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Ilpumeuanus pexakTopa U3gaHUA
Ha (PppaHILy3CKOM SI3bIKE

01971, 3. DTOT OuepK, CONEpPHKAIUMI MATh [aB H CIHCOK JIHTepaTy-
pbl, 6611 ony6aukosaH B T. [Tusze B 1971 r. HauuonanbHoii Akanemueit Jlun-
yeH, Boicieli Hopmanbhoit mikosoi r.[1u3bl H MH3aHCKHUM H31aTe/NbCTBOM
Hay4yHo-TexHHYecKo# sutepatypnl (Editrice Tecnico Scientifica). B nHem Boc-
TNIPOM3BOJMTCS COlepXKaHHue «Kypca Hpuko PepMmu», KOTOPbIH Gbla MPOUH-
tan P.Tomom B ampese 1971r. B Bricuieii HopmasnbHo#i mikose B r.[luse.
B opuruHanbHO!N BepCHH OH HAYMHAMICS C MPENHCJIOBHS (CM. C/lefyiomlyio
CTpaHuLy).

HasBanue ouepka — «MatematuuyeckHe MonesH MopcoreHesa» — Obi-
JIO 3aTeM HCrosb30BaHo elle pa3. OHO cTasno Ha3BaHHeM COOpHHKa cTaTeH,
usnanuoro B 1974 r. B [apuxe usnarenbctsom UGE B cepun 10/18, u B Ha-
CTOsILIIEM M3JaHUH OHO o6Go3HauaeTcs Kak MMMI. Tak ke 6bl10 HasBa-
HO «repepaGoTaHHOE U paCLUMPEHHOe» u3gaHHe COOpPHHKA, OMy6JHKOBaHHOE
B 1980r. B [1apuxe Xpuctuanom bypxya (Christian Borgois); B HacTosiLeM
M3JaHUHU OHO 0603HayaeTcss kKak MMM2.

Bce r/iaBbl OPUTHHAJIBHOTO OYEPKa OT MEPBOM [0 ISITOH BOCIPOU3BENEHbI
B MMMI ¢ HeKOTOpHIMH H3MEHEHHsIMH, Ha KOTOpbie YKa3blBaeTCsl B NpHMe-
YaHUSX.

HekoTopble r/aBbl M 4aCTH IM1aB BKJOUYEHbl B IaBbl 3, 5 ¥ 6 ¢ ApyruMu
M3MEHEHHsIMH, KOTOPble TAKXKe OTMEUeHbl B PHMeYaHHsX.

llpum. nepes. Utobbl H36exaTb OTOXKAECTBJEHHS HOMEpOB MpHMeua-
HUH C BEPXHHMH HHIEKCAMH MaTeMaTHYeCKHX CHMBOJIOB H OJIHOBPEMEHHO
MOAYEPKHYTb MPHHANJIEXHOCTD IPUMEYaHUi pellaKTopy, B nepeBoje, aHaJo0-
THYHO TOMY, KaK 3TO CHeJaHO B OpHIHHaJje, HOMepaM MpUMeyaHHH npejile-
CTBYIOT GYKBbI «Ip» («IPHMeYaHHe PelaKTOopa»).



IlpenucaoBue xuandepra bepnapau

ATOT TOM OTKpbIBaeT cepuio mybsaukauui nop srupoi HauwonanbHoi
Axkagemun JIunuen u Boicuieit llkosbi”), 3anymaHHy0 Kak cobBpaHHe JeK-
umii, npountanubix B Ospiti Lincei B okpectHocTsix La Normale. Mbl Ha-
neemcs, 4To, GJarogapsi 3ToMy COOPHHKY, B PaCIOPSXKEHHH HTaJbsHCKHX
¥ HHOCTPaHHBIX CTYIEHTOB OKaXKyTCsi JOKYMEHTbl BbICOKOTO Hay4HOrO ypOB-
Hs1, MpeACTaBAsiiolMe COO0H OpUTrHHaJIbHbIH CHMHTE3 0COOEHHO aKTyaJbHbIX
TEM.

Xopoiwum 3HakoM najis Oynyiiero storo cOOpHHMKA sIBJISIeTCS TO, YTO
OH OTKPbIBAETCS MPEKPACHBIMH JIEKUHSIMH, IPOYHTaHHbBIMH B namstb Pepmu
B Haiueii wkose B 1971 rony Pene Tomom, npodeccopom MHcTHTyTa Bhiciinx
Hayuubix HccnenoBanuit B Bopa-ciop-HBeTT, 0 MaTeMaTHYECKHX MOAEJSX
mopdorenesa. [lpenonaBarenu v caymarend HIkosbl BbipaXaloT XXHBEHIIYIO
6s1arofapHOCTh GJECTAIEMY aBTOPY, KOTOPbIH CyMeJs TaK XOPOLIO H3JI0XKHTb
CTOJMIb IIy6OKHEe MBIC/IH, UMEIOILKE CTOJb LIHPOKOEe NPUMEHEHHE.

4 Hageochb, UTO 3TOT U CJENYIOLIHE TOMA CTAHYT BbIPAXKEHHEM XKHBEH-
el NpU3HATeNbHOCTH Mo oTHOWweHHI0 K HopmanbHolt Akamemuu JluHuew,
[PUIIAaCUBILIEH CTOJb MPOCJAABJAEHHBIX YYeHBIX BHECTH CBOH BKJaj B IOA-
HepXKKY KyJbTYpHbIX Tpanuuuil Hamei lIkosbl.

Jxunbbepro BepHapnu
Jupektop Beiceli Hopmanbhoi
konbt

*)3nech: nenarorudeckuii GakyasTer npu [IM3aHCKOM YHUBEpCHTeTe



['nABA 1

IIporpamma mopdgosioruueckoi Teopuu:
onucauue"P?

1.1. Onpenenenne mopgoaornu

Mbl HCX0oMM U3 crefylollero MpHHIUMMA: BCSIKas HayKa — 3TO HCCJEN0-
BaHHe (eHoMeHoJIorHH. TeM caMbiM noapa3ymeBaeTcs, uTo (heHOMEHb! B Ka-
yecTBe 06bEKTOB pacCMaTPHBAeMON HayKH [OKa3blBalOT cebsi Kak COObITHUS
omnpesesieHHOH GOpMbI, IPOUCXOASLIHE B HEKOTOPOM NPOCTPAHCTBE, KOTOPOE
Mbl Ha30BeM CYyOCMpammubim NPOCMPAHCMBOM WUCCIEAyeMOH MOPGHOJOrHH.
B cambix o6mux cayyasix (pusuka, 6HONOrHst) MPOCTPaHCTBO-CYGCTPAT Npes-
cTaBssieT co60H He YTO HHOe, KaK OObl4HOe MpocTpaHcTBO-BpeMsi. OnHako
MHOrJa NMPUXOLUTCH 3aMeHSITb ero INPOCTPAHCTBOM, MOJYYEHHBIM H3 O6bIY-
HOr0 MaKpOCKOMHYECKOro MPOCTPAHCTBA JIMOO € MOMOLLBIO Pa3JHUHBIX TeX-
HHUECKHX TIPUCTIOCOGIeHNE (MUKPOCKOI, TeJecKon), 60 C MpUBJEUEHHEM
MPOCTPAHCTBa KayeCTBEHHbIX MapaMeTpoB (aKYCTHKA KaK HayKa O 3BYKax).
HexkoTtopble aucuumninHbl U3 06JacTH 'yMaHHTapHbIX HayK, Kak, HalpHMep,
COLMOJIOTHS, ellle BCe 3aflaloTCsl BONPOCOM, KAaKOBbl ()aKThl, OTHOCSILHeCs
K HX KOMIIeTEHLIHH, M TO03TOMy oHM «a fortiori» («Tem OGosnee» (sat.) —
[lpum. mepeB.) noka elle He NOCTUIVIM YPOBHSI CTPOro MOPGOJOTHYECKOTO
OMHCAHHS.

Bo BceM mocJenyollieM H3J0XKeHHH Mbl MpejrnoJaraeM, 4to cybcTpaTt-
HOe MPOCTPAHCTBO MpeacTaBJsieT COO0H OTKPbITOE MHOXECTBO B HEKOTOPOM
€BKJIUJIOBOM MPOCTPAHCTBE, Pa3MEePHOCTb KOTOPOTro, B MPUHLIHIE, KOHEYHa.

Hama nepBasi 3amaya 3akJjiouyaeTcss B TOM, 4TOObl OXapaKTepH30BaThb
(dheHOMeH B KauecTBe NMPOCTPAHCTBEHHOH (opMbl. C 3TOH LebI0 BBEEM CJle-
AYIOLLYIO HeaNu3aLHIo.

Omnpenenenue 1. Peeyrspras mouka mopgorozuu.

IMycte u ecTb TOuKa cyberpaTHoro npoctpancta U. Touka u 6yner Ha-
3bIBATbCSI PErY/sIPHON TOYKOH, €C/IH B KaXKI0H TOUKe u/, IOCTATOYHO 6/IM3KOM
K U, Cpe/la, 3aKJI0UeHHasi B IPOCTPaHCTBO U, KaueCTBEHHO BLITJISIIHT TaK XKe,
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KaK B u: HHaye roBopsi, [Iap JOCTATOYHO MaJIOro pajgHyca ¢ LIeHTPOM B u He
COIEPXHUT HUKAKHUX (DeHOMEHOJIOrMYECKH pHMeyaTebHbiX coObiTHi. B 3TOM
IIape HU4ero He MPOHCXOMHT.

W3 storo onpenesneHus CaeyeT, YTO MHOXKECTBO PeryJsipHbIX Touek 06-
pa3yet omkpsimoe mHoxecmseo B U. ITo 060CHOBbIBaeT

Onpenenenune 2. Jlwobas Touka 3amkHyTOoro MHoxectsa K B U, sB-
JISIOLEroCst I0MOJHEHHEM MHOXKECTBA PeryJsipHbiX Touek, 6yleT HasblBaTbCs
Kamacmpoguueckoti mouxoii 3Toi Mopcosorud. Ecnn v € K saBasercs
TOYKOH KaTacTpodbl, BO BCEM LiIape C LEHTPOM B ¥ YTO-TO MPOHCXOAHT.

3amKHyTOe MHOXeCTBO K OyleT Ha3blBAaeTCs MHOMCECMBOM KAMACmpo-
(bl COOTBETCTBYIOIEH MOPHOJNOrHUH.

3AMEUYAHHE. OueBHAHO, YTO Pa3/H4He MEXAY Pery/sipHbIMH U KaTacTpogHue-
CKHMH TOYKAMH 3aBHCHT OT TOYHOCTH HCIO/Ib3YyeMbIX CPEACTB HCC/ENOBaHHS: TOUKA,
TMPELCTABJISIIOIAsACS PETYJSPHOH MpH HaGJIONEHHH HEeBOOPYXKEHHBIM TJIa30M, MOTJa
6Bl 0Ka3aTbCsl KAaTACTPO(PUUECKOi, eC/IH PACCMOTPETh €e OKPECTHOCTb B MHKPOCKOI.
HHBIMH c/IOBaMH, caMo NOHsTHe (HDeHOMEHONOTHH INpeirnosaraer, 4ro CpeicTBa Ha-
6J1oieHHst 3aUKCHPOBaHEI pa3 U HaBceraa.

BripoueMm, sicHO, 4TO MHOXeCTBO KaTtacTpodnl K o6pa3yeT TOJbKO 4acTb
3MIHpHYecKol Mopdosorud. Ha caMom nesie oHa COLEPKHUT HenmpepbiBHbie
BapHalM¥ KayeCTBEHHbIX MapameTpoB (HampHMep, H3MeHeHHe LBeTa), KOTO-
pbie MOT'YT M He NpOsiBJAsITbCS BO MHOXecTBe K. B CyLIHOCTH, B HEKOTODBIX
CUTYalHsIX MOXEeT Jlake BOSHHKHYTb COMHEHHe: a eCTb JIM Y pafyrH oTyer-
JIMBasi KpOMKa?

CilenoBartesibHO, pas3/Hude MeXAY PEryasipHbIMH H KaTacTpO(HYecKH-
MH TOYKaMH BbICTYNaeT Kak HIeaji3alus, CBOAsLIAs BCAKYI0 MOP(OJIOTHIO
K OCTOBY €€ KaueCTBEHHBIX pa3pbiBoB. M Bce-Taku 3TO pasivuyHe obpa3sy-
€T OHY H3 BEJHKHX «KaTeropHi» Hallero BOCIPUATHS Mupa. Ero o6Hapy-
JKHBAIOT B MCHXOJOTHH (B TEOPHH BOCIPHUSITHS) B PA3JHUHH «06pa3-oH»,
B CeMaHTHKe B pa3/IMuHu «bhopMa-coliepxKaHHe», 1 HMEHHO OHO, BePOSTHO,
JIEXKHT B OCHOBE DAa3JIHUHS «OTKPbITOE MHOXXECTBO-3aMKHYTOE MHOXECTBO»
B 00611eH TOMOJIOTHH.

MoxXHO cKa3saTb, UTO OfiHa M3 NepBLIX 3ajay Ji000H MopdoaorHuecKoi
LUCLUMIVIMHbBL 3aKJI0YAETCH B HCC/IE€A0BAHHH, METPHYECKOM HJIM TOMOJOr1ue-
CKOM, 3THX MHOXecCTB KatacTpodnl. C 3TOH TOUKH 3peHUs BaKHeHIleH 3aja-
yell sIBJSIETCS BbIICHEHHe TOro, GyneT JIM MHOXeCTBO KaTtacTpodsl K Hurme
He IJIOTHbIM. B caMom nesie B MpoTHBHOM ciyyae 6bly10 Gbl OCHOBaHHE rOBO-
PHTb, YTO MOP(OJIOTHs SIBJSIETCS XQOMuU4ecKol BO BHYTPEHHOCTH 3aMKHY-
Toro MHoxectBa K. DTo TpyAHas CuTyauus AJs HabJjiofartessi; B BecbMa
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o6LieM BHJe C TIOMOILbIO ONepalHu yCpeaHeHHsi («PHILypHBasi rjasa») OH
6yneT crapaTbCcs 3a0bITh CJHIIKOM MEJKHE AeTasd, YTOObl COXPaHUThb TOJb-
KO YCpeJHEHHYI0 BHIMMOCTb, KOTOpasi CHOBAa BBEAET PEryJspHOCTb MOYTH
Bciony. Ho 6blBaloT CHTyauuu — Kak B cjydae TypOyJEeHTHOCTH B THAPOAH-
HaMHKe WJIM NP1 HabJIoAeHHH LHTOIJIa3Mbl C HCMOJIb30BAHHUEM 3JIEKTPOHHOTO
MHKDPOCKONa, — KOTOpble BeCbMa HAaCTOHYMBO YKa3blBAlOT Ha BCIOLY MMJIOTHbIE
MHOXeCTBa KaTacTpodbl.
[Iposenem caenyioliee pasauyue.

Onpenenenne 3. Obbiunvie Kamacmpoguueckue moyKu.

Touka x, nmpuHajseXaias MHOXeCTBY KaTtactpodsl K, HasbiBaetcs
06bIYHOH KaTacTpPO(HUUYeCKOH TOUKOH, eCJH CyLIecTByeT Takas (yHIaMeH-
Ta/lbHass CHCTeMa OKDECTHOCTell B BHAe WWapoB B,, ¢ uUEHTPOM B TOUKe Z,
uto Bce naphl (B, B, N K) 6ynyT roMeoMophHbIMH.

Ha npaktuke oObiyHas kKaTtacTpoduueckas Touka = pomyckaetr B K
OKPECTHOCTb, rOMEOMOPGhHYI0 KOHyCYy: Tak Oyner, ecau, Hanpumep, K sB-
JISIETCS MOAMOJIMIPOM HEKOTOPOH TPHAHTYJISILMK MTPOCTPaHCTBa-cybCcTpara.

Jlio6ast kKaTacTpoduyeckasi TOuKa, He siBJsIOLIasicss 0ObIYHOH, OyneT Ha-
3bIBaThCs 0cobenHoli. B okpecTHOCTH 0c06EHHOM TOUKH MHOXKecTBO K H3Me-
HSeT CBOH TOMOJIOTMYECKHH THM NpPH NPHOJIHXKEHHH Ha CKOJb YyrONHO MaJjoe
paccTosiHMe K 3TOH Touke. B GosblIHHCTBE CiiyyaeB OObIYHBIE KAaTaCTPOGU-
YyecKHe TOYKH 00pa3yloT OTKPbITOE MHOXECTBO, BCIONY MmaoTHOe B K.

Cpenas 3TH 06lLiHe ONMpeneseHUsl, MOXHO YTOYHHTb, KaK OMUCHIBAETCH
SMIHpHYecKass MOP(OJIOrHs U KaK B 3TO ONHCaHHEe BKJOUYaeTcs hyHAaMeH-
TaJIbHOe TIOHSITHE CMPYKMYPHOL Ycmouvusocmu.

1.2. CTpykrypHasi yCTOHYHBOCTD

C Touku 3peHHsA 3MHUCTEMOJIOTHH MOXKHO pasJn4yaTb ABa THIA MOp(bO-
JIOTHYECKHX JHCUMILIHH. HeKkoTopble W3 HHUX SIBJSIIOTCS 3KCnepuMenmans-
HbLMU, TIOCKOJIbKY 4eJIOBEK MOXET €034aTb MOP(OJIOTHIO AJI HCCJe]OBaHHS
(cnyuait GpU3MKO-XHMHH) HIH, N0 KpailHell Mepe, Gosiee UM MeHee GpyTasib-
HO BTOPTHYTbCs B ee pa3BUTHe (61oJorHsi). JIpyrue TUCUMIIMHBL, Ha060pOoT,
OCHOBAHbI Ha Yucmom Habaro0eHuu: SKCIepUMEHTHPOBaHHE TaM HEBO3MOXKHO
J160 MO NMPHUYHHE NMPOCTPAHCTBEHHON YIaleHHOCTH 06BeKTOB (aCTPOHOMHUS),
160 MO NMPHUKHHE OTAAJEHHOCTH BO BPeMEHH (HAyKH O MPOLJIOM: FeoJIorHs,
MaJIeOHTOJNIOTHs!, 3THOrpadusi, UCTOpH. .. ), JHOO, HAKOHell, MO NPUYHUHAM
3THYECKOr0 CBOHCTBa (HEKOTOpblE MCHXOJOTHYECKHe W COlUalbHbie (heHo-
MEHbI).
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[ToHsiTHE CTPYKTYPHO-YCTOHYHBOH MOP(OJOrHH, KOTOPOE Mbl XOTHM HC-
0/1b30BaTh, B IPHHLHIE MOXKeT ObITb ONPENEJEHO TONbKO B PaMKaX HEKOTO-
PO¥ 3KCePHMEHTAJbHON JHCLHIINHBL. TeM He MeHee MOXHO JOMYCTHTb, YTO
IOBTOPHOE HabJiofeHHe HEKOTOPhIX (heHOMEHOB M03BOJIseT BbIABHHYTbh BeCh-
Ma MpaBAONofoOHOe NpelnosoXeHne 06 UX YCTOHYHBOCTH, MPeATNOJOXKeHHe,
BEPOSITHOCTb KOTOPOTO B HEKOTOPBIX C/ydasiX MOYTH He yCTyrnaeT BepOsTHO-
CTH TIPE/NIOJIOKEHH, OCHOBaHHbIX Ha sKcrepuMeHTe. Clle0BaTebHO, B PSifie
CJIyuaeB MOXHO Oblylo Gbl pacrnpoCTPaHUTb HaIy MOJes]b Ha JUCLHIIHHBbI,
OCHOBaHHble Ha YUCTOM HaOJIOEHHWH, NpaBia, He CKpbIBasi, YTO AJIS 3TOro
Hago NMPHHSITb YaCTb JOTNOJHHUTENbHbIX THIOTES.

1.3. Cxema 3kcrnepuMeHTa

Bo BCSKOM 3KCIEpHMEHTe «a priori» CTaBUTCS LeJb NMPUBECTH HEKO-
TOpPYIO CHCTEMY B OmpenesieHHoe coctosiHue (a). B mpuHuune cuctema —
3TO HeKOTOpasl yacTb BcesieHHOH, 3BOMIOLHIO KOTOPOH BO BPEMEHH MOXKHO
Ha0J/01aTh Tak, Kak ecsy Obl OHa He 3aBHCeJa OT OCTaJbHOro MHupa. B 6041b-
ILIHHCTBE CJyyaeB 3TO TpeOyeT HEKOTOPOH NMPOCTPAHCTBEHHOH U3OJSLHH CH-
CTeMbl: yueHblil noMeutaet cucteMy L(S), KOTopyio npeanosaraeTcs u3y4arh,
B kamepy B. CocTosiHe (a) cucTeMbl GyleT ONpeneseHO MPOTOKOJIOM IO
FOTOBKH, T.€. TEKCTOM, HalIHCAHHbIM Ha OOBIYHOM SI3bIKE H CO BCEH BO3MOXK-
HOU TOYHOCTbIO OIHCHIBAIOLIEM CYOCTaHIUH HIIH 06BbEKTbl, KOTOPbIE HOMKHbI
ObiTh MTOMeLLEHbI B KaMepy B, 1Mo BO3MOXKHOCTH B Ha/l/leXalleM Mopsiake, 1Js
TOro 4yToGHl B MOMEHT BpeMeHH ¢t = 0, IPHHATHIN 32 HayasbHbil, cucTeMa (.S)
OKa3asacb B COCTOsIHUH (a).

Torna 3KCrepUMEHT COCTOMT, B CYUIHOCTH, B HaOJIONEHWUH 3BOJIOLHH
cuctembl (S) B MOMEHTBI BpeMeHH t > 0, KOTOpble CENYIOT 32 TOArOTOBKOI.
[pennonaraeTcs, YTo SKCMEpHMEHTATOpP 00JMajaeT 30HAAMH WJH APYTHMH
YCTPOHCTBaMH [J/151 PETHCTPALMH AaHHBIX, KOTOPbIE MO3BOJISIIOT eMY «BHIETb»
TO, YTO NMPOUCXOAHT B OKPECTHOCTH KaxK10H TOUKH B. B xone usyueHus mop-
thosioruu, NpeacTaBIeHHON B KaMepe, HCC/IEA0BATE/b JOKEH B MEPBYIO Ode-
penb mo3aboOTHTbCS 06 Onpefie/IeHHH MHOXKeCTBa KatacTpogbl K, 3aMKHYTOro
MHOXeCTBa B npousBefeHdd B x T kamepbl B Ha ocb BpeMeHH T

OnHaKo MPOTOKOJ MOAFOTOBKH MOXHO OIMHUCATb H OCYIIECTBHTb TOJIb-
KO JIMLIb B HEKOTOPOM NpHOJHKeHHH. C/ef0BaTeJNbHO, PE3YabTaT IKCIEPH-
MeHTa, MpOBeleHHOro Hap cuctemoil (S) B coctosiHuu (a), mpenctaBiasieT
UHTEpeC JHLIb MPH TOM YCJOBHH, YTO B Pe3ydbraTe NPUBENEHHS CUCTEMbI
(S) B cocrosinue (a'), mocraTouHo 6u3Koe K (@), Mbl MOJYYHM MPHOJIH3H-
TeJqbHO Ty e Mopgosoruio K’ C B X T, 4T0 H B NEpPBOM 3IKCIEPHMEH-
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Te. B Gosee TouyHO# dopme: B 3TOM caydyae OyfeT CyUleCTBOBATb TaKOM &-
romeomopduam B x T Ha cebs, uto K’ = h=1(K). (Hanomuum, uto h sBns-
eTcs e-romeoMopdhH3MoM, ecsd |d(x, h(x))| < €.) Ecau ato Tak, To rosopsr,
4TO MOP(QOJIOrHsi, BO3HHUKLIAS U3 COCTOSIHUA (@), CMpyKkmypHo ycmoduusa
HJIH YTO OHa 3ajlaHa MOpoceHemuecKum noiem.

Bripaxas 310 6osee TOYHO, MPEANOJIOKHM, YTO MEPBbIH IKCIEPHUMEHT,
NoCTaBJIeHHbIH B KaMepe B B MoMeHT BpeMeHH t = 0, 3agas MopgoJoruio, co-
JepXallylo MHOXecTBo Katactpodnl K. [IpeanosoXxum, uto gpyro#i yyeHblid
MOBTOPSIET TOT 2Ke 3KCIEePUMEHT B JpPyroe BpeMsi U B APYrOM MecTe C Ka-
Mmepoit B’, koTopasi nosy4aetcsi U3 B ¢ nomotbio npeo6pa3oBaHus lanuies
G. CtpyKTypHasi yCcTOH4YMBOCTb OyHeT CyILeCTBOBaTb TOTAA, KOTAA BTOPOW
skcrepuMeHT gacT B B’ x T’ mHoxecTBo Katactpods! Buaa K’ = hG(k), rue
h, KaK W paHee, — 3T0 £-roMeoMopdusm B’ x T’ Ha cebs.

3AMEYAHHE. a) B npeaiuecrtsyiolieM onpefeseHHH, B KOTOPOM FOBOPHTCS O Ha-
yanbHbIX ycsoBusix (a’), ZoctaTouHo GU3KMX K (@), He yTOUHseTCs, Kakas TOMo-
JIOTHSI MOXeT GbITh OMpejiesieHa Ha MHOXeCTBe COCTOSIHHH MOATOTOBJIEHHOH CHCTe-
Mbl (S). B GombIIHHCTBE CJIy4aeB 3Ta TOMOJIOTHS OMNpefessieTcss KOMH4eCTBeHHBIMH
mapaMeTpaMH, BXOASIUMHE B TIOATOTOBKY COCTOSIHUS. Mex 1y TeM, KOria B MOATOTOB-
Ky BKJIOYAIOTCS KaueCTBeHHble CBOHCTBA, — HaNpHMep, eC/H B KaMmepy NOMeLIaioT
JKHUBBIE CYILIECTBA, — IBOJIIOLHUS CHCTEMBbl MOXKeT 06/1agaTh crenrdUyecKod Y4yBCTBH-
TEeJNILHOCTBIO M0 OTHOLIEHHIO K HEKOTOPBIM BO3MYILIEHHSIM, faxe eC/H KOJHYeCTBEHHO
OHH OueHb cJ1abbl. Hampumep, nMpUCYTCTBHE TOKCHHOB HJIM NATOTEHHBIX MHKPOOpra-
HH3MOB MOXET BbI3BaTb CMePTb KOJOHHH. Cliefl0BaTe/IbHO, 06 YCTOMUHBOCTH MOXHO
FOBOPHUTH JIHIIb NPH YCJOBHH HCKJIOUEHHS «a priori» 3THX CleLH(pHUUeCKHX BO3MY-
IIeHHH, KOTOPhIe NPeAIoNaraloTCsl H3BeCTHBIMH M KaTaJOrH3HPOBAHHBIMH.

b) IToBTOpeHHe 3KCcIepHMeHTa B Pyroe BpeMsl H B JPYTOM MeCTe OCHOBBIBAeTCS
Ha MocTyJaTe, COMJIaCHO KOTOPOMY TPOTOKOJ MOATOTOBKH ONMHCBHIBAET MpoLece, He 3a-
BHCSIILHH OT YaCTHOM NMPOCTPAHCTBEHHO-BPEMEHHOH JIOKA/JIH3aLHU. DTO MOKa3bIBAeT,
YTO TEKCT Ha OGBIYHOM $I3bIKe MOXKeT OBITb HCTOJIKOBaH, HHBaDHAHTHO OTHOCHTEJb-
HO NPOCTPAHCTBEHHO-BPEMEHHOro (HJM rajujeeBa) nepeMerueHus. TakuM o6pa3om,
MPHHLMI OTHOCHTEJIBHOCTH OTHBIHE NPHCYTCTBYET B f3LIKe.

c) TockosbKy cyliecTByeT (B NPHHIHIE) TOJIBKO HayKa, OCHOBAHHasi Ha Tpe6o-
BaHHWH BOCIIPOM3BOLHMOCTH, JIOGOH HaydHbIH (DakT B TOH Mepe, B KaKOH OH OMHCHI-
BaeTcss MOPGHOJIOTHUECKH, 3afaeTcss MOPGhOreHeTHUECKHM NosieM. DTO MPenocTaB/s-
€T HaM HeKYI0 MHTEepIpeTauuio cTapoil npobJeMbl GUIOCODHH HayKH — Mpo6ieMbl
«HHAYKLHH>. MBI HEKOTOPHIM HeSIBHBIM 06Pa30M IOMYyCKaeM OIpefeNeHHYIO Peryasp-
HOCTb B 3BOJIIOLHMH (DEHOMEHOB, TaK UTO e€CJIH MBI MHOIO pa3 HabJIlofay onpeeseH-
HYI0 3BOJIIOLMIO [OC/€ NaHHOH Haya/lbHOH CHTYalHH, MBI U3 3TOTO 3aKJ/0YaeM, 4To
3Ta 3BOJIIOLUA CTPYKTYPHO YCTOHUMBA.

TepMun «MopcdoreHeriyeckoe mosie» Gbll BBeeH SMOPHUOJIOTaMH B Ha-
yajie BeKa C LeJIb0 OMHCaTh B 3MOPHOJIOTHH OUeHb YCTOHYMBBIA (OUeHb «pe-
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TyJsipHbId» B GHOJIOTHYECKHX TEPMHMHAX) XapakTep 00pa30BaHUsi HEKOTOPBIX
TKaHeld W/ OopraHoB. 3a HeIOCTaTKOM CTPOrOro OIpejie/leHUsi 3TOMY TepMH-
Hy Oblla MPUAaHA BUTAJHUCTCKAasi KOHHOTALHMsI (KOTOPOH, BIpouyeM, siBHO H3-
feranu HekoTopble aBTOpbl Bpofe Jlpuira). DTa KOHHOTAUMS BMNOCJEACTBHH
HeMaJsio CrocoOGCTBOBaMa QUCKPENMTALMH ITOrO TePMHHA Yy OuoJoroB. Bot
noyeMy HekoTopasi (pOpMasi3alusi ITOro TepMHHa OyneT HeGecrosne3HOH.

1.4. HexoTopsnle onpeneneHus

MopdoreHeTHueckoe nosie B cyOcTpaTHOM mpocTpaHcTBe U pasmepHO-
CTH n abCTPaKTHO ompefe/sieTCsl 3aJaHHeM OTKPLITOrO eBKJMAOBa MHOXe-
ctBa V TOH Xe pa3MepHOCTH m M 3aMKHyToro moampoctpaHctea J C V,
yHusepcarbro2o Kkamacmpoguieckozo MHoxecTBa. OHH BHYTPEHHe MpUCY-
IM noso F' He3aBUCHMO HHM OT KakoH peanusauuu. JlokanbHasi peasnu3a-
uus F' B U omnpepessieTcss OTKpbITBIM MHOXecTBoM Uy C U, Hocumenem
noas, ¥ otobpaxenuem f Hocutesss U; B V. Torna karactpouueckoe MHO-
xKecTBO B U; ecTb He uTo HHoe, Kak K = f‘l(J), npoo6pas J mpu f.
Kak npaBuio, f — ato nuddeomopdusm, HO uHoraa otodpakeHue f MOXKeT
HMMeTb pa3pbiBHble NIPOM3BOAHbIE B HEKOTOPLIX Toukax K.

OueBUIHO, HMEETCsI MOHATHE nOONoAS MOP(OreHeTHYECKOrO MoJist; HO-
cutenb noanoass F' nons F ectb momobaacTb Ui, Hocurenp U; noas F.
YnusepcanbHoe npoctpancteo V/ B F’ ecTb nomo6/acTb npocTpaHcTBa V
B F', a yHuBepcaJ/ibHOe KaTacTpodruueckoe MHOXECTBO, CBsi3aHHoe ¢ F’, ecTb
nepeceuenue J' = J NV’

Hocuresnb m060ro MopgoreHeTHYE€CKOTO MOJsi CONEPKUTCS B HEKOTO-
pOM MaKCHMaJ/JlbHOM MOpP(OreHeTHYeCKOM MoJie, U eCJId OHO COHEePXKHUT BCIO
paccMaTpHBaeMy0 MOP(MOJOTrHIO, TO 3Ta MOP(HOJIOTHsE II06aNbHO CTPYKTYPHO
yCcTOHuMBa.

Mbl noka He BBeJsid MOCTY/IAT O TOM, YTO y MOZEJIbHbBIX NMPOCTPAHCTB V
eCTb KOOpAMHAaTa BpeMeHH 7. MOXXHO BBECTH 3TO MpeLNosioxKeHHe H, Kpo-
Me TOro, MOCTYJAHPOBaTh, YTo oTobpaxenve f: B x T — V coBMecTUMO
C pacc/oeHHsIMH, ONpenesisieMbIMH (QYHKUUSIMH ¢, 7: o0pa3 npd f rumep-
IJIOCKOCTH ¢ = const ecTb FMIEepPHJIOCKOCTb T = const ¢ MOHOTOHHOH (DyHK-
uueit 7(¢t). Ecan 370 Tak, TO roBOPUTCS, UTO paccMaTpuBaeMoe MophoreHeTH-
yeckoe noJie ecTb kpeod. TepMuH «kpeol» (OT rpey. «xpr» — «He06X0AUMO»
U «000(» — «yTb») Obis BBeleH aHrauiickuM 6HosioroM K. I'. Yonauurronom
(Introduction to Modern Genetics, Allen & Unwin, London, 1940), Ho, Ko-
He4yHo, B 3HaueHUH GoJjiee KaueCTBEHHOM H MeHee (DOPMaNbHOM, HEXEJU OHO
TNpelCcTaB/leHo 3/eCh.
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MoxxHo ycoBeplleHCTBOBaTb 3TO OmnWcaHue, BBOAs B Hocutesb U u V
He TOJIbKO (DyHKUMH BpPEMEHH, HO W MoJie MHPOBBIX JNIHHMH, TpaHCBepCaJb-
HbIX K TMIIEPMOBEPXHOCTSM OJHOBPeMeHHOCTH. Takoe moJie, eC/iu peyb UAeT
0 MaTepHaNbHOH cpefle, OMUCHIBAJIO Obl IBUXKEHHE CPefibl, 3aMoJHsoIed Cy6-
crpat. Torna Hano morpe6oBathb, 4ToObl oTOGpaxkenue f: U — V nepeBopusio
MHDOBYIO JIMHHIO B MUPOBYIO JIHHHIO.

Kak ¥ B mpepblaymux paccyXieHusix, UMeeTcsi MOHsATHe nodkpeoda
HEKOTOPOro Kpeoja M maxcumanvrhoeo Kpeooa. TouHO Tak ke BBOAMTCS
TMIOHSITHE ACUMNMOMU1LECK020 Kpeooa: IJisi TAKOT0 KpeoJa MOJesbHOe Mpo-
cTpaHcTBO V' mpoctHpaercsi 1o T — +o00. Torma cyuiecTByeT TakoH romeo-
MOpPG®H3M ¢, TMIEPIVIOCKOCTH T = const Ha ceGsi, YTO &) g, CTPEMHTCS
K TOXIECTBEHHOMY MpH T, cTpeMsilleMycss K GecKOHeuHOCTH; b) ecan J,
0603HauaeT 3aMKHYTOe nepeceueHne MHOXecTBa J FHNEPIVIOCKOCTBIO T = a,
TO CyLLECTBYET TaKOe 3aMKHYTOe MHOXECTBO Joo , UTO Ju = g5 1 (Joo). VHaue
roBopsi, MopoJsiorusi CTpeMHTCsi K (hopMe MpelesibHO YCTOHYMBOU W MHBapH-
aHTHOH BO BpEMEHH.

1.5. Mopdosoruu KOHe4YHOro TUMa

Ha npaxTuke, naxe ecad NOAroTOBKAa HauasbHOrO COCTOSIHHS Obliia Bbl-
TnoJsiHeHa ¢ 60JIbILIOH TIATeJbHOCTbIO, MOXKHO HallesiTbCsl Ha JOCTHXKeHHe H30-
mopdusma mMexay aBymsi mopdosiorusimu K u K’, cOOTBETCTBYIOLIMMH IBYM
JKCIepUMEHTaM, TOJIbKO /ISl KOHEYHOrO IIPOMeXYyTKa BpeMeHu. B camom ge-
Jie, 10 HCTeYeHHWH [OCTAaTOYHO OOJIBIIOrO MPOMEXYTKa BpeMeHH BJIHSHHE
HauyaJbHOrO NeTepMHHH3Ma [0 CPaBHEHMIO C JIOKaJbHbIMH BO3MYILEHHSIMH
ocsabeBaeT, U B UTOre HabJjiofaemble MOPGHOJOrHM HAaUHHAIOT OTJIHYATHCSH
Jpyr oT Apyra. DTo 03HauyaeT, 4To, BooOLie roBopsi, HabJjonaemas MopdoJio-
rusl He MoxeT ObiTb MOKPbITA €IWHCTBEHHBIM KpeofoM. OmHaKo yacTo cay-
yaeTcsi, UTo HabJ/iofaemass MopdoJIoTHsi TeM He MeHee JIOKA/JlbHO OCTaeTCs
CTPYKTYPHO-YCTOHUYMBOH: C Ka)XK[0H TOYKOH p € K MOXHO COOTHECTH JO-
KaJlbHbIH Kpeof, HOCHTeJb KOTOporo comepXkut p. [lpeamosoxum Ttemeps,
YTO pacCMaTpUBAIOTCS BCe IKCIepHMeHTa/ibHble MOP(OJIOrHH COOTBETCTBYIO-
el QUCLUMIIMHDBL (UTO MOXKHO CAeNaTb, HaJjiexaliuM o6pa3oM U3MeHsist Ha-
yanbHble ycaoBust). ECaM CyluecTByeT KOHEUHOE UMC/IO TAKHX JIeMeHTapHbIX
MopdoreHeTHueckux nosield Fj;, uto Jwobasi Katactpoduueckas Touka MoJy-
4YeHHOH MoOp(dOJIOrHH MoXKeT ObiTh JIOKaJibHO MOTPY2KEeHa B HOCHTEJb OJHOTO
u3 noned F;, To roBopuTCs, UTO paccMarpuBaemasi MoOp(dosorusi npHHamie-
XUT KOHEUHOMY muny.

Bblpa3uM 370 TouyHee: MOXKHO MOTPe6OBaTh, UTOOL [Jist JIIOGOH TOYKH p
B K cyillecTBOBa/JIo TakOe pPacCTOsiHUe, UTo JI000H wap b,(p) ¢ UeHTPOM p
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W pafuycoM r < a Obla Obl HOCHTEJ/IEM OfIHOTO H TOrO Xe MOpOoreHeTHUeCKo-
ro mosisi F'; 370 TpeGyeT, 4ToObl p Oblsia 06bIYHOH KaTacTpohHUECKOH TOUKOH.
Ecau 370 ycsoBue BblMosHeHO AJisi Bcex touek p B K, To K ecTb cTpaTtH-
(ULMPOBAHHOE MHOXECTBO — MOJIM3AP, — @ BCe TOYKH, AOMYCKaIOLIHe OJHO
¥ TO Xe Mop¢oreHeTHuecKoe moJjie F', 06pa3yioT CTpaT 3TOrO MHOXECTBA.
Ecsiu Tpe6oBaTh TOJBKO TOr0, YTOOH Wapsl b,(p) Obli Gbl HOCHTEIAMH
KOHEUYHOro yucaa MopdoreHeTHuecKux nosed, 1o K MoxeT HMeTb CTPYKTYpY
THIA KaHTOPOBAa MHOXECTBAa, BCE TOYKH KOTOPOrO SIBJSIIOTCSI OCOOEHHBIMH:
kaxnas Jlio6asi Touka nonyckaer ¢pyHJaMeHTa bHY0 CHCTEMY OKpeCTHOCTeH
B K, Bce U3 KOTOPbIX rOMeOMOP(HbLI KOHEUHOMY YMCJY THIMUHBIX MOAEJseH.

1.6. Kopnyc

Ecnu okasbiBaeTcst, 4To aMnupuyeckas Mopdosorus ssJsieTcst Mophosio-
rved KOHEYHOro THIa, TO MepBOOUEpeHOH 3afayell sIBJsieTCs] BHECEHHE BCeX
3JIeMEHTApHbIX MoJiedl (MM KPeosloB) B KOHEUHBIH KaTtasor (Wau andaBUTHbLH
CIUCOK). 3aTeM CjeflyeT KaK MOXKHO CHJIbHEE WU3MEHSITh HauaJsibHble YCJIOBHS,
4yTOGbl MOPOAUTH BCe MOP(MOJOTHH, JIOCTYIHblE B PAMKaX paccMaTpHBaeMoOH
JUCLMIIMHBL. 3aTeM COCTaBJifieTcs NMepeyeHb UX MHOXeCTB Katactpod K,
KaJoe U3 KOTOpbIX pa3J/araeTcs Ha djeMeHTapHble nos F;. Takum o6pasom
oJIyyaeTcsi TO, UTO B TePMOAHHAMHKe Ha3blBaeTcsi aHcambiem, a B JIMHTBH-
CTHKE — KOPNYCOM PacCMaTpyHBaeMON MUCLUIMJIMHBL.

Kak npasusio, Koprmyc GeckoHeueH, HO M3 NMPaKTHUECKHX COOOpaxKeHHH
3KCMEePUMEHTATOp YAOBJIETBOPSAETCS! KOPIYCOM KOHEUHbIM, XOTS M JOCTaTOY-
HO OOLIMPHBIM [J1s1 TOrO, 4TOObl Jo6aBieHHe B Hero HOBOH 3KCIepHMEHTalb-
HOU Mopdosoruu He MOAUGUIMPOBaJO Obl 3aMETHO CTATHCTHYECKHE CBOMCTBA
npelllecTBYIOLIEro Kopryca. (910, KOHEYHO, OTHOCUTCS K 00/1acTH CyGbek-
THUBHbIX OLIEHOK Y BJieueT 3a CoO0H Takoi pUCK OLIMOKH, C KOTOPbIM HCCJIe-
J0BaTe/ib TOTOB CMHUPHTHCS.)

3AMEYAHHE. Koprnyc MOXHO cOo31aTh M /i MOP(OJIOTHH He KOHEYHOro THIIA,
HO TOr[a BO3HHKaeT npobsema 3amucH, «anrebpau3auuu» 3TOH MOPQOJNOTHH.

1.7. HepapxuuecKkne ypoBHHU: 00YyCJIOBJIEHHbIE KPeOAbl

HccrnenoBaHye Kopryca HepegKo MOKa3biBaeT, YTO OMpeAesieHHbIE CKOII-
JIeHUs] KpeoJoB BCTpeyaloTcsl yaille Apyrux. MHoroa MoXHO naxe yTOUHHUTD
KJiacc OrpaHHYeHHH, HakJaJblBaeMblX Ha HauaJbHble YCJIOBHS, KOTOpble, Gy-
JYYH pea/iM30BaHbl, Je/NaroT YCTOHUUBLIMH ONpeMe/eHHble CKOMJIEHHsS Kpe-
ofioB. B 3ToM ciyuae roBopsiT 06 06ycro84eHHbIX KPEONAX.



14 [ABA 1

Boob6uiie roBops, ranaBHas 3afaya Mopho/IorHyeckoi JUCUHIIMHBL COCTO-
UT B MPEANOYTEHHH HCC/e0BaHUS 00yCJIOBJIEHHbIX KPeoaoB, KOTOphie B Heil
BCTPEYalOTCsi, UCC/IEN0BAHUIO 3/1eMEHTApHBIX KPEOLOB, KOMGHHATOPHKA KO-
TOpbIX 4acTo GoJiee GaHasbHa. BrpoyeM, MOXHO BCTPETUTb MHOTO YPOBHe#H
opraHu3auuH 0GyC/OBIEHHbIX KPEOLOB, OpraHH30BaHHbBIX HepapXUUECKH, r1e
006yCJ/IOBJ/IeHHbIH Kpeon YPOBHS ¢ 06pa3yeTcst IPOCTPAHCTBEHHBIM CKOTJIEHHEM
KpeosloB ypoBHsi (i — 1).

[puBeneM HecKOJIbKO MPHMepOB MOP(OJIOrHIeCKHX JUCLUILINH, L€ TIPH-
MEHSIIOTCS] 3TH MOHSATHS.

[IpocTpaHcTBeHHOE CTpoeHHe OOYCJOBJIEHHOrO KPeOAa KaK CKOIMJIEHHs
KpeooB 6GoJjiee HMU3KOrO YPOBHS OMpeleJisieT ero CrmpyKmypy, ONUCbIBAEMYIO
KaK 3aMKHYTO€ MHOXXECTBO KaTacTpog B cyGCTPaTHOM MPOCTPAHCTBeE.

[Ipumeper.

a) buosoeus. Ha MakpoCKoOMmHueckoM ypOBHe TKaHH GHOJIOTUs Olpene-
JsieT MOPGOJIOTHIO KOHEYHOro THma (CyLIecTBYeT TOJIbKO KOHEUHOe UYUCIO
KJIETOUHBIX CleLuann3aluni, OTHOCHTeJbHble MOJIOXKEeHHsT KOTOPbIX B MPO-
CTPaHCTBE MOTYT ObITb JIOKaJbHO KaTaJoruaupoBaHbl). HanpoTus, Ha ypoBHe
LIUTOMJIa3Mbl He OYEeBHHO, UTO LMTOM/Ia3MeHHble OpraHe/ibl 06pa3yloT Mop-
(hOJIOTHIO KOHEUHOro THIIA.

Kak 6b1 TO HU 6blJ10, 2KHBOE CYLIECTBO MOXKET PacCMaTpHUBAaThCst Kak 00y-
CJIOBJIEHHBIH Kpeoi: uTo0bl H3roTOBHTb 0c00b BuAa E, Heo6X0nHMO BHauaJe
pacrosiaraTb 0COOSIMH TOro e BHAa (OrpaHHYeHHe HauasbHBIX YCJOBHI).
[Monyuaercst nepapxus ypoBHe#:

Mousiekyna, HaaMoJsieKy/sipHasi OpraHU3alHMs, LHUTOMIA3Ma, KJeTKa,
TKaHb, OpPraH, OpraHuaM, o6LIeCTBO.

b) Jlunesucmuka. dneMeHTapHble KPeoibl CyTb OYKBbl MHCbMEHHOH peyu
(370 acumnToTHYECKHe Kpeonbl), GoHeMbl YCTHOH peuu. [/1aBHbie ypoBHM
APTHKYJISILMH TaKOBbL:

(oHeMbl, csory, cioBa, ¢passl (peub).

B camom peJie, nepenaya cjoBa WM (pas3bl MOXeT ObITb CTaOMAU3HPO-
BaHa MPH OMpeJiesIeHHbIX YCJIOBUSIX OKPYXKEHHSI.

1.8. IIporpamma mop@osornyeckon Teopuu

Takas nmporpamma npeamnoJ/araeT cjlaeayloL1e 3Tafbl.

1°) OnpenenuTb 3aMKHYTOE MHOXECTBO KatacTpod; MPOBEPHTb, OTHO-
cUTCs M Mop(oJsIorys K KoHeuHoMy THny. Eciin na, cocTaBUTh KaTaJor sJe-
MeHTapHbIX MOoJeH.
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2°) TMocpencTBoM H3MeHeHHs] HayasibHbIX JAaHHBIX COCTaBHTb 3KCIEpH-
MeHTaJIbHbIH KOPIIYC TEOPUH.

3°. Pacro3HaTh BHYTpH KOpIyca BCTpedalolidecss TaM Kpeonsl, ornpene-
JIUTh UX CTPYKTYPY B TEPMHHAX 3JIeMEHTAPHBIX KPEOo#oB (U1 KpeonoB 6oJiee
HHU3KOTO YPOBHS HEPapXHH).

YTOuHHTB, ecaH 3TO BO3MOXHO, OrpaHUYeHHs], KOTOPble JOJ/IXKHbl ObITb
HaJlo>KeHbl Ha HauyaJjibHble YCJOBUs, [Js1 TOro 4TOObl CO34aThb MM CTabGMUJIH-
31poBaTh 00YC/IOBAEHHbIE KPEOLbI.

DTUM 3aBeplllaeTCsi CTAlUsi OMUCAHMS; HEKOTOpPble HAYKH, Kak, Halpu-
Mep, GHOJIOTHs], MPAKTHUYECKH He BBIILJIM 3a mpeaesibl 3Tol craguu. Hpyrue,
KakK, HanpuMep, r'yMaHHUTapHble HayKH, elle He MPUOJM3UJMCH K 3TOH CTa-
MM, 3a UCKJIIOUeHHeM OYeHb JIOKAaJbHbIX MU HEeTOYHbIX moaxonos. YTo Kaca-
ercst (PU3UKO-XUMHUYECKHX HAYK, TO, €CJIH OHU W He MPUIEepPKHBANHCh TaKOH
CXeMbl, 3TO TPOHCXOIUJIO M3-32 UCTOPUUECKUX 0COOEHHOCTEH UX CTaHOBJe-
Husi. B 3THX Haykax HOMHHHMPOBAJO MCC/ENOBaHHe KOJHYeCTBEHHbIX MHBa-
PHaHTOB (Macchl, 3HEPTHH), CBSI3aHHbIX MeXIy COGOH UMUC/IOBBIMH 3aKOHAMHU,
B yulep® UHUCTO KauyeCTBEHHOMY HCCJeNOBaHHIO X MopdoJsoruu. Paktuue-
CKH (PHU3HKO-XHUMHUecKasi MOP(OJIOTHS JI0X0 U3yUyeHa M IJIOXO MOHATA, O UeM
CBHJETE/bCTBYET 3a4aTOYHOE COCTOsIHME TEOPHH YNapHbIX BOJIH (B AMHAMH-
Ke XXUAKOCTeH) WK (ha30BbiX MepexonoB Boodile (KpUTHuecKue eHOMEHH,
TEOpHUsl XKHUAKOrO COCTOSIHHS, POCT KPHCTAJIJIOB U T. fI.).



Ilpumeuanus pempakropa
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Bapuant 1974 r.
OO6mue coobpakeHuss 0 MOP(OJIOruaX:
onucaHue

1. Hayka u ¢eHOMeHOMOTHSA

PeasnibHOCTb MpencTaer nepei HaMH B BUle (heHOMeHOB, (GOpM, HaJlHuKe
KOTOpbIX Mbl OOGHapyxuBaeM OJarofapsi OTCyTCTBHIO Y HHX KaueCTBeHHOMH
HenpepbiBHOCTH. Benb «06beKTbl» HOCTAaTOYHO YACTO NpETepHneBaloT TOJbKO
MelJ/ieHHble TPaHCHOPMALIMH, H JIHIIb HX OTHOCHTEeJbHAsi YCTOHUHBOCTD 1103~
BOJISIET HAM OPUEHTHPOBATBHCS B I'yIlle HX MHOXECTBEHHOCTH H pa3Hoobpasus.

C rnoMolLbi0 KaKoro mpoliecca Co3HaHHe MPUXOAUT K MOCTy/naTy Heus-
MEHHOCTH OHOTO U TOrO e CYLUEero fno Ty CTOPOHY 6€CKOHeYHOro MHOroo6-
pasusi ero acrmekToB? DTa 3ajaya pacno3HaBaHHs (OPM MOAHMUMAET BeCbMa
TPYIHble BONPOCHI, OTHOCSILIMECST K (U3UONOTHH U ¢unocopun. OtBieka-
siCb Ha BpeMsl OT 3THX CJOXHBIX NMpob6seM, Mbl, OIHAKO, BbIABUHEM MEPBbIH
NpUHUMI: «Bcakas nayka — amo uccaedosarnue geHomeros02UU».

Hrak, uto xe Takoe «peHoMeH»? C 3TUMOJIOTHYECKOH TOUYKH 3pPEHHS
teHOMEH ecTb TO, UTO JenaeT cebs BHAMMbBIM, YTO MOKa3biBaeT cebsi, uTO
siBJIsieTCsl, @ BCSIKasi BUAMMOCTb OOHapyXHBaeT cebsi B HEKOMOpPOM npo-
cmpauxcmae. B 6onbLIMHCTBE C/Ay4yaeB 3TO IPOCTPAHCTBO — He UTO HHOE,
KaK eBKJIMJ0BO NMPOCTPAHCTBO-BPEMs, B KOTOPOM pa3BHBaeTCsi 0ObluHast MoOp-
(oJsiorusi moBcegHeBHON gAeficTBHTesNbHOCTH. Ha 3TO MOXHO 3ameTuTbh, 4TO
Takasi MopgoJiorusi cama no cebe He siBasieTCs 0ObEKTOM HayKH, HO Mo4yeMy?
[ToTomy, uTO MBI pacrnosnaraeM MeHTa/jbHbIMH MeXaHHW3MaMH, CBSI3aHHBIMU CO
«3[IpaBbIM CMBbICJIOM», C JIOTHKOH, C OObLIYHBIM SI3bIKOM, U OHH yalle BCero
no3BoIsIIOT HaM 3(deKTHBHO AeHCTBOBATh B HalieM oKpyxeHHd. Oropon-
HUK, KOTOPBIH, /s TOrO 4TOObl COOpaTh MOPKOBb, BHICEBAET CeMEHa MOPKO-
BH, He MpeTeHJyeT TeM He MeHee Ha IMOJIOXKEeHHEe YUEHOTr0, XOTs OH HesiBHbIM
o6pa3oM W 3aHuMaeTcsi Ouodsorueii. Eciu 6uosorusi, «ryMaHHWTapHble» Hay-
KW JI0 Cero AHs TaK MaJjo MaTeMaTH3HpOBaHBl, TO JIHLIb MOTOMY, YTO Halle
HernocpeACTBEHHOE HHTYHTHBHOE MOHMMaHHe GHOJIOTHYEeCKHX, MICHXO0J0rHye-
CKUX WJIH COLMANbHBIX (PAKTOB JOCTATOUHO AJiSl HYX [ MOBCEIHEBHON XXU3HH.
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Hayxa 3apoxxnaercst B TOT JieHb, KOTla OLIMOKH, MOPaXKeHHs!, HeNpPHATHble
CIOPTIPU3BI 3aCTABJSIIOT HACc MPUCMOTPETbCS K JAeHCTBUTEJbHOCTH MOBJIMKe.
MexaHunKa Gbljia, BEPOSTHO, MEPBOH U3 HaykK, IOCKOJbKY B HeH M3ydasHChb
3aTPYAHUTEJbHbIE MOJIOXKEHHsI C HeompelesieHHbIM pe3yJbTaToM (HampuMep,
Heo6XOOMMOCTh MOMAcCTb B XKEPTBY MeTaTeJibHbIM CHApsiIoM), UTO BbI3bIBAJIO
Heo6X0IMMOCTb GoJiee TOUHOTrO NpeACTaBleHHs NeHCTBHTEbHOCTH, KOTOpOoe
3a/laBajiocb Obl C MOMOLIbIO YHCJIA.

2. Cy6ctpar Mopdosoruu: KatacTpodbl

2.1. Cy6cerpat mopdoaorum

[TpocTpaHCTBO, B KOTOPOM MpOSIBASIIOT ce0si fBJAEHHsT HeKOTOpoH Mop-
tosiorun, GyneT HasbIBATbCS CYOCMPAMHbLIM NPOCMPAHCMEOM 3TOH MOp-
(hosiorvK. DTO MPOCTPAHCTBO MPAKTHYECKH Bceraa OyleT OTKPBITHIM HOM-
MHOXECTBOM €BKJIMA0BA [POCTPAHCTBA, HanpHMep, 06JacTblo OOLIYHOTO
IPOCTPaHCTBA-BPeMEHH.

B ompenesieHHOM CMbiC/ie 3TO CBOJUTCS K YTBEpXKJAEHHIO, UTO BCSKas
(heHOMEHOJIOTHSl IOJIXKHA PAacCMaTpUBATLCS KaK JIOCTYMHbIH 3DPEeHHIO «Clek-
TakJib». B HeM, HeCOMHeHHO, Ha/IU1lO0 ePBEHCTBO 3peHHUs nepej IpyrHMH, 60-
Jiee IPUMUTHBHBIMH UYBCTBaMH, Bpoae 0060HsiHUs. [epakauT rosoput: «Ecau
Obl MHpO3[iaHHe ObLJIO TOJILKO IBIMOM, Mbl O3HaBaJH Obl HO3ApsiMH». Ho co-
MHHTEJbHO, UTO eJlMHCTBEHHOe NIPOCTPAHCTBO, OMpe/eeHHOe KOHUeHTpalu-
el maxHywHx cy6CcTaHLMi, MOIIO Obl CTaTh HOCUTEEeM MOP(OJOrKHH, A0CTa-
TOYHO YCTOMUMBOH [Jsi TOrO, YTOObl MMeTb XOTb KaKOH-TO CMbICJA. ¥ MHO-
THX HAaCeKOMBbIX BOCIPHSITHe Pa3JHYHON CHJIbl OfHOTO M TOrO Xe CTHMYJa
(HanpuMep, rpafiieHTa KOHLEHTPALWH MaxHyIled cy6CTaHUMH MeXAy AByMs
YCHKaMH) M03BOJIsieT XKHBOMY CYILeCTBY JIOKaJM30BaTb HCTOUHHK 3amaxa |,
CJIe0BaTebHO, CIPOELHPOBATh €ro B 06blYHOe MPOCTPAHCTBO. 3HAUHUT, 060-
HsiHHe UIpaeT poJib JIMIIbL MPOBOAHHMKA, HAMNPABJSIOWErO IpajuieHTa B 06Gbiu-
HOM MPOCTPAHCTBE, KOTOPOE OCTaeTCsi OCHOBHbIM.

Camo co6oii pagymeeTcsi, YTO AJIsT MHOTOYHMCJIEHHBIX HAaY4HBIX TUCLM-
MJIHH CyOCTpPaTHBIM MPOCTPAHCTBOM HcCJefyeMod MopdoJioruu 6oJbiilie He
CyXKHUT OOBIYHOE MPOCTpaHCTBO-BpeMsi. Hampumep, B akycTHke cy6cTpart-
HbIM MPOCTPAHCTBOM siBJIsieTCS! (DYHKLHMOHAJNbHOE MPOCTPAHCTBO (6eckoHeu-
HOH pPa3MepHOCTH), KOTOPOe OIHCBIBAaeT KosieGaHust Bo3ayXxa. TOUHO Tak e
B aTOMHOH HJM cy6aTOMHOH (PU3HKe cJlefyeT 3aMeHsTb OOGbIYHOE MPOCTpaH-
CTBO MPOHM3BOAHbLIMH MPOCTPAHCTBAMH, BpOJe MPOCTPAHCTBA MOMEHTOB HJIH
npoctpaHcTBa ['unbbepra. Ho naxe B 3TOM ciiyuae peub BCerna HAET O KOH-
CTPYKLHMH, MOJYYEeHHOH H3 MAaKPOCKOMHYECKOH MOP(OJOrHU MOBCEIHEBHOH
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nedcTBuTenbHOCTH. Korna ¢usuk mbiTaeTcsi HaM cKasaTb, YTO «HAUIW YyB-
CTBa Hac 0OMaHbIBAIOT» W YTO ITOT CTYJ, CTOALIUHA 3[eCb, B JeHCTBHTEIbHO-
CTH NpeAcTaBnsieT co60H CUCTeMy B3aHMOEHCTBYIOIIMX B BaKyyMe aTOMOB,
OH BBOZMT Hac B 3a0syxneHue. Ero BuieHHe, HECOMHEHHO, 33aKOHHO, €CJIH
NoMeCTHTb ce6s1 B HEKOTOpble B BbiCIlleH CTeleHH COPHCTHYECKHE 3KCIepH-
MeHTa/IbHble ycaoBus. TeM He MeHee CTYJ — 3To 006beKT mpocTpaHcTa R3,
JOCTAaTOYHO NPOYHBIH 1151 TOro, 4TOObl Ha Hero CecTb, BIPOYeM, HMEHHO A/
3TOro OH W NpefHasHaueH. JIio6oe cy6CTpaTHOE MPOCTPAHCTBO MOP(OJIOrHH
CKOHCTPYHPOBAHO Ha OCHOBe OGLIYHOTO MaKpOCKONHYeCKOro HabJIlofeHHs,
U TONOJIOTHSI WJHM MeTpHKa 0OblYHOro MPOCTPAHCTBA MPAKTHYECKH BCeraa
BKJIIO4AlOTCS B onpefiesieHye 6osee CA0KHOr0, Cy6CTpaTHOro NpOCTPaHCTBa,
KOTOpOe MpHILJIOCh BBECTH.

2.2. Peryuspuble 1 KaTacTpoguyecKHe TOYKHU

Kak 6bl10 ckaszaHo, Bcsikasi MOPGOJIOrdsi XapaKTepu3yeTcsi HEKOTOPOH
KayeCcTBeHHO!I NpepbIBHOCTbLIO cybeTpaTa. [IpennosioxkuMm, 4To B OCHOBE H3Y-
yaeMoHi MopdoJioruu snexuT obaacte U cy6CTpaTHOrO MpOCTPaHCTBA, B 00-
IeM C/yudae MpocTpaHCTBa-BpeMeHH. Touka x B U OymeT Ha3niBaThCsl pe-
2YASIPHOL, ecld CcyllecTByeT Takas okpectHocTb V(z) Touku z B U, uTO
B J1060# TouKe y U3 V(x) mpouecc KaueCTBEHHO BHINJISIIUT TaK XKe, KaK B Z.

B cuay camoro aToro omnpegesetust peryJisipHble TOYKH 00pPa3y0T OTKPbI-
Toe MHOxecTBoO B U. 3amknymoe mnoxecmso, ponojHedne K = U — W,
OyleT Ha3blBATbCS 3AMKHYMbIM MHONECMBOM KAMAcmpod.

Jlio6ass karactpoduueckas Touka x € K obnagaer cienylolUM CBOH-
CTBOM: CKOJIb YTOIHO OJMM3KO K TOYKe I CYLIeCTBYIOT TOUKH y € U, B KOTO-
pbIX MOP(OJIOTHS BHIIVISAMT HHaue, YeM B X: 8 A1000M wiape ¢ YeHmpom T
4mo-mo npoucxooum.

OueBHIHO, UTO TOJIBKO 3aaTh 3aMKHYTO€ MHOXECTBO KaTacTpod Heno-
CTaTOYHO AJIs OMMCAHUS JIOO0H IMIMHUPHUYECKOH MOP(OJIOruy, H Ha CaMoM Jie-
Jle HelpepbIBHOe H3MEHEeHHe KauecTBEeHHbIX CBOMCTB cyOCTpaTa B 3TOM OIlpe-
JejeHuu ynyieHo. C Opyroil CTOpOHbI, MOXKHO 3aaThCsi BOMPOCOM O TOM,
COOTBeTCTBYET JIM KaueCTBEHHOe pasJiMuue «HernpepbiBHOE-IPEPbIBHOE» KPH-
TepUIO PeaslbHOCTH: ecThb JIM Y paiayru otuetnuBasi KpoMka? OueBHIHO, pas-
JIMUHe MeXJy PeryJsipHoi M KatacTpoduyecKoH TOUKaMH 3aBHCHT OT TOYHO-
CTH HCIIOJIb3yeMbIX CPeNCTB HabuioneHus. 3ech peub HaeT 00 uaeanusauui,
rPaHHLbl KOTOPOH OYeBH[HBL.

Ho HeT moyTH HHKAKOro COMHEHHsI B TOM, UTO pa3JjiMuMe «HerpepblB-
HOe-NpepblBHOE» JIEXXUT B OCHOBe Hallero BoCHpusiTHs mupa. Ecau xopoiuo
MogyMaTb, TO CTaHeT MOHATHO, YTO MMEHHO OHO 0OYCJ/IOB/IIMBaeT pas/HiHe
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«OTKPbITOE MHOXECTBO-3aMKHYTOE MHOXECTBO» B 00LIe# TOMOMOrHH. IDTO
pasavupde XOopolIO HM3BECTHO TEeOpPeTHKaM TrelliTajbT-NCHUXOJNOTHH, KOTOpble
BBEJIM ero B 060pOT BMeCTe C KIaCCUYECKHUM pasjinuveM «o06pa3-¢hoH», paBHO
KaK U CeMaHTHKaM, KOTopble roBOpsIT 0 ¢opMe U comepxkaHud. OHO MeHee
M3BeCTHO B (PU3UKO-XHMMHH, MOTOMY UTO B 3TOH AHUCUMILUIMHE HAJAWLO OblIO
JKeJlaHHe 3aTyllleBaTb KaueCTBEHHble Pa3jiMuvs B M0Jb3Y KOJHYECTBEHHBIX.
Tem He MeHee W TaM 3TO pa3/iHuue MPUCYTCTBYET B TEOPHU YOAPHLLX BOAH
U @a3osebix nepexodos, T.e. KaK pa3 B TeX THMaX (HEHOMEHOB, [JSl KOTO-
PbIX KOJIHUECTBEHHblE MOJeNM KJacCH4YecKoH (PU3MKH OOHapy>XHMBalOT CBOE
6eccuiue.

3. CTpykrypHas yCTOHYHBOCTH

C TOUKH 3peHMS 3MUCTeMOJIOTHH MOXHO pasjuuaTh ABa THMa Mopdo-
JIOTHUeCKHX QUcLMIIKH. HekoTopble QUCUUMINHBL SBJSIOTCS IKCnEpUMEH-
MaAbHbIML: YEJIOBEK MOXKET CO3JaTh MOPGOJIOrHI0 /st H3yueHHs (dHU3HKO-
XHMHsI) UJH, N0 KpalHell Mepe, Gojiee WM MeHee GPYTanbHO BTOPTHYTbCS
B ee pa3BHTHe (cayuail 6uosiorun). [lpyrue qUCUMIIHHBL, HA060POT, OCHOBbI-
BAlOTCS Ha 4ucmom Habaroderuu; 30ech IKCIepHMeHTHPOBAHHE HEBO3MOXHO
160 10 NMpUYKHE MPOCTPAHCTBEHHOH YHANeHHOCTH 00beKTOB (aCTPOHOMHS),
JU6O Mo MpHYHHE OTHAJEHHOCTH BO BpeMeHH (HayKH O MpOLIJIOM: reoJio-
THsl, TIaJIEOHTOJIOrHs, STHOrpadusi, UCTOpHsi), N0, HaKOHeL, 10 MpPHYHHAM
3THYECKOro CBOHCTBA (IICHXOJIOTHYECKHEe U COLUaNbHble (heHOMEHbI).

[ToHsiTHe CTPYKTYpHOH yCTOHUMBOCTH, KOTOPOE Mbl coOupaeMcs onpeje-
JIUTb, B IPUHLKIIE MOXET ObITb IPUMEHEHO TOMBKO 10 OTHOLIEHHIO K 3KCIIepH-
MeHTaJbHOH Mopdosoruy. TeM He MeHee MOXHO JOMYCTHTb, YTO MOBTOPHOE
HabJsloneHHe B HEKOTOPbIX Cayyasix obsiafiaeT TakoH ybeluTesibHOH CHUJIOH,
KOTOpasi He YCTyNaeT 3KCIepUMeHTaNbHOMY HccienoBanHio. [losTomy Mox-
HO pacmpoCTPaHHUTh Hally MOAesb HAa JUCUMIUIMHBL, He OCHOBBIBAIOLIHECS Ha
3KCIepUMeHTe, BIIPOUYEM, He CKPbIBasi, UTO JIsi 3TOr0 HEOOXOAHMO NPHMEHSATh
HEKOTOpble JOMOJHHUTE/IbHbIE THIOTE3bl.

DKCMepUMeHTaTop co3naeT MOPOJIOTHIO, KOTOPYIO OH HaMepeBaeTcs MC-
CJ1e10BaTh, B COOTBETCTBHM CO CJeNYyIOLIeH cCXeMol: HMeeTcs «Kamepa» B,
KOTOpast 3aII0/IHSIETCSI COTJIACHO NPOMOKOAY NOO2OMOBKU, HACTOJIbKO IBHOMY
H [OJIHOMY, HACKOJIbKO 3TO BO3MOXKHO. MITaK, sKCepuMeHTaTOp B HayaJ  bHbIH
‘MOMEHT BDPEMEHH to MOATOTaBAHBAET eCTECTBEHHYIO CHCTEMY S, Mopdosoruio
KOTOpO# oH 3aTeM HaOmonaet. CrefoBaTenbHO, 3Ta MopdoJorusi 6yIeT Omu-
CbIBaThCS 3alaHueM MHoxecTBa Karactpod K B mpoussBegeHnd B x T —
KaMmepsl B Ha ocb BpemeHH T'.
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Ho, B Hayke NPHHUMAIOTCS B pacyeT TOJbKO BOCIIPOW3BOAHMbIE KCIIEPH-
MeHdThl. CleloBaTeNbHO, HEKOTOPLIH NPOBEAEHHBI SKCIePHMEHT OyeT HMeTb
3HaueHHe JHUIb TOTAA, KOTAA APYTOH 3KCIepHMEHTaTop, NMPOBOASILHHA 3TOT
’Ke 3KCIIePUMEHT B ApyrHe MOMEHTHl BPeMEHH H B ADYTHX MecTax, IoJy-
YUT MPUMEPHO TY XKe MOp(OJIOrHIo, YTO H B NepBoM 3kcnepuMeHTe. MimenHo
3TOT (aKT MOAPa3yMeBaeTCs, KOTAa roBOpsT, YTO COCTOSIHHE, MOArOTOBJIEH-
HOe B HauaJbHbIH MOMEHT BpeMeHH B Kamepe B, cmpyxkmypro ycmoiiuu-
60. BHecem HekoTOpble YTOUHEHHs!, MPELIOJOXKHB, YTO Kamepa B’ BTopo-
ro 3KCHEepPHMEHTa MOJyyaeTcss W3 KaMepbl B C MOMOLIbIO 3JIleMeHTa TpyIbI
npeo6pasoBanuil I'anunes g. Torma noaroToBjeHHOE COCTOSIHHE CTPYKTYp-
HO-YCTOHYMBO, €CJIM MHOXKECTBO KatacTpodnl K', HaGmonaemoe B B’ x TV,
umeeT Bug K’ = hg(K), roe h — 370 e-romeoMopusm B’ x T Ha cebs.

B camom gaene, siCHO, UTO HeJIb3si HafEsATbCs Ha moJiydeHue B B’ ToyHo
Takoi xe mopdosoruy, Kak u B B. Kax 6bl Xopolo HH Gbljla H301HPOBaHa
CHCTEMa B CBOel KaMepe, B3aHMOAEHCTBHS C OKPYXaWILeH ee BCeJeHHOH
HeJlb3sl MIOJHOCTbIO HCKJIOUNTb. C IPYroil CTOPOHBI, NPOLEAYPY, NOATOTOBKH
BCErla MOXXHO H OMHCaTb, H OCYIIECTBHTb JIHIIb B ONpefeJeHHOM MpHOJH-
)eHud. CriefoBaTe/IbHO, MOXKHO Ha[esiTbCsl Ha MOJMyuYeHHe TOTO Ke Camoro
pe3yJbTaTa TOJIbKO LIEHOH OMpefeseHHOr0 «HCKPHBJIEHHS», BbIPAXKEHHOTO &-
romeomoppH3amMoM h.

(ITprmepbl roMeoMOpPH3MOB HCKPHUBJIEHHS] MOXKHO HalTH B KHHre: Arcy
Thompson. On Growth and Form, Abridged Edition, Cambridge University
Press, ch.9.)

4. Mop¢oreHeTuueckye MoJs U Kpeoabl

Ha npakTuke, nake ecsd MOATOTOBKA Ha4aJbHOTO COCTOSIHUS Obljia Bbi-
nojiHeHa ¢ GOJIbLIOH TIIATENbHOCTbIO, MOXHO HAfesiThCsi Ha NOCTHXKEHHE
usomopdusMa mopdosoruit (K) u (K’') B kamepax B u B’ TOJbKO B Te-
yeHue OMpedeseHHOro npomexyTtka spemeHd 1. B camom mene, mo ucre-
YeHHH [OCTAaTOYHO OOJIBLIOTO MPOMEXYTKa BPEMEHH BJIHsIHHE HadyajibHOrO
JIeTepMHHH3Ma T0 CPAaBHEHHIO C JIOKaJbHBIMH BO3MYIIEHHSIMH OcJabeBaert,
¥ B WTOre Habsofaembie MOP(OJOrHH HaYHHAIOT OTAMYATLCS APYT OT APY-
ra. Ecau TeM He MmeHee coBmageHHe MOPQOJIOTHE MOXKeT HaGJIOAATbCS Ha
oTKpbiToM MHOXecTBe U npousBesenusi B x T, 1o rosopsrt, uto U sBasiet-
csi HocuTeneM mopgozeremuyeckozo noas (F). B aGcTpakTHBIX TepMHHax,
moporeneTrHieckoe nose (F') onpenessieTcsi 3agaHdeM aGCTPaKTHOrO Mpo-
cTpaHcTBa V' TOH XKe pasMepHOCTH, UTo U U, U 3agaHdeM B V cTaHOApTHOrO
3amKHYymoeo Kamacmpogpuueckoeo mroxecmaa J. Korga peanusyorcess —
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Haxe JIOKaJlbHO — HayaJslbHble YCJIOBHS, CBOHCTBEHHbIE BHELIHEMY Bbipaxe-
uuw noas (F) mopdosorus, Habnogaemasi Ha pacCMaTPHBAEMOM OTKPHITOM
mHoxecTBe U, ompepensieTcss otobpaxeHueM G: U — V takum, utob Ha-
6monaemoe MHOXecTBO KatacTpodsl K 6bi10 npoobpasom J mpu G: K =
= G~1(J). B obwem cayuae otobpaxenue G BAseTCS roMeoMOphH3IMOM,
06/1aJa10MHM NIPEKPACHBIMH CBOHCTBAMH DETYJISPHOCTH, HO Hesb3sl HCKJIIO-
4aTbh BO3MOXKHOCTH TOTO, 4T0 Y G 06HApYKHBAIOTCS Pa3pbiBbl POHU3BOAHBIX
Ha MHOXecTBe K.

OueBHAHO, HMeeTCsl MOHATHe nodnoas MopdoreHeTHuyeckoro noasi F;
"Hocuteab U’ mnomnonss F' w3 F comepxutcss B Hocutene U nons F (1o
e CIpaBe[IHBO H OTHOCHTEJbHO CTAHAAPTHBIX MHOXECTB KaTacTpPOdbl:
J' C J). Jlio6oe mopdoreHeTHueckoe noje CONEPXKHTCH B MAKCUMAJbHOM
moporeHeTHdeckom noJse. Ecan Best ammuprueckass MopoJiorisi okpbiBa-
eTcsl €AMHCTBEHHBbIM MOp(oreHeTHYECKHM I0JIeM, TO OHa I106ajbHO CTPYK-
TypHO-YCTOHYHBA.

Mbl Moka He BBeJH MOCTY/JAT O TOM, YTO Y MOJEJbHBIX MPOCTPAHCTB
V ecTb kKoopauHata BpeMeHH 7. MOXHO BbIIBHHYTb 3Ty THHOTE3y H, KpO-
Me TOro, MOCTYJHpPOBaTh, YTO oToGpaxeHue G: B x T — V coBmecTH-
MO C pacc/OoeHHeM, orpefensieMblM C MOMOIbI0 T° W T B HCXOLHOM H KO-
HEeYHOM MpOCTpaHCTBaxX. Eciu 370 Tak, TO roBOpPST, YTO MOpQOreHeTHue-
ckoe none ectb xpeod. TepMuH «kpeom» (OT rpeu. «ypr» — «HEO6XOLH-
MO» U «000(» — «IyTb» = «HEOGXOAHMBIH MyTb») Gblyl BBefleH aHTJIMHCKUM
6uonorom K.T.Yogmuurtonom (Introduction to Modern Genetics, Allen &
Unwin, London, 1940), Ho, KOHe4YHO, B 3HaYeHuU Gojiee KaueCTBEHHOM H
MeHee GOpMasibHOM, HEXKeJld OHO NpeACTaB/eHO 3[ecCh.

Kak # B mpebliyllMX pacCyXAeHHsX, UMeIOTCs MOHSATHS nodkpeoda
HEKOTOPOTO KPEOoia U MaKCUumasbHoco Kkpeoda. TOUHO Tak ke BBOAHTCS MO-
HATHE acumnmomuyeckozo Kpeoda. Iljsi Takoro Kpeoma MOZeJbHOe TMPoO-
ctpaHcTBO V mpocTHpaetcsi 10 t = +00, ceyeHHe MHOXeCTBa KaTaCcTpodbl J
THTMEpPIIOCKOCTbIO t = to €CTh 3aMKHyToe MHOXecTBO J™!. Torma cyuiecTy-
€T roMeoMOp(dHU3M g, CTPEMSILIHHACS K TOXAECTBEHHOMY IPH t = 00, U TaKoe
3aMKHYTOe MHOXeCTBO Jo , 4TO J; = gt(Joo). MHaue rosops, mopdonorus
CTPEeMHTCSI K (opMe MpelesbHO YCTOHYHMBOH W HHBAPHAHTHOH BO BpeMEHH
(npumep: KocTb). BriosiHe BO3MOXKHO, 4TO MOP(OJIOTHS OKa3bIBAETCS CTPYK-
TYPHO-YCTOHYHBOH JIOKabHO, He 6ynyuH TakoBoH rnobajbHo. B atom cayuae
OHa C HeoOXOLHUMOCTbIO MOKPHIBAETCS HECKOJbKHMH Pa3jIH4HBIMH Kpeoaa-
MH, COYJIeHEHHEe KOTOPbIX OINpe/e/IsieTCsl HauabHbIMH YCJOBHSIMH. Bripouem,
MMEHHO TaK OOCTOSIT fesa B GOJIbIIMHCTBE HaYYHBIX MOP(HOJOTHYECKHX AHC-
uMnIKiH. Mi3amMeHsisi HauasibHbIE YCJOBHSI, MOXKHO MOJNYYHUTDb LEblil «aHcaMb.1b»
(B cMmbicJe TepMOZHHAMHKH) MOPGOJOTHI, OOHAKO BCE OHH JIOKAJbHO O6GHA-
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PYXHBaIOT 06L1Me MOP(OSOrHYeCKHe UepThl. ITO ONpaBiblBaeT BBeJeHHE TaK
Ha3blBaeMblX MOP(OJIOrHil KOHEUHOro THIA.

5. Mop¢osnorun KoHeYyHOro TUmna

Onpeaenenue. [oBopsit, 4To MHOXecTBO E MOp(OJIOrHH OTHOCHTCS
K KOHe4HOMY THIy, ecsH, B Mopdosoruio (M) 3TOro MHOXKeCTBa U 3aMKHY-
TOe MHOXeCTBO KaTacTpodbl K, Mbl BUIHM, YTO CYILIECTBYeT TaKoe KOHeuHoe
nokphiTHe V; MHOXecTBa K, uto Kaxaoe U; siBasieTcss HocUTesneM Mopdore-
HeTHueckoro nons Fj, rae kaxkpoe F; NpHHaJJeXHUT K KOHEYHOMY MHOXKeE-
CTBY TaK Ha3blBaeMbIX 3/€MeHTapHbIX MOP(OreHeTHYECKHX MoJjeH, NaHHbIX
pas u HaBceria.

Mopdosiorusi cuuTaeTcsi OTHOCSILEHCS K JIOKaJbHO KOHEYHOMY THITY,
€C/IM CTaHJApTHbie MoJsi F; HMeoT B CBOMX MOJE/bHbIX MPOCTPAHCTBAX Bbi-
HeJleHHYI0 TOUKY (Hayaso) 0 u ecau Jobasi Touka ¢ B U OonyckaeT Takylo
okpectHocTb U;, 4TO MHOXecTBO KatacTpotdbl X NU; onpenensiercss oTodpa-
XeHneM G: U — V, xotopoe nepeBoguT Touky x B 0, a MHOXecTBO U; —
B okpecTHocTH 0 B V;.

Korna mopdosorrst OTHOCHTCSI K KOHEUHOMY THITY, J06asi KkatacTpodu-
yeckasi TOUKa HMeeT JIOKaJbHYI0 MOfE/b AJIsi OLHOH W3 CBOMX OKPECTHOCTEH.
To »xe camoe crpaBef/iIHBO W [Jii TOMOTETHYECKHX OKpeCTHOCTeH, obJanaio-
LMX ONMHAKOBOH JIOKaJNbHOH Mogesblo. M3 3Toro ciienyert, 4to /nobasi Touka
z u3 K ponyckaer B K cucreMy roMmeoMop(HbIX OKDECTHOCTEH, T. €. MPaKTH-
4eCKH TOMNOJNOTHYECKHH KOHYC. DTO 0O3HayaeT, YTO B JAHHOM CJydae MHOXe-
CTBO KaTacTpog HMMeeT CTPaTH(HHLHPOBAaHHYIO CTPYKTYpy (ee cTpaThl obpa-
30BaHbl TOYKAMH, UMEIOILMMH OfHO U TO Ke JIOKaJibHOe MopdoreHeTHYecKoe
nose F;) uau, npouie, Noau3apH4ecKyio CTPYKTYpY.

3aTo Ha OCHOBe TrumoTe3bl 0 MOP(ONOTHAX JIOKAJbHO KOHEYHOro TH-
Ma MOXKHO MOJYYUTb MHOXECTBA KaTacTPo(bl THMA KaHTOPOBA MHOXKECTBa
(BmosiHEe pa3pbiBHbIE), B KOTOPbIX KaXKaas TOYKA 0OJafaeT POCTKOM FOMeo-
MOP(HbBIX OKPECTHOCTEH B KOHEYHOM YMCJIE MOAEJbHbIX THIIOB.

6. Kopnyc

Ecau oxkasbiBaeTcsi, YTo paccMaTpuBaemasi SMIUpHuecKasi MOPdOJOris
OTHOCHTCSI K KOHEUHOMY THITy, epBOOYepefHOH 3agauell sIBJsieTCs BHece-
HHe BCeX 3JeMeHTapHbIX MoJied (Mau Kpeonos) F; B KOHeuHbli Karasor. 3a-
TeM cJielyeT H3MeHSITb HayasibHble YCJIOBHS TakKUM 06pa3oM, YyToObl cOCTa-
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BHTb CIIHCKH BCeX MOP(OJIOrHi, BO3MOXKHBIX [J1s1 MHOXecTBa KatacTpod K.
TeMm cambiM co3naeTcst TO, YTO Ha3bIBAETCS KOPNYCOM PacCMaTpHBaeMOH MOp-
(hoTorHuecKol AUCLUMILIHHBL (10 aHANOTHH C TEPMHUHOJOT el THHIBHCTOB).

Boo6uie rosopsi, kopnyc 6eckoHeueH, HO H3 MpaKTHUECKHX coobpaxe-
HHH 3KCMepUMEHTATOpP YIOBJETBOPSIETCS KOPITYCOM KOHEUHbIM, XOTSl H 10CTa-
TOYHO OGIIMPHBIM, IJISi TOrO0 YToObl f0OaBJeHHe HOBOH 3KCHepHMeHTaslbHOH
MOpGOJIOTHH He H3MEeHs1JI0 3aMeTHO CTaTHCTHYECKHE CBOHCTBA Npe/IlecTBYyIo-
mero kopmnyca. (9To, KOHEUHO, OTHOCHTCS K 06/1aCTH CyGbeKTHBHbBIX OLEHOK
U BjledeT 3a co0oll TakOH pPHUCK OIIMOKH, C KOTOPbIM HCCJ€NOBaTe/b FOTOB
CMHPHTbCS).

7. O6ycyoBJIEeHHbIE KPeOoabl

H3ayuenue xopryca Hepenko MoKasbiBaeT, YTO OIpeeJieHHble CKOIJe-
HHS 3J1leMeHTapHLIX MoJied BCTpevaloTcs Gosiee yacTo W OOHApyXHBAKT OT-
HOCHTeJ/IbHYI0 YCTOHUHBOCTb. HMHOra MOXXHO YyTOYHHTL COBOKYMHOCTb TAKHX
orpaHHueHMH (), HaK/IaablBaeMblX Ha HauasbHble YCJOBHS, UTO €CJH Hadalb-
Hble LaHHble YIOBJeTBOPsOT (@), To ckomsenue (A) oGHapyKHBaeT yCTOH-
UHBOCTb H BefeT cebs Kak 0ObIKHOBeHHOe MopdoreHerHdeckoe rnoge. Toraa
rOBOPHUTCS, UTO 3TO — 06YCJIOBJIEHHOe MOpGoreHeTHIECKOe ToJIe.

Bo MHoXecTBe ciydyaeB, O4eHb BaXKHbIX HJISl MPAKTHKH, 3Ta KOHCTPYK-
LIMSl MOXKeT MOBePraThCsi UTEPallHi: MOXHO TaK YTOUHHMTb MOCJEN0BaTe/b-
HOCTb BJIOXKEHHBIX YCJIOBHH

Q1<Q2< ...Qim1 <Qi < ... Qk,

YTO ecsi ycnoBHsl (Q);) B HayasbHbIH MOMEHT BbIMOJNHEHHI, ONpeleNeHHbie
ckorienust (A;) okasbiBaloTCsi ycToi4nBbIMH. YacTo HocuTesb moas (A;)
SIBJISIETCS] CXKMMAEMbIM H MOXKeT GbiTb MOJ1y4eHa KaK KOHeYHOe 0GbeIHHeHHe
none#t (A;j_1): onrcanue noas (A;) kak o6bennHenHe (A;_1) obpasyet To,
YTO Ha3bIBaeTCA CTPYKTYPOH 06ycJIoBIeHHOro nonst (A ).

8. CTpyKTypa ypOoBHS OpraHu3anuu

TeopeTHuyeckH B MOP(OJOTHH KOHEUHOTO THIA HOJIXKHA Gblia Gbl Cylie-
CTBOBaTb BO3MOXHOCTb BbIPa3HTb CTPYKTYpy J060ro 0Gyc/OBJIEHHOrO HO-
as (A;) ypoBHsl j B TepMHHaX 3JeMeHTapHbIX noJeit (Ag), NOPOXKAAIOILKX
mopcdosoruio. Ha camom mene 3To ocyiiectBasieTcsi oueHb penko. B 6oib-
IIMHCTBE CJy4YaeB CTPYKTYpHasi aBTOHOMHsI YPOBHs (j) BbipakaeTcs CJemy-
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OIKMM 06pa3oM: CYLIeCTBYeT Takasi abcTpakTHasi MOpGOJIOTHs, OMpesesieH-
Has nonsiMd {B} Hap mpocTpaHcTBoM U, UTO HOCHTeNb JIO60ro moss Aj;
romomopthHo™? oToGpaxaercst Ha mose B abctpakTHOM Mopdosorun U.
B 3TOM oToGpaXkeHun mpoo6pasbl sjemeHTapHbIX (ast U) moseit, o6pasyio-
wux B, cytb noast (A;_1) ypoBHs (j—1), Kotopuie o6pasyoT (A;). ITH 3J1e-
MeHTapHbie Mo a6cTpakTHOH Moptonoruu (U) yacTo 0603Haua0TCs CI0BOM
«pyHKuHK». B caMom gene, OHH yuacTBYIOT B «peryaupoBaHuu» nosei (A;),
¥ NIPOMCXOMHUT 3TO B COOTBETCTBHH C [OBOJIHO HE3aMBICJIOBATbIMH CXEMaMH.

[Mpumep. a) Jlunesucmuueckas mopgposocus.

B peueBoii UeMy HMeETCs MOCAE0BaTEeNbHOCTb HEPAPXHUECKHX YPOBHEH
OpraHH3aLHH.

®dounema — Cyor — CnoBo — Ilpennoxenne — ®Ppasa.

JBe mapbl ypoBHeH — «(OHEeMbI-CJIOTH» M «CJOBa-NpeNJoXKeHUs» MO-
IyT GbITh OMHCaHbl MOCPEACTBOM abCcTPakTHOH Mopdonoruu (U): cTpykTypa
cJI0ra, COCTOsIIIEro U3 poHeM, onuchiBaeTCsi (POHOJIOTHEH, a CTPYKTYypa npen-
JIOXEHHUSI, COCTOSILErO U3 CJIOB, OMUChIBAETCSI CHHTaKCHCOM. B mepBoM cay-
yae mopdodiorus (U) cocrout u3 cumsosos CCV CC, onucbiBasi CTPYKTYpY
cnoBa ¢ nomoinbio rachbix (V) u cornacHbix (C). Bo BTopom cayuae Mop-
tonorus (U) sBAsieTcs nocaeJHHM Py6exKoM [IpeBa reHepaTHBHOH rpamma-
THKH, OIHCHIBAIOIIEH CHHTAKCHYECKYIO CTPYKTYpY NpeanoxeHusi. Hanpotus,
YPOBHH «CJIOTH-CJIOBO» U «IIpelJIOXKeHHs-(ppa3a» MOUYTH HeJb3si ONPENeJHTb
CTPYKTYpHO ([0 KpaiiHell Mepe, B NepBOM CJIyuae He BO BCeX f3bIKaX).

ITpumep. b) Mopgorozus suseix cyuecms.

Hmeercs crenylomas Hepapxus.

Mousiekynst — HanMostekynsipHble o6benrHenuss — Oprasesns — Kaert-
ka — Opranbl — Ocob6b — Bua — Dkosoruyeckoe coobuiecTsBo.

3necb efMHCTBEHHOH Mapod ypoBHeH, MOAJAIOMIMXCS HEKOTOpoi hopMma-
JIM3aLIKH, IBJISIETCS CefyIollas napa: «opranbli-oco0b». Hanpumep, B 61osio-
THH XHBOTHBIX CTPYKTypa OpraHu3ma, COCTOSILIEr0 W3 OpPraHoB, cTaja 06b-
€KTOM 3HaMEeHHTOTO0 yMO3DHTEJbHOr0 MOCTPOeHHs1 06 obuweM MjaHe opra-
HHU3aUHH XKUBbIX. OHO CTajJO TeMOH M3BeCTHOH AHcKyccuu B [lapukckoii
Axagemun Hayk B 1830 r. mexxny Kiobe u XKodhdpya Cent-Unepom.

[Toxoxe, 4TO coBpeMeHHast HayKa B3sila cTOpoHY KioBbe H OTKJOHHJA
uaen Koddpya Cent-Hiepa U3 paspsga ymo3putenbHbIX nocTpoeHuii. Oxn-
HAKO HeT COMHEHHH B TOM, YTO NOCJeJHee CJOBO B 0OCYXXIEHHH 3TOH Mpo-
OJieMBl ellle He CKa3aHO ... YPOBHH «OpraHeJsl/Ibl-KJIeTKa» H «KJEeTKH-OPraHbl»
He MOANAITCS MOYTH HUKAKOH (popMasu3anuy — B o0lLeM Cjy4yae.

B o6ousbmnHCTBE MOpPGOJOrHYeCKHX AHUCLUHIIMH C HepapXH4YeCKHMH
YPOBHSIMH HMelOTCsl B 0OLIeM cJlydae caMble «OOIIMpHbIe» MOJIsl, MPEeACTaB-
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Jsoimye HauboNbIIHE HHTepec (BO BCSIKOM c/iyyae B GHOJIOTHH 0CO6b MO-
JKeT PaccMaTpHUBaTbCs B KayeCTBe TAKOTO Ke HHTEPecHOro 00bekTa, Kak
¥ BHA). 31ech He chefnyeT 3abJyXKAaTbCsi: CTPAILHO TPyAHOH mpobiemoil
SIBISIETCS HMEHHO (hopMasiv3alusi MOHATHS HepapXU4YecKOro YpoBHs opra-
Hu3auuu B Mopdosorud. Ee MoXHO 6bl10 Obl pa3peLinTb, TONBKO €CAH Gbl
yaanoch npegbsiBUTb AJs abCTPaKTHLIX Mopdosorii U OTHOCHTENbHO KaHOo-
HUyeckyio ¢opmy. B 3ToM oTHOLIEHUH TeopHsi KaTacTPod OTKPbIBAET HEKOTO-
pble IIepPCIeKTHBLI: B TOH Mepe, B KaKoH Kaxjoe nojnose A;_; CBA3bBaeTCs
C ONpefesIeHHHIM MeXaHH3MOM «PeryjJHpPOBaHHsI», MEXaHH3MOM TOMeoCTasa
rno6asnbHoro nodst (A;), OHO NMpeBpallaeTcss B HOCHTENb HEKOTOPOH «(pyHK-
uun». TakuM 06pa3oM OOBSICHSETCS JHHIBHCTHYECKAass OMOHHMHSI MEXAy
rpaMMari4eckodl (yHKUHEH (B JHHIBUCTHKE) U (PHU3HOJOrHUECKOH (PyHKLH-
eit (B 6uosornn). MoxeT 6biTb, B IEHCTBUTENbHOCTH HeJb3si OCYIIECTBHTh
orycaHue MOpGOJIOTHH HE3aBHCHUMO OT TEOpETHYECKOH MomesH, «a priori»
MOCTY/MHPYIOLLEH ONpeneseHHble OrpaHUYeHHUs], KOTOpble HaKJaAblBAlOTCA Ha
mopcosoruu cTpykTypbl (U). B aTOM cMbicsie onucaHue sIBJISIETCSI — B HEKO-
TOpPOU cTerneHH — (DyHKLHeH «OOBSACHEHHS».

HekoTtopbie (r3nueckre mpouecchl, Bpoge rMApofiHHAMHUYeCKOH TypOy-
JIEHTHOCTH pH GeckoHeyHoM yucye Pellnonbaca (HysieBasi BA3KOCTDb), HMEIOT
CBOMCTBO H30MOP(HO MOBTOPSITbCA BHYTPH CaMuX cebsi, KOrga OHH MOABep-
ralTcsi TOMOTETHUECKOMY NpeoOpasoBaHUIO C NPOU3BOJIbHBIM KO3 PHUIIHEH-
TOoM romoTeTHH. Ecin 3TH mpouecchl sBISIOTCS MOP(ONOrHYECKHUMH, TO OHH
HOJIXKHBI IOMYCKaTh HECUETHOE MHOXECTBO YPOBHel OpraHu3aluH, KOTopble,
BIIpoyeM, H3oMopdHbI APYT Apyry. OueBUAHO, TaKast CHTYalLus C TPyIOM MOf-
[aeTcsl MOHWMAHHIO, HO 3aTO COBEpLIEHHO MOHSITHA cyeTHash GECKOHEYHOCTb
«ypOBHEH OpraHH3alHH, KOTOpble BCce H30MOp(hHB! Apyr apyry». HekoTopbie
MaTeMaTH4eCKHe 00beKThl, Bpoje KpHBoH ¢toH Koxa (HempepblBHasi KpHBas,
He HMeloIlasi MPOHW3BOMHOH) MJIH KOHCTPYKLHSI MPEBOCXOLHOTO KaHTOpOBa
MHOXECTBA, SIBJSIOTCS MPEKPACHBIMH peasii3auusiMH 3TOH cueTHOH Gecko-
HEUHOCTH.

9. IIporpamma MOpP(OIOrMYECKOI TEOpUH

Takasi nporpamMma mnpejmnosaraet cjefyoLiyde 3Tamnsl.

1° CdhopmHpoBaTh KOPIYC KCIIEPHMEHTANbHBIX MOP(OJIOTHIH, YTOUHHTD
WX MHOXEeCTBO KaTacTpod.

2° UccnenoBaTb, OTHOCHTCS JIM MOPGOJIOTHsE K KOHEYHOMY THITY, H, €CJHH
3TO TaK, COCTAaBHTb aTJiac 3JleMeHTapHbIX MOP(OreHeTHYECKHX MOJel.

3° OmpenenuTh HepapXHyeckHe YPOBHH OpraHH3aUWH, YTOYHSs, e€CJH
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3TO BO3MOXXHO, OrPaHHYEHUs, KOTOpble CjelyeT HaJOXKHTb Ha 00YyCJIOBJEH-
Hble moJis A; ypOBHS j Tak e, KaK 3TO MPOHUCXOLMT B aBCTPAaKTHHIX MOP-
tosorusx (U), KoTopble onpefensioT «pyHKLHH», YUaCcTBYIOLIHE B PeryJu-
pOBaHHH MoJell (§) U JOKaJIH30BaHHbIE B MOJSIX YPOBHA (j — 1).

DTUM B NMPUHLHKIE 3aBepLiaeTCs CTaausi onucaHus. HekoTopble HaykH,
Kak, Hanpumep, 6HoJOrHs, IPAaKTHYECKH He BBILLIHK 32 Mpefesbl 3TOH CTajuH
Jau60 ray6oKo mpuBepxKeHbl ei. JIpyrHe, Kak, HampHMmep, «ryMaHWTapHble»
HayKH, ellle He NMPHOIH3UIUCL K 3TOH CTaiHH, 32 HCKJIIOYEHHEM OYeHb JIO-
KaJlbHbIX U (hparmMeHTapHbIX moaxonoB. Ho pa3 onucaHue AOCTHTHYTO, MpH-
XOUT BpeMsi OOBbSICHEHUS.



Ilpumeuanus penakropa

"1Pazymeetcs, caenyer unuTath Jo.
2CenyeT YUTaTh «FOMEOMOPGHHO».
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O6bsacHenne mopgoaoruia™°

Ecnu He coMHeBaTbCsl, UTO COCTABJIEHHE OMHCH AOCTYIHBIX HAGJIOAEHHIO
(heHOMEeHOB siBJIsieTCsl NepBedlled 3ajaded y4yeHOrO B NAHHOH AHCLHMIIMHE,
TO 3aTeM Mepef yueHbIM CTaBHUTCSl 3ajaya OCO3HAHHS TOTO, UTO K€ AaJblile
JesaTh CO BCEMH 3THMH IaHHbIMU. B 9TOM OTHOIIEHUH MOH KOHTAKThl C 3KC-
NePHMEHTATOPaMH HJIM CHeLHaNHCTaMH B CaMblX Da3HbIX 06/acTSIX HayKH
MoKa3ajly MHe, B KAKOH CTElleHH O4eHb MHOTHE yyeHble HeJOCTaTOYHO XOpo-
1O TOHHUMAIOT 1ieJib CBOed COOCTBEHHOH HesTeNbHOCTH. KoHeuHO, mpUHATO
FOBOPHUTb, YTO IIOCJIE TOTO KaK (PeHOMEHb! ONUCAHbL, HX ClleflyeT 06DACKUMDb.
Ho uT0 3pech noppasymeBaetcs?

B npuHiune o6bSICHUTh — 3HAYMT AaTbh OTBeT Ha Bompoc: «[louemy?s.
CunienoBaTesibHO, BCSIKOe OObsICHEHHE SIBJSIETCS NMPHUHHHBIM: Bellb KaK CKa-
3an nost: «Felix qui potuit rerum cognoscere causas» («CyacTaus TOT, KTO
CMOT [03HAaTh MPHUYKHBL Belllel» Beprunuit (nat.). — [pum. nepes.) Ho no-
HSTHIO IIPUYHHBI NTPEALIECTBYeT TPyAHas MpobjeMa JeTePMHHH3MA, KOTOPYIO
W caenyeT o6CYyIUTb MpeXae BCero.

2.1. JlerepMUHU3M

B ucTopuyeckom nnaHe OTHOLLEHHE HAYKU K A€TEPMHHHU3MY YacTO MEHsl-
sock. X1X Bek MPHHS AETEPMHHH3M LEJHKOM H [OJHOCTBIO, B aGCOJIIOTHOM
(opMe, MpennUCaHHON KJaCCHUECKOH MeXaHUKOH B 3HAMEHHTOM OIMMCAHMHH,
KoTopoe 6blo gaHo Jlannacom. 3ateM ¢u3Hka BMecTe C KBaHTOBO# MeXxa-
Hukoi (1925-1930 rr.) B 3TOM BOMpOCE BepHyJacb K WHAETEPMHHHCTCKOM
KOHLEMLHK 3JeMeHTapHbIX (DEHOMEHOB, KOHLENLHH, OT KOTOPOH OHa C TexX
Mnop Tak W He OTKasajach. HecoMHeHHO, HH OfHA W3 3TUX ABYX KOHUEMUHH
He MOXeT paccMaTpuBaTbhCsl B KayecTBe OKOHuaTesbHOU. [lepBasi mo cBoemy
a6CoOMIOTHOMY MeTahU3HYECKOMY H [aXKe TEOJIOTHYECKOMY XapaKTepy MouTH
ceoauTcst K HayuHomy «wishful thinking» («IIpunsaThe Xenaemoro 3a geii-
ctBuTesbHoe» (aHra.). — [Ipum. nepes.). Hanpotus, BTOpast TpelInuT upes-
MEepHbIM Mopa)KeH4ecTBOM. B camoM fesie, cTaTUCTHYECKHE 3aKOHOMEPHOCTH,
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BbipaXKeHHble B 3aKOHaX KBAHTOBOH MEXaHHKH, MOTYT ObITb JIHLIb OTpaxe-
HHeM JleXallliX B HX OCHOBe CTPYKTYDHbIX HHBAapHaHTOB (Tak e, KaK IpH
Urpe B OPJISIHKY, CTPOrasi CHMMeTpPHs nonOpacbiBaeMOil MOHEThl BblpaXkaeTcs
B aCHMIITOTHYECKOM PaBEHCTBe YHCJ/a BbiMaeHHH opJa U pelikH). B cyuHo-
CTH, CIIOp O IeTepMHHU3Me, OyayuH oCBOOOXKAEH OT CBOMX MeTapHU3UUECKHX
3aHUX [JIaHOB, B MJIOCKOCTH OMbITa CBOAHTCS K CJeOYIOLIEMY YTBepXe-
HHIO: CYIIIECTBYIOT O0Jlee HJIH MeHee IeTepPMHHHPOBaHHbIE (PEHOMEHBI, a CaMo
3TO CBOHCTBO «ObiThb GOJiee HJIH MeHee NEeTEPMUHHUPOBAHHBIM» OMpefeJisieT-
cs JIOKaJIbHBIM COCTOSIHHEM Npolecca. Jio6asi Moxesb, KOTopasi CTPEMHIACh
Obl COOTBETCTBOBATb PeajbHOCTH, ¢ HEOOXOLHMOCTBIO BKJIOHYAaeT B CBOM CO-
CTaB HEKOTOPYIO CMeCb JeTePMHHH3Ma U WHIeTepMHHH3Ma. B camom pnese,
B Kaxa0M MopdosornyeckoMm rnpoiecce HabJofeHHe o6HapyK1BaeT 06/1acTH
cy6cTpaTa, B KOTOPBIX JIOKaJbHas 3BOJIOLHS KOPPEKTHO OlpejeseHa Kaue-
CTBEHHO (3TO — HalW MOp(OreHeTHUECKHe MOJIsi, HALIHW KPEOAbl), H Apy-
rHe MpHUCcoeJHHEeHHbIe 30Hbl, B KOTOPbIX 3Ta BOJIOLHS HEYCTOHUYMBA U ciabo
netepMuHHpoBaHa. OTKa3blBaThCsl MPOBOAUTL 3TO pasjiMuHe, CBOAS BCIO CH-
cTeMy K TJ106a/ibHOM KOJHUYECTBEHHOH MOIENH, HMeIel CTaTHCTHUECKYIO
[IPHPOAY, — 3HAUYWT npeHeOperatbh BecbMa 3HAYMTEJbHOH YACTbIO AAHHBIX
W oueHb yacTo obpekaTb cebs Ha Geccusve. KoHeuHO, COKPOBEHHOH LeJbIO
YYEHOTO siBJISIeTCs 1I0Ka3 TOTO, UTO BCS 3BOJIOLLUSA IeTeDMHHHPOBAHA, TaK YTo
CCBIIKH Ha C1y4YaHHOCTb HJIH BHyTPeHHe NPUCYILYyo (heHOMeHaM HHAeTepMH-
HUPOBAHHOCTb MPOTHBOpeYaT HayuyHO# 3THKe. ToJbKO 3HAaHHE MPHYHUHHOTO
JIeTepMHHH3Ma MM03BoJseT JOOUTbCS abCOMIOTHOrO KOHTPOJs Han (heHoMe-
HaMd. Ho 3TOT meTepMHHHU3M sIBJsIeTCS WIeasIOM, K JOCTHXXEHHIO KOTOPOro
cJeflyeT CTPEMHTbCS, a He MOCTyJaaToM «a priori». Beab onucanue (kak 310
GbLI0 [OKA33aHO) U B OlpelesIeHHOH Mepe OObSICHEHHe BO3MOXKHBI B TEOPHH,
KOTOPYIO MOXKHO Obl10 6bl CHPOPMY/IHPOBATL TONLKO MPH YCJIOBHH NPHHATHS
netepmuHH3Ma. TakHM 06pa3oM, JIHHTBUCT BIOJIHE MOXeT OJHOBPEMEHHO Be-
PHUTb B Y€JIOBEYECKYIO CBOOONHYIO BOJIIO H B BO3MOXHOCTb (pOPMAIH30BATh
CUHTAKCHC f3bIKa.

2.2. Mopdoaoruu 3aBucMMbie, MOP(OJIOTUM aBTOHOMHbBIE

ToBopsit, uto MOposoruyeckasi aucuuruimHa (D) aBTOHOMHa, ec/H
B POTOKOJIE MOATOTOBKH COCTOsIHUS U3 (D) y4acTBYyIOT TO/IbKO Te CYILHeE, Te
06BEKTHI, KOTOpbIE OMHChIBalOTCS nocpencTBoM (D). Takum o6paszom, nobas
(busnKo-xHuMHueckas MopQoJorus, onpejeseHHas He3aBUCHMbIM Pa3BUTHEM
MaTepHasNbHOH CMECH, aBTOHOMHA, U TaK e OOCTOHT AeJso ¢ GHOJOrHYeCKOH
mMopdoJioriel. 3aTo AJIs IPOSIBJEHHS IMHIBHCTHYECKOH MOP(OIOrHH Heo6Xxo-
IuMO, TpebyeTcsl HaJMUHe YeJloBeYeCKHX CyLIeCTB. 3HAYHUT, B Ka4eCTBE MOp-
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(hosornuecKoi JUCUHUIIMHBL JUHTBUCTHKA 3aBUCUT OT HaJIMUHsl 3TOrO APYyro-
ro MOp(HOJIOTHUECKOr0 COBLITHS, KOTOpOe NpPeACTaBsieT co60il COLHaNbHYIO
4eJioBeueCcKyio rpynmy. B 6osbiiMHCTBe cilyyaeB JUCLHUIJIHHBL, CyOCTPaTHBIM
NPOCTPAHCTBOM KOTOPbIX SIBJISIETCS 0ObIYHOE MPOCTPAHCTBO-BPEMSI, ABTOHOM-
Hbl. Ecau mpocTpaHcTBO-cyOCTpaT He sIBJISleTCS NPOCTPAHCTBOM-BPEMEHEM,
a HEKOTOPBIM TIPOM3BOLHBIM MPOCTPAHCTBOM, TO, BOOOLIE FOBOPS, CYLIECTBYET
3aBHCHMOCTb JAHHOH OHCUMIUIMHBI OT IPYTHX, Oojee «pyHIaMeHTa/lbHbIX»
JUCLHIINH.

B 3ToM oTHOILIEHHU cy4all TUHTBUCTHKH oueHb HHTepeceH. [Tocoe Pep-
nvHanna fe Cocciopa JTHHTBUCTBL He MPeKpalllaloT MOMNbITOK OTCTOSATh A8MO-
HOMUFO JIMHTBUCTHKH, TOMIA KaK IpejlliecTBYOllee ONpeeeHHe TOYHO Mpo-
SIBJISIET ee XapaKTep, CyIIECTBEHHO 3aBUCSIIMI OT aHTpornoJorku. MssecTHo,
KakK cyeflyeT NOHMMAaTh 3TOT TEPMHUH «aBTOHOMHSI»: COOTHOCS C KaXX[biM CJIO-
BOM (B CMblCJie, KOTODbIH, OUeBHAHO, He fIBJISIETCS TOUHbIM) €ro TpaMMaTH-
YeCKYI0 KaTeropuio, MOXHO COOTHECTH C KaXIoH ¢pa3olt koprnyca obyc/os-
JIEHHBIH Kpeox aGCTpakTHOH Mopdosoruu (rpaMMaTHKH MJIH CHHTAKCHCa),
KOTopasi MoAjaeTcsl, 0 KpalHel Mepe yaCTH4HO, (DOPMaJbHOMY OIHCAHHIO.
Huaue rosopsi, Mopdosorusi Kopryca romomopdHo otobpaxaercs (crocobom,
COOTBETCTBYIOILIHM BpeMeHHOMY TMOpsAAKY) Ha abCTPaKTHYI MOPGOJOTrHIO
CHHTaKcHca. fapo s3Toro romomopdu3amMa COCTOUT B BhiGOpe creuupruecKux
CJIOB, COOTBETCTBYIOIMX KaXJOH M3 TIaBHbIX PaMMaTHYeCKHX (DyHKLHH
(nonsexaiuee, ckazyemoe, IOMOJHEHHE U T. [I.), H3 BEIGOPA «T€PMUHABLHOTO»
3/1eMeHTa, B TePMHHOJIOTHHY FeHepaTHBHOH rpaMMaTHKH. DTOT BbIGOD 3aBUCHT
MMEHHO OT peuH, Kak roBoput Cocciop, a He ot si3bika. OH oTpaxKaeT ceMaH-
THYeCKHe 3JIeMeHTbl OKPYXXeHHS, KOTOpble MOTHUBHPYIOT HJIM XapaKTEepPH3YIOT
BepOaJsibHbIH MOTOK ropopsitiero. MHave rosopsi, Ha HMepapxH4YecKOM ypOBHE
(pasbl THHTBUCTHYECKAst MOPGOJIOrUS He MOXKET pacCMaTpUBaTbCs KaK aBTO-
HoMmHast. Ho neHoit nepexona K ¢dakropusaunu, LeHoH roMoMopdusMa B ab-
CTPaKTHYI0 MOP(OJIOTHIO C MAJIBIM YHCJIOM MOPOXKIAIOLINX 3/IeMEHTOB (B CHH-
TaKCHC) MOXKHO NPHUIATh el HEKOTOPY!0 aBTOHOMHIO. DTOT NIPUMep MPOSICHSET
NIpOLeAYPY, KOTOPast 4aCTO OKa3biBaeTCsl MOJe3HOH B MOP(HOJOTHUECKOM aHa-
JiM3e: orpejiejieHHe HeKOTOpoH abcTpakTHOH MopdoJsioruu 6ojee MPOCTOH,
yeM [aHHas, ¢ HeGOJIbILMM YHCJIOM 3JEeMEeHTOB, KoTopas Oblia Obl romo-
MopdHbEIM 06pa3oM amnupuyeckoi Mopdoaorun. OueHb 4acTo KpeojaM 3TOH
4acTHOH BcriomoraTeslbHOH (akTop-MOP(OJIOTHH JaeTcsl HMS «DYHKIHH».

2.3. dransl 00BACHEHUA

W3 mpefiuecTBYOIMX pacCyXIeHUIH BbITEKAaeT, YTO OObsICHEHHE MOp-
cdosoruu, B CYLUIHOCTH, NIPEACTaeT B BUe ABYX MOAXOIOB, (PyHIaMeHTaJbHO
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PasIMYHbIX, €C/IH He NIPOTHBOMNOJOXHBIX B (PHIOCO(PCKOM OTHOILIEHHH, — pe-
OYKYUOHUCMCKO2O TIOAXO0a U CTPYKTYPHOIO MOAXOMA.

Korza umeior meso ¢ 3aBUcMMOl Mopdosiorieil, B paMKax pefyKLHO-
HHUCTCKOTO MOAXOAA «a priori» MpoBo3ryaiaeTcs, YTO TOJNBKO H3yueHHe (Pe-
HOMEHOB TPUMHTHBHON MOP(ONOTHH MOXeT NPefoCTaBUTb 0ObsicHeHHe. Ec-
JIM HCcaenyeMast MopdoJorus aBTOHOMHA, TO €AHHCTBEHHBIM XOZaTalCTBOM
penyKLHOHHCTCKOLO MOAXOAA ABJSETCS Mepexol Ha HU3LIMHA HepapXHuecKHH
YPOBEHb C LEJIbI0 PEKOHCTPYHPOBaTh MOP(OJIOrHIO BHICLIETO YPOBHSA IOCpe.-
CTBOM KOMOMHHPOBaHHSI KPEOJOB Ha HU3IIEM YDOBHe.

B cBoeii Bbicuiell ¢opMe penyKUMOHMCTCKHI MOAXON fIBJSieTCS MeXa-
HHCTHYECKHM aTOMH3MOM: IIpefnoJsiaraeTcsi, Y10 NPUMHTHBHAs MOP(OJOrHs
COCTaBJIEHA M3 MPOCTPAHCTBEHHBIX YAaCTHI, 3aKOHbl B3aHMOAEHCTBHS KOTO-
peix u3BecTHH. MHTerpupys cucremy nuddepeHinasbHblX ypaBHeHUH, onpe-
JeJNIeHHYI0 TakMM 00pa3oM, Mbl MOJy4aeM BO3MOMKHOCTb MpPEIBHIETb 3BO-
JIIOLHMIO CHCTEMBbl MCXOAsSl M3 KaKMX YrOfHO Hauya/bHbIX ycjaoBui. OueBun-
HO, Takas cxema Oblia Obl coBepiieHHoH. Ho mpuuioch 6bl MPH3HATh, UTO
OHa COBEPHIEHHO HeOCYILIeCTBHMA 110 ABYM IVIaBHbIM IIPHYHHAM: H3-3a OUeHb
GOJIBIIOrO YKMc/a MoM/Iexalmux yueTy yactuy (1022 mosexysn B ogHOM Mo-
Jie ra3a) U Heompele/IeHHOCTH, TArOoTelolleld, B CYyLU[HOCTH, Haj B3aHMoOIeH-
CTBHSIMH XOTb CKOJIbKO-HHOYIb CJIOXKHBIX MoJeky.... HeonpepenenHocts,
HaBHcCaloLlasl HaJ NMOTeHLHaJaMH B3aUMOIEHCTBHS MOJIEKYJ, HIDaeT HeKOTO-
pyIO pPOJib M B TOM, 4YTO KOJHYECTBEHHbie MOJEJH OKa3blBaOTCS Hecrnocob-
HbIMH yuyecTb (DasoBbie nepexonbl. ENHHCTBEHHAsi CHUCTeMa, AONyCKaoouias
TaKoOH aHa/H3, — 3TO «UAeasbHbili ra3» (BOpouYeM, JIHIIb C HCHOJNb30BaHH-
€M METO[0B CTATHCTHYECKON MEeXaHWKH), H B 3TOM cJyyae MOpP(OJOrHH He
CyLIeCTBYeT.

Hakoner,, MHe HeM3BeCTHbI NMPUMEpPbl PeIYKLUHOHHUCTCKOTO OOBSCHEHHS
NocpesCcTBOM oOpalleHHsl K HEKOTOPOH MPHUMUTHBHOH MOP(OJOTHH, KoTopas
Obi1a 6bl CKOJIbKO-HUGYIb (POpMaAM30BaHHON (KOHEYHO, €CTh MHOTOYHCJIEH-
Hble BepGaJjibHble 06bSICHEHHS! B [I/IaHe MOBCEHEBHOTO I3bIKa, HO HE TEOPHH).
Hanpumep, MMeHHO B JIMHTBHCTKE MOXHO GblJIO Obl TOCTAPATLCS OOBSCHHTD
nepexol «peub—s3blK» , puberas K Nomoly ceMaHTHKH. KoneuHo, cyuue-
CTBYIOT HEKOTOphIE MOINBITKH B 3TOM HalpaBjeHHH (CTPYKTYpHasi CeMaHTH-
Ka), HO GOJIBILIMHCTBO ABTOPOB OTKA3bIBAIOTCS CBS3bIBATH CEMAHTHKY C 4e-
JIOBEKOM HJIH C BHeIHHM MupoMm. (Mosi cob6cTBeHHasi TeopHsi oObsICHEHHS
CHUHTAaKCHUECKHX CTPYKTYP B KaueCTB 06pa30oB KaracTpod B IPOCTPAHCTBe-
BPEMEHH SIBJISIETCS], BO3MOXKHO, €IHHCTBEHHbIM IPHMEPOM PelyKIHOHHUCTCKO-
ro, Ho TeM He MeHee (DOPMaJILHOTO H KayeCTBEHHOTO OGbSCHEHHS.)

BrnpoueMm, B MeTadH3HueckoM IJ1aHe MPOTHUB pPeLyKUHUOHHCTCKOTO MOJ-
XOla MOXHO BbIIBHHYTb 3HaMeHHTOe Bo3paxeHHe Apuctorens «Anagke
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sthenai» («He6xonumo octanoButbesi» (rped.). — [Ipum. nepes.). OnHax bt
cJe0Bao Obl OCTAHOBUTbLCSl HA YPOBHE pPacCMaTPUMBaeMbiX CYIIMX B Kadye-
CTBe He CBOIMMBIX HM K uUeMy M3 CYILHOCTEH «aToMOB». Ec/M NpUHATH
3aKOHHOCTb 3TOTO MpPHOJHKEeHHST (MTOCKOJIbKY B OHTOJIOTMYECKOM OTHOLIE-
HUM HUYTO He MO3BOJISET YAOCTOBEPUTb CYIIeCTBOBaHHe «abCOMIOTHBIX aTo-
MOB»: HEyIaul COBpEeMEHHOH TeOPHH YacTHLl, Ha3bIBAeMbIX 3JleMEHTapHbIMH,
IIPEKPACHO 3TO MOATBEPXKAAIOT), TO MovyeMy Obl paBHbIM 00pa3oM He IpH-
3HaTb HEKOTOPYIO LEHHOCTb 32 00beKTaMH, NaHHBIMH (HeHOMEHOJIOTHYECKH,
3a KpeonaMu (00YCJIOBNEHHBIMH H CKOJIbKO-HUOYIb 3/1eMeHTapHbIMH) HUCXOA-
HO# MOp(OJIOrHH?

DTo apryMeHT, Ha KOTOpbIH ONMHpaeTrcsl APYrod OOBSCHUTEJbHBIH MOA-
xoll, cmpykmyprsiti nodxod. CTPYKTYpPHbIH NOIXON CTPEMHUTCS AeHCTBOBATDH
SKOHOMHO: B KayecTBe [JAaHHOH OH IPH3HAeT TOJIbKO 3MIIMPHYECKYI0 MOp-
(ostoruio (Ha creuHHIeCKOM YPOBHe OpraHH3alliH), B MPHHUMIE OTKA3bi-
BasiCb pacCMaTpHUBaTb HU3LIMe YPOBHM OpPraHU3alMH WJH BHelllHWe, «boJsee
(dhyHIamMeHTanbHble» MOP(MOJNOrHH, OT KOTOPbIX MorJyia Obl 3aBHCETb HaHHast
mopdoJorusi. B npuHuKne npupona CTpyKTypajbHOro o6bsCHEHHUS SIBJSIETCS
KaueCTBeHHOH, anre6panyeckoil. hopmanu3yolliel, XOTsl U3 3TOTO He Cledy-
€T, UTO PeqyKLHOHHUCTCKHH MOLXO0/ HellpeMeHHO $IBJISIeTCs] KOJTUUECTBEHHbIM.
@DakTHUeCKH B HCTOPHYECKOM OTHOILEHWH HYXIa B HCIIOJIb30BAaHHHU KOJH-
YeCTBEHHOH MOJieJIH, CHCTeMbl JH(depeHHalbHbIX YPaBHEH U, OCHOBAaHHBIX
Ha 3aKOHaX (DU3HMKH, BO MHOTOM M Bbi3BaHa IPHBJIEKATEJbHOCTbIO pelyK-
LIMOHUCTCKOro noaxona. becuucieHHbIM crielUanucTaM, KOTOpbie YIIPEKaT
CTPYKTYpPHbI€ METO[bl B TOM, YTO OHH SIBJISIIOTCS «OIIMCAHUSMMU», a He «00bsC-
HEHHSIMH», CJIeflyeT OTBETHTb BOMPOCOM (OTBET Ha KOTOPHIH, BooGlile roBOps,
BbI3bIBA€T y HHUX CHJIbHOE 3aTpydHeHHe): «SB/seTcss i 3aKOH TATOTEHHS
Hoiotona F = kmm’/r? onucanueMm Uau oGbsicHeHHeM?»

Ha naiwu B3rsiz, oTBet siced: «Popmyna HeoTona siBsisierca o6bsicHeHU-
eM, M0 CBOell MPUPOJie CTPYKTYPAJbHbIM, IOCKOJbKY OHA [ejlaeT BO3MOXKHBIM
ObICTPOE ONMUCAHHE IMITHPHUECKOH MOPQOJOrun ([IBHKEHHE HeGECHBbIX Tel,
CuJia TSXKeCTH Ha 3eMuie)». QUeBUIHO, B HTOM CJy4ae MOJeb SAB/IAETCS KOJH-
4eCTBEHHOH, UTO Kak pa3 H obecneynBaeT GeCKOHEUHOE YUCJIO MPeICKa3aHui
W noxtBepxkaeHUH. Ho 310 ynmauHblii caydail, 1 oH He momumaetcs o6obiile-
HHUIO NOCTATOYHO JIerKo. DTO He PeLYKUHOHHUCTCKOe OObSICHEHHE, TIOCKOJIbKY
¢opmysna HbloToHa cOBEpIIEHHO He 3aBHCHT OT TOHKOM CTPYKTYpbl MaTepuH
(MPOTOHOB, 3JIEKTPOHOB U T. I.), KOTOpPasi HaM, BIPOYEM, U3BECTHA.

Tenepb MOHATHO, Kya METHT CTPYKTYDHBbIH MOAXOM: €ro Lesblo siBJsET-
sl yNpoLleHHe 3MIIHPHYECKOTr0 ONTHCAHHS OCPEACTBOM BbiSIBJIEHUS €r0 CKPbI-
ThIX 3aKOHOMEepHOCTeH U CUMMeTpHH MocpeLCTBOM 001ero o6pasa aeicTBU,
TI03BOJISIIOLIETO YCMPAHUMb NPOU3BOALHOCMb ONTHCAHUS.
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2.4. CrpykrypHoe o0bsiCHeHUe: ero (puiocodus

B ToM, uTO HYXHO ObITb FOTOBBIM K HaJH4HIO HEKOTOPbIX 3aKOHOMED-
HOCTeH B 3MIMPHYECKOH MOP(OJIOTrHH, HeT HHYero yauBUTe bHOro. B camom
JieJie, eCTb OCHOBaHHS NoJaraTb, YTO peryJjupyiouee IeiicTBUe Kpeoaa ero
MopdoJsioriid He OymeT ctporo orpaHHueHo Hocurenem U kpeopa. [lozamu
obnactd U (B KOHyCe BJIMSIHHSI, aHAJOTHUYHOM CBETOBOMY KOHYCY TEOPHH
OTHOCHTENIbHOCTH) OOHApyXHUBaeTCsl 30Ha HEYCTOHYHBOCTH, B KOTOPOU BJIH-
siide Kpeona U ocTaeTcsi ollyTHMbIM. HacTo HEKOTOpbie Kpeolsl B 3TOH 30He
OynyT 3ampeTHbLIMH, a IJs APYTHX OHa SIBJISeTCS Kak pa3 OJarornpusiTHOM.
Hanpumep, B doHeTHKe (paHLy3CKOro f3blKa NocJje GhoHeMbl «p» He AOMyC-
KaeTcst poHeMa «K», ¥ €NMHCTBEHHBIMH COIVIACHBIMH, HOMYCTHMbIMH Mepen
IJIaCHOM, IBJISIIOTCS MJ1aBHble 3BYKH «l», «r» (B KpailHeM ciyuae, «S» U «t»
B CJIOBaX, 3aMMCTBOBAHHBIX H3 rpedeckoro si3bika). Takum obpasom, JIoKasb-
Hblil IeTEePMUHH3M BbIPaXKaeTcsl IOCPENCTBOM «IIePEeX0J0B», IOCPEeICTBOM 3a-
NPETHBIX OKPECTHOCTEH H IPeHMYyILeCTBeHHbIM (DOPMHUPOBAHHEM JIOKAJbHBIX
CKOMJIEHHH KPeoJoB.

B 3THX CKOMJIEHHSIX HETPYAHO YBHAETb «00yCJIOBJEHHbIE KPEO/bl», XOTS
B ofL1eM ciyyae 3TH MocJefHie TpeOyIoT Mopsiika Ha 60JIbIIOM PACCTOSTHUH,
XapaKTepHOro fJisl BbICIIET0 HepapXHuecKoro ypoBHs (cM. puc. 1).

z |

Hocwurean 30Ha BAMSHHUS

Puc. 1. Hocurenb 1 30Ha BIHSHHS Kpeona

Ho momuMo 3THX cBs3eil, MeXIy COCEIHHMH KPEOJaMH MOXKHO IMOCTa-
paThcs BbISIBUTD elne Gosee mHPOKHe 3akoHOMepHOCTH. C 3ToM Le/bio 6aso-
BbIH aJITOPHTM JOJIKEH MPeIbsIBUTb MaTeMaTHUECKHH 0GbeKT, MPeACTaBISIO-
WHH pas3jH4Hble THIHYHblE nogMHoXecTBa (F'). CBsi3biBasi € KaXIbiM Kpe-
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OZIOM MOp(OJIOTHH KOPMyca HEKOTOPbIi crielubUyeCKHi 3/1eMeHT, QUrypupy-
wiui B (F), U coxpaHss OTHOLIEeHHs] OJU30CTH, MOXKHO OIpeJe]HTh roMo-
MopdhH3M U3 M1060H MopdosorHK Kopryca B OLHO H3 OAMHOXKECTB, IPHHAL-
aexaiwux (F). Hanpumep, B JIMHIBUCTHKE, B CHHTAKCHCE MbITAIOTCS CBA3bI-
BaTb C KaX/[bIM CJOBOM TaKOi MOPOXKAAIOLIHIH 3/1eMeHT (POpMabHOH CHCTEMBI
(S), utobbl, ecau akcHoMbl (S) BeiGpaHbl Hal/leXKalMM 00pPa3oM, «CJI0Ba» H3
(S) B cBOoGOIHOM MOHOM[E, O6PA30BAHHOM MOPOKAAIOLIMMH 3JIEMEHTAMH U3
(S), 6bL1n 6bl 0Opasamu (pas, MpeacTaBAeHHbIX B Kophyce (rpaMMaTHYECKH
KOppeKTHbIX (pa3). B gpyrux caydasx (Kak B 3THOJIOTMH IpH (opMaJu-
3alMKM HEKOTOPbIX CHCTeM GpauyHbiX OTHOLUEHWH) CTAHAApTHLIH MaTeMaTHye-
CKHH 00beKT JoJKeH Obla1 Obl ObITh IpayoM, Ha KOTOPOM IeHCTBYeT onpese-
JleHHas rpynna cumMmetpuil. Torna BosHHKaeT npo6/ema onpejesieHHs TOro,
KaKoH THI MaTeMaTHuYecKoro obbeKTa C/efyeT BblOpaTh [Js TOro, 4TOObI
NOJMyuYHTb HaHOoJee sIBHO BblpaxeHHble Mogend. Jlo HacTtosiuiero BpeMeHH
TYMaHHTAapHble HAyKH B WX MONbITKAax CTPYKTYpHOro MOAXOAA AeHCTBOBAJIH
BeCbMa 3MIMUPHYECKH, H, B CYLIHOCTH, OblJla HY>K/12 TOJNBKO B OU€Hb rpyObIX
06beKTax BpoJe TPYMIbl Zy IBOWYHOTO MPOTHBOMOCTABJIEHUS, TPEYTrOJbHH-
Ka, BO3HMKAIOLIErO MPH HeHTpaJiW3alud 3TOr0 MPOTHBOMNOCTaBJeHHs (Kak
B TEODHH MPOUCXOXKAEHHs IIacHbX HkobcoHa), kBazpaTa (CeMHOTHYECKOro
kBajpara ['pefimaca) u opMasibHBIX 3bIKOB TEOPETHYECKON JIMHIBUCTHKH.
B craTbe [SB|"™! g o6cynus pasmuuHble FMIIOTe3bl, MO3BOJISIOLINE CBSI-
3aTh C €CTeCTBEHHbIM MPOLECCOM HEKOTOPbIH MaTeMaTH4eCKHH oObeKT, KO-
TOPbIA Obl CJY2KHJ MOfe/blo 3Toro npouecca. Mojenb TeopuH KaTacTpod
MIPUITHCHIBAeT 3aKOHOMEPHOCTU (heHOMEHOB THIOTe3e «0000IIEHHOCTH», «00-
Iied MO3ULKHU». ¥ Hee eCTb MPEHUMYILECTBO, — MO KpaiiHeil Mepe B rHMOTE3e
rpajMeHTHOH JHHAaMHKH, — B HENOCPEACTBEHHOM 3alaHHHW NoJjyanredpau-
4YeCcKo# MoJeJli MHOXeCTBa KaTacTpodbl MOpGoreHeTHYeCKOro noJss. Takum
obpa3oM, MaTeMaTHYeCKHH 0GbeKT, H3GHpaeMbii B KayeCTBe MOJeNH, 3a/a-
eTcs TeopHeit. Bosee Toro, ompeneneHHas KOMOMHATOpPHKA 3JeMEHTApHbIX
MOp(OreHeTHYECKHX I0Jiell MOXKeT MPOSBUTbCS TaK 2Ke JHLIb NPH YCJO-
BHH ydeTa 0COOeHHOCTeH OOJbIIOH KOpa3MEepHOCTH, H HMEHHO 3TO MO03BO-
JISieT ONpefe/uTb 0OYCJOBJEHHble Kpeobl JOCTaTOYHO 60Jblioro o6bvema. C
3TOH TOUKHM 3peHHs MOZeJb TEOpUM KaTacTpod OCHOBaHa Ha ¢u0codHH,
JOCTAaTOYHO CHJIbHO OTJIMYalOLEeHCcs oT (pUNoCcoHH, BAOXHOBUBILEH HCIOJb-
30BaHHe (DOpMaJIbHbIX SI3bIKOB B JIMHIBUCTHKe. B JIMHIBHCTHKe peub HieT
006 aKCHOMaTH4eCKOM CO3[JaHUH MOP(OJIOTHH, T.€. O NpenbsIBIEHUH KJjacca
aBTOMAaToB, (PYHKIIHOHUPOBAHHE KOTOPbIX MOPOXKIAAET AAHHYIO MOP(HOJOTHIO.
CuenoBaTenbHO, o6ast MOZie/Ib TAKOTO THIA HesIBHO COOTBETCTBYET FHIIOTE3e
O TJIYNOCTH NpHpofbl. Bo3MoXHO, 3Ta rHnoTe3a He CJAMLIKOM JaJjieka OT aeki-
CTBHUTEJIbHOCTH, KOTAA [€JI0 KacaeTcsl HeXWBOH npuponbl. Benb KonnuecTBeH-
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Hble (PM3MYECKHEe 3aKOHBl KJACCHUYeCKOH (DM3MKM BbIpaXKalOT, HECOMHEHHO,
MOHOTOHHO€ TOBTOpeHHe HeBOoJbLIOro YKcsa CayuaeB, KaueCTBEHHO Bceria
ONHMX W TeX XKe W BCerja INOoATBepXKAAIIHX YCTOHYMBOCTb NIPOCTPAHCTBA-
BpeMeHH. B 6uosiornu cutyauns BEIIVISAHT 3aMETHO HHAue, MOCKOJbKY HeKo-
Topbie (peHOMeHb! BPOJe Pa3BUTHUS 3apojblllia CBUETEJbCTBYIOT O CYyLLeCTBO-
BaHUM [OCTATOYHO LIMPOKOMACLITAGHOH IJIOCKOCTH, cofepxallledl 6oJibilioe
4YMCJIO YCTOHUHMBBIX H30/IHPOBAaHHbIX (PeHOMeHOB. Mex 1y TeM NpU H3y4yeHHH
6HoJIOTHYECKHX (PEeHOMEHOB, KOTOpble (hDYHKLIHOHANbHO H30JHPOBAHbI, MOXKHO
BUJIETb TIOBTOPHOE MOSIBJleHHe, — [0 KpaliHeHd Mepe YaCTHYHOe, — HEeKOTO-
poro aBTomatusma. TakoBbl aBTOMaTH3Mbl CHHTAKCHCA B JIMHTBHCTHKE HJIH
FeHeTHYeCKOro KoJja Ha ypoBHe CHHTe3a MPOTEeHHOB.

Mopenb katacTpod 3aUMCTBYeT U3 PefyKLHMOHUCTCKOTO H KOJHYECTBEH-
HOro MoJX0na MAEI0, COMNIaCHO KOTOPOH JIOKaJbHble COCTOSIHHSI CHCTeMbl MO-
ryT ObITb IapaMeTpU30BaHbl MOCPEACTBOM ToueK nuddepeHLHpyeMOro MHO-
roo6pasusi — Kak B KJaCCHYeCKOH AMHaMHKe, — a ee 3BOJIIOLMSA B oOLleM
caydae 3ajaeTcs MOCPEACTBOM BEKTODHOrO IOJIS Ha 3TOM MHOrooGpa3uH.
Ho 3pmech ofpauiaer Ha ceOsi BHHMaHHe TMIIOTe3a: Mbl CHOBAa JOMYyCKaeM,
4yTo cybcTpaT BCsiKOH Mopgosornd — Gyab OHAa fAae MO CBoed MPHpOAe
npefesbHO abCTPAaKTHOH — 3aroJiHeH BHyTpeHHe HeAHddepeHLHMPOBAHHBIM
¢JarouoM, HaBpofie 3¢dupa B MakcBessIoBCKOH (usuke. [mobanbHbl# mpo-
11eCC OMHCHIBAETCS HENPEPbIBHLIM [10JIeM C TAaKHMH JIOKQJbHbIMH IHHAMHKaA-
MH (KaK B CTapoil TEOpHH I0Jsi, UMEeBLIHX [1eJO C MOJNSMH OCLHJJISTOPOB
B IIPOCTPAHCTBe-BPeMeHH). DTH JIOKaJbHble [TUHAMHKH HaXOAsITCS B COCTOSI-
HHMH aCHMIITOTHYeCKOr0 PaBHOBECHS B KaXKJOH peryssipHOH Touke mpoiecca,
B KOTOPBIX OHU OINpefeJISIOT «JOKaJbHbIH peXuM». B 3Toli Momenn Bcskas
Mopdosiorusi BO3HHKaeT B pe3ysbTaTe CTOJKHOBEHHS JIOKAJbHbIX DellleHHH.
Hrtak, 3Ta Mozenb MO3BOJISIeT CBSI3aTh CTPYKTYPHYIO YCTOHUHBOCTb MOpgo-
JIOTHH CO CTPYKTYPHOH YCTOHYMBOCTbIO AHHAMHUYeCKOM cucTeMbl. IToHsiTHe
IUHAMHYECKOH CHCTeMbl CTaJsO NpeJIMeTOM HOBOH MaTeMaTHYeCKOH TEeOpDHH,
KOTOpasi, HeCMOTPSI Ha TPYJAHOCTb ee pa3paboTKH, AOOHIACh 3aMeTHOro ycre-
xa. [lpexne yem mepeidTH K OMUCAHHIO COGCTBEHHO MOJeNH KatacTpod, Ha-
TIOMHHM OCHOBHble HJileH 3TOH TEOpHH.

2.5. JIluHaMHUYecKHe CHUCTEMBI. ACHMIITOTHYECKHE
COCTOSIHUSA. ATTPAKTOPBI

Onpenenenue 1. Junamuueckas cucmema.
JlHHamuyeckasi CHCTeEMa COCTOMT M3 CJIefyIOLIMX BeJU4HH, o6o3Hayae-
mbix (M, X):
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a) nuddeperunpyemoro MHoroobpasust M™ (ha3oBoe MPOCTPAHCTBO);
b) mudpdepenurpyemoro neiictBus rpynnsl R («BpemeHu») B M™.

Ecnu g;: M — M — npeo6pasoBaHue, CBfi3aHHOe CO BpeMeHeM {,
To npoussonHas d/dt (gi(x)) He 3aBMCMT OT ¢ M 3aBHCHT TosbKO OT P2,
Tem cambiM onpefensieTcst BeKTopHoe nose X Han M.

Hao6opoT, uHTerpupys BekTopHoe nose X W3 M, noJjydyaem pOCTOK
nedicteus rpynnsl R B M. Ecnn M — koMnakT, To MHTerpupoBaHHe obec-
ne4yuBaet riobanbHoe AedcTBHe rpymnbl R.

MuoxecTBo Touek gi(m), MOJYyUeHHbIX MpeoOpasoBaHHEM TOYKH m,
110 ONpeesIeHUIO BJseTCA 0pOuUmMOL 3TOH TOYKH:!

g(mo) = fi(mo).

Onpepenenne 2. [lyctb g ecTb op6uTa nUHaAMH4YecKoit cucTeMbl (M, X).
Touka m W3 M Ha3biBaeTCsl w-NpefesbHOH TOYKOH OpOUTHL g, ecau IJs
Bcex € > 0 u ty > 0 cyulecTByeT Takod MoMeHT BpeMeHu T > tg, uTo
To4yka fr(mp) HAXOMWTCS OT TOYKH ™ Ha DacCTOSIHUM, MeHbllleM 4eM €.
MHOXeCTBO w-TNpeie/ibHbIX ToYeK OpOUTHl ¢, ofo3HadaeMoe Kak (g), ecTb
3aMKHYTOe HHBapHaHTHOe MHOXeCTBO OpOHTHI™P3.

Omnpepenenne 3. [1Be opOUTHl g, g’ HA3bIBAIOTCS ACUMNMOMUYECKUMU,
€CJIH OHHM HMEIOT OfIHO M TO Xe w-TpeJieJibHOe MHOXEeCTBO.

IlBe ToukH p, p HA3bIBAIOTCS ACHMITOTHUECKH SKBHBANEHTHBIMH, €CJIH
UX OpPGHUTHI SIBJSIIOTCS ACUMNTOTHUYECKHMH. TeM caMbIM ONpefesisieTcsl OTHO-
lIeHHe KBHBAJIEHTHOCTH MeXy ToukaMH MHOXecTBa M. [locTaTouHo yacto
3TO OTHOLLEHHe 3KBHBAJEHTHOCTH OTKPbLITO «[IOYTH BCIOAY»: KaXKAOMY aCHM-
NTOTHYECKOMY COCTOSIHHIO (3aMKHYTOMY MHOXECTBY [IPEJIeJIOB) COOTBETCTBY-
eT [Jsi MHOXeCTBa OpOMT, CTpeMsimXcst K F', OTKpbITOe MHOXKeCTBO B M,
KoTopoe HasbiBaeTcsl baccelnom coctosiHus F'. Ecnn Touka p us M npunan-
JIeXKHT 6acceiHy, TO MOXXHO FOBOPUTD, YTO Mbl HAXOAMMCS B CHTYallUH MpaK-
THYECKOTO IeTePMHHU3Ma, IOCKOJIbKY KOHEUHOEe COCTOsIHHe Ipoliecca (cocTo-
siide F') He W3MeHsieTCs NPH HeOOJMBILOM BO3MYLIEHHH HAYa/lbHbIX YC/JIOBUH.
B nmpyrux cayuasix 9TH KJacChl 3KBUBAJIEHTHOCTH He OTKDBITHl U Oecropsi-
[OYHO MepeMelllaHbl APYT C APYTOM; TOTAA HAJHLO CHTyauusl MPAKTHUECKOTO
MHAETepMHHH3Ma. DTO O3HAuaeT, YTO CMeCb JeTePMHHHU3Ma W HHIETepMH-
HM3Ma, yrnomsiHyTasi B § 2.1, okasbiBaeTcsi ¢ caMOro Hauajia peaJu30BaHHOM
C MOMOLbIO MOLEJH KJACCHUECKOH AMHAMMKH, KOIla OHa UHTEpPIpeTHpyeTCs
aCUMIITOTHUYECKH.

Onpenenenne 4. Atrpaktopom nosisi X B M Ha3biBaeTCsl MOAMHOXKe-
ctBo A MHOXecTBa M, ynoB/eTBOpsiIOllee CledyOIHM YCJIOBUSIM.



38 T'JIABA 2

(i) Moutu n06asi op6uta B A siB/AsIeTCS MIOTHO#M B A.

(ii) CyiecTByeT Takas (yHmameHTaslbHas CHCTeMa OKpecTHocTel U
nogMHoxectBa A B M, uto a) jobasi op6uTa MPOU3BOJIbHON TOYKH u € Uj
MMeeT w-Npene/bHOE MHOXECTBO, coiepxaiieecss B A; b) ecau a — 3To
Touka M3 U; Takas, 4To ee q-mpelesbHOe MHOXECTBO (Mpejes MpH t = —o0)
nepecekaeT A, To @ — 3T0 Touka u3 A.

[Tpumepeo.

1) Toueunsiii ammpaxmop.

B 3TOM ciiyuae MHOXeCTBO A CBOZMTCS K eIHHCTBEHHOH Touke a. Ec-
71 0603HauKuTh yepe3 j1(X)(a) MaTpULy NHHEHHBIX 4/eHOB pasoXeHust X
B psin Teiisiopa B Touke a, TO MPH YCJIOBHH, YTO BeileCTBEHHbIE YaCTH BCeX
COOCTBEHHBIX 3HAYEHHH 3TOH MaTpHLbl OTPHLATE/bHBI, TOJNyYaeTcss 06biu-
Hoti ammpaxmop. Takoél TodyeuHbl#t aTTpakTop OyneT HasblBaTbhCsl «0606-
IeHHbIM». B caMoM neJe, mosie BOKDYT a SIBJISIETCSl JIOKAJbHO CTPYKTYp-
HO-YCTOHYMBBIM: JJIst JiroGoro moJst X', goctatouno 6auskoro K X, B TOMNO-
norun C! cymiecTBylOT OKpectHocTH V; attpaktopa @’ B X' W OKpecTHo-
ctu U; arTpakTtopa a ¢ romeomopdusmom h: U; — V; takum, uto h(a) = d/,
u Jiobasi op6uta B X mepexogut B opGuTy B X'

2) Samknymas mpaexmopus.

[lycts () — omHa M3 TakWX OpGHT, roMeoMopdHas okpyxHocTH St
[lycts ¢ — Touka ¢, H — pOCTOK T'HIEPNOBEPXHOCTH, TPaHCBepCasbHOM
kK (c) B g. Opbura, HaunHalowWascs B Touke m U3 H, BlepBble CHOBa me-
peceuer H B Touke m’'. IIpeo6pa3zoBanre (HasbiBawleecs: npeobpasoBaHu-
em [lyaukape - @inoke) h: m — m/, sBasietcs: poctkoM Auddepomopdrsma
¢ HemomBHKHOH Touko# ¢. Eciv cobGcTBeHHble 3HaueHuss MaTpHlbl HKoOH
j1(h)(q) mo Momymo OKa3biBAIOTCS MeHblle eIMHHLBI, TO 3aMKHYyTas Tpa-
eKTOpHs fBJsieTCs] 0006IEHHbIM aTTpakTopoM. B camom mese, mis Jio60ro
noasi X', mocratouyno 6auskoro K X B Tomosorud C1, naiigercs 3aMKHYyTast
TpaekTopHst (¢’) ¥ Takoil romMeoMopdH3M g, NepeBOASILIMH OKPECTHOCTb Tpa-
ekTopuH (c) B OKpeCTHOCTb TpaekTopuHd (c’), uTo o6pa3 op6uthl U3 X mom
OeHCTBHEM g siBasieTcsl opGHTOil B X',

DT ABa IpHMepa OYeHb MPOCTHl B TOM, YTO KACAETCsl TOMOJIOTHH ar-
TpakTopoB. ECcTh M Apyrue npumepsl, 3Ha4uTeNbHO Gosiee cioxHble. Onuca-
HHe H KJIaCCH(UKAUHSI aTTPAKTOPOB, CTPYKTYPHO-YCTOHUHBLIX JIOKaJbHO —
B HECKOJIbKO MeHee CTPOrOM CMbIC/I€, KOTOpbIH OyIeT yTOYHEH HuXKe, —
3TO, HECOMHEHHO, OfHA M3 IJaBHeHIIHMX 3373y CerofHsilliHEed KauyecTBeH-
HOH AHHAaMHKH. B 3TOM OTHOLIEHHWH MOXHO CHesaTb cjaefyioiliHe Hab.io-
LEeHHS.
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Onpeneaenne 5.

Dynkyus Janynosa. Mycte (M, X) — nuHamudeckasi cuctema. PyHk-
uust JIamyHoBa, ompenesieHHasi Ha OTKPbITOM MHOXectBe U u3 M, ecTb
BelllecTBeHHast Pyukuus F: U — R, Bospacramomasi Ha Kaxjaoh opOuTe
3 X (B oco6oii Touke, B KoTopoit X = 0, 0OBIYHO HaKJaAblBAe€TCH YCJO-
Bue dF = 0). ®yukuus JlsnyHosa moxet 6bth rmobanbHoil (U = M) uau
sokanbHol (U ecTb cO6CTBEHHOE OTKPHITOE MOAMHOXKeCTBO W3 M). B atom
caydae mpennonaraetcs, uto GpyHkuus F coberennas: F~1(K) ecTb KOM-
nakt, ecau K aBasercss Kommaktom™.

Jlio6oit artpaktop A nuHamuueckoi cuctembl (M, X) momyckaer Jo-
KajbHy1o (yHkuuio JisnyHosa (Cwmeiin, ¥Yacau, ¥Yuacon). Ilpennonaraercs,
41O 3Ta PYHKLMs paBHA Hy/I0 B A U oTpuLiaTesbHa BHe A. IIpu aTHX yc/10BH-
X noJse X TpaHCBepCajJbHO MHOrooOpasuio ypoBHsl F' = ¢, € < 0, 1 BXOOHUT
B 3T0 MHoroo6pasue. CrenoBaresibHo, no6oe nose X', focTatouHo Gin3Koe
kK X B Tomosnorun C', BXOAMT B TO Xe caMoe MHoroo6pasue. 3HauHT, aT-
TPaKTOp A He MOXET HCYe3HYTb MOA BO3AEHCTBHEM BO3MYLIEHHS, MaJsoro
oTHocuTeabHo C!. Takoe BO3MylleHHe He MOXeT 3aCTaBUTb €ro BHIPBATHCS
HapyXy, MOCKOJIbKY OH OCTaeTCsl 3aKJ/I0YeHHbIM B MHoroo6pasuu F = ¢. 3a-
TO C HHM B NPUHLMIE MOXeT CJAYYUTbCSI «B3DbiB, HANpaBJeHHbIH BHYTpPb»,
3aCTaBJISIOILMHA ero BbIPOXKIAThCsl B OOMH MJIM MHOTO aTTPaKTOpOB, pa3Mep-
HOCTb KOTOPHIX B 06llleM cayyae MeHblie pasmepHoctH A. Ho, nokpeiBas
Bcio okpectHocTs C st X, ciienyeT oXMAath, 4TO 3TOT KAacCKaj BHYTPEH-
HHX B3PBbIBOB MPEKPATUTCS U, CJIe[JOBATENbHO, UTO MOYTH Ha J1I06OM paccMaT-
pHBaeMoM [0Jle pacCMaTPHBAeMOl OKPECTHOCTH aTTPAaKTOP MJIH aTTPaKTOpPhI
6oJibllle He OYLYT U3MEHSTb CBOIO TOMOJIOTHIO.

Onpepenenne 6. Artpaktop A noasi X Ha3biBaeTCsi TOMOJIOTHYE-
CKH YCTOHUYHBBHIM, ecju Jioboe mose X', 6u3koe K X OTHOCHTEJbHO ct,
nonyckaer atTtpaktop A’, koropbld mnosyudaetcss M3 A mnocpeacTBoM &-
romeomopduama h HekoTtopo#l okpecTHocTH. (Ho h He obsizaTesibHO nepe-
BOAUT op6UTYy W3 X B opbuty u3 X'.)

Takum o6pa3om, Kak GblJIO OKA3aHO Bblllie, 0600IIEHHbIH TOYEUHbIH aT-
TPaKTOp U 00006ILeHHAs 3aMKHYTasl TPAeKTOPHSI TOMOJOrHYeCKH YCTOHUHBHI.
M3 atoro cienyer To e caMoe W OTHOCHTEJbHO THIEPOOHYECKHX aTTpakK-
TOpOB, OMUCaHHbIX P. Yunbsmcom.

ITU onpelesieHHst CyXKaT OCHOBaHHEM AJIsI

CnekmpaibHol eunomesst.

[Tyets D(M) — 3To NMPOCTPaHCTBO BEKTOPHBIX MoJied Han M, cHaGxkeH-
Hoe TomoJiorHeit C”, r > 1. CyllecTByeT Takoe BCIOLY IJIOTHOE OTKpPHITOE
mHoxecTBo U B D(M), uto pas moboro nons X us U:
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(¢) X nomyckaeT KoHeuHOoe (MJIM CHYETHOE) YHCJIO aTTPakTOpPoB A,
1 obvenrHenne B(A;) ux GacceiiHoB BCiony MJOTHO B M.

(41) Kaxnpiii 3 aTTpakTOpoB A; JIOKAJbHO TOIOJOrHYECKH YCTOHUHB.

Kourprnpumep, kotopeim Mbl 06s13aubl Llengony Heloxaycy, nokaseiBaer,
4TO B (i) C/IeLyeT OrPAHUYHBATHCS TOJbKO KOHEUHbIM YMCJIOM aTTPaKTOPOB.
Ecau nmeetcss 6eCKOHEUHO MHOTO aTTPAKTOPOB, HEKOTOpPble U3 3THX aTTpaK-
TOPOB UMeIOT Haccelitbl, 06beM KOTOPLIX CTPEMHUTCS K HYJIO, H caMoe cJ1aboe
BO3MYLIEHHe CIOCOGHO MPUBECTH K UX UCYE3HOBEHHUI0. B HekoTOpom cMmblcie
5TH aTTPAKTOPbI C OYeHb MajleHbKUMH GacceiiHaMu He 00/1aal0T «TepMOAH-
HaMHUYECKHM» CYLIeCTBOBaHHEM.

OueBHHO, UTO HENABHSST HCTOPUS TEOPUH CTPYKTYPHOH YCTOMYUBOCTH,
o6Hapy K UBLiast MOCTOSIHHO BO3PACTAIOLIYIO MATOJIOTHIO, TOGYXKAAeT HAC pac-
CMaTpHBaTh CPOPMHUPOBAHHYIO BhILIE FHIIOTE3Y TOJbKO KpaHe 0CTOPOKHO.

B stom oTHowenun HenaBuuit pesyibrar M. Illy6a u K. 3umana noka-
3blBaeT, YTO HeKkoTOpble NMosst B D(M), KoTopbie yI0BJIETBOPSIIOT 3TOMY CBOIi-
CTBY (C KOHEUHBIM YKCJOM aTTPAKTOPOB, CBOASILIMXCS K 3aMKHYTBIM Tpaek-
TopUsIM U obnafarolux rnodanbHoil Gyukuuel Jlanynosa Ha M), obpasy-
10T C®-noTHOE MHOXeCTBO (M TOTA UX aTTPaKTOPbl CTPYKTYPHO-YCTOMYHBbI
B Tornosiorun C'). Kak mue rosopus K.3uman, B Tonosoruu CO «xopowue»
CHCTEeMbl SIBJSIIOTCS MJIOTHBIMH, HO HEYCTOHUMBBIMH, a B TonoJorkk C onu
SIBJISIIOTCS] YCTOHYHMBBIMH, HO HEIJIOTHBIMH.

CuriefoBaTenbHO, CYLIECTBYET JleXailasi B OCHOBaHUH MOJIeJIH KaTacTpod
ulesi, COrJIaCHO KOTOPO# CHCTeMa MOXKeT OKa3blBaTh perynupyioniee Bo3jeH-
CTBHE Ha CBOW COGCTBeHHbie Bo3MylueHus. CaelyeT Jiu paccMaTpUBaTh 3TO
KaK OIHO W3 MepPBbIX MPOSIBIEHUH CKPLITOrO «BHUTaJU3Ma»?

Onpenenenve 7. Ecniu enuMHCTBeHHBIH aTTpakTop, MpeACTaBJEHHbIH
B X, — 3T0 caMo MHoroo6pasue M, To roBopsiT, yTo X $BJSIETCH 3Ipeo-
Ouueckum B M.

2.6. Cnyuyail raMMJIbTOHOBBIX CHCTEM

[amusbTOHOBA CHCTEMa onpesesseTcs CUMIIEKTHYECKUM MHOr0o0pasu-
em M?", T.e. MHOroO6pa3ueM YeTHOH Pa3MePHOCTH, CHaBXeHHbIM 3aMKHY Tk
2-opmoit makcHMasibHOTO paHra (Kak a = Y dp; A dg;) ¢ neHCcTBUTEbHOM
dbyukuueit H: M?" — R, eamuromonuarom. C raMUIbTOHHAHOM CBSI3bIBa-
eTCsl ero «CUMIIVIeKTHYeCKHH rpagueHT» X 1o gopmyJe:

i(X) - a = dH(dopmyna TamunbTona - Ako6u)™>.
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Torpa nose X Ha3biBAe€TCS 2AMUALMOHOBbIM. VI3BECTHO, UTO OHO M0-
nyckaeT H B kauecTBe MepBOro MHTErpasna M oCTaBJisieT HHBaDHAHTHOH (yH-
JaMeHTalbHyl0 GopMy (KaK H ee «-HaJUATylO» BHELIHIOW CTeneHb, Mepy
Juysuaas). I3 3100 CllefyeT, YTO Ha THNEPNIOBEPXHOCTH NOCTOSIHHOM Hep-
run H = const mojsie X He vMeeT aTTPakTOpoB. B BaXKHOCTH raMHJIbTOHOBBIX
JHHAMHK B MeXaHHKe ¥ (H3HKE eCTb YTO-TO MHUCTHUECKH MapapoKcalibHoe.
B camoMm fenie, raMuJIbTOHOBA AHHAMKHKA JOMYyCKaeT 0OPaTHMOCTb MO Bpeme-
uu (3aMeHy t Ha —t). OgHAKO COMHHTENbHO, YTO Kakasi-nu6o (heHOMeHOJIo-
rusi Morjia 6bl BOBHHKHYTb 6€3 HEKOTOpoH Heo6paTHMOCTH BpeMeHH. UTo6bl
NPOU30LLLIO HEKOTOpPOe coBbITHE (KaKOoH-/1M60 NPUPOABI), HEOGXOAUMO, YTOGHI
KOHEUHOEe COCTOsIHHE 067121210 Gbl HEKOTOPbIM TEPMOIHHAMHYECKHM MPEUMY-
[LIECTBOM Mepel HauajibHbIM COCTOSIHHEM, a TO KaK pa3 HCKJ/IOYaeT Takyio
JNHUHAMHKY, B KOTOPOH CTpeJsia BpeMeHHU Morsa Gbl H3MEHHTb CBOE HamnpabJie-
HHMEe Ha MPOTHBOMOJIOXKHOE.

Bor moueMy corsacoBaHHe TakOi YHCTO TaMHJBTOHOBOH TEOPHH, Kak
KBaHTOBasi MEXAHHKa, C (heHOMeHosoTHed TpebyeT noctynata «ad hoc» («as
nauHoro cayvasi» (nat.). — [lpum. nepes.), meopuu usmeperus, nocTyJara,
KOTOPbI#l OTBOAHT IKCIEPUMEHTATOPY POJib, HE OMpeNesieHHYIO AaXe 10 OT-
HOLLIEHHIO K TUHAMHKE TEOPHH.

TeM He MeHee B TaMHJIbTOHOBBIX CHCTEMAax CYIIECTBYIOT HEKOTOpbIE
MHBapHaHTHbIE 3aMKHYTbleé MHOXeCTBa, KOTOpble 06/1afaioT CTPYKTYPHOH
YCTOMYMBOCTBIO 110 OTHOILIEHHIO K FaMH/IbTOHOBBIM BO3MYLLUEHHSM U KOTOpbIE
MOXKHO paccMaTpHBaTh Kak «Heonpefe/ieHHble aTTpaKTopbi». MiMeHHO TakoBa,
HamnpuMep, 3aMKHyTasl «LeHTpa/ibHasi» TpaekTtopus (uM3yuenHas Kosmoropo-
BbiM, MosepoM 1 apyrumu). B sToM ciyuae muddeomoptusm Ilyankape —
Dnoke sBISeTCS CHMILIEKTHYECKHM nHbpdeomopdusmom. M3 atoro caeny-
eT, UTo ero co6CTBeHHble 3HAYeHHs pacrpelensiorcs 160 B BHAE YeTBEPOK
(«kBapTeToB» BUIa A, A\, A1, A™1), 1u6o B BuAe nBoek (ay>1oB) ((u, i), rae
|u| = 1), ¥ ot onHOH KOHDHUIYpalUHH K IPYroil MOXKHO MEPEHTH TOJNBLKO MO-
CpeICTBOM CTOJIKHOBEHHS Iap KOpHell Ha efHHUYHOH OKPYKHOCTH. B Haliem
ciayuae nuddeomopduam I[lyankape siBsisieTcs «eHTpasibHBIM», KACATENbHBIM
K BpailleHHI0. M3 3TOro MoOXKHO BHIBECTH CYLECTBOBAHHE MHOXKECTBA HEHY-
JIEBOH Mepbl, COCTOSILLIEr0 U3 TPAaeKTOPHH, 3aKPyUHBAIOLUIMXCS CIIHPAJIbIO BO-
KPYT AaHHOH 3aMKHYTOH TPAaeKTOPHH, HO He yHaJfIOIIHXCH OT Hee. Bece sTu
TPaeKTOPHH SIBHO OMPENEJSIIOT «TO XKe» TEPMOJAMHAMHUYECKOE COCTOSIHHE, UTO
¥ HayajibHasi 3aMKHYTasl TPAEKTOPHs, W /oOa/NbHAsi CUCTEMA He SIBJSeTCH
IProgHuecKod.

ITpumep. F'apmoruueckuli ocyurramop.
Ecin M?" =C", H = 3" p? + ¢2, 2; = q; + ip;, TO THNePNOBEPXHOCTH
H = const siBansiioTcs cpepamu pasmepHoctd 2n — 1. Bee TpaekTopuu siBasi-
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JOTCSI OKPYXKHOCTSIMH, KOTOpbIe onpeaessiioT B S2"~1 paccaroenue Xonga ua
KOMIIJIEKCHOM MPOEKTHBHOM IPOCTPAHCTBE CP™=1) Ouesunno, 3aech peub
HIeT O CHTyalluH, cOBceM He obJasaiolieil 06061ieHHOCThI0. TeM He MeHee,
Kak 6bl10 Moka3aHo B paGotax ApHOJIbA, EPBbIii HHTErpas raMHJbTOHOBOH
cHucTeMbl 06J1afiaeT onpeesieHHOH CTPYKTYPHOR YCTOHYMBOCTbIO, MMeOLIeH
ctaTHcTHUecKyo ¢opMy. MiIMeHHO 3TO 0OBsICHSIET TO, UTO TaKHe MHBApHaH-
Thl, KAK KHHETHUECKHE MOMEHTBI, HMEIOT HEKOTOPbIH CMBIC/, HECMOTPSI Ha TOT
¢dakT, UTO NOPOXKAAIOIME HX CHMMETPHH SBJASIOTCS NPHONH3UTEIbHBIMH . . .
B nocsenytonem usnoxeHHd Mbl 6ygeT obpaliatbhCcsl K FaMHJbTOHOBBIM M-
HaMHKaM JIHIIb B HCKJIOYHTEJIbHbIX CyYasiX BBUAY HX HECOBMECTHMMOCTH
¢ HeoOpaTUMOCTbIO (hEHOMEHOB.

2.7. Mogean

[lycts D = B x T' — 6a3oBast 06;1aCcTb, IZie MPOUCXOANUT paccMaTpuBae-
MbIH Mopdosiordueckuit npouecc. bynem cunrtaTh, UTO B KaXkao# TOuke u K3
D MHOX€eCTBO JIOKaJbHbIX COCTOSIHHH Mpouecca MoXeT GbiThb NMapaMeTpH30-
BaHO TOUYKaMH KOMIakTHOro nuddepeHLHpyeMoro MHoroobpasust M, ogHoro
¥ TOro e sl 060l Toukd U3 D: MHO2000pa3us 8HYmMpeHHUx CcoCcmos-
nuti. TakuM 06pa3oM, Mbl MPUXOAMM K MapaMeTpPH3alUMH BCEro MHOXECTBa
JIOKaJIbHbIX TOYEK Tpolecca TouKaMHu npoussefieHust £ = D x M, TpuBHaib-
HO paccJjioeHHoro Hax D co cioem paccnoenus M, p: E — D.

Onpenenenue 8. Memabosuueckum norem Han D HasbiBaeTcsl Bek-
TopHOe noJjie X, onpenesieHHoe Hax F, KacaTeslbHOe K CJIOSIM COOTBETCTBYIO-
wero paccijoeHust p. Merabonnueckoe rnoJjie MoXKeT ObITh ONMpeneNeHO TAKUM
o6pa3oM: Kaxaol Touke u € D conocrasiasietcs noje X (u) Ha caoe M. Cie-
NOBaTeJIbHO, HMeeTcst oTobpaxkeHnne G W3 6as3bl D Ha npoctpahcTtBo D(M)
BekTopHbIX nosieil Hax M. [Mose X (u) onpemensieTcst cucteMoil auddepen-
LHaMbHBIX ypaBHeHui dm/dv = X (m;u).

B aToii dopmyne cuutaercs, uto u3MeHeHHss X KaK (YHKUHH u MpO-
HCXOMAT MEMJIEHHO ¢ TOYKH 3peHHst Monyast nojist X . [lapameTp v pmosmxken
paccMaTpHUBATLCS KaK «10KAAbHOE 8pemA», B IPUHLHIE OTJAHYHOE OT HabJ1io-
[laeMOT0 MaKpPOCKOITMUYECKOTro BpeMeHH, KOTopoe napameTpuayet ocb 1. Mtak,
Mbl BBIPa3HJH TOT (PAKT — Ha MPaKTHKe AOCTATOYHO OOLIMH, — UTO JIOKaJb-
Hble BOJIIOLMH SIBJASIIOTCS HAMHOro 6oJsiee ObICTPLIMH, YeM rio6GasibHasi 3BO-
JIIOLMST MOPGOJIOTHH, YAEPXKHBaIOLasd JHIb KPyHOMacliTabHbie COGbITHS.

Onpenenenune 9. Jlokasbroe cocmosnue npoyecca.
OHo onpepnesnsieTcsi ceueHHeM s paccioeHust p: E — D, koTtopoe cBsi-
3bIBAa€T C KaXKOAOH TOUKOH u € D NpeAcTaBHTeNst JIOKAJbHOTO COCTOSIHHS



2.8. BUDYPKALIVSI 43

B u B cnoe M(u) = p~1(u). [Ipeanonaraetcsi, 4To 3T0 ceyeHHe ONMPeeNEHO
¥ nubdeperunpyemo B D, 3a uckJ/0UeHHeM HekoToporo MHoxectsa K C D,
MHOKECTBa KaTacTpOdbl.

Takoe npenctaBiieHue sIBJSIETCS NETEPMHHHCTCKHM (332 HCKIIIOUYEHHEM,
MoxeT 6biTb, K). Mbl nonydum GoJiee peasCTHYeCKoe MpelcTaB/eHHe, —
TEPMOIMHAMHYECKOrO XapaKTepa, — 3aMeHsisl cedeHHe s(u) ero aCHMIITOTH-
YECKHUM COCTOSIHHEM B AHHamuke cjaoeB. Toria, NMpUHHMasi CleKTpPaJ/bHYIO
TUMoTe3dy, a TakXke To, 4To noje G(u) OTHOCHTCS K OOOOLIEHHOMY THIY,
MBI YBHJIMM, YTO MpefiesibHOe MHOXKeCTBO w(s(w)) GyreT (¢ Tomosoruyeckoi
TOYKM 3PEHHs) CTPYKTYPHO-YCTOXUMBLIM aTTPaKTOPOM, KOTOpbIH Mbl 060-
3HauuM Kak s(u). Jajee, 3TOT aTTpaKTOpP paBHBIM 00pPa3oM oONpeneseH AJs
GJM3KHX TMOJieH M, BCJENCTBHE HEMPEPbIBHOCTH, 3HaueHHe s(u’) HJs pery-
JISIpHOTO u/, NOCTATOYHO GJIM3KOrO K U, €CTh aTTPAKTOP, MOJTyUEHHbIH MyTeM
nebopmauuu s(u) B mpouecce nepexona ot nojs G(u) k noio G(u'). Takum
06pa3oM, C KaXAbIM aTTPaKTOPOM «00O0OIeHHbIX» MoJed MeTabo/IH4ecKoro
nosst G MOXKHO CBsi3aTh ero «oGsacTb» B D, KoTOpasi npeacrtasisieT coboi
MHOXECTBO TaKMX Touek u W3 D, uto s(u) sBJsieTCS 3THM aTTPaKTOPOM.
He cnenyer cmewmuBath obaacme aTTpaktopa, KOTOpasi €CTb OTKPBITOE MHO-
XecTBo 6a3bl D, c ero 6acceiiHom, KOTOPbId €CTb OTKDbITOE€ MHOXKECTBO
cnost M «BHYTPEHHHMX COCTOSIHHI».

B touke k, mpuHapiexareil MHOXecTBy Katactpodsl K, ceuenue 3(k)
He onpejeJieHo B NpuHLKNe. OfHAKO MPH 2KeJaHHH MOXKHO onpenenuTtb 5(k)
KaK [TOpOroBOe MHOXKECTBO, OTAEJsIIOIIee IPYT OT Apyra 6acceidHbl aTTPAKTO-
poB, KOHKypHupylouux B k. Takoe ceyeHue vMeeT CBOHCTBO IOJyHENpepbIB-
HOCTH:

lim s(k’) C s(k), ecnu k' cTpemutes K k.

Hcxonsa u3 3sHaueHus1 MeTabosidueckoro mojs G ¥ Ha4aJbHOrO 3HaueHHs
s npu t = 0 HEBO3MOXKHO, BOOOLLEe IOBOPSl, YTOYHUTb IIPUPONY H MOJIOKEHHE
MHOXecTBa kKatactpodbl K. OnHako B ToM ciyyae, Korga noje G sBiaseT-
Cs1 MOTEHLHANbHLIM [10JIEM, MOXKHO c(HOPMYJIHPOBaTb HEKOTOpPHIe GoJiee HJIH
MeHee 060CHOBaHHbIe MpaBusa (ycsoBue MakcBesa), KOTOpbie MO3BOJSIIOT
onpenesuTb MHOXeCTBO K.

2.8. bugypkauus

O6o3HaunM yepe3 S ocoboe MHoxKecTBO nosedl B D(M), He ymoBie-
TBODSIIOLIMX CIeKTPalbHOH rurnotede. B 3ToM ciyyae nHHAMHKH rpajHeHTa
OMHAMHKH ¥ — 3TO FHIEPHOBEPXHOCTDb ¢ ocobeHHOCTsIMU B D(M): oHa o6Ha-
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py>XHBaeT CTPaTH(HULUHPOBAHHYIO CTPYKTYPY, TaK UTO B KaXI0OH TOUKe CcTpa-
Ta KOHEeYHOH KOPa3MepHOCTH MMeeTCsl JIoKaJlbHasi MOJesb TPaHCBepCasbHO-
ro ceuyeHus:, olpeiesIsieMoro nosyanre6panyeckiM MHoxecTBoM. Ecin ceye-
HHMe s JaHo Ans t < tj, MOXET CJYyYHTbCS TaK, YTO B TOYKE U, COOTBET-
CTByWOleH ¢ = t1, aTTpakTOp S(U) yTPATHT CTPYKTYPHYIO YCTOHYHBOCTb. To-
raa G(u) ectb nose u3 S. CegoBaTesibHO, Mbl BUIHM, UTO YaCThb MHOXECTBA
KaTacTpodbl onpenessieTcss TeM ¢aktoM, uto Korna G(u) HaxomHtes B S,
TOrfa aTTpakTop $(U) CTAHOBHUTCS HEYCTOWUYMBBIM. DTOT (peHOMeH — pas-
pylleHHe aTTpaKkTopa MOCPeNCTBOM W3MeHEHHs! IO/ U ero 3aMeHa HOBBbIMH
aTTPaKTOpaMH — B KauyeCTBEHHON MeXaHHKe M3BeCTeH MOJ Ha3BaHHeM 6u-
pyprayuu (MOX0XKe, YTO TEPMHHOJIOTHSI BOCXOIHUT K IKOOGH H cOOTBeTCTBYET
HeMeuKoMy «Abzweigung»)’.

Korna artpaktop A = s(u) paspymaercs Gubypkaudedl, nossisercs
HEeKOTOpOe KOJMIUUECTBO aTTPaKTOPOB — OJNH3KHX H yHaJeHHbIX, — [J1 TOro
4TO6bl 3aXBaTHTb CBOIO JOMIO ero GacceliHa, H 3TH aTTPaKTOPbI-HAC/AEAHHKH
pasnensit MeXAy coGod OKPeCTHOCTb TOYKH u mnpu t > t1. KoHkypeHuus
MeXIY 3THMH Hacle[IHHWKaMH NMOpox/JaeT Mop(oJioruio yaapHelXx BoiH B D.
B nopgo6GHoM ciydae MOXHO MHOTAA [OMYCTHTb, YTO 3TOT pasnes obnacTei
OnpefieNifieTCs BHYTPEHHUMHU XapakTepucTikamu noist X C D(M). (o 6y-
neT caydyadl ycjaoBus Makcsedsia, onvcaHHbii HHxke.) TakuM o6pa3om, co
cTpatoM OUdypKauuu o W3 ¥ CBsI3aH CTpaT YHHBepcaJbHOH KatacTpodbl J
B D(M). (ToBopst 06pasHo, 6ugyprayus nopoxdaem Kamacmpogy.)

Ecan otobpaxenue GG, xotopoe onpenessieT MeTaboJiHyecKoe 1oJie, B-
JIsieTCsl TpaHCBepcaJbHbIM Ha cTpate S GudypKauMH W Ha CTPaTH(HHLHPO-
BaHHOM MHOXeCTBe KoH(HKTa J, KOTOpoe ¢ HHM CBSI3aHO, TO JIOKaJbHOE
MHOXecTBO KatacTpodsl K onpenensiercs npoo6pasom G~ 1(J). B kauectse
TPaHCBEPCAJIbHOTO CeUeHHst CTPAaTH(ULHPOBAHHOIO MHOXecTBa J OHO Jomyc-
KaeT CyIlecTBOBaHHeE JIOKa/JbHOH MojesH (BooOlle roBopsi, nojyaHaniuTuye-
ckoit). Mrak, mosayuaercs, 4to JiokajsbHasi MOPGOJIOrHst MOXKeT ObiTb 3aJaHa
JIOKAJIbHBIM MOpghocenemuueckom noiem, Kpeodom.

2.9. Cayua¥ rpagueHTOB

Ha sTtoT pa3 npeanoJioxkum, uTo JokajibHasi nuHamuka X (u) onpefe-
asetca noteHuuanoM X(u) = —grad,, V(m;u), m € M, u € D. Iloas
rpafyeHToB 0OJafaloT Ha caMOM feJie MPOCTHIMH CBOHCTBAaMH: HET HHUKAKO#
PEKYPPEHTHOCTH, M KaXKaas TPAEKTOPHSI MPOXOAHT OT KPUTHYECKOH TOUYKH

") OtBeTBeHMe (HeM.) — npum. nepes.



2.9. CayuAy TPAJMEHTOB 45

us V nmo apyroit kputuueckod Toukd. [loutw sobasi TpaekTopus B KOH-
e JOCTHraeT MHHHMYM, KOTOPbIH, BOOOLE TOBOPS, ONMpefe/sieTcsl HeBbIpPO-
KIeHHOH KBaapaTHuHOH (opmoi. PassoxeHue MHoroo6pasuss M Ha Gac-
celHbl JIOKaJbHO OyHeT OTHOCHUTEJIbHO MPOCThIM: 6accelHbl pa3fenieHbl TH-
NePHOBEPXHOCTSIMU C OCOOEHHOCTSIMH, KOTODBIE MOTYT CONEPXaTb «TOYKH
neperuba» tina y = z* (ecau 3To HeobGXoaMMoO, TO GoJsbllell pasmep-
HOCTH).

Jpyroe nperMyIecTBO THNOTE3bl [PAJHEHTOB 3aKJ/JII04aeTCs B BO3MOX-
HOCTH 3aMEHHTb MCCJIeJoOBaHHE BEKTOPHBIX MOJIeH — ellle JOBOJIbHO CJIOXKHOE
M TI0X0 pa3paboTaHHOe — HcCJe[JoBaHHEM MOTEHLHaJoB. TakuM o6pa3oM,
Mbl BO3BpallaeMcsi K M3y4eHHIO BO3MOXKHLIX OuUbypKauuil MHHHMYMOB 4YH-
CJIOBbIX (PYHKLHH — K mnpobJieMe, TPH HbIHEIIHEM Pa3BUTHH TeXHHUYECKHX
CPEe/ICTB Pa3pellinMOil C IIOMOILBIO TEOPHH «YHHBEPCAJIbHOH Pa3BEPTKH», KO-
TOpasi sIBJsIeTCs] IPEAMETOM CJe/lyIOIeH I1aBbl.

B kaxnoi#i Touke u € D COOTBETCTBYIOUIHH JIOKAJbHbIH PEXHM ompe-
neJsieTcsi OfHUM M3 attpakTtopoB noas X = grad,,V(m;u), T.e. ogHuUM
13 MHHMMYMOB™ notenunana V. Ho B ofwem caydae V jpomyckaer MHoO-
KECTBO MHHUMYMOB, TaK UTO MMeeTCs HEKOTOpasi HeleTePMHHHPOBAaHHOCTD
BbIGOpa YCTOHUMBOrO peXHMa, KOoTopblil no6expaaet B u. [Ipoctoe mpasuJo
IJ15l yCTPaHEeHHUs] 3TOH HeleTepMHHHUPOBAHHOCTH €CTb

Yceaosue Makceeanra.

B n1060i#i Touke u € D j0KaJibHBIH PeXUM OMpefensieTcss abCOMOTHBIM
MHHHMYMOM QyHKUHH V (m;u).

AT1oT a6COJIOTHBI MHHHMYM L B OOILEM CJyyae ecTb HEBHIPOXKMAEH-
Hasi, CJIel0BaTe/bHO, CTPYKTYPHO-YCTOHUMBasi KBaapaTuuyHas ¢opma. Cie-
JIoBaTesIbHO, CYIIEeCTBYeT OTKpbiToe MHoXectBo U C D, Haj KOTOpbIM i
nobexnaer. Pacunpenne obnactu U GyneT npekparieHo npd HaJW4YMH ABYX
06CTOSATENbCTB.

(i) MuHHMYM L, BCIOAY OnpeleJieHHbIH U YCTOHYHBBIH, epecTaeT H6biTh
abCoIOTHBIM MHHHUMYMOM, MOCKOJIbKY MeHbIe Hero OKa3blBaeTcsi APYroH
muHuMyM 4'. B Touke v U3 U 3TH ABa MHHHMYyMa HMEIOT PaBHble 3HAUEHHS.
Torna roBopuTCsl, UTO ¥ MPHHALJIEXKHUT K Crmpamy KoH@iukma,

(ii) 1160 MHHHUMYM [i CTAHOBHUTCSI CTPYKTYPHO-HEYCTOHUHBLIM; TOTAA
TOYKA v MPHHALJIEXKHT K cmpamy bugypkayuu.

ITH cTpaThl CyTb NMpoo6pasbl COOTBETCTBYIOLIMX CTPATOB B (DYHKUH-
oHanbHOM mnpoctpaHcTBe L(M;R) nedcTBuTe/IbHO-3HAYHBIX QyHKUHH C
Ha M. B 3TOM npocTpaHCTBe CTPaThl KOHPIHKTA HMEIOT KOPA3MEPHOCTb OfIMH
M colepxKaT Ha cBoel rpaHulle cTpathi 6UdypKalKiy, HMEILHe, [0 MeHblel
Mepe, KOpa3MepHOCTb J1Ba.
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YcnoBue MakcBesina (Ha3BaHHOe TaK MOTOMY, YTO MMeHHO OJaroaaps
eMy OIpeleJsisieTCsl FOPU3OHTAJbHBIH yyacTOK KpHBOH (HM3oTepmbl) Bau-nep-
Baasibca) nmo cBoeMy ajireGpanyeckoMy XapaKTepy CJHLIKOM yHOoGHO W ya-
CTO OTBJ€KaeT OT (U3HuecKOol peanbHOCTH. Tak, MOXHO 6blio Obl Oue-
HHUTb I7106a/1bHYI0 YCTOHUHBOCTb MHHHMYMa C MOMOILbBIO APYrHX (YHKLHH,
HalpHMep, C IOMOILbIO [Jo6aJbHOro o6beMa ero OacceiiHa HJIM OTHOCH-
TeJIbHOU BHICOTHl CaMOro HU3KOro rnopora y rpaHuubl 6acceiiHa. BeiGop Ta-
KoH (GYHKUMH BMecTo ycsoBHs MakcBesia HeKOTOpbIM 06pa3oM CKasblBa-
eTcsi — BOOOllle rOBOPs, MHHHMaJIbHO — Ha TOIMOJIOTHH MHOXeCTBa KOH(®-
JIUKTA.

SToMy BHAY MNpaBWJ MOXeT ObiTb OpolileH 6ojiee cepbesHblii YIMpek:
OHH COBepILIEHHO NpeHebperalT (eHOMeHaMH — 4acTo XOpolIo Habjona-
eMbIMH — 3ana3dvi8anus UIu eucmepeduca. B HEKOTOpHIX caydasix MOXK-
HO MOJIYYHTb COBEpLIEHHOE 3aMa3iblBaHHe: MHHUMYM CYLLECTBYeT, I0Ka €ro
GacceiiH He pa3spyliaercs OudypKauyel LeJHKOM.

ITpumep. Kamacmpoga Pumana - 'ozonuo.
MHoroo6pasue M 3mech uMeeT pasmepHocTb ofuH (och 0x), B mpo-
cTpaHcTBe D pa3MepHOCTH 11Ba (KOODAHHATH U, V) HMEETCs MOTeHLHA:

V =2*/4 +uz®/2 + vz
MHOXeCTBO KPUTHYECKHX TOYEK ONPENESETCs OCPEACTBOM
oV/dzx = 2® 4+ uzx +v.
JIMCKpUMMHAHT 3TOTO yPaBHEHHMs! TPETbel CTEeNeHH paBeH

4u® + 2702 = 0. Q2.1

14

T2 0

il

Y

Puc. 2
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Himeetcss Tpu KopHs (ABa MUHHMYyMa), paclOJIOXKEHHBIX BHYTPH IOJY-
Ky6uueckoii mapabosbl 4u® + 27v% < 0. Yenosue MakcBensnia OTBOAUT st
MHOXeCTBa KOH(JIHKTa noayoch v = 0, u < 0; HauaJo KOOpAHHAT €CTb CTPaT
Gudypkauuu, muaumyM V = x Tam neycroiiuus. Ecau npuuaTh ycsiosue
«COBEpIIEHHOrO 3ana3fblBaHHs», PEXKHUM, FOCNOACTBYIOWHH B TOUKe (u,v),
3aBHCHT OT MCTOPHHM 3TOH TOUKH. Hampumep, eciiu omuchiBaeTcs napajielb
K v (u = —k?) B HanpaBneHuu Bo3pacTaHHs U™, TO JIOKATbHbIH PEXHM, CBSI-
3aHHbIH C OTPULIATEJbHBIMH ¥ (€QHHCTBEHHDIH, €CJIH ¥ JOCTaTOUHO BEJIHKO),
CyILeCTBYeT 0 JIMHHH BepXHel BETBH NOJNyKyOHYeCKOH mapaboJibl:

u = 2t3,

u=-3t2 t>0 (cM. puc.2).



IIpumeuanus pexakropa

"01971, 3.2. Ilepeneuatano 8 MMMI, ra. 2, c. 19-37. 3ot BTO-
poii BapHaHT 3aMeTHO OTJIHYAETCs OT MepBOro, HauGoJiee CYLIECTBEHHO [0
§2.4. On BoCnpou3BOmUTCS in extenso HUXe. DTa riaBa Gbljla HCKJIOUEHA
U3 MMM2.

"Pl[lepBOHaYa/bHBIE CCHITKH NepeMellleHbl B KOHEll CTaTbH, KaK B BapH-
aHTe 1971T., U HX 0603HauYeHHe JIOMONHEHO B COOTBETCTBHHU C IIPABUJIOM, MPH-
HATHIM B HacTosfillleM u3faHuu. 3aech Structuralism and Biology, 1972, 6.

23 nech ToM momycKaeT OoLIMGKY, cllefoBao 6bl HanmucaTb gy ().

"3Bmecto dopmyabl g(mg) = fi(mg) clenyeT, OueBHAHO, YH-
tatb g(m) = {g:(m),t € R}. TouHo Tak ke HeOGXOAUMO 3aMeHHUTb fr(mg)
Ha gr(m).

"P4Konew §2.5 BoirasauT nHade B MMMI, cM. Huxe «Bapuaut».

PSYyraTesib 3aMETHT, YTO 3T TEDMHHOJIOTHS He ABJSETCS CTAHNAPTHOM.

"6Cnenyer uutath: X = —grad,,V(m;n).



Bapuant (onyoiaukoBan B MMM1)
HayuHoe 00bsicCHeHHE M MOJEJIb
KaracTpog

Ecau yueHble u, B UaCTHOCTH, KCIIepHMeHTaTOpbl 6e3 KoJjebaHHH cuH-
TAlIOT CBOEH 11eJIbl0 OMHCAHHEe SMIHPHYECKHX AAHHBIX, 6o/bllasi HX YacTb,
HampoTHB, 06/1aJlaeT TOJMbKO BeCbMa YAaCTHBIMH — M IPHCTPACTHBIMH — IIO-
HATHSIMH OTHOCHTEJbHO OOBSICHEHHS, KOTOpOe MNOJIKHO ObIThb JaHO HaKoIl-
JIEHHOMY TaKHM 00pa3oM 3KCIepUMeHTanbHOMY MaTepHanty. OOGbsiCHHUTD —
3TO B MPHHLHUIIE OTBETHTb Ha Bonpoc: «[louemy?». 3Ha4UT, MOXKHO ObLIO Gbi
«a priori» KymaTb, UTO NMOHSAATHE MPHUHHBI OydeT UrpaTh CYLIECTBEHHYIO POJib
B Hay4HOM 00bsicHeHHH. Ho TO, HaCKO/IbKO TOHKHM JOJIXKHO GhITb pa3siduue
MeXAY OMHCcaHHeM M OoGbsICHEHHeM, MOKa3blBaeT CNeNYIOIHH — KJacchye-
CKHH — mpHMep.

1. Onucanve U o0bACHEHHE

flBasietcs JIM Kj1accHyeckuil 3akoH TsiroTeHnst Hpiotona F = kmm//r?
OMHMCaHHeM HWJH OGbsicHEeHHeM? A priori B HeM MOXHO 6bI0 6bl BHAETDH
TOJIBKO MPOCTOE OMHCaHHEe, MOCKOJbKY, Kak 06 3TOM HEeXOTS FOBOPHJ CaM
HbioTon B cBoeM 3HameHHTOM uspeuenmn «Hypotheses non fingo»”), ou ne
MPeOCTaBJ/sIeT HUKAKOro 0ObsICHEHHUS, HUKAKOH MOZEJIH MPOUCXOKIEHHS CH-
Jibl TIPUTS2KEHHUSI MEXKAY ABYMs TeJaMH. MexXay TeM peub HIET, HECOMHEHHO,
06 OHOM M3 caMbiX O/IeCTALIMX YCIIEX0B HAYKH BceX BpeMeH. B camom gene,
HbIOTOHOBCKHI 3aKOH MPENOCTABJSIET €C/H He OGbACHEHHE, TO, MO MeHbIleH
Mepe, 3HaYUTENbHOE ynpoujerue onucanus. Vicxoass u3 3Toro 3akoHa Mo-
CpPeICTBOM MaTeMaTHYeCKOH JeJYKUHH MOXKHO MOHSITb MPHUHHBI ABHXKEHHS
HeGeCcHbIX TeJsl M CHJbl TSXKeCTH Ha 3eMJe. OOLIMpHasA 3KCIepUMEHTalbHask
MopdoJiorusi, apemMeprabl MAaHET OT BABHJIOHCKOH 3MOXH [0 HAIKX OHEH,
OKa3blBaeTCsl, MOPOXKAEHA 3TOH NpocToil dopmynoilt F = kmm'/r2. Takum

*)TunoTes He BHAYMEIBAIO (N1aT.) — npum. nep.



50 BAPUAHT (ONYBJIMKOBAH B MMM]1)

06pasoMm, MOHSITHO, UTO BCe, MOAJIeXalllee PACCMOTPEHHIO B KAYeCTBE OCHOB-
HOH ULeJIM TeopeTHUYeCKOH paboTbl yuyeHOro, npejcTasJ/sieT co6oil ympoile-
HHe OMUCaHHS, YMeHblUlerue 0OAU NPOU3BONLHOZO COOEPHCAHUSL B ONTUCAHHH.
OueBHJHO, 4YTO 3Ta LieJb HMeET SIBHblE CBSI3H C NMPHYHHHOCTBIO U AETEPMHU-
HU3MOM: B TOH Mepe, B KaKOH MPOLECC OKa3blBAeTCs CJAYYAHHBbIM HJIM Hele-
TEPMHHHPOBAHHbIM, OH YCKOJIb32eT OT KOHTDOJIS HAayYHOIO0 DPacCMOTPEHHs
U NPHHOCHT € COOOH H3DPAAHYIO AOJIO MPOM3BOJIbHOIO CONEPXKAHHUS, KOTOpPOE
He MOXeT ObiThb YCTpaHeHO. B 3TOM cMbic/ie MOXKHO cKa3aTb, YTO yYeHbil
«a priori» siBisieTCs N€TEPMHHHCTOM: NIPH3HATb B (DeHOMEHaX MPHUCYIUUH UM
MHJETEPMHUHH3M (KaK 3TO MHOIZLA JeJaeTCsi B KBAHTOBOH MeXaHHKE H Kak
3TO HAalEPErOHKH OBTOPSIIOT HEONAPBHHHUCTH B TEOPHH 3BOJIOLHH) — 3HAYMUT
BecTH cebsi MpenMyLiecTBEHHO aHTHHayuHO. Ho ecnin yueHsilt 1o HeKoTOpON
cTerneHH MpogeCcCHOHANbHO NOCTYJNUPYET CyleCTBOBAHHE AeTEPMHHH3MA, TO
IYCTb OH OCTEPEXKEeTCsl NPHUAABaTb ITOMY MeETONOJOrHYeCKOMYy TpeGOBaHHIO
OHTOJIOTHUECKOe 3HauyeHHe. B CyIIHOCTH, HUKTO He 3HaeT, NeTepMHHHUCTHY-
Ha mpupona uaH Het. Kak OyieT moka3aHO HHXKe, ONMCAHHE H B HEKOTOPOH
cTeneHd OOGbsICHEHHE BO3MOXHbI B TEOPHH, OTHOCHTENBbHO KOTOPOH HeJib3st
YCTAaHOBUTb, [OAYHHEHA JIM OHa CTPOroMy JAeTepMHHH3MY. Tak, JMHIBHCT
BIIOJIHE MOXET OHOBPEMEHHO BepHTb B HallMyHe Yy uyesoBeKa CBOOGOLbI BOJH
H B BO3MOXXHOCTb (hOpDMa/IM3aLlM1 CHHTAKCHCA 53blKa . . .

2. PeqyKIMOHUCTCKHE OOBSICHEHUSl U CTPYKTYypaJbHbIe
00BbACHEeHUS

B cooTBeTCcTBHH CO 3HaueHHeM, NTPUAABAEMbIM HHTYHTHBHOMY MOHSITHIO
NPUYHHHOCTH, MOXKHO pa3JiHiyaTbh ABa THIA HayYHOTrO OOBACHEHHS — DefyK-
LIMOHHCTCKOE OObSICHEHHE U CTPYKTYpHOE 0ObsICHEHHe. DTO MOXKHO H306pa-
3UTh B BH/E CJENYIOLIEH CXEMBI:

OPHEHTHPOBAHHOE Ha BHELLHHe MPHYHHBI

PenykuuoHHCTCKOe OOBSICHEHHE
OpHEeHTHPOBAaHHOe Ha BHYTPeHHHe NPHUHHbBI

CrpyKTypHOe OOBsiICHEHHe.

[ycts (X) — unccnenyemass mopcdosorusi. Ha nepBoil ctaguu mopoo-
Jorusi (X) MbICJEHHO H30JMPYeTCsl OT YCJOBHH ee CO3faHHSA, U 3TO Gynert
YTO-TO BpOJE NMEPBOH MOMBITKH CTPYKTYPHOTO THMA. 3aTeM B MOMCKaX 06b-
SICHEHHMsI Mbl BO3BpallaeMcsi K YCJIOBHSIM cO3faHHsl (X): CYLIECTBYIOT JH
o6bekThl (Y'), KOTOpble HHTYHTHBHO NPEACTAIOT B KAUECTBE HCTOKA, IPUYKHbI
mopdonoruu (X)? B aToM ciryuae pefyKUHOHHCTCKOE 0ObsICHEHHE, OPHEHTH-
poBaHHOE Ha BHeLIHHe NPHYMHbI, CBENETCS K CllefylolieMy o6pa3y AeiCTBHI:
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Mbl U3yuuM 06bekTol (Y) B KauecTBe MpuyuH (X ) WU TOrAA CMOXKEM IOHSATDb
mopdosoruio (X). Hanpumep, B JIMHTBUCTHKe DefyKLHOHHUCTCKHI MOAXOA,
OPHEHTHPOBAHHbIH HA BHELIHHe NMPHYHHbI, CBOAUTCH K YTBEPXKIEHHIO O TOM,
4TO f3bIK — 3TO MOP(OJIOTHS, CO3AaHHAs JIOABMH B COCTOSHHH COLIHA/bHOIO
B3anMoaeHcTBHsi. JIMHIBHCTHKA, HccaenoBaHie Mopdosoruu (X) a3bika 6y-
IeT CJAEACTBHEM H3yueHHs camoro yesoBeka (YY), ¢ Kakoi Obl TOUKH 3peHHs
OHO HH OCYLLECTBJIS/IOCh: C TOYKH 3PEHHst aHaTOMHH HJIH HeHAPONCHXOJIOTHH,
C TOYKH 3peHHs NCHUXOJOTHH HJH, HAKOHeLl, C TOYKH 3DEHHs COLIHOJIOTHH.

Ecsu, HanpoTHB, KaxeTcsi, 4TO MOpGoJIOrHsl pa3BHBaeTcs MO COOCTBEH-
HOH WHHUMaTHBe, 6e3 BMellaTe/ bCTBA BHEIIHHX CyLIHOCTeH, Mbl MpHOerHeM
K DeflyKLMOHHCTCKOMY MOAXOAY, OPHEHTHPOBAHHOMY Ha BHYTpPEeHHHe NpHUH-
Hbl. MBI ocTapaeMcs BbisiBUTb B HocuTese (X ) HaUMeHblIHe H OYeHb YCTOMH-
YMBbIE CYLHOCTH, «aTOMbl», B3aHMOIEHCTBHE KOTOPLIX MBI MOXKeM (opManu-
30BaTb. OObsACHEHHe TAKOr0 PeIYKLHOHHCTCKOTO THIA — 3TO OOBSCHEHHE,
npenocTaB/seMOe CTaATHCTHYECKOH MeXaHUKOH rasa. Mbl 3ajaeM KOOPAHHATHI
M CKOPOCTH KaXK[OH MOJIeKyJ/Ibl ra3a W 3alucblBaeM cHcTeMy AuddepeHLH-
aJbHBIX ypaBHEHHH

dz;/dt = Xi(xs,ps) dps/dt = Py(xq,p0),

comepxaiuyio 2N ypaBHeHHH, rne N — uucjo MoJekysa. Muterpupys aty
CHCTeMy, Mbl MOJIydaeM sIBHOe W KOJHYeCTBEHHOe OIHCaHHe ee 3BOJIO-
LIUH.

CTpyKTypHOe 00bsICHEHHE HMeeT COBEepLIEHHO HHYyI0 npupory. Mopdo-
sorust (X) cama mo ceGe Ha OMpeaeeHHOM YPOBHE OPTraHH3alMH paccMart-
puBaeTCcsl KaKk KOMOMHAaTOpHMKa MopgoreHeTHYecKux mnoseii. Mel ctpemumcs
YMEeHbIIUTb J0JI0 MPOH3BOJBHOIO CONEPKAHUS ONMMUCAHHs KOpMyca, BbIsBJsAS
€ro 3aKOHOMEpHOCTH, ero CKphiTble CHMMeTpuH. Mbl cTaBuM cebe Ledblo,
TaK CKa3aTb, aKCHOMaTHYeCKH c031aTb Mopdosiorkio (X) ucxons U3 HeGOIb-
ILIOrO YHcJ/a (POPM TAKOTO THIA, KOTOPble CIIOCOOHBI MOPOAHTb HOBHIe (hOPMbI
C noMmouibio 06beaHHEHHsT B MPOCTPaHcTBe. TakuM 00pa3oM, CTPYKTYPHBIH
TMOAXO0J, OCHOBBIBAeTCS (XOTsl 3TO €/(Ba JIM OblJIO 3aMe4YeHO) Ha BO3MOXKHOCTH
BBECTH [0 OTHOIIEHHIO K MOPQOreHeTHUECKHM IOJISIM Omnepauuu ajarebpa-
MUYecKOoro THIA, B CYLIHOCTH, HacTosyto anredpy ¢opm. Boobiie rosops,
B CTPYKTYpPHOM MOAXOMe He HMeeTCsl B BHAY HAETEPMHHHCTCKOE W HCYEpIibi-
Balolllee ONHCaHHe U3ydyaeMblX npoleccoB. [I0CKONBKY B ero paMKax, B CyIi-
HOCTH, He H3BEeCTHO MOHSITUEe NMPHYHHHOCTH, OH He CTPEMHUTCS OODBSICHHThb
paccmaTpuBaeMyio Mopgosiordio (X) HH ¢ MOMOLIbIO BBEeIEHHS] MEHbIINX
CYLIHOCTEH, HH C MOMOILbIO BMEIIATeNbCTBA BHELIHHX (DaKTOPOB, KOTODbIE,
10 MPeAMNoJIOXKEHHIO, SIBJSIOTCS ee NPUYHMHOH.
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3. I'paHMLBI PEAYKIIHOHMCTCKOTO U CTPYKTYPHOTO
M0JX0N0B

a) Pedyxyuonucmckuil nodxo0, Opuenmupo8annslll HA BHEUIRUE NPU-
4UHbL, CTANIKHBAeTCs C ABYMsl TPYAHOCTIMH. [lepBasi U3 HHX CBsI3aHa C HH-
TYHTHBHBIM, HO 4aCTO C TPYAOM MOAAAIOLIHMCS] YTOUHEHHIO XapaKTepoM Io-
HATHA npHunHbl. Hanpumep, B smMGpHoJsorni GHOJOTH, MPHAEPKHBAIOLIHECS
3TOro MOAXOfa, FOBOPAT, UTO 00pa30BaHHe CKJIAL0K HA 3apPOJbILIEBOM JIHCTKE
00513aHO CHJle CXKaTus, JeHcTBYyoLel Ha ero Kpas. Kak 6bl X0opolio HH 0co-
3HaBaJICsl 3TOT MeXaHH3M MHTYHUTHBHO, 3ajlaya ero mMaTeMaTH4ecKoH (opma-
JIM3aUMHK Ja/leKo He MpocTa. BrpoueM, 3Ta TPyAHOCTb BCTPEYAeTCsl H B paM-
Kax PefyKIHOHHUCTCKOTrO MOAXOAa, OPHEHTHPOBAHHOrO HA BHYTPEHHHE MpH-
uMHbl. B HeM wacto mpuberaloT K OueHb HHTYHTHBHbIM TMOHSTHSIM BpOje
«CcoydapeHHsl» aTOMOB, MaTeMaTHyecKasl (hopmajH3alusi KOTOPOro OKa3biBa-
eTcs BecbMa TpyaHoH. 2. Breuinue dakrtopsl (Y), BhlcTynaiouie B KauecTse
npuuuH Mopoosorun (X), BooGuie rosops, 6osiee CAOKHbI, yeM MopdoJio-
rus (X), KOTOPYIO H BbI3blBaeT HX AEHCTBHe. DTO BLINISIUT 0COOEHHO Mopa-
3HTeJbHO Ha NMPHMepe JIMHIBHUCTHKH: HEHPONCHXO/IOTHS, CHXOJIOTHS1, COLHO-
JIOTHSl — 3TO HAyKH, HAMHOIO MeHee Pa3BHTHIE, HAMHOTO MeHee (HOPMaJIH30-
BaHHble [0 CPABHEHHIO C JIMHTBHCTHKOH, KOTOPYIO OHH XOTeJNH 6bl 06bSCHHTD.

b) Pedyxyuonucmckuil no0xo0, OpUEeHMUPOBAHKbIL HA BHYMPEHHUE
NPU4UHbL.

Eciv Mofenb MexaHHKH ras3a sBJsieTCsl, BHe BCAKOTO COMHEHHs, OJHOH
M3 CaMblX COBEpIIeHHbIX MapPaJiurM Hay4yHOro 0ObsICHEHHs, OHa BCe-TaKH CO-
JEPXKUT iBa aJIFOPUTMa, HEJIOCTATOYHO OTAEJEHHbIX APYT OT ApYyra B CO3Ha-
HHH Y4YEHOrO: HCMOJ/b30BaHHe AH(ddepeHIHalbHOIO HCUHCIEHHS B KauecTBe
napagurmbl e TePMHUHHCTHYHOIO MPOLECCa U UCMO/b30BaHHUSA NMPEACTaBIeHHs
0 B3auMmojelcTBylouiux aromax. Hecmotps Ha Bceobuiyio Bepy B o6paTHoe,
NepBbIH ArOPHTM (HCMO/b30BaHHe AU(HEPEHIIHaTbHOTO HCUHC/IEHHS) TIPH-
MEHHM HaMHOro uyaiie, yeM BTOpoH. OueHb 4acTo BbLIOOP <«aTOMHBIX» 3Jle-
MEHTOB CTAHOBHTCS Npo6JeMOiH (MpHMep: UTO CjedyeT MPHHATb 32 «aToM»
B GHOJIOTHH — KJIETKY W/ MOJIeKYay?). MoxXeT ClyYHTbCS TaK, YTO HaJIHLO
OKaXXeTCsl MHOXECTBO ypPOBHEH OpraHM3alUH, cpeld KOTOPbIX H MPEeACTOHT
cnenatb BbiGOp.

Kak To/1bKO 3TOT BBIGOP Cle/1aH, OCTaeTCs B MPHHLMIE BbIPA3HTb B KO-
JIHYeCTBEHHOH (opme B3aUMOAEHCTBUA MexXay 3d/eMeHTaMH. HacTo 3710 oka-
3bIBaeTCs CJMIIKOM CJOXHO 6e3 HCIO0Jb30BaHHsI MPHOJIHIKEHHBIX METOJOB,
BO3JeHCTBHEe KOTOPHIX Ha ryobajibHOe MoBefleHHe CHCTEMbl HepeJKO YCKOJb-
3aeT OT Kakoro-au6o KoutpoJas. BoJsee Toro, eciin maxe ymacTcs HanucaTb
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cucteMy auddepeHUHaNbHBIX YPaBHEHHH, TO 3Ta cucTeMa GyeT comepxaTth
CTO/IbKO ypaBHeHHH (4ucsio Aoraapo pasHo 6-102%), uto ee HenocpencTBeH-
HO€ WHTErpHpOBaHHE CTAHOBHTCS HeBO3MOXHbIM. Torza mpuxomMTcsa npHbe-
raTh K CTaTHCTHYECKHM METOIaM, KaK B TEOpHH HAeanbHoro rasa. Ho B aTom
caydae Godblie HeT HHKaKo# Mopdoiorun! Tonbko Teopus (nokanbHasi, a He
rio6anbHasi) $Ha3oBbIX MEepeXofOB MO3BOMMJA Obl BbIIBUTb HEKOTOPYIO MOp-
tdonoruio. KnaccHyeckue KOJIM4eCTBEHHbBIE METOAbI, OCHOBAHHbIE HAa UCIMOJIb-
30BaHWM AHAJUTHYECKHX H, CTaJ0 ObiTb, HENMPEPLIBHLIX (PYHKUHUH, C TPyAOM
JIOMYCKAIOT OMMCAHHEe JUCKPETHbIX (DeHOMEHOB.

¢) Cmpyxmyprelii noo0xod.

CTpyKTypHbIH MOAXOA MeHee aMOMUMO3HBIH, YyeM pPeAyKLHOHHCTCKHH,
MMEHHO MO3TOMY XK€ sIBJSeTCs U MeHee IJIONOTBOPHbIM. UTO mesaTh Aafib-
1ie, MocJie TOro Kak (opMasibHast cxeMa BhisiBjieHa? Kak o6ocHoBaTh ee 6o
C MOMOIIbIO BHYTPEHHUX CPeACTB, NHO0 npHberasi K COOOpaXKEHUSIM, 3aHM-
CTBOBAHHBIM M3 ee OKpyxkeHHs? OcCTaHOBHB CBOI BbIOOP Ha pasbsACHEHUH
eIHHCTBEHHOTO YDOBHS OpraHM3alli, Mbl 06e3 MpOMelJeHHsl MOTpyxKaemcs
BO Mpak akcHoMmaTHdeckoil 6ecrnogHocTH. Kpome Toro, BosHHKaeT mpobie-
Ma eIHHCTBEHHOCTH (hopMa/jibHOH MOJeJ/H, COBMECTUMOH C JaHHOH Mopdo-
JIOTHEH.

Bo BcsikoM cayyae, CTPYKTYPHBIE MOAXOA TpelnosaraeT BO3MOXHOCTh
co3faTb HeKoTopble DOPMbI HCXOASl W3 APYTHX, Gojlee 3JjieMeHTapHBIX (hopm
H, CJIelOBaTeJbHO, OH HEM3MeHHO OnupaeTcs Ha ajre6py ¢opm. CyiuecTBoBa-
HHe TakoH anre6phbl B KJ1aCCHYECKOM CMbIC/Ie H3BECTHO TOJIbKO AJIsi MOP(oJio-
THi pa3MepHOCTH OJUH, OTHOCSALUMXCS K KOHEUHOMY THIY, KOTOpPble OTOX1e-
CTBJSAITCSA ¢ GopMa/bHbIMH si3biKaMU. K mpobseMe anreGpansalny MHOTO-
MEepHBIX (OpM ellle He MOACTYMANHCh 10 HACTOSIILIEr0 BPEMEHH, H, BO3MOXHO,
Of{HOH M3 TVIaBHbIX 3aCJYT TEOPHH KaracTpod sIBJAsSETCS HEKOTOPHIH MpPOpLIB
B 3TOH 0o6nactu. OHa MPUBHOCHT C cOGOM HOBOE BHAEHHE KJacCHYeCKOH
¢unocodckoit npobsembl — npobaeMbl COOTBETCTBHSI MAaTEMaTHKHU U peajib-
HOCTH.

4. MaremaTvka U peajibHOCThb

CooTBeTCTBHE, 4aCTO HabJIOfaeMOe B MHOTOYHCJIEHHBIX JHCLHIJIMHAX,
M3Y4alOlHX KMBOH M HEXHBOH MHpP, MeXAy 3MIHPHYECKOH MopdoJsioruei
M CTPYKTYpOH, MaTteMaTHYeCKHM OObEKTOM, IIOAHHMAET KJIaCCHUECKYIO Mpo-
onemy ¢uaocoduun Haykd. OHa MOXKeT UMETb TPH PELIEHHS.

1. IlepBoe pellleHHe NPHMHCHIBAET 3TO COOTBETCTBHE «IIPEAYCTAHOBJIEH-
HOH rapMOHHM» MeXJy MaTeMaTHKOH H peajbHOCTbI0. DTO — MJIATOHHCTCKas
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ToyKa 3peHus (U/H, TOuHee, mudaropeickas): 60r Bcerga 3aHHMaeTCs reo-
MeTpHei.

2. Bropoe pellleHHe NMPHIHCHIBAET MOSIBJEHHE MATEMATHYECKOH CTPYK-
TYpbl (DeHOMEHY JIOKaJIbHOrO PaBHOBECHS HJ/IM, KaK 3TO MPHHSTO BbIPAXKaTh
B MeXaHHKe, pellleHHI0 HEKOTOPOH 3a/laud Ha HaXOXJEHHE IKCTPeMyMa.

3. TpeTbe pellieHHe — NPHHSATOE B HalleH MOJEJNH — MPHIIMCHIBAET MOSIB-
JIeHHe CTPYKTYpbl JaHHOH runotese 0606ujeHHoCmU: NPy MIOOLIX YCAOBHUSX
MpHpOA peasi3yeT HauMeHee CJIOKHYIO JIOKaJlbHYl MOP(QOJOrHio, coBme-
CTHUMYIO C JIOKa/IbHbIMH Ha4ya/bHBIMH YCJOBHSIMH.

IlepBoe pelneHue siBasieTcsl YHCTO MeTadu3nyeckuM. Tosibko BTOpoOe pe-
ILIeHHe MOXKHO pacCMaTpHBaTh KaK Hay4yHOe, MOCKOJIbKY OHO HHOTZA AOMYyCKa-
eT KOJIMUeCTBeHHbId KOHTpoJb. Tak, cornacHo [IpHroxuHy, BO3HUKHOBEHHE
reKCaroHa/lbHOH CeTH sYeeK KOHBEKLMH Y JKHAKOCTH, HarpeBaeMoil Ha JHe
cocyna (penomeH beHapa), 00bsicHseTCS JOCTHXKEHHEM CHCTEMOH JIOKa/IbHO-
ro MHHMMYMa MPOU3BOACTBA SHTPOMHH.

C TpeTbWM peIUeHHEM CBSI3aHO TO MPEUMYLIeCTBO (M TO HEYH0GCTBO),
4YTO OHO BeJeT K TeopuH 6oJiee riyOGoKOH, ueM BTOpast TOYKa 3peHus (Tak Kak
OHO TIOCTY/HPYeT TOJMbKO KOJHYECTBEHHbIA™! u JIOKa/bHbI JeTepMHHH3M).
BripoueM, BTOpast U TPeTbsi TOUKH 3DEHHs He SIBJIAIOTCS HECOBMECTHMBIMH:
Tak, pellieHHe 3KCTpPeMajbHOH 3afaud, Bpofe 3afaud [lnato (ompemenutsb
MHHHMMAJIbHYIO TIOBEPXHOCTb C 3apaHee 3aJlaHHOH rpaHuuel), GyneT naBaTh
«060011eHHbIe» OCOOEHHOCTH /151 IOUTH BCeX TFPaHMLL.

Mogenb KatacTpod npefocTaBsieT cpelcTBa A OObSCHEHHS] MPUCYT-
CTBHSI CTPYKTYP, OHA JMHAMHYECKH 060CHOBBIBAET UX TOSIBIEHHE W X YCTOM-
yHBOCTb. Torga OKasbiBaeTcsl, YTO MOHSATHS MPHYMHHOCTH, PABHO KaK U yMO-
HOCTHI2eMOCTH, KOTOpOe MPUBHOCHT C COOOH MOHATHE NPHYMHHOCTH, CHO-
Ba BBeJieHbl. B CyLIHOCTH, MOJe/b KaTacTpod CBOAMT J1000H Kay3asbHbii
MpOUECC K eIHHCTBEHHOMY MPOLECCY, HHTYHTHBHOe O0OCHOBAHHE KOTOPOrO
He mnpencrasJisieT coboil npobneMbl. KoHpaUKT — 3to, no l'epakiauty, orey
Bcex Beluel. PaBHbiM 06pa3oM 3Ta Mofieslb MO3BOJSIET MOHSATb CTPYKTYp-
HYK aBTOHOMHIO KaXJOTO YPOBHsSI opraHusalud. PaBHbBIM 06pa3oM MOXKHO
NOHATb, KaK 3Ta MO[EJb MPHMEHsIeTCs IJIsl OMHCAHHSI OTHOLIEHHH MEXIy
YPOBHSIMH: B CaMOM JeJie, cOOH JeTepMHHH3Ma Ha HEKOTOPOM YPOBHe 4Ya-
CTO MOXeT ObITb YCTPaHeH MyTeM MPUHSATHS BO BHHMaHHUEe YPOBHsI ¢ GoJiee
TOHKHM cTpoeHHeM. (Tak, B reHeTuke BblOOp (DeHOTHMHYECKOTO XapakTepa
JKHBOTHOTO MOXET OIPEJeNsiThCs XMMHUYEeCKHM COCTaBOM xpoMocoMmsbl.) Hao-
6OpOT, MOJE/Ib MOXKET OOBSICHSITH HEKOTOPblE MEXXYPOBHEBbIE H30MOP(H3MBI,
Hanpumep, TOT (GakKT, UTO Onpeje/eHHble (IH3UMATHUECKHE) MOJIEKYJIsIPHbIe
MEXaHH3Mbl HMUTHDYIOT MOBEJIEHHe BCETrO XKHBOTO CYLUECTBA, HAXOAAT CBOE
060CHOBaHHe B CaMOi Hjee KaTtacTpo(dbl.
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Mbl 6yneM HCXOLWTb M3 MOJAEJNH KJACCHUYECKOH MeXaHHKH: 3BOJIIO-
LMSl CHCTEMbl MOXeT OblTb OMMCAaHa C MOMOILbBID AMHAMHYECKOH CHUCTEMBI,
T. €. HEKOTOPBbIM BEKTOPHbIM MosieM X Haj nuddepeHLrpyeMbM MHOroo6pa-
3ueM M. Ho mMbl npuaaeM 3Toi Mofe/d TObKO OTPaHHUYEHHOE 3Ha4YeHHe, TO-
Ta Kak MpoLecc LUeJHKOM N0JKeH OblTb OMHCAH HeNpepbiBHLIM M0/1EM TaKHX
nvHamuK. (Tak Mbl CHOBa CTa/IKWBAEMCsl C IPUMUTHBHON MOJIEJIbIO KBAHTOBOH
TEOPHH TOJISL C ee HENPEPbIBHbIM T10JEM OCIMJISTOPOB). DTO MO3BOJNHT HAM
CBSI3aTh CTPYKTYPHYIO YCTOHUHBOCTb HEKOTOPOH MOP(OJIOTHH CO CTPYKTYp-
HOH yCTOHUHBOCTbIO TUHAMHYECKOH CHCTEMbl, MOHSATHE KOTOPOH HaM Terepb
HEOOXOHMO YTOUHHTh.

5. [IlunaMmHuyecKHe CUCTEMbI. ACUMIITOTUYECKHE
COCTOSIHUSI. ATTPAKTOPbI

Omnpenenenue 1. [luHamuyeckasi cucTeMa, coctosiuias U3z (M, X), sa-
naerca avddepeHuHpyeMbiM AeHCTBHEM IPYyNNbl R JeHCTBHTEbHBIX YHCel
Ha MHoroo6pasue M™, ¢a3oBoe npocTpaHcTBo. [lo onpenesieHuto Takoe nei-
CTBHe 3ajaeT B Kaxknaoi touke M BekTopHOoe mose X. Hao6Gopot, 3amanue
BeKTOpHOTO nosii X B M MO3BOJIsIET MOCPEACTBOM JIOKAJbHOTO HHTETrpPHpO-
BaHWsA ONPEJIeJHTb «POCTOK AeHcTBHs» R Ha M. Ecin M ecTb KOMMaxT,
noJsyyaem ryiobasbHoe feHCTBHE.

Opb6utoit g(m) Touku m 13 M Ha3biBaeTCsi MHOXeCTBO 06pa30B TOUKH
™, MoJiyyawllleecsi B pe3y/bTaTe npeodpa3oBaHHi g u3 rpynmnbl R.

Omnpeaenenne 2. [lyctb g siBasieTcst op6uToi ckuctembl. Touka m u3 M
Ha3blBaeTCs w-NMpefeJbHOR TOUKOH OpOUTHL g, ecau Ajs Bcex € > 0 U o >
0 cywecTByeT Takod MOMeHT BpeMmeHd T > tg, UTO TOYKA My HAXOAHUTCS
OT TOYKHM M Ha PacCTOSIHHH, MeHblLIeM 4eM &. MHOXEeCTBO w-NpefesbHbIX
Touek OpOHTHl g, 0603HauUaeMoe KakK w(g), eCTb 3aMKHYTOe HMHBAPHAHTHOE
MHOXKEeCTBO TPaeKTOPHH.

Omnpenenenue 3. [lBe TpaekTopuu g, ¢’ HA3bLIBAOTCS acumMnmomuie-
CKUMU, €CJIU OHU UMEIOT OJHO U TO XKe w-TNpeJielbHoe MHOXKeCTBO.

JIBe TOYkH p, p’ Ha3bIBAIOTCS ACUMITOTHYECKH KBUBAJIEHTHbIMH, €C-
JU WX TPaeKOTPHH SIBJSIIOTCS aCUMNTOTHYECKHUMH. TeMm caMbiM ompegeJsi-
€TCsl OTHOLIeHHe KBHBAJEHTHOCTH Mexay Toukamud M. B omnpenenenHom
CMBIC/IE LIEJbI0 KaUeCTBEHHOH NHHAMHKH SIBJSIETCS YTOYHEHHE TOMOJOrHYe-
CKOH MpPUPOAbl ITOH 3KBUBANEHTHOCTH. B HEKOTOpHIX cJjydasix 3TO OTHO-
IIeHHe <«MOYTH BCIOAY» OTKPBITO: KaXAOMy aCUMITOTHYECKOMY COCTOSIHHIO



56 BAPUAHT (ONYBJIMKOBAH B MMM1)

COOTBETCTBYET OTKPbITOE MHOXECTBO M3 M, ero 6acceiin. B Tex uactax
M, rme cyumecTBYyIOT 3TH GacceliHbl, MOXKHO TOBOPHTb, YTO Mbl HaXOLHMCS
B CUTyallMH JeTepMHHH3Ma: KOHEYHOE COCTOSIHHE YCTOHUHBO OTHOCHTEJbHO
MaJsblX BO3MYIUEHHH AaHHbIX. B Apyrux cayuasix 3tu Kjaacchl Gecropsiaou-
HO MepeMellaHbl JPYr C APYroM, H TOrAa HAJHLO CHTYaUHUsl MPaKTHYECKH
MOJIHOTO UHAETePMHHH3Ma. DTO 03HAYAET, UTO CMECh A€TEPMUHH3Ma H HHIe-
TepMHHHU3Ma, yrnoMsHyTas B §1.1, okasbiBaeTcs yxe peasii30BaHHOH B MO-
Je/Id KJIacCUUeCKOHW NHHAMHMKH, KOTAAa OHAa MHTEpHpPEeTHPYeTCs «aCHMITOTH-
YECKH».

Onpenenenune 4. Ammpaxmopom nosst X, onpefiefieHHoro Hag M, Ha-
3bIBaeTCs MOAMHOXECTBO A MHOXecTBa M, ynoB/eTBOpsiioliee CJAedyIOUIHM
YCJIOBHSIM.

(i) Moutu n06as Tpaektopus B A sBIAeTCS MIOTHOH B A.

(if) CywecrtByer Takasi (yHmameHTasbHasi cHcTeMa okpecTHocTeil U;
noagMHoxectBa A B M, uto a) si06asi TPAEKTOPHs TPOMU3BOJILHOH TOUKH
u € U; monyckaer A B KadecTBe w-npefeabHoro MHoxecTsa. b) Ecan a —
Touka u3 U; Takas, 4TO ee w-Mpe/iebHOe MHOXKECTBO (mpesient Nnpu t = —oo)
nepecekaetr A, ToO a — 3TO To4ka u3 A.

ITpumepeoL.

a) Toueunwvii ammpakmop.

B 3ToMm cayuae MHOXKecTBO A CBORMTCS K €IMHCTBEHHOH Touke a. Ecnu
PaccMOTPETb MATPHLLY JHHEHHbIX ujieHoB mosisi X B Touke a (0603HavaeMyio
uepes j1(X)(a)), T. e. cTpyo nopanka odur nonsi X B TOYKE @, Mbl NOJyUYaeM
B @ aTTPAKTOp, eC/id Bce COOCTBEHHblE 3HAUEHHs] 3TOH MaTpPHULIbl MMEKT OT-
puLaTesibHble HeHCTBUTEJbHbIE YacTH. Takol aTTpakTop OydeT HasblBaThCA
«060611eHHbIM». B camom fesie, mosie BOKpYr a sIBJSieTCS JIOKaJbHO CTPYK-
TYPHO-YCTONYHBBLIM B TOM CMBIC/IE, YTO [/ BCAKOro mosiss X', HOCTaTOYHO
6nuskoro Kk X (B Tomosioruu C1), cyuiecTBylOT OKPeCTHOCTH V; aTTpaKTo-
pa a’ v romeomopdusm h: U; — V; Takoi, uto h(a) = a’ u mobas opbuta
B X nepexomut B opbuty X'.

b) 3amxnymas mpaexmopus.

[Tycts (c) — oOmHA M3 TaKHUX TPaeKTOpPUH, romeoMopdHas OKPYXKHO-
ctu (SY). Mycts H — pOCTOK THIIEPIIOBEPXHOCTH, TPaHCBEPCANbHBIX K C
B TOUKe ¢, NpUHamexalled c. TpaekTopus, HauMHaOLWasiCsl B Touke m U3 H,
BrepBble cHoBa nepeceuetr H B Touke m/. [IpeoGpasoBanue (HasblBaoLeecs
npeo6pasoBanuem Ilyankape - @soke) h: m — m’ ectb pocTok andbeomop-
¢u3ma ¢ HemongBHXKHOU ToukoM q. Eciu cobcTBeHHble 3HaYeHHs] MaTPHIbI
Ako6u j1(h)(g) Mo Moay/MO OKA3BIBAIOTCS MeHbLle eAHHHLBI, TO 3aMKHYyTasl
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TpaekTOpHs sBJsieTcsi 0606LIEHHbIM aTTPaKTOpoM. B camom aene, ana n11060-
ro noas X', poctatouHo 6su3Koro K X, Hal#eTcs Takas 3aMKHYTas Tpaek-
topusi ¢/, 6;113Kast K ¢, H TOMeOMOP(U3M g, NEePEBOASAIINHA OKPECTHOCTb Tpa-
€KTOpHH C B OKPECTHOCTb TPAeKTOPHH ¢/, uTo 06pa3 opOuThl W3 X mom Aei-
CTBHEM ¢ siBJseTCs opOuTOol H3 X' (CBOMCTBO CTPYKTYPHOH yCTOHRYHMBOCTH).

ATH ABa NPYMMeEPA OYeHb MPOCTHI B TOM, YTO KacaeTcs TOMOJNOTHH aTTpaK-
TopoB. EcTb 1 Apyrde mpHMephl, 3Ha4HTeJNbHO Gosee caoxHbie: P. Yunbame
1 M. Illy6 npuBesy nprHMepsl aTTPAKTOPOB, 00/1aal0MHX OYeHb COXKHOH TO-
NONIOrHYeCcKoli cTpyKTypol. OnucaHue K KjaccupHKalHhs aTTPaKTOPOB, JIO-
KaJbHO CTPYKTYPHO-YCTOHUMBBIX, — B HECKOJIbKO MeHee CTPOTrOM CMbIC/Ie,
KOTOPbIH GYAET yTOUHEH HHXe, — 3TO, HECOMHEHHO, OfHa H3 TJIaBHEeHIIHX
3aja4y COBPEMEHHON KauecTBeHHOH NWHAMHKH. B 3TOM OTHOILEHHH MOXHO
clesiath caedylollye HabJoNeHHs.

Onpepenenue 5. Pynkyus Jlanynosa.

Mycts (M, X) — nuHamuveckas cucrema. Pynxyusn Janynosa, omnpe-
JeJIeHHasi Ha OTKpbITOM MHoxecTBe U U3 M, ecTb BellleCTBeHHas (PyHKLUHS
F: U — R, Bospactawoiasi Ha Kaxuod Tpaekropud u3 X (B Touke, rme
X =0, B ofuieM cayyae Hak/aanbiBaetcs ycaoBue dF = 0). ®yukuus Jlamy-
HoBa MoXxeT ObiTb rs106anbHoll (U = M) nan nokanbHo# (U ecTb co6CTBEH-
HOE OTKPBITOE MoAMHOXecTBO U3 M). B 3TOM ciyuyae npepmnosaraercsi, 4To
dyukuus cobersennas (F~1(K) — komnakr, ecain K — koMnakT).

Ecniu A — aTTpaktop B M, TO B CHJy THMOTe3bl W3 omnpefesneHus 4
MOXKHO HalTH TaKyl OTKpbITYIO okpectHocTb U mis A, uto hy(u) Gymer ot-
KPLITHIM noaMHOXecTBOM U. Ecain npennosioxuts, uto U cHabxeHa rviagkoi
rpanuueit W, MOXHO MpearnosoXKHUTb Takxke, uto hy (W) cyTb MHoroo6pasus
YPOBHsi JIOKaJbHOH coOCTBeHHOH dyHKIMHK JlamyHoBa nasa A.

Hrak, ecniu A comepxutcsi B TpyOke F' = €, T0 y Besikoro mnoas X/,
gocTaTouHo 6uuskoro K X, vMeeTcss caenymoiiee cBoiictBo: X' 8xodum
B Tpy6bky F = ¢, u Bcaenctsue 31oro y X' CylecTBYeT ONHWH HJH MHO-
ro aTTPaKTOPOB, PACMoJIOXKEHHbIX B 3TOH TpyOke. Ciiei0oBaTeNbHO, MOHSITHO,
uTO TaKOH aTTpakTop, Kak A, He MOXET «B30pBATbCs» HM3-3a MaJjiblX BO3-
MyieHui moJsi. HanpoTuB, ¢ aTTpaKTOpOM MOXeT CJIYYHTbCs «HaMpaBJieH-
Hbli BHYTPb B3pbIB», B pe3y/ibTaTe KOTOPOTO OH paClafeTCss Ha OfHH WJIH
MHOTO MOJATTPAKTOPOB MeHbllei, B o0leM ciaydyae, pasmepHocTd. Ho mo
MPUYKHE TAKOH yTpaTbl Pa3MEpPHOCTH 3TOT KAaCKaf HaMpaBJEeHHbIX BHYTPb
B3pbIBOB [OJIXKEH MPEKPAaTHTbCs. DTO 0OYC/IOBJIMBAET BbIIBHXKEHHE CJEAYIO-
el TUMOTe3bl, KOTOPasi, HACKOJbKO MHE M3BECTHO, ellle He Obljla OMPOBEpT-
HyTa.
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«Cnekmpaavras» eunomesa.

[Tycte M — KoMnakTHoe MHOroo6pasne i D(M) — NpoCTPaHCTBO BeK-
TopHbIX nosieil Hax M c tonosoruedt C”, r < 1. CyuiecTByeT Takoe BCIOLY
TJIOTHOE OTKpbITOe MHOXecTBO U u3 D(M), uto Jmo6oe note X u3 U obaa-
JaeT CJeNYIOLHMH CBOHCTBaMMU:

(i) X wuMeeT TOJMbKO KOHEYHOE YHCJIO aTTPAKTOpoB A;, u oObeauHe-
Hue B(A;) GacceliHOB 3THX aTTPaKTOPOB BCIOAY MJIOTHO B M.

(ii) Kaxnapiii U3 aTTPakTOPOB «TOMOJIOTHYECKH» CTPYKTYPHO-YCTOHYMB:
aqs1 oboro nonst X/, nocratouHo 6auskoro K X B U, cylecTByeT roMeomop-
¢usm h, onpeneneHHbiil Ha okpecTHocTH U; atpakropa A;, o6pa3 KOTOporo
apasiercsi artpaktopoM A] n3 X'. (Ho ator romeomopdusm HecoBMecTHM
¢ opOHTaMH. . .).

Onpepenenne 6. Eciu equHCTBEHHBIH aTTPakTOp, MpelCcTaBJIEHHbIH
B X, — 310 camo MHoroo6pasude M, TO roBopsaT, uTo X $IBJASIETCS 3p20-
Ouueckum B M.

6. Cryuyaii raMMJIbTOHOBBIX CHCTEM

FaMunbTOHOBA CHCTEMA ONpefesIseTCsl CUMIIEKTHYeCKHM MHOroo6pasu-
em M2, T.e. MHOroo6pa31eM YeTHOH Pa3MepHOCTH, CHaGKEHHbIM 3aMKHYTOM
2-chopMo¥i MaKCHMaJIbHOrO paHra (kak a = y_ dp; A dg;) ¢ neAcTBHTebHON
odyukuueit H: M?" — R, eamusrvmonuanom. U3 ramunbToHHaHa mo ¢op-
myane: i(X) -« = dH (popmyna l'amuibToHa — IKOGH) BBIBOAUTCS BEKTOPHOE
nose X.

H3BecTHO, uTo nosie X fomyckKaeT raMuabTOHHaH H B KauecTBe NepBOTo
HHTerpaja U OCTaBJsieT HHBAPHAHTHOH (OpMYy a (Kak U ee m-YIO BHELIHYIO
crenenb, mepy Jluysuansn). I3 atoro ciaenyer, 4To Ha TUIIEPIOBEPXHOCTH
nocTosiHHOH 3Heprud H = const none X He pomyckaer artpaktopoB. (Ta-
MUJIbTOHOBA JUHAMHKA [IONYCKAaeT 0OPaTUMOCTb 110 BPEMEHH: OQHAKO COMHHU-
TeJIbHO, YTO MOXKHO [OJYYHTb XOTb KaKYyi0-TO (PeHOMeHOJIOTHIO 6e3 HeKo-
TOpo#l HeoGpaTUMOCTH BpeMeHH: YTOObl 4TO-TO MPOHCXOAHJIO, HEOOXOLUMO,
yTOObl Gynyiias cuTyalus Oblyia Obl MPeNNOUTHTEbHEE HACTOSIEH, H HMEH-
HO 3TO HCKJIOUaeT AMHAMHKY, B KOTOPOH CTpeJsia BpeMeHH Mor/a Obl H3Me-
HUTb CBOE€ HampaBJieHHe Ha MPOTHBOMNOJOXKHOe. BoT mouemy corsacosaHue
TaKoOH 4YHCTO raMHJIbTOHOBOH TEOPHH, KaK KBaHTOBAash MEXaHHKA, C (peHOMe-
Hostorved TpeOyet moctyniara «ad hoc» («Issi mawHoro cayuas» (nar.). —
[Ipum. nepes.), meopuu u3mepenus, MOCTyJaTa, KOTOPbI OTBOAMT 3KCIle-
DPUMEHTATOPy pOJib, He ONpeleJieHHYI0 Ja)ke M0 OTHOLIEHHIO K JHHAMHKe
TEOPHH.)
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Tem He MeHee B raMHUJIbTOHOBBIX CHCTEMAaxX CYIECTBYIOT HEKOTOPbIE
MHBAPHAHTHbIE 3aMKHYTble MHOXECTBa, KOTOpble 006JaJaloT CTPYKTYPHOH
YCTOHUYHBOCTbBIO 110 OTHOLIEHHIO K TaMHJ/IbTOHOBBIM BO3MYIIEHHAM H KOTOpbIe
MOXXKHO PacCMaTpPUBATh KaK «HeonpeleeHHble aTTpakTopbl». FIMeHHO TakoBa,
HampuMep, 3aMKHYTasi UEHTpasibHast TpaeKTopus (H3ydyeHHass Konmoroposbim,
Mosepom 1 npyrumu). B atom cayuae nuddeomoponsm Ilyankape — Pnoke
SIBJISIETCS CUMIIeKTHUeCKUM audeomopdusmom. M3 atoro cienyer, uto ero
cOGCTBeHHBIe 3HauyeHHsl pachpefensiorcs MO0 B BUJE 4eTBEPOK («KBapTe-
T0B» BMaa A, A, ™1, A71), 1u6o B Buae aBoek (mys1oB) (u, i), rme |u| =1,
M OT OfHOH KOH(UTypalWH K APYroH MOXKHO NepelTH TOJIbKO NOCPEACTBOM
CTOJIKHOBEHHUSI Map KOpHel Ha eMHUYHOH OKpyxkHOCTH. [Tuddeomopdusm
[Tyankape siBisileTCsl «LI€HTPaJibHbIM», KacaTe/IbHBIM K BpaiieHHio. M3 atoro
MOXKHO BbIBECTH CYILECTBOBAHHE MHOXKECTBa HeHYJ/EeBOH Mepbl, COCTOsILe-
ro M3 TPaeKTOPHH, 3aKPYUHBAIOLIMXCS CIMPANbIO BOKPYT AAHHOH 3aMKHYTOH
TPaeKTOPHHU, HO He yHasIOUHXCs OT Hee. Bce 3TH TpaeKToOpUH IBHO oIpefe-
JSIOT «TO 2Ke» TepMOJHHAMHUYECKOe COCTOSIHHE, YTO U HauaJbHasl 3aMKHyTas
TPaeKTOpHs, W I00ajibHasi CUCTEMA He SIBJSETCsS IProguyeckoi.

IIpumep. [apmonudeckusi ocyuriamop.

Ecain M?" = C", H = Y. p? + ¢?, 2 = q; + ip;, TO runeprnoBepx-
HocTH H = const sBasioTcs chepamu pasmepHocTH 2n — 1. Bee Tpaekro-
puM SIBJSIIOTCSA OKPYXKHOCTSIMHM, KOTOpble onpegensiioT B S2"~1 paccaoenue
Xonga na xomnnekcHoM npoekTHBHoM npoctpaHctee CP(™~1) . OuesuaHo,
3leCb peyb HJET O CHTyalHMH, coBCceM He ofnanawouieil 060011eHHOCTbIO.
Tem He MeHee, kKak Obl0 MOKazaHo B paGoTax ApHO/IbAA, NMEpPBbIH HHTe-
rpajl raMUJIbTOHOBOH CHCTEMbl 00J/1afjaeT ONpeeseHHOH CTPYKTYPHOH YCTOM-
4YMBOCTbIO, HMeMLLEeH cTaTUCTHUecKylo dopMy. FiMeHHO 3TO ofbsicHsieT ToO,
4YTO TakKHe HHBApHaHTbl, KaK KWHETHYeCKHe MOMEHTbl, MMelOT HEeKOTOpbIH
CMbICJI, HECMOTPS Ha TOT (PAKT, UTO MOPOKAAIOIINE HX CHMMETPHH SIBJSIOTCS
NPHOJM3UTEbHBIMH . . . B nocsenyioleM H3/oXeHHH Mbl OyeT o6paiiaThest
K FaMHJbTOHOBBIM JAHHAaMHKaM JIHLIb B HCKJIOYUTEJHbIX ClyyasX BBUAY HX
HECOBMECTHMOCTH C HEOOpPaTHMOCTbIO (DEHOMEHOB.

7. Mogeas

Ilycts D = B x T — 6a3oBas 06/1aCTb, Ille IPOMCXOIHT paccMaTpUBa-
eMblii MopdoJiornyeckuii mpouecc. bynem cuuTaTh, YTO B KaXOOil Touke u
13 D MHOXeCTBO JIOKAJbHBIX COCTOSIHME Npoliecca MOXKeT ObiTb Mapamer-
PHM30BaHO TOYKAMH KOMMaKTHOro AH¢¢epeHuHpyemoro MHoroobpasus M,
OMHOTO W TOro Xe aJs J60H TOUKH U3 D: MHOoeo006pasus SHYMPEHHUX
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cocmosanuti. Takum o6pasoM, Mbl MPUXOAMM K MApaMeTPHU3ALUU BCELO MHO-
JKECTBA JIOKAJIbHbIX TOUYEK MpolLecca TOYKaMHu npousBeneHus B = D x M,
TPHBHAJIBHO paccjloeHHoro Haa D co crioeM paccioenust M, p: E — D.

Onpenenenne 7. Mema6oauueckum noiem Han D Ha3biBaeTCs BeK-
TopHOe noJe X, onpejeseHHoe Haj E, kacaTesbHOe K CJOSIM COOTBETCTBYIO-
mero paccjoeHust p. Mera6osnueckoe moJjie MoXKeT GbiTb ONPENE/eHO TAKUM
obpasom: Kaxa0# Touke u € D conocrasisiercs nose X (u) Ha cioe M. Cae-
AoBaTe/1bHO, HMeeTcsl oTobpaxeHue G 13 6a3bl D Ha npoctpaHctso D(M)
BeKTOpHbIX moJell Han M. Ilose X (u) onpenensietcs: cucteMoit nuddepen-
LMaJbHLIX ypaBHeHUl dm/dv = X (m;u).

B stoit dopmysie cunTaercsi, uto u3aMeHeHuss X Kak GQYHKUMH u MpO-
UCXOAAT MeIJIEHHO C TOYKH 3peHHst Momyas mojs X. [lapametp v mosxeH
paccMaTpHBaThCs KaK «A0KAAbHOE 8pemsi», B IIPHHLIKIIE OTIMYHOE OT HabJlio-
JlaeMOro MaKpOCKOIHUeCKOro BpeMeHH, KoTopoe napaMeTtpuayet ocb 1. Hrak,
Mbl BbIPa3HJIM TOT (DaKT — Ha MPaKTHKe JOCTATOYHO OOIIMH, — UYTO JIOKaJb-
Hble BOJIIOLHH ABJAFIOTCS HaMHOro Gosiee GbICTPbIMH, YeM IvioBasbHasi 3BO-
JIIOLHS1 MOPGOJIOTHH, yIepKHBaIoLIas Kb KpynHoMaciuTabHble COObITHS.

Onpenenenne 8. JlokaisHoe cocmosmue npoyecca.

OHo onpenensietcst ceueHdeM S paccioenusi p: E — D, Kotopoe CBsi-
3blBaeT C KaXAOH TOukod uw € D mpemcTaBHTeNs JIOKAJbHOTO COCTOSIHHSA
B u B cioe M(u) = p~1(u). [lpennonaraercs, 4To 3TO ceueHHe OMpeeNeHO
1 nuddepenurpyemo B D, 3a HCK/IOUEHHEM HEKOTOPOro MHoXecTBa K C D,
MHOXeCTBa KaTacTpodHl.

Takoe npencraBneHue siBAsieTCs AETEPMUHHUCTCKHM (32 HCKJ/IOYEHHEM,
MoxeT 6biTh, K). Mbl nonyuum Gosiee peasucTHUecKoe MpPeACTaBleHHe, —
TEPMOJMHAMHYECKOTO XapaKTepa, — 3aMeHsisi ceueHHe s(u) ero acHUMITOTH-
YeCKHM COCTOSIHHEM B JHHaMHKe cnoeB. Torna, NMPHHHMAsh CHEKTPasbHYIO
THIOTE3y, a TakKxke TO, UTo noje G(u) OTHOCUTCA K OGOOLIEHHOMY THILY,
Mbl YBHAHM, YTO HpeflebHOe MHOXKeCTBO w(s(u)) OyaeT (¢ Tomosoruyeckoi
TOYKH 3peHHsi) CTPYKTYPHO-YCTOHYMBBHIM aTTPaKTOPOM, KOTOpbIH Mbl 060-
3HauMM Kak s(u). Jajnee, 3TOT aTTpakTOp paBHbIM 06PA30M OMpeneJeH [Js
6JIM3KHX MOJIeH W, BCJENCTBHE HENpepbiBHOCTH, 3HaueHHe s(u') AJs pery-
JISIpHOTO ¢/, 0CTaTOUHO GJIH3KOTO K U, €CTh aTTPAKTOP, NMOJyUYeHHbIH MyTeM
necdopmauuu s(u) B mpouecce nepexona ot noast G(u) k nosmo G(u'). Takum
06pa3oM, C KaxkAhiM aTTPaKTOPOM «0GOOLIEHHbIX» HOJNed MeTaboJIH4eCKOro
nonss G MOXHO CBsi3aTh €ro «o6sactb» B D, KoTopasi npenctaBJsieT co6oH
MHOXECTBO TaKMX ToueK u M3 D, uTo s(u) #BJISeTCH 3THM aTTPaKTOPOM.
He caenyer cmewmnBath o6racme aTtpakTopa, KOTOpasi €CTb OTKPBITOE MHO-
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)KecTBo 6asbl D, ¢ ero 6accetiHom, KOTOPbIH €CTb OTKPbITO€ MHOXeCTBO
c/10i M «BHYTPEHHHX COCTOSHHH».

B touke k, npuHaisexauieii MHOXecTBY KaTacTpodbl K, ceueHHe 5(k)
He onpefeneHo B npuHuune. OGHaKO NPH XKeJaHHH MOXHO onpeneanTb 5(k)
KaK MOPOrOBOe MHOXeCTBO, OTAe/s0llee APYT OT Jpyra 6acceiiHbl aTTpaKTo-
pOB, KOHKYpHpYyolHX B k. Takoe ceueHHe HMeeT CBOHCTBO MOJIyHENpepbiB-
HOCTH:

lim s(k') C s(k), ecan k' ctpemutest k k.

Hcxons u3 3HaueHHs1 MetabosHdeckoro nosst G ¥ Ha4aJlbHOrO 3HAYEHHS
s npu t = 0, HEBO3MOXHO, BOOOILE TOBOPS, YTOYHHTL MPHPOAY H MOJIOKEHHE
MHOXecTBa Katactpodsl K. OnHako, B TOM ciayuyae, Koraa noje G sBjsert-
cSl TOTEHLHAJIbHBIM TI0JIEM, MOXKHO C(OPMYJHPOBaTb HeKoTOpbie GoJsiee WK
MeHee o60CHOBaHHble npaBuia (ycjaoBie MakcBesia), KOTOpble TO3BOJSIOT
omnpenenuTb MHOXKecTBO K.

8. Bbudypkauus

O6o3Haunm uyepe3 3 oco6oe MHOKecTBO nojeilt B D(M), He ymosJe-
TBOPSIIOLIMX CMEKTPaJibHO runoTese. B 3TOM ciyuae gUHAMHKa rpagueHT-
Ha 3 — 3TO THUMEepnoBepXHOCTb ¢ ocobeHHocTaMH B D(M): ona o6Hapy-
JKHBaeT CTPAaTHPHLHUPOBAHHYIO CTPYKTYpPY, TaK YTO B KaXKIOH TOUKE CTpaTa
KOHEUHO# KOPa3MepHOCTH HMeeTCs JIOKa/bHasi MOEJ1b TPAHCBEPCAJIBHOTO ce-
YeHHs, OTpefesIieMoro nojyanreGpanueckuM MHOxecTBOM. Eciiu ceueHHe s
JaHo i t < t1, MOXKeT CJYYHTbCHA TaK, 4YTO B TOYKe U, COOTBETCTBY-
e ¢t = t;, arTpakTop S$(u) YTPATHT CTPYKTYPHYIO YCTOHUHBOCTb. To-
ria G(u) ectb nose u3 ¥. CriefioBaTe/IbHO, Mbl BHIHM, UTO YaCTb MHOXECTBA
KaTacTpodsl onpefensercs TeM ¢axTom, uto G(u) HaxomuTcs B X, KOTAa
aTTpakTop S(%) CTAaHOBHTCH HEYCTOHUMBBIM. DTOT (EHOMEH — paspylieHHe
aTTPaKTOpa MOCPELCTBOM W3MEHEHHsl MOJisl H ero 3aMeHa HOBbIMH aTTPAaKTO-
paMu — B KaueCTBeHHOH MeXaHHKe W3BeCTeH MO Ha3BaHHWEM Gu@ypKayuu
(moxoxxe, YTO TEPMHUHOJIOTHSI BOCXOAHT K HIKOOGH H COOTBETCTBYET HEMELKOMY
«Abzweigung»)®.

Korna artpaktop A = s(u) paspyuwaercs 6udypkauhei, nosiBaseTcs
HEKOTOPOe KOJIMUeCTBO aTTPAKTOPOB — GJIM3KUX H YHAJEHHbIX, — [JI TOTO
4yTOObl 3aXBaTHTb CBOI HOJIO ero GacceiiHa, U 3TH aTTPAKTOPbi-HACAEIHHKH
pasmesnaT Mexnay coGoil OKPeCTHOCTb TOYKH u TpH t > t1. KoHKypeHuus
MEXIY 3THMH HacJleIHHKaMH TOPOXIaeT MOPQOJIOTHIO YAAaPHbIX BOJH B D.

*)OrsetBreHye (HEM.) — npum. nepes.
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B nono6HoM ciyyae MOXKHO HHOTIA AONMYCTHTb, YTO 3TOT pasien obsacTeil
onpefe/sieTcsl BHYTPEHHHMH XapakTepHcTHKaMu noas X C D(M). (1o 6y-
neT cayuaii ycjoBus Makcsensa, onucanublii Huxke.) Takum o6pasom, co
cTpaToM GHGYpKaLKH o H3 ¥ CBA3aH CTpPaT YHHBepCaJbHOU KaTacTpodbl J
B D(M). (ToBopsi ofpasHo, 6ugyprayus nopoxdaem kamacmpogy.)

Ecau oTobpaxkenue G, KoTopoe onpefensieT MeTabo/HuecKoe noJe, sip-
JisleTCsl TpaHCBepCcaslbHBIM Ha cTpaTe S 6HYpKauWMu H Ha CTPATHOHLHUPO-
BAaHHOM MHOXecCTBe KOH(UIHKTa J, KOTOpOe C HHM CBf3aHO, TO JIOKajbHOE
MHOXKecTBO KatacTpodbl K onpenensiercs npoo6pasom G~1(J). B kauectne
TPaHCBEPCaJbHOTO CeueHHs CTPaTH(hHLMPOBAHHOIO MHOXeCTBa J OHO momyc-
KaeT CYLEeCTBOBAaHHE JIOKaJbHOM Mozenu (BooGlie roBopsi, MoJyaHaJHTHYE-
ckoi). Mrak, mosyyaercsi, uTo JioKasbHasi MOpP(oJOrus MoxeT ObITh 3ajaHa
JIOKAJIbHBIM MOpghOceHemuueckom noiem, Kpeodom.

9. Cyyaii rpagueHTOB

Ha 3Tor pa3 mpeanosoxum, uto JokKasibHas AHHaMHKa X (u) ompene-
asiercst noteHudasoM X (u) = —grad,,V(m;u), m € M, u € D. Ilo-
Nl TPagMeHTOB 00JafaldT Ha CaMoOM JeJie MPOCTbIMH CBOHCTBAMH: HeT
HHKAaKOH pPEeKYPPEHTHOCTH, H KaXAas TPaeKTOpHUS MPOXOAHT OT KpHTHYe-
cKoM TOuKH M3 V mo npyro#i KpHTHueckoit ToukH. [loutH mo6asi Tpaek-
TOpUSl B KOHIIe JOCTHraeT MHHHMyMa, KOTOpbIH, BOOOLle roBOpS, SIBJISETCH
HeBbIPOXKAEHHOM KBafipaTHYHOH (opMoii. Passioxxenne MHoroo6pasus M Ha
BacceiiHbl JIOKAJbHO OYyAET OTHOCHTEJBHO MPOCTbIM: GaccelHbl pasaesieHbl
THIIEPIOBEPXHOCTSIMH C OCOOEHHOCTSIMH, KOTODble MOTYT COfepXaTb «TOY-
KH neperuba» THna y =z (ecam 3To HeoOXomHMO, TO GoJbllell pasMep-
HOCTH).

Jlpyroe nmpeMMyL1ecTBO 'HIOTe3bl FPaJHEHTOB 3aKJ/I0YaeTCs B BO3MOXK-
HOCTH 3aMeHHTb HCCJ/le[JoBaHHe BEKTOPHBIX MOJIed — ellle J0BOJIbHO CJIOXKHOe
¥ MJIOX0 pa3paboTaHHOe — HCCJ/ef0BaHHEM MOTeHIHaNoB. TakHUM 06pasoM,
Mbl BO3BpalilaeMcsl K H3yUeHHIO BO3MOXHbIX OH(YpKalHi MHHHMYMOB UH-
CJIOBbIX (PYHKLHI — K mpobJieMe, NMPH HblHELIHEM Pa3BHTHH TeXHHYECKHX
CPeACTB pa3pelliMMOi C MOMOLLbI0 TEOPHH «yHHBEPCa/lbHOH Pa3BEPTKH», KO-
Topasi BJSIETCS MpeAMeTOM cJjefyollei ryasbl. B kaxkpoét Touke u € D
COOTBETCTBYIOUIUH JIOKAJbHbIH PeXHM Onpefe/sieTC OAHHM H3 aTTPaKToO-
pos X =grad,,V(m;u), T.e. ONIHHM M3 MHHUMYMOB"™ noTeHuHana V.
Ho B o6uieM ciyuae V' nomyckaeT MHOXKECTBO MMHHMYMOB, TaK UTO HMeeTCs
HeKoTOpasi HeleTEPMHHHUPOBAHHOCTb BLIGOPA YCTOHYHBOrO peXXMMa, KOTOpbIi
no6Gexpaet B u. [Ipoctoe mpaBu/IO Al YCTPAHEHHS 3TOH HeneTepMHHHPO-
BaHHOCTH €CTb
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Ycaosue Makcseara.

B n060it Touke u € D JiokanbHbIH pexXUM onpenessieTcs abCoNIOTHbIM
MHHUMYMOM QYHKUUH V (m;u).

It1oT abCOJIOTHBI MHHUMYM p B 06llleM Cjydae eCTb HeBbIPOXKIAEH-
Hasi, CJ1eJ0BaTe/IbHO, CTPYKTYPHO-YCTOHUMBAs, KBafpaTHuHas ¢opma. Cre-
[IOBATeJIbHO, CYWIEeCTBYeT OTKpbiToe MHOXecTBO U C D, Hal KOTOPHIM [
nobexnaet. Pacuuupenue obnactu U OyneTr npekpalleHO MPH HaJHYHH ABYX
06CTOSITENbCTB.

(i) MuHUMYM p, BCIOAY omnpenesieHHbIH H yCTOHYMBBIA, nepecTaeT OGbiTh
abCOMIOTHBIM MHHHMYMOM, MOCKOJIbKY MeHbllle Hero okasbiBaeTcsl Apyrou
MHHUMYM p'. B Touke v W3 U 3TH IBa MMHHMYMa HMeIOT PaBHble 3HaYeHHS.
Torna roBopuTcs, UTO v NPUHALJIEKHUT K cmpamy KOHPAUKMA;

(ii) n1160 MUHHMYM p CTAHOBHUTCH CTPYKTYPHO-HEYCTOHUMBBLIM; TOTAA
TOUYKa v MPHHAJIEXHUT K cmpamy bugyprkayuu.

ITH cTpathl CyTb NPooOpasbl COOTBETCTBYIOLUIMX CTPAaTOB B (YHKIH-
oHasbHOM npoctpaHcTBe L(M;R) nmeficTBHTesbHO3HAUHBIX (YHKUHH C
Ha M. B 3TOM npocTpaHCTBe CTpaThl KOH(PJIHKTA HMEIOT KOPa3MepPHOCTb OflHH
U cofepxKaT Ha CBOei rpaHule cTpaThl 6HdypKaLKH, HMeIOlIHe, 0 MeHbLIeH
Mepe, KOpa3MepHOCTb [IBa.

YcnoBde MakcBessia (HasBaHHOe Tak MOTOMY, YTO HMEHHO OJaropa-
ps eMy oIpege/sieTCsl FOPH30HTaJIbHBIA Yy4acTOK KpHBOU (H3oTepmbl) Bah-
nep-Baasnbca) no cBoemy asnreGpauueckoMy XapakTepy CJMIIKOM YAOGHO H
4acTo OTBJIEKaeT OT (PH3HUECKOH peasbHOCTH. Tak, MOXHO Oblio Obl ole-
HHUTb I106a/IbHYIO YCTOHYMBOCTb MHHHMYMa C MOMOLIbIO IPYTHX (YHKIHMH,
HanpuMep, C NOMOLIbIO Io6anbHOro o6bema ero 6acceilHa HJIM OTHOCH-
TeJIbHOW BHICOTbI CAMOTr0 HHM3KOro nopora y rpaHuusl 6acceiina. Boibop Ta-
Ko (PyHKLUMH BMecCTO ycJioBHsI MaxcBesia HEKOTOpbIM 06pa3oM CKasbiBa-
eTcss — BooOILe roBOpsi, MHHUMAJIBHO — Ha TOINOJIOTHH MHOXeCcTBa KOH(-
JIMKTA.

DTOMy BHAYy NpaBHJ MOXKeT ObiTb GpoIleH GoJiee Cepbe3HbId YIpeK:
OHH COBepLIEHHO NpeHebperawT GeHOMeHaMH — YacTO XOpoLIo HabJjiona-
eMbIMH — 3ana30bl8aHus WIH eucmepe3uca. B HeKOTOPBIX CIydasX MOX-
HO MOJIYYHTb COBepLIeHHOe 3ana3[blBaHHe: MHHHUMYM CYILIEeCTBYeT, OKa ero
6acceiiH He paspyluaeTcs OH(ypKaLHeld LeJHKOM.

[Ipumep. Kamacmpoga Pumana - loconuo.
Mtuoroo6pasue M 3pech umeeT pasMepHocTb oguH (ock Ox), B mpo-
ctpaHcTBe D pa3mepHOCTH ABa (KOOPOMHATHI w, ¥) UMEETCS MOTEHLHAJ:

V =a*/4 4+ uz?/2 + vz.
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MHO0XeCcTBO KPHTHYECKHUX TOUYEK ONpeie/seTcs MoCpeacTBOM
oV/dz = x% + uz +v.
JIMCKPHMHHAHT 3TOrO ypaBHEHHS TPETbeH CTENEeHH PaBeH
4u3 + 270 = 0.

HmeeTcss Tpu KopHsl (IBa MHHHMYMa), PACIIOJIOXKEHHBIX BHYTPH TOJY-
Kybuueckoi mapabosbl 4u + 27v? < 0. Ycnove MakcBensna OTBOAHT AJISA
MHOXecTBa KOHDJHKTA nosyoch v = 0, u < 0; Haya/10 KOOPAHHAT eCcTb CTpaT
6udypkaund, muaumym V = z* tam Heycroituus. Ecnu npuHATbH ycsoBHe
«COBEpIIEHHOr0 3ana3fiblBaHHsi», PEXHM, FOCMOACTBYIOIHI B TOuke (u,v)
3aBHCHT OT MCTOPHH 3ToH ToukH. Hanpumep, ecau omucbiBaeTcsi napasniedb
kK v (u = —k?) B HanpaB/ieHHH BO3PACTaHHs U, TO JIOKANbHbIHl PEXKHM, CBSi-
3aHHBIH C OTPULATENbHBIMH ¥ (€IHHCTBEHHBIH, €CJIH ¥ JOCTATOYHO BEJIHKO),
CYyLIeCTByeT A0 JIMHHH BepXHed BeTBH MosyKyGHUecKo# napaboJibi:

u = 2t3,
u=—3t2 t>0 (cm. puc l.).

W
" ng A(

Puc. 1

v

r
¥
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Teopusi yHuBepcaabHOU pasBepTKu™P!

3.1. YHuBepcasibHasi pa3BepTKka pocTka (PyHKUMHU

CymecTtBoBaHHe  «CcTpaTH(HKAUKMH»  (DYHKLHOHANbHOTO MPOCTPAH-
crBa L(M,R) ¢yHkuui Ha MHorooGpasud M, HanpuMmep Takoil, KoTopas
yuacTByeT B OudypKaluHMH MHHHUMYMOB H3 IJIaBbl 2, B KOHEYHOM cyeTe
OCHOBBIBAETCS1 Ha HEKOTOPOH TEOpHH — TEOpHM YHHBEpPCaJbHOH pa3BepT-
KH pOCTKa OTOOpaXKeHHs. DTOi TEOPHH MOXKHO TNPHAATb OMNpeeseHHYIO
MarteMaTHYecKyio Gopmy. MoxHO pasiuuaTs:

1. AnreGpaundecKyio TEOPHIO, KOTopast sIBJISIETCS 3aBEPIIEHHON B C/yyae
¢GhyHKUHH, a TakXKe B ciayyae pocTKoB oToOpax<eHui (k. Masep). Huxe
Mbl MPEACTABUM CYLIECTBEHHbIE HIEH 3TOH TEOPHH NMPUMEHHTENbHO K (PyHK-
LHSAM.

2. TomoJsioTHUECKYIO TEOPHIO, KOTopasi siBjsieTcs 6oJiee oOiIeld H OCHOBbI-
BaeTCsl Ha TMOHSTHH «CTpaTH(HIKHpOBaHHOrO Mopdu3Ma Ge3 B3pbiBa». Bruia
npe/sioxKeHa NoJHas pefakuus 31oii Teopuu (k. Masep [NTS]"?).

3. HakoHewn, uMeeTcsi TeopHsi YHHBEDPCaJbHOH pa3BepTKU AeHCTBHH
TpYIIbl, KOTOpasi UCMOJb3yeTCsl B (DM3HKe, B TEOPHH HApPYILEHHS CHMMeET-
pHH"P3 B KOTOPOi Mbl 3/leCb He GyleM 3aHHMAThbCS.

3.1.1. AnreGpauueckas Teopus
Onpeneaenne 1. Ilycts f: (R™,0) — (RP,0) ectb pocTok nuddepen-

uMpyeMoro oto6paxeHHs (4To B JaJbHefileM Bceraa GyfeT o3Hauatb C'°).
Pa3Beptka pocTtka f o6pasyeTcsi H3 HEKOTOPOro 0TOGpaXKeHHs

F: (R™0) x (U,0) —— RP x (U,0)

N

(U,0) (U — okpectHocTb 0 B R¥)
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COBMECTHMOIO C PacCC/IOEHUSIMH B HCXOJHOM M B KOHEYHOM MHOXECTBax,
KOTOpbiEe OTpefie/ieHbl MPOeKUHSIMH P, p’, MpHueM

FH{(R",0){0}} = f.

Onpepenenue 2. Eciu F ecTb BhillieynoMsiHyTast pa3BepTKa, TO 3a[1aHO
ellle ofHo npoctpancTBo napametpos (V,0') (kaxoii yronHo pasmepHocTH), a
Takxke nuddeperuupyemoe otobpaxenue g: (V,0') — (U,0). Hazosem pas-
sepmkoii F, unoyyuposannoii orobpaxeHuem g, pa3septky (G, 0O0HO3HAYHO
onpe/esIeHHYI0 KOMMYTaTHBHOM HHarpaMmoii™:

(R",0) x (V,0') —5— RP x (V,0)
NS
(U,0)
/d X g l g /d X g
(U,0)
VAN
(R™,0) x (U,0) —— RP x (U,0).

Onpenenenne 3. IJKsusasenmnocms 08Yx passepmox.

ITo oTHOwWeHHIO K AByM JaHHBIM pa3BepTkaM F', G poctka f, cooTBet-
CTBYIOIHM npocTpaHcTBaM napametpos (U, 0), (V,0'), roBopuTcs, uTo 3TH
pasBepTKH 3KBHBa/IEHTHbI (H30MOP(HbI), €CJIH CYIIECTBYIOT JOKa/bHble AUD-
theomopu3mbl

H:(R",0) x (U,0) — (R™,0) x (V,0),
H':RP x (U,0) — R? x (V,0),
umetoutme opmy H(x,u) = [hu(a), k(u)], H'(y,u) = [hu'(y), k(w)], tre k
ecTb TaKoM JioKanbHbli guddeomopdusm k: (U,0) — (V,0'), uto caenyrouias
IHarpaMma siBJsieTCss KOMMYTaTHBHOM:

(R, 0) x (U,0) —— RP x (U,0)
N
(U,0)
H | H’
(V,0%)
7N

(R",0) x (V,0) —— RP x (V,0/).
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Lleap Hamefi TeopuH — M0Ka3aTb, YTO €CJAH POCTOK f YAOBJIETBOPSIET
HEKOTOPOMY ajire6paHyecKoMy YCJIOBHIO KOHEUHOCTH (ITOYTH BCEraa BhINOJ-
HAlleMycsl B caydae QyHKUMH mpd p = 1), To cyuiecTByeT pasBeptka F
pocTKa f, KOTOPYIO MOXXHO Ha3BaTh «BEPCAJIbHOI» B TOM CMBICJe, YTO JIIO-
6asi Apyrasi pa3BepTKa 3KBHBaJIeHTHa pa3BepTKe, HHAYLHPOBAHHOH €10 I10-
CPeACTBOM MoaxoAsuiero orobpaxetust (C°°) B MpoCTPaHCTBe NMapaMeTpoB
yHHBepcanbHOH pa3BepTKU™S. 3aTeM Mbl MOKaXkeM, 4TO JBe BepCabHble
pa3BepTKH C MHHHMaJ/bHOH DPa3MEepPHOCTbIO 3KBHBAJEHTHbl, H HMEHHO 3TO
ofpefieisieT, C TOUHOCTbIO JO SKBHBANEHTHOCTH, YHHBEPCAJIbHYIO Pa3BEPTKY.

3.1.2. BeckoHeuyHO MaJjaf ¢opmMa NpeANIeCTBYIOIHUX ONpPeaeIeHUI

[lycte f: N — P ectb auddepeHuHpyeMoe oToOpaxkeHHe MHOroobpa-
3ust N Ha MHorooOpasue P. Ilytb otobpaxeHuil f; ectb oToGpaxenue F':
N xI — P x T, coBmectuMoe ¢ npoekuussMu N x I u P x T ua I (310
«pa3BepTKa» B TOM CMbICJe, B KOTOPOM 06 3TOM roBopuJoch Bhiuie). [Ipenmno-
JoxuM, uto F|(N,0) = f. M0oXHO MOCTPOHTb BEKTOP, KacaTesbHbI{ K MyTH
F B dpynkuroHanbiom npoctpanctee L(N, P). Kaxnoil Touke = u3 N 0106-
paxeHnue F comoctasisiet nyTh f(x) B P, KOTOpbIH HAYHHAETCS HEIPEMEHHO
B obpase y = f(z). CienosaTesbHO, KacaTesbHbIH BeKTOp dfy/dt onpenensi-
eTcs 3ajlaHheM B KaXJo# Touke x U3 N BekTopa, KacaTesbHOro K P B ToYKe-
obpase y = f(x). Paccmotpum paccnoenus TN, T P BeKTOPOB, KacaTe/bHbIX
K N u P cootBeTcTBeHHO, U nycTb T'f OyneT paccioeHHeM, WHAYLHPOBaH-
HeiM Ha N u3 TP nocpeactBom otobpaxenust f. Ilosyuaem nmpousBogHbie
oTOOpaXkeHusl

.
N L1, L TP
N f

beckoHeuHo Manas nedopmauus otrobpaxkeHus f siBJsieTcs, MO onpee-
JIEHHI0, BEKTOPOM, KacaTeJbHbIM K IYTH TaKHX OToOpaxKeHu#, Kak f;. Cue-
LOBaTeNbHO, 3TO ceyeHHe paccyoenuss Ty — N.

OnHako cpeny GeCKOHEUHO MasbiX aedopMaliii oTobparkeHHsi f HEKo-
TOpble HHAYLHPOBaHbl 6ECKOHEUHO MasbIMH AH((DeoMOphH3IMaMH HCXOAHOTO
npocTpaHcTBa N WM KoHeyHoro npoctpaHcTBa P. Ecau, Hanpumep, h; ectb
cemeiicTBO ¢ napaMmetpoM t nuddeomopduamoB MHoroobpasus N ¢ hg =
= idn, TOo opMyna g = f o h, onpenensieT 6ecKkoHeyHO Manyio gedopma-
uuio orobpaxkeHus f. Ecan X ectb BekTOpHOe noJje Hag N, ompeneseHHoe
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npou3BopHo# dhy/dt, To X ectb cederue paccinoenuss TN — N, u no onpe-
HeJieHHI0 0To6paxeHus f. = jl(f) nis 6eckoHeuHO Masod AedOpMaLHH gy
MHoroo6pasus f nonydaem cdopmysny

¢ = fz(z), rie ¢ =dg:/dt.

Touno Tak e GeckoHe4HO Masbli AH((HEeOMOPDH3M C KOHEUHBIM MHO-
XecTBOM P omnpepensieTcsi BeKTOpHbIM nosieM Y Han P, u gedopmauus, no-
POXeHHas KOMMO3HIHeH ¢ oTobpaxkeHueM f, — 3To ceuenue ¢’ = fE~1(Y).

Omnpepnenenue 4. OroGpaxenue f: N — P HasbiBaeTcsl uHpuHumesu-
MANbHO Ycmoliuugsim, ecnu Jiobasi GeCKOHeuHo MaJsast fedopMalHs ¢ 0To6-
paxenuss f umeer BUA fi(X) + f*1(Y), rue X, Y — BekTopHble MoJs
Hag N u P COOTBETCTBEHHO.

Huaue roeopsi, ecnu f sBaseTcs HHPHHHUTE3UMAJIbHO YCTOHYHBBIM,
TO JelicTBHe GeCKOHEUYHO Masiod aedopMauuu otobpaxkeHus f MoxeT ObiTh
KOMNEHCUPOosaro MOAXOASIMMH GeCKOHEeUHO MaJibiMH AU deoMopdH3MaMH,
JEeHCTBYIOLIMMH H3 HEOOXOIHUMOro MHOXXECTBA B KOHEUHOE.

Ecan cootsetcTBHe ¢ — (X,Y) MOXHO OCYLIECTBHTb C JOCTaTOYHOH
CTeMNeHbIO HEMPEPLIBHOCTH (HMesl B BHAY AuddepeHuHpYyeMbie ceMeiicTBa ce-
YeHHH ¢) Ha BceM OTKpPbLITOM MHOXecTBe W B ()yHKLUHOHAJBHOM MPOCTPAH-
CTBe, TO TOrja MOXHO nokasatb (J[k. Masep), uTo myTeM HHTerpHpOBaHHUs
BEKTOPHbIX noJiet X, X J106asi KOHeuHasl «I0CTaTOYHO MaJasi» aedopmalius
otobpaxeHus f B W MoxeT ObITb 1oJ1y4eHa B pe3yJibTaTe A€HCTBHS MOAXOMS-
mWHX nuddeomopdusmo k, A’ 13 N u P cooTBeTcTBeHHO (0TCIONA CJelyerT,
4TO HH(HHHTE3HMAJ/IbHO YCTOHUUBLIA POCTOK SIBJASETCS YCTOHUHBBIM).

Cy1uiecTBeHHbBIM HHCTPYMEHTOM 3TOrO [JOKa3aTesbCTBa sIBJseTCs n0020-
mogumenbras meopema, KOTOpylo Mbl ceituac cpopmyJupyet. lagum crnepsa
elle HeCKOJIbKO ONpefesIeHUH .

Omnpepenenune 5. Hugunumesumaronas degpopmayus pasgepmiu.

[ycts (N,0) x (U,0) LR (P,0) x (U,0) ecTb pa3BepTka mHapamert-
pos (U,0). UudunnTe3umanbHoll necdopmaureil passeptkd F HasbiBaetcs
npoussoiHas npd t = 0 mapaMeTtpHyeckoil aecdopmauuu F; passepTku F,
KOTOpas mpoeLupyeTcs Ha AecdopMalivio J; MPOCTPAHCTBA MapaMeETPOB

NxUxI -2, pxUxI

| !

UxI] —— Ux 1.

Jt Xidt
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CnenosatesibHO, 3TO ceueHHe pacc/oeHHsi Ty, HHAYLHMPOBAHHOrO H3
T(P x U) peiictueM F Han N x U, ceuenue, uMeollee BHL

Y(z, fu(z),u) + U(u),

rae U(u) o6o3HauaeT BeKTOpHOE MOJie Haj MPOCTPAHCTBOM napameTpoB U
(U = dJ;/dt). Cpenn nedopmauuii pasBepTKH CyLUIECTBYIOT TaKHe, KOTOpbE
NOPOXKJIeHbl apaMeTPHYeCKHMH 3KBHBaJEHTHOCTMH, HMelolue dpopmy Fy =
= H,o Fo Hy, rne H, v H — nuddeomoppusmbl u3 N x U, u P x U
npoeLHpyloLiyecs Ha Takoi Xe nuddeomopdusm us U.

NxUxI —ms NxUxI
UxI 22 pxr

I I

PxUxI T PxUxI.

Onpepenenue 6. [oBopsitT, YyTO pa3BepTKa SIBJASETCA UHPUHUME3U-
MAAbHO ycmolivugou, ecnn Jodas GecKoHeuHo MaJsasi AedopMmauHs 3TOH
pa3BepTKH MHAYLHPOBaHA 6eCKOHEUHO MaJslol KBHBAJIEHTHOCTbIO.

J10 03Hauaet, uTo Ji06oe ceueHWe paccioeHHs Ty B COOTBETCTBHH C
JuarpaMmoi

F* F‘k

T(N) x T(U) Tr T(P)x T(U)
PxU
3anucbiBaeTcss B Buie: Ofy(z) = )+ F~YY,), rie X W umeet
Bl X(z,u) +U(u) u Yy = Y(F(z,u )+ (u), roe U(u) ecTb BeKTOpHOE

noJie HaJ MPOCTPAHCTBOM MapaMeTpoB U.
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3.1.3. Knaccuueckasi nNoAroTOBUTEJbHasl TeOpeMa

CHauajia pacCMOTPHM KJIaCCHYECKYI0 MOArOTOBHTE/bHYIO Teopemy. Ec-
1 f(z) rosomopdHas ¢yukuus B okpectHoctd U Hyns B C u P(z) —
MHOTOuJIeH cTerneHu k, Bce KOpPHH KOToporo HaxoasTcst B U, To cyuiecTBy-
10T GyHKunu P(z) u Q(z), rojsomopdueie B U, U Takoid MHorousneH R(z)

crernedd k — 1, 4yto
f(z) = P(2)- Q(z) + R(z).

AT0 TOXKAECTBO, CBSI3aHHOE C PA3MHOXEHHEM, JOMYCKaeT CJelyOULyio
reoMeTpHuecKyl HHTeprperauuio. B npoctpaHctBe H(u) dyHKuMi, roJo-
MopdHbIXx Ha U (cHaGxeHHOM, Hampumep, TonoJorveli ®peiue), upean ro-
JIoMOpGhHbIX QYHKUHH, TOPOKAEHHbIH MHOrouJeHoM P(z), HMeeT Kopasmep-
HocTh k. B camom fnesie, eciH BCce KOPHH €j, C...Ck MHOroujeHa P(z)
OT/IMUYHBI APYT OT Apyra, TO AJsS TOTO, 4TOOBI cpyHKuuﬂ f e H(u) 6bli1a
kpatHa P(z), HeOGXOLMMO M JOCTaTo4HO, 4ToOb f(c1) = f(e2) = ... =
= f(cr) = 0, 4TO O3HauaeT PABEHCTBO HYJIO k He3aBMCHMBHIX JHHEHHBIX
¢dopm Han H(u). Eciu uMeloTCS KpaTHble KODHH, apryMeHTalMsi OCTaeTcs
npexmeu HO [JIsl KOPHSI ¢ KPaTHOCTH § C/IeflyloliHe § He3aBHCHMbIX YCJIO-

suit: f(c) = f'(¢) = ... fC () =0.
C npyroét cropoHsl, ocraTok R(z) = Zajvf MpeACTaB/seT Co-

60l UHMEPNOAAYUOHHBLI MHO20UNECH Jlaepauwca, ornpeneJ/ieHHBIH (opMyJia-
mu: R(cj) = f(c;) v R(s)(c;) = f(s)(cj) Aas s, cTPOro MeHbLIMX KPaTHOCTH
k—1
KopHsi ¢;. CileoBaTe/IbHO, BEKTOPHOE IMO/Ie MHOFOY/IEHOB Y. a;2/ OKasbl-
Jj=1
Baetrcst noronHexveM (R) upeana I(P) B H(u), U TOXIECTBO, CBSI3aHHOE
C pa3MHOXeHHeM, 03HayaeT, YTO BCAKHH BekTop U3 H (u) siB/IseTCS CyMMO#M
BekTopa U3 I M BekTOpa U3 HomosHeHUs R.
Tenepb npeanonoXum, uto P(z) umeet sun: Py(z) = 2 + 3 u;2%, rne
u; JOCTATOYHO MaJibl, AJIsi TOro 4To6H Bce KOpHH P, Haxonuauck B U. Torna
npoctpaHcTBo (R) MHOTO4YJIEHOB cTereHH k — 1, siBJsiiolieecs: JOMOJHEHHEM
uneana I(Py) = 2*, octaetca momosnuenuem Bcex upeanos I(P,) ans u,
J0CTaTOUHO O6/M3KHUX K HYmo. C/efoBaTesIbHO, CYLIECTBYET TaKO# OmepaTop
NPOEKTHPOBAHHS Py, 3aBUCAWMUH OT u, uTo f(2) = Pu(2)Q(z,u) + pu(f),
¥ OMepaTop NMPOEKTHPOBAHHUS OMpeneseH HHTEPNOJSUUOHHBIM MHOTOYJIEHOM
Jlarpanxa.
dynnameHTaNbHbIA (aAKT, Bblpa)KaeMbli MOATOTOBHUTE/bHOH TeOopeMOi
Beiiepmrpacca — Pykkepra, 3aki/iouaercs B TOM, 4TO KO3(h(HULHEHTH a;(u)
MHOro4/IeHa Py, (f) ABJSAIOTCS rosoMOPGHBIMH (YHKUUSIMH B MPOCTPAHCTBE
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nepeMeHHbIX u; (B ZOCTATOUHO MaJOH OKPECTHOCTH Hauaja KOOPAMHAT u =
= 0). ToT PaKT KaacCH4YeCKH AOKa3blBaeTcsi ¢ nomouibio GopmyJsbl Komiw.
MoxHo 6b110 Gbl JIErKO YOELMTbCSl B HEMPEPHIBHOCTH a(u) B MpOCTeileM
clyd4ae — B CJydyae ABYX KOpHeH ¢, ¢/, CTPeMSILIMXCS K OLHOMY M TOMY
JKe 3Ha4eHHI0, KOTOPOe MOXKHO IOJIOKHTb paBHbIM HYJI0. [locsie BhlunTanus
U [eJIeHHs] MHOTO4Y/IeHa-0CTaTKa R(z) Ha He3aBHCHMble YJIEHB MBI IPHXONHM
K PacCMOTPEHHIO JUHEeHHOH QyHKLUU

£e) = £(¢) , ¢(e) = cf(e)

c—c d—-c

Hrtak, nBe QyHKUUH B 4MCIMTeNe OOPAIAOTCS B HYJb HAa JHAroHa-
au ¢ — ¢ = 0, KoTopasi npencTasisier coGofi raagkoe mMHorooGpasue. Cie-
J0BaTeJIbHO, OHU KPaTHH Pa3HOCTH (¢ — ¢), MpHUYeM YacTHOe TOJOMOP(HO
no ¢, ¢ B 060HX CjydasgX W CUMMETPHYHO MO ¢ — ¢’ (3HAYUT, OHO SIBJIS-
eTCsi Y4eTHBIM 10 |¢c — ¢|, HopManibHOM K ctpaty). M3 3Toro caenpyeT, uTo
KO3 dHULHEHTBl a;(u) roJoMOPdHE Ha CTPaTaX KOPa3MEePHOCTH ONMH JHC-
KPUMHHATHOrO MHOrooGpasusi MuorouJiesa P(u), HO3TOMY, COIVIaCHO Teope-
me Xaprorca (Hartogs), onu ronomMopdHst Bciogy (T.e. Ha cTpaTtax Godiblied
KOPa3MEPHOCTH).

HenpepbiBHOCTb OMepaTopa TMPOEKTHPOBAHHSI D, SIBJSIETCS (HaKTOM,
CIIPaBelJIMBOCTb KOTOPOrO PACMpPOCTPAHAETCS Ha (PYHKUMH C JIIOOGBIM yMC-
jom nepemenubix. [Tyctb U Gyner okpecTHocTbio Hynst B C(z1, 22, . . . 2zn),
H MycTb gi(z;) OyneT cHcTeMOH TakuX n dyHKUMH, ronomopdHuix B U, uTo
Hiean 3THX g; ONpejeNsieT HyJb C KPAaTHOCTbIO kK (3TO O3Hauaet, YyToO IJisi
TOYTH J1I0GOH NOCTATOYHO MaJIol BelMUHHBL B cucTeMa g;(2;) = f; 3anaeT k
M30JIMPOBAHHBIX TOYEK, AOCTATOYHO OMM3KUX K Hyio). Torma (mo Tod xke
MpHYHHE, YTO W Bhilie) Haead [(g;), MOPOXKAEHHEIH (YHKLHUAMH g;, HMeeT
KopaaMmepHoCThb k B npocTtpanctse H(U) ronomopdubix dyHkumit van U. Ec-
au pacemotpeth anre6py C[[z;]] topmasbHBIX CTeNeHHBIX PSIIOB B HyJse, TO
uaean, nopoxaeHubd GpyHkuusamu g; B C[[z;]], obnanaer MOLUIHOCTBIO MaK-
CHMaJIbHOTO Maeana, u dakrop-aireépa C[[z;]]/I1(g;) umeet pasmepnocTs k.
O603HauuM uepe3 by ...bg cHCTeMy MHOroujieHoB, 0Opasyouiux 6a3y 3Toi
takTop-anrebprl. Torna BeKTOpPHOe MPOCTPAHCTBO, MOPOXKAEHHOE by ... by
uan C, o6pasyet pononHenne R upeana I(g;) 8 H(U). CnenoBaTeibHo, TO-
ria Halijercsl TakoH omnepaTop npoekTHpoBaHusi P, oToGpaxatouui H(u)
Ha R, uto nas Beskodl f € H(u)

f—p(f)=0 mod (91,92, - - - gk)-

Tenepb NPeAronokuM, YTo Mbl NIOABEpraeM Haean (g;) BO3NEHCTBHIO Ma-
JbIX BO3MYLIEHHH, HAMpUMep, ronarasi: g, = g; + »_ u;hl, rue h] ronomopd-
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HBI, @ % JOCTATOYHO MaJlbl, AJ51 TOrO YTOGHl Haeal QYyHKLHH g, UMeJs TOJbKO
k nyneit B U. Torna npoctpaHctBo R ocTaeTcs fonosnHeHneM uneana gi(u), 1
B R umeercs onepatop mpoekTupoBaHusi f — py(f), KOTOphLIH TakXe sBJS-
€TCs FOJIOMOP(HBIM 110 %. Mbl yBUIHM, UTO €CJIH BBECTH U B KaueCTBe HOBbIX
KOOpAHMHAT, TO ajre6pa dopManbHbiXx cTeneHHbX psigos C[[z,u]], dppakraib-
Hasi OTHOCHTeNbHO Mpeana gj(u), npeacrasisier co6oit Cl[u]], cBoGomHbIH
MOJYJ/1b KOHEUHOr0 THMa, 00pa3yolUMH KOTOPOro cayxar by, be, . .. bg.

3.1.4. Inddepennuaipias noqroToBUTENbHas TEOpeEMa

Ha artor pa3 paccmotpum MHorousieH P(z) ¢ BemecTBeHHbBIMH KO3(dH-
UHeHTaMH, U mycTb I(p) OymeT HpeanoM, HOPOXKAEHHbIM MHOrousneHoM P Ha
anrebpe £ ¢yHxuuit Ha R. Cpasy sicHo, uto KopaamepHoCcTb I(p) B £ 3aBHCHT
OT YHMCJla BeHIeCTBEHHbIX KOpHeil MHorouseHa P(x). Hanpuwmep, uaeas, nmopo-
XKIeHHbIH MHOrousieHoM (22 — 1), HMeeT KOpa3MepHOCTb 11Ba, TOTAA KaK Mfe-
aJl, NOPOXAeHHbIH MHOrouseHoM (z2 + 1), UMeeT Hy/leByl0 KOpa3MepHOCTb,
MOCKONIbKY Jiobas dpynkuusa C™ B £ kpatHa dyHkuuu (z2 + 1), Hurae He
paBHO# HyJ10. EcaM MHTepecyiomwMil HAC MOPOXIAWMIHHA MHOrOUYJIEH HMeeT

cTeneHb k:
k—1

P(z) =aF + Y uad,
3=0

TO MaKCHMaJibHasi KopadmepHocTb uueasna I(p) paBHa k Torma, Korma Bce
KODHH BellecTBeHHbI. Ero Kopa3amepHOCTb GYAeT CTPOro MeHbllie, €CJIH HEKO-
TOpble KOPHH GYAyT KOMILJIEKCHO-COMpsi2KeHHbIMU. Onepatop MpoeKTHPOBa-
HHS Py, OTIPefie/ISeTCs HHTEePNOJISILLHOHHBIM MHOTOUIeHOM JlarpaHka Ha MHO-
KecTBe TakMx (u), [Ae Bce KOpPHH BellecTBeHHbl. JuddepeHunanbHas mog-
FOTOBHTEJ/IbHAS TEOpPEMa COCTOUT B TOM, UTO 3TOT OMEPATOp MPOEKTHPOBAHHS,
nuddepeHuUpyemblil Mo (%), MOXKHO MPONO/KHUTL HA BCIO OKPECTHOCTb Ha-
4aJia KOOPAMHAT B IIPOCTPAHCTBE u.

3nech peub WpeT O r1yGOKOM pesyiibTaTe, KOTODHIH BbI3bIBA€T HHTEpeC
Jy4IIHMX aHaauTHKOB. [locne ero nepBoro nokasaresnbcTBa b. ManbrpaHxem
(cemunap Kaprana, 1961r.) nocienoBano [I0Ka3aTeJNbCTBO-06CYXKAEHHE
JIx. Masepa, 3ateM — ete onxo C. JlosiceBuua, u ewe ogHo — JI. HupenGep-
ra [TPD]. 3mech Mbl OrpaHH4YMMCSi OMKUCAHHEM MPHPOIbI BCTPETHBIUUXCS
TPYIHOCTEH.

Ecou BepHyTbCS K MpHMepy, NPUBEIeHHOMY B IpelblAyLiieM raparpade,
TMPUMEPY C MHTEPIOJISILHOHHBIM MHOTOYJIEHOM, UMEIOLUM 1Ba KOpHS ¢, ¢

LF@O 1) | f(@) = cf(©)

c—c d—-c

K
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TO TOC/le BBINOJHEHHS feleHUst oH npuMeT BUA fi(c, )z + fa(e,c’), roe
MHOrouJsieHsl f1 U fo cuMMeTpuuHbl. Torga ocraercs y6equTbes, uTo f1 U fo
CyTb GYHKUUMH C°° CHMMETPHUHBIX 3JieMeHTapHbX (GyHKUHH, s = ¢+ (,
p = cc/. D10 yTBepKAeHHE «qubdepeHnranbHOi Teopembl HbioToHa», no-
kasaHHo# JIx.ne3epoM paHbliie MOATOTOBHTENbHOM TEOPEMBI, KOTOpasi, KaK
3TO [EMOHCTPHUpYeT JoKa3aTesnbCTBO JlosiceBHUa, NPAaKTHYECKH SKBHBAJIEHT-
Ha ed.

CylecTBEHHBIM HHCTPYMEHTOM [0Ka3aTeJbCTBA CJAYXKHT aHaJUTHUe-
CKoe mpopnoskeHHe ¢yHKUHH Kaacca C°. Tlorpysum R B C onHoBpemeH-
HO M /151 UCXOIHOTO, M AJis KOHeUHOro MHoxecTBa. C MOMOLIbIO TeopeMbl
O MPONOJIKEHHUH YHUTHHU MOXKHO MOKa3aTh, 4TO Jitobas QyHKuus kaacca C™ f:
R — R moxert GbITb nponosmxeHa 10 gpyukuuu F: C — C, cTpys koTopo# Ha
BellecTBeHHO# uyacTh R C C coBnanaer co ctpyeit f, npuueM F(z —iy) =
= F(x + iy). OueBnnHo, F' He MOXeT ymoBieTBOpsiTh ycJjosusm Koiu —
PrmaHa B OKpeCcTHOCTH BelecTBeHHOH ocH y = 0, ecau f He siBjIsieTCs aHa-
autryeckoii. ClienoBaTenbHO, €CU ONPeNeUTb OCTATOK Py, (f) Yepe3 HHTep-
MOJISILMOHHBIH MHOTOYJIeHOM JlarpaH»Ka, mpUMeHeHHbIH K Npofo/KeHuo F,
HeOBGXOAMMO ObITh TOTOBBIM K OTCYTCTBHIO HENPEPHIBHOCTH Ha CTpPaTax KOM-
NMJIeKCHBIX KPAaTHBIX KOPHel, MOCKOMbKY YacTHoe Buaa F(c) — F(c')/(c — ¢)
He MMeeT npenena A4s ¢, ¢/, CTPeMsILIUXCS K OIHOH MU TOH 2Ke BeJHYHHe.
IT0 3aTpyAHEHHE MOXKHO [PEOoJeTh, JUGO coBepLiasi MOAXOAAILHMH MepeXo
K TpyG4yaTOd OKPECTHOCTH CTpaTa KpaTHHIX KopHed (meToxm MasbrpaHxa),
Jau60 BbIOUpasi Takoe sIBHOE MPOJOJKEeHHe, 3aiaBaeMoe IpeobpasoBaHHEM
dypoe (MeTon Masepa), uToObl MOMTYUYHUBIIHECS Pa3pbiBbl KOMIIEHCHPOBAJIHCh,
€CJIM IEHCTBHSI COBEPIIAIOTCS OMHOBPEMEHHO B CONMPSI)KEHHBIX TOYKAX . . .

Teopema o6o6iiaeTcss Ha cayyaidl (YyHKUHH HEeCKOJbKUX MepPeMeHHbIX
U TIPUHHUMAET CJEAYIOWMH BUM, KOTOPBIA HaM B HaJsibHellleM NoHanoOHTCA.
[TycTb

f: (R2,0) — (RD,0)

Oynet nupdepeHLHPyeMbIM POCTKOM OTOOpaXKeHH .

Mbl npeanosiaraeM, 4TO 3TO OTOOGpPaXKeHHEe OTHOCHTCS K KOHEYHOMY
muny, T.e. (HAKTOP-NMPOCTpPaHCTBA anrebpbl (OpMajbHBIX CTElNeHHbIX pPsi-
moB R[[z;]] B8 R™ no upeany, nopoxneHHoMy y o f (B3ATBIMH QopMaJib-
HO), ecTb KOHeuHoMepHast R-anre6pa, 6a3oii k KOTOpOH cayxxaT obpasylo-
uue by, ba, ... by (MHOrouseHsl no crenensm ). Ilyctsb

f:(Rp,0) x (U,0) = R, x (U,0)

siBasieTcsi pasBepTkoii poctka f. Torma, Kak roBOpHUJIOCH Bbiile, (GakTOp-
anrebpa R|[z,u]]/y o F B opMasbHBIX cTeneHHbIX psinax ecTb R[[u]], cBo-



3.1. YHUBEPCAJIbHAS PA3BEPTKA POCTKA ®YHKIIMH 75

GOLHBIH MOAY/ab, U b1,be, ...bk CyTb ero obpasymouue. Toraa NMOArOTOBH-
TesibHasi TeopeMa Inacut: aszebpa E(x, u) ouddepenyupyemotx pocmxos Ha
(R™,0) x (U,0), pakmopu3osannas omHOCUMELbHO UOeALQ, NOPOHIEHHO-
20 yo F, ecmb c80600nb1Ll Eyy-M00ynb, umerouyuii by, ba, ... b, B KauecTse
o6pasytomux (cM. K. K. TyxepoH, c. 192)™5.

M3 37T0r0 clenyeT CyliecTBOBaHHE ONepaTopa MPOEKTHPOBAHHUS Py, KO-
Tophiii 0TOBpaxKaeT Ji06oH pocToK f(x,u) Ha TaKylO JHHEHHYI0 KOMOHHALHIO
Buma y_; a;j(u) - bj, uto

f(@,u) = pu(f) mod (y; o F(x,u)).

B uTOre CylecTBOBaHME 3TOTO OMepPaToOpa MPOEKTUPOBAHHS P, OMpefe-
AsieT ocTaToK OT feneHusi f Ha upean [(y; o F(x,u))]. Tenepp Heob6xoanmo
3aHATbCHA «4aCTHBIM» 3TOrO AEeJEHHS], T.€. TeM, BO YTO OHO IpeBpallaeTcs,
KOrJa Mbl MMeeM JIeJIO C MeasoM, a He C eJMHCTBEHHbIM MHOTOUJIEHOM.

3.1.5. Teopema o JUHEHHBIX CHCTEMaX, 3aBHUCALIUX OT NapamMerpa

PaccMOTpHUM JIMHEHHYIO CHCTeMY BHJA
D i (t)m, = (1), (S)
7

rae Ko3phULHeHThI aé— U c; aBasioTCs AHbPepeHUHpyeMbIMH QYHKLUSAMH
MHOromepHoro napametpa t € T'. [lpennonoxum, 4to 015 n060ro 3HaueHus ¢
BEKTOp ¢;(t) HaxomuTca B obpase JIMHEHHOro OTOGpaXKeHHs, ONpeeNsieMoro
MatpuLe a;(t): a7s1 M060ro t CyuiecTByeT, 0 MeHbLIeH Mepe, OIUH BekK-
TOp z;(t), siBAsiiolwMiics pelieHdeM cucteMbl (S). MoXHO JH yTBepXKAaTh,
4TO CyLLeCTBYyeT ryobajibHOe pellleHue z;(t), AUddepeHuHpyeMoe Mo ¢t?

B kJaaccHueckoMm ciyyae MOXHO YTBEpXKAaTh CYIIECTBOBAHHE TaKOTO
pellIeHHs, TOMbKO eC/M MaTpULbl a%(t) MMEIOT MOCTOSHHBIH PaHT OTHOCH-
TeJIbHO ¢, IOCKOMIbKY TOTa fiipa 0TOGpaXKeHHH af, Bce UMEloLIHe OfHY U Ty
€ Pa3MepHOCTb, ONpPeesioT BEKTOPHOE paccjoeHHe Haf MpocTpaHcTBoM T'
napametpos t. Ho ecTb 1 npyro#i cnyuait, 6osee o6uini, KOTOPbIA MBI H pac-
CMOTpHM IoJpobHee.

B npocrpanctBe M mMaTpul (az.) HUMeeTCsT MOANpocTpaHcTBO F Mar-
pUlLl paHra, MEHbLIEro yeM MaKCHMMa/bHbid. IT0 MHOroo6pasue F' nomyckaer
CTpaTH(HUKAIIHIO, OTpeleNeHHY0 paHroM. Tak Kak B NeHCTBHTENbHOCTH €ro
cTpaTthl SIBJASIOTCS 3[4eChb opOUTaMH fAeficTBusi rpynn (aBTOMOPGHU3MOB HC-
XOLHOTO M KOHEYHOT'O BEKTOPHBIX MPOCTPAHCTB), TO 3TH CTPaThl 06JafalOT
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3aMeuaTesbHbIMH CBOACTBAMH, MO3BOJMSIOIIMMH OCYLIECTBUTb HX JIOKAJbHOE
coefuHeHHe: Ji060e BeKTOpHOoe nose X, ompefeseHHOe Ha cTpate A, mpo-
JOJIKaeTCsl Ha OKpyXKaolllee MPOCTPAHCTBO B BHAe Mojisi X, KacaTeJbHOro
K ctpatam 3Be3ansl A. (cm. 2K. Maprtute).

D10 TaKas JHHEHHas cUCTeMa, 4To (S) MOMHOCTHIO ONMpeaesieTCs: 0TOG-
paxenueM g: T — M, koropoe Jnt06oMy ¢t € T comnocTaBisieT MaTPHUILY aj-(t).
Torna Teopema rnacur:

Ecau omobpasxcenue g: T — M mpancsepcarbro Ha mHoeoobpasuu F
CUHSYAAPHBLX MAMPUY, MO cyujecmayem eaobanvHoe peuwterue x;(t), Oug-
epenyupyemoe no t.

dta Teopema 6blna nokasaHa ManbrpanxkeM U Mazepom. lokaxem ee
IJIsl caydasi, Koraa a} siBJsieTCsl KBaJpaTHO#H MaTpuuedl (n,n).

Ilocne ymHoXeHHs Ha anrebpadyeckde NOMOJHEHHS A;?, TIPUXOAUM
K [MaroHajM3HpOBaHHOM cucTeMe: Y alAiz; = c;A] = By(t). Pynk-
uus B;(t) paBHa HyaI0 Ha MHOrooGpasud A?, OnpeneseHHOM MOCPEACTBOM
paBeHctBa A(t) = 0. CienoBatenbHO, JOCTATOUHO [AO0KA3aTh, YTO MOXKHO
pasmenutbh B;(t) Ha A(t).

Omnpenenenue 7. Bynem rosoputsb, uto uncioBas pyHkuusa A(z) ume-
eT ceoiicmeo Hyied, ecau Jobas GyHkuus f(z), obpawaouiasics B HYJb
Ha A=1(0), kpatHa A(z) B anre6pe audddepenunpyembix pyHkuui. C no-
MOILBIO «CMEKTPaNbHOM» TeopeMbl YHUTHH MOXHO YCTAHOBUTb, YTO MHOTO-
usneH P(z), n0KaldbHO HenpusoOumeili, UMeeT CBOHCTBO HyJeH, eClH MHO-
wecmso eradxux mouex (rne P = 0) asasercss naomnowm 8 A~1(0). (Cwm.:
Masbrpanx [ID]™7.)

Htak, MHOrouJIeH A(a;'-) B KauecTBe MHOTOYJIeHa B NTPOCTPAHCTBE KBaj-
paTHbIX MaTpul, M peHCTBHTeNbHO 06/MafaeT 3THMH [ABYMS CBOHCTBaMH.
OH HernpuBOOMM; B CaMOM [eJie, TOCJ/e Iepexola B KOMILIEKCHYIO 00/1acTb
MHOXECTBO NIafiIKHX ToueK W3 A = 0 sIBJASIeTCS CBSI3HBIM, IMOCKOJIbKY [Be
MaTpHIlbl MAaKCUMaJIbHOTO paHra n — 1 MoryT ObiTb Npeo6pa3oBaHbl OfHa B
APYTYIO C TIOMOLbIO 3aMeHbl KOOPAHHAT HAa HCXOIHOM U KOHEYHOM MHOXe-
ctBe. C Apyroil CTOPOHbI, MHOXKECTBO IVIaAKHX TOYEK BeLIeCTBEHHOTO MHOTO-
o6pasust A = 0 siBaisieTCs! JIOTHBIM, MOCKOJIbKY J1i00asi CHHTYJ/IsIpHast MaTpULLa
npubsauxaercst MaTpuued pasra (n — 1).

CJ/iepoBaTeslbHO, OCTaeTcsl A0KasaTb, YTO €CJH A(a;-) HMeeT CBOHICTBO
HyJeH, TO UHAyuupoBaHHasi QYHKUHS A o g TaKXKe HMeeT 3TO CBOHCTBO,
ecan g TpaHcBepcasnbHo Ha A = 0. Ecau mpepnonoxuts (a 3To Beeraa
BO3MOXKHO), UTO ¢ MOTPyXeHO B M, TO AOCTATOYHO IMOKa3aTh, YTO Ji06as
dyHkuus f, onpeneneHHasi Ha o6pa3e g ¥ paBHa, Hy/0 HAa ANIm g, nponoa-
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KaeTcsi (J10KanmbHO) 10 (yHKkuuu F, obpaumatoueiicsi B Hyab Ha A~1 = 0.
Jns Toro yto6sl moctpouTh F' ucxonsi u3 f, MOKHO Obl10 Obl HCIIOJNbL30BATbh
BeKTOpHOe noJie X, TpaHcBepcasbHOe K o0pa3y g M KacaTesJbHOe K CTpa-
TUGhHKAUUH A(_(S noJie, KOTOpoe, Kak OblJIO CKa3aHO, BCcerAa CyllleCTBYeT.
3aTeM Mbl orpaHu4HMM pasfoxeHue F = A.Q) Ha g.

3AMEYAHHE. D70 CBOHCTBO AHbdepeHUHPYeMbIX (QYHKUHH MPOAOJKATBCHA OT
TPAaHCBEPCAJBHOTO CEYEHHs] [0 OKPYXKAaIOWEero MPOCTPAHCTBA SBJSETCS, OYEBHIHO,
O6LIMM, €C/IH NPHHSATh THIOTE3Y O TOM, YTO CTpaTHMHKALHs sBJsSeTCS MOJyaHaIH-
THYECKOH M obsafaer cBolcTBaMHM YuTHH. OmgHako, Ha MOH B3r/sh, 3To He OblIO
yCTaHOBJeHO™E .

3.1.6. Kpurnueckue Toukn GyHKuuin™?

[puHsB 5Ty Teopemy O JHHEHHBIX TPAHCBEPCANbHBIX CHCTEMAX, OCTAeT-
Csl TOJIbKO MPHMEHHTb €€ K HalleHd CUTyauuH KPUTHUECKHX ToueK QYHKLHH.

[Tycts f(z;) — pocrok nuddeperuupyeMoii QyHKUHH B Hauaje Ko-
OpaHHAT npocTpaHcTBa R™, uMelowHid B Hyje aseebpaurecku uU30oAupo-
g8anHyto 0cobylo TOUKYy. 3Hecb Mbl MMeeM B BUAY, 4TO (hakTop-anrebpa
R|[[z;]]/(nnean, mopoxpeHHbI# f,;) KOHeuHomepHa. [Tyctsb 1,b1,ba, ... bk —
6a3a aToii R-anrebpbl, 06pa3oBaHHON MHorouseHamu. Torga umeercs

Teopema 1. Bupasicenue

k
F(z,u) = f(z:) + Y _ ujb;
Jj=1
fasasemca yrusepcaivroll pasgepmkoil pocmka f(x;).

CHauana paccMOTpHM [Jedopmauuio, T.€. pas3BepTKy pa3MepHOCTH
opuH: f(z,t). Tlpennosoxum, UYTO HaM yaanoCh OMPERENHTb (PYHKUHIO g:
t — u; 100 3HaueHHs to > 0 u guddeomopduamsl by, hi HCXOTHOTO H KOHeu-
HOTO MHOXecCTBa (3mech h, — 370 mepeHoc y — y + a(t)) Takue, 4yToO

f(ma t) = F[ht(x)vg(t)] + Il!(t)
JnddepeHuupys 3To COOTHOLIEHHE MO t MONYyUAEM:

df /dt(z, t) ZFZ he(z); g(t )] (w) + F,g'(t) + da/dt.

Dyukuus df /dt(z,t) 3anana nedopmaureil. OcyuiecTBUM 3aMeHy MepeMeH-
HbIX A/ ee apryMeHTa T -5 z1; 3apMKCHPOBAB ¢ B TOUKe to, MOJIOMKMM

A(z1) = df /dt(h,! (21); o).



78 T71ABA 3

Yr06bl MPHMEHHUTH TOATOTOBUTENbLHYIO TEOPEMY, PACCMOTPHM BCIIOMOraTe ib-
Hoe oToOparkeHHe

G : (R™,0) x (R¥,0) — (R™,0) x (R¥,0),

(z,u) = (y,u),
Onpe/ieIeHHOE MMOCPEeJCTBOM COOTHOLIEHHS

k
oF _ Of 0b;
+jgou18$i.

i 8zi - 8:1,‘i

At0 oTobpaxkeHHe G OTHOCUTCS K KOHEYHOMY THIy, MOCKOJBKY Ha ¢op-
MasbHBIX CTEMEHHHIX psifax B HyJe daktop-npoctpancTsa R[(z]]/J(fz;) ecTb
BEKTOPHOE MPOCTPaHCTBO Haa R, umeroiee B KauecTse 6a3bl 1, b1, be, . . . b,
a R{[z,u]]/J(F"z;) ectb cBoGoaHbH R[[u]]-Mony/ib, nMelowMil B KayecTse
6a3bl Te Ke caMble 3neMeHTHl 1, b1, be, ... bg. Y3 3TOrO Caepyet, uto sobas
¢dyHkunst A(z;u) MoXeT ObiTb 3aMHCAHA TakK:

A(z;u) = Z F Qi+ pu(A),

e «OCTaTOK» P, (A) 3anucbiBaeTcs B C/ENYyIOLIEM BHIE:

pu(A(z; 1)) = Z a;(u;)b;(z) + c(4)(w),

rae ¢(A) — ckaasipHbiii KoadduuueHT GpyHKUKMH 1 U3 Gasbl.
C npyro#i CTOpOHBI, THHeHHas cucTeMa

ZF;: Qi(z;u) = A(z) — pu(A),

paccmaTpuBaeMast KaK JIMHelHasi CHCTeMa C HeM3BeCTHbIMH (); W napaMeTpa-
MH (z,u), SIBJISETCS TPAHCBEPCAbHON JHHEHHON CUCTEMOH.

B camoMm pene, otoGpaxenne (z,u) — (F¥;u), KoTopoe SIBJSeTCS He
yeM MHBIM, KaK HallMM HeJaBHHM OToOpa)keHHeM (G, TpaHCBepCa/IbHO Ha
MHOroo6pa3HH JIMHeHHBIX HYJeBbIX 0TOOpaXkeHHH, ONpeleeHHOM COOTHOLLE-
HueM F4 = 0. ([l 3TOro n0OCTaTOYHO 3aMeTHTh, YTO €C/H pa3foxeHHe f
B psin Teilopa HauMHaeTCs C uJieHa TpeTbeH CTeNeHH, YTO, KaK Mbl YBHIHM,
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SIBJISIETCS] €MHCTBEHHBIM MHTEPECHBIM CjlyyaeM, TO b; comepxar KOOpAHHa-
Tol (Z1, 2. ..Zn). I3 3TOrO ClefyeT, B 4aCTHOCTH, YTO MHOroo6pasHe, ornpe-
nejeHHoe B (x,u) MOCPeACTBOM COOTHoweHHsi Fi = 0, siBaseTcs rnagkum
U ero pasMepHOCTb paBHa k.)

W3 TpaHCcBepcanbHOTO XapakTepa 3TOl THHEHHOH CHCTEMbI BHITEKAET CY-
LeCTBOBaHHe onepaTopoB (;(A), HenpepbBHLIX M0 A, ¢ TAKHMH 3HaUEHHAMH
B £(z,u), 4ToO

Z A)(z;u) + pu(A).

C yyeToM 3TOro BepHEMCSi K Halleh (byHKLLPlPl A(z1), ompeneneHHOH
MCXOAst U3 df /dt ¢ momoubio Mpeobpa3oBanus h; - . Beipasum ee B BHJIe

Azrsu) =Y FEQi(A)(z1; )+ao(u)+ZaJ )bs(z1).
i=1

j=1

Tak kak z1 = hy(z), To Ans onpeneneHus hy U g HeOOGXOLMMO B HTOTe
PELIHTh CUCTEMbl 00biKHOBeHHbIX NH(depeHIaNbHbBIX YPaBHEHUH:

dhi/dt = Qi(A(z, 9))(he(z); 9: (w)),
dgi/dt = a;(A(z; g)),
da/dt = ag(A; g;(t)) = aolA(z; 9)](F)-

MHTterpupoBaHHe 3TOH CHCTEMbl MO3BOJISIET MOCPEICTBOM HHTETPHPOBAHHS
BOCCTAHOBHTb, PEKOHCTPYHPOBaTb h%(z), gi(x) u mepexoc a(u), Ans TOro
YyTOObl BO3EHCTBOBaTb HAa KOHEYHOE MPOCTPAHCTBO.

Korna npoctpaHcTBo nmapametpoB T’ siBsieTCS MHOTOMEpPHBIM, HEO6X0-
IUMO paccMOTpeTb ceMeicTBO AedopMaluMi f;, 3aBUCSIIMX OT HOBLIX Mapa-
MeTpoB v. Torga ucroJb3yeTcsl Ta Ke camasi IIOATOTOBHTEJIbHasi TeOpeMa,
B KOTOPOH C LieJIblo 3aBeplleHHs] HHTeIrPHPOBaHUS K NapaMeTpam u 106aBsi-
I0TCSl MapaMeTphl .

Eduncmeennocmo yrusepcasbroii passepmru™10,

Jlemma 1. [Tycmo F(z,u) = f(x) + >, usbi(x) ecmo yrusepcanrvras
passepmra pocmka f(x). [Ipednososcum, umo cywecmeyem maxoti 3H00-
moppuzm j, omobpancarouuii (U,0) na cebs, u; = ¢*(v;), umo passepmxa,
UHOYUUPOBAHHAS IHOOMOPDUIMOM p, cama Asasemcs sepcavhoti. Tozda
@ ecmo aokarbHbil Oudpeomopgusm (U,0) na ceba:"Pil

g(w;v) = f(z) + Z @i (v;)bs ().
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[pennonoxum, 4yTo oTOGpaXKeHHE ¢ He HMeeT MaKCHMaJbHOTO paHra k
B Hyse. Torga B dakrop-anrebpe

R|[(z;v)]/HUnean(0G/0x),

MO MeHbilled Mepe, OAHO HalpaBJieHHe NMPOCTPAHCTBA b; He HAXOAUTCS B 006-
pase jlp B nyne. Jledbopmupysi f(z) BIO/Ib 3TOTO HAIpaBJAEHHS, Mbl HE CMO-
KeM BbIPa3UTb TPOH3BOJHBIN BEKTOP KaK JHHeHHYI KOMOHHAuHW ¢(v).b;.
At0 o3HauaeT, uTo G He MOXKeT ObITb BepcasbHOH Pa3BEPTKOH.

Ecnu nBe pa3BepTkHu ¢ mapamerpaMu U U V SIBASIIOTCS «BepcasibHbIMH»
M pa3MepHOCTb Ka)K[0 M3 HHUX paBHa k, TO OHM 3KBHBAJIeHTHb. B camom
IeJlie, TOrga cyiiecTBylor otobpaxenus s: U — V, t: V — U, uHayuupy-
omre Ha U (COOTBETCTBEHHO Ha V) pa3BepTKH, 3KBHUBAJEHTHbE Pa3BepT-
Ke, M3HauyanabHO 3amaHHOM Ha U (cootBetcTBeHHO Ha V). CiiemoBaTesbHO,
MOXHO MPUMEHHTb MPEALIeCTBYIOUYI0 JeMMy K KOMIIO3HLMSM OTOGparxKe-
HUH tos, sol, U 3TO HOKa3biBaeT, YTO s, t CyThb JIOKaJbHble Auddeomop-
(OU3MBL.

3.1.7. OcrarouHasi 0cCOOEHHOCTD

B npenbiyuiem nmaparpade Mbl MOCTYJIHPOBAJIH, YTO pasnoxeHde f(z)
B psa Tefisopa B Hy/le HauMHaeTCsl, M0 MeHblleld Mepe, C UYJeHOB TpeTbeH
crenenu. Ecau aTo He Tak, To psn Teitnopa conepKHUT KBaapaTHUHY0 Gopmy
g(z) panra 0 < k < n.

Omnpepenenue 8. JlokanbHoe pacciioeHue p: R™ — R™™™ HazbiBaer-
csi npucnocobaennbim K pocTKy f(z), ecan orpaHudeHne f Ha cioi Fp =
= p~!(p(0)) momyckaet B HyJjie HEBLIPOXKAEHHYIO KPHTHUECKYI0 KBaapaTHy-
HYIO TOUKY.

fIcHO, YTO MaKCHMYM Pa3MepHOCTH MPHCIIOCOGJIEHHOTO PACC/IOEHHS pa-
BeH paHry k kBaapatuuHoil ¢opmbl g(z). Jlio6oe npucnocobieHHOe pacciio-
eHyie, paccMaTpHBaeMoe Jaljiee, GyAeT BCeria MMeTb MaKCHMa/bHYIO pa3mep-
HOCTb.

Ecnu f(r) npeactasaser Ha cioe p~1(0) (rze p(0) = 0) KpUTHUECKYIO
TOYKY, HEBBIPOXKAEHHYIO B HyJ€e, TO OTCIOAA MO TEOPEME O HesBHBIX (YHK-
LLMSAX CJIEAYET TO XK€ CaAMOe U OTHOCHTEJBHO J1I060ro 6JH3Koro ciost p~i(a),
rae a AOCTATOYHO Majo. MHOXECTBO 3THX KPHTHUYECKHX TOYEK, pelleHHe
cucTeMbl AH(DDepeHIHANbHBIX YPaBHEHHH MaKCHMAIbHOTO PaHTa, HMeKLIHX
Bun Of /0z = 0, aBnsieTcs nogmHoroo6pasuem Wm—* pasmepuoctu (n — k),
TpaHCBepCaJbHLIM K pacc/oeHuio p(z,y) — y.
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B cootsercTBHH ¢ TeopeMoii M. Mopca 0 HeBbIPOXKIEHHBIX KPHTHUECKHX
TOUKaX MOXKHO OCYLIECTBHTb TaKoe NpeoGpa3oBaHHe KoopauHaT z — z’ (3a-
BUCsiliee OT y AU(depeHUHpyeMbiM 06pa3oM), 4To ecaH c(y) o6o3HadaeT

KPUTHUECKYIO TOUKY
cly) =Wnp ' (y),

TO
f(z,y) = q(z) + flc(v))-

Pynkuuio g(y) = f(c(y)) HazoBem ocmamouroil ocobennocmoro QyHK-
unn f(z). Pasznoxenue B psip Teisiopa dpyukuuu g(y) HauvHaeTcs C uJjeHa
TpeTbero nopsinka. B camom pese, ecau Gbl 3TO ObIJIO He TaK, TO MOXHO
6b110 6bl MpHGaBUTb K q(T) KBagpaTH4YHbIA ujleH JHHeHHOH GYHKUHH (Yy;),
He 3aBHUCSILLMH OT z, U dopMa g(x) umena 6bl paur He k, a (k + 1).

Celluac Mbi YCTaHOBMM, 4TO OCTaTOYHas 0COGEHHOCTb (QyHKuUHH f(z)
KOPPEKTHO OIpefieieHa C TOUHOCTBIO 0 9KBHBAJIEHTHOCTH.

PaccmoTpum mpyroe paccrioenue, npucrnocobieHHoe K oco6eHHocTH f(z):
OHO 3ajlaeTcsi CHCTeMOH ypaBHEHUH BUAa:

y; — hj(z;) = const.

C HuM cBsi3aHO HOBoe MHOroo6pasue W', MecTo KpHUTHUECKHX TOYeK
orpaHuueHu# f Ha cjaou y — h(x) = const.

Beasencrsue storo W’ onpenensiercsi cuctemoil ypasuenui 0 = 0f /0,
rre f(z) = 2% + g(y), a y 3amensieTcs GyHKLMEH OT  C IOMOIIBIO HOPMYIbI
y; = h; + const. Toraa ypaBHenue 3anuwercs: Tak:

_ Bg 8hz 5
—2x—zayi-am, (W)

7

W HOBasi OCTaTO4YHasi 0COOEHHOCTh onpepessieTcs CaeAyOLIUM O6p330MI

91(y) = f(c1(y)) = g(y) +1/4_ Bg/dy - Oh/0x)>.

Beasenctsue storo, ot g(y) Mbl IepexoauM K HOBO# ocTaTo4HOH ocobeH-
HOCTH NyTeM NpuOaBieHHs K Hell QyHKLUHUH

G(y) = 1/49(y)* - (8h/02)*,

KOTOpasi, Korga & 3ameHsieTcsi QyHKLUHMEH OT y MyTeM pa3pelleHHsi OTHOCH-
TeJibHO  ypaBHeHusi (W’), siB/isieTcst 3/IeMEHTOM KBajpaTa Mjeasa YacTHbIX
npousBogubix d¢g/dy. Utak, mbl npuuin k teopeme K. K. Tyxepona (c. 57,
Teopema 3.2.)"12.
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Teopema 2 (Cm: 2K. K. Tyxepon, c. 57, Teopema 3.2). [Tycmo f(z,)
agrsemcs maxol Pyukyuet, umo

f(0) = £,(0) = £;2(0) = 0.

Ecnu G(z) Haxomutcst B KBajpaTe upeana J, mopoxaeHHoro Ha (z)
GYHKUMSMH f., TO CyllecTByeT Takoil JoKanbHbiii nuddeomopdusm™i3 h:
z — z, uto f(z) + G(z) = f(h(z)).

Hoxaszameavcmso. Pacemorpum nedpopmauuio f(z)+tG(x). Ilockoabky
ugean (Jy) yacTHbix npousBogHbix f + tG TakoB ke, Kak H J = Jp, TO
6eckoHeuno Manywo pedbopmawmio f + tG, d/dt(f + tG) = G(z) MoxHO
BbIPAa3UTb B BHME

()= S M (1),
7 8zz~

CienoBartesibHO, 3Ta JedopMaLusi KOMIeHCHpyeTcsi GeCKOHeUHO MaJoi
necdopmaliHel HCXOQHOro MHOXecTBa (onpezensieMoii nocpeacteom X;). Ilo-
CJle HHTEeTPUPOBAHHS MO ¢ MoJyyaeM TeopeMmy 2.

W3 noHATHS 0CTATOUHOH OCOGEHHOCTH BbITEKAET, UTO 1Ba pocTKa f(x)
1 fi1(x), KOTOpble HMEIOT OOHY M Ty XKe OCTaTOYHYI0 OCOOEHHOCTb, UMEIOT
OJIHY M TY Ke YHUBepCaJ/bHYIO Pa3BepTKy H OTIM4AIOTCH APYT OT APYTa TOJb-
KO KBaApaTUYHBIMH YJIeHaMH, He UMeIOILUMH 3HaueHHs AJIs1 TOMOJIOrHYeCKOH
NPUPOJLI OCOOEHHOCTH.

CiienoBatesibHO, 3TH 0COOEHHOCTH MUMEIOT Ba Ba’KHbIX UHCJOBbIX HHBA-
puaHTa: Kopare (n — k), KOTOpbIH NpeacTaBisieT co60i YUC/IO NepeMeHHbIX,
(UrypUpYIOILIMX B OCTaTOYHOH OCOOEHHOCTH, H KOpA3MepHOCMb, KOTOpas
npeAcTaBsieT co6oil pa3MepHOCTb (yMeHbLIEHHYIO HA eIMHHUILY) YHHBEpCalb-
HOH pa3BepTKH.

3.1.8. OcoGeHHOCTH KOpPa3MEPHOCTH MEHbIIE YEeThIpPeX

B npocrpanctee Q(n) KBagpaTHYHBIX ()OPM C 1 MepeMeHHbIMH KBajpa-
THYHBIE (POPMBI KOpaHTa p 00pa3yloT MOAMHOrooGpasye Kopa3MepHOCTH p(p+
+1)/2, paBuoil uncay Ko3p(HHULHEHTOB KBAAPATHYHOH (HOPMbL C P MEepeMeH-
HbIMH. M3 3TOro cienyer, yto npu Hanuuuu GoJlee ueM 4YeTbipex CTene-
Hel cBOOOZBl B KaueCTBE YCTOHUYHBLIX (TPaHCBEpCa/bHbIX) MOXKHO MOJYUHTh
TOJIBKO KPUTHUYECKHe TOUKM KOpaHra ONMH HJM JiBa, TOTAA KaK TOYKH KO-
paHra Tpu OyLyT UMeTb KOpPa3MepHOCTb IeCTb. Torga CIHCOK 0COObIX TOueK
KOpPa3MepHOCTH, caMoe GoJbliiee YeTbipe, OyleT HMeTb CleAYIOLUHA BUL.
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1. Kopane odun. Tlonarasi x B KayecTBe COOTBETCTBYIOIEH BHYTPeHHeH
nepeMeHHOH, MOYYHM cjlefylollye ocoOble TOYKHU:

V = 22 — uyneBasi KOpa3MepHOCTb; MPOCTOH MUHUMYM (YCTOHUMBbIH).

V =23 — passeptka V = z° + uz (KopasmepHocTb onuH). CkaadKa.

V = 2% — passeptka V = z* + uz? + vz (kopasmepHocTb aBa). C60pKa.

V =2 — passeptka V = 2° + uz® + v2? + wz (KOpasmepHOCTb TDH).
Jlacmoukun xgocm.

V =% — passeprka V = 28 + uz* 4+ va® + wz? + tz (kopasmepHOCTb

yetbipe). babouka.

2. Kopane dsa. Paznoxenue f(z) B pan Telsopa HauuHaeTcs ¢ KyOu-
ueckoil Qopmbl OByX mepeMeHHBbIX (z,Yy), o6o3Hauaemol Kak H(z,y). Jlu-
HellHblil ny4ok Hy(z,y) + kHy(z,y) onpenensier HHBOIIOLMIO MPOEKTHBHOM
MpsiMOi, KoTopasi B ofLieM C/ydae He BhIpOXKJAeHa.

Cuauasia NpenosoKHUM, UTO [BOHHBIE TOUKH 3TOH HHBOJIOUMH pa3Jiny-
Hbl M BelllecTBeHHbI, HarmpuMmep, = 0, y = 0, Torna H = 23 + y3. A1y
0COGEHHOCTb, YHUBEPCa/bHasi pa3BepTKa KOTOPOH HMeeT BHA

V =23+ + wry — uz — vy,

Ha3oBeM zunepboiuteckoli ombuiuieckoli mouxKoi.

Ec/iu QBOHHbBIE TOUKH MHBOMIOLUHMH PA3/HuHbl H KOMILJIEKCHO COIpsiKe-
Hbl (HampHMep, UHK/JHYecKHe TOYKH: z2 + y? = 0), TO COOTBETCTBYIOLIAS
Ky6Hueckasi popMa TakoBa:

H =23 - 323

nockonbKy (12 —y%+kzy) UMeIOT B KauecTBe ABOHHbBIX Touek z2+y2 (Tak Kak
nBe napbl 2% —y? U 2y NpAMOYro/bHbI). 31eCh peub HAeT 06 AAAUNMULECKOL
ombusuieckoil mouxe.

[IpennonoxuM, HakOHell, YTO JBOHHbIE TOYKH COBMAJAIOT B TOUKE T =
= 0. DTo 03HauaeT, YTO HHBOJMIOLHS CONEPXKUT HEMOABHXKHYIO TOUKY T = 0,
H, C/Ie0BaTeJbHO, Mbl I010XHM Hy = 2zy u H, = 22, otkyna H = z%y. Ho
115 QyHKUHMHM T2y Hayano KOOPAMHAT He SBJSETCS M30JHPOBAHHOH 0COBOI
TOYKOH.

Yrtobbl M30/HpOBATh ee, Heo6XogHMO A00aBUTb K H ujeH uerBepTOM
CTeNeHH, He [AeNsIUUiCS HA T, HalpHMep

V =22y +y*

MoxxHO noKa3atb, YTO 1Ba POM3BO/IbHLIX Y/leHa YETBEPTOH CTeMeHH, He
OeJsilIHecs: Ha x, IPUBOAAT K IBYM 3KBHBaseHTHbIM ocobenHocTsM (T. JIo).
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Tun ocobeHHOCTH, ONpefieNeHHbI TaKHM 06pa3oM, MPOMEXKYTOUHBIH 110
OTHOLUEHHIO K 3JIJIMIITHYECKOH M rUnepOoJuyecKol OMOUNIMKAM, Ha3hiBaeTCs
napaboauyeckoti ombusU4ecKoL mouKou.

Mbl U3yuuM KaracTpodbl, COOTBETCTBYIOILHE 3THM ocoGeHHoCTsM (3se-
MenmapHble Kamacmpoget), B Clefyloluei riase.

3.1.9. Crparucdukanusa (pyHKIHOHAJIBHOTO NPOCTPAHCTBA (DYyHKIHIH

IMycte M™ GynmeT AuddepeHLHpyeMbIM KOMINAKTHBIM MHOrooGpasHeM,
a L(M) — npoCTpaHCTBOM BelleCTBEHHO3HAUHbIX GyHKUMH C° Han M.

ByneM roBopuTb, uTo (PyHKLHSI OTHOCHTCSH K KOHEYHOMY OCOOEeHHOMY
muny («koT» 1o TepMHHOJOrHH JIK. Masepa), ecii OHa COLEPXKHT JHLIb
HeKoTopoe (KOHEUHOe) YMCIO OCOGBIX TOYEK, KOTOpbE BCe ABASAIOMCA asze-
6pauuecKu u30AUPOBAHHbIMU.

®yukUHK «KOT» 00pa3yioT MHOXecTBo, Bciony miotHoe B L(M), mo-
No/iHeHHe K KOTOpOMY HMeeT OeCKOHeUHYlo Kopa3MepHocTb. Dosee Toro,
3TO MHOXeCTBO CHabXkeHO cTpaTiuduKauueld. B aToM MHOXKecTBe omnpezeum
MeX1y POCTKaMH ajre6paHdyeckd H30/JHMPOBAHHBIX PYHKLMH OTHOLIEHHE 3K-
BMBAJIEHTHOCTH: 1Ba POCTKA ¢, ¢’ OyAyT Ha3blBaTbCS «IKBUCUHEYAAPHOLIMUS,
€CJIM KaX[blil U3 HUX JIEXXUT B yHHBepCa/JbHOH pa3BepTke Apyroro.

Torpa umeetcs

Teopema 3. Mnoxcecmeo 3K8UCUHEYAAPHBLX POCMKOS OAHHO20 POCM-
Ka g obpasyem earadkoe nodmrozoobpasue 8 YHUBEPCALbHOU pasgepmke
pocma g.

B mpoussegenun R™ x U, kortopoe npeacTaBisieT co6oil riobanbHoe
NPOCTPaHCTBO yHUBEPCAIbHON Pa3BepTKH GYHKUMH f(z), pacCMOTPHM anre-
Bparueckoe MHOXeCTBO A KPUTHUYECKHX ToueK (Mo x) PyHKUHH

F(zyu) = f(z) + Y _ ubj(x).
i

(B nefcTBUTENLHOCTH MOXKHO MPEANOJNOXKHTb, 4TO f(x) — MHOrouse,
TaK Kak upean fy HuMeer momHocTh™4 makcumanbHoro upgeana m. To-
rga nocpeicTBOM MpeoGpa3oBaHHsi KOOPAHHAT MOXKHO, COIVIaCHO Teopeme 2,
B pas3jioxkeHuH B psn Teiljopa 3acTaBUTb HCYE3HYTb BCe UJIEHBI, CTelleHb
KOTOpBIX Gosibiile 2m.)

Cor/1acHo caMOMy ONpefeIeHHIO YHUBEPCabHOM Pa3BepTKH, Ji06as Tou-
kKa a nomyckaeT B R™ x U 0KpecTHOCTb, KOTOpasi SIB/SIETCSI «BePCAJIbHOH»
pa3BepTKOH poctka ¢yHkuuu F(z;u(x)) B Touke a. Ho Becsikoe anre6pau-
YecKoe MHOXECTBO, Takoe Kak A, MOXeT ObiTb CTPATH(HHULHUPOBAHO TAKHM
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06pa3oM, 4ToGbl 1B TOYKH OFHOTO M TOTO Ke CTpPaTa HMesd <«H30MOpd-
Hble» OKPECTHOCTH OTHOCHTENIbHO roMeoMoptH3Ma, COBMECTHMOrO CO CTpa-
THdHKaumei. 1o o3HauaeT™!®, uTo anreGpanueckoe MHOXKECTBO ONpeseIAeT
MOPPOLO2UIO KOHEHHOEO MUNA, «3JeMeHTapHble Kpeoibl» KOTOPOH 3aiaHbl
JIOKaJIbHBIMH asreGpanueckuMu Mogensimu My, Mo, . .. My, TaKk uTo Kaxnias
MOJleJb COOTBETCTBYeT OfHOMY cTpaTy. Mexay 3THMH MopdoreHeTHYeCKH-
MH MOJISIMH MMeeTcsi OTHOILeHHe BIOXKeHHst: M; C M, €Cln ¥ TOJIbKO eCJlH
K crpaty X; c¢ ueHtpoM M; npucoeguHen ctpaT X; ¢ ueHTpom M;. Hrtak,
yenosus M; C M; v M; C M; MOTYT BBIMOJHATbCS TOJBKO MPH YCJO-
BUHM, uTO M; 1 M; upeHTHuHb (BCce HesNo B TOM, uTo ecan M; C M,
10 dim X; < dim X;). CiiegoBate/bHO, €C/IH g’ CONEpPXHMTCS B yHHBepCasb-
HOJi pa3BepTKe pocTka g B U, To BOKpyT cooTseTcTByOLIEH ToukH B (R™ x U)
CYyLUeCTBYeT OKPECTHOCTb, SIBJSIIOIIASCS BepCasbHOH pa3BepTKOH pPoCTKa ¢'.
ITo nprHunHe cBOel pa3MepHOCTH 3Ta OKPECTHOCTb TaKKe SIBJISIETCS YHHBep-
CasIbHOH, TaK uTO JIOKa/bHasi MOIe/b MHOXeCTBa A B g’ sIBJIsieTCSI MOAMOJE-
JIbIO MOZIeJ/1H, OfpejeJieHHoH nocpeacTBoM A B Hyse. Ho umeercst u o6partHoe
OTHOIIIEHHe: MOfieJIb POCTKA ¢ sIBJIsieTCsi mogmopnelbio Mogenu ¢'. CrepoBa-
TeJbHO, g U ¢’ HAXOAATCS HA ONHOM H TOM XKe CTpaTe.

C npyroil CTOPOHBI, MOXXHO MPEATIOJNOKHUTD, YTO JOKAJbHbE MOLeaH M
OblIK oNpefiesleHbl TaKHM 06pa3oM, UTOObl y4eCTb MOJOXKEHHe CTPaT MHO-
xectBa A no oTHomeHHio K npoekuun (R™ x U) —? U: ¢, UMeoOLHMH
MaKCHMaJ/bHbIA paHI Ha KaX<ZIOM cTpaTe (T.e. UMeeT MeCTO JIOKaJbHOe IO-
rpyxeHHue). ITO 03HAYAET, YTO TOTAA CTPAT SKBUCHHTYJISPHBIX POCTKOB st f
NPOELUPYeTCs Ha MPOCTPAHCTBO MHOXKECTB U ¢ MOMOIIbIO MMOTPYXKeHHs] — H,
CJIe[I0BaTeNbHO, JIOKAJIbHOTO MOTPYKEHHS.

Torna crparudukauusi nosayanre6pauueckoro MHOXKECTBA IIPOEK-
unn q(A) C U clyXHT onpefeneHHeM JIOKaIbHOH CTpaTUPUKAUUU PyHKIHO-
HaJIbHOTO NpocTpaHcTBa L B okpecTHOCTH pocTKa f. B camom gene, Kaxknon
(GYyHKLHH g U3 OKPeCTHOCTH f B L MOXKHO NOCTaBHTb B COOTBETCTBHE 3K-
BHMBaJ/IeHTHbIH POCTOK Fy, (), rie u siBisieTcs HempepbiBHOH dyHKuuel k(g).
Orobpaxenne k: W — U, onpeneneHHoe TakuM 06pa3oM, sBJsieTcs Aud-
(epeHLHpyeMbIM CIODbEKTHBHBIM OTOOpa)keHHeM MaKCHMaJsbHOro paHra. Ta-
KHM o0pa3oM, Mbl MoJsyyaeM Npoo6pas cTpaTuhHKaUUK M0 K MHHHUMAJbHOH
cTpathdukauun U, comepxarueii g(A) B KauecTBe CTpaTH(HLUUPOBAHHOIO
MIOAMHOXKEeCTBA.

ITockoabKy so6asi yHKUMS U3 L COREPKHUT TOJbKO KOHEYHOE YHCI0
KPUTHYECKHMX TOUeK, Mbl MOXEM MOJYYHTb TOJbKO KOHEUHOe UHCJIO JIOKaJb-
HbIX CTPaTH(HUKAUMH KOHEUHOH KOPa3MepHOCTH, MPOXOASIIUX yepe3 HeKOTo-
pyro Touky u3 L (cTpatuduxaunu, KOTOpble IO MPHYHHE UX ONpeaeseHHs
cpacTaloTcsl B NlepeceyeHHH ABYX KapT mpocTtpaHctBa L). 3atem sta cTpaTH-
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(bHKaLKs JONONHAETCS C YYeTOM KPAaTHBIX KPHTHUECKUX 3HaueHHi. Ecan ¢ —
KPUTHUYECKas TouKa THIa 3KBUCHHTYJspHOCTH (g), a ¢ — apyrasi Touka TH-
na (g’), To GyHKUMH, OXHOBPEMEHHO MpeAcTaBAsoLINe ¢ U ¢/, o6pasyioT B L
cTpar Xy, g’, KOTOpbIii siBJsIeTCA nepeceyenveM Xy u Xg. B X, g’ MOXHO
BBECTH B KauecCTBe MOACTpaTa MHOXecTBO Y C X,, ¢’ Takux ¢yHKuuit f,
uto f(c) = f(c). To xe crnpaBennuBo W [/l KPATHBIX KPHTHUECKHX 3Haye-
HHUH TIPOM3BOJIBHOH KPATHOCTH (He cjeayeT 3a0blBaTh, UTO AJSI KOHCTPYHPO-
BaHHUs 3TOH CTpPaTH(MHKALMHK HCIOJb3YIOTCS HeBbIpOHOeHHble KPUTHUYEeCKHe
ToukH). TakuM 06pa3oM OKa3biBaeTCsi 3aBepLIEHHOI CTpaTHQUKauus Mpo-
crpaHctBa L. (OueBnpHo, cienoBano Gbl 10Ka3aTh, YTO 3Ta MOCAEIHSsS KOH-
CTPYKLMS IefiCTBHTENbHO JaeT MeCTO CTPaTU(HUKALHH, U 3TO NOKa3blBaeTcs
C MOMOLIbIO TAKOrO MHCTPYMEHTa, KaK «MyJbTHCTPYsi» Masepa.)

3AMEYAHYKE 1. TlpennoeHHOe 3eCb IOHSTHE 3KBHCHHTYJSPHOCTH SIBJISETCS
6oJiee TOUHBIM, YeM TO, KOTOPOe OOBIYHO pacCMaTPHBaeTcs B anrebpaHueckodt reo-
MeTpUH. B camom gene, oHO BMecTe C JIOKAJbHBIMH TONOJIOTHUECKHMH CBOHCTBAMU
POCTKa BBOIUT CBOHCTBA €ro yHHBepCaJbHOH pa3sepTKH™E.

3AMEYAHHE 2. MoXHO O6bI0 Obl MOMBITATHCH BBECTH B MPOCTPAHCTBE
R™ x U anreGpanyeckyo cTpaTHOHKALHIO, ONpefeNeHHYI0 pasMepHOCThbio R-thakTop-
anre6psi™!?. R[[z]]/ OVinean fZ; B kax[0ii KDHTHUECKOH TOUKE. DTa CTPATHHUKALHS,
BO3MOXKHO, MeHee TOYHa, UeM CTpaTHdHKaLHs, onpeie/eHHas ¢ nomouibsio A. Hanpu-
Mep, MOXKHO MPEANONOKHKTb, YTO MHOXKECTBO TOUeK (z,u), rie 3Ta akrop-aare6pa
HMeeT JaHHBIH PaHT, eCTh IMaJKoe MHOXKECTBO, HO COBOKYNHOCTb 3THX IVIaf(KHX MHO-
XKECTB He YIOBJIETBODSieT yc/oBUSM (A, B) YHTHHU.

[Mycte B mpoctparctBe L(V;R) peidcryer rpynna Diff V™ nuddeo-
Mop(pH3MOB 06/1aCTH ompenesneHus U rpynna audpdeomophruamoB Ha objacT
3HaueHuil R nocpexcTBoM KoMnosuuuu ¢ f: V — R.

Takoe pmeiicTBHe COBMECTHMMO CO CTpaTHU(HKaLHeH, onpeleNeHHOH Bbl-
me. Ha Bcex cTpatax Kopa3mepHOCTH < 7 rpynna JgeACTByeT TPaH3HTHB-
Ho. Ho, HauuHasa ¢ kBaapaTHyHOH ocobGeHHOCTH V = zt — y4, NOSIBJISIIOTCS
HeMpepbIBHble MHBAPHAHTbI, MOAYJIH (HalpHMep, ABOHHOe OTHOLIEHHe YeThl-
pex MpsiMbix). DTOT CTPAT HMeeT KopasmepHocTh 7. (CKasaHHOe CIIpaBeJIHBO
17151 0cOOeHHOCTeH KopaHra fiBa, TOrAa Kak AJsi 0cOBeHHOCTeH KOopaHra TpH
MJ0CKasi KpUBasi TPeThero Mopsifika, COOTBETCTBYIONIAs YPaBHEHHIO T° + y° +
+ 23 = 0, yXe UMeeT MPOEKTHBHbIA HHBapHaHT, MHBapuaHT BeliepiTpacca,
M TaKOH CTpaT Tak»Xe HMeeT KOpa3MepHOCTb 7.)

B uHTepecylomeii Hac cuTyauus, Korna 6a3oBoe MPOCTPaHCTBO HMeeT
pa3MepHOCTb, caMoe OoJblliee YeThipe, BCe CTPaThl, BCTPEUAIOILIHECs TPaHC-
BepCa/JbHO, UMEIOT JoKajbHble nH(pdepeHUHpyeMble TPHBHANHU3ALHMH, 005-
3aHHbIe CBOMM CylleCTBOBaHHWeM jedcTBuI0 rpymmbl. (BektopHoe none Ha
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HEKOTOPOM CTpaTte IIPOAOJKAeTCs [0 OKPYXKaloLlero MpOoCTPaHCTBA CIOCO-
60M, COBMECTHMbIM CO cTpaTudukauneld.) M3 storo cienyer, 4To OTHOCH-
TeJIbHO 0TOGPaXKeHH i, KOTOpble B Kpeoje OlpelessioT MHOXeCTBO KaTacTpo-
(Bl KaK npoo6pas CTaHAAPTHOrO Mosyanre6paH4eCckoro MHOXECTBA, MOXHO
mpe/rosaraTh ri106adbHy0 AHGGEpeHLHPYyeMOCTb.

3.1.10. YuuBepcaabHasi pa3BepTKa pOCTKa OTOOpalKeHHs

[lycTb pocToKk oTOOpaXkeHHs
f:(R",0) = (R",0)

3anaH paeHcTBOM y o f = f;(x;). [lyctb M} ectb cBOGOAHBIA p-MOAYJb € p
obpasyowumu Han Rljz;]].

Oro6paxenune HkobH B HyJle, B3siToe (OopMaNbHO, onpejensieT JHHeHHoe
oTobpaxeHHe cBoGoaHoro n-monyas X;(x) Han R[[z;]] 8 MP. Ecan obpas
3TOro oTo6paxkeHuss B M} HMeeT KOHEUHYK KOPa3MepHOCTb, MpeAIlecTBy-
IOLLYI0 TEOPHIO MOXKHO 0000WIHTb Ha caydyail pocTKoB oToOpaxkeHui. Oue-
BUIHO, 3TO YC/JOBHe KOHEUHOH KOPa3MepHOCTH yxKe He BbIMOJIHSETCs «[IOYTH
BCerga», Kak 3To Oblio B ciayuae GyHkuuii. M3 storo cnenyet, uro anre6pau-
yecKasi TEOpHsi YHHBepCalbHOH Pa3BepTKH MPUMEHHUTENbHO K 0TOOpaKeHHAM
TpefyeT CJHMIIKOM MHOTOrO, U ee ClefyeT 3aMeHHTb MONO0A0SUYECKOU Teo-
prell yHHBepCa/bHOH pa3sBepTKH.

3.2. CrparucdpunupoBaHHble POCTPAHCTBA U MOP(PHU3MBI:
TOIOJIOTUYECKasi Teopus

3.2.1. CrparucduuupoBanHble MHOXECTBA

Ecnu V. — muoroo6pasue™®, co6ctsenno norpyxenHoe B R™, T0 u3-
BeCTHO, 4TO MOUTH J1o6oe guddepeHLrpyeMoe 0oToOpaKeHHe

f:RF SR

TpaHcBepcasnbHo Hag V, u npoo6paz W(f) = f~1(V) asasercsa nogmHoro-
o6pasneM Kopa3mepHocTH ¢ B R”. Bosiee Toro, ecin g — otoGpaxenue, 10-
cTatouHo 6anskoe K f B C-tonosoruu, 10 MHOroo6pasus npoo6paszos W (f)
1 W (g) sBJISIIOTCS U30TOMHBIMH B H30TOIMHU MpOCcTpaHcTBa R, coBMeCTHMON
¢ pedopmauveil Fy otobpaxenus f B g.

To ke cBOHCTBO MOYTH Ccpa3y MOXKHO OGOOGLUHTb, €ClH BMECTO MHOrO-
obpasuss V paccMoTpeTh CHUCTeMYy MHOroo6pasdili oOLIero MoJIOXKeHHs1 HJlH,



88 I'naBa 3

Gosiee obuie, mMHo2o06pasue yenros, nuddepeHLHpyeMbIM 06pa3oM Morpy-
>)KeHHoe B R™.

OcHOBHOl Hzieell TeOpHH CTPaTHGHLUHUPOBAHHBIX MHOXECTB SIBJSETCH
yCTaHOBJIEHHe aHAJOrMYHOro CBOHCTBA At mogMHOXecTBa A M3 R™, koTo-
poe siB/IsieTCS MoJyalre6panuecKMM MHOMXECTBOM HJIH MOJyaHAJIUTHYECKHM
KoMIaKkToM. Mbl cTapaeMcsi 3aKJ/IOUHTb MHOXeCTBO A B NapaMeTpHyecKoe
ceMeiCTBO peryJasipHbiX okpecTtHocTell T,(A), KoTopble Bce /sl AOCTAaTOHHO
Masioro r sBJasioTcsi fuddeomopdHbIMH MHOrooGpasusMH yrios. Ilpu co-
OTBETCTBYIOIIEM OlpefeJieHHH TPAHCBepCaslbHOCTH, ecad f: RF — R™ gp-
JisleTCsi TpaHCcBepcasbHbiM Hag A, To f TpaHCBepcaibHO Haj BCEMH MHO-
roo6pasusimu yrioB T,(A) mas poctatoyHo Manbix r. Torma BhiMmosiHsieTcs
TeopeMa M30TONMK AJs 3THX 0ToOpaxkenuil Fy: R x RE — R x R™, Tpaucsep-
canbHbiX Hag T-(A). ExuHcTBeHHast TPYAHOCTb, KOTOpAsi SIBJISIETCST AeHCTBH-
TeJIbHO BaXKHOH, COCTOHT B [0Ka3aTeJbCTBe TOTO, YTO 3TH M30TOMHMH MOTYT
COENMHSATBCS C U30TOMNMeH npooGpasoB F~1(A), korga r cTpeMHTCS K HYJIO.

Yr06bl MOCTPOHTL 3TO CeMeicTBO TPyOuaThix oKpecTHOCTel Tr.(A), pas-
JoXHM A Ha KOHeuHOe oObelHHeHHe cOOCTBEHHO MOrpyKeHHbIX MHOrooGpa-
3uit X;, Ha TakHe CTpaThl MHOXecTBa A, 4To ecad X; npuMbikaer K X, TO
B KaX[I0H Touke xo U3 X; BbinosHseTcs yciosre (AB) Yutuu: ecan Ty(X;)
0603HauaeT IJIOCKOCTb, KacaTeabHyilo K X; B B TOUKe ¥y, TO A/ JIOOOH
T0CJIeI0BATEIBHOCTH Y;, Korga X CTpeMHTCs K z, ¥ AJs1 J11060i noc/enosa-
TeNbHOCTH I;, cTpemsieiica™® k z,

lim Angle(z:%;), T, +(X;)=0.

Zi3Yi—To

CyiecTBOBaHHe TaKOrO pa3/ioXKeHHst OblJIO yCTAHOBJIEHO YHUTHH 115 abuH-
HbIX aHAJIUTHYECKHX MHOXKECTB, a JlosiceBUueM — [JIs1 MOJNyaHATHTHYECKHX.
Takoe pasJioxeHye, KOTOpoe BIipeib Mbi Oy/ieM HasblBaTh cmpamupuxayuet,
MMeeT rpaHHuHOe CBOiCTBO: ecaim X NY # B, 70 X CY udim X < dimY.

0O603HauuM 3Ty cutyauuio deped X < Y (X unuupmentHo Y). Lensro
cTpaT HasbiBaeTcsl Jiobasi nocjenoBaTesbHOCTb cTpaT X1, Xo... X Takas,
yto X; < X; + 1. Torna uenTpajbHoe CBOHCTBO CTPAaTH(HHULHPOBAHHBIX MHO-
JKeCTB TaKOBO: AJIs KaXXI0ro ctpata X MOXHO Onpefie/IMTh CeMeHCTBO TaKHX
Tpy64aThix oKpecTHOCTel (B O6LIYHOM CMbIc/e HUddepeHLHaNbHONH reoMeT-
puu) T.(X), uto kpaiiHue Tpy6ku T.(X;) uemu crpar X, mepecekawTcs
TpaHCBepCaJsbHO.

Torna uMeHHO MyTeM OObeUHEHHS ITHX TPYOOK (6epsi pafiHyChi T B BH-
ge r = €%, roe § — pa3MepHOCTb cTpara) X, MOXHO CO31aThb CEMeHCTBO
rno6aibHbIX TPyGUaThiX OKpecTHOCTeH MHoXecTBa A.
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MoxHo naiitu [cM. EMS. — [lpum. ped. ¢pany. usd. 1968, 8] nocra-
TOUHO MOJIHYI0 — XOTSI M TPYAHYIO /sl UTEHUS — BepCHIO TEOPHH CTpaTH-
¢duupoBaHHbIX MHOXKeCTB. Brocsenctsuu JIxx. Masep fajl NoJIHYIO BePCHIO
s10i Teopuu B [LTS]. CyiiecTByer uucto dopManbHasi TeOpUsi CTPaTHPULHK-
poBaHHbIX MHOXecTB [SMA], [LM]"20: eciu naHa cxema MHUHMAEHTHOCTH
MHOXeCTBa, pacCMaTpuBaeMasi Kak yropsodeHHbH rpad, To KaxpmoH Le-
nu (c) crpar X3 < ... < X, comocTaB/isieTCsi TpaHUYHOe MHOroo6pasue
¢ yrmamu M(c) (mpu sToM MakcHMa/bHas «KOpa3MepHOCTb» yIya sBJsieT-
csl IJIMHOHU LIeMH, T.e. YMCJIOM CTpaT, KoTopble oHa comepXuT). Ecau ¢ —
3TO MOALENb LEMH ¢, TO 3aaeTcsi CIOPbeKiHs k. ., MHOrooOpasus M (c) Ha
MHoroo6pasue M (c’). dra ciopbekuus siBasietcss nuddepeHLHpyeMbIM pac-
CJIOEHHEM C JIOKAJIbHbIMH MOJEJISIMH, KOPPEKTHO OMpejeseHHbIMH Ha yriax
KpaeB 00s1aCTH ompejesieHdst 1 o6sacTH 3HadeHu#. Ha 3Tu clopbekuuu Ha-
KJIa[(bIBAIOTCSI OYEBUHbIE YCJIOBHS TPaH3UTUBHOCTH. Toraa rio6anbHO CTpa-
THQHULHPOBaHHOe MHOXeCTBO E mosyyaercs Kak (hakTop-MHOXKECTBO AH3b-
IOHKTHOTO oObefnHeHHs1 3TUX M (c) ¢ uaeHTHHKAUUSAMH, ONpefeNeHHbIMH
3TUMH ClOpbeKLusaAMHP2!

3.2.2. IIpoekuus cTparuUUUPOBAHHOTO MHOMKECTBA.
CrpatuduiumpoBanHbie MOP(HUIMBI

Ecau Tenepb NMOHsITHE CTPaTH(HLMPOBAHHOTO MHOXKECTBA MOXKET CUH-
TaTbCH OKOHYATEJbHO YCTAHOBJEHHBIM, TO 3TOrO JKe elle Hesb3si CKasaTh
06 ofleM MOHSITHH «CTpaTHhHLUMPOBaHHOrO MopdusMa». CnepBa paccMoT-
PHM 3ajadyy MPOEKTHPOBAHHS Ha JNMHeHHOM oToGpaxeHuu p: R™Tk — R»
CTPaTHGhUUUPOBAHHOTO MHOXKecTBa A, morpyxetnHoro B Rk,

IpenmnosnoxumM, 4TO 1MOC/e BO3SMOXKHOIO COBEPLIEHCTBOBaHHS CTPaTH(H-
KaluH¥ MHOXecTBa A mpoekuusi p 6yneT UMeTb Ha KaXKIOM CTpaTe MOCTOSIH-
HbIH paHr.

Torna o6paz X’ = p(X) mwboro crpata X MHoxXecTBa A siBisieTCs
MHOrooGpasueM, MOTPYXXeHHBIM B MPOCTPAHCTBO 3HaueHHH R™. HerpymHo
YBHIETb, YTO HanuuHe cBoicTBa (A) AJS MOC/NENOBAaTENbHOCTH ABYX CTpa-
T0B X, Y u3 A Biieyer 3a co60i HanM4yHe ITOTO K€ CBOHCTBA [JIs UX MPO-
exuudl X', Y’. 3aTo 3TO e OTHIOIAb He CIPaBelJMBO OTHOCHTEJbHO CBOM-
ctBa (B), KoTopoe TpeGyeT MPUHSATHS LOMOJHUTEIbHON THIIOTE3bI.

HakoHew, ectectBeHHO TpeGoBaTh, 4TOObl MepeceueHHss MHOroobpa-
suit (X') mexpy coboit (Tak e Kak M MX caMolepeceuyeHHs)) obsajaln
Obl HEKOTOPBbIM OGILMM MOJIOXKeHHeM. TakuM o6pa3oM BBOASTCH CTpaThl Y/
Ha npoekunn A = p(A), npooGpas KOTOPOH 10 p NOJKEH HAXOOUTbCS Ha
cTpatax MHoxectBa A. WUTak, Mbl OKasbiBaeMcsi B CHTYyalHH, B KOTOpO#
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MOXHO Obl0 Obl COBeplLIEHHO 3aKOHHO Ha3blBaTb MPOEKIHI0 p MHOXeCTBa
A Ha ero o6pa3 A’ «cTpaTHhHUMPOBaHHBIM MOP(HH3MOM». CBOHCTBOM 3TOrO
MopdH3Ma fIBASieTCS «IOKaJbHasi TPUBHANBHOCTb» Ha Jo6oM cTpaTe obJa-
CTH 3HaueHHii: npoo6pas ANp~1(X) cTpata X’ 06.1acTH 3HAUEHHI ABISETCS
pacc/IoeHHbIM TMPOCTPAaHCTBOM Hal X', c/10il KOTOPOro siBJISIETCS CTPATH(H-
LIMPOBaHHBIM MHOXeCTBOM. (DTO c/lefyeT M3 CBOHCTBA, OMMCAHHOrO BHILLE,
CBOHACTBAa TpPaHCBepCalbHBIX CeYeHHH CTPaTH(OHULUHUPOBAHHOIO MHOXKECTBA.)

OnHako BBefileHHOe TaKWM 06pa3oM MOHSATHe He SIBJISETCS NOCTaTOUHO
TOUHBIM. MOXHO ObL10 Gbl MOMBITAThCH AEHCTBOBATb ClEAYIONIMM 00pa3oM:
ecin A siBasieTcsi ctpathduuMpoBaHHeiM B R™, B — crpaTH(hHUHPOBaH-
HbiM B RP, T0 A X B sBasercsi ctpatuduuupoBaHibiM B R™ X RP, u npo-
exuust ¢¢ A x B — B mnpenocTaB/IsieT JOKanbHYI MOfe/b CTPAaTHPHLHPO-
BaHHOro Mopdu3ama. Ho 3To 3amaeT curyauuio yepecuyp CTporo, nNoCKOJIbKY
naxe npoekuusi yrma COC’ Ha ero GuccekTpucy He Oblna Obl J10KaJbHO
crpatuduuuposana™??,

Hrak, eciay JIOKalbHO MPHUHATH MOLE/]b THMA MPOEKLUHH NPOH3BEJeHHs
Ha MHOXHTEJb, 3TO €lle He 03HauaeT, YTO Mbl JOJXKHbl JOMYCKaTb BO3-
MOXHOCTb COCPeOTOYEeHHS] HEKOTOPbIX CTPAT OAHOTO MHOXKHTeJNs, KOraa Mbl
pasmMeljaeMcsi Ha Jpyrom.

N

B dopmasbHOll TeopHH CTpaTHPUUMPOBAHHBIX MHOXECTB MpOCTPaH-
ctBo A/K, moayueHHOe M3 CTpaTH(HLUHpOBaHHOrO MHOXecTBa A cTsru-
BAaHHEM B OIHY TOYKY HEKOTOPOrO 3aMKHYTOro (CTpaTH(HLHPOBAHHOTrO)
noaMHoxectBa u3 A, o6o3Hauaemoro yepe3 K, OyneT cTpaTHGhHLHPOBaH-
HbIM MHOXecTBOM. CTpaTH(HUHUPOBAHHYIO CIOPBEKLHIO CTPaTH(HIHMPOBAH-
HOro MHOXecTBa A Ha MHOXecTBO B MOXHO B HauboJee oflieM BHje ompe-
IeJUTb C MOMOILBIO YCJOBHUS CYyLIeCTBOBAHHS JIOKAJbHOH MOJeNH, olpee-
JIeHHOH HEKOTOpbIM MPOU3BeneHHeM (MM yKa3aHHeM Ha JIOKaJbHble CBSI3HbIe
COCTaBJISIIOLIME, Ollpefe/eHHble yriaoM). HakoHel, HMEHHO 3Ta KOHCTPYKUHS
CJIYXKHT JJISI ONpefe/ieHHsl BaXHOro Kjacca CTpaTH(hUIHPOBaHHbIX MOP(U3-
MOB, nosoeux Mop(H3MOB HJIM MOPPHU3MOB «be3 B3pblBa».
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3.2.3. Mopcdusmbl 6e3 B3pbIBa

Iycts A cTpatnouuuposano B R"E p: Rtk — R™ A" = p(4) —
o6pas MHoxecTBa A, Takxe cTpaTHduuHpoBaHHbH. Ecam p|A saBisercs
Mophu3MoM 6e3 B3pblBa, TO MOXHO CBSI3aTh C KaXXAbIM CTPaToM X MHO-
xectBa A TpyOry T'(X), monydeHHyio cienylolm o6pasom. PaccmoTpum
o6pas X', mosydyenHbiit otrobpaxkennem X Ha A’, um nycte T(X') Gyner
Tpy6Koit nist X' B R™. Torma MOXHO HaliTH «BepTHKaJbHY0» TpyOKy V(X),
I0CTaTOYHO GH3KYI0 K X B TakoH Touke cryuenusi p~1(p(z)), uto T(X)
6yneT «mpsMoii cymmoil» V(x) u Tpybku, nonydenHo# u3 T(X') ¢ momo-
ubio p. bosiee Toro, 3TH TPyGKH MOAUHHSIIOTCS YCJIOBHSM TPaHCBEPCAJbHOIO
nepeceueHust ajsi ctpat HekoTopod uermu. C mo6oit Uenbio ¢ U3 A cBsisa-
Ha uenb M3 A’, ee npoekuusi. C MHoroo6pasuem yrios M(c') okasbiBaercs
CBSI3aHHBIM MPOOGpPa3 Mo p, KOTOPbIH SIBISETCS JIOKAJbHBIM MPOH3BEAEHH-
eM M(c) na cTpaTHdHKaLHIO, ONpefeseHHYI0 C MOMOLIbI0O MHOroo6pasuii
yraos sapa R¥ npoekuuu p.

[Tpu mepexope ot uenu ¢’ K nopueny ¢ uMeercst oToOGpakeHue COOTBET-
crByiomux sinep RF = Ker p, koTopoe BbipaxkaeTcst uepes CIOPbEKLHIO CTpaT
u3 Ker(c) Ha crpatsl us Ker(c”).

Hrtak, oToGpaxkeHue COIVIOCOBaHHS, ONpefieIeHHOe TAKUM 06pa3oM, MpH-
HaIJIEXHT K TOMY THIy 0ToBpaxkeHuii"P23, koTopble MmosydaloTcs MyTeM co-
CPEeOTOUEHHS] HA OJHOM CTpaTe OJHOH H3 ero TPyGuUaThIX OKPECTHOCTEH.
TouHoe ompenesneHue MOXeT ObITb HAaHO TOJbKO HA JIOKAJNbHBIX MOLEJSIX.
W3 3TOro, B 4aCTHOCTH, CJEAYET, YTO B OTOOpaXKEHUH MPHJIAaXHBaHHS «JIO-
ckyTa» u3 Y Ha X, rie X < Y, orpaHHueHHs, HaKJaiblBaeMble Ha siipa
kyx:Kerp|Y — Kerp| X, ABASIOTCS CIOPbEKTHBHBIMH.

[1aBHOe CBOHCTBO 3THX MOP(HH3MOB Bblpax<aeTcsi BO «BTOPOi» TeopeMe
M30TOIHH:

Ecin A £ B % R raxoso, uto p utop — MmMopduambl Ge3 B3pbiBa
¥ a, b — JBe TOYKH OJIHOTO M TOTO e cTpaTa M3 R, TO MOP(H3MbI COOTBET-
CTBYIOLIHX ceueHUH A, — B,, Ay — B) NpHHALJIENKAT K OIHOMY H TOMY XKe
TOMOJIOTHYECKOMY THITY.

Huddepenurpyemble «06001IeHHbIE» OTOOPAXKEHHUST SBJSIOTCH CTPATH-
¢uuMpoBaHHBIMH MoOpGhH3MaMu Ge3 B3pbiBa (CM. 06 3TOM MO CTaThio).
[LM. — IMpunm. ped. ¢pany. usd., 1969, 3]™4,

3.2.4. Crparucdukauus npocrpancrBa G pocTKOB roJoMOp(HBIX
oTo0paKeHUH

Nyers f: (N,0) — (P,01) 6yzeT pocTKOM rosioMopgpHOro oTo6paxe-
Husi C™ na CP. Ilycte S(f) Gyner KpuTHUeCKHM MHOXeCTBOM pocTka f. Ec-
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a4 cTpys j(f) B Hauase KoopAHHAT GepeTcs K BHELIHEH 06/1aCTH HEKOTOPOTOo
MHOXecTBa K 6eckoHeuHO#H KopasmMepHOCTH B J X (u, p), To Mopduam f|S(f)
Ha ero o6pa3 S’ siBiseTcs1 KOHeUHbIM Mopdu3MoM. CrieoBaTeNbHO, B CHIY
teopembl [poepa (Grauert) mMHoxecTBO S’ fIBJISIeTCSI MHOXKECTBOM, aHaJH-
THYECKHM B HYJeBOH Touke MHoxecTBa P. OGo3HaunM uepe3 (G mogmHo-
XKecTBO MHoXecTBa (F, COCTaBJ/IeHHOe M3 POCTKOB, CTPYsl KOTODBIX B HYyJe
sBasieTcst BHellHe# no otHouwleHuwo Kk K. Torma To xXe camoe CBOHCTBO HMe-
eTcsl y KaX/J0H Toukd £ X N, foctaToyHo 6/1M3KO0i K HyJi0 AJis Beex g X G,
YTO MOXKHO yTBEPXKAAThb:
rio6anbHoe oToGpaxKeHHe

F : (NxGp) — PxG, onpeneneHHoe ¢ nomotiueio (z,9) — (g(z),9), gxGi,

paBHbBIM 00pa3oM SBJASIeTCS aHAJHTHUECKHM MOPGH3MOM Ha OKpecTHO-
cti MHoxectBa ((0) x {G1}) N S(f), kotopeiii KoHeueH. CiiepoBaTesbHO,
MHOXecTB0-006pa3 F|S(F') sB/sieTcsi aHaJIUTHYECKHM B OKPECTHOCTH MHO-
xkectBa 0 x G1 N P x G1. B pesynbrate MHoxecTBa S(F) u F(S(F)) mo-
TYT 6HITb CTPaTH(HLUHPOBAHbl B OKPECTHOCTH MHOXecTBa 0 X G (cooTBeT-
ctBeHHO 07 X G1). Ilo npuunHe KoHeuHOro XapakTtepa Mopduama F Ha S(F)
MOXHO TaKXe «CTpaTH¢HLHpoBaTb» F' TakuM o6pa3oM, uToOH caesaTbh U3
Hero cTpaTHHUHUPOBaHHbBIH MOpGhH3M 6e3 B3pbiBa. ToT ¢akT, UTO NpoCTpaH-
cTBOo (G1 HMeeT OeCKOHEYHYI0 DPa3MepHOCTb, HHCKOJbKO He yMeHbIIaeT HH
BO3MOXKHOCTb TMpUMeHeHUs K F' TeopeMbl [poepa, HH BO3MOXHOCTb JIOKAJIb-
HO#l cTpaTH(HKaLHMH KOHEYHOTo aHaJMTHYECKOro MOpGH3Ma Ha €ro KpHTH-
4eCKOM MHOXeCTBe.

3ameHsisi KOMIJIEKCHYIO KOHCTPYKLHMIO BellleCTBEHHOH, Mbl [OJydyaeM
Te Xe CBo#CTBa mpu ycjoBuu BBefieHus nasi S(F) u F(S(F)) crpatudu-
Kaluii, moJiyaHaJMTHYeCKHX B Hauajle KOOpAMHaT.

Bosiee Toro, B o6oux caydasx F Ha 01 X G JIOKa/lbHO SIBJSIETCS CTpa-
THQUUHPOBaHHBIM MophH3MoM Ge3 B3pbiBa. Co3/aB nepeceyeHHss U caMmore-
pecedyeHHs: CTPaTOB-06pa3oB, Mbl JOMXKHBI OTOOPa3HTh WX Mpoobpass no F
Ha ucxopHoe mpocTpaHcTBo. CTpaThl, BBeleHHble TAKHM 00pa3oM, pasgeds-
I0TCsl Ha iBa THna: 1160 oHU 06pa3oBaHbl PerynspHbIMH TodkamMu U3 N x Gy,
B cJayuae 4yero kopaHr F paBeH (n — p), u sapo Ker F' siBasietcss QyHKUH-
eit, nuddepeHpyeMOl U perynsipHOd B Touke x € N x (. JIu6o cTpat
SIBJISIETCS] KPUTHYECKHM, U B 3TOM CJlyyae OH OTOOpaXKaeTcsi Ha CBO# 06-
pa3 B P x G1 nmocpescTBoM JokanbHoro auddeomopthusma. Ho rpaHudnbie
CTpaThl KPUTHYECKOTO CTPaTa ToXe OYAYT KPUTHUECKHMH, H YCJIOBHE CIOPb-
extuBHocTH ky x: Kerp|Y — Kerp| X npoBepsiercst TpuBHa/IbHO.

3ateM ocTaeTcsi [0Ka3aTb, YTO CTpaTH(UKALMS, olpelesieHHAs TAKUM
obpasom Ha (G1, Ha caMoM fiesle SIBJISIETCS — eCJIM OrPaHUUYMBATbCs CTpa-
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TaMH KOHeuHOH Kopa3mepHocTH B Gi — cTpaTH(HKalHel MPOCTPaHCTBA
ctpyit J7(n, p)"P%E.

HHaue roBopsi, ecsid g siBasieTcst pocTKOM (1, MPHHaA/eXallMM K CTpa-
Ty KOHEeuHOH Kopa3MepHOCTH S, TO Ji06O0H POCTOK g1, KOTOPbI HMeeT ¢ g
LOCTATOYHO BBICOKOTO MOPSIiKA KaCaHWe, HAXOOUTCS B S.

i onmucan B [EMS] cxemy nokasaTenbcTBa 3TOH TeopeMbl (KOTOpYIO 5
cthopmyaupoBaa B moeii Teopeme 4 [LTP]). [oaxke k. Masep nan nokasa-
Te/IbCTBO, OCHOBAHHOE Ha APYroM MpHHuume P26,

OCHOBHbIE HCIIO/b3yeMble CBOHCTBA TAKOBbI:

1. O6o6wenue meopuu cumsora boapomana.

3mech peub uper o nemme 4A.1 us [EMS], koTopasi, BnpoyeM, B 3TOH
cTaTbe c(HOPMYJIHPOBAHA HEMPABHIIbHO.

[NpaBusbHas GopMysnHpoBKa TakoBa:

nycte V' — MmHorooGpasue, norpyxeHHoe B J X (n,p), KaHOHHYecKas
MPOEKLHsT KOTOPOro Ha J1(n,p) uMeeT KopaHr cTporo MeHblue n — codimV
B HyJe. [Iyctb

p: I (n,p) = J x (n,p)

— KaHOHHWYecKasi npoekuusi. Torma B mpoo6pase p~1(V) cyuwectByer Ta-
KOe MpaBHJIbHOE MOAMHOroo6pasue s.V («cumBos» V), uTo mobas cTpys
z € p~Y(V) — 5. V umeer cienylolllee cBOHCTBO: J06as peanusauus f Jo-
KaJbHasi OTHOCHTEJbHO z TaKoBa, uTo j"f TpaHcBepcasbHO Ha V B Hy-
Je u, Gosee TOro, JIoKanbHoe orpaHWueHwe f Ha MHoroo6pasde npoo6pa-
3a j7(f)"1(V) uMeeT MakCuMaJbHBIH paHT (JOKaJbHOE MOTPYXKEHHE).

2. Jlemma o mHoxMCECMBE NpedesbHbLX NOAOHEHUL nAOCKOCmel, Kaca-
menvHblx 80046 CEHEHUSl AHAAUMUYECKO20 MHOMcecm8ea Juggepenyupye-
moim mnozoobpasuem. (Jlemma 4A.3 uz [EMS)).

Ilyctb A — pocTkoK aHanuTHYeckoro mHoxectsa B 0 € R™, f — Jo-
KaJbHoe morpyxenue f: (RF,0) B (R™,0). Ipeanonoxum, uto f Tpac-
BepcasbHO Ha MHoxkecTBe Al riagkux Touek MHOXecTBa A W AHAJUTHUHO
B HyJse. Torna MHOXECTBO Mpefe/bHbIX MosoXeHHi aas x € f(R*)N A nuoc-
KOCTell MepeceueHu KacatenbHbix miaockocteit Ty (f) N Ty(A1) npu z — 0
SIBJISIETCS] IPACCMAHOBBIM MOJIyasreGpaHuecKuM MHOXecTBOM K, KOTopoe 3a-
BUCHT TOJIbKO OT CTPYH ([OCTATOYHO BLICOKOTO MOpPsifiKa) PyHKUHH f.

Dta seMMa CITyXKUT [Jis JOKA3aTeNbCTBa TOrO, YTO [JIsi MHOXKECTB, OIpe-
IeJeHHBIX OTKJIOHEHWeM OT JiokajbHoro poctka (f), csoiictBa (A) u (B)
YUTHH OmNpenessiioTCsi, B CYLIHOCTH, CTpyei pocTka (f), MOCKOJbKY 3TH
CBOHCTBAa ONpEEJISIOTCS MPENe/IbHbIM MHOXKECTBOM KacaTeJbHbIX MJIOCKO-
cTell B IV1aIKUX TOYKAX.
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3. Jlemma o cmaburusayuu camonepeceteruli.

Ecau V ectb, KaK u npexje, pOCTOK MHOTO0Opa3usi, ornpe/ie eHHOro OT-
KJIOHEHHEM OT aHaJIMTHYECKOTOo PocTKa f, To caMmonepecedenre obpasa f(V)
B 00/1aCTH 3HaUeHH sIBJISIETCS MOJYaHATUTHUECKUM MHOXKECTBOM, TOIOJIOTH-
4ecKHH THI KoToporo (eciu f ABJsieTCs MOrpyKeHHeM) UeJHKOM OIpeneJis-
eTcsl cTpyel poctka f (Tak e, Kak JIOKaJbHbie ypaBHEHHs] H HepaBeHCTBA).

OTH JeMMbl M03BOJISIOT C MMOMOIIbI0 HHAYKLUHMH [O BO3DPACTAHHIO pas-
MEpPHOCTH KPHTHYeCKUX cTpatoB M3 S(f) mokasaTb, 4TO CTPaThbi-06pa3bl
3aBHCAT TOJIBKO OT CTpyd pocTka f. JlokaxkeM 3To crepBa [Js CTpPaToOB
MHHHMa/NbHOH pasMmepHocTH. X; = D;(f), rae D; — HekoTopas CHCTeMa
AuddepeHHaNbHbIX ONepPaTOPOB, ONPeAe/IeHHbBIX MOCPEeICTBOM MOIMHOr006-
pasusi mpocTpaHcTBa cTpyit J*(u,p) MakcuManbHOi KopazmepHocTtH. Torna
o6pa3 f(X;) siBasieTcs JMoKa/sbHbIM MOrpyxeHHem. Mbl cTabuausupyem ca-
monepecedenue f(X;) N f(X;), Tak Xe KaK ¥ ero 0COGEHHOCTH, €CJIH OHH
y Hero ecth.

ITycts T(f) siBnsieTcst cucTeMol 06pasyiolinX [Jsl HAeasa, CB3aHHOro
¢ f(X;)"27. Cornacuo nemme 3, cTpyst T'(f) 3aBUCHT TO/IbKO OT CTPYH POCT-
ka f. Tak KaK 3To camorepeceyeHue sIBASETCS eJUHCTBEHHOH (KOMILIEKCHOH)
ocobeHHOCThIO 06pa3a f(X;), To cuctema (g) o6pa3yioLUUX Hieana, CBI3aHO-
ro ¢ f(X;), B o6nactTu 3HadeHHi BOJIH3U HYJs YOOBJIETBOPSIET HEPABEHCTBY
THMa HepaBeHcTBa JlosiceBuya:

S lgl? + > 1729 > CIT(£))*, € >0, a>0. (e)

3necb J(g;) cyTb siko6uana mopsiaka 17P28 paHOro KopasmepHo-
cti f(X;), noayueHHoH u3 ypaBHenu#l mis D;(f) ¢ momolubio MOBTOPHO-
ro MPUMEHEHHs MOATOTOBHUTEJbHOH TeOpeMbl W HCKJIOYEHHs KOOpAHHAT M3
06/1acTH onpefeneHus. DTO 03HAYaeT, YTO CTPYs AJ/s1 g 3aBHUCHT TOJBKO OT
cTpyu mas f.

CrienoBaTtesibHO, €CJIH HMeeTCsl HepaBeHCTBO THNa (e) 4 f, To uMeeTcs
TaKoe e HepaBeHCTBO HJjs Ji6oro poctka f; Takoro, uto f — fi Gymer
IJ1aIKOH MOBEPXHOCTbIO (KOHEYHOr0) MOpsiiKa, JOCTATOUHO BBICOKOTO B HYJIE.

To ke HepaBeHCTBO GyfET HMETb CHJY, €CJIH €r0 NPUMEHSATb PEKypPCHB-
HO, W 15 moboro o6pasa KputHueckoro ctpata X; = D;(f) npu ycnosuu
BKJIIOYEHHsl B NPaByl0 4acTb HepaBeHCTBa (€) CHCTeMbl oGpasylolux obpa-
3a-cuMBosia 111 D (ecai OH yXKe He COAEPXKHTCS B 3TOM CaMOIepeceyeHHH).

ATo paccyxkIeHHe M03BOJISIET CTaGHIH3UPOBaTh 06pa3bl KPUTHYECKHX
crparoB. Paccyxnenue, ananortutoe jemme 3 (Gosiee npocToe), NO3BoJsIET
cTabHIM3KupoBaTh TOUKH crywenus f~1(f(D;(f)) KpuTHUECKHX CTPATOB, TaK
e KaK M MX TPaHCBepCa/bHble MepPeceyeHHus.
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[MosiHOe AOKa3aTe/bCTBO MOXHO HalTH B paGote ['M6cona: Gibson C. G.
U }lp.np29’

3.2.5. YHuBepcaabHas pa3BepTKa pocTKa

[Tyctb f Gynmet pocTKOM, NMPHHAIJIEXKALIKM K CTPaTy KOHEUHOH Kopas-
MEepHOCTH g POCTPAHCTBa POCTKOB (1. «YHHBepCaNbHOH pa3BepTKOH» POCT-
Ka f Ha3blBaeTcs r106anbHOe 0TOOpaXKeHHe

F:R®xR? - RP x RY,

omnpejesieHHOe POCTKOM MHoroo6pasus RY, TpaHcBepcasbHOrO K CTpaTy M3 f
B f.

IlBe yHuBepca/bHble Pa3BePTKH pPoOCTKa f SABJASIOTCS H30MOPQHBIMH
B KayecTBe CTPaTH(HULMPOBaHHHIX MOp(u3MoB (Ge3 B3pbIBA), MOCKOJbKY
3TOT H30MOP(H3M COBMECTHM CO CTPAaTH(HLUHPOBAHHLIM rOMeop(H3MOM Npo-
cTpaHcTBa mapametpoB RY.

Jlns ABYyX pOCTKOB, MPUHAAJEXALIMX K OJHOMY H TOMY Xe CcTpaty S
u3 G1, yHUBepCadbHbIE Pa3BePTKH H30MOP(HbI (B YKa3aHHOM BbILlE CMBICJIE).

B yacTHOCTH, MOXXHO FOBOPUTb 00 YyHHBEpCaNbHOH pa3BepTKe CTPYH,
€CJId TOJIBKO 3Ta CTPysl ompefensieT ctpaT H3 (31 KOHEUHOH KOopa3MepHO-
CTH.

3AMEUAHVE 1. Ecau poctok (f) npuHannexut K (G), T. e. C/i¥ OH TaKoB, uTo f
ABJIAETCA KOHeUHHIM Mopdusmom Ha S(f), To, cormacHo Jix. Masepy [LTS]™3°, ua-
BECTHO, UTO MOXHO «CTa6HJH3HPOBATb» 3TOT POCTOK, T. €. HAHTH k — mapameTpuue-
cKoe cemeficTBo F: R™ x R¥ — RP x R¥, KOTOPOe CTPYKTYPHO YCTOHYHBO B CMBICJIe
nu¢depeHIHPYyeMOH SKBHBAJIEHTHOCTH. DTOT MOMEHT CTAHOBHTCS OTIPABHOM TOU-
Ko#i B fokasatenbcTBe JIk. MasepoM IJIOTHOCTH CTPYKTYPHO-YCTOMYHMBBIX OTOGpa-
xkenuit. Ho Takoe oro6paxenue F' He siBsieTCsl yCTOHUMBBIM Ilepef JHIOM Iuddeo-
MOPGhH3MOB, KOTOPhIE KOMMYTHPYIOT C TIPOeKIHel Ha NPOCTPAHCTBO MapaMeTpoB R¥ .
D10 oTOOpaXkeHHe He oOpa3yeT «yHHBEPCAJbHYIO Pa3BePTKY» B HallleM CMbiciie (10

R2 R2
KpaiiHe#i Mepe, B ofuieM caydae). TakuM o6pa3oM, oToGpaxkeHue f :z,y — T,Y,
onpenenerHoe™ ! nocpeactsom X = z3, Y = y, Haxonutcst B G, H OHO BKJIIOYEHO
B INI06a/ILHO yeToituMBoe ceMeiicTBo X = 2 4+ uz, Y = y, U = w. 310 nocaennee
oTOGpaXKeHHe He ABJSeTCs YHUBepCaJIbHONR pa3BepTKOH AJs f, KOTOpast He CYILIeCTBY-
eT (o KpafiHelt Mepe, B KayecTBe CeMeHCTBAa KOHEUHOH Pa3MepHOCTH).

3AMEYAHME 2. POCTKH, NpHHalJ/exaline K IBYM Da3iHuyHbIX cTpataM Si, Sz
u3 G1, MOTYT IIPUHAAJ/IEXAaThb K OLHOMY H TOMY e (CTPaTHQULHUPOBAHHOMY) TONOJIO-
ruyeckoMy Tuny. Torza 3TH POCTKH OTJIHYAIOTCS APYT OT APYra CBOMMHU yHUBEpPCAaJib-
HbIMH pa3BepTkaMu. Ilpumep storo denomena 6e1 npusenex P. damom (F. Pham),
Bpuanconom (Brianszon) u Cnegepom (Speder).
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IIpumeuanus pepakropa

01971, 3, 3. [lepeusnaHo B kauectBe r1aBel 3 B MMMI, 1974 r,, c.
38-70, u B MMM2, 1980r., c. 57-80, BMecTe ¢ HHXKeC/eLyOUIeH «UaMKO#».

«Illanka» (omy6aukosana B 1980rT.).

I'naBa I uMeer BecbMa TeXHHYECKHH XapaKTep W aJpecoBaHa YHTaTe-
JISIM, 2KeJIAaloIUM HEMHOT'0 MPHOOLIMTLCS K TallHaM TEOPHH YHHBEPCaJbHOMH
pasBepTKH U ocobeHHOCTel auddepeHUpyeMblX oToOpaxeHui. JIpyrue 4u-
TaTeJqH MOTYT ee MPONyCTHTb 6e3 ocoboro yiepba. . .

"l cxons MCKJIIOUHMTEJbHO H3 COOBpaXkeHHi oBecreueHHsl KauecTBeH-
HOr'0 YTeHHs1 Mbl OyieM HCIOJIb30BaTh H3JI0XKEeHHe 3TOrO TEKCTa B BapHaHTe
1980 r. IlpeniecTByoliifie BEPCHH He COLEpKAT OOLIEro 3ariaBus U NOBOJIb-
CTBYIOTCSI pa3jiefleHHeM cTaTbd Ha JBe OGoubuide yacTH: «l. Teopuss yHu-
BepcaJ/lbHOH pa3BepTKHU» U 3aTeM <«ll. YHuBepcanbHasi passeptka l. Tomo-
JIOTHYeCKasi TeopHsi», COOTBeTCTBYWOlUIHe B Bepcuu 1980r. nomsarosoBkam
«3.1. YHuBepcanbHasi pa3BepTKa pocTKa QyHKUUHM» U «3.2. CTpaTHdhHLH-
poBaHHble MPOCTPAHCTBA U MOPGHU3MBI: TOMOJOrHYecKas Teopus». Brpouew,
Tpu Bepcuu 1971r., 1974r. u 1980r. oTivyaloTcss ApPYr OT Apyra O4eHb
masio. Bce BapuaHThl mocsienoBaTeNbHO OTMeueHbl B NMPHMEUAHHSIX DeAak-
TOpa.

"2Cnucok suTepatyphl 1971T. KO BCeii cTaThbe MOMelleH B KOHIE TeK-
cta (KaK U B OPUTHHa/JbHOM M3JaHUH), B OTIAE/bHbIX C/y4asix OH AOMOJHEH
0603HaueHHUsIMH B COOTBETCTBHHM C MpaBHJaMH, MPUHATBIMH B HACTOSILIEM
usznaiuu. Ceblikdi B MMM2 K 3T0# ry1aBe MPUBOJSTCS HUXKeE.

®pasa, ykasbiBawlias Ha pe3dyabTaTol k. Masepa, B uaganuu 1971r.
¥ MMM BbINISAHT HHAYE: «O KOTOPOH MPAaKTHYECKH HHYEro He U3BECTHO».

"P3BmecTo (pasbl «KOTOPAsi UCMOJb3yeTCs B (PU3HKE B TEOPHH Hapylle-
HHSl CHMMeTpHH» B u3fanuu 1971r. u B MMMI CTOUT «0 KOTOPO# MpaKTH-
4YeCKH HUYero He H3BECTHO».

P4 PeakTOPbl MO3BOJMJH cebe MPUBECTH OPHUTHHAJIBHYIO AHArpammy
B Jlyulllee COOTBETCTBHE C MPUHATHIMH 0003HAYEHHUSIMH, 3aMEHHB Mapbl Bep-
THKaJIbHbIX CTpeJioK Id u g onHo# cTpenkoi Id X g.

TPSBMeCTO «yHHBEPCaJbHOH» CJIeyeT YUTATh «BepCasbHOM».
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"P6Ccpinka mob6asieHa B MMM2,

"7Ccpiaky ao6apjaessl B MMM1 4 MMM2.

8310 npumedanue omymeHo B8 MMM2.

"P93T0T MOA3Aro/IOBOK CTOMT BMECTO 3aroJioBKa «YHHBepcaJibHas pas-
BepTka QyHKUMH» B BapuanTe 1971r. B Bapuante 1974 r. noxszaronosok omy-
meH (BUAMMO, 3TO OredaTka).

103101 3aros0BOK B BapHaHTe 1971 T. TPaKTOBAJCS KaK 3aroJioBOK na-
parpacda, Ho B 1974 . 3T0 yXe He Tak.

"B yananuu 1971 r. 1 B MMMI j 3ameneno Ha k, W B uznauuu 1971r.
ecTb Be (pa3bl, iIBHO 3abbIThie B MOC/IELYIOLUX BapuaHTax: «B camMom pese,
IJ15 TOrO 4TOObl OTJIHUMTb [IePEeMeHHble APYT OT JApyra, MoJOXHM u = k(v).
Torpa uHayuMpOBaHHasi pa3BepTKa TaKoBa:»

"12ynomunanve 2K. TyxepoHa nosisasiercs B Bapuante 1980r.

"P13Yyrartenio cieayeT 3aMEHHThb [pelakTopy MepeBoaa: HAMHCAHHE cJie-
aywoiux Gopmya caenyet yrouHute! — [llepes.] x — = Ha h: z — h(x).

"P14ByKBa m MCMOJb3yeTcs M/ 0603HaYeHHs] MOLIHOCTH MaKCHMaJlbHO-
ro ufieasna, a He CaMoro uieasa.

"15B npenuecTBYIOIMX BapHAHTAX MMEETCs [AOMOJHEHHE: «B CMbICJe
rJIaBbl 1».

"16B npenuecTBYIOLIMX BAPMAHTaX 31eCh Aesanach ccbiika Ha @. Pama
(F.Pham) [20].

"17B nepsom BapuanTe cTouT «R[[z]]/HUnean (fs;)», uto Kaxercs Gonee
pasyMHbIM ((DMKCHPOBAHHbBIE MapaMeTp n MOAPa3yMeBaeTCs).

"18B neppom Bapuante ctouT: «Ecau V™9 ecThb...»

"19CenyeT unTaTh: «TO AJIS MIOGOM IOC]ENOBATENBHOCTH Y; € X,
CTpeMsilleHCs K To, H AJd J1000H noc/iefoBaTesNlbHOCTH Z; € X, CTpems-
weiica K zo» (B Bapuante 1971r.: (...) y; € X, cTpemsiiueiics K ©, U ajs
J1060l MOoCJ/1e0BaTeJNbHOCTH Z;, CTpeMmsilieiics K Zo», B MMMI: «(...)y;
u3 X, ctpemslleiicsd K z, U Ji060H MOC/AeI0BaTENbHOCTH Z;, CTpeMsLieics
K T»).

"20HyxxeceyoliMe TPH CChIKH He (HrypupyloT B BapuanTe 1971 r.
[LTS] u [SMA], [npum. pedakmopa ¢pany. usd., 1970, 8]) durypupyior
B MMMI (kaxpasi ¢ oneyarTkoi).

"21Cepinka «Tom [LM, [npum. ped. ¢pany. u3d., 1969, 3)]]» ncuesna
B MMMI u MMM2.

"22Yeprex QUrypHpyeT TOJbKO B BapHaHTe 1971T.

"23B Tpex M3NaHUSX CTOMT «HPHCIOCOBIEHHI».

"24B npeablAylMX ABYX BapMaHTaX BMECTO CCHIIKH CTOMT: «TaKOBa
r/1aBHast MOTMBHPOBKA JJIs1 BBEIEHHUSI STOTO MOHSITHS, KOPPEKTHOTO U MOJHOTO
TNpeaCTaBJeHHs] KOTOPOro, K COXaJIeHHIO, ellle He CYILEeCTBYeT. . . »
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"25Cyenyer uuTaTh (Kak W B NMepBOM Hamanuu) J*®(n,p). B MMMI
ctout: JL(n,p).

26 B npe/luecTBYIOIIMX ABYX BapUaHTaX BMECTO «MOs TeopeMa 4» CTo-
ut He «[LTP]», a «BomGeii». ([LTP] 6bina usnana B 1964r. [npum. peo.
¢pany. uszd., 1964, 1.2]). B Bepcun 1971 r. maTemaTnk BapuyeHko ymomsHyT
B KayeCTBe WCCJIENOBATE/Isl, TAKXKE [0KA3aBLIEro 3Ty TeopeMy.

w27Coenyer unTaTh (Kak ¥ B M3fganuu 1971r.) «cBsizanHoro ¢ f(X;)N
ﬂf(X,)»

28310 «1» — omwnb6ka MMM2. CrieqyeT 3Ty eHHHMILY OMYCTHT.

"29B npeAlIecTBYIOUIMX BapMAHTaX BMECTO 3TOH CCHLIKH CTOMT: «Xo-
TeJoCh Obl BBIPA3HTD MOXKeJaHHe, YTOObl KaKOU-HUOYAb aJire6pancT 3aHsJICs
Gbl BCEM 3THM MaTepHaJoM, Ype3BbluaiiHO MHTEPECHBIH XapakTep KOTOPOro
J0CTAaTOYHO OYEBHIEH».

m3031a cchbika gobaBieHa B MMM u MMM2, a B uzgauuu 1971r.
OHa OTCYTCTBYeT.

31 PagzymeeTcs, cledyeT UMTATh: [PeAaKTOPY MepeBofa: HaMUCcaHHe CJie-

[ IR
nytwoie hopmyJbl ciaenyer yrodHute! — [lepes.] «f: (z,y) — (z,y)».

"P323ech (UIYpHPYIOT cchiiKM BapuanTa 1980T. B KoHle cTaTbu npu-
BeJIeHO MHOXECTBO CCbiJIOK B TOM BHIE, KaK OHHM OblIH OMyOGJMKOBaHbI
B 1971r.
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dnemeHnrapHbie KaTacTpognr™?

Mul paccmaTpuBaeM moJie JIOKaJIbHBIX JUHAMMK, ONpefieiieMblX Kak Ipa-
JIUEHT HEKOTOPOro noteHuuasna. IiemenmapHoli kamacmpogorl Ha3blBaeTCs
CUTYaUHsi KOH(PIMKTA MEXKAY JIOKAJIbHBIMU PEXKHMaMH, MUHHMYMbl OTEHIM-
ajia, KOTOpbi€ MOI'YT YCTOHUMBO BO3HHKATh B YEThIPEXMEPHOM IPOCTPAHCTBE-
BPEMEHH.

[penebperast TOUHOCTbIO 5i3blKa, HHOTIA HMeHeM «KaTacTpoda» Mbl Oy-
JeM 0603HauaTb MOPQOJIOTrHiO, KOTOPYIO OHA 3aCTaBJISIeT MPOSBHUTHCSA.

EcTb ocHOBaHMsi pa3/iMuaTb fABa THIA KaTacTpPod: KaTacTPodbl KOH-
pauxma v KatacTpodul bugyprayuu."!

4.3. Karactpodn! KoHDIHKTa

Peub et 06 onpeneseHHH TOMOJOrMYECKOr0O THIA OBEPXHOCTeH yaap-
HbIX BOJIH, OTAEJAIOIHX APYr OT Apyra pa3/u4yHble 00JacTH, B KOTODBIX
FOCIOACTBYIOT KOHKYPHPYIOLIHE aTTPaKTOPBL.

dra npo6seMa MoYTH BCerga MOXKET ObiTh PeLlieHa TOJbKO C IOMOLIbIO
MNPUHATHA HEKOTOPOTO NpaBHJIa BpoLe «npaBusia MakcBeJsia»: B 11060H TOuKe
T M3 HOCHTeJIl PeXKHM, KOTOpbIH OepeT B Hel BepX, SBJSAETCS HAWMEHbIUHM
MuHUMYMoM. Takoe mpaBMJIO MO3BOJISIET JIErKO OMpeNeNuTb KOH(HIypaLHuu
KaTacTpoUuecKoro MHOXECTBa, OPOXKAEHHbIE STUMH KOH(pIHKTaMu. [TycTb
B caMOM oflieM ciyyae B npoctpaHcTBe R™ Gepercs cucrema (n + 1) ju-
HefiHbIX ¢opM Lo, L; ... L, obiiero Bupa: jobas cucremMa U3 n ¢opm, Mno-
JlydyeHHasl H3 NMpeIIecTBYOHeH CUCTEMbl TOCPEACTBOM OTOpAChIBAHWS OLHOH
u3 ¢opm, saBasercs 6a3oii npocTpaHcTa R™, mBoiicTBeHHOrO K R™.

Torma ob6nacTb KaxAoro aTTpakTopa OmpelessieTcsi MHOXKECTBOM Hepa-
BeHCTB L; > Lj, j # i, u aTH obsactH o6pasyioT B R™ GapHueHTpHuecKoe
paszbueHHe n-cummiekca. (Hanpumep, npu n = 2 OyieM HMeTb TPOHHYIO
Touky Y, B R® — KkBaspatHuHyio TOUKy H T.1.).

FiMeHHO 3TO npaBHJIO cO3[aeT MIyOWHHYIO MOTHBAlLMIO NpaBunia ¢as
Tubbca: B HekoTOpPOH TOUKe NpocTpaHcTBa R™ MOXKeT CyleCcTBOBaTb CaMoe
6osbiiee (n+ 1) JJOKaNbHbIX PEXKUMOB B COCTOSIHUH JIOKQJIbHOIO PaBHOBECHS.
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B onHoil U3 HenaBHUX cTaTell s MPUBEJ I0KA3aTeNbCTBO 3TOTO MpaBuJa
B CaMOM ofmeM ciayyae katacTpod OGudypkauuu [«[paHuubl Teopuu Kara-
ctpod». [[pum. pen., 1971, 5]].

4.4. Karactpodn! oudypkamuu

Peub uier o cuTyauusix KOH(JIUKTA MEXAY aTTPAKTOPAMH, M3 KOTOPHIX
0 KpaiHeidl Mepe OIMH mepecTaeT ObITb CTPYKTYpHO-ycToiuuBbIM. Caeno-
BaTe/IbHO, OHM CBSI3aHbl C HaJMYHEM MHHUMYMa, KOTOpbLIi mepecTaeT ObiTh
HeBbIPOXKAeHHBIM™P2, Ecyii 3aTeM 6yneT HyXHO, YTOGbI BBIPOAMJCS aBCOJIOT-
HBIH MHHHMMYM, TO HEOOXOAMMO, YTOObI B Hauaje KOODAHHAT KpUTHUecKas
Toyka u3 V cama Obuia 6l MHHUMYMOM. ECTb TOJIBKO TpH OCOGEHHOCTH
«stricto sensu» («B crporom cmeicnes(nat.). — [lpum. nepes.), KoTOpbIE YIO-
BJIETBOPAIIOT 3TOMY TpeGOBaHHIO CTabUJIBHOCTH B R™.

V = z2. TTpocToii MUHMMYM (YOMSHYTBIH JIMIIb /8 MOJHOTHI).

V = z%/4. C6opka, cospaomas Katactpody Pumana - [oronuo.

V = 28/6. Ba6ouka.

Om6UIMKH, KaTacTpodbl «KOpaHra» [JBa He YIOBJIETBOPSIIOT 3TOMY Tpe-
60BaHui0. Ec/ Hy>KHO BEpHYTb UX B OKPECTHOCTb €IMHCTBEHHOrO MHHH-
MyMa, CaMblM HaJeXHbIM CPeACTBOM JOCTHYb ITOTrO SIBJAETCHA paccMOTpe-
Hue ocobennocTd V = z* + y*, «uBoitHoro saoctpenus» («double cusp»),
corsiacHo K. 3umany. Ho 3Ta ocobeHHocTs uMeeT (ajrefpanueckyio) Kopas-
MEpHOCTb, PaBHYIO BOCbMH, H, CJI€JIOBATENbHO, OHA MOSBJSETCS TOJNBKO B CO-
e[MHEeHUsAX 3JeMEeHTapHbIX KaTacTpoo.

Onucanue ceMH 3/eMeHTapHbX KaTacTpod B R? ubiHe oTHOCHTEsNbHO
XOpOHIO U3BeCTHO. Ecau 7 0603HayaeT paHr KBafpaTHYHOH (POpMbI passioxe-
Hua V B pag Teinopa B R™, To pa3HocTb k = n — r npejcTasJ/isgeT COG0H KO-
paHr oco6eHHOCTH. JIJ1s GONBIIMX n CTPYH NOpsiiKa ABa y MYHKUMH, KOpaHT
KOTOPBHIX paBeH k, 06pasyioT MOAMHOroobpasue KopasmepHocTh k(k + 1/2),
PaBHOHM 4YHCJIY KO3(P(UUHEHTOB KBagpaTHUHOH (hopMbl ¢ k MepeMeHHbIMMU.
CaienoBatesibHo, npocTpancTBy R* mpucyluu TOMbKO 0COGEHHOCTH KOpaHra
onuH (KOpa3MepHOCTH OfMH) WJIM KOpaHra nBa (KOpasMepHOCTH TPH), M 3TO
oM6uHKH. OCO6EHHOCTH KOpaHra TPH HUMEKT KOpa3MepHOCcTb 3 - 4/2 = 6,
¥ [I03TOMY OHM He XapakTepHbl aJis R,

4.5. Karacrpocdbl kopaHra oguH

O603HayuM 4epes3 x e[HHCTBEHHYIO BHYTPEHHIO nepeMeHHY0. Tak kKak

n
yHUBepcasbHas paseptka z™t! paBua z"t! 3 wz™%, cnucok 3THX ue-
i=1
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TBIPEX KaTacTpOd BHINISAMMT CAELYIOLHM 06pasoM:
V = 23 — ckJaajka, V = z* — c6opka,
V = 2% — nacroukus xBocT, V = 26 — 6abouka.

OnucaHue 3THX ocobeHHOCTeH W X MHOroo6pasus 6udypKauui B npo-
cTpaHcTBe (u) pa3BepTKH HbiHE XOPOLIO H3BECTHO.

H3BecTHO, 4TO MJIOCKOe 060OLIEHHOE CeYeHHEe TUIIePIIOBEPXHOCTH 6u-
dbypKauuu sBiseTcs orubaioiiedl NpAMbIX JMHUI: C/1e10BaTe/JbHO, OHA Bbl-
mykJa u umeet (n — 2) Touek BO3Bpara.

Hanpumep, s 6a6ouku V = 28, n = 5, cyuiecTByeT Tp1 TOUKH BO3Bpa-
12"P3,

KaracTpodbl kopaHra onyH HrpaioT 3aMKHYTYIO pOJib B HalleH KOHLeN-
TyasnbHOH OpraHM3auuu peasnbHocTH. Karactpoda Pumana -Troronuo sisas-
eTcsi MpooOpa3oM KatacTpod 3axBaTa M HcmyckaHus. «bBaGouka» sBasercs
OpraHU3yIOLIMM LEHTPOM CXeMbl AEHCTBHS: HCTOUHHK — MOCJaHWHe — MOJy-
yaTesib COOOLIEHHS.

B npoTHBONONOKHOCTb 3TOMY, OCOOEHHOCTH HEYETHOrO MOpsiika BCTpe-
YalTCs TOJbKO B CHTYAllHH COBEPIIEHHOro oTcTaBaHHs. OHM CBsi3aHbl ¢ Te-
pPexomHBIMH (HayaJo—KOHeL) W/ He3aBeplIeHHbIMH COCTOSIHHAMM (3a Hc-
kJaodeHuem V = z%).

4.6. OcoO0eHHOCTH KOpaHra ABa: OMOUJIMKH

OG6o3HauuM uepe3 z, y ABe BHYTPeHHHe nepeMeHHble. Torma (GyHK-
uua V(z,y) HauuHaeTcs C uJ/leHa TpeTbed cTeneHH. BeluecTBeHnHas mpo-
eKTHBHas KJaccubHKauus KyOuyeckKux (opM cpa3y [aeT HaM clenylolive
ciyyau.

a) Ky6uueckas dopma Q(z,y) ¢ TpeMsi BElleCTBEHHBIMH KOPHAMHU.

b) Ky6uueckas dopma Q(z,y), Y KOTOPOil OLHH BElECTBEHHbIH KOPeHb
M [1Ba KOMILJIEKCHO-COTPSIKEHHBIX.

¢) Q(z,y), y KOTOpPO#i OIMH ABYKpATHBIH KOPEHb W OJHH MPOCTOH.

d) Q(z,y), KoTOpasi UMeeT TPeXKPaTHbI KOPEeHb.

Cuyuaii a) COOTBETCTBYET 3JIMITHYECKOH OMOHIUKe, ciayyad b) — ru-
nep6osuyeckoil om6uamke. Ciryuaii ¢) kopaamepHocTH 3 + 1 COOTBETCTByeT
napa6osauyeckoit om6uauke. Cayyvait d) kopasmepHoct 3 + 2 = 5 B o6iem
cjlyyae He BCTPEYaeTCs.

CooTBeTCTBYyOLIHEe KAHOHHYECKHE POPMbI TAKOBbIL:

a) V = 23 — 3zy® + w(2? + y?) — uz — vy (31UNTHYeCKas OMOUIHKA).

b) V =23 + ¢ + wzy — ur — vy (runepbosnyeckas OMGHJIHKA).

c) V = 2%y +y*/4+ sx? + wy? — uz — vy (mapabonvueckas oMOHJIHKa).
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Bo Bcex atux cayuasx 6asa daktop-npoctpanctsa Rl[z,y]]/(Vz, V)
UCIIOJIb3YeTCsl [Jis1 ONpelesieHUs] YHUBEPCalbHOH Pa3BepPTKH.

Cnenyetr m06aBHTb, 4TO (pOpMa C) A4 CTaOMJIM3aLUMH T2y SABJSETCS
€IIMHCTBEHHOI, C TOYHOCTBIO 10 3KBUBAJEHTHOCTH. . .

DIIMNTHYECKHE M FUMepOoJHyeckHe OMOHIMKH OTHOCHTENBHO XOPOIIO
M3BeCTHBI. JIMCKDHMHHAHT JIIUIITHYECKOH OMOUIHMKY B pocTpaHcTBe Quvw
npencTaBJsieT co6ofl ABOMHYIO 3a80CTPEHHYIO MUPaMHIY, CEYEHHE KOTOPOH —
3TO THIOLMKJOUAA C TpPeMsi TOYKaMu Bo3BpaTa. B HeM MOXHO yBHIETb Op-
raHHU3YIOULYI0 OCOGEHHOCTh BCEX «330CTPEHHBIX» OPYAMH, TAKHX KaK MHKa,
octpue™ u 1. 1.

HanoMHUM TakXe, YTO NMOCJE0BATENbHOCTb NIOCKHX CeueHH i (115 BO3-
pacTaiouero w) IUCKPHMHHAHTHOTO MHOr006pasusl runep6oJHUecKoid OMGOH-
JIMKH UMEET CJeAYIOMHH BU;

Puc. 1™

3amrpuxoBaHHas 4acTb sBJASieTCS 06/1aCTbi0 MHHUMyMa (TIpH YCJIOBHH
COBEpUIEHHOrO OTCTaBaHWs1). JTa MOC/ENOBATEJbHOCTb NaeT KaueCcTBEHHOe
omMcaHue npubosi, a LEHTpPaJbHOE CeuyeHWe, colepxKalllee ABe TOYKH BO3-
BpaTa, COOTBETCTBYET MpefieJbHOMY HabJI0faeMOMy YTy BOJHbl B MOMEHT
npubos.

INapaGonuueckas OME6HIMKA™, UMes KOPa3MEPHOCTb YeThIpe, C TPYAOM
nopaaetcs onucanuo.  o6s3an A. lllancune (A. Chenciner) Becbma JeTadb-
HbIM HCCJ/IeOBaHMEM TUCKPUMHHAHTHOrO MHOroOGpasusi, IMaBHble pe3yJibTa-
Thl KOTOPOro BocnpousBogsitcs Huxke. 3ateM lopsuH (Godwin) u T. Bynkok
(T. Woodcock) obpa6oTtani 3TH NaHHble Ha KOMIbIOTEPE, U HEKOTOPLIE MO-
JIyueHHble UMH Pe3yJbTaThl OMyGJIHKOBaHbl. Bce 3TH aBTOpbI MO3BOJIHJIN MHe
HCIIPaBUTb HEKOTOPHIE OLIHGKH, KOTOpbIE HeJib3si OblI0 MCMPABUTH B MEPBOM
usgaHuk «CTPYKTYPHOH YCTOHUHBOCTH H MOpGOreHesar.

YpaBHeHHe yHHBepCaJlbHOH pa3BepTKH

V=x?y+y*/4+ sx? + wy? —uz — vy
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onpeaensier ypaBHeHus V; =V, = 0:

u = 2zy + 25T = 2z(y + 3)
v =12 +9>+ 2wy,

KOTOpBIE 3aJal0T CeMEHCTBO C NBYMs mMapametpamu (w,s) OTOGpakeHHH
miockoctd Ozy Ha miockocTh OQuv. KpuTHueckass KpuBas Takoro ortofpa-
JKEeHHsl OMpPeeAeTCs NOCPEACTBOM

2(y+9) 2z —0
4z 3y% 4+ 2w|

T.e. 422 = 2(y + 5)(3y? + 2w).

OnpenesenHoe TakuM 00pa3oM MHorooGpasue uMeeT obpa3 Z B Tpo-
ctpaHcTBe Quvws. Jlns onpene/seHus TOMONOTHYECKOro THNA Z B OKPECTHO-
CTH HawaJsa koopauHaT 0 pacceueM Z chepoH AOCTaTOYHO MaJIOro paguyca
TaK, 4TOObI TOMOJOTMYECKHH THI nepeceueHHst Obl1 Obl TeM Xe 1,15 J11060-
rO MeHbILlero paguyca. 3aTeM OCTaBUM 0e3 BHHMAaHHs «IIOJIsIpHbe» 06J1acTH
3TOH ccepbl, COOTBeTCTBYIOLME u = ¥ = (), 4TOOBl COCPENOTOUHTBLCH HC-
KJIOUNTENbHO Ha TPy6uaTol OKpeCTHOCTH 3kBaTopa w = 8 = 0. Ha mjocko-
ctu Osw M306paXkeHa 3Ta 3KBAaTOpHa/bHAs OKPYXKHOCTb (puc. 2)™7, Ha Ko-

v
16 AUHUST AGCTOYKHHA
XBOCTa
15
/2 0 Hoc x Hocy
I'y6ur
y6 S
13
4 OceBhle
rp[r[epﬁomqecxaﬂ/ 5 12 CONIPUKOCHOBEHHUA
()20N %)
oM xa 10 AuHust OMGHUANK
7 8§ BOKOBBIE CONIPUKOCHOBEHMS

Puc. 2
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TOPYIO HaHeceHa [0C/elOBaTeNbHOCTb W3 LIECTHAALATH TOYeK, MPOHYyMepo-
BaHHBIX OT 1 10 16: KaXkaast U3 HUX COOTBETCTBYET ONHOMY TOIMOJIOT HYECKOMY
THUIy KPUBOH KPUTHYECKUX 3HaueHHH Ha miockocTd Quw, IPH TOM 4YTO ceye-
HMe Z TJIOCKOCTbIO, HOPMa/bHOH K 3KBAaTOpy, OKa3biBaeTcs Toukoi. [lpuse-
JeHHbI HU2Ke PUCYHOK MpeACTaBseT 16 THIOB COOTBETCTBYIOLIHX KPHUBBIX.

KauecTBeHHasi xapakTepHCTHKA: Mbl HAuMHaeM B TOuKe | ¢ KpUBOH, HMe-
ouiell GopMy MpocToro Bo3pparta (ocTpue BHH3). B 2 B Hauase koopauHar,
HHU2Ke OCTpHS, MOsBJIsAeTCs 0cobasi TOUKa, KOTOpasi peacTaB/isieT cOO0H Uc-
yesawpomy ry6y. B 3 ata ry6a ysennuuBaercs, B 4 OHa KacaeTcsl OCTpHSA,
KOTOpOe OHa IepecekaeT B O, OMpenessis TaKUM 00pa3oM «asHuecKyio»

/)Y
LY

Puc. 3
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KpHUBYIO B rpube, xapakTepHoM [js napabosuueckoll oMOU/IHKH. B 6 nepso-
HayasbHOE OCTpHE COMpPHKacaeTcs ¢ HHXKHeH BeTBbiO I'yObl B rumnepoosnye-
CKOW OMOMUJIMKe, Tlle [Be BeTBH NepecekaloTcsi. TakuM o6pa3oM, nosyyaercs
KpuBasa 7, rie KpUBOJHHEHHbIH TPeyroJbHHK Mpope3aeT Mo 60KaM KPHUBYIO,
BBITYKJYI0 BHH3.

B 8 3T0oT TpeyrosbHHK cokpallaeTcsi B pa3Mepax B TaKOH CTemeHH, uTo
€ro rOpU30HTaJ/IbHble BepLIMHbI KacaloTcsi BOTHYTOH KpuBoi. B 9 Tpeyroiib-

:
:

8 9 10
Puc. 3 (nponosmxenue)
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HUK (H3) o6padyeT TMIOLMKJOHLY C TPeMSi TOYUKAMH BO3BpaTa, LEJIHKOM
nexanlyio BHyTpu KpuBol. B 10 3T0oT TpeyrosbHHK H3 HcuyesaeT B 3JJIHI-
THYeckoil om6uJuke. B 11 runouuk/jonna cCHoBa MOSIBJSIETCS, HMESI Ty »Ke
OpHEHTaLHIO.

B 12 ee HuxHee ocTpue BcTpeuaeTcs: ¢ Kpuoi C, KOTOPYIO OHO mepece-
kaeT B 13. B 14 kpuBas C conpukacaercs ¢ BepxHel 1yroi TpeyrosbHuka Hs

S AN B s
11 12 13
14 15
16

Puc. 3 (npomonxeHnue)
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B 0COGEHHOCTH «HOC K HOCY», KOTOpasi pazbeluHsercs B 15, cHa6xas KPUBYIO
(C) nByMsl «JaCTOYKHHBIMH XBOCTaMH», CHMMETPHUHBIMH H 6€3 CKJaJOK.
B 16 3TH JacTOYUKUHBI XBOCTbl CTATHBAIOTCA B [B€ CHMMETDHUHble TOYKH,
¥ Mbl BO3paulaemMcsl K MepBOHa4yaJ/IbHOH KpPHUBOH .

"P8Bb110 6bl HHTEPECHO YTOUHHTb, KAK PACMO/IOKeHbl B MI0CKOCTH Osw
KPUBbIE€ B KOTODPBIX MPHUHLHKIIHAIbHOE H3MEHEHHE TOIOJOrHYEeCKOro THMa, Ta-
Koe, Kak 2 (Touka ry6ui), 4 (oceBoe conpukocHoBeHue), 6 (runepGoanueckas
oM6unuka), 8 (6okoBoe compukocHoBenue), 10 (snunTHUecKasi OMOUINKA),
12 (oceBoe conprkocHoBeHHe), 14 (Hoc K HOcy), 16 (1aCTOUKHHBL XBOCTHI).

3aMeuaTesibHble KPHUBbLIE:

1). OMburuxu.
OcyiecTBHM NepeHoC Hayasla KoopauHat £ =a+ X, y =b+Y B BbI-
paxeHun V. UsieH BTOpOro nopsiika TakoB:

X2(b + 5) +2aXY + Y%(3/20% + w),

[IpHpaBHUBAA €ro K HyJIo, MoJiydyaeMm:

s=-b a=0 wu w?+3/2s% =
=0.

D10 nocnenHee, napaGoJHYECKOE, ypaBHEHHE OIMpPENeJsieT MOJIOKEHHE
OMOMJIHK.
UsieH TpeTbero nopsiika TakoB:

XY +bY3 = Y(X2 +bY?).

Jl1s1 oTpULaTeIbHOrO b U MOJIOKHUTEIBHOrO § MOJYYaeTCs 3JJIUNMTHYE-
cKasi OMOMJIMKa (TPU HEHCTBHTE/IbHBIX KOPHS B KyOHUeCKOi dopme).

Jlng moJIoXKHTENbHOrO b U OTPULIATE/IBHOTO § MOJyYaeM rumnepGosuue-
CKYI0 OMOHJIHKY.

2). Jlunus ocesoix conpukocroseruii.

ITpoo6pas ocu cummerpuu Owv, omnpeneneHHbili ycjoBuem u = O,
ecTb 2z(y + s)"™. CrenopaTesbHO, MOXHO CKa3aThb, UTO Touka (z = 0, y =
= —s) ¥ ofHa U3 ToueK (z = 0, y = +4/—2w/3) UMEIOT OLHH U TOT XKe
obpa3 Ha Ov.

[Tockosibky v = x2 + 32 + 2wy, 370 naeT HaMm

—5% — 2ws = £1/—2w/3(—2w/3 + 2w) = +4/3w\/(—2w/3).
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H36aBasisick OT KBaJpaTHOrO KOpHS, HMeeM:
16/9w?*(—2w/3) = dw?s? + 4ws? + s5.

JluarpamMa B Kaaccudukauud HbioToHa, cooTBeTCTByOUIas 3TOH au-
re6panyecKkoil KpMBOH, OKa3blBAaeTCsl MepPBOH XapaKTePUCTHYECKOH CTeNeHbio
IMiouse Buna s? = cw. KosduikeHT ¢ SBIs€TCS pelleHHeM ypaBHeHHs

4+ 4c® +4c+32/27=0.

DTOT MHOrO4YJIeH MO CTENEHS M ¢ UMeeT MUHUMYM npu ¢ = —2/3 (oH co-
OTBETCTBYeT KPUBOH OMOMJIMK w + 3/25% = 0). DaKTHUECKH STOT MUHUMYM
paBeH Hyimo: —8/27 + 16/9 — 8/3 + 32/27 = (—8 — 72 + 48 4+ 32)/27 = 0.
M3 sToro caenyer, 4To BETBb COOTBETCTBYIOLIEH KPHBOH SIBJISIETCS KacaTeJlb-
HOH BTOPOrO MOPsiKa K KPUBOH OMOMJIHK.

3). Jlunus racmoukuna xsocma.

lonoxum y + s = Y. Kpuruueckas kpuas™!® oro6paxenus
(z,9) ER (u,v) 3anaetcs ypasHenueM: 2 = Y/2(3(Y —s)2+2w). Panu kpat-
KOCTH 0603Ha4MM 3TOT MHoroused P(Y) = 3/2Y3 — 3sY2 + (w + 3/2s%)Y.

BekTop (6z,0Y) kacaercsi Kputuueckoi KpiBo# B Touke (X,Y), ecan

_ p bz _dY
2zdz = P'(z)dY, T.e. P2~ 2

Taxkoii Bektop (7,0Y) Haxoautcs B sape ctpyu j (f), ecan 2Y - 6z +
+ 2z - 0Y = 0, wiu, NOACTaBMsAS MPONOPLUOHAJbHbIE BEJTHYHHbI:

2YP'(Y) +42% =2Y - P'(Y) +4P(Y) = 0.
Hrak, B COOTBETCTBHHU C 3amucaHHoi paHee dopmoit P(Y'), umeem:
P'(Y)=9/2Y? — 6sY + (w + 3/25%),
OTKyZa MoJiyyaeM ypaBHeHHe, onpefiessioliee TOYKY BO3Bpara:
2P(Y)+Y -P'/(Y) =

=3Y3 — 6sY + (2w + 3s2)Y +9/2Y3 — 65Y? + (w + 3/25%)Y =
=15/2Y3 — 12sY? + 3(w + 3/2s?)Y = 0.
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IMocsie HCKJOYEHHsT TPUBHANLHOTO KOpHst Y = 0 ocTaeTcsi ypaBHeHHe
BTOpOit cTenenu 15/2Y2 —12sY +3/2(2w+3s%) = 0, 0 KOTOPOM MBI IIKCAJIH,
4TO OHO MMeeT NABYKPaTHbIH KOpeHb (COBMafaioliye BO3BPATHI):

36s% = 45/2(w + 3/2s%), T.e.
s2(36 — 3-45/4) = 45/2 - w,
s2/4- (144 —135) = 45/2 - w,
9/4s? = 45/2-w,  w = s%/10.

4). Jlunus 60Ko8bix conpukocrogenuti (cnydait 8 pucyHka 2).
B ncrnosib30BaHHBIX Bbillie 0003HAYEHUSIX HMeeM:

v=a22+9y? + 2wy = P(Y)+ (Y —5)3 + 2w(Y —s),

v=Q(Y)=3/2Y3 - 3sY%4+
+ (w +3/28Y)Y + Y3 - 35Y? + 35%Y — s® + 35%Y — 5% + 2w,

Q(Y) =5/2Y® — 65Y? +3/2(w + 3s*)Y — 2ws.

TMpouseonnas Q'(Y) = 15/2Y? — 12sY + 3/2(w + 3s?) obpamaercs
B HYJIb TP ABYX 3HaueHHsX Y, OfHO M3 KOTOPbIX, HAXo[sillieecsi B OKPECTHO-
CTH HauaJjla KOOPAHHAT, ONpelesisieT BellleCTBEHHbIe TOYKH BO3BPAaTa KPHBOH-
obpasa.

[ycts d Gyner stum KopHeM. Torna apyro#t (mpocToit) KOpeHb MHOTrO-
usneda Q(Y) = v 6yneT a, U OH ompefensieTcs ypaBHeHHeM 2d + a = 12/5s.
DTOT APYroi KopeHb onpejessieT NPOCTble TOUKH KPUTHYECKOH KPHBOii, 06-
pa3bl KOTOPbIX MMeroT opauHaTy ™! v, OcTaeTcs 106aBHTb, YTO 3TH TOUKH
MUMEIOT TOT XKe 00pas, UTO W TOUKH BO3BpaTa, ONMpeAEeHHbIe TIOCPEACTBOM d.
Jlsisi 5TOrO 3anuiieM paBeHCTBO 3HAUEHHH u:

[zY](a) = [xY](d); Bo3BOmS B KBampart, Mosydaem:
22Y?(a) = 2*Y?%(d),
Y2P(Y) =3/2Y5 — 3sY* + AY®, e A = 3/25% + w.

3anuchiBasi paBeHCTBO 3HaueHUd 1y Y = d, Y = a 4 npou3Boas BblUH-
TaHue, umeeM (ypaBHeHue D):

3/2(d*+d*a+d*a®+d-a®+a*)—3s(d®+d*a++d-a®+a®)+ A(d* +-d-a+a?) =0.
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BunHo, uto ecau nonoxuth A = ks?, 10 ypasHeHue (D) siBasietcs
H306apoii no s u a uiu d. OTciofa cieayet CyLieCTBOBaHHE ypaBHEHUH BHAA
d = cs ¥ COOTBETCTBEHHO a = ¢’s. Torma noJjyuaercs KpuBasi, onpee/eHHas
cooTHoweHHem Buaa A = ks2, tak uto (3 : 2 — k)s? = w. OueBHaHo,
M0G0l Apyrod nokasaTesb CTENEHH g B w = Sg clenan Gbl HEBO3ZMOXKHbBIM
yaoBJeTBopeHHe TpeGosauusM (D), Korna s cTpeMuTes K Hymo™12,

4.7. OmMOnIUKH U MopdoJorua npudos

Mbi Bupend, yto runepbosnndueckasi oMOWJIMKA BHICTyMasa B Kadye-
CcTBe MoHesd rpeOHs BOJHBI BO BpeMsi npubosi. EcTb ocHoBaHusi pac-
CMaTpUBaTh 3JIHNTHYECKYIO OMOHJIMKY B KaueCTBe OPraHU3YIOIIero LeH-
Tpa BCEX 3a0CTPEHHBIX OPrdaHOB M HMHCTPYMEHTOB Kak B OMOJIOTHH, TakK
M B TexHHKe (XOTS TpeyrojbHOe ceyeHue B THMOLMKJOHIE C TPeMsl TO4Y-
KaMH BO3BpaTa peanu3oBasiocb Obl HOCTAaTOYHO PENKO MO MPUYHHAM, K KO-
TOpbIM Mbl elle BepHeMcsi). [lapaGonuueckasi oMOU/IMKa 0603HAYaeT CTOJK-
HOBEHHE 3TOr0 OCTPHUSI C MOBEPXHOCTbIO, KOTOPOe 3aKaHUMBAeTCsl paclien-
JeHHeM B0Jib GOKOBOrO pefpa THMOLUMKJIOMIANBHOTO cedeHusi. B HekoTo-
pOM CMbICJe Linara sIBASIeTCS MHCTPYMEHTa/bHOH peanu3anuell nepexopa
«3JITUNITHYECKUH —TUNepooanyecKHi». To e MOXKHO CKa3aThb H O LITHIKE:
pYKa aTakyeT MOBEPXHOCTb NPOTHBHHMKA OCTpPHEM, 4TOObI OHa 3aTeM paso-
npaJjiach MO JHUHHM CeyeHHs], peajiu3yss TakuM ob6pa3om NpHOOH runepbosu-
yeckoro Tuna. B rugponnHamuke 3anunNTHYECKasi OMOU/IHKA SIBJISIETCS MOJe-
JIbI0 CTPYH KHIKOCTH, HO CYLIECTBOBAHHE CHJ NIOBEPXHOCTHOIO HATSXKEHHSI
He MO03BOJISIeT MpearnoJaraTh HajlH4yve YCTOHUMBBIX peGep BO3BpaTa Ha Io-
BEPXHOCTH KHUAKOCTH. TakuM 06pa3oM, JJIHNTHUECKAss OMOUJIHKA SIBJISIETCS]
3anpeujeHHol 0cobeHHOCMmbI0 [J1s1 IOBEPXHOCTH XXHUIKOH (ha3bl BelecTBa.

B GosbUIMHCTBE C/y4YaeB MPOUCXOAUT BbIPOXKAEHHE OCOOEHHOCTH U ee
npeBpallieHle B CTPYIO, COAEPXKALlylo B NPHOJIMKEHHOH (hOpMe CUMMETPHIO
BpaieHus. OTciona W NOsiBJIeHHe MOC/e Nepexoia uepe3 runepGoNHUEcKyIo
0COGEHHOCTh B KauecTBe MepujuaHa rpubOBHAHbIX (hopM BMecTe ¢ 06paso-
BaHHMEM KalJi XKHUAKOCTH Ha KOHLE CTPYH... B crenyiomeil rmase mbi eiile
BEPHEMCS K BOMPOCY O 3aMpelleHHbIX 0COOEHHOCTSX.



IIpumeuanus pegakrTopa

’

"01971, 3, 4. Ilepeusnano 8 MMMI, ra. 4, c. 71-90, 1 B MMM2,
ra. 5, ¢. 91-99.

"P13r1a «mwanka» B MMM2 BbiiesieHa KypCHBOM.

"2HaykHas ¢ 9TOrO MecTa W 10 KOHLA (pasbl, KOTOPasi 0603HAUEHA C
nomoelo «mp3», Bapuantel 1971 . ¥ MMMLI, ¢ onHo#t cTopoHbl, 1 MMM2,
¢ IpyTo#, OTIIHYAIOTCS, KAK 3TO BUIHO M3 BapHUAHTA, MPUBEIEHHOrO HHXKE.

"P3KoHel, BapHaHTa.

"P4B papuante 1971r. BMecTo «ocTpHe» («pointes) B pesynbTate ofe-
YaTKH CTOUT «TOYKH» («points»).

"P5Ha pucyHke B u3naHuu 1971r. TOUKM mepern6a HempaBUJIbHO JieXaT
Ha 3aKPYTr/IeHHOH KPHBOH. DTOT PUCYHOK He MPOHYMEpOBaH HH B OIHOM M3
Tpex H3naHui. Mbl BOCCTaHOBHJIM CTAHAAPTHYIO HOPMY NPEACTABJEHHS DH-
CYHKOB U 3[1eCh, U BO BCEM TEKCTE.

"6 B MMMI1 u MMM?2 «niapaonnyeckas OMOHJIMKA» HAaNedaTaHo XUp-
HBIM IPHTOM, KaK 3aroJIOBOK IIOAPa3[ea.

7B opuruHage ecTb «PucyHoK 3». PucyHok 2 BooGIIe He TOsiBASETCS,
U BCSi COBOKYTHOCTb UepTexKa H KPUBbIX, PHBENEHHbIX HHXKe, 0603HauaeTcs
Kak «PrcyHok 3» B HDOTHBOpEYHH C TeM, UTO FOBOPUTCS B TekcTe. Mbl BoC-
CTaHOBHJIH HYMEpaLHIO PHCYHKOB H COOTBETCTBYIOLIHE CChIIKH.

"8 Hauano 3TOro OTpHIBKA OMyIieHo B MMMI u MMM2,

"901CcyTCTBYeT «= 0.

100T106paxenue f 0603HauaeT 0ToGpaXkeHHe MIOCKOCTH 0xy Ha MJoC-
kocTb Quw, onpesnenenHoe ypaBHeHusiMu V, = V, = 0. OHo 3aBHCHT OT ABYX
napamerpos (w, s).

W1l PagymeeTcs, clefyeT YNTATh «OPAHHATH» (B KaBBIUKAX).

129707 OTPHIBOK € MecTa «Bbio 6bl HHTEPECHO YTOUHHTh B MIOCKOCTH
Osw...» (cM. Bbliite np8) onyuieH B u3gauusax 1971r. u 1980r.
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BapuanTt (ony6aukoBan B MMM1 1 MMM2, HeGoabiue
pa3anyusa mexiy MMM1 u MMM2 ormeueHbl B TEKCTe
KBaJpaTHBIMU CKOOKaMu).

Ecan Mbl XOTHM onucaTb MOP(OJIOTHIO MHOXECTBA KaTacTpod, CBA3aH-
HYI0 C HHUMH, Mbl NpPHJAEM K DPa3BepTBIBAHHIO 3TOH OCOOEHHOCTH B €e Mpo-
CTpaHCTBe yHHBepcalbHOi pa3BepTku U. [Tak e, Kak Mbl BHIEJNH 3TO
B §2.8 (MMM1)]. Jlwobas ocoGeHHocTb GHypKauuHd MOPOXKAaeT B CBO-
ell OKPecTHOCTH KaracTpodbl KOHGJMKTA. Ecau ROMyCTHTb, UYTO 3TH KOH-
GJIMKTBl MOAUHHSAIOTCS YCJOBHIO MakcBesia, Mbl MpHAEM K ONpeJeseHHI0
B npoctpaHcTBe U MHoxecTBa Makcsesasna K [yHUBEPCANbHOTO KaTacTpo-
(uueckoro mHoxkectBa K (MMMI)], cBsizaHHOro ¢ 3TOH OCOOEHHOCTHIO:
MHOXKECTBO TaKHX Touek u € U, uTO COOTBETCTBYIOLIMI MHOrousneH P(z;y)
IOCTHraeT CBOero abCo/IIOTHOrO MHHUMyMa 6oJsiee 4eM B OJHOM MPOCTOM MH-
HumyMe. Jlasi 060N KOHKDETHOH peasii3alud KatacTpodsl, olpeneseHHON
C moMouIblo «BOJIHBL pocTas F: R* — U, Mophosoruuecks peaansoBaHHas
KaTacTpota siBnsiercs npoobpasom F~1(K).

4.2.1. Karacrpogus! 6udpypkauuu [B (MMMI1) Her nognaparpadal

[Ipocreiiine xartactpodbl OUdypKaLHWK 3a0alOTCH  MOTEHLHAJIaMH
V=1%/4, V = 28/6, V = 2%/8 xopanra ogun u V = (z* + y*)/4 «o-
paHra 1Ba.

Tonbko aBa mepBbix noTeHuHana (c6opka U 6abouka) MOSBJSIOTCS B Ye-
THIPEXMEPHOM NpOCTpaHCTBe. 3aTO MOCJeNHHH MOTeHLMas (4BOHHAs TOUKa
neperu6a), XOoTsi OH U He SIBJSIETCsE OGOOLIEHHBIM, [TOX0XKE, UIPaeT BaXKHYIO
pOJib B JIMHTBHUCTHKE, MIOCKOJBKY OH MO3BOJISIET OMUCATh KOH(JIMKT ABYX pe-
JKHMOB, YeTblpeXx «IeUCTBYIOILUX JHL». Jlasee Mbl MPHUBELEM HJJIIOCTPALHUIO
3TOTO B OKPECTHOCTH MapabGoHuecKoil OMOUIIMKH, KOTOpasl SIBASIETCS «CJIy-
4yaiiHoH» AJ151 3TOH 0COOEHHOCTH.

4.2.2. Oco6ennocTu Kopanra oaut [B (MMMI1) Her nognaparpadcal

JTo6as 0cO6eHHOCTb KopaHra ofiuH uMeeT Bua V = =¥ u kopasamepHoCTb

(k—2). Tabnuiua 3THX yCTOXUMBBIX OCOGEHHOCTEH B R%, k < 6, npeacrasnena
Ha cjenyiolledl cTpaHHLe.

Mbel BHecsin B AuarpaMmy MHoKecTBO Makcsessia, COOTBETCTBYIOLee
Kaxaoi ocobeHHocTH. Hanpumep, nna V = x4/4 (6a6ouka) MHOXKEeCTBO
MakcBesia npeacTas/sieT MIOCKYIO YAAPHYIO BOJIHY, pas/esieHHY!0 Ha CJIOH
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O60061i1eHHOE

HasBauue |OcobGeHHOCTb|  YHHBepcasnbHas pasBepTKa
TJIOCKOE CeueHHe

Munnmym| V = z%/2 vV =z%/2

Cxaagka | V =z3/3 V=2%/3+ux _

Coopka | V =z*/4 V =z'/4+uz?®/2 + vz
JlactouxuH|

‘v
5 5 3 2 ; :
/5 |V =x°/5 3 2 /9
XBOCT z°/ z°/5 4+ uz® /3 + vz® /2 + wzx

V = 25/6 + uz*/4+
Ba6ouka | V = z%/6
+vz3/3 + wr?/2 + tx

TpoliHbiM pe6poM Baosib ee kpas. Ilinockas KpuBasi, cedeHHe TUCKPUMHHAH-
Ta MHorouneHa V, npu V = zF obuapyxusaer (k — 3) Touek Bo3BpaTa.
Hanpumep, ans 6a6oukn V = 25 n =5, u ecTb Tpu TOUKH BO3BpaTa.
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I'panunusl Teopun Katactpod™P?

CxeMma, AaHHasi TeopHell 3JleMEHTapHbIX KaTacTpod, COAEPKUT CTpOTrHe
OorpaHHYeHHUs, KOTOpblE CTaBAT M0[ yrpo3y €€ BO3MOXKHbIE MPHJIOKEHHS. Mbl
pasauuaem: |. BospaxkeHuss mMaTeMaTHYeCKOro xapakTepa, Bbi3BaHHbie Hbl-
HeLIHUM COCTOSIHHEM KayeCTBEHHOH OMHAMHKH. 2. Hpo6J1eMb1"Pl, MOCTAaBJIeH-
Hble BpeMeHHOH 3Bosouuel katacTpodbl. 3. [Ipo6Gsembl MPOCTpaHCTBEHHO-
BPEMEHHOro CKoIryieHus Katactpod. 4. Bompocbl, Bo3HHKalOLiHe B CBSI3H
C TMPUJIOKEHHEM TEOPHH K ClelMUUecKUM KOHKPETHbIM npobaemMam.

5.8. Bo3paxkeHuss MaTeMaTUYE€CKOrO XapakKrepa

Ecnu M saBasieTcsi MHOroo6pasdeM BHYTPEHHHX COCTOSIHME Mpolecca,
KOTOpOE TMPEeNnoJiaraeTcsi KOMNAakTHbIM, TO D(M) HasbiBaeTCsi NMpPOCTPAH-
CTBOM BeKTOpPHbIX nosied Hax M. TTouTH HEBO3MOXKHO HAEATbCS HA CO3[laHKe
OCJIeI0BATENbHON TEOPUH, ecaH Tnosie X, onpele/siollee JOKaJbHYIO AHHA-
MHKY, He GyLeT UMeTb JIMLIb KOHEYHOe YHCJIO aTTPAKTOPOB, CMOCOGHBIX MPH-
HSTb y4yacTHe B KOHKypeHUHH. CenoBatenbHO, Mbl HOJIKHbI GblN Obl Hajae-
ATbCS, UTO «IOYTH Jil06oe» mose X obsagaet 3TUM cBoiictBoM. Ho lennon
Heioxayc nokasad, uto B D(M) MOXKeT CyLIeCTBOBaTb OTKPbITOE MHOXKECTBO,
B KOTOpOM noJis X, HMemle 6eCKOHEUHOe YUCIO aTTPAKTOPOB, SIBJSIOTCS
MAOTHBIMH™P2,

Bosiee Toro, Mbl HHKOrZa He 3HaeM, SIBJISETCS JH <«IOYTH JHOGOH»
aTTpakTop™? CTPYKTYPHO-YCTOMUMBBIM C TOYKH 3PEHMSi CBOEH JIOKAJbHOM
TOTIOJIOTHH B OKpY2KaloiieM npoctpaHcTBe. Ho Torna Bo3MOXXHOCTb HMETD MO~
CJIeIOBATEIbHYIO TEOPHIO MOpdoreHe3a, OCHOBAHHYIO HA MPOU3BOJIbHOH [H-
HaMuke X, MpeACTaBJ/SETCS BeCbMa OrPAaHHUEHHOH . . .

HecomuenHo, HeT GOMBbIIOH Pa3HULB MeXAY TPagHEHTHOH IUHAMH-
KOH ¥ AMHaMmuKoi X, momyckatowed ¢yHkuuio JlsmyHoBa. Kak wusBect-
HO, MoJie JOomycKaeT (yHKuHIO JIsinyHOBa B OKPECTHOCTH JI0GOT0 aTTpak-
Topa. Ho ocobenHocty Takoi ¢yHKuuu JIsinmyHoBa He Te, KOTOphie Mpemy-
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CMaTpHUBa/a TEOpHsi YHHBEPCAJbHOH Pa3BepPTKH KPHUTHYECKHX TOdeK (pyHK-
uuii. Takum ob6pasom, Mbl Bo3BpaliaeMcst K Bo3paxkeHuio JIx. ['ykenxelimepa
(J. Guckenheimer): yHuBepcasnbHas pa3BepTKa rpagMeHTHOrO MOJs B MHOXe-
CTBe «rpagueHTonono6HbIX» («gradientlike») nmosedi B o6iem cnyyae Gosbiue,
4yeM yHHBepCasbHasi pa3BepTKa MepBOHAYaJbHOH MOTEHLHAJbHOH (DYHKLMH.
Hakoneun, B ciyuae obuieit fuHamuku koHTpripumepsl Takerca (Takens) no-
Kas3aJ/ly, 4TO CYILECTBYIOT CTPYH BEKTODHbIX MoJieH, He JOMycKawiiue cTabu-
JU3alUK 106aBJeHHeM 4jeHOB GoJiee BBLICOKOrO MOPsKa, W B 3TOM cjayyae
TEOpHsl YHHBEPCAJbHOH Pa3BePTKH TakXkKe TepsieT BCAKYIO0 3HAUHMOCTb. Ta-
KHM 00pa3oM, OHa o4eHb GBICTPO BeleT K MOSBJEHHIO «OOOOLIEHHBIX KaTa-
CTPOd» CO CJI0XKHOH Mopdosordesi: K BeTBALIMMCS MHOXECTBAM H K MHOXe-
ctBaM Kanrtopa. Bripouem, Takas mopctosiorust He MOxeT GbITb HCKJ/IIOUEHaA,
IIOCKOJIbKY BeCbMa MpaBaonofoGHO, UTO Y Hee eCTb IMIIMPHYECKHe peaJsiu3a-
uHH. B kauecTBe mpHMepoOB MOXKHO yKa3aTh Ha KpOBOOOpalleHHe y KHBOT-
HBIX, Ha «KAHTOPOBCKYIO» CTPYKTYPY TPYGOK TypOYyJEHTHOCTH B MeXaHHKe
KHIKOCTell U ra3oB (KaK Ha TOM HACTaHBAIOT HeKOTOpbie aBTOph™?.)").

HakoHel, no6aBuM K 3TOMYy, YTO B TaMHJbTOHOBOH MeXaHHKe HeT
aTTpakTopa (Mo mpuuuHe coxpaHeHus: Mepbl JIuyBuis). CregoBaTtelibHO,
MOUTH COBCEM HEMOHSITHO, KaK MPUCMOCOOHTb HMEIOLLYIOCS CXeMYy K CJy-
4al JIOKAJbHbIX TaMHJbTOHOBBIX NHHAMHK. BO3MOXHO, HMEHHO MmO3TO-
My KBAHTOBasi MEXaHHMKa He NpeloCTaBJ/sieT, COOCTBEHHO T'OBODPS, HHKAaKOH
MopdOJIOrHH.

Mexny Tem He ciiefoBano Gbl MpeyBeNHUMBATH BaXKHOCTb 3THX OrO-
BOpoK. Becbma npaenonono6Ho, uTO eNUHCTBEHHbIE [POLECCH, KOTOpbie
MOXHO Obl0 ©Obl 3MIHMPUUYECKH DPAaCCMOTPETb KaK AeTepMHHHPOBaHHbIE,
€IMHCTBEHHblE KODPEKTHO IMOCTaBJeHHble 3aJayl, NMONUMHSIIOTCS MPHHLM-
ny ONTHMA/bHOCTH HJIM, MO KpaliHeH Mepe, — 3KCTPEMAJbHOCTH. ITOT
takT oco6eHHO oueBHJEH B TeopuH ypaBHeHuil [amusbroHa — Hkobu: B ca-
MOM jeJsie, OblJIO 10Ka3aHO, YTO TeOpHsl OCOOeHHOCTeH MpoekuHH Ha 6asy
JIaTPAHXXEeBbIX MHOroo6pasuii Ha cjioe KOBEKTOPOB TOXKAECTBEHHA TEOPHUH
3JleMeHTapHbIX KaTacTpod. EnMHCTBEeHHOe OT/MMuHe OT obluiero ciayuas 3a-
KJ04aeTcs B TOM, YTO TOr[a HEKOTOpble BHYTPEHHHe MepeMeHHble MoJyda-
10T HeMoCPEeACTBEHHYI HWHTEPNpeTalUHI0 KaK MPOM3BOAHBIE HEKOTOPOro ce-
YeHHSl CJIOSl IO OTHOIIEHHIO K KOOpAMHATaM 0asel, YTO 3TO BefieT K HaJjo-
JKEHHIO OrpaHHYEeHHH Ha MPUPOAY BO3MOXKHbBIX OCOOEHHOCTeH, orpaHUuYeHHu i
TOTO K€ THIMA, YTO HaKJAIbIBAOTCS CHMMETPHUSMH, KOTODble Mbl PaccMOT-
puM B §47P6,

Y06 sTom coobuiaeTcsi B HeiaBHel KHHre bB. Manpgenb6pora «@PpakranpHbie 0GbBEKTHI»
(B. Mandelbrot. Les objets fractals)™5,
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Ilpenroso:KuM, 4TO MPUPOAHBLH HPOLECC MPOUCXOAUT B OTKPHITOM MHO-
xectBe U C R3 u uTo B faHHBIH MOMEHT BpeMeHH 3THM IPOLECCOM PyKO-
BOAMT KaTacTpoda 3/eMeHTapHOro THMA, NOMYCKALlas B KaueCcTBe YHUBeED-
Ca/ibHOH pa3BepTKH mpocTpaHcTBo W, comepxkailiee yHHBepCa/bHOe Kara-
cTpoduyeckoe MHOXecTBO K (Kak TakoBoe onpesneseHHoe ycaoBueM Makc-
Bessia). Toraa Mopdosioruyeckoe COCTosiHHE MPOLECCA OMpefesieHo oToGpa-
xenuneM G: U x T — W, goanoii pocma.

Ilpy cambix OGLIMX MPEANONOKEHHUAX Mbl JOMYCKaeM, YTO 3TO O0TOGpa-
XeHue G siBasieTcss AUQdepeHUHpyeMblM U TpaHCBepcaJdbHBIM Ha MHOXe-
ctBe Karactpodsl K. Torma Hab/ionaeMoe MHOXeCTBO KaTacTpodbl siBJSET-
Csl He yeM HMHbIM, Kak mpoobpasoM G~1(K) B U. B cOOTBETCTBHH C 3TOM
THIOTE30H TPAHCBEPCAJNbHOCTH, IMIIHPHUECKast MOPGOJIOTHsl He U3MeHseTCs
NpY MaJoM BO3MYILIEHHH HauaJbHBIX YCJOBHH, OTKYAa M BbiTeKaeT Xapak-
Tep «MOP(OreHeTHYECKOro 10JIsi» COOTBETCTBYIOLIEr0 «Kpeoja» [/ HabJio-
naemoro npouecca. Ho 31o Tpe6yert, uto6pl B Havase mpouecca oTobpake-
Hue G: (U;0) — W Oblio Obl MOrpyKeHHeM /M, HHaue ToBOpsi, YTOObI
¢GyHKuuu koopauHat w; Ha W umenu 6b o6pas G*(w;) MakCHMaJbHOrO
paHra Ha U. MoxHo cka3atb, uto cpefa U fo/XKHA ObITb NMEPBOHAYANbHO
noAApu306aHa BBEJEHHBIMH TaKHM 00pa3oM (QYyHKLHUSMH.

Ho rtakas runoTesa He o6sizatesbHO peanusyercs. Hanporus, oueHb
yacTto cpega U MoXeT paccMaTpHBaTbCs KaK SOMOZEHHAS, U B ITOM Clly-
yae B npuHuuIe otobpaxeHne G: (U;0) nomkHO GbiTh ToueuHbM. B cyui-
HOCTH, IO NpPOIUECTBHH KOPOTKOrO BPEMEHH 3TO OTOOpakeHHe «pasryia’ku-
BaeTCs», CTAHOBUTCS 000OweHHbIM. Ho Torma Mbl cTankuBaemcsi ¢ Ho-
BbIM THUIIOM OCOOEHHOCTeH, ¢ OCOOEHHOCTSMH CJIOXHBIX OTOOpakeHHH BH-
na V(z,G(u)), u € U. llo kpaiiHeil mepe, B Hauaje KaTacTpogbl 0COOEH-
HOCTb [OJIKHa ObITb pa3BepHYTa Ha MHOXeCTBe (PYHKLUHH, NOMYCKaIOLIHX
OAMH U TOT e THI (aKTOPHU3ALHH.

B cayuyae sm6puosioruu, Hampumep, fiiuo (4acTo) sBJSIETCS «TO-
MOTEHHbIM», MO KpafiHeil Mepe, MO OTHOIUEHHIO K HEKOTOpOH rpymrne
cummetpur™ ... B xome ocyluecTBeHHs «pa3BepTKH»"P® 370l dyHKuKMH G
nosnyyamuascs o6061eHHas 0COOeHHOCTb 0Ka3blBaeTCs «CKJALKOH», Xapak-
TepusyeMoil ypaBHEHHsMH BHia w = y2. Toraa MopoXmawolyii NOTeHUHal
SIBJISIETCST YETHBIM 110 Yy W Ha pa3BepTKe, JMHEHHOH OTHOCHTEJbHO Y; ec-
JH v.y, Mbl MOJyYaeM 3BOJIOLHIO, CUMMETPHYHYIO OTHOCHTENbHO v = 0:
UMeeTCsl SKCTepPHAJNU3aUus BHyTpeHHell cuMMeTpuu. MiMeHHO TakoBo ecTe-
CTBEHHOE HCTOJIKOBAHHE MPOUCXOXKIEHHS IBYCTOPOHHEH CHMMETPHH Y NO3BO-
HOUHBIX.
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Culef0BaTe/IbHO, HEKOTOpOe MNojJiexkaliee noasapusauuu™ coctosiHue
MOXET CO3/1aBaTb OCOGEHHOCTH 6oJiee CJOXKHBIE, YeM Te, KOTOpPbleé MOXKHO
6b1/10 Gbl 0XKHAATH B HOPMAJbHOH CHTyaLu P2,

Uro M3 3TOro cjemyer AJsi 3BOJIOLUHH (B COOCTBEHHOM CMbIC/IE CJI0BA)
BOJIHBL pocTa?

flcHO, UTO Hesb3s «a priori» chopMy/IHpPOBaTb HHKAKOE MPABHJIO 3TOH
sposioniik. TeM He MeHee MOXKHO pacCMOTpeTb OOLLYI0 CHTYyalLMIo, B KOTOPOH
Ha mpousBefeHHH M X W BHYTpPeHHero npoCTPaHCTBAa Ha PasBepTKy olipe-
JensieTcsi «ropusoHTanbHoes nose H. Torma ¢ nomouibio npoekuuun Ha W
Mbl MOJIy4aeM KycO4HO-AH(depeHLHpyeMOoe BEKTOPHOe BOJIe, TOUKH Pa3phiBa
KOTOPOTO HAXOASATCSl Ha CcTpaTaXx MHoxecTBa kartacTpodbl K. (CM. moHsTHe
«rpuBenieHHoro» nossi. Tom [SSM™0)) Koneuno xe, He cocTaBsisieT Tpyna
MPOM3BECTH MOJHYIO KNACCHMHUKALMIO TeX PACMOJOXKEHHH, KOTOPble MOTIH Gl
0GHapy>KHBaTh 3TH MpHUBefeHHble MoaA™7 ... Bo BCAKOM cayuae, MOXHO mo-
CTaBUTb BOMPOC O TOM, CYLIECTBYIOT JIH CPEH FOPU3OHTANBHBIX MoJeid H mo-
/s, KAHOHHUUECKH CBsi3aHHble C MPUMUTHBHOHN KaTacTpodoii. Bnpouewm, s no-
KasaJ, Kak, HOIMYCKasi, 4To cocTapjsiouiass H BO3HHKaeT TakUM oOpasom,
4yTOObI OC/aOUTh NefcTBHE MPHUMUTUBHONH JMHAMMKH, Mbl IPUXOAHUM K Tpaiu-
eHTy V, OTHOCHTeNbHO runep6onuueckoil MeTpiky Buaa dr? — k*du?. Ecan
ciesiaTb 3Ty METPUKY BBIPOXKIEHHOH (MOJIOXKHB K PaBHBIM OECKOHEYHOCTH),
TO MOXHO MOJIYYHTb B KauecTBe Ipelesia aTTPAaKTOPOB METIH FHCTepe3uca,
3ajaHHble Ha MPUMHTHUBHOH METpPHKE C MOMOILIbI0 YCJIOBHS COBEPLIEHHOTO
oTcTaBaHHsi. B 3TOM 3akiioueH, 0 MeHblIel Mepe, 3apOAbILI TEOPHH, OMpe-
Hensioliell «yHUBepcanbHble IBOJIOUMU» KaTacTpod, T.e. BEKTOPHbIX MoJei
Ha/ HOJHbIM NpocTpaHcTBoM X X W, onpenesieHHbIM eIMHCTBEHHON Havalib-
HOl KaTacTpooii™2.

[Toxoxe, npenblAylIMi MpUMED, BecbMa BaXKHbIH Jist 6Hosoruu («MeTa-
GosMueckasi CTabHUIM3aLUsI» Me30epPMbI), NOKA3bIBAET, UTO PeuUb HAET O Me-
XaHH3Me BBICOKOH CTemneHH OOLIHOCTH, KOTOPbIH MOr Obl TakXe OOBSICHHUTb
nosiBJieHHe runepOosH4ecKHX MeTpuK B (uauke. B mobom cayuyae mpen-
CTaBJsieTCs SICHBIM, YTO 3TO — eJUHCTBEHHBIH NyTb, BeAYLIH# K Mopdo-
JIOTHYECKOMY OOBSICHEHHIO, CTOJIb XK€ 3KOHOMHOMY, CKOJIb U BO3MOXKHOMY,
MIOCKOJIbKY HEeBO3MOXKHO OblJIO Gbl BBECTH HHKAKOH HOBBIE MOTEHIHA/J Ha
npoctpancTee W.

5.10. IIpocTpaHCTBEHHO-BpeMeHHOE CKOIlJIeHHe KaTacTpod

dneMeHTapHble KaTacTPOMbl BbI3bIBAIOT, €CJAH MOXKHO TaK BbIPa3UTHCH,
TOJbKO (PyHAaMeHTa/bHble MOP(OJOrHuecKHe MPOUCLIECTBHS B MPOCTPaH-
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cTBe-BpeMeHH. B 3TOM CMbICJH OHM HIpAIOT POJib, AHAJOTHYHYIO YeThipeM
3JIEMEHTapHbIM 1eHCTBHSIM apU(METHKH, KOTOpble, NeHCTBYSl Ha AUCKPETHYIO
CHCTEMY HATypaJbHBIX YHCeJ, IO3BOJSIOT paspaboTaTb aare6py H akcHoO-
MaTHUYeCKH MOPOX AT opMasbHbie CHCTeMbl. OTIHUHE K€ COCTOUT B TOM,
uTo o6beHeHHe KaTacTpod He MOXKeT 6oJibllie OCHOBbIBATHCS, KaK B TEOPUH
(hopMasbHBIX CUCTEM, HA aBTOMAaTHYeCKOM ITOBTOPEHHH HEKOTOPbIX NEHCTBHUI,
HO, HANPOTHB, OCHOBBIBAETCS HA BHyTPeHHeH KOMOHHATOpPHKeE, 3alaHHOM aHu-
HaMHYECKHM HCTOJKOBAaHHEM.

Ecnu  orpaHH4nMBaTLCS ENMHCTBEHHO IIJIAHOM 3JIeMEHTApHBIX Kara-
ctpod, ompenessieMbiX TPaJlMEHTHOH ANHHAMHUKOH, TO 0600lIieHHe OKa3biBa-
eTcsl OUeBUAHBIM™?,

Ecau paccMaTtpuBaTh 0COGYH0 H30JMPOBaHHYIO TOUKY MOTEHLHAMA KO-
pa3MepHOCTH g > 4, To MOXHO OyjaeT OmHCaTbh 3BOJIOLUMIO BOJHBI pO-
cta B W, TpaHcBepca/JbHOH Ha MHoXecTBe KatacTpodbl K Kak MpocTpaH-
ctBa R, morpy»xenHoro B npoctpancTBo W yHuBepcanbHoii paseptku. Ce-
yenne sToro R* MHokecTBOM KaTacTpodbl K ompejensieT CKOTMJIEHHe 3Je-
MEHTapHbIX KaTacTpod, KOTOpOe, COBEpLIEHHO O4YeBHAHO, OyneT o6/anath
CBOMCTBOM CTPYKTYPHOH YCTOHYHBOCTH . . . § cam, k npumepy™ !, npumenns
3Ty WJEI0 B CBOEH CTaTbe O MPOCTPAHCTBEHHO-BPEMEHHOM MPOHCXOXKAEHUH
cuHTakcuyeckux crpykryp (LC™2). Eciu oTkasatbest OT CTpororo gopma-
JU3Ma TpafueHTHHIX NUHAMHUK, BBOAS aTTPaKTHpPyoUlHe (MPUTATHBAOLIKE)
LIMKJIbl TIPUBENEHHOTO 10, TO MOXHO JaTb XOpollee HCTOJKOBaHHE MHO-
ruMm 3aragkam GuoJjiordueckoii Mopdosoruv. Hanprmep, npobaema Kypuubl
W sifiua JIerko paspellaeTcsl CChIKOH Ha 3BOMIOLMIO LUKJIHUECKOH BOJHbI
pocta B yHHBepcaJbHOH pa3BepTKe pasmepHoctH yetbipe. (Torma cocpemo-
TOUYEHHE B OPraHM3ylolleM LeHTpe MeTabosH3Ma, peandsyeMoe B Xole rame-
TOreHe3a, OyleT YMeHbIUEHHOH pa3BepTKOH OpraHu3aluHu LMUTOMIA3MBI. . .,
pa3BepTKOM, KOTOpasi B Xofle 3MOPHOJOrHYeCKOro pa3BUTHsl OyaeT HpoOpoJ-
JKEHa Ha pasBepTKy B MaciuTabe opraHa). OueBHIHO, YTO TAKOE OOBsSICHEHHE
He SIBJISIeTCS MOJHBIM: OHO TpeGyeT «MOTeHLHa a OCTAaHOBKH», BBOLMMOro ad
hoc™3 («IlpumeHuTeNbHO K HaHHOMY ciaydawo» (nat.) — [lpum. nepes.).
Ho npo6nemMa nocnenoBaTesibHOCTH KatacTpod — fake B (PU3HUECKHUX Teo-
pHSIX BPOAE TMAPOAMHAMHKH HJIH TEOPHH (DA30BBIX MEPEXONOB — HACTOJBLKO
CJIOXKHA, YTO Mbl He MOXeM H36exaTb feficTBMH Haourynb. [lpencraBnsercs
NpaBaONOA0GHBIM, YTO HECKOJbKO 6ojiee TOHKAsi YTOHUYEHHAs! TEOPHS MOJIXK-
Ha OyneT BBOAWTb KaueCTBEHHble COOOpakKeHHsl, YTO MOXeT MoTpe6oBaTh
HEKOTOPOH (hOpPMBI HHTErPUPOBaHHS B GeCKOHEUHOMePHBIX ((pyHKLHOHANb-
HbIX) NpocTpaHcTBaX. KBaHTOBast TeopHs mosst Moryia Obl HOCAYXKUTb 3TOMY
[IPHMEPOM B CUTYAaLHH, KOTOPasi rI06aJbHO CTPYKTYPHPOBAaHA OTHOCHTENIBHO
caa6o.
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5.11. Teopus karacTpod u ee npuiokenus P4

MoOXHO ynpeKkHYTb TeOpuI0 KatacTpod B TOM, UTO OHa siBiseTcs: ab-
CTPaKTHOH CXeMOH, HUKaK He 3aBHUCALEH OT (PHU3HUECKOH peasIbHOCTH.
B cymmHocTH, cama no ce6e Teopus KaTacTpod SIBJISETCSH UHCTO KaueCTBEH-
HOMH, OHa MTHOPHPYET OLHOBPEMEHHO M cOooOpaXKeHHst MacliTaba, H KoJauue-
CTBEHHblE€ 3aKOHbl KJacCuyecko# ¢Gu3uku. Brpouem, 3TH [Ba BO3paXKeHHUs
JOCTaTOYHO NMPOTHBOPEUHBHI.

B cymnocty, n06as KoJHYeCTBEHHAs! MOJeJlb, cofepxKallas pusnuecKue
BeJIMUHMHBI, JOJKHA ObiTb HE3aBUCHMOH OT €NHHHL,, KOTOpbie CJAyXKaT [Js
H3MepeHHsl 3TUX BEJHUHH.

CuleoBaTeNIbHO, paccMaTpuBaeMblil (peHOMEH Ho/IKeH ObiTb Ha CaMOM
Jiesle MHBapMaHTHBIM OTHOCHTENIbHO PAaCTSIXKE€HHUS! NPOCTPAHCTBAa-BPEMEHH.
OnHako GOJBLUIMHCTBO (DEHOMEHOB, pacCMaTpHBaeMblX B HallleM MaciuTa-
6e, He NOMyCKAalOT TAKOH MHBAapDHAHTHOCTH: FOMOTETHSl MyDaBbsl He fIBJIfI-
ercst coHOM. COOTBETCTBEHHO TOJIbKO (DEHOMEHbI, CBSI3aHHbie C FeoMeTpH-
el MPOCTPaHCTBa-BPEMEHH MOTYT OblTb OOBEKTOM KOJHMYECTBEHHOH MOMAEJIH:
UMEHHO TaKOB CJy4ail BEJMKHX 3aKOHOB KJlaCCHUeCKOH (U3UKH (rpaBuTa-
LHMH, 3JeKTPOMarHeTHaMa), HO JHIIb MPU YCJOBHH H30eraHusi Macuita6oB
menbue 10739 cm.

CJle10BaTe/IbHO, €CJIH M HeT HEOOXOLMMOCTH MMETb CTPOHHYIO KOJIH-
YeCTBEHHYIO MOJeJb, TO 3aTO MOXHO MONbITAaTbCH MPHHSITb B pacyeT H3-
BeCTHble CBOHCTBAa MaTepHa/ibHOro cybcrpata. B 3TOM OTHOIIEHHH OueHb
BaXKHbIM fiBJIfieTcs MoHsiTHe (hasbl. Pa3za onpenesseTcs NCEBAOTPYNIOH Jo-
KalbHbIX 3KBHBaJleHTHocTeH G, rpynna G KOTOpPOH $BJsieTCS TI'pYIINOH
u3oTponuu. Toraa ecTecTBEHHO AOMYCTUThb, 4To rpymna Jiu G npeficTBy-
eT — HeTPHBHaJbHO — B MpOCTpaHCTBe M BHYTpPeHHMX cocTosiHui. Jlo-
KaJbHbIH MOTeHLHa] V no/KeH OblTb WHBAPUAHTHBIM OTHOCHTEJbHO 3TOrO
AEUCTBHUSI, PABHO KaK M Bce ero pa3pepTKH. MOXKHO TakK)Xe OIHOBpEMeH-
HO «Pa3BepHYTb» JAeHCTBHe rpynmnbl (G, YTO MOXKET 3aCTaBHTb MOSIBUTHCS
noarpynny G’ rpynnel G (Hapyuienue cummerpun). CienoBaTtesibHO, HYX-
HO OXHJaTb, UTO MOBEPXHOCTb, OrpaHUYMBaIOllas ABe (a3bl NCeBAOrpynn
' u TV umeer crneuuduueckie 0COGEHHOCTH, MPUPOAA KOTOPBIX HOJXKHA
eMHCTBEHHbIM 06pa3om onpelensTbes mapoil T, [V HaxoAsimuxcs B KOH-
¢aukTe ncesnorpynn. Takylo TeopHio ellle NMPEACTOUT CO3AaThb NMPaKTHYECKH
C HyJs.

B sToM xe pany umedl HaxomMTCs MecTo AJs1 ydyeTa (EHOMEHOB IIO-
BEDXHOCTHOTO HAaTSXKeHHSl >KHMJKOCTH. ¥Y>Ke TOBODHJIOCb, YTO 3TOT (PeHo-
MeH 3anperaet™® npucyTCTBHE 3JJMITHYECKOH OMOUJIMKH Ha OBEPXHOCTH
Xuaxoctd. HampoTus, 3TOT XXe (eHOMEH MOXeET CO3[aTb JIOKAJbHble CHM-
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METDHH, BO3HHKAIOLHe BCJENCTBHE MPHUHATHSA YCJIOBHS MHHHMYMa MJOLIA-
neit. Tak, xuakas cTpys GyfeT nposiB/isTh TEHAEHUMIO COBEPLIATh BPALLEHHUS
BOKpYyr cBoeil ocH. Cilef0oBaTe/bHO, B THAPOAHHAMHKE 3JIJIMIITHYECKAs] OM-
6uKKa 3aMeHseTcs THIepGoIHUECKOM OMOUIMKOH, onpeensieMol GYHKLHeH
tana V(z;r), rae r o603HauaeT paccTosHHE [0 OCH BpalleHHs. TOuHO Tak
e YPaBHEHHs COXPaHEHHs B XHAKOCTH 3aNpelialoT IMOsiBJEHHe HEKOTOPbIX
Pa3pbhIBHOCTEH y MOJISI CKOPOCTEH BIOJIb YAAPHOH BOJIHBI (HanmpHMep, TaKHX
Pa3pbiBOB, KOTOPble CO3/aBaJi Obl B XKHAKOCTH I1y3bipbKH). BMecTo 3TOrO No-
IBJI€TCS HEKOTOPbIH pa3pbiB, MPH HAJMUKHH KOTOPOrO IBa BEKTOPA CKOPOCTH
IBJIAIOTCS KacaTesbHbIMH K TOBEPXHOCTH ynapa («slip discontinuity»). Hrax,
TO, UTO ABa BEKTODHBIX MOJI MMEIOT Oblllee WHBapHaHTHOe MHoroobpasme,
onpene/seT 0CO6eHHOCTb GECKOHEUHOH KOPa3MepHOCTH B (YHKLHOHAJbHOM
MPOCTpaHCTBe nap nosel™?.

[TosaToMy He c/ienyeT YAMBJATLCS, €CJIHM HEKOTOphle OrpaHHueHHs (Bbl-
3BaHHble CHMMETDHSIMH WJIH YCJOBHUSIMH A GdepeHLUpyeMOCTH) NMPHUBOAST
K MOsABJIEHHIO 0COOeHHOCTeH GeCKOHEYHOH KOpa3MEepHOCTH, KOTOpble HOp-
MaJsibHasi TEOPHS OTBepraeT Kak ab6COJIIOTHO HEBEPOSTHbIE.

BmecTo 3akiiouenus™® neo6xomumo Takxke 06paTHTb BHHMaHHe HA Ya-
CTO MOBTOpsieMO€e BO3paxkeHHe: «Teopus KatacTpod He nopnaeTcss SKClepH-
MEeHTa/bHOH NpOBepKe, MO3TOMY OHa He IpeiCTaB/isfieT HUKAKOro Hay4yHOro
MHTepeca».

Ha 3T0 MOXHO, BO-IepBbIX, OTBETHTb, YTO BbIOOp MEXAY [ABYMS MO-
IeNsIMH TeOPHH KaTacTpo( MHOTAA MOXeT OblTh CHeJiaH Ha OCHOBE 3KCIie-
pumenTta. OnHaKo cHayaza ciefyeT MbICJIEHHO CO3[aThb 3TH MOJENH, a yxXe
TIOTOM MOABEPraTh MX KCNEepPUMEHTabHON npoBepke. (34ech, BpoyeM, CTa-
BUTCSl TPyAHas npobyeMa o6beHHEHHs1 Mofiesiell B TeopuH KaTtacTpod. Ecan
uMeroTes aBe mMomeaud M, M’, KOHKypHpYyIoLIiHe MeXLy co00i, TO MOXHO J1H
HaiiTH Mogesib M", «KoTOpasi oXBaThiBaeT HX 06e»?"P17)

B o61em cMbicse hua0codrH HayKu ObLI0 Obl HEMJIOXO BEPHYThCS K CJle-
LyloleMy OOLIEMY MPHHLUMITY: TO, UTO MO-HACTOSILEMY BaXXHO B HEKOTOPOH
MOJIeJIM, — 3TO He ee COrJiacHe C OMNbITOM, HO, HA060POT, HMEHHO ee «OHTO-
JIOTHUYEeCKOe 3HaueHHe», T.e. TO, UTO B HeH yTBepxkjaaeTcs o crmocobe cylle-
CTBOBaHHMS (PEHOMEHOB, TO, UTO OHA OMMUCHIBAET MEXaHM3Mbl, JIeXKallHe B HX
ocHoBe"P?,

B cyumHocTH, ec/iu 3aiaHa MpPOH3BOJibHAS IMMHPHYEcKass MopdoJiorus,
TO BCerga BO3MOXKHO MpeNbsiBUTb KOJHYECTBEHHYIO MOZeJb, COAepXKallyio
JOCTaTOYHOE YHMCJIO MPOH3BOJIbHBIX I1apaMeTPOB, KOTOPble YUHTLIBAIOT OIlbl-
Thl B J@HHOM NpHOAHKEHHH. Ecii cTpeMHUTbCs K 00J1aflaHHI0 XOpolleH Mo-
LeJIblo, TO CJleqyeT YCTPaHHTh MaKCHMaJ/bHOE YHCJO 3THX MPOMU3BOJbHBIX
M1apaMeTpoB: pedb MAET O YAaCTHOM Cjyudae MpoG/aeMbl «yMEeHbLIEHHS IPOU3-
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BOJIbHOCTH» ONHCAHHUS. DTO LeJib, KOTOPYIO TEOPHs KAaTacTPod B COCTOSIHHH
n0CcTHUb 6e3 0COObIX 3aTPYAHEHHH C MOMOLUbIO MPeAJaraeMoro e IHHaAMH-
4YeCKOro UCTONKOBaHHA. Jlas Toro 4To6bl XOpOLIO OMHCHIBATb, HEOOXOAHUMO
MOHSATb, YTO BpEeMsl NPH3PAKOB KBaHTOBOH MexaHukH 1925-1930rr., yBbI,
MPOLIO . . .



IIpumeyanus pexakropa

"01971, 3.5. dta rnaBa Gblaa NepeH3naHa MOYTH B TOM XK€ BHAE, KaK
B MMMI, c. 81-88, B kauecTBe r;aBbi 5. OHa Gbijia nepersnana 8 MMM2
B 1980r, c. 101-109, xak BrOpast yacTb riaBei 6 nox 3arosoBkoM «[Ipu-
JIOXKEHHSI TEOPHH KaTacTpod», U el NpealnecTByeT «LIanKa». DTa «LIanKa»
¥ TepBasi yaCTb JaHbl HHUXKe, H B [IPHMEYaHHH BOCIIPOU3BEAEHbI TaKXKe HEKO-
TOpble BapHaHThI, BKJIOUeHHble TOMOM B 3TH NOCJIEAHHE H3NAHHS.

1B MMM2 ctout «[Ipo6nemar.

2B MMMI 1 MMM?2 onyuieH crenyiouni a63ail.

3B MMM2 cTout «M3BeCTHO, YTO aTTPaKTOP MOXET He ObiThb».

4B MMMI1 1 MMM2 31ech CTOHT MHOTOTOUHE.

"P5TIpumeuanue nob6asneso 8 MMM2,

6B MMM2 CTOWMT: «OrpaHHYeHH, NPUBOAAUIHX K creludHIecKHM
0COGEHHOCTSIM, KOTOpble B HOPMaJIbHOM CJlyyae He JOJDKHBI GbliH Obl Cylue-
CTBOBaTb. DTOT (PEHOMEH TOUHO TaK XK€ BCTPEUaeTCsi B Cyuae 0cOGeHHOCTeH,
YAOBJIETBOPSIIOIIMX YC/IOBHSIM CHMMETPHH, KOTODbIE Mbl PACCMOTPHM B § 4».

7B MMMI] 1 MMM2 MHOrOTOUHE 3aMEHEHO TOUKOM.

"83-3a oneyaTku B MMMI 1 MMM2 «passepTka» («déploiment»)
NpeBpaTHJIaCh B «pasriaxuBaHHe» («dépliement»).

"PPB MMMI 1 MMM2 «oipH30BaHHOE» NPEBPATHJIOCh B «NePBOHA-
4aJlbHO HEJOCTATOYHO MOJISIPU30BAHHOE>.

108 MMMI 1 MMM2 cchiika onyleHa.

"PIIB MMMI «k npumepy» Hcuesaer.

"P1231a cchika, npuMeuaHue penaktopa 1971, 5, onyweHa 8 MMMI,
a B MMM2 3aMeHeHa cchlKOH Ha ryaBy X paboTbl, Meped3faHHON Kak
rnaBa 4 B u3gauuu 1974r. v rnasa 4 B usnauuu 1968r. (MMeHHO B 3TOM
nopsiake).

7138 MMMI no6assen kypcus: «ad hoc» (an1s Bcex JIaTHHCKMX Bbipa-
KeHuil Takoro Bupa: «ad hoc», «a priori», «a posteriori» u T.x. Tom yno-
TpebJsieT Bce BO3MOXKHble rpaduueckde POpMbl C HCIIOJIb30BaHHEM KypCHBA
1l 6e3 Hero, ¢ UCIOJb30BaHHE KaBblUeK HJH 6€3 HHX).

148 MMM2 no6aBieHo: «CHUMMETPHH — 3amnpelleHHbie 0COGEHHO-
CTH».
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"P15B MMM2 «3anpemiaeT» HanedaTtaHo KYpPCHBOM.

w16 MMM2 3nech BbigesieH nmaparpad nox 3aro/oBkom «Bwmecto 3a-
KJIIOYEHHSI».

178 MMMI1 1 MMM2 BonpoCHTe/IbHBIH 3HAK HCYe3aeT BMeCTe C Ka-
BbIYKAMU, OKPYXKAIOLUIMMH (pasy «KOTOpas OXBaThiBaeT HX obe».

«Illanka» u nepBasi yacth, «IIpuioKeHHs NepBOro TMMa».
(Ony6aukoBano B 1980r.)

[puromenus TK (meopuu xamacmpog. — Tlpum. nepes.) cgodsamcsa
K 08Yym COBepULEHHO DPA3AUUHbIM Kame2opusm ciy4aes. [lepsas xameeo-
pus oxsamol8aem «cmpoeues NPUAONCEeHUS meopuu: mooesb, K Komopotl
NPUMEHAEMC HOPMALUIM KAMACMPOP, B00OPYHEHA NPUMEHEHUEM MOoY-
HbLX KoAudecmsenHblX 3akon08 (pusuxa u mexanuka). To, umo daem TK
8 3mom cay4ae, — 3mo ObiCMpoe «KAUeCmBeHHoes LCMOAK08AHUe 2106aib-
HO20 nosedenus pewenuti u ux ocobenrnocmeti. Camo coboii pasymeemcs,
4mo 8 3MOM CAYHAe MOUHbLE KOAUHUECMBEHHble PE3YLbmambsl 8 NPUHYU-
ne 803MOXNCHbL, U, CAe008AMENbHO, MOOeAb NPEOOCMABALEm 803MONCHOCMU
npedckasanus.

Hanpomus, modeau emopoco muna (ucnoss3yemoie 8 buoroeuu u ey-
MAHUMAPHBLX HAYKAX) UCXOO0AM U3 NoOAeHcaujeli UCMOAKOBAHUIO IMNUPU-
yeckoti mopgonrocuu. Toeda cmpoumcs nose ougpgepenyuarvrolx cucmem
HAO0 KOHMPOAUDYEMbLM NPOCMPAHCMEOM U NPEONPUHUMAEMCS NONbLMKA
obecneyums cosnaderue HabarO0aemol MOpGOoL0eUL C MHONECMBOM Ka-
macmpogo. modeau. B obujem cayyae ougpgeperyuarvroie cucmemo: onpe-
0enasiomces moAbKO ¢ MOUHOCMbIO 00 Oupeperyupyemoti IK8UBALEHMHO-
cmu, u, cAedosamenvHo, OHU He NpPedocmasAsiOm 803MONCHOCMU OeAamb
KoauuecmserHo docmosepuole npedckasarnus. Hx yeaoro agarsemcs obecne-
yenue 2A06aAbHOL KAPMUHbL NPOUCX00AUL20, UCMOAKOBAHHOL 8 mepmu-
Hax Konpauxma pexumos. OHu no38oAst0m makxce paspabomams Kiac-
cupurayuio, AHAL02UYHY0 OUHAMUYECKOL cumyayuy, KOmopas cuumaem-
CsL OMBemcmeeHHOl 3a nOpoHdeHUe IKCREPUMEHMANLHOL MOPPHOLOUL.

CredosamenvHo, 3mu «KauecmgenHvie» modeiu 06iadarom 2Aa8HbIM
obpasom zepmeresmuueckoli, unmepnpemamusroil yenrnocmoro. Omuocu-
MeAbHO 3mux 08yx MUN08 moodeneli MONCHO 2080PUMb COOMBEMCMBEHHO
0 «icecmroli meopemusayuus (043 nepsoli Kamezopuu) 8 NPOMUBONOAONKC-
Hocmb «MszKol» meopemusayuu (048 8mopoti).

Coenacno obujemy mpebosaruto, Hay4Hoe coobujecmso He3 u3AuuL-
HUX KOAeOAHUL NDUHAAO NPUAONEHUS Nnepsoeo muna. 3amo OHO ¢ Kyoa
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b6osbuuM mPYOOM OCOZHANO 3HAUEHUe npusoceHull smopoeo muna. Knu-
ea Kpucmodgpepa 3umana «Catastrophe Theory» (Addison Wesley) nped-
cmasgasem coboli HACMOAWYIO FHYUKAONEOUIO 8cex MUnog modereti, om-
Hocawuxca K obeum xameeopusam. Hedasno sviueduwias 8 ceem KHuza
Cmwapma - Ilocmona (Catastrophe Theory and its Applications — Pitman
editor) oepanuuusaemcs, npakmuuecku, Modesamu nepgoeo muna. B pa-
6ome, npedracaemoii yumamenro (umeemcs 8 sudy MMM2. — Tlpum. pen.
bpaHL. H3M.), MblL 02PAHUYUBAEMCA COCMABACHUEM CNUCKQA NPUAOHCEHUL
nepgozo muna. Kax wumamenro ysuoum 8 nocrefyroujux cmamosx, 1 u 8
camom Odese ybexucden, umo erasnas opueunasvhocme TK u ee 6ydywas
nA000MBOPHOCHbL OCHOBbLIBAIOMCS HA «NPUAOHCEHUAX> 8mopozo muna. Ta-
Kum obpasom, 8cs NOCAeOHAs 4acms pabomol NOCBAULEHA, 8 CYUYHOCMU,
modeasm cepmeresmuiecKkoeo muna.

IIpunoxenns nepBoro Tumna

1. JlarpanxeB ¢ropmanu3sM (He BbINYKJIbIi)

Peub HaeT o ToM, yToGbl HalTH B eBKJAMAOBOM mpocTpaHctBe R? Tpa-
eKTOpHH z(t), KOTOpble MUHUMH3HPYIOT HHTerpas Buna I(f) = f:ol flz,z)dt
TNpH rPaHUYHBIX ycJoBUsX x(tg) = g , z(t1) = 1, TAEe Zo,T1 — AaHHbIE
ToukH B R™.

Torna mbl co3naem paccioeHde (z,p) KOBeKTOpoB Hal R™ u B 3TOM
npoctpaHcTBe T*(R™) KOHCTPYHDYEM «JiarpaHKHaH»

L(z,p,z)=f(z,Z)— (p,2'), rue () o6o3Ha4yaeT CKaNsipHOE MPOU3BELEHHE.

Torna Mbl paccMaTpHBaeM I, p Kak KOHTPOJIHpyeMble KOOPAHHATBI, &' —
KaK T[ePEMEHHYI0O COCTOSIHHS M MHHUMHU3WpyeM L 1ns GhHKCHPOBaHHO-
ro (z,p). B pesysabrare mocsne mnpumeHeHHs ycjoBHsi MakcBessa mnosis-
JSIOTCS MHOXecTBa KaTtacTpodpbl B T*(R™), rme Mbl MepexoiuM OT Of-
HOM BesqMuMHBl I’ , MUHHMH3Hpylowe#d L, k apyroil. B paGorax Aiisopa
Hknenna (Ivor Ekeland) moxHO HaliTH siBHOe OnUCaHWe pelIeHHH B Cay-
yae n = 1.

2. KaycTuku u JarpaHikeBbl MHOroo0Opa3us

B npoctpancTte kosektopoB T™*(R™) mHoroo6pasue W™ HasbiBaeTcs

JlarpaHXKeBbIM, eCJIM CyxeHue pyHaaMeHTanbHOl 2-popmbl Y dz; Adp; B W
i



5.11. TEOPHS KATACTPO® M EE MPUJIOXKEHMA™ 127

obpaiuaercst B HyJb Ha W. B touke x u3 W, rne W TpaHcBepcasbHO K CJ10-
M KaHOHHUYeCKoro paccioedus m: T*(R"™) — R", m(z,p) = z, cywmecTByer
Takasi JoKasbHas GyHkuus S(z) (neHctsue), yto W JokasnbHO onpeneJs-
eTcsl nocpenctBoM p; = S/xz;. Tam, rae 3To ycnoBHe TpPaHCBEPCAaJbHOCTH
He BBIMOJIHSETCSA, YAOOHO CUUTATh KOOPAHHATH (p) JOKaJbHBIMH KOOPAHHA-
tamu B W, a Y, z;dp; — 3aMKHYThiM MHOoxecTBoM Ha W. Takum oGpa-
30M, Mbl onpenessieM ceMeHcTBO GYHKUHH G(p; x), 3aBHCAIMX OT KOOPAH-
Hat (z) ToukH 6a3bl. Torma MOXHO MOKa3aTb, UTO B OOLIEM Cayyae pa3Mep-
HocTH M < 11 3TO ceMeHCTBO (YHKLHMH fBJSAETCS Ha CaMOM AeJie MHIYLH-
pOBaHHBIM YHHBEPCa/lbHOH Pa3BepTKOl LieHTpaibHOH ocobeHHocTH G(p; o)
(4 310 HecMoTps Ha TOT (akT, uTo ceMeiicTBo G(p;x) a priori UMeeT creuu-
aJbHBIE BUJ, TaK UYTO 3aBHCHMOCTb OT Z OKasblBaeTcsl JuHelHO#). Mimenuo
MockoBckod wikose B.W. ApHosbia mbl 065i3aHbI IVIaBHBIMH pe3yJbTaTaMH
1o 37oii npob/aeme. Te NMPOEKLHH JarpaHKEBbIX MHOr00Opa3nil, KOTOpbie Bbi-
CTYIAOT B KayecTBe KAyCTHK B FeOMETPHYECKOH ONTHKE, UMeT 6oJbuioe
3HayeHHe B TeOPeTHYecKOH (H3MKe, Tie KBaHTOBAaHHE C MOMOLIbIO METO-
la «OCLUHJUIMPYIOIKUX HHTerpanoB» (Metoga BKDB), a takxke merton nepesa-
Jla BeAYT K BbIUHCJEHHIO KPUTHUECKHX MOKaszaTesiell CTeNeHH, CBA3AHHBIX
¢ anreGpanyecKoil NpUPOnOH LeHTPaIbHOH cHHryasipHocTH G(p; O) [caeny-
et untath G(p;z°). — [lpum ped. ppany. usd.]. dta Tema ceituac UIKPOKO
o6cyxpaercst B auteparype (Macno, Xopmannep, Masbrpaux u ap. cpe-
o1 MatemaTHkoB; M. Beppu. . Haii (J. Nye) 3auumaiotest McciieqoBaHHeM
KayCTHK MeTOLaMH (pH3HKH).

3. YpaBuenue Pumana

ut = f(u)z pa3MepHOCTH ONHH UMeeT yAapHbie JTHHHH, KOTOPbIE ONpeie-
Js10TCA PopmMaiu3MOM THIIa 3/eMeHTapHo# KaTacTpodel. Ha naockoctH (z,t)
MCXOAS U3 HauaslbHbIX YCJIOBHH Mbl CTPOMM BCIIOMOTaTe/IbHY 0 QYHKLHIO (110-
TEHILHaJN), KOTOPYI0 MHHHUMH3HDYeM C MOMOLIbI0 yciaoBusi Makceensa (Teo-
pema ITutepa Jlekca (Peter Lax)).

4. B npukiagHON MeXaHHMKe

Teopus 6udypkaLnHi BTOPraeTcs B HCCJEN0BaHHE YCTORUMBOCTH PaBHO-
BeCHsl caMblX pasyHuHbix cHcTeM. Cxembl TPK (Teopuu paBHOBeCHBIX Ka-
tactpod. — [lpum. nepes.) 4acTO HaxOAsAT MPHUMEHEHHE, KAK B 3HaAMEeHH-
TOH «MalllMHe KaTtacTpod» 3uMaHa uau B 3akoHe Koiitepa (Koiter), onu-
ChIBAIOLLEM YCTOHYHBOCTb KPHTHYECKHX HArPY30K OTHOCHTEJIbHO CMELIeHHH.
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Huorna teopHio Heo6XoAUMO AeTain3nupoBaTth (cM. KHury: Thompson-Hunt.
A general theory of elastic stability, Wyley).

5. B Teopun ¢a3oBbix nepexonos

Knaccuueckast TeopHsi cpefiHero roJsi, Hid Teopus Jlanaay, Beer Hemno-
cpeacteeHHo K ¢opmanuamy TPK. HM3BecTHo, 4TO B KOJIHYECTBEHHOM OT-
HOLIEHHH 3Ta TeopHUs HeBepHa (MO MPUUHHE HENMPABHJbHBIX KPUTHUECKHX
nokasaresieil CTerneHH, KOTopbie OHa MPENOCTaB/seT, Kak B MofeJu Bau-nep-
Baasibca), HO B KaueCTBEHHOM OTHOLLIEHHH OHa OCTaeTCsi KOPPEKTHOH (¢ Tou-
KH 3DEHHsl TOMOJIOTMYECKOH CTPYKTYphl AHarpamMm as).

6. B MaTeMaTH4€CKOM IKOHOMHKE

Knaccuueckass Mofesib 3KOHOMHKH yucToro obmeHa Basbpaca - ITaperto
[P MaKCHMH3aLKH (QYHKLUHMH [0JIe3HOCTH 9KOHOMHUYECKHX (HaKTOpOB cpasy
npusoguT K ¢opmanuamy TPK. Orciona MOXXHO BbIBECTH pe3yJbTaThl, Ka-
calomuecss crnenddUUeCKOH NpUpoabl «MHOXKecTB MakcBesia», B KOTOPbIX
OT (yHKuMu TpebyeTcsl UMETb pa3pbiBHble MPOM3BOAHbIE (IEPBOrO MOPSA-
ka). lllkona P. le6pe (R.Debreu) BecbMa IIMPOKO HCIOJb30Baja TEXHHUKY
0CcO6EHHOCTEH M1/ ONMUCAHHST MHOXKECTBA PABHOBECHS B 9KOHOMHKE.

Tenepb Mbl npucTynaem K 6Gosiee riy6oKoMy 0OCYXXAEHHIO IpaHHL Yop-
manusma TK. OpHako 3To 6yneT TexHHuecKoe oOCyXIeHHe, KOTOpOe UH-
TaTeslb, HE MMEIOUIHH MATEMaTHYECKOH MOArOTOBKH, MOXET OMYCTHTb 6e3
KaKUX-1H00 HEeYLOOCTB 118 Ja/ibHeHLero. ..
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