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BBEJLEHME

Mguoryue 3aJlayd OITHMAaJIbHOTO NPOEKTHPOBAHHS, Iia-
HUPOBaHHUS, YIpPaB/JeHHS MOTYT OBITb C(OPMYJUPOBAHBI B
TepMHUHAX MaTeMaTHYeCKOro NPOrpaMMHPOBAHHS :

f (x)— min,
gi(x) <0, i=1,m,
rae x= (x1, X2, ..., Xn) EX&R"; R" — n-mepHOE €BKJHIO-

BO mpocTpaHcTso; ¢yHkuun f(x), g:(x), i=1, m, omnpene-
JgieHol Ha X W NMPHHHUMAIOT AeHCTBUTE/bHBIE 3HAUEHHSI.
B 3aBucuMOCTH OT BHAA MHOXKecTBa X H CBOHCTB (PVHK-

uuit f(x) u gi(x), i=1, m, MOXKHO BBIZENHTb CJEAYIOIIHE
KJ1acChl 3aJau MaTeMaTHYeCKOTO MPOTPaMMHDPOBAHHs: JIH-
HellHOe, KBajpaTHUHOE, BBHINYKJOE, LeJOYHCJEeHHOEe H T. .
B 3aBUCHMOCTH OT CJIOKHOCTH H CTeNeHH H3YUeHHOCTH AJIS
KaXKJ0To KJacca 3ajau pa3paboTaHbl pa3/jHuHbIE 110 3 dek-
THBHOCTH M TPYAOEMKOCTH MeTOAB HX pelleHHs. CYILIHOCTb
KaXkJIOr0 H3 3THX MeTOLOB COCTOHT B IOCJELOBaTeJbHOM
BBLINIOJIHEHHH HEKOTOPOH COBOKYNHOCTH BBIYHCJEHHH, 4acTo
BKJIOUAIOLUX pellleHHe BCIIOMOTaTeJbHBIX 3a4ay MaTeMa-
THYECKOTO NpOrpaMMHpOBaHuHS. BcrmomoraresbHbEe 3afayH
OTHOCATCH JAu60 K TOMY Ke KJjaccy 3ajay, 4TO U HCXORHas,
HO COZepXKaT MeHblle NepeMeHHBIX H(HJH) OTPaHHUeHHH,
Jau60 K 6ojiee IPOCTOMY KJsaccy 3ajad.

Crenuguueckne 0COOEHHOCTH MHOTHX NPUKJAIHBIX 3a-
12y NO3BOJISIIOT HCIOJb30BATH MPH HX peIUeHHH Takue 3¢-
(beKTHBHBIE NpPHEMBbl, KaK JEeKOMIIO3HIUS U arperupoBaHHe.
B psje ciyyaeB mpuMeHeHHe 3THX IIPHEMOB JAacT BO3MOXK-
HOCTb HE TOJIBKO INOJyYaThb pelleHHe CJI0XKHOH 6oJibluepas-
MepHOIl 3aaui B pe3yJibTaTe pellleHHs HEKOTOPOH COBOKYII-
HOCTH OoJiee MPOCTBIX MOA3aAad, HO W JOOHMBATLCS OIpe-
JlejieHHOH uX He3aBHcHMocTH. Co3JaroTcsi peajsibHble Ipef-
IOCBIJIKK JJIsi paclapajijieliBaHusl Tpolecca pelleHHus 3a-
Jlaud, 4TO B CBOIO Oyepelpb NPUBOAUT K Oojee MOJHOMY
HCIIONb30BAHUIO BO3MOXKHOCTEH COBpPEMEHHOH BBIYHCJIHTE/b-
HOH TeXHHKH (MYJbTHIPOLECCOPHBIE CHCTeMBb, ceTH IBM
HT. I).

[TycTs, HanpuMep, ucxoaHas 3ajaiya TakoBa, UTO B pe-



3yJbTare nepeHymMmepaunnu nepeMeHHbIX H orpaHuquHﬁ ee
MOKHO IIpeACTaBUTb B BH]IE

F(f1(%), f2(%2), ..., fv(Xy) )= min,
g: (%) <0, i=mi+1, my, I=1,w,

rne K6X, =R, fi(%), gi(X), i=my+1, m;— aeficTBu-

TeJbHBle (DYHKIMH, 3aiaHHble Ha X;, [=1, v; F — nei-
CTBHTe/bHAS HeyObiBaolas (QYHKUHS v IePeMEeHHBIX fi,
v
fz, ey fv, l}: m=n, me=1, my=m.
=1
HerpyaHo BHAeTb, UTO 3Ta 3ajaya JONMYCKaeT HeNocpen-
CTBEHHYIO [eKOMIIO3HLHIO (pa3/ioXKeHHe) Ha v He3aBHCH-

MBIX mogsazau ([=1, v):
i (%)= min,
gi(%) <0, i=mi+1, m,
b7i=9. ¢}

pelmieHHe KOTOPBIX H COCTaBJ/IIET peELIeHHe HCXOJLHOH 3a-
nadu.

AHaJsiornyHo NyCcTb HCXOJAHas 3ajadya MnpeiacrtaBuMa B
BHUIE )
F(fl (xl) , f2 ()CQ) g e ,.fv()?v) )—)— min,

gi(fl ()?1), f2(552)7 [ERE) f\/()zv)) <07 L=11 m,
roe %6Rm; [, (X)) — nmefictBurenbHas ¢yukuus, (=1, v; F,

gi, i=1, m,— nelcTBUTE/ibHbIe (QYHKUHH Vv IePEMEHHWX
fufa, ooy v

IlpuBenennasi 3ajgaua JAONYyCKaeT HENOCPCACTBEHHOE
arperuposanue (oObenuHeHHe, cO0PKY) NepeMeHHBIX. BBe-
IleM HOBble (arperupoBaHHbIe) IepeMeHHBIe Y1, ¥2, ..., Yw
nonarast  yi=f,(%). Ilycte y¥, y%, ..., y* — peluenne
arperupoBaHHOH 3a1auu

F(y1, y2, ..., yy)— min;
gi (Y, ys, ..., yy) <O, i=1, m.

Torna pelenne HCXOXHOH 3aiaum MOXKeT GbiTh MOJYUEHO,
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OUeBHIHO, B pe3yJibTaTe pEIUeHUs v HEe3aBUCHMbIX ypaBHE-

aui (I=1,v):
[ (%) =yz.

OnucaHHble CHTYAUMH SIBJISIOTCSH, KOHEUHO, NPOCTEAIIHMH H
Ha IPaKTHKEe BCTPeuyaloTcsl BecbMa pelko. OIHAKO OHH MO-
TyT CO3LaBaTbCsi HCKYCCTBEHHO B IOLECCEe pellleHHs 3Ha-
UMTE/bHO 0oJlee CJOKHBIX NPaKTHUeCKHX 3ajzail. Crenayer
OTMETHTb TaKXke, 4TO (hopmMa/bHOE HCIOJb30BAHHE MpHe-
MOB JEKOMIIO3HUHMH H arperHpoBaHHsl YacCTO JLOIyCKaeT
COOTBETCTBYIOLLYIO COAEPKAaTe/bHYI0  HHTEPIPETALHIO B
TepMHMHAX pellaeMOH IPHKAALHOH 3ajaud H TeM CaMbIM
1103B0JIsieT 0oJiee IOJIHO H BCECTOPOHHE €€ H3YUMTh.

CucreMaTHUeCKHE HCCJENOBAHHS B 06J1aCTH CO3JaHHS
3(Q(PeKTHBHBIX METONOB pelleHHsT GOJblIepasMepHbIX 3a4au
MaTeMaTHUeCKOro MNPOrPaMMHPOBAHHSI NPOBOAATCS B Ha-
wei crtpaHe H 3a py6exom ¢ Hauasa 60-x romos. Bosbimoe
B/IMSIHHE HAa MX Da3BHTHe OKasaja OypHO pas3sBHBAIOLILASICS
B MOC/eJHHe TOJbl MaTeMaTHUecKasl TeOpPHs MHOTOYpOBHe-
BbIX HeDapXHUYeCKHX CHCTEM YIpaBJ/ieHHs. ‘

K nacrosimieMy BpeMeHH CGHOPMHPOBAJHCh Da3/HUHbBIC
HalpaBJ/eHHsl HCC/eJOBaHUH, paspaboTaHbl HOBbIE IIOAXO-
bl H METOJbl, NPOBEJEHbl OOLIMDHbIE 3KCIEPHMEHTHI, pe-
IIeH PsIJl CJOXKHBIX NPHKJAAHBIX 3a74a4. BMecTe ¢ TeM mpak-
THKa TpeOyeT JaspHeHlUero pasBUTHSI H COBepUIEHCTBOBA-
HHsSI J€KOMIO3HIHOHHBIX METOOB, CO3[aHHSI COOTBETCTBYIO-
IIero IMpPOrpaMMHOrO oOeclleueHHsi H paclUHpeHusl Kpyra
CHeIHaJHCTOB, BJAJEOMHX STHMH MeToAaMd H Cpel-
CTBaMH.

B nanHO# paboTe H3J/I0XKEHBI COBPEMEHHBbIE TOAXOABI K
CO3[aHHI0 METOLOB JEeKOMIIO3ULHH M arperdpoBaHHs B 3a-
Jauax MaTeMaTHYecKOro nporpammupoBanus. (OcHOBHOE
BHHMaHHe yJe/ieHO BBISIBJEHHIO HCXOJHBIX MaTeMAaTHUECKHX
IOCBIJIOK, ONHCAaHHUIO XapaKTepPHBIX CHOCO00B U HauboJjee
pacnpocTpaHeHHBIX CXeM JAEeKOMIIO3HIHH M arperHpoBaHUS.

B nepBeix Tpex maparpadax naetcs KpaTKoe OINHCaHHE
H3BECTHBIX METOJOB MHHHMH3aUMH (DYHKIHH ONHOH W He-
CKOJIbKHX TepeMeHHBbIX, pelleHHus] 3a7au JHHeH:0ro H BHI-
OYKJOro nporpaMMupoBaHus. B naparpage 4 paccmaTpH-
BaeTcs LUMPOKO HCIOJb3yeMBIH Ha NpaKTHKe MeTO[ peJsak-
cauuu (ocnabjieHnsi) orpaHuueHuii. Bormpocam napameTpH-
YeCKOH [ eKOMIIO3HLMH IOCBSIeHbl maparpagsl 5, 6. B mo-
CleAylOmUX Tpex Inaparpadax  ONHCBIBAeTCH  IOAXON
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Jx. Jauuura u @. Byacda, a B naparpagax 10, |1 — noa-
xon JIxk. Denmgepca. OCHOBHBIE MOJIOXKEHHS TEOPHH IBOH-
CTBEHHOCTH H OCHOBAHHBIE HA HHX CXeMBl JE€KOMIO3HLIHU
ananusupyiotes B mnaparpade 12. B maparpacax 13, 14
paccMaTpPHBAIOTCS BONPOCHl arperdpOBAaHHS TepEeMEHHLIX B
6/70uHOM nporpaMMmupoBaHuu. Mcnosnbp3oBaHHIO METOLA BO3-
MYIIEHHH NPH NOCTPOEHHH CXeM MeKOMIO3HLHH H arperu-
poBaHus NocesiuieH naparpad 15.

Heo6xonuMble HCXOJHBIE CBEJEHHS AAIOTCS 110 XOAY H3-
JIOXKEHHsI MaTepHasa. B KHHIe HCIOJb3YIOTCS OOLIUHLIE AJIST
MaTeMaTHYeCKOr0 MPOrpaMMHPOBaHHsI 00o3HaueHHs. 3a
PEeIKHM HCKJ/IOUEHHEM He MOJAuepPKHBAeTCs pasjnuhe Mex-
21y BEKTOP-CTPOKOH H BEKTODP-CTOJIOLOM.

ABTOp cuMTaeT CBOMM IPHATHBIM J0JroM mo6Jjaroja-
PHTb COTPYIHHUKOB J1a00pPaTOPHH MaTeMaTHYEeCKHX METOJ0B
ontumuzauud HHetuTyTa TexHuueckoil kubGepHeTHukn AH
BCCP 3a psij MOJIe3HBIX COBETOB H 3aMeyaHHid. BoJbluyio
[IOMOIlb INPH MOATOTOBKE PYKONHCH K NeyaTu OKasaJju
C. H. Bopoukosa u C. WM. KploukoBa. ABTOpP HCKpPeHHE
npusnatenen A. JI. 3akpesckomy, B. A. Emenuuesy u
JI. ®. Bepunoii 3a n106poxKenaTeqbHyl0 KDHTHKY H BHHMa-
HHe K paboTe.



1. METObl BE3YC/IOBHOW MMHMMMU3ALIUMU

B nanHoM maparpade onuceiBaloTcss HaunbGoJice pacnpo-
cTpaHeHHbIE METOJbl MHHHMH3alUMH (YHKUHH ONHOH M He-
CKOJIbKHX INlepeMeHHbIX 0e3 OrpaHMyeHHIl Ha 3HAUeHHS Ile-
pPeMEeHHBIX (3@ HCK/IOUeHHeM, BO3MOXKHO, HHTePBaJbHBIX
orpannyenuil). Oco6oe BHUMaHHe yHeJjsfeTcs MeTOJaM MH-
HHMH3AUHH HeLH(pPepeHIuPYeMbIX (DYHKIUH.

1.1. BoinykJable MHOXKecTBa M ¢yHkuuu. MuoxectBo X
ToyeK R™ Ha3bIBaeTCs BbLNYKAbIM, €CJH OHO BMECTe C JIIo-
6bIMHE cBOMMKM ToukKaMu X, x(2)E6X comepKHUT U BCE TOUKH
BHIA N

x=axWO+(1—a)x?, 0<a<l1.

TeoMeTpHUYECKH 3TO O3HAUAET, UTO €CJH KOHI[BI HEKOTOPOTrO
OoTpe3ka MOpHHajAJjexar X, TO M Becb OTPE30K I pHHajJe-
xut X.

W3 onpefenennsi BLIMYKJAOTO MHOXKECTBA HENOCPEACTBEH-

HO cJefyeT, 4TO eclu ToukuH xV€X, i=1, r, TO npu BCex
,

— T
ai=0, i=1, r, Takux, uto 3 o;=1, Touka x== 3 ax®
i=1 i=1

NpHHALIeXKUT X.

[Tepeceuenne J/060TO UYHCJA BBIIYK/IBIX MHOXKECTB BbI-
OyKJO.

Oyukuus f(x) sBAsSeTCS 86iNYKAOL HA BBHINYKIOM MHO-
xectse X, eciu

(ax0+ (1—a) ¥®) <af (+0) + (1—a) ()

nast seex x(0, xPeX n 0Ca<<1.

OTMeTHM psii CBOMCTB BBINYKJBIX HAa X (GYHKIHH.

1. Mycte  fi(x) u f2(x) — BBINyKJABIE (QYHKLHH H Ci,
C; — HeoTpHLATEJbHbIe uncaa. Toria [(x)=cifi(x)+
~+¢of2 (x) — BBIYKJAAs QYHKIHA.

2. Ecau [(x) — Beinykaas ¢ynkuus, 1o [(oux®4...
oo™ auf (xD) . . Ao (x)  mas Beex xVEX u

7

a;=0, i=1, r, npu ycAOBHH, 4TO D) a;i=1.
i=1
3. Ecam  fi(x), i=1, r,— BbinyKable (QYHKUHH, TO
f(x) = max f; (x) Beinykaas QyHKUHUS.
I<i<sr



4, ®ynknus f(x) BBIIYKJAa TOrja H TOJBKO TOrAa, KOrjia
npu JOBIX x H Yy M3 R™ BBIMyKNa (DyHKIHMsS OJHOMEPHOrO
aprymenta ! : Qx4 (f) =f(x+1ty), x-+ty€X.

5. Ecan f(x) — BBINyKJasi QYHKIHSI, TO MHOXKECTBO TO-
yek x€6X, yNOBJETBOPSIOMIMX HepaBeHCTBY [(x)<<c, HaH
IIyCTO, HJIK BBHIMYKJO NpH JI0GOM YHCJE C.

6. Ecau f(x) — BbinykJaast QyHKIHsI, TO OHA HeNpephIB-
Ha BO BCEX BHYTPEHHHX TOYKaX BBINYKJOTO MHOMKecTBa X
M HMEET B KaXKJOH BHyTpeHHeH TOUKe MHOXKecTBa X IPOH3-
BOJHYIO 110 JIIO6OMY HallpaBJeHHIO.

7. Nupdepenunpyemass ¢yHKIusS f(x) BbiflyKaa TOTAA
H TOJBKO Toraa, Korma [(x®)—f(xM = (f"(x®), x2)—x1)
;Lifm ao6bix xM, xEX. 3nech f'(x) — rpanuedT (QyHKUHH
(x).

Brinyksnas (QyHKUHSI MOXKET MMeTb Ha BBIIYKJOM MHO-
KecTBe X HECKOJIbKO JIOKQJbHBIX MHHHMYMOB, KaxABIH H3
KOTOPHIX TIJ00asibHbIl. MHOXKECTBO TOUYEK MHHHMyMa IpH
3TOM $IBJISIETCS] BBINYKJBIM.

®yukuns f(x) — cTporo BHIMYKJAas Ha BBINYKJIOM MHO-
xectBe X, ecan

Tax® (1—a) ) < of (50) + (1—0)  (£)

nast peex x, x6X, xW=£=x@ g 0<<a<<l.

Crporo BuiyKsasi (YHKUHUS HMEET Ha BBIIYKJOM MHO-
)ecrBe X He Gojiee OJLHOTO JIOKAJbHOIO MHHHMYMa, KOTO-
phlil sABJAsIETCS W IMI06aJbHBIM.

®OyHKUHS f(x¥) HA3bIBAGTCA CUALHO BbINYKAOUL HA BbI-
IYKJOM MHOXKecTBe X, ecJqH CyIIeCTBYeT Takas KOHCTaHTa
p=>>0, uto ajs a06pix ¥V, xNEX 1 0<<a<<1 BHITOJHSETCS
HEPaBeHCTBO

[ (x4 (1= 00) £®) < af (+0) + (1—a)  (+9) —
—a(l1—a)pllx®—x®]2,

Ecan f(x) — ABaKAbl HENpepHIBHO AH(pdepenuupyemas
(YHKIIHSI, TO yCJOBHE CHJIbHOH BBIIYKJOCTH Ha R™ 5KBH-
BaJIEHTHO YCJIOBHIO

(" (x)y, y) =mliyll?

npu Mo6HX ¥ B y u3 R® u m=const>>0. 3mecn [’ (x) —
MaTpHIla BTOPLIX UACTHBIX NPOU3BOAHBIX (yHKUHH [(X).

OueBHAHO, CHIBHO BBHINYKJas (HYHKUHS SIBJSETCS CTPOTO
BBINYKJIOH, @ CJI€0BATEIbHO, H BBITYKJOH.
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1.2. OpHomepHas MUHMMH3auMs. PaccMOTpHUM 3ajnauy
MHHHMH3AUUH YHHMOZAJbHOH (GYHKUMH [(X) OZHOH mepe-
MEHHOH X Ha uHTepBaJje [a, b].

OyHKIHS [(¥) HA3bIBACTCS YHUMOOAAbHOL HA 3aaHHOM
unteppase [a, b], ecain 1) oHa Ha 3TOM HHTepBajic MMEET
eJIMHCTBEHHYIO TOUKY X* MHHHMyMa H 2) 1Js JI00bIX ABYX
touek x1€[a, b] u x:€[a, b] Takux, yTO X;<<X2, U3 YCJIOBHS
x*<<x1 caenyet f(x1)<<f(x2), a H3 yCJOBHA Xo<lX*—
[(%1) > (x2). ‘

CBOMICTBO YHHMOJAJbHOCTH IO3BOJISIET IO pPe3yjbTaTaM
BBIUMCJIEHHS] 3HAUEHHH (YHKUHH f(X) B ABYX NPOH3BOJBHBIX
TOUKAxX X U X2, X1 <Xz, HHTepBana [a, b] ykasaTb HHTEpBaJ,
B KOTODOM HaXOJHTCS TOYKa Xx*, GoJsee y3KHH, 1eM HCXO[-
Helil. JlefictBuTeNbHO, ecan f(x1) <f(x2), To x*€[a, x:];
ecan f(x1) >f(x2), T0 x*€[x,, b]; HaKoHel, ecau [(x)=
=f(x2), T0o x*€[x1, x-].

B naapHeiilueM, He Hapyluasi OOGLIHOCTH, B KauecTBe HH-
tepBasa [a, b] 6ynem paccmarpusath [0, 1] (3amena mepe-
MeHHOH X' = (x—a) /((b—a)).

Boiuncienne 3naueHusi GyHkuuu f(x) B 3apaHee BHIG-
panHO# Touke X€[0, 1] O6bIYHO HA3LIBAIOT 3KCIICPUMEHTOM.

B 3aBHCHMOCTH OT XapakTepa IPOBELEHHS 3KCIEPH-
MEHTOB IIOMCK TOYKH X* MHHHMyMa (QYHKIHH f(x) Ha HHTEp-
Base [0, 1] MoxKeT GbITh MACCHBHBIM MJIH AKTHBHBIM. B Jto-
6oM cayuae 3(p(PEKTHBHOCTb NMOUCKA ONpejessiercs AJHHON
N0JIy4aeMoro B pesyJ/bTaTe NOABIHTEpBaJa uutepsaaa [0, 1],
coliepxKallero TOYKy X* (TaK Ha3plBAeMOr0 HHTepBaJja He-
ONpeLeSeHHOCTH) .

ITpu naccusnom noucke 3KCIEPHUMEHTHI NMPOBOASATCH Ia-
pajJeNpbHO H HE3aBHCHMO JAPYT OT Apyra. B artom ciyuae
1e1€CO06Pa3HO BBINOJHATb YETHOE YHCJIO 3KCIEPHMEHTOB H
OCYIIECTBJATb NOUCK TaK HA3bIBAEMBIMH OJHOPOjIHbIMH Ia-
pamu. Ecam uncio 3KCIepuMEHTOB paBHO 7 (/2 — ueTHOe
YKCJ0), TO ONTHMaJbHAS CTPATErusl HMEeT BUJ

st ([ [£])

Xp=—

k=1, n,

rae e — mo60e MaJjoe NMOJOKHTENbHOe YHC/I0; [¢] — menas
yacTh 4yMcaa C.
Brrunc/iue u cpaBHHMB 3HauYeHHsT QyHKuUuH f(X) B TOUKax

Xz, k=1, n, NONYyYNM HHTEPBAJ HEONpPENEJEHHOCTH, [JHHA

9



KOTOPOrO He IPEeBHIIaeT BeJHYHHB (1-4¢) /(—’;——{—1 ) .

[Tpu axkTusHOM IONCKE SKCTIEPHMEHTHI IPOBOAATCS MOCe-
NOBATEJbHO C HCIOJb30BAHHEM Ha Ka)KJOM Iiare BceH HH-
¢dbopMaluH, NONYUeHHOH HA NpepAylux warax. HauGosee
pacmpocTpaHeHHBIMH MeTOLaMM aKTHBHOTO IOHCKA SIBJSIOT-
Csl METOABl AMXOTOMHH, 30JI0TOTO cedeHusi, PuGoHAUUH.

Hcnoapsysa merod duxoromuu, Ha KaxKAOM Iare ocylie-
CTBJSIIOT ABA 3KCIEPHMEHTA: BBIUHC/EHHE 3HAUEHHH (YHK-
LUK B ABYX TOYKaX, pAacCNOJOKEHHbIX BO3MOXHO OJHXKe
K cepellnHe MOJYUYEHHOTO K JaHHOMY IIary MHTepBaja Heoll-
penenenHoctd. [lo pesysnbraTaM 5KCIEpHUMEHTOB BbIAENsSIET-
Csl HOBBIH, 6oJiee Y3KUH HHTEPBaAJ HEONPENeJeHHOCTH M IPO-
imecc nosropsiercs. Ecau Ha KaXAOM lare BeIOHpPaTh Hapy
TOYEK, OTCTOSIIIUX OT CepefHHBl paccMaTpHBAaeMOro Ha JAaH-
HOM Ilare HHTEpBasa Ha g/2 (cnpasa HcJjesa), TO nocJjae n/2
marop (n — obliee YHCJA0 SKCIEPUMEHTOB) HAXO/JHM HHTEp-
BaJi HEONpEJeJeHHOCTH, AJHHA KOTOPOTO HE NpeBbillaeT Be-
JIHUHHBL 2-7/2+4 (1—2-7/2)¢.

Ecsu 3apaHee u3BecTHO oOLIee YHCJIO 7 SKCISPHMEHTOB,
TO HaMMEHDBLIYIO AJIHHY HHTEPBaJia HeONPeNe/ieHHOCTH obec-
neyuBaer -mpuMeHenune merofa Pubonauun. BseieM B pac-
CMOTpPEHHE IOCJ/ieOBaTeIbHOCTh uHce Pubonauun: Fo=
=F, =1, Fr=F,_1+F; o, k=2, 3, ... IlepBroiil 3Kcnepu-
MEHT NPOBOJHUTCS B TOYKe, OTCTOsIHeH OT oiHoro (6espas-
JUYHO KAKOro) KOHIIA HCXOJHOrO eIHHHYHOrO HHTEpBa/a
1a paccTOsTHUH

Fn,2+(—1)n8

L= Fa ’

rae e — Ja000e MaJsioe MOJNOKUTEJIbHOE YHCJIO.

BTopoll 3KCMEPHMEHT BBHINIOJIHSIEM B TOUKE, CHMMETPHUHOI!
npeiBIAylneil OTHOCATE/IbHO CePe/IMHb HHTepBana. B pesyib-
TaTe NPOBEJEHHS] SKCIIEPHMEHTOB B HCXOLHOM HHTEpBaJje
BBIAE/SIeTCS] TOBIHTEPBAJ/ HEONPENeeHHOCTH, COACPKALLIHA
OHYy H3 IBYX yKasaHHbIX Touek. CJ/ielylolinii sKCnepHMeHT
OCYIIeCTBJsIEM B TOUKE, CHMMETPHUYHOH OCTaBLIEHCS OTHOCH-
TeJbHO CepeHHbI MoAbHTepBaNa u T. A. [locsie nposenenns
1 3KCIIeDHMEHTOB IIOJiyuaeM HHTEpBas HEONPe1eeHHOCTH,
JJHHA KOTOPOTO HE IMpEeBHIIlaeT BeJHYHHbI 1/Fn+

[Mpu He(pMKCHPOBAHHOM UHCJI€ /1 IKCIIEPHMEHTOB, KaK yXKe
OTMeuYaJsoch, MOXKeT ObITh HCIIOJIb30BaH METOJA AMXOTOMHH.
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Onnaxo O6oJiee NPEANIOUTHTEJEH MeTOO 3040TO20 CedeHus.
[To aToMy MeTOAy IIE€PBBIX [Ba 3KCIIEPHMEHTA IIPOBOASTCS
B TOYKaX, OTCTOSIIIHX COOTBETCTBEHHO OT MPABOrO H JIEBOTO
KOHLIOB HCXOJHOTO €JMHHYHOTO HHTEpPBaJia Ha PacCTOSHHH
1/(14-7), rzne ‘C=L}—§Y——5—
HUSI JaHHBIX SKCIEPHMEHTOB BBIAEJSETCS IOJAbIHTEepBaJ He-
ONpeflesieHHOCTH, COAepXKalui oAHy u3 3Tux touek. Ciie-
LYIOUIHH SKCHEPHMEHT BBIIOJIHSEM B TOUKE, CHMMETPHUUHOH
oCTaBLIeHiCs OTHOCHTENBHO CepeIMHbl NOABIHTEpPBaia U T. I.
[Tocsie mpoBeneHHs] 7 SKCIEPHMEHTOB IIOJyuaeM HHTEPBAJI
HeOIIPe/leJIeHHOCTH, AJIHHA KOTOPOTO HE IIPEeBHIIIAeT BeJH-
quHBL 1/T7 L

1.3. Ilpu MMUHHMHU3ALHN OLHOMEPHBIX (DYHKUHH 0COOEHHO
BBHITYKJIBIX LIHPOKO PACIpOCTpPaHeHbl pasHooOpa3Hble annpo-
KeumayuornHoie merodel, B KOTOPBIX MPOLECC MAHMMH3ALUA
¢dyuxuma [(x) omHOH mepemeHHOH X Ha uHTepBase [a, b]
BKJIOUAeT 3aMeHy (YHKUHH [(X) HEKOTOPOHl anmpoKCHMH-
pyooulefl ¢pyHKIHe# ¢(x) ¢ nocJjeAyollell ee MUHUMH3aLHEH
Ha uHrepBaJse [a, b]. Ilosnyuennass B pe3ynpTate TOuka %
MHHHMyMa (QYHKUOUH @(X) sBJAseTcs] NPHUOJMIKEHHLIM pelle-
HHeM HCXOJHOH 3anaun. Ecan AnuHa unrepsana [a, b] mana
u QyHKUuus ¢(x) Boi6paHa yAAuyHO, TO MOT'PEIIHOCTb 3ITOTO
peileHus, Kak IIpaBUsO, HeOOJbIUAS. J3HAHWE TOUKH A
0OBIYHO T103BOJISIET IPOBECTH 00JIee TOUHYIO anlpPOKCHMALKIO
GyHKUHH f(X) u (MAK) CY3UTh HHTEPBAJ MOHCKA MHUHMYMA.
Bri6op annpokCUMHPYIOWIHX (YHKIHHA @(X) eCTeCTBEHHO
OrpaHHYMBaeTCs KJAacCOM (DYHKUMH, MHHHMH3AIUSI KOTOPBIX
He BBbI3bIBAeT OCOOBIX 3aTPyNHEHHH, BO BCAKOM CJjyuae Me-
Hee TPYJAOEMKa, UeM HeNOoCPeICTBeHHAs] MHHHMH3AUHUs (PYHK-
uuu [ (x).

B merode napaboa ¢yukuus f(x) anmpokcuMupyercs
IOJITMHOMOM BTODOH CTeNeHH, TpapuK KOTOPOro HPOXOAUT
uepes Toukn (v, (%)), (¥, [(x2)), (xs, [(x3)), re a<
SO<H<X<b, [(x) <min{f(x), [(xs)}, [(x2) <
<<max {f(x1), f(x3)}. 3nauenue

)?I=)C2—-(

1 (xo—x1)2 ([ (x2) —[ (x3) ) — (x3—x2) 2 (f (x2) —f (x1)) '

2 (x—x1) (F(X2) —T (%3) ) — (x3—x2) (] (x2) —7 (%1))
B merode kybuueckoil annpoxcumayuu Gpynxuus [(x) Ha
HHTepBaje [a, b] anmmpoKCHMHPyeTcst MOJHHOMOM TPeTheH

~1,618. B pesysbrate nposene-
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crenenu. Ilpeanonaraercs, uto f(x) — puddepedunpyemas

dbyukius. 3HaueHne
("(6)+B—A) (b—a)

i=b—

’

7 (@7 (5)+28
rae
3 —f(b
= 2TOTTOD oy (o),

A=VB=(@)F (b).

B merode racareavnoix GdyHkuus [(Xx) annpoKCHMHPYET-
¢l KyCOUHO-JINHEHHOH (YHKIHEeH, COCTaBAEeHHON 13 «KYCKOB»
KacaTeJbHBIX K (YHKUHH f(X) B mocJaefoBaTeNbHO BhIGHpPae-
MBIX TOUYKax uHTepBasa [a, b]. [Ipeanonaraercs, uTo GpyHK-
uusa f(x) menpepniBHO au(depeHIEpyeMa Ha MHTepBale
[a,

Beenem B paccmorpenne ¢yukumio @ (x, y) ABYX Nepe-
MenHblx, nosaras @ (x, y)=[(y)+f (y) (x—y). Buibupas
TOUKH X1, Xo, ..., Xp B HHTEPBaJe [a, b], onpenesiem QyHK-
uuo @x (x) =max {®(x, x1), @ (x, x2), ..., D(x, xz)}. Ecan
Xk41 — TOUKA MHHHMYyMa 5TOH (DYHKIIMH Ha HHTepBaJe [a, b],
TO Xr41 MOXKHO BBHIOPaThb B KauecTBe NPHONHKEHHOIO pelle-
HHUSL £ MCXONHOH 3a4auu JHOGO AOGABUTH TOYKY Xey1 K TOU-
KaM Xi, X2, ..., Xz W TNepedTH K QYHKIHH Qg1 (X), alOPOK-
cumupyioliel QyHKUHIO f(x) ¢ GoJblLIeH TOYHOCTLIO.

1.4. [1pu MHHUMH3ALHH OLHOMEPHBIX QYHKI M 4acTo HC-
noJib3yeTcst cnocod yosoenus wiaeos. BribNParOTes TOYKA X1
u uncao a1 >>0. Ecan [ (x1) >f(xito1) >F(x1420) >. .. >
>f(04+2Pa) <[ (x1+2P*+ai), TO B KauyecTBe OuepeAHOH
TOUKH X» BbIOHpaercs Touka Xi—+2Pou; ecau f(x1) <[ (x4
+ou), fe)<<f(ata/2), ..., f@a)<<f(oatoa/207),
[ (x1) > (x14o1/2P), To BHIOUpPAETCs: TOUKA X1-+a1/2P. Ana-
JIOTHUHBIE JEHCTBHSI MOBTOPSIIOTCS [JIsI TOYKH Xy H HEKOTO-
poro uncaa o >0 u 1. A. [Ipn MuauMH3AIHH QYHKUIHH [(X)
Ha HHTepBaJie HEOOXOLUMO CJIEAUTD 33 TeM, UTOOsI He BHIATH
3a TpaHHIBl paccMaTpPHBAeMOro HHTepBaJia.

1.5. Munumuzauuss (yHKUMHA HECKOJBKHX NepeMeHHbIX.
PaccmorpuM 3ajauy MHHMMH3auuu QyHKuHH (X)) =[(x1,
Ko, o, Xn), X=(X1, X2, ... , Xn)ER", HCCKOJILKHX Iepe-
MEHHBIX 0€3 OrpaHHUYeHHH Ha UX 3HAUCHHS.

Metoder nyaesoeo nopsadka NO3BOJSIIOT NIPOBOAUTL MUHH-
MH3alKI0 QYHKUHH f(X) Ge3 HaxOXKACHHs €€ INPOHU3BOJAHBIX.

Merod nokoopOounaTHoeo cnycka siBasieTcsl MPOCTEHLIMM
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MeTOZOM HYJIEBOTO TOPSIIKA W HMeeT GOJIbLIOE YHC/IO pas-
auuEbIX MOAMduKauui. CoriacHo 3ToMy MeTOLy, BhOHpaeT-
csi IPOH3BOJIBHASA TOUKA x©) g BHYHCJAAETCS 3HaueHHe
f(x(©). 3aTeM MOC/IENOBATE/NbHO, HAUHHAS C NEPBOI, H3Me-
HsieTcsl OJHA M3 KOODAMHAT TOYKH x(°) TIpH HEH3MEHHBIX
ocTa/JbHBIX KOOPAMHATAX 1O TeX Iop, IoKa He OyneT HoJy-
yena Touka x() Takas, uto f(xM)<<f(x®), au6o ycTaHOB-
sena onTHMaJabHOCTh ToukH x(9). Ilpoueaypa mnoBTopsieTcs
ags Toukd ¥ H T, 1.

Vi3aMeHeHHe 3HAUeHHsI MEPEMEHHOH OCYLIeCTBISCTCS pas-
JUUHBIMH CIOCOGaMH: OT YBEJHUYEHHS U YMEHbIUCHHS ero Ha
OfHYy U Ty XK€ BEJHUHHY [0 PELICHHs 3a1aud MHHHMH3ALHH
OZHOMEPHOH (YHKIHH, mojyuaeMoi u3 QyHKUHH f(x) myTem
3aKpeIVIEHHs] BCeX IIePEMEHHbIX, KPOME paccMaTPHBAEMOH.

B merode npamoco noucka Ha KaxKAOM llare IPOH3BO-
JATCSI TaK Has3bIBAEMBIH HCCJAEAYIOUIHH MOHCK H TMOHCK IO
obpasny.

Hccnenyiomuil NMOUCK B TOUKE X IO 3a4aHHOMY H-Mep-
HOMY BEKTOPY AX 3akjmoyaeTcs B HaXOXKIEHHH TaKOH TOU-

KH X, uto [ (X1, coe s Xy Xpg1, ..., Xn) =mMin {f (%, ...y Xem,
)fk, ey Xn), f(x1, ceey Xp—1, xk—[—Axk, X1y oo oy xn), f()—c_1, ey
Xr—1, Xn—AXg, Xit1, -.. , Xn)}. Pe3yabrar uccsenyiouiero

MOWUCKa CYMTAETCs yCIEUIHbIM, ecau [(¥) <f(x).

[Touck mo o6pasity 3aka0UaeTCs] B HAXOXKAEHUIT TOUKH X,
LocTaBJsiiollel MUHEMYM QYHKIHH f(X) BAOJbL Jyua, HCXO-
LS101ero 3 3aflaHHOIl TOUKH X H NPOXOMSIIEro uepes TOUKY X,
T. €. B MHHHMH3AIlHH OJHOMEepHOIl PyHKuuu f(x+o(X—x))
Ipu ¢ >=0. PesyaptaT noucka no o6pasiy cuuTaercs ycnell-
HLIM, ec/iH YCIEeUIHBIM OKa3blBAeTCsl pe3yJ/bTaT HCCJAeLyio-
liero noucka B TOUKe ¥ MPH HEKOTOPOM BHIOPAHHOM AX.

Hcnonbsysi BBe€HHbIE TIOHSATHS, METOJ, MPSIMOTO MOKCKA
MOKeT ObITh ONKCAH caefyioluM o6pa3oM. Beibupaiorcs He-
KoTopas HayasabHas Touka x(9), Bekrop Ax(®) u ocyuiecTBJsi-
€Tes peenenyowui Nouck B Touke x(9 mo saganiiomy Ax(®.
Ecin pesysnbrar Takoro momcka 0OKasbiBaeTCS HeyCIEIIHBIM,
TO uamensiercss Ax(® u npoiecc nopropsiercs. I1ycts Halifena
Touka x(9) (3nauenue f(x¥(®) <<f(x®)). Beibupast Touky x(®
B Kauectse x(°), MOKHO MOBTOPHTH HUCCJAEAYIOIIHH TOHCK JIH-
60 mepeittn xk momcky 1Mo 06pasiy — MHHHMH3ALHH OLHO-
Meproit pynkunu f (X~ (¥ —x©)) npu a=0. ITpu atom
HCosp3yerest 06BIYHO CIOCO6 YABOEHHS INAroB. B pesyJib-
Tate moucka nmo o6pasiy HaXoAMTCS TOUKa X(?), B KOTOPOIl
B CBOIO ouepennb ocymiecTBaseTCS HeCACAYIOMHH NoKCK. Ecin

YAer wnaiinena rtouka x’ Takas, uto f(x')<<f(X¥©®) (r. e.
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IOUCK 110 06pasly OKa3blBAeTCSl YCIHEIIHbIM), TO TOYKa x’
BbIOMpaeTCs B KauyecTBe TOUKH X! m Ipolecc MOBTOPsieTCs.
B npoTuBHOM cayyae NPOH3BOLUTCS BO3BpAT B TOUKY x(O) g
OpPraHMu3yeTcs HCCJACAYIOMHH Mouck B Touke x(°) ¢ HOBBIM
BekTopoM Ax(9),

Merod noucka no Odegopmupyemomy mHO202PAHHUKY
CoCTOHT B cienyromeM. Beibupaercs n+1 touka £, x| .. |
x(+D) g B HUX BBIYHCASIOTCS 3HAavYeHHsT QyHKImH [ (x). [TycTs

f(x®) =min {f (x@) |i=]1, n+1}

f(x®)=max {f(xD) |i=1, n+1}.
Haxonurcst LeHTp TSKECTH BceX TOUEK, KpoMe Touku x():

n+l1

x(€) — __1.‘ ( Z x(i)_x(h))
n i

=1

M OCYLIeCTBJSICTCS] MHHHMH3AUHUs QYHKUHMH [ (X) 3710.15b Jayua,
HCXOJSLIero U3 TOYKH XM M NPOXOASAIIEro yepes TOUKy x(©).
JI106y10 TOUKY, JeKallyIo Ha 3TOM J1yue, MOXKHO I'DEJCTaBUTh
B BuJe x*=xMW 4 (x©—xM) a=0.

Bribupaiorcsi TPH 4HCIA o, oz H as TaK, 4To 0<Tas<<
<l<<ar<<ae. Ecanm f(x%) <f (x®) u [(x%) <f(x®), T0o TOU-
ka x™® zamensercs x%. Ecaum f(x%)>f(x®) nna Bscex i,
l<<i<n-1, kpome i=h, TO Touka x{) 3ameHsieTcs x%.
Ecau f(x®)>f(x™), to kaxkpnas touka x) 3amensercs

1 . N e
x(l)—{——Q— (xO—xW), i=1, n+1. B ocranpHBIX cayyasx Tod-

Ka xM 3amensiercs x% (6e3 M3MEHEHHSI OCTAJbIIBIX TOUEK).
OnucanHBIf IpollecC NOBTOPSIETCS AJisi BHOBb NOJYyUEHHOIO
Habopa TOueK H T. A.

B kauecTBe KPHTEpPHS OKOHUAHHS NIOHCKA MOKET OBbITb
BLIOPAHO ycCJOBHE

n+1

o & T o)<,

rjie € — LOCTATOUHO MaJioe YHCJIO.

Merod noucka ¢ nowaz086im usMeHeHUeM CLCTeMbL KO-
opduHar OTIAMYAETCSI OT MeToAa NOKOOPAHHATHOTO CIyCKa
Te€M, 4YTO MNPH Nepexofae oT ToukH x(*) K ouepemHON TOuke
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x(=+1) BpIGMpAETCsl HOBasi CHCTeMa KOOPAHMHAT, MoJydaemast
[0 pe3yJ/ibTaTaM IOHCKA TOYKH x(*+1),

[Touck HayuHAETCA C NPOU3BOJBHOH TOUKH X(°) ¢ HCIIOJIb-
30BaHHEM HCXOAHOH CHCTEMBI KOOPAHHAT M HEKOTOPOrO Ha-
yaJbHOrO Habopa YHcea ai, Qs, ..., Gn. O6G03HAUNM yepes3
s, s®) ..., s OPTOHOPMHPOBAHHBIE /-MEPHBIE BEKTOPHI,
onpefesIolllie TEeKyHlylo cHcTeMy KoopiauHat. Ha mepsom
mare 3TO €IMHHYHBIE BEKTOPBI, MapaJljesbHble OCSM KOOp-
JHHAT.

Ecan f(x@+aisM)<<f(x@), To B KauecTBe TOYKH x(©)
Boi6upaercs X(O4-cqisM u unesao o, samensiercs Pai, >0
(o6eruHo p=3). Ecau f(x(O4o;sM) >f(x®), To yncao o
3ameHnsieTcs you, y<<0 (o6bruHo y=—0,5). 3atem ocyuiecTt-
BJISIIOTCS AHAJIOTHUHBIE AEHCTBHS C HCIOJb30BAHHEM HAIPaB-
JaeHus s u T. A. 10 TeX IOpP, NOKa He GYAYT PACCMOTPEHBI
BCe 71 HanpaBJeHHH. B pesyaprate OyAyT NOJYYEHBI HEKO-
TOpasi HoBas Touka x(») ¥ HOBBHIH HAOOD UHCEN a1, A2, . . ., Un.
[Tpouecc nosropsiercst 10 TeX MOP, MOKA MOHCK MO KaXAOMY
U3 HalpaBJeHUH He OYAeT NPHBOAUTH K BO3PACTaHUIO (HYHK-
uun f(x). IMocaenusisi u3 touek x'°) BHIOHPAETCS B KAueCTBE
Touku x(I), a mocjaenHu# u3 HaGOPOB ai, A2, ..., Gn — B Ka-
yecTBe HCXOJHOTO [Jisi OPTaHHM3allHH MOHCKAa H3 TOUKH x(1),

XapakrepHas 0COO€HHOCTh ONMCHIBAEMOTO METOJa COCTO-
IIT B TOM, YTO NIPH OPTAaHH3AlKK NMOUCKA M3 KaXKJ0# ouepen-
HOH Touku x(*+1) cucTeMa OPTOHOPMHPOBAHHBIX BEKTOPOB
sy s@ .., s, pcnosp3yemasi Ha OpPEABIAYINEM luare,
3aMeHsieTcsl HEKOTOPOH HOBOH cucTeMOH. B KauectBe s() BHI-
6upaeTcsi eAMHHUHBIA BEKTOP B HampaBJeHHH (x*+)—x(®)),
a B kKauectBe s(®), ..., s(®) — enHHUUHBIE B3aHMMHO OPTOTO-
HaJbHbie BEKTOPBI, OPTOroHaJbHbEIe BeKTOpy sU). Ilpouenypa
HX HaXOXKJEHHSI MOxKeT OBITh ONHCaHA CJeAYIoMUM 06pasoM.

ITycts s, s, ... | s — cucrema OPTOHOPMXPOBAHHBIX
BEKTOPOB, HCIOJNb3yeMasi Ha k-M Illare NMOHCKa (C Havya/JbHOH
Touko# x(®)), i x(*+1) — pesyabTHpYIOLLAsI TOUKA 3TOrO IOHC-

ra. O6o3HaunM uepes §; NJIHHY cMelleHHs TOUKH x(*+D oT-

HOCHTeJbHO X(®) B manpasJenuu s, =1, n. Beenewm B pac-
CMOTpEeHHE BEKTOPI

n
aD= 37 8,5®).

h=1

[Honoxum §O=a®/[la®], sO=bp®/|bO|, rpe b=
i1

=a— 3 (a®, sW)§® (=2 n, |c|| — HOp™Ma BekTOpa C.
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Bekropsl §, §®, ..., §™ 06pa3ylOT UCKOMYIO CUCTEMY
OPTOHOPMHPOBAHHBIX BEKTOPOB, HCHOJAb3yeMyio Ha (k-+1)-m
[are noucka (c HauasJbHOH TOUKOH x(A+D).

1.6. PaccmoTpuM HekoTOpble HamboJee pacnpocTpaHeH-
Hble MeT0dbL nepso2o nopsa0Kka MHHHMH3AUUH GYHKUHH f(x)
HECKOJIbKHX IePEeMEHHBIX 0€3 OrpaHHueHHHl Ha 3HayeHHe
nepemeHnHbix. [Ipennoaaraercs, uro f (x) — nuddepenunpye-
Mas (QYHKUHS M HMEeTCs BO3MOXKHOCTb BLIUHCJEHHS 3Haue-
HHUH ee NepBBIX YACTHBIX NPOU3BOAHBIX B JI000H 3aAaHHOH
Touke Xx. KaxXJblfi U3 ONHCHIBA€MBIX HHXKE€ METOJOB CTPOHUT

nocJefoBaTeNbHOCTh Touek X0, x( - . cBsI3aHHBIX pPeKyp-
PEHTHBIM COOTHOIIEHHEM BHIAa
xBAD = x (B g0 (%) (1)

H YJOBJIETBOPSIIOUINX YCJIOBHIO peJlaKCallHu
f(xHD) <[ (x0), k=0, 1, ...

Jast HaxoXAeHHsl HanpaBJeHus 0% cnycka B 3THX METO-
naxX HeoOXOAMMO 3HAHHUE 3HAUEHHH MEPBBIX UACTULIX NPOHU3-
BOAHBIX (a2 MHOTAA U 3HAauYeHHd (QYHKuuM) B Touke x¥). [lau-
Ha 1ara a,>>0 onpenensiercsi OOBIYHO B Pe3y/IbTATE HCIOJb-
30BaHHUsI TOTO MJIM HHOTO MeToJa OAHOMEPHOH MUHHMH3AILHH.

[Tpu onpefesneHHBIX YCJAOBHSX MOCJAE0BATEIBHOCTD TOUEK
CXOAHUTCS K HCKOMOH ONTHMAaJIbHOH TOUKE X*.

B merode epaduentroeo cnycka B KauecTBe HANPaBJieHHUS
v®) criycka BoiGUpaercss aHTUTpafueHt [/ (x®) yuxkuuu [ (x)
B Touke x*). CoorHouenne (1) NpuHHMAET BHT,

XD = x (0 — g f7 (X0
Ecan gauna mara o BelOHpaeTcs Tak, UTOOBI cOGJIONAI0CH
yCJoBHE
f(x®—oef (x®) ) =min {f (x®—a]" (x*) ) [a=0}, (2)
TO TOBOPST, 4YTO HCHOJb3yeTcsi MeTo0 HaucKopeliuiezo

cnycka.
B merode epaduentnozo cnycka ¢ Opobaenuern waea

JUIHHA 10ara og BbIéI/IpaeTCH corJjiacHO YCJIOBHIO
FOet—auf (x0)) —F () S —saalll’ (x®) 2

rie 0<Ce<<l — npousBoJbHO BEIOpaHHAS KOHCTAHTA.
B uvactHocTH, ecniu rpagueHtT [’ (X) yLOBJETBOPSIET YCJIO-
BuI0 Jlunmmuuma (cyuecTByeT KOHCTaHTa p Takasi, UTO He-
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pasencTBo [|[”(x) —["(y) | <pllx—yll umeer mecro s sio-
6BIX TOUEK X U y U3 R™), To Ha KaXKAOM luare £ B KadyecTBe
otz MOKHO BHIOMPATDh OJIHY H Ty Ke BeJHUHHY o= (l—e&)/p.

Ecau ¢yHkuus f(x) orpaHuueHa CHH3Y, a e€ TpajdeHT
[’ (x) ymosaerBopaeT ycaoBuio Jlummmua, o ||f” (¥®)[—0
[PH k—-00 HE3aBHCHMO OT BBIOODA HauasbHOH TOuku x(0),

IIpy MHHHUMH3AUUH CHJBHO BBINYKJBIX (DYHKUHH Tpamgu-
€HTHBIE METOABI CXOASTCS CO CKOPOCTBIO Te€OMeTpPHUECKOMH
nporpeccun:  |[x®—x*| << Cghl|x@O—x*||, rme 0<<g<l,
C <Coo0; x* — TOYKa MUHHEMyMa GYHKUHH f(x). B uacTHOCTH,
ecin f(x) — oBaXapl HENpepHIBHO AH(epeHIupyeMas
(GyHKUNS, MaTpHua [”(X) BTOPBHIX YAaCTHBIX MPOH3BOAHBIX
KOTOPOH YyJIOBJIETBODPSIET HEPABEHCTBAM

mlyl><< ([ (x)y, y) <Mllyll?, M=m>0

npu Jio6bIX X ¥ Y, TO NPH HCHOJB30BAHHH METOAA HAHCKO-
M—m
M4+m’

Ilpyn MUHHMH3ALHH TaK Ha3bIBAEMBIX OBPaMHBIX (YHK-
Uufl MIHMPOKOe PaCIpOCTPaHEHHE TOJYUYHJ npuem U3MEHEeHUs
macurabos nepemeHrHoLx.

BBOZSI COOTBETCTBYIOLLYIO 3aMEHY MEPEMEHHLIX BUAA Xj==
=u;Yj, ucxonHasi QyHKuus f(x) 3aMeHsieTcss HOBOH (PYHK-
uuedl J(y) ¢ MeHee BBIPAXKEHHOI OBPaXKHOCTbIO. Ec/u GYHK-
uusi f(x) siBAsieTcs JOCTATOYHO TJIaJLKOH, TO B K4UeCcTBE W

pep“uuero CIIyCKa 3HaAME€HAaTe/Ib =

1)\
MOKHO BbiOpaTb MHHUMYM (YHKIHH —gg2 ) o X upH
J

Xi1=...=Xj g =Xjp=...=x,=0..
MacwirabupoBanne nepeMeHHBIX B 00IIeM cJjyyae IpH-
BOJHT K UTCPALlHOHHOMY IIpOLecCy BHAA

XD = x (&) — g, BRf” (x®)),

rae B — HeKoTOpasi MaTpHlia, 3aBHCsAINAs, BOOOIIE rOBOPS,
or wara k. MispecTHBl pasjHyHble NOAXOAB K (HOPMHUPOBAHHUIO
MaTpul Bp.

Tak, B merode Hasudona — Paeruepa — Ilayssra mar-
PHIBLI B, BBIUHCASIOTCS COTJIaCHO CJeAYIOlleMy PEKyppeHT-
HOMY COOTHOUIEHHIO:

[Aex] [Aex]®  [be] [be]
(Awx, Arf’) (Arf’, br)

2. 3ak. 1201 17

Bryi=Br+



TAe BEKTOPBl ApX=x®FD—x®) A, [/ =F" (xE+D) —[ (x(®))

br=BrA,[’; Bo — enuununasi matpuua. Eciu a@ — n-vepHblit

BEKTOP, To [a] — KBajgpaTHast MaTpuua pPa3MEPHOCTH 11,

B IIEPBOM cTOJ6IEe KOTOPOH pacmnoJ/ioxkKeHbl KOMIIOHEHTHl BeK-

TOpa @, B OCTAJbHBIX — HYJH; T — 3HAK TPAHCIIOHHPOBAHHUS.
B npoexrusrnom merode Herorona — Pagcona

[6:][6e]"

AT

B merode Bpoiidena

[Akx—bh] [Akx—bk]T
(Arx—Dbr, Axf")

Byy1=Bi+

B merode Mupcona

—b T
Bao— Bart [Aex—0be] [Arx]

(Akx, Akf/)

[Tepeunciennble METOABI OTHOCSITCS K OGILIMPHON rpymie
METOB08 nepemerHOl MeTPUKU.

JauHa mara op B KaXAOM H3 3THX METOJOB OGBIUHO
BbIOMpaeTcs MCXoAs M3 cooTHowenus (2). Yacro mcnonbsy-
eTCsl IPHeM BOCCTAHOBJIEHHSI MaTpPHIB B, (uepe3 HEKOTOpOe
YHMCJIO 1IAroB, CKaxKeM Ro, B KauecTBe MaTpHUllbl Bj BbIOH-
paroT Marpuny Bo, T. €. Big,+1y=2B0, [=1,2, ...).

B merode conpsiocennoix nanpasaenuid nanpasaenue v
CIYCKa ONpenessieTcss COOTHOIUEHUSIMH

OO=—]’ (x®), 0O —=—F (x0) 4pro), k=12, ...,

a JJIMHA 1ara o BbIGHPAeTCs COTJIAaCHO YCJOBHIO (2).
Pasnuuneie BapuanThl NIpHBEIEHHOTO METOAA OTIHUAIOTCS
JAPYT OT Apyra B OCHOBHOM CIIOCOOOM BbIGOpa apaMeTPOB fr.
B uacrnoct, ecan Bce Br,=0, TO nojyyaeM MeToJ HaH-
ckopefiuiero cnycka. Ecan Bce Br,=p>0, To rosopsr, uTO
IPUMEHSIeTCS] MeTO00 TANCEeA020 WAPUKA.
B merode Paeruepa — Pusca

(Auf’, Ael’)
(Ae—t]’y Aeaf’)
B merode Ioraka — Pubsepa
(Akf/—Ak—lf/, Arf")

(Ae—a]"s Apaf”)

Pr=

Br=-
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[Ipn MCHOO/NB30BAHHMH TOCJEAHHX IBYX METOLOB OOBLIUHO
3ajiaeTcs MPeieJbHO NO0NYyCTHMOE 3HAUEHHE [ H €CJIH BBIUKC-
JIeHHBIE 110 YKa3aHHBIM (HOpMyJaM 3HAUEHHs B, OKa3bIBAIOT-
cst GoJiplie B, TO MoJAaraioT Pr=_p.

Hapsify ¢ nepeuuc/eHHbIMU H3BECTHBI H JADYTye BapHaH-
Thl METOJA CONPSIKEHHBIX HaINpaBJeHHH.

Ha npakTtuke WIHPOKO HCIOJB3YeTCs [IPHEM TAK HAa3bl-
BaeMOro OOHOBJ/ICHHS] METOJa : MOCJIe BBINOJHEHHsT k=(n 1wa-
roB NoJaraioT Pr+1=0 U NPOLONXKAIOT NPOIECC BHIUHCJEHHUH,
[=1,2,...

CKOpOCTb CXOAMMOCTH Pa3/HUHBIX BADHAHTOB METOAA CO-
NPSIKEHHBIX HalpPaBJ/JeHHH [J51 CHJABHO BBINYKJBIX (DyHKIHH
OKa3bIBAeTCsl HE HHXKe CBepPXJHHEHHOH. B yacTHOCTH, METO.
®ueruepa — Pusca obecneunBaer KBaApaTHUHYIO CKOPOCTb
CXONMMOCTH Ha Kaxkable n urepauni ([lxG+hn—x#| <
< C||xrm)—x*||2, C=const>0, k=N =-const).

1.7. HauboJsiee U3BECTHBIM METOOOM BTOPO20 NOPAOKA
MHUHHMH3AIUH QYHKIUH [(X) HECKOJbKHX IePEeMEHHBIX 0e3
OTPAHHUEHHH HA 3HAUEHHUs MEePEeMEHHBIX sBJseTcd AeTod
Horotong. TIpu ero HCHO/IB30BAHMM IIPeAnoJaraeM, uTO
Qyukuus [(x) mocraTouHo riankas (CyLIeCTBYIOT BTODBIE
YacTHbIe NTPOU3BOAHEIE).

Meron HpioToHa OCHOBaH Ha amMpPOKCHMALHUH (HYHKIHH
f(x) B okpectHocTH Toukm x(%¥) KBajapaTHuHO# (GyHEKuHeil
¢ mocjenymooueli ee MUHHMH3auuell. HaunHas ¢ 1pon3BoJib-
Hoil ToukH x(¥, cTpouTcs mMOCJENOBATEJbHOCTh TOuek X,
X, ..., yIOBJETBOPSIOWIHX PEKYPPEHTHOMY COOTHOLICHHUIO

x(k+1) — y(k) — [f// (x(k)) ]—1 ]” (x(/e)) ,

rae [”(x®) — maTpHuIa BTOPBIX YACTHBIX NPOH3BOLHBIX
(GyHKUHH [(X), BBIUHC/IEHHBIX B Touke X(#); BekTOp-cTOMGELL
[/ (x®) — rpanuent ¢pyukuuu [(x) B Touke x*),

Ecanu f(x) — mABakawl HempepeiBHO [H(pepeHuHpyemas
bynkuus u f” (x*) — HeBBIPOXKAEHHAS MaTpHLa (X* — TOUKa
MHHHMyMa (YHKUOHH [(X)), TO CyLIeCTByeT Takas OKpecT-
HOCTb TOYKH Xx*, UTO AJs N060# Touku x(*) u3 3TOil OKpect-
HOCTH IIOCJIe0BATEJbHOCTh Touek x(, x() .. . | 1mocTpoes-
Hasl B COOTBETCTBHH C YKa3aHHBIM COOTHOLIEHHEM, CXOAHTCS
K TOUKE X* C KBaJpaTHUHOH CKopocTbio: [x+D)—x*||<<
< Cllx®—x*|12, rne C — HeKoTOpasi HEOTPHLIATENbHAST KOH-
CTaHTA.

W3-3a 3aTpynHeHu#, cBSI3aHHBIX C BHIGOPOM HAyaJbIIOTO
npubamKkenuss x(%, 006bYHO HCHONB3YIOT MeT0d Hororona
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¢ peayauposroil waea
X = 0 — [ (x0) ] [ (69 (3)
Hauna mara arp>=0 BHOHpaeTCs JHOO M3 YCJIOBHSA
F(x®—ap [[7 (x®) ] (x®)) ) =
=min {f (x®—a[[” (x®) 71" (x?)) |a =0},

Jub60 U3 yCJAOBHUS
Fe®—au [ (x0) 11 (x0)) —f (x0) <

< —ear (' (x®), [[7(x®) 7 (x®)),

rae 0<<e<<1/2 — HeKOTOpOE UHCJIO.

Ecau ucnonb3yeTcsi BTOpOe HEPABEHCTBO H OHO BHINOJI-
HsleTCs NPH o=1, TO AJHHA Illara NPHHHUMAaeTCsi PaBHOH
e/lMHHIlE, B MPOTHBHOM CJydyae NPOGHTCS N0 TeX MOp, NMOKa
3TO HEPABEHCTBO He BHINOJHHTCS.

CXOAMMOCTh IIOCJIEA0BATENBHOCTH TOUeK x(, x(1);
MOCTPOEHHOH B COOTBETCTBHH C COOTHOLIEHHEeM (3) W yKasaH-
HBIMH crnioco6amu BbiOOpa AJIHHBL IIara, He 3aBUCHT OT BHI-
G6opa HauajJbHON TOUukH X mpu ycaoBuu, ecau f(x) —
JIBaXx«Jbl HENpephiBHO AH(PdepennHpyemMas GYHKIUS U cylle-
ctByloT uncaa m, M u p rakue, uto mlyll?<< (f” (x)y, y) <
<Myl u I (x)—f"(y) I<pllx—yll nas mo6HIX x U Y.
ITpu aTOM coXpaHsieTcsl KBaipaTHUYHAsA CKOPOCTb CXOJHUMOCTH
¢ koHcTauroit C=p/m.

3aTpynHEHHs, CBSI3aHHble C BBIUHCJAEHHEM MaTpHIL
[7(x®) u ux obpalleHneM, a TaK¥ke C BO3MOXKHBIM Hapylle-
HUEM I[0JIOKHTE/IbHQH ONpeaeJeHHOCTH MaTPHIB |/ (X), IpH-
BeJIH K paspabOTKe PpAa3JHUHBIX MOAH(PHKALAH MeTOoAa
HeroTona.

Tak, B merode HoroToOHA ¢ NOCTOAHHOU maTpuyet 8TOPbLY
npouszsodHelx martpuua f”(X) BBUHCAsETCS H 0Opallaercs
TOJIBKO B HauaJbHOH Touke x(®) W naJjee ocTaercs HEHU3MEH-
Hol: B cooTHoweHuu (3) [ (x®)=["(x®), k=1, 2,
ST0, OUEBHJHO, OJMH M3 BapHAHTOB MeTona rpaAHEHTHOTO
CIyCKa C H3MEHEHHEM MacliTaboB IepPEeMEeHHBIX.

B merode Herorona ¢ o00HOBAeHUEM MATPUYbL BTOPLLY
npoussodnsix matpuua [”(x) BeluHcAsieTcss H ofbpaliaercs

B Toukax x(©, xWbd  x@HL - rne [ — HeKOTOpOe
leJoe  TMOJIOKHTEJbHOE uHCJ0. B cooTHowenud  (3)
f”(x(k)) =f”(x(0)), k=1, 2, R l, f”(x(k)) f”(x(’ 1)) k=
=[+1,...,2, urT 1
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Ecay MaTpHlla BTOPHIX NPOH3BOJHBIX HE SIBJAETCS IOJIO-
JKHTEJbHO OINpeJeseHHOR (M, Kak CJAelCcTBHE, [OcJel0oBa-
TeJbHOCTb TOUEK, YAOBJETBOPSIOIIAsS COOTHOIUEHHIO (3), HE
0053aTeJIbHO CXOJAHTCS), TO HCIIOJB3YIOTCS TNPHEMEBI €e KOp-
PEeKUHH. B 4acTHOCTH, HA KaXK10M ware k kK MarpHie [ (x*))
no6asasiercsi matpuua A E, rne E — elMHUUHAd MaTpHILA;
yycsaa A, BEIOHPAIOTCS U3 YCJAOBHSA oOecleueHusi CXOLUMOCTH
npolecca.

1.8. MHorue MeTonBl NEKOMIO3HLHUH 3aJau MaTeMaTHue-
CKOI'O TIPOTPAMMHPOBAHUS NMPHBOAST K HEOOGXOJUMOCTH MH-
HUMHU3AIHH Hedupgepenyupyemolx Gynxyuil. a5 UX MHUHH-
MH3allUH MOTYT OBITh HCIIOJIb30BAHBl ONHCAHHBIE BBILIE
MeToAbl HyJeBoro nopsiika. OMHAKO AJSl BBINYKJBIX (PYHK-
uui cymecTBYyIoT 60Jiee 3 (PeKTHBHBIE METOBI.

[Iycte f(x) — BbImykaas (yHKUHS, 3afaHHas Ha (BHI-
nykjaoM) MHOxecTBe X=R™, u £ — BHyTpPeHHsad Touka X.

Bekrtop y;(£) ER™, yIOBJETBOPSIOLIHE COOTHOILIEHHIO

F() —=F(£) = (vs (%), x—X)

st Bcex x€6X, naseiBaercsi cybepaduenTom nau 0600ujeH-
Holn epaduenTom GYHKUHHA [(X) B TOUKe £.

MuoxectBo I't(£) 0606IIeHHBIX TPajHeHTOB (DYHKIHH
f(x) B Touke £ siBJISIETCSI HEMYCTHIM, OTPAHHUYEHHHIM, BBIIYK- .
JIBIM U 3aMKHYTBIM.

Kak yxe ormeuasioch, B Ni060H BHyTpeHHell Touke £EX
BEIyKJas GyHKUHsS f(X) uMeeT npousBoAHyo [/ (£) 1o Jio-

Oomy HanpaBJeHHo VER™.
MMeer MecTo COOTHOLICHHE

[, (£) =max {(v;(£), ©) |vs(£) €T (£)}.

Ecau f(x) — nuddepenuupyemas B Touke £ (HPyHKUHS, TO
ee 0000 eHHbIl TPaJiueHT COBNANaeT ¢ rpajuenToM. Hanom-
HUM, 4YTO BHINYKJass (YHKUHUS NOUYTH Besjde AHQQepeHiH-
pyema. CyiefioBaTeNbHO, 32 HCKJIIOUEHHEM TOUEK MHOXKECTBA
Mepbl HyJ/ib, ee 0O0OILEHHBIH I'paJUeHT COBNAAAeT C TPaAHeH-
ToM. ITpu 3TOM rpafiueHT HelpepBIBEH HA MHOXKECTBE TOUCK,
B KOTOPBIX OH ONpefeJseH.

Hanpassenne naunckopeiuero cnycka B TOUKe £ 3amaer-
€ BeKTOpoM —v0, v€ET';(£), nMexamum Ha KpaTuaulleMm pac-
CTOSIHMH OT HauaJja kKoopauHat. Ecau f(x) — nuddepeHun-
pPyemasi yHKUHS, TO 5TO ee aHTHTPALHeHT.

Has Toro uto6bt Touka £EX 6bIa TOUKOH MHHEMyMa
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¢dyHKIuY [(X), HEOGXOAUMO H LOCTATOUHO, UTOOB MHOKECTBO
I'4(£) comep:kaJjio HyJNeBOH BEKTOD.

Caepnymolne yTBepKIEHHS MO3BOJSIOT JErko HaxOJHUTh
0060611 eHHbIC TPaiUeHThl GOJBIIHHCTBA H3 paccMaTpHBaeMbIX
B JaJbHeHIIeM (QYHKIIHH.

ITycts fi(x), i=1, r,— BBIYKJBIE QYHKIMHA; C;, (=1, r,—
r
HeOoTpHLaTe/bHbIe uicaa. Torga GyHkuus [ (x) = 3 cifi (x) —
i=1

BBIIYKJasd U MHOXKeCTBO I';(£) ee 0600LIEHHBIX ©paJHEHTOB

B TOUKe X COCTOMT H3 BCEBO3MOKHBIX BEKTOPOB BHIA
™

vi(£) = 22 civr (£), tae vy, (X) €T, (£).
i=1
AnanoruuHo ¢yHKuus f(x)= maxf;(x) — BeIIyKIasa u
I<i<cr

MHOKecTBO I'y(£) ee 06001IEHHEIX IPAaJJHEHTOB B TOUKe £ CO-
JepXKUT 060O6IIeHHbIe I'PaHEHTHI vy, (X) Tex dpynxuni f;(x),

IJ1 KOTOPHIX fi (£) =f(%£).

1.9. [ MHHHMH3ALHMH BBIIYKJBIX HeLu(hepeHLupye-
MBbIX (DYHKIHMH HCHOJB3YIOTCS METOAB!, BHEIIHE IIOXOKHEe Ha
METOJAB TPaJHEHTHOTO clycka. B 3THX MeToAax poJb rpa-
JHeHTa urpaet o60O6IICHHBIE IPafleHT, a AJs o6ecneueHus
CXOAMMOCTH HTEPAlHOHHOIO IIpoliecca NPHUMEHSIOTCS ClelH-
(bvyecKue NMpPHEMBl PeryJHpPOBKH AJUHBEL Lara. [Tonyuaemas
B pe3yJbTaTe IOCJEN0BATEJbHOCTD TOUeK x(O xM . nHe
SIBJISIETCSI, BOOOIIE rOBOPSI, peJaKCallHOHHOH, T. . HeoOs3a-
TeNBHO [ (x*+D) < f(x®), k=0, 1, .,.

B merode ob6obujenroeo epaduentHoeo cnycka, HauuHas
C HEKOTOPOU HayaJbHOH TOUKH x(°), CTpOHTCS [OCJenoBa-

TeJbHOCTh Toyek x(V, x(3) | .| yHOBJAETBOPSIOUIAX CJAELYIO-
[IEMY PEKYPPEHTHOMY COOTHOUIEHHIO
xR
XD = x(e) — gy, v ®)
lvs (x®) ]
rae vy (x®) — o060CIIeHHBIH TIPafAHEHT MHHHMH3HPYeMOIt
dynkunu f(x) B Touke x®; |c|| — nHopma BexTOpa C.

[TocnenoBaTe1bHOCTD MOJIOKHTEIBHEIX UHCEJ Ol — AJIHH
IIaros — BBEIOHUPACTCS TaK, YTOGbI

(o o]
lim ar=0, Eock=oo.
k—>c0 h=0

Ecau [(x) — Benyknas ¢yukums, onpenenednas B R7,
o6nacTe X* MHHHMYMOB KOTODOH OTpaHHueHa, TO NPH JIO-
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6oM HauaJbHOM NPUOAHKEHHH x(©) mOCTpOeHHAsT yKa3aHHBIM
006pasoM IIOCJAeNOBaTEJbHOCTD Touek x(D, x(2) " .. obGjanmaer
OJIHHM U3 CJELYIOILHX CBOHCTB: JHGO Haljercs rakoe k=g,

4yTO x(E)EX*, JH60

lim min [x®—x||=0 u limf(x®)=minf(x).
k—>00 n

k:
—>00 xeX* xeR

AHaJOTHYHBIM CBOHCTBOM 06JanaeT H IOCJeA0BaTEJ]b-

HOCTb Touek x(9, x() ... mocTpoeHHas mo ¢opmyae
s [ KO () npn culy () I<C,
%) B NPOTHBHOM cJyuae,

rie C>0 — HeKoTOpasi KOHCTAHTA.

Ecau mocienosatenbHOCTb TOUueK Xx(9), x(), ... NOCTPOHUTH
o gpopmyae x*+H=x"—ey; (x®), To oHa OGyAECT CXOLHUTH-
€5l B TOM H TOJIbKO B TOM cJyuae, KOTJa I0cJ/el0BaTelbHOCTh
06O0IIEHHBIX TPagnueHToB yf(X(®)), ys(x¥(), ... orpaHnueHa.

OtMernm, uto ecau f(x) — BHIIYKJas KyCOUHO-JIMHEHHAS
(YHKIHST ¢ KOHEUHBIM YHCJOM «KYCKOB», TO yKa3aHHas IO-
CJI€l0BAaTEJbHOCTh 00001IEHHbIX TPAaUEHTOB BCerja OrpaHu-
yena. B ofuiem cayuae ajs Jr060ro Haua bHOTO IPHOJIHKE-
uust x(©) MOXKHO moao6paTh Takoe uncjao §>0, uTo ecau
or<<8, k=0, 1, ..., To nocaemoBaTenbHOCTb Y;(x®)), k=
=0, 1, ..., orpaHuueHa.

Hapsiny ¢ nepeuncjeHHBIME H3BECTHB M Jpyrie BapHaH-
Thl MCTOZA 060GLIEHHOTO TPaJUEeHTHOTO CIYCKa.

CTOXaCTHYECKHM aHaJoroM wmeroga OOGOOILEHHOrO I'pa-
JHEHTHOTO CIyCKa sIBJsIETCS] MeT00 0000UjeHHblX CTOXACTU-
yecKux epaduenTos, OTHOCSIIUACS K KJjaccy MEroAoB CJy-
YyafiHOTroO IOHCKA.

[Tyctb f(x) — BBIMyKJasi QYHKUHS C IHHCTBEHHOH TOY-
KOH x* MuHHMyMa B R™.

HauxHag ¢ Npou3BOJbHOH TOUKH Xx(%), TOCTPOHMM HOCJe-
noBaTeJbHOCTh Touek x(), x(), ... | yIOBJETBOPSIOUIUX pe-
KYPPEHTHOMY COOTHOLUEHHIO

x(k+1)=x(k)—ak'y‘}) (x(h)) R

TIe y‘}’(x(k))—cnyqaﬁﬂblﬂ BEKTOpP, MaTeMaTHUYeCKOe OXH-
JaHHe KOTOPOro COBIAfaeT ¢ OOOOIIEHHHIM TI'PagHEHTOM
V¢ (x®) dyuruuu [ (x) B Touke x4
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Ecau pauHbl maroB or>>0 BbIGHPATb Takx, UTOOHI

o] o]
2 ar=00 H 3 a2 < oo,

k=0 k=0

TO TOCJEN0BaTeNbHOCTb Touek x(0), x(1) ... ¢ BEPOSITHOCTBIO
efHHAIa OYAET CXOAUTHCS K TOUKE x* MPH YCJOBHH, YTO Ma-
TeMaTHUeCKOe OXKHAaHHe BeamHubl ||y (x) | He mperocxo-

T HEKOTOPOH KOHCTAHTH! AJs Bcex k=0, 1, ...

1.10. Ilpy MuHHMH3AUWH Hedu(QpepeHIHPYyeMbIX (YHK-
OUH (Tak Xe Kak U Au(QepeHIHPYyeMBIX) MHPOKQ HCIOJb-
3yeTcsl IpHeM U3MEHEeHHs] METPHKH IIPOCTPAHCTBA B Ipolecce
IOCTPOGHHSI TOCJAeN0oBaTeAbHbIX NpHOAMKeHuii. Xopoluue
pe3yJibTaThl NOJYYaloTCs NPH PACTSXKEHHH IPOCTPAHCTBA B
HanpaJ/ieHHH OOOOILeHHOTO TpajueHTa, PAasHOCTH ABYX IIO-
CJIe[IOBATEJbHBIX TPAIHEHTOB U HEKOTOPHIX APYTHX JHHEHHBIX
HEOPTOrOHAJbHBIX INpeoOpa3oBaHHUsIX INPOCTPAHCTBA apry-
MEHTOB.

IIpuBenem kKpaTkoe omHcaHue meroda 0606ujeHHOe0 2pa-
OUEHTHO20 CcnycKa ¢ pacTsavcerHuem npocTparcTs8a B Halpas-
JIEHHH TPajHeHTa.

ITycts 3aman BekTOp vER™ ¢ |[v]|=1. Kaxawii BexTOp
xE6R™ 0lHO3HAYHO NPEACTAaBUM B BHJE

X=MU+Z, (Ua Z) =0,
rae p=up(x, v) — HEKOTOpOe YHCJO0; 2=2(X, J) — HEKOTO-
pBiil BEKTOp H3 R™, OPTOTOHAJIbHBIH BEKTODPY U.
Oneparopom pacTasicerus npocTparcTéa R™ B HampasJe-

HHH U C Koa(¢uunentom B==0 HasbiBaercs oneparop P,
JeHCTBYIOIUH Ha x=pv-2 CJAcAyIOUHUM 00pa3oM:

P (x) =Bpo4-2= (B—1) (x, 0) v-Hx= (E+ (B—1)vo7)x.

3/ech mpencTaB/eHO HECKOJBbKO 3KBHBAJEHTHbIX (HOpPM 3a-
nucu oneparopa P. Cumposom E o6o3HaueHa eJHHHIHAS
MaTpHLa Pa3MEPHOCTH nX1f; T — 3HAK TPAHCIIOHHPOBAHUS.
B onuceiBaeMOM MeTOJe MHHMMH3ALHH BHIYKIOH (QyHK-
uuK f(x) ABHXKEHHE B HalpaBJeHHH 0GOGIIEHHOTO IrpajHeH-
Ta Ha KaXJOM LIare cOYeTaeTcsl ¢ ONepauued pacTaXKeHHs
IPOCTPAHCTBA apryMEHTOB B 9TOM 3Ke HallpaBJCHHH. A
[IycTb moOCJ€ BBINOJNHEHHS B waroB HaijgeHa touka x()
(B kauectBe x(®) moxeT ObITb BhIOpaHa NPOM3BOJIbHAS TOU-
ka). Onpenensiercsi 0606UIEHHBIA TpagneHT yy(x*®)) (QYHK-
und f(x) B Touke x*). Ecan v (x®) =0, o x¥) — nckomas

24



TOUKa MHHHMYMa H BBIUHCJEHHs Npekpamaiorcs. B nporus-
HOM CJy4yae OCYILeCTBJSCTCS JUHEHHOe npeobpas3nBaHHe HUC-
XOZHOTO NPOCTPAHCTBA :

y=B.'x, qu(y) =[(Bry),

rac B, — HEeKOTODPbIH, H3BECTHBIH K JaHHOMY HIaiy ONEepaTop
(neocobasi maTpuIa).

B HOBOM mpocTpaHCTBe peasausyercs war o6061EHHOTO
IpaJHEHTHOr0 CIycKa JJsi (GYHKIHH @r(y) HCXOAS H3 TOUKH
y<k>=B'k~‘x(k>, T. €. HaXOJHTCS

YO =y gz " (4)
152l
(ka— 0600IIeHHBIl TPAaHeHT QYHKUHH @r (¥) B TOUukKe y*)).
eKTOp
Ye=DB3vs (x*) (5)

(B; — oneparop, conpsikeHHbIH oneparopy Br).

Bosppamiasicb B HCXOAHOE INPOCTPAHCTBO (IPHMEHAS K
oGeuM uactsiM (4) omeparop By), moayuaem

Yk
I3l
PaccmatpuBaembifi (k-+1)-# war saBepliaertcs HaXoX-
JIeHHeM omeparopa

xB+HD) — x (k) — g, By

(6)

Bk+1=kak, (7)

rae P, — omepaTop pacTsiKeHHs IpPOCTPaHCTBa R™ B nHanpas-
aenun v="y/ ||yl ¢ koapPuunentom p=1/ps; B2>0 — ne-
KOTOPOE YHCJIO.

B kauectBe By MoxKeT OuITh BeiOpaHa Jiwob6asg Heocobast
MaTpHIila, HanpuMep eAWHHuHAas MaTpuua E.

Ucnonssyst opmyan (5)—(7), npu OAHHX H TeX XKe
HauaJbHbIX X(©) B By MOTYT GBITb IIOCTPOEHB! Pa3JIHUHBIE T10-
CJeJ0BaTeIbHOCTH Toyek x(, x(2) ... B 3aBHCHMOCTH OT
TOrO, KAKHMH OyAyT BBIOPAHBl MOCJIENOBATE/NbHOCTH IJIHH
1IaTOB o, Ol1, ... H KO3(D(DHUIHEHTOB PACTSIKEHHsI NPOCTPaAH-
ctBa Bo, Bi, ... B uwactnoctH, ecan Bo=E u Pr=1, k=
=0, 1, ..., To moJyuaem OGbIYHBIH MeTOA 00GOOIIEHHOrO Ipa-
JMEHTHOTO CIIyCKa.

lasi KJaacca BHINYKJbIX (DYHKUHH MOXKHO moio0patb Ta-
KOfi BapHaHT merojfa OGOGIIeHHOrO IPajHEeHTHOro CIycka ¢
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pacTsKeHHeM NPOCTPAHCTBA, IIPH KOTOPOM IOCJIEOBATEJb-
BocThb X0, x( ... CXOAUTCS MO (PYHKIHOHAJNY CO CKOPOCTbIO
reoMeTPHYECKOH IIPOTPecCHH, 3HaMeHaTe/ b KOTOPOH 3aBHCUT
TOJBKO OT Pa3MEPHOCTH 06JiacTH ONpejeseHHs MHHHUMH3H-
pyeMoH (QpyHKIHH.

1.11. KayecTBO KaKXJ0r0 M3 OMHCAHHBIX METO/OB Xapak-
. TePH3yeTCsl MHOT'HMH (paKTOpPaMH: KJacCOM MHHHMMH3HDYe-
MBIX (PYHKIHUH, CKOPOCTBIO CXOJHMOCTH, TPYJAOEMKOCTBIO BhHI-
NOJIHEHHUS OFLHOIO HT€PALHOHHOrO I1ara, 00’ beMOM 3allOMHHA-
eMoH B Ipoliecce BbHIUHCJAEHHH HHpopmaiuu u . n. Oraatsh
alpuoOPH MNpeANouTeHHe KaKoMY-JHO0 OJHOMY Hju HebO0Jlb-
HIOH I'PYIIe METOJNOB HE MPEACTAaBJSETCS BO3MOMKHBIM. BbI-
60p MOAXOASAILIETO’ METOoAa AJS MHHHMH32LUHH KOHKDETHO
paccMaTpuBaeMOH (PYHKUHMH BO MHOTHX CJyyasiX BBI3BIBAeT
cepbesHble 3aTpyAHeHHs. Ha npakTuke mHpoKoe pacnpocTt-
paHeHHe MOJIYUHJIH TAK Ha3bIBaAeMble eubpudHosle :A20PUTMYL,
[03BOJISIIOLIIHE B TPOIECCE DPEIIeHHS 3aJauH OCYULeCTBJATDH
nepexoj OT OLHOTO METOJa K APYroMy B 3aBHCHMOCTH OT IIO-
JyuaeMBIX Pe3yJibTaToB.



2. METObl PELUEHMS] SKCTPEMAJBHBIX 3A[AY
C OrPAHMYEHUSAMMU

B nanHOM naparpade ONHCHIBAIOTCS UHCJEHHbIE METOJbI
MHHMMH3alIHH (QYHKIMH HECKOJbKHX IePeMEeHHBIX MPH Orpa-
HUUYEHHSX Ha 3HAUCHUS [IepeMEHHBIX.

JlJ1st onpefeseHHOCTH pacCMaTPHUBAIOTCS 3aaun BHAA

[ (x)— min (=[*), (1)
gi(x)<<0, i=1, m, (2)
rae x== (X, X3, ..., Xp)E6R"™; [(x) u gi(x), i=1, m,— ue-

KOTOpHIe JeHCTBHTENbHbIE (DYHKIUH OT X.

MHoxXecTBO 3HaueHHH X, YIOBJETBOPSIONIHX HEPaBEH-
crBam (2), 6yneM oGo3rauaTh uepes X.

Jns MunuMusauun GyHkuuu f(x) Ha MHOKecTBe X pas-
paboTaHO MHOTO pas/JHuUHBIX MeTonoB. HawnbGonee wusyueHa
cutyauus, korga GyHkuus f(x) 0 MHOXKeCTBO X BBIIYKJIHL,

2.1. Metoder wrpagroix yHKkyuli NO3BOJMSIOT TNOJAYYaTh
pewenne 3anaun (1)—(2) B pesyabTaTe pelIeHUS CEPHH
3aza4 6e3ycJOBHOH MHHHMH3alUHH (QYHKIHHA BHIA

f(x)+Ws (x| X)—min (=[}), (3)
rae ¢yukuun W, (x|X) nomGupatorcss takum o6pasom, 4TO
X* —X* WIH 10 KpaHHeid Mepe [*—[* npu k—oco. 3pec x*

M X*— ONTHMAJbHbIE 3HAUEHHS BEKTOpA X; f* u f[r — ontu-

MaJbHble 3HAUEHHS lleJeBbX (QyHKuuMil B 3agauax (1)—(2)
1 (3) COOTBETCTBEHHO.

B merodax 8nyTpernux wrpaproix Gyukyut (HUau, 4To
10 XKe, Gapoeprolx (PyHKyuil) TPeANosaraeTcs H3BECTHOH
HeKoTopasl HauaJbHas Touka x(%), ynoBjeTBOpfiomas Hepa-

peHcTBaM g () <<0, i=1, m. B kauectBe QyHKUHI
¥y (x| X) o6bluHO BEIGHpaIOTCS (YHKLUHH BHIA

(x| X) =—: Z1n (=g (),
HJIH .
W (x| X) =—Bki§1 1/gi(x),
rae napamerp wrpada Br>>0, f—0 npu k—-oco.
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ITpu npuGAMKEHHH K I'DAaHHIE MHOXKecTBa X Kax[as U3
ykasauubix QyHruui ¥y (x| X)—-oco mpu pr>>0.

B merodax 8Hewnux wTpagHolx @GyHKYul QHYHKIHA
¥ (x| X) crpositest Tak, uTo6nl NpH Beex R=1, 2, ... umen0
mecto W, (x|X) =0, ecan x€X u Wi (x|X)>0, ecan x¢X.
B kauecTBe Takux (YHKIHI MOT'YT ObITH BBIOpaHbl, HalpH-
Mep, CJeAyIoLIHe:

lvk(x|X)=% 2 [ max {0, g:(x)} ]2,

i=1

HJIH

1 m

2% max {0, (),
Be =
rie napamerp wrpada f,=>0, pr—0 npu k—>oo.

Hapsiny c mepeunc/eHHBIMH HCIOJB3YIOTCS H Jpyrue
wrpaduble QyHkuuu. [Toaromy npu cocras/ienuu 3anaun (3)
MOKHO O0ECIEUHTb BBINOJHHMOCTD K€JaTeJbHbIX C BBIUHC-
JINTEJIbHOH TOUKHM 3PEHHSl YCJOBHH, TaKHX, KaK IJ1aJgKOCTh,
BBINYKJIOCTh, MPOCTOTA BBIUMCJEHHSI 3HAUEHHH MHUHHMH3H-
pyeMo# ()YHKUHU H €€ IPOU3BOAHBIX U T. II.

2.2. :‘Met00 npoekyuu epaduenta siBJASETCS €CTECTBEHHBIM
006001IeHHEM MeTO/la TPaANeHTHOrO CIIycKa Ha cJyuyal, Koraa
X=~=R",

HanomuuM, uyto mpoekiueldl TOukH yER™ Ha MHOXKECTBO
X=R" nasbiBaercs Ojauxkafiuias K y TOUKa x MHOXKecTBa X
(o6o3nauenne x=Px(y)). Ilo onpenenenuio, ecan y€X, T0
Px(y)=y. B uactHoctH, ecan X=R", 10 Px(y)=y Ansa
Bcex yeX.

Eciu X — BrIyKJIOE 3aMKHYTOE MHOXKECTBO, TO BCSKas
TOYKAa y HMEeT, H NMPUTOM eLMHCTBEHHYIO, INPOEKIHIO X Ha
3TO MHOXKECTBO. B JaHHOM cJjyuae [AJjs TOrO UTOOHI X==
=Px (y), He0OOXOLUMO U AOCTATOUHO, UTOOBl (X—Yy, 2—X) =
=0 npu Bcex 2€X.

OTbICKaHHE MPOEKIHH TOYKH y Ha MHOXKecTBD X CONps-
JKEHO C PelleHHeM 3ajfaud MHHHMH3aUuH (IO x) KBaApaTHY-
Ho#t ¢pyukuuu |ly—x||?> na muoxectse X. [TockoabKy B 00LIEM
clyuyae Takasi 3ajaua siBJASEeTCs JOCTAaTOUHO CJIOXKHOM, TO
4acToO OrpaHHUHBAIOTCS HAXOXKAEHHeM HEKOTOPOro MoAXO0As-
mero npubjnkKeHus ¥ Toukn x=Px(y) c codaoleHueM
yCJoBHs, uTo ¥6X.

B Merone npoekuuu rpasiueHTa CTPOUTCS IIOCACAOBATENb-
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HocTh Touek x(O, x| .. . ynosjerBopsiollasi peKyppeHTHO-
My COOTHOILEHHIO

x(k+1)=PX (x(k)_akf/ (x(k)))’ (4)

rae f/ (x%®)) — rpaguedT GYHKUHH f(X) B Touke x(4),

Ecan MHOXKecTBO X — BBIIYKJIOE H 3aMKHYTO2 (T. €. BCe
GyHKUMH g;(X) — BBHIIYKJBE) H IJHHB o BCEX IIAroB 3a-
JIaHbl, TO COOTHOUIEHHE (4) OLHO3HAUHO ONpeIeNsieT yKa-
3aHHYIO TOCJel0BaTebHOCTh TOUueK. Mcnoar3oBanue omnepa-
Topa Px no3BoJisieT 06ecneunTb NPHHAANEKHOCTb 3THX TOUEK
MHOXKecCTBY X.

Kak u B MeTOole TpajAHEeHTHOrO CNyCKa, BBIGOD NJIHHBI
wara or=0 MOXKeT OCyLIeCTBAATLCS PA3JHUHBIMU CIOCOGa-
MH, IPHBOJASl K PasHbBIM BapHaHTaM METOJa NPOEKIHH rpa-
JHeHTa.

Tak, Haxons o B pesysbTaTe MHHHMH3AUHH OJHOMEPHOIX
(otHOCHTeNBHO o) ynKuHH [ (Px(x—af (x())), mony-
UaeM QHAAL02 MeTOOQ HAUCKOpeliue2o CnycKa.

B merode npoexyuu epaduenra ¢ dpobarenuem waea 8oi-
60p @z OCYIIECTBJISIETCSI COTVIACHO YCJAOBHIO

C HPx (0—auf’ (x9))) —f (x) <
< —el|Px (X —qf” (x®) ) —x(®)]| 2,

rie C — HeKoTOpas NOJOXKHTE/bHAs KOHCTAHTA.

Ecaun f(x) — HenpepoiBHO nuddepenunpyemas Ha X
GyHKIMS H ee rpafueHT [’ (x) yaoBaeTBopsieT ycaosHio JIun-
uinia Ha X ¢ KOHCTaHTOH p, TO B KauecTBE o, MOMKHO BBHI-
6path J11060€ UHCJIO, YAOBJETBOPSIOLIEE YCIAOBHAM 0< eq<<
<or<<2/(p+2e) (€0, € — MOJOKHTEAbHBIE YHCJAA (mapa-
MeTpel MeToAa)). B aTom cayuae naas 3amau  BHIYKJOTO
NporpaMMHPOBAHHA CIpaBeluBa oleHKa f(x®)—f+<lC/k,
rie C — HekoTOpasi MOJOXKHUTE/IbHAST KOHCTAHTA.

3avacTyio B KauecTBe «y BHIOHPAIOT J1060€ I0JI0KHTeb-
HOE UHCJI0, OOECIeuHBAIIIee BHIIOJHIEMOCTb YCJOBHS pe-
nakcauuu f(x*+D) < f(x®),

2.3. B merode 803MOdNHHbIX HANPABACHUI I HAXOXK[e-
HHs ouepeJHOH ToukH xR+ cTpOHTCS KOHYC BO3MOMKHBIX
HanpasJeHHH ¢ BeplunHOH x®). B mocTpoeHHOM KoHyce Ty-
TEeM pEIUEHHs COOTBETCTBYIOLIEH 3ahaud JIMHEITHOTO MPO-
rpaMMHPOBAHHS BBIOMpAETCsl HalpasJ/eHHe, B KOTOPOM 3Ha-
UeHHE 11eJIeBOH (DYHKLHH MOXKeT GbiTh yMeHblIeHo (6e3 Ha-
PYLIEHHs] OTPaHHYEHHH 3a1a4H).

29



BekTtop v=(vy, 03, ..., Un) ER", v+0, Ha3bIBaeTCS BO3-
MOJKHBIM HampapjieHHeM B Touke x€X, ec/u cyllecTByeT Ta-
KO€ UHCa0 g9=>>0, uro Touka X (&) =x-+ev6X nas Bcex 0T
<e<<eo.

Ecau Bce dynkunm g;(x), i=1, m, BASIOTCS HENPEPLIB-
HO Ju(p(depeHIuPYyeMbBIMH, TO KOHYC BO3MOXKHBIX HaIlpaBJie-
HUHA B TOuke x6X 3ajaeTcss HepaBeHCTBAMH BHIA (g’i (x),

v) <0, i€/, rae o — MHOXKECTBO BCEX HHAEKCOB I, 1<Ti<<
<N, IpU KOTOPHIX g;(x) =0.

B npeanonoxenuu, uto f(x) — HempepuiBHO AH(p(EpeH-
nupyeMasi QyHKUHS, BOSMOXKHOE HalpaBJ/eHHe ee yObIBaHHUS
(ecaM OHO CylIecTBYeT) JOJXKHO YIOBJETBOPSITH HepaBeH-
etsy (F/ (x), 9) <0.

B MmeTole BO3MOXKHBIX HAalpaBJeHHH HCKOMBIH BEKTOD U
BeIOMpaeTcss TaKUM o6pas3oM, uToObl HauboJibllee W3 3HAUE-
Huft (f'(x), v) u (g; (x), v), i€lo, GBLIO MHHHMAJBLHEIM.

HubiMu cnoBamu, Ha kaxzaoMm ware k41, k=0, 1, ..., pe-
maeTcsl 3ajaya JHHEHHOTO MPOrpaMMHPOBAHHS BHIA

2— min,
(" (x®), v) <g,
(g (x®), v) <z, (61,

0<u;<l, j=1, n

JIByXCTOpOHHHE OTpaHHUEHHS HA U; n06aBJeHbl AJs obe-
CIleUeHHs] KOHEYHOCTH MHHHMyMa 2. BMecTo 3THX orpaHuue-
HUH HHoOrAa no6aBJsieTcsi KBaApaTHYHOE OrpaHH4YeHKe HOP-
MHpOBKH: [0[I2<C1.

YkasaHHas 3a/iaua JHHEHHOTO MPOrpaMMHUPOUBAillsi BCeraa
HIMeeT pellleHHe, He3aBHCUMO OT TOTO, CYHLIECTBYeT HCKOMOe
BO3MOXKHOe HamnpasJeHue v® uiau HeT. MOKHO NOKa3aTh,
YTO €cJIH ONTHMAaJbHOE 3HAUEHHE 11eJeBOH (YHKIHUH HEOTPH-
LIaTeJbHO, TO B TOUKE X(*) BHIIOJNHSIOTCS HEOOXOAMMBIE YCII0-
BHSI ONTHMAJbHOCTH. B MPOTHBHOM CJyuae OCYILECTBJSETCS
nepexof K Touke x4+ =x*) | q 0",

Bri6op nauub mara ar>>0 MoxKeT OBITb IPOHU3BELEH, Ha~
IpHMeEp, B pe3yJbTaTe pellleHHsl 3a4aud OAHOMEPHOH MHHH-
mMusauuu (no o=0):

f (x®) 4 qou®)) — min,

gi(x®4qum) <0, i=1, m.



2.4. MeTo0 ycao08HO20 epaduenTa MOXKET HCIOJb30BaTh-
¢ JJs MHHHMH3AUMHM HeJHHeHHOH [audQepeHLnpyeMOn
(QyHKUMHK f(x¥) Ha BBIIYKJIOM MHOXKecTBe X B TOM CcJydae,
KOrJla MUHMMH3AIUsI JUHEHHOH (YHKUMH HAa X He BHI3BIBAET
CKOJIb-HUOYb Cepbe3HBIX 3aTpyaHeHuil. CorjacHo 3TOMY Me-
TO/Y, B OKPECTHOCTH KaxKJI0H ouepefHOH ToukH x¥)E€X pyHK-
uus. f (x) annpokcuMHpyercss JIHHEHHOH (yHKiHMeH Buaa
f(x®) 4 (f/ (x®)), x—x®), naxonutcst Touka ¥*) ee MHHH-
MyMa (ua, uto To ke, pynkuuu (f'(x®), x—x®™)) Ha MHO-
)kectBe X u ompepensiercss Touka x*+D=x® 4 ¢,0® rpe
V(R = (k) — x(h)

Hauna wara a,>0 MoxXKeT BBIGHPATHCS PaA3JHUHBIM
06pasoM, HampuUMep B pPe3yJbTaTe MHHHMH3ALHH OJHOMEp-
1({8171 1()OTHocHTeJIbHo a) ¢ynkuun [(x®4-qv®) Ha uuTepBase

, 1).

Ecau f(x) — nempepriBHO audpepenupyemMas (GpyHKIus
H KoHcTaHTa Jlunwuuna o pas f(x) na X usBecTHa, TO MOXK-
HO TMOJIOXKHTb BEJHUYHHY O, PaBHOH 2%, rae jo — mepBbiil

unaeke j=0, 1, ..., 1J5 KOTOPOro BHINOJIHSIETCS HEPaBeH-
CTBO

(0 4-270(9) < (59) 426+ ([ (1), 004

B sTOoM cayuae A/ BbINYKJOH (QyHKIWH f(X) cnpaBenu-

Ba ouenka f(x®)—f*<<C/k, rne C — nekoropas IMOJOXH-

TesbHas KOHCTaHTa. Ecan X — CH/IBbHO BBINYKJ0€ MHOMXKECT-

BO (T. €. CYLIeCTBYeT Takoe YHCJ0 § >0, uTo AJs JMOOBIX X
x+y

U y u3 X TOUKH —5 v npuHaggexar X aas Bcex ¥EGR™

Takux, uto ||v]|<<8llx—yll?), To MeTox ycaOBHOTO rpamHeH:
Ta CXOAHUTCS CO CKOPOCTBIO MeOMETPHUECKOH MPOTPECCHH.
2.,5. B oTanuMe OT NpPEIBAYLIEr0 MeToda B MeTode
Hotorona nast HaxXOXK[EHHs HaNpaBJeHHA Ccoycka o)==
=¥ —x) pcnonbayercss KBaApaTHUHAs aNIPOKCHMAIAs
¢yuxuun f(x) B okpectHOCTH TOUKH X(®), WHBIMHA c/0OBamy,
B KadyecTBe X(*) BpI6Hpaercss TOYKA MHHHMyMa (QYHKIHH

(7 (x®), x—x®) +71 (77 (£9) (x—x®), x—x®) Ha mHoO-

xectBe X.

[Ipu omnpeneseHHbIX YCJIOBHAX CKOPOCTb CXOAHMOCTH
3TOro Meroja Ju6o cBepxJHHeHHa, NH60 KBaJApaTHUHA.

2.6. B merode auneapusayuu Ha Kaxkpom ware k41,
k=0, 1, ..., ocymiecTBJsercs JuHeapusauns GyHKuni f(x)

a
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u gi(x), i=1, m, B okpecTHOCTH TOUKH x*). B pesynbrate
noJiyuaeTcsi HeKoTopasl 3ajadya JHHEHHOro MPOrpaMMHpPOBa-
HHUSI, OOLIYHO He HMeolas peureHus. as obecleyeHus J10-
CTATOUHOH «MaJOCTH» OKPECTHOCTH TOUKH X K JHHeapH-
30BaHHOH 1Le/eBOH (YHKUHH N00aBiseTCs KBaipaTHYHBIH
uJieH.

Ilyctb g (x) = max g;(x) u Is5(x) — MHOXKECTBO BCEX HH-

<ism

nekcos I, 1<CisCm, npu KoTopwix g;(x) =g (¥)—08 B TOUKE
x, yncio 6>=0. He Hapylwas o6uIHOCTH, MOXKHO CUHTATh,
yto g(x) =0 (mo6aBuB, HampuMep, K OTpaHHUCHHSIM (2)
orpaHuueHue ¢ QyHKUHeH g;(X), TOXKIAECTBEHHO paBHOH
HY.JT10) .

Hans naxoxaenuss HanpasJgenust v®) choycka B Touke x(%)
pellaercsl 3ajgava KBaApaTHUHOTO NPOTPAMMHPOBAHKS

(F (), 0) + - llol~ min,

(] (x9), v) +gi(x®) <O, i€l (x®).

Jauna mara a, nosaraercs paBHOH 2%, vae jo — mep-
Boe 3HaueHue j=0, 1, ..., IPH KOTOPOM BBINOJIH;I€TCS Hepa-

BEHCTBO
J (0 42770(9) 4 Cg (504 2-70®) <
<[ () +Cg (x0) —2-Tell 0@,

rae koHctaHTel C>0 n >0 — napameTpsl MeTOAA.

Ouepennas touka x*&+D= x4 g 0*),

Ilpu ecTecTBEHHBIX NPEANOJOKEHHUSIX B OOLIEM HEJHHEH-
HOM cJlyyae MeETOJ JHHeapH3alHH HMeeT TeoMeTpHUYecKYIo,
a 3auacTylo W KBaJpPaTHUHYIO CKOPOCTb cxoaumoctH. Ecau
3agaua (1)—(2) siBasiercs 3ajgavedl JHHEHHOTO IIPOTPAMMH-
POBaHHUSI, TO 3TOT METOJ, CTAHOBHUTCS KOHEUHBIM.

2.7. Psan coBpeMeHHBIX METOAOB peLIeHHs 3ajay mare-
MAaTHYECKOTO NPOrpaMMHPOBAHHSI OCHOBAH Ha HAee IocJje-
JIOBATEJNBHOTO CY3KeHHsI 00J1aCTH JIOKAJH3allHH HCKOMOH TOY-
KM MHHEMyMa x*. Ha Ka)knoMm 1are ot MHOXKecTBa X oTce-
Kaercss HEKOTOpOe IOAMHOXKECTBO TaKHM o06pasoM, UTO B
ocraslIedcs yacTH MHOXKecTBa X 3aBEIOMO COLEDKHTCS XO-
Ts1 Obl OJlHA TOYKa MHHHMyMa ¢yHKUHH f(x). OTceueHus
OCBIYHO NPOBOASITCS C HCIOJb30BAHHEM COOTBETCTBYIOIIUM
006pasom noJo6paHHbIX THIEPIIOCKOCTEH.
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[lycts aas onpepenennoctu f(x), gi(x), i=1, m,— BHI-
nykasle auppepeHunpyeMole GyHKIHH, X — OrpaHHYEHHOE
MHOXKECTBO H £ — HEKOTOpasi BHYTPEHHsSI TOYKa 3TOTO MHO-

KecTBa, T. €. gi(£) <0, i=1, m.
Bgenem B paccmoTpenue runepuiockocts (f/(£), x—£) =

=0 u o0Oo3HauuM uepe3 X MHOKECTBO BCEX TOYEK H3 X,

ynosaeTBopsiioliux yeaosuwo (f7(£), x—£) <<0.

DTOT npHeM IO03BOJSET CBECTH HCXOAHYIO 3aLayy MHHH-
musanuu f(x) Ha MHOXecTBe X K 3ajaye MHHUMH3AIHUH [ (X)
Ha MHOXKeCTBe X, 00bEM KOTOPOTO MEHbIE HCXOAHOro. Bbl-
6upast B kKauecTBe X MHOXKECTBO X, MOXHO NPOBECTH Te XKe
pacCyXJIeHHsi OTHOCHTE/JbHO BHOBb IOJYUYEHHOH 3ajaud H
T. A., IOKa TOYKa x* He OyJAeT JIOKAJH30BaHA BO MHOXKECTBE
JOCTATOYHO MaJoro o6beMa ‘(oNpenensieMoro 3ajfaHHoO#d ToY-
HOCTBIO PellIeHHsI HCXOAHOH 3a/aun).

Ecau B kauecTBe TOYKH £ Ha KajKJAOM IIare BbIOHpaThb
IIEHTP TSXKECTH ouepeLHOro MHOXKecTBa X, OyAeT OTCeKaThCs
He meHee ueM (n/.(n-+1))™ yacte o6bemMa NpeLBILYIIETO
muoxectBa X. Tako#l MeroJ, MONyuYHBIIHE Ha3BaHHe MeTOOQ
YeHTPAAUB0B8AKHbLX OTCeyenull, obecneunBaeT YyOBIBaAHHE
o6beMa 06J1aCTH JIOKAJH3aUUH TOYKH X* CO CKOPOCTBIO HE
MeHblIeHd, yeM CKOPOCTb YOBIBAHHSI TeOMETPHUECKOH Mpo-
n

TPECCHH CO 3HaMeHaTeJeM 1—(———-—
P n+1

n 1

~|— —
) ~1 — TpH
60JIbIUHX F1.

K coxajeHno, HaX0K/eHHEe LIEHTPA TSKEeCTH MHOXKECTBA
X B GoJbIUMHCTBE cjyyaeB (fa)ke KOrha, Hamnpumep, X —
MHOTOTPAHHHK) SIBJISI€TCS BeCbMa TPYLOEMKOH 3aiaueil. B o
xKe BpeMms, ecau X — 1ap, 3JJHNCOHI, OPTOrOHaJbHBIHA
cuMIjeKe (T. €. MHOXKECTBO TOUeK xER™, yIOBJIETBOPSIOUINX

n —_—
HepapeHcTsam 3, x;<<n-+1, x;=0, j=1, n) u 1. ., T0 Ha-
j=1
XOXKeHHEe ueH%pa TSI2KECTH MHOXecTBa X He BoI3LIBAET 3a-
TPYAHEHHH, 4TO NPHUBOAHT K CO3JaHMIO JNOCTaTOMHO 3(hdek-
THBHBIX METOJI0B PeUIeHHs 3a/ay MaTeMaTHIECKOro Nporpam-
MHPOBAHHsS, Ha KaXK/JOM Iiare KOTOPBHIX MHOMXKeCTBO X 1o-
rpyKaercsi B HEKOTOpoe 6oJiee «IPOCTOe» NMOJMHOXKECTBO H
IIPOBOJHUTCS [[EHTPHPOBAHHOE CEUEHHE NOCJe/Hero.

Tak, 8 merode 3.44uncoudos UCXOAHOE MHOXKECTBO X HJIH
yacTb ero, 3aBEIOMO COJepIKallas x*, NOTPyxkKaercs B He-
KOTOPBIH 3JJIHNCOUA, O6BIYHO B 1wap. IIpu pelieHun npakTH-
YeCKHX 3a[au 3TO HeTPYJAHO CAesaTh, MOCKOJbKY, KaK Ipa-
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BHJIO, U3BECTHBl «Pa3yMHBIe» T'DAHHIbl H3MEHEHHS IepeMeH-
ubiXx. [IpoBOLHTCS LEHTPHPOBAHHOE CeuyeHHe 3JIJIHICOHAA H
Ta 4acTb €ro, KOTOpasi 3aB€AOMO COLEPKHUT X*, IOTPyKAaeTCs
B HOBBIH 3JIJIMICOHJ BO3MOXKHO MeHbIIero o6wema. Ilposo-
JIUTCSI LIEHTPUPOBAHHOE CeueHHe HOBOTO 3JJMICOMAA U T. .,
noka He OyZeT NOJyuYeH 3JJIHICOHL [OCTAaTOYHO MaJjoro
obbema. LleHTp ero u BHOHpaAETCS B KauecCTBE X*.

®opmanbHO 3Ta HpoleAypa MoxKeT ObBITb ONHCaHa cJe-
LYIOLIUM 06pa3oM.

BpeneM B paccMOTpeHHe IIap ¢ LIEHTPOM B Touke x(0) n
pamuycoM, paBHbiM r>>0 (T. €. MHOXKECTBO TOUeK XER", yn0-
BJIETBOPSAIOIIHX HEepPaBeHCTBY |lx—x(|<r), 3aBegomo coxep-
Kamui Touky x*. [Tomoxum Bo=F — elMHHYHAS MaTpuLa

r

n—41

[TycTh Ha k-M lware ajroputma noayueHsl ¥, B, hp.
Ha (k41)-m ware: L

1) soiuncasiem @& =f"(x®), ecan g;(x®) <0, i=1, m,
u oM =g’ (x®), ecnn g, (x®) = max g;(x®) >0;

. R I<ism

2) nonaraem n®)=B}¢®/||Bx ¢*|, rae B — marpuua,
conpsikeHHast MaTpuue By;

3) HaxoAUM HOBYIO TOUKY Xx(*+D=x®—h;Bm®);

4) onpenensieMm Byyi=BiPs, rae P, — onepaTop pacrs-
’KeHusl mpoctpancTea R™ B Hanpas/ieHnH v =1 ¢ Ko3pPu-

pasMepHOCTH 1 X 1, YHCI0 ho=

——

UEHTOM P= _Z—-_l——::— (cm. maparpag 1, m. 1.10);
h
5) nosaraem hk+1=—=-_kn——
Y n2—1

O6DBeM 3JJHICOUIOB, B KOTOPBIX JIOKAJH3yeTCs TOYKa X*,
yObIBAET CO CKOPOCTbIO F€OMETPHUECKOH MPOrpeccus Co 3Ha-

- n—1 (. n n
MeHaTeJIeMV ( ___) <l
n+1 Yn*—1 -

Hapsigy ¢ onuMcaHHBIM IIHPOKO HCIOJB3YIOTCSH H APYTHE
BapHaHThl METOJa 3JJIHIICOH/IOB.

B 3akjmoueHHe OTMETHM, UTO IpPHBELEHHHIE BhIIIE pac-
CYy>KIEHHsI eCTeCTBEHHBHM 006pa3oM 0000ualTcd H Ha CJay-
yall HenuddepeHunpyeMoix ¢GyHKUHHA. {8 3TOTO A0OCTATOY-
HO BMECTO T'PajiieHTa HCIO0Jb30BaTh CyOrpajueHThI.

2.8. Ilpu MmuHuMHu3aunK QYHKIHA MHOTHX NEpPEeMEHHBIX,
0co6eHHO HelH(D(EepEeHUHPYEMbIX H MHOTOKCTPEMaJbHBIX,
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[WHPOKO HCIOJB3YIOTCS MeTodsl caydaiinoeo nouckd. OHH
06bIYHO 00J1a1aI0T HEGOJBIIOH CKOPOCTbIO CXOJUMOCTH, HO
MOIYT OKa3aTbCs BeCbMa IIOJIE3HBIMH B CJyuasiX, KOTAa NpHU-
MeHEHHe IPYIHX MEeTOAOB 3aTPYAHHUTENbHO JHOO BOOOLIE He-
BO3MOXKHO. D(DPEKTHBHOCTD METOLOB CJYYANHOTO INOHCKA
CYIICCTBEHHO BO3PACTAET, €C/IH HMEETCS BO3MOXKHOCTb Opra-
HI30BATb OJHOBPEMEHHOE BHIUHCJEHHE 3HAUCHHH (QYHKUHH
f(x) BO MHOrux TOukax MHOXecTBa X (MCIOJB3Ysl, HANpH-
Mep, MYJbTHIPOLECCOPHBIE BHUUCAUTEbHBIE CHCTEMBI).

B Meromax cayua#iHoro nomcka (Kak, BOpPoueM, H B 0OJb-
UIHHCTBE ONHMCAHHBIX BbILIE METOAaX) CTPOHUTCH pesakca-

LHOHHAs TmocJenoBaTeNbHOCTh Touek x(@, x(M ... u3z X co-
IJ1aCHO COOTHOIIEHHIO
X () == x (&) L g v (R, (5)

B kauecTBe HanpapJieHus cnycka v(*) ppiGupaeTcs: Kakasi-
Jaubo peasiU3alUsl CJAYYAHHOTO BEKTOpa §<k>=(§§’*>, EB, L

..+, §®) C H3BECTHBIM 3aKOHOM pacrpejeleHns (A3MeHse-

MBIM, BOOGILEe TOBOPS, IPH NEepexoje OT lara K ary).
B merodax cayuaiinoco noucka 6e3 obOy4uerus OOBIUHO

noaaraioT ar=a>0 u EW=E/|E|l, k=0, 1, ..., roe g¢=
= (&, 2, ..., En), &j, j=1, n,— He3aBHCHMBIE C/IyyaliHble
BEJHUYHHB], paclpeleieHHbie PaBHOMEPHO Ha HHTepBaJe
[—1 1]

[IpocTefiliuM CpeiH STHX METOLOB - sIBJsIETCA MeTO0 €
so3zsparom npu xeyoaurnom waee. COTJACHO 3TOMY METORY, "
Ha 1Ware k£ ¢ NOMOIIbIO COOTBETCTBYIONLErO- AaTUHKA CJaydaH-
HBIX YHCEJ IIOJy4aloT HEKOTOPYIO peaslH3alHi0 cJy4yadHOro
Bektopa & Haxoaures touka x*+D=x®-4af/|Ell. Ecau
xEDEX u60 xHDEX, HO [(x*+D) =f(x®)), To ocyliecTs-
Jsiercs Bo3BpaT B TOouky x®. Ecam xBHDEX u [(x*+D) <<
<[(x®), T0o ocyliecTBsIETCS epexo] B TOuKy x*+1). B aro-
6oM cayuae MOJyYarOT HEKOTOPYIO HOBYIO PEasIH3alHUIO BEK-
TOpa E M MPOAOJIKAIOT mpolecc noucka x*. IIpu sTom unorna
NPHUXOJHUTCS NMpUOEraTh K M3MEHEHHIO JJIHHBI Iuara o (Hc-
N0JIb3Ysi, HANIPHUMEDP, CIIOCOG YABOEHHS IIAroB).

B merode nauayuwell npobe. 3aiaeTcs HEKOTOPOE HeJ0e
upcao [>0 u Gepytes [ peanusauuil cayuafiHoro Bekropa g.
Iast kaXaoH peajusaunM HaxoAHTCs Touka Buaa x®--
+af/|lEll. Cpenn HuX BHIGMPAIOTCSl TOUKH, NPHHAJEXKALIHE
X, a cpeay mOCJELHHX TOUKA £ C HAUMEHbLUIMM 3HAUEHHEM
Gyukunn f(x). Ecan f(£) <[ (x%®), To monarator x*+)==%.
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B npoTuBHOM cayuae Ipouecc Ioucka x*+1) woBTOpsIOT,
H3MEHsisl IPH HeOOXOJMMOCTH AJIHHY IIara o.

CyuecTBeHHO Gosbluell 3(h(HEeKTHBHOCTbIO 06J1afal0T Me-
TO0bL CAYHALiHO20 noucka ¢ obyuenuem. B TakKHX MeTOAAX
3aJI03KEHO CTPEMJIEHHE yuecTb alpHOPHYI0 HH(pOPMALHIO O
nopejaeHnH (QyHKIMHA [(X) HA MHOXKecTBe X, a TaKXKe TeKy-
myoo HHpOpMAILHIO, NOJNyyaeMylo B Ipolecce NOUCKA TOUKH
x*. JlocTHraercst 3T0 NOCpPeACTBOM BbIOOpa MOAXOASIIEro 3a-
KOHa pachpejesiendsi CJayyalHOro BekTopa § Ha NEepBOM
Iare M IOCJENYIOUero €ro yTOYHEHHsI IpH Iepexoie OT
mwara K mwary. COOTBETCTBYIOIHM H3MEHEHHSIM HOABEpPraeT-
¢sl ¥ JIMHA luara.

B kauecTBe mpuMmepa NpPHUBEAEM KpaTKOe OICAaHHE Me-
T00a NOKOOPOUHATHO20 OOY4erus B NPEANOJOXKEHHH, YTO
X=Rm", CorjiacHO 3TOMY MeTO/y, 3aKOH paclpeeseHus cay-
yafnoro sekropa £= (&1, &2, ..., E»n) Ha KaXKAOM LIATE OIH-
ChiBaeTcsi ¢ MOMOIIbI0 33JaHHS BEKTOpa NapaMeTpOB W=
= (w1, W,, ..., @Wy) cjenyolum o6pasom. 3uauenne £;=1
C BEPOSITHOCTBIO p; U Ej=—1 ¢ BeposTHOCTbIO 1—p;. Bean-

ynHa p;=0, ecin w;<<—1; p;= 5 (1+w;), ecan |w;| <1;
pi=1, ecan w;>1.

Ha nepsom 1are noJsaraem w<?>=0? j=1, n, 1. e. Kax-

Jasi KOMIIOHeHTa BekTopa E(®) paBHOBEPOSITHO (PHHHMAeET
sHaueHne —1 uau 1. Ilpu kKako#-1uGO peasH3al Ul 3TOTO
BEKTOpa, coraacHo gopmydae (5), (npu v@ =g /[|g®|) na-
xoauM Touky x(). Ha BTOpOM Iuare moJsaraem w(jl)=0, j=
=1, 1, 1 aHaJOTHUHBIM 006pa3oM oInpefessieM TOUKY x(2),

[Iycte usBectHnl ToukH X0, ¥, . . x®) u pektop mapa-
metpos w1, Tlosaraem '

w® =pw-H—8 sign [ (F (xt&=D) —
—[ (x=2)) (2D —xt-2) ]

Js Beex j=1, n.

BesnunHa >0 HaspiBaercsi napaMeTpoMm 3a0blBaHH,
BeqMunHa 6>0 — mapamMeTpoM HHTEGHCHBHOCTH OOy4eHHS,
B4+6=>0.

3HaHHe BeKTOpa nmapamerpoB @'®) M03BOJSET MOJYyYHTh
peasnusanuio cayyafiHoro sekropa £*), naiti Touky x*tD) m
IMPOLOJIKHTb BHIUHCJAUTEJBbHBIH Npolece.
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[TpuBeleHHOE PEKYPPEHTHOE COOTHOILEHHE /g HAXOXKIe- -
HHS BEKTOPa napaMerpoB @) uMeer cAeAyIOULY:O COLEpXKa-
TeJbHYI0 HHTepnperauuio. Ecau npu nepexoie OT TOUKH
x,=2) x touke x*~ 3naueHne QYHKUHH [(X) YyMEHBUIHJIOCH,
TO MOHCK TOUKH x*+1) ¢ Gosbliell BEPOSITHOCTBIO GyAeT Ocy-
IeCTBASATLCS B HanpasyaeHuu x¢—D—x(*¢—2) Tlpu yseninueHunn
3HayeHHs (YHKIHH BEepPOSITHOCT BBHIOOpPA YKA3aHHOTO Ha-
[OpPaBJIeHHST CHHUXKAeTCs,

CJjenyer OTMeTHTb, YTO B HACTOsllee BpeMsl pazpaboraH
LIINPOKHH CHEKTP METOJOB CJAyuaHHOro noucka. Beibop KOH-
KPETHOTO METO/a ompefessieTcsi cnelupUKOR pelnaeMon 3a-
Jlaud U BO3MOXKHOCTSIMH HMEIOLIHUXCS B PaclIOpPSXKEHHH HC-
cJe0BaTesl CPEACTB BBIUHCJAUTENbHOH TEXHHKH.



3. BAIEMEHTH! SIMHEWHOTO NMPOIPAMMMPOBAHMS

Bynem paccmaTpuBaTth 3a1auy JHHEHHOrO NPOrpaMMHPO-
BaHHs, 3alHCAHHYIO AJSI ONPENE/IeHHOCTH B KaHOHHUECKOH

dopme:

{¢, x)—min, (1)

Ax=b, (2)

x=0, (3)

rie x= (X, Xo, ..., Xn) 6R" — n-mepueit BekTOp; A=
= (A, As, ..., An) — MaTpuLa pa3sMePHOCTH M X 7 C 3Je-

MeHTaMHu aij, i=1, m, j=1, n; A; — cToJ06LE 3TOH MaTPHILEI,

j=1, n; c=(cy, Cs, ..., Cn) ER™ 1 b= (b4, by, ..., b)) ER™—
BEKTOPBl C 71 H M KOMIIOHEHTAMH COOTBETCTBEHHO, m< 1,
b=0.

3.1. Hexkotopnle cBoiicTBa 3amauu (1)—(3). HssecTHo,
4yTo ecju cucrema (2)—(3) coBMecTHa, TO MHOXKeCTBO X
3HAYeHH! X, yNOBJETBOPSIOMIUX YeaoBusaM (2) —(3), siBaser-,
Cs1 BBIIYKJIBIM, 3aMKHYTBIM MHOTOT'DAHHBIM MHOXKECTBOM.

Touka X¥6X wuasweiBaerca kpatined Toukoft (sepuunoti)
MHOXKecTBa X, ecqu B X He CYIIECTBYET TaKuX Touek X’ u x”,
x'#=x", uro F=ax’+ (l—a)x” npu HekotopoM O0<<a<<l.
Has Toro 4ytoObl ToukKa £ Obl1a BepUIHHOH MHOIOTPaHHOTO
MHOXkecTBa X, HEOOXOAHUMO H JOCTATOUHO, UTOGH BEKTOD %
6bl71 6A3UCHBIM JONYCTHMBIM pellleHHeM (OMOPHBIM IJIAHOM)
3agaun (1)—(3), T. €. TaKUM peIUEHHEM, TIIPH KOTOPOM
cTo161bl A; MaTpHIEl A, OTBEUAIOLIHE MOJNOKUTEMbHBIM KOM-
TIOHEHTaM BeKTOpa X, SBJSIOTCS JHHEHHO HE3aBHCHMBIMH.
$lcHo, uTO B Ga3sHCHOM pelleHHH He 6oJiee m MOJIOKUTENbHBIX
KOMIIOHEHT. BepuinHe ¥ MOXKHO CONOCTaBHTb Marpuyy Oa-
3uca B, cocTaB/ieHHYIO U3 M JHHEHHO HE3aBHCHMBIX CTOJO-
1oB A; marpuun A H BKJAKOYANUIYIO Bce Te CTOAOUB Aj,
KOTOPBIE COOTBETCTBYIOT NOJIOKHTENbHBIM KOMIIOHEHTAM BeK-
Topa X. EciM moJoXHTENbHBIX KOMIIOHEHT POBHO m, To Oa-
3HCHOE pellleHHe (BepLUIMHA MHOrorpaHHHka X) HEBBHIPOXK-
JEeHo.

Ecan X — orpanuuenHoe MHOXECTBO (MHOIOIPaHHHK), TO
OHO COBIIaZlaeT C COBOKYIHOCTbIO TOUEK BHIA

T T —_—
x= 2 zix®, 3 zi=1, 2,.=0, t=1,T, (4)

t=1 t=1
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rae xM, t=1, T—Bepumﬂbl MHororpanuuka X (Teopema
o npeacmsﬂenuu MHo2oepannuka X).

Ecin X — HeorpannueHHOe MHOXKECTBO, TO HaPsILy C ero
BepPIIMHAMH MOTYT OBITb BBIAE/NEHb HEOrpaHHUEHHBIE pebpa
BHAA x—x—|—ux rae ¥ — BepIIHHA MHOXecTBa X; X — Ha-
NpaBJsAIONIMA BeKTOp pebpa (pellenue o;mopolmon CHCTEMBI
Ax=0); napamerp p usMensiercsi ot 0 10 co. B 3ToM ciiyuae
MHOXKeCTBO X COBNAJAaET C COBOKYIHOCTBHIO TOUEK BHAA

T T -
x= X zix, 3 ezi=1, 2,=>0, t=1, T}, (5)

t=1 t=1

rae x@, t—-l T — BepUIHHBL, X t—T—H T:,— namnpas-
JISIIOIIHE BEKTOPHI HeorpaHnterHbrx pebep wmHOxkecTBa X,

egr=1,t=1,T, =0, t=T+1, T\ (teopema o npedcrasae-
HUU MHO202PAKHOZ0 MHOJCeCT8a X ).

Ecan muoxectso X Henycro u ¢yuxkuus (1) orpanuuena
CHH3y Ha 3TOM MHOXKecTBe, TO 3axada (1)— (3) obaanaer
XoTsl Obl OJHHM peIUeHHeM H CPe/lu ee pelleHnd Hailjaercs
XOTsl OBl OJlHA BepLIMHA MHOXKecTBa X, T. €.

min {(c, x) | x6X} =min {(c, x®) |t=1, T}. (6)

ITOT (aAKT JEKHUT B OCHOBE KOHEUHBIX METOAOB JIHHEH-
HOrO IIPOTPaMMHDPOBAHHS, IOCKOJBKY I03BOJISET MOJYUHTb
pewenne 3agaun (1)—(3) B pe3yJbTaTe BBHIUHC/EHHS 3HA-
ueHHH# ueneBofl ¢yHkuuu (1) B BepuIMHAX MHOKecTBa X
(4MCcTIO KOTOPBIX KOHEUHO) C TOCJEAYIOIIHM BbIGOPOM HaH-
MeHblllero 3HaueHusi. CyIIECTBYIOT pasJHUHBIE CTPaTerHu
nepe6opa BepIUHH MHOXKecTBa X H, CJEJOBATEJbHO, Pa3JHU-
Hble MeTOJ bl pelleHus 3a/ay JUHEHHOTO NPOrpaMMHPOBAHHS.

CdopmynupyeM npusHax OATUMAAbHOCTY BEPIUMHBI MHO-
xkecrBa X. Ilyctb ¥ — BepmunHa MHoxKectBa X (6asucHoe
pellenne, onopHuH maan 3sagaunm (1)—(3)); B=(4;,
Aj,, ..., Aj,) — wmarpuna 6asuca, COOTBETCTBYyIOLIAs X;
Cp — BEKTOD K03 (DHIHEHTOB 11e1eBOH (QYHKIHH, COOTBETCT-
pyoluii Matpuue B. O6GosuaunM A;=c;—(cs, B~' Aj),

j=1, n. Slcuo, uto A;;=0 nasa Bcex I=1, m. Beauunusr A;
Ha3bIBAIOTCS OOBIUHO XapaKTePHCTHUECKUMH Pa3HOCTSIMH.

Ecau A;=0 nns Bcex j=1, n, To ¥ — HCKOMas OMNTH-
MaJbHasl BeplUHHA.
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Ecau uafizercsi j=Fk, npu kotopoM A,<<0 n B~'4,<C0,
TO MHOXKeCTBO X HeorpaHumueHo u (yHKiHs (C, x) Heorpa-
HHYEHAa CHH3Y HAa 3TOM MHOXKECTBE.

Hakonel, ecin npH HekoTopoM j=Fk 3Hauenne A,<<0
u Bektop B—'A, coxepxkar xoTs Obl OIHY IOJIONKHTEJbHYIO
KOMIIOHEHTY, TO CYIIeCTBYeT BepLIHHAa MHOXKecTBa X, B KOTO-
poit 3HaueHne QYHKUHH (C, X¥) MEHbIUE, YeM B HCXOJHOH Bep-
mmHHe ¥. B yacTHOCTH, TaKOH BEPIUMHON SIBJISIETCs] BepIUHHA
%/, matpuna 6asuca B’ KoTOpo#H MOXKeT OBITb IOJyueHa U3
MaTpHUL B 3aMelleHHeM OJHOTO H3 €e CTOJOLOB cT0J16-
oM Ap.

3.2. Metoanl pewenus 3agaun (1)—(3) Cumnaexcroiti
metod (meTod nocaedo8aTesbHO20 YAYHULEHUS, NAGHA) Pelle-
HHUS 3a/au JHHEHHOr0 INPOrPaMMHPOBAHHS IIO3BOJSIET IOJY-
YHTh HCKOMYIO ONTHMAJbHYIO BEPLIHHY MHO)KecTBa X mocJe-
JOBaTeJbHBIM Nepe6OpOM BEpUIMH 3TOTO MHOXKeCTBa, IpH
KOTODOM 3HAueHHe LeJeBoH (YHKINH yOBBaeT OT BEPIUHHMI
K BepuunHe. [Ipu onucauuu 1 060CHOBAHHH JaHHOTO METOJA
0oOBIUHO NpeanoJsiaraercs, uto 3agaua (1)—(3) HeBbIpOXK-
JleHa, T. €. BCe BepLUMHB MHOXKecTBa X HeBBIPOXKAEHHI.
B nporuBHOM cayuae He HCKJAOUEHO, YTO BBIUHC/IHMTE/bHBIH
npoliecc 3aUUKAUTCS U GYIEeT OCYIIECTBJISAThCS MUKJINIECKHH
nepeGop ONHMX H TeX e BeplIMH MHoxectBa X. Ilas mpe-
OJlOJICHHS SIBJICHHS 3allMKJIHBAHHUS HUCIOJb3YyeTCS TaK Has3bl-
BaeMbll METOJ BO3MYIIEHHH, MO3BOJSIOMHNN B HONPeeseH-
HOH CHTyallH pPeIldTb, KAKOH HMEHHO BEKTOp MaTpHubl B
cjenyeT ynajJuTh NPH Iepexoje K HOBOH Marpuue Oasuca.

ConocraBuM  (HEBBHIPOXKJEHHOH) BepminHe X Habop

— e

(m41) X (n+1) mnapamerpoB u;j, i=0, m, j==0, n, rxe

Uoo= (¢, X); uoj=Aj, j=1, n; uijj — i-1 KOMIIOHEHTa BeK-
topa B-'4;, i=1, m, j=1, n; ujo — i-1 KOMIIOHEHTa BEKTOpa
B-1b. $lcHO, UTO too — 3HAUEHHE 1[eJeBOH (YHKIUHH B Bep-

mMuHe X; Ui, i=1, m,— NONOXKHUTEJbHbIE KOMIIOHEHTH BeK-
Topa X (B paccMaTpHBaeMOM CJy4Yae Xj, Xjy -« » Xjms
ocranbHubie x¥;=0).

¢ TlycTb mpu HEKOTOPOM j=K 3HaueHHe Uo,<(0 H MHOXKe-
CTBO HHAEKCOB Iy, NpH KOTOPHIX uir>>0, Hemycto. B aTom
cayuae, KaK yKe OTMeuasochb, AeNaeTcs HTepallHOHHBIH LIar,
OCYIIeCTBJSIONIHH Nepexo], OT BepIUHHb % ¢ marpuuei 6a-
suca B = (A;, ..., Aj_,, Ajy Ajyss - -, Ajn) K BEpILIHHE £
¢ Matpuiedi 6asuca B = (Aj, ..., Ajy_i, Ajrrr - s Aims Ar).
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Hckaouaemblfl 3 6asuca BeKTop A;j, (B HEBHIPOKIALHnOM
cayyae) oInpejensieTcsi HCXOIsl H3  YCJIAOBHS: Uso/Usp=
=min {tio/uin|i€1:}.

CyuiecTByeT npoctasi peKyppeHTHasi CBSI3b MEXy mapa-
METPaMH U;; BEDLUUHB ¥ H COOTBETCTBYIOLIMMH MTapaMeTpaMu
ulf]_ BEPIIHHb X!

. - S

, =0, m, iss, j=0, m;

u’,.=u,~j—uik
4 sk

Usj , ——
), =—=—, j=0, n.
J Ustk

IIpuBeneHHBIE COOTHOIIEHHS MO3BOJISIOT CHCTEMAaTH3HPOBATh
npouecc BeruncaeHuf. Ilepexon ot ognoro Habopa mapamer-
poB {uij} K Apyromy {u’ij} NPOH3BOJUTCS 0O TeX MOp, MOKa

He OYyIeT BBINOJHEHO YCJIOBHe: Uo; =0 s Bcex j=1, n. [laa
NOJIyUeHHsT HCXOJLHOH BepIUMHBI (HCXoAHOro Halopa mnapa-
MeTpoB {Uij}) HCIOJNB3YIOT OGBLIYHO METOJ HCKYCCTBEHHOTO
6asuca.

Moouguyuposarrolii cumniexcHoLl meTod NaeT BO3MOXK-
HOCTh YCTPaHHTb XpaHeHHe Ha KaXJOH HTepalUH MOJHOTO
HaGopa mapameTpoB {u;j}, HEOOXOAUMBIX [JISl BBIUHCJCHHS
{ulfj }. B 3TOM MeTole Ha KaxKIOM IlIare OMpepessioT Mart-
puily B~!. 3nas ee, MOXHO HaliTh Aj=c;— (¢, B~4;), B~'b
U Ipyrue napameTpsl BeplUuHbl X. OO6beM BbIUHCIEHUH ecTe-
CTBEHHO BO3pacTaet, OlHAKO 00beM 3alIOMHHAEMOH TeKylleH
HH(pOpPMAIIHH CYIIECTBEHHO COKpallaeTcs.

Ecau mocsienosaTtesbHO paccMaTpuBaeMble MaTpHIb 0a-

3ucoB B u B’ NPECTaBJICHB B BHAC B==(4;, ..., A4;,._, 4,
Ajs+1’ ey A]‘m) u B'= (Aj], ey Ajs—l) Ak, Ajs_H,, ey Ajm),"
TO 3JeMeHThl MaTpul, B—'=(b;;) u (B’)~'=( l_j) CBSI3aHBI
NIPOCTBIMH PEKYPPEHTHBIMH COOTHOIIEHHSIMH
bs; bs;
J . s]
b' =bij—up——y, i7s, b = s
Y Usk s Usk

MO3BOJISIIOIIHME HCKJIIOUHTD BBIIIOJHEHHE JLOBOJBHO TPYLOEM-
KOl IPOllelyphl HEMOCPEACTBEHHOTO 06palleHusl MaTpHILl B,
€cJ/lu H3BecTHa martpuia B

3.3. Hapsiny ¢ npssMBIMH MeTOJAaMH ILIHPOKOEe paclpo-
CTPaHeHHe MOJYUHJIH TaK HasbiBaeMble J60LUCTEerble MeTO~
Obl THHEHHOTO NPOrPAMMHUPOBAHUS W HX KOMOHHAILMH C Mpsi-
MBIMH.
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3anaueft dsoticTsennoti k 3anaue (1)—(3) HasbiBaercs
3ajzaua

(b, A)—>max, (7)
ATA<c, (8)
rae A== ( Ay, Az, ..., Am) — BEKTOp JBOHCTBEHHBIX [€pEMEH-

HBIX; T — 3HaK TPaHCIOHHPOBAHHSI.

Ecan x ynossersopsier orpannuenusm (2)—(3) npsimoit
3ajnauy, a A — orpanuuenusim (8) nBoHCTBEHHOH 3amauH, TO
(c, ) = (b, A).

Banaun (1)—(3) u (7)—(8) ob6pasyor ABOICTBEHHYIO
napy. Ecaun oiHa U3 3a1ay4 3Toil napsl paspelinMa, To H Apy-
ras 3ajada Takxe paspewnma. Ecau x* u A* — peueHus
3THX 3anady, 1o (¢, x*)= (b, A*) (nepsas Teopema AdsolicT-
BEHHOCTU).

Ecan pas mo6oro onTHMaJbHOrO perleHHs: x* (A*) nps-
MOH (IBOHCTBEHHOH) 3alaun HMEET MECTO x’;=0 (cooTBer-

m m
CTBEHHO 3] aijA%=Cj), T0 ycjoBue x; =0 (ycnaosue 37 a;ihi<
i=l1 i=1

<{c;) HasblBaeTCs 3aKpelJIeHHbIM, B NPOTHBHOM CJyuae —
cBo6oaHbIM. Ecain 3apaun paspeliuMel, TO B KaxXA0H nape ux
JIBOHCTBEHHBIX YCJOBHH OJHO yCJIOBHE SIBJISIETCS CBOGOMHBIM,
IPyToe 3akpenJeHHbIM (8Topas Teopema 080UCTEEHHOCTU).

Jsolicreennolii cumnaescroiti metod (merod nocaedosa-
TeAbHO20 YTOUHEHUS OYeHOK) OCHOBAH Ha TOM (paKTe, UTO
IPH PelleHHH JHHeHHOH 3aJayl CHMIJIEKCHBIM METOLOM Ha-
PSALY C ee pelleHHeM MOXHO MOJYYHTb H peUleHHe IBOHCT-
BeHHOH 3afaun (B NpeXHHX o6o3HaueHusx A=cpB~'=
= (B—")%p). TeMm caMblM MOXKHO OCYLIECTBJATb LEJEHA-
IpaBJeHHBIH NepeGop BepLIMH MHOTOTPAHHOTO MHOXKECTBA,
OINHCHIBAEMOTO OrpaHHuYeHHsIMH (8) nBOHCTBeHHOH 3aiauH,
IpH KoTopoMm IleneBasi @yHkius (7) Bo3pacraer, obeclneyH-
Basl B pe3yJbTaTe MOJy4YeHHE PelleHHsl NPsSMOH 3anauu.

MeTod 00Ho8pemenHo20 peulenuss npAmoL 1 080UCTEeH-
noti 3adau (meTod nocaedo8aTesbHO2O COKPAULEHUS HeBsl-
30K) T0O3BOJISIET BBHINOJHSTL HTEPAIlMOHHBIA Ipouecc, HauH-
Hasi ¢ NI060# NonycTHMOl TOUKH (Heo0s13aTeJbHO BEPUIHHbI)
MHOXKecTBa (8).

[Tycts A  ynosaersopsier orpanuuenusMm (8) aBoii-
CTBEHHOH 3a1aun u Jo — MHOMXKECTBO HHAEKCOB OTPaHHUYEHHUH,
BBINOJIHSAEMBIX B TOuKe A(®) co 3HaKOM paBEHCTBA.
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CdopmyaupyeM BCIOMOTraTeIbHYIO JHHEHHYIO 3a1ady

m
> v—>min,
i=1
2 Ajxj+v=b,
j€Jo
x;=0, j€Jo, v="(vy, Vs, ..., Um)=0.
HsBecTHO, UTO ecau X% j€Jo, vr= (v, vs, ..., v* ) —

m
pelenne 3Toi 3ajaun u 33 v*=0, TO, moJaras oCTaJbHbLIe
i=1
x*=0, nosiyyaem pelleHHe HCXOAHOH 3afauH.
B npoTHBHOM cJiyuae ONpeAe]sIOTCsT BEKTOPHI HEBSI30K

AO=AO®A—¢ u 6*=A*A, rie A* — BEeKTOp ONTHMAJIBHBIX
3HAYeHHH JIBOHCTBEHHBIX NEPEMEHHBIX BCIOMOraTe/bHOH 3a-
naun. Ecau 8*<C0, 1o ueneBast ¢yukuus szagauu (1)—(3)
HeorpaHuuyeHa cHu3y. Ecam BeKTOp 8* cOAepXKUT IOJIOXKH-
TeJbHble KOMIIOHEHTBl, TO BBIUHCJ/SCTCS BEJIHUHHA Qo=

(0) (0)
Ak R A,
= 5% = max T HaXOJHUTCsS HOBAs AONMYyCTHMAas TOUKa
k 8%>0 j

J

AD=AO—poA* nBoiicTBenHoil 3anaun (7)—(8) w popmu-
pyeTcst HOBas BCIoOMoOraTesbHas 3ajaya.

OTMeTHM, UTO AJs MOJYUYEHHS] PeLIeHHS HCXO1HOH BCIIO-
MOTaTeJbHOH 3aJayd JOCTATOYHO MOJOXKUTb v=b=0,
x;=0, j€Jo, U BOCHOJNB30BATbCS CHMIJIEKCHbIM METOAOM.
B kauecTBe HauaJbHOH BEpLIHHBI HOBOI BCIIOMOTraTeJbHOR
3aja4d MOXKHO BbIOpaTh BepLINHY, HEHyJeBble KOOPJAHHATHI
KOTOPO¥ — MOJIOXKHTEJ/bHBIE KOMIIOHEHThI PEIEHHUs NPEAbILY-
mefl BcroMoraTesbHOl 3agaud. Ilpu aToM Ha nepBOi HTepa-
LIMM B MaTPHUIy 6a3uca BBOLUTCS BEKTOD A.

O6mKuM HEIOCTATKOM [ABOHCTBEHHBIX METOJAO0B SIBJISETCSH
TO, YTO OHH BIJIOTb O MOJYUYEHHS ONTHMAaJbHOH TOUKH He
obecreynBaOT AONYCTHMOCTb NPSIMOH 3ajaud H HE MO3BO-
JISFOT IPEKPATHTh BBIUHCJEHHS HA KAaKOH-1u00 MpoMexyTou-
HOH WTEepallMH, OrpaHHYHBLIMCh NPUOJHKEHHBIM pelUeHHeM.

Kpome mepeuHc/JeHHBIX, H3BECTHBI M JPYTHe MEeTOIBl pe-
IIGHHUS 3a7a4 JHHEHHOTo NIpOorpaMMHpPOBaHHsl, KAK KOHEUHbIE,
TaK U UTEPalHOHHBIE.



4. PENNAKCALUMS OTrPAHMYEHMHM

Penakcauus (ocnabnaeHne) orpaHuueHuil siBJISETCS OJ-
HHM H3 HauboJiee NPOCTHIX H IIHPOKO PaCHpOCTPaHEHHBIX
JNEKOMIIO3HIIMOHHBEIX METOLOB pelleHHs 3ajay MaTeMaTHue-
CKOTO IporpaMMHpoBaHHusi. COriacHo 3TOMY MeTOLY, BMECTO
HeNOCPeCTBEHHOTO peLUeHHsT HCXOALHOH 3aJayd pelIaeTcs
[IaKOTOpasl MOCJAEAOBATeIbHOCTh TaK Ha3blBA€MBIX DeJIaKCH-
POBaHHBIX 3a/a4, KaXkJasi 3 KOTOPBHIX (32 BO3MOXKHBIM HC-
KJIOUEHHEM TocJeiHe ) ToJydaeTcs H3 HCXOAHOH B pe3yJb-
TaTe yAAaJeHHsI HEKOTOPBIX OTpaHHUYEHHH.

4.1. [1pex e ueM nepelTH K HEMOCPEACTBEHHOMY U3JI0XKe-
HHIO METOoJa pesiaKCcallM¥ OrpaHHuUEHHH, BBEIEM B PaccMOT-
peHHe HeCKOJIbKO HOBBIX NOHSATHH H c(HOPMYJHPYyeM HEKOTO-
pble cBsI3aHHbIE C HHMH yTBep:KIeHHs. [IpH UTEHHH 3TOTrO
naparpadga npeanosaraeTcsi NnpeiBapHUTEJbHOE O3HAKOMJe-
HHE uuTaTe/]s ¢ MaTepuasoM, NpUBeAeHHBIM B 0I. 1.1 mapa-
rpada 1.

Qyukuus f(x) sBASETCS KB8A3UBbLINYKAOU HA BHITYKJIOM
MHOXecTBe X=R™, eca [ (axV+ (1—a)x) <max {f (xV),
F(x2)} nas Beex xM, xEX, 0<<a<<l. B artom ciayuae
MHOXKECTBO ToueK x€X, yIOBJIETBOPSIOUIUX HEPaBEHCTBY
[(x) <<c, uau mycTto, WK BHIIYKJO NPH JHOOOM YHCJ/IE C. -

Jast crpoeo keasuseinykaoli Ha X (HYHKIUH BHIIOJNHSETCS
HepaBeHcTBO [ (axM 4 (1—a)x®) <max {f (xV), [(x®)}
Ist Beex xD, xEX, xD=£x2) g 0<<a<<]. )

Hast noaycrpoeo keasussinyxaoli Ha X QyHKIHH HEPABEH-
cTBO [ (axM+4 (1—a) x®) <max {f (xM), [ (x(»)} BpinonHseT-
cs aas Beex x(M), xMEX rakux, uro [(x)FE=f(xP) n 0<<
<<a<<l.

Boinykaass QyHKUus sBJsSETCS, OUEBHAHO, H KBA3HBLINYK-
JIOH, U TIOJYCTPOro KBA3UBBIMYKJIOH.

@yuxuus f(x), ompeneneHHass Ha (HeoOsg3aTeJbHO Bbl-
IIYKJIOM) MHOXKecTBe X, rnOoAyHenpepol8Ha CHU3Y B TOUKE
xO6X, ecan lim f(x) =[(x®), x—>x©, x6X. Oynxuusa f(x)

JOJIyHeNpephiBHA Ha MHOXKecTBe X, ec/il OHa IOJIyHempe-
PLIBHA B KaXJ0il Touke MHOXKecTBa X.

PaccmotpuMm 3adauy Keasuseinykaoeo npopammuposa-
HUS:

f (x)—min,



gi(x) <0, i€/={1,2,...,m}, (A)
x6X,

rae x=(xi, X2, ..., Xp)E6R™, X — BBHIIYKJIOE MHOXECTBO,

GyHKUHSA [(X) — DOJYCTPOTO KBA3WBBINYKJas; (YHKUHH

gi(X) — HenpepbLIBHbIE KBA3UBBINYKJble HA X.
[Ipenmnosoum, 4YTO CYLIECTBYeT peIUeHHe X£* 3TOH 3a-

paun. Ilycte g;(x*) =0, (€], gi(x*) <<0, (€I\] u [/I+.
Cdopmyaupyem 3angauy

f (x)—min,
gi(x)<<0, €], (B)
x€X.

[TokakeM, uTO X* sIBJISIETCS pelIeHHeM 3a7auH B.

HelicTBuTenpHo, 0603HaunM uepe3 X — MHOXKECTBO J0-
OYCTHMBIX TOUEK 3a74aud B M NpenoJio:KuM OT iIPOTHBHOTO,
YTO cyuiecTByer Touka X6X Takasi, uro f(¥) <<[(x*). B cuay
BBIIYKJOCTH MHOXKeCTBO X COJNEPKUT BCE TOUKH BHAA
x=oax+ (l—a)x*, 0<<a<<l. Ilockosbky ¢yHKuHs f(x)
NOJNYCTPOTO KBa3WBBINyKJast, To f(x%) <<f(x*) mna Bcex
0<<a<<l..Ilockonbky OQyHKiHH g;(x), (€], HEIPEPHIBHEL, TO
OpH AOCTATOUHO MaJIOM 3HAUEHHH o= co>>{ BBHIIOJHAIOTCH
HepaBeHcTBa g; (x%) <0, (€/\], T. e. x% — J0oNycTHMast TOUKa
safgaun A u, caenosatenbHo, f(x*) <<f(x%). Iloayuaem npo-
THBOpEUHe.

ITokaxkeM, 4TO €CJIH X* — eILHHCTBEHHOE pEUICHHE 3ajia-
un A, TO X* — eJHHCTBEHHOE pellleHHe 3a1aun B.

JeficTBUTENbHO, MYyCTh X* — €MHCTBEHHOE pelIeHHe 3a-
naun A u cymiectByeér touka X6X, ¥s=x*, takas, uto [(X) =
=/f(x*). 3necp uepe3 X 0603HAUECHO MO-NPEKHEMY MHOXKe-
CTBO AONYCTHMBIX Touek_ 3azaud B. Kak mnokazano Bhille,
touka Xx%=oaX+ (1—a)x* mnpunaamexur X upun Ja0boM
0<<a<<l u siBasieTcss MNONYCTHMOH TOYKOH 3anmatd A npu
0<<a<<oao, I'ie oo — LOCTATOUHO MaJjoe uHcao. ITockogabKy
X* — elHHCTBEHHOE pemieHue 3afaun A, 1o f(x*) <<f(x%) nas
Beex 0<Ca<<ao. [lonaras a=ou, 0<<oy<< o, B CHIY NOJY-
CTPOroil KBa3UBBINYKJOCTH GYHKIHH [(X) umeeM [(x*) <<
<[f(x%) < f(x%). Ho f(X) =[(x*) wu, caexoBaTe/bHO,
[ (x%) >f(x%) >f(x). [Toayuaem IpoTHBOpeUHe.

OTMeTuM, uTO JJsi CYLIECTBOBAHHS peEIUeHHs 3ajaud A
JIOCTATOUHO NOTPe6OBaTh, UTOOB MHOXKEeCTBO X OBLIO KOM-
NaKTHBIM, a QYHKUHS [(X) NOJyHENpepBIBHOH CHHU3Y.
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IIyctb 3amaua A siBasietcs 3adaxeil 8blnyKA020 npocpam-
muposarus (MHOXKecTBO X — BBINYKJAO, GyHXIuH f(x)
u gi(x), i€],— BbInykJbl Ha X) C PEryJasipHbIM MIOKECTBOM
OTpaHMYeHHH (cyuiecTByeT Touka x’€6X rtakas, uto g;(x’) <0,
ier).

Ecan x* — pemwenne 3To#f 3agaun, TO MO H3BECTHOH TeO-
peme Kyna — Takkepa cymecTsylor Ttakue uucna A*=0,

i€/ (onTHMaJibHBIE 3HAUEHHS ABOHCTBEHHBIX MEePEeMEHHBIX),
4TO

Fee) 4+ X0y gi(x*) <F(x)+ X M gi(x), x€X,~ (1)

ier ier
Ax gi(x*) =0, i€l. (2)

IIpuBesneHHBIe YCJOBHS SIBJASIOTCS H JOCTATOYHBIMH YCJIOBHS-
MH ONTHMAJIbHOCTH TOYKH X* (IPH YCJAOBHH, uTO g;(x*) <0,
i€]). V13 3THX yCJOBHH HENOCPEACTBEHHO BBITEKAET, UTO X*—
pemenne 3agaud B. [efictBurennHo, ecau g;(x*)<<0 npu
HekoTopoM i€/, To u3 (2) caeayer, uro A¥ =0, uro naer
BO3MOXKHOCTb B CcOoOTHOoWeHHsX (1)—(2) muoxecrso [ 3a-
MEHHUTDb Ha I.

Boobuie ecau 3amaua A sBasiercss 3ajavell BBHIIYKJIOrO
IPOrpaMMHpPOBAaHHS, X* — ee pelleHHe, A* — BEKTOD OITH-
MaJIbHBIX 3HAYEHHH [BOHCTBEHHBIX IIepEMEHHbIX, TO X* —
peleHue 3afauu

f (x)—min,
gi(x) <0, i€r’, (B’)
x6X,

rae I’ — mHOXecTBO Bcex Tex i€/, ans kortopeix A% >0.

Scuo, uto I=T'.
4.2. Cxema peraxcayuu ocpanudenuli 0as obuell sadauu
MaTeMaTHUYeCKOr0  MpPOrpaMMHpPOBaHUS  INPHBCAEHA  Ha

puc. 4.1.
Ha nepBoM 1uare B HCXOLHOH 3amaue
f (x)—min, (3)
gi(x) <0, i€l (4)
x€6X (5)

yAAJsIioTCsl BCce orpaHHueHusi (4), HHAEKCHl KOTOPHIX INpH-
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HaJJexaT HeKoTopomy MHoxkecTBy I\/(), B.uacTHOCTH, MO-
ryT OBITh yAaJeHbl BOOOIIe Bce orpannueHus (4).

ITonyuaemasi B pesyJbTaTe peJaKCHPOBaHHAs 3ajaua
HMeeT BUJL

[ (x)—min, (6)

gi(x) <0, iel/M, (7)

x6X. (8)

Ecnu ona uepaspewinma, To HepaspellyiMa, OUEBHHO, H HC-

xonHasi 3ajmaua. Ecam x() — pewenne sanaun (6)—(8) u
gi(xM) <0, i6I\IM, To x() — pelIeHHe HCXOMHON 3a1auH.

Ecan cymectsyer nenycroe muoxkectso [=/\I/" rakoe,
uto g; (xM) >0, i€])), To x()) He sABJSETCS pEleHHeM HCXO/-
HOU 3ajaud. B aTOM cjayuyae K orpaHuueHusM 3aiauud (6)—
(8) moGaBssieTcsi OJHO HJH HECKOJbKO H3 HapyllaeMbIX

B Touke x) orpannuenuil. MHbIMH cj0BaMu, BEIOUpaeTcs He-
KOTOPOe MHOXKEeCTBO J(})Eﬂ?‘) H (opMHpPYeTCs HOBasl peJsak-

(%) ~ min — 7 (x) ~ min
gi (x) <0, igl, xgX e (0)<0, icIM=1, xeX

£(®)

Y

R:=Fk41 g (™) <o, igIP =1\ 1™
' g (") >0, igIP =\ 1

J® . [(B) | J(2k) , Y

e -

‘ x¥ = x(k) \

Puc. 4.1. Cxema penaxcanuu orpannuenuii (oGwmii cayuait)
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CHpOBaHHasd 3a7ay4a.:

f(x)—>mir1, (9)
gi(x)go, i61(2)=1(1)UJ(21)’ (10)

OTHOCHTEJIPHO 3TOH 3a7aud MOXKHO NOBTODHTH Te Ke pac-
cyxzaeHud. B pesyibraTe aubo OyneT ycTaHOBJEHA Hepas-
pPelINMOCTb HCXOJLHOH 3amaud, JHOO IOJYUEHO ee pelleHHe,
JHGO OCYLIECTBUTCS IIEPeX0i K HOBOH peJlakKCHPOBAaHHOH 3a-
naue ¢ 6OJBIINM UHCJIOM OTDaHHYEHHH.

ITockoabKy Ha KaXKJOM IlIare TakKoro npolecca OorpaHu-
YeHHsSI TOJNBKO AOOABJSIOTCS, TO YHCJO LIArOB HE MpPeBOC-
xoaut m. He uckiouaercss cuTyanusi, KOrjia MOCJAELHSS H3
«peJlaKCHPOBaHHBIX» 3ajau COBNALAET ¢ HCXOAHOH. B 3TOM
cayuae Kesaemoro a¢g@ekra oT NPUMEHEHHsI METOAa peJiak-
calliH, OUeBHAHO, He Oyler.

4.3. Ins 3adaxu KB8A3UBLINYKAOSO TPOTPAMMHPOBAHUS
cxema peaakcayuu oepanuvexuli peicTaBieHa Ha pHC. 4.2.

Kak u B oflieM ciayyae Ha NepBOM Luare peluaercs 3a-
naua (6)—(8) npu Hekoropom /] H, €ClH BBLIONHSIOTCS
IPUBEJEHHbIE BEBIIE YCJOBHS, OCYIIECTBJSIETCA IEPeXOJ
K pewennio 3amaud (9)—(11) mnpu HekoTopom [ =
=[O yYJO, Jh=]W),

2 2 2

IMycts X — pemenne 3agaun  (9) — (11).  Ecan
g:(x®) <0, {6I\[®), 1o x*) — pelueHHE HCXOAHOW 3aJauH.
B mnpoTHBHOM cJjyyae CyLIECTBYeT HEMYyCTOE MHOKECTBO
1<22)§1\1<2> Takoe, uro gi(x») >0, i€1(22>. BriGepeM HEKOTO-
poe mHOKecTBO /A=)

Ecan f(x®)=f(x®), To ouepeinasi peJaKCHPOBaHHAs
3ajlaya HMeeT BHJ

f (x)—min, (12)
gi(x) <0, i€[O=[® YD), (13)
x6X. (14)

Ecau [(x®)>f(xM), To B monyuennoit 3amave (12)—
(14) ymaasiiotest Bce orpannuenust (13), ymosseTBopsiiollne
yeqaoBHio g5 (X)) <<0. O6o3nauasi MHOXKECTBO MHAEKCOB Ta-
KHX OrpaHuueHHil uepes (2, ouepesHyI0 PeJAKCHPOBAHHYIO
3ajayy MOXKHO 3allHCaTh B BHJE
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f(x)—min, (15)
gi(x) <0, 6O = (IG\T®) Y12, (16)

x€6X. (17)

ITockonbKy HCxXOAHAs 3ajaua, a CJAeLOBaTe/NbHO, H 3a-
naua (12)—(14) aBasoTCs 3ajauaMH KBa3HBBITYKJ/IOrO IIpO-
rpaMMHPOBaHHS, TO, KaK IOKa3aHo BhHIUe, ecau x\3) — penle-
Hue 3agaun (12)—(14), to x® — pewenne 3anaun (15)—
(17).

[Ipouecc mosTopsieTcsi 1o TeX 1OP, NoKa He OyAeT HOJY-
YeHO pelleHHe HCXOAHOH 3ajmauu JuOO ycTaHOBJeHa ee He-
paspewnMocth. Kakpasi mocJenyioomias pejakcupoBaHHas

f(x) > min > f(x) > min
g (0)<0,icl, xgX ki=f_—t1> gi(0)<0, icIM=1, xecX

x(B)

5

10— 1® g g
OR=SCNEN e (xM) <0, i g1 =1 N\ 1

g:(x®) >0, igIP=1\ 1™

g (") <0, igTM= 1™
TR — (](k)\\'](h)) U _

R k R |
Udap, s =i )|

A
|~
Y
H Her |'_-_—
eT i(x(k))>f(x(k—l))“ I [(2k):® “
Ha
ot — x(B) l

Puc. 4.2. Cxema pejakcalud OTrpaHHYeHHH (KBa3HBBITYKJIOE IIpOrpaM-
MHPOBaHHe)
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3ajlaya moJyyaeTcsl M3 NPeBAyIIel B pesyJbTare go6asJe-
HHUSI OJLHOTO HJIM HECKOJbKHX HOBBIX OIpaHHYeHHIl. YdajieHue
HeCYIleCTBeHHBIX OTPaHHUEHHH MPOH3BOAMUTCS TOJNBKO B TOM
caydae, Koria Ha6J0[aeTcs yBeJHUEHHEe ONTHMAJbHOTO 3Ha-
YeHHs LleseBOH (GYHKUHH IO CPAaBHEHHIO ¢ MpeabiAyllel 3a-
Zlaueil. ITo obecrneynBaeT KOHEUHOCTD IIPOLecca pesaKCcalluu
OrpaHuyeHuH.,

Ilpn pewenun 3amau golnyK.a020 TPOrPaMMHPOBAHHSA
C HCIOJIb30BaHHEM [BOHCTBEHHBIX METONOB (o6ecneyHBalo-
IIUX TOJyYeHHe ONTHMAJIbHBIX 3HAUEHHH JBOHCTBEHHBIX Ile-
PeMeHHBIX) B ONUCAHHOH BBHIILIE CUTYyallHH MOXKHO YAaJsTh
BCE OrpPaHUYEHHs C HyJeBbIMH A% (puc. 4.3).

B no6oMm cayuae Kaxkjaoe ouepellHOE ONTHMAabHOE 3HA-
YyeHHe 1eqeBOH (PYHKIHM OKa3hBAeTCS He MEHbLUe MPebl-
aywero: f(x®+0) =F(x®).

f (x) » min —> f (x) -~ min
& (<0, igl, xeX |FTFL g <0, igI®=1, xex
B A®

Y

—=| W=k | Jéh) ,

70 = g (XM <0, icIP SINI®
2 =72

gi (x>0, gl =I\1®

AR =0, igT® =1

O ONY (G
3 R R) |——

yJsp, gk =1

B
Y

u [ S,
Her f(x(k))>f(x(h_l)) “.< e ’ 1(2h) =g l
Ha
ot — xR

Puc. 4.3. Cxema pelakcauum orpamuuennii (BbITYKJIOe I1DOrPAMMHU POBaH He)
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44. IIpumep. PaccmoTpuM 3amauy JHHEHHOTO MPO-
rpaMMHPOBAHHS BHAA

[ (x) =x14x246x3+2x,—min,
g1 (x) =x1+x2+2x3+4x,—12=0,
g2 (X) =x1—x2——2x3—[—2{c4—6=0,

g3 (x) =—x1<<0,
g1(x) =—x2<<0,
gs (¥) =—x3<<0,

g6 ()C) =—x4<<0.

YaanuMm deThpe INOCJeJHHe orpaHuueHusi (yCJOBHSI He-
OTPHIIATEJBHOCTH NepeMeHHBIX). M3 nepBrix IBYX orpanuye-
HUH Togy4aeM

X1=9—3X4, )C2=3—2)C3—)C4.

ITopcTaBasisi NONyUEHHBIE BEIPAXKEHHS B 1€J1E€BYI0 (DYHKIIHIO,
IePBYIO PEJaKCHPOBAHHYIO 3a7ayy MOXHO 3alHcaTh B BHAE

f(x) =1244x3—2x4—~>min.
OueBuuHo, f (X)——oo mpu x(V—>—o0, x(D—-o00.

HobaBasisi orpannyenue gs(x)<<0, 1. e. x3=0, noay-
yaeM f[(x)—>—oo 1pH ¥P=0 u xP—oo. Tlpu sTOM

x(12)—>-—oo H x(j)—>—oo.

JoGaJsisi orpannuenue gs(x) <0, 1. e. x;=9—3x.=0,
HJIH, YTO TO 2Ke, X4<{3, OUepeHyI0O pejlaKCHPOBAaHHYIO 3a-
Jayy MOXKHO 3alHcaTb B BHIE

f(x) =124-4x3—2x4,—>min,
x3>O, X4 << 3.
Peutennem 37oft 3anaun sipasorest x()=0 u x(j)=3. [Tpu
3TOM x<13>=0 u x(=0.

HOlelleHHbIe 3HAUYCHHUS HepeMeHHbIXAHBJIHI-OTCﬂ peleHun-

€M HCXOJHOH 3aJauu.
4.5. Tlpuwmep. PaccmMorpum 3ajnauy JuHEe{iHOro mpo-

rpaMMHpPOBaHHUS BUAA
f (x) =—3x1—x2—min,
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g1(x) =2x11x.—2<C0,

g2 (x) =x1+2x.—2<C0,

g3 (x) =2x1—2x,-+1<C0,
x6X={x=(x1, x2) |%: =0, x2=0}.

BribepeM B KauecTBe NepBOH peJIaKCHPOBAHHON 3amauy
CJAEYIOILYIO:

[(x)—min, g.(x)<<0, x€X.

Pewennem 37oit 3anaun sipasiercss touka x(V= (2, 0), 3ua-
genue [(xV)=—6. B Touke x(!) HApyIIAIOTCS OTPAHUUYEHHS
g1(x)<<0 u g3(x) <<0. [{o6aBuM nepBoe u3 HHX. MMmeem

f(x)—min, g(x)<<0, g.(x) <0, x€X.

Pewennem atoit 3agaum saBasietcs-touka x(3= (1, 0), 3ua-
yeHue [(x()=—3. B touke x(*) Hapyuiaercsi orpaHuyeHHe
g3 (x) <<0. Iockoabky g1 (%) =0, g2(x®)<<0 n [(x®)>
>[(xM), o, no6aBasisi orpaHnueHne gs(x) <0, MOXKHO yja-
JINTb OrpaHHyeHue g,(x)<<0. OuepenHas pesakcupoBaHHAs
3ajaua 3anuuercs B BHUIE

f(x)—min, g(x)<<0, g3(x)<<0, x€X.

Pemennem atoft 3amaun sBasiercs: Touka x3)=(1/2, 1), 3na-

1
YeHHe f(x(3>)=—-2—2—. B rTouke x(®) Hapylaercs orpaHu-

yenne g»(x) <0. 3mauvenus g (x®)=0, g;(x(»)=0. [lo-
GaBJisisi orpaHuueHne g (x)<<0, mosyyaeM HCXOAHYIO 3a1a-
4y H, CJeJ0BaTe/]bHO, BHIOPAHHAS cXeMa pejlakcallud Head-
(heKTHBHA. ,

Ecau x nepBofi pesiakcHpoBaHHOI 3ajaue 106aBUTL Orpa-
HUYeHHe g3(x) <<O (BMmecto g(x)=<<0), TO peuIeHHe NOJY-
YeHHOMl 3aaul, KaK HeTPYAHO yOeIuThbCsl, SIBUIOCH Obl I
pelleHneM HCXOLHOH.



5. PACUYNEHEHME OrPAHMUYEHMHA

OnucbiBaeMbIfl B JaHHOM naparpade IeKOMIO3HIHOHHBIH
1104X0J OOBIYHO TPUMEHSITCS NMPH PELICHHH 3a/au Marema-
THUECKOr0o MPOTPAMMHPOBAHHS C OOJIBIIMM YHC/IOM Iepe-
MEeHHBIX M OTHOCHTEJIbHO HEOOJIbIIMM YHMCJIOM OTPaHHUYEHHH,
cB3bIBAOIIHX BCE HJIH OOJBINYIO 4acTh NE€PEMEHHBIX.

5.1. PaccMOTpUM napameTpuseckyro 3adauy B6lAYKA020
npoepammuposaniis BUaa

f(x)—min (=f*(y)), (1)
gi(x)<y;, i=I1, m, (2)
x€X, (3)
yey, (4)

rie x=(x1, X2, ..., Xn) 6R™, y=(y1, Yo, - .., Ym) ER™; X=
=R"» y Y=SR™ — prinykjsle MHOXKecTBa; [(x), gi(x), i=

=1, m,— BrINyKJBle (QyHKINHN Ha X.

[Ipennonaraercsi, uto npu Jwbom yEY 3anava umMeer pe-
wenne. O603HaUUM ero uepes x*(y), a COOTBCICTByOLIEE
3HaueHHe 1eeBOH QYHKIHK uepe3 [*(y).

[Toxkaxewm, uto f*(y) — soinykras na Y pyncyus.

HeficTBuTenbHO, BHIGHPAst IPOU3BOJBHBIE TOUKM Y1), y(* €
Y u nonaras xt=aqx*(yV)+ (1—a)x* (y®@), 0<a<l,
meem g; (x%) = g (ax* (yV) + (1 — a)x*(y?)) < agi(x*
UD))+ (1—a)gi (x* (¥?)) <ayD+(1—a)y?  aas  Beex

=, mu0<<a<<l.
[Tockosbky mHOXKecTBO X BBIIyKJIOe H Toukd x*(y) H
y®) npunapaexar X, To x*6X. CuenoBaresbHo, TOUKA
yaoBaetpopsier orpanuuenusm (2)—(3) mpu y=oay’+
l—a)y®, 0<<a<<l. OTcrona u U3 BHIIYKJAOCTH QYHKLUHH
(¥)  ma X umeem [*(ay®D4(1—a)y®) <f(x9) <
Saf (2 (y0)) 4 (1—a) f (x* (y?) ) =af* (y®) + (1—a) X
X[*(y®)  wu, caemopaTenbHo, [*(y) — BbIyKJMas Ha
QyHKILHs.

OTMmernm, uTo ecsin cpein orpaHuueHuil (2) cymecTByer
XOTsl 6bl OZHO orpaHuueHHe BHAZ gi(X) =Y; TO QYHKUHA
F*(y) neo6szarensro Bunykaas na Y.

%

S =

‘(l(
(
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52. [Ipumepsl.

1. Ilyete x= (X1, x2) €R2, X={x|x,=0, x2=0}, f(x) =
=ux? —4xz, gi1(x)=x24x2, y€R!, Y={y|y=0}.

IIpu ¢ukcuposanHoM y€Y moayuaeMm samadyy BBITYKJIOro
IpOrpaMMHUPOBaHUS

X3 —4w,—min (=f*(y)),
X +x5 <y,
)C]}O, XQ>O.

Honyctumasi ob6sacte 5TOH 3ajaud NpeJCTABJEHA HA
puc. 5.1. Ee peluenueMm, oueBHIHO, SIBJSIETCS TOYKA X* (y) =

= (x* (y), x5 (¥)) = (0, V). OnTuManbHOe 3HaUCHHE Lee-

BOH (GyHKuHH paBHO [*(y) =—47 y. ®yukuus f*{y) BHOYK-
Jiasi Ha YKa3aHHOM BBINYKJOM MHOXKecCTBe Y.

2. Ilyetp x€6R!, X={x|x=0}, f(x)=x, gi{x)=x2 y€
€R!, Y={y|y=0} u 3amaua COCTOHT B HAXOXKACHHH MHHH-
MaJbHOTO 3HaueHHs f*(y) QyHKUHH f(X) OPH OrPAHHUCHHAX
g1(x) =y u x6X nas Bcex y&Y.

B paccmarpuBaemMom cjayuae GyHKUHH f(X) d g1(x) BH-

nykJasie Ha X, a QyHKuus [*(y)= } y Boruyras ia Y.
5.3. PaccmorpuM napamerpudeckyro 3adauy AuHeilno20
npoepammuposanus BULA

(¢, x)=min (=*(y)), (5)
Ax=b1-b0y, (6)
x=0, yeY, (7)

rae x=(xi, X2, ..., Xn) €R™, y=(y1, Y2, .- -, Ym) €R™; A —
MaTpHlla pasMepHOCTH m X1,
X, CER™, b, bOER™; Y — BBITIyKJIOE
mHOxXKecTBO. [To-mpexxkHeMy npen-
mojaraercs, 4To TIpH J000M
y€Y coorBercTByIOLlas 3ajava
JINHEHHOTO  MPOrPaMMHPOBaHUS
HMeeT pelUeHHe.

vy

Puc. 5.1. HJonycrtumas o6aacTbp 3ajauud
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[TokaxeMm, UTO [*(y) — Bolnykaas, KycoUHO-AUHEUHAS
pynrkyus na Y.

Bri6epem npou3BOJbHBIE TOUKH Y1), y @€Y u uayunm mno-
pefieHHe (QYHKUHH [*(y) Ha OTpe3Ke, COENHHSIOUEM 3TH
toukn: yr=oayM+ (1—a)y®, 0<<a<<l. OGosnauas f*(y%)
yepes ¢(a), HmMeeM (IpH GUKCHPOBAHHOM q, 0<<a<<l)

(¢, ¥)—min (=g(a)),
Ax=bW-LpPq,
x=0,

rae bMW=b-+bOy® u b =pHO (yO—y®)) — He 3aBUCSILHE
OT o BEKTOPHI.
JIBolicTBeHHO! K [JaHHOH 3ajaue sBJSETCS cjejylollas:

(bW+b®a, A)— max (=g¢(a)), (8)
ATA<c 9
(A= (M, Az, ..., Aim) — BEKTOp ABOHCTBEHHBIX NMePEMEHHLIX;

T — 3HAK TPAHCIOHHPOBAHHSH).

B nocnenne# sanaue ponyctumasi 06JacTh, OmiCbiBaeMasi
cootHouienneM (9), He 3aBUCHT OT q. LlesneBas ¢pynkuus (8)
0pH (PUKCHPOBAHHOM ¢, JHHeHHa Mo A, a NpH (QUKCHPOBAH-
HOM A sunefina mo o. OG6Go3nauuM uepes A*(a) pelleHue
91Ol 3amaun (npu urcuposanHoM o). [Ipu H3MeHeHHH o
oT 0 10 1 MOXKHO BBHIJIEJUTH KOHEYHOE UHCJO 3HaueHHH a,
PaBHBIX Qo, A1, ..., or (0=ao<<ai<<...<<oar==1) u yno-
BJIETBOPSIOIAX YCJAOBHIO: ecan A* (ar) =A®), To A*(a)=
=A® nas Beex a, ar<<a<<aet, 0<KR<<r—1. Ha xaxnom

U3 MHTEPBAJOB [otk, atet1), k=0, r—1, dyukuus ¢(a), oue-
BHIHO, JIMHEHH4 W MOXeT OBbITb MpeACTaBJeHa B BHIE
¢(a) =0ra-+ws, rae v,=(b®, A®) u wy=(bM, AW),

Jlns mpousBosbHOrO £, 1<h<<r—I1, n o/, w<<a'<<
<Oyt HMEEM UpQet+Wr=0Up 10sF+W@We1 H Upo'4Wp>
>0, 0’ +Wp—1. OTKYLA Up>>Vk_1, T. €. TAHTEHC YIUia HAKJO-
Ha oTpesKa NpsiMoit ¢(a) B uHTepBase [op—1, a:) MEHbIUe
TaHTeHCa yrJja HaKJIOHA OTpe3Ka NpsiMofl ¢(q) B HHTEpBaJe
[ar, ans1). CaenoBatesbHo, (YHKUHSA @(a) — BBHIIYKJas
npu 0Ca<<l1.

5.4. Tl pu M e p. PaccMoTpuM oHOapaMeTpHUyecKyio 3a-
Jayvy JHHeHOTO POrpaMMHPOBAHHUSA

_2x1;x2—> min (=f* (y))r
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X+x,<6—y,
X1—Xs <3,
X1+2x:=2,

x1=0, x.=0, 1<<y<5.

Honyctumasi o6jacTb 3Tol 3afaun (B 3aBHCHMOCTH OT 3Ha:
yeHus y) u3oOpakeHa Ha pHC. 5.2.

£y

2 3 x7

Puc. 5.2. Ionycrumas o6aactb 3a- Puc. 5.3. TI'paduk ¢yHkuuH
nauu I* ()

[Ipn 4<<y<<d X7 (y) =10—2y, x% (y)=y—4, [*(y) =
=3y—16; npu 3<y<<4 x* (y) =6—y, x; (y) =0, [*(y) =

1
—2y—12; mpu 1<y<3 x: (y)=4—2-—i, %2 (y) =
PR S 1

I'paduk pyskuum f*(y) npu 1<<y<<d mpeacrasieH Ha
puc. 5.3.

5.5. Merod pacuaenenus oepanuyenuil MOJYyYHJ ILIHPO-
KOe paclpocTpaHeHHe IIPH PelIeHHH 3a]ay cenapabebHOro
IIpOrpaMMHPOBAaHUSA BHIA
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v

2 [1(¥%1)— min, (10)

v —_—
3 g0 (7)) <0, i=1, m, (11)
=1
76X, 1=T, v, (12)
rgpe Xx= (.f], .552, ey )Z\») GR”, )?l=(xk+1, Xet2y ooy Xk+nl)6

-1
€6R™; k= 37 n;; MHoxectBa X;=Rm, [=1, .
j=1
BBeleM B paccMOTpeHHe mv HOBBIX NIeDEMEHHALIX — napa-
METPOB Yi, 1<Ti<im, 1<CI<Tw.
IIpencraBum orpanuuenus (11) B BHIAE

g(i’>(fz)<yu, i=1,m, [=1,w, (13)

v
D yu<<0, i=1, m. (14)
=1

Ilpn uKCHPOBaHHBIX 3HAUEHHSX MApPaMETPOB Y MOJY-

uaeM v 10KaAbHbLX 3anau ([=1, v):

[ ()= min (=F% (41)), (15)
g (%) <ya, i=1, m, (16)
%6X, (17)

rae uepes f* () 0603HAYEHO ONTHMAJbHO® 3HAUCHHE IeJie-

BOH OYHKUMH NPH Yr= (Yu1, Yoty .-+ Ymi), =1, v.
Pemenne ucxoMHOH 3alaul CBOAMTCS K PEIIEHHIO 3a4a4H

P () = 3 1* (y1)— min, (18)

=1
3 yu<0, i—=1, m. (19)

3aecs y= (Y1, Y2, - .., Yv)- .

OTmeTHM, YTO BO BCEX MJIM YacTH orpanuyenuil (19) suak
HECTPOroro HepaBeHCTBA MOXKHO 3aMEHHTb 3HAKOM paBeH-
CTBa.
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B npuBeneHHOH 3ajaue mv NePEeMEHHBIX Yi, 111 JHHEHHBIX
OTPaHHUEHHH C eIHHHYHBIMH KO3(h(HUHEeHTaMH IIpH Iepe-
MenHbix. OyHKIHS *(y) 3aLaHa HESIBHO: [JIs BulUHMCJIEHHS
ee 3HaueHus Npu (UKCHPOBAHHOM 3HAUEHHH y IpebyeTcs
peuwutb v 3agauy (15)—(17). 3anaua (18)—(19) o06bUHO
Ha3BIBAETCS KOOPAUHUpYroujell.

Cxema pacureHenus oOepauuywenuli TpeLCTaBJeHA Ha
puc. 54.

OTmeTHM, 4YTO ecJu B JIeBOH uvacTH orpaHuueHu# (11)
Hekoropoe caaraemoe g (%;)=0, Tto mer He0OX0IUMOCTH

BBOAHTb COOTBETCTBYIOIIMH mapametp yi. Ilostomy addexk-
THBHOCTb METOJa pacujJeHEeHHS OrpaHHYeHHH OOBLIYHO TeM
BbIIlIE, yeM 0OJIblIe B OTPAHHYEHHSAX 3aJauH TOXKAECTBEHHO
PaBHBIX HYJIO CJaraeMblX.

Ecau ucxomunast sagaua (10)—(12) sBasercs 3ajgaueit
BBIIYKJIOTO NPOrpaMMHpOBaHusl (MHOXKecTBa X; BHIIYKJbE,

¢yuxuun f; (%) u gi”()?l), i=1, m, Bwinykjsle HA X;, [=

=1, v), 10 QyHKIHH f;‘ (y), [=1, v, a caeloBaTeJbHO, H

Sf1 (¥7) > min
2 () <0, i=T, m

aeX,l=1,v

|

Y
« TS .
f (y)—zfl (41) ~ min <—
Ty <0, i=1,m

|

Y

~n
~ %
—~
Ry
~

=1,

f1 (%) » min (=F; (1))

...
Il
2

~ ) —_—
gD Gy <yu, i=1,m

x1€ X1

Puc. 5.4. Cxema pacujieHeHHs OTPaHHYEHHH
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¢yHKIHSA [*(Y) BBUIYKJBIE HA BBIYKJIOM MHOXKecTBe Y, onu-
cpiBaeMOM orpaxHmdenusmMu (19).

dyukuus f*(y), Boobume rosopsi, HeauddepeHunpyemMa
na MHoxecTBe Y. TlosatoMy n/1s1 ee MHHHMH3ALMH OGBLIYHO
HCIOJIB3YIOT METOJbl 0O60OUIEHHOTO I'PaJHEHTHOTO CIYCKa.

56. [Ipumep bl

1. Paccmotpum 3anauy

—X1Xe—x%— min,
xi +X3<2,
X1+XQ+X3<4,
x1=0, x:=0, x3=0.

Bpoasi nmapaMeTpwl yi W Yo, OTPAHHUYEHHS ITOH 3aLauH
MOKHO NepenucaTh B BHIE

X% +x3<2,
x1+x. <<y,
X3<Yo,
Yity:<4,
)C1>0, )C2>0, X3>0.

Ilpu ¢(uKCHPOBAHHBIX 3HAUEHHSX [apPaMeTPOB Y H Y
HCXOAHAsl 3ajaua paclajfaeTcs Ha JBe JOKaJ/JbHbE (CM.

(15)—(17))

—xi¥e—min (=f* (y1)), —x2—>min (=% (y2)),
Xit+x2 <y, X2 4x3<2,
x1=0, x>0, 0<<x3<<Ys.

Koopaunupyiomas sagaya sanucbiBaetcss B BuAe (CM.

(18)—(19))
* (Y1, y2) =f* (y1) +T% (y2)— min,
Yity.<<4,
y1=0, y.=0.
Pemwas nepsywo Jokanbhyo sanauy npu Y =0, moayuaem
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2

x* (1) = x5 (Y1) =—221-, f’l‘ (y1) =———‘Zi. Pewas Bropyro Jokanp-

HyI0 3ajauy npu y»=0, monydaem x* (yz) =y2 u [% (¥2) =
=—y2, ecan Y2<<1, u x% (yo)=1 u [ (y2) =—1, ecin
Y2>1.

2

Y1

CJ/ie10BaTeNbHO, [* (Y1, Y2) =— )

—y2, ecn Yo<<1, u

2
f* (41, yo) =— ‘Z‘

PelienneM KOOpIAMHHDYIOIIEH 3alaun sBJseTcs y* =3,

L5

—1, ecau y.>1.

gy =1. Orcrona x} =x% = 5 X3 =1.
2. PaccmoTpuM 3ajauy JUHEHHOTO NMPOrpaMMilpOBaHHs
—X1—3X2—2X3—X4— min,
2x1+xo+x3+%x4<8,
X1+X2 <5,
X3—Xx4<4,
X1=0, x2=0, x3=0, x,=0.

Beeznem nBa nmapamerpa y; u yo. Ilpeacrasum mepsoe u3
OrpaHu4yeHuil B BHIAC 2X1+Xo<y1, X3+Xa<ys, Yi1+y.=8
HJIH, YYHTBIBas, 4TO Y2=8—y;, u 0603HAuasi y; uepes y, B
BHIE 2X14Xo <Y, X3+Xa<<8—y.

IMockoabky x;=0, j=1, 4, To 0<<y<<8. Tem caMbM
KOOPJAHHHPYIOLLYIO 3aa4y MOXKHO 3allMcaTh B BUIE

F* ()= W) +1% (), 0<<y<<s,
rae f’; (y) — onTHMAaJbHOE 3HAUEHHE LEJEeBOH (YHKIHH JIO-
KaJbHOH 3aja4u
—X1—3X2—> min (=f;' (y)),
2xl+x2<yr
x1+x2 <5,
X1>0, XQ>0;
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f¢(y) — onTHMa/NpHOE 3HAUCHHE 11eJIeBOH (DYHKIHH JIOKaJb-
HO# 3ajauH
—2x3—x4— min (=f3 (¥)),
X3+Xa<<8—y,
X3—X4<<4,
x3=0, x4=0
npu GUKCHPOBAHHOM 3HaueHuH y, 0<Ty<I8.

X ) a ch &
5
IN
EN
A 3
aa
A />’\f>>.
y/2 5 6y 4 x;

Puc. 5.5. JlonycTumble 006JaCTH JIOKaJbHBIX 3aj1ay

Oyukius f*(y) sBJAseTCS BBINYKJIOH, KyCOUHS-JIHHEHHOH
GbyHKUHeH OAHOro aprymeHra. [1Jsi HaXOXKJEHHs ee MHHH-
Myma Ha uHTepBaJe [0, 8] MoxkeT GuiTb HCIOJB30BaH JIOCOH
H3 METOJOB MHHHMH3aLHH YHHMOAAJbHBIX (yHKuuid. OnHa-
KO B paccMaTpHBaeMoM cjayuyae (GyHKUHIO [*(y) MOXKHO 3a-
IHACATh B SIBHOM BH/E.

Ha puc. 5.5 nso6paxeHbl AONYyCTHMble 00J1aCTH JIOKAJb-
Hbix 3afau. [pn 0<Ky<<5 x* (y) =0, % (y) =y, [} (y) =

=—3y; mpu bH<TY<8 ()

x4 (y) =0, X3 (y) =5 ) ' ,
f*(y)——15; npn 4<<y<<8

x4 (y)=8—y, x%(y)=0,
[% (y) =2y—16; mpn 0<<

N _ Y
<y<4 x3(y)—6 -—2—',

o) =2—o [ 0) =

3y
= ——14. 21—
2 14 Puc 5.6. Tpadux dyuxuuu f*(y)
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CJie10BaTeJbHO,

—3—2~"~14, 0<y<4,

* =
*(y) 16 < y<5,

2y —31, 5<Cy<8.

I'padux sToft pyHKUMHK peacTaB/eH HA pHUC. 5.6.
Munumym ¢yukuuu f*(y) Ha unrepsase [0, 8] mocru-
raercsi B Touke y*=>5. CJeaoBaTesbHO, Xt =x3 (5) =0,

xt =x% (5) =5, xt =x% (5) =3 u x* =x* (5) =0 — perme-
HHEe HCXOJHOH 3ajauH.



6. MAPAMETPMUYECKAS AEKOMNO3ULIMSA

OnucaHHBH B NpeAbAylieM naparpade MeToj AEeKOMIIO-
3ULHH 32734 MaTeMaTHYECKOTO NPOrpaMMHUPOBAHMS COCTOUT
B clielupHuIecKOM NpeoOpPa3oBaHUU HCXOLHOH 3a4aud B He-
KOTOPYIO HOBYIO 3ajauy. DTa HOBas 3ajaua Hapsiy C Hc-
XOIHBIMH TIEPEMEHHBIMH COJEPKHUT [AOIOJHHUTEILHBIE Tepe-
MeHHble — NapaMeTpbl. [Ipu (QUKCHPOBAHHBIX 3HAYEHHSX
napaMeTpoB 3ajaua paclajaercs Ha HECKOJbKO 3a7au MEeHb-
el pasMepHocTH. TakoH mnpueM [AONYCKaeT eCrecTBeHHOe
obo0b1eHue.

6.1. Ilycrp nana sagaua

[ (x)—>min (=f*), x€X, (A)

rae X — HeKOTOpoe MHOXKEeCTBO (He o06sizaresbHO H3 R%);

f(x) — orpanuuenHasi cHu3y uHa X neficTBuTe/bHAS QYHKIHUA.
BBenem B paccmoTrpenune mHoxkecrsa Y, Z=X XY u orpa-

HHYEHHYIO CHH3Y Ha Z JeHCTBUTEJbHYIO (QYHKIHIO [ (X, ¥).
[Mapa- {Z, [ (x, y)} mopoxnaaer 5KCTPeMasbHYy:O 3a4auy

[(x, y)—min(=[*), (x,y)€Z. " (B)

[IpeamosoxkuM, urto 3azaud A u B TakoBb, UTO ec/H
(x*, y*) — peurenue 3agauu B, To x* — pelleHue 3afauu A
i f*=J* B 31OM cjyuae GyieM roBOPHTH, UTO 3ajauu A u B
SIBJISIIOTCS CO2AQCOBAHHbIMU. Pellenne HCXOAHOH 3aiaun A,
OUEBHHO, MOKeT ObIThb IOJYUeHO B pe3yJbTaTe pelleHHs
3ajmauu B.

Pemenne 3agaun B B cBolo ouepenb MoxeT OBITb IOJY-
YeHO B pe3yJbTare pellenus (kKoopdurupyroujeil) samayu

f*(y)—min, y€Y, B”)
rie f*(y) — onTHMaJjibHOE 3HAUeHHe leJeBOH (YHKUHH B
AOKAAbHOUL 3aiaue

f(x, y)—min (=F*(¥)),
x6X (y), y= const €Y.

3necs X (y) — COOTBETCTBYIOLIEE CEUEHHE MHOXKECTBa Z
(1. e. MHOXecTBO TOueKk (X, y)€Z, rae y= const €Y).

B ycioBHAX npenbayliero mnaparpada sagaua (10)—
(12) saBasiercs samauein A (pyHkuus f(x) 3anucaHa B BHLE

(B")
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(10), mHOXecTBO X ONHCHIBAETCS COOTHOIIEHHAMH (11)—
(12)); sanaua (10), (12) —(14) siBasiercs 3anaueil B (pyuk-
uust f(x, y)=f(x), MHOXKecTBO Y ONHUCBIBAETCS OrpPaHHye-
HusIMH (14); MHOXecTBO Z — orpanuueHusiMu (12)—(14);
COBOKYNHOCTh 3anau (15)—(17) npexacrasasier co6oil 3ana-
uy B” (dyukuus f(x, y)=[(x), muo)kectBO X (y) OMHCHI-
BaeTcsl COBOKYIHOCThIO orpannuenuil (16)—(17)); Hakowuer,
3ajgada (18)—(19) siBasiercst samaueit B”.

4 B
f(x) > min _ > f(x, y) > min
xe X (%, 9eZ=XXY
B’ y g i
Fx, v) » min(=f* @) [ F* (y) - min
xg X (y), y=constg Y x*(y) N yevY

Puc. 6.1. Cxema napameTpuuecKo# JeKOMIO3HIIHH

Cxema napamerpuueckol Oekomnosuyuy TPeACTaBJIEHA
Ha puc. 6.1. Uepes x*(y) o6o3HaueHo peuieHne 3agauyun B’
IpH (HUKCHPOBAHHOM 3HAUEHHH Y.

Hnst onHoft u TOH ke 3amaun A MoXKeT GBITb CHOPMYJIH-
pOBaH LeJbll CHEKTP 3axay Tuna B (cornacoBaHHBIX C HC-
xXojHO# 3amaueill A). BeiGop KOHKPETHOH 3alauyu OIpeneJsi-
eTCsl IByMsI eCTeCTBEeHHBIMH, HO 3aUacTyio IPOTHBOPEUHBBIMHU
TeHaeHIusIMH. [10CKOJIbKY MOHCK pelleHHs: 3afaun B’’/, Kak
NPaBHJO, CONPSIXKEH ¢ HeOOXOAMMOCTbIO MHOTOKDATHOIO pe-
meHus 3ajaud B’ (Upu passHuHBIX 3HAYEHHSX y), KeJa-
TEJBHO TOJYYHTh BO3MOXKHO GoJiee «IpocTyio» 3ajgauy B,
B UYACTHOCTH, paclajalollyioCsi Ha psiJi aBTOHOMHBIX, XOpO-
IO H3YUEHHBIX, «CTAHAAPTHBIX» Noj3anay. C APyroi cropo-
Hbl, 3()(EeKTHBHOCTL TOHCKA pelleHHs 3ajaun B” B 3HauH-
TEJBHOH Mepe OmpenessieTcsi TeM, HACKOJbKO CJOXKHA cama
aTa 3ajaua.

6.2. [lpu cucTeMaTHYECKOM HCIIOJb30BAHUHM YKa3aHHOIO
OpHeMa JJsi pelleHHss Pa3HoOOpPas3HBIX JKCTPeMaJbHbIX 3a-
nad (B TOM YHCJe 3ajau MaTeMaTHYeCKOro nporpaMmMupoBa-
HUsI) 1esiecoo6pasHo pacrnosaraTh ycA08usimu, coOMIOACHHE
KOTOPBIX FaPaHTHPOBAJO GBI COTJIacOBaHHOCTb 3anay A u B.
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CJie[lyer TakKe OrPaHHUHTBCS PACCMOTPEHHEM Kiacca 3a7ad
rtuna B, ABYXypOBHEBas cXeMa pEILIeHHs KOTOPBIX I03BOJIS-
Jia OBl IIOJIyYaTh 110 BO3MOKHOCTH 60Jlee «IIPOCThbIe» 00J1aCTH
NOHCKa Y M «XOpOUIO BeLylIHe Ha HUX» (QYHKIHY [*(y). DTH
YCJIOBHSL  KeJlaTeibHO C(OPMY/IHPOBATH TaKHM 06pasom,
yTOGBI 06€CIeUHTh BO3MOXKHOCTh HX MPAKTHUECKOl TPOBEPKH
M yKa3aTb KOHCTPYKTHBHBIE NIPHEMBbl (DOPMHPOBAHHS 3a1ay
tuna B mo ucxonHo# sagaue A.

ITyctb 3anaun A 1 B TakoBbl, 4TO CyLIECTBYeT OJHO3HAU-
Hoe oToOpaxkeHHe o MHoxkecTBa X Ha MHOXKecTBO Y=Y u
BBINOJIHSIIOTCS CJIEAYIOILHE YCJOBHS @

1° F(x, ®(x)) =f(x) nnsa Bcex x€X;
2°. T(x, y) = (x) nas Becex x€X(y), y€Y;
3°. T*(y) <e¢(y) = min {f (¥, y) | x€o~1(y)} ans Bcex yEY.

[Mpeanonaraercs, uro ¢yukuus f(x, y) onpegesneHa Ha
XXY m nocTHraetT HaMMEHBIIEr0 3HAUEHHS HA MHOXKECTBAaX
X(y) n o' (y).

[TokaxkeM, UTO BEINOJIHEHHE yKa3aHHBIX YCJOBHI rapaH-
THPYeT COLJIaCOBAHHOCTh 3a4ay A u B.

O6o3naunm uepe3 X*(y) MHOXKeCTBO pelieHHd 3afaun B’
NpH (UKCHPOBAHHOM y (T. €. MHOXKecTBO Bcex x€X(y) ra-
Kux, uto f(%, y) =f*(y)). _

Ecan y€Y, x€X*(y) n y'=o(x), 10 [*(y)=f(x)=
=¢(y’) =7*(y’). HefictBurenbHo, no ycaoBHO 3° 3HAYCHHE
f*(¥")<9@(y’). Tlo onpenenenuio Hu ycJoBHIO 1° 3HaueHHe
ey) <f(x, y')=F(x, o(x))=[(x). Hakonen, mo ycJaoBuio
2° snauenmne [ (x) <<J (%, y) =J*(y).

[MokaxeMm, uto ecau [*(y) =f* u x€X*(y), To f(x)=[*
U 3HaueHue [*==[*. [lo ompeaesieHHIO H, COTJIACHO yCJOBHIM
1°—3°, nnst mpoussosbHOro X6X mmeem f(x) =f(x, 0(x)) =
=9(0(x)) =f*(o(x)) =f* Haz x€X*(y)_(npu ycnosum,
uro [*(y) =f*) nmeem fr=f*(y) =[(x) =[* (o (X)) =F* u,
cJe[loBaTesIbHO, 3HaUeHue [*=f (x) =f*.

HeTpyano nokasatp, UTO aHaJOTHUHBIH Pe3ydbTaTr MOJY-
yaeTcss U B TOM cJyudae, KOrja MHHHMYMBl B 3ajauax A u
B’’ ue nocrturarorcs. Ecan lim[* (y®) =f* u xMEX* (y®),

k—>oo

10 lim[(x®) =f* 3nauenne f*=F*.
R—>00

Takum o6pasoM, npu GopMHpOBaHHH 3amaud B 1o 3a-
JIaHHO# 3ajzaue A 10CTAaTOYHO OGECNEUHTb BHINOJHEHHE
ycnosuit 1°—3°. TIpu 3TOoM I0mycKaeTcsl CyLIeCTBEHHOE BH-
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NOM3MeHeHHe KaK LeJeBbiX (YHKIHH, TakK H MHOMXECTB
JONYCTHMBIX 3HAUCHHH NEePEMEHHBIX.

PaccmoTpuM 1Be npocrefiuwiue Kpaiisue cutyauuu, B
nepBOH M3 KOTOPHIX NPOHU3BOJAMTCS pa3bueHHe MHOXKecTBa X
Ha MOJAMHOXKecTBa 0e3 HM3MEHEHHs LeJeBOH (QYHKUMH 3a1a-
yn A, BO BTOpPOH UeJseBass (PYHKUUS BHIOU3MEHSETCS B
KaxXJ0# paccmMaTtpuBaeMoil Touke x€EX 6e3 mM3aMed€eHHUS] MHO-
x)kectBa X.

1. Tlycts X (y) =0~'(y) nas Bcex y&€Y=Y. B atom cay-
Yae u3 ycJoBHs 1° caelyeT BHIOJHHMOCTD ycJoBii 2° u 3°
Muoxectso X pasbupaeTcsi Ha NONAPHO Ilepecekalollluecs
noagmuoxkecrsa X (y), y€Y.

3anaua B’ COCTOHT B HaXOXK/EHHH HAHMEHbIIETO 3Haue-
uus f*(y) ¢yukuuu f(x) nHa muoxecrse X (y), y=const€Y.
Ilpu penrenuu 3anauu B” naxonum y B Y, KOTOPOMY COOT-
BeTCTBYET HaMMEHblIee 3HAUeHHe QYHKIHNH [* ().

JleKOMIO3ULUS HCXOAHOH 3aAauyl OCYLIECTBJsETCS He-
[OCPEJCTBEHHEIM pa30HeHHeM. MHOXKecTBa X HONYCTHMBIX
3HAYeHUH x Ha NOJAMHOXKECTBA.

2. Mycte X=Y, X(y) =X n o(x)=x* ana scex x€X
u y€Y. 3aech x* — HcKoMoe peuienne sagaun A. B sToM cay-
vae a5 Kaxjaoro x €X BbIGI/IpaETCH ¢yukuus f(x, x’), ynos-
JIETBOPSOILAS] YCJAOBHSIM 1° u 2°. 3agaua B’ COCTOMT B Ha-
XOXK/I€HHH HaMMEHbBIIEro 3HaueHus [*(x’) 3Toll (HyHKUHH Ha
MHOXkecTBe X. B samaue B” Tpebyerci MHHHMH3HPOBATH
f*(x) npu x’€X.

TaxkuM 06pasoM, B OTJHYHE OT INPEABIAYIIRro cJjaydyas
MHOZKECTBO JONYCTHMBIX 3HaueHHH X B 3azaue A He naMe-
HseTCsl, eJeBast Ke (YHKIHS MOXKeT H3MEHSITbCA IpH Iiepe-
XOJle OT OJHOH TOUKH MHOXKECTBA K APYTOH.

Pemrenne 3ajgaun A moJyuaercs B pe3yJbTate pelIeHHS
«IEMOYKH» 3a[au C Pa3/IHUHBIMH 1eJeBbIMH (PYHKIIHSAMHU, YTO
HabJofaercs, HanpuMep, B cJaydasX, KOrja IPOH3BOAUTCA
IepBOHAya/bHOE «OrpyOJeHHe» 1eeBOH (QYyHKUHA ¢ rocJe-
AYIOLIHM €€ <yTOYHEHHeM» [0 Pe3yJbTaTaM PelleHHs 3afalu.

Bo Bcex U38ecTHbIX Cxemax napaMeTPHUYeCKOd JEeKOMIO-
3HIMH 3a4au MaTeMaTHUYECKOro NpOrpaMMHPOBAHHS (CM.,
uanpuMmep, NpeAbAyIHi naparpag) BHIOJHICTCA YCIOBHE

3. o1 (y) =X (y) nns Beex y€Y
HJIH, UTO TO XKe€,

o

3°. ®(x)€Y (x) mas Bcex x€X,

2
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OTKyJa HENMOCPE[CTBEHHO CJEAyeT BHIIOJHUMOCTb YCJO-
pug 3°. 31ech Y (X) — COOTBETCTBYIOIIEe CEUEHHE MHOXKECT-
Ba Z.

ITokazkeM, UTO AJis BBIOJHHMOCTH yC/JIOBHA 3° BBINOJIHH-
MocThb ycsioBusa 3° (3°,) He sBAseTCsT HEOGXOAMUMOIL.

PaccMOTPHM CJIEAYIOUINE IPHMeEp.
3agaua A:

[(x) =max (1/x1, 1/x2) 4+x1+x>—>min,
X={x= (xl, XQ) I 1<X1<2, 1<XQ<2}

3anaua B:
F(x, y) =y+x1+x,,
Z={(xy) | 1<u<2, 1<0<2, y<<l, xiy=1, xoy=>1,

—0,75x14+x2+y=1}.

3aecb o (x) =max(1/xi, 1/x2). OueBHAHO, BHIIOJIHSIIOTCS
yeaosus 1° 1 2°, ITokaxeM, YTO BHIIOJIHSIETCS H ycaoBHE 3°.
HeitctButenbho, @(¥) =min {y4x1+x |1 <61 <2, 1<, <<
<2, max(l/x, 1/x:)=y}=y+2/y u touka (xi=1/y,
X2=1/y, y) npu 1/2<y<1 npuHaiNeKHT MHOKeCTBY Z.
CunenoBaTesbHO, 3aiaun A ¥ B sIBJSIIOTCS COTJ1aCOBAHHBIMH.

B To Xe Bpems cyllecTByeT, HapUMep, NpH ;=1 Touka
¥'=(x1=2, xo=1), rakas, uro x’6o~'(1) u x"¢X(1).

6.3. PaccmoTpum rexkoropsle ocobenHoCTU napamerpuyec-
Kol dexomnosuyuu 300a4 MATEMATUYECKOZO NPO2PAMMUPO-
8AHUA.

Bynem npeanosiarate, uro muoxkecrsa X, Y u X(y) onu-
ceiBaroTcest HepaBeHcTBaMu G (x) <<0, O (y)<<0u G (x, y) <<0
CoOTBeTCTBEHHO. BekTop-¢yukuuu G, @ u G npeamnosaraior-
CS HENPepLBHBIMH HA COOTBETCTBYIOIIMX MHOMKECTBAX,
a QyHKIus | (¥, y) LOCTHTAET CBOEr0 HAHMEHDBIUIErO 3HAUEHHS
Ha KaXJ0M 3aMKHYTOM IOJIMHOXKeCTBe MHoxkecTBa X, y€Y.

Hcxonnast 3afgaya A COCTOUT B MHHHMH3AUUd (DYHKIHH
[(x) mpu G(x)<<0, 3agaua B’ — B HAXOXKIEHHH HAaHMEHb-
Iero sHauenus f*(y) ¢yuruuu j(x, y) npu G(x, y) <0,
y==const. Hakonen, B 3agaue B” TpebGyercsi MHHHMH3HPO-
BaThb Qpyukuuio f*(y) npu @ (y) <0.

paccmaTpuBaeMom ciydae ycjosus 1°—3° uesnecoo6-
Pasno c¢opMynnpoBaTh B HECKOJbKO HHOH, XapaKTePHOH
sl MaTeMaTHYECKOr0 NPOrpaMMHPOBAHHSI TEPMHHOJIOTHH.

ITo-npexxuemy 6ymem npemosarathb, 4To CyIIECCTBYET O~
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HO3HauHOE OTOOpajKeHHe » MHOXKecTBa X BO MHOXKECTBO Y,
IJisi KOTOPOro BHINOJHsIeTCsl ycaoBue 1°, T. e f(x, o(x))=
=f(x) mns Bcex x6X. IlorpeGyem, 4TOOBl, KpOMe 3TOro
YCJIOBHS, BBINONHSIACH C/IEAYIOULHE YCTOBHS.

4°. Ecan (D( ) <0, To cucrema G (x, y )<0 coBmecTHa,
u ecan G (x/, y') <0, To G(x’ )<O H f(x y')=F(x

5°, ECJIH G(x )<KO0 1 y=o(x ), TO (D(y)

w o f(x, y)<f(x IJiSI  HEKOTOpPOTrO X, TaKoro, '—ITO
G(x, ) <0.

IIpu BuimosiHeHun ycjoBuil 1°, 4°, 5° peuienne samaun A
MOKeT ObIThb NMOJYYEHO B pe3yJbTaTe pelleHHs 3ajxaun B”.
B cBoio ouepeip NmOHCK pemeHHsi 3anaud B” tpebyer, kKak
DPaBHJIO, MHOTOKPATHOTO pelleHus 3aiaun B’ npu pasiaunu-
HBIX (PMKCHPOBAHHBIX 3HAUEHHSX Y.

ONMH M3 eCTeCTBEHHBIX €nocobos gopmuposanus sanau

’ u B” no 3ajaHHOH HCXOJHOH 3amaue A MOKET ObITb OIH-
caH cjeaynoumuM o6pasom.

ITycte G(x) =(g1(x), g2(%), ..., @m(x)). O6o3nauum
f(x) yepes go(x). Kaxnywo dyukuuio g;(x) (BKaouasi GyHK-
UHUIO Zo (X)) MpeiCcTaBUM B BHAE CJOXKHOH (QYHKIMHU g;(x) =
=TI (01, ©i2, ..., @iy;) TPOMENKYTOUHBIX [apamMeTpPOB
0ij=0ij(X).

O603HaUUM MHOMKECTBO BCEX (PasJHUHBIX) (yHKIHH 0

uepes Qo={ow:|k=1, po}, rne k==~k (i, j) — HOMED DYHKUHH
®;j BO MHOXKecTBe Qo.
Ilycts Q — npousBoJbHOE NMOAMHOXKECTBO Qo. [ast ompe-

nenenHoctn Gynem noJsarath Q={wx|k=1, p}. BoiGop Q
3a/laeT HEKOTOpPOe OTOOpaXKeHHe o MHOXKecTBa X Ha MHOXKe-
CTBO Y, mpu KOTOpOM Touka x€GX 0T06pax<aeTcs1 B TOYKY
y= (Y1, Y2, ..., yp) =0 (x) = (01(x), 02(%), ..., 0p(x)).

Beenem B paccmoTpeHHe (QYHKIHH gz( y)="Ti(za,

282, ooy Rivi), i=0, m, The 2i;=wx(X), ecan k=~k (i, j) >p,
1 2ij=Y, B IPOTHBHOM CJIyuae.

@opmupoOBaHHE BCIOMOraTe/]bHOH 3azaun B nposenem
3aMeHOH 1eJeBOH (YHKIMH M BCEX HJH YacTH OrDAaHHUCHHH
HCXOJAHOH 3aflaud HEKOTOPHIMH HOBBIMH OTPAHHYEHHSIMH.
Paso6bem muoxkectso unaekcos {0, 1, ..., m} Ha ABa MOJ-
MHoxkectBa [ u [, npuuem 06/, u HeoGs3aTenvHo [, .

B kauectse mesneBodl ¢yukuuu f(x, y) B 3axaue B npu-
MeM ¢yukunio Go(X, y), a B KadecTBe OrPaHHYEHHH
8i(x, y) <O upu i€/;\{0} u gi(x)<<O mpm i€l,. IIpu sTOM
ecau cpenu ¢pyukunit §;(x, y), i€/, cymecTByoT HeyOnBao-
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mue 1o y (YHKUHH, BBOAHMM [ONOJHHTEJNbHOE OrpaHHYeHHE
o(x)—y<<0, a nas xaxporo i€/, —orpanudenue g;(x)—
—gi(x, y) <0, ecin ¢ynkuus g;(x, y) HE SIBJASETCS MOHO-
TOHHO BO3pacTalollel 1o y.

DYHKIUH, CTOSAINHE B JIEBBIX YaCTIX OTPAHHUCHHH 3a-
naud B, 0OBIYHO MOXKHO Pa3feJuTh Ha ABe rpynnsl. K nepsoi
rpymie OTHOCATCS T€ H3 HHX, KOTOPble 3aBHCSAT TOJBKO OT
napamerpa Y, a Ko BTOPOH — ocTaJbHEE. B pesynabrare 3a-
nauy B MoXxHO mpencTaBHTb B BHIE [ (X, y)—-min npu orpa-
nuuenusix G(x, y) <0 u H (y) <0.

ITycte HepaBeHcTBa Q(y)<<0 oONHCHIBAIOT ilepeceueHue
MHOKECTBA 3HAUEHHH mapamerpa Yy, YAOBJETBOPAIOIIUX He-
pasenctBam H (y) <<0, c mpoeKuHeH MHOXKeCTBa, onpeneJse-
moro HepasenctBamu G (x, y) <<0 Ha R?.

Paccmorpum HepaBeHctBa @ (y) <<0, ymoBseTBopsiollne
yeqaoBusaM: ecan Yy (X), To ®(y) <0, u ecaun @ (y) <0, T0
Q(y) <0.

Torga sagaua B’ mpexncrasuma B BHIE [ (X, y)—min 0pu
G (x, y) <0 u QuUKCHPOBAHHOM 3HAUEHHH Yy, a 3ajaua B” —
B Bujie [*(y)—min npu @ (y) <0.

ITokaxeMm, 4TO MOJYYeHHble TaKuM o6pasoM 3amaun B’
1 B” ynosaersopsitor ycaosusim 1°, 4°, 5° (cJegoBaTelbHO,
u ycaoBusm 1°—3°).

JeficTBUTENIBHO, O TIOCTPOEHHIO ® (X¥) — OTOOpaXKeHue
MHO)ectBa X BO MHOXecTBO Y u [(x, o(x))=f(x) ana
Bcex x€X.

Ilyere @ (y’)<<0. Torma Q(y’)<<0 u, caenoBaresbHO,
cucrema G (x, y') <O cosmecrna. Ilycts G (x’, y’) <0. Tor-
na, oueBHAHO, gi(x")<<O0 naas Bcex i€l,. Ecam cyuiecTByer
HeyGbiBarownasi o y ¢yukuus g; (x, y), 61\ {0}, To g; (x") =
=gi(x, o(x))<<gi(x/, y)<<0, MOCKOJIBKYy B CHCTEME
G (x, y) <0 comepxurcsi orpanuuenne o (x)—y<<0. Haxo-
Hel, ecau ¢yukuus g;(x, y), i€/,\{0}, He sABasiercs MOHO-
TOHHO Bo3pacTarlled mo y, 1o gi(x’) <gi(x’, y’) <0. Ana-
JIOTHYHBIM 06pasoM y6exkgaeMcsi B CIIPaBedJHBOCTH COOTHO-
wenns f(x') <f(x', y').

IMycrs G (x’) <0 uny’=o(x"). [To nocrpoenuio @ (y") <0
M JoKkazanHoMy Bblle cuctema G(x, y') <O cosmecTHa.
B paccmarpusaemom cayuae G(x/, y’) <0, 1. ¢. o7 l(y) =
=X(y), u, caenosatennHo, f(x, y’) <f(x’) At HEKOTOPOTO
X, TaKOro, UTO G (x, ¥') <0. B 4acTHOCTH, MOXKHO IIOJIOXKHTb
X=x".

Takum o6pasom, suinoansiiores: yeaosust 1°, 4°, 5° n Tem
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CaMBIM HMEIOT MECTO NPHBEICHHBIE DaHEe YTBEPHKAEHUS OT-
HOCHTEJIbHO B3aHMOCBSI3H HCXOLHOH 3a1aun A H MoJyuaeMbIX
3agau B’ u B”.

6.4. YcraHOBHUM ycaosus (K6Q3U)B6INYKAOCTU UeAesblx
pynkyuil u svinykaoctu donyctumelx obaacreii 3agady B’ u
B” B 3aBHCHMOCTH OT CBOHCTB 3a1aun A.

ITycts X=R", Y=R™, Y — npoekuus Z=X XY ua R™,

Ecin Z — BbImyK/I0€ MHOXKECTBO, TO €ro mpoekiius Y Ha
MHOXecTBO R™ u jio6oe ceuenue X (y), y€Y, oueBHIHO, BbI-
MYKJIBL.

ITokaxewm, uto ecau yHkuus f(x, y) BbIOyKJIa Ha (BbI-
IyKJOM) MHOXecTBe Z, TO pYHKUHS [*(y) BBIIYKIa HA MHO-
KecTse Y.

HefictButenbHo, nycte yO, y@AEY, wunmcao 0<<a<l,
y=ay®+ (1—a)y®, xDEX (y®), @EX (y@), x= x4
+ (1—a)x®. TlockoJbKy Z — BBIIYKJI0E MHOXKECTBO, TO
(x, y)€Z, Y — BBIYKJOE MHOMKECTBO H, CJEL0BATE/bHO,
yeY, X(y ) — BBINYKJIOE MHOXKECTBO M, CJEAOBATeNbHO,
x€X(y). Vimeewm F(x, y) <of (¥, yO) 4 (1—a)F (x2, y‘”)
HMockoasky [*(y) =min {f (¥, y) |[*'€X(y)}, 10 F*(y) <
<a/*(y) + (1—a)[* (y?).

AHaJIOTHUHO MOXKHO MOKAa3aTh, UTO ecau PYHKUH | (X, y)
KBa3WBBINYKJa Ha (BHIMYKJIOM) MHOXKecTBe Z, TO (hYHKLHA
[*(y) KBasHUBBHIIYKJa HA MHOXKeCTBE Y.

Takum o6pasom, eciu 3amaua B sBJasercss 3agauedl BbI-
IYKJOro NporpaMMupoBaHusi, To 3anaud B’ u .B” takxke
3a7lauf BBIJYKJOrO MpPOrpaMMHPOBaHHs, e€cJHu 3ajaya B —
3a/laua MHHHMH3alHH KBa3UBBINYKJIOH (YHKIUH B BBIIYKJOH
o6JaacTtd, To M 3azaun B’ u B” siBasioTcs 3aiavyaMud MHHH-
MHK3alliH KBa3HBBIMYKJBIX (DYHKUHH B BHIIYKJABIX 00/1aCTSX.
B uvactHocTH, eciu B — 3amaua JuHeHHOrO NporpaMMHpOBa-
HMs, TO 3amaud B’ — Takke 3agauyd JHHEHHOTrO Nporpam-
MHPOBaHHs, a B” —3agaya MHHHMH3ALHH BbLINYKJOH
(KycOUHO-THHEHHO!) (YHKILHH NPH JHHEHHBIX OTPAHHYCHHUSIX.

Byaem roBopHTb, UTO MHOXKECTBO Z BBINYKJO IIO Y, €CJH
nas gmobeix  (x, yD)EZ, (x, y@)EZ, 1 O0<<a<<l TOUKA
(%, ayP+4(1—a)y®) €Z.

Ecau MHO)KecTBO Z BrnykJo 1o y u X (y0) N X (y®) #=IJ
aas ao6ex Yy, y*EY, To MHOXKecTBO Y AB/ACTCS BHIMYK-
JIBIM.

HefictButennto, nyctb yb, y€Y. Ilo ycaosuio cymecT-
ByeT x6X(yM) NX(y®). Caeposarensuo, Touku (¥, yW),
(x, y®)€Z. TlockoabKy Z BBIIYKJIO 0[O Yy, TO TOUKA
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(x, ayV+(1—a)y®)€Z npn mobom 0<<a<<l. Cregosa-
teabHO, XEX (ayM+ (1—a)y®) u ay®+ (1—a)yEY.

[IpakTHYE€CKH BO BCEX H3BECTHLIX CXeMax mapameTpuue-
cKOIl IeKOMIIO3HIHH 3aau MaTeMaTHUECKOTO MpOrpaMMHUPO-
Banus ycjosHe X (y) N X (y*) 7= Bomosinsgercd npu Beex
yM, y@eY. Tem caMbiM 115 TOTO YTOGB! rapaHTHPOBATH Bbi-
yKJOCTb MHOXKECTBA Y, 10CTaTOYHO 06eCNeunTh BEITYKIOCTh
MHOKeCTBa Z 1O Y. '

6.5. B 3ak/1i0ueHHE OTMETHM, UTO PACCMATPHUBAEMbIE 3/1€Ch
BOMPOCH HMEIOT €CTECTBEHHYIO HHTEPNPEeTalHi0 B TEPMHHAX
MaTEeMaTHUeCKOH TEODHH MHO20YPOBHEBbLX UepapxXUteCKux
clucTem YynpagaeHus,

JleficTBUTEJBHO, paccMaTpuBas 3agauy A Kak rjo6asnb-
HYIO ONTHMH3ALNOHHYIO 3aauy, CTOSLYIO0 Nepej ABYXYPOB-
HeBOH CHCTeMOH yNpaBJeHHS B LEJOM, B pe3y/bTaTe ee ma-
paMeTpU4YecKol MNEKOMIO3HLUH IoJydaeM, BooOILe TroBOpS,
HEKOTOPYI0O COBOKYIHOCTb JIOKAJbHBIX OITHMH3aIlHOHHBIX
3anau tuna B/, Koropele MOTyT OBITh IIOCTABJIEHBI MEPE], JIO-
KaJbHBIMH peLIAIONIUMH 3JeMEeHTaMH HHXKHEro ypOBHS CH-
CTeMB! YIIpaBJCHHSI.

Kouxpernblil BHJ 3amaun tuna B’, cTosinuil mepen orT-
JIeJIbHBIM pelIaoIINM 3JIeMEHTOM, 3aBUCHT OT KOODAHHHPYIO-
Ilero CHTHaJja Y, BblpabaThiBaeMOTO PEIUaoHM 3JeMEHTOM
BEpPXHero ypoBHsi (koopauuatopoM). KoopauHALHS MOXKET
OCYIECTBJSITECSI H3MeHeHHeM Kak liesel, Tak H OorpaHuye-
HUH.

3anaua KOOpAHHATOPA COCTOHT B BBIpabOTKE TAKOrO KO-
OPAHHHPYIOLIEro CHrHaja y*, NMPH KOTOPOM (B pesyJbTaTe
peleHnsl COOTBETCTBYIOLINX JOKAJIbHBIX 3afa4) OyaeT Bbipa-
00TaHO HCKOMOE yIpaBJsiollee BO3AeHCTBHE X* U TEM CaMbIM
JIOCTHTHYTa TJo6anbHas 1e/b YIpaBJeHHs. BHIIOJHHMOCTD
yeaoBui 1°—3° rapanTHpyeT Tak Ha3biBA€MYIO KOOPJAHHUPYe-
MOCTb IVI06aJIbHOH H JIOKAJbHBEIX LieJiell yNnpaBJeHusl.



7. TEHEPALMUS CTONBLOB

B nanHoM nmaparpade onmHChIBarOTCSI METOAB! J€KOMIIO3H-
LMK 3a/lady JIHHEHHOTO NPOTPAMMHPOBAHHS, B OCHOBE KOTO-
PBIX JIEXKHT JOCTATOUHO NPOCTAsA UALSI—TIIOJyyeHHe CTo16110B
MaTpHIbl OTPaHHYEHHUH, HEeOOXOAHMEBIX B INPOILECCE pPeLIeHHs
fosbliepasMepHO 3a4aul, MyTeM peuIeHHs] BCIOMOTAaTeJNb-
HBIX 3aJau MeHblIleHl pasmepHocTH. [Ipenmosaraercsi mpen-
BapUTEJbHOE O3HAKOMJICHHE YUTATE/sl C MaTepHAIOM, H3JI0-
JKEeHHBIM B naparpade 3.

7.1. [Tycts nana 3adaua AUHEEHO20 NPO2PAMMUPOBAHUS,
3alMCaHHas s ONPEeLeJeHHOCTH B KaHOHHUECKOU ¢dopme

(¢, x)—min, (1)

Ax=b, (2)

x=0, (3)

rie A= (A4, A, ..., Ap) — marpuna pasmMepuocTu mxn

C 3JIeMeHTaMH @;j, (=1, m, j=1, n; A; — cT0161B 3TOH

MaTpHUbl; X= (X1, X2, ..., Xn), c=(C1, Csy ..., Cn), b=

= (b1, bs, ..., bm) — BEKTOpBI yKa3aHHHX pa3MepHOCTEH;
m<<n, b=0.

ITpencrapum 3anauy (1)—(3) B BHRE

(¢, x)—>min, (4)

A x=p(), (5)

A x—pM), (6)

x=0. (7)

3nech A p A — MaTpHIBI Pa3MEPHOCTH Mo X1 U My X1,

bH© u b() — BeKTOPHI Pa3MEPHOCTH Mo U M; COOTBETCTBEHHO;

mo+m1=m.

[IpeanosioKuM, 4TO MHOTOTPaHHOE MHOKecTBO X, ONHCHI-
BaeMoe ycJoBHSAMH (6)—(7), SBJSETCS OepaAHUUEHHbIM.
O6osunaunm yepes xM, x® . x(T) pepIIHHB MHOTOrpaH-
nuka X. HMcnoabsysi teopeMy O NpEACTaBJE€HHH MHOrorpas-
HHKa, MOXKHO 3aIHCaTh

T T R
x= X3 zix, 3 =1, =0, t=1,T,
t=1 t=1
nasi a1000# Toukd xGX.
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Iloacrasass nocienunee soipaxkenne B (4) u {9), ucxon-
HYIO 3a/1auy MOXKHO IIepPENHCaTh B BHJE

T

2 612i—min, (8)
==1
T
2 Pizi=00), (9)
=1
T
tZl =1, (10)
2>0, t=1, T, (11)

rae or=(c, x0); P,=AOx® =1, T.

[Tonyuennass 3anaua skBHBaJjeHTHa 3anaue (1)—(3)
B TOM CMBICJI, 4TO €cau (2%, 2%, ... , 2% ) — ee pelIeHHue,
TO X*= Z ) x(f)—pemeﬂne sagaun (1)—1(3). 3amauy

=1

(8)—(11) O0OBIYHO HA3BIBAIOT 2-3adauell. B orivume OT HC-
XOJHOH OHa COJEpPXKHT MEHbIIee UHCJIO OrpalHueHHi —
(mo-+1), HO YHCJO NEpPEMEHHBIX 2; (paBHOE YHC.y BepLIMH
MHororpaHHuka X) oOBUHO BeJHKO. HenocpejpcTBerHas
3allUCh 2-3a/laUH CONPSIKEHA C BHIUHCJEHHEM KO3(pGhHLHEH-
TOB 0; L[eJIeBOH ()YHKUHH H BEKTOP-CTOJOLOB P; orpaHHue-
HHH, YTO B CBOIO ouepelp TpebyeT 3HAHHS BCeX KpallHHX
TOYEK MHOTOI'paHHHKA X.

7.2. TIpuwmep. Paccmorpum 3agauy

(¢, x) =—3x;—xo—-min,
AOx=292x,4+x,< 14,
AWy — { Yt <8

X1—Xx2 <6,
x1=0, x:=0.

Muororpannnk X rpaduuecku nokasax Ha puc. 7.1. Bep.
WMHEl 3TOTO MHOrorpaHHHka: xM= (0, 0), x@= (6, 0),
*®= (7, 1), xH=(0, 8). Jlobyio ero TOUKy X== (X1, X2)
MOZKHO IIPEJICTaBHTh B BHJE

4 4
x= 2 zix®, 3 z=1, =0, t=1, 4,
=1

t=1
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HJIH
X1 =021+622+723—l—024,

x2=021—f—022—{—123—l—824,
21t22+23421=1,
21=0, 2:=0, 23=0, 2:,=0.

IloacraBnssl mosyueHHble BBIpAXKEHHS B liesesylo (QyHK-
LU0 H IepBYyl0 TPYNIy OrpaHHYeHHH, mojayuaeMm z-3agady:

02;—1829—222;—8z4,—min,
02141229+ 1523+8z4 << 14,
2i+2:t+23+21=1,
21=0, 2:=0, 2;=0, 2,=0,
HJIM B KAHOHHYECKOH (opme:
0z;—182:—2223—824+0z5—min,
02141222+ 1523-+8z4+ 125 =14,
21+22+23+24+0z5=1,

21=0, 2:=0, 2:=0, 2:>=0, 2:=0.

Snauernus 0;=0, 0.=—18, 06;=—22, 0.=—28, 05=0,
BEKTODLI p1=(0), P2=(12), P3=(15), P4—_—(8), P5=(1)
B janHOM npuMepe 2-3a7auy 0Ka3ajoch BO3MOXKHBIM 3allu-

- caThb B SIBHOM BHJE, IOCKOJb-
z Ky YHCJIO BEPIUHH MHOTOTPaH-
(2,9) HHKa X HeBeJHKO.

7.3. MeTon HJH, TOUHEE,
meTodbl 2eHepayuu croabyos
/' OCHOBaHBI Ha TOM (akKTe, UTO

I IpH pelIeHHH 2-3a1a4Yd Ka-
/'// /, KHM-JTH60 KOHEUHBIM METOLO0M
i (nanpuMep, MOAHGHIHPOBAH-

HEIM CHMIJIEKCHBIM METO[0M)
, g 1) OCYILIECTBJSICTCS LieJIeHanpas-

Puc. 7.1. MHororpauuug X
(99) GUE
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JIeHHbI# mepe6op BepLUMH MHOTOTPaHHOr0 MHOXKECTBA, Ompe-
feasieMOro orpaHHueHHsIMH 3TOi 3amaud. Kaxknas BepuinHa
COIEp:KUT He Oosee mo+ 1 MONOKHUTENbHBIX KOMIOHEHT Z¢
(ocranpHbie 2¢==0) u el comocTaBisercss maTpuiua Gasuca

Q, comepxawmas mo-+1 croabuos BuAa Pi= <P1t) [Tpn

nepexojie OT ONHOH BEpPIUMHBl K APYrofl B Matpiuie Q OAHH
H3 BEKTOPOB P;, CKaxeM P, 3aMellaeTcsi HOBBIM BEKTO-
poMm Prp.

Ecau M3BeCTHbI MaTpHla 6a3uca @ H BEKTOp P, TO BHI-
6op NOAJIEKAILEro 3aMELIeHHIO BeKTopa P,, KaK yie OoTMe-
yaJioch B naparpage 3, He BBI3bIBaeT OCOOBIX 3aTPyAHEHHH.

HHaue 06CTOHT J€JO c ompefeseHHeM BekTopa P, Caenys

0OBIYHOMY INOPAAKY, HeoOXOoAMUMO AJst Bcex {=1, T BbIUHC-
JIUTH BeJUYHHBI At=0t——(05, Q~'P;), rne 05 — BEKTOp KO-
appuunenTos ueneBolt ¢yHKuuuH (8), cooTBETCTBYIOIUIT
MarpHue 6asuca Q. B kauectBe & MoxeT Oblth BbIGPaH
Jo60f uHAekc i, npu kKotopom A;<<0. B wacrtvoctH, ecau

At.=min {A:|t=1, T} <0, T0O MOKHO TOJIOKHUTb R==1".

ITokaxem, 4To 3HaueHune A;, MOXKeT OLITH OIPeACJEeHO
B pe3yJbTaTe peIUeHHsI HEKOTOPOH 6cnomoearessroi (A0<
KQAbHOH) 3a0a4u AUHEiH020 NpoZpammuposanus. Beipaxas
A uepes napamerpsl 3afaun (4)—(7), umeeM

Av=01— (05, @'Pi) =0—(05Q", Pr) =01— (A, Pi) =)=

= (¢, x0) — (AA©), x)) =A== (c—AA©) x)—),

rie (A, &) =05Q~' — BeKTOp 3HAUCHHIl IBOHCTBEHHLIX Tepe-

MeHHBIX 2-3ajaun (A coorBercTByeT orpanuuenu:o (10)).
CuiefoBaTeNbHO, [JIS ONpEeNeJeHHsT 3HaueHus A AocTa-

TOUHO BbUHCAHTE min {(¢c — AA©®, x®)| ¢t =1, T} nam
(ncmosib3ysi cootHollenne (6) u3 maparpacda 3 W yuuThIBasd,

uto x®), t=1, T,— Bepwuns MHororpannuka X) min {(c—
—AA©), x) |x€X}, 1. e. pelwuTh 3aauy JHHEHHOrO MPOrpam-
MHUDOBaHHs BHLA

(c—AA©®, x)—min, (12)
AMx=pM), (13)
x=0. (14)
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[Tyctp x*) — peurenne atoit 3afaun, g= (c—AAY), x*) —
ONTHMaJ/IbHOE 3HayeHue LeseBo# ¢yHkuuu. Ecam g<<A, 1o
HCKOMbIH BeKTOp Pp=Ax®) 3nauenue or,=(c, x(*)) u
MOXKHO TEpPeXOAHTb K ONepPaluH BKJIOUEHHSI BEKTOpa
_ P,

Pp= ( 1 ) B 6asHuc.

Ecin g=), To mojyyeHHOE HA [JAHHOM LIare pelIeHHe
Z-3ajlaun sBJsieTcss UCKOMBIM. OHO cojep:KuT He GoJsee
Mo—+1 NMOJOKHUTEJbHBIX KOMIIOHEHT 2; ([ ONpefesNeHHOCTH
2y Lz, ., ), ocTanpHble 2;=0. 3Hasi BepUIHHBI
1 2 mo+1

) (@) (GRS
0
x X o, X MHOTOTpaHHHKa X, peleHHe HCXOj-

- ’
Ho# 3ajaun (1)—(3) MOXKHO 3amucaTb B BHIE X*=

me+1 . (l
=22"x .

=1 )

Takum 00pas3oM, 3Hasi HEKOTOPBIA HCXOMAHBIH Gasuc z-3a-
Jaun (B HEBBIPOKIEHHOM cJyuae mo—+1 JHHEHHO He3aBHCH-
MBIX CTOJIOLOB P;) H COOTBETCTBYIOLIHE 3HAUEHHT Of, MOXKHO
chopMysHpoBaTh JoKaabHYIO 3agauy (12)—(14). B pesyas-
TaTe ee PelleHHs] MOXKeT OBbITh OllpeJiesieH HOBBIH cTogsbel Py,
nojJiexXalinil BKAKOYEHHO B 6asHc, JHOO yCTAHOBJIEHA OITH-
MaJIbHOCTb paccMaTpHUBaeMoro 6a3WCHOTO peLIeHHs 2-3a-
jaun.

HMHbiMH cjoBaMy, TPOIECC peLIeHHs 2-3aJaud MOXKeT
OnITh OcyllecTBIeH Ge3 3alHuCH ee B SIBHOM BHAS HJH, UTO
TO Ke, Ge3 3HaHHs BceX BeplUnH MHororpaHHuka X. Jlocra-
TOUHO Ha KaXXJIOM Inare uMeTb Habop H3 Mo-+1 BepuUINH
(BMecrto Bcex T BeplInH MHOTOTpaHHHKa X) 4 IIPH HeoO-
XOJIHMOCTH 3aMEHSITb OJHY M3 BepPLIMH B PacCMaTPUBAEMOM
HaGope HOBOH, reHepUpPyeMOHl B pe3yJbTaTe DPelIEHHs JIO-
KaJbHOH 3ajaun (12) —(14).

Onucanuasi npoyedypa pewenus 3a0a4 AUHEIHO2O NPO-
2pamMmMuposarus CXeMaTHUeCKH IpejcTaBJeHa Ha puc. 7.2.

74. TIpumep. B KauecTBe HCXOLHOH MaTpHilbl 6asuca
2-3a71aud, C(OPMYJIHPOBAHHON B IpUMEpe II. 7.2, eCTECTBEHHO

_ _ 01
BHIGpaTe Martpuny Qi==(Pi, Ps) =(1 Oi)’ BEKTOpP OF ==

= (0, 0). OTmeTHM, 4TO 3TOT BBIGOP MOT Obl OBLITH OCYyILE-
CTBJIEH H (€3 3alHCH 2-3aJayHd B sIBHOM BH]JE.

HNmeem (A, M) =061@1_1=(0’ 0), A=0, A=0. Cchopmy-
JHPYeM JIOKaJbHyI0 3afauy (12) —(14):
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(c—AAO, x)=(c, x) =—3x1—x—>min,

X1 +x2<\ 81

Ay = {
X1—x2<6,

x1=0, x2=0.

Ee pelienneM sBJsercsi BepwmnHa x®=x®)= (7, 1), 3ua-
ueHHe 1eJeBoH QyHkunn paBHo —22. ITockosmbky —22<C
<A=0, To B MaTpuue 6a3uca Q; cjAeAyeT 3aMeHHTb OJUH

_ _ Ps\
U3 CTOJOLOB HOBBIM CTOJOILIOM Pk=P3=( 13), rae P:=

=A0xG)=(15). 3nauenne o,=0;= (¢, ¥)=—22. Ho-
BHIfI cTos16el P, M COOTBETCTBYIOLEE 3HAUEHHE O IOJYUYEHBI
6e3 3alllCH 2-3aJlaul B SIBHOM BHJE.

OOGBIUHBIMU [J11 CHMIIJIEKCHOTO METOAA pacCyKIAEeHHSIMH
OPUXOJUM K 3aKJIUEHHIO, uTo M3 6a3uca Qi HeoOXOAMMO
ynanuth cronaben Ps. B pesysbrare mosyyaeM HOBYIO Mart-

015
1 1,), 052=(O, —22).
HenocpeacTBEHHO MJIM HCIOJB3YSl NPHBEAEHHHIE B 1. 3.2

priy Gasuca Qz= (P, Ps) =(

(¢, x) -~ min
A0y — p(0)
A“)x:b(”, x>0

3otz ~ min

Y

SPize = b0, Szp =1, >0

0 . Y
(¢ —AA®) | x) > min A, A, 2 —
Ay —pD x>0 B Basuc Q, Bekrop og
A
szA(O) *®)
(c—AA®, x®)y >y ||———— 5> Bxmouenne P, B Gasuc
or=(c, £{™))

Ja

Y

D l

Puc. 7.2. Cxema resepaiuu CTOJNOLOE
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naparpada 3 Qopmy.bl, HaxomuM Qs @ = ) . Nve-
— 0
15
= 22 22
M(AN)=0_Q' = [—=2,0), A=— 22, A=0.
Qs 2 15 15 ’
JloxanbHast 3ajaua 3aNHCHBACTCS B BHJE
1
x1+ x2—>mm
x1—|—x2<8,
X1—Xx9<<06,
X1>O, XQ}O.

Pemennem 3To#t 3amaun siBaserca x®=x2)= (6, 0)

. 6 6
3HAUEHHE 1IeJIeBOH (PYHKIUH — 5 ITockoabry — Tg<7»=0
TO B MaTpuue Q CJeiyeT 3aMEHHTb OAHH H3 CTOJIOLOB

o PyY\
CTONOLUOM Pr=P,= ( 12), rae Po=A®x® = (12). 3na-

yeHHe 0p=0s== (¢, x?)=—18. Umeem Q3= (P;, P3)=
1
_1 5
12 15\ =4 3 4 2)
_ VA, A =[——=, — 7).
(1 ) Q= I ( ) ( 3 )
3

JlokanbHas 3ajauya 3alluCbIBA€TCs B BH/EC

— — X1+ xo—>min,

3
x1+x2 <8)
X1—X2<<6,

X1>O, X9 =0.

PemenneM 370l 3amaun sBJasiercsi BeplinHa x(F)=x@=
= (6, 0), sHaueHue 1eJeBoH QyHKIHH —2 U —2=A. Cue-
JloBaTeJbHO, @3 — Marpuia 6asnca, COOTBETCTBYiOLlasi OI-
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— )—-1H(1) —
THMaJbHOMY TJaHy z-3afaun. Vmeem (2%, 2%)=Q3;'0"=

=(._1_ %) ¥®=(6, 0), x®= (7, 1). Snauenne x* =

3 b

1 2 2 1 2 2
— e o . = — * = —— — —_— ——
_36-1—3763,162 30—[—31_’3.

7.5. TlepefiieM K pPacCMOTPEHHIO CHTYaIlMH, KOT[A MHO-
JKeCTBO X ABJsIeTCsl Heoepaxuyennvim. Ilycte xM, x2) .|
x(T) — BepIIHHBL, a x(T+) x(T+2)  xTr — ganpapJswolIne
BEKTOPbl HEOTPAHHUEHHBIX pebep 3Toro MHoxkecTsa. HenoJb-
3ysi cooTHOIleHue (5), nmpuBejeHHoe B maparpade 3, z-3a-
Jauy MOKHO 3allHCaTh B BUJE

Ty

Z} 0:2;—-min, (15)
=1

Ty

2, Pt2t=b(o), (16)

t=1
T, .
Z gi2t=— 1, (17)
=1

=0, t=1, T, (18)

rie e;=1nput=1,T u e,=0 npu t=T41, T\.
[
3nauenne A;= (c—AA©), x®) —¢g,\, BexTOp Pr= ( P )

&¢
t=1, T..
Ecaun npu pewenun JokanapHoH 3amaunm (12) —(14) wmu-
HHMyM AOCTHraeTcsi B BepumHe x*), 710, oueBHAHO, A=As

aas Beex t=1, T. Tloxaxewm, uto A;=0 nnag mcex =

=T+1, T,

HefictBuTenpHo, mycTb Aq<<0 mnpu HexoTopoM T-+1<
<g<<T; n x'=xP)4ux(?) — HeorpaHHueHHOE PeOPO MHO-
KkectBa X (x(») — pepumna X). Ilockoabky &,=0, TO
(c—AAO) x@) <0 u (c—AA©, x’)—>o00 mpu p—oo. [Toay-
1aeM NPOTHBODPEUHe.

Takum oGpasom, B Tekymui 6asuc caeqyeT BKJIOYHTDH
BEKTOp Py, ecau Ap<<0, UM 3aBEpPLIHTH PEUIEHHC 2-3a[auH,
ecan Ap=0.

[Tycts npu pemenun JokaiabHol samaunm (12)—(14)
YCTaHOBJIEHO, YTO IeseBass ¢yHKuus (12) HeorpaHuueHa Ha
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MHOXKecTBe X. DTO 03HAYACT, UTO HA HEKOTOPO! HTepaluu
pelleHHusl NaHHOH 3aJaud HalileHa TakKas MaTpHla, CKaKeM
B, u Takoii cronber A(?, 4TO

cW— (), B-AW) <0 u BAD0. (19)
J

3aece ¢D=(c—AA©®) — BeKTOp KO3()PUIHEHTOB LEeJEBOH
¢dbyuknua (12); c(;) — j-s KOMIIOHEHTa 3TOT'0 BEKTOPA; c(;) —

BEKTOp KO3((HILHEHTOB, COOTBETCTBYIOIIUA MaTpnue B.
O6osnaunM 6asucHoe pellenue sajpauu (12)—(14), mo-

JIyueHHOE Ha TNpeABAyLeHd HTepaluH, uepe3 x(P) (BepuinHa

MHoxkecTBa X). [lycth AJS ompeneseHHOCTH x<P)=(fo>,‘

x<2p>,-...,x§£‘), 0,...,0).
Paccmotpum Bekrop x(@= (— (B-1AM)* 0,...,0, xj=

=1,0,...,0). dcuo, uro AWx@D=0 u x(@=0. Cnenopa-
TeJBbHO, BEKTOp x'=x(P)4-ux@ ynoBaeTBOPsieT YCJOBHSIM
(13)—(14) npu awoboM pu=0 u x(¢) — HanpaBASIOLUIHHA BeK-
TOP HeorpaHWuYeHHOro peGpa MHOKecTBa X.

[Tokaxkem, uto Ag<<0. MmeeM Ag= (c—AA®), x(@)=
= (¢, x<<1))=c<jl)—(c();), B—1A<jl)) <<0 (ycaonue (19)).

CuoenoBaTespHO, B ouepefHOH 6asuc 2-3afadl MOXKeT
P, ) ( A©x(@)

0 0

pelleHus 2-3aflauy J0JXKeH ObITb MPOJOJIKEH.

Taxum o6pasoM, HE3aBHCHMO OT TOTO, SIBJsIETCS JU MHO-
’KecTBO X OrpaHHUEHHBIM HJIM HET, IIPOLecC Mepexoia OT
ofHOH MaTpuiel 6a3uca z-3afaud K APYrod MokeT OBITb
IPOH3BENEH B pe3yJbTaTe pelleHHs JOKaJbHOH 3aj4auu
(12)—(14). VubiMu cjaoBaMu, pelUeHHE 2-3aJdUd MOXKET
OBITh MOJIYUEHO B pesyJ/bTaTe MOCJeJ0BaTeNbHON IeJeHa-
[paBJEHHOH reHepaluu ee CToJOLOB, OCYLIeCTBJASEMOH IIO-
CPEACTBOM pEIIeHHs IENOYKH JIOKAJbHBIX 3afay (OTJudaro-
IUXCsT APYT OT APyra 3HAUCHHSIMH KO3 (DHIHEHTOB 11e/1eBOH
¢yukuun). Ha kaxknofl utepaluy BHOBb NOJyYyaeMbId CTOJ-
Ger 3aMellaeT OfMH U3 CTOJOLOB paccMaTpHBaeMoil Ha JaH-
HOM luare MaTpullbl Gasuca z-zagaud. CijelyeT OTMETHUTD,
YTO NPH TAKOM IOJXOME Heo0s13aTe/bHO pellaThb JOKaJbHYIO
3ajauy «ao KoHuas. [locraTouHo HaHTH J0Oy0 BEpIIHHY
x®) B koropoit (c—AA©®, x(®) <A, uto B psAe cayuaeB
II03BOJISIET 3HAUHTEJBHO YIPOCTHTb IPOLECC PELIeHHsT Z-3a-
Jayu.

OBITh BBEJIEH BEKTOp Py= ( ) ¥ mpoliecc
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Jlist TOCTPOCHHUS HCXOJHOTO 6a3uca 2-3a4aud MOTyT ObITh
JICTIOJIb30BAHBI CTAHAAPTHBIE METO/ bl HCKYCCTBEHHOTO 6asuca
an60 yUTEHBI CllelH(HYeCKHe OCOGEHHOCTH KOHKDETHO pac-
cmarpuBaeMoil 3asaun. Eciu orpannuenus (5) 3amnucaHbl B
(opMe HEePaBEHCTB, TO HCXOAHBIA Gasuc 2-3a/a4u Onpenens-
eTcsl BBEleHHEM B Hee JOINOJHHTEJBbHLIX NepPeMeHHBIX.

Z,

(62)

(0,0) (60

Puc. 7.3. Muororpanioe MHOXecTBO X

7.6. [Tpumep. PaccMoTpuM 3anauy

(¢, x) =—x;—3x.—> min,
A(O)X=X1+X2<10,
porg {5200

—2x1+x.<<2,

x1=0, x.=0.

MuoxectBo X mpezacrasJseHo Ha puc. 7.3. B KauecTse Hc-
XOAHOH MaTpuubl 6asuca z-3afaud (IPH 3alHCH €e B KaHO-

. . . _ 0 1
HHYeCKOH (hopMe) MOKHO BBIOpaTh Q= 1 0 ¢ og=
= (0, 0).
Ha 1-if urepauun pelraem J0KaabHYIO 3a1auy
—X1—3xo— min,
X1—2x2<<6,
—2)61+x2<2,
x1=0, x.=0,
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HJIH (3amHChbiBas ee B KAHOHHUYECKOH (opme)
—x1—3x2+0x3+0x4— min,
x1—2x9+x3+0x,=6,
—2x14+x24+0x3+x4=2,
x1=0, x:=0, x3=0, x4=0.

Hcxonnasi matpuua Gasuca sroit sagaun (AN, AD) =

= ( (1) (1) ) , Oasucnoe pewenne (0, 0, 6, 2).

Bkuitouast B 6asuc Bektop A()), mosyuaem HOBYIO MaTpH-

—9 1 A
uy Gasuca B= (A, AM)= ( - ) , ¢W=(=3,0),

6asncHoe pewenue x(»)= (0, 2, 10, 0).

Haxonum B-1= ( ? 9

1
= ( _9 ) , ¢{P=—1, Beinonnsiorcs ycaosus (19), npu-
XOIUM K 3aKJ/IOUEHHIO, UTO IieieBasi (DYHKIHS JOKaJbHOH
3ajauu HeorpaHUueHa CHH3Y.

BekTop B—1A§1)=(—2, —3). CaenosartesnbHo, x(@=(1,

f — 1) —
. Hockonbky ans j=1, A=

2, 3, 0) — HanpaBasOMWHKI BEKTOP HEOrpaHHYeHHOro pebpa
¢ BepwuHO# x(?)= (0, 2, 10, 0).
B ouepenno#t 6a3uc Q z-3afauH BKJIIOUAETCS BEKTOP Py=
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8. CMELUMAJIBHBIE CNYYAH

OnucaHHBf B NpeAplAylleM naparpade moaxox K pelie-
HHIO 33/lau JHHEHHOTO IPOrPaMMHUPOBAHHS MO3BOJSIET MOJY-
UHTb PeIIeHHE 3a]auil Pa3MEpHOCTH mXn B pesy/braTe
pellleHHs] HEKOTOPOH COBOKYIHOCTH JIOKaJbHBIX IOJ3afau
pasMepHOCTH mXn, rae m;<m. PasbueHHe orpaHHueHHH
NCXOZHOH 3aJlaul Ha [B€ TPYNINbI ONpefeseTcs cnelupuKkon
peliaeMoll 3ajaun M TeMH yCJOBHSMH (006BbeM OlepaTHBHOH
DaMSTH, BBIUUCJHTEJbHBIE MOIIHOCTH H T. II.), B KOTOPBIX
peaJusyercsl npouecc ee peweHns. MeTos resepaiiuu ctoab-
1IOB MOXKeT OBbITh HCIOJIB30BAH W NIPH PELIEHHH JOKaJbHOH
3anaun. TeM caMbIM pelueHHe HCXOAHOH 3ajaun MOKeT OBITh
CBEJIeHO K DELICHHIO CepHH 3aJay JHHEHHOTO MporpaMMHpO-
BaHHS ¢ JIIOOBIM 3aJaHHBIM YHCJOM OT'paHHYEHHH.

D¢ (HeKTHBHOCT METOLOB TeHEpallH CTOJNOLOB CYLIeCT-
BEHHO BO3pacTaer, ecji MaTpuua A orpaHHueHHil HCXOLHOH
3ajaud o0JafaeT ONpeleJEeHHBIMH CTPYKTYPHBIMH OCOOCH-
HOCTSIMH,. yU€T KOTOPBIX JIEXKHT B OCHOBE TaK Ha3blBaeMbIX
CTPYKTYPHO-OPHEHTHPOBAHHBIX METOJOB AEKOMIIO3HLHH.

B nanHom nmaparpacge paccmMaTpHBaIOTCS JBa MeTOAA Ta-
koro pona. IlepBblif M3 HHX OPHEHTHPOBAH HAa pelleHHe 3a-
Jlad, MaTPHIbl OTPAHHUEHHH KOTOPHX cOZepxkaT O6J04YHO-
IHaroHaJjJbHble MOAMAaTPHUILl. BTopoll MeTon mNpeiHasHayeH
IJ1s pellleHus: 3aja4 JHUHEHHOr0 NPOrpaMMHPOBAUHS TPaHC-
IIOPTHOTO THIIA.

8.1. Paccmotpum 3adauy aurneiinozo ApoepammuposaHus
BHIA

v
> (€1, X1)— min, (1)
=1
c A0) 5 0)
ZAg xl=b( y™ (2)
=1

A0g =50, I=1,w, (3)
=0, [=1,, (4)

v
Tae X;, &y — ni-MepHble BEKTOpBl, D) ny=n; b -— mo-Mep-
=1
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v
& - Hl)y 1. .
HBIH BEKTOD; b(l> m<1) MepHble BEKTOpBl; X m=m,;
- N =1
mo+my=m, A(IO) H A(ll> — MAaTPHILI PA3MEPHOCTH Mo XH; U

ml(’)an COOTBETCTBEHHO, [=1, v.

B paccmarpuBaemoM cayuae maTpuua A(1)=(}TEI))I —
=1, v

HMeeT GJIOYHO-AHATOHAJIBHYIO CTPYKTYPY. Jli06asi Touka x=—
= (%1, %, ..., %,) MHOTrOrPaHHOrO MHOXKecTBa X, onpeje-

JII€MOTO OrpaHHYeHHsAMH (3) — (4), MOKET ObiTb NpEeACcTaB-
JieHa B BHJE

r®© r®
fi= X 2080, X ePzh=1, 200, =1, T0, [=1, . (5)

t==1 t=1
31ech X(") — BepLIMHBI HJIH HANPABJSIIOLIKE BEKTOPBI HEOrpa-
HHYCHHBIX pe6ep MHOTOTPaHHOTO MHOKECTBA, ONpPeJeJs1eMOro
OTPaHHUEHHUSIMH A(;))Z,:b([l) u % =0; e(t’) NpUHAMAaeT 3Haye-
HHe 1 uan 0 B 3aBHCHMOCTH OT TOTO, SIBJISIETCS JIH )Z(l” Bep-
IIMHOH HMJIM HamnpaB/sioONIUM BEKTOPOM HEOTPAHHYEHHOTO
pebpa.

IToncraBasiss, KaK U paHbIle, BhIpaXKeHHe (D) B LIeNEBYIO
dynkuuio (1) u orpanuueHusi (2) HCXOAHOH 3anauH, MOJYy-
uaeMm z-3ajzayy

v h
3 X oWz min, (6)
=1 t=1
v ¥
3 X POz=hO), (7)
=1 t=1
@ o
Te0z0=1, =T, ®)
t=1
200, t=1, T0, [=1, v, 9)

rie 60= (&, W), PO=AOZ®, t=1, T, [=1, v.
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Pewasi 3Ty 3ajayy MeTOAOM Te€HEpalHH CTOJ6IOB, Ha
gaXIOH HTepaluH onpenenaseMm (mMo-+v)-MepHolH BEKTOP

(A, ) 3HAUEHHH [BOHCTBEHHBIX MepeMeHHBIX (A COOTBET-

cTByeT orpaHuueHusm (7), A — orpanuyenusim (8)).
HoBul#l cTo/10€1 TeHepHpyeTcss B pe3y/bTaTe peLIeHHs
JIOKaJbHOH 3ajaud, KOTopas B paccMaTpPHBAaeMOM cJjyuae

pacnajiaercsi Ha v He3aBHCHMbIX moazanau (I=1, v):

(E,—AngO), %i)— min, (10)
mll))z,=5§1), (11)
% =0. (12)

[Tpouecc pelleHHst KaxAOH MOJA3aLaud MOMKET 3asepluaThCs
A160 MOJyYeHHeM pelLIeHHsT (BEPIUHHBI COOTBETCTBYIOLIETO
MHOTOTPaHHOTO MHOXKecTBa), JHOO YCTaHOBJEHHEM (pakTa
HeOTPaHMIEHHOCTH CHU3Y JuHelHOH ¢opmbl (10) npu orpa-
niyenusix (11)—(12). B no6om cayuae paccyKioenusi, ava-
JIOTHUHBIE ONHCAaHHBIM B NpeAbAylleM naparpape, N03BO-
JSIIOT TOJYYUTh HOBBIE CTOJIGEl 2-3afaud AJS BKJOUEHHS
ero B 6asuc (nu6o yOGemLUTbCS B TOM, UTO IIOJVUEHHOE Ha
IaHHO{ MTEpAlMH pelleHHe siBJasieTcsi HCKOMBIM). ITockosib-
Ky 3TOT croJjbel onpejenasercss Hab0OpOM pe3yJaLTaTOB pe-
HIeHKsi v JIOKAJbHBIX NOA3aau, NpPH pa3paboTKe KOHKpeT-
fIbIX BEIUHCJHUTEJbHBIX CXEeM HCIOJb3YIOTCS Pa3JHuHbIe IOM-
xonpl. Tak, HA KaXK[IOH HTEpALUH MOXKHO MpeKpallaTh Mpo-
llecc pelleHHs MOA3a/Lay, eC/IH B pe3y/bTaTe pelleHHs OJHOK
U3 HHX MoJiyueHa MH(OpMalHs O HeOOXOLHMMOCTH Ilepexoja
K HOBoMY 6asucy. C Apyro#l CTOPOHEI, pacroJaras pesyJbra-
TaMy pellleHHs] BCEX MOA3afay, MOXKHO Ha OLHOH M TOH Xe
uTepaluy NPOBECTH HECKOJBbKO IepexofoB OT 6asuca K 6a-
3HUCY 2-3aaUH.

OTmeTnM, UTO aHAJOTHYHBIH IOAXOJ MOXKET [IPHMEHSITD-
Csl M NMPH PEIIeHHH 3a]ay CO CBSI3LIBAIOLIHMH NEpPEeMEHHBIMH
H 6JIOYHO-IHArOHAJbHOH CTPYKTYPOH OCTaJbHOH 4acCTH Mart-
PHLBI OrpaHHyYeHHil. [[eficTBUTEIbHO, OCYIILECTBJMIS MEPEXOn
K IBOHCTBEHHOH 3ajzaue (IPHMeHsIsl IBOICTBEHUBIH CHMII-
JIEKCHBIH MeToJ), MOJyyaeM pacCMOTPEHHYIO BbIlIE CH-
TYyaiuio.

82. [Tpumep. Pemrum onucaHHeIM MeTOAOM 3ajiauy,
YCJIOBHEe KOTOPO# npHBeeHo B n. 5.6 naparpada 5:
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—X1—3X2—2x3—Xx4— min,
2x1—}—x2-|¥x3+x4<8,
X1+4xo <5,
X3—x1<<4,

=0, x2=0, x3=0, x,=0.

B o6osnauenusix sToro maparpadpa v=2, I= (X, x;),
Xo= (X3, X4), Ci=(—1, —3), o=(—2, —1), AN=(2, 1),
AO=(1, 1), An=(1, 1), AO=(1, —1), bO=8), 5=
—(5), 6= (4).

B paccmarpuBaemom cayyae z-zagauy (6)—(9) moxHO
3alucaTh B SIBHOM BHJE. BepluMHAMH MHOrOTpaHHHKA, OIH-
CbIBAEMOTO OTPaHMYEHHSIMH X1-+X2<1D, x;=0, x»2=0, sBas-
fores X(V= (0, 0), ¥ = (5, 0), ¥»=(0, 5). Bepumnamu

MHOTOTPaHHOTO MHO}KeCTBa onncmBaeMoro OTpPaHUUCHUSIMH
X3—x4<<4, x3=0, x4=0, sBasgoTCA x<1 (0, 0), 2(22)=

= (4, 0), a HanpaBJASONKMH BEKTOPAMH HEOTpPaHHUEHHBIX
peGep — BekTopnl XM= (0, 1) n ¥V= (1, 1). CooTHOWEHHS
(5) sanuceIBaiOTCS B BHIE

%= (%1, x2) = (0, 0) 2"+ (5, 0) 2N+ (0, 5) =),
2tz +2z0=1, z2(0=0, 20 =0, 2(V=0,
o= (x3, X4) = (0, 0) 2+ (4, 0)2P+ (0, 1)2D+ (1, 1)z®,
2 2 2 2) — 2 (2) >(2) >(2)
2(1 >—{—z(2>—}—02(3>—}—02<4)_1, 2(1 ) =0, 20 >0 2 =0, 2 =0.
IMogcrapisisi 5TH BHIPAXKEHHSI B LEJEBYIO (HYHKIHIO H

IepBOe OrpaHHUYeHHe HCXOLHOH 3afauH, NoJydyaeM HCKOMYIO
z-3aj1auy:

020 —52()— 15200102 —82() —2()—32()— min,
1

0204 1020452004024 42242 422 <8,

PIQNEPIOREP ) =1

1 ’ ’ )Lz L0z (2)——1’
(2 S

4 ) ¥4 S 0z 5 0z " ,

2020, 200, 200, 23>0, 22 =0, 28>0, 2 =0.
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PelieHHe 2-3a/laud OCYIIECTBJSETCS, KOHEUHO, (e3 3amHcH
ee B SIBHOM BHJAE. {1 OpraHH3aulMH [poliecca pelleHHs
JOCTATOYHO 3HATh HCXOJAHYIO MaTpHLy 6asuca @ H COOTBET-
CTBYIOLLUH €My BEKTOp 05 KO3 QHIHEHTOB 1e/1eBO PYHKIHH

z-3afaun. B paccmaTpuBaeMoM cJyuae B KauecTBe Q MOXKHO
BpIOpaTh €IHMHHUHYIO MaTPHUY pasMmMepHocTH 3X3, a B Ka-
yecTBe 0 — nysnesoii Bektop (0, 0, 0). Bexkrtopom (A, A)
3HaueHHH JBOHCTBEHHBIX IEPEeMEHHBIX IIPH ITOM SIBJSIETCS

sektop (0,0, 0), rme A= (0), A= (0, 0).
Jlokanpuble 3agaun (10) —(12) sanuceiBaroTcd B BHIE

—X1—3X9— min, —2x;—Xx4—> min,
X1-+x9<5, X3—X4 <4,
X1>O, x2>0’ )C3>0, X4>0-

PeurenneM nepBo#t U3 3THX 3ajau sBJasercs BepuwnHa (0, 5),
neJsieBass (PyHKIHsS BTOPO# 3afaud HEOTPAaHHUEHHO yObIBaer
pRoJb ayda (4, 0)+u(l, 1), u=0.
Hcnonb3ysi cOOTHOLIEHHS 0<tl>= (Ci, )E<lf)) " P(t’)=§(l°)2(lt>,=
s ’
1, (0 U COOTBETCTBYIOIIIHE KO3(-
. 0
¢{hunpeHTH LeneBo# GyHKuNU 2-3afgaun —15 u —3. [loayuen-
HbIX HaHHBLIX AOCTATOYHO AJISI TOrO, UTOOBI NMepeiTH K HOBOH
MaTpuue 6a3uca (MCIOJb3Ysl, HAlpHMeD, OOBIUHYIO TEXHHKY
CHMILJIEKC-MeTORa) Jn60 YOeOUThCS B ONTHMAaJbHOCTH TOJY-
YEHHOTO pelleHHs.
8.3. PaccmoTpum 3adauy Auxelino2o npocpamrmuposaris
TPAHCROPTHO2O TUNRG

Iosny4yaeM CTOJ O11b!

m n

Z Z‘cijx,-j-—>min, (13)

i=1 j=l1

n s

> xij=a; i=1,m, (14)

=

;xw—bw i=Ln, (15)
x:;2=0, i=1, m, j=1, n, (16)
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m n
TA€ @; U bj — NOJIOKHTeNIbHBIE UHCAA; Y\ a;= 3 b;.
=1 j=1
ITyctb x(itj) — KOMIIOHEHTH! [-H BepIUHHBl MHOMKecTBa X,

ONUCBIBAEMOTO orpaHuueHussmu (15)—(16), t=1, T. Muo-
KecTBO X COBNAjaeT ¢ COBOKYMHOCTBIO TOUEK, KOMIIOHEHTHI
KOTOPBIX CJeLYIOLIHe

T T —_—
xij= X zx) Xaz=1, 2=0, t=1,T. (17)
t=1 t=1
[Topcrasass Bepaxkenue (17) B (13)—(14), mosayuaem
z-3ajauy

T
> 6:2+— min, (18)
t=1
T e — )
Z‘Pit2t=aiy l=11 m, (19)
=1
21‘20, t=1’ T’ (20)

m n n PR——
rae or= >, 25 CiixD; pu= > x®, i=1, m, t=1, T.
i=1 j=1 ! j=1 “
T
YeaoBue D 2¢=1 onyuieHo, MNOCKOJbKY €ro BHINOJHH-
t=1
MOCTb O0OeclNeunBaioT OCTaJbHbIE OrpaHHUEHHS 2Z-3aJayH.
JleficTBHTEJIBHO,

O6osnauasi uepes A= (A1, Ag, ..., Apn) BEKTOp 3HAUEHHH
IBOHCTBEHHBIX MEPEMEHHBIX 2-3aJauH, JOKaJbHYIO 3ajaauy
MOJKHO 3aMHCaTh B BHIE

3

(cij—Mi) X7~ min, (21)

M

i=1 j=1
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inj=bj7 ]= y 11, (22)

xij=0, i=1,m, j=1, n. (23)

ITocKOJMILKY KaxKJaas NepeMeHHasl 3TOH 3aLaul BXOLHT TOJb-
KO B OIHO H3 OrpaHHueHuii (22), TO ee pelleHHE MOXKeT
ObITb IIOJIYYEHO B pe3y/bTaTe PEUIeHHS 7 JIOKAJbHBIX TOM-

sagau (j=1, n):

2 (Cij—Ai) xi—> min, (24)
2 xiy=bs, (25)
x:;=0, i=1, m, (26)

KaX/Jas U3 KOTOPHIX pPelllaeTcsi TPHBHAJDBHO: €CJH Cj— A=

= min (¢ij—Mi), T0 X;5=0;, ocrasbhbie x;;=0. B pe3yJb-
I<issim

TaTe NOJy4aeM peLIeHHe {xﬁ?)} JIOKaJNbHOH 3ajgaun (21)—
(23). Beanuuna -

m n n
Ak= Z Z (cij——k,-)xi_’?): Z bj min (Cij—‘}\,i).
i=1 j=1 T isism

Ecan Ar<<0, TO omnpemensiioTcsi BEJHUYHHBI Or M Pix H
OCYIIeCTBJISICTCS IePeX0A K HOBOoMy 6asucy. B apoTuBHOM
Clydae mpolecc pelleHus 2z-3agavyu 3asepiuaercs. COOTHO-
uenust (17) No3BOJISIOT MOJYYMTh pELIEHHE MCXONHOH 3a-
ady.

Onucauuwlift npoyecc cxemMaTHUyeCKH TIpeACTaBJeH Ha
puc. 8.1. Ero MOXHO HCIOJNB30BATb INPH pEIICHHH JI060H
TPAHCIOPTHOH 3amauyd, HO HauOoJee 1eaecoofpas3eH OH,
OUEBMJHO, B CJyuasiX, KOTJAA /7 CPaBHUTEJbHO HEBEJIHKO, a
n>m.

8.4. Ha mpuwmepe pewenust 3agaun (1)—(4) npouaio-
CTPUPYEM NPHMEHEHHE MeT00a OOHOBPEeMEeHH020 peuieHus
npamoti u dsoticteenHoli 3ada4 NJs TOCTPOEHHS COOTBET-
CTBYIOIHX AEKOMIO3UIIHOHHBIX CXEM.

Bynem npennosnarate (as mpoCTOTH H3J0MKEHHMS), YTO
MHOTOT'DaHHBIE MHOXKECTBA, OIIMCHIBAEMBIE YCJOBUAMH (3)—
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(4), ABASIOTCS OTPAHHYEHHBIMH. B 3ToM caiyuae z-3afavy
(6)—(9) moKHO 3amucaThb B BHJIE

v 7@
3 X oWz~ min, (27)
=1 t=I
v 7@
£ Eom
@ -
Zz(j):l’ l=1,v, (29)
=1
Z(tl)>01 t=1) T(l))' l=1’ v, (30)

rae G(tl)=(El’ fgﬂ); Pi”:ﬁ(l(’)fﬁlt), )?Et), i=1, T,— BeplInHH
MHOTOTPaHHHKA
,&T(’l)&:ﬁ(ll),- =0. - (31)

[Tepeiinem x ABofictBeHHok 3agaue. [lycte A= (A, Ao, - ..
...y Mm;) — BEKTOP HBOMCTBEHHBIX MEPEMEHHBIX, COOTBET-

CTByIOLINX orpanuueHusim (28); A= (MDD, AP L AW) —
BEKTOP JIBOMCTBEHHBIX NEPEMEHHBIX, COOTBETCTBYIOLUIUX Orpa-

X2¢;jx;j ~ min Z02¢ ~ min
Zxij=a;, Zxij=bj, x;j>0 Zpiszr = a;, 2t 2> 0
Y
I 2bjmin (cij— A;) 20 < A \ Basuc Q, BeKTOp o5
A
l Ia Her l
(k)
Xii's Pik, Or
| xi*]. = Z‘.z?§ xl(;l) 2 TP P S| Bromouenne (p;r) B Gasuc

Puc. 8.1. CxeMa pelleHHs TpaHCIOPTHOH 3afaud MeTOOM TeHepalluk
CTONGII0B
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pnuenHsaM (29). 3anauy, nBo#CTBEeHHYyIO K 2-3ajadUe, 3allH-
meM B BHIE

(6@, A)+ 37 40> max, (32)

=1

(PO, A)+x(z)<ggz>, =1, TO. [=]1, . (33)

Hcnoab3ysi BeIpaxkeHHs P§’> " a(t‘) yepes ¥V, orpanuye-
uust (33) MOXKHO 3amucaTh B BHIE

MIS (G—AAD, 70), (=T T0, I=T,v.  (34)

Hcxomnoe n1s paccMaTpHBAaeMOro MeTOAa pelleHHe
(A, Xo) nBoficTBenHoOl 3anaum (32), (34) MoOXKHO moay-
4nTh, nodaras A =0 g hg)= min {(&, )?5”)}, =1, w.

i<t<t®
YuuteiBas, 4To X" — peplnHbl MHOrorpanuuka (31), mas

ONpeeIeHHs 7»0=(7»(1>, M?), e, MOV)) JOCTAaTOYHO PELIUTh
v J]OKaJIbefx 3agau ([=1 )

(~ X;)— min, (35)

E(Ux, 5 , X%i1=0. (36)

B pesysbraTe ux pelenns, HapsiAy ¢ MOJyUYeHHEM 3HaUYeHHII
A" neneBbIX QYHKUH, MOTYT GbITh BBIAEJNEHBl BEPIIMHDI X

tet={1, 2, ..., T®}, muororpannukos (31), (=1, v, na

KOTOPBIX 2TH 3HaUeHUs AocTurawotcs. MHbIMEU c/loBaMH, MO-
TyT ObITh HalieHbl orpannyeHus: (34) ABOHCTBEHHOH 3ajauH,

BblosinsieMere B Touke (A%, Ag) co 3HaKOM pPaBeHCTBA.
3710 nossossier chOpMyIHPOBATH COKPALIEHHYIO 3a1auy

0 v

gvi—k 3 0 min, (37)
3 5 POZO4o=bO), (38)
= tetél)
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> 204o0=1, I=1, v, (39)
t@'l:él)

z(tl>>O, t6t0), v =0, =1, v,

V= (Ul, Ugy .o v Umo) >O (40)

U HaHTH ONTHMaJjbHble 3HauUeHUs1 (A*, A.) HABOHCTBEHHBIX el
nepeMeHHBIX.
KoMIIOHEHTH BEKTOPOB HEBSI30K 3aMHCBHIBAIOTCS B BHIAE

(0) — (PW_ A0 O—g0 = (ADFO)—F x® o
A” (Pt,A )—H»O ot (A Al Cl’xz)'H”o’
6%, = (P(lt)’ A*) 00 = (A*A‘(g), 2({)).{.}»(5‘),
[Ipu mepexone X HOBBIM 3HAUEHHSIM IBOHCTBEHHBIX MEpe-

MeHHBX AW=A©®—poA* u A=Ao—pohs B KauecTse po
cJleflyeT BhIOpaTh HauboJblllee U3 3HAUCHUH

Henocpencreennoe pbiuncienue snauenui ul) conpsizeno

¢ mepe6GopoM Bcex BeplIMH MHororpauuuxos (31), (=1, v,
YTO TMPaKTHYEeCKH Hepeasusyemo. MCKIIOUUThH MOIHBIH Iepe-
60p TO03BOJISIET TOT (GakT, uTo APOOHO-IHHEHHas LeJaeBas
(yHKIMS, TakXKe, KaK H JHHEeHHAas, HOCTHraeT KCTPeMyMa
B BEpPLUMHAX MHOIOI'DAaHHHKA.

CJleoBaTeNbHO, AJS BBIUHCJECHHS 3HaUeHHH pl(ol) JocTa-

TOYHO PEIUHTb v JIOKAJBbHBIX 3a7au APOOHO-IHHEHHOTO IIPO-

rpammupoBanus (I=1, v):

~(0)

(AL —0Cy, %) +A0
(AAO), 7) 20 —max(=uy), (41)
A7 =50, 530, (42)
(A*A®), 5) +M0>0. (43)
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Orpannuenus (42) namT BO3MOXKHOCTb MpPH MOHCKE MakK-
cumyma lLesneBoil GpyHKuuH (41) orpaHHYHTbCS paccMoTpe-
HMeM BEpPILHH xgt), a orpaHuueHusi (43) HCKIOYAT Te H3

HHX, /I KOTOpBIX 8% <<0.

Ecnu xoTs1 O6bl ofiHa u3 3agau (41)—(43) mmeer pelue-
HHe, TO HaXOAHTCA BedHuMHa po= max {u®} u ocymecr-
JEEY
BJISIETCSI TIePeXo/], K HOBBIM 3HAUEHHSM JBOHCTBEHHBIX Ilepe-
MEHHBIX 2-3aJa4H.

Ecan pas Bcex [=1, v orpaunuenusi (42)—(43) npo-
THBOPEUHBEI, TO 2-3a7la4a HMEET HEOrDaHHUEHHOE DeIleHHE.

Takum 06pasoM, pelleHHe HCXOAHOH 3ajauu ¢ 6J0YHO-
JHaroHaJbHOH MaTpuiell orpaHuueHHfl (M CBA3BLIBAIOIIMMH
OTPaHHYEHHSIMH) MOXKeT OBbITb NOJNIy4eHO B pe3yJbTaTe pe-
IIEHHS] CEPUH JIOKAJIbHBIX JuHEAHBIX (35), (36), Apo6HO-MIH-
neiinbix (41)—(43) u coxpamienusix (37)—(39) z-3amau.



9. OBOBLLEHHLIM Moaxon

Meronpl reHepanuy cToJ610B MOT'YT OBITh HCII0Jb30BAHEI
U NIPH PEIUEHHH 33a1a4 HeJHHEHHOr0o, B OCHOBHOM BBINYKJIOTO,
IporpaMMHpPOBaHHUSI.

9.1. Paccmorpum 3ajnauy

f(x)—min, (1)
GO (x) <0, (2)
GO (x) <0, (3)

rae f(x) — Beinykaas yukuus; GO (x) u GV (x) — BBIYK-
JIBle BEKTODP-(pyHKILHH.

[ycts Toukn xM, x), ..., x(T) ynoBJeTBOPSIIOT OrPaHH-
yeHuio (3). Paccmorpum suHefiHyl0 2-3a7a4y cJeLyOIIEro
BHJA:

T
> f(x®) z4—>min, (4)
t=1
T
2 GO (x1) 2, <0, ()
=1
T
Zr Zt=1, (6)
t=1
2t>0, t=l, T. (7)
Ecan z*= (z’;, 2%, z*T) — pelleHue JaHHOH 3aJauH,

T
To x(2*) = 31 2*x(") — npub/HKEHHOE pelieHHe HCXOLHO#H
t=1 . )
3aja4n. 3HaueHHe 1eneBofl GyHKUHH (4) NPH 3TOM HE MEHb-

we f(x(2*)). _
JeficTBUTENbHO, TOCKONBbKY GV (x) — BHIYyKJash BEKTOP-
bynxuus u Toukn XM, ¥ ..., x(T) y1oBAETBOPSIOT Orpa-

HHueHno (3), To Touka X (2*) OyAyUH BHIIYKJIOH JIHHEHHOI
KOMOHMHALKEH 3THX TOYEK TakxkKe YJOBJIETBOpseET orpaHHye-
T

mmio  (3). Amanormuno GO (x(2*)) =GO (X 21xM) <
t=1
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T
< X 26O (xM)<0 (orpannuenne (5)). Haxkose,

=1

T T
Jx(z) =T (X 2520) < 3 25 ().
=1 t=1

EcTecTBeHHO NpeAnosarath, YTo BbIOOP GOJBIIEro YHcaa
touek XM, x| xT) [as JuHeapH3alUHd HCXOLHOH 3a-
1aud OPHBOAHMT K IOJYUEHHIO 60Jiee TOUHOrO €e PelIeHHS.
OfHaKO pelleHHe z-3ajlaud NpH GoJblioM uucie T mepe-
MEHHbIX BBI3bIBAET ONpE/e/eHHble 3aTPYAHEHHS, UTO IPH-
BOJUT K HEOOXOMHMMOCTH paccMaTpPHUBaTh HEKOTOPYIO LIETIOUKY
[OCJEOBATENbHO «PACUUPIIOWUXCA» 2-3aaY U T0JydaThb
B pe3yJbTaTe HX PEIUeHHs NOCJeL0BaTe/NbHO YTOUHSIONIHECS
npubJIKeHHbIe DeLIeHns] HCXOAHOH 3azaun. OfMH H3 Ipoc-
TeHIIMX CMOCOOOB MOCTPOEHHS TAaKOH LENOYKH 2-3ahau Co-.
CTOHT B TOM, UTO K pPacCMaTPHBaeMOH COBOKYIHOCTH TOYEK
xM) x@ 0 x(T) go6asasiercss HoBast Touka x(T+D, K pac-
IIMPEHHOM TaKUM 06pa3oM COBOKYMHOCTH Touex x(1}, x(2), ..,
x(T+) goGasasieTcss HoBasi Touka x(T+2) u 1. 1. Beibop kKax-
0 HOBOH TOUKH CONpSIKEH C BBEJACHHEM HOBOH IIePEMEH-
HOH 2; H COOTBETCTBYIOIIErO JOMOJHHTEJBHOrO cToJs0bIa
B MATPHILYy OrPaHHUEHHH paccMaTpHBaeMOH Ha JAaHHOM luare
z-3a7auH.

IlenenanpaBseHHbIN BbIOOD HOBOH Touku x(T+) (ynoJje-
TBOpsiIOIleH orpaHHueHHio (3)) MO 3afaHHOH COBOKYNHOCTH
touex X, x® ., | x(T) MOXKHO OCYIIECTBHTb HCXOHs H3
CJEAYIOHUX cO0OpaKeHuH.

ITycts (A, A) — BexTOp 3HAueHHH ABOHCTBEHHBHIX Iepe-
MeHHBIX 3aiau (4)—(7) (3HaueHHe A COOTBETCTBYET Orpa-
Huuennto (6)). B paccmatpuBaemoMm cayuae A;=f(x®))—

— (A, GO (x®))—A, t=1,T.

Job6apjenne HOBOH TOukH Xx(T+D) K COBOKYNHOCTH TOUEK
XM x@, ., xT) DpUBOAMT K MOJYYEHHIO HOBOH 2-3afauy,
OTaHuarIelcs: oT 3anaun. (4)—(7) HanuuHeM HOBOH mepe-
CO (x(T+D)

1
puubl orpamMueHnii H  kod(duunenta f(xT+)) menesoi
¢yuxupn. 3uavenne App =[(xT+D)— (A, GO (xT+D))—A.

Ecan Ari1<<0, 1O pelueHne HCXOJHOH 3aJaud MOXKET
ObiTb yTOuHeHo (BBenenueMm (7-+1)-ro crosbua B MaTPHLY
6asuca). B TpOTHBHOM cjyuyae HOJYUEHHOE DeLIeHHEe sIBJs-
eTCsI HCKOMBIM.

ME@HHOH Zr41, COOTBETCTBYIOIIETO CTo.néua( ) Mart-
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Takum o6pasoM, Ans HaXoxkAeHusa Toukh x(T+D cpenyer
PeLIuTh A0KAAbHYIO 3a/lauy BHIA

f(x)— (A, GO (x))—min, (8)
GO (x) <0. (9)

OmnucanHas npoyedypa peuieHus 3a0a4 8blNYKA020 NPOSPAM-
MUpoBarus cXeMaTHUECKH HpeJcTaBJeHa Ha puc. 9.1.

Crefyer OTMETHTb, UTO B OTJHUYHE OT JIHHEHHOro Ipo-
rpaMMHPOBAHHs B JAHHOM CJyyae MPUXOAMUTCS 3allOMHHATH
BCE MOJIyYEHHBIE B MpOLECCe PelIeHHs CTONOIEI MaTpPHUILH
OrpaHHUEHHH W COOTBETCTBYIOUIHE KO3(P(HUHNEHTH IleseBoi
¢Gyukuun 2-3afaun. Onpeje/eHHbIe 3aTPy/HEHHS] MOXKET BbI-
3BaTh M pelUeHHEe JOKaJbHOH 3ajaul, MOCKOJBKY B 00lLleM
cJayuae OHa He SIBJSIeTCS JHHEHHOM.

9.2. IIpumep. PaccmMoTpuM 3ajauy BBIOYKJOLO Mpo-
rpaMMHPOBaHHS

x) =x2 +x2—min,
Ry

f (x) -~ min
GO (x) <0, GO (x) <0

Y
=f (D) 2z; > min An | FE—A, G (x)) > min
36O (x0) 2, <0, Sz =17 aM(x) <o

2>0, t=1,T

A

(D)
T:=T-+1
Y

I f(x(T-l-l)), G (x(T-l-l)) .(’H‘_a f(x(T-f-l))_(A’ G(O)(x(T+1)))<7»“

Her

Y

x* = 22: £

Puc. 9.1. CxeMma siuneapusauuu ¢ nocJeZloBaTesIbHOR reHepaiueil CTOJIGLOB
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GO (1) = (11—3) >+ (x2—3) *—4 <0,
GO (x) =x1+x.—6<<0.
JHonyctumast 061acTh npeicTaBiesa Ha puc. 9.2. 3naue-

Hus x* =x} =3—72 =~ 1,6, f(x*) ~52.

Pewnm NpuBeIeHHYIO 3a7aUy METOLOM IeHepalliu CTo6-
110B. Bri6epemM B KauecTBe HCXOAHBIX JABe Touku x(= (2, 3)
u x®=(1, 2), ynosmer- .

BOpSIOLIME ~ OrpaHHYEeHHIO 2

G®M (x) <0. Tlposenem Jau- 4
HeapH3alMio IeJeBOH QyH-
KUMH W OrpaHHUeHHs

GO (x) <0 wucxonmnoit 3a-
JaYd 1O 3THM JBYM TOU-
kaMm. [lonyuaem z-3ajauy -3
BHZA

Puc. 9.2. Honytrumast o6aacTh J 6
3azaun

132;+52s—min,
—32142: <20,
21+2.=1,
21=0, 2.=0,
pelleHHeM KOTOPOH ABAsATCA 2% =1/4, 2% =3/4. 3nauenne
x(2%) = _;_x(1>_|_ %x<2>= (_‘51_, _Z_ ) f(x(2*)) ~6,6.
Ina naxoxpaeHnus HOBOH Touku x(3) ompenesnseMm 3Haue-

HHSI JBOHCTBEHHBIX NEpeMEeHHBX 2-3ajgaun (A=—2, A=T7)
u hopMyJHpyeM JIOKaJIbHYIO 322Uy

[(x)—(A, GO (x)) =3[ (x1—2) 2+ (¥2—2) 2] +-4—>min,
GO (x) =x14+x:—6<0.

B pesyabrare peuenust 3Tod 3ajaun moJayyaem TOUKY x(3)=
= (2, 2), 3sHaueHue ueseBoil pyuxrunu 4<<A=7. [lo6aBienune
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ToukH x®) K coBokynHocTH Touex XV u x() mosBonser chop-
MyJHPOBAaTh HOBYIO 2-3a/a4y:

13214522+ 82z3—>min,
—321+2:—22, <0,

Zi+2:423=1,
2120, 2:>0, 23>0

H NIPOJOJIXKHUTh MPOLECC PELICHHUS.

9.3. Caienyer oTMeTHTb, uTo ecin A<<0, 10 (A, GO (x)) >
=0 pas n060# TOUKH X, YAOBJETBOPSIOIEH OrpaHHYCHHIO
(2). B maHHOM ciyuae 3HAUEHHE LeJeBOl (DYHKLUHHU 3a4aun
(8)—(9) siBasiercst HMKHeH OLEHKOH 3HAUGHHS LEJEBON
¢ynkuuu sagaun (1)—(3). Taxkum o6pasoMm, Ha KaxkKaoil
HTePAlHH B pe3yJbTaTe pelleHHs OYepPeNHOH 2-3a4auu H
COOTBETCTBYIOIIEH JIOKaJbHOH 3a7auK MOTYT GBITh HaHICHH
BEPXHSSI M HHKHASA OYeHKu HCKOMOTO 3HAUEHHS [* LeseBoi
(OYHKLIHH HCXOAHOH 3a1aun

FOeren) — (A, GO (x+0)) SPr <[ (2(20) < 3] 22 (x9).

.B paccmaTpuBaeMoM BhILE IPUMEpE BEJHUYHHA, CTOSIIAS
B JIEBOH 4acCTH 3TOrO HepaBeHCTBa, paBHa 4, B mpasoil 7,
f(x(2*)) =~ 6,6, nckomoe 3nauenue f*=~5,2.

9.4. PaccMOTpeHHBIe BBIILE CHTYallWH, CBSI3aHHBIE C He-
00XOAMMOCTBIO TIOCJEOBATENBHOIO TOJNYUYEHHSI CTOJGLOB
-B TIpOLIECCe PeLICHHS 3a]auH, NO3BOJSIOT NMPOCJIEAHTh HEKO-
TOpBIe Obujue 3aKOHOMEPHOCTH (HOPMHUPOBAHUSI COOTBETCT-
BYIOLIHX BBIUHCJHTEJbHBIX CXeM. 3HAHHE HX B CBOIO OUEpeNb
JaeT BO3MOXKHOCTb 3HAUMTENBHO PACIIHPHTH 06JACTb IPHME-
HeHMs] MeTOJ]a reHepaluu CTOJOIOB.

Kak npu pemeHun 3ajau JHHEHHOTO NPOrpaMMHPOBAHHUS
ONHCaHHBIM BHIIIe coco6oM pa3bHeHHs ee orpauuuyeHud Ha
JiBe Ipynnbl u (GOPMHUPOBAHHUS 2-3a/laUH, TaK U NPH PELICHUH
3a/7iau HeJMHEHHOro NMporpaMMHpPOBaHHS CIOCOO0M JHHEAPH-
3allud Ha CeTKe BO3HHKAeT HeOOXOJHMOCTb pEIUCHHS HeKOo-
TOPOH JHMHEHHOH 3anauH Cc OOJBIIMM YHCJIOM IepPeMeHHBIX
U CPaBHHUTEJBHO HeGOJBIINM YHCJIOM orpaHnuyeHuil. B obmem
cJydyae He HCKJIOUEHO, UTO OHAa HMeeT OeCKOHeIHOe YHCJO
nepeMeHHHX (YTO MOXKeT HabJ/104aTbCsl, HaNOpHMEp, MpH
JIMHEapH3aLHH CYIECTBEHHO HEJHHEHHBIX (DYHKIHUI).
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3anulleM paccMaTpUBaeMyio JHHEHHYIO 3ajauyy B BHAE

N
> rjyj—~>min, (10)
j=l1
N
Zleyj=q, (11),
j=
!/j?oy ]=17 Nv (12)
rue I’=(f1, ro, «.., fN)ERN, q=(£71, g2y, ..., qm)ERm"'
BekTOpbl; Py, Ps, ..., Py — cTONOUB MaTPHIBI OrPaHHYE-

Hu#; Y, j=1, N,— nepeMeHHBIE 3a1aUH.

[TpennonoxuM, UTO U3BECTHH HeKOTOpasi mMaTpuua Q 6a-
3uca 3TOH 3aJaud MU BeKTOP 7o KO3(D(HIHEHTOB Ie/eBOH
(HYHKIHH, COOTBETCTBYOILUH MaTpule Q. OTMeTHM, UTO pas-
MEPHOCTb MaTpHILE Q paBHa m X m, T. €. IO IPEANON0KEHHIO
CPaBHUTEJLHO HEBEJIHKA, BEKTODP 7 COAEPIKHT /7 KOMIOHEHT.

Ecau Gbl OBl H3BECTHH BCe 7 H Pj, TO IPU OTHOCHTEJIb-
HO HeGoJsbIIOM N MOXKHO BHUHC/HTD BEJTHUHHY

A= min {A;}= min {ri— (A, Pj)},

I<G<N I<j<n

rie A=rqoQ~! — BexTOp 3HAUEHHI NBOHCTBEHHBIX MEPEeMEH-
HBIX. B 3aBHCHMOCTH OT 3HaKa A MOXKHO CIeJarb 3akKJjioye-
Hue 06 OKOHUaHMH TIpoliecca pelleHust 3afauud /1ubo o HeoO-
XOJMMOCTH Nepexoja K HOBOH MmaTpulie 6asuca. Bxirouae-
MBIl B 6asuc BEeKTOp Pr O0GBIUHO OmpejessieTcss U3 yCJOBHS
rr— (A, Pz)=A. HMcknouaeMblii U3 Tekyllero 6asuca Bek-
Top P, ompeensieTcsi B pe3yJ/bTaTe NPOBeLeHHs CPABHUTEIb-
HO MPOCTHIX BHIUKCJAEHHH (CM. maparpad 3, m. 3.2).

Huaue o6Gcrout neno, xorga Bce r; H P; 3apaHee Hewus-
BECTHHl H TPOIECC HX MOJYUEHHS CONPSIXKEH C ONpPeJe/eHHbI-
MH 3aTPyJHEHHSIMH (HaxOXJEHHe BCeX BEPLUMH MHOrOrpaH-
HUKa X B JIHHEHAHOM IPOrpaMMHPOBAHMH, TOCTPOEHHE I0CTA-
TOUHO «4aCTOH» CETKH BBIIYKJIOIO MHOXKECTBA B HEJHHEHHOM
TNpOrpaMMHpPOBAHUM M T. 1.). B aToM cuayuae, Kak yxe OT-
Meuajoch, pe3yJbTAaTHBHBIM _OKa3BIBAeTCA  CJEAYIOLIUH
npuem.

PaccmorpuMm BekTOp mapameTpoB u= (Ui, Us, ... , Un)€
€R" ¢ ob6nactbio uamenenus U, copmepxkameit Toukm u(),
u®, ., u™, 3anagum va U dyHkuuio 7 (1) u BEKTOP-YHK-
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uuio P(u) takum o6pasom, utolel r (ud)=r; u P (uD) =P;

ags Beex j=1, N. ITonoxum A (u) =r(u)— (A, P (u)).
IlycTh BBeJE€HHBIE KOHCTPYKIHH TAKOBH, UTO

mélrfl {A(u)} = min {A(u?)}=A (13)

SOES

u BHIOpaHHBH cnoco6 MuHumuzauuu A (¢) na U oGecrneun-
BaeT MOJIyYeHHEe 3KCTPeMasbHOH TOukH u'®) M3 MHOMKECTBa
{u®, u®, . uM}. Torna Best HeoGxoAMMAs - HHDOP MALIUS
AJisl CJIeflyIOIIero MTePalHOHHOIO Iara MOMKET (HTb I0JY-
ueHa B pe3ysbTaTe pPellleHHs] BCIIOMOraTeJbHOH (JI0KaJbHOM)
3ajaun

r(u)— (A, P(u))—min, (14)

u@U. (15)

JleACTBUTENIbHO, 3HAUYEHHE LeJeBOH (YHKUHH 3TOH 3a4auH
IO ONpPeJeJeHHI0 PaBHO A U MHHHMYM JOCTHI'AeTCs B HEKO-
Topoil Touke u®E{u®, u® . u™M} Ecan A<<0, To oue-
pPelHBIM BKJK0OUaeMHM B 0asuc cTroabuom spisietcsi Pp=
=P (u®), cooTBeTCTBYOILEE 3HAUEHHE rp=7 (U(®)),

Hanomuum, 4To npu omucaHuu MeTo[a reHepaluu CToJ6-
IIOB B JIHHEHHOM NpOrpaMMHupOBaHuu (cM. naparpad 7) poJb
i UrpaJj BEeKTop X, B KauecTBe U BrIOupasicst MHOrOrpaHHHK X
(cnmyua#t orpaHnueHHOro MHoOXKecTBa X), Toukamu u(D),
u®, ..., uN) cayKuMK ero BepiuuHbL. lleneBas (QpyHKIHS
(14) nokanpHO#l 3amaun OKasbiBajach JHHEHHON H TeM ca-
MBIM ofecreunBajach BBIOJHUMOCTb ycjoBus (13). Has
pelleHHs JIOKaJbHOH 3afauu HCIOJNb30BaJCs OO0 METON,
C IIOMOIIbI0 KOTOPOrO MOXKHO IOJIYYHTb SKCTPEMAJbHbEIE TOU-
KM — BepUIHHH MHororpanunka X. ®yukumu r(u) u P(u)
B paccMaTpHBaeMoM cjyuae umenu Bux (¢, x) u A®x u no-
3BOJISIIH HAaATH ouepefHOH cTosbel, MaTPHIL OrpaHHYEHHH
H 3HaueHHWE COOTBETCTBYIOINEro Ko3((UIHNeHTA LesaeBoH
(OYHKUUH 2-3aa4H.

[Ipu pelleHHH HeJMHEHHBIX 3aJau METOAOM MOCJEA0Ba-
TeJbHON JuHeapusauuu (cM. maparpad 9, m. 9.1) B kaue-
CTBE # TakXe BHOHPAJCS BEKTOP X, MHOXKecTBO U OmNHCHI-
Basiock orpannuenuem GO (x)<<0, poab u(? urpana Jawobas
TOUKA TOTO MHOXKECTBa (UTO MOIJIO NPHUBOAHTBE K CKOJb
YrOAHO GOJIBLIOMY «paCIIHPEHHIO» 2-3alauH).

9.5. Paz0uenne orpaHnueHHH HCXOJAHOH 3alaud Ha IPym-
OBl H HCNOJb30BAHHE OJHOH M3 HHUX JJIsl ONHCAHHS MHOXKe-
crBa U uanGosiee pacnpoCTPaHEHHBIH, HO He eIMHCTBEHHBIH
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npueM 3P PEeKTHBHOTO IPHMEeHeHHsI MeTOAa reHepalHH CTO16-
110B. BO3MOXKHBI, KOHEUHO, H JPYyrHe NPHEMBl, 00YCJOBJEH-
Hble 0COOEHHOCTAMH KOHKPETHOH 3a/lauu.

PaccmoTrpuM mpocTeiinyio 3afaqdy 3 KJjacca 3aday 0 pac-
kpoe. VIMeeTcss HEOrpaHHUEHHOE YHCJIO PYJIOHOB GymMaru AJiu-
noit L. Ilonb3oBaTento HEO6XOAUMO HMETH §; KYCKOB GyMaru
IJHHOM [1, g2 KYCKOB JJIHHOH [3 U T. I., §m KYCKOB AJHHOH ly.

3nauennsi [;<<L, i=1, m. Tpebyercss BHOpPAaTb TaKHE CIO-
coObl Packposi PyJIOHOB 6ymaru, yToOBl YHAOBJIETBOPHTH MO-
TpeOHOCTH B KyCKax W pa3pe3aTb NPH 3TOM MHHHMAaJbHOE
YHCJIO PYJIOHOB.

Cnoco6 packpost pyJoOHA XapaKTePHU3YeTCs BeKTOPOM
Pi=(p1j, p2j» -+ » Pmj), TAE pij — UHCJIO KYCKOB JIJNHHOH [;,
noJydaeMblX U3 pynona. Hucjao N cmoco60B packposi, oye-
BH/IHO, KOHEUHO, HO B IPAKTHUECKHX CUTYalHsIX MOXKeT OBbITb
Ype3BBYaNHO GOJBIIHM.

[Tonarasi g=(q1, g2, ..., gm) ¥ 0603HAUAS UeDPe3 y; UHC-
JIO PYJIOHOB, PacKpaWBaeMHIX IO j-MYy crnocol0y, NPHXOAUM
K HeoOxomumocTH pewenuss 3ajgaun (10)—(12) ¢ ryj=1,

j=1, N, IPH IOMOJIHHTEJPHOM YCJOBHH LI€JOYHUCJIEHHOCTH
IIePEMEHHBIX Y;. DTO YCJIOBHE CYLIECTBEHHO OCJOXKHSET Mpo-
Iecc ee pelleHHs W HAa MPaKTHKe OGBIYHO OrpaHHUHBAIOTCS
pelieHHeM OOLIYHOH JHHEHHOH 3ajJauu C MOCJAELYIOIIHM
OKDYIVIEHHEM DPe3yJIbTaToB.

Wrak, tpebyercsi pewnth 3afmauy (10)—(12) c r;=1,

j=1, N, u "actonpko 60JblIHM N, 4TO TepedyuceHHe BCeX
cnoco6oB packposi (cTonbuoB P;) mpaKTHUECKH ICKJIOYEHO.

IMycts U — MHOXKECTBO BEKTOPOB U= (U1, U2, ... , Um)
C HeOTpHUATEeJbHBIMH ueﬂoqncneHHmMH KOMIIOHEHTaMH,

YIOBJ/IETBOPSIOIIUX YCIOBHIO Z Liu;<<L. Tlonoxum P (u) =u,

i=l
r(u)=l.
Torna ans nosydenusi ouepegHoro crosbua P mocratoy-
HO, OYEBH/IHO, PEIINTh JIOKAJNBHYIO 3aflauy BHIA

(A, u)—>max, (16)

3 Lu<lL, (17)

i=1

u;i=0, u;, i=1, m,— yennie yucaa. (18)
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Takasl 3ajaya IUKPOKO H3BECTHA B JuTepaType Kak 3a-
Jaua O PIOK3aKe H IPH CPABHUTEIbHO HEOONBLUIOM 3HAYCHHH
m MO¥KeT OBHITh pelleHa JIoOBM H3 H3BECTHBIX METrOAOB.

9.6. MMpumep. I[ycrs L=10, =2, [,=3, [3=4,
(]1=9, (]2=12, (]3=8.

Crnoco60B pacKposi B pacCMaTPHBAaeMOH CHTYallHH OTHO-
CUTEJbHO MHOro. Tak, pPyJoH MOXKHO PacKpOHTh Ha HSTh
PaBHBEIX KYCKOB AJHHOH 2 — cnoco6 Pj=(5, 0, 0); Ha naBa
KycKa AJMHOH 2 m JBa KyckKa AJuHOH 3 — cmocob6 Pj,=
= (2, 2, 0); Ha Kycku ANUHON 2, 3 U 4 (moJiyyaeM B OCTaTKe
KyCOK AnauHO# 1) — cnoco6 Pj,= (1,1, 1) u 1. A.

IIpuMeHsisi «ecTeCTBEHHYIO» CTpaTeruio (CHa-laja HOoJy-
YHTb HeOOXOANMOE KOJHUECTBO KYCKOB AJIHHOH 2, 3aTeM AJH-
HOH 3 u 4), IpUXOJHM K 3aKJUeHHI0, IT0 moTpebyercs
10 pynonos. Ilpu saTom B octaTkax GyHeT ISATh KYCKOB AJH-
HOH 2 M 4eThIpe KycKa AJuHOH 1.

BocnosbayeMmcsi OTHCAHHBIM TIPHEMOM.

OG6o3Hauasi yepe3 y; KOJIHUECTBO PYJOHOB, PacKpauBae-
MBIX 110 crioco6y Pj, 3aauy MOXKHO 3alKCaTh B BUAE

Yi+y2+ys—+. . .A-yy—-min,
S5y1+0y2+1ys—+. . .+piyyn=9,
0y1+3y2+0ys+. . .+penvyn=12,
0y14-0y24-2ys+. . .+psvyn=38,
n=0, y2=0, ys=0, ..., yx=0.

3necs N — uncyio cnoco6oB pPacKposi, YCJAOBHS LEJOUHCTIEH-
HOCTH HEPEMEHHBIX Y; OMYLIEHO, BBIAEJCHBI CIIOCOSBI PACKPOs
(5,0, 0), (0,3,0) u (1, 0, 2), BEKTOPBI-CTOIGIH KOTOPBIX
06pa3yioT mMaTpuuy 6asuca

5 0 1
Q=[0 3 0
0 0 2
1 1 2
3nauenne A=rq,Q7'= = 35 ) CJienoBaresbHo,
JI0KanbHyIo 3anauy (16) —(18) MoXHO 3amucaTh B BHIE

% u1—|-‘—3— Us+ —g—- U;—max,
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2u1+3u2+4u3< 10,
u1>07 u2>0) u3>oy
Ui, g, Uz — LEJBIE YUHCA.

Pewiass NPHBEAEHHYI 3aladyy, uMeem ul=0, u(D=2,
1 2

. 16
u;l).—_ 1. 3nauenue ueneBoit PyHKUHH (—1—5) 6oJiblle 3Haue-

nus r(u)=1. CaegoBartenpHo, B MaTpHLy 6asuca Q; Heob-
XOIKMMO BKJIOUHTE cToabern (0, 2, 1), a uckawouuts (0, 3, 0).
[lonyuaem HOBYyIO MaTpuuy 6asuca

5 0 1
Q=10 2 0
01 2
Beanunna A® = (—1— —3— —2) M HOBAas JoOKaJbHasd
5’ 10" 5

3aJaua 3anuleTcsa B BHAC

1 3 2
5 ui+ T0 Us+ 5 Us—max

IPU OrpaHHUEHHSIX MpeABIAYIILeH JOoKalbHOH 3afaud. 3Haue-
HHMe ueseBofi yHKUMH, oueBHAHO, paBHO 1. IJockoabky
r(u)=1, to Q, — maTpuna 6Gasnca, COOTBETCTByIOIlas OIl-
THMaJIbHOMY MJ1aHy HCXORHOH 3aJaduH.

3
'_5_)
pesyJbTaT, MPHXOAHUM K 3aKJ/IOUEHHIO, YTO ABa PyJIOHA CJe-
AyeT packpouTb mo crocoby (5, 0, 0), mecTb — 1o cnocody
(0, 2, 1) u ogun — 1o cmocoby (1, 0, 2). Beero notpebyercs
HeBSITb PYJIOHOB, OCTAaTKH — JBa KycKa JJHHOH 2.

Haxonum Q3'g= (1 6, 1)". OKpyrasist MoJyyeHHBbIH



10. TEHEPALLUSA W PENAKCALIMSI OTPAHMYEHWHA

OmnucoiBaeMblil B JaHHOM maparpade LeKOMIIO3HIHOHHBIH
NOAXOJ K DEIUeHHIO 3aJa4 JIHHEHHOTO MpPOrpaMMHPOBAHHS
FIBJISIETCS] ABOHCTBEHHBIM IO OTHOIIEHHIO K METOJy reHepa-
LHH CTONOLOB.

10.1. PaccmoTpuM 3adauy AuHeilHO20 npoepammuposa-
HUS, IepeMeHHble KOTOPOH pa36uThl Ha ABE IPYINB X H J:

(¢, x)+(d, y)—min, (D)
Ax+By=b, 2)
x=0, y=0. (3)

3necs A m B — maTpullel PasMepHOCTH mXn; H M XM
ni4-ny=n, b, ¢, d, X, y — BEeKTOPbl COOTBETCTBYIOLIKX pPas-
MepHOCTeH.

Ecan 3aduxcupoBath nepemenubie y (BeIOpaB HEKOTOPBI
BekTop y=0), To 3amaua (1)—(3) cBomHTCA K 3anaue

(¢, x)—>min(=f*(y)), (4)
Ax=b—DBy, (5)
x=0. (6)
3ajava, ABOACTBEHHAs K NPHBEJEHHOH, HMEET BHI
(b—By, A)—max(=f*(y)), (7)
ATA<c, (8)
A=0, (9)
raie A — BeKTOpP [BOHCTBEHHBIX IIePEMEHHBIX; T — 3HaK
TPaHCIOHUPOBAHHUS.

[IpeAnosoXKHM I/ NPOCTOTHl PACCYXKIEHHUH, UTO HCXOM-
Has 3aJlaya TakoBa, UTO MHOTOTPAHHOE MHOXKECTBO, OIHCHI-
BaeMoe orpannueHusiMH (8)—(9), sBJAseTCA HEMyCTBIM H
orpaunueHHbM. [Ipu aToM ycsoBuu 3anada (7)—(9) (a cae-
JoBaTeNbHO, W 3ajnaua (4)—(6)) umeer pelleHie IPH JIO-
6om y=0.

O6osuauas uepes AWM, A®) .., AT BepHAHEl MHOTO-
rpanHnka (8)—(9), IPUXOAUM K 3aKJIOUEHHIO, 9TO

f*(y) = max {(6b—By, A®V)}

I<I<T
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cJieIOBaTeJbHO, HCXOAHYIO 3afauy (1)—(3) MoxKHO npea-
CTaBUTb B BHJE

max {(b—By, A®)}+(d, y)—>min, y=0.

I<I<T

BBeneM B paccMoTpeHHe IEepEMECHHYIO 2 M 3alHlIeM MO~
CJEJHIO 3ajauy B BHJE

z—-min, (10)
(b—By, A®)<z—dy, t=1, T, (11)
y=0. (12)

Samaua (10)—(12) skBHBa/jieHTHA HCXOJHOH 3amaue (1)—
(3) B TOM cMBICJIe, YTO ecaH (y*, 2*) — pelueHHE 3aJauH
(10)—(12), a x* — pewenune 3agaun (4)— (6) mpu y=y*,
To (x*, y*) — peulenue ucxonuo# sazauun (1)—(3). 3anaua
(10)—(12) sBasietcst 3apavyeil JHHEHHOTO MPOrpamMMHUPOBa-
HUS U B OOLIEM cjydyae cOAePKHUT 60JbIIOE YHCIO OrPaHH-
yenu#i Buga (11) (paBHOe UYMCIYy BEpPLIMH MHOTOTDPaHHHKA
(8)—(9)). Has ee peuenuss uesecoo6pasHo HCIIONb30BATh
MeTOO pesaKcayul 02paruieru.

IlycTp Ha HEKOTOPOM k-M IllIare pesJlakCHpPOBaHHAs 3ajaua
HMEET BHJ

2—>min, (13)
(b—By, AM)<<z—dy, 160w, (14)
y=0, (15)

rae 9% — HeKOTOpOe IMOJMHOMXKECTBO MHOXKecTBa {l, 2, ...,
T}. Ha mepBoM Iare MOXKHO HOJIOXKHTb 0= .

OGosnaunm uepes (y®), z(#)) peirenne 3ToH 3afauH, a dye-
pe3 At — pewrenne 3agaun (7)—(9) npu y=y*). 3naue-
HHe 1z6{l, 2, .

Ecan (b— By(k> A<fn))>z<k>—(d y®)), To orpaHHueHHE
(b—By, A®W)<<z—(d, y) He BHINIOJHSETCS B TOUKE
(Y™, 2(®) u ero caepyer 106aBHTb K OrpaHHUCHUAM peslak-
CHPOBAHHOM 3aJauH, T. €. OJOXHUTb O+ =0®) {j {{;}.

Ecau (b—By®, Atw)=z®—(d, y®), to (y&), 2®) —
pewenue 3apaun (10)—(12).

ITpouecc peuwenus sagaun (1)— (3), cxeMaTHYECKH Ipe-
CTaBJeHHBIA Ha puc. 10.1, cOCTOUT B MOCJEA0BATEIBHOM pe-
IIeHHH pesakcupoBaHHbiX 3axau (13)—(15).
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Kaxnoe BHOBb J06aBJjsieMoe OrpaHHUEHHE 2eHepupyercs
NOCPeACTBOM pelleHHs JOKanbHOH 3agauun (7)—(9) npu co-
OTBETCTBYIOLIEM 3HAUEHHH Y.

ITockospky 3amaua (10)—(12) — 3ajmaya Jauneilinoro
NpOrpaMMHPOBAHHA, TO TOrxa, korga 2 >zk-1) g penak-
cupoBaHHOH 3amave (13)—(15) MoXHO ymaauTh Bce orpa-
HU4eHus BuAa (14) ¢ Hy/eBBIMH 3HAYEHHSIMH JABOHCTBEHHBIX
NepeMeHHBIX (B UAacCTHOCTH, HECYLIECTBEHHbIE B TOUKE
(y™®), 2(®)) orpannueHus1). MHOXKECTBO HHIEKCOB yAaJseMbIX

orpaHHYEHHH Ha pHCYHKe 0Go3HauyeHo depe3 0(F). B pesyisn-

z -~ min
(¢, x)+(d, y)-min
A) o> b (b—By, AW)K =k41
YTBYZ > <o, y)
¥20, 420 y>0, tg0®
OO
v

(b — By'®, A) > max
AALc, A>0

AlR)
v
¢, X) - min
( ) l(k) Her (b-By(k), A(tl:)) >
Ax >b— By'"), |< (B (h
> 2\ —(d, )
£>0 d, y**)
| |,Ha
P |
- PALES Her 8k) . —
st = x(B) y*:y(k) - —_— r —
> A1 = 0™ Yt}

(k).
. oR): —

= OFNI®) Y {tr}

Puc. 10.1. Cxema renepaliyi H peJaKCallUH OrpaHUueHHH (JIHHeHHOe IIpo-
rpaMMHpOBaHHe)
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TaTe 3TOro IpoLecca Uepe3 KOHEUHOE UHCJIO LIAroB, CKaXKeM
k=F, O6ynyT moJdyuens takue y® u z®, uto (b—By™®,
A =2— (d, y®), |
Pemas 3afauy (4)—(6) mpu y=y®, nosyyaeM x=yx.
Halinennbie 3nauenns x® u y® spasiorcss pelieHHeM
ucxogHol 3amaun (1)—(3).
10.2. 11 pumep. PelupMm ONHCAHHBIM BBHILIE METOAOM
3a7a4y JHHEAHOrO MPOTPaMMHPOBAHHUS
8x146x2-+14y—min,
X1+Xx2+2y =3,
X1—xoty=1,
x1=0, x2=0, y=0.
[Tonarasi y=const=0, nosyuaem (cm. 3agauy (4)—(6))
8x14-6x2—>min (=f*(y)),
X14+x2=3—2y,
n—x=1—y,
x1=0, x2=0.
3amaua, IBOACTBEHHAsi K NPHBEAeHHOH (cM. 3agauy (7)—

(9)), umeer Bug
(3—2y) M+ (1—y) ho—>max (=[*(y) ),

M—+22 <8,
?\'1—}\'2 < 61
M 20, Ao =0.

MHororpaHHHK, ONHCHIBAEMbIIl OrpaHHUEHUAMA 3TOH 3a-
HMauy, npenactasjeH Ha puc. 10.2. BepmuHaMu MHOTOTpaH-

HHKa sBasoTc Touku AM= (0, 0), A= (6, 0), A®C)=
=(7,1), A®= (0, 8). [TockoJIbKY YHCJIO BEpPIUHH HEBEIHKO,
3ajauy (10)—(12) mokHO 6BL10 OBl 3aMHCATh B ABHOM BHJE

2—-min,

(3—2y) -0+ (1—y) -0<<z—14y,
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(8—2y) -6+ (1—y) -0<z—14y,
(3—2y) -7+ (1—y) - 1<2—14y,
(38—2y) -0+ (1—y) -8<z—14y,

y=0,
HJIHU

2—>min,
z—14y=0,
z2—2y>=18,
2+y=22,
z—6y =8,
y=0.

Cuienysi OMHCaHHOMY Metony, OyaeMm pewarh AaHHYIO
3ajiayy, He pacrnoJarasl ee sIBHOH 3amHuChIo.

Ha mnepsoM 1are pewaem pe/lakCHPOBaHUylo 3ajauy
z—min, y=0. Ee pewenne: yM=0, z0—>—o0 (B KauecTse
Y M0oXKHO BHIGpPATh JI060€ HEOTPHIATEIBHOE YHCJIO).

7\2
(08)
7
97
7
iy :
>
/ /
// vy
y S IN(TT)
7 7 //’//7
v v S
(49 50)

Puc. 10.2. JonyctuMas 06/7acTh ABOACTBEHHON 3ajaud
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IleneBast QyHKLUHUsI ABOHCTBEHHOH 3anaun npy y==y=0
pMeeT BHJ
3h—+Ae—>max (=f*(yM)).

CJjief10BaTeNbHoO, 7»(1‘)=7, M;’:l. ITocko/IBKY ONTHMAaJbHOE

3HayeHHe LeneBOH (DYHKUHMH [BOHCTBEHHOH 3aJaud pPaBHO
929>2z1—14y"—-—o00, TO K OrPAaHHYEHHSM PEJAKCHPOBAH-
HOH 3ajaum cjaenyer no6GaBUTb orpanmuenne (3—2y)-7-
+(1—y) - 1<<z—14y, 1. e. 24+y=22.

Ha Bropom IIare pemiaeM peJakCHPOBaHHYIO 3amady
z—min, 24+y=22, y=0. Ee pewenne: y*—oo, 2(2)—>—o0,

Koadpduuuents! uenesoit GyHKUNH ABOACTBEHHOH 3amaun
npu y=y*—oo orpunarespusl. CaenoBarenpHo, A2 =0
u M2 =0. TTocKoJIbKy ONTHMa/NbHOE 3HAYEHHE Le1eBOH DyHK-
MKW ABOHCTBEHHOH 3amaun paBHO 0>2()—14y()-»—o0, TO
K OIpaHHUYEHHSM DeJaKCHPOBAHHOH 3ajauu cjepyer noba-
BUTb orpanHuueHue (3—2y)-04(1—y)-0<<z—14y, T e.
z—14y=0.

Ha TperpeMm mare pemaeM peJakCHPOBaHHYIO 3aaauy
z—min, 2-+y>=22, z—14y=0, y=0. Ee pemwenne: y® =

7
=1 — 268)=90 —
1 5 2 20 5

Ilpn y=y® =1 % ueneBasi GyHKUHS ABOHCTBEHHOH 3a-

Iaud UMEeT BH]
1,1
15 15
MakcumaJgpHoe 3HaueHHe 3TOH (YHKIHH AOCTUIACTCS NPH
MY=6, A»=0 wu pasno 2/5. Ilockoabky 2/5>2()—
—14y® =0, T0 K OrpaHHYEHHSIM PEJAKCHPOBAHHOH 3anauH
caenyer no6aBuTh orpanuuenue (3—2y) -6+ (i—y)-0<<
<z—14y, 1. e. z—2y=18, u nepefiTH K BHINOJHEHHIO YeT-
BepTOro miara. )
Pewennem penakcHpOBaHHOM 3ajaun 2— min, 24y =22,
1
2—14y=>=0, z—2y =18, y=0 sasastorcs y*=1 5 2=

2
=202,
03

Ienesasi pynkuus ABOHCTBEHHOH 3afauu IpH y=y*)=

As—-max.

=1 5~ MMeeT BHJL
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1 1
=5 A— 3 Ao— max

U TIPHHEMaeT HanOoJiblllee 3HAYEHHE, paBHOE 2 TPH M9 =8,
AMH=0. '

[Tockospky 2=2"—14y*, 10 y*= —13—
Hnst Haxoxmenust x* u x} pewaem sagauy Buaa (4)— (6)
npu y=y*=1 !
3
8x1—l—6x2—> min,
1
Xi4Xe = 3
PREPE
1 2= 3 -
x1=0, x2:=0.
B 1 em x*=0, x*= ! 3
pesyaprate moayuaem xy=0, xj = -o. 3Hauenns
1 .
xr =0, x = 3 yr=1 3~ ~ PelIeHHE HCXOAHOM 322 \H.

OTMeTHM, YTO Ha NEePBBIX TPeX lllarax BCe OTPaHHYEHHS
pesaKkCHPOBAHHBIX 32724 OKa3bIBAJHUCh CYIECTBEHHBIMH.

10.3. MeToz reHepalMH M peJaKCcallMd OrpaiHYeHHi B
JIHHEHHOM NPOrpaMMHPOBAHHH SIBJASIETCS MO CYIIECTBY METO-
IOM, 080UCT8eHHbIM TIO OTHOLIEHHIO K METOAY TeHepalHuH
cTos6uoB (cM. maparpad 7).

JleficTBHUTeNbHO, PACcCMOTPHM 3ajady, ABOHCTBEHHYIO K
3anaue (1)—(3):

(b, u)— max, (16)
Bwu<d, (17)
Au<le, (18)

u=0. (19)

IIpennosarasi MNO-IpPeXHEMY, YTO MHOTOIPAHHOE MHO-
JKeCTBO, onuceiBaeMoe orpannuenusmu (18), (19), sBasiercs
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HeryCTHIM M OTPAHHUYEHHBIM, COOTBETCTBYIOULYiO 2-3a1auy
MOJKHO 3aIHCaTh B BHIe

T
2 0:2;— max, (20)
t=1
T
Z Pt2t<d, (21)
t=1
T
Nz=1, (22)
t=1
=0, t=1,T, (23)

rae o= (b, u), Py=B"u®, u() — pepIIMHB MHOIOIPaHHH-

xa (18)—(19), t=1, T.
SaILaqa, ﬂBOfICTBEHHaH K 2-3ajaue, 3alHIIEeTCsI B BUAEC

(d, y) +v— min,
(Pty y)_l—v?(jf, l=1, T)
y=0

uau, o6osHauasi (d, y)-+ov 4Yepes z M YUHUTBIBAS, 4YTO O;=
= (b, u®) u Py=B"u®), nonyyaem

2— min,
(b—By, U <z—(d, y), t=1,T,
y=0.

31ech y — BEKTOpP [BOACTBEHHBIX INIE€PEMEHHBIX, COOTBET-
CTBYIOIIKHX orpaHuueHusim (21); v cooTBeTCTBYeT OrpaHHue-
Hupo (22).

Takum o6pasom, 3ajmaua, ABOHCTBEHHAst K 2-3ajauye, siB-
JsieTcs KoopAuHUpYouel sanaued (10)—(12).

Hcnonb3yst MeTon renepaunud cTOJGLOB MAJs peLIEHHs
z-3agaun (20)—(23), Ha KaxXKOOM IIare pellaercs JOKaJjb-
Has 3amaua

(b—By, u)—> max,
Au<ec,
u=0,
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coBnagamoomas ¢ (7)—(9). B pesyabraTe ee peuleHus moay-
yaeTcsl HOBBIH CTOJGEL, BKJIIOUAEMbIH B OUepeIHYIO MaTPHILy
6asuca 2-3afavu.

AnajiorHuHasi CHUTyalHsi UMEeT MeCTO H B METOJE reHe-
paluy M peJakKcaluH orpaHudyeHuil. BHOBb renepyuipyemoe B
pesyJbTaTe pellleHHs JOKaJbHOH 3afaud OrpaHAYCHHE J0-
6aBJsieTcsT KO MHOXKECTBY OTpPaHHUEHHH peJjaKCUPOBAHHOH
3anaun (13)—(15).

HakoHen, npusHakamMM OKOHUAHHS Mpollecca pPeIIeHHS
z-3amaun (20)— (23 )Takke, Kak H [pollecca peLIeHus: Koop-
nuHupyomel samaun (10)—(12), cayxar aHaJOrHUHbIE
COOTHOIIEHHSI MEXJYy ONTHMAJbHBIM 3HAUEHHeM I eJeBOH
(YHKIMH JIOKaJbHOH 3aJaud H 3HAUYEHHEM JBOHCTBEHHOH
nepeMeHHOH v.

10.4. T1 p u m e p. 3ajnaueii, ABoHCTBEHHOH K 3ajaye, pac-
CMOTPEHHOH B IpeAbIAylleM NpHMepe, BJAsIeTCS

3uy+us— max,
2uitu, <14,
urus <8,
U—u <6,
w1 =0, u=0.

[TomeHsIB 3HAK LleeBOH (PYHKUHH HA NPOTHBONOJOXKHBIH
A 3HAK max Ha min, NoJy4uM 3afavy, ¢ TOYHOCTbIO A0 060-
3HayeHU# coBNajAMOLLyI0 C 3ajauel, pacCMOTPEHHOH B IIPH-
mepe 1. 7.2. Bocrnosb3oBaBlINCh NPHBEACHHBIM TaM pe3yJb-
TaTOM, 2-3a/lauy MOXKHO 3allHCcaTb B BHIeE

0214182542223+ 82,—~ max,
021+ 122:+ 1523+ 82, << 14,
21+z29+23F24=1,
21=0, 2:=0, 2:=0, 2,.=0,
a ABOHCTBEHHYIO K Hell 3ajlauy B BHIe
14y~+v— min,
0y+0v=0,
12y+2>=18,
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15y+0v=22,
8y+v=8,
y=0.

(OGospauas 14y-v uepes z, MOCJAELHIO 3a4a4y MOMKHO
nepenucaTh B BHIE
2— min,

z—14y =0,
2—2y=18,
z+y=22,
2—6y=8,
y=0,

YTO COBIIAJaeT ¢ 3ajJauyell, pacCMOTPEHHOH B MpeNbIAYIIEM
npuMepe. Pemass ee MeToLOM TeHepalHH H peJaKCallHu
orpanydyeHuii, Ha KaxJAoM lare £ HeoGXOJHMO pelaTh JO-
KaJIbHYIO 32124y

(3—2y®) A1+ (1—y®) Ay— max,
M+A <8,
M—2A2 <6,
M=0, A:=0.

Iocnenusis safaua ¢ TouHOCThIO A0 oOGosHauenuit (A=wx,
y=A) coBnagaer c JoKaJbHOH, peiraeMoil Ha iuare k, npu
pelleHHn 2-3ajayd METOJOM TeHepalUuH CTOJOLOB.
Herpynuo y6GenuTtbcsi TakkKe B KBHBAJEHTHOCTH KPHTeE-
PHEB ONTHMAaJbHOCTH, HCIIOJAb3yEMbIX B 060UX METOLaX.



11. HEKOTOPLIE OBOBLUEHMUS

OnucaHHBIH B NpeAbIAYIIEM Naparpade MOAXOA K pelle-
HUIO 3ajay JIMHeHHOTO IIPOTPaMMHPOBAHHS JOIyCKaeT
€CTeCTBEHHbIe OOOOLIEHHSI H MOXKeT OBIThb HCIIOJIG30BAH MIJIsI
pelleHus: 3aa4y HeJMHEHHOTO W YaCTHYHO I1€J0THCJIEHHOTO
nporpaMmMmupoBanus. I[Ipexne uem nepefiTu K HeMOCPEACTBEH-
HOMY OIHCaHHIO 3THX 0OOOIIEHHH, clesaeM HeCKOJbKO 3a-
MeuaHHuH.

11.1. PaccMOTPHM CHCTEMY JHHEHHBIX HepaBeHCTB Ax <
<Cb. 3gech A — MaTpulla pa3sMepPHOCTH M XN, X U b — Bek-
TOPBI PA3MEPHOCTH 71 H M COOTBETCTBEHHO.

H3BecTHO, 4TO HemycToe MHOXKeCTBO X 3HAUEHHH X, yIO-
BJIETBOPSIOLINX CHCTEME HepaBeHCTB Ax<Ib, siBJsIeTCS MHO-
TOTPAHHHKOM (OTPAaHHYEHHBIM MHOTOTPAHHBIM MHOXKECTBOM)
TOTJ @ H TOJIbKO TOTZA, KOTAA OJHOPOJHAS CHCTEMAa HEpa-
BeHCcTB Ax<C0 He MMeeT OTJHYHOTO OT HyJs peweHus. Ecan
X — HeOTpaHHUYEHHOE MHOKECTBO, TO HaNpaBJSIOILHE BEK-
TOPLI €ro HEeOTrpaHWUEHHBIX pebep COBIAaJLalT C HaNpPaBJSIO-
IIHMH BeKTOpaMH peGep KOHycCa, OIHCBIBAEMOTO CHCTEMOH
HepaBeHcts Ax<<0.

Paccmotpum cuctemy nuHeHHbIX ypaBHeHult Ax=0b. {na
TOTO YTOGBI CYIECTBOBAJ BeKTOp x¥=0, YLOBJETBOPSIOIIHH
IaHHOH cHcTeMe, HEOOGXOAMMO H JOCTaTOYHO, UTOOHB AJfA
Bcex BeKTopoB AER™ takux, uto ATA =0, nMes0 MecTO He-
pasenctBo (b, A) =0. 31ecp T — 3HaK TPAHCIOHHPOBAHHS.

Takoe yTBepiKIeHHE HENOCPENCTBEHHO CJELYeT H3 COOT-
HOILEHUH ABOHCTBEHHOCTH B JIHHEHHOM INPOrPaMMHPOBaHHH.
JlocTaToOuHO M3YYHTb Napy ABOHCTBEHHBIX 3a4au

(0, x)—>max (=0), (b, A)—min,
Ax=0b, ATA =0,
x=0.

Eciin OHH HMEIOT PElUeHHS W HUMH SIBJSIOTCS BEKTOPBI X* M
A*, 1o (0, x*) = (b, A*) =0. Ilpu n0O6BIX IONYCTHMBHIX X H A
3nauenue (b, A) > (0, x) =0. Ecau omnHa u3 mapsl ABOH-
CTBEHHBIX APYT APYTy JHHEHHBIX 3aJa4 HMEeT HeorpaHHYeH-
HOe pelleHHe, TO CHCTeMa OTpaHHUYeHUH BTOpPOH 3ajayd He-
COBMECTHA.
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11.2. PaccmorpuM 3amauy Buaa

(¢, ¥) +9(y)— min, (1)

Ax+G(y) <0, (2)

x=0, yeY, (3)

rie A — matpuuna pasmepHoctH mXn; G(y)=(g:1(y),
g2(Y), ..., @m(Y)) — BeKTOP-PYHKUHS C M KOMIOHEHTaMH;

¢(y), gi(y), i=1, m,— byukuun or y; ¢ u b — BeKTOPHI
PasMepHOCTH 7; U M COOTBETCTBEHHO; X H Y — HCKOMbIE BEK-
TOPBI PA3MEPHOCTH 1 H Ny COOTBETCTBEHHO; Y — HEKOTOpOE
MHOKECTBO fp-MEPHBIX BEKTOPOB.

[Ipu ¢purcupoanuom y€Y samauy (1)— (3) moxuo mepe-
MHUCaTh B BHAE

(¢, x)—min (=f*(y)), (4)
Ax<b—G(y), (5)
x=0. (6)

ChopMmyupyeM yca08us, PH KOTOPHIX MHOXKeCTBO X (y),
onuceiBaémMoe cucreMofl uepaBeHcTB (5)—(6), ne nycro.

BBeneM B paccMoTpeHHE M-MepPHBIH BEKTOD @ W 3allH-
IIeM HepaBeHCTBO (D) B BHJAE PaBEHCTBA

Ax+Ew=b—G(y), (7)

rae @ >=0; E — efnHU4YHAs MaTpHUIA Pa3MEpPHOCTH.

Iaist Toro 4toGel cHCTeMa ypaBHeHHH (7) HMesa HEOTPH-
narejpHoe pemenne (x=0, @>=0), HeoOXOLHMO H AOCTa-
TOYHO, YTOOLl AJs Bcex A Takux, uro (AE)*A=0, uwmeso
mecto HepaBeHcTBO (b—G(y), A) =0. HMam, uro To xe, Aas
Bcex A=0 rakux, uto ATA>=0, uMes0 MeCTO HepaBeHCTBO

(G(y)—b, A) <O. (8)

O6o3uaunm yepes A", j=1, n,, HaIpaBJsIOLINE BEKTOPHI
- ] ’

peGep KOHyca, ONKCBIBAEMOrO cucTeMoil HepaseHeTB ATA =0,
A=0, u npeacraBuM J06YI0 TOUKY A 3TOro Komyca B BHIE
JUHEeHHOH KOMOHWHAIMM YKa3aHHBIX HAIpPaBJSiOUINX BekK-
TOPOB:

Ny .

A= Z ujA’;, ujZO, f=1, Ar.

j=1
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IToacraBass HaliieHHOE BbIpaXKeHHe AJ1s1 A B8 HepaBeH-
cTBO (8), mosnyuaem

n

Zwi(G(y)—b, A7) <O, p;=0, j=1, nr

j=1

HJH, TIOCKOJbKY W; — IPOU3BOJIbHBIE HEOTPHLATEJbHBIE
qucJa:

(G(y)—b, A7) <0, j=T, 1, (9)

Takum o6pasom, MHOXKecTBO X (y) = J (unu, 4TO TO Ke,
cucremMa HepaBeHCTB (5) — (6) coBmecTHa) Toria M TOJBLKO
TOorja, Korjaa HMeT MecTo HepaBeHcTBa (9). CaenoBaTelb-
HO, NIpH pellleHHH HcxonHoil 3amaun (1)—(3) MoxHO pac-
CMaTpHBaTh TOJBKO TaKHe 3HaueHus y€Y, KoTopbie yIoOBJe-
TBOPSIIOT HepaBeHcTBaM (9).

SanuwemM 3anauy, 08oticTgenHyio K 3anaue (4)—(6):

(G(y) —b, A)—max (=[*(y)), (10)
ATA>—c, (11)
A=0. (12)

Ecnn sHauenue ueseBoil (YHKIHH AaHHOH 3a4auM Heorpa-
HUYEHO CBEpPXy, TO cucTema HepaBeHCTB (5)—(6) Hecos-
mecTHa (U, clefoBaTeJbHO, HECOBMECTHA CHCTeMa Hepa-
BeHcTB (9)).

O603HauUUM yepes Af, i=1, np, BEPIUUHBI MHOTOTPaHHO-

TO MHOXKECTBa, OMHCBIBaeMOTo HepaBeHctBamu (11)—(12).
Hwmeem

I*(y) = max {(G(y)—b, A?)}.

I<issng

B pesyabrare ncxoanyio 3agady (1)—(3) moxHo mepe-
NHCaTh B BHIE

max {(G(y)—b, AP} +¢(y)— min,

I<issnp

(G(y)—0b, A7) <O, j=1, n,

yeyY
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y14, BBOJS HOBYIO I€PEMEHHYIO 2:

z— min, (13)

(G(y)—b, AP) <z—q(y), i=], np, (14)
(G(y)—b, A7) <0, j=1, nr, (15)
yeYy. (16),

31ech Ag’, i=1, np,— BepIINHBI, Arj, j=1, ny,,— Hanpas-

JISTIOIHE BEKTOPBl HEOrpaHHYEHHBIX pebep MHOI'OTpaHHOTO
MHOKECTBa, OIHCBIBAEMOTO cHcremoi Hepasencts (11)—
12).
( 3anaua (13)—(16) skBuBasentHa samaue {1)—(3) B
TOM CMBICJIE, UTO ecHu OyAyT HallleHbl peuleHue (y*, 2*) 3a-
naun (13)—(16) u pewenne x* sagaun (4)—(6) opu y=y*,
10 (X*, Yy*) — peuleHne uCXoAHOH zamaun (1)—(3).

OrmeruMm, uto 3anaua (13)—(16), BooGuie rosopsi, He-
JUHEHHa, a 3aIHCh €€ B SBHOM BHJE B GOJIBIIMHCTBE CJydaeB
HEBO3MOXKHA H3-3a GOJIBLIOTO 4YHcJa orpaHuueHui (14)—
(15), paBHOTO UHCJYy BEPIIHH W HEOTPAHHUYEHHBIX pebep
MHOTOrpanHoro MHoxectsa (11)—(12).

11.3. Tns pewenust 3anaun (13)—(16) wenecoo6pasno
HCIOJIb30BATh METO0 PeAAKCAYUU O02paHUerIL.

[Tycte Ha ware k pesakcHpOBaHHas 3ajaua HMeeT BHA

2— min, (17)

(G(9)—b, AP)<e—q(y), €I, (18)

(G(y) _b) A;)<07 jeJ(k):' (19)

yey, (20)

rone [O={1, 2, ..., np}; I®={1, 2, ..., n,}. Ha nepsom
Liare MOMKHO NOJO0XKUTb [N=JM =,

OGo3nauuM pelienue 3Toii 3afaun uyepes y®), 2(A) u ne-
pefinem k pemenuto 3agaun (10)—(12) npu y=y®.
Bo3MoXHBI caefyolue CaydaH.
1. 3amaua (10)—(12) umeer peumenne AP u f*(y®) >
k
>2z(-)—g(y®). Orpannyenne (G(y)—b, AP) <z—o(y) npu
i=i, napymeno B Touke (y®), (™) u ero cieayer K06aBHTH
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K OTPAaHHUYEHHSIM PeJaKCHPOBAHHOH 3ajauH, T. €. TOJOXKHTb
[ = &) () {iz}..
2. 3Hauenue nejeBoll pyHkuuu B 3agaue (10)—(12) ue-
OTPaHHYEHO BO3pACTaAET BJOJb pe6pa A=AP —{—uA’]i , w=0,
k kR

MHororpanHoro MHoxectBa  (11)—(12). OrpaHuuenue
(G (y)—0, A7) <O npu j=j) napyweno B Touke (y¥, 2(*))
U ero cjenyer 106aBHTb K OTPaHHUEHHAM DPejiaKCHPOBaHHON
3ajauy, T. e. NoJoxKuTh J*E+HH=J® |J {j,.}. Moxer okasars-
csd, 4ro B TOouke (y'®), 2(A)) HapylleHO H OrpaHUYCHHE
(G(y)—b, Af)gz——cp(y) npu i=i,. Ero rtakxke cJjaemnyer
J00aBUTh K OTPAHHUEHHSIM PEJaKCHPOBAHHOH 3ajgau, T. e.

n0a10KHuTh [*+D =] (] {i,}.
3. 3agaua (10)—(12) wumeer pemwenne AP u f*(y*) =
th

=z®—g(y®™). B atom cayuae (y®*), z®) gpasercst pelue-
wuem sagaun (13)—(16). Ecaum x(®) — pewenne (4)—(6)
npu y=y®, 1o (x*®, y*) — pemenne HCXOAHOH 3ajauu
(1H—(@3).

Onucauusifl npoyecc pewenus zadauu (1)—(3) cxema-
THYECKH NpefcTaBjeH Ha puc. 11.1.

Ecau sapgaua (13)—(16) sasietcsi 3ajauefi BBINYKJIOTO
WJIH KBAa3HBBIIYKJOIO NPOrPaMMHPOBaHHS, TO HApsAy C HAO-
GaBJieHHEeM YKa3aHHBIX OTPAaHMUYEHHH HA wWare 2 MOryT yAa-
JSThCS HeCyllecTBeHHBEIE B Touke (y®), z(®) orpaHuueHHs
(npu ycaoBuH, 4TO 2¢F) > 2(R-1)

OTmernM, 4TO ecau cucteMa orpanuuenuit (11)—(12)
HECOBMECTHA, TO 3HAUEHHE IeJeBOH (YHKUHH B 3ajaue
(4)— (6) npu y=y'® ne orpannueHo cHuzy. CieroBaTe/ bHO
(npu xoneunom @(y*))), He OrpaHHYEHO CHH3Y W 3HAUCHHE
1esneBod (PYHKIHH HUCXOLHOH 3a1auH.

114. ITpuwmep. [IpuMeHHM ONHCAHHBIH NOAXOHL K pe-
HIEHHUIO 3aJAUH HACTUHHO UYEAOHUCACHHO20 AUHENH020 NpO-
epamMMUPOBAHUS CNEAYIOUIErO BU/A :

—X1—X2+X3—2Y1—Y>—> min,
X14+2x2+0x3+y1+y2 <5,
3xX1t+Xo—X3+Y1—Y2 <4,

x1=0, x:=0, x3=0,
0<<y1<<10, 0<<y.<<10,

Y1, Yo — 1LeJIBIE YHCJIA.
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2z - min
(c, x) + (G(y)—b, AN
-+ ¢ (y) ~ min . Lz—o), icI® ki=k+1
Ax+G(y)<b (G(y)-—b, A;)<0' o
>0, Y
yet
PORNC
N
(G (™) —b, A) -
- max (=f* (4™))
A"A>—c, A>0
Het f* (y(h)) - 00
N T
(¢, x)-min Y k Ha .
Ax<b— | Her f*(y(h))>z(k)_t A;h JR .
— —
G(y(h)) a—(p(y(k)) — J(k)U{]'k}
x>0 | ) -
~ Iﬂa A’Ph
L)
3
Y (G (y(h)) —b, Af ) > z(k) — (y(h)) Her
l R —
xr=xR) -
yr=y® Ia
| 1® =
—> .
= I J{in}

Puc. 11.1. CxeMa reHepalldi W pelaKCalldd OrpaHHYeHHi (HeJHHeliHOe

nporpamMMHpoBaHHe)



Snece (y) =—21—y2 : G(y) = (81(y), &2(¥)), & (y)=
=yi+yz, €2(Y) =y1—Y2, y= (4, y2); Y={y|0<y: <10,
0<<y»<<10, yi, y» — uesble uncaa}.

Ilpu pukcuposanuom y€Y umeem (cm. 3apauy (4)—(6))

—X1—Xs4x3—min (=f*(y)),
X1+2x2+0x3<<5—y1—Yo,
3x1+X2—X3<4—Y1+Ye,

x12=0, x,=0, x3=0.

[ BolicTBeHHOH K 3ToH 3ajmaue (cM. 3agauy (10)—(12))
ABJsIeTCS 3ajaya

(Y1+y2—5) M+ (Yy1—y2—4) ho—> max (=[*(y)),
M3he>1,

‘ 2M+Ae =1,
7\1120, 0<7\42< 1

MHuororpaHHoe MHOXKECTBO, ONHCBIBaeMOe OrpaHHUeHHSsI-
MH IBOHCTBEHHOH 3ajauM, OpelcTaB/eHo Ha puc. 11.2.

Ha nepsowm ware nonaraem /V=JO=¢J u peuraem pe-
JIaKCHPOBaHHYIO 3ajgauy (cM. 3agauy (17)—(20)) z— min,
yeY.

3HaueHue LeneBoll (PYHKIMHM HEOIPAHHUEHO CHH3Y Ha Y,
T. €. 2&—>—o0. B kauectBe y!) MOXHO BHOpPaTh N0OOYIO0
TOUKY M3 MHOXKeCTBa Y, AJs ONpeJle/IeHHOCTH yW=(10, 10).

IIpu y1=y§1)=10 u yo=yP=10 uenesast QyHkuHs
IBOHCTBEHHOH 3aKayd 3alUCBIBAeTCs B BHAE 1DA;—4As—
— max (=f*(yV)) u HeorpaHHYEHO BO3pacTaeT BAOJb pPeb-
pa A=Af -i—p,A; , w=0, p—>oo0, raE Af’ = (1, 0), A’;, =

1 1 1 1
= (1, 0). B Touke AP = (1, 0) snauenue LeneBOH (DPYHKIHUH
IBOHCTBEHHON 3amaun paBHO 15>z —@(yM)—>—o0.

Cue10BaTe/IbHO, K OTPAHHUYEHHSIM DPeJaKCUPOBAHHOH 3a-
naun poGasasiiorcss orpannuenus (G (y)—b, AZ.I)SO, T. €.
yi+y:—5<<0, u (G(y)—b, A?)<z—¢(y), T e yit+Y2—
—5<<z-++2y1+ye.

B pesyabrate mosyuaem HOBYIO DeNaKCHPOBAHHYIO 3a-
nauy z— min, y1+y»<<b, —y1—5<<z, y€Y.

Ee pewennem siBasiercss Y= (5, 0), 2@=—10.

Ipu y1=y<12)=5 u y2=y(22)=0 nesneBast GYHKIHS ABOH-
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’

CTBEHHOH 3ajaud 3amuceBaeTcs B BuAe OAj-As—
—max (=f*(¥y®)) u mocrHraer MakKCHMyMa, pPaBHOrO
i*(y®) =1, B mo6oi Touke (A1, 1), M=0. Bubepem s
ONpPEeAeNEHHOCTH TOUKY APQ— (0, 1). B aT0# TOUKE 3HAUEHHE
[*(y®) =1>2@—¢(y?) =—10-+10=0.

CrienoBaTeNbHO, K O'PaHHYCHHSIM IPeNBIAYyLIeH penaxcn-
poBaHHOH 3ajaun JobaBasercss orpanuuenue (G (y)—b,
A?)<z—¢(Y), T. . hh—Y>—4<<2+2Y1+Y>.

B pesyaprate momyua- o
€M HOBYI pejaKCHPOBAaH-
HylO 3ajauy: 2—-min, Y1+
+y:<5 —4—5<z2
—y1—2Ys—4<<z, y€Y, pe-
LIeHHEM KOTOpOH SfIBJISeTCS
Y= (5, 0), 20=—9.

7

N
N

Wi~

.,
Puc. 11.2. Jdonyctumas o6aacTh { 4
JBOMCTBEHHOH 3ajavu 1/2 7 X

[TockoqbKy IieneBasi (GyHKIHS ABOHCTBEHHOH 3amaum Ha
9TOM IIare Takas XKe, Kak W Ha Ipeasiaymem, T.e. Oh-+
+Ae— max (=f*(y®)), 10 [*(y®) =1 u [*(y®)=20—
—q(y®) =1.

Takum o6pasom, y*= (5, 0) u AAsT HAXOXKIEHHS X* JO-
CTaTOYHO PEUIHTh NMPHUBEAEHHYI0 BHILIE 3aladyy JHHEHHOro
NPOrpaMMHPOBAHHS NIPH Y=y*:

—X1—Xo-+X3— min,
X1+2x2+0x3<<5—5—0=0,
3x1+xo—x3<<4—54+0=—1,

x1=0, x2=0, x3=0.

M3 mepBoro orpaHHYeHHsi H YCJAOBUH HEOTPHULATENbHOCTH
caenyer, uto x* =x; =0 u 3ajgaua CBOAMTCS K MHHHMH3A-

uuu X3 npu x3=1. CnenosaresnbHo, x; =1.
OxonuarenpHo x* =x3 =0, x; =1, yr =3, y3 =0 — pe-
IIeHHe HCXOAHOH 3aJauH.

11.4. Takum 06pa3om, UCHO/Ib3YSl ONHCAHHBIY B JaHHOM
naparpade AeKOMNO3HIMOHHBIH NOAXOA, pelledde 3afayH
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YaCTHUHO I(eJIOUHCJIEHHOI'O HPOrpaMMHPOBAHHSI OKa3ajocCh
BO3MOXKHBIM IIOJYUHTb B Pe3yJ/IbTaTe pelIeHHs CEepPHH 3ajay
JINHEHHOTO W LIeJIOYHCJICHHOIO JIHHEHHOTO IIPOrpaMMHPOBA-
HHUS MeHblIeH pa3MepHOCTH.

[Ipu pelleHHH MHOIMX IIPaKTHUECKHX 3afad 4yacTo He
TpebyeTcs TOUHOE pelleHHe, AOCTATOUHO HAHTH NPHOIHKEH-
HOe C 3aJaHHOH a6COMIOTHOH HJ/H OTHOCHTEJNBHOH IOrpell-
HOCTBIO IO LesneBod ¢yHkuuu. Iloka)keM, 4TO TpHMEHEHHE
METOAa IeHepallMy M pejiaKCalliil OrpaHHYeHHH o6ecleyn-
BaeT ONpeJeneHHe IOCNel0BATENIbHOCTEH 8epXHUX U HUNCHUX
Ol,eHOK, MOHOTOHHO CXOJSIIIUXCSI K ONTHMAJbHOMY 3HAUEHHIO
1eseBoH (QyHKIHH. _

JleficTBUTENIbHO, pelllas PeaKCHPOBAHHYIO M ABOHCTBEH-
HYIO 3a/1ayH, HA KaXAOM Illare 2 BHIUHC/sIeM 3HAueHHs y*),
2By f*(y®), Ecnin Bennuuna [*(y*)) orpaHudyeHa, To CH-
cTeMa orpaHHueHu# npsmol 3amaun (4)—(6) mpu y=y®
COBMECTHA H MOXKeT OHITh HaiiieHO pellenne x(¥) 3ro# 3ajma-
qu. Ilockonbky x® u y®*) ynoB/JeTBOPSIIOT OrpaHHUEHHUSIM
ucxonuo#t 3agaun (1)—(3), To (¢, x*)+o(y*) << (¢, x®) 4
—+¢(y®). B paccmatpuBaemoMm cayuae (¢, x(®))=f*(y®)),
Caenosarennto, (¢, x*) +¢(y*) <[*(y™) +@(y*). dro ne-
PaBEHCTBO BHIIIONHSCTCS NIPU JI060M £ (B TOM YHCJIE H B CIY-
yae, korga [*(y®)—oo0). IloaToMy MOXKHO 3amucaTh

(¢, x*)+o(y*) < min {f*(y?)+¢(y?)}.
I<q<ck

OGosHauasi uyepes z* ONTHMAJbHOE 3HAUEHHE Ie/eBOH
¢yukunn sagaun (13)—(16), umeem 2(M<Tz*:=(c, x*)-+
+¢(y*) opu n06oMm k.

Takum o6pasowm,

2B (¢, x*) +@(y*) < min {{*(y9)+o(y@)}. (21}

=qs

[Tockonbky 2¢*-D<L2® yu min {-}<< min {-}, to no
I<q<k I<g<sh—-1

Mepe BO3pacTaHUsl £ YKa3aHHBIH MHTEpBaJ HAXOKIEHHS
ONTHMAJIBHOIO 3HAYeHHs leJieBOH (YHKIHH HUCXOJHOH 3aja-
YH CyXKaercs A0 TeX Iop, NoKa (uepe3 KOHeuHoe YuCJO Ila-
TOB) €ro rpaHHIBl HE COBNAAYT APYL C APYrOM, YTO siB/SIET-
Csl, IO CYLIECTBY, IPU3HAKOM OKOHYAHHS OIHCAHHOrO IIpO-
uecca pelleHust HCXOMHOH 3aMayH.

116. Ipumenp bl

1. B ycnoBuAX NIPedbIAYIIEro IPUMEpPa HMEeM

y»= (10, 10), z20——o0, f*(yM)—o00, @(yM)=—30,
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y(2)=(5, 0), 2@ =—10, f*(y(2))=1, (P(y(Q))=—10;
YO=(5,0), 2=—9, [*(y) =1, g®)=—10.

TMoxcraB/isiss MOCJIENOBATENIbHO 5TH 3HAYEHHsI B BhIPaXKeHHE
(21), IPUXOAHMM K 3aKJ/IIOUEHHIO, UTO ONTHMAJIbHOE 3HAUCHHE
1e/IeBOit (PYHKIIHH HCXOMHOH 3afauyd CONEPKUTCS COOTBET-
CTBEHHO B HHTepBajnax (—oo, oo), [—10, —9], [—9, —9].

Ecan 6b MCXORHYIO 3ajauy TpeOOBaJOCh PEWIHTb IPH-
GJIHIKEHHO ¢ a6COMOTHOM MOrPELIHOCTBIO (110 Le/IeBOi QyHK-
IMH), He TmpeBbiuaomei 1, To MOXKHO ObLIO OBl 1IPEKPATHTD
OTIHCAHHBIH TPOIECC ee PeLIeHHs I0CJ/Ie BbINOJNHEHHs BTOPOro
mara.

2. Ilycty nana 3adaxa K8a0paATUUHOL0 NPOSPAMMUPOBA-
HUS

8x1-}Fbxs+4x3-+y?— min,

2x%1+%2 +y=1,
X14-%2 =3,
X +x3+y=2,
X1 < —X3 =1,

%120, X2 =0, x3=0, y=0.

Haiinem mpubsiukeHHOe pelleHHe 3TOH 3ajauH, OTHOCH-
TeJbHASl NOT'PeIlHOCTh KOTOporo (mo uesneBoll (yHKUHH) He
npesbiaer 109%.

[Ipu y= const =0 umeem

8x1+5x2+4x3— min (=f* (y))v
2x14 x2 =1—y,

X1+ X2 =3,
x1 + x3=2—y,
X1 — x3=1,

x1=0, x2 =0, x3=0.
3agaua,-ABOHCTBEHHAS K NOJYUYEHHOH, 3aHII_TCSI B BHAE
(1—9) a-+-3ha+ (2—9) Ao +ha> max (=F*(y)),
20 +AoFAs A <8,
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M2z <35,
Az—Aqs<4,
M=0, he=0, 13=0, As=0.

Ha mepsoM mware, pemas PeJlakCHPOBaHHYI0 3ajgauy
z—min, y=0, noayuaem, uto z0—>—o00 u ma9 ompefesen-
HoctH y=0.

LeneBast GyHKuMs NBOHCTBEHHOH 3a1aun NpH y=y) =0
UMeeT BHI A—+3he+2hs+A— max (=[*(yM)).

IIpuxonuM K CHTyauHH, paccMOTpPeHHOH B 1. 5.6 napa-
rpada 5 (mpumep 2). Ortkyza AP=0, AD=5, AD =3,
AD=0u, cenosaresbHo, f* (y1)) =21. [Tockoabky f*(yV) >
>20—qp(yM)—>—o00, TO K OrPAHHUECHHSM pPeJaKCHPOBAH-
HOH 3ajaum ciaenyeT 106aBHTb orpanuuende 154 (2—y) X
X3<<z—y2.

Ha Bropom mare pemaem pejakCHPOBaHHYIO 3ajauy
z—min, 2=y?—3y-+21, y=0.

@®ynxuusa y?—3y-+21 nocturaeTr HauMeHbLIEro 3Haye-

HHsI, PaBHOTO 18T3 opu y=1 17 CnenoBaTenbHo, Y=
1 3

=] — (2)—18 =—
2,2 184.

+
Lenesas ¢yHKiHS ABOACTBEHHON 3a1aun NpH Y=y =

=1——é1— HMeeT  BHJI —%}\.1—‘-3}\,2‘!"51"?\43-'—7\14_*

—max (=[*(y®)).
HeTpynno y6enuthbesi, uTO pemleHHeM [JBOHCTBEHHOH 3a-
layd B 3TOM CcJydae SIBJSIOTCS 7»<12)=0, 7»(22>=5, ?»(32)=0,

AMD=3 u f*(y*?)=18.
Takum 06pasom, onTuMa/bHOE 3HAUEHHE 1esNeBOH (QYyHK-

. 3
UMK HCXOLHOH 3aJauyd He MEHbIIe z(2)=18T U He OoJblle

f*(y(Q))+(p(y(2))=20—%-, T. €. HaXOJHTCS B HHTEpBaJje

3 1
[ IST, QOT] , IJHHA KOTOPOTO paBHa 17.~
CurieoBaTeNbHO, I0Jarasi B HCXOAHOH 3ajzaue Y=y =

1
=1 "5~ noayuaem npubauKeHHOe PellleHHe, OTHOCHTEeIbHAS
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HOTPEINHOCTh KOTOPOro (Mo LeseBOH (DYHKIHH) He IIPEBBI-

1 3
maer (1—5: IST‘) - 1009% =8%.

Hmeem
8x14-5x2+4x3—> min (=f*(y®)),

—

2%+ %o 2—7,
X1+x2 =3,

X1 +x3 2%,-
X1 —x3 =1,

X1>0, x2>01 x3>0'

JJs pellleHHsT 9TOH 3afaud MOXKHO BOCIIOJIB30BATLCS METO-
JIOM pejakcalluu orpaHuueHuil. Eciu HCK/IIOUHT, mMEepBOe M
TpeTbe HEPaBEHCTBA, TO MHHUMYM IeJeBOH (yHKUHH GyneT
JIOCTHraThCs B TOUke (X1=1, xo=2, x3=0), y10BJIeTBOPSIO-
el IepBOMY M TPETbEMY HEpaBEHCTBAM.

1
Takum o6pasowm, x<12>=1, x(22)=2, x3(2>=0, Yy =1 -

HCKOMOe IPHOJNKEHHOE pellleHHe UCXOAHOH 3aJayH.



12. RBOWCTBEHHOCTE M JEKOMIO3MLIUS

HpI/I IIOCTPOCHHH JNEKOMIIO3HLIIUOHHBIX CXEM pelIeHHs 3a-
JAad MaTeEMaTHYECKOro NPOrpaMMHUPOBAHHSI WIHPOKO HCIOJb-
3YIOTCs1 OCHOBHbBIE COOTHOLUEHHUSI TEOPHH JIBOHCTBSHHOCTH.

12.1. PaccMoTpuM 3adauy geinyka02o npozpammiupo-
B8aHUA

f (x)—min, (1)
gi(x) <0, i=1, m, (2)
x€X, (3)

rae MHOXecTBO X=R™ — BhiNyKJ0e; OYHKUHK f(X) U gi(¥),

i=1, m,— BbinyKJble Ha X.
ComocTaBuM NpHBeIeHHOH 3anaue (yHKuUUIO Jlarpanxka

L(x, A)=F(x)+ 3 higi(x), 4)

tae A= (A, Ao, ..., Am) ER™,

ITapa (x° A%), x°€X, A°>0, HaswiBaercs ced1080ti TOU-
Koul ¢ynkuuu Jlarpaunxka, ecau mast scex x6X u A=0 Bu-
noaHsiorcss HepaseHcTBa L (x°, A) <<L(x° A% <<L(x, A°).

Ecnn (x° A°) — cennoBasi Touka pyukuuu (4), 1o X° —
pewenue 3anaun (1)—(3) u BBHINOJHSETCS YCJOBHE AOIOJ-
HSIOLIeH HeXEeCTKOCTH

M gi(x%) =0, i=1, m. (5)

OTMeTHM, YTO 3TO YTBEpKAEHHE CIPaBENJHBO AJs JIOGOH
(Heo6s13aTeIbHO BBINYKJIOH) 3ajlaud MaTeMaTHYECKOTo IIPO-
rpammupoBanus suga (1)—(3). _
Ls1 3agaun BEIIYKJOrO IporpaMMupoBanus suga (1)—
(3), orpanHuueHHsT KOTOPOH 06/afiai0T CBOHCTBOM peryJsip--
HOCTH (cymlecTByeT Touka x'€6X takas, uto g;(x') <0, i=

=1, m), cupaBenausa Teopema Kyna — Takkepa: HeoGxo-
IUMBIM H HOCTATOYHBIM YCJOBHEM OITHMAaJbHOCTH TOUKH
x%€X saBsasiercs © cymecTBoBaHme Takoro A°=0, uTO
(x°, A%) — censioBasi Touka ¢GyHkuuu Jlarpanxa (4). Ilpu
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5TOM BBHINOJNHACTCS YCIOBHE AONOJHSIOMIEH HeXKeCTKOCTH (5).

Ecnn Bce orpanuuenus (2) aunefineie, a f(x) mo-mpex-
HeMmy BbiIykaas Ha X ¢yHKuus, To Teopema Kyna — Tak-
xepa cIpaBej/uBa Ge3 NPEANOJIOKEHHsT O PeryJsipHOCTH
MHOXKECTBA OrPaHHuEHHH (2).

YKazaHHbIE B3aMMOCBSI3H MEXIy DELICHHEM 3ajadyd Ma-
TeMaTHYECKOIO IMPOrpaMMHPOBAHUS H CEIJIOBOH TOUKOH
¢yskuun Jlarpanxa NO3BOJISIOT B OTMEUEHHBIX CHTYalHsX
BMECTO HeNIOCPEACTBEHHOro peuleHus 3apauu (1)—(3) ocy-
LIECTBJISATD IIOHCK Ce/JOBOH TOUKH PYHKIHUH (4).

Chopmynupyem xeobxodumosie u oCTATOUHbIE YCAOBUS,
OpH KOTOpHIX mapa (x° A°) siBasieTcss cemsioBoil TOUKOH
dyukuun Jlarpauxa.

Hans Toro uto6sl nmapa (x°, A°) x°6X, A°=0, 6ul1a cen-
JIOBOH TOYKOH pyHKUHH JlarpaHka, HEOGXOAUMO H JOCTATOU-

HO, uT0GBl gi(x°) <0, i=1, m; L(x°, A°)<<L(x, A°) nas
Beex x€X; A9 g:(x°) =0, i=1, m.

IIycts dynkuuu f(x) u gi(x), i=1, m,— HempepuIBHO
nuddepennupyemsle 1 X={x|x=>=0}. B atom cayuae napa
(x°, A%, x°€X, A°>=0 siBasieTcst cefi0BOH TOUKO (DYHKLUHH
Jlarpanxka Torga M TOJbKO Torma, Korga g;(x°) <0, i=

=1, m; 0L/0x;=0, j=1,n; A0gi(x°)=0, i=l, m;

(aLO/axj)x°j=0, j=1, n. 3necp 0L°/0x; — 3nayeHne uacrt-
HOH npousBojgHOH oT QyHKUMH L(x, A) mo x;, BoIUHCAEHHOE
B Touke (x°, A°). .

12.2. Beenem HOHATHS OPSIMOH M JNBOHCTBEHHOH 3amaun
1 cpopMysHpyeM OCHOBHblE COOTHOLIEHMS JBOHCTBEHHOCTH.
IMpennonaraercsi, uto orpannueHuss (2) o6aajnarT CBOHCT-
BOM DeryJISIPHOCTH.

"Ilepenumewm 3anauy (1)—(3) B BUzE

¢ (x)—>min, (6)

x€6X, (7)

IZie @(x) — onTHMaJbHOE 3HAUYEHHE LeJeBOH (QYHKUHUH B 3a-

nave L(x, A)—>max(=¢(x)), A=0; X — MHOXKeCTBO TOUEK
u3 X, B KOTOPBIX @ (X) << 00.

Pemenne sapauu (1)—(3) coBmamaer ¢ pelleHHEM 3a-

naun (6)— (7). e#icteutennHo, ecaun x’6X u B Touke X’
Hapyuraercsi XoTst 6bI OJHO U3 orpaHuueHH# (2), 10 @(x) =
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=o0. Ecin x’€X u Touka x’ y1OB/IETBOPSIET BCEM OTPaHHUe-
Husim (2), 1o @(x’) =f(x"). Hakonen, ecau ¥ €X u ¢(x') <
<C oo, TO TOYKa X’ YIOBJETBOPSIET OrpaHHueHusM (2).
3anauy (6)—(7) uau sKBHBaJIEHTHyIO el 3ajauy (1) —
(3) HaseiBaOT npAmoOl 3amauell BBHIIYKJIOrO NPOrPaMMHPO-
BaHUs.
JsolicTeennoli Ha3bIBAIOT CJAEAYIOUIYIO 3a1auy:

P (A)—>max, (8)

A€A, (9)
rae P (A) — onTHMAaNbHOE 3HAUEHHE LeJeBOH QYHKI UM B 3a-

nage L(x, A)—min(=1y(A)), x6X; A — MHOKECTBO TOUYEK
A=0, B KOTOPBIX P (A) >—o00.
Jns 3apaun THHEHHOTO MPOrpaMMHPOBAHUS JIBOHCTBEH-

Hylo 3a7auy (byHKuuio §(A) ¥ MHOXKeCTBO A) MOXKHO 3a-
nHcaTh B SIBHOM BHJE.

JleficTBHTE/NbHO, PACCMOTPUM 3224y
(¢, x)—min,
Ax—b <0,
x=0.

Oyukuua Jlarpanxka OJs TakKOH 3a4auyd 3alHIIeTCs
B BHJE

L(x, A)=(c, x)+ (A, Ax—b) = (c+A"A, x) — (b, A),

TAe T — 3HaK TPaHCIOHHUPOBAHUA.

Ecau cpeim KOMIOHEHT BeKTopa C-+AYA cymiecTByeT
x0T Obl OJHA OTPHIlAaTe/NbHAsA KOMIIOHEHTa, To P (A)=
=min {L(x, A)|¥*=0}——o0. CiiefoBaTe]LHO, MHOXECTBO

A onucbiBaercsi HepaBeHcTBaMH C+ATA>=0, npum 3TOM
$(A)=—(6, 7).

Takum 00pasom, ABOACTBEHHYIO 3alayy MOXKHO 3allUCaTh
B BHJE

— (b, A)—max,
A" A>=—c,
A=0.
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12.3. Mexay npsiIMOM W JNBOHCTBEHHOH 3ajauaMH Cylile-
CTBYeT TeCHasl CBfi3b, HaXOAsllas OTPaXKeHHS B TaK Ha3H-
BaeMbIX COOTHOUWleHUsx A8olicTéenHoCTy. [iepeunciuM HEKO-
TOpbIE H3 HHX.

1. Idasa cyumecTBOBaHHUSI peluenuss x° IpsIMOH 3ajauu He-
06XOANMO (HO He JOCTAaTOYHO) cyIIecTBOBaHHe pelueHuss A°
IBOACTBEHHOH 3alayH.

2. Ias toro yto6el x° U A° GbIIM pEelIeHUSIMH IIPSIMOH
U IBOICTBEHHOH 3ajau, HEOOXOAMMO H AOCTATOUYHO, UTOODI
mapa (x°% A°) Oblna cennioBod TouxkoH ¢GyHKUUM JlarpaHxa.

3. Ecim x6X u AGA, To @(x) =9 (A). Jlist TOro 4TOGEL

X°6X u A°6A Oblu pelleHHsIMH IPsiMOH M ABOHCTBEHHOH 3a-
a4, HeoGXOJHMO H NOCTaTOUHO, uyToOnl ¢ (x°) =1 (A°). Ilpu
5TOM BBINOJIHSIETCS] YCJOBHE [OINOJHSIOMEH He:KeCTKOCTH:
A gi(x°) =0, i=1, m.

4. Ecnn ynkuus ¢(x) He orpaHHueHa cHH3Y Ha X, TO

./—\=_®. Ecnn ¢yskous $(A) He orpaHHYeHa CBEPXY Ha A,
T0o X=(.
5. CnpaBe[/IuBO COOTHOILUEHHe (TeopeMa O MHHMMAKce) :

min max L (¥, A)= max min L(x, A).
x€X A=0 A=0 x€EX

PaccMOTPHM HEKOTOPbIE IOJIe3HBIE B JajbHE{IleM CBOM-
cTBa ueneBod QynkiHu P (A) ABOficTBEeHHOH 3apaun (8)—
(9).

[Mokaxewm, uto (A) siBisieTcsi 8oeHyTOU GhyHKIHel Ha
M060M BHIIYK/IOM IOAMHOXKeCTBe A’ MHOXeCTBa A.
JeficTBUTE/NIbHO, BHIOHPAsT TOUKH A<1>, A®EA’, nmeeM
P(aAD+ (1—a) A®) =min {L(x, aA+
+(1—a)A®) |x€6X} =min {aL (x, AV) +
+(1—a)L(x, A®)|x6X} =amin {L(x, AD)|x€X}+
4+ (1—oa)min {L(x, A®) |x6X} = (AD) 4 (1—a) P (AP)

ns Beex 0Ca<<1.
U3 nudpepenuupyemoctn ¢GyHKuuMd f(x) u gi(x), i=

=1, m, Ha X He cjenyer, Boo6u1ie ropops, AuddepeHuupye-
MoCTb (hYHKUHH Y (A) Ha A
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124, TIpumep. Paccmorpum 3amady BHIOYKJIONO IIpPo-

rpaMMHpPOBaHHUS
f (x) =x2 4-xo—>min,

g1(x) =1—x—x<<0,
x6X={x= (11, x2) | 0, < 1, O<<xo<<l}.

2 A
Puc. 12.1, Tpaduk ¢yukuua
P(R)

®yuxuua JlarpaHxa B HaHHOM cJaydae MMeeT BHJ

L (%, &) = (2 4%2) 4-h (1—,—102) = (,xl_.£)2+

2
- (1—=2) xaphe 2,

yA)

|
|
|
i
7

2
Munumusupys ee no x€X, monyuaem (A) =A— 7;
2

npu

0<A<I, p(h) =1— 2
A>2. 4

I'padux dyskuuum ¢ (A) mpencrasieH Ha puc. 12.1. Dta
GbyHKUuSA sABAseTcs AUPQEepeHIHpyeMOH BO BCeX TOYKax
A=0, kpome A=1.

12.5. TIpu cpaBHUTENbHO OGLINX NPEATION0KEHUAX MOXKHO
HaHTH BHIPAXKEHHUS JUIS 4ACTHbIX NPOU3BOOHBLX U NPOU3BO0-
HolX no Hanpagaeruro GyHrUuu P (A). s 3TOro mocraroy-
HO BOCIIOJIb30BATbCS CJEAYIONIHM H3BeCTHHIM YyTBepXKae-
HHEM.

[Mycth naHa HekoTOpas HenpepwiBHAs (yHKUuA H(y, 2),
rpe y= (yl, Y2, ..., yp)eRp, Z=(Zl, 22, « ooy zq)eRq, er,
Y — orpaHuueHHOe 3aMKHyTOe MHOXKecTBO B RP. Ilpezno-
JIOKHM, UTO CYILIECTBYIOT YacTHbiE NPOU3BOAHBIE HyHKUHHU [

opu 1<<A<<2 u $(A) =2—A npu

1o 2;, i=1, ¢, ¥ 9TH NPOU3BOAHBIE HENPEPHIBHHL.
BBe,IIeM B paCCMOTpeHHe byurumo k(2) =min {H (y, 2) |
y€Y} u muoxectBo V*(2) ={y|H(y, 2) =h(2)}.
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Odnocroponneil npousdgodroil ¢yHruuu h(z) 1o Hanpas-
JIEHHI0 §== (S1, S2, ..., Sq) R B TOUKe Z Ha3LIBAETCS TPELeJ
orHoureHust h(z-as)—h(2) K a opu a—0, a=0. [Ipu yka-
3aHHBIX TNPEANONOXKEHHAX (OLHOCTOPOHHHE) IPOHU3BOAHBIE
(GYHKIHH £ (2) 10 11060My HallpaB/IeHHIO S B /06O TOUKe 2
CYLLECTBYIOT H PaBHHI

min { isi oH |y6Y*(z)}.

=1 02

Orcrofa ciefyer, HallpUMeEpP, UTO APABOCTOPOHHAS dacT-
Hasi IPOM3BOAHAsT PYHKUMHU A (2) 10 2;

oh \+ . oH .. i} }
( 0z; )—mm{ 0z; ’yGY @) g

a N1eB0CTOPOHHAA

(o) =max {5 vereea .

ITonaras y=x, 2=A, Y=X u Boi6upas B KauecTse
¢byukuuu H(y, 2) ¢yuxumio L(x, A), IpUXOAUM K 3aKJIO-
YeHHIO, UTO AJIS1 CYLIECTBOBAHUS OLHOCTOPOHHHUX IIPOH3BOJ-

HelX (QyHKIUH P(A) mpu 106bix AEA A0cTaTOYHO NOTPe6o-
BaTh, YTOGEl MHOXKecTBO X GBIJIO 3aMKHYTBIM H OTPaHHYEH-

HbIM, a ¢yHkRuUHH f(X) u gi(x), i=1, m, HempepbLIBHEIMH
Ha X. ‘
Ilpu sTOoM (OZHOCTOPOHHAS) TNPOU3BOAHAA (YHKIHH
¥(A) B TouKe A 1O HampaB/eHHIO S= (Si, Sz, ..., Sm) GR™
paBHa

m

min{ > sigi(x) |x€X*(A) } ,

=1

rae X*(A)={x|L(x, A) =p(A)}.
YacrHbie npoussogubie Gyukuuu P (A) B TOuke A cnpasa

U CcJleBa BBIYHCJSAIOTCS IO (hOpMyaaM

.0 +
(_axi‘) —min {g; (x) | x6X* (A)}

a —_
(79;{)—1) =max {g;(x) |x6X*(A)}.
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Ec/n MHOXeCTBO X OTDaHHYCHO H 3aMKHYTO, @ ()YHKLHH
f(x) u gi(x), i=1, m, nenpepuIBHEI Ha X, T0 pyurums §(A)

nuddepenunpyema B Touke AGA TOrAa H TOJBKO YOI/, KOT-
na Bce (QyHKUHMH g;(X) nocTosiHHBl Ha X*(A). B atoM cay-

yae B Touke AGA

i €X*(A), i=1,m
-Exi—-—g,(x), x6X*(A), i=1, m.

Curyalysi TaKOro poJa UMEeT MEeCTO, B YaCTHOCTH, B TOM
cayuae, KOrjJa MHOXKECTBO X* (A) COCTOUT TOJIBKO H3 OJHOTO
sneMeHnTta, T. e. |X*(A)|=1. EQHHCTBEHHOCTH MHHEMyMa

dynxuun L (x, A) npu ¢puxcupoBanrom AEA rapasTupyercs,

HalpUMep, BBIIYKJOCTbIO (DYHKUHUH g;(Xx), i=1, m, u cTporoi
BHIIYKJIOCTBIO QYHKIHMH f(x) Ha X.

OTMeTHM, UYTO IPHBEJEHHBIE CBEIEHHS OTHOCHTEJNBHO
JuddepeHuHpyeMOocTH PyHKIUH P (A) cnpaBelJauBHl 4J5 JIO-
6ol (Heo6si3aTe/BHO BBINYKJAOH) 3amaun Buaa (1)—(3),
obnajamouell ykasaHHBIMU cBoficTBaMu. [{/151 3ad4ul BBINYK-
JIOTO NPOTPaMMHPOBAHHSI HENPEPHIBHOCTb (GYHKUHI f(X) H

gi(¥), i=1, m, BO BHyTPEHHHX TOYKAX MHOXKecTsa X Heroy
CPEACTBEHHO CJeAyeT M3 HX BBIIYKJOCTH Ha X.

12.6. I[Ipumep. Ilo ycaoBusiM npeaplayinero npumepa
IJs ao6oro yncaa A =0 umeem

(-5

+
_0?»~) =min {l—x;—x2|x€X* (1)}

0 —

<T;P_> =max {l—x—x2|x6X*(A)}.

Ecan A=1, 1o L(x,A)=L(x,1)=(x—1/2)2+3/4.

MmuoxectBo X*(A)=X*(1) Touek x€X, B KOTOPEIX JIOCTHra-

eTcss MUHEMYM QyHKUHH L (X, 1), onHCBIBaeTCs COOTHOILECHHS -
,)+ 1

=1 2 ’

Mu x;=1/2, 0<Cx,<< 1. Csle10BaTe/bHO, (

dyP )— 1
F ey

oM
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Ecan 0<<A<<1, to MHOXKecTBO X*(A) COCTOHT H3 €IHH-
' 0

CTBEHHOH TOUKH X;= ——, Xp=0 H, CJIef0BaTeJbHO, =

2 oA
Q) )+ ( o )— A
— = =] —— : <2,
__( i T 1 5 Anajiornuno ecan 1 <<A<C
TO0 MHOXKeCTBO X*(A) COCTOHT M3 €LHHCTBEHHOHM TOUKH Xj==
A 0 A
=5 Xo=1wm a_;b =—5 Haxkomneln, ecan A>>2, To MHO-

xecTBO X* (M) COCTOMT M3 €IHHCTBEHHOH TOUKH Xi=1, xo=1
9
oA
OTMeTHM Takxke, YTO Ce[JI0BOH TOUKOH (yHKIuu JlarpaH-
’Ka B paccMaTpUBaeMOM cJayuae sBJsgercs mapa (x° A°),
rae A°=1, x°6X* (1) u BBINOJHSETCS] YCIAOBHE JONOJNHSIONIEH
1
5

12.7. Hapsany c ¢yukuuein Jlarpanxa L (x, A) B coBpe-
MEHHOH BBIYHCJHTE/IbHOH NMPAKTHKE LIHPOKOE PaclpoCcTpaHe-
HHE NOJIYYHJH TaK Ha3blBaeMble MOAH(HUIHPOBAHHbBIE (YHK-
unu Jlarpan:xa, o6sajamllue TeM Xe MHOXKEeCThOM CelJo-
BbIX TOUEK U HTpaIoIlHe Ty K€ POJb B TEOPHH ONTHMH3ALHUH,
yTO M KJjaccuueckas ¢yHkuus Jlarpanxa. Bwmecre ¢ Tem
IPH COOTBETCTBYIOIEH MoAH(pHKauUuK QyHKuUuHU L (X, A) oka-
3bIBaeTCsl BO3MOXKHBIM H30aBHTbCSI OT HEKOTOPLIX e€e He-
JLOCTATKOB, B YAaCTHOCTH O0€CHeYHTb TIJNafKOCTb IeJ1eBOH
(yHKUNH IBOACTBEHHOH 3aJayH.

OO6bluHO B KayecTBe MOAM(DHIHPOBAHHOU Gydxkuuu Jlar-
paHxka BpIOHpAIOT (QYHKUHIO BHIA

=—1

H

nexecTkocTh: 1(1—x9 —x9)=0. Orcrona x9 =x9 =

(v A) =1 () + X Dulgi(2), 1),

rae kaxnaasi U3 QyHkuuil @;(y, 2) ABYX NMEPEeMEHHBIX Yy H 2
sIBJIsIeTCS BHINYKJOH U HeyGbiBatoLiel no y (npu z==0) u Bo-
rayToil mo z (mpu aw6om y). Ilpeanosnaraercs rakixe, 4To
®; (0, 2) =0 nas Bcex 2=0, dpynxuusa D;(y, z) 1uddepeH-
o0®; (0, 2)
——-5!—/—- =2z npu Jw6om 2=0.

IIpy BHINOJIHEHHH NepPEeuHCVIeHHbIX YCIOBHH J106as QyHK-
nus Buga L (x, A) o6nanaer TeM Ke MHOXKECTBOM CE/JIOBBIX

nMpyeMa I0 y B HyJle U
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Touek, uto u ¢ynkuus L (x, A). JocTaTouHo pazd006pasHble
npuMepel GYHKUMA L (X, A) ONHCHIBAIOTCS BBIPAKEHHSMH

BHUOA
@; (y, 2) =ni(y) 2+0: (v),

rae n:(y) u 0:(y) — BbIMyKJble W HeyObIBAOIIHE (YHKIHH
OfHOH mepeMeHHOH y; Mi(y)<<O0 npu y<<0, m:(0)=0;
0 (y) =0 mpr y<<0; n:(y) u 6:(y) Audbepenunpyemsr 5 ny-
Je un) (0)=1.

ITonarast n:(y) =y, 0:(y) =0, i=1, m, u TeM caMBM
®; (y, 2) =yz, nonyuaem oObuHYyO (yHKUHIO Jlarpanxka

Z(x’ A) (x A) _f + Z Mg;

Ecau nosoxwute, Hanpumep, mn:(y) =y, 0:(y) =

=p; [max (0, y) ]2, rae unucso p;>0, i=1, m, o ®;(y, 2) =
=yz+p; [max (0, y)]> u MomubuiHpOBaHHAS (YHKIHUS
Jlarpan:xa umeer BH,H

L(x, A)=f(x —{—Zkgz —!—Zﬁz [max (0, g:(x))]*.

ITepeuenb NpuMepoB MOAHMDHUIHPOBAHHBIX PyHKUHN Jlar-
paHxka MoxKeT ObITb €CTEeCTBEHHO NPOAoJKeH. Kak yxe orT-
MeuaJjoch, 3TH (YHKIHMH B MaTeMaTHUECKOM IPOrPaMMHUPO-
BaHHH HTPAIOT Ty XK€ POJib, UTO U ¢yHKuus L(x, A). B uacrt-
HOCTH, C HCNOJb30BaHHEM MOAU(PHUUUPOBAHHBIX (DYHKUUH
JlarpaHxa MoKeT ObITb NOCTPOEHA TaKasl XKe TeOPUs ABOH-
CTBEHHOCTH, KaK M C NOMOIIbIO OOBIUHON (yHKIuH Jlar-
paHxa. '

O6osHauass uepe3 @(x) onTHMAaJbHOE 3HAUEHHE lleJIeBOH
¢yukuuu B 3apaue I (x, A)—>max, A=0, ucxonuym 3anauy
(1)—(3) MoKHO mepenucartb B BHJE

@(x)—min, (10)
x6ZX, (11)

rae X — mHOXKecTBO Touek u3 X, B KOTOPBIX ¢(x) << oo.
JlsoticTeennotl K 3TOfl 3amaue ABJASETCS 3ajada

¥ (A)—>max, (12)
AEA, (13)
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rie P (A) — ONTHMAaJbHOE 3HAUECHHE LeNeBOH QYHKIHH B 3a-
naue L(x, A)—min, x6€X; A — mHoxecTBo Touek A=0,

B KOTOPBIX P (A) >i—oo0.

Jlast npsimoit U ABoficTBeHHOH 3anau (10)—(1i) u (12)—
(13) cnpaBenJIuBBI T€ K€ COOTHOUIEHHSI ABOHCTBEHHOCTH, YTO
u gast 3agaud (6)—(7) u (8)—(9).

[Ipu noxxoxnsimem BeiGope (yHKUHH L (¥, A) MOXKHO IO-
Ayu4nTh mapy 3agay supa (10)—(11) u (12)—(13), Gosee
IPOCTHIX (B TOM HJIH HHOM CMBIC/IE), yeM 3agaun (6)—(7)
u (8)—(9). B uacTHOCTH, MOXKHO OOECIICUHTL BechbMa Bax-
HOE C BBIYHCJHTEJbHOH TOUKH 3PEHHsI YCJOBHE TJIaLKOCTH

nesneBoll (GyHkuuu P (A) ABOHCTBeHHOH 3ajaud. [las 3TOro
JIOCTaTOUHO, HATIPUMED, MOJIOXKHUTh

®:(y. 2) = - ([max(0, z+B) =), (=T, m

rie P — OPOH3BOJBHOE IOJOXKHTEJbHOE 4HcJjo. HerpyaHo
y6euTbCs, UTO 3Ta (PYHKUUS O6JafaeT BCEMH INEPEUHCJEH-
HBIMH BBILIE CBOHCTBaMH.

CoorgercTBytollasi MOAW(UIHPOBaHHAS ¢yHKIHA Jlar-
paHKa 3alulIeTcs B BHAE

L ) =)+ 20 [max(0, kb)) ' —
= (14)

m

L D

26 i=1

Llenesasi yHKUHS $(A) [BOIICTBEHHOH 3aJaUH OKAa3Hl-
BaeTcs auddepeniupyemoil B Jwo6oi touke A=0 (mpen-

nosaraercst, uto P (A) >—oo pas Bcex A=0). ,
12.8. TIpumep. B ycaoBusix paccMOTPeHHOro B 1. 12.4

npumepa MoauduuupoBanuast ¢pyHkuus Jlarpanxka (14) sa-

NHUeTcs B BUAe (mosiaraeM AJs ONpeeseHHOCTH f=1)

L (x1, X2, A) = (xf +x2) -+

1
+ % [max (0, At1—xi—x) |2— A2



Hasi HaxoxaeHHs P(A) LaHHYIO QYHKIHIO HeOGXOAHMO
MHHHMH3HDOBATb Ha MHOXKecTBe X TpH (HUKCHPOBAHHOM
A>=0. HanomHuM, 4TO MHOXKecTBO X B pacCMaTpHBaeMOM
cjyyae onuchiBaeTcss HepapeHcTBaMHM 0<Cx <C1, O<<xo<<1.

OnpenennM yacTHble MPOU3BOAHBIE QYHKUHH L (X1, X2, A)
110 X1 H X2 H IPHPABHSEM HX HYJIO:

{ 2x1—max (0, A+ 1—x;—x2) =0,
1 —max (0, A+ 1—x;—x,) =0.

1
Ionyyaem x* (1) = 5 x% (M) =A— —;— [Tockonpky mpH
1 1 1 ‘ ~
> <7\,<1——2— TOYKa (—2—-, A— : ) €X, 10 Y(A)=

1 1 1 1
=——AtAt+—, — <l—.
g M 5 <<l 3

1
Ecan A>1—2—, TO MHHUMYM QyHKUBH I (X5, X2, A) Ha

MHOXKecTBe X JoctHraercs npu x.==1. [Ipuxoaum K HeoO-
XOJAHMOCTH MHUHHMH3AUNH QYHKUHH L (%1, 1, M) = (x2 +1) +

|
+ - (A—xl)Q——%AQ npu ycjaosuH, 4to 0<Cx, << 1. [Ipupas-

HHBasi HYJIO [POM3BOJHYIO 3TOH (QYHKIMH IO X, [OJy4aeM

3x,—2A=0, otkyna x* (7»)=§—7». ITockonbKy npu IL-<

2
< A< 3 Touka (%x 1'):6 X, 10 $(A) = —%A2+ 1,
i .
Anagornuno, ecam 0<CA<C %, TO MHHUMYM (PyHKLHH

L (x1, X2, A) Ha MHOXKecTBe X pOCTHraercs npu Xp==0\

HMmeem: L(x1, O, 7»)=x21—}——21—(7»-[—1——x1)2—.—ik2 oL =

2 7 dxy
?»—l—l

= 20— (A 1—x1) =0, *% (A) ="“—, P(A) = _LA2+-

1
_— [ < —
—}—37»—{—3,0\7» >

Haxomnen, eciu A>>3, To0 MUHEMYM (QyHKUHA L (X1, X2, A)
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Ha MHOXecTBe X JocTHraertcss mpu x;=1 u x,=1. Caego-
patenbHo, (1) =—x+271, A>3,

Takum o6pasom, P (A) = —_%5‘"7”2‘*' 2?7»—[— :1),— pn 0<<A<<

1 ~ 1 1 1 I ~
<———-, A =— —A2 _ JE— — V) =

7 B0) == Ak o mpn - <0< 1, H ()

1 1 ~
=—?M+l npu 12— <A<<3 u Y(A) =__7»_|_2_12_ npH
A>>3. I'pacduk aTOH (QyHKUHH NMpeAcTaBJeH HA puc. 12.2.

~A
@Qyuxnus P(A) siBAseTcs BOrHYTOH, AudQepeHnnpyeMon
U Ui ee MakcUMH3anuu (npu A>=0) MOryT ObITb HCIOJB30-
BaHbl, HaIDUMepP, PAaJHEHTHble MeTonbl. Makcumym 3ToH

(OYHKUIHUH, pPaBHBIH R pocrturaercs npu A==1. CoorBercrt-

1
5 x% (1) = —-. Caenosaresn-
HO, CEIJIOBOH TOUKOH (QYHKUMH L (X1, X2, A) sIBJsieTCS mapa

- 1 1\
(x°, A%), rme x°= (—2-, —2—) , Ao=1.

12.9. Merodsl dekomno3uyul, 0CHOBAHHbLE HA UCNOAL3O-
sanuu ¢pynkyuti Jaepansca, NONyUHJIH LIHPOKOE PacIpoCT-
paHeHHe NpH pelIeHHH 3aJau BBIIYKJOro cernapabesbHOro
NpOrpaMMHUPOBAHHS ¢ GJIOYHBIMH OrpaHHueHusiMu. OCHOBHbBIE
HIEH 5TOrO MOJXO0Ja MOXKHO IPOHJJIICTPHPOBATh, PACCMOT-
peB oOLIyI0 32124y JHHEHHOrO IPOrPaMMHUPOBAHHUA BHIA

ByloIlHe 3HaueHust x* (1) =

[\

(¢, x)—min,
Ax<p,
x=0,

rie A — matpuna pasMepHOCTH mXn; ¢, b, X -— BEKTOpPHI
COOTBETCTBYIOIIUX Pa3MEepPHOCTEH.
IIpencraBuM paccMaTpHBaeMyio 3ajauy B BHJe

(¢, x)—-min, (15)
A@x< b, (16)
ADx<<bW), (17)

x=0, (18)
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rae A® u A — maTpuubl pasMEpPHOCTH mo XA H My X A Co-
OTBETCTBEHHO, Mo-+m;=m; BeKTop (b, b(V) =y,

O6o3HaunM MHOTOIDAHHOE MHOXKECTBO, OUYCHIBAEMOe
orpannuenusmu (17)—(18), yepes X. Torma ucxoanywo 3a-
Jlayy MOKHO 3alHcaTh B BHJE

(¢, x)—min, (19)
AOx—p <0, (20)
x€X. (21)

ITo snemenrtaM aTofl 3ajaun cocTaBuM GyHKUHO Jlarpanxka:
L(x,A) = (¢, x) + (A, A®x — b©®) = (c 4 (A®)7A, x) —
— (0@, A), rne AGR™,

Pemenune ncxoaHo# 3afauy CBOAUTCS K HAXOXKAEHHUIO CEJl-
JnoBo# ToukH (X0, A@), x°6X, A®=0, ¢pyukuwau L(x, A),
YTO B CBOIO OYepelb CBOAMTCS K peLIeHHIO (K00pOuHUpY!O-
wiell) 3anaun

P (A)—>max, (22)
A=0, (23)

rae P(A) — 3HaueHne ueneBoH (GyHKUHH (40KA.1bHOL) 3a-
JauH

L(x, A)—min(=vy(A)), (24)
x€6X. (25)

O6Gosnauasi BekTop (c+ (A®)TA) uepes d,, JOKadbHYIO
2ajlayy MOXKHO 3alHCaTh B BHIE

(da, x)—>min(=yo(A)),
Ax<bO),
'x=0,
a KOOPJAHHHPYIOULYIO — B BHJE
P (A) =0 (A) — (b, A),
A=0.

JlokanbHas 3ajgaua TNpH (PUKCHPOBAHHOM A SIBJSIETCS
3ajauvell JsuHefiHOoro nporpammupoBaHus. Kosddhuunuents
1eeBoH (GyHKUMHM 3TOH 3aJauH JHHEHHO 3aBHCAT OT A.
@ynkuus Po(A) — Boruyrasi Kycouno-nuneiinas. Koopauuu-
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pylollas 3ajiaya COCTOMT B MaKCHMH3aIlHH BOTHYTOH Kycod-
HO-THHEHHOH (GYHKUHH Y (A) IPH YCJAOBHH HEOTPHIATENBHO-
ctH nepemenHbix. OrtmeruM, uto ¢yHkuus P(A) 3anaHa
HESIBHO: /151 BBIYHCJ/ICHHS €€ 3HAUEHHs B HEKOTOPO# Touke A’
HeoOXOAMMO PELINTH JIOKaJAbHYIO 3anauy npu A=A’.

Ecan matpuna A® — 6/10uHO-AMaroHa bHAs, TO JiOKaJb-
Has 3anaua (opu (GUKCHpOBAHHOM A) pacmamaercsi Ha He-
CKOJIBKO 110132724 MEHbIIE pa3MepHOCTH.

S

W)
Ty 7 PR
e
~ [

' i
Yo g i
2 I
g i
1 [
3 -5 {

l
[
{
i

Nol~a

Puc. 12.2. Tpaduk GyHKUHH 1'[)'(7») Puc. 123 glzit)bm( dyHKHU

12.10. TIpumep. PaccmoTpuM 3ajauy JHHEHHOI'O NPO-
rpaMMHPOBaHHUS
—X1—Xs—2x3—3Xxs—min,
2x1+Xo+ x3-+2x4<<3,
X14xo <2,
X3+ x4,
x1=0, x2=0, x3=0, x4=0.

[Monarast x= (X1, X2, X3, Xa), X={x|x1+x:<<2, xs+x,<<
<, =0, x2=0, x3=>0, x4=>=0}, 3agauy MOXHO 3alucaThb
B BHE

—X1—X2—2X3—3x4—>min,
2x1+x2+x342x4—3<0,
x€eX.
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®Oyukius Jlarpanxka:
L(x,A) = (—x1—X2—2x3—3%4) +A(2¥1+ X2+ X3+2Xx4—3) =
= (2A—1) %1+ (A—1) x2+ (A—2) X3+ (2A—3) xs—3).
JlokanbHast 3amaua
CA—1)x14+ (A—1) X2+ (A—2) x5+
-+ (22.—3) x4—-min (=10 (1)),
Xi+xo<<2, x3+x4<1,
x1=0, x;>0, x3=0, x4=0
npu (UKCHPOBAHHOM A pachajaercsl Ha JiBe MOA3a/auH:
(2A—1) X1+ (A—1) xo—>min (=91 (M) ),

1% K2, =0, x2=0 (@)

(A—2) 3 (2A—3) x—>min (=12 (V) ),
X3+X4<1, )C3>0, x4>0'

(B)

KoopauHupyomas 3afaya 3anuceBaercs B Buae: (i) =
=11 (A) +p2 (L) —3A—max, A=0. OT™MeTHM, UTO B paccMmar-
puBaeMoM caydae ¢yHKUHHE Y1 (M) u P2 (A) (a caenoBaTenb-
HO, U OYHKIHUSA P(A)) MOryT GbITH BBIIHCAHBI B SIBHOM BHJE.

He#icrBurensHo, npu 0<CA<<1 pemeHuem noaszajgaun A
siBnsietcss Touka X* (L) =0, x% (A) =2; mpu A>1 — TouKa
x* (A) =0, x% (A)=0. Ecam A=1, 1o x% (A)=0, a x3 ()
MOXKeT NPHHHMAaTh J1000e 3HaueHne W3 uHTepBasta [0, 2].
CaenoBatenpHo, P (A) =2A—2 mpu 0<<A<<l u Pi1(A)=0
npu A=1.

Anajnoruuno npu 0CA<<1 pelieHueM mojAsarnadum B cay-
KUT Touka x% (A) =0, x* (A)=1; mpum 1<<A<<2 — TOUKa
x3 (M)=1, x%(A)=0; mnmpu A>2—rouka x% (A)=0,
x% (M) =0. Ecau A=1, To mobasi To4ka (X3, Xs) C HEOTPH-

IaTeJbHBIMH KOMIIOHEHTAaMH, YAOBJETBOPSIOLIAS YCJIOBHIO
X3+x4=1, MOXeT OHITh pelieHneM moazanauyu B. Haxoneun,.
x%(2)=0 u x% (2) moxer npuHEMaTh JOGOE 3HAUCIHE H3
untepsana [0, 1]. Cremosarennho, P2 (L) =2A—3 npn 0<<
<A<l1, p2 (M) =A—2 npu 1<<A<<2 1 2 (A) =0 npu A=2.
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Tockombky (M) =11 (1) +4pz (A) —3K, 10 (h) =A—5
mpu O<SKA<T1, $(A) =—20—2 npu 1<<A<<2 1 §(A) =—3A
npu A=2. 'paduk Gpynxkuuun ¢ (A) npexacrasiaen Ha puc. 12.3.

Maxkcumym ¢yHRUMH P (A) mocturaercs B Todke A°=1.
3uavenus  x% (1) =0, 0<<x?(1)<<2, x%(1)4x%(1)=1,
x* (1) =0, x% (1) =0. Cnenosatenpno, Kommnosenra x°=
= (x%, x9, x9, x9) cennosoit Toukn (x°, A°) dyukuunu Jlar-
paHxka yHoBseTBOpsieT ycaosusm: x§ =0, 0<<x9 <2, x3 +
+x% =1, x5 =0, x4 =0 u yc/10BHIO LONONHSIOMEH HEXKECT-
gocTH: 1(2x9 4x% +x9+2x9 —3) =0. Orcroopa x5 =0, 1<
<x0, <2, x§ =x0,—1, 2%, =2—x..

Takum o6pa3oM, B paccMaTPHBAeMOM cCJaydac (HyHKIHS
Jlarpan:ka nMeeT GeCKOHEUHO MHOIO CE/JIOBBIX TOUEK, a HC-
X0JlHad 3ajadya — OECKOHEYHO MHOro pemenuil. Jdas noay-
YeHHSI HEKOTOPOTO KOHKPETHOI'O DeLIeHHsI AOCTATOUHO BhI-
6paTh HEKOTOpOe 3HaueHue x% u3 uurepsana [1, 2] u Bbiunc-

JINTb 3HAYeHHsl X% W X{ [0 NPUBEJEHHBIM BbllIe (HOpPMysam
(B mobom caydae x4 =0).

12.11. P (HeKTHBHOCTb METOAOB AEKOMIIO3HIIUU, OCHOBAH-
HBIX Ha HCMNOJIb30BaHHM (QYHKUMH JlarpaHka (kak u 60Jib-
IIHHCTBA H3BECTHBIX METOAOB JEKOMIIO3HIHH), ONPeAEIsaeTCs
TEM, HACKOJBKO «COaNaHCHPOBAaHHBIMH» OKa3bIBaiOTCS TPY-
JIOEMKOCTH PeLICHHsI KOOPAHHUPYIOLLeH U JOKaJabHOH 3azadu.
3To B CBOIO OYepejb 3aBUCHT OT TOrO, KAKH€ MMEHHO orpa-
HUYEHHS] OTHECEHBI K ONHCAHHIO MHOXKecTBa X, a KakHe Hc-
M0JIb30BAHBl IPH (POPMUPOBaHUH (QYHKUHNH Jlarpanxa.

PaccmorpuM, Hanpumep, 3afady BBHIIYKJIOrO IPOTPaMMH-
poBaHHus

x% +x% —min,

(11—3) 24 (r.—3) 2<<4,
X1+2x,<<9.

1. O6o3naunm uepe3 X MHOMKECTBO TOUEK x== (X1, X2),
YIOBJIETBOPSIIOIKUX HEPABEHCTBY X1-+2x2<T9.
®yuxkius Jlarpanxa:

L(x, &) = (¥} +x3) +M[ (21—3) >+ (x2—3) *—4] =

= (e ) (e ey |
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Munumusupysi ee o x 6e3 OrpaHnueHull, noayyaem xy(A) =

R A
=x3 (M) = Y u x4 (M) +2x% (7»)=%_7<9 Iasl BCexX
A=0.

—_ 2
CaenoBarenpHo, (L) == i%;i.-ﬂmi HaXOXeHHUS

MakKCHMyMa 3TOH (YHKUHH NPH A>>0 BBIUHCIHM €€ NPOH3-

, 14—8A—4\2
BOJHYID P (A)=_-(—1-+_M2— H pelHM ypaBHEHHE
¥ (A) =0, 1. e. 2A24+4A—7=0. Hccaenys noay-iesHvie pe-

372
2

LIeHHs, NPUXOJHUM K 3aKIIOUEHHIO, UTO A'= —1-

=~ 1,12.

Orciona  x§=x% ~x7 (1,12) =x3 (1,12) =1,58 — petue-
HHe HCXOJHOH 3amaun.

2. O6osHaunM uyepe3 X MHOXKECTBO TOUEK ¥= (X1, X3),
YAOBJIETBOPSIIOIIHUX HEPaBeHCTBY (X;—3) 24 (x2—3)2<<4.

@ynkuus Jlarpanxa:

L(x, ) = (%2 +x2) +A (x14+2x,—9) =

A2
— ('x1+ —;‘— ) + (x21)2— —i—w—gx.

OnucaHHBIH BBILE peJaKCALHOHHBIH TMpPHEM MHHHMH3a-
UH 5TOH (YHKUHH 10 X HE INPHMEHHM, MOCKOJBLKY TOUYKa
(—A/2, —A) ue npunapsexur X npu A=0. Tem cambiM
OPHXOJAHM K HEOOXOJHMOCTH HENOCPeNCTBeHHOH MHHHMH3a-
‘MM KBaApaTHUHOH ¢yHKUMH L (¥, 1) mo x (Ipu GpaKCHPOBaH-
HoM A>=0) npum KBajgpaTHUHOM orpaHnueHun (¥;—3)2-4
—+ (x2—3) 2<C4, onuchIBaOIIEM MHOXKECTBO X.

ITockoambky MHOXKecTBO X mpejcTaBJ/isieT co60: KPyr pa-
auyca 2 ¢ uentpoM B Touke (3, 3), a ypaBHenune z=L(x, L)

0pH (UKCHPOBAHHBIX 2 H A (Z>_—A5IT}“2_”9}“’ ?»';0) onu-

~

CBIBaeT OKPYKHOCTH C IIEHTPOM B TOuke (—A/2, —A), TO And
MHHHEMH3aUKH L (X, A) M0 x HoCcTaTOUHO HaHTH GJHKaHIIYIO
K (—A/2, —\) TouKy mepeceueHHsi NpPsIMOH, NPOXOAsILIeH
uepes toukn (—A/2, —A) u (3, 3) co mHOXKectBOM X. HHBI-
'MH CJIOBaMH, JOCTATOUHO PELIHTh CHCTEMY YpPaBHCHHI
{ (¥1—3) 24 (x2—3) ?=4,
(2x1+2) (34+1) = (xs+1) (6+1).
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Hmeem (BbiGupast mopXoaamuil 3Hak KODHSI)
N —2(6+A
P P Ca )
Y 5A2+36A+72
%* - 3
£ (1) = ——e0th)
V 512 +36A-+72

IMoncraBnsis HalileHHble 3HAUCHHUS X B L (x, 1), nosyuaem

-I"3)

13

P(A) =—27 5A2+36A-+T72-422.

MakcuMH3HpYS 9Ty DYHKIHIO 1O AZ=0, IPHXOAHUM K 3aKJIO-
yeHnioo, uto A°=0. CienoBaTenabHO, x) =x%=x* (0)=

3. O6o3HaunM uepes X MHOKECTBO BCEX TOUECK X=
= (X1, X2) ER2. TTonmoxkuM A= (M, A2).
Dynukius Jlarpanxa:

L(x,-A) = (7 +x2) +M [ (x1—3) >+ (x2—3) 2—4] +
6A1—As )2
2(14+M)
3hi—s )2] + 56 —36As—16A" —515
14+M 4(14+M)
Munumusupys ee no x (6es orpaHuueHHE), MOJAyUaeM
. _ BM—A . _ 3M—hs
x* (A)M—Q(l-l-?\n) uo X (A)= T
MakcuMusupys QyHKIHiO
(A)— 560 —36h2— 160" —5As
P = 4(117)

NPH YCJAOBHH HEOTPHUATENbHOCTH IepPEeMEHHBIX, MOJyuyaeM
Ay =0 (mockoJbKy KO3 HIMEHTE TPH Ay OTPHILATENbHBI)

3y2
2

A1 IIPH YCJIOBHH, UTO A» =0, U IPUPABHUBAEM €€ HYJIIO).

+ 22 (X14+2x2—9) = (14-My) ['(xl—

+ (xz—'

H A= —121,12 (naxozum npousBoauy:o P (A) mo
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3nauenns x§ =x4 ~x* (1,12; 0) =x% (1,12; 0) =1,58.

Takum o06pasoM, BO BCeX cCJaydasix MOJYUEHD pelleHHe
HCXOJHOH 3ajaud, HO TPYLOEMKOCTb €ro INOJyUSHHS AaJieKo
He OJMHAKOBA B KaXKAOM H3 PACCMOTPEHHBIX CJyUaes.

12.12. Tlpu paspaGoTke MeTONOB J[EKOMIO3UIMH 3a1au
MaTeMaTHYeCKOro NporpaMMHPOBAHHUSI HapsAy C KjaaccHue-
cKoll ¢yHKuueHd Jlarpanxka MOryT GbITh HCIIOJBb30BAHBI Pas-
JIUYHBIE ee modupurayuu.

Tak, npu pelleHHH 3aJaud JHHEHHOrO NPOrpaMMHpOBa-
Hus, IpeacTaBjeHHol B ¢popme (19)—(21), BMecro GyHKIHT
L(x, A) moxuo BbIGpaTb MOAH(DHUIKHPOBAHHYIO (YHKLHIO
L(x, A) Buna (14):

1 1
g | (AHBAT—b®) P o AL,

rie [ — OPOH3BOJIBHOE MOJIOKHTENbHOE UYHCJAO i MPHHSTH
caenyolnne o603HaUEHHS . eCJIH BeKTop a= (ay, 4, ..., Qp),
10 at=(at, af, ..., a;), at=max (0, a;), |a|*=a?+
+a+;. .—I—aﬁp.

B pesysnbraTe pelleHHe HCXOJHOH 3a7auu CBOAMTCA K pe-
ueHuio (xoopdunupyroweti) 3afnaiun

L(x, A)=(c, x)+

¥ (A)—>max, (26)
A0, (27)

rae P (A) — 3HaueHne LeeBOH (YHKUUH (A0KAALHOL) 3a-
JAauu

~

L (x, A)—»>min(=+(A)), (28)
ADx< b, (29)
x=0. (30)

OyHKIHA fl;(A), KakK ¥ paHee paccMmorpeHHas §(A), sB-
asiercsl BorHyTod. OHaKO B OTJHUYHe OT (QyHKUHH P (A) oHa
auddepenuupyema npu jgwob6om A>=0 (nIpu yc/JOBHH, UTO

iE(A) >>-—o00). B 3TOM OTHOILICHHH KOOpPJAHHHpYIOLLAs 3a7aua
(26) — (27) mMmeer ompejesieHHble MPEUMYLLECTBA Nepes KO-
OpoMHHDYyIOIIEeH 3anauel (22) — (23).

144



@ynxuusa L(x, A) npu dukcupoBanHom A =0 B oT/iHUHE
ot ¢ynkuun L(x, A) He siBjsieTcss JHHEHHOH, Gosee TOTO,
OHA He sBJsieTCs M cenapabesbHoll. CJefLoBaTeNbHO, €CJH
matpuna A® uMeeT 6/0YHO-IMArOHANBHYIO CTPYKTYPY, TO
JokasnbHasg 3ajgaua (28)—(30) (B oT/iMuHMe OT JIOKaJbHOH
3anaun (24)—(25)) He pacnamaercs Ha IOA3aJaYd MEHb-
el pasmepHocTH. 3afaua (28)—(30) OTHOCHTCSI K KJaaccy
3ajau, 6/IM3KHX K 3aJauaM KBaJpaTHYHOTO NPOTPAMMHPOBA-
HHSI, H ee pelleHHe TpeGyeT HCIOJNb30BAHHS COOTBETCTBYIO-
IIUX METOJOB.

1213. Ilpumep. B ycIoBHAX paccMOTPeHHOro
B n. 12.10 npumepa, nonarast s onpejesneHHoctH p=1,
uMeeM

Z(x, A) = (—Xl—X2—2X3—3X4) +
1
—I——9— [max (0, 7»—!—2.3C1—|—X2+X3+2X4—3)]2—‘ —;—'?‘«2.

JlokanbHas 3anaua (28)—(30) COCTOMT B MHHHMH3ALHH
oToH GyHKUMH (IpH pukcupoBaHHOM A=0) Ha MHOXKecTBe
X, onuceiBaeMoM HEPaBeHCTBAMH: Xi+X2<2, X3+x4<<1,
x1=0, xa=0, x3=0, x4=0. O6o3Hauasi pelIeHHe NAHHOH

sanaun uepes x* (1), moayuaem (1) =L (x* (1), A).
Koopauuupymomasi 3agaua COCTOHT B MaKCHMH3ALHH

¢ yHKIHH \Np(h) Ha MHOXKECTBE HEOTPULATEJbHBIX 3HAUEHHH A.
ITpousBoaHast (GyHKuUHS 15(7») B paccMaTpUBaeMOM cJjyuae
3allHCHIBAETCS B SIBHOM BHJE:
' (1) =max (0, A+2x7 (1) +x4 (h) +x5 () +
+2x% (1) —3) —h.

Pemenne A° KoopAuHHPYIOIIEH 3aJaud MOXKeT OBITb MO-
JIyU€HO NYyT€M OPraHM3allMi HTEPalMOHHOIO Ipoliecca BHAA

Mt =hr4any’ (Ae), x>0, k=0, 1, ...,

Ha KaXXJOM Ilare kB KOTOPOTO pellaeTcs JoKaJbdas 3ajaua
H BBIUHCJ/SETCS 3HaueHHe NPOM3BOJHOH (GyHKuMH (M) npH
A=M\g.
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13. ATPETMPOBAHME NMEPEMEHHbIX M3 PA3HBIX EFIOKOB

B macrosamem mnaparpade paccMaTpHUBaiOTCS 3a]aul
6Ji04HOTO THHEHHOTrO NIPOrpaMMHPOBAHHS CO CBSI3bIBAIOIHMHA
nepeMeHHbIMA. JIeKOMIO3HLHSI MCXOAHOH 3aJaud Ha psif
3ajlau MEHbIUEH Pa3MEPHOCTH OCYLIECTBJSETCS TyTEM BBe-
JleHHs1 HOBBHIX IEPEeMEHHBIX — arperaToB, NPeACTaBJSIOMNX
COOOH CyMMY HMCXOJHBIX MEpPEMEHHBIX, B3SITBIX 1O OAHON H3
KaxJoro 6J0Ka.

13.1. PaccmotpuMm 3adauy 6104H020 AUREEHO20 NPO2PAM-
MUPOBAHUS CJAEAYIOLIETO BHAA :

A
2= (&, %)—min, (1)
=1
V -~
AR, (2)
=1
Biu<b, l=1,w, (3)
2120, l=l, V, (4)

rae A= (a(li)j) — MaTpHlla pasMepHOCTH mXr; Bj= (b(il;,) —

MaTpHLa PasMepHOCTH myXr, =1, v; &, %, b, b; — BEKTOPH
COOTBETCTBYIOLIHX pPa3MepHOCTel.

OTMeTHM, 4YTO KaXKAbIH MCKOMBIH BEKTOp X;= (¥,
Xi2, ..., Xir) MMeeT OJHY M Ty )Ke pa3MepHOCTb, PaBHYIO| 7.
Ecan B HCXOAHOH NMOCTaHOBKE BEKTOPH X; HMEIOT Pas3/IHUHYIO
Pa3MepHOCTDb, TO 33/1aUy MOXKHO CBECTH K paccMaTPHBaeMOH,
«YAJHHHUB» BEKTOPH [0 OJHHAKOBOH Pa3MEpPHOCTH 3a CUeT
BBeJ/leHHS] HOBBIX KOMIIOHEHT H «paCUIHPHUB» MaTpuisl 4; u B;
COOTBETCTBYIOIIUM KOJIHYECTBOM HYJIEBBIX CTOJOIOB. Bek-
TOPHl ; MOXKHO JONOJHHUTb JIOOBIMH HEOTPHIATEebHEIMHA
KOMIIOHEHTAaMH [0 Tpeb6yeMoH pa3MepHOCTH. MOKHO Takxke
BHOBb BBEJ€HHBIE KOMIIOHEHTH allpHOPH NMOJOXKHUTb PaBHBIMHU
HYJIIO.

BBenem B paccMOTpeHHE HOBbiE NepeMeHHble Xg, ToJaras

v
Xq= l;l Xig, =1, 1. (5)
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OTH TepeMeHHbIEe HA3bIBAIOTCH Q2pPecuPOBAHHbIMI UIH a2pe-
earamu W TPeLCTaBJSIOT co60H CYyMMYy COOTBETCTBYIOIIHX
MCXOJAHBIX [EPEMEHHBIX, B3SITHIX M0 OJHOH H3 KaxKAoro 6/04-
HOTO OrpaHuueHus (3).

CooTHoweHnust (5) MOXKHO 3alHCaTh B BHIE

xlqzaquq, aug=0, Z:, ag=1, g=1,r, I=1,w, (6)
=1

TJle BEJHYHHB Qg XapPaKTePH3YIOT «BKJaa», KOTOPBI «BHO-

CAT» NEepeMeHHble X, [=1, v, B CyMMapHYi0, arperupoBaH-
HY10 NIepeMEHHYI0 X ¢, U HA3BIBAIOTCS BECAMUL A2PeeUPOBAHUSL.
ITpoBons 3aMeHy NepPeMeHHBIX, COTJIACHO COOTHOLICHHIO
(6), samauy (1)—(4) MOXKHO IepenucaTh B SKBUBAJEHTHOH
tdhopme:
(c(a), X)—>min,

A(a) X<b,

Bi(a)X<b), =1, v,
X (Xlr X?y LR} X‘l) 201

a= (0611, 12, - o .y OLw) >0,

v —_—

Zalq=17 g=1,r,

=1
rae vBeKTop c(a)={(ci(a), c2(a), ..., cr(a)), cqla)=

= X Cigoug; MaTpuua A () = (ig(a)), @ig(a) = X al) ouq,
=1 l=1

i=1, m, g=1, r; maTpHuH Bl(oc)=(b(21(oa)), bgg (o) =

=b52 Qlg, i=I1, my, l=l, v, (]=l, r.

dTa 3ajaua SIBJSETCS MHO20nApameTpu4eckoti 3apauei
JMHEHHOTO NPOTPaMMHPOBAHHSI C OTHOCHTEJbHO HPOCTHIMH
OrpaHHUEHHSIMH Ha NapaMeTpPHl — Beca arperupoBaHUS Qg.
Ilnst ee peureHHsi MOMKHO HCIOJb30BaTh CJACAYIOUIYIO ABYX-
YPOBHEBYIO CXEMY.

duKCcHPYsI Beca arperHpoBaHHs oug, NMOJyuaeM (L0Kaab-
HY0) 3agauy

(¢, (@), X)—min(=f*(a)), (7
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A(a) X<b
Bi(a)X<<

: (8)
b =1y, 9)
0, (10)

COZepXKallyio B v Pa3 MeHbIIe NepPeMEeHHBIX, YeM HCXOIHas
3anaua (1)—(4). O6osnauum ee perrenne uepes X*(a).
ITonck onTHMaNbHEIX BECOB arperupoBaHus @y, OcymecT-

BJISIETCS TIyTeM pelieHus: (k0opdunupyroujeti) 3aiauu
f*(o)—min, (11)

> ap=1, ag=0, I=1,v, g=1,r. (12)
=1

B
V =

PerrenueM HCXOIHOH 3ajauu SIBJASIIOTCS, OYEBUIHO, 3Ha-
yeHHsd X* =a* X*(a* ).
lg lg lg%

13.2. OnumieM OAHY W3 BO3MOKHBIX UTEPAUUOHHBIX CXEM
HAX0xcOeHUs aj, -

3ajaueli, IBOACTBEHHOH K JOKa/JbHOH 3amaue (7)—(10),
SIBJISIETCST CJIEAYIOILas :

v

— (b, A)— z;—_Zi (51, Az)—rmax(=f*(oc)), (13)
[A() A+ 5 [Bi(@) A= —e (@), (14)
A0, A0, (=T, v, (15)

rae BEKTOp JIBOHUCTBEHHBIX [IepEMEHHBIX A COOTBETCTBYET

orpannueHusim (8); BekTopel A;, (=1, v,— orpaHHYEHHIM
(9); T — 3HaK TpaHCHOHI/IpOBaHI/Iﬂ./_\

OG6o3nauuM pelieHne 3ToH 3afaun (NpH GHKCHPOBAHHBIX
aq) uepes A*(a), At(a), =1, w.

Cdopmyanpyem ucxoanyio 3agauy (1)—(4) 3 repMHHAx
HaXOXK/IEHHsI CeIJOBOH TOUKH (yHKIHH Jlarpanxka

M.

Lx, A= X (& &)+ (A, El Tf—b ) _

l

T

<

= X (G+HATA, £)— (b, A)

o~
—
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npu orpaHuueHusx (3)—(4). 3mech x= (%1, %2, ..., %) u
A=0. ’

IIpn pukcupoBaHHbIX A 3ajauya MUHMMH3ALUH (OYHKIHH
L(x, A) npu orpanuuenusx (3)—(4) pacmagaercs Ha v Noj-

3ajau (l=rx7):
(64T A, 5)—min(=y; (4)), (16)
Bﬂlgﬁl, %=0. (17)

OGo3naunm pelreHHs: 3THX N0A3a[4au uepes ¥ (A), =1, v.

Munnmanbroe sHauenne ¢ynkuuu L(x, A) npa ¢ukcupo-
BaHHOM A H orpanuyeHusx (3)—(4) pasuo

9 (A) = X ¢* (A)— (b, A).

=1
Hanomunwm, uto ecan (x°, A°) — cemnoBasi Touka (yHK-

nun L (x, A), 10 @*(A°) =L (x°, A?), %9, =1, v,— pewenne
HCXOAHOH 3anaun (1)—(4) u BHINOJNHSIETCS YCJIOBHE AOINOJ-
HSIIOIIEH HeXEeCTKOCTH

%
(A°, 3 AR —b ,)=o. (18)
=1

Ecau npu alqza?q, VIOBJIETBOPAIOMIMX  OTpaHHUEHHSIM
(12), sunauenme f*(a®) =g¢*(A°), 1O oc(;q—ncxoxv[ble OITH=
MaJibHbie Beca arperupoBaHus, T. €. O"Zq=°°?q~'

Hrak, BbiGepeM NPOH3BOJNbHBIE Beca arperHpoBaHUs
oc(1)=(oc(l‘;) (ynosnerBopsifomine orpannuenusim (12)). Pe-
ast NpsAMyio H JABOHCTBEHHYIO JIOKanabHble 3agaun (7) — (10)
u (13)—(15) mpu a=a®, vaxoguMm X*(a®) u A\*(a®).

3nas sHauenus X*(a(!) arpernpoBaHHBIX I[1€PEMEHHBIX
U Beca arperupoBanusi o), onmpenesnsieM 3HaueHHsT HCXO.-
HBIX NEPEMEHHBIX x§1q)=o_L<ll>Xj1 (aV) (coorHomenue (6)).

Pemrasi moxgsanaun (16) —(17) npu A=A*(2)), Brlync-
JisieM Jpyrue 3HaueHHsi HCXOJHBIX  IepeMEeHUBIX )25(11)=
=X (A* (a®)).

Ecan f*(a®) =g¢*(A*(a®)), To a*=0a) u xﬁ])— HCKO-=
MOe pellleHHe HCXOAHOH 3ajaud. B mpoTuBHOM cjyuae mpH-
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CTymaeM K IIOHCKY HOBBIX BECOB arperupoBanus o=
= (a®).
Bsesem B paccMoTpeHHE vr (YyHKIHH OJHOH mepeMeH-
HOH p:
1) L)
Xig 40 (£ig —Xiq )
ouq (p) = v

2 (#0-p (H0—x00) )

q lq !
=1

rae 0<p<Cl.
OueBHHO, 3HAUEHHS 0q(p) TPHU JIO60M GHKCUPOBAHHOM
p, 0<<p<Cl, MoXHO BBHIODATR B KauyecTBe HOBLIX BECOB
2(ll‘peI‘I/IpOBaHI/IH, MOCKOJIbKY ~ BBHIIOJIHSIOTCS COOTHOLIEHUS
12).
[MoncraBasia cg=ouq(p) B (7)—(10), nonyuaem 0dxo-
napamerpuyeckyro 3afauy JHHEHHOTO NPOrPaMMHPOBAHHUS

(c(p), X)—=min (=y*(p)),

A(p) X<b,
Bi(p) X<by, =1, w,
X=0,
v
rzie ¢(p) = (c1(p), c2(p), ..., cr(p)), cq(p)= quazq(p);

v ——
marpuua A (p) = (aig(p)), @iq(p) = X afauq(p), i=1, m,
=1

g=1, r; marpumst Bi(p) = (69 (p)), b0 (p) =bQoua (p), i=

=1, my, I=1,v, g=1,r.

Brifepem B KauecTBe HOBBIX BECOB arperupoBaHus al?=
=(a§z)) 3HAUYEHHA (iq(p*), THEe p* — ToYKa MHHHMyMa
dyukunn p* (p) Ha unrepsase [0, 1].

Bce npuBeNeHHBIE PACCYXKACHHSI MOXKHO IOBTOPHTH AJIA
a® u npu HeoGXOLUMOCTH MepelTH K al®) u T. I.

Onucanunit npoyecc pewenus sadawu (1)—(4) cxema-
THUECKHM NpejcTaB/ieH Ha puc. 13.1. B pesynabrare 3TOro
nmpoiecca (OPMHpYeTCs  NOCAELOBATEJIbHOCTb 3HAUCHHH
‘(x;?), k=1, 2, ..., YLOBJETBOPSIOIHX OTrPaHHYECHHIM

(2)—(4). TIpu mocTatouno OGLIKUX YCJIOBHAX M3 LAHHOW IO-
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E (gl, }l)"’min (C ((Z), X) g min

24 0 <b X1g = augXq A@X<b
55 <5 — B (@) X<b
o T Zalq=1,q=1, r
x1=20,l=1,wv X>0, >0
Qig: :agq),
ki=1

(¢ (@), X) » min (=f*(a))

¥* (0) > min| af®: = ayq (p*), k1 =k 1 .
A (@) X < b, Bya)X<by,

0<p«l >
| | X=0
1
A* (o) X* (™)
t I
=1, j
—l - ) x%) = aYZ) Xq (oc(h)) |
| (@ + AT A, %) >min(=g;(A))
Bia<h, un>0
~(k
X
Y Y
WWMWWWAW%=NW) V= %0
Her
v
(c (p), X) ~ min (=%*(p)) i ~h "
«|ag (p) = x‘,q) +p (x(lq)_xgq))
A(p) X<b, Bilp)X<p, ta () = —— s
(xlq =+ Y (xlq - xlq ))
X=>0

Puc. 13.1. CxeMa arperupoBaHHsi NEPEMEHHBIX M3 Pa3HBIX GJIOKOB



CJIEIOBATEJIBHOCTH MOXKHO BBIAGJNHTh IOANOCJCLOBATE b
HOCTb, CXOASIIIYIOCS K PElIeHHI0 HCXOAHOH 3anaun (1) —(4).

13.3. [Ipumep. Pemwinm onucanHbiM METOJOM 3afauy,
paccMoTpeHHyio B I. 5.6, § 5 (npumep 2):

—X1—3X3—2X3—X4— min,
2x1+ xoF x3+x4<<8,
X1+ X2 <5,
X3—x, <4,

x1=0, x2=0, x3 =0, x4=0.

[Monaras x;+x3=2Xi, xo+xs=2X,, x;=o1 X1, xs=a3X1,.
xe=0a9Xs, Xa=asXs, 3alaUuy MOKHO NEpeNnHcaTh B arperu-
POBaHHOM BHIE

— (oq—l—?ocs)Xl— (32~ ats) Xo— min,

(20u40u3) X1 (o2t ora) X2 <8,
arX 1+ X2 <5,

OL3X1—OL4X2<4,
X1=0, X,=0,
otos=1, ostas=1,
o1=0, a:=0, a;=0, as=0
HJIH, TIPOEOAA OYEBHJHbIE NPeo6pa3oBaHus:
—(I4a3) Xi— (14-20a2) Xo— min,
(I4ou) Xi+X2<<8,
aXi+a X2 <5,
asX1—asXo <A,
X1=0, X:=0,
artas=1, atas=1,

a1=0, a2=0, as;=0, as=0.
I1 KCHPOBAHHBIX ¢ [OJYYaeM JIOKaJjbHYI0 3ajauy
(cm. Beipaxenus (7)—(10))

— (14 03) Xi— (14-202) Xo— min (=*(a)),
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(I+a) X1+-X- <8,
061X1+OL2X2<5,
asXi—o Xy <4,
X1=0, X.=0.

Koopaunupyoomas 3ajaya 3anuchiBaeTcsi s BHIE (CM.
Boipaxkenus: (11)—(12))

f* (o) > min,
OL1+063=1, 062+OL4=1,
a1=0, 0:=0, a;=0, as=0.

3anaua, ABOWCTBEHHAS K JIOKAJbHOH, HMeeT BHJ (CM.
Buipaxkenus (13)—(15))

—8\L—5M —4Le— max (=]*(a)),
(I+a)Atori+ashe =14+as,
A ashi—ashe = 1420,
A=0, =0, A,=0.

Hcnonb3ysi cBsI3pIBalOIIEe OTpaHHUCHHE HCXOLHOH 3aja-
Yy, COCTABUM AJs1 Hee (yHKUUIO JlarpaHxka:

L(X, 7\.) == (—x1—3x2—2x3—x4) —[—7\4 (2X1+X2+X3+X4—8) ==
= (—1+20) x1+ (—3+2) X2+ (—2-+7A) X3+
- (—14A) xs—8.

MunuMu3anus 3Tofl PYHKIHH 10 X TIPU (QUKCHPOBAHHOM A U
6/I0YHBIX OTPAHHUEHHSX HCXOAHOH 3alaul CBOJAMICS K pelle-
HHIO ABYX 3ajxay (cM. (16)—(17)):

a) (—1422) x4 (—3+44) X2 min (=9} (1)),
X1+x2 b,
x1=0, x2=0;
6) (—2+42) x5+ (—14A) x> min (=¢; (1)),
X3—Xx1<4,
x3=0, x4=0.
153



Hcnonbsys onucanHblil HTepPalHOHHBIA NPOIECC, HA Mep-
BOM IIlare IOJIOXKHM AJsI ONpeNesIeHHOCTH oc(11>=1, oc(21)=1,

a{’=0, a(’=0. [Ipx 3THX 3HAUEHHSX ¢ JOKA/IbHAA 3a7aua
3anuiuleTcsi B BUIE
—X1—3Xy— min,
2X1+ X, <8,
Xi+X <5,
X1=0, X,=0,
a IBoHcTBeHHAs K HeH — B BHJeE
—8\—D5A;— max,
+M=1,
A>3,
A=0, L, =0.
Pemas atn 3amaun, nojydyaem X<11)=0, X§1>=5, A =0,
)»§1>=3. Orcrona ¥"=0, x() =35, x(=0, x(N=0, f*(a®) =
N Pégiaﬂ 3ajmauu a) u 6) npu A=AM=0, noayuaem 2=
=0, £(=S5, Jeél)=“’/, LO=W—4, @% (MY) =—15,
@t (M) =—3W+4, rtae W-—oco. 3nauenne @*(AV)=
=F (MD) g5 (MD) —8\D=—3W—11f*(a)) =—15.
Cdopmupyem HOBHIH HabGop 3HAUEHHUH q, moJjaras

) RO
X +p (£ —x1)

) = TR GO 1+ B R0

0
oW.

=0,

x: o (83 —x3”) o
0o GD—xD) T+ [¥0+p GP—x)]

5
~ 5t (W—4)

a2 (p) =

—0 npu W—oo,
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: (1) o
as(p) = x5 —{—p(xg(,l) —x3 ) o
[x(11>—{—p()2(11)—x<11))]-|—[x(gl)—[—p(fél)—xgl))]

(1) A1) 5!
i ot —xi”)

as(p) = [xD4-p (£D—xD) T4 [xD+p (£D—xD) |
_ p(W—4)
5-+p(W—4)

Haiinenurie 3HaueHus: «(p) He 3aBHCAT oT p, 0<Tp<l,
H MOXKHO NOJNOXKUTb a(?) =0, o’ =0, oc(32>=1, a@=1.

Ha Bropom ware mpu oy=a=0, ax=0a{=0, as=

—1 npu W—oo.

=a@)=1u as=oa’)=1 pemaem JOKaJbHYIO H JBOHCTBEH-

Hyio K Hefl 3afaun. [Tonyyaem X(*) =6, X0 =2, \»=] %,

t
?»‘22)=?. Orcrona x(f)=0, x<22>=0, x(32>=6, x(f)=2,
f*(a®)=—14.
Pemwas 3agaun a) u 6) npu A=A =1 —;—, onpenensieM
1

=0, D=5 iO=4 =0, ¢O)=—T—,
@: (M) =—2. 3navenme ¢* (M) =¢* (A®) +g5 (M) —

— 8L =—27] % [ (a®) =—14.
Hcnonb3ysi mnpHBeJeHHbIE Bhillle (HOpMYJbl, HAXOAHUM
5p 2—2p
EO’ = b E 17 - .
o1 (p) a2 (p) S0+ 2 as(p) aa(p) P

[MoxcraBasis 3TH BbIPaXKEHHs] BMECTO ¢ B 3alHChb HCXOJLHOM
3ajlaud B arpernpoBaHHOM BHJeE, HMEEeM MapaMeTPHUYECKYIo
3agauy

. 13p+42 s
—2X, -————3p+2 Xo— min (=v¥*(p)),

X1+X2<81
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20—2

X
1+ 3012 X4,
xiz0, 22 x>0
[Ipu 0<4p<g/7 pelleHHeM 3Toli 3afaud  SIB/ISETCS
— 4 12048
__—132p°—256p—112
(3p+2) (9-1—4)2
Ipu —7—<p<—5— sHaueHns X¥(p)=0, Xi(p)=8mn
—104p—16
‘P*(P)='—Tp_?_“2—“
Haxkoneu, npu 2/5<<p<<1 snauvenus X7(p)= 5—%72—,
3p+2 —23p+2
X (p) =~ e (p) = ——

Munnmusupys $*(p) Ha uurepBase [0, 1], monyuaem
p*=1. CnenoBare/bHO, oc<f)=0, oc<23)=1, oc(§>=1, oc<j)=0.

Ha rtperbem mare pemaem JIOKaJbHYIO H ABOHCTBEHHYIO
K Heit saflaun npu oy =a» =0, cx=0aP=1, as=a’=1,

as=aP)=0. INoayuaem X(13 =3, X<23>—5 A =2, }»(1 =1,
7»(23)=0. Otcropa x<13>=0, x<23)=5, x<33)=3, x513)=0,
f*(a®)=—21.

Pemas sapaun a) u 6) npu A=~r®=2, naxonum £®=
=0, Q) =5, 20 =0, 2=0, ¢r (\®) =—5, ¢3 (L)) =0.

ITockonbky @* (A®) =% (M) +-q2 (M3)) —8AN=—21=
=f*(a®), to x*=x® =0, x*=xC)=5, x*=xB)=3, x*=

1 1 2 2 3 3 4

=x{»=0 — peluenune HCXONHOH 3a/auH.



14. NOBJ/IOYHOE ATPETMPOBAHME NMEPEMEHHBIX

HIupokoe pacnpocTpaHeHue Ha MPaKTHKE MOJYUHJIO arpe-
THPOBaHHE IEPEMEHHBIX, NMPUHAAJNEXKAUHX OJHOMY H TOMY
ke OJIOKY.

14.1. PaccmoTpum 3adauy auneiino20 npoOepammuposa-
HUA CJeYIOILero BUAA :

lgl (€1, %1) 4 (do, go)—l—é (di, §:)— min, (1)

v
l}?‘lﬁzmﬁogo:b, (2)
Elfl—*_ﬁlgl:Ely l=17 V, (3)
2[20) !7120, l=1y v, 9020, (4)

rie X, §i, =1, v, o — ucKoMble BeKTOPHI; & di, bi, |=

=1, v, do, b — BekTOpH; 4;, By, Dy, |=1, v, Do — marpuiist
COOTBETCTBYIOIIUX Pa3MepHOCTeH.

B manphefimem Oyfem npeanosaratb, YTO MHOXECTBA
TOYEK, ONHCHLIBAEMBIE COOTHOWIEHHAMH (3)—(4), sBASIOTCH
OTPAaHHYEHHBIMH, T. €. MHOTOTPAHHHKAMH.

[IpoBenem nob6.iounoe arperupoBanue x. Ilycrb x= (%1,
X2, ..., &v), Ti=(xu, %12, ..., Xr,). BBenem HoBLIe (aepe-
eupogannole) nepeMmenHele Xi, Xo, ..., Xy U HEOTPHIlATE/b-
HBIE 8eCa aepeaupoBanus g, oaaras

Xig=auqXi, ag=0, g=1, r;, =1, v. (5)

Torpa 3agauy (1)—(4) MOXKHO NIepenucath B BHAE

Z ¢ (@) Xi+ (do, o)+ Z (di, §:1)— min, (6)

Za ) Xi+Dojo=0, (7)

=1
b(6) X,+Dgi=6, (=1, v, (8)
Xi=0, @=0, =0, =1, v, §.=0, 9)
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rae &= (o, o2, - .., our); uucaa ¢ ()= (C, G:); BEKTOPHI

Cl(fiz) =§z&z, b(dl) =B, l=1, V.

PaccmatpuBaemas 3ajaya SBJASETCS MHO20NApAMETpULe-
ckoi 3ajayedl JHMHEHHOro NpOrpaMMuUpOBaHusl. DPHUKCHDYs
napaMeTpbi — Beca arperupoBaHms cu,, NOJyuaeM 3ajady
JIHHEHHOTO NPOrpaMMHPOBAHHsI, COJEPIKAILYI0 CTOJBKO Ke
OrpaHHYEHHH M HEH3BECTHBIX Y, CKOJBKO HX conepme (O

xofHas 3aznaua (1)—(4). OnHako BMecTO Zfz HeHn3BecT-
=

HBIX X B HCXOJHOH 3ajaue B 3ajaue (5)—(8) COJEPKHUTCS
TOJIbKO v HOBBIX HEH3BECTHHIX X;.

CooTHomenusi (5) MO3BOJSIIOT BBIUHCHUTE (IOMYCTHMBIE)
3HAUYEHHS UCXOJHBIX X [0 HAHJEHHBIM 3HAUEHHUAM X; IPH 3a-
laHHBIX BeCaX arperupoBaHusl ai,. OO6O3HAUHM ONTHMAJIb-
HOe 3HaueHHe LeseBOH (YHKUUH (6) npH (PUKCUPOBAHHBIX
aig 4epes f*(a).

Takum o6pa3oM, pelleHHe HCXOJHOH 3a/aul MOXKET ObITh
IOJIYYEHO B pe3yJ/IbTaTeé HAXOXKJIEHHS OINTHMaJLIbIX BECOB
arperupoBaHus of ~ (LOCTaBJSIOIAX MHHHMYM (QYHKUHH
f*(a) npu orpaHuueHHsIX auq==>0) u peleHusi 3agauu (6)—
(9) npm Qg =0 -

14.2. Onumewm ofHy U3 BO3MOXKHBIX UTEPAUUOHHBLY CXeM
HOX00KCOEHILSL ONTUMALLHBLY 8ECO8 Q2pPeeuPOBARUT o}

ChopmyaupyeM 3anauy (1) —(4) kak 3amaqy Haxoxje-
HHS Ce/JIOBOH TOUKH (QYHKLUMHM JlarpaHxka

L(x, 5, A) = 33 (8 5+ (@o, §0) + 35 (@ §0) +
(A, D AEADofo—b) = 3 (G+ATA, %)+

=1 =1

F (@o-+DA, Go)+ 3 (@, §))— (b, A)

=1

npu orpanuuenusix (3)—(4). 3mech y=(Jo, G1, -.-» Gv);
A — BeKTOp [ABOMCTBEHHBIX IE€PEMEHHBIX; T — 3HaK TpPaHC-
HOHHPOBAHHSI.

[pu q)HKCHpOBaHHOM BeKTOpe A 3ajaya MHHHMH3aUHH
¢yukunu L(x, y, A) 1o x u Yy, yAOBJETBOPSIOUINM OTPaHH-
uennsm (3)—(4), pacnanaercst Ha v noj3anady pupa (/=



0: (%1, §1) = (GH-AT A, %1) 4 (di, §i)— min, (10)
B/%;-+D,ij; =08, (11)
=0, 7:=0 (12)
u nozxsajzady N
(do+DY A, §o)— min,
Jo=0.
O6osnaunm pemrenne 3agaun (10)—(12) uyepes £*(A) u
gy (A).
IIpu ¢puKCHUPOBAHHOM BEKTOpPEe X HCXOAHAas 3amaua (1) —
(4) pacnapaercs Ha v noA3afad Bufa (=1, v):
(A1, §i)— min,
— D =Bi%—b,
71=0

U NofA3ajzauy
(do, §o)— min,

O6o3HauuM yepe3 y*(X) pelleHHe ITHX NOA3axay, a ye-
pe3 A*(x) onTHMaJbHBIH BEKTOpP ABOHCTBEHHBIX TIEPEMEHHBIX
nocJjefHel noa3anauy.

HHbiMH cioBaMu, A*(x) siBJseTCS peLIeHHeM 3alauu

v
( Z }Tﬂl—b, A)—+max, (13)
=1
DtA=—d, (14)

IpH (PUKCHDOBAHHOM X.
ITpoyecc noucka onTumarvHolx 8eco8 azpecuposarus al,

COCTOHT B CJEAYIOIIEM.
Ha nepsom mrare sajgaioTcsi NPOH3BOJbHBIE HEOTPHUA-
TeJbHBIE Beca a;;) H pellaeTcsl arperupoBaHHasl 3ajaya

(6)—(9). Haiinenubie 3HaueHHs Xil), X;l), ..., X 103BO~
v

JISIIOT BBIYHCJAHTb 3HAUEHHS x<llq>=oc(llq>X§1), g=1,r, =1, .

ITonyyennoe snauenue y o6o3naunm yepes yo.
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Pewas 3anauy (13)— (14) mpu x=xO, umeem A*(x).
Pemrasi 3agaun (10)—(12) nmpu A=A*(x(1), HaXOAUM BeK--

Topet £ =F¢ (A* (x®) w gN=7%(A* (x®)), i=1,v.

OueBHAHO, UTO 6 (12<ll>, ggl)) <61(}E(Il), ggw), I=1, v. Bpbi=
6epem Te uHaekcel [6{1, 2, ..., v}, IpH KOTOPHIX B yKa3aH-
HOM COOTHOLIEHHH HMEET MECTO 3HaK CTPOrOro HepaBeHCTBA.
O6o3HauUM MHOXKECTBO BCeX TAaKHX HHIEKCOB uepes L),

Ecau LO=, 1o och=oa<12 u x(, yO) — pemenne Hc-
XOJHOH 3a7ayu.

Ecan LM=#J, to BhibepeM HOBBIE Beca arperupoBaHHs
oc<12>, noJiarast oc(lfl)=px<llq)+‘(l-—p)ﬁ(l;) onas Bcex [E6L(M) gy

O‘(ﬁ;)=x(12 IJsi ocTaJbHBIX [. 34ech p — 4HCJO, YAOBJETBO-
psoliiee HepaBeHCTBY 0<Tp<1.

Jisi HaXOXKAEHHsT HAHJAYULIEro 3HAUCHHs p==p* NOJCTa-
BUM BBIPaXKeHHs I agf; B arperupopaHuyio sagauy (6)—
(9). B pesyabrare nonyuaeMm odnonapamerpuseciyro (OTHO-
CHTEJIBHO () 3ajayy JHHEHHOro NMPOrpaMMHPOBAHHUS

v

IZ ci(p) X+ (do, o) '|'IZ:1 (di, §i)— min,

=1

v
lgl ai(p) Xi+Dojo=D,

bi(p) Xi+Digi="01, 1=1,v,

Xl>0; 9120, l=11 V, g0>01 0<p<1’

pelIeHHe KOTOPO U JlaeT HCKOMOE 3HaueHHe p*.
[Tpouecc noBropsieTcs AJ1s1 BHOBb HaHIE€HHBIX BECOB arpe-
T'HpOBaHHs agfl) (mpu p==p*) u T. A., OKA HA HEKOTOPOM

mare k=% ue Gymzer mojyueso L®W=(J. 3nauenus oy, =
—=q®

g

I[Tpu onpejeseHHBIX YCAOBHSX AaHHBIH MpoLece CXOAUTCH.
Ero cxema npejcrasjieHa Ha puc. 14.1.

14.3. IIpume p. Peminm onHcaHHBIM METOAOM CJIENYIO-
L1yio 3afady JHHEHHOro mporpaMMHPOBaHHA .
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(&, %)+ (o, o)+
+ % (d, §)-~min
SA %+ Doyo="b
Bk, + Dy g1="bi

5>0, 5:=0, I=T1, v, §=>0

=

loclq: = ccg? >0, k=

—

Sc (5) Xi+ @ 9o) +
+ = (d;, §1)~min
Sa () X, + Dogo=1
b (&) Xi+ Dy ="bi
X, >0, 530, 1=1,% >0

~

-~ R
TP, 7. 5

R k) y (R
1) — )X

Y
(2 A% — b, A) > max
DY A>—d,
A* (x(k))
Y

=1, v l
0, (%, y)= (@ +A; A &)+
+ @, y)~min
B+ D =b
=0, >0

(R
P

Y

\ P*(p) ~min, 0oL

A

S (0) X+ (dor o) +
+3(@ 5) ~min(=¥*(0))
Sa(p) Xi ‘l‘ﬁogo =b
by (p) X1+ Digr = bi
X, >0, >0,
=T, v, %>0

cug (0) =
px%’—l—(l——p)%&?, lgL®

x(l’;), 1¢L®

A
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~k
xlq)

L® = (0GP, ¥ <

” ~(k
<0, &P, %My}

| LB — o Her

Puc. 14.1. Cxema noG/IOYHOrO arperupoBaHHS HePeMeHHBIX

—2X1—X9—X3—3X4—2Xs—Y1—> min,
X1+Xo+2x3+ X4+ x5+Y1=56,
2%+ X2 <2,
X34+x4+4-3x5 <4,
x1=0, x2=0, x3=0, x.=0, x5=0, y;1=0.
3anuuem 3Ty 3afadyy B KAHOHHYECKOM BHE
—2x1—x9—X3—3x3—2x5—Y1+0y2-+0ys— min,

X1FXo+2X3+Xa+X5-+Y1 =6,
2x14x9 +y2 =2,
X3+ X4-+3x5 +ys =4,

x1=0, x2=0, x3=0, x4=0, xs=0, y; =0, y.=0, y;=0.

B o6osnaueHnsx storo naparpada xl—(xl, X2), Xo=
= (X3, X4, X5), Jo=Y1, J1==Y2, Jo==Y3.

BBenmem arperupoBaHHble nepemenHble X;, Xo, HeoTpHuIa-
TeJbHbIE Beca arperupoBaHUs o, O2, O3, Ol4, Ol5, TaK, UTO
x1=oXj, Xe=0o2 X1, X3=o3X2, Xa=asX>, xs=asX,.

162



[ToxcraBasiss NPUBELEHHBIE BHIPAXKEHHUS AJsi X B ICJEBYIO
(YHKUHIO B OTPaHHYEHHs], [IOly9IaEM arperHpoBaHHYIO 3a/a-
vy (cM. BeIpaxeHus (6)—(9))

(—2a1—a2) X1+ (—as—3as—2as5) Xo—y1+0y2+4-0ys—min,

(a1+oc2)X1—}— (20L3+ o+ 065)X2+y1 =6,
(2061—{—062))(1 + y =2,
(as+ oa+3as)Xe + ys=4,

Xi=0, X2=0, y1=0, y2=0, y:=0,
=0, a:=0, a;=0, a1=0, a;=0.

Jlokanbuple 3agadn  (10)-—(12) B paccmarpuBaeMoM
cjydae 3alUCBIBAIOTCS B BHIE

(—24+1) %1+ (— 141) xo—>min,
2)C1+x2<2,
x'I 20’ X2 >0

(—142M) X3 (—3-+A) x4-F (—2-A) xs—min,
X3+x143x5<4,
x3=0, x4=0, x5=0,
a pBofictBeHHas 3ajnaya (13)—(14) B BH]E
(x1+x2+2x3+ x4+ x5—6) A—>max,
A=1.

Ha nepeom 1are BeiGHpaeM IIPOH3BOJbEbIE HEOTPHIA-
TeJIbHbIE Beca arperupoBaHug, loJsaras, Halnpumep, oc<11)=0,
al=1, aP=1, all=0, all=1, u pelraeMm arperupoBaH-
HYIO 3a7auy

—X,—3X,—y,+0y2-+0ys—min,

Xi4+3Xo+y: =6,
X + Yo =2,
4X2 —l— y3=41

Xi=0, Xo=0, =0, y.=0, y;=0.

163



[Tonyuaem X(V=2, X<12)=1, yh=1, yO=0, yh=0.
Orciona x(11>=0, xP=2, x(3”=1, x(=0, x(51)=l.

I BoiicrBennast 3agava (13)—(14) npu HalifeHHBIX 3Ha-
YeHHsIX x¥ uMeeT BHA A—min, A=1. Ee peuieHneM siBJjsietcs
A=1.

Jlokanpuble 3amaun  (10)—(12) npu A=1 sanumem
B BHJeE '

—x1+0xs—>min,

2)61—{—)62<2,
x1=0, x2=0

X3—2X4—X5—Min,
X3+x44-3x5< 4,
x3=0, x4=0, x5=0.

Pewasi paccmarpuBaeMble 3ajayd, HoJy4aeM )2(11>=l,
Jé(21)=0, 12(31)=0, 12(41)=4, 92(51)=0. OnrtuMaJnabHble 3HAUEHHS

neseBbix Qyukuuit paBusl —1 u —8. Ilpn x=x) ux 3naue-
HHs paBHbl cooTBeTcTBeHHO 0 1 0.
CaenoBaTesbHO, HOBbIE Beca

aP=pxV+4(1—p) £V =p 04 (1—p) - 1=1—p,
aP=pxP+ (1—p) Q) =p-24 (1—p) -0=2p,
a®=px()+ (1—p) ¥ =p- 14 (1—p) -0=p,

al=pxO+ (1—p) £ =p-0+ (1—p) -4=14—4p,
a@=px+(1—p) £ =p- 1+ (1—p) -0=p.

[TomcTaBsii 5TH BHIPAYKEHHS B arperHpoBaHHyio0 3aAauy,
NoslygaeM OJHOMApaMEeTPHIECKYIO 3a/auy BHAA
—2X:-+ (9p—12) Xy—y1—min,
(I14p) Xi+ (4—p) Xotuy1=6,
Xi <lI,
X, <l
X,=0, X:=0, y:=0, 0<<p<l.
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Herpyano Buaerh, uto npu 0<Cp<C1 pemenueM DaHHOH
sapaun asasgwrea X* (p) =1, X¥ (p) =1, y* (p)=1. Onra-
MaJlbHOE 3HayeHHe Le/eBoH (QyHKuuH paBHO Yp—15 U 10-
CTHTaeT HaHMEHbLIETO 3HAaYeHHus npu p=p*=0.

Ha BTopoM LIare Beca arperdpoBaHHs oc(12)=1, al=0,

(2= () — (2) —
a=0, a(P)=4, a)=0.

AFpeI‘HpOBaHHaH 3ajlaua IIpH 3THX BECAX HMeEET BHJI
—2X1—12X2—y1—|—0y2-|—0y3—>min,

Xi+. 4Xo+4-y: =6,
2X, + Y2 =2,
4X2 —l— !/3=4,

X1>Oy X2>Ov y1>01 y2>0y y3>0
Ee peulenne: X(f>=1, X0 =1, yP=1, yP=0, y»P=0.
Orcrona x<12>=1, x(§)=0, x<§)=0, x(f)=4, x<§)=0.

JBofictBenHas 3agaua (13)—(14) npu HafileHHbIX 3Ha-
UEHHSX X M JoKajbHble 3amaun (10)— (12) ssasrorcs Ta-
KHMH Xe, UTO U Ha npenwpayiieM ware. CJjiefoBaTesbHO,
J2(12)=1, Jé(§>=0, f(§)=0, )2<f)=4, 12(52)=0. OnTtuMaJjbHble

3HAYEHHUST 1IeJeBBIX (PYHKIHH JIOKaJbHBIX 3a4ay paBHB —1
u —8. Ilpu x=x) ux 3HaueHHs TakXke paBHol —1 H —8
COOTBETCTBEHHO.

Takum oGpasowm, x’;=x<12)= 1, X} =x(22>=0, X =x§2)=0,
X =x(42>=4_, Xt =x(52)=0, y* =y(12)=0 — pelLUeHHE HCXOA-

HOH 3ajauH.



15. METO] BO3MYLLUEHMH,
BEKOMMNO3UUMA U ATPETMPOBAHME

B Hacrosimem mnaparpade ONUCBIBAETCS CBOEOGPa3HbIi
HOAXOJ K PELUeHHIO BOIPOCOB [IEKOMIIO3HIIMH H arperupoBa-
HHS\ B 3aJayaXx MaTeMaTHYeCKOro [POTpaMMHPOBaHHS,
B OCHOBE KOTOPOTO JIe?KaT HEKOTOPhIE MOHSATHS U Pe3YJbTaThl
TE€OPHU BO3MYILIEHHUH.

15.1. Tlycth nana 3a0aua maTemaTuecko2o npoepammu-
posanus

f (x)—min, (1)

gi (%) <0, i=1, m. (2)

PaccMmotpuM odxonapamerpuueckoe ceMeHCTBO 3ajau
BHJIA

f(x) +ef (x)—>min, (3)

gi(¥) +e8i(x) <O, i=1, m. (4)

3anauy (1)—(2) oObuHO HaswiBalOT noposcoarowel,
a sanauy (3)—(4) — sosmywennoi. Oyuxuuu f(x), §:(x),

i=1, m, NOKa3bIBAIOT XapaKTep BO3MYIIEHHS, 2 NapaMeTp
€ — ero MHTEHCHBHOCTb.

[Ipennonoxum, uto 1) Heo6XOANMMO PEIUHTb 3a7auy BHIA
(3)—(4) mnpu HEKOTOPOM KOHKDPETHOM 3HA4YeHHH &€=E&o,
2) HemocpeiCTBEHHOE pelLIeHHE 3TOH 3aJayH BLI3bIBAeT 3a-
TpynHeHHe M 3) pelueHHe Nopoxkaawouieid 3anaun (1)—(2)
MO2KeT GbITb NOJy4eHO CPABHHUTEJbHO NIPOCTO.

Ecnu 3HaueHue mapameTrpa e=go HEBEJHKO, TO BIIOJIHE
€CTEeCTBEHHOM SIBJISIETCS TAKTHKA, COrJIacHO KOTOPOH cHauaJfa
HAaXOAHUTCS pelUeHHe NOpPOoXKIalolled 3ajadyd, a 3aTeM IpH
HeoOXOMMMOCTH BHOCHUTCS I[ONpaBKa, onpejensemas KOH-
KPETHBIM XapaKTepoM M HHTEHCHBHOCTBIO BO3MyllleHHs. Ksy-
YeHHE BO3MOXKHOCTEH M CNOCOGOB peasH3aliHu TaKod Tak-
THKH TPHBEJO K CO3[LAHHI0O TaK Ha3blBaeMOro meroda 603-
myujenud.

st 6oJiee neTajbHOTO ONHCAHHS 3TOrO MeTojla OrpaHu-
YHMCSL PACCMOTPEHHEM 3a0auu AUHEUHO20 NpOoZpamMmuposa-
HUSL.
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IMopoxparomasn 3agada (1)—(2) umeer Bug

(¢, x)—>min (=[*), (5)
Ax=b, (6)
x>0, (7)
a BoamymieHHas (3)—(4)
(c+e¢, x)—min(=[*(e)), (8)
(A+ed)x=b-}eb, 9)
x=0, (10)
rae x= (X1, X2, ..., ¥n) 6R™; A u A — MaTpuUB pasMepHo-

ctu mXn, (m<<n); ¢, ¢, b, b — BEKTOPbl COOTBETCTBYIOLIHX
pasMepHocTed; € >0 — napamerp.

O6o3nauuM uepes3 f* u f*(e) — onTHMaJbHbIC 3HAYECHHS
IeJIeBbIX (DYHKIHMH IOPOXKIAIIell H BO3MYIIEHHOH 3ajad,
a yepe3 X* u X* (&) COOTBETCTBYIOILIHE MHOXKECTBA HX pelle-
uuit. I[Ipeanonaraercs, uro X* u X*(e) — Henycrble orpaHu-
YeHHbIE MHOXKECTBA.

B Merone BoaMymieHHH 0COGYyI0 pOJib HTPAET 8CHOMO2A-
TeAbHAs 3a1aua

(6—ATA*, x)—min (=f*), (11)
x€6X*, (12)
Tie A* — pelleHHe 3alaul, ABOHCTBEHHOH K MOPOKAAOIIEH |
(b, A)—>max,
ATA<c;

T — 3HaK TPAaHCIOHHPOBAHHS.

ITpeanonaraercs, 4YTO NOCAEAHSST 3afauya HMeEeT eIUHCT-
BeHHoe pewleHHe. OGO3HAUUM uepe3 f* ONTHMaJbHOE 3HAue-
HUe 1eseBol (DYHKIHH BCIIOMOTaTeJbHOH 3aj4au, a uepe3 X*
MHOXKECTBO ee pelleHUH.

Mexay pelleHHSIMH BO3MYIIEHHOH M BCIOMOraTesbHOM
3aJla4 cymiecTByeT BecbMa TeCHasl B3aHMOCBsA3b. Tak, MOKHO
NI0Ka3aTh, YTO NPH HEBBIPOXKAEHHOCTH NOPOXKAaloIeH 3ana-
4# (5)—(7) MHOXKECTBO NpeiesbHBIX Touek X*(e), moay-
uaembix npu e—0, COLepKUTCA B X* U HMEET MECTO COOTHO-

IeHue
f*(e) =f*+e(f*+ (8, A*)) +0(e).
ITycrs £+6X* — nponsBosbHOE GasHucHOE pellleHHe (ONOP-
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HBIl N1aH) BcroMorarteabHo#l 3afaun (11)—(12), B u B —
COOTBETCTBYIOIIHE €My MaTpPHIbl 6a3uca (IOAMaTpHILl MaT-
pui A u A). BeegeM B paccMOTpeHHE BEKTOP X(g), y KOTO-
poro Te e HyJeBble KOMIIOHEHTH, UTO M y BEKTOpa £*,
a ocraJbHble (6a3HCHBIE) KOMIOHEHTH paBHH (B--eB)~1X
X (b+¢b). MoxXHo noKasaTh, 4YTO NPH BCEX AOCTATOUHO Ma-
JIBIX & BEKTOP X (&) sBJsIeTCS JONYCTHMBIM /st BO3MYILEH-
HoH 3ajaun (8)—(10) u 3Hauenue neseBofi GyHKIHH (8)
IpH X=x (&) OT/IHYACTCS OT ONTHMAJBHOTO f*(&) He GoJjee
yem Ha\0(e?). Ecam £* — enuHCTBEHHOE PELIEHHE BCIOMOTa-
TesbHOU 3amaun (T. e. X*=={£*}), TO mpH Bcex AOCTATOUHO
MaJblX € PelleHHe x* (£) BO3MYIIEHHOI 3a1a4yu TaKkkKe elHH-
cTBeHHO (T. e. X*(e) ={x*(e)}) u x*(e) =x(¢).

STH yTBepKIEHHS I03BOJSIOT NIOJNYyYaTh TOYHOE HJH MpH-
6/11MKeHHOe pellleHHe Bo3MylleHHOH 3amaun (8)—(10) npu
3aJaHHOM (ZLOCTaTOYHO MaJIOM) 3HAUEHHH €==go IOCPEJCT-
BOM pelueHHs nopoxkpaammell (5)—(7) u BcmoMoraTesbHOMH
(11)—(12) 3anau. CHauasa HACHTHOUIHPYETCS MHOMKECTBO
X* pewennfi nopoxnawolueil 3agaun. 3aTeM Haxoautcs Oa-
3HCHOe pellleHHe £* BCIIOMOraTesJbHOH 3alaud U (HKCHPYIOT-
€ HHIGKCH, COOTBETCTBYIOLIHE Oa3HCHBIM IIePEeMEHHBIM.
Onpenensiercsi 6a3ucHOe pelleHHEe X (€9) HCXOAHOH BO3MY-
meHHoH 3anaun. Mupekcr 6a3HCHBIX NEpPEeMEHHBIX BEKTOPa
x(e¢) coBnajamT C HHAEKCaMH 0a3HCHBIX NEePeMEHHBIX BeK-
TOpa £*, 3HaUeHHsT KOTOPBIX BBHIUHCJSIOTCS YKAa3aHHBIM BBILIE
crnoco6om (moJaratorcsi paBHbiMi (B~+eB)~!' (b+¢b)). Ecan
€9 JOCTATOYHO MaJjo, TO BEKTOP X (&o) YAOBJETBOPSIET Orpa-
upuennsim (9)—(10) BosMylmeHHOH 3amaud Npu e€=go H
MoOKeT ObITh BEIOpaH B KauecTBe NPUOJHKEHHOIO PelleHHs
HHTepecyollefi Hac BO3MYylLIeHHOH 3ajauu. Ecau pelenue
BCIIOMOTATE/bHOH 3a/laud eJHHCTBEHHO, TO X (&9) — TOUHOE
pellleHHe BO3MyIIeHHOH 3anauu. Ecam x(eo) He yAOBJETBO-
pSIeT YCJOBHSIM ONTHMAJbHOCTH, TO €r0 MOXKHO HCi10/1b30BaTh
IJsT fajpHeHIINX BBIUMC/JACHHMH, NpPHUMEHsS, HanpuMep, AJs
pelleHHst BO3MYIIEHHOH 3a4ayd CHMIIJIEKC-METOL.

OTmeTHM, UTO BCe YTBEPKIEHHA CIPaBeAJMBLI, €CJH
B OTPaHHYEHHSIX MCXOLHOH 3aJaud 3HAKH DaBEHCTBA 3aMe-
HUTb Ha HepaBeHCTBA.

156.2. Mlpumep. Ilycrs mopoxkpaiomasi 3axada (5)—
(7) uMeer BUA

0x14+0x2—x3—>min,
x1—x2+0x3=1,
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Ox1+0xo+x3=2,
x1=0, x2=0, x3=0,
a BoamyuieHHas (8)— (10)
ex1+exos—x3—min,
X1—Xo+exs=1-z¢,
ex1Fexest+x3=2-}-¢,
x1=0, x2=0, x3=0.

B o6o3HaueHusix aToro naparpada

A (1 700) (00 1), o=(1) o=(1)
0 01 110 2 1/’
c=(0,0,—1),¢=(1, 1,0).

Heo6xoauMo pelinTbh BO3MYIIEHHYIO 3aa4y NPH HEKOTO-
POM JOCTaTOUHO MaJOM €==go, CKaxkeM, npu &o=0,1.

MHuoxecTBO X* pelleHHH MOPOXKAAIOIIEH 3aJaud ONHCHI-
BaeTCsl, OYEBUHO, COOTHOUWIEHHSIMU X1—X2 =1, X3=2, x; =0,
x2>=0. 3Hauenne f*=—2.

JlBoficTBeHHasT K MOpOXKJAalollell 3ajaya 3amHCHIBAETCS
B BHJE

M—+2A—>max,

MF-0%, <0,
—M+0A, <O,
OMi+Ae<<—1.
Orciopa A*= (A%, A3 )=(0, —1) u BcmoMorareibHas 3a-
ndaua (11)—(12) umeer BHA
2x1+42x2-+0x3—min,
X1—Xo=1, x3=2,
X1>0, )C2>0.

dra 3ajmaua HMeeT eIMHCTBEHHOE pellleHHe f*=
= (£, £2, £2)= (1, 0, 2). 3nauenne j*=2. [lepemennrre

X; u X3 — GasucHble. COOTBETCTBYIOMIMMH Oa3HCHBIMH NOJ-
MaTpunamMu matpull A u A gBasiioTcs

(10 _01):
B—(o 1‘) “B“(l o/
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Hmeem

1 —¢&
~ o -_ 2 I 2‘
B—l—aB=(1 8),(B+eB)‘1= N
e 1 —e 1
] —e? 1 —g?
f 1—e—eg? 2—eg?
ety = ).
( +8 ) (b+8b) 1_82 ’ 1_32
l—e—g?2 . 2—¢
OTCIOﬂa X1(8)= ——1—-_—8-2——, X2 (8) =0, X3 (8)=-1—;—8§— u

IPH AOCTATOUHO MaJOM & BEKTOp X (&) — pelllefine BO3MY-
LIEHHOH 3ajauu. B yacTHOCTH, MpH WHTEpECYIOIEM Hac 3Ha-
uennn e=0,1 Bektop x(0, 1) =~ (0,899; 0; 2,010). 3nauenue
f*(0, 1) =~1,92.

15.3. Vcnonb3oBaHue MeTO[a BO3MYIIEHHH NPHU PEIIECHHH
3ajay MaTeMaTHUYeCKOro NpOorpaMMHpPOBaHHs, 06/aLalolnX
CHEeIH(pHUESCKUMH CTPYKTYPHBIMH OCOOEHHOCTSIMH, MO3BOJISET
deKomno3uposaTs WX Ha 3aJaud MeHbIUefl pasMepHOCTH.
PaccMOTpHM BO3MYILEHHYIO 3a8auy AUHEHHO020 NPOSPAMMU-
posanus

(¢, x)—min, (13)
(A+ed)x=0, (14)
x>0, (15)

raie A — GnouHo-quaroHanpHass marpuna; 4, [=1, v,— ee
BJIOKH.
Torma nopoxcdarouyyro 3amauy MOMKHO 3amHcaThb B BHIE

Zl (51, )Zl)—>min, (16)
=1

AG=b;, =1, v, (17)
5=0, [=1, v, (18)

TZle BEKTOPHI &y, by, X; onpenensioresi 6;10KkaMu A; MaTpuiisl A.

ITycts TpebyeTcs pewntsh 3azauy (13)—(15) npu Heko-
TOPOM 3aflaHHOM JOCTaTO4YHO MasoM g. Caenys obuiemy noj-
X0y, Ha IIepBOM ILIare pellaeM [OPOXKAAMILYI0 3afauy

(16)—(18), koropast pacnagaercs Ha v noazanat (I=1,v):
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‘(51, fc'l)—+mi'n, (19)
Ak =b, (20)
=0. (21)

Ecnn pewenuns JZ’;, =1, v, 3THX NOA3ahay eJUHCTBEHHEI,
TO X*= (X%, X%, ..., X¥*¥) c TouHocTbIO 1O O(e) sABAsIETCA
pewennem safauu (13)—(15).

Ecnn B xako#-nu6o u3 nojazajnau (ckaxew, /) pelienue
HEeelMHCTBEHHO, TO HEOOXOJHMO HIACHTHOHIKPOBATH MHOXKE-
CTBO X* BCex ee pelleHHi.

O6osHauum uepes A*l pellleHHe 3ajJauH, IBOHCTBEHHOH

K 3anaue (19)—(21). LeneBass ¢yukuust (11) scnomoea-
TeAbHOU 3aJlaun B PACCMATPHBAEMOM CJyuae 3alHChIBACTCS
B Bule (—A'A*, x), a orpanuuenus (12) — B Buge %6X*,

I=1, v, rae A*= (1~X*1, /N\;, e, /NX:). CJaegosaTtesbHO, 3a-

naua pacnaﬂaéTCH Ha v noazanau (I=1,v):
(di, %1)—min, (22)
%6Xx, (23)

rae d; — BEKTOp, COJEpKallMd Te KOMIOHEHTHl BEKTOpa

(—ATA*), KOTOpBIE COOTBETCTBYIOT BEKTOPY Xi.
Ilpeanonaras, uto Kaxknaas us 3agau (22)—(23) umeer

eJMHCTBEHHOE pelleHne £, MOXKHO NPHHSTb B KaYeCTBE NPH-

6JIHKEHHOTO (¢ TOYHOCTBIO 10 ((e)) pellleHHs UCXOLHOH 3a-
Jlaud BEKTOp x*=(f:*1, L5, ., %),

Jns1 yTOUHEHHSI pelleHus], Kak U B O0lleM cjayyae, Bbife-
JISIIOTCSE BCe 6a3UCHbBIE IePEMEHHbIE BCEX BEKTOPOB X%, [=1,v.
IlycTb 3TH nepeMeHHble 06pasyioT BekTop ¥. O603HauuM co-
OTBETCTBYIOIIHE BEKTOPY X noAMaTpHubl MaTpui, A u A yepes
B w B. JIsi HaXOX/eHHs HOBBIX 3HAUeHHH GasHCHBIX Iepe-
MEHHBIX JOCTATOUHO peIHTb CHCTeMy ypaBHeHHH (B-+
+eB)¥x=b.

ITpoBepka omopHOro naaHa Ha ONTHMAJbHOCTH OCYILECT-
BJIsieTCsl OOBIYHBIM. AJIsl JIHHEHHOrO0 NpOrpaMMHPOBaHHs CIIO-
co6oM. O603HaUUM uepe3 ¢ BEKTOp, 0Opa3oBaHHHH KOMIIO-
HEHTaMH BEKTOpa C, COOTBETCTBYIOIIHMH BekTOopy Xx. Omop-
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HBIH naaH ontuMmanen, ecaun A (A4eld) <c, rne A=c(B+

~+eB)-L
Cxema pewenus 3anaun (13)—(15) npexacras/ieHa Ha

puc. 15.1.
154. IIpumep. Pemum onucaHHBIM METOJIOM BO3MY-

LIEHHYIO 32734y
—X1—3X2—X3—Xs—min,
2x1+xo+€ (x342x4) <§,

X1+xo+e(xs—x4) <5,
e (x11+2x2) +x3+xa<<4,
x1=0, xo=0, x3=0, x4=0

fIpH JIOCTATOUHO MaJIOM €= &o.

IMopoxnaromas 3anaua
—X1—3Xs—X3—X4—>min,

2%+ X2 <8,
xl—l_ X2 <57
X3t+x4<4,

x1>0y x2>0y x3>0) x4>0

pacnapaercd Ha aABe f[OJlSa,ELa‘{HZ

—X1—3Xo—>min, —X;—Xx4—>min,
2x14+ x2<8, Xs+x4<<4,

X1+ x2 <5, x3=0, x,=0.
x1=0, x>0,

PelienneM nepsoil mopzajgauu ssjsieTcss touka xj =0,
x% =5, pemleHHeM BTOPOH — MHOMKECTBO TOYEK, ONHCHIBae-

MOE€ COOTHOWIEHHSMH X3+xs=4, x; =0, x2 =0.
JIBOHCTBEHHBIMH K YKa3aHHBIM M0J3a7auaM SIBJSIOTCS

CJIGAYIOUINE 3aJaUH
—8\—bAs—>max, —4A;—>max,

M+ Ao>1, ha=>1,
Mt A>3,
M=0, A=>0.
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(¢, x)-min Z('EZ, ;) - min
(A+ed)x=0> —_— s "le}l:"[,l
x>0 >0 1=1,v
Y
1 =1 v

(B+eB)yx=0 <

x* =(%, 0)

Nk

(El’ Kl) - max
AN < 6

A*= (4], ..
Y

o A)

(—AT A*, x) > min

;ZG:\’; y l:l, v

I=T, ]|

(El’ ;l) - min

~ ~ %
xle)(l

Puc. 15.1. Cxema NeKOMNO3HLHH 3ajay JHHEHHOTO IPOrpaMMHMDOBAHHS IIPH
6JI0YHO-JHaroHaapHolt MaTpuune A u matom € > 0




Hmeem A* =0, A*,=3, At =1. B paccmarpusaemom ciy-
yae MaTpHLa

0 0 1 2
A=[0 0o 1 —1].
1 2 0 0

CJlenoBaTesbHO, BCIOMOTaTeNbHas 3ajzada
—X1—2x9—3x3+3x4—min,
x1=0, X2=5, X3+X4=4, )C3>0, X4>0
pacmajaercs Ha ABe moasanaul. Ee pewenne: £3=0, £5=5,
k— —
* =4, £2 =0.
BasHCcHHMH SIBJSIIOTCS NEPEMEHHBIE X H X3. J3aMeHss
B IOCJEIHHX [BYX OTPaHHUEHHSIX HCXOAHOH 3ajlauu 3HAKH

HepaBeHCTBAa Ha PaBEHCTBA H NPHPABHHUBAS HYJO IepeMeH-
HbIE X1 U X4, IONYUAEM CHCTEMY YPaBHEHHH

{ X9+ ex3=D>,
2exs+ x3=4,
b—4eg 4—10e

pellleHHe KOTOPOH Xj(g) = H x;(e)=

1—2¢2 1—2¢?
IlepBoe U3 HEpaBeHCTBA NPH MaJjoOM & B TOUKe £* He cylle-
CTBEHHO, T. €. BHIIOJHSETCS CO 3HAKOM CTPOrOro IlepaBeH-
cTBA.

o _ 5—4eo _ 4—10eo
Hrak, x1(e0) =0, X2 (&0) = 1—2¢2” *a{e0) = 1—2¢2 "’

x4(80) =0 — pelleHHe UCXOJHOH 3a4auu (NPH 3aJaHHOM [0-
CTAaTOYHO MaJIOM €o).

15.5. Psin mpaxkTHUECKHX CHTyalUHH NPHUBOAMT K HE0OXO-
JHUMOCTH pelIeHHs] BO3MYIUIEHHBIX 3a7a4, NOPOXKAAIOLIHE 3a-
Jaud KOTOPHIX IONYCKAIOT HEIOCPELCTBEHHOR a2preuposanue
nepeMeHHbIX.

PaccmoTpuM, Hanpumep, 3ada4y AuHeliHoO20 npoepammu-
pOBAKUS CNEAYIOIETO BUA:

v

Z Z (Cl+8dlj)Xj—>miH, (24)
=1 JeN,
'V 3
> 2 (ArteBiy) x;<<b, (25)
=1 jeN,

%>0, j=T, 7 (26)
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3necs Ny, =1, v,— nonapHo-HeNepeceKaoUIHECs] HENYCTHE

noamHoxecrsa MHoxkectsa N={1, 2, ..., n}, U N/=N;

l__l v '
¢i, dij — cKanapHole BeqHuuHbl; A;, B, b — BEKTOPH;, & —
napamerp.

BBenem B paccMOTpeHHE aepecuposarHble TNEpeMeHHBIE
X, |=1, v, noaaras
Xl= Z Xj. (27)

&N,

Torna sagauy (24) —(26) MoxHO nepenucarb B BHIE

Z cXi+e Z X% dijx;—~ min,

I=1 j&N,
(28)
ZA[XI—I—SZ ZBUJCJ\

i=1 jen,

Xi=>0, =1, v, =0, j=1,n.

IToposicdarowasn 3anaua B arperHPOBAHHBIX TI€PEMEHHBIX
3alHCHIBAETCS] B BHJE

v
2 cX— min, (29)
=1
v
2 AXi<b, (30)
=i
Xi=0, I=1,w. (31)

Ilyctb aTa 3amaua umMmeer eQWHCTBEHHOE pelieHne X*, [=

=1, v. OGo3HaYNM MHOXKECTBO HHJAeKcoB [, 1<II<<v, mpu
KOTOPHIX X;*>0, yepes L.

ITepexonst K HCXONHBIM IePEMEHHBIM X; (COTJIACHO COOT-
HoleHHI0 (27)) MHOXKECTBO pellleHHH MOPOXKAAIOIEH 3a1aun
MOXKHO OIIHCATb COOTHOLIGHHSIMH

2 xy=Xr, x;==0, j€N,, I€EL,

JEN,
)Cj=0, jENz, lejL
175



3anauedt, mBoiicTBeHHOH K mopoxiaowmei (29)—(31),
ABJSIETCST CJEAyIoLLast :

— (b, A)—> max, (32)
by ATA=—c, (33)
=1

A=0. (34)

[Tycte A* — pemenne stoif sanaun. Kak yxe oTmeua-
JIOCh, pellleHHe HCXOAHOH 3anaum (24)—(26) nmpu gocratou-
HO MajioM & ¢ TOYHOCTbIO 10 0(e?) Ho (HyHKUHOHAJNY COBIA-
JlaeT ¢ pelleHHeM 8CHOMO2ATeAbHOl 3alaun

2 X (dy—B7,A*) x> min, (35)
I6L jéN,

X xj=X}, x;=0, jEN,, IEL, (36)
&N,

KoTopas pacnajaercsi Ha |L| sanau Buna

S (dy—By, A*) x~ min, (37)
N,
Z)Cj=Xl*,- x;=0, jEN,. (38)
jGNl

Pewenne kaxX10# U3 TaKuX 3afau TPHUBHAJBHO: H0CTa-
TOYHO HaHTH MHAEKC j=];6N;, COOTBETCTBYIOLIHH HAHMEHb-

ureMy Ko3((HIHEHTY IeeBoH (YHKIHH, H IOJOKHUTh 12’7‘ =
g1

=Xr. Bce ocrasbHbie x; N0JIaralTCsl PaBHLIMH HYJIO.

Ecnn Bce j;, lEL, onpenesioTcst OJHO3HAYHO, TO HEHY-
JleBble KOMIIOHEHTBI PellleHHsI UCXOJAHOH 3ajauu MOTryT OBITH
HaHJeHbl B Pe3ysabTaTe PelleHus] CHCTEMBl ypaBHEHHH, NOaY-
yaeMoH U3 (25) myTeM 3aMeHH 3HAKa HEPABEHCTBA HA 3HAK
paBeHcTBAa M NPHPAaBHMBAHHEM HYJI BCeX NEpPeMeHHBHIX Xj
Kpome x;, lEL.

Ecnu mHIEKCH j; OnpenensioTcsl HEOLHO3HAUHO, TO yKa-
3aHHOE pelIeHHEe OTJHUYAeTCS OT ONTHMAaJbHOrO (Ho (GYyHK-
HOHAaJy) He Gosee uem Ha 0(g2).

OnucaHHass cxema aepecupoBaHuUs nepemerHslx Tpej-
CTaBJieHa Ha pHc. 15.2.
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33 (¢ + ed;j) x5 ~ min
3T (A4 eBj) xj L b
xj =0, jeN, =1, v

ZCIXZ—]-SZZd[ij—»miH
X1= = Xj
ey, | BAIX + e32Byr < b
X; >0, x>0,
JEN, I=1,v

Y
22 (dij — BjjA*) xj > min IL={1X,>0} Se;X~min
<—
Sxi= X;, x>0, je Ny, x;| PAX<b Xi=>0,
lgL < I=1,v
Y Y
lel I A* —(b, A) »~ max

Z(dlj—B',‘jA*) xj - min l SAFA>—c, A>0

Sxj = X;, x>0, je N,

~ox *
lele
Y

leZL (A + eByp)) %, = b

kil (e)

Y

Jé* (¢) = (x;, (&), « ..

e, X, , 0
iy ©® 0

. Puc. 15.2. Cxema arperupoBanusi NIepeMeHHBIX NPH MaJoM & > 0

12. 3ak. 1201



15.6. [Ipumep. Ilycts TpeGyeTcs pelIuTh 3aAauy
—2(x14x2) — (x34x4) —e (x142x2+3x3—x4) —> min,
(x1x2) 4+ (x34x4) +& (X142x2Fx5+x4) <4,
(X14-x2) — (x34%4) —e (x1F-xa—x3—x4) <2,
x1=0, x:=0, x3=0, x,=0

IPH JOCTATOYHO MaJOM &= go.
BeeneM arperupoBaHHBIe nepeMeHHBe X; U X», nosaras

X1=x1—|-x2, ) X2=x3—l—x4.

[Mopoxparomas 3agaua (29)—(31) B paccMaTpuBaeMoMm
caydae HUMeeT BHJ,

—2X|—Xo— min,
Xi+X.<<4,
X1—X2<2,

X:=0, X,=0.

Ee pemennem siBasiiorest Xy=3, Xi=1.

JlBolicTBeHHAsT K MNOpoXKAamIneld 3amaua (32)—(34)
HMEeT BHL

—4M—2)\2— max,
MA4-he =2,
M—Ae =1,

M=0, A:=0.

1 1
Ee pewenuem spssiores =1 -5 A= 5

Chopmynupyem BcromorarteabHyio 3agauy (35)—(36)
—2x1—4 % Xge—bx3;—x4— min,
X1+x2=3, x3+xs=1,
X1>0, X2>0, x3>0, x4 =0,

KoTopas pacnajaercss Ha Ase moasanauu supa (37)—(38)
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1 . .
—2x1—4 53 Xo— min, —5x3—xs— min,

X1+x.=3, x3+x:=1,
x1=0, x:=0, x3=0, x4>=0,
MMEIOIINX TPHBHAJbHbBIE pewenus: £* =0, £% =3, 12’;=1,
£y =0.

J7si HaX0XKAeHHST pelleHHusT HCXOAHOH 3amauyu (Ipu Ma-
JIOM €=g9) IOCTATOUHO PELIHTh CHCTEMY ypaBHEHHH

{ Xo+x3+e0(2x2+x3) =4,

Xo—X3—¢€o (XQ—xs) =2.

280—6 8eo—2
Hmeem x2(80)—m, xs(Eo)— 3820—80——2 ,

X1 (80) =0, x4 (80) =0.
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