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IMPEAUCIIOBUE

DTa KHHWTa MOXET PacCMATPHBATHCA KaK MPOJOJIKEHHE MOCH
KHATH «BBEOEHHE B 3proAMYecKyr0 TeOpHIO», u3nanHo# B Epesan-
ckoM yHmBepcuTeTe B 1973 1. OHa COCTOHT H3 IATH YacTei.

B uyactu I BBOOsATCS OCHOBHBIE NMOHSTHS IPTOAHYECKON TEOPHH
H 3JIEMEHTHl CNEKTPAILHOH TEOPHH THHAMUYCSCKHEX CHCTEM, BKIIFO-
4asi TEOPHIO JHHAMMYECKUX CHACTEM C YACTO TOYEYHHIM CIHEKTPOM.
BoNBIIMACTBO H3TaraeMbIX 30€Ch BOINPOCOB MOXHO HAMTH BO
MHOTHX [OPDYTHX HCTOYHHKAX. HEKOTOpHLIM HCKJIFOUCHHEM CIIYXKHT
BKJIFOYEHHE B CHEKTPAIBHYIO TEOPHIO OTOOpaXeHHs, BO3HHKAKOLIC-
ro B Tecopunm Peiirenbayma, W O0OCyXJeHHE CBA3H TEODHH
HHTEIDHPYEMBIX TAMHAJIbTOHOBHIX CHCTEM C TEOpHEH ABHAMHYECKHX
CHCTEM C YHCTO TOYEYHHIM CHEKTPOM.

Yacte II nocesmera sHTpommitHOH Teopun. Ee Moxno
cuuTaTh 6oNee HIM MeHee 3aBEpINEHHKIM Pa3[eoM 3progHYecKor
T€OpHH. MBI KacaeMcsi TOJIbKO OCHOBHBLIX BOIPOCOB, HEOOXOMMMBIX
VIS npuioxeHdid. B mocreanedt ekmum pacCMAaTPHBAIOTCA CHCTE-
MBI KJIETOYHBIX aBTOMaToB. WX »sHTpommiiHbie CBolicTBa OBLIH
HENABHO NpeIMETOM pa3HOOOpasHBIX O6CYXIeHuit.

Yacte III HaspiBaetcs «OmEOMEpHAas AMHAMHKA». TeopHs
OHOMEPHHIX JAHAMHAYCCKAX CHCTEM YpE3BHYAHHO MOMYJIAPHA
celidac B TECHO CBf3aHA ¢ rojoMopdHol muHamMukoH. Brpouem,
3TOH CBS3H Mbl 30ech He kacaemcs. OAHa Ilekuusi MOCBAUIEHA
J0Ka3aTe/IbCTBY TeOpeMBl JpMaHa, HaiaeaHoMy K. M. XammaniM
H MHOK H OCHOBAHHOMY Ha HIESX METOJA pPEHOPMIDYIIIbL.
Crenyromas nexius COAEPXHT IOKA3aTENLCTBO Teopemtl [Ilapkos-
CKOTO H oOCyxaeHue TeopHH ymmBepcauibHOCTH Pelirenbayma.
Iocnennsis nekmMs TNOCBAINEHA TEOPHH PpAaCTATHBAIOWIAX OTO6-
paxenuii. [Joka3aTeIsCTBO OCHOBHOH TeOpeMBI MPOBOTUTCH B AyXe
TEPMOJMHAMHYECKOTO GopMam3Ma, 0 KOTOPOM MOApOOHEe MIET
peib B HactH V.

Yacte IV nHaswpiBaeTcs «DNEMEHTH HBYMEPHOH ITHHAMMKU».
3aech MBI PACCMAaTPHBAEM HEKOTOPHIE CBOWCTBA CTaHAAPTHOIO

5



oTobOpaxenus mwin oroOpaxenns YupukoBa, obOcyxmaeM HICH
Teopun OOpH— Mesepa. KpoMe TOoro, BBOOATCS TOMOKJIHHHYEC-
KHC M TeTCPOKIIHHHICCKHE TOYKH, CTOXACTHYECKHE CIIOM H OOBACHS-
IOTCA MPHYHHBI, MO KOTOPHIM OHHM HA3BIBAIOTCH CTOXACTHYCCKHMH.

Jlexums 14 COOECpXHT [O0OKa3aTeIbCTBO TEOPEMBI, [JAFOLICH
ONCHKY CBEPXY YIJa, XapaKTEpH3YIOIIETO PACIICIICHHE CcemapaT-
puc. 210 mokxa3atenbcTBo mnpuHamIexutr HW. I1. Kopadenbay
H MHE U npexpe He myOimkoBasock. HeoOxomuMo OTMETHTH, 4TO
moJiydyacMasi OIECHKA HE SBIACTCH HAMIyYInCcH.

B wactH V paccMaTpHBaeTCs TEOPHA THIIEPOOJHYECKHX THHA-
MHYECKHX CHCTEM. B 1l€IOM psile BOIPOCOB HAIl MOAXOX MOXHO
CYHTaTh HOBHIM. B HEKOTOpHIX CiIy4asx MBI OOBSACHAEM OCHOBHbBIE
HOCH WIH TPOBOIMM [IOKA3aTeJIHCTBA UIA HambOOseé XapaKTepHBIX
NPHMEPOB.

Penaktop xmmru E. WM. [lurabypr BHAMATEIBLHO NPOYHATAI
PYKOIMCh U CIeiaj MHOTO HOJIE3HBIX 3aMedaHHi. Pgn m3meHeHuit
B pYKOmHCH ObUI BHECEH B  pe3yiIpTaTe  OOCYXIECHUH
¢ K. M. XamuapiM u /. KocbiruasiM.  Tlomb3yrock  ciydaem
moOIarogapuTh HX 3a MOMOIIIb.



YACTHI
OBIIAA DPTOANYECKAA TEOPUS

B 3T0if YacTH BBOJSTCA OCHOBHEIE TIOHSTHS 3PrOIMIECKOH TEOPHA
M OMNKMCBHIBAIOTCA pasyHMyHble mpuMephbl. Ciofa TakXe BKJIOYCHBI
3JIEMEHTHI CMEKTPAIBHOM TEOPHH JHHAMHYECKMX CHCTEM, BKIIOYAs
TEOPHIO IHHAMHYECKHX CHCTEM C HYACTO TOYEYHBIM CHEKTPOM.

JEKHHNA 1

W3MEPUMBIE ITPEOBPA30BAHNMS, NTHBAPUAHTHBIE
MEPBI, SPTOJUYECKUE TEOPEMbI

Oprommdyeckas TEOpHS H3Y9aeT CTaTHCTHYECKHE CBOHCTBa
JETEPMAHUPOBAHHLIX JWHaMHYeckux cHcTeM. Ilon craTHcTHYe-
CKHMH CBOHCTBAMH IOHHMAIOTCS CBOMCTBA, BBIpaXaloIIHecH depes
MOBEJEHHE CPEAHHX [I0 BPEMEHM OT Pa3JMYHBIX (YHKIAHA, BBIYHC-
JISEMBIX BAOJL TPAeKTOpHH quuaMuueckux cActeM. CioBa «aeTep-
MMHHUPOBAHHBIE JMHAMHYECKHE CHCTEMED» II0JPa3yMEBaroT, 4YTO
B YpaBHEHUs, 33a/al0IHE 3aKOH IBIDKEHHH, HE BXOJAT HHKAKHC
Cy4aiiHBIC BO3MYIICHHASA, IIYMBI H T. TI. TeM caMbIM BO3HHKAIOMasA
CTATHCTHKA OMpeaensieTCs HCKIHOTMTENLHO CBOHCTBAMH AWHAMHKH.

Iockoasky aproaudeckass TeOpHS, KaK H TEOPHA BEPOAT-
HOCTEH, OCHOBaHAa Ha NOHATHM MeEphl, TO TEPBOHAaYaJIbHBEIC €€
TOHATHS BBOAATCA B TEPMHHAaX OOIed TEODHH MEpHIL

Mu mpenmonaraeM, 4TO 3aJlaHO H3MEpPHMOE TNPOCTPAHCTBO,
T. ¢. mapa (M, .#), rome M—a0OCTpakTHOE MHOXECTBO, a 4 —
c-anrebpa ero nNOAMHOXECTB. B mansHeiimieM M Oynmer ¢a3oBbIM
MIPOCTPAHCTBOM JHHAMHYECKOH CHCTEMBI. BriGop G-aire6pnl Bo
BCEX MOCJIEAYIOIIMX CHTYAIMAX HE BLI3LIBAET 3aTPYHHEHHH, H MBI
6ymeM uacTo omyckaTh ee OOO3HAYCHHE.

Onpenenenre 1. DHooMOpPHusIMOM UBMEPUMO20 NPOCMPAH-
cmsa (M, #) nazvisaemcsa omobpancenue T npocmpancmea M na
cebn maxoe, ymo T *Ce. Ml 0aa mobozo Ce M.

Onpenencaue 2. ABmMomMopPusmMom usmepumozo npocmpan-
cmea (M, #) nasvieaemca maxoe obpamumoe omobpaxncenue T,
umo T u T~ '—sudomopdpusmer (M, M).

Ecmu T—asTomopdusM, To TC, T 'Ce# ana moboro
Ce.#. 3a onpepencHussMH 1, 2 MOJYaJHMBO CKpBIBac€TCA IIpEl-
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MOJIOKEHAEe O ToM, 4YTo peiictBue 71 3amaercd H3MEPHMBIMH
OYHKUMAME, H HUKAKAC JOIOJNHHTENLHLIE NPEANOJIOXEHAS THNA
1aJKOCTH HE HAKJIAABIBAIOTCH.

B 3r0li KHMATE MBI, KaK INpaBWIo, OyIoeM paccMaTpHBaTh
TOJLKO HOPMHPOBaHHEIE, T. €. BEPOATHOCTHEIE, Mephl Ha (M, 4 ),
He OroBapuBas 3TOro 0c060.

Onpeneneure 3. Mepa | Hasvieaemca unsapuanmmnoi mepoti
sndomopgusma T, ecau p(C)=p(T 'C) daa mobozo Ce K.

Ecom T—aproMopdusM, To, obosHauus C'=T ' C, ameeM
H(TC')=p(C’). B cayqae aBTOMOPPH3IMOB MHOXKECTBA C’ npobe-
ralpT BCIO G-ajrebpy .#, xorga MHoxectBa C mpoberaioT BCIo

g-anrebpy .#. Takmm o6pasoMm, B ciaydae aBTOMOp)H3IMOB
HHBAapHaHTHOCTh Mephi o3HauaeT, 410 W(C)=p(TC)=p(T'C)
s moboro CeA.

JJemMa 1. [Jas npoussoavnozo 3mdomopgusma T u uneapu-

anmuoii mepbir

) dpx)={f(Tx)dp(x).

VTBepXOeHAE JIEMMBI U1 HHIAKATOPOB MHOXECTB 3KBHBAJICH-
THO WHBAPDHAHTHOCTH MepH. /[N KOHEYHBIX JHMHEHHBIX KOM-
OHHAIMi WHONKATOPOB YTBEepXOEHHWE CJEAyeT H3 JHHEHHOCTH
uuTerpana. OOmmit caydail mosayvaercss mpedelbHbIM NEPEXOOM.
IIpuBegeM cpa3y e [pUMEp, HAIJIOHO MIIIFOCTPHPYIOIIFH,
noYeMy B oONpele/eHHH HHBAPHAHTHOCTH p cieayer 6pats T 1,
a ve T. Kpome Toro, 3toT mnpuMep Oyzer HEOTHOKpaTHO
BCTPE4aThCH B JAJTbHEHIIEM.

MpuMmep 1. Ilyete M=1[0, 1], xe M, Tx={1/x}, tne {-}—
obo3navenne apobHoi Yactu. Ilpeobpa3zosanne T ecTb 3HIOMOD-

1
({H3M, MOCKOJILKY IUIA BCEX TOYEK x,=k—;—, k=1, 2, .., ux obpa3
X

Tx;=x. byneM #craThb HWHBapHaHTHYI0 Mepy | B BHAE
dp(x)=p(x)dx. Toroga u3 ompeneneHns WHBAPHAaHTHOH MepHI 1UIA
IUIOTHOCTH P(X) MBI NOJIydaeM CJexylomlee YpaBHEHHE!

p(x)dx= 2 p( )ldX.I

rae |dx,|— miuHa OeckOHEYHO MAanoro MHTEpBaja, MEPEXOAAIIEro
non neficteueM T B dx. Jlerko Buperh, 4To |dx|=x; % |dxl.
Iostomy

p(x)= Z P( )(k+X)‘ M

HpoeepuMm, uto PpyHkmms p(X)= YAOBJIETBOPSAET HOCIE-

In2-(1+4x)
8



1
HEMY YPaBHCHHIO. MuoxuTEND _l 2 BBCICH IJI1 HOPMHPOBKH, X Mbl
n

ero otopocam. Hmeem

@ @ l

) -—1—1— 407 ?=Y

= S k10 E+x)
k+x

Ms

_ 1 1\ 1
Tl \kHx ke T4x ) 14X

B wects TIaycca, BunepBele paccMOTpeBIIero mpeobpa3oBanue
T ® onpelenuBIIero yKa3aHaylo (GopMmyily IS HHBapHaHTHOMR
Mepsl [, mpeoGpa3oBaHue T HOCHT Ha3BaHHE IHOOMOpPHuImMa
TIaycca. 310 npeobpa3oBaHHEe TECHO CBA3aHO C TEOPHEH HEMHBIX
npoGeit (cM. nexmrio 9). Jloka3aTenbCTBO eIWHCTBEHHOCTH pellle-
uus (1) ropasmo MeHee TPHBHAJILHO (CM. nalee).

Mpamep 2. Tlycts, kak u Boime, M= [0, 1] u Tx={f(x)},
roe f— dynknua kimacca C! Takas, uro mia kaxaoro xe [0, 1]
YHCNIO TOYeK y, A KoTopeix {f(¥)}=x, xoHeuno. Bynem
HO-MpEeXHEeMY HCKaTh IUIOTHOCTH HHBAPHAHPHOM Mephl B BHIE
dp(x)=p(x)dx. Torma Ons p moiy4yaeM YypaBHEHHE

)
p(x)= P a)
yuu%:)}m [f' O

DTo ypaBHeHHE Ha3wiBaeTcs ypasneruem Ileppona— Dpobenuyca—
Pro3a15. Bonpoc 0 CyLIECTBOBAHMM €I'0 PELIEHMI OAJIEKO HE MpOCT.
Huorma 310 0oObBACHAETCS TeM, 9TO HCKOMBIE PpEIICHHS HMEIOT
CIIOXHBIE 0OCOGCHHOCTH, CBA3aHHBIE C pa3pblBaMHU f WIN HYJIAMH .

IlepeneceM ompenmenemns | M 2 Ha clIydYaidl HenpepbigsHozo
BpPEMEHH.

Ilycte RY —monyrpynnma HEOTPHUATENBHBIX YHCEN M [UTA
kaxgoro teR* 3amaH smmoMop¢usM T’ M3MEPHMOTO TPOCTPAH-
crea (M, #), npuwiem T'T*=T'** mng mobwix ¢, s>0.

Onpenenenue 4. Ioayepynna {T'} Hnasvieaemcs usmepu-
MbIM NOAYNOMOKOM, ecau 04A aobotl usmepumoti yuxyuu [ @yHx-
yua f(T'X) usmepuma HA npAMOM npou3seOeHut u3MepUMblX
npocmpancme (M, #)x (R*, #*).

ITyctb R—rpymna BCeX  JCHCTBHTEJBHBIX  4HCENl I,
—00<{<00, M Ul KaXxIoro ! 3agaH asToMopdusm T, mpudueM
Tt TS —_ T!+S'

Onpenenenune 5. Ipynna {T'} Ha3visaemca uimepumpim
nomokom, ecau 048 a0boii usmepumoin Gynxyuu f Gynxyus f(T'x)
UIMEPUMA HA NPAMOM NPOU3IBEOEHUU UBMEDUMbIX HPOCMPAHCING
(M, #) xR, R#).



Mepa | MHBapHaHTHA OTHOCHTEJBHO MOJYNOTOKa (OTOKA),
€cIM OHAa WHBADHAHTHA OTHOCHTENBHO Jno6Goro smmoMopdmiMa
(aBTOMOp®bH3Ma), BXOAAIIEr0O B IOJYIOTOK (MOTOK).

MOXHO MOKa3aTh, YTO B CJy4a€ H3MCPHMBIX IOTOKOB Ha
cemapabeNbHEIX TPOCTPaHCTBaX C Mepoit mHTerpai | f(T7x)
f(x)dp(x) ects HenpepbiBHas ¢Gynkmus ¢ [Janee mox dunamuue-
cKoii cucmemoii Mbl OyOeM TMOHHMATh SHIOMOPG}H3M, aBTOMOP-
¢u3M, H3IMEPHMBIH MOJYNOTOK WIH H3MEPAMEIH INOTOK, CO-
XpaHdrone Mepy. B ganpHeHIneM SMATET «H3MEpHMBIH» Oyner
OTycKaThesl. ABTOMOP(HE3MOM MpPOCTpaHCTBA ¢ Mepoil (M, 4, 1)
Ha3BIBaeTC aBTOMOP(H3M H3MEpEMOro mpocTpaHctsa (M, ),
IUIS KOTOPOro Mepa |L HHBapHaHTHa. Mul GyaeM Taxxe rOBODHTD,
yro T coXpaHseT Mepy W. AHAJOTHYHASA TEPMHHOJIOTHA IPHMEHS-
ercs K 3HaoMopdHu3MaM, MONYNMOTOKaM H NoTokaM. IIpmsenem
cefYac HECKOJBKO OCHOBHHIX IPHMEPOB JWHAMHAYECKHX CHCTEM,
K KOTOpBIM MBI OyaeM HEOOHOKPAaTHO oOpamaThCs.

1. T'pymossie capara. ITycTe M —KOMIaKTHAA TOMOJOTHYECKAS
rpyimna, Ha KOTOpO# MMeeTCs BEPOSTHOCTHAs Mepa |, HHBApHaHTHAS
OTHOCHTEILHO JIeBbIX cABHTOB. Torna mpeobpa3zosanme T, X = gXx yis
moboro ge M ectb aBToMopdu3M npocrpancrsa (M, #, p). Ecm
{g,} —onHonapamerpuueckas moArpymma {—o0 <t<ow}, TO
T'x=g,X —NOTOK Ha mpocTpadcTse (M, 4, p). Jinst Hac ocobeHHO
BaXHBI CIy9aH, koraa M ectn d-mepabii Top, M= Tor’. ITycts ero
TOYKH 3aMHCAHbI B BAIE X =(X;, X2, ..., Xz) H KQX0€ X; IPHHAMACT
3Hauenue w3 nonyuHtepsaina [0, 1). Eom g=(o;, ..., ©;)e M, T MBI
nojgy4yaeM CABHI Ha Tope Tax=(x1+(x)1, X3+, ..., x,,+(x),,), rae
3aIACh X+ (0, IOHAMAETCS 37€Ch H JIajlee KaK CJIOXCHHE Ha I'DYTINE,
T.e. X+ (mod1). AHanormano, T'x=(X;+!0;, Xz+1®,, ...
«s Xa+1®;) €CTb TOTOK, HA3bIBAEMBIH YCIOBHO-NICPHOIMYECKHM

TMOTOKOM HAa TOpe. B NpWIOXKEHHSX X, ..., X; YACTO OTBEYAIOT
MHKJIMYECKMM TIepeMeHHbBIM THNa «basza». Ecam nmximyeckas
moarpynma g", —o0<n<o0, COCTOHT H3 TIONAapHO pa3IHYHBIX

3JIEMEHTOB, TO 7, HE HMCEET TEPHOIMYECKHX TPACKTODHIi.
2. Kochle cipurm ma rpymmax. Ilycte M=Tor’. KocbiM
cOBUTOM Ha M HaswBaeTcs mpeobpazoBande T Cleoyroliero BHAA:

T (X1, -y Xa)=(X1 + 01, X241 (x1),
X3+/f2 (X1, X2)s oo Xa+Sfam1(X1s -os Xa=1)),

KOTOpOE, OYeBHITHO, COXpaHseT Mepy Xaapa p. Takue npeobpazoBanus
BCTPEUAIOTCS B IPHIIOKEHHAX IPrOAUIECKON TEOPHHA K TEOPHH YHCEL.

3. I'pymmoBrie aBTomMoppuIMm H  3IAgoMopdu3Mu.  IlycTh
M=Tor?, T—rpynnosoii aBToMOp(H3M, T. €. B3aHMHOOAHO3HAY-
HOE HempepbiBHOE oToOpaxerme rpymnbt Tor? Ha cebs, mepepons-
mee cymmy B cymmy, T(x+y)=Tx+Ty. MoxHO NOKa3aTh, 4TO
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T 3apmaercs uenodHciaeHHOM Martpuued, T=| a;;), a;j—nebie
u detT=+1, u pelicreyer mo ¢opmyne (Tx)=) a;;X; (mod 1).
B cmny paBenctBa det T= +1 aBTomMopdmu3m T coxpaHieT Mepy
Xaapa dp=dx;dx, ... dx;. Ecm |detT|>1, To T 3amaer rpyn-
noBo#l supoMopdu3M M Ha ceba. 3nauenue |det T'| paBHO uHCIy
mpooGpa3oB moCoil Touku. B aToM cmyuae T 6yner samoMopdus-
MOM [pOCTpaHcTBa ¢ Mepoil (M, 4, p).

Vxe ceifiyac MOXHO YBHIOETh PAasHHIy MeXJy TIpyINIOBBIMH
aBTOMOp(H3MaMM H TpYNNOBRIMH CcABHTaMH. Bo3sMeM Ha TOpE
Tor? komeunyro moarpymmy G Todek BHAA X=(pi/q, p2/q, -
..y Palq), Toe p;—uensie yncna. Torma Txe G mna moboro xeG,
T. e. G-—wWHBapHaHTHasd KoHeyHas moArpymma. Bcsxad Takas
MOATPYIIa COCTOHT W3 MEPHOAMYSCKHX TpaekTopud. TeM cambiM
MEI BHIHM, YTO aBTOMOpP(}H3M TOpa MMeeT GECKOHEHHOE YHCIO
TNEPHOAMYECKAX TPACKTOPHH, OTBEYAIOLMX pDa3HbIM 4.

I'pymmoBbie aBTOMOPGH3MEL U 3HAOMOP}HU3MEL MOXHO paccMa-
TPHBATh 1A TEOOBIX KOMIIAKTHBIX cenapabesbHbIX abesIeBbiX IPyII.
Jns HeaGeneBbIX rpynn A3ydeHwe 3prOJUYECKHX CBOHCTB aBTOMOp-
¢u3MoB H 3HAOMOpPHHU3IMOB HACTO CBOJUTCA K H3YYeHHIO 3THX
CBOWMCTB A1 aBTOMOPQH3IMOB ¥ HIOMOPOH3IMOB abeleBbIX IPYII.

4. Teopema Jlmysunns. PaccMoTpuM B 7-MEPHOM IPOCTpaH-
crBe R" cHcTeMy oObIkHOBeHHBIX mu(depeHImanbHbIX ypaBHEHHI

ot s X 3)
y KOTOpO# mpaBhle YacTH MpuHagnexar kiaccy C2. Mbl MoxeM
onpenemats notok {T'}, roe T'x ecrb pemiense x(¢) cucteMsi (3),
s kotoporo x(0)=x. Iycrs p(xy, ..., X,)— HEOTpHIATeILHAS
uATerpapyeMas gpyHknus. C MOMOIIBIO P MOXHO MOCTPOHTH MEPY
dpo=p(Xy, .., Xn)dX;... dX,. U3BecTHas Teopema JImyBmLIA yTBED-
Xa€T, 4TO €CJH ONpEIENHTh Mepy |, PaBeHCTBOM W (C)=
=po(T7*C), T0 p; 6yHET UMETH IIOTHOCTH Py(Xy, ..., Xs), YAOBIET-
BODSIOIIYIO YPABHEHHIO

0Pl %) | 2 20 f)_
at +i§l axi —O.

Iocennee ypaBHEHHE eCTh ypaBHEHHe Hepa3pbiBHOCTH. M3 Hero
BHIHO, 4TO o OyIeT HHBAPHAHTHON Mepoii 1ua notoka {7}, eciu

n
a(psi .

Z %2=0 HHornaa takas MEpa o Ha3bIBACTCA MEPOH JIHYBHJIM,

i X;

i=1 *

a MoCJcaHEEe YPAaBHCHHC — CTAIIHOHAPDHBIM YPaBHCHHEM JIHyBHJIJ'ISl.
Yacro OKa3bIBACTCs, 9YTO IUIOTHOCTH P, ABIAIOINIAACA PCIICHH-

€M CTAllHOHAPHOI'O YPaBHCHHA JIHyBHJUISl, HCHHTCIrpapyeMa, H Io-

3TOMy €€ HEBO3MOXHO HOPMHPOBATD. CnTyaumo yaaeTca HC-
11



NPaBHTh, €CIH CHCTeMa (3) MMeeT nepBulii HHTerpan I(xi, ..., X,)
dr oI

kmacca C2?, T.e. E:Za— fi=0, npmyem mnomMHOrOO6pasHs
X;

I=const kommaktebl. Torma ecmu Io=I(Xy, ..., X,)=I{x), TO
1 (T ‘x)=Io, T. €. BCA TPAaeKTOPHS TOYKM X IPHHAJICKAT KOMIAKT-
HOMy noaMHorooOpasmio I=1I,.

Teopema. Ecau p(Xy, ..., Xy)— Heompuyamevhan @ynxyus,
AGAANWAACA peuleHueM CmayuoHapHozo ypaewenua Jluyeuaaa, mo
Mepa Vo, cocpedomoueHnan Ha noomrozoobpasuu Ty ={x|1 (x)=1I},

04a Komopoit dvy= » 20e do— mepa Ha I'y, nopoxcoennan

do
{grad I'|
UHOYYUPOBAaHHOU mempukoti ¢ npocmpancmee R, 6ydem unsapuanm-
Hoti mepoti nomoxa {T'}.

Mepy Vo yXe MOXHO BO MHOTHX CIy4asx HOPMHPOBATH.
Jloka3aTenbcTBO TEOpeMbl MMeeTCS BO MHOTHX y4eOHHKax aHaJd-
33, H MO3TOMY MBI €r0 3JeCh HE NPHBOJHM.

5. TaMwibTOHOBH CHCTeMBl. YacTHBIA, HO BaXHBIH choy4ai
MpeIbIAyIicH CHTYyallMd BO3HHKA€T B KJIACCHYECKOH MEXaHHKE.
HomycTauM, 4YTO 3ajJaHO 2m-MepHOE CHMILIEKTHYECKOE MHOTO006-
pasue M, knacca C2, B okpecTHOCTH U€ M, BLIGPAHH JIOKAJILHBIE
koopmuHathl (¢, P)=(q1, s Gus P1s s Pn) H CHMIUICKTHHYECKas

CTPYKTYypa 3ajaercs muddepennmansHoiil Gopmoit o= ). dg; A dp;.
i=1
T'ammmbTOHOBOM CcHcTeMOH Ha M, Ha3biBaeTcs CHCTEMa
mddepennuansHeix ypasaeHHd Ha Mo, mopoxgaemas (yHKumei
H(q, p) xnacca C? m nMeromas BHI
dgi_ 0H dp,  0H

= ——, lI<ign 4
@ d 2a LSISH C)]

Oyaknus H HaszelBaeTcs ¢QyEkumeit I'aMmisToHa, a caMa
cucreMa (4) Ha3weipaerca TaMuIbTOHOBOH. M3 (4) BmaHO, uTO
p(¢, p)=1 ynosnersopser ypasmemmio Jlmyswuia ® H(g, p)
CIYXHT HEepBBIM HHTErpajioM cucTeMmbl. Ecim nmoamaoroobpasus
H(g, p)=const KOMNAakTHBI, TO BO3HHKAIOUAS HA TaKMX MOA-
MHOrooOpa3usx WHBapHaHTHass Mepa OydeT yXe KOHEYHOM.
Ona Ha3blBaeTCd B CTaTHCTHYECKOH MeXxaHHKE MHKPOKAHOHH-
YeCKHM pacnpeieieHHEM.

6. T'eone3nyeckne noroku. IIycTe  —KOMIIAKTHOE 3aMKHYTOE
PUMaHOBO m-MepHOe MHoroo6pasue xiacca C2 m M,—xkokaca-
TeasHOE paccioenue Haa Q. Kaxmas Touka x € M, mpeacTaBiseT
coboif KkOKacaTeNbHEIH BeKTOp K B HEKOTOpOH Touke ge(.
CoBokymBocTs 7, KOKacaTeJbHBIX BEKTOPOB, KAaCAOIIAXCSH
O B TOYKE ¢, eCThb KOKacaTeJibHasl IUIOCKOCTb K ( B 3TOM TOYKe.
Pumanosa crpyktypa Ha Q HO3BOJSET BBECTH B J, CKaJApHOE
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gpou3Belenye (,) B OTOXIECTBUTh KacaTeJbHOE H KOKacaTeIbHOE
paccnoeHus. M, KaHOHHYECKHM 06pa3oM HaJelNAeTCHd CHMILIEKTH-
4yeCKOi CTPYKTypoil. Bo3bMeM B kauecTBe (yHKIMHM ['aMHIBTOHA
$ymkuwmo H=(x, x). MHorooGpa3se nocTosHHO# 3Heprun H=1
eCTb Iy40K M eIHHWYHBIX KacaTeJbHBIX BEKTOpPOB kK (. /IMHaMHKa,
OTBEYAOIasl TaMHWJIBTOHOBOH cHcTeme (4), WMEET B IaHHOM
cllydae TPOGTOH IeOMeTpHYECKHil cMBbICI. A MMEHHO, €JMHAYHBLIH
KACATEJbHBIH BEKTOp X€M OMHO3HAYHO OMpEeNefeT HanpasJiieH-
Hy0 reogesmueckyto. Torma T'Xx ecTh BEeKTOp, NOJIy4YarOIUHACS
mapajUieIbHBIM TIEPEHOCOM BEKTOpa X Ha pAcCTOAHHE ! BIOJIb
reoze3MIeckoi, onpenenseMoi Xx. Tak ompeneneHHsdi notok {7}
H43HIBAETCH TeoAe3WIcCKHM NOTOKOM Ha (. MHKpoOKaHOHHYECKOE
pacupeziefieHEe vV TakXe OMHMCHIBAETCA B I'€OMETPHYECKAX TEPMH-
Hax. A HMeHHO, 0003HaYHM gepe3 ¢ Mepy Ha (), HHAYIHPOBAHHYIO
PHMAaHOBOH METPHKOMH, H depe3 dw,— paBHOMEpPHYIO Mepy JleGera
Ha (m—1)}-MepHOH cdepe eAMHMYHBIX KacaTeJbHLIX BEKTOPOB
S~V g, Torma mis moboit m3MepuMmod ¢GyHkuuu f Ha M

[fav={do(g) § f(x)duw,(x)
Q Se-n

7. IlpecOpazoBanme CIBHIAa H CTANEOHApHLIE COydaliHbie DO~
ClleI0BaTe/ILHOCTH Teoprs Beposrnocted. Ilycts (X, ') —m3mepn-
MoOe MpOCTPaHCTBO H (M, .#)—H3MepHMOe MPOCTPAHCTBO Oec-
KOHEHHbIX MOCNENOBATENbHOCTEH X={X;}, Tle X;€X, — o0 <i< 0.
Hanomamm, 910 4 ecTh HamMeHbHias o-aredpa, MOPOXJEHHAS
BCEBO3MOXHLIMM ~ KOHEYHOMEDHbHIMH ~ mHApamu C; ;=
={x|x,€C}, CLeX, rne (i1, ..., im)— NPOH3BONLHEIA KOHETHBIH
Habop muenbix wmcesn. IIpeobpasoBanme capHra Sx=x', rzae
X{=X;4+1, €CTh aBTOMOP}H3M U3MePHAMOro MpocTpaHcTsa (M, 4 ).
HNHBapHaHTHOCTL MEpHl |1 OTHOCHTEJBHO S O3HAavYaeT, 4TO IUif
moboro Habopa MHOxecTB C), C, ..., C, BEINOJHEHO PaBEHCTBO
B(Cip, i )=B(Ci 41, iy 1)

OtnenpHad KOOpPAMHATA X; €CTh, OYECBHOHO, H3MepHMas
¢ysxuus Ha (M, .#) ¥ 0O TePMHHOJOTHM TEODHH BEPOSTHOCTEH
NpeacTaBiasieT cobof ciayuadiHyro BenmmauHy. HHBapMaHTHOCTH
MEpHl |I OTHOCHTENBHO C/ABHra O3HA4aeT, 9YIO COBMECTHOE
pacrupenieNieHue CAyYaHHbIX BEJHYAH X; 4y, Xij+rs -y Xi +, HE 32~
BHCAT 0T r. IloCNeqoBATENbHOCTH CIy4allHBHIX BEIMYHH {X;}
C TakMM CBOMCTBOM HAa3bIBalOTC B TEOPHHE BEPOSTHOCTEH
CTallMOHAPHBIMA CIy4YadHBIMH TIOC/IEAOBATEIbHOCTAME.

ITycts T— NpOH3BOJILHBIA aBTOMOP(H3M NPOCTPAHCTBA C Me-
poit (Mo, .#o, Bo). BozpMeM koHeuHoe pasbmense a=(C,, ..., C,)
npocrpanctea M, u o6pa3zyeM KOHEYHOEe H3MEpHMOE MpOCTpaH-
cro X=(1,2,..,r) u3 r wmcen. s ymoGoro yeM, ume-
eM OecKOHEYHYIO TIOCNIEOBATENBHOCTE BimMouennit T"yeC;,
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—oo<n<oo. Toraa To4Uka y nopoxiaaeT GecKOHETHYIO IOCNIEA0Ba-
TeNBHOCTh X={i,}, SBJIAIOLIYIOCA TOYKOH MNPOCTPAHCTBA TO-
cnepoBatenbHOcTedt M. IlpE 3TOM Touke Ty COMOCTABIACTCA
COBMHYTas MOCIENOBATENBHOCTh SX. WHbIME clOBaMH, €CIH
0603HawHTL 4epe3 @, oTobpaxemme Mo—M, rae ©,(y)=x, To
@ T=5¢,. Ionoxmm pnia moboro mammanpa C; ..,

w(Ci, ..., )=no {y| T1yeC, .., T =yeC; }.

Orta PopmMyna 3amaer Mepy B B mpocrpancTBe M. TlepecTaHOBOY-
HOCTB @, CO CABATOM S 03HAYAET, 9T0 Mepa ) 337acT CTAIIMOHAPHYIO
CIYYaHHYIO MOCNIEAOBATENLHOCTE. TakuM 06pa3oM, BCAKOMY Ipeob-
pPa30OBaHHIO C HHBApPHAHTHOH MEpOH OTBeYalOT CTallHOHAPHEIE
CTy4aiiHbIe MOCIEN0BATEILHOCTH, OJIydaloiiecs MPH Pa3/InIHbIX o.
PazyMeeTca, B NpeILIAYINMX NOCTPOEHHMSAX MOXHO Obuto OHI
paccMaTpuBaTh CYETHBIE M HENpPEPLIBHbIE Da3OHEHHA Oof.

OmHucaEHas BHILEC KOHCTPYKIMSA BaXHa C PpasHBIX TOYEK
3penus. [lepexom k pa3OHeHMIO o O3HAYaeT, YTO MBI 3aJaeM
MOJIOXKCHHE TOYKH B (a30BOM NHPOCTPAHCTBE HE TOYHO, a JIHIIL
pAGJIHXEHHO, ¢ TOYHOCTBIO, onpenaenseMol pazbnerneM o. Torma
Cy4aifHOCTD, 3aJI0KEHHas B BHIOOpe Ha4aJIbHOH TOYKH y H H3Me-
pAeMas UWHBAapHAHTHOH Mepo#l |, NEpPEXOANT B CIYJIaWHOCTH
3aKOJMPOBAHHON TOCNENOBATENILHOCTH X. TeM caMBIM 4HCTO
JCeTCPMHHEPOBAHHAS JHHAMMKA MOXKET MOPOXJAaTh THCTO CIydam-
HbIE TIpolecchl. B nanmbaeimeM 31o OyaeT BAAHO Oosee HeMocpen-
CTBEHHO Ha ILIEJIOM psfie KOHKPETHHIX Npumepos. [lo cymecTsy,
OlHA M3 OCHOBHEIX 3aJai 3proaddeckod TeopHH MOXET OLITh
-cthopMyTHpOBaHA KakK 33a/laya ONMCAHWS H HMCCIETOBAHHA CIIydaM-
HBIX TOCJIEOBATENIPHOCTEHN, BO3HHKAIONMX IIPH pa3HOM BRIOOpE L.

Ilycts (M, #)—nNpocTpaHCTBO GECKOHEUHBIX MOCIENOBATEb-
HOCTeit x={xi}, rae x;€X, —oo<i<oo, H X—ecTb H3MEpPUMOE
MIPOCTPAHCTBO, S—MpeoOpa3oBanne caBura B M.

Onpenencane 7. Cosuz S nazvieaemcs coeuzom bepryrtu
utu aemomopusmom bepuyasu, ecru mepa p ecmv npamoe
npousgedeHue beckoneunozo uucaa mep, cosnadaowux ¢ Pux-
cuposannoii mepoit v na X. Huvimu caoeamu, daa moboz2o yuaunopa
Ci,....i, €20 mepa u(C;, . ;)=V(Ci)..v(Cp)

Onpenenenne 8. Cosue T nazwisaemcs asmomopPuzmom
Mapxosa, ecau mepa p 6 M ecmv cmayuonapnasa mepa Maprosa
¢ azoevim npocmpancmeom X.

Ilockonpky B manmbHEHIIEM MBI, KaK OpaBuwio, GymeM mpen-
rnojaraTb WHBapHAHATHYIO MEpPY H3BECTHOH, OCTAaHOBHMCA KpAaTKO
Ha npobiyieMe ee cymecTBoBaHHUA. IlycTh M — KOMIIAaKTHOE NOJHOE
METpHYECKOE TNPOCTPAHCTBO H T — HENPEPBHIBHOE OTOOpPaXeHUE
M B cebs. [InA TNPOH3BONBbHON HAaYaJIbHOH MeEphbl Vy HMOCTPOHM
MepBI V,, T V,(C)=vo(T"C), H ux cpensme apH(PMeTHICCKHE
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1 nl
Ha=-= Y. V. ITOCKONBKY HMpPOCTPaHCTBO BEPOSTHOCTHHIX Mep Ha
n
k<0
M cnabo KOMIAKTHO, TO M3 TOCJIEIOBATENLHOCTH [, MOXHO

M3BJeYs Cnabo CXONAIIYIoCHs MOANOCHENOBATENBHOCTE U, =>.
ITokaxeM, uwTo p—mWHBapmaHTHag Mepa mii 7. JlocrtaTodHo
YCTAHOBHTH, 4YTO Ais JnoGod HempepbiBHOH (yHKmmH [

§£()dn(x)=/(Tx)dn(x). ©)

Hmeem

Jf(Tx)du(x): lim ”lk‘; F(Tx)dvi(x)=

_hm z Jf de+1 —hm "il f dvk()

i»0 i i—»wo n;

SN[
=[/(x)dn(x)

3mech Mbi BOCIONB30BATHCh TeM, 4T0 [ f(Tx) dvy (x)=[f(x) dVi+ 1 (X).
3T0 paBeHCTBO UIS UHIMKATOPOB BHITEKAET M3 ONPEACNICHAA MEp
Vi H C IOMOIIBIO JTMHEHHOCTH MEPHI H HEMPEPBIBHOCTH MPOIOJIKA-
€TCs Ha BCe HenpepbiBHbIE QyHKIHH. MeTon, KOTOPBIA TONBKO YTO
0BT TIPOAEMOHCTPHPOBAH, MOABHICA BepBhie B pabote Boroimo-
6osa—KpbutoBa [4]. O 9acTo HCHOIB3YETCH B TCOPDHH LENCH
MapkoBa, CTATHCTHYECKOH MEXaHHKE H Ap.

Kax ME BHOHM, B TaMHJIbTOHOBBIX CHCTEMAX CYHIECTBOBAHHE
WHBAPHAHTHOM MeEpbl 4YaCTO BBITEKAaeT M3 TeopeMbl JlmyBumis.

B Tak Ha3HBAacMBIX CHCTEMaXx C Juccumanmei, rae divf: =Zaf' <0

(cM. (3)), BoOOLIE TOBOPSA, MOXET HE OBITH MHBADHAHTHOH MEDHI,
3aJaBaeMOi IUIOTHOCTHEO MmO Mepe JlebGera, mockonbky divf
XapakTepH3yeT ymeHblieHHe Mepsl JlebGera moboro MHoxecTBa
TOJ AEACTBHEM IMHAMHKHA. B Takux cucTemMax WHOTAa OBIBacT Tak,
49TO caMa IJMHAMHKA «BbIpabaTHIBacT» €CTECTBEHHYIO MHBAapHAHT-
Hyro Mepy. [Ipennonoxmm, 4To mis notoka {T*}, onpexenseMoro
cucteMoit (3), mMeercds KoMmakTHas obmacte O c riaafkod
rpanune#t 00 u Ha 00 BekTOpHOE TONE f=( fi, ..., f,) HAIIPABICHO
BHYTps O. Torga T'0O <O mpu Beex t> 0. OOpa3yeM nepeceyeHHE
A=(T'0. Yacto Takoe mepecedycHHE HA3BIBACTCA ATTPAKTOPOM.
Tlycts dvo(X)=po(X) dx—npon3BoIbHAS aOGCONIOTHO HENPEPDIB-
Hag Mmepa, cocpenoTouyeHHas B O. Torma mepa v, rie v,(C)=
=vo(T~'C), cocpenoroyena B obmactm 7°0. Ecmu cymecTsyeT
cnabnlif mpemenn Y Mep Vv, OpH f—o0, TO ITOT mpelen Oyner
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HHBapHaHTHOH MepOH, IIOCKONBKY s joboil  HEenpepHIBHOH
$yukmm f, cocpenorouerHoit B O,

AT x) )= lim [ £ (T*x) v, x) =
= hm j'f avis(x)=1{1(x)dpn(x).

ScHo, ¥TO P cocpenoTodyeHa Ha aTTpakTope A. OcobGeHHO BaXKHBI
CIyYad, KOrja | HE 3aBHCHT OT BBIOOpa Ha4YabHOH MEDH V.
Torma ee ecTeCTBEHHO TPHHATL 3a TY HHBAapHaHTHYIO Mepy,
KOTOpas BHIPabaTHIBACTCA HHAMHAKOH.

[IepBLIM H OYEHL Ba)XXHBIM CJICACTBHEM HHBAPHAHTHOCTH MepHI
ABJISCTCA Tak Ha3plBaeMas sproamdeckas TeopeMa bupkroda—
XurguyuHa. MBl npuBeneM ee B ToApoOHOM ¢GOpMyIHpOBKE.

Oproamdyeckas TeopeMa bupkropa—XuHUHHA.
Iycms (M, M, p)— npocmparcmeo c mepoil, fe L' (M, 4, p). Jan
p-noumu kaxcoot mouku x u feL'(M, 4, p).

1) 6 cayuae 3ndomopgusma T cywecmeyem npeden

e £

2) 6 cayuae noaynomoxa {T'} cywecmsyem npedea
T
= .1
f(x)=lim T f(T*x)d:

T+
[}

3) 6 cayuae asmomopgpusma T cywecmsyrom u pashbl npeoe vl
F®)=1lim —— ¥ f(T*)=lim— ¥ f(T*x)=
1,=o n+1,2%

n—ooo"+ k=
— k
_n 2n +1k—2:—nf(T )
4) ¢ cayuae nomoka {T'} cywecmeyiom u paenbz npede vl
T
f(x)= lim—;; f(T*x)dt= lim % f(T7'x)dt= hm — '[f (T*x)

T—wo T- o T—ouo
[}

IIpu smom f(x) =f(T*x) dan mobozo donycmumozo x u [ fdp=

=[fdu. _
Oyuknus f Ha3bIBa€TCA CPSOHAM II0 BPEMEHH WIH CPCIHHM
BIONbL TpacKTOpuH. TakmMm o6pa3zoM, j3progmdeckas Teopema
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brprroda — XuAYAHA YTBEPXKOACT CYIIECTBOBAHHE BPEMEHHBIX
CpeHMX.

Jloka3aTeJIbCTBO 3TOH TeOpeMBI MPABOAATLCA 31ech He OynmerT.
HUmeeTes MHOTO ee 0000meHmi, H3 KOTOPDHIX MBI TpHBEINEM
¢$opMyJMpOBKY TaK Ha3biBacMoOH cybaiTMTHBHON 3proawveckoi
TeopeMbl KmHrMaHa, mpencraBisiomieid co6oif BaXkHoe yCHJIEHHE
IPTrOMBYECKOd TeopeMBl Bnpxroq)a—lemma. OcraHOBEMCS Ha

w—

ciydae sugoMopdusmos. Cymmsr Y. f(T*x)=g,(x) yzoBnerBops-

k=0
IOT COOTHOLUCHHIO: £+ m(X)=g,(X)+gm(T "xe. PaccMOTpHEM Temeps
MPOM3BOJILHYIO MOCIIENOBATENLHOCTD {g,(X)} BelleCTBEHHBIX H3Me-
pUMBIX (yHKIHE Ha M, KOTOpHIE BMECTO MOCJIEIHETO PaBeHCTBA
YIOBJIETBOPSIOT HEPABEHCTBY gy +»(X) < &x (X) +&m (7 "X) mouTH BCEO-
ny. Jus TakMX mocieXOBaTeJbHOCTEH CcClpaBelMBa
CybaxouTuBHas 3progmieckas teopemMa KHHT-
maHa (eM. [5]). Iyems g,: M—>R'J{— o0}, gi eL'(M, A4, p),
20e gi (x)=max {0, g,(x)}. Toz0a cywecmeyem maxan uneapu-
anmnan omuocumessho T Pymkyun g@ M—-R'|J(—), g*e

L' (M, 4, ), ymo lim % ga(x)=g(x) 042 noumu ecex x, npuuem

R— @

lim = g.du=inf% Jg.du=jg_du-
n— @ M M

O6pataMcs Temeps K OPYrOMYy CHEOCTBHIO CYLISCTBOBAHHSA
HHBApDHAaHTHOH MepHl—TaKk Ha3niBaeMoH Teopeme Ilyamkape
o Bo3ppameHud. Ilycte T—3HnOMOpPdH3IM  HPOCTPAHCTBA
(M, 4, y). Bospmem Ce.#, s kotoporo p(C)>0.

Teopema Ilyanmkape o Bo3BpameHHH. [Jaa noumu
Kancooii mouxu Xe€C cywecmeyem beckoneunas nocaeooeamens-
nocmy {k;} maxas, umo T%xeC.

HoxkaszatenbcTBo. O603HauHM depe3 C, MHOXKECTBO TOUYEK
xeC Takux, 9ro T*x¢C mma Beex k>=s. ME moxaxeM, dTO
H(C)=0 nm1a moboro s>1. CHadama 3aMeTHM, 9TO
CNT™C,=¢ nna Bcex m>=s. B camoM jgene, ecmwm
xeCNT "Cs, To T"xe C; < C, 4TO NPOTHBOPEYHT OLPEICIICHAIO
C,. bonee toro, T""C,\T " C,=(J, ecmu n—m=s. [JedcTBATENB-
HO, ecrtm xe T "C,N\T™™"C,, To T"xeC,N\T" ™C,, BONpEKH
npeavlaylieMy yrBepxaendio. TakuM o6pa3oM, MHOXeCTBa
T™#C,, p=0, 1, ..., DONapEO HE NEPECEKAOTCH MW MMEIOT OfMHa-
koBy:o Mepy. Cnenosatensno, p(C;)=0. Teopema pokxa3aHa.

C Teopemoit Ilyankape o BO3BpallleHWH CBf3aH TaK Ha3biBa-
eMuiii mapagokc llepMeno B craTHCTHYecKOl Mexanuke. Bo3bMeM
xakoi-mabo orpaHMYEeHHBIH 3aMKHYTHIH 00BEM V' B paccMOTpAM
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TaMHJILTOHOBY CHCTeMy N OJHHAKOBBIX YaCTHI, 3aKJFOUCHHLIX
B 3TOM 00beMe H B3aWMOICHCTBYIOIIMX MeXAy co00i nocpé,u-
CTBOM CHJI MAapHOTO B3aHMOICHCTBHA ¢ mnoTenmnuaioM U(r).
Oyaknus ['aMmnbTOHA IS 3TOM CHCTEMBl HMeeT BH[

N 2

H=,Z %"" 2 U(lgi—g;l)-
i=1 , j)

Ha rpamune ob6bnema V 3amazuM yClOBHS YNPYTOTO OTPaXKCHHS.

Torga Ha MHOrooOpa3uMH MOCTOSHHOM SHEPTdM BO3HHUKAET MHK-

POKAaHOHMYECKOE PpACIIpE/ICIICHAC, HHBAPHAHTHOE OTHOCHTEJLHO

JTAHAMHKH.

JlomycTHM Tenepph, 4TO B HAaYaJIbHBIH MOMEHT BCE YaCTHIIBI
3aHAMAIOT TOJbLKO NosoBHHY ob6bema V. Ilo Teopeme Ilyamkape
O BO3BpAIICHUM [OJDKHbI HACTYNHTHL TAaKHE MOMEHTHI BpPEMEHH,
KOrJa BCS CHCTEMa YacTHIl CHOBa cobepeTcs B TOH KE IOJIOBHHE
obpeMa, T. €. €cllM 3Ta CHCTEMA YacTHI[ HAXOMHUTCI B Ta3OBOH
thaze, To Bech ras JOJDKEH CKONMHTLCA TOJNBKO B 4acTH oOneMa.
Takoe coObITHE HEBO3MOXHO cebe HpelCTaBHTh, H, pa3yMeeTcs, 10
CHX mop oHO He Habmognainock. UYacTuyHOEe paspellieHAe 3TOTO
Napajokca CBA3aHO ¢ OOJBIIMM YACIOM CTeleHed CBOOOIbI Beei
cucremsl. Ecm mpenmosioxuts, uto ¥V mmeeT ob6neM 1 cM3, a ras
CONEPXHTCS TPH HOPMAJIBHBIX YCIOBHAX, TO B FV HMeercs
npeMepHO 6 - 102° yacTHI. BepoATHOCTL TOrO, 4TO ra3 3aHAMAET
nosoBuHy obbeMa, He mpeBocxoguT plo®’ mpm HexoTopoMm p<l.
Torma Bpems Bo3BpalleHus IlyaHkape MMeeT TOPAIOK BEJIHYHHEL,
obpaTHOM X BeposTHOCTH, T.e. p-1°°, HabmomaTh cHcTeMy
B- TeYeHHE TAKOTO BPEMEHM HEBO3MOXHO, H IIO3TOMY IHKJIBI
Ilyankape Be peaymsyrorca. Ecim ke mozenmapoBaTh Ha DBM
JIBAXCHAC CHCTeMBI Hebonbmoro (mopsaxa 10) yhcna yacTHm, TO
BEPOATHOCThL TOTO, YTO BCE YaCTHILI COOEpPYTcs B IIOJIOBHHE
o0peMa, HE Tak YK Malia, # 3TO COOBITHE MOXHO HAOIIOOaTh.

CCBIJIKMK 1 KOMMEHTAPHUH

1° MMeeTcss menblii pAN KHUT, TIOCBAINEHHBIX 3PTrOAHYECKOH TEOPHH,
U MBI T[EPeYHCIIMM 3[€eCh TOJIGKO HEKOTODHIE M3 HHX.

[1] Kopadensn U.T1.,, Cunait 4., ®omun C. B. Dproauyec-
Kag Teopua—M.: Hayka, 1981.

[2] Walters P. An Introduction to Ergodic Theory.— Berlin:
Springer-Verlag, 1982.

[3] Mafié¢ R. Ergodic Theory and Differential Dynamics.— Berlin:
Springer-Verlag, 1987.

2° CneayiolMe CCHUIKH OTHOCATCA K COACPXAHHIO 3TOH JIEKUMH.

[4] Bogoljubov N,, Krylov N. La theorie generale de la mesure
dans son application a I'etude de systemes dynamiques de la mechanique
‘non-lineaire // Ann. Math.—1937.—V. 38.—P. 65—113.

[51 C.Kingman J. F. Subadditive Ergodic Theory//Ann. Prob.—
1973.—V. 1.—P. 889-—909.
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JEKIOHNA 2

HPOCTPAHCTBA JIEBETA U U3MEPUMBIE PASEMEHMAL
SPTOJUYHOCTD U PA3JIOXKEHUE HA SPTOJUYECKME
KOMIIOHEHTHI, IIEPEMEIIMBAHUE.

CHEKTP JUHAMHWYECKON CHUCTEMBDL
NEPEKJAJBIBAHUA OTPE3KOB

Dprou4eckast TEOPHsi, OCHOBAaHHAS Ha TEOPHH MEpHI, CTAHO-
BUTCst OoJee colepkaTelbHOH, €CJiM Ha NPOCTPAaHCTBO C Mepoi
HAJOXHTh psaf oOlMX OrpaHWdeHuil, KOTOPBIE 3aBEIOMO BBHINOJ-
HEHBl BO BCEX OCHOBHBIX NpHioxeHusx. Ilycre (M, #, p)—
OPOCTPAHCTBO € BEPOSITHOCTHOH MepoH, He HMeEIomEH aTOMOB,
T. €. TOYEK MOJIOKUTENLHOW MEPHI.

Ounpeaencune 1. (M, #, n) nasvieaemca npocmpancmeom
Jebeza, ecau M usomopgpno mod0 ompesxy [0, 1] ¢ obbiunoii
mepoti Jlebeza .

HUsomopdusm mod 0 o3HaYaeT, 4TO HAMIETCS MOIMHOXECTBO
M'cM, p(M’)=1, u mommuoxecrBo C’'c[0,1], I(C’)=1,
MEX/Y KOTOPHIMH MOXHO YCTAaHOBHTH B3aHMHO-OJHO3HAYHOE
H B3aMMHO-H3MEPHMOE COXpaHsiouee Mepy cooTBeTcTBHe. Jlroboe
NONIHOE cenapabenbHOe METPHYECKOE POCTPAHCTRO € GopeneBckoi
C-anTedpoil M3MEPUMEIX MOIAMHOXECTB SBISETCS MPOCTPAHCTBOM
Jlebera. OmuuM W3 UEHTPAJIbLHHIX MOHSATHH TEOPHUH MPOCTPAHCTB
Jle6Gera siBaseTcs MOHATHE H3MepuMoro pa3bmenus. Ilycte &-—
Kakoe yroguo pasbmeHue mpocrpancrBa JleGera M, T. e. mpend-
cTaBieHHe M B BHIE OOBeIHHEHAS HEMEPeCeKalOIMXCS MHOXECTB
C;, Ha3BIBa€MEIX 3JIEMEHTaMu pa3OHeHus &. DieMeHT pa3bHeHHs,
colepXalmi TOYKy X € M, o6osHauaercs Cg(x). Yepes A (§) = A
0603HaYMM  o-ToJAIre6py MOAMHOXECTB A€ .#, COCTOAILMX
mod0 u3 sneMentoB pa3buenns & ITo oO3HadaeT, 4TO IS
moboro Ae.#(E) maiinercs A'e.#, p(4’'A4)=0, u A’ ects
obvenaunenne HeKOTOpPbIXx C; (A-—cCHMMeTpu4YecKas Ppa3HOCTD).
Yepes (M|E, #(E),p) 0OGO3HAYMM IPOCTPAHCTBO C BEpo-
SATHOCTHOM MepoH, TOYKaMH KOTOPOTO CJyXaT JJEMEHThI
C; pasbuenus &, c-are6poil H3MEPHMBIX IOAMHOXECTB CIIYXHT
M (E), a p 3mech 0OO3HaYaeT OrpaHMYCHHE WCXOQHOM MepBI
{ Ha o-nmojamrebpy . (E).

Onpenenenne 2. Paszbuenue & nasvisaemcsa usmepumvim,
ecau nasidemcas M'c M, w(M')=1, cocmoswee u3z snemenmos
pasbuenun &, u na kancoom Cee M’ moxcro 3adamv mepy p (-] Ce),
onpedenennyrs Ha G-anzebpe muoncecms euda A(\Ce, Ae.#,
u maxyro, umo 0an mobozo Be.#

1) p(BICy) ecmv usmepumasn @Gynkyus omuocumeavno O-
nodaszebpyr M (E);
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2) svinomnaemca gopmysa noamoii eeposmmuocmu

1(B)= | n(BICe)dn(C)
Mig
Mepa (| C;) nasvisaemca ycaoenoit mepoii, onpedesennoti na
nemenme C.
Hnst moboil m3MepuMoH MHTErpEpyeMoli ¢yHKIMU f HMeeT
Mecro ¢opMyna HDOJHOrO MAaTEMAaTHYECKOrO OXHIAHUS

§F(x)du(x)= | du(C) If( du(y| Cy).
M Mit

Hsmeprmele pa3OHeHAs BO3HMKAOT BO MHOTHX BOINPOCax
sproamyeckoii Teopun. JUId Hac CymecTBeHHa CBA3b, KOTOpas
CYUIECTBYET B IHpocTpaHCTBax Jlebera Mexay H3MepUMBIME
pa3bmennsMu B o-nojamrebpamm G-anrebpH .

Teopema 1. Ilycmv (M, M, p)—npocmpancmeo Jlebeza,
M| = M —nexomopas G-nodarzebpa. Toz0a cywecmsyem maxoe
usmepumoe pazbuenue &, umo M, =M (& Omo pasbuenue
eduncmeenrno mod0, m. e. ecau M(E)=M 2) mo E,=£;, Ha
Hexomopom nodmHoxcecmse M'< M, p(M')=

B CHly COOTBETCTBHS MEXIY c—nouanreraMn H H3MEPHMELIMH
pa3OueHEnsMA Bce OnepandM Haj C-mojairebpaMm MOXHO OTpele-
JIATh KaK ONEpalliH HaX H3MEPHMBIMH pa30HeHHAMH. B 4acTHO--
ctd, mycTb #,=.#({,), o€.o/,—POH3BOILHOE CEMEHCTBO G-

noparebp. O6o3nauaM 4 (COOTBETCTBEHHO .4 ) HAHMEHBLIYIO
(cooTBeTCTBEHEO HaWbOJBIIYIO) G-MOJANTEOpY, COMEPXKAINYIO BCE
M, (COOTBETCTBEHHO COIECPXKALIYIOCA BO BCeX ).
Onpenenenne 3. Ilpouzsedenuem pasbuenuit t,, acs,
Hasvieaemcsa maxoe pasbuenue &, umo M =.4H (E). Iepeceuenuem
pasbuenuil &, , o€ sf, nasvieaemcs maxoe pasbuenue &, umo M = M (&).
IlponssencEns u mepeceuennsi 0603HAYaIOTCA COOTBETCTBEHHO

E=V &, &= A L.

e €.

I'eomeTpudeckd onepamds MpoM3BeACHHs pa3OHEHHH HAMHOTO
TIpoie onepanuy nepeceyeHns. Eciau &/ KOHETHO WIM CYETHO, TO

Ce(x)= () Ce(x).
aes
HexoTtopsiit ananor 3Toi# GopMynl ClipaBeyIHB H I HECYECTHHIX
cemeiictB {&,}. Ilepeceuenme MoxeT OHITH CIOXHOH oOmepamueit
yXe B Ciyia¢ OByX pa3bueHmié M mnorpeboBaTh IS CBOEro
TEOMETPHYECKOTO TIOCTPOCHHS Jake TPAHCOWHWTHON HHIYKITHH.
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IMycts o =(a;, &z). Jus nomysenns Cg(x) Hamo B3aTH G, (x (x),
yepe3 TOYTH KaXJIyl0 TO OTHONICHHIO K YCJOBHOH Mepes Ha
C, TOUKY yecgu IpOBECTH Cgu (v), 9epe3 mouTH KaxOyr TOUKY
2 (mo Hammexamicdi Mepe) nonyquHoro MHOXECTBa IPOBECTH
CHOBa Cgu( z) # T. . HeTpyQHO NpHBECTH DPHMEDHI, KOTga 3TOT
nmponecc JICHCTBHTCJIBHO TpebyeT GeckoHeYHOro 4Mcia 1maros. Mul
6ynem rmmcaTb &;>&; (mod0), mnm mpocro §&,>&;, ecnnm
/{(& )= A (E2). TeOMETPHHYECKH 3TO O3HAYAET, HTO NOYTH KaxX-
moii C, coctour mod 0 u3 3nemenroB Ci .

BepaeMcs K muHammuyeckeM cucreMam. Ilycrs {7} —ommona-
pameTpHyYeckas TPYNNa HIM TNOJYTPYNNa COXPAHSIOMX MEpPY
npeobpasosanuii mpocrpancTBa Jlebera (M, 4, p).

Onpenenenne 4. Muoxcecmeo Ae M nasvieaemcs uHeapu-
anmnsim mod 0 omuocumenvno dunamuueckoii cucmemsr {T*}, ecau
p(AAT *4)=0 oaa mobozo t.

HMupapranraeie mod 0 muoxecTBa 06pasyrr o-mogairebpy,
KOTOPYI0 MbI 0603HausM # ™). B dopmyTBpoBKe Iprommueckoi
teopeMsl Bupkrogpa —XumuMHEa (CM. TIpEBIOYIIYIO JIEKITHIO)
npesic/bEbe PYHKIMH f A3MEPHME! OTHOCHTENLHO 4 . B cuny
COOTBETCTBHS MeEXIYy O-NojamedpaMu M H3MEPHMBIMH pas-
Ouennsvu A (V=4 (£). D10 pasbmeHHe { Ha3hIBaeTCH HEMOM-
BHXHBIM pa30OHeHHeM (IO OTHOIICHHIO K JHUHAMHYECKOH CHCTEME
{T'}). Mm 6ynem ero obozmadatp &4,

B cmy4ae AHMCKpETHOTO BpeMeHA ! HETPYAHO [JOKa3aTh
CIEYIOMYIO JIEMMY.

JlemMma 1. Ecau A unsapuanmmno modO mo cywecmeyem
maxkoe ungapuanmnoe A,, m.e. A, =T 'A, npu ecex t, umo
n(AaA4,)=0.

B ciryyae HenpepbIBHOTO BpeMEHH LIS NOTy4€HUS aHAJIOTHYHOTO
pe3ynbTaTa HMHOIAA NPHUXOAMTCS MEHATh Ha MHOXKECTBE MEDHI
0 camy maHamueckylo cucteMy. FiMeeT MecTo crieAyrommas TeopeMa.

Teopema 2 (¢pon Heiiman [3], Poxaun [4]). B npocmpan-
cmee Jlebeza (M, M, p) moxwcno haiimu Mc M, u(ﬂ)=1,
U MOJICHO UIMEHUNb OUHAMUYECKYIO CUCIMEMY HA MHOXMCECmBe Mepbl
0, m.e. naimu {T'} maxue, umo 04a mob020 t cnpagediugo
T'x=T"'x 0an noumu acex x. Ilpu snmom G-nodaszebpst unéapuarm-

noix mod0 muomcecms y{T'} u {T'} coenadarom, a coom-

semcMgyoyue pazbuenust ™, 4 cognadarom mod0. Kaxcowiii
dsemenm  Cy,,, — UHGApUAHMEH  OMHOCUMENbHO {(T*}, m.e

‘Cg(,,,,,,—C(m,,,, u {T*} coxpansem ycaosnyro mepy p{-|C, (m,,)}

YyTs no3xke Mpl o6bsacHEM, uto E™ gpusercs Han60.ubumm
H3 H3MEPMMBIX pa3OHeHMil, 00/1analoMKUX NEPEYHCICHHBIMH CBOM-
CTBaMH.
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LlenTpajibHbIM TMOHATHEM OPrOJHYECKOH TEOPHH SABJAETCA
MNOHSATHE SPrOJHYHOCTH.

Oupenenenue 5. Juuamuueckasn cucmema {T'} nazvisaem-
ca 3pzoduueckoti, ecau 6cakoe unsapuanmnoe mod 0 mHoxcecmso
umeem mepy 0 uau 1.

OKBHBAJICHTHBIE (POPMYIHPOBKH 3ProJAHYHOCTH:

A) # =4 20 N —mpusuarbnas G-nodaszebpa MmHo-
ocecms mepur 0, 1.

B) £"=v (mod0), 2de v—mpusuarbnoe pasbuenue, edun-
CMBEHHbIM IAEMEHMOM KOMopozo seasemcs M.

C) B apzoduueckoli meopeme bupkzogpa— Xunuuna npedesvnas
@yuxyus f=[f(x)du(x). B camom nene, [ u3MepAMa OTHOCHTENb-
HO ™. Ecim A ™ =4, 10 f=const mourH BCIOAy. JTa
KOHCTAHTAa JOJKHA PpaBHATBCY MaTEMaTHYECKOMY OXHIAHHIO,
nockosbky | f(x)dp(x)={f(x)dp(x). B apyryio cropoHy 5k-
BUBAJICHTHOCTh TaKXe Jierko HokasbiBaerca. Beumy C) 3promuu-
HOCTB 4acTO (JOPMYJHpYeTCs KaK COBIAJCHHE BPEMEHHBIX CPEIXHUX
C MPOCTPAHCTBEHHLIMHU.

D) Bcakas unsapuanmnas mod 0 ynxyus f, m. e. f(T'x)=f(x)
n. 8. 0aa mobozo t, ecmv KoHCmawma A. 8.

IMoHsTHE 3PrOAMYHOCTH ObUIO BBeNeHO BOJBLIIMaHOM B CBA3H
C OCHOBAHHSIMH CTAaTHCTHYECKOM MeXaHHKH. B nanbmeimeM Onuio
MOHATO, YTO €r0 poJib IUIS CTATHCTHYECKOW MEXAHHAKH HE CTOJIb
3HAYHMTE/IbHA, TOCKOJIBKY TaMm BaXKHeE, YTO I CHUCTEM CTATUCTH-
YeCKOM MEX4HMKH B MpOIEeccaX [AHHAMAKH YYacTBYeT OIrPOMHOE
YHCJIO OTHCJIBHBIX MOJICKYJ, aTOMOB H T. . H HMEHHO 3TOT
Gonbmoif mapameTp siBiseTcs ompeaenstomuM,. C apyro#i cropo-
HBI, JUIS MHOTHX JMHAMHYECKHX CHCTEM C (Pa3OBBIMH IIPOCTpPaH-
cTBaMH He(CONBIIOH pa3MEPHOCTH 4acTO ObIBaeT BaXHO 3HATH,
U KAaKUX YCJOBHSX OHH 3proAuyHsl. B Hacrosiuee BpeMs 3TO
yOAEeTCS BBIACHHTH JUIS OTIEJbHBIX KJIAcCOB IWHAMHYECKHX CH-
creM. o cymiecTBy, BOKPYT 3TOH MpoOJieMbl M KOHIEHTPHPYETCS
coJiepXaHAe BCEH KHHTH.

Mpumep 1. Oycts T: Tor?—Tor? —rpynnoBoil aBTOMOD-
¢u3mM Topa (CM. mpEMep 3 IpeO IAyIieH JieKIud), 3a/jaBaeMbIH

IIeJIOYACTCHHON MAaTpHIEH A=(a” a”), detA=+1.
azy; daz;

Teopema 3. Aemomopgpusm T 3pzoduuen mozda u moabko
mozoa, Kozoa mampuya A He umeem cobCMBEHHbIX 3HAYEHUl, HO
MOO0yat0  pashbix 1.

HoxkazatensctBo. IIyctb A; U A, —BellleCTBEHHBIE CO6-
CTBEHHbIE 3HAYEHHS MATPHIBLI A*, mpHyeM (A, |>1, A, =det A/A,,
IAz2]<1, ex=(e11, €12) B e2=(e21, €22 )—COOTBETCTBYIOMHE HOD-
MHpOBaHHbIE COOCTBEHHBIC BEKTOpHl. M3 BHAa COOCTBEHHBIX
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3ga4eHHH CIEAYET, 4YTO KOMIOHEHTHl 3THX BEKTOPOB PAalMOHAJILHO
pesaBucHMEL.  CrenoBaTenbHO, JHOOOH  HEHYNEBOH  BEKTOp
n=(ny, nz) € UENOYHCICHALIMH KOMIOHCHTAMH HMeCT BHI
n=c,(n)ei+c;(n)e;, roe obe KoopmmHATH ¢, (n) CZ(’? OTIIHY-
HeI OT HYJIA, H TPaeKTOpHSA JHOOOro TaKoro BEKTOpa A‘)"'n=
=ATc;(n)es+ATcy(n)e;, meZ?, Geckoneuna.

IpeamonoxuM, uyto 7 HedprogwdeH. Torma CymiecTBYeT
unBapuanTHas modO0 ¢ymkmus f(x, y)#const ms L*(M, 4, p).
Oycre f(x, ¥)= Y cue?™™**") —_pasnoxenne ee B psan
dypre, npmeM" )Eg"r;f) Out ans omHoro n#0 ko3pdmment
¢, OTIHYEH OT Hynas. W3 MHBapHaHTHOCTH f(X, y) ¥ €IHMHCTBEH-
HOCTH pa3ioxeHus B psan Pypwe cnexyeT, dyro c,,=c(A - Tak xax

"
MHOXeCTBO (A4°)™n GeckoHeuHo, ¢yHKums f(X,y) He MoxeT
npunannexats LZ. Tem caMbIM Hallle MPENIOJIOKEHUE HEBEPHO.
HomyctuM Temepb, 910 |Ay|=1. Torma |A,|=1. AHamoradyebie
pacCyXIeHHS MOKa3bIBAIOT, YTO TPAaeKTOPHA JHOOOTO LEJIOYHCIICH-
HOT'O BEKTOpAa 1 COAEPXHAT BEKTODHI, OrpaHHYEHHLIE IO HOPME, H,
ClIeIOBaTeNbHO, TpaekTopuss {(4°)™n} COCTOMT M3 KOHEYHOTO

udcia BekTOpoB. Torma ¢ymkmas f(x, y)= Y, eX™mx*my rpe
“"s

n#0, UHBapHAaHTHA K OTJMYHA OT NOCTOSHHOW. Teopema Ho-

Ka3aHa.

Teopema 2’ (ycmnenue Teopemsl 2). Iycmp &™) —usmepu-
Moe pazbuenue us meopemst 2. Ozpanuvenue {T'} na xaxcowli
snemenm C ., 3p200uHHO.

TeopeMer 2, 2’ maioT pa3jiokeHHE NMPOHM3BOJLHOH NHHAMHYeE-
CKOHf CHCTeMBI Ha 3PrONMYECKHE KOMIIOHEHTHI.

Ilycts B dazoBoM mpocrpancTBe (M, 4 ) neficTByeT OWHAMHA-
veckas cacrema {7}, coxpaHOIAs OJHOBPEMEHHO MEPH g, 2,
npuieM {7°} 3proaWYHa 1O OTHOLICHWIO K KAaXIOH H3 HHX.

Teopema 4. Ecau W #W,, Mo mepul [y, Wy 63AUMHO
CUHZYAADHYL.

HokaszaTenscTBo. B ycjoBusx TeopeMsi HailieTcs Takas
OrpaHnuenHas u3mepumas ¢yEkmms f, ro | fdy, # [ fdp,. B cany
sproamdeckoii TeopeMbl bupkroda—XuHuMHa JUIA THCKPETHOTO
BpeMenH

n—-1

! y f(T‘x)—»J‘fdul JUIi  {1,-OYTH BCEX X,

By-o

N |-

Zf(T‘x)—»J‘fduz JUIA  [,-TIOYTH BCEX X.
t=0
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OueBHIHO, YTO BO3HHMKAIOMIAE NOOMHOXKECTBA MOMHOK MEpHI He
[EPEceKAIOTC]. AHAJIOTHYHOE PACCYXKACHHUE CIIPABEAJIMBO B CIIyYae
HEMpEepHIBHOTO BpeMeHH. TeopeMa [oOKa3aHa.

Onpenenenne 6. Juuamuueckas cucmema {T'} nasvieaem-
CA CMp020 3P20duvecKoil, ecau OHA umeem eOUHCMBENHYI0 UNEApi-
aHmMHYI0  Mepy.

MNycrs {T*} —ospropmdeckas JUHAMHYecKas cucTeMa. BospMem
Npom3BOJbHYI0 GyHKIMIO f20, mwia kotopodl [ f(x)du(x)=
Toroga M MOXEM pacCMOTPETh «HEPABHOBECHYIO» MEPY g,
dl»"o(x) "
Ep(T= f(x). COBer 3TOH Mepbi ONpedENsieTC COOTHOLUCHHEM
p,(C =po(T“C). IlocnenHee paBeHCTBO OKBHBAJICHTHO, Kdk
JIETKO BHAETH, TOMY, 4YTO |, aGCOMIOTHO HENMpPEPHIBHA OTHOCHTENL-

HO P H it;:;=f(T'x).

Onpencneunne 7. Quuamuueckan cucmema {T'} nasvieaem-
CA nepemewusarowyeil, ecau P~ npu [—00 8 MOM CMbICie, Ymo
04a moboil ozpanuuennoli usmepumoii @ynkyuu h

lim [A(x)dp,(x)=lim [A(x)fo(T'x)dpn(x)=[h(x)dp(x).
t—o0 fandes]
OupeeneHre NepeMEIUHBAHAS OONYCKAET H APYIyl0 OSKBHBA-
JIEHTHYIO (OPMYTHPOBKY.
Onpenenenue 7. Juuamuueckan cucmema {T'} nasvieaem-
cA nepemewusaowedi, ecau 0aa mobux f, he L*(M, #, p)

i § £(T)(x)di = ()i () 5 () s )
—m
Ckansproe nmpoussenerne | f(T'x)h(x)dp(x) unorna HaswmiBa-
€TCsl BpeMEHHON KoppensanuorHol ¢yHkmuei. Bo mMHorux 3amavax
BaXHO HE TOJLKO YCTaHABIHBATH NEpEMEIIMBAHHE, HO H HCCIIEHO-
BATb CKOPOCTb CXOOMMOCTH K IpeAey BPEMEHHEIX KOpPDE/AMMOH-
HbIXx YHKOWH IUI8 €CTECTBEHHBIX KjaccoB ¢yHKumi f, g.
SIcHO, 4TO TepeMelIHBaHHE BJEYET JProAHYHOCTE. B caMom
nene, ecmu Ae.# ™, y,—wuHoukatop A, TO, monaras f(x)
=y4(x), GymeM umers

SATX)h(x)dpx)=[ o7 -, (x) B (x) di(x)=
={xa(x)h(x)dn(x) — 1(4)[h(x)dn(x)

OTcrona, OYEBHOHO, CJEAYET, UTO u(A)=1.
BBemieM Temeph TOHSATHE CHEKTpA JUHAMHYECKON CHCTEMEL.
IMycre {T‘} nuHamm4eckas cucTema. 3agaauM omepatop U’
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g mpocTpaHcTtee L?(M, .#, p) IpH NOMOINM COOTHOMIEHHS
(U)(x)=/1(T"x).

WHBapMAHTHOCTb MEPHI | 3KBHBAJIEHTHA TOMY, 4TO U'-—wu3omer-
paveckuii onepatop, T.e. (U'fy, U'f;)=(f1,/2). Onepatopu U’
06pa3yloT TPYNITYy HIH NMOJYTPYINy H30OMETPHYECKHX ONEpaTOpOB
(B 3aBHCHMOCTH OT 3HAYEHHH !), CONPSKEHHYIO C HCXOIHOM
nuHaMudeckoll cmcreMoit {T°}.

CBOMCTBA [MHAMMYECKOH CHCTEMBI, KOTODHIE€ BHIPAXAIOTCA
yepes cBoicTBa rpymmbl {U'}, Ha3BIBAalOTCS CHEKTPAJLHBLIMH
ceoricTBaMH. IlOKaxeM, 4YTO 3IProfHYHOCTL H HEPEMEIIMBAHHE
SBIIFOTCH CIEKTPAJIbLHEIMH CBOMCTBAMH.

BeegeM mopampocTpancTBo H < LZEM, M, ), cocTosiee U3
HENOABIKHBIX 3seMeHTOB rpymmsl {U'}, T.e. heH Torma
# TOJIbKO Toraa, koraa U'h=h mns Beex t. Sicho, uto H comepxuT
OJHOMEPHOE MOIMPOCTPAHCTBO KOHCTAHT. JIerko BHAETb, 9YTO
cuctema {7} 3proiudyHa TOrJa M TOJBKO TorAa, korma H omso-
mepHo. [lepeMemmuBaHue O3HAYA€T, 4TO AN JIOOHIX f, g

lim (U, £)=(/, (1 £).

®ynxus he L*(M, A, p) vasbiaercs cobcrBennoi aas {U'),
€clM TMpH Beex !

Uth=c(t)h,

re fe(t)l=1, ¢c(ty+1t:)=c(t1)e(t2)- ‘

Onpenenenune 8. Juuamuueckaa cucmema {T'} nazvieaem-
ca caabo nepemewusaoweti, ecau {U'} He umeem cobcmeennbix
PyHKYyutl, Kpome KoHCmanm.

N3 cnaboro mepeMelumBands BBITEKAET 3IProaAUdHOCTH. [lanee
Mbl OynmeM oOCyXIOaTb MpAMEpPHI IJPrOAMYECKHX AHHAMHMYIECKHX
CHCTEM, HE ABJIAIOUIMXCA cl1ab0 MmepeMeNMBaIOIIMMA (IHHAMIYEC-
KHE CHCTEMBI C YHCTO TOYEYHBIM clekTpoM). M3 mepemenmBaHus
BBITEKACT cnaboe mnepeMemmBanue. JledcTBHTENBbHO, €cid h—
cobcTBeHHas (QyHKIHSA, TO NPH [— 00

Uk, h)=c(t)(h, h)~(h, 1)(1, ).

Ecrm h me saBngercs KOHCTaHTOH, To A MOXHO CYMTaTh
OpToroHanpHOM KoHcTaHTe, [103TOMY mpaBas vacTb paBHa O.
Crenosartensho, ¢(t)—0, 4TO HEBO3MOXHO.

Ipeanonoxum rtemeps, uro teZ' wim R', T.e. {U'} ecrs
OflHOmapaMeTpHyYecKas IPyIIa H30OMETPHIECKHX omepaTopos. Tor-
Ja onepatopht U' obparamsl, T.e. U' SBISAIOTCS YHHTAPHBIME
onepatopami. i OAHOMAPAMETPHYECKHX TIpyII YHHTAPHBIX
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ONEpaTopoB XOPOINO H3BECTHA TEOPEMA, ONMMCHIBAIOIAS CTPYKTYPY
TAKUX TPYyNI C TOYHOCTBIO OO YHHTAPHOH 3KBHBAJIEHTHOCTH.
IlpuBeneM GopMyIHPOBKY 3TOH TEOPEMHI.

BHavane Mol ONHINEM COOTBETCTBYIOIUME MOJETH TPYINBI
{U'}. Nycts teZ'. Ha emuau4HO# Ooxpy%kHOCTH S! paccMoTpuM
HOCeN0BATENbHOCTh HEHOPMHDPOBAHHBIX Mep Oy, k=1, 2, .., H
Mepy O,, NPHYEM BCE MEPHL O,, O, B3AHMHO CHATYIADHHI (B
cMbiclie a6COIOTHOH HeNpephIBHOCTH). Torga Mo)XHO HAaHTH TakHe
NONAPHO  HENEpeceKalolMecs MNOAMHOXKECTBA A;, A,, UTO
60 (S'\Ap)=0, 04(S*\Ay)=0. UHEIME clloBamH, Kaxdas Mepa
O} cocpedOTOYCHa Ha A, H O, cocpeloToYeHa Ha A,. Bpemem
risGepToBhl npoctpancrea Hy, k=1, 2, ..., (H,), rae H, cocroat
U3 dyHKumit f, obpalmaromwMxcs B HyJib BHe Ay (A, ), co 3HaYeHHAMHU
B C*(C*), npuyem

fdor(M)(f (M), f(M))< oo,
roe  (-,-)—oObMHOE  cKaJsipHOe  mNpoH3BedcHue.  IlycTh
Hy=® Z H,®H,. 3apamum B8 Hy, rpymny {7'} yuurapHbIX
k=1

onepaTopoB, AeiicrByrowmx no gopmyne Uj f(A)=e™f (L), fe Hy
wm H,.

TeopeMma 5 (ocHOBHas TeopeMa O CHEKTPAIBHOM Kiac-
cupuxammna rpynn {U'}). Jaa moboii zpynnel ynumapnsix onepa-
mopos {T'}, teZ', moxcHo Hailmu 2uibbepmoeo npocmMpancmeo
Hy u odeticmeyrowee 6 zuavbepmosom npocmpancmee H ynumaproe
omobpaxcenue V: H—H, makue, umo

Yu'=ULWV, teZ'.

Ecau Hy, Hg—0sa npocmpancmea, uzomopgpuvie npu s3mom H,
u O}, O, U O, Onp—coomeemcmeywwue Mepsl, mo Gy~ Gy,
O,~0qg 8 CMbiCAe aBCOMOMHOI HenpepbiBHOCMU Mep.

MmuoxectBa A, A, onpemenstorcs rpymmoit {U'} u Moryt
OBITH BHIOpAHBI HE3aBHCHMO OT H3oMop¢u3Ma V. I'oBopAT, 4yTo Ha
Ay rpynma {U'} mmeer omHOPOIMBIA CHEKTp KpaTHOCTH k (Ha
A, rpymma {U'} wumeer GeCKOHEYHOKDATHBIH  CIEKTD),
a o,—cCneKkTpaibHas Mepa kpaTHoctH k. Ecnu Tonmbko onHa w3
Mep Oy, O, OTJIMYHA OT HyJs, To rpynna {U'} uMeeT oMHOPOIHEBIHA
CHEKTD  COOTBETCTBYIOINEH  KpaTHOCTH. Ecmd  Bee Oy,
O, abCOMIOTHO HempephIBHBI OTHOCHTENBbHO Mephl JleGera, TO
roBopsT, 9to {U'} uMeeT abCOMIOTHO HeNpephIBHEIH cnekTp. Ecim
ox=0 opu k=1, 2, ..., a o,=/—mMepa Jlebera, To roBOpAT, 41O
{U'} umeer GeckOHEYHOKPATHEIA JeGEroBCKUM CHeXTp. DTOT THI
CNIEKTPa 4acTo BCTpeYaeTCsd B Iproamveckoi Teopmu (cM. dacts II
3TOH KHHTH).
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Jns TpHIOXEHMM TOJIE3€H CICAyIoUMH KpHTEpHil TOro,
yTO 0'0):1-

KpuTepH#dl CYmMECTBOBAHHA CYETHO-KPATHOTO
neberoBckoro cuekTpa. ITycme cywecmeyem maxas bec-

KOHEHYHAA nocaedogamesbHocms  gekmopos h,, k=1, 2, .., umo
nocaedogamevnocms eexmopos U'hy, k=1, 2, .., —oo<t<o0,
obpasyem opmonopmanvhwiil 6asuc. Toeda ©,=0, k=1, 2, .., u

¢ Kauecmee O, MONCHO @3amb mepy Jlebeca | na oxpyxnc-
HoCmu.

Ecau U'h,, k=1, 2, ..., —o0 <t< o0, obpasyrom 6asuc unsapu-
anmmnoz2o noonpocmpancmea H, mo A,# u & Kauecmse
G MONCHO 83amb mepy l', daa xomopoii <]’

Hoka3aTenbCTBO 3TOr0 KpPHTEpPHS JIETKO BHITEKAET H3 Te-
OpeMBl 5, I MBI €r0 He IPHBOAVM.

[IpuBeneHnbie onpeaeicHAA W TeEOpeMa 5 HEMOCPEICTBEHHO
MepeHOCATCs HAa ClydYail HempepbiBHBIX rpynm, rae teR!. Hamo
JHIIL CYATATB, YTO A;, A,— HemepeceKarolm|ecs MOIMHOXECTBA
npsmoii R!, oy, G,—Mepbl Ha 3THX INOJAMHOXECTBaX.

Ceffluac Mpl BBEIEM OJWH BaXXKHBIH KJjacc IIpeobpa3oBaHMMA
¢ MHBAPHAHTHOH Mepoil H YBHAMM HHTEpPEeCHBIH NpHMep IIpHMEHe-
HHS CHEKTpPaJbHOM TEOpDHH YHHUTApHBIX onepatopoB. Ilycte
M=1]0, 1]. Pazobrem ero Ha r oTpe3koB A, ..., A,. 3mecs # Bo
MHOTHX CJIy4afix Hajieeé MBI JOMYCKae¢M HECYIIECTBCHHYIO HETOY-
HOCTb, CYMTas, YTO CHCTEMa OTPE3KOB 3anaeT pa3bueHue, ecnu

AiNA;=0A;N04;, i#j, 1 {J Ai=][0, 1]. 3amazmm Takxke Kakyfo-
i=1

aub0 MepecTaHOBKY T M3 r 3JEMEHTOB.

Onpenencuue 9. Ilepexaadviganuem ompesKkoe HaA3bI8AeMcs
npeobpazoeanue T: [0, 11— [0, 1], npu komopom A;=TA;=A;+a;,
I1<i<r, u nosvie ompesxu A; udym ¢ nopaodke, onpedeisnemom
nepecmarnoskoil T.

TakuMm o00pa3oM, NepeKIagbIBAHHE OTPE3KOB 3a7aeTCH BEK-
TOopoM [/ =(11, s b ), rae ,—mmAa A;, u nepecraHOBKoOH 7. SIcHO,
4yto T coxpanseT Mepy Jlebera p. O6o3nadmm uepes &, pazbueHue
{0,1] ma orpeskr A;. Torma T&, ecrp pa3buenue [0, 1] mna
orpe3kd TA;. Yepes &, o6o3HauuM pa3dmenne [0, 1] Ha oTpe3knm
A, NTA N ...NT"A;. Tor dakt, 4T0 3NEMEHTH &, SBIAIOTCS
OTpPE3KAMH, JIETKO J[IOKa3bIBAETCA IO HMHIYKIMH Ha OCHOBaHHH
TOoro, 4tro &£,2&¢.

Onpenenenune 10. Ilepexaadviganue T nazvigaemcs mpanu-
sumugnbim, ecau lim max p(Cg )=0.

n—aoc
Ecnmu T He sABIsgeTCS TPAH3HUTHUBHBIM, TO HAaHAyTCA Takoi
otpesok A® m Ttakoe k, uro T*|A® ecTp ToXImecTBeHHOE
npeoGpaszopanue. IT03TOMYy HETPAH3MTHBHLIE TEPEKJIaIbIBAHAS
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€CTECTBEHHO pacCMaTpHBaTh Kak HCKJOUHUTENBHBIC B IIPOCTPAaH-
CTBE BCEX IEpeKIaAbIBaHMIL.

Teopema 6. IHycmv T—mpan3umusnoe nepexiadviearue
r ompe3Ko8, |\— A006aA HeNPepblIGHAA UHBAPUAHMHAA OMHOCUMEALHO
T mepa, He obsazameavHo asastowanca mepoii Jebeza. Tozoa uucao
apeoduueckux komnonenm T He npesocxodum r.

HdokxasaTtenbcTBo. HagHeM ¢ HeCKOJIBKHX IONONHHTENL-
HBIX (aKTOB H3 CIEKTpAaJbHOH TEODHH YHHTAPHBIX OIEPaTOPOB.
IIycte H—xOHEYHOMEDPHOE THIL6EPTOBO NPOCTPAHCTBO, B KOTO-
poM nedcTByeT yHHTapHbIH oneparop U. CobcTBeHHBIE 3HAYEHHS
U no Moaymo paBHBI |; HOATIPOCTPAaHCTBA, OTBEYAIOIAEC pa3JIHi-
HbIM COOCTBEHHBIM 3HAYEHHSAM, MONAPHO OPTOrOHAJBLHLL. Bo3bMeM
BekTop he H m BBemem mnomupocrpactBo H(h), mopoxieHHOe
BeKTOpaMH ..., U "2h, U 'h, h, Uh, U?h, ... Ouesnano, uro H (k)
=UH(h)=U‘1H(h).

INpoctpascrBo H(h) MOXHO TOJNYYHTb H APYTHM CIIOCOGOM.
Ilycts h; ectb Ipoeknds s Ha HOAMPOCTPAHCTBO, OTBeYarolliee
coOCTBeBHOMY 3HaueHHMIO z; omepatopa U. Torma H (h) €CTb HH
9T0 HWHOEe, Kak JmMHeWHas o6onodka BexkTOopoB #;. OTciona
BRITEKAET BaXHOE

Cnenctsue. Ilycms danwm eexmopwr h'Y, ..., h™ maxue, umo
k

H=Y H(h®), xoma npocmpancmea H(h®) mozym 6oimv u neop-
=1

mozonamvhbimu. Tozoa dim H; <k Oan mobozo i, z0e H;— noonpo-

CMPAHCMBO COBCMBEHHBLX 8eKMOPO8 ¢ COOCMBEHHbIM 3HAYECHUEM Z;.

HoxaszatenbcTso. llycts AV ects mpoekuns h® na H;.
Mo npenmonoxermo {hP, I=1, 2, ..., k} nopoxmaer H;. Cnenosa-
TenbHO, dim H;<k.

IlpoBeneHnbie paccyXIeHHSA JIETKO MEPEeHOCATCS Ha OeckoHed-
HOMCEpHBIH Ciryuad. Ilycts H— GeckoHeYHOMEpHOE T'HIBOEPTOBO
npocTpancTBo H U— yHMTapHEIH omepaTop, AcHcTByronmui B H.
Yepes H (h) 0003HaYHM 3aMBIKaHHE JIHEHHOH 000JIOYKH BEKTOPOB
U'h, —c0o<n< .

Jlemma 2. IHycme cywecmayem  KOHeuHOe  MHONCECHo

sekmopos h'V, ..., h® makux, umo Y H(h'")=H. Tozda osn
1=1
a06020 z€S' pasmeprocmy nodnpocmpancmea Co6CMBEHHbIX GeK-
mopos, umelougux cobcmeennoe 3HaueHue z, He npesocxodum k.
BepremMcs Kk  mepeknanbiBaHusMm. PaccMOTpHM  BHadgase
U ‘le =Yra, 3AMETHEM TENEPb, 4YTO Bce Xa, NTA; TPEACTABHMEL
KaK JMHEHHbIC KOMOMHAIMA Y2, H U~ xA B CaMOM JeJie, mycTh
nmocyieTHA# A, cOOepKHT HECKOJIbKO mn'epnanoxa TA;,,....,TA, n
TA!'IU"'UTAik_,CArCTAiXU”'UTA' UTAI',‘

-1

-1
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Torma A NTA;,=TA;, 1<s<k-—1,

Xa.n TA“=XA,_ 21 XTa; -

Ecma TA, <A UA,—;, TO Ya_ T8, =X —xa,NTA;, B T. 1.
Paccyx,uasl TakHM Xe¢ oOpa3oM H Janbiue, nonyth 910 %4, () TA;
NpEACTABAMA Kak JMHEHHas koMOwHamms QYHKOHH Ya, Xra
H %a; ..n7°a; TPCACTABHMA KaK JIAHeHHAs KOMOHHAIHAN (bymamﬁ

Xaj, Xm RS i xrea; - Ho ¢yHxmau ya, (N--NT?a; B CATY TPAHSHTHB-
HOCTH HepeKJIaI[LIBaHKﬂ T nopomalo'r sce L2([0, 1]).

W3 neMMbl BRITEKA€T, YTO KPATHOCTH KaXIOro coOCTBEHHOTO
3Ha4eAus onepatopa U me mpeBocxommt r. JlomycT¥M Tenepb, 4TO
MOXHO IOCTPOHTH K MONAPHO HEMEPECeKAIONIMXCS HHBAPHAHTHBIX
mod0 MHOXECTB HOJIOXHTEIBHOH MepH A, ..., 4;. Torma mx
HHIAKATOPEI SBJIAIOTCS OPTOTOHAILHRIMH COOCTBEHHEIMH (hYHKITH-
aMH ¢ cobcTBeHHbIM 3HadeHHeM z=1. I[lostomy k<r. 3t0
YTBEPXKICHAC SKBHBAJIEHTHO YTBEPXIACHHIO TEOPEMBI.

CrnencTBHE. Yucio passuunsix 3Ip2o0uyeckux mep hnepexida-
oviearun T He npeeocxodum r.

JecTBATENLHO, eCIE OBl MOXHO OBUIO HAaHTH p pa3AYHBIX
3ProJWYeCKHX MEP Wi, ..., By, P=r+1, TO B CWIy monapHoi
CHHTYJIAPHOCTH 3THX Mep (CM. BhIIE) MOXHO Obulo OB HaliTh
p Henmepecekaronmxcs mnogMHoXecTB Cy, ..., C,, A KOTOPBIX

P
1i(Ci)=1, w(TC;AC;)=0. Toraa p=% Y w; mmena 6u1 p EHBapH-
i=1
aHTHHX mMod 0 HOOMHOXECTB MOJOXHTEJIBHOM MEDHI, 9TO MPOTH-
BOPEYHT JOKA3aHHOH TEOpeMeE.

HenapHo, ucmoap3ys Oosiee riyboxme wmetommi, Bmu [5]
[IOKa3aJI, YTO MHCJIO WHBAPHAHTHLIX MEP TPAaH3UTHUBHOTO HepeKia-
opiBagAg He npeBocxomdT r/2. Katok (cM. [1]) ycramHOBRMI, 4TO
T maxoraa He obnapmaer nepememnBandeM. C HOMOMIBIO BeChMa
riaybokux MetonoB Bmu [6] m Ma3zyp [7] mokaszamm, wro ms
mMOYTH Bcex B CMBICTie Mephl JleDera sexTopos / mommo# Mepsl
H HENPHBOJAMMELIX HEPECTAHOBOK T HepekiafnBaHui I CTPOro
3profMiHLl. YUPOIIEHHOE [OKa3aTeNIbCTBO 3TOTO pe3yibTaTa
6puto monyueHo bomepHumanoMm [8].

IepexnaabiBanHs OTPE3KOB BO3HHKAIOT BO MHOTHX 3aadax
aproauveckoid Teopuu. JIio6oe mpeoOpazosanme otpeska [0, 1],
coxpamsnoiee Mepy JlebGera, MOXHO aNMPOKCHMHPOBATh NPeo6-
pa3oBaHHMeM THOA mepekiagwiBaAus. Ceifdac MBI PaccCMOTPHM
follee KOHKPETHYIO CHTYAIHIO, TAe MOSBISIOTCS NepeKiIaJblBaHAA

OTPE3KOB.
IHycrs I1—MHOTOyrofsHHK Ha IIOCKOCTH C PamHOHAJIBHBIMU
modn yraamu 9,, ..., 0;. He orpanuumBas oOOLIHOCTH, MOXHO
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q.
CYMTATD, 4TO Bee O; MMeIoT BUI 0;=— 7, T1e ¢; ¥ p— NENble YACHA.
p

Paccmotpum Gunbspa B I, mpu XOoTOpoM Kaxjaas TpaeKTOpHS
npeAcTaBiseT coboil ToManyro, oTpaxaroulyrocs ot rpasun I1 no
3aKOHY «YrOJI MAJIEHAS PAaBEH YIIYy OTpaXeHus». Toraa yrisl

. k
pa3MHYHEIX OTPE3KOB JIOMAHOH HMMEIOT BHI 6-+— T, IpH HEKOTO-

1 .
poM Oe[O, —n]. 3aduxcuposaB 0, MBI IOJNyIMM HHBApHAHTHOE
P

MHOXECTBO OHIIbApAA. DProANYECcKHE CBOMCTBA OHIBApAA HA 3TOM
MHOX€ECTBe CBOAATCS K H3YYEHHIO 3ProJAWYeCKHX CBOMCTB Mpeol-
pa30BaHMs, JEHCTBYIOILIETO B IPOCTPAHCTBE OTPE3KOB, HANPABJICH-

k
HBIX IOA YrJIaMHA e+—1t, H IICPCBOAAILICTO KaXIbliA OTpPE30K
p

B CHCAYIOIINH OTpe30K BIOJNb TPAaeKTOpHH. JTO mpeobpa3oBaHue
MOJXHO peaTH30BaTh Kak IepekaaJbIBaHHe OTPe3koB. VIHTepecHBIe
pe3yibTaThl, OTHOCHAINHMECH K O3THM mnpeoOpa3oBanusM, ObUm
noytydeHsl B pabote Kepuxoda, Masypa, Cmaitimm [9] ¢ moMotnbro
METONIOB anrebpauyeckoidl Te€OMETPHH.
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JEKHHNA 3

M30MOP®I3M JUHAMMYECKHX CHUCTEM.
OBPA3YIONIME PA3ZBUEHMA

Kax yxe ObUTI0 cKa3aHO paHee, B oOMueH 3proamyeckoi Teopun
He [leNlaeTCi HAKAKAX MpEOIOJIOKECHAR THOA TJAJKOCTH s
(yHKIHEHA, 3amar0nMX AeHCTBHE MpeoOpa3oBaHMi, BXOAINMUX B JTHA-
HAMHYECKYl0 cucTeMy. PopMyiHpyeMoe HUXE MOHATHE H30MOP-
¢u3Ma Jaer NpHUHOANHAILHYIO BO3MOXHOCTh CPaBHHBAThH JHHAMH-
4YECKME CHCTEMBI, 3aJjaHHble B TNPOCTPAHCTBAaX pa3HOH pasMep-
HOCTH, C pa3HOH TOMOJIOTHEH H T. H.

IIpemmonoxuM, 4To HMeEIOTCA ABa 3pgoMopdusma T’ m T,
IeHCTByIOIME B MPOCTpaHCTBAX ¢ Mepod (M, A', pw') mn
(M", #”", \") COOTBETCTBEHHO.

Onpenencuue 1. Sndomoppusmur T' m T" mempuuecku
uzomop@uut (Kopove, uzoMopgul), ecau cywecmeyem uzomopPuim
¢o(mod0) npocmpancms (M', MH', W) u (M", H", p"),
onpedeaennbiii Ha uHgapuanmuom omuocumenvno T' noommuoscecmse
MicM’' p-mepor 1 u nepesodswyuii ezo 6 uneapuanmmuoe
omuocumevno Oeiicmeun T" nodmuomcecmso M”"c M" p’'-mepvi
1, maxoii, yumo

@oT'=T"0¢.

Wnmsapuantrocts  M', M”  osmawaer (T') 'M'=M’,
(T *M"=M".

"Ecim T', T"— aBTOMOpPQH3MEI, TO METpHYECKHAH H3o0MOpdhH3IM
T, T" osmauaer, wro mapel (T’, T%) m ((T")"% (T")™YH)
MCTpHYECKH H30MOpPGHHE IIpH [OMOIMM OXHOIO H TOro Xe
u3oMopdusmMa @.

Onpeneneunune 1. Ilomox {SY} na npocmpancmse ¢ mepoii
(M', HA', W) mempuuecku uzomopgen (Kopoue, uszomopgen)
nomoky {S%} na npocmpancmee ¢ mepoi (M", M", n"), ecau
cywecmeyem uzomopgusm @ (mod Q) smux npocmpancms, 3adan-
Hblll HA UHBAPUAHMHOM OMHOoCUmenbro nomoka {SY } nodmuooxcecm-
e M'cM' W-mepvt | u nepeeodswyuii e20 6 uHeapuanmmoe
omnocumensno nomoxa {S4} noomnoncecmso M" <= M" p"-mepui 1,
maxoi, umo

0Si=She, —w<t<oo.

AHajloru4Hoe oOIpelelicHHe MoXeT ObITh HaHO B Clyuae
MOJIYIOTOKOB. BCe XapakTepHCTHKH, CBOHCTBA H T. Il. JHHAMHYEC-
KHX CHCTEM, OIAHAKOBBHIE i H30MOpGHBIX AWHAMHYECKHX CH-
creM, Ha3bIBAKOTCA HX METPHYECKAMH HHBapHAHTaMH.

Teopema 1. Credyrowue ceoticmea OUHAMUYECKUX CUCTIEM
AGAAIOMCA MEMpUuecKumMu UHEAPUAHMAMU!

1) apeoouurocmp;
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2) craboe nepemewusanue;

3) nepemewwusanue.

Ecmu muHaMAYecKde CHCTEMBI M30MOPQHL!, TO HEAYHHPYEMBIE
MMHA MOJIyrpynmsl (TPYyNIki) A30METPHYSCKHAX (YHUTAPHBIX) olepa-
TOPOB YHHTaPHO 3KBHBAJICHTHHL. TakuM oOpa3oM, CHEKTp AHHAMHE-
YeCKOH CHCTEMBI €CTh TAaKXe¢ METPHYECKHH HHBapHAHT.

PaccMOTpHM Temeph ABa HETPHBHAJILHBIX NMPHMEPA METpHHe-
CKOTO H30MOpQH3Ma aBTOMOD(H3MOB.

IIpaMmep 1 (mpamep Memankuna; cM. [1]). [Iycte M’ ecThb
MPOCTPAHCTBO OECKOHEYHBIX B 06€ CTOPOHEI MOC/ICAOBATEILHOCTEH
o' ={0}, oreX’'={1, 2, 3, 4, 5}, Ww—mepa Bepuyum, or-
Bevaromas pacmpefenemmro 7'={1/8, 1/8, 1/8, 1/8, 1/2}, T"—
COOTBETCTBYIONWMH cABAT bepHyum. B kadectBe M” BO3BMEM
NMPOCTPAHCTBO 6ECKOHEUHBIX B 06€ CTOPOHBI IOCNEAOBATEILHOCTEH
o' ={oy}, ojeX"={1, 2, 3, 4}, p"—mepa BepHymm, oT-
Beyarollas pacnpemenesmro n”={1/4, 1/4, 1/4, 1/4}, T”—cooTt-
BETCTBYIOILAH CABAT bepHYIIH.

Teopema 2. Cosueu bBepuyaru T' n T' mempuuecku
usomMopghel.

Jdoxa3zatennrcTtBo. IlocTpoMM #ABHO COOTBETCTBYIOLIHIA
n3oMopdusM. Ilycts JaHa THIMYHAS MOCIEAOBATENBHOCTh ' € M.
Beenem mnonmuoxectBa I,=I.(0')cZ', 1<r <S5, Takme, 4TO
I(0')={keZ'jo}=r}. Hama ueib— OOCTPOMTH HOCIEAOBA-
TeabHOCTE " =@ (®'). Ilpexne Bcero nonoxmM ;=1 s
kelil,, of=2 ana kels\)I,. Ana xkaxnoro ke I's Mul HafizeM
Tako# HoMmep k,=k,(®’)>k, uro:

a,) 4ACIO HOMEPOB i, k <i< k,, IJIA KOTOPLIX ®j=15, paBHO
YUCIIy HOMEpOB I, IUIA KOTOPHIX M #5;

a,) k,—mepBuiii ®3 HOMEpPOB, YIOBIETBODPAOMHX a,).

W3 Teopun omHOMEPHBIX CIY4aHBIX OnyXIaHHH JIErko Cledy-
€T, 4TO NOYTH BCe ' TaKOBBI, 4TO AiA Kaxaoro kel’s(w’) MoXHO

HAHTH COOTBETCTBYIomee k, W mus kaxgoro ke () I,(w')

. 1<r<4
MOXHO HAWTH COOTBETCTByloIee k. IHEIMH CIIOBAMH, COOTBETCT-
BHe k<>k; B3aWMHO-OINHO3HAYHO.

IMonoxuM Teneper ©; =3, eci o =1 WM 3, 1 ©F=4, ecmn
®i, =2 v 4. Utak, [UI9 THOMYHOH MOCNEAOBATEILHOCTH ®' MBI
omnpeleNWTH Bech Ha0Op 3HAYeHHH g, o0 <k <o H, TakuM
00pa3oM, HOCTPOMIH HEIHKOM IOCIeIOBATENLHOCTE ®”.

IMonoxeM o"=¢(w’'). Io mnocrpoernrw QI'=T"¢. Mu
OOJDXHBI TIOKa3aTh, 4TO ¢ MEpeBONAT Mepy W B Mepy u”. Ito
HETPYNHO CAENATh, HCHOJIb3Ys 3HTPONHHHYIO TEOPHIO JHHAMHYEC-
KuX cmcreM (cM. Jlekmmio 6). 3oech MBI OPHBEAEM NPsAMoe
JA0Ka3aTeabCcTBO 3TOro (Qaxra.
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DHUKCHPYEM TPOH3BONBHYIO NOCAECAOBATEALHOCTD &, ®F 11, ...,
@], ¥ BBEEM B PACCMOTPEHHE ClIE/IYIOIIEe NGAMHOXECTBO B < M

B={w'|p(0')=07, I, <I<hL}.
Mzul mokaxeM, uTo W(B)=1/4>""*' O6o3nauam
I'={l, I, <I<l|@,=r}, 1<r<4
Torma wy=1 win 2 ans lel], ;=3 umn 4 ana lels, 0| =5 ms
lel3\ Iy, Oaa xaxaoro lel3{)I; BO3BMEM COOTBETCTBYIOILEE
3Haveame /'=/'(l/), pacCMOTpEHHOE BBIILE.

Ecmi B({!'(])})—MHOXeCTBO TOCIENOBATENBHOCTEH o < B,
ans xotopeix {/'(/)} mpuHEMaeT GUKCHDOBAHHEIE 3HAYCHHSA, TO

W(B)= ¥ w({ooj=1 wm 2 ma lel];
B{ID
;=3 wmm 4 mn lels;
w;=5 nna lel3 Iy,
;=1 wm 3 gua I'(l), coorsercrByromero /elj,
;=2 wi 4 s I'(l), coorBerctByromero /el}})x

I 1 I i

Tocneanss ,HpOGb €CTb YCJIOBHAst BEPOATHOCTB COOT-

PG
BETCTBYIOIIHX 3HAYEHHMH ©)(y, KOTOpas HE 3aBHCHT OT YCJIOBHH,
OpPABOAIINX K 3aJaHHBIM 3Ha4YeHMAM ;. [ToyveHHOe MpoHM3Beae-

HHE PaBHO 4TO0 M Jaer tpebyemuiil pe3yibTarT.

4% L1

Ceifuac, moc;Ie NOKa3aTeNbCTBA TOro, 4Yro ¢ p =p”, Mbl
noiy4aeM, 4ro @ otobpaxkaer M’ Ha M"(mod0) m ¢ BepoAT-
HOCThIO 1 0OpaTHMO. DTO W 3aBeplaeT JIOKa3aTeJbCTBO H30MOP-
¢PusmMa.

TIpexne yeM mepeiiTH K paccMOTPEHHUIO CIIEIYIOMIETC IPAMEDA,
BBElleM OBa BaxHBIX onpenenenus. Hiuke depes £ obo3Havaercs
pa3zbuenne ¢a3zoBoro mpocrpancTBa M Ha OTHOEIbHBIE TOYKH.

Onpenenenune 2. Hycme T—sudomopdusm npocmparncmea
(M, #, p). Cuemnoe pazbuenue {C,, C,, ..., C,, ...} nasvigaemcsa

rs

obpasyrowum pasbuenuem 0as 3Hoomopgusma T, ecau

V T "g=¢ (mod0).

nz0

2  A.T. Cumait 33



Oupenenenune 2. Ilycmv T~—asmomoppusm npocmpan-
cmea (M, #, n). Cuemnoe pazbuenue £{C,, C,, .., C,, ..}
Ha3svligaemca obpasyowusm pazbuenuem asmomopgusma T, ecau

V. T"E=¢ (mod0).
—V<n<®O
OKBHBAJICHTHOE ONpeHesicHHe oOpasyromiero pa3OHeHrns MOXeT
ORITH [OAHO B TEpPMHHAX O-aJreOp: HauMeHnlas O-auredpa,
cogepxainas MEOoXxectBa 7 "C;, n>0, i > 1, B ciIy9ae 3HIOMOp-
¢uzmoB 1 T™"C;, —o0 <n < oo, i > 1, B cimyuae aBToMOpdHE3MOB,
coBmajaeT ¢ o-aaredpoit BcexX M3MEPHMEIX MHOXeCTB. B Taxoii
¢opMe ompenenesre oOpasyromero pa3bmeHust MoxeT ObTh
€CTECTBEHHO TMEPEHECEHO W Ha HecueTHble pa36menms. s
BHIAACHEHHS TOYO, SBNACTCA JIM [IAHHOE CYETHOEe pa3Ouenne
obpasyiom|M, TOJe3eH chenylommil KpuTepuii PoxnmmEa (CcMm.
ccounky [4] upenmminymet nexumm)®:  pasbuenue £ seasemcA
ojpasylowum, ecau  cywecmgyem  noomHoxcecmgo M'c M,
nw(M’')=1, maxoe, umo dan mobwix X, YEM' moxcno naiimu i, n,
npu xomopwx T"xeC;, T"y¢C;. 3mecb n nopxkHO OBITH HEOT-
pHNATEILHLIM B Cifydae 3HAOMOPGA3MOB H MOXET OBITL HPOH3-
BOJIbHBIM [EJIBiM YHCIIOM B CiIyYae aBTOMOP(H3MOB.
BoT HeTpuBHambHLIA mpEMEp oOpa3syromero pa3OueHus B npu-
Mepe Memankuna: pacCMOTPHM MHOXKECTBA

Ciz{m,|m3=¢(m’)0=i}’ 1<i<4.

Torma, kak Jerko ciexyer B3 XOHCTPYKUWH, pa3buenme E={C,,
C,, Cy, C,} sBnserca oGpasyromiaM.

lMonmstAe 06pasyromiero pa3bueHHs HHTEPECHO H C TOYKH
3pcHAs TEOpHM BepoATHOCTed. OrpaHWYMMCH ClIyYaeM aBTOMOp-
¢drzmoB.

PaccMoTpaEM mpocTpaHCTBO ) MOCenoBaTeIbHOCTEH 0= {®, },
—00 <n <00, [Ae KAXAOE {®, } €CTh peayA3amus CTAMOHAPHOrO
CIIY4aifHOTO TpOILlecca CO CYCTHHIM YHCIIOM COCTOSHHA. Bmenmem
B ) BEpOATHOCTHYIO Mepy P, HOJOXHB

P{olo, =i, 0O,=i;, ..., O, =i }=
=p{x|T"xeC,, T"xeCy, .., T"xeC}.
HNuBapnaHTHOCTH |\ BJI€I€T HHBAPAAHTHOCTH MeEphl P OTHOCH-
TEILHO CIOBHTra, T. €. P nelcTBHTEbHO OTBEYACT CTAlHOHADHOMY
ciaydaiiHOMy mpomeccy. MBI MOXeM CKa3aTh TaKXe, YTO €CIH

npeobpazopane T WMeeT cueTHOE OOpasyromee pasOHeHme, TO
OHO mM30MOpPQHO CTAaOHOHAPHOMY CIy4Ya#HOMY IIPONECCY €O

* CMm. Takke Jexmmio 1.
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CYETHEIM MHOXECTBOM COCTOSHHH. 3TOT H30MOpPOH3M 4YacTo
OKa3BIBACTCA MNOJIE3HBIM, KOTJa MbI HcclleqyeM Oosiee IeTalbBO
CBOMCTBA TICpEMEIIABAHHSA, NLITAEMCS JOKA3hIBATh LEHTPAJILHYIO
npelebHylo TeopeMy H T. IL

Obcy MM TIOHATHE METPHYECKOTO H30MOp(H3IMa B TEpMHMHAX
clydaHHBIX mnpomeccoB. Ilpemmonoxwmm, uro (', P’) ecrb
BEPOATHOCTHOE IPOCTPAHCTBO MOCIENOBAaTENLHOCTEH O ={w}}
u campar S, (S'®'),=w;4+;, coxpanser P’. Ecm (Q", P")—
Jpyroe asajora4soe OpOCTPAHCTBO H CABHr S” nmedcTByeT B 7,
TO MeTpHIecKHH H30MOp(H3M S’ m S” BieYeT CymecTBOBaHHE ¢,
otobpaxaromero Q' Ha Q" H KOMMYTHPYIOLIETO CO CHBHIOM.
Otobpaxerne ¢ ompepeinseT ¢yERIEIO ¢ (©') CO 3HAYCHHASAMH
B {1, 2,3, ..}, 1 koTopoii 0} =¢ (T*w®’), — o0 <k < co. Uaemmua
cjoBaMH, @ (®') ecTh 3HaYCHHAEC ®(, KOTOPOE C IOMOIIBIO CABHra
JaeT BO3MOXHOCTh IEJIHKOM BOCCTAHOBHTH IOC/IEHOBATEIILHOCTH
o”. Ilepexon ®©'t-@(®')=0®" MOXET paccCMaTPHBAaThECA KaK HEKO-
Topoe kogHpoBaHHe. Kombl, KOTOphIE 3aJaloTcd ogHON (yHkumei
¢ (®'), HA3BIBAIOTCH CMAYUOHADHBIMYU KOOAMU.

Taxam oOpa3oM, 3ajjaua yCTaHOBJICHHS METPHYECKOTO H30-
Mop¢H3Ma OKa3hIBAETCS BO MHOTHX CIydYasX 3adaved NOCTPOEHHS
CTAHOHAPHBIX KOJOB. DTa TOYKAa 3PEHUS MOJIE3HA B SHTPOMHAHOM
TEOPDHH NMHAMHYECKAX cHCTeM (cM. 1acTb II).

Cefigac OyZeT paccMOTpeH elle OAWH NPHEMEDP METPHYECKOTO
H3oMopdHu3mMa.

IIpamep 2. MpeanonoxmMm, ar0 M — ABYMEPHLIA TOp C Jie-
6eroBoit Mepo#t ¥ T— ero rpynmoBoi aBTOMOP(H3M, 3a/1aBaeMbIi

b
JBYMEpDHOH NEJIOUHCICHHOR MaTpuneil A= ( N d ), detA=+1.
[

Kax 6but0 mokasano B Jiekid 2, T 3proJu4eH TOrga B TONBKO
Torga, Koraa 4 He MMeeT COOCTBEHHBIX 3HAUEHHH, IO MOIYIIO
pasabx 1. IlocnemHee yciioBHE BHINIOJNHEHO, €CJHHA BBHINOIHEHO
HEpaBeHCTBO [trd |=|a+d|> 2. IIpm 3TOM A EMeeT cOOCTBEHHBIM
BekTOp ¢ ¢ cobGcrBeHHBIM 3HaueHHeM A,, |A,|>1 H cobcTeen-
HBEIi BekTOp e) ¢ COGCTBEHHLIM 3HadeHHMeM A,, |A,|<1.
IlonyTpaekTopE® TOYEK X, y, IS KOTOPHIX OTPE3OK Y—X
napawienes e (e®™), cOmDKalOTCs 3KCHOHEHIMANLHO IIPH
n——ow (n->00).

Teopema 3. T mempuuecku uzomopden cosuzy Mapkoea
(em. [2]).

HokazaTtenscTBo. O603BauMM 4Yepes M, IOBYMepHYIO
ILUTOCKOCTB, KOTOpast SBJISACTCS YHUBEPCAJILHOH HaKphIBAlOILEH M.
Ha3sosem «mapainenorpaMMoM» OOLIMHME — MMapanieorpaMm
C © M,, cTOpOHLI KOTOpOTro mapasutelbusl ¢ ™) u e coorBercT-
BCHHO, OpW4YeM KaHOHHYeCKOe OToGpaxenme M, — M B3aHMHO-
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onno3natHo Ha C. [Ipyramm coBama, C MOXET pacCMaTpABATHCA
KaKk TOIMHOXECTBO TOpa, KOTOPO€ ONHOBPEMEHHO SIBIACTCH
napamneiorpaMMomM B obemEOM cMeicie. Ilyets Y™ (C)
(v*(C)) ectp obbemuHerHe cTOpOH mapauenorpamma C, napa-
nensHEIX e™ (%)), KoTopoe Mpl GyfeT Ha3hHIBaTL HEYCTOHYMBOH
(ycroliumpoii) rpammied napanienorpamMa C. Ecmm C—mnapai-
nenorpamM, To TC m T~ 'C Tagkxe napajuiejorpaMMmsl.
ITycts mmeeTcs koneynoe pasbmenue £={C,, C,, ..., C,} Topa
M, 35€eMEHTH KOTOPOI'0 — apajuieIorpaMMBl. JTO O3HadaeT, 4TO
r
UC=M, C,(\C;=0C,(\8C;. Monoxum

i=1
r

v‘“’(§)=iU r@(G) @ (8)=Ur®(C).
=1 i=t

Onpenencane 3. Pazbuenue £ Hazwigaemca MapKo8CKuM,
ecu Ty®'(§)cy®(8), T™1y™(§)cy™ (§).

OtmernM, yro Ty @ (8) (T ~'y“(E)) ects ycroiiumBas rpamm-
na pasbmemns TE={TC,, .., TC}{T t={T"'Cy, T 'C,, ...
s TTYGY).

JTemma 1. Ecau y— maprosckoe paszbuenue maxoe, umo &ce
nepeceuenus C;(\TC;, C;\T ~'C; casnbi, mo & ecnw obpasyiowee
pasbuenue.

HDoxkazatrenncTBo. Ecmu £-—maproBckoe pa3dmeBue, TO
CiNTC; ectp OOLcaHBEHME HECKONBKHX MNAapajlie]orpaMMOB,
YCTOHYMBHIE IDaHMIB! KOTOpHX mpuHamtexaT y“9(C). Ecmm

Puc. 3.1

'YKa3aHHOE TEPECEUYCHHE COCTOHT TOJILKO H3 OMHOTO NapajiieNio-
rpaMma, TO €ro yCTOHYMBAs IpaHHNIA B |A,| pa3 kKopode, 4eM Yy
C;, a wmeycroituupas rpagmna C;(\7C; mMeeT TOT Xe pa3Mep,
970 B y C; (cM. puc. 3.1). TouHo Tax xe mepeccUcHHE
CieNTCi,N...(NT"C;, cBsA3HO H sABNAETCA MNAPaJUIETOTPaAMMOM,
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yCTOHYABAs I'PaHANA KOTOPOTO MMEET JUIMHY, HE IPEeBLINAIOIIYIO
const-|Az|", a HeycroifumBags—Ty xe, 4ro H y C;. Ecmu Mmbt
paccmorpem mepeceuenns C; (VT ~'C;_,..\T ™C;_,, To Bce
OHH CBS3HB M SBAAIOTCH NAPAJUICIOrPAMMAMH, IpPHYEM HX
yCTOHYHMBRIC TDaHHOH HMEIOT [UIMHBI, HE [PeBOCXOSIIME
const-]A; | "™=const-| A, |™. CrenoBarenbHO, Moboe NepeceuecHne
n

N T*C,, ecTb NapajuIelOrpaMM, IHaMETp KOTOPOTO HE OpEBOC-
n .
XomHAT const - |A,|", m mo3TOMy GeckoreyHoe mepecedenue () T*C;,
- @
HE MOXET comepxaTh boJyiee omHOM Toukd. U3 kpurepnn Poxmmaa
(cM. BrIme 2) BHITEKaeT, 9T0 & eCcTh 00pasyrolee pazOHEHHE, YTO
H TpebOBajOCh NOKA3ATh.
Paccmotrpam MapkoBckoe obpasyiomee pasbuende £. Omno
onmpeneNnseT Mepy ' B HpocTpaHCTBe ) MOCIENOBATENBHOCTEH
o={w}>,, Tle KAXI0E ©; NPHAAMEET r 3HaYeHwii 1, 2,...r n

ooy =i, Oy=is .., o, =0i}=p{x|T 5xeC,, 1<I<s}.

Kax Bcerna, Mepa p' WHBapMaHTHA OTHOCHTENBLHO capEra S B Q.
Jlemma 2. Ecau £E— mapkosckoe pazbuernue, mo |\~ mapkoe-
ckasa mepa.
HNokaszaTensbcTBo. OrpaHHIAMCS ciyiaeM, korga §— o6-
pasyromee pasbueHse. B obmeM cirydae pacCyXIcHHEA aHANOrHY-
HBl. MBI JOJDKHBI NOKa3aTh, 4YTO

p{TCIGNT'Ci,N...NT "Ci_,} =p{TC;| Ci}.

O6o3Haunm uepes [®(C) nnMHy CTOPOHH HeycTOHYHBOH rpa-
moel | napajuienorpamMa  C. Torma w3 mpeablaymiero
R {TC;| C}=19(TC;)/19(C)) = [19(C;)/1®*(C;). Hmeer mecto
TAKX€ PaBEHCTBO

p{TCIGNT'Ci. ,N..NT"Ci} =

_w{renanT L, 0. NT "G

p{GNT*C,N..NT"Ci}

M3 omnpenenesnss MapkoBCKOro pa3OHeHHst BBITEKACT, YTO

CGNT'Ci_,N...\NT~"C;_, ecTb mapajenorpaM™m, y KOTOPOro

yCTOHYHMBAs I'DaHANA MMeeT Ty %e AnmHy, 910 ¥ y C;. Ho a3ro

O3Ha4aeT, Kak M BHIIE, 9T0 NMpaBast 4acTh IOCJIECTHENO COOTHOLE-
HHS paBHa

19(TCNCNT 'Ci ,N..NT"Ci.,) _1A:119(C;)
9(CGNT'C,N..NT"C.)  19(C)

’

4TO0 H 'rpeﬁona.nom, JAOKa3aThb.
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Jdas Toro 49robh 3aKOHYATh JOKAa3aTEIbCTBO TEOPEME,
OCTaeTcs HOCTPOMTL MAapKOBCKOE pa3bmenme £, yIOBIETBOpSIOLICE
ycnopasM  siemmul 1. IlpemmonoxmM, urto Eo={C{, ...
wry C9} —1npomsBoneHOE MapkoBckoe pa3bmerme. O603paTHEM
depe3 & HOBoe pailbHeHMe, 3TeMEHTH KOTOPOro SBJSIOTCH
CBA3HBIMH KOMIOHeHTaMH nepeceyeHnit C{¥(\TC”. Ouo spuser-
Csi MAPKOBCKHM Da3bGHEHHEM, IOCKOJLKY

YO E)=19(E0) Y (E)=7" (TZ).

Jlerko BHAETH, 4TO £ ymOBIETBOPSET YCIOBHAM JieMMHl 1. TaxEm
06pa3oM, AOCTATOYHO IMOCTPOHTH MPOHU3BOJILHOE MAPKOBCKOE€
pa3bnenne.

M=uI nocTpoAM MapkoBckoe pa3bmenme &, cocrosmiee 3 ABYX
anementoB C,, C,, mpmiem y¥ () (y®(E)) Oymer orpesxom,

Puc. 3.2

comepxamEM TO4KY O, HampaBieEHBM BROMb e“(e®). Iloc-
JIEAOBATENBHOCTE IIATOB TOCTPOEHHs 3TOro pas3bueHHs & Tpes-
cTaBleHa Ha puc. 3.2.

CCBIJIKHK 1 KOMMEHTAPUHN

1° U3510xkeHHbIe B 3TOH NEKIMH NPHMEPE H30MOD()HA3Ma CM. B CTATHAX

[1] Memankun JI. . Oqun cny4ait msomopdpusma cxeM Bepryi-
m//{JAH CCCP.—1959.—T. 128, Ne 1.—C. 41—44.

[2] Adler R. L., Weiss B. Entropy be a complete metric invariant
for automorphisms of the torus{/Proc. Nat. Acad. Sci, USA—
1967 —V. 57, e 6.—P. 1573—1576.

2° Pa3bucHESA, TNOCTPOCHHBIE HIpPH J[AOKA3aTENLCTBE TEOPEMH 3,
ABJSIOTCA YaCTHBHIM Ciiy9aeM oOIIMX MapKOBCKHX pa3buenmit. O6 3tom
6ojyiee oApo6HO roBOpHUTCA B 9YacTH V.
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JEKHOHA 4

JAHAMMYECKHE CHUCTEMBI C YHMCTO TOYEMYHBIM
CITEKTPOM

B 370it m ciexylolmx JeKIEAX MBI OyneM paccMaTpHBATh
HHTEPECHBIR KJlacC IHHAMHUYECKMX CHCTEM, KOTOPBId MOABIAETCA
TaKXE€ B MHOTOYHCIICHHBIX TMPHJIOXEHHAX IPTOAHIYECKON TEOPHH.

Onpenenenue 1. IIycmv T—aémomopusm npocmpaxn-
cmea ¢ mepoii (M, p). Tozda T naswieaemcs asmomopdusmom
C UUCTMO MOUEUHBIM CREKMpOM, eCAU CONPANCEHHbIll onepamop
Ur umeem noanyrs cucmemy OpMOHOPMUPOBAHHBIX COGCMBEHHBIX
dynxyuti, m. e. ecau cywecmeymm OPMO20HAALRbIT HOPMUPOBAHHDBIT
6asuc { fi(x)} npocmpancmea L*(M, p) u maxaa nocsedosamens-
Hoemes uuces Ay eSt, umo

Ur fi(x)=£(TX)=Ms fu(x) noumu scrody.

B xadecTBe IpocTeiiniero mpuMepa Bo3bMeM M=S!, rae
S!—oxpyxHocTh, p Gymer mepoit JleGera, m Tx=x+a(mod 1).
Torpa f(x)=e***—coGcrBeHHBle (YHKIHM, ITOCKOJIBKY

UTﬁ( ) 2xik (x +a) _ekaae 2nikx

H Ay=e?™*  FEcrecTBeHHOE 00OOILICHHE BO3HHKACT B CIyuae
M=Tor%, p—mepa Jlebera m Tx=x+a, rae X=(Xi, ..., X3),
a=(ay, ..., a3), X+a=(x,+a;(mod1), ..., x4+as(mod1)). 3mecs
T cBOBa dan'romopcbn:m C YHCTO TOYEHHBIM CHOEKTPOM, TaK Kak

exp{2mi Y, n,X,p—COOCTBEHHBIE (YHKIMH, a OTBCYAIOLIHE MM
s=1

d
COOCTBEHHBIE 3HAYEHMS PaBHHI €XP {21|:i 3 nsa,}.
s=1

Mu MoXeM Temepb BBECTH JaJjieko wHAymiee o0oO6IeHne.
[Ipeanonoxum, 4ro M —kommakTHas cemapabenbHas alenesa
rpymma, a p—HOPMHpOBaHHaA Mepa Xaapa Ha M. BcecnomupMm,
9r0 Mepa Xaapa-—eXMHCTBEHHAs Mepa, HHBApHAHTHas OTHOCH-
TeJBHO COBATOB, T. €. k(4)=p(A+g) nns Bcex ge M u Bcex A€A.
Yepes 7, obo3HaumM cHBAT Ha OJJjeMeHT aeM: T,x=x+a.
HuBapuantaOCT, Mephl Xaapa p mox neictesueM T, cilegyeT mu3
onpenesieHus L.

IMoxaxem, uto 7, #BIAercd aBTOMOpGHU3IMOM C UHCTO
TOYEYHLIM CIEKTPOM. JIJIS 3TOTO HYXXHO BBECTH NMOHATHE Xapak-
Tepa abeneBOH TpyMHBI.

Onpenenenne 2. Ilyemv M—monoaozuueckan abenesa
2pynna. Ee xapaxmepom 7y, nasvigaemca zomomopdusm M e S'.
Huvimu  caoéamu, 7 ecmb Henpepwignas @ynkyusa na M co
sHauenuamu ¢ S*', daa komopoii Y {x+y)=x(x) x(y)
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TpHBHANLHLIA XapakTep Yo €CTh oToOpaxenue M B 1, T.e.
Xo(x)=1. Ecm y,;, x,—/aBa Xapaktepa, To X (X) %2 (x)=2x3(X),
X1 (x) %2 (X)=2%1 (x) " (x2(x)) "' =%e(x) Tamke xapaxrepn. Taxum
06pa30M, MHOXKECTBO XapaKTepOB eCTECTBEHHBIM 06pa30M IpeBpaLlia-
ercs B rpynny. B cnyqae koraa M =Tor?, kaxplii XapakTep HMEeT

Buy (%)= =exp 2ni Z nX, ] H I'pYNIa XapakTepoB €CTECTBEHHO
s=1
moMopdua Z ¢, Teopema mBoiicTBeHBOCTH [TOBTPArHEA YTBEPX/IAET,

4TO cc M —KoMmnakxTras abenesa rpyrma, TO e¢ rpylma XapaKTepoB
M’ cyetHa. 3aMeTHM TaKXke, 4TO IUIA KaxJIOrO XapakTepa X # Yo

Ix( ) dp (x)= (1)

HeficTBuTeIbHO, IS KaXxaoro aeM
x(a) o (x)di(x)=f x (x+a) du(x) =
={y(x+a)dp(x+a)=fx(x)dn(x).
Tax xax y # Yo, Hali@eTcs Takoe ae M, 4ro % (a) # 1. CnenopaTeb-

Ho, BbImosreno (1).
Orcrona HeMeQIeHHO BBLITEKAET, YTO JUIA HABYX XapakKTepoB i,

X2y X1 #Xz
a0 a0 )= |28 )=,

T. €. MHOXECTBO XapaKTepoB M’ sSBISETCS MHOXECTBOM OPTOHOD-
MBpPOBaHHbLIX (ynknuiE. Mul OydeM IONB30BATBCH TaKXKe TEM
daxrom, uto M’'={y,(x)} obpa3yeT OpTOHOpPMHpOBaHHKIH Ga3HC
B L*(M, p). Tenepp BumHO cpa3sy, 4o T, eCTb aBTOMOD(H3M
C 4YHCTO TOYEYHBIM CIEKTPOM, TaK KaK g KaXOOro y,eM’

Ut (x) =%k (x+2) =34 (x) xs(a), Ae=24(a).

JlemmMma 1. T, 3pzoouuen moz0a u moavko mozda, Kozda
xe(@)#1 npu ecex k+#0.

HokazatenscTBo. Jonyctum, 4to f (x)———orpa}mqenﬂas
(mod0) muBapmaHTHas QymkmAs. MB MOXeEM pa3JIOXHTb ee

B pan Pypse
f=2(f; XII)Xb
k

cxomsumtics B L?(M, p). Toraza

Uaf=§(f, Xk)Uan;';'x.k(a)(fa ) Xe=2 (S %) Ak

U3 mocnenHero paBeHCTBa cpa3sy Xe IOTydaeM, 4TO M3 y,(a)#1
npa k#0 caeayer (f, xx)=0, T.e. f=(/, xo)xo=const(mod 0).
Crnenopatenbo, 7T, 3profddcH.
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Ipemmonoxwum Temeps, 910 yx(a)=1 mns HexoToporo k#0.
Torma ¥ (x)—HeTpuBHaNbLHAS MEBapHaHTHas ¢yrkmus A T Hesp-
rogmicH. JleMma | nmokasaHa.

Cunencreue. Casur T, d-Mepuozg mopa 3pzoduven mozoa

u moabko mozda, Koz20a paseHcmeo Z naa,=n npu yeavix n,,
s=1
1<s5<d, u yeaom n ewinoansemcsa auwd npu n=n,=0, 1<s<d.
Jrwbas rpyma caearos {T%} ycToH4YMBa B CleIylOLIEM
cmpicie. JomyctaM, 9To Y€ O,, rae O,— OKPeCTHOCTL TOYKH X.
Pa3mep oxpectHOCTHE O, XapakTepH3yeT OJIH30CTE TOUEK X H Y.
Torma TiyeT: O,=0,+na, orkyaa BRAHO, 4TO 61H3OCTH TOYEK
Tiy ¥ Tix He 3aBHCHAT OT n. MBI BHBEAEM M3 3TOrO CBOMCTBA
CIEeOYIOIMH pe3yJIbTaT.
Teopema 1. ITyemv T,—3pzoduueckuil cdeuz Ha 2zpynne
M, a f—npoussomnan Henpepvignan Ppyukyus. Tozda dan
Kaxdozo X

tim 5 7780~ [ 1o, @

HdokazatensctBo. Popmyna (2) Ans MOYTH BCEX X ClENy-
€T A3 IprogmarocT¥ T, H 3proamveckoil TeopeMnl bHpkroga —
XunynHa. Bi3sas £>0, HaligeM Takyi0 OKpecTHOCTh O HyJf, 9TO
|f(x")—f(x")| <e/2 nns npomsBomeHBIX X', X"€0+g, rAE g—
mobol amemedT M. [dins TPOHIBOJBHOTO X BO3bMeM O +X
H BbiOepeM Xxo€ O+Xx, mna koTopoM BbemosHeHo (2). Torma

2 Z /(TR =[/(an()

<

<z sr- L)+ [! 3 s -franta<
<3 s 5 s -] o

ITocnennee craraeMoe MeEHbINE €/2 I HOCTATOYHO OOILIIAX
n. Touno Tak xe |f(Tix)—f(Tixo)l<e/2, 1<k<n, mockoubKy
T %o€O+x+ka. Takam o6pazom, (3) MeHbllE & UPH BCEX
nmocraTtouHo Oosipumx n. Teopema 1 moraszaHa.

CnencrBue . [Jua aoboii HenpepuigHoti nepuodudecKoti
pyniyuu f nepuoda 1 na R u 012 npouseoviozo uppayusnasroz: a

u—ouonk=1

lim Y flx+ka)= J' ().
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CnenctBue 2. Kaxconii cosue T, cmpozo 3pzoduuer, m. e.
UHBADUGHMHAA Mepa | eOuHCMEEHHA. _

JleHCTBHTENBLHO, €CIM | — 3projJuyeckas MHBAPHAHTHAA Mepa,
OTJIMYHAs OT |4, TO MOXHO HAalTH HENpepHIBHYIO (QYHKIMIO f,
ma kotopoit [fdpo#[fdp, m Touky zeM, s KOTOpOR
lim %Z f(T*2)={ fdp,, 4t0 mpoTHBOpeuHT Teopeme 1.
n—o0

PaccMoTpuM ceifyac OIMH NpUMep aBTOMOp(QH3MA C HYHCTO
TOYEYHLIM CIHEKTPOM. DTOT NPHUMED CBA3aH ¢ YHHBEPCAJILHOCTHIO
QeiireAbayMa B TEODHH OJHOMEDHBIX OTOOpaxeHHH, KoTopas
6ymer obcyxmarbea mo3xe (cM. dacte III).

PaccmatpmBatotca oTpesok M=[—1,1] u dysxmus ¢(x),
X€M, uMeomas CIeayrollde CBOHWCTBA:

D ox)=0(—x; 2) ¢(0)=1; 3) ¢"(x)<0;

¥ yAOBIIETBOpsIONaA (GYHKIMOHAILHOMY YPaBHEHHIO

<P(X)=—£<P°<P(aX), e a=—o¢(l). )

B mHacrosinee BpeMs MMeEESTCS HECKONBKO JOKa3aTENLCTB
CYIIECTBOBAaHHS PEIICHAS 3TOTO YPAaBHEHHA (CM. CCBUIKH B KOHIE
nekimu) #H OGoratas wHbopMammA o cBoicTBax O¢yEknuu (4).
B yactroctH, ko3ddmumeHTH! ee pasnoxenus Taiopa BOIH3M
x=0 XOpoIO H3BECTHLL

@(x)=1-1,5276x2+0,10482 - x* + ...

H a~'=250290. [na Hac cymecTBeHHO, 4To @()>o. Ham
noHagobuTca cieayromee ciaeactsue (4).
JJemmMma 2. [daa kancoozo n>0

o(x)=(—1)"a"" @ogo...cp (a"x). %)
%_J
M
JokazaTenbcCTBO npopedeM Huayknmued mo n. dua n=1

dopmynsr (4) u (5) copnagaror. Ipeanonoxum, 4To (5) yCTaHOB-
geHa oA n=m—\1. AmMeeM Toraa

Qo...o@(a™X)=@o...cQo@o...op(a™ ! - ox)=
e —

=<p°--::’¢((—1)"'"°t""‘@(@))=<P°;.:j<p(a”" "¢ (ax))=

=(—1)""ta" " tpog (ax)=(—1)"a"p (x),
9YTO 4 Tp€6033JIOCB J0Ka3aTh.
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Beenem orobpaxenue T, orpeaxa [—1, 1] B cebs Takoe, uro
Tox=¢(x). Tonoxum AS"—[ a”, at], AP =TEAP.

JMemmMma 3. Ompesku AP ob.1adaom cxte()y;ou;u/uu ceoii-
cmeamu:

D) AR NAL,

A"')c A 7)

3) Af- DSAPUAL ...

JoxkazaTtenbcTBo. CBOHCTBO 2) clielyeT HENOCPEICTBEH-
Ho u3 (5). B caMoM zernte, a"X mpoberaet AY, xorga x mpoberaer
[—1, 1] M3 (5) MBl EMeeM |@o...c@(a"X)|<a"|o(x)|<a”, no-

\_V“'J

Q 0/1}1 0<k1, kz<2'l k1¢k2,

M
ckoabky |@(x)|<1.

CpoiicTB0 3) HOCTAaTOYHO [JOKa3aTh TOJBkO migx k=0.
Ho B stom caysae AP cA§™D, AL cALTPoAP™Y, wuro
cnegyer u3 (2).

HokasatenncTBo 1) mposenem mo uupykuud. Ins n=1 ono
JIETKO BBITeKaeT u3 BuOa @. IIpemmonoxum, yro 1) mokasaHo mis
n=m-1. Torna A{?cA{""! u mo HHAYKTHBHOMY IpEIIOJIONKE-
Ao oTpeskH A{™ nomapro He mepecexatorcs mpu 0<<k<2™ 1
HMokaxeM, 4to AS), cAF ™Y, A, NA§"=F. Onars ucnons3y-
eM (5) mis n=(m-—1)

(=)™ lam o (x)=0o...cp (@™ 'x).
L_V_J
2!-‘1

Torma a™ 'xeAf® Tompko IpH |X|<O—3TO BHITEKAET H3
Toro cmolictBa @, 4ro |@(x)|>o mpH |X|<o. A 3HauMT,
lam "t (x)|>a™ otkyma AU NAf' =g, A cA§ V. Teneps
YTBEpPXJIEHHE NPOCTO CleAyeT no MHAykuuH. Jlemma 3 moxasaHa.

o 2 -1

Onpenenenue 3. Muomecmso F= () |J A{" nasvisaem-
n=1 k-0
ca ammpaxmopom Delicenbayma. ‘

MoxHo moka3atb, uto dist(77hx, F)—0 npu n—co aus Beex
X 3a MCKIIOYEHMEM CHYETHOTO HOAMHOXeCTBa oTpedka [—1, 1].
D10 0OOBACHSAET, B KAKOM CMbIcNie F ABISETCA aTTPaKTOPOM.
Jlemma 3 pmaer Takxke paBeHTBO 1, F=F.

Teopema 2. Cywecmeyem eduncmeennaa mepa Wo, CO-
cpedomouennan na F (T. e. po(F)=1), uneapuanmnas omnocumeio-
no T,. Coomeemcmsylowuii ynumapnwviii onepamop Usg, umeem
UUCMO  MOueuHblli  Cnekmp ¢ COGCMBEHHLIMU  3HAHEHUAMU

1 u exp(21|:i-2p;:]), r=1,2, .., p=0,1,..,2""'—1

HoxazaTtenncTpo. ITo kpaiiEeii Mepe olHA HHBAPHAHT-
Has Mepa |lg, COCPEAOTOYEHHAs Ha F, CYIIECTBYET B CHJIYy TEOPEMBI
Boromo6osa—KpbutoBa. [ins 9toi  meph Yo (Af?)=2"
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0<k<2" Ho mobas Mepa g, cocpeloTO4YcHHas Ha F, ompenens-
eTCH O[HO3HAYHO IO ee 3HAYCHHAM Ha oTpe3kax A, 0<k<2"
DTO clegyer @3 TOro, YTO eClM T),— pa3OueHue F Ba MHOXECTBA
FnA?)’ TO MNp<Na+1S... H \"/11-=€~

Teneps MBI NOCTPOHM IS KaXAOTroO

Ap,r=€XPp <2ni A )

2’
coorBeTcTByIOmMYy cobcrBerAyro ¢ymrmmto. IMomoxum
for(X)=c mas xeAp,

Tle c—MOpOH3BOJIbHAS KOHCTaHTa, |c|=1. VpaBHenwe ams cob-
creenHol Qysxmmn f, ,(T,X)=A,,, f,..(x) nossonser onpenesmTs
Sour(xX) 12 xe Af? pasunim A} ,. Torma i xeAY)., cupasenmso
cooTHOMERHE f,,,(TyX)=A,,, /5, (X) B CRIy BHOA A, , H BRIIOYCHHS
AD AP,

Mm JOoXEH  NOKa3aTb, YTO  MHOXECTBO  (pyHKOMH
Jfo,r oOOpasyer opToromanpubii Gasnc. Pasnmmeie $yHKIHH
Jfp,r ODTOTOHANBHEI, IOCKOJLKY OHH HMCIOT pajJA4HEIE COO-
CTBeHHBIE 3HadeHWs. Bce ¢ysxmm 1, f,,, p<n, OpHEAMAIOT
TOCTONHHEIE 3HA%eHHWss HAa KaxAoMm ortpeske AfY, 0<k<2"%)
T. €. H3MEPHMBl OTHOCHTENLHO O-amrebpH .4 (n,). Ux obmee
9HCIO PAaBHO

1+ Y 2 t=0",

r=1

A Torja onm mopoxaart sce L2 (M|n™, po). Yerpemusa n—co,
nojJy4aeM xejlaeMbli pe3ynbTaT. Teopema 2 jpokxa3aHa.

CCBIJIKM 1 KOMMEHTAPHUH

1° TeOpHs 3progM4¥ecKHX THHAMHAYECKHX CHCTEM C JHCTO TOYEIHBIM
CIIEKTPOM m3Jiaraerct B MoHorpadau’

[11 Kopudearn U.I1, Cunast A.I'., Pomun C. B. Dpromn-
9eckas Teopus.— M.: Hayxa, 1980.— 384 c.

2° TTo nopoay Teopum Oeiirenbayma cM. pabotal M. deiirenbayma

[2] Feigenbaum M. J. Quantitative universality for a class of
non-lineer transformations //J. Stat. Phys.—1978.—V. 14—P. 25—52;

[3] Feigenbaum M. J. The universal metric properties of non-
lineer transformations//J. Stat. Phys.—1979.—V. 21.—P. 669—706.
A Taxxe

[4] Collet P.,, Eckmann J.-R. Iterated maps on the interval as
dynamical systems.— Boston: Birkhauser, 1980.

Bonee noapobGHoe oOCyxnmeHde H ApYIHE CCBUIKH CM. B KOHIE
gexman 11,
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NEKIUA S

OBIME CBOWCTBA COBCTBEHHBIX ®YHKIUA
M COBCTBEHHBLIX 3HAYEHMM SPrOAUYECKMX
ABTOMOPOHM3MOB. H30MOPOH3M
JUHAMMYECKHX CHCTEM C YMCTO
TOYEYHBIM CHEKTPOM

Hycre T—npoH3BONLHBIA IProAMMECKHl ABTOMOPGHA3M MMpo-
CTpaHCTBA ¢ Mepoil (M, .#, ) 1 Ur— COUPSIKEHNbLIA YHATAPHLIH
omepatop rwisbeproBa mpocrpasctea L2 (M, 4, p).

OGo3natrM wepe3 App(T) Takoe moaMHOXeCTBO S', 9TO s
Kaxaoro A€Ap,(T) Moxmo HaliTH coberse YHKIHIO
/o ¢ cobereennniM 3HadenHmeM A, T. e. (Urfi)(x)=4(Tx)=A fi(x)
(n.b.). Msi HazoBeM Ayp(T) YHCTO TOYeUHOM 9YACTBIO CIEKTpa
oneparopa Ur. ITompocrpascTBo cobcTBeHBBIX (PyHKIMiE, OTBEIaA-
oomx coOCcTBeHHOMY 3HAa4YeHMIO A, 0003HaIAM depe3 H,.

Teopema 1. 1) Jaa xaxwcooii nopmuposannoii codbcmeennoti
Pyrxyuu fo

iAl=1 noumu acrody;

2) kKaxncdoe nodnpocmpancmeo H, odnomepho;

3) muonmcecmso Ap, (T)— cuemnan nodzpynna zpynnet S*.

Hokxazatenscrno. U3 ypasaenns ans cobecreeHHoi yn-
KIMH [ONyqaeM

A (TX)|=]A(x)] (modO).

Dto o3Havaer, 4TO | f,(X)|—muBapuanTHas (mod0) ¢ymkmus. Us
3ProAMIHOCTE M YCJIOBHA HOPDMMPOBKH BhITEKaeT, 410 |fi(x)|=1
(n.b.). Takmm o6paszom, 1) nokasaso.
Houyctam, 910 I HEKOTOPOro A€ Apy(T) cymecTsyroT naBe
OpPTOroHaJbHEIE HOPMHpPOBAHHBIE CoGCTBeRHHbE dyrkman f{V, f12).
Torna f/fPeLl?*(M, #, p) cormacio 1) m

m(f?’(X))___f{"(“{)J'f{”(X) 10
P PM) AfPE PE
T.¢. fOX)/fP(x)=const (m.B) m [V, /P He Moryr OmITb
OPTOTOHAIBHLIMA. DTO HOKa3pIBaeT 2).

Yro6sl 0Ka3aTh 3), MBI IOKaXeM, 9TO ecii® Ay, A2 €A, (T),
TO A A€ A (T), M1 /A2 €A, (T). Boabmerh,fl Hix npowu3Bene-
HAc M OTHOLIeHWe mpaHamtexat L2(M, .#, p) (cormacHo 1)) u

Ur (A, £i,) 0=, (TX) fi, (TR)=A1 X2 f1 (x) 2 (%) (mod0),

Sy h,eHha,.
45



TaxkuM k€ TOYHO CHOCODOM nojydacm

i )BT M £ (R)
UT(/Z)() £ (Tx) 22 £, (%) (mod0),

T. €. fi,[/,€Hyp,, 49TO NOKasbiBaer 3).

Cnenctsue. Ecau Ay,(T)#{1}, mo omobpaxcenue T, nps-
Mo20 npouseedenun (Mx M, pxy), deiicmeyiouee no gopmyre
Ty (x, y)=(Tx, Ty), ne spzoduuno.

Jle#cTBATEILHO, BO3BMEM )LeApp(T), A#l, B fieH,. Torma
£.(x)/fi(y)—mBeTpuBransHas mHBapuaHTHas Gymxmus mna T.

s xaxmoro AeA,,(T) pasimunsie coGCTBeHHBIE (yHKIMM
/»€ H, OTIHYAIOTCA MHOXHTENEM, MpHHAMUIEXAEM S . Mbl yxe
BHJIENH, 9TO eCu fi € Hy |, fi,€ H, , To fi fi,€ Hy 5, Cnenyromas
TeopeMa O4YeHb BaXKHA I METPHISCKOH KiaccHHKamuH aBToO-
MODPQH3MOB € YHCTO TOYEYHEIM CIHEKTPOM.

TeopeMa 2. Jaa kawcdozo AeA,,(T) moxncno evibpams
fr€ Hy, maxum obpazom, umo f, “fi,=fa,(n. 6.) npu a066ix Ay, As.

HdoxazaTenbcTso. Bubepem npoussomero f{¥¢ H, mns
Bcex AeAy,(T). Torma fi@-fO=c(A, p)f?,. Oyuxmas c(A, p)
onpenenena Ha Ay, (T) X Ay, (T) u upuamMaer 3HadeHus B S, Ona
obnajaeT CIeNyIOIMME CBOHCTBAMH:

D e(l, )=1;

2) c(A, w)=c(p, M)

3) c Xl, kq) - C(XIXZ, X3)=C(x1, sz@) ‘ C(kq, X3)

Bropoe cBoiicTBO cieayeT H3 KOMMYTATHBHOCTH YMHOXXCHHS
({yHrImit, TpeThe—HA3 ACCOLUMATHBHOCTA YMHOXeEHHS. MBI Imoka-
XKeM, 4ro kaxzgas ¢yHknus, obmamaiomas csodcrBamu 1)—3),
MOXeT OHITh 3amucaHa B BHIC

c _ a(ip)
& W= a6

IIpH HEKOTOpO# (YHKOHMH a, onpeneseHHON Ha A, (T) ¥ mpuHEMa-
omei 3mayeAre B S!. Ecm 3TO cuMTaTh [OKa3aHHBIM, TO
bynxmmm f,=f{"-a(A) pemaror Bamy mpoGuemy.

3amumem Ay, (T) B Bune Ay (T)={1, Ay, ..., Ay, ...}. O603Ha-
ynM A$) moarpymny, Hopoxaennyio 1, Ay, ..., Ay, B IPEANIONOKHEM,

4TO i BeeX A, peAl) mu gokasama, uto c(A, u)=i(xi.

a{})a ()

Janbreiiiiee noka3aTeLCTBO NpoBeAeM HHAykime#d no n. Ecmm
M+1€AY), To Hame yTBepXIeHHE yXe NOKAa3aHO.

Mpennonoxum, 410 AL, ;¢ A% mHa win xakmx reZ', rs0.

B TakomM ciydae HOJIOKHM a()L,,+ 5:1. Ecna xe Ap+ €AL) mas

HEKOTOPOro r#0, TO MHOXECTBO BCeX Takux r OyHmeT NOATPYIMOH

Z'. CrnenmoBaTesibHO, CymecTByeT ~>0 Takoe, YTO BCE 3TH r HMEIOT
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BEI r=hm, —oo<m<oo. V3 HHAYKTHBHOTO NpPEAHOIOXECHHS
cnenyet, 4ro a(Al,;) yxe ompeneneHo. MBI HOMXHEI JOGHTHCH
TOro, 9YTroOH

a(Agit

S0 20wy M

B3sB npomsBeneHre B obemx vacTsx pasercTBa (1) mo p ot 0 mo
h—1, nonyimm, 9Yto

C(M:H, Xn+l)=

- a( u+l)
l;[ ( nt+1> n+1) ( (l.+1»

()= (TT clhtr, 2urr))

OnpeneneaM  a(A,+;) PaBHBIM HEKOTOPDOMY KOPHIO 3TOTO
ypaBuenns. Mcnons3ysa (1), MoxnO monoxdars mis r>0

r—1

a( n+1) ( (7»;.+1)) H (X:H, Xu+1)-

s=0
Hnsa r<0 MBI HECIONB3YEM paBEHCTBO
C(M-+ 15 )-n_+'1)=(a()-:+ 1) : 3(1;11)) "1,
KOTOpO€ TNPHBOJMT K ompezescHrro a (A, + ). Takum cnocoboM Mer
pacmpocrpansem onpenenenme a(A) Ha Bce A=Aj.;. ITokaxeMm,
YTO COTJIACHO 3TOMY OINpEEJICHHIO
a (Xﬁif) =a (Xh 1) a (Xﬂ + 1) : (C (M:+ 1, Ay 1)) )

PaccMoTpmm citywaii p> 0, ¢>0; aApyrre ciayda¥ paccMaTpPHBAIOTCA
aHAJIOTHYIHO.

HJns p=0, monoxuB B 3) Ay =A,+1, Az=2A3=1, MBI TOIY4YAM

cZ (l'n-# 1> 1)=C(;"n+ 1 1)9

T.e. ¢(h+1, 1)=1. 310 nmoxasmmaer (2) mis p=0. Iposenem
HMHAYKIOHUIO, NPEATIONIONAB, 9T0 (2) BBIIOJHEHO M HEKOTOPOro
p. Hcnoms3ys onmpenenenme a(AZ,;) W HHOYKTHBHOE NIpeX-
HOJIOXEHAE, HMEEM

ptg-1

l_[ C(M-H, 7»,.+1)=
= p-1 q-1
=C(Mﬂ+1, 7»5+1)' l_[ 0(7»,’.+1, 7»,.+1)' l_[ 0(7»:+1, X.+1)-
=0 =0

Torma mna nepexoma oT p K p+1 MBI HOXKHBI MoOkKa3arb, 9TO
C(uif, X.+1)‘C(74'.+1, M+1)=C(MH, M.H)'C(MH, M+1)-
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Ho 3to cnexyer m3 paseHcTBa 3), ecid B HEM B3ATh
A=Ay, Aa=Mi1, Az=kyq.
+1)

PacnipocTpanuM Temeph ompeneneEde a(A) Ha Bee AeAY,
MpemmonoxuM, 910 A=A, H, peA®. Mnb nonoxum

3(7")=C(M.+1, l»’-)'(a( ;+1)'a(l>‘«))_1- 3)

HaM HyXHO NMOKa3aTh, 4YTO 3TO OUPEAECIECHHE KOPPEKTHO, T. €. HE
3aBHCHT OT LIPEJCTABJIEHHsA A B TaKOM Buie. JlefCTBUTENLHO, eCiIH
A=A, W, TO (p—r)=mh B p=A7,-} H 0O HHAYKUHH
a(u)=c(A2+1, w)-a(A871) a(y). Moacrasms 310 B (3) M HCIOAB3YS
(2), MBI NOIYYAM
aM)=c(hre1, W) e, W) a(Aneq) -a(A23])-a(w)=

=C(M+1, IJ-)'C(MIL P-’)'(C(M.H, )vf;i))_l 'a(M+ 1)'3(P-/)~
Torma XOpDpEKTHOCTh ONpEAECHMsA BBITEKaeT H3 DPaBEHCTBA

c(Ane1s W) c(AETL, W)=c(Mnvas METT) c(MB4 1, 1).

Ho mocnemsee paBeHACTBO ecTh 4Y4aCTHBIM Ciydali 3), eciam
IOJIOXHTh Ay =Ajiq, Ay =AE{], A3=p H BOCHONBL3OBATLCH paBEH-
cTBoM WAZYI=u.

Hocnempmid 1mar coCcTOAT B JOKA3aTENbCTBE TOrO, 4YTO

KOPPEKTHO onpefeneHnas dynkums a (1), Ae A% Y, yroBrerBopsiet
HYyXHOMY YypaBHeHHIO. Ilosioxmm

N=Miil, A =ki1ls, H1EAS, preAl.

Torna
a(M)=a(Afs1)-a(ps) (A1, my),
a(A)=a(n+1) a(pa) (s 1 H2),
a(M-A)=a(Mi1) a(pipa) - c(ABTT, mapa).
Ilo mHAyxIMH

1

a(py)-a(pa)=a(uima) (c(u1, na)) ™"

Touno Taxxke, H3 (2)
a ()v£+ 1) ‘a (M+ 1) = a(xﬁii) : (0(7»5+ 1 Mt 1))~ L
Tenepb N0Ka3aTeNILCTBO PABEHCTBA
a(N 1)
a(r)-a(x)
CBOIMTCA K AOKa3aTeNbCTBY TOTO, 4YTO
4 (M-’+ 1M1 Ans 1IJ«2) : C(>~£+ 15 IJ«1) ' C(Mﬁ 1 IJ«z) =
=c(A211, paba)  c(pes B2) (Mo 1, Mrey). (4)

¢ ()J, )‘”) -
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IMpeoGpa3yeM JeByiro 4acth (4), ucmosnndys (3):
0(7»£+1 “His }v:-nl»’-z)‘c()\-gna lJ-x)‘C(M.H, u2)=
=C(P1, A+ 11»12)'6'(7»5“, l»’-ll»’-zlf-’ii)'c(lh 1 H2)=
=c (1, B2) - c(ikz, Mps1) (A4 1, BiHaARTT) =
=C(u1, l»’-z)'C(M.’+ 1 A+ 1)'C(}~£Ii, l»’-ll»’-2)~

B pe3ynbTtaTe mnpeobpa3oBaHMM MBI NOJYYHJIM IIpaBylO 4acTh
paBeHcTBa (4), ¥Yr0 H TpeGoBajioch HOKa3aTh.

3aMmevanue. Ha camMmoM ngere TeopeMa 2 €CTb pe3yiabTaT
TOMOJIOTHYECKOH anrebphi, KOTOPHIA MOXeT OLITh JIETKO YCTaHOB-
JIeH YACTO ajreOpamyecKHMH MeTojaMH. Bblle MBI npeacTaBHIIA
OpsAMOEe J0Ka3aTEeNbCTBO, KOTOPOE, BO3MOXHO, OyneT mpolue s
TeX, KTO HE HMeeT ONbITa B COOTBETCTBYIONIMX pacCyXICHHSAX.

Ceitvac Oyner noka3aHa OCHOBHasih TeopeMa 3TOH JIEKIHH.
IIpeanonoxuM, YTO ProJuIECKmii aBTOMOPGH3M C YHUCTO TOYEY-
HEIM conekTpoM T, pneficTByeT B MPOCTPAaHCTBE C MEpOH
(Ml, My, p.l), a sproamieckuii aBToMopdu3M T, TakXe C YHCTO
TOYCYHBIM CHEKTPOM—B HPOCTPAHCTBE C MEpPOH (Mz, My, p.z).
O603raunM gepe3 AL, AZ) ux cuexTphl, T. €. COOTBETCTBYIOLIME
MHOXE€CTBA COOCTBEHHBIX 3HAYCHHIA.

Teopema 3 (por Heiimar; cMm. [2]). Asmomoppusmer T,
T, mempuuecku u3oMoppHel moz0a u moAvko mozda, Ko20a
AL AD

PP PP

HoxazatenbcTBo. Ecom Ty, T, umioMopdun, To Ur,
Ur, YHHTApHO JKBHMBRJICHTHBI H, CliefoBatenpHo, AG) =AY

Hoxaxem obpatHoe. Ilycrb AW=A%. Torma mo Teopeme
2 MBI MOXeM HalTH Tako# Gasmc {f{"} rmasGeproBa mpocrpas-
crBa L2(M,, #4, 1), Ae AR, uro f{V-f{0=f{ mpu Beex A4,
A2€Al). BosbMem ananormumsiii Gasmc {f{?} B rmmGeproBoM
npocrpanctse L?(M,, #,, u,). OnpefenaM Tenepb H30MOPGHH3IM
V Mexny obommH THILOEPTOBBIMH IPOCTPAHCTBAMHE, ITOJIOKAB

VR afi)=Xaf®

Mbr o6pAcHMM, mOYEMY O3TOT H30OMOpPGH3IM Ha CaMOM Jele
HHAYyIMPOBaH HM30MOPGH3MOM @ IIPOCTPAaHCTB C  MEpoi
(Mla -I(l’ p'l) " (MZ, "1(25 p'2)~

PaccMOTPEM [UIOTHOE MOJMHOXECTBO KOHEYHBIX JHHEHHBIX
koMbuHamuit  A(x,)=)  fIV(x1), h(xz)=) d, f{?(x;). Ilpuunna,
0 KOTOpPOH BLIGHPAETCS CHEMHANLHLIA Ga3HC, JIEXUT B COOTHOILE-
oM V(hy-hy)=V(hy)- V(h;), xoTopoe BbITEKaeT cpasy u3 Te-
opemsl 2. Mcnonb3ys HENPEPBLIBHOCTL ¥, MbI HEMELIEHHO MOJTyYa-
€M, YTO €CIH g, €C/IA HHOMKATOD MHOXecTBa E < .#,, TO
x®=xe, ® (Vxg)*=VXe T.€ VYg, =YXg, M8 HEKOTOPOTO
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E,C M, YHATapHOCTH V Bneqe'r paBeHCTBO ™H (Elg—p.z (E2).
Touwo Tak xe V(xgXg)=V(Xg, V(xg) V(xg) O6mee
yTBEpXIEHAC TEOPHH IPOCTPAHCTB nJ'Ie Gera rmacet, uro oo
A30MOppH3M  TWILOEPTOBHX  NPOCTpaHcts L (M 1 A1, W)
L*(M,, #;, 1;) C OUMCAHAKIMA CBOMCTBAMM BCETa MHIYIHPOBAH
H30MOPOH3MOM  H3MEDHMBIX  NpPOCTpacTB (M, 4y, py),
(M3, #3, py), 4TO B yTBEpKAATIOCH.

TeopeMma 4. J[aa moboii cuemnoii nodepynnset AcS*!
cywecmgyem 3peoduueckuii  asmomopdusm T, 0Oaa  xomopozo
App (T )=A'

JdoxazaTeabcTBOo. MH CHOBa BOCHONb3yeMC TeopHeH
npoicreennaocTr IlouTpsruna mis abenesbix rpymmn. O6o3HaAYAM
yepes M TIpymy XapakTepoB Tpymnoel A, KOTopas SBJISACTCH
KOMIIAKTHOM cemapabenbHoli abeneBod rpymmoid. Bo3sMeM TOuKy
aeM, mia xoropoit a(A)=A. Torma rpynna cxeuros T,x=x+a
obmamaer TpeGyeMuIM CBOMCTBOM, YTO M TpeboBajoch goKa3aTh.

CuencTBHe. Kaxcowli spzoouueckuti asmomopdusm c uucmo
MOUEUHbIM  CREKMPOM  UIOMODPEH  IP20OUUECKOMY  2DYNNOGOMY
cosuzy.

Cefivac Oynmer ommcago o00o6lieHMe Bcell TeopHH Ha cCiydai
BeNpepsIBHOTO BpeMenH. Ilycth {S'}-—mOTOK Ha mpocTpaHCTBE
Jlebera (M, #, p). OGo3HaumM depe3 Ay, ({S’}) MHOXECTBO TodeK
A€R' Takmx, 9T0 MoxHO HaWTH f,€L*(M, .#, 1), 11 KOTOpOH
£(S%)= U‘ﬁ( )=e™f,(x)(mod 0). MuoxectBo A,,({S’}) Taxxe
Ha3bIBAETCA YHCTO TOYEYHOH KOMIIOHEHTOH CIIEKTpa HHIYIHPOBAH-
HO#l rpymnsl {U'} yHHTApHBIX OllepaTopoB TMILGepTOBa NPOCTPaH-
crea L*(M, A, p).

Teopema 5. Ipednososcum, umo zpynna {T'} 3pzoduuna.
Tozoa:

1) 0aa kaxcooii Hopmuposarnnoti cobcmeennot pynxyuu f, evino-
aneno pasencmeo | f,|=1(mod 1);

2) kaxcooe noonpocmpatcmeo H, oonomepno;

3) muoncecmso A, ({S'})— cuemnas nodzpynna e R'.

JlokazaTembCTBO 3TOH TEOPEMBI TAKOE XK€, KaK H HOKA3aTelb-
CTBO TEOpeMBI 1.

Onpenenenue 2. Ilomox {S'} Hasvigaemcs nomoxom
C UUCMO MOUEUHBIM CNEKMPOM, €CAU MHONCECMBO COBCMBEHHBIX
pyuxyuit {f;}, AeA,({S"}), obpasyem 6asuc ¢ L*(M, H, p).

TeopeMa 6 (bou Heiiman [2]). Hea 3pzoduueckux nomoxa
{S4}, {S%} ¢ uuemo moueunvim cnexmpom wuzsomopPrsr mozda
u moavko mozda, ko20a Ay, ({S1})=Au({S4})

Ilycte M —xommaxTBas abejnieBa rpymma, p-—ee Mepa Xaapa
¥ {a,} — ogHomapameTpmieckas moarpymma M. Beeaem moTok {S'}
Ha M mo ¢opmyse S'x=x+2a,. ITOT NOTOK HA3BIBAETCA MOTOKOM
IPYMNoBHIX cisuroB. O0o3Hawum depe3 M’ Ipynmy XapakTepop
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rpymmsr M. Jlns xaxporo x &M’ Mol mmeeM ¥ (a,+4)=Y (a;) "% (as),
T.e. x(a)=e™. B pesyibTaTe MH TONy4aeM OGYHKIHIO A,,
olpenelicHHy0 Ha M’. W3 IpymmoBOro CBOMCTBA BEITEKAeT TOT
dakt, uto A, ecrb romomoppusm M’ B R

Teopema 7. Homok {S*} apzoduuen mozda u mosvko mozoa,
x020a A, aeasemca moHomoppusmom M’ ¢ R', m. e. A, omobpaxca-
em zpynny M’ @3aumno-00HO3HAUHO Ha ee ob6pas.

HoxazaTtenscTBo. Ecmi sapo otobpaxemus A, He
TPHBHAJILHO, TO CYHIECTBYET HETPHBHAJIBHBIN XapakTep Yo, Uis
koToporo A, =0. DTO B CBOIO OYEpEds O3HAYACT, 4TO Yo—
HHBapraATHas GyHkums, T.e. moTox {S'} HesprommdeH.

Iycts Temepb A, €cTb MoHOMopduaM H heL?(M, .4, p)
—unBapuanTHas ¢ynkums. Torma A=) c X H

Uh=Y c,e™y=Y c,x (),

T. €. ¢,=0, ecmn TonpKo X #1. A 310 M TpeGOBaNOChH NOKA3ATh.

ToYHO Tak e, KaKk M B Cilydae aBTOMOP(HH3IMOB, MOXHO
HOKa3aTh, 9T0 IOTOK {S’} ecTs HOTOK C THCTO TOYEIHBIM
ciekrpoM H AL, ({S'})=A (M), T.e. A,({S’}) sBuseTca MmHOXe-
CTBOM 9HCEN A,.

TeopeMa 8. Jua xamcdoit cuemmnoii nodzpynner AcR!
cywecmeyem apzoduueckusi nomok {S'} ¢ uucmo moueunvim
cnexkmpom makoil, umo A, ({S'})=A.

JdoxkxazaTtenbcTBoO. [lycTh M—Tpymia XapakTepoB Ipyl-
mel A, KOoTOpas mo TeopeMme IOBOUCTBeHHOCTH IlOHTpATHHA €cTh
JoKaTbHO-KOMIakTHas abeneBa rpymma, m-—ee mepa Xaapa.
PaccMOTpEM OJHONIApAaMETPHYECKy:0 moarpymmy {a} B M, mis
xoTopoit a,(A)=e?™*. [TOTOK IPYNIB! CABHTOB BAOJE IOATPYIMLI
{a,} ynoBmeTBOpsSeT BceM HEOOXOIUMBIM YCIOBHSIM, YTO HOKA3bl-
BaET TEOpEMY.

CnenctBue. Kaxwcowil apzoduueckusi nomok {S'} ¢ uucmo
MOUEUHBIM CNEKMPOM U30MOPPEH NOMOKY ZPYNnoguix CO8U208 800Ab
HeKomopoii Komnaxkmuotl abeaeeoil zpynnol.

Ceiigac Mbi pacCMOTPHM OJMH BaXHBIH NpHMEpP. Bo3bMmeM
k PALMOHAILHO HE3aBUCHMBIX THCEN ®p, ..., Oy, T. €. TaKHX, 4TO

paBeHCTBO ) myw;=0 ¢ mensME {m;} BO3MOXHO TOJBKO IpH
i=1 x
my=..=m,=0. PaccMorpmM momrpymmy A={) m;}cR".
i=1
VcioBre paMoOHATILHON HE3aBHCHMOCTH O3HA4aeT, 4YT0 A H30MOp-
¢na obnrHOM pemerke Z¥, 'pymma xapakTepoB Z* ecTb k-MepHBIi
top Tor*. BBemeM UHMKIHYECKHE KOOPOMHATHI @i, ..., ¢ HA ITOM
Tope M MOTOK {S'}, S*(P1, ..., Px)=(P1+ @1, ..., Gx+wyt). Torma
{S'} sBNsETCA MOTOKOM C YHCTO TOYEYHBIM CIEKTpoM Ha Tor*.

51



DTOT MpHEMep BakeH B CBA3H C IOHATHEM WHTEIPHPYEMOH
CHCTEMEI B KJIACCAYCCKOH McXaHHKe # u3BecTHOH KAMrTeopnn, roe
Takde MOTOKY [EHCTBYIOT HAa 3ProfWvecKHX KommoseRTax. [lo-
MyCTHM, YTO HMMEETCd TaMAILTOHOBAa CACTEMAa C N CTENCHSIMH
csobonrl, y kotopoil ¢ynkmus INammisToHa H(pl,,.., P q15---
s g))=H(p, ). B HEROTOpHIX CllyJadX 3Ta CHCTEMa HMCET €Ile
u (n—1) npyrmx wuaTerpanos meexenus I,(p, q), ... I—1(p, q)
TakWX, 4Yro Bece wmHTErpayml I/=H, I, .., [,-, Haxo;saTca
B HHBOJIOWEH, T.e. Bee ckoOku Ilyaccoma {f;, I;}=0. Teomer-
pUYeCKd 3TO O3HA4aeT, YTO €CJIA PacCMOTpPeTh TaMHIBTOHOBHI
MOTOKH, HopoxiaeHnwle ¢Gyakmuamvn [, 0<k<n—1, To oHH
KOMMYTHADYIOT MexAay coboif. /IMmHaMA4YeckHe CHCTEMBI, OTBeda-
ompe TakuM M, Ha3HBAIOTCH HHTETPUPYEMBIMH IIOTOKAMH.
HMMeercas MHOTO BaXHBIX NPHAMEPOB HMHTETPHPYEMBIX CHCTEM.
HekoTophic 3 HAX OBLLIM OTKPHITHI COBCEM HEANABHO C MOMOIILIO
TaK Ha3bIBAEMOro Merofga obpaTHOH 3ajavyd  TEOpHH pac-
CESTHMSL.

Xopoiwo u3BectHa Teopema JIMyBWIUIsS— ApHONBAA, YTBEPX-
Hajomias, YTo MpH BRIIOJMHCHHA HEKOTOPBIX YCJIOBHI HEBHIPOXKICH-
HOCTH (HUKCHpOBAaHRE 3HAYCHHWH WHTErpajioB B HHBOJIOUHHM
Iy=consty, I; =consty, ..., [,_;=const,_,; onpenesseT HHBAPHAHT-
HOEe NMOAMHOrooOpa3sme HCXOAHOIO TaMMJIbTOHOBA NOTOoka. Ecimma
3TO NOAMHOrooOpa3ue KOMITAKTHO, TO OHO SBIIIETCA TOPOM,
a UHAYOMPOBAHHKIA TMOTOXK H30MOpPQEH MOTOKY CIOBHTOB Ha
n-MepHOM Tope. MOXHO cCKasaTh Taxxke, 4YTO B THIIHYHOHR
cutyauuu Bee (mod 0) 3proauyeckue KOMITOHEHThl WHTETPHPYEMOTO
raMEJIbTOHOBA TOTOKA ABJIAIOTCS MOTOKAMH Ha TOpax ¢ 4YHCTO
TOYeYHLIM CHEKTPOM. DTO H OOBSCHSET BAXKHOCTH {AHAMMYECKHX
CHCTEM C YHCTO TOYCYHBIM cHekTpoM. OCHOBHas TeopeMa TeOopHH
KAM yTBepxaaeT, 4ToO MpH MAJOM BO3MYNICHUM HHTEI pUpyEeMOM
raMIJIbTOHOBOHl CHCTEMBI B ()a30BOM IIPOCTPAHCTBE OCTaeTCs
MHOXECTBO OOJIBINOR MepHI, COCTOSIIEE U3 HHBAPWMAHTHBIX 7-
MEpPHBIX TOPOB, Ha KaXIOM H3 KOTOPBIX IaMHJIbTOHOBA CHCTEMA
u30MOpdHA TMOTOKY C YHCTO TOHYEYHBIM CIEKTPOM.

CCBIJIKM U KOMMEHTAPHUU

Hznoxenue B 5TOH IJICKIIMH CJIEAYET MOHOTpadHH

[11KopapenvaWU. II,,Cunait A.T., Domun C. B. Oproauuec-
kKas teopus.— M.: Hayka, 1980.

Teopema ¢on Helimana wu3noxesa B ero pabote

[21 Neumann J. von. Zur Operatorenmethode in der Klassischen
Mechanik // Ann. Math.-—1932.—V. 33.—P. 587—642.

Teopemy JInyBuins— ApHOTLA3 MOXHO HAHTH B KHHIe APHOJbAA

[3] Apuonas n B. U. MateMaTH4YeCKHE METOBI KJIACCHYECKOH Mexa-
HAKH.—2-¢ uW3x.—M.: Hayka, 1979.



YACTH 1I

SHTPOIIMINHAA TEOPUA JUHAMMYECKHX
CUCTEM

OHTponMifHAsA TEOpHS AWHAMAYECKAX CHCTEM HpeACTaBIIsACT
co00# MpaKTHYECKH 3aBEpIICHHBIA pasfeNl oOmed aprommieckod
TEOPHH. B 3TOH 4WaCTH MBI H3IaracM OCHOBHHE (akKTHI 3TOH
TeOpHH, AOCTATOYHEIE IUid GONBIIAHCTBA NPHIOXKEHHAH.

JEKHHA 6

HEPBOHAYAJILHBIE OITPEIEJIEHMSA U MPOCTEAHIVE
CBONMCTBA SHTPOIIMH. ITPUMEPHI BLIYMCJIEHNA
SHTPOINH

TlousTHEe SHTPONAM BO3HUKAET B CTATHCTHYECKOH MeXaHWKE,
Teopud HRGOPMANAE H TEOPHH AMHAMHYECKHX cHMCTeM. Bo Bcex
3THX CIy9asX 32 HCKJHOYCHHEM OMHOro, BCTpedaromierocs B Teo-
PHH KHHETHYECKOTO ypaBHeHHsI BoibIMaHa, 3TO IOHSNTHE HMeECT
OODHY H Ty Xe CTDYKTYDY.

DHTpomHifHas TEOpUA IWHAMHIECKAX CHCTEM HATAHACTCH
¢ BBefeHHs 3HTpONMHH pa3bmenus. IIpemmomoxuM, 4To HMeEETCH
KOHEYHOE WJIH CHETHOe pa3OHCHHAE npocrpaﬂcrna Jlebera
(M, #, y) ma mogmuoxectBa C;, E={Cy, C,.

Onpenenenne 1. Cymma H(&)——Zu(C)lnu(C,) Hazbiga-
emca 3umponueii pasbuenus &. Jaa ecex ocmaadbhelx pasbuernuil
& snmponun H(E)= 0.

IIpocTpaHCTBO BCeX KOHEUHBLIX HJIH CYETHHIX pa3OmeHmi
& ¢ H(E)< oo obo3naqaetcs Z. [[Ba pa3GHCHHS HTPAIOT CHCIHANLHYIO
poJIb BO Beelt TEODHH: pa3Omenne € NpocTpaHCcTBa M Ha OTHEIbHLIE
TOYKH H TPHBHAJILHOE pa3OHeHHe V, €OWHCTBEHHBIM 3J€EMEHTOM
KOTOPOTO SBJISETCA BCe HPOCTpancTBo. Scro, aro H (v)=0, H(g)= o

Ecma £ 1 n—Ba H3MepHUMEIX pa3bHeHHd, 1O § nmxyunpyeT
H3MepuUMoe pa3brerne Ha mOYTH KaxxoM C,. Durpomus H(§|C,)
HA3bIBACTCsl YCJIOBHOM SHTpomHed pa3bmenma £ Ha anemente C,.

Onpenenenne 2. H(E|In)= | HEIC,)dp nasweaemcsa

M

In
YCA08HOU 3nmponueii paszbuenuna & npu yciosuu .
Jemma 1. H{E|N)<H(E). B cayuae H(E)<oo pasencmeo
uMeem Mecmo moz0a u MmoAbKo moz0a, koz20a & u 1| He3asucumbl.
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HokazatenbcTBO. BylneT paccMOTpeH TOJIBKO Cirydai
cuetnoro pasGuenus E. Hpemmonoxum, uro E={C,, C,, ...}.
Torma

HEn)=2[- | (Gl C)lnp(CiICy))du].

i Min

VYunrnsas ¢opmyny mnomHod BeposatHoctH | p(Ci| Cpldp=

Mn
=p(C,-), a TaKxe BBUIYKJIOCTh QYHKIHMH Y= —XInX, ¢ MOMOIILIO
HCPABCHCTBA HNencena YCTAaHABJIMBAEM HEMCIUICHHO, YTO

- § (WG C)np(CiI Cy))dp< —p(C)Inp(C).

Min

PaBeHCTBO HMeeT MecTo JMimb B ciaydae, korma p(C;|C,) He
3aBucat 0T C,(mod0). Jlemma 1 nokasana.
Cneuyloume COOTHOWIECHHS ABJSAIOTCA MPSMBIMH CJICCTBHAMA
ompeleeHHd H JeMMBI 1.
H(Evn)=H(E)+H(n|E)<H(E)+H(n).
H(Evn|)=H(EI)+HnIEVO<HEI)+HID.
H(EIn)<H(EIN), ecm ny =,
YcnoBHas sHTpomms 06JamaeT Takxke HEKOTOPBIMH CBOMCT-
BAMH HETPEPLIBHOCTH, NEPEYHCIINEMBIMH HHDKE.

4° Bom E(<§;<..., &= V&u 10 lim H (&, n)=H(&|n).
5° Ecma £, 26,2 ..., E= /\ &, )% H(&,‘ln)<oo IUI% TIO KpaiiHei

Mepe omsoro k, to lim H(&|m)=H(E|n).
6° Ectit N1 <M2<..., n=V N, 1 H(§| )< oo mns mo xpaiuei

Mepe ommoro k, To lim H(§|n.)=H(&|n)

7° Ecm My2n22..., N=Amn, 10 lim H(E|n,)=H(§[n)

Bce 3T cBoiicTBa JOKAa3BIBAIOTCA C TMIOMONIBIO TeopeMsnl yba
O CXOJUMOCTH YCJIOBHBIX BepoATHOCTEeH. MEI OmyckKaeM 3[eCh 3TH
JIOKA3aTeNbCTBA.

IIpeanonoxnM Teneppb, 4To T —3HIOMOPGH3M MPOCTPAHCTBA
(M, A, p).

Jlemma 2. Jas npouszsoavnozo EeZ cywecmeyem npeden

h(T, &)= lim ——H(&vT Ev..v T™")

A—
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HdokasatenbcTtBo. Hcmouw3ys 2° H HHBapHAHTHOCTH
MEpEL H, HUMeeM

HEVT Ev..vT %)=
=H(T%v..vT ™) +HE|T % v..vT "E)=
=HEVT Yv.vT " )+ HE|T V. ..vT )=
=..=HEITEv..vT )+ HE|T Ev..vT ")+
+HEIT V. ..vT ")+ +HE[TE)+HE).
[Monoxmnm
E-=T Y%EVvT 2%v.vT ™v.. E*=TEVT%v...

U3 6° caeayer, 91O

lim HE|T *v..vT"E)=H(E|E),

"o

a Torga

. HEVT %v.vT™
lim Ev Ev..v €)=
H—w n+1

Z HE|IT 'Ev..vT%)=

=H(E_,|§')=h(T, E_,).
Jlemma 2 poxa3aHa.

Huorna h(T, &) HaspiBaroT 9HTpommedl pasbmems § Ha
eNMHMIY BpeMcHH (o ortHomemmio k T). Ecma &;<&; To
h(T, &,)<h(T, &;) (acnoms3yercs ceoiicTBo 1°).

Onpepenenue 3. gugh(T, £)=h(T) nasvieaemca mempuue-

€

n—taon+l

cKoti anmponued, uau npocmo 3mumponueti ndomopgusma T.
Ouepnnro, 10 0<Ah(T)< 0 ®H h(T)—MeTpHieckHii HHBapu-

anT sumoMopomiMa T. PaccMoTpmM HekoTopsie cBoictBa h(T).
Teopema 1. a) Ecau T— asmomopgusm, mo h(T)=h(T ~?).
6) dan arobozo 3anoomopdpusma T u mobozo k=1

h(TY)=k - h(T).
Hdoxa3aTenbcTBO. YTBEPKICHAE a) CENYeT HENOCPEICT-
BEHHO H3 DaBeHCTBa
HEVT Ev..vT ) =H(T"% v T" v ... vE),
KOTOpoe B gAelicTBHTeNbHOCTH nmaer h(T, &)=h(T"', &) mm
moboro &.
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Yrobu mokaszaTe 0), 3aMeTHM cHadajxa, 4YTO

h(T, E_,)=%h(T", EvT Ev..v T 1),

1
Orciofa HEMeIJeHHO NojydaeM HepaseHcTBO h(T )s;h(T 5.

YT106HI NOMYINTH NPOTHBOIOJIOXKHOE HEPABEHCTBO, NMPEMNIONIOXHM,
uro h(T*)< oo, 1 Bo3bMeM Takoe &, uto h(T*, £)>h(T*)—e. Torna
i Ey=EvT YEv..vT " E ameem &, >E ¥, creqoBaTenbHo,
h(T*, &,)>h(T*)—e. C npyroii CTOpOHBI

h(T)Zh(T, &)= Lh(T, £)> 2 h(Th)~e

?t'l

1 .
9TO B CHIy NPOH3BONBHOCTH Bibopa £>0 maer h(T);Eh(T").

B ciyuae, korna h(T" = oo, paccyxnenns anaiorganil. Teopema 1
JIOKa3aHa.
PaccmoTpuM Temeph HempephiBHENT moTok {S°}. Teopema 1
t
N= : 1:h(S") OPA pamEoHaNbHOM
2
OTHOLIEHHH ¢, /t,. [IoKkaxeM, YTO NMOCHEIHEe PaBEHCTBO CIPaBEl-
JIMBO TpH BCEX ! /l;.
TeopeMma V. Ecau {S'}—mnenpepvignptii nomox, mo 0an
scex ty, Iy

maer HaMm paseHCTBO h(S’

L p(s")

1
—h(S")=
( ) |12}

J 1]

HoxazarteabrcTBo. bes orpanmyeHust obHIHOCTH MOXHO
JIOMYCTHTb, UTO {,, {; >0. Bo3sMeM npousBonsHOE pazbnenue e Z
B NI K2X/JIOTO HATYpPaIbHOTO I IONOXHM

E-"=&VS_“/’&VS_2’1/’&V...VS~(r~l)t‘/r_

Torpa mim moboro r

1_h(s")> tim HEvS gy sy

1t} m—-ao(m+1)11
r—1
LVSTMREY v ST TN (1)
Haunee:

I—I~Ih(S’2 §)—-11m(n l) HEVS 2Ev...vST"E)g
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<,}£ﬂ (n+ 1)1,

HEVS Ev..vS™™EvEy
r—1
vSThITEy v ST E), ()

mit,
rae m=m(n) BbHIGpaHO TakuM O6pa3oM, 4TO miy>nt, ——t——->1.
)
B TakoMm ciyuae

mﬂ(&vS""&v v STREN

(m+1)t,. 1

-t —nty
A FFRITS (m+l)t1H(§VS Ev..vST"Ey

r—1
VEVS Ty v ST T )=

_(m+l)t'1‘ 1 ~t/r —emty— "1y
_(n+1)t2 WH(E_VS E_‘V...VS r E_,)+

m+1)r, 1
(n+1)t, (m+1)1,

HEvS 2yv..vS™™E by

r—1

vSTHIEy LvSTM T E) (3)
HCpBOC CJlara€Mo€ B TOCJHCAHEM BBIDAXKCHHH CTPEMHTCA

1
K Th(S‘l, ,). U3 2° nmerko moaysaeM, 9TO -
1

r—1
H(EVS T28v..vS™™EEvS /ey . vS ™~ hE)g

n r—1
<Y H(S*glevs 4ty v s T T hg),
K=0

. N 1
s xaxnoro k MOXHO HalTH Takoe Lenoe py, 41o | ki, -g—t <=
r r

A Torza u3 3° cieayer, 4TO MOCICHHAS CyMMa HE IPEBOCXOLHT
Y H(S kag|s—n/Nhg) = Y H(SP/ kg1 ()
k=0 k=0

U3 menpepeBHOCTA NOTOKA {S*} (CM. Jekumio 1) cnexyer, 4To ANA
moboro £>0 MOXHO HaiTH Takoe r, yro H(S'E|E)<e, ecim
|T|<1/r. CnepoBatenbHO, cymMMa (4) MoXeT ObITL clciaHa
MEHBIIE, 9€M €£'n, IPH YCIAOBMH, 4YTO r IOCTATOYHO BEJHKO.
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Hicnoneays (1), (2), (3), (4), mMmeeMm
&

,lh(st’)=sup tlh(S", E_,)ssuptlh(S’l, §,)+-<tlh(S’l)+-E-.
g ‘2 1

2 o 4 191
Ho & MoXeT ObITh BHIOpaHO CKOJL yromHo MambiM. CremoBa-
1 1
TeNBHO, t—h(S'2)<t—h(S"). 3aMeHsAs t; Ha f,, MONy4aeM TaKKe
2 1

# 06paTHOE HEPABEHCTBO. DTO JAa€T PaBEHCTBO %h(S’*):tih(S ),
1 2
4TOo H TpebOBaNOCh OOKA3aTh.

Ha ocHoBaHME TeopeMbl 1’ ONpeenuM 3HTPONUIo MoToka {S'}
KaK JATpomEI0 aBToMopdusma S1.

Teopema 2. Ecau h(T)>0, mo ¢ zumwbepmogom npocmpan-
cmee L*(M, M, p) moxcno naiimu becKoneunylo nocaedosamenv-
Hocmy Hopmuposamnbix eexmopos { fi} maxywo, umo U% fi|URf;
npu {n—m|+|i—j|#0. 3mo o3nauaem, umo cnexmp onepamopa
Ur codepacum cuemHnokpamuylo 1e0e208CKyl0 KOMNOHEHMY.

Cnencteue. Ecau T-—oapzoduueckuii asmomopgusm ¢ uu-
CMO MOoYeunbiM UAU CuHZYAApHbIM cnekmpom, mo h(T)=0.

Hdoka3zaTenncTBo TeopeMHn 2. Ecma h(T)>0, To
cymectByer Takoe LeZ, wro h(T, £)=H(£|§™)>0. Obo3maunmM
wepes Ae#(§”) muokectBo Tex Cg-, IS KOTOPBIX
H(|Cy-)>0. Torma p(4)>0 H H3 TeOpHH H3MEPHAMBIX pas-
GHeHmit CIETYET, 9TO MOXHO HaiTH Qynxumio j (X), H3MEpPHMYIO
OTHOCHTEBLHO J{(E_,vé‘), I KOTOpOH

x(x)=0 maz xed;

[ x(®dr(x]Ce-)=0,

C,-
[ x*(x)dp(x|Cy-)=1 nmna xeAd.
G-

Bo3bMeM GeCROHEYHYIO MOCHEAOBATENBHOCTD g; OTPAHMYEHHEIX

HOPMEPOBAaHHBIX (B CMBICIE NpOCTpancTBa L72) H3MepHEMBIX
¢yHKIMHA, 111 KOTOPBIX g,-(x)=0 IpH X€A4, kKaxnaa g; u3Mepuma
otHocutensHo A (£§7) u g; L g; npu i#j. Ionoxum fi=x"g;
H .OOKaXeM, 9TO IlocaedoBaTeNbHOCcTh {f;} obOnamaer BeemMu
HYXHBIMH CBOHCTBaMH.

SAcuo, uro (U% fi, Ut fi)=(fi, f;)=0 mpnm i#j. PaccMoTpum
vfi» UTf;) m Oymem cumtate, uro n>m. Torma (U%fi,
2fi)=(UT " fi, f;). HeTpyaHO HOIYuMTE M3 ONMpENENCHHH, 4TO

UT ™ f; a3MepAMa OTHOCHTENBHO .4 (§7), ecmt n—m>0. A Torza

JUFTf() i) du= | UFfig § xdu(x] Ce)=0.

M Mg C
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Tot ¢akT, 9T0 f;— HOPMHPOBAHHEI{ BEKTOD, CICAYET H3 aHAJIO-
TEMHBIX paccyxnaeHuid. Teopema 2 mokasaHa.
Jo cEx mop MBI He DacCMaTpHUBAH 3a[ady O BLIYAC/ICHHA
sHTponmd. Cienyromias TeopeMa BeChbMa BaXHA IS STOH LieJd.
Teopema 3. IIycmoe T—asmomopdusm u &e€Z—obpazy-
10uee pasbuerue, m. e. .Il(\k/ T*E)=M. Tozoa h(T)=h(T, &).

JdokazaTtenbcTBO. MBI IOODKHH INOKa3aTb, 4YT0 s
npomsosbHoro  &'eZ cmpasemymBo Hepasedctso  h(T, &’) <
<h(T, £). U3 ceolictea 4° moxydaeMm, 9TO

lim HE'| V T*E)=0.
m— lkig<m

Torna nna moboro £>0 MOXHO Ha¥TH m=m(£), O KOTOpOro
H(&’] \% T"&)Sa.

tkl<m
HUcnonp3ys 3°, 1°, mMeeM

1 ’ ~1lps —-ngs
n—+—1H(§vT E'v..vT )<

< HEVT e V. v Ty TrEY

n+1
vTIm v vT " mE)K

n+2m+1 1
S .
n+1 n+2m+1

H(TmEvT™ Ev. . .vT " ™)+

+n—:—3H(E_,'v W VET"E | TV ..v T™""ME).
INpr (PHEKCHPOBAHHOM m TEPBOE CjlaraeMoe CIPeMHTCH K
h(T, £). Wcmons3ys 2°, 3°, ONEHMM BTODOE CJaracMoe:

1
n+1

HEV.VvTTE|TmEv...vT " "E)<

<

n
<

LS BT | TmEv . v T )<
¥1,5

! c -k iEY_ , ;
o DHIT Y TO=HE Y T)<e

tilsm
Urak, h(T, &')<h(T, &)+&. D10 HepaBeHCTBO Haer, B CHIY
MPOM3BOJLHOCTH €, YTBEPXKICHAE TEOPEMBI.

Teopema 3 mMeeT HECKOJBKO MOJIe3HKX 0606mienmi. PaccMoT-

pEM OOHO 43 HHMX, He Tpebyloinee Kaxmx-JmOO H3MeHEHAR
B IOKa3aTeIbCTBE.
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Teopema 3. Hyemp £,<&,<... u (JA(VTE)=M.

Toz0a h(T, &;)—h(T) npu i—o0. '
Teopema 3’, B YacTHOCTH, NpuMmennma, xoraa | ) .4 (£;)=.4.

L

IlepelineM Tenepk K HEKOTODBHIM INpAMEPAM BLIMHCIICHHS
HTPOIIHH.

ITycte T—coBur BepHyJUm, OeHCTBYIOMIME HAa TPOCTPAHCTBE
M  OGeckomeunblx B. 00e CTOPOHB MOCJEIOBATENBHOCTEH
o={0;} 12, rae ®;eX M HMeeT paclpeacicHHE T.

Teopema 4. Ecau pacnpedesenue T He Ouckpemuo, mo
h(T)=co. Ecau owe © Ouckpemno, m.e. mn={m;}, mo
h(T)= - n;Inm;.

L
JdokazatenbcTBo. bymer paccMoTpeHn TOIbKO chydai
IMCKPETHOTO PACIpeleNeHus; OCTABIUHACS Cydail IpegoCTaBiaeT-
cd paccMOTpeTh YHTATENIO CAMOCTOATENbHO. Ecmm X ={x,},
m;=n(X;) @ — n;Inm; <00, TO paccMOTpuM obpasyromiee pas-
ouenne £={C,, C,, ...}, wm xoroporo C;={0|we= —x;}. Toroa
U3 OmpeieNeHHs] Mepbi BepHymH

HEVT eV . vT "E)=H(E)+H(T 'E)+..+ H(T "E)=

=(n+1)H(E),

4YTO0 H JaeT TpeOyemblit pesynbrar. Ecmm xe —-Zn,-ln T;=00, TO
paccMOTPAM  BO3PACTAIOIIYIO MOCIENOBATEALHOCTh pPa3OHeHHi
E,={Ci. Cy, ..., C,}, tie C;={0]|oo=x;} nm 1<i<r u C,=
={w|wo=x; mpr j=r}. Temepp, 4TO6B TOMYYHTb HCKOMBIH
pe3yJbTaT, JOCTATOYHO NpPHMEHHTH Teopemy 3’. Teopema 4 mo-
Ka3aHa.

Teopema 5. Ecau T, T"—cosucu PBepuyiau, xomopbim
omgeuaom OQuckpemuble pacnpedesenus T, m', u Y milnmi#
#y nilnn}, mo T u T" He uzomopguvl. B uwacmuocmu, ecau
mi=1/r, 1<i<r’, u nf=1/r", 1<i<r”, r'#r”, mo coomsemcm-
syroujue cogueu bepuyaiau ne uzomopgnbl.

Ecma h(T')=h(T"), To T' u T" MeTpHYECKH H3OMOPGHDL.
DTo BakHOE yTBEpXKAcHHE 6bLIO nokasano . OpucrteiinoM (cM. 3°
B KOHIIE IEKIIHH).

PaccmorpuM Tenmepp casurr MapxoBa B npocTpaHCTBE HOC-
JefloBaTeIbHOCTEH = {®;}, rie ®;€ X, X —KOHEYHOE MHOXECTBO,
| pi;il = P—mMaTpuna BepOATHOCTEH MepeXoid, T— CTAMOHAPHOE
pacnpenenenne. Torma A(T)=—) m;) p;;Inp;;. [loxkazaTeabcTBo

i j
3TOTO (haKTa MPOBOIMTCH TEM Xe CIOCOGOM, YTO H A0KA3aTEIbCT-
BO TeOopeMbl 4.
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Cnpury bepHy/mm ® casurn Mapkosa, WMeromue KOHEYHYIO
3HTPOIMIO, ONPEICNAIOTCA OJHO3HAYHO CIEAYIOMIAMY CBORCTBAMU:

T—-capur BepHyJUTH TOra H TOJIbKO TOTAA, KOTAA CYIIECTBY-
eT obpasyromee pasGuenwe EeZ, mua  koroporo h(T)=
~H(EIE")=H(E);

T—cpeur Mapkosa Torga ¥ TOJIbKO TOTZA, KOTZa CyIIECTBYET
obpasyromiee  pasbuenme EeZ, gna  kotoporo  h(T)=
=H(E|E™)=H(5|T™'E). O6a 3TH CBOHCTBA JIETKO BHITCKAIOT H3
nepaBeHcTBa Hencena.

HApyroit npumep aBToMOp¢$H3Ma C NOJIONKHUTEIbHOH IHTPONIHEH
JOCTaBNsieT rpynmoBoi aBToMopdu3M aByMepHoro Topa M =Tor?
(cMm. pexmmio 3). Ipeanonoxum, yto T 3agaercs (2 x 2)-MaTpHileit

A=) a;;eZ', det A=+1, uMeromeil aBa COGCTBEHHBIX
az14z2

3HaYeHHAs A,, |A([>1, B A,, A;-A,=det 4. OO6o3magHM
OTBEYarollAe MM COOCTBEHHBIC BEKTODHI Hepe3 e; H ¢,. B yexuum
3 ObUIO mMOKa3aHO, 9T0 T MMeeT KOHECHHOE MApPKOBCKOE pa3OHcHHe
£={Cy, .., C,} u uzoMopdpHO KOHewHOMY CABUrYy Mapkosa.

Teopema 6. h(T)=In|A,|.

JdoxaszatenbcTBo. UMeeM

p(C,ﬂT‘le) p(CNT'Cy)

h(T)=—-) p(C; In =

= —Zp(C.ﬂT"lC_,)[lnp(C,ﬂT"ICJ)wlnp(C,)]

M3 cBolicTBa MapKOBCKOTO pa3OueHms clegyeT, 4TO

K(CNT ™2 C))=1(Co) A2l 1™ (C )/ 1 (C).
MoxcraBnas 310 Bhipaxedwe B Qopmyny mans h(T), momydaem
h(T)=-Yu(C:NT1C))[lnp(Ci)+Infr, |+
+Inl(y™(C:)—Inl(y*(C:))—Ilnpu(C:)] =

= ——lni ;\.2 I_Z“(C,OT— . C,)lnl(’y‘"’(C,))+
+Y(CNT 1 C)Inl(y™(C;))= —In{r,|=In|A|.

Teopema 6 poka3saHa.

Crnenywoludii NpAMEp NOKa3biBaeT, 4TO B PpAAc CJydacB
3HAYCHWE OSHTPONHH MOXHO HAHWTH, He HCCIEXys JETaJIbHO
CBOMCTB AMHaMHKH. PaccMOTpWM OHJUIHapabl B MHOTOTPaHHHMKAx
Q. B aBymepHOM ciyyae J—3TO MHOIOYIOJIbHHK. briumapaaniit
notok {S*} COOTBETCTBYET LBMXEHUIO TOYKA BHYTPH O ¢ Ho-
CTOSHHOH CKOpOCTbKO U, |v]|=1, M ynpyrHMH OTpaXcHHIMH

OT I'DAHHMIIBI. HpH TAKHX OTPAXCHHAX HOPMAJIBHAA COCTABIAIOLLIAA
CKOpPOCTH MCHACT 3HAaK, a TaHrCcHOHallbHasA COCTABJIAIOIIAA
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coxpamsiercs. Da30Boe NPOCTPAHCTBO OMILIMapaHOro NHOTOKA
ecTh mpsvoe mpomsBedeeme @ m S" !, rme S"! ecrs
enuuuyHas (n—1)-mepras chepa, T.e. M=QxS" ! IloTok
{S'} coxpauser Mepy M, dp=dg-do, rae do ecTb Mepa
Jlebera ma S""!. IlpEBeNeHHOE ONMHCAHHME TONHTCH, pa3yMeeTcs,
¥ s OWLMapIoB BHYTPH NPOH3BOJBHLIX OOJacTell €BKJIMIOBA
TMPOCTPAHCTBA C KYCOYHO-IJAOKOH TrpaHHned (cM. nekmuio 16).

Teopema 7. h({S'})=0.

JloxaszaTeabcTBO. MB IpoBeaeM MOAPOOHOE doka3are-
JILCTBO [JIA [JOBYMEPDHOrO Ciydas. B MHOroMepHoM cCiydae
PacCyX/JeHAS AHATIOTHYHBI.

Hapucyem 3aMmkHyTYI0 06-
nacts (J, OrpaHMYEHHYIO MHOTO-
yroJbHEKOM P, cocrogigMm B3

oTpe3koB L,, L,, ..., L, (cM.
pec. 6.1) m BepmmH U,, ..., U,.
®dazoBoe IPOCTPaBCTBO

M COCTOAT W3 €IMHWYHBLIX BEK-
TOPOB X, KacaTeJdbHLIX K O, T. €.
HMEIOIHX HAYaJo B TOYKaX g€
Q. PaccMOTpAM KOHEYHOE pa3-
6memne £={C,, ..., C}, aneMeH-
Puc. 6.1 Thi _KOTOpPOrO  HMEIOT  BHI
5 Ci=C;xA;, npwdeM rpaHdna
0C; mepecexaercs He Goyiee 9eM ¢ OJHHAM OTpe3koM L. 3mecw
A;—mnHTepBaj Ha OKPYXHOCTH BO3MOXHLIX HAaNIpaBJCHHH d, T. €.
.a<a<h, B C; ectb obnacts B (, orpaHWYEHHAs HEKOTOPhIM
MHOTOYTONBHAKOM. MEI TOKaxkeM, YTO IS KaKAOTO TaKoro
& sarpomua h(S', £)=0; cormacHo Teopeme 3’ atoro 6ymer
JOCTAaTOYHO [J/IsS HammX mesei.
Jnst kaxaoro n Bo3bMeM OKpecTHOCTH O,(0C;) rpammm 0C;

paaHycoB ;113 u monoxem O,=|)0,(0C;). Torna

const const

w0, ECH<E, (o)<

3neck H nasee const eCThb YHACIO, KOTOPOE HE 3aBHCHT OT N, HO,
66T MOXeT, 3aBacET oT §. Ecim

A,={xeM|S*x¢0,, 0<k<n},

const

>—. Beemem Taxke
n

TO, O4eBHAHO, p(A4,)>1-—

B,,——-{xeMldist{ U §'x Uvi}zl}.

o<i<n i n
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const

Herpynmso mokasaTh, uro p(B,)>1-— —~ . Jlo cEx mop MmI He

HCIIOJIb30BAJIH, MO CYIIECTBY, CBOWCTB JHHAMHKH. McmonksyeM HX
Tenepb, 3aMETHB, YTO €CIH X € A,(\B, B U,(X)— OKpecTHOCTb TOUKH

1
X pajayca >3, TO Kaxlasl TOdKa ye U(x) npHHAIIEXAT TOMY Xe
n

caMoMy 3reMenTy pasbuenms Ev.STlEv..vST"E, 4TOo H X.
JelicTBATEIbHO, MBI MOXEM HaiTH Yy’ Takod, 4TOo X, y’
MAapaJUICHbEN B Y, ¥’ BHBIXOIAT M3 OOHOM M TOH ke Touku ge .
CHavana Mbl DORaxeM, 4TO X, Yy’ o0JagaloT HEOOXOIHMBIMH
CBOMCTBAMH, M 3aTeM IOKaXeM 3TO Xe M Yy, y'.
TpaexTopHH, onpenenseMuie X, y', HapaJUlC/IbHEL IPH YCJIOBHH,
YTO OHHM OTPaXaIOTCH OT OAHAX H TeX Xe OTpe3koB rpaHunmul. Ho
moc/eaHee cleayeT H3 BRNOYCHHAA XeB, TakmMm o6pasom,
dist (S*x, S*y’)=dist(x, y’'), u Tpebyemoe CBOHCTBO clemayeT H3
TOro, 4T0 X € A,. 371eCb HCOOJIBL3YETCA CBOHCTBO MPSAMOJMHAEHHOCTH
rpaHEIEL. PaccrosHme mexay S'y’, S'y pacrer JuHEHHO 1O ! IpH
YCJIOBHH, 9TO TpaekTopHH S'y’, S'y, 0< 1< h, OTpaxaroTcs OT OHUX
H Tex ke ctopoH L;. Ho 310 cHOBa cieryer u3 BuodeHus X € A, () B,.
Mbl mMeeM Tenepb

HEVSTIEV . vST"E)=—) p(CM)lnp(CM)=

==Y p(CM)hpC™)-Y " p(C™)np(C™)=Y"'+3".
3nece C®—oanemenTH pasOmenns EvS 'Ev .. vST"E B cym-
Muponamu Y Q") npomssoastes no Takam C™, wis KOTOpEIX
p(CPNA4.NB)>0 ((C™®N A4, B,)=0). Kax cleAayer M3

const
npembixymero 3amedands, it C"eY’ mveem p(C ("’)> H,

TakAM 00pa3oM,
=¥ ' m(C™)np(C™)<const-lnn.

Hanee, 3."p(C")=e, <p(M\(4,() B,)) m

~% w(CP)p(CP)=

) )
=g, | -3, ACHS) In r(C; )+1na,, <&, const - n.
€y,

&y

Mbi  Hcnonb3oBasM  HepaBeHCTBO H(N)<Inr, rme r—uncio
37eMEHTOB pa30ueHus 1. MBI IpuMeHHIH €ro K pa30CHEHHIO
MmuoxecrBa (J"C, cmabGxerroro ycioeHo# Mepoit. MHrTak,

HEVS Ev..vS "E)<const-lnn u lim H%H(«EVS““;V..
vST"E)=0, uto W TpeGoBaJOCH 1OKA3aTh.
63



CylnecTBeHHOE OTJIHMYHE MEXAYy OWiIbApIaMH BHYTPDH MHOIO-
YIONBHAKOB H TPYNIIOBRIMH aBTOMOD}H3MAaMH ABYMEDHOI'O TODa
COCTOHT B moBeAecHWH Omm3rmx TpaexkTopuit. B mepsoM ciryyae
TpaekTOpHH, BBIXOAALUIAEC M3 ABYX OJM3KHX TOUYEK, PacXOAATCA
TOJILKO JIMHEHHO MO BpEMEHH, KaK BO BTOPOM Ciy4Yae aHaj OrH4-
HbIC TPACKTOPHH PpaCXOIATCS OKCIOHEHDHANbHO. CeHdac ME
IOKaXeM TeopeMy, KoTopas 0000InaeT yTBEpXAECHHE TEOPEMbI
6 U B IEHCTBHTENILHOCTH MpPHMEHHMA (C HEKOTOPBHIMH Monuduka-
OASMH) KO MHOTHM TJaJKHM THHAMHYECKHM CHCTEMAM C MOJIOXKH-
TeXbHOH sHTponue#. CHayaja BBeAEM HEKOTODHIE ONpeAcieHHA
B CchOpPMYyIHpyeM HAIH NPEANONOKEHHS.

ITycts ¢a3oBoe mpoctpancTBo M sengercs C ®-rnaakum
n-MEepHBIM pPHMMaHOBBIM MHorooOpaszueM H T ecrb C ®-ramxmit
mabdeomopdusm MHEOrcoGpasus M, COXpaHsIOUMM TIAAKYIO MEPY |

OnpenencHuc 4. JIokatbHblM Heycmoiiuugblm MHO2000pa-
suem (1. H. M.) mouku X€ M nasvisaemcs omrpwimoe C 2-mH02006-
pasue YV (X), zomeomopdroe edununnomy wapy u maxoe, Wmo 04
aobozo yey™(x)

lim dist(T"y, T"x)=0. (5)

R+ —
Mruooxcecmso T ™(x), cocmoswee 13 mouex y, 0434 KOMOpHX
svtnoaneno (5), Haszvieaemca 2400aabHbIM HEYCIMOUYUBHIM MHO2000-
pasuem (2.H.m.). Kax npasuno, ezo moxcno npedcmasumv 8 sude

Ir“x)= {J Try® (T ""x).
n>0

Ecau n— 0 6 (5), mo mbi noayuaem onpedeneHun AOKAALHO20
YCmoiiuugozo MH02006pazun (4.y.m.) u 2406a4bH020 YCMOUUUBO20
MHO2000pazun (2. y. M.).

OTH NOHATHA OyAyT CYIIECTBEHHO HUCHONL30BaThCA B HacTH V.
Ceiidac MBI pacCMOTpDHM CiIyya¥, KOrjJa moyTH Bce XxeM (no
HHBADHAHTHON Mepe J) HMEIOT 1. H. M. ¥“ (x). IIpeanosmoxum,
9T0 Mbl NOCTPOMIIA H3MepHMoe pa30umeHHe &, IS KOTOpPOro
Ce(X) M MOYTH KaXAOTO X SABJISETCH OTKPHITHIM IOAMHOr006-
pasweM, Ci(x) < y*™(x). Bsemem o6GosHaueHue B,(Cy)=
= {x|dist ywe) (X, 0Cy (x))<r}. 3mecy dist,m, ecTb paccrosHue,
BBIYACJIEHHOE C MMOMOIIbI0 PHMAHOBOH METPHKH, HHIYHIMPOBAHHON
Ha v"(x) pumamoBO#t MeTpukoit Ha M.

Teopema 8. Ecau 048 HeKOMOpblx NOAOHNCUMEABHBIX KOH=
cmaum C, o, p<l1

a) diam i (C; (X)) < C;

B) W(B,(C:)|C)<Cr* 0aa écex r>0;

) dist gy (T"X, T"y)< Cp ™" -distympy(X, y) 041 scex ye
€ Ce(x), n<0 u O0aa noumu scex X, mo cywecmgyem usMepumoe

9

pazbuenue { co caedyowumu c80ticmeamu:
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) T7>E

) vI'i=g

3) H(T™'5|5)>0;
4) AT ={TY}=y,

20e {T @} =y ecmb usmepumaa obosouxa pasbuenus mroz006pasus
M na TWQRX). Huvimu caogamu, Y ecmb maxoe usmepumoe
pasbuenue, umo M (y)=# ({IT'™}).

CeoiictBa 1) u 3) skBHBanenTHHl. B criemyrolieil jeKuuH MBI
obcyMM HEKOTOphiE TOHKOCTH, CBS3aHHBIE CO CBOMCTBOM 3).

HoxasatensctBo. ycts {= v T"E{=E*. D10 03HAYa-
n>0

eT, uto C;(x)= () T"Ce(T ~"x). MB nokaxeM, YTO I TOYTH
n>0
BCEX X CyINecTBYeT ng(x)=0 Takoe, 4ro

Cx)=  T"C(T ") ©)

O<n<ny(x)

Beenem muoxectBo D, ={x|T "Ci(x)&C:(T ""x)}, n=0, 1,
2, 3, .. Mu yreepxmaeM, uto D,<D,={x|distymq (T "%,
8C (T ""x))<C?*p"}. Heiicrutensuo, ecn# xe D, 10 T "Ce(X)
mepecekaeTcs No KpaiHeR mepe ¢ aByms pasmauHeivE C:. Ho ato
BO3MOXHO, TONbkO ecmn diste, ) (T"X, C(T"x))<C*p~"
BCIEJICTBHE a) B C), A H3 B) p(D,)<p(D,)<C»*!p™ Pan
Zp(D;,) spyserca cxomsummMcs. U3 memmu Bopens — Kartemns
CIIeQyeT, YTO JIs HOYTH BCEX X MOXHO HAWTH ng (X) >0 Takoe, 4T0
T "C(x)cCe(T™"x) mna Beex n>ng(X), YTO 3KBHBANEHTHO (6).
D10 moKa3nBaeT, YTO (=& HETpHBRANBHO, T. €. {#¢&. CBoiicTBo 1)
cleayeT OpSMO M3 UPHBENEHHOH KOHCTPYKUWH.

CeoiicrBo 2) crnegyeT B3 BKIOYCHMH H HEPABEHCTB

CT-;(X)=T"C;(T_"X)CT"Cg(T‘"X),
diam g (T"Ce (T "x))<C?*p" >0 mnpu n— —oo.

TaxaM o6pa3zom, () Cr+(X)=X.
n<0
CeoiictBo 4 BhiTexaer u3 Toro, yro I' W (x)={) T"C,(T ~"x).

3ameTEM, u9TO B CHIy HepaBeHcTBa T '{>{ MHOXecTBa
T"C,(T ""x) BospacrawoT, T. e. T"" 1 C(T™" 'x)=T"C;(T "x).
Teopema 8 moka3zaHa.

Teopema 8 He maer cpa3y mepasernctBa h(7T)>0. JlokasaTesb-
CTBO 3TOr0 HYXIAeTCs B CIEAYIOUIMX IOMOJHHUTENIBLHBIX apryMeH-
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Tax. Teopuss U3MEepHMEIX pa3OHEHMId YTBEPXKIAET CYIIECTBOBAaHHWE
KOHEYHBIX pa3bmenuii N<{, mma xoropeix H(M|{)>0. Torma
nt*=TnvT3nv..vT"nv..<{ Cregosatemsuo, A(T™!, n)=
=HMMY)=HM|{)>0. Ho o teopeme 1 A(T, n)=h(T~', n),
9ro0 u TpebOBAJIOCH [10KA3aTh.

Teopema 8 Jerko mepeHocHTCs Ha ciay4dalfi MOTOKOB.

CChIJIKM 1 KOMMEHTAPHUH

1° OmnpefiefieHHe 3HTPONIMH TIOSBHJIOCH BIIEPBHIE B HECKOJBKO HHOM
BHIe B pabore:

[1] KonMmoropos A. H. HoBhiii MeTpHyeckHif HHBapHAHT TpaH-
3HTHBHBIX aBTOMOPQH3MOB H TIOTOKOB npocTpaHcTB Jlebera// JJAH
CCCP.—1958.—T. 119, Ne 5—C. 861—864.

Han6osnee ynorpeOHTEeNbHBIE Ha3BaHMA-— METPHIECKas SHTPOIHS, 3HT-
ponus Kommoroposa, K-3HTpomHs H T. I

I'puBeneHnoe B 37Ol JIEKUHHA ONpeeSieHHe SHTponHA GIM3K0 K ompe-
JeJICHHIO, JaHHOMY B paboTe

[2] Curaii 4. T. O noHATHM IHTPONHHM IHHAMMYECKOH CHCTEMBI |/

JAH CCCP.—1959.—T. 124, Ne 4—C. 768—771.
B 3t0#t X*e pabore mosBHnace Teopema 3. 3aMeTHM, YTO JACTHHIA clydai
sTod Teopemsl mpuBomwil A. H. KonMoropoB B CBOHX Jexiuax (He
omybimkoBano). B ynomsmyToit pabote A. H. Kosmoroposa npuseneHa
Takxe Teopema 2. Jjoxa3aTelsCcTBO TeopeMH 1’ TIpHHAIUTEKHT
M. C. ITunckepy (MM He onyOJIHMKOBaHO, 9acTHOE COOOHIEHHE).

2° DHTpoImMiiHas TeOpHA AWHAMHYECKHX CHCTEM H3JIaracTcsi BO MHO-
THX MOHOTpadMAX, HampuUMep:

[3] Bunnaunrcau Il. proauseckas teopus u mupopmamms.— M.
Miup, 1969.—238 c.

(4] Walters P. Ergodic Theory. Introductory Lectures. Lecture
Notes in Mathematics, v. 458.— Berlin: Springer-Verlag, 1975.

(5] Kopadpensa M. I, Cunait . I'., ®omuu C. B. Bproau-
yeckas Teopus.—M.: Hayka, 1980.—384 c.

3° Teopus OpHCTeliHa H3J0XKEHA B €ro KHHTE

- [6] Ornstein D. Ergodic Theory, Randomness and Dynamical
Systems.— New Haven and London: Yale University Press, 1970. (Pyc.
nep.: OpHcTe#H [ Dproamyeckas Teopus, CAy4afHOCTh M AMHAMHYEC-
xue cHcreMbl. Cepus: Martematuxa. HoBoe B 3apybexHoif Hayke.— M.:
Mnup, 1978))

JEKIOHNA 7

TEOPEMA FPENMAHA, PA3EUEHUE ITMHCKEPA,
K-CMCTEMBI, TOYHBIE 3HAOMOPPHU3IMBI

MBI pokaxeM ceddac BaxHyl TeopeMy bBpeiimara, 06o6ma-
omyo 6ojee paHHOW Teopemy IllemHoHa — Mak-MusUiaHa.
IpemmonoxumM, yro T—3proawueckuii aBTOMOP(H3M NpPOCTpaH-
crBa ¢ Mepoil (M, #, p) u §—xoHeuHoe pasbuenue. [[ns mo6o-
ro xeM obosHaumm uepes C,(X) oieMeHT pa3GHeHHs
EvT '€ v..vT ™ "E, comepxalidifi TOYKY X.
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Teopema 1 (Bbpeitman; cm. [1]). daa n. e x

tim ~ 10 1 (Ca (1)) = ~ h(T; &)

n—s+

OTo yTBepX/eHHe MoKa3blBaeT, 4To mis GoypbinmHcTBa C, HUX
MEpLI p(C,,) B HEKOTOpPOM ci1aboM CMBICIIe OMMHAKOBHI M SHTPOIHS
XapakTEpH3yeT POCT 4YHCJIA THIHYHBIX 3JIEMEHTOB pa3OHeHus
Ev..vT™"E npu n—co.

HoxazaTtenncTtBo. HMeem

WCa () =p(Ce () Cpag, y pong (X)) x
x B(Ce (Tx) | Crogy v T"'“é(Tx)) o H(Ce(T™x))

IR (Co ()= 3, gues(T¥), Q)

k=0

re gm(x)=1np(Cy(x)| C7-1y, , r-n(x)). Cornacuo Teopeme [y6a

lim g, (x)=g(x)=1np(Ce(x)| CT”‘év“.vT""év...(x))=

=Inp(Cg(x)| Ce— (x))

mouTH BCIOMy. Mul yxe ormerwma, uto g(x)eL'(M, 4, p),

h(T, &)= —fg(x)dn(x).
N3 (1) cnemyer

1 i 1 &
Ani(C)=] T (T34, Y. (6r-4(T*0) - (T*¥)
n n= n. =
Teopema Bupkroda— XuHYMHA yTBEpXAAET, YTO NEPBOE ClAra-
emoe crpemurcst kK — (T, ). TIoaTOMy MBI JOJDKHEI JOKa3aTh, 9TO
BTOPOE CJAraeMoe CTPEMHTCS K HyMIO IOYTH BCIOAY.
IonoxuM G,(x)=sup|g(x)—gm(x)|. Torma MoxHo HamwucaTsb

m>n

n

fim | Y (g e(T40)—g(T*x) | <

n—aw (N k=0

<m L Y g (T—g(THy)1<

n—»wnk 0

<fm ! Z Gn(T* )— lim JGN(x)dp(x).

n——-aonk 0

3% 67



Oprako Gy(x)—0 m B. Kpome Toro,
Gy (x)<Ig(x)|+sup|gm(x)!.

Ecia MBI mokaxeM, 4To sup|g.(x)|e L' (M, #, p), To 310 Hact
TpeOyeMBIi pe3yiabTaT, NMOCKONLKY OYyAeT O3HAYaTh, 4TO

Jim [ Gn(x)du(x)=0.

Jemma 1. p{x|sup|gm(x)|>A}<re™, 2de r pasno uucay

anemenmos pasbuenun &.
Jdoka3aTeabCTBO. Beenem MHOXECTBA E,=

={x| 0mz.ixkl gi(x)I<A, |g(x)|>A}. Onm nomaprO He mepecekaroTcs
<j<

"
R{ENCy}=

= Y p.{CllT“C,-__ﬂ...ﬂT"‘C,-_.}x
CGNT'C,N-NT"Ci_,c BNG

xu{T'C;_ N..NT7*C;_}<e™,

a torma p{E}=Y u{E;NC}<re * Jlemma nokasana.

M3 neMMBI HEMEMJICHHO CHeAYeT, 9T0 (YHKIHMA Sup|g.(x)!
HHTETpUpYyeMa. DTO MOJHOCTHIO AOKA3LIBAET TeopeMy Bpeiimana.
Beenem HoBoe pasbmenne n(T)= V& 310 obosnavenue

ElB(T.6)=0
npuasTo B dectb M. C. Ilunckepa, B craThe KoTOporo [2]

yKa3aHHOE pa3OHeHHe HOABHIOCH BHEpBLle. Pa3buchue n(T) €CTh
MaKCHMaJbHOE pa3bHeHHe ¢ HyJeBoil »HTponmeil. ScHo, d4TO
Tn(T)=n(T). B ciyuae motokos n(S') He 3aBucHT OT f. OHO
obosrauaerca 7 ({S’}). dnx mero S*n({S‘})=n({S*}) npu Beex t,
—00<T<00.

B namei copmectHO#H pabote ¢ B. A. PoxnmamM [3] mokasana
cieayiomad Teopema.

Teopema 2. Jaa kaxncoozo asmomopgusma T cywecmeyem
usMepumoe pasbuenue £, obaadaowee caeoyrowumu ceoticmeamu.

1) TE2E 2) V TrE=¢;
3) ATe=n(T); 4) H(TE|E)=h(T).
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Ecau pasbuenue &' yoossemesopsem 1), 2), mo A T"E'>n(T). Ecau
h(T)<oo u pasbuenue E" ydossemeopsem 1), 2), 4), mo
A T"E"=n(T).

AmnanoruyHas TeopeMa IS MOTOKOB ObUna mokasaHa I'ypeBm-
yeM [4] m Bnammapom [5] Ha OCHOBaHHH OZHOrO pe3yjbTaTa
Pymomsda [6].

Ceifyac MBI BBeIeM BaXHOE IMOHATHE,

Onpenenenne 1. Aemomopdusm T naswisaemca K-asmo-
MoOpPusmom, ecau cywecmeyem pasbuenue & makoe, umo

1) TE>E; 2) VT E=g; 3) AT E=v.

Onpenenenue 1. IHomox {S'} naszsisaemca K-nomoxom,
ecau cywjecmsyem pasbuenue & makoe, umo
1) S'E>E npu ecex t>0;

2) V S'E=g;
t

3) VstE=v.

HanoMAMM, 9TO £ e€CThb caMoe MeJjiKoe pa3OHeHHEe Ha
OTIE/IbHbIE TOYKH, 4 V €CTh CaMoe KpynHOe pa3OHeHHAe, ¢IAHCTBEH-
HBIM - 3JIEMEHTOM KOTOpOro sBisieTcst M.

BykBa «K» wucmompdyercs B uecth A. H. KonmMmoroposa,
KOTODBIH BBEJI 3TH ONpEIETEHHS B MEPBOH CTATLE IO SHTPOIMH
JAHAMHAYECKOR CHCTEMBI (CM. CCHUIKH K INpenbIAyIleH JICKIHH).

M3 TeopeMsbl 2 HeMemIeHHO cieayeT, 4To 1 ecTtb K-aBTOMOp-
¢u3m Toraa u Tonbko Torda, koraa n(T)=v. To Xe yTBepxaeHHe
TaKxe BEPHO M IUIS ITOTOKOB.

Teopema 3. 1) Kaxcowiii K-asmomopdusm umeem cuemno-
Kpamuwiil aebezoeckuti cnekmp; 2) T asanemca K-asmomopduzmom
mozoa u moavko mozda, kozda T™ ecmv K-aemomopguzm npu
nexomopom m; 3) T obaadaem nepemewiusarnuem.

Hdoxa3aTenbcTBo. Bropoe yTBepxkieHHe MOXKET OBITh
JIETKO BLIBEJIEHO H3 TEOPEMBI 2, a TPEThE YTBEPXKICHHE CIIEAYET H3
epBOro.

' YrobBl [Ooka3aTh IMEPBOE YTBEpKICHHE, OOO3HAYHM tepes
H* nommpocrpanctso npocrpaacrBa L (M, 4, p), nopoxnenanoe
(yHKIMAMEA, H3MEPEMBIME OTHOCHTENBHO (A (T*E)), — o0 <k <oo.
Torma

L*(M, 4, )=& Y UMH'OH).
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Vxe 6bUI0 nokasaHo, uyro dim(H'©H%=o (cM. Teopemy 2
NMpeIbIAYIICH JeKIHN). ITO H JaeT HYXHBIH pe3ynbTraT. Teopema 3
JOKa3aHa.

AHANOTHYHOE YTBEPXICHHE CHPAaBEJIMBO IS IOTOKOB, HO
Joka3atelnbcTBO ero 6Gonee cioxno. Cnpasemnsa

Teopema 4. Ilomox {S'} sasasemca K-nomokom mozda
U MoAbKo moz2da, Kozda no Kpaineti mepe odun asmomopgpuim S*
ecmv  K-asmomopgusm.

BaxHOoCTh moHATHS K-CHCTEMBI COCTOMT B TOM, YTO B IIEJIOM
pslie cly4aeB Npolle JoKa3biBaTh cpaly K-CBOMCTBO CHCTEMSI M U3
3TOrO BHIBOJUTH 3PrOAMYHOCTH M HCCJENOBAThL CBOWCTBA TepeMe-
IMBAHAA. ‘

PaccmoTrpuM Temepb 3paoMopdusM T TIPOCTpaHCTBA ¢ MepOH
(M, #, p). BeeneM yOuIBAIOIIYIO MOCIIEAOBATENLHOCTh pa3OHEHHI
exT 'e=2T 2e>.2T "e>.. '

Onpenenende 2. Judomoppuim T Hazvléaemca mMouHbIM

andomoppusmom, ecau AT "g=v.
n

Tounble aBToMOpdH3MEI ObUIH BBeeHH B. A. PoxJMHBIM (CM.
[7]). Onu sBnsroTcs aHasoramu K-aBromMopgpusMoB. B gacTHoCTH,
TOYHBIE aBTOMOP(QH3MBI 3ProAWyHbl, HMEIOT CYETHO-KPaTHBIA
JIeGETOBCKAH CIIEKTP W TOJIOKHTENBHYIO 3HTPOIHIO.

B «kauectBe mpMMepa Bo3bMeEM M=S' ¥ paccMOTpHM
orobpaxenne 7T, 3aJaHHOE CTPOr0 MOHOTOHHON C 2-(yHKIHEH
f(x), f(x+1)=f(x)+d, rae d>1—mnenoe uucmo, f(0)=0, f'(x)>0
u Tx={f(x)}, rme {-}—mpobuas wacre. Scmo, uro T Hempe-
peiBHO. [JomycteM, 4To 7T HMmeeT abCOMIOTHO HENMPEPHIBHYIO
HHBADHAHTHYIO Mepy W C IUIOTHOCTBIO p(X)>0 (cM. Jiek-
Ao 12).

BBenem pa3buenus E,, Kaxablii 3JEMEHT KOTOPBIX €CTh
Takoi oTpe3ok A", yto T' oTtobpakaetr A{) B3aHMHO-0JHO3HAYHO
Ha BCIO OKPYXHOCTH S' (BKmoyas KoHOBI). UHCIO 3]€MEHTOB
pa3bmennus &, paBHo d". Takme OTpE3KH JIETKO CTPOATCH
HHIYKTHBHO.

Teopema 5. Ecau ), maxI(A{”)< o, 20e I—obbiunas dauna,

r i
mo T—mounwiii IHOOMOpPHuUIM.

HoxazaTtenbrcTBo. Kaxmpii astemeHT pasbmemms T e
coctouT u3 d" Todek U uMeeT BuA T ~"X mus Hekoroporo xe St
PaBenctBo T ~"ev £, =€ 03HA4aeT, 4TO IS JIFOOOro X mepecedyeHue
AP\ T "X COCTOMT B TOYHOCTH H3 ONHOM TOYKH.

Ipeanonoxum, uro cymecrsyer A A (A T ~"g), s KoTo-
poro 0<p(4)<1. Iokaxem, 4ro s JiF0GOro 8>0 MOXHO HANUTH
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no ¥ MHOXecTBa A,, A,, Beﬂ(én) TakMe, 4TO
In(45)—n(4)I<3,
k(45)—(1—p(0)1<8, n(B)>1-3,
u ecm G < A,, TO

ANC
r(C,)
€CJIH CE,. < A,, TO
rANC)
r(C,)
ect Ce B, To
m(K(C
—(—(—g'—))?l—?} " ’_(K_(Cﬂzl—s;

r(Ce,) IC,,)

rne K(C, ) = C;, —MHOXeCTBO TO4ek X, NPHHAUIEKALWX OTpe3-
xy G, 718 KOTOPHIX BHITIONHEHO HEPABEHCTBO

p(x){(Cy,)
[ e(n)dy

G

-1 | <3.

"o

M&! npoBefeM HOCTPOSHHE JIMIIL MHOXECTBA A, , TOCKOJBKY
MHOXecTBa A, H B cTposTCi aHANOTHYHEIM CrIoco6oM.

(Dm(cnpyeM MPOH3BOJIbHOE WHCIO 0>0. B Teopum Mepw
XOPOHLIO H3BeCTeH (aKT, YTO [UIS H-TIOYTH BCEX TOYEK OKPYXKHOCTH

. CNA
S! cymectByer mpemen  lim ﬁ(———Q—)=)(A(x) (p=m.B.), rIme
1ey—o  B(C)
X4 (x)—mHEouKaTOp MHOXecTBa A. Toukm MHOXecTBa A, MIs
KOTOPBIX 3TOT NpEJEN PaBeH 1, Ha3LIBAIOTCS TOYKAMH IUIOTHOCTH

MHoOXecTBa A. PaccMoTpAM MHOXecTBa

A;={Ce§,: tl—(E((—;)ii—)—l‘<8}.

Torma 3 ,(x "=—"$B'x,4 x). CnenosatensHo, p(A,)—p(A), 4, BLIOH-
A, n—>m

pas no pgoctaTowno GompumM, wmmeeM |p(A4, )—n(4)]<d.
BosbMmem mpoussonbHel oTpe3ok C; =A;. Torza T "o B3aMMHO-
OJHO3HAYHO oToOpaxaer AJe Ha SY"Ecmi T ecTh ecTecTBeHHAA
KOOpIHHaTa Ha S, TO MBI MOXEM BBECTH TaKyl0 KOODIHMHATY
T Ha Ao, 4TO T"°x(t)=t, 0<t<l.
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JemmMma 2. Cywecmeyrom abcomomuvie koncmanmu! by, b,, ne
3aeucswyue om ny, 048 KOMOPHIX

1 dx(v)
1S
1(A®)) drt

Hoxa3zatenbcTBo 3Toi JleMMBl OyaeT maHo mo3sxe. Ceidac Mbl
3aKOHYMM J0Ka3aTelbCTBo TeopeMul. s A™e A, (B

-0 J P )= J Ple)dx+8=

A4 ﬂA:nn) A ﬂ K(A?W))
_ p(x)I(A) _dx dx _
- J n (A(ino)) I(Agno)) +8< (1 + 8) (A(Iln)) = t0=
ANK(A") 4

dx
_(1+8)I—T I(A(M))dr+6<(1+8)b jdr+8.
4

3peck A=T" (4 (\A{). Tlockombky Ae.# (T ™€), MAOXECTBO
A He zapucuT OT A{™), HO 3aBHCHT TOIBKO OT A.
Tenepy ans A™e A, (VB MBI MoXeM HamHCaTb

<b,.

1 p(x)/(AG") dx
i = = =
o) J Pl R TAE)
ANK(A) AN K@)
dx dx
=(1-9) f 1(A<~°))>(1“8)JHE";T)“8=
AN K(8) A
dx 1
=(1-39) = I(A(""))dr 3>(1 S)blfdr—ﬁ.
i i
CrenoBaTennHO,
1-28 <lars 28
(1+8)b, ) ~(1-8)b,
a

J14 IocTaTOYHO MAJIOTO 8 3TH HEpaBEeHCTB2 NMPOTHBOPEYAT OPYTr
ApYTy, OTKYHAa H BBLITCKa€T YTBEPKICHHE TCOPEMBI.

JlokazaTenbcTBO NeMMBH 2. BozdbMeM nOBe TOYKH X',
x"€ A", MBI moxaxeMm, ITO
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JUI1 HEKOTOPHIX KOHCTAHT ¢;, c,. VMeeM

ne—1 dr

dt - il;!)f’(Tix’)’ -

dx

x=x'

OTKyIa

ST ()
nﬁ £(Tx") i=0 £(Tx")

Hanee, f'(T'x")=const, |f'(T'x")—f"(T'x")|<max|f"(x)||T°x'—

—T'x"”|. Touxn Tix’, T'x” npuHANEXaT ONHOMY H TOMY Xe
anementy &, _;. CremosatensHo, |T°x'—T'x"|<max/(Af~").
k

BMmecTe ¢ ycIOBHEM TEOpEMBI 3TO IaeT TpeOyeMbIH pe3ysbTar.
JleMma 2 [noxa3aHa.
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JEKIOHUA 8

SHTPOIINA AMHAMMUYECKHX CHUCTEM
C MHOI'OMEPHBIM BPEMEHEM. CUCTEMBI KJIETOYHBIX
ABTOMATOB KAK AMHAMMWYECKHE CHUCTEMBI

IIpouseonbHbit 3HAO0MOpdH3M T mnpocTpaHCTBA C MEpOH
(M, #, ) nopoxiaeT HKIA4ecKy:o mnonyrpynmy {T°} asmo-
MophHu3MOB 3TOro mpocTpascTBa. SHTponms h(T) MOXET pac-
CMATPUBATbhC KAK XapaKTEpHCTHKa BCEH 3TOH IOJYIDyNIIhl.
IOna noboro k>0 mnonyrpynna {T™} ecrts nomnomyrpymnuna
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nomyrpynmst  {T*}. TIpu stom ¢opmyna h(T*)=kh(T) ycra-
HABJIHBAET CBA3b MEXIY JHTPONHSMH TOJYIPYNOH H MOXIO-
ayrpymnsl. B ciydae aBTOMOpP)H3MOB MBI HMEEM IHKIAIECKYIO
TPyIIy H OpeAbiayllice COOTHOIICHAE CBA3BIBAET 3HTPOIHM I'PYIIIbI
u noarpymmel. Ceifdac MBI 0600LMM 3TH COOTHOIICHHMS Ha
fosiee mmMpokHi Knacc rpymm. Jlims mpocToThl obcymHM ciaydai
rpynnosl Z¢. Mpl mpeamonaraeM, 4T0 HaHO d KOMMYTHPYIOLHHX
apTroMoppusmoB Ty, T,, .., T, B BCca TIpyllla COCTOHT H3
aBToMopdm3moB Bupa T3 T% ... TH=T™, roe n=(n,, ..., n))€Z*.
Bo3bMeM mpou3BONIbHOe pa3bueHHe £€Z M mapajuiesiendnen
M={(n)|0<n; <R, 0<n; <Ry, ..., 0<n;<R,}. TMocrpoum pas-
6uenne &(l'[)— V T(’"& " paCCMOTpHM sarpommio  H (€ (IT)).

JlemMmMma 1 Cywecmeyem npeden

W(Ti, o T 9= lim L H(em).

1<igd l—IR

HokxaszaTtenbcTBOo. Kak m npu d=1, HalineM BHavaje
3Ha4YCHAE TMPABOH YaCTH, a 3aTeM NOKAaXeM, YTO OHO AeHCTBHUTEINb-
HO paBHO HAamMHMCaHHOMY Impeneny. IlonoxmuMm

d
(&‘)": \ \ ThHT%: .. T"' gV ThE.
i=1 —o<k;<w® k,<0
IMokaxeM, urto
1

H(E(m)=H(ENE)").

lim —
Rij—»®
lél‘SJ l—IRl

IIpoBeneM paccyxaenus npu d=2. W3 cBOWCTB 3HTpONMH

H(é(H))=H( vV T:'Tzzf,>=

0<n, <R, 0<n, <R,

-3 H<T'1'T’51§I V. TRTRE V T'{"T'i'zf,>=

0<n, <R, 0<m <n, 0<m, <R,
0<n, >R, 0<my<n,
m m.
= Y H(F,l VvV TPE VOV Tl‘Tzzé‘,).
0<n, <R, —ny<m; <0 —ny<m, <R, —n,
0<n,>R, —n,<m,<

Jns 6onbIIMHCTBA MHAEKCOB Ny, N, COOTBETCTBYIONIHE 3HTPOIHH
cxoastcs k H(E|(E7)?), a BKIaAOM OCTATBHBIX MOXHO IpeHE-
6peub. Bojiee mompoOHBIE PAacCyXOEHAS MBI OITyCKaeM.

f
Onpenenenue 1. A(Ty, .., T,,)d; suph(Ty, ..., Ty; E).
EeZ

74



Uncno h(Ty, ..., T;) €CTECTBEHHO pacCMaTpUBATh KaK Xapak-
TEPHCTHKY ~BCeH rpylmu {T™, neZ?. [lna nmpomsBonbHOlM
MOATrPYIIH Z4 =z 4 xomeynoro uumexca N=2Z9%:Z9 Bo3bMeM ee
o6pasyromme 7T, T2, vrs 7.

Hemma 2. h(Ty, Tz, ..., T)=Nh(Ty, Ty, ..., Ts) u ne 3asu-
cum om evlbopa cucmembl 00paA3YIOWUX.

VIBepXaeHHE JIEMMEI €CTh aHAJOI CBOMCTBAa OOBLIYHOM 3HT-
pomen A (T*)=|k|h(T) B OOKa3HIBACTCA TEM X& CIOCOGOM.

Jemma 3. Ecau h(Ty, ..., T)>0, mo h(T*™)= o0 das ar0bo20
asmomopgusma T®=T7 . . T%.

JokxaszaTenscTBO omark mnpoBeaem npu d=2. Ilpen-
NOJIOKAM Takke, 4T0 T=T®=T,T,. O6umii ciyuail Jerko
K 3ToMy cBoadTci. BospMmeMm pa3buenune &, nOmd4  KOTOpPOFO
h(Ty, To; £)>0. IMomoxum &"_',,,=|AI\</ TiE. Torna

’ Ism
h(Ta gn—'m)=H(§T-m'(§Tm) -)a
[}
roe (E™n) = YT kEma.=V V T{ITTIE. Nanee,
i=1i<m
m 1-1
HE™nl("m) )= X H(TYEl V TiEV(ET.)7)=
I=-m k=—m
‘m -1
Y HEl VvV TYEVTE™,) ).
I=—m =-m-1
Jlerko BHzeTH, 4TO TNpH JIOGHIX m
-1
Vv T"& VT HE™.)  <(E7)>.
=—m-
CrnenoBaTenbHO, MOCHEAHAS CyMMa HE MEHbUIC, YeM (2m+ 1) H x
x(E|(ET)?)>0. D10 o3nadaet, yro A(T)=(m+1)HE|E )?)
npr mobom m, 1.e. h(T)=0c0. JleMmma 3 noxa3ana.

Jlerko mocTpomTs NpHMEpH AedcTBHA rpymusl Z2¢ ¢ (T,
T,, ..., T;)>0, MOXHO €CTECTBEHHO ONpPEICIHTh O¢PHYJIIHEBCKOE
neiictere rpymnsl Z¢ m T. M. MBI paccMOTpHM ceidac BechMa
NONYJIAPHEIE M HHTEPECHBbI MPHMEDP [ApPYToro AEHCTBHS IPYIIIbI
Z°% xorna h(TPTP)<oco mnpa BeeX n,, ny, H MO3TOMY
h(T,, T,)=0. IIpeanonoxuM, 4TO HMEETCH MOCIEIOBATEILHOCTD
aBTOMATOB, I'le KaXObIii aBTOMAaT MOXET HAXOOHTLCA B OJHOM H3
KOHEYHOI'o 4Hcia cocTosHui. O603HaYHM MPOCTPAaHCTBO BO3MOXK-
HBIX cocTosHMi aBToMata depes A={aV, a®, .., aP}. Cocros-
HHE TOCJEIOBATENLHOCTH ABTOMATOB OMMCHIBaeTCH OecKOHEYHOMH
HOC/IEAOBATEBHOCTEI0 X={Xp}, Xn€4, —o0<m<co. IIpocTpan-
CTBO BCEX BO3MOXHBIX NOCJIEAOBAaTENBHOCTEH X oOo3HauuM M,
CIOBHT BJIEBO, AcHCTByromm# B M, obo3Hauum T.
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Jlanamuka BceH IOCENOBAaTENbHOCTH aBTOMAaTOB 3aJaeTcs
¢ynknuer @ (x_,, ..., X,), npEEAMalomeii 3Hauenus B 4. Ecm
B IaHHbIH MOMEHT BPEMEHHM IOCIIEAOBAaTEJIbHOCTh COCTOSHHIA
aBTOMATOB OINCHIBAETCd XEM, TO B CHEOyIOMA MOMEHT
BPEMEHA OHA OMHCHIBAETCA YEM, I€ Y={VYm} B Yu=0 Km-r» -
Xm+r). IIpeobpa3oBanane x+—y obo3nauuM T,. ScHo, yT0 T, €CTH
3HI0MOp(dH3M NPOCTPaHCTBa M, MOCKOJIBKY OJtHa MOCIICA0BaTE b~
HOCTb Y MOXET BO3HMKHYTb, BOOOINe roBOps, H3 pa3HBIX
nocnemopatensHocTeli X. Tpaekropms Toukm x@={x¥}, T.e.
T4xP=x9={x9} moxer 6bITh NpefcTaBicHa KaK KOHQHTYpaIHA
CO 3HaYeHASMM B A, omnpelelicHHas Ha moiypemetrke 520,
—w<m<oo, mpmieM XEtV=@x%_, .., x¥.,). SHcmo, uro
T, u T, xoMMyTHpYIOT. [lomycTHM, 9TO Ha mpOCTpaHcTBe (M, .#)
3aJaHa Mepa |, HHBapHaHTHas Kak OTHocHTedbHO T, Tak
B otHocuTenbuo T,. Torma oHa Oynmer WHBapMaHTHa H OTHOCH-
TEJIBHO MONYIpymmsl 3HAOMOpduiMoB THT%.

Jemma 4, h(TPT%H)<oo 04a mobbix ny, n,.

Joka3zaTenbcTBO. YTBEpKICHAC O4EBHAHO MIA n,=0.
Mb moxaxeM, 4ro h(T;)<oco. Obumi ciaydad ocTaBiIgeTcs
B Kav4eCTBE YNPaKHEHHS.

Bo3bMeM koHeuHOe pa3buemue &, 3IEMEHTH KOTOPOTO MOJY-
valTca mpa (EUKCAamuH KOODAOHHAT X,, |m|<k. Uucio smeMen-
toB £, He mpeBocxomuT p2**! JloctarodHo moOKa3aTh, 49TO
h(T,, E,)<const, Tme const HE 3aBHCHAT OT K.

3amerum BHauane, 410 & VT3 6 V.. VT;"Ei<Eiart n-
B camoMm gmene, Bo3bMeM X, T,X, .., T5x. dukrcammsa 3neMeHTA
C pa3buenns £,V T 71E, V...V T3 "E, o3Ha%aeT QHKCANAIO KOODAHHAT
X7, [tl1<k, 0<m<n. Kax cnenyer U3 onpeesieHus THHAMIKH, 33 JaHAC
Bcex koopmmHaT X, |s|<k+(2r+1)n ommo3HauHO ompemenseT
3HadYeHde BceX koopauHaT x™, |t|<k, 0<m<n. Toatomy

H(E_,kV T{lij,,V \ T{"E_,k)SH(E_,H(ZJ,1),,)<(k+(2r+l)n)lnp.

PasgenuB o0e 4acTH HEPABEHCTBA HAa N M YCTPEMHB n— 0O,

IOJIYYH M
h(Tz, §,)<(2r+ l)lnp,

9T0 W Tpe6oBasOCH IOKA3aTh.

Hrak, h(T1TH)<oo. U3 CBOMCTB 3HTPOMAH MBI 3HaEM, 4TO
A(TP" TPy =im|h(T1 T%). Ax. MAIHOp HOCTAaBWI CJIEIyHOILHH
BONpOC: MycTh HaHEl mocienosatensHocTH {nP}, {n¥}, npmiem
P s —ow, -0 1 nP/nP->c npu i—w, TOE c—
nocrosnnas. CHpalMBaeTcs, CYLIECTBYET JH Mpemes

(0] 0

lim KTV TE)
i~ (,,(;‘))z+(,,g))z'
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Ecsm 3TOT mpelnen CymlecTBYET W He 3aBHCAT OT BeiGopa
nocnenosatesnsHOCTed {nP}, {n§}, To ero ecrecrsenno HasBaTh
SHTPOIMEN 1O HANpPaB/IEHAIO, OpeaeseMOMYy 3HadeHreM c. Huxe
MBI JaauM 4YacTHYHBIA OTBeT Ha 3TOT Bompoc. Ob6cyxmaerca
TONBKO chaydai c¢>0.

Brauane HeCKONBLKO paclIHpHM Halle IPOCTPARHCTBO. BBemeM
npocTpaHcTBO M TOCHeNOBATENLEOCTEH, 3aJlaHHEIX Ha PpeIIETKe

Z2 1.6 {x¥}, xPed, —w<n<omw, —ow<s<oo. [Ipa 3TOM
paccMaTpHBaeMble IOCNEeI0BATEILHOCTH T4KOBHI, qTO
xO=xESY, .., x5 V). Yepes T; 0603HaTAM MO-TIpexXHEMY

CABHI BJIEBO BAONL TOPH3OHTAJILHOR OCH, a uepe3 T, o6o3Hadmm
cmpur Ha emumEny BEE3, T.e. T,xP=x{"V. JlocrommcTBo
npocTpaucTBa M B TOM, 4TO Teneph T, CTaHOBHTCA aBTOMOpPdH3-
MOM mpocrpancTtBa M. BpenemM B M Mepy fi, MONOXMB s
aoboro Habopa x&, ..., x{

r‘{xg‘), ey Xs:')}=u{xs'-"l +')’ ey Xs:,-l't)}’

rae t BeIbpano Tak, 4ro s;+120, 1 <j<r. B cHIy HHBapHaHTHOCTH
|l OTHOCHTeNnbHO T, HpaBas 4acTh He 3aBHCHT OT f. Jlerko Takxke
BHMJETDb, 4TO 3HTpONHA A (T T%), BHIMACICHHAA C HOMOMBIO MEPHI
1, paBHa 3uTpormHH A (T} T%), BHIMHCIEHHOM ¢ MOMOMIBIO MEDEI |i.
B ofmei sprommveckod TeopHH Iepexol OT 3HIOMOpdH3Ma
T, mpocrpanctsa (M, #, i) X COOTBETCTBYIOUIEMY aBTOMOp(E3-
My T, mupocrparcta (M, .#,{i) Ha3mBaeTCA E€CTECTBCHHBIM
pacmmaperdeM 3HIoMopdm3Ma (cMm. [2}, [3]). Manee ycrmoBHEe
SHTPONHH, YC/IOBHHIE MATEMATHYECKHe OXHIAHWA H T. M. 1O
OTHOILIEHHI0 K Mepe i Oyayr cHabxaThcA 3HAKOM ~ (THIbAA).

Beenem eme pan obosmavermit. Ilycte acR!, weR ™, I(a, w)
€CTb CEIMEHT, COCHMHAIONMIE TOYKH IUIOCKOCTH (a3, —1)
n(a+e 1, 0), '@, o)—no aMad y+ 1 =wo(x—a), y<0. SAcko,
aro I(a, ®)<T (a, ). Yepes £ o603mawmM pasbmenme mpocTpas-
ctea M, nomyuaromeecs B peayanaTe ¢ukcammn x. BeemeM
CIIEAYIONIAE YCIOBHBIE SHTPOIMH:

Al a)=A( v ENV v E),
mza+on

n=1 mza——

A o)=A( v BV v g

m<a+® n=1 m<a——
o

A(I(a, 0)=H.(I (a o)+ H,(I(a, w).

Bee 3TH 3HTPONHH KOHEYHHI, nocxomﬂcy 3HAYEHHA NEepeMEHHEIX
x npa m>a+e '+r B caysae H, m x{¥ mpE m<at+o~'-r
B cnysae H, ooHO3HAWHO ONpeNeNsIOTCA JJIEMEHTOM pa3GHeHns,

77



cToAUmM B ycnoBuH. OnpeaennM oTobpaxenne ¢ B MPOCTPaHCTBE
cermeutoB [(a, ®), monoxus Q(I(a, w)=I(a+0" ', ).
JJemmMma 5. Hycme p>0, g>0 e3aumuo npocmwi. Tozoa

WTETY)=' A(Q'(1)=a] (b, o) ab

oaa mobozo I=I(a, q/p).
HoxaszateascTBo. 3Hauenue h(T4T%) paBHO mupenmemy

g—1
A(TET%)=lmHA| Vv v Eolv v B9 ) o=q/p.
s—0 =0 a+e ‘n—s<m<

n<0 a+o 'n—s<mg
<a+o ‘n+s

<at+e 'n+s

Hcrnons3ys ¢opMyny Ui yCHOBHOW 3HTPONMH, Mbl MOXEM

MEPEMUCcaTh YCIOBHYIO SHTPOIMIO TIOA 3HAKOM Ipelena B BUAE
CYMMBI

g—1
Y i vooEw
1=0 ate Y-s<mg

VooV oEm)o
n<l |m—a—o <s
<at+o l+s

q—1
=Y A v o EOV % g ).
1=Zo ( é n<0 Im—a—m"(l+n)|ssa )

ato l-s<m<
<a+o tl+s

ITokaxeM, YTO KaXHO€ ClaraeMoe B IOCIEIHEH CYMME CXOIMTCH

npu s—oo k H(Q'(I)). Hocratouno paccMoTpeTh [=0, s

OCTaNbHBIX CIaraeMbIX pacCyXIeHHs aHajormuasl. W3 ompenere-

HHSA HameH CHCTEMBI CIEAyeT, 4TO

ﬁ( v EOlv Y g;p):
a—sxm<a+s

n<0 a+o n—s<m<
<a+o n+s
=A{ v EOv v EFOly Y &Y )=
a—-s€<m< a+s—r<ms< n<0 a+m"n—fsms

<a—s+r <a+s <a+® n+s

+
=f v EOlv vooEm )4
a+s—r<mg n<0 a~s+o - 'ngmg

<a+s <a+s+o 'n

+17< vV O
a—ssmg
<a—s+r

n<0 at+o 'n—s<mg at+s—r<m<
<a+o 'n+ts <a+s

Vv Y Env v Ef,?’).

B cuiay MHBapHaHTHOCTH MepHl [I OTHOCHTENBHO T IEpBoOe
claraeMoe PpaBHO

17( v EO

—r<m<0

% % Em ).
n<0 at+o 'n—-2s<mg

<a+o 'n
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TIpu BO3pacTaHMK 5 3TH YCIOBHEIE IHTPONHH YOBIBAIOT M CXOAATCS
x A ((a, _)). losicanm, 0YeMy BTOpBIE ClIaraeMble CXOISTCS NPH
s—oo k H,(I(a, )). DT0 yTBEepX/IeHHE BHITEKAET M3 pAAa PaKTOB
obmieil Teopru Mephl. 3aMETHM TpEXAE BCETO, YTO HA OCHOBAHHHA
MHBAPDHAHTHOCTH [I OTHOCHTENHHO T; MBI MOXEM paccMaTpHBATH

ﬁ( v E9lv v Emv % Eﬁ?’)- 1)
asm<a+r

n<0 ate 'n<msg a+2s—r<m<
<a+0 'n+2s <a+2s

Ha ocHoBanmu Teopemsl [lyba O CXOAMMOCTH YCIOBHBIX BEPOSAT-

HOCTeH

i(xY, asm<a+r|x®, n<0, at+o 'n<m)
€CTh Tpenen [I-OYTH BCIOAY YCIOBHBIX BEPOATHOCTEH
i, agxm<a+rx®?, n<0, ato 'n<m<a+o 'n+N) (2

npa N— 0. IToaTomy npu Gonbumx s u s < N<s+k 3TH yCIOBHBIE
BEPOSTHOCTH «IIOYTH» HE 3aBHCAT OT 3HaveHud xO, ato 'n+
+2s—r<m<a+o 'n+2s+r. Ho yclnoBHHE BepOATHOCTH

A(xY, asm<a+r|x®, n<0, at+o " 'n<m<a+
+o n42s; x9, a42s—r<m<a+2s)

MIPEACTABIAIOT COGOHM JMHEHHBIE KOMOMHAIMHA YCIOBHBIX BEPOAT-
HOocTed Tuma (2) Ompd pasNAYHBIX 3HaYeHHAXx xW, a+o in4
+2s—r<m<a+0 'n4+2s+r, ¢ BecaMH, 3aBHCADIMMH TIABHBIM
ofpazoM OT mepeMeHHHIX X%, rme m u n<0 mnpoberator
OTHOCHUTEJILHO He60m>my10 OKPECTHOCTh MHOXECTBA TOYEK
a+2s—r<m<a+o 'n+r, n=0. Hoatomy (1) npu s—+co cXoaHT-
ca k H(I(a, ). Tem cameM TiepBas popMysa B (pOPMYIHPOBKE
neMMbl 5 okaszaHa. BTopas ¢opmyia u3 mepBoi HemOCpEICTBEH-
HO cnemyer, nockonbky H(I(b, ®)) TOCTOSHHA Ha KaXIOM
HHTepBaNe JIMHBI q ' 3HaueHHii b, rae nonympsmas I'(b, ®) He
HOpOXOauT uepe3 To4kH pemerku Z2. Ipu s3tom H, HempephiBHA
cnpaBa, a H, HenpephlBHA ClieBa Kak GYHKIHH b.

Bepnemcs Teneps k Bonpocy Munropa. Iycrs Bragane n{?/n$
CTPEMHTCS K ¢ MOHOTOHHO, T. €. m6o nP/nP1c, mbo nP/nP |ec.

Teopema 1. B samux ycaoguax cywecmgyem npedea

(‘i

AT T)
RN

JlokazaTenbcTBO. Ha OCHOBaHHMH JNEMMBI 5

AT - T

n$ .
N ) H 1 b’ i db,
V092 +09)? /(0P +(nP)? ! (1(b, o))

U
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roe @;=ny/nY. TlepBeii COMHOXHTENL LPH i—00 CTPEMHTCH

K (c241) 12, Bropoii COMHOXHTEIL TAKXKe CXOOUTCH K Ipenemy.

B camom mene, H(I/(b, &;))=H,(I(b, ®))+H,(I(b, »;)), n npu

MO60M b KakIoe ClaracMoe OrpaHMYeH0 H MOHOTOHHO MO

i B cuny MouoTtorBEoctd n{d/n{. Cnenosarensro, lim H(I (b, ;)
1=

CYLIECTBYET, H TEM CaMbiM TeopeMa MOKa3aHa.
IIpuBenenubie BBILE pacCyXkICHHs OJHM3KO CleHyloT Moei
cratee [4). Kak 3amermna K. Iapx [5], npemems pa3Omenmit
a a
v v B mm VoV EC
n=1 m>2b—— n=1 mgb——
®; (0]

IpH i~ 00 MOTYT OLITh, B IpHHTHIE, PA3JIAYHbI, B 3aBACAMOCTH OT
TOro, Kak @; CXOMMTCA K mpemeny. Ecmu 3Tr pa3bueHns
BO3PacTalOT MOpH [—00, TO OHH CXOOATCA K pa3OHeHHFO

a a ~
v v E mm v Vv ECY
n=1 m>b—— n=1 m<b——
o; o

Ecm ke oHM yOHBAaIOT, TO MOXET BO3HHKHYTbL NPEACIbHOE
pa3buenue, GoJblee COOTBETCTBYIomWero pa3bmenus. Ecau Takoe
OEUCTBATEILHO BO3MOXKHO, TO Ipeldel B TeopeMe 1 MOXeT
3aBHCEeTh, OT cmocoba mpemensHOro mnepexoga. Crnpasennsa,
OMHAKO, CIEAyIoIlas TeopeMma.

Teopema 2. Jaa noumu écex (no mepe Jlebeza) c npedea
8 meopeme He 3a8ucum om chocoba npedeabHO20 nepexooa.

HokaszaTtenbcTBO. 3adukcupyeM b H  paccMOTpHEM
H,((b, ®). Ha moboM mHTepBaje NO ®, rAe pa3bmeHme, wis
KOTOPOTO BHIYHC/ISETCH YCJIOBHAsA SHTPONHMSA, HE 3aBHCHUT OT ,
¢yuxua H, (I (b, ®)) He Bo3pacTaeT Kak (yHKIHSA O H paBHOMEp-
HO orpaHmdeHa. IloaTroMy cymiecTByeT He 6oJiee CYETHOTO 4YHCIIA
sHavenmii m;(b), j=1, 2, ..., rae 3Ta QyBKIMs pasphiBHa. AHaJO-
rM9HOE YyTBepXkaeHHe cnpapemmBo mia H;(I(b, w)). Ilostomy
B npocrpancTse map (b, ) neberoBa Mepa MHOXECTBA TeX TOYCK,
roe H,(I(b, ®)) wm H,(I(b, ®)) pa3peiBHa Kak (yHKOHA ®, paBHA
0. Ha ocHOBanuH TeopeMbl @yOHHE [UIS MOYTH BCEX ® MHOXECTBO
Tex b, rne H(I(b, ®)) pa3puBHO (Kak ¢yBEKIMA ©), AMeeT Mepy 0.
Ecim H (I (b, ®)) moutn Bcroay (mo b) HenmpephlBHAa B TOYKE M, TO
mpedesl B TeopeMe | He 3aBHCHT OT cmocoba InpeleibHOTO
mepexoga. Teopema 2 pgokasaHa.

CCbIJIKK K KOMMEHTAPUHU

1° DHTpONHA AMHAMHYECKHX CHCTEM C MHOTOMEPHEIM BPEMEHEM
CHCTEMATHYSCKH M3yYallach BHEpBeie B pabote

[l]Conze J. P. Entropie d’un groupe abelien de transformation//Z.
Wahrscheinlichkeitstheorie Verw. Geb.—1972.—Bd. 25.—S. 11—30.
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2° TToHATRE eCTECTBEHHOTO PACIUIMPEHHS SHAOMOpdH3Ma GbLIO BBele-
Ho B. A. PoxnuubiM B ero pabote
[2] Poxnmuu B. A. Tounwe sxHnoMopusmel npocrpancrsa JleGe-
ra//A3s. AH CCCP. Cep. mar. 1961.—T. 25.—C. 499—530. Cm. Taxxke
3] Kopadbenasn U.TI, Curaii A.T., Pomun C. B. Sproau-
geckas Teopus.— M.: Hayka, 1980.—384 c.
3° OOcyxpaenue Bompoca MuIHOpa CM. B CTaTbhe
[41Sinai Ya. G. An answer to a question by J. Milnor//Comment
Math. Helvetica.— 1985.— V. 60.—P. 173—178.
B »sroffi craThe HMMeeTCS HETOMHOCTh, Ha KOTOpyro ofpaTHiia Moe
BauManue K. Ilapk:
[51 Park K. Letter (micsMo aBTOpY).
VsnoxeHne B JIEKUMM HCHPABICHO C YYETOM 3JTOTO 3aMeYaHUA
K. apk.
B meonmyOymkoBaHHOM MHTepecHOH pabote TyBeHO MOCTpOeH npHMep
IBYX KOMMYTHpYIOUMX aBTOMop¢m3mMoB T, T,, AIA KOTOpBIX
h TP 9
1) u—zl>1 g JoOBIX JBYX B3aMMHO IIPOCTHIX p, ¢;
/ P2 + q2

2) h(T1T5%)=0, ectu r, 5 TakoBbl, 4TO ps—qr+#0.



YACTbDH III
OAHOMEPHASY JUHAMMUKA

B 5TO#f YacTH MBI paccMaTpHBaeM IWHAMHYECKHE CHCTEMEI,
OTBEYaIolIde OJHOMEPHBIM OTOOPaXEeHHSM, T. €., KaK NPaBHIIO,
OTODpaXeHHsAM OTpe3Ka HMIH OKpyXHocTH. Teopus Takux 0T0O-
paXKeHH# CONEPXKHUT MHOIO KpPaCUBLIX H TJIyOOKHX pe3ylbTaToB.
O HEKOTOpBIX M3 HHX M HIET peib HHUKE.

JEKUIUA 9
HEHNPEPBIBHBIE JPOBN N JPOBHX ®APES

Bo MHOTHX COBpPEMEHHBIX HCCJICIOBAHHSAX TCOPHH IHHAMHYECC-
KHX CHCTeM O60JblIyl0 pOJp HIpalOT CBOHCTBA pa3JIoXeHHi
JEHCTBHTENbHBIX 4YHCEI B MENMHBIE OpoOM H TECHO CBA3AHHBIE
¢ EuMu gpobu Papesn. Ilo3TOMy HMEEeT CMBICT TOCBATHTH
COOTBETCTBYIOLIMM BOIIPOCAM OTHENBHYIO JICKIHIO. BrocieacTsuu
MBbl HEOAHOKPATHO OydeM oOpaillaThCs K pe3ysbTaTaM, KOTOpHIE
3gech OYOyT YCTaHOBJIEHEI.

BoszemeM e [0, 1]. Ero pasmoxenneM B menHyoo Apobb
Ha3BIBAE€TCA MPEACTABJICHWE O B BHIC

rge Bce ky=1 mensle. DTO TpeACTaBieHHEe OOGBIMHO 3aNMCHLIBAETCS
B Buge o=lky, k;, ..., k,,...]. llenHas npoOp kxoHeYHa TOrIa
M TOJBKO TOTJA, KOT[a (® PaillMOHATIBHO. DJIEMEHTHI IICTHOH ApoOH
k, HaxomATCd MOCHEJOBATENLHO M3 COOTHOLUCHHH ® =g,

1 1
Oyt 1 ={m_}, knet =|:(—o—:|, rne { },[ ] xak Bcerma, o6o3navenus

n

Ui ApoOHOH M IEeNoM 4YacTH uucia. MBI BHAMM, YTO NPOIECC
00pa3oBaHAs HENpepBIBHOM APOOH TECHO CBA3aH C OTOOpAXEHHEM

1
T otpeska [0, 1] na cebs, onpenensembiM (opmynoit mH{a}.
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B uacrhoctn, Tw=[k;, k3, ..., kn, ...]. Dprommdeckue cBOHCTBA
T 6yayt obcyknmatecsa 4yTh Hmke. Ceifuac Mbl obcymaM reoMer-
pPHHECKYIO KOHCTpYKLHMIo wmcen k,. Hammmem

(D=[k1, kz, ceey k,., ...],

Pn
(D,,=[k1, kz, ceey k,,]=——.
qn
Yucno ®, HA3BIBACTCA n-i  momxopAleH I[p06b10 YHCIA O.
XOpOIIIO H3BCCTHO, YTO ®, OCYIUCCTBJIAIOT HAMIYYIUHRC anIpPOK-
CHMAllHH ® paldOHAJIbHBIMH YHCJIaMH CO 3HaMCHATEJIEM, HE

MIPEBOCXOAMAIIMM ¢,, B TOM CMBICJIE, YTO |®—®,|< . Yacna

4nqn+1
4, CBfA3aHBI OPYT C JPYIOM MOCPEACTBOM ILENOYKH COOTHOLICHHHA

Gn+1=Knr19n+Gn-1 0))

C HavaJbHBLIMH ycioBusMH ¢_; =0, go=1.

IMycte S' ecTh emmumuHAag OKpyxHOCTh. OOo3HAUMM vepe3
R, moeopor S' Ha yron o, T.e. R,a=a+ow(modl). B stoMm
o0o3HavYeHHH  TpeAmoJaraercs,
yro a€ [0, 1). HepaBeHCcTBa

A
kio<l<(ki+1) o :

03HA4YaIoT, 4T0 S' MoxeT GBITH
mokpHTa (k;+1) OyraMe UMHEL
® ¥ He MOXeT ObITh IOKpHITA
k, Takmmma gyramu. PukcHpyem
Touky OeS' u 0603HaIMM uYepe3
A® nmyry, XOHIAMH KOTOpOM
ciyxat Touku O 4 0+ 0. Toraa
AO=RIIA®, 1<igk,, npen-
cTaBisioT cobo#l HemepekphIBa-
jolMecs, MPAMBIKAIONME APYT
K Ipyry myrd mmesl ®. O6o3Ha- Puc. 9.1

yam AV ayry, konmamu xoTopoit

cnyxkaT ok, # O (cM. puc. 9.1). OrtHomeHme mmHH A
A pasmo

(0)
1

ky

(. S
IAP) 1—kjo  ky+[kz> o Ky ]

= = =[ks, ..., kn, ...]=To.
AP e I L

Kyt [k2y o ns -]

Mo BumaM Takke, uto [(AP)<I(A(). Taxum xe obGpazoMm
MB MOXEM IIOCTPOHTb MAKCHMAJIBHO BO3MOXHOE 4HCIIO
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HOpEMEIKarolHX Ayr muenl [(A{Y), HaumHas C JeBOM rpaHuUIBI
A? (cMm. puc. 9.2). Obo3Hadum Hx HHCIO 4epes m. Torma
ml(AD)<I(AP) <(m+1)1(AD)
1 1(AP)
—=
"STe I(AD)

1
3OTO mOKa3kBaeT, 4YTo m=| — |=k,.

<m+1.

-

To

O6o3nayaM gepe3 AP ocraBmyrocs ayry. Toraa
1-k I(A&”)

1AP) _1(AP) 1(AP)  TIAD) 1-kTe

=[k3, k4, ...]=T2(D.

AD) 1(AD) 1(AP) Te To
Tenepsb yxe SCHO, YTO BCe Kk, MOTYT OBITH IIOCTPOEHBI C TIOMOHIBIO
r A Y A- ) 0
C ' T C >
Y Y
A(10) A:”
Puc. 9.2

HEKOTOPOro BapHaHTa aJroputMa EBximoa. A HMEHHO, Jo-
MycTEM, 4YTO yxe mnocTpoens ayrm AP~V AP, mmerommnme
O cBouM OOIMM KOHIIOM H JIeXalliFe TIO pa3Hble CTOPOHHI O, B

Ay

HAe—Y)
Hauap ¢ xosma A{ Y, ormmuHoro or O, MOCTPOHM MHOMKECTBO
OPAMLIKAFOIAX Oyr, paBHbIX A{", B MakCHManbHO BO3MOXHOM

umce 0 o603HaIAM ocTasirytocs Oyry depes Ay, Ecim m ecthb
YHUCIO TAKHX HOYyI, TO

mI(AP)<I(AL~ D) <(m+ 1) I{AP)
ey
""[ 1<As->)] [T"m] ki

HAY*Y)_I(ATD)—k,(AY) 1 [1]={1}___T<m,m

1(A™) 1(A™) “Te |Te| |Te

=T"(D.=[k,,, k,|+1, ]

Onnum #3 KOHNOB Kaxnoii ayru A cayxur O. ITokaxeM, 4To
Apyro# kxosHen ectb RZ0. Ilpn n=1, 2 310 nerko cienyer u3
onpezenenui. JIjs NpOH3BONBHOIO 7 BOCMOJIB3YeMCS HHIYKIMEH.
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Homnycram, wro it AP, A® nawe yTBep)aerne noxasaro. M3
KOHCTPYKIHH M HBIYKTHBHOIO INpPEINOJIOXKEHNS BHTEKAET, 4TO
nepsass ayra mumEel /(AY), kOTOpas HMEET OJHHM M3 CBOHX
KOHOB R%™'0, Moxer OwITL mpencTasieHa kak R%»™ 1 A®.
Iocnexyromme Ayrd uMeoT BHRX R%-+%(A®), R&-1724.(AW)

, R&-1* k= Da (AM) Jlyra R%-s*hed AR HakpbiBaeT O. Tosto-
My ee KOHell, TMpHHaJIeKanmia A, CCTL R&-1hists = RE+10
BBHIY PEKYPPCHTHBIX CooTHOmIeHHH (1).

Monoxum AP =R."TAP,

Teopema i. Cucmema omipeimeix dyz APV, 1<i<q,, AV,
1<j<q,-1, 0bradaem credyrowumu ceoilcmeamu:

AET_I’OAEZ'”):Q’ I #1;
APNAD =, j, #iy
A:."" N AE’:“ D= Q IpHA BCEX DPACCMATPHBAEMBIX J,, Jj,;

2) U A""”U U A""-—Sl (mod 0).

i=1

JdokxasaTeabcTBO. Hpn n=1, 2 yTBepXAcHAEC TECOPEMBI
CNIEHYET H3 ONpeJCTcHHA H KOHCTPYKNHM. PaccyXIas mo MHIyk-
MM, MBI JOJDKHBI paccMoTpeTh AY, 1<i<g,+1, APYY, 1<j<q,.
W3 KOHCTPYKIMH TakxXe CTENyeT, MTO CpemH BCeX ,uyr AP,
1<j<qn+1, TONBKO Hemepecekamommecs ayrn AP, .
0<j<ky+1—1, nprHamiexar A"~ u nexar Bre A" Y. Cnenosa-
TENBHO, BCE MYTH A"" 1<]<q,,+ 1, He nepecexaxo-rcx c AP*D,
IlepBoe HemycToe nepeceqemxe AP N A™ # & TPORCXOMHT TOJIBKO
npH i=14+¢,-, +k,.+1q,.—l+q,.+1>q,,+1. TeMm CaMbIM

APNAP = npu Beex i, #i,, 1<iy, i,<q,,,.

I/ICl'IOJ'IbSy}I TOT (axT, 4TO KOHEN A‘l"’, oT/MuHEI OT O, €CcTh
R%0, nerko nonyuaeM, uto ATV < AP u APV N AP = upu
1<1<q,, Takum obpa3oM, Bce A " 1<1<q +1» HE TEPECEKAIOTCA
Mexny coboii M He nepecelcam'rcx co seemn AT'Y 1<j<q,.
Ocraerca ToNbKO MOKa3aTs, 9o AT VA V=g mpu 1<j,,
J2<4,, j, #j,- DTO JKBHBANEHTHO TOMy, 910 A"'“’ﬂA‘"“’ 7]
npu Beex 1<j<g, Ho onaTe-TakM, KaK ClEAYeT M3 xonc-rpylcmm,
HENMYCTOE IIEpeceYcHHe A‘l"“)ﬂAg"*” BO3MOXHO TOJBKO MpH
i>gq,,,- TeM caMeIM 1) MOJHOCTRIO AOKA3aHO.

Jng mokasatenbcTBa 2) CHOBa chonbayeM mmyxnmo Hs

HMHIYKTHBHOFO IPEANOJIOXEHHS CIIEAYET, YTO U AP~DY U AP =
i=1 ji=1
=5!(mod0). 3ameTHM Temephb, 4TO
kpey—1 .
(-1 o) m+1)
AP D="U A, L UAGHD,

1+gq,.
=0
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IMMostomy mpu Bcex 1<j<gq,

kyry—1
n—1) __ (n) (nt1)
A7 7= U AR e UATT

=0

1= (] Aroy U A®=
=1 =1

Q Kooy

Ga-1
U A("+1)U U U Aﬂnlq.q“qu .Ul A§H)=
j=

U APV U A{” (mod 0),

j=1 i=1

4T0 W TpebOBaNOCh [OKA3AThb.

O6o3HaunM uepe3 £, pa3OHeHHe OKDYXKHOCTH S' Ha Iyrd
AP, 1<i<qy, 1 AP, 1<j<g,-;. Torma §,<&3<... <6,
H VE,=¢ (mod0) (cMm. nexmmro 2). IlocnemHee yTBepXKOcHHE

n

B TONHOM oOLeme OyOeT [OOKa3aHO B CIEQYIOMICH JIEKIIMH.
OnHieM Tenepb CBOCOOPA3HYI0 CHMBOJIHMYECKYIO JHHAMHKY TOYEK
S!, cTposimiylocs TpH TOMOIDH MOCIHENOBATENBLHOCTH pa3-
OuneHmit £,.
Bo3pMeMm e S', He NMpHHAMIEXAUIYIO CYETHOMY MHOXECTBY
KoHHOB Becex ayr A®. Tlonoxum
dn-1
- _ (n)
en(@)=—1, ecnu  we () AP
j=1
Ecmm weA Y npm HekotopoM i, 1<i<gq, TO B cuiy
KOHCTDYKIMH
kyey—
n-1)_ o n+1)
A; =V Aq. 1+, HUATD,
j=0
U [yTH B TIPABOM YaCTH IOCIECAHETO PABEHCTBA HE IEPECEKAFOTCA.
MonoxuM e, (w)=j, 0<j<k,, ,, ecnu weA, g+ B
e,(0)=k,,,, ecn oeAlTD. Tem camemv e, (m) “TIpHHAMaeT

k,,,+1 3HaueHmii. Jlerko NIpOBEpHTb, YTO COOTBETCTBHE

o<, (0), e3(®), ..., e (®), ..)=¢

B3aMMHO-OJHO3HAYHO B TOM CMBICNIE, YTO pa3HBIC O HMEIOT
pa3sHBIE CHMBOIHYECKUE MPECTABIICHHUA e.

Ilycrs /— neberosa Mepa Ha S'. OHa mOpoXAaeT pacnpeznee-
HHE BEPOATHOCTEH B IPOCTPAHCTBE IOCIEAOBATEILHOCTEH e.
MoxHO mnoka3aTh, YTO IUIi THIHYHLIX (), HAlpEMeEp A TeX ,
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IUI KOTOPBIX k,<const-n" npH HeKoTOopoM y >0, 3T0 pacnpenee-
HHE BepOATHOCTEH 06/1aAaeT XOPOIMMMHE CBOMCTBAMM TepeMEIITNBa-
HUS. Mbl He OCTaHaBIMBAeMCs HAa 3TOM NOAPOOHO.

Jlemma. Bossmem moboe vy>1. [Jan noumu Kaxcoozo
®© moxucro Hatimu nocmosunyilo C=C(®) makywo, umo

k,<Cn".

HdoxazaTteanncTBo. Beugy memmel bopens —Kanrenmm
JAOCTATOYHO J0Ka3aTh, YTO k,<n” NpH BCEX HOCTATOYHO O6OJIb-

] d
mux n. [Tycte p—wuBapuanTHas Mepa mis 7, du=(—1:_-9)1—2 (eMm
®)in

mekmuro 1). M3 HHBapHaHTHOCTH P HMeeM

const
nY

p{olk,2n"}=pl{olk,2n"}~

IIpu y>1 npaBas yacTh NMPEACTaBIACT COOOM WIEH CXOMAIIETOCs
psaa 1 jgemMa bopens—KaHTennnm paeT HYXHBbIH pe3yibTart.

HerpynHo mnokasatb, 4T0 7 eCTh TOYHBIA 3HAOMOPGHU3IM
npoctpaHcTBa ¢ Mepoi (S, p(w)dw), p(m)=——1———. bnn3koe

(1+w)in2
yTBEpXKOCHHE [IOKa3bIBaeTcs B JIEKHHH 12.

Temepps MBI 0GcyauM BKpatie apo6u dapes H oTHOcsIIeecs
K HAM paepeso apes, a Takke HX CBA3b C TEOPHEH IEMHBIX
npobeit. [lpobu Papes mHOorna HCHONB3YIOTCS NPH NPAMEHEHAH
METOAA PEHOPMIPYIMNbLI B TEOPHH JHHAMHYECKHX CHCTEM. 3aru-
IEM palHoHaJIbHOE YHCIO p/q B BuIe (p, q). Cymmoit Papes WiIn
MeJMaHoH IBYX palMOHAJNbHEIX wucen (P, ¢q1) A (P2, ¢2)
HA3BIBAETCA palMOHANBHOE YHCIO (p;+q,, p2+4q2) Win (py, ¢,)P
®P2, 42)=(P1+P2, 91+92).

Bo3spmeMm gaBa mpocredimmx uwmcna (0, 1)=0 uw (1, 1)=1.
CoeauHsIolni HX OTPE30K HA30BEM OTPE3KOM HYJIEBOIO YPOBHS.
B3se mMemmaHy oT koHHOB 3toro orpeska (0, 1)@(1, 1)=(, 2),
pa3obbeM €ro Ha JBa OTpPe3Ka IEPBOTO YPOBHA. 3aTeM KaKIbIH
OTPE30K IEPBOro YPOBHS pa3bHBaemM Ha JBa OTpe3Kka BTOPOrO
YPOBH#, B3SB MEOUAHy €ro KOHIOB, M T. I. Ha n-M ypoBHe MEI
OyaeM HMeTh 2" OTPE3KOB n-ro ypoBHS. SICHO, YTO KOHEIl KaXIoro
OTpe3Ka ecTh palloHabHOE YHCH0. boyee Toro, MOXHO mMOKa3aTh,
Y70 m060¢ PalMOHAJBLHOE YHCJIO CIYXHT KOHIOM OIHOIO H3
OTpE3KOB Kakoro-mmbo yposasa. Ilpm 3TOM mpomecce MakcuMaJb-
Has [UIHHA OTPE3KOB n-r0 ypOBHS cTpeMHTCAs kK 0 mpm n—oco.

HUcnons3ys orpesku dapes, MBI MOXEM IOCTPOATH COOTBETCT-
BYIOIIY}O CHMBOJIMYECKYHO JHHAMHKY. A HWMEHHO, BO3BMEM Hp-
paunonansHoe aucio we [0, 1]. TTonaraem fi (0)=0, ecnr ©<1/2,
H fi(®)=1 B mnporusHOM cnyyae. [lOMycTAM, 4YTO MHI YyXe
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onpegemuml fi (®), ..., fu—1(®) 1 wel,_,, toe I,_;—onuH H3
otpe3koB ®Papes (n—1)-ro ypous. Torma I,-, pacmagaerca Ha
aBa orpeska I,, I, nro yposHa. Ilomaraem f,(w)=0, ecnm
® MPHHAIJIEXHUT JIEBOMY OTPe3Ky, H f,(®)=1 B IPOTHBOIOJIOKHOM
ciayvae. TakuMm obpa3zoM, © Kkoaupyercs OeCKOHeYHOH moc-
negoBatensHOCTEIO f (@) =(f; (@), f2(®), .., fo(®), ..), ® 3TO
KOJMPOBaHHE B3aHMHO-OJHO3HAYHO Ha MHOXECTBE HPPallHOHA/Ib-
HBIX YHCEJL.

BBenem otobpaxenme F, oTBedaroliee NOCTPOEHHOH CHM-
BOJIMYECKOH AWHaMHKe. A HMeEHHO, ecmu o< f(®), TO
F (0)<>(f2(®), ... Hetpymso nposepuTs, 4TO

2 npu ©<1/2,

F ()= :
2_5 mpu o> 1/2.

B. JI. Bonesuy moka3zajl MHe IUTOTHOCTh HHBAPHAHTHOH abCoOIIOT-
HOH HempepbiBHOX Mepbl i F. OHa uMeeT BHA

1 1
p@)=+—.
o l-o

1

SAcHo, uTO j'p((n) do=0c0. ITO CBA3aHO C TEM, YTO TPAEKTOPHS
]
CJIMIIKOM MEIUICHHO IBIKETCA B OKPECTHOCTH Touek =0, 1.

Bonee wuHTepecHble 3ProJHYECKHE CBOMCTBA MOSBISIOTCH, €CIIH
MepedTH K TaK Ha3blBa€MBIM MPOH3BOAHBIM  OTOOpaXCHUAM,
CTPOSIINMMCS IUIA HEKOTOPBIX HHTEpBayioB. B. JI. BoneBu4 mmeer
psl pPe3yAbTATOB B 3TOM HAaIlpaBJICHUH.

AnmpoxcuManud Papes TecHO CBA3aHBI C HENPEPHIBHEIMHU
apobsmMu. MOXHO MOKa3aTh, YTO KOHIBI OTPE3KOB 7-TO YPOBHs
OTBEYAIOT KOHEYHBHIM LEMHBIM JApoOsM, Yy KOTOpBIX CyMMma
3JIEMEHTOB Kk, paBHa n.

BcomenMm Hame oGosHauenme A s oTpeska, KOHLAaMH
KoToporo ciyxaT O B RO, u paBeHCTBO

N kper =1 .
A(ln-h: U R(q;fl"'lquA(l")UA(l""'l).
i=0
Torpa anmpokcuMarmuaMu Papes, T. €. KOHEUHBIMH CJIOBAMHM
(i), ..., fo(®@), cuyxar

Pa-i Pn PrtPe-y 2PstPh-y (kns1=1)patPa-1 Pas+1

qn—l’ qn’ qn+qn—l’ an‘HI-—n’ T (kn+l—1)qn+qn—l, qn+l’
OTH 4HCNa SBJISIOTCA KOHIAMH OTPE3KOB R&-17/a-AlM,
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CChIIKM U KOMMEHTAPHUH

1
Oproayeckue cBoiicTBa oTobpaxerua T®=<— > HIYIAJIHCh HHTCHCHB-
©

HO B TEYECHHE MHOTHX JeT. IloclenHHe pe3ylbTaThl KacaloTCcAd aHAJIH3a
y6uiBaHHA KOppEIIsAIMii

Jotrase (o0 )

JUIS Pa3JIMYHEIX KJIACCOB (YHKUMI; CM., HApuMep,

Mayer D, Roepstorff G. On the Relaxation Time of Gauss
Continued-Fraction Map //Journal of Statistical Physics.— 1987.— V. 47.—
P. 149; 1988.—V. 50.—P. 331—345,

HEeTepecHnie 06001IEHH HEMHBIX ApobeH M3YYallHCh C TOYKM 3PEHHS
sprogudeckor Teopun C. Urto, I'. Hakama, C. Tanaka; cm., Haupumep,

Nakada H. On Ergodic Theory of A. Schmidt’s Complex Continued
Fractions over Gaussian Field. —Preprint.—Keio University, 1987.

Teopua npobeit dapesd H3TAraerTcs, HanmpuMep, B KHHTE

ByxmTta6b A. A. Teopus uncen—M.: IIpocsemenne, 1966.

Xopotiee BBENEHHE B BECh ITOT KPYT BOIIPOCOB CONEPXHTCH B CTAThE

Kim S, Ostlund S. Simultaneous rational approximants for
physicists // Phys. Rev.—1986.— V. A34,—P. 3426—3434.

JTEKLOHUA 10

TFOMEOMOP®U3MbBI 1 JUPPEOMOPOPU3IMbI
OKPYXHOCTH

B 270l NekmuE MBI 06CYIHM CBOMACTBA OJHOTO H3 IPOCTEHIIHX
KJIACCOB THHAMHYECKMX CHCTEM — IOMEOMOPGH3MOB OKPYXHOCTH.
CooTBercTBytomas Teopuss Obuta Hauata [Ilyamkape, [damxya
H B HACTOsINEe BpeMs H3JIAraeTcsi BO MHOTHX Yy4eOHmKax
u MoHOoTpadusx. [IoaToMy 3aech MBI B OCHOBHOM OCTAaHOBHMCS Ha
Oonee MO3AHUX HCCIIENOBAHUSEX.

IpenmonoxumM, 4YTO @ €cTh CTPOro BO3PACTAIONIAs HENMpPEpPHIB-
Has (yHxums, 3aganHas Ha R, mis xoTopoit @ (x+1)=¢@ (x)+1.
Omna onpenenser romeomopdusm T, okpyxHoctd M=S!, neiicr-
sylomit mo dopmyre x—{o(x)} m T,x={p(x)}.

Teopewma | (Tlyankape). Jan kancoozo X cywecmeyem npeden

lim ! ?(¢(--9(x)...),= lim l(p""(x)=o),
nowon LEX R0
n pas
He 3asucawuii om X.

Yucno © xapakTepH3yeT CpelHee BpallleHHE 3a OQUH Luar | Io
9TOH NpHYHAHE HA3LIBACTCH HCIIOM BpamieHHs. Ha npoTskeHHH
aToH NeKmAH MHl Oyaem npemmonaraTh, uro ¢eC2(R!),
@' (x)=const=Cy>0, He oroBapHBasi 3TOTrO CHOBAa. 3aMeTHM, YTO
@', @"—nmnepmoamyeckue (YHKIHM X.
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Teopema 2 (Ilyamkape). Ecau ® payuonavho, ®=p/q, mo
T, umeem xomsa 6bi 0OHY nNEpUOOUHECKYI0 MPAEKMOPUIO  NEPUOOa
q u Kaxcoan mpaekmopusi npuUMAuBaemcs K nepuoouueckoil
mpaexmopuu, Ko20a 8pems cmpemumca K =+ oo.

3Ta TeopeMa MOKasbIBaeT, 4TO cirydait T, C pamHOHANbHBIM
® HE MHTEPECECH C TOHKH 3PEHHA 3PTOAUYECKON TEOPHH, H MOITOMY
B JaJbHEHIIEM paccMaTpHBAalOTCA TONBKO 1, C HppauHOHAIb-
HEIMH @.

Teopema 3 ([lamwxya). Ecau o uppayuonaavno, mo T, mono-
A02UYECKU CONpANCEHO ¢ apawjenuem R, oxpywcnocmu S' ha
yeoa o.

VTBepX/ieHHe TEOpEMEBI O3HAYa€T, YTO CYIIECTBYET Takas
HETIpepEIBHAsA CTPOro MOHOTOHHas ¢yHkmusa Y, y(x+ D=y (x)+1,
IJIS KOTOpoit

V(eE)=¥ x)+o. M

Ecix y=Vy(x) mpHHATL 3a HOBYIO KoopiauHaty ma S, 1o T,,
BBIDaXX€HHOE B 3TOH KOOpAWHATE, CBONHTCA K MOBOPOTY Ha YTOJ
o, T. e. T,y=y+o=R,y. BoabMeM xo€S' u ee Tpaekropmio {x;},
Xx=T¥Xo. OmHa U3 OCHOBHBIX YacTed I0KAa3aTENLCTBA TEOPEMEI
3 cocTonT B TOM, YTO A JOOOro n MOpAOOK TOYEK X, 0<k<n,
TaKOH e, KaK MOPAHOK TOo4Yek X;={Xxo+kw}. MHBIMH cloBaMH,
X; HAXOMHTCS MEXIY Xy, H X;, TOrJa M TOIbKO Toraa, Korma
X} HAXOIMTCA MEXIY Xi, H Xi,. CylllecTBeHHas npobemMa B TEOPHH
TOMeOMOP(HU3MOB OKPYXKHOCTH COCTOHT B BBHISCHCHHH CBS3H
MEXIy TJIAAKOCTBIO ¢, CBOHCTBAMH YHCIIA (0 ¥ KJIACCOM IJIaIKOCTH
mpHBOIIEro romeoMopdusmMa Y. MHoraa ara mpobieMa HazbiBa-
erca npobremoit ApHonbga. OCHOBHOE CONEpXaHHE ITOM JIEKIMH
MOCBANIEHO JOKA3aTENbCTBY YIPOILIEHHOTO BapHaHTa H3BECTHOM
TeopeMbl M. Dpmana.

Teopema 4. Iycmv ¢eC npu Hexomopom v>0.
Hanuwem pazaoxncenue ® 8 Hnenpepvisnylo 0pobw

(1)=[k1, kz, “eay k,,, ...]

2+v

u donycmum, umo k,<const-s® npu nexomopom a>0. Tozda
Ve CH(RY).
PaccMoTpnM  pyHKIMOHATBHOE ypaBHEHHE

rle®)
oy —9'®) @

OTHOCHTENBHO HEM3BECTHOH (yHKUHH r.
Teopema 4. B ycaosunx meopemevr 4 ypaenenue (2) umeem
CMPO20 NOAONCUMEABHOE HENPEPbIBHOE DeuleHue.
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ITokaxeM, kak H3 TeopeMbl 4’ BBITEKaeT Teopema 4. YpasHe-
HuE (2) 0O3HA4aET, 4TO r €CTh INIOTHOCTE MHBapHAHTHOH Mephl T,
KOTOPYIO MBI MOXEM CHUHTAaTh HOpMHpOBaHHOMH. [Tooxum Y (x)=

X

=(r(u)du. Torna ¥ (x+1)=V (x)+1 H 41 X, >X; U3 HHBAPHAHT-
0

HOCTH MCpPHI CICAYCT

\v(xz)—w(xl){r(u)du=°}:’:r(u)du=¢<«p<xz>>—w<<p<xl».

3T0 o03HayaeT, 4TO ecaM Y=V (X) paccMaTpUBaTh KaK HOBYIO
KOOpIMHATY Ha S!, TO paccTosHME MEXIy TOYKAMH, H3MEPEHHOE
¢ MOMOIIBIO Yy, HE MEHSAETCA B MpONECcCE AHHAMHKH, T.¢€. T,
BHIDAXKEHHOE B MEPEMEHHOMH Y, €CTh H30METPHS, KOTOpas MOXET
OBITH TOJBEKO BpallieHUEM. DTO BpalllecHHEe AOJDKHO OHITH HOBOpO-
TOM Ha YTOJl ®, ITOCKOJBKY YWCJIO BpAailleHHS He MEHSEeTCS NpH
TOMEOMOpPQHBIX 3aMEHaxX NEPEMEHHEBIX.

JokazaTtenscTBo TeopeMH 4. BHadare MH oOmIH-
IIEM OCHOBHBIE KOHCTPYKIHH H JaauM (OpPMYJHPOBKH OCHOBHBIX
JIEMM, U3 KOTODBIX B KOHIE OyJeT BBHITEKaTh TeOopeMa. 3aTeM Mbl
IOKaXeM ITH JIEMMBI, IPHBeIeM HeCKOJILKO HCTOPHYECKHX 3aMeva-
HHE M JaJuM COOTBETCTBYIOIIHE CCHUIKH.

Tak kak 7', TONOJIOTHYECKH COIPSXEHO C IIOBOPOTOM R, To
wis T, MOXHO NMOCTPOHTH TaKylo Xe CHCTeMy pa3OueHHMiHd, Kak
£, (cM. yexnmio 9). TMoguepkHeM, uTO pa3bHeHus &, 3aBHCENIH OT
BeIOOpa HauanmpHOH Toukd. Ceifyac 3Ta 3aBHCHMOCTH [UISl Hac
Oyner cymecTBeHHa, H MBI OyldeM HCIONIB30BaTh [MJIs Hee
cnenmanbHoe o6osHavenwe. Hanpumep, A{P(X) ecTb oTpesok
c koHlamu x H T&x, APE)=T,APX), &,(x) u T. A

Bo3pMeM Telleph NMPOH3BOJIBHYIO TOUKY Xo€S! H ee monyrpa-
ektoputo O={x,}§, x;=T ’q‘,xo,1 KoTopasi BcioAly IJIOTHa Ha S1.

ol

Honoxum r(x)=1 u r(x,)=I1 (¢’(x,))"!. Toraa r onpeneneua
k=0

Ha O 4 ypoBieTBoOpsieT (2). MBI nmokaxeM, 4TO r HENpPEpBIBHA Ha
O 4 MOXeT OBITh MPOJOJIKEHA IO HEMPEPHIBHOH MOJIOXKHTEILHOH
dynkupd Ha S
Pn Pn
Ilycte = ecTh n-A1 mnomxoasiias JApoOs mimsl ®, —=
q'l
=[k1, kz, veey k,.]
JlemMma 1 (Hamxya). Cywyecmgyem nocmosannas C>0,
3A8UCAYAR MOALKO OM © U Makas, umo npu 6cex n u ecex Xo

exp{—C}< I;[O ¢’ (x;)<exp{C}.
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JdokaszatensbcTBo. [Homoxum

C=Varln(p’=‘”diln(p’ dx.
X

DHKCHPYEM NPOM3BOJIBHYIO TOUKY Xo, BO3bMEM ZoeS! ® pac-
q.~1

cMorpeM Y, In@’(z)), z;=T}z,. Msl mOKaxeM, 4TO
j=0

<C.

D10 nHaer YTBEPXIECHHEC JIEMMBbI lIachya, MOCKOJIBKY H3

- q.—1
J‘ I1e }’1 dyo= j‘ CXP{ Z ln(P'(}’j)}d}’o‘—‘
s* s i=0
g.—1
CIe/lyeT CYIUECTBOBAHHE o, MIA KOTOpOi Y, Ing’(y;)=0.
j=0
Iycts zoe AP V(xy), 1<i<q,. Kamoiwy z;, 0<j<q,—i,
COIOCTABAM TOYKY X;. j, JIEKaILYIo B ToM xe 31eMenTe A ;1 (x o).
JAns Kkaxkmoro zj, q,—i<j<q,, BO3bMEM TOUKY X;ij—,,. HeTpyaHo
HETIOCPEICTBEHHO MPOBEPHTH, 9TO HHTEPBAJIBI, KOHI[AMH KOTOPHIX
CIIYKAT TOYRH Zj, X;4+j, 0</<qp—1I, B 2, Xi1j-q,, gn—i<j<q,, HE
nepecekatorcs. IToaToMy

g»—1 g1 qu—i

2 Ing'(z)— X lne’(x)|< ¥ [Ing’(z))—lng’ (x )|+

j=0 j=0 j=0

+ 3 Ing’(z)~ne'(x)I<Varing'=C.

g.—it1

Ecm zoe A (Xo), 1<i<q,-1, TO MBI HCIIOJIB3YEM COOTBETCT-
BUE Z;<>X;.; IpH 0<j<q,—i A Zj<>X 4 j,, ga—i<J<q, A TaKHe
xe cooOpaxenus, 9T0 M Bhiue. JleMMa mokazaHa.

BeiBeneM w3 saemmbl Jlamkya 9KCHOHEHIMaNbHOEe (MO n)
youiBarme mmua A{Y. Tlomoxum A=A (C)=(l+exp{—C})~V2
Hnuna weTepBasia A o6o03Hadaercs, Kak oOwrqHO, [(A).

NMemmMma 2. IAPEDSAZHIAT 2P (xo)), 02k

HokaszaTenscTtBo. Hmrepan Ay ?(xo) cocrour H3
(k,+1) HHTepBayIOB:

ko—1

AY'—Z)(XO) A(n)(xo)u U Aq_ zllsq. 1+1(x0)
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Kpome toro, A®~1, i (xo)=Ar3P(x0) 2 AP (x0). U3 eMmul
Jamxya mMeeM

LA (x0))

exp { } A" 4 1yqn i +1(Xo))
1 g.—1 p
' C
I(Aq. Dam1)qn 2+1(X0)) J jl;Io ¢’ (z;)dzo<exp {C}.
H03TOMy an 2+ e Dga-1+1
(AP (x0)) < AP (x0) -
(A(l,. z)(Xo))\ ( e 1+1(x0))+1(A‘1"’(x))\
< ! by
\1+[(A(ﬂ ;+(k D 1+1(x0)) 1t1e-C .
(AS")(XO))

Jlemma 2 nokasana.
Cnencrteue 1. Jua mobozo x,€S!?

( (n)(xo)) ;"n l

Cnencteue 2. [Jan mobozo 3semenma A™ pasbuenus
&n (X 0)
I(A®) <=2,

NoxasatenbcTBo. Eomn A®W=A"7Y(x,), TO Hame
yTBEpKACHAE CIEAYeT H3 JIETKO IIPOBEPSEMOrO COOTHOILEHHS
ATV (xe)=AY"V(x,). Eom xe A=A, (xo), To mo TOH Xe
npuarbe A7, (xo)=A{(x;). B 060Hx ciy4asx pe3yjabTaT BhITeKa-
er u3 ciaeiacreus 1.

TlpeanonokaM Temepb, 9TO MBI CMOTJIH YCHJIHTH JIEMMY
Jamkya, nokazaB, 4T0 Ui Jro6oif TodxkH X

9.~ 1
exp{—&.} < [T @'(xi)<exp{e.},
i=0
npnueM €,—0 mpr n— .
Jlemma 3. Ecau €, cmpemamca K Hym0 HACMOAKO Gblcmpo,

umo Z Km+1Em<c0, mo r(X) moxcem 6oimv npodoaxncena ¢ O do
m

noAoNCcuUmenbHoll nenpepbignoit Pynkyuu na S’
HoxazaTtenbcTBo. BoseMem maTepBan AP ¢ komma-

MH X;, X;+,,_,. BHYTpDH 3TOro MHTepBala HMECTCA K,+; TOYEK

BHAA  Xi+q ,+jg» |1Ej<kys+1, KOTOpHIE CHYXKaT KOHNAMH
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COOTBETCTBYIOILMX OJJIEMEHTOB pa3bueHus &,..q(Xo). Torma

r(x- ot ) it qu-1tjga—1
R aven N | RS

F(Xivq, ,+ia,) m=i+gy_;+(j~1)g
SeXp{ﬁ,,}, 1<j<k,,+1,

r(xi+qn—l+kn+lqn) r(x“"lnl)
- ~x = S n .
exp{—&y+1}< ") ) exp {€,+1}

Tem caMbiM  r(Xi+q _ +jo)s 1<jSknti, oOTimYacTcs ot r(x;)
MHOXHTEJIEM, OIPAHMYECHHBIM CBEPXY M CHH3Y YHCJIaMH
exp{+&,(ko+1—1)L&,+1}. HosroMy nns moboro x,eAf~ !

a a
exp{_ Z km+18m}<r—(ls‘)<exp{ Z km+18m}-
m=n T(Xi) m=n
Oro o3mayaer, 410 r(X;), >0, MOryrT GBITh IPOMOIDKEHBI IO
HENPEPLIBHOM NMOJIOXKUTETLHON yHkiME r Ha S ', 4TO H Tpebopa-
JIOCH JOKa3aTh.
Jlemma 3 moxasbIBaeT, 4TO OCHOBHAs CTPATETHs JOKA3aATEJIbLCT-
Ba TeopeMbi 4' COCTOMUT B YCWJICHMH OIICHKH B JjeMme /JlaHxya.
Tenepb MbI NpuBeeM GOPMYIHPOBKHM HECKOJIBKHX JIEMM H Pl
OTHOCSLIMXCH K HAM 3aMEYaHHil, KOTOpPHIE B KOHIIE MaAyT HYXHOE
HaM yTBepxJcHHe. Bcrony mmxe mmmem T smecto T,
BosbMem cHOBa &,(Xo), XoeS!. IlycTs s onpeneneHHOCTH
n der”Ho. Torma

ATV (xo)=[%,_ Xo), APV (x0)=T A"V (x0)=

z[xq"_l+i) xi]; lglgqns
AP (xo)=[x0, X, ], AT (xo)=T7 AP (xo)=

=X} Xj1q,) 1</<qu-1.
BBenem ortHocHTeNbHble mNepemensble z(i), 1<i<g,+1, Ha uH-
teppanax A" "(xo) M OTHOCHTeNbHble TnepeMenHbie Z(J),
1<j<q,—1+1, Ha muTeppanax AY’(xo) ¢ momompio Gopmysn

x=x;—2(i) (X =Xq,_,+1)y  X=Xj4q,—Z(J) (%g,+;—%;)-

Crenyromas jeMMa ONMCHIBaeT HeiicTBHe T B OTHOCHTENbHBIX
TEPEMEHHBIX.
Hemmad 1) z(i+1)=z(i) (1 +4:(z(i)—1)), 1<i<g, rae

XI. o
o (y
Ai=— o' (y

xt4q,

~—

dy+mi,  Ingl<const- (/(AP V)Y,

o]

~—
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2) 2(j+1)=2()) 0+ LZ())- 1), 1<j<qa-1, TR

a=- | T dyn, 17, <const-((aP) .

OTH ONEHKM O3HAYaloT, 4TO T); fi; MOTYT paccMaTPHBATHCH
KaK OCTAaTO4YHbIE WIeHHL. Cleyromas JeMMa TOKa3bIBaeT, 4To Zz (i),
Z(j) ¢ BBICOKOH TOYHOCTBIO NPENCTABNAIOT co6OH HPOGHO-
yuneitabie Gymkmm z(0), Z(0). O6o3HawMM

x'

M) =exp{ ) j %’)dy},

M(J‘)=exp{1_§0 f %((—yy))dy}-

Jdemmas5. 1) Jaa acex 1<i<q,+1
Z( .)____ z(0) M (i) exp {t?(zo)}
1+2(0)(M (i) exp {r¥(zo)} ~ 1)’
20e |1?(zo)|<const-[max I{A%™ 1) (x,))]"-
2) Haa écex 1<j<qgp-1+1
(e 20T (e O 0)
1+2(0)(M (j)exp (TP (2(0)} —1)’

20e |f<f)(z(0))|<const-[ max I(AS,".’(xo)):lv.

ISMS%ﬂ

3amernM, uto M(i), M(j) e 3asmcar ot z(0), z(0). Bes

3aBHCEMOCTh OT HEX comepxurcs B 1¥(z(0)), T9(Z(0)), xoTopHIe

TaKke JOJDKHEI PACCMATPHBATECH KaK OCTATOYHBIE wieHbl. O603Ha-

M [, =max /(AP (x,)). Torna |t¥|<const-I}_,, |T”|<const-I}.
Xo

Beuny cnencrsmit 1, 2 u3 nemmni 2 [, <A""!. Teneps MBI XOTHM
BLINIACATH BbIPaXeHHSd ANs oToOpaxeHuid

T%: [xq__l, Xo | |:x,,"_1 +ap Xq, 1>

Q-
T2 [0 %, 1 [%q, 5 %q,_ 40, )
HCIOJIB3YA B OKPECTHOCTH TOYKH Xg HECPCHODMHPOBAHHYIO IIEpeC-
X—Xo
Xo—X,

MCHHYIO Z= . HyCTL a,, -—-'b,. PaBHBI IIEPEHOPMHEPOBAHHEIM
-1
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KOODJIAHATaM TOYEK Xg, Xg , +q5 T- €.
Xz, —Xo b =x0—an__l+q_

a,= s n
Xo—X,, | Xo—

B f,(2), gn(z)—sBvipaxenns mis T%, T%-1. W3 neMMel 5
zM (q,) exp {19 (—z)}

M=t T e (o O

- <l—a£n>M(qn , Cxp{t(q ,)<1_;z_}
1+<1—-Z—)<M(q,. 1exp{‘t(q ,,<1 ai)}_l> —b,). @)

[Monoxum M,=M(q,), M,=M(q.—1), (&)=t (-2), T.(z)=

=—7@-0{1-2) u nepemmmwem (3), (4) cremyrommM 06pasoM:

a,
_a,+(a, b M, exp{t,(2)))z
f@)= t4z(l—-Mexp{t,(2)}) ~ X
—a,+(1=6,M,  exp (%, (2)}) 2 (6)

o= i e @ -1)
Hcnonb3ys TOT (akT, 4TO

X
a1 [ .» q,.,—1 i
j (9 4o "% 0"(y) dy}=

M, M,=ex . .
p{Eo 2¢'(y) o 20'(y)
xm+q,|
9" (y)
= e d >
U 2¢'(y) y}

T.e. M;!=M,, OKOHYATENBLHO HOJYYdEM

—a,+(1—b,M,exp {1,(z)})z )

zZ)= —
g,,( ) a,+(M,exp {T,(z)} — 1)z
JIs BeYeTHHX n COpaBeMIHBHI aHalloTHYHbie popmynbl. Ompako

TENEPL
Xt 1

M, =exp { — ’Z‘O ————;p(p(();)) d y}.
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Huddepenmupys (5) u (7), momyusm

q,~1

22 (T*)(50)= TT 0 (1)=/4(0)=(ax +b0) My exp (0,

y-1-1

)= 11 0'm)=5:0)=

Mril xoTHM Temepb MokazaTts, uro M, H (a,+b,) crpemsrcs
K HYJIIO C 3KCIOOHEHIMAJILHOH CKOPOCTBHIO. It 3TOrO CpaBHAM
Jfo B gy, OOe dyHKOEH OTBEHaIOT OIHOMY H TOMY XK€
npeoOpa3oBaHHIO, HO B pa3HBIX KOOpAMHATaxX, T. €.

1 ;b" M, exp {3(0)}.

gn+1(Z)= ~alfn(—an25.

M HCIIOJIB3YEM 3TO COOTHOLICHHE IBAXbLI:

ghe1 (O=/400), | ®)

Bre1 (s 1) = = Sy (~ e )= —byus. )
Tepemmmem (8), (9), ucmomssya (5), (7):

2 My exp (T O} =+ b) Myexp (5, @)}, (10)

-1 +(an+bnMnexp {t,.(—a,,a,,+1)})a,,+1
1'—(1 _Mnexp {tn(_anan+l)})anan+l

=—by1. (1)

Coorromenne (11) maer

l—bu+l_ (an+bn)Mnexp{In(_anan% l)}
ar;+l 1_(1—Mnexp{Tn(_anan+1)})anan+l.

IMoacraBngs nocjenHee Buipaxenme B (10), mosryynm
M,,Hexp{i,,ﬂ(0)+t,.(—a,,a,.+1)}=
=[1=(1—M,exp {1, (—a,8,+1)}) ana5+1 ] exp {1, (0)}.
Ob6o3nauuMm ¢,=1—M,. Torna
c,,+1~[exp{1‘:,,+1(0)+‘r,,(—a,.a,.+1)—‘r,,(0)}——l]M,.+1=
=anan+1[Cn_Mn(exp{Tn(—'anan+l)}_1)]
WIH
Cn+1=anan+lcn+[exp{‘—rn+1(0)+Tn(_anan+l)_‘r(0)}“l]Mn+1-
—[eXp{‘r,,(—a,,a,,+1)}—l]M,,a,,a,,H.
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Nonoxum

§n+1=[exp{in+l(0)+tn(_anan+l)_tn(0)}—l]Mn+1—
—[exp {ta(—apap+ 1)} — 1] Mpa,a,.,.  (12)
Torma cn+l=auan+lcn+§n+l-
Jemma 6. |€,|<const-A™.
JJemma 7. [c,|<const-A™.
Ana y,=InM, M HMeeM H3 JleMMBI 7

[, | <const-A™ (13)
IlepenmueM Temeps (10) crepyrommMm obpa3zom:

ﬂm=(a+bn)exp {‘I"h+tn(0)’_\l’n+ 1 _‘_tn+i (0)}' ’

p+1

Ecm d,=1-a,—b,, TO

dn+l = —an+ldn+an+l (an+bn)[exp {\I’n+1n(0)_
— Yt 1—Tas1 (0} —1].

060382 MM Yns 1 =(ay+b,)[€xp {Yp+1,(0) =Wyt y —T0+1 0)—1].
Torna '
dn+1='—an+ldu+an+IXn+l' (14)

Jlemma 8. {d,|<const-A™.

Jlemma 7 sBHO moka3miBaer, 4ro 7%, 3aIMCaHHOE B MEpEeHOP-
MHPOBaHHOH NepeMeHHOMH, MOUTH JIMHEHHO, a JleMMa 8 IOKa3kLIBa-
€T, YTO ero NpOM3BOAHAN GJmlaxa x 1.

9

Jemma 9. exp{—¢g,} < H ¢’ (x;) <expe,, 2de g,=const - A",

i=0

Tenepr yTBepXIeHHE TeopeMBbl CIEAYeT H3 JEMMBI 3 M JeM-
MH 9

OcraBmascs 4acThb JiEKIIHM TOCBAIIEHA JOKa3aTEbCTBaM
aeMM 4—9.

JdoxazaTenscTBo nemMmu 4. Mu NokaxeM TOJbKO
MEPBOE YTBEPXKACHHE JIEMMEI, BTOPOE [OKa3bIBACTCH aHAJOTHYHO.

. Ci—b;
TycTs X4, _, =2, X=¢, x=b,e[a,c;]. Torma z(t)=cx a',
i a4
. Ci+1—by
Z(l+1)=l+—l—$, rae
Ci+1—254y

a4 1=0(a;),
b

bivy = (b) = @)+’ @)(bi—a)+ | 0" (¥)(bi—y) dy,
Cir1 =0 (€)= @)+ ¢’ @) (i—a)+ | 0" (Y)(c—y)dy.
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IToacTaBuB mpaBbie YaCTH B BhIpaxkenue Ui Z (i+ 1), noayuam

24D =(0 @)D+ [ 9" (e dy— 6" D) bi-y)dy |

(p'(ai)(ci—ai)+}i(P"(Y)(Ci—Y)dY =El:—bl 1+
. c;i—a

i
b,

-2 fo" D=y dy—@—a) [ 0" () bi=) dy)

i a;

/((p,(ai)(ci—ai)(ci‘bi)+(ci_bi) f(P" W(ci—y) dY)]=
=21+ 4EO-D),

roc
b;
d=—(—1 o ) y—a)dy+— — x
T\ Ena | YT Y o)
" l " —_
x j 9" Oy 14 i f RO y)dy).
b; a

U3 ycndnml 0(x)eC*"Y nmerko cremyer

b; b,

1 " andu_ | 27D (b aN1HY
o @) B Jcp M(y—a)dy J‘—‘ch'(y) dy |<const - (b;—a;) ™",
v f¢”(y)(ci—y)dy—j L) dy|<const-(c;—a;)**".
¢’ (a;)(c;i—b;) 2¢'(y)

b; b,

(] i

Takem oOpazom,

2" ()
A= — dy+m;, |mil<const-(c;—a;)'*,
JZw'(y) y+n, Inil ( )

8;

4T0 W TpeGoBanoch JOKA3aTh.
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HoxaszatennsctBo neMMBb 5. CHOBA [OKa3hBacM
TOJBKO MNEPBOE YTBEPXKACHHE JeMMEI. M3 nemmsr 4

1-2() 1-z(—D)~@3(—=D)—1)A4-,2(—1)
z() z(i—D+A-,2G—1)—-1))
T oz2(i=1) 1+ 4 @(E~D=1) z(t——l)

(1+A. 1 +O (A4 0)).

HTCpHpOBaHHC 3TOrO COOTHOIUNCHHA JOacT

1~z() 1~z(0) '} )
- Ant+0(42))=
20 20) MH0(1+ +O(An)

l—z(O)

= { 2 } exp{maow%

_1-z(0) 1
T z2(0) M@)exp{tVz()}’

(15)

i-1

ree tP@z0)=— Y (M.+0(42)) n

m=0

[tz (0)|<const ( Z (ALY (xo))! ”)S
m=1

<const - [max /(A% (xo))]" z‘: Ag~n (Xo))é

m=1
<const-[ max /(A% (x0))]".
1sm<gq
NepemammeM (15) caenyrommm obpazom:

1 1-2(0)
—1= . ;
z (i) z(O)M (i)exp {t?(z(0))}
()= 2OMO P (OGO
2 I Z0OM @ exp (9GO -1

910 H TpeboBaoch MOKa3aTh.
Jloxa3zaTeanbCTBO JNEMMBEl 6. YTBepXacHHE JEMMEI 6

dy},

?"(y)

JIETKO  cleAyeT H3  HEPABEHCTB M,,<exp{J‘ 2079
Py

sl
a,_1-a,<1l H H3 HepaBeHCTBa JEeMMHI 5.
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HoxazatenbcTBo JeMMHB 7. Utepaposanne (12) maer

. i (AP IAG—Y
c,=2€.-([l ) Z&“( (x0)) 1AY ™V (x0))

=1 \j=i @ & IAD (x0)) - 1(AY™ M (x0))

H3 aemmm 2

AP (x0)) - 1SV (x0)) <A2O-D),
IAD x0)) - 1(A™" (x0))

Kpome Toro, |&;]<const-A". TakaM obpaiom,

n
Ical<comst- Y A7¥-A2¢~dgconst - A™,
i=1
910 H TpebOBaoCch [OKa3aTh.
HokazaTeascTBO AeMMH 8. Hepapenctpa
a,+b,<const, |y,|<const-A™ m wurepupopanme (1 3) 3T

e ufiamcr e g,

9T0 JIETKO HPHBOAHT K ymepmenmo JIEMMBI.
HoxkazatenscTBo NeMMHE 9. [Tockombky Xo€ S, mpo-
H3BOJIBHO, JOCTaTOYHO OLICHHTER BEIMIHHY  gn4+1 (0)=
1— bu+ 1

An+1

M, 1exp {T,4+1(0)}. Mu HMeeMm

gn+1(0)- a Bat1 M, exp {Tu+1(0)}—

_dn+l +an+l

“eXP {Wp41+Tn+1(0)} =

N Ayt
=14[exp {(¥p+ 14T+ 1 (0} = 1]+ Qas 1 —dn) €XP {Yns 1 +Tns 1 (0)}.
Hcnonb3ys (13) m HepaBeHCTBO JieMMBl 8, momydsm
[8n+1(0)— 1| <const -A™,

YTO TPHBOAAT K YTBEPXKIUCHHIO JEMMBI. ‘

TeM caMBIM [OKa3aTeNbCTBO TEOPEMBI DpMaHa MOJHOCTHIO
3akoH4YeHO, HeckoIbKO yTOUHSSA NpPUBEACHHBIE PACCYXICHHA, MOX-
HO MoKa3ath, 4To Y e C1*Y mpm mobom v’ <v. Eciu xe k, <const,
10 YeClty,

Texnmueckn Gosiee CNOXHOH SBJIAETCH CIEAYIOIIAS TEOpPEMA.

Teopema 5. Ecau oeC"™" npu nexomopom rz2, a k,<
<const-n?, mo YeC " *Y npu mobom v’ <v. Ecau xce k,<const,
mo YeCr 1,
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TeopeMa DpMaHa He MOXeT ObITL CHpaBETHBOH U JHOOBIX
HpPAIMOHANLHBIX YHcell BpaiieHus. B. V1. ApHOJIBA MOCTPOMT MPHMED
YHCJIa BpAIIEHHS W aHATHTHYecKoro mudxbeoMopdusma S' ¢ 3THM
YHCJIOM BpALIIEHUSs, PUBEIEHHE KOTOPOTO K IIOBOPOTY NPOU3BOIUTCS
NIPH TIOMOILM CHHTYJISApHOM (QyHKIMH , T. €. TakoH, 4TO ' MOYTH
sciogy mo Mepe Jlebera pasHa Hymo. M3noxenme 3Toro mpuMepa
MoxHo HalTH B [1]. [lepBoHavYaIbLHOE NOKA3aTENLCTBO DpMaHa CM.
B [2]. Heckonbko mo3muee Mokkoc Hamen Oojiee KODOTKHH IIyTh
IOKa3aTeNLCTBa TeopeMbl OpMaHa (cM. [3]). 3aMeTHM, 4TO aBTODHI
[2], [3] paccmaTpuBaym mudpdeomopdusmMul knacca C', r=3, HO
YHCITA BPALIEHHS YAOBJIETBODSUIM MEHEE XECTKHM YCIOBUsM. B ciydae
aHamATHYecKHX mudpdeoMopdH3IMOB MeTon IDpMaHA HAeT TaKkke
aHAJMTHYHOCTEL compsraromero mddeomopdhuiMa.

CrpaHHEIM H HEOOBACHHMBIM OOpa3oM NOYTH OJHOBPEMEHHO
H HE3aBHCHMO MOSBHJINCHL TpH padboThl [4], [5], [6], comepxarue
HOBBIH IOAXOJ K JOKA3aTENLCTBY TeopeMbl Jpmana. PaboTta [5]
TecHO cBa3aHa ¢ [7]. Kaunenbcon u OpHcrelin B [4] moayunmm
HaHOoOJiee CHIBHLIH pe3yJibTaT B JaHHOH 00JIacTH. A HMEHHO, OHH
CMOTJIH MOKa3aTh, 4TO ecnH k,<const u e C?*(S'), To ¥ ab-
COJIFOTHO HeEIpepBIBHA.

Bce pabotm [4], {5], [6], [7], [8] MoxHO OTHecTH K Tak
Ha3bLIBAEMOMY PEHODMIPYIIOBOMY MOJXOAY B TEODHH IHHAMMHYEC-
kux cucTeM (cM. [9]). JIOCTOMHCTBO H3JOXEHHOTO B 3TOH JIEKIHH
MOAX0Ja B TOM XKe pycyie uAel CBA3aHO C TEM, YTO MBI HCIOJIb3yeM
B [JIABHOM MOpPAIKE MPHOJMKEHHE HAIIMX OTOOpaxXeHWil ¢ moMo-
160 ApoOHO-MHMHCHHBIX (yHKIHH (cM. [8]). DTO masno BO3AMOKHOCTH
HAITMCATL HYXHBIC HAM NPUOJIMXEHHs ¢ 60Jiee BHICOKOH CTENECHBIO
TouHoCcTH. KpoMe Toro, xinacc 1po6HO-THHEHHBIX GYHKIMA 3aMKHY T
OTHOCHTEJILHO Cyneprosuiuii. IpeacrasiieHne ¢ HOMOIIBIO APOOHO-
JIHHEHHBIX QYHKIMH MOXET OBITL BBIMHCAHO TAKXKE IS HEKOTOPBIX
KJIacCOB OTOOpaXeHHi ¢ 0coOeHHOCTAMH (XaHHH).

Mertono peHOPMIDYNIEL SIBIISICTCS OCHOBHBIM CPENCTBOM IIDH
H3YYCHHH TPHBOAHMOCTH CEMeEHCTBA oOTOOpaxeHHH @, (X)=

| S
=x+p+2— sin2nx. OCoGeHHOCTHL 3TOro Ciy4as COCTOMT B TOM,
T

4T0 " @, (1/2)=0, T.e. @ asuasercs mudpdeomopdusMoM Bcrony,
kpome 1/2. Oxka3piBaeTcs, YTO 3TO MPHBOJMT K CYyLIECTBEHHOMY
YCIOXHEHHIO 3aJlay¥ O IPHBOJMMOCTH K IIOBOPOTY. 3jech
BO3HHKAaIOT HOBBIE HHTepecHble 3pdekTh, HO MBI He O6ymeM Ha
TOM OCTaHaBJIHBATHCHA, TeM OoJiee YTO MAaTEMAaTHYECKHX De3yJib-
TaTOB MOKa 3[€Ch He Tak yX MHoro (JkkmaH, JIsadopa, Burreep
4 ap.). HenasHo mosBmwiack mHTepecHas pabora CeeHteka [10],
rie IOKa3aHo, 4TO JeGeroBa Mepa MHOXECTBA TeX 3HAYCHHI
napaMeTpa p, re YUCIO BPALCHUS MPPAIMOHAIBLHO, PABHA HYJIIO.
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JEKLIHWSA 11

IMOPAAOK HIAPKOBCKOI'O
H YHUBEPCAJILHOCTh GENUTEHBAYMA

Oxono ABaauaTH JieT Ha3ad y MeHsA Oblio obmiee omiyineHwme,
YTO CTPYKTYpa OJHOMEPHBIX AMHAMHYECKHX CHCTEM OTHOCHTEJIHHO
MpOCTa H MOXeT OBITh NMOHATA OO KOHIA, H B TO € BpeMs
pe3yJbTaTHl, CIPaBeIJIABbIE VIS OOHOMEDHOTO cilyyas, HE HMEIOT
€CTECTBEHHBIX MHOTOMEPHBIX aHajorop. Ilocienyromme rofbl
HOKa3aNmM, 4To o6a JTHX OUIyUWIEHHA HENPAaBWIBHLL Bo-NEPBLIX,
3gech ObUTH OGHApY)XXEHBI HOBHIE YIAMBHTEILHBIE M HECOXHIAHHBIE
3aKOHOMEPHOCTH, H, BO-BTODBIX, HEKOTODHIC H3 HHX CSCTECTBEHHO
TepeHoCATCA Ha ciydaif moboro ynciaa usMepeHuit. B aToil jgekmmn
MOHIET peYb O IBYX 3aMEYATEIBbHBIX OTKPBITHAX B OJHOMEDHOM
IAHAMMKE, NOKA3bIBAIOIIMX IJMYOMHYy W KpacoTy BCeH TEODHH.

Haynem ¢ Tak HaseiBaeMoro mopsaka Illapkosckoro. Ilycts
¢ —HenpepbiBHas (yHKIMS Ha oTpeske I, mpmuem ¢(x)el mis
mo6oro xel. Torga Mbl NOJIyYaeM HENPEPLIBHOE OTOGpaXeHHE
T, otpeska I, roe T,{x)=¢(x). Touka x HasbiBaeTCs NEPHOLHYE-
CKOH TOYKOH mnepuwoda n, ecmu Tox=x H THX#X mid Bcex p,
1<p<n. HNopagox llapkoBckoro cBf3aH C COCYIIeCTBOBAHHEM
TEPHOAMYECKMX TOYEK Pa3JMYHBIX IEPHOMAOB.
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Onpenenenne 1. IHopaokom HMlaprosckozo Ha3vieaemcA
YnopAooueHue 8 MHONCECMBe YeablX NOAONCUMEAbHBIX Huced,
umerowee 6uo

JasS<al<..<12-3<12-5<..<12?3<2?-5<a..
wadia..<2l<a2<l.

Teopema IMapxoBckoro. Ecau T umeem nepuoduuec-
KYIO MOUKY nepuoda n, mo OHO umeem NepuoouuecKue MouKu 6cex
nepuodos kit>n & cmeicae nopsaoka I[lapxosckozo.

CnenctBue. Ecau ¢ umeem nepuoduueckyio mouxy nepuooa
3, mo ono umeem nepuoduueckue MOUKU 8CeX NEPUoOos.

JdoxkazaTtenbcTBO. MB MOXeM CYMTaTh, 49TO n, IS
KOTOPOTO CYIIECTBYET TMEepHOAMYECKas TOYKA HEepHOAa 7, MHUHU-
manbHo B mopsaxe [lapkosckoro.

Iycte I', I"—pBa wmuTepBana. Mrul ckaxeMm, 4ro I’ ¢-
Hakpoigaem 1", ecnm ¢ (I')21". B TakoM ciydae HadifeTcs
nomsiTeppan K < I, uis xoroporo ¢ (K)=1I1" u ¢ (9K)=40I". Mnl
6ynem BHasweiBath K h-ummepsasom, ecmm me cymectByeT K' < K
C TEMH Xe cBoiicTBamMA. MpI ckaxeM, uto I’ ¢-HakpwmiBaer I”
n pa3, ecid CyIIeCTBYeT n TIOMAPHO HENepeceKalommxes h-
murepBainoB K, ..., K,, K; = I', Takmx, uro ¢(K;)=I", j=1, .., n.

Honyctum, uto I, I,, ..., I, eCTh KOHETHOE MHOXECTBO HEIe-
pecekaloimxcsl MHTEPBANOB. A-zpagom ™Mbl OyleM Ha3sIBaTh
OpPHMEHTHPOBaHHBIA Tpad, BepIIMHAMM KOTOPOTO CJIyXaT WH-
Teppanet I, I, ..., I;, a wucio crpenok w3 I; B I; paBHO w4HCHTY
h-nutepBanos Iy < I;, ang xoropuix ¢ (I)=1;. OcHoBHOE CBOKCT-
Bo A-rpa¢oB, KOTOPOE MH HCHOJAB3yeM, GOPMYIHPYETCA B Clieny-
I0IIEH JIeMMe.

JNemma 1. Ilpeonosoxncum, umo I,—»I,—..»I -1, ectb
samkHymoii nymo 8 A-zpage. Tozda cywecmeyem mouxa Xo€I;,
‘maxas, umo T sXo€l,, 1<s<r. bosee mozo, & Kauecmege
Xo MOXMCHO 83AMb NEPUOOUYECKYIO MOUKY nepuooa r. /

VTBepXAEHAE JIETKO CJICAyeT H3 Toro, 4ro T, ompemenseT
HETIpepbIBHOE OTOOpaxeume h-mHTepBana I, < I, Ha I;.

Tenépr M chopMyiHpyeM [ABE OCHOBHBIE JIEMMBI, W3
KOTOPHIX BhiBemeM TeopeMy Illapxosckoro. [Joka3atenscrsa JeMM
6yoyT npHBeAeHHI MO3Xke. ]

Jlemma 2. Ipeonosoxncum, umo T, umeem nepuoduteckyro
mouxy X HeuemHozo nepuoda n>1 u ne umeem Opyzux nepuoouuec-
KuUX Mmouex HeuemHbvlX nepuooos, meHvuwiux n u 6oavuux 1. Ilycme
A— pa3buenue ompesxa J=[min Orb x, max Orb x] mouxamu
mpaexmopuu Orbx= | ) Tix. Tozda cywecmsyem A-nodzpad

0<gign
caedywowezo suoa:
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Prc. 11.1

VYTBepk/cHHE JeMMBI O3HAYAaeT IS KaXJIOH CTPENKH CYILECT-
BOBaHME A-WHTEpBasia, KOTOPHIH oTOOpaxkaeTcs B3aMMHO-OHHO3HA-
YHO Ha CBO#l 00pa3, H €ro Hexb3s YMEHBIIATh C COXPaHEHAEM
3TOrO CBOMCTBA.

JTemma 3. Ecau T, umeem nepuoduueckylo mouky 4emHozo
nepuoda, mo OHO uMeem nepuoOOUYecKyl0 MOuKy nepuoda 2.

Jins nokxazateanctBa Teopembl IIapkOBCKOTO paccCMOTpPHM
YeTHIpe CIydas.

1° n=2" k=2, 0<l<m. Bo3bMeM Y=@o...o¢. Ecim x ecTp

.

1-1

NepHOAHYecKas Touka mepuoaa 2™ mis T,, TO X ecTb IepHOAHYEC-
Kas Touka nepuoga 2™ '*! mua T,. Tora Ha OCHOBaHMH JIEMMBI
3 T, mmeer nepuo,unqecxylo TOYKy y Hepuoma 2, T.e€.
T,y= th 'y#y, Tiy=T¥y=Tty=y. IlokaxeM, 4TO y €cTb
HepHoOJMYeckas TOYKa IEepHOAa k s ¢. B camoMm gerne, ecim
TYy=y pns mexotoporo k; <k, To Torza k1—2 L=l n Mp
MPUXOAMM K MNPOTHBOPEYMIO C TeM, 4To T2 'y= T“‘ ATy gy,
2° n=p-2™, p HeYeTHO, p>1; k=g 2™, ¢q deTHO. PIcnonmyeM
gemmy 2 ms Ty Y =@o...0 . IIpemmonoxenns JeMMBl BbHION-

L"‘V'—J

. bl
HEHBI, TIOCKOJIBKY n MHHHAManpHO. Toraa cymecTByeT 3aMKHYTBIH
nyTh
L-oL—. . >l > —>.. >, ectHm ¢g>p,
HJIH 3aMKHYTHIH IYTh
L g R P s I

ecnd g<p.
Ha ocHOBaHMH j1eMMBI 1 CyIECTBYET TOYKa Yo < /; B MEPBOM
clydae WA To4Ka Yo€l,_; BO BTOPOM Cly4ae, Ul KOTOPHIX

y,~=Ti)’o=Tqi:‘2m)'0€Ii+1, l\l<p—l,
y,'=T:;.2' YOEII’ D— l<l<q’
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B NE€PBOM ClIydac H
'.2!!! .
y0€1p—1: T(:’ y0€1p—2—q+i9 l=1’ seey q,

BO BTOpOM ciay4ae. B oboux cnyvasx Bce y;, 0<i<g, pa3idyHbl,
¥s=Yo. OcCTaercs TOJBKO IOKa3aTh, YTO IEPHOA TOYKH Y He
MoxeT OniTh Menbule ¢-2™.

HammueM g=gq, - 2", rlie q, He4eTHO, H JOMYCTHM, YTO IEPHO
y paBen k=§,2", rme § ecty nemutens g, u I </, +m. Ecm
li<li+m, TO TOrma s i=q/2 Mel  6yleM  HMeTh
i-2m=qf2-2"=¢q, - 2"*" " !=k.r, roe r—uenoe uucno. Taxum
obpasoM, y;=T,*"y=T;*y=y, 4T0 NpOTHBOpEYHT TOMY, 4TO
Bce y; pasmuynbl. Ecnmu /i=/+m u §;<q;, TO MBI BO3BMEM
i=g,-2'<gq,. Torma 2"=§,2"*"=k u y;=T*y=y onsrs sener
K NOpoTHBOpeudro. TeM caMbIM TEpHon Yy paBeH ¢q-2™.

3° n=p-2"™, p He4eTHO H p>1; k=g 2", q He4eTHO U ¢>p.
CsoBa O6epeM Y=@o...oc ¢ ¥ UCIOJIL3YEM JIEMMY 2 ISl TOJIy4eHHS

%(_J
m
3amkHyToro nytda Iy —»I,—...—I, —»I,»1,—..—I,. Toroa onsars
[\ J

—
g pas o
NoJy4aeM TOuKy Yo€/l(, Ans xoropoi mis y;=T{?"y, uMeeM

Yieliv,, 1<i<p—1, uy;el, nna Beex i, p—1<i<q. Kpome Toro,
Ys=Yo, B TO BpEMs KaK BCE OCTaJbHbIE Yy; PA3JIUYHBIL.

IToxaxemM, uTo NEPHOA Y, paBeH ¢-2™. Ecim mepuon y, paBeH
gd-2", roe §>1 ecTb OenATeNh ¢, TO TOrga ANA i=§<q MBI
OOMXHEL ObUIA OBl _HMETB y;=yo, 4TO HEBO3MOXKHO. EciH xXe
NepHON yo paBeH k=gq-2" mpu mi<m, To Torga k<in, W Msl
MPHXOOMM K TPOTHBOPEYHIO C MHHMMAJILHOCTBIO H.

4° n=2"p, p mevetHo, k=2' nna HekoToporo I<m. B stoM
cllydae MBI BHA4aje HCIOJNBb3yeM 2° IS MOJNYYCHHA II€PHOIHYEC-
CKOHM TOuKM MepHona 2™*1, a 3aTteM Hcmosb3yeM 1° [T MONy4YeHUS
MEPHOINYECKOH TOYKH mnepuoda k. 3aMeTmm, 4To B 1° MBI He
HCNOJIb30BAIH MHHAMAJIBHOCTH N.

Teopema IllapkoBckoro NOJNHOCTBIO [dOKa3aHa. OcTajaoch
IOKa3aTh JIEeMMBl 2 H 3.

HJoxaszsaTenbcTBO NeMMB 2. PacCcMOTPEM TpaekTo-
puto Orb(x)={Tyx, 0<m<n} Touxnm x. Pa3buennem A4 Gymem
Ha3biBaTh pa3bueHde otpe3ka J=[min Orb x, max Orb x],

npousBoguMoe Toukamu Orbx. SlcHo, 4TOo T, max Tg'x|<
o<m<n

< max T.;,"X. H03TOM)’ CYIICCTBYET J3JIEMCHT I = [a, b] pa36aemm
o<m<n

A, mna xoToporo ¢(a)>a u a—Haubonbwas cpemu Touex Tgx,
0<m<n, obmamajomiux STHM CBOWCTBOM. [Hus [y Mbl HMeeM
¢(a)>b, ¢(b)<a u, crenosatemsno, To(l1)>I,. Tostomy
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HocnefopaTeabHOCTh TEI;  Bo3pacTaromas, H TeM CaMBIM
T3(I;) 2 J. TIocKOABKY n HEYETHO, TO C ONHOH CTOPOHBI OT
I, maxommrca Oombiie Todyek Orbx, 9eM ¢ Opyroi CTOPOHBI.
ITosTOMy HEKOTOpbIE H3 HUX MO AeHCTBHEM Ty MOJDKHBI OCTATHCA
C TOH e CTOpOHH I}, a HEKOTOPbIE JOJIKHEI NEPEHTH HAa APYTYIO
cropoHy. CrnenoBatenbHo, I} © T, K IS HEKOTOPOTO 3JIEMEHTa
K=1I, pa6uenns A4, npuieM Ts(L) > I, u k<n—1. INocnemuee,
B CBOIO oOuepelb, O3HaUaeT, 4TO B HHTep.Base [; naiigercs
noxuitepsan K’ Takoi, uro T&(K')=I,, xonus K' mnepexomst
B KoHIBI 5, 1 K’ HeNb3s YMEHBIIATh C COXPAHEHHEM ITHX CBOMHCTB.
3naunr, unrepsansl T (K'), i<k, He conepxaT BHYTPH ce6s TOYEK
u3 Orb(x), u, 3Haunt, T°(K’) « I; A1 HEKOTOPOTo MHTEpBaNa Ha
I; pasbmenns 4, u M TonydaeM noarpad BHOa

I

I3
Puc. 11.2

Mul  MoOXeM  IpeImoJIOXHTb, 9YTO 3aMKHYTHH MyTh
ILi-1L,—...»L—1, spnsderca KpaTyaiiAM (3a MCKTIOUEHHEM 1)),
BeaywmwmM M3 I; B I

Ecmu k<n—1, To 160 3aMkHYTHH yTh [1o 1. .o hL-1),
60 3aMKHYTHIH yTh I > 12— ..o > [} - [ 1a0T HaM 1O JIeMMe
1 HenogsuxHyI0 TOURy Tq, rae 1 <m<nu m HedeTHO. DTa TOYKa HE
MOXeT OBITh HEMOJBMXHON TOYKOMH, H MBI IIPAXOMHM K MPOTHBOPE-
YMIO C HAIOMM [peamojioxkeHHeM. TakuMm obpaszoMm, k=n—1.

Ecma k=n—1, To KaXAblii 21eMeHT 4 BXOAMT B HaIl moarpad.
IIpu 3TOM He CYLIECTBYET CTPEJIOK, Beaymmx u3 [; B I; st j>i+1,
HOCKOJILKY MBI BHIOpams kpaTdaiiumit myts. Kpome Toro, T3+ 1,
oTiandyaeTcd OT Tyly B TOYHOCTH ONHAM HHTEPBAIOM Im+1.

IMoxaxeM Temepb, 4YTO OJJEMEHTHI A HIYT Ha IpsAMOH
B cruenytomieM mopsake: I,—1, In-3, ... 12, ©Ii, I3, .., In-a,
I, ¢ TouHOCTBIO OO opmeHTamud. Ecil n=3, To MBI HMEEM
TOJILKO ABa WHTepBana [, I, W 30ech YTBEPXKACHHE OYEBHIHO.
IMosroMy mpenmojioa®M, 4To n>3. BrHawane paccMoTpHM [).
Torna ¢(a)>b, ¢(b)<a. O6a paBeHCTBa OXHOBPEMEHHO HE MOTYT
BBIMOJIHATECH, TIOCKOJBKY B 3TOM Cily4ae a 6yaet 160 HenoABIDKHOR
TOYKOM, MO0 MepAoaMYeckoit TOUKOH mepuona 2, HO OJHO H3 HHX
obs3aTenbao BoimosHserca. Ilycts s onpenesneHHoctd @(a)=b,
¢(b)=az<am(az, a)=I. Ecim ¢ (a,) Iexur ciieBa oT az, TO TOTAa
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@(2)> I, » Mu wMeem moarpad,

IT - IZ

Puc. 11.3

H3 KOTOPOTO Ha OCHOBAaHHHM JIEMMEI 1 BBITEKAET CyWIECTBOBAHHE
NICPHOAYECKOH TOYKH meproja 2. Takum o6pasoM, ¢(az) nexur
copaa oT b = (p(12)=13 €CTb HMHTEPBAJ, NPAMBIKAIOLIAK
X I1 ¢ Apyro# CTOpOHH, ueM I,.

O6umit cirywaii paccMaTpHBaeTcs O MHAYKIH, Ecnu MBI yke
NIOCTPORJIH Ig, Ig—z, ey 12, 11, 13, waiy Ig+1 H I.=(a., ag-—z),' Ig+1=’
=(ak-1, ar+1), a+1=0(ar), a-1=¢(a-2), To Torma TOUKa
ax-1, KOTOpas CIYXHT KOHHOOM Ji+1, OTo6paxaerca B KoHen Ix.
Ecnm xe @(ar+1) JEXHT CIpaBa OT ax+1, TO TOTJa MBI OHSTH
cMoryid OB NMOCTPOHTb NEPHOAMYECKHE TOYKH MEHBIIHMX TIEPHOAOB.
TeM caMbiM @ (ax) JIEXHT C TOH Xe CTOPOHH OT @, 9TO H ax, T. €.
L+2=Ty(l+1) npumsixaer x Iy 4 T. X

O6bnmit xonen I,-3 B I,-1 oToOpaxaercs Ha oOumi KOHeEN
Ii-2 m I, 4to naet Ty(l.-1) = I1. TeM caMBIM MMEIOTCS CTPEIKH,
Haynme w3 I,-, B BEpHIMHBI C HEYCTHRIMM HMHIEKCaMH. Jlemma
2 noxasana.

JdokazaTtenbcTBOo nNeMMBb 3. Mb HcDolin3oBaH
HEYETHOCTb 7 B JIOKa3aTeJIbCTBE JIEMMH 2 TONBLKO OOHH pa3.
A HMeHHO, W3 HeYeTHocTH n Msl- Beisemn I < ¢(K)
HekoToporo Jpyroro sneMmenra K rpaga A.

ITosToMy ecim Mbi 0603HaYHM Hepe3 K HAMMEHBINMH YETHLIH
MEpHOA NEPHOANYECKHX To4eK Ty, W ecnu m>2, To Toraa Jmbo

A-rpa¢ comepxut noarpad

I, I,

In—z

I,
Puc. 11.4
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(3mecb n—1 HeyeTHO, W TO3ITOMY €CThb CTPEJKH, BELYIIHME H3
I,- 1 B 4eTHBIE BepmIHABI), OO He cymecTByeT K€ 4 Takoro, yTo
(] (K ) o 1.

B nepsoM ciny4ae 3aMkHYTHIA nyTh J,— 1 —1,-2— I,~1 JaeT HaM
o jgeMMe | mepHoAMYeckyro TOUKY mepHona 2. Bo BTopoM ciyvae
[min Orb x, min I;] ¢-makpwiBaer [max I, max Orb x],
¥ obpatHo. TakuM 0Opa3oM, Ha OCHOBAHMH JIEMMHI 1 MBI MMeeM
TepHOAVMYECKYI0 TO4Ky mepmojaa 2. JleMma 3 poxasana.

TemM camMeIM OOKa3aTenbCTBO TeopeMhl IIapkoBckoro mosHo-
CTbIO 3aBepleHO. MEI mepexomuM Temepb KO BTOpO#l 4YacTH 3TOMH
JICKOHH, NOCBAILLECHHOH 3HAMEHHTOH yHHBepcaibHOCTH Peiirenta-
yMa mns Ondypkanmid yaBoeHHA mepHOAA.

PaccMoTpHM ofHONMapaMeTpHYECKHE ceMelcTBa 0TOOpaxeHuH
OJHOTO W TOro e orpe3ka I B cebs, ompenensemMele ceMelcTBOM
rragxex gyrxumi ¢ (x; A). TAMMYHEM npaMepoM cayxaT @(x; A)=
=Ax(1-x), rae o(x;A)el=[0,1] npu xe[0,1] m 0<A<4.
Orobpaxenne, orBedaromiee ¢@(X, A), Oymem ob6osmavars T,
IIpennonoxum, 4To TMpH A=X, oTrobpaxenme T, , HMeeT yCTOl-
YHBYIO HEMOJBHXHYIO TOYKY X,,, B KOTOpOH

<l1.

d
Ix'q’(x“; Xo)

Toraa B HEKOTOPOH OKpPeCTHOCTH A¢ Bce oToOpaxenns T, MMeEIOT
YCTOHYHBYIO HETMOABHXHYIO TOYKY Xa. Jlomycrum, 4uTO TIpH
YBEIMYEHHH NapaMerpa A TOYKAa X, CTaHOBHTCH BCE MeHee
yCTOHYHBOH H NPH A=A BoOOlIE TepseT YCTOHYMBOCTL. B cHTy-
amEH  OOIIEr0 NONOXEHHS 3TO MOXKET NPOUCXOIWTH IBYMS
cnocobamu: GO @’ (Xa,; A1)=1, mbo @' (xa,; A1)=—1. Hac
ocobeHHO MHTepecyeT mnociequuil ciaydail. [Jemo B Tom, w9TO
B CATyaluu oOOIIEro MOJIOXKEHWS HpH A=\A; IPOHCXOOHT Ondyp-
Kalnps YABOCHHN NEPHOA, MPOSBIISIOMIAACST B TOM, 4TO NPH A> A4
HENOJBHXHAs TOYKA X,,, KOTOpas paHbllle Oblia yCTOWYHBOI,
TeNephb YXe€ CTaHOBHUTCA HeycTOHYHBOH. OHHOBpDEMEHHO C 3THM
BO3HHKAET NMEPHOAMYECKAs TPACKTOPHs NEepHoAa 2, koTropas OyneT
ycroiuuBol. Xapaktep 3T0H OMdypkanwn BuaeH Ha pHC. 11.5, Ha
KOTOpoM H306paxensl rpapuxr ¢ysxumd ¢(x; A), ¢ (x;A)=
=@ (@(x; A); A) B okpecTHOCTH A=X;. OGO3HAYMM TOUKH, JieXKa-
IIMe Ha YCTOHYMBOH IepHOAHYecKoll TPackTOPHH IEpHOAA 2, Yepe3
x{, x{». Bynem cnemutbp Temepb 3a moseneHneM (¥ (x; 1)
B okpectnocrr  Towkn x{. TIpyw A=A; mnpom3BonHax

a9 (x; 1)

z =x
dx x=x{}

=1,

a mpH A>A; 3Ta DNPOM3BOAHAS yMeHbmaercd. Ilycts 9310
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yMeHBIIEHAE OPOHCXOJUT MOHOTOHHO * M pd A=\, NpOM3BONHAS
d*oP(x; 1)

T odxt x=x{}
KaK M DaHbIIE, TOYKAa X{)) TepseT yCTOHIABOCTL M CTAHOBHTCS

= —1. Torma B TOYHOCTH TakKAM Xe 06pa3om,

@)
AL ASA @(x: )
Px hA> 1 A,)A,1 CP(Z)(XiAq)
A
P(x;Aq) cp(z)(x;h)
PxiR), A< hy A< g
X X
Puc. 11.5

HEYCTOMYHMBOM, a B €€ OKpPeCTHOCTH oOpa3yercas ycToHYMBas
nepHOEYecKasi TPaekTopHs mepuona 2 mia T2 , T. €. yCTOHYHBas
TIepuoOAMIcCKas TpaekTopusa mnepuoaa 4 mnda 7.,. B okpecTHOCTH
3TOH TPAeKTOPHH OCTAIOTCA HEYCTOWYHBhHIE NMEPHOIHYCCKHE Tpaeck-
TopuHd TepHoaoB 2 m 1. B nopaaxe Ilapkosckoro 310 COOTBET-
CTBYeT €ro MpaBoMy Kpalo.

IpennmonoxuM Temepb, YTO MpPH YBEIMYCHAH A BO3HHKAaeT
MOCNIEAOBATELHOCTh 3HAYEHHWH IapamMeTpa Ak, IOPH KOTOPBIX
MPOACXOAAT MOC/eJOBaTENbHbIE OHpYpPRAMH yIBOCHASA INepHOAA
TakuM o6pa3oM, 4YTO mpu A>Ax B OJIM3KOM K Ax HMeEETCA
ycToHYHBas TNepHOOMYECKas TpacKTophs mnepHoma 2% mua oT-
obpaxenus T, B OKPeCTHOCTH KOTOpO#l HMMEIOTCA HEYCTOHYMBHIE
NepHOTMIECKAE TPAaeKTOPHM mepHomos 2! 2¢72 2 1. Poms
3THX TPackTOpHH COCTOMT B TOM, YT0O OHH Kak OBl «BHI-
TAJIKUBAIOT» BCE OCTAJIbHbIE TPAaCKTOPHH Ha 3Ty YCTOHYHBYIO

TMepHOAAYEcKYl0 Tpaekropmio. O603HaYMM A= lim A;. VHE-
k-

BepcasibHOCTE DefirenbaymMa COCTOHT B TOM, UYTO Ax CXOIATCA
K Tpedeny C YHHBEPCAILHOH CKOPOCTBIO, HE 3aBHCALIEH OT
paccMaTpHBaeMOro ceMeHWcTBa (yHKIi (p(x; X), B TOM CMBICJIE,
4T0 Ar—Ao~C(9)87% rme 5—3Hamenmtas mnocrosiHHas Qeli-
renbayma, 8=4,6692..., a C(@)—mocTosHHast, 3aBACSIAA OT
ceMelcTBa.

*) 310 JONyIIEHHE AENaeTCs TONLKO Ul MPOCTOTHl M HE BIHSET HA
TIOCTPOEHHE TEOPHH.
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IIpu A=A, MBI HMeeM OTOOpaXeHHe, HMEIOIIeE HEYCTORYHBEIE
[EPHOUYECKME TPACKTOPHH BCEX NEpHONOB 2, M MHBapHaHTHOE
MHOXECTBO A, IpATATHBAOIIEe K cebe OONBIIMHCTBO TPAeKTOPHIA,
HaYHHAIOUIUXCA B €r0 OKpecTHOCTH. [IpuMep Takoro otobpaxkenus
OnmHCaH B JeKimE 4.

YausepcanbHOoCcTh Peliren6aymMa HMeeT OYeHb HIMPOKYIO 00-
JIacTh npAMeHEeHHA. OHa BBIOJTHAETCA IS OXHOIAPaMETPHYECKHX
CEMEHCTB MHOTOMEDHBIX OTOOpaXKeHHi, TN CeMEHCTB BEKTOPHBIX
noJieif. MeeTcss MHOTO KOHKPETHBIX (MM3HYECKHX IKCIEPHMEHTOB,
rae B pe3ynabTaTe H3MEPEHHH MMOJYYAaIOTCS NAHHbBIC, HAXOAALIHECS
B IPEKPACHOM COIJIaCHH C YyHHBepcajibHOCThIO @eiirenbayma.
CyIIeCTBEHHO TaKXe, YTO YaCTO A, MOXET pacCMaTpHUBATBCA Kak
MOMEHT MOABJICHHS [AWHAMHMKH C CHJIBHBIMH CTaTHCTHYCCKHMHM
cpolictBamu. BoJjiee TOUHO, MpH A <A 0DOpasel Mep, aGCOJIFOTHO
HETPEPLIBHLIX ~ OTHOCHTENILHO Mephl Jlebera, mon meicTBHEM
IAHAMHKH CXOOATCA K MepaM, COCPECHOTOYECHHRIM Ha YCTOHYHBBIX
HNEpHOAMYECKHX TpaekTopuax. Haobopor, mpH A>A, HMEIOTCH
3HA4YCHHA MapaMeTpa, CKOJIb YroaHo OJH3KHE K Ao, IPH KOTODBIX
o0pa3bl TakMX Mep CXOMATCA K HETPHBHAJBHBIM IIpelesiaM, 110
OTHOIIEHHIO K KOTOPHIM IpeoOpa3oBaHWE O3ProJMYHO, HMEET
HOJIOXKHTENBHYIO 3HTPOMUIO M T. 1. ITomM4epKHEM, BIPOYEM, UTO
3TH BONPOCH HCCIEHOBAHBI IIOKa HEJOCTATOYHO.

Ob6bacaerne ynuBepcanbHOocTH DeifirenbayMa HaeTcs ¢ MOMO-
INBIO yX€ YIOOMHHABIIErocs MeToAa peHopMrpymmsl. Ilpumep
JNEHCTBAA 3TOTO METOJa MBI YX€ BHIACIH B NpPEAbLAYINECH JICKIHH.
Briine MBI OPEONONOXHIIM, YTO IHPH H3MEHEHHM A OT Ay [0

d & )
Ax+1 DPOH3BOIHAS E—(p‘2 )(x, A) ., MOHOTOHHO y6bIBaeT oT
X X=X
Fy

1 mo —1. 3mece x{! ecThb ogHa U3 TOYEK MEPHOMHYECKOR
A =
TpaekTopHH nepuofa 2*. ITo3ToMy HaifHeTca Takoe Ay, Ax<Ap<

d - : )
<Ak+1, 9T0 — @@ (x; Xi) =0. OcHoBHas uues Peiiren6a-
dx x=x:—2’

yMa CocToBT B ToM, uTo > )(x; Ai-1) B okpecTHOCTH X=xX{)
BBITISIAT ACHMOTOTHYECKH TAK K€, KaK (p‘z"’(x; M) B OKpecTHO-
cTH x=x{}) C TOYHOCTBIO JO MaCIITaGHOro NpeoGpa3OBaHMA.
Ecnu 3Ta rEmoTe3’sa BepHa, TO MOXHO yBemHTBCA B TOM, 9TO
¢dopMa Tako# yHMBepcaJbHON (YHKUUM {f JOJDKHA YAOBJIETBOPATH

(yHKUIHOHATBHOMY YpaBHEHHIO (CM. JIEKUHIO 4)
- -1 L
V(x)=—ap(y(a'x)), a= vy M
H YCIOBHAM
1) Y (=x)=¥(x);
2) v (0)=1.
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Ilepphie MaTeMaTHYECKHE pe3yJbTaThl, OTHOCALIMECA K JO-
Ka3aTeJIbCTBY CYLUECTBOBAaHHA pCUICHWN 3TOTO ypaBHCHMA, ObUIH
nojayuenbt Koyute, DxmanpoM B JI3npopmom (cMm. 3°). B nmans-
HeiiineM 6oJiee OpocThie AOKa3aTesibcTBa ObLM HaiimeHbp Kam-
naguHO, OmmmrefinoM HW Ap. (oM. 3°). Cneayer, BIpoueMm,
NOA4YEPKHYTh, 4TO B GONBIIMHCTBE ITHX pabGor B OGonbmied wiM
MCHBIIICH CTENEHH HCMOJIL3YIOTCA PE3yJIbTaThl MAITMHHOTO CYETA.
Hepnasno JI. CynnuBaH mOKa3an, 9TO B Kiacce (QyHKIHMHA, yIOBIIET-
BOPAIOHIMX ONPCHCIICHHKM YCIOBHAM aHaJTHTHYHOCTH, PCIICHHE
3TOTO YpaBHEHHS €IWHCTBCHHO.

OGo3nayuM HalifleHHoe pericHue depe3 Yo (x). B nexuuu 4 Mbl
HCCIIEJOBAIH HEKOTOPEIE CBOMCTBAa OAHAMHKH Ty,. YpaBHenue (1)
MOXHO 3amucaTh B BHIE

Yo=D(Vo),

rae D—HenmHelHBIH onepaTop, crofiui B mpaBo#i dactd (1).
3TOT omepaTop MOXHO JIMHEapH30BaTh B OKPECTHOCTH TOYKH Vo .
DTO o3HaYaeT, 4YTO WA Y=VYo+VY1 MOXHO HamHcaTb

D(Y+¥1)=Vo+ Ly +...,

r[€ MHOTOTOYME O3HAYaeT MAJIHE BBICUIErO MOPAAKA MAJIOCTH IO
cpaBHeHHIO C V. 3mech L — nwneiHbii omepaTop, Ha3biBaeMBIH
nmuaeapusamued D. OH HeCAMOCONPSKEHHBIA B HMEET JOBOJILHO
‘CJIOXHBIH BHA. TeM He MeHee MOXHO CTaBHTh BOOpPOC O €ro
ciektpe. Oka3ssiBaeTcd, YTO L HMEET OAMH COOCTBEHHBI BEKTOP
€0, KOTOPOMY OTBedaeT cobCcrBeHHOE 3HaueRHe d>1, d—Ta Xke
camas nocrosHHas PeiireHbaymMa, H HHBapHAHTHOE MOANIPOCTPaH-
crBo Hy, B KOTOpOM HOpMa L MeHbIE €OWHMITHL.

Mkbr Hcnonb3yeM ceiyac 3Ty HEQopMaimio i oObACHEHHA
yauBepcayibHOCcTE Peiircabayma. Pazymeercs, OpHBOANMEIC HHXKE
pacCyXIcHHS HENb3s PAacCMAaTPHBaTh KaK CTpOroe MaTeMaTHYec-
Koe Joka3aTeiabCTBO. IIOCKONBKY CIIEKTp L HMeEeT OIHCAHHYIO
CTPYKTYDY, 4epe3 TOUKY Yo B OKPECTHOCTH 3TOH TOUKH B QyHKIH-
OHAJILHOM NPOCTPAaHCTBe (yRKIHA Y MOXHO IPOBECTH OTHOMEp-
ayio xpusyio '™ (o) (cM. puc. 11.6), Ha3sBaeMy10 HEyCTOMNUMBBLIM
MHOroo6pasneM 3Tod ToukH. OHA OAHOZHAYHO ONpPE/EIAETCA TEM,
ato D(I'™ (Yo)) > T™ (o), B B Touxe Yo Kacaercs BEKTOpa €o.
Kpome TOro, B OKpPeCTHOCTH VYo depe3 Yo MOXKHO NPOBECTH Tak
Ha3piBaeMoe ycToMuMBOe moamHoroobpasme I''”(Yo) xopasmep-
HocTH 1, onpememsemoe TeM, uto 1) D(T'® (Vo)) = T'® (Yo),
2) D™y—VYo mpr n—oo qus moboro Yel(Yo), 3) T'*(yo)
xacaercs Ho B TOure Vo. ,

PaccMoTpuM Tenepp_B TOM X€ (yHKIMOHAILHOM NPOCTpaH-
crBe noamuoroobpasee I' xopasMepHOcTH 1, cocTosiee H3 Tex V,
y KOTOpLIX HpOM3BOJHAs B HEMNOJBHXKHOH TOouke paBHa — 1.
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Mpemmonaraerca, yro T 6imsko k T'®)(Ao) u mepecexaer I (o)
B Hekotopoit Touke Yel“(Yo). B Mainoit OKpecTHOCTH
Vo ompeneneHo obparHoe orobpaxemme D~ '. HeTpyaHo uoHATS,
yro D7"I' otBevaer otoGpaxendAsM 7Ty, Yy KOTOPDHX €CTb

{ul}

P(x;h) r ')

IEPHOIMYECKAs TPAEKTOpPHA Mepnoja 2", B KOTOPOH NpOH3BOAHAS
P .

dx
nepuopa. Touxm nepecewemms D"’ ¢ T'™(yo) obo3Hawmm
y®, YW=y, Ecmz Ha T'“(Yyo) BiGpaTh KakoH-mH6O ecTe-
CTBeHHBIH Napamerp A, To Toukam VY™ oTsevaer mocre-
nosatenpHOcTh A", U3 cBolicTB L JIETKO Temepb CIEAYET,
yro ACY/AML57! npr n—co.

HomyctaM .Teneps, YTO MBI HMEeM CeMeHCTBO ¢
{@(x; 1)}, 6nmskoe B onpenenerroM cMeicae k I (Vo). C Toukm
3pCHHS TIeOMETpHH (PYHKIMOHAJILHOrO mpocTpaHcTBa {@(X; A)}
npecTaBigeT coOOH KPHBYIO B 3TOM IIPOCTPAHCTBE. 3HAYECHHE
Ao OTBEYaCT TOUKe mepecedeHMs IToH kpEBoi ¢ ' (Vo)
a 3HAYCHHS TNAPAMETPa Ai, T€ HPOHCXOOAT HOCHEIOBATEIbHBIE
6udypraiid yABOEHHAS NEPHOIA, OTBEYAIOT TOYKAM IEpeceYCHHS
kpuBoii {¢} ¢ D7*T. Ho mockomsky D *I" npubimmxarotcs
k T'®(Yo) ¢ arcnoHeHmmambHOM CcropocThi0 87, TO ITHM Xe
CBOMCTBOM 00JIajlaeT CKOpPOCTh COMMKEHHMA Ax C Ay 3TO
H BHPaXKaeT YHHBEPCaJbHOCTh Peiirenbayma.

3ameTEM, 4YTO BO3MOXHBI H JpYTHE YHHBEPCAIBHOCTH
MOMEMO YHHBepcanbHOCTH Deiirenbayma B OJHONIAPAMETPAYECCKHX
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ceMelCcTBaX OTHOMEPHBLIX oToOpaxeHud. OmHako YHHBepCalb-
HocTh DelireHbayma, MO-BHOAAMOMY, €OMHCTBEHHAs YHHBEPCAJIb-
HOCTb, OTBevaromlas NenovYke MOCIedOoBaTeJIbHBIX Oudypkarmi.
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JEKIOHAA 12
PACTATUBAIONIME OTOBPAXEHHSA OKPYXHOCTH

B 3ToMf NEeKUMH MBI PACCMOTPHM TMPOCTEHIIHH KJIacc 0T06-
paXxeHW#t C CUJIBHBIMH CTAaTHCTHYCCKHMMHM CBOHCTBAMH. YXKe€ Ha
3TOM IIpUMEPE MOXHO YBHACTh MEXaHH3M, ITOKa3bIBAIOLIHHA, Kak
MOXeET IWHAMHKA CO3/1aBaTh WHBAPMAHTHYIO MEpY, OIpeides-
FOIYI0 CTATUCTHKY THIIMYHBIX TPAGKTOPHH. JTOT MEXaHH3M, Kak
Gymer BHAHO B 4acTH V, HEHCTBYET H B ropasgo bonee obmiei
CHTYyarun.

IIpegnonoxuM, 4TO ¢ €cThb quHKI.lHSI Ha R!, obnamaromas

CEAyIOIMIMMHA CBOHCTBaMH:
' a,) e C'*" npu mexoropom y>0;

a;) ¢ (X)=ro>1;

a3) (X+1)=0¢(X)+r TpH HEKOTOPOM ILEJIOM F;

ay) ¢(0)=0.

Kak # B nexuun 10, onpenemum otobpaxende T, eIMHHYHOH
okpyxHoctd S' Ha cebs mocpenctBoM dopmyml T, (x)={@(x)},
xe {0, 1); {-}, xax Bcerma, ApoGHAs 4YacTh. YCIOBME a4) MOXET
TP 3TOM paccMaTpPHBaThCci Kak crmocob BbIOOpa Hadaida Koop-
muaaT Ba S'. M3 a,) U a;) cledyer, 9TO Kaxaas TOYKa X HMeeT
r mpooGpazos. Takum obpasoMm, T, ectb smmomopdusm Si.
CpolicTBO a,) MOKa3BIBaeT, YTO JIOKaJbHO 7T, paBHOMEPHO
YBEJIHYABAET PACCTOSIHAE MEXIy OJNM3KUMHM TOYKaMH IO KpaifHed
Mepe B Ay pa3s. Ilo a3Toll mpuumse oToOpaxenne 7, Ha3bIBaeTCs
PACTATHBAIOLIVM.

OcHOBHasg TeopeMa AN PaAacTATHBAIIIHX OT-
obpaxenuir. Ilycmv @ ydoeaemeopsem a;)—a,). Tozda
T, umeem ungapuanmuylo mepy |, 3Keusasenmmuyro Mmepe Jlebeza
| na S* =M. Kax sudomopgpusm npocmpancmea ¢ mepoii (M, H, )
omobpaxcenue T, A6aaemcs MOYHbIM 3H00M0p¢u3M0M (cM. JIek-
waro 7), u h(T, ) fIn ¢’ (x)dp (x).

HoxazaTteabcTBO. 1 oTOOpaxeHui, ynonnemopmo-
X a,); ai), MO)KHO onpedc/UTL pa3dhenue &), cocTofinee H3
r monycermerToB C{V, 1<i<r, Tak, uro T,C{’=[0, 1) u orob-
paxenne T,:C{) - [0 1) B3auMBO-oaHO3HaYHO. Pa36uenne T, ' &
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TaKke COCTOMT u3 r aeMenToB T 1 CM. Kaxmmit 77! C{V ectp
OGLCIIHHCHKC r momycerMeHToB, Jexamux B passeix C'V. Torma
E,=E,vT, 't ecTb pa3bueHHe Ha r® NOJIYCErMEHTOB (o fz,)z, Ans
KOTOPHIX Cff,’z c, T,C3) =CP n orobpaxenne T,:C{} - C,,
B3aHMHO-OJJHO3HAYHO. lleicrnya TakuM Xe obpa3oM H Hajee, Mbl
MOXeEM Ui KaXxIOro 7 NOCTpOuTh pazbuenue &,=E; v T, 1&, v ...

v T, "t1E,, cocrosmiee u3 r" anemenToB. Kaxjmii ero ae-
MEHT €CTb MOJNYCErMEHT, KOTOPHH Mul o6osHamam C{¥ |
1<i,<r. Tpu atom C® Jcc("_ V. m T,c® ,=Cc¥ D’

iy e ,l.- FTTTETE M PYORPS &)

Gonee Toro, orobpaxerme T,:C " Vi C f’;' 1. orobpaxaeT
OJIMH TIOJTYCErMEHT Ha APYroi Bsamo-onnoanamo U3 a,) nerko
Temepb creayer, uro [(C{" ; )<Ag™

Bo3pMeM xe [0 1), He MpHHamIEXalee CYCTHOMY MHOXECTBY
koHuoB Beex C{ .. Jlns xaXZOTO 7 MBI HMEEM LENOuKYy
BKTIOYCHHH X€ .. Cf'l”.”, LeC? . c..cC). Tem cambM MBI NO-
CTPOWTH [JIf X €ro CHMBOJNHYECKOE NpeNCTABIEHHE x<{iy, Iz, -
wes dny In+1y -}, KOTODOE ONpENENeT X OMHO3HAUHO.

PaccMOTpHM NPOH3BONLHYIO INOJNYGECKOHETHYIO MOC/IEAOBa-
TeNbHOCT i~ ={..., _p, «., i_3, i3, lp}. TIOMIEPKHEM, 9TO B 3TOH
NOCJIEIOBATENLHOCTA HAXHMI MHICKC CTPEMHTCH X — 00, B POTH-
BOLIOJIOXHOCTh TIOJYGECKOHEUHLIM TIOCIEROBATENLHOCTSM, BO3-
HBUKAQIOIIAM IPH CHMBOJIMYECKOM UpEeACTABICHHH X.

JlemMmMma 1. [Jua kaxcoozo i~ cywecmgyem npedes

L cErh )
folio1, ig, o} =lim —tmomionel
wtfolive, foz o} =l Szer S
3mom npeden ob6aadaem caedylouumu Ceolicmeamu:
1) l,l(ioli_l, i-z, ...)Zcoﬂst;

2) Zl’-(ioli—h iz, .)=1

Pip iz gy vy Bmgy il 1y il gz, )

Wiolints s gy i%y1y i%a—27s )
1 ﬂ(gllt)aaa'renLCTBo. O60o3nauum ,1"=1(i°“_1’ vy dop)=
(Ceiis)

“en )

—1l<const-l5"

H PpacCMOTpPHM OTHOIUCHHE

s _HCPIDi i) 1CE i)
Lo HCELs) et LY
‘MH HMEeM
T,CM D, i, =C8 0
C(n+1) __C(n)

JEFTORONS [ SRRV s
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M [0 TEOpeME O CpedHEM 3HAYECHHH
I(Cg'::.l.).,i,,.i.,)= I ‘iP'(x)dX=(P’(Y1)1(C§'iT_?,)“.,i_,,io)

s

T v Y

C(_n+2)

i gy evrii_gsig?

er, )= | oEda=¢(y)I(C]) )
cern

R S

(nt+1)
i_,- Otcrona

T_ugseensd

Ini=<p' (Y1)= 1 @ (Yx)—‘P' (Yz)

L 9y oy

M3 a;) cmenyer |¢'(y1)—¢’(y2)|<const-(dist(y;, y,))"<constx
x Ao™. Otciona cpa3sy cileayroT CyLleCTBOBaHBEe mpenena p(io|i-q,
f-3,...) H BCE €ro CBOHCTBA.

Jlemma 1 noka3zana.

VTBepXIeHAE JIEMMBI Ype3BHYaiino BaxHO. OHO HOKA3LIBAET,
YTO JMHAMMKA MPEXIE BCETO CO3AAeT YCIOBHBIE BEPOSTHOCTH
woli-1, i-2, .-)-

PaccMOTpHM Ténmeph CIIEAYIOIIYH) BEPOSTHOCTHYIO TEODEMY.
O6o3HaunM depe3 ) TPOCTPAHCTBO HOBAXIBI-OECKOHECYHBIX MOC-
nemosaTenpHOCTed = {i;}%,, rae 1<i<r, H JOMYCTHM, YTO JaHa
byuruns p(ipli-q, -2, ...) Taxas, 4TO

I) u(oli-1, i—3, ...)=const;

II) le(lo ' i-—l, i—27 "')= 1’

IJig HCKOTOpOro y; €

s Hekotoporo y,€C

11I) “’ecnu
$,= sup P(':oh:—n vy doy ':I—u—l’ ) —1|,
i, 0<s<n, Rloliqy oy Iopy i20—1,5 o0)
v
T0 3, 8,<00.

n

Teopema 2. B ycaosuax D)—III) cywecmsyem oona
U moavko o00na 8epoamHocmuas mepa P, onpedesennas Ha
O-aazebpe bopesesckux nodmuoxncecms npocmparncmsa  u uHsapu-
anmuas ommocumenvHo coguza S 8 L), dan xomopoi

P(isli.v—l’ is—Za ..)="1ﬂg P(is'is-l’ R¢) i:—n) (1’)
cywecmeyem 0aa 06020 Habopa ig, ig_q, is5.2, ... U
P(islis—l’ is*Zs -~~)=N(i.‘|i;—1’ is—Z’ "')' (]”)

HoxasatenscTBo. IIpexne BCero MNOSCHEM CMBICT
ycinousa llI. Homyctum, 4to TpebyeMas P yke MOCTPOCHA.
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PacCMOTpHM BEPOATHOCTHOE pachpeaeieHne «Oyaymero» s
Pa3IMYHBIX - KHPOLLIBIX», T. €.

P{isy v doliog, g, (lllil—h 125wy By, d0y -1, ),

P{is, U 2 F AT AP (lllil—la 12y ey By, 0o, ihq, ),

s
s
H OICHUM ILUIOTHOCTH O,C[HOI‘;IF MEPBI OTHOCHTEJIBHO z[pyroifl:

exp { —const—const - Z di}<

P{l,, ey Bolimygy imgy o}
Pb”.“iohlhilr,m}

s
<exp {const+const- Y, 8;}.
k=1

<

Tlycte Temepb §—c0. MBI BHAMM, 4YTO OTHOLOEHHME 3THX
BEPOATHOCTEH OCTaeTCS OrpaHHYEHHBIM CBEPXY H CHH3Yy, T. €.
YCJIOBHBIE paclpeleNieHns, OTBEYAroIIde Pa3sHbiM MPOINIBIM, PaB-
HOMEPHO JKBHBAJIEHTHB Mexay coboii.

ITokaxeM Temeph, YTo XoTA Obl onno TpebyeMoe P cyuiecTBy-
eT. OUKCHPYEM TIPOH3BOJILHYIO MOCNEAOBATENBHOCTD {i%}® , U it
KaXJIoro 5, — 00 <s5< 00, paccMoTpuM Mepy P¥, oupenenennyro
Ha Q ciegyromuM obpa3om:

0 (0 (0
PO i@, . i®=],
t+s

P.(GO) {is+ 15 »ee» is+t}= II p(illil—l’ R ] i§0) (0) l(O) )
I=s+1

s moboro 1=0. Ml npeAcTaBisieM YHTATENO [POBEPKY TOrO,
YTO MOC/NEAHEE COOTHOIIEHHE ONPERENseT KOPPEKTHO paclipeferie-
HHE BEPOSATHOCTEH.

IIpoctpancTBO () KOMOAKTHO, M [O3TOMY MPOCTPAaHCTBO BceX
BEPOATHOCTHBIX Mep Ha () KoMmakTHO B cnabol Tomojorus.
ClieioBaTeNbHO, HAWAETCS [OMIOCTEN0BATENBHOCTD { —1;}, 1;— 0O
npu j— co, Takas, uro P =p©.

MLI yIBepxkaaeM, yro mis P

" lim POV iglig=1, oy bsmn) =R (Eslis— 1 coos Eg—py o)- 2

n—-w

B camom Jaene, paccMOTpHM

. PO (g b1, oons Fgmn)
P(o)l- i_ o i_ =llm t\fs fs— 1> > ‘s—n .
(el oo fen) = B G )
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Ilpn (QUKCHpOBaHHOM § M JOCTaTO4YHO OoJbuMX j

0 . . Iy
P(—gj(lsa Is—15 -5 ls—n)=
s

= Z I_I ,J'(illil—la seey is—m i;—u—la oo ’{33,, 1(93 =1 -), (3)

bimats s gy 1=+ 1

PO (ia_1, oo fyn)=

s—1
= Z I_I ,J,(il|i1_1, ceny is_,,, i’s—u—l, ceey i,—t1+l’ i(ggj...). (4)

[ M i'—:‘»‘%‘x I=+1

Kaxoe npounsseicaue B (3) MMeeT OfMH JIHIUHHA MEOXHTENIE IO
CPaBHCHHIO ¢ COOTBETCTBYIOINMM HPOM3BEACHAEM B (4), KOTODBI
oTmmuaercs OT W(is|is—1, ..oy fs—n, ...) HA BEIMYHHY, HE MNPEBOC-
xomamyro 68, VYcrpemiss cnepsa /—oo0, a OTOM n—»00, HOIY-
M (2).

Teneps mokaxeM emuHCTBeHHOCTH P®. DTO YyTBepXicHHE
BLITEKACT H3 CIHEAYIOMEH JIEMMBL

JMemma 2. IIyemv P® ecmv pacnpedesenue seposmmocmeil,
ydoeﬁemeopﬂrou/ee (I'), (I"). Tozda oan mobozo £>0 moxncHo
naiimu m=m(g), t=1(&) u eeposmnocmuoe pacnpedeserue P*™ na
CAOBAX [ py, ..., im, IABUCALYEE MOABKO OM PYHKYUU N U MAKOE, YMO

1) m(g)—=oc0 npu £—0;

2) 01 m06020 yca08Hoz0 pacnpedesenus P&™; | m.e.
0 . . 0 . - . I3
PE,, ':l?l - 1,...(t—ma “eey tm):“P( )(t—ma eees lmlt-—t—la l_g-2, -")a
undyyuposannozo PO,
BO.m  p0,m)
Var(P©™, PO™, . )<g,

20e Var ecmb paccmoanue no 6apuayuu Mexcoy pacnpeoeseHusmu
6epoaAmnocmei.

JdokazaTenbcTBO. BosbMmeM t=1(g)=g(e)-(2m(e)+1)+
+m(s), roe g(€)— nexnoe aucio. BLITAIIEM YCIOBHYIO BEPOATHOCTD

I_I ,J'(ixlis~1, is—z, ...)

s=-t

P (ims im—1s woes iglizgo1, -o2)

H anmpOKCEMHPYEM ee YCJIOBHOM BEpOATHOCTHIO IemH Mapkosa
namata 2m+1:

ﬁ(ima im—la ] i—tli—t~1a‘-'-)=

= 1 [T FA AP

b=1 -—-t@E)+l(2m+1)<s<
<-t(®+@+1)2m+1)

v lot@+d-DEmED+ 1 i—t@+a-pem+s L 1 )ep
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31ecs «XBOCT» H3 eJMHHAN B3SAT [UIS IIPOCTOTHI, MOXHO O6blIO 6B
B3ATh B 3TOM MecTe JEOOYI0 IPYIVIO IOCHEIOBATENbHOCTS.
Ouenka p Jjerko BbiTekaeT H3 yciuosus 1II:
4m+1
Ipi<q(e) Y &
s=2m+1
BBHay cXomMMOCTH paza ) 8,<oo I jmoGoro g=g(e) Moxuo

s
4m+1

HaliTH cToab Gonbiuoe m, uto ¢(e) Y, 8,<¢/3. Iostomy ecim
s=2m+1
MBI TOJIOXHM

Plimy im—1y ees i=)=]] I1 TY (A AT

1 —t{®+ti2m+1)<s<
<-t(etd+1)2m+1)

a(e)
I=

(] i*t(a)+(l—l)(2m+l)+l’ 1: wery 13 '-')a (5)
TO

-1

Var(P, P;_,_, ..)<g/2.

Mepa P ecth pachpene/icHHE BEPOSTHOCTEH, COOTBETCTBYIOLIEE
cTanMoHapHOH nenu MapkoBa namatu 2m+ 1. CooTBeTCTBYyIOLIHE
YCJIOBHBIE BEPOATHOCTH HMMCIOT BHI

P(ima coey i—mli—-m—l’ R ] i—3m—1)=
= l—[ u'(islis-—IQ seey i—3m—1’ 19 tees l)

BBenem smnelinniii onepatop I, aelicTByrolmmMi HA NMpoOCTpaH-
CTBe BEPOATHOCTHBIX paclpeieNeHuit Ha CHOBax (im, -.or i-m),
NMOPOXJAEHHLIH YCHOBHBIMH BepoATHOocTsIMH P. OH obnamaer
CHEeAyIONMM CBOHCTBOM (CM. BBIIE):

F(ims cery i-mli—m—ls R i—Sm—l)

P(illl’ e i—mli’—m—la ey i’—}m—l)

=const=Cy >0,

rae C, He 3aBHCHT oT m. O6o3Hayum PO™ CTalHOHApHOE
pacmpelieyieHue 1eMH Mapkosa, OTBedalouiell CTOXaCTHYECKOMY
onepatopy II. Torama H3 J3prommdeckod TeopeMbl IS Lenei
MapkoBa

Var(P©® ™, [1P)<(1~C,)Var (P ™, P)

Uis  Jroboro  pacmpeleNicHHS BEpOATHOCTeH P Ha  clioBax
ims --» i—m. IlpEMeHss 3TO HepaBeHcTBO k (5) ¢(€) pas, rae ¢(e)
TakoBo, 4T0 2(1—C,)** <¢e/2, HememTeHHO mONydaeM

Var (P, PO™)<e/2.
OTcioga cpa3sy BBITEKAaeT YTBEPXKACHHE JEMMBL.
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Temepsb MBI MOXEM OKOHYHTH JOKA3aTENLCTBO CHHHCTBECH-
HoctH P9, O6osnawam PO, . mmaynmposannoe P pacmpenene-
HHe BEPOATHOCTEH HA CIIOBAX iy, ..., im. VI3 JEMMBEI 2 HEMOCPEACT-
BeHHO cieayer, uro Var(PY), ., PO™)<e.

JIOmycTHM, YTO CYIIECTBYIOT ABA PpasHBIX paclpeAcIcHHs
BepositHOCcTel P@, Q@ ynomnersopstoimie TpebGyeMbiM  ycio-
pasm. Torma s Hekotoporo o>0 M Bcex HOCTATOMHO 60Ib-
HmMX m cnpaBe/umBO Hepasenctso Var (P9, .. 09, .)>a. Ho
3TO  NPOTHBOPEYHT  HEPABEHCTBAM Var(P‘?Z,, m PO ™)<E,
Var (Q©, », P'®™)<e. TeM caMbIM eIMHCTBEHHOCTh P [OKa3aHa.
I/IHBapHaHTHOCTb P OTHOCHTENLHO CABHra CIEHyeT H3 TOTO, 4TO
CHBHHYTOE pacpenencnue eposrnoctedi P/, P'(C)=P(SC), ume-
€T TE Xe CBOHCTBA, 4YTO W P, M, CIedOBAaTEIbHO, B BHAY
eAMHCTBEHHOCTH [OJDKHO COBIAZaTh ¢ P, 4To H Tpebopaioch
JI0Ka3aTh,

BepreMmcst kK HalllMM pacTATHBAIOUIMM OToOpaxcHHsM. B jeM-
Me 1 M TOCTPOMIE YCIOBHBIE BeposTHOCTH W(ioli-y, ...),
yrosieTBopsiontne 1) —3). Tenepb MBpf MOXeEM BOCIOJIB30BATHCS
TeopeMoi 2 u HaHTA Mepy P B mpoctpanctse . OnpenennaM Mepy
# Ha [0, 1) mocpeactBom dopmymst p(C; i )=P(iy, iz, ..., ip).

JlemMa 3. Mepa p 3xausasenmna mepe Jlebeza .

JdoxazatenbCcTBO. Mu Jomkubl cpasauth p(CI; ;)
u [(C;,  ..) HammmeM (B obo3Havenmsx nemmsr 1)

I(d??..i.)=1(in|in—l, seey il)'l(in—ll In=25 o il)'--- 'I(izlil)'l(il),
roe
(i b= 15 o 1) =1(CE,) (I(CE=D )
M3 poxaszaTenncTBa neMMbl 1 nerko CIIeayeT, 4TO

S
p,(isli,_l, i, Lo L )
<exp {—const ‘A5 },

exp {—const-A "7} <

B H3 JIEMMBI 2

Pigliy=1, ey iy)
p(islis—l’ s 117 1, l, )

exp {—const-A" "} = <exp {const -1}

Taxam o6pazom,

MO )

exp {—const- Y Ao%}< (C(") 3

520

<exp {const- Y. A;7},

20

YTO HACT YTBEPXKICHUE JIEMMBEI.
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ITokaxeM, 4TO J MHBApHAaHTHA OTHOCHTeNbHO T,. Mul AMeeM

TR = Cil m

. 1 i j=l 1%2 »

BT Cii)= 2 n(CHN)=
j=1

= Z P(J’ il’ [ad] in)=P(il’ (] ln)=,'l'(C$:')l,,)‘
j=1

3mecs MBI HCHOJIL30BAJM HHBAPHAHTHOCTE P OTHOCHTENBLHO
CIOBHTA. .

- Haml cmenyrommid iar COCTOMT B TOM, 4TOOHI MoOkKa3aTbh, YTO
T, €cTh TO4HBIA 3HTOMOPH3M NPOCTPAHCTBa ¢ Mepoit (M, A, p).
HanomumMm (cM. nekouio 7), YTO TOYHOCThH O03HAYaer, YTO
nepeceyeHde pazbmenmii A T "e=v (cM. Jexmuro 7), WM ecid

nz0
HA™ ecth o-momamrebpa MHOXECTBA BHIA T,"C, Cc#, TO
nepeceyenue | |.# =4, rne A — TpHBHANLHAS G-aireGpa MHO-

n
xectB Mepel 1 ® 0.
JloyCTHM, 9TO 3TO YTBEPXAEHME HEBEPHO H CYHIECTBYET A,
0<p(4)<l1, Takoe, uto A<.#™ mpm mobom n. Jins moutH
Kaxgoro xe A mMeeM

n(C .N4)
roe xeC” ;. Hammwem A=T""4, rtne p(4,)=p(4). Mmu
[OKaXeM, 4TO €CIH

R(CPNT"4,)2(1—&)pu(CP.)

npu  HekotopoM €>0, To p(CY ;NT "A4,)>(1—const-g)x
xp(CY ;) ona moboro nabopa jy, ..., j,, 4T0 o3Havaer p (T "4,)>
=1-—const-g, T.e.

-1 npm n-o0,

(T~ "4,)=p(4)=1.

Mbl - yke Hoka3zaiH, YTO YCIOBHBIE MeEphI
u(C?R..i,,j,...j, | Cﬁ':):)
Npd pasHbIX Iy, ..., I, SKBHBAJICHTHEI, T. €.

1)
R(CHD5.1C0 )

1.,

R(CETD . 1 C8 )

2 const

! . kY .
s moOeix i, 7, j. Ho 3TO HEMEIIEHHO [aeT HyXHOe HaM
HEpaBeHCTBO. TakuMm oOpasoMm, TouHocTe T, Moka3aHa. IToO
BJICYET TaKXe SProAMIHOCTh T
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3amevanue. Takne xe paccyxaeHHs HOKa3hLIBAIOT TOYHOCTH
1
sHmoMopdmima [aycca Tx= {— (cM. mexmuo 9).
X

INocnemnee yTBepXIeHHME KacaeTCs BHIMHCIICHHS h( ) s
moboro k BeGepeM HekoTOpylo TOuky y; . €C® ;, u BBesem

Gymcunio fi(iv, s i)y TaC filir, s i6) =9 (¥i...4). Torza
A ik)_q)l(x)|<8k

s moboro xeCP .. g =const- gt
Bo3bMeM pa3buenne £;. OHO 6yner, oueBHAHO, 0OPa3yIOIIMM
pa3bueHHeM, W MOITOMY

h(To)=h(&1, To)=lim [-% Y lnp(cf.) u(cyg”‘.")}

(cM. nexumro 6). BBuny sxksupanenTHOCTH [ H Mephl Jle6era / Mbl
MOXeM HKCCIIeJOBaTh

= =2 % In () W(CHL0)
HMmeem
H(CER.0)=1(CEZ) (CR.L)I(CEID)
3aMeTHM, 4YTO
I(chod)= C{' o' (x)dx=0'(yi,...,) [(CL..0)
HCE-D)=filit, ooos i) 1(CP ;) - €™,

rae |p,]<const-g,. Mcmons3ys 3ToT mpoliecc u Jabile, MoJyIaM

)= ij————-——k(m, i=+k)e%l‘)l{mi=kpm}.ak’

rae Cylzay>C, u Cix ecTb IUOJNOXHTENbHAS TNOCTOSHHASN,
3aBucsAmas ToJdeko oT k. [losroMy .

1 1° 1 2 1
—Elnl(Cﬁ’l',)__ )= ; Z Infi(iss 15 bser)+ - Y P'n‘.'*‘;lﬂab

m=k

CyMMa - Z 10 fi(is+1s-.s is+x) OTPAHMYEHA B CXOMHTCA MNOYTH
BCIOAY K j'ln fi(o)d (m) Taxum o6pa30M

|h(Es, T. )—{1n £, (@) dP ()] < const - &.
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Ho
finfi(@)dP(@)=Y n¢’ (i, 4)1(CP..)
H
-”lnf,,dP(m)—flncp’(x)du(x)l <const -g;.
3T10 maer

|A(Es, To)—fIn @’ (x)dy(x)| <const-g,.

Verpemnas k—oo, monywaem h(§y, T,)={ln¢’(x)du(x). Teneps
OCHOBHAs TEOpEMa Ul PaCTATHBAIOIIHEX O0TOOpaXeHH OJIHOCTBIO
Joka3aHa.

Briepsrie aTa TeopeMa Obuta JokasaHa A. Pens [1]. Popmyna
s SHTponmdH O6buta moaydeHa B. A. PoxsmabiM  [2]. OOGwume
KyCOYHO-MOHOTOHHLIE OTOOpaXeHHs, IUIf KOTOPHIX @'(x)>1,
paccmaTpuBaiuce B pab6ore Jlacotst m Hopke [3). Pacrarusa-
IOUIHE OTOOpaXKeHHsI BCTPEYAIOTCA B psiAe 3a4ady TCOPHH HHCE.
B pa6ote P. Boysna u K. Capuc [4] ObUM mOCTPOEHE! HHTEPECHEIE
pacTArMBAIONMe OTOOpaXeHHA, OTBEYAlOIIHE MHCKPETHBHIM IO~
TpynmaM Ipyimibl aBwkeHH# mnockoctd JloGayeBckoro.

Paccyxnenus, koTopbie MBI BBILIE HCHOJb3OBAMHM INPH JO-
Ka3aTeNbCTBE OCHOBHOH TEOpeMbI, HABEPHSAKA, HE CAMEIE KOPOTKHE.
OnHAKO OHM SBNAIOTCA THIMYHBIMH B TEOPHH TIMIEpOOJIHYECKHX
JHHAMHYECKHX CHCTEM M HCIOJIb3YIOTCA B Oostee 0bueil o6cTanoB-
ke (cM. xaury M. Proamns [5] u dyacte V).

O6cymum  kpaTkO Temepe o6yl INpPOGJeMy NOCTPOCHHS
abCcoIOTHO HEMpepBIBHONR HHBAPHAHTHOM MepBI JUIs APYTUX KJIAaCCOB
oTobpaxeenit oTpeska [0, 1] Ha cebs wimm B cebs. Bosbmem
npou3BosibHylo C'-pynkmmio ¢(x) Takywo, yto @(x)e {0, 1] mns
moboro xe€ [0, 1]. Ona 3amaeT oTobpaxenue T,: X—¢(x) oTpeska [0,
1] B ce6a. ILn0THOCTD Tt (X) aGCOMIOTHO HEMPEPLIBHOR HHBAPHAHTHO
MepHI YAOBIETBOPSAET ypapHeHMIO Prossuis — [leppona — ®pobennyca

n(x)= n,(y,) .
)’ii‘D(}’i}=X ‘(P (Yi)l
HHorna OpiBaeT Tak, YTO MHOXECTBO, T n(x)>0, ectb oObeHHe-
HHE KOHEYHOTO YHMCNA HHTepBajoB. TIoMHA O Takux CHTyammHsx,
BBEJEM CIICAYIONIEC OMNpelesieHHE.

Onpenenenue 1. Omobpancenue T, umeem cmoxacmuuec-
Koe nogedenue, ecau oHo obaadaem uneapuanmmoil mepoii, abcomo-
MHO HenpepuisHOU omnocumeabno mepovl Jlebeza, u npu amom
ATy e=vy, 20e v, ecmb KOHeunoe uAu cuemnoe pasbuenue.

" 3pech, kak ¥ B yactd I, &€ o6o3mHauaer H3MEPUMOe pa3bueHHe -
Ha OTAENbHBbIE TOYKH.

OkBHBajiecHTHasA (JOPMYJIHpPOBKA MOXET ObLITh [JaHa B Tep-

MHHaX o-ajarebp. A HMEHHO, eciH .#, ecTh G-aarebpa MoIMHO-
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xecTB Buga T,"C, Cc M, TO M2 Myi12... B AT €=V
TOrDAa H TOJBKO TOrga, korma (\#,=AN,y, rOE A, €CTb
n

oc-anrebpa, OTBedarollas KOHEYHOMY HJIM CYCTHOMY pa3OueHHIO
(cM, Jexmio 2).

IlepBrid HeTpHBHANLHKI HpEMep oToGpaxenns T, co cToxa-
CTHYECKMM NoBeaeHueM Obun oOHapyxkeH ¢oH HeliManoMm m Via-

Ta

MoM [6]. st ¢ (x)=4x (1 —x) oHE Hauum, 41O n(x)=-;.
n\/x(l—x)

XK€ IUIOTHOCTL O6CTyXHBaeT oTobpaxeHus T, rIe ¢ — MPOH3BOIb-
Hblf mommAoM YeGnunesa. 3amermMm, wro mia @ (x)=4x(1—x),
¢’'(1/2)=0, ¢(1/2)=1 1 ¢(p(1/2))=0, T. e. BTOpO# 06pa3s KpHTHYe-
CKkOH TOYKH €CThb NEepHOOHYECKaA HeycTOMYmMBas Touka. [To3mHee
OBLI0 MOHATO, YTO 3TO CBOHCTBO MOMOTaeT YCTAHOBHTL CTOXAaCTH-
4eckoe MOBeAeHHe. A WMeHHO, BysmmoBHY B [7] mokasan, d9TO
Tx={2nksin2rnx}, k=41, 2,..., ob1agaer CTOXaCTHIECKAM MOBe-
nennem, a JI. Proamwne B (8] ycramosmn TOT xe dagkr mua T,
@o(X)=Aox(1—x), rae Ao BHOpaHO Tak, 4TO PgoPooPo(l/2)=Yy
H Yy €CThb HEYCTOH'YHMBas MEPHONMIECKAsAs TPAeKTOPHSA NepHoia 3.
HaubGonee obumii pe3yabTaT B 3TOM HAIPABJICHHH IPHHAJIEXHT
Ormesy [9] m Mnuciopepnay [10]. Onm gokasamm, d9TO0 €cuM
KpHTHYECKasi TOYKa 3a KOHCYHOE 4YHCJIO ILAroB MEPeXOOHT
B HEYCTONYHMBYIO MNEPHOAHYCCKYIO TPackTopHio, To T, HMeeT
abCcoOTHO HeNMpephIBHYIO HHBApHAaHTHYI0 Mepy. Teopema m3 (8]
cnpaBe[UmBa B ropasfo 6oyiee oOlIeH cATyamuu, a HMEHHO IUIA
otobpaxenmii ¢ @eC>?([0, 1]), y KOTOpBIX €cTb ToNbKO OZRHA

e 4
KpHUTHYECKas To4ka H npom3soaHas [Isapma S =§7-%<§,—> <0.

O6cynum Tenephb ¢ 6onree oOleit TOYKH 3pEHHS POJb YCIOBHS
Ha TPAaeKTOPHIO KPHTHYECKOH TOYKH. Jl0Ka3aTelbCTBO OCHOBHOH
TEOPEMEBI VI PACTSTHBAIOIIAX OTOOpaXcHHH MMOKa3biBaeT, 4TO
CYIIIeCTBOBaHAEC abCOMFOTHO HEMpephIBHOH HHBAPHAHTHOH Meph
JokHOo OBIT TaKk HIM HHade CBA3aHO C HEYCTOHYMBOCTBIO
orobpaxenna. Eciu ¢ HMeeT KPpATHMECKHE TOUKH X;, T (p’(x,-)==0,
TO B 3THX TOYKaX OHO B OIPEJCJICHHOM CMBICIE MAaKCHMAaJILHO
YCTOHYABO. YCIJIOBHE, COCTOSINEE B TOM, YTO KPHTHYECKHE TOYKH
NMEPEXONAT B HEYCTOHUMBHE NEPHOOWYECKHME TOYKH, Kak Obl
NMPEONOJIEBAET ITY YCTOHIABOCTH.

Moxno HanoxuTh H 60see cinabple YCIOBHS HAa TPaeKTOPHH
kpuTHIecKofl ToukH. Hampumep, [OCTaTOYHO B HEKOTOPHIX CiIyda-
AX noTpe6oBaTh, 4T06BI TpaekTOpHs MIO00H KPHTHYECKOH TOYKH
OCTaBajlaCh Ha TMOJIOXHTEIPHOM pAcCTOSHHMH OT MHOXECTBA
kpuTHYeckux Todek. Hambosiee CHIBHBIE pe3yIbTaTHl BO BCEM
3TOM KpYT€ BONMpOCOB mpuHaIexat M. Akobcony [11], xoTopsbri,
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B YACTHOCTH, INOKa3al, 4TO IS cemeiicTBa @, (x)=Ax(l—x)
MHOXECTBO TeX 3HAYEHHH A, TH€ @, MMeeT aGCONIOTHO HEIPEPHIB-
HYI0 HMHBAPHAHTHYIO MeEpY, HMEET IOJOXHTENbHYI0 Je6eroBy
mepy. Jpyrae HOKa3aTelhcTBa TeopeMbl SkobGcona nanbl Bedemu-
xcom u Kapneconom [12] u I'ykenxaiimepom [13] m Peixamxom
[14). HenaBuo A. Binox u M. JIro6uu [15] mokazamu, 4TO ecid
@ AMeEeT OIHy KPHTHYECKYIO TO4Ky, S¢ <0 u T, HMeeT abGCOMFOTHO
HENMPEPLIBHYI0 HMHBADHAHTHYI0O Mepy, TO 3Ta Mepa 3proauyHa.
HenspecTHO, 6y/eT M Bceraa B 3ToM chydae sutponus h(T,)>0.

BepoatHocTHas TeopeMa, O KOTOPOH HIET peyb B TEKCTeE,
MoxeT ObITh BoiBeleHa H3 oOumx pesynbTatoB Jlo6pymnHa
0 CBOMCTBax rHOOCOBCKHX paclipelieicHHH HJIH U3 OTHOH TeopeMbl
Proamis (cM. [5]), HO MBI mpeANOYIHd NPHBECTH HE3aBHUCHMOC
3aMKHYTOE JOKa3aTeJNbCTBO.
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YACTBH IV
3JIEMEHTBI ABYMEPHON JIUHAMMWKH

B 3T0if YacTH MBI pAacCMOTPHM HECKOJILKO NpOGJIeM, OT-
HOCAIMXCA K [BYMEpDHOW IMHamuke. B 1nenom psage ciydaes
MOJIHBIE JOKa3aTeNbCTBa JOBONBHO MHMHHBIE. IlosTomMy wMHorma
MBI OTPaHHYABACMCS TOJIBKO KaYeCTBEHHBIM OOCYXICHHEM H IIPH-
BOJAMM COOTBETCTBYIOIIHE CChLIKH.

JEKIHA 13

CTAHIAPTHOE OTOBPAXEHHME, UJI1 OTOBPAXEHMUE
YHUPUKOBA, OTOBPAXEHHUE C NEPEKPYUUBAHUEM,
HNEPHOINYECKHE TPAEKTOPHH, TEOPUA OBPU—ME3EPA

PaccMOTpHM NMPOH3BONBHYIO JIOKAJILHO-KOHEYHYIO KOHHTYpa-
a0 {Xm} TOYCK Ha mpsAMoil R'. JlokalbHAasA KOHEYHOCTh O3HAYAET,
4TO YHCIO TOY€K, NPHHAAJIEXAIHUX MoOOMy HHTepBaNy, KOHEYHO.
Hamamem ¢opmanbHOe BhipakeHHE A4 NOTEHUHATHHOH SHEPruM
3TOH KOH(MHTypallMH B BHIE

U((xn}) =3 XX = ¥V ae Sl —cos2uxn). (1)
m m

3meck Y, k—mnapaMerphl, mepBas CyMMa OIMCHIBAET 3JHEPTHIO
BHYTPEHHETO B3aMMOJCHCTBHS TOYEK, a BTOpag CyMMa Xapak-
TepU3yeT HX HEPTHIO BO BHEIIHEM IepHOAMYECKOM Toje. CHcTema
TOYEK ¢ NMOTEHHNHANLHON SHepruei (1) HasbIBaeTcs B CTATHCTHYE-
CKolt MexaHure modeavio Ppenxern— Konmoposoil.

EctectBeHRas mpobnema, kotopas BO3HHMKaeT B csa3u ¢ (1),
COCTOMT B HaXOXICHHHM KoHUTypanmii ¢ MHHHMAaJILHOH 3HEpruei,
HJIA OCHOBHBIX cocTosHHH. IlepBag cyMMa NIpHHHMAaeT HaWMEHB-
1ee 3HAYeHHE, Korga X,—X,-i=Y, T.€. X,=my+a. Bropasa
CyMMa MHHHMMAaJIbHa, Korga Bce X, Heisle. B3aumMooTHOILCHME
MeXIy HMMH Kak (yHKumsA mapaMeTpoB Y, k ompelenseT BCIO
CIOXHYIO CTPYKTYpY MHOXECTBA OCHOBHBIX COCTOSHHE. BBemem
TENEph ClleAylomice ONpe/ieJICHAE.

Onpenenernue 1. Konguzypayua {x9'} nazvieaemca ocnos-
HbIM COCMOAHUEM, ecau 048 a0boil Konguzypayuu {Xn,}, omauua-
roweiica om (X} nosooxenuem Komeunozo wuucaa mouex, m. e.
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Xm=X'Q 041 ecex m, |m|>N, pasnocms U{x,}—U({xP})
HEOMpPUYAMeAbHa:

Ulfxnl) U= =; 3 [w—n-1=1=

ni<N

k
—(x©—xO, —yP]+—= Y (cos2nxy—cos2nx,,)>0.
2% N
M3 Froro onpeneneHus cpasy cieayeT HeOOXOOHMOE YCTIOBHE
I8 Toro, 4ToOm kondurypammsa {x\)} 6bina OCHOBHBIM CO-
CTOSTHHEM:

oU({xm})

ox, {"-}'={XS.?’}=0’ —0<n<o. @)

B ssHoM BHOe (2) o3Hadaer, 4TO
—x9, + 29— x4+ ksin2nxP=0, —ow<n<ow. (3)

IlpoctparcTBo mocienopaTensnoctel {x(}, ymoneTsopsronmEx
(3), OBYyMepHO, NOCKOJNbLKY JIo0as mapa HavalibHBIX aHHBIX
&P, x®) ompenenser OmHO3HAYHO BCIO NOCTENOBATENHHOCT.
TonoxuM z,=X,—X,-y, @,={X,}, rme {'}—npobHas 4acts.
Torma m3 (3)

Zni1 72y +KSIN2NQ,, Qpy1=0Qp+Zy+ 1 (mod 1)- C))

Ilo mnocnemoBaTeNsHOCTH {Z,, ©,} MBI MOXKEM BOCCTAHOBHTBb
NOCIEAOBATEABHOCT {X,} ONHO3HAYHO C TOYHOCTBHIO JIO HEJNOYHC-
JIEHHOTO CJ{BHTA.

PaccMotpuM aByMepHEIE mumuAap C ¢ XOOpAMHATaMH (Z, ¢),
~o<z<ow, p€[0,1) 1 orobpaxerse T 3ITOro NMIMHIPA Ha
cebs, 3agaBaeMoe $opmynon T(z, )=, 9", rue
2’ =z2+ksin2n@, ¢'=¢+2z’ (mod 1). Butpaxkenue (4) o3padaer, 410
MoGOMY OCHOBHOMY COCTOSIHHIO COOTBETCTBYET TPAaeKTOPHUA OTO6-
paxenus T, HO He Haobopor. 3amernM, kxpoMme Toro, 4yro T He
3aBHCHT OT Y.

Ounpenenersue 2. T Ha3vieaemca cmMaHOapmHusim omoo-
paxcenuem, uau omobpaxcenuem Yupuxosa.

B. B. UnprxoB —coBeTCKHil (PH3AK, KOTOPHIA BBEJI 3TO OTOO-
paxeHne Oolee ABANUATH JieT Ha3ald B CBA3H C HEKOTODHLIMH
npobjeMaMn TeopHH HenuueHnnix konebammit {1]. C Tex nop
otobpaxenne YuprroBa OLUIO H IPOJIOJDKAET OCTaBaTLCA IpeaMe-
TOM MHOTHX riayOokmx mccinenoBanuii. Hmxe M1 obcyaum
HEKOTODHIE CTPOTHe pe3yJabTaThl, OTHocammecs kX 7. Buauaie,
OHAKO, MBI BBeAeM Ooliee obnmit xnacc oTobpaxkenuii, BxIoda-
ot B cebs oTtobpaxenne UdpHkoBa Kak YacTHRIA ciydaid.
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Bosbmem ¢ymkumio aByx nepemennnix L(y, y') Takyro, 4ro

L. L(y+1, y'+1)=L(y, y),
2

2 2L,

dy oy

H BBeleM o0000wyennyo modeav Dpenxears— Kowmopoeoi, INs
KOTOPOH NOTeHIHabHAS JHEPrUs TaKoBa:

U({Xm})=ZL(Xm, xm—1)~ (5

OnpefesleHde OCHOBHOTO COCTOSHHS €CTECTBEHHO NEPEHOCHTCA Ha
9TOT ciy4ai, ¥ (2) npHHHMAacT BHI

(3U_(?L(X,,+b X,,)+6L(X,,, xn*l)

0x, 0%, X, =0. ©)

Beuny cBocTB 1, 2 ¢opMyna (6) 3anaer otoOpakeHue UMIHHAPA
C. Taxoe oTob6paxenue HA3BIBACTCA OMOBPANCCHUEM C NEPEKP)YUlU-
8aHueM, TOCKOJBbKY 00pa3 Jro0o# BepTHKAJIBLHONW NpSMOH ecTh

. dz
KpHBadA, IO KOTOPOK ;1—-->O. Hna oroOpaxenus Ympuxosa
©

k
L(y,y")=5(y=y'=1)* +5- (1 ~cos?ny)

B[ =

MHorue CBOHCTBa OTOOpaxeHHs UYHpHKOBA CHPaBEIMBHL [UIf
BCEro Kaacca OTOOpaXkeHHH ¢ TepeKpy4HBaHHEM.

Hame onpenenenue 1| OCHOBHBIX COCTOSHHA OJHM3KO k He-
KOTOPBIM ONpEJENCHNAM B CTATHCTMYECKOH Mexamuke M aug-
¢epeHRaNBHON reomMeTpud. B craTHcTHYeCKO# MeXaRMKE HIHPOKO
PaCHpOCTpaHEHB MCC/IeHOBAaHUS 'peuleTdaThix Mojened. B atmx
MOJENSX pacCMATPHBAIOTCA peleTkH Z7 M KoHWIypalrn
o={o(m)}, meZ’ 3amamAble Ha HuX. 3Hauendms @(n) dyacro
MpeoiaraloTCcsl NPUHAMICKANAMH KOHEYHOMY MHOXeCTBY @.
IHoTeHURanbHAs JHEPruA KOHQUIYpDANMHE ¢ BO MHOTHX CIy4asix
3aIHMCBIBAETCS B BHIE

U(o)= Y U({o(n), dist(n, m)<R}).
IHEZJ
OThenbHOEe  CllaraeMoe  ONKCHIBAaeT — B3aHMOJAEHCTBHE ¢ (m)
¢ ocTaanHO#W koH¢urypammeir. OHO 3aBHCHAT TOJBEO OT BHJAA
KoAbATYpalMn @ B OKDECTHOCTH pamumyca R Toukn m. Umcio
R HasmBaercs pammycoM B3amMogne#cTBrEA. Kondurypamms § Ha-
3EIBAETCA OCHOBHBIM COCTOSHHEM, eCJIH Ul moOol koddnrypaunu
@, OTJMHYAIOIiEAcs OT Y B KOHCYHOM YHACIIE TOYEK PEINETKH,
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U{e)=U(¥) (cM. [2]). ScHO, 9TO 3TO oONpeneNcHHe TOH Ke
IPAPOKI, YTO H omnpeaencHue 1.

Hanee, pacCMOTpHM TIJajkoe KOMIAXTHOE PEMAaHOBO MHOTO-
obpasre Q u BO3bLMeM Ha HeM reogeswdeckyro y={y ()},
—w<t<wo. Crnemyiomee onpeneneHme Obno BBegeHo 6ojee
nIecTHAECATH JeT Ha3ax M. Mopcom (3]

Oupenenenne 3. Ieodezuueckan y Hazvieaemca zeode3ude-
ckoit Kaacca A, ecau 0aa moboil kpusoil y', omauuaoweiica om
Y KoHeunwvim ompesxom, I(y')=I(y), 20e 1—Oauna.

D10 oupeneieHHe HMeeT TY Xe IPHPOLY, 4TO H ompexdele-
ade 1. B nOedcTBHTENLHOCTH MMeeTCA MHOrO obmiero Mexay
TeopHedl OCHOBHBIX cocTosHEE Mojeim Ppenkens — KoHTOpoBO#H
¥ TeopHeH reoje3WdeckHx Kiacca A.

BepueMca x orToOpaxenmio UmpuxoBa. Wmorma mam Oynmer
ynobHee GopMyJMpoBaTh YTBEpXIeHUs i1 Moaem Ppenkens —
KonTOpoBoil # 3aTeM nepedopMyIapoBaTh HX X oToOpaxeHHS
Yupukosa. Ilycte y>]k|#0. duxcApyeM aBa IelBIX 9HCIa p,
g H pacCMOTPDHM BCEBO3MOXHBE KOHQUTYpaumd {x,}, i
KOTOPHIX Xp4,=1p,+p. DTO O3HauaeT, YTO Bce KOHQHIYypalHH
SIBIIIOTC MNEPHOJWHMECKMMH C TEPHOJOM p H Ha KaxaoM
HHTEpBaJie [UTHHBI p UMeeTcs ¢ To4eK. Mbl OyJeM Ha3LBaTh TaKHE
xouburypammu (p, q)-xondpueypayuamu. IlpocrpauctBo (p, q)-
koHburypammii o6GosHawmMm M, ,. OBo mnpencraBiseT coGoi
KOHEYHOMEPHOE KOMIIAKTHOE TIPOCTPAHCTBO, €CIX JOIMYCTHTH
TAaKke KOR(UTypaluH, y KOTOPHIX HECKOJBKO TOYEK COBMNAJAFOT.
Beenem

U Ly oY) 2
P'Q({XH})_E,l;l[(Xn_Xn—l_y) +E7;(l—cos nx,)},
PaBHYIO 3HEPIMH KOHPHUTYypallMH Ha OXHOM mepuone. Dynxmus
U, , onpenenena u HenpephiBHa Ha M, ,. IlostoMy cyuiecTByeT

(p, q9)-xondurypamma {x!}, nna roTopoi

Upo({xD})= max U, ({xm}).
(xmieM,,

W3 npesnonoxenus y>|k|#0 nerko ciexyer, uro {x®} ects
BHYTPCHHAA TO4Ka M, , #

ou

i 34 . = 0, 1<ng q.

O%n | () =x)
Torma cooTBercTByIomas mocienosateaphocts {z, 0@} (cm.
4] onpenenaeT TPaeKTOPHIO T, TS KOTOPOH
{z2%,, 02,}={2z, 0P}, T.e. {2V, 0¥} ecrb nepmommueckas
TpaekTopus 1 mepHoma ¢, IOenaiomias p oOGOpOTOB BOKpYT
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munuEapa C. Miu1r 6yneM HaswBaTh Takylo TpaekTopuio (p, q)-
mpaexmopueii. DTH apryMeHTHl IIPUBOAAT K CIEXYIOLIEH Teopeme.

Teopema 1. [Jasa moboii napur (p, q) cywyecmgyem no
Kpatineit mepe oona (p, q)-mpaekmopus.

Teopema 1 MoxeT GHTBP YCHIICHA cClemyroumM o6pa3oM.

Teopema 2 (bupkrod [4]). H1a moboi napet (p, q)
cywecmeyrom no Kpaiineii mepe 0se (p, q)-mpaexmopuu.

Mgbl HAMETHMM TOJILKO HOKa3aTeNILCTBO TEOPEMB! 2, OMYCTHB
psn meraznedi. Bosemem (p, q)-konpmrypammo {x{}, mocrpoen-
Hylo Bhiue, H 06o3HawaM {z\¥, 0™} cooTBercTByIOmMYIO Tpack-
topmo T. PaccMoTpeM HempepuBHEIE Aehopmaiman (X'} cremy-
omero  BHpa. Ilycte |—eOWHAYHRIA  OTpPE30K H :
I->M, ,—HenpepuBHOe oToOpaxeHue Takoe, 4rto h(0)={xQ},

h(l)= {xf,‘,’il} u h(r)x) ecTs HempepbiBHas BoO3pacTaroas

bysxmas ¢ npu kaxaom m. Ionoxmm U=max min U, ,(h()).
ko te[0,1]

Moxuo nokasats, ut0 U< U, ({x9}) v U=U, ({x}'}). Kor-

burypamuas  {x{} nopoxcnae'r (p, q)-tpaektopmro  {zV, oV},
goTopas orauHa oT {z{?, ¢®}. D10 u paeT xemaembii
pe3yiabTart.

O6cymumM teneps kpacuBylo Teopaio O6pu— Mesepa (em. [5],
[6], [7]), malomyto mHOCTAaTOYHO IeTalbHOE OMHCAHME MHOXKECTBA
OCHOBHEIX cocTosHMA. MBI Gy/ieM IpunepXuBaThcs 37€Ch M3JI0XKe-
Hus O60pu. OyHaaMeHTANTBHAS JleMMa OOGpH yTBep*aeT, 4TO eCIy
{Xa} ecTb OCHOBHOE COCTOSHHE, TO CYLIECTBYyeT Mpenen

lim lx,,=p, KOTODBI# MO €CTECTBEHHBLIM INPHYMHAM HAa3HIBACTCA
n—w
YUCJIOM BpalleHAs. 3aMETHM, 4TO aHAJIOTHYHOE YTBEPXKACHHE IS
reome3sudeckux kmacca A4 Moxer OwnTh HafineHo B pabortax
M. Mopca [3] u TI. Xemnyama [8]

s oboro p cymiecTBYIOT OCHOBHBIE cOCTOSHHA. Ecimm
P palMOHAIBHO, P=p/q, TO COOTBETCTBYIONIEE OCHOBHOE COCTOS-
HHe ecTh (P, q)-koHburypammsa. Ha camMOM JIejle IOKa3aTeIbCTBO
TeopeMsl 1 yXxe maeT OCHOBHOC cocTosHHE. J[IA MppalHOHAIbHBIX
p MOXHO HaliTH TakHe H3MEePHMbIC neproandeckue GpyHkman F, ()
mepuoja 1, 4TO BCE OCHOBHEIE COCTOSHHA C JaHHBIM p MapameT-
pH3yIOTCA TOYKOM o€ S' M MOryT OBITH 3alMCAHBI B CJIEAYIOLIEM
BHJE: Xp=mp+0o+F,(mp+a). [Ipn 3TOM BO3MOXKHHI 1Ba CiIydas:

1. F, Hnenpepvigna. Torma orobpaxemme g: S'—C, rze
g((p)=(p+F,,(q>)—F,,((p p), ©+F,(p)), ompesenser 3aMKHYyTYIO
kpuByto [, Ha C. JIeTKo BHAETH, 9TO BCE TPACKTODHH {Z,, ®,},
OTBEYaIONIHE OCHOBHBIM COCTOSIHHSM, JiexaT Ha [',. DTo 03Hauaer,
4To ecaM F, HenpepsiBHA, To 1" MMeeT HHBapHaHTHYIO KpuBylo. Ha
sTo#t kpuBO# T B HANEXKAIEH TIEPEMEHHON CBOJUTCA K BPALUCHUIO
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ma yron p. HMcmnomwesys omsy Teopemy bupkroga {4}, moxso
nokasats, 9T0 I, ecTs rpaduk HekoTopoil ¢ymkmumm z=f,(¢),
yXOBJETBOpSIONIEH ycloBHie JlMmuuua.

2. F, paspviena. B 3TOM cCnydae F,~—9ACTO pa3peiBHas
dyHkims, T1.e. cymma ee ckaykoB pasEa 1. Torma T umeer
3aMKHYTO€, HATIE He MIOTHOE HHBAPDHAHTHOE MHOXECTBO, IPOEK-
IHEsA KOTOPOrO HAa OCh @ IpeicTaBiseT coboi Takke 3aMKHYTOE,
HUrae He wiotHoe MHOXecTBo. Cnenys Ilepcmsairo, Ml Oyraem
Ha3biBaTh TAKHE MHOXECTBA KAHMOPOMOPAMU.

Teopus O6pB — Me3epa HRYETO HE TOBOPHUT O CYILECTBOBAHHH
HenpepHIBHLIX (yaknmit F,. Ta mpobiemMa MOXeT OBITL paccMoOT-
peHa ¢ DOMoibIO0 H3BecTHOH Teopuu Koymoroposa— ApHoJIb-
da—Mesepa (teopur KAM), xoTopas IOCTaTOYHO IOHPOKO
u3secrHa. Ciy4ya#i cTaggapTHOTO OToOpaxkeHHs H 0TOOpaxeHHH
C UEpPEKpYIMBAHMEM CIENMAIbAO paccMoTpeH B kaure HO. Mesepa
[9]. Mel chopMyndEpyeM TONBKO De3yibTaT.

Teopema 3. Juaa ecex docmamouno maavix k cywecmgyem
mHoxcecmso Ry < [0, 00) uucen epawenusn maroe, umo

D {((R.N]0, t])>t npu k—0, dan moboco t;
2) dan mobozo pe Ry cywecmeyem uneapuanmuas kpusaa I';,
048 Komopoii coomgemcmeyiowan PyHkyua f, eewecmsento-anau-

muuna; 6osee mozo, I{c,(\ |J T,)—=t npu k—0 011 mobozo t, 2de

pe Ry
¢, ecmb nodmHoxcecmeo yuaundpa c,={(z, ¢), |z|<t}.

B 1) u 2) | osnauaem mepy Jlebeza.

KoHCTpyKIIMA WHBapHAHTHEIX KpHBBHIX B Teopud KAM He
uMeeT HEYero obuiero ¢ Teopueit OCHOBHBIX COCTOSIHHH. B ne#cr-
BHTEJILHOCTH TpeOylOTCs JONOJHHATENLHBIE apryMEHTHl IS TOTO,
9T00Bl MOKa3aTh, 9TO TPAaeKTOpHM, KOTOphie yexar HAa KAM-
KPHBBIX, COOTBETCTBYIOT OCHOBHBIM COCTOSHHAM (3T0 OBLIO
caenano B pabore JlazyrkmHa m Tepmana ([10]).

IlokaxeM Ttemepb, 9To npm k>1 orobpaxenme UmpukoBa He
AMCECT HHBADHAHTHBLIX KPHBHIX, KOTOpble MOTYT ObITH 3a/JaHbI
HeupephiBHBIME (yHKIMAME z=f(@). YCIOBHe MHBADHZHTHOCTH
TIPEBOAMT K CJeAyIonieMy (pyHKUMOHANBHOMY YpaBHEHHIO Aid f:

f(@)+k sin 2no =1 (¢ +/(¢)+k sin 2np). N

Teopema 4 (cm. [12]). Ecau k>1, mo ypasuenue (7) ne
uMeem HenpepbleHbIX PpeuleHul.

Moka3zaTenbcTBO. Bmauane mnokaxeM, 4ro @-+f()
+ksin 2n¢ npMHEMaeT KaxXOOe 3HAYEHWE TOJBKO OOHH pa3.
B camoM gene, ecnm nmus

@2+/(p2)+k sin 2nQ, =@, + /(@1 ) +k sin 21, (8)
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10 B3 (7) cremyet
f(@2)+ksin 2n@,=f (¢ )+ksin 2ne,

B Q,=@;, YTO TNPOTHBOPEYHT HEPABEHCTBY @;<@,. IlosTomy
dyrxmua F(@)=@+f(¢)+k sin 2m¢ cTporo MOEOTOHHO BO3pacTa-
romas, NockoMbky F(e+1)=F(p)+1. 3ameTAaM Tenepn, 4TO

O0<max [ f(p)+ksin2ne]—min [ f(¢)+ksin2np]<1l.  (9)

B camoMm pene, mycrs
f(¢')+k sin 2ne’ =max [ f(@)+k sin 2no ],
]

f((P")+k sin 21‘C(P”=min [f((p)-{—k sin 2112([)]-
° .

Ecm ¢’ <", To u3 MoHOTOHHOCTH F

0<f(@')+ksin2ne —(f(¢")+ksin 2np” )<p”"—¢'< 1.
Ecmm xe ¢"<@’, TO B CWIy TO# Xe MOHOTOHHOCTH F

" +(f(o")+ksin(2ne") <o +(f(@')+ksin 2n¢’),

0<(@'—¢")+(f(o")+ksin2re’)~(f(¢")+k sin 2re" )<

" TeM bosee
(f(@')+ksin 2ne")—(f (9" )+k sin 2np” ) <1.
B yacTHOCTH,

(£ /4)+k)—(f (- 1/4)—k)<1,

(/8 —f(-1/4)<1 -2k < —1. (10)
BosemeM @, ¢, A KOTOPbIX
f(@+/ (@) +k sin 2n9)=min 1 (9),

f(@+/(®)+ksin 21t(f>)=m:1xf((p).

Torga ¢ nomomsio (7) m (9) moaywam
rrgnf(w)—m3Xf(¢)=

=f(§+£(D)+k sin 2np)—f (G +f(®)+k sin 2rp) = —1,

yro mpotuBopeynT (10). Teopema 4 goxasana.
O6o03nauuM uepe3 k. HAHOOJIblLIECEe 3HAYCHHE MapaMerpa,
TaKoe, 4TO HmpH Bcex k> k., oToOpaxenune 7 HE MMeeT UHBAPHAHT-
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HBIX KpHBBIX, oxBaThiBatomux C. 3uavenme k. OBLIO HCCIEAOBAaHO
BliepBLIe THCNIcHHO B pabote x. I'pana [13]. Ero pesymsTaT maer
k.,=0,972/2n. Hamny4uiasg oOIeHKa THIA MAIIMHHBIX JOKa3a-
TeascTB Oblna monydena B pabore Maxk-Kas u Ilepcusana [14]:
k..<0,984/2n. Teopernmdeckde ONEHKH Kk, CHH3Y 3HAYHTENHHO
MeHee TouHbL. k. ['puH B [13] wmcnenHo nmoka3an Tagkxe, YTo IMpH
k=k, mnocnempsas KpuBasg I, COOTBETCTBYET WYHCNy BpalICHHS
_J3-1
2

p= (3om0TOE CeveHHe).

Ilpn k> k. Bce nuBapHaHTHEIE KpHBHE ', yXe pa3pymIHIIHCE.
TeM caMbIM Ans TakuX k BO3MOXHBI HEOTPARWMCHHEE TPACKTOPHA
T. ChopMymApyeM HECKOJIBKO FANOTE3, KACAIOHMIMXCA ITAX Tpaek-
Topuii. HH ogHa W3 HHX B HACTOSIIMH MOMEHT CTPOro He
JOKa3aHa.

Hl. Ona k>k, cymecTByeT MOAMHOXECTBO A < C MOJOXH-
TeabHOH 11eOeroBckoit Mephl Takoe, 9TO

{ 22(zo, 9o )dzodpo~const'n mpa n—o.
A

%8:038:%)74 CJIOBaMH, CpE€OHEC CMCIICHHEC TOYKH IIOJ ACHCTBHEM

IAHAMHKH PACTET KaK \/;, T. €. TaK €, KaK CMeeHre TOYKH IpH
CIyYafiHRX OnyXIaHHAX.

JunamMudeckas npWdMHa, H3-3a koTopod H1 Moxer OwiTH
BepHa, COCTOHT B TOM, YTO OpH k>k., WHBapHAaHTHbIE KDHBEHIE
pPa3pylIMJCh H MpEeBpaTWJMCh B KaHTOPOTOpH. Mexay KaH-
TOpOTOpaMH 00pa30BaJICh I[UENH, 4epe3 KOTOpHIE BO3MOXEH
nepexon. B pabore Maxk-Kag, Muca u IlepcmBans ([15] O6wuio
BBEJIECHO W H3Yy4YaJOCh IOHATHE MOTOKA Yepe3 KaHTOpPOTOpP.

JI. lycTeinbauKOB [16] moKa3an, 4To CyllleCTByeT OecKOHeYHOe
MHOXECTBO 3HA4YEeHHH Kk, MPH KOTOPHIX MOXHO HAHTH MHOXECTBO
MOJIOXKATENBbHON MepH B, < C Takoe, 4YTO Z, (zo, (po)>const~n and
Beex (Zg, Po)€ By. OmHAaKO €CTh OCHOBaHHA NONAraTh, 4TO s
TO4eK (Zo, Po)€ By HX TPAeKTOPHH SABIAIOTCH HETHIMYHBIMH.

H2. Orobpaxemne UmpukoBa T MoOXeT OBITh eCTECTBEHHO
CBEJEHO K OTOOpaXXKEHHIO ABYMEDHOIO TOpAa, €CIH MNepeMEeHHYI0
z Takxe paccMaTpuBaTh mod 1. Torma 3HTpoNHA IO OTHOLICHHUIO
k Mepe JleGera h(T)>0 mns Beex k50 u, Goaee TOro, crpeMuTcs
k OeckoHeyHOCTH nNpH k—cO.

B crnemyromelt nekmmM MBI JOKaXeM TeOpeMy, KOTOPYIO
MOXHO pacCMaTpHBaTh Kak YaCTHYHYIO NOmdepxky H2.

Anamm3 T B OKpecTHOCTH k=K, NPOBOAMICA C IMOMOLILIO
YIIOMHHABILErOCS paHee METOAa peHopMrpymnel. OdYeHb HHTEpe-
CHbIe OTHOCAHMIECS K 23TOMY pe3YIbTATHl OBUM IOJy4CHBI
B HeonmyOmikoBaHHOH muccepTaimmu P. Max-Kas [17].
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JEKOHA 14

NEPUOANYECKHUE TUNEPBOIMYECKHE TOUYKH,

HMX YCTOMUYMBBIE U HEYCTOMUUBBIE MHOT'OOBPA3UA,
TOMOKJMHUYECKUE H TETEPOKJIMHHUYECKUE
TPAEKTOPHH

PaccMoTpuM cHoBa orobpaxenne Unmpukoa T(z, @)=

=(z', ¢'), rae
z’=z+Asin2ng, ¢ =¢@+z (modl). )]
HonyctuMm, uro A>0 mane, A<<1. BpezeM HoOBbIE mnepemMel-
Hple Z=z\ '?®=@. B 3tHx nepeMeHHbIX T TNpPHHAMAET BUA
T(Z, ®)=(Z', @'), rzme
7z -7 o' —P

=sin2n®, ———=7". 2)
NG NG

Torna (2) MOXeT pacCMaTpHUBAaTLCA KAK Pa3HOCTHAA CXeMa Uifl
cHcTeMBbl IAGDGEPEeHIHANTBHEIX YPABHEHHIA, OMMCHIBAIOILICH [(BIDKE-
HHE MAasATHHKA

dZ d
—=sin 2 ——=Z. 3).
= sin 2w ®, o Z 3)

WapmMu cnoBamu, (3) ects npeaeit (2) upu A—0. Cucrema (3) ectpb
TaMHJIbTOHOBAZ CHCTEMa C OJHOH CTENeHbo CBOBOIL, HMMeoas

1 1
nepsiii unrerpan H(Z, @) =5Z 24 5c0s2n®. Torxa wHtTerpasty-

Hple kpHBble (3) HpEACTaBNAIOT COOOH JMHHHA. ypoBHA (QYHKIHH
H(Z, ®) uva (Z, ®)miockoctn (puc. 14.1).

Hac 6yayr ocobeHHoO MHTEpecoBaTh cemapaTpHCHBIE DEIleHus,
cooTBercTByroume H=1. Yio6HO paccMaTpuBaTh HX KaX COCTO-
sume w3 Touky (0, 0) (=(0, 1) Ha mwnuHApe) H IBYX KpuBbIX I'®,
'™ (puc. 14.2), npoxonsmux wepes (0, 0) NoJ pa3HEIMHE YIJI4AMH.
Ecim (Z(0), ®(0)eT ¥ (C'*), To pemenne (Z(r), ®(t))—(0, 0) npu
1o (t—+—o0). Tlo 9TOH mNpHYMHE 5TH KPHBBIE HA3BLIBAKOTCS
cernapaTpHCaMH HIIH YCTOHYHBHBIM M HEYCTOHYMBLIM MHOT0OGpa3u-
amu toukd (0, 0). Ilpu £=0 oHM COBHANAIOT B TOM CMRIC]IE, YTO
NMPH TPOXO/DKEHHM MO { B MPOTHBOIOJOXHYK CTODOHY OMOHA
KpMBasi NEPEXOJAT B [PYTYiO.
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Ilpm A #0 Mb GyneM mMeTh feio ¢ oToGpaxenneM (2). Touxa
(0, 0) ectb HemoasmxHas Touka nia T. Jiumeapmsamas T OKOJIO
(0, 0) mmveer BHI

Z'=Z+2n /A0, O'=/AZ+®(1+2m2). = @)

1 2n /A
VA 142

6onpie 2. [ToatoMy dT HMeeT OOHO BEIIECTBEHHOE COOCTBEHHOE
3gageHne W, >1 H japyroe p,<l.

Marpuna dT= . Ee nerepmmHaHT paBen 1, a cuex

/ \//\/ v T~

/@ Kp

\_/

r®

Puc. 14.2

Iyete T ects  Cl-yuddpeomopdpusm € “-MHOroo6pasns
M u HekoTopas Touka Oe M ecTh HemoxBHXHasx Towka 7T, T. €.
TO=0. O6o3nawum dT mupdepenman T B Touke O; MHOXKCCTBO
cobcrBeHHbX 3HaYeHMd dT o6o3nasuM SpecdT.

Onpenenenne 1. Touxa O nasvieaemca zunepboauueckoil,
ecau SpecdTN\S'=F. Ecau SpecdT(\{z| |z|>1} # &, Spec(dT)
Nzl 1zI<1} £, mo mouxa O nasmsaemca cobcmeenno zunep-
boauueckoil.

Ounpenenecuue 1. O nazvigaemca 2unepbosuveckoit nepu-
oduveckot mouxoti T, ecau O ecmo 2unepboauueckas mouxa TF npu
nexomopom p#0. Haumenvwee p nazvisaemcsa nepuodom O.

Ipemiaymee obcyxknerne mokaspBaeT, 970 (0, U} ecrb rm-
nepboimYeckas HENOIBHXHAA TOYKAa OTOOpaxcHHs (2).
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IIycts O—runepboymvueckas HemogsuxkHas Toyka C'-mudde-
omoppusma T, k=# {AeSpecdT| |A|>1}, I=4# {AeSpecdT|
{Al<1}. Torma xacareibHOEe NPOCTPAaHCTBO J o K M B TOYKe
O MOXHO pa3lOKHTh B CyMMy Jo=9 W4+ 70 dimJ =k,
dimJ ¥=l, k+l=n, dT(T9)=T 9, dT(T ¥)=T ©. Bonee
Toro, B 7, MOXHO 3aJaThb TakKyi0 MeTpHKY, uto dT|T ©,
(dT)""{7® 6ymyr cxaTusmMu B 3TOH Merpuke. HamoMuum
Tenepb Kiaccmieckyro TeopeMy Anamapa—Ileppona. Bonee 06-
mas popma Teopemsl Anamapa— IleppoHa oOcyxnaercs Takxke
B dacTH V.

Teopema 1. IIyemv O ecmb 2unepboauueckas HenoOBUNCHAA
mouxa T. Toz0a & nexomopoii oxpecmuocmu U mouxu O cywecmey-
tom k-meproe C' '-nodmmozoobpasue T u |-meprnoe C"'-
noomnozoobpazue T'®, npoxodswyue uepes O u obaadarowyue
credyrowumu  ceoticmeamu:

1. Ecau xeI'¥, mo T'xeI'® 0daa ecex r>0 u T'x—0
npu r—w. Ecau xeT'® mo T "xeI'™ oaa ecex r>0
u T7"x—0 npu r—oo.

2. Kacameasuvimu naockocmamu x I'® u T® ¢ mouxe
O cayomcam T© u T cooTBeTcTBEHHO.

3. Bsedem ¢ U z2nadkue koopdunamvi (uy, ..., u,) mak, umo
k-mepras Koopounamnaa naockocms (uy, ..., 4, 0, ..., 0) kacaemca
T & mouke O, l-meprasn koopouramnasn naockocms (0, .., 0, iy, ...
ceey U,) Kacaemea T & mouxe O. Tozda T'™ mooscem 6vimoy 3adana
¢ nomowpwro | C' ™ -dynryuii:

uk+1=f1(u1, sees uk)’
uk+2=f2(“1, ees uk), ens un=ﬁ(ula ey uk),

6 mo epema kax U'® moxcem 6bimb 3a0ana ¢ nomowwro k
C™ L-gpynxyuii:
Uy =g1 (uk+l: seey un),

=82 (Uks 1, oo Un)y v Uk=gx(Uk+1, - Un):

Joka3aTenbCcTBO 3TOH TeopeMsl MOXET OBITh HAaHOEHO BO
MHOTruX yueOHuUKax (cM., Hampmmep, [11—({31]) u 3mech 06cyxIaTH-
ca He Gymer. I'® u I'® maspiBaroTcs yCTOMYMBEIM M HEYCTOI-
YUBBIM MHOroobpaszmamu TtoukH O.

Cnemys Ilyankape, BBemeM CleRylILHeE OIpeIEACHUS.

Onpeneanerne 2. Touka Ae M nazvigaemca 20MOKAuHUYe-
cxoil, ecau AeT @(O)NI ®(0).

IIpennonoxeM Temepb, uro O ecTh rumepboJHYecKas NeEpH-
ommueckass Touka T nmepuwoma p, T'O=00, 1<r<p,
0=09=0", Torga xaxnas Touka O ectp runepbomricckas
HenonsmwxkHag Touka TP. Tlo Teopeme Apmamapa—IleppoHa oHa
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UMEET YCTOMYMBOE H HEYCTOHYHBOE MHorooﬁPaz*pm o),
I""‘"O("?. Acro, uro TOOM)=TH-nr®(OQF), T®(OF)=
=T r® (O ('z)')‘

Onpenencuue 2'. Touka A nazvigaemcs z2emepoxiunude-
cxoil, ecru AeTW(OMNNT“(OC)) npu nexomopwix ry, r,.

Posib rOMOKIMHHYECKHX M TeTE€POKJIAHHYECKHX TOYEK IIs
of6pa3oBaHHA Tak Ha3BBAEMBIX CTOXAaCTHYECKHX CJIO€B Oymer
obbsicuena B cienmyrollel JeRmAH. MLl YBHIMM IIpH 3TOM, 4TO
pEHIaloyl0 pOJNb Hrpaer TO OOCTOATENBCTBO, 4TO B TOYKE
- A muoroo6pasas I ¥(0)) u I"®(02) nepecexarorca Tpancsep-
CambHO, T. €. MEpecevcHMe KacaTelbHLIX MPOCTparcTB k I ¥(0 )
1 F'®(0")) B Touke A cocTont TonbKO M3 Hyna. TeM caMbiM Ml
IOPHXOJMM K BaXHOW nNpobjeMe NPOBEPKH BBHIIONHEHHS 3TOTO
YCJIOBHSl TPAaHCBepCAJIBHOCTH. CyIEeCcTBYeT IIMPOKHMH KJIACC jJMHA-
MHYECKHX CHCTEM, 33aBHCAINMX OT NapaMeTpa, IIe Yrodl MexIy
KacaTeNbHBIMH IUIOCKOCTAMH BBIPAXaeTcsi B BHJE CTENEHHOTO
psJa OT HapaMeTpOB C NOMOLILIO TaK HA3LIBAEMOrO METOIA
Mensunkosa [4]. DToT MeTOA omHcaH
noApobHo B kHmre Apnoapga [5],
H Mbl He OyneM ero 3aech oOCYyXOaTh.
CymecTByeT, 0AHaKO, H APYrof Kjacc
CHCTEM, I'A¢ 3TOT METOJ He MPHMEHUM,
HOCKOJIbKY YTOJI KaK (pyHKUHs mapame- ¢ 0
TPOB HMMEET CYUIECTBEHHYIO OCODeH- r%0)
HOCTh, BepHeMca B 3TOH CBA3H K 0TOD-
paxenuto Unupukora (2) B pacCMOTPHEM
rANEepOOHYECKYI0 HETOABHXHYIO TOY-
ky O=(0, 0). 3aecs k=/=1 u I'9(0), =12
I'®(0)—xkpuBble, KOTOpble GIH3KH
K COOTBETCTBYIOUIMM CelaparpucaM Puc. 14.3
npn Mameix A (puc. 14.3). Kpusas
I'9(0) nepexomur B I'®(0) npu cimMmerpuu (Z, ®)—(Z, 1 ).
ITo 3TO# mpHYMHE, €CTECTBEHHO, MCCIEAOBATH OMOKIHHHUYECKYIO
TOYKY A, Jexallylo Ha BepTHKaJIbHOH mnpsmoi $=1/2. Mu
JOKaXeM CIeAYIOIIYI0 TeopeMy.

Teopema 2%. ITyems a— yzon mencoy T@(0) u T (0)
6 mouxe A. Toeda |a|<exp{~const-\|/(\/i)}, 20e  (r)—

2x

1
obpamnas Pynkyus Kk @Gyukyuu t=—l—lx~—.

Fi T

I/ICTOPH‘ICCKHC 3aMeYaHus, Kacaloilliecs ITO# TCOPEMBI, TIpH-
BOOATCA B KOHIEC JICKIIMH.

*) MoxeT 6bLIThb HpOHylIEeHa NpH HEPBOM YTEHHH.
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Jdoxa3zatenbcTtBo. BHavanre M 0606mmM cuTyamuio
H BO3bMEM MepHOaWMYEcKyio ¢yHKIMo V¥ mepuojga ! Takyio, 4ro

1) V(x)=V(—x)

2) V pomyckaeT aHAJIMTHYECKOE MPOMNOJLKCHHE B IOJIOCY
O,={x| |Imx|<p} ops mexoTOopoM p>1.

3) V EMeeT eIMHCTBCHHBIH HEBHIDOXIEHHBIH MaKCHMYM IIpH
x=0 ¥ eIAHCTBEHHBI}i HEBHLIPOXICHHLIH MHHAMYM IpH X= +1/2
Ha oTpedke —1/2<x<1/2. TAmmiAEIM npEMepoM CIYXHT (PyHK-
mas V(x)=cos2nx. Beemem oToGpaxeHHe C NEPEKPYIHBAHHEM
T mummgpa C, roe Tz, o)=(z/, ¢'), z'=z+yV'(9),
¢@'=@+7yz' (mod 1). Tpaekropus T COOTBETCTBYIOT HeJIAHEHHOMY
pPa3sHOCTHOMY YDaBHEHHIO BTOPOTO MOpAAKa

xn+1—2xn+xn—l=sz’(xn)v (5)

€CIIH TONIOXATD 2, =Y "' (Xy—Xp-1), @»={x,}. Touxn, texamme Ha
ycTroiyuBoM (HeyctoitamBoM) MHoOroobpaszmm touku (0, 0), coot-
BETCTBYIOT PCIICHUAM, JJISi KOTOPBIX X,~ 1/2 IIpA n— 00 (X,—~ —1/2
mpu n— — o). Ecie {x,} ects pemenge (5), s xoToporo x,—1/2
OpH n-+o0, TO BBUAY civmerpau 1) —{x_,}={x,} ecro pewenme
(5), ana xoroporo Xx,——1/2 npu n——oo. Ecmm x* ={x,}%,
ectb pemende (5), &1 KoToporo x¢ =0, x; —1/2 npa n— o0, TO
mrs pewenms X ={x,}%,, X, =—X, Mbl HMeeM X; =0,
X, »—1/2 opu n——oo0. ‘

Monoxam Y, =y~ (xS —x,~1), Y7 =y *(x; —x,_,) u moxa-
xeM, 9T0 Y ¢ =Yg, Wim, 9TO IKBHBAJIEHTHO, x; +x %, =0. U3 (5)
H u3 10ro, 9to ¥'(0)=0, crepyer xi —2xg +xX;=x{ +x*,=0,
T.e. Y§=Y;. 3rto o3sasaer, 9ro Touka B=(Y,, 0)eC,
Yo=yo =yo, npmHamiexur [ @(0) m I'®(0), T.e. smusercs
TOMOKJINHHYECKOH TOYKOM.

Obo3nrayum X, pemenne (5), i kotoporo X,—1/2 mpu n— oo,
X,~—1/2 npu n-»—co. JInHeapu3yeM (5) BOONL pemieRHs {X,}.
Jlts atoro BO3bMeM X,=X,+&u, H YIEPKHMM WiEHH [EPBOrO
nopsaxa mo €. Mel moxyquM pa3goctHoe ypasrenue lpemmnrepa

un+1—2un+un—1=72V”(in)un- (6)
Morenmuan — V" (X,)—»—V"(1/2) npu n— + . Beenem penlenns
u} ypasmeHus (6), XoTopbie crpeMsTcs K 0 mpd n—+ . Jlerxo
BHJIETH, YTO KacaTesibHas npsMasi k '@ (I'®) B touxe B nopoxna-
ercs BEKTOpaMHE
e*=fug, vy ug—ul)) (e =5, v *us—ul,)).

TeM caMbiM Hama 3agada CBOLHTCA K OLEHKE yria Mexmy et
H e~ . JIaa Toro 9TobHl 3TO cleNaTh, MBI NMOCTPOMM IOCNIENOBa-
TENBHOCTE {V,} %y, Vo=1, v,—0 mpa n— + 00, Wit KOTOPOA MBI
HOKaXEM, YTO JUls pewmeHdit u,, u,, ug=ug=1 6ymer
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BHIIOJHCHO HEPaBEHCTBO |uj —v|<8(y). luy —vi|<8(y), rme
3(y)=exp {—const-y(y)}. ro maer myxHywo omemxy |ul.

nmocTpoeHus Vv, BepueMcs K (5) H 3aMeHMM ero
YDABHEHHEM

x((1+1)y)=2x(ey) +x((e—1)y) =72V’ (x(tv)). @)
JlomycTHM BpeMEeHHO, YTO ! MOXET MPHHUMATL BCE BEIIECTBEH-
Hbl¢ 3HAYeHHA, —owo<i<oo. Mu momeitaemcs pemmts (7)

¢ mnoMmoinbio ¢opManbHOR TeopuH BoaMmyureHWH. ITooxmm

x(8)=%o(£)+¥x1(t)+ ... +7*™X2m(t)+... ® 3anmHEeM lEBYIO HacTh
2m

(7) B puge ZZ(Z_,;)TX(ZM)(’)‘ Torga GoOpMAILHO MBI TOJYYHM

,YZM d2m

2 (@m)! dr*m

NGE

[Xo+'YX1 +'YZX2+ ]=

V" %)

It

m=1

VI/I (XO)
2!

+y2x2+..) 2+ ] (8)

2TO maeT NOCIEAOBATEIbHYIO CHCTEMY YPABHCHHM ANl HAXOXMOe-

=y2[V'(x0)+ (vxs+y2x2+..)+ (yx1+

HAA X,: ;
x3(1)=V"(x0(2)), 9.0)
X1 (0)=V"(xo (1))x1 (), O.1
x3{(t)=V"(x0 (1))x2 (t)= —x5(?), 9.2)
xn(0)=V"(xo()Xa(t)=F(2). ©.n)
3geck F,—MHOTOYNEH OT Xg, ..., Xp—1, VP(Xo) B mX
TIPOU3BOIHBIX.
Paccmotrpem (9.1), (9.2), ..., (9.n) Gonee moxnpobuo. JleBas

d2
4acTh uMeer Bux DY,, rue D=—z— V”(x0()) ecTb omHOMEpHDI

omeparop Iltypma—JlayBuimwis ¢ HOTeHIEAIOM — V" (Xo(?)).
3mech Xo(t) ects pemenme (9.0), WA XOTOPOTo Xo(t)—1/2 mnpm
t—00 ¥ Xo(t)——1,2 npa 1— 0. O6o3HaumM dYepe3 H raabbepToBo
MPOCTPAHCTBO KBaJPaTHYHO-HHTETPAPYEMBIX (QYHKUWH HO OT-
pomemno ¥ Mepe JleGera na npsamoii. Torma D ects camocom-
poxennplit oneparop B H. Kak crenyer m3 obmed Teopuu
paccesuus (cM. [41), H=H ®H;, rae H, aHBapHalTHO OTHOCH-
TeasHo D, uzoMopdpHo H u apu 3ToM u3oMopduame D nepexogar
B ONepaTop yMHOXeHMs Ha Qynkmmio —-kZ—V7(1/2), B TO Bpems
kak H;, xomeunomeprno u DH,=H,. 310 03Ha4YaeT, YTO
H, - mopoxnaercss coGCTBeHHBIMH BeKTOpamu D.
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B wnamem cinyyae H; HeTpHBHAJILHO, HOCKOJABKY D wMeeT
coOCTBEHHYIO (YHKIHMIO X (2), OTBEHAIOILYI0 COGCTBEHHOMY 3HaYe-
gHiI0 A=0. Jlerko mokasaTh, 4TO ApPYruXx coOCTBeHHBLIX (yHKUMA
¢ TeM xe coOCcTBeHHHIM 3HauyenmeM HeT. IloaToMy s TOTO,
4T06B1 ypaBHemus (9.n), n=1, 2, .., MOIJIH HMMeEThb pPCIICHHUE,
HeobxonuMo, 4TO6Rl Bee F, OnumH OBl OPTOTOHANIBHEL K Xg, T. €.

[ Fuxodi=0. (10)

IToxaxeM, uro (10) meHcTBHTENBHO WMeeT  MecTo. DyHKIMA
Xo(f) HedeTHa, W mO3TOMY X5(¢) uetHa. W3 (8) nerxo crnemyer,
4ro (9.n) HMEET HyJICBOE pEIUEcHHEe MPU HEYETHBIX 1, U HO3TOMY
Ui Takux n cooTHomenwe (10) cmpaBemmBso. Hammmem
Teneps F,=X,—ZX,, TOE

1
21= Z ﬁV(H-I)(Xo)XI, (11)
=2 1!
X,= '+Z+A X;, X, X (12
ht..tn=n
V<yy o fi€n—1
n 2 dZI
22:122 (*ﬁ;t-;,xn—zz- (13)

CrenaeM HHIYKTHBHOE HPENIONIOKEHHE, COCTOSIIEE B TOM,
4TO BCE X, SBISIOTCS HeYeTHHIMH yHRnusMH, /<m<n. Torma
V(xo(?)) ecTs verHas ¢yHkmusa £, a T, ecTh HedeTHas (yHKIHS.
Oyaxmms X; B (12) uMeeT Ty Xe YETHOCTD, YTO ¥ /, B TO BpeMs Kax
V#*D(x,) wuMeeT NPOTHBOMONOXHYIO HeTHOCTb. IloaToMy
V@ D(Y,)X, 6yaer npu Beex ! HedeTHOM DYHKIMEH, H TEM CAMBIM
F, Taxke Oynmer HeverHoit ¢yukimeit. O6o3HaduM 4Yepes
H,; npoctpancTBO QyHKIHH, OPTOTOHAIBHEIX K X5. MH IOKa3ai,
uro F,e H,, u NO3TOMy MEI MOXeM B3fThb X,=D 'F,e H,. U3
Toro, 4ro V”(Xo) 4YeTHa, Jerko CleAyeT, 4YTO X, HEdYeTHA.
Bxmoyenue F,e H OGymer crneloBaThb M3 NaNbHEHINHMX OIEHOK.

Jdemma 1. Pewenue (9.0), dan xomopozo xo(t)->—1/2 npu
t->—w, Xo(t)=1/2 npu t—c0, moxcem 6wmv anarumuuecku
npodoaxceno & nosocy O, ={t| [Imti<ho} npu nexomopom hyo>0
u yoossemeopaem oyenke |xo(t)+1/2|<Cexp{—Ao|Ret|} npu
Re1<0, |xo(t)—1/2|<Cexp{—Ao|Ret|} npu Ret=0. 3deco
ho>0, C>0—mnexomopvie nocmosnusie.

JlokasaTenbCcTBO JIEMMBl BHITEKAET HENOCPEACTBEHHO M3 aHa-
IHTHYECKHX (opMyln, 3ajaloumx Xo(?), um 6Gomee mnompobHO
nporonuThcs He 6yner. [lonoxum A=./V"(1/2)>0 u Bo3bMeM A,
0<A<min(Ao, A). Beemem mpocrpanctBo ®,, ¢yHkumit w(t),
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KOTOpHie aHaMATHYHE B momoce O,={t| |Imi|<h} = ymoBnet-
BOPSIOT HEPABEHCTBY

|w(t)|<Cexp{—A|Ret]|} (19

npu RekoTopoM C. Huxmssa rpadb C MOXET pacCMaTpHBAaTLCA Kak
Hopma B @, ;.
Jemma 2. Cywecmeyem K=K(h, A)>0 maxoe, umo Oan
Fe®,,(\H, obpas D" 'Fe®,,eH, u | D" 'F|<K-|FJ.
J0Ka3aTeNnsCTBO JIEMMBI NPHBOOMTCH B KOHIE 3TOM JICKIHMH.
Ucnonb3ys JleMMy, TOKaXeM Telepb, 4TO eciE n{y) ecThb

obpaTHas QyHKIMsA K Y=H§ﬁ’ TO TOrda z,(t)=Xo(t)+y2x,(t)+...
-+ ¥2"X2,(t) yHmOBIETBOPSET OLEHKE
en(t)=12Za((t+1)Y) =22, (1Y) + 20— (1= 1)Y)—¥2 V' (za (t¥)) I

<exp {—const Y (y)—A|Rez|}. (15)

M1 BeIBeZEM yTBepkAcHHE TeopeMhl H3 (15).
OueenM BHavane X,(t). ITokakeM, 4TO X,(f) aHANHTHYHBI
B monoce Ox={t| [Imi|<h} W YOOBNETBOPSIOT HEPABEHCTBAM

|xa(£) 1< @af| 2]), (16)

rre ¢a{t)=c? 'n"[Imn]*"exp{—A{Ret|}, A purypupyer B nem-

Me 2, ¢>1 Gymer BbiGpaHo moske M Imx=max(lnx, 1).
HoxasatensctBo (16) mpoBoamrca mo HEaykimd. Ilpemmono-

XHM, 4TO NpH m<n (YHKUMM X, 2HAJIMTHYHEL B noioce O, ,

m
hm=ho— Y vs, Vy=cys 'In"¥3s,
s=1

1 [++) -1
cl=5ho<2 s"ln'ms) ,
s=2

¥ YIOBJIETBOPSIOT B O;_ HEPAaBEHCTBAM | X, (t)|<@n.(f). B kasectBe
hy MOXHO B3ATL JOGOE YHCIIO, MeHbOIee, YeM p. Bomee Tounbt
BuIOOp OyImeT caenam mo3xe.
Hoxaxem temeps (16) s x, B nonoce Oy . IIpn n=1 3to
JIETKO clleayeT 3 jJeMMbl 1. QYHKIUs X, €CTh pellicHAe YpaBHEHHA
Xn— V" (X0 )Xu="Fp,

roe F, mHaxomutca B (11)—(13). BBEAYy neMMEI 2 HOCTaTOYHO
noka3aTs, 4To A (€0,

|F()I<K ' @u(lt]), K=K(ha ). an

Onenmm otmensHo Xy H X, (oM. (11), (13)).
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BuiGepeMm hy TakMM 00pa3oM, 4TOOBI MHOXKECTBO 3HAUCHHMHA
Xo{t), t€0;,, nekano 6u1 BHYTpH O.yy;2. JAna mobolt ToIkH
2€ 0y, z=yo(t), mocrpouM kxouTyp I',=I", npuHammexammi
obnacty aHayMTHYHOCTH V H érg |E—z|=1. Mu mMeeM

j v(e)dt
(E_,—Z)l +2

r

(+1)

<C,l,
2n 2

1
‘T; V"“’(z)|=

CZ—HCKOTOpa}I NOCTOSAHHAL. Terlepb MBI MOXCM OICHHTDH 211

n 3
200G Y I |=Cy Y x|+ C2 Y x| <

=2 1=2 124

<5C;max(|xz|, |X3|)+Cyn? max |x;|.
4<i<n

A

IMokaxeM, urto

1), (18)

1
max(lxz I, |X3|)<m¢n(

1
max|x;|<
iz4 | I|\4KC2n2

oa(ltl). (19)

Hepasenctsa (18), (19) maiot |21|<2—1E<p,,(|t|).

Hokaxem sHavane (19). HUmeem

X< X xledxl (20)
Jiteti=n
1<y, o Ji€n=1

Ha ocHOBaHMHM HMHIYKTHBHOTO NPEANOJIOXECHAN
DI FAES

<CH () (i imy).im i) exp {~AI Re] ). (21)

2x

HonycruMm, 4ro ¢(x) ecrb yubo x*, nu6o (Imx)?* Toraa

o) 0 () <o (u+1)o(o-1)

W3 mocnemsero HepaBeHCTBa CHEAYET, YTO MaKCHMAaJbHOE cJiara-

emoe B (20) oreevaer j,=n—I+1, ji=1 nng s#s,. Obwee 1ucio

TaKHX cJlaraeMbpix He mpeBocxomuT 7. ClenylolllHe MO BEIHYHHE

CcJIaTaeMBbie OTBEYAIOT max j,=n—[. X uucio He mpeBOCXOmHT nZ.
S

JIng cneaylomuMx mocjie HUX ciaaraeMeix maxji=n—I[—1. Ux uucno

HE IIPCBOCXOIHUT n3. OO0uiee 4YHCAO OCTAJIBHBIX CJIAracMbIX HE
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npepocxogaT n'. Teneph Mbl HMeeM
IXi< (n—1+ 1) im(n—141))2" " Dpy
+(n—0)""(Im(n—1))2*""2(In?*2)n*+
+(n=I1=-1)""""(im(n—I-1))2"" "3 (In?3)n* +
+(n—1-2)""""(lm(n—1-2))*" "V x
x4(In24)n'} C2" 'exp{—Ar|Rer|}. (22)
B wmamwem ciayyae n—I/+1<n—3, nockonbky [>4, U TeM
caMbM (n— I+ 1) < (n—3) 3 =n" 02 (143 (n—3) ) "I
1 n
<—2;3“n .
(n—1-1)""1"1<27'n""°. MH HCHOJNB3YeM 3TH HEPAaBEHCTBA I
OIEHKH MEpPBBIX TPEX WICHOB B (22), a /i MOCIETHETO CIaraeMoro
HCHIOJTb3yeM HepaBeHCTBO (n—I—2)""'"2n'<n""2. 3ro maer

max |x,|<const- C 7' - C 4" (Imn)*"exp {—A|Re1]}.

124

AHaJIOTHYHBEIM ofpazom, (n=0""'<27In" 7,

Bass C gocratoysno SoibimM, Mbl moxyduM (19). Joxazateibet-
Bo (18) mpomie BBHUAY HEpaBEHCTBA

lxlls{(n—l+l)""“[lm(n—l—l)]z"'"“’n+
+(n—=0)"""-2(In%2)n']-C?-exp{—A|Ret|}.
TeM caMBIM MBI OIEHHJH X ;.

CrnaraemMoe B X, HMeEeT BH[

1
S1(1)=(EI—)EX§2_”2,, =2, ..., n

Iycte t€ 0, B I’ ecTh OKPYXHOCTh C LEHTPOM B !, HMEIOlias
paguyc v,. Torma I' mexur B 00OJacT¥ aHAIHTHYHOCTH X,-2(,

H MO3TOMY
a2+ L xe g (E)
Sl(’)— P §(§_1)21+1d .

r

Hcrionb3yss HMHAYKTHBHOE HNPEONONIOKEHHE |Xn— 21| <Pp-21, MBI
HMeeM

IS,([)'S.Z_I‘E[CZ(n—Zl)—l(n__21)n—21 [1m (n—2/)] 2(m-2D) o

xCl—(21+l)n21+l(1mn) 3/2 (2'+1)21tcln‘lln-3/2n X
xexp{—A(|Ret|—1)}.
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Ecom Bmi6pats C JOCTAaTOYHO OGONBIAM, TO
Isi ()| <IC* H(n—20)""n?(lm(n—21)) 2~ 2 x
x (Inn)* exp{—A|Ret|}.

Takum oOpa3zoM, mHoiyuaem

[inn]

DIMES ZISz(tI—ZIS:(t)H 2 sl

I=[lnn]+1
B l'leBOI‘;I CyYMMEC YHCJIO CIaracMbIX HE IIPEBOCXOOHUT Inn. 310 maer

[inn]
Y Is(f)i<ln?nC? 2" (Inn)? exp {—A|Re1|}.

=2

Jdns BTOpOE CyMMEI MOXEM HAIHCaTh

n 2
¥ |s,(t)lS;I—ZE—CCZ""n"(lnn)z"exp{—MRetl}.

I=[1an]+1

B3ss C pgocratouno OoJybIIHM, NOJYMAM OKOHYATEILHO
|3 2|<(2K) '@, (t), uro maer (17). Tem cambm (16) nokasamo.
Mensas C, ecnd HeobOxoauMoO, MBI MOXEM IEPENHCATH HCKOMOE
HEPaBEHCTBO B BHIE

IX.(£)|<C"n"(lnn)*"exp{—A|Ret|}, n>1.

Onenka (16) mcmonb3yercs IS ONEHKH IOTPEITHOCTH
ealt)= X v* [xa(t+7) -2 (1) +xu(r— 7)) -
k=0

—¥2V' (%0 (1) + Y22 (1) +... +Y" X (1), n=2m.
3amumeM &,(f) B BHOe &,(f)=s,+5;—53—Sq, THE

_ m ,Yzi le'
51=2 Z w F(XO'*'A,-),

,Yn+2 dn+2

2=y Il )t+9i'y,

v ¥ Ty

S VeI (x,404A,)
(n+1)

0<0;<1,

Sa=Y Artl 0<0<]I.
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A,=72X,+...4Y"X,. BcmoMEHas ompeneNeHHe X, MBI BHAMM, 9TO
BCE WICHBI, cojepxaliue MHOXHTenb y?, 0<p<n, cokpamaiorc.
Taxkam 00pa3oM, MbI AOJKHBLI OUEHHTH TOJBKO YIEHBI, CTEIIEHb
KOTOpBIX NpeBocXomdT n. OO003HAYAM CyMMy TakMX UJIEHOB
B §; 4Yepes §; Hmeem

2n m 1 dzk

§1= 2y" e — X, ke
& r=§:+2 4 kgo (2k)! d’uxr 2

Bo3semem xouTYp I'c O, Tako#, wro t nexur BHyTpH I', mmuma
I' se meHbme 4YeM const M élellf: |&—t]|=const. U3 dpopmymst Kourm
u oneHxu (16) cimeayer oueHka
|51 |<y"(const)"n"*2(inn)*"exp {—A|Re?|}.
Takmm xe 00pa3oM OLEHUBAEM J,:
}s‘zlgy"(const)"n”“(lnn)z"exp{—MRetl}.

* max |BY’|, rme

t<sgn?
n<r<n

V"“’(xo)
). Y
Bs - 5!

HNanee, |5;|<n

'Yr Z xi‘...Xj’.

V(J+l)(x0)
M3 sepabencrBa Komm |————" < const -n, ¥ mMO3TOMY
B |<const - ny? Y 15,0 X5, 1
it Hf=r-2
1<;<n

Mycrs gn<r—2<(g+ 11)n. Haubosnpiuemy craraemMoMy B HOCHE/-
Hell cymme orBedaer Habop (ji, ..., j), ¥ KOTOpOro

Ji=j2=..=j;=n, Jir1=...=js-1=1, Ji=v

M Vv HaxoAWTCH M3 COOTHOLICHHA J;+..+js=r—2 HIH ero
nepecTaHOBKH. Torma TakWe e  apryMeHTBl, 4YTO M BBIIIE,
TOKa3bIBAIOT, YTO

[Xj, "o X <
<(yconst-nln?n)™(y - const)(y -const - In?v)*exp { —A|Re?|}.
JIOMyCTHM Tenepb, YTO 7 YAOBJETBOPSET HEPAaBEHCTBAM
const-y-nln2n<l1.
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Ha camoM jpeie #eoOXOOEMO paccMaTpuBaTh TOJIBKO nsn(y).
Torna

| B¢ <const - y"-(const)"In?" nexp (const - n)exp(—A Re )
H
|§3]<const-n*(yconst-In?n)"exp {—A|Ret|}.

Taxum xe 06pa3oM MBI ONEHABAEM 35, H IOJNYYaEM
tea(t)|<(yconst-nln?n)"exp{—A|Ret|}.

Hna n=n(y)
lea(t)I<exp {—const\l:(y)} -exp {—A|Ret|}. (23)

Teneps OKOHYMM IOKa3aTeNbCTBO TeopeMH 2. Mg mocrarod-
HO MafibIX ¥, HOJOXHUM

z(t)=z,(t)=%o (£)+v2x; () + ... +7"xa(r), n=n(y).
Torma z(t) yHOBIETBOpSET ypaBHEHHIO
z ((t+1)y)—2z(ty)+=d(t—-1)v)=v2 V' (z(t7))+e(1),

roe aus e(t) Bumonmeno (23). Obosuaumm z,=z(ny), &,=¢(ny).
Hmeem
Z,,+1‘—22,|+Z,|_1='Y2V/(Z")+E,,,

lenf<exp {—Y(y)—~Any}. Ionoxum v(t)=2'(t). Torma
v((t+1)y)—2v(ty)+o((t—1)Y)=7y2 V" (z(ry) v(ty)+ 8 (1),
rae §(¢)=¢’(1) m B momoce O,
18(t) |<const-exp {—y(y)—A|Rezl}.

O6o3saunm v,=v(ny). Ioxakem, 410 U, ecTb TpeGyemas IocC-
JegoBaTeNbHOCTh. [Ipexnae Bcero:

U,,+1"2U,,+U,.-1='Y2V"(Z,,)U,.+8,,, (24)

3,=38(nv), [8,]<const-exp { —const -y (y)—Any}. CpaBHEM
U, C DEIeHHSMH U, , u,, MOCTPOEHHEIMH panee. OrpaHHIMMCH
v, 4 u, upu n<l. [ns mocnexoBaTelbHOCTH U,

Upsy—2uy gy =Y V" (X,) (25)

M u; —0 mpH n—>—00, B TO BpeMs Kak AT X, Mbl HMeeM
in+1—2in+in-1=72 V,(ill), .
%y— —1/2 1pH n——c, %,—1/2 npu n—oo. Ypasuenus (24), (25)
_ OTAMYAIOTCA CiaraeMeiM O, u B (24) crout y2V"(z,), B TO Bpems
kak B (25) cromt yZV"(%,). Hdas d=z,—X, MOXKEeM HAINCATH
d,.+1-—:2d,.+d,.,_1=‘Y2U(E_.,.)d,.+8,,,
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rae &, 0y, u nmostoMy |V (E,)|<const. Pemenrme mociemsero
YPaBHEHHA MOXHO 3aIMCaThb B BHJE

d,= i G(n—m)e,,

m=-aw

rae G ectp $yHxmus 'pmra. Bocmomb3yemcs Teneps Crlenyrornei
XOpOnIO0 H3BECTHOH OIECHKOH:

|G (n, m)|<Cexp{—yconst-|m—n|}.
Tem caMbIM MBI TOJy4aeM

|d..|<const~[ Z exp{—yconst-ln—’ml}ls,,l+

const

fmi<
Ay?

+ Y exp{—yconst-{n—m|}|en|<

c:::t exp { — Y (y)—const -ny}.

<

Ona d, 3To maeT chenylomy:o ONEHKY:
|d,|<exp{-const -y (y)—const-|n|y}.

IlonoxaM A,=u, —v, BpeibepeM HOpPMHDOBKY U, TaKdM
obpazom, 4TOBHI uy=Uy, T. €. Ag=0. [Ina A, MBI EMeeM CHCTEMY
ypaBHCHHH

A,,+1~—2A,,+A,,_1='YZV”()—(,I)A,,-}‘S,,'F'YZ[V”(X")"'V"(Zn)] Up.
Onenka d, naer
Y2V (Ea)— V" (Za) Jua <Y 2V (Ea) H Fn—2Za VRl <
<const - exp { —const - §(y)—const - | n| v}

M1 BEIMM, YTO ypaBHeHRMd g A, ¥ d, BooJIHE aHAIOTHYHEL ADYT
JIPYTy, B TaKHEe X€ apryMEHTHl IMOKa3LIBAIOT, ITO

| A, <const-exp{—const -y (y)—const-|n|y}.

B uacTHOCTH, | A |<const -exp { —const - (y)}, uTo 1 TpeGoanoch
MOJIyYUTS.

OctaTok 3TOH JEKNMA NOCBAINEH JOKA3aTeILCTBY JIEMMHEI 2.
MHBl paccMaTpHBaeM omHOMepHOoe ypapHeHme Ilpexgmmrepa

—V"+(A+W(x)y=f, A=const>0. (26)
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Mpemnonoxum, 410 W(X) MOXHO IPONODKATH AHAJIMTHYECKH
B nosiocy O, TakuM 00pa3oM, 4TO GyHeT BBHINOJHEHO HEPaBEHCTBO

| W(x)|<Cexp {—A|Rex|}. (vx))

3nmece A >0-—rnocTosHHA, l<\/z, u HuxHAS rpaHp C, IpH
KOTOPHIX BBIMOJHEHO (27), MOXET pacCMaTpHBATHCH KaK HEKOTO-
pas Hopma || W . IIpoctpancTBo dyHKIMIH, M8 KOTOPHIX | - || < 00,
obosnawmm @, ;. BospMem Yoe®, ;. MI5 KOTOpOH

O
Mol xoTHM TnOKasaTh, 4To eciu fe®,;, | fYodx=0, ToO
-
petuende (26) cymectsyeT U €@, ,. Bonee Toro, npu HekoToOpoii
nocrosaHol K
I i<KlfI

Mycte Go(x—y)=exp{— \/Z |x—y|}—dyrxupms Tpuna ome-
patopa Ly = —V{y"+A4Yy. Torma (26) 3KBHBaJICHTHO YypaBHEHHIO

v+ [ Gole=y) W)W () dy=1, (28)

@
rae

filk)= | Golx—y)f(y)dy= [ Go(y)f(x~y)dy.
IToxaxeM, 4To f; €D, ; H, B YACTHOCTH, f MOXHO aHaJNHTHYEC-
KH IpomoJLkuTh B mosocy O, Ilycte x€0, Rex>0. Ecin
| f(x)]<Cexp{—A|Rex|}, To Torma
Rex

T Got)rx-s)ay |+

T 6oty <

+

050 Go(Y)f(x—Y)dYIS

Rex

Rex
<C [ Go(y)e *BexIdy+C | e—ﬁydy=
—® Rex

=e~—lRexC Je—(ﬁ—l)ly|dy+_c_e—ﬁf{ex<
, J4
<const-exp{—ARex}. (29)
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TakaM obpasoM, f1e€®,,, || f1 |<const| f]. Jins pemenms
(28) mcmome3yeM q)opMme d)pezrronbMa. MonoxuMm K(x, y)=

=Go(x—y)W(y), (KV¥)(x _f K(x, y)¥(y)dy. Slapo omnepaTopa

(I—uK) =1 MoxeT 6bITh 3AMHCAHO B BHIE D(x, y; WD ' (n), rne
D(x,y; u u D(n) matorcs ¢popMmyramu @®peronpbma

D=1+ 3 (*l?"pmf JK(E: 2:)&,1...(1%“,

- ff (y - )‘”’1 Ao

X1y X25 ooey Xm
rne K (yl 2 '> eCThb onpeaesiATeNb MaTpumsl || K(x; yi)ll.
1 Y2, -5 Ym

B namem cnysae D(1)=0, nockonsky 1 ecth cobcrBerHOE
3Havende (28). OpHako pelleHMe Halled 3aJadd CyLUECTBYET
B mpoctpancte L2. Toatomy [D(x, y; u)f1(y)dy—0 npa p—0.
DTO MOKA3LBAET, YTO pEIIEHHE, KOTOPOE MBI HINEM, MOXET GBITH
3alMCaHO B BHIE

D(x,y; )=

Di(x, y; 1) f1(y)dy. (30)

<
—

»

—

]

=}
LR ™
l-—38

- oo

7

Ilokaxem BHayase, 4YTO D,,(l KOHeYHO. Mmul uMeeM
( )d?;l...'df;m.

&k Go(0)Go (&, —E2) - Go (1 —E.)
K<§ g"'): W(&l) . W(&M) GolE,—81)Go(0) ... Go (E2—E,) |-
T Go(Em—E,)- Go(0)

HepaBeHCTBO AiaMapa MOKa3HIBACT, YTO NMOCITEIHHU JeTePMEHAHT
He npesocxomat m™?(const)”. CrnenoBaTenbho,

gl "'gm
- 1K dg, ...dEg,,
- e
u pag s D), (1) cxonsumiics.

Jlanee,

Di(x,y; 1

DI

w(1)=

U3 Buga K cnenyer, 4ro

<m™?(const)™ (| W(E)|dE)™ (31)

o

xEp . lm
(y e g")d&l dE .
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Peuneare  nponopoAoHANBHO

L] Jromome-

3 él’ aees ém
SWENGLT dydt, ... dE,,
(é ) <y, £ o, 5..) ydg, €

rae
G G("’ Bt oo F,,>=. Go(x—y) Go(x—E1) .. Go(x—En)
Y, él; (232 ém GO(E-IM—y) GO(O) |
Vnobuo nomoxute y=§&,. Torma
G=G, (X-éo) Uo(él ém)+GO(x—§1) Uy (&o, E1s oo gm}+~--
+Go(x—§,.) Um(ég, 51, veey gm)
Hnaterpan 8 (31) MOXHO mepemmcaTh CleAyOIOAM OOpa3oM:

[ [ fE)W(E) W(EY) - W(é...)G(g:i‘l” i‘: > dbodt, ...dE,, =

=i=io J J 1 (Eo) W(EQ) W(ES) .
W () Golx—E) Uy (Eo .. En) dEo .. dEm.

HpOHSBCﬂe.M 3aMEHy TlepeMeHHBIX X—Ep=19, X—E&;=T1, ...
o X—Em=TNp Oymkmau U;(&o...Em) mepeHmyT B v;(No, ..., M),
HE 3aBHCAIIHNE OT X, JIOCKOJBKY MATPHYHBIE 3JI€MEHTEHI
3aBHCAT TONBKO OT pasHocret &;—&; =mn:—mn;. IlosTromy
i-# TWHTErpaj paseH
I=(=1)"[... [ f(x=mo) W(x—no) W(x—m) .. W(x 1)

x Go(M1) Ui(Mo - M) dModMy ...dNm. (32)

Msr MoXeM oneHATH U; ONATH ¢ MOMOLIBIO HEPaBEHCTB AdaMapa:
[ Ui(Mo -.- Mm)| <(const)™(m+1)* 12 Tem cambmv, HETerpan
B (32) cxommrca. DBosee Toro, kaxIpidi wieH MOXET OBITh
AHATHTHYECKH TIPOAOIDKEH B O,, TOcKoIbKy W(X), f(x)e®, ;. dus
oneHky (31) mammeMm npm i#0

<[ fIf(x=no) W(x—mo)| ... | W(x—ny)]...
. W(X-ﬂ:)l lGo(ni)I [ W(x_ni+1)|---
A WE=m) | Ui(Mo .- M) [ dMg ... AN <

<{const)™(m+ 1)+ V2C | | W(x—n:)|Go(n:)dn:.
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THocnemnuit MHTErpan OLCHABAETCH Tak e, kKak (29), u 310 maer
const-exp{—A|Rex|}. TMpm i=0 MBI MJOIKHBL OUEHHUTH
{1 fo(x—no) W(x—mo)| Go(No)dno, 9TO memaeTcs Tak Xe, Kaxk
u Beimie. Tem cameiM (31) He UpeBOCXOLHT

Cexp {~hIRex |} Lty (m+ 1) 7 (const)~" =
=Cexp{—hi|Rex|} K.

CCBUIKM 1 KOMMEHTAPUU

1° Teopema Apamapa— I[leppona oOCyxmaeTcss BO MHOIMX KHHIax
H pabortax, HampuMep:

[1] Hemuinku# B. B, Cremanos B. B. Kavecrpesnaa Tteopus
andbepeniManbHbIX  yparHeHHi.— M.— JL: Tocrexmsmar, 1949.

[2] Anocos [J. B. Teonesndeckne NMOTOKH Ha 3aMKHYTHIX PHMAaHO-
BHIX MHOrooOpa3HMsX OTPHIATeNbHOH KpuBu3Hbi// Tpyast MateM. HH-
ctutyra uM. B. A. Creknosa.— 1967.—T. 90.—C. 1—235.

[31Hirsch M., Pugh C.,, Shub M. Invariant manifolds // Lecture
Notes in Math. V. 583.— Berlin: Springer, 1977.

2° Tlo moBomy Meroma MenbHMKOBa CM.

[4]MenbrnukoB B. K. O6 ycTOHUHBOCTH LIEHTpa NPH IIEPHOIHYEC-
KHX N0 BpeMeHH BoO3Myulesusax // Tpyamt Mock. Mar. O6-sa.—1963.—
T. 12—C. 3—52.

[5] Apnonsna B. . MaremaTnueckue MeTOAb! KJIACCHYECKOH Mexa-
HUkH.— M.: Hayka, 1974.—432c.

3° TeopHio paccesHdst CM., HallpUMeEp, B KHATE

[6] Reed M., Simon B. Methods of Modern Mathematical
Physics. V. III. Scattering Theory.— Academic Press, 1979.— 464 p. (Pycck.
nep.. Pug M., Caiimon b. MeToasl coBpeMEHHOH MaTeMaTHUECKOH
o¢u3uxu. T. 3. Teopusa paccesHus.— M.. Mup, 1982.

4¢ B pabore duronenko, Cariecpa, 3aciaBcKOro

[7] Filonenko N.N.,, Sagdeev R.Z, Zaslavsky G M.//
Nuclear Fusion.— 1967.—V. 7.—P. 253.

Ha ¢usuveckoM ypoBHE CTPOrOCTH ObUIa TIPEUIOKEHA Cledyiomias
acuMmnroTuyeckas ¢opmyia ans o

const const
a~ expq — .

JA /A

\Y

B pabote Hedumrraara

8] He#twmtant A M. O pa3peneHnd JBHXEHMH B CcHCTeMax
¢ GriCTpO Bpaluarowleics ¢asoii /f [Ipukn. mat. u Mex.—T. 48, N 2.—
C. 197—204
ObUla TIOJyYeHa OSKCHOHEHIMANIbHAS OlEHKa

|a|<exp{—conSt}

JlokazaTeabCcTBO, NpUBeAeHHOe B Tekcte, nmpuHagiaexuT M. I1. Kops-
benbay M MHE H paHee He mnybnuxoBasiock. OHO oOTIHYAaEeTCA OT
nmokasatenbcrBa Heduranta. O6HapyXEHHLIE NIPH 3TOM CBA3H C YPaBHEHH-
eM lpemunrepa, BO3MOKHO, HMEIOT H Ooyee obwmiai MHTEpeC, H MO3TOMY
S PEmIAN NPHBECTH €ro 3[eCh.
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B. ®. Jla3yTKHH CIOesall HECKOJILKO IONBLITOK JOKa3aTh aCHMIITOTHYCC-
kyro ¢opmyny Ounonenko— Cargeea — 3acaaBCKOro,~—CM. €ro CTaThLIO
[91 JTazyTkuH B. ®. AHaTHTHYECKHE HHTCIPAJBl MOJYCTaHAAPT-
HOTO OTOOpaXeHHs M DACIICIUICHHE cemapaTpHc// Airebpa B Anamui.—
1989.—T. 1, Bbm. 2—C. 116—131.
# ero Oonee mo3gHue NyGIMKamMH Ha 3Ty TEMY.

JEKIHA 15

TOMOK/IMHUYECKUE W IETEPOKJMHUYECKHME TOYKH
H CTOXACTHYECKHME CJIOH

B »5Toif sekmME ME OOBACHAEM pOJIb TOMOKJIHHHYECKHX
H T€TEPOKNHMHHAYECKHX TOYEK B IIpobiieMe MOSABIICHAS CTOXacTHYeC-
KMX CBOMCTB AMHaMUKH. MuI OyneM MMeTh Jejo ¢ OOHAM KJIaCCOM
IBYMEPHLIX OTOOpaXKeHHH C nNepeKpyYdBaHMEM, HO TeOpeMa,
KOTOpYIO MBI JOKa3RIBaeM HEDKE, CIpaBelllMBa B ropasio Oouee
obmeil o0CTaHOBKE H, B 4YAaCTHOCTH, B CiIydJa€ MHOTOMEPHBIX
maddeomopdusMoB.

Kaxk # B mpemsigyined jiekmud, C eCTh ABYMEDHBIA IWJIMHIPD,
Ha KOTOPOM BHIOpaHbI KOODIMHATHI (2, @), V—IepHOmETeCKas
C®-pyrxmmst ¢ nmepmomoM 1, HMeOINAas OOHWH HEBEIPOXICHHLIA
MAakCHAMYM H OJMH HEBHIPOXICHHLI MAHAMYM B Touke ¢ =0, T. €.
V’(0)=0, V"(0)>0. MsI paccMaTpuBaeM OTOGpaxerHe I IMATHHA-
pa C, 3ajmamnoe dopmyioit T(z, ¢)=(z', ¢'), rae

z2’=z4+V'(p), ¢’ =¢+2z' (modl).

CranpapTHOe OTOOpaXeHHe COOTBETCTBYeT V(9)=1—cos2no.
Kak yxe Obio OOBACHCHO B NpeabLAYINEH JICKIMH, TOYKa
0=(0, 0) ectp rumepGosmyeckas HemoxBwxHas Touka. [TosTomy
0o TeopeMe Anamapa— IleppoHa (cM. Takke 4acTh V) OHa HMeeT
YCTOHUHBOE H  HEYCTOHYHBOE
MHOT000pa3ns, KOTOpeIC B JaH-
HOM CIlyjae NPelJCTaBiSIOT CO-
60ff ONHOMEpHBIE KpHBEIE Y,
v, BRIXOMIIME K3 0
(puc. 15.1). JomyetmM, wro v9,
y* nepeceraroTcs B Toukax A,
A" ¢ koopmuHaTamu (z', ¢'), (z”,
Puc. 15.1 9"), 2’>0, 2" <0, 7 YIB! MexIy
® y® B Toukax A’ W A"
OTAHMYHEL OT Hyjs, T.e. Y, y® mepecexaroTcs TpaHCBepCalIBbHO.
Mbl mOTyYaeM KPHBOJIMHEHHBIH HETHIDEXYroNbHEK Ha C, OrpaHu-
9EHHEIA OTpe3KaMH KpHBLIX Y, y® u mMerommmit epumnn O, 4/,
A". Touka A’, A" sABIAIOTCE TOMOKJIHMHHYeCKHMH. OO003HauYAM
U, e-oxpectHocth Y, y™. Mul GymeM uccnemoBaTh CBOHCTBa
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MHOXECTBAa TakHx (z, ¢), uro T"(z, @)eU, mpa Bcex n,
—00<n< 0. )

KorcTpyknmms, KoTOpas HpoBOgHTCS HEXe, Tpebyer psma
JOTNONHATENLHLIX MPEOIIONIOKEHMH. UHTaTe s Jerko CMOXET ee
MmomidummpoBath s Goyee obnmx ciyyaes. Kpome Toro, Msi
ONMYCTHM TaKXe HECKOJIBKO TEXHMYCCKHX JHETAJICH.

Toukn B'=T"'4', B"=T 14" Taxxe ABILIOTCS TOMOKJIMHU-
eckumi, H Y, y* mnepecexarorcs TpaHcBepcabEO B B’, B
(puc. 15.2). ITockonbKy T COXpaHSeT OPHEHTANHAIO, OTPE3KH KPUBBIX

;71 ()

Puc. 15.2

v®, y® Mexay A’, B'u A", B” nepecekaroTcs 10 KpaiiHeit Mepe ele
pa3. TIpeAnoIOKAM, 9TO B KaXIOM ClIy4ae eCTh TOJBKO [0 OXBOMH
TaKOH TOYKE IepecedcHUsd, KOTOpele MBI ob6osmawam C', C”,
A B 9THX Toukax Yy, y® Taxke mepecekaroTCss TPaHCBEPCANILHO.

MHl paccMaTpEBaEM TpAE€KTOPHH, KOTOphle nexat B U..
JIrobas TouKa, mBHXYLIascs BIOJL Jo0OM M3 TAKMX TPAaeKTOPH,
noaxoadT o4eHb 6mm3ko k O. 3atem oma yxomut ot O u mpubnu-
XKaeTcsd K OMHOH M3 TOMOKJTMHHMYECKHMX Touek A', C' wiu A", C".
CrnyualiHOCTh [MHAMHKH TNpPOSBJISETCS B TOM, 4TO IS JHoOGoM
N0CNIEN0BATEILHOCTH CAMBOJIOB A, C MOXHO HAaHTH TPaeKTOPHIO,
KOTOpasi MPUOIMKAETCA K TOMOKJIHHMYECKHM TOYKaM B COOTBETCT-
BHH C JTOH NOCIEIOBATENLHOCTHIO CHMBOJIOB.

O6ospamM 79, ¥ 1 ¥%, ¥ vqacta v u y* mexny 4, B’
H A", B” coorBercTBenHo (puc. 15.2). BospmeM T*y{, Try®,
OHE mpejcTaBsIOT coboil INajJkMe KpHBEHIE, nepecekatomme y®
TPaHCBEPCALHO M CTAHOBSAIIMECS B MAJOM OKPECTHOCTH V' TOYKH
O Bce 6Gomee mapamnensEeiME Y* DO Mepe yBenMYeHHS
k (pmc. 15.3). Y3 3Toro pACyHKa JIETKO BHAETDH, YTO MOXHO HAaHTH
nmaphl XpHBOJHMHEHHBIX cermeHToB 7%, 74, ¥4, ¥¢; v, y&s’ 9,
Y%, npmHamnexanmx cooTBercTBeHHO TXy), Thy{, k),
T%%% u nourn napawtensHEEIX Y, v (puc. 15.4). Mu MOXEM
BCET/la MPEANOJI0XKHTh, 9TO OKPECTHOCTh W OrpaHM¥EeHA KPHBLIMH
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¥, 79, ¥9, ¥¢. 3pavenun ko, ko Takke ¢urcmposamel. Jlist
KpPAaTKOCTH MEl IIpemmojiaraeM Takxke, 910 ko=ky, ki=ki.

Puc. 154

IlocTponM GECKOHEYHYI0 IOCIENOBATENLHOCTh KPHBBIX 75,
9, 7Y, LYYW, T 19¥57% , 1 ananormuHsie TOCIENO-

patensHocTH {79}, (Y%}, (¥} (pmc. 15.5).
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AUt manpHedurero Ham MoHamoGHTCA KPHBONMHEHHEIA napan-
nesorpamm JI§). orpanuvensnit ¥4, ¥¢ u wacramm 75, 7%,

kOI—ISu)

T

Puc. 15.6

M aHajnorMuHble mapajnenorpammui I1¢, MY, I (puc. 15.6).
O6paser 7%, T-% 1§ taxxke npencraBnsior coboif KpHBO-
JHHeHHEE NapaeorpaMMel. MX nepecedyeHME COCTOMT M3 OBYX
HapaJuIeIorpaMMOB Py, 0s, Qoc TP NTHITY,
Poc(THRIIWNTHH IIMYNYW(T QYT %'1I1{). e xom-
HOHEHTHl WX IDAHHN ABJNAIOTCH yacTamu T %'y 75154
a xse apyrme—vactamu T ¥%), TH%$ | TlapamienorpamMm
Py copepxuT BHYTpH cebsa A', a ) comepkHuT BHYTpH ceGa C'.
ApanormdasiM 006pa3oM MOXHO THOCTPOHTL NAPasUIENOTPAMME
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05, Py, comepxamme BHYTpH ce6a C” m A”. DTH deThHIpe
napajenorpaMMa 6yayT o6pasylOmEME KaHTOPOBA MHOXECTBA,
KOTOpO€ MH ceiidac mocTpomM (puc. 15.7).

Paccmotpem T % P,, T~% P,. D10 6yxyT napainenorpamMmei,
KOTOpEIE cOoAepxaT BHYTpH cebs ¥4’ 7%’ (pmc. 15.8). Iepeceyenns

55

A
Puc. 15.7 ’ Puc. 15.8

TRp, NIOY, T-%P, N1 npeacrapnsoT coboii KpHBOTAHEH-
HBIE TApAJLIEOTPAMMBl, MBE YaCTH TPaHAIl KOTODHIX MPHHAJ-
nexat 7474 (puc. 15.9). Mepecesenns T % (T %P, NI,) N P,,
T % (T %pP,NI1,)(\ P; npeacrasismoT coboii HBa mNapaie-
JOTpaMMa, Y KOTOPHIX OfHA Tapa KOMIIOHEHT TPAHMIBI NPHHAM-

Puc. 159

JIEXHT HEYCTOMUMBOH 9acTH rpaHdAnsl P,. ABanormdHeiM ob6pasom
Mbl CTPOMM IBa MapajuiejiorpaMma BHYTpHE P,.

IlpamenaM Temepp Te XK€ AapPryMeHTRI K IEPeceyeHHsIM
T-%p,NIIYW, T %P, NMI{ n x nmepecevennsm T %P, NIT{",
T kp,NOY, T-RpP,NII{¥, T %P,NI¥. B pesyrstate
BMecTo 4 mapajienorpaMMoB P;, 1<i<4, Mb noxyiaem 16
HapanjeNiorpaMMoB, KoTopele obosHageM P;; (pHc. 15.10). Mut
mmeem P=P,(\T % % P, AnantormdausiM ofpasoM Ha ciemy-
IOIIEM IIary KOHCTPYKLMM MbI MONy4aeM 4° mapauienorpaMma

P,

oty iz

=P, (T %% p, N\T2*~*)p, g . 1
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ao
Beckoneunoe mepeceqenme (| T-™*+¥) P, ecth rnamkas kpusas
m=0
BHYTPH P,, HMeolias KOHIBI Ha HEYCTOHYABOH YacTH TPaHMIBI

napajulenorpamMma P, u 09T napasniensHas y). CloBo «modtu»

Pac. 15.10

3aBHACHT 0T pasmepa W. MOXHO Takxe cKa3aTb, UYTO oﬁhemexme

ﬂ T+ ) P, cocTOMT B3 Takux ToUeK (2, Q)€ U P, nns
{ig, iy, ...} m=0 i=1

KoTopbIx T™mketk)(z, @)e UP s Beex m > 0.
i=1

3ameraM Temepp 7 mHa 7!, Torma [ns MHOXecTBa
© 4

(Y Tm%*+%){ { JP;) MBI ®mMeeM aHAJOTMYHOE CHMBOJIAIECKOE
m=0 i=1

npenctasnieane. OHO cocToMT @3 kpuBbix () T™%+) P, mourn

m=0
napasuUtensasix Y™ u nexauwx BHYTpH P, , 1< iy <4. MHOXeCTBO
ao

4
(\ Tm%+*)| ()P, |=I unapmanTHO OTHOCHTedbHO T *otks)

m="—a i=1

Bo3sMeM mpocTpaHcTBO ) BaXIh-GECKOHETHBIX MOCIENOBaA-
TenbHOCTER @={®,}, —0 <n <o, ®,€{l, 2, 3, 4}. O6o3HaTHM
S casur Ha war BaeBo B (). OnpenesmM HENPEPEIBHOE O0TOOpaXxe-

a0

me ¢ Q-1 rne @(w)=()Tm%+Ip, - SHcho, uro
— @

@S=T%*%) @, [Mo3TOMy €CIH V-—HHBAPHAHTHAS OTHOCHTEJILHO
S Mepa, TO ¢*v— HHBApHAHTHAS Mepa OTHOCHTeNbHO T*+%:, Ecmm
v—mepa bepHy)UIH, TO HETpYAHO mOKa3aTh, 9TO @ B3AHMHO-
OIHO3HAYHO HAa MHOXECTBE IIOJHOH MEpH. JTO, B YacCTHOCTH,
osHadaeT, 9to T*+k:i|] ¢ mepoii ¢*v ectb cupur Bepuymma. Ecom
®— MEpHOAUYECKas OCIEN0BaTENbHOCTD, TO ¢ (®)— NEpHOIAYEC-
Kag Toyka oToOpaxemnsa T.

Bce mpemplayliHe pacCMOTPEHHS NPOBOIWIHCH B IPEANOJIONKE-
umd, 910 ko=kjy, k,=k}. Be3 aroro mpemmonoxeHns KOHCTPYK-
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4
uus maer MHoxectBo Jc () P; Takux (z, @), 4ro mepBoe
i=1
- ;

BO3BpalUICHUE B MHOXECTBO L)Pl NPpAHMMACT OOHO H3 YCTLIPCX

i=1
3HaueHHH k,+k,, ko+ki, ko+k'i, ko+k). 3akoHumm Haim
PaccCMOTpPeHHst TOUHOH GOPMYIHPOBKOH MOJIYYEHHOTO Pe3yabTaTa.

Teopema. IHpu npednososcerunx, chpopmyuposannslx ¢ Ha-
yaie IMoU AeKyuw, CYuecmeyem uUHBAPDUAHIMHOE ONHOCUMEAbHO
T mmuoocecmao I co caedyrowpumu ceotdcmeamu: .

1. I umeem bGeckoneunoe uUCA0 RNEPUCOUHCCKUX MPaeKmMOpull.

2. Omobpamcenue T umeen: uH8APUAHMHYIO Mepy, N0 OMHOWe-
HUIO K Komopoit Ono uszomopguo cosuzy Bepryaau.

M3 TteopeMbr BBITekaeT, 4TO0 T HMeEeT «CIyvaiEble» Tpaek-
ToprH. Teopema mokasbIBacT Takke BaXKHOCTh MOSBICHKS TpaHC-
BepcalLHBIX Mepecedennit vy, y*). Kak yxe oTMeyanock B IIpe-
IBIRYINEH JEKIOUH, B pAAe CAyYaeB CYILIECTBOBAHHE TAaKAX Iepecede-
HUA MOXeT OBITh NMPOBEPEHO € MOMOIIBLI0 YK€ YIIOMUHABINErOCs
MeToga MeabprukoBa. B curyamuax, riae or pabortaer, TuHaMHYec-
Kasi CACTEMA 3aBACAT OT IapaMeTpa. YIOJ MEXKIY YCTOMYHBHIM
H HEYCTOMYHBBEIM MHOIO0Opa3susMK Kak (VHKIIHSA 3TOrO HapaMeT-
pa ONEHHBAEcTCA C NOMOIIBIO TeopHH Bo3Myinenuid. [Ipn 3Tom
ACUMITOTHYECKH 3TOT YTOJI BeAeT ceOA B IrJIaBHOM MOPAAKS Kak
HEKOTOpas CTeneHk mmapaMerpa. OnHAKO B TIPEABIOVIIEH NEXIAK
MBI [TOKA3aJH, YTO B HEKOTOPHIX €CTECTBEHHBIX CIYYasiX 3TOT yroJi
MOXET OBITL 3KCIIOFEHITHAJILHO MaJl H TEM CaMBIM HE MOXET ObITh
HaWJeH C NMOMOMILIO TEOPHH BO3MYLICHHH.

HHBapHaHTHOE MHOXECTBO, COCTOSLICE K3 TPACKTOPHH, TIEHKOM
MpHHAIEXamMX U,, HHOIr2 Ha3BIBAETCH CTOXACTHUECKUM CIOEM.

CCBIJIKH 1 KOMMEHTAPHH

1° BuepBeie HOes O TOM, 9TO TIOABJICHAE TOMOKJIHHHIECKUX H T€TEPOK-
JINHHYECKHX TOYEK C TPAHCBEPCABHBIM IEPECEYEHHEM YCTOMYMBOIO M HE-
YCTOHYHABOr0 MHOr000pazuii NPHBOOHT K CJIOXHOM CTPYKTYpe JMHAMHKH
6bima BeIcKazaHa IlyaHkape B KHHTE

[1] Myankape A. Hosnle MeTomst HebGecnod Mexanuku: Ma6p.
Tpyasi. B 3 v—M.: Hayka, 1971, 1972,

CM. Takxe

[2] ApHonrx B. M. Mansie 3uamenatend ¥ OpobleMbl yCToi-
YHBOCTH JBWXEHMS B KJaccHdeckod W HebecHoil Mexanmke /| YMH.—
1963.—T. 18, N 6.—C. 91—192.

Iepeuiii aHaM3 AHHAMHKH B CTOXaCTHYECKOM CJIOE COJEPXKHTCH
B CTaThe BHpkroga

Birchgoff G. Nouvelles recherches sur les systémes dynamique //
Mem. Pont Acad. Sci. Non Lyncaei. Ser. 3.—1935.—V. 1.—P. §5—216.

2° TNomHoE MCCIIENOBAHME CTPYKTYPHI TPACKTODHH B CTOXACTHYECKHX
crnoax nprHagaexuar C. CMediay—cM. ero 0630pHYIO CTaThIO
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{31 Smale S. Differentiable Dynamical Systems (Pyc. nep.: Cmeiin
C. Jdsaddepenmmpyemule nuHaMudeckue cuctemst// YMH.—1970.—T. 25,
Ne |.—C. 113—185), a Takxe

Smale S. Duffeomorphisms with many periodic points // Differential
and Combinatorial Topology.— Princeton, N.Y.: Princeton University
Press, 1965.—P. 63—80
U CTaThIO

[4] Muneuukos JI. II. O cymecTROBaHHM CYETHOTO MHOXKECTBA
NEPHOTHIECKHX IBIXEHHN B "ICTHIDEXMEPHOM TNPOCTPAHCTBE B PACIIHPEH-
HOll OKpecTHOCTH cemitn - pokvea /j JIAH CCCP.—1967.—T. 172, oo 1.—
C. 54—57.

3° B nocnennce BpeMs nospuidch pabotrsr I'. M. 3acnmabckoro,
P. 3. Carmcena W MX COTPYUHRKOB, IZI¢ CTOXaCTHYECKHE CJIOH 0Opa3syroT
CIIOXKHYIO NAYTHHY, IO KOTOPO# TPacKTOPHH MOI'YT YXOIHThL HEOTpaHHUYEH-
HO J4JIeKO, Halojiobue TpackTopvil ciydafiHoro Onyxnmanus. Cm. 1o
3TOMYy MOBORY

[5] 3acmascxuit "M, Carnces P.3, Ycuxos [ A,
Yepsukor A A, MHHUMATEHBIH Xa0C, CTOX4CTHYECKad IMAayTHHA
U CTPYKTYPBbI C CHMMETpHEH THNa «KBasHKpHCTa/Lu».— [lpenpunt Ne 1289,
WK, 1987.

6 .0 Camait



YACTB V

3JEMEHTHI TEOPUM THUINTEPBOMYECKHUX
ANHAMHUYECKIIX CUCTEM

B 3ToM 4YacTH KHUIH MBI 06cym1M HEKOTOPBIC aCNCKThl TEOPHH
I'HHCpsOJIH"{CCI(HX ANHAMHYCCKHX CHCTEM, OGI:SICHS{}OIIH{C, B KaKOM
CMBICJIE 3TH CHCTEMBI MMEIOT CTOXacTHYeCKoe moBencHue. Ecrect-
BEHHO, 4YTO NPH 3TOM OCHOBHOC BHUMAHHE YICIACTCA 3proantic-
CKHM, a HE TONOJIOTAYECKHM BONpOCaAM.

JEKUHUA 16

FEOJAESMYECKHE IIOTOKH U HMX OBOBIIEHMHA,
PA3PBIBHBIE TUHAMMWYECKHME CHUCTEMBI,
YCTONMYHBBIE U HEYCTOWYUBBIE MHOTOOBPA3MS

Bragane MBI PaCCMOTPHM OCHOBHEIE IIPHMEDHI CHCTEM, K KO-
TOPHIM TNpPHMEHMMA pa3BuUBaeMas Jajlee TeopHs. Hanommmm
onpeeseHAe TeoAe3HICCKAX MOTOKOB (CM. 1° B KOHIE JEKIMH).

Ilycte Q —xoMnakTHOE 3aMKHyToe C ©-pHMaHOBO MHOT000-
pasme ¥ M—ero eOuHHYHBIH KacaTeJdpHBRIH nydok. Toukn
M Moryr OHmiTh 3ammcaHel kKak X=(g, v), Tae q€Q, VeT,
H J ,~—KacaTelbHOE NPOCTPAHCTBO B Touke (v |l=1. It eobe:fuuec-
Kuii  nomok {S'} ma M ecrb onHollapaMeTpHyeckas [Ipymma
maddeomoppuzmos M, rae S‘X ecTh pe3yabTaT NapasuIeIbLHOrO
NEPEHECEHA U BOOJbL TEOHE3MYECKOH, OlpelensieMOR X, Ha
paccrosuue !. I'eofe3wveckdii NMOTOK COXpaHseT Mepy JIHyBHIUISA
dp(x)=dox(q)dw,(v), tne do ectb Mepa Ha (), HBIyUMpOBaH-
Has pEMaHOBOH MeTpuko#, dw,(v) ecTb mepa Jlebera Ha cepe
€HMHMYHBIX KACAaTeIbHBIX BCKTOpOB ve T,. Dproauyeckne CBOHCTBA
{8'} cymecrBeHHO 3aBHCAT OT TOmONOTHA H PUMaHOBO#H CTPYK-
Typw Ha (. [Jlanee MBI yBHOUM, 9TO IS HAac oOcoOBI HHTepec
NpeacTaBIAoT MHOroobpasus (0, KpHBH3HA KOTOpbIX no JiroboMy
IBYMEDHOMY HAIIDaBJICHHIO OTpHIIaTe/]bHa.

EcrecTBeHHOE 0000IICHHE TIeOJE3HYECKHX MOTOKOB CTPOHTCA
ciaeayromuM obpasoM. ITycTs M) ecTs IpOCTPaHCTBO r-peENEpOB,
T. €. OPOCTPAHCTBO, TOYKH KOTOPOTO MMEIOT BHI X '=(g¢, v,, ...
v U,), THE gE€Q, Uy, ..., V,€T ., (U;, U;)=0;; H, ECTECTBEHHO,
r <dimQ. O606meHHbH reofesmeckmii MOTOK {S'} caeuraer
x ) Bone reomesmveckoit, onpenensieMoi (¢, v, ), Ha paccTOSHHE
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t. Kaxpwit Bek1op vy, j>1, mapauieNbHO COBUTaeTcs BAOJb
sToif  reomesuwyeckodt, ITotox  {S'}  coxpamser  mepy
dp(x")=do(g)-dof’ (vy, ..., V,), rae dol’ ectb ecrecTBeHHas
mepa JlebGera Ha MpOCTPAaHCTBE r-penepoB, HHBAPHAHTHAS OTHOCH-
TeNbHO I'PYHONOBHIX INpeobpa3oBaHMiA.

Cpenn Apyrux ciyyaeB, K KOTODEIM OTHOCHTCS pa3BHBacMas
Janee TeOopHs, €CTh Ppsil HPHMEPOB DPAa3pHBHBIX WIH KYCOYHO-
INajKkuX IUHAMAYECKHX cucTeM. CleayeT OTMETHTh, YTO YacTo
H3y4YeHHE CBOMCTB HX CTOXACTHYECKOrO IIOBEJCHHS OKA3LIBAETCS
ropasio mpoine, 9eM H3YYCHHE TEX IK€ CBOMCTB HX TIJIaJK¥X
anmpoxcuman@ii. ITo3ToMy Mbl cobHpaeMcs JaTh JOCTaTOYHO
ofinee omnpelesieHHe IUHAMHYECKHX CHCTEM C OCOOEHHOCTAMH,
4 MOTOM OHHCATh HHATEPECYIOLIME HAC HPHUMEPEL

®a30Bhle OpPOCTPAaHCTBA M Takux CHCTEM MPEACTABIAIOT
coboit ob6venaHeHAs MHOroo6pasuii ¢ KyCOYHO-TJIagKON IpaHuiei.
Bosbmem M,,, npexactasisioinee coboil riagkoe n-MepHOE pHMa-
BoBo C ®-MHorooOpasme, M [ONMYCTHM, 49TO Ha M, 3aaaHbl
C=-¢pymaxumn f;(x), 1 <i<k, Takuwe, uto f;'(0) me comepxat
KPUTHYECKHX To4eK. MBEI paccr\:anKBaeM M={xeM,| f;(x)=0,

k

1<i<k}, rae rpanana oM= ) {dM Nf*(0)}= | ) oM,. Tlpen-
i=1 i=1
nojlaraeTcs, 4TO B Toukax xedM, (\0M; Bektopbl gradf;
u grad f;, Be RoyumReapHsl. bynem ma3niBaTe M MEoroo6pasueM
C KycouHO-rnaakoff rpaHHued, a 0M;—KOMIOHEHTAMH ero
rpaHEel. JJomycraioTcs Takxe (a3oBble IPOCTPAHCTBA, ABJISIOLIY-
eca obObemmHEeHMAMH MHOroodOpasmii M, C KyCOYHO-TNAAKAMH

m
rpammname, s=1, .., m, M= M,.
s=1
Mul 6ygeM paccMaTpUBaTh KYCOYHO-TJIAJKHE OTOOpaxeHHs
H KYCOWHO-TTAJKHWE BEKTOpHBLIE IIONf, OIpeAcNeHHble Ha M.
B mepBoM Ciydae IpegnosaraeM, 9To Kaxnaoe M, ecTb KOMIIOHEH-
Ta, BHYTpH KoTOpoi#t T sBlsieTc GeckoHewHO-THbbepeHIMPYEMBIM
H BCe MPOM3BOAHKIE MMEFOT MHPEENH TPH NMPUCIHKEHUA H3HYTPH
K TOYKaM IpaHmMnel O M,. Bo BTOPOM CIiy4ae MBI paccMaTpHBaeM
C ®-BEKTODHbIE IIOJS TAKHE, YTO KaXJasd TPACKTOPHS NOCTHTAET
TPaHMIB! 33 KOHeyHoe BpeMmsa. O6oszmaumm JM U™, JM (oW
MHOXECTBO TOYEK TIpaHHIbl, TA€ BEKTOPHOE IIOJIE HaIpaBJeHO
BHYTppb M (BHe M). Ha JIMY (MM pexropHoe mose
xacaerca 0M. Jdomyctem, uto dM U™ g M"Y npencraeBnsior
co60ii MHOroo6pa3Hst C KyCOYHO-IJIAZKOM IPaHHIEH U ompeaesieHo
KycOYHO-THajxoe oTob6paxenme S: oM —aM U™ gkoropoe
TOXJecTBeHHO Ha OM "W NIM'™, B ToT MOMeHT, Koraa
OBIDKYINAACH TOYKA JOCTHTAET TOYKM Kpas XedM ™), oma
MTHOBEHHO IIEPEIPHIrHBAET B TOYKY SX H IPOJOJIKAET CBOE
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asmwxenne w3 Sx. CumraeTcd TakXe, 4TO NPH NONAJaHHM Ha
M "V N4 M%) Touka MOXKET MPOJOKATh BMKERHAE. MbI Gyaem
pPACCMATPHUBATL TOJLKO Té TPAEKTOPUM, KOTOpble HE MPOXOIAT
Yepe3 TMEepeceUeHHA HECKOJbKHX KOMIOHEHT IDaHHIBI.

THIHYHBIMH NIDHMEPAMHU KYCOYHO-TJIAJKHX TMOTOKOB CIyXaT
OuNBAPIBl, O KOTOPHIX OTYACTH YK€ [IJa peib B JIEKIHH 6
(cM. 2°). PaccMoTpuM 3aMKHYTYIO oOnacte (, mnpmueM aubo
Q<R mbo Q<Tor? u Q MMeeT KYCOMHO-TNAAKYIO IDAHHMLY.
bunpsapa B Q—3TO IMHAMHYECKasds CUCTEMA, COOTBETCTBYIOIIAS
JBIKCHUIO MAaTEPHAJILHOM TOYKH BHYTPH () C TIOCTOSHHOH
CKOPOCTBIO H C OTpaXeHHeM OT IPaHHUIB IO 3aKOHY «YIoi
DajeHHs pPaBeH YUy OTPaXXeHHs». B MHOroMepHOM ciydae 3TO
O3FAYAET, WTO KACATeJibHAs COCTABJIAIONMAS CKODOCTH COXPaHSET-
cs, a HOpManbHas MeHseT 3Hak. Pa3oBoe MPOCTPAaHCTBO OWIBApAa
M upencraBiser cobol, Kak H B CITy4ae reOJC3HYECKHX MTOTOKOB,
€/IMHHYHBIE KacaATENbHLIA mydok x Q, M ") (M ™) coctouT u3
CHMHUYHBIX KACATEIbHBIX BEKTOPOB, HOCHTEIH KOTODHIX NPHHAM-
nexaT J(, a BEeKTOPBI CKOPOCTH HAmpasNieHH BHe ( (BHYTphL (),
oM N oM™ cocTout U3 enm-
HUYHBIX KacaTelbHbIX BEKTODOB,
kacatonmuxca Q. Orobpaxenue
S npeoOpa3zyeT Kaxakld Kaca-
TeNBHBI BexTOp M3 d M ° B co-
OTBETCTBYIOIMA  KacaTeNbHbIH
BekTOp H3 OMU™ ¢ TeM xe
HOCHTEeNEeM. BunbapmHbll HOTOK
{S*} coxpaHfieT Ty Xe CaMyi0
MEpY JIuyBunns dp(x)=
=dgqdw,(v), 9T0o B reoje3mvec-
KA TOTOK.

ITpuseneM Teneps HECKOJIBLKO

Prc. 16.1 TPEMEPOB KYCOYHO-TJIAZIKHX OT-
obpaxkeHus.

1. Omobpascenue Jlozu (cm. 3°). D10 oTOOpaXKeHHE ABAAETCA
KYCOYHO-JIMHCHHBIM OTOOpakeHHEM WJIOCKOCTH B cebd, 3amaBa-
eMbM  popmynaMu

fo (%, y)=(1+y—alx|, bx).

Mur 6ymeM paccMaTpHBATh TOJNLKO TaKHE 3HAYEHHS MApaMETPOB
(a, b), yro a>0, 0<b<1, a+b>1. BossMeM TOUKYy

_(2+a+/a*+4b 0
"\ 2(1+a-b) )

JMemMa. Iycme F-—TpeyroibHHK C BepmMHAMH z, f(z),
f2(z) (puc. 16.1). Tozda f(F)c F.
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JoKa3aTenbCTBO JIEMMBI IPOBOIUTCH € IOMOUIBIO HEITOCPEACT~
BEHHBIX BBIYHCICHHH H 1103TOMY omyckaetcs. OOpas f(F) ectb
MATHYTOJIbHAK, H300paxeHHLIH Ha pHC. 16.1.

Hac B manbHefimiem Oymer HHTepecoBarth LoBeAcHuEe f Ha

mHoxectse [ ) f"(F)=A. Otobpaxenue Jlo3u GbuIO BBELEHO KaK
nz0
YIpOINEHHE  H3BECTHOTO  oToOpaxeHus  JHO: (X, y)r

> {14+y—ax?, bx), KOTOpoe ropaslgo TpydHee Ui AHAIH3A.

2. Omobpancenue Bewix (cM. 4°). Bosbmem [=[—1, 1], xsan-
pat K=IxI u npsmyro L={(x, y)|y=kx}. Paccmorpum 0T06-
paxkeHue f, 3amaHHoe ¢opMmynoi

) AMx—1)+1, A{y—1)+1 npm y>kx,
X, y)=
y M(x+1)—1, A{y+1)—1 mpu y<kx.

OHo Obuo BBedeHO B paborax Bembix M ero coapTOpoOB (CM.
CCBUIKH B KOHIlE JICKIWH) B CBA3H C HEKOTOPBIMH INpoOiecMamu
¢da3zosoit cuHxpoHmszauun. Hamokwum Ha A;, A, cleavwioimie
OrpaHHYCHHS:

1 2
0<A <=, l4+h,<——, |ki<l, k#0.
1<y Ml M 7
Torma f(K\L)= K, # Mbl MoOXeM TNOCTPOHTb TOCIEAOBATENb-
HOCTb MHOXECTB K,.:f(K,,_l\L), K, 2K, 2..., H HX [Oepeceye-

HHe A=) K,. V3naracmMas B 3TOH M C/eAYIOLUMX JEKLMAIX TECPUSA
n
JaeT HEKOTOpYIH) HHGDOPMAIMI O CTaTHCTHYECKHX CROMCTBAX
otobpaxenus benblx Ha MHOKeCTBE A.
3. Cucmema Jlopenya. Cacrema JlopeHUa ecTh CHCTEMA TPEX
OOBIKHOBEHHBIX AON(pepEeHIHATILHEIX YPABHEHH

dx~_ ocx+o

dr Ys

dy

P -y —XZ, ]
7 rX—y—Xz )
dz

—=—hz .

7 +xy

3pmece O, r, b—vuHCIeHHbIE TAPAMETPE], HMCIOINHE OTIPEACIICHiIbIH
dusnueckuit cmuicia. CucteMa (1) Oblia BBeUSHA R3BECTHBIM
AMEpPHKAHCKHM OKEAHOJIOTOM, KIHEMATONOIOM H IHMADGIHMHAMBKOM
O. JlopeHueM (cM. 5°) INpH H3YMEHAH KEKOTOPEIX  Mojaecnel
KOHBEKIIMH, HO 3[ECh 3TY CTOPOHY HPOOIEMBI Mid OUCYKIATL He
6ynem. Cuctema (1) yAMBHTETBHO ITPOCTA, OJHAKO ¢ IHHAMMKA
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OKa3kIBaeTCa 9Ipe3BbluadHO cioxrou. flocne Toro kax oma crana
H3BECTHA (PH3HKaM, HICH TAHAMHAKH CO CTOXACTHYECKEM IOBENCHH-
€M H CTPaHHEIX aTTPakTOpPOB NpHOOpen 6OMBLMYI0 NORYISPHOCTD.
OO6BicHEM Teneph, KaK NPH M3YYeHHH TAKHMX TJIANKBX JHHAMH-
9eCKHX CHCTEM, Kak cmcreMa Jlopenma, BO3HUKAIOT DPa3phIBHEIE

: otobpaxenus (cM. [5]). Yuciennsit

\ Ci€T M KAYeCTBEHHBIC cooOpakeHus
HOKa3BBAIOT, YTO CYHIECTBYIOT 3HAaYe-

HMA DapaMeTpoB Oy, Iy, by, mOpH
¢ ) koropmix (1) EMeer pSd CHEOHATLHEIX
e CBOMCTB, NepeYHCNIEMBIX HIKE.

0 1. Touka O=(0, 0, 0) sBiserca
HENOABHXXKHOH TOo4YkoH. OHa HMeeT ox-
HOMEpHOE HEYCTOHYHBOE MHOroobpa-
\ aue ¥ (0) (cM. siekmito 6), BHIXOASLIES

3 Todkd O, B aBYyMepHOE YCTOMYHBOE

Puc. 16.2 MHorooGpaszue y*(0), cocrosume m3

TaKHX TOYEK, NOJYTPAeKTOpHH KOTO-
peix ctpemsTcs K O mpr t— F oo cooTBeTcTBeHHO. X npBMepHLLi
BHJ Mpencrasjied Ha pHc. 16.2.

2. IIpr 3THX 3HAYEHHAX IapaMETPOB HMEIOTCA [Ba MEpH-
omwyeckux peruenus II,, IT,, koToprie mepexomaT apyr B IOpyra
npA CEMMETpHE (X, ¥, z)++(—X, —y, z). O6a II,, II, mmetor
ABYMEDHBIE yCTORYHBEIE MHOrooGpasus I'®(I1,), I'(I1,), xoTo-
PhIe JIOKaNbHO BBINIANAT KaK OBYMEpHBIC IWIMHIPHL B COCTONAT H3
TPacKTOpHH, HamaTeBaoumxcs Ha II;, j=1, 2, mpr t-oo
(puc. 16.3).

i,

Puc. 16.3

3. 3HaueHHa Gp, 7, Do BHIIENICHBI TeM, 4TO Jiepas (TpaBas)
setBb Y™ (O) npunaanexur I'®(11,), (') (I1,)) (cM. puc. 16.4, rae
H300pakeHa TOJLKO NMOJIOBAHA KAPTHHEL, a APYras HOJYYaeTcs 1o
CHMMETpHH).

PaccMOTpHM  TOpPH3OHTANIbLHYIO  ILIOCKOCTH P={(x, Y, z)|
z=z,}, mepecekatouryro Il,, II, m mpoxomsiyio HE CIHIIKOM
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manexo ot O. Ilepecedenme P ()Y (O) nokajibsHO mpeicraBaseT
coboil rmagxyro kpmBYI> Ry (cM. puc. 16.4 m 16.5). Ilockoiasky
P nepecexaer I1,, I, To oHa mepeceraer Takke u ['“(I1,),
[©(I1;). O6o3sawsM 3ITH mnepeceveHHs uepes R, R, (oM.

R, Ry
Puc. 16.5 Puc. 16.6

puc. 16.5, rue mwiockocts P u3oOpaxeHa BepTHKAJIBHO), a vepe3
Ay, A;—Touku nepeceyeHds Ry, R, c I1,, I1,. Ham nosanobarcs
TakXke TOWYKH B,, B,, KOTOph¢c nOpeacTaBaaoT coboH TOYRM
nepsoro nepeceyerns v (0) ¢ Ry, R, coorBercTBenHO (pHC. 16.5).

4, TlocTponuM KpHBOJIMHEHHBIH dYeThIpeXyroiibHHK U< R, y KO-
TOpPOro OJHA mapa CTOPOH COCTOHMT H3 R,;, R,, a npyras mapa
cropoH Q,, @, crporo He ¢ukcHpoBana (puc. 16.6), u paccMoT-
puM oToOpaxerue Ilyanxape T ma U. HamomunMm, 4ro otobpaxe-
me [lyaHgape ompeiensercsa cnenyroummM obpazom. U3 moboi
TOYKH Uy € U BLIIYCTHM TPaeKTOPHIO 10 IHepBOro mepecedenns ¢ U.
D10 mepeccueHde H ectb Jug.

INockonsky [®(I1,), I'(I1,)—ycrofuussie MHOrooGpasms
II,, II,, To nerko moHATh, 4T0 TR, < R,, TR, < R,. Ecm
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uy Onm3ka X Ry M JexuT cneBa oT Ry, TO BuIeAmas n3 Hee
TPAEKTOPHS E -TeYeHHME OOJLIIOTO MHTEpBAaJia BpeMEHH Oyner
ABHTATBCS BEOJbL [ (0), npubmrkascs k O, HO 3aTeM OHa HavHET
yxomuTh 0T O BIOJH jeBoit gacTu v™ (0). [osTomy oHa mepeceder
U B manoit okpectHocTH B,. Ilycth uy—R,. Toraa obpas Todknm
uy mopn nedcTtBaeM orTobpaxenus Ilyankape cTpeMuTcs K B,.
MoxHO ckazaTh, YTO <«JIeBbIi Oeper» R; HEPeXOmHT MO
neiicteueMm T B B,, a «npaseiii Oeper»—B B;. 3To NMOKa3bIBaeT,
yro T TepmHT pa3pelB Ha Ry. Ha puc..16.7 mokazassl oOpa3sbl

Puc. 16.7

JneBoil W mpasoil monoBuH U;, U, obmacrm U. Croponsl Q;,
(> MOXHO BBIOpaTh TaK, 4TO 3TH 00pa3nl OyayT COCTOATH H3 ABYX
CBA3HBIX KOMHIOHEHT. Teopmsi, CTposascs B 3TOH M HOCIedy-
JOIIMX JIEKIHAX, NMPHMEHAMAa K NOHOOHLIM OTOOpPaKEHHSM.

BepreMca Tenmephs k obmielt cHTyanuu. PaccMOTpEM KyCOYHO-
raakoe otobpaxende T ¢a3oBoro mpocTpaHcTBa M C KYCOYHO-
rJIafakod rpasuned, mpudeM T ~! ompenencHo H NpHHAMIEXHT
K TOMy xe Kiaccy otobpaxenud. Crezyioniee MHOHATHE, IO
CYIIECTBY, YyXe€ BCTPEYaJoCh B JIEKIHH 6.

Onpenenenre 1. Omxpormoe C2-noomnozoobpasue y = M,
NOA0XHCUMEAbHOU pa3mepHOCMU, 20MeOMOpPHOe wapy, HA3bleaemcA
AOKAABHBIM YCMOTINUBHIM MHO2000pasuem (4. y. M.) mouku X€ M, ecau

1) xey;

2) 012 mobozo yey mouku T"x, T"y npunadsexcam oowoil
u moii e xomnonewme caaokocmu T npu ecex n=0;

3) sup distm(T"x, T"y)-0, n—oo;

yey
30ecs distT,,7 ecmb  paccmosHue, BbIMUCACHHOE 60 BHYMpeHHell
mempuxe T"y.

Ecau 8 2), 3) n<0 u n—— o0, mo Yy Hazvieaemca A0KAALHBIM

HeycmoliuugbiM MHO2Z00bpasuem (4. H. M.).

168



M1 GyaeM 0003Ha¥aTh . y. M.. JI. H. M. TOYKH X uepe3 v (x),
7).

Onpenenenne 2. Ycmotuuswim mHo2o06pasuem (v. m.)
POUKY X HU3BISAEMCA MHONCECTNBO MUKUX MOYEK Y; 043 KOMOpsIX
Haioymes n(y)=n>0 n y®(T"x) maxue, umo T"yey"(T"x|.

V.M. oboszsasarorca  I'®(x).  Scmo, uro TI'®{x)
=) Ty (T"x).

nz0

AHANOTHYHO ONPENENAIOTC  Heycmotiugble  MHO2000pasus

(H. M)
r“x)=\{J) ry“ (1 "x).
nz0

Onpenenends | 4 2 eCTeCTBEHHO NEPEHOCATCA Ha  CIydal
[OTOKOB.

ScHO, 4TO
IO(T"x)=T"T®(x), T®(T"x)=T"T"(x)
IpH BCEX 7, — 00 <n< 0.

Iycts %< R*—oTkphiToOe MHOXECTBO, T ecth C *-maddeo-
MopGH3M, 3aaHHbil Ha Uo, U U1 =T o <%, npuieM Cl (0//, ) <
<%y, tone Cl—3ambikanme. Torma MHoOXecTBa T"% =%, 00-
pa3yroT yOBIBAIOIIYIO IIOCIIEAOBATEIBHOCTD OTKPBITHIX MHOXECTB.
PaccMotpeM A= (| T"%,. ViHoraa A Ha3blBaeTCs aTTPAKTOPOM,

n20
IIOCKOJIbKY IS BCSAKOTO XEW/O Touka T"X€%, U TeM CaMPM

noxyTpaekropus X npurarupacrcsi k A. Ilockoneky 3aMblkaHue
Cl(@o)=> %o, TO TUo<=Cl(T%o) < U,, " no3TOMYy
A=) T"Cl(#,). Tem caMBiM A 3aMKHYTO KakK [epeceHeHHe

nz0
TNOCJIEA0OBATCIIBHOCTH 3aMKHYTBIX MHOXCCTB. Ecau xe A, To Bca

TpaekTopus {T"X, —o0 <H<00} TOYKH X NPHHA/UIEXHT A. ITO
yTBepxkacHHE odeBHAHO M n>0. Ecimm n<0, To, mockoabky
XEY m-n TPU BceX m>n, T"XeWU,, T.€. T"x€A.

Hemma 1. Ecau x€d, mo n. m. T'™(x)eA.

JoxasatenbcTBo. Ilyctb yeI'™(x). MBI nokaxem, 4TO
y€U, npu mobom m>0. Tlps HeKOTOPOM 70 (y)=no>0 H™meeT
MeCTO BKJIIOYCHHE T ~royey™ (T ~"ox). Iockonsxy
dist(T """y, T """ "x)»0 npm n—ooc u T "™ "xed, T0
T ™ "yeUguyeT™ " "Uyc U,, eclln n J0CTATOYHO BEJIHKO, YTO
d TpeboBajnoch OOKa3aTh.

JlemMa | nokasslBaeT, NOYeMY B MOCIEAYIOUIHX PACCYXACHHSAX
H. M. HIpaloT 0o0jiee BaXHYIO pOJb, 4€M Y. M.

BepHeMcs K OOmIMM  KYCOYHO-TIAIKHUM  OTODpaXXCHHSAM.
Bo3bMeM Takoe MHOXeCTBO My < M, 4ro kKaxjaas Todka Xe M,
umeer H. M. I'®(x). JomyctnM, 4to Ha KaxaoM I'*(x) samana

G-KOHCYHAsE MEpa VFM(x) .
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Onpenenenune 2. Cemeiicmso mep Vv Ha3bieaemcA

l’("(x)
UHBAPUAHMHBIM, ecau OaA mobblx 6openesckux muoxcecme B,
B, < T®(x) komeunoit mepwi

(B) Vo, (TBY)

Vr(-)m(BZ ) Vr(-)(n)(TBZ) )

v
r(u) )

Ceifyac MBI NOKaXeM, YTO IPH HEKOTOPHIX ECTECTBEHHBIX
OPeANOOXEHAAX AAHAMAKA CO3JA€T HMABapHAHTHHIE CeMEHCTBA
Mep. PaccMoTpuM coryuait, korga i Touks x Bee Y™ (T"x), n<0,

-t
npumaIckaT Knaccy C2 m y® (T"x) Y*(T""'x) ectb paBHO-

MEpHOE CXaTHe, T. €.
1) npn ReroTopoil mocroguHOM A, 0<A <, m Bcex n<0

dist a1, (T 71y, T7Hy") KA dist o g, (¥ ")

2) NpH HEKOTOPHIX NMOCTOAHHBIX p, Co>0, 3aBHCANMX OT X,
uig Bcex n>0

dist_w zn , (T, 3Y(T"x))2 Coln| "

(T"x)
O6osnawiM G w , Mepy Ha ¥ (y), mERYmEPOBAHHYIO PHMAHO-

BBIM 0OBEMOM.

Beenem BHauase Taxk Ha3HBaeMbIH K02(GHLEEHT 06LEMHOTO
PacTsDKEHHs. (MM IOPOCTO KO3(QHIMEHT pacTsUREHHS) HEycTOH-
wBoro Muoroo6pasus. Bossmem y®(x). Torma mas mo6oro
Bcy%(x) MBI MOXEM HAammUCaTh

S(T7'B)= | doywq- ()= A" (y)) ™" doywe ().
T'8 B

T -
Iockoneky oToGpaxenue v (x) — y* (T~ 'x) sBaserca cxarmnem,

10 A% (y)>1. EcH MBI MpOYMTaEM 3TO PABEHCTBO B 0GPATHOM
NOPAAKE, TO MOIYYAM

T.L do e (12 (¥) = A® (Ty) oy ) (¥)
B

B TpermonoxeHny, yro TB<y® (Tx). ®ynxuus A (y) u HasmBa-
erca KoadouuueHToM pacrsxkenns. IlomoxaM s Boy™ (x)
Sy (T "By (T ")) (1
Sy TV () N Y@ (T X))

Teopema 1. Ilycmp 60046 mpaexmopuu mouxu X 8blhoaHeHbl
coomnowenua T~ y™ (T"x)cy™ (T~ Vx) npu acex n<0, u nycms
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Koaduyuernm pacmancenus A ydossemeopaem pasHomepHomy
ycaosuro T'éabdepa ¢ mom cmouicie, WMo Npu HEKOMOPLIX NOCMOAH-
woix p>0, C,>0, He 3asucawyux om n, u ecex n<0 odan y’,
y ey (I"x)

N

Tozda cywecmsyem npedea lim Vi (B) =V, (B).

x(") ’ .
I (y ) 1 l < Cl [dlst‘ym(ﬁ) (y,, y”)] P1,

3aMevaHHe. JTa TeopeMa HMeEET TOT XE XapakTep, 4TO
u gemMa 1 nexmuu 12.

JdoxkazaTtenbcTBo. Ilpexne vem npuBecTd (GopMaJIbHOE
JI0OKa3aTeNbCTBO, HOACHAM ero uuaeto. MHoxecto 7T~ "B ouenb
MaJio npu Gonbnmx n B CHIIy CBOMcTBa cxarus 1. H. M. Ha Mamsix
paccTosHRIX Moboe HeJMHEHHOE npeobpa3oBanmMe BeneT ceGs Kak
yumeiinoe, Ho npu jmueitroM npeobpazosanmn T "B u T "y (x)
PACTATHBAIOTCS OOHHAKOBEIM ob6pa3zoM. Ilostomy (1) modurH He
MeHsieTcs mpw 3ameHe B (1) » ma n+1.

IIpuBenem Ttenepr OGonee dopMaidbHOE [0OKA3aTEIHCTBO.
Hammnem

Gy (T "' B) T:‘_B A G)) " doyn o (y)

o doymgin® (A9 (y) 71 a0 ()

T 1y®(x) Ty ® (x)

(» + 1)
D (B)=

3ameTHM  Temeps, 4YTO  distymr-g (¥, Y')<A"-const 1A
mobbix y, y"eT "y™(x). BuiGepeM NpOM3BONBHYIO TOUKY
ye T~ (x). Torna

x(u)(y))—l
— dc_w —ay ( )
(+1) gy TJ-B<A(")(Y) st
Vy"’(x)( )—-

A9\
T‘l!ﬁl)(x) (W) dcy"’(T“.X) (y)

<(1+const - C;A*™) (1 —const - C A% ~* v (B)

<

Vi) (B) = (1 —const - CyA*) (1 +const - C A*) ~ 'R, (B).

Otrciofla HENOCPENCTBEHHO ClEAYeT YTBEPXKICHHE TEOPEMBI.

Hrtak, sa y* (x) nocTpoena Mepa Vym(,. [lokaxem Temeps, 4To
ecmr Y EHNYY(E")#, To waigercs Takas IOCTOSHHAS
x=x%(x’, x”), 4To mias ymoboro Bcy®(x' )N y*™(x")

Vyo gy (B) = %V, e (B). @
171



Mul mMeeM

_ V.o (B) _

(S B = 1) - 2o () ’ (u) x" R
Vye( )( ) Vy"’(x')(y(u) N Y9 (x")) T )('Y (x ) n T ( ))
- Vym X" (B) = (") ” (") "
VY"’(X”)(B):" L 'Vy““(x’)('Y(, )(X )ﬂ Y( )(X s

Vyme, (PP () N7 (7))
M3 nocTpoeHns V,w HEMOCPEACTBEHHO BBITEKAeT, 4TO
Voo 0y (B) _ Vye i) (B)
Yy (PP )N X)) By (Y () N Y™ (X))
910 nmaer (2) npu
= vy (Y ) Y (x7))
V, @

ean (PP &) Y ")

CooTtrontenne (2) nO3BONsSET MOCTPOMTL Mepy Ha Beem I ™ (x).

Ilo OTIPEIENIEHHFO T x)= U Tv“ (T "x). IycTs
nx0
B T (T "x). TlonoxuMm

Vyap oy (T " B)
Vyoir-a (T "y (X))

3HameHaTeNb IOCTCHHETO BbIPAXKEHUS MOXKET PacCMAaTPHBATHCH
KkaKk HopMupoBka. M3 (2) cnemyer, 4ro 3To omnpeaencHuHe
KOPDPEKTHO B TOM CMBICIE, YTO €CJIH paccMaTpaBath R Kak
npuHamgexamee I ly@(T™"71x), 1O Vpwy(B) npH 3TOM He
u3MeHuTes. Tem cambiM Ha I (x), rme MoxHO obecrneyHTh
YCTOBESL TeOpeMbl 1, ompenesieHa Mepa Vre . KOHCTpyxuma 3Toi
MEpPEI MOKET OBITh NMPOBEJEHA M MPH CYLIECTBEHHO OoJiee cnabuix
NPEAIOIOKEHUSX.

HaoHefilliee pasBUTHE TEOPHH MbI OTJIOKHM JIO CIEAYFOLLEH
JICEITHM, a CceHYac pacCMOTPHM HECKOJBLKO IPEMEPOB.

i. Ipynnosvie asmomopgpuzmer T m-mepnoco mopa Tor™
2A02KCTCH  BSIUCCTBEHHBIMM  LICTIOYHCICHHBIMH — MATPHIIAMH
A=la;}, det A=+ 1. Kaxnplii Takod aBTOMOp(QH3M NeHCTBYET
no ¢opmyre Tx=Ax(mod |). OH HazpIBaeTCs rUREpPOOIHIECKHM,
ecny  aGCoMIOTHBIE BENHYHHBI €0 COOCTBEHHBIX 3HAYEHHH HE
pasurl |. Kak H3BeCTHO W3 JIMHEHHOM anreOphl, B TAKOM CIOyyae
BCE mM-MEPHOE IMPOCTPaHCTBO R™ gdouyckaer pa3joXeHHe

"=R®4+RY, rge ARY=R“, ARY==R®. Tlpu stoM B R™
MOXHO BBECTH METPHKY TakuM oOpazoM, 4ro [de||=Alel,
ecR™, |l de|<A ljell, eeR®, npH HeKkOTOPOH MOCTOSHHOM
A>1. Obosnayum k=dim R"Y, /=dim R®, k+/=m. Henocpeact-
BeHHOe cOoOlieHne paccykIeHHH, POBEACHHBIX B JIEKIMH 2 NpH
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m=2, moka3bIBaeT, 4Te 7 3proAMYHO MO OTHOMIEHHIO K Mepe
JleGera. B aTOoM ciiydae xaxdas Touka x € Tor™ mMmeer k-MepHoe
2 M. I'®(x), npencramisiomee co6oil TMPOEKIHIO ILTOCKOCTH,
mapamnensEoi R™ ¥ mpoxomsimyro depe3 X, NPH €CTECTBEHHOM
orobpaxenuu R™ — Tor™. AHalOTHYHHM 00Opa30M CTPOMTCH Y. M.
I'®(x) kak o6pa3 IUIOCKOCTH, MapaLieibHoil R, Meph
Vrw MpeacTaBamor coboit mepnl JleGera Ha ciosx I'(x).
CuTyaniss HE3HAYMTEJIBHO MeHseTca, ecnd k 71 1o6aBUTH
MaJbi¢ JIMHEHHBIC YIEHBI, T. €. PaCCMOTPETh OTOOpaXkeHns 7' BHIA

(Tlx)iz aijxj+f;'(x’ ey xm) (mOd 1)9 lsigm,
i=1

rae f;— nepuonmyeckue $yHxuuu neprHoaa 1 mo xaxnoii nepemen-
Hoil, Mample B C?-ronomoruu. Ilo-mpexHeMy Kakaas TOYKa
x uMeeT k-MepHoe H. M. I'{ (x) u I-mepnoe y. M. I'{ (x). ITpr 3ToM
I'% (x) ectb k-MepHOe MHOTOOOpa3He, OMHO3HAYHO MPOEKTHPYIOLIE-
ecs Ha R™ u orcrosmee or I'™(X) Ha KOHEHHOE pACCTOSHME,
Tenepr yxe Viw « Oynmer HepaBHOMEpPHOH MepOH, NJIOTHOCTb
KOTOpOil Mo Mepe }Ie6era OrpaHM4YeHa CBEPXy M CHH3Y IOJIOXH-
TEJbHBIMH TIOCTOSIHHBIMH.

Huddeomopdusmur T, mpencrasiatoT coboll 4aCTHBIH CIydai
TaKk Ha3biBacMbIX aubdeoMoppusMoB AHocoBa (cM. 6°).

2. Paccmompum zeodesuueckue nomoku (2. n.) HA KOMNAKMHbBIX
noeepXHOCMAX oMpuyametbHoll Kpugushsl. VccleNOBaHHE TakKHX
T. . IpeacTaBigeT coboi BaXHBIH pa3fen Progudeckod TEOpHH,
KOTODHIA CBA3aH ¢ Teopued aBTOMOPOHBIX QYHKIMHA, Teopuei
4hced, KBAHTOBBIM XaOCOM M Ap. 31eChb MBI OrPaHUYHEMCH
HU3II0KEHHEM OCHOBHBIX CBOMCTB 3THX MOTOKOB H MPOWIIIOCTPUPY-
€M BBEIEHHbIE BBHINIE IOHATHA.

Kaxpas koMIakTHasi HOBEPXHOCTb OTPHUATENbHOH KPHBH3HBI
CTpPOUTCA ucXons W3 miockoctd JloOauesckoro L M ITHUCKPETHOM
nmoarpymnsl I', cocrodinei u3 runepOOIMieCKUX ABHXKEHHH TLIOCKO-
cti L, u wmeer Buxg Q=L/I. IIng mpocToThl CYHTaEeM, YTO
pHMaHOBA METpHKa ds? Ha () NpHHaMIEXuT Kiaccy C® ¥ rayccosa
KDHMBM3HA, HHIYIMPOBaHHAS 3TOH METDHMKOMH, BCIOAY OTpHIATENb-
na. Kax o06wvHO, ¢a3zoBoe npocTpaHcTBO M TI. 1. €CThb IYYOK
eNMHNYHLIX KacaTeJIbHBIX BEKTOPOB Kk (.

B OCHOBe HaIlleTO aHaMH3a JIeKHT CIEAYIOIIee CBOWCTBO
METpHMK OTpHHaTeNbHOH kpuBM3HBL IlycTh Xx=(gq, v)eM, qe(.
Bo3bMeM ¢’ € Q, Onm3kyto k ¢. Torma cymecTsyeT €IMHCTBEHHBIH
x'=(q', v)e M, 6an3kuii k X B Taxoi, 4ro dist (S$'x, $'*"x')—0 npu
t->o0, toe {S'} ectb r.m # t=t(¢) ecrs C'-byHkims.
CrpeMJiCHHE K HYJIO MPOUCXOMHT C IKCHOHEHIMATBHON CKOPOCTBIO
(puc. 16.8).
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Muoxectso {q'|t(g)=0} ectb C=-kpuBas 7“9 (x) Ha Q.
Kpmpas y®(x) B M, cocrosmias H3 eJUHHYHLIX BEKTODOB,
OPTOTOHANLHHIX K 7 (X), €CThb 1. y. M. TOYRE X. AHAJOTHIHO
crpoutrcd 1 H. M. Y®(x), m mo obme# ¢opMyne crposTcs
rnobameabie cnom I'®9(x), I'®(x).
B n[aHHOM CJy4ae OHH Ha3LIBAIOTCA
opuyuxtamy, B MHOTOMEDHOM Clyudae

F6)x) OpHCepaMH.
Ione3no Takxke mpeacTaBHTh cebe
Puc. 16.8 BHI MEP Vyw(x), Vyiox). IIOCKONBKY MBI
Hayaj d OmHCAHHE CO Choes Y (x), To
MbI IOCTPOHM MepH Vyw (. MIX MOCTpOeH#He COBEPINEHHO aHAIOTHY-
HO TOCTPOCHHIO MEp V,w(y, CAEAYET TOJBKO [—00 3aMEHHTb Ha
t—-—0o # HaobOpoT. ‘

BeeneM ceiiyac ko3gdummenT ckats o'? (x), aRaJOTHYHBIHN
BBEICHHOMY BHINE KO3(Q(HIMEHTY pacTskeHus. Bo3bMeM Manyio
ayry y®(x) m ee coear S'y®(x). Ecma /(-)—UmHHa KpHBOI,
crodmeii B ckobkax, To [(S'Y®(x))<!(y®(x)) mpm t>0.

Onpenencune 4. Joxasnvim Koaduyuenmom cixcamus
o (x) Haswieaemcs npeden

X'=(g:V)
x=(q,v) /

19N =1(SYO X)) _

(s)
16O )1 o™ ).

lim lim
Hy® (x))—=0 10

Ecnu B 3TOM onpeleneHdn 3aMeHHTs Y (x) BHa Y¥ () ¥ ¢ Ha
—1, TO MBI IOJNYYHM OINpeJeeHHe JIOKAILHOTO KO3(dHuAeHTa
pactshkenns o™ (x).

AHaJIOTHYHBIE OUPENENeHHS MOXHO BBECTH B MHOTOMEPHOM
cnysae. MoXHO nokasats, 9to o (x), a® (x) cTporo nonoxuTENL-
Hbl H YAOBJICTBOPAIOT YCIIOBHIO ['€mbIepa, HO CIHIIKOM OoJIBIION
I'NIaJKOCTH OT HEX OXHIATH HEIb3A JAXE B Cy4ae aHaIHTHYECKHX
meTpuk. EcliH B IByMepHOM Cllydae KpHBHM3HA NMOCTOSHHA H PaBHA
—K, 10 0¥ (x)=a¥ (x)=\/1—(. B obmeM ciayuae —o¥(x) pasen
reofesndyeckoii kpuBm3He KpuBod 7 (X) ¢ ocHamenmem Y (x).

Bepuemcs Temeps k y¥ (x). s moboro yey®(x) Hammmiem

dopmanbHoe BHpaxeHue A (y)=exp{[a®(S’y)dr}. ScHo, uro
4]

CymiecTByeT Ty y)=Ay) (A (") P =exp{ [ (a®(S'y)—
0

—a®(S'y")dt}. Torma WIOTHOCTE MepBI Vye(y (OTHOCHTENLHO
IUTMHBI) IPONOPUMOHANbHA T (Y; X). AHANIOTHYHO CTPOHMTCS Vyw (),
H BCA KOHCTPYKIHS HEMOCPeICTBeHHO 0600mIaeTrcs Ha n-MepHBbIE
KOMIIAaKTHHIE MHOroo0Opa3nsi OTPHUATEIbHOW KPUBH3HEI.
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T'eone3ndeckye NMOTOKH HAa KOMIAKTHHIX MHOT000pasusx orT-
PHIATENBHON KPHBH3HEI CYXaT OCHOBHBIM NPHMEPOM TaK Ha3bl-
BaeMBIX HOTOKOB AHocoBa (cM. 6°).

3. B ciiydae 2. n. Ha m-mMepHbIX MHO2000pA3UAX OMpUYame.abHoil
xpususnsl dim I'® (x) =dim I'® (x)=m— 1. Ecx o6paTrThCS Teneps
K [IOTOKaM penepoB Ha TAKHX MHOT000Opa3Eax (CM. Havajo 3TOH
JIEKITAH), TO pa3MEpHOCTH (a3oBOro mpocrpaHcTea GymeT 3mech
3HaYMTENBHO Gospmie, 9eM 2m—1, a pa3MEPHOCTH Y. M. H H. M.
oCTaHyTcH Oe3 M3MeHeHH. DTH MHOF00Opa3us MOIYYaIOTCA IyTeM
CHOTHATHS» Y. M. M H. M. T€OJe3HYec-
KHX IIOTOKOB B IIPOCTPAHCTBO pENEPOB.

4. [symepuvie pacceusarowue bu-
Abapou (cM. 7°). PaccMoTpuM of6iacTh
QcR?, orpandyYeHHYI0 KOHETHBIM YHC-
JIOM CTPOTO BOTHYTHIX BHYTPb AYyT, HE
06s3aTeIBHO OAHOCBA3HYIO (CM. TIpH-
Mephl Ha pHC. 16.9). BIUIbSpabl B TaKHMX
0051acTAX Ha3bIBAIOTCH PACCEMBAIONIH- Puc. 16.9
MH. AHaJIOTHYHO TI'€OJE3HYECKHM IOTO-
KaM Ha MOBEPXHOCTAX OTPHNATENHHOM KDHBH3HBI Ui TNOYTH
KaXIO# TOIKH X=(g, U) HaAHIEeTCs OKpecTHOCTb ¥ TOMKH ¢ Takas,
YTO JUIS KaXOOoH TOUKH ¢' €% MOXHO mocTpouTh X' =(g’, v’) Tak,
YTO NOJyTPACKTOPHH TOYEK X M X' COMMKAIOTCA ¢ 3KCOOHEHIHATIb-
HO#H cKkopocThio. OpTOroHANbHBIE TPAEKTOPHH IYYKOB TAaKHX
TPaeKTOpHH IOPOXIAIOT, KaK W B CJIy4ae I. I, JOKAJbHbIE CIIOH
Y¥(x), Y*(x) (puc. 16.10). Tak %e kak M AAs T. ., BBOAATCA

7900

(5) ()
K I'x) x Y(u)(x)
IS
Puc. 16.10

JIOKaJIbHbie KO3hHLHEHTH CXaTHA M pACTSKEHHSA, H C HX
NOMOLILIO  ONPEAENSIOTCA MEPHI Vywy), Vi (x)

5. Ammpaxmop Jlosu. JI. B. M. ObUIR TOCTpOEHH B pabore
M. Mncropeprda {4] npH HEKOTODBIX YCJIOBMSIX THIIA HEPABEHCTB
Ha Ko3(puIHEeHTH mnpeobpa3oBaHns. Tak Kak OHO KyCOYHO-
JUHEAHO, TO J. H. M. NpenCTaBMAOT cobodl mpsiMoJiMHEHHbIE
OTpE3KH.

6. Eme mpoine crposTcs J. H. M. Ula oToOpaxenus belsix.
Onu npeacTaBasioT coboil BepTHKAAbHBIE OTPE3KH.
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7. B cuyuae cuctembl JlopeHma 1. H. M. CTpPOATCA TOJBLKO
YHCIEHHO. DTO MOCTPOEHHE MOXHO JOBCCTH JIO YPOBHS «MaILMH-
HBHIX [TOKA3aTEeNbCTBY, HO MOCIEA0BATEILHO 3TO He ObLIo mpojeia-
HO. UKC/IEHHEBIE Pe3yIbTATH TOKA3bIBAIOT, YTO JI. H. M. TIPEJICTaBIIS-
10T c060it KpHBbIe, HIyLIHe HOA HEOOIBIITMM YTJIOM K TOPH30HTalIb-
HOW ocH (cM. pHC. 16.6). 3amMeTuM, 4TO UIMHBI JI. H. M. BedyT
cebst KpailHe HeperyjaspHbIM 00pa3oM, B 9iCTHOCTH BCIOy pas-
PEiBHES.

CCbIJIKM M KOMMEHNTAPHH

1° Teoneswieckie TNOTOKM KaK OOREKT IProAMveckoi Teopud H3y-
ya;mch euie B pabotax Anamapa u bupkroda. Ilo norogy reonesMyeckux
TOTOKOB Ha MHOroofipasnsx OTPHLATENbHOH KPHBH3HBLI CM., Hampumep,

[1]Anocos 4. B, Cunrai 4. . Hekoropsle riaakae AMHaAMHYCC-
kde cuctemst /[ YMH.—1967—T. 22, N 5—C. 107—172.

[2] Anocos . B. [eone3mseckde NOTOKH Ha 3aMKHYTbIX PHMaHO-
BBIX MHOTOOOpPa3MsIX OTPULIATEILHON Kpueu3HBH // Tpyasr Matem. HH-
crutyra um. B. A. Crexiosa.— 1967.—T. 90.— 210 c.

H AMEIOLIMECS TaM CChUTKH Ha Oojice panamne paboTsl

Dproauteckye CBOHCTBA NOTOKOB pemepoB obcyxzaarorcs B paborte

{31 Brin M. I, Gromov M. On the ergodicity of Frame Flows//
Math. Invent.—1980.—V. 60, N 1.—P. 1 —8&.

2° [lo nmoronmy onpenencHus OWIBSPAOB CM.

4} Kopudenbn U I, Cunait 5. I', ®omur C. B. Oprogmiec-
Kas Teopua—M.: Hayka. 1980.

3° Orobpaxenne JI03M ¢ TOYKM 3PEHHUS €ro THNEPOOINYECKHX CBOACTB
HCCIeAOBAIOCH B pabore

[5] Misiurewicz M. Strange Attractors for the Lozi Mappings//
Annals of the New York Academy of Sciences.— 1980.—V. 357.—
P. 348—358.

IMo nosony orobpaxeHus DHO CM. HeAaBniowo paboTy

[6] Benedicks M., Cuarlesonl. The Dynamics of the
Henon Map// Ann. of Math. (in press).

4° Csot#ictea o1o0paxenns Beapix ob6cyXmaroTcsd B CTaThe

[71 Bensix B. H. Monenu nuckpeTHbIX cucTeM $a3oBoli CHHXpoHM3a-
maH // CacreMbl daszosoil cunxponnsaumd/Ilon pea. B. B. Hlaxrunwpsana,
JI. H. besroctuHoi.-—M.: Pagumo u cBsa3e, 1981.—C. 161—176.

5° Cucrema JlopeHna nosBuinack B ero pabore

[8] Lorenz E. Deterministic Nonperiodic Flow //J. Atm. Sciences.—
1963 —V. 20.—P. 130—141.

Ota paGora npwolpeia oYeHb CONBLIYIO TONMYHNAPHOCTH B CEPEHHE
CEeMHICCATRIX TOm0B. bnaromaps 5Toif paboTe HACA CTPaHNBIX aTTPak-
TopoB, BBcoeHHas Proamnem H TakeHcoM B HX craThe

[9] Ruelle D., Tackenc. On the nature of turbulence// Comm.
Math. Phys—1971.—V. 20, N 3.—P. 167—192, crava 9pe3BuIYaiiHO
LIHPOKO DPACHPOCTPAHEHHON cpead (H3HKOB, OHHOTOTOB, XMMHKOB H T. A.

Hame omucaune Monenn JlopeHira ocHosaHo Ha paborax

[10] Appaitmonuu B.C, Buikos B. B, llunsuuxos JI. IL//
O BO3HUKHOBEHMM M CTPYKTYpE arrpakropa HOpeHHd /{ JAH CCCP.—
1977.—T. 234, Ne 2.—C. 336—339;

{11] O npurgruBaroutx Herpyﬁblx MpeAeibHBIX MHOXECTBAX THNA
arrpaktopa Jlopenna// Tpyasl Mock. Mmarem. ofmecrpa.— 1983.—
T. 44—C. 150—212.
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6° Teopuro cucTeM AHOCOBAa CM. B €r0 KHMIe, YNOMAHYTOH B 1°,
4 TaKxe

[12] Bowen R. Equilibrium States and the Ergodic Theory of
Anosov Diffeomorphisms // Lecture Notes in Math. V.—Berlin: Springer-
Verlag.— 1975.— V.470.

[13] Ruelle D. Ergodic Theory of Differentiable Dynamical Systems //
Publ. Math. THES—1979.—V. 50.—P. 27—58.

[14] Ruelle D. Thermodynamic Formalism. Encyclopedia of Math,
and its Appl-—Vol. 5-—Addison-Wesley: Reading Mass, 1978.

7° o moBoay pacceHBaKIAX OWIbAPAOB H HX 06OOIWICHHE cM.

[15] Sinai Ya. G. Hyperbolic Billiards// Tpyast MexayHapogHoro
Martemaruueckoro xourpecca B Kuoro, 1990 (B meuaTH) W NpHBEAEHHYIO
TaMm Oubnuorpaduro.

JEKIINA 17

CYHIECTBOBAHUE JIOKAJILHBIX MHOTI'OOBPA3IUN.
TFMBBCOBCKHUE MEPBI

Conepxanne npedbiTyIIed JieKDMH YK€ I0Ka3ajo BaXHOCTb
MOHATHH N.y.M., y.M. B 1 H.M., HM Ceituac Mb obcymum
npobJieMy CymiecTBOBaHHS TaKHX MHoroo6pasmit. Bmamane pac-
CMOTpHM kycouHo-Tutagkue muddeomoppusmer 7. Ilycts xeM
TaxoBa, 4T0 7" rJagxo B OKPECTHOCTH TOYKHM X NpH J110O60M n, 9TO
O3HAYaEeT, YTO TpaekTopusa 1"X=x, He NMPOXOTUT uepe3 kpait JM.
Toraa moxuno onpefeu1s muddepentman 0T, muddeomopduimMa
T ortobpaxeHHmH KacaTeabHOIO MpocTpaHcTBA Jx, B TOUKE
X, B KacaTeJIbHOe HpOCTpaHCTBO J1x, B TOYKe Tx,. MBI BBeaem
ceiidac BaXHOE MOHATHE TUNEPOOHYECKOH TPACKTODHHU.

IMpenmonoxum, 4YTO KaXIoe KacaTeAbHOE MPOCTPAHCTBO
T+ 0<k<o0, momyckaer pasnoxenue J. =EY +E}) Takoe,
410

1) 0T n (ESL)=ES\ o (ES)=E%..
(MHBapUAHTHOCTD);
2) npH HEKOTOpPOH MHOCTOAHHOH A, O0<A <],
| 8T el <hliell, ecESL;
|eT e |22 e, e€EQ
(runep6oJIUYHOCTB);

3) npm HEKOTOPOH MOCTOSHHOH o>
dist(ESL, E®)>a, 0<k<oo.

T*x?

B 2) npeamosaraercd, YTO HOpMa HHAYIMPYETCS KaKoH-mabo
kycoqHo C®-rjagkoii MeTpHkoH B M. Paccrosame Mexuy
IMOANPOCTPAHCTBAMA B 3) Takke HHAYLUAPOBAHO 3TOH METPHKOH.
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ABajoruyHeiM oOpasoM MOXHO BBecTH 1)—3) npm
- o0 <k<0.

Onpenenenne I'. Touka x nasvigaemca a-zunepboaueckoi,
ecau owna ydoesemeopaem 1)—3) npu 0<k<oo.

Onpenenenne 1”. Touka X Hasvieaemcsa o-2unepboaute-
cKoil, ecau omna ydoesemeopaem 1)—3) npu 0<k<oo.

Onpenenenne 1. Touka x Hasvigaemcs eunepboauveckoi,
ecau OHA AGAAeMCA O- U ©-2unepbosuveckoi.

B ciayuae oTobpaxkenuii, IMEIONIAX ATTPAKTOPHI, ECTECTBEHHO
paccMaTpHBAaTh TOJILKO Q-THNEPOOIAYECKHE TOYKH.

HMeer MecTo clenyromas TeopeMa, ABJIAIOMIAACH YaCTHBIM
Cily4aeM TakK HasblBaeMoH oOmied Teopembi Anamapa— [leppona.

Teopema 1. ITycmb edoav noaympaexmopuu {T"x, n=0}
a-2unepboauneckoli MouKku X GuINOAHEHO caedyiowjee ycAo8ue: npu
Hexomopeix C>0, p>0 omobpancenue T~ ' seanemca 2aadxkum
¢ oxpecmnocmu mouxu T"Xx paduyca C-n~°, npuuem npou3eoombvie
T ™! 00 mpemvezo nopadxa KAIOHUMEALHO & IMOil OKDECMHOCMU He
npegocxodam no abcoaommnoii eeauuune C-n®. Tozda uepes mouky
X npoxodum a.K.v. Y®(x) kaacca C?, kacameavnas naockocms
K Komopomy & mouxe X ectb E®, u mem camvim dimy® (x)=
=dim E®.

Ecau ananozuunoe ycaogue 6uINOAHENO OAA NOAYMpAeKMOPUU
{T"x, n<0}, mo cywecmsyem a.y.m. Y®(x) ¢ maxumu xce
cgoticmeamu.

TpeboBarus THOEPOOIHIHOCTH H YCIOBHS TEOPEMBI MOTYT
6HTL 3HATMTEBLHO oOcCnabieHnl (HepaBHOMepHas TrHnepbosd-
HOCTB, cM. [1], a Takke [2], [3]). [loguepxaeM, omHaKo, YTO IIA
MOCTpOoeHHs omHoro u3 cinoes y™(x) mwm v gx) Tpebyercs
cyiectBopaaae obonx mommpocrpancts EY. & EY.. OtMeram
TaKXe, YTO OMACAHHOE YCJOBHE THIEPGONHIHOCTA HOCHT JIOKAb-
HEIA XapakTep B TOM CMBICJE, YTO OHO OTHOCHTCS K TPaeKTODHH
TOYKH.

Onpenenenane  runepOOMIHOCTH  €CTECTBEHHO  BBOITHTCH
H B ciayiae moTokoB. Teopema Anamapa—IleppoHa mokasnIBaer,
4To mommpocrpadcTBa EY, E®)-—»310 KacaTenbHbIE MPOCTPAaHCTBA
K JIOKIbHBIM c10sM 7 (x), ¥® (x). C moMouibio 5TOH TeopeMBI HX
MOXHO IIOCTPOHMTH B MPHMEPaX, PacCMOTPEHHBIX B JeKiuH 16.

BepneMcs k obwieii cuTyanmmn dekimH 16. IlpeamonoxmM, 9T0
MBI HMeeM OopesieBCKOe MOAMHOXECTBO M,c M, MHBapHaHTHOE
OTHOCHTEJBHO KycouHo-mIagroro aubdeoMopdusma 7T, mpudeM
Kaxaas Touka xeM, mmeer HM. I'“(x), Ha KOTOpoM 3ajaHa
O-KOHEYHASA MEP2 Vpw(,) TaK, YTO CeMEHCTBO Mep {vrw} obpasyer
HMHBapHAaHTHOE CeMEHCTBO (cM. ompejelicHue 3 Jexuun 16). danee
Mbl GydaeM paccMaTpHBaTh H3MepHMrle pa3bueHHA &, 37eMeHTH
C:(x) xoTOpBIX MpeACTaBIAOT coboit GopeneBCKHe MOIMHOKECTBA
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nHM Y¥(x), T. . anement C(x) pasbuenns &, conepXammmii X,
TakoB, 4r0 C;(x)<=y™ (x).

Onpenenecune 2. Bepoamuocmnan mepa p na (M, #)
Hazbieaemca 2ub6CoBCKON Mepoti N0 OMHOWIEHWIO K UHEAPUAHNHOMY
cemeticmgy {Vpw} (uau  Vp.-2ubbcosckoit), ecau 01a 06020
OnUCAHHO20 @ble u3Mepumozo pasbuenus t ycaoswble Mepbl
n(-|Ce(x)) umerom eud

Aﬂi ) )dvr(.)(,‘, (y)
R4 Ce(x) =200
( é( )) . !(x) dVrt-l(x) (y)

B craTtHCcTHYCCKOH MexaHMKe 3HaMeEHATENb MOCICOHErO BhIpaA-
XKCHHs Ha3bIBA€TCsl CTATHCTHYECKOM cymMMoi. Onpenenenue 2 uMme-
eT MHOro obmero ¢ onpeacicHACM Tak HaspiBaeMeix DLR-
COCTOSIHHHM B CTAaTACTHYECCKOH MEXaHMKE.

Teopema 2. Ecau 04a danHo20 uHsapuanmnoz2o cemeiicmea
Mep {Vpw} 2ubbcosckan mepa eduHcmeenHa, mo OHG UHBAPUAHMHA
omuocumeasto T.

HJokasatenscrBo. Ilycte &—mu3mepumoe pa3bucHue,
wist koroporo C(x)cy™(x)(mod0). Torna T~ !¢ obnamaer Tem
ke cBoiicTBoM. MimeeM Telleph B CWIy HHBApHAHTHOCTA CEMEHCTBA
MEpP Vrw

H(T_IA)= f p.(T_lAICTﬂé)du(CT—lé)=
M|TE

Vl—m (T_ 1AnCT"‘§)
Viw (CT“é)

dH(CT“‘g)'—'
M|T %

— Vr(.)(AnC§) dii C
J‘ Vr(-)(CE) u( E),
M|E

rae [i-—pHOyIMpOBaHHAasE Mepa Ha ¢aKTop-pocTpaHcTBe M|E,
T.e. fi(B)=p(T"'B) mua moboro Be.# (). Hamommmm, uro
M (E) ectb oc-anrebpa mogMHOXECTB, cocTosiuax mod0 m3
3jieMeHTOB pa3buenus &. IociegHee COOTHOIIEHHE IOKA3hIBAET,
uto p;(A)=p(T™'4) Taxke sBugeTcss rUGOGCOBCKOH Mepoi
OTHOCHTENBHO ceMelcTBa Mep {vrw}. B cmiy emmacTBEHHOCTH
p;=p. Teopema 2 nokasaHa.

duKcApYeM Kakoe-TM60 H3MEPHMOE pa3GHEHHE 1), 3IEMCHTHI
kotoporo C, (x)<y*(x).

Teopema 3. Ilycemv T umeem uHBAPUAHMHYIO Mepy W,
npuiem
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1) ycaosnvie mepwi (-] Cyq(x)) oxsusarenmub mepe G wy), 20e,
HAnOMHUM, O, w—2aa0kas mepa va Y, undyyuposannas pumaro-
8bIM  00BEMOM;

2) u{yldisty(.,m(y, 0C,(y)<a} =0 npu a—0.

To20a p ecmv Vi .-2ubGCOSCKAR Mepa no OMHOWERUIO K UHEADU-
anmnomy cemeticmgy mep {Vpw}, NOCMpPOERHOMY & npedbidywyetl
AeKyuu. -

JoxaszaTenbCTBO. MBI YCTAHOBAM, 4TO YCJHOBHBIE MEDHI
Ha anementax Cp(x) ompenemuorcs opmysoi

Ang‘ dVI‘l"(x)(Y)
A C =-—-——'l-(§)——-—————’
p(4Cq(x) C;( )dVr"’(x)(y)

9YT0, KaK HETPYUHO BHIETh, AOCTATOYMHO J[Jif HAIUMX IICTIeH.
O6o3saunm wepes p(°) IUIOTHOCTB, O KOTOPOH MAET pedb
B 1), T.e

[ p(ydo,m(y)
H(A‘C“(X))=Ancq(x) X
[ p(ydo,w(y)
Cqix)

PaccmoTpuM pasbuenue m,=7 "1, NEMEHTH KOTOPOTO HMEIOT
Bug 77 "C,(T"x)=C, (x). Torna ectn C, (x) cy“(x), ToO

[ p(Ydoexm(y)
p(A|C“"(x))=AnC"“m .
I p(y)doyem(y)

Cy,(x)

Iockonsky diam C, (x)—0 mo Mepe npa n—o0, TO B3 OOUMX
TEOpeM TEODHH MepHI ciienyeT, 4To W(A4|C, (X)) CKOJb YTOZHO
Majio oTymyaercs (o Mepe) oT o(4A{)C, (x))/o(C,, (X)), koTOpoe
noaygmrock Opl B ciaysae p(y)=const Ha C, (x). [TosTomy nns
smoboro A

pA)=p(T )= | du [ p(y)doc, (¥) x

Moin,. T ANGy,
1 -
Tr="4

x (CI p(y) dGc.,,(Y)) e SiC)

ITo onpenenenuso nocieaHee BbIpaxcene paBHO (cM. 0003HadeHMN
IpeIbUIYILICH JICKIHH)
v (4ncC

Moln v(C,)
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Yerpemnsia n— oo, moxydaemM TpebDyeMbld pesyinbTar. Teopema
3 noxasasa.

Teopema 3 noxa3smBaeT, YTO0 OpPOBEPKa TOro, 9T0 JAaHHAA
HHBADHAHTHASA Mepa SBJIIETCH V w-rEOOGCOBCKOM, CBOAUTCH K TPO-
BEpKe YCJIOBHA 1) 3TO# TeopeMBI, MOCKOJIBKY YCIOBHE 2) SBJISAETCA
OPOCTHIM H €ro MpOoBEpKa He BLI3WBaeT TPYAHOCTEH.

Onpenenedre 3. IIycmv Oana BeposmuocmHAA Mepa L.
Ecau 0aa mobozo usmepumozo pasbuenus Y| makoz0, 4mo
C,(x) = Y¥(x), ycaosnvie mepot (- |Cy (X)) abcomomno nenpepbighb
OMHOCUMEALHO O 4w (X), MO Mbl 6y0e,u nasvieams mepy | c“-
abcomomuo uenpepueuou

Jnga Toukm Xe M, pacCMOTpHM OTKPHITOE MOIMHOrootpasue
D, romecomoproe OTKpHTOMy mapy, opadem D < y®(x). Mycrs
dimy*“ (x)=dim D=k. IlpoBemeM uepe3 X (r—Kk)-MepHOE OTKphI-
Toe mnomMHOroobpasse D’, TpamceepcaibHOe K Y™ (X), rme
r=dim M, u obozmasum Dy=D'(\M,. omyctum Tteneps, 9TO
Kaxgas Touka ye D umeer (r—k)-mepHOe J1. y. M. Y (y), 1 npea-
TMOJIOKHMM, 4TO I Kaxgoro ze Dy ¢opmyna

1P MM @

YCTaHABJIHMBAET FOMEOMOPPHIM T, 0T06pa>xaloumn D Ha OTKphHI-
Toe moaMHOroobpasme D(z) = y*(z) (puc. 17.1).

Onpenenenue 4. Omobpancenue n,: D— D(z) nasvisaemesn
KanoHuweckum uzomopguimom a2 H. M. (cMm. [4)], [5}, [6)).

Onpenenenne 5. Kanonuueckuil
u3omMopPusm Hasvisaemca abcomomHo
HenpepuiGHLIM, ecAl OH Nepesooun mepy
o ,w Ha D 6 mepy, Ixeusarenmuyio mepe
G, Ha D(z).

Mnul celiyac yBEIHUM, KaKylo pOJIb
MrparoT abCOOTHO HENPCPLIBHBIC Ka-
HOHMYecKHe m3oMopdmsmel. Tlpeamo-
noxEM, yro M=M,, T—C3*-mdode-
omoppusmM M, m p—abcomoTHO HE-
NpepLIBHAS HHBADHAETHAS OTHOCHTENSHO T Mepa H H-TIOYTH
KaXxpaas Touka X mMeeT y. M. '@ (x), B. m. T™(X), 1 MBI MoxkeM
HOCTPOHTH MEPHL Vrw, Vre. BO3bMEM KaKylo-mTaGO TOYKY Xg, IS
KoTopoit cymecTByIoT Y®(Xo), Y™ (Xo), # wis Touxm zey®(xo),
mveromeit I'®(z), obosHawmM ceiidac wepe3 Y (z) mommmOXKe-
crBo I'™(z), xanoHmYecKH m3omopduoe ¥ (x,). O6pazyem muoxe-

CTBO Uy%(@)=U. OHO  COCTOMT M3  [epecevyeHHi

YOz)NY¥ (@), z,€7*(Xo), B obnamaeT TeM CBOHCTBOM, HTO
IS Hero cymectsyeT Y“(z,), mepecexaromee Bee y“(z). Moxmao
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ckaszats, 410 %= {J (y®(z))Ny"(2)). [MosTromy % momyckaer

Z.Z
paz6uenns £, £ rne £™ ectnh pasbuenme Ha Y¥(z), a £ ecTh
pa3bucHHe, 3JEMEHTAMH KOTOPOro  CIYXaT [epeceycHus
v9(z))N%. HomycTHM, 4TO jJ SBJISETCS OFHOBpPEeMEHHO o -
abCOMOTHO HenpephlBHOH H  o®-aGCOMIOTHO  HENPEPHIBHOM.
Jna moboro 6openesckoro A cy™(z,) o6ospauamM C,=
= U n,(4)c¥ u noaoxwcum v, (A)=p(C,). Torga v;(A4) ec1tb

zey¥(xg)
Mepa Ha Y“(xo).
Teopema 4. Mepa v, abcoaromno HenpepvleHa OMHOCUMENLHO
Oy xe)
JdoxkxasaTeascTso. Mel MOoXeM BEMACIHTDL Vy (4) ciexy-
oM obpasom:

vild)= | du(y®(@) [ p(y)do,w(y).

MiEw (A1)

Ecmi 6,0, (4)=0, To B CHIy TOro, 9TO KaHOHHYECKHH H30MOP-
du3M abCOMIOTHO HEMPEPBIBEH, G ey (T, (A)(Y{"(2))=0. Cnemo-
BaTtenbHO, V; (A)=0, uyrto # TpeboBasiock HOKa3aTh.

BepreMcs k mpobieMaM CYIUECTBOBAHHMS H €IHHCTBEHHOCTH
HHBapHaHTHBIX OTHOCHTenbHO T rmO6cobckEx Mep. O6e mpobie-
MBI HMEIOT TY € HOPHPOAY, YTO H NPOGJIeMBbI CyIIecTBOBAHHS
¥ €IWHCTBEHHOCTH rd06COBCKMX Mep B CTATHCTHYECKOH MEXaHHKE.
Ms1 paccMoTpuM BHavasie mMpobiieMy CYIIECTBOBAHHS H MPOBEAEM
pacCyXJeHHS TIPH HEKOTOPBIX YIPOIIAONMX NPETOI0KEHHSX.
PacnpocrpaHenne nx Ha Oonee obmmi ciydail TpeOyeT He3HauM-
TEIbHLIX YCHJIAA TIDH TOM X€ XOJE PacCyX/ICHHI.

Mycre dimy®(x)=k mim Bcex xeM, HomycTuMm, uTO
My, MOXHO NOKDHITH KOHEYHBIM YHCIOM OTKPBITRIX IIapOB
4; ¢ UEHTpaMH B X; 4Yepe3 KaXOYI0 TOYKY X; IIPOBECTH
(r—k)-mepHOE moaMHOrooOpasme v; romeoMopdHoe IIapy,
H OpH 3TOM

1) mna xeMy()y; B KadeCTBe J.H. M. MOXHO B34Th
YY) =¥, 0y (x)< 0%

2) ans moBoro x € My MOXHO HaliTH Takoe JI. H. M. Y™ (x), 9T0
nepecedenre Y™ (X)()y; COCTOMT H3 OMHOH TOYKH;

3) mns moboit HenpepbiBHOH QyHKUMH f(X), paBHOH HymMIO BHE

§ FWdvrog ()

haudt3]
{ dVreg(y)
1+ (x)
byHKuHrO X €Y;. 3mech {Vrw} €CTh HHBAPHAHTHOE CEMEHCTBO Mep,
NMOCTPOEHHHIX B JIeKIMHA 16.
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TeopeMma 5. Ecau svinoanenst ycaosus 1) u 2), mo xomsa 6wl
oona uHeapuawmuaa omuocumeavho T Mepa, 2ubbcosckas no
omnowenwo x cemeticmgy {Vre}, cywecmsyem.

HdokxazatenbcTBO. PaccMOTpHM MPOH3BOJBHOE I Y. M.
Y®<I'® @ Bo3bMEM B  KaueCcTBe HAYaJLHOH  MephI
o BEPOATHOCTHYIO MepY, COCPeJOTOYEHHYIo Ha Y™ u mMeroinyro

BHJ, Vre(+). Torga (T™")* o=y, cocpenoToyena Ha T"y®,

1
Vr‘-)(‘y(-))
IMockoneky 7~ "y®™ MOXHO mpPEACTABHTh KaK OOBEIHHCHHE
1E M YY), To T7"y™(y; COCTORT W3 KOHEYHOTO YHCIa

TOYEK. 19 KakHod ToukH zeT "vy®(\y; Takoi, uTO
Y

() T " (u) M
ZreyW(zy) < Y TIOJIOXH m(zy)= C— Y"")

X Vp-po (Y¥(z,)). Habop umcen fi,(z;) 3amaer m«lcxpe'mylo Mepy
A ma vy;. Scmo, wro f,(y;)<1. ITogoxmmM A, =? Z B AD—

n=1
COOTBETCTBYIOmMAass Mepa Ha ;. BoibepeM Teleph NOINOCIEIOBaA-
TENBHOCTh {f;} Tak, 4TOGBI

1) A=A B ciaboéi Tomomorgm upH k— o0;

2) mpu Beex i MepH X"’ cxomaTcs B cnabod TOMOJIOTHH
K HeKkoTophM MepaM A? mHa 17,

ITo mocrpoeHHio A HHBapHaHTHA OTHOCHTENbHO 7. ITokaxeMm,
970 A sBJgeTcs rA66COBCKOH Mepoi O OTHOLUCHAIO K HHBAPHAHT-
HOMY CEMEHCTBY Mep Vrw. Bo3zsMeM xakoe-mub60 pa3Omenue &, s
kotoporo C¢(x) cy®(x)< U; npE mexotopom i. ns moboi
HENpPEpHIBHOH (QYHKIHMH f, COCPENOTOMEHHOH Ha MHOXECTBE Tex
yeU, mia xotopuix Y(y)(\y;< U, MBI MOXeM HamdcaTb

ff(x) d\= hm — Z F®)dVr-ro @) (Vr-re(T75y") "1 (1)

k— o k s=
T ,1[-)

Hanee,

Croen(@™y) " [ 7@ o=

= Bs(@m)- | fX)dira(x)=

m p,(Z,,,) T~ 7"-)071-)(2_)

-1
=Y B@Zm) ([ dVree,(y) | droe, (W) @
m Yz (20
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ITo NpPEONIOJIOKEHAKY ITPOHU3BEICHHMAC

-1
(I d\"rm(z)(Y)) © | Ve (NS () =h@)

“(z) Y *(zy)

ecTb HenpepsiBHast ¢ysknus ze€y;. IMo3roMy Ha ocHoBammm (2)

LS | AT Q)T pepm (T 9y ®@) "1 =

Iy s=1 T *y®

Y A @m) - h(zp).

3neck {z,}—wuocutensr Mepel AY. B cuny spiGopa mnoamoc-
JI€JOBATEILHOCTH #; TOCJEIHEE BHIPAXEHHE CXOMMUTCSH K

-1
§ dAY @) h(@)= | dX“’(z)( | d\"rwz)(Y)) [ f(V) dVra(y).
v, v,

v*(2) L

Ho sro m o3nawaer, 9ro Mepa A ru66cobckas. Teopema
5 mokasampa.

AnajnormyHas Teopema MOXeET OBITh QOKa3aHA Ui IOTOKOB.

Kak Mbl yXe mOJYEpKHBAIM, TeOpemMa 5 BIOJHE aHANOTHYHA
TEOpEME CYILECTBOBaHHA TMOGCOBCKHX COCTOSHHH B CTAaTHCTHYE-
ckoi MexaHuke. Temeph Mbl 3aiiMeMcs TpoOsieMoil €MHCTBEH-
HOCTH, KOTOpas B CTaTHCTHYCCKOH MeEXaHMKe CBs3aHa ¢ Ipobure-
Mo#H (a3oBix IepexomoB. B Hamelt cutyanmm ¢a3oBbix mepexo-
0B, KaK MpPaBHIIO, HE BO3HHKACT, NOCKOJBKY OHAa COOTBETCTBYET
OAHOMEDHOH CTATHCTHYECKOHR MeXaHWKe C OblcTpo yOBIBarOLIHM
B3aHMOJICHCTBHEM.

JlomycTHM, 4TO MHOXECTBO M, MOXHO norql)m'rb KOHEYHBIM

YHCIOM OTKpHITHIX obmactell U;, 1<i<I, My |J U, B xaxuom

i=1
noaMHoxectBe U; BBIOpats TOUKy z;, ee 1. H. M. Y*(z;) u Tpanc-
BEpcallbHOE MNOAMHOroobpasue v, Ilpu atom mia zey;(\M,
cymecTByeT J. H. M. Y“(z), xaHoHHdecku uzoMopgHoe v (z;)
u UNMy=7"(z). [danee, Bce KaHOHHYECKHE H3OMOP(PH3IMEI
abCcoOTHO HENMpepHIBHH H
1) nafigetca Takoe m, wro ;moGoe T™y¥(y), ye My, coaepxut
xota 661 omHO Y*“(2)= U; npm Beex i, 1<i<I;
2) moboe y*(z) nomyckaeT mpencTaBieHHe y""(z)=Lk)?}("’,

OpEYeM Ul Kaxioro k Hadaercs Takoe m,, 4ro T™Y{" ecTh o
m3 cioes Y¥(z), zeU.

CBosicTBO abGCONMIOTHON HENPEPHIBHOCTH KAHOHHYECKOTO H30-
MopdH3Ma BHIMOJNHAETCA NpH AOCTATOYHO OOLMX YCIOBHSX.

184



OObriHbIE myTh €ro JOKa3aTeNbCTBA COCTOMT B CJEAYIOLIEM.
Iycts AcyY®(z) B A'=mng(4), npaueM A ecThb MHOXECTBO
¢ Kycouno-rnaakoi rpammmed. Torma T"A m T"A’ motouedHo
cOnmxarorcs Apyr ¢ ApyroM. JlomosHHTENLHEIE pPacCyXICHHS
TpebyroTCs [UIS JOKA3ATENLCTBA TOTO, YTO COMAKEHHE MPOHCXOAUT
taxke B C2-Tononorma. Ho ecm 310 yxe Tak, TO Mul GepeM 1uap
D ¢ukcupoBanHoro pammyca £€>0 Ha T"A4 u ero KaHOHAYECKMI
obpaz D' T"A. B cany ckazaHHOro o6beMml D u D’ OGAH3KH.
Iocne 3Toro Mel BerHCIAeM MepH V3, (T7"D) u V%, ...(T~"D’)
u  y6exmaemcsa, uro ortmomesms V. (T7"D)/0ywe(T D)
1 V0, (T 7"D’)/ 64w @) (T "D’) paBHOMEPHO OrpaHMdeHbI CBEDXY
H CHH3Y MOJOXMTEIbHbBIMHA MOCTONHHBIMH. JTO H JaeT Tpebyemyio
abcomoTHYI0 HenmpephBHOCTh. IlogpoGHOCTM M., HampHMep,
B [4], [6]

Venopus 1) ¥ 2), ¢ ogHOH CTOPOHBEI, YHCTO TcOMETPHICCKHE,
a C JpYro# CTOpPOHBI, HMEIOT TOT XK€ XapakTep, 4TO H YCIOBHSA
IPrOAHYHOCTA B TeOpHHA nenedt Mapkosa.

Teopema 6. Ilpu onucanneix ebluie ycA08UAX U HPU YCAGBUAX
meopembl 5 V*-2ubbcoeckas mepa, Komopas cmpoumca 6 meopeme
5, eduncmsenna.

JoxazaTtenbcTBO 3TOlH TeopeMm qpesnu'iam{o MPOCTO.
MH1 onmieM TOJBKO OCHOBHEIE INAard. BHauajle MuI 3aMedacM, 4To
oA mobsix asyx v*(z,), v*(z;)e U; oreewaromme uM Mepsl
U (CM. IOKA3aTENBCTBO TEOPEMBI 5) cONMMXAIOTCA OPYT C APYroM.
Or1oT dakT ycTaHaBIHBaeTCS OLHOBPEMEHHO C [I0Ka3aTEILCTBOM
abCoOMIOTHOH HENpepHBHOCTH KaHOHAYECKOro u3oMopduiMa.

Bropoit miar cocronT B ToM, wTo ecid Y (zy)e Uy, v (zz)e
€U;,, TO COOTBETCTBYIOLIME MeEpHl A, {(CM. [0Ka3aTeILCTBO
TeopeMsl 5) coOmaxarotcs. Ilpu 310M Hcnosp3yeTcd yoaoBue 2), u3
KOTOPOTO ClelyeT, 4To |,, oTBewatomas 7§ < v* (z,), coOmmkaercs
C Yy—n, OTBedaromeit y* (z,)e U;. IMoapoGHOCTH MBI OIyCKaeMm.

IIpuBenennEsie paccyxAeHMs HETPYAHO PACIpPOCTPAHHTL M Ha
ciyyaif TNOTOKOB.

ITpaMepsl. 1. PaccMOTpuM reone3myeckue HOTOKH Ha KOM-
NMakTHbIX MHOrooOpa3susx OTpHLATEIbHOH KPHBH3HBI (CM. JICK-
waro 16). V.M. H H. M. OpeacTaBisioT coboil ocHaulcHus opucdep
(OpHIMKJIOB B JBYMCPHOM cCiydae). MepH! Vrw), Viw CTPOATCA 110
obwemy penernty. OHHM 3KBHBaJICHTHHI PEM2HOBY 0ObeMy Ha I'®
H F"?, a B cJIyYae NOCTOAHHON OTPHLATEILHOH KpUBH3HDI COBIAAAIOT
¢ muM. Mepa JImysmnns SBIAETCH Vrw-THOOGCOBCKOH H  Vyw-
rub66cosckoit. HerpynHo moka3aTh, YTO TaKas Mepd CAHMHCTBEHHA.

2. 1n8 paccemBaloMX ORILAPAOB CUPABEITABHI TaKie e
YTBEPXICHHS.

3. B kycouHo-JMHEHHBIX oToOpaxenmsax Jlozm m bBembix
JIOKaJIbHBie MHOTOOOpa3us SABJISAIOTCH NPAMOJIHHENHBIMH CEerMeH-
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TaMHA. Mepul Vrw, Vre Ha HEX JIOKQJIbHO SABJIAIOTCS MEpaMH
Jle6era. IlocTpoeHHE Vw-THOGCOBCKHX Mep Mis OTOOpaxeHHs
Jlosm 6wuno mposemeno B pabore Komne w Jlepu [7], a mus
oTobpaxenus bennix—B HeomyOnukoBaHHBIX paGotax I[lecuna
u Caraesa.

4. Bca KOHCTDYKIMS HENMOCPEICTBEHHO INPUMEHMMa K TpaH-
3UTHBHBIM mTudpeoMopdr3MaM H MOTOKaM AHOCOBA, IZie KaXAbIH
B3 cnoes I'™, T') pcrogy mioren (em. [5]), [6], [8])

CCbIJIKM M1 KOMMEHTAPUH

1° Tlo mosomy Teopemnl Anamapa—IleppoHa cM.

[11 Auocos . B. T'eone3nuyeckue NMOTOKH Ha 3aMKHYTHIX PHMAaHO-
BBIX MHOroo0pasHiax OTpHIATeNbHOH KpuBH3HM // Tpymm MarteMm. HH-
cruryta M. B. A. Crexmosa.— 1967.—T. 90— 210 c.

[2] Hirsch M., Pugh C., Shub M. Invariant manifolds // Lecture
Notes in Math.— Berlin: Springer-Verlag, 1977.—V. 583.

[3] Aunamudecxue cucrembl. T. 2. // CoBpeMenHbie npoGneMml MaTe-
MmaTuku. PyHgamentanbHele HanpapieHus [ [Jon pen. A. I'. Curag.—M.:
Han-eo BUHUTH, 1985.—310c.

2° Mo moBOAY KAaBOHMYECKOI'O H30OMOp}H3Ma CM.

[4] ArocoB [. B, Cunaii SI. I'. HexoToprle rimaaxue QuHaAMHYeEC-
kue cucremnl // YMH.—1967.—T. 22, Ne 5—C. 107—172.

[5] Cunaii 5. I'. MapkoBckue pa36nemm H Y-lmd)d)&OMOpd)IBMLI /!
OyERIMOH. aHaMM3 M ero npwr—1968.—T. 2, Ne 1.—C. 64—

[6] Katok A. B.,, StrelcynJ. Smooth maps with Slngulantles
invariant manifolds, entropy and billiards // Lect. Notes in Math.— Berlin:
Springer-Verlag, 1987.—V. 1222,

[71 Collet P. Levy Y. Ergolic properties of the Lozi mappings //
Comm. Math. Phys.—1984.—V. 93, Ne 4—P. 461—482,

[8] Cunait 5. I Tub6coBckue Mepel B 3IProOAMMCCKOH TEOPHH //
YMH.—1972—T. 27, e 4—C. 21—64.

JEKLHA 18

MAPKOBCKHUE PA3BUEHMS, H-TEOPEMA,
2JIEMEHTBI TEPMOAUHAMMUYECKOI'O ®OPMAJIN3IMA

Mu npopomkaeM H3yueHHEe NMHAMHKA HAa WHBaPHAHTHRHIX
* MHOXECTBaX, B KOTOPBIX KaxJas TOYKa HMeeT H.M. H Y.M.
BaxHBIM CpPEICTBOM H3y4YeHHS TAaKHX CHCTEM SBJIAETCS METO
MapKOBCKHX pa3bHeHWH M Tak HA3bIBA€MEIH TepMOIHHAMHYCCKHH
dbopmamm.

MapkoBckne pa30OHEHHS JUIS . OJHOrO BaXXHOrO YacTHOrO
cioydas yxe NosBsumch B Jekmud 3. Cefiwac MBI BBeleM
COOTBeTCTBYIOLME obnime ompeneneHus {cM. [1], [2]). Buawane
pacCMOTPHM CIy4ail JHUCKPETHOIO BPEMECHH.

IHycte T—KycouHo-rnagkoe 0dpaTuMoe oToOpaxenne MHOIO-
obpasus ¢ xpaeM M, uis kotoporo T~ ' Takke KyCOYHO-TJIANIKOE.
PaccMoTpUM HEHBapHaHTHOE MOAMHOXECTBO My, Y KOTOpPOro
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Kaxas Touka X€ My umeer H.M. T (x) u y. M. T'9(x). IIpu atom
npexnonaraetcst, uro I'®(xpcM,, a I'®(x) moxer u me
NMpYHAAJIEXaTh M.

B OCHOBE MOHATHS MAapKOBCKOTO pa3OHEHHs JEXHT MOHATHE
napajuienorpamma. Ilycte mis kawpod TO4kH X €M, BbIOpaHBI
KakaM-ma6o obpazom m1HM. Y¥(x) m my.m y9(x). Kax
H B mpeasigymeR nexumw, ¢ukcupyem map Uc M B BO3bMEM
Takee crorm Y (x), ¥ (x), aro 9y™(x)<=aU, ay(‘)(x)caU. Mu
IpeanoIoXxuM, 4To U HacTosbko Maio, 910 v (x)Ny" (x)=x musa
Beex x€ UNM,. [dns moboro 3amMkEyTOro moamMuoxecrsa Il < U
0003HaYHUM

TR @)=y NI, v )=y NI

Ounpeaenenune . lloomuomcecmeo Il < U nazvigaemca na-

pa/t/te/lozpaMMOM, ecau 0aa mobbix mouex X', X" €Il nepeceuenue

Y@ X)NYE (x”) He nyemo u cocmoum u3 odwolu mouku u 04
moboii mouku Xell

o= {) v &)Nyy &")-
x'ev¥(x)
X" ey (x)

CMbICTI 3TOTO ONpEAENeHHss COCTOMT B TOM, YTO JUIA

nonyuends II clemyeT B3STh «OOpA3YIOLIME CIIOH»

W1, 196 1)

# ¥epe3 KKAYIo TOUKY x"ey¥(x) mposectn Y™ (x’), uepes kaxayro
ToUKy X" €Y% (x) mposectr ¥ (x”), m Torga IT Gyzmer cocTosATh U3
BCEeBO3MOXHBIX Tepecedennii Y (x')(y*)(x”). B onpenenennu 1 He
mpejnonaraeTcs, 4ro obpasyomme MHoxectBa YW (x), v&(x)
OTKDHITBI, CB#3HEI H T.N. B TpHHIHANE, OHH MOTYT OBITH
TIOAMHOXECTBAMH J1r000#H TpHpO/bl. B MpUokeHHSIX BCTPEYAroTCs
cutyamun, koraa Y& (x), v&)(x) oka3biBaloTCs 3aMKHYTHIMH HHTZE
HE IUIOTHHIMH MHOXECTBAMH TOJIOXHUTEILHOM MEpHL.

Jiis moGoro mapasienorpamma IT depes EW, £ oGoznaumm
pasuenns IT Ha Y&, 7§ cooTBeTcTBEHHO. I'[pu 3TOM $ICHO, YTO
pa3MYHbIE 3JIEMEHTHI pa36nemm E% KaHOHHYECKH H30MOPGHEI
Mexay coboit (MO TOBOAY KAHOHHYECKOTO H30MOpPH3Ma CM.
MpedBIAYUIYIO JIeKIMI0). B nmanmbHednieM Bce BcTpedarolmecs
HapaJuIe/IorPaMMbl  TIPE/MIONATAIOTC  3aMKHYTBIMH.

Ecmm IT—mnapannenorpamMm u T HenpepeiBHO Ha II, TO
TTI—taxxe napawtenorpamm. Ecmu I1;, I1, —mnapannenorpamm,
To ¥ IT; NII, Taxxke mapauienorpamMM. [leACTBHTENBHO, BO3BMEM
xell; I, u obpasyromme croun v¥ (x), v{ (x) m v§ (%), v§ (x).
Toraa napamnenorpamm I1; VIT, cTPOHTCS C MOMOLIBIO 0Gpa3y-
toumx cioer ¥ (x) (V%) (x) 1 v (})NYE. (x).
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ITycrs {—xoHeuHOE WA CYeTHOe pa3OHeHme M, Ha Oapaj-
menorpammel I, IT,, ... IIpE 3ToM HeoOXommmo eme pa3s
nomdepkHyTh, B KakoM cmmicie {I1;} ofpa3yror pa3Gmenue.
B opmriane, I1; Moryr nepecekaTsCs, HO 3TO HEPECEYECHAE JOLKHO
OMTL HecymiecTBeHHHM. KpHTepHEM HECYINECTBEHHOCTH CIIYyXXHT
cenyromee ycosme: s mobax v (x), vi(x)

cmE®@N U rh)=0,

k#j
TR (NNTE (x)=2

Sepa®N U vE)=0

k#j
T8 (N =2

B npanmbmeitmem, rosops o pa3OmeEmH, Mbl OymeM mpen-
[OJIaraTh BHINOJHEHHKEIM 3TO YCJIOBHE.

Onpepnenenune 2. Paszbuenue ( Hazbigaemcs MapKOSCKUM,
ecau 0an mobozo xell;

Ty"’ (x) = e (Tx), Txell,,
T y") () cy§(T™'x), T7'xell.

Vcnopre MapKOBOCTH O3HA4aeT TEM CaAMBIM JOBOJIbHO XeCT-
Ky COTJIACOBAHHOCTh mapajuiesorpamvoB II; mexay coboit.

OCHOBHOEC OOCTOHHCTBO MAapKOBCKHX pa30HeH# COCTOHT
B IpPOCTOTE CHMBONHYECKOH IMHAMHAKH, KOTOpas CTPOHTCA C HX
OOMOWILIO. A HMMEHHO, Ui 000H TOYRM X€M, HaMHIOEM
MOCJICAOBATEIbHOCTh BKJIFOYCHHH T"er.,,., —w<n<o. Torma
TOYKY X Mbl MOXKEM «3aKOJHPOBATH» GECKOHEYHOH CHMBOJIHYECKOH
IOC/IEJOBATENBHOCTRIO ©={...00_}, Vg, D1, ey Dy, -..}, O =1, 2,
OcHOBHOH BOOPOC, KOTOPKIH BCerga MPH 3TOM BO3HMKAET, COCTOHT
B TOM, 4TOOLI BLISCHHTBH, KAKHE TOCIEXOBATEILHOCTH  COOTBET-
CTBYIOT TOYKaM MHOXecTBa M,. Jlerko BemAcaTh Heobxommmoe
ycnoBre. Beemem MaTpuny nepecederrii A= | a;; ||, roe a;;=1, ecrm
TILNI#Q, m a;=0 B ocTalbHEIX cayyasx. Torma o4eBHIHO,
YTO JOJKHO OHITE G4, ,, =1, —00 <n<oco. OxasbBaercs, 4T0 3T0
YCIIOBHE TaKX€ XOCTATOYHO.

Teopema l. Ecau T, T™' nenpepviennt na kaxwcoom TI1;
Jj=1,2, ..., mo das aoboii nocaedosamesvnocmu o= {w®,} maroi,
umo a, o , =1 npu acex n, —oo<n<oo, Haiidemca YeEM,, 044
xomopoti T"yell,, —oo<n<oo.

JoxazaTenabCcTBO. PaccMoTpumMm BHavaJe CIIOBO
o ={.,0_, .., ®_5, ®p} U COOTBETCTBYIOIIEE €My IlepecedecHHe
I, T, ,N..NT"Il,_ =I®™. IlokakeM, 4TO OHO SABIACTCHA
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napasuieaorpaMMoM. fipu n=0 310 yTBepXIcHHE €CTb CACHCTBHE
onpenenenuii. Ilpemmonaras ero AOoKa3aHHLIM i 71— 1, 3aMeTHM,
aro I,  N...NT" I, LE1l,_, sBiseTCS B CANY JTOTO TaKKe
napaesorpammoM. ITostomy I1™ kak mepeceyerme BYX mapai-
JEeIorpaMMOB CHOB& UpPEACTaBaseT cobolf mapasuteiorpaMm.
Hanee, B cuty Mapkomoctd II® ecrs mapannenorpamm, ans
KOTOPOTO ¥, (X)=v{p (%),

Yo ()= ﬁ) x)NTyy, l(T"x)ﬂ...ﬁT"yﬁ.’i.)’L.(T"'x)=
=T"vgy (T7"x).

B cmny ToH e MapKOBOCTH Mbl HONyYaeM YOHIBAIOMIyIo
TOC:IENI0BATEMLHOCTL 3AMKHYTHIX TIOJIMHOXECTB Yy, ( ), mepeceye-

HHC KOTOPHIX, Ha OCHOBAHHMH ONDCACICHHA }’CTOﬁ‘IHBOI‘O cjio4,

COCTOHT M3 OTHOH TOYKH. DTy TOYKY MBI 00O3HaYHM Yy, a BCe
o«

nepeceyende () T"I1,  ects cioid y(‘" (y~). MpoBona ananormy-
n=0
HbIE paccy;xnenml npe n>0, M HaiileM Touky y*, a1s koTopoi

Y(s) ( ) n T—nH Torna y= .Ylu) ( )n.Y(s) (y+) 6yner He-

KOMO#L. Teopema 1 nmokasaHa.

Joka3aHHoe yTBEPKACHAE NONYCKAET BaXHYIO HHTEPIPETANHIO
C TOYKHM 3pCHAS TEOPDHH BEPOSTHOCTEH M CTATHCTHYECKOH Mexa-
'EukH. OHO DNOKa3bIBAeT, YTO €CAA (), pacCMaTPHBATh Kak
MOCJIEJOBATEIbHOCTh 3HAYEHWH CIAHOBBIX MEPEMEHHBIX CTATHCTH-
4eCKOH MEXAaHHKH, TO DOJNyOeCKOHEYHas HOCJIENOBATEIbHOCTh

s W_py ooy g, Wp} OTBEYAET NPH CHMBOJIFYECKOM HpEACTABIIE-
HHM .Y(u) (y+

TeM  camuM MEpBl Vyw, KOTOpHIC MBI TIOCTPOHIH B THpe-
IBIAYIIEH JIEKIIAH, COOTBETCTBYIOT C TOYKH 3PEHMS CTaTHCTHYECKOU
MeXaHHRKH THOOCOBCKHM MepaM Ha HPOCTPAHCTBE NMOIyOecKoHEd-
HbIX KOHurypamuii ®,, n>0, npH QHKCHpOBAHHBIX 3HAYCHHAX
NepeMeHHBIX ®,, n<0.

KoHe9HBIE MapKOBCKHE pa3OuMeHHA CyILECTBYIOT Mis madde-
omop¢u3MoB AHocoBa, mis anddeomMopdH3MOB, YAOBIETBOPS-
onmx akcuoMe A Cwmeiina (em. [1], [2], [7]). Jns paspuBHBIX
CHCTEM B psijie CJIyuaeB TaKXe yJaercd IMOCTPOHTb MapKOBCKHE
pa3OHeHus, HO OHM OKa3hIBAIOTCA CYETHHLIMH (CM., B YacTHOCTH,
[3]). D10 Hem30exHO, MOCKOJNBKY H3-32 pa3pLIBHOIO XapakTepa
3aBHCHMOCTH J.. y. M. Y*(X) or x o6pasyloume MHOXecTBa
MapajuieIoTPAMMOB MOTYT OBLITh TOJIBKO MOAMHOXECTBAMH KaH-
TOPOBCKHX MHOXECTB MOJIOXHMTETEHOH MEpHI.

Meul paccMoTpHM ceivac cremyronmit obunmi Bompoc. [o-
MyCTHM, 4YTO HAa MHOXecTBe M, (CM. Hayaylo IEKUMH) 3aJaHa
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HHBAapHAHTHas Mepa [, KoTopasd sBiaseTcd TubOOcoBckoi IO
OTHOIIEHWIO K WHBAPHAHTHOMY CEMEHCTBY MEp Vrw Ha H. M.,
TIOCTPOCHHOMY B TeopeMe ! nekmum 16. JlomycTumM Takxke, 9TO
yaajnoch MOKa3aTh, 4TO s IH00OH HEPaBHOBECHOH MePBI |lo,
MMerolell IWIOTHOCT no Mepe JleGera, ee casurd p,=(T")" o,
tn (C)=po(T ~"C), cxomsiTes K Mepe |1, HAPEMED, B TOM CMEICIE,
YTO AN MoO0H OrpaHHuYeHHOH H3IMepHMOH (QYHKIMH f HHTET PaIbl
[ f(x)dp,(x) crpemsTcs npu n—oo & [f(x)dp(x). Cupammsaercs,
MOXHO JIH TOCTPOHTb TakoM GyHKumMOHanm M (jg) Ha BceM
TIPOCTPAHCTBE MEP |1y HIIA €ro JOCTATOYHO OOraTOM MOIMHOXECT-
Be, 9TOOB I (1,)—H# (1) OpE n—>o0 H MasocTb S (p,)— # (b)
o3Hayana Obl OJIH30CTH M, K M. .

Ipa s10oM OyHKOHOHAN H# (lo) HOJDKEH YAOBJIETBOPSATH
OTIpEICJICHHBIM ~ YCJIOBHSIM  HENMPEPLIBHOCTH, WHA4Y€ BO3MOXHEI
TPHBHAIIbHHIE HEECTECTBEHHEIE NpMMepH. CyIecTBOBaHHE TAaKOTO
dyHKIMOHANA BRIpaXaeT HeOOPATHMBIA XapakTep AWHAMMKH IIPH
obpaTHMocTH ypaBHeHWH IBWKeHHA. ChopMyTMpOBAaHHBINA BHIILC
BOIPOC, HACKOJILKO HaM H3BECTHO, He oOCyXnajcs B Hajyexareit
OOIMHOCTH B TeOpHH BepoATHOCTeH. BoJbilloe BHUMaHAE €My
yaenmun WM. P. IIpuroxws W ero coTpyaHEku (CM., HampuMmep,
kaury [4] W EMerommecs TaM CChUIKH).

Mz51 penaraeM HECKOJIBKO MHOM MOAXOM IO CPaBHEHHIO € [4].
OH ocHOBaH Ha TOH KapTHHE 3JBOJIOIMH Mep, KoTopas Onlna
OOBsICHEHA B JIBYX NpeIbIIYIIHX JEKIUsX. ViMes HepaBHOBECHYIO MepY
Mo, PACCMOTPHM OTBEUAIONIAE € YCJIOBHBIE MEPHI Ha 3JIEMEHTAX
C; kakoro-nmbo pa3bueHHsA £, SABJIAIOIMMXCA HOIMHOXECTBAMH
1. H. M. v%. TIpeanonoxnm, 9TO 5TH MEPHI 3aJaI0TCs IVIOTHOCTAMHA
MO pUMaHOBY 00beMy. CorlacHO W3JIOKEHHOMY B Jiekimsx 16, 17 npu
aedcrBal T yClOBHBIE MEPHl HAa C;, OTBEYAIONME W, CXOAATCH
K YCIOBHBIM M€PaM, OTBEYaIOLIMM HHBApHAHTHBLIM ceMeiicTBaM Mep
vrw Ha H. M. '™ TIpm 5ToM YCJIOBHBIE MepBHl Ha «OOJIBIIAX»
OOIMHOXECTBAX H. M. CXOATCA K Mepe p. OTcroia, B 4aCTHOCTH,
CJIEyeT, YTO CKOPOCTH CXOJHMOCTH |, K | 3aBHCHT OT TJIaJKOCTH
HCXOIHBIX IUIOTHOCTEH YCIOBHBIX Mep. IMEHHO 3TO 0OCTOATENHCTBO
KIaJeTcs HAMM B OCHOBY oIlpefeieHds (yHKmEOHama M (jio).

Jns Toro 9To0K HE CIHIIKOM YCIOXHSATL €0 TEXHHYECKHMH
JeTalIMA, Mbl PAacCMOTPAM HPOCTEHINYIO CATYallMIO, T€ HAaIl
nogxon npumeauM. Ilycts M — nsymepHsiit Top, 77— C *-madde-
oMopdusM AHocoBa, 3amannbii Ha M. CoepXaTelbHbIM [IPEME-
poM  MOXeT CHykHTb T(X;, X;)=(ax;+bx,+efi(x1, X3),
Xy +dx;+efy (X1, Xp)), e f1, fo—nepuoamueckme kiacca C*
¢ysnximy nepwosna 1| mo Kaxgo# mepeMeHHO#M, |€] HOCTATOYHO

Mano; a, b, ¢, d—uensie 49mcia, detA=det‘jZ’=ad—bc=l,
|a+d|>2. IlpuBenem HyxHrle HaM cBoiicrBa T (cM. [2)).
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1. I'®(x) mis xaxzoro x mpexactasusier co6o#t C ®-KpHBYIO.
Ilpu obpatEoM oToGpaxemmm M Ha R? I'®(x) mnepexomut
B C ©-KpHBYIO, OTCTOSILYIO Ha KOHETHOM DAcCTOSHEH OT MpPAMOIi,
HIymieli 10 HANpaBJEHAO COGCTBEHHOTO BEKTOpA MATDHILI A
¢ cobcrpeEHbM 3HaueHmem A, |A®[>1. B ofmeM ciydae
MaTpdla A eCTh MaTp¥na aBToMopdH3Ma ONHOMEDHON IpYIIILI
TOMOJIOTHH.

V.M. I'®(x) npeacrasusior co6ofi aHAIOTHYHLIE KpHBbIE
€ 3aMEHOM OQHOTO COGCTBEHHOTO BEKTOpA Ha JPYrof ¢ cOGCTBEH-
HbIM 3HaveHHeM A®, |A®| < 1. KoapdrnuenTs pactsoxenns L® (x)
n cxatei A®(x), x=(X;, X;)€M, YIOBIETBOPSIOT YCIOBHIO
I'émaepa ¢ HekoTOpeIM mokasateneM p>0, T. e.

e~ C (dist(x, y))p )"(u)( ) <e C, (dist (x, y))*
l(") )

x)

Cy (dist(x, y))*.

e € ((dist(x, y)° A©
= A®(y

//\

=

2. Ilpocreiimmii mapamnenorpamm II mpeacramnser coboi
KPHBOJIMHEHHBIH 4eTHIPEXYTOJILHAK, OTPAHHYEHHBLIH IBYMS OTpE3-
xamu v$ (1), v4(IT), npeacrapstoumame co6oi J1. H. M., H ABYMS
orpeskamn Y (I1), v$ (T1), mpencrabistompmMe coboil 1. y. M.

Ecma n—xonednoe pa3bmenue M Ha mapasenorpammer 11,
I;, .., II,, To monoxmM B“"(n)(B“’(n;; PaBHBIM O0ObeIMHEHHIO
seex v(I;), v8(I,)(yP (), Y9 (L)) no j=1,

3. Besxait C °-mudpdeomopdusM AHOCOBa IOBYMEPHOTO TOpa
M ob6nanaeT KOHETHEIM MAPKOBCKAM pa3GHeHHEM. YCIOBHE TOTO,
9TO T|—MapKOBCKOE Pa3GmeHHe, MOKHO BBHIPA3HThL NPH OMOIIH
ponoueHnit T(B®(n))c B (Tn), T'(B™(n))cB™(T "'n).

4. Tlycte T—KOHEYHOE MApKOBCKOE pa3bHeHHe Ha mapall-
nenorpammet I1;, I, ..., IT,, €*(I1;)—pas6uenue I1; Ha 1. H. M.
y®, XOTOpHIE B JaHHOM TNAaAKOM CIydJae NPEICTaBIAIOT coGo#
CBSI3HBIC KOMITOHEHTH! nepecederndii I'® ¢ I1; £®— pa36uenne M,
KoTOopoe Ha kaxiaoM II; coemamaer c¢ E@(IT;). Ecmm po—
Npomu3BoJibHas abCONMIOTHO HEApEphIBHAS Mepa Ha M, ILIOTHOCTB
xoTopoit mo Mepe Jlebera mg (x) yAOBJIETBOPSET YyCloBHuio I €ib-
mepa, TO yCJIOBHas Mepa Ha HOYTH KaxaoM C,w abComoTHO

n
HelpephIBHA OTHOCHTEIBHO TAHBI HA C,;(u)=y"" M IUIOTHOCTh KaK
n

$yakmms Ha M TakXke YOOBIIETBOpSieT ycnoBuio Ié€mbaepa.
CsoiicTBo 4 cnemyer M3 TOro, 4ro cloeEHe M Ha H. M.
yIOBJIETBOPSET YcIoBHIO I'€mbaepa, u m3 abCOMIOTHOH HENMPEpHIB-
HOCTH y. M. H H. M.
Hrax, nycrs 3agan C ©-madpdeomoppnsm Anocosa T nBymep-
Horo Topa M=Tor? BribepeM nnd T KOHEYHOE MapKOBCKOE
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pa3buenue 7. O6ossamam M(C, p) xiaacc Mep o, 33JaHHBIX HA
A W TAKMX, 4TO

1) cymecTsyeT Takas NonoXkWTeAbHas GYHKIHS To(x), ¥TO Ha
Ho-TIOYTH KAXIOM C,’slu) yCIOBHasi Mepa abCoiIoTHO HenpepbiBHA

OTHOCHTEIbHO Mephl Jlebera W ee IUIOTHOCTH paBHA T,
7o (x)

2)
mo(y)

mobbix. x, y€Cyw u moboro snementa Cyw pasOmenms Y.
n n

—1 Is C[dist(x, y)]° npe BekotopoM p>0 m mna

BcrroMHEEM Teneph (CM. JeKIEE0 16), 9TO JUHAMIKA CO3AET Ha
kaxaoM '™ cpolo G-KOHEYHYIO MePY Vrw. BBeneM oTBevaroniyio
eif IUIOTHOCTB Po (X), KOTOPYIO MBI CHMBOJIAHYECKH 3aIIALIIEM B BAJE

s

A® (T ")

1

N (T ry) do,m(y)

Po(x)= J |

Cg ‘r)(l)

—8|a

b}

B snamenatene Cyw(x)=y"™ ecTh 1. H. M., mpoxonsmiee Yepe3 X.
n

Brime 06BACHIIOCH, YTO 9TO BHIPAXKEHHE HMEET CMBICII, TOCKOJIBKY
AS(T ~"x)
AT ~"y)

——l‘sconst-l" IpH HekoTopoM A <1 mis Beex yey®.

o (x)
Po(x)
OTBeYalonick HHBADHAHTHOMY CEMCHCTBY MEP Vrw, OYEBHIHO,
o (1)=0. ObpaTHOE YTBEpXKACHHE Takke BEPHO M OBLIO 06bsiC-
HeHO B JyexmmH 17.

H-teopeMa. Iycme p<py. Cywecmsyrom maxue 0<8; <1
u 0<C <o, 3asucawyue moasko om T u xoucmamm C,
p 6 onpedesenuu M(C, p), umo npu ecex k>0 H# (T*)* o)< C,8%.

HoxasaTtenbcTBoO. Ilyeth poeM(C, p), mo— dyHkums,
ONpenessIoOlIas YCIOBHBIE MepHl Ha 37eMeHTax pa3buenms .
Oycte w=(T")*po u my—asanormuHas OyHKIES 108 .
BeiBeneM ceifvac sBHYI0 ¢opMmyny ana w,. UmeeM s moboi
OTpaHWYEHHOH H3MepUMOi f

In

. Jns rm66¢coBckoii Mephl I,

Ionoxum M (po)=max

[0 duef)= | duclCop) § S0m(0)do ()=

M| g::' Cﬁ:’)
def
=[A(T*do(®)= | duo(Ce) f f(T*X)o (x) doy (x).
M g:') C; :'-l
Bo BHYTpeHHEM HHTETpalie CAEJaeM 3aMeHy IepeMeHHbIX T x=y.
Toraa ye T ~*(C,w(x))= Cyw (T ~*y) B cany mMapkoBocTH. Sx06H-
n n
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674.; X)
do,m(y)

{ dpe C:(u) ) | AT*x) 1o (x )dc,m(x)=

Mig® g

=jdu0 (Cﬁ(ll)) Z j To \X )dc-y(") )
" CriWec® Crk 5
! k
TN G (X) =
T re@dom) _[ AT*0) 70 (x)  doym (x)
kt(-) Crktr)

=fduo(Ce) ¥ [ malx)domm(o)x

Crk ("CCL:) CTk U

aH 3TOTO MNEpeXoAa paBeH H A®(T ~/xy). Ilosromy

1
X re X

§ mo(T™*y) [1 AT /y)doym(y)

Cq'., j=0

k-1
X j F(y)mo(T ~*y) [T A(T Vy)doym(y)=
Cem =0

k—1

§ A(y)mo(T *y) [T AT ~Yy)doym(y)

Cgs'-y j=0
=J'dp,(C€$‘u))' e

j o (T ~*y) [T A(T ~Vy)do,m(y)
Cew j=0

IMocnennsas ¢opmyia TOKa3bIBAET, UYTO

(T~ )H AO(Ty)
me(y)= o - M)
J (T~ )H (T ~z)doy(2)

Cg w =

W3 Hee, B vacTHOCTH, ciemyeT, 4ro kmacc Mep M(C, p)
HHBADHAHTEH OTHOCHTENLHO [WHAMHKH. KpoMe TOTo, M3 Hee
HETPYOHO TAaKXe BHIBECTH BbIPaXeHHe [IA MepHl Ha (haxTop-
npocrpactBe M|EW, orpevaromeii p,. Umeem Temeps m3 (1)

I I—]1 X(")(T —Jz) H )“"’E

n,‘(y) Cg(-).i=0 =k

T z)
7= Jy)dc L0 (2)

o(T 'z

Po(y) w(T iz ) (o X!
CEJ.MH A (T ) ( y)d 7"’( )
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B cuiy Toro, yto A ynomnerBopsier ycnosuio I'énbaepa (cM.
ceoiicteo 1 madpdeoMoppr3Ma AHOCOBA) IPH HEKOTOPOM O,

0<d<l, o
—constoal\x( )(T jz)<econsl-6-’ (2)

AT Ty) ’
e—const-&“ o A'(")(T_jz)geconst-a‘. (3)

\j=k l"‘)(T_jy)
Iockonsky poeM(C, p), TO

g —const - s gﬂ:o(T::Z)
o (T ™)

U3 HepaBencTB (2)—(4) BBHITEKAeT YTBEPXICHHE TEOPEMEL

Bo3HHKAET €CTECTBEHHEIH BONPOC, YTO IPOHCXOAMT C TEMH XK€
pacnpe/ieicHAsSIMHA BEPOATHOCTEM, ecitn n— — 00? B paMkax Hamero
MOJX04a OTBET Ha HEro BECbMa IIPOCT M ecTecTBeH. M JOJIKHEI
3aMEHHUTH HEYCTOWYHBBLIE CJIOM Ha YCTOHYHBHICE H PAcCMOTPETH
aHAJIOTMYHBLIA (PYHKIIMOHAJ, CBA3AHHBEIM C YCTOWYHBHEIMH CJIOSIMH.
IpEx 3ToM YCIOBHBIE MEpH Ha YCTOHYHBHIX cnosx Oymyr
CTPEMHTHCH K NpeAe]y, B TO BpeMs Kak MNOBEACHHE HX BIOJb
HEYCTOHYMBEIX CIOEB MOXeT OLITh Bce 6oJice HEperyIApHBIM.

HepeiineM Temepb K OOCYXICHHIO CBOMCTB H. M. H Y. M.,
a Takke MapKOBCKHX pa3OHMeHHH IS IIOTOKOB. 3[eCh HMECTCA
omgHa OCOOEHHOCTh, XOTOpas HMHOrga objeryacT aHAaIH3.

Mu oOcyauM ee Ha mpHMEpE reoe3HYecKoro IOTOKa Ha
xOoMIakTHOM C ©-[IOBEPXHOCTH OTPHIATENIHHONH KPHBH3HEL (CM.,
B 4acCTHOCTH, [5]). Utak, myctb (—Takas NOBEPXHOCTh, M —
eOWHMYHBI KAacaTeNbHBIH mMy10Kk Ha M, {S'‘}—reomesmyeckmii
NoToK Ha M (cM. Havauio JiekEn 16 H xoner nekmun 17). Kak yxe
o6bAcHANOCE, Y™ (X) ecTh ocHamenHe KpUBOH ¥ (X) eIAHHYHLIME
BEKTOpAMH HOPMAJH, BHIOpaHHOE Tak, 4To xe7y ™ (x) (pmc. 18.1).
Ananormuno crpoutcst y® (x). Tnobamsase cnom I ®(x), T'®(x)
noMy4aloTcsl IMyTeM MpojoinkeHHs v ® (x), ¥ (X) cOOTBETCTBEHHO.

) w(s’(x)

< pconst - 6"". (4)

O6o03naunM # ¥, 4 c-anrebph, 06pa3oBaHHEIC M3 MHOXECTB,
coctosimux mod0 m3 I'™, I'® coorpercrBenro. Cnemyromas
JEMMa ecThb nepeOpMyIHpOBKa ONHOTO M3  YTBEPXKICHHM
3. Xonda [6]. Hamomumm, to 4 ) ecTh o-asrebpa MHOXKECTB
HEBapHAHTHLIX mMOd( OTHOCHTENLHO TIEOJE3HMYECKOro NOTOKA.
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JdemMma 1. 4 c g® Hc #9 u, caedosameavro,
AN A0 n M.
HoxasatenscTBoO. IlycTh f— npou3BoibHas HEMPEphIB-
T

— . 1
Has ¢yuxunms, f (x)=Thm 7 Jf (S*x)dr Tam, rae 3TOT mpenen

1]
CyIIeCTBYET, H f T (X)=0 B ocTajbHEIX cTy4asx. M3 sprommdeckoi
TeopeMbl bapkroda-— XaHuMHEA cleayeT, YTO Hpeaei CyIecTBYET
movYTH Bcroay. Ecm mia x mpemen cymeCTBYET, TO OH CYILECTBYET
i moboi yeI' ¥ (x), mockoabKy

T T
lim lTIf(Sfx) di—lim 1T ff(S‘y) di=
3} 4]

T

—lim H(f(s'x) —f(S*y)di=0
0

H [OABIHTETPAILHOE BLIPAKEHHE CTPEMHTCS K HymO. TakuM
obpasom, f*(x) mocrosmmoe mHa I'“ (x), T.e. f* m3mepmma
oTHocHTenbHO 4 ). Tlockonsky ¢yskumm f* (X) mIOTHEI B mpo-
CTPAaHCTBE HHTCIPHPYEMBIX (YHKIHH, H3MEPHMBIX OHOCHTEHLHO
MY 1o M) o # AHANOTHYHO IOKA3BIBAETCA BKIIIOYCHHE
MV 4 g o1 on

3aMeuaHHe. YTBEPXKICHHE JEMMBI BEPHO M [UIS IIMPOKHX
KJ4CCOB NPeoOpasoBaHMii ¢ HHBAPHAHTHOH MEpOH, y KOTOPHIX
HoYTH Kaxaas Touka X mMeeT I'9(x) m ' (x).

W3 nemMMBl 1 BBITEKAaeT, 4TO MIS JOKA3ATENHCTBA 3PrOfHY-
HOCTH T€OJ€3MYECKOr0 MOTOKA [JOCTATOYHO YCTAHOBETh, 9TO
MONMO =4, roe, manoMHEM, A4  €CTh TPHBHAJILHAA O-
arebpa moaMHOXecTB Mephl | mwmm 0. BospMem y*(x) m uepes
Kaxaylo Touky yey®(x) mposemem y®(y). Ilpm 3ToM MBI
HOJMIY4AM OBYMEDHYIO IMOBEPXHOCTh, KOTOpylo 0603Haymm ¢
(puc. 18.2). Janee, 4epes kaxayto Touky ze Z'? nposenem vy (2).

Puc. 18.2

HerpymHo moKa3aTh, YTO MNOJyuYcHHOe MHoXecTBo %3 Gymer
OTKPBITHIM TNOAMHOXecTBOM M. HeGonbime I10MONHUTEIBHbIE
ycunus TpebyloTca IS Toro, urtobs mokasaTh, uro %
nprHaUIekAT mod 0 ogHOM 3prommyeckod kommoHeHTe. IIpn 3TOM
CYLIECTBCHHYIO pOJb HrpacT oOcyxnaBnieecs B JeKmuu 17
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CBOHCTBO aBCOMIOTHOM HempepbiBHOCTH. CBOHCTBO cioe I'®, T'®),
COCTOsIIeE B TOM, 9TO IPH OMHCAHHOH KOHCTPYKOHHM MHOXKECTBA
T3 oka3niBaeTCA OTKPHITHIMHA, HA3KIBACTCH HEUHMEZPUPYEMOCIbIO
cacenuti, obpazopamHEIX MHOrooGpaswsmu '™ m '™ U3
HEHHTErPAPYEMOCTH CPABHHTEJLHO WPOCTO BHITEKAET IProAuy-
HOCTb.

Kpome Toro, H3-3a HEHHTEIDHDYEMOCTH CJIOGHHH CJIErKa
BHIOU3IMERAETCS OMpeeeHAe MAPKOBCKOTO pa3bHeHAs 11d HOTOo-
xoB. Ilycts v € M—xkakas-ma6o C ®-kpupas, C'-6ma3xas x xa-
koMy-60 1. 5. M. v, TIpoBefeM 4epe3s Kaxaylo TouKy yey®™
Kakoe-ma6o 1. y. M. Y (y) B obpasyemM IByMEPHYIO IIOBEPXHOCTH
ZO, Z®= () v (y). peanoro-

yery

XHAM, 4TO KoHImK Y ®(y) Bm6pa-
HBI TaK, 4To = mMeeT kKycouHo-
TIAOKyIo T'PaHHLY. Yepes
E®(ZD) 0603naumM paszbrcEue
Z® ga xpmeme 7 (y).
Onpenenenne 3. Habop
Henepecexarowuxca nogepxnocmeti

O, ZP,.,IZ®  uasvieaemcn
S-MAPKOBCKUM MHOMWCeCmMEoM, ecau
Pac. 18.3 Ka®cOaR Kpusas Y;, omeeyaowas

Z{, moxmcem 6uimp pazbuma na
o0y2u Y;; makum obpazom, umo Ha Kaxcooi Oyze MOMCHO 3adamb
ROAOHCUMEABHYIO HenpepbigHylo yrKywio T;; u npu amom (pac. 18.3)

r

L SYOWN U XY= npu 0<t<1y(y), u npu mobom
n=1

YE€Yij
2. SuVyO(y) ey (y’) dan nexomopozo y' ey, < T
3. 0aa mobozo y'ey, uailidemcsa y”€Y;; maxoe, umo

SO () ¥ ().

AHATOrHYHBIM 06pPa3oM MOXHO ONpENEIHTh U-MAPKOBCKOE
MHOXECTBO, 3aMEHHMB ¢ Ha —t. W s- H u-MapKoBCKHE MHOXECTBA
cyilectByloT. C HMX IOMOILLI0 MOXHO [OKa3aThb LENBIH psii
BaXKHBIX TOMOJOTHYECKHX H CTATHCTHYECKHX CBOMCTB paccMaT-
PHBAEMBIX T€OJE3HYECKHX MOTOKOB, B YACTHOCTH pPAaBHOMEPHYIO
pacnpenesIecHHOCTh 3aMKHYTBIX FeOJe3HYECKAX, NEHTPAILHYIO Ipe-
JEJIbHYIO TeOpeMy U T. . B psime cliyyaeB MapKOBCKHME MHOXECTBA
MOXHO OINHCaTh JOCTATOYHO SBHO.

BepueMcst K KYCOMHO-TJIAIKMM OTOOpaxeHusM, IS KOTOPbIX
MOXHO MOCTPOMTH KOHEYHBIE MAapKOBCKMe pa3buenus. Ilycrs
T—onHo H3 Takux oTobGpaxeHmit, a={C,, ..., C,} —oTBeualomee
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€My MapkoBckoe pa3bmenme. Uepes Q 0003HAWMM MOPOCTPAHCTBO
nocreaoBatenbHocTel ©={®,}, —0wW<n<w, KAKAOE O,
mpuaAMaeT 3HaveHHAs 1,..,r. UYepes S o006o3HaYMM CHBHI B
npocrpascTse Q. g x € M noCTpoEM ®, Uik KoTopod T7xe C, ;
TOTAa OTOOpaXeHHEe T: X+ ONpeleNseT CHMBOJHMYECKOE Hpen-
craBjcHEe 1, KOTOpO€ CTPOHTCS OpPH IOMOIIM pa3OHeHHs o.
OCHOBHOE CBOWCTBO CHMBOJHMMECKOTO NpENCTABJIEHHS COCTOUT
B TOM, yro St=nT, T. e. moboe upeobpasopanne I mepexonHT
B caear. [lostomy, ecorm v—wuRBapHanTHas Mepa mia 7, To
v*=n*y, rae v*(C)=v(n " 'C), ecTs HHBAPHAHTHAS Mepa A S.
Cefitac MH ONHIIEM KpAaTKO HOCI0 TaK HA3KIBAEMOrO0 METONA
TepMORHAMAYECKOro (PopMam3Ma, KOTOPLIH JaeT BO3MOXHOCTB
HCCJIEAOBATh CBOMCTBAa HHBapHMaHTHRIX Mep T (cMm. [7], [8]).

Bynem paccMaTpEBaTh HpPOCTPaECTBO () KaK OPOCTPAaHCTBO
KOHHTrypammii pemeT4aTod CIAHOBOH CHCTEMEI CTATHCTHYECKOH
MEXaHWKH, B KOTOPOH OTHENbHAA COMHOBAaA IepeMeHHas
, OpHHHMAET 3HaYeHHA 1, 2, .., r. B paBHOBecROH CTaTHCTHYE-
CKO#M MeXaHHKE PACCMATDHBAIOT CBO#CTBa pacnpenencauii ['n66ca.
B npEMeHeHHH K Hamed CHTYamHM 3TH pacupelelicHES CTPOATCS
cnenyromuM o0pasoM. BossMeM ¢yaxmmo U(mg, ©-, 04, ©—3,
@2, ..y O_g, O, ...), TPO KOTOPYIO MBI IPEANIONIOXHM, YTO IIpH
HEKOTOPBIX mocTosAHHBIX C<o m p, 0<p<l,

sup |U(wg, ®-1, 1, ..., @k, O, O g1 Oy ...)—
o,0’,0"
k
—U(@o, @1, Oy 20y Oy O, OLp— 1, Ok 45, ...)| <Cp.

Hamee, mns mobux m>0, n>0 paccMOTpEM OTpe3ok [—m, n]
H KoHpErypammio ®={®;, ké[—m,n]}. Torma Ms Moxem
NOCTPOHTDH paclpeliejicHHe BepOSTHOCTEH P, , Ha HpOCTpaHCTBE
KOHQpUrypammid o, —m<k<n, A KOTOPOrO
1 n
Pmon(@r, —m<k<n)=———exp ) U(®, Ok-1, Ok+1, -..),
Emn(®) 27,

rHe B KaYecTBe HEPEMEHHBIX BHE [—m, n] OepyTca @;. MHOXHATEIL
S (®), Ha3BBaEeMBIH CTATHCTHYECKOH CYMMO#H, BBIOHpaeTCA
HCXOd M3 YCJIOBHN HOpMHpOBKH. Mcmoib3ys paccyXacHES,
Onm3kde k pacCyxacHHAM JieKmmM 12, MOXHO Toka3aTh, 9TO OPH
m, n— oo pacupenenenas P, , cnabo cxomarca kx mpemeny P,
KOTOpbI# HE 3aBHCHT OT BhIOOpa I'paHMYHBIX ycioBH#E ®. PyBEKIHsA
U Ha3bIBaeTCs HMHOTIA NOTECHIMANOM, a P— pacnpeliciecHHEM
I'm60ca, oTeedarolmMM 3TOMY HOTCHIIHATY.

TepM#EHOJIOrAS, KOTOPOHX MBI MPHIEPXKABAIHCL B 3TOH YacTH
KHHTH, HENMOCPEICTBEHHO CBA32Ha C TEPMHHOJNOIHEH CTaTHCTHYE-
ckoit Mexauuku. BossMem U=InA%(x). Torna ra66coBCkAE Mephi,
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KOTOpblE Mbl H3ydam B Jiekmusx 16, 17, mpencrapisror cobGo#
ra66COBCKHE MEpHl CTATHCTHYECKOH MEXaHHWKH, CTPOSLIAECH IIPH
moMou moTteHnmana U. Boiybmiyio pojs HIpaeT Takke Mepa,
orBedaromas U=0, KoTOpas 4acTo Oka3biBacTCd MEpOH C Mak-
CHMaJIbHOK suTponueii. OHa yyacTByeT B TE€OpPEMAaX, CBA3aHHBIX
C PaBHOMEPHBIM pacCOpEHEICHAEM TEPHOJAYECKUX TPacKTOPHH.
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