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TTPEHCJIOBHE

Bonpoc o BO3MOXHOCTH JNeleHHs] OKDYXHOCTH LHDKYIeM U JauHeHKoll Ha
paBHBE YacTH (MIM O FO3MOXKHOCTH IOCTPOEHHS NPaBHIBHEIX MHOTOYrOJAbHH-
KOB), C. KOTODBIM MBI BCTPEYaeMCd B KypCe 3ieMeHTapHOH reomerpuu, He
TIONY4aeT TaM CBOEro paspemeHus, Tak kak Tpedyer Gosee rayGoKHUX CPeICTB
uccaenosanua. [lonnoe pemenne 9ToH 3ajasu 1aBanoCh N0 CHX HOP Ha OCHO-
Be Teopud anya M moTeMy oCTaraloch B 3HAYHTENbHOR MeEpe HENOCTYIHBIM
npenojasaTeaaM cpeaHel mMKOJH, He BAalelomwuMm sToif Teopued. Hacrosmas
pa6oTa cTaBUT CBoeH LeabI0 AaTh BIOJHE CTPOTOE H3NOKEHME HA3BAHHOTO
BHIILE BOHpoca 6ojee 3J1€MEHTapHBIMM CPeCTBZMY, Ge3 NPHUMEHEHHd TEOPHH
rpynm.

[MoTpe6ubil 179 TNPOBENEHHs INOKa3aTelbCTB BCIIOMOraTeJnHBHIH MaTepHal
U3 anre6pel M TEODHHM YHCE] MHE Ka3aJoCh MOJE3HBIM JaTh 3LECh Ke, He
OTCHIas KAXIBIE pa3 uuTaTeNs K COOTBETCTBYIOMIMM yueGHHkaM. M3aaraemsrit
Maiepual B ofumieM JOCTAaTOYHO NPOCT; HECKOAbKO GoJee TPYLHBIM MOXET
NOK23aThCA TOJBKO [OK33aTEJILCTBO HENPUBONMMOCTH TMOJMHOMOB INE€JAEHHT
OKDYXHOCTH B oGmeM caydae, BhIIEJEHHOE TETHTOM.

Tpu pa6ore Ham 3T0H KHUrOHf MHOI HCMONB30BaHEI, MOMHMO KJacCHYeCKOR
sDie Lehre von der Kreistheilung® Bachmann’a (1872 r.), Takxke pan Xypcos
BeicmIelt anre6pel, B TOM YMcle M BHIIIENILIME B NOCAEJHHE TOIBI y HaC KHUTH
Cymxesuua, lanupo, Yeborapera (nmo teopun anaya) u ap.

A. llrxoasrux.
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§ 1. BBEJEHHE

1. Pemenue ypaBHenn#t Bumza x"— @=—{), H43HBaEMLIX JBYYJEH«
HEIMH, HaXOMHUTCSA B TECHOHM CB3H C TeOMETpHYeCcKOH 3amauedt moctpoe-
HUSI TIPABHJIBHBIX MHOTOYTOJBHHKOB HJIM, 4TO TO e, C 3amavell nejeHus
OKDYXHOCTH HA paBHble 4acTH. M3 3ajemeHTapHO# reoMeTpHH H3BECTHO,
KaK, MOJb3YysCh HHPKYJCM H JIMHEHKOH, NMQCTpOUTh BIMHCaHHbIE B OK-
PYXKHOCTb KBAaJIpaT M MPaBHJIbHHE IIECTHYTOJIBHHK, TPEYTOIbHHK, HECSATH-
YLOMBHHK, NATHYFOJABHUK M NSTHaAUATHYTOJbHHK. M3BecTHO, nazee,
KaK yIBOHTb YHCJIO CTOPOH NMPABHJIBHOTO MHOTOYTOJIBHHKA, MOJb3YSCH
TEMH )K€ CPeICTBAMH MOCTPOeHusi. TakuM 006pa3oM, OKa3HBaeTcs BO3-
MOXHEM JeJHTh ‘OkpyxHocTs Ha 2K, 3.2F 5.2K 15.2% yacrei,
Bosuukaer BOnpoc, Ha CKOJBKO e PaBHHX dacTelf BOOGLLE BOSMONKHO
pa3geauTh OKPYKHOCTb INpH IMOMOLUH UHPKYJS H JHHEHKH? MOXHO i,
HanmpUMep, pasmeNuTb OKPYMKHOCTh Ha 7, 9 M T. ;. vacrelf?

3anaya jgesneHHs] OKPYKHOCTH, H3BECTHasi eli(e B IPEBHOCTH, MOJyYHa
CBOE TOJIHOE paspellieHHe, OIHAKO, JHIIb B HOBOE BpeMsl. Pelienue ee
BHIMAN0 Ha 100 I0HOro Taycca, BBISICHHBIIEIO YCNOBHS, OT KOTOPHIX
3aBHCHT BOSMOX(HOCTb IOCTDOEHHSI NMPABH/IBHBIX MHOTOYTOJBHHKOB LMp-
KyJeMm H jHHeHKOH, -nokasaBuwero (1796 r.) BO3MOXHOCTH IOCTPOEHHS
NpAsUNLHO20 CeMHAONAMUY20AbHUKA W NaBUIEr0 OGUWHH METOX H MOYTH
MCYepnhBaoLiee peleHHe BCel mpo6iems,

2. Pemenue nByuwieHHoro ypasHesHs Xx"—a =0 (a #£ 0) paBHo-
CHIBHO H3BJIEYEHMIO KODHS 71-B CTemewd M3 uHcaa a: X=y d.
MMocaennss 3agaya DONYCKAaeT, KaK H3BECTHO, CJAENYIOIIEE pelIeHHe.

Iyctp

a=r(coso--isinz),

rie r—MOIyJb H © — apryMeHT KOMIIEKCHOro uiciaa @. KopHem m-H
n,—
CTENeHH M3 @ Ha3bIBAaeTCH TaKoe YHCI0 O = |/(z, yro b"=a.

MMycts & =p(cos b4 isin0). Torma, Bo3BOAA b B K=I0 CTeNeHb MO
¢opmyne Myaspa, nosayuyaem:

"(cosnb-isinnb)=r(coss -} ising)
H, C/1eN0BaTebHO,
o"=r, nl=942k= (k=0, 1,2,...),



OTKYyZa
" ~+2k=
— g P RT
p [/r, -

H, CJIEIOBAaTEJNbHO,

h_0 gLokm . gb2%km) ,_
b=V'r (cos_——n——-{-tsm ——’-1-——) (k=0,1,2...). (1)

[Mon Vr Mbl 3JeChb NOHHMAaeM IOJOKHTEAbHOe YHCI0—apHPMeTHYe-
CKHH KOpDEHb H3 NOJIOXHTENBHOTO YHCJIA 1)

Jagpas k nocnenosarensto sHavenns 0, 1,2, ..., MB NoayyuM nas b
N pasjHyHBHIX 3HaveHu#t mpu £ =0, 1, 2, ...n—1:

n
=Vr ® 1isint
bo-—-]/r(cosn-{—zsm n)
n
b v/ (e T2 L 92
bl__]/r<cos -— Fisin—— )

n
ST o LTI o o
_l/r(cos " —-isin P )

bpy= l/— (COS —————lt-—:—l——-—}—z sin H‘L’t—_l)_)

\

Ipu nampHeidiiem yBsenHueHHR 2 xopuu GymyT nosropsrbcs. Hampu-

v-|2n=
n

©
Mep, npu R=n :Z —+2% u Tak kax 2m ecTp NepPHOX
LIS CHHyca B Kocunyca, T0 b, =b,. Takum o6pa3om Kopeub I-ii cre-
NeHY HMeeT N PasIHYHBIX 3HAYeHHH.

B wuwactioctd, npp a=1 (r=1; ¢ =0) mb noayyaem o0coBGeHHO
BaXcHHIH Ccayyall xopreld n-ii cmenenu u3 eduruybl

e=COS2k——1—lS ?I;—T (k=0,1,2, . ..n—1) 3)

1) B TeopHH HMPpPAanHOHAMBHEIX 4HCeJ HOKa3HIBAETCH, YTO XA BCAKOTO IO-
J0XKHTEAbHOr0 AeHCTBHTENBHOrO 4dCla a BCEria CymeCTBYeT eXWHCTBEHHBIH
n

nonoxurepusit kopens 7-# cremenn =) .
4



Wnu, noxpobHo:

e0=1 ' ]
27 , . 2m
€, == COS —ﬁ-—}-zsin -
eg_cos:4—+ Lsm‘% 4)
s,,_1=c032(n —I--zsm?(n-;I)Tr J

Tak kak

bkzil/;[cos (%+2—l:lﬁ)+isin<%+2kﬂ>J
——Vf'(_cos—-l—zsm ) (cos-—+; sin 2_’2_

bk= bo'ek. (5)

Takum 06pa3oM, 3xas by—3Hauenue 00HO20 KOpHA N-ii cMenenu u3
yucaa @, Mol MOJXCEM NOAYHUMb 6Ce OCMAJbMble KOPHL YMHOMNCE-
HUeM Ha 8Ce 3HAHEHUS KOPHA N-i cmenexu u3 eOUHULbL.

dopmyan (1) m (3) MoryrT OuTh 3anucaHn B 60/iee KOMNAKTHOH
¢opme, ecau NpuGerHyTh K MOKa3aTeIbHOH (OpMe KOMIJIEKCHOTO YHCJ]a

a=r-e®,

TO

(traxy0 ¢OpMy I KOMI/IEKCHOTO YHCJA MM TOJYYHM, HCMOJb30BaB
H3BeCTHYI0 hopMy sty Diepal), CBAHBAIOLLYIO 0KA3aTeNbHYIO (DYHKIHIO
¢ TPUTOHOMETPHYECKHMH: COS @ i sin @ = e%¥),

Toraa no__ gt
b=VTre » (6)
e—e 7 . (7

1) BHBOAMTCA M3 PACCMOTPEHHSA DPANOB:
z , 22 28 z
et = 1+ﬂ+—2'!+§!+?!+"'

_ 22 24
cosz_l——-Q—!—i-m—...

3 ]
. sinz:l—%—i—%-—



Ecnu BOCNO/IB30BaThCS reOMETPHYECKHM H306DAXEHHEM KOMIJIEKCHBIX
YHCeNM KaK TOYeK IJIOCKOCTH, TO Cpa3y CTaHOBHTCH ACHOH TecCHas 3a-
BUCHMOCTDb, CYIIECTBYIOLIAs MeMIy MH3BJIeUeHHEM KODHA H-H CTeneHu
H, CJIeN0BaTeNbHO, PeLIeHHEM JIBY4JIEHHOrO YPAaBHEHHs, ¢ OLHOH CTOPOHH,
H, HeJeHUeM OKPYMKHOCTH Ha M yacTell HJH MOCTPOeHHeM MpPABHIBHOIO
MHOTOYTOJIbHHKa,—C IpYTro#.

B camoMm mene, popmysnl (2) MOKa3uBAKOT, YTO BCE 72 KOpHeH HMEIOT

n

—
ONMHAKOBHH MOxy/ab p==}/ I H, CJeI0BATeJbHO, PACNONATAITCH, HA
OKPYHOCTH C ILIEHTPOM B Hauyale KOODIMHAT M PAaIHYCOM, DABHHM £.

i

410
€703

Yepr. 1. Yepr. 2.
n=5%a=—14+i= n==6;a=1=cos04isin0;
3 = YT=cos KT 4 isin K™ =
——]/2<cos4+lsm 475 ep = /1 =cos 5 ~+ isin =
2R wi-
by = l/a: —1+i: —e "6
=V [ (5+5%) + (k=0,1,23, 4,5
L 3  2k=w
+lSlIl §6‘+—-5— ]

(=0, 1, 2,3, 4)
VI3 paccMOTpeHHs e apryMeHTOB BHIHO, YTO KaXIblfi U3 HHX OTJH-
2%
4yaeTces OT CJaeAYIoLIero Ha —n—; 3T0 U NOKAa3elBaeT, YTO TOYKH, H306pa-

WaloUKe KOPDHH M-§ CTeneHH, IessT OKPYKHOCTb Ha 7 paBHHIX vacrel,
YTO OHH PpacnoJiaraloTCsd B BepPUIMHAX TMPaBHJIBHOTO  A-YTOJIbHHKA
(cm. uepr. 1 n 2).

3. Wrak, H3BJeyeHHEe KODHS, HJIH pelieHHE IBYYIEHHOTO YPaBHEHHS,
SKBHBAJEHTHO TEOMETPHYECKOR 3amaye MeJeHUS OKPYWHOCTH, HJH MO-
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CTPOEHUS MPaBHJIBHOrO MHOrOyronbHuka, Hamel uesnpio sBasercs Hc-
c/lef0BaHUE YCJOBMH, MPH KOTOPHX 3Ta 3aKaya Ha MOCTPOGHHE pa3pe-
WHMa MOMOLIBI0 LMPKYAS M JHMHEHKH. VIHBIMH CJ0BaMM, HYKHO yCTa-
HOBHTB, B KaKHX CJy4asX KODHH [BYYJEHHOTO YPaBHEHHS MOTYT GHITh
NOCTPOEHH! MPH MOMOLIM LWHPKY s u JuHefiku. Ho kak pelaercs BOnpoc
O BO3MOXHOCTH MOCTPOEHHS LHUPKYJeM M JHHeHKOH KOpHe# mo60ro
ypaBHeuus BooOue?

M3 s/eMeHTapHOH eOMeTPHH H3BecTHO, Kak (C MOMOLLbIO LHMPKYJIS
H JIMHeHKH) CTPOHTb CYMMy HJM pPasHOCTh [aHHHX OTPe3KOB a4 b
WiIH @ — b, npousseneHde OTpe3Ka HA LEJNOE YHCAO Mi-@, YETBEPTYIO

a-b Vorw:
MPONOPUHOHANBHYI0  —— H CPEIHee TreoMeTpHieckoe } a-b. Cneno-

ab
BaTeNbHO (Mosaras B BHPaWeHHH ?’b::l u ¢=0>b, a B BHpaweHuu

]/cﬁ b=1) Mb BUIMM, YTO MOXKEeM IOCTPOHTb OTPe3KH:
a J—
aztb, a-b, 4,V a. €)

OTciona BHITEKAeT, YTO HPU NOMOWU YUPKYAS U AUHEUKW MONCHO
nocmpoums 06y PYHKUUIO OaHHbX seauur (ompe3Kos), ecau 045
ee NOAYHeHUs NpuxoOumcs cOBePULAMb KOHEHHOe HUCAO0 PA3 CAedyio-
wue nsms onepayuii: cAoNCeHue, BviMUMAHUe, YMHOXNCeHue, OeleHue i
u3saeenue KsadpamHozo KOpPHSL.

B 4acTHOCTH, C/IeIOBAaTE/NbHO, MOXHO MOCTPOHTh KOpPHH KBaApaTHOro
ypasuenuss ax®-+bx+4c=0

—b=Vb*—4ac
2a ’

X1,2=

TaK KaK JJIs NOJY4YeHHs HX W3 RAHHBIX BEJIHUYHH @, b, € Hag HUMH He
NMPHXOIUTCS MPOH3BOAMTH HHKAKHX HHHIX NeHCTBHH, KpOMe yKa3aHHHIX
BHIILIE NSITH Omepauuii: ypaBHenne ax® -+ bx -+ ¢ =0 paspemnmo B KkBan-
paTHHX paxHKajax.

TMpeanonoxkum, 06paTHO, 4TO HeKOTOpas BelHyHHA (OTPe30K)—IycTh
310 6yneT KOpeHb KaKoro-iH60 ypaBHeHHS—MOMXeT OhITb MOCTpOeHa
NIOMOLBIO LHPKYJIA U JHHeHKH. Besikoe nocTpoenHe LHPKYJ/IeM H JHHeHKoH
pa3buBaeTcs Ha psil 3/MEMEHTApHBIX MOCTPOEHHH, KOTOpHE 3aKJI0YAIOTCS
B HAaXOXIEHHH TOYEK TMNepeceueHHss JTHGO 2 npsaMblx, JHGO0 NpAMOH H
OKPYWKHOCTH, JH60 2 OKpy}XHOCTeH. AHAMMTHYECKH, I/ HaXOMIEHHS
KOODAHHAT HCKOMBIX TOYEK MPHXOXUTCS pellaTh CHCTeMy 2 ypaBHeHHH;
B cnyyae 2 mpAMBIX—3TO [Ba ypaBHeHHst | cremenu, B ciyyae npsmMo#t
H OKPYMXHOCTH—OJIHO ypaBHeHue | cTemenu, H oxHo ypaBHenue II cre-
fleHH M B cjayyae 2 oKpyxkHocTeli—IBa ypasHenus Il cremenu. Bo Bcex
CJydagX CHCTEMbl paspelidMuH B KBagpaTHHIX paxuxanax (MM gaxe 6e3
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HX nomomH). STO OYEeBHIHO B IEPBOM H BO BTOPOM Ciayyasx. B mno-
ClielHeM CJydyae NPHXOIMTCH DEINAaTh CHCTEMY YypaBHEHHH:

[ —aY+O—by=r
(e —a )+ —b)y=ry.

OTkpbiBast CKOGKH M BHYMTAas OIHO ypaBHEHHE H3 IPYroro, M IMo-
JYYHM ypaBHeHHe MepBOH CTemeHH:

2(@,—a)x+2 (b, —b)y+ (@ + b —rP—a2— B2} 12) =0,

OnpenensieM H3 HErO X MJH ), NMOACTAaBASEM B OIHO M3 MCXOMHBIX
ypaBHeHHH, H NaibHeHllee CBONHTCH K PeLICHHI0O KBaIpaTHOTO ypaBHe-
#usi. VTak, KOOPIHHATHl MCKOMBIX TOYEK GYIyT BHIPAXaThCsi MOMOMIBIO
KBalpaTHHIX pamHKanoB. Mckomas BennynHa (OTpe3ok) Haimercs Kak
paccTosiHie Mexny 9THMH Toukamd. Ho ¢opmyrna amanutuyecko#t reo-
vetpun d=V)/ (X, — X;)* + (¥, —¥,)?, Haiolas paccTosHHE MEKALY
IBYMs TOYKAMH MO MX KOOPIHHATaM, HE COINEPNKHT HHKAaKUX APYTHX
MpPALlHOHAJBHOCTEeH, KpoMe KBaJIpaTHOTO paluKala; I03TOMY He OyxeT
HX COIepXaTb H HMCKOMOe BbIpaxeHHe L HaHHOH Beanuuunl. Takum
06pa3oM, eC/IH HEKOTOpas BENHYHHA MOXKeT GHTb IOCTPOeHa LHDPKYJEeM
¥ JHHeHKOH, TO OHa Bhpawaercs (Yepe3 NaHHble BENHYMHH) B KBal-
paTHHX pajHKajaX. MTak, OKOHYaTe/JpbHO, Mbl MOXEM CHenaTh CIAELyI0-
lee 3aKIoYeHHe:

L s mozo umobu. kopHu ypagHerus f(x)=0 mozu Goims nocmpo-
CHbL NOMOULBIO WUPKYAS U JUHEUKU Heo6x00umo u docmamoyro 4moGut
YpasHeHue 3mo pa3peuiasocs 8 K8adpamHelx padurxasax?t),

Mu BuaMM, TakuM 06pasoM, YTO NMOCTABJIEHHAs HAMH 3alaya HeJe-
HHSL OKDPYXHOCTH HJH NOCTPOEHHSi NMPABHABHOTO MHOTOYTOJIbHHKA IHp-
KyJieM M JHHEHKOH CBOOHTCS K BONPOCY O paspellieHHH ABYYJIEHHOIO
ypaBHEHHS! B KBAaIPaTHBIX pajHKalax.

4. B03MOXHOCTb pa3pelleHus ABYWIEHHOrO ypaBHEHHS B KBAaIPaTHHIX
pamvKanax GyNeT 3aBHCEThb, KAK Mbl YBHIMM, OT CBOHCTB 11eJIOTO YHCAA
7 —— CTENeHH IBYYIEHHOTO ypaBHeHus. [IpH yCTaHOBJIEHHH 9TOH 3aBH-
CHMOCTH HaM NPHAETCS OMHPAThCsl KAK HA HEKOTOphie CBOHCTBA LeMHX
yHCeJ, TaK W Ha HEKOTOphle CBOMCTBA lleJHX DAallHOHAJBHHX QYHKIMi
(MHorounenos, wiH noxauHomoB). Ilpocrefimiye u3 HHX, YTOGH K STOMY
B HanbmedlieM He BO3BpamiaThesi, MH 3Iech HanoMHHM. [Ipuuyem, Tak
kaK MHorouienbl (uessie pauHoHaiIbHHeE GyHKIMKM) BenyT cebs BO
MHOTHX OTHOILEHHSX KaK IeJble YHCJIa, TO Mbl, YTOGH NPOCIeNHTD
STy aHAJNOTHIO, H3/MOXKHM CBOMCTBAa TeX M IPYrux napainenbHo. Ha
IOKa3aTeJbCTBE B GOJBIIMHCTBE C/IyYaeB OCTaHABJAHBaTheH He GyneMm.

1) Monpo6Hee 0 Pa3PEIUAMOCTH yPaBHEHHH B paguka’iax cM. HExe (§ 3).



Hns neyx (uenbX H 110JI0%H-
TeAbHHX) uHcen @ H b (a>b)
BCErna MOXHO HaliTH JBa YHCTA
b (uactHoe) u r (OCTAaTOK), TAKHX,
yTO: ,

a=bg+r (0<r<b)
(,Be1MMOe  paBHO  HENHTEIO,
YMHOXEHHOMY Ha 4YacTHOE IIIIOC
ocrarok®). Ecim r=0 u, cae-
noBaTenbHo, a=bq, 10 a Oe-
Aumcs wa b wmu xpatio b; b
aBasieTCs Oesumenem @.

s nByx MHorouneHos f(x)
H g (X) BCeraa MOXHO HaTH 1B
MHorounesa ¢ (x) (yacTHoe) w
r (x) (octaTok), TaKuX, uTo (TOX~-
IeCTBEHHO):

f)=g(x)-q(x) k),
npuueM CTeMeHb 7 (X) MeHblle
crenenn g (X).

Ecan r (x)= 0 n, crenosateb-
Ho, f (%) = g(x)-q(x), 10 f (x)
deaumcs na g(x); g(x) ects
deaumens dyuxuun f(x).

I. UmMeloT MecTO caelyolue npocrhie npeiioeHuns
(TeopeMbl 0 AEAUMOCTH):

1. Eciu @ nenurcs Ha b,a b
IeNHTCS Ha €, TO M @ JIeJHTCH
HA C.

2. Ecnn a n b nendrca wac,
TO M HX CyMMa MJH pa3HOCTb
a -+ b paspenntes Ha cl).

3. Ecin a menutcs Ha ¢, TO
H ab memutcs Ha C.

1. Ecin fix) nenurcs Ha g(x),
a g (x) neaurcs Ha A(x), TO 4
f(x) nemtca na h(x).

2. Ecmn f(X) u g (x) mensTcs
Ha h(x), TO M HX cyuMMa WM
pasocth  f(x)=+= g (x) paszme-
nutes Ha A (x).

3. Ecan f(x) nenurcs na h(x),
10 1 f(x) g (%) neantcs Ha k (x).

1. O6muit HanGoabminit KennTeNb

Uucno ¢, fBisIOlIeeCss OMHO-
BPEMEHHO HenHTeldeM 1BYX (Mau
6onee) NaHHHIX uyuHcen a H b,
ecTh UX o6wwmi nenuresnp, Ham-
Gosbinii W3 3THX JesuTeneH,
KOTOpPHH AEIUTCH HA BCe OCTaJb-
Hue O0GIuHe HEJNHTENTH YHCesa @ H
b, ectb uXx o6wui Hauboss-
wuii Odeaumens. B cumposax:

(a, b)=d.
Yncaa, He uMeloLiHe O6LIHX He-

autenelt (KkpoMme eIMHMHM, SB-
astouwteficss  nesMTeNeM BCSKOTO

Ecin muorounens f(x)u g (x)
nenstes Ha A (x), 10 £ (x) ecTb Hx
o6utntt nemurens. Ienurens Hau-
Buiciell cTenmenu (onpenenseMuiit
C TOYHOCTBIO JO TOCTOSIHHOTO
MHOXHTEJs), KOTOPHIH JeJnTCs Ha
BCAKHR npyro#t oOuinit neaurtenb
¢yrxunit f(x) 1 g (x) ecTp Hx
obwuli Haubosvwuli Oeaumens.
OG6o3HauaeM ero Tak:

(f(x), g (x)) =D (x)-

MHorounesn, ne uMenonHe 06-
mHx Aennteneft (kpoMe NOCTOSH-

1) Ecau e a Heamtcs Ha ¢, a b He JeanTcs Ba ¢, TO U cymMa a -+ b me
pasfeauTcs Ha ¢ (TO Xe OTHOCHTCS B K (yHKuHsM),

9



yucaa), Ha3HBAOTCA  B3AUMHO
npocmuimu, Jna Hux o6uwuM
Han60JIbIIHM JEJHTEJIEM COYWKHUT

‘©MHHIA:
(a,b)=1.

Ecm d=(a, b), 10
a=d-a,
b=d-b,

Tae a; U b, — B3aHMHO MPOCThIE
YHCIa.

Haxoxnenne o6mero Han6ob-
Iero JAeJHTeNss  MPOM3BOAHTCH
METONOM MOC/EAOBATENbHOTO A€~
JieHus C TMOMOWbIO a.z2opudpma
Bsrauda:

a nenurtcs Ha b, satem b ge-
JINTCS HA TePBLIA OCTATOK rj, nasee
TIepBHIA OCTATOK 7, Ha BTOpOH
0CTaToK r, H T, 1. Tak Kak ocTtar-
KH yGLIBAlOT, TO HEH30eWHO
TIDHIEM K OCTaTKy 7p4; =0

a=bq,+n
b=r,q,-r,
r =ryq;+r,
T3 =Tm—a@m—1 1T T ,
rm—2:rm—1qm+rm
F'm—1 =T 9m+1- /

TlocnenHuil, HepaBubplil Hy/I0O
OCTaTOK I, M eCTh O0WMH Hau-
Goabuwuit  gemutens. Jokaxem
3to. B TOM, uTO 7, ecTb ©OuuH
IeJauTeNb yHCen @ U b ybexiaem-
€, paccMaTpHUBasl HaMUCaHHbBIE pa-
BEHCTBA CHH3Y: M3 MOCJEIHEro
clenpyer, uto r,,_, HeJHTCS Ha
I'ms H3 TIPE;IOCTeIHero, 4To Ha
7, ZemuTes I,_, H T. I T0Ka
He moHaem 10 b u a. Yrobu
yOeauTbes, uTo 7, NeNHTCH Ha
BCAKHIE OGIUMH AeuTenb @ U b
IIOCTYNHM TaK.

10

Fm—1\X
Tma()=T s (X) g () 4

HOrO, Ha KOTOpoe  nemurch
BCAKMH MHOTO4YJIeH), Ha3bBaloTCH
83aumro npocmuimu, 3a Ux 06-
wHH HanGOIbIIHK JeTHTeNb MOXK™
HO TPHHSTb E€IUHHILY

(f(x), g(x))=1.
Ecmi D (x)=(f(x). g(x), T0

f(x) =D (x)'f1 (x)
& X)=D(x)-g,(x)

NpUYEM MHOTOYNEHH f, (X) H
&, (X) B3aHMHO NPOCTHI.

Haxoxnaenue o6iiero Hau60b-
HIer0  JeJHTeNs  MHOrOYIEHOB
NPOH3BOAUTCSA, KaK M JJIs 4HCel,
C MOMOLIbIO a12opughma sxAuoda:

f(x) zeanres na g (x), g(x)
IeNUTCs Ha NepBulff 0CTaTOK 7, (X),
3aTeM mepBhlf OCTaTOK 7, (x) Ha
BTOPOH o0CTaToK 7,(X) ® T. I
Tak kak crenenu ocTaTtkoB yObi-
BalOT, TO HEKOTOpHH OCTaTOK
HOJMEH CTaTb pPaBHHIM HYJIO;
nycTh 74y (X)=0.

Torana

F(x) =g (x)-g1(x) 4-r1(x)
g (x)=r;(x) g, (x)-ray(x)
r(x) =ry(x)-g;(x) 173 (%)

I m—3(X)=F m_o(X) Gy (%) +

rm (X

rm-l(x)zrm ()C) Im+1 (JC)

[Mocnenuu#, HepaBHBIH TOX-
NeCTBEHHO HYJI0, OCTATOK 7y (X)
H ecTb oOumi HaHGOMbUIMA 1e-
nutenb, B Tom, uto r, (X) ecTb
zemurens f(x) u g (x) yGex-
JaeMcs TaK e, KaKk H JIs LesJbiX
YHCeJ, paccMaTpHBas PaBEHCTBA
CHH3y BBEpX.




W3 mpeanocnennero paBeHCTBa:

Fm—1"qm— (*)
43 TPENINECTBYIOLUHX pPaBEHCTE:

T'm =TIm_a—

1 =Tm_3—Tm_s “dm—
rm—2 == rm—4 rm—3 qnz—‘:
o . . . . . . . . . " .
r,—a—bg,.

[ToxcraBasim MOCI€I0BATENBHO
3HEUCHHS 7,1, ooy oo 7y B (%),
BHIPa3HM 7, yepes a u b:

Fn=au-b3,

rze a ¥ B uease (HO He 006s-
3aTeJIbHO ITOJIOXHTJIbHbIE) UHC/Ia,
DTO paBeHCTBO H MOKA3bIBAET, UTO
r,, DenHTcs Ha BCAKHA oOuiui
oeautenr @ 4 b, 1. £. uTO
rm=d. 910 MoxHO opmyIH-
poBaTh Tak: ecau d ecTb O6LIMi
HAHGOMBUINH HeNHTeNb HATYpalib-
HHX uYdcel a W b, To Bcerna
MOXHO 10406paTh JBa LEJHIE
yucaa o M B, TakHe 9TO:

a-atb-B=d.

B vacTtHOCTH, eciu @ U b B3a-
HMHO NPOCTH, TO MOXHO M0XOG-
patb o H P Tak, uToGH

a-atb-B=1.

Hanee M3 npeanoc/enHero
paBeHcTBa MaxOaHuM I, (x):

T (X) = s (X) —
—Tm_1 (X) Im—i (x) (*)
3areM, HIs CHH3Y BBepX, Ompe-
JensieM M3 OCTaJbHBIX PABEHCTB

ocTaTkH Iy (X), 7m_s (X)
H T. 4.

Fm_y ()C) =Tm—3 ,’C)—
— s (X) dm_s ()C)
Fi—s (X) =Tm_4 ()C) -
- rm 3 (X) Im_- ()C)

. e e e & 4 &

r1(x):f “\)—g(x) g, (x).

[MoncraBasss mocaen0BaTeNbHO
nabinennsie 3Havenus r,_; (X)
F'ms ()C),..., ri(x) B (¥) Bupa-
3um r, (x) uepes f(x) u g (x):
rm(x) :f()C) ' (?(X)-I—g ()C)"P(X),
rie ¢ (x) u ¢ (x)— HekoTOpHIE
MHOTOYJIEHH. JTO DPaBEHCTBO H
MOKAa3bIBALT, UTO 7p, (X) LeanTCs
Ha BCAKHH OOLLMHA NeNHTeb PYHK-
uuit f(x) u g (x), 1. e., urTO

rm (X) =D (x).

[Tonyuennoe COOTHOLLEHHE
MOMHO BHIPA3HTh TaK:

ecan D (x) ectb oGum# Hau-
GO/IbLIME IeMUTeNb MHOTOYJIEHOB
f(x) n g(x), To Bcerma MOXHO
HaliTH 1Ba MHOTOYIeHa @ (X) h
$(x) Takux, 4TO

J(x)-0(x) + g(x)- 9 (x)=D(x).

B uactHOoCTH, ecnu GyHKUHH
f(x) u g(x) B3auMHO MPOCTHI,
TO MOXHO MoxoGpath @(x) H Y(x)
TakK, 4TOOHI

f(x)3(x)+gx)-9(x)=1
11



HI. Jaa B3anMHO mNpPOCTHIX dHcea (MHOro4JeHOB) HMEIOT MeECTO
cAeylollHe TEOPeMbl

1. Ecau npoussenesue a-b
Ie/UTCH HA C, a @ B3aUMHO IIPO-
cT0 ¢ ¢, TO b menurcs Ha c.

2. Ecan @ B3auMHO mpocTo ¢
¢ U b B3auMHO TPOCTO € C, TO U
X Tpou3BelgenHe «-b B3aHMHO
npecTo ¢ C.

3. Ecin @ menvtcs na Kauaoe
U3 IBYX B3aHMHO NPOCTHX YHCEJ
b u ¢, TO OHO JEJHTCS W HA HX
npousseneHue b-c.

1. Ecau npoussemeHue MHOTO-
ynenoB f(x)-g(x) nemurcs Ha
h(x), a f(x) u h(x) B3aumuo
npocTHl, To g(x) neautcs Ha h(x).

2. Ecim f(x) Bsanmno mpocto
¢ h(x) u g(x)B3aumHO mpOCTO
¢ A{x), To ux mnpousBeneHHe
f(x)-g(x) B3ammuo mpocto ¢
h(x).

3. Ecin dynkuns f(x) ze-
JIUTCS Ha KaXawni H3 AByX B3a-

HMHO MPOCTHX MHOTOWIEHOB g(X)
u h(x), To osa memuTcs u Ha
ux npoussemenue g (x)-4(x).

JlokasaTenbCTBO 9THX NpelnoXeHnfi 6e3 Tpyaa NPOBOIMTCH, eCJH
BOCMOJ/Ib30BAThCS  COOTHOWeHuAMH ao-+b B=1 u f(x) ¢ (x)+

+ (0¥ (x)=1.

Yucao, KOTOpoe nenuTcs TOJMBKO Ha 1 M Ha camoro ce6si HashBaeT-
cs npocmbim. TIpOCTOMY YHCAy B TEOPHH MHOTOYJIEHOB COOTBETCTBYET
TMOHATHE HENPHBOIMMOTO, HE PpAa3/araiolierocsi HA MHOXHTENH MHOrO-
yneda. Ha nowstun wenpusoOumocrmu Mu ocTaHoBUMcs Hume (§ 3,1).

Ecau p— npocroe uHcn0, TO BCAKOE YMCJIO HAH IEJUTCH HAa P HIH
B32HMHO NPOCTO C p.

Ecnu npoussesenne q-b menuTCs Ha NMPOCTOE YHCJO Py TO MO Kpai-
Hell Mepe O@MH H3 COMHOXHTENeH NeNHTCs Ha p.

Bcskoe (HaTypasnbHOE) YHCJIO 72 MOXeET GHTb €IMHCTBEHHHM 0Gpa3oM
pas/oKeHO Ha NpOH3BeJEHHE NPOCTHX uyHcen. Ecaum npu aToM memu-
Teab p, BCTpeyaeTcd o, pas, HeauTenb p, &, pas U T. L., TO pa3io-
JHCeHUe HUCAQ N HA NpoCmble MHOMNCUMEAU umeem cAeOyrOwul 8ud:

n=p,"py"%. D’k .

B TeopuH yHcesn BooGlLle H B YACTHOCTH B HAalIEM BOMpPOCE BAaXHYIO
PONb HUTPaeT 4uUCA0 Hucen 63aAUMHO NpocmuX ¢ N U He npeswularo-
wux n; 3Ta BeJIHYHHZ HOCHT Ha3Bawhe uyucja0BOH gPywryuu iaepa
u o6osnayaercs cHMBoJoM ¢ (n). Ecim p npocroe uHcno, TO, OYEBHA-
Ho, ¢(p)=p—1. B obwem xe ciyyae BupaxeHHe A% GyHKLUH
@ (n) 6osee CIOKHOE; OHO MOMET OHITH MONYYEHO SIEMEHTAPHEIMH
METOJaMHM TeopHH uucel. Mu BuiBelneM Bhpaxenue 118 ¢ (7) HHxe
(§ 2, 3) monyTHO ¢ paccMOTpeHHEM CBOHCTB IBYYJIEHHHX YpPaBHEHHH.

12



§ 2. ABYYWIEHHBIE YPABHEHUS

1. Peumrenne ypaBuenns x"—a=—0 CBOOMTCH, KaK MH BHIE/H
BHIIE, K H3BJIEYEHHI0O KOPHS M-H cTemeHd H3 4YHcla 4. 3amaya 3Ta
6nsa pelteHa HaMH B mpexmecTsylomieM naparpade (§ 1, 2) ¢ nomoutswo
TPUrOHOMETPHYECKHX HJIH MOKa3aTeJbHHX (QYHKIHHA. DTO TPAHCLEHAEHT-
HOe pellleHHe SB/AEeTCHd, ONHAKO, HeXOCTATOYHHM IV HALIMX JAaJbHeH-
mux uenaeff, H60 HaC HHTEpecyeT BO3MOXHOCTH Pa3pCLICHHS ABY4YJIEH-
HOTO YpaBHEHHS B KBaJPaTHHIX paAMKaJax; HOJyYyeHHOE e pelleHHe
OTBeTa Ha 3TOT Bompoc He AaeT. [Jo3ToMy Mul 3afiMeMcsi BLISCHEHHEM
BO3MOXHOCTH peIlIeHHs IBYYJE€HHOTO YpaBHEHHs a/jreGpaHuecKHMH cpel-
CTBaMH,

Kak M BHIenH BHIte Bce 72 KOpHe# ypashenns x"—a =0 (a=40)
pasixuHbl, B TOM, 4TO 3TO ypaBHeHHe He HMeeT KpPATHHX KOpHEH
MOXHO OBbIO On yGenuTbess ewe M Tak. Kawamit kpatHh#l Koperb
PyHKuHH mamle'rca, KaK M3BECTHO, KopHeM ee mpoussomuoi. IIpous-
BogHast %e f'(x)=nx""1 He umeer Hpyrux Kopue#i, kpome X =0,
He SIBJIOUETOCS KOPHeM (yHKIHA f(x)—x —a.

[MoxaxeM, uTo pewenne ypaBHeHus X"-—a@=—0 MOXHO CBeCTH
K HaXOX(ICHHIO OJIHOTO KaKero-HHuGyIb KOPHS STOTO YPaBHEHHS H pelle-
HHIO ypaBHeHHsi X" —1=0.

[Tycts o — Kako#-HHGYAb KOpeHb ypaBHehns x"—a =0, a e—io-
6ot KopeHb ypaBHeHuss x"—1=0, T. e. KakoH-unOGyab KOpeHb 7-#
CTENMEHH M3 eJHHHUH. Torna o.c gBIfeTCS TdKXKe KOPHEM YPaBHEHHs
x"—a=0. B camom nene:

(ax-e)*=0a"e"=qa-1=a.

[lycts & u B— nBa kakux-HuGynb kopusi ypaBeewns x"—a=0.

Toraa
n n
(E) _F_a_,
« an a ’
HO coomomenue( ) =1 ykasnBaer, 4TO B €CTb KOpeHb H3 enxu-
HHUK: o

g

=z; B=muae.

Ecau, cienosateNbHo, & ecTh KOpeHb JBYY/IEHHOTO ypaBHEHHs
X" —a==0,.10 MmoGo# Kpyroft ero Kopeup B MH NOAYYHM yMHONE-
HHEM o Ha KOpeHb /1-H CTENeHH U3 eXMHMIIB; MHl MOJy4YHM, TaKHM
00pa3om, BCe€ KOPHH ypaBHeHHs X" — @ ==(0 yMHOXEHHEM OIHOTO €ro
KOpHAi Ha BCe KOPHH MH-H CTemeHH W3 eJHHULIH, T. €, Ha BCE KOpHH
ypaBuenust x"—1=0, Takum o6pa3oM, pewerue ypasnerus x"—a—=—0
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C600umcs K HAXO0NCOCHWIO 00H020 KaK020-HuGyob KOPHS 3moz20 ypag-
Henuss u K pewenuto ypaswenus Xx"—1=01). ItuM noCJIEIHHM
ypaBHEHHEM Mul B JajbHeHuieM H OyIeM 3aHHMAaThCsl.

2. OGpaTuMcst Temepb K PAacCMOTPEHHIO CBOHCTB KOpHelf ypaBHeHHst

x".___‘l::o’ ﬁ)

HJIH, 4TO TO e, CBOMCTB KOpHeH n-H crTemenH W3 egunuun. Jng Ha-
rASgHOCTH 6yJeM HJIIOCTPHPOBATDL MOJy4YaeMble COOTHOUIEHHS, MpHoeras
K TeOMeTPHYeCKOMY HCTOJKOBaHHIO KODHeH /- CTemeHH W3 eXHHHIIHI,
KaK BepuUIMH IIPABHJIBHOTO H-YrO/JbHHKA, BIHCAaHHOIO B KPYyr €IHHHY-
HOTO paaMyca.

Kak Mbl BHIeau Bhille, Bce 7 KopHel ypasuewnus (1) g, &, €5,008p_y
noay4yaoTcss mo gopmyne:

2kw 2kn
ek:COST+L sirl-7l—— —=e" (k =0,1,2,.,n— 1). (2)
Ortclona Jerko BHAETh, UTO NpH 11060M &
J— IS 3
o= ()" 3)
Taxkum 06pa3oM, Bce KOPHH M- CTeNeHH H3 eNHHHIB MOTYT OHTh

27
NOJYYeHE KaK TMOCJAeA0BaTe/IbHHE CTENeHH nepsoz0 KOpHA & =—e€”
(xopenb g,=1, o6mu#i n1st Bcex ypasHewu#t x"—1=0 npexncran-
JsieT TPUBHAJIBHOE pellierHe):

2 2 3 a
€1y B17y €1 ynee sy — 1,

TIpHYeM, 3aMeTHM, B 3TOM CJyyae COXPaHfeTCsl DPACNOJIONEHHe KOpHed
B MOpSIAKE BO3PACTaHHsi MX AapryMEHTOB, 3TO pacrosoxeHHe OyneM
Ha3BIBATb HATYpaJIbHBIM,
2ri
B reoMeTpHYecKOM HCTOJKOBAaHHH YMHOMEHHe Ha €" ecThb IMOBOPOT®)

2%
Ha yroJa E‘ . Ilpennomenne (3) momyckaeT, TakuM 00pasoM, CJeXyIO-

Y10, COBEPLUIEHHO OYEBHIHYI0, F€OMEeTPHUECKYI0 HHTEpPUpPETalHio: BCe
BEPIUHHE [PABHJILHOTO /-YTOJbHHKA MOTYT OHIThb MOJNYYEHH H3 MEPBOH

—
T

€r0 BePIIYHH (AI) MyTeM MOC/ACAOBATE/IbHBIX [OBOPOTOB Ha yroJa
(uepr. 3; n=28).
1) Dro npeanomensde Moker OblTh 10Ka3aHO eme Tak. [lonmaraeM x =a-y
W I1:ICTaBIsEM B LaHHOE yDaBHeHHE:
atyt—a=0; ay? —a=0; a(y*—1)=0; y*—1=0.

PN — i
%) YMHOKEHHE HAa KOMIIEKCHOE wyucao 2 = p(cos¢4-ising) =p e® pag-
HOCHJABHO, KaK U3BECTHO, PACTAXKEHHIO MOJAyJAd B § Pa3 U MOBCPOTY Ha yroa ¢.

14



[Mokaxem crenyioniee cBOHCTBO KopHefi ypaBaenns (1). Ecau e- #
¢! KOpHH n-ff CTeNeHH M3 eNMHHUM, TO HX MPOH3BEHEHHe €-&', YacTHO €

k

€ .
—,, a Takxe Jo6as Uekas CTeNeHb e, MPeACTaBIfAIOT COGOH TONE
. 0

KOpPHH 7-# CTeNneHW M3 eXHHHUBI, n
B camom nene no ycnoBuio e"—1 ue" =1, Toraa:

(e-a')"::e"-a’n—_—l-l:l

z\* " 1
(%) a1
(ek)n — eI;n — (an)k — 11: —1.

Takum o6pasoM, npelsioxeHHe N0kasaHo. [eoOMeTpHYeCKH OHO HJIIO-
CTpHpYeTCsl TaK: IIpH NOBOPOTE KaKoW-HUGYHb HepIUHHB PABHILHOrC
71-yroJibHUKa (B OJOXHTENIbHOM WJIH
OTPHUATEJILHOM ~ HAampaB/eHHH) Ha
yros, COOTBETCTBYOWMH npyroi
(umu To#t e camoi) BepuHHE 3TO-
r0 M-yroNbHHKa MBI MOJIYYHM OMNSTh
HEKOTOPYIO BEPIIHHY 3TOrO e MHO-
royroJIbHHKA.

[Tycts e — kakOH-HHOYAb KOPEHb
n-# crenend M3 eauHuuu. ITo moka-
3aHHOMY, B OeCKOHeYHOH nocJjeno-
BaTeJbHOCTH

g, & N 53, ceny Ek...,

KaXIbf ujleH fBAgeTC KOpHeM 7-#
CTeNeHH M3 eIHHHNB. B 3To#l mno- Ay
CJIe10BATEeJbHOCTH CONEPKUTCH B ya- Yepr. 3.

CTHOCTH M wJeH, paBHuit 1, Takum

6ydeT BO BCAKOM cayyae e, HO MOXET OKa3aTbCl DABHLIM EIMHMIIE W
KaKOH-HHOYI1b M3 MpPeAINeCTBYIOMNX WieHOB. [1ycTh 71— HaWMeHbLInH
110K33aTeNb, PH KOTOPOM

eM—=1,
Mbl cKaxeM TOrIa, YTO KODEHb & NPUHA(.1€MCUM ROKQA3ameno m.
TToxaszameas m, ¥ KOmOpoOMY NpUHADAeHCUM KAKOU-HUOYAbL KOpEHb
n-ii cmenenu U3 eOUHULBL O0ANHCEH Obimb OeAumenem “4ucai n.
Hokaxem 9710, [lycTh e— npuHamiexaumuii noxasartenio 71 KOpeHb
7-f CTeNeHH M3 €IHHHILbI,
Honyerum, yto n=mq-r (0 Lr<m).
Torna
=M+ T = (")l =¢", T, ¢,



e"=1. U tak kak r<m, 10 ecau GH r GB/IO OTAHYHO OT HyJs, 5TO
HPOTHBOPEYH/IO Obl TOMY YC/IOBHIQ, YTO & NMPHHANJIEWHT MOKAa3aTenio /1.
Urak, r=0 H, c1el0BaTeNbHO, L= g, T. €. I — eCTb NeJIHTeNb /.

Ecnu kopeHb e ypaBHenHs x™— 1 — 0 npHHaIJIeXKHT IOKA3aTEJIO 71,
T. €. ABASETCH KODHEM JAHHOTO YPAaBHEHHS, HO He YIOBJIETBOpPSET
HUKaKOMYy ypaBHeHHI0 X" —1=0, creneHd MeHbLIeli, yeM 71, TO TaKOH
KODeHb Ha3bBaeTcsi nepsoobpa3Hum KOpHeM ypaBHeHHs x"—1=0,
HJIH, TPOCTO, MepBOOOpasHHM KopHeM n-# cremenH. TakWM KopHeM
HABEPHO $ABJSAETCS NMEpBHH KOpeHb

—_— n
e, —e

2nik
Tak Kak e?=1, Ho e¥=¢ " £ 1(npu k<nm). Ho kpome ¢, cy-
ILECTBYIOT elie ApyrHe nepsooOpasHbie KOpPHH,

BepuiHHy rn-yro/nbHHKa, COOTBETCTBYIOULYIO NepBOOOpa3HOMY KOPHIO,
Mbl Ha3oBeM coOcmsenrod BepuinHofi. CoGcTBEeHHas BepIIHHA M-yTOJb-
HHKA HEe NPHHAMJIEHKHT HHKAKOMY MHOTOYTOJIbHHKY C MEHBILIHM, YeM 71,
4YUCc/IOM BepuinH, Tako#f BepIIHHON HaBepHO #BJAsETCS mepBasi (mocie
HayanpHOH) BepILMHA Fi-yrOJIbHHKA.

OCHOBHBIM CBOHCTBOM MEpBOOGPA3HHX KOpHEH siBJSETCH CJenyoliee:

Ecin r ectp kako#i-m6o  nepBoOGpasHHH  KOpeHb  ypaBHEeHHS
x"—1=0, To ps1 M3 7 MOCNAELOBATEJIbHHIX €ro CTeneHei:

rr., o, =1 4)

1IpeNCTaBAsieT Bce 72 KOpHed n-f1 cTemeHH M3 eIHHHUW (B OTJHYHOM,

Boo6uie roBOpsi, OT HATypa/JAbHOr0 PacnoOJIOXKEHHs ﬂOpﬂllKe).
2 i

Mbul Bunenn, yto 3THM cBOHCTBOM 06Jajan nepBHi KOpeHb ¢, =—=¢ ".
ITokaxem cnpaBeAlNMBOCTb 3TOr0 AJMS BCSKOTO TMEPBOOOPA3HOTO KOPHA.
B camom nmene, xaxIbifi yleH HANHCAaHHOTO DA €CTh KOPEHb JAHHOFO
YpaBHEHHS, U BCE OHH MeXIy co60# pa3nnunu. B camowm zmene, eciu npen-
nonoxuts, uto npu kB >1 rf =, 10 r¥l=1, a rak xax
K—1i<n, T0 r He OGbin 6Gu nepBOOGPa3sHHM KODHEM,; YTO MpOTH-
BOPEYHT YCJIOBHIO.

OtMeyeHHOe CBOMCTBO MepBOOGPA3HHX KOpHEH MOKa3blBaeT, YTO I
pellleHHs] IBYYIEHHOTO ypaBHeHHs x" — 1 — 0 Z0CTaTOYHO HalTH TOJIbKO
OIHH €ero nepBOoO6Gpa3HbHH KOpeHb; BCE OCTa/lbHble KODHH OYIyT moay-
YeHH H3 HaWJeHHOro nepsBoo6pasHOro KOpHSA MyTeM MOC/EeNA0BATEIbHOrO
BO3BHILLEHHS] €r0 B CTeNeHb.

Ecin xopeub He sBJsieTcs 1€pBO0GPA3HHIM st ypaBHeHHs x"— 1 =0,
TO OH IPHHALJIEKHUT K HEKOTOpOMy moKasatemio m (m — pmemnu-
TeJb M) M, CJAefoBaTeNbHO, Oymer nepBOOGPasHHM I8 YPaBHEHHS
xM—1=0 Hu3wmwe# crenex.
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Kak ysHaTh, fiBAfieTCs /M NaHHHM KOpeHb MEPBOOGPA3HHIM H €C/IH
HeT, TO K KaKOMy IOKa3aTell0 OH IMpHHANJAEKHT (NepBOOGPasHHM
KOpHeM KaKOH CTeneHH OH SBJISETCR)?

OtBer naer ciexymollas TeopeMa.

ITycTh r—kakoti-mi60 nepBooGpasHuift KopeHb ypasHeHus x"— 1 =0;
TOr4a, Kak Mu BHIenH, psa (4) npeacTaBaseT Bce KOPHH 3TOrO
ypaBhenus. TeopeMa yTBepK1aeT, 4mo Kopers r* npunadsexcum k noxa-

n .
3amenio FE 20e d — ecmp o6uwuii nauborvuuii desumens yucer R u n.

Iokaxem 3TO.
Mycrp r* NPUHALIEWUT TOKA3ATEN0 /71, DTO 3HAYMT, YTO

(rk)m — rkm =1,

NpHYEM M HOMAHO OHITb HAHMEHBIIHM YHCAOM, NPH KOTOPOM 3TO COOT-
HOILLIEHHE HMEeT MecCTo,

Tak kak r—ecTb nepBooGpasHuil KOpeHb M-ii CTeneHH, TO H3 COOT-
Homenns r*™—=1 caenyer, uto km KOMKHO GHTH KDaTHO 71

km =ngq.
Ecau d ectv o6umii HauGoabwmii menuteas k H 1, TO

k=kdwn n=nd,

rae 2, H 1, B3anMHO NMpocThl. [loxcTaBisst 3HaueHHss 2 M 1 B HallHCaH-
HOE COOTHOLIEHHE H COKpaulas Ha d, NMOMyyHM:

kRim=nq.

Orcrona crexyer, uTo 2,/ NO/KHO AEJHTHCH HA M,, M TaK KaK R, U 1,
B3aHUMHO NPOCTH, TO /2 JOJI2KHO AEJHUTBHCH Ha n,. Haumenbiee BO3MOX-
HOe LISl 9TOro 3Hauenue /M ectb m=r,. [lokaxkem, uro (r): geii-
CTBHTE/IBHO PaBHO eXHHHILlE. B camom pere:

(rk)m — phny — phdny — phyn — (rn)h1 —=1.

U Tax Kkak, Mo IOKa3aHHOMY, 7, €CTb HAHMEHblUee 3HaueHHe IS I,
To r¥ mpumagnexuT nokasatemo n,, HO

Takum oGpa3om, Teopema XOKasaHa.

Otciona BuTeKaeT Takoe CIeICTBHE,

Has mozo umobs r* Geno nepoobpasnsm Koprem n-ii cmenenu,
Heobxo00umo u docmamouro, 4mobs. k 6bin0 B83aUMHO npocmbs C M.

He#tcteurensno, ecan (kn)=1, 10 d=1 u r* npusanaexur k
fI0OKa3aTeNql0 7, T. €. SBISETCH NepBOOGpasHHM KopHeM, Ecan e

2 A. T. Wkoabuuk 17



n
(k,n)=d #£1, 10 7 <nn r¥ npHnanasIeXUT NOKa3aTeNo, MEHbLIEMY ,

YyeM 71, H NMEepBOOGPa3HHIM KOPHEM YXe He sBIfeTcs.

3aMeyvyanue, [dokasaHHas TeopeMa H CJENCTBHE M3 Hee HE 33aBHUCHT
OT TOro, Kako#i nepsooGpasHbil KOpeHb NPHHAT 3a OCHOBaHue psna (4);
JAaHHHA KODeHb MOXET NPHHANJIENKaTh TOJAbKO K OJHOMY KaKOMY-HHOYIb
MOKa3aTesi0, HE3aBHCHMO OT TOTO NEpBOOODPA3HOrO KOPHS, NPH MOMOLIH
KOTOpOTO OH BHpaxeH, [1okasarh 370 MoxHO Tak. [TycTh p Kako#-HHOY b
Ipyroit NepBooGpasHHil KOpEeHb NaHHOTO YpaBHEHHH; TOTrHa

2 n—-1 .n
Py % P

TaK¥e NpeincTaBasioT co00f Bce KOpPHM Haulero ypaBHeswus, Kak Bhipa-
3HTCA B 3TOM psiAy KopeHb rk?

Tak Kak 7 ecTb 1epBOOGpasHHil KOpeHb, == (°, Tle § B3aHMHO IIPOCTO
¢ n. Orcona

k___ k___ sk
r‘=(p")" =p™.
[To moxasamHOH Teopeme Kopeub @* NOMKeH NpHHALIEKATb MORa-

3aresmo rae d,— (sk, n). Ho o6uwuit HanGoblul nenuTenb yuces

n
)
d,
Skunukunoaus u TOT XKe, TaK KaK S B3auMHO mpocTo ¢ 7. [Tostomy
d, =d. Tlonyuaem, cienoBaTe/bHO, TOT e CaMHil MOKa3aTeab.

B wuvactHOocTH, ecau 3a mnepBoOOpasHHl KOpeHb INPHHAT ,MepBbIH“
2ri

KOpeHb n-H CTemeHH e,=—=¢€™, H BCE KODHH

( B,
J— ~ - —k—pn
SO-— 1, 81’ Cayerey Epy weny €n__1 Ek—cl —=e

pacloJIOXKEeH !, CJeIOBATENbHO, B HATYPaJbHOM MOpSAKE, TO MOMHO
CKa3aTb, 4TO K- 1O TOPSAKY KOpeHb &, NPHHALJIEKHT K MOKa-

3aTeJI0 rie d=(n, k); e, sBAfeTCS NePBOOGPAa3HHM B TOM

n
'd—:
cryyae, ecaM HHIEKC &2 B3aHMHO NpocT ¢ 71,

W3 cxasauHoro cjexyer, uYTO nepBooGpasHHX KOpHelt ypaBHeHHuS
x"—1=0 cyuwecrByer CTO/JbKO, CKOJbKO €CTb YHCEJ B3aHMHO NpO-
cThix ¢ 72 (H He mpeBocxoaswHx 7). M B wacTHoCTH, ecau 12— npocToe,
T0 nepBooGpa3ubix KopHed Gymer n— 1.

Mpumep. x'2—1=0. Us 12 xopHelt 3TOro ypaBHeHHuS

=1, &, &, &, &, %, % °1, %3 % &0 11
nepBo0GPasHbIMH GYAYT KOPHH, HHAEKCH KOTOPHX B3aHMHO MPOCTH ¢ 12:

€1 &5 &1y Enp
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Hemurtenn 12 caenywowwme: 6, 4, 3, 2, 1,
IMoxasatemo 6 Gyxyr npunamnexarb (nepBoOGpasHuMH 11 YpaB-
HeHnst x®—1=0) xkopHH ¢ uHIEKCaMH, nmeloummn’ ¢ 12 o6wui

12
HaHGOJBIIMA NeluTes b, ONpEAE/SeMHH M3 COOTHOWEHHS — == 6, T. €.,

d

HMEIoWMMH ¢ 12 o6um#i Han6o./b-
IHi nemurtens d — 2; TaKOBH KOPHU

€9y E10.

Ilanee Tak e YyCTaHaBIUBaeM,
uTO MOKa3areno 4 npHHaxIexar
KOPHH &; H &y, INOKa3aTeno 3 —
KOPHH €, H &g M NOKa3aTeNo 2 — Ko-
penb g5. Kopenb gy =1, o6uu#t n1s
BceXx ypaBHeHHH X" — 1 =0 moxHO
CYHTaThb NEPBOOGPA3HHIM IS ypas-
Heuus X — 1 == 0 u, cJexoBaTe/bHO,
NpHHAIJIeKAIHM ToKa3areno 1.

I'eomeTprueckH pa3oGpanHsiil npu- )
Mep MHTepHnpeTHpyeTcs Tak. B mnpa- Ao
BHJIbHOM JABeHaALLATHYTOJBHHKE (CM. Yepr. 4.
yeprexk 4) BEpIIMHH:

A4,, A;, A, A,; —coOGCTBeHHHE A5 ABEHANILATHYT OJbHHKA;
9y Ajo — NpHHALIEKAT WIECTHYTOJIBHHKY;
g3y Ay — NPHUHALJIEKAT YETHPEXYTOMbHHKY
A, Ag — NpHHALIeKAT TPEYTOJILHHKY;
Ag — eCcTb TOUKa NEJICHHS OKDYXHOCTH MOMOJaM, H
Ay —HauanbHas TOYKAa BceX paccMaTPHBAaeMHIX MHOIO-
YTOJIbHHKOB,

3. My Buzmenn, u4to yHCIO TNepBOOGpPA3HLIX KOpHEH - cTeneHu
PaBHO YHCIY uMCeJ, MEHBIIHX 7 M B3aHMHO TNPOCTHIX ¢ 7. Besnnunua
374, KaK MHl yKaswiBanH shiute (§ 1,4) Hocut HasBanue gywryuu Jisepa
H o06o3Hauaercs cuMBosioM @ (7).

Hrak, uncio nepBooGpasunx KopueH ypasuenuss x"—1=—0 pasHo
9 (7). Mu cTaBuM ceftuac cBOeii 3amauefi BHIBECTH BHIpAXEHHE I
3TO# vyHca0BOH yHKUMM.

3aveTHM mpex e Bcero CJeRylouiee: €CAM 7 H S YMCAAa B3aHMHO
OpocTHie, TO ypaBHeHusi X' —1=0 U x°—1=0 ne uMeOT 0O6LHX
KopHel, KpoMe x=1. B camom Zaese, mycTb % — OGLIHH KOPEHb 9THX
VpaBHeHHH, TOTIa

=1u =1,
Tak kak (r, §)=1, To MOM¥HO mnOIOOpaTh TaKHe UEMBE YHCIA

p H G, yTOOH
r-p+s-s=I1,
2% 19



a Torza
a=arrtss = (a")r. ()’ =1,

T. e, 0 He06XOLUMO DaBHO eIHHHILE.
BosBpamasch k ¢yHkunH ¢ () MH B NEPBYI0 OYepeab MOKaXeM
Creaymoliee €e CBOHCTBO; €C/H 7 M § B3aHMHO NPOCTH, TO

¢(r-s)=2e () ¢ (s). (5)

Yro6H BHBECTH 3TO COOTHOLIEHHE, PAacCMOTPHM COOTBETCTBYIOLLHE
IBYYIEHHEE ypaBHEHHS:

X%—1=0, ¥X—1=0, xX*—1=0.

[Tocnenuue mBa M3 HMX, KaK MB BHJE/H, He HMEIOT OGIIHX KOpHeH
(xpome x=1).

Myctb o -—nepsoo6pasinft KopeHb ypaBHenns x'—1—=0, a B—
neppoo6pasHuilt kopeHb ypaBHenus Xx°— 1==0. IlokaxeMm, uTO HX
npousBeenHe a3 ABNAETCH NepBOO6PasHHM 1715 ypaBHeHus X —1=0.
[Mpewne Bcero yGewmaemcs, uTO af €CTb KOpPeHb ITOrO YpaBHEHH::

(ap)rs — ars_ pps — (ar)s. (ps)r — l.
IMycth af — npHHAnIEXKHT K NOKasaTemo M:
@B)"=1.

am—= B-m.

Orcrona

o™ —ecTb KopeHb ypaBHeHHss X' — 1=0, f7™ — KopeHb YypaBHCHHS
x*—1=0, u Tak KaK 9TH YpaBHEHHSi He HMe0T OOLIUX KOpHEH,
KpOMe eIHHHIb, TO

at=p""=1,

Tak kak o — ecTb nepBoo6GpasHuit KopeHs ypasHenHs x"— 1 =0, To
U3 a™m=—1 ciaexyer, 4T0 /7 HNOMKHO OHTb KPaTHO 7, TOUHO TaK Ke
H3 paBeHcTBa B~ ™ =1 crexmyer, yTO /7 RO/DKHO NEJHTHCS Ha § M TaK
KaKk 7 M S’ B3aUMHO TPOCTHI, TO M IOJKHO JEJHTbCS Ha HX IpOM3-
BexeHue r-S. IlosToMy HauMeHbluee 3HaueHHe nJs M ectb r-S. Ko-
peHb o npHHamiexHT, TakuM o0pa3oM, MoKasaTeno rS, OH €CThb
nepBoO6pa3Hbiil KopeHb ypaBHeuus x™—1=0, Tak Kak ypapHeHue
X" — 1 =0 nmeer @ (r) neppoo6pasHux KOpHe#, a ypaHenne x° — 1 =0
¢(5) nepBoOCpasHbX KOpHEH, H BCe STH KOPHH Mexay COGOH pasiuyHbI,
TO OTCIOA c/leayeT, 4To Bee ¢ (7)- ¢ (S) npoussenenntt Buna o asasoTcs
nepBoOGpasHeIMH KOpHAMH ypaBHeHus x™°—1=0. ITokaxem, uT0
HHKaKMX IpYrHX MepBOOGPasHHX KOpHe#l 9TO YpaBHEHHE HE HMeEeT.

IMycts | — nepBooGpa3uuit kopenb ypaBHewus x™ —1=0, Tak kax
(r,s)=1, 1o MoxHO momo6paTh .1Ba TaKHX LeJABX YHCIA p M T, 4TO

r-p4s-o=1
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(3ameTHM TpH STOM, YTO P H-.G, @ TaK¥E I H O, NONKHH OHTb TOME
B3aUMHO TPOCTHIMH; B NPOTHBHOM CJyuae eNHHMLIA NOJ/KHA Owniia OHl
IEMUTHCA HA MX OGUMH He/qMTenb, YyTO HeBO3MOxkHO). Torma

,{ P er <+ Ss — .{rp_ .{80'.

1% ecTb KOpeHb ypaBHenus X" — 1 = 0, rak kak (y*) =" = (") =1;
nokaxem, 4to 7% ecTb nepBooGpa3HHt KOPEHb 3TOro ypaBHeHHd. [Tycth
1% DPHHANJEHHUT MOKas3aTeNIo M.

(.‘Sq)m — YSum f— 1,'

Tak Kak 7 NPHHAIJIEXHT MOKA3aTeso 78, TO § G/ nonxH0o OHTh KparT-
HO S, a CJ1eNOBaTeNbHO G /N MONKHO OHTH KPAaTHO 7; a TaK KaKk o
M 7 B3aMMHO TPOCTH, TO M JOJKHO JeMHThCs Ha r. Haumenbiuee
3HayeHue NAf M NPH STOM YCJOBHM M =—r; TakuM oGpa3oMm, 7 ecTb
nepBooGpasuufl kopeHb ypaBHenus x"-—1—0. CosepuenHo auano-
FHYHO -KOKAa3WBAeTCs, 4TO 7'f— ecTh MepBoO6pasHui KOpeHb ypaBHE-
uuga x°—1=0. MHrax, BCcakufi nepBOOOpa3HBIl KOpPEHb YpABHEHHS
X" —1=0 ectp mnpousBeseHHe neppoobpasHHX KopHeH ypaBHEeHHH
X—1=0u x*—1=0.

Tak Kkak, ¢ OLHOM CTOPOHH, YHCIO NepBOO6pa3HHX KOpHeH ypas-
Henuss X™*— 1 =0 paBHO YHCJAY YHCeJ B3aHMHO NPOCTHX C FS H HE
NPeBOCXOAAUIMX 7S, T. €, paBHO @(rS) H Tak Kak, ¢ APYro# CTOPOHH,
BCe mnepBooGpa3HHe KOPHH STOrO YpaBHeHHs MNpencTaBATcd B BHIE
¢(r)-9(s) npoussenenut Buna a-B (rze @ u B mepooGpasHue KOpPHH
ypaBuenuit x*—1=0 u x*—1=0), To OTCloZa M BHITEKaeT, 4TO

o(r-s) =19 (B)-9(s).

Teopema 5Ta HHIYKTHBHO DPaCNpOCTpaHseTcs HAa J110060e YHCIO0 CO-
Mmucxurenef. [lycte Teopema BepHa Af 7 — 1 nonapHO B3aHMHO IIpO-
CTHX COMHOMXHTeJeH:

¢ (9195 1) = 9 (91) - 9 (g2)-- 9 (Gnr)-

JlokaxeM, 4TO B TaKOM CJIyyae OHa HMEET MeCTO H MIA # COMHO-
wurenelt. Tak Kak ¢y-q,...d,_, U §, B3aHMHO MNPOCTH, TO

¢ (§19a+Gn_19n) = 9 (9:195-Gn-1) - ¢ (4n)

omyna, l'lpHHHMaﬂ BO BHHMAaHHE nonym.eﬁue, nony-xaem:
9 (9,95 ) =9 (1) ¢(42)--% (qn). (6)

Teopema nokasaua.
Ina p npocroro ¢ (p)==p—1. Hailtnem ¢ynkuuio 3Sitnepa nns
TOrO c/yyad, KOria 7 eCTh CTeNeHb MPOCTOTO YHCAa: N==p*
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B pany uucen or 1 jmo px
1,2, 3,..p"

o6liHe OeIHTeNH ¢ p" HMEKT 4YH(Ja, KpPaTHHE p:

0, 2p, 3p,.., P L-p

Takux wucen uMeetcd p*~ 1, OcTajpHHE e YHCIa B3aHMHO NPOCTH
¢ p*. Ux Gymer p*— p**. Taxum oGpasom

¢@)=p""p—1). (™
A Tenepp HeTpyIHO NOJY4HTb BHpawenHe nias ¢yukuuu ¢ (n) B
o6uieM cayyae. -
Ilycts n=p,™ py"2 ... py’k-

Tak KaK BCe COMHOXHTENH p.%, %2 ..., P.*k — YHCJIA TIONApHO B3aHMHO
1 2 k
NpoCTHE, TO, NPHMEHAA AOKa3aHHbIC BHILLIE TCOPEMH!, IOJyYaem:

¢ (n) =9 (p, " py .. Pi’R) =9 (") ¢ (P5*2)-. ¢ (Pi*r) =
=p (py—1). p2 7 (py—1)epie (P —1).
WUrak, ¢yHkuus Sfinepa ¢ (), Aalollas YHCIO YHCET B3aHMHO MpO-

CTHX C 77 H He MPEeBOCXONAILHX /I HJH YHCIO NepBOOGPAsHHX Kop-
He#t ypapHenns x" —1=—0, Bupaxaercd cienyouuM 06pa3oM:

e(M)=p 7 o e (o — D (0, — D) (e — 1) (8)
Hampumep: 1) n=12=2%.3; ¢ (12)=2; 2—1)(3—1)=4.
2) n=>54=2.3% ¢(54)=3%(2—1)(3—1)=18.

3ameTuM eme caexyromee CBOHCTBO ¢(yHxuun ¢ (7). Ecam B3aTe Bce
aenuTeny 9ucaa n (BKIOYasg caMo 72 U efHHUNYy):

l’dl)d2"-'9dk:n
u npuHath ¢ (1) =1, T0 cymma

(V) o(d) +o@)+..Fo @)+ o(n)=n

9710 caenyeT M3 TOro, 4TO

1) kaxnaui#t u3 n xopueil ypapHesus x" —1 =0 sBaserca mMepBooGpas-
HEIM JJA8 ONHOTO (M TONLKO OAHOTO) W3 ypasHemuii x4 —1=0 (rne d=1,
dy, dy..., dp, n);

2) uTo KaxABIli KODEHb yPaBHEHUS x4—1 =0 ecTp TaKKe KOpeHb ypas-
HeHug x"—1 =0, u 9ro

3) uncao mepsooGpasHmx KopHel# ypapmemus x?—1=0 pasHo ¢ (d).
Tax, nanpumep, nas n = 12 uMeeT MeCTO COOTHOIIEHHE:

e(D+2@D+¢@+r@+¢E)+9(12)=12

B 4E€M Mbl yG6eQuanCh HENOCPEACTBEHHO, Pa36HBas B DPAacCMOTPEHHOM Bhlme
npumepe ypaBHeHus x12—1:=0 ]2 ero xopHe#t Ha rpynnsl no HX ,mepso-
06pasHoi® mMpUHARJAEKHOCTH).
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§ 3., 0 PASPELIUMOCTH YPABHEHHA B KBAJPATHBIX PAJUKAJTIAX

1. TocrasnenHas HaMH 3amaya O BO3MOXKHOCTH NOCTPOEHHA LHp-
KyJaeM H JuHe#KoH NpaBuUJBHEIX MHOTOYTOJBHHKOB DPaBHOCHJBHA, Kak
MH BHEenH (§ 1,3) Bompocy O pa3peIIHMOCTH JBYYJIEHHOTO ypaBHe-
HUS B KBagpaTHeX pazukaiax, OCTasifs Ha BpeMsi ABYUYJEHHHIE YpaB-
HeHHs B CTODOHE, MH IIOCTaBHM Bonpoc B Gosee o6ued ¢opme —
O BO3MOXHOCTH peIlIeHHs B KBaJpaTHHX paaukasax Jao6oro aarebpaH-
yeckoro ypamHeuus. IIpH HccienoBaHHH 3TOro Bonpoca M 6ojee 06-
LIEer0 — O pa3peuIMMOCTH YpaBHEHHs B paaukajax BooOuie (He TOJIbKO
KBaIPaTHEX) CYIIECTBEHHYIO pPOJb HrpaioT MOHSTHS YHCJIOBOTO MOJS
H HENpHBOANMOH (YHKUHH.

ITosem B anreGpe Ha3bIBAE€TC MHOXKECTBO uHce), 00/JafalOUiMX TeM
CBOHCTBOM, UTO pe3ynbTaT paLHoHAIbHOH onepainuH (3a HCKIOYEHHEM
Ie/IeHHst Ha HYJb) Hal yucaaMH (3/IEeMEHTaMH) 3TOr0 MHOXeECTBa €CThb
OmATh 9JEMEHT TOr0 Ke MHOXecCTBa. TakuM oO6pasoM, HeHCTBHA CJIO-
MEHHs, BWYMTAHHS, YMHOMXEHHS W HejdeHHs (3a HCKIIOYEHHEM JCJCHHSA
Ha Hy/b) Hal 3JEMEHTaMH MO/s, KaK rOBOpPST, He BHIBOXAT 3a Mpexe-
Ael 310r0 Mo, MuoxectBo R BCex palHOHAJIbHHX YHCE €CTh NoJe.
ITonem Gynmer Takie, HanmpHMep, MHOXKECTBO BCEX YHCeN BHIA a+b|/2,
rie @ U b — pauuoHa/lbHBIE YMC/A, TaK KaK pe3yJbTaT CJOMEHHS, BbI-
YUTAHHSA, YMHOXEHHS H IeNeHUs HaJ YHCJIAMH STOro BHIA, €CTb YHCJIO

TOrO Xe BHJIA:
(at+oy2) (0 +by2)=@xa)+(b=b))7;
(a+06y2)- (al-l—b11/§)=(aa1+?bb1)+(ab1+alb)1/2_;
a-+b l/f"g‘:(a-+b]/2-—)~(a1—-b,l/2‘) aa, — 20t 1+
a+by3  (mby2)a—by2) a1—2b1

a,b—ab,
+ I_le l/g

Hyns cam no ceGe oGpasyer mouie, Beskoe uHoe mnose P, coaep-
#UT B ce6e noje R Kax yacTh, TaK Kak Colaepa KaKoH-HHGYIb 3ie-

o
MeHT o (#£0), OHO IOMKHO ComepkaTh H = 1,1+1=2 u 1. &

Eciau Hapany ¢ mosem P Mul paccmarpuBaeM HOBoe mose P;, Takoe,
yTo BCe 3neMeHTH P npuHamnexar motio P;, HO KOTOpPOe, KpoMme HHX,
CONePMEHT ellle M IpyrHe SJEMeHTh, TO moje [P Ha3blBaeTCs pacuiu-
peruen noas P.

Ecau « nomo P mpHcoelIMHeH HOBHH 3JEMEHT o, TO IS TOro
yro6bl HOBag 06MacTh MPONOJIK4/NA OCTAaBaThCA IoOJeM, HeoOXOmHMO
HapLYy C YACAOM O NPHCOCNHHWTH M BCE Te YHCJA, KOTOpHE Moayya-
I0TCS B Pe3ysbTaTe PalHOHANbHBIX AeACTBHHA Hal snementamu P u unc-
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aoM a. [Ipn STHX ©GCTOATENBCTBAX MBI CKaXeM, uTO HOBOE NoJje
(pacmupenne) P, nonyueHo myTeM npuOGU,eHUS S7NeMeHTa o K NOJIO
), UTO 3aNHCHBAETCA TaK:

P,=P[al.

Tak, HanpuMep, eCNH K NMOJMIO R pallHOHa/lbHHX YHCeN MPHOGHIHTH
HppanuoKambHoe uncao )/ 2, o pacmmpenne R [V/2] Gyzer cocrosrs
3 BeeX uncen Buma a--6)/2, rae @ w b paumoHambHme unCIa.

TIpH u3yueHHH CBOHCTB LieJINX PAalHOHAJIbHHX GYHKUHH (MHOFOWIEHOB)
CYLIECTBEHHOE 3HayeHHe HMeeT BOMpoC O TOH uyHcaoBOH 06JacTH, K KO-
TOpO# NpHHamIekaT KO3GQHUHEHTH naHHHX GyHkuu#. Ecan kosgpuuu-
€HTH MHOTOY/IeHA MPHHALJIEKAT NMOMI0 P, TO rOBOPAT, YTO MHOrOY/IeH
NPHHAMZIEKHT TOoMI0 P, uin gad B none P,

HerpyaHo BHmeTh, 4To 06w HauGoavwu# meautens D (x) muoro-
unenos f(x) u g (x), npunamnexaumx nomo P, caMm Toxe NpHHaLse-
WHUT NoM0 P, u60 KO3(HUHEHTH €ro HaXOHSTCA MYTeM PaLlHOHalb-
HHX JeficTBuft Hanm Kodduuuentamu f(x) n g (X).

Buiie (§ 1,4) MBI DpociennnH aHANOTHIO, CYLIECTBYIOULYIO MEXILY
MHOTOY/IEHaMH M UE/AHMH YHCTaMH M TOrAa e OTMETHJH, YTO MOHATHIO
NPOCTOro, He pa3naralolIerocsi Ha COMHOMXHTENIH 4HCJIAa COOTBETCTBYeET
TNIOHSITHE Henpugodumol QYHKUMH.

Ecmn uenas pauuonanbHas ¢yHKiuHA f(Xx) MoxeTb GHTb MpeACTaB-
JeHa B BHAE NMPOH3BEAEHHs JBYX KaKHX-HH60 MHOrounenos g (x) u k(x):

Fx)=g(x)-k(x),

H3 KOTODHX HH OXHMH HE CBOAHMTCS K NOCTOSIHHOMY, TO MBI FOBODHM,
yTo f(x) pasnaraercs Ha MHOWHTENH, HJIH YTO OHa NMPHBOXMMA; B MPO-
THBHOM CJyyae (yHKuus HaswBaerca Henmpusoaumolh, Ho mpu stom mo-
HATHE NPHBOAMMQCTH HJH HENPHBOLHMOCTH He OyIneT MMeTb ONpenelieH-
HOro coJepXaHus, eC/Ii He yKas3aTb TOH uuca0BOH 006JacTH, K KOTOpOMH
IO/KHE TpHHAL/eXath KodbuuuenTn ¢yskuu#t g (x) u £ (x). Tak,
¢ynxuus f(x)—=x?—2 HenpHBOIMMa BO MHOMECTBE PALHOHANBLHHIX

YHCeJ, HO pas/araeTcss Ha MHOXHTeMM [X? — 2 — (x — ]/_5) x+V2)

B NOJle MPPALHOHATbHHX uncen, W naxe B rore R [J/2].

Ecnn uenas paunonanbHas ¢yHkums f(x) Moxer OHTb pa3/ioxeHa
Ha MHOXHTenH (He CBOAALIMECS K MOCTOSHHOMY), KOSGMHUHEHTH KOTO-
pHIX NpHHanMexar noJio P, To GyHKUHS Ha3HBaeTCs npusodumoli 8 nose P;
B NPOTHBHOM CJlydae — Henpusooumoil 8 nose P.

Henpusoauuue (B none P) dpyHKiuuu 061a1ai0T PAIOM BaXHHX CBOHACTB.
Mycts f(x) n ¢ (x) uenwe pauHoHanbHble (GyHKUHH (MHOTOWIeHH)
B none P,

1) Ecan f (x) — nenpuBonuma, a ¢ (xY— moGas ¢yskuus (8 nore P),
T0 H60 @ (x) nmemtes Ha f (%), mbo ¢ (x) u f(X) B3auMHO NPOCTH.
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dro caemyer u3 10ro, uto f(x) M @ (X) He moryr Hmerb ofuerc
Han6OJIbIIETO NEJHTE/S, OTIHYHOTO OT MOCTOSHHOA WM oT f(x) (Tak-KaK:
f(x) wnenpusonuma).

2) Ecnu ypasHeHue ¢ (x)=—0 umeer OGHA KOpeHb C HENPHBOIH-
MbM ypaBHeHHeM f(x)=01), 1o Bce xopwn ypaenenms f(x)=0 ymos-
neTBOPSIOT ypaBHeHHio @ (x)=0 u ¢ (x) nemutes Ha f(x).

B camom nene, o6umit kopens ¢yukuu# f(x) u @ (x) sBIeTca Kop-
HeM HX O6uiero HaHGOJBLIEro HeJuTel]si, KOTOPHH NO3TOMY HAaBepHO:
OT/IHMYEH OT MOCTOAHHOM, a notoMmy ¢yukuuu f(x) # ¢ (x) He MoryT
OHTh B3aHMHO TNPOCTHMH, M, ciaenoBatenbto, mo (1) ¢ (x) nemurcs
Ha f(X); oTKyZa H clenyer, uTO Bce KODHH ypavHennus f(x) =0 yxom-
JETBOPAIOT ypaBHeHHIO ¢ (X) =0,

TMoaToMy, ecnH KakoH-IM60 KOPEHb & HENPHBOIHMOrO YPaBHEHHS
f(x)=0 He aBnseTcs KopHeM ypaBHeHHs @ (x) =0, To dynxuuu f(x)
H @ (X) B3aHMHO IPOCTH,

3) Henpusoaumoe ypaBhenne f(x)=0 He MOXeT uMeTb OOIIHX
KopHe# c ypaBHenHeM ¢ (x)=—0 Hu3me# crenenu *?), ITO BHTEKaeT
u3 (1), Tak KaKk B pacCMaTpHBaeMOM Ciy4ae ¢ (X) He MOMET HeJHTbCS
Ha f(x).

4) JIBa pas/qHYHHX HENMpPHBOAMMHIX ypaBHeHHd f(x)=—0 u ¢ (x)=0
HE MOT'YT HMeThb OGIUHX KOpHeH.

B camom gene, ecmu On f(x) M @ (x) HMenrH OGUIMH KOpEHb, TG
f(x) momkna 6nina Obl Henuthcs Ha @ (x) [maM HaoGopoT, @ (x) Ha
f(x)], o 310 HeBo3MOXKHO, TaK Kak f(x) HempuomHMA.

2. Hac 6ymeT uHTEpecoBaTb BONPOC O Pa3pelIHMOCTH ajre6paHyeckoroe
ypaBHenns f(x)=—0 B pagHKanax H B 4acTHOCTH paaHKaJIaX KBajpar-
ubix, PelunTs ypaBHeHHe B palHKalax —STO 3HAYHT, BHIPA3HTh NPH
MOMOLIM SJIEMEHTApPHHX aareGpaHYecKuX XeHCTBHH (C/IOMEHHS, BEIYHTA-
HHSl, YMHOXEHHs, IEJEHHs, BO3BEACHHS B CTENEHb H H3BJEYEHHs KOPHS)
KOPHH JaHHOTO ypaBHeHHs yepe3 ero kosduuuents. OnHako 5Ta 3axaya
Janexo He Bcerha paspemuMa (ypaBHenus puie 4-H crenend B o6tiem
BHIE He pelaloTcs B panHkanax). [TosToMy npu uccnenoBanHH anreGpaH-
YeCKOrO pElIeHHs YPaBHEHHH MH CTaHOBHMCS HA HECKOJbKO HHYyI0, 6osee
OOULYI0 TOYKY 3DEHHSl: Mbi PACCMAMPUBAeM pelileHue YPABHEHUS KaK
pacuuperue nep8orauasbrozo noas P (K KOTOPOMY NpHHaiIexar
KO3GHLHEHTH NAHHOTO YPABHEHHS) nymem npuobujeHusi K Hemy HOBBHIX
S/MEMEHTOB — KOpHell 3mo020 ypasHenus (MMM Ke NPYTUX BeNHYHF,
yepes KOTOPHE KOPHH NAHHOTO YPABHEHHSl BHPANAIOTCA PalHOHaNbHO).

C 3710# TOYKH 3peHHsl DelleHHe, HAaNpHMep, KBaNpPAaTHOTO YpPABHEHHS

1) Peuys HAeT, KOHEYHO, O KOPHE, He NMpHHaAJAekameM noaio P, n6o HelpH-
BollEMas B mode P ¢GyHKIUA He MOXET HMETh B HEM KopHel.

2) O1clpaa BHITEKAET, YTO HEMPHBORUMOE YPaBHEHHE HE MOXET UMETh KpaT-
BHX KopHeH, Tak Kak KaxANHA kpatunii Kopenb ¢yHERumu f(x) aBasgercs
BMECTE C TeM KOPHEM ee nmpom3BoRHOH f’ (x); ypaBuesne ke f(x) = 0 — Hu3-
melt creneny, 3eM f(x) = 0.
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%2 4 px-}-g=0 c pauHoHaIbHHMH KO3(HIHMEHTaMH eCTh pacIIHPEeHHe
IO pallMOHAMbHHIX YHcen R, nyteM npuoGuienus k R omHOro us kop-

2
Hell Xp9= — L;—__}- l/%— ¢ IAHHOTO YDaBHEHHS, YTO DPaBHOCHJBHO

{10CTPOEHHI0 T0JIst R [l/% —q ] .

YkasaHHas TOuka 3peHHs Ha pelleHHe anareOpaHyecKHX ypaBHeHHH
'HMEeT cllelyloliee NpeuMymecTtBo. XoTsd NOCTPOHTh HOBOE nofe (paciiH-
peHHe) B ABHOM BHIE, MOZOGHO TOMY, KaK 3TO MH TOJIbKO YTO CIeJaiH
A1 KBaIpaTHOrO ypaBHeHHs, BOOGIle roBops, Heab3s (B cilyyae ypas-
HeHHH 5-H M BHICLIMX CTemeHe#), TeM He MeHee OKa3HBAaeTCs BO3MOM(~
‘HbIM YCTaHOBHThL CBOHCTBA, KOTOPHE MOJMHO HMETh PacCUIMPEHHE, H OT-
-<Clofla y»e cHenarh Te MM HHHE 3aKJIOYeHHs O XapakTepe Kophed ypas-
#enus, K paccmoTpenuio pacuupeHu# mosis Mm ceHuac M Nepexonxum,

Mb Gyaem ucxomuTh M3 moas R paumoHanbibix uncen. ITycrs o —
'KOpEeHb HerpHBOAUMOro B R anreGpaHyecKOro ypaBHeHHs 7i-H CTeNeHH:

fR)=ax"+ax" " 4. fap_x+a,=0 (M

€ pallHOHATbHHMH Ko3¢HuMenTamu f(a) =0. Yucno (/1emMeHT) o Hashi-
BAETCA B 3TOM CIyYyae a.42e0pauteckum'); n— ecTh crmeneHb o OTHO-
cureabio noas R. HenpuBomumoe ypaBHeHue, KOTOPOMY YHOBIETBO-
psieT NaHHbIf aiareOpanyeckHii 9JeMEHT, oNpelensieTcs OJHO3HAa4YHO, TaK
KaKk He MOXeT B JaHHOM MoJie CYIIeCTBOBAaTh NBYX HENPHBOIHMMBIX B
HeM (yHKHHH, HMEIOLIHX OOWIHA KOpeHb.

Ioctpoum noste R,— pacuupesne noias R — nyTeM NpHOOGLIEHHS K
‘HeMy anre6paHyecKOro 3JIEMEHTa o

R,=R [a]- &)

D/eMEeHT o Ha3oBeM 00pa3yuuMm, WIH NPUMUMUBHOLM SIEMEHTOM
qons R,.

[Mose R, Hapspy ¢ panMOHaJbHHMH YMC/IAMH COJIEPIHT TaKke BCe
Te uHMCIa, KOTOpble MOJY4alOTCs NYTeM NPHMEHEHHs PalHOHAIbHHIX
onepanHit K sieMeHTaM nois R M uyMCay o; TakuM 00pasoM, 3JIEMEHTH
nonst R, mpelacTaBisior coG0f BCEBO3MONKHEE palHOHaAbHbie (QYHKIHH
4C panHOHaMbHHIMH KO3¢Huuentamu) or o. OGumu# Bun moGoro sie-
MeHTa | moss R, ecTh cAepylouwuii:

_e(®)

IO

1) Yucao, He ABJAIOMIEECT KOPHEM HHKAkKoro anre6pauyeckoro ypaBHEHHs
Bupa (1), nasmiBaetca mpaucyenOenmuoim. TaKkoBEMH, KaK N0Ka3blBaeTCH, b=
AAI0TCA 9ucaa € W« Yucao i ecTb aare6pavyeckoe, Tak KaK CAYXHT KODHEM
ypaBuenus x2 +-1=0.
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rae @ (x) u $(x) — nenbie pauuonanbhbie yskunu B nore R (1. e.
MHOTOYIEHH C palHOHAJBHHMH Ko3duUHentamu). MTak, MH BHIEIH,
yTo MO0GOH 9MeMeHT | anre6Gpauyeckoro pacumpenns R, (pacutupe-
HHe MOJA NPH IMOMOWM anre6panyeckoro 3JeMeHTa Mu Ha3biBaeM
aszeGpauteckum PacliipeHHeM) — eCTh PallHOHaIbHas QYHKLMS erp MpH-
MHTHBHOTO 3/ieMeHTa 7Y, Mul IHOKaxeMm caenyioulee CBOHCTBO® 3TOro
paclHpeHns.

Ecni o6pasylomn#i snement o pacmmupenns R [2] — n-# crenenn
(oTHocHTenBHO R), TO BCAKHE 3/1€MEHT STOrO MOJA MNPEACTaBIseT CO-
6ot yeayo paunHoHalbhyl0 GYHKIHIO OT o (C pallHOHaJbHBIMH KO3(H-
LHEHTaMH) H npHTOM He Bhile (n—1)-ii cmenenu.

Ipexae Bcero 3aMeTHM, uTo B paBeHCTBe (3) 3namenarens U (a) £ 0.
C mpyro#i croponsl, mo ycaoBuio f(a)=—0. Tak xak KopeHb o HenpH-
BonuMolt dyukunn f(x) me sBasercs kopuem oynxkunu ¥ (x), T0 3TH
GYHKLHY B3aHMHO TpPOCTH. A moTOMy B noje R MOXHO HaliTH ABa MHO-
rounesa F(x) u ¥ (x) rakux, uro

f(x)-F(x)+9(x)- T (x)=1. (4)
[onaras B 3TOM paBeHcTBe X ==, HAKIEM, YTO
P (a)- W (o) =1.
Vmuoxast B (3) uncautens u 3Hamenatens a W (a), momyumm:

@ 9@ %) ) — o(a

Wrak, nokasaso, yto | -— leas paiHoHanbHas ¢yHkuud oT a (B mo-
ne R). Ecau 6 creness g (x) okasanace Buime (n—1)-#, 10, nens g (x)
Ha [(X), Mbl MOJYYHIH Obi:

g(X)=f(x)-q(x)Fr(x), (6)

W TmoJiaras 3Jecb X ==a, uUMeJH Obl

g (0)=r(a),

rae crenedp r(x) He Bume (n—1)-f.
TIpenoxenne, TakHM 06pa3oM, NOKa3aHO MOJHOCThi0. Besikuii aue-
ment noas R [a] moxer GwiTh, C/enOBaTeNbHO, NMPeACTaBIEH B BHIE

nesaol pauHoHaIbHOM \pyHKLHU (7—1)-# cTenenn obpasylomero 3Jje-
MeHTa a:

1=b,a" 40, 0" 2 - by 0 by (M

!
rie b; npusaniexar noaw R. Itomy dakTy, XapaKTepH3yloUEeMy cTpoe-
nue pacummpenust R [2], Mu IaauM HECKOJbKO HHYI0 (DOPMYIHPOBKY.
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Ecau HEKOTOpOE MHONECTBO /1eMeHTOB Z 06jafaer TeM CBOHCTBOM,
YTO B HEM MOXHO YKasaTb M AuHeliHo-He3a8ucumbX (OTHOCHTEJbHO
nons P) snemeHros!):

2y Zgpeeey 2

TaKMX, 4TO JI0GOH 3/MeMeHT Z B3 Z MOXeT GHTb MPENCTaBJeH B BUIE
HX JHHEHHOH oxHopoxHo# (yukuuu (¢ Kospuuuenramu uz P.)

2=¢.2, 1 €%+ o+ CmZms
TO TaKOe MHOXECTBO 3JIEMEHTOB Ha3HBAETCH AUHEHHbLM MHO2000pa3UEM
nopsiaka m (OTHOoCHTenpHO P); uHc/na 2; 06pasyloT 6a3uc STOrO JH-
nefinoro MHOroo6pasus.
Bosspamasick k aiareGpanyeckoMy pacmuperuio R [a], Mb BHIHM K3

(7), uto 3smeMeHTH
™l a2, e, d0=1 (8)

HrpaloT B HeM poab Gasuca: Kawau# siement y noas R [a] mpemcras-
nsieT JHHeHHYI0 0ZHOPOAHYI0 (ysKuuio (¢ pauHoH. kK03¢.) 3/1eMeHTOB
(8). Kpome Toro, siementn (8)—inHeliHo-He3aBHCHMB B R, Tak Kak
B Cllyyae CYyILECTBOBAHHS MEXJIy HHMH JIHHeMHOH 3aBHCHMOCTH

Co"'-+Ca" ..+ Cp_a+C,=0
o ynoBieTBOpano Out ypaBHeHHI0O (n—1)-#i cTemenn, yero OWTh He
MOXeT, TaK KaK 0——eCTh KOPEHb HEeNnpHBOZMMOro B R ypaBHeHHs r-i
CTCIeHH.

Taxun obpasor, aaszeGpauuecioe pacuupenue R =R [a], noay-
4enHoe nymem npuobujenus k noaw R aszebpaunecxozo 3aemenma
n-ii cmenenu, npedcmasasiem co6oli omuocumeavro R (auneiinoe mnozo-
o6pasue n-zo nopadka?).

1) m 31€MEHTOB 2;, 2s.., 2;; HA3LIBAOTCA IUHeliHo-He3asucumbimu (oT-
Hocuteaso P), ecad (B P) nean3s mogo6pats m umcea k; H3 KOTODHIX HE
BCe PaBHBI HYMIO M TaKHX, 4TOGH BBIMOAHANOCH COOTHONIEHHE

k1z1 + k222 + . + k,,z,, =0 N

B npoTHBHOM cAy4Yae STH 3JAEMEHTH Ha3bIBAlOTCA AUHEHHO-3aBHCHMBIMH.

2) He caexyer aAymath, YTO NIPHUMHTHBHEIH SJE€MEHT a, MOMOIIBIO KOTOPOTO
noctTpoeHo nole Ry = R[a] aBadeTcs B HEM HCKAIOYHTEABHBIM SJAEMEHTOM.
MoxHo noxasaTh, 4TO TaKyl0 XK€ PoJdb MOXET Hrpath Jai0Go# saement f u3
9TOro modsd, €CAH TOJBKO OH CTENEHH 7 OTHOCHTENbHO moag R, T. e. ecau
OH YROBAETBOPAET HENPUBOAUMOMY B R ypaBHeHHIO n-# cTemeHd (MHaue: eclud
1, B, B2 .., 8" annefino-3aBucuMsl, a 1, B, B2, ..., B”~1 nunefino-nesaBucums B R),
MocTpoernoe mnyteM npuobmenus saementa B moae R [8] 6yaer cosmaparts
¢ R [o]. [ToscuuM sTo Ha mpumepe.

Myctba = ]’/' 9 — xopeHb HenmpuBogumMoro B R ypasmenus 3-# cremenm

x3—2=0, loae R []7' 3] npenacTaBiser co6olt auneltnoe MHOroo6pasue 3-ro

S, 8,
nopsika, 6asHCOM KOTOpOro cayxar saeMents 1,)/ 9, (]/2 )2, U CcaepoBa-
TEABHO, €CTh COBOKYNHOCTh YHUCEN BHAA:

pHaye+rys
28



Mu  ckaxeM, YTO CTeMeHb MNOCTPOGHHOTO HAMH pacuiHpenus R,
OTHOCHTENILHO R eCTb 1, M 3alHIIEM 3TO TaK:

{R,:R} =n. ©)]

[Mpouecc anreGpanyeckoro pacliHpeHHs MOJS MOMCHO IIPOXOJIKATh
nanee, PaccmarpuBaem B mone R, = R [a], HempuBOoauMyl0 B HeM ue-
JyI0 pallMoHaNbHYI0 (yskumio g (x) cremenu, monoxum, m. ITycts 8
€CTb KOpeHb 3TOH (YyHKIHH:

g@=o0.

Dnement B mproGuaeMm k momo R,. CrpouM, C/enoBaTe/IsHO, HOBOE N0Je
R2=R1 [B] =R[a’ 8l

9/IEMEHTH KOTOPOTO GYIYT BCEBO3MOMNHHE PALlHOHAJbHHE (YHKIHH OT
8 (c xospuumentamu u3 R,). ITo nokasanHoMy Bbille, pacCIUHpeHHE
R,=R, [B] npencrasnser co6o#i nuuefinoe MHOrOOGpasue m-ro mo-
pIka OTHOCHTENbHO R; ero /uHeHHHM G6a3ucOM SBJSIOTCA 771 UHCeN:

gm1, gme, L, B, L
Crenenb pacumpenns R, oTHOcHTenInHO R, ecTh, C/eIOBaTelIbHO, IM:
{R;:R,} =m.

OcHOBHasi TeopeMa, KOTOPYI0 MH XOTHM HOKa3aTb, 3aKJIOYaeTcs B
ToM, yto moire R,=R,[8] =R [a, B] sBasercst nuueHinbiv MHOrOOGpa-
3HeM TaKXe OTHOCHTENbHO R, M YTO TNOpSNOK ero OTHOCHTeNbHO R
paBeH MpPOMSBEICHHIO I7-7; HYXHO KOKa3aTh, CJIENOBATENbHO, YTO

{Ry;:R}=m-n.

N

BossMeM npousBonbHbid saemedt O noas R,. On BhpasHTcd, no Io-
Ka3aHHOMY Bhillle, B BHIe HeJOH paunHouaspHOH yukuuu (m — 1)-#
CTENeHH OT 0Gpa3yloliero sjeMeHTa [

S=a, "+ d, " Al By (10)

¢ KosduLHeHTaMH @, NPHHAL/EKAWMMK oo R).

A
rae p, Q U r — pauMoOHaAbHBle uyHMcaa. BospMeM B moie R[VQ] 3JE€MeHT

B=1-+ ]’/Z. CreneHp 3TOro sfeMeHTa OTHOCHTENbHO R paeHa 3, Tax kak

OH CAyXHT KODHEM HEmpuBOXHMMOro B R ypasHenus (¥ --1)3—4 =0. [loxe
K :

R14 1/4] Gyzer MpeacTaBAATh cOG0ff COBOKYMHOCTD yHCea BuAa:

o+ YD+ nQ -+ =p+a+ a Vi+rtonyi+enye=
=+ a+rFen Y@ty Yi=s+ Y2+ ups,
rge S, ¢ H 4 — panuoHaabHble yHcla. TakaM oSpasom,
R+ YA =RIY2.
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Tak kak Bce d; npunamnexar R;, TO BCe OHH NPEACTABJIAIOT CO60 i
uebe pauHoHanbHee QyHkuumu ot o (7 —1)-# cremenu (MmM Huxe):

di=0; 0" 8y 0" Pt iy, 20y (=1, 2, .,m) (11),

rue Bce @y; mpuxagnexar R.
[Toncrasnaa B (10) BmecTo d; ux 3navenus u3 (11), monyuaem:

8=y, 0" @y A" A Ay, 8 Gy BT (g 0T
Aoy 0T e Apg) BT A - (@ 0T - Gy 0T A -
+ )= @y "B -y "R -
T Ay BT A G 0" TR TE L G (12)

a

Vi3 (12) Mu BunuM, yTo 110Go# 3iemenT & noas R npexcrapnser
(otHOCHTEIBHO R) MHHEHHYIO OAHOPOAHYIO PYHKUHIO OT 71+ /71l 3/eMEHTOB:

a1, pm-l’ a2, pm_ln pm—li a1 fmeE o (] 3)

Ka¥aHi M3 KOTOPHX eCTh, KAK HETPYAHO BUIeTh, ameMeHT R,. Ocraer-
s TONBKO 10Ka3aTh, uto sneMeHts (13) aHHefiHO-He3aBHCHMBHI,
Jonycrum, 4TO_Me4y HHMH CyLIECTBYET JHHelHas 3aBHCHMOCTb:

Cpyanmtpmmi4 Cyan 2 pm + e G B
+ Cpy " BTGy at AT e L G BT
- Com@™ F Co#™* vk Cum =0, (14)

rae Cy npuHamiexutr R,
Torma, co6Hpasi BCe 4IeHH, CONEpKAllHe ONHHAKOBYIO CTeNeHb 3,
¥, BHIHOCH €e 33 CKOOKH, HMeeM:

(Cra" 4 Cyua 2 - + Cg) B - (Crp 0™ - Cpg 0™ - -
+ Cos) B o (G 8 A Cog 8™ e - Cna) = 0. (17)

Ho Ttak kak B ecTs KopeHb HenpHBOXMMOTO B R, ypaBHeHus m-#
CTENeHH, TO STOT SJEMEHT He MOXeT yIOBJETBOPATb HHKAaKOMYy ypaB-
nenuto (m — 1)-# crenenn. [TosTomy Bece m Ko3¢guuuentos (18), npexn-
CTaBAslolHe Co60# uucaa u3 R, DOMKHB OGPaTHIbCS B HYJb:

Cpo™ 1 Cpam™ .+ Cp=0 (=1, 2,...m).  (16)

A TaK Kak 9JIeMeHT &, CO CBOefi CTOPOHH, €CTb KOPEHb HeMpHBO-
auMoro B R ypaBHeHHsi M-H CTeleHH, TO OH HE MOXET CIYXHTb KOp-
HCM BHKaKoro ypaBHeHHst (72— 1)-H cTenmeHH € DallHOHaJbHHMH KO3-
¢unuentamy. [losToMy BO Bcex m pasenctBax (16) Bce Ko3QuuHEHTH
C;, IOMKHH OBITb PaBHH HYJIO.

OTuM NoKas3aHa NMHeHHas HesaBMcuMocTh B R m-n anemenros (13),
KOTOpHE 06pa3yloT JHHebHbIl Gasuc MHOrooOpasust R, oTHOCHTenbHO K.
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CnenoBarensHo, creneHb pacuupesus R, otHocutensHo R ectb mn.
{R,:R} =mn. 17

Teopema nokasana. [TyreM NOBTOPHOrO NpHMEHeHUs Pe3y/bTaTH ee
PAcmpoCTPaHAIOTCA Ha JI060€ YHMC/IO TNOC/ENOBATENbHHX pacLIHPeHHi.
Ecim, cnenoBarenbHo, Mbl GepeM roJjie palHOHaibHHX uucen R M K
HeMY MOCJIeR0BATE/IbHO NPHOGIIaeM aNreGpaHyecKue YHCIA O O, ... 0.,
npHyeM:
%, — €CTh KOpeHb HempHBOAMMOM B R QYHKUHH CTenmeHH 7,
u, — KopeHb HenpusomuMo#t B R, =R [a,] ¢yskunu crenenn m,,

e e ® s e © & s s e o .

. - . L . . . L] . L] . .
2, — KOpeHb HempuBomuMO# B R, _; = R[a,, Gy,..., 05_;] GyHKuuR
CTEneHH 7y,
TO NOJyYeHHOe ajireGpaHyecKoe pacIiHpeHHe

Rh:R [av Qgyeney ah]

ABNSIETCS] OTHOCHTENBHO R JIMHEHHBIM MHOrOOGpasHeM 7,72, ... 7,-TO MO~
panka. VHBIMH c0Bamy, cremeHb pacmupenus R), otHocurensio R ecTs.
TNPOU3BENEHHE 747y ... Ny

{Ry:R}=mn,-ny ... 7. (18)
3. TpuMeHnM nosyyeHHble pe3yJbTaTh K HCCJENOBAHHIO BOMpOca o

pa3pellMMOCTH ypaBHeHHs B pajpHkanax. Tak Kak BCAKMH pamHKal —

Y @ ecTh KOpeHb IBYu/leHHOrO ypaBHeHHs X™— =0, TO pEWHTb
ypaBHeHHe B pafHKa/laxX STO 3HAYHT, BLIPA3HTh PAllHOHANBHO €r0 KOPHH
yepe3 KOpHH IBYWIEHHHX ypaBHeHuf.

[Tyctp naHo ypaBHeHHe M-Hi CTENEHH C PaUHOHANBHBIMH KO3(QHUH-

€HTaMH
f=o. (19)

Ecnn ypasnenne (19) paspeminMo B pasnkaiax, TO 3TO 3HAYHMT, YTOr
pelueHye ero CBOOMTCA K PEIIEHHIO IleMH IBYYIEHHHX YypaBHEHHH:

. . . .

xt—a, =0,
xtz—qa,=0,
X — a'3 == O, (20)

x"”—ah = O,

T1e @,— palHOHAJIbHOE YHCJO, (,—- PallHOHAJbHAA (QYHKUHS OT KOp-
Hell nMepBOro ypaBHeHHs, (,— palHoOHa/bHas (YHKLHs OT KopHel mep-
BOTO MW BTOPOrO ypaBHeHHH W T. 1.

Ecau a,, a,, ..., o, kopuH ypaBHeHu#t (20), TO HeKOTOpHH KOpeHb
X, aanxoro ypapHenus (19) Gymer, B ciyyae paspelIMMOCTH 3TOIo:
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YpaBHeHUs] B panMKanax pauxoHaabHot B R (yHkuHeH OT KopHei
IABYWIEHHHX ypaBHeHHi 1)

X, =F (a5, tyy eey @p)-

[loctpoum nose, Xk KOTOpPOMY INpHHagiekand OH BCe HPPALHO-
#HanbHOCTH @; [lna sroro Oymem pacuupsth none R, npuobuias K
#HEMy MOC/TIeLOBATENBHO O, Ogy.e., Oz [lONYUHM

Ry=R]|o,, oy ..., o). 1)

KakoBa crenenb, STOro paclMpeHHs? &, €CTb KOPEHb ypaBHEHHs
XM +— @, ==, HO 310 ypaBHeHHE MOMeT OKa3aThCsi IPHBOAUMHIM B
1071e R Mycrs K, (x) —Ta HenpusoauMas B R ¢yHKums, KOpHeM
KOTOPOH CJIYHHT 0y, H NMyCTh cTenenb ee k,. TouHO Tak *e ABYy4/IeH-
HOE ypaBHeHHe X" — q,=—0, cocTaBnsoOlIee KOPEHb O, MOXET OKa-
:3aThesl npuBoaMMuM B noie R, =R [a,]; nycts K, (x) Oymer nenpu-
BoauMasi B R, (yHKuMs CTemeHH £K,, KOPHEM KOTOPOH CIYXHT @,
# T. I.; MyCTh, HAKOHel, &, OyIeT KOpHeM HenpuBoAUMOH B none Ry _,
dyukuuu K, (x) crenenu %,

Psn ¢ynkuui

K1 ()C), K2 (JC), ] Kh (X) (22)

o6pasyer pa3pewanuyn uenotxy Qyskuufi nns ypastenus (19).
CornacHo JOKa3aHHOH Bblle TeopeMe CTreneHb paciuupenus R OT-
#ocurebHO R paBHa npousBeneHHIo creneHel Qynkumii (22), 1. e

(Ri:RY =k, &y, ..., Fp. (23)

1) Tax, HanpuMep, €CAW ypPaBHEHHE Pa3pPEMMMO B DAaAHKaaax, H KOpEeHb
€70 X; BbIPakKaeTcs CAeAyOMWUM o6pasoM:

V2+1/3—2V4
6+V5-3)/ 3

‘TO 3TOT KOPEHb ABAfAETCA paunuoHanicHoR ¢ysxuneii or xopuelt caexyomeit
MENU ABYUIEHHHIX YPaBHEHuii:

x1= ’

x2—a; =0, rme a;=3; oy = 1/5,

3 S =
x—a; =0, rae ay=2+ 0 °‘2=V‘12_V2+1/3’
X3 —a3=0, rie a3=4 g = V4

xt—a =0, rae ag=5—3a; o :l/5—3l/3.
Yepes KOpHH aj, a9, a3, @4 ITHX YpaBHEHuH X; BEIPA3UTCA TaK:

a2 —_— 2(13

R
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Mu Gynem mnpeanonarate nanee, uyr0O ypasHenne (19) siBisercs
HenpusoOumum B noixe R.

[TycTp X, ecTb KOpeHb 3TOTO YPaBHEHHs; CJIENOBAaTeNBHO, f(x;)= (.
IMpuo6uias ero x momo R, MH MONYYHM anreGpaHyecKOe paclIMpeHHE
R [x,], crenenb xoToporo ects

{R[x,]:R} =n. (24)

C npyro#i cropoun, Kopeub X, —F (o, %,,...,%;), KaK palHOHAJb-
Has (PYHKUHMS OT o; SIBSIETCS JEMEHTOM noJis Rp; K 3TOMy Xe MOJIO
NPHHANJIEKUT H BCAKas palHOHasibHas (QYHKUHS OT X,, T. €. NpHHAI-
nexar Bce sneMentn noss R |x,], kotopoe, TakHM 0o6pasoM, mnpex-
craBasier coGol wacth mons R,; crenosarensro R, ectb pacuiupe-
ane noat R [x,]. Tlyctb ¢ ecTh cTenenb sroro pacmupenus 1):

{Ru:R[x, ]} =1¢-

Urak, nose R, MOXHO pacCMaTpHBaTh Kak mnoayuyeHHoe u3 R my-
TeM ABYX TNOC/JeNOBaTenbHbX pacuinpenuit ot R 10 R [x,] — crenenu
n, v ot R[x,] no R,—-crenenn ¢. [To nokasauHoli BHIlue Teopeme
cTenenb pacuiMpeHds R, OTHOCHTENbHO R eCTh NpPOM3BENGHHE 3THX

¢TeneHe:
{Ru: R} ={Ry:R [x1] }-{R [x,]:R}, (25)
Ri-Ryeoobp=gq-n. (26)

Taxum 06pa3oM, cTereHb HEMpPHBOXMMOR (YHKIUMH f(X) MOMKHA GHTH
IeJIMTeNIeM DNpOM3BeACHHd CTerneHel, paspewlanwmwed LenoukH ¢yHKIHH.

[Tyctb Tenepb HeNpHBOAMMOE ypaBHeHHe f(x) =0 paspeluHMO B K8ad-
pamusix panukanax. Torga paspelmaroiiasi Lernoyka COCTOMT H3 (pyHK-
L[HH BTOPOH CTENEHH

HJIH

Ri=ky=.. =ky=2, @n

U3 (26) Mbl BHAMM, YTO B 3TOM CJyyae UMCJIO- M, SBJISACH AeJIHTE-
neM uncaa 2", caMO XOMKHO GHTH CTEMNEHbIO MBOMKH:

n=2" (28)

1) Mone Ry, apasowmeecs aareGpavyecKuM pacIAPEeHHEM mois R u mpen-
cTaBAdiomee AuHEHHOe MHOroo6pasue HEKOTOPOro MOpsiKa S OTHOCHTEABHO
R aBrsercs Takke JuHEHHBHIM MHOroo6pasueM (HHM3LIETO NOPSAJKa) OTHOCH-
TenbHO BCAKOro moas R¥, 3akawueHHoro mexay R; u R:

R,C R*CR,

B camom neae, Bce sneMeHTH R BHPaXalOTC AMHEHHO Yepe3 9NeMEHTH He-
KoToporo Gasuca o1, Gy .., §g C KO3puuuentaMu mn3 R. Ho Tak xax kammanii
kodpunuent us R npunapaexut takke R¥, 1o R; npencraBaser co6od aAu-
HeliHOe MHOroo6pasue oTHoCHTeAbHO R*. Yucao AuHeHiHO-HE3aBUCHMHIX Cpe-
LY Gy, Ogy..., Oy OTHOCHTEABHO moaa R* u ecTb CTenmeHb pacmuperHs R
OTHOCHTeAbHO R*.
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Wrak, 0.8 mozo umoGe Henpugodumoe 8 R ypasuenuef (x) =0 6bvi.10
PA3pewumo 8 K8adpamHulx paduxarax Heo0xodumo, 4moGs. cmeneHrs
e20 Goina cmeneHvlo 08olixul).

BuiBeneHHOe HAMH YCJIOBHE pa3pelIMMOCTH SBJISETCS HEOOXOIHMBIM,
HO, BOOOLIE rOBOpH, €l€ HEXOCTATOYHHM.

§ 4. NOJMHOMbBI AEJEHUS OKPYYXHOCTH. HEOBXOJMMOE
YCNOBUE PA3PELIEHUS B KBAJIPATHbBIX PAJJUKAJIAX
YPABHEHHA x" —1=0.

1. YcraHoBieHHOe Bhille HeOOXOJIMMOE YCJIOBHE Pa3peliHMOCTH He-
NPUBOIHMOrO anre6panyeckoro ypaBHEHHsT B KBaIpaTHHX pajHKanax
NPUMEHHTh HEMOCPENCTBEHHO K HHTEPeCyIOIleMy Hac CJydaio IBYYJIeH-
HHX ypaBHEHHH He MpenCTaBAfAeTCS BO3MOXHBIM, MOTOMY 4YTO XBY4YJIEH-
Hele ypaBHeHMsi x"—1=—=0, uMes KkopHeM x—1, Bcerza SBJSIOTCH
NPHBOJHMBIMH.

Mu Buzenn Boime (§ 2,2), uTO maf pellleHHs ABYYIEHHOrO ypaB-
HeHus n-# crenedd x"-—1=—0 pnocraToyHo Ha#TH XOTHA OH OXHH H3
ero @(n) nepBoOOpasHHX KOPHel, BCe OCTaJbHHE KOPHH MOJY-
yarcs myTeM NMOC/IeN0BaTEIbHOrO BO3BHIICHHS 3TOr0 KOPHS I B CTeNeHb

ryre Lt =1,

Beuny 3TOro BOMPOC O pelleHHH IBYYJIEHHOTO YPABHEHHS MOMXHO
CBeCTH K pemeHHio Takoro ypastenus @, (x)=0 (yxe ue mByuneH-
HOr0), KOTOpOEe CBOMMH KODHSMH HMEJIO OBl NepBOOGpasHbie KOPHH
JaHHOTO IBY4YJIEHHOTO YPaBHEHHS H TOJBKO 3TH KOPHH; TOrna JoGoH
kopenb ypasHeuds @, (x) =0 maBan Gb pelieHHe NBYYJIEHHOTO YpaB-
HEHMS. -

Takoe ypaBuenne @, (x) =0, BBHLY CBsI3H JABYYNEHHHIX YpABHEHHH
¢ 3ajgayefl JeNeHHsT OKPYXHOCTH, HA30BEM YpABHeHUeM DeNeHUA OKPYIHC=
Hocmu. JleBY0 4acThb 3TOI'O YpaBHEHHS, Mbl GyleM Ha3biBATH MOIHHOMOM
JeneHHs OKPYMXHOCTH KHa 7 uyacrefl. MTak, MOJMHOMOM JesieHHs! OKPYX-
HOCTH HasbiBaeTcsi Tako# Muorounen @, (X), KOPHSMH KOTOPOTO CJYXAT
BCe mepBOOGPAsHHIE KODHH N-H CTeNMeHH M3 enuHuubl (M TOJNBKO OHH).
OueBuaHoO, cTenenb TaKOro MOJHHOMA HOMKHA OkiTh @ (7). Mbl mOKa-
JeM, uTO I BCRKOrO 3HaueHHs 1 (11 BCIKOTO ypasHenus x"— 1 =0)

TaKOH MHOTOWIEH C PalHOHANbHHIMH (M JaMe IeTHMH) KOI(hHIHEeHTaMu
BCerja CyLIeCTBYeT.

1) Orcloza, MeXAy mMpadYuM, BEITEKAaeT, YTO M3BECTHEIE 3ajaud o6 ydsoe-
Huu Ky6a U 0 mpucexKyuu Y2/Aa HEBBIIOJHHMBI MOMOIbIO UMPKYJAd M AHHEH-
K¥, TAK KaK CTeNeHb COOTBETCTBYIOMUX yPaBHEHHI, K KOTODHM NPUBOZATCH
sti 3amaun: X3 —2 =0 u x3—3x— b =0 (mempusomumocTs ux B R jKoka-
3pIBaeTcsd Ge3 Tpyla) He sBAAETCA CIENEHbIO ABOHXU.
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B cayuae, Korga creneHb JABY4YJIEHHOTO YpaBHEHHS €CTb YHCJO MPo-
CTOE p, TO BCe KOPHH TaKOro ypaBHeHHMs, Kpome X = 1, mepBooGpasHbie.
[ToSTOMY, MOJHHOM JeJIeHHs OKPYXHOCTH B STOM CJyyae MHl IOJYYHM
npocto nenesHem xP—1 va x — 1

P ___
Q)= =T bt ()

PaccMoTpuM Teneph cnydal, KOraa creneHb IBY4Y/IEHHOTO YpaBHEHHsS
eCcTh CTemneHb MPOCTOrO uHCTa: 1= p“.
Tak kak p*~! ectb meiauTeNp UHCAA p% TO BCAKHH KOpeHb ypaB-
. a—1 .
wennss xP  — 1 =0, oueumHO, GyneT SBIATbCI KOpHEM YpPaBHCHHS
3
xP —1=0. C npyro#i cTOpPOHH, MH TOKaXeM, YTO BCIKHH HenepBo-
o
o6pasnbifi Kopenb ypaBHeHHs xP — 1 =0 nomxen GLITb KOPHEM ypaB-
o—1
Henna xP  —1 =0,
Bce nenurenn p* cyrb uMcia
L p, pe Pl
o
Ecny e — HenepBooGpa3Hbl KopeHb ypaBueHus xP — 1 =0, to o npu-

HANJIEXHT KaK K IOKa3aTesNi0 K ONHOMY H3 HAllHCAHHOTO BHIUE psiia
uucen. [lycrb e npuHaanexur k nokasaremo p° (3<La—1), u cie-

IIOBATENbHO, SBASETCS KOPHEM (nepsooﬁpasﬂum) ypaBHeHHss XP — 1 =0.
Ho tak kak pP ecTh nenuresnb uucaa p , TO € OyzneT fIBIAThCA TaKXKe
KOpHEM ypaBHEeHHs xP - 1—=0. Takum o6pa3oM, KOpHSIMH ypaB-
HeHUs x”a—l~— 1 =0 cayxar Bce HenepoOGpasHnie KOPHH YpaBHEHHS
X" —1=0. [TosTomy mnoJHHOM nHeJIeHUS OKDYXHOCTH Ha p* dacTed

o a—1
Mbl HaHpem, pasnenuB xP — 1 Ha xP  — 1. Bunonnss 310 nelieHue,
nojyyaem:

p*__ — _ -
0= L =o' om0 Lo o0 T L (@)
Xk —1
B of6uwem cnyyae mpH nmpoHsBoJbHOM 7 Bhipaxenue 1ias D, (x) 6yner
6onee CAOWHBIM. VIMEHHO, MBI MOKaXKeM, 4TO €CJH
n=p*.qt.ri.-s’...,
TO MOJIHHOM JeJ/IeHHS Opr)KHOCTH Haﬁ,rxewﬂ no caenymouielt ¢gopmyne:

(x"— 1) (xM— 1)(fo— 1)(,\‘1’—— 1) (xl—’zig’f——— 1)...

(xl’——— 1) (x7—1) (x’ — 1. (xﬂq’— 1) (M"IS— 1)...
_ e —1)
- e —)
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B 5TOM BHpaK€HHM HYHCJHTEb COCTOMT H3 MPOH3BENEHHS JBYYNEHOB
Buna x% —1, rae d, NpHHMMAeT 3HAYEHHUs, PaBHBIE /L H BCEM NEJHTe-
NSM YHCTIA K, MOJIYYAIOLIHMCS OT NEJIEHHs 11 Ha 4emHOe 4UCIO0 TPOCTHIX
uhceJ, BXOMSUHX B COCTaB M. 3HAMEHaTeNlb € €CTb NpPOH3BENEHHE
BCEBOSMOXHBIX JIBYuIeHOB X% —1, rme d,— NpHHHMAaeT 3HayeHHs,
HOJIyYaloLIUecss OT NeJIeHHS /L HA HeuemHoe 4HCJIO €ro NPOCTHX HAeNH-
tene# '), TMokaxem crpaBenyuBoctb Gopmys (3).

Tax Kkak Kawabii zByuied x% —1 uan x92— 1 UMeeT CBOMMH KOp-
HAMHM KODHH K- CTEMeHH H3 eOHHHIB, TaK KaK KaxIblii KOpeHb ypaBs-

n

HeHHusi xP97" — 1 =0 sgpisieTcs TaKke KOpHeM ypaBHeHus x"—1=—0,
TO M YHC/AHTENb M 3HaMeHaTeab NpoGH (3) mpexncrapasior coGol mpo-
H3BeleHHs] INBYYICHOB BHIA X -—¢, ['I& € — Pa3jiHYHHE 3HAYEHHS KOPHS
n-i crenen u3 exuuuubl. Ilycrh € — kakoH-HHOyAb M3 3TUX KOpHeH
7-# CTEneHH M NPUTOM HemepBooGpasHu#. OH sBigeTcs TOrAAa NMEpBO-
o6pasHuiM nist ypaBHeHHs x¢—1=—0, rne 4 ecTb HEKOTOpHI IeNH-
Tenb uMcaa n. Ecan d ecTh memdrenb 1, TO HEKOTOpHIE M3 MPOCTHX
COMHOX(HTeNIeH YMC/a 7 BXOIAT B COCTaB d B CTeneHH MeHblieH, ueM
oHM Bxo#aT B 7. IlycTh Bce TakHe COMHOMCHMTENH CYTb:

pl’ p2""’ pﬂl‘ (4)

Cpenu nokasarenef creneHeffi IBYYNTEHOB, BXOISIUMX B COCTAB YM-
cinTens BHpaxenus (3), Ha d menarcd: BO-TEPBBIX, CaMO 1, 3aTeM MO-

n

Ka3aTeJM BuAA ——, Tle p;, p; uHcia. pana (4), Takux mokasareseft
iPr
m(m—1)

6yner Ch =—1.5  Zfajee na d renaTcs TOKasaTeNH BHIA
n

————, TIe p;, Pr, Pj, Py— uucaa psna (4), sTux nokasatenedt Chn

PiPrPiPy

H T. L

Bcero B uncamrene apo6u Bhipaxcenus (3) ABYWIEHOB C MoKasaTe-
JIIMH CTeNeHH, nensuiumucad Ha d Gyzer:

o=1+Ch+Cnt... (5)
Tak kak Ha X —e (tae ¢ mepBooGpasHuii Kopenb d-# cremeHH) Gy-
AYT NeMUTBCS TOMBKO Takue AByudeHH X71—1, B KOTOPHX MOKa3aTeu
d, nensitca Ha d, M TaK KaKk HH ONMH M3 STHX JBYYJN€HOB KpaTHHX
KOpHE#i HMeTh He MOXeT, TO OTCIOfa MOXHO 3aKMO'UHTh, YTO X —&
BOMIET B COCTaB uHCIMTENs BHpaxeHus (3) POBHO o pas.
Paccyxnas monoGHnM ke oO6pasoM, MH yb6enumcs, 4TO B COCTaB
3HaMeHaTens (3) TOT-Ke MHONHTENh X — e Bo#ner 3 pas, rae

B=Cm-+Ch+Cht... (6)

1) llpu n = p» ¢opmyaa (3) mepexogut B (2).
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Ho, kak u3BecTHO, B pasiyoxeHud OnHOMa HpioTOHA cymma GuHO-
MHallbHBIX KO3(HIMEHTOB, CTOSIIMX HAa YEeTHHX MeCTaX, paBHa CyMMe
KO3(HILMEHTOB, CTOAMX HAa HEYeTHHX MecTax!). [Tostomy B—ua.

Takum 06pa3oM, MHOXUTENb X — ¢ BOHZET B COCTaB YHCJHTENd H
3HaMeHaTe/s BHpaXeHHs (3) OIMHAKOBOE YHC/IO Pas H, CJIELOBATENBbHO,
cokpatutcs. Tak e GyneT ¢ KaxauM HenepBOooOpasHbHIM KopHeMm, B co-
cTaBe BhipaxeHus (3) OCTalOTCSt TOJBKO IBYYJ€HH BHIA X —€, B KO-
TOPHIX € — NepBooOpasHbie KOPHH 71-# creneHn. Takux IByYJeHOB HMe-
erTcs @ (7); OHH HaXOIATCH TOJBKO B YHC/AMTENE B PA3NONKEHHH IBY-
yneHa x® — 1 u kawzau# U3 HHX BoHzer onuH pa3. [Tosromy ompene-
nsemoe no copmyne (3) Bupaxenune mas D, (x) H ectb MHOrouneH
cTeneHd @ (1), MMeIOWHMA CBOHMH KODHSMH IepBOOGpasHbie KOpHH n-#i
CTeNEHH, T. €. 9TO U €CTh MOJHHOM JHENIeHHS OKDYKHOCTH.

Mpumepn: 1) Hatinem @y (x).

an_ 30 30 30
n=230=2.3.5 | 30,50 5= =

d 30 30 30 30
21723 5’ 235
o (. =D (F—1) (P (1) (1) (1)
50 () = (1) (o0 1) (ev—1) (o—1) — (e1) (o) —

2) Cocrasum tabmuy @, (x) or =2 no n=12.
Dy(x)y=x-41 Dy (x)=x*}1
®, s(X)=x*4+x+1 (I)g(x)—x"’—l—xa-l-l
s nsh e 0] = B e ey
- (X) =x*4-x*+} x*>7-x 1 (%) = 10} x24 x84 x4 x6-x
i) 88——); T—x41 + x4 x4

@, (x)—x‘—l—xf’—{-x“—{—x“—l— DL,()=xt—x*+1
+x24x4
MNonunomu ®,, ®,, ®©;, ®,, ®,, natinen no dopmyne (1),

1 Pg Do » no ¢opmyne (2) u
D, D, P,y » N0 obwel ¢opmyre (3).

1) MNoaaras nmo ¢opmyae
(x—yym=xm—C! xm=1y L C2 xm-2y2__ C3 xm=3y3 L C4 xm-sys
x =y =1, noaysaem
0=1—-CL+Cl,—CL+Chp—ChL+..
oTgyna
14+Ch+Ch+ e =CL+Ch+Cht .
37



2. BecbMa BaXHHIM CBOKWCTBOM IIOJIHHOMOB J€JIEHHS OKDYXHOCTH
ABJISETCH MX HenpugoOumocms B 06NACTH PAllHOHAMBHBIX yHcen (B Hanb-
HelieM nOJ HENPHBOAHMOCTBIO MBI OyneM TMOHHMAThb HENpPHBOIH-
moctb B R).

[Ipu noxasare/bcTBe HempHBOIMMOCTH monuHoMma @, (x) Ham moHa-
HOGATCS CENYIOUMe HHXKe BCIOMOTaTesbHEE NPEeNIOXNEHHs, NMpHHAaLIe-
wamue Tlaycey.

IMycts f(xX)— MHOrounen ¢ uesvimu KO3(HUUHEHTAMH H MyCTh & —-
o6ui HauGONBIIHA nenuTeNh BCeX KO3GhHUHeHTOB f(X).

Torna:
fx)=2-9(x),

rae KoadHUHEHTH MHOrouneHa ¢ (X) yxe He uMeloT O6lIero JeiHTens;
TaKOH MHOTOYJNEH Ha3oBeM nepsoobpasubim. Hokaxem, yTo mpoussene-
HHe [BYX nNepBOOGpa3HbX MHOTOY/IEHOB eCTh TOXe€ NepBooOpasHui
MHOTOQYJICH.

ITyctn

fX)=a,x"+a,x" 1 +.+a,_, x+a,
g (x) - bOxm _l_ bl XM +‘+ bm-—l X + bm

— Ba NepBoOOpa3HbIX MHOrOYIeHa H

F(x)=f(x)-g(x)=co x"+"+-c¢, X"+ 1. +cn+m-—1x+cn+m
—ux npousseneHue. Bosbmem nmo6oe npocroe yucao p. Iycts q;—mep-
BbI M3 KO3¢uuHeHTOB f (X), KOTOPhIH He NeNHTCS HA P, TAK YTO @y,
a,,...Q,_, — Renatcsd Ha p (Bce (; HAa p NeNUThC HE MOTYT, TaK Kak
Jf(x) — nepBooGpazuuifi Muorounes). TOYHO Tak ke nycTb b; — nepsuii
u3 kosduuueHtoB g (x), He nensuwmica Ha p. PaccMoTpum  KO3(H-
IHEHT C HHIEKCOM k+l dysakumu F(x):

Crorr = @b+ Ageyy by Qo by g oot By b @ p byt (7)

B npasoii uwactu paseHcTBa (7) BCe cJiaraeMee, KpPOMe IepBOro,
HeNSTCS Ha p, TMOSTOMY Cp4; He MOXeT nenuthes Ha p. Crnenosarenn-
HO, p He MOXeT ObITh OOWHM JAENUTEAEM BCeX KOI(HLHEHTOB (YHK-
umM F(x), M Tak Kak p B3STO NPOH3BOJIBHO, TO OTCIONA CHENYeT,
yto F (x)— nepBooGpa3Hbii MHOrOUJIEH,

Tenepp mokaxem C/AedyOUIYI0 TEOpeMy:

eca MHO204AeH C UeAbMU KO3PUYUEHMAMU NpUGoOUM, Mo e20
MOMHCHO pu3A0NCUMb HA Npou3sedeHue MHO204ACHO8 C UYeAbLMU KO0I-
unyuenmanu.

[Mycts

' FO)=19()-3(x), ®)

rze ¢ (x) ¥ O (X) HMEIOT palHOHAJIbHHE KOI(PHUHEHTH.
B muorounmere y (x) npuBenem Ko3(hHUMEHTH K 00meMy 3HaMeHaTe-
JIO S M 3aTeM BHHECEM 332 CKOGKH OOWMH HauGospluui penurens d
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YHC/HTeNeH KOIQHUMEHTOB; TOXe CHeNaeM M C MHorouwiesoM $(x).
Torna

e =2 0,09

3
? ()C) = e Py (x)’ 9)

rae @, (x) u ¢, (x) — neprooGpasHbie MHOTOYMEHHI.
[Moncrasnas 3uavenns @ (x) u $(x) b (8), monyuyaem:

f=%2 @0, (19)

d-s a3 p
[Tokaxewm, uro ST ©CTh LeNoe uHCIIO. HYCTbS_-t_ q—(p ugq—

B3aHMHO mpocThe). Tak Kak MHOTOuYseH g - ¢, (%) -, (x) nomxen

HMeTh le/sie KOd(uuMenTH [Tak Kak TakoB MHorouneH f(x)] u rtak
KaKk p M ¢ B3aHMHO MNPOCTHE, TO BCE KOS(MPHUMEHTH MHOTOYJIEHA
@, (%) ¢, (x) momknsl nemutbes Ha g. Ho o (x)-9, (x) xak npousse-
IeHHe nepBOOOpasHHX MHOMOWIEHOB, CaMO IOJDKHO OHITh NepBooGpas-
HHM; mosToMy ¢ — 1. Urak,

F(X)= P2, (1), (0)- (1

Takum o6pasom f(x) pasioxkeHa HA TPOM3BENEHHE ABYX MHOTOYIEHOB
¢ neasMM Ko3duuHenTaMH — p ¢, (x) u Y, (x). Teopema nokasana.

Orcioza BHTEKaeT, 4YTO JJif TOrO 4TOGH NOKa3aTb HENPHBOIHMOCTD
MHOTO4/IEHa C HEJHMH KO3(HIMEHTaMH, AOCTaTOYHO TMOKas3aTh, 3iTO
OH He MOXeT OHThb NpPENCTaBJeH B BHIE MNPOH3BENEHHS MHOTOUYJIECHOB
C yeavtmu KO3(HIHEHTaMH.

Ilanee samerm emwe chaexyiouiee. IIycTp MHOTOuUNEH C IEJNbIMH
KO3(pHUHEHTAaMH f(X) MMeeT KOS(HIHEHT NpH CTaplieM uJieHe, PaBHHI
ennnune (Takofi MHOrOuIeH Ha3oBeM npuBeneHHunM). Torma ecmu

f)=g(9)-h(x) (12)

ecTh pasioxenHe f(x) Ha MHOTOWIEHB C He/LIMH KOS(HIHEHTaMH, TO
OYEBHIHO, YTO Craplue Kodguunentsl ¢ynkuuit g (x) u A(x) rowxe
paBunl exunnue. Ho BepHo M 0GpaTHOe NpemsoKeHHe: €U B Pasio-
wennn (12) npuBenenHoro MuorouwneHa f(X) ¢ meJLMH KO3GHUHEHTaMH
Ha MHOXHMTeNH g (X) M h(X) ¢ pauHOHAJBHEIMM KO3GHIHEHTAMH
crapunii kosduuuent QyHkuuH g (x) (a cremoBarenbHo, H QyHKUHH
h(x)) pasen emuuHue, To pasnoxenne (12) ecTh pasnoxenue Ha MHO-
WHTENH C LeJBMH KO3(HIHeHTaMH,
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B camoM mene, ecaim GH OOMH H3 MHOXMTeNeH, Hanpumep g (x),
uMen OH ApoGHHe KO3(HIHEHTH, TO NPHBOAA HX K OOlleMy HaHMeHb-
LieMy 3HaMeHaTesl0 P, Ml HUMEH Ou ’

g(x)_____xni _l__ Bl xm-l _!_ B2xn;)—2 +"' + Bm =;7_.g1 (X), (13)

rre g,(x) =px™ 4 Bx™ ... 4 B, — nepBoo6pasHu MHOroOuseH
(sce B; —He MoryT umerb o6uiero HeNMTEns C p, TaK KaK p — Hau-
MeHbLUIMH 3HaveHaresb). TOYHO TAaK K€ MH MOCTYNIHM C MHOTOYJIEHOM
h(x), ecnu on umeer nNpoGHEE KO3bHIMEHTH (ecau xe y £ (x) — kos-
(GHLHeHTH Le/ible, —TO OH caM NMepBooOpasHuii, TaKk Kak ero crapuuit
KO3(HIHEHT PaBeH eNHHHILE):

B = () (19)

rae f,(x)—mnepBooGpasHu MHOrOUJIEH.
[Moncrasnas snavenne g (x) u h(x) B (12), nonyyaem:

ﬂ@=ﬁ7&wwn> (15)

Tak kak f(X) MHOTOUIEH C HeJBMH KOI(HUHEHTaMH, TO KOS(MHIUHEHTLHE
npoussenetns g,(x) 4,(X) nomKHH Bce NenUThCA Ha pg; HO g,(x)- A, (X)
ecTh NepBOO6pasHHi MHOrOYJIEH, CleNOBaTenbHo, pgd=—1u p=g=1I.
ITHM n0Ka3aHo, uTo Ko3ddHuHeHTH g (X) H A(x) ueine.

Orciopa MOXHO caenaTh eiie TakoH BuBox. Ompenmenss /£(x) u3
paBerctBa (12)

h) =", (16)
g (x)
MH MOXeM chOopMyIHPOBaTh CJERYIOILee TNpPEAJONEeHHe: €C/H IpPHBe-
IeHHHH MHOTOUJEH ¢ LeJbMH Ko3duuuenTamu f(x) nenuTes Ha apyroi
NPUBENEHHLI MHOrOW/EH, TO YaCTHOE €CTh TNpPHBEIEHHHH MHOro4JeH ¢
yeavimu xosddpuuuentamu, OTCIOIA, B YaCTHOCTH, BHTEKAET, Y4TO MOJH-
HoM genenus kpyra ®,(x), onpenensemuit no ¢opmyne (3) [§ 4, 1],
IOJKEH HUMeTh LieJble KOI(HIHEHTH,
[TepexonuM K JOKa3aTe/bCTBY HEMPHUBOAMMOCTH NOJHHOMOB [eJIEHHS
okpyxHocTd, JHamum I1o0ka3atenbCcTBO Iag H==p*. B 3ToM cayuae,
KaK Mbl BHIEJH,

@ ()= 22" ey

Honyctum, uro @ (x) pasnaraercs Ha mpou3BeleHHe MHOTOUJIEHOB C
HEeJHMH KO3 (PHILHEHTaMH:

P (x)=f(x)-& (%)- (17)
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Tak xak crapum#i ko3¢duuuHent mHorouwtesa @ (x) paBeH enunuue,
TO TaKOBLIMH € JO/DKHH OIThb CTapliHe KOIGHUHeHTH ¢ynkuus f(x)

n g (x).
lonaras B paserctse (17) x=1 u 3amevas, yro ®(1)=p noay-

yaeM:
p=r(1)-g(1). (18)

Taxk kak p —nmpoctoe, TO ONHH H3 comHoxmtenelt f(1) wm g (1)
paseHn == 1, a npyro#t 5= p. He Hapymas OOLIHOCTH MOJIOXHM, YTO

f(H==1. (19}
[Mycrs r ecrb TOT KOpeub ypaBuenns @ (x):=0, koTopui ABIseTCs
xopueM f(x), Tak uto f(r)=0.
Mycts & — moGo#t kopetb ypastenus ®(x)=0, 1. e. moGo# nepro-
00pasHuii KOpeHb p*-H CTeNeHH H3 ENHHHIH; TOrA3 psX

g, e%..eP =1

’

npencTapiser co6o#f Bce p* Kopuell ypasHenHs xP"— 1=0.
M3 unux: .

a b
e, &% &’

rze a, b,...,k He measTcd Ha p (W, CleJOBaTeNbHO, B3AHMHO-NPOCTHS

¢ p%) SMBASIOTCS NepBOOGPA3HHIMH KOPHAMH yPaBHEHHs xP"—1=0.
PaccmorpuM npousBenetHe

. b k
fE)f(E)fE)-f (). (20)
HetpynHo BHmeTh, UTO BHPaKEHHE 3TO PaBHO HYMO, TaK KaK Cpemu
uncen e, €%...,c¥, npeacrasasownx Bce KopHu ypaeHeuus D (x)=0,
Hatizercst pasoe 7, a f(r)=0.
Orciona cnexyer, 4o QyHKIUS

F(x)= f(x)- f(x%)-f (x")-..f () (02}

HMeeT CBOMM KOPHeM X =g, I'le ¢ —/060# KopeHb ypasrenns @ (x)=0.
Takum o6pasom, ¢ynxuust F(X) uMeeT CBOHMH KODHSMH BCe KOPHH
dynkunu @ (x), a noromy F(x) meautcsa va @ (x):

F(x)=2(x)-9 (%), (22)
npuueM QyHkuHs @ (X) ROMKHA UMETh Hease KOIDUUHEHTH, TaK Kak
crapiiHe KosdHuHeHTH ¢yHkuni F(x) nu @ (x) paBun eaunuue (uTo
crapuuft kos¢uunent F(x) pasen 1, 310 BumHO M3 ¢opmyan (21),

TaK Kak cTapuinit koscduuuent f(x) pased 1).
[Tonaras B paseHctBe (21) x¥ =1 u 3ameuas, umes B Bumy (19),

yro F(D)=f()f(1)..f(1)===1, a ®(1) =p nonyyaem, uto

= 1=p-g(1). (23)
4f



Ho npousBesenne IBYX ueJnx yHcen p H @ (1) He MOMeT paBHATbCH
==1. 9T0 npoTHBOpSuMe H [OKa3HBAET HENPAaBHJIBHOCTH NONMYLIECHUS
0 T0M, uTo ®(x) pasnaraerca na mpousBefeHMe (QYHKUMH C LeJbIMH
.KodHIHeHTaMH. A 0TCiola BhiTeKaeT Henpupozumocts @ (x).

BOHpOCOM O HENPHBOAHUMOCTH NMOJAHHOMOB AE€JEHH OKPYXHOCTH 3aHHUMAJICH
pfAl MaTeMaTHKOB, HAYHHas C CPEAUHBI NPOIIJOro CTONETHA U BNAOTh A0 HACTOA-

wero BpemenH. IlpusegenHoe Bbille NOKAa3aTeAbCTBO (A4s caydas 7 = p*),
Hcnoab3yomee CBoHcTBa mepBoo6pa3HbIXx KOpHel, npuHanaexuT KpoHekepy.
‘CymecTBYIOT (A4 STOrO Xe€ cayyasd) W APYrHe 10Ka3aTeabCTBa, U3 KOTODhIX
HauGoJjee MNPOCTO JOKa3aTeJbCTBO Oi3eHmTelHa, uCIQAb3yomee CBOHcTBa
K03(unuenToB ypapHenus P .(x) =0 u ommpaiwmeecs Ha xpuTepuil Henpu-
soauMocTH JfiseHmreiina.

HokasaTeabCTBO HENPUBORUMOCTH moJuHoMa P, (x) B o6meM cayvae, pas
awboro n, Gonee caoxHO. [as HEro MpepdoXeHO ObLI0 HECKOJABKO METo-
.A0B. Mbl u3noXHUM OXHO H3 MNOCAEAHHX JoKasafedbCTB (Haes KOTOPOro
npunagaexur K. lllypy) npumepHo B ToM BuZe, kKak oHo gaerca H. T, YeGo-
tapeBhiM (cM. MoHorpaguio YeGorapesa ,Teopus anya“, M. 1 36, ra. I; Tam
We NMPUBEJEHA M JuTepaTypa IO 3TOMY BOmPOCY).

Jdag noxazaTeJeCTBa HaM NOHAafOGHTCS BCIIOMOraTelbHOE NpelJOXEHHe,
HU3BECTHOE MOX HasBauHeM gopmyavs [llenemana. EosbMmeM MHorounes f(x)
€ LeabIMH KO3(hHUUHEHTaMu:

f(x) = apx* + ayx""1 4. 4 ay_1x +a, (24)

H BO3BEJEeM €ro B p-10 CTelleHb, IJe P — MPOCTOE YHCJO.

P-9 CTeneHb 3TOr0 MHOTOWIEHA COLEPKHUT, KPOME p-X CTeNEHeH OTAeAbHBIX
YJIeHOB, TOJbKO TaKHe 4YJEHBI, KO3)HUUHEHTH KOTOPHIX AeaaTca Ha p. Heficr-
BHTEJbHO, KOIDHUUMEHTH BCEX YAEH(B, HE ABASIOLMXCSA P-MH CTENEHAMH GyLyT
HMeTh MHOXUTENM Bupal):

! -
T Bkt k=) ©3)

W tax Kak Bce k; MpH 9JI€HAX, HE SABJAAIOIMIHXCA pP-MU CTENEHAMH, MEHbIUe,
YeM NpPOCTOe YHCAO P, TO P COXPAHHUTCH B BhIpameHnnu (25) u, cieloBaTeabHO
BCE YKa3aHHble KOI(HUHEHTH Pasienarcs Ha p.

CoepuHAT BCE 9TH YJEHBl BMECTE M BBIHOCA P 33 CKQOKH, MOAYUYHM:

[F () = a?x™ + afx*=VP+ . . .+ an PxP - af +py(x) (%)

rie ¢ (x) — Hexotopas GYHKOHA C HedbIMH K03HUHEHTAMU.
3aMeuaem janee, yto no teopeMe Pepma af — a peautca Ha p?) H, caelo-
BaTEJABHO
a’ =ay+p-q )
a’ =a .
i 1+p 0 } @n

a’ = ap+p-qn }

1) Iro ectb 06o6meHue Ha MHOrousew oGeYHOR (opmynnl AN cTemeHd
GuioMa, rae Ko3pUIHEHTH

ch —plp=1...p=H_ __ »
p= 1.2, . % l (p — k)!

209 = g (mod p). 210 KokasmBaeTcs Hamu nuxe B § 5, 1.
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IMoncrasnas 3Hauenus aoP, ¢} . . .u3 (27) B (26) u BHOBb COEHHHA A
8MECTE YJEHBl, CofepXKamue p, HMEEM

FO) = ape? - axPt=0 . o ap ¥ 4 ap+ peg (x),

rae ¢ (x) — ¢yHxuus ¢ uermMu kosbpumuentamu. Ho mepswie #2 -4 1 caarae-
MBIX B IpaBoff yacTH — 3r0 pe3yAbTaT MOICTAHOBKH B gyynxumof(x) BMeCTO X
xP. [losTOMy OKOHYATENBHO MOJyYaeMm:

FP=f () +p-o (). (28)

D10 u ects dopmyaa Ulenemana.

Nanee uav mPuUAeTCs BOCHOAb30BATHCA HEKOTOPHIMU CBOHCTBaMu DPE3yib-
T2aHTOB M NUCKPUMHUHaHTOB. Eciu 3amaHbl 1Ba NpUBENeHHHX MHOroYaeHa f(x)
u g(x), UMelomue KOPHH 0f, ay, . . .05 U By, Boy. . . ,B3; COOTBeTCTBEHHO,
TO pe3yAbMmanmoM ux, Kak M3BeCTHO, GYAYT BBIPAXKEHHS

RUD=gE)E @) . - &) =[]& nm
i=1
R@GN=IGIIE) - . - Gm) =]/ G

k=1

‘.
i 29)
J

MOTYIIHE OTAMYATBCA TONbLKO 3HAKAMMS
R (g,/) = (—D)™"R(f, Q).

PaBeHCTBO HyXI0 pPe3yabTaHTa €CTh YCJAOBHE, HEOGXOAHMOE M JOCTAaTOYHOE
I TOro, 4ro6bl MHOTOYAeHB HUMeNW obuiufli xopeHs. PesyabTaHT ecTp CUM-
MeTpuyeckas (GYHKOHS OT KOPHEH KaXA0oro u3 MHOTOYJICHOB, a CHMMETPHYe-
ckast GYHKuHA OT KOPHEH MHOTrouJ€Ha, COTaCHO OCHOBHOH TeopeMe€ TeopHu
cUMMETpHUeCKHX (YHKNuH, panHOHANBHO BHIPAXAETCa Yepe3 KO3(DHUHEHTH
MHOTOY/EHa; B CAYydYae Xe, eClAH 3Ta CHMMETpUdeckas QyHKuud HMEET medc-
qYHUCHEHHbIE KO3(HUOMEHTH], TO B €€ panMOHalbHOE BEIPAXEHHE yepes ko3du-
IUEHTBl MHOTOYJEHOB HMEeT TakXe neasle xo3duuHeHTol. Ecad CBEpx TOTO
OKaXeTcs, 9TO U JaHHBIH MHOrOY/JEH HMEET ueiable Ko3(HUHEHTHI, TO PE3Yab-
TaHT ABAAETCA yeavim ucAoxm. C 3TUM CayyaeM HAM W NPUAETCT UMETb AeJo.

Huckpumunanmon HaspiBaeTcs (B34THIH C ONPENEAEHHBIM 3HAKOM) PE3yab-
TaHT OT MHOrOYI€Ha W ero NPOu3BOXHOH:

D=RG ) ==f @) @) ... [ @)=[]re (30)
i=1
COCTaBﬂM nmpaxserme oas nucxpumuaaura NIPOU3BEAEHHUS zuayx MHOI'OYJ€HOB
D(-=R(g r e+re)=11I®Meg@+rxe @l=
.V=ai , Bk
=[11r @ g+ 1) g @I G & G +7 B & (3]
i=1 k=1
Ho f)=0 u g3 =0.
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IMostomy

DUr-g)=]] 7= g @) [IrG g 8 =

i=1 %=1
n m n m
=[17e) [T2 6o T1 2@ [176G) =D () D(e)-R(f, &)-R(g, N.
i=1 w=1 i=1 =1
OKOHYaTEeNbHO HMEeM: ”
D(f-g)==D()-D(g)-R*(f, 8. (31)

dra popmyaa Moxer GHITh 0GoGuIeHa Ha CAyyall npou3BeAEHUs HECKOJbKHX
MHOro4ieHoB. Tax, A9 NMPOU3BENEHWS TPEX MHOrodseros f, g, & BEBogHTCA:

D(f-g-h)==D(f)-D(g)-D(h)-R:(f, g)-R2(f, h)-R¥ (g, h).  (32)

W3 3Toro M cienaem crepywomee 3axaoyense. ITycts HexoTOpHi# MHOTO-
unen F(x) c neasiMu xosuuneHTaMu JeJuTCH Ha NPOHU3BEJLEHHE ABYX APYrHUX
MHOrouJeHoB f(x) u g (x) torga F(¥) = f(x)-g (x)-¢ (x); xoSdHUMEHTH BCEX
¢yuxuull f, £ ¥ ¢ Mb MOXEM CYMTaTh WUeJbIMH; B 3TOM CaAy4ae JAHCKPHMH-
HaHTH U PE3yJAbTaHTHl SBAAIOTCA LEABIMHM uvuciamu; (opmyaa (32) moxasbl-
BaeT, B YaCTHOCTH, YTO AHCKPHMUHAHT Qyrxuuu F (x) pasgenauTtca Hauesdo na
pesyaptant R(f, g) dyukuuii f(x) n g (x).

€pexoluM K A0Ka3aTeAbCTBY Henpusopumocta P, (x). Ilycts e — xaxoii-
HuOyIAb Kopedb moiunHoMa P, (x), T. e. Kaxo#-HUGYLb NePBOOGPA3HEIR KOPEHD
n-i crenenn u3 exuuuns. JlonyctuM, uto mnoauHom P, (x) mpusonum. Toraa
OH Pa3naraeTcs Ha nNpOU3BeleHWE HENPHUBOAHMbIX COMHOXHTeAeH, KO3(DHIMEH Th
KOTOPHIX MBI H€ Hapymas oOOLIHOCTH, Gymem cuuTaTh NEJbBIMH YHCJIAMH.
Iyctb f(X) — TOT HENMPHBOLUMBIH COMHOXUTE/Nb, KOTOPEIH HMEET KODHEM &,
taKk yro f(¢) = 0. BosbMeM mnpocToe HHCHO p, MEHbilee 9eM 7 U B3aHMHO-
npoctoe ¢ n. Torga ¢? gBagerca Takxe mepBoOGPa3HBIM KOPHEM 7n-H cTeme-
HY U, CAEN0BaTeAbHO, KODHEM moauHoMa @, (x). Mel mokaxewm, uto & uoxa-
#HO GHTH KopHeM yuxuuu f(x). EcIu G6ul 370 Gei10 He TaK, TO & HOMKHO
6110 61 GBITH KOPDHEM KaKOro-HHGYIb 4IPYTroro HENPHBOAHMOrO IOJHHOMa
& (x), xo3dUuneHTH KOTOPOr0 MOXHO CYMTAaTh LEABIMH. Muorownen F(x) =
= x"—1, uMes ¢ HenpusoAuMBIMH QyuknusMu f(x) n g (x) obmue KopHu
ROMKEeH HNeNUThCA HAa KaXIY0 M3 HHX, a TAK KaK OHH B3aUMHO NPOCTH [NO
CBOHCTBY HENMpPUBOXMMHBIX QYHKNMH — MOTOMY YTO KOPEHb ¢, GyAy4u KOpHEM
g (x), He aBagercqa, Mo mnpeauoJokeHu, KopHeM f(x)], TO oH XoakeH Xe-
JUTBCA M _HAa HX NPOU3BENEHHE. A TOrAa, COriacHO BhIIIECKAa3aHHOMY, JHUCKDH-
muHaHT D (x" —1) pomken pasgeautscs Ha pesyabTant R (f, g). Hallnem-
cgaqaiia D(x™ — 1), B3B8 KopHH MHoroufesa x* — 1 B Buzue ¢, 2, . . . &1,
e =1:

D(x"—-1)=R(x”—-l,nx”"1):_-:_ne”"lne'é‘(”_” .. . netr—D=

nnd1)(n—1)
=+nte 2 = =+n", (33)
n(n+Hn—1)
TaK Kax & 2 ==*
KOpHell ypaBHenns x"— 1=
Boiwucaum teneps R (f, 2):

R(£==fW)f). - .S

rae yi, Yo, - . .Yz KODHH MOAHHOMA g (X); Cpeiu HHUX ROJXeH GbITb PaBHbIH
¢’. He uHapviuas o6mHOCTH, MOXKEM CYATaTh, Y10 Y = &P,
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Moaaras B BhiBeXeHHOH Boime @o;Myae Lllememana (6) x = e m 3amedvas,
yto f(¢) = 0, moayyaem
S(P)y=—p-¢ () (33)

Tak xak y; = ¢” ecTb ToMXe NMepPBOOGPa3HbI KODEHb, TO &€ MOAKHO BEIPA3HTD,
KaK HEKOTOPYIO CTENeHb Yy

e=y°5
[oacraBasa B (33), moayvaem

F(yD=py ) (34

rae ¢ (_ye) — Hexoropad OyHKUMA C HedbIMH Kodduuuentamu. PyHrupg
f(x¥) — p v (x), umeroman KopHeM y1, NOMKHA HMETh CBOMMU KODHAMu M BCe
OCTaAbHBIE KOPHH Yo,. .., Vp denpuBogumMoii ¢yHxuuu g (x). [losToMy cooTHO-
menue (34) AMeeT MeCTO RJAa BCeX KopHeH y;:

f(}’z) =p ‘P (yt) (i=12... 1k): {35)

a moTtoMy
RU) =t ¢ ()-d (... $ () (36)

[Tpoussenenne Y (y1)-¥ (¥s). .. ¥ (¥r) ectb cumveTpudeckas Gyuguus ¢ ueo-
49ACACHHBIMH KO3DHUHEHTaMM OT KOpHEH NoauHOMa g (X), MMCIOIIETO LeJble
KO3(HUHEHTbI, H NOTOMY HOAXHO ObiTh UeapM ydcaoM. CootHomenue (36),
TakuM 06pa3oM, MOKa3wBaeT, YTo pesyabtant R (fg) aeaurcs na p®. C apy-
roli cropons, guckpumunant D (x" — 1) nomken geautncd Ha R (f,g). Caeno-
BATENBHO, KAK MoKa3biBaeT (33), 7" NOMKHO AeauThcn Ha P Ho 3T0ro 6biTh
HE MOXET, TaK KaK P B3aUMHuO NMPOCTO C 7.

310 NpLTHBOpPEYHE W LOKa3biBaeT, 4TO ¢ He MoXer GBITh KOpPHEV HHKaA-
Koro Apyroro moapHoMa g (X), a RomxHO GeiTh xopHeM ¢yaxuuu f(x), T. e.

J(E#)=0. (37)

Teneps HeTPyAHO MOKa3aTth, 470 J0Co# KOpeHb nmoaunoMa ¥, (x) aBaserca
xopHeu f(x). B camou nene, Takoif KopeHb BCeria uMeeTt BuJ €%, rae # B3auMHO-
npo:to ¢ n. Ilycrs

u=p-p-p'...
Torna e " P' = ()P, U tax xax f() =0, a p’ npocroe wucao, MeHbme 7
U B3aUMHO NpoCTOE C 7, To Mo AokazanHomy f[(eP)?’| = f(¢PP’) = 0.TouHo 12k
we nokaxem, 4yro ePP’P!" ecth KOpeHs, Tax Kak ePP'P! — (ePP1YPV 4 p" — npo-
CTO€ YHUCJO MEHbIIE 7 W B3auMHO mpocroe € 7 # T. A ChefosBaTeNbHO,

f() =0.

Wrak, mokasano, 4to a0Gol xopeub noxuHoMa P, (x) asaserca xopueM
€ro HempuBoAMMOro comnoxurens f(x). [Tlosromy

Dp () = f(x).
IDTUM M JOKa3aHAa HENPUBOXUMOCITH !) &, (x).

1) A Tak Kak, KpoMe TOro, Bce KOpHHM ypaBHeHHT D, (x) =0 apasiotca
CTEHEeHSMU OXHOTO W3 HUX, TO YpaBHEHWE JEJEHHS OKPYXHOCTH HOPMAALHO
B obiactd R. (HopmaabHbiM Ha3piBaeTCsl HeNPHBOLMMOE ypaBHEeHHeE, o6aanaro-
mee Te€M cBOHCTBOM, YTO BCE€ €ro KCPHHM pauUOH2ABHO BBIPAKAITCA yepes
OJHWH U3 HHX).
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3. Kak Mu Yyxe YKa3bBaiH, pelleHHe JABYYJNEHHOTO YDaBHEHH S
X" —1=0 MOXHO CBECTH K peELIEHHIO COOTBETCTBYIOILEr0 YpaBHEHH$
Aesiendst okpyxuoctH @D, (x)=—0, KOpHH KCTOPOTro SIBISIIOTCH MEPBO-
00pasHbIMH KOpPHSMH JBYYIEHHOrO ypaBHeHHs. U eciu ypaBHeHHe Ieie-
HUS OKDYXHOCTH OKaXeTcsl pa3peliMMbIM B KBaJpAaTHHX pajHKalax, TO
TO Ke MOXHO GyneT CKa3aTb H O IByWIeHHOM ypaBHenun, HaoGopor,
eCJIH ypaBHEHHe JeJieHHs OKPYXHOCTH B KBaAPaTHHX palHKalax He
paspelaeTcs, TO He peluaeTcsi B KBaJApaTHHX paaukanax H ABY4YJIEHHOE
ypaBHeHHe (TaK KaK ero nepBooOpa3Hbie KOPHH He GYyILyT BHIPAXAThCH
B KBaJPaTHHX PaJnKaax).

Ho ypaBHenHe pesieHHst OKPYXHOCTH, KaK TOJIbKO 4TO OblIO ycTa-
HOBJIEHO, HENMPHBOAMMO. A II0STOMY K HeMy MOXHO MPHMEHHTb yCTa-
HOBJeHHHH Bhie (§ 3,3) KpHTepuil paspellMMOCTH. A HMEHHO, MH BH-
JeJH, YTO JUIA TOTO yTOOLl HeNpHBOZMMOE ypaBHeHHe GBUIO pa3perlinMo
B KBaApaTHHIX pajvKalax, HeOOXOXHMO 4TOOH CTemeHb Obljia CTENeHbIO
zsofiku. Ho crenenp ypasuenns @, (x)=0 paBna ¢(n). Korma xe
¢ (n) 6ynmer creneHbio ABOHKH?

[Myets n=2%.p,%-p,"2, .. p;*k €CTb pasjioOXeHHe /I Ha MPOCTHE
MHOXHTEJH, TaK YTO p,, Ps,. .., Pr—Pa3IHYHbIE HEUYETHLIE IPOCTHE YHCIIA.

Torna xak usBectHo (§ 2,3),

¢(m)y=2"1p s pye=t peet (py— 1) (P —1) .. - (P —1)-(38)

Jlast Toro uToGH ¢ (72) 6HIO CTEneHbio ABOHKH, HeOGXOMHMO, BO-Tep-
BHIX, UTOGH BCE MHOXHTENH p;% ! GBUIH PaBHbl eIHHHIE, T. €. YTOOH

a1=a2=...—_—ak:1

H 4YTOGH, BO-BTODHIX, MHOXHTeJH p; — 1 ObllH CTeneHsMH ABOHKM, T. €.
yTOGH Kax10e MPOCTOE YHCIO p; HMesto BHA 2™ —-1. TIpocTthe uHcaa
STOro BWJA Ha3bIBAIOTCH 2AYCCOBbLLMU TPOCTHIMH YHC/IAMH.

TakoBO HEOGXOAHMOE YCJIOBHE paspelllHMOCTH B KBaJpaTHHX Paau-
Kalax ypaBHEHHs JHEJIeHHS OKPYXHOCTH, a, CJIeJOBaTEJbHO, H JABYdJEH-
HOTO YpaBHeHHS,

WUrak, 048 moz20 umobu 08y4senHOe YpasHneHue X" — 1 =0 6bi10
pa3pewumo 8 Ksadpamusx paduxaisax, Heobxodumo, 4mobs. 4ucso n
umeno caeoyrouul 8uo:

=2%py P - P (39)

rIe o — 1eJ0€e NONOKUTENbHOE YHCIO HIH HYJb, a p; pa3AutHsle Tayc-
COBHl MPOCTHE 4YHCJA, T. €. MPOCThE yHcaa BHAa 271,
VcraHoBieHHOe HAMH HEOOGXOIHUMOE YCJIOBHE, OKAa3hbiBaeTCH, B YEM Mhl
y6enuMcs B jafbHefilieM, BMecTe C Te€M M JOCTaTOYHBIM,
W3 morxasaHHOrO, B 4aCTHOCTH, CJeAyeT, 4TO, HalpHMep, YpaBHEHHs
X"—1=0u x°—1=0 uepaspemwruMbl B KBaApPaTHHX paluKaiax,
TaK Kak yucaa 7 U 9 He ynosiaerBopsioT ycnosuio (39). Takum o6pa-
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30M, OKAa3HBAeTCd HEBO3MOXHHM Ppa3leJHTb IHPKYJeM H JHHeHKON}
OKDYXHOCTb Ha 7 M Ha 9 yacTeHl HJIH, YTO TO *Ke, MOCTPOHTDH MPABHNb-
HHIH CEMHYTOJIbHHK HJIH IEBSATHYTOJBHHK 1),

§ 5. YCJIOBUE BO3MOYXHOCTHU NOCTPOEHHS MPABW/IBHOI'O
MHOTIOYTOJIbHHKA LMPKYJIEM U JIMHEAKOM.

1. Buimie HaMH GHUJIO YCTAHOBNEHO HEOGXONMMOE YCJIOBHE pa3peliH-
MOCTH [BYYJEHHOTO YPAaBHEHHSI B KBaIpATHHX pamukanax. Mmes B BULY
10Ka3aTh H G0CMAMOYHOCMb STOTO yCJIOBHS, Mbl [EPBOHAYaJbHO MOKa-
MeM BO3MOXHOCTb pa3spellieHHs B KBAaApPAaTHHX panHKanaXx ypaBHEHHS
xP—1=0, rae p — npoctoe uucio Bupa 2™ -1, Meron Tlaycca,
NOMOLLBIO KOTOPOTO Mbl NIPOBENEM pellleHHe B KBaLPaTHHX palaHKasiax
YKa3aHHOTO IBYYJIEHHOTO ypaBHEeHHs, TpeGyeT HEKOTOPHIX LOMOJHHTE/b--
HHX CBENEHHH M3 TEOPHH YHCEJ, a HMEHHO — 3HaKOMCTBAa cO CBOHCT-
BaMH TaK Ha3blBAEMHIX ,TE€PBOOGPAsHHIX KOpHEH yHCaa p* HIIH HHaye —
nepBooGpa3ubix Kopneft cpaswenuss xP~! —1 =0 (mod p).

Ecan nsa (uensix) yHc/ia @ W b NpH ZlesleHHH Ha 1LleJioe MONOXHTeNb~
HOe YHCJIO /M JAi0T ONMHAKOBHIE OCTATKH:

a=mp-r
b=mg—r,

TO TakMe YHCJIa Ha3HBAOTCA PASHOOCMAMOYHBLMU, WIH CPABHUMbBLML
N0 M00YAI0 M, YTO 3aMHCHIBAETCS B TaKOM BHIE:

a = b(mod m). (1y

OueBHIHO, YTO AJIsi TOrO 4T0GH @ OHIIO cpaBHHMO C b Heo6xomuMo:
H I0CTaTOYHO, YTOGH pa3HOCTh @ — b JenHiach Ha M.

Yucna, Ja0lllHe TMPH JeJeHHH Ha /7 OJUH H TOT e OCTaTOK, HJH,
KaK TOBOPST, &bi4em:, T, €. CPaBHHMHE Mexay coGo#t (mod m) Mbl
OTHeceM K OJHOMY H TOMY e KJaccy. Tak KakK pa3iMYHBIX BHIYETOB
no Monyawo m Bcero ectb m:0, 1, 2... m—1, 10 Bce yucna paso-
6bIOTCS HA /M KAACCO8 CPABHEHWl, KaXIHH H3 KOTOPHX XapaKTepH-
3yercs cBOHM BbiyeTOM. COBOKYIMHOCTb /7 YHCeJ), M3 KOTODHIX Kawiaoe
NPHHANJIEKHUT K Pa3HOMY kiaccy, o6pasyeT TaK Ha3hIBAeMYIO MOAHYIO
cucmemy 8vi1emos.

CpapHenuss 061a13al0T MHOTHMH CBOHCTBaMH OOBIKHOBEHHBIX DaBEHCTB.
CpaBHeHHS MOXHO MOYJEHHO CKAAABIBATh, BHUMTATh, YMHOXaTb, BO3BO -

1) Caepxyer NOLYEPKHYTh, YTO HEBO3MONCHOCHS NOCTPOCHUT OTHOCHTCHA
K ynorpe6aseMbM 31eChb CPelCTBaM NOCTPOEHHS — UHPKYJAI U JHHEHKe.
Momompio ApyruX CPeACTB Ta ke 3ajaya MOXeT GnTh pemena. Hampumep,
npaBmlemﬁ CEMHYTOJBHHK MOXKEThb ObITh NOCTPpOEH MOMOHIBIO ABYX INPAMBIX
yraos (cM. Adaep, ,Te>pus reoMerpuyzckux nocrpoennfi®, ra. VIII).
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AHTb B LIETYIO MOJIOWHTENBHYIO CTeneHb, JlOKa3aTelbCTBO 3THX mpen-
JIOMeHHH He npexctaBaser Tpyzaa. Ilycts

a=b(mod m)
c=d(mod m). ()
Crenosarensio, @ — b=mp He—d= mq. Otciona BHBOIHM:
(a—b)=(c—d)y=m(p=y),
(@xc)—(b=d)=m(p=y),
a=c=b=*=d(mod m).
Ilyrem yMHOMXeHHS MoOJy4aeM
ac=bd -+ (dp + bq 4 mpq) m, uan
ac = bd (mod m).

9710 CBOHCTBO pacrmpocTpaHseTcs Ha JI06Oe YHCIO CpaBHeHHH, H OT-
€I0Ja BHTEKAeT BO3MOMXHOCTb BO3BHIIEHHSI OGEHX uacTel CpaBHeHHs
B cTemenb. Tak Kak KaXmoe 4YMCJIO CPaBHHMO C CaMHM COGOH, TO
OTCIOAA CJedyeT, 4To K 0GeHM YacTAM CpaBHEHHS MOXHO IpPHOGaBHTDb
(MM OTHATB) ONHO M TO e YHCJIO, 4TO 06e 4acTH CPaBHEHHS MOXHO
YMHOXHTH Hd ONHO H TO Ke YHCIO.

Yro ke KacaeTcs LeJIeHHs, TO COOTBETCTBYIOLIas TeopeMa GoOpMyJH-
pyercd Tak:

o6e uyacTH CpaBHEHMs, HMeIOIHe OOWMH Jxeautenb ¢, B83aAUMHO-
APOCMOll ¢ MOIyJIeM, MOXHO paslelHTh Ha ¢.

[oxaxewm sro, [Tycts @ = b(mod m), a=gq-a,, b=q-b, n gum
B3auMHo npocTH. Toraa, mo ycaosuo, ga, = gb, (mod m); 1. e. g (a,—b,)
JeJHTCS Ha M, a TaK KaK ¢ H M B3aMMHO NPOCTH, TO @, — b, JO/DKHO
pasfenuTbest Ha m, T. e,

a, = b, (mod m).

OTciona MOXHO BHIBECTH CJIEAYIOLLYI0 TEOPEMY O MOWIEHHOM NeJleHHH
<pasuennit: eciu a=2>b (modm) u ¢c=d (mod m), a neautcs Hac,
a b nenutcs Ha d u ¢ (a, ciemoBaTenbHO, W d) B3aHMHO MPOCTO € 77,
TO CpPaBHEHHS MOXHO MOYIEHHO paslAeJHTb OJHO Ha JPYTOe.

Mycts @ =ca, u b=db,. YwHoxas cpaBHeHue ca, = db, (mod m)
nouieHHo Ha cpaBrenue d =c (mod m), nonyyaem cda, = cdb, (mod m).
Tak Kak ¢ W d B3aHUMHO MPOCTH C M, TO M HX MNPOH3BeleHHe C-d
‘B3aUMHO 1pocTO ¢ . Cokpaulas MocjiefHee CpaBHeHHe Ha C-d, MOJIy-
yaeM @, = b, (mod m), uro u Tpe6OBanOCH NOKA3aTh.

HOoxaxem Tenepb ciemyioulee npemjioxende. [lycte p— npocroe
4yhcno. [Tokaxewm, yto npu mo6oM @

aP -— a =0 (mod p). 3)
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IlokasarenbCTBO apoBeneM MeTOAOM HHAYKuuK. CpaBHeHHe OYEBHIHOY
BepHOo npH @ — 1. [lonycTuM, 1TO OHO HUMEeT MeCTO NPH 4 =M

mP — m = 0 (mod p)

U [OKa¥eM, 4TO TOrxa OHO OyJdeT CHpaBelIHBO M npH a =m - 1.
B camoMm neue,

(m— 12—+ 1) =mP —m & =t -
H LD sy

Tak kaK Kawaw# u3 GHHOMHAJBHBIX KOI(DHLUHEHTOB- ACNHTCS HA P
(moTOMy HYTO p—npocToe, a B 3HAMEHATENAX YHCJIA, MEHbLIHE p) H
TaKk Kak, 10 TNPeANO/IOKEHHIO, TO XKe MOXKHO CKasaTb M O MmP—m, TO
M BCe BhIpaX(eHHe B NpaBOM YaCTH Pa3NeNIHTCH Ha p, T. €.

(m 417 — (m = 1) =0 (mod p).

Teopema nmokasaHa.
TTon0xHM Temepb, YTO @ He AeAHTCA Ha p (B3aHMHO NpOCTO C p),
Toraa obe uyactu cpasHennsi (3) Moxro pasmeauth Ha p. [lonyuwaewm:

aP™! —1=0(mod p). (4)

OTHM JI0Ka3aHa TaK HaswiBaeMas ma.as meopema DPepua.
OT TOMIECTBEHHBIX CPaBHEHHH NEPeXOXHM K CPaBHEHHsSM-YPaBHEHHAM,
Ecan f(x) — muorounen ¢ LeibMM KO3(UIHEHTaMH:

f()C) = COxn + Cl)‘:n“l + —{—C,,_1JC "l— Cn
H eC/IH @ eCThb KOPeHb CpaBHEHUS
f (x) = 0(mod p), (5)

1. e. ecan f(a) =0 (modp), to Bcakoe uncio b=a (modp)
ABISETCS TOXe KopHeMm cpasHenust (5).
B camom nene, u3 @ = b (mod p) BHTeKaer, yTo

at=>p", a" 1 =b""1, ... a=b(modp). (6)
Ymnoxast cpapuenus (6) Ha co, €y, ..., C,_; ¥ TOUYIEHHO CKJamblBas,
noJIy4aem:
coat=cyb" c,a" 1 =c, "7, .., cp_ja =c,_1b, ¢, = ¢, (mod p)
ca" a4 L e atcp=cb o0V - L -
~+ €16 ¢, (mod p),
T. €. f(@)=f(b) (modp)

H, CJeJIOBaTe/bHO,
f(b) =0 (mod p).
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HBa kopHs, npHHaAaeKallHe K OAHOMY KJacCy cpaBHeHHH, Mul He Oynem
CYHTaTh CYLIECTBEHHO OT/IMYHBIMH M CKaXeM, UYTO CpaBHEHHE HUMeeT
KOpeHb

x = a(mod p).
PaccMOTpUM JIBYuJIeHHOE CpaBHEHHE
xP71 —1=0(mod p). )

ITo Teopeme depma Bce uHCaa, B3aHMHO NPOCTHE C P, ABAAOTCS
KOpHAMH 3TOr0 cpasHenus, CiemoBaTenbHO, TaK Kak p — IpOCTOE
4UCJI0, 3TO CPaBHEHHE HMeeT p— | CYLIeCTBEHHO pa3NHYHHX KOpPHEH:

x=1, x=2,.,x=p—1 (modp). ®)

Jpyrux Kopue#, oueBuIHO, GHTh He MoxeT [x=0(modp) kopnem
He fBaseTCs].

Kopuu nsyunewsoro cpasuenns (7) o6nanaioT cBoficTBaMu, aHaJlorHy-
HEIMH CBOMCTBaM KoOpHe#l nByuiaeHHoro ypasuenus xP —1=0. Ilyctp
m — xaxko#-1n60 kopenb cpaBHenus (7), Torma uucnia

m, m? ms,..

ABJSIIOTCS TaK)Ke KOPHSMH 3TOrO CPaBHEHHs, TO CJEAYeT U3 TOro, uto
06e vactH cpasuenus mP~!=1(mod p) moxuo BO3BeCTH B NI0GYIO
crenenb. Cpenu HuX ecTh cpaBuumbie ¢ 1(mod p); TakuM BO BCAKOM
cayuyae Gymer mPL

Ecan d nauMedblM OKasaTenb, IPH KOTOPOM

m =1 (mod p),

TO TOBOPSAT, YTO YHMCJIO 77 NpHHaAnexur (0 MOZYNIO p) K TOKasa-
temo d. Te yucna, KOTOpHE NpHHAAMEXKAT K nokasareno p—1, T. e,
Te, KOTOpble YHOBJETBODAIOT cpaBHenHl0 (7), HO HE YIOBJETBOPSIOT
HHKAKOMY AByuwleHHOMy cpaBHenuio (mod p) Meublueif cTeneHH, Ha3o-
BEM nep8oobpasHuimMu KOpHAMu cpaBhenus (7), MIH TNPOCTO nepsoold-
PASHUMU KOPHAMU HUCAQ P.

HokaxeM cienyiollee OCHOBHOe CBOHCTBO MNepBOOOpa3HHIX KOpPHEH,
MMycts g — kako#i-nu60 nepBooGpasnbiii Kopenb uucia p. Toraa psn
yucen

g, 8% 8", gPI[=1 (mod p)] )
npeacrasaser coboft Bce kopuu cpasuenus (7). B camom nene, Kaxmoe
u3 uncen (9) ecTb KOpeHb 3TOro CpaBHEHHS W BCe OHH MEXAy cO6OM
HEeCPaBHHMBbI, TAK KaK €CJH JONYCTHTb, 4TO

k= gl(mod p) (k1 <p—1, n nycts k>1),
TO, Heas 06e uacTh Ha g' (B3auMHO mpocTOe ¢ p), MH MMeaH Owl
g¥ =1 (mod p)
50



n tak kak E—I<p—1, 10 g He Onia0 On nepBOOGPa3HHM
KOpHeM.

Takum o6pasom, uuciaa (9) npeacraBasior coGo#i Bce kopuu (8)
ypauetns (7), a MOTOMY OHHM CpaBHHMB ¢ uumcaamd 1, 2..p—1,
B3ATHMH, BOOOLIE TFOBOPS, B MHOM MOPSAKE, M COCTABJSIOT, CIeI0Ba-
TeJbHO, MOJMHYI0 CHCTEMY BHIUETOB.

Mpumepw: 1) Ins p=25 onxuMm H3 mepBOOGpasHbIX KopHe#t Gy-
meT g=2, Tak Kak 2 sBnsercs KopHeM cpashenns x*—1=0(mod 5),
HO He YIOBJIETBODSIET CpaBHEHMAM HH3Iuel cTemend x—1=0, x>—1=0,
x*— 1= 0(mod 5). ITostomy psn uucemr: 2, 2? 23, 2¢ nonxen mpex-
CcTaBisATh BCe KOpHM cpapHenns x*—1=0(mod5). Herpyauo Bu-
KeThb, 4TO 3TH uHcaa cpaBuuMpl (mod 5) ¢ 2, 4, 3, 1.

2) IOas p=17 3a neproo6pasueili KOpeHb g MOMHO B3ATb 3. Toraa
yncna paza

g’ g'z’ g3’ g4’ gs, gG’ g'I’ g8’ g9’ glO’ gll’ ng, g13, g14’ gl:')’ glGEl
6yayr cpasuuMui (mod 17) ¢ unciamu or 1 10 16 (B3saTeMH B cie-
LyIOLIeM MOpPHIKe):

3,9, 10, 13, 5, 15, 11, 16, 14, 8, 7, 4, 12, 2, 6, 1.

BriBenmeM, HakoHel, eille OAHO COOTHOLIEHHE. rfych & — nepBoo0-
pasueifi Kopenp mpocToro umcaa p (>>2).
CrenoBatenbHo,
gP 1 —1=0 (mod p). (10)

Paznaras NIeBYI0 4aCTb Ha MHOXHTENH, HMEeM

(ggl_ 1><g&;—l+ 1> =0 (modp).
p—1

g—2——-—1 HE MOXET IeJHTbCAd Ha p, TaK KaK Toraa g NPHHALICKAIO

—1
6 noxasaTemop 5 He 6b10 Onl mepBoo6pasHuM kOpHeM, Creno-

p-l
BaTe/JbHO, HAa p NOMKHO Renuthes g 2 -1, a motomy
p—1
&?*+1=0 (modp), (11
HIH
p—1
g? =—1 (modp).

BbiBeIeHHBIME  COOTHOIUEHHSMH Mbl BIOCJIEACTBHM BOCIOJIb3yeMCs.

[Ipu sTOM 3aMeTHM, yTo cpaBHenve g* -+ 1= 0(mod p), nmemouice

p—1
2

Mecto, Kak nokasmsaer (11), npu k= HE YIOBJIETBOPSIETCS HH
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NpH KaKOM JIDYroM 3HaueHHH K B mpemenax ot 1 mo p. B camom
=1

mene, w3 cpasHenni gF=-—1 (modp) u g2 =—1(mod p), nens

TOWIEHHO ONHO Ha .Hpyrce (ZEJHWTh MOM(HO, TaK Kak BCe KOPHH

cpasuenns (7), a clIemoBaTenbHO, g M €ro JoGas CTeNeHb B3aHMHO

p—1

mpocTH ¢ p), nonyyaem gFT Tz =1 (modp) —B cayuae, korma
—1 p—1 -

k>p 5 m6o g2 ~¥=1(mod p), —B ciyuae, koraa k<p_2_]_

Ho uu nepBne cpaBHenue npH &2 <<p, HH BTOpPOe CpPaBHeHHe HE MOTYT
HMETb MecCTa, TaK KaK g — eCTb NepBOOOpa3HhLil KOpeHb uHCaa p.

2. TlepefineM Teneps K MOKa3aTEILCTBY PAa3pelIMMOCTH B KBAaZPATHBIX
panukanax ypasuewus xP—1—=—0 B cayuae, korma p-—rmpocroe
yueao Bula 2M—-1.

Korma p—nmpocroe uMcno, TO, kaKk Mbl 3HaeM, kpoMe X =1, nce
octanbHbie p— 1 KopHel AByuwIeKHOro ypaBHenHss xP—1=0 aBisoT-
Csi nepsoo6pasHEIMH H COBMANAlOT C KOPHAMH MOJHHOMA

Qp () =P L aP? 4 x1=0. (12)

EciM ¢ onuH M3 KOpHel ypaBHeHHs (I)p (x)=0, T0 Bce KOpHH MO-

IYT OHITb NpPEICTaBJEHH B BHIE
g, &2 &8,...,eP7L (13)

Otciona, MexJIy NpOYHM, SICHO, YTO €CJH OXMH W3 KOpHeH Bupa-
XaeTcsl B KBaJPaTHHX pagHKatax, TO TO ke OyneT uMMeTb MeCTO U B
OTHOILIEHHH BC€X OCTAJbHBIX KOpHeH.

Meron Taycca, KOTOpHM MBI BOCHOJIb3yeMcs, OCHOBLIBaeTCd Ha
cB0oe06pa3HOM MnopsnKe pacnosoxcenus kopuet (13). Ilycts g—nepBo-
oOpasupift Kopenb uuciaa p. Torma, kak ObJIO BhsICHEHO, yucaa 1, g,
g%,..,8P7% 06pa3yloT MOJHYI CHCTEMY BHIYETOB 110 MOAYIO p, T. €.
cpaBHHMBI € udcaamu 1, 2, 3...p — 1 (B3aTHiMH, BOOGLUE TOBOPH, B APY-
rom mnopsake), C apyro#l CTOpOHB, €c/aM 1Ba uucaa B u [ CpaBHUMH
(mod p), o e#==¢l; B camov mene, us k=1I(mod p) caeayer, uto
k=I1-1-pt, a notomy et=cltPt=cl(P)l=¢l, TaK xak P =1.
[Toatomy umcia

, ¢2, &8, e " (14)

’
npeacTaBasioT co6ofi Te e kopHH (13), HO pacmoJoXeHHHE B HHOM
nopsaKe, UMEHHO B TaKOM, 4TO KaXIHH mnccienyrouHi KopeHb mnpen-
CTaBafeT COCOH g-10 CTeneHb nNPENIIECTBYIOLIEro (NEpBHA UJeH e,
-2 -1
npeacraBaser coGoft g-1o cremenb nocnenHero: (8 )f=—e” ' =¢).
p—1
2

M3 p — 1 uncen (14) coctaBum J1Be clelyIOUHE CYyMMBl MO
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— 1
(’—7———- — YHMCJIO lleJ0e, TaK Kak p=—=2"- I)C.rlaraemux B KaXJOH—-

2
p—1

1Ba - ynennbx nepuoda (no tepmunosnorun laycca)

tyme et et e
',hzeg_,_sg3_+_eg5_f_m+egp—9_ (15)

B 3THX cyMMaX KaxJIblfi 4leH mpeicTaBiseT g’-10 CTeneHb oT mpen-
IIeCTBYIOLILro.

HokaxeM cnaenyiouiee CBOACTBO 3THX NepHOXOB. Ecau B Hux mpo-
H3BECTH MOJCTAaHOBKY, B3fiIB BMECTO & — KaKOH-HHOynb KOpeHb, BXOns-
ui B COCTaB 7, TO OT TakoH MOACTaHOBKH 06a mepuonsa v, u 7,
HE H3MEHATCA; €CJM 2Ke BMECTO & INOJACTaBHTb KOPEHb, BXOAAUMEH B
nepuon 7v,, TO v, NPEBPaTHTCA B 7, a My B 7, Y6exumca B 3TOM.
[Toncrasum B 7, a 3aTeM B 7, BMeCTO &, Hanpumep, ¢8°, Torna

e - (22)e - ()¢ o - (e87) P et et ee
+ egp——l(: a) ="
() 4 () o - (£1)8F T = o8 o8 o e8P (=ef) =,

O6a nepuoma ocranuch 0e3 HM3MEHEHHs; H3MEHHMJCS TOJbKO MOpS-
oK cnaraembix, To ae Oymer, eCaM IMOACTaBHTbL JIOGOH npyro#t Ko-
perib €8%, npuHaneKaUMH 1),

[ToxcraBuM Temepb BMECTO & KakOH-HHOYAb KOpeHb, BXOASmMHA B 7);,
Hanpumep, €, [Tonyunm:

eg3+ (egs)g2—l— ‘e "“ (€g3)3p—_3 = €g3—l— Egs+ o + e8? =
(333)g - (ag3)§3+ R (eg3 )E"—2 :ag4—|— &’ + ot c¢? ="

Msl BHIHM, uTO 7, mepemo B 7, a 1, —B 7, TO Xe npousoHzer
NpH BCAKOH MOACTaHOBKE & —» e825T1,

3aMeTHM, YTO MEPHOMBI 7, M 7, Pas3/IHuHbl MO cBOeH Bemuuuue, Ecan
NpPENnOICKHTb, YTO 7y =1,, T. €., UTO

e—[—-egZ—{—... —{—egp—s —ef —{-583 4. g2

TO 3aMEHsisi B 3TOM DAaBEHCTBE CTENeHH g HX BHYETAMH M COKpPaTHB
112 e, MH MOJNYYHM YypaBHenne (p — 2)-H crenend, KOTOPOMY yadOBJIe-
TBOPSIET &; STOT0, OJHAKO, GBITh HE MOXET, TaK KaK & SIBJISETCH KOPHeM
HenpuBoauMoro ypastenus (12) (p—1)-# cremenn. CrenoBarenbHO,
Mo 75 My

Mbl nocrapaemcs Tenepb N0KasaTh, UTO NEPUOOLL M, U Ny ABASLIOMCS
KOPHAMU KBAOPAMHOZ0 YPABHEHUS C HEAbMU KOoIPUUUEH MAML.



[Mpexnae Bcero 3ameuaeM, 4TO

o =—1, (16)

TaK KaK cyMMa 7y—}-7, ecTh cymMma Bcex KopHe#t noaunoma (12), vy
KOTOpOro K03¢HuiHeHT mpH xP~1 papen exunuie !)
Jlanee coCTaBHM NpOM3BENEHHE 7),- 7},

"10"’11=(5+€g2 Fett —{—eg"—s) . (sg+eg3+ S S +egp—2)_

Ymuoxenne 6yneM BHMOMHATE CAEXYIOLHMM 06pa3oM: BCe YJIeHH NMepBo#H
CTPOKH CHauyaJla yMHOXHM Ha HaxOIsIHecs HEMOCPENCTBEHHO MOJ HHMH
4JeHH BTOPOH CTPOKH, 3aT€M Ha HAaXOASALIMECs Ha OAMH UJIEH IpaBee,
Ha JiBa uYieHa mnpaBee H T. A., AONOJHAS HEIOCTAIOUIHE C IPOTHBOINO-

NOWHOTO KOHLA (TMOJB3ysch NpPH STOM COOTHOILUGHHsMH: , =€ — &7,
8 =ee? y 1. ).
[Toryuum cienymouiee BHpaKeHHE:
_lte ) (+eger, (14 (+g)gP—3
Nyem=ce e +e + e -+
14+g5 | (1+g9e%y _(1+e%gt L(1+g9eP 3
et R ey ~

5 5) o2 1L o85)gP—3
+el+g _I_E(H-g)g_}_ e E (1+8%¢’ +

(17)
—|—e‘+g"—2 I +g!’-2)g2 + e (Hgl’*2)gp-3.

B kaxmo#t u3 P —;1 TOPH30HTAMbHBIX CTOPOH HAXOIHUTCH CYMMa,
NpeacTaBasiowias co6o#i pesynbTaT NMOACTAHOBKH B NMEPHOM 7, BMECTO &
OIHOro Hu3 p; YHCeJI,

elte, el+es, glte’, | el+eP™?, (18)

Kaxnoe w3 uucen (18), npencrasass coGo# cTeneHb &, ABAsSETCH KOP-
HeM nosuuoma (12); uckmoyenHe MOrjao 6u NMPEACTABUTHCS JHIIb B TOM
ciyyae, ecaH OB HEKOTOPHE uHcJIa o6Gpatuiuch B 1. TG MOrao 6
HMeTb MeCTO DIpH YCJIOBHH

14 g¥+1=0 (mod p).
1) Uan tax: xopru (14) sto Te xe kopHm (13): HO & €CTh KOpEHL IOMH-
Homa (12), a noTtomy
Pl P2+ . 4e1=0,
P14 P24 fe=—1.

HIR
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Ho 5T0 cpaBueHHe He MOXET MMETb MeCTa, [OTOMY YTO, KdK Mbl BH-
zeny, cpasuenne 1~} g*=0 (mod p) MoxeT HMeTb MecTO Mulib NPH
p—1 p—1

ecTh

2 2

=L ; l; HO 2¢ -1 He MOXeT paBHATLCS

yucso yernoe. [To3ToMy HH omHo M3 unces (18) He paBHO emmuuue H,
CJ/IeflOBATe/IbHO, BCE OHHM SBJIAIOTCS KOpHAMH mosuHoMa (12), a motomy
BXOJAT /AH60 B COCTaB MepHoaa 7y, 1H60 7),. B mepsom ciyuae pesynb-
TaT NMOJACTAHOBKH AAaeT 7, M, CJeLOBaTEJbHO, COOTBETCTBYIOLLAs CTPOKA
B (17) paBHa 7, BO BTOpOM c1yuyae, oHa OyneT pasHa 7,. Ecan m,
yncen u3 paga (18) npunamnewmar 7, a oCTajbHHE /72, TepHONY 7, TO
Hallle NPOH3BENEHHE Y)y-7), NpPHMET CACAyIOUWHH BHI:

No* Ny == My Mg + My My, (19)’

, TaKk Kax

—1
npuueM m,— mlzp——.ﬂpoussenenue M, Ha 7, NMPENCTaBUT, TaKUM

2

00pa3oM, HX JHHEHHYI0 ONHOPOAHYI0 (DYHKUHIO C LENBMH KO3(HIHEHT
tamd, Mul nokaxem, 6osee TOro, 4To My=— m,.

Ilns 3TOro COCTaBHM TO K€ IpPOH3BEeNEHHEe MEepPHONOB 7y H 1, HO
OyneM MHOXHTB 7, Ha 7, (ymMHOxxeHHe OyzeM UPOH3BOAHTL TeM ke
METOJOM, YTO H BHIIE, HO TOJbKO TIPH NOJY4YEHHH MNEepBOA TOPH3OH-

- -1
TaJIbHOH CTPOKH BMECTO uHcern e, e82 .. e€” "2 BO3bMeM paBHbIE UM eg?
41 2p—3
e .., e8P,

My = (8 4o - o8 - - et”7),
(e’ e ") =
=P g | (4eP g | | c(4eP D2y

S e(HeE et | e8P

e = e & e« . * s e s e * e e

-et+e p—Hg SeeP~he L +e (+gP~4YgP—2,

oo

[Monyuennoe mpousseneHne npeicTaBiseT oGO pe3ynbTal [OACTa-
HOBKHM Tex xe umcen (18), Ho yxe B mepuox 7,. Tak Kak mo mpexano-
noxenuio m, w3 uncen (18) mpuHammexar nepHoay 7, a My —
nepHomy 7, TO

Ny Mo = Mgy ~ My 7o (20)
CpasnuBas (19) u (20), Haxomum
Mo Mo — 1My 0y == Mo My~ My Mg,

(my— my) (no— ) =0. (1)
W rtak kak my5£n,, 10 my—m, =0, 1. e. Mmy=m,.

HJIH
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p—1 p—1

W Tak kak cymMa ux my--m,= g TO My=1n,="——.
CrezoBaTenbHO,
p—1 —1
Mo+ Ny = My(NeF1,) = T( —1) =__P_4_ .
Hrak,
—1
ey = —E2 (22)

4

Orciona u u3 (16) cienyer, uto my B 7; CAyXaT KOPHAMH KBajpaT-
HOTO ypaBHEHHS

2tz —P =0 (23)
Otkyna

H, CJeXOBATE/bHO 1),

_ Ve —1—Vp (24)
ﬂo———z"—, | Yy

Takum 06pasoM, Mbl He TOJMbKO HOKAa3aaH, uTo 7, H 7, SBJIAIOTCH
KOpHﬂMH KBaApaTHoro ypaBHQHHH C UeJBMHU KOS(i)HLlHeHTaMH, HO H
BH‘{HCJIHJIH‘ HX 3HAYycHHA.

p—1
2

Tenepb BosbMeM - =YJICHHBIE TEPHOIN 7y H 7); H KawJauH u3

HHX p2306beM Ha aBa mnepuHona ¢ BABOE€ MEHDBUIHMM YHCJIOM 4YJICHOB!:

N =¢ - et - eg8+... —]—agp—s
7, = & -+ N -+ ce'? —f—...—l—egp_3
N, = e’ -+ g - &’ —+..+ egP™t
My=e8® J-e8' f-o8' | | eP7? (25)
Bce KOpHH NaHHOTO ypaBHEHHsI, TAKMM 00GPAasoM, paclpeeneHbl MexLy
p—1

HeTHpBMA ——

- YICHHHMH MNEpPUOLaMH, TNpHYEM

Totns=m u W +7s=mn,. (26)
B kawnom u3 nepnoIoB (25) mociaexyioumi yies npeacTaBaser gt-io
p—1

cTeneHp npexpuectsytouero. Ilepuons (25) asamoruyso 5

= YJICH=

1) Or nac saBHCHT, KakOH KOpPeHb ypaBHeHus (23) mpuHATH 3a 19 U KaxoH
8a 7. TO CBASAHO JUIIBL C BHIGOPOM MEPBOOGPA3HOrO KOPHS €, KOTOPHIH 6bia
B34T IPOH3BOALHO. Mbl mpumem 79 >0 u 7; <<O.
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HHIM NepHOJaM 06/1afaloT CBOHCTBOM: NpPH MOJACTaHOBKE B HHX BMECTO €
KaKoro-iuGynp KOpHS, BXOJfLIEro B COCTaB mepuona 7', Bce 4
nepHoia He M3MEHSIOTCS; NMPH MOACTAHOBKE BMECTO € KOPH#, MpHHal-
Jexautero nepuoxy 7'y, 0, nepexomut B 'y, 0 B 0y, Ny B Ny H
B 7y NMPH MONCTaHOBKE KOPHS, NPHHAIIeKallero mepHony 7'y, 1,
nepexomiT B 7'y, 7', —B N3 M T. L B ILHUKIHYECKOM MOpSAKe.
B npaBunbHOCTH 3TOr0 MOXKHO yOemHThCA HENMOCpencTBeHHOH noAacTa-
HOBKOM. JlokaxceM Temepp ciaenyiouiee CBOMCTBO 3THX NEePHOMOB. KAHC-
das napa nepuodos 'y u ', u N, 'y yoossemeopsem K6adpamHomy
YPABHEHUI0, KOIPUGUEHMAMYE KOMOPOZO CAYHCATN PAUUOHANbHELE YHIC

uuw om nepuodog My U ;.
BosbMeM, nosoxuM, napy 7, H 1'5. OTHOCHTEIBHO HHX HaM H3BECTHO

(26), uro cymma ux paBHa 7). CocTaBuM Temephb NMpOM3BEAEHHE o:-7',.
Yunoxenne 6yneM NpoHSBOLHTh YKA3aHHHIM Belllie CNOCOGOM.

’ 8 —5

o= (e 48 o8 . f-e” ) X

» (eg2 -+ <&t -+ N —+... 4 egp-g) —

=clte? L ¢ (+edet | ¢ (1+g%)g8 L Ly (27)

oelte® et | |- eteDePT |

el +eP T3 | e+eP et | e (+eP TP,
p—1
4

MpeACcTaBaseT COGOH pesynbTaT MOACTAaHOBKH B MepHOX v, BMECTo ¢
OJHOTO H3 YHCeN

B NOJIYYCHHOM BHIDA2KEHHH KaxXxasi U3 FOPH30HTA/IBHHIX CTPOK

eH’g?, e1+g6,...el +eP73, (28)

ABNAIOUIMXCA, KaK CTENeHH e KOpHAMH ypaenenns (12) ¥ mortomy, Bxons-
IHX B COCTaB TOTO WaM apyroro mepuonoB (14). [Hu oxno us uucen
(27) ne o6pautaetca B 1, Tak Kak 118 3TOr0 GObo 66 HEOGXOXHMMO,
yro6nl 1} g*+D =0 (mod p), HO 3TO cpaBHeHue yIOBIETBOpSIETCA

1 1
JHIIb MPH TOKasaTelNe CTeMeHH, PaBHOM' ———, HO nenurcs Ha 4,

2
a 2(2¢t-}-1)uu npu kakoM f na 4 He nemutcs). [TosToMy kaxmas us
TOPH3OHTAJbHHX CTPOK B paBeHcTBe (27) OKasblBaeTcsi PaBHOH HeKo-
Topomy 7.
—1

EcaH npeanosioxHuTh, YTO Cpenu 2»4—— uncen (28) m', npunamiexar
nepuony ', m';—mnepuony 1, m'y,—mepuony ', u m'y—n'y, TO
paBeHCTBO (27) mpHMeT BHI

L—
Mo Na=mo Mo+ m' ' - mynly - m'yo, (29)
Mokaxem, uro m'y=m', n m',—=m/,.
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st 3TOrO COCTaBMM NpOM3BeleHHe TeX Ke MepHoaoB 7'y u 7',
p—1
4

ymHOxas 7', Ha ;, MPH 3TOM MOJIYYHM FOPH3OHTaNbHEIX CTPOK,

KaxJas M3 KOTOpeX OylxeT mnpencrasasTb co6off pe3yjabTaT MNOACTa-
HOBKH Tex e uncea (28) B mepuon 7,. Toria, coriacHo, OTMeyeH-
HOMY BHIIC CBOHCTBY 3THX NEPHOIOB, OT MOACTAaHOBKH ', KkopHe#,
MPHHAIUIENKAIIHX TePHORY 7'y Mbl MmoJayunM m', CTPOK, PaBHBIX KaX-
xas v, OT MONCTaHOBKH M/, KOpHeH, BXOALIMX B COCTaB MepHOma ',
nomyunMm m'; CTPOK, DaBHBIX 73 M T. I. B IMKJIHYECKOM TODSIKe.
OKkoHYaTeIBHO MOMYYHM:

Moo= Moy m' oy - mlyem'y 4 m'y- . (30)
CpasunBas (29) u (30), noxyuaem
Mmoot 'y 0 'y oy - mig = mio o -m! o ytmly o g my ',
HIH
(mo—m')n's + (m',—m')n', = (m'o—m') s+ (m', — m'y)'s,
OTKyna
(g — m'y) (ly — ')+ (m'y — m'g)(ofy — 1/3) = 0. (31)

Ecau npeanosnoxuTh, 4o Kakof-uu6ynb 3 Koddpuunentos m'y—m’,
m6o m',— m'y B paBencte (31) OT/IMYEH OT HYJs, TO Mb Obl HMENH,
MOACTaBAAS BMECTO 7 MX 3HAUYEHHS W ynpouiasi, COOTHOuIeHHe (C paiuo-
Ha/JbHHIMH KO9(HIHEeHTaMH) He Bhime (p— 2)-# CTemewd, KOTOPOMY
ynoB/IeTBOPANO0 OH €. A 3TOro GHITb HE MOXET B CHJIY HENPHBOIHMOCTH
MHorousteHa (12).

Hrak,

my—m,=0unm,—m';=0, 1. e my=m\,nm,=m,
MMostomy u3 (29) noxyuaen
oty = mlo (o +s) 1, (' 1)
H, NPHHHMasi BO BHHMauHe (26), OKOHYaTeNbHO HMeeM
Moty =mlymo+ m'y ;. (32)

A otciona u u3 (26) crenyer, 4To ¥, M 1, ABIAIOTCH KOPHAMH KBaIpaT-
HOTO YpaBHEHHS

zg_noz + (m'y 'q0+m'1 7,)=0 (33)

¢ KO3(HIMEHTAMH, PalHOHAJIBHO 3aBHCSLIMMH OT 7, H 7.
CoBepiieHHO TO e MOXHO CblI0 Gbl MOKa3aTh H NAf APYro#f maph

nepuonos v, u 7',
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[Mpouecc 06pasoBanusi MEPHOJOB CO BABOE MEHBLIHM YHCAOM UYIEHOB
p—1
8

nponoJ/nKaeM aaJjabure. Cocrasisiem - UICHHBIC TMEPHOAL! H TaK e,

KaK BHILE, IOKa3biBaeM, YTO OHH SIBJISXOTCA KOPHSMHM KBaIpaTHOrG
ypaBHeHHs, K03(HIHEHTH KOTOPOro PalMOHaJIbHHIM 00pasoM 3aBHCSTOT
p—1
4
nocne (m — 1)-ro nenesus Ml OJIYYHM ABYY/EHHHIE MEPHOMbI, KamAblH
U3 KOTOphIX OyneT SIBNAATbCH KOPHEM KBAOPaTHOTO ypaBHEHHS ¢ KO3(pH-
I[HEHTAMH, DALHOHA/IbHO 3aBHCALIMMH OT MpeniecTBYOHX (YeThipex-
yleHHHX) mepHoaoB. Takos Gyner, B UaCTHOCTH, MEPBHi U3 ABYUIEHHHIX
NepHOJOB:

- YNeHHBIX NMEepPHOAOB, H T. L. B pesyibrate, Tak kak p—1 =27,

p—1
L mmh—efe (34)
3ameuas, yto g 2 =—1 (modp) u oG6o3Hauas, 118 KPaTKOCTH,
1,1 uepes & mosyyaem
e+t e 1=¢
HJIH, OKOHYaTeJbHO,
e?—tef-1=0. (3%)

g, CJeNOBATENbHO, ONPENENHTCH KAK KOpEHb 3TOTO MOC/eNHEro KBai-
paTHOTO YpaBHeHHs,

Takum 06pasoM, HOKa3aHO, YTO € HAXOXUTCH NyTeM MOCJeN0BaTe/be
HOTO pelIeHHs IenmH KBaJpaTHHX YypaBHeHHH,

ITepsoobpasubili Kopewny & 08ywaennozo ypaguerus XxP—1=0
(8 cayuae, Kozda npocmoe p=2™--1), a, credosamessro, u 8ce
KODHU 3m020 YPABHEHUS B8uipANHCAOMCS, KaK MH BHIHMM, 8 Kgadpam-
Holx padukasax U Mozym noamomy Obimb NOCMPOEHbL LUDKYACH
u AuHeirol.

3. CnenaeM Tenmepb HeCKOJBbKO 3aMEeYaHHH MO MOBOJAY TayCCOBHX
NPOCTHIX YHCEN, T. €. NMPOCTHX uHCea BHIA

p=2m"-41.

[pexxae Bcero 3ametuM, 4YTO uucao 2™ -1 MOxer ObITh MPOCTEHIM
JUIIb B TOM CJydYae, ec/lH II0KasaTeJb 7 CaM eCTh CTENeHb IBOHKH.
Ecan 66 3T0 OHIIO HE Tak, TO M AenHa0Ch On Ha HeemHoe uucio g

(<K

Ho Ttoraa

m=gq-s.

p=2m+1=20-5 4 1=(2)1+1
H TaK KaKk ¢ — HeueTHOe, TO (CymMMa HEUETHBIX CTemeHeH NEAHTCS Ha
CYMMY OCHOBaHHH):
p=()41= (2 1) (@D — 20D . 1)
P, ClIenoBaTesibHO, He ObIJIO Obl MPOCTHIM YHCJIOM,
5%



[Tostomy m = 2% u, caenosarenbHo,
p=2"141. (36)
Onnako He Besikoe uHcno Buma (36) sBaserca npocteiM. [lpocThe
gucaa moaysum mpH k=0, 1, 2, 3, 4:
3, 5, 17, 257, 65537

— BCE 3TO rayccoBsl mnpocThle uHciaa. Ho ywe nmpu k=25 dopmyna
{36) naer, kak mokasan JiJiep, COCTABHOE YHCIO;

p=2"-11=2%"11=4294967 267

nemutcs Ha 641. Uneao 22°-1=2%*J 1 Tome cocrasnoe (mexuTcs
#Ha 274 177). VccnemoBaHusiMH, BENIIHMMHCS 1O TOCJTENHETO BPEMEHH,
#HaBimeno, yto npu =29, 11, 12, 18, 25, 36, 38 rakxke noayuawoTcs
cocTaBHble uHcaa. Jlo CHX MOp OCTAeTCS OTKPHITEIM BONpOC s R =—17 u §;
TakuM 06pa30M, MOKA HEH3BECTHO, SIBJASIOTCS JH yncaa 2128 -1 n 2°%6 -1
TIPOCTHIMH MJIM COCTABHHIMH,

4, PaccvoTpuM Temepb B KauecTBe IpHMepa CHAYaJa ypaBHeHHe
x5 —1=0.

p=5=2"41; &, () =x*+x 2 +x1.
Omun ¥3 nepBooGpasHeix KopHeH O ecTh, Kak MH BHIeNH BhILIE,
£ =2 v noTtomy
g g, &, g

2, 4, 3, L.
my—efet n o, = et el (24)
[TepHomst 7, H v, HalixyTcs cpasy no ¢opmyiam

—14y5 _—1—V5
L.

=g W=

cpasuumbl (mod ) ¢

[TosTomy

3amenas, yto ef=¢e—1 nuuem

e el :__"%Jé,

HIIN
2¢-(1—}/5)e+2=0.

Otxyna (B3sB, HanpuMep, MOJOXHTENbHOE 3HAUCHHE KOPHS):

—1+|/5+i1/10+2|/5
7 .

g—=

Ocranpneie KopHH ypaBHenus x5— 1 =0 GyayT &*, &3, et) (f=1).
€0



Ins memeHus OKPYKHOCTH Ha D paBHbIX yacTell (MOCTPOEHHS NPaBHJIb-
HOTO MATHYTOJIbHHKA) MOMHO MOCTYNH1b TaK, Bo3bMeM peunenHe ypaBHe-
Hust x> — 1=0 B TpHroHoMeTpuyecko#t ¢opme:

e (=g, )=cos 2—57- ising5—ﬁ
e":cos%—f«isin%—:
e3=c056—51-r-}—isin6—t_:~r:cos%f—isinf}—s—q-r
e4=c058?ﬁ—f—i sin%:cos?—isin?—;.

OTcrona

noza—[-e“::?cos%ﬁ_, 'rh:e?+e3=2cos%n'

W, cnemoBartenbHO, B 4aCTHOCTH

Torna

4‘ 3
COS —=1CO0S (ﬁ_if =—cO5_’T:1+|/5
5 5 — 4 -

ol A

M3 nociennero pasedcTBa BbITEKaeT CASAYIOUHH CMoco6 MOCTPOEHHs
MPaBHABHOTO MATHYroJbHHKA (4epT. 5),

BepeM OKDYXHOCTb M NPOBOAHM 1nBa B3aHMHO HeEpPIEHIHKYIAPHHX
nuamerpa AB u CD. Pamnyc OB nenum B touke £ momonam. [Ipo-
BOIMM Iyry ¢ LeHTpoM B Touke E pamuycom EC, nepecekaiouyo
auametp B Touke F. 3arem paauycoM, pasuuM BF ¢ LIEHTpOM B TOu-

ke B nmenaem saceuxy A, Ha oxpyxuoctu. Hdyra AA, ectb -;— 4acThb
2m
OKPYKHOCTH — —=.
JleficTBHTEIBHO,
OE=1; EC=]/‘1}——|—1 :K?i; EF = EC;

BA, = BF = BE -+ EF= ‘__"‘2K.5_
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Us tpeyroabtiuka ABA,

1415
i S e
coséABAlz%%l: ; :l—l_‘} 5:cos%;

™
TakuM o6pasom / ABA, =—-, a moTOMy IeHTpabHu#t yroua

AOA, = 25_1-

OtknaneBas 10 OKpywHOCTH Ayry AA,, CTpoMM HCKOMBIH nfTH-
yroneunk AA, A, A; A,.

Kpome H3noxeHiioro, CylecTBYIOT, KaK H3BECTHO, M JIpYrHe Croco-
Obl NOCTPOEHHS NPABUIBHOIO MSATHYTOJbHHKA.

PaccMOTpHM B KayecTBe BTOpOTO
npumepa ypasHenne Xx!"—1=0.
Ins p=—=17 omHuM H3 nepBOOOGpa3-
HHIX KOpHell ciywur g=3. -

Yucaa

: * 1, g &, & g% & g g &b
—EE 0 RS g9’ g, gt g12’ gxs’ g14’ gv

CpaBHHMBI, K3aK Mbl BHIAEJH, C 4YHC-
JIaMH

1, 3, 9, 10, 13, 5, 15, 11, 16,
14, 8, 7, 4, 12, 2, 6.

p—1
2

CocTasiseM aBa - — 8-yJIeH-

HBIX NepHona

e R e e e M I
M, =edJ-el0 | 5 L 11 el feT-el2 et
Mo U M, MOryT GbiThb ompenenesn no ¢opmyne (23) kaK KOpHHU
ypaBHenus!):
x?—x—4=0,

Kako#i Kopenb STOr0 ypaBHEHHs IpDHHATb 3a 7), M KakoH 3a m,?
IT0 3aBUCHT OT BHOGOpa e. EciM 32 e MpHHATH mMepBHMH KOpeHb, T. €.
2r

2 ..
5251:C°S'ﬁ'+lsm17

, TO HETPYAHO BHIETb, HYTO My>(, a

1) Ecau rotosoii ¢opMyiaoli He mOABL30BaTbCA, TO CPa3y BURHM, YTO Ty
N, == — 1 ¥ HeNoCPeACTBE HHBIM BHIYUCAEHHEM YyGexaaeMcs, 4to My = — 4
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k

1, < 0. B camom znene, samensin e!""* uepes e¥ u ameuas, uro ¢4~

_|_e‘k:2cosg—lk$ BHIUM, 4TO 72122‘505?711']"“05 1;)71:_1_

~-2cos l?—; ~+ 2 cos %E <0, TaK Kak 3gech 3 CJaraemMblx OTpUua-

; 14
TeJIbHH H JIHIIb OJHO"2 COS ?71> 0, HO yxe 2 cos -#r =—2cos ?—;-t

6w
no cBoe# abcoMoTHOH BeanyuHe O6oJbuie, 4eM 2 cOS i7"

[TosTomy

Mo== ——g———

YT 1T
2 A

Jlanee coCTaB/isieM YeTHIPEXU/IEHHBIE MEPHOMIH;

Yo—=¢e —J-e'®f-etb| ¢t
yy=¢® Jel®4-e8 |22
_V2———53 4+ +314+312
Py==el0fellp e |
[Tpn stom
YotIi =" 2 V3tV =m,.
Cocraasem mpoussenenue y, Ha Jy,.

Yoy =e'04-etl e fef
+-elt et e f-eti4-
+-e® Jelh 48
+et e fettfeti= gyt Ly =— 1.

[TostoMy y, M ), — KOpPHH KBaAPaTHOTO ypaBHEHHs

2 J—
Yy —my—1=0.
Kopuu atoro ypapHenus pasHbiX 3HaKoB. 3a y, HYXHO B3sTh NCJO-
HHUTC/ALHHA KOpeHb, MOTOMY 4TO Yy=c e !fet4e7¢=

=2 cos ?—: -+ 2 cos 8= > 0. CnenosareibHo,

17
_ MoV 14
Vo= 2 .

Cocrapnsis MpOM3BENEHHE Y, HA Vg, YOCKIACMCH, UTO H Yy Py = — 1.
A rtak KaKk Y,+Y;=m,, TO y, U J; YAOBAETBOPSIOT- KBaJAPATHOMY
YPaBHEHHIO:

yY—my—1=o0.
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3a y, HYHO NPHHATH MOJIOWKHTENbHbIH KOPEHb 9TOTO YPaBHEHHS, TaK
KaK

Yy=e3fe? | edfe” 5 —9 cos O T —[—2cosl—197—-_

6w n
=2 cosl—7——2 cosl—7->0.
CrnenoBareJbHO,

_ oV F4
yﬂ— 2 .

CocrasisieM, HaKOHel, IBYY/JEHHHE MEPHOIH :
— =16. J— ~4. J— ~8. — 13 2
Zo=e el g= el et gy = a0 L o8z = et e
z, =8 el o=t el Zy=cl0 LTy z; =l |- b,

Ham nocratouso B3iTh 1Ba HeEpBHX MEpHONA 2y H 2.
Cymma ux

2o+ 2z, =¥,
Cocrap/isie NpoM3BeneHHE 2, Ha 2,
Zozy=elp et foi=y,

CrenoBarenbHO, 2y H 2, — KOPHH KBaJPaTHOTO ypaBHEHHS

2 — .~
&' — ¥+, =0. (24)
KopHH 3TOrO ypaBHEHHsi OLHOTO 3HAKa, HO JIETKO BHIETh, Y4TO
z0>z1’
TaK Kax
2% 8«
20=—2C0S—, a 8, =—2co
0 7' 2% 517 -
TTosTomy
» — YotV I — 1,
0_ .
2
W, HakoHenl, 4yTOGH HaliTH &, COCTaBJseM YpaBHEHHE
3 + i 2y,
HIIH

e?—gyef1=0.
e HAHZeTCd KaK KOpeHb 3TOTO YpaBHeHus

e_zo+l/z02—‘4,
- 2
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2
nepen KopHeM GepeM 3HaK -, MOTOMY 4TO 25 =2 CO0S— {7 W creno-

BaTe/NbHO, € = 0+V<z0) 1__z°—]— z‘/l-—- ——) =

2%
—=CO0s 7—|—tsml7

[lepexonum Tenepb K caMOMY NMOCTPOGHHIO NPABHUJIBHOTO CEMHANIATH~
yroiabuuka., Hawm, cremoBaresnpHO, mNpHIeTcs MOCTPOMTH CJERYIPUIHE
NATh OTPE3KOB:

w——zl—?—%—, m=—ﬂ—;—, vo=;b+l/(}’)2+1,
=;i’+l/(;ﬁ) +1u 202321"4—1/()2@)2—%

4 27
<§QZCOSI—7-; ﬂOSTOMy CcaMoOe e i NOCTDOCHHA He n0'rpe6ye'rc5l>.

[TocTpoenne mpoussonum crenywoumMm o6pasom (uepr. 6). Bepem
OKDYKHOCTb paguyca=—1 ¥ npoBoAuM [IBa B3aUMHO MNEPHCHIUKY /ISP~

42 D A
Yepr. 6.

uwx mamerpa AB u CD. 3a nonoxurtenbHoe HanpasjieHHE MO TOPH-
30HTanbHOH ocH npuMeM or A k B, Ttak urto BmpaBo ot O Gynem
OTK/aAHBATL OTPHUATeNbHEe OTpeskH. Pammyc OA menuMm Ha yeThipe
YacTH M CTPOMM
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TOVraa
EC= 1/002+0152_l/1+ V”

Ws E kak u3 uentpa pamuycom, pasHuM EC, nenaeM Ha TOpH3OH-
TaapHOH npsMo#i 3aceukn F u F', Tak uToO

VT .y
EF———T H EF——4—.

3arem u3 Touex F u F', coorBercTBenno paauycam H FC u F'C, nenaem
3aceuky g U g'.

Torna
1 _ViT_m,
OF=O0F +EF=— — =8,
OF = OE+EF — —1—+V” o,

L

00:0F+F0=0F+Fa=’32_1+l/(%) 1=y,
A

00=0F'+PG'=0F+FIG:Z'§+I/(Z‘22) 4+ 1=y,

Nanee na AG Kak 'Ha 1HaMCTPe CTPOMM MONYOKPYXKHOCTb, KOTOpas
miepecexkaer paadyc OC B Touke FI, u u3 Touku H nenaeMm 3saceuky
r

K pannycom HK—_—O_G

5 - 3arem u3 touku K pamuycom HK penaem

saceuku L u L.
Torna
LO+4OL' =Ll =2KH=0G" =y,
LO.-OL'=0H*=A0-0G=0G =y,.

Cnenosatrenbno, LQO u OL'—rxopuu ypasnenus (24) u mortomy
COBMANAT ¢ 2y H Z; H TaKk kak LO > OL', 1o

LO =z,
Henss LO nononam, monyyaeM
LO zo 275
MO = 5 =5 = COSy.

BoccraBasem B TOouke /] mepneHmMKy/asAp, KOTOPHH Nepesexaer OK-
2r
py®HocTb B HcKoMOH Touke A, (u Aq). Hdyra AA, = 7
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Ork/ansiBas 3TY Ayry MO OKPYXHOCTH, CTPOHUM MNPaBHJbHHE Cem-
Ha[LATHYT O/IbHUK.

5. Utaxk, MH yGemuauch B TOM, YTO C HOMOLIBIO LHPKYJAsl H JiH-
HeKH MOXHO pasie/NMTb OKPYKHOCTb Ha P HacTeff, rae p — rayccoBso

fIpOCTOE YHCJIO.
Mu mokaxkeM Teneph, UTO 3ajaya JesIeHHS OKPYXHOCTH Ha £ yacTed
BHIIO/IHUMA JJIs BCSKOTO /I, MMEIOLIEro BHI

n=2%P1Ps... Pjs

rle p; — pasnuyHble MPOCTHe uucaa Buma 2™ -1,

Iast 3TOTO HOKameMm CHauajga clelyioliee MpelIokKeHUe.

Ecnm oxkpyxHOCT MOXeT ObiTh pa3nenesa (LHPKyJeM M JHHeHKOH)
Ha o HHa P uacTedl, U ecAm o M [3— 4HCJIa B3aHMHO NMPOCTHIE, TO OK-
PYXHOCTb MOXHO pas3feJuTb M Ha o uyacTeH. B camom nene, rak
kak (o ,B)=1, To MoxHO moxoGpaThb IBa TaKUX LEJHX YHCIA A H b,

4T0
a-a—]—B-b:l.
Henst Ha n—=o- B, nonyyaem
1 a b
ATE TR

1
Yro6H NOCTPOHTh — - 10 YaCThb OKPYMXHOCTH, HYXHO, C/I€I0BATEIBHO,
n

1 1
Qa4 pa3 B34Tb ? -0 4acTb U b pas a— -}0 4aCTb, U CJIOXHTh; BCE 3TO BHIIOJI-

HHMO UUPKYJeM H JHHEeHKOH.
Hanpuwmep, uToGn pasfenuTb OKPYWHOCTb Ha 15 paBHBIX uacTe#

{(n=15=23-5), sameyaeM, uTO
(—3)-3-2-5=1 u

1 2 3
1 3 57

1
TakuMm 06Gpa3oM, Ml MOAYUMM 7= YaCTh OKPYXHOCTH, €CIH M3 —

3
BHIUTEM - €e 4aCTH.

Touno Tak e nns genenust Ha 170 yacrelt 3ameyaem, yro 170=17-10,
rze (17, 10) =1,
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Hanee HaxoauM, yTO
3.17—5.10=1u

1_3_35
170 10 17"

-1—;-6 YacTb OKPYHHOCTH IOJIyYdM, BBIUHTAs H3 % ee 15 ee yacred,

YcranoB/ieHHas BHIIE TeOpeMa HHAYKTHBHO o6o6uiaercs Ha JoGoe
YHCJIO TOMApHO B3aUMHO NPOCTHIX YHCE.

Honyctum, 4T0 yMes pasgenuThb (WHPKYJIeM H JIHHEHKOH) OKPYHOCTE
Ha G, HA Gy, .., HA &, , yacTeH, MH MOXEM JeJHThb OKDYKHOCTb Ha
d=ua,-0,y-... 0, , yacteli. Toraa, Tak kax d ¥ o, B3aHMHO NpOCTH, a
Ha d uactefi (mo JOMylLueHMIO) H Ha @, 4acTel (IO YC/TOBHIO) Mbl Je-
JHTb OKPYKHOCTb yMeeM, TO IO JOKa3aHHOH Bhlllle TeopeMe CyMeem
PasNeNUTh H Ha N =@ 0y == 0, Uy ... Up_; %y, YaCTeH. ITUM Teopema
IOKa3aHa,

Tycrs n=2%D, Py Ppe

Mp ymeeM JeaHTh UHPKYJeM M nHHeHKOH Ha 2, Ha 4, U BooOLle Ha
no6oe uncao 2* yacredt. [lo ZMokasanHOMy paHee MBI yMeeM pasfe/HTH
OKDYMHOCTb M Ha p,, Ha P,,..., Py yacTedf, ub0o BCce 3TO TraycCOBH
npoctule uucaa. M Tak Kak Bce 3TH YHC/Ia B3aHMHO MPOCTH, TO MBI
CyMeeM pasjeNuThb OKPYHOCTb H Ha 4YHC/IO uacTed, paBHOEe NpPOH3BE-
IEHHIO 3THX YHCesd, T. €. Ha M vacTell, DTWM W JOKa3aHa J0CTaToyY-
HOCTb YCJOBHS, HeOGXOIHMOCTb KOTOPOro Oblla YCTaHOBJIEHAa HaMH
shie (§ 4, 3).

HMrak, HaMH MOJHOCTBIO JOKa3aHO Cjelylollee MNpeJIoNKeHHe:

as mo20 umoGs. GoiA0 BO3MOIHCHO HUpKYACM U AuHeliKol pa3de-
AUMb OKPYICHOCMS HQ N pasHuLx Hacmell (nocmpoums npasubHblit
n-y201bHuUK), He0OX00uM0 U OocmanmoyHo, 4moGes n 6bia0 HUCAOM 8UOQ

n=2%py Py P

20e o — NpoU3BOALHOE UEAOEC NOAOHCUMENbHOE HUCAO UAU HYAb, &
Dis Da» s Pr — Pa3auinbie mexncdy coboii npocmeie wucaa suda 2™ -1,

Penakrop C. H. Hosoceaos
Texunueckue pexakropw B. M. Hganoe u A. . dedomosa Koppextop M. M. Lllyrumenxo

Cnaso B HaGop 7/II1 1940r. Ioanucano k meuaTd 10/VII 1940 r. Y yeTHO-M3AATEJNbCKHX JH-
ctoB 3,94. IevarHwx @ucroB 41/,. Tupax 5 :\b?lg 421_,>opmn 6ymaru 84 X 108/32. Yunearus N 72.
945,

TocynapcTBeHHoe yue6GHO-Nienaroruueckoe nsxarenbctso Hapkomnpoca PCPCP
Mocksa, Opaukos nep., &. M 3, Tpertnit aTax.

Lilkona ®3¥Y OrM3a Tpecra ,IMoanrpadxuura®, Mockea, Xoxaosckufi, 7. 3axa3 526,
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