaed !). ITostomy cmpasen-
auBocTb nmpensoxenns (0.11) mocraToyHo mokasaTh AJA
cayyast, korga A KoHeyHo-mopoxpaeH. C 3TOH wuesbio
npeacrasum A B dopme A=F|K, rpe F — KoHeuHo-

NOpOXKEHHbI!i CBOGOIHbI MOTY/b. SIcHO, uTo K= ) K,
rae K, nmpoGeraeT MHOXECTBO BCEX KOHEYHO-NODOXKJEH-
wpix moamonyned moayas K. Ecaun K, < Kg, 1O 060-
3HAUHM YEpe3 W,y ECTECTBEHHbI romomopdusm F/[K,
B F/Kp. Jlerko yGeautsesi, uTo oToGpaxkeHue
x+Ko=x+K,,

rie x €F, onpeneasier HsoMophusM monayas A Ha mpe-
nen cnektpa (F[Kg, mp). Ocraercs sameTuth, uTO BCe
monynu F[K, KOHEYHO-CBSI3aHBbI.

TToHATHe HIrbeKTHBHON CTPYKTYpH BBesl Mapanna [154). UM xe
nokasanu npemfoxenns (0.1) u (0.2). Pagukanvuuit ¢ouabtp nourn
ofHOBpeMeHHo mosiBuica y Maparns [154] u Ta6puana [92] (cm.
takxe [196]), a Hemuoro noaxe—y Pa6yxnua [22]. Ilpasna, cpoii-
¢TBO, YKasanHoe B npepnoxernn (0.3), BxoAuso y HHX B onpefene-
nue. Ha cnpaBennnBocts npensoxenns (0.3) yxasan Cannepcon [192],
ccHaasch Ha yerHoe coobuierne Yesa (Chew). Ilpemnoxenns (0.4)
n (0.6) 3anMcTBOBaNH Yy MapaHar. BTopoe M3 HHX foKa3an Takxe
ITenmrpem [196]. Ilpennoxenne (0.7) umeerca B xHure Hop-
ckotta [a1], a npepnoxenns (0.9) u (0.10) —B crathe Ueliza [58].
Jpyrue poxasaTeabctBa npenJoxelns (0,10) umeiotess B paboTax
Xatropu [104] u Aycnaumepa [34]. Ilpennoxenne (0.5) noxasamu
Hna6 ([70]—[73], [251]), a takmxe Credercon.

1) Heo6xonuMHe cBellenis O NPSIMHX CHeKTPax H HX npefenax
MOXHO HaiTH, Hanpauep, B [e], cTp. 274—277.




§ 1. YHCTOTA

Cxaxem, 4yTo B Kareropun A-monyneit sajgaHa 4u-
cToTa ®, €CNH BHAENeH KJjace , MOHOMOPOH3MOB
€O CBOHCTBAMH:

U0. Beskas peTpakiuHs J€XHT B .

Yl. Ecnu @, €9, 10 ppE H,,.

Y2, Ecan ep = H, u P — MoHOMODPDH3M, TO @ E .

UY3. Ecan cTpOKH H cTONOUE KOMMYTATHBHOH# aua-

rpaMMBl o o
b

0>K-I>43-C—0

x| o o]
0—>K-2>BZ2>D—>0

TOYHAl U Q= §,, TO YE H,,.

U4. Ecin B ykasaHHOR Bble AuarpaMme i, $ & 9,
0 @ = D,

Monomopdusmbl u3 §, 6yneM Has3bIBaThb @-4UCTbLMU.
Eciu_Y2 somosHsieTcss B Gosee cuibHOR dopme:

Y2, Eciu opE9,, ™0 9= 9H,,

YyHCTOTY @ OyneM Ha3blBaThb Tpeyzo.abHol, a Kaace §,—
TPey2046HO HUCTOLM.

Ecin A —mnomgMonyib Mopyns B H ecrecTBeHHOe
BJoXeHHe A B B ABIsAeTCAs ©O-YHCTHIM, TO OyneM mucaTth
A= B. HeTpyaHo NOHATH, YTO, HCHOJb3Ys 3TO 0603Ha-
yenne, cBofictBa U0 —U4 MOXKHO BBHIPAsHTh Tak:

YQ’. Ecan A —perpakt B B, 10 A< ,B.
4l. Eenin A= B u B=,C, 10 A=,C.
42, Ecnu ASB=C u A=,C, 10 A=,B.
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Y3’. Ecain A=,B u K= A, 1o AIK< (BIK. ,

Y4, Eciu KSA=SB, K=,B 1 AIK<,BIK, T0
A= B.

HeTpynHo nponepuTh, uTo cooTHollenuss A} B&,C u A4 BS,C
BJEKYT 8a co60it A< C (cp. [u], ctp. 93, ynpaxienne 14).

§lcHO, YTO COBOKYNHOCTb BCEX MOHOMODGH3MOB onpe-
IeNdeT YHCTOTY, KOTOpyl OyleM HasbiBaTb abCoar0T-
nof. Kuace, cocrofiuHii u3 OIHHX peTpaklui, TOXe
onpejessieT YHCTOTY, KOTOPYyl OyneM HasplBaThb Hy.e-
goii. JIerko NMoHATb, jaJjee, YTO AJA BCAKOro ceMefcTBa

uneToT {0g} Kaacce -£)=n-§)% TaKXe SBJSETCH YHCTHIM.
a

Orciona BbITEKAeT, YTO aJda Joboro cemefictea MOHO-
MOphH3MOB HaHAETCA MHHHMAJbHBIH UHCTBHIH KJacc,
comepXaulHii ero.

B cayuae aGeleswx rpynn cpoiicTeami U0/ —U4’ o6napaior
BJloXeHHs: B KauecTBe ceppautHoi ([u], § 23; [B], cTp. 159) uan
cnabo-cepsanTioii (neal) moarpyunws ([u], § 28). Herpyaxo npo-
BePHTh, 4TO 00e STH UMCTOTH SABJSIOTCA TPeyroJbHHMH. ByneM Ha-
3HIBaTh HX cepeanmuol B caabo-cepeanmuold cooTBeTcTBeHHO. Huxe
6yRyT npHBeneHH H fpyrue NmpHMepH.

(1.1) Ecau A=4,C u B=y,D, 7o A+ B=,C+D.

HefcrBurenpHo, nycts @: A—>C u ¥b: B—~>D. Ho-
NyCcTHM CcHayaJa, 4to P =ey. Torma, corsacHo CBOIi-
crBaMm U0’ n U4, cnpaBennuBoctb (1.1) snerko cienyer
H3 KOMMYTaTHBHOCTH JHArpaMMBl

A+B2%Cc4D
eA-I-O'l lec-l-o
Y
A ? 5> C.

Hcnoabsys sTor pesynbrat, B o0umIeM cayyae noayyaem,
yro A+B<=,C+B<,C+ D, nocie uero ocraercst
TOJIbKO IMpHMeHHTb U1’

IlycTs @ — HekoTOpast yucTOTa. TOYHYIO IOC/EROBa-
TeJIbHOCTD

0>A4->B—>C—>0
Ha30BeM @-4ucTol, eclu i< 9,.

(1.2) Ecau @ —uuctora [rpeycossraa uucroral, TO
©-4ucTole nocaedosaresbHocTu obpasyroT nodnoay2pyn-

ny [nodepynny) o Exty (C, A) & apynne Exth (C, A).
20



B camoMm peJje, BBHAY cBoiicrsa U0 mExtf\(C, A)
e mycro. [ajee, cyMMO#i Moc/enoBaTeNBbHOCTENH
0>A4-Y>B -ZsC—0

0>A4Y>B" ZsCc—>0

SIBJISIETCS] HHXHAS CTPOKA KOMMYTATHBHOH JHarpamMsbl
I
0 —>K —K—0
l e |
v v
0>A +A"4>H 2 C—0
o K

Y
0—A —H
o
0

H

<

LsC—>0

O <«
O@—Q e

rue A= A”=A, H ={(b,, b”)l(b,, b”) =B +B”, Vs =
=bv"n"}, K={(a,—a)las A}, (t/,b")p=0'x, (a’,a")p =
=a’+ a”,a Bce ocTaJIbHbIe TOMOMOD (hH3MEI €CTECTBEHHEIE
([x], crp. 210, uau [222], cTp. 90—921)). Ecau #,
i”=$, T10 u3 npennoxenus (1.1) u coiictea U2 BHI-
TeKaer, Uto j = $,, MOCae Yero sICHO, uTo [ €9, BBULY
csofictBa U3’. B ciyyae TpeyroJbHOCTH YHCTOTH © J0-
NyCTHM, YTO i, i €9, H PACCMOTPHM KOMMYTATHBHYIO
quarpamMmy

K-tsH
o s
AL B,
roe (b, b”)E=0’, a ¥ —orpanuvenne § Ha K. BHay

cBoficTs U0 u Ul kg=F7 <9, Nocie yero H3 CBOH-
ctBa U2 BhiTekaert, uto k<= §,. Orciona, npumenus U4/,

1) Onpenenenne caoxennss B rpynne Ext moxno uwafiTh Takxke
B kuurax O®yxca ([n], npruveuauwe ua crtp. 237) u Makneiina
([r], cTp. 96). TlpuBeneHde moc.elHero ONpefeNeHHS K paccMaTpH-
BaeMoii GopMe TpeGyeT HEKOTOPHX YCHJHH.
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notyuum, uro j=§,. Ilonoxus (b, b”")n=>5", rne
(&', b”)e=H, npuneM K KOMMYTaTHBHOH AHarpaMme

A+ A7-LsH
qd I
A LN B”,

rae 1 — orpaHuuerue n Ha A’ A”. Ipu stoM Kern= 4,
(A4 A")n=A u Hn=B”, oTkyma, coriacHo CcBOH-
cTBy U3/, BHITEKaeT, uTo i” & §,.

Ecin § —knace MOHOMOPGH3MOB, TO 0603HAYHM
yepes $* xkiacc Bcex TAKHX 3MHMOPPHUIMOB @, uTO
ecTecTBeHHoe BJoXeHHe Kero npuHamiexut §. Ecau
® —YHCTOTA, TO 3MHMOPGOH3MBI H3 §, Ha30BEM @-Ko-
yucreinmu. HeTpyAHo npoBepuTh, 4TO cBoiicTBa U3 u
U4 paBHOCHJBHBI CJAEAYIOHIHM: ’

Us’. Ecn ot P, u o —3nuMopdusM, TO TE P

U4*. Ecu 0, t€9,, To ot=P,. .

Ilns pokasaTenbcTBa PacCMOTPHM KOMMYTaTHBHYIO
quarpamMmy

0 0

b

0K—M—L—>0

lex lf lg
0—>K-2sB—95C—0
= e
v
D-2sDp
b
0

0

¢ TOYHBIMH CTPOKaMH H cToabuamu. Ecin n=ot €§

10 f=$,. IIpu BrmosHeHHH cBoficTBa U3 oTclofa BbITE-
KaeT, u4T0 MOHOMOpDHIM gE§,, T. e. 1€ H,. Ecan
umeer Mecto U3* u fe §,, TO cpasy mosayuaem, uTo
g9, T. e. Bumosseno U3. Ecau o, TEP,, T0
h, g= 9,. NpuMenss caoiictBo U4, nonyuaem f=9,,
T. &. n e $,.Croap ke npocro U4 BeBoguTcs u3 U4,
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UHCTOTY © Ha30BeM KOTpeYy20A6HOU, €CJIH CBOli-
crBo U3® BrimosHeHO B Gosiee cHJIbHON (opMme:

Y3*. Ecmn ot §, 10 = P .

B stoM cayuae kaace §, 6yleM HasmBaTb KoTpey-
2016H0 HUCTOLM.

Ec/M uMCTOTa ® TPEYroJbHA H KOTpeyroJbHa, TO
Ha30BeM ee 6uTpey2osbHoIl.

CeppaHTHas M CJa60-CEPBAHTHAA UHCTOTH GHTPEYroJbHH (CM.

(1.23) )
(1.3) Ecau f: A=A, g: C'"—>C u ©— 1peyzorsHasn
(koTpeyeoashas) wucrora, TO
o Exth (C, A)Ext(g, e)) S0 Exth(C’, 4)  (+)
(coorsercreetiro
o Exth (C, A) Ext(ec, )= oExth (C, 4").  (xx)

Ecau uucrora ® 6urpeyzorsra, 1o 041 TO4HOU nocae-
dosareabrocTu

E: 0->A-2%>B -5 C—0,

20e 9 = 9,, UMEIOT MeCTO TOouHble NOCAe008ATENbHOCTU
0—> Homa (X, A) —> Homy (X, B)—>Homa (X, C) 2>
— o Exth (X, 4)-®> 0 Exth (X, B) >0 Exty (X, C) (+#+)
u U
0->Homa (C, X)—> Homy (B, X)— Homy (4, X) 2>
—oExth(C, X)-E> 0 Exth (B, X) L>0Exth(4, X), (+++)
20e X — aioboii A-modyae.

B caMoM gese, pacCMOTPHM KOMMYTaTHBHHIE JIHa-
rpaMMhl

0—»>A-%>B"—C' —0 0->4-2%B3Z>C—>0
e ] e
0428 IC >0 0> 32 B 5C—>0

C TOUHHIMH CTpOKaMH, rae 9 9,. Torra ne ;. HUs

U3* BLITEKAET, YTO €9, T.e.pEP, a us Y2 BhiTe-
KaeT, uTo % 9,. TakuM 06pa3oM, BKIIOUEHHS (*) H (%)
BokasaHel. J[lanee, BcnOMHHM, uTO ho=E Ext(h, ej,)
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g he Homp (X, C) u Ho'=EExt (e, #) npas
KW e=Homa (4, X) ([r], ctp. 101—103). Ilostomy
Imangxtk(X, A) u Ima =oExth (C, X), a nocse-
NOBAaTeNbHOCTH (+%#) M (+##x) Toumn 10 o Exth (X, A)
¥ oExts(C, X) coorBercTBeHHo. Kpome Toro, oue-
BHJHO, uTo fy=0 u f’y=0. Ilycts TouHas mocJsenoBa-
tenbHOCTb 0 —> B %> G — X —>0 onpenensier sneMeHT M3

Kery. Tak kak Exth —nonyrounmii ¢yHKTOp, TO AJS
HekoToporo A-moxayns H HMeeT MeCTO KOMMYTATHBHAs
JMarpaMma

0>A-SH>X—>9
o]l
0—>B2>G>X—0.

C TOUHBIMH cTpOKaMH. Tak Kak @, kEH,, To [E = gk= $,,,
no Yl. Tlocko/nbKy © — TpeyrolbHas YHCTOTA, OTCIOMA
caenyer, uro [, Takum obpasom, Kery=ImBp.
IlycTh Temepb TOUHAsi NMOCJIEIOBATENBHOCTD

0>X—>GE>B—>0

onpeneasier sneMent U3 Kery. Torma nns Hekotoporo
A-monynsi H’ uMeer MecTO KOMMYTAaTHBHasi AHarpaMma
C TOYHBHIMH CTPOKaMH

0>X—>G+>B—>0
, |
o |
0—>X—>H X>C—0.
Tak Kak ¥, nE9,, 10 P/ =Fkney,, no Y4*. Orciona
H M3 KOTPeyroJbHOCTH UHCTOTH @ CJefyer, uto /&€ §
T. e. Kery =Imp.
(1.4) ITycre e xaxcdoll us epynn Exth (C, A) eside-

aena nodepynna ©(C, A), npunen
a) ecau f: A—>A’, gt C'"—=C, 10

@(C, A)Ext(g, =D (C, A);
6) dsa ar0boil TouHol nocaedosarenrsHoCTU
0>A-4BIsC—0,

24



onpedeasioueis srement uz ©(C, A), umeor mecto
TOUHbLE NOCAeA08ATEAbHOCTU

Hoin (ex. l) Hc;m (ex, n)
0— Homy (X, A) + Homjy (X, B) ——————

Ext(ex, l)
—Homj (X, C)—= O (X, 4) ———>
> ®(X, B) —x ), o(x, ¢)

u

Hom(."r, ex)-) HomA (B, X) Hom(l, ex)->

Ext(ﬂ, eX)
— Homa (4, X)>®(C, X)———

Ext(l.ex)

0— Homa(C, X)

2d0e X — aroboii A-modyars. Tozda cyuwecreyer rakas
6urpeyzonstas uucrora o, 4ro ®(C, A)= o Exth (C, A).

ByneM cuurath, UTO @ =9,, €CaH TOUHas mocCJaeno-
BaTeJbHOCTDh

0-A%B—>C—>0

onpenenser saeMent u3 O (C, A). Torna Y0 BrnosHeHo
BBH/Y TOIO, UTO HYJb IPYMIbI Exth (C, A) npHHaLNEKUT

@®(C, A). Ona noxkasateapctBa Ul u U2 paccmoTpum
KOMMYTaTHBHYIO 1Harpammy

t
o

E:05A4%¥sB—C—0
Il
¥ 3%
7
0 0
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¢ TOYHBIMHM CTPOKaMH H croabuamu. Ecan ep=9,, To
e=$, no ycaopuwo a). Ilyctb Temepp @, Y =9, Us
eCTEeCTBEHHOCTH CBf3hiBalomiero romomopdusma ([r],
cTp. 45) BhHITeKaeT CyllleCTBOBaHHE KOMMYyTaTHBHON nua-
rpaMMHl

Homa (C, C) %> Homa (C, D)
a_ B’i
Exth (C, 4)-8> Exti(C, B)
([r], cp. 130). Otciona eza’f =ezaf, T. e.

EExt (s, e)=E Ext(ez, 9))).

Tak kak $pE P, 10 E=® (D, B) u, cienoBaTenbHo,
E Ext(eg, 9)=®(C, B). Hs ycaosus 6), TouHOCTH moO-
CJIeI0BaTENbHOCTH

0>A-2>B-"5C—0

H TOro, 4T0 @ =9, CJaeayeT, YTO TOUHA MNOCJAENOBa-
TeJIbHOCTD .

o, 4)-22E2,0(C, )-ED 0, 0).

Kpome ToroO, E Ext (ez» @)Ext (ez» m)=0, Tak kax
@nu=0. ITostomy cymectsyer Takoe E‘®(C, A4), uto
E’Ext(es, ¢)= E Ext(eg, @), T.e. (E' — E) Ext(ez, ¢)=
=(. Tak KaK TOYHa NOCJeJ0BaTeJbHOCTh

Homa (C, C)— Exty (C, A) -»Exth (C, B),

10 E’ — E = EExt (¢, e,) npu HexoropoM ¢=Homa (C, C).
Tak kak 99, 10 ESP(C, A), 4, npumenss a),
nonyuaev, uro E'—E=®(C, 4). Ho E'=®(C, A).
IostoMmy E€®(C, A), T. e. pp=H,. [ua nokasa-
TeJIbCTBAa CNpaBeluBOCTH cBoiicTB U3* n U4* npoBenem
nBojicTBeHHOe paccykjenne. C 3T0# Le/bI0 PaCCMOTPHM

") Harommny, uto AB’ = E Ext (h, ep) (Ir], etp. 101~103).
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KOMMYTaTHBHYIO IHarpaMmy

-~

E:

- e
B-£>

|

E:0>A—>B-%>C—>0

Y
v
E:0>A-2+B-X5C—>0

¥
0

<« b e—o

C TOYUHHIMH CTPOKaMH M cronbuamu. Ecmn one §), 0
n< §;, 6aaronapa ycnouwo a). Eciu xe o, n €, T0
H3 KOMMYTATHBHOCTH AHarpaMMbl

Hom, (4, A) %, Hom, (B, 4)

«| 8|

Exth (C, A) -E> Ext\ (B, A)

(Ir], crp. 130) cnenyer, uto ezof = eza/f’. Takum o6pa-
soMm, E Ext (e 6’)=EExt (7, ez)- Tax kak E=® (B, B),
T0 N0 a) E Ext(n, eg) = @ (B, A). U3 ycnoBus 6), TOY-
HOCTH TNOCJIe I0OBATENbHOCTH

0>A-3B-EC—>0

M TOro, uTO0 & §;, BHTEKAET TOYHOCTb IOCJENO0Ba-
TEJIbHOCTH

®(C, A)—>D (B, A—>D(4, A).
Kpowue toro, E Ext (n, e7) Ext (@, e5)=0, Tak kak =0,

Orcioma cnemyer cymecrBoBauue Takoro E'e @ (C, A),
470 E’Ex’t(n, e;)=EExt(n, ez). Takum oOpasowm,
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(E'— E) Ext(m, eg)=0. Ho Torma us TouHOCTH Mmocie-:
JOBaTeNbHOCTH

Homa (4, A)— Ext} (C, /f)—»Ext,'\ (B, A)

BhiTekaer, uto E/—E=EExt(e;, £ npu Hekoropom
¢=Hom, (4, A). Tak xak E=®(C, A), orcona,

HCTIONb3Ys yeJioBHE a), Noayuaewm, uto E'— E< @ (C, A).
Ho E'=®(C, A). Ilostomy ES€ D (C, A), 1. e.ons P, .

Mmucas 06 axCHOMaTH3alHH YHCTOTH € NOMOWBIO CBOACTB
Y0’ — U4’ BosHHKaeT mo cyumecTBy B paGore Mapaunzw [153]. ITpex-
JdoxenHa (1.2)—(1.4) xerko caepyloT H3 pesyasTaToB DBatiepa
H Xoppokca [53]. Cama mo ce6e Hmest onpejesieHHs HOBOrO (yHK-
Topa nyTeM BHEJEHHA noarpynni B rpynme Ext BocxogHT X paGoTe
XoxwHrabna [116] (cm. Takxke [48), [218]). B cayuae rpynn, Hcxoas
H3 Hee, BBOAHJIHCH H HCCJENOBAJIHCH PasiHuHBe yHeToTw ( [91], [101],
[103), [124], [169], [170], [234] ). Ha HexoTopre H3 oTHOCAIHXCH CIOAA
mpo6aem yxasan Pyke [90]. B sTOR CBA3H HHTepecHo cJaeAyiomiee
CBORCTBO cJaGo-cepBaHTHOH uncToTH ([H], cTp. 248, ynpaxHe-
Hue 17): rpynnma A chaaGo-cepBaHTHa B B Torja H TOJBKO TOrAa,
KOrma TOYHAfl MOCJEA0BAaTeNbHOCTD

0>A—>B—>B/[A->0

npHHameXxXHT noarpynne PparTHHH rpynnu Ext (B/A, A). OTmeTHm
Takxke peayiapTaTH Pykca ([85), u. I; [87]), moxasapurero, uto

ecaH U — moGas rpynna, a 0> A —> B —> C —> 0 — ToyHas nocJe-
JIOBaTeJNbHOCTh, Ifle AG CePBaHTHa B B, TO HHAYUHPOBaHHHE roMo-
mopdH3aMH o’ H B’ oto6paxator Hom (U, A), Hom (C, U), Ext (U, 4),
Ext(C,U), AQU u Tor (U, A) Ha cepBaHTHHE NMOArpynnH rpynm
Hom (U, B), Hom (B, U), Ext (U, B), Ext (B, U), B® U, Tor (U, B)
COOTBETCTBEHHO; 06PaTHo, eciH moarpynna Hom (U, A) o/ (noarpynna
Hom (C, U) B, noprpymna (A ® U)a’) cepsantha B Hom (U, B)
(8 Hom (B, U), 8 B®U) npH awbom U, To noarpynna Ae cep-
BaHTHa B B. MHTepecHo, HMEIOT Jiji MECTO aHAJIOTHYHEIE Pe3yJbTaTH
IJs MOAyJeR, a Takxe JJs APYrHX yHCTOT B IpPymnax.

ITyete onsaTh ® — HekoTopas u4Hcrora. Hasoeem
A-Moaynb ®-uHBekTUBHOIM (O-NPOEKTUBHOIM), €CTH OH
MHbEKTHBEH (KONPOEKTHBEH) OTHOCHTEJIBHO BCEX ®-YHCTHIX
MoHOMOp Gu3MOB. COBOKYNHOCTb BCEX ®-HHBEKTHBHBIX
(o-mpoekTHBHbIX) A-Monyneit ofosHaunM uepes £,
(vepes B,). SIcHO, UTO HHBEKTHBHHE (fIpOEKTHBHbIE)
MOJYJNH @O-MHBEKTHBHH (@-TIDOGKTHBHBI) MJs BCAKOH
YHCTOTH ©.

KiaccH CEpBaHTHO-HUBEKTHBHHX H €J1a60-GePBalTHO-HHBEKTHB-
HHX TPYNN COBHAfaloT COOTBETCTBEHHO € KJACCOM BCeX ajareGpaH-
yeckH XoMnakTHHX rpynn ([H], § 26) H kaaccoM Bcex rpynn BHzaa
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D+ 2* Tp, tne D —peanmas rpynna, pT,=0, p npoGeraer Bce

P
npocthie uMeaa ([103], nemma 4), Kaace Beex aJreGpanuecKn
KOMNAKTHHX rpynn coBIazaet ¢ KJjaccoM BceX rpynn BHAA

A=D+4 2‘ Dp, rne D —peanMas rpynna, a D,—Monyxb uag
P

KOJMBLUOM NEJHX p-afHyecKHX uHCeJ, He HMEIOmMRA sjaeMeHTOB Gece
KOMeyHoR BHCOTH H TOJHHH B TONOJOrHH ¢ Ga3oRt oxpecTHOCTelt
uyas {p"Dpln=1,2,...} ([36]). HspecTHo Takxe, uyro rpynna A
aJre6paHyeckH KOMNAaKTHA TOrAa M TOJIBKO TOIAA, KOrja OHa CHYKHT
NMPSIMEIM cJ1araeMHM A/ HEKOTOpoH rpynnH, ponyckaiomel GHKOM-
naktuyio Tonosorkio ([148]). AuxreGpanueckoe cTpoemue rpynm,
JOMyCKalomWHuX GHKOMNAKTHYIO TOMOJOrH3auuio, onucai XyJsHHL-
kuit ([117], [118]). [dpyrue xapakTepuaaumy Kjaacca Bcex ajnreGpan-
yeCKH KOMINIaKTHHX rpynn Moxuo Haith B [u] (§ 26), [x] (§ 17),
[88], [98] (crp. 177), [119] [121}, [148], [150], [152], [181]. TIpume-
paMi axreGpaHyeckH KOMNAKTHHX rpynn cayxat rpynnst Hom (U, V),
rne U —nepHopnueckas, a V —npoussossHas rpynna, ¥ Ext (U, V),
rae rpynna U npousBosba, a V —rpynna 6e3 xpyyenns ( [85), u. I,
Teopemn 4.1 u 4.3; [102]), a Taxxe rpynna xapakTepos JioGOR
rpynnet ([86)). Ipynnmt Hom (A, H) u Ext (A, H) anreGpanueckH
KOMMaKTHH, ecqH TakoBa rpynma K ([90], ctp. 11). Manep [152]
BHISICHHMJI, KOrjia aJjreGpanueckd KOMMAKTHasf rpynna SBJAsieTCH No-
NoJIMeHHeM B n-aJIHYeCKOf TOMOJIOTHH NPAMOR CYMMB LHKJIHYECKHX
rpynn. MaBecTio TaKe, yTO AJf MPOH3BOJBHHX rpynn A, ¢akrtop-

rpymna ) A,,/ ' Ay anre6panveckn xomnaktha ([120]; cm. Takke

[39], [75], [89], [98]). Unrepecen BoOmpoc, ANA KaKHX 4HCTOT H
KaKHX KoJiell STOT MNOCJEJHHA Pes3yabTaT OCTAeTCA CNpaBejJHBHM
([90], crp. 12, mnpoGaema 2). C ajre6paHyecKOfi KOMNAKTHOCTHIO
cBf3apa Taxxe mpoGneMa 1 ms [90]. Kimace cepBanTHO-mpoexTHB-
MHX IPYNI CcOBNajaeT ¢ KJacCcOM BCEX NMPAMHX CYMM LHMKJIHYECKHX
rpynn ( [153], cTp. 2, Teopema 1; [B], cTp. 157, 162). Pasymeercs,
cJ1a60-cepBaHTHO-IPOEKTHBHHE IPYNNB CYAYT JieXaTb B 3TOM KJacce.
Onnako uuxaHyeckas rpynna Zc nopsaka p®, rae p —npocToe yueiIo
¥ k> 1, ne cna6o-ceppanTiio-NPOEKTHRHA, TaK Kak I Hee He
SaMHIKaeTcs AHarpaMma 2

24

¢l
s Y
A—> A/B >0,
rne A=Z[pZ +Z[p**'Z, B=Z (1+pZ, p*' + p**'Z), 71— ecte-
cTBennnA snumopduam M cp= (0, 1) + B. C npyroft cTopoH, Gec-
KOMeyHast UMKJHMyecKas TIPYyMNa H UHKJHYecKHE TIPYNMH NPOCTHX
TNOPSIIKOB, OYEBH/HO, KOMPOEKTHBHH OTHOCHTEJIBHO CJa60-cepBaHTHO-
yHCTHX BJaoxenud (cu. (1.48) ). TakuM o6pa3oM, BBHAY NpenJoxe-
uns (1.5) cnabo-cepBaHTHO-NTPOEKTHBHHMH OKa3HBAIOTCA BCe NMPAMHE
CYMMH 6ecxONEeyHHX HUKJHYECKHX IPYNN H UMKJIMYECKHX TPYNIl
NPOCTHX TIOPAKOB M TOJIBKO OHH.

(1.5) IIpamnan cymna (nosnan npanan cymna) A-mo-
Oyaseli @-npoektusra (O-UHDEKTUBHA) T020@ U TOALKO
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T020a, Ko20a ece caazaembie O-npoexTusHbl (O-uHBEK-
TUBHGL).

JlelicTBHTENIBHO, CHPAaBEIJIUBOCTh JOKa3bIBAEMOI0
yTBEpXKIEHHS IJIs TNOJIHOH NpAMOH CyMMH cpasy cie-
nyer u3 (0.la), a nas npsMOA CyMMH HOKa3sbBaeTcs
JBOHCTBEHHHIM pacCyXJACHHEM.

(1.6) Ecau o —G6urpeyeosshas  yucrora, 710
o-utvekTushocte A-modysn Q  (o-npoextusHrocts
A-mo0ysn P) pasrocunreHa paeercTey ® Exth (X, Q) =0
(pasencrey oExth (P, X)=0) 044 acex A-modyaeir X.

JelcTBHTENIBHO, eclH Q — O-HHBEKTHBHBIH MOJIyJb,
Qs,Y u Y/Q=X, TO, NOCKONBKY €5 MOXHO NpPOMIOJ-
¥KuTh N0 roMmoMopdusMa Y B Q, Monysab Q oka3sHBaercs
perpakToM B Y, T. e, o Exth (X, Q)=0. Eciu xe
o Exth (X, Q) =0 nu1st Bcex X, A < (B u ® — Gurpeyronn-
Has uucrora, TO u3 (1.3) serko BrBecTH, uto Hom (7, ¢p),
rge i: A—> B —ecrecTBeHHOE BJIOXKEHHE, OTOOpaxaer
Hom, (B, Q) na Hom, (4, Q). Ho 3t0 u osnauaer Bo3-
MOKHOCTb HMPOJOJIKHTb BCAKHE roMOMOpGH3M @: A — Q
Io romomopdusma YP: B—>Q. Bropoe yTBepxkieHue
JOKa3hiBaeTCsi ABOMCTBEHHEIM DPacCyXICHHEM,

ITyerb © — HekoTopas uucrora. MoAynb A HaszoBeM
o-OesumblM, ecIM BCAKHA MoHoMOpdusM it A — B
ABJIAETC O-YHCTHM. Monaynb C Ha30BeM O©-RAOCKUM,
ecIH BO BCAKOH TOUHOH TMoc/aenoBaTenbHOCTH 0—> A ~fs
—>B—>C—>0 MoHOMODPOH3M i $BJSETCA @-UHCTHIM,
Jpyrumu cnoBamu, MoAyab D 6Gyner o-AeqHMBIM, €CJH
o Exth (X, D)=ExtA (X, D) s Bcex X, a Moayus
E — o-nnockuM, ecin o Exth (E, X) = Exth (E, X) mas
Bcex X. M3 cpoficta UQ BbiTekaer, UTO BCAKHA MHBEK-
THBHHIH MOJyJNb SIBASETCH O-NEJHNMbIM, a BCAKHH mpo-
EKTHBHHH — @-IJIOCKHM,

U3 npepnoxenns (1.53) BHTeKkaeT, yTo KaK cepBaHTHO-AeJH-
MHMH, TaK H C.’laﬁo-poBaHTﬂO-ﬂﬁnHMHMH SIBJSIIOTCA OOGHIYMBIE JEJH-
MHe Tpynnu ') u Tojsko oHu. I'pynnet Ge3 xpyyeHHs H TOJBKO OHMH
ABJAIOTCA BBHAY npeasoxenns (1.54) xak cepBanTHO-, TaK H cjaaGo-
CEePBAHTHO-IIJIOCKHMH.

(1.7) Modyre A seanerca -0eaumbin T020a U TOL6KO
7020a, K020Q OH @-4UCT 8 HEKOTOPOM UHBEKTUBHOM MOOYAe.

'y NenumetMu GyneM HasHBaTb TPYNINH, KOTOPHE B PYCCKOR
JIUTePaType OOHIYHO HA3HBAIOTCH NOJHBIMH,
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He#crBurensio, nycts A = ,Q, rie Q — UHBEKTHB-
HHE MO;ynb. M3 cBofictBa U2’ HeTpyIHO BBIBECTH, UTO
A= a,A rae A — uHBeKTHBHas 060J0YKa MOnyas A
([r], crp. 138). Eciu A< B, 1o A< B. Moxso cuutarb,
uro A= A<B. Ho B=A+ C. Us csoiicrs U0 u Ul
BHITEKAaeT, uYto A< (,,B. Ocraercs npumenurs U2’
O6paTHOe OUEBHIHO.

(1.8) Ecau A= B u moOyase B aeaserca o-Oeau-
MmoLM, TO U mMoOYyss A 6yder w-Oesumbim.

HeiicTBuTenbHO, BBHAY npemioxenus (1.7) B = ,Q,
rae Monynb Q unbekTHBeH. M3 cBofictBa Ul’ BhITEKaer,
uro A = ,Q. Bropuutoe npumenenne npepnoxenus (1.7)
3aBeplLIaeT JOKa3aTeJbCTBO.

(1.9) Bceakoe pacwuperue o-0esumozo mo0ysa ¢ no-
Mouo10 @-0eaumozo Aeanerca o-0esumoinm modysen.

HeiictBurenbio, nyctb 0 - A — B — C —0 - TouHas
noc/aenoBaTeNbHoCTh, rae A H C — @-fe/luMEe MOJIYJIH,
n nycrb B=D. Scno, uro A=,D n B/A< ,D/A.
Beuny csoiictea U4’ B < D.

(1.10) Ipaman cymma S= A+ B searnerca o-O0eru-
Mol moOysem 1020@ u TOAGKO To20a, Ko20a @-Oesumol
oba npameix caazaemoix.

HeficTBuTeNbHO, €CaH S — O-IeIUMBIR MOAYJIb, TO A
H B rakxe o-jeiuMH no cpoictey U0 m mpemioxe-
uuio (1.8). O6patnoe caeayer u3 (l. 9)

(1.11) Jiemma. Ecau 0—>K—>F-%B->0 u

0—>L-1>A=>B—>0—rountie nocaedosaressroctu u
F — c80600n61i MOOYsrb, TO uUMeeT MECTO KOMMYTATUG-

a4 OJuaepamma 0 0
I |
v v
00— M—>K—0
[ al i
v v

0—>N-L>F4L-24>F >0
| 0l x|
v A4 v
0>L 1 —>4—B—>0
| | |
Y

v

v
0 0 0

C TOYHBLAL CTPpOKaMu i cTorbyamu, nputem Ma ) Np=0,
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HeicTBuTenbHO0 cymectsyer f: F— A TakoH, yrto
n=fr. Onpenenum p: F -4 L— A, noaoxus (x, y)p=
=xf+yj. Bon a= A, 10 av=xn=xft, OTKyHla
‘a— xf=yj. Takum obpasom, (x, y)p=a, T. . p— 30U~
mopdusm. Ilyetb M= Kerp u a— ecreCTBeHHOE BJIOXKE-
Hue M B F < L. ITonoxum N =L u o603HaunM uepes f
ecrecTBeHHOe BjoXenne N B F - L, a uepes ¢ — Impo-
ekuuio F =L na F. 3ametuM emte, uto (x, y) on=xfr=
=(xf+yj)t=(x, y)pv, T. e. on=ptr. Ecou ucsl
nveM, to ufp =(0, u) p =uj u vaon = vapt=0. OTciona
NBp=Lju Mao< Ki. Kpome Toro, eciu (x, y) EMa I NB,
0 x=0 u yj=(x, y)p=0, 7. e. MaNNB=0. Orciona
BBITEKAeT, YTO OrpaHMueHus ¢ U ¢ Ha N u M coorBer-
CTBEHHO SBJAIOTCA MoOHOMOpduamamu. Ilycts x < Ki.
Torna x=(x, 0)o. ITpu aroM (x, 0) pt=(x, 0) on=xn=0,
T. e. (x, 0)p =yj. Orcona (x, —y) o= (x,0)p—(0, y) p=0,
T, e. (x, —y)=Ma. Ho (x, —y)o=x, T. e. Moo= Ki.

(1.12) MoOyxse B asssnerca o-naockum 1o20a u TOA6KO
ro2da, Koeda B — anumopgHreii obpas HexoTOpoeo npo-
eKTUBH020 MOOYAR ¢ @-4uUCTOLM AOPOM.

HeiictButensHo, us csofictsa U0/, npensoxenns (1.1)
u u3 [6], crp. 21, Teopema 2.2, BhITekaeT, uTO B — 3nu-
MOpdHHE o06pa3 HEKOTOPOro IPOEKTHBHOTO MOXYJS
C ®-YHCTBIM SAPOM TOTJA H TOJBKO TOTHA, KOrjia B—anu-
MopbHHE a6pas HekoToporo cpoGommoro Mouyas F
¢ o-yucteiM sigpoM K, ITycrb ©: A—> B — snuMopdusM u
L =XKert. PaccmoTpuM nuarpammy, nocrpoetnyio B (1.11).
ITpennonoxuM, uro i = §,. Tak kak (Ma+ NB)o=Ki u
NB < ,F + L, cornacho cpofictsy U, to us U4’ Bhite-
kaer, ut0 Ma-+ Np <= ,F 4 L. Ilpumenus U3, nonyunm
Kert<= A, uro u tpeboBanéch. ObpaTHoe yTBepXKue-
HHE OYeBHIHO,

(1.13) Ecau A seaserca -naockum molyaen,
t: A—> B —snumoppusn u Kert<= A, t0o B — 1arxe
©-naockuli molyabs.

Heficteurtenbio, no (1.12), umeer Mecro snuMophuaM
n: P— A, rae P -—npoekTuBHbll Moxyab n Kern=  P.
HUs ceoiictea U4’ caenmyer, uro (Kert)n'< ,P. Ho
(Ker t)s™! = Ker nr. Ocraercs eute pas npuMenutsb (1.12).

(1.14) Pacwuperue o-naockozo mo0yasn ¢ nomouysio
©-NA0CK020 ABARETCA O-NAOCKUM MmOOYAaeM.

HeficrBurensho, nycrb 0— A — B — C — 0 — TouHas
nocjenoBaTeabHOCT, I'ie A, C — @O-MJOCKHE MOJIYJH.

32



M3 rtounoii mnociemoBaTenbHocTH 0—> K—>D-—>B—>0
71€rKO TMOJYUYHTb KOMMYTATHBHYIO OHATpaMMy

0 0 .

b

0>K-+t>D—>A—>0

s

0>K—-t>D —+B->0

Lo

c ¢
Lo
0 0

C TOYHHIMH CTpPOKaMH M cTonbuaMu. M3 ycioBHSI BhITe-
Kaert, uro i/, j € §,. CornacHo cBojictBy U2i=ij=$,,
YTO M JOKasHBaeT TeopeMy.

(1.15) Hpamas cymma S =A-+ B asaserca o-nio-
ckoti To20a u ToAbKO TO20QA, K020a O-NAOCKUMU ABAAIOTCA
oba caazaemolx.

JefcTBUTENIBHO, €CIH S — O-IJIOCKMH MOJIyJb, TO
A 1 B—rakxe O-IJIOCKHE MOIyJH Mo cBoiictBy U0’
u npemnoxenuio (1.13). O6parnoe ciaenyer us (1.14).

PoxjuMa 3aMeTHJa, YTO CIIPaBejJIHB CJEAYIOLLHH Pe3yabTaT:

Ecau A —mnacaedcmeennoe k04640, MmO 8cakuii nodmodyas
@-na06k020 A-modyan asasemcs ©-nAOCKUM, A 6CAKUL akmop-
#M00yae @-Oeaumozo A-modyan 6ydem @-Geaumoin.

910 cpasy caeayer u3 [6], ctp. 30, Teopema 5.4, mpepsoxe-
unit (1.7), (1.12) n u3 ceoitets U3’ n U2,

(1.16) Ecau M — npouseorsnelii xaacc modyaed, o
kaacc Yn 8cex MOKOMOPPUIMO8, OTHOCUTEABHO KOTOPBLX
unvexrueno. sce modysu us M, aenserca tpeyzorsto
YUCTHLM.

JeficTBUTENIBHO, chpaBegauBocTh cpoiicte U0, Ul

u U2 cpasy caenyer u3 npepioxenuit (0.16), (0.18) u
(0.1r). CnpaBenyuBoctb cpofictBa U3 nposepsieTcs: Ges
tpyna. JHonmycTum Ttemepb, YTO jaHa KOMMyTaTHBHas
auarpamma, ykasaHHas B U4, QM u o A—>Q.
Torpa ja=if’, rne p’: B — Q cCyumecTByeT B CHJY TOrO,
uro i Pu. Ilyctb Tenepb a”’=a— @p’. ITockosbKy
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a”=0, To a”"=0&, rge & C—>Q. Orcioma a= 1pﬂ
r)J,eB D—>Q IMonoxup f =P +p’, nonyunm

PB=qtf +of' =0Yp + ¢f =0d + of' =a” + ¢f’ =a.

TakuM o6pasoM, @& §n, T. €. cBoiicTBo U4 TakKe
BBINOJIHEHO.

OueBHIHO, UTO ISl BCAKOH UHCTOTH ® HMEET MeCTo
BKJIIOUEHHE «@(,,E@%. Yucroty &, onpenensieMyio Kjac-
coM £, Ha30BEM UHBEKTUBHbIM 3aMbiKaHUeM YHCTOTH ®.
Ecau m=‘©,ﬁm, TO YyHCTOTY @ OyneM HasbiBaThb UHBEK-
TUBHO 3AMKHYTOIL.

(1.17) HHwexTueHoe 3amblkaHue & 4UCTOTOL ©
ABAAETCA UHBEKTUBHO 3AMKHYTON 4uUCTOTOU.

g mokasaresqbCTBA 3aMETHM, YTO, IOCKObKY 2, CO-
JePIKHT BCe HHBbEKTHBHEIE MOLYNH, kaace ¥ (L) cocTout
H3 MOHomopqmsMOB. CaenoBartenbHo, §p = iy (20). Ho
Q,=0(H Orcioma 9, = @(@@)—Q(‘I'((pm)) =
2 0 (B (D))= Do) D mosTONS o= Doy = Do

Yucrota ® HasbBaeTcs uu'aexrueuod, ecIu s
BCAIKOrO MOAysasi A HaHJlercs ©O-4HCTHH MOHOMOpPdU3M
f: A—>Q, rne Q — @-HHBEKTHBHHA MOJIYJIb.

Hs mpeanoxenus (1.51) BmTekaer, yTo ceppanTHas u caao-
CepBaHTHAas YHCTOTH HHBEKTHBHH.

(1.18) Bcarkaa uHDeKTUBHAA HUCTOTA UHBEKTUBHO
3AMKHYTA U TPeYy20AbHa.

Jle#cTBHTeIbHO, NyCTh © — HHBEKTHBHAS YHCTOTA H
MoHoMopdusm i: A—>B nexur B 9o, = ¥ (Qy). Pac-

CMOTpDHM TOYHHIE NOCJI€OBATEJbHOCTH

0>A4-4B-EC—>0

0—>A—1s Q,
ree j €9, Q=,. Torma j=ih, rne h: B—Q. Pac-
CMOTPHM KOMMYTATHBHYIO JHarpammy
A —% B
1
0+A L c+Q.
rae bg=(bmn, bh), af =(0, a). W3 ceoiicrs 40, Ul H
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npemtoxenus (1.1) Berekaer, uro ig={(0-+ j)=$,.
Ho bg=0 Baeuer bn=0 u bh=0. Orciona b=al u
0=bh=aih=aj. Takum ob6pasoM, a=0, a 3HAUuT,
b=0. CruemosarenbHo, g — MOHOMOpUIM H [E§,
BBUAy cBofictBa U2. TpeyroabHOCTb HHBEKTHBHO 3aM-
KHYTOH YHCTOTHI BHIT€KAET H3 npepnoxenus (1.16).

(1.19) Yucrora @ unvexTusHa T020@ U TOABKO TO204,
xoeda napa B=(H,, Q,) R64%eTCA MOHOUHBEKTUBHOLU
cTpYKTYpOlk.

B caMoM nene, eciHH ® — MHBEKTHBHAs 4MCTOTa, TO
cpoitctea Cl, C2, C3 oueBnnum, B cuay (1.18). O6pat-
Hoe cpasy caemyer u3 C3.

Iarnee, cnpaBenHBO Takoe YyTBEpXKIEHHE

(1.20) Ecau M — npoussosrvhvui karacc modyaed, To
kaacc Y acex MOHOMOPPHUSMOB, OTHOCUTEABHO KOTO-
pbix KkonpoexTusHs. ece modyau us M, aeaserca xo-
TPEY20A6HO HUCTOLM.

B camoM gene, cnpaBelyiHBOCTH cBofictBa UQ oue-
pujHa. Ecan ecrecTBenHbe Bioxenus i A— B, j: B—~>C
aexar B P, TO paccMOTPUM KOMMYTATHBHYIO Jua-
rpaMmy
' ‘B scC

1 9
0—B/A-£>C/A-%>C[B—0,

rae m, T, O — eCTecTBeHHble anuMophusMu, Ecain P =M
u @ P—>CJ/A, 0 eo=1y't0, rae Y: P—C, Tak Kak
jeE9$*. Torma P(p—1V't) = (B/A)k. Iloatomy MOKHO
paccmoTperh romoMopdusM ¢ =(p—'t)k™', orobpa-
xaomuit P B B/A. anee, ¢/ =¢"n, rue $”: P—B.
Ecin ¢=v¢"j+¢, 10 Ppr=¢"jt+VYr=9"nk+ ¢t =
=@—Y' T+ P T=0¢. CrenoBarenbHo, €CTeCTBEHHOE BJIO-
xenne A B C nexur B ¥, 1. e. Ul punosneno. Ecau
L A—>B, j: B—>C, ij=s9® u j— MoHOMOPDHH3M, TO
pPaccMOTPHM KOMMYTATHBHYIO AHArpaMmy

0->A—>B 2>B/A—>0
(’Al Il “l
v
0>A-45C 3>CiA—0,
TAE O, T— €CTECTBEHHHE 3MHMOP(GH3MH, 5 — €CTeCTBEH-
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Hoe Bioxenue. Ecin @: P—>BJA, rne P M, 10 gn=
=+’t gna Hekoroporo {’: P—C. Ilpn x P umeem

xy't = xgn = bon = bjr,

rae _lbeB, T. €. ,x1|l>'=bj+aij, rire a=A. Otciona
i =b+ainxdj o=bo=xp, Tak Kak =« — MOHO-
mopduam, orkyna (V7 )o=¢, T. e. i=H® u cpoi-
crB0 U2 cnpasegmupo. Ecau BHIOMHEHH  yCI0BUS

cBoiicTB U3*® uan U4%, TO HMEeT MeCT0 KOMMYTAaTHBHAas
nHarpamma
0

v
L

N
0>A-t+B-9C

]

0—»>K-<1>B-25pD

v
0

C TOUHEIMH CTPOKaMH H cTos6uoM. [is nokasaTesnbCTBa

cBofictea U3* pmomyctuM, uro ot & [H¥]* u paccMoTpuM
romomopdpusm ¢@: P— D, rpe P =M, Torna ¢ = h(o7),
rae h: P— B, Orciona (ho)t= h(ot) =0, T. e. T=[HV]".
Jlns mokasaresbcTBa cBOiicTBa U4* NMpeinoJoKHM, UTO
o, t=[9M* u onarb paccMOTPHUM TOMOMOP(HH3M
¢: P—>D, rne P=M, Torna o=Ht u ' =h"0, rae
w: P—C, h": P—>B. CnenoBarenbHo, h”(ot)=Hh1t=0,
T. &, gt < [HA]",

Ifrermpem [199] paccMaTpHBaJ yHCTOTY @, OmMpefejsieMyio
kraccom H™ (em. 1.20), rme N — MHOKECTBO BeeX KOHEUHO-CBA3aH-
HHX MoxyJefl, CpegH ero peayJbTaTOB CJeAyeT OTMETHTL TeOpeMy
0 TOM, YTO MOAYJr M siBJfIeTCA @-MJOCKHM TOTJIa H TOJIBKO TOTAa,
KOrfla OH eCTp mpefiesl NPAMOTO CMeKTPa @-MPOEKTHBHHX MOJyJeft
(cp. [1], [3], [146]). C Teu e xaaccoM I cBa3aHH HCCHELOBAHHSA
Ouanaxaysa [82], paccmMaTpHBaBuIero YHHBEPCAJBHYIO YHCTOTY
(cM. cTp. 40). ’

Bonpoc 0 TPeyrosIbHOCTH YHCTOTHI, OIpejessieMOH
npemioxenuem (1.20), maxke B cayuyae rpynn noka otT-
KPHIT.
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Pasymeercss, 9,< 9 0. Uucrory, oOnpenenseMyo
KiaaccoM P, HA30BeM NPOEKTUBHOLLM 3AMbIKAHUEM UH-
cToThl ®. EcTecTBeHHHIM 006pa30M MOXHO BBECTH IOHS-
THE NPOEKTUBHO 3AMKHYTOU UHCTOTHI,

PaccyxIeHHsIMH, aHAJOTHUHBIMH IpHMEHEHHHIM JIJIst
IoKasaTesbcTBa npemtoxenus (1.17), ycranaBiHBaercs:

(1.21) IHpoexruetoe 3amelkaHue © HUCTOT6L ©

A8AAETCA NPOEKTUBHO 3AMKHYTOIU YUCTOTOU.

UHCTOTY ® HA30BeM YUKAUYECKU NPOEKTUBHO 3aAM-
KHYTOli, €CJH O-YHCThI Bce MOHOMOD(H3MBbI, OTHOCH-
TEJBHO KOTOPBIX KONPOEKTHBHH BC€ IHKJHUYECKHE
Q-IIPOEKTHBHble MOLYJIH. Eciin nsis kaxporo A-Monyis A
CYIIECTBYeT TOYHAasl NOCJIENOBATENbHOCTD

0—>K—~>P—>A-0,

rie P — o-NIpOEKTHBHbIH MOAYJb (IpsiMas cyMMa IHKJIH-
yecKHX O-NPOEKTHBHHIX MOJAyJel) H i € $,, TO uHCTOTA ©
HasHBaercs npoexTueroll (yuxauuecku npoexTueHoi).
(1.22) Bceskas (yuxauuecku) npoexTueras 4Hucrora
(4yurauuecku) npoeKTUBHO 3AMKHYTA U KOTpey20abHA.
JleiicTBHTENIBHO, NycThb Bce (UHKJIHYECKHE) O-NpOeK-
THBHbIE MOJYJH KONDOEKTHBHbI OTHOCHTEJbHO MOHO-
mopduama i: A—>B. PaccMOTPHM TOuHbIE IOCJEN0Ba-
TeJNBHOCTH
0>A—-1>B-I>C—>0
H
0K 1P 2>C—0,

rae P — o-IpOEKTHBHBIH MOAYJb (IpsiMas cyMMa LHKJIH-
UECKHX O-NIPOEKTHBHbIX MOjyJel) H jE§, Torma o=
=q¢mn, rage ¢: P—B. PaccMOTpHM KOMMYTaTHBHYIO
JuarpaMmy

A+K-I>Aa4p

d k

A -4 B, :
rae f=e4s+j, (a, x)g=ai—x@, a g’ —orpaHuuesne g
Ha A+ K. Ecin b =B, 10 bn=x0=xqn, rae x < P,
OTKyJa b — x@ =ai, DTHM NOKa3aHO, YTO g H g’ — 3MH-
moppusmbl. Ecau (a, x)g=0, 10 x0=xpn=ain=0,
otkyna Kerg<=Imf. Bruny (l.1) f=$, u us U3
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BHITEKaeT, uTo0 i<, KOTpeyrosbHOCTb NPOEKTHBHO
3aMKHyTOH uncTOTH cienyer u3 (1.20).

Beuay mnpepsoxedHs (1.49) H3 (1.22) BHTeKaeT UHKJHYecKas
NPOeKTHBHAS 3aMKHYTOCTh CEePBAHTHOM H CJaGo-cePBaHTHOM UHCTOT.

BakHeH1IuM npuMepoM YHCTOTHI siBasiercs I-uncrora.
Uro6H paTh ee onpejeseHHe, 3aQUKCHPYeM HeKOTOPHIH
cBoGonHbIt A-Monyab F u orMeTuM B HeM nmoaMmonyub U.
Ilycrs o U — F — ecTecTBeHHOEe BJIOXKeHHe, Moamynb A
nasoBeM FU-yuctoim B B (B o603HaueHusx A < gyB),
ecii A= B u Jjs BCIKOH KOMMYTATHBHOH AHArpaMMH

U-2sF
1
A-%>B,

rne i — eCTeCTBEHHOE BJIOXKeHMe, HaliJieTcs TaKoi roMo-
mopdusm P: F—>A, uto ¢ =y).

Batnep n Xoppokc ([53], § 21) uasmpawoT romomopodusm
@: U—>A FU-cHctemoft suHeHAHHX YypaBHeHHi Haj MoxyJem A,

HauanuHe yka3aHHOft BHIIE KOMMYTAaTHBHOH AHarpaMMH TPaKTyeTcs
KaK pa3pemHMOCTb CHCTeMH @ B MoayJde B, Torna A= pyB osHa-

yaeT, uT0o Besikasg FU-cHetema maj A, paspemumas B B, paspemnma
H B A, Uro6H yCTaHOBHThL CBSI3b STOH TEPMHHOJIOTHH C OGHYHOHR,
oGosHaunm uepes {xg|P =€) cueremy cmoGoannx oGpasyromux

monyas F, Torna kampmii saemedT 3 U Hmeer BHA Zkaﬂxﬁ, rie
AuﬂeA, npuueM NouTH Bce Agp TpPH GHKCHPOBAHHOM 0 DaBHH

gymo, Ilycrs
(2 Maprp) @ =aa,

rie ag = A, PaspemnMocTs cuCTeMH @ B B osmauaer, yTo
(X haprp) b = aq

A moAXxoAsmero romMomoppuama h: F —>B.‘ Moo xus bﬂuxﬂh,
MOJYYHM DPaBeHCTBO .
2 Aaﬁbﬁ = aq.

Temeps sicHo, YTO ecqH 3ajaHa CHCTeMa ypaBHeHHf

D Maptp=aa  (0B),
psQ

rae 2 u E—mnponsBosbHHE MHOXECTBa, haBeA, G <EAu paa
KaXZoro @ TOUTH Bce Aaﬁ obpalaloTest B HYJb, KOTOPasi HMeeT
pelueHue B B B o6HYHOM NOHHMaHHH, MH MOXEM TPaKTOBaTb ee
kak FU-cucremy ypabHeHuft Hap A, paspemnmyio B B, Ias storo
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JIOCTaTOYHO 0GO8HAuHTh 4Yepe3 F cBoGoAHHE A-MOZAYJL.CO CBOGOA-
HHMH 06pasyomuvy {xg 1PesQ), a _uepes U —ero noamonyn,
nopo;xnenﬂuu JIEBHIMH qac’rsmu JLaHHO CHCTEMH ypam{e}mﬁ

(1.23) OrHoweHue =gy obaadaer ceoticreamu U0,
1/, 42, 4y3* ¢ 44,

B camom Iene, cnpaBefJuBOCTb cBoiicte U0/, Ul’
u U2 ouesunHa. Il noxkasaresnbcTBa CBOMcTBa U3®
pPaccMOTPDHM KOMMYTATHBHYI0O AHarpaMmy

0 0

0 — K— 8 —» ¢ <_h |
nl T
Y
€
D —p
0 0

¢ TOUHHIMH CTPOKAMH M CTOJOUAMH, Ille T =0T Hu, cJe-
IoBaTenbHO, M =gy B. TTockoabky monysb F cBoGOxEH,
0 ht=~Hhn, rpe K. F—> B, Otcioaa (h—Hhe)Tt=0,
T. e. Im(h—h'6)<= Lj. Haaee,

yh'n=yht =q@jt=0,
4TO NO3BOJIAET PaCcCMOTPeTh romomMopduam xh'z U —>M

Tak kak yh =(x#'i")i u M =gy B, 10 yh'i _x'q;

P: F—> M. Tlogoxum ¢ ='e¢’+(h—FHo)j j Torua
P oro6paxkaer F B L. Ilpn atom

xb'o’ j=yh'i e = yHo.
Orcrona
X = yH'o + xh — yh'o = gj,
T. e. yp=¢. Takum o6pasoM, L =g, C. IlycTb Tenepb
A, B u K HMEIOT CMEICJ, VKa3aHHHH B YCJIOBHSX

cofictea U4’ (puc. 1). Tlyere C=A/K, D=BJK,
6: A—»>C u 1. B—~ D —ecTecTBeHHHE 3MHMOP(QH3IMH,
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i A>B, j: C—>D un k: K— A —ecrecTBeHHble BJIOXKE:
Hua. PaccMoTpuM Takue romoMophusMe @ U—>A u
h: F— B, uto @i=1yh, rie y — ecTecTBEHHOC BJIOXKEHHE

P U B F. Torga

_— (90) | = @it = (k).
K X+ a Zc IMockoabky C =gy D, TO
A F » @o=1yy’, roe V: F—C.
M 1 J j \ |¥ Ho F—cpobomsuii MOnyJb.
N \¥ Tostomy ¢'=y”0, rme
\ ¢\ B—>D \ | " F>A. Orcona y}p”c=
'\"\ \\\ V\\\ ! =x(P'=(PU, T. e Im (x " __
LA N N —¢) = Kk. TlostoMy, Io-
Tr-~---===F qoxuB @l =(y9"—q) k7,

P, 1 NOJIYUHM COOTHOLIEHHE

@' (ki)=xyp"i—@i=y(p"i—h).

ITockonbky K SgyB, T0 @ =9%p’"/, rme ¢": F—>K.
TTonoxkuB P =¢” — ¢k, noayunM

X =" — x" k= xp" — ¢’k =" —xp” + 9 =9,

T.e. A<= UB'

Eciau f‘={(F, U)} —cucrema mnap, rae F — cpo6on-
HHH MOnyJsb, a U — ero noaMonyJb, T0 6yeM roBOpHTb,
yro Moayab A I-wucr ¢ B (B o6o3Hauenusx: A < B),
ecin A =gy B nas Beex (F, U)eT. Beupy npenaoxe-
Hus (1.23) oTHomeHue Sr 3afaeT OGHTPEYrOJbHYIO UH-
CTOTYy, KoTopyio OyneM HasmBatbh I-yucrorod. Ecau T
COJEPKHT BCEBO3MOJKHHIE IApH TAKOI'O THIA, TO TaKas
I'-upcroTa HasHBaeTCs YHUBEPCAAbHOL.

Jlerko nmpoBepsIOTCS CJENyIollie NBa IPeJIOKEeHHs:

(1.24) Ecau ace nodmodyau U e cucreme T' xoneuno-
nopoocOentsle, a TPAHCHUHUTHAR NOCAe00BATEALHOCTS

A=A05A]§---E E'--
raxoea, 4ro Aa=rC 015 acex a u B= | Aa, T0 B<=rC.

(1.25) Ecau ece modysu F @ cucreme T' xoneuro-
nopoocdennole, a TPAHCHUHUTHAR NOCAeA0BATENbHOCTE

A=AcsAi=s... 4= ... =40=B

rakoea, 410 Aa <rAau 042 6cex & U Aa= U Ap Oan

g<a
8csakoeo npedeastozo a, 7o A <r B.
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ByneM roBopuTh, uTO JAHarpaMma
visG .
J (#
A
3amblkaercs, €CJHM CYIIeCTByeT TaKOH TroMoMOpdu3M
p: G— A, uto f=jp. [luarpammy (+), rie G — cBoGon-

HBII MOmyJb, a j — MOHOMOD(dHU3M, Hasosem I'-Oonycru-
Mol Hal A, eClIM U3 HaJIMUHsl KOMMYTATHBHOM AMarpaMMhl

U-2%> F

kl ll ()
V-1,
rae (F, U) T, Bbitexkaer, uto kf =0 s HEKOTOPOro
0: F—>A.
(1.26) Juazpamna (+), 20e G — ceoboOHeli modyis,
a j — moromoppusm, I'-donycruma nad A Toz0a u Toasko
ro20a, ko2da cyujecTeyor modyass B, eomomopdusm
o: G—>B u T-yucreui monomopgpusm i: A— B rakue,
yro Ouazpamma
v-IisG
fl ﬂl (%)
A4 B

KOMMYTATUBHA.

JieficTBuTeIbHO, NyCTb Anarpamma (x) I'-monycruma
Han A. TTosoxxum B=(A+G)/K,rne K={(vf, —vj) |veV}.
Onpejenum romomopdusm i: A—>B u 01 G—B, NOJOXKHB
ai=(a, 0)+ K u go=(0, g)+ K. Takum oGpasoM, BO3-
HuKaeT guarpaMma (==x). ITocKOJbKY

vfi =(vof, 0)+ K =(0, vj)+ K = vjo,
oHa KomMyratuBHa. Ecam ai=0, to (a, 0)=(vf, — vj)
s Hekotoporo vV, orkyma v=0. CiemoBaTeJbHO,
a=0, T. e. {—moroMOppu3M. Uro6el ybGemuThbcsi, UTO
sTor MoHOMOpdu3aM I-umer, paccmMoTpuM KOMMyTaTHB-
HyI0 JuarpaMmy
U-X>F
<Pl hl (#x%%)
A—sB,
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rae (F, U)yeT. BBulLy npOeKTHBHOCTH MOAyJs F cyie-
crByer romoMopdusm t: F— A+ G Tako#i, uto h =1a,
rie a — ecrecTBeHHHiH snmuMmopdusm A+ G Ha B, T. e.
xh=xt+ K. O6o3HauuM uepes =’ U m” e€CTECTBEHHHIE
npoekuun A+ G Ha A u G coorBercTBeHHO. M3 KoM-
MyTaTHBHOCTH JMarpaMMbl (##*#) BHTeKaer mis u € U,
4TO

(u(P» 0) —uyr= (Uf, - Uj),

rie vV, Orcoona uytn” =vj u u@—uyrn’ = vf. Takum
0o6pa30oM, BO3HMKAaer KOMMYTaTHBHasi auarpaMma (s#),
rae I =1n", a k=ytn"j~'. Ilo ycaoBuio, umeem kf =0,
rae 0: F—A. Orciona

uy, (0 4+ ') = uyP + uytn’ = ukf + ug — of.
Ho
ofl = vjo = uytn”c = uylo = ukjo = ukfi,

[TosTroMy vuf=ukf, u, caenoBaresnbHo, %(0+ Tn')=q.
Taxkum o6pasom, Monomopduam i neficrBurenbHo I-uper,
ITycTh Tenmepb HaHbl AHArpaMMH (#) u (#*) M cyuiecTByeT
MOLyJb B ¢ yKasaHHHMH B (OpPMYJHPOBKE TEOPEMH
cBoiicrBaMH, M3 cooTHoweHuss A <rB BHTeKaeT, uTO
kf =8, rne 8: F— A, a 310 u Tpe6oBasOCh,

(1.27). Ecau scakas I'-Oonycrumasn nad A duazpanna,
20e mouwyHoctoe 6ase. modysn G paesna kapOunassHomy
yucay M, 3aAMBIKGETCA, TO SAMLIKAETCA U 6cakas Oua-
epamma

c-tD
9
A ’

20e i—T-yucrout monomopgpusm, a modyass DIC 06.ra-
daer cucremori obpasyrowux MmowHocTy M,
Jlnis nokasaTesbcTBA DACCMOTPHM JHArpaMMy

G

q
v
0—->C->D-=>D/C -0

€ TOUHOH cTpOKOll, rie G — cBOGOAHHEA MOAysnb ¢ 6as30i
MOIIHOCTH WM, a T —3nuMopdusM. ITockonbKy Monynb G

42



NPOEKTHBEH, HMeeM 7tT=g0n, rae o: G—D. Ilyers
V — nonun#i npoo6pas noamonynsi Ci < D OTHOCHTENIBHO
romomoppuamMa o. Torga mONYyYHM KOMMYTATHBHYIO
JHarpaMmy

v-isG
fl ol

0% v
C > D.

Mpumenus npennoxenne (1.26), y6emumcs, uto Aua-
rpamma
V-G

:

I-ponyctuma nax C. OTcioaa cienyer, yTo A4arpaMma

Visa

!

A

I-monyctuma nag A. W3 ycnopBusi npeioXeHHs! BHITe-
Kaer, uto fQ=jp, rae p: G —A. Ecau, nanee, d =D,
TO dn=x7%, rie x< G. Orcioga (d — xo)n=dn— xt=0,
T. e d—xo&Imi. Takum o6pasoM, D=Imi4 Imeo.
Ecau d=ci+xo=c'i+x'o, tne ¢,c’=C, x,x¥ a,
T0 (c—=Cc')i=(¥ —x)o. Ho c¢c—c¢'=vj m1s HeKoTOpOTO
veV, Orciopa (¥ —x)o=(c—c’)i = vfi = vjo. [loaTomy
¥ —x=vj+yj, rne yj=Kere. Orciona (c—c')i=
=(vj+yHo=(v+y)fi, 1. e. c—c'=(v+y)f. Hanee,
HMeeM

(c—cNo=(v+y)fp=(v+y)jo=(x—x)p.

IMonyuenHoe paBeHCTBO NO3BOJISIET ONPENEIHTb TOMO-
mopduam P: D —> A, moaoKHB

dp = cQ + xp,

rie d =ci+ xo. SlcHo, uTO Mp =@,



(1.28) Modyse A seaserca T-unsexrusnoim rozda
u roasvko roeda, koeda ecakas T-Oonycrumas nad A
Ouaepamma (*) sameiraercs.

B caMoM Jese, npeAnoJsoxuM, uro A — I-uHbeKTHB-
HHH MOAyJAb M juarpamma (*) [-momyctumMa Hanm A.
W3 npeanoxenns (1.26) BHTEKaeT cylieCTBOBaHHE KOM-
MyTaTHBHOH gauarpaMMbl (**x) ¢ I'-uHcTEIM MOHOMOp-
dusMom i. Beuny yrsepxkienus (1.6) [ — peTpakuus H
CYLIECTBYeT Takoe %, UTOo in=e, [l070XKHB p= o,
nosyynM paBeHCTBO [=jp. OG6paTHoe yTBepXKIeHHE
cpasy cJaeayeT H3 mpeanoxenus (1.27).

(1.29). Ecau F —cs060dnsiii A-modyas, U — nod-
modyae us F u 0—>A-t>B %>C—>0—rounas nocae-
dosaressrocrs A-modyarel, 10 3K6UBANEHTHOL CAedYIO-
ujue ceolcrea:

1) Imi =gy B;

2) ecau y: U—> F — ecrecréentoe gAoxcenue, TO

Im Hom (y, £)=Im Hom (ey, £) 1 Im Hom (¥, ep);

3) Hom (e, x)— snumopcusn;

4) modyae F[U konpoekTusen OTHOCUTEABHO L.
B uacrnocru, scakas I-uucrora npoexrusno samguyra.

I moKasaTenbCTBa DPaBHOCHJIBHOCTH CBOMCTB 1) H
2) paccmorpuM o & Im Hom(ey, i)[)ImHom/(y, eg).
Torfa o=qi=yh, rae 9: U—>A, h: F—>B. Ecnu BH-
noJsHeHo 1), To =19y, rae P: F —> A. CrexosaTesnbHo,
o =1yYi = Im Hom (y, {). TakuM o6pa3oM, paccMmaTpH-
BaeMoe nepeceuende Jexut B Im Hom(y, {). O6paTHoe
BKJIIOYeHue oueBHAHO, Ec/iH cnpaseliuso cBOHCTBO 2)
JaHa KOMMYTaTHBHas AHarpaMma

U-Z>F
1
A -sB,

TO

o= @i =yh = ImHom(ey, i)} Im Hom (y, ep) =

’ = Im Hom (y, i).
Orcroma @i =0 =ypi, rne Pp: F > A u, cileloBaTegnbHO,
p=1yp. Takum o6pasoM, 1) n 2) sKBHBa/JEHTHHI.
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OKBHBAJIEHTHOCTb CBOHACTB 2) H 3) HETPYAHO BHIBECTH
H3 PacCMOTpPeHHSI KOMMYTaTHBHOH AHarpaMMbl

}
i ™)

_— 1 B) ———————> .
lIl-}H':!mA (FIU, A) HomA (F/U, B) HomA(FIU C)

! ! !

VA ——> ,B) ————>
0-+H0mA (F, A) HomA (F, B) HomA (F,C)->0

i) i) |
0->Hom, (U. A) -KET—(EU—'—‘)--) Hom , (U, B} —————>Hom, (U,Q)
A . A » A ’ 0

0
Hom (e

OKBHBaJeHTHOCTh cBoHcTB 3) M 4) oueBHJIHA.

YTBepxKIeHue O TOM, uTO I-yMCTOTa NPOEKTHBHO
3aMKHyTa, HemOCPelICTBEHHO CJelyeT H3 SKBHBaJIEHT-
HocTH cBoiicTB 1) H 4).

Bsuay npeanoxenus (1.29) ua paccMoTpeHHs: TOYHOH
oC/e0BaTe/bHOCTH

Homa (F/U, A)— Homa (F/U, A/A)—> Exth (F/U, A)-0,

rie A— HHBEKTHBHast o6ojsouka MoAaynst A, BHTeKaer

(1.30) Modyas A FU-uucr 8 ceoeli UHBEKTUBHOL
o6oa0uke T020a u ToasKo Tozda, kozda Exth (F|U, A)=0.

W3 (1.7) u (1.30) monyuaem

(1.31) Caedyromue ceoiicrea modyss Q skeusa-
JAEHTHbL:

1) Q sasaserca FU-Oeaumoim modyiren,

9) Exth (F/U, Q)=0;

3) modys6 Q uHveKTUBEH OTHOCUTEAbHO ecTecTeeH-
Hoeo eaoomcenun U e F.

Wa npennoxennit (1.10) u (1.31), BBuay [6], ctp. 140,
npextoxenune 1.2, BhTeKaer

(1.32) Mosnas npamas cymma T-Gesuma toeda u
Toabko T020a, koeda I-esumo kaxcdoe caazaemoe.

(1.33) Ecau U —npoexrusHoii nodmodyrs ceobod-
Hozo molyan F, ro snumopgneiii obpasz FU-Geaumozo
modyas FU-Geaun.

HeficTsuTenbHo, ecaH U — MPOEKTHBHHA MOMYJb,

moaynb A FU-pennm, mocienosatensiocts 42> B —>0
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Touna u @: U—>B (puc. 2), To p=¢'xn, rae ¢: U—A:
IMpumenss npesnoxenue (1.31), moayuaem, uro @ = xy/,
rue ¢: F—A, a y—ecrecTBennoe Bioxenue U B F.
TakuM o6pasoMm, @=¢'n=1(V'n), OTKyAa BBHAY Npel-
aoxenusi (1.31) suirekaer FU-menumoctb MoAy.s B.

(1.34) Ecau T={(F,, U} u snumopgnueui obpas
I-0eaumozo modyars I'-Geaum, To ece Uy npoexrusHel.

B caMmoM jesie, pacCCMOTPHM TOYHYIO IOCJI@0BaTeNb:
HOCTh

0—>K-t>A->B—0,

u nyctb @: U,— B (puc, 3). O603naunM yepes A unbek-
THBHYIO 060JI0UKY MOAy/s A, a uepes j H  €CTEeCTBEHHhHIE

X

(, —=—>F,

A" A/lmij

Pac, 2. Pue. 3.
proxenns A—>A n Uy—> F, coorserctBenHo. IlycTs
T— eCTECTBEHHMI smuMopouam A Ha Aflm ij. Jlerko
BHAETh, 4TO jt=mnif, rie f— MoHomopdusm B B A/Im ij.
Us npennoxennss (1.31) serko BhIBECTH, YTO A —T-ge-
JuMbiii Moaysb. Ho torda, mo ycioBuio, MOAYJb A/Im ij
rakxe I'-lenum H, npumenss mpenoxenue (1.31), moxy-
yaeM, uto @f =yg, rae g: Fq—>A/Imij. llycts g=g'x,
rae g't Fu—A. Ecu ue Ug u up=an, rae a= A, 10
(aj — uxg’)w = anf — ugf = 0. CnenosaTenbHo, aj — uyg's
=Imij. TakuMm o6pasom,uyg’ =Imj. Ilosoxus Y=
=yg'f~!, noayuuM ynf=1PjT=yg’v=yg=¢f, oTKyma
P =@. DTHM JOKasaHa NpOeKTHBHOCTb U,.
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Cucremy E={4,|o =} nogMonyseli moayns A Ha-
soBeM nokpsiruen, ecnin A= N A, Moayms A Hash-
BAaeTCS KOMNAKTHOIM, €CJIH H3 BCAKOTO €ro CHETHOTO
MOKPHITHS MOXHO BbIOpaTh KOHeuHoe, JIerko MOHSTh,
YTO BCAKHH KOHEYHO-MOPOXKMEHHBH MOJYJb KOMIAKTeH.

(1.35). Ecau modyse U xomnakren, 10 npamas
cymma 2106020 yucaa FU-Oeaumorx modyseti FU-Oeruna.

CnpaBeIHBOCTb 3TOTO NpENIOKEHHs] BHITEKaeT H3
(1.10), (1.31) u caenywoulero ¢daxkra:

Ecau @—comomopgusm Komnaxthoeo modysn A

8 npamyro cymmy B = EQ B, modyaxeti By, To Imop <=
ae

SBa + ...+ Bq, 015 HeKOTOPbLX UHOEKCO8 Ty, «.vay Oy

Ias nokasaTeJbcTBa 0603HAUHM uepe3 i, NPOeKIHIo
monyJsss B Ha By H JONYCTHM, 4TQ CYHIECTBYeT CYETHOE
MHOXKECTBO HHJEKCOB 0;, Gy, ..., TaKHX, 4TO AQuq, 7 0.

HNonoxum A,={ala €A, agna,=0 npu i>k}. Toraa

[ <]
A= A, OTKYyAa, B CHIYy KOMINaKTHOCTH MoayJs A,
Bl

n—1
A= A, Orciona Agna_ =0, Bonpexu IoNylleHHO,
el

(1.36) Ecau npamas cymma T-derumoix modyaei
I'-0eauma, (F, UyeT u modyase F roneuro-noposcier,
r0 U KomnaxreH,

B camoMm jgene, mycTh U=kE| Ug. Ionoxum A, =

m
= U/g‘ U, (m=1, 2,...). Kaxnuit us monyneit Ay

BJIOKHM B HHBEKTHBHHH Moayab Q. Coriacso mnpen-
aoxenno (1.31) Qn — I"meaumutit Mmoxynn. ITo ycaosHio,

T-meTuMHM sBJASETCH H MOAYIE Q=2 Q, OTo6pa-
KeHue tp(u)sZun,,,, rie u= U, a m,— ecTeCTBCHHHH
snumopdbuamM U na A,, MOXKHO paccMaTpHBaTb KakK
romomopdpuam U B Q. Bsuay npemroxenus (1.31)
@=1p, TAe y—ecTecTBeHHoe BioXenue U B F,
a ¢P: F—»Q. Tak kKak MOAyJb F KOHEYHO-TIOPOXJEH,
Tolmep= A+ ... +4, otkyra U=U,+ ... + U,y

Iycts Teneps F — cpoGomubii A-mMoayap ¢ 6Gasoi
(%412 = &) Cucremy {ug= 2 Agsxslo = Q) snemenros

47



u3 F Ha30BeM npPOEKYUOHHO-KOHEeHHOU, €CIH IJNS KakK-
JOro £k JIHIIb KOHEYHOE YHCJAO KOI(PODHIHEHTOB Ay,
omuyHO oT Hyasi. Iloamoayne U Hu3 F HasoseM npo-
eKYyUOHHO-KOHEYHbIM, €CIH OH JONYCKAaeT NPOEKIHOHHO-
KOHEUHYyI0 cucreMy obpasyiowmmux. Ilapy (F°, U®) Haso-
BeM conpsaxernol ¢ napo# (F, U), ecin F* — cBoGOAHBI#
npasuii A-moxyab ¢ Gasoft {xfllaeﬂ], a U'—ero
* =

NOAMOLYJb C 00PasyoLUIHMH {ur =2 xahar |k = R], rae
[u,JI = N Ags¥z| @ & Q) — mpoeknHOHHO-KOHEUHAS CHCTEMa
obpasylomux noxmoAy.ass U. 3ameTuM, uTO BCsiKas
napa (F, U), rae F—npasnii cso6ofgunii A-mMomdyib,
a U -—ero npoeKUHOHHO-KOHEYHHH MNOAMOIYJb, MOMKET
6uTh npeacTaBieHa B dopme (F, U)=(F*, U", rue
U — npoeKIHOHHO-KOHEYHbIH NMOAMOAYJNb  CBOGOJHOTO
monyas F.

(1.37). Ecau F —csobodnei A-nodyss, U — npoex-
YUOHHO-KOHeuHotll nodmodyse e F, napa (F*, U*) co-

i

npamena ¢ (F, U) u 0—>A—>B-"+C—>0—roynasn
nocaedosaresstiocts A-modyseli, TO sKeusaNeHTHsL
caedyroujue ceolcTsa:

1) Imi S ryB;

2) ecau y*: U*— F*— ecrecreennoe sioxceHue, TO

Im(x’ ® i) =Im (e ®i)NIm(x" @ e,);

3) epays ® — MOHOMOP UM,
B camoM Jene, Iy JAOKa3aTeJbCTBA SKBHBAJCHTHO-
ctd csoiicTs 1) H 2) paccMOTpHM yelm(eﬁ.®i)n

NIm(y’ ® ep). Torpa
Y= xs® aoi = D ur ® bs,

rae q,= A, b, =B. Orcofa, yuuTeBas npelJokKeHHe
(0.7), moanyuaem

Ayl = 2 Agrbse

ITonoxus x,h = by, 6ynemM uMeTb roMmoMopdHam h: F— B,
Ecan u, U, 10 uyh= D Ags (x2h) = DAgsbp=a,i, T. €.
MOXKHO KODPGKTHO OMNpPENCJHTh OTOGpameHue @ = yhi™L:
U — A. Ecanu 1) cnpasefsiuBo, 10 @ =y, rie Y: F—A4,

48



a y: U— F —ecTecTBeHHOE BJIOXKeHHE. IIycTh
’
X, P =a,.
Toraa .
’ PR
> hgp@y = U X = UQ = ugyhi™ = a,,
OTKYJHa

y= Za X ®ayi= azkxgkak ® aji= % u, ® a;i & Im (' ®i).

Ecan cnpaBeinnBo 2) H jJaHa KOMMYyTaTHBHas AHa-
rpamma

U-*sF
1 1
A > B,

T0 ugh = N Agsxsh = a,i. Orcrona
% X, ® ayi =aEk Kok, ® x,h= % u, ® x,h.
BBuly yciaoBus 2)
%‘,x;® agi= Zk‘, u,Qali = g‘,x; ® %Aaka;i.
OTcm}la, B cua1y npemioxenus (0.7), monyyaeMm
a, = % Ao
Monoxus x,p = a;, NOJYYHM COOTHOLIEHHE
© gyl = ) Agpahi = 2 Mg, ali = ai = uxh = u i,

T. €. Lp=0.
OKBHBAJIEHTHOCTb CBOHCTB 2) H 3) HETPYJHO BHIBECTH
H3 PacCMOTpPEHHS KOMMYTATHBHOH AHarpaMMhl

URA ——— U'®B

l 11‘838

v
Y
0— FP®A—F", FoB

} }

Cras 1
(FIUYe A2~ — (FIUY®B

0
4 A. Nl. MpwHna, Jl. A. CKOpHAKOB 49



(1.38) Ecau U — npoexyuonno-koHeutotli nodmodysrs
c80600H020 M00Yan F, To modyse C asaserca FU-nao-
ckun Tozda u roarsko roeda, koeda Tord (F*/U*, C)=0.

JeficTBHTEIEHO, PaCCMOTPHM TOYHYIO IIOCJIEeNOBa-
TeJBHOCTb

0K => P—C —0,

rie P — npoekTusHuni#i MoxayJas. Torja HMeeT MecTo TOY-
Hasl nocJeloBaTeNbHOCTh

0> Tork (F[U*, C)—(F*|U") ® K ~E2°°", (F{U)®P.

Ecan moayar C siBasiercs FU-niockuM, TO, mo mpel-
noxenuto (1.37), Tord (F*/U*, C)=0. OGpaTHo, eciu

Tor® (F*/U*, C)=0 =n 0->A-t> B - C -0 — rounas

nocJefoBaTEeNbHOCTE, TO HMEEM TOYHYIO MOCJHEAOBaTE/b-
HOCTb

ey [
Tord (F*IU*, C)— (F*IU") ® A Mﬁ)——> (F*/U") ® B,

TIe €pyy» ® i — MOHOMODP QH3M. Ofcona nonyuaeM, uc-
nosnbayss cHosa mnpepmoxenue (1.37), wro C — FU-mio-
CKHHA MOHyJb.

Beuay [6], cTtp. 140, mpemnoxenne 1.2a, u3 npen-
aoxenn#i (1.15) u (1.38) BHTEKaer

(1.39) Ecau T'={(Fq, Ug)} u ece nodmodyiu U,
NPOEKYUORHO-KOHE U HbL, TO NPAMAS CYMMA SBAAETCA
T-naockum modyrem ro2da u roasko roeda, Koeda sce
caazaemsie T-naockue.

(1.40) Ecau scaxuii nodmodyss a106020 ce80600H020
Moayzlm aganerca FU-naockum, 1o U®=naockuii mo-
dyas 1),

HeiicteuTenbHo, NycTh A NPOH3BOJBHEI A-MOLY/B.
PaccMOTpHM TOUYHYIO NocJeioBaTenbHOCTh 0 — K A5G-
—+A—0, roe G —csobGoauniii A-moayas. Beuay |[6],
crp. 142, Teopema 1.5a,

Tord (F*/U*, A)=Ker(y'® i).

) B npennoxeunsax (1.40)—(1.43) MoauanuBo npexmoJaraercs,
yto U — IPOeKUKOHHO-KOHEYHHI IOAMOAYIL Moxydas F, a mapa
(F*, U*) conpsixena ¢ (F, U).
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Ho

£ ® 1= (1 ® eg) (es ® ).
Tak kak K — FU-IIOCKHE MOXYJb, TO, COIJIACHO Mpes-
noxenuto (1.38), Tor®(F*/U?, K)=0 u, cienoBaTelbHo,
%' ® ex — moHoMopdu3aM. Ho eps ® i — TakkKe MOHOMOD-
duam, u6o TorA(F*, A)=0. CregoBaTesnrHo, ¥’ ® i — Mo-
HOMOp®HSM H, SHAYHT,

TorA (F*/U*, A)=0."

PaccMOTpeB TOYHYIO [I0C/IE{0BATENLHOCT
Tor2 (F*/U*, A)—>Tor}(U?, A)—> Torl(F*, A),

Jerko mouaATh, uyro Tord (U’, A)=0. BBuIy nmpoHu3sBoJb-

HOCTH A BCe INOKa3aHO.
(1.41) Ecau U* — naockuil modyas, o kaace FU-nao-
ckux modyaell 3AMKHYT OTHOCUTeAbHO nodmolyaiet,
IeficTBHTENBHO, NYCTh HMEETCS TOYHAfl MOCJEHOBa-
TeJILHOCTh

0—>A—->B—>B/A—>0,

rae B — FU-ninocku#t A-momysnb. Vs paccmorpenusi Tou-
HOH mMocJie0oBaTeNbHOCTH

Torl (F*, B/A)— Torl (F*/U*, B/A)—>Torl(U*, B/A)
BHJHO, 4YTO
Tor2 (F*/U*, BJ/A)=0.
Ho Torma u3 TOuHOH mOCJeN0BaTEJ]BHOCTH
Tor2 (F*/U*, B|A)—>Tor{ (F*/U*, A)—> Tork(F*|U*, B),
yuuthiBas (1.38), monyuaem

Torh (F*[U*, A)=0,

Bropuynoe npumenenue npepnjoxenns (1.38) saaBepiuaer
JIOKa3aTeJbCTBO,

(1.42) Ecau U’ — koneuno-caasanneli npaseti A-mo-
O0yas, 0 Kaacc FU-naockux molyarei 3amMKHYT OTHO-
CUTENbHO NOAHBLX NPAMBLY CYMM.
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JleficTBHTE/IBHO, MYCTh A=Z’Aﬂ, rae A-Monyau Ap'
apasoTces FU-naockuMu. Ecnn D — npaBuit A-moxyus,
TO IOJOXKHM

V(D)= (D® 4.

Ecau f: D— D’, To onpepeaum V (f): V(D)—>V (D’) n
t(D): D® A—V (D), nonoxus

4y ® ag)V ()= (df ® ay)
[d ® (ap)] (D)= (d ® ap).
(a) Ecau G —ceob6odnei npaseui A-modyrs, 10

t (G) — mornomoppusm.
B camoMm gene, nycts wt(G)=0. Ho

m
w= aiM,
,2_, g, ® ()
rie g;— ancMenTH 6assl Moxyas G, a (af’)e A. Torza
b
"® aM)=0.
PG Y
Orcrooza
>
® a(f) =3 0
~819%
\
IJs KaxAoro B, H, CJelOBaTeNbHO, YUHTHIBAsi MNpejJio-
xkenye (0.7), noayuaeMm (ag’)=0. TakuMm obpasom, w =0,

(6) Ecau D — xoneuno-noposcOennoii npasoui A-mo-
O0yas, o t(D)— snumoppusn.

m .
TeficTeHTeNBHO, ecaH D =121 diA u (dg®ag) =V (D),
m
10 dg= )y diMg, Orcrona
=1
m m
(ds ® ap) =( 2di® A,ﬂaﬂ)= 2(d® Mgag)=

m
=[ 2 d; ® (Mygap) ]t(D).
i=1
yT0 H Tpeb6oBaNOCh.
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(8) Ecau y*: U*—> F*— ecrecTsennoe esoxerue, T0o
V (') — nonomoppusa.

Ilyete v*=V (U%) u o'V ()=0. Ho v‘=(p;), rae
v eU'®4, . e

vp= 21', Uz ® ag,.
Torna
0=0'V ()= () V 00) = Ty @ 0. V () =

- ( (; U ® aﬂl) (X® eAs)) =(%(xre® eAe))'

vE(x'@eAﬁ).—.O

3HauuT,

I Kaxgoro f.

Onnako u3s npemnoxenus (1.38) BBHAY TOYHOCTH mo-
CJ1eI0BaTENbHOCTH

0 —>Torh (F*U*, Ag)— U*®4,

*®e

%, Fre4,

H FU-njocKocTd MOIlyJIH Ay BHITEKaET, YTO ®e4B-—Mo-
HOMOpPdH3M. l'[oa'romy v, =0 M5 Bcex f, oTkyAa v*=0.

(r) Ecau 0> K >G> D—>0— rounas nocaedo-
8ATEABHOCTL KOHEHHO-NOPOoscdenns x npasslx A-modyrer,
TO n0c2ed08aresbHOCT

V(K)—%> V (G) 2>V (D)
Taksce TOYHA.

B camom pene, sicho, uto ImV (i) = Ker V (n). Ecan
g=(gs) = KerV(n), 10 g (n@ e, ) =0 gna xaxmgoro P.
B cHJIy TOuHOCTH nocne)losaTeeruocm

i®e 1®e
K® A,

%56 ® A4, —2>D ® A3~ 0

OTCIONA BbITEKAET, UTO gp=R, (i ® eAﬁ). CrenoBaTeJibHO,
g=-(kﬂ)V(i) e Im V (i), uto u TpeGoBajoCh.
n) Ecau D-—xoneuno-ceasannoll npasgoli A-modyais,
70 t (D) — moromopgusm.
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Jns mokasaTennCTBa PACCMOTPHM ANArpaMMy

l@eA ®e,
K®A >G®A —>D®A—0
t(K)l t (a)l t (D)l ()

V(K) V(l)\ V(G) V(ﬂ)\ V(D)

rze G B K — KoHeWHO-NOpoXJeHHHe npaBme A-MoOxy-
JH, npuieM G cBoGofleH. HemocpencTBeHHBIM MOJACHe-
TOM INIPOBEpsSieM, YTO0 3Ta AHAarpaMMa KOMMYTaTHBHA,
a ee CTPOKH TOuHH, B cuay (r) u [r], cTp. 194, Teope-
mMa 1. s (a) u (6) BHITeKaeT, uto f(K) u t(D)—arm-
mopduami, a f(G)— MoHomopduaM. ITo JeMMe O nATH
romomopbusmax ([6], ctp. 20, npemmoxenue 1.1),
t (D) — MoHOMODPH3M.

Ilepexonsi kK HmOKa3aTesqbcTBY mpeasoxenus (1.42),
3aMeTHM, uTo H3 (B) H () BhITeKaeT, uTo ((*®e, )t (F*) =
=t(U‘)V(x“) MonoMopduaM. Ho Toraa y*®e, — Takxke
moHoMopbuam. OTcloma, HCNMOJb3YsT TOYHOCTh MOCJE O~
BaTEJIbHOCTH

0 —Tor? (F*/U*, A)— U‘®A ->F‘®A

noayuaeM, uro Tord (F*/U*, A)=0, a sTo, B cuay mpel-
Jgoxenus (1.38), H saBepiuaeT IOKa3aTe/bCTBO.

(1.43) Ecau noatas npamas cymma at06020 MHO-
gcecTsa axsemnanapos kosvya A sasaserca FU-niaockunm
A-modysrem u modyse F koneuto-noposcdex, to U*—
KoHeuto-cea3anHell npaseli A-modyae.

Jas JmOKasaTeNbCTBA PAacCMOTPHM TOWHYIO IOcJe-
IOBATeJNBHOCTh NMpaBHX A-MomyJei

0>K—>G-U*—0,
rie G —cBoGoaubii Moxysab. Ilockonbky F KOHewHo-

nopoxjeH, To U* TaKkke KOHeyHO-MOPOXieH. IloaTomy
MOXHO CYHTaTh, uT0 G Kouequo-nopomneu. ITycts

(@, .--» &,) —cro Gasa, mpuueMm gg=u; = =2 Ay
Ilyctb, nanee, A= Z Ay, tme Ay=A, A—reBuii

A-monysib H %= kZI grkse = K. Koneuno, &, = A. Torna

m
0 =om= kgl Upben= E Xahob
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OTKyIa
m
kgl AarErx = 0.

IMosoXHuB
ak=(§lm)eA (kﬂl, 2»000; m)’

NOJYYHM DaBeHCTBA
m
gl (4 ®a,)(X'®e,) = ; "‘;®§ Aony = ? %,®0=0.

W3 npepnoxenus (1.38) BuTekaer, uTo *®e 4 — MOHO-
mopduam. IToatomy

o
.
k% u;®a,=0.

BBHIYy TOYHOCTH MOCJENOBAaTeNbHOCTH
K®A—->GRA->U*® A—0,
OTCI0fa CJIeJyeT, UTO

m n
gl £, ®a,= ,_le, ®aj,
rre z, €K, aj= A. Ilycrs
m
2= 2 gilus
E=l
Cornacro npennoxenuio (0.7),
a,= 2 Eua)-
Ecmn a; = (§,), TO
B = 1_2} Eriblae
Ho Torma
m n
w= kgl Giben = ‘Egk ; gugzu = % gkgklgzu = gz,gt’w
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T. €. CHCTEeMAa 2j, ..., 2, SIBJISIETCH CHCTeMoii oGpasy-
oiux npasoro A-MomyJas K, uTo H TpeGOBaJOCH.

O6paTuM BHHMaHHE Ha CJelylOliHe Maphl NpemIoxe-
muit: (1.29) u (1.37), (1.31) u (1.38), (1.33) u (1.41),
(1.34) u (1.40), (1.35) u (1.42), (1.36) u (1.43). Mexny
HHMH HMECTCS Ompefie/IeHHasi aHaJOTHsl, OCOGEHHO SIPKO
nposiBJsioNiasicss B NMepPBHX Tpex cayuyasx. UTo6m mpo-
JHTb HEKOTOPHI CBET Ha 3TO sBJEHHE, PACCMOTPHM
s kaxjoro A-mouayas A rpynmy A% =Homz (4, 0),
rae Z—xoaplo uenbix uucen, a C — dakTop-rpynna
aJIMTHBHOH TPYNNBl palHOHAJBHHIX YHCEJ MO MOJM-
rpynne Z. Tpynny A® npespatuy B mpaswii A-Momyus,
TMOJIOXKHB

a(ph)=(Aa)
s as A, g A%, Ae A. U pasencrs

a [ (Aw)] = [(An) a] @ = [A (na)] @ = (pa) (@A) = a [(pA) p]

BHITeKaeT, uto A¥ — jeficTBHTe/NbHO npaBbifi A-MOLyJb,
HHTepecHBIM sIBJISICTCS ClIeAylOmHE (akT:

(1.44) Mycre U— npoexyuonto-koHeutowi nodmodyrs
c80600H020 A-mo0yas F. Jaa To20 urobor A-modyre A
6otn FU-naockum, nHeobxoOumo u 0Oocraroyro, 4robbl
npasoui A-modyrs A¥ Gorn F*U*-Oesrumoin.

Jns JokasaTesbcTBA NPHMEM BO BHHMAaHHe CJe-
Jyloiiee COOTHOIIEHHE:

Exth (F'[U°, A*) 2 Homz(Tort (F'[U", 4), C)

([6], crp. 155, mpepnoxenue 5.1). Eciu A— FU-mno-
cKHii MOXy/b, TO F*U*-genuMocTb mpasoro Moiyas A*
cpasy cjefyeT H3 BBIIHCAHHOTO COOTHOLICHHS H Npej:
aoxenufi (1.31) u (1.38). IlpuMeHcHHe Tex XKe ¢akTOB
B cJaydae, Korja A* — F*U* penumuiit npaBHifi MOLYJb,
JIaeT, uTo HomZ(Tor{\(F‘/U‘, A), C)=0. Ho wu3 mo-
cJeJHero pasencTBa BhTekaet, uto T = Tord (F*/U*, A)=
=0. B camom gene, rpynna C paanaraetcs B mps-
Myl0 CYMMy rpymn Tuna p°~, MmO OXHOH MJIs KaxAOro
npoctroro uucaa p. Ecau T=pT Ans HEKOTOPOro mpo-
CTOro p, TO CKBO3HOe oToGpaxenue T—>T[pT — Za, rae
0 a =C, pa=0, naer uenynesoii romomoppuam T8 C.
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Eciu xe 0 5= T pT nns Bcex p, 1o T — npsiMasi cymMma
rpynn Tuna p>~ uw rpynm, u3oMOpdHBIX aJAAHTHBHOH
rpynme BceX panuoHaabHBIX umcea ([s], crp. 149). Ho
B 3TOM CJydYac CYyHIeCTBOBAaHHE HEHYJEeBOrO TOMOMOp-
dusma T B C oueBuIHO. B 3akiioueHwe eile pas mpu-
MeHuM npegioxenue (1.38).

OcranoBuMcsi 11a HEKOTOPHIX CBOHCTBaX YHHBep-
CaJIbHOH UYHCTOTHI.

(1.45) Ecau

0>A->B>C—>0

— royHas nocaedosaresstocte A-modyaseil, To sxseusa-
AeHTHbL caelyroujue ceolicTea:

1) nodmodysre Imi yHusepcarsto uucr 8 B;

2) ep®i ssaserca moHoMOpu3MOM OASL BCAKO20
npasoeo A-modyas D;

3) nodmodyas Imi T-uucr 6 B, 20e T'={(Fy, Kgp)},
npusem Fq npobeeaer sce xKoHeuno-noposcOenHbie €80-
600nbte A-modyau, a Kog — 6CE KOHe4Ho-noposcOetinoLe
nodmodysu modyan Fg.

. JIeHCTBHTE/bHO, 3KBHBAJEHTHOCTh cBOHCTB 1) u 2)
BHTeKaeT 13 npemoxenus (1.37). MMmiukanus 2)=>3)
ouepugHa. Ecau cnpasemmuso 3), o us (1.37) u [r],
ctp. 211, teopema 8.4, BHITeKaer, YTO &p @ i — MOHO-
MOpGHu3M MJs BCAKOrO KOHEUHO-CBSI3aHHOTrO IPaBoOro
A-monpynss D. Ilpumensis npenoxenue (0.11) wu [6],
ctp. 131, mpensoxenne 9.2 *, mosyuaem, 4TO ep Qi —
mMoHOMOpdu3M sl BceX mpaBuix A-mopnyse#r D, oTKyna
cpasy BBHITeKaeT 2).

Kpome Ttoro, us (1.31) u [6], cTp. 24, Teopema 3.2,
BHITEKaeT

(1.46) Ecau © — yHusepcaasHas 4ucTora, T0 8CAKUL
©-Oeaumblli MOOYAb UHBEKTUBEH.,

Ianee, nazoBeM noamMuHoxectso B A-monysns A we-

3as8ucumsim, €ClIH CyMMa 2 Ab ABJSIeTCSA Hpﬂ\dou
ey

HesaBucumyio cHcTeMy o6pasyomux HasoBeM 6asoi.

(1.47) Iycre o —yHusepcaasvHas wyucrora. Toezda
axeusasenTHol caedyrowjue ceoticrea A-modyas A:

1) 8ce nodmodysru modysa A o-wucre 8 Hem;

2) makcumarbHas He3asucumas cuctema 00020
noomodyasn B modyrs A asaserca 6asoi;
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3) ace nodmodyiu modyss A 264310TCS peTPaAKTAMU.
HeficTBuTeJbHO, eCiy BHNOJHeno ycuaosue (1) u B—
MaKCHMaJbHasl He3aBHCHMasi CHCTeMa NoAMOAyas B,

T0 mosnoxuM D =b28 Ab. Tlycts by&B \ D u I=(D: by).
«

OnpenenuM roMmomopduam h: A — B, nonoxus AM=A2Ab,.
Torga Ih<=D. Ho BBumy U2' D < ,B. Ilostomy Haii-
gercst Takofi roMomopduam Y: A —D, uro pp=ph
ana Bcex pel. Ilonmoxum b’ =b,— 1. Eciw M’ =D
Inst HekoToporo Ae A, 10 Aby=Ab'—Mp = D. Otciona
Ae 1 u, caenoBaTesbHO,

Ab’ = Aby — Mp = Ah — Mp = 0.

Takum o6pasom, cymma D + Ab’ okasmBaeTcsi mpsMoi,
YTO MNPOTHBOPEUHT MAKCHMAJBHOCTH CHCTEMBbI . Cue-
JoBaTeqbHo, B=D, T. e. CBOHCTBO 2) crpaBeJIHBO.
Jns AOKasaTeJbCTBA WMIUIHKAlyy 2)=>3) HOCTATOUYHO
Bbl6paTb MakCHMaJIbHy10 HE€3aBHCHMYIO CHCTEMY B MNOJ-
MOAyJie H JOIIOJHHTbL e€e J0 MaKCHMaJIbHOH He3aBHCH-
MO#i CHCTeMH BO BCeM MonayJe. CﬂpaBeJIJIHBOCTb HM-
naukauuy 3)=» 1) cpasy caenyer us U0’

K ompenenensnio I'-uncroTsr mpuxoast Batiep u Xoppoke [53].
Ouy mOAXOAAT K HeMy ¢ (YHKTOPHOH TOYKH 3PeHHs, XOTA BHelIHe
oGoGusaior onpenenenus Kepreca [137], ucmosb3yioume asuk ypas-
nenufi. B ux paGore comepxurca H mpeasoxenue (1.29). ITousTue
I-yucroTnl Hemosbayer Tak:ke IllTemmtpéM [197]. Onuako ou orpa-
HHYHBaeTCs CJyyaeM, Koria MoAayab F ¢uxchupoBadn. B ero paGorte
Io CyH[eCTBY coiepiarcsa mpeatoxenns (1.24), (1.31), (1.33), (1.34),
(1.44). YactunM cayyaeM mnpepJoxenus (1.44) sBasercs TeopeMa
JlamGeka [145]. Ilpeanoxkeuus (1.42) u (1.43) nokasaun UYeitsom
[68] ana yuusepcasibuofi uHcTOoTH. Ilpeasoxenus (1.26) ~ (1.28)
nokasaus! Kusipmuuckum [140].

Ws npenntoxenus (1.31) u peayastaTos Kepreca [137] srite-
KaeT, 4YTO AJHA HHBEKTHBHOCTH MOAY/NA Q HeoGXOAHMO H foCTa-
TOYHO CyLIeCTBOBaHHE Takoro csoGoaHoro Moaynsa F, yto Q spas-
erca FU-penumuM ans sBcex U= F.

Yuupepcanbuyio yncroty paccMarpusaiaH Kepree ([135], [137]),
Kou [63], KyspMumuos [13{ u Mamgok [151]. B wactuocTn, npen-
noxenne (1.47) npunannexur Keprecy [137], a mpensoxenne (1.45)
oGo6uraeT onuH u3 pesyibratos Koma. ®Penbaxays [82] mokasau,
YTo B CJyyae yHHBEpCaJbHOH YHCTOTH @ HpAMHE CYyMME! KOHEuHO-
CBA3aMHEX MoayJell M TOJNbKO OHH SIBJAIOTCH O-IPOEKTHBHHIMH.

YactumM cayuaeM I-yncToTH ABJIAeTcs yHCTOTa B rpymmax ([u],
crp. 88, mpeanoxeuue H), Bosuukaiomas, eciu 3aHKCHPOBATH
csoGoauylo rpymny F paumra 8 u 3actasuth Ugq mpoGeraTs BCe
ee mOArpynmsl. B uacTHocTH, IpH R < 8y MOJNYYyaeM CepBaHTHYIO 4H-
croty ([u], cTp. 82, Teopema 25.5). Hekoroprie cBoficta [-uncThix
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OOArPYNN, CBA33HHHE C MOLKHOCTBIO CHCTEMH CBOGOJHHX 00pasyio-
H{HX CBOOOAMHIX MOAYJEH, BXOASAIHX B ONpeReseHHe, PacCMOTPEHH!
B kuure Pykca ([u], § 27).

Ecmu T'={(A, I,)} u &={/}, T0o 6ynem mucathb S,
BMECTO S, &-HHBEKTHBHOCTh BMecTO I'-HHBEKTHBHOCTH
T I

MoXHO JaThb CHeAYIOULYI0 XapaKTepH3aUHlo & -yu-
CTOTHI:

(1.48) IMycre cucrema & obaadaer ceoticTsoM: ecau
Ie€& u I=], 20e J— sesvul udear roasya A, 10
J = &"). Tozda 3xkeusarenTHoL YcaoBUA:

1) A=y B;

2) ecau b=B u (A:b)es&, ro (0:a—b)=(A:b)
0as HekoTopoeo a < A;

3) A cayxcur npameim caazaemoim 04 8CAK020 nO0-

nodyan C rtakoeo, wto ASC<=B, CIA=XAZ u
(0:¢,)=s & npu awbonr i

4) A cayxcur npameim caazaemoim 048 8CAKO20 nOO-
mnodyasn C rakoeo, uro A=C=B, C/A=Ac u (0:¢0)=&;

5) ecau Ad— yuxauueckusi A-molyae u (0:d)e &,
70 Ad KonpoexTuseH OTHOCUTEAbHO eCTeCT8eHHO20 6.0-
acenus A 8 B.

Heiicteutenbho, eciy A<=.B, b& B u (A: )&,
TO MOCTPOHM roMomopduaM h: A — B, nosoxus lh=bh.
slcwo, uto (A:b)h =A. Ilockonsky A =, B, naitnercs
romomopduam ¢: A—>A Tako#r, uT0o Ap=>Ah pas
Ae=(A:b). Ecau lPp=a, TO Jerko NPOBEpHTb, HYTO
(0:a—b)=(A:b). HdomycTum Temepb, UYTO BHINOJHEHO
yciaosse 2) w [ &. PaccMOTpHM KOMMYTaTHBHYIO
aHarpamMmMmy

1% A

1 4
A-tsB.
[lyets b=1h. Ecnmu A<, 1o Ab=A(lh)=Ayh=Ag,

T.e. I=(A:b) (smecp A otoxaecTsieno ¢ Ai). Beuny
yenosus na & (A:b)es&. Ilyete (0:a—b)=(A:0b).

') 310 ycsoBHE HCIOMB3YeTCH TOJBLKO IPH JOKAa3aTesNbCTBE HM-
nnuKauuy 2) = 1).

59



[Tosoxus 19 =a, nas scakoro Ael=(A:b)=(0:a—b)
NOJIy4HM COOTHOLIEHHE

Agp = A (1) = Aa =2b = Ag.

TakuM o6pasoM, yp=¢, T.e. 2)=>1).
[Tycte BhimosiHeHo ycaosue 2) u C ymoBsieTBOpsieT
ycaoBusM nynkta 3). Torma mns BesKoro i cyuiecTByeT

TaKoe ¢; € ¢y, 4To (O:c,) = (0:¢,). Scno, uto A EAc, =0,

otkyna C=A+ D Ac,. TakuM o6pasom, 2)=>3). Ummn-
Jaukanus 3) =>4) oueBuana. [lycts BhinosHeHo 4), b B
u (A:b) =&. Tonoxum C=AB, rae 6=>b+ A. Onpe-
neaum C us pasenctsa C=C/A. Torma C=A-+C,.
Ecau npu stroM b=a+ b, To, oueBuaHo, (0:a—b) =
=(0:b;)=(A:b), T. e. BHIOJHEHO 2).

DKBHBAJIEHTHOCTb CBOMACTB 1) u 5) BHTeKaeT u3 npen-
Jgoxenus (1.29).

W3 npennoxenns (1.48) HeTpyAHO HOJNYyuUHTB

(1.49) &-uucrora, z0e & obaadaer ceoiicTeom, yxa-
sanHoim 8 popmyauposxe npedsoxcenus (1.48), yurxau-
wecku NpOeKTUsHA.

Heiicrsurensno, nycte A — A-moxynp ¥ a = A. Ilo-
JIOXKHM

Aa, eciw (0:a) =&,

pP,=
(A, ecnn (0:a)e&&.

Ianee, 0003HAauHM uepe3 m, ECTECTBEHHHIE 3MHMOD-

dusmbl P, na Aa, a uepes % — NPOJO/IKAIOIKH HX 3OH-

MopduaM momyas P= X P, na A. Beuay mpennoxe-

S A

nus (1.48) nukinueckne Moayau P, sBisioTcs &-mpoek-
TuBHHIME. [lycTh Temepp 0%~ p =P, (Kern:p)e& u
n(p)=a. Torga B P cymecTsyeT 3JeMeHT d@, y KOTOPOIo
a-Tasi KOOpJAWHAaTa paBHa @, a OCTaJbHbe — HyJ0. [lo-
ckonbky p—a=Kerm, To cooTHowenuss (Kersm:p)=
=(0:a)=(0:a)=(0:(p —a)—p) mno3BONAT 3aKIIO-
uuTh ¢ moMolpio mpemitoxenus (1.48), uro Kern = ¢P.

Hs (1.6) u (1.49) smTekaer

(1.50) Besaxuii &-npoexruetoii mMo0ysrs R6AS€TCA NP A-
MBLM CAQ2AEMbLM NPAMOL CYMMbL YUKAUHECKUX &-npoe-
KTUBHbLX MOOYAel.
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(1.51) Ecau'& — HexkoTopas cucrema KoHe4HO-nOpOmNc-
Oentoix aesvlx udeasos roavya N, 10 &-uucrora
UHDEKTUBHA.

PacusensM noKasaTeJbcTBO Ha psaj aTanos. Kpome
Toro, BBeJeM o0603HAueHHs: {— MOMIHOCTL KoJbua A,
Mm=nMN, IIe 1 — MOMHOCTb CuCTeMH &, u b=2mi,

a) Ecau A= B u mownocte B[A He npesocxodur
b, ro naiiderca Takoll modyse D, uto A=D<=g¢B u
mowtocts DA He npesocxodur b,

Ilns JoKasaTesJbCTBA NONOXKEM Dy=A u JonycTum,
YyTO MOCTpPOEHA TaKas INOCJeA0BaTeNbHOCTb MoAyJelt

Dy=D, = ... =Dy,

uyto MomHocTh D;/A He mpeBocxomuT b w Iias Besikoit
duarpaMMHl

J—sA
I
Dy~ D;— B,

rie /=&, a CTPOKH —eCTeCTBeHHble BJIOXEHHS, Hafi-
nercs romomopdusm g, A—>D, orpanuueHue KOTO-
poro ua [ cosnapnaer c f. Ilyere H =Hom(A[I, B[D,.,).
Kaxmolt KoMmMyTaTuBHOH Auarpamme

I—25A
: AP f?”l 185"’
0—>Dpy—>B-=>B[Dpy—0

cootsercTByeT < H. Ias kaxaoro nEH swibepeM no
olHOH Hmuarpamme A (ecan ona cymecrtsyet). O6o-
anayuM uepes N, noJyuuBlueecss MHOXECTBO HHIEKCOB V

u nosoxuM D =D, + X Img{M. Ecnu, naee,
veNl. leg

nauna xuarpamma AY, 1o mis mekoroporo veN; umeem
gn=gW¥n. Cuenosareabno, 1g{ —lg¥ =di, rpe
deD, . Nonoxus 1p=1g\ —di, onpenesum romo-
mopousm P: A—> D,. Torpa naa £ [ noayuaem Exp=
= tg{" —Edi=Eg{¥. Mommocts D,[A He mpesocxoaut
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©o
nbb! =b. Momyns D=|J D, o6nanaer nyxurmu coo#:
im]
cTBaMu, IOCKOJDbKY NpH Jio6eMm oTobpaxenuu f: [— D
noamoAyias Imf npuHamgaexur D, "I HEKOTOpOro n
B CHJY KOHEUHO-NOPOXKJIEHHOCTH Hjeana | & ¢&.
6) Ecau A= B u mowHocts BfA He npesocxodur
b, To Haiidercsa Tpanciunurneui pad

A=AicsdAi=s ... de=... =Aa=8B

rakoll, 410 Aa = ¢B 0aa scex 0>0, A,= J Ag daz
B<a
npedeastolx O U MOWHOCTs MO0y Agn/A, He npe-
gocxodur b das scex a>0.
eiictBuTe bHO, 0003Hau#M uepes A, moayab D,
nocTpoeHHbfi B NyHKTe a). [lomycTuM, Hajee, uTo ajs
Beex f<a Moayiaw Ay moctpoensl. Ecau o npegnenbuoe,

TO MONOXKHM Ag= U Ay BBuny mnpemtoxenns (1.24)
a

B<
Ao = ¢B. Ecin @ — 1 cymectsyer u Aq- 7 B, To BhGe-
peM b&B\ Ay, IlpuMenuB a), HafigeM Taxoii Mo-
nyab D, uTo Ag-1 +Ab =D =¢B u MomHOCTb DyfA,,
He mpesocxoduT b. Ocraercs mosoxurs A, = D.

U3 6) u U2’ Ges Tpyxa BHBOAHTCH:

B) Ecau modyrs Q uHEKTUBEH OTHOCUTEALHO 8Cex
TaKux wUCToLX MOHOMOPuU3MO8 i: A—> B, uT0 MOwHOCTS
modyas BJA ne npesocxodur b, 10 Q &-unvexrusen.

r) &-uucToTa UHBEKTUBHA.

IOns noxasateabctsa o6o3HauuM uepe3d D (A) mHo-
eCTBO BCeX & -HONMYCTHMBIX HaJ MoAyJeM A nuarpamu,
B KOTOPHX MOIIHOCT Moayas G He mnpesocxoiut b.
[onoxuM Qy=A u JoNmycTHM, YTO MOCTPOEHA TpaHC-
duHHTHAS NMOCJEOBATENBHOCT MOAYJeH

Q=... SQBE ceey
rae Qp<=¢Qs npu f<6<a u M8 KaKAoH guarpaMmm
V=G
|
Qs
u3 D(Qy) Hafizercs Tako#t roMomopdusm g:G—>Q g4
(B+ 1< a), orpannuenne kotoporo Ha.V cosmanaer ¢ f,
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Ecan o npeneshoe, nonaraeM Q,= {J Qg 1To (1.25),
a
Qs = ¢Qa. Ecan a—1 cymec'rsye'rﬂ,< paccMarpHBaeM
IHarpaMmy .
VLG
N (*)
Qa-l ’
roe V= EVY HG=2 G,—npsiMble CYMME BCEX cO-
OTBETCTBYOIUX Moxyned V., u G,, npHHamjexaumux
puarpammam H3 D(Q,-), npuvem V,j=G,. Iycrs
iy: G, — G umy: G—> G, — eCTeCTBEHHbIE MOHOMOD HU3MBI

U 3MuMop¢u3MBl cooTBETCTBEHHO. Ecu / & & u uMeercs
KOMMYyTaTHBHasi [HarpamMmma

1% A
|
; v
V-=»>a,
TO M3 KOMMYTAQTHBHOCTH IHarpaMmbl
1 LA

knvl lnvl
Vy—> G,
BhITEKaeT, uyTo km.if=%0, m1s noaxoismero 6,: A—»

= Qqg-1. Iyere §={y| l/m, 7= 0}. flcHo, uTO 3TO KOHEu-
Hoe- MHOXecTBO, I10JIOKHB 6= ) 0,, mosayunm
R

X0 = g 28y = X km i f = kf.

CanenoBaTenbHO, Jmérpamma (*) &-1onyctuMa Ham Qg
M Hafilercst &-UHCTBIE MOHOMOPGU3M I: Qq-, —> B, yka-
3annblf B mpepsoxkeHuu (1.26). HerpyzmHo nposepurs,
YTO MOXHO NOJOXHTb Qu= B. Ilycts Q — Haumenbuui
TpaHCHHUHUT MOILHOCTH, OOJblueH, ueM 9%y Q= UQ.,.

a<Q
Beuny (1.25) A = ¢Q. Ecau nuarpamma

V-G
fl (#=)
Q
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&-monyctuma Haa Q, re MOIHOCT, MoOnyas G He
npesocxogut b, TO Imngﬂ s Hekoroporo B<Q,

IIpu 3TOM MOXHO CYHTaTh, YTO JHarpaMma
V-G

|
Qp

ZomycTHMa Haj Qg B NMpoTHBHOM clyuae MOXHO B3fTh
takoe 9, rme B<O<L, uro mas Qs 3TO yKe BBIIOJ-
HEHO. OTcrona H H3 MOCTPOEHHS MOAyJ1s Q cJaexyer,
yTo jguarpaMMa (%) 3ambikaercs. Ilostomy us (1.27)
H B) BHITEKAE€T, UTO MOAYJIb Q &-HHBEKTHBEH.

(1.52) A = arB 10200 u TOABKO To20a, kKoeda AB} A=
=AA.

JeiicTBuTeNBHO, NycTh AB (1A =AA. PaCCMOTpHM
KOMMYTaTHBHYI0 IHAarpaMmy

Ar2s A
4
A > B.

IMyers lh=b. OroxnectBass A c¢ Ai, nonyuaem
M= ABA=AA. Otcioga Ab=Aa, rne a = A. Ilona-
rasg l{y=a, HeTpyZHO NpOBepuTh, uTOo Q=Y. Ciaemo-
BaTenbHo, A = axB. Ecan, HaoGopoT, A= amaB u Ab= A,
To, nosaras lh=0>b, noayuaem Ah = A. O603HauuB ye-
pes ¢ orpaHHueHue h Ha AA, HalileM TakoOll romomop-
dusm P: A=A, uto ¢ =yy. Ecan lp=a, 10
Aa=Aypp=Ap=Ah=Ab.

TakuM o6pasoMm, Ab € AA, uto u Tpe6OBaNOCH.

Us (1.52) BEITEKaeT

(1.53) Jan Ar-Oesumoctu A-modyisn Q neobxodumo
u docrarouto, 4robe g = AQ, ecau (0:4)g=0.

JleficTBHTENIBHO, HONYyCTHM, YTO MOJyJIb Q ob6ananmaer
yKasaHHEM cpoiicTBoM. Ilyeth g = AQ N Q, T. €. g=Aqg,

TJie § TIpHHAJJIEXXUT HHBEKTUBHOH o6osouke Q Monyas Q
(I, crp. 138) u E=(0:4). Torma Eg=E(Ag)=0.
ITo ycaoBuio, g =AQ. Takuv obpasom, AQ () Q=AQ.
HUs npemnoxennit (1.7) u (1.52) BrTEKaer, uto MoO-
oyns Q@ AA-meaum. HaobGopor, ecnn Q sBasiercs
AA-nenumbiM MonyseM, g=Q u (0:1)g=0, To MOXHO
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onpeaeNHTs roMoMopdHuaM @: AA—> Q, nmonoxus (EA) =
=§X. Ipopmonxkas @, coramacHo (1.31), no roMoMop pusma
P: A—Q, noayuaeM, uro ¢=Ap=A>A(lp)=AQ.

Brimenum B koJblie A HEKOTOpOe MHOXeCTBO S Ta-
KHX 5JeMeHTOB §, uto r(s)=0. Ilycrb &5 ={As|s S}
dneMeHT a U3 A-Moxmyasi A HasoBeM S-nepuoduueckum,
ecal sa =0 10as Hekoroporo s S.

(1.54) A-m0dyap C seaserca &gnaockum r02da u
TOAbKO TO20a, K020a 6 C ner Henyaesvix S-nepuodu-
YecKux 3/eMeHTo8.

HeficTBuTeNIBHO, HONMycTHM, 4T0 C ecTh & g-NJIOCKHil
A-Monyaw, c=C, sc=0un sS. Torma B TOYHOH IO~
caenoBateabHocT™d 0 —>K—>F-Z>C -0, rge F — cBo-
Gomubii MOAyJab, HOMKHO ObiTh K =g¢cF. Ecnn yn=c,
to BBHAy (1.52) Haiimercsi Takoil 3jneMeHT x € K, uTO
sx=sy. Orciofa x=y, a 3Hauut, c=0. IlycTs Temeps
u3 paBeHcTBa S¢ =0, rme sE S, ¢ =C, Bcerna caenyer
¢='0. PaccMOTpHM TOUYHYIO MNOCJICLOBaTEJBHOCTh

0—=A—-B—>C—0.

Ecan s=S, b=B u shb=a < A, 10 JeTKO BHIETh, UTO
b= A. TakuMm obGpasom, sB1A=sA njas Bcex s S.
Tpumenss npenyoxecnue (1.52), noayuaem A < ¢4 B, uro
H Tpe6oBa.IoCh.

OcranoBHMCST Telmepb Ha HCCAEIOBAHHH &-YHCTOTHI
A5 clyvasi, Korga & — pafHKaabHEE GHIBTD.

Hs (0.4) u (1.31) BriTekaer

(1.55) Ecau & — padukarsnoui ¢uasrp, T0 &-Oeau-
Mole moOyau 00pasyroT KaGcc UHBeKTUBHbIX 00BeKTo8
NAOTHOI MOHOUHBEKTUBHOL CTDYKTYpOL.

IIyers & — cucTeMa JeBBIX HOeasoB Koabma A H
A —noamoayap A-momynss B. Mbl cKaxem, uTO MO-
nyab A &-naoren B B (mau uro B — &-cywecraernoe
pacwuperue Moayasi A), ecliH JJsi BCSKOTO HEeHYJEBOTO
b =B umeer Mecto (A:b)=& u (A:b6)b%0.

(1.56) Ecau & — padukaasheui uasrp, To modyas
A &-naoren 8 B T0o20a u Toavko To2da, Kozda A naorer
8 B u &-O0eaumste moOysu UHBEKTUBHBL OTHOCUTEALHO
ecrecTeéerrozo 6aoscerus A 8 B.

B nmokasaTenbcTBe OylIeM HCIOJNB30BaTh 0003HAUEHHS
npennoxenus (0.4). ITyers f: A —>B — ecTecTBeHHOE BJIO-
xenue, Imf maoren B B u fe Sy (em. (1.31) u (0.4)).
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Ha#imem snumopdusm g: B —C, yxasauHHH B ompene~
nenun kaacca ©g. Ecan Ker g #0, 10, B cuny mior-
noctt A, 0% Ker g1 Imf = (Kerfg)f, uto neBo3MoXHO.
CaepoBaTenbHo, g —Hzomopbuam, I[Tostomy (Imf : b)) =&
Ias Beex b€ B. B cuny naotHoerH, uMeeM (Imf:b)b+40.
Takum o6pasom, Mmoaynb A &-mioren B B. OGpaTuoe
yTBEpKIeHHe cpasy caefyer H3 mpegmoxenHs (0.4).

(1.87) Ecau & — padukaasreii ¢uaorp, modyss A
&-naoren 6 B, a B &-naoren 8 C, 10 A &-nao-
Ten 8 C.

IlelicTBUTeNbHO, yuuTHIBasi mpepnoxenue (1.56), ue-
TPYZHO mNpoBepuTh, uTo A mJjoreH B C, mocie yero
OCTaeTcst TONBKO TPHXKAH NMpHMeHHTH (1.56).

(1.58) Ecau & — paduxaasHoui guasrp, A= B<C,
moldyas A &-naoren 6 C u B &-0eaum, 1o B=C.

HeficrButensHo, ecii c=C\B, 0 I=(B:c)=
=(A:c) u, caegosarenbuo, / =&. PaseHcTBO A= Ac,
rie A =1, onpepensier romomopdusm @: I — B, KOTOPHIA,
B CUNY &-IeJMMOCTH MONIyJs B, MOXHO MNPOIONKHTH
go romomopdusma YP: A—>B. Ilyere by=1¢. Ecau
b+Ar=b'+Nc, rne b, =B, A, N A, T0o b—b =
=N —MA)c=(N —A)b,. IlosTOMy MOXHO ONpeNeJHTh
roMomMopdusm ¢: B + Ac— B, mnonoxus (b+Aic)d=
= b+ Ab,. Tak kKak bp=> nmas Bcex b B, To B oka-
3bIBaeTcst peTpakroM Moayas B+ Ac. 3rto, onHako,
NPOTHBOPEYHUT INIOTHOCTH Moayas B B B + Ac, BhiTe-
Kamwoieii u3 miaotHocTH A B C.

(1.59) Ecau & — padukarsroui ¢uastp 6 xossvye A,
B — A-mo0yss u A— e2o noOmMoOyas, TO 3KBUBANEHTHbL
caedyrowue ceoticrea modysa B: 4

1) B ssasercs MaKCUMAABHOIM & -CYULeCTEEHHbLM
pacwuperuem nodmodyan A,

2) B — munumansHeui &-Oeaumoui modyas, codep-
acawuil A;

3) B —&-0eaumbui modyars, aessrowuiica &-cyue-
CTBeHHbIM pacuuperuem nodmodyasn A.

JokaxeM ummiaukauuio 1)=2), M3 npenjoxeHuit
(1.55) u (1.56) BHITEKaET CyiieCTBOBAHHE TAKOro &-AeJH-
moro Moxayasi C, uro B &-nyoren B C. Ilpumenss (1.57),
y6enumesi, yto B=C, T. e. B oKa3kBaeTcs & -AeNUMBIM
MomyseM. MuHMMaJBHOCTD MOAyast B cpasy cuaemyer
u3 (1.58). Ecnu crnpaBeminBo yciaoBHe 2), TO, BOCIIOJb-
30BaBIUHCh npeAnoxeHusiMH (1.55) u (1.56), HalgeMm
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&-IeNMMOe &-CcylllecTBeHHOe pacuiupenve D monyas A.
Beuny (1.56) ecrecTBeHHOe BJsoXeHHe A B B MOXHO
NPOLOJIKHTE HO roMoMopduama g: D—>B. Tak Kak
Kerg1A=0, To g — MoHOMOpdu3M. .ScHo, uro Img —
&-nenumuit monyas. Ecin Img % B, To MB BCTynaem
B IPOTHBOpeYHe ¢ MHHHMaJbHOCTHIO B. CiefoBaTeNbHO,
monyab A &-naoreH B B, 1. e. B obmnamaeT cBOM-
creoM 3). CnpaBelHBOCTb HMIJHKauuu 3)=>1) cpasy
cnenyer u3 npemoxenust (1.58).

Pasywmeercs1, €-yHcTOTa NMOJB30BaNach HAHGOJBIIHM BHHMaHHEM.
Mapanzna [153] paccmaTpuBan €-yHCTOTY B ciyuae, Koria A — KOM-
MyTaTHBHasi O6GJAacCTh [JIaBHHX HAealoB. YacTHHMH ClyyasMH €-yH-
CTOTH SIBJISIIOTCS YXe YNOMHHaBiuMecs cJaGo-cepBaHTHAs YHCTOTA
([u], § 28) u cepmanTHas uucTOTA, BOSHHKAIOIHe, ecaH ¥ mMpoGe-
raer Bce MaKCHMaJbllle HIeaJH KOJbLA LEJHX YHCeJ H BCe HeHy-
JieBHe HZeaJsH KOJblla LeJHX yHced cooTBeTcTBeHHO. Herpynuo zo-
KasaTh, 4TO B CJyyae KOMMYTAaTHBHONM OGJAacTH IVIaBHHX HAeasoB
ZUIST KaXOoro Ha6opa ¢ HpueasioB, MOPOXKMAEHHHX CTeNeHsIMHM IPOCTHIX
3JIEMEHTOB, CYyUIeCTBYeT ¢-gyHCTHA MOHOMODPOHSM, He SBJSIOUIHACS
¢’-yHCTHM HHM [J8 KaKoro OTJIHMYHOro oT ¢ HaGopa ¢’ upeaJos,
TaKXe NOPOXKAEHHRIX CTeNeHsIMH NPOCTHX 3JeMeHTOB. Mern66en [161]
BHIICHWJ, MJS KaKMX TPYNn BCsKas cJaGo-cepBaHTHasi NMOATpymna
ceppaHTHa B HHX. JJas Jmo6Goro HaGopa ¢ HZeaJoOB KOJbLA Ie-
JIHIX ° yHCeJl, NOPOXIEHHHX CTeNeHIMH NPOCTHX uHces, PoxsnHa
Haua HeoGXOZHMHE H JOCTaTOYHHE YCJOBHS, NPH KOTOPHX BCAKas
¢-yHcTas MOATPYNNAa XZAaHHOMA TPYNNH CJAYKHT AJS Hee MPAMHIM CJa-
raeMHM, AHAJOTHUHHE YCJIOBHS JJIs CePBAHTHOM YHCTOTH GhIJIH
panee HafineHn UepHHkOBHM [26]. OpxHako 3TH YCJIOBHS CBSI3aHH
co cneundukofi Kompua ueanx uxces, ITpoxaska [176] paccMoTpet
TaKxe BONpPOC, KOrza AaJst JioGoii cepBaHTHONM moAarpymna H
rpynni G 6es KpyueHHs CyllecTByeT NpsiMoe pasiyoxehHe G=A-i- B,
rne A= H, Be G/H. Ilpepnoxenns (1.56)— (1.58) nmerorcs
y CanpepcoHa [192], a (1.51) —y Kuabnunuckoro [140]. ITpeaso-
wenne (1.59) nokasano Mapangofi [154]. IokasaTenbCcTBO, H3JIO-
JKeHHOe B TeKcTe, npuHapexxut CanazepcoHy [192]. HccaenoBanuio
€-yHCTOTH TNocBsiuieHa craThsl [eabuepa [110]. VM moxkasaHn yacr-
HHe cayyan npeasoxedusi (1.31) u (1.33). OcHoBHoe comepxaHHe
ero paGOTH OTHOCHTCH K CJIyyalo, KOrfa ¢ — paiMKaJbHHA GHJIBTP.
Jas aTOro cayyas OH BHISICHSET, KOrfZa ¢-HHBEKTHBHOCTb MOZLYJS
PaBHOCHJIbHA ¥€’-HHBEKTHBHOCTH, Ile ¥’ —CHCTeMa, cocTosimass H3
BCeX IPOEKTHBHHX KOHeulO-TOPOXJEHHHX JeBHX HJealloB H3 €.
TTonsiTHe $-yHCTOTH AJS Ciyyasl, KOrfla ¢ — MHOXECTBO BCeX IVIaB-
HHX JeBHX HZeaJsoB, Bcrpeuaercss y XarropH [104] u Kepreca [1351,
JOKaSaBIIMX, CPelH Ipowero, YaCTHHe clywaH npemtoxeHud (1.31),
(1.38) u (1.53). Jleeuu [18] paccmaTpuBan ¢-yHCTOTY B CJyvasXx,
KOrfla ¢ COCTOHT M3 OZHOTO IJIAaBHOTO JIEBOTO HAeasa, HJIH H3 IJaB-
HHX JIeBHX HJeasNoB, MOPOXKAEHHHX CTeNeHMH OLHOTO 3JIeMEHTa,
WIM M8 BCeX IMaBHHX HAeanoB. Kanuauckuit ([130], Teopema 3)
I0KasaJ, 9To ¥$-uMCTHR noaMonaysas B Moaynas A Ban nefeKMHIO-
BHIM KOJbLOM A, rie € — COBOKYNHOCTb BCeX €ro HjeanoB, BHJe-
JsieTcs IPSIMEIM cJaraeMHM, ecin A/B — npamast cyMMa LHKJIHYECKHX
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i\-MoayJlel M KOHEYHO-NIODOXJAEHHHX MOAyJei 6e3 KpyueHHS
padra 1. Has caywas MoiyJseit Han KOMMYTaTHBHOR O6JacThiO ryaB-
HHX HJeaJoB HeKOTOPHEe pesyJhTaTH O PAa3JNOXKEeHHHH ¥-9HCTOTO
NOAMOAYJS MOAYJs, pasjaralomerocss B HPSMYI0 CYMMY MonyJed
anra 1, moxyuman bBap ([B], ctp. 197—200; [u], c1p. 164—~165),
paew ( [u], crp. 166), Kouserrnc [142] u Dyke ([85], u. I). Pe-
BoJsbt [186] McmOJB30BaN $-yHCTOTY B clyuae, KOriAa ¢ COCTOHT Hs
BCeX MaKCHMAaNbHBIX JIEBHX HIeaJoB Kojbla A.

Ilycre cHOBa & — HeKoTOpasi CHCTeMa JIeBHIX HJea-
o8 Koabuma A u A—nomMonyas A-momyas B, Iloso-
xuMm A< gB, ecnn IB|A=1A nas Beex Ie¢#.

(1.60) Ornowenue < g obaadaer ceoiicreamu U0,
yr, ug, Us* u u4.

JelicTBUTENbHO, CIpaBelMHBOCTh cBoiicts Y0/, Yl’,
U2, Y4’ npoepsieTcsi, KaK IIs OGHIYHOM CEePBAHTHOCTH
([), crp. 159). Mas uposepku cpoiicrBa U3* paccmo-
TPUM KOMMYTATHBHYIO IHarpaMmy :

0 0

b

0—>K—>L'—->M

A4 |l

0->K—>A—>B

| ]
v v
D-2,p
Vool
0 0

C TOYHBIMH CTPOKAMH H-CTONGHmaMH. JIETKO NMpOBEpHTS,
uro B = Ao + M. TlosTomy ectu m= X Mb,, Tie m < M,
heB, Msle&, o m=XM(a0+my), tie a; A,
m; =M. Tlpu stom Aa,sL, n ecnin L=gA, 10
D May =Dyl rrep; 1, [, = L. Pasymeercs, [o= M,

oTkyma m & [M, uro H pokasbiBaeT U3°,
TakuM o06pa3oM, OTHOIUEHHE S g ompelnensier ou-

TPEYTOJIBHYI0 YHCTOTY, KOTOPYI0 GyIeM HasbBATh &-UH-
CTOTOH. :
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(1.61) MTycre & ={AAJ}, npuuem ece A, npunadie-
acar yenrpy € koasya A. Tozda coornowenus A Sy
u A= B pasnocussuel. i

B camom nente, nycte AS €. Ecmn A= 3B u AL S &,
TO pPacCMOTPHM KOMMYTATHBHYIO NHarpammy

ArA-Es A
q>l lh
A —“>B.

Eciu lh=b, 10 A& AAB\Ai=AMAi. Tlostomy

Ab=duha, =1 W@y, Toe a,< Ai. CaemoBareJbHO,
AbesAAi u, coraacio (1.52), A<=g¢B. HaoGopor, ecau
A=yB, AAe& u ac= AMBNA, To a= 2 phby=
=A D ppbs, THe e €A, by B, 1. e. asAB Ai. Ho,
B cuay (1.52), a=Aa’, roe a’= A. Taxum obGpasom,
AABNA =AM, T. e. A=gB.

Onpenenenne Z-uncTOTH HMeeTcH y Mapauau [154]. §acc

([42]), crp. 477, npennoxeHue 4.7) yCTaHOBHJ CBSISb MeXAY €-uM-
CTOTOR H 3aMKHyTOCThio mnoavonyJsdl). Hs oxmmoro pesyJabrata
Hynxe ([165], memma 5.2) MOXHO BHBeCTH, UTO B Cayuyae MOZAyJef

Ha)l HeJeKHHIOBHM KOJbIIOM €-9HCTOTAa INPOEKTHBHO 3aMKHYyTa.
B Toft ke pa6ore ([165], Teopema 5,1) mis HemeKHHAOBHX KoJel

YCTaHOBJIEHH HEKOTOpPHe CBOJICTBA, SKBUBAJEHTHHe $-uyncrorte. He-

KOTOpHE CBOMCTBA ¥-UMCTOTH B CJyyae KOMMYTATHBHHX KoJIel
ycranosuan Beccep u Mukaan ( [45], [46]).

IMycte & — HeKoTOpH# Kjacc MOmyJeH, 3aMKHYTHIR
OTHOCHTENBHO 3MHMopHBIX 06pa3oB. ITomoxum A < eB,
eciu AS B u A CIyXHUT NpsAMBIM cjaraeMbiM AJs BCs-
Koro nmoamonyasi S, rie A=S<=B u S/IA<6.

(1.62) Orrowernue <o obaadaer csoiicreamu U0,
yl/, 42, 4ys*, uy4’,

HencrButenbHo, cBoifctBo YO’  oueBupguo. ITycts
teneph A<<eB, B<oC, A=S<=C u S/A=6. Us

1) Ecain M = B, to noqoxum M’ ={p|9 = Hom (B, A), xp=0
s Beex x&= M} u M”={b|b<= B, bp=0 nasa scex ¢ = M’}. IToxa-
Moayis M Hasmpaercs samkwyroim, ecin M” =M. 3ametnM, yTO

SaMKHYTOCTh MOAMOAYJsi M paBHOCHJBHA paBeHCTBY M = n Ker @,
=D
rae @ ={p |9 = Hom (B, A), Mg =0},
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CYLleCTBOBAHHSI €CTeCTBEHHOTO snuMopdusma ¢: S/A —
—>(S + B)/B BHrekaer, uro (S+B)/B=®, orkyna
S+B=B+ K. Ilyctbi: S—->B+Kun: B+K—>B —
€CTECTBEHHOE BJIOXKEHHE H NPOEKI U COOTBETCTBEHHO, H
nyctb M =Imin. Oro6paKeHue in HHAYUHUPYET SITHMOP-
dusm P: S/A—-> MJA. Orcionpa M/A=©® u, creposa-
teabo, M=A 4+ L. HotornraS=M+K=4A+4+L +K,
otkyna S=A+ SN(L+ K). Takum o6pasom, CBoil-
crBo YIl’ BuimosHeHo. s pokasaTtesbcTBa U2 momy-
cTuM, uyto A< B u ans roMmomopduama Y: B—C, rpe
AN Keryp =0, umeer mecto coornomenne Ap << gC. Ecan
A=S<=B u S/A=B, to SPY/Ap= 6. Orcrioma SP =
= Ay + A", rme Kerp=A'<B. Torma S=A+A.
Eciu a=€AnNA, 10 a= A Kerp=0, 1. e.
A<sB.

O6patuMcst K mokasaTeabcTBY cBoiictBa U3*, C 3roi
LEeJNbI0 PACCMOTPHM KOMMYTaTHBHYIO AHarpaMmy

0 0

b

0>K—>L—>M

]

e

K
v
0>K—->B—>C
<
Vo v
D-2>D
0 0

C TOYHHIMH CTPOKaMH H croabuaMu. DymeM cuyHTarTh,
yro L =B, M < C. Oonycrum, uro L <<eB. Torma Tpe-
Oyercst nokasath, uto M<oC. Ilyetb M=S<=C #
SMe@®. Ecan §'=(SN1lmo)o}, To L=S'<=B
CYLIECTBYEeT €CTECTBeHHHIH roMoMopduam p: S’/L — S/M.
Ecan s& S, To nns Hekotoporo b & B HuMeeM $T =
= pa=bot. Orcioga s—bo=sM<=S, 1. e. b= S'. Ho
(b+L)p=bo+M=s+M, 1. e. p—snumoppusm. Ecau
(s"+L)p=0, To sn=s50t=0, 1. e. ¥ L. Tlostomy
p — HsoMop(u3M H, caemoBarenwHo, S'/L= ®. Orciona
S’=L+T ¥ nerko BumeTb, uTo S=M+ To. Ecau
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teT utcs M, 10 tn=*tot=0. Orcioga t=LT=0.
Takum o6pasoM, S=M+To, 1. e. M<<oC.

Ocraercs mokasats U4, [lyetb K= A< B, K< 4B,
AIK<¢B/K, A=S<=B u S/A=®. Tak Kak
SIK)AIK)=S/A=®, o SIK=A/K + L/K nns Heko-
Toporo L. Ho L/K=S/A=®. Tlostomy L=K 3 M.
Orciona S=A+MuANM=ANLNM=KNM=0, 1. e.
A< yB.

U3 npejpnoxenuss (1.62) BhiTeKaeT, YTO OTHOIIEHHe
< onpefesieT GHTPEyroNbHYIO YHCTOTY, KOTOPYIO GyleM
HasuiBaTh G-gaxroproil.

(1.63) MTycre ® — G-gpaxkropras uucrora. Toeda Oan
4106020 A-modyasn A cywecreyer o-gouucreui anumop-

usm ¢: P—>A, ede P=F + Z Gy, F —c80600H81E MoO-
Oyas u G, =® npu scex a. Modyae P o-npoexkruser,
T. €. ® — NPOEKTUBHAA 4UCTOTA.

IelicTBUTENBHO, TYCTb {G4} — COBOKYITHOCTD BCEX MOM-
Momysne#l Momyas A, mnpHHajgIexamHux Kiaacey ©, u
ig: G,~> A —ecrecTBeHHHE BJOXeHHS. BosbMeM smuMop-
¢usm [: F—> A, roe F— noAxoisiui CBOGOIHHE Mo-

Ayab, U MOJNOXHM P=F 4 > G,. Hanee, paccmorpum

snuMoppusmp: P —> A, rie Y=F+ i, Ecau K=Ker,
KeS=PuSKe®, 1o S =0® 1, cremoBarenbHo,
SY = G, mnst noAxofismero HEaekea f. Ilyers j: Gp—>P—
ecTecTBeHHoe BJjoXeHHe. Ompelesus romomMophHUsM
¢@: S— P paBeHCTBOM $@ =5 —s{j s Beex s € S, no-
JYYUM paBeHCTBa
spp = stp— spjp = sp — sp =0,

Takum o6Gpa3oM, @ MOXKHO CYHTaTh roMoMopdH3MoOM
monynsi S B K. Ecniu x= K, 10 xp=x—xpj=1x, T. €.
moloynb K okasbiBaeTcst perpaktoM B S. DTHM J[OKa-
3auo0, uto K< wP. Ilocsmeniiee yTBepXKjleHHe NpelJoxe-
nus (1.63) cpasy caenyer u3 npenioxenuit (1.5) u (1.6).

(1.64) Mycre © — ®-paxroprasn uucrora, A, B— A-mo-
dyau, {Bg} — cosokyntocts 8cex nodmodyaetl modyan B,
aexwauux 8 ®, u @, Ext} (B/B,, A)—> Ext} (B, A)—
20MOMOPPU3MBL, UHOYUUPOBAKKELE ECTECTBEHHbIMU 3NU-
mopusmamu g B—>B[B,. Tozda

o Exth (B, A)=[)Im g,
[
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B camom gene, nss J1060r0 o M3 TOYHOCTH IjoCie-
AOBaTEJNbHOCTH

) P
0—By—>B —2>B/B,—0
BBITEKAEeT TOYHOCTD nocnenosaTeanocTn

Exth (B/B,, A) —2 2o, Exth (B, A)——-> Exth (Bg A).
Pacurupenue
E:0—->A—->G—->B—0 (%)

1
Jexut B o Exty (B, A) Toria u TOJABKO TOTHLA, KOrAa
TOYHas mocJeNOoBaTeNbLHOCTD

0>4->8S—>S/A—>0 (%)

pacuiensieTcss s qiogoro S= G, rie A= S, S/IA 6.
Ho ectu S/A =, To cymiecTByeT Takoil HHIEKC Q, YTO
S/A = B,. BBHLYy KOMMYTaTHBHOCTH AHarpaMMHL.

Epg: 0—>A—->S—>B,—>0

o

v v ¥
E:0>A—->G—>B—0,

re i — ecTecTBeHHOe BJIOXeHHe, H3 [r], cTp. 91, JemMma
1.2, cnenyer, uTo npencTaBuTeeM saeMeHTa E, rpymibl
Exth (Bg, A) MOXHO CUMTaTh IOCJEIOBATENBHOCTE (#%#).
Ara nocse0BaTENbHOCT pacCilenJIsieTcsi TOTAa H TONIBKO

TOTZa, korpa E & Im ¢,. CnenoBaresbHO, ® Ext,l\ (B, A)=
= n Im @,.

[

Ecau N — knacc Momynel, 3aMKHYTBIH OTHOCHTEJBHO
noaMomynel, To nonoxuM A<"B, ecaum U3 S= A u
A/SE N Bcerna caenyeT, uro A/S CAYXKHUT INpSMBIM
ciaaraeMueIM anis B/S.

(1.65) Ornowenue <™ obaadaer ceoiicreamu U0,
ql/, 42, y3*, u4’.

He#icTButensno, cBoficteo Y0’ oueumno. Ilycth
A<"B,B<*, S=Aud/SsN Torna B/S=A/S +
+ A’/S. Orcioma BJA’ = (BIS)(A’|S) = AIS =R. Cue-
HoBartenbno, CJ/A’=B|A’+ B’/A’. Ho Torma C/S =
=B[S+B/IS+ A'|S=A/S+B’!S.llyctb a+S=b"+ S,
rie a<A, b/'=B’. Torma a=0b+s, rae sES,
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orkyla a+ A'=b"+A’. Orcioja a= A/, 7. e. a+ S
=(A/S)N(A’/S)=0. TakuM ob6pasom, cBokcTBO Ul’ BHI-
[IOJTHEHO. _ .

Oas pokasateabctBa Y2 pomyetum, uro A = B,
P: B—>C —romomopdusm, rie A(JKerp=0, Ap<<*C,
S=A u AlSsR. Torma Ap/SHh=A/S =N, orkyna
C/SY = AY/SY + A’/S¢. Tlonoxum A” = (A'(\Imp)yp
Hns b=B uMeeM bp=ap+a’, rnea<€ A, a = A, 1. e.
b=a+a”"+x, roe a” € A”, x = Ker . CaenosaTenbHo,
BIS=A!S+(A” + Ker¢)/S. Ecan a=a” +x+s, rue
asi, a"€ A", x=Kery, s€S§, 10 ap=a"P+ sy,
T. €.

ap + Sp=a"p + SH = (AP/SP) N(A’/S$) =0,
otkyla a € S. Takum obpasom,
B[S = A|S 4+ (A” +Ker $)/S,

H U2 BHINOJHEHO.

Ias nokasatensctBa U3* paccMOTpHM Ty Xe KOM-
MYTaTHBHYIO JHarpaMMYy C TOYHBIMH CTPOKaMH H CTOJG-

gaMH, yto ¥ B (1.62). HdomycTuM, uTO L<"B, u NyCTh
S=M, M/ISsR. Ecmn S'=(S1Imo)o!, To cyme-
cTByeT romomopousm p:B[S’—>C[S, roe (b+S)p=
=bo+S. Ecau bo=S, 10 b=S’, 1. e. p— MOHOMOD-
¢usm. Ecau /L, 10 (I+S")p=Ilc+S =M|/S, otkyaa
L/S’=N. CnenosateavHo, B/S'=L[S’4L'IS'. Ias
Jaio6oro ¢ (C cyumecTByeT Takoe b B, uTo ¢t = bxt = bo~.
Orciona c—bos M, c=bo+m'=lo+l'c+m, rie
lelL,l!/'eLl,m,meM. Hotornac+S=(lo+m+S)+
+(’c+S), roe lo+m+Se=M|[S, 'o¥S=({"+S)p,
T. e. CIS=M|S+(L'/S")p. Ecnu 'L’ u l'os M, 10
I'n=lI'cr=0, 1. e. 'eL. Ho morna '€= S’. Takum
o6pasom, C/S=M/S+(L/S")p, T. e. U3* BEINOMHEHO.

O6paTumes K J0Ka3aTeabCTBY cBoiicTBa U4/, Ilycts
K=A<=B, K<"B, AIK<"BIK, S=A u AlSen.
Tak kak KAKNS)=(K+S)/S=A/S, o BKNS)=
=K(KNSY+LAKNS), ree KNS=L<B. Orciona
B=K+L u KNL=KNS, a takke A=AN(K+L)=
=K+ANL. Ecau k+I=Fk +U+s+Ek”, toe k, F,
k"ekKk, |, 'eAQL, sSNL, 10 [—-I'—s=Fk +
+ k" —k=KNL<S. CregoBatennio, [—l'eS. 3710
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no3BoJIsieT onpelenHTh roMomMopduam @: A{(SNL + K)—
—.A/S, noaoxus

[e+(SNL+K)lo=I!+S,

riea=k+1,k=K,/=A(L. Jlerko BulleThb, YTO ¢ — MO-
HoMmopduam. Orciona caenyer, uto (A/K)/[(S N L+ K)/K] =
= A(SNL+K)sR. Tostomy

BI(SNL+K)=A/(SNL+K)+DI(SNL +K),

rie S(\L+K <= D<=B. Orciona D=D(\B=D (W(K+L)=
=K+ D(}L u, cienoBaTeJbHO,

B=A+D=A+K+DNL=A+DL.

NOANL+S)=ANDAL+S=(SNL+K)NL+S=
L+KQL+S<=S. [loatomy

B/|S=A[S+(DNL +S)S,

1. e. AL"B.

B cuny (1.65), oTHOweHHe < ompefesteT 6HuTpe-
YroJIbHyI0O YHCTOTYy, KOTOpYyl0 OyIeM HasnBaTh N-xo-
paxropHoii.

(1.66) Tycrs @ — N-kopaxroprasn wucrora. Toedd disn
ar06020 A-modyasn A cywecrsyer @-4ucTolii MOHOMOP-
pusm @ A—>Q, 20e Q — o-unveKTUBHbIL MOOYAb, T. e.
© — UHBEKTUBHAA H4UCTOTA. ~

Insi mokasaTeqbCTBa 0603HAauUHM uyepe3 A HHBEKTUB-
HYI0 060JIOUKY MOAy/si A U PAaCCMOTPUM MHOXecTBO {K}
BCeX Takux noxmonyneit momyas A, uro A/K,=N.
Ilyers my: A—> A/K,— ecTecTBeHHEIE SMHMOPOUSMEL H
Q = A+ X A/K,. PaBencrsa ag = (a, (ang)) OnpeeNsioT
MoHOMOpH3M @: A—>Q, KOTOPHIH HHAYLHPYET MOHO-
mopdusm @: A/S—Q/Sp nas Beskoro S<=A. Ecnu
AISER, To S=Kﬂ s HekoToporo HHAekca B. Ompe.
nenuM snuMopdusm o: Q — A/S, nonoxus (a, (2,7,)) 0=
= gty Taxk kak Spo=0, TO 0 HHAyUHPYET 3MHMOp(PH3IM
&: Q/Se—> A/S. Ilpu srom (a + S) 5 =(ap + Sp) G =an,
I Beskoro a< A, 1. e. A/S —pertpakT B Q/Sg. dTuM
IOKa3aHO, YTO @ — @-yHCThI MoHOMopduam. M3 (1.5) u
(1.6) BHITeKaeT ®-UHBLEKTHBHOCTbD MOAYASA Q.

PaccyxaennsiMu, IBOHCTBeHHHIMH IPOBEIEHHBIM NPH
LOKa3aTesbcTBe npeljoxenns (1.64), mokassiBaeTcs
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(1.67) Mycre © —N-xkopaxkropras uucrora, A, B —
A-modyau, {Ks} — cosokynnocts ecex rakux nodmodyaiei
modyan B, uro BIK, €M, u ¢,: Ext}(4, Ky)—>

1 .
—Exta (A, B)— 2omomopdusmet, undyyuposannste ecre-
creetitioimuy saoxcerusmu Ky, 6 B. Tozda

o Extl (4, B)= NImag,.

[Mousite ®-dakTopHoi H N-koDaKTOPHOR UMCTOTH MpeANoKHIA
Yokep [205]. Eio gnoxasaHn npeaoxehus (1.62)— (1.67), a takxe
COOTBeTCTBYIOM{MH YaCTHHH cayuait mnpeasnoxenus (1.3). Ecuau

—KJacC BCeX KOHeuHHX TIPYNH, To Kak $%-hakTopHass, Tak H

-K0(aKTOpHAass YHCTOTA COBMAJaeT C CePBaHTHON uncToTOi. ITepsoe
yTBepxaeHue cofepxutcs B [u], cTp. 82, cnencrue 25.4, a5 moka-
3aTe/IbCTBA BTOPOrO AOCTAaTOYHO MPOBECTH PacCyIKAelHsl, COBEPIIEHHO
aHaJIOrMyHHe JOoKa3aTesscTBY TeopeMu 24.9 B [u], crp. 81. ToT xe
pesyJsTaT MOJYWHTCH, €ClH B KaueCTBe {§ B3ATh KJacc BCex Tpymm,
MOPSIIKM 5JeMEHTOB KOTODHX OrpaHHueHH B COBOKYHHOCTH ( [H],
ctp. 44, teopema 11.2; crp. 82, Teopema 25.2 u ciexctsue 25.4;
crp. 81, teopema 24.9). Ortciona, u3a (1.64) u semmst Bspa ([u],
crp. 244, jemma 63.1) MOXINO IIOJNY9HTb CJEAYIOUIHH H3BECTHHIA
pesyaerat ([u], crp. 246, npemnoxeHue N): ecan © — ceppaHTHas
4HCTOTA, TO

oExt(B, A)= [] nExt(B, A).
OsansZ

ITycTs A — HeAeKHHIOBO KOJBLO, € — CHCTEMAa ero JIeBbIX Huea-
JIOB, COZepKaiasi BMeCTe C KaXJHM HZeaJoM Bce O66Jblve, H
& — kaace Beex A-moaydneit A, ans kotopHx /A =0 npu HexoTOpOM
I=¢. Torma kak (-hakTopHas, Tak u -kO(haKTOpHas umcTOTa

coBfjaziaeT ¢ g-qncroroﬁ ([165], Teopema 5.1).

OTHouIeHHs1, 6yuskue kK B-pakTopHo# n N-kodakTopHO#H uncTOTE,
paccmatpusan Pyke [91]. ITycrs A — HekoTopasi rpynna. O60sHayum
uepes 34 HAeas B CTPYKTYpe BeeX ee MOArpynH, a uepes D, — ayans-
Huf ngean (duastp). Craxey, uto A <g B (A <® B), ecit A —nog-

rpynna B B u A BHpejseTcs NPAMEM cJaraeMhlM H3 BCSKOH NOA-
rpynnet H co ceoficreami ASH=B n H/A€Jg,, (ecn A/K —

npsimoe cnaraemoe anst B/K mpu mo6om K &Dy). Bompoc o Tom,

KaK HYXHO BHGHPaTh 34 H GDA, uTOGH VISt OTHOMWeHHt <g M <3

6uan cnipaBenanBh cBofctBa U0’ —U4’, B o6uem ciyuae OTKpHIT.
3ameTHM, 4TO OTHOINeHHe < g [aeT CEPBAHTHYIO UHCTOTY B IpyNnax,

ecnn Jy AnA Mo6Of IPYANHE A COCTOMT M3 BCeX ee KOHEUHO-NOpo-

XAeHHHX noarpynn (cm. (1.48)) mam us Bcex ee MOATPYNH, NMOPS AKH
3JleMeHTOB KOTODHX OrpaHHueHH B COBOKYNHOCTH (TaK KaK B 3TOM
ciryuae OTHOWeHne <y PABHOCHJIBHO OTHOWIENHIO <g, Te & — Kaace

BCEeX TPYNN, MOPSAKH 3JeMEeHTOB KOTOPHX B COBOKYNHOCTH OrpaHH-
wenn). OrtaomenHe <> [aeT CePBAHTHYI0 UHCTOTY B TIpyImax,
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ecmn D 4 COCTOMT M3 BCeX MOArpynm rpymnu A, conepmamux.non-

rpynne BHaa nA, rae n— HatypanasHoe uscao ([u], crp. 81, Teo-
peMa 24.9).

ITycTte Teneps ® — MPOH3BOJIbHAS YHCTOTA. ITonoxum
A=, B, ecan cymecTByer Takoit mnomMoayar H = B,
uTo (A + H)/H =, B/H n nogmMonynb A siBasiercst H-Bhl-
cokuMm'). UToGH MNOLUEPKHYTb HCHOJNB30BaHHE MOAMO-
oyns H, B HEKOTOPHIX cayuasix GyieM MHCATh S,pp
BMECTO S 5.

(1.68) ITycrs @ — nekoropas 4wucrora. Tozda oTHouie-
Hue =, , 06.aadaer ceolicteanuy U0, Ul’, U2, U3'. Ecau

© — &-uucrora, To =, 5 06.1adaer ceoiicteany U3* y U4*,
HeficTBHTe/NIBHO, CHpaBeNJaHBOCTb cBofictBa U0 pas
S, oueBugHa. IlycTh, nanee, A=,s,9B u B=,,yC.
Torna, oueBugno, AN(G+ H)=0. Ilyetb x<=C\ A.
Ecan x= B, 10 sicho, yto W=(A+ Ax)N(G +H)+0.
Ecnin x¢£B, Haiinyrcs b&B u AESA Takue, uro
0#%b+Ax=H. Ecau b= A, 10 onsitb W 54 0. Ecau xe
begA, 10 O0s%=a+pbsG, roe asA, p=A. Ho
wb+prx=he& H, otkyna 0 % a + h —prx = G H, caeno-
BaTenbiio, w=a—pAx < W. Ecan w=0, 1o Os£hes
€HNG=HNB=0. Takum o6pasom, moamomyap A
apasiercst (G + H)-eicokuM. Ilo yenormio, (A + G)/G=
=,B/G. Orciona, npumenss (1.1), U0" u U3’, nocaeno-
BaTesbHO noayuaeM (A+ G+ H)/G=,(B+ H)/G n

(A+ G+ H)(G+ H)=,(B+ H)/(G + H).

Kpome Toro, mo ycaoBuw, (B + H)/H =,C[/H. Tlpume-
uas 43, 6y11evx umets (B + H)/(G + H) o C/(G + H),
nocne uero Ul” naer (A+ G+ H)/(G + H)=,C/(G + H),
T. &. A<es (g+#)C. TlycTb Temepb A;M,,,B K=A.
Jlerko npoBepuTh, uto A/K siBasercs (H + K)!K-Bbicokum.
Us (A + H)/H=,B/H, npuMensis U3’, HeTPyAHO BEIBECTH,
uro A/K <o @m+kyx BIK. Tarum oépaaovx, MOKa3aHo,
YTO0 =, O6nanaer ceoficreamu U0, Ul” u t-I3’.__
JlokaxeM Tenmepb CHpaBeIJIHBOCTh cBodcTBa U2, [lo-
nyctuM, uto f: A—>B, g: B—>C u Afg =, 5C. Iono-
wus G=(Bg(\H)g™", HeTpyaHO y6emauThcs, YTO MOLMO-

) ToBopsiT, uTo moaMoayns A monyas B ssasercs H-seicoxum
(unu donoasnuressnoim dan H), rme H —noamoayne H3 B, ecuam
ANH=0, 50 (A+Ab)\H 5= 0 ans Beskoro b= B\ A.
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nynp Af 6yaer ‘G-sricokuM B B. Ecu @ — eCTeCTBEHHOe
Broxenne (Af+G)/G B B/G u (b+G)y=0bg+H, 10

[(Af + G)/G) o =(Afg + H)IH =, (C + H)/H,

oTkyAa QP=$,. HeTpyaHo nposepHTh, YTO Y — MOHOMOP-
dusm. IMosTomy @& 9, H, cregosarteabHo, Af =, ,B.

Ianee ycTaHOBHM CHpaBelJHBOCTb CBOHCTBA yse,

ecii @ — &-ynctotra. C 9TOH UeNBIO PacCMOTPHM KOM-
MyTaTHBHYIO AHarpaMMy
0 0

v
0->K—>L—>M

4 1]

0—>K->A—C% B

e

v
D_D,
v

O(—b(—;—

0

C TOYHBIMH CTPOKaMH H cronbuaMu H AOMYyCTHM, UTO

A= %):,,. Torza L SesnA. KpoMe TOTO, JIeTKO mpoBe-
puth, uto B =Ac+ M. Tlonoxum G = Ho. $cHo, uto
MNG=0.EcnubeB\ M, 0b=a0+m,raeasA\L,
me M. ITostoMy Os=h=Aa+ I, raehEH,l=L, A& A.
Koneuno, he& K, u6o KNH<LNH=0. Ho roraa
0= ho=Ab+(lo—Am), T. e. M okasmiBaercsi G-BHICO-
kuM. Ilyers m+ G I1(B/G)N[(M + G)/G], rae I =&.
Torza m=NEb,+g, tae b,=B, g=G, g, =1. Ho
by=a,0+m;, rae aq,sA, myeM, a g=ho, rae hH.
Jlerko mOHsTh, uto /= NEa;+heL. Orcioga, mo-
ckonsky (L + H)/H Sz A[H, Bitexaer, uto [ = 2nl+#,

rie ;L, ¥=H, ny=1. Ho toraa
m+G=Ilo+gm +G=
=2 nyt0) + Dgmy + G=I[(M+ G)/G]
Takum oGpasom, (M + G)/G ;‘g B/G u, 3HauHT, 1< Do 5.
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[IycTh, HaKOHEU, ® — & -YHCTOTA H B IpHBEAEHHOH
BHIIIEe JmarpaMme o, TE@Z)B. Torgia K<wscA H
M<=,,yB. Ilyete N=GNHo'. Ecau x&LN, 10
xoeMNH=0, 1. e. x&€KNG=0. Eciu a€A\ L,
170 02 h=Io+ Aao, Tde heH, L, A& A. Orciona
ra+l£ K. TMostomy 04 g=k+p(ra+1), rae g=G,
keK, pnsA. Ho go=pheH. Takum o06pa3om,
0z%=g=(k+pl)+pras N, 1 e. Moayab L 6yaer N-BH-
cokum. Ilycts, manee, x+ N 7(A/N)N[(L + N)/N], rae
I=&. Torga x=XEa;+n, rae x<L, gy A, neN,
t;=1. Orciona xo+ H=1(B/H)N[(M + H)/H] n, cnego-
BATeNbHO, x0 = Xy n;m;+h, Tae myeM, heH, v, &1,
Ho h&e M1H =0 u, snaunt, x=2n,l;+k rae &L,
k=K. Orcona NEa,—dnl;=k—n, 1. e k+G e
=1 (A/G)N (K + G)/G). TlosTomy k= DLk, Tae L, =1,
k=K, otkyna x+ N&/I[(L + N)/N]. Takum o6pasow,

(L+NINS AN nnm 0TS Do 5

U3 npemnoxenns (1.68) BhITeKaeT, uT0 AN &-uH-
CTOTHl ® OTHOLIEHHe S, OnpejenasieT GHTPEYroJbHyIO

YHCTOTY, KOTOpYIO Oy 1eM HaskBaTh & -86icokoll. He sicHo,
ocTaeTcst JH STOT BHIBOA CHPaBeAJHBHIM A1 HPOH3-
BOJIbHOfI GHTpPeyrosIbHOH YHCTOTHI.

I tenmrpem [198] paccmMaTpuBas ©-BHCOKYIO YHCTOTY JJIS CJaIY-
qas;, Korna Pp COCTOHT H3 Blex MOHOMopdHu3MoB. OH, B YaCTIIOCTH,
OTMETHJ, YTO JJIf KOMMYTAaTHBHHX HeTepOBHX KoJell, B KOTOPHX
Bce HeHyJieBHe MNPOCTHe HMJeaJil MakCHMaJbHH, TaKas @-BhHICOKas
YHCTOTA COBMAjiaeT ¢ §-UHCTOTOH, Ile & — MHOXECTBO BCeX MaKCH-
ManbHEX HfeanoB ([198], crp. 175, camenctBue). B npyroéi cBoeh
pa6ote [200] LTeHwTpeM pemaj 1St STHX ABYX YHCTOT CJIEMYIOLLYIO
sajauyy: KOrna Bce MOJMOJNYJAH MOAY/As A ©-uHCTH B Hem?

XappucoH, Mpeun, IMupcn u Yoxep [103] paccmartpuBann cep-
BaHTHO-BHICOKYIO H cJ1a(0-cepBaHTHO-BHICOKYIO YHCTOTH. B uacTiiocTu.
OHHM NOKAa3aJiH JJIT 3THX YHCTOT CNPaBe YIHBOCTb Npemoxenus (1.3).
OnHako OXapakTepH3O0BaTh CEPBAHTHO-BHICOKO-HHBEKTHBHLE H cep-
BaliTHO-BLHICOKO-NPOEKTHBHHE I'PYNNH NMOKa HE ynaJjock., To e camoe
OTHOCHTCS H K ¢Ja60-cepBalTHO-BHCOKOR uHcTOTe, KiyaccH cep-
BaHTHO-BHICOKO-JIe/THMHIX H ¢J1a60-ce pPBaHTHO-BBICOKO-/IE/IMMEIX I'PyNN
COBMANAT C KJAACCOM JeNMMHX rpymn. DTO HenocpefCcTBEHHO clle-
JyeT H3 TOTO, YTO BCe CEPBAHTHO-BHICOKHE H Bce CJa60-cepBaHTHO-
BHCOKHe TNOArpynmnH cnaa6o-cepsaHTHH ([H], cTp. 92, mpemioxe-
Hie d). OTciona e BHTeKaeT OTCYTCTBHe KPYueHHsl ¥ cepBaHTHO-

BHICOKO-IJIOCKHX H Cﬂaﬁo'cepBaHTHO'BHCOKO-I‘[JIOCKHX rpynm. Cnpa-
BE/JTHBO TaKike YTBepXjelne:
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ecAu © — CePBAHTHO-BICOKARL LUCTOTA, TO O-NAOCKUMU ABAAOTCR
¢80600Hble epynnbl it TOALKO ORU,

HefictuTeNBHO, MycTh A—@-mjockast rpynna U 0 > K > F —»
- A —> 0 — ToyHas mocJefOBaTeNbHOCTh, Ie F — cBoGosHas rpynmna.
Torna K — ceppaHTHO-BHCOKas mnoarpynna rpymnd F, 1. e. B F
cymecrsyer Takas moarpynna_H, wro K pomonmuurensda mas H,
a K= (K + H)/H ceppantia B F = F[/H. s nepsoro yc/ioBus BhTe-
xaer, uto F/K— nepnomuyeckas rpynua. Ecau T —nepuonuueckas
yacts rpynnn F, to K(T=0, 6o K nsomopdHa rpynme K 6es
kpyuenns. Ilyetb ¥ &F 1 m¥e=acsK. Torna a=ma, nns Hexo-
TOpOro 4 =Kum(x—a)=0, orkyna £ =K + T. Takum o6pasonm,
F=K+T. Nyets T=T/H, Torna TNK=0 u F=K 4 T, otkyna
A= F[K=T, 1. e, A~cBoGonuas rpynna. O6paTHoe OueBHNO.

Us npoBeeHHOro I0KasaTelsCTBA BHHO, YTO CEPBAHTHO-BHCOKHE
NOATPYNAH IPYnn 6¢3 KPYUeHHst BHAEJMIOTCS NPTMEIMH CJAAraeMHMH.

Jlas BCSIKOR YHCTOTH @ MOXHO CTaBHTh BONPOC O CYLICCTBOBA-
HHH nJs noamonyist A 3anmaHsoro monyas B MHHuMaJbHOTO conep-
JKamero ero @-yHCTOTO MOJAMOJNYJ/sl, KOTOPHH eCTeCTBeHHO Ha3BaTh
©-quctoil obGosoukod mnomnmonyds A. Ecau © — cina6o-cepmanurnas
YHCTOTA, TO BCsIKAf MOATPYNNa JioGof IPYNNH HMeeT B 9TOi rpynne
@-uyneryio o6osouky ( [u], erp, 92, npensoxenue i). CpofcTBa
ca1a60-CepPBAHTHHX 060Joyek paccmatpuas Panraceamu [177], [180]
(cM. Takxke Yokep [209]). Bompoc 06 ycsoBHAX, NPH KOTOPHX
Jqio6as MOArpynna rpymnnsl HMeeT CepBaHTHYIO 0GOJIOUKY, paccMmart-
puBajicst XuaaoM u Meru66eHom [113]. Cm. TakXe paGoTn Meru6-
Gena [160], Xena [106], Xuana ([111] [112]), IHapas [56]. Pac-
cMaTpHBaJcsi BONMPOC O BJOXKHMOCTH MNOArPYNNH B CePBAHTHYIO
NOArpYNNY WJH MPsIMOe CJlaraeMoe TOR JKe MOLIHOCTH, YTO M CaMa
?;)ézgpynna ( [u], cTp. 78, mpensoxenne N; [57], [123], [125], [126],

Meru66en [162] u Panracsamu [182] paccmatpuBaiy noarpynms,
SBJISTIONIHECST TePeCeYeHHSIMH CCPBANITHHX MJH CJIa60-CepBaHTIIHX
nofrpynn. DTOro ke Bompoca ¢ GoJiee OGIMMX MO3MUMI Kacaics
Iltenmtpem [198].

OTmetuM eme Taxkoe ompefieiedne, I'pynna A u B HasoseMm
CEPBANTHO-IKBUBANCHTHSIMY, €CIH KAXNasf U3 HUX H30MODPdHA cep-
BanTHoR moxrpynme npyrofi. He T'poor [99] u Conesina [194] nccue-
OBAJH, KOTJIA H3 CEPBAHTION SKBHBAJEHTHOCTH BHITEKAeT H30MOP-
¢uam rpynn (cM. Takxe [50]; [n], eTp. 181, ynpaxknenue 27). 3avetuy,
4yTO yTBepMeHHs, conepxauuecs B [u], ctp. 181, ynpaxHenue 26, u
crp. 201, ynpaxuenue 10, ommGouns. JleACTBHTeNbIO, rPYNAH

DR+ R wzZ+ X R+ 3R

i=1,2, ... i=1,2, .. i=1,2, ... i=1,2, ...

rae Bce R; H3OMOD(HH ;pynNe ABOHYILX NpoGei, Bece Rf’ H30MOpPHH
rpynne TPOHUHHX NpoGeit, a Z — rpynmna Beex IEJHX UHCeJ, OUeBHJHO,
CepBaHTHO-5KBHBAJIeHTHH, BNOJIHEe Da3JIOXXHMH, HO He H30MOP(HH
Mmexxny co6ofi ([B], cTp. 196). DToT nmpuMep pnaeT Takxke OTpima-
TeJbHOe pelleHHe MPo6JeMH 28 KHHTH F} 1
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Jlerko BH/IETh, YTO I'PYANaMH, e COJepIKAlHMHA HeTPHBHAJIBUBIX
CepBaHTHHX MOATPYN, TBJISIOTCS Bce MOATPYNNE aAAHTHBHORA rpynnH
pauUHOHANILHEIX UYHCeJ, NpPHMApHHeE LHK/JIHYeCKHe TPYNNH, FPYNNE
tuna p® u ToabkOo OHu ([u], cTp. 94, ympaxHeHue 18a). Bmuny
npenyoxenus (1.47) rpynnamu, B KOTOpHX, Ha060pOT, BCAKAasm NMOA-
Ipynna cepBaHTHa, SIBJISIOTCS BCE NPSIMEle CYMMBl IHKIHYECKHX I'PYRN
NpPOCTHX MOPSIZKOB H TONABKO OHH, C 3THM e KJIaccOM COBmajnaer
KJacC BCEX rpYymN, B KOTOPHX Jio6asy xoHeumasi CHCTeMa 9leMeHTOB
NOpOXKnaeT CepBaHTHY NOArPYNNy (TakHe TPYNNH Ha3HBAIOTCH
AoKasbHo cepsanTHemu, cM. [47]). Tpynna naskBaeTcsi nouTd Ao-
KaabHO CcepeanTHoM, CCIH BCKas ee KOHeyHas CHCTeMa SIeMeHTOB
COJIePKHTCS B KOHEYHO-NOPOXK IeHHOH cepBaHTHOR moxrpynne. Beskas
CyeTHass TNOYTH JIOKAJILHO CEGPBaHTHas TIpyAma siBJAsSIeTCS NPSMOR
cymmolt uukiIuyeckux rpynn ( [47], Teopema 6).

HexoTophie 06oGuieHHsT MOHATHSI CePBAaHTHOCTH B rpymmax pac-
cmaTpuBasH Takxke A6uaH H Pafinxapt ( [29] — yecTHHe NoArpynnw),
Banr ([[210]] — peryaspane noarpynnu), Kyunkos, Upeun u Yokep
( [14], [126] — nsoTHnnHe nonrpynnu), Panraceamu ( [180] — aGeop-
6upyomye noarpynnk), Puuman H Yokep ( [188] — a-kBasu-caato-
cepBaHTHHe nonrpynnu), PoGep ( [189] — a-ceppanThEe moarpynna;
cm. takxe [126]), Xen ( [108], [109] — p-nonuncrora).

Canmomupekuit [193] uceslenoBall MonyJH, HHBEKTHBIIHE OTHO-
CHTEeJILHO eCTeCTBENHHX BJOXeHHA ROfMONyJ el (HKCHPOBAIHOroO
MOJYJIsT, @ TAKXKe MOZYJI{, NPOBKTHBHEE OTHOCHTCJBHO eCTeCTBeHHHX
aMUMOP(HHIMOB TAaHHOIO MORYJIsST,

®yke ([90], crp. 31, npo6iema 34) otmeuaeT, yro Hom (G, S),
rie S—cepBaHTHas moxrpynna rpynns G, sBJseTcs JeBHM Hjea-
Jgom xodeua Hom (G, G), amauTuBlias rpynna KOTOPOrO CJIYIKHT
peTpakToM ajmHTHBHOR rpynnu xoapua Hom (G, G), H mpemiaraer
HceJeNoBaTh BO3HHkaomue cBsssy. K 3ToMy Kpyry BompocoB ofT-
HocuTcs Takxke paGora Peitna [185].

3ameTuM, HakOHel, YTO NpeAlpHHHMAJIHCh NONBITKY AaTh onpe-
NceHHe YHCTOTH B cTPykTypax ( [107] ) u ynuBepcanblibx asreGpax
([164], [211]).



§ 2. KPYYEHHE

ArcuoMaTHueckOe OnpejesieHHe IIOHATHS KPYYeHHs
pasyMHO HCKaTh B CBfI3H C TeOpHeH pajnkana. Dynem
FOBOPHTh, YTO B KaTeropuu A-mozyJeit safian padukaa t,
ecJH

Ki. Kaxpomy A-momyaio A mocTaBjeH B COOTBeT-
CTBHE ero MOAMOJAYJb t(A).

K2. t(x(A4))=r(A).

K3. Ecau f: A—B, 10 f(t(A)) =t (B).

K4. t(A/t(A))=0.

Moamonynb t(A) HasoBeM t-paduxkasom monyas A.
Ecau t(A)= A nau t(4)=0, o monynbp A HazoBeM t-pa-
OuKaAbHbIM WIH T-NOAYNnPoOCT6 LM COOTBETCTBEHHO. Pa-
IHKaJd ¥ Has30BeM Kpy4eHuem, ecau TpeGoBaHHe K2
yCHJIEHO:

" K2. Ecin A< (B), 10 t(4)=A.

B cayuae KpyyeHHst BMECTO «T-paflHKalbHOCTb» GyLeM
FOBOPHTDb «I-nepuoduurocTs». Ecau A — KOMMyTaTHBHas
06/1acTh [ENOCTHOCTH H Yy(A) — oOBIYHAs MepHOAHYeCKast
yacTb MOZyaAst A, TO, KaKk HETPyAHO NPOBEPHThb, QYHK-
UHS Y, OKasblBaeTcs KpyueHHeM. HasoBem rpusuass-
Hoimu Kpyvenust v(A)=0 nas Bcex A u r(A)=A s
Bcex A.

W3 K3 u K4 HemocpeICTBEHHO clelyeT

(2.1) Ecau t— padukasr 8 xarezopuu A-modyaeii, To
A-modyae A ssaserca t-paduxassHoim To20Q U TOABKO
T020a, K020a OH He OonYyckaer HeHYAeBbLX tT-nOAYNpPo-
cTolx anumopgrorx 06pasos.

W3 ycnoBus K3 BeiTekaeT Takxe

(2.2) Ecau A=B, 10 t(A)=ANt(B)

B vacTHOCTH,

6§ A. I1. Muwwua, JI. A. CKOPHAKOB 81



(2.3) Modmodyas r-noaynpocroeo modyan rv-noay-
npocr.

Hs npepnoxenus (2.1) nonyuaem

(2.4) Ecau A-modyrs A ssaserca v-padurkansHsim
u t-noaynpocreim, 10 A=0,

(2.5) Pakrop-modyas t-paduxanrsrozo modyas t-padu-
KaaeH,

M3 (2.1) u (2.3) HeTpYLHO BHIBECTH

(2.6) Moanasn npamas cymma u npamas cymma
-noaynpocrolx mooyasell ¥-noaynpocTel.

Hanee, cnpaBelJHBO yTBepXJIeHHE

(2.7) Hpaman cymma v-paduxassHetx modyaed r-pa-
Jukaashd,

JelicTBHTeNbHO, ecd A = 2 Ay, Tie A, — t-palHKaJb-
Hole A-momysu, u B — r-mosynpoctofi A-momysb, To u3
cyllecTBOBaHHS snumMopduaMa &: A — B BEITEKaeT cyllie-
CTBOBaHHe TOMOMOpP(H3IMOB ga Aqg— B, rae §=Z§a
Tax kak, B cuay mpemitoxeruit (2.3) u (2.1), Im§ =0
HpH moéom a, o Img=B=0.

(2.8) ITycre t—paduxaas 8 rarezopuu A-modyaei.
Tozda caedyrouyue ceolicrea nodmodysn T A-modyan A
9KBUBANEHTHBL:

1) T=x(A),

2) T<x(A4) u x(A/T)=0;

3) T —nrauboaswuil cpedu r-paduxaisshslx nodmo-
Oyaneil modyasn A;

4) T — makcumansreul cpedu ¥-paduxasstslx nod-
mo0yaetli modyan A,

5) T= () B, 29e B={B|B =4, t(4/B)=0}.
B=%

JlelicTBuTENbHO, HMIIHKanHs 1)=»2) cpasy caexyer
u3s csodicrBa K4, a 2)=3)—wu3 K2 u (2.3)—(2.5).
Umnaukagus 3)=>4) oueBugHa. Ecau chpaBeATHBO
ycaosue 4), To 1) cpasy caemyeT u3 cBoiictBa K2 u
BkJIoYeHuss T<r (A), Britekawouero u3 K3, Ecan T'= 1B,
To BBHLy K4 Tsr(A) [TocKoMIbKy A/TCZ A/B, To
U3 npemyoxenni (2.3) u (2.6) Britekaert, uro ¥(A/T)=0.
Orciona, yunteBasi, uto t(4)/T < A/T u npuMensis K2
u (2.3)—(2.5), moayuaem, yro t(A)=7T. Hakomeu, mis
Besikoro BB BBHAY npejsloXeHusi (2.3) H3 cOOTHO-
wennst ¥(A)[[BNr(A) =[B+1(A)/B=A/B cnenyer,
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uyto ¢akrop-monyab t(A)/[BNr(A)] r-noaynpocr. Orcio-
Ia, B cuny cpoiictBa K2 u npeanoxenns (2.5), BHTeKaer,
yro t(A)=B(t(A), 1. e. t(A)= B. Tak xak t(A)=B,
TO HMIVIuKauusa 1)—)5) Takxke AoKasaHa. :

(2.9) Caedyroujue ceolicTea paduxKara t 3K 6UBANCHTHYL:

1) r—«xpyuenue;

2) t(A)= ANt (B) 941 scakozo A< B;

3) unwvexTusHas 060404KQA T-NOAYRPOCTO20 MOOYAA
t-noAYnpocra.

B caMowm nene, uMInkauus 1)=) 2) 1erko BEIBOAUTCS
u3 npemjoxenunit (2.2) u (2.8). Mmnamkanus 2)=3)
oyeBujaHa. Ecam cnpasenquso 3) 1 A =tr(B), 10 pac-
CMOTPHM KOMMYTaTHBHYIO AHarpaMmy

A —>1(B)
9
Aft(A) = Q,

roe Q — uHbeKTHBHas o6osnouka MoAyas Aft(A). Us
yenoBus 3) u npensnoxenuit (2.3)— (2.5) BHTekaer, yTO
=0, otkyna A=rt(A).

Beuay npepnsoxenuns (2.8), aas Toro utoGH 3ajxaTh
panukaJs t, JOCTAaTOYHO YKasaThb KJacC r-pajHKaJbHEIX
monynedl. Tlocnennuit onmchiBaeTcs CJaedyOUIMM Ipe-
JIOXeHHeM:

(2.10) PadurkarsHeui rkaacc R') obiaadaer ciaedyro-
wumu ceolicreamnu:

. 1) R samxuyr orHocuressHo snumopdHoLx 06pasos;

2) ecau ecaxuii HeHyaeeol anumoppuoli obpas mo-
dysan A colepacur HeHyaresoli nodmodyre us R, ro A
aexeur 8 R;

2) R samkHyT oTHOCUTEeNbHO pacuiuperull U npamobLx
cymm;

2”) ecau modyre A obaradaer sospacrarouyum psdom
nodmodyaseti

I=4cs...cAhacsAm=s...=Ao=A,

rie Agu/Aa SR npu awbor a u Ag= |J Ag 842 npe-
a<p
deasnoix a, To A= R,

') Knacc MoxmyJaeit ycaoBuMcs HaswBaTh paduxassusis (noay-
npocroim), €cAM OH COBNAJaeT C KJaccoM BCeX Y-paAMKaJbHEIX
(t-MoJynpocTsX) MOAyJell AJdA HEKOTOPOro pajHKana T.
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Ecau xkaracc R obaradaer ceoticreom 1) u o0Hum u3
ceoticrs 2), 2’), 2”), T0 oH paduxaiet. A

CHauasia JOKaXXeM, UTO NIPH BBHINOJHEHHH YCJOBHSA 1)
HMEIOT MeCTO uMIaukauun 2)=2)=2"). [leitcTsu-

TeJIbHO, IIYCTh HMeeT MecTo ycjoBue 2). Ecan A= ZA.,,
A, =R, n: A— B—HenyneBo# snumopdusyM uig: A,—>A—
eCTeCTBEHHbIE BJIOXKEHHS, TO [pt=0 X0Ta Gbl IPH OLHOM Q.
Orciona 0=Imi,n=Imn, npuueMm ImigmnesRN B cuay
yenosus 1). Crenosarteabno, B cuany 2), A= ®R. Ilycers
tenepp 0—>A—>B—>C—>0—Tounas mocieloBaTeNb-
HOCTh, e A, C=R u n: B — D — HeHyJeBoll snumop-
¢usm. Ecin An%4 0, 10 0 4 An= Bnu An=R, B cuay
yeaosusi 1). Ecam xe An=0, 10 0% BaxCne< .
O1ciofia, COryacHO CBOACTBY 2), BHTeKaeT, uto B .

JlonycTHM Tellepb, YTO BHINOJHeHO 2') u Moayab A
yIoBJeTBOpseT ycaosHio cBoiicTa 2”). Torpa 0= A,=R.
Ilyete npna Bcex f<a@ yXe [A0Kasaio, 4TO Aﬂ =R,

Ecau a—1 cymecrsyer, 10 A, R, coraacuo cBofcTBy 2').
> AB)/KEm BBHIY

a<p
yeaoBuit 2’) u 1). Tax kak A= Aq, TO cnpaBenIu-
BOCTb 2”) mokasaHa.

Ilycts Tenmeps t—pagukan u R —kmacc Bcex t-pa-
IukaabHex  MoAyneil. CrpaBefjuBocTb cBoficTBa 1)
BHITeKaeT u3 npeioxenus (2.5). Eciu, nanee, Mmoxyab A
yAOBJETBOPSieT YCJ0BHAM cBoilcTBa 2) 1 A 5= r(A4), 10
daktop-Moaynb A/t(A) mOMKeH colepiKaTh HeHyJeBOi
t-paJuKaJbHLE#A NOAMOAYJb, YTO NPOTHBOPEUHUT IpeAJo-
xeHnsaM (2.3) u (2.4). B cusy nokasaHHOro BHIIe, knace R
ob6napaer cBoiicTBaMu 2’) u 2”).

ITycts, HakoHen, kaacc R o6namaer ceoicteom 1)
M OZHHM u3 cBoficTB 2), 2'), 2”). Tornd, Kak mnokasaHo
BHIE, OH oGaapmaeT cBoiicTBamu 1) u 27). Ecam A —
HEKOTOpHI MOAYJb, TO PacCMOTPUM B HEM HYaCTHYHO
ynopsoueHHOe MHOXKeCTBO BCeX NOAMOZyJeH, NpHHAX-
Jexamux kmaaccy M. M3 csoitets 1) u 27) HeTpyaHo
BLIBECTH, UTO O0heJHHEeHHe BoO3pacrawolleif nocJjenosa-
TeJIbHOCTH TaKHX NOAMOAyJel Takxke npuHamaexur N,
Tlpumenas nemMmy KypartoBckoro—IllopHa, Haiinem
MakcuManbublit noAMonyab t(A)e=R. Ecim B=A u
Be®R, To, cornacHo co#cTBy 1), moayuaeM, uTO
[B+t(A)l/r(A)= B;[BNt(A)) =R. Tlpumenss csof-
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¢tBo 2”) x pany 0 =t(A)= B +t(A), ybenumes, uto
B+ r(A)=R. Beuay MakcuManbHocTH t(A) nmonyuaewm,
yro B =1t(A). Ovepuino, ¢yHxkuusa v o6sajnaer CBoii-
crBamu K1 u K2. M3 ycaoBusi 1) HeTpyZAHO "BEHIBECTH
cnpasepausoctb cBoiictsa K3. Ilycre, nakonen, B =
=1(A/t(A)). Torna B = D/t(A), rae t(A) = D < A. Tpu-
MmeHeHue cpoficTsa 27) k paay 0=tr(A)< D naer, urto
D<M, Ho rtorma, kax nokasaHo Bhume, D <t(A) u,
cnegosaresibHo, B=0. Takum o6Gpasom, K4 Takxke
CIpaBeIHBO, T. €. ! — pajiukaj. $ICHO, YTO OTHOCH-
TEJbII0 3TOr0 pajaukana kaacc R pagukanen.

(2.11) Tycre t— padukar, R u PB— karaccor t-padu-
KQABHOIX U Y-NOAYNpocTelx moOyaell COOTBETCTBEHHO.
Toz0a

(S1) RN P=0;

(S2) M samxnyr orHocuressHo axrop-modyaset;

(82") B samknyr orHocuressHo nodmodyiel;

(S3) 9ss ecarozo modyan A cywecrsyer Takas rto4-
Hasa ns:gC/leaOBaTe./leOCTb 0—>R—>A—>B—0, uro R},
B &°b.

Haobopor, daa kaxdoid naper kaaccos (R, P), 06-
aadarowux ceolicreamu S1, S2, S2/, S3, cywecrsyer
rakol padukan t, uto R u P — kaacce r-padukarshoix
U T-nOAYNRPOCToLX MOOYaell COOTBETCTBEHHO.

Jle#icTBHTeNEHO, IEPBas UaCTh IPeAJIOKEeHHS BEITEKAaeT
us npemjoxenuit (2.4), (2.5), (2.3) u ceoficts Kl, K2
u K4. Ilycts teneps (R, B) obnanaer csoiictamu Sl,
§2, S2/, S3. Torma M ob6aapmaer coiictBoM 1) mpemso-
xeHnus (2.10) cornacuo S2. Ilycte A ynosiaerBopsier
ycaoBHio cBoiicTBa 2) mpexnoxenus (2.10). Beugy S3
CYLIECTBYeT TOUYHAsl TOCJe0BaTeNbHOCTD

0—>R—>A—>B—0,

rne ReR, BB, Ecmtu B0, 70 0% C<=B, C =R,
Ho C =P BBuay S2'. Ilonyunau npotusopeune ¢ Sl.
CnepoBateario, B=0, A=R<®R. Cornacuo npenjo-
xenuio (2.10) oTcioga cJiexnyeT, uTO CYILECTBYyeT pa-
Iukan t, pnsa kotoporo R — kjaacc Bcex r-pafHMKaNbHBIX
monyaei. Janee, BBusy S1 u S2’ moayau us P asasiorcs
r-noaynpocteiMu. HaoGopor, ecan t(A)=0, o A=P
BBuay (2.3) n S3.

TTonynpocToit kaacc ONMCLIBA€TCH TaKHM IIpeAo-
JKeHneM
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(2.12) Hoaynpocroii kaacc P o6.aadaer caedyrouumu
ceolicTeamu:

1) P samxHyr oTHOCUTenrbHO n0oOMOBYiell;

2) ecau ato0boil Henynresoli nodmodyss modyan A
umeer Henyaesoll snumopgHeii 06pas, npuxadiesca-
wui P, o AsP;

2') P 3amMKHYT OTHOCUTEABHO PACULUPEHUL U NOAHBLX
npAMBLE CYMM;

2”) ecau modyass A obaadaer yboisarouyum padom
nodmodyaeii

A=A =2...24Ac2Au1=2... 2 Ae=0,

20e AyfAu B 0aa scex a u Ay= n Ag 0an npe-
B<au
deavtoix a, To A =P.

Ecau kaacc P obaadaer csolicteom 1) u odHum us
csoticre 2), 27), 2”), To Ox noaynpocr '). Cooreercreyio-
wull paduxkaa aeaReTCA Kpyuenuem T020a U TOABKO
roeda, ko2da Kaacc P samkHyT OTHOCUTEABHO nepexoda
K UHBEKTUBHOIM 000/04KAM.

CHauyaja JoKaXeM, UYTO IIDH BHINOJHEHHH CBOMH-
cTBa 1) clipaBeIMBEI UMILTHKANMH 2)=>27)=>2"). B caMoM
IeJe, ecn UMEeT MeCTo CBORCTBO 2), A, =B, A= A,
n 0 % B = A, 10 HaliieTca Takas Ipoekuus i,: A —> Ag,
uto Bmy,0. Beuapy 1) Bny,<P. Ilpumenssa 2), yGe-
xnaemcs, uto A<B. Ilycts, nanee, uMeeTcss TOUHast
nocnenoBateabioctTs 0—>A—>B-—=>C—0, rre A,C<P,
u nyctb 0 %= D=B. Ecan D=A, 10 D<= %P, xak cpasy
caenyer us ycaosus 1). Eciu xe DEA, 7o 0= DnsB
BBuay 1). IlpuMenss cBoficTBo 2), mosyuaem, uTO Mo-
ayns B = P.

JlonycTHM Tenepb, YTO BHINIOJIHEHO CBOHCTBO 2/) u
Moayab A yIHOBJEeTBOpsSeT YCAOBHAM CBOHcTBa 27).
Torma A/A,=0<%P. Honyctum, uro mas Bcex f<a
IOKa3aHoO, uYTo A/ABESB. Ecnn a—1 cymectsyer, To,
IpuMeHAs CBOACTBO 2) K TOYHOH IOCJeO0BaTeNbHOCTH

0—> Agy/Ag—> AlAg—> A[Ag,— 0,

) Cpoiicteo 1) B Qopmyauposke npemioxenus (2.12) moxkuo
38MEHHTb CBONCTBOM: BCSIKHE HEHYJEBOH MOAMORYJh Momyas A
u3 P uMeeT HeuyaeBoli snuMopdHHE o6pas, dexamuit B P ([17]
ctp. 919—920).
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noayuum, uro A/A,=P. Ecam xe a 1npenesbkoe,

T0 A/A, OKasbBaeTCs MOAMO AyJieM IOJHOH NpAMOH CYMMBI
»

> A/Ag, n cooTHoleHHe A/A, =P BriTekaer us 2)

<a

‘:x 1). Tak kak A= A/Ae, TO cnpaBelIHBOCTb CBOMH-

crBa 2”) nokasaua.

ITycte Tenepb t— pajaukan u P — kyaacc Bcex r-noday-
npocteix MonyJsel. CnpaBeluBOCTb CBOHCTBa 1) BHITe-
kaer u3 npeinoxenus (2.3). Ecnu, pmanee, momyanr A
YAOBJETBOPSIET YCAOBHSIM CBO#CTBA 2), To A jexut B P,
B culy npeanoxenus (2.1) u cpoiictBa K2, 1. e. cBoi-
CTBO 2) BHINOJIHEHO. B CHIYy JOKasaHHOrO BhiIle, Kaacc P
o6najfaeT Takxke cBoifictBavMu 27) u 2”).

Ecau, panee, kiaacc P oGsanaer csoiictBoM 1)
H OJHMM H3 cBOHCTB 2), 2/), 27), To, Kak INOKa3aHO
Bhllle, o oG6sajaer cBoiicTBamHu 1) u 2”). IlycTh

R ={R|Hom, (R, X)=0 mns Bcex X< P}

Iycte A& R. Ilosoxum A=A u JONyCcTHM, UYTO M
Beex f§ < aNOCTpOeHb! NOAMOAYNIH Ay < A, ipuuem A;=2 A,
npu p<y<a u OséAB/ABHE B, ecn B+ 1<a. Ecin
a—1 cymectByer u Ay, &R, To Halimem Takoit moa-
mMoayib Ag < Ay, uto 0% Ay y/Aq = P. Ecam a npe-
IeJNbHOE, TO TOJIOXHM Ag= nAB. Pasymeercs, Haii-

<a

getca Takoit TpaHcOMHHT Q, uTo Ao &®R. Ilockoabky
(Aa/A)(Aas1/Ag) = Au/Aeri = B, T0 BBUAY cBOiicTBa 27)
noayuaeM Af/Aq = B. Takum o6pasom, napa (R, P) obxa-
naet cBoicTBOM S3 mnpemnoxenns (2.11). ITockonbk
BHINIOJIHeHHe cBo#cTB S1, S2 u S2/ oueBHOHO, KJacc %
OKasblBaeTCA NOJYNPOCTHIM.

ClpaBef/IHBOCTE NIOCJIEIHETO YTBEPXKAEHHSI BHITEKAeT
H3 npenyoxenus (2.9).

C xaXJIeM paJHKaJoOM MOXHO CBSi3aTh [JBa B HEKO-
TOPOM CMEIC/Ie GJM3KHX K HEMY KpYueHHS.

(2.13) IIycre t— Hexoropsui padukaa, N —kaacc
t-paduxassrolx modyael,

¥ ={A|Bce noamoaynn Monyas A npuHapgmexat R}

u
2" ={B|Hom(B, Y)=0, maa Bcsaxkoro
HH'BEKTHBHOTO '-NIOJIYyIPOCTOr0 MoAyas Y}.
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To2da kaaccor ¥ u " seaaworca kiadccamu v- u
t”-nepuoduueckux modyaell 0 HekoTOpbLx KpYyueHull v

u t’. Ilpu arom
V=R,

Ecau ty—kpyuenue u Ty— Kaacc ty-nepuoduysecKux mo-
dyaei, To TEL=R eaever TL=T, a uz R<=T, sorre-
kaer, uto 3" = . '
JleAcTBUTEIBHO, YuUTHIBas Tpeanoxenus (2.1) u (2.3),
HeTPYAHO YGenHuThC B CIPaBeJJIMBOCTH COOTHOIIEHHS
¥ =R<=2T”. Jlerko nposepsieTcss W IepBas yacTh IO-
clleHero yTBepxieHus. A JoKasaTeslbCTBa €ro BTO-
poll uacTH AOCTAaTOYHO 3aMETHThb, UYTO IPH CHAENaHHBIX
TIPETIOJIOKEHHAX L-TIONYTIPOCTEIE MOALYJIH t-TIOJYIIPOCTHI,
1 npumenuTs (2.1) u (2.9). Hanee, sametn™m, uto kaacc 27
3aMKHYT OTHOCHTEJNBHO MOJAMOJyJneHl H o6.JajfaeTr CBOH-
ctBoM 1) mpennoxenus (2.10). donyctum Temepb, yTo
BCAKHi HeHyJeBo#l snuMOpDHEIE 06pa3 Molyas A co-
IepXHUT HeHyJeBo#l moamoayab us 3. Ilycts X = A
u t(X)5=X. O6o3uauum uepes B NOAMOAYJIb MOAYJs A,
ABJNAIOIMACH MaKCHMaJIBHEIM CpPeJH YIOBJIETBOPSIOIIHX
yeaoBuio B\ X =r(X). Tlo ycnosuio, HaiineTcs Takoit

monyapr C, uro B i C=A u C/B=%. Tlockonbky
(B + X)/B = X/t(X), monyab (B + X)/B sBnsieTcs r-Nogay-
npocteiM. BBuay npennoxenuit (2.3) u (2.4) us ompe-
Ienenus kjacca I’ BhTeKaeT
[(B+X)nC+Bl/B=(C/B)N (B + X)/B]=0.
Cnenosatensio, CNNX = CN(B + X)= B, otkyza
t(X)=BNX=CNX=BNX=t(X),

yTO NpOTHBOpeuuT BHIGOPY B. HaxoHeu, oueBupuo,
yTo KJacc <7 ymOBJETBOpSET ycJaoBHIO 1) mpenoxe-
uua (2.10). CnpaBemnuBocTe cBoiicTBa 2) cpasy cie-

nyer us pasesctsa Hom, (2 4, ¥)= 3 Hom, (4, Y)

([6], cTp. 128, npensnoxenue 9.1) n nONyTOUHOCTH yHK-
topa Hom ([6], cTp. 45, npemnoxenne 4.4). Ecau
A=Be%¥ n ¢: A—>Y, rie Y uHbexTHBeH, TO roMo-
MopdH3M @ MoxeT OHITb NpPOJAOJKEH A0 roMOMOp-
¢usma B B X. CnenosartenrHo, A< 27, Takum o6pasom,
kaacc 7 nefCTBHTENBHO SABJAETCH KJIaccoM t”-mepHo-
AMueCKHX MOJyJe#l IS HEKOTOPOro KpyueHus t”,
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(2.14) ITycre t—kpyuenue, a T u P —KraaccoL r-nepuo-
Juueckux u rv-noaynpocroix modyseill COOTBETCTBEHHO.
Tozda naiidyrca Takue nodyru X,=% u Yo= P, uro

% = (AlHom, (X,, A)=0} n T={B|Hom, (B, ¥)=0}.

IIpu arom modyas Y, moxcer ObiTe 6616paH uHBex-
TUBHBIM.

IeiictBuTeNbHO, NycTh ¥, H P, — MHOKecTBa BCex
HeHyJIeBhIX IMKJIHUeCKHX MOJyJell, NpHHALJIEeXAUNX
knaccaM T u P coorsercrsenno. Ilycrts, aAanee, X,=
= ¥ X. Cornacso npennoxento (2.7) moxyas X, npu-

Xex,
nagnexur Z. Tlonoxny P = {A|Hom, (X,, A)=0). Us
npennoxennit (2.1) u (2.3) BhTekaer, uto P= P,
Ionyctum, uto M= ¥ \ B. Torna naiinercs 0= x=r(M).
Bauzy ceoitictBa K2 Ax&=Z . Ho rorna Hom,, (Xo M)=~0.
ITpotusopeune. Temnepb OﬁOSH&‘iHM yepes Y, uHBek-
THBHYIO 060/MOUKYy MOAyAs % Y u monoxum I =

Y'ep,

= (B|Hom, (B, Y;)=0}. Hs npentoxeunit (2.6), (2.9),
(2.3),(2.4)u(2.5) BuiTekaet, ur0 T = . Ecnu M= ¥\ g,
T0 t(M)s= M. Ilycte m: M— M/t(M)— ecTecTBeHHHI
snumopdusM. BriGpas x & M \ r(M) u npumenus (2.3),
noayuaeM, uto (Ax)neP, OTciona H H3 HHBEKTHB-
Hoctn Y, BmiTekaer, uro Hom, (M, ¥,)# 0. IIporuso-

.peune.

Mogyaun X, u Y, ykasanune B upepioxenun (2.14). secbMa
BENHKH. B HEKOTOPHX CJIyyasiXx HX MOXKHO 3aMEHHTb MEHLIUMMH.

(2.15) Jan ecakozo kpyueHus t COBOKYNHOCTo &
scex seebix udeanos, ¢axrop-modyaiu no KOTOPbLM
r-nepuoluutsl, aeanerca paduxarotoim durstpom. Ilpu

aToM
r(A)={a|(0:a)=&}.

Ecau t(A)=0, 1o t(C)=08 tom u TONKO 8 TOM cAY-
qae, ko2da C asaserca &-naockum modyrem.

B camom gede, ecau /€& u I</J, T0 BKIOue-
pue J = & BuTekaeT u3 usomopdusma (A/N(J/)=A[]
u npemgjoxenus (2.5). Takum o6pasoM, & obaapgaer

89



coiictBoM Gl. Ecin /=& u A=A, 10 paccMOTpuM
TNIOCJIe I0BATENBHOCTD

0—>(I:A)—>A-L>(Ar+ D)0,

rae En=EA+ I. Jlerko y6eauTthbcs, uTo OHa TouHa. Cue-
nosatenbno, A/l : A) = (AA+ I)/I = A/I. Tlpumenss K2/,
y6eaumcs, uto (I : A)= &. Takum o6pasom, cBoiicTBo G2
taKkxe cnpasenuso. [lyctorenepp/ =/ = &u(l 1 =&
s Beex §<J. Honycetum, uto Ay u A+1ec(J/).
Omnpesnennm romomopodusm o: A—>J[I, nojoXHuB Eo =
=¢A+1. Scho, uto A+I=Imo= A/l :7). YunThBas
npeanoxenue (2.8), nonyuum A+ I = Imo < v(J/I). IIpo-
TuBopeune. Ciemosatenbuo, t(J//I)=J/I. Ho Torzna, pac-
CMaTpHBasf TOYHYIO IOCJeJOBATENbHOCTD

0—>J[I—>AI—>AlJ—0

¥ TpuMeHss npeanoxenus (2.10), yGexnpaemcs, uTO
t(A/I)=A/l. Takum o6pasoM, BLINIOJHEHO ycJaoBue G3.

Ilycte Tenepy A’ ={ajlas A, (0:a)=&}. Ecau
a<r(A), o BBuay K2’ r(Aa)=Aa. Ho Aa= A/0: a),
H, caenosartensio, (0 : )= &. Takum o6pasom, t (A)= A,
Ecau xe ae< A’, 10 u3 usoMopdusma-Aa=A/0:a)
caenyer pasenctno r(Ag)=Aa. Ilpumenss npennoxe-
une (2.8), nonyuaem BkIiouenne Aa < r(A).

ITycts, nakonen, tr(A)=0. CornacHo mnpeaioxe-
uuio (2.6) r (F) =0 paa scakoro cBo6oaHoro A-monyas F.
IpexnosoxuM, uro C sBaseTcss &-IJIOCKHM MOAY-
aeM. PaccMoTpuM Tounyio mocsenoBaTenabHocTh 0 — K —>
— F %> C—>0, rjie F—cBo6oautit Moayab. Ecau c&t(C),
TO, KaK TOJNBKO u4TO mokasarno, (0:c)=&. Ecau ¢ = x7,
TO, TOCKOJNBKY MOAy/a1b K &-uuct B F, U3 Ipemnoxe-
uua (1.48) suitexaer, uto (0:x—y)=& mIa HekoTO-
poro y=K, T. e, B CHIy J[OKa3aHHOrO BHIIE,
x—y<r(F)=0. CnenoBarenrHo, ¢ =0, 1. e. C aBaAseTCH
r-nosnynpocthiM. Hao6opoT, ecin Mmoayas C r-noaymnpocr,
0—>A—>B—=>C—>0—Tousas NOCAeAOBATEJbHOCTL H
A:p)=&, 10 b= A. Takum obpasoM, (A:b)=A =
=(0:(—0b)+b). Tlpuvenas (1.48), ybexnaemcs, uro
moayns A &-unct B B.

(2.16) Ecau & — padurarstol ursrp, 70 pyHKyUA

t(A)={alasA, (0:a)=s&}
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onpedeaser kpyyerue. Ilpu sarom I & T02da u TOAbKO
roeda, ko2da t(A/)=A/l.

Ias poxasaTeqbCTBa YCTaHOBUM CIpaBeJIHBOCThL
ceoitets K1, K2/, K3 u K4. Ecan x, y=tr(4), 10
0:Ax)=((0:x):M)=& BBumy G2, a (0:x+y)=s&
BBuay Gl u npexnnoxenus (0.3), nockoabky (0:x+ y) =
=20:x)NO0:y). Takum obpasom, r(A)—NnogMOZYJIb.
CnpaBegnuBocThb cBoiicTBa K2’ oueBnjna, a cBoiictBo K3
cpasy caenyer u3 Gl. Ecau

at+r(d)st(A/r(4)), 10 (x(4):a 8.

Janee, 1715 Besixoro E(x (A) : a) umeeM ((0:a):f)=(0:Ea)=
=&, tak xak Etaesr(A4). Ilockoneky (0:a)s=
=(t(A):a) u g— mo6oit snement u3 (r(A4): a), To npu-
MeHenne cBoiicTBa G3 maer (0:a)=&, 1. e. a=r(A).
ITUM HoKasaHa clpaBeasuBocTh cBoiicTBa K4. s cBoii-
ctBa Gl BuiTekaert, uto I & & Baeuer t(A/[)= A/l. Ecau
t(A/D=AJl, To (I :g)= & nna Bcex E = A, [Ipumenss
csoiictBa Gl u G3, ybGexnpaeMcs, uto [ = &.

Tenepb npeiacTanaseTcs BO3MOXHHIM JaTb ONHCaHHe
BCeX KpyueHui#t B kaTeropum aGeneBmix rpynm. ITycrts
P—HexoTOpOe MHOXECTBO IPOCTHIX UHCEJ, a O —cHcTeMa
HIeajioB Kosiblla Z, NOPOXAEHHEX BCEBO3MOXKHEIMH TIpo-
H3BeIeHHsSIMH cTenenell uucesn u3 P, BBuiy npexpnoxe-
nusa (0.6) MHoXecTBO D sBJAseTCs paguKalbHBIM GHIABT-
poM, KOTOpHIH, corflacHO npemioxeHuio (2.16), ompene-
aget xpyuenune, O603HaunM 3TO KpyueHHe yepes lp.

. (2.17) Bceakoe HeTpusuaasHoe KpYyueHue 8 Karezopuu
abenesoblx epynn umeer sud tp, 20e P — Hexoropoe mHo-
HecTeo NPocTelx wuces.

B camoM Jene, NyCTh t— HETPHBHAJBbHOE KpYyueHHE
B KaTteropuu -a6eseBnix rpynn. OGosHauuM uepe3 &
COBOKYIIHOCTh BCeX HJealtloB KoJblla Z, $haKTOp-MOAYJH
no KoTopbiM t-nepuHoAuuHbl. IlycTe P — coBOKYNHOCTB
BceX TPOCTBIX YHCEJ, BXOJSIUIMX B pasjoxceHus obpa-
3y0OIMX HAealoB CHCTEMHI &:. B cuay npemnoxenuit
(2.15) u (0.3), &;— COBOKYNHOCTb BCEX HjeajloB, HOPO-
JKAEHHBIX TIPOH3BElEHHSAMH CTellecHeH IIPOCTHX YHCeJ
us P. Ho Torma wus mnpemnoxenuit (2.15) u (2.16)
BuiTekaer, uto t(A)=1tp(A) nana BcsKoH Tpylns A,
T. € =1p,

(2.18) MMycre & — paduxarshoui ¢uarstp, codepxa-
wui Haumerowul sesoul udeanr I, u t— coorsercreyrouee
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kpyuenue. Tozda I*’=1,a t(A)=A 6 Tom u ToavKo
8 Tom cayuae, Kozda IA=0.

B camom zene, ecan t(A)=A u JA5%0, 10 Ia~0
Ias HekoToporo a< A. Ho la=1I/J. YuuTnBas cBoii-
ctBo K2 u mnpepgnoxenus (2.10) u (2.16), us paccmo-
TPEHHS TOYHOM IIOCJIeJOBATEIbHOCTH

0—>I[J—>AlJ—>Al[—->0

noayuaeM, uto J & &. d1o, 04HaKO, IPOTUBOPEUHT MUHH-
MaJibHOoCcTH JieBoro upeata [. Haobopot, ecau IA=0,

T0 paccMoTpuM smumopdusm m: F—> A, rae F=2XA.
SlcHo, uto X1 = Ker . Ilostomy A siBasieTcss anuMopd-

HBHIM 00pasoM MonyJs Z(A/[). Ho t(A/I)=A/l, u us
npepnoxenuit (2.7) u (2.5) BuiTekaeT, uto r(A)=A.
Haxkonen, paccMOTpMM TOuHyI0O TNOC/A€LOBaTEIbHOCTD

0—>1/P— A|IP— A/l 0.

Tockoanbky I(I/[?)=0, To, B CHIY NIOKa3aHHOIo BHIILE,
r(I/I’)=1/P. Tlpumenss npemioxenus (2.10) u (2.16)
y6exnaemcs, uto > ¢&, oTKyAa BBHIAY MHHHMajb-
Hoctu I mosnyuaem, uto [=/2

Knacc Monyaneit HasoBeM padukansHo-noAYnpocTsim,
eCcsi OH fBJSeTCS PalHKaJbHHM M TOJYNPOCTHIM OLHO-
BpEéMeHHO (I/s1 HEKOTOPHIX palukaloB t u v). Jlerxo
BHJETH, UTO B 3TOM CJyuae t 06g3aTe/bHO OKa3hiBaeTcs
KpPYUCHHEM.

(2.19). Tycro t—kpyueHue, & — cooTseTcTsyowuii pa-
duransHoul purstp (cM. npennoxenue (2.15)) u T—xaace
t-nepuoduyeckux modyael. Jaa To20 4T0b66r Kaacc T
6612 padukaissHo-noaynpocToim, Heobxodumo u docra-
TO%HO, 4T06bL cucrema & codepaara Haumerswul resouii
udean Iy IIpu arom ¥ (A)=1I,, 2de ¥ — padukaxr, onpe-
deasemoui noaynpocteim Kaaccom T

B camoMm pene, ecau knace T paaukalbHO-TIONYIIPOCT,
TO, COIVIacHO npelnoxeHuio (2.6), oH 3aMKHYT OTHOCH-
TeJBHO TNOJMHHIX INpaMbix cyMM. Ilosoxus I[,= nl,

1=%
TNIOJIYYHM TOUHYIO NOCJIEHLOBATEIbHOCTD

0—>fo—> A—> 2 A/L
=3
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M3 K2’ Bhitekaer, uto A/l, < %, nocae uero (2.16) naer,
yto [, =&. O6parnoe yTBepxKjueHue 6es Tpyla BEIBO-
mutcs us (2.12) u (2.18). Haxkonen, ecau J<I, u
v (I,/7) =0, To [,/J=%. Ho Torna, npumenss (2.10) x Tou-
HO# MmOCJIeOBaTeNbHOCTH

0—> Iyl —AlT—> A/[,—0,

y6expaemcs, uto A/J 2. Bsuny npeanoxenus (2.16)
J =& u, caenosarentHo, Io=J. W3 npennoxenus (2.1)
BhITEKaeT, uTo /,—t-panuKa/bHbil Moayab. Corsnacuo (2.8)
I,=v(A). Ho All,=Z. Tlostomy v (A/l))=0 u us
npeanoxenus (2.8) BuTekaeT, uto v (A)=1/,

Ecan T — paaukanbHO-MOJAYIPOCTOM Kjaacc, TO OH
onpeleasieT JABa paiukana t M v\ Tak, uyrto T cosmna-
JaeT C KJAacCcoM t-pafinKaJbHEIX H C KJIacCoM t/-moJsy-
npocThix MoayJaeit. Ilyete P u R —kaacen r-nosynpo-
CTHIX M VY-paJuKaJbHBIX MOJXyJeH COOTBETCTBEHHO.
BuisicuuM, koraa kiaaccel P u R cosnamaior:

(2.20) MTycre 2 — paduxarsHo-nosynpocroii Kaacc
A-Mlo)ﬁ%ﬂedgit Tozda sxeusarenTHol caedyroujue ceolicraa:

2) t(Y(A))=0 u Y(Ak(A))=A/t(A) dra scaxozo
A-nodyara A;

3) A=1t(A)+ v (A) 018 scakozo A-modyasn A;

4) A=t(A)+ v (A).

HetictButensro, nyctb P=R. U3 V(A)=R =P Bu-
tekaet, uto t((A))=0, a us A(A)=P=R—uro
v.(A/x(A))=A[t(A). TlycTb Temepb BLIIOJNHEHO CBOf-
ctBo 2). Cormacuo K2 u npeamoxenuio (2.3), t(4)N
NrA)eZINS, 1. e. mo (2.4), r (A)Nv(A)=0. Lanee,
BBULY cBoficTBa K4 Momynb A/t(A) v-moaympocT u, cie-
IOBaTeNbHO, r-pagukaned. Vs mpepnoxenuns (2.5) u us
TOYHOCTH IOCJI€0BATEILHOCTH

Al (A)— Alx(A)+ v (4))—>0
BuiTekaeTt, uto A/(t(A)+ v (A))=2. Tak xak, mo ycjo-

BHIO, Monyab A/t(A) v-pajukanen, TO U3 TOUHOCTH MO-
cJ1eI0BaTeN LHOCTH

Alt(A)—>A/x(A)+ v (4))—>0

¥ u3 npepnoxenus (2.5) noayuaem, uto A/(r(A)+
4+t (A))=R. Crenosarensho, A/(t(A)+v (4))=ZNR=0,
T. e, A=1(A4)+ v (A). Umnnukauus 3)=)4) ouesunua.
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JIokaxeM uMmmaukaunuo 4)=>1). Us npennoxenni (2.18)
u (2.19) Burekaer, uto T={A[r(A)A=0}. Ho us 4)
HeTpyAHO BuiBeCTH, 4To ¥ (A)=Ae u r(A)= A9, rame
e?=g, 62=309, ed=0e=0, e+6=1 (cM., HanpuMep, [a],
ctp. 79, npemnoxenue 2). Ilostomy T={A|eA=0}.
Beuny (2.1)

R={A|Homa (4, B)=0 nas Bcex B3}

CnenoBaTtenbHoO,
R={A|A=eA}.

Ecin A=® u a=r1(A4), 10, KaK TOJBKO YTO [OKA3aHO,
ea=0. Ho a==ea’, rme a’ = A. O1ciofia a=¢ea’ =¢eea’ =
=ea=0. Takum ob6pasoM, R=P. Eciu A=P u asA,
10 Ae=(0:0da). CornacHo npeanoxenuio (2.15) das
=1(A)=0. IlosToMy a =ea +da =ea. TakuM o6pasom,
A=¢eA u, caegosatenapyo, P=R.

AxkcroMaTHUeCKOe HCCJIeJOBaHHe DPAaAHKaJOB B ajreGpamyeckKHx
cuCTeMax HayaJjoch ¢ H3BecTHHX paGoT Kypowa u Amunypa. B stux
pa6oTax HCCIeROBAJHCh palHKaJH B KoJblax. Ho yxe Torma Guto
SICHO, YTO OCHOBHKIE MOHSATHS COXPAHSIOT CBOIO CHJY H AJs APYTHX
aareGpanyeckux o6bexToB. Ilosxke Kypom ([16], [17]) uccaemosan
pagukaas B rpynmax. MM Guin mokasanm npemsoxkerus (2.10) u
yactHyHo (2.12). s noayueHHst OKoHYaTeJbHOHR (OPMYJHPOBKH MO-
cJefHero npusJekatoTes pesyasTaTh Yan Ban Xao [25]. HekoTopue
pe3yJIbTaTH O MOJYMPOCTHIX Kjaccax rpynn moayuna LIMeaskun [27].

Hukcon [66] uayyan nauMeHbLHi MEPHOAUYECKUH KJIacc, Comep-
JKAWHKA KAHHHIE MPOCTOH JIGBHH MOZYJIb.

Pajukal, palukajdbHh#l KJIacC KOTOPOrO COCTOHT H3 BCEX MO-
aysell, Bce HeHyJeBHe SHHMOPOQHHEC O06pash KOTOPHIX ComepaT
NpoCTHE MOAMOAYJH, paccmaTpuBan AumH [30]. Knaccw aGenennx
rPYMNIN, 3aMKHYThie OTHOCHTCJBHO MOArpYNN, $hakTOP-rpymn H paciuu-
peHuit (kak moxasersaer npepJoxerue (2.10), TakuMu GYRYT KJacch
NePHOAUYECKHX MOmyJeil), paccvaTpuBald Daabuexuk ([38], [40]).
Batnep ([51], [248]) uccremoBan kjaaccw rpynn Ges KpyyeHHs|, 3aM-
KHYTHe OTHOCHTEJbHO KOHCYHBIX MNPSIMEIX CYMM, CepBanTHHX MOA-
rpynn # GbaKTop-rpynit mo cepBaHTHHM moarpymnnaMm. ITosxke [52] on
06O0GIIHJ TOJYYelilikie pe3yJbTaTH Ha Clydya MOAZYJed Ham KOMMY-
TaTHBHHIMH OGJIACTSIMH 1leJIOCTHOCTH.

CreunanbHoe uCCAeHOBAHHE KpYYeHHs MJs chayyas MOZLyJel
ocyuectsuau I'a6pusis [92] u Maparna [154], a HeckoJbKO MOgKe—
Psa6yxun [22]. UMu GHJIH YCTaHOBJEHH CBSI3H KPYueRHS ¢ PafuKaJb-
HHM QuabTpoM (cM. mpentoxerus (2.15) u (2.16) ). daneko umyee
06OoGLeHHe STHX CBsidefl Ha TEOPETHKO-KATEropioM sisHKe MpepJio-
xkeHo cynpyramu Yokep [206], a Takxe I'aGpuanem wu Ilo-
necky [93]. Oukcon [68] u Illyabreitdep [28] onncann paaukan kak
nofdyHKTOp ToxAecTBeHHOro ¢yHkTopa. ITapexuc [172] 0606mma
Ha KaTeropiu pagWkal, onpeleseniibiii Kaxk mepeceyenye MakCHMaJb-
nRX moamoAxyneii. [TocTpoeHne TeopHH pagMKaoB, OCHOBAHHOE Ha
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BHUEJeHHH mapH xhaaccoB (cm. mpepsoxelue 2.11), npeasnoxua Tux-
con ([66], [67]). Dror momxon ucmosmbsoBaau JHxanc [128] u
Yoxep [205]. B uactHocTH, JkaHcy npuuamiexar npeaaoxenns (2.14),
(2.18), (2.19) u (2.20). On xe ([128], cTp. 1252, Teopema 2.1) moka-
3aJ1, YTO HaHMeubIlHii JIeBHH HAea] pagHKaJbHOro GuJIbTpa sIBJsIETCS
JBYCTOPOHHHM HnZeasoM koabua A. OnucaHue BceX KpyueuHit B aGe-
jgeBHX rpymnax (cM. npennoxeHue (2.17)) umeercss B paGorax
Kypowma ([16], [17]), Hukcona [64] n Ps6yxuna [23]. Pamuxan,
MOCTPOEHHHI € OMOLIbIO PAAHKAIBHOTO GHJILTPA, YKa3aHHOrO B pe-
noxenuu (0.5), uccacnonanu Haaé ([70] —[73], [251]) u Credericoit.

Ecnu t—panukaa B karteropuu A-Molynei, To na-
soBeM A-Monyab B t-xonepuoduseckum, ecin t(A)=0
Beuet 3a coGoii Exth (4, B)=0. U3 u3BeCTHHX CBOHCTB
dyuktopa Ext ([r], ¢Tp. 103, Teopema 3.4; ctp. 101,
TeopeMa 3.2; [6], cTtp. 140, mpeasoxenne 1.2) cpasy
clellyeT, UTO KJacC r-KOMepHOJAHYECKHX MoAyJe# 3aMkK-
HYT OTHOCHTEJIbHO pacmHupeHui ¥ MOJHBIX NMPAMBIX CYMM.

(2.21) Ecau B —r-konepuoduseckuti A-modyre u
t(A)=0, o Exth(A, B)=0 daa scex A-modyareii A.

IeficTBUTeNbHO, paccMOTPHM TOUHYI0 IocjefoBa-
TEJIBHOCTH

0—>K—>F—>A—0,

rie F —cBoGoaunii A-momyas. Bsumy [r], ctp. 131,
TeopeMa 9.1, TouHa IOCJeJOBaTeNbHOCTD

Exth (K, B)—> Exth (4, B)— Exti (F, B).

Ho u3s npennoxenu#i (2.3) u (2.6) BuiTekaer, yto t(K)=0,
a B cuay [6], cTp. 144, creactsue 2.2, u ctp. 143, mpea-
JIOXXEHHE 2.1, uMeeM Extf\(F, B)=10." CaezmoBaTefbHo,
Exta (4, B)=0.

ITycTb t — KpyueHue B kareropud A-MonyJeit, t(A)=0
u & — paluKanbHHH OQUIBTP, COOTBETCTBYIOIUIMH, CO-
riacHo npeijoxenuio (2.15), xpyueHuio t. dTH 0603Ha-
yeHHs HCIONb3yeM B pacCcMaTpHBaeMbiX HHXKe Ipeiso-
wenusx (2.22) —(2.24). HanomuumM, uto, B cuay (2.15),
KJ1acCH I-NOJNYIPOCTHX H &-IJIOCKHX MOAYJel COBIIaAaloT.

(2.22) a8 t-konepuoduuroctu A-modyara B neobxo-
Juma u 0OCTATOYHA UHBEKTUBHOCTbG €20 OTHOCUTCABHO
scakozo moHomoppusma i: K—C, 20e t(C/Imi)=0.

Jas noKkasaTelbcTBa PacCMOTPHM TOUHYIO MOCJen0-
BaTENbHOCTD

0K > ¢ <> C/lmi—>0.

rae t(C/Imi)=0,
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Torza MOJIyYHM TOUHYIO [OC/eZ0BaTEJbHOCTb

Hom (l.eB)

Homa (C, B) > Homa (K, B)—

1 Ext (n. eB) 1
- Exth (C/imi, B) ——2> Ext} (C, B)

([r], cTp. 101, Teopema 3.2). Eciu B — t-xomepuonu-
yeckuit A-MOLyJb, TO Ext}\(C/Imi, B)=0 u cpasy no-
ayuaercs, uto Hom (i, eg) — snuMopdusM. A ato u J0-
KasbiBaeT HCKOMYI0O HHBEKTHBHOCTb. UTOOH J[0Ka3aTb
o6paTHoe, BO3bMEM IIPOH3BOJILHHIH r-MOJYNPOCTO#l MoO-
aynb A u npeactaBuM ero kak A=C/Imi, rae C —cBo-
Gonubi#t A-monyab. Torna Exta(C, B)=0([6], cTp. 144,
caeacTBHe 2.2), a H3 HHBEKTHBHOCTH OTHOCHTEJIBHO [ BhI-
texaer, yro Hom (i, eg) — smumopduam. ITostomy

Exth (4, B)=0,

uTO M TPe6OoBasoCh.

(2.23) Beakuii &-unvexrustoli A-modyss t-xonepuo-
duuen.

B caMoM jgedse, nycTh B — &-HHBEKTUBHHH A-MOLyb.
Ecin t(A)=0, 10 Momyns A sBasiercss & -IUIOCKHM.
Orciona Exth (4, B)=& Exta (4, B). Ho paBeHcTBo mo-
caenHell rpynnn HyJdo cpasy caeiayet us (1.6) u (1.23).

B HeKOTOpHIX Clyuasix CIpaBemjHBO OGpaTHOe.

(2.24) Bcakuii r-noaynpocroi tr-xonepuoduuecxuil
M00Yab &-uHBEKTUBEH.

JleficTBHTeIBHO, MyCTh B — r-mosiynpocToit t-Komepuo-
,u,uqecxu?x, a A —r-nepuonuueckuit A-moayau. Ilycts
p =0¢2 AAa, n: P—> A —ecTecTBeHHb snMHMOpGH3M

[ 4=

n K=Kerxn. M3 cpo#ictBa K2’ u npeanoxenus (2.7)
BEITeKaeT, uto t(P)=P. IlpumeHnss cBoiicTBo 5) mpex-
noxenns (1.48), HerpyaHo ybemutbest, uTo K<=g¢P wu
yt0 Aa — &-mpoexTuBHHE Moxyau. M3 npelsoxe-
uus (1.5) BeTeKkaet, yto Moayab P &-nmpoekTHBeH. Bauay
npennoxenus (1.23) &-uncrora 6uTpeyronbHa. [TosTomy,
npuMenss (1.3) x TouHOH MOCJeA0BaTENbHOCTH

0K —> P> A-0,
MOJyuYHM TOYHYIO mocJe10BaTeJbHOCTh
Homa (K, B)— & Exth (4, B)— & Exth (P, B).
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Ho us mpemioxenuit (1.6) u (1.23) BmTekaer, uro
& Exth(P, B)=0, a Homa (K, B)=0 BBuly cBofi-
ctBa K2’ u mpeanoxenuit (2.1) u (2.3). CrenosatensHo,
& Exta(A, B)=0. Ilyctb Temeph A — NpoM3BOMLHHI
A-vmonynb. M3 K4 u (2.15) BuTekaer, uto A/r(A)—
&-naockuit momyan. ITostomy t(A) =g¢A. Hs mpenno-
xeuusa (1.3) BeITeKaeT TOYHOCTL NOCJIELOBATENLHOCTH

& Exth (A/t(4), B)—& Exta (4, B)—& Exta (¢ (4), B).

B cuay fokasanHoro Bume, & Exth (t(A4), B) =0, a us K4
u t-KonepHOAMuHOCTH B caenyerT, uto & Extl(A/t(A), B)=

=0. TaxuM obpasoM, & Exta(4, B)=0 mas Bcex A,
oTkyna BeuRy npennoxenuit (1.6) u (1.23) BmTekaer
&-MHBEKTHBHOCTb MoZynsa B.

Hs (2.24) chaeayer, 4T0 BCfiKas Yj-KOMepHORMUeCKas rpymna
Ge3 KpyueHHs (onpene.nenne panukala Yy CM. CTp. 105) anreGpau-

vecku KommakTHa ([85], 4. II, cTp. 123 mpennoxenue j). 3ameTum,
9TO TOT XK€ PeSYJIbTAT CNPaBelIMB M A NepPHOAMYECKHX ¥j-Kome-

proauyeckux rpynn ([85], u. II, cTp. 123, npennoxenne i). ITocaen-
Hee JIeTKO BHIBeCTH Takxe H3 [B], ctp. 171, 151,

Tak KaK CyLIeCTBYIOT Ij-KomepHoiuueckue (cM.
ctp. 105), HO He aire6paMuecKH KOMIaKTHhe (T. e. He
cepBaHTHO-HHbeKTHBHHE) rpynmul ([85], ctp. 24), To
npefjoxenne (2.23) He nomyckaet ofpaieHns. OXHaKo
3TO MOXHO HCNpaBHTL 3a cueT Apyroro BhiGopa uu-
cToTel. A uMeHHO, ecin R u P —xknaccs Beex r-panu-
KaAbHBIX M Y-MOJYNMPOCTHIX MOAyJel COOTBETCTBEHHO, TO
npemioxenns (2.3), (2.5), (1.62) u (1.65) nossoasioT
ompenenuth R-dpaktopHyio u P-kodakTopHYIO UHCTOTHI,
KoTOophie OyleM HashBaTb t~(aAKTOPHOI W t-KopaxTop-
Holi cooTBeTCTBeHHO. Ecau r—kpyueHHe, TO MOXHO
onpelenuth 1 R-kodbakropHylo uuctory. IIpn sTHX Ompe-
IelleHHX HMeeT MeCTo

(2.25) Ecau t—padukar u @ — t-(pakropHas 4u-
CTOTA, TO KAQCCHL @-UHBEKTUBHOLX U L-KOnepuoduyeckux
modyareli cosnadaror.

JelicTBHTENLHO, €CIH Q — @-HMHBEKTHBHHH MOAYJD,
to BBUAy (1.6) n (1.62) o Exth(4, Q)=0 s Besikoro
A-vomyas A. Ilyets t(4)=0 u B/Q=A. Coraacio
npenoxenuio (2.8) HyneBol MOAMONYNDb ABJIAETCA €IHIl-
CTBEHHHIM -pajfMKajJibHHIM MNOAMOAy/JeM Moaynas A.
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CnezmoBaTesbHO, COOTHOWEHHEe Q = S=B,rae S/Q t-pamu-
KaJleH, Bo3MOXHO Jullb npu S=Q. Otcioma Q <, B,
1. e. Exth(4, Q)= Exta(4, Q)=0. Takum o6pasoM,
Q oxasbiBaeTcss t-KomepuHoAuueCKHM MoayJieM. Ecau,
nalee, A — npousBoOJbHBH A-MOAY/b, TO H3 ONpejiesIeHus
YHCTOTH @ cpasy cieayeT, uto @ Exta (r(4), Q) =0 mas
mo6oro Moayas Q. Eciu Mozyab Q t-konepHoOAMUeCKHI,
TO Extk(A/t(A), Q)=0. Ho us npennoxenuit (1.3)
1 (1.62) BLITeKaeT TOYHOCTL MOCJe0BATENLHOCTH

o Exth (Aft(4), Q)— o Exta (4, Q) — o Exta (t (4), Q).

Otciona o Exth (4, Q)=0 u, cornaciuo InpenIoxe-
Huio (1.6), Moxynb Q siBIsieTcs @-HHBEKTHBHBIM.

BBezeM Tenmeph NOHfATHE, ABOMCTBEHHOE I-KOIepHO-
ouuHocTH. MMeHHO, ecsqM t—HeKOTOpbit paimukal, To
HasoBeM A-moayanb A r-63posckum, ecau Exta (4, B)=0
I BceX t-paAuKalIbHHX MoAyJe#l B. flcHo, uTo H3-3a
npennonioxenns t(A)=0 npennoxenus (2.21)—(2.24)
He MoryT GLITL AyajusupoBaHh. Ho aTHM HeZocTaTKOM
He cTpajaeT mnpejoxeHue (2.25). JBoficTreHHLe pac-
CyXKJeHHs MO3BOJIAIOT MOJYUHTDL CJAEAYIOIHH pe3yabTaT:

(2.26) Ecau t—paduxkar u o —r-xopaxropras 4u-
CTOTQ, TO KAGCCHL O-NPOEKTUBHbIX U Y-O3posckux mody-
aell cosnadaror.

Cpa3b r-GakTopHOH UHCTOTH C KpyueHHeM t ocBeljaeT
caenyiolilee npejsloxeHue:

(2.27) Ecau t—xpyuenue, T0 Toutaa nocaedosa-
TeAbHOCTb

0->A-+tB -2 C—>0 (%)
undyyupyer T4y nocaedoearesbHoCTs
0—>1(A4) —>t(B)—>1(C). (*+)
ITocaedosarenvHocTs
0—>t(A)—>r(B)—>1t(C)—0 (%%%)

TO4HA u pacuwenisema To20a u TOAbKO To20@, Ko20Q i
A6A8ETCA T-PAKTOPHO-4UCTOLM MOHOMOPPHUSMOM.
HeficTBuTeIbHO, BBHAY CBo#icTBa K2 u mnpensoxe-
uuit (2.5), (2.8) u (2.9) Ans BCAKOrO KpyueHHs TOuHasd
MocJeonaTe/IbHOCTL (*) HHAYHHPYET TOuHYIO NOC/]endo-
BaTeAbHOCTL (##). JlomycTUM, UuTO HOCJeJoBaTe/]b-
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HOCTb (*#+*) TOuHa M paculenssema. Ilocie HeoGxomu-
MHX OTOXjecTBaeHH#t GyneM umeth t(B)=rt(A)+ H.
Ecit A=S<B un 1(S/A)=S8/A, To Sst(B)+A<=
<A+ H. Orciona S=SN(A+H)=A+SNH. Ilpu
5TOM, yuuThiBas (2.9), moayuaeM, uto ANSNH=ANH=
=ANt(B)NH =v(A)N H=0. CanenoBatenrto, A r-pax-
TopHO-uncT B B. HaoGopor, ecan Monyap A r-pakropHo-
ydeT B B, To u3 BkmoueHuit A< [t(C)]n"'< B BhTe-
kaeT, uTo [t(C)]n'= A+ H. Orciona H =[t(C)|wY/A=
=r(C). Bsuay cBoiictBa K2 u npeamoxenus (2.8)
H<t(B). IlostoMy, yuuthiBas K3 u (2.9), monyuaem

v(B)=t(B)N(A+H)=t(B)NA+ H=t(A)+ H,

4TO U Tpe6OBaJOCH.

CnpaBeiuBO M JIBOHCTBEHHOE yTBepXKIEHHE

(2.28) Ecau t—xpyyenue, TO TO4HAA nocaedosa-
TeAbHOCTS

0—»A-2>B -2 C—0
uHMOyyupyer To4Hsle NOCAe00BATEAbHOCTU

0— A/t (4) > B/x(B)

B/[t(B) Z> C[t(C)—>O.
Iocaedosaresrsrocts
0—>Aft(4) > Bfe(B) <> C[t(C)—>0 (%)

TO4HA u pacwenasema 10204 U TOAbKO To20a, Ko2da
i — t-KohaKToOpHO-4uCTolE MOHOMOPDUSM.

B camoMm zeae, u3 cBoiictBa K3 cienyert, uTo ® HHIY-
uupyet snumopdusm n’, a u3 (2.9) Jerko BHBECTH, YTO
i’ —MoHoMopdu3sM. JlomycTuM Temephb, uTO MOCJIeNOBa-
TCABHOCTh (%) TOuHa M paculenssgeMa. Ecim SEA w
t(A!8)=0, 10 (A)<S cornacio (2.8). fcHo, uTO
[Ajx(A)] i =[A + t(B)]/t(B). TlosToMy

[A + t(B)]/x(B) + H[t(B) = B/t(B).

Orciona A+H=Bunu ANH=ANr(B)=t(A)= S. Cne-
zoBateavo, A({(H+S)=ANH+S<S, otkyna

A/S + (H + S)/S=B|S.
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dtuM pokasaHo, uto A r-kodaxTopHO-uMcT B B. Ha-
o6opoT, ecan MoAyab A t-kohakTOpHO-uHCT B B, TO

Afe(A) + H/x(A)= B (A).

Otcioma A+ H=B n A(\H =t(A). HonycTtum, uto
bn=rt(C). 3anucaB b=a+h, roe a= A, h<H, no-
JYYUM TOYHYIO IIOCJeLOBaTEJbHOCTD

0—>ANAR—>Ah— (AR)n—0.

Hs cBoiictea K2’ u mpennoxenus (2.10) BHTEKaeT, uTo
t(Ah)=Ah. TlpuMenuB (2.8), MPUXOAUM K TOMY, UTO
he=r(B). dtum pokasano, uto [t(C)]n'=A+1t(B),
OTKyZa CJelyeT TOYHOCTb MOCJeloBaTeNbHOCTH (*). 3a-
MeTHM, HaKOHel, uYTo M3 mpeznnoxenuit (2.1) u (2.3) He-
TPyAHO BhiBecTH cooTHouenne t(B)/r(A)< H[t(A). Ho
Torjaa

[A[t(A)] i + H[t(B) = B[t(B),
uTO U Tpe6OBasOCh.

ITonsiTHE KONEPHOAHYECKOR TIPYNNH GHJIO BBeAeHO B paboTe
T'appucona [101]. OngHako omHcaHHe BCeX MEPHOAMYECKHX KONEPHO-
AHYECKHX rpynm GHJIO He38BHCHMO mMoJayyeHo eume BspoM u ®omu-
HuMm ([u], ctp. 187, Teopema 50.3) CBoiCTBa KOMEPHOAUYECKUX IPYII
usyuanuch B pa6otax Qyxca [85], Panracsamu ([178], [179], [181]),
Yokepa ([207], [208]), Hynke [168]. B uactuoctu, ®yke ([85], u. I,
mpeaJioxkeHue &) AOKasald, uTo rpynna A sBjseTcs Komepuoiuye-
CKO#l TOorAa ¥ TOJbKO Toraa, korpa Ext (R, A)=0, rae R-— annu-
THBHasi rpynma BceX palMOHaJbHHX uyncesa. HccienoBaHue r-kome-
PHOLMYECKHX H T-G9POBCKHX MopyJeil mpoBoauan Kanuaanckuit [133],
Martnue [158], [159], Pamy [242], Yeis [58]. HOas oGuyHoro
KPYYeHHs T B rpynmax 1-GapoBocTb paccMatphBadu Bep ([u], § 50),
Hynxe [168], Potman [191]. M3 ux pesy.bTaToB, B YaCTHOCTH, cle-
JlyeT, YTO BCAIKAas r-GSPOBCKAR rpynma fABJsfeTcs rpynmodt Ges Kpy-
usHHf, & BCSKas cyeTHas ¥-GSpOBCKas rpymmna cBoGogHa. K stomy xe
KpYyry BompocoB oTHocuTcs ¥ paGota CoHeamm [194]. Ho sompoc
O TOM, YTO NpPEACT&BJAIOT COGOH Bce T-GOPOBCKHE IPYMNNH, MoOKa
He peiueH. BiuskuM K HeMy BompocoM sBJISETCS mpoGaeMa YaiT-
Xena: kakoBH Bce rpymnnH A, aas xotopux Ext (A, Z)=0? Port-
maR [191] moayyun chaemylowu# pesyastaT: ecim Ext (A, Z) =0,
To A —cenapa6enbhas ([B], cTp. 185) yskas ([u], cTp. 169) rpynna
6e3 KpyyeHHus, BJOXHMAasS B KAYECTBE CePBAHTHOH MOArpyNmH B MOJ-
HYyIO TMpPsIMYI0O CYMMy GECKOHEYHHX mukJanyeckuX rpymi. IIpoGaemof
YaiiTxega 3arHuManuch Takxke [Ipudpdurc [232], Hynke [168],
Yeita [60] —[62] u Buanoer [204].

Ipennoxenne (2.21) conepxuTcs B pa6ore LlItemnTpema [197].
Ha crnpasenjuBocTs yTBepxAeHus (2.22) ykasan ®yxc [90]. llpen-
JgoxeHne (2.24) sBaseTcn oGOGuweHHeM pe3yabTaTa Pykca FSS].
Mpennoxenus (2.25) — (2.28) mokaszana Yokep [205].
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Cornacxo mpegnjnoxenuio (2.15), mas KaXmoro Kpy-
yeusi t, Ina Koroporo r(A)=0, nafizercs Takas uu-
CTOTa ®, YTO KJacCHl r-MOJNYNPOCTHIX H G-IJOCKHX MO-
nyneii copnananT. OfHAKO 3Ta YHCTOTA He ONMpeHesseTcs
ONHO3HAYHO, Ja)e eCIM OrpaHHYHThCH &-YHCTOTaMH.
B caMoM [ZeJe, HallpuMep, B ciydyae OGBIYHOrO Kpyue-
HHSL B TpyNNax KakK KJacC CepBaHTHO-IVIOCKHX, TaK U
kanacc caa60-CepBAHTHO-MVIOCKMX [PYyNN  COBHmajaeT
C KJaccoM Bcex rpynn 6e3 KpyuyeHusi, B CHJY MNpeLJo-
xkeHus (1.54). CyuiecTBYIOT TaKXKe YHCTOTH ©, OTIHYHbLIE
oT &-yHCTOT, HAJsi KOTOPHX HMEEeT MecTO COBIajeHHe
KJacca O-IVIOCKHX MOAyJe# ¢ KJ1accoM r-IOJYMpOCTHIX
MopyJell s AAHHOTO KpyyeHHs t.

(2.29) ITycre kpyuenue t Takoso, 4ro t(A)=0. ITo-
soxwum A<=, B, ecau A= B u t(B)n=rt(B/A), 20e n—
ecrecrsennalll anumopdusm B na BJA. Toeda orHowe-
Hue =, onpedeasieT 4ucToTy ©, npu4em KAAccsl t-noay-
npocToLx U W-nAockux modyaeld cosnadaror.

Ilna mokasaTenbcTBa YCTAHOBHM, YTO OTHOIUEHHE =
ob6nagaer csoiicteamu Y0’ —U4’. CnpamemiuBocth Y0
HeTPYZHO BLiBeCTH M3 npejnoxeHus (2.27). Ecmn A<, B
u B=,C, T0 nomoxum =n: B—>B!A, o¢: C—>C'A,
v: C—>C/B, f:C/A—>C/B (n, 0, v, [—ecTecTBeHHnIEe
snuMopduaMu). Torna of =71. Orciona

t(C)of =t(C)v=1(C/B)=1(C/A)f =1(C)of,
a 3HaUMT, yYHTHIBas Mpeinoxenue (2.9), monyuaem
t(C/A)=t(C)o+(B/A)Nt(C/A)=1t(C)o +t(B/A)=
=t(C)o+t(B)xn =‘r(C) o,
1. e. A=,C. Tlyets, manee, ASB=C, A<,C u
n: C— C/A. Slcno, uto [t(C)NBlr=t(C)n() Bn. Ecau
xn=bxn, rne x=t(C), b=B, 0 x—b=acs A, . e.

x = t(C)N B. Takum o6pasoM, [t(C) B]n=1r(C)xn) Bx.
Orcrona S

t(B/A)=t(C/A)N(B/AV=r(C)n B =
=[t(C)N Bln=1(B)=,

T. e. ASeB. Ilycte Temepr AS,B u K< A. Torna
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HMeeT MeCTO KOMMYTaTHBHasi AuarpaMmma
B I _s BJ/A
4
BIK —> (BIK)/(A[K),
rae h —usomopdusm. OTciona
t((B/K)/(AIK))=1(BJA) h=1(B)nh =
=t(B)gr = (B/K)t = t((BIK)(AIK)),

T. e. A/IK =, B/K. Ilyctb, Hakoven, K S A= B, K<,B
H A/K=,B/K. Toria B KOMMYTaTHBHOH JaHMarpaMme

B —=—> B/A
¢ |
B/K —> (B/K)(A/K)
oto6paxeHne h sBiserca usoMopbuaMoM. Kpome Toro,
r(B/K)=x(B)g.

IToatomy
t(B/A) h=r1((B/K)(A/K)) =t(B/K)t =t(B) gv =t (B) mh.

Orcroga t(B)n=1t(BJ/A), 1. e. A=,B.

Ilycts Teneps t(B)=0, u nycthb 0—>K-—>A <>
— B —0 —ToyHas nocjenoBaTenbHOCTh. B cuay cBoii-
ctBa K3, t(Ayn=0=1(A/K), T. e. Momyab B w-mio-
ckuii. O6paTtHo, nycTh B — @-mIOCKMH MOZYJb, H MyCTb
0—»>K—>F %> B -0 — TouHas moOCJIeJOBaTeNbHOCTD,
roe F —cBoGonunii Moayab. Torma t(B)=t(F)x=0,
n6o t(F)=0, B cuny nmpennoxenus (2.6).

B cayuae OGLIYHOrO KpyueHus B rpylnax YHCTOTa O,
MOCTpOeHHass B mpepjoxenun (2.29), oueBHIHO, OTIHYHA
OT J060# &-yHCTOTH, TaK KaK BCe NMOATPYNIH NEpHO-
IWYeCKHX TPYNI OKasbiBalOTCA ©-YHCTLHIMH, B TO BpeMsi
KaK 1/ BCAKOH &-yMCTOThI MOXHO yKasaTh IIPHMapHYIO
IMKJIMYECKYIO IPYNMy, COAEpPIKALLY0 He &-YHCTYI0 MOA-
rpynny. Hanpumep, ecan p*Ze &, To mnomrpymna
p*(Z|p**'Z) e &-uucta B Z[p**'Z, B cuay npepmoxe-
uusa (1.52).

ITycts t—Kpyuenne u E—Kaacc BceX TaKHX UH-
CTOT ©, YTO KJaCCH ®-IJIOCKHX M V-MOJYNPOCTHIX MO-
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nyne#t coBmagmaioT. Kak otmeuanocs B § 1, Kiace =

= n 9, apnsercs uucTHM. HeTpynHo mpoBepHTh, uToO
osg
YHCTOTA @min, ONpEJENsieMast KJaaccoM §), Takke IIpH-
HajJIeXHuT KJjaccy E. Bompoc o siBHOM onucanuu uH-
CTOTHl @pmi; OCTaeTcsi OTKPHITHIM. ONHAKO OmHCaHHe YH-
CTOTHl, ONpefaessieMod KiaccoMm P,= n Po rHE &
[oY=%=+
COCTOHT H3 BCeX HHBEKTHBHO SaMKHYTHXO'-IHCTOT, npH-
HaJJeXauux Kiaaccy E, faeT ciefyiollee NpeJ0XKeHHe:
~ (2.30) Mycre x—kpyuenue, t(A)=0, & — padurass-
Houd uasTp, oTeeuarowull Kpy4enuio t coeaacro nped-
sosmenuro (2.15), & — xaace r-xonepuoduueckux modyaiei
u @,—4ucrora, oreewarowyasn Karaccy & cozaacto nped-
aosxceruro (1.16). Ecau &-uucrora uHwexTusHo 3am-
KHYTQ, TO KAQCCHL ©)~NAOCKUX U T-NOAYNPOCT6LX MOAY-
aeti coenadarr. Ecau © — TaKas uHBeKTUBHO 3AMKHYTARA
YUCTOTA, 4TO KAGCCH. W-NAOCKUX U Y-NOAYRPOCTHLX MO-
Oyaeil cosnadaror, TO -@wost@@.
JeficTBHTeNIBHO, COTVIacHO mpelJoXeHHio  (2.23),
Q¢ =R TlockoabKy, NO YCJOBHIO, &-YHCTOTA HHDBEK-
THBHO 3aMKHYTa, OTCIO/la BEITEKaeT, UTO @g=‘lf(£}.g)2
=01 (.Q)={)m°. Ho Torna oueBHZHO, YTO BCSAKHH @,-ILIO-
CKHH Moaysb siBIsieTcst &-IockuM, OTciofa, yuHTHBas
npejnoxenne (2.15), mosyyaeMm, uTo BCAKHH ©y-IUIOCKHH
Moayab t-nosynpoct. Ecan t(C)=0 u naHa TouHas mo-
CJIeOBaTeJNbHOCTD

0—»>A4 > B>C—0,

To, coracuo (2.22), ie ¥ (8)=9,. Ao osnauaer, uro
C — ogmiockuii mMonaynb. Takum o6pasoM, cCoBnajeHue
KJIaCCOB @,-IUVIOCKHX M I-MOJNIYNPOCTHX MOAyJeH moKa-
3aHo. EcJiH, HakoHell, ® — TaKasi HHBEKTHBHO 3aMKHYyTas
YHCTOTA, YTO KJACCH Q-IVIOCKHX H I-NMOJYNPOCTHX MO-
IyJeit COBIAfaloT, TO BO BCAKOH TOuHO# MOC/edoBaTe b
HOCTH
0—> A4 > B—>C—0,

rie t(C)=0, wmoHomMopduaM { o-yncT. Ecan Q—
O-MHBEKTHBHHA MOAYJb, TO Q HHBEKTHBEH OTHOCH-
TeJbHO BCEX TaKHX MOHOMOPGHM3MOB [ M, COINIACHO
npepjoxenuio (2.22), Q = K. Takum obpasom, QU < &,
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OTKYJia, YUHTHIBAsi HHEEKTHBHYIO 32 MKHYTOCTD YHCTOTHE ©,
nosyuaeM, uto 9P, =¥ (Q,) =2 ¥ (]) = Ho,.

B cayyae OGHIYHOrO KPYYEHHSI B rpymnnax YHCTOTA Omin HHbEK-
THBHO 3aMKHYTa. [IeHCTBUTENEHO, Do, S Doy OTKYAZ Qop, 2

;Q%, T. €. ﬁ@mm COIEepPXKHT BCe Konepruonuyeckue rpynns. Kpome
T0r0, oy, COREPKHT Bee BJOKeHust rpymnst A B B, rae B/A—

rpynna 6es kpyyeHus. OmHako moGyio rpynny A MOXKHO BJIOXKHTh
B KomepHoAuueckylo rpynny Q Tak, uro6n QA Gmaa rpynmo#t Ges
kpyuerust (cM. [178] wam [90], crp. 13). Ocraercsi npuMEHUTE: npen-
noxenue (1.18). Takum oGpasoM, B ciayyae OGHYHOrO KpPYYEHHS
B Ipynnax Omin =0, B cilyyae NpOHSBOJEHOrO KpyueHHss B MOZY-
JsiX, AJST KOTOPOro COOTBETCTBYIOMASl $-YHCTOTA HHDBHEKTHBHO 3aM-
KIyTa, MOXHO TOJEKO YTBEPXKAATh, YTO KJIACCH HHBEKTHBHHX OGBEK-
TOB AJIl YHCTOT @my, M Oy COBNAZAIOT, KaK CJAERyeT W3 NpeiJoxe-
Hust (2.22) B BRMOYEHHS Lomin 2 Qg »

Htak, KaXaoMy KPYuYeHHIo ¥, st KoToporo r(A) =0,
coryiacHo npeioxeinio (2.30), COOTBETCTBYeT HEKOTOP ast
yHcToTa. EcTecTBeHHa MOCTaHOBKa 0oOpaTHOH 3ajmaum:
‘IJIs KaKOil YHCTOTH @ KJ1acC @-IMJIOCKHX MOAy e iByisieTcst
HOJIynpocTHIM? UacTHUHBIH OTBET COJEPIKHTCS B CJIEAYIO-
LieM NpefJIOXKeHHH:

(2.31) ITycrs I'={(F,, U} u sce U, ,[tPoexyuonHo-
xoHeuynot. Ecau sce npasste A-modyasu Uq npoexrusHot,
T0 Kaacc ecex T-naockux modyareil seasercsa Kaaccom
t-noAYnpocToelx MoOyaell 0 HexoTopoeo padukaia t,
npuuem t(A)=0. Ecau sce F, Koneuno-noposxdetst, To
cnpagedauso u obparHoe.

JleficTBHTENIBHO, €CJH BCe Us NPOEKTHBHH, TO H3
npennoxennit (1.14), (1.41) u (1.42) BeITeKaeT cnpasef-
JIHBOCTb cBOHCTB 1) H 27) npeAnoxeHHs (2.12) nas kaacca
Bcex I-miockux Monyueit. Beuny npemnoxenus (1.38) u
[6], ctp. 139, npemnoxenne 1.1a, t(A)=0. [Ins noka-
3aTeJbCTBA OOPATHOTO 3aMETHM, YTO H3 INpeNIOXKeHHH
(2.12), (1.40) u (1.43) BBHITEKaeT, YTO BCe MOMYJIH Ua
AIBJIAIOTCS IUVIOCKHMH H KOHEYHO-CBsidaHHHIMH. CorsacHo
npenioxennio (0.10) Bce OHH NPOEKTHBHHI.

Kak caencrsue nmpensoxenus (2.31) nosayuaem

(2.32) Zas t0c0 urobor Kaacc scex &-naockux A-
modyaeti, 2de & cocTour u3 8cex 2aagHulx nresulx udea-
a08 Koasya A, 6ein noaynpocreim, Heobxodumo u do-
cTaTo4Ho, 4TobbL BCe 2aaesHble npassle udeanst kossya A
6bLAU NPOEKTUBHBIMU.
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Hs npemnoxennt (2.31), (1.45) u [6), cTp. 32, npen-
JioXeHuue 6.2, BEITeKaeT

(2.33) Z{aa To20 4TObBL KAGCC 6Cex naockux A-mo-
Oysell ABAANCA NOAYNPOCTHIM, Heobxolumo u docra-
TO4HO, 4T00bL KOABY0 DbLAO0 NOAYHACALDCTBEH LM CNPABA.

Ha cnpaBepsunocts mnpepsioxenust (2.33) ykasan Koifidpman.

K paccmaTpuBaeMOMYy KpYIY BOIIPOCOB IIPHMLIKAeT W APYTOH ero
esyabtaT ([12], cTp. 1204, Teopema 1): kaace npoexruenvix
R-Moay/zea‘ noaynpoct roz0a u T0oAbKO Tozda, ko20a kKoasyo A Ha-
CAeDCTBEHHO caeBa, YO0BAETEOPRET YCAOBUIO MUHUMAAGHOCTU OAR
2/06HBIX npasblx ubean08, a 6ce KOHeuHO-nopoxcdennble npassie
udeanet xoavya A xoneuno-censanwt. Hakoweu: xaace ceobodusix
A-modysed noaynpoct TO200 U ToAbKO TO20a, Kk020a Koavyo A
A6ARETCA TEAOM.

HeficTBuTeIBHO, NyCTh KJacc CBOGOAHBIX A-MoRyJIedl noaynpoct.
Torpa BBHRY npepJoxeHus (2.3) Bce JeBhe wupeann- KoJdpma A
cBo6ogHsl, Ho Torga cBoGomum u Bce npoekTuBHHe A-momyau ([6],
cTp. 34, yr}{aamneﬂne 7). TToaToMy u3 NpegbAyliell TEOPEMH BHITe-
KaeT, 4T0 A yROBJIETBOPSET YCJAOBHIO MHHMMAJBHOCTH AJISI [VIABHHX
npaBex HpeanoB. Ho Torma B HeMm HeT pesmTesedt nyas ([24],
ctp. 27, npepioxenue 5.2). OTclona, NOCKOJBKY KIKEKOGCOHOBCKHIL
pamHkaJ KoJbua A sBJIsSeTcs NHJIb-HjeasoM, a $HakKTop-Koablo 110
Hemy KJuaccuyeckH moaympocto ([42], cTp. 467, TeopeMa P), nhiTe-
kaet, Y0 A —Teso. Tak Kak Haj Tea1o0M BCe MOAYJIH CBOGORHH, TO
BTOPO€ YTBEpPXKACHHE NOKA3HBACMOI'O IPEIJNOKEHHS TPHBHAIBHO.

OrmeTHM ewe pesyawrar Xuartona [114]: ecau A —xoasyo 6es
Oeauteneil HYAR U 8ce 20 npaevie u .aesvie UOeabt A8ALIOTCA 2406-
uotmu, TO Kaacc naockux A-modyaeid coenadaer ¢ kaaccom A0-
Kaavto c80600nbIx MOOYaeii ).

Ws (2.33) BhTekaeT, yTo A/ YKa3aHHOTO Bhimie Kjaacca KoJel
KJacc JIOKadbHO CBOGOAHEIX Monyneli noaynpoct. Bymer au ou
NIONYNPOCT AJs1 KAKHX-THGO APYTHX KoJen? 3aMCTHM €lIE, yTO BO-
npoc o6 YCIOBHAX, IIPH KOTOPHIX pafHKalki, yKasauiibie B TeopeMax
KoiipmaHna, SBAAIOTCS KPYYEHHSIMH, OCTaeTcsi OTKPBITHIM.

BhifieluM B KoJbile A HeKOTOpOe MHOXKecTBO S Ta-
KHX 3JeMeHTOB s, uTo r(s)=0. Ilycts &={As|s = S}.
CornracHo npeayoxenuio (2.31) cymecTByer Tako# pa-
IHKaJ Yg, 4TO KJACCH Yg-MOJYMNPOCTHX H &¢-IIOCKHX
MojyJsieHl coBManaloT. BaxHble yacTHble CJIyuaH BO3HH-
KaloT, ecaH S=Sp={s|r(s)=0} wim S=38;=
= {s |r(s)=(0:s)=0}. BosHHKalOmHe NpPH 3TOM pa-
IHKaJbH GyAeM COOTBETCTBEHHO HasHBaThb padukasamu
Hogpge u Jlesu n 0603Hauath yepes ry H ty. SIcHO, yToO
tn(A) =w(A) mna Besikoro A-Momyns A. B cayuae

1) Monyas HaseiBaeTcst [10KAA6HO C80600HbLIM, €CIH CBOGOAEH
KaXAb# ero KOneyHo-NopOXKAEHHHR NOAMORY b,
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KOMMYTATHBHOH 00J1aCTH LEJOCTHOCTH Kak Iy (A), TaK
tn(A) coBmajaer ¢ OOHIYHOH mepHOAHYECKOH uyacThio,
a Knacc Uy-MOJYNPOCTHIX MOAYJeH CoBNadaeT C KJaccoM
oOHyHHX MonyJeli Ges kpyuenus. Hcciaelyem CBs3b
MeXJy pajuKaiaMH H KOJbIAMH YaCTHBIX ).

(2.34). Ecau cucrema S MYAbTUNAUKATUBHO 3AMK-
Hyra u S = Sy, To 3KBUBANCHTHBL caedyrowue ceolicTea:

1) A obaadaer sesoim korsyom 4actHeix Ag orwo-
cureabHo cucremst S;

2) 0an ecakozo A-modyss A cosokynuocre S-ne-
puoduyeckux 3aemeHros8 obpasyer noOmolYyas;

3) 0an scakozo A-modysn A cosokynHocTe ezo
S-nepuoduueckux saemenros coenadaer ¢ tg(A).

LefcTBHTeNbHO, IJii JOKA3aTeJbCTBA HMIJIHKAIHH
1)=>2) monmyctum, uto Ag cyuectyer. Toraa mis Jio-
6bx A=A u s= S Halilytes p=A n te S, rakue,
uyto fA=ps. TlosTomy ecnu sa=0, rae a4, s S,
10 t(Ma)=p (sa)=0. Ecan s,a,=s,a,=0, 10 fs,(a;+0ay)=
= t(s,a) + 1 (s:a5)=0, rme fts;=ps,. Ecam cnpasen-
JHBO 2), TO HcmoJab3ys mpeminoxenns (1.54) u (2.1)
noJyyaeMm, 4TO MHOXecTBO I Bcex S-mepHOJHYECKHX
aneMeHTOB A-Moayns A siBIsieTCs tg-pauKaJbHBIM IOJ-
monyseM Momynas A. Ecan a & T, seS usaeT, 10
s’sa =0 pns HekoToporo s’ € §, 1. e. a = T. C noMotipio
IIKeILJIO)KeHHH (1.54) oTcioma BHIBOOHM, YTO MOAYJb
(Aa+T)[T ts'UOJTY"XOCT aas Jgo6oro ags T H, ciaeno-
BaTeJbHO, MOAy/b Aa -+ T He MOXKCT ObITh Tg-pafHKaJb-
HeIM. TakuMm o6GpasoMm, T sBJsieTcs MaKCHMaJbHBIM
tg-pallHKaJbRHIM NOAMOAYJNEM MOJYJss A H, COLIAcHO
upemtoxenno (2.8), copnanaer c tg(A). JomycThM, uTo
BEINOJIHsieTCs ycoBHe 3), H mycTh s & S. Torna A-monynn
A[As sBasiercs rg-pafHKaJbHBIM, HO0 s(l 4+ As)=0.
Ilo ycanoBuio 3), mna Besikoro A = A Halifiercs Takoi
aJeMeHT I S, uto (A= As, 1. e. IA=ps LI HEKOTO-
poro p & A. Otciona HETPYAHO BHIBECTH CYlIECTBOBAHHE
kosbia Ag (cM. [6] nan [31]).

Ecan A — KoJbio 6e3 menutesedl HyJs, 70 Sjy= Su=
=A\0, u us npemroxenus (2.34) cpasy cienyer

1) Koaxslio AS Ha3LIBAETCS 1€6bIM KOAbYOM 4ACTHBIX Koabua A
OTHOCHTEJILHO CHCTeMH S, ecau: a) A;AS; 6) Kayab# 3JEMEHT
us S uveeT B Ag ABYCTOPOHHHI OGpaTHuil; B) eciH x & Ag, To
x=s"A e s= S, A= Al
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(2.35) Ecau A —roasyo 6es Oeauresell Hyas u
S=A\N0, o A ob6aadaer negoim korbyom 4acTHbLX Ag
10200 U TOAGKO T020Q, K020Q tj==1Ty ABAKETCA KpYy4e-
Huem. :

HeKoTopsiM yTOUHeHHeM peioxKeHus (2.34) asasercs
cieayioniee yTaepkaeHHe:

(2.36) Ecau S <= Sna, S myasrunauxkarusno sanknyra
u A obradaer 08YycTopoHHUM KOAbYOM 4ACTHbIX Ag!)
orHocuteasHo cuctems: S, To ts(A)=Ker(g& ae,), 20e
g —ecrecreennoe eaoscetue A 8 Asg.

IelicTBUTENbHO, eCH a & tg(A), To, corIacHo npef-
aoxeHno (2.34), sa=0 pas Hekotoporo s € S. OTciona
(I1Qa)(gRex))=s5"s®a=s"'®sa=0, 1. e 15(4)<=
= Ker (¢ ® e,). O6paTHoe BKJIOYeHHe YCTaHaBJIHBaeTcs
B JOKa3hiBaeMOM HHXKe NpeIOXKeHHH H), KOTOpOMY
IpeaNnoChlIaeTCsi HEeCKOJIbKO BCIOMOTATeNbHBIX YTBEpK-
JleHH .

a) Ecau koasvyo A obaadaer aesvim [npaseis] kors-
YoM 4QCTHbIX OTHOCUTEABHO cucTemst S, TO 0as 8cA-

K020 HAbOPA 3NEMERTOB Ay, o, A E AU Sy, ..., 5, E S
HAUOYTCA 3AeMEHT UES U INEMCHTOL Wiy ooy Pn E A
rakue, 4o uhy=w;S; [Au=su;l(i=1, ..., m).

B camom mene, npu m =1 310 oucBuaHo. Ilpu m =2
HalleM u,, Uy €S, TaK UYTO WA =[S, H Ughy = psSs.
Ho vu, =2Auy, rae ve S. TIonoXHB u = vu;, NOJYYHM

ukl = Up,lsl

Uhg = Alohg = AptySs.
Jlajee mo HHIYKIHH.

6) Jesoe koasvyo 4actHeix Ag koasya A orHocu-
TEAbHO cucTembt S A8AR€TCSA npassim nAocKum A-mo-
Oyaen.

HOasi J[OKasaTeJbCTBAa PacCMOTPHM TOUYHYIO NocJe-
JOBaTeJbHOCTb paBhIX A-MOAyJIei

0—>K-t>F Z>Ag—0,

rne F —cBoGOAHBIA NpaBHH A-MOAyab c 6asolt & =
={x|se=S} u xm=s" Tlycts [—ueBnifi HOean

H

1) JleBoe KOJBILO YACTHHIX KOJbIlAa A OTHOCHTEJIBHO CHCTEMH S
HaspBaeTcst OBYCTOPOHHUM, €CJIH OHO SBJSETCS NMPAaBHM KOJBLOM
YaCTHBIX KOJBL@ A OTHOCHTEJIBHO CHCTEMH S.
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Kosbiia A. BBupy pesyabratos us [r} (ctp. 184, .pa-
Bercto (1.7), cTp. 194, Teopema 5,1, cTp. 211, Teopema
8.4) cymecTByeT KOMMYTaTHBHasi AHarpaMmaa

0
¥

Torf (As, AJl)
¥

K®AI i®e’.>F®AI u@el’ AS ®AI—>O

R

K t, F =, Asg—0

¢ TOYHBIMH CTPOKaMH H CTOJGLAMH, rie (ZQ® A)o=zA
H(@®ANp=wh Eum o =As®1, 10 w =255 ® Ap
rie s S, +2=1. Ectu wp=0, 10 Zs;‘lk =0. Co-
[JIacHO YTBepXKJAeHHIO a), HaHAyTcss TakKHe 3JeMEHTH
Bis ooer B €A, UTO u=p,s, npu HeKoTOpOM u& S.
Orciona s;' = 4™, 1, C/leJOBATeIIbHO, Y, = X, — %M, SKI.
C npyro#t CTOPOHHI, 2 Rehy = 2 usy'Ap =0. TTosTomy
D Yphp = Ex%kk. Ho o — monomopdusm ([6], crp. 139,
npemnoxenne 1.1a). 3HAUHT, Xy, @ Ap= Xop ® Ay
Orcioia, TOCKOJBKY Y, EKi, mosNydaeM @ = (2 xsk®kk) X

Xn®e)=(y:® M) (n® e)) = X yst ® Ax = 0. Tarkum
o6pasoM, @ ecTb MOHOMOP®H3M, H, CJIeJOBATEJBHO,
Tor® (As, A/I)=0. Cornacuo [6], ctp. 131, npensoxe-
Hue 9.2*, orcioma caenyer, urto Torf(Ag, A)=0 pas
Bcex A-moaynei A. :

Hanee GyzeM IpefnosaraTh BHIIOJHEHHEIMH YCJIOBUS

npennoxenus (2.36). PaccmorpuM TOuHyio IocJefoBa-
TeJILHOCTD

0>K—>G—>Ag—0,
rie G — cBo6GOAHHIH npasuii A-MoAyab ¢ 6a30f {x;, ¥l
s S}, npuuem xm=1, xgq=s71
B) Ecau @y, ..., WpEK, 10 w,u=2gx1—xss)hsl
sE
0as nexoropoix u S u A, € A.
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OueBHIHO, YTO JOCTAaTOYHO AOKasaTb 3TO yTBEpKie-
HHe VIS m =1, nocje yero HeTpyAHO MpPOBECTH HHAYK-
uuo. Ecun

w=xf+ X ri<EK,
se87cS

TO, COMJIACHO YTBepXKJeHHI0 a), Halayres usSS H
ks € A Takue, uto Euu=sp; ana Bcex s 8’. Orciona

wu = xEu+ X xshe= %, B + g — 2 (% — xS

u TaK Kak (X (¢, — xS)pg) n=0, T. e. 2 (¥, — x,5) p, =K,
TO X, (§1u =+ Zus) & K, a 3Haunt, Eu+ dp,=0.

1) Ecau A —unvexkTuenas oboasouka modyas A, to
t(A)=Ker(q ®, ez).

JeficTBUTe/IbHO, H3 YTBEPXK[eHHS §) JIETKO BBHIBECTH,
uro Ker(n® ez)=K®A. Tlostomy ecin 1®a=0
B AS®XT, TO X, ®a eK® A. Orcona, YUHTHIBasi B),
BKJIOUEeHHe #ES H HHBEKTHBHOCTb MOLys A, mosyuaeMm
H®a=2w;®a= 2w Qua;=

=2wiu ®a’=2(x1—x,,s)® bs=
_ =1, ® X by — X%, ® sby,
rae w, €K, a,, a;, b, = A. Ilpumenus yrsepx aenue (0.7),
nosyyaem sby=0, a=b, otkyna bs;=t(A), a 3Ha-
yuT, H a €t (A).
-n)t(A)=Ker(q®, e,)-

ITockosbKy, corjacHO yTBepxkjeHHo 0), Ag—npa-

BHIA mIOCKHA A-MORYJb, a M3 npenyoxeHus (2.34) Bh-

Tekaer, uro t(A)=rt(A)1A, To cIpaBeMTHBOCTb J)
caefyeT H3 r), B CHIY KOMMYTAaTHBHOCTH AHAarpaMMbl
0—>Ker(g®ey ) >A—>AgRA

VoL :
0—>Ker(q®e3)—>A—>As®ﬁ
C TOYHHIMH CTPOKaMH.

Cpfi3b MeXAY YHCTOTOH ¥ KPYueHHeM, HCCJICNOBAHHAs B Tpe-
OBIAYIHX TIPeHJoKelHsax, HMeeT CBOMM HCTOKOM CcOBNaJeHHe KJac-
COB TJIOCKHX IPYNI H rpynn Ges xpyuemus ( [6], erp. 171, npepgo-
xkenue 4.2). AToT $aKT MOXKHO MNOJYYHTh KaK CJjenCTBHe MpefJio-
wenuit (2.15) u (1.38) mun (2.33). UacTHoe cayyayr npensoxeHui
(2.34) 1 (2.35) noayuunu Hodde [9] u Jlepu [147] (cm. Takxke [110] ).
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[Tpennoxenne (2.32) npunaniexut Xarropu [104], a mnpemnoxenue
(2.36) oGoGmaer onuH H3 pesyavratos JKautuam [94]. Teasuep
[110; HCCIe0BAJ KPYyyeHHe, onpenesieMoce kaaccoM T={B|Hom , (B,
Y)=0, eciu Y munwextHBeH u ty-moaynpoct} (cp. (2.13)).
OH e 3aHHMaJjci BONPOCaMH, [IPHMHKAIOUHMH K IpeaoxKe-
uusiM (2.34)—(2.36). Us npepnoxenss (2.36) BHAHO, YTO paguKaJ
Jlesu comnafaer ¢ paaukaioM Jlsgona [127], paccmaTpHsasuiero,
npasja, TOJNbKO MOAYJIH HaJ KOMMYTAaTHBHBHIMH KOJILLAMH.

OGosHaunM yepe3 ¥ kJacc Bcex Takux A-monyJeft Q, yto Ans
BCSIKOrO IJIOTHOrO MoHoMopdusMa h: A - B u3 paseHctna hf = hg,
rae f, g¢ B—> Q, BuTexkaeT, uto f=g. Ecau A — xomMyTaTuBHas
06J1aCTh LEJOCTHOCTH, TO T COBNANAET C KJAACCOM Ty -NOJAYNPOCTHX
mozyacil. dto noxasan I[liaesanut [173)], npeAdoxYBuHA B CBSSH
¢ 3THM HoBoe ofofilcHHe NOHATHS MOAYJS 0€3 KPYYeHHS.

B nexoTOpHIX ciyyasx € AZaNNOH YHCTOTOH MOXIO CBA3aTh pa-
JiKaJl ele OXHHM crocoGoM (Tpasjia, 3TOT painKal, KakK IpaBHJO,
lie oKasnIBaeTcsi KpyuyeHueM). B camom zxede, u3 (2.10), (1.9), (1.33),
(1.34), (1.35), (1.36) BhiTekaeT:

ITycre T'={(Fq, Uy)}). Ecau sce modyau U, npoexrusuer u
komnaxrusy, TO I-Oeaumwui kaacc paduxasen. Ecau T-deaumoud
kaacc padukasen, To sce mo0yau Uqg npoexrusust, a 0af Tex a,
a8 koropuix Fy koneyno-nopoxcdenst, modysu Uy xomnaxruet,

ITocKo/IbKY M3 KOMNIAKTHOCTH BCeX JIEBEIX HZealoB Kosbua A
[IETPYAHO BEHIBECTH €ro HETCPOBOCTL CJIeBa, H3 NpPelLIAYLIEro Ipen-
Joxenus seuny (2.10), (1.31), (1.35), (1.36), (1.45), (1.46), [6], cTp. 30,
TeopeMa 5.4, u [6], cTp. 32, npensoxkerne 7.1, crenyert:

Kaace scex unwexrusuvix A-modyaeii paduxasen 70208 U TOAbKO
T020a, k0202 A HacaeOcTBEHHO cae8Q U HeTeposo c/esa.

Matauc ( [157], ciepctHe 2.3) moka3aJ paiuKaJbHOCTB Kiacca
HOAHHbeKTHBHEIX A-MonyJeld, ectn A — KoMMyTaTHBHast ofJacTb
IIeJIOCTHOCTH, TIPOEKTHBHAsT pa3MCPHOCTh IOJI YACTHEIX KOTOPOMH
naj A pasna 1.

OTMeTHM, 4YTO MOAYJH G€3 KPYUEHHsI HaX KOJbHaMH 6es nesH-
TeJedl HyJasl NpuUBJexaJH BHHMaHHe Bosndcona ([213], [214]),
TepuprcMana {95], a Takxke Pcasepa # Cpokosckoro [81] B casiau
C M3BCCTHOH 3ajayeii: korza H30MOP(H3IM KoJell 3HAOMOPHH3IMOB
OBYX MOZYyJedl BJeyeT H30MOpHH3M caMux MoxmyJei? st npuvap-
HEX abeseBhX FpyNI aTOT Bompoc nosnocteio pemen ([u], § 56).
Kpome Toro, neese08a0Ch K0OJAbLO S3HAOMOPHHIMOB MOy Ges Kpy-
YeHHs 11af NoJyNepBHYHEIM KoJsslioM ([219]); a Takike KoJaslo Tak
HasbiBACGMEIX KBa3HsHIZOMOpG®H3MOB rpynnn Ge3 kpyuenus ([185]).

ITycTs t —HekoTOpHIH pagukas. Monmyab A HasoBeM
T-pacwenasemoim, eclIH pacuielisieMa TOYHasi MocJe-
JOBaTeJNbHOCTh

0—>t(4)—>A—>A[x(A)—>0.
Ecau r-pacmenisieMsl Bce A-MOAYJNH, TO OyJaeM TroOBO-
DHTb, uTO pajHukal t pacuenasnem. U3 csoitcts K2, K4
H npepjoxeHnus (2.8) caenyer

(2.37) Paduxkaa t pacwenasnesm T020@ U TOALKO
r020a, kozda t(A) =0 u r(B)= B sae4er Ext} (4, B)=0.
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Usa npenoxeitnst (2.37) cpasy caenyeT, uTO DACHieNJfeMOCTb
pagHKaja ¥ paBIOCHJILHA T-KOICPHOAMYHOCTH BCeX I-DALHKAJBLHBIX
MonyJeit. DTOT pe3yJbTaT, BIPOYEM, IIOYTH HHyero He paer mJs
pa3biCKAHHA KPHUTCPHCB pACIIEIIIEMOCTH paiMkaja. 3aMeTHM, YTO
KPHTepHil pacCLIelIAeMOCTH KDYYeHHs, 3aZaBaeMOro pajuKaJLHO-
HOJYIIPOCTEIM KJAaCCOM, COJICDPXKHTC B NpesioxeHHH (2.20). Brosne
BO3MOXHO, YTO B CIyyae PACIIEIVISICMOCTH KPYUCHHS T KJ4cC BCCX
Y-pafHKaJBHEIX MOaY/Iell OKAXKCTCH paaHKaJpbHo-noaynpocrhiM. He-
cJe70BAHHA B 3TOM Hampansennd Hayan JHna6 [74]. Heckoabko
OOGIIHX NOCTATOYHHIX YCJOBHI IJsi HepaCIielVIIeMOCTH KpyuyeHH
upe;wtoxkuaT Topbayyk [4]. U3 ero pesyabTaToB, B Y4aCTHOCTH, BHI-
TCKAeT HepacliClvIIeMOCTh BCEX HETPHBHAJbHEIX KPYYCHHI B Ciyuae
aGesieBHIX rpylin. DTOT Ke Pe3yJhTaT MOXKHO NOJYYUTL H3 TEOpPEMbl
Bapa — ®omuna ([u], ctp. 187, Teopema 50.3), a Taxxke U3 TeopeMEl
Potvana [190], nmokasasiiero, 4To M3 pacUIENJSIEMOCTH pajvkaJa
Y; aJs MORyJieit Han KOMMYTATHBHOH o6Jacthlo LeJocTHOCTH A
(BBuay npejvoxenust (2.35) aTOT pajaMKaJa fBJASETCS KpyyelHeMm)
BhTeKaer, yTo A — moJse. Peaysastar Pormana o6oGuuia Hodde
([9], cTp. 820). Kannanckuit ([130], [132]) ycranomma, uro xom-
MyTaTuBnast o6JacTh LEJOCTHOCTH INoJyHacaexcTnenna (T. e. sIBJs-
erc MplodepoBHM KOABLOK) TOTAA H TOJNLKO TOTAa, KOrAa Hax
Heil BCAIKHIT KOHEYHO-NOPOXKAENHH MORY.Jb ty-pacuierniiseM, JIeBH
([147], ctp. 149, Tcopema 6.1) noKasan ty-paciremvIicMOCTh BeeX
KOHEYHO-IOPOXKIAEHHEX MOZAY.eil HaJi MOJAYylacaeACTBEHHHLIM CJeBa
KOJIbIOM, O6JafaomuM IBYCTOPOUNHM KOJLIOM YACTHHIX, MOJY-
NPOCTHLIM B KJaccHuecKoM cMaicie, Jukcon [65] mnokasad, uto pac-
eMJIAEMOCTh PAjHKaia Ty 1ajg HETCPOBOH KOMMYTaTHBHOM 06-

JACTBIO LEJIOCTHOCTH BJeyeT ee apTHUoBocTb., Takum oGpasoM,
paciensieMocTb HEeTPUBHAJLHOTO KPYUCHHUS — SIBJEHHe JIOBOJIbLHO
peaxoe. DTO KOHCYHO, 1i€ MemacT pACHICMJIIEMOCTH OTAEIbHEIX
momyncdi. Haupuuep, tj-pacmennseMa Besikas ReTMMast rpynna

([8], ctp. 139). Xapaga [100] mnepencc atoT pesyasnTaT Ha cayyai
HHBEKTHBHBIX MOAYJeHl Haj KOMMYTATHBHHIMH 06.JacTAMH [e/oCT-
noerd. Marnuc [158] pokasas, uTO HOAMHBEKTHBHEIE MOAYJH Haxg
KOMMYTATHBHLIMH O6JIACTAMH IIeOCTHOCTH ¥ ;-pacutenvisieMsl. OH xe

HceqeaoBadt rn-pacmennﬂe.\iocm ‘e'tJI'ILQJTHMbIX MOILyJ'leﬁ Hapg KoM-

MyTaTHBHOR o6JacTnlo ueidoctnocTH. JleBu ([147], cTp. 149, Teopema
6.1) mOKa3as ¥;-pacielseMoCcTh BCEX KOHEUHO-IOPOXKAEHHHIX MO-

ayJefl HAX MOJYHACJEACTBCHUBLIM CJEBA KOJILLOM, OGJajaIoLHM
JABYCTOPOHUHM KOJBIIOM YacTHLIX, 1OJMYNPOCTEIM B KJIaCCHYECKOM
cMbicie. Jlast rpynn M3BeCTHH MHOrOYMC/EHHBle KPHTEpHH paciie-
nasieMocTH. OZHAKO GOJBUIMICTBO H3 HHX HCHOJL3YeT creud UKy
KoJbLa LesbX yuceds. Cpe iy HeKIoueHH# yKaXeM Ha pesyapTat Pefina
([184], upennoxenuc g).l): epynna A seaderca ty-pacujenssemodl
To2da u ToABKO To20a, Ko2da 8 A cyujecTsyer cepsanTnan nodepynna,
donoanutessras k nodepynne ty(A). UMeoT cMuica B cayyae Mo-
nynedl TakXe GOPMYJHPOBKY KPHTCpHCB, IpejjioxenHnx MpsuHoM,
Tiupcu, Yoxepom [122], Martauncom [158], Tpoxaskoit [175] u Pyas-
KOM[[120]j Ciona Xe [IPHMBIKAOT M NEeKoTOphle pesy/inTathl HyH-
ke [166].
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OcTaHOBHMCSI HAa COBepIIeHHO HHOM MNOAXOJe K IO-
HAATHIO Kpyuenus. ViMenHo, HasoBeM A-Monyab A sodysem
6e3 kpyuexnus B cMblcJe DBacca, eciH ecTeCTBeHHHI
romomoppusm Moxayas A B Homa (Homa (4, A), A)?Y)
ABJIsieTCsT MOHOMOD(QH3MOM.

(2.38) Caedyroyue ceoticrea A-mo0yasn A sxsusa-
AeHTHBL:

1) A ne umeer xpyyenus e cmsicae Baccea,

2) 015 8CAK020 HeHYAeB020 3aemeHTa a u3 A Haiifercs
rakoil 2omomoppusn @ & Homa (4, A), 4ro ap+=0;

3) A usomopdHo exaalei8aeTcs 8 NOAHYIO Npamyro
CYMMY HEKOTOpPO20 4UCAQ 3K3IEMNAAPO8 Koasya A.

JeAcTBHTENBHO, AOKaXXeM HMIUIMKAmuio 1)=2).
Myets <0 u af=0 pias Bcex fe Homa(4, A).
Torna npH ecTecTBEHHOM TOMOMOpGH3Me 3JIeMeHT a
nepexoauT B HyJb. BBuAay cBoiicTBa 1) a=0. [IpoTuBo-
peune. IlycTh Temepb BhmosiHEHO 2). [Jasi Kaxknaoro
0~ a=A HaitneMm Takoir roMmomSpdusm g,: A — A, uTo

ag, 0. Tonoxus B=E;Aa, rae Age2 A, sameTuwm,
aes

YyTO TOMOMOP@H3IM @, 3afaHHHA dopMysoii xp =
= (..., X@z ...), ABJIAETCE MOHOMOp(HH3MOM A B B.
CuaenoBaTesbHO, BHIOJAHeHO 3). HaxoHel, mokaxeM
uMmtukammio  3)=>1). Mycts f: A—>B= 3} A,— MoHo-
mopduaM, ykasaHHHH B cBoiicTBe 3). Ecan O0s%a e A,
TOo Hafijercsi Takod snHMOpdH3IM Mt B —> A, uTo
afr,+0. SlcHo, uto fmy & Homa (A, A). Ecan ¢ — o6pas
3JleMeHTa a IpH ecTeCTBEHHOM TroMomopdusMme, TO
(fmg) = afng0. CaenoBaTesbHO, ecTeCTBEHHHH romo-
MOpGH3M sBJIsIETCS MOHOMOPGH3IMOM,

(2.39) Ecau unwvexrusnas obosouxa xoassya A eao-
auma 8 c8o6o0Hbil A-molyrs F (8 wacrHocTu, ecau A
COMOUNTBEKTUBHO caesa), To Kaacc B ecex A-modyaeit
be3 kpywetus 8 cmoicae Bacca asasercs noaynpocrsim
1 coorsercTsyromuil paduKas T ABASETCH Kpy4eHuem.

Jnst moxasaTesnbcTBa YCTaHOBHM:

a) Ecau A=B, a4, 9: A—> A u ag%0, o cy-
wecrsyer P: B — A, npusem ap+<0.

t) Tpu ecTecTBenHoM rovMoMopdusme sieMeHT ¢ € A oTo6pa-
xaeTcs B sJeMenT @ & Hom,(Homy (4, A), A), ompenensieMuri

ycnosuem @ (f) = af pan Beskoro f & Homy (4, A).
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JeficTBHTEeNBHO, fICHO, YTO OTOOpaxeHHE @ MOXKHO
NPOJONKHTb N0 oToOpaxkeHus ¢": B-->F. IlosTomy
palifleTcsl Takas npoekuHs nm: F—A, uto ayp’ns40.

Hanee, seHAy npeanoxenus (2.38) sicuo, uto knace P
3aMKHYT OTHOCHTEJIbHO MOAMOAyNeH H MOJNHBIX NPSAMBIX
cymm. [lycTe Temepb maHa TOuHast MOCJefOBaTedb-
HocTh 0> A —> B —>C —0, e A,C = %P. Ecnu bB\ 4,
TO JUISL HEro, OUeBHJIHO, HaiJeTcsi yKasaHHOe B Ipesio-
xeuun (2.38) oto6paxkenne B B A. Ecnu a= A, 10
CylleCTBOBaHHe TAKOrO OTOOpaKeHHS BHITeKaeT H3 a).
Takum o6pasoy, B = B. CoranacHo npennioxennio (2.12),
kaace P noayupocr. Ecan A=r(B), ¢: A>C,CesP
H ¢'=0, To cymectsyeT @=¢'9”"50, rie ¢”: C->A.
IpuMeHus a), HaitieM 0z=Y: v(B)—A, UTO 1ICBO3MOMKHO.
Hcemoabsys (2.1), moayuaem, uto A=t (A).

Onnako B of6uieM cayuyac Kiaacc MonyJsell 6e3 Kpyue-
Hust B cMblcae Bacca He 3aMKHYT OTHOCHTCJIBHO pac-
LWIHPEHHH H, coraacHO mnpednoxkenuio (2.12), He o6sizan
ObITh MosnynpocTHM. Jlisi JOkasaTenbCcTBA PaccMOTPHM
aare6py A uaja noseM P c 6Gasoit 1, g, 6, rne 1 —enu-
nuna v e2=58>=¢ed=20e=0. [Iyctb A — A-Molyns c 06-
pasyoluuvi a, b, rae eb=06a,8b=0. HerpyzmHo yOGe-
IHTBCSL B TOUIOCTH IOCJ/IC0BATE]bHOCTH

0—> A~t>A4-"5 A8 -0,

rpeli=a,an=0, brc==~0. flcno, uto A u Ad He HMeIOT KPy-
yeHHs B cMuciae Bacca. JonyctuM, uto @: A-—>AH (6a)p=~0.
Ecan be=a+pe+ y8, rae a, B, y=P, 1o 0=(66) p = a9,
otkyna a=0. Ho torna (6a)p =(eb) 9 = ae=0. IIpoTu-
Bopeune.

Mpeagoxenue (2.38) npunagiexur Baccy [42]. Tau xe noka-
3aHo &42], crp. 477, npennoxeune 4.7), 4T0 KoHeuHo-nopoxOeHHote
MOOYAU HAO KOMMYTATUBHOU 06AACTHIO YENOCTHOCTU He UMeroT Kpy-
4eHNR 8 K.AACCUYECKOM CMbIcAe TO20a U TOAbKO T020a, K020a OHu He
umeror kpyaenus 8 cmoicae Bacca. Uefis ([58], crp. 468, Tcopema 4.1)
jloKasaJ, uro scakul A-modyae Ges kpyserus 8 cmoicae bacca asaserca
naockuM T020a U TOAbKO TO20A, KO20a A noaynacaedcrsento cnpasa.
B ykasauHuix paGorax Yefisa u DBacca umewrtcs ¥ apyrue pe-
3yJbTaThl, OTHOCSIIHCCH K paccMaTpuBaeMomy Bompocy. Caoiictsa
MonyJsiefi Ge3 kpydenus B cMbicje bacca Hajg HEKOTODHIMH KJIacCaMu
koJen Heesezosaan Ayeaangep [32], [33], Yeits [59], dxauc [127]
¥ Poreis [254]. Koabia sHroMopdusmos Moxy.dell 6es KpyucHus B
cuuicde Bacca nayyanu 3eabManonru [219] u I'esupreman [96].
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§ 3. HOJIHOTA

K nOHsATHIO NeJIMMOCTH TaKXe MOKHO IO JJOATH ¢ aKCHO-
MaTHUecKOH TOUKH 3peHHs.. IMeHHO, HasoBeM nonoxxe-
Hues (GYHKUHIO 0, CTaBAILYI0 B COOTBETCTBHE KaXKA0My
A-monymo A onpeneneHHHH Ha HeM MOHOMOpdH3M 6 (4),
npHueM

I11. Ecau f: A—B, 10 f0(B)=0(4) g n1s HeKoTO-
poro romoMop@dusMa g.

[12. Ecnn 6(A): A—B u f: B—~C —snumMopdHam,
T0 0(C)=ec.

T13. Ecan 06(A4): A— B, 1o Im0(A) nmioten B B.

Jlerko noHsaTh, uTo I13 paBHOCHNBHO CBOHCTBY
[13’. Ecau 0 (A) g — MOoHOMOpP®H3M, TO g — MOHOMOp-
H3M.
¢ Ecan 0 (A): A— B, 10 Momysab B OyneM HasbBaThb
0-monosiHeHHeM MonyJass A H 06Go3HauaTh uepe3 #g(A)
niu 3 (A). Monyas A HasoreM 0-noanetm, eclin A =3g(A).
OrMmeTuM, uto H3 II2 BHITeKaeT B 3TOM cJyuae paBeH-
cTBO 0(A) = e4. [TonosHeHue O GyeM Ha3LIBATb NPABUAYL-
HbtM, eClH H30MOpdH3M MonyJe# A H B MOXKeT OHITh
nponoJsikKeH A0 H3omopduaMma moaynelt 3g(A) H 3o(B).
TlomosiHeHHe O HasbIBAeTCS TOYHGIM, €CJIH BKJIOYEHHe
A< B <35(A), rie Mofyab B 0-110J10H, BO3MOXXHO JIHIIb
npH B =3y(A). HeTpyHO npoBepHuTh, UTO BCSAKOE TOYHOE
nonoJHeHHe npaBHbHO. IIpHMepH HeTOUHHX (M TeM GoJsee
HelpaBHJIBHBIX) NIONOJHEHHH NMoka He u3BecTHHL. OpHako

(3.1) Bcakoe nonoanetue e - Kareeopuu abesesvix
2pynn ABARETCSA TOYHLIM.

He#icteuTenbHo, nycTh AS B <3g(A) u rpynna B
snaseTcs 0-mosuol. M3 6-monHoTH rpynns B caenyer,
yTO TOXJecTreHHOe oToOpaxKeHHe rpynnel A Ha cebs
MOIKHO MPOJOJIXKHTb JO FOMOMOPGHOro oToOpaxKeHHs @
rpynns 3g(A) B B. IycTb Tenepb 2 =35(A). Tak kak A
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IVIOTHO BJOXKeHO B 3g(A), To nze A nas HekoTOpoOro
HaTypasbHoro uucaa n. Ecin n=1, 10 z= A = B. Iycts
n>1, u NycTh MJs Bcex m<n yxKe JOKa3aHO, YTO eCaH
ze=3(4) 1 mze A, To z< B. TlpeanoyoxuMm, uTO
nz=a<A u n=pm, rie p —npoctoe uyucjo. Torma

p(mz) =a = ap =(nz) @ =p [(mz) ¢},

T. e. p[mz—(mz)g}=0. OTciona umeeM uJau mz —
—(m2)e=0 unn Z[mz—(mz)p]N A= 0. B oboux cuy-
yasix, B CHJIy IPOCTOTHI YHCJIA P, CIPABEAJHBO M (2 — 2) =
=mz—(m2)9=a"€A. Omako m<n u, TakuMm o6pa-
soM, 2—29=b&B. Ho 29&B wu, crenosaTesnsho,
z=z29+beB, T. e. B=3(A).

CkaxeM, 4YTO nomnoJiHenus 0 H 0’ pasHel, ecan pus
Kaxjgoro Momyas A uafimercs Tako#i HsoMopdH3M o:
30 (A) —> 3¢ (A), uTO pUarpaMma

Q\P*\ 439(,4)
r
%

KOMMyTaTHBHA. JIerko JoKasaTh, YTO PaBeHCTBO NOMNOJI-
HeHHH pedJIeKCHBHO, CHMMETDHYIIO H TPaH3UTHBHO.

Coruacuo [r], cTp. 138, Teopema 11.3, uMeeM

(3.2) pu atbom nonosneruu 8 modyas 3,(A) npu-
Hadaemur unveKTuBHoU obosouxe modysn A.

W3 ceoiictea I12 u [6], cTp. 30, TeopeMma 5.4, ue-
TPYJLHO BBIBECTH

(3.3) Ecrecrsennoe saroxncerue A-molyasn 6 e2o unvex-
TUBHY0 060104KY 8AAETCA NONOAHEHUEM T020A U TONBKO
Toeda, ko20a koasvyo A HacaedcTsenHo ciesa.

B uacTHOCTH, B cJyyae abeJeBHX TPYNN IOMNOJHe-
HHeM OyfeT QyHKUHUsA, CTaBAIAs B COOTBETCTBHE KaXaoR
rpynne ee ecTeCTBEHHOE BRJIOXKEHHe B MHHHMAJbHYIO H3
coJepxKalHuxX ee JeJMHMHX IpPYIIL

(3.4) Ecau nonoanernus 0 u 0’ Takosst, 4To0 0 — ToY-
Hoe u cosokynHocTu O-noaHoix u O'-noanvix moldysed
cosnadaror, To 0 =10’

HeficTBuTeNbHO, MycTh A — HeKOTOpHIA MOAysab. Tak
Kak 3g(A) sBasiercs 0/-mOJIHHIM MOJYyJeM, TO BBHAY
cpoficte IIl u TI2 nmeeT MecT0 KOMMYyTaTHBHAd
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auarpaMMa
P AL@. )

’ e (4
0 (A)l l #g(A)
3g (A) —E->3,(A).

W3 T13’ suiTekaer, uto g — MouoMopdusM. Tak kak
MOayJb % (A) O-moston, To, BBHAY II2 M TOYHOCTH mO-
nosiwennst 0, Im g =3g(A).

Takum o6pa3oM, IJsl 3aJaHUs TOUHOIO INONOJIHEHHS
JOCTAaTOYHO yKa3aThb KJjacc NOJHBIX MonyJeft. Opuako
BHYTPEHHSS XapaKTePHCTHKA TaKOro KJacca He nafineua,
HOast pewenust 3TOH 3ajauyH MOXKeT 0Ka3aTbCH NOJE3HOH
CBSI3b MONOJHCHHA C MOHOMHBEKTHBHEIMH CTPYKTYpPaMH.

(3.5) Jaa scakoeo nonoarenus B cosokynrocTs 8cex
0-noansix moldyareii searnerca Kaaccom B-uHBEKTUBHBLX
Mmo0yreli HeKOTOPOU NOAHOU NAOTHOU MOHOUHBEKTUBHOL
crpysryper B(S, Q). Mpu sronf. A—> B npunadrencur S
Toe0a u TonrekKo To020a, Koeda fg=0(A) 048 nodxods-
wezo g: B—>35(4).

JleHCTBUTCIBHO, CNPaBelJIHBOCTb NEPBOr0 yTRepKe-
umsl cpasy caepyer us II1 —TI3 u npensoxenus (0.2).
Eciu, manee, f=®, 1o fg=0(A), Tak Kak, B cuay [12,
10(A)=Q. Eciu xe fg=0(4), To f=S meuay (0.1r).

MMeeT MecTO H oGpallicHHe 3TOTO YTBEPKIEHHS:

(8.6) Mycro B =(S, Q) — noanas naorHas mMoHouHBeK-
TusHas crpykrypa. Tozda cywecTsyeT Takoe nonoaHe-
Hue 0, 4To 9 cosnadaer ¢ Kaaccom 0-noanbLx modyared.

HeHCTBHTENbHO, BBHAY IVIOTHOCTH MOHOHHBEKTHBHOMH
CTPYKTYPhl JUIS KaXKAOro MOAyass A MOXHO BHOGpaTh
monomopduam 0(A4): A —3(4) Tak, uto 0(4)=S, ;(d)ea
u Im0(A4) naores B 3(A). Ecin A=K, 10 ocyliecTrHM
3TOT BHIGOP, MOJIOKHUB O (A)=e,. ITO BO3MOKHO, B CHIY
cpofictea (0.16). Ecau f: A—B, To chnpapelauBOCTb
crofictea Il BHITeKaeT M3 HHBEKTHBHOCTH MonyJs 3(B)
otHocuTesbHO 0 (A4). CnpaBepinBocTs cpoficts I12 u I13
fICHA H3 NMOCTPOEHHH,

JaJsee, OTMETHM

(38.7) Mosnan npaman cymma O-noansrx modyarei
0-noana. .

B cavoM gere, mycth A=) A,— noauas npsimas
cymMMa 0-nosnbix momyneit Aq. Tlpoekuun A na 4y o6o-
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3HauHM uepe3 . Bmuny ceofictra T12 6(Ad)=e, .
ITostomy, npumenss I11, nonyuaem

Ty = 740 (Ag) = 0 (4) 8o

rie gg: $(A)— A,. Bubepem g: 3(A)—> A rTak, uTO
gn, =g, Ecan as A, 10

ad (A) grng = ab (4) g, = an,.

Orciona ab(A)g=a, 1. e. g —snuMopdusM. Ocraercs
npuMenuts I12.

(3.8) ITycts B — HekoTOpoe nonoanenue. Toeda sK6u-
BaneHTHy caedyromue ceolictaa A-modysn Q:

1) #odyss Q 0-noaow;

2) molyass Q uHnwBexTUBeH OTHOCuTesbHo O (F) daa
6caKozo ceo6odnozo A-modyan F;

3) modyrs Q — snumopduoui 0bpas B-nonoanenus
c80600H020 A-M00YyAA.

B camoM gene, uMmaukanuu 1)=>2) u 3)=> 1) oue-
suaHbl. Econ cnpasenauso 2), To MOAy/b Q HI'beKTHBEH
otHocuTenbHo 0 (F), rae F csobGomen u m: F— Q — amu-
mopduam. Ho Torjia Q oxaseipaercst sSnuMOPGHLIM 06pa-
oM Monyas #(F), T. e. BBINOJIHEHO 3).

ITomosHenue B Ha3bIBaeTCs a00UTUBHbLM, €CIH IPAMaS
cyMMa 0-moJneix MoayJed 6-moJHa,

(8.9) Caedyroujue ceolictéa To4Ho20 nonoaHeHus 0
6 kareeopuu A-modyredl 3K8uBANEHTHBL:

1) 6 adodurusno;

2) 3(2 Aa) = D40(As), npuwem usomoppusm ¢:
De(A)—>36(2 Ay) moser 6ute swbpan Tak, 4TO
D (D A)=0(A))®, @20e i,—ecTecTeennoe 6aodme-

Hue A; 6 2/1.1, a jo,—ecTecT8ennoe 6aoxceHue ig(Ay)
6 Dto (Aa). ,

3) MoOyrv Q, uHBEKTUBHOLLL OTHOCUTEAbLHO MOHO-
mopgusna 0(A), 8-noson,

Iinst n0Ka3aTejbCTBA HMIUIHK ALHH 1)=>2) nosoxum
A=A, 1 B=D1(A). Ua T11 u TI3’ BriTeKaer cyuie-
CTBOBaHHE TAKHX MONOMOPGDHIMOB Qg 3g (Ay) = 3g (A), uto
1,9 (A) =0 (Ay) ¢o. Ho TOTa ¢ = X @y — MOHOMODDH3IM B
B 33(A), npuuem A0 (A)<=Bg. ITockoabky Be 8-noJsoH, u3
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TOYHOCTH MOMNOJIHeHHsi 0 BbITeKaeT, YTO ¢ — SMUMOPDHIM.
CieponatesbHO, ¢ — H30OMOPGhH3M, NMpHYEM

a8 (A) = 0 (Ag) 9 = 6 (Ad) jo.

Ecan cnpapemiuso 2), TO paccMOTpuM A-Momyas A,
HHbEKTHBHH il 0OTHOCHTENBHO 0(A), cBOOO Lkl it A-MORyb F
¢ 6asoi {xg} n romoMopdHu3M f: F—A. Tlo ycuosHuio 2)

CYLLECTBYeT H30MOpP(H3IM @: 3 (F) —>Ege (Axg), npuuem
.0 (F)qa=6(Axa) Joo THe gt Axg—>F # jg #(Axg)—

— N3o(Ax,) —ecTecTReHHEHe MOHOMOpGHU3MBL  ITycTh
fo—orpannuenne f Ha Ax,. Torma f,=0(Ax,) g, rae
8o j0(Axg) > A. OGosHauuM uepe3 g NMPOMNOJIKEHHE CH-

cteMbl {g} Ha X 3p(Axg). Torna
i (F) pg=0 (Axa) jog="9 (Axa) &= iaf:

8(F)eg=F.

Takum o6pasoM, Mony/nb A HHDBEKTHBEH OTHOCHTEJIBHO
0 (F) u meuay npemitoxeHus (3.8) 0-noyoH. dtuM moka-

p; 3aHa CIpaBeJJIHBOCTb CBOM-
A -5 3B ctra 3).

IOas mokasatensctBa HM-

O(A’l kl \Y“B’ mixkanuu  3)=>1) paccmo-
TPUM INPSMyI0 CyMMy Q=

= Qq 0-TIOMHBIX MOTyJIeH Qg

OTKyZa

38 T3yt 18

g h IMyets ¢: A— Q. Torna Img
! 9, NPHHAJJIEXHT CYMMe KOHey-
(AV/Ker HOrO ymc/aa MonyJed Q.
34)/Kerg [ToatoMy mnpensoxeHus (3.7)
Puc, 4. H (3.8) mo3BOJIAOT MPOMOJI-

XHTb @ J0 romMoMopdusMa
3(A) B Q. Beuapy ycaosus 3) MOAyJb Q sBJsercs
0-NOJIHEIM,
(3.10) Ecau 8 — rounoe nonoanenue, f: A-—>B — snu-
mopusm, g: 35(A)—>14(B) u f0(B)=0(A) g, 10

36 (A)(Ker f) 6 () =3¢ (B) { + Ker g/(Kerf) 8(A),

e0e i — maxoti moHomoppusm, «to f0 (B)i = 0(A)x, npusen
n — ecrecT8enHbull usomophusm 3g(A) na g (A),(Ker f) 6 (A);
Kpome TO20,

10 (A)/A0 (A) = 3, (B)/B8 (B) - Ker gf(Ker )8 (4).
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JleHCTBHTEJBHO, YCTh g = g8, I'Nle g; eCTeCTBEeHHHIH
snmumopduaM 3 (A) Ha 3(A)/Ker g, a g, — MOHOMOp bH3M.
Tlosoxum K=(Kerf)0(A). Tak kak K<Kerg, To
gy=mh, rae h—ecTecTBeHHBIH 3nHMOpdHU3M §(A)/K Ha
3(A)/Ker g. Tak kak (Kerf)0(A)n=0, 10 naiigercs
takoii moHomopduaM k: B —3(A)/K (puc. 4), uto fe=
=0(A)n. Torna

fo (B)=0(A) g =0(A) 818, = 6 (A) nhg, = fkhg,.
OTciofia, TOCKOJBKY f — SMHMOp Gu3M, uMeeM 0 (B) = khg,.
Eme pas ucrnoas3ys cpofictso ITl u mosmoty 3(A)/K,
safineM TakoHi romomopdusm i §(B)—>3(A)/K, uro
0(B)i="r. A

Otcrona 0 (B) = 6 (B) ihg,.

CoraacHo cpoiicTpy I13’ ihg,, a 3HayuT H i, ~ MOHOMOp-

¢usMbl. [pumenss T12 n yuyuTeiBas TOyHOCTH MOMOJIHe-
nusi 0, ybexpaeMmcsi, uTo ihg, — aBTOMOP(HIM MOMy.st

4(B). Orcroza
i[(hg) (ihgy) '] = esm.
Eein x<3(A)/K, 10 x=yn, roe y =3(A). Ilonaras
v =hg,(ihg,)™', monyuaem pamencTro
(x — xvi) hg; = yg — yg (ihg,)" (ihgy) = 0.
Caeposatenbto, x — x7i € Ker A = Ker g/K. Takum o6pa-
30M, 3(A)/K=3(B)i+ Ker g/K.
Eénu x4 (B)iN (Ker g/K), 10 x=2i=yn, rae 23 (B),
y < Ker g. Otciona )
z2=x1=ynt=yg(ihg,) " =0.
IMockoabky f0(B)i=fk=0(A)n, 3To 3aBepmaeT noka-

3aTeJIbCTBO IIepBOro yTBepxpuenus. Hakowen, moJsaras
D = Ker g/K, NIpUXOJHM K COOTHOLIEHHIO

3(A)/A0 (A) = [ (A); K]/[A8 (A)/K] =
e<[3(B) i+ D]/Af6 (B) i =3 (B)/B0 (B) + D.

Monynbs naspiBaeTcsi 0-pedyyuposanHsim, eCIH OH
He CONEPIKUT HEeHYJNeBbIX O-MOJNHBIX MOAMOALYJIefl.

(8.11) Kaacc 0-pedyyupoeannsix modynrell asasercs
KAQcCOM Y-nOAYynpoctelx molyaell 0aa HeKoTOpoO2O pa-
Ouxaaa t, npudem e6caxuii 0-noanstli modyars oxaset-
saeTca Y-paduKaibHbIM.,
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B cavoMm gejle, siclio, uto Kaacc P B-peaynuposan-
HEIX MOJyJ/Ieii 3aMKHYT OTHOCHTEJNBHO NOAMOAYJIeH H
NOJIHBIX NPAMBIX cyMM. Eciu nmeercst TOYHas mocjeno-

BaTeJILHOCTD 0—>A—B—>C—0,

rne A, C=%, DS B u D 0-nojoH, T0 no cBOHCTRY
T12 D = A u, caenopatenpto, D = 0. OcTaercst npuMeHuThb
npejiaoxenuns (2.1) u (2.12).

TTomosinenue 0 Ha3oBeM pacwupsemovis, eciy 0-n0JHO
BCSKOE paciiHpelie 0-MOJHOTO MOAYJAR C IOMOLIBIO
0-nmonHoTO.

Ha npennoxenus (2.10) BbiTekaeT

(3.12) Kaacc 0-noanetx modysei saeanerca padukans-
Hotm To20a u ToabKo To20a, Ko20a nonoaHerue 0 addu-
TUBHO U PACUUPAEMO; NPU ITOM COOTBETCTBYIOWUL NONY-
npocroli kaacc cosnadaer ¢ Kaaccom ecex 0-pedyyu-
posanHblx modyaeii.

PacuupsieMble NONOJMHEHHS TECHO CBSI3atibl C YHCTOTO,

(3.13) IHycres O — pacwupsesoe nonoaxexue, u
2 —xaace scex B-noanvix modyaei. orowum A<, B,
ecau B=A+S, e0e A S48, Tozda orHoweHue =,
obaadaer ceoticreamu Y0 — YU4" u, caedosarersro, onpe-
deaser wucroty o. CosoxkynnocTs -Oeaumolx molyaels
coenadaer ¢ Q.

HokaxeM cuavaJa:

a) Ecau A=B, g: B—>D, Kerg=A u S=B, 10
gANS)=gA)Nng(S).

HeiictBHTeabHO, eciH x € g(A)Ng(S), T0 x=ag=
=sg, rne ac€ A, s&8S. Orciofa s=a+4k, e ks
eKerg= A, 1.e. s A S. Takum obpasom, g(ANS)=
Sg(ANng(S)=g(Ans).

Tenepb nposepuM cupanelIHBOCTh cBOMcTE U0 — U4/,
Heficteutensuo, U0 oyernpuo. Janee, ecii A<, B u
B=,C, 0o B=A+S, C=B+Tu ANS, BNTeQ.
slcno, uto A+ (S+ T)=C. Kpome Toro,

ANES+N+S=ES+DNA+S)=
Orciozia =(S+T)NB=S+BNT.
[ANES+DIANS) =[ANS+ DITAN(S+T)N S] =
= [ANS+D+SIUS=BNT+S)/S=BNTHIBNSNT).
ITockonbky

ANS, BNDABNSNT) e,
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10 AN(S+T)=X 4, caenopartensuo, A =,C. Takum
obpasoM, csoficteo Ul’ uMeer Mecto. IlycTh Temepn
A=sB=C n As,C. Torna A+S=Cu ANS=Q.
Ortcona )

A+BNS=BN(A+S)=BNC=8

H
ANBNS)=ANSeq,

T. e. AS, B, U2’ nokasano. Jus g0Ka3aTeJbCTBa CROl-
crea U3’ pmomyctuM, uto A<=,B u K< A. Torna
B=A+S u ANS<9. Orcona B/K=A/K+(S+K)/K
M, COTJIacHO YTBEpKAEHHIO a),

(AIK)NKS + K)/K 2 (AN S + K)/K =
=(ANSYANSNK) = Q.

Takum obpaso™, A/K =, B/K. Ilycts Tenepy K< A<B,
Ke,BuA/K<,B/K.Torna A/K+ S'K=B!K, K+T=B
u (A/K)N(S/K), KNT=2Q. Otciona

A+SNT=A4+SNT+K=A4+SN(T+K)=A+S=B.
Kpome Toro, npumessis a), nojayuyaem
(ANT+ K)/K=(A'K)NUT + K)!K]=(A/K)N(B/K)=A/K.

OTcofa, BTOPHYHO [PUMEHHB a), NPUXOJHM K COOTHO-
LIEHHSM

ANSNDIANSNTNK) =(ANSNT + K)/K ==
=[(ANT+ K)/KIN(S/K) = (A/K)N(SIK) = Q.

Mockonbky ANSNTNK=TNKEKQ, us pacuupse-
MocTH nonoauenuss O soTekaeT, uto AN(SNT)=Q.
dtuM noKasaHo, uTo AS, B, T.e. ycTaHOBJeEHa chpa-
BeIJIMBOCTh cBoiicTBa U4'. Ecuu, najee, A=Q u A< B,
To u3 cooTHoweHH#i A+B=B u A(|B=A <% Bbite-
KaeT, uTo AS,B. HonycTuM Tenepp, YTO MOAYJIb A
o-neauM. Torma AS,3(A), T. e A+S=3,(4) u
ANS=Q. Orcioma A(ANS)=<39(A)/S. Tak kak AN S,
39(A)/S=Q, To A= Q.

IIpennoxenne (3.13), koneuno, He nomyckaeT obpa-
eHHsi, H0O Ha)Ke eCJH OrpaHHyHTbcsi I-UHCTOTOH, H3
npennoxenuss (1.34) sumHo, yto Kaacc I-peanmbix Mo-
nyJjell He Bcerna 3aMKHYT OTHOCHTEJNBHO 3NMHMOPGHHIX
o6pason. [Ipemnoxenne (1.33), mpamma, mno3poJserT
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BEIICHHTD, KOraa 370 Tak. OiHaKO H mOCJe 3TOTrO He SICHO,
cocTaBAT au I-mesuMBle MOJyJHM KjacC HHBEKTHBHBIX
06'beKTOB MOHOHHBEKTHBHOH CTPYKTYpPH (a 3TO HeoG-
X0/uMO, B cHay npemioxenuss (3.5)). Eme Gosblune
TPYAHOCTH BO3HHUKAIOT NPH NpPOBepPKEe NJIOTHOCTH NOJY-
yHBLIefici MOHOHHBEKTHBHOH CTPYKTypHl. Ilosmas sic-
HOCTb HMeeTcsi JIHIIb B CJyyae &-YHCTOTH, rie &-pa-
IHKaJbHBIA QHIABTP.

(3.14) Ecau ece aegvie udeasst paduxkanrbrozo
QuasTpa & npoexiusHbl, TO Kaacc &-0CAUMBLX MO~
Oyaxell cosnadaer ¢ Kaaccom 0-noanvlx modyaeii 0an
HeKoTOpOo20 TOYHO20 pacuiupsemozo nonoaxerus 0, 3ro
nonoaHeHue ad0uTueHo T020a u TOAbKO To20a, kKo20a
ace udeaavt U3 & KOMNAKTHOL,

Jas mokasaTeqbcTBa AOCTATOYHO NPHHATH BO BHH-
manue mnpenJjoxenus (3.6), (1.55), (1.33), (1.56), (1.58),
(1.9), (1.35) u (1.36).

IMonosuenve, onucaunoe B nmpegnoxkeuuu (3.14), 6y-
JeM HasBIBaTh &-NONOAHEHUeM.

Pasywmeetcs, npejioxenue (3.14) MOXKHO NPUMEHHTDH
IJisi TOCTPOeHHsi MOMOJHeHHH B abeJieBHIX TIpyNIax.
IIpu atom u3 (3.1) u (3.4) BHTEKaeT, UTO COOTBETCTBYIO~
liee NOMOJIIeHHe ONperessieTcss (GHILTPOM OJHO3HAYHO,
Kpome toro, yuutmmasi (0.3) u cmofictea Gl u G3,
HeTPYAHO IOHSATH, YTO CHCTEMAa & OMHO3HAYHO OMpe-
JeJIIeTCsl COBOKYMHOCTBIO Py NPOCTHX YHCETI, MOPOXK-
HaloLIUX Haeants, Bxoasmue B &. OKasbBaercsi, 4TO
B CJIyyae IPYNN HHKaKHX JPYTHX IOMNOJNHEHHH HeT.

(3.15) Bcakoe nonoanenue O 8 karezopuu abene-
gbLx epynn seasercs &-nonoareruem. Ipu srom

E=Z:x)lxs4(2)

u B-noarora epynnot A pastocuasHa pagencrsy pA=A
Oaa scex p = Pg.

LeficTeuTeNbHO, NyCTh O — HEKOTOpPOe MOMOJIHEHHe
B KaTeropuu rpynn. IToctpoum ykasauuyi» B GopMmy-
JIUPOBKe CHCTeMy HJeaJsoB &. Ecau rpynna A  0-noJiHa,
TO BBHAY NpejJoxeHHs (3.8) oHa HHBeKTHBHA OTHOCH-
tesnbHO, 0(Z). OTclofa HeTPYAHO BHIBECTH, yTO pA=A
015 BceX p & Pg. YunTHBast 3TOT (GaKT H BBITEKAlo-
mee H3 II3 Bruouenne 3(Z) =R, rme R — anautueHas
rpynna BceX paLHOHAJIBHBHIX YHCeJ, JIerKO INPOBepHUTh,
uyTO CHCTeMa & SIRJISieTCs pajHKaJbHHIM GuiabTpoM. Co.
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rnacHo mpejsoxenuio (3.14), cywectsyer & -nmomosHe-
e 0. Beunmy (1.53) knacc 6/-mosmbix rpynn cosna-
IaeT ¢ KJaccoM TIpYNN, B KOTOPHIX BO3MOXHO IeJCHHE
Ha Bce p M3 Py. B cuay oTMeueHHOro BhilIe, OTCIOJA
BHITEKAeT, YTO BcsAKas O-mosHas rpymma 6’-noana. OT-
ciona, yuuteiBas II1, TI3 u Bkiouenne Z = 39(Z), no-
JyyaeM COOTHOIIEHHE

Zsiy(Z)=1(Z)<=R.

Ho, B cusiy clle1aHHOTO BHINIE 3aMeYaHHS O 0/-MOJHBIX
rpynnax, u3 cpoiicrBa I12 u npepmoxenus (3.1) Buite-
KaeT, YTO 3, (Z) cocToMT M3 Beex Tex ApoGei, 3HaMme-
HaTeJH KOTOPHIX SABJAIOTCA NPOH3BeNEHHSMH MNpPOCTHIX
uucesn u3 Py. Ho rtorma us onpefiesieHHst & JIETKO Bbl-
BECTH, UTO 3g (Z) =3,(Z) u 6’(Z)=6(Z). Tonoxum, na-

aee, F= ZZ H G= Zﬁe(Za), rae Z,= Z. U3 npen-
aoxenuft (3.1), (3.9) u (3.12) BHITEKaeT CYLIECTBOBaHHE
usoMopdusMa @: 3, (F)— G, npu ueM 8’ (F) @ = 6(Zy) jo
rie ig: Zg—>F u jo: 39(Z,) — G — ecTecTBEHHBIE MOHO-
Mopq)uamm OGo3naunm uepes ) eCTeCTBEHHOE BJIOXKe-
mie G B H= 2 30 (Zg). Us npenmoxenus (3.7) u cBoii-
ctBa [13’ BBITeKaeT CYIIECTBOBAHHE TaKOro MOHOMOp-
dusma P: 3p(F)—H, uro O(F)p=0(F)ey. Iycts
mg, — ecTecTBeHHass npoekuus H Ha 3(Z;). Homyctuwm,
uto XYy 70 M GECKOHeYHOro MHOXecTBa 2 MHIEK-
cos a. Hatimem Taxoe unesoe uucio m, uro O0%=mx =
="y6 (F). Ilyctb vy — ecrecTBeHHast npoekuus F Ha Z,

Haitaem Ttakoif uHIAEeKC ay,=Q, uto y1q,=0. OTCION
0~ mxpria, = Y6 (F) hrte, = Y0’ (F) @ysta, =
= %3 (yvg) g8 (F) @x7a, = % (y75) 0 (Z;) jgmia, =

= (y'cao) 0 (Za,) JaX%, = 0.

ITosyueHHOE IPOTHBOpEUHE NOKa3kuBaeT, uto ImPp =Imy,.
ITosToMy, IpUHHMasi BO BHMManHe npejatoxenue (3.1),
JIETKO MOHSATb, UTO Py '¢~! —usomopdusMm 3, (F) Ha 3 (F),
npuyeM

B8 (F)bx o™ = 0" (F) oxy~'q™" = 0 (F).
Orciona, mpuMeHssi npejioxenue (3.8), HeTpYAHO BbI-
BECTH, UYTO KJacCH O-MOHEX W 0/-MOJIHEIX Trpynn

9* 123



COBNIafaloT, MOCJE YEro OCTAeTCH TOJNBKO NPHHATH" BO
BHuMaHHe npenmoxenus (3.1) u (3.4).

Kax orveueHo B mnpemjoxxenud (3.3), HHBEKTHBHEHIE
MOJYJH, BOOGIle rOBOpsi, MOTYT ke 06pa3oBEIBATh Kjacc
0-noJIHBIX MOjay.el, Tak KaK (akrop-MO4yJb HHBEK-
THBHOTO MOJyJsi He o6s3aH ObITh MHBEKTHBHBIM. Ecrte-
CTBEHHO IOMNBITAThCA pPaccMOTpeTbh Kjacc NOAHHDBEK-
THBHEIX MonyJsei. OnHako 3aech BOSHHKAIOT HOBBIE OC-
goxHuenus. IlpoananausupyeM ux. Ecau uMeeM Lenouky
monynet A< B <=C, to nogMonyar D moxyas C Ha-
30BEM H@POCTOM NOAMO/YJss A OTHOCHTENBHO MNaphl
(B, C), ecitu D1 B=A. SicHo, uTo cpeiH HapOCTOB MOJ-
Monynss A orHocuteabHo (B, C) CYLIeCTBYIOT MakcH-
ManbHble, Koiblo A Has0BeM HApPOCTHbIM, €CJaH JJISt
Bcsikoro moaMoayast K soGoro csogonnoro A-monynas F
HaliieTcst TAKOH MaKCHMaJbHBIH HapocT L moamonyns K
orrocutensno (F, F), rae F —unbekTupnas oGosouka
monyas F, uto F\N K= (L \ K)+ H, npuueM F \ K<H.

Ilonosnenne 6 Ha3oBeM nOOUHBEKTUBHBIM, €CJH
KJacc O-IOJHHIX MOAVJeH coBmajgaeT ¢ KJjaccoM moj-
HHBEKTHBHHIX Monyseit, a 6(F) mas cBoGOAHBIX MoO-
mynel COBNajiaeT C €CTECTBEIHBIM BJIOXKCHHEM MoayJs F
B €ro MHBEKTHBHYIO o6osouky F.

(3.16) Ecau e xarecopuu A-molyseid cywecrsyer
TO4HOe nOOUHBERTUBHOE nonoaHeHue, To A ssasercs
HAPOCTHbIM KOALYOM.

IelicTBUTE/IBHO, NYCTh 0 — TOYHOC NOAMHBEKTHBHOE
nomoJiHeHHe B Kateropud A-MonyJeit. PaccMorpuM cso-
fonubtii A-Moxynp F u ero nommonyab K. Ilonoxum
B =F|K n ofo3HauuM uepe3 [ ecTecTBeUHBIH 3MMMOp-
¢usm F ma B. Tlo ompenenennio 3g(F)= F. TTostomy
BBUIY npemioxenus (3.10) umeem

FIK =3¢(B) i+ Ker g/K,

rie g F—1(B), f0(B)=6(F)g, K= K8(F), i —MoHo-
MopdusM u_f6(B)i="0(F)=, rne s — ecrecTseHHbld 3mu-
mop dusm F ma F/K. Ecau, nanee x e Ker g} F0(F),
to x=y0(F), rne yF. OTCIOJJ.a yf6(B)=yb(F)g =
=xg=0,T. e yf=0 u x = K. CrrefloBaTe/bHO, Kerg—
HapocT moamonyas K otHocuTensHo (F6(F), F). Ecan
x&Kerg, 1. e. 0% xg =3p(B), To 07%Axg = b0 (B) nas
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HEKOTOPHX A & A, b & B. Ilyctb b = yf. Scno, uto y & K.
Ho

[Ax — 40 (F)] g = b6 (B) — yf6 (B) = 0.
Tlostomy
(Ax+Ker g)N FB(F) £ K.

Takum oGpasom, Ker g —MaxkcumanbHufi Hapoct. Octaerces
3aMETHTh, YTO FG(F)n Ffo(B)i =3y (B)i.

U3 npennoxenudt (3.3) u (3.16) BbiTexaer

(3.17) Bcakoe HacaedcTeerHoe KOAbYo A8AAETCA HA-
POCMHBIM.

(3.18) Ecau A — HapocTHOE KOABYO, TO 8 Karezopuu
A-modyanred cywecrsyer noOUHBEKTUBHOE nONOAHEHUeE.

Iasi nokasaresbcTBa BBUAY npensoxenuii (0.8), (0.2)
¥ (3.6) moctaToyHO YCTaHOBHTb, UTO MJsi KaxK10ro A-mo-
nynsi A HalileTcsl MOJHMHBEKTHBHHIE MOAYJb Q H TOMO-
mopdusm f: A— Q Takue, YTO NOAMHBEKTHBHBIE MO-
LYY HHBEKTHBHBl OTHOCHTeNBHO [ W Imf maoren B Q.
C sTofi UeNbI0 pPaccMOTPHUM TOUHYIO HOCJEHOBATENb-
HOCTb

0>K—>FZ>4-0,

rge F —cBoGoaubii A-mopynb. OGo3Hauum uepes L
MaKCcHManbHEH HapocT NOAMORYAs K OTHOCHTENbHO

(F, F), yKasaHHHH B _ONpeJieleHHH HapOCTHOTO KOJIbILA.
Tyers Q = F/L H F—>Q—ec1~ec1~3eunmu 3MHMOp-
¢usm. Torma mist ecTecTBEHHOTO BJIONKEHHS i: F—F
uMeem in=xf, tae f: A—>Q (puc. 5). Tax xak L — Ha-
poct Ki orHocutemsho (Fi, F), To f— MonoMopdusam.
Tlo YCJIOBHIO, F/Kz—(L/Kz)+H rae Fi/Ki< H. Tlycts

]H—>F/Kz MoHoMopdHu3M, T: F/Kz—»H—anuMop-
¢usm u ]r—eﬂ SlcHO, YTO cyulecTBYeT TaKOH MOHO-

mopdusm g Q—>H, uro th gt, TAe g — ecTeCTBEH-
HHH  snuMopdHu3aM F wna F|Ki. TIpu stox ig =igtj.
ITycrs temepy Q'€ u @: A—Q'. Beuny npennoxe-
uua (0.8) np=iY, roe ¢: F—> Q. Ecmu x=Ki, o
xy’=0. CuenoBarenbHo, Y =gh, rae h: FIKi— Q"
Iomoxus P = g’jh, nonyuum
afp = ing’jh = igtjh = igh = iy = ng,
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OTKyna ¢ =[{. TakuM 06pa30M,J = S. 3aMeTHM; 4TO
Qe . Ecan 0s2x = Q, 10 x=yn, vae y & L. I[Tostomy
HaiinyTcs Takne A< A u 2L, uro Ay+ze Fi\ K.
Orciona Ay+z=ui, rne usF\K u

Ax = (Ay) ft = (Ay + 2) ft = uifv = unf 0.

Tak xak Ax = usf & Imf, To nogmMony.sis Im f nuoren B Q.

L, F

(%

r

Puc. 5.

[TprMepoM HapOCTHOTO KOJIbLIA CJAYXHT aare6pa A
Haj nojeM M3 ABYX 3JeMelroB ¢ 0asoi 1, g, O, rue
1 —emunnna u e2=8°=¢ed=06e=0. IleficTBHTENBHO, He-
TPYZHO NPOBEPHTb, YTO HHBEKTHBHOH obosoukolt A Mo-
nyis A sBiaserca MoAay.ab ¢ ofpasyloIuHMH a, b, c,
rae eb=da, 6b=0, dc =ea, ec=0. Herpymno npose-

puth Takxe, uro eA, SA=A. Ilyete F= X A, Tle
Ag = A _Hocxonbxy A — HeTepoBO KOJIBLIO, NpsMas
cyMMa X A, HI'beKTHBHA ([6], cTp. 34, ynpaxuenue 8).

Ortciona F < X Ag u, caemoBatensio, AF = F nas Bes-
Koro HeoO6patuMoro sjemeHTa A u3 A. Ilyctb Tenmeps
K — nogvoaynp monyns F u L — MakCHMaJbHEIH HapoCT

noaMoayas K otHocurenbHo (F, F). O6osHauum uepe3 =

ecTeCTBeHHBH anuMopduam F Ha F[K. S$lcHo, uTto
w(F)Nn(l)=0. Ilycts H — MaKCHUMaJnbHHI MOLMOIYJb

molys I [K, cogepxauuit m (F) n vMelouii Hy 1eBoe nepe-
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ceuente ¢ (L). Ecin x=n(F)\ [n(L)+ H], To 05%Ax+
+asa(l), rne A= A, a= H, npuueM A HeoGpaTuM.
Ho rorna Ax&xn(F)=H, 1. e. Ax+ae H()x(L). Ipo-
tusopeune. Takum o6pasoM, n(F)=n(L)+ H, npuuem
n(F)< H, 1. e. A — HapoCTHOE KOJbLO. 3aMETHM eIle,
yro A — J0OKaJbHOe KOJbIo. [losToMy KaKiwli mpoek-
THBHHH A-Mozmynb cBoGoneH ([131], teopema 2). Cue-
IOBaTeNbHO, B A HeT HETPHBHAJBHHIX MPOEKTHBHHX
uneanoB. ITostoMy A He nacsencrsenHo. Kpome Toro,
u3 npenyoxenus (1.34) BbiTeKaer, UTO MOJHMHBEKTHBIIOE
HoNoJIHeHHe He SIBJSieTCs & -NONOJHEHHEM.

3aMeTHM, UTO HaDOCTHH X KOJIEI He CJMHIIKOM MHOTO.
Kuabn [11] nokasan, uto kommyrarusHoe Koavyo ¢ 00-
HOBHQAYHOIM DA3AONCEHUEM HQA MHONCUTCAU HAPOCTHO
T020@ U TOAbLKO Toeda, Koeda OHO HAcAedCcTBeHHO.

Tak Kak k/aacc AeJHMHX TPYNnn COBNafgaeT C KJIaccoOM HHbeK-
TuBupx Z-moayseit ([6], crp. 172, npepsoxenne 5.1), To a1 6606-
HIEHHst HOMSATHA AeMHMOCTH OTKPHBalOTCA ABa HanpasJeHws. OmHum
W3 HHX fIBJISIeTCH BBefleHHe NOUSITHA £-ReNHMOCTH, CeLHayBlo pac-
cmarpuBaswefica TeabilepoM [110]. Xuaron u Slxpsa [115] usyuasan
¢-menumule rpynnu. Corsiacuo mpegsoxenuio (1.53), oco6o Gauskoe
o6o6iiense NOHATHA HAEJHMOCTH B Tpynnax mnoJyyaercs, eclH CH-
creMa ¢ COCTOHT H3 IMaBHHX JeBhX HAeasoB. Cayuajt, xorma ¢
COCTOHT H3 BCeX TAaKHX HpHealoB, HcclegoBan Xattopu [104].
JleBu [147] sainmMancs ciayuaeM, Korza € COCTOHT H3 INIaBHHIX
JIeBHIX HAEasNoB, NOPOXAEHHHX HeNeNHTENIAMH HYyasi. YcCJIoBHMCS
HAa3HBAThb MOAYJAH H3 COOTBETCTBYIOIUHX ¢-AeMHMHX KJACCOB
MOAY/TAMH, Oeaumvimu 8 cmvicae Xarropu u Oeaumsimu 8 cuvicae
JTesw cooTBercTBeHHO. Moay.H, neauMuie B cMucae JIeBH, HCHOJb-
sonan Jlesuy [18]. M3 (1.53) (a takxe u3 (1.33) ) cpasy caenyer,
yTo KJaacc MopyJsel, AeJHMHX B cMHcJe JICBH, 3aMKHYT OTHOCH-
TeabHo 3nHMOPpdHHX oGpasoB. M3 npepioxenndt (1.33) u (1.34)
BLITEK4eT, 4To AJsi Kjaacca MofyJefl, HeJHMBIX B CMbiciae XaTTOPH,
3TO MMeeT MeCTo TOrfa H TOJbKO TOrfa. KOTAa BCe IJaBHHe JeBhe
Hpeans KoJasua A mpoektusun. OTciofa BHAHO, yTO B oGImeM cJy-
yae KJaacc MomyJef, ReqMMHX B cMrcae XaTTOPH, CYIIeCTBEHHO
yie KJacca MoAyJeil, ReJHMHX B cMmuicae Jlesn. Jlas Kosbua Ges
LleJqHTeNel HYJasl 9TH ONpefeneHHs, pa3yMeeTcsi, coBnagaior. Oagunako
H KJacc MoAyJsedl, AeJHMHX B cMouicie JlenH, He 06534l COBNANAaTh
¢ KgaccoM O-mosauHx Monyseft mas Kakoro-au6o mnomnosHenus 6.
JleHCTBHTEIBHO, PACCMOTPHM KOMMYTATHBLOE KOJBLO MHOrOYJeloB
P [x, y, 2] oT Tpex mepeMeHHHX Hajg noJveM P H 06o3HayHM yepe3 Q
MHOXECTBO MHOrouJeHoB H3 P [x, y, 2], OTIHYHHX OT KOHCTAHT M
He mensimuxcs Ha x. [lyete A’=P [x, Y 2 Ug; Fe Q] u H —upean
B A, nopoxaeuntiit snementaMu upF nup u,. Monoxum A=A'[H.

(a) Ecau @— nedeaureav nyan uz A, 70 cywecrsyior Takue
dsP, y=Aum=0 yro pp=ax™ + H,
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Heiictaurensno, nycts @ = x"Q, + @, + H, rae @, = P [x, 4, 2],
@, EFEIQA'uF, 9, & A'x, n>0. Eom @ & P, 10
@ (ug, + H)=x"Quy + Qauig, + H=0.

Eean @,=0, T0 @ (u,+H)=qou,+H=0. Takum oGpa3som,
0s%¢, = P. Ho Torpa

¢ (5", — @+ H) = 42" + H.
6) Ecau x¢=0 8 A, 70 9=0.

HeficTuTesbHo, ecin x@=0 B A H cp=cp1+2AFuF+H.
rae @ ePlx,y, 2]Hn AFEA’, T0 B A’ HMcer MecCTO

x@, + 2 Xl = 2 et pF + Z" Vgl plgs
rae g P [x,y, 2] Veg = A’. Orciona x(p1=0, a 3HauHT, @, =0.
[Monarast x =0, noayuaeM
Q N1
D WpFOup + 3 v gqupug =0.

Orcmni u[}, = v%o_:—— 0; Ho TOI:Ia ,uF= xu;- H Vpg= xv;,.a, a 3Ha-
unt, Xy Apttp= X WpupF + ¥ Vpoupug < H.

Us (a) u (6), B cuny (1.53), crenyer

(B) A-M00yse A Oeaum 8 cmowcae JTesu Toeda u rorsko To2da,
kozda xA=A. .

(r) Ecru 94+ ydp = 2_, Aup uQnesasucurory, 70 9 = EAuF.

IelicTBHTEbHO, H3 YCJOBNUS BHTeKacT, yTo B A’ cnpasensnso

paBCHCTBO -
P+yb=kup

rge gFeA’. BuGpas u3 Bcex Ep wienn, He 3aBHcAmHe OT y,
NPHACM K HCKOMOMY COOTHOIUCHHIO.

ITyete A — A-Moaydb ¢ OGpasylomlMMH ey, e, ..., NpHYEM
xe,=Yyeg=2e,=upe,=0 A1% BCCX FeQ, a npui>0 ye; =0,
xe,=e;_, upe;=0, ccmm FeQ. Tlepemenus poan y u 2,
noayuuM Monyias A’. M3 (B) crenyer

(n) A u A’ deaumser 8 cmoicae Jesu.

Iycts B — A-Moayas c OGpasyiolTHM e, NPHUEM Xe,= ye,=
= ze)=upe;=0 npu F & Q. Koneno, MOXHO cuntats,uto B < A
u B=A.

() Fcau as A u za=0, ro a< B.

Hefictrutesabuo, nycrb a € Aep\ARp-\. Ilpencranum a B dopme
a=@e,, Toe P& Ax H ¢ He 3aBdcuT OT Y. JomycTHM, uTo ns<0.
Torza B cBoGoAHOM A-MOpyJe HMeeT MecTO

2Qep = Qoxep + @, (xey —e) + ... +@m (xem —em—) +
+ Btwe+ 1t 3 Sl

i=0 [t
npHYEM MOXHO CUHTaTh, YTO m=>n, a @; UC 3aBHCAT OT Y.

128



IMockoambky H = 2 Au p» OTCIONA BHITEKACT, YTO 3JeMEHTH
XQm +YOm, ¥Pm—y — O+ Vm-1¥s -+ .y ¥Pns1 — Qui2 + YPps41, Qs —
— Qpi1— YPn—2Q JMexaT B ZAuF. [Ipumensist (r), mocaenoBa-
TeJIbHO MOAYUHM, 4TO B D) Al 1eXAT 37TeMeHTH xQ,, x’cp;n_l,
ceey X Pp 4, x™ 7" (x@,—2¢). [Tepexons k pavenctsy B koabiue A’
H COGHPas B @, H KOIDGHUNCUTAX NIPH Uy, YAeHB!, 3aBHCHIIHC OT 2,

HeTPyaHO yGemuThes, uto @=Ex™ 4 By pip. Ho Torna

a=qe,;=8x""e,_; & Ae,y, BONPEKH yCI0BHIO,
HonycTum Tenepb, uTo kJaacc A-MoAyJeit, IEJAHMHX B CMHCJIe
JlepH, 8-noson Aas wekotoporo momosnenus . IMyers D = 3, (B).

Coraaciio (a) u cpoficrsam IT1 u I3 cymecTsyioT MoHOMOpGhH2ME
f:D—>An [: D—>A toxpectsennre na B. Tak kak xB =05~ B,
to Im f'5£B. Ilyers a'elm [/\ B, npuuem a’={'(d’), rae d'<D.
Torna 2a’=0, Tak kak 2A"=0. Orcioga 2d'=0, 1. e. 2f (d')=f (2d’)=0.
U3 (e) cienyer, uto [(d')s=B, a 3uauut, d'=B. Ho Torma o’ =
= [’ (d’)=B. ITpoTnpopeune.

Ecnn nekoTopas mosHota O 3agmana cBoficTBaMH, lie HCNOJG-
3y10IHMH CeUHHKY KOJbLIa, TO eCTecTBeHHO MNOCTapaThCsi BhHisiC-
HHTb, K5l KaKHX KoJel nce O-mosuEle MOAYJMH OKaXyTcs HHEKTHB-
NBEIMH HJH NOZHHBEKTHBHEIMH.

To ke camoe MOXKHO CNPOCHTb H 0 MOAYJAX, NMOJHHX B CMHCJIE
Jlenn uau XatTopH.

BaauMooTHOLIEHHE MeXJY HHBEKTHBHOCTHIO H JAEJHMOCThIO
B cMuice Jlesn Hccie0BaHO AJIsi Cayuast, KOrAa OCHOBHOE KOJbio A
o61az4eT BYCTOPOHHHM KoJsuoM uacThhx Q ([147], crp. 141,
teopeMa 3.4). Okasasocs, 4TO B 3TOM Cjyuae JJs HHLEKTHBHOCTH
KaXJAOro jleanMoro B cMmeicae JleBH A-momyJas Heo6XoauMa H j0-
CTaToOYHa KJacCHYeCcKas HOJYNPOCTOTa KoJbla Q H Jepas Hacjej-
cTBeHHOCTh KO.1blUa A. TIpH BHINOJHEHHH STHX YCJOBHfi KOJbilo A
spJsieTcsl HeTeposhlM cJjesa. Matauc ([158], Teopema 3.3) nokasaa
NOAUHBEKTHBHOCTb BCHKOT'O AeJHMOro B cMbicae JlemH A-Moayuas
IO cayuasi, Korfa A—neTepoBa KOMMYTATHBHAst 06.1aCTh 1EJOCT-
HOCTH H BCAKHit ee HeHyJeBoRl npocToft ujeaa Makcumaien. leaw-
uep ([110], cTp. 913, Teopema 6.1) YCTaHOBHJ, YTG HHBEKTHBHOCTb
Beex A-MoiyJeft, 1eaHMHX B cMbicjae XaTTOpH, HMeeT MeCTO TOrAa
H TOJBKO TOrdd, KOrfla A Hac/ejCTBEHHO CJIeBa M HCTEpOBO CJCRa.
On e yka3as YCJIOBHsS, IDH KOTOPHX OKAa3bBaeTesl HIFLEKTHBILIM
BCsiKHA jle/HMHE B cMbicie Jlesu Y -moaympocToii Moayns. Ecan
KoabLo A o6JafaeT JIEBHM KOJABLOM YaCTHHX @, To, Kak NOKa3aJa
Jlenn ([147], cTp. 140, Teopema 3.3), HHBEKTHBHOCTh BCEX T, -NOAY-
NPOCThiX AGMHMHX B CMbicae JleBH Mogy.jeit pasocuabHa KJaace-
CHYeCKOH NOJYynpocToTe KoJjbla Q.

MosKHO CTaBHTH 3aJayy H O B3aHMOOTHOUIEHHSIX MeX;ly KJac-
CaMH €-IeJHMBIX H $-HIBCKTHBHHX MOAYyJCH.

IleHMBte rPyNHE H3yuclisl j0BOABRO XOpolio. MasecTio onuca-
uHe ux crpoenHs ([B], ctp. 149). Jlesu [147] 0606wua Ty Teopemy
Ha cayyall HacJGICTBERHOrO CJieBa KoJblla, 06.13/1al01mero Kk.JI4CcCH-
HeCKHM NOJYNPOCTHM ABYCTOPOHHHM KOaALLUOM wacTupix. YacTuwlil
cayuail ero pesyJasTaTa cojepxHTCs B paGoTe [Tonecky n Pago [174].
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Ienumas rpynna oGjanaer pAfOM XapaKTepPHCTHUECKHX CBOMCTR.
Hmenro, Oaa6 [69], Képrec [134] u Cene [201] (cM. Takxe [u]
crp. 67, ynpaxnenue 2; cTp. 69, ynpaxHenue 32) yCTAHOBHJIH 5KBH-
BaJIEHTHOCTb CJAEAYIOLHX CBOHCTB rpymnns A:

1) A — gennuMas rpynna;

2) rpynna A He COACPXKHT HCTHUNBIX MaKCHMaJbHHX MOATPYNN;

8) rpynna A He HMeeT KOHEUHHX HelYJeBHX SNHMOPHHX
06pa3os;

4) rpynna A He CORepXHT TakHX MoArpynnk Hs-=A u snemenTa
a, utro H + Za=4A;

5) rpynna A CcayXHT sHAOMOpHEM 06pasoM JIJst BCAKOf
rpynne, B KOTOPOH OHa COACPXKHTCH;

6) A CayxHT NpAMHM cjlaraeMHM JJs BCAKOR cofepxalueft
ee rpynim, JJIS KOTOPOR OHa CJIYMKHT 3HAOMOPDHHM oGpa3oMm.

Hurepeciio nafiTH oGoGiieHHe 3TOro pesysabTaTa.

Hurepecra Takxe CBA3b JeMHMBIX IPYNN Co c1aGoft ceppanTHo-

croio ([u], crp. 92, npennoxenue h): ecau A — munumarvnas deau-
Mas epynna, codepxawjas 3adannyro epynny A, 1o nodepynna N
epynndt A caabo-cepsantna 8 A 10208 u TOABKO TO20a, KO20a N=

= A\D 848 nexoropoii deaunoil nodzpynne D epynnet A. Panrac-
BaMH [180] paccmaTpHBas BOmpOC, KOTZKa YTBepXKAeHHe, aHasorHu-
Hoe 5TOMY TNpelJoXNKeHHIO, CrpaBelJIHBO AJS HeKoTopoll (He oGsi3a-
TeJAbHO MHHHManNbHOM) menuMoii rpynme, cogepxaiueli A. Ogpmako
B ero paGore ectb omHGkH (cm. PJK Mar., 1966, 2A228).

[ToMHMO mnepeuHC/TenHHX, B JHTEPAaType BCTPeYaeTCst H pPAf
JLpPYTHX MOHSTHH, HANOMHHAIOWHX TOJHOTY: KBaSHHHBEKTHBHOCTb
([plO], [54], [80], [100], [129], [163], [183], [215]), ManoHHBEKTHB-
Hocts ([2], [19]), paunonansHoe paciunpenne ([42]), Momyan uact-
nux ([3], [6], [6], [49], [79], [203], [227], [225], [226]). Omuako
BCe 5TH MOHATHA B cayuae aGeseBHX Ipynn He NPHBOASAT K MOMOJ-
HEHHSIM, OMHCaHHEIM mpepsoxenueM (8.18).

OcTaHoBHMCS ellle Ha ORlioH 3afaye, CBA3aHHOA C momnoJHe-
uueMm. H3BecTno, uTo NpH HeKOTOPHX YCJIOBHSX HHBEKTHBHYIO 06o-
JIOYKY KOJIbLA MOXHO NMpeBpaTHTh B koJsuo ([144}, [171]), koTopoe
HHOrZa CoBMNajaerc JeBHM KOJBLUOM yacTHHX. AnajorHyHoit 3afa-
yefi AJas g-momoJunenns 3auuMmajca Caugepcon [192]. IToctpoenne
KOJIbIla YaCTHHX C HCI10JIb30BaHHEM TaK Ha3HBaeMHX peryJspHHX
HHBEKTHBHHX CTPYKTYpP NpefnoxHa Mapauna ([164], § 5).

C pmenMMEIMH TPYNNaMH CBsi3aHa TaKXe Cjefylolnas npoGiema:
KOrfa MOArpynna AeqHMOR TpYNNH SIBJSACTCH TlepeceyenHeM [eJH-
MHX Tnofrpyun stoit rpymnn ([u], mpoGsema 2)? IlocraBnenHH
BONpOC cOXpausieT cMHCA aas Jo6uX O-nomoanennii. Hns rpynn
oTeT noJayued Kxa66azom [139], lapaem [55] u Pauracsamu [182].
OjaKo naiiieHHoe HMH OliHCAHHe HCHOJb3YeT CHeUHPHKY KOJbla
uesnstx uHcesa. PesyasTar KxaGGasa BeBeZeH H3 TeopemH, GoJee
nepcneKTHBHOR AJS BO3MOXIOrQ ofo6uenHs.



NOBABJIEHUE

1. AugpynakueBHu u Ps6yxuu [220] oxapakTepusoBasu KoJbe
ua, B KaTCropHH MopayJsefl HaJ KOTOPHMH CYLIECTBYIOT JHIL TPH-
BHaJIbHHE paJHKaJbL

2. Ha cTp. 94 oTmeuwasoch, yTo pafHKas MOXHQ paccMartpH-
BaTh KaK NOADYHKTOp TOMAeCTBeHHOro (yHKTopa, [IpousBonuhe
storo ¢yukTopa paccmatpuBan [osopos [221], a ewe panble —
Iukcon [68].

. 13. ®uabaxays [82], [228] ycranoBuA, uTo PEry/sipHOCTb KOJb-
ua A paBHOCHJblla TOMY, UTO BCe HOAMOAYJIH [JioGoro A-MoayJs
yHHBepCasibHO u4HCTh! B HeM. Koubua, He cofiepixalllie HeTpHBHAJb-
1lbIX YHHBEPCAJbHO YHCTHIX JIEBHX HJAeaJoB, PacCMOTPelH B APYroi
ero 3amerke [229]. PauracBamu [244] Rokasas, uTo KoJblo 3ShI0-
MopdH3MoB aGesesoil IPynuH PeryJspHo Torfa H TOJbKO TOrAa,
Korza siipa M oGpa3n BCex ee 3HAOMOP(DH3MOB SBJAIOTCS peTpak-
TaMd. OH Ke OTMeTMJ, YTO KOJbLO 3SHAOMOP(GH3MOB aARHTHBHOH
rpynnpl PeryJisipHoro KoJblla He BCerfa peryJsipHo. -~

Ji4. Kato [236] oTmeTHa, uTo c/1aG0-cepBAHTHOCTL BCeX MOA-
rpynn rpynna G paBHOCHJIbHA TOMY, YTo MOPAAKH 31€MEHTOB rpyn-
n G csoGogub oT KBampaToB. Ilocsefinee, Kak nokasan Keprec
([n]; erp. 94, ynmpaxkHenue 27a), paBHOCHIbHO TOMY, YTO BCe MOA-
rpynn G sBAsiOTCs perpakTamu. Panracsamu [244] ucenenosan
TPynnH, B KOTOPHX o6pa3 JoGoro sHzoMopdH3Ma ciaaGo-cepBaHTEH
HaH cepBauTed, On xe (cM. [243]) oxapakTepH3oBaa I'DPynmH, B KO-
TOpHX BCfiKasi c1a6o-cepBaHTHasi NMOATpyHna ABJAseTCs aGCOMOTHbIM
npsiMbiM ciaracMbiM. B Toft e paGore paccMaTpHBaeTcs KJaacc
rpynn, B KOTOPHX CepBaiTHa AaHHaa rpynna. Musra [239] noka-
3aJ, YTO YHHBEPCAJbHO YHCTHH KOHEUHO-NOPOXKICHHHEIA MOAYJb l1af
KOMMYTATHBHHM HeTePOBHM KOJIbLOM fIBJISICTCS PETPAKTOM.

JI5. 3apukcupyeM HekoTopyio rpynny W u noaoxum Hy=A H
Hiy;=Hom(H,, W). I'pynna A na3uBaercst W-nepHoAHUeCKOH, ec.iH
aHom (A, W) =0 sneuer 3a coboit a=0 u H,=Hrys mas nexoTro-
poix r=>0 1 s==1. Dta nepHoZHYHOCTb Hccnelyercss B paGotax [poc-
ca [233]—[235] u Jliosena [238].

I6. Hynke [240] paccMaTpuBan Ha kaTeropn rpynn QyHKTOp

S(A)=Im (Hom(i,e4)), rae 0> Z—>G > H ->0— naunas TouHas
noc/ie/IoBaTe/IbLHOCTh, a 3aTeM  ounpefedss YHCTOTY ©, moJaras
®Ext=S Ext (cM. npeanoxenue (1.4)). Dror ammapaT nO3BOJHA
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0XapaKTePH3OBATh mNpAMble CYMMBl pPeilYUHPOBAHHBIX CYCTHHIX Ls
rpynn.

Ji7. Puuman 1 Yokep [245] otmeTnian Bo3MONHOCTL ompefesec-
HHA JJs TPYnNm YHCTOT, YKalaHHbIX B lperaoxenuu (1.20). Ecau
Ho=9%, rie T —knacc sBcex NepHOAHYeCKHX Tpynm, To KJaacc pe-
LYUHPOBAHHLIX O-HHBEKTHBHHX TPYNn cOBNafaeT € KJacCOM peny-
UHPOBaNIIBIX KONEPHOXHUECKHX Tpymm,

8. Tonnu [230) npensioxun caemyomee onpefesicHHe: ecau
A — nogmonyas Monyas B, To

clpgA={blb= B, (A:B) nnoten B A}.

Moaxe [97] on oﬁoﬁmm 37O onpefefeHHe, 3ameHHB clioBa «(A: B)
nioted B A» Ha «(A:b) ¢, rae ¢ — HeKoTopoe MHOXeECTBO Je-
BHX HAEaNoB». Amn u Iukcon ([224], crp. 199, npemsoxeHHe
(2.1)) ycranosuaH, uyTo GYHKTOP r(A)—C'AC‘AO siBJIsIeTCs  Kpyue-
HHeM — kpyderues Iordu. Janee, noJoxHM

&' ={l[t(A/l)=A/T}

H oGo3Hauum ucpe3d € panuxanwuﬂ HJIbTP, ONHCaHIILIA B mpef-
Jaoxenun (0. 5) Nycre I€$',p& ! — cMexIIbif kaace us A/,
onpefensieMblit  aaeMelNToM AGA Eum (I:p) naoten B A, TO
(I lp) nmoren B A, npuuemléE /. B npoTusHoM cayvae Apﬂ

N (/:p)=0 ana muekoroporo 07=pe=A. Tlockomuky (c10:p) mao-
Ten B A, CyllecTBYer 0¢GEAuﬂ(c10 p). CaemoBaTtensHo, Ge&&
eé(l p). Ho Gpecll) T. : 02 njoten B A. Takuv 06pa30M
¢’ = €. Ecam, naoGopor, Iez PE! n 0*p A, 1o npr pp !
HMEEM Mp= =0ccl0, 7. e.p=(cl0:p) Ecin xe ppl, 70 (0:
oup)—(l oup) MIoTeH B A gjas HeKoToporo Ggé (I:pp). Ot-
ciona oupeel u, crefosateasio, 07 opuSAN ) (cIO p). dtum go-
Ka3aHo, 4TO (clO p) naoten B A, 1. e.peclcl0. Takum oGpasoM,
¢ < ¢, u, cornmacHo mpeasoxenuio (2.16), pamukany oagu coot-
BETCTBYCT PajfHKaabHHP GHALTP, YKasaHHHA B npepioxenun (0.5).

NS
Anny u Tiukcon pacemorpenn ¢yukrop Gold A= (A/x(A))/(A/x(A)),
rge ucpe3 B oGo3Hauella uHBbeKTHBHas oGoJsouka Mozyas B. Ecuu
Gold A=0 nas scex A, To KpyueHHe [oJIAM oka3miBaeTcsi pacuien-
aseMum  ([224], ctp. 201, caencroue 3.3). JokasaHo TaKxe, 4TO
TOYHast IIOCJ‘IeIIOBaTe.anOCTb 0—>A->B—->C—>0 nopoxAaer TOU-
HYIO TOC/eN0BaTeNbHOCTh

0>t (A) >t (B)—>1r(C)—> Gold A > Gold B> GoldC—~0

([224], cTp. 198, Teopema 1.2). Temau [246] BbisicHHJI, KOFMa OKa3H-
BaeTCsl HI'BEKTHBHOH nApsiMas CyMMa HHBEKTHBHBIX MOAYJeH ¢ Hy-
qeBbM Kpyvennem Fongu.

J19. Liykepman nokasana, uto MoAyau Ge3 KpyuellHi B CMHCIE
Bacca oGpasylor Y-moJynmpocTofi KJacc AJsi HEKOTOPOro KpyueHHS
T TOrAa H TOJBKO TOTZa, KOTAa A/l BCAKOTO MOHOMOpdH3Ma
f: A>B u mo6oro Henysesoro romomoppusMa @: A—>A nak-

nytest sugoMopduam p: A—>A u roMoMopdusn ¢ : B> A TakHe, uTO
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@p+0 u orpanuvente @ ta A cosmasaer ¢ gp. Kak noxaszaau Y,
Moxuuyku un Jxanc [247], aAas apTHHOBBIX KOJCIL 5TO YC/JOBHe paB-
HOCHJBHO TNPOCKTHBHOCTH MHBEKTHBHOR oGosoukH KoJbua. Kato
[237] v Koa6u u Parrep [250] uccresoBasin, Koraa HIBCKTHBHAS
oGoouka Moayast 6e3 KpyucHust B cMbiciic Bacca TakKe “He HMeeT
Kpyuennsi. M3 HX pesy. LTaTOB BbiTEKaeT, B 44CTHOCTH, 4TO YC;O-
pHst Llykepman paBHOCH/IbHbI OTCYTCTBHIO KPYUYeHHs B cMpicic Dac-
ca y HIbeKTHBHOH 060.04KH Koabua (cp. 2.29). 3roT ¢akT 3ane-
THda H caMa Llykepman. Credencod ©H Llykepman orMeTHaH, 4TO
HOJYNPOCTOTa KJacca HPOCKTHBHbIX Mogmyaelt (cM. ctp. 103) Bae-
yeT 32 coGOM NPOEKTHBHOCTh BCeX MOAyJeli Ge3 KPYUCHHs B CMblC-
ge Bacca. Ony Xe noKasajH, 4To A/ TOFYNPOCTOTH K.jacca TpoeK-
THBHHX MOJAYJell MOCTATOYHO MEPBHX NBYX YCJOBHA, YKa3aHHHX
Koitpmanom.

Ji10. Myerh A —KoHosckoe Koabiio (free ideal ring) (P)K Mar.,
1965 4A226). Torjia mast kaxJgoro A-Momyass M Moxuo nafiTH Tou-
HY[O MOCJIefOBaTe/ALHOCTh BHAA

0>A"> A" >M—>0,

rae A!— A-Momyab i-Mepibix cTPoK. [MosaraeM ¥ (M)=m—n.
Kon [249] wuassan mopyar M uepuonuueckuM, ecan ¥ (M)=0 u
% (M) =0 nas Bcex nogmony.aeit M’ = M. B cayuae KoMMyTaTHB-
HHX oG6.Jacrefl IaBHLIX NHJCATOB 3TO oOflpefejCHHE COBNajaeT
¢ o6uuynnM. JlokasnBaeTcsi, uTo KaTeropHsi BceX NMEPHORHUYCCKHX
Mony.ell aGeseBa, apTHHOBa H HerepoBa. OTMeuaercs, YTo QY HKTOP
M»Extk(M. A) ocymecrBasier ABOACTBEHHOCTh MeXJAy KaTero-

PHSIMH NPaBHIX 1t JIeBbiX liePHOAHYECKHX A-MoayJeil.
J11. HekoTopbie pesyJabTaThl 0 pafukaiaX B KaTeropHH MOZY-
Je#t n1af KosabuoM Ge3 eZHHHUH ayoHcHpoBad Keaser [252].



OTKPBITBIE BOIIPOCHI

1. Cnpasemnussl au npemnoxenus (1.15) u (1.10)
IJst [PSMBIX M IOJHBIX HPSIMBIX CYMM ¢ GeCKOHEYHBIM
UHCJOM cJaraeMhX cooTseTcTBeHHo? EciaM HeT, TO Ka-
KHe CBOMCTBA YHCTOTHl HMJIHM KOJblia OGECIIeYHBAIOT HX
cnpaBegnuBoctb? O6paTHTh BHHMaHHE HA NpeJIOXKEHHS
(1.39) u (1.32).

Poxsnna 3ameTHsia, uTo npsiMasi cyMma Jo6oro 4Hcaa @-nJjo-
CKHX MoAyJell GyZeT ©-MJOCKHM MOAyJeM, eciaH oGbeAHHeHHEe BO3pa-
cTalouelt nocaefoBaTeNLHOCTH @-YHCTHX NOAMOAY el Bcerfla fBJAseT-
st ©-yHCTHM ToAMoJLyJ1eM. DTo MoxeT GHTh BuBefeHo H3 (1.1) 1 (1.12).

2. OnucaTth BCe YHUCTOTHI B aGeseBBIX rpyniuax.

3. Kakue cBojictBa cJsenyer jo6asute k UH0—U4,
yToGH COOTBETCTBYIOIlasi YHCTOTA B cjyyae Tpynn OKa-
3ajnach &-YHCTOTOMH?

4. OGo6muTtb pesyiabrate Pykca ([85], [87]), ykasan-
Hble Ha cTp. 28.

5. O6o6iuuTs Ha MOAYJH TeopeMy 06 anarebpauye-

cxofi komnaxrrocry rpymust (3 A4)/[(2A) (em. crp. 29;
[90], npobnema 2).

6. Henb3st 1M NPUMEHHTb K HCCJAEJOBAHHIO ©-HHBEK-
THBHHIX MOJAyJefi Tomosoruyeckue Meroas (cM. [90],
npobaema 1)?

7. llpy KakuMX YCJOBHSX YHMCTOTH, OIpeJiesleHHbE
B npenjoxenusx (1.16) u (1.20), saBisioTCS KOTpEYyrosb-
HOH M TpeyroJbHOH COOTBETCTBEHHO?

8. Has xaxux cucreM I' T-uucrora okaseiBaercs
MHBEKTHBHO 3aMKHYTOH? HHBEKTHBHOH? IIpPOEKTHBHOH?
(cM. npepsoxenns (1.29), (1.49), (1.51)).

9. Hennss sau Becaguii o-IJIOCKMH (B YaCTHOCTH,
T-miockuit) Momynb mnoayYuTh Kak Npefe] NpsAMOro
cnektpa @-npoektuBHbIX (I-npoexTnBHEIX) (cM. cTp. 36)?

10. TIpu xakux ycnoBHAX (PaKTOP-MOAYJIb ®-AEJH-
MOro MOAYJS 1O O-YHCTOMY HOAMOAYIIO O-AeJHM?
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Tor xe Bonpoc misi I-yncrote u &-yncrorst (cMm. (1.33),
(1.34) u crp. 33).

11. TIpy KakMX yCJOBHAX BCAKMA @-yMcTHI mogMo-
AyJlb ®-IVIOCKOTO MOXYJS sBJAseTcs ®-MaockuM? Tor XKe
sonpoc aasi -uncrote u &-uncrorn (cm. (1.40), (1.41)
u ctp. 33).

12. MccaenoBaTh B3aHMOOTHOLIEHHE MEXIY ®-HHBEK-
THBHOCTBIO H @-IeJHUMOCTBIO (CM. Ipemyoxenue (1.46) u
ctp. 127—130).

13. CnpaBelsinBO JIM yTBEepXKJeHHE, OOpaTHOe Ipen-
goxenuto (1.55)? ~

14. WUccreloBaTh ©-HHBEKTHBHHE Kogablla (B yacrt-
HOCTH, I'-MHBEKTHBHEE H &-MHDHEKTHBHHIE).

15. IIpn KakMX YC/NOBHAX BCAKHH @-YHCTHIR mogMo-
Lysab JaHHOTO MOZYJSA BbIEJsieTCs NPSIMBIM CJaraeMbiM
(cM. crp. 67, 79, 80, a rakke [I4)?

16. He Gyner au &-uncrora cosnagarth ¢ -yncroroi
Insi HeKoTopoil cuctemnr I'?

17. Tlpn kakoM BbIGOpe HpueayoB I, M D, oTHOIIE-
aug <g U <® o6aagawor cBoiictBamun U0 —U4’ (cMm.
cTp. 75—76)?

18. He OyleT JH OTHOIUIEHHE S,z OOJsagaTh CBOH-
crsoM U4’ 1y1s NpOM3BOJIBHOM YHCTOTH (CM. IpenJoxe-
aue (1.68))?

19. Ins KaKMX YHCTOT ® KiaacC $oz COCTOUT TOJBKO
U3 peTpakuui?

20. OxapakTepHsoBaTh O-IIDOEKTHBHblE H @-HHDBEK-
THBHBIE TPYIIBI, €CJIH @ — CEPBAHTHO-BEICOKAs HJH cjabo-
CepBaHTHO-BBICOKAS] YHCTOTA (eMm. ctp. 78—79).

21. Uccaenosatb @-yHcTbie 060s0ukH (cM. cTp. 130).

22. [Ipyn KaKMX YCJOBHAX BCE€ MNOAMOAYJH NAaHHOTO
Moayssi @-yHcThl B HeM (cM. crp. 80, a Takxe [14)?

23. HccaenoBaTh B3aHMOOTHOIIEHHE MeXAY ®O-YH-
CTBIMH MOAMOAYJASIMH MOAYJs A M HAeanaMH KoJjblla
Homa (A, A), B YacTHOCTH MJSi CEpBAaHTHOR YHCTOTH
(cm. crp. 80; [90], ctp. 31, npoGiema 34).

24. [Ipy KaKHMX YCJIOBHSIX OKa3bIBAalOTCS KPYUEHHSMH
panukaJbl, onucannee B (2.32) (2.33) u na crp. 105?

25. Onucarb Te YHCTOTH ® B Kareropuu abeseBbIX
rpynn, IS KOTOPHIX KJacC @-MJOCKHX TPYIN cosra-
JaeT ¢ KJIaccoM I-NOJAYIPOCTHIX TPYHHN JIsi JaHHOTO
kpyuenust t (cm. npemnoxenus (2.15), (2.29) u (2.30),
a rakxe crp. 104).

136



26. Jinsi KaKHX KoOJIell SBJSIOTCS NOJYNPOCTbIMH
KJacchl JIOKaJblio NPOEKTHBHBIX H JIOKAJbHO CBOGOIHBIX
moxyJaei (cm. crp. 105)?

27. B Kakux cjiyuvafgx HHBEKTHBEH palHKaJj HHBEK-
THBHOTO MO/yJisi?

28. [Ipr KaKux YCJIOBHSIX r-NlepHOJHUECKHH r-Kome-
PHOIMYECKHH MO/1ysib OKa3bIBAETCs &-HHBEKTHBHBIM (CM.
ctp. 97)?

29. CywectBeHHo JiM B IHpejmoxenun (2.21) npen-
Joxenue, uto t(A)=0?

30. Byner sn ciipaBeanuBo pasenctso Ext? (4, B)=0,

ccau A —-63poBcKuil, a B — npousBodbHHR A-Momyau?
31. Harts omucaHue r-63poBcKHX rpymi (cM. crp. 100;
[u], cTp. 203, npobaema 30).
32. OxapakrepusoBath A-MO/yJH, YIOBJIETBOPSIONME
coorowennio Exth (4, A)=0, B uactHocTH i A=Z

(cM. ctp. 100: mpobaema Yailitxena).

33. CyiuecTBeHHa JH MHLEKTHBHAS 3aMKHYTOCTh YH-
CTOTH © JJs CHpaBelJIMBOCTH BKJIIOUEHHS o, < Ho
B npepnoxenun (2.30)?

34. CyuecTBeHHa JM KOHEYHAsi IOPOXKIEHHOCTh MO-
ayJasi Fq BO BTOPOM YTBEpXKIelHH Npepjoxenus (2.31)?
Henbss s 1npuiaTh 3TOMYy UPEJIOXKEHHIO GopMy,
HE Mpeano/araloiylo NPOEKIHOHHYIO KOHEYHOCTb U,.

35. Tlpu kakux ycnoBuax ¢ynkrop r(A) = Ker (p®e ),
rae @ —romMomMopdusmM B 000OLIEHHOE KOJBIO YaCTHBIX
(cm. [6] u nmpemnoxenne (2.36)) siBasieTcss panukasIoMm
(1, B yactHOCTH, KpyueHHeM)?

36. Byaer anm Bcerna noaynpocreiM Kiace , pac-
cMorpennbift ITyesanrom (eM. crp. 110)?

37. Kakue cBoMHcTBa t-IIOJYNPOCTOrO M r-pajiuKajib-
HOTO KJIacCa paBHOCHJIBHBI paCUIeNIsseMOCTH KPYUeHHs P

38. Kakumu cpolictBaMu o6;ajfaer KOJbLIO, B KOTO-
poM paciuenasieTrcss KpyueHHe, olpeleJseMoe IaHHBIM
pajuKadbHbiM (GuAbTPOM & (B yacTHOCTH, Iasi panu-
KanbHBIX (UIBTPOB, yKasaHHbIXx B npefnmoxenan (0.5)
u (0.6))? Te ke BONPOCH COXPaHSIOT CMBICA MJs
paculeniseMoCTH BceX KOHEUHO-NOPOXIEHHRIX MOAY-
aeil (em. crp. 110—112, a takxe M1 u 8).

39. Ilpu KaKuMx YCJHOBHSIX T-paclienaseM Lesikni
&-IeMMMBIH MOIyab, Tie &-pajiHKaJbHbli (QHILTP, CO-
OTBETCTBYIILMH KpYUelHIio r?
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3aMeTHM, 4TO B caylae rpyiiit COOTBeTCTBYJOIICC paciilclliienue
HMEeT MECTO Bcerjmd.

40. OGo6wuTh HA cayuall ModyJefi KpuTepuM pac-
WeNJeHNs, ylloMsaHyThie na crp. 111—112.

41. OxapaKrepH3oBaTh KOJblia, HaJ, KOTOPbIMH Kaacc
mony.eli 6e3 KpyueHHs B CMHcae DBacca spisiercs
noJsynpocteiM (cM. (2.39), a takxke J19)?

42. CylueCTBYIOT JIH HETOYHbIE H HelpaBHJbHbIE MO~
HOJHEHHS?

43. OxapakrepH3oBaTb KJacc O-mosHBIX Moiy.el
(cp. mpenaoxenus (2.10), (2.12)).

44, Halitn Xxapakrepu3allud B-NIOJHBIX MOJyJeH, aHa-
JoruuHble nepeunciednuiM Ha ctp. 130. Tor xe Bompoc
IJs @-ACJHMBIX MOZAyJeH, B YaCTHOCTH MJISi & -HeJH-
MHIX. :

45. OxapakrepH30BaTh KJacc B-pelyuHpOBaHHEIX MO-
nysed.

46. Onpenensiercss Ju mosHota O kuaccom 6-peny-
IMPOBaHHBIX MOJYJel?

47. Tlpun KakKHMX YCJNOBHSIX palHKaj, yKa3aHHBbIH
B npe;utoxennu (3.11), okasmiBaercs KpyueHHeMm?

48. OmucaTh Bce YHCTOTH ® B KaTETOPHH Tpymn,
JUIst KOTOPHIX KJace ©-7IeJHMBIX PYNI coBNajfaer ¢ Kjac-
coM O-mOJHBIX TpyNN Jis JaHHOro nonoJieHus 6 (cm.
npepioxenus (3.13) u (3.15)).

49. Onucath HapOCTHHE KoJjbua, OTJIHYHHE OT Ha-
CJIe ICTBEHIIBIX.

50. ITpu KaKHMX YCJIOBHAX KjaacCc MoAyJaeH, AeJHMBIX
B cMbicae JIeBH, coBmajaer ¢ KjaccoM O-NOJHBIX MoO-
nysiel IS HCKOTOPOTO IONOJHEeHHs 6?7

51. Jlasg KaKHX KoJjel BCAKHH MOIYJb, IeJHMbIH
B cMulcae JleBH (COOTBETCTBEHHO B cMEicie XaTTOpH),
noAHHBeKTHBEH (cM. crp. 127—129)?

52. Kakue ycqoBMS HaJO HaJOXHTb Ha KOJbIO A H
nonoJHenre 0 4ast Toro, 4ToObl A-MOAYJb 3g(A) MOXHO
6bl10 OBl NpEeBpPaTHTh B KOJBLO C COXpPaHEHHEM MO-
AyabHbIX omepamuit (cm. crp. 130)?

53. JIns KakuX MOMNOJHEHMH O oTHolleHHe

[A=  BI©[A=BN(A) B 3(B)]
onpepessier uucrory (cu. crp. 130)?

10 A. Il Mumnua, JI. A. CKOpHSIKOR !37
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