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397. Onpenenenre kKosdduiuerros no merony ditaepa —Pypbe. . . . .
398. OpToroHanbHHE CHCTEMB QYHKOHB. . . . . . .. oo v i i e

§ 2. Pasnoxenne dyHxunit B pag Pypoe

399. ITocranoska Bompoca. Muarerpaa Hupuxae. . ... ... ........
400. OCHOBHAA JEMMA « « ¢ v v vt ot v o vttt e s o e eeeenon
401, TIpHHOMIT MOKAMMBAMMM « « & v v v v v v v e e e e vt ot e nenn e e
402. Mpencrasnenne GyHKunn pagoM Pypbe . . . .. .. oL ...
403, Cnyualt HemepHONMYECKOH MYHKUMH .« . « v v v v v v v v e e na s
404. Cnyyail MPOU3BOJLHOIO MPOMERYTKA « « « « v ¢ v v v e v ee v v v v
405. PasnoxeHne TOAbKO MO KOCHHYCAM HAM TONbKO 1O CHHYCaM . . . .
406, TIDHMEDPBI . ¢ v v v v e et e e e e e e e,
407. Paanoxenye HENPEPHIBHOH QYHKUMM B PN TPUTOHOMETPHYECKHX
MHOFOUMEHOB 4 v « v v o v v v v m v e e e v mme e nme e eannans

§ 3. Hurerpan Pypne

408, Vuterpan Pypre Kak npenennHmil cayvaff paga Pypee ... .. ..
409, TlpenBapuTeabHBIE 3AMEUAHMA « + v+ o v v v v v v v v e e v v v v uu o
410. TpencraBiedne QYHKUAHM MHTErPAaaoM Pypbe. . . ... ... .o u ..
411. Pasmuynme BHOB GopMyael Pypbe . . .. ..o,
412, TMpeo6pa3oBaHue PYPbe . ¢ v v v v vt v v it i it e i
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IVIABA NISITHAZLUATASA
YUCJOBBIE PSAbl

§ 1. BBEJEHHE

234. OcHoBubie moHATHA, IIycTs 3amana HekoTopas GeCKOHeyHas
AOCJ€10BaTENbHOCTD YHCEN

a,, ais Q3 ..oy am ces (1)

CocTaBleHHHHA M3 3TAX YHCEA CHMBOJ

a,+a;—§—a3+...+an+... (2)

HashiBaeTC! OGECKOHEUHHMM pPAAOM (Mad — NpocTO— PAAOM), a
camn uncaa (l)—wuaenamu paga. Bmecto (2), moabsysch 3HaKOM
CYMMH], YaCTO IHMIUYT TaK:

o0
PR (2a)
n=1
yKasateJb n npoGeraer sAech BCe 3HaueHus OF 1 Xo oo *).
CraHeM NOCAENOBATENbHO CKJAAANBATL UNECHH psia, cocTapass (8 Gec-
KOHEYHOM KOJUYECTBE) CYMMEL:

A1=a1, A,:—:al—{-ag, Aazal—-{—ag—{—aa, e }
P Au=a1+a9+...+am PRI

HX HA3bBAIOT YACTHYHHMH CYMMaMu HIM OTPe3KaMu paja
Ty nocaenoBaTENBHOCT vacTHuHHX cymM {A,} mp Bcerna Gyaem co-
NOCTaBAATh C PAAOM (2): pOJB STOrO CUMBOJIZ M 33KJIOY3ETCS B NOPO-
WACHHY YNIOMAHYTOR MOC/ENOBATE/IbHOCTH.

Koneunnilf uau OeckonewHnudi npedea A uacmuunol cymms A,
prda (2) npu n—» co:

&)

A==lim A4,

¥) BripoyeM, HYMEPauHIO YIEHOB PANA HHOINA GbiBaeT yAoGHee HAYMHATH He
C eNHHHUW, a C HYJsd HIA ¥e ¢ KaKoro-auGo HATyPaibHOIO YMCH3, GOAbuIero
€IRHNLLL.
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Ha3eeaom ¢y Mmool pAOa W MUIIYT

A=a1+az‘|‘~--+an+---=n§l“n’

npuxasas TeM caMbiM cumBoay (2) mim (2a) uncioBod cmmica Ecau pad
uMeem KOHEHUHY 0 CYMMY, €20 HA3bL8AIOM ¢ X 00 A WU MC H, 8 NPo-
mugrox ote cayiae (m. e. ecau cymma pagra —& oo, aubo e cyMMbi
808ce Hem) —pacxodauuic.

Taxum o00pasoM, BONPOC O CXOAMMOCTA psifa (2), mo onpene-
JeHU, PaBHOCHJEH BONPOCY O CYUIECTBOBAHUM KOHEYHOro mpejea
ang nocaenoBaresbHocTH (3). OOGpatHO, Kakyio OB NOCAENOBATENBHOCTD

X1y Xgy X3 cuv 3 Xpy o0

Hamepex MU B3dTb, BONPOC O HAJAMUMM 1] HEE KOHEYHOro upenena
MOXKET OBIThb CBEAEH K BONPOCY O CXOAUMOCTH DAAa

x:—}—(xg-xl)—!-(xa——xe)—%—...—}—(x,,—x,,_l)+... » 1G]

NS KOTOPOro YAaCTHYHBIMM CYMMaMu Kak pa3 u GyAyT ujeHsl 3TOH mo-
caemosarenpHocTd. Ilpm sTOM CymmMa psaga coBmajaer ¢ OpeXe]OM IO-
C/IeI0BATEIbHOCTH,

VHpiMu  C/I0BaMH, DPaccMOTpeHHe OCCKOHEYHOIO pPsfla ¥ €ro CyMMBHI
€CTb ImpoCTO HOBasi (OPMa H3yuUeHHs M0C/IeA0BaTEJbHOCTH U €e mpe-
aena. Ho sra ¢opma, Kak uuTaTesb YBUAWT U3 IaJbHEHLIEro Waioxe-
HUs, NPEICTaBASET HEOUCHHMHE INPEMMyNIECTBa KaK NPU yCTaHOBJEHAH
CaMOro CyHleCTBOBAHMA Npelena, TaK W NPH €ro BHYHCAEHHH. DTO 06-
CTOSATENBCTBO Je/MaeT GECKOHEUHHe pAOsl BaXHEHIINM OpYIUEM WCC/Ie-
JOBaHUA B MATEMAaTHUYECKOM aHAJM3€ H €ro NPHJIOKEHH:X.

NepumEePrH. 1) [Tpocrefimuit npuMep GecKOHeYHOro psama NMOJYYaeM, CyM-
MupyA (yi#e 3HAKOMYIO YHTATENIO) IeOMETPUYECKYIO NPOrPecCUio:

atagtag®+...+ag" 4.
Ero vacruunas cymma 6yner (ecan g£1)
__a—ag®
Sa=-——p" 7

Ecau spamenateab mporpeccu, ¢, no aGcomoOTHOR BeauynHe MeHbINE eXMHWLH,
To [KaK Mpbl ywme 3HaeM, n° 30, 6)] s, uMceT KOHeuyHbi npexen

§=— a
___———1__q R

T. € HAml pAx CXOHNWUTCA, M § OyleT ero cyMMoH.

Ipu | g{=1 1a e nporpeccus maer npumep pacxopauierocs pama. Ecin
g=1, 10 ero cymmolt 6yner -}-co mmum —co (CMOTPA N0 3HAKY @); B HPOUMX
cayyasx CyMMbl Bobce HeT. OTMETHM MIOGONIBITHBHIH PAN, KOTOPHH NONyyaercs
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mpu a=1, g=—1:
l—l4i—14+.. =14+ DF+14+(=D+... 9.
Ero wacTuyHsle CyMMbl monepeMeHHo pashu 10 1, To 0.

2) Jlerko ycTaHOBHTb PacxofMMOCTb pAla
©

S R L G . 1 =+

-V V2 TYVs V3

B camom hene, TaK Kak ‘lJIeHbl €ro yduaalor, TO €ro n-g yacruyHaa CyMmMMma

1 i
— 4+ —=+ = —== Vn
..
V2 V3 V n
¥ pacrer fo 6eCKOHEUHOCTH BMeCTe C .
3) Haxonew, meHee TpHUBMANbHbI HpUMED HAM HOCTABUT NEpEMeHHAs

1 1 1
=14ttt o

7pO KOTOPYIO B n°49 Mp 1OKa3aiad, YTO OHA CTPEMMICA K UHCAY € ITO PaBHO=
CHJIbHO YTBEPKIAEHHIO, YTO e ABNACTCA CYMMOH 6ecxoneqﬂoro paga:

e=1 vee =1 .

2 e R B +2n‘

n=1

Benomunas npuGauxenHoe BhYHCAenve yucia ¢ B n° 49, uutatenh Ha 9TOM
TipuMepe CMOXeT OLEHHTb BHITOLY MOCHENOBaTENbHOrO BBEJEHHS BCe MEHee W
MeHee 3HaYHTeNbHBIX NOMPABOK, MOCTENEHHO YAYYINAMIMX NoXyyaeMble B BUIE
YaCTHYHBIX CYMM OpHOIMKEHHBIE 3HAUEHUA €. -

235. Ilpocreiimue Teopembl, Ecau B pspe (2) or6pocurs nmepeie
m UJIEHOB, TO MOJYUUTCH PAK:

am+1+“m+a+“°+am+k+--"— 2 Qpy ®

HasbiBaEMbt 0CTATKOM panxa (2) nocae m-ro 4jneHa.

1°. Ecau cxodumes pad (2), mo cxodumcs u 000l u3 e2o0 ocmam-
Ko8 (5); obpamno, uz cxodumocmu ocmamra (5) swmerxaem cxodu-
Mocms ucxodnoz2o psioa (2).

dukcnpyem m u 0GosHauuM k-10 HacTHYHYIO cymMy psaa (5) yepes Ay

Ar=0py Tyt t Cmiie
Ap=Apn— Ap- (6)

Ecm pam (2) cxomurca, Tak 4ro A, — A, To—npu GesrpaHauHOM
BO3PAacTaHun % — CyLIECTBYET KOHEUHHIH mNpenen
A=A—A, ™)

n ag cyMmst Ak, YTO W OsHauaer CXoAuMOCTh paxa (5).

Torna, ouesuaHo,

*) Ecny Kako#-1160 YfeH @ PANla OKA3MBAETCA OTPH U ATEAbHL M YHC-
Aom: a=~—"5 (rxe b >0), To Bmecro ...} (— &) ... mumyr ... —b-...
{TonuepxneM, 4To yneHOM psla 3jech OyAer Bce me — b, a me b.
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OGparHo, ecau nmaHo, uTo cxomurcs psx (5), Tak wro Ap— A', TO
nepenumeM paseHcTBo (6), monaras B HeM k==n-—m (npu n_>m),

TaK: A,,=A,,,-|— An—m;

OTCI0la MOWHO YCMOTDETb, YTO — Npu Ge3rpaHryHOM BO3PACTaHWK 1 —
yacTHyHas cymMMa A, HMeeT mpesen

A=A, A, ®)
T. e, cxomaurcs pan (2).

VHbiME clioBaMU, omOpachi8anue KOHEUWHO20 HUCAQ HALAABHHLX HAe-
KOG psda Ul NPUCOCOUHeHUEe 8 HAYAAe €20 KECKOAbKUX HOBLLX 4AEHOB
He ompadcaemcs Ha nosedernuu pada (B CMECAE €ro CXOAMMOCTH
I PacXoquMOCTH).

Cymmy pana (5), ecnmu oH cxomurcs, oGosHaunm Bmecto A’ cuMBO-
JIOM 0, yKasbBad SHAYKOM, MOCJe KAaKOro wieHa Oepercst OCTaToOK.
Torma popmyan (8) u (7) mepenmuyTcs CaexyiomuMm 06pasoM:

A=Ap+oa, ap=A— A, ]

Ecan ysemuuusar m 1o Geckomeunocrd, 10 A, - A H a, — 0. Urak:

2°. Ecau pad (2) cxodumcs, mo cymma a, e20 ocmamika Nocie
m-20 4AeHa ¢ BO3PACMAHUEM M cMpeMUmMCSE K HYAW.

YrnomsaHeM c/lefylonue NPOCTHE CBOHCTBA CXOAAMMUXCH PSAOB:

3° Ecau waenn cxodsuezocs psaoa (2) yMHONCUMS HQ ODUK U mom
oCe MHOMCUMEAS €, MO €20 CXOOUMOCHIE He HAPYWUINCRH, @ CYMMA
AUWE YMHONCUMCS HA C.

B camom nene, uactMunas cymma A, psiia
ca -+ cag+-...~ca,+... ,
OueBHIHO, PaBHa

E=001+Cag+...+can=c(al+ai+...+an)="‘An

H UMEeT npenenoM cA.
4°. Jsa cxodawmuxcs pada

A=a1+ag—l—...—|—a,,—{—...
B=b1+bg+...+bn+...

MONCHO NOHAEHHO CKAQOBBAMS UL BvHumMams, max 4mo psad
(@ by)+ (@ bg) ... (@, = b ...
maxdce cxodumcs, u €20 cymma pagHa, coomsemcmsento, A ¥ B.
Ecmu A, B, u C, 03HauaioT YaCTHYHBIE CYMMH YNOMSHYTHX DSIOB,
TO, OUEBHJHO,
G=@=xb)+@xtb)+...+(a,tb)=
=@+at...ta)EO+b+.. .+ b)=4,%8,
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Ilepexonsa K npegenay, Ha#ineM, yro
lim C,==1lim A, +1im B,,

YTO ¥ JOKa3HBaeT Halle YTBEPKIACHHAE.
B sakaioucHue CAEN3aEM eme ORHO 3aMeyaHHe,
5° QO0wuii waen a, cxodawezocs paoa cmpesumcs K HYA0.
dto MomeTr OHWTb JHOKAa3aHO COBEPIIEHHO 3JEMEHTAPHO! pas A,
(a ¢ nuM 4 A,_;) uMeeT KoHeunnit mpesen A, To

Q, = An—An_1 — 0.

B mpennayineM YTBEDXHEHUW COAEPIKUTCA Keolxodumoe ycaosue
0as  cxodumocmu pada, KOTOPHM MH OyIEM 4YacTO NOJbSOBATHCA.
[Ipn HapymeHHn ero psaj 3aBeZOMO pacxoantcs Omiako
BAXHO TOAYEPKHYTb, YTO 3TO YCHOBHE He #BJAAETCH CaMo N0 cebe
AOCTAaTOYHHM I CXOAMMOCTH psaa. MHnMu chaoBaMu, faxe npu
BHOOJHEHUH €ro pPAA MOXeT pacxoAuThcsa Ilpumepom

BTOTO CAYMKHAT PAN
(o]
2 i
—3
Va

ne=l

paccvoTpennnit  Buime [n°284, 2); MHOrouHC/AeRHHE JADYrie NpPHMEPH
STOrO € POJA ydTaTedb HaflfieT B NOCAEAYIOIIEM.

§ 2. CXOIUMOCTDb NOJOXUTEJNLHLIX PSAOB

236. YcaoBKe CXOTHMOCTH HONOKATENALHOTO PSAa. 3aliMemcs Teneps
BONIPOCOM 00 YCTAHOBJECHWH CXOAMMOCTH MM PacXOAUMOCTH paza. dror
BONPOC BCEr0 NpOINE PeulaeTcs IS PANOB, YICHH KOTODHX HEOTpH-
HATeJbHB; AA% KPAaTKOCTH Takue pPsaAls Mbl OydeM HasHBaTh NPOCTO
HONOKUTEABHHMHU

Iycts pax

2‘.‘%=a1+ag+...+a,.+... (A)

Oyner nojoxureNnpHuM, T. € @,=0 (n=1, 2, 3, ..). Torua, oue-
BUIHO,
AMJ = An+ Q1= Ap

T. e mnepeMeHHas A, OKasHBaeTcs Bo3pacTaoomel. Bcnomnnas
TeOpeMy © THpeiese MOHOTOHHOH nepemennoft [n° 44)], mu Henocpea-
CTBEHHO TMPHXOAMM K CJAEAYIOIlEMYy OCHOBHOMY B TEODHH IOJOXHTEINb-
HBIX DSJOB NpPeNVIONEHHIO:

Teopema. [Torosicumenrsnuiii pad (A) 6cez0a umeem cymmy; sma
cysma Oydem Koreurol (u, c4008aMEABHO, PAO — CXO0DAUUMCSH), €CAR
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4acmusHble CYMMbl pada O2PaHULEHb. CBEPXY, U OeckoHewHOk (a pad—
Pacxo0suuMcs) 8 NPOMUBHOM CAY4ae.

Bce NIPAKTUYECKUEC NPU3HAKH CXOAUMOCTH # PACXOAUMOCTH I[IOJNQKU-
TEJbHBIX pPAO0B, B KOHECYHOM CUETE, OCHOBaHH Ha 3TOH HpOCTOﬂ TeopeMe.
Ho nenocpeACTBEHHOE ee NpuUMEHEHUE JHIUL B PEIKAX CIAydasx
NO3BOJISET CyNMTb O Xapaktepe psaa. IlpusegeM mpumepnl 3TOro poja.

1) Paccmorpum pax
(o=}

1 1 1 1
‘—n ——-__l—i——2 +—3 + ...+—n + ey
n=

W3BECTHbIl O] UMEHEM TapMOHHUYECKOT O pAfa *).
ViMeeM oueBHAHOE HEPaBEHCTBO:
1 1

1 1 1
st EteetaTTe R M

Ecnu BCe yneHBl IapMOHMYeCKOro psla, HauWHasA CO BTOPOro, MOCHIEAOBATENbHO
pa30uTh Ha rpymnu no 2, 4, 8, .., yieHOB B Kaxno#:

1 1 1 1 1 1 1 1
7-}"—3‘; i e el §+---+ﬁ; vee

[N
2 22 23
1 1
-F—l- ...+?-__—1‘, ces y
h k-1
1
TO Kaw/Jas U3 3THX CYMM B OTHEIbHOCTH 6yler Goabire 3 B ITOM Jerko yG6e-
nutbea, nomaras B (1) moovepemHo n=2, 4, 8, ..., 2¢71, ... OGo3HauuM n-i0
YaCTHYHYI0 CYMMY FapMOHUYECKOro psajia uepe3 f,; Torga, OYeBHIHO,
1
H2k >k ‘2‘.

Mp! BUNMM, YTO YaCTHYHBLIE CYMMBl He MOTYT ObITh OrpaHHueHb! CBEDXY: p AL
UMeeT 6ECKOHEYHYIO CYMMY.

YnomsHeM ywe 31ech, yTo H, ¢ BO3paCTaHWEM 7 BO3PACTAET OYEHb MEX-
NeHHO, Jiiaep, HanpuMep, BLIVMCIHA, YTO

Hiw0o=T748 ..., Hyigo0000=1439 ... ¥ T. .

Brocnenctsun Mpt 6yneM ¥MMeThb Cayyalt ToyHee OXapaKTepH30BaTh BO3PACTaHUC
cymm Hp [n° 238, 4)].
2) PaccMotpuM Tenepb Gonee obwuit psan

V| 1,1 1
Zln—s=1+§+§+ S

*) Kawnuift ynes ero, HayMHas cO BTOPOTO, NMPENCTaBiseT CoGOH cpenHee
TapMOHMYECKOE NBYX COCEAHVX YieHOB. YHUCIO ¢ HaA3bIBAETCA CPEAHUM
TapMOHMYECKHM uncex a U b, ecin

1 1/1 1
+=7z(a+3)
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rae s — mo6oe BEUIECTBEHHOE UHCIO; OH COJEPXKHT B cebe, KaK YAaCTHHH cmy-
valt (npu s =1), npeauiaymuit pan. Ilo cxomcrBy ¢ pamom (1), u 3TOT paAl TOMXKE
HA3blBAlOT TAPMOHUYECKHUM.

Tak xak mpm s <C1 u’aeHn paccMaTpuBaeMoro psana Goablle COOTBETCTBYIO-
KX ureHoB paga (1), To, B 3TOM HPENNONOKEHHH, YaCTUUHEE CYMMHI H NIOLABHO
He OTpaHHYCHHl CBepXy, TaK YTO PAX PacXoAMTCH.

3aifimemcs cayyaem, KorZa §>1; monoxuM naa ypoGersa s=1 -0, rae
¢>0. Ananoruyso (1), mmMeeM Ha 3TOT pas:

1 1 1

1 1
Eg+m+...+m<n~’;=ﬁ;. (2)

Buimends, Kak # BbllIe, NOCHE€AOBATEAbHbIE Tpynmel YJIEHOB:

1 1 1 1 1 1 1 1

st gteteatam gt

L e—
2 2* 28

1 1
gyt T

ok—1

¢ nomoumpio (2) merxko NMoKasarth, YTO 9TH CYMMbI COOTBETCTBEHHO MEHbLIe Yie-
HOB NPOIPeCcCHU

1 1 1 1 1 1 1
T T T e @ g

B Takom Clyuyae ACHO, YTO KaKyw 651 YaCTHYHYIO CYMMY DPAacCMaTpuBaeMoro psina
HH B3#ATb, OHA 6)’.&61‘ MCHBIIEC IHIOCTOAHHOIO YHCIA

ClleA0BATENbHO, PAX CXO XU T C A,

237. Teopemnt cpaBHeHHust psgoB. CXOZUMOCTh WIM PaCXONUMOCTb
NOJIOXKUTENBHOrO DA YacTO YCTAHABJAWBAIOT MYTEM CPaBHEHHs €ro ¢
IPYrUM PAAOM, 3aBEAOMO CXOAAIIMAMCA MJIM pacxodswumcs. B ocHose
TAKOrO CPaBHEHUA JIEWHUT CJEAyioulas NPoCTas TeopeMa.

Teopema 1. Ilycms Oans 08a nosoHcUMENLHHX PADQ

n§lan=al+az+.--+a"+... A

X ba=bi byt bt ®)

Ecan, xoms 6w Hawunas c¢ wexomopozo mecma (CKaxeMm, 1as n > N),
8binosnsemes Hepasencmsgo: @,<<b,, mo u3 cxodumocmu psoa (B)
swmexaem cxodumocmy pada (A) uan—4umo mo oie — u3 pacxo-
Oumocmu pada (A) caedyem pacxodumocms psda (B).
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HDoxasaTeascTro. Ha ocHopauum Toro, uro or6pachpanue Ko-
HEYHOro uMC/Aa HAYaJbHHX YICHOB Pfifla He OTPaxaeTcs Ha €ro Inope-
aennn [n°236, 1°], Mm MOXeM CuMTaTh, He Hapymas OGWIHOCTH, YTO
a,=<<b, npu Bcex sHavemusx n==1, 2, 3, ,.. OGosHauuB uyacTHuHHE
cymuu pazos (A) @ (B), cooreercrenHo, uepes A, u B, OGyuem
HMETb!

A, <<B,.

MNycrs pax (B) cxomurcs; Toraa, no ocxosHo#t teopeme [n°236],
CYMMB B, OrpaHuHY€Hb:

B,<<L (L==const; n=1, 2, 3, ..).
B cuny npeamaymero HepaBeHCTB3, W MOAABHO
A<,

a 310, MO TOM Xe TeopeMe, Biaeuer 3a coboft cxommmocts pama (A).
WHorza Ha mpakTtuke Gonee yao0Ha CJAeAyiollas TEOpEMa, BHTEKAlo-
mas ¥3 nepaoi:
Teopema 2. Ecau cywecmsyem npedes

umg—:—_—K*) O<K<c0),

mo u3 cxodumocmu pada (B), npu K< oo, sumerxaem cxodumocms
pada (A), a u3 pacxodumocmu nepsozo pnda, npu K >0, sumexaem
pacxodumocms emopozo. [Taxum oGpasom, npu 0< K< oo o6a psana
CXOJATCS MAn 00a Pacxolsrcs OZHOBPEMEHHO.]

Hoxasareancrso., Ilycrs pan (B) cxomarcs u K<loo. Bass
NPOH3BOJbHOE uYHCAO ¢ >0, N0 caMoMy ONPEAeNEHHIO Npefena, AAd
noctatoyHo Goapminx n OyneM HMeTh

<K+, orkyma a, <(K+2) b,

B cuay n°286,3°% oxnHoBpeMenHo ¢ psaaom (B) Oyner cxomurnes H Pz
S (K¢} b, noayueHHHt YMHOMEHHEM €r0 U/AEHOB Ha IOCTOSHHOE
uncno K-e. Orciona, no npepmayiefl TeopeMe, BHTEKAET CXOAMMOCTD
paaa (A).

Ecam we pan (B) pacxomurcs m K >0, 70 B sTOM Cayuae obpar-

HOE OTHOLIEHHe a’—‘ HMeeT KOHeyHH# mpemen; pan (A) noaxen Ourb

n
pacxonsmumcs, nbo, ecau OH OH CXOAWJICS, TO, MO AOKa3aHHOMY, CXO-
auaca O 4 pag (B).
Hakouen, npusenem eme ONHY TeOpeMy CpaBHEHHs, TaKme MNpen-
cTaBasiomyio cobo#t caeacrsue nepeof.

%) Mp npeanonaraem npH stoM, uto b, £ 0.
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Teopema 3. Ecau, xoms 6w nauunas ¢ Hexomopo20 mecma (cxa-
aicem, 042 n_>N), spnosnsiemcs HepaseHcmeo

";—:‘<b—"f "), @)
mo u3 cxodumocmu pada (B) swmewaem cxodumocms psda (A)
uad —4mo mo owe — u3 pacxodumocmu pada (A) ssimexaem pacxo-
dumocms psaoa (B).

HokasaTenbctso. Kak ©» Bume, mnpu poKasaTeldbCTBE TEO-
pemsl 1, He yMamas OOLIHOCTH, MOXHO CYATaTh, YTO HepaBeHCTBO (3)
cnpaseljuBoO AJAS BCeX SHaueHn n—1, 2, 3, ,.. B Takom cayuae
6yleM nMeTb:
by a gé O b
b1 as by’ ap T bpy’

HCPEMHO)KHB MOYJIEHHO 3TH HEPAaBCHCTBA, NOJYYUM:

b
<b—" uwm q, —-b (n=12 3, ..)
i
a

Nycrs psag (B) cxomuTcs; BMECTe C HUM CXOMMTCS pMZFi'b"’ no-

a
le'leHHbIﬂ YMHOXEHUEM €ro 4YICHOB Ha NMOCTOSHHBIH MHOXHUTEIb #

1

A Toraa, no Teopeme 1, cxomurcs m psg (A), uTo W TpeGOBaIOCH KO-
Ka3aTth,

IlepeiineM Temepp K NpUMEpaM yYCTAHOBJIEHUS CXOAUMOCTH WIH pac-
XOAMMOCTH PANOB HEMOCPEACTBEHHHIM INIPUMEHEHHEM TeOopeM CpaB-
HEeHUus

238. Mpumepni. 1) g ))! CXOAUTCH, TaK Kak
n=1
(n)* n! 1
@l — 2R @n—1)1 <=

(reopema 1).

2) CpasHenue ¢ rapmoHuueckuMu pspamu {n°236] nossonser ycra-
HOBHTb NoOBEAeHHEe MHOrMX panos. ITo Teopeme 1

i 1
(@ chxonmca m< ]

© Z (1,,'1,,—‘),: (p>>0) pacxomarcs: (Inm)?<m pns  ROCTaTOUHO
n=2

GosbIUNX 71

*) [pu stoM @, u b,, KoHEYHO, MPEANONATAIOTCA OTAHYHNME OT HyIs.
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[=o]
_ . 11 1
® 22 T CXOIUTCH ; nayin - pamn <75 A NOCTATONHO
Goabminx .

3) Io Teopeme 2:
fee]

X ox 1
@ 2 sin ;(0 <x<®) pacxomurcs: sin S i % aHalorHuHo,
n=1
PacxXoaTcs U PAIH
©

o)
Qu(t+5)E>0 ¥ Va—nE>n;
- n=1 n=1 |
(6) Z (1 — cosf) CXOIUTCA : (1 — €0s ) s R %
n=1
4) Haxonen, paccMoTpum psa

3 (L —m ),

n=1

Meronamu  madipepeHnanbHOrO  WCUMCTEHUS JIErKO YCTaHOBHTbL He-

PaBeHCTBO:
In(l4x)<x x#0 —1<x<{0).

HOHBBYﬂCb UM, MOXEM HaNnucartp:

i =i (142) <5,

U B TO Xe BpeMs

n+1

n

—ln

[Toatomy

1 nd1l 1 1 1 1
0l =g =77 TEFD <@

Takum 05p330M, YJIEHBI OaHHOro paaa MHOJOXKHTEJABHBI W MEHblIE
(=)

1
COOTBETCTBEHHBIX UJIEHOB CXOAALIErOCsH PAKA 2 o [n°236], crenosa-
n=1
TEJbHO, W NAHHHH Psill CXOMWTCH.
Ecan o6osnauuts ero cymmy uepes C, TO uacTHyHas cymma
V(1 kg1
(g1 —+—)_H,,—ln(n—]—1)—»c

k=1
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(H, oo3sHayaeT, KaK BCerja, yacTHUHyl0 CyMMy [aPMOHHYECKOrO pAna).
Moxno 3ameHule srece In(n-}-1) Ha Inp, TaK Kak MX Da3HOCTD,
pasHas In (1—!—7), cTpemurca K Hymo. OkoHuaTeNbHO: 0003Hayas ue-
pes 7, HEKOTOPYlo OecKOHeuHO Majyio, uMeeM Aad F, saMeuaTelbHYIO

opmyay
H,=Inn+C+41, 4

Oua noOKasplBaET, YTO Npu OECKOHEYHOM BO3PAaCTAHHH N YacTHUHAA
cyMMa F, rapMOHHYECKOrO psaa pacTeT, Kak Inn.

®urypupyiomas B ¢opmyre (4) nocrosusas C HaswBaerca 3iJe-
poBo#l mocToaHHOH Ee unucneHdHoe 3naueHne (KOTOpoe YHAeTCs
BHIUMCJNTL U3 JPYTUX COOOpaxceHu#l) TakoBo:

€C=0,577215,,,

239. HNpusnaku Komu u JanamGepa. CpaBHeHWe HJaHHOTO pszxa

L

e,=ay-+ag+...+a,+... (A)

1

C pPasAMUHEIMH CTaHAAaDTHHMHE pAHaMy, SaBeIOMO CXOISLIIMUCH
WIH PacXOLAUUMUCA, MOXeT OHTb TNPOBEJSHO W B IPyro#, Tak CKa-
3aTb, G0JEe OPraHH30OBAHHOH (opMe.

BoseMeM naas cpaBHeHHs B KayecTse psama (B), c oaHo#t cTOpOHHI,
CXOAAWYIOCS FeOMETPHYECKYIO MPOTrPeccuio

Y=g+ +..A+... 0<q<),

a ¢ Jpyro#t CTOPOHH —PacCXOAAULYIOCS NPOrpeccuro
Dl=141-F 1.,

CpasnuBas MCHHTYyeMBIH pagx (A) ¢ oTuMM psgaMim MO CXEME Teo-
peMb 1, mpuaeM K ciedyloleMy NpPH3HAKY:
Hpusnax Kown. Cocrmasum d4s psda (A) swpasicenue

np—
‘gn: / ay,.

Ecau, npu docmamourno Gosvuux n, 8bNOAHSEMCS Hepagexncmso
¢,<gq,

20e g—NnOCMmMOARNOE HUCAO, MEHbULEE EOURULbL, MO PAD cx00umcs;
€Cau JKKe, HAHUHASL ¢ HeKOmopo20 Mecma,

C.=1,
mo pao pacxodumces,
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LleficTBuTenbHO, HepaBeHcTBa Y a,<<q mim Ya,=1 paBHOCHIBER,
COOTBETCTBEHHO, TaKUM: @,=<<¢" HIH @,>=>1; oCTaeTcs NPHMEHHTb TEO-
pemy 1¥),

Yame, oaHako, 3TOT MPU3HAK NPHUMEHAOT B APYrofi, Npejpeib-
Hol, dopwme:

Honycmum, wmo supaxcenue &, umeem npedes (woHeurvili uan

Hem):
lim gﬂ =7.

Tozda npu & <1 pad cxodumcs, a npu & >>1 pad pacxodumcs.
Ecin & <1, TO BOSHMEM MOJOKUTEJbHOE YHCAO ¢, MEHbIIEE, YEM
1—&, 1ak 4to u & -e<1. Ilo onpenenenmio mnpenena, aas n >N

Oyner:
T —el0,<%+te

Yucao ?—}—e UrpaeT poap uyucaa ¢ B nApeanayuwied ¢GopmyaupoBKe:
PR CXONHUTCH.

Ecim xe & >>1 # KoHeuHo, To, B3sB e =& — 1, Tak ur0 & —e==1,
AN DOCTaroyHo OoJblUMX 3HaueHHuH 7 Ha 9TOT pa3 OydeM HMeTb
&, > 1: pan pacxomutcs. AHaJOrMUHBIA PesyabTarT M NpR & ==oo.

B cayuae, korna &=1, 3T0OT Npu3HaK HE JQaeT BO3-
MOXHOCTH CYAMTH O NOBENEHHH paAla

Ecnn cpasuenue psga (A) ¢ yKasaHHBIMH CTaHZapTHHMH psafaMmu
APOM3BOZHTL MO TeopeMe 3, TO NMPHIEM K TaKOMY IPH3HaKy:

Mpusnax Hasambepa. Paccmompun orn pade (A) omHowenue

Yy
G, =2

Ecan, npu docmamouno Cosswux n, 8HNOAKIEMCS HEPABEHCMEO
g,<q,
206 q—NOCMORHKHROE HUCAO, MERbUEE EQUHULY, MO PAO CX00UmCS;
ecau e, HaLURAR € HEKOMOPOo0 Mecma,
D,=1,
mo psd pacxodumcs **),
YnoOHee, oaHako, MOJb30BaThCA NpeneabHo# QopmMot npusHaka:
Honycmun, wmo omuowenue &, umeem npedes (KOHEUHWE uu

Hem):
lim @n:‘:@"

*) PacxommMOCThb pAJa, KOHEYHO, MOXET OHTb YCTAaHOBIEHa M MPOCTOH
CCHLIIKON Ha HapyuleHHe HeoGXOoXUMOTr O ycaoBus cxomumoctd |n° 235,5°.
**) U smech pacXOXHMOCTD NPAMO BHTEKAET U3 HAPYIIEHUA He 06X 0~

a
AMMOI O YCIOBAA CXONMMOCTH: Bejb, eciy il

MOXET CTPEMHTLCA K HYJIIO.

=1 nm ag,, =a, 10 a, Be
Gpn
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Toz0a npu F <1 pad cxodumcs, a npu & >1 pad pacxodumcs.
JloxasaTe bCTBO — TaKOe e, Kak M B Ciywae nphaHaka Komm.

Y 5TOT NpU3HAK HAYEFrO He xaeT, €CJM OKa3HBaeTcH,
yto I=1.

3aMEYAHME Mu coxpanunu 3a uanoxeHHnM npusHakoM ums HaaamGepa,
KaKk 3To nenaerca ob6wiyHo. Ho Ha nmene y [JlanamBepa He 65110 OTYETIMBOrO
npe/CTaBJICHHS O CXONUMOCTH P2 M 06 €ro cyMMe Kak mpefene YacTHYHBIX
cymM. Janambep mpenocteperaer OT NONb3OBAHHA PANAMH, ¥ KOTOPHX OTHOUKe-
HHe TOCHEeNyIoWero YJeHa K NPeRbIAyIeMy OKORYaTeIbHO CTRHOBHTCA a6COMIOTHO
64AbIIAM eMHHMUB ¥ CYHTAeT TaKHe DAiN <OMHGOYHBIMH», [Ina Toro uyTOOHL
pAR GBIT <¢XOPOIIMM M HEOWMGOYHBIMY, OH Tpe6Gyer IMLb, YTOGH YIOMAHYTOE
OTHOIIEHME OKOHYATENbHO CTaHOBHAOCH (AOCOMOTHO) MEHbLIMM € IHHWILH;
HOJAYEPKHEM, UTO MW IOTpeGoBany BhINIe APYrOro, a MMEHHO, YTO6H 3TO OTHO-
1eHUe CTAaHOBHMJAOCh MEHbIUMM NOCTOAHHOM MpaBHAbHOH Kpob6m gl Ycno-
Bye Jlanam6epa HEJOCTaTOYHO JJIA CXONUMOCTH PfAa B COBPEMEHHOM CMBICTE:
OHO, HalpuMep, BHIIOJHAETCA I 3aBEAOMO PpACXONAMIErocs T'apMOHMYECKOrO

v !
pana 2]—;.
B Epenenbﬂoﬁ ¢dopme MPH3HAK Ghin BIEPBHIE TOYHO CHOPMYIMPOBAH U JIO-
xa3an Komm.
(o]
b Lye
Meumepn: 1) [lycts paH pax pa 1—-;1— . K Hemy ecrectsenso

n==1
TIDAMEHHTh HPH3HAK Komru:

T

Tak YTO PAN CXONUTCA.
2) MpumenuM mpusHak [MlanamGepa K CIeHyIOIUM PANAM:

(oo
xn X
@ 1+ Zlm x>0 D=7, T=0,
“
PpaA CXoauTCA, KAaKOBO Gbl HU OHIO 3HayeHHe X,
b n
©) (2] e>0 o=, =%,
n=1 (l + -;i-)

pal cxXomutca npH X <<e M PACXOIUTCA NPH X >>¢; NPH X ==¢ NPHIHAK
\ll
HanamGepa, B mpeneabHOM (opMe, HHYEro HE KaeT, HO TaK Kak (1 +% ) <e

¥ BCerla 9, > 1, 10 pag BCe Xe PaCXOTHTCA.
K rapmosmyeckum panam

EF=1+§§+...+F... (s>0) (Hy)

n=}
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YKa3aHHbie NPU3HaKW He nNpHUaoxuMbl. JleHcTBATENbHO, B 9TOM Ccayuae B,=

=,1TrT<1’ HO lim 6, =1, rak Kak

np=— s-lin'—’—»o [n° 121, 3)).
S -
s
=
W3 apyrux coo6pamennit [n°236] Mbl, ofnako, 3naeMm, YTO TapMOHHYECKHH
pAR cxomutcA mpu S >1 M pacxomurca npH s<< 1.

Amnanornyno, u &, = << 1, HO, oueBHaHO, Takxke lim &, =1.

240. Ilpusnak PaaGe. B Tex ciyuasx, KOrja yKas3aHHHE NDOCTHE
TNIpABHAKK HE pJalT OTBETA, NPUXOAUATCA npuﬁeraTb K 0osce CJIAOWKHHM
NPU3HAKaM, OCHOBZHHHIM Ha CPaBHEHWM HCNIHITYEMOIO psfa yxe C Apy-
TMM CTaHAAPTHRIMA psSAaM#, TaK C(KasaTh, ,MENJICHHEE® CXOAAUIUMHCS
Wil ,,MEllJIEHHee“ pacxondamuMucCs, 4€M rnporpeccus.

Mu paccmorpum szech emwe npusHak PaaGe ¥), ocymecTsasiomui
CpaBHeHHEe JaHHOTO psga (A) mMeHHO ¢ rapmoHuveckmmu psimamu (Hy).
Ilpu 3TOM NPUXOAMTCA PAaCCMATPHBATh TAKOE BHIPAXEHUE:

@%’n=n<1 —-G—Zﬂ>.

n

Mpusnarx Paabe. Ecau, npu docmanmouro OCOoAbulUX N, 8HNOA-
HSEemca Hepasencmso
F, =,

20e r—nocmosnHKHOEe 4ucao, Géasumee eOuUHuUYydvl, mo pad Cxo-
oumcs; ecau Jice, HALUHASL ¢ HEKOMOpPO20 Mecma,

&, <<,
mo psad pacxodumecs.
Wrak, nycTe npu AOCTaTOYHO OOJBIUUX 72 MMEEM

a r
n(l—-g'ﬂ—‘-),>,r>1 wm gl
a, a, n

BosbmeM Temeps Kakoe-HuGyup yucao s mexay 1 m ri 1<s<r. Tax
KaK — [0 M3BECTHOMY Hpeie]bHOMY cooTHoweHuio [n°65, 3)] —

-t

n— —

I S
n

*) WHosed Joasur PaaGe (1801 —1859) — nemeuxn#t MaTeMartuk.
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TO AJAs JocTaTouHo Gouibmux n Gyzer [n°36, 1°]

ls
-<—1—_j>;l<r A (l—ln)s>l——,r7,

L
n
a CAen0BaTeAbHO, U
Cntt A
o << ~ .
DTO HEPaBEHCTBO MOKHO NEPEnucaTh CAeayiouumM 06pason:
1

Qpyy n—IY____ n¥
a, <( n - 1
(n—1)

Cnpasa Ml HMEEM OTHOINEHHE [BYX IOC/TEJOBATENbHHIX 4YJEHOB C X O-
nsmerocs pama (Hy) (s*>1!); npumenus teopemy 3, ybexaaeMmcs B
cxomumocty psaga (A).

Ecim xe, HauMHag C HEKOTOPOrO MECTa,

i<t

TO OTCIOAA CPasy HaxoHAHM, UTO
1
Apyy . n—1 n
L e =
a, = n 1

n—1

npumMeHns K papy (A) m x pacxoaasmemycsa psny (H,) teopemy 3,
33KMIOYaEM O PACXOIZMMOCTH psaza (A).

Ipusnak PaaGe Toxe MpUMEHSETCSd NPENMYUWECTBEHHO B IIpERENbHOH
thopwme.

Honycmux, wmo espascenue &%, umeem npeden (KoHedursist wuan

Hen):
lim &%, = ¢&%.

Tozda npu % > 1 pad cxodumcs, a npu % <1 pad pacxodumcs.

Cpapnupas npusHaku [lasamGepa u Paabe, BuauM, 4TO NOCAEIHMH
3HayuTeaLHO cHabHee Mepeoro. Ecam mnpegen & =1im %/, cyumecrsyer
¥ OTAMYeH OT eamHunsl, T0 A9 &%Z,=—n(l —Z,) cywectsyer npe-
nen &%, pasumi oo npy F <1 n —oo npu & >1. Takum o6pa-
soM, ecan npusHak Jlamambepa O4€T OTBET HA BONPOC O INOBEAEHUH
IaHHOro psama, TO Tpu3Hak Paabe u momarHo ero naer; Goabuie TOrO,
BCe TaKkpe CJyuyad OXBAaTHIBAIOTCA BCETO MBYMS# U3 BO3MOXKHBIX 3Haue-
il %, wumenHo Zco. Bce ocrambHple sHaueHus <%  (uckiouas
&% == 1), TaKKe HaIOlKe OTBET HAa BOMPOC O CXOAUMOCTH, COOTBETCTIBYIOT,
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TakuM 06pasoM, cayuasM, Korza mpusHak anambepa 8apeioMO OTBETa
HE naer, noromy uro ¥ =1.

B kavecre mpumepa npuMeHeHHA npusHaka Paae pacCMOTpHM DA

(o]
(2n— 1)1 1
4+ 2 "o mFT
n=1
(2n—1)?
Mpusnak HanamGepa k 3TOMy paxy HENpUIOKHM, HGO _@fn=2m~ 1

(1 nputoM &, < 1). CocraBuM BhipaxeHue PaaGe:

. 2n—1) \ _ 6n—1
9’7"““"(1“‘ 2n(2n+l))"'2(2n+1)‘

Tak xak o ==lim %, = -g—> 1, T0 pAR cXommTCA.

Onnako npu % =1 MH BCE X CHOBA HE WMEEM OTBETd HA BOMPOC
O nosefeHuH paxa. B nogoOHHX Ciayuasx (KOTOPHE OuYeHb PENKH) NpH-
xomutca npuberath K eme Gosee TOHKHM M CJOMXHHIM [PH3HAKAM.

241. Unrerpaabnmii nmpusanak Maknopena—Komu. B sakimoueHne
Mbl BBIBEJIEM €LIE ONMH NpPH3HAK, OTIMYAOIKACT NO ¢opme OT BCEX mpe-
AbYIIAX,

[Tycrs npeanoxeHHu# pax uMeer Qopmy

@

o= 2 7, )

rae f(n) ecrs sHaueHue nPH Xx==n HeKOTOpOH ¢ymxumm f(x), ompe-
neaeHHo#t ;s x==1%); (YHKOMIO 3Ty DPEANOJONKAM HENPEPHBHOH,
MO/IOKUTENHOR U MOHOTOHHO YOHBaiOwIEH.

Paccvorpum kakyio-nu6o nepsoobpasuyio ¢yukuuio pas f(x):

Fx)= S f (%) dx.

Tax xax ee npomssomuas F’'(x)==f(x) >0, to F(x) Bo3pacraer Bmecte
C X W Opd X-—0O HaBEPHO mMeeT mpeaen L, KOHEYHHH uau
vet [n° 47]. Ha pasauueHun 3THX C/ydYaeB M TOCTPOEH CHEAYIOWMH
NpU3HaK CXOAUMOCTH M PAaCXOOMMOCTH, KOTOpH# OHJ BHCKa3aH B reo-
meTpuueckofl dopme eme B 1742 r. Maxnopesom, HO oOCTajics He3lame-
YEHHHM, ¥ BHOBb OblA OTKpHT B 1827 r. Komm.

Humezpasvuoili npussnarx. Pad (5) cxodumcs, ecau npedex L
nepsoobpasnoi F(x) xomewen, u pacxodumcs, ecau L ==o00.

¥) Hauanmbuuim 3navenneM noMepa n, BMecTo 1, Moxer GuiTh ¥ M060€ gpyroe
HATYPaXbHOE YHCIO 1y TOTAA M QYHKUHMIO £ (X) HARAEKHT PACCMATPUBATD NPH X =1,
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Ouesnano, 6€3pasnanyHo, O Kako# M3 NepBOOGPASHHX BECTH peub,
u60 molnie ABE NEPBOOGDASHHE MOrYT PASHATLCA JUWbL HAa NOCTOSHHYIO;
T10/I0KHM

F(x)=‘Sf(x) dx. ©)

Beuny MmoHoTouHOCTH (ynkuus f(x), s n<<x<<n-}-1,

Gnya ==f(ﬂ + l) <f(x) éf(n)'::am

TaK 4TO H
n41
B < § fx)dx<a,
n

Has paga

o a4l
2 Fx)dx

n=in
n-s1 4aCTuyHasa CYMMa eCTh
ni-1
{ Feyae=F@+1y
i

SICHO, YTO S TOT DA CXOMUTCH MJAW DACXOAUTCH WMEHHO B SaBHCHMO-
CTH OT TOro, Oyner au L xoHeunmM uan Her. Ilpm koHeusom L, no
«reopeme cpasHenus» 1 [n°287] cXoauTcs M pAX ¢ MEHBIUHMH YJCHAMA:

[=8)
Ea,m, acHuM ¥ pan (5); raoGopor, npH L==00 ¥ NOJABHO PacXOAMTCA
1
[ee)
P ¢ GOMBIIEMH UJEHAMH: 3@y, T. €. pin (5).
1

MMrumeEPH. 1) PaccMoTpum npexie BCEro BHOBb FapMOHMYECKHE PAXbI:

V! \ |
@ X © X >0
n={ n=1
B cayuae (a):
1 dx
f(x)=7, F(x)= -;:lnx-—»oo NPH X —» C0,
PAL PaCXONHTCA.
B cayuae (6):
! F(x)= d__ ! X7 0 mpu X — 00
f(x)-——;E! =YX T 51 P g

PSA CXOLMTCA
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TN ywe 3HaKOMule HaM pe3yabTarhl [n° 236] nomosHuM HOBHIM:
[ee]

2 X

n=2
3necn .
dx
f(x)=m, F(x)::Sm:lnlnx—-»oo npu X — o,

pAN PacCXOMHTCA.

3ameTuM, 4TO mpeaen uurerpana (6) npu X — co HAa3LIBAIOT HHTE-
rpajom oT 1 g0 oo *) n o6o3HayawT Tak:

F(0)= Sf(x) dx.
T

Takum 06pasoM, MOWHO CKa3aTb, UTQ npedLoocennsiii pad (5) cxo-
Oumcs uau pacxodumcs, cMomps o MOMY, UMEEH: AL SMOM URMe-
2pan KOHeUHOe 3HaueHue uUAU Hem.

B Takoit (opMe MHTErpa/bHb# NPU3HAK AONYCKAET NPOCTOE FEOMETPH-
YECKOE WMCTOJKOBaHHue, O/uskoe K wuaee Makiopena, Ecau uszobpasuts
¢dyukumo  f(x) Kpusoit
(puc. 1), TO wuHTErpan
F (x) 6yner Brhipaxars nio-
mwagp Qurypsl, orpaHuyeH-
HO#l 3TO#f KpHBOH, OCbIO X
A IBYyMS OpAHHAaTaMH, HH-
terpan xke F (00), B Heko-
TOPOM  CMBICJIE,  MOXHO

Puc. 1. paccMarpuBaTpb, KakK BBIpa-
KECHHE I TVIOILAAM B Ce |
6eCKOHEUHO npocTHpaoelcs HanpaBo ¢urype mnox kpusodt. C  mpyrod

o 1 2 3 non+l

Xe CTOPOHH, YJEHH @y, Qg ..., @y ... PAOa (D) BHIPAKAOT BEAUYUHBI
opauHaT B TOWKaXx x=1, 2, ..., n, ... WIK, 4TO TO XKe, MJOLLARA Tpf-
MOYT'OJIbHAKOB C OCHOBaHWSMH 1 H C BHICOTaMH, DABHBIMH YIOMSHYTBHIM
OpAMHATaM.

Takum oOpasoM, cymma psiga (8) ecTb He 4UTO HHOE, KaK CyMmMa
mIomane#t B XO ALK X TNPAMOYrONbHIKOB, M JIMIL IEPBBIM WIEHOM
OT/IMYAETCA OT CYMMBI IJIOIIafe BXOMSAULHUX IPAMOYTOJbHUKOB, ITO
JIENIaeT COBEPUIEHHO HarJsiHbIM YCTAHOBJIEHHBIH BHILIE pe3yJbTar: €Cau
nJIollaae KPUBOAUHERHOH (UIYPH KOHEYHA, TO H [OJABHO KOHEYHa MJo-
HIafb 3aKJIOYEHHOR B He#l CTymeHyaTo ¢urypel, U INPEAIOKEHHHIH pan
CXOMMTCS; €CJM ke IVomans KpuBoJuHeHHOR ¢urypn OecKkoHeuHa, TO
GecKOHEYHa M IJIOWAAb COAEpMKalleR ee CTyleHYaTo# (Urypsl, TaK YTO
B 3TOM CJyuYae paa PacXOAMTCA.

%) 3T0 Tax Ha3blBa€MbiH HECOGCTBEHHHL Y HMHTErpal; NOAOGHHIMHA
MHTErpafaMu Mel GyjeM saHumaTbca B raase XVIL
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§ 3. CXOAHUMOCTDb ITPOU3BOJILHBIX PSIOB

242. Npunnun cxoxumoctd. OGpaTiMca K BONPOCY O CXOAMMOCTH
pAnOB, YJEHH KOTOPHIX MOryT UMETb INPOH3BOJIbHBIE 3HAKH, Myl 3Haem
[n°234], uto — o camMoMy onpeneneHHIO — BOTPOC O CXOMUMOCTH psia

nga,,:ai—{—ag—f— voo Faptapa 4 Fapmt

TOXIECTBEH C BONPOCOM O (CYIIECTBOBAHHM KOHEYHOro npeaena mis
MIOCAICA0BAaTENLHOCTH YaCTHUHBIX CYMM

Al’ A?: tery Anr An+1; CEXT) A’H'm’ 2o (1)

B n°52 GHT ycTauoBJeH NMPUHUHMN CXOAHMOCTH AJ9 NOCAENOBa-
TEJAbHOCTH, Jalomuit obmee ycaoBue, HeoGXOAMMOE M JOCTATOYHOE /s
CyLeCTBOBaHUs TaKoro mpexena. Ilepedpasupys sTOT NpHHUMD NpuMe-
HATEJIBPHO K nocaenosareabHocTd (1), MOxHO Tenepp CHOPMYIUPOBATH
€ro TaK:

Lass moz20 wmobo. psd (A) cxoduacs, reo6xodumo u docmamouno,
4mobe. Kancdomy wucay e >0 omsewar maroi Homep N, wmobs npu
n>N Hepasencmso

[Anim — Ap|=|Cputapa+ ... F2pm | <o @

BLINOAHANOCE, KAK0BO Obt Hu Obiao m==1, 2, 3, ... %)

(3mecy n~m wrpaer poas BTOporo Homepa n’ B n°52, KoTOpHit
HE 3aBUCHT OT 7 , Oe3 ymandeHus OOUIHOCTH, MOxXeT OHTb B3sT GOab-
mnM, yem n.)

Ecam, npeanonaras psx cXoAAWwMMCs, B HEPABEHCTBE (2), B 4aCTHO-
CTH, NMOJOXKHTh Mm==1, TO NOJYYUM:

|@pn | e (mpn n>N),

Ta&K 4T0 @py— 0 mam (uTo TO xe€) a,—0, u MH BO3BpawaeMcs
K HeoGxonumoMmy ycaosuio n°236,5°. Ono camo mo ceGe eme He
ofecneynBaeT CXOZMMOCTH DSiA3, M HMMEHHO MOTOMY, UTO JaJeKo
HE HCUEPNHIBAET CONEPKAHHS BBICKA3AHHOTO BBHILIE YCJOBHS HYXKHO He
TOJbKO, yroOB JOCTATOYHO HAJEKHE YJIEHBI psapa B OTHEJNBLHOCTH
OBl CKOAb YFOXHO Ma/sl, HO ¥ YTOOB CYMMB TaKMX WIEHOB OKasbl-
BaNMUCh CKOJb YrOAHO MaJbiMH, HE€3aBUCUMO OT TOro, CKOJMBLKO
UX HU B34Th. ITO XOpOoIIO WIMIOCTPUPYETCA IMPUMEPOM TapMOHHuE-
«©
CKOFO psja 2-,17, y KOTOpOro ofmuit wieH (.—:%) crpemutcea k 0, »
n=1

*) ABTOpHl 9TOro ycnosusa— Boabuano m Komm —o06a jpanu ero npumeHe-
TeIbHO MMEHHO K BOMPOCY O CXOAMMOCTH GECKOHEYHOro psAja,
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B TO K€ BPEMs, €CaW 33 STHM YJEHOM B3ATh eme n— 1 caeayomux
1
YJIEHOB, TO CyMMa BCEX OKa3HBAETCH >7[n° 236, (1)].

243, AGcomoTHas CXOAHMOCTb. Tak Kak HENoCpeaCTBEHHOE NpHMe-
HeHHe NPHHLNNA CXONMMOCTH Yauie BCErO BHISHIBAET SaTPYAHEHUH, TO
NpEeJCTaBIsSET HHTEPEC H3YYEHWE KJacCOB CJAyYaes, KOrAa BONPOC pe-
1aeTcs ¢ moMompio 6GoJiee NMPOCTHX CPEACTB.

Ms punesu B npenbiaymieM naparpade, 4TO B OTHOLIEHHH FOJONH-
TEJBHEIX PSNOB CXOAMMOCTb MO GoJbLIER YaCTH YCTaHAaBAWBAETCS JIETKO,
6naronaps Haauymio psga YAOOHHX TNpusHakoB. [109TOMy €CTECTBEHHO
HauaTb C TeX CJ]y4aeB, KOFJAa BOMPOC O CXONXHMOCTH HaHHOrO psja NpH-
BOJUTCA K BOMNPOCY O CXOZMMOCTH NOJOXHTENbHOrO Dana.

Ecnu uneHn psga He BCe NONOMXUTE/bHB, HO, HAYHHAs C HEKOTOPOTO
MECTa, CTaHOBATCA HNOJOXUTENbHHMH, TO, OTOPOCHB HOCTATOYHOE KOJH-
UeCTBO HAayalbHHX 4aeHOB pada [n°235, 1°], ceemeM meno K HCCIeROBa-
HHIO TOJIOXHTENBHOrO psfa. EcAW uieHH psfa OTPULATEJbHE WM, O
KpailHeH Mepe, ¢ HEKOTOPOTO MeCTa CTaHOBATCA OTPULATEAbHHIMH, TO
Mbl BEDHEMCH K YK€ PACCMOTDEHHHIM CJAyYasM MNyTeM H3MEHEHHS 3HAKOB
Bcex uieHos [n®235,3°). Takum 06pasoM, CYILECTBEHHO HOBHIM CJyyaeM
GyneT TOT, KOraa CpelId Y/JEHOB paAia ecTb GecKOHeYHOE KOMNYECTBO
KaK TOJNIOXWTENbHHIX, TaK M OTPHUATEJNbHHX UWIEHOB,

Hanum cremyiolee onpenenenue: ecau psad

S}lan:a,-{—a,—l— o Fapt . @A)

cxo0umcs 0ONOBPeMERKO ¢ pROOM

”;‘:Jlsanl=!a1|+|a,|+...+|a,.t+.... (A%)

mo psd (A) naswsaemcss abcOAOMHO CXOOTUUMCS.

Vimeer mecto

Teopesma Kown. Cxodumocms odnozo suws pada (A¥), cocmasgaen-
H020 U3 QOCOAIOMHLX BeAUHUH 4AeHO08 0anHoz0 psida (A), sienem 3a
co6oii yoice u cxodumocms 3mo20 NocieOHe20.

JOKASATEABLCTBO CPady MOMYy4YaeTCA U3 MPUHLHMINA CXOLMMOCTH:
HEDaBEHCTBO

lapa+apa+ ... +an+ml<[an+ll+lan+ﬂl+ +[an+m|

NMOKA3BIBAET, YTO E€C/AM YCAOBHE CXOAMMOCTH BHINOJHSETCH mas psaa (A¥),
70 OHO TeM Oonee Bmmosmsercs Aas psaa (A).

MoxHo paccyxnaTe U uHaye. PacCMOTpEM B OTLE/ABHOCTH NOJO-
WHUTEALHBIC YIEHH psafa (A) v aGCONIOTHHE BEAUYHHH €r0 OTPA-
HATeMbHBX uwaeHoB. IlepeHyMepoBaB u Te # Jpyrue B TOM TOpPSAKe,
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B KaKoM 5T WIEHH BCTpevaiorcs B paae (A), coctaBuM JABa (MOJOXH-
TEJbHBIX) paaa

Sh=tttt .. ® Sa=atat .. O

W3 cxomumoctu psma (A¥) BHITEKAaeT CXOAMMOCTb OGOMX STUX PALOB.
IeticteuTensHo, mobGas yacTauHas cymMa, B, wa C,, TOrO Hau APyroro
M3 HUX MOXeT OWTh NpeB3OHZEHa HEKOTOPOH uacTHYHOH Cymmo#t psna
(A*) u, cnemoBaTeNbHO, OCTaeTCH MeHbIUei cymmm A* sroro psna
(o)

[n® 236].

Ecau BsATh Temepb uacTHYRy cymmy A, pasa (A), T0 €€ MOXHO
NPEACTaBHTb B BHAE PasHOCTH

An=Bk— m

roe k B m O3HAYAIOT, COOTBETCTBEHHO, YHC/IO MNOJOXMUTCAbHHX HJH
OTPRUATE/bHHIX CJaraeMbLlX B COCTaBe CyMMB A, Tak 4YT0 2 W m 3aBH-
CAT OT 1 ¥ BO3PacTalT BMecTe C r Jo Oeckoneynoctd *), Torma, oue-
BUJHO, CYIIECTBYET KOHEUHBI# Mpenesn

A=limA,=B—C, ®)

rie B n C—cymmu psagos (B) u (C), u cxomumocts psna (A) moka-
8aHa, Bmecre ¢ TeM NOMYTHO JONOJHUTENbHO YCTAHOBJEHO IIOJE3HOE
YTBEDXKIEHHE, YTO NPH CHENAHHBIX INPEANOJIONEHHAX CYMMa JaHHOroO
psla paBHa Da3HOCTH Mexay CyMMOH D3, COCTaBJEHHOrO U3 OZHUX
HOJOXKHTENLHEIX €r0 YJEHOB, B CYMMOH psilla, COCTaBJEHHOro M3 a6co-
JIOTHHIX BEJHYHH OTPHIATEJbHHX WICHOB,

Taxum o6pasoM, omHoHl mumbs cxomumocTd paga (A*) mocratouso
ams aGcomoTHOMR cxomumocTd pama (A).

Kax yBumuM Huxe, BOSMOXHH cayuad, kKorZa psanx (A) cxomurcs, a
pan (A*)-—mper. To20a pad (A) raswsaiom HealcoAlOMHO cXo-
QRUWUMCSH,

Ias ycranoBnenus aGCcon0THOH cxoammocTH psma (A) K moao-
KuTeAbHOMY pany (A*) Moryr OHTb IpEMEHEHH BCE NPH3HAKM CXOXH-
MO CTH, HByuCHHHE B NpefnayuieM naparpage. Ho Hyxso OuTH OCTO-
POXHHM C NMpPH3HAKAMH DaCXOZUMOCTH: ecau jmake pag (A¥*) oxa-
KETCA pacxouAmMcs, To pag (A) MOXET BCe Xe cXoaurbea (Hea6co-
A0THO), Hckmoyenme NPEACTABAAOT TOABKO NpH3Hakd Komn
Janambepa, 1 HMEHHO MNOTOMY, YTO, KOrJa OHM KOHCTaTHDYIOT Dacxo-
mumocTh psaa (A¥), TO 3TO 3HauuT, Yro oOwmHk uwrex |a,| pama (A¥)
He CTpeMuTCd K Hymo *%), 2 Torma H @, K HymO He CTPEMHTCH, TaK 4TO
u pan (A) rakxke pacxoaurcd. IToaToMy yNOMAHYTHE NDUSHAKM MOryT

*) Mu Bce Bpema MmeeM B BUAy cayuafi, KOTIa CpeiH YAEHOB pAfa (A)
GECKOHEYHO MHOTO ¥ DONOMUTENbHHX M OTPHUATEAbHHIY,
**) CM. CHOCKH Ha CTp. 22,
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6biTh mepedpasupoBaHH NPUMEHMTENbHO K npousBoasHoMy paay. Cre-
JlaeM 9TO, Hanpumep, And npusHaxa JlanamOGepa:
a
Hpusnax Hasambepa. [lycms 048 omHowenus @::—'—"—“—'—

(@]
cyuecmeyem OnpedeseHnsLll npeden:

T * =lim T,

mozda npu & * <1 Oaunnii pad (A) a6cornomuo cxodumes, a npu
G *>1 on pacxodumcs.

NMpumers. 1) [Ipumenum npusnak [JdanamGepa K pagam (a) u (6), 0 KOTOpHIX
Ghina peun B 2) n°239, Ho or6pocuB TpeGoBanme X >0. Mu moayyum, uto

(a) pax a6CONIOTHO CXOIMTCA s BCEX 3HaueHHH X;

(6) pan a6CONITHO CXOMUTCA NPH — € << X << e ¥ PaCXONHUTCA NpH X =
Wi X< -—e (NIpy x=+ ¢ Hapymaercs HeoGXONMMOEe YCJOBHME CXONUMOCTH).

2) s pana

[oe]
xn x? Xt Xt
Y = T 4
E( 1) =X 2—}—3 PRl

n=1
HMECM:

Dy=Trl*) s=]x],

TAK uYTO pal CXogutcsa abGconaoTHO Ana |x|<<1, pacxomurcs mas |x|>1.
Mpn x=—1 pax Takxe PacXORUTCH, U6O NONYyYaeTCHs U3 TADMOHHYECKOrO H3Me-
HEHUEeM 3HaKOB ero yaeHoB. [Ipm x=1 Mu npHXOAMM K paAAy

1,1 ey 1
l—g g — e = P

OTHOCHUTENIBHO KOTOPOro BOHPOC O CXOAMMOCTH TOKA OCTA€TCA OTKPBITHIM.

244. 3uakonepemenHbie psxbl. C momouplo cooOpaxeHutt npeam-
LYIErO HOMEpa, €CJd M MOXeT CHTb YCTAaHOBJAEHa, TO TOMbKO abco-
MIOTHAas CXOAMMOCTh Psifia — K HEaGCOMIOTHO CXOAAIMMCA DAAAM OHM
3aB€AOMO  HEIPHUJIOKVMBIL, HOSTOMY MBI pPacCMOTpHUM, B 3aK/OYEHUE,
BONpPOC O CXOAWMOCTH OXHOro CNEeNMaNnsHOr0, HO BaXKHOro KJacca pfaaos,
Ha3bIBAEMBIX 3HAKONEPEMEHHBIMY, CpEAd KOTOPHIX €CTb H HeaOCOMOTHO
CXOAALHECH.

3HaKonepeMEHHb MU HA3bBAIOMCS PAOB, HACHH KOMOPbLX
NoOUepedHO UMEIOM MO NOAOKCUMENbHbLE, MO OMPUUamersHsl 3HAKU.
3uakonepeMeHHbiit psiA  yAoGHee 3amuMcaTh TaK, YTOOB 3HAKH W/EHOB
6ol BHIBJEH, Hampumep (ecam cuutath BCe ¢, >0),

eo—cCatcg—c+ oo (=D)L “
o orHoweHnwo K mOROGHHM psgaM eme B 1714 1. JleAGHuu
(8 nuceMe K M. BepHyanun) BbICKasan CAEAYIOUIyI0 NPOCTYIO TEOPEMY.
Teopema Jleiibnuga. Eciu wiens: 3Haxonepemennozo psaoa (4)
MOHOMOKHO Y66l8aOMm N0 aGCOAIOMHOL BeAULUHE:

it < Cp n=1,2 3 ..) ®)
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u cmpeMames K Hyawo:
lime,=70,
mo pad cxooumcs.

HoxasaTeanpcTBo., Yacruunyio cymmy uertnoro mnopsaka Copy
MOXHO HamucaTh B BHAE:

Com==(c1— €a)~(c5 —¢c) 4 ... - (Camer — Cam)-

Tak Kak kawpas CkoOKa, BBumy (5), €CTh NOMOXHUTENbHOE YHCTO, TO
OTCIOfa AICHO, 4TO C BOspacTanmeMm m cymma C,, TaKke BO3PAaCTaeT.
C npyro#t cropoHs, ecau nepenucars Cg, TaK:

Com==0¢—(cg—¢3) — ... —(Com-2— Com_1) — Cam
TO JIEFKO yCMOTpeTh, uto Cj, OCTAETCA CBEPXY OrpPaHUUEHHOH:

C&m‘<:cb

B TakoM cayyae, Mo TeOpeMe O MOHOTOHHOH nepemeHHo# [n°44)], mpm
GesrpaHUYHOM BO3DACTAHMM 2 4acTUyHas cymma C,, HMeeT KOHeuHui#
npeaea
lim Ch”,==:(l
m—oo
IMepexons K wacTHYHOH CyMMe HeueTHOTr O mopsiaka Cy, ;, UMEeM,
oueBuiHO, Cy,_y==Cyy, — €9y, Tak kak oOmuH uied cTpeMuTCa K
HYJIO, TO H
lim Cﬂm—-l‘:C'
m—o0

Orcona crepyer, uro C u Gyzer cyMMOH AaHHOrO psia.

3AMEYAHUE, Mpl BuleMH, YTO 4YaCTHYHBIE CYMMBl YETHOIO NOPAAKA
Ce, mpubamxaiorcs K cymme C psna Bospacrtas. Hamucas Gy,
B BHAEC

Comt==€1—(Ca— €3) — ... — (Com_a — Cam_1)s

AErKO  yCTaHOBUTL, YTO CYMMBl HEHETHOTO MOpsAKa cTpemarca K C
yOnBas Takum o6pasom, eceraa

C2m < C < C?m—l-
B YaCTHOCTH, MOXKHO YyTBEpXAaTh, UTO
0 Cley 6)

3T0 MO3BONAET KaTh BECbMa NPOCTYIO W YAOOHYIO OLEHKY AJs OCTaTKa
paccmaTpuBaEMoro psaaa (KOTopoid W caM NpeicTaBiser CcoboH TaxoH e
3HakonepeMeHHelf psa). Mmenno:

Tn=(— 1" {e, — €t ..}
B cuny (6), BmpameHne B CKOOGKax MOJIONKATENBHO ¥ MEHbHIE C,.
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Taxum ofpasoM, BO BCEX CaAyYasX ocmamow pada AefiCHuyes-
cK o020 muna *) umeem 3HAK C€BOE20 NEPBO20 HieKa U MEHbUE €20 NO
abcoromHoll 8eaunune.

9To sameuaHue YaCcTO MCNONBIYETCH NPU NPUOAUKEHHHX BHUYHCIE-
HUSX C nomomblo panoB [cm. n°260).

MpocrefimuMy NpUMEpPaMH PALOB NeHGHHUEBCKOro THNA cHyxaTr PAib

(a) 21 g____l_n)n_—l.=l-—~%—|—%——.+(—- 1)n-t -,IT+...

H
N =D 1 L1

(6) l—i-n—:—l--—l-—-—g—}—-s—-—...'*‘(—l)nl2n_l+...
n=

CxomuMoCTh OGOMX PANOB BHTEKAeT M3 JOKA3aHHON TEOPEeMH,

B To e BpeMs pajbl, COCTaBAcHHbE M3 aGCOMOTHHX BENHYHH HX YJIeHOB,
pacxomaTcs: pas pana (a) sTo GyleT rapMOHHYECKHH DAE, AR paja xe (6) noay-
YHTCA pan

1,1 1
byt gtotm—ton

PacxoiuMOCTb KOTOPOr'o fAICHA M3 TOro, YTO €ro YactTHuHas CcymMMa

v ! O ! 1
2bﬁﬁ>2ﬁ=7m'
h=1 k=1

Taknm oGpasom, pagst (a) B (6) KaoT nepsBhie NpHUMEpH Hea6COXOTHO

CXOAAUINXCA DPANOB. Huxe mu YCTaHOBHM, YTO CYMMa NEPBOro U3 HHUX eCTb

In2, a cyMmMa BTOpOro paBHa -;i (cM. n° 256 (22) 1 n° 255 (20)).]

§ 4. CBOACTBA CXOASIIUXCS1 PANOB

246. CouerarenbHoe csolicTBo. IloHatme cymMmm Geckoueusoro
paAa CyWEeCTBEHHO OTJIHYAETCA OT IMOHATHA CYMMH KOHEYHOrO Yucaa
C/laraeMux  (paccMarpuBaeMOro B apudMeTnke u aareGpe) TeM, uyTo
BKMOyaeT B Ce6a npeneabHs# nepexos Xord  HeKoTOphe
CBOHCTBA OGHIMHHX CyMM NEPEHOCATCA W Ha CYMMH GECKOHEUHWX ps-
IOB, HO uallle BCEro JMIIb INPH BHIOJIHEHUH ONpENACJEHHHIX YCAOBHH,
KOTODHIE M MOA/ENKAT MSYYEHuI0. B MHHX e CayyasX NPHBHUYHHE HaM
CBOWCTBa CYMM pasuTelbHHM 06pa3oM HapyWalTCs, TaK 4TO, BOOGIE,
B 3TOM BONPOCE HAMMEKUT COGMIONATL OCTOPONKHOCTS.

*) Tak Mbl HasHBaeM 3HaKONePEMEHHL PAX, YAOBACTEODAMEN YCIOBHAM
TeopeMu JleiGHuLa,
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PaccMoTpum cxoasmuica psx

o]
z‘anzal—l-ag—{—...—l-a,,—i—...: (A)
n=
NOC/IEAOBATEABHOCTE €r0 YACTHUHHIX CYMM
Ap Ay ... Ap Ll ¢y

cxomurcs K cymme paga A. CraneM o6beauHars uwiIeHH psiga Npous-
BOJMILHEIM OOpa3soM B rPYyNNb, He MEHAd NPU 3TOM HX DPACHOJOKEHUN:

Gttty Gubetlng
a"k-ﬁ“ —["' .. .+ a,,k, e
3pece {n,} ecrp Hekoropas, H3BAeUEHHas U3 HATyPaJbLHOrO PSIAa,

YaCTHYHAg BO3PaCTaOUlasg NOCACAOBATENbHOCTD HOMEPOB.
Teopema. Pnd, cocmasrennsiii u3 amux CYMHM:

(@+...4a,)+ _
+@a 1t )b @ 1A - (A)

sce20a cxo0uUmMca u uMeem my ke cyMMy A, umo u ucxoduni pao.
WnbiMu crosamu: cxodswulics psad obradaem covemamenvsHb M
C8OTCMBOM.

Je#icTBuTensHO, NOCEAOBATEABHOCTL YACTHYHHX CYMM HOBOrO psiia

Ab Ai) teey A[;, oo
eCTh Hé YTO HHOE, KaK YaCTHUYHAA NOCASLOBATEALHOCTD
A,,‘, A,,s, veey A,,k
In9  nocaeroBatemsROCTH (1) H, CHEXOBAaTENbHO, CXOAMTCH K TOMY Xe
npepeny A.
Mu  BUAHM — NMOKA — MOJIHYI0 aHAJOTHIO C OOHYHHMHM CyMMaMmH; HO

BTa aHAJOTMs HAPYIIAeTCs, €CJM MHB TONHTaEMCA NPUMEHATH COYeTa-
TeApHOE CBOHCTBO, T4K CKa3aTh, B OGpaTHOM nopsake. Ecau JaH CX o0-

aamufca pag (A), ulEHH KOTOPOrO KaxInH B OTAENLHOCTH NPeEn-
cTaBaMOT Co60fi CyMMy KOHEUHOIO YHCJIa C/alraeMbiX, TO, ONMYCTHB CKOGKH,
MBI IOAYUuM HOBHH paR (A), Morymu#t OKa3aThCs H PacCXONAIUMCH.
Bor npocToit TOMy npHMED: DSk

A—D+0—D+0—D4 ...,
OUEBMIHO, CXOQWTCH, MEXLY TEM KaK NOJAYYEHHHH U3 HErO OMyCKaHWEM
cKoBok paa QD PRES PR Py RS P HR
Oynetr pacxoAstuMCcA.
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Koueuno, ecau—onycmug crxo6xu— ms. HOAY4UM C€X 00 A-
wuica pad (A), mo ezo cymma ma sce, wmo u y pada (A). 3ro
BHITEKAeT U3 JOKa3aHHOTO BHIILE.

3AME4YAHHE. IIpu HEKOTODHIX YCJAOBHAIX MOXHO Hamepen rapas-
THpOBaTh, uTO pam (A) Oyner cxomutbes. IlpocTedmum cayuaem storo
pola sIBASETCH TOT, KOrAa BCe cJaaraemse B (A) BHyTpH
ONHUX M T€X XKe CKOO6OK OYyAyT oXHOro 3Haka¥).

JeficTBUTENbHO, TOra TMPH M3MEHEHHWH N OT M,y IO M, YacTHYHas
cymma A, OyIeT USMEHATbCA MOHOTOHHO, CJAeNOBaTe/]bHO, OyAeT comep-

WATHCA MENKAY A,,k__1=/~lk_1 u A,,szfk. Ipn mocratouso 60.b-
WOM & 9TH MOCHEQHME CyMMBl NPOHMBBOJBHO MAJO DasHATCH OT CyMMB A
pana (A), CIeIOBATENLHO, TO e CNPABEAMMBO U OTHOCHTENLHO CyMMBl A,—
IpH IOCTATOUHO GOJABLIOM 7, Tak uTo A, — A.

246. IlepemecTHTeNbHOE CBOHCTBO a0CONMOTHO CXOAAMUXCS PAXOB.

Nycte man cxomsmmiics pan (A), nmeiomu#t cymmy A. Ilepecrasus B
HeM uYJeHBl NPOHSBOJIbHEIM OODPasoM, Mbl MOMYyunM HOBHH pam

kila;=a1+a;+...+a;+... ()

Kawnui#t 4leH ap 9TOr0 psaa OTOXKUECTBAAETCS C ONPENENEHHHIM uJe-
HOM @, HCXOIHOrO psla *F),

BosHukaer Bonpoc, cxomutcs Jau psx (A) m—B cuaydvae cxomm-
MoCTH — OyNET JM €ro cCyMMa paBHa cymme A wucxoaHoro psza. Ilpu
PacCMOTPERHH STOTO BOMPOCA HaM TNPUIETCA MPOBECTH DE3KOE pasauune
Mexay abCOMIOTHO M HeaGCOMOTHO CXOAIUIMMUCA PSIaMH.

Teopema Hupuxae ***), Ecau pad (A) a6conomuo cxodumcs,
mo psd (A'), noayuennvi u3 He20 RepecmaHOBKOW HACHOS, maxdce
cxodumes u umeem my e cymmy A, umo u ucxodwsi pso. Vinvimu
Cl0BaMHu, a6 cOo A0 MHO cxodauuiica psd obaadaem nepemecmu-
MmenrvbHB M CB0UCMBOM.

IDoxkasaTEabcTBO. IlpoBeneM JnOK83aTeAbCTBO B ABa TNpHEMa.

(a) Mpegnonoxum cHauana, uro PAA (A) — MOMOKHTENLHBIA.

PaccMOTpHM ~ NpOMSBOJBHYI0O UacTHuHylo cymmy A psaa (A).
Tak Kak A==ap,  @T=Qp, ouer Gp=apy
10, B398 7' GOABLIMM BCEX HOMEPOB My, My, ..., My OUYEBUAHO, OynaeM
umerh Ap<C A,, a ClIea0BaTeJbHO, U NOJABHO

Ar<< A.

*) 3T10T 3HaK, OT ONHUX CKOGOK K APYIHM, MOXET MEHATHCA.
*#) IIpuueM nocnenoBaTeNbHOCTL HOMEDOB {n,} 6e3 NMPONYCKOB M NORTOpE-
HUfl BOCIPOM3BONHT — C TOYHOCTHIO JI0 MOPSAKA — HAaTypalbHull pAL
##%) Tlerep I'ycras Jlexen-Aupuxae (1805—1859) — nemeuxnit mare-
MaTHK.
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B rtakom caysae (A} Gyuer cxomsmummca [n°236], # ero cymma A’
He npessofizer A:
A =< A

Ho u pan (A) ms (A’) mosyuyaercs nepectaHOBKOH UJAEHOE, MOITOMY
2HAJIOrMYHO:
A< A

ConocraBasd MOAyueHHBIE COOTHOMIEHUSA, NpUAEM K TpeGyemoMy pa-
BEHCTBY:
A'=A.

(6) Ilycts Temeps (A) Oymer mpousBo/bHsIE a6COMIOTHO CXOfd-
niuica  pan.
Tak Kak CXOAAMMHCA MOAOKUTEAbHH I pAL

2lal=lal+las| ...+ a. ]+ .., (A%)

n=1

10 JOK4a3aHHOMY, npu MoOGOH NepecTaHoBKE UJIEHOB OCTAHETCA CXOIf-
muMcs, To no Teopeme n°243 coxpanuT npu sToM CBo0 (aBCOMOTHYIO)
CXOAUMOCTh U Dsl (A).

[anee, Mot Bugesu B n° 243, uro, B ciayyae aGComoTHOR CXOam-
MmocTd psiga (A), €ro cymMMma BbHIpaxaeIcs Tak:

A=B—C(,

rie B u C cyTb cyMMsl noaoxutespHsix psgos (B) u (C), cocrasaen-
HHIX, COOTBETCTBEHHO, W3 MOJOXHUTEJbHBIX WIeHOB psga (A) u u3
abCoMOTHHIX BEMUUHH ero orpuuaTespHsix unexoB. IlepecraHoBka use-
HOB B page (A) BH30OBET NEPECTAHOBKY WICHOB M B 9TMX PAAaxX, HO He
orpasurcs (MO OJOKa3aHHoMy) Ha ux cymmax B u C. Cnegopatennso,
M cymma psga (A) ocraHeTcs npexHeH, uTO U TpeGOBANOChL AOKAas3aThb.

247, Cayugaii HeaGcomoOTHO cxomsmuxcs pagos. O6patuMcs
Teneps K PacCMOTPEHUID HeabCoONWOTHO CXOAAWUXCA PAIOB U yCTa-
HOBHMM, UTO OHU NepemMecmumensHolMm c80LcmEos He obradarom.

CpoenaeM OFHO TIpeABapuTepHOe 3aMmeuaHue. [lpeanosoxum,
yro psa (A) cxoaurcs, HO He abGcoJawrHo. W3 cxomumocru cae-
ayer, uro lime,==0 [n° 235, 5°]. Yro xe kacaerca psaos

© )
> by B, 2 n ©,
k=1 m=1

O KOTOPBIX MBI YNIOMHHAAM B MNPEABAYIIEM HOMEpDe, TO, XOTst, QYEBHIHO,

lim b,=0 un lim ¢, =0, ()
kR m-»0
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HO B fnaHHOM cayuae oHu 06a pacxonxartcs JleHcTBuTenbHo,
ec/i Cpey MepsHXx 7 WieHoB Dpafa (A) ecTs % NOJOKATENLHHX W m
OTPRIATENLHHX, TO

Ap=B,—C,, Ar=B,+C,.

Bropoe u3 STHX DaBeHCTB nNoxasmBaer, yro o6a psga (B) 1 (C) me
MOTYT OZHOBDEMEHHO CXOIMTbCH, ROO HHaue cxommics O M pan (A*),
BOTIPEKH NPEANOJONEHHIO. A H3 NMEPBOr0 YCMATPHBAEM, 4TO ecau Obl
OIMH u3 STHX PAIOE CXORUJICHA, a JPYroH Het, To pacxoauacs Ow
psa (A), 4TO TaKKe NPOTHBOPEUHT NPEIANOJIOKEHRIO,

JlokaxeM Tenepr CAECAYIOBYI0 HHTEPECHYIO TEOpeMy:

Teopema Pumana. Ecau pad (A) cxodumes reaGcorwmuo,
mo Kxawoe Obl Hu 83amb Haneped wuucao L, Koweuroe uau pas-
Koe —HcO, MOJCHO mak nepecmasums HAEHu 8 3MOM pslde, 4LmMOOH
npeoOpa3oBanHbil pad usmer cgoell cymmoll umenro L.

HokasateascTBo. OCTaHoBUMCA Ha Cayyae KoHeudoro L.
HauseMm ¢ samevanms, uro BBuay n° 235, 1° M Bce OCTaTKm psauos
(B) un (C) take GyAyT DPacXOAAIMMHCH, TaK YTO B KaXKIOM M3 3THX
psmoB, HauyuHas Cc A060ro MecTa MOXHO HabpaTh CTOJBKO
YneHoB, YTOOM mX cyMMa npemsomaa awwboe uyHcJaoO.

IMoap3ysce o9THM, MM chegylomuM o6pasoM npoUSBESEM nepecra-
HOBKY u4/eHOB pana (A).

CHauana BO3BbMEM CTOJMBLKO IOJMOMHUTENbHHX UJMEHOB HAIEro paaa
B TOM MOPSAAKE, B KaKOM OHH B HEM DACHNOMOKEHH, YTOOH HX CyMMa

npessoniaa uacao L:
bbbyt by, > L

Bcaen 3a HMMM BHIOHMIIEM OTPHUATEJbHHE WIEHH (B TOM MNOPSAKe,
B KaKOM OHH paCcloOJIONEHH B HAHHOM psie), BSAB HX CTOAbKO, 4TOGH
ofuwag cyMma cTana MeHpme L:

bl+bﬂ+--~+bk1_‘cl_c!'—---_cm_l<l“

Ilocsie 9TOro CHOBa NOMECTHM IOJOXHTEALHHE YJICHH H3 YUCAA OCTaB-
HIAXCA TaK, 4T00Hn Onro

b1+.-.+bkl_‘cl—..._le+bk1+l+...+bks>L.

3arem HalepeM CTOJABKO OTPHLATEJbHHX WUJAEHOB M3 YHC/AA OCTaBIIMXCS,
yrobul OHLIO

b1+...+bkl—-Ci—...-‘cmx+bk‘+]+...+
+bp,—Cmy 1, < L

n T. A Tlpouecc 3TOT MBI MBICAHM NPOXOJXEHHHIM N0 GeCKOHEUHOCTH;
OUCBMAHO, KaxAn#t yneH psxa (A), ¥ IPATOM CO CBOMM SHAaKoM, BCTpe-
THTCS Ha ONpPENEJICHHOM MeCTe.

Ecan Beakm#t pas, sunucwBadg wieHw b wmm ¢, Habupath HX He
Goabute, 4YeM HeoOXOMUMO AJIs OCYILECTBAEHHS TPeOyeMOTro HepapeH-
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CTBA, TO yKJOHEHHE OT uucia L B Ty wim Apyryio CTOPOHY He mpe-
B30HIET no aOCOMOTHOH BEJHYMHE MOCJAEAHErO HANHUCAHHOIO UJ/eHa,
Torna u3 (2) sicHo, uTO PAX

Gito oo b) — oo m) ..
...+(bki_l-i-l+---+bki)—(cm1..|+l+---+Cmi)+~--

umeer cpoet cymmoit L. B cuay B3ameuanus n°245, 510 oOcTaHercs
BEPHHM H MOCAe PacKpHTHR CKOGOK.

Ecmu L=--co, TO MOXHO OblI0 OB Halop MOJONHUTEALHHIX UHCET
NOAYUHATL TPEOOBaHUIO, YTOOH CyMMB NOCJEIOBATENLHO CTaHOBUAHCH
6ompwe 1, 2, 3 M T. X, a 43 OTPHUUATENbHHX YJEHOB MOMEIATh JHIIb
N0 OXHOMY NocC/e Kawfao# rpynmel noOJNOXKMTENbHHX. TakuM nyrem, ove-
BUIHO, COCTaBWJICS O paj, umelomuit cymmy - 0o. AHaJOrHHHO MOKHO
NQJAYYHTh M PSR C CyMMOH — CO.

YCTaHOBMEHHHA De3y/bTaT HOAUEPKHBAET TOT akT, uTto Heabco-
AOTHAasA CXOHMMOCTb OCYIECTBASETCS JMIEb OJarofaps B3auMHOMY
IOralIEHHI0 MMOJIOKHTEALHHIX ¥ OTPHIATENbHBIX WY/EHOB, H HMEHHO MO-
TOMY CYIIECTBEHHO 8aBUCMT OT IOPAAK3, B KOTOPOM OHH CJAEAYIOT
OoUH 32 NDYruM, MEeXAy TeM Kak a6Cco/MI0THas CXORMMOCTb OCHO-
BaHa Ha OHCTPOTE YOLIBAaHWA STHX WJIEHOB — M OT TOPANKA UX He 3a-
BUCHT,

MTpumep. PacCMOTPHM 32BeOMO HeaGCOMIOTHO CXONAWMACA PAX:

1 1 1 1 1
—_—— sttt 3
l—gt+g—gttg=—i—xt- @
~—— ~— ~—
CyMMa KOTOPOro, Kak YBMAHM HHXe, ecTs In 2 %), Ilepemecrus ero uiaens TakK,
4yTOGbl MOCAE ONHOrO IOAOKUTENbHOrO CAEKOBANH [BA OTPHULATEAbHLIX:

1 1 1 1 1 1 i 1
l—y—g3¥t3— s st tog—Tm—="amt ©
\_—/

MBl  YTBEpPKNaEM, YTO CYyMMa pAKAa OT TAKOro NepeMemeHHA
YMEHbHWINTCA BABOeE.

B camom nese, ectn 0603HAUMTH YACTHUHBIE CYMMB 3THX DAXOB, COOTBET-
CTBEHHO, uepe3 A, B Ap, To

m m
= 3 (-t d)= S ()=
m
=1 3 (e d)= b

¥) 3nech aAA HAC CYWECTBEHHO AHWIL TO, YTO 3TA CYMMA OTAMYHA OT HYAR
[n° 244, (6)]
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TaK uto A, — %ln 2. Tak Kak
1

2 ’ ] ’ ?’
Amr=nt+gn M Mm_a=Nn 53

L

CTpeMATCA K TOMY XK€ Npefery

In2, 10 pax (4) cXOmHTCA W MMEET CyMMoil
HMEHHO 3TO HYHCJIO.

248. YMHOwenne psgos. O NOYIEHHOM CJ0KEHUH WK BBIYUTAHHH
IOBYX CXOHNSIIMXCS PAAOB, DPaBHO KAaK O NOYJIEHHOM YMHOXEHUM CXOnd-
IEFOCH Psifa Ha TOCTOSIHHBLIA MHOXHUTENb, yxe Ohia peus B 1n° 235,
3° u 4° Teneps Mbl 3atimeMcs BONPOCOM 06 YMHOMXEHHH DPHIOB.

ITycts nanel gBa cxomsumxcs psaa:

A=§}lan==a1+aa+---+an+.-- (A)

B:mi;lb,,l:b‘—{—br}—...—}—bm—!—... ()

[Mozpaxcas TMpaBu/ly YMHOXEHUS KOHEUHBIX CYMM, PacCMOTDUM H 3HECh
BCEBO3MOJKHBIE NIAPHBIE NIPOUBBENEHUs WIEHOB STHX PANOB: a;b,; M3 Hux
COCTaBUTCA OECKOHEYHAs MPAMOYrOJbHAas MaTpuuia;

>

ll1b1 agbl aabl enn aibl e
lllbg agbg aabg N aibg . e
alb:; agba a3b3 e aiba cee (5)
a,bk Rgbk aabk eve aibk .es
J' F

ATH NpPOU3BENEHHAS MOXKHO MHOTHMH CHOCOO0aMH Pacmojlaratb B BUAE
NpoCTo# NOC/AeN0BATENBHOCTH,

Hanpumep, Kak STO BNepBHe CcAenal KoliM, MOXHO BHIHUCHBATH
NPOM3BEJEHNs O AU AaroHaxaM:

vy

albl agbl aabl cen

S S S S

alb, agbg agbg P

S S S S

a1b3 agb3 a3b3 ‘en

S S S

—>
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o0 beauHss npyi 3TOM YJAECHBHI, CTOAUIHE Ha OJHON auaroHaau:

ayb1 - (a1bs ~+ agbs) - (a1bs - a3bs +-asby) +-. ...
...+(a1bn+a2bn_1 —{"‘. ..+an_1bg+anbl)+. . (6)
Teopema Kowu. Ecau oba pada (A) u (B) cxodamen abco-
aomuo, mo pad (6), cocmasaennuli us npoussedenuti (5), maroice

cxodumces u umeem csoell cymmoii npousgedenue cymm AB.
HokasateascTBo. Ilo npeanonosxenuio, psist

Flanl=lar] + @]+ o oo *%)

milllbml=1b11+|bz|+...+1bm!+... )

CXONATCH, T. €, UMEOT KOHeuHole cymmbl, ckaxem, A* u B* Ecm
ISl 3THX DPSOOB COCTaBUTh psaf, Bpoae (6):

lag]-1b1]+(ar]-|bo|+Taal b))
+(a|-1bsl+as| <] bg|+-[as] - [bs)4... -
G (ar]-|bp|+1aa| | bps |+ .. @ua ][ b2 -
+laa |- 1o+ .., (6%)
TO OH sBHO Oyzer cXoiswumcs, Hu60 ero n-9 4YacTHYHas CyMMa
MeHbILe

(e +4las]+...+1aa D (b1 ] 41 ba] 4. - bn ) < A*B*

[n° 286]. CxomumocTh COXpAaHHTCH W B TOM Cayuae, ecan ckobku B (6%)
onyctuTh [cM. 3ameuanue n° 245). Orciopa caeayer [n° 243), uro psg,
noayuenHu#t u3 (6) onyckaHuem CKoOoK,

alb1 —I— aibg + agb1 "]— alba + agbg + aabl _I" veey

TaKXe CXOJUTCA u mpuroM abcontorTHO. B TakoM cayuae oH o6aa-
N@eT He TOJbKO COYETAaTEJbHHIM, HO H IIEPEMECTHTENLHBIM CBOHCTBOM
[n°® 245, 246]. Fro cymuma, cosmagawmas ¢ cymmoi psaa (6), mpouwe
BCEro MOxeT ObiTh onpenesneHa Tak. PacnozoxuM ero 4ieHs He IO
IuaroHalsM, a MO0 KBaZpaTam:

—_—

arby | aghy | azhy

a‘bg agbg aabg

by ab;  ashy
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H BROGABOK OGDBENMHAM IOC/AeI0BATE/bHHE IPYNNS], KOTOPHE OTIMYAI0T
ORMH KBagpaT OT APYroro:

ayby - (a1bg + agbs 1 ashy) -
-t (@103 + agbs - aghs - aghs |- ash)) -+... )

Yacrnunsle cyMMH pama (7) Oyayr
Ale AQBQ» AaBa, 2oy Aan

(ecim uepes A, B, Kak 00n4HO, 0603HAUHTL YACTHYHEIE CYMMBI DANOB
(A) u (B)); omn crpemarcs K mnpoussefeHHI0 AB, KOTOpoe, TaKuM
obpasom, sBaseTca cyMMo#t He Toabko pama (7), Ho u paga (6).

Merumern 1) Momnonus pan

1—l7=2x"=l+x+x2+...+x"+... (x]<1)
0

Ha camoro ce6s, MOMYYHM:

(_1—1"—?)—’=2"’“"—l=1 + 204300 o et L
1

2) Kak M ssaem yxke [n® 243, 1) (a)], pan
~ n 2
X x ,oxt ) X xn
’rTl_1+TT+'2T+§+"‘+E!—+"'
n=0
a6CONWTHO CIOAUICA NPH BCEX 3HayeHHax x, OGO3HAUHM ero CyMMy uepes

E (x). TNpouseenenne E (x) Ha E (y) Moxer GuiThb NOCTPOEHO O NPABHAY YMHO-
swenust pagos. O6muit wiaeH npou3sselenns GyleT TaKOB:

yﬂ i yﬂ‘l x’ . yn—3 xk yn—k x'l _
bt et o=yt Tw oyttt w1 =
n n
_ 1 hon-h 1 e kak_ (x 4y
"2 A —w * " —HZ Cax'y” ="
k=0 k=0

Takum o6pasom Aan dysxuun E (x) nosyyaercs cooTHOuleHue
E(x)-E()=E(x+y).
[BrocnenctBeM mMut yBuiuM, 4t0 E (X)=e*]
3) Pan
N (=1 1 1 1
e =l —— b (= I —— L
2,,” Tty eI st

n==1l




249) 8 5. BECKOHEYHHE MPOU3BEAEHHMS 43

no teopeme Jlei6uuna, cxomurcs, Ho He a6conloTHO [n° 234, 2)]. Ecay,
BCE e, NOMHTATLCA YMHOXHTL €ro Ha camoro ce6s no npasuay Komm, 10 no-
AYYHTCA PAN € OOGIMM YIEHOM

1 1
=D ’(1.Vz+ Viya=t T

1 1
v T )

1
Tak xax xawnoe ciraraeMoe B CKo6Kax Goabiie - » TO BCe Bhpaxenue no a6co-
mMOTHOH BeNMYMHE 1, W —BBHRY HapylwleHus HeoGXONMMOro YCHOBHA CXONH-
MOCTH — paR pacxonutcal 3TOT nMpuMep NpHHajAexHT caMomy Kowm.

3AMEuUAHHE. MOXHO NMOKa3aTb, 4TO, €CJAM U3 JBYX CXOAAIMAXCH
pazoB (A) u (B) xoTb oZHMH cxomuTcs aGCOAIOTHO, TO NMPABHUIO
Kommn eme coxpausier cuny. Tonsko, ecim o0Ga nepeMHOXAeMHX pana
CXOmATC: Heal6CoATHO (KaK B NpEIHAYINIEM NpHMEpE), X Mnpo-
H3BEJEHHE MOXET OKa3aThCsl PaCXOASIMMCS.

§ 5. BECKOHEYHbLIE NPOHU3BEAEHHSA
249. OcHornme nonsitad. Ecmn

pb Pg, eeany p’p... (1)

€CTb HEKOTOpaA 3aJaHHas IOCAEHOBATEABHOCTh YHCEJ, TO COCTABJEH-
HBEI# K3 HUX CUMBOJ

(o]
PipePs.. b= [ P® ()

n=1

HasnBaloT GE€CKOHEUHHM NDPOHUSBEAEHHEM,
CradeM noOCAeNOBAaTeNbHO nepemMHoXats uucaa (1), cocrasass ya-
CTUYHHE NPOMUSBEJAECHHUS

Pi=p, Py=pi-py Pa=p1-pa-Ps ...,
Po=pips-...:Pp ... @3)
Ty nocaenoBaTENbHOCTb YaCTWUHHX npoussenennt {P,} Mm Bcerma
Gynem conocrasaste cumBoay (2).
Koneunnili usn Gecroneunnil npedea P swacmuinozo npoulsedenus
P, npu n-— co:
lim P, =P,

*#) Cumsoa [] n oanawaer npou3BeNeHHe.
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Ha3blearom 3HaveHuem npoussedexus (2) u nuumyT:

_pl p2 = ]__Ipn-

n=1

Ecau 6GeckoneuwHoe npousgederile umeem KOHeuHoe 3HayeHue P u
HpumoMm OMANUHLHKHOE Om HYAS, MO CAMO NpoussedeHue Ha3vL8alOMm
CX00AWUMCS, 8 NPOMUBHOM e CAyiae —pacXx o0 Auumc s *).

JloCTaTOYHO OJHOMY M3 COMHOXUTEJAeH npousseaeHus ObITb HyJEM,
yToGel W 3HAUEHHWE BCErO IPOM3BENEHHS TaKke ObJIO PaBHO HYJHO.
B nmanpHeHIINX PacCMOTPEHUSX MBI 3TOT cAyyall GyZeM uCK/IoYath, Tak
uTo mias Hac Bcergma p,#0.

Yuratens JErKO YCTAaHOBHT aHajJorwio ¢ psfamu [n® 234] u yscaur
cebe, yTO — NOAOOGHO DAjaM — U paccMoTpeHue OGeCKOHEYHOro NpOM3Be-
JeHUsd TaKkKe ecTh Julb cBoeoOpasHas dopmMa u3yueHUs mocje-
goBatenbHocTH u  ee npeaena. C 3To#  (OpMOH MNOJNE3HO MO3HAKO-
MHTBCS, TAK KAK B MHBIX CJyyasXx OHa NpeACTaBJsiercss Oosee ynoOHO#H,
yeM Jpyrue.

I
INrpuMePH. 1) 1— ek Tak xak vacTHyHoe HpousBeleHHE

n=2
_ 1 1 1\ _ 1 a4l 1
Pa=(1—g) 1= g5} oo (1) =3 T o

1
T0 GECKOHeYHOE MpOM3BEJEHHE CXOXHTICH, M €ro 3HayeHneM Gymer 5
2) dopmyna Baamuca [n° 188}

T lim 2. 4 4....-2n-2n
2 powl-3 3 (2n——1) CnF1)
OYEeBHIHO, PABHOCHAbHA PA3JMOXKECHUIO 4YUCIA % B GeckoHeyHoe npousBeacHue
" 2 3 i i 2n . 2n .
2R N S . ) Ty R B

Ona xe npusoguT K Gopmyram

[[-wrrl-7  H-a)=%

1 m=1

o

m

*) Takum ofpasoM (mopuepkHeM 5T0), ecau P==0, TO npousBejleHHe 1A
nac 6yleT pacXOoRAMMMCA XOTA 9Ta TepMHHOJOrMS HIET B Paspe3 ¢ Tep-
MHUHOJOrMEH, NPHUBHIYHOM s pPALOB, HO oOHa ofuwenpuHaTa, u60 obaervaer
¢$OpMYIHPOBKY MHOTHX TEOpeM.
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250. MpocTtefimne Teopembt. Ceasn ¢ pamamu. Or6pocus B Gecko-
HEYHOM NpousBeseHun (2) mNepBele #2 YJEHOB, NOJYUYNM OCTAaTOYHOE
npousBeacHue

T =Pt Pmi2 eee* Pyt e e e = H DPns €]

KOTOPOE BIOJHE aHAJOTHYHO OCTATKY OECKOHEUHOTO psna.

1°, Ecau cxodumcs npoussedenue (2), mo cxodumcs, npu A1000x 1z,
u npoussedenue (4); obpamno, u3 cxodumocmu npousgedenus (4) 8oi-
mexaem cxo0umMocms ucxo0Ho20 npousgedenus (2)*).

HokasateanCTBO NpemocTasaseM uararemo [cp., n°235, 1°].

Takum o6pasom, W B c/ayude OSCKOHEUHOTO TPOU3BENCHUS ombpa-
CblBAHUE KOHEUNO20 4UCAQ HAYQABHBLX MHOJCUMeAel waw npucoedure-
Hue BHAXAAE HECKOABKUX HOBGX MHodcumesel (omauunsix om 0) na
€20 NnosgedeHul He ompaycaemcs.

2° Ecan 6ecxorneunoe npousgedenue (2) cxodumcs, mo

lim =, =1

m— o
fem. (4)).
AT0 chenyeT K3 PaBEHCTBA
I
m= Pm

u u3 Toro, uro P, crpemurca x P3£ 0,
3°, Ecau Gecxoneuroe npoussedenue (2) cxodumces, mo

lim p,=1.
n—o0

JNlelicteuTenbHo, BMecTe ¢ P, u P, , cTpemurcs K P, Tak uro

. . P,
lim p,=1i n
S S

P
_T,-__l.

[Cp. n°285, 5°]

He nepeuncasst apyrux cBOHcTB OeCKOHEYHHX INpousBeleHHH, aHa-
JNOFUYHMX CBOHCTBAM OECKOHEUHHIX DPAAOB, MBI OGDaTUMCA K YCTaHOBJe-
HHIO CBS3A MEXAY CXOJUMOCTEIO OECKOHEUHHIX NPOM3BEACHHH U PsANOB,
YTO MNO3BOJAMT HaM HEMOCPEACTBEHHO WCIOJb30BaTh A INPOH3BENEHUH
noapoGHO pasBaTyio /A PAIOB TEOPHIO,

B cayuae cxogmsAmerocs mNpOM3BENEHHS MHOXHTENH p,, HauHHad
¢ HekoToporo Mecra, Oyayr noaoxuTeaeHni (3°). Bmpouey, sBuzy 15
MH He HapywuM obuiHocTd, ecin OyneM BUpPpEeAb NPEeAHOIATATH

Bce p, >0.

¥) HanomHuM, YTo Mbl pa3 HaBCErRa NPERNONOXHIM p, £ 0,
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4°, Jlrg moz2o0 umolel Oecroneuroe npoussedenue (2) cxodusocs,
HeoOX00uMo u QoCcmamouro, 4mols cxoduscs paod

[oo]
2 Inpy. ®)
n=1
Ipu  geinoanenuu smozo ycaosug, ecau L ecms cymma psada,
umeeM:
p=¢.

O6osnauns uepes L, uactwunyio cymmy psga (5), GyzeM uMeTs:
L,=WnPpP, P,=¢"

Vs HenpepuBHOCTH JorapudMuueckodt W nokasaTrenpHo#l QyHkuubt Te-
neps, chaeayer, 4To0 ecA® P, CTPeMdATCA K KOHEUHOMY MOJIOXUTEAbHOMY
npexenry P, 1o L, crpemurcs K InP, n obparso —ecan L, uMmeer
KoHeuHbi#t nmpenea L, 1o ajas P npenenoM Oyner et

Ilpn wncchegoBaHuM CXOAMMOCTH OECKOHEUHOro INpousBeAeHus (2)
YacTo NPEACTaB/AETCA YAOOHHM, IOJaras

Pn=1 + Qpy
8aNnCHBAaTL €r0 B BHAL
11 ¢ +-an. ©@%
n=1
a psax (5) —sB suge
o0
2 In(1+ay). (%)

B 31ux OG0O3HAUEHUAX UMEEM NPOCTYI0 TEOPEMY:
5° Ecau, no rpaiineid mepe, 04 docmamouno Goaswux n Gydem

a, >0 (uau a,<0),

mo dasn cxodumocmu npoussedenus (2%) neobxoduma u docmamouna
cxodusmocmy pada

2 a, (6)

n=1

Tak wak anas cxoauMocTd Kak npousseaenus (2%), tak u paga (6)
BO BCAKOM C/yvae HeOOXOAMMO, YTOOH OHIO

lim a,==0 0]

n—>N
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[em. 3°], To npemmonoxuM STO ycaosue BuMOJHeHHBM. Torna nmeer
MECTO COOTHOLIEHHE

. In(l

lim M:l

7~ 0 n

[n°65, 1)]. B TakoM cayuae, BBUAY TOrO, YTo uJeHn oGoux psxoB (5%)
n (6), HaukHad C HEKOTOPOro MECTa, COXPAHAIT oOnNpeleNeHHHH 8HaK,
no rteopeme 2 n°237 sTH PAAN CXOAATCHS MJIM PACXOAATCA OJHOBPEMEHHO.,
Orciopa, B cesisu ¢ 4° W CJeXyeT Haule YTBEPXKIEHHE,

YnomsHeM © cayyae, Koraa OeCKOHEYHOE MpOM3BEAEHHE <«Pacxo-
marca» k 0.

6°. Han moz0 4molbb Oecxoneunoe npoussedenue (2) [uau (2%)]
UMEAO HYAEBO0€ 3HA4eHue, HeOOX00UMO U O00CMAmo4Ho, 4mobu
pad (8) [uau (8%)] umes cymmod — oo,

B uacmnocmu, amo Oydem max, ecan a,< 0 u pad (6) pacxo-
oumcA.

TpenocrasiseM QOKasaTeJAbCTBO UMTAaTEMIO.

B sakJioyeHHe HCIONB3YEM CBA3b MeXHY npoussenenneM (2) [wm
(2%)] u psanom (5) [umu (5¥)] man ycranosnenuws nosaTas a6conOT-
HoHN cxomumocTu OeckoHeyHOro npoussenenus. JIpoussedenue Ha3bi~
sapm aGCORIOMHKO CXOOAWUMCT UMEHHO 8 MOM cayiae, Koz20a
abGcoawmro cxodumcs coomgemcmeywuil pad u3 asczapuhmos
€20 MHoocumenei.

Hccnenopanns n®246 u 247 cpasy ke NO3BOJAIOT 3aK/IOUHTH, YTO
a6COMIOTHO CXOHAIMECH TNpomspeenus o0JaAalT HepeMecTHTE N b-
HHM CBOHCTBOM, B TO BpeMd Kak HeaGCONWTHO CXOAMHECH
3apeflOMO UM He ©0JaIaiorT.

Jlerko mokasarb, 1o o6pasuy 5°% uyro

7° Has aGcoawmuoili cxodumocmu npoussedenuss (2%) neol-
xoduma u docrmamouHa albcoromuas se cxodumocms pada (6).

251, Mpamepnt. 1) TIpuMeHUM ROKa3aHHHE TEOPEMB K GECKOHEUHHM MPOU3-
BeIEHHAM:

[s2]
(a) H(]—}—%) cxomutcs npu x>1 u paczomurca npu O<<w <1,
n=1i

(o]
1
B COrjiacup ¢ TaKNM Xe€ NOBEACHREM pAna 2 —nT (5").

ne=1l

(6) H(l -—--nl—x) npn x> 1 cxomurca (5°), a npn 0 <<x <1 paczonurca
K nyao ’Z(?)l
2) HdoxaxeM, uto (npH a> B> 0)
BGED...Gn—1)
Y P | O ) R
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I[.rm 8TOr0 JOCTATOYHO YCTAaHOBUTh PacxoruMocCTh 6eCKOHEYHOT 0 npounase-

JCHUA I o
e (=

n=

nan [cm. 6°] pacxoaumocTts pAfa

25
atn"
n=0
A 3T0 nerxo BhITEKaeT U3 CpaBHEHNA HAMMCZHHOIO DANA C FapMOHNYECKHUM.
3ror nmpyuMep TIOKa3pIBAeT, KaK vHON pas JIEHCTBUTEAbHO BRIFONHO CBOIHUTH
Pa3bICKaHNE NpeReaa NoCAeNOBATEIbHOCTH K HCCIEHOBARUIO GECKOHeYHOr0 npous-
BeJeHNA ¢ HUCNONb30BaHHEM paBBHTOﬁ Ias 6ecCKOHEYHBIX npO“3BeﬂeHﬂﬁ TECOPHUH.
3) [lpueneM B 3aknOYenHe 3aMevaTelbHbl NpPUMep NPeo6pasoBaHus Gec-
KOHEYHOTO NpOM3BeNeHHA B DAL, NpuHaltexanui Dfaepy. Ecan mepenymepo-
BaTh N POCTHI € YHCIA B NOPAAKE BO3PACTAHUA:

P1=2, ps==3, Ppy==5, ..., Ppy «o0s
TO OpH x>1 HMeeT MeCTO TOXIeCTBO
1

‘ (1_217) (1—?;‘;) (1—5—1,‘>. .(1—;9-

T I LA

nau

8
8

o 1 1
X

—
3

Vimeem mo dopmyne mas CyMMhI reoMeTpuYecKoit nporpeccpm:

1
'_'—‘"I' + 2x+"'+
N )

D

(p"')"

Ecan NEepeMHOXUTh KOHE Y HO € YUCAO TAKHX PANOB, OTBEUAIOIHX BCEM npo-
CThIM YHUCJIAM, HE NPEBOCXOAALUINM HATYPAaNbHOrO YHCIA N, 10 YacTuyHOE HpOu3=

BCCHHE OKaXeTCA pPaBHLIM
2 e 2 =t Z ®

-]

pk<1v1—-~ n=1 n=1 n—-N+l

ruie IWTpUX O3Hayaer, YTO CYMMHpPOBaHHE pPACHPOCTPAHACTCA HE HA BCE HaTy-
paibHLle YKCHA4, 4 JHIb (He CYHTasA eNUHWLL) Ha T€ U3 HUX, KOTOpbI€ B CBOEM
paanomeﬂuu Ha NPOCTbI€ MHOXHTEAU COAEPHKAT TONDKO YKE BBCAEHHbIE npo-
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cteie yucaa {(nmepsele N HAaTypanbHuIX YYMCeN 3THM CBOHCTBOM, KOHEYHO, 06ra-
nawpt). O1Ci0Aa U M0LaBHO

N i o
0<PP— Y ~< 2
n=1 n=N+1

o]
BBuny cXomuMocTH psaa 2 ;117 BLIDAXEHHME CNpaBa, NPeACTaB/dioIee ero
n=1
ocraTtok nocae N-ro ujeHa, crpeMutca kK O npu N— co; nepexons K npe-
Jleny, 4 MONyynM TpeGyeMbiit peayabrar.
dra dopmyrna Ifinepa Bnocaencreun (1859 r.) Geina ucrmoab3oBana PaMaxoM
B €ro HCCICXOBAaHMAX OTHOCHTENBHO PacCHpelleTE€HHUA NPOCTHX YHCe N
4) Ipu x =1 cootnomenne (8) enfe coxpaHser CHUIy; OTCIOAA

N)— n N

=N 177 n=1
Pp Pr

TaK 4r0 npu N-— oo Ha s1or pas P(N)— oo, T. e. nmpoussenenue

T o e e e | e

2 3 5 Pr

PAaCXOAMTCA ¥ UMEET 3HaYeHue -}-co.

B stom cocrout mamHoe DitiepoM HOBOE NOKA3aTeIbCTBO TOrO, YLO MHONe-
CTBO NPOCTHIX YHUCeNd GECKOHEeYHO (ueM, NIO CYmeCTBY, B IPOBEJEBHOM paccyskie-
HHH Mbl He IIONb30BANKCh); Belb IDH KOHEUHOCTH 3TOTO MHOMXECTBA M NpPOM3-
BelleHHe HMMeno On KoHeyHoe 3HaueHue. Ecam monyuemHmH pesyibTar Hepe-
DHCaTh TaK:

(=3 (=) (== D) =TT (= 2=

TO, B CBA3U € 5°, MOXHO 3aKMOYHTb O PACXORMMOCTH pafa

1,11 1 Vv L
gHgtst et e= Y o

k=1

Aro BawHOe NpPENIOXCHUE NACT, CBEPX TOrO, €lle HEKOTOPYI XapPaKTePHCTHKY
pocra NPOCTHX UHCEN; OHO [OPasNo CHIbHEE YTBEPNNEHHA O PACXOAMMOCTH
[e]

1
TapMOHHYECKOro pAna 2 w0 u60 314eCb peyb MAET ML O YacTH ero

n=1
yaeHoB!
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§ 6. PA3JIOXXEHHS JIEMEHTAPHBIX SYHKUHA
B CTENEHHBIE PSIibl

252. Pan Tefimopa. Mu yxe BCTpeyaau B mpuMepax CTENEHHHE
pPaAHW BHIA

ganxn—_-ao"!_alx‘l'agxg—l—...—’—a,,x"+..., )

PacnoJIOKEHHHE MO CTENEeH M X.
Paccmarpusalor ¥ cTeneHHHe paan Goxee obmero suna:

%an(x—xo)"=ao+al(x——xo)—l—...—l—a,,(x——xo)"—}—..., @

PacnoNOXEHHEe 10 CTENEHAM JABYuJIeHa x —.x, (BMecto Xx). Taxoft
PSA He DasHHTCA CyHEeCTBeHHO oT psaa Bupa (1), u6o npuBoxuTCH
K Hemy mnpocTolt 3aMeHOft nepemeHHOH: X — Xy==) (C TOYHOCTHLIO JO
000sHayeHUs nepeMeHHOH).

B nocaeayiomieM MH JETaNbHO HMSYuYnM CBOHCTBA CTENEHHHX PANOB,
KOTOpHE BO MHOroM ynojobisiorcs MuorouneHam. Otpeskamu crene-
HOTO DpfAa #BAROTCA MHOTOY/JEHH, YTO [JeNaeT CTeNeHHWe pAasl yA06-
HHM CPEACTBOM Ajs NPHOJIAKEHHHX BHuncieHu#. B cBssu co BceM
sTuM npuobperaer GoOAbIIYIO BaXHOCTH BONPOC O BOSMOXHOCTH Hate-
ped 3adannyio PYRKGUIO pa3A0CUMs NO CHMIEHEHAM X — X4 (B UACTHO-
CTH, NO CTeNeHsM X), T. €. NPEACTdBUTD €€ B BHAE CYMMH pada
Trna (2) [maa (1))

Mu saiimeMcs sgech NOROOHHM DPas3noONKEHHEM MO OTHOMIGHHIO K 3Je-
MEHTAPHHIM (DYHKIHMAM, IPHYEM NyTh K PEINEHHIO NOCTABACHHOrO BOMPOCA
nam oTkpniBaer ¢opmyana Tednopa, noapo6Ho nayuennas B n° 106—108.
B camom zene, npenoJOXuM, YTO paccMaTpuBaeMas ¢yHkmus f(x)
B TPOMEXyTKE [xg Xo— H] wmm [xy— H, x,](H>0) umeer npowus-
BONHHE BCEX NOPSAKOB (TeM CaMHM — HenpepuiBHMe). Torma, kKak MH
pugend B n° 106, nid Bcex 3HayeHHH X B STOM NPOMEXYTKE HMeET
MecTo Qopmyna

Fey=1 o) +LG (6 — ) + L5 (x — 2 +-...
n)
Lot f ) (e— sk (), @)
rne AONONHUTENbLHHWBR uiaen r,(x) Moxer OhTb HpPEACTaBACH
B onHOR u3 ykasanuux B n° 106 dopm. Iipn sToM 7 MH MOXeM

6paThb CKOJNb YroAHo 60abIIAM, T. € NOBOAMTL STO Pa3noONKe-
Hue 0 CKOAb YrOZHO BBICOKMX cTenmeHeH X — Xg.
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3'1'0 €CTeCTBEHHO, NpUBOAKUT K MHCIAX O 6€CKOHE'1HOM PasoKCHNUN:

F)=1 ) +LEL (v — )+ LD o et
L B S BN )

Tako# psx— He3aBHCHMO OT TOrO, CXOAUTCA J¥ OH K HMeeT JH, Ha
camom jene, cBoed CyMmo# f(x)— nasmiBaercs pmdom Teliropa nin
obynxkunn f(x). On umeer sug (2), npuyeM KOS(OUUMEHTH €ro:

" ny
a0=f(x0)’ al=‘f:—(—ﬁi’ a9=f gf())y ceey Q= 1A n(!x)) “es

HOCAT HaspaHue roaguyuenmos Teiiropa.

Tax kak pasHocTs Mexay f(x) u cymmo#t n--1 unesos pana Tett-
aopa, sBuly (3), eCTh Kak pa3 r,(X), TO, OueBUAHO: 047 mozo, 4mobn
npu HeKOmMOPOM BHAHEHUU X 0eifiCMBUMENLHO UMERD MECIO PA3AOI e~
nie (4), HeobGxo0umo u docmamodno, 4mobs OONOAHUMEABHBE YAeH
r, (x) dopuyas Tedropa — npu smom swavenuu x — cmpemuscs x 0
¢ go3pacmaruem n:

lim r, (x)==0. (5)
n—+0

TIpm wuccnenosanuu BOMpOCa, HMMEET JH MECTO 3TO PaBEHCTBO M
NPH KAKAX HMEHHO SHAYeHUAX X, HaM M OyAyT INOJIE3HH pasiuyHbie
(hopMH  IONOJHATENABHOIO YJE€HAa 7,(X), BHABJASIUUE €T0 3aBU-
CUMOCTH OT M.

Hame BCEro NPUXOAMTCE UMETb JAENO CO CAyYaeM, KOraa Xo=—0 u
dyuxuus f(x) pasnaraeTcs B PAX HENOCPEACTBEHHO NO CTENEHAM X:

fR=fO+LP 2t LR o 4Tt e)
10T panx umeer BuAk (1) ¢ kosddunnesramu:

1 {0 b i ()
ao=f(0)v (l1=—1—!—, a2=T)-~-y an=‘—"'lT(—)',... (7)
Bunuuiem Teneps noapoGHee MOTOJHHTENBHBIH 4iEH r,(X) npuMe-
HUTE/ILHO HMEHHO K STOMY HYacTHOMY TpemnojoxeHuio Xo==0 [n° 106]:
B popme Jlarpanxa

f(ﬂ+l) (ox)

r,,(x)-— (n-{-l)! » (8)
B popme Komn
1)
rn (x) =f(n +({’)f) (1 — e)nxn+l. (9)

*¥) J10T pAA OGLIKHOBEHHO Ha3WBALT pAdom Maxaopena.
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Ipu srom o wmuOMuTese § H3BECTHO TOABKO TO, YTO OH COXEPNKHTCH
mexay O u 1, HO OH MOXET MEHATbCA IPH H3MEHEHWH X Wau n (A
Jlaxe — MpPH Tepexofe OT OmHOH (GopMBI K APYyroM).

ITepeiineM K KOHKDETHBIM Da3sONEHHSM,

253. PasioxeHHe B P} NMOKA3aTeJbHOE H OCHOBHBIX TPHIOHO-
meTpuyeckux ¢yaxmuit., [okawem cHavana caefyoliee npocroe npea-
JIOXKEHHe, KOTOPHM cpa3y OyZeT OXBaueH PSA BaXHHIX CJAYuaeB:

Ecan gpynxyus f(x) 8 npomescymue [0, H) usn [— H, 0] (H>0)
umeem npou3sodHbie 8¢ e X NopsdKos 1 8ce Imu Npou3s8odHse npu u3-
MEHERUIL X 8 YKQ3AHHOM NPOMENCYMKE OKA3LBAIOMCS N0 ABCOAONHKOL
BeAUMUHE 02DAHUMEHNBMU OOHUM W MeEM He LUCAO M

|f™ @<L (10)

(20e L He 3as8ucum omn), mo 60 8cem NPOMEHCYMEE UMEEIR MECINO
pa3aogcenue (6).
B camom pene, B3AB JOMOJHATENbHBIH ujdeH r,(x) B d¢opme Jlars
panxa [cm. (8)], umeem, B cuay (10):
. }f(n‘H) (OX) l n+1 HIH'!
I ="y ¥ <L Gy
n+1
m+ 1y
{n® 45, 1); sto [B cmay n° 235, 5°] caemyer u u3 CXOAMMOCTH Daia

TIpr Ge3rpaHuuHOM BO3PACTAHUU 7 BHIPAWEHHE crpemurcst k 0

-]
\ Hrtt
X (n4 I

[n° 239, 2) (2)]. Ho B Takom cayyae u r,(x) umeer npesenom 0, uro
Y JOKasbiBaeT Halle yTBEDMIEHHME.
ATO NpeisoNEHNe HENMOCPEACTBEHHO NPUJOKUMO K QYHKUUAM

L4

J(x)==¢" sinx, cosx
B 11060M npomexyrke [— H, H], n6o npomssopHbe HX, COOTBET-

CTBEHHO PaBHbIE
. ki3 T
£ (x)==¢*, sin <x+n- 5 ), cos (x-]— n-—2—),

6yayT B HeM no aGCcOMOTHON BeqMuuHe orpasuueHsl uncaoM el — nag
¢ynxumun e*, u emuHuleR — A4 Sin X ¥ COS X.

Tak kak kKoapduumnentsl Tefopa Mel yxe BHYHCASAA [AS 3ITHX
dbynxkuuit B n° 108, 1)—3), TO MoMeM Cpasy HaMUCaTh pPas/oKeHns:

Gl i LT {T"+..., (11)
sinx=x— 45— D G, ()
cosxm= 1~ 2 — (- 1)’*7"—,4-.., (13)
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Bce oHm uMeoT MECTO — BBHAY NpOM3BOJMbHOCTH H—rnpun nwb6oM
3HAYEHHH X.

254, ®opmyuant dfinepa. Cambilt BUE KO3DGUUNEHTOB TOJNLKO YTO NONYYeH-
HBIX 3aMeyaTeNbHBIX DasNoOXeHWHl nodckaswiéaem Moicab O Hexoei C8A3U
Ment0y Humu, HO-— €CIH OCTABaThCA B 0GIACTH BEHIECTBEHHBHIX YHMCEN — yCTa-
HOBHMTb TaKYI0 CBA3b HEBO3MOXHO. Dififepy ymamoch OCymieCTBHTb 3TO NIyTeM
BBEJlEHUA CMENnexHu ¢ MHUMbLM NOKG3AMeneM.

XoTd B M3maraeMoM Kypce PacCMaTpHBAIOTCA NHINb BEMeCTBEHHBE YUCIa H
BeHeCTBEHHbE NEPEMEHHBIE, HO — QTCTYNast OT 3TOW OCHOBHOH NMHHUHA — MH BCE
e TpuBeNeM 31eCh Popmyan Siaepa, Bupaxawmye TPUTOHOMETpUUECKHE
OyHKUMHA OT BEI(E€CTBEHHOI O apryMeHTa yepe3 oKa3aTeabHYI0 {yHK-
UHI0 OT YU CTO-MHUMOT O apryMeHTa.

Ecau moncrasute (1oka — yncto ¢opmansro!) B (11), BMECTO BeleCTBEHHOro
YUCAA X, MHEMOE YHCIO yi, TO MOXYYHM:

SO 1) N ) L L L
et=1tyi 550 g gy g e
PRI e P SIS SR A
=ltyi—g—gitgtgit.
WM, OTHENAA BEINeCTBEHHYIO YacTb 0T MHUMOH,
; ¥y ¥y )
t— —_— A [ AR
e _(1 2 ...)+i<y L ).
Boipaenus B CKOGKaX KaK Pas M NPeACTAaBAAT COGOM M3BECTHbE ywe HaM
lem. (13) v (12)] pasnoxenns dyHxumit cosy u siny. Mrax,
e¥ = cosy - isin y. (14)
3ameHnsas 31ech y Ha —y, GyleM HMeTb aHaZOTHYHO
eYi= cosy— isin y.

[oynesHoe cnOoXEHWE M BHIYMTAHHE STHX ABYX COOTHOLIEHHMH ¥ HDHBOMHT Hac
K 3HAMEHHTHM opuyrax isepa.
eyi I p—yi . eyi _ pyi
cosy=——;— , siny= 57 . (15)

Dopmyant (14) u (15) UMeT B aHanM3e WMKMPOKOE NpPHMEHEHHE.

GpaThMC K JOrMYECKOMY OCMBLICIeHHIO CKasansoro *). HauweM ¢ paccmo-
TPEHUA KOMIUIEKCHOH nepemeHHOH 2,=x, -} iy,, 3aBuCAmEeHd OT HaTypaib-
Horo ykasateas n. OnpejeneHne Dpejiena ee JaeTcad B T€X XK€ TePMHUHAX,
YTO W [1AA BemecTseHHoro cayuaa [n° 28): xomnaexcnoe yucao c=a <+ ib na-
3bi8aemes npedesOM NEPEMEHHOL 2,, €CAl, KAK080 Obl HiL b0 NOAOHCUMENs-
HOe 4ucao ¢, écezda Haiidemcst maxod Homep N, 4mo 0as n > N eunostsemcs
Hepasencmso |z, —c | <C e *¥).

Tak kax

izn_cl=l(xn‘_‘a)+i(."n_b)|=V(xn‘—a)2+(yn_b)s’

*) C yueTroM TOro, YTO ¢ KOMIIEKCHHIMY YHCIAMH M C KOMIIEKCHOH nepe-
MEHHOH yHTaTeNdb yXe 3HAKOM M3 Kypca BbiClIeH aare6psl.
*¥) 3nech |a - if| 0603HAUAET «MOAYHb» KOMINEKCHOro Yucia a -- i, pas-

Hah Y of 3B
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TO Cpady ACHO, YTO 2,—C & MOM U MOALKO 8 MOM CAYUAE, eCAn OLf 8euje-
CMBEHHBLX U MHUMBX COCMABASIOUWUX X, U Y, NO OMOeAbKOCMU BMeeM:
Xp—+a@ U Yp—b.

PacCMOTpHM Tenepb KOMAAEKCHHE pAX

o]

2 e ©

n=1}
OH HasbBaeTCs CXOOAWUMCR, €CAH €ro YACTHYHAA CYyMMa
Co=e¢;+eat...4cp

C BO3paCTaHNEM 12 CTPEMHTCA KaK K npepeay x HEKOTOPOMY KOMINJAEKCHOMY YH-
cay C——‘Cyﬂﬂe p}u)a. Pa3naras Bce YDOMAHYTHE 3X€Ch YHCAA HA BEIECCTBEH-
HyI0 H MHHMY0 COCTaBAAKILHE:

C=A+1iB, ¢a=ay4iby Cn=Ap-}+iBy,
npuyem

Ap=0+ay+...+ 8y, Bp=0b+bs+...+ by,
M3 NpejlIeCTBYIOWEro 3aMEeYaHUs 3aKII0YaeM, YTo
C, — C onnoepeMerHo ¢ A,—+ A, B, — B,

T. € CXORMMOCTh KommaekcHoro psaja (C) k cysmme C paBHOCHIbHA CXORMMOCTH,
NOPO3Hb, BEUIECTBEHHHX PANOB

Zl @ (A) n El bn  (B)

COOTBETCTBEHHO, K cyMMaM A B B. Orciona, B 4aCTHOCTH, BWTEKAET, YTO CXO-
HAIHECA KOMIIEKCHHNE PAIL — MONOGHO BEHIECTBEHHHM — OGNafaT COvYe T a-
TenbHHM cBolicteom [n° 245).

[e]

Ecau cxopurca pan E Jeql, cocraenesHnft us Mopyaeit papa (C), To,
1

BBHIY HEPaBEHCTB
lanl<<len), lbpi<lenl,

CXONATCA H DAL
L]

Zlan'r ;Ibnlr

OTKYLa BHTEKAET CXOKUMOCTh émnoa (A) u (B) [n°248), 2 crenoBarennHo —n
paxa (C). B srom cayuae pan (C) HasuBaeTcsa a0co4womKo cxodsuuncs, Hanpu-
Mep, psn

s B LA (16)
1 2! i

opH AI060M KOMMAJIEKCHOM SHAYEHHH 2 a6COMIOTHO CXOZMTCH, NGO CXOAUTCA Be-
IMECTBEHHBH pAl MoxyaeH ero unxeHoB

2] 12 {z|"

e d i ST L S
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AGcoawtHo cxopamuitca pax (C) o6ragaer NepeMeCTHTENbHH M
CBOACTBOM, NOTOMY NTO STHM CBOHCTBOM ofaanmant paums (A) m (B) [n° 246].
Hakonen, Ha KoMIuleKCHblEe a6CONIOTHO CXOXAmMecs PAIN PACTPOCTpaHHerca H
Teopema o6 yMHOoweHHHu [n° 248]; nokasarenncTBO, AaHHOE LA Bemie-
CTBEHHOr0 Cay4af — I0Cle CRENAHHHX 3aMeyauuhh — 37ech MOXeT GhTb MOBTO-
PEHO HOCHOBHO.

MocraBum Temepr B OGWEM BHAE BONPOC 06 ONpeleneHHH CTeNmeHH e MpH
KOMILIeKCHOM 2. B ToM cayuae, KOTHa 2 eCTh BEW{ECTBEHHOE YHCAO, X, 9TA CTe-
nesb yxe Gblla onpefeidcHa; B nFenunymeM HOMEpE MW HOKAa3aunu, YTO 4AA
Hee uMeer mecto pasnoxenue (l11). B caywae MuHMOro moxasareas z creneHb ef
cule He onpejeneHa; MOAPaxas yNOMAHYTOMY Pa3noMEHHIO, Mbl HA STOT pa3 N o
onpejeneHuo nojaraem ¢ papHoli cymme pana (16) (sasemomo cymecTByio-
meil). Ouenb BawHO, UTO NPH STOM COXPANSEmMCS OCHOBHOe CB0ilcmBO noKad3a-

meAbHOll PyHK Gul
o2 . %' = pTH2
’

B YeM nerko y6eauThcs, NMepeMHOXAs pansl, Rawouine e W ¢ [cp. n° 248, 2)).
Takum o6pasoM, 3amensa Boime B pasaoxenuu (I11) x Ha y/, M mompocty
HCOOJb30BANN yKasaHHOe paclIUpeHHe NOHATHA CTeleHH.
O1meTHM B 3aKJPUEHHE, YTO, €CAH Z ==X -} yi, TO N0 NpasuUny mokasarteneft
ef =g* . e¥!, tak wur0, ¢ yuerom (14), okoHuareanHO:

x4yl —eX (cos y 4 I sin y). (17)
255. Paanowenue apkranrenca. K dyuxkuunm y=—arctg x nokasan-

noe Bume [n° 263] obuiee npemnoxenne yxe senpuioxumo. [eicrsu-
TEJbHO, BHIPaWeHWe A9 ee n-f npou3pomHofi, HaflmenHoe 8 n° 96, 5):

Y™ =(n— 1)t cos" y-sin n(y —l—-%) (18)

He rapaHTHpyer CymiecTsosanus o6mel rpannust aas ecex y™!
Tak xax coorserctsywmuti psa Tefinopa (cm. n° 108, 6)]

1 Fala

S ah R S G ) Lt S

cxomurcs sMuth B npomexkyrke [— 1, 1]1¥), To BHe sTOro npome-
KYTKa He NPUXOMUTCH yHe TOBOPHTh O BHPAKEHHH
dyHkuuu arctgx srum pamom. Haobopor, mnz |x|<<1 umeem
no dopmyae Jlarpanxa (8) [c yuerom (18) u nmonaras y,==arctgOx]

. ™
cos™tlyg . sin (n 4 1) (.Vs +§>l|x["+‘ __1
n 1 SnEr

Ortciona scHo, 4t0 r,(x)—>0, TaK uyTo A4% BCeX SHaueHU# X B OpoMme-
wyrke {— 1, 1] umeer MecTo pasnoxeHue

ERICIIES

x3h-1

8 1]
arctgx:x—%-{-%——...-f—(—l)""zk_l+... (19)

¥) Ilo mpusHaky Hanzambepa [n° 243] nerko yGemutncs, uro pax (abcomorHo)
cxopuren, ecan {x [ <1, u pacxopurca npu | x| >1. Cxomumocts (deabconor-
Han) ApW x == | suTekaer u3 teopemu Jled#Guuua [n° 244}
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Mn eme pas noguepkuBaeM, uro, xord arctgx M BHe 3TOrO MpO-
MEXYTKa HMeeT OnpelefeHHbi#li cMuica, HO pasaoxenne (19) Tam yxe
He NEHCTBUTENBHO, NOCKOMBKY PAJA HE HMEET CYyMMEL

Us psma (19) mpu x =1, B uyacTHOCTH, [OQJYYaeTCs SHAMEHHTHH
pao Jlei6ruya

L A L 20)

— NepBHH PAf, B HCTOPHUH aHaTIH3a, NPEACTABIAOILAN PA3IOKEHUE YUCAA T,
256. Jlorapudmuuecknii pan. Ecau B xavectse dynxuun f(x) B3sth
In(1-+x) (x >—1), 10 coorsercrayromu#t psx TeHnopa Gymer Takos

[n° 108, 5)]:
g 8 Xt i X"
R B A At St

Ou cxomurca aumib IS 3HaueHu#t X B npomexyrke (— 1, 1]*); ssaumr,
TOABKO AAS S5THX BHAauYeHUH M HUMEET CMHBCJI UCCHAELO-
BaTh NOBEAEHHE NONOAHUTENbHOFO dYaeHa r,(x).
BosubmeM ero cHavana B gopme Jlarpanxka (8). Tax xak

(R +1) (4 — n n!

FPH @) =1 gy
[n® 96, 2)], 10

n 1 xntl
ra(x)=(—1) n1 * (T 0x)7 (0<6<1)'

Ecmn 0<<x=C1, TOo nocieHuR MHOXWTEAb HE NPEBOCXOMUT €1M-
HHLB M OTCIOAa

]r,,(x)]grﬁ_—l, TaK 4r0 I,{x)— 0 (npu n—> co).

Ho npu x <0 noBeneHHe 5TOr0 MHOKHTENS CTAHOBHICH HEACHHM,
u Tpuxoaurca npaberiyte Kk dopme Komu gononuuressHoro uaena

[em. (O]
Mmeem g
=1 Lo e ey,
TaK HTO
x [ 1—0\2
lrn(x)lgl___]xl * <1+6x) .

*) U suech aGcomorHas cxoaumocth npu |x|<<1 W PacXOmMMOCTb 1pH
|x|>1 ycranapaupaerca ¢ nomownpo npusHaka HanamGepa. Ipn x =1 Hamuuo
(seabcosioTHas) cXonumocTh No reopeme JleGuuua, a npu x ==— | noayvaerca
PacXoAAWHKACH rapMOHHYECKHH PAR C M3MCHEHHBIMH 3HAKAMH,
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Tak kak npn x >—1 Oymer 1-}6x>1—06, To mocrennuti MHOXU-
TeNb MeHbllle eIMHMILBL CeAOBaTeNbHO, Jullb Toabko |x | <1, sasexomo
r,(x)—0.

JlioGonbiTHO, 4TO, XOTA ¢opMa Komm BrnosHe wncuepnniBaer BONPOC
I BCeX SHaueHM#d x mexay —1 u 1, oHa Huyero He JaeT npa
x=1; B 3TOM CJyyYae MH MOJyyaeM

tJ
T (D<A =07
HO BBHIY BO3MOXHOCTH I O MEHATBCA BMeCTE C 72 HEAb3d 3aKIIOUHTH
o ToM, yro (1 —6)"—0,
Wrak, No COBOKYNHOCTH, A% BCeX 3HaueHud X B MPOMEKYTKE
(—1, 1}, nefictBurespHo Oyzer

x? X n_q X"
ln(1+x)=x~7—{——:3—~...-}—(—l) —n—+ @1
B uacrHoctH, npu x =1 nojydaeM yxe 3HaKOMBIH HaM paj
1 1 1
ln2=1-—7+3~...+(——1)"17—}—... 22)

Vs pama (21) MOXHO BHBECTH M Jpyrue TOJE3HHE Da3fNoKeHud.
Hanpumep, saMeHss B HeM x Ha —x (npn 5TOM Mu cunmtaeMm |x|<1)
M BHUYNTad NOJYYEHHHH Pl MouldeHHO u3 psga (21), mpuaeM K caeaywo-
HIEMY paiy:

1 1 1 1 am
In lii =2x(l -}—?xg—]—’s*xl*{'—...—}—m*-l‘x? +...>. (23)

1
Honoxum 3aech xzm, rie 7 — NPOM3BOJbLHOE HaTYypajibHOE
yucao. Tak kak rtorjia
l4+x __n41
1—x — n ?

TO MH nO-ﬂy‘"’lM pa3Jl0)KeHﬂe
ndl 2 1 1 1 1
R L e R A A

KOTOpPOe HaM NOHanoGMTCA NPH BHIYMCJAEHUM Jorapudmos [n° 262)].

257, dopmyna CtHpaHHra. B kauecTse npyroro nmpuiaomeHHs pasnomeHns
(24) nokaxeM, Kak ¢ €ro NOMOUbIO MOXET OHTb BLIBENEHa OiHA Baxnas op-
Myia aHanu3a, Hocawaa uMa Crupauara*).

C sroft ueaplo nepenumeM pasnoxenue (24) B BuAe:

e N

*) Ixeme Crupaunr (1692—1770) — auranficknt marematuk. [lpuso-
Iuman Hmke dopmysa Gbira HM onyGaukosada B 1730 r.
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310 BHIpaXenue, 04eBUIHO, Goabluie eXHHHLbL, HO MeHbile, YeM

-1 1 1
CrFIF + (2n+1)‘+"']= "tometn

1
I+3

Urak, nmeem
1

1 1
P< () (143) <+ g
OTKYNa, MOTEHUMPYH, Hakmem

1 1
e< (1 -+ —:;)n+7<el+'2”("+ b

Beenem Tenepb Takyi (YyHKUMIO OT HaTypanasHOTO yKasaTensd n:

nle®
a,= " T
nd L
n 2
Torna
1
1\nt5
a, __ (1+7>
Gner e !

H M3 NpeNLIAYUINX HEPABEHCTB CAENYyeT, YTO .
! 121
1< a, <elntl) — e

a 1
i JZGFT)

TaK 4TO, ¢ OHHON CTOPOHHI, 4, > a,.,, C ApYyro# Ke,
1 i

g6 P<a,, e 2GED,

Takum o6pasom, ¢ BO3pacTaHHeM 7 TiepeMeHHas d, y6uBaer (ocTaBaAch
OrpaHMyeHHO!l CHU3Y, HANPHUMEp, HYJNeM) H CTPEMHTCA K KOHEUHOMY INpeieny 4,
1

HepeMeHHAS e @ e ‘2" BOIPACTAET, CTPEMACH, OYEBHIHO, K TOMY XKe Tpeneny a
1

12”-—»1). Tak kax, npu mMOGOM n, BHNOJHAIOTCA HEPAaBEHCTBA
i
. 12n
an-€ <a<ay
10 Haliierca Taxkoe uucao 0, 3akAOYERHOe MexAYy HyneM H eXuduueft, uro
] ]

e 12n l2n-

(u6o e-

=a,: um a,=g-.e

(3amertnm, uro yncao 8, BooGuie roBops, 3aBUCHT OT n.) BcrnoMueasa ompenexe-
HHe NepeMeHHofl a,, HaxOnuM:

PR
n!=aVF-(—Z—) . eln o<d<li) (25)
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Ocraerca Temepb onpeaeanth BeaMyuHy HocTossHOM ¢. C 9rofi ueabIo
BCHOMHEM Gopmyay Banmica [n® 188], xoropyio MoXHO 3anucaTh B BMAE:
Y ieim L.
2 neo YUl 2n— il
Mocaepuult MHOXHTEAb NpeobpasyeM CHEAYIOUIHM 06pa3oM:

2l (al)s _ 2. (m1)?
@n—D = 2wt oml

TNOACTABUB CIOXa BMECTO n! BHpaxeHne

V- (_"_)" .

e
a BMECTO 2n! aHaIOTHYHOE BHpAaMeHHE
— [2n\%n
2n-{=) -a
V e 2n
nocae SJeMeHTAPHHX YNPOUIEHHH MONYYHM
- o
Vi=im 1 5_g
2 n-w Y@afl) Gm
12K 910 A=} 2n.

[loucrasans 910 SHadenwe a B Qopmyay (25), Mu H DpHAEM K Popuyae
Cmupaunza )

I n
nl = V2nn°(%) e 0<i<),
Ecax oT6pOCHTh MOCAEAHMIA MHOXHTENb, TO HONYYHTCA NPUGAMKEHHaA

bopmyana®) n
nl:]/2—1;z<—:—> 3

MO3BONAIOLLAA BNYHCAHTD BEIHYHHY Q)amopnana n! IpH GOXbIINX 3HAYEHHAX 7.

0T6p0u]eHHHﬂ Ke€ MHOXHMTENb JaeT BO3MOXHOCTb JErKQ0 OUEHUBAThH AONYLCH=

HYI0 OTHOCHTEALHYIO NMOrpeitHoCTb, KOTOpas, OYEBHIHO, MeHbIHe
1

2y

@opmyaa Crupaunra yacro UDHMEHAETCA B TEOPHH BEPOATHOCTEH M cTa-
TUCTHKE.

e

268. BunomuansHull pax. Bosbmew, Hakowen, f(x)==(1--x)" rze
m — no6oe BEECTBEHHOE WYHCJO, OTAMYHOE OT O # OT BCEX HATypadb-
HHIX yacen (NPH HaTYPa/ibHOM 7 NOJYYaeTCH UIBECTHOE KOHEYHOE pas-
Joxenne no gopmyse Heoiorona). B stom cayuae pan Tefiaopa umeer Bug
[n° 108, 4)]:

Uy BET D RO B D

*) Ee, co6crsenno, H ycraBoBua CTHDAHHL,
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€r0 HasblBAOT GUHOMUAASHBM PAOOM, a KO3(pHUUUEHTH ero — 6uHo-
Muansubimn xosggduyuenmaru. 1Ipn cienaHubx OTHOCHTENBHO M nped-
HOJIOKEHHSX HH OJMH H3 9TUX Koa(duuuenrop ne Gymer Hyxaem (HaoGo-
por, ecit OB m OBLIO HATYPaJbHBIM YHCIOM, TO KOO(QUUMEHT npu x™!
H BCe caedyiomue obpatumics 6w B Hysb). C nomoumisio nmpusHaka Jla-
nambepa [n° 243] zerko ycraHosuth, yro npu |x|< 1 GUHOMHANbHEIHR
psx  abcomoTHO CcXoauics, a mpu | x| >1 pacxoaurca. Uccaemona-
HHe JONOJHUTEAbHOro 4JeHa r,(x) Mo Gymem npous-
BOAUTb B NPEANONONXEHHUH, UTO |x|<1, NpUYeM CPasy BO3b-
meM ero B dopme Kowu (9) [dopma Jlarpanxa um smech maeT OTBET He
npH BCEX HHTEPECYIOIMX HAc 3HayeHusx x!].
Tak kak

) (x) = m (m—1).., (m—n-1) (m—n) (1 -} x)"-"1,
TO JAONOJHUTEALHBIR uJieH

rn(x)=m(m_‘1)' l(’g_‘n) (1 ex)m n x(l_e)ﬂxﬂ+l.

Hpe,ﬂ.CTaBI/lM €ro, neperpymiupoBaB MHOXHUTENH, B BUAE:

(m—1)(m—2)...(A—T—n-1) , [ 1—8\n
2.7 " mx(1-+-8x)" 1<1+ex) ’

Ileppoe W3 3TUX Tpex BHIpaMeHuUR npeacraBaser coGolt o6uMH uied
GMHOMHAIBHOTO e pAla, HO OTBEYAOIIEro INOKasateao m — 1; Tak
kak npu |x|< 1 OGuHOMMAJbLHBIE DA CXOXUTCH, KaKOB OBl HU 6bIJl’ no-
KaszaTelib, TO 93TO BBHIPDAXEHHE NPU 71— CO CTPEMHUTCS K Hymo. Yro xe
KacaeTcs JBYX JAPYPHMX BHPAXEHUH, TO BTOPOe NO abCOMOTHOH Besu-
YHHE COMAEPMUTCA MEKAY T'DaHHLAMH

[mx|-(0—]x )™ [mx]- (14| )™,

r,(x)=

He 33aBUCANIMMH OT 7, a TPeTbe, Kak u B n° 256, MeHblIe eTuUHUIIH.
Takum o6pasom, 7,(x)—0, 7. e. mma |x|<1 umeer mecro pasio-
HeHue

(1H-x)"=14-mx-}- ”L(—'{l—';—l—)x“—{— e

“._I_m(m—-ll)Q (m——n—|—l) ..., (26)

KOTOpOE Taxkxke cBsi3aHO ¢ uMmeHeM Hprorona,

Mm He kacaquch BOMPOCA O NPUMEHHMOCTH €10 NPH  SHAYEHHAX
x=1k1, Tax Kax ero pemenue TpeGyeT KPONOTAHBOrO UCCAEAOBAHMs
JONOJHUTENBHOrO wieHa. OrpaHnummcs yKasaHHeM, 4TO NpH X == 1
pasnoxenue (26) umeer mecto s m_>-—1, a npuy x=—1
m >0,
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OTMeTyM HeKOTOpDHIE YaCTHHE CJyyad OMHHOMHAIBLHOrO pfia, OTBe-
1
ualomue, Hanpumep, m=-—1, =, — 5

-1_+17=1~x+x2—...+(—1)"x"+... (—1<x<<Y)

(0OHIKHOBEHHAs reOMETPUYECKAsas TPOrPecCHs), 3aTeM

P 1 1 1 5
l/l—{——x=1—{-— —z—x—§x9+1~6x3—T2—8x4—}—...
B Y e L RO G PP =g )
n

1

— ! 325 8 35 4
Vs _.1—7x+—8—x Tad —}—128x

.--+(——1)"(2%‘,,1—)”x"+... (—1<x<<).

Baxho NOAYEPKHYTh, 4YTO B CJNy4Yae PAUMOHAJABHOTO m CyMMa 61HO-
MHAJIBHOI'O pAna Jdaer BCeraa apu q) METUYECKO€ 3HaucHue pa-
JAHKanaa.

259. 3amMeuaHHe 06 HCCIEAOBAHHH JONOJHHTENLHOTO YieHa. B paccmo-
TPEHHHX BHIIE NpUMepax pasnoxeHua Gynkuuit B pax Tefinopa scerma okasm-
BaJOCh, YTO AJAA BCeX 3HayeHuft X, OPH KOTOPBIX DAL CXOAWACH, €ro CymMMma
PaBHAIACb MMEHHO MCXONHOH (QyHKUMH. [103TOMY y YMTaTeNs MOTJIO BO3HUKHYTh
nounospenune, 410 Boone BOCTaTOYHO YCTaHOBHTb CXONMMOCTb pAla, Aaxe He
nposepas cooTHowenua (5):

lim ry(x)=0,
n—» 0

yTo6nl yxe Guio obecneyeHo pasnowenue (4) uam (6) (crp. 51).
Ha nexe, onako, 910 He Tak. Paccmorpum, BMecre ¢ Komn, B Buze npumepa
QO YHKLHIO, ONpelenseMyl0 PaBeHCTBAMH
1
flxy=e **  (upu x3£0), £(0)=0.

Ipn x #0 ona umeer MPOH3BONHbIE BCEX IOPALKOB

2 -5 6, 4
FO=ge T, rw=(—gtm)e 7.
H, BooGuLe,
i
1y -
f""(x)=P,,<7)-e o (n=1,23..), (27)

rne P, (z) ectb ueibii OTHOCHTENbHO Z MHOroumeH (cremenu 3n). B oGmuoctH
STOro 3aKOHA Aerko yGeAMThCA HO METOAY MATeMATHYECKOH MHXYKuuH,
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YcranosuM Tenepb, YTO W B Touke X ==0 A4 Hawe#t yHKUMB CYuwlecTBYIOT
fIPOH3BOJHLIE BCEX NMOPAIKOB, NPHYEM BCe OHH pPaBHH HYaB?*). Hel-
CTBHTENbHO, NIpEXLe BCEro,

fx)—7(0)

X

1
=x—1—»0 mpu x—0,
o

tak yto f' (0)==0%*). JlonycTum, YTO NOKA3LIBAEMOE YTBEPXNCHHE BEPHO IaA
BCEX NPOM3BONHMX A0 #-T0 NopAixa skmountenbHo. Torma [cm. (27)]

F® @) —Fm©) _ ¥ Pol%)
* i

x2
e*

—0 mpn x—0,

7
Ut (0)=0. IMo meroxy MareMaTHYeCKof HHEYKLHH YTBEpKACHHe ONpPaBIaHO
NONHOCTBIO.

Pan Maxaopena (6) mas stoft yHKUEH—CO CHAOb HYAeBHIMH Kostdu-
HUEHTAMH, KOHEYHO, CXOZHUICA NPH BCEX SHAYEHHAX X, HO HU NPH OIHOM M3 3THX
snavennti (kpome x ==0) He BOCHPOM3BONHT MCXOAHON (YHKUUH.

Taxum oGpasom, HpenBapHTeNbHOE ONpeleneHHe 06JACTH CXONMMOCTH pala
Tefinopa HMeeT JHIIb BCIOMoOrartelbHOE Ha3HAYEHHE: OHO NHO3BOJAET MHOH pa3
Hanepel MCKJAIYAThL M3 DACCMOTPEHUA Te 3HAYEHHS X, IAS KOTOPHX OTpHua-
TeAbHHII pe3yabTaT Hanmepe) ACeH, NOCKOALKY PAN pacxouiurcd. B Tex e
TOYKax, rAe pAR CXOAMTCS, TOALKO MCCHEHOBaHHE HNONONHUTEABHOTO YJICHA
dopmy aun Teiaopa naeT BO3MOMHOCTL MOKa3aTh, 4T0 cyMMoli p A xa Tefinopa
6ymer MMEHHO HCXOIHad QyHKLMA

¢
HOCKOIbKY YHCHAHTENb IIPEeNcTaBiafeT cofoft CYMMYy Y/IeHOB BHHEA <7 3uayur, u

§ 7. NIPHBJAMXXEHHBIE BLIYHCJEHHS C NOMOULBIO PAIOB

260. MocraHoBka Bompoca. Ha nprMepe mMoAyYeHHWX HAMY KOHKPETHBIX
pasnoennit Msl Pa3bACHHM, KAK GECKOHEUHHE PALM MOFYT OHITb HCIONL3OBAHBL
IAA 1ede#t NpUGIMKenHHX Buiyucaenwl. [pennmomuieM pan o6myx 3amesanuit.

Ecan yucno A pasnoxesno B pag

A=a,ta;t-a,+...+a,+...,

rie a,, d 0, ...— yno6usie (OGHIKHOBEHHO, PalMOHANbHbLIE) YUCAA, ¥ Mul NOJXO-

WUM NPHOINKEHAO:
A=A, =a,+ a3 4.+ ap

*) 3ameruM nONYTHO, YTO Jlarpami CYATAN HEBOIMOXHHM, YTOGH QYHKUHA
(se paBHas TOXNECTBEHHO HYNO) ofpamanach B Kako#-in6o Touke B HYIb
BMeCTEe CO BCeMn cBouMHU npou3sondbMu Komn nocrponn csoit
NPUMED MMEHHO AAs ONpOBepHeHUA sToro Muenua Jlarpamxa.

**%) D10 BbITEKAeT U3 OO6HIETO 3aMeyaHHA (KOTOPOE CHENYeT HMETh B BUUY
W naibuse), 41O, KaKoB On HH Gbil mokasaTeab f >0,

: ]
hmf—-_-—_-o
£ 0 €7

{em. n° 121, 4)]. 3neck poab z mrpaer )—ls(npn x —0).
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TO NONPaBKA HAa OTOPACHBAHUE BCEX OCTANbHHIX UJICHOB BHPaSHICA OCTaTKOM
#y=0py -+ Cpist...

[pu xocTatouno GOJBLIIOM 1 STa NOTPEIMHOCTb CTaHeT CKOAb YIONHO Maxod,
Tak uto A, Bocnpoussemer A ¢ A0Goi Hamepen 3anaHHOA TOYHOCTHIO.

Mbl  33BETEPECOBaHM B BO3MOXHOCTH IIPOCTO NPOM3BONUTL OLEHKY
OCTaTKa &, 9TO NO3BOAWIO OBl HaM M BOBPEMA OCTAHOBUTbCH NPH BHIYHCIEHWH
NOCHENOBATEALHBX YaCTAYHBIX CYMM, KOTIa yxe OYAeT MOAyYeHO npuGanKeHHe
Tpe6yeMOl TOYHOCTH.

Ecan paccmaTpuBaeMmiit DAl OKa3nBaeTCA 3HAKONEPEMEHHBIM M NPUTOM
C MOHOTOHHO YGLIBAIOWMMH Mo a6ComTHOfl BeaHuMHE yneHam¥ («aeHOHuIeB-
CKOro THNA»), TO, KaK Mbl BHUeau [n° 244, 3ameuyanue], OCTATOX UMEET 3HAK
CBOEro NHepBOro Yiesa M no aGCoNTHOHR BENHYHHE MEHbIe ero. JTa OLEeHKa
B CMbIC/IE€ IPOCTOTH HE OCTaBAseT XeAaTh JNyYIIEro.

Heckoabko caoxnee oGCTOMT HeNO B Cayyae MONOXHTENbHOro papa. Torama
OGLIKHOBEHHO CTAPaNTCHA HaHTH MOJNOXUTEIbHHH Xe PAN ¢ GOIBIUMMH YJCHAMM,

Lo
KOTOpuIH 6W Jerko CyMMHpOBanca: Za;,, @,=2a, B B KauecTBe OlEHKH AIA
1

ocratka a, GepyT BeAHYMHY OCTaTKa a, ITOrO HOBOro psfa: e, < ej. Hampumep,

=]
1
aan 9”132‘”?-' MOXHO MOXYYHTH:

v !\ 1 Y (1 1y
mi < 2 m(m—1y 2 (m—l~?)=T’
me=n+1 m=n-+1 m=n-1
v !
a ans paga 1+2W:

[91c{ﬂ49ciuenxoﬁ Mol GaKTHYeCKM H NOAb30BANHCL NPH BHIYHCAGHHH YHCXA @
B I N

OO6LIKHOBEHHO HILETCA NecCATHYHOe Npubamxenue uncaa A, B To BpeMs
KaK uwieHW PAXA MOryT W He OnTb BbHDaWeHH HeCATHYHHMH ApoGamu. Ilpwu
ofpamieHMH MX B HCCATHYHYIO IPOGb OKPYTA€HHE CIYXHT MCTOYHHKOM HOBOM
TIOrPEenIHOCTH, KOTOPYIO TaKXe CleRyeT Y4YecCTb.

Haxonen, oTMeTHM, YTO Naf€KO He BCAKHH DA, HMEIOMUA CyMMOH HHTEpe-
Cylomee HaC yucno A, NPHroReH Ia8 PakTHYECK Or O BHYHUCICHHA STOro
uucna (Hame €CI¥ €ro WieHH NPOCTH, M OLEHKa OCTaTKa NPOM3BOUATCA HIeFKO).
Bompoc — B GHICTPOTE CXORHMOCTH, T. €. B GLICTPOTE NPHOAMXEHMA YaCTHYHON
CyMMbl K yHCIY A.

Bosbmen nas npuMepa paas [cM. n° 255, (20) u n° 256, (22)]

1,1 1 1,1 1,
l—g+g5—5+t . 8 l=gtag—ate—..,
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k17
4
MEIUIEHHO, ¥ I8 TOro, YT00s C HX NOMOINbIO HAaHTH NPUOAMKECHHbBIE 3HAYCHHA
9THX YHCeN C BHICOKOH TOYHOCTBIO, HYXHO OHIIO 6b CHOHHTb OFPOMHOE KOIH-
yecTso ynenoB. Hmke M 6e3 ocoGoro Tpyna HaliueM JecATHYHBIE TPUGAMKEHUSA
YIOMAHYTHX YHCel ¢ OGonbLIOH TOYHOCTBIO, MCHOAb30BaB Goldee IONXONsA-
1He psaLbL.

261. BeruncnenHe 4YHciaa . Bocnmomb3yeMca H3BECTHEIM DANOM NJA apKTaH-
resca [n® 255, (19)]:

x5

x? X7
arctgx:x—§+~g—7+... —l<<xg)

Halue COOTBETCTBEHHO PA3NOKEHNE YHUCEH ¥ In2. Onu cxomsarcs OueHb

1 7
Ecau Basth x=—i7_—3_~, TO arctgx=~6~, M MB HOAYYUM pAX

w 1 1 1 1 1 1 1
€=7§(1—€ Ity rEoT "37+)

yke TPHTOIHBIA NAA BHIYKCAEHWA.
CyuiecTBy10T, ONHAaKO, PGl ropasgo Gomee YyZoGHbE A8 BLIYHCICHHA

ypcaa . [Tonoxkum a==arctg 5 Toraa

2 10
1 5 5 2 120
tga=€, Tg2a=———l—— T =19 tgtiaz::————1 5% = 179°
2 T 144

T
Beuny GamsoctH 3TOoro uymcaa k 1, acmo, yto yron 4o GAH3OK K —- MOJOXHB

B=4a —i, 6yneM HMeThb:

20,
119 1 _ 1
tgﬁ:l——m = 535 TaK ¥TO ﬁ_arctgm.
119

Otcona nosyyaerca Takasa gopmyna:

11 1.1 1 1 1
n=16a——4@=16{§-—-§-B§+§-§~7-§+

i 1 1 1 1 1 1
s mte g mw )

BriuncanM mo Hefi umciO ® C CeMbI0 3HAaKaMM mocie 3anatofi. Jas aroro
HOCTaTOYHO TeX uleHoB (opMyabl, KoTopeie ¢akTHyeckd Buinucadsl Tak xax
o6a pama— tuna Jle#6uuila, TO NONPaBKM B YMEHbIIAEMOM M BLIYHTAEMOM Ha
0T6pachiBaHue HEBBIMHCAHHBIX YJIEHOB, COOTBETCTBEHHO, GYAYT:

16 i 4 1
O<b<pgma<ip" 0<%<35F <1~
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Coxpanennsie uieHsl 06paTMM B JeCATHYHHE NpoGM, OKPYLAAs HX (O NpaBHay
IOMONHEHUA) HA BOCLMOM 3HaKe, Buiuucienms cpegenst B rabamuy (-+ Hau—
B CKOGKAX yKassiBaCT 3 HAaK IHONPaBKH):

10— 5,20000000 oy = 004266667 (—)

£ = 0,00102400 = 0,00002026 (—)

sy = 0,00000001 () %ﬁ —0,00000008 (—)
320102491 0,04260596
L R ——
T 315832895 - '24393 =0,00000010 (—)

0,01673630

YuuteiBas BCe MONPABKH, HMEEM:
3,15832895 < 16a << 3,15832898,
—0,01673632 << — 48 << —0,01673630,
TaK Y4TO
3,14159263 << = << 3,14159268,
WUrak, oxonyareabHo, == 23,1415926..., npuyem Bce BHNHUCAHHBIE 3HAKM BepHHI.

25262. Boluucnenne Jorapugmos. B ocHoBe Bhiuymcaenns mexut pax (24)
n° 256

In ”T‘H=1n(n+1)—mn=

2 1 1 1 1
=ity mEy s my b O

lMpu n=1 moayuum pasaoxenve maaa In2:
2 1 1 1 1 1 1 1 1 1 1
2=z (ltg gty gtT wtg gt gt
1 1 1 1 1 1
T et ety ﬁ-i—)

3TOT pAn BHOAHe MPUrofleH MaA BHUKCAeHmE. [Tokamew, HanmpuMep, YT0, OrpaHu-~
UMBAACH JUINL BHIMMCAHHBIMA YNEHAMH, MOXKHO HaMTH In2 ¢ NeBATHIO MPaBHIb-
HBIMHA KEeCATHYHBLIMU 3HAKAMH.

B camoMm gene, ecim O0TOpPOCHTb Y/A€Hb! STOrO PANA, HAYHHAA C JECATOro,
TO COOTBETCTBYMLIas [IONpaBKa GyHeT:

2/1 1,1 1 2 1,1 _
A=§(E"9§+2T'Qﬂ+"°)<m°‘(l+§+¥+"'>—
1 2
RIS
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Bruynucaenus, na 10 3HaKkoB, cBelleHH B TaGauuy:

% = 0,66666 66667 (—)
3—_3—3 =0,02469 13580 (4-)
R 52_ = 0,00164 60905 (+-)
Forg = 00001306421 ()
3T2-9‘ = 0,00001 12901 (—)
?;%——_95 = 0,00000 10264 (—)
§_l—§—9—“ = 0,00000 00965 (—)
m%,-g, = 0,00000 00003 (—)
5 13 —gs = 0,00000 00009 (+)

0,69314 71805

Yyurnsas sce NONpaBKH, UMECN:

0,6931471802 << In 2 < 0,6931471809,
TaK yYTo
In 2=10,693147180...,

H BCe HanmHCaHHBE 9 3HAaKOB BEpHHI.
[onaras teneps B (1) n==4, nahgem:

2/ .1 1,1 1
1n5=21n2+3(1+§.§T+?.W+_”),

[Moab3ysich yke BHYHCIEHHMM 3HaueHHEM In 2, mo 9Toit Qopmyne nerko BHYHC-
auth In5, a sateM In10=In2-1n5. [locre 9TOro, C NMPOH3BOALHON CTeNeHbIO
TOYHOCTH, MOXeET OHTh BHIUMCIEH MONYIb

1
M=

IR Iepexola OT HATYpanabHHX JOrapu@MoB K JNeCATHYHHM, OH DaBeH
M=0,434294481 ... YMHOXMB Ha MOLYJ b, HaleM XE€CATHYH b € Jorapudmsu:
log 2 u log 5.

Mepe#ineM X AecCATHUYHH M JorapupMaMm ¥ B ocHosHo#t dopmyae (1):

2M 1 1 1 1 7l
tog (1+ N—logn =gt [ 145 o+ 5 gy T @
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Mogaraa 3geck n=80==2%.10 w npuaumaa BO BHMMaHue, 10 n-l=
= 81 == 34, naiigem oM

— 1 1 1 1
410g3—310g2—m(1+§ . 25921+_5_ . 259218_}.“.) -1,

OTKYHa Nerko HaiiTH log 3. Tonaras, nanee, B hopmyne (2) n==2400=3-2%.10%,
Gynem umerb n-1=2401=7* u oM

1 1
410g7-—310g2—-10g3*—2—z§0—]<1+§- . m+...),

Tak yro nadinem ¥ log 7. MNon6upas mopo6ubie YHCAOBHIE KOMOHMHALMH, MOXHO C
NPOU3BOJLHON CTENEHbIO TOYHOCTH HAHTH JorapudMsl NPOCTHX YHCEd, a TO HUM
NyYTeM YMHOXEHHA HA HATypanabHble MHOXKHTENH WM CIOXEHHA HalgyTcs Jora-
PH(ME COCTABHHIX YHCell.

MoxHo 6uiio 6B MOCTYNHTh H MHAYe, HEMOCPEACTBEHHO BHIYMCIASA AOrapud-
Mbl NOCAENOBaTeAbHBX HATYpanbHLX 4HCEad ¥ mepexois ot logn x log(n—+ 1)
npy nomow® dopmyan (2). Tak, xas BHYHCHeHna xorapudmo yuces ot 1000 xo
10 000, ro3bMeM B dopMyae (2) TOABKO ONHH YieH, T. €. NPHONHKEHHO MONOXUM

2M
log (ﬂ + 1)— log n= m (108 <n<< 104).

MNonpaska npu sToM Gymer

A=2n—}-—l [?’ @n 1) +‘5‘ . m+...J<
<3(2n+1)s[1+(2n+1)s + @rnr 1y +...]=

= 2M <M
= 3OnFDom-@nto - Zame

Taxk kak y Hac n==10%, a 2M < 1, 10

1 1
A< <3Tom

Ecnu 681 nawe Bce owubyu CYMMUPOBAMNCH, TO B obuieM Bce xe morpeti-
2.101 7 2.10%°
HAKOTLIEHHA TOrpeiHocTel, BYHCANB Helbllt PAX KOHTPOJIBHHX JOTaPHGMOB IO
nepsoMy Meroxy. TakHM NyTeM MOXHO HOCTHIHYTh ropasgo Goabuue#l TOYHOCTH,
COXpaHHB B TO XK€ BPEMS IPHCYW{u#i BTOPOMY METOAY aBTOMAaTH 3 M BHUHC-
JeHUH, KOTOPH OUeHb UeHeH, 0COGEHHO TIPH COCTABAEHWH OGUIMPHLIX Tabauu,.

HOCTh 6niIa Gbl MeHbie, YeM Ho nerxo wu36ernyrs Ttaxkoro




I'JTABA WECTHAILIATASA
$YHKHWOHANBHBIE NMOCJIEIOBATEJNLHOCTA U PSJbI

§ 1. PABHOMEPHASl CXOJHUMOCTD

263. Beomnble 3ameuanus. Msl m3yyanm Builie GECKOHEUHBIE MO~
C/IEROBATENLHOCTH M WX INpefenbl, GeCKOHEUHBE PSOH M HUX  CYMMH;
BJEMEHTAMM BHTHX TOC/ENOBATE/BHOCTEH WM YJeHaMH paxoB Guum
nocrosnene uucaa. Ilpapga, mHOH pPas B WX COCTaB H BXOAW/M, B POAH
IapaMeTpPoB, T€ WJH WHBIE NEPEMCHHBIC BEJIMYMHBEl, HO BO BpeMs HCCIE-
HOBaHHS UM HEUSMEHHO TPHIHUCHBAMACL ONPEAENECHHHIE INOCTOSHHbBIE
3HaueHns, Tak, HanpuMep, KOria Mbl YCTaHaBAMBaMM, YTO NOCAENO-
BaTe€JbHOCTDb

x\1 x\2 x\® x\*
(A (8] (3 (4
UMEET NMPENeNoM e* WM uTO PA;
X8 X8 _q X%
x—7+—3———...—|—(—1)’”7~{—...

uMeer cymmot In(l--x), ans Hac x OwAO UHCAOM  NOCTOAHHBIM,
DyHKNUOHANBHAR NMPUPOLA SIEMEHTOB MNOCACAOBATEJBHOCTH H
€C npeaeaa uiaM 4JICHOB pdla U €ro CyMMH HaMH BOBCE He YUYHTHBA-
Jach; ceflyac e MMEHHO K 3TOMYy MoMeHTY OyleT NpHBJIEYEHO Halue
BHHMaHue.

IpeanonoxnM, YTO NaHa NMOCAEAOBATEAbHOCTbH, BJIEMEHTaMU
KOTOpO# fABAAIOTCH (QYHKLHK

fl(x)) f%(x)! fa(x)» LERS ] fn(x)’--- (1)

OT OHHOW M TOH Xe nepemMeHHOH X, oOmpeaeseHHHE B HeKOTOpo# 06-
nacrn ee usmenenus 2 ={x}*), lycro nns kaxnoro x w3 % 9ra
TOCAENOBATENbHOCT WMEET KOHEYHHH Npedest; TaKk Kak OH BIOJHE

*) Hame Bcero sto GyleT NpoMeXyTOK; HO Ml COXPaHeM IOKa HauGoIb-
Wyl o6mHOCTL, pasymes Mof 2 mo6oe GEeCKOHEUHOE YUCAOBOE MHOMECTBO,
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ONpENeNseTCs SHAYCHHEM X, TO TaKke npeacTaBaser cobow  (yHKno

or x B 2
F () ’——nlimoc Ja (%), ®))

KOTOpyio Mbl OyjaeM HaswBaTh NpejfedbHOH ¢yHKuHet# axa mo-
caegosatenapnoctd (1) wiu ang dyuxuma f, (x).

Tenepp mMpt OyneM HHTEpECOBAaThCS He OXHHM JIHLIb CYILECTBOBa-
HHEM Npefeaa B OTAEABHHX TOYKAX X, HO M (YHKIHMOHAJAbHBIMM CBO-
crBaMu npeneibHoR (yHKIMM — BonpocaMn 06 ee HenpepeBHOCTH, 00
€e NMpPOU3BOJHOH M HHTErpaie.

Mu yxe Bugess  [n° 234], yTo paccMOTPEHHE UHCAOBONO DAxa H
€ro CyMMBl €CTh ML JApyras (opMa HCCJACROBaHHA MOCACHOBATEIbHO-
CTH yucesa W ee npenpena. PaccMOTpuM Teneps PSS A, UYACHAMA KOTOPOro
ABJNAOTCS QYHKIUE OT OJHOH M TOH iKe NEePEMEHHOH X B HEKOTOPOH
obaactn 2

(2]

S uX)=u (%) Fug(x)+...Fu, (). .. 3)

n=1

TlycTs 5TOT pam CX0OmMTCa @pM KaxAaoMm sHauyeHun x B 2 Torza
€r0 CyMMa TaKxe NPEACTaBuT coGOH HekoTopylo ¢yHkumio oT Xx: f(x).
Dra cymMMa ompenenuTcs NpeNefbHHIM paBeHcTBOM BHaa (2), ecam nox
[ (X) pasymerb 4acTHUHYI0 CyMMy

Fa(xy =111 (%) = tlg () . ..~ 1, (%). (4)

O6patHo, BONPOC O NpeJebHOR (QYHKUMM I/ HPOM3BOJBHO B3aJaHHOH
HOCAEZOBAaTEABHOCTH (1) MOXHO pacCMaTpyBaTh IIOL BUAOM CyMMUPO-
BaHus psga (3), €cau HOJOKUTH

uy (¥)=f1 (%),
uy (%) =Ss (£) —F1(x), ..., Uy (X)=Sp(x) —Fra(x), ...

Ham vaine npujercs uMeTs Nea0 HMEHHO ¢ (YHKUMOHAMbHHIMU paAamd,
Tak Kak 3Ta (popMa uCCAeqoBaHMS NpeJeabHOH (YHKLUMM Ha TNPaKTHKE
06b1uHO  yaoGHee,

M 3spece Takke cileAyeT INONYEPKHYTb, 4YTO TPEIMETOM HAlNMX
Onuxaliuux uccaefoBanuit OyAyT He OJHM JIHIUL BONIPOCH CXOAUMOCTU
pana (3), HO u (DYHKUUOHANbHEIE CBOHCTBA €I0 CYMMBl, O KOTODHIX Mbl
YIOOMUHAIH BhHIIE,

Kak oxassiBaercs, (PyHKUMOHa/MbHBIE CBOMCTBA NpemensHOH (yHKINA
(cymmsl psna) f(x) cymecTBeHHO 3aBUCAT HE TOMBKO OT (PYHKIMOHAb-
HHIX CBOMCTB ¢yHKIMH f,(x) (W14 UYNEHOB DsAHa), HO M OT CaMmoro
xapaktepa npubauxkenus f,(x) k f(x). Usyuennem tunnyeckux
BO3MOXHOCTEH, KOTODHE 31eCh NPEACTABJAAOTCS, Mbl Npexae BCEro H
salimemcq.
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264. PamsHoMmepna#s 4 HepaBHOMepHas cXOAHMOCTb. [onycruwm,
uto paa Bcex x u3 X umeer Mecto pasenctso (2). ITo camomy ompe-
OEeNEeHUIO IIpefesa 3TO 3HAYHT CJeAylollee: JMHIb TOAbBKO (PHKCH-
poBano 3HaueHue x u3 Z (a1 Toro uroGe uMeTh HEAO C ompe-
JdeneHHON YU CAOBOH HOCIEROBATENBHOCTbIO), MO JMOOOMY 3aNaHHOMY
e >0 uatinercs Tako#h Homep N, uro n4na Beex n>N BHIIOJIHACTCS

HEepaBeHCTBO | fo () — F () | <]e, ®)

rle NOJ X pasyMeeTcs HMEeHHO TO SHayeHue, KOTopoe
Ona0 3apaHee GUKCHDOBAHO.

Ecan B3aTh A pYrO€ 3HaYeHHE X, TO MOJAYHYATCH Apyras yuchio-
Bas TOCHEIOBATENbHOCTb, H—PH TOM K€ € — HaHJeHHHR HoMep N
MOXNET OKa3aTbCsi yXe HEelPHrOIHHM; TOrJa €ro Npuuioch Gbl 3aMEHUTb
66abmum, Ho x npunuMaer GeckoHeyHOE MHOXECTBO B3Haye-
Hult, Tak 4TO Tpex HaMu OECKOHEUHOE Xe MHOXECTBO pa3-
JRYHHX YUCAOBHX MOCAENOBaTeApHOCTEH, cxomswmxcs K npemeay. Has
KaXnofi us HMX B OTHENbHOCTH Halizercs csoe N; BO3HHMKZET BONpPOC:
CymecTByeT Jiu Tako#f Homep N, KoTopmii (npH 3amaHHOM &) crocobex
Oun 6 oOCHyWHTE OBLHOBPEMEHHO BCE 5TH NOCACKOBATENLHOCTHP

ITokaxeM Ha IpUMEDAxX, YTO B OOHHX CAYd4asX TakOH HOMep Cyiue-
CTBYET, @ B JPYTUX — €0 HET.

1) Nycrs cnavana
fn(x)=.1—+—xi§F, F)=lim fr(x)=0 (O<x<1)

Tak kar 3zecs

1 2nx 1
Oéfn(x)="2;"mé7n‘y

TO CPa3y ACHO, YTO AAA OCYUIECTBAEHNA HEPABEHCTBA f;, (X) < € OCTATOYHO, xalxou*o
On HM GuIO X, B3ATD 1> 5 TakuM o6pa3sowm, HanpuMep, uncio N=E W) )

B 3TOM Ciayyae FOZATCA NAA BCE€X X OXRHOBPEMEHHO,
2) Moxoxum Temeps:

Fr )= FOO=lm £ ()=0  (O<x<1I)

,[lnslx mo6oro GUKCHPOBaHHOro x>0 JAOCTATONHO B3ATH n>
>E (-;E—) , 4TO6H 68110 fj (X) << sy <e. Ho, ¢ npyro#t cropomn, ckoasn
6OoXbWMUM HY B3ATH 1, 118 QyBKuun f, (x) B npomexytke [0, 1] Bcerna
HafileTCs TOUKA, UMEHHO TOYKA X = B KOTOPOH €€ 3HayeHHe PaBHO OR
1 1
In (7\) = Takum o6paszoM, 3a cyer yBemuueHus n chesatb f,(x) << —;—-

#) Ho nosony cumeona E (x) cm. 1. 1, crp. 41,
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Aaq Bcex swavenniht X or O 10 1 onHoBpeMeHHO HMKAaK Heab3s. Mun-
MM CIOBaMH, yxe 111 e=~2— He cymectByer HoMepa N, KOTODHI# rogunca Gb!

IAf BCEX X ORHOBPEMEHHO.
Ha puc. 2 usobpaxens rpaduks stux GyHkuuf#, oTsevaomue n=—4 u

n==40: XapaxTepeH I 0 p 6 BHCOTH <+ Mepensurapuwiica ¢ BO3pacTaHueM n
cnpasa Hazepo, XOTA 1O KaXAOK BEpTHKAMM, y=E
B OTACNLHOCTH B3ATOH, TOUKH MOCAEROBATE b~ y frnix

HBIX KPHBHX C BO3DACTaHHEM n GecKOHEUHO n=4

APHGINKAIOTCA K OCH X, HO HH OfHA KpPHBafA
B UeNOM He MNPHUMBIKAET K 9TOH OocHM Ha
BCEM NPOTAMEHNH OT X==0p0 x=1 ~=f 0
Muaue ocront geno ¢ dynkumsmy, pac- !
CMOTPEHHBLIMH Ha NIEPBOM MeCTe; Mbl He IpH- =~ /
BOIMM BX rpagukos, H6O OHHM, HANPUMED NPH il
n=4nm n=140, noayyaworca u3 rpadukos, g
M30CPAXKEHHHX Ha PUC. 2, NMyTeM YMeHble-
HHsl BCEX ODAHMHAT, COOTBETCTBEHHO, B 4 MIM i)
B 40 pas. B stoM cayvae kpusme cpasy Ha - =40
BCEM CBOEM NIPOTAKEHNH NMPUMBLIKAIOT K OCH X. ===IT]N ’Rged
Ilanum Temepe oCHOBHOE OmpeXe- N\ (4
JeHUe:
Ecau: 1) nocaedosamensnocms (1) Puc. 2.
uneem 8 I npedensnyw gynxguio f(x)
u 2) 0412 Kawmdozo wucaa e >0 cywecmsyem maxoli He 3asu-
caunl om x womep N, umo npu n >N Hepasencmso (5) 6o~
noaxsemcss o0nospesmenno 0ag scex x u3 L, mo 2080pam,
AV amo nocaedosamenrsnocms (1)
{ cxodumes [unu—gynryus f,(x)
cmpemumcs) k¥ Pynxguu f(x)
PQBHOMeEDPHO OmHOCUMERLHO
x 8 obsacmu I,
Taxum obpasom, B nepsom
13 IPUBEAEHHEIX NPUMEPOB DYHK-
uus f,(x) crpemurcs k Hymo
PaBHOMEDHO OTHOCHUTEIbLHO
x B npomexytke [0, 1], a Bo
BTOPOM — HeT,
PaccmoTpuM maneHefimue npu-
ns1 2 f3/% /5 J0 MepHl HepaBHOMEpHOH cCxo-
IHMOCTH.
3) Ecau
r fn(x)=x" (Oéxgl):
] 17 10 .
Puc. 3. f(x)= lim fn (x)-_-O
n-»Q0
mpu x <l u f(l)y=1.
B stoM cayuae BeBO3MOXHOCTb HepaBEHCTBA X" <Te (mpH e<<1) omHOBpe-
MeHHO AnA BCeX x <l punHa XoTA OB M3 TOro, uro x"— 1, ecin (npu
dukcuposansoM n) X 1. PucyHox 3 jaer npeicTaBieHue o CBOEOGPA3HOM

a)

~
8

e
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XapaKTepe HapyIleHUsi paBHOMEPHOCTH: 31€Ch NpelenbHas (YHKUMA UIMEHACTCH
CKayKoM, a I 0 p 6 HeNmOABHKEH.
4) Ilycrs, Haxonew,

fn(x)=2n%x . e~ "% O<x<l).

HepoamoxHn0CTh paBHOMepHOTO mpuGammenus B [0, 1] ¥ npemeasHod GyHKuMY,
KOTOpas 31eCh TOXACCTBEHHO pasHa 0, caemyer XoTa 651 M3 TOro, 4TO, NpH

no6om n, ) 0
n
fn (7) =

Ha stor pas Bhicota F o p 6 0B, KOTOPEE MEIAIOT DPaBHOMEPHOMY CTIpeMJICHHIO
K 0, BR06aBOK eime GeCKOHEUHO BO3PacTaeT BMeCTe C M.

[Tepenecem Temepr BCE CKa3aHHOE BHIIE O CXOAMMOCTH (DYHKIHMH
Ha cayyait (yHKuMOHaabHOrO psama (3).

IIpennonarad psax CXOZAULHMCH, BBENEM B DaccMOTpeHWe
ero cymmy f(x), uvactuunywo cymmy f,(x) [cm. (4)] u, Hakomen, ero
OCTaToK MOCAE A-ro uJeHa

[ae]

()= 3 e ) =S (x) —fa (x).

k=n-{

Ilpu moGoM ¢urcupoBanHOM X
lim f,(x)=F(x) n lim g, (x)=0,
n-—oo n— oo

Ecau wacmutnan cysmua f,(x) cmpemumes k¥ cymnme pada f(x)
PABHROMEDHO oOmHOCUmMessHO X 8 obaacmu X |uau, wmo mo e,
ocmamox pada ¢,(X) pasHoMepHO cmpemumcs K Hyaw|, mo
2080psm, umo psad (3) pasrHomepHro cxodumca 8 smoi obracmu,

310 onpepeneHne, OYEBHIHO, PABHOCHILHO CJENYIOLIEMY:

Pao (3), cxodsuuiica 0an 8cex x u3 obracmu I, Hasblsaemes
pPasrHoMeproO cxodauumcs 8 3mol obracmu, ecan 045 Kaxn0020
qucaq s>0 cyuecmeyem maxoi He 3asucauuii om x Homep N,
amo npu n >N nepagercmso

[fo () =S () [<e man [, (x) ]| <e ©)

sunosnsiemcs 00HoBpeMeHH o 04 Bcex x u3 .
[Ipumeps DaBHOMEDHO M HEPABHOMEDHO CXOMSIIUXCA DPSIOB MOMKHO
COCTaBUTb, MPeo0pasoBaB NPUBENEHHHE BHILlE INPUMEPH MOCJeOBa-

TEIbHOCTER. Mbl IPHCOEIXMHUM K HMM elle CIeAyIOHH NPOCTOH mpuMep.
e8]

5) PaccmoTpum mporpeccuio Y, X"7%; OHa CXOAWTCA B OTKDHITOM HpOMe-

n=1
xyke Z=(1, —1). Jaa moboro x uz £ oCTatok mocae n-r0 uieHa
UMeeT BHI:
x’l
1—x"

fn (X) ==
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Ecan n npousBoanHO QMK CHPOBAaTh, TO OYEBHAHO
. 1
lim X) == lim Xx)=oco.
_’_1+0I%()i 5y, lim e (X)

W 10, m apyroe moxassiBaeT, YTO OCYLICCIBHTh, AAS BCEX X OAHOBDe-
M € HH 0, HEPaBEHCTBO

len(x)|<e (ecnu e<%>

NpH ONHOM M TOM e HOMepe n HeBO3MOxHO. CXOIUMOCTb NpPOrpeccud B
npomexcytke (—1, 1) HepaBHOMepHa; 3TO ¥e OTHOCHTCA K NPOMEXYTKAM
(—1, 0] u [0, 1) B OTHEABHOCTH.

265. Ycaosue pasHOMepHO# cxoxumocTd. Teopema BosabliaHo —
Komwm [n°® 52], ycraHaBimpamomias yCJI0OBME CYILECTBOBAHUS KOHEYHOTO
npefena AN 3aNaHHOM YHCJIOBOH TNMOCAEAOBaTeNbHOCTH (KIPHUHLIHUI CXO-
IUMOCTH»), €CTECTBEHHO NPUBOAUT K CJACAYIOUWEMY YCJIOBHIO P aBHO-
MepHOH cXxoauMocTR s 3aaHHOM B o6ijacTu 2 Nmoc/ienoBaTeNbHOCTH
Qysxknai (1)

Hag mo20 umobs. nociredosamessnocms (1). 1) umesa npedess-
wyw dynxyuo u 2) cxodusracs K 3moil GYHKGUNL PASBHOMEPHO
omuocumessHo x 8 obaacmu ', HeoOxodumo u 00Cmamouno, 1mobol
04 Kaodoz20 wucaa s>0 cywecmsosanr marxoi He 3asucauuill
om x nomep N, umobo npu n>N u awbox m=1, 2, 3, ...

Hepasencmso
|fn+m(x)—“fn(x)l<5 M

umenro mecmo dan 6cex x u3 X odnosperenro.

[TpeGoBanue 3T0 MOXHO KpaTKO CGHOPMYIHPOBATh TaK: HPUHIMAI
CXOAMMOCTH JJsi TocaemosatesbHocTdH (1)  JOMKEH — OCYHIECTBJATHCH
«paBHOMEPHO> mJst Bcex x u3 L.

DoxasaTeabcrso. Heo6xomumocts, Ecm mnocaenoa-
TenbHOCTb (1) wMeerT npepeibHyl ¢yHkuumio f(x) u cxoawrcs Kk Helt
paBHomepHo B £, T0 no sanaHHoMy & >0 Halizercs He B3aBu-
camutt ot x Homep N, Tako#t, yro npm n >N Oyzer

o) —F (@) | < 4e
Aad BCceX X AHalOTHYHO M

rim ) —f @) <5e  (m=1,23,..),

a u3 3THX 000MX HepaBeHCTB BHITEKaeT (7).

Hoctatounocts [lycrb yciaOBHE, YKa3aHHOE B TEOPEME, BHI-
noaueno. Torna, kakoe 6bl sHaueHue x W3 2 HHU QUKCUDPOBATh, B
aune nocaexoBarensHocTn (1) mMpi OyaeM uMETh YHCJAOBY O nocae-
JAOBaTEAbLHOCTB, A8 KOTOPOH BHIMOAHAETCA ycioene Boabuano — Kown,
ChenoBaresbho, A 3TOH NOCAENOBATEAbHOCTH CYULECTBYET KOHEUHBIH
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npeges, ueM JOKa3aHO CYILeCTBOBaHME 1Ja mocaegoBareasHoctd (1)
npesenbuol dyukuuu f(x).

Teneps, B3se no npoussoty n >N u x n3 %, craHem B Hepa-
BeHcTBe (7) GesrpaHMyHO YBENWYNBATH /M (NPH NOCTOAHHBIX 71 W X).
Ilepexons Kk npemeny, NOJyuuM:

lf(x)"fn (x)]ge.

JTUM yCTaHABAMBAETCA DaBHOMEpPHOe cTpemaenue f,(x) k f(x).

Herpyano nepedpasupoBaTs mOKazaHHOE yCAoBhe M/ Cayuasd QyHK-
IHOHAJIBHOI'O psija:

Has mozo umobu psd (3) cxoduscs pasromepno 8 obracmu T,
Heo0xodumo 1 Gocmamoino, imobu 0as Kascdozo wucaa e >0 cy-
wecmeosanr makoig Ke 3asucawuy om x Homep N, wmo npu
n>Nu awbom m=1, 2, 3, ... Hepasencmso

ntm
[ Y ()| =lta )+t () + oo Ftlym ()< (B
B<ni1
umeem mecmo 042 8cex x u3 L oOHospemenHo.

Ilna ycTaHOBAEHWA HAa NPAKTHKE pAaBHOMEPHOM CXOANMMOCTA KOH-
KPETHHX MNOC/AENOBaTeNbHOCTER HJAH DPAROB MNOJb3yioTCH Gonee yRoO-
HBIMA B UDMMEHEHHH NOCTaTOYHBIMU TNDH3HAKaMH, KoTopwe ¢opMyanpy-
OTCH 0OKYHO AJst PALOB.

Bor npocrefimit ¥ yaute BCEFrO NPHMEHAEMHIH NPHSHAK:

Ilpa3nax Bedepuimpacca. Ecau waenv goynxguonanrsuozo pada (3)
Y0osaemsopsiom 8 obsacmu X KepaseHcmeam

lun(x)lgcn (n=1,23..) ®
20e Cqp CYMb6 HAEHBL HEKOMOPO20 CX00RMWE20CHA HUCAQBO20 pﬂ()a
o«
Zlcn=cl+c,}+...+c"—{—..., (C)
n==

mo pad (3) cxodumen 8 X pasnomepHo.

Hpu mnanwuam wnepapenctsa (9) rosopsr, uro pap (3) mMaxopu-
pyercs pasom (C), wm uro (C) CAyXUT MaKOPAHTHHM pPLICM
ans (3).

HettcTutenpno, u3 (9) NoiyuaeM HEPaBEHCTBO

[t () F Ui (Y1 - oo At () [ << Cpa €yt + Crims

CnpaBeAaUBOe ORHOBPEMEHHO Aaa Bcex x u3 obaactu Z. Co-
PaCHO MNPUHIMIY CXORMMOCTH, KOTODHH MBI NpPUMEHSEM K YU CJIO-
soMy pany (C), mas moGoro & >0 Halimerca takoe N, 4TO npu
n>N npasas uyacTh NPeILIAYIIETO HEPAaBEHCTBAa OymeT YiKe MeHbile e,
8 C Hew — U neBas, NPUTOM AAs BCeX X cpasdy. Orciona, B Cuay jo-
Ka3aHHOrO BBILIE YCJIOBHS, W BHITEKAaeT Hallie YTBEpXIEHueE,
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Taxum ofpasom, Hanpumep, B MOGOM NPOMEXyTHE PABHOMEPHO CX0-
RATCA PAAH

0 o
2 a, sin nx, Z a,, cos nx,
n=1 n=1

[es]
€CIH TONBKO PRI 2 a, cxoautca a6 coawTHO. Bens
n=1

l8psinnx |<<la,|, [@ycosnx|<|a,l,

[o 2]
T2K 4TO POIb MAWOPAHTHOIrO 3jech UrpaeT pat 3, |a,|.
n=1

§ 2. ®YHKUHOHAJILHBIE CBOHCTBA CYMMBI PSITIA

266. HenmpepniBHOCTL cyMMB psaga. Mel nepexoium Teneps K
H3YUEHHIO (YHKUHMOHANLHHIX CBOHCTB CYMMH pala, COCTaBJAEHHOTO W3
(YHKIMH, B CBA3M CO CBONCTBAMH STHX TIOCAeNHMX. Bollle yxe yKa-
SHBaJOCh Ha 3KBUBAJNEHTHOCTD TOUKH 3DEHUS NOCHenoBarenbHOCTEH M
TOYKH 8peHHs OecKOHeUHHX panos, B wusnoxenns MH oTJaeM npern-
NOYTEHUE nocaeaHe TOYKE SPEHHS, INOTOMY 4YTO B RPHJIOKEHRAX
BCTPEYAIOTCH TOUYTH MCKMIOYATENBHO MMeHHO OeckoHeunne pszw. [lepe-
HECEHME CKa3aHHOr0 O (YHKUMOHAJBHEX PAJaX Ha cJayyall nocaemoBa-
TeJbHOCTER (PYHKUHMH He npeicTasAser 3aTpyaHeHul.

Beesennoe Buiiie NOHATHE PaBHOMEPHOH CXONMMOCTH BO BCEM Halib-
Hefimiem OyfAeT urpaTh peIUaiomLylo poJb, TaK YTO BAXHOCTh €ro
BHISBUTCA C NOJHON CHJOH.

Hautiem ¢ Bonpoca O HENPEPHBHOCTH CYMMH pfa, COCTaBJIEHHOIQ
13 HempepHBHHIX (yHKunl. Yuratemo HSBECTHO, YTO CYMMa KOHEUHOro
yucaa HempepuiBHHX (yHkuuit wenpepmsHa [n°62}; cnpasesiuso an
nofaoGHOE e YTBEPXKAEHHE M JJd CAyyas OECKOHEYHOrO uumcaa Caa-
raeMpix? Chegyoiuii npocToff npEMep NOKasHIBA€T, 4YTO 3TO HE
BCerjga TaK.

PaccMorpuM pax

Dt —x)y=(1—2)+x(1 —x)+ ... +2 (1 —x)+ ...
=l O<x<l).

Tlpn x==1 Bce uneHn psma, a C HAMM— M CYMMa pala, o6pamairca B 0; npn
X << 1, cyMmmupys nporpeccuio, nonyyaes 1. Xors uyneHn psAja HenpepuBHH B
npomexytke [0, 1], Ho cymMmMa psana B Touke Xx==1 Tepnur paspus! Otmernm,
YTO CXOXMMOCTH DAfia 31eCh He PABHOMEPHA, TaK KaK OCTATOK pANa NOCAe n-ro
yneHa, paBeuil x® (&ra x << 1), crpeMuTca X 0 HepaBHOMepHO [n° 264, 3)].
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Mmeer mecro
Teopema 1. Ecan gynxynn u,(x)(n=1, 2, 3, ...) onpedesenn
u Henpepugne, 8 npomexcymre X ==[a, b] u pad

[ee)

21 Uy () =1ty (%) -1 (%) ... 1, () ... 8]

n=

cxodumess 8 X pasrHomepro K cymme f(x), mo u sma cymma
OyOem Henpepbléra 8 npomexcymie I

HoxkAasaTEAbCTBO. BospMeM B mnpoMexyrke 2 Kakyio-1u60
TOYKY X, B YCTaHOBUM HENPEPHIBHOCTL (YHKHHH f(X) B 5T0H TOUKE.
Coxpansst npewtne 0Go3HaueHus, umeeM npu moboM rn=1, 2, 3, ..,

u mobom x uz 2
F @)=/ %)+ ¢ (%) 2
U, B YaCTHOCTH,
f(xo) =fn (x0)+(PrL (xo)’
OTKyHa
I (%) —F (x| <<|fn () —Fo () |10 () [ -1 on () |- (3)

3apanumcsa Teneps NMPousBoJbHBIM & >(. Beuay paeuomepHO# CXo0-
AMMOCTH Dffa MOXHO (GHUKCHDOBAaTh HOMEP A TaK, 4YroObH Hepa-
BEHCTBO

lon () | << 4

BHINOJIHANOCH JJIf B C€ X 3HauYeHu# X B mnpomexytke Z° (B ToM uucje
u aaa x=xy). Ormerum, 4T0 mpu GUKCHPOBaHHOM n QyHKuUs
fu(X) ecrb CcyMMa ONpeNEJEHHOrO KOHEUYHOTO 4YHCAa (YHKUMH 1, (X),
HEMPEPBIBHBIX B TOYKE X ==X, Il09TOMy OHa TaKkKe HempephBHa B
aTo#f TOuKe, U Mo B3amaunHomy & >0 wHalizercs Takoe § >0, uro mpu
[x — x| <3 Gymer

| () = (0} | < 5 ®)
Torma, BBumy (3), (4) u (5), HepaBeHcTBO |X — X)|<[3 Bieuer sa
coboti
If () —F (x| <]
YTO ¥ JIOKAa3bBaeT Teopemy *).

3AMEYAHNE Mol BHNeIN Ha TpPUMeEpe, YTO YTBEpKAEHHE TEODEMB MO-
WeT OKas3aThCA HEBEPHBIM, €CIM ONMYCTHTh Tpe6oBaHHe PaAaBHOMEPHOM CXO-
aumocTH psina. OnHaKO paBHOMEPHas CXOAMMOCTb (DHIYpHpyeT B Teopeme Bce

*) PaKTHUECKH 3lech IO0Ka3aHO, YTO K3 HENPEPLIBHOCTH YIEHOB psfla B
onpeleNeHHOA TOUKE CACNYET HENpepLBHOCTb €ro CyMMsl B 3TOH Ke TOYKe.
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¥Ke JHHIb KaK KOCTAaTOYHOE YCIOBHE M He caelyeT AYMarh, Y10 3TO yCilo0-
BHE HEOOGXON U MO JIA HeNPEPHBHOCTH CyMMH psaja. Hanpumep, pansl

(o]
3 2 [n2e P — (n—1)r e (2 1Y, ‘

n=1

R e

n=1

®)

fcp. n° 264, 4) n 2)] B npomexytke [0, 1] UMeT HenpepuBHYIO CyMMy, TOXIe-
CTBEHHO PaBHYIO HYIWO, X0TA B yKaSaHHOM npome)xyn(e o06a CXOAATCHA HEepaB-
HOMEpHO.

Jlerko nepedpasupoBars HOKA3AHHYIO TeopeMy IJsi Clydad nocie-
IOBAaTENbHOCTH (DYHKUmH:
Teopema 1* Ecau nocredosamenrsroctine ynryui

fl(x): f%(x), ---:fn(x)’ erey (7)

OnpedeeHHbX 1 Henpepsennx 6 npomexcymrxe L ==|a, b}, cxodumesn
K npedeasrnoil @gynrxyun f(x) pasnosmeprno 8 L, mo u f(x) ne-
npepoigna 8 L.

267. Cayvail monoMHTENbHBIX PAKOB. [laIs PAZOB STOr0 YacTHOrO
TUMA, KaK moKasan [uHu *), paBHOMEpHasd CXOZMMOCTb OKaSBIBAETCH He
TOJBKO JOCTaTOYHBIM, HO M HeOOXOJMMHM YCIOBUEM HENpPEpPHB-
HOCTH CyMMbI psja:

Teapema 2. [lycme #aenvs psida (1) Henpepslgnsl 8 npomescymee
X'=la, b) u neompugyamearsno. Ecau pad umeem cyuny f(x),
maroice Henpepuignyio 8 nposmexcymre X, mo pad cxodumcs 8 3mom
HposesicymKEe pa8HOMEPHO,

Hoxa3ATEAbCTBO, Paccmorpum ocratkd paxa (1):

[oo]

Pn (x) = 2 luk (x)=f(x) _‘fn (x)'

k=n-

bynxnus ¢, (¥), XKaK pPasHOCTb /ABYX HENpPepHIBHHX (YHKIUH, Takke
HempepHiBHA, BBUAY NOMOMUTENbHOCTH WIEHOB psila, TNOCJAENOBATE/b-
HOCTb {@,(X)}, mpH mNOCTOsHHOM X, fBAseTCA YyOhBawomeHh (HeBospa-
craouei):

) =aE) = =)= ) =

Hakonen, nockomsky paa (1) cxomurcs B npoMexyrtke £, npu moGom
NOCTOSIHHOM X
lim ¢, (x)==0.

n+— o

*) Yauce Junn (1845—1918) — uranbanckul MaTemaTHk.



78 TJI, XVI, ®YHKUIVOHANBHLIE NOCAEAOBATEALBHOCTH U PSAH [268

Jing Toro uroGul yCTaHOBUTb DAaBHOMEPHYI0 CXOAUMOCTb psiaa, Ao-
CTaTOUHO [0Ka3aTb, UYTO IS KaXJOro umcaa e >0 CymeCTByeT XOTb
O/IHO SHaueHHe 7, TPH KOTOPOM @, (X)< e OAHOBPEMEHHO IJA BCEX X
(u6o Torzma ans OOGJbINMX BHAYEHHH 72 5TO HEPABEHCTBO BHIMOMHAIOCH
6 ¥ HOZABHO).

JHoxasareabCTBO 3TOr0 GyaeM BeCTH OT NpPOTHBHOro, Ilpeimnonoxum,
4TO AA91 HEeKOoTOoporo & >0 Takoro HOMepa n He CyWECTBYET.
Torza mpu mobom n==1, 2, 3, ... B npoMexyTke 2 Hafigercsi TaKoe
3HAYEHHE X=X, YTO ¢,(X,)==¢. K nocrenosaremsocta {x,}, sce
3/IEMEHTH KOTOPOH CONEPHATC B KOHEUHOM npomexyrtke 2, npuMe-
HaM Jaemmy Boasnano — Betiepmirpacca [n°61] u emaenum u3 Hee ua-
CTUYHYIO MOC/ENOBATENLHOCTD {Xy,, }, cxomsmylocs K mpeneny Xo.

Beuny wenpepmsHOCTH @, (X), uMeeM:

lim Pm (xnk) =%m (xl))v
k-s00

KaKoBo Gbl Hu Ouo m. C papyro# CTOpOHH, npd Aw6oOM m, A J0-
CTaToOYHO OoabmiUx A:

N =M, TaK YT0 Qp (X,,) == Qs (X,,) ==e.
ITepexons smech k mpeseny npu k—» oo, HafifieM, 4TO

lim o (xnk) =@m (Xo) =e.
k00

A 3TO HEpaBEHCTBO, HMeEoIlee MECTO Npu A0 G OM m, NPOTABOPEUHT
TOMY, 4TO

lim @, (x) =0.
m—» o

Teopema Aokazana.

Ecan nepedpasupoBars Teopemy [lmHE Ha cayuall noc/ieqoBarenb-
HOCTEH, TO MONYUHTCH

Teopema 2% [lycrms nocaedosamensnocms (7) HenpepvsHbX 8
npomescymrxe X ==[a, b] dyuryuii cmpemumena npu n-»oco K npe-
Oeasnoll pynxyun f(x), MOHROMOHKKO BO3pacmasn, mak 4wmo

fn+1 (x) an (x)

Ecau gynngun f(x) maxoce nenpepsisna 8 L, mo f,(x) cxodumesn
K f(x) pasnosmepro 8 I:

268. Ilounenumiit mepexonx k npemeay. [IpuBeneM eme OJHY Teo-
peMy, Kotopas sBaserca oboOumeHueM Teopemnl 1. B ueth 2 ectn
NPpOUSBONBHOE OECKOHEUHOE MHONECTBO, HMEIOUIEE TOUKY Cryime-
Hus a (KoHeuHyilo wma Her) [n®32); osTa TOouka camMa MOKET W HE Tpu-
HajJexaTe MHOXecTBY 2.
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Teopema 3. Ilycme rascdasn uz gynxyui u,(x) (t=1, 2, 3,..)
onpedeaena 8 obaacmu X u umeem, npu cmpeMAeHUl X K a, KOHet-
Huld npedea:

lim u, (x)=rc,. ®
X — 0

Ecau pad (1) 8 ofaacmu X cxodumces pasnomepno, mo 1) cxodumcn
PAO, COCMAaBACHHBLE 13 3mux npedesos:

o0
Cp= C (C)
n=
u 2) cymma pada (1), f(x), maxoce umeem npu x-—a npedes,
UMERHO:
lim f(x)=~C. )
X — 00

JokasaTeanctBo. CorJacHO yCJIOBHIO DAaBHOMEpHOH cxolm-
Moctd n°265, aas npousBoibHO B3sTOro & >0 CymecTsyer TakOH HO-
mep N, uto npu n >N n m=1, 2, 3, ... nepapencreo (8) Ha
cTp. 74 mumnosuserca nas Bcex x us 2. Ilepexoas spech K npeneny
npu x—a, ¢ yserom (8), Haitaem, uto

et Crst oot Crm| <o

Tak 410 Aas pafa (C) BHMOJHAETCA yC/OBHE CXOAMMOCTH h°242.
Ecau C, C, ¥ 7, O03HAYal0T, Kak OOHUYHO, €ro CyMMy, WYacTHUHYIO
CyMMy H OCTaTOK, TO

C=C,+ 1,
Bryutad 370 paBeHCTBO MOUYJEHHO M3 (2), N€rKO HONYUUTD:
[f@)—Cl<|fa ) —Col - 1oa )|+ 1a . (10)

BBray pasHomepHOH cxoaumocTd pspa (1) u cxogumocta psza (C),
no mobomy ¢ >0 MOXHO PUKCHDPOBAaTh # CTOAb OoAblUWM, uTOOH
ansa Becex x u3 2 Guao:

I?n(x)!<—;‘: a TaKxe h’nl<'3e_' (11)

Tak Kak, OYEBHUIHO,

n n
lim f, (¥)= lim up (x)= cp=C,
.x"'afn( ) xX—a Z,]] k§l "

TO — €CAB  OTPaHUUMTLCA CAyYaeM KOHEUHOTO & — HalJeTca  Takoe

>0, yro mpu |x —a|< 3 Oyzer:

1o ) — Ca| < 5 (12)
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Toraa, npu ykasanueix sHaueHusx x, B cuay (10), (11) u (12), Oyzer
BHIOIHATLCA HEPABEHCTBO
I —Cl<e

4T0 M npuBoIUT K (9) *).
Papenctso (9) MoxHO Hamucats B dopme [cum. (8)]:

o0

tim 3 u, (x)=§11 { lim u, ()

X—+an=—

TaKAM 00pasoM, IIPH HAJIMYMA DABHOMEDHOH CXOMMMOCTH, Npedes CyMMbL
YHKGIOHANBHO20 PAOG paser cyMMe paidq, COCMABACHHO20 U3 Npe-
0e408 €20 4aeH08, UNH, WHHIMHM CHOBAMHU, & (HYHKHUOHAALHOM psde
donycminm npedeasHblii nepexod <NOUAEHHO>,

MeumePr. B xayectse mpuMepa npuMeHeHus 3To# ofmed TeopeMbl H3J0-
HUM BBRIBOJ H3BECTHOI'O YHTATEmO Jorapudmmyecxkoro psaga [n° 256, (21)], ucxons
U3 GuHOMMasbHOro pafa [n° 258, (26)], ¢ moOMOmBIO NpeneAbHOTO COOTHOUIEHHA
|n® 65, 2)]

B
Ina= lim k(3/a —1).
kE— o0 1/. )
(flo cymectsy, HMeHHO TaK NPHXOAHMT K JOrapupMmueckoMy paxy Ditrep B croeM
«BBegenun B ananu3», HO, pasymeercs, 6e3 CTpororo o6ocHoBaHuA!)
Tonownm a=1+ x (rae | x| <<!) ¥ noacrasum sumecro (1 4 x)* ero pas-

A0XKeHue

i L(L_l)

v 1 & \%
(1-}—x)k=1+—k—x+——17——x2—}—...

.‘_{_},7(71,--11).-2--.-.:.(%”—"%- 1) A

Torna In(l 4 x) npemcraBuTCa Kak npefel NPH kK — O BLipAXEHHA

x? 1

(O R ([ (B

_+(_1)n‘1x7n(1_%)<1_21_k)(1__ﬁ—ﬁ)+ (13)

[Tonyepknem, uto 3lech X O3HAYaeT MOCTOAHHOE yuCAo. UneHn aToro
para ColepxaT, B KayecTBe IepeMeHHOMN, HaTypaibHeil mnapamerp K.
Bo Bcet obmactu ero wuaMenenus **) pan (13) cXomuTCA DaBHOMEDHO; 9TO

*) Hdatatens y3saeT B 3TOM PacCyk/JeHHH TO, KOTOpOe Yxe GbiIO NpuMe-
HEHO AJA NOKA3aTeALCTBA Teopembl 1

**¥) Hanomnum, uto o6pactb uaMenenns 2 nepeMeHHOH x, 0 KOTOPO# 1ina
peub B TeopeMme 3, Moria GbiTh KaKOH YTrOIHO, B YaCTHOCTH, OHA MOI/a CBECTHCH
H K MHOXECTBY HAaTypaibHBIX YHCEJA C TE€M, YTO @ == CO,
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(mo npusnaky Beftepmrpacca) caexyer wu3 Toro, uYr0 OH MaxOpHUpyeTcs
paxom

e+ BRI e=const, [x[<1),

yie He cofepxawmuM k. B takom cayyae, no teopeme 3, B pame (13) Moxuo

nepeliTn K Npeleay BpH R — 00 MOUYNEHHO, YTO U TNPHBORUT K JOrapudmu-
YeCcKoMy pALYy.

269. IlouneHHoe WHTErpUpoBaHHEe PAAOB., Ilepelinem Temepp K pac-

CMOTpEHMIO Bompoca 00 HHTErPUPOBAHHM CYMMbl CXOZfmIErocs (yHK-
LUOHABHOTO PSld.

Teopema 4. Ecau ghynrwyun u,(x) (n=1, 2, 3, ...) Henpepvisus
8 npomescymre X ==|a, b] u cocmassennsiii u3z wux pad (1) cxo-
oumcs 8 SMOM NPOMEINCYymKe PABHOMEDHO, MO UHMEPArL om
cymmo f(x) proa (1) npedcmasanemcs caedyouur oOpasom:

gbf(x) dx= i

=1

b
S u, (x)dx =

b b
=Su1(x)dx—{—- S uy () dx—+4+...-+ Su,,(x)dx—}—... (19

JOKASATEALCTBO. Beuay wHenpepniBHOCTM OYHKUUR u,(X) B
f(x) [n°266, Teopema 1] cyuiecTBOBaHME BCEX 3THX HHTErpaioB oOue-
puano. ITpounrerpupoBas TOXAECTBO

F )=y (%) s (%) ...~ 21, (%) - 9, (%)

B npoMexyTke [a, b], moayuum:

b
{0 ax=

= S?ul(x)dx—{— S?ug(x)dx~|—...—]— fu,,(x)dx—l— S?qa,,(x)dx.

, Takum oGpasom, cymma # uaeHoOB psiga (14) pasHuTCA OT WHTErpa’ia
b

S f(x)dx nomoMHUTENLHHIM UYIEHOM Scp,, (¥)dx. Ins noxasaTenbcTBa

a a

Dasioxenua (14) HyXHO JUIIb YCTaHOBUTb, YTO
»
lim \ ¢, (¥)dx=0. (15)

n-— oo
a
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B cuny pasmomepHoi#t cxomamoctd psaa (1), mas moboro e >0 Hafi-
nercs Homep N rako#l, uto mpu n >N

[ea (2)| <o

€pasy IJid BCEX X B paccMarpusaemoM npoMexytke, Torma mas Tex e
8HaueHu#t n Oyzer:

Hb%(x) dx|< Sbm(x)ldx<(b—a)e,

YTO W JOKa3HBAET MPEAECILHOE COOTHOmeHue (15).
PasenctBo (14) mMoxer GnTb HamKCaHO B BHIE

S{ il u,,(x)}dx: i.{ S!Ju,,(x)dx},

n= n= a

TaK YTO, B CJYyYyae DABHOMEPHO CXOAAUIErocs (YHKUMOHANLHOTO PAAA,
urRmezpas om CYMMb pOa pasen CyMMe psoa, COCMQBAECHHO20 U3
UKINE2PAN08 €20 YACHO8, WM, VHEIMH CJIOBaMM, 0OMYCMUMO NOHAECHHOE
unmezpupoeanue paoa.

3aMeuanne Kak B B cayyae TeopeMu 1, TpeGopanue 1palmouepﬂoﬂ €xX0-
JHMOCTH CYy Ml € CT B € HH O A ClpaBeiAnBOCTH pa3noxenus (14), 1. e. He Moxer
GHTh NMPOCTO ONYMIEHO, HO BCE e He ABAseTCA HEOGXONBMHM. Pagn (?,
paccMotpentne B n° 266, kaK pas M HAMOCTPHPYIOT 910 o6croareabcrBo. O6a
ony B mpomexytke [0, 1] cxomarca ¥ ¢yHkuuH f (x)=—=OnepasnomepHo. Ho
UHTErpHPYA NepBhlif MOYAEHHO, Mbi B KauecTBe CYMMH PAJla MHTErpPaioB HONYYUM

1
lim S2n2x.e—"”"dx= lim (1—e™™)=1,
¢ n—+co

X0T4

1
Sf(x) dx=0;
0

117 BTOPOro Xe psjia aHAaNOTHYHO Haknem
1

1
lim §~E—dx= lim ‘i%j—"’)=o=§f(x)dx.

3
nooo g 1-4-nx? n—>cw

Mpumep. HocrasuM cefe sagayell pasaoXuTL TaK HaSHBAEMbH MOAH b #
SAAMNTHYECKHA HHTEr pau nepBoro poja

T

7
=\ g
F(k)_OS YVi—rsniy

no creneHaM Moayis k (O <k <<1)
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Wcxoas u3 pasnoxenus (1 +x) % B GunoMuaTBHbI pan [n° 258] u nonaras
B HeM x ==— k?sin? ¢, nonyyum

i @r—1 .
Vl—kﬁsm’ I+ Z o B s

9TOT pax CXONMTCH PABHOMEDHO OTHOCHTENbHO ¢, WOO MaMOPHUPYETCH CXO-
(2]
nawefica nporpeccuefi 14 2 k%", cnenoBaTeabHO, 31eCh NONYCTHMO MO Y 1€ H-
n=1
T
HOe WHTErpHpOBaHHe MO ¢ B MPOMEXYTKE [0, ?J. BuimonHus ero u ucnouib-
3yf M3BeCTHme WHTErpann [n° 187)

. @—1N =
mn —_——— .
sin*? ¢ dp =" 3

F=5{1+ Zl[%] el

310 pasnoxmeHne — OCOGEHHO, MPH MadbX R — MOXeT ObiTh HPHMEHEeHO
K NPHGIHKEHHHM BbLIYHCICHHAM.

°¢,;,_,],

NOMYuuM

Ilpusenem aHazor TeopeMmsl 4 AN MOCHENOBATENbHOCTEH:

Teopema 4*. Ecau nocaedosamensnocms (T) dyrryuii, Henpepois-
Hoix 8 npomescymre X ==[a, b], cxodumcn K npedeasnoli @yHwyuu
f(x) passnomepno 6 &, mo

b b
S fx)dx= lim S £ (x) dx. (16)

3t0 PaseHCTBO MOXHO nepenucate B BUIAC
b b
lim \ f,(x) dx= S { lim £, (x)}dx,
n—oo a a n— oo

TaK YTO NPEnes, OTHOCAIMHCH K WHTErpasty, OKAa3HBAGTCA BO3MONKHLIM
OTHECTH HENOCPEACTBEHHO K NOAMHTErpaibHO#t ¢ynkuuu. B astoM cay-
yae roBOpAT, uUTO Jonycmium npedessnsllii nepexod nod 3HAKOM UH-
mezpaaa.

B raase XVIII mbn Bepuemcs K aTOMy Bonpocy B Gojee o6wiedt mo-
CTaHOBKe.

270. TNounennoe pauddepennupopanne paxos. C nmomouwpio 7T€0-
peMbl 4 npenHAYIEro HOMEPa JIEFrKO MOKA3hiBAeTCA CJEAYIoLLas
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Teopema 5. ITycms dhyuxyuu u, (x) (n=1, 2, 3, ...) onpedenenst
8 npoxesicymxe &' =la, b] u umeom 8 Hem HenpepuiHbie npou3sod-
Hole U, (x). Ecai 8 smox npomescymre xe moasio cxodumcsa pad (1),
HO U PABHOMEDPHO CXOOUMCSH PAO, COCMABACHHHE 13 NPOU3EOOHBLX:

o]

glu,',(x):u{(x)—}—u;(x)—l—...—l—u;,(x)—l—..., an

n=

mo 1 cymma f(x) paoa (1) uneem 8 X npousscdnywo, npuses

o

f(x) = 2,1 up (x). (18)

n=

HoxasaTearcteo. OGosHaunm uepea f*(x) cymmy psaga (17);
B cuay Teopemel 1, sTo OyIer HempepHBHas ¢Qyskuus or Xx. Boc-
NIOJIL30BABINKUCE TENEPb Teopemo#t 4, mpouurerpupyem psn (17) nowieHHo
B NPOMEXYTKE OT 4 JO NPOU3BOJBLHOFO 3HaueHus X us L, Mbl MOJyYHM

[ee]

Sx FEOdt = f u, () dt.

o= ]
X
Ho, ouesuaHo, S Uy () dt =1, (x) — 11, (@), Tak uta
a

[ee]

Sxf* Odt= Y [, (x) =t (@] =

n=1

= 2 1, (%) — i u, (@=fx)—f(.

n=1 n=1

Tak xax unrerpan ciesa, BBEAY HENDEPHIBHOCTH IMOAMHTErPaAbHOH (yHK-
UM, UMEeT NPOMSBOAHYIO, paBHylo f* (x) [n°188, 12°], To 1y xe npo-
H3BOJHYI nMeeT u ¢yHKums f(x), KOTOpag OT HHTErpana OTAHYAETCH
Jullb Ha NOCTOSHHYIO.

Papenctso (18) MoxHO mnepenucaTe (CAH BOCMOJBSOBATHLCH, CAEAYH,
Komn, o6Gosxauvenvem D a1 npousBoJAHOH) B BHAE

D ngl 1, (%) } = n§1 Du, ().

Takum 00pasoM, npn yKasaHHBIX YCJIOBUSIX, NPOU3BOOHASN OM CYMMbL
pAda oxa3wviBaemcs pasra cymMume psdq, COCMQABACHHO20 U3 HPOU3BOD-
HylX €20 4ACHO8, WJIH, HHEIMH CJIOBaMH, QONMYCMUMO <NOYAeHHOE» Ough-
pepenyuposanue paoa.
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3AMEYAHNE PaccMOTpHM paam

@
Z [e— (n — 1)2x2 — n2x2]

n=

(42 + ¥ [2]7 in (14 "2"2)—2—(,71:1—) n (14 (2 — l)w)].

n=2

Tepsoitt 13 HUX cxoantca K O npu x==0 u x 1 B ocranbumx TOuKax, a Cymma
sTOporo Besfe pabHa 0. Ecau nmponudidepentupoBars UX NOYNEHHO, TO MOAYYATCA
y®e 3HaKoMble HaM pAlb (6) n° 266, cxonamuecs Bo BceM npomexytke [0, 1]
KO, HO ofa—HepaBHOMEepHO. B nmepsoM ciayuae pal u3 NPOU3BOIHBIX CXO-
AUTCA M NpH x ==0, rae cyMMa NepBOHAYaNhbHOFO pAXAa INPOM3BOJKHON HMeTb He
MoxeT, u60 pa3phiBHa B 9T0# Touxke. Bo BTOpOM Ciyvae, HaoGOpoT, NOYIEHHOE
muQdepeHIUpOBaHNe NOBCIOLY NPHBOIUT K BEPHOMY pe3yabTaty. JTUMH NpHMe-
PaMH HIAJOCTPUPYETCA Poab TPeGOBaHHA, YTOOH DPAX NPOM3BOIHEIX CXORHACH
PaBHOMEDHO! OHO CYILIeCTBEHHO, HO HE HEOGXOINMO.

Hepedpasuposky TeopeMbl 5 Ha cayuall QyHKUMOHANLHOH NOCHEROBATENb~
HOCTH NpeloCTaBiIfieM YHTATedlo.

Bce a1 TEOpEMBl O MOWIEHHOM MpEJENBHOM NEpexode, NOYIECHHOM
MHTErPUPOBAHNY ¥ Ju(PEepeHInPOBAHNH YCTaHABIMBAIOT aHAJAOPHIO MEXIY
(GYHKLUOHANBHBIMA  DAZGMH M CyMMaM#l KOHEUHOro vuucia (yHKIuH,
AHanorus aTa, OMHAKO, OTPaHNUEHa M3BECTHHIMKM YCJIOBHSMH, B Xapakre-
PUCTHKE KOTODPHX pPAaBHOMEPHAs CXOAMMOCTb BaHUMAET HCK/IOUHTENbHOE
MEcCTO.

271, Mpumep uHenpepriBHoll ¢yHrkuun Ge3 npoussopnoli. B szakmoyenne
9TOro maparpaa Ml NpHBeneM, NCHOAb3YA (YHKUHOHANBHBIA pAN, NpUMep H e-
npeps BHON QYHKINY, KOTOpasd HU B ONHOM TOYKeE He UMeeT KOHEYHOH
TIPOU3BONHOM.

TepBhit NpuMep Takoro poja HpuyazuaexuT Bedepinrpaccy; o 6un onyGan-
KoBaH B 1875 r. *); ero QyHKUMs ONpenenseTCs paRuioM:

«Q
f(x)=", a"cos b" nx,
n=20

rie 0 <<a <1, a b ectb HeyeTHOE HATypaiabHOE YHCIO (npnqu ab>1 +;7‘)-

ITOT pag Mamopupyercs cxofsuleHca nmporpeccuer Za”, caenoBatenbHoO [n° 265;
0

266, Teopema 1], cxoaurcas paBHOMEPHO, M €ro CyMMa SBJSEICA BCIOXY H e-
npepH BHOK (ynxunes#t or x. Kponoramsmm nccnenosanneM Beftepmrtpaccy
YAanoch NOKa3aTh, YTO TEM HE MeHee HH B ONHOU TOYKE W Hee He CyIecTByeT
KOHEYHO#l NpOH3BOTHOH.

*) BnpoueM, ¥ 3Iech ero onepefua boabuaso, mocTpouBmMBA HOXOGHYIO
dynkumo panee (1830 r.)
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Mn npuBenem Gosee NpoCTOH NpuMep BaH-ne p-BapaeH a, NOCTPOEHHHN
MO CymiecTBY Ha TOH Xe HIe€e: AAMb KONeOGAUMEeCA KPUBHE Y ==COSwX
3aMeHeHH KON e ON IO WU MHUCA JOMAHHIMU.

Wrak, o6ossauum uepes u,(x) aGCOMOTHYIO BeawuHHY PasHOCTY MEXLY Yuc-
JoM x ¥ OnMKaHIIMM K HEMY UEJHM yucioM. dta QyHKuna 6yner JHHEHHOH

B KaXAOM NPDOMCKYTKEe BHAA [%, L_g—]- , Flie §-—neaoe; oHa HeHPEPHBHa u
¥
a)
-2 -1 al ] 2

Puc. 4.

umeer nepuont 1. Ee rpadux npencraBaser coGofi aoMaHyio, oH H306paxeH Ha
pucC. 4, a; OTHeNbHbIE 3BeHbA NOMAHOA UMEOT yrioBofi xos@duuumenr =+ 1.
[onoxwm, 3atem, s k=1, 2, 3, ...

kR
my ()= 280

31a dynxuus GyAeT JuHeHHOM B NPOMeXYTKAax BUAa I—Z'%IT’ '32—:%;1—], OHa TaK-

Me HeNpepLiBHA M HMEeT HepHox Ee rpapmk raxxke ecTb JAOMaHas, HO

4k*
¢ Gonee MenKMMH 3yGYMKaMH; Ha puC. 4,0, HanpuMep, n3o6paxeH rpaguk Qynx-
ung u, (x). Bo Bcex cayuasax yraosbie x03(pQHULHEHTH OTAEAbHHX 3BEHbEB JOMa-
HOR U 31eCb paBHH + 1.

OnpeneanM Tenepb, LIA BCEX BEUIECTBEHHBIX 3HaYeHMH x, QYHKUMIO f(x)
PaBEHCTBOM

o0
Fx)= 3] 1 (x).

=

Tax kak, ouesuuHo, 0<Cuy (x)gz—.l—‘l-k(k=0, I, 2, ..), Tak yTO pAR MaXopH-

o
pyerca cxonaAuleHicA nporpeccuen 25%,;, TO (KaK M B cayyae ¢pyHkuuu Beitep-
0

mTpacca) paj CXOAUWTCA PaBHOMepHO, ¥ (yHkums f(x) Bcioay Henpe-
pHBHa.
OcranoBMMCA Ha MOG0OM 3HAYEHHH X ==X, BbiuMcass ero ¢ TOYHOCTBI 10

1
3TaR (rae n==0, 1, 2, ...) M0 HEZOCTATKy ¥ NO M3GHTKY, M B3aKJIOYHM ero
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MEXAY YHCHAMK BUIA:

Sp Sy 1
7SS grgEs

rie s, — uesoe. OYeBHNHO, YTO 3AMKHYTHE NPOMEXYTKH

_Sa Sp+1! 1

OKa3HBaOTCA BAOKCHHHMY ORHMH B npyroﬁ. B kaxmom w3 Hux Halizerca Takas
TOYKA X,, YTO PACCTORHHME €€ OT TOYKH X, PaBHO MONOBHHE ANHHB NPOMEXYTKa:

1 .
Ixn_xolr"zrm’

AiCHO, YTO C BO3PACTaHMEM 1 MEpPEMEHHaA X, — X
CocraBum TENEpb OTHOLIEHWE NPHpaHieHnfi

Fl)—fr) _ i i () — 1 (20)
Xn— Xy =, Xn—Xp

1 1
Ho, npu k&> n, uucno @i 6CTh LeN0e KpaTHOE® MEpHOMa oy GyHRURE 1y (X),

TAK YTO Uy (Xp)==Up (X,), COOTBETCTRYOUME UJeHH paAfa ofpamaorcs B 0 u
Moryt 6uith omymenb. Ecan ike k<Cn, 10 GyHKRuuA 4 (x), auHelinas B npome-
KyTke Ap, GyneT AnHeHHON W B cojepiauieMcsa B HEM NPOMEKYTKE A, DpHYeM

Bl — U (g0, 1, ..., ).
Xn— X, - Y

Takum 06pa3oM, HMEEM OKOHYATENbHO

(xn) f(x0) 2 (+ 1)

Xpn
k=0

WHBIMA CIOBAMH, STO OTHOHIEHWE PaBHO YETHOMY HEAOMY YHCAY TIPH HEYEeTHOM n
M HEYETHOMY HENOMY yucay npH yerHoM n. OTCIOHA ACHO, YTO MPH R —CO OT«
HOUIEHHEe NPHPAIUEHHH HK K KaKOMY KOHEYHOMY fpefeny CTPEMHTbCA HE MONKET,
TaKk YTO Hala QyHKUMA NPH X = X, KOHEYHOH NPOH3BOAHOH He HMeerT.

§ 3. CTEINIEHHBIE PAJAbI H Psiibl MHOTOYJIEHOB

272. IIpomMexyToK CXOZHMOCTH CTemeHHOro psna. Wanoxennas
B TMpeAmAymeM naparpade Teopus HaxoAuT cebe BawHOe NPUAOKEHHE TPH
HM3YYEHHH CBONCTB CTEMEHHHIX PpRAOB, DpacnoOJOXEHHBIX b0 npocro 1mno
CTETEHAM NEPEeMEHHOH x:

”goau "=a0—[—a,x+agx9—{—...-I-anx”—{—,,_, )
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mbo e — B ofuieM ciayuae — 1o CTENEHsM JABYUIEHa X — X

[s2)

X o —n)f=ataE—mn)tf..taE—x) .. @

ne=

(ay, @), @y ... 03HAYAIOT 3flech NOCTOsHHME Koddduuuentr). C ROXOG-
HBIMM PAAaMH B KOHKDETHHIX CJy4YasX Mbl y®e He pas BCTPEeYaauch
(ocob6o cm. § 6 raasn XV). Teneps ke Mbl 3aliMemcst H3yuEHHEM
B ofwem Bufe, TaK CKasaTe, CaMoro 3TOr0 aHAJHUTHYECKOrO am-
nmapata AaA npeacTasienus Qyskunfl. OueBHIHO, MOXHO OI PAHHYMIBCA
panamu (1), Tak Kak pag (2) mpusomurcs K (1) 3ameHoit mepeMeHHOH.

IonwTaeMcs mpexAe BCEro BRIACHATh CTPOEHAE «06JacTd  CXOAUMO-
CTH> CTENEHHOro psAa, T. e, MHOXecTBa &' =={ X} Tex sHauenni x==X%
nepemenHoH, Aag koTopsix paf (1) cxoaurca. IlyTth K 5TOMy OTKpHBAET
caepyomas

Jemma. Ecau pao (1) cxodumcesn 048 3Haverus Xx==2X, omaut-
Ho20 om 0, mo ox a6coaomuo cxodumcs 047 4106020 3HA4CHUR X,
Yydosremsopamezo xepagencmsy: |x|<|%|.

Us cxomumoctn psga:

[e0)
HEESTEPEDS SIS
n=

BLITEKaeT, YTO ero ofmuft umen crpemurcs k 0 [n°235, 5°, a caenmo-
BaTenbHO, orpaHuuen [n°33, §)]:

la, 2" |<M (=0, 1, 2,..). 3)

Bosbmem Teneps smoGoe x, Aaa koroporo |x|<(|X| m cocra-
BUM DA

3l =lan] - agel ot o e e @

Tak xak [cM. (3)]:

- x |* x |?
|ap|=la,2 || 5[ < M- |5 ]

H uieHs psaAa (4) OKAa3HIBAIOTCH MEHbIUMMEH COOTBETCTBYIOIIMX UJIEHOB
cxonsmetics  reoMerpuueckod  mporpeccun  {CO  BHaMeHareneM

e
M+M-|%1+M~l%r-{—...—l-M-,%l"—{—...,

10, Mo Teopeme 1 n°237, psan (4) cxomurcs. B rtakoM cayuae, KaK Mm
gHaeM, paf (1) cxoautcs a6COMIOTHO, 4To U TPeGOBaTOCH HOKA3aTh.
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IIpu x=0 cxomurcs, ouesmamo, scaknit paa (1). Ho ects crenen-
HBIE PAABl, KOTOPHIE ~— MOMUMO 3TOr0 — HE CXOAATCA HU NPH OJHOM 3Ha-
ueHun x. IIpuMepoM TaKOro <«BCIONY PAaCXOASILEroca» PAaa MOXET CJIy-

[ee)
HUTh PR Zn!x", KaKk B 5TOM JerkKo yOemuTbcsi ¢ MOMOLIbIO ITIPHSHA-
T

ka Jlanamb6epa, ITopoOHeie pAmBl OAaf HAaC HEe NPEACTAB/AIOT HMHTEpeca.
lpennoaoxum ke, uto aad psaa (1) cpeaw sHaueHwdt X nepeMes-

HOH, MPU KOTOPHIX OH CXOAUTCH, eCTb ¥ OTIMuHBe or 0. Paccmorpum

MHOXecTBO {|X|}; oHO suB0 orpaduueHo cBepxy, au6o HeT.

B nocnensem cayuae, kakoe Gpl BHaueHue X HU B3siTh, HeO6XOAUMO
Halizetcs TaKoe X, uto |x|<| % |, a Toraa no JemMMe Npu B3ATOM 3HAYEHUH
X pan a6coM0THO CXOOUTCS. Pl OKa3blBaeTCsl <BCIOLY CXOAAIMMCA».

Ilycts Teneps mHoxectso {| %|} cBepxy orpanuueno, u R Oymer ero
TOuHas BepxHaa rpanuua (Tak uro 0 <R < o). Eemt | x| >R, 10
5TO 3HAUEHHE X BaBEJOMO DA3HMTCS OT BCEX ¥, W Psg PAacXOAUTCH.
Bospmem temeps mo6oe x, mia koroporo |x|< R. ITo onpegeneniio
TOYHOH rpanuusnl [n° 6], HeoGxomumo HaHmercs Takoe %, uro |x |<C
<|®|=<R; a 310 mo JeMme CHOBa BJeueT 3a COGoOH a6CONOTHY WO
cxomumocts pama (1).

Takum o6pasom, nokasaHa obmiast

Teopema. Hasi rascdozo cmenernnozo psada (1), ecan moasko ox
He ABARCMCS 8CI00Y PACXOOTUUMCS, CYWECMBYEN MAKOE NOAOKUMEN b=
Hoe wucao R (omo mooem OGoumy u - o0), 4mo

pad abcoawmuo cxodumess daa |x|<R
u pad pacxodumes 04s |x| >R (ecau R< oo).

IT0 unuCca0 R HA3bIBaETCs PaAMyCOM CXOAMMOCTH psaaa.

Tem cameim paspemen Bonpoc o0 «obaactu cxogumoctd» 2 pana:
OHA NpejcTaB/seT cO000 CIJOWIHON NPOMEXYTOK OoT — R 1o R; anub
O KOHHAX €ro HeJb3f CHenaTh OOWEero YTBepXKAEHHS: KaK YBUAMM U3
NpPUMEPOB, TaM MOXET MMETh MECTO KaK CXOZMMOCTh (abComoTHas niu
HET), TaK M pacxoxuMocth. ITpomexyTok 2 HasbiBaeTC MpOMe Ky T-
KOM CXOAUMOCTH pama.

Ias BCcropy pacxoisuierocs psaga npuHuMaoT R==0: ero <«mpoMexy-
TOK CXOJMMOCTH» CBOAHTCE K Touke x=0.

[Tpumepn. 1) laa pana

14

s
2%

_

n
R ==co, npoMexyTOK cxommuMocTd (— oo, - oo) [n° 253].
2) B cayyae mporpeccuu
o]
14+ 3 xn
n=1

R==1, npomexytok cxoaumoct (— 1, - 1): o6a xonua He BKIOYAOTCA.
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3) Pan

« 211
et X
Z’ b 2n—1

n=1
aMeer R=1, npomexytok cxomumocty [— 1, -~ 1]: 06a KoHHa BKAOYANTCA, HO
CXOAMMOCTh TaM Heab6coanlTHaa [n° 255)
4) s pana

X"
—=n* Y

(L

n

R=1, npoMexyrox cxomumoctu (— 1, -} 1]: neBniit KOHew He BKAOYAETCA, a HA
ApaBoM — pAll CXONMTCA HeaGconwTHO [n° 256]
5) Haxonen, paccmotpum pag
o0
x*
2
n=1

sfecs Toxe R=—1, npoMexytok cxomumocta [— 1, -1}, pan cxoxurca a 6co-
o0
I
AIOTHO M HA KOHNAX (Bnnuy CXORMMOCTH paAXa ZF>

1

Bce ckasanHoe coxpaHser cuay u fad ofiero paga (2), AMIIb POJb
Touku 0, mrpaer TOUKa X, NPOMEKYTOK CXOXMMOCTH NPOCTHPAETCA OT
Xp—R 1m0 X3-+R (cO BKMOYECHHEM KOHIOB HJM HET, CMOTPA MO
Cayuaio).

3aveyanue Ecm NOBTOPHTH H3JTOXEHHHE cooGpameHm Ris pajga

ﬁ cpzt=c,+ ez 4 c2t ... 2t .., (1a)

n=0

PACHONOXEHHOTO HO CTEMEHAM KOMMNAEKCHOM mnepeMeHHolf 2z, ¢ KOMIIEK-
cHbIMH We kodpounuentaMu [n° 234], To oxakercs, YTO M LIA TAKHX PALOB
TeopeMa CIOpaBelamBa: 1A Kaxjgoro psana (la) (ecam ucCKIOUMTH BCOLY pacxo-
asmpecal) cymecrsyer Takoe wncao R, 0 <<R<S+ 00, yTo & |z | << R pax
a6CoOMOTHO CXOXMTCA, a 1aa |z|> R— pacxogutca. Ho Ha <KoMmuexcHo#t mio-
CKOCTH» TOYKH, M KOTOPHIX |2|<C R, 3aMONHRIOT K P y I paguyca R (C LeHTpOM
B Touke z2==0); Takum o0OpasoM, 3AeCh TNOABIAETCS KPYr CXOAHUMOCTH
(BMECTO MPOMEXYTKAa CXOXMMOCTH), H CTAHOBHTCA MOHATHHM IPOHC-
XOK/leHHEe HAa3BaHM PANMyCa CXOAMMOCTH

273. HenpepbiBHOCTH cyMMbi cTemeHHOro paga. Ilycte pax (1)
uMeeT paamnyc cxoaumoctn R >0. Ilpexae Bcero MoXHO yrBep-
WOATH:

1°. Kaxoe 0w nososcumensnoe wucao r<_R Hu 83ams, pad (1)
Oydem cxodumecss pasHOMEPHO OMHOCUMENLHO X 8 3AMKHYMOM
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nposescymre {—r, rl. IleticrButensho, Tak xak r<R, TO npu x==r
pan (1) cxomurca aGCOMIOTHO, T. €. CXONWTCE TONOKHTEAbHHH DAL

rtlag] 4 g, . ()

=]
2l aq| " =]a]|+|a
n=0
Mpa |x|=<<r wienn paga (1) 1o aGCOMOTHOH BeaMuMHE HE NPEBOCXO-
JST COOTBETCTBYIOUIMX 4YJICHOB STOrO psifia, KOTOPHH, Takum 0Gpasom,
WrpaeT posb MaXODAaHTHOTO psaxa, M NO npusHaky Beliepuitpacca
pan (1) mas yxa3aHHHIX SHAYEHUR X CXOHUTCA PaBHOMEpHO.

XoTta 4HCAO 7 H MOMKET OHTL B3ATO CKOJbL YroaHo 6JmskaM K R,
HO H3 JOKa3aHHOrO BCe XE He BHTEKAaeT PaBHOMEPHasA CXONUMOCTH B
npomexyrke (— R, R): 310 BHAHO XOT# OH Ha mpuMepe nporpeccuu
[n°264,5)].

Teneps, Kak caencTeue Teopemst 1, n° 266, noayyaem:

2° Cynuma f(x) cmenernozo psoa (1) suympu e20 nposmexcymxa
cxodusmocmu npedcmasasem cobol Henpeps8ryo QyRKGUIL om X.

Kakoe bl 3HaueHHe X ==X, BHY TDH NPOMEXYTKa CXONUMOCTH, T. €.
meXxaAy—R ¥ R, Hu B3Th, MOXHO BHOpaTh YKUCAO 0<r<R
TaK, uToOW OO0 |Xo|<r. TlpumeHuB ynomsuyryoo Teopemy 1
B npoMexyrke [—rvr, r], BBuay 1° yCTaHOBUM  HENpepHBHOCTD
Gyukumu f(x) B 5TOM NPOMEXYTKE, CJENOBATEAbHO, B YaCTHOCTH, H
npH X == X,.

[O6pamaeM BHEManMe uMTaTeJst Ha TO, YTO Mbl MsBENan¥ NpuMeHe-
uus TeopeMsl 1 B npomexyrke (— R, R), rie paBHOMEpDHas CXOXZMMOCTH
He MoxeT OWTb rapaHTHpOBaHa.]

HenpepHBHOCTL CyMMH CTENEHHOTO Psia MOXET GbiTh HMCHONL30BaHA
ANl OKa3aTeNbCTBA TEOPEMH O TOXAEECTBE CTENEHHHX po-
A0 B (HanomuHaiome# moao6Hy0 ke TeopeMy M LEAHX MHOIOYJIEHOB).

3% Ecau 08a cmenennbix pada.

X o=t okt @t e
n=
u

iobnx"=bo+b1x—]—ng’+.A.—f—b,,x"ﬁ—,,,

8 oxpecmuocmu mosxu x=0%) unewm oony u my xe cymuy, mo
3mu padw mooscdecmEeH b, T. € COOTBETCTBEHHHE KO3QdUUBEHTH
AX NOMAapHO PAaBHH:

ao"—“bo, a,*_—_bl, dszbg, cen 3 an=bm -

¥) 3gech MMeeTCA B BUAY HE TOJALKO ABYCTODPOHHAR OKPECTHOCTh
(—8, 8} TOYKE X==0, HO H ONHOCTOPOHH A A OKPECTHOCT BHAa [0, 3) mam
3, 0].
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Honaras x=0 B TOXIECTBE
2t ax .. =by+bx--...,

cpady yOexmaeMcs B paBeHCTBE ay==5b, OT0packBag 5Td YJCHHI
B 00enX 4YacTAX HAalMCAHHOTO TOXJAECTBA M neas uX Ha X (B 3TOM
ciAy4yae MB BHHYXJEHB CYHTATh X 0), IOAyuurM HOBOE

TOXIAECTBO
al+agx+...=b1—l—b2x+...

OHO TaKke€ HMEeT MECTO B OKPECTHOCTH TOuKM X =0, HO HUCK a10-
yas CaMy 5Ty TOYKY, Tak YTO 0E30TOBOPOYHO MOJOXKUTH B 3TOM
Toxaectee x=—0 Mb He uMeeM n1npasa. Jlulb HeNmpEepPHBHOCTH
cymM ofoux psigoB npd x—1{_ NO3BOJSET HaM 3aKJIOUMTh, YTO TOX-
JIECTBO BCE€ (K€ BHINOJHAETCS ¥ B HCKJIIOUEHHOH TOYKE, a TOrja—
noiaras x=—0 —noayunm, uto @,=—=>b,;. OtOpaceiBas 5TH UJEHH,
nend Ha x 0 U CHOBAa ONMUPasich HA HENPEPHBHOCTH (KaK U
TOJBKO uTO), HahifeM, uT0 ag==by, u 1. A OOwee yTBEpKIECHHE
OTpPaBABIBAETCA C IIOMOILBIO MAaTEMaTHYECKOH MHAYKIUHU.

Dra  Teopema, YCTaHABJMBAIOINAS  €NUHCTBEHHOCTb  PAasJIONEHHUs
dyukunu B cTeneHHoft psim, BrepBele OblIA yKasaHa HaepoM.

274. HenpepbiBHOCTh Ha KOHIE MPOMEKYTKa CXOAMMOCTH. PaccMoTpuM
Tenepb Golee TOHKHE BONpPOC O NMOBeNeHHH creneHHoro psga (1) B6au3u omHOro
H3 KOHLL OB X==:+ R €ro NpoMexkyTka CXONMMOCTH (CuMTas R KOHEYHBIM).
[Ipu 3TOM MBI MOXEM OTPaHMYMTLCA N PaBH M KOHUOM X =R; BCE CKa3aHHOE
0 HeM, C TIOMOUIbI0 NPOCTOH 3aMeHBl X Ha — X, NEPEHOCHTCSt M Ha Cayyalt
NEeBOro0 KOHHa X =—R.

B Bume pomoiaHeHus K TeopeMe 2° O HENPEPHIBHOCTH CYMMbl CTEMEHHOIO
pAfla B OTKPHITOM mpomexyTke (— K, R), uMeeT MeC1o

4°. Teopema AGeasn *). Ecau cmenennoii psd (1) cxodumes (xoms 6o He-
abconiomno) npu x =R, mo e20 cymma f(X) npu smom 3Ha4eHul Henpepusna
caesa, m. e.

[ee] [ee]
FR—0)= lim 3 ax"= 3 a,R"

x—+R—0,"9 n=0

Jlaa [oKasaTeNbCTBA MOXHO OblI0 Obl YCTaHOBHTh, YTO HpPELNORONKEHHA
TEOpeMbl BIEKYT 32 060 DPaBHOMEPH Y 10 CXOAMMOCTb psla (1) B 3aMKHYTOM
npomexyike [0, R}, a 3arem npumenutb obuyno teopemy 1 n® 266. Mu mpen-
MOYATaeM JaTh NPAMOE HOKa3aTenbCTBO.

bBe3 ymanenust o6LUHOCTH MOXKHO cyuTath R=1 (kx 3TOMy Ciyyaio BOnpoc
CBOIMTCA 3aMeHoll x Ha Rx). Mrak, 3Has, 4T0 CXOLHTCA PAX

o, =A,

n
1 Mg

*) Huabc Tenpux AGeuan (1802 — 1829) — 3HaMEBHUTHH HOPBEXCKHH Ma-
TEMATHK.
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Tpebyercs A0Ka3aTh, UTO

o0
lim 3 axn=4
=0

x—-1—0 n—

C sroft Heabto, cuntas supens 0 <x <1, ymuoxum no npasuny Komw pax (1)
Ha NPOrpeccuio
2 =

II

Mbl OXYYHM

Lo Yo

n=0

A,,x”, rae Ap=ay+a; ...+ a,.

I [\48

BoluTeM TEnmeph NOYAEHHO DPARHI

o]
A=(1—x) 3 Ax"
n=0

(o] [ee]
D apxt=(1—x) 3 Ayx™
n=0 n=0
Monaras A— A, =ua,, npuIeM K TOXIECTBY
[ee] (o]
A— Y ot =(1—x) 3] apxn. (6)
n=0 n=0

Tax xak a,—0 [n°235, 2°], T0 mo mpom3BOABLHO 3apmamnOMYy e >0 Haitfercsa

TaKolt Homep N, w10 |a,| << "5 & MHUb TOABKO 7 > N.

PazofbeM cyMmy pana B npaBoit wactu (6) Ha ABe CyMMH

N o
(=2 X apx®u (l—x) Y apx®
n=0 n=N-+1
BTopan OLLCHVBAETCA Cpa3y M HE3aBHCHMO OT X:
o @ 0
=0 Y ax(<U—n Y lale<G0—n Y <t
n=N-41 n=N-+1 n=N+1

Yro e Kacaercsa mepBol, To oHa cTpemutca K O npu x — 1, M npu ZocTaroy-
HO#t Gau3octH x K 1 Oyger

N
(=2 Y st <,
n=0
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TaK YTO OKOHYATEABHO
[ee]
|A— 3 auen| <,

ne=t
YT0 W J0Ka3HBAET BHICKA3AHHOE YTBEpMAEHHE.
O7ciofa BHITEKAET TAKOE MPOCTOE
Caedcmeue. Ecau oan dyrxyuu f(x), nosydeso pagaooicenue 8 cmenennot
PA0 aue 8 OMKPUIMONM RPOMENCYMKe

flx)= ZO @ x" (—R<x<R),

HO PyHKyus Onpedesena Ui HenpepuisHa, & ps0 npoOoAXcaem cxo0umses U Ha
KOHLE 3M020 NpOMENCYMKA, CKANCeM, Npu X==R, mo pasroxcenue ocmaemcs
GeprbiyM U Ot x = R.

B sToM nerko yGeIMTbCs, MepeXOid B HaNNCaHHOM DaBEHCIBE K mpeieny
opH X~ R—0.

275. llounennoe uuTErpupoBaHHe crenensoro psma. Ilo otHoe-
HUIO K HHTEFPUPOBAHUIO W AUDPEPEHUNPORAHMIO CTEMEHHNE pPAAN —
B mnpefenax HMX IPOMEXYTKa CXOAMMOCTH — BelyT cebs, Kak OObIKHO-
BEHHHE LeNHe MHOI'OUJEHH,

5°. Cmenennodi psad (1) 8 npomescymre [0, x), 20e |x|<R,
8ce20a MOJCHO URMe2PUPOBAmSE 10 4 A€ H K 0, TaK YTO — 0603HaYad uepes
F(x) cymmy psnma:

§f(x)dx-_=a&x—f—f2ix“+%’x"-[—...—}—aLn“‘x"—}—... )

Ilan HoxasarenscTBa BospMEM 5 Mex Ay |x| m R. B cuay 1°
psiA (1) CXOBHTCA pAaBHOMEpHO B mnpoMexyrtke [—r, 7], a Toraa mno
TeopeMe 4 1n° 269 B mpomewyrtke [0, X] paA MOKHO TOWIEHHO WHTe-

rPpUpPOBATDH.

[pouanioCTpEpyeM MHOroOGpasHHE NPHIOKEHHA 9STOM TEOpeMH Ha NP H-
Mepax.

1) MoyaesunM uHTErpHpoOBaHMEM nporpeccuit

_1__:7}=1_x+x9—...+(-— yriga=s
1
14 x*

B npomexytke [0, x], rme | x| <1, cpa3y moayyaiTCa pa3nomeHns
X

=]—x*dat e (— iR

dx x2 xﬂ - xn
§1+x =ln(1+x)=x-—~—2~+-§-—-...+(—-— l)ll "—’_l‘+... N
gx dX o rcte s == x® | x® 1yt X
A H_xs--arc gx--x—-Td- —5-—.+(- ) Q‘n—:T-*“... >
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KoTopnie B n° 257 u 256 OuimM yCTaHOBAeHH ropasfo 6o/nee CIOMHHIM NYTEM.
Taxk kax mepsuft pax CXONMTCA NP x==1, a BrOpoH — APH X ==*1, TO COOT-
BETCTBYIOHIME Pa3NOMEHAA (O CACACTBHIO M3 TeopeMu AGena) MMEWT MECTO H
[IpH STHX 3HAYEHHAX. .

2) BosbMeM wu3BECTHOE HAM pa3ioxeHHe B par dymkuuu (1 4 x) 2
{n° 258] u samemuM B HeM x Ha — x? (cumras {x|<<1); B pesymnrare Hafi-
IeM, 4To

>

1 2n— 1)

==+ X Bt c1<a<y,
n==1

TIpounterpupyeM Tenepb STOT paf nouaesno B npomexytke [0, x] (— 1 < x <)
OKOHYATENLHO NMOAYYMM HOB O € Jis HAaC Pa3NOKEHHE APKCHHYCa:

x
dx ; 1 x*, 1.3 xF
§———-—-———=arcsmx_x+7.§+m..§+“_

Vi—x2

gL @) am
24-....2n gl

Mo caencreuio m3 teopemn AGens [n° 274], 370 pa3noxeHHe MMeeT MeCTO M
Ha KOHIAX x=: 1 mpoMmexyTKa, NOCKOJbKY PAl CHOpaBa CXORHUTCA M B STHX
TOYKax [cm., Hanpumep, n° 240]

3) Oco6yiw poab NOYNEHHOE HMHTEIPHPOBAHHE HIPaeT OPH Pa3nBOKEHHH
B GeckOHeuHHEe CTENeHHNEe paAlb MHOTHX HHTEIpPajoB, HE BHPAKAIOMHXCA yepe3
sneMeHTapHnie Qysknum B koHeyHoM BuUAe [n° 165). Hanpumep, ucxoas us
H3BECTHOrO PasloXeHus

e X X L
=1t P L

[n® 253, (11)], sattnem

X
el P B ST IR A Ll X
Se dx=x—qp-gtog =t gt

0

Mogo6HKe Pa3fOMEHMA C YCIEXOM MOLYT OhiTh HCROAb3OBaHH Xia NpuGau-
KEHHMX BHYHCACHHH M I8 COCTAaBIGHHA TaGauMu 3HayeHWA WHTErpaios, He
BHPAXAIOUMXCA B KOHEYHOM BHIE.

276, Ilounennoe audpdepeHnpoBaHue CTEmeHHOro paxa. 6°. Cme-
nennoli pad (1) sHympu e20 npomescymra CXOIUMOCIMU MONCHO
dugpbepenyuposams noyaeHHO, TaK UTO II9 CyMMH f{(x) psaa
CyWlecTByeT NMPOMSBOAHAS Y BHPANKAETCA TaK:

Fx)= 'g}l na,x" 1 =a; 4 2a3x ... na,x"t 4, ®

Kakoe Om sHauende x=ux), — R<xy<{R, HH B3aTb, MOXKHO
BHOpaT JABa WYHCAA ry, B I TaK, yTOOH Onao |x,|<ry<lr<R.



96 LI XV1, ®VHKUHOHAJBHEE TIOCARNOBATENBHOCTH U PSAH [276

Beuay cxogumoctn psga (5) [n°278], ero obmuit uneH orpaHuueH:
la,|-r"<<L (n=1, 2, 8, ...; L=const).

Toraa, npn | x| <<ry,

nlax"t | <n|a,

n—1 ro\n—1
ot (5] <t

r=1 23 ...; L0=§=const),

TAK yro uwieHn paga (8), ANd yKa3aHHBIX SHAuYEHWH X, HE NMPEBOCXOAAT
COOTBETCTBYIOIUX WIEHOB MAaXODaHTHOT O psafa

L0—|—L0.2(’ri)-}-Lo.g(’T")q-{—...—}-Lo-n(’7")""—}-... ,

B CXOOUMOCTH KOTOPOTO Jerko yOeIuTbCd € MOMOIIBIO INpPH3HAKA
t
HanamGepa (puHAB BO BHUMaHue, 4YTO 7"<1). Mostomy B npowme-

KyTke [— 7y, ro] paa (8), cocTaBiaeHHBIH W3 NMpPOWSBOMHLIX WIEHOB psAa
(1), cxomurcs paBHOMEpDHO, H— 1o Teopeme 5 n°270 — mounenHoe
anpdepennuporanue psga (1) onpasiaHo Aas  BCEro  NPOMEXYTKa
[—rp 7ol ¥, B YacTHOCTH, AA TOUKH X ==X,

3AMEYAHNE Mub goxasamu B 5° u 6° uro paawm (7) u (8) cxomarcs
B OTKPHTOM MNpOMEXyTKe (— R, R), cnemoBarenbHO, MX PaAMyCH
cxoammocTH He mMenbmwe R. Ho Beab, B cBOlo ouepens, pag (1)
fIOAy4aeTcs TNOYJeHHhM JuddepenuupoBanneM (7) ¥ TNOYICHHBIM HHTe-
rpupoBanueM (8), Tax yro m R He MoXeT OGHTb MEHbBWE
YyOOMSHYTHX PaAHyCOB CXOAHUMOCTH. B coBOKynHOCTH u3
CKa3aHHOTO BHITEKAET, YTO paduycb. CXO00uMoOcmi 6cex mpex paidos
(1), (7), (8) pasner meacdy coboi.

Hepumer. Yrobsl nokasaTs Teopemy 6° B ZeHcTBhH, paccMoTpuM Aud-
(epeHnualbHOe ypaBHeHHE
xu'+u 4+ xu=0

(npocredmyii cayyail Tak HaspiBaeMoro ypasHenns Beccena¥), wacto Bcrpeuatonte-
rocs B MaTeMarHyecko# ¢Qu3uke u ee mpuaoweHnusx). IToctaBum cebe 3amaueit
HaliTU TaKoe €ro pelleHHe i, KOTOPOE Pasnaraioch OH B PAX IAd BCEX X.

Hanumem pasnmoxenme MckoMol GyHKNHH B BHAe paa ¢ HeoNpeeseH-
HBMHU Kosbpbunnentamm

(o]
u= 2 a,x"
n=0

*) Ppnupux Buavreabm Beccenn (1784—1846) — HeMeuxu#t acTponom.
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M, CYMTas ero BCIOAY CXONAUMMCA, XBaXIH npomupdepeHUHpyeM [OYAECHHO,
M5l MOMYYHM

[ee] [eo]
xu== Y apx"t= 3] a, xn,
n=>0 n=2

fee]
=3 na,x",
n=1
[os]
xw'= ¥ n(n—1)a,xnL
n=2

TMoacTanass 9T0 B ypaBHEHHE, NPHAEM K TOXLECTBY
o0
a + Z (@p-z -+ 0% - ay) X" =0,
n=2

a TOTHa, MO Teopeme 3°,
a,=0, n*.a,4+0, ,=0 (n=2,3, ...).

Orcona, npexiae BCero, MO HHAYKIMH 3akjiouaeM, 9410 Bce KO3(duuuents
C HEYETHBIMH 3HAYKaMH &y, ,=0(m=1, 2, 3, ...); UTO e Kacaerca Ko3¢pPu-
UHEHTOB C YeTHHIMH 3HaUKaMH G, TO MO PEKYpPPEHTHOH QopMmyne

1
Aoy == — im? Aom—s
OHM BhHIPA3ATCA Yepes a,l

1
By = (— 1™ iy T o

MTaK, C TOYHOCTBIO A0 IIPOU3BOALHOIO MHOXHTENA &, MOAYYaeTCAa OKOH-
YaTeabHO pAlk

x2m
VG

s

Uro 5TOT pAl KEHCTBUTENLHO BCIOAY CXONMTCH, JErKO NPOBEPUTH HENOCpefi-
CTBEHHO. A M3 caMoro cmocofa ero noiyyeHHs sBCTBYET, UTO NpeicTaBasemas
uM dyHKuRA *) yIOBJIETBOPsieT yPaBHEHHIO.

OGpaunaeM BHUMaHHE uUHTaTels Ha CBOeoGpa3Hoe HCIIONb3OBaHUE Memooda
HeonpedeneHHuX KOdPPuyuenmos: 31ech 3THX  KO03QdUUUEHTOB GecKoneunoe
MHOXECTBO, U NPHUULIOCH NPHGErHYTh K TeopeMe O TOXIAECTBE CTENEHHBIX PANOSE,
BMECTO OGLIYHO NPHMEHSEMOH TEOPEMbl O TOXIECTBE MHOTOWIEHOB.

277. Cremennoit pax xak pax Teitnopa. Ilocnennss reopema 6°
OTKpHIBA€T BO3MOXHOCTb INOCJAEROBAaTEeAbHOr0 MHOTOKpaT-
HOTr 0 HaudpepeHIHpOBaHus CTENeHHOro psiga. Takum o6pasoM, mo-mpex-
Hemy o6Go3nauas uepes f(x) (yHKIMIO, NPEACTaBISEMYIO CTENEHHHIM

*) Dro «<becceneBa (QyHKNMA C HYIEBLIM 3HAYKOM>; ee 0GO3HAYAOT
uepes J, (x).
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pagoM (1) B ero npOMEXYTKE CXOARUMOCTH, OyldeM HMETh FOBCIOAY
BHYTPH 5TOr0 NPOMEXYTKa:

f)=atax-ax?4-.. . F-a,x"-}...
F@)=1-ay42-a9x43-ax* ...} n-a,x5™ ., .,
Fr@)=1-2-0-+2-3-aq55+...4(n—1)-n-a,x"24 .
F®)=1.2.3.a5F... 4 (n—2)- (1 —1)-n-a,x" 4. .

M (x)=1-2.3-...-(n —ena, ...

L T T Y « s e o e .

Ecan noaoxuTs BO BCEX STHX paBEeHCTBax X==0, To npuzem
K XOpOuIO HaM 3HAKOMBIM BHPAXKEHHAM KOSQDHIUEHTOB CTemeH-
HOro paja:

a=fO, a=r0, a="0

I o)
a3='——3‘—, cee ) n:——nl——

[cp. n°252, (7)]. Ecim O peus waa o psae obwero suza (2) [n° 272],
TO TmpunLIOCh O 3AeCh JHMIIL BMECTO 3HAaueHus x=0 NOICTaBHTH
X ==X, Wrax:

1° @yukyua, npedcmasaseMas CmenewnwM pRdor 8 ezo npo-
Heacymye CXO0UMOCMI, UMEEM BHYMPU SMO20 NPOMENCYMKA Npous-
8o0nue 8cex nopsokos. Camsil paod, no omuowenuio ¥ amoi Hynxyuu,
ABAREMCSA He 4eM UHMM, Kak ee padox Tediaopa.

310 3ameyaTe/bHOE NPEMIOXKEHME MPONHBAET CBET HA BOMPOCH
pasmoxeHuss (QyHKIHH B CTeNEHHME PAAB, KOTOPHMH MH 3aHEMAJUCh
B npeamaynied raase. Mu puauM, uto ecan dynkmma BooGwe pasna-
raercs B CTeneHHOH ps, T0 HeoOxoaumo — & paa Te#nopa; nostomy-1o
MBE M OrpaHUYMBAZNCh HCCACHOBAHUEM BOSMOMHOCTH JAJs (YHKUMH
OnTh TPEACTaBACHHOH HMMEHHO CBOMM pagoM Tefiaopa.

278, PasnoxeHHe HenpepniBHOA GYHKIHH B PAR MHOrowieHos., Kiacc
GynKuMil, NONYCKAWMUX DA3NOMEHHE B CTENEHHOH pan, Kpaline orpanmuen.
Teopema 7° mpennunymero HoMepa rOBOPHT O TOM, YTO (DYHKUHA, Pasnaraowmasncs
B KaKOM-THGO IPOMeXYTKe B CTEMEHHON DaAf, BO BCAKOM Clyyae HKOMMHA HMETb
31eCh NPOH3BOJHEIE BCEX MOPAAKOB; N2 M STO TAKENOE YCHOBHE, KAK Mhi 3HaeM
u3 § 6 rmaBn XV [oco6o cm. n°259!], manexo He oBeCNeYHBAET BO3MOXHOCTH
CTENIEHHOTO DPA3NOXEHHA.

B sTo#t cBasH mproGperTaer BaXHOCTb JOKA3aHHan Beftepmtpaccom (B 1885 r.)
TeOpeMa, KOTOpAA YCTAHABAMBAET NI NPOM3BOJLHOM HENpepuBHOH (QYHKuER
BO3MOXHOCTb Pa3NOKEHHA B PaBHOMEPHO CXOMAMACA PsAN, COCTABAECHHHH U3
nean 1; X MHOTOYJAEeHOB. Mu cohopmyaupyeMm ee Ha ASHKe NOCHeAOBaTeldb-
BocTelt:

Teopema Beliecpmmpacca. Ecau fiyrkygus f(X) HENpepuionaG 8 KOHEUHOM
3aMKRymMoM npoxescymie [a, b, mo cywecmeyem nocaed08amebrOCb Yern X



278] § 3. CTENEHHHE PSIl{ ¥ PAAL MHOTOYIEHOB 99

MH02042eH08 {P, (x)}, KOMOpas 8 smos nposmexcymke pa6HOMEPHRO LXO-
dumen Kk f(x).

[IpexnonoxnM chayana, yro peus uaer o npomexyrtke [0, 1]. Torza Tpe6o-
BAHHAM TEOPEMH YNOBACTBOPAET KOHKPETHAA MOCNEX0BATENBLHOCTbH MHOTOUYJIEHOB

By (x)= if(,})-czxva-x)"-' ! ©

v=0

Ona Roka3aTeanCTBa 3TOF0 HAM MOHAXOGHTCA DAR NPOCTHE TOXIECTB.
IIpexne Bcero, npd K060M HATYpPaibHOM 7,

n
Y G (l—xy =1, (10)

v=0

YTO Cpasy noayvaercs u3 pasioxeHns (a -+ b)" no GuHOMHAILHON dopMmyne
Heworona, ectn B3aTh a=ux, b=1—x. [Janee,

n
3 O (1 — X" =nax. (1

v=0

HeitctBuTeanno, oTépachisas caaraemoe, orsevaiouiee v=="0, Kaxxoe U3 0CTans-
HBIX MOXHO NEpenncath B Buje

(n—1)(n—2)-.... T—T1—5=1+1)
ne T 2-....(—1)

WY, ecad BBECTH 3HAYOK p==v— |,

nx - CY_xt (1 — x)* 1,

Xt (1 . x)n_—l—w”—T

Buinocs nx 3a cko6ku, B CKOOKAaXx HOAYUHM CYMMY
n—1
> e (=),
w=0
paBuyo 1 B cuny (10). Anasornyso u
n n—2
B =) (=0 =n (a—1)x*. Y, C)_ox* (1 —x)FFh==
v=0 A==0
=n(n—1) x% (12)
Haxonen, ymuoxas (10) na n®x?% a (11) Ha — (2nx — 1), cCHOWMM 3TH TOXAECTBa
nounenno ¢ (12). B peayabrare Mul npuieM K TOXAECTBY

S [n*x*—@2nx—1) v~ (v—1)] - Co.x°* (1—x)*=n*x*—Q2nx—1)nx+n (n—1) x*
Y w

*) Mi BOCHPOM3BOAMM HpoOCTefililee M3 MHOTOUMCAEHHMX JOKA3aTEALCTB TEO-
pemb Befiepiirpacca, XoTopoe NpHHAINAEXNT COBETCKOMY akanemuky C. H. Bepa-
ey, Hanucanunie MHOroynens B, (x), KOTOpbIe 1€rKO CTPOATCA IO 3HAYEHHAM

v
GyHKUNY f(Xx) B pauMOHANBHHX TOYKAX 0 TMONYUHIM HA3BaHHE CMHOIOUICHOB
Bepuiuteitna» Gyrkuuu f(x).
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HIY, N0CAe YNIpomeHut,

n

3 (= nx) Chx (1 — x) = nx (1 — x).

v=0

Ecan npHEAT BO BHUMaHWE, YTO — HpH AO60M X —
1 /1 2 1
x(l—x)—f—ki—-x> <7

TO HNONYYUTCA HEPABEHCTBO

n

Z (r—nx) Cxv (1—xpv < 2 (13)

4
v=0
KOTODHIM Mbl HEIIOCPEACTBEHHO M BOCHOMb3YyeMCs.

Puxcupyem no npoussony x B npoMexyTtke [0, 1]. Beuay (10), moxno
HamucaTh

F@)= 3 F(3) G (1= 2y,

BoiuteM nocaenHee pPaBeHCTBO NMOYeHHO u3 (9):

By (x)—f (x)= 2 [7(3)—r@] e a—pen (14
0

Jlns oueHk# 9TOH Pa3HOCTH OTA €N bHO PACCMOTPHM Claraemsle, OTBEUYaOLINE
A
GIM3KAM K X TOYKaM -+ W Tpoune cnaraeMuie. Tounee rosops, no 3aaHHOMY
yucay e > 0— BBUIY HENpPEpPBIBHOCTH, a CreloBaTenbHO [n°75] m paBuHOMeE p-
H O} HenpephBHOCTH (QyHKUMU f(x)— Halgerca Takoe uucao 8 >0, 3aBucamee
TOJbKO OT €, YTO
3 | x"— x| <d caepyer {f(x")—f(x)]<e (O<x', x" << 1)
Bor Mb u paso6bem cymmy B (14) Ha mBe, ¥, M ¥, OTHOCA B NEpPBYIO Ciarae-
v v
Mble, 1A KOTOPHIX 71—-—)( <%, a BO BTOPYIO —Te, N Kowpuxl;—-—xl}ﬁ.
v
B nepeom canyuae, OYeBHIHO, If(;) -—f(x)l< e n [cm. (10)]
n
Ile <e ¥ Coxv (1 —xyrv<e. ZOC;x" (1 —x)rV==e,
ve—

Bo BTOpOM Xe, BBONA HauGonbliee 3Hauenme M ama | f(x)|, uMEeM TaKyo

OLEHKY:
| 3. 0<2m- 3 el —x)

£
n



279] § 4. OUEPK HMCTOPUU PANOB 101
Ho 3nece (v —nx)? ==23%n2, rak uro TeMm Goree

2.

<B2—,-242— . 2 (v—nx)?-Cox® (1 — x)™

v
;—xl =3

| =

2M
FEPE)

= (v—nx)? - Cox¥ (1 — x)*,

L

OxounyarebHO, NCNOMAB3YA HepaBeHCTBO (13), moayyaem
2 |<
2 2% "
M
Ecau B3ath # > sx-, T0 (we3aBucumo or x!) 6yjer u

282
|E2,<e,

a TOTMla, O COBOKYMHOCTH,
[Bn (X))~ F(x) ] <2,

YTO W NOKa3hiBaeT TpebyeMoe yTBepkAeHHe —MoKa Has mpomexyrtka [0, 1]
Cayuvalt e MPOH3BONBHOIQ NpPOMEXYTKA [@, b] NPHBOAMTCA K PaccMOTpeH-
HOMY NPOCTbIM NpeoGpasoBaHneM nepeMeHHol: x —=a -ty (b—a), rae 0<Cy< L.
TocTpoennas no HenpepuiBHOR Gyuxuum or y: f(a -+ y (b — a)) nocnexosatenb-
HOCTb MHOrouneHos B, (y) cxommtca K Hell pasHomepHo pas y B [0, 1]. Torma
‘o

a
NoClHeAOBaTEAbHOCTD MHOIOUJNEHOB P, (x)=B,,\ a) OyHer CXOZUTbCA K

b —
¢ysxnun f(x) paBHoMepHO Xaa x B [a, b]. Teopema mokasaHa.

[Tepexons o6bIYHEIM 06pa3oM OT (YHKIHOHAIbHOH IOCHEROBATENbHOCTH
K QyHKunoHaibHOMY pany [cM. n® 263 u 264], MOXHO NMPeACTaBUTb TEOPEMY
Befiepmitpacca B B Tako# dopme:

Kaocdan uenpepoisnas 8 npomescymre [a, b] dynxyus f(x) pasrszaemes
8 amom npomescymike 8 paASHOMEPH O cx00AUuiica pao

f(x)= Z}I Pa (%)

COCMABACHHBIE U3 LeAWX MHO204AEHO8 *).

[Tono6xoe pasnoxenye B OTHOLIGHHH NPAKTHYECKUX NPUMEHEHuH, pasymeercs,
ycTynaer pasnoxennio B paj Te#nopa, Ho, 6aarofapa ypessblyalHON O6IIHOCTH,
uMeeT Goablloe TeopeTHueckoe 3HayeHme. B wacTHOCTH, OTCIONA BbiTEKaer, 4TO
Kaxcoan Henpepvi8Has GyHKyus moOvcem Ooimb 3a0GHA e0UHBLM <@HGAUMUYe-
cxum sotpadicenuem» [n°18; cp. Touky spenun diaepa, n°21].

§ 4 OYEPK HCTOPUH PSIIOB

279. Snoxa Hbiotona u Jlei6unua. [apaziessno ¢ cosnannem B XVII Bexe
IuddepeHIHalbHOrO U HMHTEerpaibHOro wcuucaenus [raasa XIV] B maremaruye-
CKYI0 NPAKTHKY BOILNY W GeCKOHeuHbie psfinl. Haynem ¢ mospuBmuxca B 1668 r.
B AHraup pa6oT, TaK HIM WHAaue CBA3AHHHLIX C NOTAaPDHPMHUYECKHM PALO M

*) Hanpumep, MOXHO NOAOXUTb Py (X) =P, (x), p, (x) =P, (x)— Pp_, (%)
(aaa n> 1)
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B srom romy 6uao ony6aukoBano HeGoabmoe coynnesne Hukoman Mepx a-
Topa (1620—1687) <JlorapuTMOTEXHNKA», NOCBAINEHHAA METONAM BHUMCIEHUA
norapugmMoB. B ommo#t ¥3 NOCHENHHX TIaB aBTOP 3aHHMAETCs KBaApPaTypoH ru-
nepboan xy=1, oTHecenHo# K acmMnroraM. [lomaraa x=1- a, on numer
ypaBuenue runep6oin B BURe |

}’=1—_F71-

Myrem nenenns MepkaTop RNepeXOAHT K PAa3JOMEHHI0 B FeOMETPHYECKYIO Npo-
rpeccuio .

14+ e

a 3aTeM, HHTEIPUPYs HO @ MOYAEHHO, AOAYyYaeT JAA MNIOUALN THIEPOOaLl H3BECT-
suit pax [n° 256, (21)]

=l—a+at—at4...,

a? a3 al
a——2-+'-§~—"4“+...

Bonpoc 06 06aacTM NPHMEHAMOCTH i);ma He 3aTparuBaercs (Ha NPUIOKEHHOM
yepTexe CIyYalHO OKa3HBAaeTCa @ > 1, TaK YTO pasnoMeHue Ha Jeae HeNpH-
menumol). Ha srom Bonpoce ocranaBauBaerca B cBoeli peneHsuun Bamamc.
Haxonen, Buapam Bpoynkep (1620—1684) nan uncro reomerpuuecknii Busos
YyacTHO# QopMyIH

1 1 1
m=tztzzstsst-

Jina NPaKTHYECKOr0 BHYHCACHHA OH yHoTpebaser Goree OGHCTPO cxoasuuiica
PALL, DpHYEM — NyTeM CPaBHEHHA C TeOMETPHYECKOH RporpeccHelf — HaXOMUT
IPaHHNH AAf OCTaTKa.

Heckonbko paHee Hauwal 3aHMMaThCA GeCKOHEYHHIMH pafaMH HeloToH, HO
ero MCCAeOBAHHA B 9TOH 06acTH, MepenaeTaounecs ¢ UCCACAOBAHUAMU B APY-
rHX 061acTAX aHanu3a, OHJM ONYGNMKOBAHBI, KaK MH 3HaeM, C GOJbIIMM ONO3ka-
nueM. Ciofla OTHOCATCH, NpeXNIe BCero, ero mucbMa oT 1676 r., npednasHayenHbie
nas JlefiGuuua, H ero uzBe QyHIaMeHTalibHbie PaGoTH: «AHaIM3 C NOMOMPBbIO
ypaBHeHHH ¢ GECKOHEUHHIM YMCAOM YieHOB» ¥ «MeTox (aoKcn#t B GeCKOHEYHBIX
PANOB», O KOTOPHX Gnina peus B raase XIV.,

IMo-punumomy He no3xe 1666 r. Hpioton yxke Bragen 6MHOMUAAbBHH M
PANOM Jas JAPOOHHX HIAM OTPHUATENbHBIX 3HayeHUH mokasaTens. CHavala OH
npUniex K HeMYy C MOMOWILI0 YMO3AaKMOYEHH# MO aHANOrHM; PasTOKEHHA KopHel
NPOBEPANKCh NYTEM BO3BENEHHA B crenenb. Bmociencrsum Hbuioton naxommt
TPAMOH METOJ JejeHHsi CTENEHHHX PANOB W M3BIACYCHHA KODHeH M3 pAKOB,
nepeHocs Cja NPUHLMIIE Y€ H3BECTHOTO K TOMY BPEMEHH YYEHHA O NeCATHY-
HHX JApoGaAX. Pasnaras pa3snyHbe BLIPAMEHHsA B CTeNeHHwe paaw, Huoron cso-
JMT HAXOXAEHHE WX (HOKCHHA H (QAIOSHT K TAKHM KE ONepauuaM Haj cTenenaMu
¥ 9THM 3HaYHTEJbHO PaCmMpAeT 06JaCTh NPHUMEHHMOCTH CO3JaHHOTO WM aHaJu3a.

Hepemnxo HeioToH npuGeraer x oGpaumeHunio pAna, T. €, HCXOAR U3
Pas3NoXeHHs ONHOK BENIWYMHB IIO CTENeHsAM ApYro, yCTaHABAMBACT PaslomKeHue
BTOpO# mo crenenaM nepBo#t. Tak, oTmpaBassch OT AorapudMuuyeckoro pama

1 1
z=A— x’+-§-x’—...,

OH T0dyuyaer

T DS S
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T. € MO CymecTsy —mnoKa3aTeabHuli pan (a06asHe B OGeHX yaCTAX nio
eXxuHAle, Mbl NOAYYHAM Ow caesa wncao !-- x, HatypanbHuit norapudM Koro-
poro Kak pa3 u paseH z). JloGonuTHO, YTO pas3 oW eHME CHHYCa X NO
CTEHeHAM AyrH z ¥) |
1
X=z——28 4

52 Tt

HboTOH HAXORAHT oﬁpameHHeM pAda, BhIpayaiouero aAyry
j— l ] 3 1]
z-—x+Fx +mx +...,

T.€. U3 PA3NOWEHUA AaPKCHHY Ca, koTopoe HbloTOHY ecTecTsenno nmpen-
cTaBaserca 60:leel HpoCTHIM, HGO MOAYYAeTCA MHTErPHPOBAHMEM (IIOKCHH apK-

cunyca (1 — x%) 2, nerxo passopauMBaeMoit B GuHOMHanbHult pan [n° 275, 2)].

BeckoHeunbie paAns WIKPOKO MCHOAb3YIOTCA HbIOTOHOM 1A pelleHus ypaBne-
HUH, KaKk aareGpaHyeckHx, Tak M auddepenuuansHux. [IpuMeHseMbii UM MeTOX,
N0 CYWECTBY, €CTh METON HeompeleNeHHHX KO3({HUHEHTOB.

Manaras B «ARagmu3e» BONPOC O pelIEHNH YDPaBHEHHs ¢ NOMOUbIO pAna,
Hb0TOH OCTAHAaBAHBAETCA HA JOKA3aTEJbCTBE CXONMMOCTH PANA MMEHHO K KODHE
ypaeHenus. Ho B IpyrHx cayvasx, pa3jaras B pal Hallepel U3BECTHbie Benu-
YHHB, OH CXONHMMOCTbI0 He 3aHWMaeTcst. BrpoueM, TaK KaK riaBHOe HadHaueHHe
psnoB HboTOH BHAWT B NMPHOAHMEHHHIX BHIYHCIEHMAX, TO €r0, CTECTBEHHO, He
uHTEpecyeT (OpManbHOE YCTaHOBNEHHe ()AKTa CXONHMOCTH DN -— €My HYXKHa
6uicTpan cxogumocth! Hanpumep, Bhiyncaesne In2 Hsoiotonw ocywectsaser
He C NOMOMbI0 MEAACHHO CXORAErocs pafa

1 1 1
1n2=1~7+§-—_&.+.,,,

a ucxoms u3 dopmyan In2=2In 1,2—In0,8 —In0,9: aprymentwr 1,2, 0,8, 0,9
Maao PasHATCA OT CAMHHUB, YTO K o6ecrmeyuBaeT GBICTPYIO CXOIMMOCTb NOra-
pudmuyeckoro psna. Ouenkn fnomyckaemoft norpeumnoctd y Holotona Her.

Jle #1611y, He3apucHMO oT HbioToHa, némmen K HEKOTOpPHIM H3 TeX pa3no-
wennlt, kKoropuMu Holoton Bramen panbure. B 1693 r. JledGnun npemmoxuin gua
UHTErpupoBanusa auddepeHinanbEpX ypaBHeHMA B TOYHOCTH METON Heompeje-
JeHHBX KO3(pOULUHEHTOB (<NIPEeANoaaras caMulit HCKOMBIH PAN Kax Obl HalAEeHHBIMY ).
B uyacTHOCTH, 3THM NYTEM OH BHOBb IIOJYYHI PAa3NOKEHHs norapudMa u cumyca,
ucxofs M3 AndepeHuHasbHbIX ypaBHeHNHl, KOTOPHM OHH YROBAETBOPAIWT.

1682 r. Bnepbuie Jle#tGuuneM Gbil ONYy6AUK OBAH pax

11 1
l—g+s—=7+o

T
—-; Baaken STHM psanoM Jle#GHuu yxe KasHo **). IMonytho

i’
i .
Jle#i6nULl TaeT OLUEHKY AOTPEIIHOCTH NPH 3aMEHE YHCHa - OTPe3KoM psra. Atu

BbIpaMA0mMuU YucIo

YKa3aHHS BMOCAEXCTBHM OblM MM 0GOGWIeHH Ha CAyyYa# moGOro 3HAKONEpeMeH-
HOro pAKA C yAeHaMH, N0 aGCOMOTHON BeIHUMHe YOWBAUMMH 1O HYyJs (Halipu-
mep, B nuchbme k M. Bepuyaan, 1714 r.). Tpu stom, Bnpouem, cy nyecrts o-
BaHUe CYMMB CaMO COG60I0 pa3yMeeTcs, M yCTaHaBnuBaeTcH (aKTHYECKH NHilb

¥) Pamuyc Kpyra NPHMHAT DaBHBIM €IHHHIE.

#¥) Ho, mno-suaMMOMY, BCe Ke Onin onepexed aHramyaHunoM Jwemcom
I'peropu (1638—1675), xoropuit 8 1671 r. B nucbMe cooGuMn pax AAA apk-
TaHr¢HCa,
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HEOrpaHNYeHHoe TNPHOIMKEHNE K HEH YaCTHUHMX CYMM IONEPEMEHHO C PA3HBIX
cropoH [cp. 1° 244, 3ameuanue].

B Gonee nozasux nuchbMax JIeHOHUI, roBOPUT O PAUAX, «CXOAAUHUXCH> K CBOMM
CyMMaM, MOHMMAs CXOAMMOCTb, Kak M Mu. Ho B To e BpeMsa OH cormamlaerca
¢ yrtBepxnuennesm, uto pag 1 —141—1-}-... uMeer cymmolt uucao R
NoJAyYyaercs U3 Pa3nomeHHa

1
14 x

npy x ==1: eca¥ OHO BEPHO NPH X < 1, TO MO «3aKOHY HENpPEpHLIBHOCTH> LOMKHO
6uiTh BepHO u npu x = I! OTCyTCTBUE ACHOCTH, TIO-BHEMMOMY, OIYIIaeT H CaM
Jlefi6uunu; HeJlapOM OH TOBOPHUT B OHHOM IHCbMe: <... BEPHUTb PACCYXACHHAM
0 GeCcKOHEUYHBIX PANAX CNeiyeT TOAbKO TOrJa, KOrja MCTHHY MO¥HO AOK23aTh
H C NOMOLLLI0 KOHEYHBIX (BeJWUMH) MO METORY Apxumenar.

BeckoHeyHEMH pATAMM 3aHAMANMCh 00a CTOABMXHWKA JledBuuua — GpaTha
Bepuyaan ocobesso —cTapmmil u3 HuX, SKo6: COBOKYNHOCTb ero paBor Wo
panam (1689—1704) naet uanoxeHne BCero, YTO M3BECTHO OHIIO B 3TOH ofaacTu
B ero Bpema. B uwacrnocty, cnavama Moran, a 3atem §Ik06 mand 10Ka3aTeAbCTBO
TOro, YT0 «CyMMa GeCKOHEYHOro rapMOHHYECKOro psia

1
RN L

=l—xtaxt—ax?

GeckoHeunar, JloxasatenbCTBO §IK06 BepHynnu OCHOBAHO HA TOM e NpPUHNHNe,
y1o ¥ 06miyHOe [n° 236, 1)]. On cnpaBelnuBO MORYEPKUBAET B 3aKIIOYEHUE, YTO
«CcyMMa GeCKOHEYHOTO pANa, KOero NOCAeNHHUH YyleH HCYe3aeT, HHOINA KO-
HeyHa, a HHOrga GeckoHeuHa». Pasymeercs, «lOCIEOHHI WiIeH> HOAXKEH GbiThb
MCTONKOBaH Kak Mpexex obuwero yaesa. Hyxuo ormeruts, uro S Bepuyamu
€BOGOJHO TMOAL3YETCA PACXOAAIMMHCA PAIAMHE M Jaxe NONYYAeT € MX HOMOUIbIO
CXOAMMECS PA3T0OKEHN.

280. Ilepron ¢opManbLHOrO pPasBHUTHA TeOpHH PsRoB. B XVIII seke npun-
NHUIKHalbHBe BONPOCHL HE NpUBNEKAaNH K ceGe GOAbINOrO BHUMAaHHA, HO 3aTO
NPAaKTHKAa pAIOB — IMABHBIM 00pasoM B pykax ODiaepa-— ZOCTArZAa BLICOKOrO
pasBUTHA.

B navane Beka, B 1715 r., Bmumma B cBeT HeGospumrad kaura Telinopa
«Meton pasHocteft, npaMoil M o6GpaTHbf». HesAcHOCTh M3nONKeHHs HMena caei-
CTBAEM TO, YTO OHa He Cpa3y NOIyyuaa paclnpocTpaHeHue, Telaop HCXOmun u3
pacCMOTpeBNA KOHEUHBIX DasHOCTeH W IMIIb 3aTeM, NepPEXOoisd, KaK K npeleib-
HOMY Clyyal, K GeCKOHEUHO MaibiM Pa3HOCTAM M HX OTHOMIEHUAM, YCTaHOBUA
pa3loMeHHe HAapalleHHOro SHAYeHMA QYHKUHMHM X OT Z IO CTeNeHAM Npupauie-
HHA U BEANWYHHBH 2t

v dx v? dx + v dix .
*tT & TToaF VT2 sas T

STO Da3jIONKeHHe BNOCACACTBMM W CTaaM HaswiBaThb pAROM Teltaopa. Cam
aBTOp, BUIMMO, He IONHOCTbIO OUEHHN CBOE OTKpbITHE: NPHIOKEHHH B KHHIE
OHO HAaXOJMT Malo.

3navenne 31oM QopMyan GblIo BeIABIEHO anulb B ofumpHoM «Tpaktate
o taokcusx» MakaopeHa, BumenneM B 1742 r. MakaopeH npumelx K TOMY
Xe DALY Opyrum fyTeM: OH KJajeT B OCHOBY Da3lOXEHHE IO CTENEHAM X ¢ He-
onpefedeHHbIME KO3 duilieHTaMy, MOBTOpPHO IuddepeHnupyer ero H, nonaras
BCAKUH pa3 z==0, nocrenopatesbHo onpefenser kosdduuuentst [cp. n° 277, 7°].
B Bune npumepa oH moayyaer GuHoMHadsHbH pan. [Tpu BeIBOJE pasnowkeHuit
Npyrux mnpocTedmux Gynxuuit Maxiaopen ucnone3yer M auddepeHunaibubie
yPaBHeHHA, KOTOPbIM OHH YIIOBAETBOPAIOT,
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B «TpakTaTe» MH HaXOAWM eule IBe Benld, 3acAyHUBAIOUIME YIOMHHAHHUS,
Bo-nepeux, MakiopeH OTYETIMBO YCTAHAaBIMBAET, NPaBUA — JMIIL B reOMeTDH-
yecKon Qopme, HHTETrpPaNbHB W NPU3HAK CXONUMOCTH M PAaCXOAMMOCTH
MONOKHUTENbHBIX PAI0B (BNOCACACTBHE AHAJHTHYECKM HAaHOBO JIOKasanuui Kowu;
cM. n° 241). 3aTeM OH BHIBOLMT (HE3aBHCHMO or Ditnepa, KOTOPHH Clerax 3T0
HECKONLKHMH TOJlaMM DaHbilie) 3HAMeHHTYIo GopMyny ¥), CBA3BIBAOILYIO CYMMHU-
POBAHHE Y/NEHOB NAKHOTO BHIA C BBIYMCICHHEM HEKOEro HHTErpaia.

C 1730 r. nauunaercs Gnecramas cepus paGoT JHmepa Mo GeCKOHEUHHIM
pagaM. VM mocBsimenb! MHOTOUMCHEHHBIE CTAaThH, KOTOPHIE HA NPOTAXEHHH Goiec
noayBeKa NyOMHKOBaAMCh B Tpynax [lerepGyprckoft AkafgeMun HayK; MHOTO MeCTa
OTBEJIEHO HM M B 3HAMEHMTHIX TPaKTaTax Jiiaepa no aHaausy. [lepeyncanM BKpaTiLe
nocTHHenua J#tmepa, e NPHIEPKHBAACL NPU 3TOM XPOHONOTHYECKOro NMOPANKA.

Ditnep BIepsble BBIBOZAT, C IIOMOLIBIO MOAPA3YMEBAIOWMXCA MpPEReIbHbIX
NepexoioB, NOKa3aTeNbHHH U TorapudMuyecKyil pabl, UCXOASA U3 GHHOMHATBHOTO
[cp. n® 268]. Toudo 7ak We OH MoayyaeT psigel AN KOCHHYCAa W CHHyCa W3
W3BECTHbIX QOpPMYyHN AXA cosnz u sin nz. OH ynogo6aser 6eCKOHEYHLIH CTelleHHON
pAll OGBIKHOBEHHOMY MHOTOYJEHY M Pa3fiaraeT ero Ha MHOXHUTENM, B TAaKUM NyTeM
NPUXOAUT K NPeICTAaBIEHUWIO CHHYCa K ADYrHX OyHkum# B Bulle GeCKOHEUHOTO
npou3BelleHns. PacnpocTpaHAs M3BECTHOE NPABHIO NEPEMHOXEHHS IBYYIEHOB
¢ ONMHAKOBHIMM TEPBBHIMM YJEHAMH Ha cayyall 6eCKOHEYHOro WX YHUCHAa, OH NMOAY-
yaeT 3ameyarembHbie QOpMYIH

n? nt

1 1 1 1
Itmgtat =5 ltmgtuapt.. =g

W Ipyrve, nojgoGHbie WM. JHepy NpPHHANIEKAT W PasdioMeHHs

H ctg 2z Ha

npocteie npo6u [cm. Huxke, n° 406, 3), 3ameyanue].

Dfizep paccMaTpuBaeT PAIE M C KOMIUIEKCHBIMH YJAEHAMH; CONOCTaBIEHHE
pAlOB RaA sin X, €OSX M e* NPUBOXUT €ro X 3HaMeHUTHIM (opMylaM, CBA3bI-
Bapo¥M 3TH Qynkuyyu [n° 254] —ux B cBoe Bpemsa JlarpaHx Ha3Ban «OIHHM U3
CaMBIX NPEKPaCHHX aHAIHTHYECKHX OTKPBHITHH, CHENaHHHX B 3TOM BEKe».

Muoro 3aHuMaacs D#aep cyMmupoBanumeM panoB. Kak ynomuuanocs, on
paHpuie MakagopeHa Mpuilen K M3BeCTHOM GOpMylre CYMMHPOBAHMA M He pa3
K Hed BosBpamancs. B wactHocTH, OH nIpHMeHNR ee K YACTHYHOH CymMMe rapMo-
nuyeckoro pama [cp. n° 236, 1) u n° 238, 4)]. Ditnep MHOroo6pasHo COMOCTABAAET
PARLL ¥ HMHTErPadbl; Ha STOM IYTH OH HAXONMT W H3y4aeT BaxHble MHTErpaibl,
BIIOCHECTBUHM NoayuynBmve ero uMmsa [um nocesmed § 4 raaser XVIII].

C Maknopenom Ditnep CONPHKACaeTCs eule B OXHOM NYHKTe: Te ke coobpa-
MEHNA, KOTOpbie npuBenH MakinopeHa K ero WHTErpa’xbHOMY NPH3HAKy, Diinep
yXe paHblie NPUMEHAN K YCTAHOBNCHHIO T'DAHHL, MEXIY KOTOPHIMH CONEDMHTICH
cyMMa paja.

Ws mpyrux sonpocos, KOTOPHIMH HHTepecoBaicsa Jigep, yIOMsHeM O mpe-
06pa3oBaHMH DPANOB — B HENAX YAYUYNIEHHMs MX CXONMMOCTH, O NPeoGpasoBaHuu
GeckoHeyHHX npou3BeNeHud B pamsl [cm., Hampumep, n° 251, 3)]. Haxouen, uto
0CO6EeHHO BaXHO OTMETHTb, Mbl HAXOIMM Yy JHIepa pasHOOGPa3Hbie NPUAOKEHHs
PAOB HE TONLKO B CaMOM aHaiamse, HO Takke B ajnrefpe, B TeOpHH wucen
H B Apyrux o6aacTsx.

OJIHaKko BCe 3TH BOMCTHHY 3aMeyaTrejbHble OCTHIKEHVA He noayunan y ditnepa
CKOAbKO-HUOYnbL yGenuteabHoro o6ocHoBanusa. Ilogo6HO GONBIIMHCTBY CBOMX
COBPEMEHHHKOB, gﬂnep K BONPOCAM CXOJAHMOCTH OTHOCUTCH 6€33a00THO ¥ CBO-
GOIHO MOJb3YETCA pacXoidmuMuca panamu. Hanpumep, ckinafpiBas pasnoxeHus

n o n__ 1 1
1_n=n+n +nit.om n—1_1+7+ﬁ+”"'

*) Ee HagmBaT QopMyno#t Dtnepa—Maxunopena. K coxarennmo,
eil He HaWINOCh MeCTa B HalleM Kypce.
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OH 3aKa0YaeT, YT0 6ECKOHeuHHit B 0Ge CTOPOHH PAXR
1 1
.-.+’§ +—ﬂ—+1 +n+n’+n3+...*)

paBen 0! AHAaZOrHMYHO, HCXONA U3 PaBEHCTBA

1
m:l +x+x2+x*+ cany
3fitep He TONBKO BHIBOAMT oOTCiola npu x=—1 pax, 3anuMasmufi eute
Jlefi6uunua:

—

I—1+1—14..=,
HO ¥ NBHITAETCA OCMBICAHTHL PaBEHCTBO
1424448 4..=—1,

noayvapomeeca npu x=2. Brnpouem, Diinep maer ceGe oTyeT B TOM, YTO HAA
nogo0HHX PACXONAIMMKXCA PANOB Heab3f FOBOPHTH O CYMMax B TaKOM xe
CMHCAE, KAK O CYMME CXOLANIErocs Psafa, K KOTOPOH MOXHO NPOH3BONLHO NpH-
6aB3AThCA, NOCHENOBATEALHO CKJAAXBIBAA €r0 YieHH. JNJAep CUMTAET, YTO ¢CyMMa
HEKOTOpOro GEeCKOHeYHOro psajia €CTb KOHEYHOe BHIPAKEHHE, U3 Pa3NOKEHAA
KOTOPOTO BO3HMKAET 3TOT Psl» ¥*). B TaxkoM, Tak cKa3aTh, <060GUIEHHOM> HOHU-
MaHM¥ CYMMB €CTb YXe 3epHO WCTHHH (M OHO COTPHKACaeTCs C COBPEMEHHO
TOYHO OGOCHOBAHHOH TeopueH PacXOAANUIMXCA PANOB).

TTpoTHB NOAbL30BAHMA PACXOAAUMHICA PARaMH pe3xo BoccTaBan JanaMGep:
pacCcyXIeHuA, MPOBOAMMLIE C WX NOMOMIBIO, KaXYTCA €MY <HOJO3PHTEILHBIMHY,
Kaxe eCA¥ Pe3YyaAbTaTh HX COrNacYIOTCA C HCTUHOHK Brpovewm,
caMo€ TNOHATHE CXOAWMOCTH M pacxoiumocti y Janambepa HMeNo <TOKaAbHbit»
XapakTep, OYyAyuW CBA3RHO C TeM, OKa3biBaeTcs Iu nocienyommii yiaen (abco-
NOTHO) MeHbIIMM HAH GolbmuM npemsiyuero. TakHM o6pa3om, no ero Tepmu-
HOMOIYH, PAA MOl [0 ONpeJeNeHHOro MeCTa CXONMTbCA ¥ JHHIL NOTOM HAavYaTh
PacxogHTLCH, ¥ HA060pOT [cp. 3ameyanue n° 239

OcranoenMcs B8 3akmoyeHne Ha JlarpaHxe-—oOBHOM M3 KpymHeHmwux
MaTEMaTHKOB pacCMaTpHBaeMoro nepuoga. [Ipexne Bcero, HaINEXHT YNOMAHYTH
O HOCAUIEM €ro WuMA psaje, NAlOLLEM Da3fOXeHHE KOPHA X==p YypaBHEHHus
a—x -+ ¢(x)=0, u nawe — mo6o#t gyrxkuuu ¢ (p) OT ITOrG KOPHA.

B coynnenun «Teopus anasutnueckux oynxnufir (1797 r.) Jlarpanx penaer
NOHLITKY OCBOGOINTh auddepeHnnanbHoe HCYHCIEHHE <OT PacCMOTPeHHA Gecko-
HEYHO MajblX MM MCYe3alOW{MX BENUUMH, NPeLesoB MM (IOKCHI>» H CBECTH €ro
K «afre6paHyeckoMy aHaIu3y KOHEUHbIX BEeJHUMH» ***). B stolt mommiTke OTHpaB-
HO#t TOUKOH NMPH3BaHb OblAW CAYMNTh UMEHHO CTENEHHbie padbl. L ONycCTHuB,
yro ANA QYHKUHH f(x) HMEeT MECTO pasjiokeHHne

FtD=F()+pitgitdrif. .,

rae p, ¢, ry... — QYHKUHH OT X, JlarpaHx npaMo onpeneaseT NOCACROBa-
TeLHbHE <NPOM3BOAHBIE (YHKOUU» (3]ecb BNepBHE TOABAAETCA ITOT Tepmunl)
yepe3 KOIDGHUHEHTH DPa3NOKEHHsA, HCXOLR M3 NPUBLIYHBIX COOTHOIIEHMH

p=f (x) q=f—"éx) y T= ’__fz(;;)

g o

*) Yurateap, KOHeYHO, 3aMETHUT, YTO BOBCE HET 3HAUCHHUM 7, IPH KOTOPHX
o6e nporpeccuy CXOuuanch 66 ONHOBPEMEHHO.
**) Cm. J1. Dt nep, «dupdepenunansuoe ncuncaenner, § 1L
#4#%) Bnpouem, Te we mueu JlarpaHi BbICKa3biBAal M PaHbIe,
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Ha stofi ocnose Jlarpamxy ymasoch M3I0XHTb HE TOABKO 8HAXHM3, HO W €r0 NpH-
JOMEHHA K reoMeTrpMn H Mexanmke, Tem mne menee, 9Ta TOUKa 3DeHHR, ABHB-
WafcA — KaK Pa3 B NPe/IBEPHH HOBOTrO NEPHONA B MCTOPHY aHAalM3a — peakuded
Ha Heylayy BceX NPeWHHX NMOMEITOK €ro CTPOroro 06OCHOBaHMA, PacHpoCcIpaHe-
HHA He NoAyuHaAa.

B toM ke couunenun Jlarpanmx ycraHasiksaer W m3secTHyw [n° 106] ynoG-

Hylo dopMy ABA JNONOIHHTENLHOro uixeHa B ¢opmyae Teitmopa. Bnpouem, nas
arpaHxa TOT YJeH O MPOCTO BHIPAXEHHEM OCTATKA PANA, CXOEUMOCTH KOTO-

poro mnOxpasyMeBalach, €ro HasHayeHHeM OHJIO JIHIUL OGIETYHTL OUEHKY MO-

TPEIHOCTH, NPOUCTEKalomeR OT NpeHebpexkeHns NMOCTERHAMH YJEHAMH pPANa.

Camyo cxomumocte psga Jlarpanx (noxoGHo D¥aepy M APYIHM COBpeMeEH-
HHKaM) MOHHMMaJ KaK CTPEeMJIEHHE K Hymo obutero uymexa. OnpeneneHus NOHATHA
CYMMBI CXOBALIEroCs psAjia Y Hero HeT, X0TA B JOCTATOYHO Gau3Ko#l HaM ¢opme
OHO yke€ He gaa BCTpEYaioch, HanpuMep, y Maknopena (1742r) uy Ba-
puHra (1776 r.). B mavane XIX Bexa Qpannysckuit matematuk Pypbe B
CBOEM 3HAMEHHTOM COYHHEHHH <AHaauTHYeckas Teopus tenaora>» (1811 r.; ony6-
mvkoBano B 1822 r.) maer mpaBuibHOE oOnNpelencHHE CXORHMOCTH pAlla M €ro
CYMMBI, 3aMeyas HPH 3TOM, YTO HAA CXOAUMOCTH PAja BOBCE HE TOCTATOUYHO,
uTOGH YMeHH pAfia <HENPCPHBHO YMEHbUIANHCB» JO Hyas. Kak Mbl NOMHMM, 5TO
ofcToATenbCTBO GONbIE UEM 3a CTO JeT IO TOro — Ha IpuMepe FapMOHHYECKOro
pana — nonuepkHyx eme $xo6 Beprynmul

Taxum o6pa3om, paccMmaTpuBaeMan 9M0Xa, HeoOwyalHo Goratas ¢opManbHb-
MH JOCTHXEHHAMH B OGNACTH TEOPHH DANOB, NS JOTHYECKOro e€ OGOCHOBAaHHA
Rana Maxo.

281. Co3nanMe To4YHOMi TeopHH. JIMIIb B NOCAEAYIONYIO SIOXYy — yHke B
XIX Bexe, paRsl CTaAH DPEIMETOM H3YUEHHA CaMB IO ceGe, W XPUTHUYECKHH
NEPeCcMOTp OCHOB aHafH3a Ha MEPBHX Xe MOPAX KOCHYICA MMEHHO MX.

B 1813 r. Bmmna B cser pabora I'aycca*) «O6umue ucCIeNOBaHHA OTHOCH-
TENLHO PAJA

jp o et DBEED Ly
1.y 1290+ 10)

(d101 pan mOAyuMA HA3BAHME «THNIEPreoMeTpHueckoro».) Xors B NMOHMMAHHH
CXOIMMOCTH U pacxopumoctu [ayce, BUIEMO, 6uia Gauaok k HanamGepy, Ho Bce
We HKMEHHO 3eCb MB BINEPBHE HAXOZUM TOYHO CHOPMYIMPOBAHHHH NPH3HAK,
KOTOpHH HO OTHOUIEHMIO K NPHMBENEHHOMY DALY AaeT HOJHOE peuleHHe BOmpOca
O CXONHMOCTH.

CoBpementoe onpefejeHye NMOHATHA CYMMB DAJA M €70 CXONUMOCTH
HIE PaCXOAHMOCTH, OCHOBAHHOE HAa NOHATHM Npelena, OKOHYATEJLHO yC-
TaHOBHIOCH nocne pa6or Boabnano (1817 r)u Komu (1821 r.). B npenn-
cnoBHM K <AareGpanmyeckoMy asaaudy» Koimm npamo roopur, 4TO «pacxomns-
muiica psaf He HMeeT cyMMu>. KpoMe Toro, 06a Ha3BaHHHIX YYeHbIX yCTAHOBHAM
B o6melt dopMe ycaoBHe, HeOOXOXHUMOE H HIOCTATOYHOE LIA CXOAH-
mocTH paja [n° 242]. Komy xan Takike HeCKOJbKO NPOCTHIX M YAOGHBIX NPH3Ha-
KOB, NOCT2TOYHHX M7 YIOCTOBEPEHHA CXOXHUMOCTH WAM PaCXOZHMOCTH
noaoxutenpHoro paga [n° 239, 241]. BnociegctBuE nOABHAOCH OIPOMHOE KOAH-
yeCcTBO MOJOGHHX A OCTAaTOUYHHX NPH3HaKOB, Bce Golee H Gonee TOHKHX
M cnoxHux ¥¥); WETEpeC K HCCHEAOBAHHAM STOr0 Pojia HECKOIBKO ochaben K
Hayaly Haliero Bexa,

Hanee, Koun NpHHAAICKUT YTBEPKACHUE O TOM, YTO CXOAMMOCTh psja Ya,
cnefyeT M3 CXOAMMOCTH pama ¥ [a,| {n° 243], u pasauuenue cayyaes «aGcomor-
HOM» W «HEaGCOTIOTHOH> CXOAHMOCTH (XOTS ¥ 6e3 NPHMEHEHHA BTHX TePMUHOB).

*) Kapn ®punpux I a y c ¢ (1777—1855)—«kpynneitumit HeMenxuil MaTeMaThx,
**) Ws pyccKHX MaTeMaTuKoB HMH 3amuMamucy H. M. JloGauescknit
uB. M. Epmaxos (1845—1922).
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Camblil (pakT CyuecTBOBaHHs HEaBCONIOTHO CXOMAILMXCA PALOB, NO NPHMEPY pala
i 1 1
I—g+tg—g3+-

6mn wu3secTeH eile co BpeMed JleiiGunua n Gpatbes Beprynaw, vo Komn mep-
BbIM OGPaTHI BHHUMAHHE Ha TO, YTO HeaOGCONIOTHaA CXOIMMOCTb OTPakKaeTCA Ha
npyrux csoficTBax psaja. Ilpexne Bcero, kax nokasan Komwm eme B 1821 r, K
HeaGCoNMOTHO CXONALUMMCA PAAAM MONET OKa3aThCs HEMPUMEHMMONH €ro Teopema
06 ymHOXeHHM DsafoB [n° 248, 3)]. 3ateM, Kak pas no NOBOAY BHUIENPHBEEH-
poro psana, Komwu (8 1833 r.) oTMeTwd, 4YTO CXOANMOCTbL €r0 MOXeET GLITh Hapy-
HeHZ NPH NlepecTaHOBKE UAEHOB paAna,

B 1837 r. Hupuxae BbicKasan ofllee yTBEpXAEHUE O TOM, YTO B aGCONIOTHO
cxondleMca pAlle NPU NepecTaHOBKE UACHOB COXPAHAETCA CXOUMMOCTb M BEMH-
ugHa cymMmel [n° 246]. B To xe BpeMs OH Ha NpuMepax IIOACHHI, YTO B CAyuae
HeabCOMOTHON CXOAMMOCTH OT TaKol NepecTaHOBKH He TOJAbKO MOXeET Hapy-
MUThCA CXOJIHMOCTb — 3T0 6BIIO M3BECTHO H Papblie, —HO faxe NpPH COXpaHe-
HBHY CXOJMMOCTM MOXET M3MEHHThCA caMasd BeaUyHHa cymmel, O6mumit ¥ OKOH-
yaTeNpHbI — B 3TOM HampaBJeHWH — pe3ysbTaT [n® 247] ycraHoBHa PuMmawm;
OH OblT OnmyO6auKOBaH aumb B 1867 r.— yxe nocMepTHO.

B «Anre6panueckoM anainse» Komww (1821 r.) Mm Haxomum HCCleIOBaHUA,
OTHOCSAULAECA K CTENEHHHM palkaM IIA cryyas KaK Bem{eCTBEHHOH, TaK M KOM-
NAEKCHOH TepeMeHHoR, VM 6bln He TOMBKO yCTaHoOBAeH BHA 06MAaCTH CXONMMOCTH
NORO6HOr0 pAfa (IIPOMEXYTOK HAM KPYr CXORKMOCTH), HO W JaHO TOYHOE Bhipa-
WEeHHe Pajuyca CXONMMOCTH yepe3 kosdduunents paga. BHyTpu o6ractu cxonm-
moctn Komwm ofpamaercs co CTENEHHBHIM PANOM, Kak € OGBIKHOBEHHBIM MHOrO-
YIeHOM, HanpuMep auddepesuupyer ero NOYIEHHO, HE HAXOAA HYXKHBIM NaTb
0B0CHOBaHKE 3TOTO.

[To oTHOmIEHMIO X OGMM (YHKUMOHATLHMIM panaM Komu nmTaerca ook a-
3aTb HEMPePHBHOCTH CYMMBI CXOIAINErOCs PAfia HeNpepHBHAIX QyHkuui (1821 r.)
H 1paBO MHTErpUpoOBaTh NOMOOHHIA pax mousenHo (1823 r.), npurom Ges Kakux-
A160 OrpaHMyeHrHi OTHOCHTEILHO XapaKTepa CXOXUMOCTH psaja [cp. n° 266 n 269]:
TIOHATHEM DaBHOMepHOH cxogmmocTn KomIM He Baajen M, ROAb3YACH A3LIKOM
6eCKOHEYHO MAlbIX, VHOH pa3 He JNaBan ce6e OTyeTa B TOM, OT KaKMX IepeMeH-
HHIX OHH (PaKTHYECKU 3aBUCAT.

Ha omm6ounocts nepsoro yreepxkzenus Komn ykazan A 6eab—B 3Hame-
HHTOM CBOEM MeMmyape, NOCBALICHHOM GuHOMManbHOMY psaay (1826 r.). B kayecrae
onposepraiouiero npuMepa A6exb NPUBOAHT pPAX, COCTABICHHBHI U3 CHHYCOB:

sin x—-—;—sin 2x j——;—sin 3x—...;
XOT# OH CXOIMTCA IIPH BCEX 3HAUEHHAX X, HO €ro cymMMa B Toykax x =02m + )=
(m— 1enoe) TepNUT pa3peiB. B To e BpeMA MO OTHOIICHHIO K CTE€MEHHOM Yy
paay AGeab CTPOro AoKasbiBaeT HENPEPHIBHOCTb €r0 CYMMbI ITPH KaXJIOM 3Ha-
YeHHH NEPeMEHHOH, NP KOTOPOM PaAl CXOIHMTCH, Kaxe eCAM 5TO 3HAYECHUE COB-
najaeT € KOHLOM INpPoMexyTKa cXopuMocTH [n° 273, 274]. B npouecce moxasa-
TenbcTBa AGenb (akTHuecKM YCTaHaBiANBaeT HAIHYHe WMEHHO TOrO CBOMCTBa,
KOTOpOE BNOCAENCTBHHM HONYYHIO Ha3BaHHE PaBHOMEPHOH CXOXMMOCTH.

ITo nosony nounenHoro muTerpupoBanus Bbickasan (B 1845 r.) csom comue-
mun Y e 6ol w1 € B, KOTOPHIH MOXYEPKHYI, YTO OHO JOMYCTHMO ¢TONLKO B YaCTHBIX
cnyyasx». Tak IOCTeNeHHO cO3MaBanoch yGexieHde, 4TO Ha GeckoHeyHble QYHK-
HHOHANbHblEe PAALI Helb3s G6e30TOBOPOYHO pPAacIPOCTPaHATh NPUBHYHBIE LI
KOHEYHBIX CYMM IIPaBHAa, XOTS OCTaBalOoCh HESCHBIM, B KaKUX Ke CIYYasx STo
BCe Ke MOXHO MAenaTh. Pemawomyio poab 31ech CHIParo H3YYEHHE CaMoro
XapaKTepa CXONMMOCTH (YHKUMOHANbHHX DALOB W BBEJCHHE NOHATHA D aBHo-
MEpPpHOH CXOAUMOCT U
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DT0 noHATHE — ¥ CAMBIH TEPMHH, — NO-BUAMMOMY, BIEpPBHE NOABHAHCL B
1841 r. B ogpnoft (onyGanKOBAaHHOH AHIlb 3HauMTeNbHO MO3Xe) pabote Befie p-
IMTpacca W NPUMEHAJTHCh MM C TeX NOp Ha ieKuuax. B nevaTu pasmuyedue
paBHOMepHO# W HepaBHOMEPHOH CXomMMOCTH Gblno mposefeHo 3aiiieneM *) B
1848 r. u Croxcom **) B 1849 r. Ecam cymma psga HenpepbiBHBIX (QYHKUMA
UMeeT TOYKY pas3priBa, TO BOIN3H Hee «PAL CXOIUTCA MPOM3BOAbHO Mel-
neHHO» (3afilenb) AN «CXOAMMOCTb PANA CTAHOBHUTCH GeCKOHEYHO 3aMmel-
aeddoi» (CTokc).

Ipu 3arom Crokc myman, YyTo ¥, 06PaTHO, U3 HENMPEPHIBHOCTH CYMMbl TaKOro
PANa MOXKHO 3aKIOYUTb 06 OTCYTCTBHHM 3aMeIJIEHHOCTH, T. €. — KaK CKa3aiu Obl
Mbl— O HalMYHH PaBHOMEPHOM CXORUMOCTH; 3alilenb ke CYMTan STOT BONPOC
OTKDHITHM. BriocnefcTsyy Ha mpuMepax GbiIO MOKa3aHO, YTO OGpaTHOE 3aKiaioye-
HHUEe BOOGLIE HEBEPHO; CIIPABETUBOCTb eTOCME UM ANbHO AAACAYYasa MO J0-
XuUTenbHoro pafa B 1876 r. mokasas Quuun [n° 267].

THM MBl 3aKaHYMBaeM Ham oyepk. JononHeHHeM X HeMY MOXeT ClYXHTb
«OyepK HCTOPHU TPULOHOMETPHYECKHX PALOB» B koHue raasbl XXIV [cMm. Takxke
g n° 313 «Mcropuueckne saMeyaHus O TNepecTaHOBKE IBYX NpelelbHBIX ONe-
pauuit»].

*) dpaunn Jiogsur 3afne ab (1821 —1896) — HeMeuxu#t MaTeMaTHK.
#*) Nwon Tabpueny Crtoxc (1819—1903) — anraniickuli  @Quank u
MaTeMaTHK.



TJIABA CEMHALLIATAST
HECOBCTBEHHBIE MHTETPAJIb

§ 1. HECOBCTBEHHBIE HHTEIrPAJIbl C BECKOHEYHbIMH
NPEJEJAMH

282. OnpeneleHde MHTerpanos ¢ GeCKOHeYHHIMM Ipexenamm.
B raase XI OHnaA0 U3yuyeHO IOHATHE ONpPEJEJEHHOTO  MHTErpana
b

gf(x)dxmm Cnyyas KOHEYHOTrO NPOMexyTka [a, b] m orpaHn-

a

uenHoH ¢ynkunu f(x). Hacrosumas raasa nocesmeHa 0606LIeHHIO

STOr0 MOHATHS B pas3/MyHBIX HanpasJeHusx. HauHem ¢ paccmorpesus

MHTErpana, pPacnpOCTPAHEHHOro a 6eCKOHEUH b H NMPOMEKYTOK.
Iycrs ¢ynkuus f(x) ompemeneHa B npoMexytke [e, ©0), T. €.

s x>=a, n uﬂzerpnpyema B J060# KoHeuno# ero uwactu [a, A),

TaK YTO MHTErpan S S (x)dx nmeer cmpica npu mobom A >a.
a

Honeuwnui uau Geckoneunstli npedea 3moz0 unmezpara npu A —» oo
Haswsaom (HecobcmeennsiM) unmezparor @yuxyuu f(x) & npone-
gcymre om @ 00 co u 0003HAYANT CHMBOJIOM

o A
.,S F)dy= :i_l?wag Fx)dx. )

B cayuae cymecTBOBaHMS T4KOrO KOHEYHOTrO HPeleta TFOBOPAT, 4TO
unrerpan (1) cXoxwuTCs, a GyHKuuio f(X) HasHBalOT HUHTET P u-
pyeMot B GeckoHeunoM npoMexyTtke (g, oo]. B oTauuve or usyuen-
HOrG paHee MHTErpaja B COOCTBEHHOM CMHICAE WIAH COOCTBEHHOrO
MHTErpana, TOJMBKO uTO oOnpeneseHHH uHTerpai (1) HaseiBaeTcs He-
COGCTBEHHBIM¥),

Ecin mpemen (1) OeckoneueH wiw BOBCE HE CYLIECTBYeT, TO NpO
MHTErpaj roBOPAT, YIO OH PACXOAHUTCH.

¥) HanomunM, 4TO Ml yXe CTaAKMBAAHCh C MOHATHEM HECOGCTBEHHOIO HH-
Terpana B n° 241.
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Awnanoruuno (1), onpeneaserca u unmezpas Pynxyuu f(x) om

—0o0 00 a. a a

{r@de= 1m (fwae @<a), ®
—w DAY U
paBHO KakK M unmezpar gyuwguu f(x) om —oo 9o -} oo
+ oo A
S f@)dr= lim g f(x) dx. G
— 0 As~c0 X
A=

Tlpr 9TOM COXPaHAETCA W TEPMRHOJOrHS, BBEJEHHas MO INOBOAY HH-
terpana (1). B nocneanem cayuae, B3fB moGoe a, MOKHO NOJOKHTD

A a A
§f(x)dx=Sf(x)dx—}—Sf(x)dx,
’ Al a

W CywlecTsoBaHue npexeaa npn A — — oo, A-— -4-00 s mHTErpana
CneBa, OYEBMAHO, PABHOCHALHO CYIMECTBOBAHHIO TNOPO3Hb npexenos (1)
n (2) ans nHTerpadoB cnpasa. Takum o6pa3oM, MHTErpan oOr — €O IO
~}-CO MOXHO ONpenenuTb W PABEHCTBOM

4 oo ] + o0

Sf(x)dx: Sf(x)dx+ S f(x)dx

-— 00 — a
B NPEANOJOKEHHH CYWECTBOBAHAA NOPO3Hb WHTerpanos cnpasa *). Onpe-
JeieHNe 9TO He SaBUCHT Ha jeae OT Bulfopa TOukM a.

1
Meumeru. 1) dyskuna T HHTErpHpyeMa B 1I060M KOHEUHOM Npo-
mexytke [0, A] (A>0), npnueM umeeM
A
dx
1_*_x,,_._-arctg}l.
)
Tak Kax IIa STOrO WHTErpa’sa nmpu A — cO CYUIECTBYET KOHEYHWH mnpenea —;i,
TO BHTErpan or 0 IO CO CXONMTCA W MMEET 3HaueHue
© A
dx lim =
T+ 4n0d 2°
0 ¢
0 0
dx dx . ]
= = lim (—arctg A)=-5.
2) S1+x= A,_‘,'Tw51+x’ o Jim (—arctgA)=-
o ¢
0

*) Wckaoyaerca JUmb cayvyalh, xorja 3TH MHTErpasnl PaBHH GECKOHEYHOCTH
Pa3HLIX 3HAKOB.
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283, IpumeneHue OCHOBHOH OPMY bl HHTErPAJLHOTO HCUUCACHHS,
B npuseseHHHX BHIIE PUMEPAX WHTErpaj MO KOHEYHOMY IPOMEKYTKY
BHIUMCSICS € TNOMOHIbIO NepBooOpasHON QyHKuMM, a 3aTeM ocylie-
CTBASACA TIepexod K npeaeay. MoxHo o0beaunuTs 06a MOMEHTa B OJHOU
dopmye.

Myctb, nanpuvep, dynxuus f(x) onpegeneHa H HenpepslBHa B IIpO-
MexyTke [@, ©0), Tak uTo AN f(X) B 3TOM NPOMEKYTKE CYILECTBYET
neppoobpasnas ¢ynkuus F (x)[n° 183}, u no ocuosHo# dopmyae uu-
TEerpajpHoro ucuuciaeus [n°185]

A A
Sf(x)dx:F(A)—F(a):F(x) .

Orcioma sicHo, uro HecoGeTeeHHu#t uuterpan (1) cymecTsyer B ToM
TOJBKO B TOM CJyYae, eCad CYLIECTBYET KOHEUHBH mnpegen

Alim F (A)=F (c0),

H TOoraa

Sf(x)dx:F(oo)——F(a).—..F(x)I )

AHanoruyHo,

ff(x)dx=F(x)[a :

+oo +oo
{fowar=rFe)|

ecain mox F(—oo) pasymers npemen lim  F(A’). Camas Boamox-
Al s — 0
HOCTb BHIUHC/EHHS MBOHHOH TMOXCTAHOBKW, CBSIB3aHHAA C CyNIECTBOBAHHEM
1 KOHEUHOCTBIO PUIYDUPYIOIIEro B HeH Ipenens, CBUAETENAbCTBYET YiKe
O CyLLeCTBOBAHHM MHTErpaja.
O6partuMcsi K AaJbHEHIINM NMPHMEPAM.

4) V3yyum npexine Bcero BONPOC, NIPH KAKMX 3HAUEHUAX IMOKa3ateaa A cy-
LeCTByeT HeCOGCTBEHHBIH MHTErpan

00a'

X

SF (0>0).
a

Mycts A4 —1, Torna

cQ

dx 1 -2
Pl gy *

a a
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Ilpu A>1 nsofiHas TNOACTAHOBKA—a C HEO ¥ MHTErpal— MMEET KOHEYHOe
3HaueHue, 1pu A <1 062 BHpameHna ofpamamorcas B co. IIpu A==1 umeem

[o8)
dx ,

—=Ilnx| ==oo0.

X

a a

Taknm 06pa3oM, NPeNOKeHHbIl UHTErpan OpH A > | cxomurcs, a npu A<l
PAacXONUTCA.
5) Paccmorpum unterpannt (a > 0)

e~ ¥ gin bx dx,

e %% cos bx dx.

Oy Sty g

BcnomuBas COOTBETCTBYOIME UM neppooGpasHuie [n° 164, 4)], monyyaem cpasy

[o0]

ax ____asinbx4beosbx _, .o b
Se sin bx dx — ————————-—az+b2 (4 N —-—*—az_i_bz,
0
¢ bsin b b

ax __ bsinbx—acosbx _, . |I®  a
Se cos bx dx = P h T B
0

6) Haxonen, uarerpasist

e8] o]

S sinx dx, S cos x dx
]

He CYyHIEeCTBYIOT, HOCKOAbKY IBOfiHbie MOXCTAHOBKH
o i o
—Cos x| sin x
0 0
JUIEHBl CMBICHA: COS X U Sifl X HNPH X — 0O NpElesoB He HMEwT.

284. Anagorus c panamu. Hpocreiimue Teopemsi. B mocaeaymomem
MBI OFDaHHYMMCH WHTEerpajaMu Buja (1) Bce CKa3aHHOE O HHX JIETKO
nepeHocutTcs Ha caydad (2) u (3). Ilpn sroM Mul Bceraa Oyaem npea-
nojaratb, u4To0 ¢yHKuma f(x) wunterpupyeMa B cOOGCTBEHHOM
CMBICAe Mexay JmoGHMH fnpegedamuy @ u A >a, Tak 4TO BONPOC
OTHOCHTCS TOJBKO K HeCOOGCTBEHHOMY HHTErpaly OT @ JO OO.

(o)

Mexay HecoOCTBEHHBHIMH MHTErpajiaMu S f(x)dx w uucioBHME
a

o]
pajamu Y@, CymecrsyeT ray6okas aHAJOTAS, KOTOPYIO MOJESHO MOA-
1

YEPKHYTb.
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Ecan npouecc CYMMHDOBAHUSA N0 72 3dMEHHTH TPOHECCOM HH-
TErpupoBaHud WO X, TO aHanoramu Gynyrt

obuuii 4aexn pada nodunmezpanrenan PyrKygua
a, f(x)
HaAcmMu4Has cymMma proa CcOOCmEeHHNE urmezpas
N A
S, {7 ryax
1 a
cymma pada HecobcmBennsli unmeapan
© (<]
Na, Sf (x)dx
1 a
Kax npeGea wacmu4noi Kax npedea npedsdyuezo
cymms npu N — co uxmez2pasa npu A — oo
ocmamox pada unmezpan
0 o0
X a | f@)dx
N+1 b

Mbi nepeuncauM HpoOCTEeHUIME TEOPEMH O HECOGCTBEHHHX HHTe-
Fpanax, cxomHue c Teopemamu n° 236 o pamax. JlokasareabcTBO UX —
€ HCHONb3OBAHHEM YKa3aHHOH aHaJOrRM — NPEAOCTABJSEM UHMTATENIO,

o
1° Ecan cxodumcs uumezpans F(x)dx, mo cxodumca maxce
a

o0
unmezpan )Sf (x)dx (A>a), u naobopom. Iipu smon

o A [

{fede={re dx+5 f (#) dx.

a a
(=]

2°. B cayuae cxodumocmu unmezpara S f(x)dx umeen

a

lim jf(x)dx—-_—o.
A0
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o0

3°, U3 cxodumocmu unmezpaira s f(x)dx sumexaem u cxodu-
a

fes)
MOCIe UHmMe2pasQ S c-f(x)dx (c==coust), npusesn
a

S c-f(x)dx=c- Sf(x)dx.
Hakoueu:

o o
4°, Ecan cxodmamcn o6a unmezpaiq S fx)dx u Sg(x) dx,
a

a

xQ
mo cxodumcss uHme2pan S[ fx)Egx))dx, u
a

o]

S?[f(x) +g(x)]dx= f Fydex | g ax.

|

285. CXORHMOCTb MHTerpana B CAy4ae HONOWKHTENbHOH (yHK-
nuu. Ecam ¢ynkuun f(X) nonoxurenbHa (HEOTPHUATENbHA), TO
uHTErpan

A
®(A)= S f(x)dx @)

NpeACTaBAseT COOOH MOHOTOHHO BO3DAaCTAWUIYI0 (YHKHHIO OT me-
pemennoit A. BonpoC o CymecTBOBaHME /I HEe KOHEYHOTO npegena
npn A —» 0O pEIaeTcs OYeHb IIPOCTO — Ha OCHOBAHMH TEOPEMH O npe-
Jene MOHOTOHHOH (yHKuun [n° 47]:

Aas cxodumocmu HecoGcmsennozo unmezpasa (1)—8 cayuae
noroxncumensnoll ynxguu f(x)— neo6xodumo u docmamouno,
wmoOu unmezpas (4) npu sospacmanun A 0cmasaics O0zPAHULEHHBIM
csepxy:

A
S fx)dx<L (L == const).

Ecau oce smo ycaosue we gwnoaneno, mo unmezpan (1) umeem
anaenne oo. [Cp. n°236.]

Ha sTOM OCHOBaHa C/IeyiOmas <TEOpPEMAa CPAaBHEHMS» JJ9 HMHTerpa-
JI0B OT MOMOKATEAbH KX (YHKIW:
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Teopema 1. Ecau, xomsa 0w npu x== A (A==a), umeem mecmo
[o0]

nepagencmso f(x)<< g(x), mo u3 cxodumocmu unmezpara 5 g (x)dx

a
0

caedyem cxo0uUMOCmy UKMEPAAQ S F(x)dx uau, wmo mo ace, u3 pac-
a

xodumocmu S J (x)dx credyem pacxodumocmes S g(x)dx.
a a

JloKa3aTeapCTBO MOXKHO CKOMMPOBATb C JHOKA3aTeNbCTBA TEOPEMH 1
n® 237.

Yacro TmoJsesHa CaAeLyiomlas TeopeMa,  SABJAIOIANCR  CACACTBHEM
nepBoii:

Teopema 2. Ecau cywecmsyem npedea

tim L) g

s &(X)

O<=K< - 0),

o
mo u3 cxodumocmu unmezpaia S g(x)dx, npu K< oo, sume-
a

o8]
rxaem cxodurocms tmmeepaﬁaS f(xX)dx, a u3 pacxodumocmu nep-

a
8020 unmezpasa, npu K >0, geimexaem pacxodumocms smopozo.
[Takum obpasom, npu 0< K< --0o0, 006a uHTErpana CXOAATCS WA
o06a pacxoAsTcs OXHOBPEMEHHO.]
JIOKABATEABCTBO— TAKOE XK€, KaKk M AJA aHAJOTMYHOH Teo-
pemnt 2 n° 237.
Buifupas KOHKpeTHYI (YHKUMIO 1% CPaBHEHHs, MOMXHO OTCIOZA
NIOJIyYMTh YaCTHhlE NPH3HAKH CXONUMOCTH HAM DPACXOAMMOCTH MHTErpajia

[
S f(x)dx. [Tlpakruyeckoe 8HaueHME WMEET CpaBHEHHE C (YHK-
a

e ;17, KoTOpasi unTerpupyema or a >0 g0 co mpa A>1 u He

uHTerpupyema npu A=< 1[n°283, 4)]. Ha stom nocrpoenn craeayiouue
HPUBHAKHM.
Ilycms 0asm docmamouno Goavumux x Gynwyus f(x) umeem 8ud

Fo=2 a>o). 3
Tozda: 1) ecan A\ ™>1 u ¢ (x)=<<e<+ oo, mo urmezpas gf(x) dx

cxodumces, 2) ecau gce A<<1 u ¢(x)=¢_>0, mo smom unmeapanr
pacxooumcs.,
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Ilng noxasaTenbCTBa HajO BOCHOJNBL3OBATLCA TeopeMoR 1; dyHkumeft
c
CpaBHEHUs ABAAETCH — [n° 284, 3°].
Ecau npu x — oo ¢hyuryua f(x) smsamemcs 6GecKoHewHO Manol

nopsadka A >0 (no CPABHEeRUI ¢ %), mo unmezpan S‘f x)dx

a
cxXo0umesl uAn pacxodumcs 6 3asucumocmu om mozo, Gydem au
A>1 uan <1,

3nech CaAeAyeT COCIaTbhCs Ha TeopemMy 2; pods GyHKLMH g (x)
urpaet —y.

[TPuMEP
[eo]

[e0]
S xe ix g dx
g 1 7 ; xVTEL"

[MoxuuterpanbHbLie BHIPaXeHHA NPH X — 0O MNpPEACTaBaIALT co6ow Gecko-
HEYHO MambiC, COOTBETCTBEHHO, mopalka !/; u 2. CneloBaTenbHo, NepBbift HH-
Terpan PacXofMICs, @ BTOPOM — CXORHUTCS.

286. CxomuMocTh HHTErpasia B o6mem cJiyuae. Bomnpoc o cxonu-
o0

MOCTH HecOOCTBEHHOro HHTerpana S f(x)dx, cornacio ofwemy onpe-
a

nedenuio (1), TpUBOAMTCS K BOMPOCY © CYLIECTBOBAHHM KOHEYHOrO

npegenia npu A—oo aaa ¢ysnkuun (4) or A. Tlpumenss k aro#t

¢ynkuuu Teopemy DBoabnaso — Komn [n°b3], moxHO ycroBue cxo-

IOUMOCTH HecOGCTBEHHOrO WHTerpasa NpPeACTaBHTb B CJCAyIOIIEH dopue:
©

Has cxodumocmu HecOGCMBEHHO20 UHMeE2PAAQ S J(x)dx neoo-
0

xoduxmo u docmamouno, 4molbst Kasxcdomy uucay e >0 omsewaso
mawoe wucao Ay >a, wmobe npu A>Ay u A">A sunoanssocs
HEPaBerCmeo

l‘D(A')—‘P(A)I=\§’f(x)dx— ff(x)dxlr-{?f(x)dx <.
a a A

3ror Kpmepnﬂ NO3BOJAET € JICTKOCTBIO YCTAHOBUTL TaKOe MNpeano-

XKeHue: oo

Ecau cxodumcs unmezpan SI f(x)|dx, mo u nodasno cxodumcs
a

o
unmezpan S fx)dx.
a
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B camoM pene, NDUMEHAA HSACHEHHMH KpHTepuH K  mETErpany

Sy

|f(x)|dx, xoropuit npeanosaraeM CXOAMILUMCH, BHAHM, YTO JJA

R

oGoro ¢ >0 Hainerca Takoe A, > a, uto

a
§ 1) e <o,
auuy ToAbKo A" > A > Ag. Ho, ouesngo,
A A
|§f(x)dx |<§ |7 )] de

H, C1eN0BaTeAbHO, Aas TeX xe A, A’ TeM Gosee BHNOAHSETCA Hepa-
BEHCTBO

X
ljf(x)dxl<e,

OTKyna, B CWJIy HAlIero KpHTepHus, BHTEKAeT CXOAMMOCTb HHTErpana
[+
S f(x)dx.
e

OrmernM, UTO M3 CXOAUMOCTH NOCACLHETO HHTerpana, BooGume

[+

roBops, He CAeAyeT CXOAUMOCTb HHTErpana S] f(x)ldx. 3rto obcros-
TeNBCTBO Jaer ocnosauue oco6o or.rmanb caenyomni c.nyqan Eciu

Hapsgy € MHTErpajioM S f(x)dx cxomurcs u wuHTerpaa S] S (%) dx,

a

TO HHTErpan Sf(x)dx HasHBAT a6CONIOTHO CXOAAIMHEMCS,

a q)yﬂxumof(x)——-aﬁcomoruo HHTErpUpYEMOH B NpOMEXyTKE
[a, oo]*). Tlpumep wHTerpasa, CXOAALWETOCs HEAGCOMOTHO, OymeT AaH
B n°287.

Ilokasaunas TeopemMa NO3BOAAET YCTAHOBUTL CXOAMMOCTh WHTE-
rpaja OT 3HaKOoNepeMeHHON ¢yHkuan f(X), NpuUMEHss NPHSHAKM
NPEALIAYIEro HOMEPA K HONOXHTEeAbHOHN dyuxuuu |f(x)|: ecau

*) CHoBa — ananorua ¢ GeckoHeuHHMHM PARaMH [cp. n° 243].
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aTa (yHKUUA OKa3LBAETCA HMHTErpupyeMoil, To ¢yHKuuA f(X) Takxke
Gyner mHTerpupyema u npuroM abcoawTHO.

o0
Ilycts, Hanpumep, npeasoXeH HHTErpan %ﬁ—zdx. Tak xak
Cos ax 1
Fre | S<PEyre

W HuHTErpa’ OT ¢yHKuuM cnpasa cxozurcs, 10 [n° 285, Teopema 1]
CXONUTCA MHTErpaZ OT (YHKHUM CJEeBA, a C HuM — (aBCOMOTHO) CXO-
JATCH M MPENJIOXEHHBH HHTErpasn.

Kak BugHo, 79 3HakKonepeMeHHOH OYHKUMH H3J0XKECHHBE
3AeCh coOOpawenus — B GJIarONpPUSTHOM CJAy4ae — MOTYT YCTaHOBHTH
sapb a0 COMIOTHYIO CXONUMOCTb, EC/AH e WHTErpajs OT HaHHOH
(YHKIMH PacXORMTCA WAH CXOANTCH, HO HE abCOJIOTHO, TO Pa3AUUUTH
STH CJAyyad C TIOMOILBI0 INPHU3HAKOB, YCTZHOBJEHHBX N/ IOJOXUTEAb-
HHX (YHKUHH, HEAb3A.

287. Bonee TonkHe mpH3HaKH. Mu mamuM ceflyac MPUSHAKM APYroro THna,
KOTOpHE NO3BONAIOT YCTaHABAHBATH CXOAHMOCTD HECOGCTBEHHHIX HWHTErPajoB B
pale cayyaeB, KOTa aGCONOTHaA CXOUMMOCTH OTCYTCIBYeT.

[lycrs nmeem nse dynkumn f(x) u g(x), onpefeneHHule ¥ HENpepuiBHLE B
npoMexyrke [a4, co); oTHocHTeabHO QyHkuuu g({x) GymeMm eme RNpeaNoJarath,
YTO OBA MOHOTOHHA M HMEET HENpepLIBHYI0 XE NPOH3BOAHYIO (OYEBHIHO,
He MeHAWY® 3HaKal). Hac murepecyor ycaomus, oGecrneyusapoumue CXOIHMOCTD
HHTErpana OT NPOM3BENEHHA

| rmewax )

IIpednoroocurt, 4mo
(I) 1) unmeepar (4)

A
@ (A)= S F(x)dx

npedcmasasem co6o0 02panudennyio gyrkyuio om A:
|®(A)|<<K (K=const, a << A < ™)

[ne]
(xom 6u1 npegesa lim @ (A), 7. e. BeCOGCTBEHHOrO HHTerpana Sf(x)dx,
A-w
a

H He cymecmoaano);
27) g(x)—0 npu x— co.
0.

208 unmezpan (5) cxodumest.
Ipu 3060X A’ > A> g umeeM, HHTEIPHPYA MO YACTAM:

A A’
5 FRE@ dr=2 ()g()—2 (We W | o e (Wax
A
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€CIH K NOCHeflHeMy HHTErpaly NPHMEHUTh OGOGIEHHYI0 TeOpeMy O CpelHeM
[n° 182, 10°), T0 OH NpeNCTaBUICA B BHAE

ar ar
S @ (x)g (x) dx =20 (§) S g(x)dx=0 () lg(A)—g(d)] (A<t<A)
A A

H OKOHYaTeJbHO

A!

S F(x)g(x)dx=[2 (A)— (€)i g (A)+ [® ) — D (A)] g (A) (©)

A
Tak xax, B cuay 1), o6e cko6xu Mo aGCONIOTHOH BeNHYHHe He NMPEBOCXOAAT 2K,
a, BBUAY 2), naliieTca Takoe Aj, 4YTO WpH X > A,

€
e ()| <gp

(rne ¢ >0 B3aTO Hamepex MO mpoussonay), To mpu A'>A> A4,

P
|§ rg ] <s
A

OTKyla W CIejlyeT cXonumocth murerpana (5) [n° 286].

MoxHO 3aMEHNTb BLICKa3aHHbiE YCIOBMA ADYIHMH, notpe6oBaB Gomburero
OT MHOXHTENS f, HO 3aTO OGJeryuB YCIOBHE, HalaraeMoe Ha MHOXHIEHb g.
Vimenuo, nycmo menepo

() 1) eywecmsyem necobemsennoiii unmezpan

S f(x)dx =A1im & (A);

2"y dynryus g(x) Oxasvi8aemess O2PAHUYEHHOU:
lgx)|<L (L =const; a<<x <<oo)

H npu smux ycaosusx unmezpar (3) cxodumces.
Ha 3tor pas B (6) Bropsie MHOXMHTENH OrpaHUYeHBl, a NEepBhEe — 3a cyeT A
1 A’ — MOryT GbITb CH€NaHBl CKOAb YTOAHO MaidbiMH4, UTO NPHBOJANT K TOMY Xe

pe3yabTaty.
O6patmMca K TpHUMe paM.
Wnrerpans
0 . o
sin x €0S X
S o) dx, S P dx
a a

(npu @ >0 u A > 0) cxomarcs no npusHaky (I). 3a pynkuuo f(x) 3mech MOXHO
B3ATh, COOTBETCTBEHHO, Sill X WIX COS X, TaK Kak

A A
‘Ssinxdxl:[cosa—cosA[éZ, {Scosxdxléz
a a

x0Tl B 6ECKOHEUHOM TPOMEXYTKE STH (PYHKUMH ¥ He MHTerpupyemsi [n° 283, 6)];

poab g (x) urpaer =
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2Is'grm A>1 3T HHTerpafsl CXOATCA a6COMNIOTHO, NOCKOAbKY CXONMTCA
[n° 283, 4)] unterpan

=]

dx
xh
a

a |sinx| u |cos xlr\: 1. HaoGopor, mpu A<l o6a wunrerpaza cxomsTcs
Heab6CconwTHO. Mlasa Toro yro6un AKokas3aTh 3TO, HANPUMEp, LI MHTerpaxa

o)
sin x
f oy
X
a
HYWHO YCTaHOBHTb, YTO HHTErpan
© .
s X
S -————! ldx
X
a

pacxogurcsa. J[eAcTBuTenbHO, ecanm 6bl 3TOT HMHTErpan CXOAMACA, TO BBUAY
HEPABEHCTBA
| sin x | =sin? x

n nojasHo [n® 285, Teopema 1] cxommaca 6w M MHTErpan

o0 - [ee]
S‘ sin xdx=is 1 —cos 2x dx:
x x

2

a a

npu6ABUB K HEMY 3aBElOMO CXOAAWMICA MHTerpan
1§ cos2
COS 2X
-\ 22 g
2 S X ’
a

Mbl DPHILIHR 6l K 33KIMIOYEHUIO, YTO CXOHUTCA HHTErpan

(o]
1 (dx
2 x?
a
yero Ha jene Her [n° 283, 4)].
3aMEuAaHuE Tenepb, KOrfa Mol YCTRHOBHIH CXOAMMOCTh MHTEFpaloB

o0 o]
sin x oS X
——dx u — dx,
X x
a a

Mbl MO¥EM, HaKOHell, yTOUHHUTb ONpeleNeHHE HEINEMEHTAPHHIX QYHKuUMA si x
(<uHTerpanbHbIft CHHYC») M Ci X (<HHTErpaibHHA KOCHHYC¥), O KOTODOM MHl yRnO-
Musanu B nepBoM ToMme (cTp. 316). Vimenno, monarawor

o0

o
six=—-S S"tltdt, Cix:——SCOtStdt.

X X
x=0) *>>0)
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Ecan, nanpumep, BTOPYIO M3 3THX (OPMYA HamMcath B BHIE:
X

¢ 0
cix=gc°s dt—gc—(;‘iidt,
IQ o

t

TO — 10 M3BECTHOMY CBOHCTBY onpejieleHHOro uHTerpana [n° 183, 12°] — sacho,

: COoSs X
YTO MPOH3BOJAHAA OT CI X AeHCTBUTENBHO paBHa x .

§ 2. HECOBCTBEHHBIE HHTErPAJIbI OT HEOTPAHHYEHHbIX
$YHKUHH

288. OnpexeneHne WHTErpasioB OT HeOrpaRMuERHIX dyHKuui, Pac-
cmoTpum Tenepsb GyHKIMO f (X), 33aaHHYI0 B KOHEYHOM NPOMENKYTKE [a, b],
HO HeHHTEerpupyemyio B a1oM npomexyrtke. IIpeanonoxum Goxee
ONPENEJIEHHO, YTC OHA HHTErpupyema B MoGoM npoMexytke [a, b — 1),
rie 0<q<b-—a, HO OKa3LIBAETCH HEUHTErPUPYeMOH B KawAOM NPO-
mexyTke [&—, b] creBa or Toukn b. Touka b Hocur npu TOM Haasa-
Hae ocobo#t TOUKHM.

Moocrno noxasames, umo s6iudu mouxu b gynxgus f(x) mozia
HeoOxodumo Gydem Heo2paHUYLEHHON, i UMEHHO B STOM NpPHYHHA
TOFo, 4T0 BO6/MM3W b oHa HeuHTerpupyema. OOGHuHmM mas Hac Gynaer
cayuall, xoraa ¢pyHkuma f(x) B Touke b <obpamtaercs B GECKOHEUHOCTb»
(HarOMHUM, YTO TIOA STUM DAasyMeeTCs JHIL TO, YTO NMPH X — b dyHK-
LU CTPEMHTCH K OECKOHEeUHOCTH).

b—n
Koneunwii uan Oecxonedunyli npedea urnmezpairq S f(x)dx npu

a
n— 0 nasssawom (recoGcmsennsin) unmezparor yuxyuu f(x) 8 npo-
Meycymre om a 00 b m 0603HAYAOT:

b b—n
S f(¥)dx = lim S f(x)dx. )
a 1".*0 a

B cayuae cymiecTBOBaHHMA TaKOrO KOHEUHOT O Mpelena rosopsr,
uto uHTerpan (1) cxoAuTCH, a ¢ynxumo f(X) HasHBAOT MHTET P H-
pyemo#t B mnpomexytke {a, b]. B nmpoTusHOM cayyae npo HHTErpa’a
TOBODSAT, YTO OH PACXOAHTCA,

Neumer. 1) Gyuxuus OrpaHHueHa U HHTETPHPYeMa B JA1060M

—x
npomexyike {0, 1 —q} (0 <<y <<1), un
1—3

§ —]—/—dx— == arcsin (1 — ).

I —x?

B rouke x=1 Qynxuus obpawaerca B GeCkOHEYHOCTb, OUYEBHUHO, TOUKA X = |
H aBaseTca 0coGoH,
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Tak ®ak BuuMcAeHHm# unTerpa;x npun 5 — O cCIpeMHTCA K npexeny
. k1
arcsin 1=-§-, TO CYWECTBYeT HeCOGCTBeRHbH unTerpan

1 1—xn
4% iim =X
Yi=x g0 2"
Mycrs Tenepy ¢ynkums f(x) orpanmuena u uurerpupyema B moGoM
npomexytke [a+7, b} (0<+' < b—a), HO Oka3smBaeTCA HEMHTErpH-
pyemo#t B Kaxnom npomexyTtke [, -+ %] cnpasa or Touku @ (0oco6as

Touka). Torna (necoGcmeennnli) unmezpar gynxyuu f(x) om a do b
onpedeasemcs paseHcHieom

[} b
S f(¥)dx =1lim S f(x)dx. @
& Kina o 4

Ecin obe Toukn @ u b OKasHBalTCH OCOOH MH, TO onpedesexue
unmezpara om a 00 b daemcs pasencmsor
b b—ns
S f@dr=1lm \ fE)dx. @)
a 3;33 atm

Onpenenenne (3) MOMHO 3aMEHHTb TAKHM:
b c b
{Fax=(rdx+ [ Fax,

B TPEANONOKEHRH, uTO @ < ¢ < b # 062 HeCOOCTBEHHHX HHTErpaaa cnpasa
CymEecTBYIOT (NpH 5TOM BHOGOD TOYKH ¢ DOJM He Hrpaer) *).

o otHomeHuio K HeCOGCTBEHHHM uHTerpaiam (2) u (3) coxpausercs
Ta e TEPMHHOJOIHS, YTO K BHIE,

NPUMEPH.

0
dx
2) S —=———x, 0c00af TOYKa — I,
R Y1
0

0
dx . S dx R . n
————— == lim ——————==lim [— arcsin (— 1 V==
_Sl]/l—x’ "1"*0..1.;.,,'1/1—‘1’ a'—’o[ =1+ 27
1

dx
3) S m, nee ocobue ToukHw —1 wu l,

-t 1 1
iv%%ﬁ=g+§=“

*) Cm. cHocky ma crp. L1l
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Herpymso noHsaTe, KaK ONpPENENseTCR HECOOCTBEHHHH HHTerpan
Sf(x)dx npu Haapuuk moGoro (KOHEUHOTO) unc/ida OCOOGH X  TOueK.
a

HakoHel, paccMoTpumM GyHKIWO f(X), 8anaHHy0 B GeCKOHEYHOM Ipo-
MEXYTKe, HanpuMep, B [@, 00], M HMEOIyI0 B HEM KOHEUHOE YHC/IO
0cobbix TOueK *), BOJN3M KOTODBIX OHa nepecraer OmTb WMHTErpuUPyeMOf.
Ilpeanonoxum, yTo B KaXAOM KOHEUHOM mpomexyTke [e, A] uHTerpaxa
A

S S (x) dx cymecTsyeT, KaK COGCTBEHHBIH 1M KaK HecOGCTBEHHHBH], COracHo
a

[aHHOMY BHIE onpexedendo. Torma, nepexoms eme pas K npeseny
npn A — oo, MoxHo pasenctsom (1) [n° 282] onpeseanrs HecoGeTBeH-
HBIH MHTErpajs B NMPOMEXyTKe [a, ool
289. Ilpumenenye oCHOBHOH GOPMYJIbI MHTETPANLHOTO UCUHCACHHS.

IMycte dynxuus f(x) onpegeneHa m HenpephiBHa B NPOMexyTke [a, b),
B TO BpeMa Kak b cayxuT 1as Hee ocoGo#i Touxod. Has f(x) B mpo-
mexyrke [a, b) cymecrsyer nepsooGpassas ¢yHkuus F(x), u

b—n »

| r0dx=F@e—n—F@=Fx)| ",

a

TAK YTO CXOAUMOCTb HecoOGcTBeHHoro wuurerpana (1) paBHOCHIBHA

CyLIECTBOBAHMIO KOHeuyHoro mpeneaa lim F(b—m). Ecau nocaennuii
10

CYILECTBYET, TO €ro eCTeCTBEHHO NpHHATb 3a 3HaueHwe F (b) neprooG-

pa3Holt dyHKIuM OpU X == b, AOCTUIHyB STUM HenpepwBHOCTU F(X) BO

BceM npomexyTke [a, b]. Ias BoluncieHus uHterpana (1) Mel umeeM

TOrZa opMyly OGHYHOTO BHjA:
b
Sf(x)dx::F(b)—F(a)—_—F(x) ” )

Ta xe dopmysna UMEET MeCTO M B TOM CJAyuae, ecau ocobas TOuka
JIEWHT BHYTPH TIPOMENYTKA WM NPU HAINUUH HECKOJBKHX OCOGHIX TOYeK,
HO (3TO HYXHO TBEDAO NOMHHTB) MPH HENPEMEHHOM YCJOBHH,
uto6si nepsoobpastas Gyukuns F (x), umeowas f(x) csoeli npousson-
Hofi Bciolly, MCKMoyas ocoOble TOYKH, Oblaa HenpepuiBHa u 8 amux
nocaednux. CyuecTBopaHue Tako#i nepeooOpasHoff ofecneuuBaer cxo-
IBMOCTh HecOOCTBEHHOIO uHTerpana. Ecinm e nepBooGpasHas Ha KoHIe
NPOMEXKYTKA WM BHYTPU Hero ofpaulaetcss B GECKOHEUHOCTh, TO HHTE-
rpan PacxOXHUTCA.

*) Ocobbix TOyex MOMeT GBITb M GECKOHEUHOC MHOXECTBO, MHIUb 6b B Kaw-
noM KOHEYHOM mpoMexyrtke [a, A] (A>a) ux 6bulo aMiib KOHEY[HoOe
4HCAO (KOTOPOE MOMET PAacTH 10 GECKOHEYHOCTH BMecTe ¢ A).
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O6paruMcs K MPHUMEPAM,

4) Wiccnenyem, NpH KaKKWX 3HAYEHWAX Nokasatens A >0 CXOX¥TCA HECOG-
CTBEHHBIH MHTErpan

b
dx
S -(—m b> a).
a
Mpennonaras Az£1, uMmeeM
d d 1
_ax g
{eZp=rme—o [,
a

Tax YTO MHTErpax cXomutcs npum A << 1 u pacxoautcsa npH A > I: meprooGpasnas
Ha KOHIE X ==a ofpamaerca B GecKoHeyHocTb. [0 TOH ke nmpuukHe pacxomuTcs
HHTErpal M npu A=1:

b

dx b
Sx—a =In(x—a) K
a

5) AHanOrHYHLIA pe3ynbTaT MOWeT ObiTh YCTaHOBIEH OTHOCHTEIbHO HH-
Terpana
d d
X
T—xn (b>a L>0),
a

KOTODHI HECYI(ECTBEHHO DA3HUTCA OT NpPeABLyILIero.
1

6) das murerpana S In x dx ocofas touka x=70. Umeem
0

1

1
S Inxdx=xlnx—x 0=—1,
0

TaK Kak npH x — 0 mepBoo6pa3Has WMEET NpeneabHoe 3HaueHue 0,

290. YcnoBuss ¥ DOpU3HAKH CXOXMMOCTH HMHTerpasa. M octa-
HOBHMC ML Ha CJyyae, CBA3aHHOM ¢ onpefenennem (1), Tak Kax
nepedpasnpoBKa MAs APYTUX CJAyYaeB He INpPENCTaBsIeT TPYAHOCTEH.
Beuay nosHOH aHanoruu ¢ HECOOCTBEHHHIM HMHTErpajoM, PaclpOCTPaHeH-
HbIM Ha GECKOHEUHBIH NPOMEXYTOK [@, co], MBl He OyAeM NEepEeYHcCasThb
npoctefmux Tteopem [cp. n° 284], a nmo Bonpocy O© CYLIECTBOBaHHH
MHTErpaja OTpaHuuuMCs (HOPMYIHPOBKOH HEKOTOPHX OCHOBHHIX MOJO-
XeHuH — UX N0Ka3areJabCTBa aHAJOIMYHB NpHBEICHHBIM BhILe. Bo Bcex
cayyasx HMHTErPHPYEMOCTh (B COOGCTBEHHOM CMHICAe!) paccMarpuBaeMbX
¢yHkun B moGoM npomexytke [a, b-—m] (4 >>0) nmpemnosaraercs, u
©JUHCTBEHHO TOUKa X ==2J) sBasercd 0c 060,
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Kax u s n° 285:
Aag cywecmsosanus HecoOcmsennozo unmezpasa (1) 8 cayqae
noasomumenrsholi dyuxyuu f(x) neobxoduro u docmamouro,
b—n

4mobs. unmezpan S F(x)dx (> 0) ocmasascs ozpanutennsin csepxy:
a

b—7y
S fxdx<lL (L == const).

Ecau ace amo  ycaosue ne svnoaneno, mo unmezpan (1) umeem
3HaueHueM — oo,

Teopemst cpasHenns 1 u 2 u3 n° 285 443 nOAOKMTEALHBIX (YHKIMH
M 37eCh MMEIOT MecTo. Mb! HE cTaseM HX BOCIDPOH3BOIAWTb, HO Ccdop-
MyJMPYEM OCHOBaHHHE Ha HUX TIPH3HAKH,

[Tycmes 0asm Oocmamouno Oauskux K& b 3nauenuis x ynwgus f(x)
umeem 8:0;

%)
fx)= & =x) (A>0). \
Tozoa: 1) ecau A<1 u o{x)<<c< oo, mo unmezpanr S fx)dx

a
cxodumes, 2) ecan ace \=1 u @(xX)=c¢ >0, mo smom unmezpanr
pacxodumcs.

Bonee uactHas ¢opma, ynobHas Ha NpPaKTHKe:
Ecau npu x— b @yargua f(x) ssasgemcs OecKonedHo 6oAsumol

b
nopadka A >0 (no CpasreHuio ¢ b_—l_x'>’ mo unmezpas S f(x)dx cxo-

a
dumes usu pacxodumcs 8 3asucumocmu om mozo, 6ydem au A<1
uanw h=1.

[TPUMEPH.

1
dx
1 e
) § f/ }—xt
ﬂonumerpanbnau q)yHKLlHﬂ npn x—1 npeacTaBafAeT 6eCKOHeYHO 60J1bmy10 no-
panka —-:
1 ]
Vi—xt YT—x yitxtretx

Cnenosarenbno, HHTErpan CXOIHTCA,
=

——l—npnx 1
4_4 *

9 \wgorax o

OQ,)»‘
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Ecau p >0, 10 ocoboft Toykol ssaserca -72:—, npu p <0 ocobasn Toyka 0.

B ofoux cayyasx NOAMHTErpajlbHOE BHPAXEHHE ABASETCA GECKOHeuHo Goabluof
nopanka |p |. Vrak, cxomumocts npH |p | <1 u paczogumocts npu |p|>1.
1

3) S X671 (1 — x)1dx,
0

Tpn a << 1 ocobas Touka O, npn b <1 ocobas Touxa 1. Pasaomum mpenso-
1
1 7t
MeHHbl MHTErpan Ha [Ba, HaNpHUMep, Tak: (5 = S-}- S Tak kak nomunterpanb-
) 1

2

Haa QyHKuus npu x — 0 aBaserca GeckoHeyno Goabimoft (ecid a << 1) mopsaxa
1—a, 10 nepBufi BWHTErpax CyumlecTByeT Jumib nNpw ycaosun l—a<<l, 1. e
a>0; ananoruyno, BTOpPORt cywecrsyer npu b > 0. Mrak, npernoxesnufl unte-
rpabn cgonmcn B TOM M TOIBKO B TOM CHy4Yae, eciH ORHOBpeMeHHO a >0
no>0

(e
4) § XPte ¥ dx,

1
Ocobuie Toukn co u 0 (mpu p << 1). §cymecrnyer anms npa p>0 (6ecxo-

1
HeyHo Goabmas mopsaika | —p N0 OTHOWIEHUIO K ;) 5 CYIIEeCTBYET, KaKOBO

6p HM OBHIIO p, TaK Kak, B3AB A > l, uMeem
xP-1o~x xMp-1
-———l——=——eT——»0 OpH X — ©0;
xx

o0
S cymecreyer npu p > 0.
0

SAMEYAHHE Mudynommanu B nepsoM toMe (c1p. 316) 0 mesaementap-
Holt gymkumn liy== m—";-, (emuTerpanbuuit norapadm>»). Uro6u yTounnTh Cofep-
MAN(yl0CA B HHTErpale NMPOU3BONBLHYIO HOCTCAHHYIO, HOJAraloT

dt

liy= e’

Tipn y <<1 sT1OT WHTErpan cymecrsyer kak cobcrsennnfl. Omnako mpu y > 1
uHTErpad TepsReT CMBICH — MlaWe KaKk HeCcOOCTBeHHbM, TaK Kak npu t=1 nog-
unterpasbHad (QyBKIEA SBAKEICA GecKOoHeyno 6OJbMION NepBOro mopsaka
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1
(HO CpaBHEHHIO C “‘—'). B orom Clnyyae HanMCaHHLIH BblIIE HHTErpan IOHU-

t—1
1—e
. dt
o, S+§ It
0 14¢

Ha nokasatenbctpe CyleCTBOBAHUA TAKOro npenena OCTaHABAMBATLCA HE GYIIEM,

MaoT Kak npexen

B ciayuae 3sHakonmepeMeHHOW ()YHKumW, npumeHdas npusHak bBoJab-
nano — Konin, umeeM Takoe oOfllee yC/lIOBHE CXOAHUMOCTH:

b
Jlast cxodumocmu HecoGcmBeRH020 UHmMezpala S f(x)dx, 20e b—
a
ocobas mouxa, HKeobxo0umo u 00CmMamo4ro, Hmolbs KaxcdoMy

yucay e >0 omsewano maxoe wucao 3 >0, umobs npu 0< <3 u
0<% <3 sunosnssocs Hepasercmso

'b_Sn'f(x)dxl<e.

b—n

O1ci0A3, KaK @ BHIIIE, BHTEKAET:

b
Ecan cxodumcs unmezpan S |f(x){dx, mo u nodasro cxodumesn
a

b
unmezpan S f(x)dx.
a
OGparnoe, BooOwme rosops, HepepHo. IlostoMy u 3meck oco6o OT-
b

JMYAOT ¢ayvall, KOria Hapsiy C WHTErDajoM S f(x)dx cxoaurcs u
a

b
S | f{x)|dx; Torna nepsbiii MHTErpan HaswBaT a6COJITHO CXO-
a

asmuMcs, a gyHkuno f(x)—abCONIOTHO HHTErpHUpPYEMOH
B NpoMexyTke [a, b}

§ 3. NIPEOBPA30OBAHUE W BbIYUCJIEHHUE HECOBCTBEHHBIX
HHTETPAJIOB

291. WuTerpupoBaHie N0 YACTAM B CJy4ae HeCOGCTBEHHBIX MH-
TerpanoB. Ilycrs ¢yHkuun u=—=u(x) u v=wv(x) ONPENENEHH U He-
NpepHIBEL BMECTE CO CBOHMH NEPBHMHM NPOM3BOAHBIME BO BCEX TOUKAX
npomexxyTka [a, b], uckmoyas Touky b (KOTOpas MOXET OHTL paBHa U
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~-00). Toria uMEET MeCTO0 PaBEHCTBO
b

b
Sud’o:tw ]b—-s‘vdu,
a ¢ a

€cim nojd ABOHHOH IOACTaHOBKOH MOHUMATH PasHoCTh

]imb u(x)-v(x)—u(a) v (a).

Ilpn aToM npeanonaraercd, YTO M3 TPE€X BXOAAWUX B PABEHCTBO BHi-
paxenudl (ABa uHTerpana W JABOHHAA NOACTAHOBKA) HMEOT KOHEYHOE
3HaueHue [ Ba: A9 TPETHETO 3TO YKe OTCIOAA BHITEKAET.

B camom gene, B3ie a< x,<b, HanumeM oOHuHYIO QopMyIy
MHTEIDUPOBAHMS 1O YaCTAM MU NPOMEXYTKA [a, Xy}, TAe BCE HHTE-
rpanast — coGCTBEHHbIE:

S udv="[u(xy) v (%) —u(a v(a)]— S vdu.

a

Ilycts Teneps B 3TOM paBeHCTBE X, cTpemurca k b. Ilo yciosuio, ABa
U3 BXOASLIMX B HEro BHpPaXeHUH HMEIOT KOHEUHHMe mpelenasl TpU
Xy— b *). CnepoBaTeNbHO, HMEET KOHEUHHH [Mpelen Takke TPETbe
BHIpAXEHUe, W J[OKa3biBaGMOE paBCHCTBO ONpPABAHBAETCA C TOMOIUBIO
NpenesHOr0 NEPEXoaa.

MMrpumer
X x r
) % p) 7
. . cos X X
Insin xdx=x-lnsinx| — |\ x-= = — \ ——dx
0 sin x tgx

~—— MHTEFPUPOBAHAEM I10 YaCTAM 3JeCh YJHad0oCh CBECTH HeCOGCTBEHHHH wuH-
TEFpal K COGCTBEHHOMY H TeM J0Ka3aTh CYMECTBOBaHHE HECOGCTBEHHOrO
HHTErpana.

292, 3amena nepeMeHHHIX B HecoGCTBEHHBIX MHTerpaxax. Ilycrs
¢ynxuus f(x) onpemeneHa u HENPEPHIBHA B KOHEYHOM WM GECKOHEU-
HOM mpomexyTke [a, b) W, CrenoBaTeJNbHO, HHTErpUpyeMa B COGCTBEH-
HOM CMBIC/IE B KaXAO# €ro yacTu, He Coaepxaute#f TOUKH b, KoTopag
MOMET OmTb M - 00; 5Ta TOUKA, MO NPEANOJOKEHHIO, SBAACTCH ELHH-
crBenHolt ocoGolt touko#t ans QyHKuEA f(x).

b
¥) 970 BEPHO M B TOM ciyuae, KOrAa KaKoM-an6o U3 WHTErpanos S OKa3bl-

a
Baercs coberseHubM{n® 183, 11°].
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PaccvoTpum Tenepr MOHOTOHHO BOSpAacCTalIYI (YHKIHIO
X ==¢ (), HenpepHBHYIO BMECTE CO cBoeli npoussoasol ¢ (f) B mpo-
mexyTie [a, B), rie B Moxer OHTb u - oo, M momycTHM, uTo 9 (X)=a
u 9 (8)=>. IlocaeaHee paBeHCTBO HaIJEKMT NOHMMaThb B TOM CMHICJE,
yro lim ¢ (f)=0.

t>p

[Ipu 3THX YCJOBUSX HMEET MECTO DABEHCTBO
14 p
{fds=(roen-¢ ot M
a «a

B NPEANOJOMEHAN, YTO CXOAMTCA OAMH U3 3TUX MHTErpaioB (CXOAH-
MOCTL ApYroro OTCIOAA yxe BTekaeT). Bropo# nHrerpan Gymer auGo
COGCTBERHBY, MHGO HECOGCTBEHHWM — C €MMHCTBEHHOH ocoGol Toukofi B.
Ilo Teopeme o6 obpatHo# QyHkuum [n°71] dcHo, 4o ¥ f MOXHO
PaccMarpuBaTh KaK MOHOTOHHO BOSDACTAIONIYI0 ¥ HENPEPHBHY QYHK-
umo or x B [a, b):t=="0(x), npuyem lim8 (x)==p.
x—bd

Iycty Teneps Xy M £, OyEyT nNpOM3BOJBHEE, HO COOTBETCTBYIOHIUE
OIHO JApyroMy aHayewns x H ¢ u3 mnpomexyrkos (g, b) u (z B).
Toraa ¢ momomplo 3ameHN nepeMenso# B coGcTsenHOM mHTErpane G6y-
AEM HMETH

Xp to
§rax={rem ¢ o

Ecmu cxomurcs, ckaxeM, BTopo#l ua uurerpamos (1), To CTameM npu-
6auxaTh MPOUBBOABHHM 06pasoM X, K b; npa a1oM fH=="0(x,)
ycrpemurcs K f, ¥ Mu ycTaHoBuM ¢opmyay (1) OAHOBpEMEHHO C XOKa-
83aT€JALCTBOM CXOJMMOCTH MHTErpana cJaesa.

Hamie paccyxieHne ONMHAKOBO NPHMEHHMO B CJlyyae MOHOTOHHO
yOupawomen ¢ysknuu ¢ (f), koraa a > *). Tak ke HCUePIHIBAOTCA
H Jpyrue BOBMONKHBE C/ay4adn pacnpeleneHus ocobux touek. IIpm pac-
CTaHOBKE MpefiesoB B npeo0pa3oBaHHOM HHTerpaje BCErAa CJAeAyer
NIOMHHTDb, YTO HUJCHUE Npedea 6 O0ANCEH COOMBEMCIMEO8AMY HUNCHEMY
npedesy a, a sepxruil npedea B — sepxremy npedeay b, Hesasucumo
om moz0, Gydem au a<_§ uwam o >P.

Ipumepu. 1) Buuncantes unTerpan

Sb dx
P Ve—a6—x

¥) U B cayvae HecOGCTBEHHMX MHTEIPaioB, Npu a > f§, MK HozaraeM
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MOJACTaHOBKOH
x==acostp4 bsin®¢.
ki1
3mecs a =0, f= T 1 HCKOMHH HMHTerpan npuBOMTCA K COGCTBEHHOMY
HRTErpany

Dy 0] A

2\ dy=nm.
[+
2) las ycTaHOBAEHHA CXOAMMOCTH WHTErpana Ssin X2 dx BHNIOJHMM B HeM
0
. -~ dt
3ameHy mepemennoft: x=V'7, dx=2 Ve a=qa==0, b=f=00, Mu moay-
1 ¢ s
uuM 3aBefioMo cxoasmuitca [n° 287] unrerpan > S %n;__t_ dt, caenoBarennHO

0
CXONHMTCA M NpeMIONeHHHH HHTerpal. VIHTrepecHo OTMeTHTb, YTO NOJHHTErpaib-
Haf QYHKOHA B HEM IIPH X — OO He CTPEMHTCA HH K KakOMy npexeiy, KoneGaach
Mexay —1 u 4 1.

[=}
ARanoruyHO MCYEPNHBAETCH BOIPOC O CXONHMOCTH WHTErpama § cos x* dx.

3) Buiuncaenne nnrerpana

[eed d
X
=)=

MOXET GHTb OYeHb yupowmeHo nNpHMeHeHueM uenecooGpaanux IHOACTAaHOBOK.
Hpe)xne BCero, X HEeMy NPHUBOJAHMTCA HMHTErpain

(2]
xdx
14t

1
TOACTAHOBKOMK X == ra (@a=0, b=o00, a==00, B=0), Tak uTO MOWHO Hamucars

1\ 04ayax 1‘(1+}1?)”"

1 _ = — .
2 14 xt 2 1
3 x* X8
0
Eciu remeps mpuGerHyrs K NOACTaHOBKE X —% =2z (@=0, b=00, ¢ ==— 00,
f==00), TO Ccpa3y NOAYYHM
B d +- o0
{ =1 S  __1_ arctg = =
ST ) TR eyr VIl T eve
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203. BbiuucieHHe HWHTETPaJOB € NOMOmbIO HCKYCCTBEHHBIX NPHEMOB.
Mbl BHIUHCAUM HECKOJbKO BaMHBLIX HeCOGCTBEHHMIX UHTerpanoB ¢ HNpHMEHEHHEM
HCKYCCTBEHHB X MPUEMOBI COOTBETCTBYIOUME NePBOOGPasHble dyHKIUN
3fecb B KOHEYHOM BUIE He BBIDANAIOTCA, ¥ MMM BOCIONb30BAaThCA Heab3d. Bee
9T MHTerpansl ObITM M3BECTHHl ewle mateMmarukam XVIII Beka (B wyacTHOCTH —
ditnepy), Ho — 6€3 CTPOroro BHIBONA.

1°. TlocraBum cefe 3ajavell BLIYHCAMTH MHTErpan

L3

7
J=Slnsinxdx,
0

B CYUIeCTBOBAHMM KOTOPOrO Mbl yxe yGemxuauch [n°291].
310 BHIYHMCIEHHE OCHOBAHO Ha MCIOJb30BAaHMM 3aMeHb NepeMenHoit. Mmeew,
nonaran x=2t:
T ki
4 T

J=21mmmw=%m2+2Sthw+2Smth
(4] 0

OQ,)*IH

ki7
[MoxcraBnsas B nocaeneM HHTErpane t=7—tt, npuBefieM ero K BULY

2 \ Insin u du, Tak uTO, OKOHYaTeAbHO, RAf ompeieneHus J mHogyyaeM ypas-

Ay o) 8

HeHue
J=%-ln2+2j, OTKYyIa J=-—-%1n2.

2°. O6patuMcs K BHIVHCAEHHIO MHTerpama
o0
K= S e * dx,
)

BCTpEYalomeroca B Teopud BeposaTHocrelt *). C srolt mensl NpensapurensHo
JOKaXeM HEKOTOpble HepaBeHCTBa.

O6biyHbiMi B aA@depeHUnaTbHOM HCUMCACHHN MeTONaM# HEeTPYNHO YCTaHo-
BATh, uTo GyHKuus (1 4-£) e~ gocruraer coero Hamboabuiero 3Hauenus | npu
==0, CnegoBatenbHo, ana £ %0 6Gyner

(1+Het<l,
Ilonaran ageck ¢== x?, Mb Doayunm
(l—x)e® <1 u (I+x)e ¥ <1,
OTKYZa

e —x2 1
l—x?<e <——1+x3.

*) CymecrsoBaHie 3TOr0 MHTErpaia He BHI3HIBAET COMHEHMH, TaK Kak (npn
— x2 — —
x>1) e~ * <e™* a unterpan ana e~ * BHIYMCAACTCA HEMOCPEICTBEHHO.
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Orpasnups B NepBOM M3 STHX HepaBeHCTB uaMenenne x npomexytkom (0, 1)
(rak uto 1—x?>0), a BO BTOpPOM, cuuTas x>0 mOGLIM, BO3BOAUM BCE ISTH
BLIPAKEHUA B CTelleHb C MIOGbHIM HATyPANbHEIM ToKasaTenem 1 STO KaeT Ham *)

1
O<x<l) x>0

(I— Xt ge™ ™ gy o=

Wuterpupys nmepsoe HepaBeHCTBO B npomexytke or 0 xgo 1, a BTOpOE —
ot 0 10 oo, HOAYYHM

1 1

[os] o0
— x2\n ~nx? —nx? dx
S(l X%) dx<§e o dx<§e * dx<g—~—(1+x2)n.
0 b
Ho
[eo]
'S e nx® gy =71;f <K (momcranoska u=7Vyn -x),
ki
1 ) 0
— X g = \ sip2nit — nil
.g(l x)dx_§sm tdt_(2n+l)ll
(noscTaHOBKa X == COS )
H, HaKOHeL,
’ T
© 2
dx - an-s @ =31 =
§ a +x5’)"=§ st =y T

(noncraHoBka x = ctg £).
®
7

Mb Bocmoan3oBazMCh 3HeCh UBBECTHHMH  BLIPAWEHHAMH LA Ssin’"xdx
0

[n® 187, (5)). Takum o6pazoM, HcKoMoe sHaueHHe K MOXeT OuTb SaKIOYEHO
MeWAY CAeAyIOmUME KBYMA BHPAKEHHAMH:

2nl! — @Qn—=38 =
Ve T <K<Vr G

TaK uYTO, BO3BOAA B KBaJpaT M npeoGpasys:

n - 2nll 72 1 n (2/1—3)1!]' (=
M1 'lv(2n—l)ll] '2n+1<Ks<§n__'.—T'[m @n—1) (2)
M3 ¢opmyan Banauca [n° 188]:

L 2nll ]s 1
PR [(2,1—1)!1, "M

*y dan HCPABEHCTB ¢ NOAOXHUTEAbHB MU YICHAMA BO3BLIILCHHE B Has
TYPaAbHY0 CTelleHb HOYJAEHHO — JOIYCTHMO,
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NerKo yCMOTpPeTh Temnephb, uTO 06a KpaliHUX BhpakeHHs OPH 1 — 0O CTPEMATCH

ki1
K OnHOMY M TOMY Xe npejenay T’ CleaoBareabvHo,

K’=% u 1(=l/-§73 (1ak kak K> 0).

8°. PaccMoTpHM, HaKOHell, MHTerpan
o0
sin x
L=0S - 4x,

CXONMMOCTb KOTOpOro HaM yxe ussectHa [n°287]. Ecam onpenenenne sToro
HecOGCTBEHHOTO MHTErpaia
A
. sin x
= lim dx
A- o0 X

ACTONKOBATb «Ha A3MWKE MocaefoBareabHocTed» [n° 32], To, B wacTHOCTH, MOXHO

NOAOKHUTh
T
B —2-
S sin x

L= lim —_—dx,
R X

C mpyroft cTOpOHBI, BMECTO Hpeiena MOCNeN0BATENbHOCTH MOXHO [n° 234] nckath

CyMMy GECKOHEeYHOro psasa
= T 3n L 3x
K3 x 2 7 « 7 s 2
§+{S—§}+{S—§}+...=§+§+S+...,
0 0 z £
2
TaK YTO OKOHYaTeabHO
k]
w O+HDF
L= 2 S Sir;xdx.
v=0 L
V. —2~
I‘lonoxm.?_ tv=2pt nam 2 ;—é I'L n;;nderﬂya, COOTBETCTBEHHO, K IOACT2HOBKe
X==pm HAH X ==pn—¢, OyHeM HMeThb:
@ +hy N
sin ¢
= (~ )"
S . =D § e A
2 - T
H
k] ®
Wy 7
= (— 1)p~1 sin ¢
S (= § L2

n
-0y



293] § 3. [TPEOSPA3OBAHME ¥ BHIYMCJ/IBEHUE 135

Orciona
® T
Kl ; o 3 i
sin 1 .
L—-dg-—-z—dt—!— Zj“”*%ﬂ“??—ﬁ)“"”‘
P,=
Tax wax pan
N 1
1
2{ =1 (??TLE—"t—pm)
p,=

T
B npomemyrke O0<{i< 7 CXOMTCA PaBHOMEpHO, u60 Maxopupyerca
[22]

1 1
CXOJAALWUMCA PAROM —— " » TO €ro MOXHO—IO YMHOXEHMH BCEX ero

™
1 }"—"T
YNeHOB Ha OrPaHUYEBHYK (YHKIWMIO Sin f — HHTETPUPOBATH N OY A EeHHO. JTO
JlaeT HaM NpaBo HAaNNCaTh BHpawenue maa L B suje:

P P R PP B I
0 I

Kax mb ysuauM Bnocaencrsum [n° 406, 3), samevanue], Bupaxense B CKOGRax
paBHo m,npencrasnﬂﬂ cofoit Tak Ha3HIBAEMOE <PA3NOMEHHE HAa TPOCTHIE

Apo6u> mus srod ¢ynkumn. Tlpumuumaa stor Qaxr Ge3 HoKa3aredbCIBA Ywe
cefiyac, AAs MCKOMOrO MHTErpana OKOHYaTeabHO NOAYYHM

x
P
™
0

Tpnsenennbift uasmubift suBOX npunagsexut Jlo6auerckoMy, XoTopuft mep-
BbIM oépamn BHAMaHHEe Ha HECTPOroCTb TeX INIPUEMOB, ¢ MNOMOINbIO KOTOPHX
ITOT BaXHBIH UHTErpaa BHYUCAAACA paHblue.

Ha pene Jlo6aueBckuMit cBouM MeTOZOM HOAYYHX jaxe OGodee o6uiyio
dopuyny:

k3
o

7
§f(X) SN X g = Sf(x) dx,
(1]

X

B npefnonoxens, uto f(x +-w)=f(x) 1 f(x—x)==f(x); B paccMoTpeHHOM
cayvae f(x)==1L.
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3AMEYannE HalineHHbl!l pe3yabTaT MO3BOJASET 3AKAIOUNTH, YTO
T
o o mpn a> 0,
in at

L(¢)=S¥dt={ 0 mpu a=0,

0
— —72‘— npu a <0.

Mpu a >0 stor nurterpan npusoantca K L 0pocTofi MONCTaHOBKOH X = af; Hame-
HeHHMe 3HAaKa ¢ BieueT 32 cOGoll M3MeHeHye 3HaKa WHTerpaia, a npn a==0 pa-
BEHCTBO HYMIO WHTerpaja OYeBHIHO,

10 mpocToe 3aMmevaHue, NpHHajnexamee Pypbe, NPOM3BEIO CHABHOE BIe-
YaTJeHNE Ha ero COBPEMEHHWKOB: (PYHKUUA OT @, 0-PasHOMY BhIpaXaeMmas MpH
Pa3JHYHBIX 3HAYEHUAX STOH NEPEMEHHOM, B TO e BpeMs NONYCKaeT M eNuHoe
<aHaauTHyeckoe Bmpaxenues) [Cp. n° 18, 3° u Hmxe n° 422 u 423).



TVTABA BOCEMHAILIATAST
HHTETPAJIbI, 3ABUCSAIIUE OT IMAPAMETPA

§ 1. 9JIEMEHTAPHASI TEOPHS

294, Nocranoska samauu. Paccmorpum ¢yHkuuio f(X,y) IBYX
NepeMeHHHX, ONPEJENEHHYIO IJi BCeX 3HaueHu#A X B HEKOTOPOM —
KOHEYHOM uad OGECKOBEUHOM — NpoMekyTKe [a, b], n BceX 3Hauenuit y
B muoxectse % =={y}. IlycTb npu KaXAOM NOCTOSHHOM 3HAuYEHWH Y
w3 ¥ oynkuus f(x,y) Oymer unrerpupyema B npomexyrke {[a, b),
B COOCTBEHHOM Win HecoGCcTBeHHOM cmeicie. Torga mHrerpail

b
1= 7@ ndx M

Oyner, OUeBMAHO, (YHKUMEH OT BCNOMOTraTeNbHOH nepeMeHHOH
Wi napamerpa y.

losops B n° 269 o mocregoBatenvHocTH (ysxkuubt {f(x)f, MH
paccmarpuBadnl MHTErpaJst

I,= Sb Fn(¥)dx,

KOTODHE MpEencTaBasioT co0o# uvacTHel#t cayyah unterpasios (1): B poau
MapaMeTpa 3aech (QUrypUPYeT HATypaJbHHIE yKa3aTeab A.

Ilo ornomenno & ¢yskuun [(y) eCTECTBEHHO BOBHHKAET psin
BONIPOCOB — O CYILECTBOBAaHUM M BHIDAXEHNH €€ TNpeaeta NpPH Onpege-
JEHHOM TIDENEJbHOM INI€PEXoJe, B YaCTHOCTH, 00 €€ HEeNPepHBHOCTH
no y, 06 ee Au(pPEPEHNUPYEMOCTH M BHIPAXECHHM [JR €€ NPOM3BOAHOH,
HakoHeil, 00 ee unrterpasie. Bcem 5TMM BONpOCaM ¥ TOCBSIEHA HACTOS~
mlaa rJjasa.

MayueHne CBOMCTB (pyHKUMH, BHpPaXKCHHOH uHTerpaiom (1), sasnm-
CAIMM OT [IapaMeTpa, MOXeT [IPEACTaBUThL CaMOCTOATENbHBI HHTEpeC
[B stom oTHOwesun cm., uanpumep, § 4]. Ho, nommmo toro, sn
CBOHCTBA, KaK YUTaTelb YBHOUT, UMEIOT #4 MHOrOOGDa3HBIE TPHMEHEHHS,
B 0COGEHHOCTH K BONPOCY O BHIYHCACHHM HECOOCTBEHHHX VHTErpasioB.
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295. PapHoMepHOe cTpeMNeHHe K mpemenbHolt ¢ynkummu. Bawuyio
PONb B MpPeACTOSUIMX MCCACNOBAHMAX Oymer uWrpaTh YKasaHHOe B 3aro-
noske monsrme. ITycte dyuxuus f(x, y) ompemenena, B obmeM ciyuae,
B IBymepHOM MHOXeCTBE ==X ¥, rape X u ¥ o03HavaOT MHO-
WECTBA SHAYEHHH, NPHHUMAEMHIX MOPOSHL NEPEMEHHHLIMH X W Y, NPUYEM
¥ umeer cBOeff TOUKOM CrymieHMs, CKaXeM, KOHEUHOE 4HCIO Yo

Ecawr: 1) 0ag gynryuu f(x, y) npu y — y, cymecmeyem KOHeLHAR
npedeasnans Hynxyus

lim fx, =09k (rus Z) @

u 2) das aw6ozo wucaa ¢ >0 raiidemcs maxoe He 3asucauee om
X qucso 3 >0, umo

npu |y —yo| <3 Gydem |f(x, y)—o(x)|<e ®

cpa3y O0aa scex x uz X, mo 208o0pam, umo Pynxyua f(x, )
cmpemumes K npedessnoli pynxyuu ¢ (X) pasromepHo omHocu-
measno x B obnactu 7,

Herpyano nepedpasuposars 310 onpenesckue M Ha TOT Clyuad,
KOrja y, eCTb HECOGCTBEHHOE YHMCIO, HAaNpUMEP —-0o: NPH 3TOM JHIb
HEPaBEHCTBO BUIA |y — y,| <3 samensercs HePaBEHCTBOM BHIA Yy > A.
B raape XVI [n° 264} Mbl umMeau yxe J€J0 ¢ YaCTHEM CAYYaEM TaKOTO
PaBHOMEPHOrO TNPHOMMKEHMA K TPEIEAbHOM (YHKUMH; TaM pPeyb mina
0 ¢yuxunu f,(x), coepxamel B KauecTBE NapaMeTPa HaTypanbHH
yKasaremp n.

B n° 265, umes neq0 ¢ NOCAEAOBATENBHOCTHIO (YHKUMH, MH yCTa-
HOBHJ/IH, YTO AN PAaBHOMEPHOM CXONMMOCTH HEOGXOAMMO ¥ [OCTATOYHO,
TaK CKa3aTh, <PaBHOMEPHOE BHIIOJHEHHE> NpuHUMna cxonumoctd. To xe
MOXHO chenate W B obmiem ciayuae, Vimenwo, eciu orpanuumrscd mpex-
NOJIOKEHNEM, YTO Iy KOHEYHO:

1°% Han mozo umobGe. gynxyus f(x, y) npu y—y, umera npe-
densHyio BYRKBUIO U cmpemMuAacs K Hef pPABHOMEPHO OMHOCU-
measio x 8 obracmu X, HeoGxodumo u docmamouno, 4mobe. O0AR
Kaxdo20 wucaa ¢ >0 cywecmsosaso maxoe He 3as8ucnulee om X
qucao 3 >0, 4mobu Hepasencmso

1fee )—Fx n|<e @
8binoangrocy 04n scex x u3 X cpasy, aums moasko
[y —=3]<8 |y —nl<d oy u3d. )

{B crywae y,==-co B3AMEH NOCAENHMX HEPABEHCTB MOABJIOTCS

HepaseHCTBa y > A, y' > Al]
HeosxoammocTs. Ilycts uMeeT MecTo paBHOMEpHas CXOd-

MOCTb, 3aMEHHB B OrnpeseieHun e Ha A

5 M COOTBETCTBEHHO Bwbpas 3,
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BO3bMEM Tenmeph aBa 3HaueHus y u J’ ws ¥ Tak, yroOH BHNOIHAAKCH
yeaosus (B). Torpa OyaeM uMeTh, KakoBO Gnl Hu GHJIO X,

f @) —e@)| <3 le@—fxn]<,

oTKkyHa u caenyer (4).

HJoctaTouHocTs Ecan ynoMsHyTO® YyCAOBHE BHIOJHEHO, TO
npexae BCEro ACHO CYWECTBOBaHme npeselpHofi ¢ynkuun (2). Ilepe-
X0 3aTeM K npefeny B HepaseHctse (4) npu Y —y, (mpuueM y
(UKCHPOBaHO TaK, uTO |y -— ¥, |<3), nomyunm:

le(x)—Sf (x| <e.

DIEM ¥ YCTZHOBJEHO paBHOMEDHOe cTpemaenue dynxumn f(x,y)
K npenenbHol QyHKumm ¢ (x).

Ilycrp Teneps MHOkectBo 2 npexcTabaser coGoH KOHEUYHH A
npomexyTok [a,b]. ITo Teopeme 1* n° 266, ecam nocaenoBaTebHOCTH
{fa(x)} nenpepHBHHX OYHKUMH PABHOMEPHO CXODMTCA K NPEAeb-
HO# (YHKUMH, TO M NOCAeAHAS HeoOXoanmo Oyler HENpepsIBHOH; 5TO
yTBEPXKIEHWE NEPEHOCHTCA u Ha ofmuf caydati:

2°. Ecau goynrgun f(x,y) npu sobox y u3 & nenpepsisna no x
8 npomewymre X ==[a,b] u npu y-—y, pasromepro cmpe-
Mumes k npedesvtoli Hynxguu ¢(x), mo u 3ma nNocAeOnaL PyHKYUA
maxoge Oydem HenpepusHa.

HefcTuTenbHo, CTOMT Aullib B3ATH A06YI0 NOCAEAOBATENBHOCTE {Y,}
3 ¥, mMeomylo npenenoM 3, uTOOH COOTBETCTBYIOmLas NOCJAEAOBa-
TeavHocTh Gyskuah {f(v,y,)} paBHOMepHO cxomHMaack K @(x)
HalpUMEp, NPH KOHEYHOM J, HEPaBeHCTBO

If(x»yn)_ ¢ (X) I<S

6yXer BEIMOJHATbCA [MA BCeX X W3 2, Juiib TOJABKO 7 HACTOJBLKO
BenHko, uro |y, — y,|<3{cm. (3)]. Ocraerca /AumbL CcOCAATHCA Ha
YIOMSHYTYIO Teopemy.

Jlerko o6oGmaercs u Teopema [umm [n°® 267, Teopema 2%}, Ha
9TOT pa3 MH NpPeAno/araeM, yto Bce y < Y.

3% Hycms gynxyus f(x,y) npu swbom y us Y Gydem Henpe-
poigHa no x & npomescymxe X =][a,b] n npu 8o3pacmanuu y,
MOHOMORKO 603PACMAS, CHIPEMUMCS K HENpepuenol dgce npe-
Ocasnoll Pynryuu ¢ (x). Tozda cmpemaenue smo Heo6xodumo Oydem
PasHOMEDHB K OMHOCUMEASHO X § npoxescymie .

Has nokasatenpcTBa BHAEAAM K3 &/ MOHOTOHHO BO3PACTAOLLYIO
NOCAEROBATENbHOCTE  {y,} sHaueHn#t y, crpeMmmuxcs K y, M pac-
CMOTPHM COOTBETCIBYIOMYIO MOCAEIOBAaTEABHOCTL dynkunit {f(x,y,)}
OYEBRAHO, TAKXKE MOHOTOHHO BO3PACTAIOIHX BMECTE C M.

Teopema JlwHu 1no3BONAET YTBEPKIATH, YTO 5TA NOCAEROBATEABHOCTD
CXOAMTCH X ¢(X) PABHOMEPHO OTHOCHTENbHO X B npomexyrke 2.
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CnenoBarenbto, no samanHoMy e >0 Hallierca Takoli HOMep 1, uTO

HEPaBEHCTBO
Lo () —F (%, yne) | <o

OKaXETCH BHIOJHEHHHIM Cpasy min Bcex x us 2. BBuay MOHOTOHHOrO
BO3pacTaHud (QyHKUMH [ BMeCTe C y, TOrZa TNOJABHO BHUIIOJHSETCS

n HepaBEHCTBO
[e () —Ffxn]|<s

JNIUb TOMBKO ¥ > Yp;; STHM JOKA3HIBAETCA HAlle YTBEPKACHHUE,

XOTA yCTaHOBJEHHBIH 4YaCTHHH TPH3HAK DABHOMEPHOro NPUGImKEHUs
M KaWETCs OYeHb Y3KHM, HO OH Hepeako OnlBaer nojeseH, Wsbasass OT
HEOOXOAHMOCTH MHHM NyTeM YOeKAaTbCd B HAJAHYAM PaBHOMEDPHOTrO
npuG/nKeHus,

296. IlpenenbHbiii mepexox mox 3HAKOM uHTerpana. OGpamaemcs
TENeph K pacCMOTPeHuI0 uHTerpasa (1), 3aBUCAUIETO OT mapamerpa ¥,
OrpaHnynBaACh BHayaJe CJyyaeM KOHEUHOTO NpOMexyTKa [a,b] u He-
npepuBHON  (PYHKIHUY,

[Ipennoaaras, uro o6nacTe & usMeHeHud napaMeTpa y HMEET
TOUKY CTYIIEHHs Y, MOCTaBUM BONpoc o npepgese ¢yskuun (1) npu
Y=o

Teopema 1. Ecan dynwyus f(x,y) npu nocmosunom y Henpe-
posia no x 8la, blu npu y—y, cmpemumcss ¥ npedessHol HyHK-
yuu (2) pasKoMepro OMHOCUMEAVHO X, MO UMEEHn: Mecmo paseHcmso

b b
lim I(y)="1im S f(x y)de= S o () dx. (6)
Band ] I-=Yo Y Y

HokasaTtennctso *). Henpepusrocts npenenbuo#t  QyHKuum
@ (x)yxe wussectHa [n°295, 2°]. 3agaBlKCh TNPOUSBOABHBIM  YHCJAOM
e >0, nafinem Taxkoe umcao & >0, uroBs umeno mecto (3). Toraa npu
|y — | <3 OyzeM umers
[ ? b b
V7o — (o @ax|=| {ree n—p@nad<
a a

a

=

|70 9)—o(®) | de e (b —a),

R Caey

uT0 M RoKaswiBaeT (opmyay (6).
$opmyna (6) MoxeT OhTh NEpeNHCaHa B BHJE
b

b
lim \ f(x, y)dx=S limf (x, y) dx.
y=yo Yy Y IV

#) Jlus ONPeNeNeHHOCTH MBI NPEANONAraeM, YTO ¥, KOHEYHO,
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[Tpn wamuunm ee roBOPAT, YTO npedersHpiii nepexod no napamempy
donycmim «<nod 3HAKOM UKMe2pasar.

Ilpennonaras, uto Bce y<y,, UMeeM Ha OCHOBaHHM 00O0GWEHHOM
reopemn IOunn [n° 295, 3°]:

Caedcmeue. Ecau ghynxyus f(x, y) npu nocmosnnosm y Henpe-
posna no x 8 [a, b] u npu so3pacmanun y cmpemumcs ¥ Henpe-
pueHOL sice npedessroll ynKyuu, MOHOMOHKHHO 803pacmas,
mo cnpasedausa gopuyra (6).

B npeanosnoxennu, yto obaacth ¥ cama mpencrtasaser cobo#t  Ko-
HEUHHHt mpoMexyToK [¢, d], paccmMoTpuM B 3aKMIOUEHHE BONPOC O He-
npeprBHOCTH Pynkuun (1).

Teopema 2. Ecau @pynxuyus [(x, y) onpedesena u wHenpepsigua,
KaK YHRKQUS om 08YX nepeMenusx, 8§ npamoyzoasrure [a, b; c, d],
mo unmezpan (1) 6yOem Henpepvi6Holl Byrxyued om napamempa Y
8 npoxescymre [c,d].

JOKABATEADbCTBO. BBy paBHOMEPHOH HEMPEpPHBHOCTH (QYHKIHA
f(x, ) [n° 187], no npouseoisHoMy ¢ >0 Hallmercs Takoe d >0, urO

u3 HepaBeHCTB , N
o — 2| <73, [y =<3
cnenyer HEPaBCHCTBO

If " y)—F (s )| <

Honoxum, B wacthoctn, X' =x"=x, y ==y, y'=y; Torma npu
|y —30| <3 xakopo 6 Hu OnAO X, Oyrem umerh

|f (e, ) —S (e o) | <o

Takum o6pasoM, ¢yHxuua f(x, y), npn crpemaeHun y x JgoGomy
YaCTHOMY SHAu€HHIO y,, CTpeMurcd K f(X, ) PaBHOMEDHO OTHO-
cHTeabHO X. B TakoM cayuyae, mo Teopeme 1,

b b
tim \ f(x, y) dx= Sf(x, o) dx

Y=o o
niu

lim I (y)==1(y,),

y—=JYo

YTO ¥ NOKa3HBAET Halle YTBEPXKIECHHE,

297. dnddepennuposanne mox 3HakoM uuterpana. llpu wusyuennn
ceoficTe ¢ynkumu (1), KOTOpas 3a4aHa MHTErPaJoM, COHEPKAIMM Napa-
METp y, BaXHOE 3HayeHue WMEeT BONPOC O MPOU3BONHOH 5TOMH
GYyHKUHHA O NapaMeTpy.
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IMpuy wusBeCTHHX NPEANOJOKEHUAX [ BHUMC/ACHAS [IPOH3BOLHON
I'(y) Momer OnTb mpuMeHeHa dopMyna

b
roy=\rye nax ™

W — €C/IM  BOCMOJb30BaThCs 00Jiee  BHIPA3HTENbHHMY OOGO3HAUCHUAMH
Komu —

b b
D, {f( »dx= D,f(x, yax.

Ecau Takas mepecTaHOBKAa 3HaKOB DPOM3BOXHOH MO y M wuHTerpana
N0 X JAOHYCTUMA, TO rOBOPAT, uTO dyHkuuio (1) Moocno Juddepenyu-
posams no napamempy <«nood 3HAKOM UHmMe2paLa».

Bnepene noxoGuuit metos JleOuun coobmux B 1697 r. B muchMe
k M. Beprymmm, uem npusen nociaexsero B Bocropr. Camoe Bhiuncle-
HUE NPOM3BOAHOH MO yKasaHHOH GopMysne u MOJYYH/IO Ha3BaHWE «fpa-
Buaa Jle#tGunmas.

Crenyiomasi TeOpeMa yCTaHaBIUBAaeT MPOCTHE JAOCTaTOYHHIE YCTOBHA
NSl IPUMEHAMOCTH STOTO MPABHJA.

Teopema 3. Ilycms ¢ynrgus f(x, y), onpedesennas 8 npsamo-
Yeoasnuxe {a, b; ¢, d, 6ydem nenpepsisna no x 8 {a, b] npu awGon
nocmosnnom y 6 [c, d). [Ipednosoxcun, daree, umo 8o 8ceii obracmu
cywecmeyem wacmuang npouszsodnan fy(x, ), Henpepsenasg KoK
@ynrygus 08yx nepemennnx*). Tozda npu awbom y u3 [c, d} umeem
Mecmo ghopmyaa (7).

Henpepuisrocts ynkunu f(x, y) no x obecneunBaer CyniecTsosa-
Hue muterpana (1).

Oukcupys moGoe 3HaueHue y==y, NPHAIAUM €My NDHDALEHHE
Ay==+%. Torna

b b
0= fex s s 10,+8= {7 y+wds,

TAK 4YTO

b
LA 109 {106 5t B30 g ®)

a

Unterpan cnpasa 3aBuCHT OT mapamerpa k. Ham mpeacrour nokasars,
uyto npu k->0 3mech JAONYyCTHM TNpedefbHB Mepexof MOA 3HAKOM

*) VI3 9THX yCnOBHH, COGCTBEHHO, yke BHITEKaeT M HENPEPHIBHOCTD (YHKIUH
F(%,y) N0 0o6OHM apryMeHTaM, HO Mh €l MOAb30BaThCA HE GyxeM.



298] § 1. 3JIEMEHTAPHASI TEOPUS 143
uHTerpana. STAM OyNET YCTAaHOBJAEHO u CYUIECTBOBAaHHE NPOH3BORHON
1 (o4 k) —1(y0)

kR

I'(y,)=1lim
k=0

H Hanuyue TpeyeMoro paBeHCTBa

b
1’ (yo) =,3111(1) S f(xvyo + I;)"f(x’yo) dx=
a

b b
— s f(xiy +k)"'f(x»y ) —_ '
= 011210 —— dx = §fy EAALES

C oroft neasio cHayana no dopmysae Jlarpanxa HanuieM
1 k —_ y ’
LYt BTG — fy (x, 30 +08) OO, (9)

Tloapsysach e PaBHOMEDHOMH HENPEepPHBHOCTHIO QyHKUUH [y (X,y),
no npoussossHOMy & >0 Haigem Takoe d >0, uro npH

=<8 n |y —y <3
GyZeT BHNOJHATHCA HEPaBEHCTBO
5 &™) =1 & N1 <o

[lonaras smecr ¥ =x"=ux, y=y, ¥ =y -}0k u cunras
| 2] <8, noayunm, ¢ yuerom (9), uto cpasy AAS BCeX X Oyaer

1Yo k) — 1o d
[y +k) I (x: 9 —fy(x’yo)l<e-

Orciona sicko, 4ro noguuterpanvHas ¢ynkuug (9) npu k—O0 paBHO-
MEDHO OTHOCHTENBHO X CTPEMHTCH K npeneibHO# (yHkuua fy (x,y,).
DM, no Teopeme 1, W onpapHBaeTCA NpemeNbHHHl TNEPEXOX NOA
sHakoM uHrerpana (8).

298. Muterpuposanue nNox 3HaxoM unTerpana, Ilocrasum, Hakonel,
Bonpoc o6 uurterpaae no y or pyukuuu (1), ckaxkem, B npo-
Mexyrke [e, d).

Hac oco6o Gymer uHTepecoBaTh cAyyall, Korna STOT MHTErpai Bu-
pasurcs dopmyaott:

a d b b d

Sinay={{ {remnacfay={{{rwna}n

¢ c a a ¢
KOTOPYI0 ~—— 0€3 CKOOOK — nuumyT OOHIYHO TaK:

d b [ a
§ar (renae=ax 7m0 (10)

¢ a
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Tlpn Haimumu ee rosopaT, uTo GyHKumo (1) MosxcHo uxmezpuposams
no napamempy y «nod 3HAKOM unmezpaara» (B3aT0r0 no ne-
peMEHHOH X).

Tlpoctefilune ycaosus, D0CTaTOUHBIE A PABEHCTBA JIBYX NOBTOPHHIX
unrerpanos (10), maer

Teopema 4. Ecau dbynxyus f(x, y) Henpepeigna (no obeur nepe-
MeHHbLM) B npamoyzoassnure [a, b; ¢, d], mo umeem mecmo Phop-

ayaa (10).
Hoxaxem Gosee ofulee paBeHCTBO
7 b b
S dy Sf(x, V) dx= S dx § Fx, 3) dy, (10a)
c a a 4

roe ¢=<n<<d.

B seso#i m mpaso#t ero wyacTax Mbl MMeeM JBe (DYHKUMH OT mapa-
METPa v; BRIYUCHMM UX NDOHU3BOMAHHIE NO 7.

Buemnun#t wunTerpanr B JIEBOH YacTM MMeET MOJBIHTErpPabHyl0 (YyHK-
uuo (1), HenpepsiBHylo 1o y B cuay teopemn 2, Ilostomy ero mpous-
BOJHas MO IIEPEMEHHOMY BEPXHeMy npeseay OyzeT paBHa NOJUHTE-
TpanbHOH (PYyHKIMH, BHYHCIEHHOH NpH y==1, T. €. MHTErpasy

b
10y=\ 7 (5, max.

B npaso#t yacta (10a) cTOMT uHTErpa’
b "
{ ot mae e o (e =\ F(x. ay,
a 4
GyHKuMa ¢ (x, 7) yAOBJETBOPAET ycaoBusM Teopemel 3, [lelcreurensHo,
© (X, ) HenpepniBHa HO X B CHAY TeopeMmel 2 *), 3arem, mpousBogHas

oq (%, M=1(x, W)

HEIpepHBHA KaK QyHKNuA AByX nepemendsk. IToaTomy k yromsHyTOMy
MHTErpajJy npuMeHnMo npasuio JlefiGHuna;

b b b
Dy | ot pdx={ g1(x, nax= {7, naxr=1(n.

Takum o6pasom, Jesast ¥ npasas vyactu paeenctsa (10a), kax ¢ysxunn
OT 7, WUMEWT paBHBE NPOW3BOJHBIE, CAEHOBATENLHO, MOTYT DasHHTHCA
passe Juwb Ha nocrosHnyo. Ho mnpu 7==c o6a ynmoMsHyTHX BHIpa-
KeHust 00paumialoTcd, OYEBMAHO, B HYJb;, CJAEZOBATENBHO, OHH TOMKIE-
CTBCHHBI NIpU BCEX 3HaueHUsX v, u pasexcrso (10a) nmoxasawo.

Ilpn v==d u3 Hero, B uyacTHOCTH, U ToJay4aeTcsi pasenctso (10).

*) 3ngech ponb mapaMeTpa Urpaer x.
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3AMEYAHME JTO PaBeHCTBO BmepBbie Guiuno ykasano ditnepom B 1769 r.
(nanevatano B crenyioueM rogy). OHO JAulie WLIIOCTPHDPYETCA INPUMEPOM,
<TaK KaK OCHOBaHHWE 3TOrO BIOJHE ACHO M3 NpPHPORH ANPHEPEHIHaNOB W HHTe-
IpanoB».

299. Cinyua#t, Korja H mnpeaeibl HHTErpaja 3aBHCAT OT NapaMeTpa.
Of6patuMca K paccMOTpPeHHIO Gojee CAOXKHOLO CaAydas, KOrfa He TOJbKO TOR-
WHTErpaJbHOE BbIpaXeHUE CONEPKUT IapameTp, HO U Camble IPEACTBl HHTE-
rpana 3aBUCAT OT Hero. B 3ToM ciyyae wHTerpaa Mmeer B

B(y)
1{y)= Sf(x, y) dx. (1)

a(y)

Orpannuyumcs HMCCIeOBAHMEM BOMPOCa O HENpPepbiBHOCTH M AuddepeHnn-
PYeMOCTH IO MapaMerpy NoXOGHOrO MHTerpana.

Teopema 5. Iycmo Pyrryus f(x, y) onpedeseHa & HenpepvibHa 8 NPAMO-
Yeoasnuxe [a,b;c,d], a xpusse

x=u(y), x=0() (<y=<d)

HenpepuigHol 1 He 8uix00am 3a e2o npedeav.. Toeda unmezpaa (11) npedema-
sasem co00il HenpepusHyw @ynkyuio om y 8 ¢, d].

Ecan y, ects moGoe vyacraoe 3sHayennme y, 1o umHrerpax (11) MoxHo Ha-
nucath B BHIE

Blyo) 89 ()
0=\ s ac+ | ronnax— | sinsax. (12)
a{vg) Blyo) a( o)
TepBoift pHTErpan, B KOTOPOM Mpefenbl YiKe NOCTOAHHbI, IPH ¥ — ¥, CTPEMHTCA K
By
109={ 7t s ax
a(¥o)
no teopeme 2. Ocrambhbie € jJBa HHTErpala JONMYCKAKOT OHEHKY
fy)

(% ) dx [<M-|s<y>—mo>|,
B(yo)

aly)

| rosnad<m o) —aool

o 1)

rie M==max|f(x,y)|, 1 —B cuny HempepsiBHOCTH OQYHKuu# a(y) u B(¥)—
[IpH ¥ — Y, CTPEMATCH K HYJIO.
Takum o6pa3oM, OKOHUATEABHO

Hm 7 (y)==1(yo)
Y-=Yo

YTO M JOKA3BIBACT TEOpEMY.



146 IJI, XVIIL. UHTETPAJIH, 3ABUCAIIME OT MMAPAMETPA {299

Teopema 6. Ecau, csepx cxasaunozo, gyuxyus f(x,y) donyckaem 8 nps-
Moyzorsnuxe |a,b;c,d] nenpepuisuyio npoussoduyw f,(x,y), a maroice cy-
wiecmsylom 1 npou3sodnue o (y), B (y), mo uumezpar (11) umeem npoussoduywo
RO napamempy, KOmopas swpasxcaemcs GHopyyaoi

[167)
') =DS Fy(xy)dx 48 (0)-FEO) y)—a ()-f (@ @hy). 13)
¥)

Y specs mu Gynem ucxonuth u3 pasenctsa (12). Ilepemit mmrerpaa npa
Yy==3, HMeeT NPOU3BONHYIO, NPEICTABIAEMYI0 HHTErpPaioM OT HPOU3BOAHOH

B1yo)
Fy(x,90)dx
a(yo)

—~ 1o Teopeme 3. Haa BTOpOro WHTErpaza (3HaveHHe KOTOPOro NpH y =y, €CTb
HYZb) HMEEM IO TeopeMe O CpelHeM:

By
1 _ B —B) =
y—J §f(x’y)dx“ y—y, &I

B(yo)

e X COepRuTCH mexny f(¥,) u B(y). Orciona mpou3BOAHAA BTOPOTO MHTE-
Tpana mpH y ==3,, KOTOpAaR COBNAKAeT C NPeNeNOM NpelllecTBYOMEro BHpaxe-

HHA NPH Y — ¥, OyIeT
B (¥0) (B (¥ 7o)
AHa%OrayHO, [ NPOUBBOJHOM TPETHETO HHTErpaia NPH y ==y, MONYYHM

—a' (¥) « £ (@ (#0)s o)-

O6benunan Bce 9TH pe3ynbTaTh, y6eluMCA B TOM, YTO mpoussomsas [’ (y,)
CYIECTBYET H faeTca ykasaMHo#t dopMynoi.

3aMeYAHHE 3aKI0UeHHA OGEHX TEOPEM COXPaHAKT CBOK CHIY M B npej-
nonoxeHuy, yro @yHkuus f(x,y) sazaHa (1 o6nafaeT yKa3aHHHMH CBOHCTBaMH)
JMwb B 06AaCTH, CONEPKAMEHCA M e K 1Y KPUBHMH

x=a(y) u x=R(y).

BoaMoxHOCTh paccMaTpuBaTh (YHKOMIO H BHE 3TOM 06]AaCTH HCMOABLIOBAHA
6uina 1A YOPOILLEHUS DPacCymieHHH.

[loyunteabHo B3rAAHYTH Ha YCTAaHOBAEHHbIE Pe3yAbTATHl M C TAKOH TOYKH
3peHHA; uBTerpan /(y) nmoayyaerca U3 METerpala

1(3,1,0)= Sf(x,y) dx,

3aBHCANIETO OT TP eX NapaMeTpoB ¥, u, ¥, NOACTaHOBKOH u=a(y), v=0(y).
Bonpoc ncuepnusaercs npuMeHenneM OGIHX TeopeM O HEMPEepHLBHOCTA H O Aud-
¢depenuuposanun croxno# ¢yHxuun. B yacrHocrn, ¢opmyaa (13) manucaHa no
KaAaCCHYecKod cxeme:

a ol | o o .,
DTy Ton *O T B
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300. Npumepst. 1) Buuncants unrerpan

1

xb— xo

lzs—ln—x—dx (0<aéb).
0

[Mpeacrasus NOALIHTErPANLHOE BHIPaXEHHE, B CBOIO Ouepeab, B BHAE UHIECrpana

b

xb— xo

—ﬁ7—=5”@
a

¥ NEepecTasvB — N0 Teopeme 4—p HOBTOPHOM HHTErpane
1 b

= deSxydy
] a

HHTEIPHPOBAHNA MO X M 7O ¥, CPa3y NOXYYaeM pe3yAbTaT
b 1 b
dy b4+1
= y = | ———— —_—
l de§x dx Sy+l In ¥ T
a a
2) ToMy BHIYHCACHHI0 MOXHO NPHIATh U APYFryi0 GopMy, ecaH paccMaTpu-

BaTh MHTerpal /—np¥ GUKCHPOBAHHOM 6 —Kak (YHKIHIO OT e p e
mMmeHHOro mapaMerpa b(b=a) Mo 1eopeme 3:

dl_b__l
EF*§xd”—F$T'

I=ln(+1)+C

Ho npu b = a nurerpan /, ouesnnso, o6pamaerca 8 0, Tak yro C=—1In(a -+ 1).
TloacTaBass, NpHAEM K TOMY e pe3yabTary, YTO H Bhiue.

3) B paccMOTpeBHBIX CIyyasx BHIIOAHEHHE YCHOBHH TeopeMu 3 Mam 4 Obiio
HENocpeacTsesHo sACHO. [Ipu HapymeHHM 3THX YCOOBHH SaK/MOYEHHE TEOPEMBI
MOMET OKAa33aThCA HEeB € PHbl M. [[pUBEleM NpUMep 3TOTO.

CuaegosarennHo,

2 42
Mycts f(x, 3’)=(:¥T‘_;€T), B npamoyronbhuke [0,1; 0,1}, Torma

x=1

1
N

y>0),

1
Vy) dx = —*
§f(x dxr=—gs

x=0
1

1 1
S dy §f(x.y)dx= arctgy l =2,
b 4

B To BpPEMA Kak
1

1
§“§ﬂ&w@=—%.

Ortmerum, 40 B T0uKe (0, 0) byHKuMA f(x,y) Tepnutr pas3p u B.
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§ 2. PABHOMEPHAAl CXOIUMOCTb HUHTETPAJIOB

301. Onpenenenue paBHOMEpPHOW CXOXMMOCTH HHTerpatos. Ilpu
pacnpocTpaHEHUH M3JMO0XKEHHOH Teopuy HHIErpajncB, SaBUCANIAX OT Ia-
pamMeTpa, Ha Cay4ah HecOOGCTBEHHHMX WHIErPajoB 0COOYIO POJB
UrpaeT THOHATHE PABHOMEPHOHN CXOJMMOCTH HHTErPajos, KOTOPoe
MBl TIPEIBAPHUTE/IBHO U BBISACHHM,

Mpeanonoxud, uto ¢yukuua f(x, y) samaHa [a BCeX 3HaueHu#
XZ=a 1 BCEX 3HayeHu#t y B Hekoropolt obaactu ¥, Ilycrs, naiee, mpu
KaxjaoM y B 3TOfl O0JAacTH CYIECTBYET HMHTErpais

I(y)= S f(x y)dx (1)

ITo camomy ompeje/eHHIO HeCOGCTBEHHOTO HHTErpata ¢ OECKOHEYHHIM
npexenom [n°282]:

oo A

Sf(x, y)dx =lim Sf(x, y)dx.
A—vm

a a

Taxkum o6pasom, MHTErpan
A
F(4, y)= Sf (x, »)ydx, )

a

npeacrasasioniutt cobo#t pynkumo or A u y, npu y==const u A - co
umeer npegenom [(y). Ecau cmpesaenue smozo unmezpasa x I(y)
npoucxodum pasHOMEPHO OmHocumessno y 8 obaacmu ¥, mo
unmezpas I (y) Hasvi8arom paerHOMEPHO CXO00AUUMCS OMHO-
cumensio y OAfl YKQ3QHHWLX 3Ha4enul napamempa.

910 8HauMT, 4ro AN moboro & >0 HakZeTcs TaKoe HEe 3aBHUCH-
Hee Oor y uacao Ay==a, uTO, MUWb TOABKO A > A, HEPaBEHCTBO

Iigf(x, y)dx — §f(x, y)dxl:l E?f(x, y)dxl<s
A P P,

OyaeT BHINOJHATBCAONHOBPEMEHHO A4 BCeX 3HaueHu#h yB ¥,
Ecmu conocrasure murerpas (1), sasucsiuii oT napamerpay, ¢ 6ecko-~
HEUHBIM (PYHKUMOHAILHBIM DAAOM

o

Z, 1t (),

ne=
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Fde pOJb NapaMeTrpa HWrpaeT X, ¥ BCMOMHATL ckasaHHoe B 1n°284 o6
AHANOTMK MEXAY HECOOCTBEHHBIMH WHTErpasaM¥d M OECKOHEUHBIMH Ds-
NaMd, TO CTaHET ACHHM TOJHHH NapaiienusM MexAy MAaHHBIM BHIIE
OnpeneNeHNeM M ONpPEeNeNeHneM PaBHOMEDHOH CXOoauMOCTH psaa B n°264.

3amerny, yTo nMMenHo 3ahizens W CTOKC, KOTOpHE MepBHIME NPOTHBONOCTA-

BUIM PABHOMEDHYIO M HEPaBHOMEDHYI0 CXONMMOCTH (YHKUHOHANbHOIO psAia

[n° 281), onmnoBpeMeHHO yKa3aan Ha NONOGHHIE K€ BO3MOXHOCTH M AdA MHTe-
oo

rpana S » COEEPEAIIEro MapameTp.

a
Jlna npuMepa pacCMOTPHM HHTerpan

o]
S ye*ydx,
0

KOTOPbIH CXONUTCA NPH KaxAoM (MKCHPOBAaHHOM 3HaueHHWH y =0,
BrrypcauM HENocpeacTBeHHO HHTErpai

(o]
S ye¥ydx.,
A

Ilpn y =0 on pased 0, xakoBo 6t HU Owa0 A; ecan xe y >0, TO C DOMOIbIO
NIOJICTAHOBKH XY == ¢ JerKO HAXONUM

F %
Sye"*"y dx = S etdt =e Ay,
A Ay

Korna y dmkcupoBano, 370 BHpawenue npa A — 0O, OYEBUIHO,
crpemutcs k 0, w, KakoBo Gw Hu b0 & >0, HEPABEHCTBO

e ©)
Oyaer BumoanaThCA An9 Beex A > A, (y), rae

ln—l-
13

Ay(y)= 3

8aBHCHUT OT y.

Ec/iu nsMeHeHWe y OrpaHuyeHo npoMexyTkoM [¢, d], rae ¢ >0,
TO Hallgercss ¥ He BaBHCsAMIE€E OT y uucio Ay, Takoe, uTO MpH
A™>> A, nepasencTso (3) Oyaer BHINMOJHATHCA CPasy NS BCEX
JOCTaTouHO 3a A, npuuaTe A, (c), ubo nmpu A > A, Gyzer Toria

eV eAic e c<<y=<<d).

WHpiMu  C10BaMH, Hall MHTErpal CXOAHTCHA PaBHOMEPHO OTHO-
CHTEeNLHO y B NpOMexyrke [c, d].

WUnave OGCTOMT L€NO, €C/M MapaMeTp y HU3MEHAeTCs B MPOMEXYTKE
[0, d] (@>0). Ha stor pas takoro A, yxe He cymectsyer (no



150 TJ. XVIL. UHTETPAJIH, 3ABUCALIUE OT NMAPAMETPA |302

Kpalinelt mepe, ecan e< 1), 310 BHIEHO X0TA OH H3 TOrO, YTO, CKOJb
GoablinM HA B3sTh A, Brpaxenue e~4Y cTpeMutcs K 1 npu y -0, Tak
4TO JAd MOCTATOYHO MAJHX SHaueHn#l y oHo Oyaer Goabuwe JmoGoro
uncna &< 1. CXOAMMOCTb MHTErpasia NpH MSMEHEHHH Yy B OPOMEKYTKE
[0, d] yxe He 6yneTr paBHOMEpPHOMN OTHOCHTENBHO .

302, YcaosHe B NOCTaTOUHbLIE NPH3HAKM DABHOMEPHOH cCxoxu-
mocTH. [To/b3yace oOmIMM KPHTEDHEM DABHOMEDHOTO CTPEMJEHHS (QYHK-
uun K npegeay {n°296, 1°], MOXHO NPUMEHMTENLHO K PacCMaTpPHBAEMOMY
cayyaio cOpMyJHpOBaTH €ro Tak:

Has mozo 4mobe unmezpar (1) cxoduscs pasHoOMepHO OmMHROCU~
measno y 8 obaacmu Y, HeoOxodumo u docmamouro, 4molu npu
aobon 3adannos e >0 nawaocs maxoe uucao Ay, He 3asucamee
om 3, 4mobsl HepaBeHCInso

A’ A A
|§ 7 s — § s yax|=| { 10 9 ax|<<e
a a A

BBNOAHANROCY 00HOBPEMENRHRO 04 B8cex y u3z ¥, aums mossxo
A>SAS A,

YcranosuM Tenepb HEKOTODHE NPHSHAKYH, TO KOTOPHIM OOLIKHOBEHHO
Ha MPAaKTHKE CYHST O PaBHOMEPHOf! CXOZMMOCTH HHTErpaJos.

1°. Mu Gyaem npennoaararb ¢yskumio f(x, y) HenpepsesHO# no x
ans x==a. Ecau cyuwecmsyem maxas, 3asucsuyas auws om x, Pynx-
yua ¢ (x), unmezpupyemas 8 GeckorewnoM npomexcymre [a, oo},
4mo npu 8cex 3Haterusx y 8 Y

If nl<es) 92z x=a),
mo unmezpas (1) cxodumcsa pasnomMepHo omuocumensio y (8 yxa-
3anHOli obracmu e20 3Naueruii).
ITO HENOCPENCTBEHHO BHITEKAET U3 HEPABEHCTBA
A’ AI Al
| §7ee nax|< f1res miar< fecaan
A A

€C/IM BOCHOJNb30BAThCA TOJABLKO YTO JOKa3aHHHM KPHTEPHEM,

[Ipy yxasaHHHX YCAOBMAX HMHOra roBopAT, uyro dymkuus f(x, y)
MMEET MHTETDHDYEMYIO MaXODaHTY ¢(x) um uyrto wunterpan (1)
MaXODUDYETCH CXOAANMMCS HHTErpaaoM

S.? ¢ (x) dx,

HE COAEPXAallUM NapaMmerpa.

JIerko ycMOTpeTb CXOACTBO 3TOrQ IIPH3HAKA C MBBECTHHM INPH3Ha~
KOM DABHOMEDHOH# CXOXMMOCTH (DYHKUMOHA/IBHOTO PeAfAa NPHHAAIENA-
wum Beitepurpaccy [n° 265].
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Meumer. 1) Uurerpan
(o]
cos ax

omdx (kiO)

CXOIMTCA PaBHOMEDHO OTHOCHTENbHO Mapamerpa 4 (8 mwGofi 061aCTH €ro uaMe-
HEeHHA), K60 MAKOPHPYETCA CXONAUIMMCA HHTErpPasoM

o0
dx
k!_l_xsr
HE COJePMAHM a,
2°, PaccMOTpUM RHTErpamn

Sf(x, newar @, {ro-endr ao

OT NPOM3BEAEHHA ABYX (PYHKUMH, U3 KOTOPHLIX AHIIL B OAHY BXOLHT NapaMerp ¥,
H3MEHAIHACA B Hekotopofl ofnacrm %, B coopmyampyeM maa HuUX Goxee

TOHKHE MDH3HAKH PABHOMEPHOM CXONMMOCTH, KOTOpHe CKOMMpyeM C MpH3Ha-
kos n° 287,

Pyukunn f u g (B ciyvae HamoOHOCTH — NMPH y ==const) MH, Kak H TaM,
CYNTaEM HeNPEPHBHLIMU (BYHKIHMAME OT X, a £, CBepPX TOro, MOHOTOHHOH U
HMeoueH HENPEPHBHYI0 NMPON3BOAHYIO Nno Xx. loraa

() unmezpas (4a) cxodumes pasrnosxepno omuocumensho y 8 %, ecau:
1) unmezpan

A
®(A, y)= Sf(x, y)dx

ABAKEMCA PABHOMEPHO O2PAHUMERHBM nplu Bcex A u 6cex y:
|[®ANI<K (K ==const);

2) g(x)—0 npu x — oo.
Touno Tak mxe

(I) unmezpar (46) cxodumcs pasROMEPHO OMHOCUMEALHO Y, eCAU
1') unmezpan

o
S f(x)dx
a
cxodumes, a
2') dynkyus g (x, y) pASHOMEPHO Ozpanudena 0AS 8cexX X U 8cex ¥
lge, <L (L = const).

Yro racaerca AOKa3arennCcrsa, TO OHO, MO CYI(ECTBY, OCTaeTCA NPEXKHHUM,
TaK KaK — BBHAY HC3aBHCHMOCTH MNOCTOAHHBIX K u L ot y—H OUEHKA HH-

1erpana
A'
5 f-gdx
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noxyyaercds He3aBHCHUMO OT ¥, ueM u obecneyuBaeTcd pasHOMepHad
CXOLIUMOCTb.
[Tpumer . 2) MaTerpan

x sin ax

O*k‘zw"x

CXOIMTCA. PABHOMEPHO OTHOCUTEABHO @, NIS a==a,>0—mno npusnaky (I).
HeficTBUTEABHO, NOXOKUB f (X, @) = sin ax, UMeeM

A
Ssinaxdxl:
0

1 —cosaA
a

2
é — K:
a, !

C Apyroit cToponsl, ¢yHkuus
X
8= o7
MOHOTOHHO yObiBas (M0 KpafiHe#t Mepe, 114 HOCTaTOYHO GOMABIIMX X), CTPEMHTCA

kK 0 npu x — co.
3) Wnrerpan

b4 .
sin x
et
X
0

CXOIUTCA PRBHOMEPHO OTHOCHTENbHO @, A1a & ==0—mno npusnaky (lI). 3gecsp

sin X
F==

cupicael) dyHKuHA g (X, @) == e~%¥ orpaHuyeHa enuHmiel,

HHTerpupyema or 0 10 co, a MOHOTOHHO YObiBaKw(as (B HIMPOKOM

303. Cayuaii MHTErpanoOB ¢ KOHEYHBIMM NpexedamMu. PaccMOTpuM
Teneps GyHkuno f(x, y), onpeneneHHyio Ans 3HaueHuH X B KOHeu-
HOM mpoMexyTke [e, b] u sHaueHuH y B HexoTOpo# obmactu ¥; mycTh
npu y==const oHa uHTErpupyeMa mno x (B COOCTBEHHOM CMHICIE HAH
ner) ot @ a0 b. Toraa uHTerpan

b
1) = {7 (x.y)dx, (5)

6yab OH COGCTBeHHHH HJAM HET, $BAICTCA NPEALIOM [IpH
7 — 0 uHTerpana
b—1q

e(n, y) = S f(x,y)dx. (6)

a

Ecan cmpemaenne smozo unmezpasa npu 1—0 x npedeay I(y)
npoucxooitm pa6HO MEPHO OMHOCUMENbHO Y 045 3Ha4eHrud y 6 00-
aacmu Y, mo 2080pam, umo unmezpas (5) cxo0umcs pasROMEPHO
OMHOCUIMEABRO Y 8 YKa3aHHOU obiacmu.
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dro sHauut, yto AAN moboro e >0 naligercs Takoe HE 3aBHC -
mee 0T y yucao § >0, 4TO JUIIb TOALKO 7 <<, HEPABEHCTBO

]§f(x,y)dx—b§nf(x,y)dx]=l § f(x,y)dxl<e
a a b—7

OyzeT BHMOJHATLCA OJXHOBDEMEHHO AJAS BCEeX BHaueHHH Y
ua Y.

Herpyano cdopmyanpoBarh 3mech ycaoBUe, HeoOXoaumoe # AOCTa-
TOYHOE A1 PABHOMEDHOH CXOIMMOCTH, PaBHO KaK ¥ MEPEHeCTd Ha pac-
cMaTpuBaeMuitt caydalt jgocrartounsie npusHaku 1n°302. Ilpenocrasasem
3TO YNTATENI0.

Mu paccmatpusann umrterpan (5) or a@ 0 b Kak npemen uHre-
rpana (6) or @ 10 b—m © Hac MHTEPECOBaJd XapaKTep NpuOILKEHus
NOCAENHEro HHTErpana K csoeMy mnpemeniy. Takum oOpasoM, oco6yio
poJab 81ech WrpaeT Touka x =~ (kak B n° 301 — Touka X =o00). Moxer
NOHanoOuTbCH (B 3aBUCHMOCTH OT OOGCTOSITRNILCTB, KOTODHIE BBISCHATCA
AaJpli€) OTBECTH NOLOOHYIO e pOJb U JAPYyrof TOUKE HPOMEKYTKA.
Hanpumep, tOoT e unrerpan (5) MOXKHO paccMaTpuBaTh KaK Npexea
npu n— 0 uHTErpana

b
pan= { fendx
a7

Ecan nocnepuuit npr m—> 0 npubamxaeTcs K CBOEMY Npeieny pasHO-
MepHO OTHOCHTENbHO y, TO TaKke rOBOPAT O PaBHOMEpHOH CXo-
aumoctn uurerpana (5). Bce ckasaHHoe BHIIE MNEPEHOCHTCA H  Ha
3TOT Caydai.

Ecan  MOXET BO3HHKHYTH COMHEHME OTHOCHTEJNBHO TOr0, O KaKOM
cAyyae paBHOMEDHOH CXOHMMOCTH HIET peub, TFOBODST, YIO UMMezpaL
cxodumces pasHosepno (OTHOCHTCABHO y B onpegeneHHOH o6aactn),
COOTBETCTBEHHO, NpU X==00, Npu X=20, fipu x=a u T. 0.

Ormerum, 4TO, KAK NpPaBUJIO, DPaBHOMEPHAS CXOAHMOCTb MHTerpasa
(5), ckaxeMm, npu x =54, Hac ByJET MHTEpPECOBATH B TeX Cay4asX, Koria
HMEHHO TOYKa X ==J OKa3biBaeTcs 0 Cc 0O ot ana uuterpana (5) B cMbicae
n°288 — npu Tex mam uHWX 3Hauenusx y. Ho omnpenenenue He TOABKO
(opmasbHO cOXpaHseT cuay 4 TOrAa, Koraa Muterpan (5) mnpE Bcex
3HAUEHHSX OKAa3HIBAETCS COOCTBEHHBIM, HO, KaK YBHIHM, MOXET OKa-
8aThCH peajbHO TNOJIESHLIM TaKKe W B TOM Cayuyae,

Hanpumep, unterpan
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AR Kakpgoro 3HaueHus y B npomexyrke [0, d], rne d >0, 6ymer cymecrsoBarh
Kak coOcrBenHbifl. OfHAKO NI YKA3aHHOTO NPOMEXYTKA H3MEHEHHA y ero Cxo-
IHMOCTh He OyxeT paBHOMEpHOH mpyu x =0. [lefictUTeabHO, HEPABEHCTBY

1
s;g:‘;——y’ dx=arctg-3—< g,
0

ki
€caN TOABKO €<, HEeAb3A YNOBIETBODHTh OXHOBPEMEHHO IS BCEX SHaue-
Buit y > 0; cxonp MagHM HHM B3ATH ¥, €0 NeBad 4YacTh Npu y — 0 cTpemurca
L1

3 5 H, IR JOCTATOYHO MaAbLIX 3HavyeHHH » 6)’)18'1‘ HaBe¢PHO ﬁom,me, YeM e,

§ 3. HCNOAb30BAHHE PABHOMEPHOH CXOJHUMOCTH
HHTETPAJIOB

304. Mpeneanunifi mepexonx mom 3Haxom WHTerpana. Mm safiveMcs
TENepb H3Y4YECHHUEM uHTerpajsa ¢ GECKOHEUHHM NpeienoM

10)={ 7z, o

KOTOpH# 3aBHCAT OT napamerpa y (usMessiomerocs B obaactn %), u
DOKAXEM JAf HEr0 DAl TeOPeM, CXOaubiX ¢ TeopeMamu n° 296-~298,
YCTaHOBJIEHHHIMA JUIl HMHTETPanoB B COGCTBEHHOM CMHCTe. [lepexon
OT OJHHX K HDyruM OYZAET OCYWIECTBJATLCA M0 TOMY Xe IVIaHy, KOTO-
pomy met crenosaan B n°266-—270 npu nepeseceHnH CBOHCTB KOHEY-
HOH CyMMB! (pyHKUHME Ha Cayuahh CyMMH GECKOHEUHOrO (YHKUMOHAJLHOrO
pana. Tlono6no TOMy kak TaM pemaiomy poabL Wrpala paBHOMepHas
CXOAMUMOCTh (DYHKUHMOHAJABHOTO psima, 3HECH TaKyld Ke poas Oyaer
WrpaTb paBHOMEpHas CxoamMocTs HHTerpaida Buna (1). Taxkum o6pasom,
pyxoBonsmie#l uaeed Aas Hac CHOBa GyXeT Ta aHAIOTHMS MeXAy O6ecko-
HEYHBIMU PAAAMY M HeCOOCTBEHHHIMM HHTErpaJaMH, KOTODYIO M HE pa3
noavepkusana [n° 284, 301].

Haunem MBI C BONPOCA O NpENEJLHOM NEPEXOAE MO 3HAKOM HHTe-
rpaja, PacnpoCTPaHEHHOrO Ha OGeCKOHEUHBIH NPOMEKYTOK.

Teopema 1 n° 296 mna 3roT Cayualt HE PacIpOCTPaHAETCS: ecaH
maxe BO BCEM OecKOHEUHOM mnpoMexyTke GyHKums f(x,y) npu
Y—>Y, PaBHOMEPHO CTpEMUTCH K mpefenabHoit dyHkuud ¢ (x), npe-
He/bHHA MEPEXOM MOA SHAKOM MHTErpaZa MOXET OKasaTbCfl HemoIy-
CTUMBIM.

Pacemorpum, B Bune npumepa, dyuxumo (n=1, 2, 3,...):

n

fo@=Lre T (x>0)
fn(0)=0-
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OO0uiyHEME  MeTOAaMH  AudepeHiualbHOro HMCYHCACHUS JETKO  YCTaHo-
BHTH, 4TO HauOOJbIIEro  SHaYeHus 3Ta (p}’HKllPlﬂ JOCTUrAaET 1NpH

n 3V3 -5

x==]/-§, H PaBHO OHO l}/— e 2. Tak Kak npu n->00 9T0 3Haye-
n

HHE CTpEMHTICA K Hydlo, TO OTCIOAa sicHo, uro ¢ynkuus f,(x¥) npu

n—>00 8o BceM npomexyTke [0, 00] paBHOMEepHO CTpeMuICH

K ¢ (x)==0. Tem He MeHee uurerpan

§f,,(x>dx=1

NpU 1-> 00 BOBCE HE CTPEMUTICA K HYMoO,

YenoBus, HXOCTaTOuHHE A/ AONYCTHMOCTH NPEAENBHOTO HeEPeXona,
JlaloTCA chaeaylomet reopeMoh:

Teopema 1. ITycmy gynrgun f(x, y), onpedesennan 0ans x=a
uoan y uz Y: 1) nenpeprigna no x u 2) npu y-—>y, cmpemumcs
K npedensroll ynxyuu @(X)—PAEHOMEPHO OMHOCUMEABHO X
8 wascdom Kowewnom npomexcymre [a, A)l. Ecau, csepx mozo, 3) un-
mezpan (1) cxodumcs pagHromepHO omHocumessHo y 8 ofaacmu %,
mo

tim \ f(x, y)dx = S ¢ (%) dx. @
J’—’)’na 3

OtMernM, npesxne Bcero, uTo (yHxmms ¢ (x) Oyaer Takxe Henpe-
peisHo#t [n° 295, 2°). ITo ycrosuio pasHOMepHOH cxozumoctn [n° 302]
ang moboro s >0 Hafimerca Takoe Ay >a, 4T0

Al
Sf(x, x| e
A

ana Beex y u3 & onmoBpeMenHo, aumb TOMBKO A’ T>A > A, Tlepe-
X0Js 8;eck K Tpefeny npu y-—»>), NOX 3HaKoM uHTerpana [n° 296,
TeopeMa 1], moayuum A

{ewdr |<e
A
otkyha caeayer {n° 286), uro dQyuxums ¢ (x) naTerpupyeMa B OGecko-

HeuHoM npomexytke [0, oo].
Hanee, npu moGom A>a, nMeeM:

§f(x, y)dx—S.gcp(x) dxl<c ~S‘?J’(x, y)dx—-secp(x)dx +

—l—ﬁf(x, y)dx |+ §?(x)dx
A A
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Ecam B3aThb 1o WPOWSBOAY HHMCAO € >0, TO MOXHO CHavaza GpuKCH-
posarb A Tak, uToGbH BTOPOE ¥ TpeThe CJaraeMele CHpasa CTaau

3
<-3—(Hesasncumo oT y!), a saTeM HacToAbKO NpUGAMSHTL Yy K Y,

uroBH CcHENaTh B TIEPBOE cnaraemoe<% [n° 296]. Toraa, aas yka-
3aHHbIX y, Oyner

Off(x, y)dx—? ¢ (%) dx |<]e,

4TO ¥ npuBOAUT K (2).

Orciona, npumenss o6oGuwenHyo Teopemy unu [n° 295, 3°], MoxHO
NONYUHTh TaKOe

Caedcmeue. [Iycmy neompuyameavnasn @gynxyug f(x, y)
KenpepeosHa no x @i8 X==a U CcmpeMumcs, 603pacman
¢ so3pacmanuem y, ¥ npedessnoli bynxuuu ¢ (x), maxxce Henpe-
puenoll & ywasaunom npomexcymwe. Toz20a u3 Cyw,ecmsosanus
unmeapaiq

{o(ax ®)

yoce ssimeraem Kax cymecmsosanue unmezpasa (1) (npu scex y us &),
makx u Hasunue gopmyas (2).

[To ynomsHyTOH TeopeMe np# YKasaHHHIX YCJAOBHIX CTPEMJEHHE
oyuxunn f(X, ¥) K @(x) OyaeT paBHOMEDHHM OTHOCHTENBHO X
B Mmo60oM KOHeuHOM npomexyTke, [lajee, B cmay Teopemns 1 n° 286
cyutecTByeT unrerpan (1), Tak Kak

flx, yy<<o(x).

®yukung ¢ (X) wrpaer OIHOBPEMEHHO X poJb Mawopaute [n° 302]
obecnieuuBaionlei paBHOMEpHY10 (OTHOCATEIBHO y) CXOLUMOCTb
nurerpana (1). Taxum oGpasoM, co6MONeHH BCE YCJIOBUA M/ NpuMe-
HEHUs NPEJBAYUIEH TEOpEMbL.

C npenelbHHM NEPEXOJOM NOA 3HAKOM WHTErpaja yauie BCero HpH-
XOJNTCA UMETb JeJNO MNDHMEHHTEJNBHO K MOC/AEIOBAaTENbHOCTH (QyHKUuH
{f.(x)}. Ilepexons or nocaenoBatenbHocTell K OECKOHEUHHM psnaM,
MOXHO MOJYYHTb, TAKUM 00DasoM, HOBHIE TEOPEMBl O TOYJICHHOM HHTE-
TPHPOBaHUM (DYHKUHOHAMLHHX PSLOB,

Bor, nanpumep, xakyio ¢opMy noayuaeT CA€ACTBHE

[lycme pag

(=)

3 u,(x)

n=1
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cocmosiiE U3 NOANONUMEABHHX U HeNPEPHBHUX 048
XZ=a yHryull, umeem OAL SMUX 3HAYEHU X Henpeps8HY IO gice
cymmy ¢ (x). Ecau nocaeonss 8 npomescymre [a,~ co] unmeapupyensa,
MO 8 3MOM NPOMENCYymKe PO MONCHO UHMezpuposams Mo 4 AeHHO.

Haxonen, npocTsiM caeacTBHEM M3 Teopembl (1) sBASETCS M TeopeMa
0 HeNnpephHBHOCTH HHTerpana (1) 1o mnapamerpy.

Teopema 2. [lycms dhynxuun f(x, y) onpedesena u Henpepvisra
(vax PysKyua 08yx nepemenHsix) 04 3HAUEHU X==a u 3Hauenul y
8 npomexcymre [c, d]. Ecau unmezpas (1) cxodumcs pasHomepro
OMHOCUMEAbHO Y 8 npoMedscymre [c, d|, mo on npedcmasasem co00K0
HENPEPLLEHYI0 (DYHKLUI OM RAPaMempa y 8 MO NPOMENymKe.

Je#ictBuTenbHO, Kak Mol Bugeqn B 1n°296, npu HU3MeHEHHH X
B mo0oM KoneuHoM npoMexyTke [a, A] dymiuua f(x, y) npu y—y,
(rze y,— moboe uacTHOE SHAaueHWe y) DPABHOMEDPHO OTHOCH-
TEAbHO X CTpeMMTCs K npeaenpHoll ¢yukuuu f(x, y,). A rorxa, no
teopeme 1, B unterpane (1) MoxHO mepefiTy K npeleny NOA 3HAKOM
HHTerpaja;

00 [ee]
lim I(y)==lim S [ y)de = 3 f % y)de=1(y,),
y—Jo y—'J'oa &

YTO M JOKAaSHBAET Halie YTBEPKIEHHE.

IMpocro nokaswiBaeTca u aHajdor TeopeMul uum [n°267]:

Teopema 3. Ecan nenpepusnan @gyuxgus f{x, y) Heompuya-
measna, mo u3 nenpepvignocmu uxnmeepasa (1) xarx Gyuxgu om
napaMempa, 86LMEKAEH PABHOMEPHAR €20 CXOOUMOCIMS.

B stom cayyae menpepmiBHasg [no Teopeme 2 n°296] dyukuua ot y

A

e
a
npu BO3pacTaHum A-—BO3pacTaeT W, CIefOBATENsHO [0 06oGuieH-
noit teopeme [Imnu, n°295, 3°], crpemurcs k cmoemy mnpemery (1)
PaBHOMEPHO OTHOCHTENHHO Y, uTOo H TPeGOBANOCH JOKA3aTh.
305. UaTerpupoBanue MHTErpana no napamerpy. CHauana JoKameM
CIeAYIOIYI0 TEOPEMY:
Teopema 4. llpu npednoaooeHusx meopemvs 2 uiseem Mecmo
dopmyaa:
d d 0 © d
Vimay={a {7 pax=(ac{re nan. @
[ c a a c
Nettcrurensto, npu moGom A >a
d a A d o
Vimdy=(av { fix nyax+ §ay § o yyax
c a c A

¢
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HO — 10 Teopeme 4 n° 298 —

d A A d
§dy§fdx=—=§dx§fdy,

TaK 4YTO PasHOCTb

d A
Sl(y)dy—sdx fdy

i L

HanmuuieTCcs B BHAE
d d A d ©0
{10y —(ay | rax=( dy}fdx.
¢ [4 a [

Ecan Temepb — npH  NPOH3BOJILHO MadoM & >0 —B3ath A Ha-
CcToAbKO G0J/bUINM, YTOOH OHJIO

|:§fdx[<s

npH BCEX ¥, TO YNOMAHyTaa pasHOCTh Oyder (aGCOMOTHO) MeHbllie
e(d—c¢). B TakoM cayuae

d A d
§ Iydy= tim {dx {fay,

a

Ly

9T0 paBHOCHABHO (4).

Eciu  Bocnosms3oBathes Teopemo#t 3 [n°804], To nerxo BeBecTH
OTCI0Aa TaKoe

Caedcmeue. B caywae Heompuyameasroli gyrryguu f(x,y)
00Ha Henpepsignocms unmezpara (1) no y saewem 3a coboi dhop-
xyay (4).

Takum 06pa3oM, Mbl— IPH HBBECTHHIX  YCJOBHSAX — YCTAHOBHUIH
NpaBo NEPECTaBJNATh ABA HMHTErpana, M3 KOTOPHX OAMH DPaClpOCTPaHeH
Ha GEeCKOHEeUHBIH NMPOMEXKYTOK, a APYroH — Ha KOHEUHHH,

Mexay TeM BO MHOTHX CJAyyasX KaK pas MNPUXOJHTCH TEPECTaBAATH
HHTErpaJbi, B3AThie 06a B GeCKOHEUHHX NPOMEXYTKaX, Mo Qopmyne

32 dy §f (*y)ds= °§° dx °§f (x,y) dy. (5)

OnpasaaTe Takylo NEPecTAHOBKY YacTO MPEACTABJSETCH HE/NOM CHONKHBIM
¥ KPOTOT/IHBHM,

Jlnwp anm yskoro kaacca cayuaes yaaercs oGocHoBaTh Gopmyay (5)
0o0UMH COOBpaKeHnsMY; Hanpumep:
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Teopema 5. ITycms ynxyus f(x, y) onpedesena u Kenpepuisna
047 XZ=a u y=c u npumom HeompuyamearsHa. [lpednoao-
aunm, dasee, wmo oba urmezpasq

S?f (x, y)dx, ff (x, y)dy

RBASIOMCA HEeNpepL 8 Kot MU PYNKQUAMU, Nepsul — om y, a 8mo-
poi —om x. Tozda, ecan cywecmsyem odur u3 08yx nOSMOPHHX

unmezpaanos
(oo} (o]

{a (e ae §ax (e ©)

[

mo Opyzo0li mawaice cyuecmsyem, u umeem mecmo pasencmeo (5).
HonyctumM, uTO CymecTByer BTOpo# u3 wunrerpasos (6). Ilo
NpeNLymEeMy CHAeACTBHIO, L1 MoGoro xoneuHoro C>¢ OGyneM HMeTb

Scdy ffdx:fdx Scfdy. Q)

HopsiHrerpanbyan GyHKUUS
c

Sfdy

[4

MHTErpajda Cnpasa, Kak ¢yHkuus oT x @ C, HenpepwsHa no X
[reopema 2 n° 296] u—c BoapacranueM C 10 O6eCKOHEYHOCTH —
BO3pacTas, CTPEMATCH K (YHKHUU

Eof dy,

NO NPeNNOJIOXEHHIO HenpephHBHOH M HHTErPHPYEMOH NO X OT @ A0 ©O,
TIpumenus k wunTerpany B npasoit yactu (7) caeactsue n° 296, Moxem
B 3TOM HHTerpajie nepe#tn k npemenmy nmpu C— 0O NOA 3HAaKOM HHTe-
rpaja. B TakoM CaAyyae HE TONBKO CYLIECTBYET M MNPENEN HHTETrPana
B nesott vactk (7), T. €. nepeuitt us uurerpanos (6), HoO u o6a MOBTOP-
HHX WHTErpaja OKasHBAIOTCA PaBHHMH,

306. duddepennupopaHHe MHHTerpana mo mapamerpy. OrHocs-
Iy0cs Clofa TEOPEMYy MH BHIBEAEM H3 TEOPEMH 4 npensaymero Ho-
Mepa, nanonobue Toro, kak B n° 270 Mu jokasaim Teopemy 5, omu-
pasice Ha teopemy 4 n° 269.

Teopema 6. Ilycme dynxuus f(x, y), onpedesennas u nenpe-
pusnas no x 043 x=a u y & [c, d}, umeem Oan yxasamnmx 3Ha-
Yenull u RenpepeieRyio na oleum NepeMeHHbM npoussodnyw fy(x, y).
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[Ipednonoacun, daree, wmo unmezpar (1) cxodumcecs 047 8cex y
8 [¢, d], a unmeapar

§ f06 »ax ®

He MONBKO CYU,eCMBYEN, HO CXOONMCSI PABH O M e P H O OMHOCUMENBHO Y
8 mox dice npomeycymre. Toeda npu awboxu y us [c, d] umeem mecmo

gopruyin
roy=\{%w yadx.

Tlpumenun x ¢yuxuun f, (x, y) Teopemy 4, amwb 3amenus d Ha
moboe y (c<<y<<d), GyreM uMETb

v

(o {rwnw={aw{rero=

c

QF.,}S

fx, y)de — Sf(x, ¢) dx.

Tak Kak noApHTerpaJbHas Q)yHKuHﬂ UHTErpana cCJxeBa, T, €. HHTErpan

0

§ oo ax,

a

€cTh HempepsiBHas ¢GyHkuus ot y [mo rteopeme 2 n°304], To wHTerpan
ciaea OyneT UMEHHO ee uMeTb cBoe mpomssoanoi mo y [n° 183, 12°).
CrenosarensHo, Ty ke TpOu3BOAHY0 OymeT umeTb u udrterpan (1)
B TOCJAEAHER YacT¥ PaBeHCTBA, DasHAWmiCs OT uHTerpaja CaeBa JwMIlb
Ha nocrosHuyl. Teopema noKasaHa.

307. 3ameuanue 06 HHTErpaNax ¢ KOHEYHBIMM mpefesamu. Mu
HOAPOGHO PacCMOTPENN BONPOC O CBOHCTBAX WMHTErpaja

10)= {7 9)ax, M

IS KOTOPOTO €JMHCTBEHHHM O C 06 B M 3HaueHueM X Owuia oco. Ilomo6-
Hast XKe TEOpHUA MOXET ObITH passuta # 4as C¢Jlyvyaes, Kornza ocoboe
sHayeHue x OyJeT KOHEUHBIM, HalpuUMep, COBHNAZET C BEPXHUM Ipene-
JOM b mHTerpasna

I{yy=\ f(x, y)dx.

[
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Bo BceX MOKa3aHHBIX YTBEPWIEHHAX MOXKHO POJb OO OTBECTH YHUCIY B,
3aMEeHHB TOBCIOJY pAaBHOMEPHYI0 CXOAMMOCThL IIpH X ==0CO paBHOMEp-
HOH ke cxogumocTelo npu x ==~ [n°303]. Bor, Hanpumep, Kak mnepe-
¢dpasupyerca Teopema 1
Teopema I* [lycme dhynxgun f(x,y), onpedeaennas 0a8
a<<x<_b u dorn y uz Y: 1) nenpepoisna no x u 2) npu y-»y,
CmpemMumcs K npedeasHoll HyHKyuy ¢ (X)—pasHoOMepHO OMmHO-
cumensHo X 8 KaxycOoum npomexcymie [a,b—n). Ecau, csepx mozo,
3) unmezpan (9) cxodumcs pasHOMEPHO OMHOCUMENsHO Y 8 OO-
aacmu Y, mo
b b
lim \ f(x,)dx= Scp(x) dx.
a

y= 03

KoneuHo, MOXeT CAYYHTLCS, YTO HAMMIO JABAa OCOOGH X 3HayeHus X,
CKaXeM, X==a U X==00 B TOM e unterpase (1). MoxHO nepenecru
BCE YTBEPKIEHHS U Ha STOT CJaydalf; YacTo, OAHAKO, NIPENCTABAAETCA
yAOOHHIM MONpPOCTYy NPEACTaBUTL uHTerpan (1) B Buge CyMMsl ABYX

3’0=§?+°§° (@< 0 < 00)

¥ NMPUMEHHTh H3JIOXEHHYIO TEOPHI0 K KaXKIOMY H3 CJAaraeMbix B OTHUE/b-
HOCTH,

308. Briunciaenne HeKOTOPHIX HecOGCTBEHHBIX WHTErpatos. Teopus
HHTErpaJioB, 3aBUCAMIUX OT HNapaMmerpa, C 110J1b301# NpUANAraercs K Bbl-
YUCAEHHUI0 MHOTMX KJacCHYeCKMX HeCOOGCTBEHHBIX WHTErpaioB.

1°, Tlocrasum ceGe 3samauet BHIYHCAEHHE uHHTErpana (dtaep)

Ipexnae Bcero, yCTaHOBMM, VIl KAKKX 3HAueHHH mapaMeTpa @ 3TOT
nHTerpan BooOme uMeeT cMeicA OcoO6He sHayeHus: x =00, x=—0
(mpu a==1 nocaennss Touka He Gymer 0co06o4), Pasobbem wunrerpan
Ha aBa:

E=51+Ea=(5+0§ ;

nepeeit cynlectByer npum a >0, ubo Ttorza —ecan a<1— nomumre-
rpanbHast QyHkuug npu x — 0 Oymer OeckoHeuno OoJbluof, nopamka

1
1—a<{1, no cpaBHenu0 c— [n°290], a BTOpO#t —npu @< 1: Torma
nogmuterpaasHag  QyHKUMS mpu X —> o0 Oymer GeCKOHeuHO Maaol
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nopsaxka 2—a > 1, no cpasHeHuIo ¢ —}; [n° 285]. Wrak, paccMaTpuBaeMuifl

muterpan cxoaurcs, ecim 0<Ca<C1; B STOM NPEANONONKEHHM M 3aH-
MEMCSl €r0 BHIYMCIECHUEM.
O 0<x <1 nmeeM pasnoxenue B pag

xa—x

—2(— 1F xeHt,

KOTOPHH CXOZWTCS paBHOMEpHO, Jumb ecmi 0<e<ax<<1—¢ <1,
Ho uacruunas cymma umeer unrerpupyemyio s [0, 1] mawopaHury
n—1

~1 e [ ¥ Y
o= F Ctpamim S

p=0

CIEN0BATEABHO, HHTErPai OT HEe CXOANTCA PABHOMEPHO KaK npu x =0
tak B npu x=1 VHrerpupys nouwresHo no (MoAHuHULEPOBaHHOHK
Teopeme 1, moayuum:

o 1 0
Et=2 (S (—1)* 3% g = f:;): .

p=0

1
Wnrerpan E, noacraHoskoit X == IPUBOAMM X BuAY

x(l—a)‘l

Ey ——OS T dx —1-'-_*_—-)‘_— dx,
0
TpuMensis yke NOMYdYEHHOE BHILE PA3JNOKEHUE, Halaem:
V' (D
Ea = 2 —a—::-‘;— .
p=1
Taxum o6pasom,
-]
1 wf 1 )
—E+Zl(—l) <a+pL T )
“—_“_—

Mu yxe BCTpeyan:n <«pasjioXeHMe Ha mnpocrsie Apoba» yHKuad
[8 n° 203, 3% cm. mimxe n° 406, 3), sameuauue]:

— 1+ 3 o ot )

snf
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ITonaras 3pech f==%a, NPAXOAHM K OKOHUATEJIbHOMY pPE3Y/AbTATy:
xo-1

2°. Ilns BLIYMCACHUA HHTETpana
oo

sin x
§ . dx

[cp. u° 293, 3°] mBemeM B paccmorpenne Goaee ofwu#t uHTerpar,
coaepxauwuft napamerp:

[@)=— S e ML gy (@0,
0

H3 KOTOPOrO MPENJIONEHHMH WHTerpan noayuaercs npu a=—0. Mu yxe
3HaeM, YTO uHTerpas /(@) CXOAMTCH PaBHOMEPHO OTHOCHTENBHO @,
ang az==0 [n° 302, 3)], u, crenoBarensho —no Teopeme 2 n° 304 —
APEACTABASET HENPEPHBHYIO (YHKUMIO OT HapaMeTpa @ VIS yKasaHHHX
ero gsHauenuih. B vacraocry,

10)=lim I(a). (10)

Haiinem temeps mnpoussomuyio I'(2) mpu a>0. Huddepenuupys
NOX 3HAKOM HHTErpPana, HOJyquM
o0
I'i@)==— S e‘“"sinxdx:——T?laT
¢

[n° 288, 5)]. Tocnexnutt maTerpas cxoamrTcs paBHOMEPHO AAA
az=ay (e a,— moGoe (HKCUPOBaHHOE vuHCHAO, Goabiee Hyas),
«©

H60 MAKOPHPYETCA CXOAAMMMCH HHTEMPAJIOM S e % dx [n° 302, 1°};
0
n03TOMY, N0 KpahHeH Mepe A/MA YNOMAHYTHX SHaUeHHH a, NHpHMeHeHHe
reopemsl 6 n° 306 onpaszano. Ho kakoe 6w mu B3To @ >0, BCeraa
MOXHO BHOpath @y >0 TaK, 4To6H OLAO0 @ >>a, 3HaUMT, NOAYYEHHHH
pesyabrar Beped aaA awboro a>0. B Takom cayudae, aas a >0,
nMeeM
I(@g=C—arctga.

Ilna onpemenexnss nocrosHuoft C YyCTpeMUM 4 K OO} TaK Kak

@< § e dr=1,
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T
10 npu stoM [(a)—>0, n C oxasmiBaercs paBHOH 5 OKoHuarensHo,
seuay (10),

0o

10={ gy =2
0

3° Yro6pl HAHOBO BRIYHCJHTbL HHTErpaj

o«

[~
K é.exdx

[cp. n°293, 2°], monowuM B HeM x=—ut, rne u— moboe NOJOKH-
TENBHOE YUCJIO; MBI NOJYYHM
o0
— 22
K=u e at.
‘0

-~ 13
VMHOXUM Teneps 00e 4acTd 9STOTO papelcTBa Ha e~ du 1 TIpOuHTe-
rpupyem mo u oT 0 g0 oo:

o = =
K. S =K'= S e~ udu 5 =t g
b b b
HeTpynso BHIETb, 4YTO MEPECTAHOBKA WHTErPaloB BeNeT 31eCh

BecbMa OBICTPO K pesy/ibTary. B camom gene, nocie nepecTaHoBKH no-
Jy4uM

2 . —(+mu —if_a __=
K-_Sdtbsve udu"‘le-{—t”“_:;’
y 0

oTkyaa (TaKk kak, ouesugHo, K >0)

K:Se_xgdxz V;.
2
0

Ilns onpaspanus nNpOW3BENEHHOH NEPECTAHOBKH WHTErPaJoB MNOMPO~
Gyem npuGernyrb k Teopeme 5 n° 305. Ho B 10 Bpema Kak uuTerpan
[e2]

ge—(l+tz)"2

0

1 1

zzdu=—2~ s

ecTb HenpepuiBHas QyHKuus oT ¢ ana Bcex £==0, unrerpaa

0

Se—<1+t2)u2 ndime " . K
0
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— auuib aas u >0, a nps n=0 obpamaercs B 0, Tepna B 3TO# TOUKe
paspuB. IlosToMy npumeHdTs Teopemy 5 HENOCPEACTBEHHO K TpPAMO-
yroabuuxy [0, oo; 0, co] nenbsa! Mm ee npumeHuM K NPIMOYrOibs
HuKY [4g, 00; 0, col, rae u, >0, nonbsyscs Tem, yro umTerpai

o

~(1+12) 12 1 1 (1481
Se udu=— T Tra e o
Uy
SIBASETCA HENMpephiBHOH ¢yHKuueR or ¢ gas Bcex £==0, DtuM ONpaBaH-

BAeTCA PaBEHCTBO

[es] fee) [ee] [ee]
S du S e W) gy S dt S e D) gy
uy 0 0 iy

Ocraercss aWLb, YMEHBIIAS N, Nepefity 3peck K mnpeaeay npu a, -0,
YTO B TIPABOH YACTM MOXKHO BHIIOJHHTb NOJX 3HAKOM HHTErpaJsa—
Ha ocuopaHuM caenctsus n° 304.

4°, Hakonen, oOpaTumcs K Tax HA3HBAaeMLHM WHTerpanam Jlanziaca ¥):

o o2
cos ax X sin ax
=\ 5 4 = \ w7 4x
y S‘ k2 + x} dx z kﬂ + xﬁ dx
0 0

IMpexpae BCErO OTMETHM DPABHOMEPHYIO CXOAUMOCTD OTHOCH-
TEJbHO NapameTpa a, CAEJOBATENbHO (1O TeopeMe 2), B HempepwB-
HOCTb M0 @ NEPBOTrO U3 3TUX MHTErpajioB, y, U NPHTOM A3 BCeX
snavenn#t @=0 (cm. n° 302, 1)]. Orpamuunpasce 3Hauenmsmu a >0,
¢ mnomompio AuddepeHUupoBanaT N0 @ TNOA BHAaKOM WHTerpana (reo-
pema 6) ycraHosuM, uTO

By (1)
8leCh Mbl ONUPaeMCd HAa PaBHOMEPHYIO CXORMMOCTh BTO POT O U3 HH-
TETPajoB, 2, MM BCEX az=q, rae q,— moboe PuKCHpPoOBaHHOE
noJsoxuTeabHoe kAo fem. n° 302, 2)).

HanbHetiiuee auddepeHnposanie N0 @ NPOHU3BOZMTH TOJ 3HAKOM
WHTErpaja HEBOBMOXHO, 00 B pesy/abrarte Takoro udpepeHuupoBaHus
noayunnca Ob yxe PacXORSUIMACH HUHTErpat.

OpHako, €c/M K HaNUCAHHOMY DAaBEHCTBY MOWIEHHO npubaBuTb pas
BEHCTBO (CM. Bhle 2°)
smxax dx **)’

roa
I
Sy §

#) [Ibep Cumon Jl an 1 a ¢ (1749—1827) — sunaomuiics Gppaniysckuit acTpo-
HOM, MaTeMaTHK M (H3HK,

**) BrpoueM, Ias laibHeHAIIero HaM BOBCE HE HYXHO 3HAaYEHWe STOrO HHTe-
rpana; JOCTATOYHO JHIUb 3HaTh, YTO NPH BCeX @ >>( OH COXpaHAeT MOCTOAHHOE
3HayeHue, a B ITOM JNE€rKo yGeAMTLCA MPOCTOH IOICTAaHOBKOH f= ax,
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TO NOJyYuM;
o0
4y = 49 sin ax
Do Z ok §x_—(k”+a9) dx.

3mecy nuddepeHupoBaTh NOJ SHAKOM HHTErpajsa CHOBA MOXHO, H
TaKuM NyTEM Mb Hakaem

dy 3 €oS ax
3

& =R Y ra
0

TaK 41O

Has sToro mpocroro AuHeHHoro xuddepeHNUansbHOrO ypas-
HEeHUS BTOPOrO NOPAAKA C MNOCTOSHHHIMA KO3(pULHEHTaMH, MO KOp-
HAM Tk «XapaKkTepPUCTHUECKOrO YDaBHEHHS», JErKO COCTABHTH ofimee

pemenne
y=Cye*® |- Cye*4, 12)

rae C; u Cy,—nocrosuasie. Ho npm Bcex 3HaueHMsX @ Beauuuna y
OrpaHnyeHa;

o
dx n
yl< (.SW:?E’

suayur, HeoGxomumo C;=—=0 (u6o wuHaue, npE a@-—o00, H BEMY-
upHa y OGesrpannuHo BospacTaia Ow). Jlas onpenenenus xe nocross-
nHoli C, nomoxuM a==0, Tak KaK, BBHAY HEONPEPHIBHOCTH ¥, COOTHOLLE-
nue (12) coxpaHser CuIy W NPH 3STOM SHAYECHHH Q; OYCBHIHO;

Cg=2—nk.

OxOoH4aTeNBHO,

[ood
cos ax
y={
g

Orciona anddepenunposannem [cm. (11)] onpexenserca u z:

T
o5 € ka (a=0),

(e o]
2= xsinax . T . ke
p +x" 2

@>0).
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§ 4. SNJEPOBBI MHTErPAJIBI

309. ditnepor wurerpan mepsoro poma. Tax naswmsaerca (mo npen-
noxennio Jlexanapa) uHTErpan BHZa

1
B (a, b)=Sx‘H (1— x)* dx, (1)
0

rae @, b>0. On npeacraBager QyHKURMIO OT ABYX NEPEMEHHWX Mapa-
meTpos a u b goynryuw B («Bertas).

PaccmarpuBaeMbii uHTErpad, Kak Mul 3HaeM [n° 290, 3)], mas mnono-
WUTENBHHX 3HaueHn#t @ u b (XoTA Gbl M MEHbIHUX €IUHHUB) CXOZATCH *)
M, CHeJOBaTeJbHO, HEHCTBHTENBHO MOXET OHTh IOJNOXEH B OCHOBY
onpeneaenns ¢yHkuuu B. YcraHoBuM HeKoTOphie €e CBOHCTBa.

1°. Tlpex e Bcero, MOYTH HENOCPENCTBEHHO (NOJACTRHOBKOH X =1—{)

nonyuaem: B (a, b)=B (b, a),

Tak 4To0 QyHKUuMs B sBaserTcs cuMMeTpPHUYHOH OTHOCHTENbHO a u b.
2°. C nomolnbio HHTErpupoBaHus 1o vactaM u3 d¢opmyaw (1), npu
b>>1, Haxomum **):
! a
B(a,b)=§ (1—xtd =

___x“(l——x)”‘"l

1
b—1 b2 _
= 7 0+ — (5 x* (1 —x)? de=

1 1
="—al 21 (1 — x)>? dx~b;,,l~s (1 —x)’ dx=
3 [1]
b—1 b—1
=-—-a—B(a,b—l)-—-—a—B(ﬂ, b)’
OTKyIa b— 1
B (s, b)= ;7 5—7B@b—1). @

D1y QopMyJsy MONKHO TNPHUMEHATH C ULENBI0 yMeHbilleHws b, mnoka
b ocraerca Goabuie 1; Takum o6pa3oM BCErxa MOXHO MOCTHTHYTh TOrO,
yToGp BTOpPOH aprymedr crans<cl.

*) HaoGopor, ecnu 3nayenne XO0Tb ONHOTO M3 NapaMerpos 4, & Gymer << 0,
TO MHTEIPai PacxXoiuTCA.
¥*) Mpl ucnomhayem NPH STOM TOXAECTBO

X8 (1— x)0=t == x01 (1 — X)0% . xot (A — x)b,
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BﬂpO'{eM, TOro Xe€ MOXHO IIOGHTI:CH 1 B OTHOLIEHHWW TNEPBOro apry-
MEHTa, TaK KAaK -— BBUAY CHMMETPHYHOCTH B — nmMeeT MeCTO B Apyrad
¢opmyaa npUBEACHUS:

B by=——r a+b TBla—1, b) (@a>1). 2"
Ecan & paBHO HAaTypalbHOMY UHCAY #, TO, MOCAENOBATENLHO IIPH-
MeHsist popmyay (2), Hazem:

n-—1 n—2

B, m= a+n—1 ad+n—=2 a+1 B(a, 1).

Ho
1

B, )= §x”"dx=: %

Tostomy ans B(a, #) u-—oanospemeno— uis B(n, a) noayuaerca
OKOHUATe/IbHOE BHIpaXeHne
B (1, @)= B (a, 1) = 1.2.3....-(n—1)

e (@t )@+ -..-(eftn—1 @)
Ecan u @ paBHO HaTypadbHOMY YHCAY 7, TO
(n— ) (m— 1)

(m—+n—1)!
31y dopMyTy MOXHO NpUMeHATb U Npu m=1 wm n=1, ecau nox
cumpojom 0! pasymers 1.

3°. Hanum ans ¢yHkumu B apyroe aHaiuTuueckoe npeacTasieume,
koTOpoe uacto Gumaer nonesHo. Wmenuo, ecau B unrerpaze (1) npo-

B(m, n)=

H3BeCTH MNOACTAHOBKY X — rae y-— HOBasg NEpeMeHHas, u3Me-

Y
4y
naomascs or 0 40 co, TO N noJyyaM

B, 0)= | g5 & @
0

Ilonaras smec» b==1—a (8B npemnonoxenun, uro 0<a< 1), nalizem

o
B, 1 [ L ay
a, 1 —a)== [y.
@ 1—a={L=
o
UuTarenb y3HAET yWe BHUHCACHHBIH BHIE UHTETPAJ, TAKXKE CBA3LIBAE-
Mbii ¢ umenem OJitnepa [n° 308, 1°]. Ilomcrasags ero 3Hauenue, npm-
XoAuM K ¢opmyne

B (a, 1—‘0)"“m Ola D). ®
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Ecam, B yactHoCTH, B3ATb
1
—i' ]

B (%—,-%—) ==
Mul orpaHuuuMcsi STUMH HEMHOIMMM CBOHCTBamum oyHkuun «bBera»
NOTOMY, UTO — Kak yBuauM Huxke [n° 311, 4°] — oHa oueHs mPOCTO BHpa-
HAETCA yepes APYryio QyHkumio — «[amMma», Ha KOTOPOM MBl OCTaHO+
BUMCS MOAPOOHEE.
310. dinepoB MHTErpajg BTOpOro poma. JTO HasBaHue OHJO Mpu-
ceceHo JlewaHapoM 3aMeuaTeNbHOMY HHTErpaty:

=1—ag=

TO TNOJAYUYUM:

T(a)= S x e *dx, (6)
°

KoTOpu#t cxomurcst npH aobom o >0[n® 290, 4)] *) u onpeneaser

dynrguo T («Camma»). Pynkuma I, nocae snemenrapHbiX, sapasercd

ONHOH n3 Bawwueluux (YHKUMH AJa9 aHamsa M ero npuiomexud, Hay-

yenne ceoficts ¢yskuun I, ucxXoms w3 ee WHTerpajspHOrO onpeaene-

Hua (6), MOCAYMAT ONHOBPEMEHHO W MNPEKPACHBLIM [DUMEPOM MpUMEHE-

HUA M3A0XKEHHON BEINE TEOPUM MHTErpajoB, 3aBUCANIAX OT Hapamerpa.
Ecan nosoxuts B (6)

x:—_lnzl,

TO HaljpeMm:

I : 1\a~t
(@)= g (ln;—) dz.
0
Kak ussectvo [n° 65, 2)],
1
Ind =limn(1 —27),
z n—0
L
npuuem Buipawenue n(l—2") npu BO3PACTAHMM 7 CTPEMUTCA K CBO-
emy npeseay BospacTtasn*¥). B takom cryuae Ha ocHoanuum n° 304
(cnexcrene) u 307 .
1
I' (@) = lim n% S (1 — 2n)1 dz

00
n—» ¢

*) Ilpn a << 0 unterpas pacxogurca.
**) B arom MowHO yGegurbca MeTofaMH Ki(depeBUHaTbHOrO UCYHCAEHNA,

paccMarpusan BhipaweHne

Kak (QYHKUHIO 0T a,
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Wi, ecmu npuberHyTh K NOACTAHOBKe 2= y™
1
T'(@)=1lim n“OS Yy —y)*ldy,
n—+o0o

Ho, cornacto (3),
1
§y"“(1 — )t dy=B(n, )= T e

a-(a+1)-(a42)-...-(a4+n—1) °

Takum 06pasoM, OKOHYATENLHO, NPHXOAYM K 3HAMeHUTOH Qopmyse
Disepa — laycca:

. 1.2.3. ... .(n—1)
F(a)._uli’n:on“- a-(a+D-(@4+2)....-(a+n—1)

A1y dopmyay Sfaep eme B 1729 r. coobmuna B nucbme K [oappbaxy, mHo
ona G6uiza 3abnita. [aycc BHOCAeRCTBHM HMEHHO ee NOJOXKHMI B OCHOBY CaMOro
onpenenenun Ggynkuun II(a)=T (a-}-1). Muoro sanumanuch ¢yHxuuedt T' Jle-
wanpp ¥ JloGaveckni, npruem Jlo6auescku#t ucxonma M3 csoeoGpasHoro ompe-
neaenua Qyskuun T, ucnonbsylomero GeckOHeuHHe PSIbL.

311. MNMpocrelimue crofictea dpynkuun I. 1° Oywryus I'(a), npu
scex 3rauexussx a >0, HenpepusHa u UMeem HenpepsiBRue e Npo-
13800Kbe Bcex nopsadrxos. JLocTaToyHO [OKa3aTh JMIIL CYI[E€CTBO-
panune npoussoanux, [uddepennupys unrerpan (6) mox sHakom
MHTErpana, MNOJyYuM

oo
' (a) = Sx““ Inx e~ dx. )
0

[lpumenenne mnpasuna JlefiGHHUA oONpaBAaHO TeM, yT0 00a HHTErpaina

1 )
Sx"“-lnx-e"‘dx n Sx““-lnx-e"‘dx
¢

CXOOSTCA PaBHOMEPHO OTHOCHTENBHO @ MepBu# npu x==0 aas
a==ay >0 (maxopauta x%—! |In x|), a BTOpoH mpu x=o0 s
a<< A< oo (maKopanta x4 e~* *)),

TakuM ke IyTeM MOXHO yOeauTbCsi W B CYUIECTBOBaHHH BTOPOH
NpoU3BOAHOR

I (@)= S *1 (Inx)2e* dx (7%
1]

# BCeX aansHeHiunx,

®) Jaa x >0, oueBHRHO, In x < X,
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2°. Us (6), unrerpupoBaHueM MO 4acTsM, Cpasy MNOAyyaeMm:

©

;o—l— §x"e“"dx,

[es]
a § X e fdx=x"e*

'@+ 1)==a-T'(e). 3)
Sra opMyna, NOBTOPHO NPUMEHEHHad, AaeT
MNetn=@tn—1)-a+n—2).....(a+1)-aI'(a). (8%)

Takum nyrem BuiuucaeHne I' 1n% nNpoMsBOJLHOTO 3HaveHus apryMeHra a
MoxeT Oute npuseneHo X Bounucaesmmio I' paa 0<la<<1 (wim, ecan
yroano, ;g 1<a=<2).

Ecan B (8%) B3arb ¢=1 u npUHATb BO BHHMAaHue, yTO

oo

T (1)= § eFdr=1, )

TO OKaXeEICH, uTo
I'(n41)=n! (10)

Oyuxyus I asagemes, Taxum o0pasoM, ecmecmsennw M pacnpocmpa-
Herle M Ha 00AQCMb A 10 O 8 X ROAOHCUMEAbRUX 3HA4eRUl ap2yMenma —
diyHryun nl, onpedesennoli Auws 04X HAMYPAALHNX 3HA4eNUul n.

3° Xox usmenenus pynxuuu I'. Tenepp Mol MoxeM cocra-
Buth cebe obuiee mnpencTasienue o nosegenun ¢ynkuns I' (@) npa
Bo3dpacranuu a or 0 go oo.

Us (9) m (10) umeem: I'(1)=I(2)=1, T1ax uyro, no Teopeme
Ponns, mexny 1 # 2 pgomxeH Jexarb KoOpeHs a, npoussomxohh IY(a).
DTa OpOWSBOAHAA MOCTOAHHO BO3DAcTaeT, MGO BTOPas HPOUSBOAHAA
I (a), xak suaHo u3 ee BmpaxeHns (7%), Bceraa noaoxutenvHa, Cue-
nosareabno, npu 0<a<a, npoussoanas IV ()< 0, u ¢ynkuus I'(a)
yOmBaeT, a npu @,< a<_oco Oymer I'(2)>>0, tak uro I'(a) Bospa-
CTaeT; NpH @==g, HaJMIO MU HHMYM. BHUNCAeHHe, KOTOPOrO MH He
NpUBOAMM, A3ET:

ay=1,4616 ..., minI' (@) =T (a,) = 0,8856...

Hnrepecso ycramosurs eme npemex aaa I'(e) npm nmpuGamxennn
a x 0 um x oo, Us (8) (u u3 1°) scho, uto

r@="lek0_ 4 o
npu a—>»-0. C apyroit cropoun, eeuay (10),

I'(@) >n!, mmp TOABKO @ >n-} 1,
1.e I'(@)— o0 8 apu a— - co.
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[papuk ¢ynxuuu I'(e) npencrasaed Ha puc. 5.
Cpsisp MexAy PyHKUuMaMu B

7 u I. Iag toro yro6bl yCTaHOBHTH 3Ty CBSI3b,
g T MBI MOACTaHOBKOH x =ty (t >0) npeobpa-
; ] syem (6) x Buay:
[ee]
s L@ __ (a1 -ty dt.
/ ta - S.y € . (1 1)
Iy
2
< 3amenss 3mech @ Ha a-- b W OZHOBpEMEHHO
1 t Ha 1-}~¢, moayyum:
0 1 2 3 4z T(a+b)

e
b1 ,— (14£
mb_= Sya+ 1= (14f) y dy.
Puc. 5. 0

YuHOXuM Tenmepp o6 uacTh STOTO paBeH-
crBa Ha #*! n npounterpupyem no t or 0 Ao co:

& a1 > ~ g o
P(a+b)5mm‘dt=sta1dt5‘ya+b18(1+t)ydy.
0 1] i

B unterpane cnesa Mu ysuaem ¢yskudio B(a, b) [cm. (4)]; cmpasa e
nepecrasuM uHTErpais. B pesyaprare moayusnm [c yuerom (7) m (6)]:

I'(e4-8)-B(a )= {y***1 e dy f ot et at=
0 0

= [y e T ay=r@ (1 ey y=r@ 1)
0 0
OTKYZa, HaKOHEl,

T (a)-T (b)
B(d, b)——rm . (12)

TlpuBeneHnbit MSAMHBIA BHBOX STOrO COOTHOWIEHMS DHAEpA NMPHHAA-
nexwur Nupuxae. Bnpouem, ans 060CHOBaHUS €MO HALJIEKUT eile ONpAaB-
IaTh TNEPECTaHOBKY WHTErpasios.

Mpi caenaem sT0, orpaHmumBasich INOHayaly NpPEANONOKEHUEM, YTO
a>1, b>1. Torra ana Gynxkuun

101 ya-}-b—l e—( 14£) y
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OKa3hBAIOTCA BHINOJHEHHBIMU Bce ycnopus Teopembl 5 n°306: sta dyuxk-
uust HenpepoBHa (M NPUTOM MoJoxuTenbHa) i y=0 n t=0, a
MHTErpaibl

o«
. _ _ ta~l
oot { gt 07 Gy =T (@ )
0
n
o
yt oy (ot e dt=T (@) Y e
0

B CBOIO oOuepelb MNpPEACTaBAsni0T o600 HenpepwHBHBE OYHKUUM
nepebift — ot ¢ piast =0, sropot —or y aas y==0. Cchlika Ha Teo-
peMy oOnpaBibIBAET MEPECTAHOBKY HHTErpaloB, a ¢ Hel u  Qopmyay
(12) —nns caywas a >1, b > 1.

Ecau e uapectHO Jump, 4ro @ >0 u b >0, T0—no xokasau-
HOMY — UMEeM

r Dre+1
S

A orcona, ncnoassys ¢opmysas npusemeHas (2), (2) s ¢ynkumn B
n (8) nas ¢yskuuu I', Jerko BHOBb NMOAyuuTh ¢opmyay (12), yxe Ges
HEHYXHBIX OrpaHuyeHui.
5° ®opmyana nonoaHenus Ecan B dopmyre (12) noaoxursb
b=1-—a (cuuraa 0< a< 1), 1o, BBUAy (5) # (9), MOJYYHM COOTHO-
nieHne
T

KOTOpOe M HaspiBaercs GOpMYyJAOH AONONHEHH .
Mpu @ ==-5 OTCIOZA HAXOIMM (rax xak I'(a) >0y
1 —_

T (_2) =y = (14)
BrinosHuB B HHTErpase

5 —Z

¢ dz= Ve
v V2

MOACT2HOBKY 2==x% MH BHOBb INOAYYHM YK€ H3BECTHHH HaM un-
Terpadi

Se—xg dx = V27‘7 .
[i]
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6° dopmyana Jlexaunapa Ecau B unrerpane

1 1
B, a)= S 11l —x)lde = S [%-(%—x)g]“dx=
0 ¢ -
1
R 1 1 \2 a4
]
CAeNATh TOACTAHOBKY

42

8|
|
&
I
2 =

TO MOJIy4HM

1
1 —
B(a, o)== 5861 § tP(l—t)*tdt= 22111—1 B <_;‘: a) .

3amenum B o0oMx cayyasx ¢yskumio B ee Bnipawenuem (12)
uepe3 I'

r@r@__ | r(3)r@

T(@a) ~ 201’ I‘(a-{-%) '

Cokpamas una I'(@) u noacrasasa Bmecro I (—;—) ero sHaueHue Y ®
[cm. (14)], npugem k popmyae Jlexanapa

i

T@T (a4 ) =g @)

CywecTByer eme MHOrO Apyrux (opMy/d, BHMBANIOMMX rayGokue
crofictBa Qyskuun I. My He nMeeM BOSMOKHOCTH OCTaHABJANBATHCH
80eCh Ha HMX, PABHO KAaK H Ha Cnocofax npub/IHKEHHOrO BHIYMCIACHUS
sHauennit camot ¢ynxmunm I' u ee norapudpma. OrpaHnummcs ynomuua-
HueM O TOM, uro eme Jlexanap, ucnoassys cpoficrBa dynxuuu I' u
annapat GeCKOHEUHNX DANOB, COCTABWJ TabJuly AECATHYHHX JOrapHd-
mos I'(a) ans a or 1 no 2 uepes 0,001, cHavana ¢ 7, a sarem ¢ 12 ge-
CATHUHKIMH 3HAKaMH,

Hosas, ywe ne oaementapHas, Qyuxuua I' sBisercs B Taxo#f e
MEepe OCBOGHHO# HaMW, KaK M NPHUBBIUHBE HaM (YHKIUH, KOTODHE MH
HASBA/MH SJAEMEHTAPHHIMH,
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312, Npumepel. TIpuseneM Teneph HeCKOAbKO IPOCTHX NPHUMEPOB HCHONL30-
BanuA GyHKknuu I.
1) Uurerpan

1
0

NORCTAHOBKOA x™ ==y Cpa3y CBOLMTCA K SAAEPOBY HHTEIpaly NepBore poja:

r{Lir
e

2) Buuucaum uHTErpan

sin®™ ¢ cos®t ¢ dyp (g, 5> 0).

MN‘H

Ecan moaoxuth X ==sin ¢ 10 OH DpHBEAETCA K MHTErpaay
1
5= 1

§ X671 (1 — x9) dx.

Wcnoassya npexwaymufi npumep, 6yLeM HMETh
T
7

[
. - 1 a b 1 2
§sm“‘<pcos°‘:pdcp=-—2-B(-§-, -2—)=-§'-——-(———

B uacrtsocth, OpH b==1, HoAyunM oTCIOla

vi *(3)

e V= 2

sin®™ ¢ dy = "5 r(a+l) .
p)

Oty 00l A

Jlerko nposeputh, ¥TO 9TO# oOnHOHR (opMynsoff oxBartmBaloTCH B oGe op-
mMyau (5) n° 187,

Ecan xe B McxomHoM uHTErpate B3ath a==1-¢ d=1~—¢ rae {¢|<},
To HafineM (npuMerAa GopMyny AONOAHEHHA)

x
frn=r (95 (7= 25
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3) Paccmorpum, HaKoHel, eule HMHTErpas

P

[+0] . P
sin 7 x
‘S‘——dx,
X

0

Tje p ¥ ¢ — B3aNMHO NPOCTHIE H € Y e THBbl € HATYPAILHBIE UMCHA,
[lepenncas uuTerpan B susme

¢ e sin x
sin 7 x. - dx,
X
0

npuMeHEM K Hemy ofmylo gopmyay Jlo6auesckoro, ymomsuyryi Ha crp. 135.
YcnoBusi:

Fxtm)=F(x) n fln—x)=f(x)
NPH KOTOPHX 3Ta (opmyna BepHa, Aas QYHKUUH

p—9

fx)=sin 7 x

soioatiensl, Takum ofpasom moayunm [cm. 2)]

=<} 2
p
2 p
X = sin?  xde=YT. 290
* 2 7 (P -+ q)
0 0 29

W3 3THX HEMHOTHX NHDUMEDOB YHTaTeN0 CTAHOBHUTCHA ACHBIM, HACKOJBKO —
6naropapa BeefeHHlo Qpynkuuu I'— pacIMpAIOTCA BOSMOXHOCTH NpPEHCTaBreRus
MHTErpaIoB B KOHEYHOM BHJIE Yepe3 M3Be CTHH e ¢yuxunu. MHo#t pas, nawe
ecan GyHkuna I' u He BXOIUT B KOHEUHHH pe3ynbTaT, HOAyYeHHE ero obmer-
YaeTCA UCNONb30BAHHEM CBOHCTB 3TOH (PyHKUMU.

313. Hcropuueckue 3ameuaHusi O NepecTAHOBKE IABYX MNpejeNbHbIX
onepanui. Lleabio 3T0ro 3aKMOYUTENBHOrO HOMEPA HABJISAETCA CONOCTABIECHHE —
B UCTOPUYCCKOM OCBEIEHUH — BCErO CKA3aHHOTO B PasHbIX MecTax Kypca mo
TIOBONY nepecmanosxy 08yx npedesbunix onepayuil. [I0L <upegeasnolf otepa-
uueil» MB pasyMeeM 3JleChb HE TONbKO HENOCPeACTBEHHO NpeXedbHb i Hep e-
X O MO KaxoMy-1u60 H3 apryMeHTOB PaccMaTpHBAaeMOH (QYHKIUH, HO W ApYyrue
ONEpANHH, B KOHEUHOM CyeTe INPHBOAALIMECS K TAKOMY NpPeieIbHOMY Iepexony,
KaK-TO: CyMMHUpOBaHUE 6ECKOHNEYHOTO paAja AuUGPepeHnupo-
BaHHWe PYHKUHUY M, HAKOHEW, MHTETrPHPOBAHUE QYHKIUH MEXAY
MOCTOSAHHB MU NpEREnamu (B COGCTBEHHOM HIH HECOGCTBEHHOM CMbiCaE).

B n° 131 Onaa peyb O PaBEHCTBE ABYX MOBTOPHBIX NMpejenos

lim lim f(x,y)=lim lim f(x,y). (15)
y—ob x—a Xx—~a y-b

Mbl BHAENH, YTO NoxolHOE PaBEHCTBO HMEET MeCTO He BCerjna, U YCTaHOBHAH
HCKOTOpbHIE YCI0BUS, O6CCH€‘{HB&!OLLUI€ €ro ClpaBelInBoOCThb, AHanornuHeIM 6b110
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noxoxenne peielt ¥ B n° 147 Mo OTHOMEHUIO K PABEHCTBY ABYX CMEIIAHHHX
NIPOU3BOJHBIX

Dy Dy f(x,y)=Dy Dy f(x, y). (16)

TnaBa XVI («PyHKUHOHAIbHbIE NOCHENOBATEALHOCTH M PAMbI») TTaBHBIM 06pa-
30M Gblia NOCBAUIEHa UMEHHO BONPOCAM PAaCCMATPHBAEMOrO THIIA: TaM H3YYajiHCh
YCROBHA, NPH KOTOPHIX OKa3hiBaJaCh NO3BOAMTENbHON HePeCTaHOBKAa OM ep a-
L¥MH CYMMHPDOBAaHNHA OGECKOHEUYHOIrO pAfa—C OGWUYHBIM M pe-
penbHHM nepexoxom [n° 266, 268, nudpdepeHunpoBanmem
[n® 270] w wunrerpupoBanmem [n° 269). Haxonen, To ke MOXHO cKasaTh W 00
OCHOBHOM COJIEPXaHWM HacToAUleH TIaBH; TOABKO Ha STOT Pa3 ONHOH M3 mepe-
CTaBASEMbIX ONEPALMi HEeU3MEHHO fABAATacCh ONMEPauusdg MHTErPHPOBaA-
R U A, KOTOPYIO Mbl — IIPH COGHIONeHNH M3BECTHHX YCIOBHH — TaK e nocaejo-
BaTeAbHO IIEPECTABIANM C XPYIUMH IpeledbHHMU onepauuamy [n° 296—298,
304—307].

Euwle 3amoaro 1o TOro, Kak Te ONEPALHH, O KOTOPHIX 31eCh MAET peub, Gblau
0CO3HaHb KaK «IpefefbHsle» (a STOT MpOLECC 3aBepIINiCH, KaK M3BECTHO, JHLIb
k navany XIX Beka), nepecranoska [BYX TaKWX onepanuit IpOYHO BOUNIA B MaTe-
MaThyeckyo mnpaktuky, Ona (akTHYecKM OCYyILeCTBAAETCS Jaxe OCHOBONONIOXNK-
HHKAMHM aHATH3a: BCIIOMHHM TOuNeHHoe AHu(OdepeHunpoBanNe M HHTEIPHPOBaHHNE
panos y HeioTona, Jle#i6auila ¥ HX COBPEMEHHUKOB, a TaKxe «npaBuao JledGHunas
1as guddepeHunpoBaHus nuTerpana no napamerpy. C Taxo# IepecTasOBKOH Ml
HeNpepeBHO BCTpeyaemcs ¥ Ha BceM nporsawennn XVHI pexa, vame — Ge3
060CHOBAHHA, a HHOM pa3 M C [OKa3areabCTBaMM, pasyMeercd, HA ypOBHE CTpO-
TOCTH TOrO BPEMEHHW; Jas MpuUMepa YNOMsaHeM paccyxmenus Jfaepa m Knepo,
06oCHOBLIBAIOLIME NTePECTaHOBKY IBYX HAuddepenuuposannit (1739 r.). Moxso
CKa3aTh, YT0 B HCTOPHHM MaTeMaTHYeCKOTo aHAIM3a NepecTaHoBKa ABYX Npefelb-
HpIX OIepaumi BCErza CAYXNIa MOTYILeCTBEHHbHIM CPENCTBOM A MOAyYeHHA
MHOTHX OOUINX yTBepXIeHu# H OT/JedbHHX MaTeMaTHyeckux gakros. Ho — Henpa-
BAJLHO [OPHMEHEHHAs, OHa e ABAATaCh HCTOYHMKOM OIIMGOK M IapajoKcoB.
Camast MBICIb O TOM, YTO NepeCcTaHOBKAa IBYX NpejelbHbIX ONepanuii Be Bcerna
J03BOJNTENbHA, CO3PEBANa MeICHHO — HMEHHO Ha OCHOBe aHajgu3a ouuboK,
crenanach obuM jaoctosHreM okoao cepenuss XIX Bexa. Crporoe xe oGocHo-
BaHHe MPHUBLIYHBIX B 2HAAM3€ CIyYyaeB TaKOH NepecTaHoBKH Owbno 3aBeplIeHO
NpPUMEpPHO JHIllb K KOHLY Bexa.

[0 OTHOWEHHMIO K NpOCTeiiieMy BONPOCY O MEPecTaHOBKE KBYX TpeJeabHbIX
[epexoNoB ACHOCTh Oblia NOCTHLHYTA, €CTEeCTBEHHO, panblie Bcero. Ha pyGeme
XVHI 1 XIX BekoB Ha MPOCTHIX NPHMEPAX y¥e ObIO OTMEYEHO, UTO PABEHCTBO
(15) moxer He MMeTh MeCTO, T. €. YTO MOBTOPHBIl NpeleN HHOM pas OKasbi-
BaeTCs 3aBHCALIMM OT TOrO MOPAAKA, B KOTOPOM NPOUSBOJATCA NpefeiabHHE
nepexognbl. B opnolt samerke Komw ot 1815 r. (omy6amkosannoit B 1827 r.) mu
HaXOJlMM NOCJIEI0BAaTeNbHOE M NMPaBUIbHOE H3IOXEHUE ITOrO BONpOCA.

Touno rax xe xak Komm, Tak u I'ayccy ObIO W3BECTHO, YTO TOPAILOK HHTE-
IPUPOBAHKH B MOBTOPHOM HHTerpaie, €CAX NOJAMHTErPaibHasg (YHKIMA TEPIHT
paspsiB (Hanpumep, obpawmaercs B GECKOHEYHOCTb), HE MOWET ObTh 6€30roBo-
pouso u3Mened. Ho orcrooma Guio emie naseko KO SCHOCTH B OTHOLUGHHHW nepe-
CTAaHOBKY JIBYX MpejelbHbiX onepauuit BooOie.

Ham yxe npuxogunocs ymomunarts [n° 281] seynaunsie nonsitku Koumn naxe
LOKa3aTh YTBEPXAEHHS O HENPEPHIBHOCTH CYMMbl PAfA HeNpepHIBHBIX (yHK-
LM W O DOYJEHHOM MHTErPUPOBAHMH TAKOrO PANia, H3 KOTOPHIX NepBoe cpasy xe
6bi10  onposepruyro AGeseM, a BTOPOE BIOCHENCTBAH BHI3BANO BO3PaXEHHS
Ye6himésa. K ckasannomy mbt 3jech Ao6aum eme, uro B 1823 r. Komm paa
CTOAbL e HeBepHOe J0Ka3aTenbCTBO GE30rOBOPOYHON NPHMEHHMOCTH <MpaBHia
Jled6Huna», otHocAulerocs X AudpepeHUUPOBAHUI0 MHTErpana Mo Napamerpy;
1 3TO — HECMOTPA Ha TO, YTO TOrAa yxe Obiid H3BECTHH NPUMEpH HENPHIOXH-
MocTH ynomasytoro mpasuaal OtmetuM, 410 B 1828 r. OcTporpaucknt yxe AcHO
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NIOHHMaJ, Y70 — B ClyYae oGpauleHHA NORMHTerpaibHod ¢YHKUMM B Geckowey-
HOCTb ~ AudPepPeHIUPOBABHE NON 3HAKOM MHTErPana MOXET OKa3aThCs HeAo-
nyctuMuM. [lo3ke Ha 970 0GCTOATENbCTBO YKaswBanM M APYFHe aBTOPH.

B yye6HBIX DPYKOBONCTBAX HO aHaiusy GeCKOHEUHO MaJHX eme BIIOTH RO
COPOKOBBIX TOJOB HEPENKO NONajaiiCh HEBEPHHE YTBEPWAEHHH, OTHOCAULHECH
K paccMaTpHBaeMMM 3jech BompocaM. Hapsiy ¢ 9THM YMHOXAamHCh H NpHMEpHI,
NojyYepKHBaBIiKe HEOGXOAMMOCTh OCTOPOXHOCTH B STHX Bompocax. Mwsi npuse-
IeM M3 HHX JMIIb ORMH HanGoiee paHHuM, yxasaHHuH ewe Pypbe:

o

sin at at
t

]
[n° 293, sameuanue]. OueBHgHoO, Y10

| - w -
im { 308 g2 ( yim 500 4o,
a—»+0 t 3 a—»io t

¢ Apyro#t xe CTOpoHb, AuddepesunpoBaHye STOrO WHTErpaja N0 HapaMeTpy &,
BHRIIIONBEHBHOEC NOR 3HAKOM nmerpa:xa, anBOMT K pesynb'rary

4
S cos at dt,
0

AWIIEHHOMY CMHICI3a NP Bcex 3HaveHuax al [n® 283, 6)]

Crana OTYETAHBO OMIYINAThCA HEOGXOAMMOCTb YTOUHEHHA YCAOBUH, NPH KOTO-
PHX NMepecTaBoBKa ApENeNbHHX ONEPauufl — TOro WIH [APYroro THNA — OKa3h-
BaeTcA JONMYCTHMOH., ITOMY YTOUHEHHIO CIOCOGCTBOBANO0 BBENEHHE B KOHIE
COPOKOBHX TOJIOB NOHATHA PAaBHOMEPHOH CXOZMMOCTH psana [n° 281] u poxpcreen-
HOTo €My MOHATHA PaBHOMEPHON cxomuMocTH uHTerpana [n® 301). OmnHako camuft
nponecc BHECERNA Hajiexamell CTPOroCcTH B M3NOMEHHE TOrO KPYyra BOHPOCOB,
KOTOPHIMHM Mbl 37ieChb 3aHHMaeMcs, NOTPe6OBa} eile HEeCKOAbKMX NeCATHIETHH.
Tax, nanpumep, nepsoe crporoe obocHoBaHme dopmyan (16) M BaxoguM ¥y
sapua aumsb B 1873 r. Eme B 1892 r. Beabrufickan axaseMHs npucynuna
ae na Banae IMycceny *) npemuio 3a counHenue, rie NaHH ycloBus mubdepen-
HHPOBAHHA ¥ HHTErPHPOBAHHA NOX 3HAKOM MHTErpana, pacNpPOCTPAHEHHOro Ha
6eCKOHEeYHu !t POMEXYTOK, H T. A.

*) Iapap Xan e 72 Baaae Myccen (poa B 1866 r.)— coBpemeHnnnt
Geabrulickuit MaTeMaTnK.



IVIABA JEBATHALIIATAS

HESIBHHME $YHKDHU.
SYHKHHOHAJILHBIE ONPEAEJIMTENN #)

§ 1. HEABHBIE ¢YHKIIHH

314, MNousntue HesBHOK (yHKUWYU OT oxnoit nepemensoit, ITpeano-
JIOUM, YTO 3HA4EHWs JABYX TEPEMEHHBIX X 4 y CBA3aHW Mexay coboH
ypaBHEHHEM, KOTOpoe (eC/M BCE WJEHH €ro NepeHecTd Haneso) B 06-
IEM Cyuae NMeeT Bull

F(x, y)==0. m

3necs F(x,y) ecth (QyHKUMA ABYX NEPEMEHHHIX, 3ajaHHat B KaKOH-
6o obnactu. Ecam nns Kawaoro 8HAUEHHA X — B HEKOTOPOM HpOMe-
KYTKE ~— CYMIECTBYET OJHO U HECKOJhKO 3H3ueHmH J, KOTODHE COB-
MECTHO C X YJAOBJETBODPAIOT ypasHeHuio (1), TO 5TUM oOmpedeaseTcH,
OJHO3HayHaf W/IH MHOrO3HayHad, dQyukuus y==f(x), AW KOTOpOR

pPaBeHCTBO
F (%, f (x))==0 2

MMEET MECTO YKe TOXAEeCTBEHHO OTHOCHTEHLHO X.
BoabMeM, Hanpumep, ypasHeHHe

7§+i—.:= ; (1a)

OHO, OYEBHAHO, ONpPEeXeNseT ¥ KaK ABY3HAUHY QYHKUMIO OT X
B mpomexyrke [— a, a], uMenHo

b
y==t VYo —x.

W ecnw BMecTo y moacrasurs B ypasuenne (la) a1y dyHKuUHIO, TO
NOJAYYUTCR TOX X ECTBO.

3necs yRanoCh HaiTa And Y OuYEHb MPOCTOE aHAAUTHYECKOE BHIPA-
KeHue vyepes X, JaXe B OJAEMEHTapHRX (YHKUUAX, HO Tak ofcroar
IeNo AaNeKo He BCcerna.

*) NMponoaxenne raas VIl u IX nepsoro Toma
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bynxuus y==j(x) HasbHIBAEICI HegBHOH, €CAW OHA 3akaHa NpH
nocpescrBe Hepas3speMeHHOTr o (OTHocHTedbHO y) ypaeHenust (1)
OHAa CTaHOBUTCHA SBKOI, €CIM pacCMaTpHBAaeTC HEMNOCPEACTBEH-
Has 3aBUCHMOCTh y OT X. YuTaTemo sCHO, UTO 5TH TEPMHHH Xapak-
TEpU3YIOT JHIIb CHOCO0 Bamannst ¢yskumn y=—=7F(x) U He HMEWT
oTHomleHus K ee mnpupose. CTIpOro rorops, HPOTHBONOCTABJIEHHE H e-
SBHOTO M ABHOTO 38alaHus OQYHKUMM C TOJHOH YETKOCTHIO BO3-
MOXCHO JIMIUb, €CJAM NOJ SIBHBIM 3aJaHHEM pa3yMeThb $BHOE aHa /AU T H-
YeCKOE 3alaHue; €CAM KE, B KauecTBe SBHOrO, HOMYCKaTh 3aJaHue
¢ nomomwptlo nw6oro mnpasuwaa [n°17), TO 3amawue QyHKUMA y OT X
¢ nomoubio ypasHenust (1) HHYEM He XykKe BCAKOLO APYroro.

B npocrefimenm cayuae, koraa ypassenue (1) — aarebpauueckoe, T. €,
korna ¢yskuus F(x, y) €CTb Heabit OTHOCHTENBHO X H Y MHOTOWYICH,
onpegeaseMas UM HefiBHaA ¢YHKUMA ¥y OT X (BooOmle MHOro3HayHas)
HagbiBaeTcd afdrebpauueckolB, Ecau creneds ypaeseHuss (OTHOCH-
TeJILHO y) HE BEINE 4YeThIpex, TO aareOpanveckas (YHKUHS HOMYCKaeT
ABHOE BHpAaXeHHe B pAANKa/N4X, NPH CTENEHU BBHIIUE YETHIPEX TaKOE
BHIPaXEHUE BO3MOMHO TOJNbKO B BHIE HMCKJIIOUEHHS,

Celinac nac 6ydem urnmepecosams ANy 80RPOC O CYUW,e€CMB OB Q-
Huu u 00HO3KAYHOCMU <«NesI8HOU> OyHxyun (pasro Kak u o
dpyeux ee c60ilcMmBax), HE3ABUCUMO OM BO3MONHCHOC MU Npedcmasums ee
8 «sa8HOM> Bude anasumuieckold popmysod. Bupouem, B 3TOH mocra-
HOBKE BONDPOC AJA HAaC HE HOB; € YaCTHHIM CJYYaeM e€ro Mbl UMeu JeJo,
KOrJa peub LiJa O CyWECTBOBAaHHH ¥4 O CBOACTBaX OGPaTHOH (yHKuuu

d ypaBHEHHEM Y—F(x)=0

NEpEMEHHas X ONPeNeNaIach KaK «HedBHad» (QYHKLMA OT .

IMoyuurenpna reomerpuuyeckas TPAKTOBKA YKa3aHHOrO  BOMPOCa,
Ypapuenye (1), npy M3BECTHRIX YC/OBHAX, BBIDAXKAeT KPHUBYI0 Ha IJIO-

v ckocty [Hampumep, ypasHeHue (la), Kax
U3BECTHO, BHIpaxaer aJaaunc (puc. 6)f; B

STOM CJyyae OHO Ha3BIBACTCH HEABHbLM
ypasuenues xpusofl. Bompoc saxmouaercs
B TOM, MOXeET Jiu Kpusas (1) (uau ee yacTn)
ObITb BEIpaeHa OObIYHBIM YDaBHEHHEM BHAa
y=f(x), ¢ onHosHauYHOH (yHKumeH
CTpaBa, reoMeTpUdYecKd 5TO O3Hadyaer, 4To
Puc. 6. KpuBaa (Ma¥ ee 4acTb) Mapaienbio OCH Y

nepecexaeTcs JAulib B OJHOHR TOuke.

Ecau mbl wenaeM umeth ONHO3HAYHYIO (DYHKUHIO, TO, KaK BHIHO Ha
NpUMEPE TOFO K€ SJMIMNC3, HYXHO OFPaHMYMTh HE TOJAbKO 006JacTb
W3MEHEHH X, HO U 00.1aCThb H3MEHEHHS .

Mut OymeM roBoputh, M9 KPaTKOCTH, UTO 8 NPAMOY20AbHUKE
(a, b; ¢, d) ypasnenue (1) onpedeassiem y wax 00HO3HauKYW
pyrrEyguo om x, y=f(x), ecan npu xaxcoom 3Ha4exuu x 8 npc-

3:.
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aescymre (@, b) ypasnenue (1) umeem oOu, U MOALKO OOUH, KOpPeHs
y=1(x) 8 npomencymue (c, d).

Ouenb BaKHO TBEPAO YCBOUTh, YTO NpH YKa3aHHHX YCAOBHAX o0a
YpasHenus

F(x, »)=0 u y=f(x)

6 npamoyzoavrure (a, by c, d) cosepwenno pasuocuss-
Ko, T. € YIOBJETBODPAIOTCA OJHMMH M TEMH K€ TOYKAMH TOFO IPAMO-
yroJbHRKA.

OGbiyHO Hac OyAeT WHTEpeCOBaThb OmpeneleHHas TOuKa M, (Xy Vo)
yaoBJaeTBopsiomas ypasrennio (1) (nexamad Ha KpuBod), W B poJH
YNOMSHYTOrO MPSMOYrOJbHMKA OyAeT (UrypupoBaTh OKDECTHOCTb 3TOH
toukd. Tak, mampumep, B cayuae aimanca (uepr. 6), OUEBHIHO, MOXHO
yTBEePXIaTb, YTO ypasHeHue (la) ompenenseT OpAHHATY 3 KaK OMXHO-
BHauYHy10 QYHKUHMIO OT abCUMCCH X B JOCTaTOYHO MajiOH OKpPECTHOCTH
moGofl Touku aaaunca, Kpome pepund ero A, A’ Ha Goabwio# ocu,

315. CymecTBoBanue M cBoiicTBa HesiBHON ¢(yHKkuuu. Tenepr MH
YKaXeM NpOCTBIE M JIErKO TNPOBEepseMBle YCJAOBHS, OTHOCALIMECT K U 3~
BECTHOMR HaM dyHxuuu F(x, y), KOTOpHe OOECHNEUNBAIOT HE TOJNBKO
CYIIECTBOBAHKE OZHO3HAUHOR HeABHOH ¢dyHkumn y=—=f(x), HO u Ha-
audue y nocaeaHe#t CBOMCTB HENMpPEPHBHOCTH U AU(GHEpEHIHPYEMOCTH.

Teopema 1. Ilpednonosicus, wmo: 1) dyuxyus F(x, y) onpedesena
U HEMPEpbLBHA, BMecHe CO CEOUML HQCMHbLMI NPOUIBOOHLMY Fyu F,,
8 Hexwomopoil oxpecmuocmu mouxn M, (xy Vo)

2) F(x, y) 8 amoili moure odpamaemc;z 8 Hyav: F(x, y,)=0,
Hanpomus,

3) npouseodnan Fy(x, y) 8 Heil omaunna om wyas: Fy(x, y,) # 0.

Toz0a:

a) 8 Hexomopoii oxpecmnocmu

G\ =(x,—3, %9+ 8 y,—7V, W+

mouxu My (X, ¥o) ypasuenue (1) onpedeasem y Kax O00HOZHAHHYI
dynrguio om x1 y=71(x);
6) npu x==x, ama Gysxygus npunumaem 3narerue yy. f(xy) == y,;
B) 8 npomewcymre (xq—38, Xy 8) hynryusn f(x) uenpepmena u
I) OHQ LMeem & SMOM NMPOMENCYMKE HENPEPHBHYI0 NPOUIBOOHYIO.
Hokasateabcreo: a) Ilycts, ckaxem, Fy (X, y0)>0 B cuay
NpeAnoNoxkeHHOH B 1) HEMpephIBHOCTH NPOMSBOAHOH Fy, 5Ta NpOU3BOA-
Hasd GyIeT NOJOXUTENbHA
Fy(x, >0

¥ B [JOCTAaTOMHO MaJOH OKDECTHOCTH TOYKA (X), ¥g)*). Bosbmem

*) Hanpumep, B Tako, rie BHIOIHAETCA HEPaBEHCTBO
IF:V(X, y)_F:v(xm yo)l <F:y(x0: _Vo)-
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3AMKHYTH H DpAMOYTOJbHHK
Y =[x,—¥, x -+ ¥ Yo—0 ,}’o’+ ¥,

HEAMKOM Jemauuit B 9TOH OKPECTHOCTH, TaK YTO HANMCaHHOE HepapeH-
CTBO MMEET MECTO BO BCEX €ro TOYKax.

Orciona cpasy BHTEKaeT, uTo — npHu moGoM NOCTOAHHOM X H8 Mpo-
MexyTKa [X9— &, X3+ ¥}— F(x, y) Kak ¢yskuus or y OYyHET MOHO-
TOHHO BOSpacTalome# {n° 111).

Y, -
5, 5 5 B
%Hﬁ' e ——

; f:_‘:?:_‘;/ %

A ) A 1A i VA
i ' i ! | |
{ t ! ] i t
i 1 i i [ 1
-8 z-d T O z+8  Zpd' T
Puc. 7.

Cranem nepemBurarbci BHOJb BEDTHKaJdH, NPOXOAsineH uepes
TouKy My(xe, ¥o) (puc. 7), T. € QPHKCHUDpYEM X=Xx, TOraa pac-
cmarpuBaeMas ¢ynxuma F (x, y) ceemerca K Qyukuun F (xo, ¥) 0T omHOM
nepemento#t y. B cuay 2), ona npu y=y, obpamaerca 8 0. B 10 xe
BpeMSl, Kak MH ceftuac ycrawosuau, dyukuus F(x, y) Bo3pacTaer
BMECTE C ¥, TaK YTO sl y <Y, €€ 3HAYEHH MeHbIIe Hyas, a JJs
¥ > yo— Goabimie Hyas. B 4acTHOCTH, cleaoBaTeabHo, oHa OymeT uMeTh
3HaueHHs DAa3HHX SHAKOB B TOYKax Ay(Xq, yy—8) u By(xy y, ),
HMEHHO

F(A)=F (x4 3—3)<{0, F(B)=F(x, y,-}+8)>0.
Tepesizem Teneph K FOPH3OHTAABHHM INPAMHM, NPOXOASHLM
yepes 3TM TOYKA Ay B By, T. €. duKcupyeM Ha 3TOT pas y==y,— &

na y=yo-} 8. INoayuarca nse PyHkuun OT OAHOH NEpPeMEeHHON x:
F(x, yo—¥) n F(x, yo+?¥), KoTOpHE NpH X ==X, UMENT; Nepsas—
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OTPHLATENLHOE 3HAUYEHHE, 3 BTOpas — noaoxkutensHoe. Ho no ycnosnio 1)
9TH (YHKUMM HEnpepuiBHB *), a noToMy Haaercs HEKOTOpas OKpecT-
HOCTb (X3 —38, Xo—+8) Touknm X3 (0<8<¥), B koTOpOH 06 QyHK-
UMM COXPAHAIOT CBOH 3HAK **), Tak uro npn xy— &< x<lxy+ 8

F(x, 9—8)<0, F(x, y4-¥)>0.

HubiME  CIOBaMH, Ha HUKHEM U BEPXHeM oOcCHOBauusx AA, n BB,
HCXOHHOTO NpPAMOYTOJbHHKA BIOJb OTPESKOB MJIMHH 23 ¢ UEHTpaMH B
Toukax Ay M B, 3amanHas QyHkups F(x, y) HMEeT OTpHUAaTeAbHbE
3HAYEHUsi HAa TIEPBOM W TOJOXUTEAbHEE — H3 BTOPOM.

duxcupyem B npomemytke (xo—3, x,—}+3) sw6Goe 3Hauenue

X==X ¥ PaCCMOTPHM BEPTUKA/JbHHY OTPESOK, COEAUHAIUHH TOUKH

A(x, yo—7) n B(x, yo-}+¥). Broas mero Hamia ¢yHKuus CHOBa CBe-
gercs Kk ¢yHxume F(x, y) oT oxHo#t nepemeHHo# y. Tak Kak oHa He-
npephiBHa ¥) ®, KaK CKa3aHO, Ha KOHUAX npomexyTka [y, — ¥, yo—+ ]
HMeeT 3HaueHHS PA3HHIX 3HAKOB:

F(A)=F(x, yo—¥) <0, FB)=F(x, 3+¥)>0,
TO, MO TEOpEME Boasuano — Komm [n°68], npn HekoTOpOM 3HAaYeHuH

y= y, copepxauiemMct MeXLy yp— & B y,-} ¥, ara dynxuus F(x, »)
obpawaerca B HyJb:

F(x, y)=0.

W snec 3 MOHOTOHHOCTH QynKuma F (%, y) cuenyer, uT0 TIpH y= y

GyzeM HMeTh, COOTBETCTBEHHO, F (x =0, Tak uro y ecTs exmn-
CTBEHHOE 3HAaueHHe y B NPOMEXyTKe (yo— ¥, yo+7?), xoropoe

COBMECTHO € X=X YHOBJIETBODSET YPaBHEHHIO (1). Ha xadicoox_sep-

MUKaAbHOM oOmpe3xe AB naiidemcss moasko odHa mouxa M(x, y),
o6palanLas A6y 4acms YPABHEHUS 8 Hyas.
Takum 06pasoM, B OKPECTHOCTH

=(%y—38, %o+ 8 yo—7¥, y,-+?¥)

Ttouxku My(xy, y) ypasseHnne (1), neficTBuUTEJBHO, ONIpENE-
A9€T Y KaK OJHO3HAYHYI0 QYHKIHIO 0T x: y==f(x)

6) B 1o e BpeMa NpexblAyHIee pAacCyxXAeHHe, BBuAY 2), MOKA3H-
BaeT Takxe, 410 f(Xg)==y, VmenHo us 7T0ro, uro F(xy, y¢)==0,
yCMaTPUBAEM, YTO Yy ¥ €CTh TO €AMHCTBEHHOE 3HayeHue y B Mpo-
mexyTke (Yo —9%, ¥} &), xoTOopoe coBMECTHO € X ==X, YAOBJETBO-
pAeT YPaBHEHHUIO (1)

%) Mul DPEXNONOKHAN BeNpepuBHOCTb QyHKUHH F (X, ¥) M0 COBOKYNHOCTH
NepeMeHHLIX X, ¥; HO B TaKOM Clyyae OHA OyleT HeNpepuBHa X NO Kawnoh
NepeMeHHON B OTAENBLHOCTH.

#*) 310 caeayer us n° 37, 2). Cp. cHocky Ha crp. 181,
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B) ITlepexoms Kk nOKasaTenbCTBY YTBEpwAeHuR B) W ), Oyaem mnox y
pasymMerp HUMEHHO Ty HesBRyw dyHkuuio y=—7j(x), koTOpas onpe-
nensercss ypasuenueMm (1) u TOXIESCTBeHHO eMy yamosJersopser. Ilpuaa-
oMM X TpupalleHHe AX; HapalieHHOMy 3HaueHHw x - Ax Oyzer coor-
BETCIBOBATh 3HaueHue y - Ay=—/f (x| Ax), BMecTe ¢ HUM YLOBJIETBO-
psomee ypasnenuio (1) F(x-+Ax,y-+ Ay)=0. OueBugHo, u npu-

pamenne
AF (x,y)=F(x - Ax, y 4 Ay) — F (x,y) =0.
ITpeoGpazyem Tenepb 3T0 PaBEHCTBO, MCHOAL3YA (GOPMYAY KOHEYHHX
npupawenuit [n° 102]:
0=F(x+Ax,y4Ay) —F(x,y)=
=[F(x+Ax,y+Ay)— F (x,y+ Ay)] +
+[F (% y +Ay) — F (%, 9)]=
=Fy(x+0Ax,y 1 Ay)-Ax+ Fy (x,y -+ 6,Ay) - Ay

(0 <6,6,< 1),
OTKyAa
Ay Fie(x40Ax,y+Ay) 3
Y SN NN )

Ipexne Bcero ycranosuM, uro npu Ax — 0 Oyzer u Ay—0, T. e
yto (yuxuus y=f(x) HenpepusHa, ViMeem

P 04x,y + 4y
T Fy(ny+6ay

Ay
Ax

Ho senpepsidas B & (Qynkuus | Fy| orpannueHa CBepXy KOHEYHHIM
uucaom M[n® 137]
| Fal< M,

M B TO e BpeMs NOJOXWUTEAbHAd HenpepoiHas (yHxuus FYy, uMe-
omas B & npanMeHbllee sHaueHue m[n°® 137), Takke NOAOKUTEBHOE,
OrpaHu¥yeHa UM CHU3Y:

Fy=m>0.
Teneps /Merko HOJMYUUTb OLEHKY
Ay M
] B[S
it 14
M
lay| <Xy ax),

OTKYZAa U caenyeT TpeGyemoe yTBEepmAeHHeE.
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r) Bosspamasce K paBeHCTBY (3), npeinonoxuM Teneps, uro Ax —O0.
Tak Kak Ml yxe 3HaeM, 4To TIpu 3ToM U Ay—0, TO, 10 HeENpephs-
HocTH Qyukumit F'y u F'y m ¢ yuerom Toro, uro F', = 0, cnpasa B npe-
Jese MoJyuuM

. Fy(x, 3)
Fy(x, 9)°
Taxos xe Oyder u npeles JeBod 4acTH paBeHCTBa (3), TAK YTO CyLle-
CTBYeT NMPOHM3BOAHAA J MO X:

4 ’ . Ay Fy(x ¥)
fx)=y, lim 3 Frley “

HMoxcrasasa ciona f(x) BMecTo y, moayuum

fl(x)= ___F:'x(xv f(x)) -
Fy(x, f(x))’
MNOCKOJNBKY B YUC/AWTENE W 3HAMeHaTeJe HMEEeM HeNpepHBHLHE (QYHKUHA
OT HenpepHIBHHX e (YyHKIWH # 3HaMeHaTeJd» He OOpallaeTcd B HYJb,
oTCI0Aa fcHO, uTo f'(X) — Takike HenpephiBHas ¢yHkuus, Teopema mo-
Ka3aHa MOJHOCTERIO,

Taxum o6pasom, no cBoHcTeaM ¢yukuum f(x, y), KOTOpas HaM AaHa
HETOCPEACTBEHHO, MBI MOXEM CyIAWTb O cBoHcTBax yHkuna y=f(x),
AAs KOTOPO# HENOCPEACTBEHHOrO 3aflaHusi Mbl He nMeem!

Met yxe ynomuHain B n° 314 0 reoMeTpuyecKod TDPAKTOBKE WU3YYeH-
HOro 3xech Bompoca. Ecau KpuBas 33a1aHa <«HEBHHIM» ypaBHeHuem (1)
U B KakoH-mu6Go ee touke F', £ 0, To B OKPECTHOCTH 3TOR TOUKM KpH-
Basi MOXeT ObiTb BHIPAkKeHa <«SBHBIM» ypaBHeHuem Buaa: y=jf(x). Pa-
3yMeeTCq, X U J MOWKHO COOMEHATb pOJAMH: €CIH B HEKOTOPOH TOuKe
F,##0, To B ee OKPECTHOCTH KPHMBYIO MOXKHO BBIDaSHTb <«SIBHBIM» K€
ypaBHeHueM apyroro Buma: x = g(y). Jlumb B «ocoGo#t> Touke [n° 210},
rne oauospemenno n F,=0 u F',=0, Hama TeopemMa He HaXOAWT
NPHUJIONKEHHS.

316. Heasnasa QyHKIMA OT HECKOJbKHX HepeMeHHBIX. AHAJIOTHYHO
ypasnenuto (1), MOXKHO paccMaTpuBaTh ¥ ypaBHEHHe € OOJBIIAM UHCIOM
nepemenHsiX. IlycTb, Hampumep, uMeeM ypaBHeHue C TPeMd INEPEMEH-
HBIMHU:

F(x, y, 2)=0. %)
ITpr u3BECTHHIX YCAOBHMAX STUM YDaBHEHHEM 2 ONpeHeNsercs KaKk «He-
fBHast» (YHKUUS OT ABYX NEPEMEHHBHIX X H J:

z=h(x, y),

Kotopas, BooOuie roBops, Oyder MHoroadsaudHo#, EcC/M NoACTaBuTbL ee
BMECTO 2, TO OylneM HMeTh

F(x, y, h(x, y))=0 6)
YKe TOXAC CTBEHHO OTHOCHTE/JIbHO X, y.
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Mu GyaeM roBOPUTB, 4TO 8 napasieisenunede
(@ b ¢, d; ¢ /)

ypasuenue (B) otipedeasem 2 Kax OOHOZHauHYyIO OYHKUUIO om X B V.
z2=h(x, y), ecau 043 noboii mouru (x,y), codepxucaueiics 8 npamo-
yeoasHlKe

(ar b; Cs d),

ypasuenue (B) umeem odun, u moasko o0duH, KOpeHs zZ=h(x, ¥)
8 npomescymre (e, f).
Ecau aT0 MMEET MeCTo, TO YpasHeHus

F(x, 9, 2)=0 u z=h(x,y)

g napaasneaenunede (a, b; ¢, d; e, f) ovasssawmcs cosepuierno
PABHOCUABHN MU,

B pomu rakoro mnapannenenunexa oOwuno Oymer (UCypUpOBATh
OKPECTHOCTH HHTEpeCymomwel Hac TOUKH Py (Xy Vor 20)

Codopmyanpyem Tenepb OTHOCSILYIOCS K ypaBHEHHIO (D) TEOPEMY.

Teopema 2. [Ipednorosicux, 4mo:

1) pynryusa F(x, y, 2) onpedesena u Henpepusra, emecme co c8o-
UMIL YACMKBLMU NPOU3BOOHBIMU, 8 HEKOMOPOU OKPECMHOCMIL MOYKU
Po (xor Yo zo)§

2) dynryus F 8 moure Py(xy, Vo, 2y) oOpawaemcss 8 Hyas; U,
Haxowey,

3) npoussodnas F, 8 smoii mouxe He pasHa HYA.

Toz0a:

a) 8 Hexomopol oxpecmrocmu mouru Py (xy, Yo Z)

o= (xg— A, X4+ 4; yo— A, yo 44 Zy— A7, 2,4 4")

ypasnenue (5) onpedensierm 2z Kax O0HOZHQuHYIO PYHKQUIO om X U Y.
z=h(x, y)

6) npu x=ux, y=y, 9ma GYHKQRUA NpuHuMAem 3HQUeHUE Z,:
h (%o, y0) = 203

B) yurxyun h(x,y) HenpepuisHa no co8OKYNHOCMIL CBOUX ap2y-
Mermos u

r) OHa uMeem HenpepugHsie dice wacmHele npou3sodusie hy, k.

Ha mokasarenbCTBe Mbl OCTaHaBAMBAaTBCA He OyleM, TaKk KaKk OHO
COBEpIHEHHO AHAJOTMYHO [OKA3aTeNbCTBY TEOpeMH 1.

Ha stor pas reomerpuueckum o6pasoM ypasHeHus (B) sBJsercs
nosepxuocte, IIpn ycaosun F,%0 B OKPDECTHOCTH COOTBET-
cTBywou el TOYKH NOBEPXHOCTb BHIPANKAETCH U FBHHIM YDaBHEHHEM
Buna z==h(x,y). Eciu B KaKko#-1u60 TOUKe OAHOBPEMEHHO Fy==Fjy=
=F, =0, To TeopeMa HENpPWJIOKHMAa — TOUKa «ocoOasa» [n° 213].
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317, Onpenenenune HesnBHbIX QYHKNU H3 CHCTeMB ypaBHeHmi.
Hakoneu, 8 camoM o6ueM cayyae Mower OwTh JaHa CUCTEMa W3 m
ypasHenu#i ¢ n - m nepEMEHHBIMH,

F](xl, veay Xps Y eees ym)=0’
F%(xb ey Xpy BZUREEN ym)=0,

)

Fm(xls viey Xpy V1o veny ym)=0-

3neck peus uAeT 06 onpeneaeHu:m 3TOR CHACTEMON m  nEepeMEHHBIX
Yiseeer Ym KK <HEABHEIX> QYHKUUE OT 72 NEPEMEHHHX Xy, ...y X5l

y1=fl(xh"" xn):-“; y,,,=fm(x1,..., xn),

TaK 4TO NpH NOACTaHOBKe uX B (5) MOJYyaloTCa TOXAECTBA OTHOCH-
TEABHO Xi5...5 Xpe

Tloapo6uo MH paccMOTpAM mnpocTefmuit  cayyalh — cucreMy u3
ABYX ypaBHEHHH C TpeMd NepeMEHHBIMU:

F(x,y,2)=0, QG(x,y,2)=0. 8)

Tosopam, wmo 8 napaaresenunede
@ b ¢, d; e, /)

sma cucmema onpedeasem y U z Kax OOHO3HauHBe GyHKUUR om X:
y=Ff(x), 2=g(x), ecau 047 Kax0020 3HAUEHUA X 8 npoMexcymxe
(a, b) cucmena ypasnenuii (8) umeem 00Ky, u morsko o0y, cucmemy
pewenuii (y==f(x), z2==h(x)) ua npasoyzossnuxae (c, d; e, ).

Ipu 3THX ycAOBHAX $#CHO, 4TO CHOBA cucmema (8) 6 npedesrax
napassesenuneda pasSHOCUALHA CUCHEME

y=[(x), 2=g(x).

Mul BuZEMM, YTO B BONPOCE O CYIIECTBOBAHRHH OJHOSHAYHOW HesBHOH
dyHKIMY, onpenenseMolt o XHHM ypapnenueM (1) [wma (5)], pematomyio
poas Wrpano TpeGoBasue, 4ToOH B PacCMaTpUBAEMON TOUKE, YHOBJE-
TBOpAIONIEH ypaBHeHuio, He obpamanach B Hyan npoussommas Fy [coor-
BETCTBEHHO, F',] HMEHHO MO TOf#l nmepemMeHHOMH, KoTOpas noa-
JeXHUT ONpeaeseHHI0 KaKk HedBHas ¢yskuus. B Bompoce xe o
CyLeCTBOBAHWH OAHOSHAYHHIX HESBHHIX QYHKUME y, 2, ONpEAEAseMbiX
cucremoft ypasHeHu#t (8), K KOTOPOMY MH CeHyac NEpeXOnuM, aHAJIO-
FAYHYI0 POJb Gymer Mrpath ONpENEAUTE b, COCTABJCHHHH U3 YeTH-
pex YaCTHHX NPOUSBOAHHX OT (YHKUHMH, CTOANMMX B JEBHX YaCTSX noO
NOAJMEXAW UM ONpeleNeHHI0O NEPEMEHHNM ¥y 1 2:

Fy By, ©

J=J(x,Y, 2)= G:v G,
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Teopema 3. [Ipednonozcur, wmo:

1) goynwyuu F(x,y, 2) u QG(x,y, z) onpedesens: u Henpeps8Hut,
sMecme O BCEMU CBOUMU HACHMHBLMU NPOUIBOOHBLMU, 8 HEKOmMOopod
oxpecmuocmu modxu Py (xy, v, 2,);

2) moura P, ydosiemeopsem cucmeme (8):

F(xXpyp 2)=0, G(x, Yy 20)=0;

3) onpedeaumeny J(x,y,z,) 8 moll mouKe OMAUMER 0N HYAS,
J(%p Yo 2) # 0.

Tozo0a:

a) 8 Hexomopoli oxpecmHoCHU

0//5=(x0—8, x0+6; yo_‘ar’ yo_*_ar; 2’0-—-3", 20_{_8")

mouxu P, cucmenma ypasuenuti (8) onpedeasiern y u z wax 00HO3HaY-
roe gynxyun om x: y=Ff(z2), z=g(x);

0) npu x =X, 3mu OYHKYUYL NPUHUMAION, COOMBENCIMBERHO, 3HA-
wenus yy u 2y JF(%0) =Y 8(Xe)==12y

B) 6 npomexcymre (x,—3, x,--8) dynxguu f(x) n g(x) nenpe-
PblEHsL, U

r) umewm wenpepuisusie oie npoussoduse f'(x), g (x).

Hokasateabcrao. Ilockoasky onpezemutens J B Touke
Py(xo, yo» 2p) OTIMYEH OT HyJs, BO BTOPOM €ro CcToaGue XOTh ONHH
JIEMEHT TAKKE HE PaBEH HYMIo B 5TOH TOUKE; MYCTb, HANPHMED,

Fz (X0 Yo 20) # 0.
B taxom cayuae, no TeopeMe 2, B HEKOTODOH OKDPECTHOCTH
®@0=(-’Co— A, X045 yo— A, 3o+ A 2y— A7, Z4")

TOUKM Py nepBOe H3 ypaBHeHuit (8) onpeneaser 2z Kak ONHO3HAYHYIO
dynkuuo 0T X B y; 2==h(x, y), CO CBOHCTBaMH, NEPEUYUCHCHHHMU B
saxmouennsx G), B) U r) sTo# Teopemb. 3amenas B cucreme (8) mep-
BOE ypaBHEHUE PaBHOCUJBHHM emy (8 npedesax &4l) ypasHeHuem
z==h(x, y), IONYyYUM DaBHOCHADbBHYIO CUCTEMY

G(x, y, 2)=0, 2=h(x, y).
Nt e’
Haxonen, ecam B G noacrasute h(x, y) Ha MecIo 2, TO npuaeM K
GoJiee npoCTOl, HO BCE €llle DABHOCHILHOH cucTeMe
Q(x, y)==0, z=h(x, y), (10)
N mtmatonn”
rAe IS KPaTKOCTH Mbl IIOJIOXKHUM

(o, =0, 3, k(x, Y)). (1

Takum 00pasoM, MB CBeiuW 3ajgady K JOKasaTeabCTBY TOTO, YTO B
HEKOTOPOH (comepxameiica B &) OKpecTHOCTH offy, TOUKH P, cucTeMa
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ypaBHenu#t (10) onpexenser y ¥ 2 Kak onHO3HAuHHE OyHKOHE OT X,
o6nanawoimue BceMu TpeOyeMbiMH CBOHCTBamy, Bocrnosb3yemMcs ke TeM
yaOGHHM NS Hac OOCTOATENbCTBOM, 4TO nepsoe u3 ypasHeHu# (10)
COZEPKUT TOJbKO MNEpeMeHHBE X, ¥, U NpPUMEHEM K HEMY YKe JO-
Ka3aHHy10 TeopemMy 1: ecaM HaMm YHACTCH YCTaHOBHTh, YTO 3THM ypas-
HEHHEM J ONpeNe/AeTcsd KaK OJHO3HauHas (YHKUMS oT x: y=f(X), TO
u z yxe 0e3 TpyAa ONPEALNUTCS KaK OAHO3HAYHad (QYHKUMS OT X MO
BTOpOMYy H3 ypasreHuti (10):

z=h(x, f(x)=gx). (12)

Ipuctynas K npoBepKe BBIOJHEHHst YCIAOBHH Teopemni 1 nas QyHK-
wnn P, oTMeTUM, NpeKIe BCErO, YTO

h(xy yo)=2, (13)

[6) TeopeMsr 2], ¥ B cmay HenpepwBHOCTH GYHKUMH h (X, y) B TOuke
M, (x, y,) sHauenue 3TOH dyHKiuM BOIM3H M, pasHMTCH OT 2, CKOJb
yronuo majio. Toraa B 10CTaTouHO ManoH OKpecTHOCTH Touku M, dyHk-
ungs ®(x, y) OyzeT HempepsiBH3, BMECTe CO CBOWUMH YaCTHHIMH TpO-
¥3BOAHBIMH, NOTOMY u4TO TakoBal ¢ynkuun G(x, y, 2) (B6ausu Py) n
h(x, y) (86ausu M,), n3 KOTOpHX OHa cocTapieHa [cm. (11)].

TouHO Tak xe BHINOMHSETCH yCaoBUE 2) Teopemu 1

D (x5 y9)= G (xp Yo, (X0, Y0))=C (X, Yo 20)=0,

B cuay (11), (13) u npeanonoxenns 2) Hacrosiell TeOpeMBI
Ocraercs npoBepUTL BHINOJHEHHE ycaoBust 3) Teopembl 1. Hudde-
penuupys (11) mo y, HaitmeMm

)y (x, y)=GC,-+ G, - k). (14)
Ho &y moxmer Gurb noiydero RudpepeHIpoBaHUEM N0 y TOxAeCTBA (6):
L : F,
Fy-}-F;-hy=0, orkyna hyz—}—f’.
z
IToacrasasa 310 BeipaxeHnue B (14), npugeM K pesy/abTary
F, J
Oy (x, )=0,— G, — =——,
y y e F

NpUYeM COpaBa BMECTO apryMeHTa 2 Besie JOMKHO OBTb MNOACTAaBIEHO
h(x, y). Touke My(xy, yp) cneBa orseuaeT, BBuay (13), Touka
Py(x9, Voo 2p) cnpasa, Tak Kax, no ychosuo 3), onpeaeauteab J B
TOuKe P, OTIMYEH OT HyJs, TO 3TO CNPaBeIIUBO M OTHOCUTENBHO MNpO-
nssoaHo @), B Touke M.

Tenepb MBI yXe BNpaBe NPHUMEHHTL K ypaBHeHumio & (x, y)=0
TeopemMy 1 M yTBEpKAaTh, UTO B HEKOTOPOH OKpEeCTHOCTH TOukM My

(xo—38, X038 »—7, Vo)
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(rre 0<3<CA, 0¥ <A") 310 ypasHeHme, HEHCTBUTENBHO, ONpENE-
AET ¥y Kak ONHO3HAuHyl ¢ymKumio or x: y=f(x), a Toraa (xak
yxe oTtMeyanocs) dopMyna (12) onpesequT ¥ 2 KaK OIHOSHAUHYIO
dyHKuuio oT X.

3a okpecTHOCTb oy, O KOTODOH HAET peub B d), MOXHO B3ATH
napaJie/enunesx

(0—38, X048 yo—V¥, y+¥; 20—¥", 2, ¥,
nonaras 3"=A", 3axmouenus G), B) U r) TEOPEMH ONDABAHBAIOTCS
csoficteamu  ¢yukumii f(x) u k(x, y), KoTopse CHOPMYIUPOBAHH B
Teopemax 1 u 2,

W spech TeopeMe MOxeT ObiTh HaHO TEOMETPHUECKOE HCTOJNKOBAHHE,
Cucrema (8), BooGme roBOpf, BHPAKAET KPHBYO B MPOCTPAHCTBE —
nepeceyeHue ABYX NOBEPXHOCTEH, NPEICTaBAfEMHX KaKAHIM X3 ypaBHe-
Hult noposHb, Ecnu B HEKOTOpOH TOuKe OT/IMYEH OT HyJS KakoH-in6o
H3 onpexenuTeNed BTOPOrO MOpPAAKA MAaTPULUB YaCTHHIX NPOUSBOXHBIX:

(F_}a F:y, F,)

st ly, Uz)?
CKaWeM, onpesenntens (9), To B OKPECTHOCTH PAacCMATPHBAEMOR TOUKH
IBE W3 KOOPAMHAT (B JAaHHOM CJyuyae: ¥ ¥ 2) MOryT OHTb paccMarpu-
BaeMbl KaK (yHKUMM TpeTheH (X), T. €. KpHBax MOXeT OHTb BHpAXeHa
<SBHBIMU> ypaBHeHMAMH y==f(Xx), 2==g(x). MH He MOXeM npuMe-
HUTh TEOPEMY Julib B «0co0OH» TOuke, A€ BCE TPH ONpPENEANTENs
MaTpPUIK OJHOBPEMEHHO OOpalIAITCH B HY/b.

AHanornuHas TeopeMa MOXeT ObiTh IOKa3aHa ¥ IJS CHCTEMH YpaB-
HeHu#t (7) ofwero Buaa no Meroly MatemaTHyeckoH uuaykumu, Ilpu
STOM HHIYKUHU NPOBOANTCS OTHOCUTEJBHO YHCJA YPaBHEHHH, Hanozo-
6ne TOro, KaK M TOJBKO YTO CBeJW CJIyyah ABYX ypaBHeHuk K ciyyaio
omHoro ypaBHeHus. He ocranasmuasce Ha (OpPMY/TMpOBKE M JOKasa-
Te/bCTBE OOmle#l TeopeMbl, MH NOZYEDKHEM JHLIb, YTO B BONpPOCE O

CYMIECTBOB3HUY CHCTEMBl HESBHBIX (QYHKUMH Yy,..., V,, ONpEAEIAEMBIX
cucremolt (7), pemaoutyo pois urpaer ONpeACTUTENb

OF, OF, O,

0y, 0y Oy

0F, OF, 0F,

0y o, " Oy
OFn OFy  OFm
¥ O " Oym
~—OH JO/MKEH GHTh OT/IMYEH OT HyJd B TOR TOuKe, 06 OKPECTHOCTH
KOTOPOH HAeT pedb.

3AMEUAHHE. Mu of6pamaeM BHUMAHHE uWTaTENs Ha JOKATLHHH
XapaKTep BCEX TEOpeM CYMISCTBOBaHHA HEABHWX OYHKUuM: peus umer
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BCE BpEMA MMllb O HEKOTODOH OKPECTHOCTH pAacCMaTpHBaeMON TOUKH.
Ho u B TakoM BuIe 5TH TEOPEMB TONESHH; HaNpPUMED, AAS H3YYeHUs
CBOMCTB FreoMeTpHYecKOro o6pasa B NaHHOM €ro TOUKE COBEP-
WEHHO JOCTaTOYHO OIPAHHYMTLCA HENOCPeACTBEHHOH ee OKPECTHOCTHIO,

318. BoiuncnenHe NPOH3BOAHLIX HeABHHIX (ymxuud, Xomx paccyxnennf,
C NMOMOIBI0 KOTOPHX YCT2HABAHBANACH TEOPEMH CYUIECTBOBAHMA HEABHHIX (DYHK-
HuH, He BCer}a JaBaA NPEACTAaBIEHHE O CaMOM CNOCOGEe BHYMCAEHHA
NPOUSBOJHKX (MEPBOro MOPAAKA) OT HeABHHX PyHKuuii, O NPONSBOAHKX BLHCIIETO
nopsjKa u BOBce He Gmao pevd. Temeph Ha 9THX BaMMHIX BONPOCEX MBI OCTHO-
BHMCA CHeLHalbHO.

Haunem ¢ mpocteitmero cayyas, korma kKaHo ypasuenue (1). Bynem cunrars
BRINOJIHEHHLHIMH, B OKPECTHOCTH DPAacCMaTpPHBAeMOH TOWYKH, YCHOBHA TeOPEMH I}
CyulecTBeHHYI0 poab B falbHefimem 6yneT urpath TpeGoBanne Fy£0.

Tax K8K CymecTBOBAHHE CaMOit HEABHOA QYHKUHH Y OT X M ee npo-
M3BOJHON yx YK€ Hanepel M3BECTHO, TO NPOLECC BHYHCIEHUA STOH IPOH3BOLR-
HOH MOXHO OcymecTBMTh NyTeM JuH(depeHnupoBanns no x paseHcrsa (1)

F(x,y)=0,

KOTOpOE HpeBpamaercs B TOX K€ CTB O, €CIH O ¥y PasyMeTh KaK pa3 onpeje-
JAeMyI0 oTciofia HesBHyO ¢dymxuuo. Mb moayums {kax yxe umean 8 n° 141,4))

Fx(x,3)+ Fy(x,9)- y3=0, (15)
OTKYfla BO3BpaiiaeMcs K yxe w3BecTHOH dopmyae (4)
4 Fs (x,y)
XE=—
Fy(x,y)

Teneps Mbi Moxewm mofity Xaapume. Ecanm dymxuma F(x,y) nmeer menpe-
PHEHbE NPOMSBOJHKE BT OP OF O NOPAAKA, TO BHPAKEHHE, Croauiee B QopMy-
ae (4) cnpasa, MoxeT GnTh NPONM(BOEPEHUHPOBARO MO X, CAEROBATEALHO, CY-
{eCTBYET H NPOM3BOAHAA OT Yx, T.€. BTOPafg NPOHM3BOAHAR Yx# OT HEABHOM
byHkuun y. Bunoauss nuddepeduuposanne M MOJCTABAAA BCAKHI pas BMeCTO

Yx ee Bupaxenue (4), nafimem:
v Pyt Py Fe— Fia+ Fpyy) Fy

X3 Fls =

OF %+ Fy+ Fay— Fy Fat — Fi&* Fya .

OTCIOKA € BHIHM, YTO BTOPasds NPOH3BOAHAR OYHET HenpepuBHOR yHK-
uMe or X.

Ecnu Qyuxnua F(x, y) HME€eT HENpepHBHHE NPOH3BORHHE TPEThero
nopajka, T0, OYEBHIHO, CYHIECTBYeT W TpeThsd HPOUIBOAHAA OT HeABHOR
GYyRKIMH y’,"',; €e BHpaxeHHe CHOBA MOXeT OHTb NOAYYEHO HEMOCPEACTBERHLIM

IuddepeHnnpOBaHHEM BHpPAXEHH JIA Yye H T. L C moMombio MateMaTHueckoft

HHAYKUMH JETKO HOKA3aTh, YTO CYWjeCMBOSGHUE NENPEPHBHBLX NpOU3BOOHNX
dynyuu F(x, y) do k-20 nopanxka (k> 1) sxaonumessno obecneyusaem u
Cyujecmso8anue (Renpepusnoil) npoussooroli k-20 nopadKa om ressnol dynxyuu.

TTocae TOro Kax, TakuM 06pa3oM, caMuft (GakT CYMEeCTBOBAHHA MNOCAEROBA-
TeAbHHIX NPOHSBOAHBIX OT HEABHON QYHKUHH YCTaHOBJEH, BHUHCAEHHE WX Npome
Npou3BOANTL NyTeM NOBTOPHOro IuddepeHnnponatna Toxaccrsa (15), ¢ yyerom
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TOro, Yro y ects QyHruma ot x. Hampmmep, nepsoe xe aubdepenuuposanue
$TOrO TOXKIECTBA HACT HAM

FratFoy ¥+ (Foy+Fra ) Yo+ Fy ¥ie=0,
otkyza (sexs F), 7 0f)
F;2+2F;y'y;c+E;2‘Y;2.

£y

"

yx2=—

MOACTABHB BMECTO Y, €ro Bhipaxenne (4), BepHemcsa K yixe HalilecHHOMY Bbpa
"
WEHMIO IRA Y5 U T. J
[Tepumep 1) [lycts y CBA3aHO C X ypaBHEHHeM

ln YV x® Fyf=arctg %

JuddepeHunpys MocregoBaTelsto Mo X (NpuueM y cunraeM QyHKUHeHd oT Xx),
oY YUM ‘

XAy Y-y

AR

Lyt yy"=xy"5. ..

M3 nepsoro ypasHeHus Haxoaum

Wi X 43y = xy' —y,;

3areM

. x4ty
Y=
y
u3 Broporo (ecau MOACTaBHTb HalileHHOe 3HayeHHE y')
N e o x4y
y = — =2 PR Y]
x—y (x* —y)

T I
Aupanoruyno oOGCTOMT Jelo W B cayyae ypasnenua (5)

F(x, y, 2)=0.

3nech npeamonaraeM BHITOAHEHHHIMH yCnoBHs TeopeMsl 2. Ecam mon z pasymers
HeABHYI0 (YHKUHMIO, ONpefiesieMyl0 STUM YPABHEHHEM, TO OHO IIPEBPATHICH B
TOXIECTBO, KOTOPOE MOXKHO AM(OepeHNUPOBATh KaK NO X, Tak ¥ no y. B pe-
3yAbTaTe TOAYYUM

F!x , Fvy

i F,» 2T TF,
(Bropoe paBeHCTBO Mbl, COGCTBEHHO, yXe MOJYUHAH 3THM e NpPHEMOM B RNpo-
Hecce 10Ka3aTenbCTBa TeopeMbl 3.)

Ecan ¢yskuna F umeeT HenpepoiBHbIe NPOU3BOJHBIE BTOPOTO, TPETHETOD, . . .
Nnopsjka, TO TaKHe Xe MPOM3BOIHbIE MMeeT M QYHKIMA 2i BCE 3TO CXOJHO CO CKa-
3aHHBIM BhblilI€ OTHOCHTENbHO ypasHeHus (1).

Ecan nyxHwe B ce npoussonusie mepeoro, BTOPOro,. . . TMOPAAKa, TO Hpouie
cpa3y BHIYHCAHTH dz, d®z,. . . Tlpoaunddepesunupyem xe Hamle TOXAECTBO I O 1-
HerM 06pa3oM T. e NpUpaBHAeM HYIIO ROJHBI HuddepeHnyan oT ero Jesoi
YaCTH (MCMOAL3YA APU 9TOM MHBAPUAHTHOCTL YOpPMBL 1epBoro
aupdepennunana, n° 143):

oF oF , OF
dxdx—l— o dy o2 dz =0,
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TaK Y10
Q_F_’ oF
__0x 9y
dZ——fdx—b-F,dy.
0z 0z

B 10 *xe Bpems
0z 0z
dz= ox dx 4~ P dy.
Beuny npoun3soabHOCTH dX M dy OTCIOAA ACHO ¥), yTO

Q_f_" oF
9z Ox 0z Oy
ox— O0F" ay TOF

0z oz

KaK Mbl ¥ NOJAYUHAH BHIHIE.

Judpepennupya eme pa3 NoAYYUM
aEF PP
[dx”d +0xdy +0xdzdz]dx+ +‘“‘” 0

B onpefeauM d°z, 410 NPHBENET HAC K BHPAXEHHAM A1A
0%z 0%z 0%z
0x2' oxady' oy*’

H T. . Mbl BHAMM, UTO BO BCEX STHX BHIKI3[KAX OCHOBHYIO POMb Hrpaer ycjo-
BHE, YTO

» _OF
F,= % F#£0.
MeumePr. 2) [Tycrs HesaBHas (pymmmi z OT X,y onpefllelserca ypasHeHHeM
y —
2 + ) + c_z““l
Vimeem nocaenosareibHo
xdx d z2dz ex  cy
& _}__V y+ —'_—-‘0, dz=———2——a'x—szdy,
TaK 4TO
0z __cx z_ ey
ox  dz' dy bz
3ateM

dx* | d dz? | zd’z
L R

OTKyja (eCIM BOCHONB30BATHCA W3BECTHBIM yXe BHpameHnuem aas dz)

[ x? 2x; z2 d
d22=—z—3[((—1;—}—62> a? +a”by* dxa'y—{-(bz ) b):']

¥) PapedcTB0 Adx - Bdy=A"dx + B’ dy npu npou3BOJbHbIX 3HAYeHHUAX
dx v dy moxeT WMEeTb MeCTO JMIlib TOTAA, Korla A=Ay B=25'
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YTQO JaeT HaM

%z ¢ (X + 22 0’z ctxy
oxt T T @ (a” ?)’ oxody &b !
Pz _ (_yi z_”)
oy? bz \ b? o2

uT L
[TepelineM Temepb K paccCMOTPEHHIO CHCTeMul ypasHenu# (8)

F(x,y,2)=0, G(x,y,2)=0.
R

Bysem npeanoaxarath, YTO B OKPECTHOCTH B3ATOH TOUKYW BHUIOJHAIOTCA YCAOBUSA
Teopemnl 3. CHoBa ofpaiiaeM BHUMaHMe Ha POJb, KOTOPYW O6YyXEeT HrpaTh Tpe-
6oBanne J £ 0.

Mebr 3HaeM, uTO HesBHble QYHKUHH ¥ H Z OT X HMEIOT NPOH3BOAHWE MO X.
Camoe BbI YHCI€HHe HX IPOU3BOAUTCA Au(depeHInpOBaHUEM TOMKAECTB, KO-
TOpHIE nonﬁanca u3 (8), ecan non y M z PasyMeTb HMEHHO YNOMAHYTHE HEABHHE

¢yukuun. Jupdepenuuposanre no x, sanpusep, naer
oF , oF dy oF dz
ox Ty et =0
9G , 0G dy G dz
ox dy dx 0z dx =
dy
D10 — cucTeMa JIHHEAHBX YPaBHeHHH OTHOCHTENbHO HEH3BECTHHX s

dz
B~ COTAHUHHM OT HyIA onpeieinTereM J. Orciona o6e npou3BOJHbIE

{10 X JErKo ONPENEAAIOTCH; TO e MOMHO BHUIONHHTb H 118 HPOM3BOAMLIX 10 y.
Mu He cTaHeMm NMOBTOPATH 37€Chb 3aMeYaHMil OTHOCHTENBHO HCNONb3OBAHAA
TP GepeHNHPOBAHUA NOAHBI M 06 P a3 O M, CYIECTBOBAHUA M BhIYUCIEHHA IPO-
M3BOJHKIX BHICUIMX NOPSIKOB.
Haxonen, Bce cxasaHHOe pacnpocTpaHserca B Ha oGuuil cayvait.
NpuameP 3) MycTe mana cucrema

Xtytztu=o, x4yt ut=0, x4yt tui=0,
ompeneasiomas y, 2, 4 Kak GyHkuun ot x. Vmeem
Ity 42 +4u=0, x+yy+ 22 4 uu =0,
X2+ yiy 222 +ut' =0
[lpeanonaraa onpepenntend

111
Yy z uj=(z—y) (e—y) @~—2)
y! zS u2

HEDABHLIM BYJIO, UMe€eM OTCiofa

_(z—=x) (a—x)

E—n@—y TE

y=
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§ 2. HEKOTOPBIE NPHJIOXXEHHUSI TEOPHH HESIBHBIX ®YHKLIHHA

319. OrnocuTeNbHBIE KCTPEMYMBl. PaccMorpuM BOMpoC 06 SKCTpe-
myme ¢yuxura f(Xy ..., X,,,) OT N~} m NepeMEHHHX B HpeArno-
JIOEHHH, YTO STH TEPEMEHHHIE INOMYMHEHH eule m <ypPABHEHUAM
CBA3H»

q)l (xl, ses o x,,, xn+1, cae y xn+m)=0
=12 ..., m.

Mul yTOuHUM NMOHATHE O TAKOM OTHOCHTENHHOM SKCTPEMYyME
U yKaXeM TpHeMbl /IS €ro PashiCKaHHd,

[oopsr, uT0 8 mMmouxe Po(x‘l’, e xﬁ+m), yo0ogaremeop s io-
well ypasneRu I M C8A3U, PYHryua (X ..., X, ) UMeem o m-
HoOcumeAnbsHb L MAKCUMYM (MUHUMYM), ECAU HEPABEHCHIBO

J AN x,,+,,,)<f(x?, ,x?,+,,,)
=

suinoarsiemcss 8 Hexomopoli oxpecmHuocmu mouxu M, 0as  scex
moder (X4, ... s Xpim) Y0OBAEMEOPANWUX YPABHEHUAM
cga3u.

Ecan, nanpumep, peus uAeT o QyHkuau u=j (x, y, 2) Tpex nepe-
MEHHBIX X, J), 2, MOJUYKHEHHHX €Hl¢ YPaBHEHHIO CBASH

F(x, y, 2)=0,

TO paBHICKAHWE OTHOCHTEJBHOTO SKCTpeMyMa (yHKuuA u
03HauaeT reOMETPUYECKH, YTO SKCTPEMYM HUEeTCd Ha NOBEPXHOCTH,
BHPAKEHHOH HAMHCaHHBIM YDaBHEHMEM: M CaMa JKCTDEMajibHad TOuKa
¥ TOYKH, KOTODHE C HEK CONOCTAaBJSIOTCH, HNOJDKHH JIEXaTb Ha 3TOR
nosepxHocTH. Eciu Haqumo JBa ypaBHEHHs CBS3H

F(x: B 2)30, G(x, 3 z)=0’

TO, OUEBHIHO, JEJO CBOAMTCA K PACCMOTPEHHIO JUIWIL TOYEK HA K pU-
BO#, KOTOpaf 3aIaeTcd STUMH YDaBHEHHAMH.

[Tepexons x meTasbHOMY W3JOXKEHUWIO BOMPOC3, MB IJ YIPOWLEHHS
nucbMa orpanuuumcs (yHkuuen

u=f(x, y, 2, t)

OT YE€TH pE€X MNEePEMEHHBIX, CUHWTas HX MNOAYUHCHHHMWA ABYM YypaBHe-
HHUAM CBS3H:

F(x, y, 2, )=0, G(x, y, 2 t)=0. (1)

HOycrs ¢yskuns f uMeeT OTHOCHTENbHBIE OSKCTPEMyM B  TOUKe
Py(x0, Yo 25 t,)- Mpt GyneM npeamosararh, YTO Kak ¢yHkums f, Tak
u Qynkumn F uw (G uMEIOT B OKDECTHOCTH pacCMaTPHUBAEMOH TOUKM
HeMpephIBHBIC YaCTHHE MAPOMSBOJHBIE MO BCEM aprymenraM. [lycTs,
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nanee, B Touke P, OTJIHYEH OT HYAs XOTb ONMH U3 ONpeAeauTenei
BTOPOI'O MOPSAKA MATPHIB, COCTaBJEHHOH W3 YaCTHHX NPOU3BOIHHIX™)

Fy F, F. Fi
(G; G, G G})'
HanpuMep, ONpeLeNUTe]b
F. Fi
G, G
Torza, ecnm orpaHuunTBCS HagjeXamed OKPeCTHOCTBIO TOUKH Py

(no Teopeme, anamormuHo#i Teopeme 3 n° 317), cucrema (1) papHo-
CHJbHA CHCTEME BUIZ

z2=9(x, 3), t=9{(x, ) 3

rae ¢, ¢ cyTb HeaBHpe (QyHKuum, onpenensemsie cucrtemoft (1). Hupmnu
caosamu, Tpefopanue, uTOOH 3BHAYEHHS INEPEMEHHBIX X, ¥, 2, t yHO-
BAETBOPAAH ypaBHEeHUuAM cBA3HU (1), MOXKHO 3aMEHHTh NPELNQJOC-
JKEHHEM, YTO NEpEMEHHmE 2 W ¢ mnpeacraasior coboit dyHkumu (3) or
x u y. Takam o6pasoM, BONPOC 06 OTHOCHTEAbLHOM BHKCTPEMYME
ans  dyskomu f(%, ¥, 2, £) OT uyeThpeX [epeMeHHHX B  TOUKe
Py(x4 Yo 200 Lp) cBOAMTCA K BoOmpOCY 006 0ObIKHOBEHHOM (a6 coaioT-
HOM) 3KCTPEMYME A CJHOKHOH (DYHKUMH OT ABYX NEPEMEHHBIX

Fx 3 e ), $(x ) *)

J= . 2

B Touke M, (xp ¥o)-

31M co00paKeHHs YKASHIBAT U HA PEAIbHBIA MyTh JIA HAXOMKIE-
HUSE TOYKM, MOCTABMAIOIME  OTHOCHTEJBHBIA  SKCTPEMYM  (DyHKUHH
f(x, ¥y, 2z tr ecm MB yMeeM (aKTHYECKH paspelluTh YpaBHEHHS
CBA3Y, HaNpUMED, OTHOCUTENBHO TEPEMEHHBHX 2 W f, U HalTH siBHHE
BRIpaxkeHus 445 ¢GyHkuu# (3), TO Zen0 CBOAMTCH K HAaXOXIOEHHIO abco-
JIOTHOTO 3KCTpeMyMa s caoxHofl dyskuuu (4). CobGcrBeHHO roBops,
MH TaK HMMEHHO W TOCTYHANHW B psAe paHee pemIeHHHX 3amay [n° 153,
154), nanpumep, Korza Mb HcKajad HauboJbluee 3HAYyeHHE IJIA NPOUS-
BefieHust Xyt npu ycaoBad Xy z-t=4c, u T. I

VYkaxem Tenepb Apyro#l myTs A HAXOXKAEHHS TOUKH Py (Xg, Yo 29, L)
He npeanojaras, YTO Mbl HMEEM fIBHBIE BBIDAKEHAA LIS (HESBHHIX)
¢dynkunit (3), X0T CymecTBOBaHMeM STuX OyHKUEH MH OygeM nojb-
30BaThCA U 87IECh.

WUrak, nycrs B TOuke Py dynkuus f(x, y, 2, {) UMEET OTHOCH-
TEABHB A BKCTPEMyM WAM-—YTO 7TO K€ — CJAOKHad ¢yHxkuus (4)
B TOYKe M, uMeeT SKCTPEMYM a6 COJIIOTH Bl H.

Torma B sro#t Touxe oOpamarwrcs B 0 obe nNPOM3BOAHBIE, HO X H
no y, ¢ynxkuum (4), a cnegosarenbHo, W ee audppepenuunan Ilo

*) B stoM ciyuae rosopsar, yro Marpuua mmeer (B Touke Py) pamr 2
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uHBapuanTHocT! ¢opMe (nepsoro) audpdepennuana [n° 143] sro ycio-
BME MOXHO 3anucaTh TaK:

a of i) d
_a’;dx+5;dy+3§dz+7fdt=o, (©)

rae non dz u df pasymeiorcs auddepenunans dynxuuit (3) 8 Touke My,
B TO BpeMs KAaK WYacTHBE NPOH3BOAHbIE BHIUKCJEHH B TOYke P, 60

¢ (X0, o) =20 §(Xo, V) =1 ©)

H3 (D) Heab3s, KOHEUHO, 3aKAIOHUME O PaBeHcmBe HYAI0 Ko3gHghu-
yuenmos npu Ougppepenyuarax, max wax He sce smu duggepenyuas
npou3soasrsl. [as Toro yroG CBECTH [EJO K NPOU3BOJBHO BHOHpae-
MuiM auddepenuuanam, T. e. Kk guddepenunanam dx 1 dy He3zaBHUC u-
MHX MEPEMEHHHX, MH MOCTapaeMcA HCKJIIOUNTh OTCIOfa Auddepes-
uuans dz w df TNepeMeHHHX B8aBUCUMBIX, OTO JIETKO CHEA4Th, €CJH
npoaudepenunpopaTs NOAHHMM o0Opasom ypaBHeHus cssasu (1),
pasymes noi z u ¢ QyHxuuu (3) *):

oF oF oF OF

v dx -+ P dy 4 - dz+ 5 dt=0, o
pJe, oG oG oG ,,

o KTy Wt g et g dt =0,

3nech, Kak W Bume, BBuAy (6), uyacTHole NPOM3BOXHHE BHUUCJIEHH
B Touke Py Tak xak, no mnpeanoioxedmo, onpegenutens (2) B 3TOH
TOYKE — He HyZb, TO d2 u dt MOryT OHTb OTCIOA2 JuHEHHO BHIPaXEHH
uepes dx u dy. Ecau 9TH BopaxeHus NOACTaBuTH B (B), TO moJy-
YUTCA PaBeHCTBO BHIA

Adx--Bdy=0,

rae A # B 03Ha4ya0T BHIPaKEHUS, PALHOHANILHBIE OTHOCHTENBHO YaCTHHIX
npousBoAHuX ¢ynxkuuit F, G, u sgech B3aTHX B Touke P, Tak Kak
B 3TOM paBeHCTBe (UIypHPYIOT Tonbpko antpepenunanst dx, dy Hesa-
BUCUMBI X MNEPEMEHHHX, T. €. COBEPINEHHO NPOU3BOJbLHHE YHCJIA, TO
B Touke M, umeeM

A=0, B=0,

Bmecte ¢ ypaBneHuaMu CB3¥ 5TO JaeT YeTHPE ypaBHEHHd A Ornpe-
JeNCHHUs] HEU3BECTHHX X, ¥, 2 u &,

Koneuno, M ycraHoBu/u Jninb HeOOXOJAuMBbE YCJOBUA A 3KCTpe-
MaabHOH TOuKu P (Xg, Yy, 2 tp). Ho 1 B Takom Bufe yCJAOBUS MOTyT
OBITh MOJNE3HHl Jawe JJd pasbiCKaHud HauboJblIero (MM HauMeHb-
utero) 8Hauenus ¢yuxumn f npu ycaosuax (1), eciM no xapakrepy

#) Toynee rosops, Mbl gupdEpPeHUUPYEM Te TOXAECTBA, KOTOPHIE MOMYy-
yalorca M3 ypasHeHui (1), ecnu BMecTo 2z M f B HMX INOACTaBHTb HEABHbIC
¢yuxnuy (3). Mogo6Hei# cnoco6 peun Mbl 6yneM NPUMEHATb M BHPEdb,
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BOTIPOCA Hanepel siCHO, YTO BHYTpPW paccMaTpuBaeMo# o6aacTm ROMXKHA
CylecTeoBaTh TOUKA, TAe 3T0 HauGoJpiiee (HaUMEeHbluee) 3HaueHue
AOCTHraeTcs, WA €CAN TaKoe OONyLIEHHe CAeJaHO B MOpsAKe Haseae-
HUf, C TeM, YTOOM HaHJEHHy©0 TOuKy anpoOupoBaTh JADYIHMH COOGpa-
WEHUAMHU.

ITpumepsl npuBeseHHl Huxke, B 1° 821,

320. Metox HeonpepeneHHHIX MHOwkHTese# Jlarpamka. B wusio-
JCHHOM BHIE Cnoco6e HapymiaeTCs CHMMETPHS B OTHOIUEHHHM Iiepe-
MEHHBIX: 4YaCTh M3 HHMX TPaKTYeTCs Kak He3aBUCHMBIE, YaCTh-— Kak
8aBUCUMHEE, OIHM auddepeHiuansl HUCKIOYanTCsd, APYrue COXPaHSIOTCH,
Huorna s1o Bieder 3a coGOH yC/HOXHEHHE BHIKJIAOOK. Jlarpawx mnpemao-
MUA METOJ, NP KOTOPOM BCE NEPEMEHHBIE COXPaHAIOT OAMHAKOBYIO DPOJb.

Ymuoxum pasenctBa (7), COOTBETCTBEHHO, Ha NPOU3BOJbHBIE MOKA
(«HeonpeneneHHHe») MHOXATENW A, ® M DPE3yAbTaThl IOWIEHHO CJO-
*uMm ¢ (5). Mm nonyun PaBEHCTBO

(F+rgr +oon)dr+ (L2 S+ S ay+
+(%§+“&5+PW) z+(w+*%f‘+9%?‘>dt=°' @)

rae no-mpexHeMy dz u dt osHaualT AuddepeHHHaIB HESBHBIX (QyHK-
nuit (3) (B pacCyXOEHHUH MB NOKAa COXPAHSEM HEPaBHONpABHE mEpe-
MEHHBIX); NPOU3BOJAHHE BHYHCJIEHH B TOUKE Py.

Brfepem Tenepp SHAYeHHMs MHOXHuTENeH A @ p Tak, yroOGm o6pa-
HIaJMCh B HyJAb HMEHHO Ko3(QUUUEHTH npu 3aBUCUMHX auddepeH-
nuarax dz u dt

[i} oF G

Lr e l=0 L4224y ©
D10 CcHenaTb MOXHO, TOCKOJBKY onpeneanteds (2) CHCTEMBl JMHEHHBIX
ypaBHenu#l, nosyvawouwiefics A onpejeneHUs A M b, OTJIHYEH OT HYJs
IIpn BHOpaHHHX 3Ha'-leH1/IﬂX MHOXUTeJel paseHcTBO (8) mpumer BHA

(otr e 2 ar (L 12 1 )y 0

3pece MBI CHOBa HMMeEM HeJi0 Juib ¢ AAddepeHuHanaMd He3 aBH CH-
M B X NEPEMEHHHX, NO3TOMY KOS(QQULUEHTH Npd HHUX HOMKHH OHITh
HyJsMy, T. €. Hapany ¢ (9) umeeM u
of oF 0G of oF oG
A= = - A= ~—=0. *
x+ Ox "l— ox 0, oy + dy +P‘ oy 0 9%
Witak, nna onpenenenus yeTH peX HEU3BECTHHX X, ¥, 2, f, za
eme ABYX MHOXHTeNeH A M |, HMEEM CTOJIBKO € ypaBHEHuH, WMEHHO
I Ba ypaBHEHNS CBS3d W YeTH pe ypasrenus (9%) u (9).
Iing toro yroGn 06JeruuTh BHITMCHIBAHWE STUX ypaBHEHHH, OOGBIKHO-
BEHHO BBOIAT BCNOMOTaTeJdbHYIO (QYHKUUIO

Q= f A - pG;
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TOr4a YMOMSHYTHE YpaBHEHHS MOryT OuTb 3anucaHel B BUIE

00 o 0 __ . 9 9%
'd—x——O, -ay———o, ‘6;‘——0, —-a?—::o. (11)

Onn BHIMIAAAT TaK XK€, KAK M YCJAOBUA OGHKHOBEHHOro HKCTPEMyMA
nas Qywkunu F. Omo caedyem paccmampusams aums wox yxas3auue,
obaez2qaloujee 3anoMUHAHUe,

W merop Jlarpawka npuBOIMT K HEOOGXOAMUMHM  YCJIOBUAM.
B ocranpHOoM 38HeCh MOweT OHTb TOBTOPEHO TO, YTO OMJIO CKa3aHO
B KOHIE NPERBIYIEr0 HOMEpa,

3AMEUAHUE. B U3/0XKeHHOH TeOpUH CYIIECTBEHHYO DOTb Mrpao
NpeAnoOJOXEHHE O PaHre MAaTPHUH H8 YACTHHX HPOMS3-
BOXHH X, KOTODHM MH BOCNOJb30BaAuCh TPHKAH, IIpn pemenun 3agay
OlHEM M3 YKAa3aHHHX METOJAOB — A/ YBEPDECHHOCTH B TOM, UTO HE
nponyitena HPR OXHa TOYK3, JOCTaBafiowas (pyHKnﬂH OTHOCHTENb~
HBl  9KCTpPEMyM, — C/IeNOBaJ0 OHl NpEABapUTENbHO YCTAHOBHTH, 4TO
YNOMAHYTOE [MpPEANOJOXKEHHE BHIIOJHACTCA Ha JeJe BO BCEX TOYKax
paccMarpuBaeMoli 06/1aCTH, YIOBJETBOPAIOILMX YpaBHeHUAM CBAsu. B mpo-
CTHX CJyyasx Msl OyZeM NperoCTaBJAsTh STO YHTATEJo.

IMepetinem K npumepam ¥ Sajauam.

321, Npumepn u 3agaun. 1) [lycTsb TpeGyerca HafiTy okcTpeMyM GyHKuHH
n=xyzt NPH YCIAOBMH X -+ y -2z ¢ ==4c; 061aCThb H3IMECHEHMH flePEMEHHBIX
onpejenseTcss HepaBeHcTBaMH x =0, y =0, 2=0, t=0. Mu yxe pemuiu
9Ty 3agauy B n° 153,2), daxkruyecky Bhipakas f{ M3 NMOCAENHETO YCIOBHA.

[pusmenan x To# xxe 3amave Meroi Jlarpamwxa, BBejeM BCIIOMOTaTelbHYIO
(yHKLHIO

& =xyzt 4+ A (x+y+ 2+ 8%

B COCTaBHM YCJIOBHUA:

q);=y2t+}\ =0, ..., q);:xyz—}-)\::(),
OTKYAa
yzt = x2t = Xyf = Xy2, TaK UT0 X =Yy =2==F=¢(.

2) BepHemca X 3ajaye O HaHBHIFOZHEHIUMX CeYCHHAX NPOBONOB B DIEKTPU-
uecKolt cerd ¢ mapaaneasHwM BxmoyenueM [n° 154, 3)]. Coxpanaa NpHHATHE TaM
ofo3HayeBun, 6yAeM HCKaThb SKCTPEMYM (YHKUUH

Gy s oo s qR)=Ug1 g2+ ooo +1ngn
npu YCROBHH, YTO
F@y goeorqn =2 Uiy ) Fola_
LA 9 qn
NpU STOM MH He CTaHEM Jawe BBONHTb, B3AMEH §y, §s ..« , ny IPYrHe mepe-

MEHHble, KaK CACIaJd STO BHIIE, u6o HaMIMMH HOBBHIMH METOXAMH 3ajaya W TaK
pemaerca NMpocro.

*) Ecix BCHIOMHHTb POMb 3TOH (YHKIHH, TO CTaHET ACHO, YTO MNOCTOAHHOE
caaraemoe B coctase P 3aech Moxer GuiTh onyumieHo 6e3 Bpena.
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WUrak, nuddepennupys noanbuM o6pasoM ypaeuenue F =20, noayuum
3aTeM caenylouiee Bmpaxenue nas auddepesunana dq,:

2
q, J ln_y Jn-
dqn:_'—n{—l—;d% T +‘£¥—ld¢]n-1}-
h n—1

Moxcrasnas ero 8 pasedctso df =1, dq, -+ 1, dqy -+ ... 1y 1 dqy_y -+ 1y dg, =0,
NpHAEM K Pe3YIbTATy:

2 2
1,J Iy Jno
(1,—4_”- : ‘)ofql+ +(t,._,—§i‘-%—‘)dqn-l=0-

Jn  4i n Gn—
Tax xak dgy, ..., dg,_, YKe DPOH3BOJbHE, TO KOI(P(HUHEHTH LPH HHX 00-
PO3Hb — BynH, OTKyHAa
2 2 2 3
KL LR, P (Y
"l Ja Jn—l Jn
u
6=AVIy ¢=2V7y ..., g.=2VIa (12)

Mnuoxutenn NPONOPUHOHANLHOCTH A NECKO ONPEREAHTb M3 yPaBHEHUs CBA3M:

n
r= . VLV
i=1

ECH" anMCH“Tb METOn J]arpaH)Ka, TO HYXHO HOCTPOUTH BC"OMOFaTeHbHyIO
¢dynxuuio *) J
1,J !
PGy 9p oov s @) =Ug1+ oo F 1ngn A2 (‘;‘l'l’{‘ (X +f)
N DpUpPaBHATH Hyapo ee NpOU3BOAHBIE:

0P A J P A,J,
R P S O Sy S ] il
o T Tl ag, T g O

OTKyna cHoBa noayvaem (12), u T. 1.

3) B xayectBe Gosee Cr0XHOrO HpHMepa PacCMOTPUM TAKYM 3afauy: Tpex-

2 2 2

OCHBIH SAAUIICOMI, %-i—“!z— +CZT,=1 (a>b>c) nepeceyeH NIOCKOCTbIO [x -
-+ my -+ nz =0, npoxonsme yepes ero ueHTp; TpeGyeTcs ONPENEIUTH MOAYOCH
NOAYYaoIerocs B ceveduu saxufica. MHbiMEH caoBamu, HymHO HafiTH skcTpe-
MajbHble 3HayeHus Qynxuum r®= x4 y?-}-2%, ecam nmepeMeHHbE TNONYMHEHBI
YKa3aHHLIM BhIllE JBYM YpaBHEHHUAM CBS3 N

Meton mnckmouenns 3asucumpx auddepenumanos n® 319 3mech npusonur
K CHOXHBIM BbIKIaJKaMm; NOSTOMY MBI Cpa3y npuberseM X Meromy Jlarpanxa,

Mlas Toro yroGbi YOEAUTLCSH, YTO DAHT MaTpHiihl

X ¥y z
a@ b
I m n

*) «Heonpenenennwit MHOMHTEeAb» Mb Jaa yRoGcTBa GepeM B ¢opMme A% u
BKJI0UAEM B HEr0 NOCTOSHHYIO p.
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paBeH 2 BO BCeX TOYKAX MePeceveHHs 3MIMACOMAA ¢ IIOCKOCTHIO *), HOMyCTHM
npotuBHoe. VI3 o6pamenus B 0 Bcex onpejemutenelt BTOPOro MOPAIKA CHERyeT
NPONOPUHOHAABHOCTE SNEMEHTOB BEPXHEH M HMXKHell CTPOK; HO TOTAA PaBEHCTBO

xﬂ ys 22
Ix -+ my 4 nz=0 Baeuer 3a coboit - -+ F_l-? =0, YTO HEBO3MOXHO,
CocTaBUB BCHIOMOFaTEAbHYI0 (GYHKIUIO

x2 2 2
(3, =ttt 2 (T b Sg 5 ) 20 G my ),
APHPaBHAEM HYNIO ee NPOM3BOIHbIE:
X
XEN S p=0, y+ 1.3"2—+pm—_—0, z+x-%+m=o, (13)

YMHOXas 9TH YpaBHeHUA, COOTBETCTBEHHO, HAa X, ¥, Z M CKAadbiBad, HOJXYYHM
(c yuetoM ypaBHeHHH CBA3M), YTO A==~—12,

Ecan npenmnmonoxuth, His onpeleNeHHOCTH, YTO HM OJHO U3 yHced [, m, n
He paBHO HY;o, TO U3 (13) MOXHO yCMOTpeTh, YTO r He pPaBHO HHM 4, BU b,
Bu ¢, Torga ypasnenns (13) mepenumiyTcs B BHIE:

_ la® . mb* _ nc?
X ==~ E—r? y=-—p E—ri 2= —p =
Orciona nerko HallTH g, @ ¢ HHM ¥ X, ¥, 2, HC, MHRYA 3TO, MOXHO, CIOMXNB
STH PAaBECHCTBA, NPELBAPUTEAbHO YMHOXEHHBIE¢ HA 1, m, n, NOAYYUTb YpaBHEHHE
202 me6? n2c?
P p - P

=0,

OTKYJa HETMOCPEACTBEHHO W ONpefelsioTcs MHTepeCcyIoUHe Hac JBa 3KCTPEMalb-
HBIX 3HayeHus ri.

Tax Kak cyleCTBOBaHME STHX IKCTPEMalTbHHIX 3HaYeHMiI Hamnepel H3BECTHO,
TO 3J€Cb, TAKUM 00pa3oM, NOJNyYaeTCs HOJHOE pelleHHEe BONPOCA.

322, Tloustue BesaeucumoctH ¢yHruuii. Paccmorpum cucremy
yHKIMH
=100, Xq « . o, Xn),
y2=f‘z(xb KXoy v v vy xn)’
(14)

Im=Im (X1, Xa,

e Xy)
ONPENCNCHHHX H HENpEpHBHBIX, BMECTE CO CBOWMH YaCTHHIME IpOH3-
BOHBIMH, B HEKOTODPOH n-MepHOH OTKpHTOW o6aactu &,

MoxeT CJayuuTbCs, YTO OfHA U3 HMX, HAUPUMED Y;, SABJIAEICH $yHK-
HHUEeH OT OCTaJbHEIX:

Vi=OWn o« oy Vit Yisrs « o o5 IW)*), (15)

*) CM. samevanue B n° 320,
*#) CymecTBeHHO, Y70 QyHkuma ¢ B YMCIC CBOMX HEeNOCPEeACTBEH-
Hbl X apTyMEHTOB HE COAEPXKHT X-OB.
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rae @ Takxke OPEANONAraeTCH HENPEPHBHON (yHKIUeH oT BCEX apry-
MEHTOB C HENPEepHLBHBIMK )€ YaCTHHIMH INPOU3BOAHBIMH, B (m— 1)-
MepHeft  obaactu &, cogepkamei#l BCEBOSMOXHBIE CUCTEMB 3HaueHHH
Yoo« «Vjcts Vistre + +5 Ymp KOTODHIE TNPHHUMAIOT 5TH (QYHKUMH, KOTJA
r-MepHas TouKa (X3, Xy,. . ., X,) npoGeraer obaacts . Ilpr stoM
MBl NOAPa3yMEBAEM, UTO PaBEHCTBO (15) BHIMOJHSETCS TOXAECTBEHHO
OTHOCHTENBHO Xy, Xg,» . ., X, B oGaactu &. Torma rosopsr, 4To
B 5TO# o6aacTu QYHKHUHS y; 3aBHCHAT OT OCTAAbHHX.
B uacthocty, Taxk Oyder, ecau y; CBOAMTCH K NOCTOSHHOH: B 5TOM CJy-
yae MOXHO noJjoxuTh # @ = const.

QyHKIMH 3y, Vo,. - ., Y, HA3HBAOT BOOGIIE BaBHCHMMLMH
B o6nacth &, eci 0aHAa u3 HUX (BCE PABHO KaKag) BaBUCHT OT
OCTa/bHHIX.

Ecae up B obaactu &, uu B KakoH-nmubo uactuynoll, B Hed conep-
wawecs, obaacTy He umeeT MecTo TOxMIecTBo Buaa (15), To dynxuun
Y Y- - «» Yy Ha3HBAIOT HE33BHCUMK MHE B obaactu .

OtBeT Ha BOMPOC O HE3aBHCMMOCTH (YHKUMH [aeT pacCMOTPeHHe
TdK HasHBaeMOH (QYHKHUOHAJNBHOH MAaTPHLH, COCTaBIEHHON
U3 YaCTHbIX MPOM3BOXHBIX 3TUX (YHKUUH IO BCEM HE3aBUCHUMBIM Mepe-

MEHHBIM; Oy 0y, Oy,
0x1 dxg t 'axn
_@;y_g_ ayg a)’s
Ox, 0xy " " "0x, | (16)
_b_yl. N ay_"’
ox, Qx, ~ ° " 0x,

Tlpeanonaras n==m, npexae BCEr0 HMEEM TAKYIO TEOPEMY:
Teopema 1. Ecau xoms odun onpedeaumeas m-20 nopsdxa, co-
cmasaeHnbll u3 ssemermos mampuub (16), omanden om Hyas 8 obaa-
cmu &, mo 8 amoii obaacmu BynKyun ¥, Yar <o Y He3a8UCUMBL.
HDoxkasaTteabcTBo. Ilycts

0x, O0x, "~ Oxpy
9y B s
BRI £ (7
DY Bm | Bm
O0x; 0x, """ oxpy

Ecau 6n He paBHmIM Hy/Mo Owim He 3TOT, a Kako#-nnbyap JApyro#
ONPENE/HTE/ib, TO, M3MEHHB HYMEPAUMIO NEPEMEHHHX, MOXHO OblJIo Onl
CBECTH BONPOC K cayuaio (17).
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Ioxasatenpcrso TeopeMn Gymem pectd or nporussoro. Ilpeano-
JIOXHAM, YTO ONHA U3 QYHKUMH, Hanpumep y,, BHPAKAETCA YEPE3 OCTaMb-

HHlE, T4K UTO

’ ym=®(yl» Yo aes ym-l)’ (18)
x0T On B HekoTopo#t uacrn &, obaacru .

IpoandpepeHUEPOBAB STO TONASCTBO O KaxIOH M3 NEPEMEHHHIX
x; (=12, ..., m), Mo nonyuum psx Toxpmects (8 &) suia
W __ Ym0y | Om 09 Wm_ Ym.
0x,~_0y1 0x,-+0y, 'a’x—i"*"...—‘—m“d—xi—- (i—l, 2, ..., m).

Mb BHAuM, uTO 3AeMeHTH nocneaHed crpoxku onpeneanreas (17)
NOAYYaTC MyTeM CJAOXKEHAs COOTBETCTBEHHEIX SJEMEHTOB MNEPBHX

0
m—1 CTPOK, YMHOXEHHHX NPEIBAPHTEILHO Ha MHOXUTEH 3’;—’!‘—,
1
lis
eens @yﬂ. Taxolt ompenenutTeab, KaK M3BECTHO, paBeH Hymo. D10 mpo-
m—1

THBOpDEUHT ycioBuio Teopemel. IlomyyenHoe npoTMBOpeuke JAOKAsHBAET
HEBO3MOXHOCTh paBeHcTBa (18).

323. Panr ¢ynkuuonaasnoii Marpunnl Ilepexoas k obuiemy cay-
¥alo, BBEUEM cJaeayomee onpenenexune, HasopeM paHrom QyHKIHO-
paapHofl Marpuun (16) (B o6nacTu &) HaueClIMR M3 NOPAAKOB
onpeneantesiell, 00Pa3OBaHHBIX U3 CTPOK H CTOAOHOB 3TOH MaTpHIH
1 He OOpamIAOWUXCE B HYAb TOXKIAECCTBEHHO B 7. MoxeT, KOHEUHO,
CAYUHTHCA, YTO BCE€ SJeMeHTH MaTpuuw (16) Toxmecrenno opa-
HAIOTCA B HyJb (TOFA3 FOBOPST, YTo paHr Marpuuu 0), HO sTOT Cayudaft
HE NpPEACTaBJfeT MHTepeca, 6O 37ech NONPOCTY BCE (PYHKUUM

Jv Vo ceos Inm

cBONATCS X mnocTosHHHM., Ecmu panr Mmarpuns (16) ecth p=1, To0
CyulecTByeT XOTs O OIMH ONpeACJHTeNb W-TO NOPAAKA, COCTAaBACHHLIH
K3 BJEMEHTOB MaTPHIH (9TO, KOHEYHO, MPEINONaraeT m=p H nz=p)
B He pasHHH B & TOXIECTBEHHO HYM IO, B TO BpeMA Kak BCe onpene-
JAuTeNH TOPSAKa BHIUE g (GCJHH TaKOBHE MMEIOTCA) TOKAECTBEHHO PaBHH
Hymo. I'oBopsT, YTo paHr p MaTpuul JOCTHTAE€TCH B TOUKE Py,
€Cad YINOMSHYTHH OnpesenanTeNh @-ro NOpsiKa OTAXYEH OT HyJd 8
3TOR TOUKe.

Teopema 2. ITycms pamnz gynryuonassrofi mampuym (16) 8 o6-
racmuy J ecms p==1, u Odocmuzaemcs on 8 mouxe M, Toz20a &
nexomopod oxpecmuocmu &y amoii mouwu . PyHKyui, u3 vucia
Howux m, Oy0ym He3aSUCUMBLMU, Q OCMAAbHBE m-—p OM HUX 3a-
sucam. [IIpn 5TOM HesaBuCUMHMH OyayT HMMEHHO Te (YHKIHH, NpOUs-
BOOHHE KOTOPHX BXOAAT B ONpENE/HTE/]b, OTAHYHMH OT HYAs B TOUKe M,.]

JNOKABATEABCTBO, /A YIOPOHIGHHS MHCbM3, Ml NpOBENEM AJA
yactaoro caydad., Ilpeanmosoxum, yro jJaHH TpH (YHKHMM OT TPEX
IepEMEHHHX:

Yi=11 (X%, X X3), Ya==J3 (%, X X3), V3 =fy(xp X x3),  (19)
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DpUYEM paHT (YHKUHOHAJILHOM MaTpPHILHI
ofy 9f O

dx, 0xg 0x,
o O, 0f, "
dx, ax. ox (16%)
ofy o, ofs

0x, 0xy 0x,

paBeH IBYM # nocturaerca B Touke My (xy, X%, xU). Ilycts B asTOMt
TOUKE OTJIHMYEH OT HyJs, CKameM, ONpPEAeHuTe/h

o O
dx, 0xg
o, Ofs|" 20)

0x, 0x,

BBuy HenpepHBHOCTH 4aCTHBIX MPOU3BOAHMBIX, TO e OyaeT U B HEKOTO-
Po#l OKpecTHOCTH TOYKH My, Tak 4r0, N0 Teopeme 1, pyHKUUM Yy U Y,
B 3TOH OKPECTHOCTH HE3aBUCHUMBEL

Tonoxum

0 4.0 40\ . )0 0 —_
fl(xv xe’ xs) —yu f2 (xp xg’ xg)—-y';
U ODPUMCHHM K CHCIEME ypaBHEHHﬂ

J1(xy, Xg, X3) — 311 =0, fo(xy, Xy, X3) — ¥,=0 @1

C MATHIO NEPEMEHHBIMH X3, Xg X3 Vi, Vo, B OKDECTHOCTH TOUKH
Py (xy, x5, x5, V5, ¥3), KoTOpas 3TOH CHCTeMe YHOBJETBOPSET, TEOPEMY,
aHanoruynyio teopeme 3 n° 317. UmenHo, monab3ydach TeM, uTO oOnpe-
JIeNUTeAb, COCTaBJEHHHI M3 UAaCTHHIX IPOU3BOAHBIX OT JEBBIX yacteft
ypasHenu#l (21) mo x; ¥ X, B TOUKe P, OT/IMYEH OT HyJs, Mbl MOXeM
YTBEPXKIaTh, YTO B HEKOTOPOH OKPECTHOCTH

oMy=(x] —38;, x|+ 3y x;—38 X} 8 x—8, X2+ 3y
Vi~ yi-FAy yy— 8y v+ 4y)
sTOH TOUKM cucreMa (21) onpesensieT HMEHHO X; M Xy KaK OJHO3Hay-
HHe (QYHKUOME OT X3 Y H Vg
X1 =01 (X3 V1, Vo) Xa==P2 (X3 V1 Vo) (22)

HanoMHuM, YTO—€CJH OrPaHHUYUTbCH OOdacTbhiO offy—
cucrteMs (21) m (22) coBepIIEHHO PaBHOCHJBbHBEL TOUKH
yNOMAHYTOH 00/acTH, YAOBACTBOPSIOUINE OJHOH U3 STHX CHUCTEM, YHOBJIE-
TBOPAIOT M Apyroit. VI3 camoli TeopeMmbl, Ha KOTOPYI0O Mbl ONHPAUC,
CAENyeT, 4TO, €CM BMECTO X; Y X, HOACTaBuT, B (21) dynkuum (22),
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TO MOJYuYyaTCsi TOXIAECTBA OTHOCUTE/NBHO IEPEMEHHHX X3 Vi, YVa
B Mapaniejenunene

(55— 3 2+ 35 31— Bp Y445 ¥ — Ay ¥+ D)

Ho mast nac ceftuac BaXKHO U NPYTOE: €CAll 8Mecmo 3, U Yy ROOCMAQBUNS
8 (22) gyuryuu fyu fo, mo noaysamcs m o e de ¢ m 8 a OMHOCUMELLHO
NePeMEHHBLX Xy, X9, X3-— MO KpakHel Mepe B HEKOTOPOH OKPECTHOCTH
Touku M, (x5, X3, x). ViMenHo, mocrarouso BHOpaTb 3Ty OKPECTHOCTb

D= (x— 8y, x2-+85 x,— 8y, x2--3g; x3— By, 0+ By)
TaK, 4ToOHB OBLIO:

03, <<, 0<C3=<<dy, 03y

U, KpOME TOro, uroOH HJf €€ TOYEK 3HAYEeHUs y; W Jy, oOnpeaeiseMbe
us (21), T. e. sHauenus OyHxkumd f; m f oramyamuce or Y M Yy,
COOTBETCTBEHHO, MeHblle, yeM Ha A; u A, *), [lefictBureanHo, Toraa
TOUKa (Xy, X9, X3 V1, Vo) TONAZET B ofy W OAHOBPEMEHHO C paBeH-
crBamu (21) DOJKHBL BHINOJHATBCA M paBeHcTBa (22).

O6parumcst Teneps K TpeTbeH ¢yHKuuH

Ys=J3 (%1, X9, X3);
HOJCTAaBHB BMECTO Xy M Xy Cioja ¢ymxuun (22), noayynm

V3=La(p1 (X3 Y1 Vo) P2(Xs, Y1, Vo), X)) =P (%5 Y1 y2). (23)

Ha oCHOBaHMH C/IeIaHHOTO BHIIIE 3aMEYaHHs, €CAH B 3TO PaBEHCTBO
BMECTO ¥y, Yy U Y3 TIOACTABHTh, COOTBETCTEENHO, GyHKuMU fy, f u fi 1O
OHO YHOBJIETBOPUTCS TOXKHZECTBEHHO OTHOCHTEIBHO X-0B B 00~
aacta Y.

Ias Toro uroGn yGeIuThcs B 8aBHCHMOCTH (YHKUHA Y3 OT
QyHKUME y; W Y, OCTAETCA AMWIb NOKa3ath, yt0o GyHrnus @ B (23)
Ha JgeJe aPryMeHTa X; He COLEPXUT, Tak uro (23) MoxHO
HANUCaTh Tak:

Y3=0(y1, yo)-

C 3ToH LeabIO, OYEBHAHO, AOCTATOYHO YCTAHOBHTH, UTO

00
Pt =0 (24)
TOXHOECTBEHHO OTHOCHTEIBHO X3, Yy, Vo IO caMoMy ompenede-
nuo O;
0e __ of; 0‘?1 _+_0f3 0‘?2 __l_% (25)

Ox,  Ox, Ox, | 0xy 0x, | 0x;°

#) 3T0 MOXHO OCYIeCTBHTh Bm«my HenpepuBHocm dynxunft fi 1 fo Opu-
HHMAOINUX B Touke M, aHavenns yd u yi.
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C nmpyro#t croponsl, ecan npomuddepenunposare no X; ypasuenus (21),
CYMTafd Xy H Xy QYHKUUAME OT Xg, ¥, Yy, TO NOJAYYAM PABEHCTBA

"L.a_ﬁ_l.afl .‘3_?%+0f1__0

Ox, Oxg | dx, 0xy U 0x, (26)
O  On | O On 4%
Ox; 0xy | Ox, 0xg | 0xg
JUHEHHBIE OTHOCHTENbHO BEMHUMH gﬁ‘ g%. W3 suHefiHnX paBeHCTB
8
(26), xax caencrtBHm e, BHITEKAET TPEThE n:menﬂoe PaBEHCTBO:
O | ofa a‘?s 0fs ¥
ox, dxa T ox dx, ~ 0x, Rarrs 0x, =0, (26%)

FOTOMY W4TO OMNpPEAENMTENb TDPEThEro NOPSAKA, COCTaBJACHHHH M3 KO3(-
(UUUEHTOB NPH YNOMAHYTHIX BEJAUYMHAX H U3 CBOOOJHBIX UJICHOB
o Oh O
0x, 0x, 0x,
ofy Ofy Ofy
0x, 0xy 0x4
ofs Ofs Ofy

0x, 0xy 0X,

TOWHAECTBEHHO papeH Hymo (Bed» paHr wmarpuus (16) ectb asal).
Conocrasaenne pasencrsa (26*) ¢ (25) u nmpueoxut k TpebGyeMomy
TOXRECTBY (24).
ITpyMEP. PaccMoTpHM cuCTeMY (yHKUUH
V=X, + X3+ x5 yg=x]- xi+4 x5
V== Xy Xg - Xo Xy X5 X1

Jlerxo mposeputh, YTO QYHKUMOHANbHAA MATPULA

1 1 1
( 2x, 2xs 2x, )
XoF Xy X+ X Xy 4 Xy
6yner uMMeTrb paHT 2 BO BCEM NpPOCTpaHcTBe. B COOTBETCTBMH ¢ 9THM, OIHA
K3 QyHKUHH 6ylNeT 3aBHCeTh OT ABYX APYI'HX, HalpHMep,

Ys=yi— 2y

§ 3. ®YHKUHOHANBHBIE ONPEJEIUTEIH
H HX ®OPMAJIbHBIE CBOUCTBA

324. dysxunoHANbHbIE ompenenuTenu., B npeasgymux naparpadax
BaXKHBIM OpYIMEM WCCAEXOBAHUSA CJHYXMIM 0CO60Oro pola Onpeie/uTend,
COCTAB/IEHHbHE M3 YaCTHHIX NPOU3BOJHMX; OHYW MO OTHOLICHHIO K CHCTEMaM
(YHKUHH Wrpajm TaKyl e DOJb, KaKyl WrpaeT OOBIKHOBEHHas Npous-
BOAHas JJas omxuoRt ¢yHKuUMM [cp., HanpuMep, TeKCTH TeopeM 1 u 3,
n° 815, 817]. Mu uayunm 3gecp HexkoTopsie (OpMaibHhe WX CBOKCTBA
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(TaKke HaNOMHUHAIOWME COOTBETCIBYlOUIME CBOHCTBA OOHKHOBEHHHX MpO-

W3BOAHBIX), 4TO OOGJEruntT HCNOJL30BaAHHE yNOMSIHYTRIX OnpejeanTenel
B JajabHelluem.

Hycrb JaHbl n (pyHKllﬂﬂ OT 11 NIEPEMEHHBIX
y1=fl (xb xﬁ) csed xn):
y2=f2 (xb Xy e0es xn);

e s & s & e s & s e

yn=fn(xb X9 very Xp),

KOTOpHE ONpeleNeHsl B HEKOTopoi n-mepho#t o6aactd & u umeloT B Hel
HETpepHIBHHE YaCTHHIE MNpPOW3BOJAHME MO BCeM nepemensnM. CocTaBum
M3 3THX HPOH3BOMHBIX OMpPEHE/UTENDb

M

W I O 91 05 O
0x, 0xg3 *"° dx, O0xy 0x; """ Ox,
ox; 0x; °'° Ox, 0x;y 0xy """ Oxg

L P I )

e e e s e . s e

n OYn 99, 9y, 0y, W
0x, 0xg ' ox, 0x, 0x, """ ox,
I10T onpenenuTeNb Hasmpaercsi GYHKLUUOHAaJAbHHM ONpele-

avteaeM cucteMbl ¢yHkuuit (1) MO NEpPEMEHHEIM Xy, Xp, ...y Xp
un 0008HayaeTcs, AJsS KPaTKOCTH, CHMBOJIOM

Dy Yo -5 Yn)

D(xy, x5 vy Xp)’
CXOAHHM ¢ 0003HaueHHEM OOGHBIKHOBECHHOH NPON3BOLHOR.

PyHKUMORaNbHEE ONpeRenuTeny ObinM BBENEHH B HaYKY HPUMEPHO OLHOBpe-
MeHHO (B konune 1833 m B nHayaze 1834 r.) flko6u m OcTporpaickuM, B CBA3H
C OFHUM M TeM € BONPOCOM — O 3aMeHe NePEMEHHBIX B KPaTHHX WHTerpanax
[em. muxe n° 355, 359 u 384]. Heckoabko noaxe (8 1841 r.) flxo6u onyGaukosan
paboTy, rie Gblay H3YYeHH CBONCIBA 3THMX OIpefieNHTeNel H NaHH B Pa3sBepHYTOM
BHAe WX NPHAOXEHUA KaK K yIOMAHYTOMY BONPOCY, TaK ¥ K TEODHH HeABHHX
Gysxkun#. B cBA3SH C 9THM (QYHKUMOHANBHLIE ONpeNENUTENH W CTaid OGBIYHO
HasslBaTh onpedesumeanmu Sxobu wiy sxkobuanaxmu. O6o3nauenve GyHKUHOHANB-
HBIX oOlpejeinTeney, yKazanHoe Bhillle, HPENIOKHA BHOCICKCTBUU aHrIHHCKuHA
MareMat¥k JoHKHH,

325. YmHoweHHe QYHKUMOBAALHLIX ompemeautenell. llas ynpoue-
HAS 3aMHCH OrPaHUYMMCS, HAPHMED, ONMpeleNuTe/MU TPETHEro TOPSAKA:
NOJyueHHsie pesyabTaTHl OyAyT uMeTb coBepwleHHO oOmuH Xapaxrtep.
Wrak, ucxoaum us cucteMsl ynxuu

=r1(xy X9 Xx3)
y2=f9 (xb Xo» xs)» (1*)
Ye=S3 (%1, X5 X3),
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KOTOpHE onpefiencHsl B (TpexMepHol) obaacta & u umeioT B Hell
HeNpeprIBHHIE UYacTHHE TNpPOW3BOAHLIE 1O BCeM mepemeHHuiM, Kpome
cucremst Qyskuni (1%), BosbMeM cucreMmy ¢yuruui

Xi= @1 (tlr tﬁ’ ta)»
Xg== P2 (tlr t!: t3): (2)
X3== @3 (ty, 13, t3),

OTpEeNe/EHHHX ¥ MMEIOIUX HelpepHBHEE NPOU3BOAHHE B (TPEXMepHOH
we) obnactu &. Ilycts npu usmeHennu TOuKM (4, #y, ;) B &P coOTBET-
CTByOIAd TOUKAa (X, Xy X;) He BHIXOAMT u3 ofmactu &, Tak uro
Y1 Yo Y3 MOXHO D2CCMATPUBaTL KaK CJOXHBE (QyHKUUA OT &y, f, #y
Yyepe3 IOCPEACTBO X;, Xy X3 YMHOXHM Tenepb (YHKIUOHAABHBIR
onpefenuIeah cucTeMsl (1%)

9y Oy1 01
0x, 0X, 0x,
0y 0y 995
0xy 0x, 0X,
s 09y 95
0x, 0xy 0X;

Ha (DyHKLHOHAJIbHHIH Onpefie/iresh CACTEMH (2)

0x, dx; Ox,
0f; Oty Oty
0x, 0xy 0Xy
0t, of, ot,
0, 0z, 02y
oty Ofy 0t

Ilpr 5TOM MBI BOCTOJIL3YEMCS HM3BECTHOH TeOpeMOM YMHOXKEHUS Ompe-
NlesnTedIel, KoTopas Bhipaxaercs QopmyJoH

a3y Qg Q3 by by by €11 Cig C13
Qa1 Qgg Qop | * | bay Bog o |==| €qy Cqq Cg3 |
a3y Qgg Qg by byy by €31 C3g Ca3

rae
Cip == by, Qiabyy +apsby, (G k=1, 2, 3)
(ymHoxaerca «CTpoka Ha croaben»). B namem cayuae

__ Oy 0x, oy 0x, Oy;  0x4
T N T A T

T. € — 10 QopMy/e Mg NPON3IBOAHOM CAONKHOH (PyHKIUN —

4

Con =(‘;3t’—; G k=1, 2, 3).
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OKoHuaTenbHO B pesy/IbTaTe IOJYyUYaeTCsd ONpeacianTe/]Ib

0f, Of, of,

0f, Ofy Ofy |»

Wy s 0y

ot; oty 0t,
a 3T0 €CTh (YHKIUOHAMLHHE ONpedeNHTeNb CHCTEMBI (YHKIUH 3y,
Vo Y3 HO NEPEMEHHEIM fy, f,, f3. VTak, B KpaTkux 0603HaueHHAX:

D (31, Yo ¥a) — D (315 Y2 ¥3) . D (x4, Xy Xa) 3)
D (tlr ts ta) D (xly KXoy xs) D (tl) 129 ts) *

Ecan Ol uMenn O LHY (YHKUMIO ¥ OT X, TAe X €CThb B CBOI OYEpElb

QyHKn#s OT OJAHOMH mepeMeHHod f, TO moJyuman O OObYHYIO (op-
dy dy dx

MyJly AJs TpPOUSBOAHOH CAOMHOH (yHKIWZ: G =dx " drs ToayuenHad
Hamu ¢opmyaa (3) gBaserca ee oGolueHHeM.

OtMeruM o0co60 ciayuat, KOria nepemMeHHme 1), fo, f3 TOXOECTBEHHH
C Y Yo Vs Tak uTO cucreMa ¢yHxuuit (2) ecTb NPOCTO PpESYIbTAT
«06pamenus» cucremn (1) (camyl BOSMOMHOCTb Takoro obpalueHus
MBI 8leCh Jonyckaem). Torma HaitneHHOe Bhillle COOTHOIIEHHE CBEAETCA
K cheayolemy;

D(yy Yo, ¥5) | D(x1, %5 x3)= 1 4
D (x4, X5, %3) D (Y1 Yo ¥s)
NN
D (vy, ¥o ¥5) — 1 ()
D(xg, x9,x5) D (x4, X x3)°
D (¥4 Y1, ¥s)

B oromM Buge oHO HanomuHaeT QopMyJy /a8 TNpousBoJAHOH oOpaTHON
dyHKun.

326. YMHOmeHHEe HEKBAAPATHHIX DYHKUHOHANBHBIX MAaTpULL U 31ech
MBl BBIACHMUM OOIWMH pesysibTar Ha NPUMEPE YMHOXEHUS NPAMOYTOJbHEIX
MaTpUILL YaCTHOrO BMA3. PacCMOTpUM CHauyaja YMCJIOBHIE MaTpPHLIBI

byy by
Ay Qg Qg3 bor b
Qg g Qs a 21 Ugg |
21 Qoo

b3y by,

Kak n3BecTHO, MX NIpOM3BEJEHHWEM HA3LIBAaeTCA KBAaJApaTHas MaTpuua
(Cu Cm)’
Ca1 Coe

Cip == Q33D+ Aiabap - Qisbas G k=1, 2).

rue
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Onpeneaurens BTOpPOro NopsiKa, COOTBETCTBYIOUMH S5TOH MarpHuE:

@11y - @by - argby @y bia - robay - @13bsg
51011+ Agebg1 -+ agebyy Qg1515 - Qaalys - Ag3ba

paBeH CyMMe NPOM3BEJCHMH MONAapHO B3ATHX ONpeleauTe]ell BTOPOTO
NOpsAKa, COOTBETCTBYIOUINX NEPEMHOXKAEMbIM MaTPULLAM:

bubm b‘llbiﬂ
b‘hb‘li benbae

11249 byybgy

bllbl‘l

Q1943 Q43043

91099 Q99043

Qo3

PackpeiBas onpezenuTeNn, JErko NPOBEDHTh STO TOWKAECTBO HENOCDEX-
cTBeHHO (B BhICWieH anreGpe ycTaHasauBaeTcs M oOwWwas TeopeMa, OTHO-
CAWAACH K YMHOXEHUIO MPAMOYTrOJbHBIX MATpHIL).

[Ipumenum Tenepp STOT peSyJLTAT K (PYHKUMOHANBHHM MAaTpULLAM,
Iycts uMeeM ABe QYHKUHH ¥;, Y5 OT TPEX NEPEMEHHHX Xj, Xg, Xg

n=rhx, Xy X3), Yo=/fo(¥p X3 X3),

HpUYeM, B CBOIO OYepelb, NMEPEMEHHBE Xy, Xy, X3 ABAMIOTCH (PYHKIHUAMA
OT ABYX MNEPEMEHHHIX Iy, fy

xy=¢1 (fy, fo), Xg==a (1, f), X3==1p3(t;, 3).

Mpennoaaras Ana BCex QYHKUMH CylIIeCTBOBAHHE HEMPEPHBHHIX YACT-
HBIX NpPOHM3BOAHHX, INOCTapacMmcs HalTi BpIpaxeHue s Q)YHKHHOHaJlbv
HOTO ompegeauTenss OT CHCTEMH (YHKIUER y; U y; NO MEpEMEHHEM Iy
u f;. C 5TOH Heablo NEpeMHOXUM ABE (YHKUMOHAJIbHLIE MaTPHIbL

0x, o,
0y; dy, Oy, ot, 0Oty
(Oxl dx, 0x, u Oxy 0x,
dys 0_)’9 _0_,)_’_21 ot, oty | °
\dx; 0x; 0X, 0x, 0x,
o0t, 0Oty

B nanHOM caydae
ai,——"—”xij (=12 j=1273)
bjk=a_xi (G=1,2 3% k=1, 2

U, HaKOHel,

Oyi Ox1 +0y; 0xy + (7% ax, 9

Cik = Gx, " Oty T Oxy Oy | X, Oty 0ty
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TIpumeHss slech YKa3aHHHIM BHILE PE3Y/bTaT, NMOJAYYHM TOXAECTBO

0y, Oy Oy, Oy, 0%y 0xg Oy; Oy, 0xy 0y
O, Oty | _|0x, Ox; | |0f, 4 0x, Ox,| |0, ot 1
Oys Oys Oy, Oys | |0xy Oxs Oys Oys | 10X, 0x4

ot; 0ty ox; 0xg 0f; Of, dx, ox;| |9, Ot

9y | | 0% 0%
4+ 0x; 0x, dt, 0t,

s Oys| | 0x, 0%,

Ox; 0x, ot, oty

KOTOpO€ B KpAaTKMX o6o3uavenuax TEpEenuIueTCs Tak:

Dy, v:) Dy, _Vs) D%y, x3) | D(y1,9s) D (xs, X3) +
Dty ts) — Dixy xn) D (¢, ta) D (x4, xa) Dty ¢,

D (y,, ¥,) . D (xs, x4)
oG D ©

Ecan Obt peus wia 06 0 A HO R QyHKUHH y, KOTOpad 3aBHCUT OT O HO#
nepeMeHHo ¢ uepe3 IOCPEACTBO TPE€X NepeMEHHNX X, X X TO

noayuunacr On oOwuHas Qopmyna Ins AuddepeHnupOBaHAs CAOKHOM
GyHKIIK:

dy 0y dx,

dx, Oy L dx,
df = ox, + oxy =t Tox ox, dt’

¢dopmyna (6) ect ee amanor.

B nmampHeflmieM Ml eme TAyGke H3YUNM aHAJOTHIO MEXIY NPOWS-
BOAHBIMH M YHKUHOHAIBHKMK onpesenutensmu [n° 354, 2% n° 383]



IVIABA ZIBAZLIATASI
KPUBOJIMHEAHBIE UHTETPAJIBI

§ 1. KPHBOJIUHEHAHBIE HHTETPAJIBI IEPBOIO THIA

327. Onpenenenue KpPHUBOJHHEHHOr0 HHTErpana MmepBoro THNA.
IOas Toro 4roOs eCTECTBEHHHM IyTeM NpUATH K 3TOMY HOBOMY NOHs-
THIO, PacCMOTPHM ORHY MeXaHWuecKyl 3afayy, KOTOpas K Hemy NpH-
BOJMT.

Iycte maHa miockas mpocTas ¥)  cnpsmasemas KpuBas  (K)
(puc. 8), BHOAP KOTOPOH pPACHOJIONKEHBl MacCel, MPUYEM H3BECTHA
v UX JuHefiHas NAOTHOCTE p (M) BO
Bcex Toukax M kpusoil. Tpebyerca
ONpefeauTh Maccy m BCeH Kpu-
Bo#t (K).

C aroff HeJBI0O MENKAY KOHUAMU
A w B KpuBOH BCTaBUM IIPOU3-
BOMBHO pAAZ TOYek Ay Ay ...
veus Apg (Ag 1 A, D8 cUMMETDUU
0603HaueHHH  OTOKIECTBASIOTCA C
A u B). Mu cuyutaem ajas onpe-

Puc. 8. HEJEHHOCTYH, YTO TOYKA 3TH Nepe-

HyMepOBaHH B HampasjieHun oT A

K B, X0Tf HuMuTO He Mewano Ob HaM HYMepoBaTb WX # B OGPaTHOM
HanpasJeHan,

Basp kaxywo-nubyab Touky M; na ayre A;A;; KpUBOH, BHUMCINM
mioTHOCTD p(M;) B sroff Touke. IIpuOauxeHHO cuuTasg, UTO
TaKoBa Ke HJIOTHOCTb BO BCE€X TOUKAaX 9TOlO y4acTKa,
u obosnauas aauny nyru A;A;., uepes o;, A9 MacCel m; 3TOH JAyr,

*) Henpeprienas KpuBas Ha3bBaeTCA NP OCTOH, €C1¥ OHA 3alaHa NapaMer-
pHYECKH ¥ KaXAas ee TOYKA MOoayyaerca JWIIb MDY ONHOM 3HAYEHHM Hapamerpa;
B Cayyde 3aMKHYTOH NPOCTOH KPUBOi MCKIIOYEHHE NPEACTABIAAET ERUHCTBEH-
Haf TOYKA, B KOTOPOH <KPHBad 3aMLIKAETCA» W KOTOpag OTBEYAeT KB Y M Kpait-
HYUM 3HAYEHHAM MNapaMerpa.
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GyaeM BMeTb MpUO/IMKEHHOE BHIDAXKEHHE
my=p (M),
a I BCe# HCKOMOH MacChl — BHIPaXEHHE

n-1

m== 3 p(Mjo;
i=0

TTorpemHocTs 3TOrO MOCAEAHEro, CBA3aHHAS CO CHE/AaHHBIM BBILIE
NpUOJUIKEHHBIM AOMYIIEHHEM, OYIET CTPEMUTbCS K HYJIO, €CHM JIHHBL O
BCEX YUYaCTKOB CTPEMATCA K HYJIO.

Taxkum o6pasom, oGosHauas uepes A HauGOJBINYI0 K3 JAUH 0; A4S
NnoJiyueHdss TOYHOH (hOpPMysHl OCTaeTCd Jumb HepedTn X npeseny:

n—1

m=1im Z p (M;) ss.

A= 4

Cranem e wusyuar BooOLle NpeNesbl STOr0 poOJa H, OTBAEKAACh
OT PAacCMOTPEHHOH 3ajauy, BO3LMEM NPOUSBOJBHYIO <«(PYHKIHMIO TOUKH>
J(My=f(x, y), 3alaHHy10 BIOJb HENPEPHIBHOH IJIOCKOA CHPAMASEMOH
kpusolt (K)¥), W mOBTOPUM yKasaHHHE Iponecc: pas6us kpupyw (K)
Ha 2JMEMEHTapHbie AyrH A;A;1; ¥ BHOpaB Ha HAX NPOMBBOJBHO MO TOUKE
M; (&, =), BoluncauM sHauenus f(M;) =f(E,-, ;) B HUX 1 COCTaBUM CyMMY

2 f(Ml) 9; = Z f(Ei’ l) 9

i==0

OHa TnpeicTaBaseT CcoO0H Takxe CBOEro poJa HHTETPANBHYW
CyMMy.

Koneunnii npedea amoii cymme npu cmpemieHul A==maxs; K
HYAI0 HQ3b6i8QEMCS KPUBOAUHEHGHLLM UHRMe2paA0OM (NepBoO2O
muna®*)) om gynxyuu f(M)=f(x, y), 63ames no xpusoi uiu no
nymu (K), 1 0003HaYaeTCqd CHMBOJIOM

{remas =\ re s M
(K) (K)

(rae s ects AAMHA Ayrd KpuBoH M ds HANOMAHAET 06 SAEMEHTAPHHIX IJn-
Hax o;).

TouHyi0 XapakTEPHCTHKY NPEJEIbHOTO MPOLECCa MOXKHO NPENOCTABHTH
yuTaTeNIo,

*) [lpu stoM mnpexnonaraercs, YTo B OCHOBY IOJOXEHA HEKOTOpasd HPAMO-
yroibHas CHCTeMa KOOPIHMHAT.

*¥) B oTaMyne OT KPHUBOMMHEHHLIX WHTErpaloB BTOPOro THIIA, pacCMaTpuBae-
muix Huke [n° 330
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Takum 06pasom, NONYYEHHOE BHILIE BHpaueHKe /s MACCH MaTepHailb-
HOH KpHMBOH MOXET OHTb NEPENnHCaHo Tak:

me=\ o as @
(K)

Ommemun ocobo, wmo 8 npusedeHHoM onpedescHun He uzpaem
HUKQKOI poau Hanpagarerue, xomopoe Moxcem OGums NpudaAHo
nymu (K). Ecawn, nanpumep, 5Ta KpuBad He 3aMkHyTa u nol {AB) u (BA)
pasyMeTh DasHO HanpaBJeHHKE KPHBbHE, TO

fMds= g JF (M) ds.

(4B) (Ba)

AHaJIOrMYHO PACCMOTPEHHOMY, MBl MOTJIW Obf BBECTH NOHSTHE HHTE-
Fpajla, PpacHpPOCTPAHEHHOTO Ha NHPOCTPaHCTBeHHYyio Kpusyw (K):

Sf(M) ds== Sf(x, ¥, 2)ds*).
) e)

(¢

Bpuay oTCyTCTBHS HOBHIX NPUHUKNUAIBHEIX MOMEHTOB HET HafoGHOCTH
BIaBaTbCad 374eCh B NMOAPOOHOCTH.

328. Csenénse K OOGLIKHOBEHHOMY OINpelEJCHHOMY HHTErpany.
Ipennonoxum, uro Ha kpusofi (K) NpOu3BOJBHO YCTEHOBJEHO Hanpa-
Baenue (OJHO M3 JRYX BO3MOXHHX), TdK YTO TOJOXEHHE TOYKH M Ha

S’
KpuBO#l MOXeT OnTb onpefeneHo AAuHOH Ayrn s= AM, oTcunTmBaemol
or HavazpHOH Toukm A. Torza kpupas (K) mapaMeTpuuecKH BHIPASHTCH
YPaBHEHUAMH BHAA:

x=x(), y=y@) (O<s<$),

a ¢ynxnua f(x, y), 3ajannHag B TOYKAaX KpPHBOH, CBEAETCA K CAOKHOR
¢ynxuun f(x(s), y(s)) or nepemenHo#t s.

Ecmm uepes s;(i=0, 1, ..., n) obosHauuTb 3HaueHus JAyTH, OTBe-
yalomue BHODaHHMM Ha fAyre AB Toukam aeneHus A; TO, OYEBHAHO,
0;=S8;1 — §;==As,. OOo3Haunp uepes S; BHaueHus s, ONpEAEIAIOMUE
TouKuM M; (IpHYEM, OYEBRAHO, S; << 5;<IS§;y1), BUAMM, UTO HHTErpajibHas
cyMMa Aas KDMBOJMHEHHOrO HHTErpana

n—1

n—1
2 M)o= X [ @)y G As,

*) B oCHOBY KiafeTcs HeKOTOpas NPAMOYTOAbHAA CHCTEMA KCOPAHHAT, PyHx-
nus f onpejeneHa Juilb B TOYKax KpusoH (K).
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ABAAETCA B TO K€ BpEeMd HHTErpajpHOHU CyMMOﬂ AAs OGHIKHOBEHHOTO
ONPEAC/ICHHOI0 MHTErpansa, TaK YTO Cpasy HMeEEM:

N

{ranas=@ (7@, yends®), ®
0

(K)

NpHYEM CYUIECTBOBAHME ONHOTO W3 HHTETPanoB BieueT 3a coGo# cymie-
CTBOBaHUE APYroro.

Wnterpas, oueBnaHO, CymeCTBYeT, HaNpUMED, B CJAyYae HENpPEPHIBHOCTH
dynkunn f(M)**), yto mpl Oyiem Bnpef» NMPEANOJAraTh.

IMycts teneps kpusas (K) 8agaHa NPOM3BOJLHBIMH NAapPaMETPUYECKUMH
yDaBHEHHUSMH

=) y=pO <t<T)

rae QyHKUAR ¢ ®W ¢ HEMPEPHBHH CO CBOMMH NpOH3BOAHEMH ¢ u {5
TPEANOJOKUM, CBEPX TOrO, 4YTO KPATHHX TOYEK Ha KpusBo# HeT. Toraa
KpuBas 3aBEJOMO CNpsMJseMa, U €CJH BO3DAacCTaHue Ayru §=

=27V1=:s(t) OTBEYAaEeT BO3pacTaHHWIO mapamerpat, To
SO=VIOP+¥OF

[n° 201, 202]). 3amenss nepemensyio B unterpane (3) cnpasa, cpasy
NOAYUUM:

T
[rms=w §reo 90 yROTFFORe o
( to

Takum 06pa3oM, 048 SLLUCAEHUS KPUBOAUHENHO20 UHMe2pPara nep-
8020 muna HadAexcum 3aMeRums 8 nodunme2parsroli GyHryuu nepe-
MEHHBE X W ) BHPANCEHUAMU KOOpOUHAmM 4epe3 napamemp, a MHo-
ocumens ds — Ougpgbepenyuasonm Oyau Kax Qynxyuu napamempa.

Ecnm 6w npu BospacTanuu napamerpa f ayra AM yOwBaxna, 10
crouwno Obl Jump nepedty K ayre BM, utoOpt cHoBa mpuiitd K ¢op-
myae (4). Takum o6pasoM, B 5To#f ¢opMyNe HUIKHUH npeaen wuH-
TerpaJsa cnpaba AOJNXeH ObTbh MEHbIIE BEPXHET O, KAKOBO
Ol HE OblI0 MapaMETPUUYECKOE 3aJaHue KPUBOH.

B cayuae kpusol, 3afaHHOH SIBHBIM YDaBHEHHEM:

y=y(x) (e<x<b)

*) 3uayok (R) ykasbiBaer, YTO HMHTErpal MOHMMAETCH 31eCh B COriacuu ¢
OGBIKHOBCHHBIM, PUMaH OB Bl M, ONpeleieHUeM.

*%) Msl KMeeM B BHIY HENpPepHIBHOCTh B TOYKax KpuBok (K) m BRonb
Hee. Ha ashKe «e-3» 9TO o3Hayaer, yro mno ¢ >0 Hafinerca takoe 3 >0, yro
Iy —f(M)|<e npu MM <3 (M n M —rtouku kpusoit). [lpu stom
npennonoxenun M caowHas Qymuxuma f(x(s), y(s)), mockoabky x(s) u y(s)
HeNpepbIBHBL, €CTh TaKxe HenpephBHAA QYHKUUA OT S,
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tdopmyna (4) npuAuMaeT B

b
[ rnas=@ [ 7n yo) vIFT@Fde. @)
) a

3710My COOTHOLIEHHMIO MOXHO NMPUXATH ¥ IPYrylo dopmy. B mpelmonoxenuu
HempeprIBHOCTH YHKUME y(X) BMecTe C ee NpOu3BORHOH y (x) kpuBas (K)
B KaXAOH TOYKe OYNeT MMeTb ONpENENEHHYI KacaTeabHYIO, He NApanielbHym
ocu y. O603HayMB uYepe3 « Yrol KacaTeIbHOH ¢ OCbI0 X, TOAYYHM:

1
VIitly @OF

tga=y (x) |cosa|=

Mostomy ,
F (M) ds= j' f—(li‘c-%:—f))— dx. ()
(K) a

B uacrhocry, rak xak, oueBuxHo,

j ds==3,

e yepe3 S o6ossayeHa AAMHA Beel kpuBoi (K), 10
b
dx
S | —, (7)
|cos a |
a
3amevyanug Popuysa (7) momyyesa HaMH B DeayabTaTe (GOPMATLHBIX
npeo6pasosannit. Ecam 6m Mbl onpeennan IIMHY IYrM KDHBOM Kak mpemed
nepuMeTpa ONMMCAHHOH (a He BNHCAaHHON) NOMAaHOHW, TO 3TO ONpeieleHHe —
B Ciyuae ABHOTr O 33JaHWA KPHBOH — HEHNOCDPEICTBEHHO NpPuBENO On K Qop-
myae (7). Ilpennaraem yurarenio caMoMy yGeZuTbCS B STOM.

329. Mpumepsl. 1) Buuncaum nnrerpan / =§ xy ds, ecms (K) ectb vyer-
(K)
x2 ys
BePTh 3IJIMIICA —5,,-+F =1, nexanias B NepBOM KBaJpaHTE.

Vcxoas W3 mnapaMeTpHyeckoro mnpejcTaBieHHsi SMIMNCA: X ==acosf, y==
== bsin £, 6yneM MMeTh:

x{=—asint, y,=bcost, Vx/Ely=V a¥sm®t] b cos’t,
Brruncnenne Mowno npouseectd no Qopmyae (4):

. 1—cos 2t 1 -+ cos 2¢
2, 2, dt.
sin 2¢ l/a 5 + & 5

F
1=J'acost-bsint-Va2sin2t—|—b‘4cos‘-’tdt=
0
k3
7
abj'
0
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[TonoXuM 3JeCb cos2t=12, Torma sin 2¢f dt=——é—dz H
1
_abj‘ a®+ b b —a? .
I_T-lV._2—+T zdz=
8
_ab 2 2[02+b2+b2——02 '2‘1 _ab a®tab bt
T4 P —a"3 2 2 zJ -1 3 a¥b

3ameuadue [Jaa GONbINMHCTBA NOCTOAHHO BCTPEYAMMXCH KPHUBHIX
(snamnc, runep6ona, CHHYCOWIA ¥ NIP.) AAHHA IYIH He MOXET OBITb BHIpAaWCEHA
B 3M€MEHTapHBX (YHKUHAX, TaK KaK dS He HRTErpUpyeTcs B KOHEYHOM BHRe.

Tem He MeHee, wWHTerpaa Sf(x, ¥)ds W RuA TaKMX KPUBHX HHOK Da3 MOXeT

(K)
6LITh BHIYUCIEH B 2JI€MEHTapHBIX QYHKNMAX (KAK B NpelHAyuleM Npumepe), Tak
KaK NpUCOCNMHEHNe MHOXUTens f(x, y) MeHseT BCIO CTPYKTYPY MORUHTErpanb-
Horo auddepennnana.

Bompoch!, cBA3aHHBIE € MaccaMd, HENpPepHBHO pacHpejleNeHHbIME BIOAb
MarepuanbHOM KPHBOH, €CTECTBEHHHIM O06GpPa3OM HPUBONAT K KPHBOJHUHEHHBIM
VHTErpaiaM pacCMOTPEHHOro THma.

2) Mo ywxe wumenu meno B raase XII [n° 206] ¢ BHuUMCAEHHEM CTaTHYECKHX
MOMEHTOB IIOCKOH KDHBOW OTHOCHTENbHO OCeH KOOPAMHAT, a TaKke KOOPAMHAT
€e HEHTPa TAXKECTH, B NPENINONOKEHHY, YTO <IMHeHHas MIOTHOCTh» p=—1}. Yu-
TaTedb €rKO PAaclPOCTPAHHT MOAYYEeHHLIE TaM GOPMyaH Ha o6mmit ciyyail He-
NpepHBHOro pacnpefenenus macc. Ecry ucnoabsoBaTh BBeleHHOE NOHATHE KpH-
BOJIMHEHHOr0 HHTErpafia, TO Pe3yabTaThl HANMUIYTCA B CIeAYIOLUEM BRjE:

Ky=§pxds, Kx=gpyds,

9] (K)
)prds Spyds
K Ky (K
'xc—:ﬁy:i)ﬁ__s ycz"”‘;'sz“-
S pds }Spds
() (K)

3) YxameM eme OXHO NPUMEHEHHe KDMBOJUHeHHOro WHTEerpana HepBOro
THNA-— K BONPOCY O MPUTANKECHU Y MAaTepHAILHOM TOUKY MaTepuaibHOW e
KPHBOIO.

Kax usBecTHO, Mo 3axoHy HbioroHa, MaTepuaabHaa Toyka M Macce m npu-
TACHBaeT MaTepHaibHYIO TOYKY M, Macchl m, ¢ cHiolt, HampaBieHHOH or M, k
M ¥ yucneBHO paBHOM k-%’, roe r— paccrosnue MM, a k— koabdu-
UMeHT, 3aBUCAWKH OT BHIGOpAa OCHOBHLIX eNMHHI H3MEPEHHs; BIIpoYeM, A Npo-
CTOTH Mbl 6yIeM OGBIYHO CYMTaThb €ro PaBHLHIM eIUHHLE.

Ecan royka M, npurarusaerca cucreMoft Toyex M,, M,, ..., M, ¢ Maccamu
My, Mgy ...y My, TO PE3YALTUPYIOLIAA CHAZ, HIN PABHOLEHCTRYIOIMAA, NOJYYAETCA
reoMeTpPHYECKHUM CIONEHHEM CHA MPHTAXEHHA OTHENAbHHIMH TOYKAMH.
B 10 e BpeMms Npoexiun pe3yabTUPYIOUIEH CHIB HA KOOpDJIWHATHbiE OCH PaBHE!
agre6panyecKNM cymMMaM NPOEKUUH OTAEAbHbIX CHI,
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Ecau o6oanauuth mpoekuun pasHoxeficTBymomelt Ha ocu vepes X u ¥, a yron,

COCTaBnCHHBIN BekTOpOM ri=M,M; c ocbio x, uepes 0; (puc. 9), To, oueBHIHO,
n

n
mym; mom; .
X=2 e cos 8 Yzz ——"fa‘sxn 0,
13

A 1
i=1 P=1

The rj KaK OOLIYHO, O3HAYAET JNMHY BeKTOpa ri.

Tlycts Tenepb NPUTATMBAIOILAA MAcCa PacnpeleleHa HeNpepHBHMM 06pa3oM
no Kkpusoit (K). las HaxoxJeHus MPUTAXKCHHA DasoGbeM KPHUBYIO Ha y4aCTKH W,
COCPeOTOYMB MACCy KaXAOro YYacTKa B NPOH3BOALHO BHIGPAHHOK Ha HeM

¥
g
NS
A
s

g

7 J &z
Puc. 9. Puc. 10.

TOuKe M;, HalileM npu6aH keHHble 3HAYEHNA TPOEKIUH paBHONEHCTBYOMIEH HA oCH:
AP Vo .
XSZM&COSai, y=ZM"g‘Dtsm 8,
rs ’ rs
' L i t

u60 B 9TOM CIyuae Macca OTHEAbHOrO YyyacTka mpubauikeHHo pamHa p (M;)a;
Ecan ycrpemuts Bce o; K HYAW, TO B Npelene NOAyyarcs TOYHbIE pPaBEHCTRA,
HPHYEM CYMMbI 8AMEHATCH MHTErPanaMu:

X=m, Sg—(ii;ﬂds, Y=nm, S‘p—(ﬂg—“ﬂ’ds; (8)
& (o

afece r o3HauyaeT LIMHY BeKTOpa F= MM, a 8 — yrox, cocTaBieHHBIt UM C
oChI X.

Hangem, nanpumep, npurameHue, oKa3plBaemMoe ORHOPOAHOH MOJYOKPYX=-
HOCTbIO (NP p==1) Ha EAMHMIY MacChl, TOMELIEBHYIO B ee LeHTpe.

TloMecTHM Hayano KOOPAMHAT B 1IEHTP MOMYOKPYIKHOCTH H OCh abCLMCC Npo-
BelieM uepes ee Kouuw (puc. 10).

[To coobpamennam cummerpun X =0, Tak 4TO HeA0 NPUBOAMTCA K HaXO0X-
nlenup suuwib mpoekuun Y. Tlo dopmyne (8)

V= S 51:26 ds.

Ho B namem cayuae r = R (pamuyc nonyoxpyxuocru) u ds =R d8. [Tosromy
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§ 2. KPHBOJIMHEMHBIE HHTETPAJIBI BTOPOI'0 THNA

330. Onmnpenesnenne XPHBOJHHEHiHBIX HHTErpasos BTOPOr0 THNA.
ITepexoas K NpakTHyeckH 00J€e BAXHOMY IIOHATHIO KDPHBOJHHEHHOTO
HHTErpala BTOPOT O THNA, MH 3[eCb HAYHEM NPAMO C €r0 onpefene-
HUf, OTJIOXKHB IPHJIOKEHHst STOr0 IOHATHS HO JanbHeHIInX HOMEpOoB
[cm., nanpumep, n° 335]. Ilycrs masa npocras kpueas (AB) (KoTopyw
Mbl NOKA NPEANOJAOKYM HE3AMKHYTOH) M NMycTs BOJL Hee CHOBA
sallaHa HeKoropas &yHkuus f(x, y)*¥). Pasnomup xpusyio TOYKamu
A; (%, ¥;) Ha yacty, BHIGEpEM Ha oTpeske KpHBOH A;A;,; MO NpOH3BOIY
Touky M;(¢;, %;) ¥ BHUMCAUM B HeH, Kak M paHbile, sHaueHne (yHK-
wi f(M)=F(; v;) Ho 5T0 sHauenue MH yMHOMuM Ha 3TOT pas He
Ha JauHy Ayru A;A;,, a Ha BeaMuuHy NpoOeKL MU STOH Ayry,
CKaWeM, Ha OCb X, T. € Ha X; 4 — X;=AXx; saTeM COCTaBAM HHTe-
rpajlbHYyI0 CyMMy

n—1 n—1

o= fM)dsi= 3 [ ) dx:

Koneunutii npedea I smoit cymme npu cmpesaenun p==maxA;A;q
K HYAI0 HA36.6aemcs KPUBOAUHEGKBLM UHMmMe2pasrox (8mo-
pozo muna) om f(M)dx, esamum no wpugoi umu no nymu
(AB) n 0603HauaeTCs CHMBOJOM

1= [ randx= [ f(s »ax. ©

(AB) (AB)
Amnanoruuro, ymHoxas 3Hauenue f(M;) ve na Ax;, a va Ay, T. e
ua NpoeKuuio Ayr# A;A;ii Ha OCb J, B COCTaBJSS CyMMy

n—1 n—1

¥ = Eof M) Ayi= ;Of Gs 1) Ay,

KaK Tpefen e€e MNONyUYnM KpugoOAsuUHefGRwld unmezpaa (8mo-
pozo muna) om f(M)dy:

r={rmmay= 1 re=ne. )
(AB) (4B)

Ecau saoas xpusoit (AB) onpenenens nse dynxkuun P(M)=P(x, y)
# Q(M)=Q(x, y) U CyWECTBYIOT MHTErpPaH

gp(M) dx= gp(x, y)dx, g QM) dy= § Q% y)dy,
(4B) (4B) (i) (4B)

*) CM. mepByio CHOCKY Ha cTp. 213
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TO ¥ UX CyMMy HasHBAIOT KPUBOJAUHEHNHM uHTETpaioM («oGmiero Buias)
¥ NONaraor

{Pe pyaxt@e nay= | Ps, yax+ § Qe avn @

V:1:)) (4B) (4B)

ConocrasuM Temeph onpefieficHHe KPHUBOJMHEHHOTO HHTErpaJa BT O-
poro tuna (1) [um (2)] ¢ onpeneneHueM KPUBOJMHEHHOTO HHTErpana
nepsoro tuna [em. n° 327, (1)]. Ilpn oueBmanom cxonctee ofa
ONpEeNeneHus WMMEIT CYLIECTBEHHOE DasiMuMe, KOTODOE MBI Elle pas
NOAYEPKHBAEM: B CAy4Yae HMHTErpaja NEpPBOr0 TUNA TNPH  COCTAaBACHUU
MHTErPaJbHOM CyMMb 3Hauenue Qyukuuu f(M;) ymuoscaemen va d AUy
o;=As; ywacmxa A;A;;y Kpusol, a B clyyae HHTErpaja BTOPOrO TuIa
370 sHavenue [f(M;) ymuoscaemcs wa npoerxyuw Ax; (wau Ay)
ynomanymozo ytacmia Ha ocs x (uau Ha ocs y).

Mu Bugenw, uro HampasieHue nytd (AB), BAOJAb KOTOPOFO NpOH3-
BOAWTCS MHTErPUPOBAHME, HE HFPAeT POAM B CJAyYae HHTErpaja NEPBOrO
Tdna, W60 AT MHaA o; AyrH A;A;y) OT TOr0 HANpaBIEHUs HE SABUCHT.
Mnaye oOCTOMT [€NO ¢ MHTErpaJoM BTOPOrQ THMA: MPOEKILHA YIO-
MSAHYTOH Jyr¥ Ha Ty wiaM JPYTyl0 M3 OCeH CYLIECTBEHHO B3aBHCHT OT
HampaBJaeHuss JYyTM M MEHseT 3HAK C MSMEHEHHEM 3TOrQ HalpaB/ieHus Ha
obparHoe. Takum o6pasoM, A1 HMHTErpasoB BTOPOro THUNa

6yaer
{ rs ax=— § r0o pax
(BA) (4B)

1 aHAJOrHYHO

{rea=—{rmna
)

(B4) (AB

TpHYeM U3 CYIIECTBOBAHUS HHTErDAJOB CApaBa YWE BHLITEKAeT Cylue-
CTBOBaHNE MHTErPajoB CileBa W obparHo.

IonoOupim e 06pPazoM MOXHO BBECTH IOHATHE KPUBOJMHEHHOrO
uHTerpasa BTOPOrO THIIA, PAaCHPOCTPAHEHHOTO Ha MPOCTPAHCTBE H-
Hyio (ckaxeMm, He3aMKHyTyio) Kpusyio (AB). VimeHHo, ecan yHx-
nust f(M)=j(x, y, 2) 3agaHa B TOYKaxX 5TOH KpPUBOH, TO, KAK M BHILUE,

CTPOUM CyMMY a1

g == Eof(g,-, Nis Ci,) Axi

¥ pacCMaTpPuUBAEM TMpPEfeH 3TOR <«MHTErpaibHOH» CYyMMbl IPH YCJAOBHH
CTpeMJIeHHs K Hymo p==max A;A; . Smom npedes Ha3s8aemcs

*) Mcropuyeckyio ChOpaBKy [0 MOBOAY KPHUBOAMHEHHHBIX HMHTETPaNOB YHTa-
TEIb Halijler B 3aMevyahunu n° 350,
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Kpugosukelinum unmeapason (8mopozo muna) om
f(Mydx n obosHauaerca CHMBOJIOM

S F(Mydx = Sf(x, 3, 2)dx.

(4B (4B)
AHaJIOTIYHO ONpPERENSIOTCS MHTErpanhl BHUia

{ ranay={ 7(s 5 Dy
(AB) (AB)
"

g F(Mydz = gf(x, 3, 2) de.

e1:) B
Haxonen, paccmarpuBaercs u uHrerpan («oGuiero Bumas)

Spdx+Qdy+Rdz=S Pdx-I- g Qdy - S Rdz.

(AB) (4B) (AB) AB)

3pech TakKe WU3MEHeHWe HaNpaBJIEHUs HHTErPUPOBAHUA MEHSET 3HAK
RHTErpaja.

3amMersM B BaKJIOuY€HHe, UTO TPOCTefiluve CBOHCTBA OGHIKHOBEHHOrO
ONPENENIEHHOTO MHTErpaja JErKo IepeHOCATCS Ha  paccMaTpuBaeMbli
KPHUBOJMHEHHBIH MHTErpal; OCTAaHABAMBATBCA Ha STOM He GyeM.

331. CymecTBoBaHMe W BBIYMCJIEHHE KPHUBOJHHEHHOro WHTErpaJa
BTOporo Ttuma. Ilycte xpmsas (K)==(AB) sajaHa mapameTpuuecKuMu
YDaBHEHUAMU

x=9(@#), y=9(), €3]

npuueM (GYHKOEM ¢ M HEnpepsiBHB, W IPH H3MEHEHNW Napamerpa t
OT o A0 B KpHuBas OMUCHBAeTCA HMMEHHO B HampasjeHud oT A kK B.
Oyukmmo f(x, y) Bmoab Kpusod (AB) Takke OyaeM IpeANo.JaraTh
HenpepsiBHO# *).

Ecam peun mper o6 uuterpane (1), 1O aonoaHuTensHO 0GYCAOBAM
elle CyILECTBOBAaHNE M HENpepPHBHOCTb NpPOUSBOLHOK ¢’ (f).

IIpn 5THX nNpPEANONOXEHHsX KpUBOJMUHEHHHMHE narerpar (1) cyme-
CTBYeT, H HUMEET MECTO DaBEHCTBO

g
{ 76e ax=@ \ fe®, v@)v @t )

(4B %

Taxum oGpasom, 04 swulcieHUS Kpusosureinozo urmezpaia (1) nad-
AeJCUIM  3AMEHUMS 8 NOOUHME2PAALHOL (PYHKGUL NepemMennbie X u y

*) pece MOWHO 6HIO GH cHeraTh 3aMevaHHe, aHANOTMYHOE BTOPOH CHOCKe
Ha Crp. 215, ammb 3aMenuB Ayry — MM’ xopuoit MM,
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ux 8uipasicenusmu (4) wepe3 napamemp, a muoxcumers dx — dughghe-
penguason nepemennofi X rwax ysxyuu om napamempa. Ilopaaox
PacCTaHOBKMW NPEAEJOB B HOCJENHEM UHTErpaJje oTBe
YyaeT Ha 9TOT pas BHOpaHHOMYy Ha KPHBOH Hanpa-
BAEHUIO.

ITepexomum K nokasarteabcTBy. Ilycte Toukm A; (=0, 1
2, ..., n), B39THE Ha KDUBOH, ONpENEJTIOTCH 3HAYEHUsMM f; TAPaMeTpa,
a BuOpanHas Ha jgyre A;A;,; TOouka M;-— sHaueHuem t; (OYEBHIHO,
Jexawum Mexay t; u f;,). Toraa wHrerpaisuas cymma

n—1

o =i§) FGEs m)Ax,,

€C/Id YUeCTb, UTO
i
Axj=¢ i) —e () = § ¢ dt,
£,
MOKET OMTb nepenucala B puae ’
tiyg
g ¢ (t) dt.

t

n—1
o= Y floG $()
i=0

11

C nmpyro#t cropous, u ueTerpan B () crupasa ¥) MONHO NPEICTaBUTH
B BAJE CYMMBL

g n—1tyy
1={ 760, s@rv0a= Y | fe0 sy O
a i=0 ti

Orcona

n—11

11
6 — =
¢

Vet dEN—F @), @ @) dt.

b

[
<

F
3anaswiuce npomsBoJibHHM € >0, npexnonoxum teneps BCe Af;
HACTOMBKO ManwMy, 4ToOsl B NpOMEKyTKax [f; f;,,] xoaeGauus Hempe-

puBHOH oynkuun f(¢(f), ¢ (f)) Obimu meHpite e Tak Kak Hempe-
puBHas yukuus ¢ (f) orpaHaveHa: | ¢’ (f)|<< L, 10 GyleM umers

jo—I|<eL|B—ual
Taxum oGpasom, npu crpemaeHnn Kk 0 BeauuuHni A== max Af; *¥)
lim 0, == ],

¥) Camoe CyulecTBOBaHME MHTEIPa’ia OWEBMAHO BBHLY HENPEPHBHOCTH nof-
wHTerpanbHo# QyHxium.

*%¥) A 3TO PaBROCHALHO— B CAyYae HE3aMKHYTOfl KPitBOH — cTpeMaeHnio K 0
HanGonbiued u3 xopl [n° 200
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uyeM OJHOBPEMEHHO JOKa3aHO KaK CymecTBoBaHue KPHBOJIMHEHHOTO
yHTErpana, Tak U TpefyeMoe DaBEHCTBO.

Iepexons x wuurerpaiy (2), nogoOHHIM xe 00pasoM MOXKHO yCTaHO-
BUTb €0 CyLIECTBOBAHME M JOKa3ath GOpMyay

g
{76 m dy=(R)§ Fle®, @)Y O dt (5*)

(AB)

NpH YCJOBMM CYLIECTBOBAHMA HenpepuBHOH npoussomHol ¢ (f).
Hakonen, eca peus ufer o6 unrerpane o6wero suaa

{ P yaxr+ae nay
(AB)

rie P u Q cyTb HempephiBHbie (yHKUMH, TO HA Kpubyw (AB) Hanoxum
tpeboBanue, uroOn o06e ¢yHkunmn (4) wMenu HenpepHBHHE NPOH3BOA-
nee. B atom npeanonoxenuu OyReT cnpaseAanBa (opmyia

S' P(x, y)dx 4 Q(x, y)dy=
(AB)

g
=(R) S [Ple® MY O+ Q@) ¢V A)]dt ©

OrnpepeneHne KPHBOAMHEHHOTO WHTErpana W YKas3aHHei# 3mech cno-
co6 cBeséuus e€ro K OOGHIKHOBEHHOMY OINpeJe/eHHOMY HHTErpalzy Heno-
CPENCTBEHHO pACHPOCTPAHAIOTC M Ha ciaydadl xpusod (4), Koropas
cama cefd mepeceKaeT, €CIAM TONbKO HanpaBjcHue Ha Heft
NO-NPeKHEMY ONpPENENseTCs MOHOTOHHHM H3MEHEHHEM napamerpa f oOT
a 1o B.

B sakmoueHHe YyKameM HEKOTODHIE CJyyad, KOTAA BHIUKCJIEHHE KDH-
BOJIMHEHHOrQ WHTErpaja NpeAcTaBlfeTcs OCOOEHHO MPOCTHIM.

Iycrs wmrerpan (2) Gepercs no KpusoH, 33aJaHHOR fAIBHEIM ypas-
HEHHeM:

y=y(x),

NpUYeM NepeMellleHue Toykun M3 A B B NMPONCXOAMT NpPH H3MEHEHHH X
oT a Jo b.

Torza 6e3 Kakux-anGo npeanosoxeHult 0 KpUBOH, KPOME €€ Henpe-
PHIBHOCTH, HMEEM

b
{ feo nar=@ [ Fx ypax. Q)

4B)
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Ananornyno, ecau wuaTerpan (2%) pacnpocrpaHseTcs Ha HEMPepPHIBHYIO
KPUBYIO, 3aanHyi0 fIBHBIM )K€ YDaBHeHmeM, HO APYroro Tuma:

x=x(y),
TAe y u3MeHsercs oT ¢ Ao d, To

d
{reno=0(rem v (7
(4B) ¢

Hakouen, ecan unterpan (2) pacnpoCcTpaHseTcs Ha NPAMOJHUHEH-
Ho#t orpesok (AB), mapanrneabHu# ocu y TO OH papex 0
(n60 B sTOM cayuae pasHbl 0 Bce Ax;, @ C HUME ¥ Bce CyMMHl o). AHa-
aoruuso pased O u wmuterpan (2%), m3datui#t no npamMonaunuHehHOMY
OTpPEe3Ky, NnapanneilbHOMY OCH X.

3ameuanub. Ecomn xpupas (K) pacnajaercs Ha KOHEUHOE YHCIO
NPUMBIKAIONMX OAHA K APYroH KPUBHIX U BAOJb KaWAOH M3 HUX B OTAE/B-
HOCTH KPUBOJMHEHHHIH HHTErpan Cy-
MIECTBYET W BRIYUCAAETCS IO OXHOH
U3 YKa3aHHBIX GOPMYJ, TO JErKo BHI-
YNCASETCS MHTErpan no BCe# KpusoH
(K), xak cymMMa HHTErpajJoB no ee
4acTaM.

332. Cayuyaili 3aMKHYTOro KOH-
tTypa. Opuentanusa niaockoctu. O6pa-
THMCS K PACCMOTPEHHIO 3aMKHYTOrO

— koHrypa (K), T. €. cnyuad, KOraa

Prc. 11 Hauato A ¥ KoHen B HyTH HHTErpu-

poBaHu# CoBRajaloT. BsaB Ha Kpupok

oramuuHylo or A Touky C, NOJAAraiT MO ONpeAeNeHHIo, C YYETOM BHI-
OpadHoro Ha KpmBO# HampasieHns (Ha puc. 11 OHO yKasaHO CTPEJKOMH):

=1+

(K) AMC CNA

B NPEANOJIONEHNH, YTO MHTErpanisl ClpaBa CyIECTBYIOT,

Jlerko 1OKas3aTh, UTO CYLIECTBOBAHAE ¥ BE/AHYMHA HWHTErpaja He 3a-
pucar ot BuiGopa Touek A u C. Kpome Toro, m [js 3aMKHYTOTO KOH-
typa (K) oxasmiBaioTcs nmpumenumbiMu dopmyast (5), (5%), (6), BoiBeneH-
Hele B HpENBLAyLIEM HOMepe,

OCcoOeHHOCTb PACCMATPUBAEMOTO CaAy4as 3aKJIOyaeTcds B TOM, HTO
yKkazsaHie HauaqbHO# M (COBMajaowieli ¢ Hel) KOHEUHOH TOYKM Ha BTOT
pa3 He onpefenseT HaNpPaBJCHUs, B KOTOPOM oOnuCHBaerca kpusas (K).
MoxHo O6pl0 OB B KaXAOM CJyYae YKa3eBaTh 0000, KaKOE MMEHHO
HanpaBJaeHne HuMeercss B BuAy. Tak ¥ NPHUXOAUTCA NOCTYyNaTs, €C/A¥ pevh
BAET O NPOCTPAHCTBEHHOHW KpuBOH#, B cayuae ke HAOCKOTO 3aMKHYTOro
xonrypa (K) oOBIKHOBEHHO NOCTYHAIOT HHAYE,
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VI3 1ByX BO3MOXHHX [JA9 JAaHHOH INIOCKOCTH HamnpaBJAeHUH
BpalileHHs— «IPOTUB YACOBOH CTPENKH>» W «NO YAaCOBOH CTDEIKE» —
0AHO BHIOMpaeTCs 3a MONOXKHUTEJNBHOE: STUM CO3LAETCH ONPEAeseHHas
opuenmayus naockocmu., ECIM NONOWUTEAbHHIM CUNTAETCS BpaUlEHHE
NPOTHB 4YacOBOM CTPEJIKM, TO OPHEHTAUMd IIOCKOCTH Ha3pIBa€TCHd Npa-
BOH, B JApyrom xe cJay-
yae — JIeBOfL.

B  cayuae npasoit
OPYEHTALMH INIOCKOCTH MBI .
MMEHHO BpalleHHe NDPOTHUB
YacOBOH CTPEJIKH IMOJOXKUM l
B OCHOBY ONpEJe/ICHHs 10- ==
JIOXKUTEJbHOTO  HanpasJe-

HHS Ha [POCTOM 3aMKHY-
TOM KOHType (puc. 12, a).
IlpaBaa, 31O oOnpeneseHue
UMEET JOCTAaTOUHO SICHBIH Punc. 12.
Xapaxrep JHMIUb JJ KOH-
TypoB, Oauakux X oKpyxHOcTH. IlostoMy MBl ycaoBumca GoJee TOUYHO
TaK: TNONOKUTEAbBHHM HanpaBaeHuem o6xola  HpPOCTOro
BAMKHYTOI'O KOHTYPa HaseBaeTcs TO, MpH KoTOpom OmuxaHmas x Habumo-
jareno 4actb 006JacTH, OFpaHWYEHHON KOHTYPOM, OKa3blBaeIcsl Jexamiedt
caeBa ot Habmozareas (puc. 12, a). B ciayyae Jesoit opueHTauuu
IAOCKOCTH MOJAOXHUTENbHHM Oyder 00X0od KOHTYPa NO 4acOBOH
CTpenke, Tak 4YTo 06JacTb OCTaeTcs
J T cupasa or Habmopareas (puc. 12, 6).
3aMeruM, UTO CaMoe pacHoJ0KeHue
KOODAMHATHHIX OCefi Ha IJIOCKOCTH BCEria

r
‘\‘9” \ CTABATCA B CB3b C ee OpHeHTauued:

OCb J MOJY4aeTcd U3 OCH X NOBOPOTOM

S

T
Z ee Ha yrol - MNPOTHB HacoOBOH

CTPENKH Tpu NUpPaBOH OpUSHTAUMH
IJIOCKOCTH W N0 4YacoBOHW cTpea-

& ¥ Ke—mnpu JaesBol (puc. 13, a, 0).
a) o B nepsoM ciayyae cama KOODAHHATHas
Puc. 13. CUCTeMa Ha3hBaeTcs NpaBof, a BO

BTOPOM — 1€ B O 1.
IMocse 3TUX mNOsICHEHMH BaKJIOUMM DPAa3 HaBCerja Takoe cOrjauleHue;
ecau nyms uumezpuposanus (K) ecms npocmas 3aMKHymas wpusas,

mo nod cuMBOAOM
S Pdx--Qdy

(K)

npa1 OTCYTCTBUH YKasaHu#t Ha HanpasJACHUE o6xo04a KOHTYypa pasysmeemcs
unmeepaan, 83AAMbBLIEL 8 NOAOHCUMENAbBHOM Hanpagaexuu, KOHe‘lHO,
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5TO COradlIEHWE HE MEUIAaeT HaM pacCMaTpuBaTh B CAydae HafRoGHOCTH
B  HHTErpan, B3ATHH B OTPHILATEILHOM HanpasACHAY, HO 0603Hayarh

ero Mu OyaeMm uyepes
- S Pdx - Qdy.
&)

333. Npumepe!. 1) Boiuncanm 3HayeHne KpUBONMHEHHOro WHTErpaina
H=\ 2xydx + x*dy,
(L)

paatoro no nyra (L), coegunsiomemy Ttouku OO, 0) u A (1, 1), ecau
nyte (L) ects: (a) npamMas y=x, (6) napaGona y= x% (B) napaGoaa x =y
(r) ky6uyeckaa napaGona y=ux? (puc. 14).

(a) Tax Kak dy=dx, 10

¥ 1
4 A
Y Snydx+x’dy=§3x’dx=l;
L)
¥z ‘
G (6) dy=2xdx, H== § dxtdx =1,
y=z? 1
P (8) dx=2ydy, H=§5y‘dy=l;
g z 1
Puc. 14, (r) dy=238xdx, H= § Sxtdx=1.

2) BoiuHCAHTb KDHBOAMHEHHBIA MHTErpan

G=Sxydx+(y—x)dy
(L)
npH Tex xe nym;z umerpnpoaam;ﬂ. .
Omeem. (3) =, (6) 5, (®) 35, (1) —35.
3) Haiitn kpusomnHelinnfl HuTErpan

I= S (x —y®) dx + 2xy dy,
(04)

eClIM B KauecTBe NYTH MHTErpupoBaHuA Geperca OIHA M3 CACHYIOIMUX AHHMA,
coenunaomux Touke O (0, 0) u A(1, 1) (puc. 14): (a) npAMoanHeHHE# oTpesoK
OA (y=x); 6) somanaa OPA, cocroaman u3 otpeska OP ocu x (y==0) n
orpeaka PA npamoit x=1; (B) aomanaa OQA, coctosaman H3 orpesra OQ
ocn ¥ (x=0) u orpeska QA mpamofi y=1.

(a) Tak Kag y=x u dy=dx, 10

1
1=§ (20 dx =2,
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(6) B stoM cayuae ecrecrBeHHO pa3GuTh LYTh VHTErPHPOBaHHA Ha jABa
oTpesKa:

] = S = S -+ =141,
(OPA) op) (PA)

Bxoas OP nmeem: y==0 n dy =90, Tak uro

1

\
[, = Sxdx=—2—.
0

Broap PA 6yner: x=1 n dx =0, nostomy

1
I2=S2ydy=1.
0

3

Takum 06pa3oM, OKOHYaTenAbHO /= T

(B) AHaNOrMyHO NpeRbiLyuiemy Hafixem (Tak Kak Warerpal BLOIbL orpeska OQ
paseH Hya:oO): \

=\ =\ (x—1)dx= —

@4 0

1
5
4) To we anA MHTErpaia

/= S (5 -+ 2xy) dx 4 (2xy + x%) dy.
(0A)

Omsgem. Bo Bcex cayuasx /=2

3amMeEvAHUE YuraTens, BEPOATHO, yxke O6paTHA BHUMAHHE Ha pasauune
MeXAy pesyabTaramu npuMepos 1) u 4), ¢ onHo# cropoum, ¥ 2) M 3) —c apy-
roff. BeanuuHn MHTErpansoB, pacCMOTPEHHLIX B 1) U 4), 0Ka3a4MCh He 3aBUCALINAMY
OT INHHH, COCRMHALMEN HAYANLHYI0 U KOHeuHYo Toykd. Hamporus, B upume-
pax 2) u 3) MH CTOIKHYNHCh C MHTErpanaMmH, 3HaYeHUs KOTOPHX 3aBUCAT OT TOrO,
KaKoO# INHHMEHd coeanHeH HayangbHad W KOHeyHas TOYKW. B creayio-
me#t raape [§ 4] Mo 3aliMemca STHM BONPOCOM CHEUMANbHO M BHACHHM €ro
BaXXHOCTb.

5) Boiyucaum HHTErpan

K= Syﬂix—-x’dy,
(L)
rne (L) ectb oxpywkHocts papdyca 1 ¢ uentpom: (a) B Hauare KOODAWHAT WAH
(6) B Touxe (1, 1).

a) Mcxonn u3 napameTpuyeckux ypasnenuft x ==cosf,y = sin ¢, rae { meunerca
o1 0 xo 2=, no gopMyne (6) GyreMm uUMeTh

2n
= S (sin® ¢ 4 cos* ¢) dt =0,
0
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(6) ABamornyno € MOMOILbI0 APAaMETPHYECKOrO NPeACTaBleHHs
X—Y=cost, y—1=sint
NoaYyYHM

2
K=— S (2 -k sin £ 4 cos £ - sin® ¢ - cos® £) dt =— 4.
Q

334. Ceasb Mexxy KPHUBOJHHEHHBIMH MHTerpajiamu 000HX THIOB.
Paccmorpum npoctyilo raaikywo*) xpusyio (K)=(AB) u, Bu6pas
S’
B KauecTBe mnapamerpa JAyry Ss=—=AJM, NpeAcTaBUM ee YpaBHEHUAMHU
[n° 201, 202]
x=x() y=y@) (O<s<S)

dyukuun  x(s), y(s) GyAyT uMeTb HeNpepLIBHHE NPOH3BOAHBE X' (s),
¥'(s). Ecan uepes o 06OSHAUMTB YroJ, COCTaBJEHHHH C OCbIO X Kaca-
TeJbHOM, HanpaBJeHHOR B CTOPOHY BO3pAacTaHua AYyr, TO,
Kak uspectHo [n° 211, (14)]:
cosa=x'(s), sina=3 (s).
Ecim Bpoms kpusot (K) salana HenpepsiBHas QyHkuua Jf(M)=
=f(x, ¥), TO HOCIELOBATE]IbHO HUMEEM

S
{ramas= (1@, sy @ds=
0

(K)

S
=|7®, v cosads={ @ cosaas,
0 &)
1 KPUBOJUHEHHBIH WHTErpal BTOPOrO THINA OKa3alACH CBEACHHBIM

K KPHBOJNUHEHHOMY HHIErpaly mepBOro THINA,
AHATOPHYHO NOJYYAETCHA

Sf(M) dy = Sf(M) sin a ds.

(K) (K)
Ecan ke salaHs! Be HENPepHIBHWE BXOJb KpuBOH (K) dyHKIHA PM) =
=P, y) 1 QUM)=Q(x, ), T0

Sde—}—Qdy:S(Pcos o+ Qsin ) ds. ®)
(K) (K)

Ho,llllepKHeM, 4YTO BO BCE€X 3THX q)OpMy-’laX yroi1 a CBfI3aH ¢ TEM Ha-
nmpaBJIeHHEeM KaCHTeﬂbHOH, KOTOpPO€ OTBEYAET HanpaBJACHUIO caMol Kpn-
Boft (K). Ecnn usMeHnTh HanpaslieHue KPHUBOH, TO HE TOJBKO HHTErpai
CJe€Ba U3MCHUT 3HAK: BBUAY HW3MCHCHHS HanpasJeHUs KacaTeJabHOH yroJa a
N3MECHUTCA Ha iﬂ, B CBABU C YEM MU3MEHHUT 3HAK “ HHTErpasa cuapasa.

*) Kpuras (4) HasuiBaeTcs rmafxof, ecad QyHKUMM ¢ ¥ § MMEIT Helipes
PbIBHbIC NIPOM3BOAHLIE, He O0CPALLAOIINECs OJHOBPEMEHHO B HYb,
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OueBnaHO, BHBEACHHME (OPMYJAB OCTAOTCA CHPABEANMBBIMH U A/
npocTof KyCOYHO-TAAXKOH Kpusofi *); B 3TOM JerKo yOEAWTHCS,
€N HamucaTh WX A KaXAOro M3 rJadKMX KyCKOB KpuBOH u mo-
YJIEHHO CJIOXHTB.

Ananoruynsle CoO0paeHHs MOXHO DasBUTb M AJd KPHBOJMHCHHEIX
VHTErPaJOB N0 NMPOCTPAaHCTBEHHOHN Kpusod. B pesynprare nosy-
ynrca ¢opmyaa

S de—[—Qdy—l—Rdz:S (Pcosa--QcosB-+-Rcosy)ds, (9)
Ky

(K)

rie cosa, cosP, cos{ CYyThb HAmpaBifiOllMe KOCHHYCH KacaTesbHOH,
B TNpPEANONIOKEHUH, UTO €€ HalpaBJeHHe OTBEYaeT HaNpaBJeHHIO NyTH
VIHTErPUPOBAHHS.

335. lMpunoxenns K dusmueckum 3agauaM. OcTaHOBHMcH B 3aKjoyesue
Ha IBYX Ba¥HbIX 3aJayax U3 06JaCTU MEeXaHWKH M QU3MKH, 110 KOTODHIM YUTaTeldb
cocTaBUT cefe NpeacTaBieHHe O NDPUKIagHO# POIM BBELCHHHIX B ITOM HOMepe
NOHATHH.

1) Paboma cus08020 noas. Ilycis B xamno#t Touke M naockoctd xy (uau
ONpPENEAEHHOA UACTH IIIOCKOCTH) Ha MOMEUMIeHHYI0 B Hee € TMHULY MacCu
nedcTBYeT onpeReneHHas cuaa F, geauduna u Y
Hanpagaexue KOmMOpoi 3asucim MOAbKO Om
noaoscerus modxu M; ecin Macca m nomeuen-
Hoft B M MaTepHanbHOH TOYKM OTAMYHA OT €XU-
HHUbI, TO NefcTByloulas Ha Hee cHIa OYIeT paBHa
mF. TIpu 3THX YCIOBHAX NJOCKOCTb (HIH pac-
cMaTpuBaeMas ee 4acThb) HA3bIBACTCA (NAOCKUM)
cun08olM nonem, a cuaa F, NeHCTByoomas Ha
eLHHULY Maccel, — HAnPANCeHUeM noas.
3aganue cuasl F 1Mo BegMyuHe ¥ HAMPaBAEHHIO Puc. 15.
PaBHOCHIBHO 3afaHuI0 ee npoekuud X, V
Ha OCH, OYEBMAHO, ABIAKMUXCA (QYHKUMAMM OT KOODAMHAT X, ¥ Toykm M:

X=X(x,9), Y=V(x,3)
Ecan ¢ ecTh yroum, cOCTaBieHHEH BEKTOpoM F ¢ 0cbio X, To (pHc. 15)
X=Fcosy, Y==Fsing. (10)

[pennonoxumM Tenepb, YTo MatepuambHasa Toyka M (x, y), ¢ enuHuuHON Mac-
coff, HaXOIA{asiCA B NOAE, JBHXKETCA M OIKCHIBAET HEKOTOPYIO BENPEPLIBHY IO
kpuByo (K) 6 onpederennos Henpasrenuu. 3agava COCTOMT B BbIYHUCIEHUH
paGorsl A, KOTOPYIO IPH 3TOM IBHXEHUH COBEDINAIOT CHABI NOJS.

Ecau 6u ZeHCTByOLIasd Ha TOYKY CHIa COXpaHAAa MOCTOAHHYIO BEIMYHHY F
M NOCTOAHHOe HaNpaBieHHe, a CaMO NepeMeleHHe TOYKH NMPOUCXORMIO HPAMO=
auHeiiHo, TO, KaK M3BECTHO, padoTa A Boipasunach Gl NMPOM3BEAEHHEM IIEpeMes=
nienus [ Ha TNPOEKUHIO CHAbl H2 HanpaBlieHHe NepeMelleHuA:

A= Flcos b,
rne 8 —yroa mexnay cunoft Fu HanpasledHeM HepeMeuleHus.

*) Tax HaselBaeTCs KpMBAs, COCTOALLAA W3 HECKOAbKUX IIafKHX KYCKOB, IIpH~
MBIKAIOIMX OJHH K APYrOMY.
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B ciyuae HenpsaMOMMHEHHOrO NBHMEHHS W HeNOCTOSHHON CHIM paGora ompe-
Ieaserca ¢ MOMOIIBI0 HEKOTOPOro npefeabhoro npouecca *). CraneM onpeensth

SN
noxoxerne Toukn M na kpuso# (K) (puc. 16) mumuo#t s ayru AM. PaccMorpum
GeckoHeyHo Mannllf smement MN = ds xpHBOH; npuMeM €ro 3a NpsAMOIHHEHHbI
¥ GyneM NpHGIMXEHHO CYHTATh, YTo cMna F u yron 8 Ha MepeMemeHun ds co-

v XpaHAT CBOX BeauuMHy. TOrRa COOTBETCT-
BYIOUUH saeMeHT paboTel Gynmer

dA = Fcos 0 ds.

Tenepb OCTaeTcs JHIIb <«IPOCYMMHPOBaThby
9TH 3JEMEHTH BLOJAb BCelt kpuBod (K), B pe-
3yxbTare yero pa6ora A BHIPa3WICA K P U B O-
aIuHeMHBM HHTErpaloM OEpBOroO
THOA

0 z A=5Fcoseds. (11
Puc. 16. (K)

Beenem yrom o Mexiy HanpasieHneM 9aeMeHTa ds (T. €. HalmpaBlIeHHeM
KacaTeabHoH K kpuBod B TOuke M) u ocbo x. OueBmano, 8==9-—a, TaK 41O

cos B =cos ¢- cos a-}-sin ¢ sin a,
H 31eMeHT uHTerpana, BBupy (10), nepenumierca Tak:
(Xcos a 4 Ysin a) ds.

Camo Bhipawense (11) maa paGoT NpuUMeT BHI

A=S(Xcosa+Ysin a) ds.
&)

Ecau temeps yuecrs dopmyny (8), yCTaHABIHBAIOMYIO CBA3b MENKAY KPHBOAUHE-
HHIMH MHTErpanaMd oGOMX THIOB, TO, OKOHYATeAbHO, paG0OTa CHAOBOrO HOJAA BLpa~
3UTCA KPHUBOAMHEHHHM HHTErpaloM BTOPOro THRA

A= S Xdx+ Ydy. (12)
&)

310 M ecrtb Hanbomee ynorpeGHTeNbHOE BHpameHwe mam paGorn A, yno6-
Boe nia8 HUCCHEJOBAHHA DPANAa BAXKHHZX, CBA3AHHBIX C HEI BONMPOCOB: 3aBHCHUT JH
nponaBefenHas paGorTa or QOpPMb TPaeKTOPHH, COeRMHALIEH faHHHE IBE TOYKH;
Gymer am paGoTa IO 3aMKHYTOfl TpaeKTODMH BCeraa paBHa Hymo [06 9TOM c¢M.
nuxe n° 348—351).

2) Irockoe ycmarnosuswieceess 08uzicenue HecxHcumaemoii scudxocmu. Taxoe
ABYKEHHE XapaKTEPH3YeTCsA TeM, YTO, BO-HEPBHIX, BCE YAaCTHALEH, JE€kKamMHue
Ha OBHOH BEPTHKANANW K HEKOTOPOH HAOCKOCTH, HMEIOT ONHY
M TY X€ CKOPOCTb, TaK YTO I XapAKTEPHCTUKH BCEro ABMKEHAR AOCTATOYHO

H3YYUTh JABMKEHHE B OJHOM JMIUbL MIOCKOCTH **), H, BO-BTODHX, CKOPOCTH €

*) BnpoyeM, Mbl 31ech ¥ Hanbile NpPEANOYHTAaEM TOT KOPOTKHH COCO6 peuy,
0 KOTOPOM TOBOPHIOCL B nepBoM ToMe [n°204]. IlpeneavHuit nepexon moppasy-
MEBaerTCa,

#¥) Kotopylo MH M BbiGepeM 3a MIOCKOCTb Xy,



335] § 2. KPUBOMHENHHE UHTETPA/H BTOPOTO THIIA 231

YaCTHUH WHAKOCTH 3ABHCHT TOALKO OT NOJOXEHHNS YACTHILH,
HO He OT BpeMeHH. TakuM o06pascM, ¢ KaxAo# reoMeTpHYECKON TOYKOM
paccMarpuBaeMoll NIOCKOCTH (MAW €e YacTH) CBfi3aHa onpeleleHHAas 10 Beau-
ynHe W HANpPaBJEHNIO CKOPOCTh; HHBIMH CIOBaMHM, 3aflaH0 HEKOTOpOe <none
CKOPOCTHY.

Ecan 0603Hayutb yrof, COCTaBACHHbIt BEKTOPOM T ¢ ochi0 X, yepes 9, a
NIPOEKIHH 3TOr0 BEKTOPA HA KOODAMHATHBIE OCH — uepe3 4 W v, 10 (puc. 17, a)

==(y==CC0S9, U==Cy==CSing.
Bosbmem Tenmeph B NIOCKOCTH Xy Kakyio-HuGYIb KpuByio (K) M mocTapaemcs

OTpeNeauTh KOJAYECTBO ) XHIKOCTH, TpoTeKaluled uepes Hee B OMpE fe-
JeHHYI0 OT Hee CTOPOHY B eIuHuuy BpeMenu. [Ipefnonaras MUAKOCTH

YA y

Cy
y
g z 0 T
9
Puc. 17.

HEC)KMUMaeMOH, MOXHO KONHMUYECTBO XHAKOCTH H3MEPATh MIOWANbI0 NMOKPHTOH 1o
ourypel. Ecan  QakTmyecky XHIKOCTD TeueT B CTOPOHY, HPOTHEONOIOKHYIO
BbIGPaHHOH, TO KONMYECTBO MNpOTeKawouiell KUAKOCTH OyleM CuHTaThb OTPHIA-
TeabHbLIM.

PacemoTpuMm siaement MN=ds xpusoit (K). 3a BpeMa d{ uepe3 3TOT sxe-
MEHT TIpOTeyeT KOAMYECTBO XHMAKOCTH, PaBHOE

¢, ds dt, (13)

.
rae €, ecTb MPOEKUUA CKOPOCTH ¢ Ha HOPMAlb 1 K SJAEMEHTY ds, HanmpaBae H-
HYIOBBHOPAHHYIOCTODPOHY OT KpuB o i JelictBuTensHo, 310 Konuye-
CTBO PAaBHO MNAOIARH NapaiaieforpaMma co CTOpOHaMHM ds M ¢ df, BHCOTOH KOTO~
POro Kak pas W sABAseTCA NMpOM3BeNeHue ¢, df (puc. 17, 6) ¥). las nogcyera xonu-
yecTBa KHAKOCTH, MpoTeKapule#t uvepe3 9AeMeHT dS B ENHHHLY BpeMeHH,
cymmupyem Buipaxenua (13) mo saemenram df, uto naer c,ds. CyMMupysa e
HalifleHHBle BHPAXEHH MO BCeM saeMeHTaM KpuBofi (K), Mbl NPEJCTaBUM HCKO-
MOe KONMYecTBO () KHAKOCTM B Bule KDHBONMUHEfiHOrOo MHTerpana

HepBOI‘O THUNDA
Q=£)c,,ds.
(

¥) TIpu 3TOM MBI NPHHHMaeM SXeMEHT dS 3a NPpAMOAHHeHHBIY U cyHTaeM, 41O
CKOPOCTH YaCTHi{ XHIKOCTH BO BCEX €ro TOYKAX ONHMHAKOBH M 32 3JEMEHT Bpe-
MeHH d¢ COXPAHAIT CBOI0 BEAMYHMHY H HanpaslcHHUE,
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Ecap, ¥ak Bceraa, ¢ O3HA4aeT Yroid MeXNIy KacaTeJbHOH U oOCbO X, TO
7
A=« +—2— IAacT Yrom HOpMaan ¢ ToH ke ocbio. Torfia yroa Mex1y Hanpasie-

hnd T
HHEM CKOPOCTY ¢ W HOPMaiblo Oyler q:-—-l:q;—a—~—2—, 24

T .
Cp==20C« COS (q:—a-—-z—):c- sin (¢ —a) =
==¢.siN¢-CoSa—cC.COS¢:Sinae=7vcos & — U sin a,
TaK YTO

Q= \ (vcosa—usin a)ds.
)

CuoBa yuntuiBas gopmyny (8), nepelileM K KpUBONUHEHHOMY UHTErpany
BTOPOTroO THRA

Q=S'vdx—udy. (14)
()

Hpu 3TOM BaXHO NORYEpPKHYTh, UTO HanpapleHUe Ha 3Tol KpMBOﬁ JRODKHO
GHTh B3STO Tak, YTOGBI yron Mexay COOTBETCTBYIOUIMM HanpaBleHHEM KacaTelb-

©
HO W BHIOpaHHLIM 3apaHee HanpaBieHMEM HOpManu Obli paBeH +-2—, u6o

HMEHHO B 3TOM NPENNONO¥EHUY ¥ BbiBedeHa Obina gopmyna (14).

Ecmn (K) ecTb 3aMKHYTH# KOHTYp W unterpan (14) cumrate B3arniM (xaK
o6biyHo, n° 332) B MONOXWTEABHOM HaNpaBICHHH, TO, YTOOH GHIAC COGAIIEHO
YNOMARYTO€ TONbKO HTO YCIOBHE, HODMalb NOJKHA Ohina Gb GbiTb HanpaBaeHa
BHYTpPb 061aCTH, orpaBnyeHHoli KoHTypoM (K). CnemoBaTembHo, B 3TOM ciy-
yae gopmysa (14) maer KOAMYECTBO KHIKOCTH, NpoTeKaouiel yepes KoHTYp (K)
B CHHHHIY BPEMEHH BHYTDb o6nacTH. EcIy melaeM NOAyuuTb KOAMYECTBO
MHAKOCTH, BbITEKAIOWMEN HAPYXKYy M3 oBnacTy, OrpaHHYEHROH KOHTYpoM (K),
TO caenyer anitb B Gopmyie (14) uaMeHuTH 3HaK.

Hanee, ecam noune He HMEET HYM <HCTOYHHUKOB», HH <CTOKOB» WHAKOCTH, TO
B 1060 OrpaHMueBHON O06AaCTH KOAMYECTBO XHUJKOCTH OCTAETCs NOCTOAHHBIM.
TosTomy, kaxkyno Obl 3aMKHYTYI0O KPHUBYIO HM B3ATb, MHTerpas (14), Baartnit no
Hel, JOMKeH ObTh PaBeH HYIO.

WUrak, ecaw u u v cymv caaaouue cKOpoCmy 6 NAOCKOM YCHIGHOBUSUEMCR
MEYEHUN HECoHC U MAE M O Ll HCUOKOCINIL, MO NPU OMCYMCMBUY UCMO Y-
HUKOB U CHNOKOS

vdx—udy=0,
(K)

Kakos Ovt Hu Gua 3axmirymul Koumyp (K).

Brocaenctsun [n° 351, 2)] MBI yBHAMM, UTO STOT Pe3YAbTaT, NOAYYEHHHIH
C NToMOmMbI0 U3NUECKUX cOOGpaxeHnll, NMO3BOIAET KaTh M HEKO-
TOPYI0 aHAaAUTHYECKYI0 XapakTepHCTUKY QYHKUHH u H v,



IJIABA IBAJLATh IIEPBAS
JBOHHBIE MHTETPAJIbI

§ 1. ONPEAEJEHUE U NMPOCTEAINME CBOHCTBA
JBOMHBIX UHTEIPAJIOB

336. 3amaua o6 o6beme wnuiuHApuueckoro Opyca. HamopoGue
TOro, KaK 3afaya O IVIOWIag¥ KPUBOJHMHEHHOH Tpamenuu NpuBeaa Hac
K TOHATHIO TNPOCTOro oOnpeaefeHHoro wuurerpana [n° 176), ananornuHas
3ajaya 00 oObeMe LMJIMHApHYECKOro Opyca npuBeleT HAac K HOBOMY
FIOHATHIO — IBO HHOT O (ONpPEeNE/EHHOTO) MHTErpana.

Paccmorpum Teno (V), KOTOpoe CBEPXy OrFPaHHYEHO IIOBEPXHOCTHIO

z=f(x y), 1)

¢ GOKOB — LWJIMHAPUYECKON NOBEPXHOCTbIO € 0OpasyowuMH, Napaiaedb-
HBIMH OCH 2, HaKOHEll, CHUu3y -— IJIocKo# durypoit (P) Ha IJIOCKOCTH
xy (puc. 18). Tpebyerca HaliTh o0GbEM

V tena. z -
Ilna pewenns 5TOH 3agaud Mpl npuGer- z=f/m,y}//@— s
HeM K OOHYHOMY B HHTErpajJbHOM HUCYHC/Ie- //,,/ :i;j;
HUU TpUEMY, COCTOAIIEMY B Pa3/IOXEHHHA '{
MCKOMOH BEJMUMHBI HA 3JEMEHTAPHBIE YacTH, ';;m i
npubJMXEHHOM IOACYETE KakAoH 4vacTty, @ ‘,im
CYMMUDOBAHUH ¥ HNOCJEAYIOLEM NpeAeb- oY
nom nepexoge. C 5TOH Leasi0  DasJoXuMm i
obnacts (P) cetbio KPMBHX Ha vactu (Fy), 2
(P, ..., (P,) ¥ paccMoTpPUM DA HUAMHI- 2
PHUECKHX CTOJIGUKOB, KOTODHIE uMeloT cBou~ [ =
MH OCHOB3HHSMH STH 4aCTHYHHE 00JacTh Puc. 18.

U B COBOKYIIHOCTH COCTaBJSIOT HaHHOE TeJO,

Ias nogcuera o6beMa OTHEAbHHX CTONOMKOB BO3bMEM IIPOHM3BOJBHO
B kaxno# durype (P;) mo rtouke: (§, ;). Ecau npuGanKeHHO npuHsTh
Kaxapll cTONGHMK 3a HACTOSINMH LWIMHID C BHICOTOH, paBHO# amaukKare
F &, m;), 10 o6beM OTAENBHOrO CTONOKKA OKA3HIBAETCH NPUOAMKEHHO

PaBHEIM
J Gy W) Py
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rae P; osHavaer miomams Qurypm (P;). B rakom ciayyae npubamkes-
HOe BHpaxeHue o0bema BCero Tena Gyner:

V= igl S G ) P

I nNOBHIUEHNS TOYHOCTH BSTOrO paBeHCTBA OyaeM YMeHbliaTh
pasMepnl miomanok (P;), ypenuuusas uxX uncao. B npemese, npu crpem-
JeHud K HyAo HauGoJbHIEro M3 AuaMeTpoB Bcex obaacredt (P;), 310
PABEHCTBO HENAETCS TOYHBIM, TAK HUTO

V=1lim zn] &y m) Pa

i=1

U TIOCTaBAEHHAs 3a7aua pelieHa.
[pexen sroro Buma u ectb 080kHOE unmezpar om Gyurxyuu f(x, y)
no obaacmu (P); on 00603HaYaETCA CUMBOJIOM

S Sf(x, y)dP.

(P)

IlonyyenHas Buue Qopmyna his o6beMa NpUHUMAeT BHA

v=\{re nars. @

Py

TaxuM ofpa3om, INBOHHOM wHHTErpak ABJAETCT NPAMHM 06o6uweHnem
TIOHATHS. MPOCTOr0 ONpENE/IEHHOr0 HMHTErpasa Ha Ciaydah QYHKUEM ABYX

nepemennsix. OH  wurpaer

/ BaXHYI0 DPOJb TaKke mnpu

ONpeeNeH!N PA3THYHBIX TEe0-

/ 5 . METPHYECKUX M u3dnuecKux
z BEJIMYHH.

337. Cpenénue xoiinoro
HHTErpasa K INOBTOPHOMY.
Ilponomxas TpakToBaTh ABOH-
D) HOHl MHTErpaj reoMeTpHYecKn
&  Kak 00beM LWJIMHIPUYECKOro

6pyca, MbH jamMM  37ech

K€ YKa3aHWf OTHOCHTEJBHO

€ro BHYHMC/ICHHA NYTEM Cae-

Puc. 19. JIeHUss K TOBTOPHOMY MHTE-
rpany.

e— (] —1

7%, R

¥) B cnyuae nenpepniBHoi nosepxsoctH (1) u xBampupyemo#t durypm (P)
BBIBOAY 93TOfl Qopmyin HETPYRHO NpPHAATb ¥ BIOJHE CTPOTYI0 QOpPMY; CM. 3ame-
yauue B n° 340.
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B mepeoM TOME MM YK€ HMENH Nea0 C 3ajauedl BHUMCAEHHS 00beMa
tena (V) mno ero monepeunsiM cevenuam [n°198]. HanmomHum orHocs-
mytoca cioga  ¢opmyay. IlycTe Teno orpaHuueHO  MVIOCKOCTSMH
x==a u x==>0 (puc. 19). JonycTuM, uro ceyende TeJa IVIOCKOCTbIO,
neprneHauKyaspHoit Kk ocu x M oTsedaowelt aGcuncce x(a<<x<<bh),
nmveer naomats Q(x). Toraa o6bveM Tena, B NPEANONOKEHHH €ro Cylle-
CTBOBaHus, BHPAasUTCs (OPMyaOH

®
Ve S Q(x) dx. 3

IMpumennm Tenepb 5Ty GOPMyNy K BhHIUHCAEHMI0O O6GbeMa LHJIMHAPH-
yeckoro Opyca, 0 koTopoM Owsa peub B mpeamayuwleM Homepe. Haunem
¢ NpoCTOro chiyuas, Koraa B OC-
HOBaHMK Opyca JAEXUT NpPAMO-
yroaviuk {e, b; ¢, d] (puc. 20).

Ceuenne 6pyca IIOCKOCTBIO
X=Xy(@<<xy<<b) ectb xpm-
BosuHeHHas  Tpanenus  ofdy.
Jas nHaxoxaeHus ee IJOIMAAd
CripoeKTHpyeM 9Ty Gurypy Ha
IJIOCKOCTb ¥2; MBl NOJYYNUM KOH-
TPYEHTHYI0 C Hefi Tpaneumio
0,819y, ®60 npoexTUpOBaHHE
npoucxoaur 6e3  HCKaxXeHus.
Hrak,

)

LS
3

Puc. 20.

Q (xo) = . afidy =1 a,B;3;7;.

Ho ypaeuenwe /mnum 7,8, Ha TJIOCKOCTH y2, oOueBuaHO, Oyner
z=f(xp y) c<y<d).

TMoab3ysach HM3BECTHHIM BHIPAXEHHEM MUIOINaA¥ KpuBOJuHefiHOH Tpane-
uuu B BUAE ONPENENEHHOrO WHTEerpasa, 6ydeM MMeTsb

d
Q= | /(s D

Tak KaKk Halle PacCyXAEHHE OTHOCHTCS K JI0GOMYy CEYeHHIo, TO
pooluwie Aad a<s=x<<b

d
Q(x)== Sf (x, y)dy ®).

¥) Dra GYHKUHA OT X X TOMy e Hempepubha [n° 206], yro Mu u mpeano-
aaraap npH BmBoxe gopmyan (3).
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Toacrapass sro sHauenne Q(x) B dopmyay (3), noayuam
b d
v={dx (f(u pay.
a [
Ho mbl umeeMm 71a ofnema V u BmpaweHue (2), CA€X0OBATENbHO,

(§7ee 9 ap= dex Sdf(x, 9 dy @

P

~— IBOWHOH WMHTErpajd NPUBEAEH K TIOBTOPHOMY.
AnanorvyHefl  peayspTalT MOXHO TOJYYuTh M A4 Gonee obwero
y _y cay4ad, Koraa oOaacts (P) wa
5"}7’&—\\ TUIOCKOCTH Xy TPEACTaBIeT coboit
/ KPUBOJIRHEHHYIO Tpaneuuo, orpa-
HUYEHHYIO JBYMS KDHBBIMH:

Y= ), y=Y(x) (a<<x=<b)

T @ ¥ IBYMi OpIAMHATAMH X==a H
" x=>b (puc. 21). Pasnuua no
CPAaBHEHHIO C PACCMOTPEHHBIM CJIy-
7 = z 3% Y4€M COCTOMT B CJIEAYIOMEM: PaHb-

Prc. 21 mwe npu Mo6oM (HUKCHPOBAHHOM
==X, U3MEHEHHE y¥ MNPOUCXO/HJIO
B OJHOM H TOM e NpOMexyTKe [¢, d], a Temepe 5TOT NPOMEKYTOK

[Yo (xa)s Y (x0)]

CaM 3aBUCHAT OT X,y TaK 4TO

¥{xq)
Q= | few ) dy.
Yo (xo)
OKOHYATE/ILHO TOJIyYHM:
b Y(x)
v={{ren nap={ax | fexnaye. ©)
(&) a Yo (%)

Mbi NO3HAKOMUAM YHTATeNd C IOHATHEM ABOHHOrO uHTerpana u
C €ro BHIYUCIACHHEM B FEOMETPHUYECKOR TPAKTOBKE.

*) W anech BHyTpeHHHH MHTErpan MpeicTaBiaser COGOH HempephiBHYIO (yHK-
uuio or X [cM. n° 299),
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338. Onpenenenne neolinoro HHrerpama. [lepefizem Temeps K Go-
ace  OOMIEMYy U3JIOMEHHIO BOMPOC3, € YUCTO aHAMUTHYECKOH TOUKH
speHus. BmpoueMm, u 3mech HaM He o6ofiTHCh 6e3 reoMerpud Hjam, 1O
kpaiineit mepe, Oes reomerpuueckoro ssska [n° 124—127]. Mwu Oyzem
rOBOPUTh O <«AByMepHO# oOaactu» (P), rae onpeseneHa paccMarpu-
paeMass (PYHKUHMS JABYX NEPEMEHHBIX, «KDHBHIMH» JIEJIUTh €€ Ha YacTdy-
Hoe «oOnactu», OymeM OpaTb «miIomlafu» 3THX <«obaactefl> u T. A
Ha nene 510 <O0MaCTH» H <«KDHBblE» H3 aDHU(BMETHYECKOLO
JBYMEPHOTO NPOCTPAHCTBA, MX <«TOYKAaMU» CAyxaT maps uucesa Ho
OOBLIKHOBEHHO BCE 3TH «00pasbl» 3aMeHsIOTCS IJs ya06GCTBa COOTBET-
CTBYIOIIMMHY KM HAaCTOAUMMHU FeOMETPHUYECKUMH o0pasamu, He feJast HUKa-
Kofi PasHEIH MexAy HuaMi, B uacrHocTH, mMOR «miomanpio obnactu» n3
apudMEeTHYECKOro IBYMEPHOTO NMPOCTPAHCTBA Pa3yMeeTCs BCErja ILIOMAflb
COOTBETCTBYIOIIEH reoMeTpHYeckolt o6aacTy.

HanoMuuM, 4TO A7 KBaApUPYeMOCTH OGJACTH, OFPAaHUYEHHOH KaKOi-
an60 KpuBo#, HeoOXOO¥MO W JOCTAaTOYHO, YTOOB 3Ta KPpUBas HMena
naouanas paBuyio Hyaw [n° 193] Ilupoku#i kaacc Takux KPHBHIX
o6pasyer HENpepHBHHIE KPHMBHE, BHPakaeMble SIBHHMH YDaBHEHHAMH,
HWIH KPHBHIE, COCTOSILAE M8 KOHEUYHOrO yucjaa NMOXOOHHX KyckoB, OTme-
TUM 37echb (He BIaBaiCh B HOKAa3aTEAbCTBO), YTO TEM XK€ CBOHCTBOM,
B YaCTHOCTH, O0JaZalOT M IJIagKue MM KYCOUHO-rAamkue Kpusnie, Mot
Oydex npeonosazams 6nreds, 4mo Kax Konmyp obaacmu (P), max u
Kpussie, KOMOPLLMU Mbl pa3Aq2aes €e Ha “acmu, 8ce UMEIOMm HYAe8)10
naowads (HanpuMep, NPUHALJIEKAT K YKA3aHHOMY KJaccy); 31uM ofecne-
UMBAETCH CYIIECTBOBAHHE BCEX HYXKHHIX HaM Tuiomwaneft.

BepHemcs Tenmepb K MOHATHIO JBOMHOrO HMHTErpasta, HakTHYECKH Yyxe
BBeneHHomMy B n°336, m mazuM B passepHyToM Buie ofuiee €ro ompe-
JieJIeHue,

Nycte B o6nact (P) onpesenena dyukuus f(x, y)*). Pazobpem
obnacts (P) ceTbio KPUBHX Ha KOHeuHoe uuciao obaacreh (D),
(P, ..., (P,), miomamu KOTOpHX Oyayr Py, Py..., P, Xors
NpoIle BCEro 5TH YacTHuHbie OO0JacTé NpeAcTaBisTb cefe CBA3HBIMH,
HO 14g of6jeruennd IajbHelIero HM3MOXKEHHSs BHTOAHO HE HCK/IOUATh
LI HUX BO3MOXKHOCTH ObTb M HECBf3HHIMU. B npenpenax I-# saemen-
TapHo#t obxactu (P;) Bo3bMeM 10 npoussoay Touky (§;, m;), SHaueHue
Gynkuuan B stoft Touke f(§, 7;) yMHOXMM Ha miomaze P; cOOTBET-
cTByloniefl oBaacTu ¥ Bce NOXOOHEie mnpousseieHus caoxum. IHomyuen-
HYI0O cymmy

o= ig‘f(si, ) - Py

Gysem HasHBaTh HHTErpaAbHOH CymMMmo#h mma dyuxumu f(x, ¥)
B obaacta (P).

*) Huxaknx I]pel],IlOJIO}KCHHﬁ O HENPEPLIBHOCTH €€ Mbl NIPH 3TOM HE A€1aeM.
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OGosnaunm uepes A Haubo/biiMéi M3 AMaMeTpPOB¥) YaCTHUHBIX
obnacret (P;). Koneunwii npedea I unmezparvroii cymms o npu
A—=0

]==1im o *¥)

Ha3sgaemcst 080w M unmezpasron gyuxguu f(x, y) 8 ob-
aacmu (P) ¥ 0603HAYAETCST CHMBOJIOM

J= § Sf(x, ) dP.

(P}

DyHKIHA, UMEIOIIAA MHTETPaJj, HasHBAETC UHmMe2pupyesmoil.

339. YcaoBue cymecTBOBaHHfl ABOHHOro uuTerpana. Vurerpupye-
Mas QyHKuMs HeoGXOmMMO NOJKHA ObTh OrpanuueHHol. Je#cTBUTENLHO,
B TNpOTHBHOM Ciyyae npu JioGOM BajaHHOM cnocofe pasnoxeHus
obnactn (P) Ha yacTh MOxHO GOm0 Om 3a cuer BmGopa touek (§;, 7;)
CHeNnaTh WHTErPajbHYI0 CYMMY NPOM3BOJIBHO GO/bLIOH, TaKk YTO K O H € Y-
Hor o npegena I He Moryio Ovl CywieCTBOBATh.

O6paiascb K pPACCMOTPEHHIO YCJAOBUH HHTErPUPYEMOCTH
nauno#l ¢ynxuun f(x, y), Mn OyaeM NO3TOMY Hanepes NpEANoJararh
ee OfpaHnuYeHHOM:

m<f(x, )<<M.

Kax u B cayyae ¢yHkuuu OT OZHOH NepeMeHHOH, 34eCh TaKke
ya0OHO BBECTU TaK HA3LIBAEMBIE HUJICHION U 8epXHion cymub JlapGy:

n n
§= Z] mP;, S= El M;Py
= Pl

riae m; W M; 03HayaoT, COOTBETCTBEHHO, TOYHHE HHKHIOK U REPXHIO
rpandus 3Hayenuit ¢ymkumu f(x, y) B obaactu (P)).

Ilpn manHoM cnocole pasnoxenns obaactu (P) Ba yacTd, He3aBH-
cumo or BmGopa Touek (§; 7;), 6YVAYT BHIIOJHATBCA HEPABEHCTBA

s<Co=<S.

Ho 3a cuer Hajnexauiero Bei6opa 9TuX TOueK MOmHO sHauenns f(§;, ;)
CHeNaTh CKOJb YroaHo Onuskumu X m; (M;), a BMeCTe C STUM CyMMy o
caenarb CKoJab yroao Gamskoli k s(S). Taxum obpasoM, 8epxwas u
RUNCHAS cymms Jlapby AEASIOMCST, COOMBEMCMBEHHO, MOYHbL M U

*) lnameTpoM TOUEYHOro MHOM(ECTBA HAa3BIBAETCH TOYHAA BEPXHAs I'DaHMUA
paccroanuit Mexiy MRBYMA NpPOU3BOJLHLIMM TOYKaMM MHOXeCTBa. B cayuae
AIOCKOH 3aMKHYTOM 067aCTH, OFpaHHYeHHO# HenpepniBHOH KpPHUBOH, HHAMETPOM
CAYKHUT NONPOCTY Hamboablias xopua.

¥¥) Uutatenb nerko cam yCTaHOBHT TOUHBIM CMbICA 9TOr0 HOBOTO fpejesa.
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BepXHell U HUNCHED 2PAHULAMU UNIME2PAAbHBX CYMM, OTBEYAOIUX
TOMY Xe cnocoly pasnoxeHns o6aacTa.

Ins cymmu [lapGy, Kak u B auHefiHoM cayuyae, MOryT OHTb YyCTa-
HOBJIEHH CJIEAYIOIIEEe CBOHCTBA.

IMepBoe cBo#icTrO. [lpu Oaspneliumem OpoGaecnun wacmel (P))
¢ 0o0agieHueM K NPEIHCHUM AUHUAM O0CACHUS HOBBX, RUNCHAR C)YMMQ
lapCy He ybwsaem, a 8epXHAA—He B03pacmaem.

Bropoe cBolicTtBo. Kascdan numnss cymma Hapby He npe-
socxodum KaxCool gepxHel cymms, xoms 6o omsedanueli u dpy20xuy
cnoco0y pasaoscerusn obaacmu (P).

JlokasaTeNbCTBO NPOBOXMTCA aHANOrHYHO npexHemy [n° 177} auinb
B TEX CJAy4YasX, KOTJa TaM FOBODHJIOCh O TOYKAX AEJCHHS, BAeCb NpH-
XOAUTCS TOBODHTb O JIMHUAX HIE/EHUS.

Ecth, 0AHaKO, OOWH MOMEHT, Ha KOTODOM HaM XoTelock Ou saiep-
’aTh BHUMaHue umTareas. B JmHefiHoM ciyuae Kaxmpmad HOBag TOuKa
JleJeHHs OTYETJMBO pasJaraeT ONMH U3 CTAPHIX NPOMENKYTIKOB Ha HBa;
obuei  uacThio ABYX NPOMEXKYTKOB fBASEICI TOME INDOMEXKYTOK.
B nnockoM Clyyae nOJOXEHHE YCJAOXHAETCH TEM, 4YTO JBe KpUBHIE
MOTYT nepeceKkarbcs Mexly co60H BO MHOTUX TOYKAaxX # jJaxe B Oecko-
HeuHOM MHOXecTBe Touek. IlostomMy cBA3Hasa wuyacTHyHan 064aCTb
MOXET HOBO# KDHMBOH pacceKarbcs M HA He CBA3HEE YacTH; TOYHO
TaK we u obmel wvacThi0 ABYX CBA3HH X 06kacTell MONET OKazaTbcs
He cBa3Han obfaactb. BoT moueMy MH € CaMOro Hayana He
HCKAWYAAU M8 DPACCMOTPEHHS pPasNONKEHHRA OCHOBHOH
oGnacTtu Ha HecBsisHHe uyacTnl

Jlanee, yCTaHaBJMBAETCH CYWECTBOBAHHE TOYHBIX TDAaHHIL

I ==sup {s}, [*=inf{S},
NpHYEM OKa3eIBAETCA, YTO
s<ly<<I*<<S.
Haxonen, nyreM OyKBAaJbHOTO BOCHPOM3BENEHHS JOKA3aTeNbCTBA IS
auHetinoro cayuas [n® 178] u asnecy noayuwaercs

Teopema. Lrsn cymecmBo8anus 080EHO20 UHMESPANA HEOGXOOUMO
u docmamouro, wmobs. OvA0

lim (§—s)==§(,
A0
uat 8 Opyeux O0CGO3HA4EHUSX

n

lim 3 wP=0, ®)

A0

20e w; ecms KoaeGanne My — m; gynxgun f(x, y) 6 wacmuynol obaia-
cmu (P,
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340. Knaccol uHTerpupyembix ¢yHkumit. C noMOmblo yCTaHOBJEH-
HOTO BHIILE MPU3HAKA MHTErPUPYEMOCTH JETKO MOKAa3aTh:

I. Beaxas HenpepeigHas 8 obaacmu (P) yuxyus f(x, y) uxme-
2pupyema.

DeticrButenbHo, ecan ¢yuxkuus f HempepmBHa B (3aMKHYTOH) 0G6aa-
crd (P), TO MO CBOHCTBY PAaBHOMEPHOW HENPEPHIBHOCTA KaxaoMy & >0
orpeuaer Takoe & >0, uro B moGoH uwactm ofaacta (P) C AuaMeTpom,
meHbIIMM uYeM O, koneOanue Qyunxuuu Oyler MeHswie, ueM &. Ilycrs
Tenepp o6nactb (P) pasnomeHa Ha uyacti (P;), AHaMETPH KOTOPHIX BCe
menpine 8. Toraa sce koaeGanua o;<e, u

Z w, P; < EZ P;=¢eP,
z i

OTKyda ® CJedyeT BHIOJHeHue ycaoBua (6). ITUM MHTErpupyeMocTb
¢GyHKIMM [OKasaHa.

3aMEuAHUE Tenepy Jerko yxe npuAaTh MOJHYIO CTPOrocTb
BuBOAy dopmyas (2) Ana ofbemMa umAMBApHYeckoro Opyca. 210
JIe1aeTCsl COBEPINEHHO TaK e, KaK M NPU BHBOAE HHTErpainHOH dop-
MyJbl I ILIOWLAAW KpuBOJHHeHHOR Tpaneunn [n°196]—c mnpusieve-
HHeM BXONSIIMX M BHIXOAAIINX TeJ,- 00beMEl KOTOPHIX BHIPAXAOTCS
cymmamu HapOy.

Hns Toro 4ToOH HECKOABKO paclIMPUTh KJaacC QyHKUHH, A4 KOTO-
PHX YCTaHOBJIEHAa MHTErPHPYEMOCTb, MB OyAeM HYXAATbCA B CaACRyonleH
JeMMe.

Jdemma. Ilycms 8 obracmu (P) 3adana nexomopas xpusas (L),
umenwas niowads, pasnyn Hyawn. Tozda xaxcdomy s >0
omsevaem maxoe 3 >0, wmo suwms moasswo obaacms (P) pazaomcena
Ha wacmu ¢ OQuamempamu, Mewswumu 8, cymma naowadeli mex u3
Hux, Komopeie umewm c¢ (L) obujue mouxu, 6ydem iseHsute e.

Mo npeanosoxeHuio KpuByio (L) MOXHO IOIPY3uUTb B MHOTOYIOJb-
Hylo obnacty (Q) ¢ naowanplo, MeHble# uem e, Cgenars 3TO MOXKHO
Tak, 4ToOn kpuBas (L) u kxonryp (K) yHOMsAHyTOH 06jacTé# He HMeau
obmux touek. Torma paccTosHue Mex1y NepeMeHHHMH TOYKaMu obeux
KPHBBIX JOCTHraeT CBOErO HaMMEHbluero 3Hauenus 8 > 0.

Jlefic1BUTEIBHO, NYCTb YKa3aHHBIE HENPE DB B H b € KPUBHE 3aAaHB,
COOTBETCTBEHHO, NMapaMeTPHUECKUMN YpaBHEHUSIMM:

K) x=o¢@, y=9¢0@) (1) x=¢* @), y=10*(),
fo<t<<T mw=<u=<<U

rie ¢, ¢, ¢¥ ¢*-— HenpepoiBHbHie (YHKIHAM, KaxAas OT CBOEro apry-
menta. Torpa paccrosHue Mexiay JAByMs NPOM3BOJbHBIME TOYKaMU STHX

KpUBBIX
Vie@®—e* @F+4 () —¢* @F
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Oyaer wenpepuBHON (yHKUMEH OT (f, u) B 3aMKHYTOM HPAMOYTOJNBHHKE
ity T; uy, U] u, CAENOBATEJbHO, AOCTMIAaeT TaM CBOErO HAHMEHbIUEro
3Hauennst [n° 186]. IlockoabKy KpuBHE He nepeceKalorcs, 3TO Ha -
MeHbHiee paccTOAHue 3 OyAeT OTAMYHO OT HyJA,

Pasnoxum Teneps obaacte (P) 1o mpousBoJy Ha yacTH TaK, 4YTOOBI
anamerpst uX Opuin Menbine 3. Te M3 HUX, KOTOpHE 3ajeBaloT KPUBYIO
(L), neobxomumo meauxkom Oyayr mexarb B obaactu (Q), ciegosa-
T€JNbHO, OOHIasg HX IJIOUWIAdb MEHbINE &.

Il. Ecau ozpanndennan yuxyus  f(x,y) umeem  paspeés
pa3Be AU HA KOHEUHOM HUCAe KPUBHX ¢ HyAe80i nA0uadsio,
mo  OHa  UHmMe2pupyema.

3agamuMca NpousBOAbHEM §
uncaom ¢ >0. ITo npeano-
JOWEHHI0 BCE <«JHHANM pas- ,
puBa>  Qynkuan  f(x, y) AN NN
MOXHO  SaKJIOYUTH BHYTpb DA
MHOTOYroJibHOH o6aactu (Q) w
¢ ofe# JIOWaABI0 MeHbLIe &,
Ha punc. 22 sra ofaactp 1]
nokpwita wrpuxosko#, I'pa-
nuiefi ee CAYKHT KOHEUHOE 7 —y
uucno  aomannx (L), Koro-
phi€, O4EBHIHO, CAMH UMEIOT Puc. 22
IVIOIab,  PAaBHYI0  HYJIO,

B samkuyTott ofnactw, noayuaowefics u3 (P) BeIeNEHUEM BHYTDEH-
noctn obaactu (Q), dyHkuma f(x, y) CIVIOWDb HeNpepLBHA, 3HAYMT,
paBHOMEDHO HenpepwiBHa, CnefoBaTensHo, 1O 3afaHHoMy e >0 Hail-
Aercs Takoe uncao d; >0, uTo BO BCsKOH vacTu 3ToH oGaacTh, Oua-
MeTp KOTOpOH MeHplie O, KkoaeGanue ¢yskuun f(x,y) Oyzer
MeHbUIE €,

Tenepe, B culy JeMMbl, MOXHO Halitu n Takoe 8y >0, uro BCaKui
pas, kak oOaacte (P) nNpousBOMLHBLIME KPUBLIMM pasaraercd Ha YacT
C JAHaMeTpaMy, MeHbIIUMHM 4YeM O, CyMMa [Jjomlaled TeX M3 HUX,
KOTOpBIE 33al€BAIOT COBOKYMHOCTb JOMAaHHX (L) — I'DaHNIy BblIe/JCHHOH
MHOroyronpio#t obaactu (Q), — HasepHo OYAET MeHbIUE e.

[Tycrs 8 Oymer HamMeHbllee M3 MABYX uwucead &), O, Pasaoxum
obnacts (P) wHa wactm (P, (Py),..., (P,), HAnamMerps KOTOPHX
MeHble 8, B PACCMOTPHM COOTBETCTBYWIILYIO CYMMY

zi] ;P

PazofGhem ee Ha [Be CYMMBI:
E (])irpif + Z (L)inpiu,
o o

npeanoJjaras, 4YTo 3Ha4doK i OTBEYAET TaAKUM OGJIaCTﬂM p", KOTOphie
Y i
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HeAMKOM JexaT BHE BhideJeHHOR o6macta (Q), a sHauoxk i — Bcem
npouum. OueHdM KaXKAYO U3 9TUX CYMM B OTJE/JbLHOCTH.

Tak xaxk Bce (Py) aewar B obaactd, noayyenHod u3s (P) Bojene-
nuem (Q), u AmameTpu nx <3=<¥;, 10 Bee wp<g, TAK UTO

Z (l)ifpil < € 12 Pgr < ep.
I 7

C zpyro#t cropoHsl, ecaum uyepes @ oGo3HauuTh KoJeGaHue (QyHKIUU
S, y) Bo Becelt obGmactn (P), 10 OyAeM mumerb (TaKk Kak w;=<R)

Z (!)illpirl = g 2 piu,
i L

3pecs X Py ecTs cymma nvomage#t Tex us obaactet (P;), Kotopwe:
1) mu60 ueAMKOM JAEKAT B BHKMOUYeHHOH obaactu (Q), 2) /mbo 3aze-
BaT rpanuny (L) srofi obaactn. O6mas momaap nepBHX MEHbUIE e,
6o Q< e TO We MOXHO cKasaTb M 00 oOme#t TaOWAxM BTOPHX,
NOCKOJbKY 06/1acTb pas/oxmeHa Ha 4YacTH C JWAMETPaMH, MeHbHIMMH
uem §<Cdy. Urak, 3Py <2, Tak uto

Z a),-uPin < 2Qe.

g

OxonuarenbHo, npu A <3, oxasmBaercs:
}i‘, 0;P; < (P 2Q)e.

Tak KaKk mNpaBas 4acTb 3TOMO HEPaBEHCTBA HPOM3BOJIBHO Mala BMeCTe
¢ & TO BHONOJHseTcs ycaosue (6), u T. I

341. CpoiicTBa uHTErpHpyeMbix ¢pyHKUuf H ABOHHLIX MHTErpaJos.
1°, Ecau npou3sonsHslM 00pa3oM U3MEHUMb 3HAYLERUA URmMe2pupyemol
8 (P) gynxyuu f(x, y) 8doas kaxoif-mibo Kpusoir (L) ¢ Hyasesoi
naowadslo (¢ mem AUWE YCAOBUCH, 4MOOH U U3MEHEHHAR BYKRKYus
0CMQBaAact O2PAHULCHHOI), MO 8HO85 NOAYHeHHas BYHKYUSL maK-
oce unmezpupyema 8 (P) u ee unmezpar paseH  unmezpary
om f(x, y).

Jlna AOKasaTeJbCTBA HYKHO COCTaBHTh HMHTErpajibHHE CYMMB A7
H3MEHEHHOH M uCXogHOK ¢yHKuuA. OHH MOTYT DasHATBCH JAULlIb TeMH
c/araeMeIMH, KOTODHE OTHOCATCH K oOaactsm (P;), saieBawomuM KPHBYIO
(L). Ho, no nemme n°340, obmas miowans 9THX ofaacTell crpeMutcs
K Hymo npu A—0, OTKYAa yke Jerko BaK/K4¥Tb, YTO 00e HHTErpasb-
HEE CyMMB crpemsrcs K ofmemy npeaeny.

Taxum 06pas3oM, cyuecmsosarue u 8eAuduna 080iH020 uNmezpairq
He 3asucam om 3HaueHuli, NpuUHUMaeMbX NoduHmezparsroli Pyurxyuedl
80046 KOHEUHO20 HUCAQ KPUBBLLX € HYAEBOE NA04A0bI0.
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2°, Ecau o6aacms (P), 8 womopoii 3adana @ynxyus f(x, y),
xpusowo (L) ¢ Hyregolt niouwsadsio pasoncera wa 0se obaacmu (P') u
(P"), mo us unmeepupyemocmu ynxyuu f(x, y) 8o sceii obracmu
(P) caedyem ee unmezpupyemocms 8 sacmudnmx obsacmsax (P u
(P"), u obpamno — u3 unmezpupyemocmu @Gyniyun 6 obeux o0AACMAX
(P") u (P") soumexaem unmezpupyesmocms 8 obaacmu (P). Ipu smor

§§76 nap={ {7 nar 4§ re sar.
(P) P (P
Pasnoxum obaacta (P') u (P”) npoussonshmiM 06pa3oM Ha uacTy;
TeM CaMbiM U (P) pasNOmKUTCH Ha yacT:

(Pl)» (pq), ey (Pn)-

FEcau 3sHaykoM I OTMETHTb 4acTd, colepxamuecs 8 (P'), a sHaukOM
i" — uvacry, cofepxautnecs B (P”), TO

E (Dipi = Emi,Pi: -—!— Z u),mPiu_

Myctb ¢yukuna f(x, y) wunrerpupyema B (P), Tak uro npu A—0
CTPEMHTCS K HYMIO CyMMa CJ€B3; TOrka Kawaas M3 CyMM COpaBa o
NOAABHO CTPEMUTCH K HyJIIO, TaK 4TO Hawa QYHAKUUS HHTerpupyema
takxke B (P) u (P").

OGpartHO, €Cin WMeeT MeCTO mnochefHee OOGCTOATENbCTBO, TAK YTO
npu A—0 crpemarca K Hymo o0e CyMMsl CpaBa, TO M CyMMa CJeBa
TaKke CTPEMHTCs K Hymo. ONHaKo HYXHO TOMHHTB, YTO OHA NOCTPOEHa
ue JJA [POU3BOJBLHOrO pasbueHus o6JacTH Ha YacTH: BeAb M HCXO-
Anag U3 pasioxeHus noposHb obaacreti (P') u (P”).

Yro6sl OT NPOW3BOJBHOrG pasioxeHust oOnactu (P) nepefitu k pas-
JIOWEHHIO STOF0 YacTHOrO BHA3, /JAOCTATOYHO TNPHCOCAMHHTh K JHHUSM
nenennst kpupylo (L). CoorsercrBylomiue uM cymMmbl OYAyT DPasHUTbCH
JUillb CJIAr3€MBIMM, OTBEUYAIOIMMU TEM SAeMEHTapDHHM 006JacTsiM, KOTO-
pue 8agepaior kpusywo (L). Ho, mo semme n°340, ux ofuwias niomans
crpeMuTcs K Hymo npu A— 0, u o6e cyMmMsl pasHaTCs Ha GECKOHEYHO
manyo. Takum obpasom, ycjosue (6) BHINOMHRETCA B MOAHOH OOGHIHOCTH,
u ¢yukuns f(x, y) oxasmBaeres uHTerpupyemoit B (P).

Haxonen, mokaseiBaemas ¢opmysa MOJyyaeTcsl MepexoioM K npeneny
npu A— 0 u3 paseHcTBa

2 G ) Pi=2f Ger ) P+ S Giry M) P,
AHaJIOI’H‘JHO, U3 PpacCMOTPEHUss HHTETpPaJdbHBIX CYMM C TIOMOLLIO
nepexoja K npefeny NOJYyYyaloTCs W CACAyOIMe TPH CBOHCTBA:
3°% Ecau ymuoocums unmezpupyesmywo & (P) dynwguio f(x, y)
Ha nocmosikuyw k, mo noasyiennas Oynxyus marxoce Oydem unme-
apupyema, u npu 3mom

SS kf(x, y)dP=F SSf(x, ) dP.

P (P)
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4°, Ecau 6 obracmu (P) unmezpupyems. dyurxygun f(x, y)u g(x, y),
mo unmezpupyexma u gynxyus f(x, y)=* g(x, y), npusen

SS [f (x, ) g 3)] dP==SSf(x, y)dp SPS g (%, y)dP.
(P) (P)

(P)

5° Ecauw oas unmezpupyenmvix 8 (P) gynryui f(x, y) u g(x, y)
suinoansemcs repasencmso f(x, ¥) << g(x, y), 10

§§ 1 nap < (e sar.
(P) (P)

Hanee,
6°. B cayuae unmezpupyemocmu @ynxyun f(x, y) unmezpupyena
u pynrgusn |f(x, y)|, u uneem secmo Hepasencmso

’§P§f(x, y)dPl< S(‘P.S If(x, y)|dP.

Wurerpupyemocts ¢yHkuun |f| cleiyer u3 NpPoOCTOro sameyanus,
uro KoaeGanne o} sTOf GyHKHMM B moGo#t obmactn (P;) He NpeBocxo-
IUT COOTBETCTBYIOmero konebGauust o; dyHknuun f. elicTButennHo,

TOrja
DofP; < Q0P

M CTpeM/JeHHe K HymO BTOPO# CyMMBl BJeueT 3a co0oil cTpemieHue
K Hyaio nepsof.
JloxassiBaeMoe e HEPaBEHCTBO MOJYuYaercs NPeleabHBIM NEPEXOAoM

H3 HepaBeHCTBa
|2 C )Pl < B NS G m)| P

7°. Ecau unmezpupyemas 8 (P) dyurumsa f(x, y) ydosasemsopsem
HepageHcm8y
m<f(x <M,
mo
mp<{{re nar<me. @
(P)

310 NoAyyaercsd NpeacHbHBIM NEPEXOAOM H3  OUEBMAHOIO  HEpa-
BEHCTBa

mP<< 2 f ¢, w)P; << MP.
Ecan pasmeautv Bce yactu HepaseHctsa (7) Ha P

oo ap

P
mg.(_)_[)__.——— =M
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n uepes { 0603HAUNUTh CPEAHEE OTHOIUEHHe, TO NOJY4YAM Jpyryio
sanuch HepaseHcTBa (7)

V{76 nap=pp n<p<m) ®
P

KOTOpast BEIPAXAET TAK HA3HIBAEMYID TEOpPEMY O CpPEAHEM 3Ha-
yeHuan.

[peanonoxuM Teneps, B YacTHOCTH, 4to (yHKuus f(x, y) Henmpe-
peiBHa B (P), 1 BO3bMEM B Kavectse m u M ee HauMmeHblilee W Hau-
Gosbiuee 3HaueHus B obaactu (P)-—no teopeme Be#tepuitpacca [n° 136]
onu cymecrsyior! Torza mno wusBectHoit Teopeme DBoapunano—Koumu
[n°134] nempepmBHas ¢yHKuMs f(X, V), NpUHUMAOULAad 3HaueHUA M
0 M, ZomkHa NpOHTH UM uepes KaXHO0e NPOMEXKYTOUHOe 3HaueHwe,
Takum o6pasoM, Bo BcsikoM ciayuae B obmacty (P) JoMkHa HaHTHCH
Takas TQUKa (X, 7), uto p—=f(X, J), u dopmyra (8) nmpunuMaer BuL

V§ e map=r(z-5)-P. ®

(P)

10 — ocobeHHO ynoTpebuTenpbHasds (GOpPMa TEOPEMB O CPEAHEM.

Tak ke Jerko HEePEeHOCHTCS Ha paccMarpuBaeMuift ciayuait u o6obieH-
Has TeopeMa o cpeAnem sHauenud [n° 182, 10°]; npemocrasasem 3TO
YUTaTesMo.

342, Unrerpan kax annutupHas ¢yskuus obaactu; nuddepen-
nuposanHe mo oGxacTH. PaccMorpum (3aMKHYTYI0) IUIOCKYIl0 o06JacTh
(P) u coxepxamuecs B Heli yacTuyHble (3aMKHyTeie) obaactu (p). Mu
OyZem npeanosaraTb BCe ob6aacTu kBajgpupyemumu (mo obcros-
TEJABCTBAM OHH  MOTYT MNOAJIEKAaTb W APYrMM  orpaHuuenusm). Ecau
Kasxcdoli wacmu (p) obaacmu (P) conocmasasenmcs Hewomopoe onpe-
JesneHRoe HUCAO

D=0 ((p)),

mo 3mux onpedeasemcs <«@ysxyus om obaacmu (p)» 041 yKasax-
notx (p). Tlpumepom Taxko#t (yHKIME OT 06JaCTH MOTYT CJYXKHUTH: ILIOMLA/b
o0MacTy, HENpEepHBHO pacnpefe]eHHas MO HeH Macca, CTaTHYECKHe
MOMEHTBI TOH MacCH, HENpEpHIBHO pacnpele/IeHHas Harpyska W/ BooGiie
HelicrByoIas Ha Hee cunia, M T. I

Ecau npu npousgoasnos passodxceruu obsacmit (p) Ha 83QUMHO

He NanecaOWue wacmu
@)=+ ")

gsce20a oKa3bl8aemcs, 4mo
Q(@EN=2(PN+2(")

mo gyuryuw D ((p)) om obracmu Ha3wsawm addumusunoi. Bee
yHKUMA, TNpUBEACHHBE BHIIE B BHZE npuMepa, O0OA3aJalOT  TuUM
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CBOHCTBOM aMMTUBHOCTH. AJAWTHBHEE (YHKIMM OT 06JAacTM NPEAcTaB-
AAI0T 0COOYI0 BaXHOCTb, HOO HaCTO BCTPEYAIOTCA NPH K3YYEHHH ABJECHUR
NPHPOAL.

[Mycrp B KBagpupyemo#t obaactu (P) samana MHTErpupyemas QyHKuus
toukn f(M)==f(x, y); Torma oHa Oyzer uHTerpupyeMa B moGof
KBaJpHPyeMO# e uactu (p) 064acTH, TaK YTO HHTErpaj

o ()= S(p§ fx y)yap (19

Takke ecTb ¢yHxkuus or obmactn (p). Beuny n°341,2° u oma Gyzer,
OUYEBHAHO, AAAUTHBHON QyHKUMEH.

O6parumca Tenepp K <«auddepeHuuponanno dynxkuun D ((p)) no
obaactu». Ilycte M — dukcuposansas Touka obaacta (P), a (p)—
aobas copepxkamas 3Ty TOYKYy duacTuynaa oOaacTb. Koweunull
npedes OmMHOuEHUS

2 ()
p )

20e p ecms naowads obracmu (p), Nnpu cmpemienuu ¥ Hyaw0 Oua-
Mempa obsacmu (p), Ha3oigaemcs npou3s800roli om pyrKyuu
D((p)) no ob6racmu 6 mourwe M. Ecim ®((p)), nanpumep, ectp
Macca, HeNnpepelBHO pacnpeleneHHad mno IIOCKOR ¢urype (p), 10
9TOT MpeleA €CTb He YTO HHOe, KaK MNJAOTHOCTb pacnpefeteHns
Macc B Touke M, a ecin © ((p)) osmavaer cuay, aeHcrsyouryio Ha u-
rypy (p),—7T0 yAenbHoOe KaBaeHue B Touke M, 4 T. I

OcoOriit uHTEpeC AJS HAC MPEACTAaBJIET CAyyaH, KOrAa (yHKuus or
obnacty Bhipaxaerca uurerpanom suaa (10), rae f(x, y)—Henpe-
puBHaa B obaacty (P) ¢ysknus. Mul NOKaMeM, YTO npou3sodHod no
obracmu 8 mouxe M om unmezpasa 6ydem nodunmezpassHas QyHi-
Yus, BHYUCACHHAR UMEHHO 8 3mol mouke, m. e.

fM)=Ff(x, y)

JleficTBuTenbHO, B34B 06/4acTb (p), O KOTOpPOH roBopuTCsS B OnNpeje-
JIEHU) TIPOU3BOAHOM, MMeeM Mo TeopeMe O cpeldeM [cm. (9)]

S(N=S(% 3)P

rie (X, §) ecrb Hexoropas Touka obaactu (p). Ecam muamerp oGaacta
(p) cTpemmrca K Hymo, TO Touyka (X, J) OesrpaHuuno cOamiaercs
¢ (x, ¥) u, N0 HenpephBHOCTH,

3;@l=f(x3 _?) .’f(x: y);

4yTQ U TPeGOBAMOCH AOKAa3aTh,
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3AMEuAHUE. Bule HaM NPUXOAMAOCH YXe TOBODUTH 06 ammu-
TUBHHX (iyHKuMsAX OT npomexyTka [n°204]. Tak Kak Takas QyHKus
BCerfia npeacrasiser coGoH  pasHOCTH ABYX 3HAYEHUHt HEKOTOPOH
¢yHKuME TOUKH, TO0 He OnJ0 HagOOHOCTH AJd «JUHEHHOrO» Ccayyas
PasBUBATE TEOPMIC BPOAE H3JOMKEHHOH BHILE RIS «IUIOCKOTO»> CJyYas.
Omnako B Teopeme 0 AuddepeHUUPOBAHUM ONpPENEICHHOrO WHTErpasa
no nepemMeHHOMy BepxHeMmy npemeay [n°183, 12°] uuratens Jaerko
YCMOTDUT &HAJIOT JOKA33HHOH TONBKO uTO TeopeMb O aaddepenuupo-
BaHWK HBOHHOro uHTErpaia no objaactu.

§ 2. BBIYHCJEHHE JBOHHOIO HHTEFPAJIA

343. Mipurenenne nBOHHOrO MHTErpajia K MOBTOPHOMY B cayudae
opaMoyroasHoit o6nactu. C 3TuM BONPOCOM B reOMETPHYECKOH TpaK-
TOBKE ¥ NPU HEKOTOPHX HacTHBIX MNPERNOJOXKEHHAX MBI YXKe HMeau
zeno B n°337.

Paccmorpum Temeph ero CpeACTBAMU aHANK3a W TIPHTOM B CaMoB
ofmedt opme; HauHEM MBI C NIPOCTOrO CJayuyas, KOrja o0/JacTb MHIErph-
poBaHus npeAcTaBaser cobolt npamoyrosbHuk (P)==[a, b; ¢, d}.

Teopema. Ecau oan dyuxyuu f(x, y), onpedesennod 8 npsamo-
Yeoasnure (Py=/|a, b; ¢, d}, cymecmsyem 0d8oiinoli unmezpas

INECEL @)

P)

U —npu KaxcOOM nOCMOSAHHOM 3Havexuu x u3 [a, b] — npocmol
uHmezpan

d
10={rx ity @<x<y) @

mo cyuecmeyem marxse nOBMOPKLLE UHmMe2pan
b

{ax §f(x, ydy ®)

a

U BHNOAHAECMNCHA PABEHCMBO
b d
(Vree map={ax {7 pyay. @
(P) a ¢

HoxasaTteancTBo. Pasobsem npomexyrkn [a, b] u [e, dj,
onpefeNsOmne NPAMOYFOAbHAK (P), Ha 4acTH, BCTABJAA TOYKH AEJEHHS

xo=a<x1<...<x,-<x,~+‘<...<x,,=b,
y0=0<yl<---<yk<yk+x<...<y,,,=d.

*) Uurareab Jerko yCMOTPHT B 9TOM YTBEDKIEHHN BUIOH3MEHCHHE H3Be-
CTHOH TeopeMbl 0 ABOHHOM H NMOBTOPHOM Npejenax [n° 131}
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Torza npamoyroasHuK (P) PpasiOKMTCH Ha YacTHYHHE NPAMOYFOJbHHKH
(puc. 23):
(Pi,k)':[xi’ Xiets Yo yk+1]
(l::O, 1, vee s B —1; k=0, 1, oues m-—-l)
O6o3HaunM uyepes #;, U M; ; COOTBETCTBEHHO, TOYHBIE HUXKHIOK

U BepXHOW0 rpasunsl Qyrknuu f(x, y) B npamoyroanHuke (P ,), Tak
4TO JAJA  BCeX ToueK (X, y)

.Z/Z 3TOTO NPAMOYTO/bHHKA
) M <<J (% Y)<< M
duxcupys X B NMPOMEKYTKe
Yot [*5 Xx;,4] no npoussoay: x =£§,
Pa) ¥ BHTETPHPYS N0 Yy OT y, RO
2 24z Vs OydeMm umers [n°182, 8°)
ent
¢ m; By, < S fCdy<<
7 z T\ Zpar il Yk
£ < M Ay
]
Puc. 2. rae Ay, =4, — Yy uHTErpaA

N0 y CYLIECTBYET, TaK KaKk Npei-

NOJIOXEHO  CYIIeCTBOBAaHHE HH-
Terpana (2) no Bcemy mnpomexyTky [¢, d]. Cymmupys nonoGHme He-
pasencrea no £ or 0 go m — 1, noayyum

-1

2 m,kAyk<1(E)—Sf(Ep $dy< Z Mi Ay

k=0

Ecan yMHOMWTb BCE YacTH STHX HEPABEHCTB Ha Ax;=x,; ,—X;
U npocymMmupoBare mo sHauky i or 0 mo n-—1, To Halzem

n—1 n—1 m—1

E Ax Z m; kAyk Z I(E )Ax iéo Axik§0 Mi,kAyk'

Tlocpeause Mpl NMOJYYAIA MHTErpadbHylo Ccymmy A1 ¢ysxuua [ (x).
Yro ke KacaeTca A0 KpalHuX UY/IEHOB, TO OHM MPEACT3BJAIOT COG0I0 He
yro wuHOe, Kak cymmpl s u S Jlap6y aas AsoiHoro unterpana (1).
JletictBuTeNbHO, Tak kKak Ax; Ay, ects niomaib P;, NpAMOYrolbHAKAZ
(P;, 1) -10, HanpuUMeEp, UMEEM

n—1 n—1lm—1

Z Ax; Z M, Ay = 2 2 m;,kAx AJ’k—-Em;,kp r=S
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Takum 06pa30M, OKOHYATENBHO
n—1

s< X I¢) Ax;<S.
i=0

Ecan temepp Bce Ax; u Ay, ONHOBPEMEHHO YCTPEMATL K HYJO, TO,
BBUY CyI1eCTBOBAaHHs JBOHHOrO uHTerpana (1), obe cymmm s u S OyAyT
CTPEMUATLCSH K HeMy, Kak k npedeay. B TakoM cayuae n

n—1
tim Y 1¢) x=  { £ )ap,
i=0 (P)
T. €. JABo#iHOM! wmHrerpan (1) npexcraBager coboit B TO e BpeMs U

nHrerpan ot Qynxnmn I(x):
d

b b
{§ 7 ap=(109de= [ dx| e )y,
(P; a a c
4TO ¥ TpeGOBaJOCH [AOKA3aTh.

Mensgs poJu NEePEMEHHBIX X M Yy, Hapaay ¢ (4) MOMHO HOKasartb
u opmyy p b
{{re nap=(ay (7ee e, 4"

) ¢ a

(P
B NpCANOAOKCHNY, YTO NPH y=const CyLECTBYET HHTErpan

§ fx, y)ydx.

3ameuanui. Ecin Bmecte ¢ apofinpiM unTerpaiom (1) cyumtecrsyior
00 a npoCTHX WHTErpana:
d b
S f(x, y)dy (x=const) u S f(x, ¥)dx (y=const),
a

<

TO UMEIOT MECTO OJHOBpemeHHo 006e dopmyas, (4) u (4%), orkyna
b

X Sdf(x, Ndy= Sd dy Sbf(x, y)dx. ®)

a

IMpumenenue ¢opmyan (4) wimm (4 ¥) o6yca0BIEHO CYIIECTBOBaHHEM
[BORHOrO WHTErpala M OZHOrO u3 NpoCTHX. Ecau dynkuns f(x, y)
HenpepsBHa (caAyyad, KOTOpmH OOCHYHO BCTPEYACTCS HA IPAKTHKE),
TO CYLIECTBOBAHME BCEX YIOMSHYTHX HHTerpanoB ofecneueno. B arom
ciyyae moOOH 13 YNOMSHYTHIX (ODMYA MONKHO NOJB30BATLCA s
haKkTHYeCcKOro BHYMCJACHHSA [ABOHHOIO mHTErpaaa, TaK Kak
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BHIYHC/EHUE NPOCTHX WHTErpajoB NPeACTaBJseT ropasfo GoJsee JETKyio
3aJayy.

Ilpu nokasarennctBe QopMyan (4) Bcero ecrectBeHHee OBLIO pas-
JIOWUTh NPAMOYFOMBHUK (P) NpaMBIMH, Napajsie/IbHEIMA OCM, Ha APSMO-
yroibHbie 3JMeMEHTH ¢ maomaismu Ax; Ay, Kenas B caMOM CHMBOJE
IBOHHOrO HHTErpalna YyKasaTb Ha HPOHUCXOXIAEHHE €ro OT JeNeHus
06/1aCTH Ha YacTH NPAMBIMH, TAPaJJIEHbHBIMA OCAM, BMECTO

{ {70 nap
4acTo nauryr "
gf(x, ydxdy [wm g Sf(x, y)dyde.

(1 i)

Bosbuie Toro, umes B BULy CBeAEHnE ABOHHOIrO UHTErpana, pacupocTpaHeH-
EOro Ha npsmoyroipHuk (P)=={a, b; ¢, d], x NOBTOpHOMY, ¥ cambit
ABOHHON uHTErpaj 4acTo 0603HAYalOT CHMBOJIOM, CXOIHBIM C HOBTODHBIM:

b d d b
S Sf(x, Y)dydx wm S Sf(x, y) dx dy.

Tipn stoM o0GO3HaUEHHH APYT APYTY COOTBETCTBYIOT <«BHEIUHHH HHTe-
rpajg» ¥ <«BHEWHHH AudpepeHlman», TaK YTO CTOMT JWIIL NOCTABHTDH
CKOOKH, YTOOH TNOJAY4WTb TOT Wad HPYroH M3 NMOBTOPHHIX MHTErpaJos:

b d d b
S {Sf(x,y)dy}dx na S {Sf(x, y)dx}dy.
a c [ a
3 dxd
fMTeuMePb. 1) [= S ..__'Y_X_!.._s_ [powe npexcrasutb / mo dop-

O a?

1 1
1.___.de . ydy

(R )

myne (4) B Bune

3 !
7
6o Cpasy noayyaem:
1
ydy . 1 . 1
3TYVEFT Vg2
¢ 4ty -

TaK 4TO
1

1
1 1 x+VxEF1 24-V2
1= ee— e e = ———— —1 —
OS(Vxﬂ+1 Vx‘~‘+2)dx mx+Vx2+2o 1"14-]/3'
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Ecan npnGernyr» ¥ ApYroMy NOBTOPHOMY HHTErpaiy, 70 KBaIpaTypsl OKa-
MYTCA HECKOABKO Gonee CIOMHBIMHU:

1 1
=frof e
R N

x=1

dx

’

-

dx 1 X
IR YT e £
¢ a VIR
1 1 — —
9 dy L, Y2Ey—1) 1 (VY312 +1)

I=\ ——F =g 7 3 7 .
OS<1+y2)V2+y* VIR 2 32—

. 1
U Virs !

=0

Jlerko npeo6pa3oBath 3TOT OTBET K MpPEXHEMY BHAY.
2) Ha#itn o6bem V Tewma, orpaHHueHHOro CHH3y IJOCKOCTbIO Xy, ¢ 60KOB —
naockoctaMn x =0, x=a, y=0, y==0, a cBepXy — 3AIBNTHYECKHM Napa-

_ xﬂ yz
Gononzom z_$+§—.
Ipexae Bcero no diopMyae (2)

_ x2 y:
v={{ (G+a)e
[0, a; 0, b)

Camoe e BHYHMCIEHHE MHTErpana npou3eefeM no Qopmyne (4%):
b a b
_ X2yt _ ab fl_.)ﬁ __ab a® b
v={of Grie={(G+%)o=FF+3)
¢ 0 0
344. Nlpusenenne apoiinoro y
HHTerpaja K HOBTOPHOMY B g
cayyae KpupoauneitHoli o6ia- y=Yiz)
ctu. Paccmorpum obaacts (P),
OrpDaHHYEHHYI0 CHH3Y H CBEPXY
JABYMS HENPEDHIBHBIMH KDHBBHIMH:

Y= (x):

117}
=V e<x<b %,.y/

a ¢ G0KOB — ABYMA OpAMHATaMM:

x==a u x=b (puc. 24). 7 z ;

Torpa,  aHanoOrWyHO  Teopeme

o Puc. 24.

n° 343, uMeeT MecTO caeAyomas
Teopema. Ecau 0an gynxyuu f(x, ), onpedesenrnot 8 obaacmu

(P), cywecmsyem 080inoli unmezpan

{§ 7 nap

(P)

&
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u—npu  KaHCO0OM NOCMOAHHOM 3Hawenun X u3 [a, b] — npocmoi

unmezpar
Y(x)

I(x)= 5 I (%, y)dy,
Yo (x)

mo cywecmeyem mMaxice NOEMOPHuLE UHME2PaL

b Yix)
fax | 7@ nay
a Yo (x)

U BHINOAHAECMCA pPABEHCMBO
b Y(x)
(S nap=(ax | 7 v ©
() a

Yo (x)

JloKa3aTebCTBO CTPOUTCA HA CBEAEHUM 3TOrO CJydas K PaccMOTpeH-
Homy B n°343. Mmenno, 3axmounm o6aacts (P) B NPIMOYrOJAbHUK

R)=la, b; ¢, d],

nojarag ¢== min y,(x), d= max Y(x) (puc. 24), u onpelennm
b

a=sx<bh a=XN=<

B 5TOM NpAMOYroJpHuke (yHumio f* (x, y) caenywownm obpasom:

F(x, ¥), ecm Touka (x, y) npuHamnexur obnacta (P),

f*(x,y)={

0 B mpouux TOUKax npsaMoOyroJshuka (R).

MMokaweMm, uro 5Ta (YHKUMA YIAOBJETBODPSET YCJOBHAM TEOPEMH
n° 343.

Ilpewne Bcero, oHa wuHrerpupyema B obaactn (P), ubo smech oHa
COBMaJaeT ¢ HHTErPUpyeMOH 1m0 ycaosuio QyHkuueir f(x, y); oueBuiHo,
NI03TOMY

{7+ e pap={ {7, spap.
(P) (P)

C npyro#t cropousl, f*(x, y)=10 Bue (P) u, CJIeNOBaTeNbHO, HHTE-
rpupyeMa 4 B ocranpbHo#t uactu (Q)=(R) — (P) npamoyroapHuka (R)*),
npuueM

{ {7+ aa=o.
Q)

*) 3nayenua ee Ha rpanvle aTofi oGaactu poam He mrpaot (cM. n° 341, 1°)
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Torma, B cuay n°341, 2° ¢yskuma f* wuunTerpupyeMa BO BCeM
npamMoyroibhuke (R), u

SSf*uhwdR==SSfuhwdR @
(R) (P)

Ilpu nocrosiuHom sHauednd X B [@, b] cyulecTByeT uurerpan
a Fo(¥) Y(x) d
(reny={ ro+ ( ro+ | re,
c ¢ Yolx) Yix)
160 CyUeCTBYeT KaXAMH M3 Tpex mHTerpanos cmpaka. [leficTBuTEABHO,

TdK KaK B TPOMeKYTKax [c¢, yy(x¥) u (Y (x), d] uamenenns y ¢yHxuus
f*(x, ¥)==0, 10 nepBuifi u TpeTHH uHTerpajsl CyIEeCTBYIOT, Oyayuu

paBHH Hymo. Bropo#i e mHTErpad COBNAAAET C HHTETPAJIOM OT
¢pyuxumn f(x, y):

¥Y(x) Y(x)
{ e o= r= a0,
Yol¥®) Yo (%)
nockoabKy f¥(x, y)=rF(x, ¥) m1a y B [y,(x), Y (x)]. Oxonuarensuo,
d Y(x)
Ve nd= | fe 9. ®
¢ Yo (%)

B cwiy ynomaHyToM Teopemnl, AAf (yHKuMH f* cymecTsyer u
NIOBTODHBI MHTErpan, KOTOPH# paseH Asofinomy [cm. n°343, (4))

b d
{§reen mar={ax {5 pay.
B a ¢

Mpunumas xe BOo BHuManne (7) u (8), BuamM, yro sTa (opmyna
pasHocuisHa opmyae (6).

Ecin obaacte (P) mnpeacrasaseT co60H KPHBOJMHEHHYIO Tpamenuio
Jpyroro THNA W OTPaHMYEHd KPUBHIMHU

x=%0), ¥x=X{) ((<y<d

% NpaMeIME y=—c, y=—d, T0 BMecto (6) npugem Kk Qopmyre
P y J y

V§ 76 syap= Sd dy Xs('y)f(x, ¥)dx, (6%)
(P) ¢ *o(9)

B 1PEANOJOKEH!H, YTO, HAPAAY C ABOHHBIM HHTErpaJoOM, NpH y = const
CYIWLECTBYET NPOCTOH MHTErpal 1no X.

3amMeEuyAHUE. Ecm koHtyp ofaacta (P) nNepecekaercs Juuib
B JBYX TOYKAaX KaK NapaajensMud OCH OPAMHAT, TaK H Napamie/isMH OCH
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abcuncc (kak, HanpuMmep, B cayuae, nsobpaxeHHOM Ha puc. 28), 10
npu  BHINOJHEHWW YKa3aHHBIX YCJAOBHH NpUMEHUMB 06e yNOMSHYTHE

7 dopmyanl. W3 conmoctaBnenus ux
J NO/IYYaETCA PaBEHCTBO
b Y
des f(x, y)dy=
a Yo (%)
(1 d X
| ={ay | rn pax, @
¢ | ¢ %0(¥)
7 ) 3>z KOTOpOE TNpEACTasBaseT M CaMo-
Puc. 25. CTORTE/AbHBIH  wHTEpec. 10 —

aHanor Qopmyas (5) n° 348.

Ecns ¢ymkums f{x, y) B ob6aactu (P) HENPEPHIBHA, TO HHTErPabi,
ABoiHO# W mpOCTOR, cyuiecTBywoT, u dopmyay (6) man (6*), cmorps no
Tany obaactd (P), MOXHO MCNO/BL30BaTh AJAS BHUYHCJAEHHS ABOHHOrO
uHTerpana.

B cayuae Gosnee CaA0XKHOFO KOHTYpa o6aacts (P) OGHIYHO pasna-
raercs Ha KOHEYHOE WuMCJO uacTed paccMoTrpenHoro tuma. Hanpumep,
¢urypa (P) Ha puc. 26 pacce-
KaeTcsi npsMol0 X==a Ha TpH g
rakue yacti: (Py), (Pg) u (Ps).
Toraa m uckomublit wHTerpas, B ®)
cuny n°341, 2° npeacrasasercs
CYMMO# MHTErpanoB, pacnpocrpa- »)
HEHHBIX B OT/JEJbHOCTH Ha 3TH
YaCTH; KaXABI# M3 HUX BHIUKC-
J9€TCA, KAK YKasaHo. (A

B obuwem cayyae Takxe, no-
CKOJILKY MBI CBEJH JeNO K Teo-
peme 1n°843, B ocuose ymosza- U @ &
KJIIOUEHHH  JeKUT  pa3bueHue Puc. 26.
paccMatpuaeMoit  urypsl  Ha
NpAMOYro/bHEIE 5JeMeHTH. B cBa3u ¢ oTuM u siech Aas 06G03HaueHuA
ABOMHOrO MHTErpaia NOJB3YIOTCS YacTO CUMBOJIOM

§§reesaxay
(Py
npousseiehne dx dy HANOMHHAET O MJIOMAAW SJAEMEHTaPHOTO MpPAMO-
YroJibHUKA,
CaMo cOGO# MOHATHH U 0603HAUCHUA
b Y(x)

d X(y)
fdydx wm S S fdxdy.

a yolx) ¢ X
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[Mrpumeps. 1) Buuncante nsoftHo#t muTerpan

1= {rvE==ap,
(P)
rie (P) ectb xpyr papvyca R € HEHTPOM B Havaxe KoopamHar (puc. 27).
Pemenue Kouryp obmactu (P) umeer ypasHenne x2 4-y?— R? oTKYyla
y=2 VYV RE-=x% Ouesunno, y=-}- Y R — x* ecTh ypasHeuue BepxHeli nONy-
OKDYHOCTH, a y = — }/ R — Xx® ABAAETCA ypas-
HEHHEM HHMXHeHl NoayokpyxkHoctd. TaxuM oGpa- y
30M, IPH [OCTOSHHOM X M3 NpoMexyTka [— R, R]

nepeMeHHas y u3Mensercsa oT — J RE— x* 1o y=+VALz!
+ V' RT—x™. [lo hopmyae (6) — C yueTom u e T-
HOCTH NO y TOAMHTErpPalbHOH yHKIKH —

R +VREI—x2
1= S dx S YVRER—xdy=
—R  —YRI—x

R V RS —x2
=2 S VR - xPdx S ¥2 dy.
—R 0

BriuncaseM BHYTPEHHHII MHTerpan

VYRE=x8

3
¥ dy =g (R — )7,

0

3areM — CHOBa € YUeTOM YE€THOCTH —

32
(R — x*)*dx == R

Y-

R
=2 . =2

CoBepueHHO aHafOTMYHO NPOBORHTCA M BLIYHCACHHE No Qopmyre (6%).
2) BuiuscauTb HHTETpasn

1= vE=vara,

pacnpocTpaHeHHHH Ha TPeyroabHHK, KOTOpHH o6pasoBaH fapambiMp y =0,
x=1y=ux
PEmEHRE ITo tdopuyne (6)

1 X
I=§ dx S VY 4xF—y dy;
0

BHYTPEHHUMH HHTErpas paseH
X Yy=x
T —dv=" Vifg—y 2 aresin 2 = =
S Vi —ydy=5 Vi —y +2 arcsm2x! . —( >+ 3),\'5,
0 y=



256 TJ1, XXI. JBOMHBIE MHTETPAJIE [344

U OKOHYaTeNbHO
=3+
3 2 3/°
Moxno 6b150 66l BECTH BHIYHCICHHA W Ho dopmyre (6%), Ho B 3toMm cayuae
Mbl HaTOJNKHYIHCb Gbl Ha GoJdee TpyAHBEe XBaxpartTyphs. [loro6Hoe

06CTOATENLCTBO BCErAAa CJeAYeT YUYHThiBaTh NpH BeIGOpEe NMYTH IAd BHIYUCHEHHA.
3) Bolyucanrb uHTErpan

= S xP~1ye~t dx dy,

0, y=0
+y=l1

B fIpefnoxoXeHny, uto p =1, g =1%).
Vimeem mo dopmyre (5)

X

By

1 1~ x 1
1=Sx1"1dx S yﬁdy:ls xP1 (1— x)? dx = B (p, g+ 1).
q q
) ) ¢
OKoHYaTeNbHO:
g T(nT(g)
XP i gy dy = 10
SS Y YT e+ D)
x=0,y=0
x+y=1

Jra dopmyaa npuHamaexur dupuxie.

4) Mlpn p<<1 (vnu ¢ << 1) nommurTerpaibHas Qysruusa obpamaercsa B 6ecko-
Heydocth mpu x=0 uw O<<ys=<l (uaw, coorserctBeHHo, npn y=0 «
0 << x =< 1). O6biuHoe onpejiclieHYe HHTErpana 34ech ywe HeNPUMEHHMO: MHTe~
rpan OKa3plBAeTCs «HEeCOOCTBEHHBIM» WM TpebGyeT IJd CBOEro ONpefeNeHHA J O-
HONHUTEAbBHOPO NpefefbHOTrO NeEpexona. Mu NIOACHUM 3T0 HMEHHO
Ha pacCMOTPEHHOM NpHMepe, B INpeanmonoxenny, uyto 0 <p <<l m O<<g<<l.
BoabMem cHayana uHterpaxd (e >0)

1—¢ 1—x
S S xP iy dx dy = S xPtdx S yiidy=
8 €

XxX=c¢

ity

e

=a

]

I

| 1—e l—e
==—E[ S Pt (1 — x)0 dx — &7 S xP-1 a'x].
13 &

Ecme ycrpemutb Temepp & K 0 (CxuMMad Ty MHOJNOCKY, 3aIUTPUXOBAHHYIO Ha
puc. 28, ¢ noMoubI0 KOTOPOH MBI H30AHPOBANH «0COObIE» JNMHUHM, TO B Hpe-

pene Mnouyqyum Tome—cll—B(p, g-+1). Dror mnpexes M eCcThb HCKOMBII Heco6-

CTBEHHBIH HMHTErpajL

3aMEyAHUE W B ofuweM cayyae, KOria NORMHTerpasbHas QyHKuUMA
o6pamaercs B GeCKOHEYHOCTb B OTACHbHHIX (<OCOGBIX») TOYKAX HIM BAOAb HE-
KOTOpBIX («0COOBIX») AMHMI, WX BBIEMAIOT ¢ NOMOLULIO TeX HAM HMHEIX OKpecT-

*) 310 orpaHnyeHHe Mbl YCTAHABAMBAEM 3JeCb JHIB JAXA TOro, YTOOH
n36ernyTe oOpauienus TNONUHTErpaibHOH (QYHKNMM B OGECKOHEYHOCTb; HUMKC
B 4), oHO 6yner ocmabaeHo.



345] § 2. BHIMUCNEHUE ABOMHOTO MHTETPANA 257

HoCTel, BRIYWCAAIOT MHTErpan MO O6RacTH, BHE ITHX OKDECTHOCTeH, a 3areMm
TMEePexosaT K npeneny, CxHMas YHOMAHYTblE OKPECTHOCTM B TOYKH HAM B JHHHM.
Eciv KoH e YH B #f Dpefen OKa3piBaeTCA CYLIECTBYIOUMM, TO OH M HaeT 3Haue-
HHe HecOGCTBEHHOTO HHTerpana.

Hono6uniM ke 06pasoM CTPOMTCA H NOHATHE <He- y
COOGCTBEHHOrO» MHTErpana, PacHpoCTPaHEHHOro Ha Gec-
KOHEYHYI0 OGAACTb: CHayaja pacCMATPHBACTCH OG- 7 D)
CTBCHHBIH WHTerpax no orpaHuueHHofft obnacth, a
3aTeM 3ta 0671acTb pacilupsercs, OXBaTHBAA MoOCTe-
[IEHHO BCe TOYKH HeorpaHMYeHHOH o061actTd; ¢ 3TuUM
M CBA3HIBAETCA JIONOJKHUTENbHBI NPEfeabHbl Nepexon. o

B cayyae monoxuteabHO# MORMHTErPaibHON QYHK- e’
i BHGOpP CHUMAIOLIUXCHA OKPECTHOCTEM <«OCOBHX» ye
TOYEK ¥ JIHMHHH Wi¥ DPaCHIMPAIOMICHCA OrpaHUYyeHHOH 7 7
obaacTn GespasnnyeH. 0 [y 1z
345. MexaHnuyeCKHe NpHIOKeHHA. Bce reomer-
pUYECKHE M  MEXaHHYeCKWe BENMUMELL, CBA3aHHbIE Puc. 28,

C MAOCKHM HENpephHBHHM pachpeleleHleM Mace

BloAb Hexkotopo# ¢urypy (P) m nmpejcrtaBasdlomue agfiUTHBHHE
¢GyHKUHMM 06MacCTH, B NPUHIUNE BHPAWKAOTCA ABOHHBIMH HMHTErpalaMy,
pacnpocTpaseHHHIMH Ha 3Ty (QUrypy.

3necb Mbl uMeeM B BHIY AaTh KpaTKHe YKAa3aHUA OTHOCHUTENHHO TOro, Kak
o6bIYHO MONyYalT (opMyin mogo6Horo tuna. [lopamok umel 3gece TOT e,
YTO W NPU NPUMEHEHUH NPOCTOro ONpelcieHHoro WHTerpara [n° 204j.

Buigenss saementapuylo vacth (dP) durypn (P), meaalor ynpoimawoulee
REIKNAJKH NPENNOAOKERHE, HANPUMED, UTO Macca BCEro SlIeMeHTa COCPeNOTOYeHa
B OJHOM TOYKE WA YTO NAOTHOCTb pacnpeie’eHHsA MacC B npelenax 9JeMCHTA
HOCTOAINHA, KOTOPOE MO3BOAAET JaTh Aisi sxeMeHTa dQ HCKOMOH BenMunnsl
npu6anKeHHOE BhIpaxeHHE BHLA

dQ =q (M) dP,

BepHoe 1o GeckoHewHo Manoft nopsnka, Beicwero uem dP. Torma TounoOe
sHayeunue @ Bupasuica dopmynon

o={{ammar.

(P}

OGocHoBaTh 3TO MOmHO, Hanpumep, Tak [cp. n° 204). Cymmupys npubau-
WeHHHEe BHPAaXEHUS LA 9NMEMEHTOB (), MOXHO IOAYYHTb NPHONMKEHHOE xKe
3HayeHue BEAWYMHH (Q B BHIE HHTEIPasbHO! CYMMbl, a IEPEXONd K Npexeny —
TOYHOE 3HaueHHe Q yxe B BuAe Npejena CYMMsl, T. €. HHTerpaja.

TTycth Macchl HempephiBHbIM 06Pa3oM pacnpeseneHs no ob6aactu (P), mpuueM
(noBepxHOCTHaA) NAOTHOCTH B Touke M (x, y) nyctb Oymer

p(M)=p(x y)
Jlerko cooGpasuth, 4TO 3MeMEeHT MacCH TOrja Gymer
dm=p dP,

TaK YTO BCA MacCa BHIPA3UTCA HHTErpanoM

m=SS p dP. (10)
P
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Hanee, sneMeHTapHHE CTATHYECKHE MOMEHTH Y MOMEHTH WHEDUMH OTHOCH-
TeNbHO Ocell xoOpAuHAaT GyayT

dKy=y dm=ypdP, dK,=xdm=xpdP,
diy=y*dm==y% dP, dl,=x*dm=x%dP.
Orciofa I8 CAMHX MOMEHTOB CPa3y NOIyyaeM:

szgs‘ypdpr Kyzs'sxpdpv
P Kla]

L= S Syzp ap,  I= S S X% dP.
B P}
Teneph OGHUHBIM 06pa3oM TONYYAlOTCA KOOPAMHATH HEHTPA TAKECTH

urypot:
S 5 xp dP S‘ Yo dP
5 .

_ X _ P
b=, 1= (12)

(11)

B cayyae onHopoxHo# duryps, p=const, 3TH GOpMyasl yNpPOWIAIOTCA:

SSde’ SSydP

. \P) __ P

B offesbHBIX DPOCTHIX CayyasX YOaeTca € IIOMOWbIO JNBOHHHIX WHTErpasoB
ucyepnaTh NojoGHLle e BONPOCH 110 OTHOHMICHHIO K T e JXa M, HanmpuMep K Hu-
RHHADHUECKHM 6pycaMm.

ITycrs gan rtaxoit 6pyc, orpaHMuyeHHbt noBepxHOCTBIO z=2z (X, y), e€e
npoexkunell (P) Ha MIOCKOCTh Xy ¥ NPOEKTHUPYIOIMM LHUANHIPOM, o6pa3ymoiue
KOTOPOro mapainenbHsl ocH 2. Ecam, nanpumep, Tpe6yercs onpelneiauTh cTaTuye-
ckult MoMeHT Ky, 0RHOPOZH O O Gpyca (A1 HPOCTOTE NPENNOIOKNM 06Bem-
HYI0 IIIOTHOCTB DaBHOU eRMHHLC), TO Mbl IpeicTaBaseM ce6e stor 6pyc cocroa-
HIEM M3 PANA SJeMeHTapHHX CTOAGHKOB C OCHOBaHMeM dP n Brcoroit z. Cratuue-
CKMH MOMEHT CTONGHKAa OTHOCHTENbHO INTOCKOCTH Xy paBeH ero Macce uiad-—
YTO B JaHHOM ClIyyae 70 e — o6beMy Z dP, YMHOXEHHOMY Ha PacCTOSiHHE ero
HeHTpa TAXKECTH OT 9TOH MIOCKOCTH, T. €. Ha 5 2 Wrax, snemeHTapHBIH CTaTHYE-
CKMH MOMEHT eCTh

[
dKyy= 5 & dp,
OTKYNa, CYMMIpPYSl 1O BCCM CTOAGHKAM, Monxyuaem

Kymb | { 2 an 4
(P)

Ananoruyno MOTYT ObiTh YCTAaHOBJEHB! M GOPMY bt

Koy = s‘ Syz aP, Ky,= SS xz dP. (14a)
) P
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Orcroma aerKo MOAYYMTh BbIPAwEHUA IAm KoopauHar & 7, { meHTpa Taxse-

crn Gpyca
S S Xz dP
4

__ Ky, _ P
= V= BT oo

Toyno 1ak e BmBOmATCA M (OPMYJBn Has MOMeHTOB wHHepumu 6pyca /,
OTHOCHTENbHO OCH Z H Iy, I x— OTHOCHTEAbHO MAOCKOCTEH KOOPIWHAT Yz, 2X:

I,= s‘ S‘ (x2 -}y 2 dP, I,x=gs‘y’z dp, Iy,=ng22 dpr, (15)
‘(7 P ®

npuyeM ACHo, uT0 lp=l, 41,

Ecnu 6n npocTpancTBeHHas NAOTHOCTb p paclpenefeHus MacC 3aBHCena
0T 2, KBOHHOrO HHIErpa’za yme 6bliO
6bl HEOCTATOYHO M NPHWNOCH Gnl 06pa-
THTBCA K TPOHHOMY uHTErpaay [cm.
n° 379].

Mpumer . 1) Halttu nentp tame-
CTH YaCTH ONHOPORHOIO SAAUNCOMA

x?

3 Z'
StEta<l,

conepxanieica B TePBOM  OKTaHTe
(puc. 29).

Pew enne O6racts (P) orpauuyena
KOODIHHATHHIMH OCAMH H Iyro#f smammnca

y= % V&5t Puc. 29.

(0 << x << a); ypaBHeHHe NOBEPXHOCTH 3LIMNCOMIZ B sABHOM BHule Oyxer

- x? )
2=8V 1———?--—%;.

Ito dopmyne (14)

T xE
L g ”V‘—T .
x
ny=—2-c25dx S (I—F—g—,)dy=
0 0
ber : 2 x2%dx—f—abc’
38 ) (@ — )" dx=qggabe’
]
Ananornuno
T
Kyz = I% a*be, Kex ='1_6 abc.
B 10 ke Bpema o6bem
™

| 4 abe,

=:—6-
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TaK yro

3 3 3
E—-ga, "1——8-17, C__—S—c.

2) HaifT MOMEHTH WHEPUHH OJHOPOIHOrO MANICOMAA
x2 y2 ZS
FtEptas!

OTHOCHTEJIHHO KOOPAMHATHBIX IIOCKOCTEl.

Pruresune MOXHO OrpaHHYNTBCA ONHMM OKTAHTOM smiunconna (puc. 29)
¢ TeM, yTOGH pe3yabTaT YMHOXMTb Ha 8. B Takom cayyae oGaacteio (P) 6ymer
KBaIpaHT SAIHACA

x? y2
atEs<t

Wmeewm

b —
2
l.,=38 \‘S yﬂzdpz.gaE s‘ y? dy S‘ 1/-02 (1 —"b’—2>—x2dx=
P} 0 0

b
2
= o1 YN gy A g
_Qnacbgy (1 bz) dy_lsnab c.
Ananoruuso
lyy= - nabe,  Iy,= - nabe?
yz-—TE—)ﬂ:a C, xy._-ETta (A

§ 3. $OPMYJIA TPHHA

346. Buizon dopmyan I'puna. B HacTosmEeM HOMEPE MBI YCTAHOBHM BaX-
Hyl0 (QOpMYJy, CBA3bLIBAIOULYI0O ABOHHOH M KDHBOJIMHEHHEIH HHTErpaJsl.
Paccworprm  o6aacte (D) — «kpusoanneitnyio rtpanenmio» (puc. 30),
orpanuyenHyro kourypom (L),

¥ J-Yiz) COCTOSIIAM U3 KPHBBIX
p 7 (PQ: y=y(x)
" (a<x<<b)
(SR): y=Y(x)
4 n asyx orpeskoB PS n QR,
} a1t g napauie/ibiHX OCH 3.
E Ipeanonaoxum, uro B obaa-
7 Z 35—z cma (D) sanana dpynxuus P (x, y),

HenpepsiBHad BMeCTe CO CBoek
Puc. 30. i

TIPOU3BOAHON —- .

POU3BOAHO 3
Boiuyvcaum teneps JABORHOH MHTErpan

opP
S S 5} dx dy
D)
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no gopmysne (6) n°344; Mo nonyuum

op b Y(x) op
S 5;dxdy=$dx S Eidy'
D) a Yo (x)

BHyTpeHHUR HHTErpan 3fech JErKO BBIYUCASETCS € HOMOUIBIO TepBO-
obpasuHoft dpynkuuu P(x, y), UMEHHO:

¥(x) op y="Y(y)
\ & dv=P(s ) =P(x Y()—P(x ().
Yo (%) Y=o (%)

Takum o06pasom,

b b
SS %dxdy: S P(x, Y(x)dx— S P(x, yo (%) dx;
(D) a a
I{a)KlIblﬁ U3 3TUX lIByX HHTeI‘paJIOB MOXeET 6bITb 3adMEHCH Tenepb
KpuBoJduHeHHHM unterpatom. B camom pene, Bcnommuas  ¢op-
myay (7) n°331, supum, uto

b

SP(x, Y () dx = S P(x, y)dx,

a (SR)
b
SP(x, Yo(x)dx= S P(x, y)dx.
a (PQ)
Orciona
g %dxdy: g P(x, y)dx~§ P(x, yydx=
‘oY (SR *Q
= S P(x, y)dx - S P(x, y)dx.
(SR ©p

Menas BBECTA B pacCMOTpeHME HHTErpajd N0 BCeMY KOuTypy (L)
obnactu (D), mpubasiM K NPaBOM YacTH MOJNYYEHHOTO PABEHCTBA el
HHTErpasl

5 P(x, y)dx n S P(x, y)dx,
(PS) (RQ}

OUEBHAHO, PaBHBIE Hyo, WG orpesku (PS) u (RQ) mnepheHIuKyAspHLl
kK ocu x [cm. n°331]. Mu nomyunm

SSS—dedy_—.. { Pax+ S de—{—§ Pdx - S Pdx.
0 ” (Ps) & ko &P

IMpapast yacTb 9TOr0 PaBeHCTBAa NPEACTABARET COGOH MHTErpad, B3ATHA
N0 BCEMY B3aMKHYTOMYy koutypy (L), orpanuyusawomemy obaacts (D),
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HO B OTpUILATEJAbHOM HanpasaeHun. B coorsercTBuM ¢ COrvaaiue-
HYEM, YCTAHOBJEHHHM HaMM HacyeT 0603HaYeHus KPHBOJIHHEHHHX uHTe-
rpanoB 10 B3aMKHYTOMY KOHTYpY [n°332], MB MOXeM OKOHYaTeJbHO
NEPENHCaTh NOJYYEHHYIO (opMyay Tak:

S %—idxdy:— SP(x, yx. M
(D) (@

Xots ¢opmyna 5Ta BHiBEieHa B NPEANQJOKEHHH TIPAROH OPHEHTALMH
ocelt, HO, Kak Jerko yGeauThcf, OHa coxpaHserci 0e3 u3MeHEHHa
M Mpu JeBoH OpHeHTaUMH (UMb NOJNOXWTENbHOE HanpasaeHme obxona
KOHTYpa CTaHET HHbIM).

Mu wpeanmonmarams mo cux mop, uro ¢wrypa (D) mnpencrasaser
cobolt «xkpupoauHeHBy® Tpameuumio» Tuna, usobpaxenHoro Ha puc. 30,
B cnpaBeAauBoCTh GdopMyan (1) HoKasaHa TOJBKO AAd Takux obracteit.
Ha gene xe ona cnpasemymea M jas oOnacTelh, OrpaHuYeHHHX KOHTY-
pamn Gojiee CAGKHOTG BHA3, KOTODHE MOIYT Jaxe COCTOATb W3 He-
CKOJBKUX OTAENBbHHX KpuBHX. J[OCTaTOUHO MpPEANONOKHUTH, uTO (hu-
rypy (D) npsMbiMH, NapaJefibHBIME OCH Y, MOXHO Da3JOXATh Ha
KOHEYHOE YUCAO YNOMAHYTHX <«KPUBOJNHHEHHHX Tpaneuuits (cm., Ha-
npumep, puc. 26). Hamwcap ans kaxiof M3 HUX B OTAEILHOCTH ¢op-
MyJdy Bua (1), cIO¥uM noOuNeHHO Bce Takue paseHcrsa, Cuepa noay-
4uTCA JBOHHOHM MHTerpaj, pacnmpocTpaHeHHblit Ha Bclo obxaacts (D),

a cnpaBa — CyMMa UHTEFpaloB, B3s-
¥ THX 1O BCEM YaCTHYHBIM KOHTypaM.
4 b 7 ITh nocaeinue, OJHAKO, MPUBO-

I9TCS K OJHOMY WHTErpany no oG-
meMy KoHtypy (L), nbo uHrerpann
o \“‘\:,; N0 KaXAOMY H3 BCHOMOTaTEJbHHIX
g OTPE3KOR PaBHM Hymo. Takum 06-
pa3oM, ¥ B 3TOM cJayuae ¢opmyaa

z = 7 (1) umeer mMecto.
AHajorvyHO yCTaHaBAMBAETCA M

7 - dopmyna
Puc. 31, ((Racay=(ewnay @
) Z)
B NpeAnoJoxenun, 4to ¢yHkuns Q HenpepnsHa B obmactu (D) smecte

Z=Zp(Y),
e

©

€O cBOefl 4yacTHOH NpoU3BOAHON %% Ilpu sTom cuavana 3a obaacts (D)
NPUHAMAETC KPUBOJMUHEHHad Tpameuus BmAa, M306paxkeHHOro Ha puc. 31.
Ona orpaHuyeHa KPUBBIMH

(PS): x=x4(y)
n (c<y<d)

(QR):x=X(3)
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u asyms orpeskamn (PQ) m (SR), napawrespduimu ocu x. 3arem ¢op-
myna o6oOwaerTcd, Kak u BB, Ha Chayyadh oOaacTu, KoTopas pasia-
raercs NPAMBIME, NapaJJC/AbHHIME OCH X, Ha KOHEYHOE YUCJIO KPHUBOJIHU-
HeflHBIX Tpaneumi sTOro BHAA.

Haxoneu, ecnu obGnacts (D) oIHOBpEMEHHO YHOBJETBODSET YCAO-
BUAM 000OMX CJHy4aes, T. €. pa3NaraeTcs KaK Ha KOHEYHOE YHCAO Tpa-
nenuit nepsoro THUMa, TaK M (HE3aBUCHMO OT $STOr0) Ha KOHEuHoe
4UCIO Tpanenui BTOPOro TuNa, TO VA HEE ClpaBeAauBn obe (Gopmysi
(1) u (2), xoHeyHO, B NPENNONOXKEHWH HEOmPEPHBHOCTH dyHKnuH P, Q

H UX NPOUSBOJAHHIX 3—5, g—g Buunuras dopmyay (1) us (2), noayuaem
] oP
SPM+Q@=§“£—@VMM @)
€ (D)

Oto u ectb hopauysra Ipuna*).

3AMEYAHUE MOXHO NPHAATH YCJOBHAM, NDHU KOTOPHIX CIPaBel-
msa ¢opmyaa (3), Ooxmee obospumyro dopmy. Hwmenno, popayra
I'puna umeem mecmo 0as awboii obaacmu (D), ozpanunennoid oOHUM
WAL HECKOABKUMU KYCOuHO-2aa0KuMu Kornmypamu. JloxkasmBate 3TO
MBl HE CTaHeM.

347. Buipaxenue NIJOIANH C NOMOIMbIO KPHBOJHMHEHHBIX HHTErpa-
sn0B. Himxke Ham He pa3 OyayT BcTpevarbcsl npuMeHeHns Qopmyds I'puna;
ceflvac MH mpuBeAeM npocTefiiiee M3 HUX — BHIYHUC/ICHHE MIOMIAAH.

Ecau dynxkuun P n Q B dopmyre (3) nomobpars Tak, uroOHl Bh-

2
paxcnue %
npusefercs k maomagun D ¢urypw (D), u MH NOAyYHM BHDaXeHHE
5TOH MAIOLIALH C TOMOILBIO TOIO WJM KHOFO KPHBOMMHEHHOTO HHTErpasa,

B3dToro no KoHrypy (L) duryps. Tax, momaras Q==x, P==0, naitaem

——-g—:‘f—, OK23a/J10Ch paBHbIM e€JIuHHLEe, TO JABOWHOH MHTErpan

D= 5 xdy. ©
(L)

Mpy Q=0, P==—y noayunM

D=—=— S y dx. (5)
(L)
HaubBonee ymorpeburenbHolf, onHako, OyaeT <¢opMysa, OTBeYaloI(as
1 1
Q=§ X, P=—=y
D=%Sx@—yw. ®)
(L)

*) Nwopax 'pu u (1793—1841) — auraniicknit marematux. Ha nene, oanaxo,
y 'puna wer dopmyan (3), u ¢ wmeHem [puHa ee CBA3LIBAIOT JHMib BBHAY
aualoTMH ¢ APYruMu (QopMynamy, BmBefeHEHMH ['puHOM naa TpexmepHoro
cayyaa. Popmyaa (3) ucmoaszosanace [ayccom M Pumanom, Ho B yacTHOM
BHjle BCTpeyanach B B paGorax mo ananuay eme B XVII peke.
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Meuwmepw. 1) Halitn mromans snaunca c noayocamn @ n b.
BocnonbayeMcss  napaMeTPHYECKHMYM  ypaBHEHMSMH 3IIMACA X = aCo8f,
y="bsin ¢t (0<t<2z). Ilo popmyae (6)

2r 2=
D=—;— S acost-bcost dt — bsin t (— asin t)dt=a—22 S dt = mnab.
0 0
Has poiuMcreHns KPHBONMHEHHOro wuHTerpana Mul npuMeHman ¢opmyay (6)
n° 331; npu paccragoBKe NPENENOB MHTErPHPOBAHMA GbiIO NPUHATO BO BHHMA-

HHe, YTO MONOKHTEeNbHBI! O6XOX KOHTYpPa OTBEUAET BO3PACTAHHIO Mapamerpa.
2) Ha#hirn naoumafe neTsm fexkapToBa aucTa (puc. 32)

x% 4yt =3axy.
Jas nonyueHns mapaMeTpHYeCKHX YDaBHEHHH KOHTYpa MOIOKHUM 3y ==[x ¥)
Torna
y e 3at 3at?

=Ty YTi¥e

Wz reomerprueckux cooGpaxeruit ACHO,
' YTO MeTAs OMUCHIBAETCA NP U3MEHEHHH mapa~

meTpa ¢ ot 0 nooo(udo t=:vx—= 1g8, rme

0 K3 4
0 uaMeHserca or 0 1o —;—) Himeem
1 —2¢ 2t —t4

H
9a? ¢ 2d 3
a t2dt
D="- — e — a2,
Puc. 32 2 p (I8 2

OTMeTHM, YTO 3JleCh MBI HCHIONb30BaNM HeCOGCTBEHHWIH HHTErpanx ¢ Gecxo-
HEYHHIM NpefeaoM, B TO BpeMa KaK npu BboiBoje dopmynnt (6) n° 331 Mu cyurany,
YTO MPOMEXYTOK U3MEHeHMsA napamerpa KoHeueH. OnpasiaTb CHeJaHHOE Ierxo,
eci¥ NpelBapuUTElbHO BBECTH LPYrof NapaMeTp ¢ KOHEYHHIM NPOMEXYTKOM

H3MEHCHHA (HanpuMep, yrox 0), a sareM yxe nepeHiTH K napaMeTpy t—_=-3;'_

§ 4. YCJIOBHSI HE3ABUCHMOCTH KPHBOJHHEARHOIO UHTETPAJIA
OT NYTH UHTEFPUPOBAHUA

348. Harerpan mo npocTOMy BaMKHyTOMy KOHTYpy. Popmyaa
I'puna mo3BOIMT HaM J€TKO HCUEPNATh TOT BONPOC O KPHBOJMHEHHBIX
WHTErpanax BTOPOrO THMA, KOTOPBIA MHl JIMIIb BCKOJABL3b 3aTPOHYJH
B § 2 rnasu XX [cm., Hanpumep, 3amevanue B n° 333].

Mycts B mexoTopo#t cBasHo#t o6aactu (£) 3alaHl HenpephiBHbIE
dyrkuun P(x, y) u Q(x, y). PaccmoTpuM cHavana sonpoc o6 obpauje-

*) Takas noxcTaHOBKa OKa3biBaeTcAa YNOGHOM, KaK NpaBuao, B TeX CAyyasx,
KOTla B YPaBHERMH aireGpanyecKoli KPHBOH MMEIOTCA IBE ONHOPONHMHE CPYHIH
YJCHOB, NPUYEM CTENEHH STHX IPYNN Pa3nuyaICA Ha eNUHMUY.
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HUWl 8 HyAb urRmezpasa

Sde—[—— Qdy
(L)

no awboxmy, sexcaumermy 8 (E), npocmomy 3samruymonmy Koxmy-
py (1)*).
Wues B Buay wucnoassoBanue ¢opmyasl ['puHa, MH  HyxaaeMcs

B NONOJHHTEJBHOM NpPEAnoJNOKeHun o cyulecTBoBannu B (E) Hempephis-
0P _ 0Q

HHX NPOUSBOJAHKEX o ¥ oaxe Ho sroro mano: HyxHO eie, uToOH
ssecme ¢ xKoumypox (L) obaacrmu (E) npunadsescanra 8caxuil pa3
u ofaacms (D), oepanusennas u3sne amum Konmypos. ViHpiMu CA0BaMH,
obaacte (E) He [OKHA HMETb <ABIPOK», Aaxe ToueuHnX. CasaHyo
06aacTh, 0061aAOLLYI0 STHM CBOMCTBOM, HasHIBAIOT 00HOCEA3HOI.

Ecan peus mier o KoHeuHo#i ofjacTw, T. e. He npocTHpaoumehcs
B 6ECKOHEYHOCTb, TO TNOHATHE OJAHOCBASHOCTH MOMHO CHOPMYJIHPOBATH
eille mpome: ofaacmb 00adcHa Obms o2parutiena e0UHCM BEHHB M
3amxuymeism Koumyposm. Ha puc. 33 npeicrapaessl MPHMEPH  OAHO-
CBA3HHIX ¥ HEOXHOCBA3HHX OOJacTelt, U3 HUX a), ), A) KOHeuHH, a 0),
B), €} NPOCTHPaIOTCA B GECKOHEYHOCTb.

Odvachnsneie obnacmie Heodwaclransie obnacmi
Dy 4
© :
N—=| ?
4 ' 2)
P o ————
Puc. 33.

Tenepsr chopMyarpyeM (QyHILAMEHTANLHOE YTBEPKACHHE:
Teopema 1. ITycms 8 00rocss3HoIL obaacmu (E) dynryguu P(x, y) u
Q(x, ¥) onpedesens: U HenpepsLsHe. 8Mecme CO COUMU NPOUIEOOHH MU

a u a—x-. ﬂ/lﬂ moz2o 4mobsl UMENO MeCmOo paseHcmeo

Sde—{—Qdy=O, )
(L)

#) Bce KpWBHie, O KOTOPHIX MAET Peub B Hacrosuiem naparpade, npeanona-
raoTcA KyCOYHO-TA3AKHMH,
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Kawos Os nu Osin npocmoi 3amxnymusili woumyp (L) 8 oGaacmu (E),
Heobxodumo u 00cmamouno, 4mods mooscdecmeenno 8 (E) 6uao

0P __9Q
oy ox° A
IlettCTBUTEMBHO, MO Q)opmy.ne I‘puﬂa pasesctso (1) paBHOCHJIBHO
PaBEHCTBY
S S dx dy =0. )

Ilocmrouuocrb ycaosus (A) An9 ero BRIMOJHEHWA OueBHHA.
YroOs M0Ka3aTh M HEOOXOMMMOCT, NPEANOJIONKHM, YTO paseHcTBO (2)
Bceraa crnpasenauso. Ilytem andepenunposanus mHrerpana mno 064acTH
[n° 342}, BBHAY HENpepHIBHOCTH NOAMHTErPAJIbHOH (YHKLMH, NPUXOAUM
K 3axkmoueHuo, yTo B (£) TOMIECTBEHHO

0Q oP 0P dQ
&-'—--a;‘—o, T. €. 65;-——'07.
349. Unarerpan mo xpuBoilt, coenunsiomeli JBe NPOH3BOJbHbIE
Toukn. OOGparamca, HaKOHeW, K 80npocy o6 YcA08UAX, O0ECNeLUBAIOUUY
He3QBUCUMOCTE UHMESPAAQ

{ Pdx+aay, )
(AB)

83amoz0 no xpusoil (AB), coedunsnwoueil 0s8e mouxn A u B obaacmu
(E), om cpopmer s3moli wpugoi. Y spech pemwaomyo poas 6yAeT urpals
ycaosue (A).

Teopema 2. [lpu npescrux npednososcenusx, OAf moz20 4mobu
unmeezpar (3) He 3asuces om nymu UKMEPUPOBARUS, HEOOXOOUMO U JO-
cmamouro sunosnenne ycaosus(A)¥).

Heosxonumocrts. [Jonycrum,
4TO HHTErpan (3) He 3aBUCHT OT NyTH,
n Bo3bMeM B (£) npousBOJIbHBI IPO-
cTo#f 3aMKHyTHi#t KOHTYD (L) (puc. 34).
Ecit A u B — 1Be ero TouKkH, TO, MO
JONyLIEHAIO,

¥

= ) )
@Iy (AlB)

OTKyAa

] z
Puc. 34. = S + =0. ©)
@ dmy  (Bha)

Chnenosarensno, no Teopeme 1, HeoGxonumo BrmoaHsercs (A).

*) Unratens nerxo mposeput, uto B npumepax 1) u 4) n° 333 ycaosue (A)
BBIROAHEHO, @ B npuMepax 2), 3) u 5) —Her.
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Hoctatounoctse Ilpeamonoxum Temeps, uTO pPaBeHCTBO (A)
umeer Mecro B (E). HyxHo nmokasars, ure ecam CcoeluHHTb JoGbie
Toukn A, B 3Toit 06nacTi AByMs npocTsiMu KpuswiMu (AIB) u (AlIB), 10 Bce-
raa 6yaer cnpasefJnBO pPaBeHCTBO (4). ITo caenary JErko, eCln Ha3BaHHbIE
KpuBHe, kpoMe A B B, ofmux TOYeK He umelor, ubo TOria KOHTYD
(L)==(AIBIIA) 6yneT npocTeM, TaK uTo, mo Teopeme 1, Bunoasurcs (5),
a u3 Hero, obparHo, caenyer (4). vi

Eciu kpusve (AIB) u (AIIB) nepe-
CEKAIOTCH B KOHEUYHOM YHACHE TOYeK,
10 KOHTYp (L) yXe He Oyler HpOCTHM:
B YNOMAHYTHIX TOYKAax OH caMm ceba me-
pecexaer (puc. 35). Hcxoms w3 Touxw
A vcanellys HanpaBJECHHUIO KPHu-
BO#H (L), onuiieM ee yacTs 10 IEPBOro
camonepeceyenns — B Touke C. Ot6po- 0 z
CHB TOJAY4UBIIYIOCA 3aMKHYTYIO KDHUBYIO Puc. 35.

(L,), MPOROMKHM HYThb HO HOBOTO CaMo-
nepeceyerus, YTO NO3BOJIMT BHAENUTh €me OAHY 3aMKHYTYI0 KDHUBYIO
(Lg), m 1. n. Ilocne xoHeuysoro uyuciaa waros Kpueag (L) okaxercs
pacnasmielici Ha KOHEUHOE WYHCAO NpPOCTHX (HenepeceKaiommnx cebs)
3aMKHYTHIX KDHBHIX

(L1)7 (L‘z)’ seey

BIOJL MO KOTODHM WHTErpal 3aBellOMO HyJb. 3HAYNT, OH PaBeH HYJIO
u BIOJL Beelh xpusol (L), a OTCIOZA CHOBa BHITeKaeT (4).

Ho xpusue (AIB) u (AllIB) BooGuie MOryT mepecexatbcs faxe GECKOHEY~
HOE YMCHO Pa3, M B TAKOM Cilyyae NApEAbLIYINEe PaccyxIeHue HEeNnpHMEHAMO.
Urofn NpeonoleTb BCTPETHBMIYIOCA TPYAHOCTb, JOKAWEM CIEAYIOULYIO JEMMY
0 NpUGIMKEHUH KPUBOIMHENHOTO MHTerpaja C MOMOIbI0 HHTErpana, B3ATOrO no
noMaHo.

Jemma. Tycts pyuxuuun P(x, y) u Q(x, y) HenpephBHH B HEKOTOPOH
oTkpuiTolt o6aacrn (E), a (L) — He3aMKHYTas KyCOUHO-TMAJKas KpUBas, COLEPHKa-
masca B (E). Ecam “Bomcats B (L) noManyio (A), TO NpH CTpeMICHHH K BYJIO
IauHH HanGOJRINEro W3 ee 3BEHHEB HMEEM

limS de+Qdy=§de+Qdy.
b b

JlOCTaTOYHO OrpaBuuMTLCA MHTErpanamu S Pdx n Sde; LIS MHTErpanos
(1) &)
Qdy n \ Qdy paccyxnenus Bnoase asanorayusl. [lycts BnucanHas B (L)

(4) (L)
nomanas (A) WMeeT BEpUIMHB B TOYKAX

A=Ay, Ay ooy Ap Aiyy o) A =B

o6o3HaunM yepes X; P; anauenns x, P B Touke A; 3anaBuluch MPOM3BOALHHIM
ypcaoM &> 0, MOXHO NanHb XOpA A;Ay., DPENCTaBHTh ce6e HacTOBLKO MaabiMH,
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yrobui: 1) koneGauve HempephBROH ¢yHkuus P Bloas 3BeHa A;A;, Ouo
MeHbUle ¢ M 2) MHTErpaibHasd cymMma ZPi Ax; oTnMYazach OT CBOEro mpenena
i

S‘de TOME MEHbIIE YeM Ha e,
.

(L)
Wmeen, oueBuHo,
g P dx=2 S‘ Pdx
) i (4,4

i i+1)

ZPiAxi=2 § P;dx,
F T,

i t+1)

Sde:EPiAx,-—{— Z s' [P—Pjldx.

(4) i i (Ai“‘i+x)

H, C APYTOH CTOPOHSHI,

TaK 410

Ho nepsoe cnaraemoe chpasa pasuMTcss 0T HHTErpana V Pdx wmeubme vyem
.
(L) o
Ha e [cM. 2)], a BTOpoe 1O aBCOMOTHON BeaMyHHE He MPEBOCXOJHT 32AiAi+1

[em. D], 1. e. u momaBHO Menbuie L-¢, rge L — mamsa kpusolt (L). &
Wrak, oxonuyatesbuo,

[reom]

) 04}

YTO W JIOKa3blBaeT Halie yTBepXIeHHe.
BepHemcs Tenepe K NpepBaHHOMY JOKa3aTenbCTBY HROCTaTOYHOCTH. Bnumem
B xpustie (AIB) u (AllB), coorserctsesno, xomanbie (A;) u (Az); onu MOTyT

fepeceKaTbea pasBe MMlb B KOHEYHOM YHCHE TOYeK, a TOrja —— Kak Yxe JOKa-
3aHO — OyneM MMeTh

Pax [<e(1+L),

= »
(A (ap)

Ocraerca mimb TepeliTH B STOM PaBeHCTBG K NpefelaM, CYATad BCC 3BEHbA
06eHX NOMaHbLIX CTPEMAMMUMHCHA K HY I, YTOGbH BHOBb yCTAHOBHTb PaBeHCTBO (4).

3560. Ceasn ¢ BompocoM o TouHoM nuddepenuuane. Tudpdepen-

IHANBHOE BRHIDAKEHUE
Pdx -+ Qdy 6)

HAIIOMUHAET BHIpAXEHue A4 (TonHoro) auddepeHuuana gynxkuun F (x, y)
OT HBYX mepemenHbXx [n° 142]

__oF oF
dF = 5o dx -3 dy,
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KOTOpoe oTroxaecTsaserca ¢ (6), ecam nONOKUTH

oF
w=P =0 Q)

Onnako fnaZneko He Kaxaoe BhpaxeHne Buga (6) eCTb <«TOUHBIH
anddepenunan», T. €. He KaXI0e TaKOe BHIDAMEHHE HMEET <«IepBoos-
pasHyo ¢yHxkummio» F(X, y), II% KOTOPOH HMEHHO 3TO BHIPaXEHHE
n cayxut (nonssM) AuddepenunanoM. Ilpu peurenum Bompoca o TOM,
Gyaer nu Beipaxenue (6) TOUHBIM AuQQEpEeHUHAIOM WM HET, MBI CHOBA
CTAJIKHBAaEMCa € TeM xe ycaosueM (A):

Teopema 3. [llpu npexcrux npednososcenusx, 04s mozo 4moGb
suipasicerue (6) Gblao mounsin duggeperyuaronr, Heobxoduno i docma-
mouHo sunoanenue ycaosusg (A).

Heo6GXxoAuMOCTb fCHA HENOCPENCTBEHHO: ecau BupaweHne (6)
ects (noanumil) AuddepeHnuan Hekotopo#t dynkumuu F(x, y), Tak 410
umMeT Mecto pasedcrsa (7), To

oP __ 0°F 0Q __ o°F

dy ~ oxdy’ 0x~ dyox’
M OCTaeTCst JULb COCAAThCH Ha Teopemy n° 147 O CMEWIAHHHIX NPOU3-
BOAHHIX (C YYETOM NpPEANOJOXEHHOH WX HenpepuBHOCTH!).

Ilepefinem Kk nOKa3are/bCTBY NOCTATOUHOCTH. Mu yme sHaew,
YTO NpH BHNOJHeHUH ycaosus (A) unrerpan (3) oxaswlBaeTCqd He 3aBuCH-
UM OT NyTW HHTerpupoBanus (mo Teopeme 2). B sTom cayuae murerpan
ONHO3HAYHO OmUpeAenaseTcs 3allaHneM TOoueK A (xy, Vo) # B(xy, 3),
B CBA3H C Y€M €ro MOXHO 0603HAYMTB CHMBOJOM

(x1, ¥1)

B
§de—[—Qdy HaH S Pdx -+ Qdy.
(%0, Yo)

3pech yKasaHsl TOJLKO HAaualo M KOHEL MYTH WHTErPUPOBAHHSA; CaM MYTh

He yKa3aH, HO OH 6e3pasiuyeH — MOXHO MHTETPHPOBATb MO JMOGOMY.
Ecan Touky A (x,, ¥,) duxcupoBars, a TOUKy B 3aMEHHTb NPOUSBOJb-

HOH Touko#t M (x, y) obaactu (E), TOo NMOJYYECHHBIR MHTErpan NpeAcTaBuT

co6oit HekoTOpyl0O PYHKLHIO OT TOYKH M, T. € OT €& KOOpAWHAT

X, ¥, B obaactu (E):
¢ (x, ¥)

F(x, y)= g Pdx - Qdy. ®

(%0, Yo)

Tloxawem, uto sra umenno QyHkuns u Oyner nepsooGpasHo# mas
pupakennss (6), u ¢ 3TOH peablo 3aliMeMca BonpocoM 00 ee wacTHRX
NPOU3BOAHEIX KaK 1O X, TaK H MO Y.

Bass npouM3BOABHYIO TOYKY B(xy yy) B o6aactu (E), npuiaiuMm x,
npupamenne Ax u nepetipem k touke C(x;-Ax, y;), Koropaa npu
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zocrarouno manmoM Ax Oyner Takike npunapaexats (E) smecTte co
BceM orpeskom BC (puc. 36). CoorsercrByiomue 3HaueHus GyHK-
Uy OyayT

g, y1)
Fry 3= | Pdx+Qdy,
(X0, ¥o)
(x1+4x, yp)
F(x, - Ax, )= S Pdx -+ Qdy.
(X9, Y0)

Tlepeuifi U3 5TUX MHTErPAJOB MB BO3bMEM 10 NPOHIBOJBHOH Kpu-

Bo# (K), coenunmomett rouxu A u B, a AAR BTOPOro MHTErpajia MyTh

MHTErpupOBaHMd COCTAaBUM U3 3TOH ke

4 KpuBOH M u3 npamosuHeHHOro oTpesKa

BC. Takum oOpasoM, npupamexue QyHk-
Cfr+4z,Y) wan F Oynmer

F 1+ Ax, y)—F(xy, y)=

- S de—l—Qdy=l§ P(x, y)dx;
(BC) {BC)

nuHTerpan, coaepwawui  Qdy, obpa-
Puc. 36. IIaeTCA B HyJb, TaK Kak oTpesok BC
NepneHanKy/sipeH K oCH .

OcraBwmuiics MHTErpan HEMOCPEACTBEHHO NPHBOAMTCA K OGHIKHOBEH-
HOMY ONDELEJIEHHOMY HHTErpajgy: AJS STOFO B NOAUHTErPadbHOH  (yHK-
UMM HYXHO 8aMEHHTb y Ha y; (u3 ypasdeHus y=—=y, mnpsmolt BC)
H B KAayeCTBE MPEAENOB HHIETPHPOBAHUA MO X B3ATh aOCUMCCH TOUEK
B n C. OxonyaressHo

X1 - Ax

Fait-0x 3)~Fo 30=® | P yydx.

*1

Tlpumenss K NOMYYEHHOMY OOBIKHOBEHHOMY HHTErpany TeOpeMy
O cpeaHeM u Henast ofe yacTd paBeHcTBa Ha Ax, Halzem

X Ax — F(x
F(x;4- ,X,lx) (X1 y0) =P(x1—]—9Ax, ) 0<fi<))

Ycrpemum Teneps Ax K Hymo. B cuay HenpepuBHOCTH (yHKuuAM
P(x, y) npaBas 4yacTb PaBEHCTBA, 4 C HEIO U AEBAad, CTPEMATCA K P (X1, ¥).
CrenosarensHo, B Touke (Xj, y;) 4aCTHas npoussofHas ¢yHkuun F no x
CYWECTBYET M BHIPAMKAETCS PAaBEHCTBOM

OF (x,,
((;;; 1) =P (%1, ¥
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Ananorsuno ycramapaupaercs M qopmyJa

OF (x,,
s ) — Qo ).

Tak kak Touka (Xy, y;,) Obl1a B3ATa IPOU3BOJLHO BHyTpH obaacti (F),
TO AAf BCEX Touek aro#t obaacTu GyAyT BHNOMHATbCH cooTHOWeHna (7)
oF oF
a_x“ ‘—P, a_y‘ -_ Q'
TMockoabKY 5TW YaCTHHIE NMPOUSBOLHHIE HENPEPHIBHH, PyHryua F(x, y)
uneem dugpgepenynan [n° 142}

JoF oF
dF:o—xdx—{—@—dy:de—{—Qdy,

4T0 U Tpe6OoBaIOCh AOKA3aThb.

W3 conocraenenns Teopem 1, 2 u 3 MOXHO BHIBECTH TENEPbL M TaKoe

Caedcmsue. [Ipu clesanHux NpednorONCERUSLX, OAR M020 4mobt
unmezpas (3) He 3asuces om nymu (& UHME2PAR NO 3QMKHYMOMY
KOHMYPY PABHSACS HYAK), HeoOX00uMO U O0Cmamouno, Lmobu nood-
unmezpassroe supascenue (6) 6ota0 modursim Oughdeperyuaron.

IMpn pokasareabcTse TEOPEMH 3 MBI YCTaHOBHAM AJA KPHBOJMHEH-
HOro uHTerpana (8), He 3aBUCALLEr0 OT NYTH, Pe3yJbTar, BIOAHE
aHaNoOruyHslli Teopeme o Audpepeninupopannn OOHKHOBEHHOIO ONpeEne-
JEHHOrO MHTErpajda Mo TEPEMEHHOMY BepXHeMmy npexeay [n° 183, 12°].

TMpexnonoxuM TeHepb, YTO HAaM N3BECTHA KaKad-IuGo nepsooGpasnas Qynk-
wust & (x, y) Aas NOAWHTerpaidbHOro BHpaxeHun (6), TaK YTO — Hapamy ¢ COOT-
HowmeRruamMu (7), KOTOpHE UMelOT MecTo Iaf ¢yHxuun (8), — 6yser TaKkke

0 0 .
dx =P, oy =Q
TOra PpasHOCTh
F(x, y)— @ (x, y)=C=const

(Benb ee yacTHbHIE MPOM3BOJHHIE KaK MO X, TaK ¥ NO Y TOXAECTBEHHO PaBHHL
nyaml). [Tosaraa x=ux, y=y, noayuuy, 410 C=-— @ (x,, y,), TaK 4TO

F(x, y)=2 (x, y)— @ (X0 ¥o)-
Ecay, Hakonen, B3aTh afech X==.x,, y==y,, TO NpuicM K Qopmyre
X1, Y1
Pdx+Qdy=12 (x, 31) — @ (x0 ) =2 (%, ¥) ®
(4B) %, Yo
niay, Kopoue,

B
§ Pax+Qay=0(B)—® (H)=0 ()|, ()
(s) 4

37a dopMyia BIIOJIHE aHANOIMYHA OCHOBHOH (opMyle MHTErpasbHOro Hcymciae-
nua [0° 18], smpaxaiouleft OGLIKHOBEHHBI! ONpeAeJNEHHHIH HHTerpan uepes
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nepsooGpasuyio. ITolyepkHeM, ONHAKO, eme pas, YTO OHA NPUIOKHMA JHIIb
K KPHBOAMHEHHbIM MHTErDaaM, He 3aBHCALUM OT MYTH.

3amMeEvaHuE XapakTepucTuka ToyHOro auddepeHumana ycroueMm (A)
BOoCXonuT K Jinepy M Knepo (1740 r.).

Kpuponunehinpit unterpan (6es sToro TepMuHa) oT KuddepeHIHaTbHOrO
Boipaxenna (6) Takxke BnmepBhie BCTpeyaercd B coynHeHun Kuepo <«Teopns
Gurypnt semau...» (1743 r.) *). Tlpennoaaras, uto dopma KpUBOH 3ajaHa B BUIe
YpaBHeHHA MeIY X W y, Kaepo ckmovaer ¢ ero nomomsio u3 (6) y u dy, a
3aTeM HHTerpHpyeT HONyyalouieecs BbIpaweHHe, Cofepxkaulee HMllb X U dX.
Tam me Kunepo ykasbiBaeT yCIOBHe HE3aBHCHMOCTM WHTErpaia OT BhAa KPUBOH:
svipasicerue (6) 00axcHo Ooimb nosnvim Ougdepenyuarom, a Aia 3TOrO, B CBOIO
oyepellb, 00AIHCHO BunOARAMbes yea08ue (A).

351, Mpunokenus K GpU3UUECKHM 3amauam. BepHeMmcs B CBeTe M3NONKEH-
HO# TeopHyu K paHee paccMOTpeHHHIM [n°® 335] samauam u3 o6racTu MeXaHWKU U
GbusnKn.

1) Paboma cua08o2o nosas. Mol Buzenu, yTo paGoTa CHAOBOrO MOAA NPH
nepeMeleHHH MaTeprasbHOH TOUKM ¢ Maccolt 1 U3 moidowxenus A B nonoxenue B
BhIDAXAETCA KPMBOAMHEHHHLIM MHTerpasom [cM. n° 335, (12))

A=\ Xdx+Yay, (10)
(4)

rie X=X(x, y) u Y=Y (x, y) CyThb npoexuyd HanpameHUs Noas Ha KOOPIH=
HaTHbie ocH, a (AB) o3HayaeT TPaeKTOPUI0 MaTepHaAbHOH TOYKH.

Becbma ecTecTBeHHO 3aHATLCA BBIACHEHHEM YCAOBHH, NMPH KOTOpPHIX paGoTa
CHJ 110JA 3aBUCHT JHUUIb OT HAYaJAbHOTO W KUHEYHOTO MONOXEHUA TOYKH, HO He
OT (OpME! TPAEKTOPHH. JTOT BOMPOC, OYEBHAHO, PABHOCHIEH BONPOCY O HE3aBU-
CHMOCTH 3HAYEHHMA KpHBOInHeHHoro unrerpana (10) oT nyTd MHTErpHPOBAHHA.
Io3TOMY HMCKOMBIM YCHOBHEM ABISETCA PaBeHCTBO

oX_or (11)
dy  ox’
B NPEANONOXEHHH, KOHEYHO, YTO O6NacTb, OXBAaThIBaeMaa IOJXEM, ONHOCBASHA U
yto AaA (QyHKum#t X, Y M HX NPOU3BOAHBIX HHIJE HE HapymaeTcs Hempe-
PHIBHOCTD,

To xe ycnoBme MOMHO BLIpa3uTh M B TakoH Qopme: paboma cus noas npu
nepeMeentL MamepuaLbHOl MOYKU U3 00020 NOAONHCEHUR 8 Opy20e He 3a8u-
cum om gOpmb. mpaeKmopun 8 MOM U MOALKO 8 MOM caydae, Ko20a 3 .ae-

Menmapuasn paboma
Xdx+Ydy

cayscum (nosnvn) dudepenyuarom om nexomopoii dyuxyun U(x, y). Ity
Gynkumio OGLIYHO Ha3HIBAIOT CUA080I WIN NOMERYUAAbHONE; B Ciyyae ee cyme-
CTBOBaHMA CAMO MoJe IT0AyYaeT HAMMEHOBAHHE NOMEHUUALLHOZO.

Pa6oTa NOTEHUWANLHOTO IIOJAS NPU [EPEMEUICHHH TOYKH U3 IONOXKEHHA
A(xy ¥,) B monoxenue B (x,, y,) pasHa [cM. n° 350, (9)] MpOCTO COOTBETCTBYIO-
1IEMY NPUPALLCHHUIO CHIOBOH (QYHKNMM:

U(xyy 31) —U (xg, 3o)=U(B)—U (4). (12)

B xayecTBe nmpuMepa pacCMOTPUM TOJe HBIOTOHOBCKOTO MpHTmkenna. Ecau

B Hayane KoopausaT () TOMeCTHTb MacCy p, a B TOouky A —maccy 1, To 9Ta
nocaeinss 6YLeT NPUTACHBATLCA K Hentpy O c cuaod F, paBHOfl Mo Beanumse
F=£,

*#) Ecto pycckuit nepeson (usx. Axagemuu Hayk CCCP, 1947); cm. crp. 43.
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rie r="71 X+ y% ecrb paccrosnme Toukn A oT Hayasa ¥), Tak KaK KOCHHYCHI
x

YriI0B, COCTABAAEMBIX 3TOH CHNON € OCAMH, 6YAYT, COOTBETCTBEHHO, -5 ———i’—,

70 MPOEKUMH CHAB £ Ha OCH BHIPA3ATCA Tak:

X W
x=-4, r=—4.
HenocpencweHHo fICHO, YTO HBWTOHOBCKOE MONE ABAACTCA NOTEHIUAIbHLIM,
1IIOCKOJbKY BHIpAXEHNE

X
—“r—s dx~”;—{ dy (13)

cayxur auddepennvaroM ans GyHxunn
U____"'_,
r

KOTOpas ¥ urpaer 3mech podb NOTEHUHANbHOH (QYHKUMHM; ee HA3LIBAIOT HbIOMO-
nosckux nomenyuaron (noas rouku 0). Hecmotps Ha Haamume «oco6o¥H» TOUKH
B Hayalle KOOpIAWHAT —TaM QyHKUMHA X, Y TepnaT paspeiB, UHTErpa; OT Bhipa=-
acenus (13) no 3aMKHYTOMY KOHTYDPY GyZeT HyJaeM, Jaxe, €CU KOHTYP OXBaThl-
BaeT Havalo.

[lpn nepemeiieHun TOUKM U3 nonoXeHWa A B mMoaoxeHue B CHInl nons

npoussenyr pabory [cm. (12)]
A=t _*
g Ta

b

[ie ry M rg CyIb DACCTOAHHA TOuexk A U B or uenrpa.

2) Irockoe ycmanosusuieecs medenue Hecocumaemoid cudxocmu. EBcmm
uepes u, ¥ 0603HaUUTH CHaraioliHe MO OCAM BEKTOPa-CKOPOCTH, TO, KaK Mbl
BbiBegH B N° 335, 2), KOANUECTBO MKHUIKOCTH, BTEKaloWeH B eXMHHUY BpeMeHH
yepe3 3aMKHYTHA KOHTYp (K) BHYTpb, DPaBHO

Q= \ vdx—udy
()

[cm. n° 335, (14)]. TIpu orcyTCTBMM HCTOYHHKOB H CTOKOB 9TOT MHTErpaa Bcerja
Gyner nynem. OTciofia clielyer, YyTO CHAralouiie 4, ¥ BEKTOPAa-CKOPOCTH HeoG-
XOAHMO NOLYHHEHL YCJIOBUIO

u |, Ov
=T ="

Torma noguHTErpanbHOe BhipameHne vdx—udy uMeeT NepBOO6pas-
Hyio Gynxuno ¢ (M)==¢(x, ¥), KOTOpPYI0 B 'HAPOMEXaHWKE HA3LIBAIOT PyHK-
yueii moxa.

Ecau B3sTh mo6yio xpusyw (AB), coemuusomyi ToYkH A u B, 10, Kak
nssectHo [n° 335, (14)], KoanyecTBO KUIAKOCTH, NpOTEKaloile yepe3 Hee B elu-
HULY BPEMEHH B ONpefeNeHHYI0 CTOPOHY, BHIPaXKaercs HHTErpalioM

Q= S‘ vdx—udy,
(8

¥) TakoBO e M IALKMPOCMAMU4ECKOE NOAE KYAOHOBCKO20 NPUMSANCEHUS,
CO3JaHHOE 3apAfOM {1, NOMEWleHHbIM B Hayane (€CHM YUHTHIBATH AeHCTBHE IOJA
Ha 3apAXEHHYIO YacTHuy).
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npuuyeM panpapiesue Ha KpusoH (AB) gmomxHO 6HTH TaKUM, YTOGH HOPMalb,

HanpapieHHaa B YNOMAHYTYIO CTOPOHY, COCTaBAfda C NOJOXHIENbHO Hampa-
T

BICHHOU KacaTenbHOR yroxa +-2—. Tenepr MBI BHEHM, YTO 5Ta BeJHYNHA NONPO-

CTy paBHa PasHoCTH ¢ (B)—¢ (A) 3nayenufl QyHKUWM TOKAa HAa KOHIAX KPUBOH!

§ 5. 3BAMEHA MNEPEMEHHBIX B JIBOWHbIX HMHTEIPAJIAX
352. IlpeoGpasoranue naockux oGaacteil. [TpexnonoxuM, uTo Ham

MaHB  [B€ MNOCKOCTH, OTHECEHHHE OJHA — K NPAMOYTrOJBHBIM  OCAM
X W Yy, ajpyras—K TakuM ke ocsM & u 7. PaccmorpuM B 3THX

!

NJOCKOCTAX JBE OFpaHuueHHble 3aMkHyTHe o6aactu: obaacrs (D) Ha mao-
ckocti xy u obaacrs (A) Ha naockoctd .

KOHTYp WiH rpaHuily Kaxaol m3 aTux ofjacrel Mu GyaeM npen-
noJjaraTh NPOCTO# KYCOWHO-FAaAKOH KpHuBOH; 0003HauuM ero CHAMBO-
aom (S) amns obaact (D) um  cumeoaoM (¥) maa obaacta  (4)
(puc. 37).

HonycruM, yto B o6aacTi (A) maHa CUCTeMa HeNMPEPHIBHHX (yHKHui:

x=x( 1'1),}

1
y=y¢ ), o
KoTopas kaxnoh rtouke (§, 1) obaactu (A) OTHOCHT OAKY ONpENENEHHYIO
Touky (X, y) ofbaacru (D), npuuem Hu oxmHa Touka (x, y) ua (D) me
OyleT NpOmyleHa, TaK YTO KawAas Takas TOUKa OTHECeHa XOTh OJHOH
touke (5, 7)) mu3 (B).
Ec/m pasnuunmnim Toukam (5, 1) OTBEYAlOT pasinuHble Ke TOUKH (X, y)
(uTo MH BEpeAb m OyjAeM nNpeAnoJaratb), TaKk 4TO Kaxpnasd Touka (X, y)
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oTHecema Jsmmb ogHod Touke (§, ), To ypassenna (1) odwognauso
paspewums  omrocumensno & u v nepemedssie & v, B CBOK OHYEpenb,
AIBJSIOTCA OAHO3HAUHBIME QYHKUHAMU OT X, y B obaacru (D)

E=E(x’ » }

(1a)
n=1(x )

Taxum oO6pasom, meway obnactamu (D) wu (d) ycrasasmusaercs
B3QUMHO OOHO3HAYHOE WA O00HO-00HO3HAYHOe cooTBeTcTBue. [oBOpAT
TaKke, 9To ¢opmyasl (1) ocymecTsasioT npeodpalzosanue obaacmu (A)
8 obaacms (D), a popmyam (la) nmaior ofpamuoe npeobpa3oganue
ooracmu (D) 6 obaacms (A).

Moxuepkhem, uto npu 3TOM HEOOXOZUMO mouxas Koumypa ()
omeseyaiom umenno modxu wouwmypa (S), ¥ HaoGOpPOT.

IMpennonoxum, nanee, 410 Oyukuud (1) He TONLKO HENPEPHIBHH, HO
H MMEIOT B (A) HenpephiBHbE YacTHHE NMPOHM3BOJHHE MEPBOro NOPAAKa.

Torza u QyHKUMOHAMBLHEIE OIpeneanTeNb

ox 0x

D(x, 9) _| 0§ oy

DG | ooy @
03 oy

sBAgeTCA HenpepsiBHO# ¢ynkuuedt or £ % B ofaactu (A). Bysem cum-
TaTb, YTO SMOM ORPEVEAUMENs 6Ce20q OMAULEH OM HYAS, a CACHOBA~
TENbHO, — N0  HENPePHBHOCTH — COXPansem NocmoaArksl 3xax. IT10
NpeANoAONeHHe B MOCHeAyomeM OyAeT urpaTh BaxHYIO DPOJb.

Ecau B3ath B 06nacTé (A) NPOCTYI0 KyCOYHO-rAaiKyo Kpusyi (A),
70 ¢ nomowpo npeobpasosanus (1) oHa nepedner B nOAOOHYI0 XK€ Kpu-
Bytio (L) B obnactu (D).

JelicTBuTenbHO, yCcTh ypaBHeHus Kpuso# (A) Oyayr:

E=i@®), =20
a<<t<<B nm a=t==p) 3)
npuyeM (EC/AH OrPAHUYMTBCH TJAARXKUM KYCKOM KpHBOH) MOXHO Cuu-
Tath, 4ro QyHxumn & (f), w(f) umeroT HempephiBHHE NPOWSBOAHEE, HE
obpaumamomuecs OAHOBpeMeHHO B Hyab, IloacTasasas sTu

dysxuun B Gopmyan npeoOpasosanus (1), Mbl MoJayuuM Napamerpuue-
CKHe YpaBHEHHsi COOTBercTBywOuUleH Kpusoit (L):

x=xCE@® 1®)=x(),
y=yE@, 1O)=xy0). @
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Jlerko Bupets, YTO 3TH (PYHKIHH TaKKe HUMEIOT HENPEPHBHHE NPOH3-
BOAHbIE:

¥ O=5¥O+F 0,

o o ®)
yO=5"0+ PR

KOTOpHIE TOXE HE MOIyT OMHOBDEMEHHO OOPAaTHTLCA B Hyab, TaK YTO
0Co6bIX TOYeK Ha KpusoH (L) Her.

HleficteutenbHo, B MPOTHBHOM CJyYae, BRHAY HEDABEHCTBA HYJIO
D (x, y)
D@ )’
¥==0 n %=0, 4TO NPOTUBHO NPEANOJOKEHHIO,

Ecam vouka (§ 7) Ha miockoctd &% OnMCHBaeT 3aMKHYTHH KOH-
Typ (A), ckaxeM, B NOJOKHMTENbHOM HANDABAEHWH, TO COOTBETCTBYIOMIas
TOYK2 (X, ¥) ONUILIET TAKKE HEKOTOPHH 3aMKHYTHH ke KoHTyp (L) Ha
NIOCKOCTH XY, HO HAnpasiexue e20 MONCem O0Ka3amscs KAk MHoA0-
JUMENbHBLM, MAK U ompuyamessHoisx. BONpoC STOT 3aBUCHT, KaK Mbi
ysanum uaxe [n° 354, 1°], or sHaka (YHKUMOHAILHOTO ONpENETUTENs,

3amaune mapsl SHaueHud nepemeHHBX & u % u3 oGmacru (A) oawo-
3HAYHO ONpENE/SET HEKOTOPYIO TOYKy B obmactu (D) Ha MIOCKOCTH XY,
1 00patHO. JTO AAET OCHOBAHME W unCcAa § 7 Ha3bIBATb KOOpOUHAMAMU
mouer obaacmu (D).

Kpusyiwo, cocrasnennyio us touex obaacrtd (D), y KOTOPHX OZHAa K3
KOODIMHAT COXPaHAET NOCTOSHHOE B3HAUEHHE, HA3HIBAKT KOOPOUHAMHOL
auruel.

Hanpumep, nonaras, B (1) n==1, MH noayunm mapameTphue-
CKO€ NPpEeACTaBJAECHUE KOODAUHATHOH AuHMM:

onpefennTens 3 (5) cnenosano Ow, YTO OZHOBPEMEHHO

x=x( M)
y =y (E» 710)

(poss napamerpa sgech wurpaer §). HesBHoe ypaBHeHue TOH xe
JWHUM NOJYunM, MoJaras 7==7y BO BTOPOM u3 ypasHeHu# (2):

(X y)="n.

B cBas3u ¢ Tem, uTO KOOpIWHATHBE JuHHK, BooGuwe rosops, GyayTt
KPHUBHMH, uYucaa § 7, XapakTepusyiolHe NOJOKEHHE TOYKH Ha MO~
CKOCTY XY, Ha3BIBAIOT KPUBOAUHEUHbLMIU KOOPOUHAMAME MOYKU.

Ilpunasas KoopAunate 7 PasanuHbe (BO3MOXHBIE 1Js HEE) HOCTOSH~
Hbl€ BHAYEHHUd, MBI NOJYYUM HEJI0€ CEMEHCTBO KOODAWHATHHIX JUHUH Ha
TJOCKOCTH Xy. PuKcupys 3HaueHHEe KOODAMHATH § Mbl MOJAY4MM Apyroe
CEMEACTBO KOOpAuHaTHbIX JuHu#, IIpn Harmunm B3aUMHO OZHO3HAUHOTO
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COOTBETCTBUA MEXAY PacCMaTpPUBAeMHMA OONACTAMM Da3JHYHBIE JIMHHA
OLHOTO M TOTrO e ceMelCTBa He mepecexkaloTcs MexAy CoOoH, U uepes
mobyo Touky obmactu (D) npoxXoAuT NO OAHOM JMHUM U3 KAKAOrO
CEeMEHCTBA,

Besi ceTKa KOODAMHATHHIX JIMHMH HAa IJIOCKOCTM Xy siBasercd u3o0pa-
JeHneM CeTKH npsmbx E==const u v==const mHa mnockoctn &
(puc. 37).

Npumern. 1) llpocreftmuM W BaxHeHIINM NpHMEPOM KPHBOIMHEAHHIX
KOODIAMHAT SBIATCA NOAsPHole Koopdunamu r, 0. Ony MMeOT Haruasjpuoe reo-
METPHYECKOE  HCTONKOBAHME, KaK NOJADHBIH

palnyC-BeKTOP M MONAPHHIA yrom, HO MOryT OHTb ¥
pselleHs B (POPMalbHO, C MOMOUILI0O HM3BECTHHIX
COOTHOINEHUH:
=r cos¥, }
. r=0
y==rsin 6. (r=0

Ecnu 3nayenus r ¥ 6 oTKAagHBaTHL 10 ABYM
B3aMMHO TIEPICHIHKYIADHBIM OCAM, CyMTad, CKa-
wewM, r— abcuuccolt, a § — opauHaroit (npu npa-
Boll OpHMeHTaLUH ocel), TO KaxIOH TOuKe mno-
aynaockoctd r=0 no YyKasaHHHM (opMynam
OoTBEYaeT O Ha ONpeLeleHHas TOYKa Ha IO~
CKOCTH Xy.

Ynraten, HaBEpPHO, INPUXOAMIOCH HMETh Puc. 38
Jied0 C OTHOCAIUMMMCH K 3TOMY CIyYaio KOGpiu- s
HATHBIMH JMHHAMH: NPAMBIM F=const OTBEYawT
KPyTH pamdyca r ¢ HEHTPOM B Hauyaje, a DpaMbiM 0==const orsevawr xayuy,
HcxXoasuike M3 Hayada mof yraoM 6 k ocu x (puc. 38).

OnHako B JNaHHOM cayvae Qopmyasl npeoGpasoBasusa BooGule He GyAyT
OIHO3HAUHO Pa3PEIIMMbI: M3MEHEeHHe BEIMYmHH yraa 6 wHa 2kx (rme k— nenoe)
He OTPa3UTCA Ha 3HAYEHMAX X
u y. Jlas toro yro6el noayuynth
BCE TOYKH IIOCKOCTH Xy, [O-
CTaTOYHO OrPaHUYUTLCH 3Haue-
HHAAMH

T
/ Y

r=0, 06 << 2m,

»

%’W//////J g

Kawxmo#t touke (x, y), ornnysoi
OT Hayaja, OTBeyaeT OJHO 3Ha-
yenue r >0 u oaHo 3Hayenme O
B yKkasauHeix mnpepenax. Ho ne-
yCTpaHuMoe HapylieHHe OJHO-
Puc. 39. 3HaYHOCTH COOTBETCTBHA  CBA-
3aHO C HAYaZAOM KOOPIMHAT: TOYU-
ke x=y==0 oTBEyaer Ha
nnockocTd 0 Best och 6 (WAM, €CIM YromHO, oTpe3ok ee ot 6=0 mo 8=2m).
PaccMoTpuM Ha TUIOCKOCTH r0 saMkHYTHfl mpaMoyroabnuk [0, R; 0, 2n] uan
oaBy (puc. 39); Aerxo BHAeTb, YTO HAa NAOCKOCTH Xy €My OTBeYaeT BaMKHYTHIH
Kpyr, onucaHHef Bokpyr Havana O pamuycom R=0A. Ho Becb KOHTYyp
STOrO Kpyra OTBeYaeT OJHOH JHIIb CTOPOHE of YNOMAHYTOrO NPSAMOYIOABHHMKE;
CTOpoHaM ox M By (oGeum!) oTsevaer ofMH M TOT e panmuyc OA Kpyra; HakoHel,
BCell cTopoHe o7 orsevaet aumb Toyka O. 3Kech ABHO He COOMIONEHBI YKa-
3aHHBIE B NpeNbLAYIEM HOMepe ycaosHs!

TR

AN
=

Q
)
R
e}



278 TJ1. XXI. RBOMHHE MHTETPANE [353

Onnaxo, eciu CHBMHYTb CTODPOHY of Ha Malylo BEIHYHRY p==o00', 3 CTODOHY
1B —mHa ¢==f', TO HOBOMY NPAMOYTONbHHKY o'a3’y’ 6YAEeT OTBEYaTh Ha IIOCKO-
cti xy gurypa O'AB'C’, moayuen-
Hasi W3 KpYyra yjnajeHWeM Manoro
Kpyra paidyca p u CEKTOpa C LeHT-
PaJbHLIM YIIOM & C COGMIOLEHHEM
yxe Bcex TpeboBanmil. Ilpu nepe-
MellleHHY TOYKM Ha IIOCKOCTH rf
no orpesxkau af’, f'y', 7'o', o'a coOT-
BETCTBYIOLaA TOYKa Ka INIOCKOCTH
Xy ONELIET N0 NOPAAKY: HEMOJHYIO
OKpyxHOCTh AB' (pammyca R), Or-
pe3ok B'C', HEMOMHYIO OKPYXHOCTh
7z CO (pammyca p) u orpesox O'A.

3aMeTHM MONYTHO, YTO MOAOKUTENb-

HOMY o6Xony Ha naockoctd rf or-

BEYaeT NONOXWTENbHHH xe o06xoR

Ha TIOCKOCTH Xy.

PYHKHMORATLHHY ONpefeanTens

B JIaHHOM Clyyae paBeH

D(x,y)_)cosb—rsind | _
D(r,8) " |sin® rcosb|

r
Prc. 46. OH COXpaHaeT {(ecI¥ HCKMIOYUTH Ha-
4ano) MONOXMTEeNbHBIH 3HAK.
2) Whorma yno6Ho Hamepen 3ajaThc CE€TKOH KOOPAMHATHHX
AMHUW M NO HUM YCTAHOBHTh CHCTEMY KPHBOAMHEHHHWX KOODAMHAT.
PaccmoTpuMm, HampuMep, fBa ceMeiicTBa mapa6on (puc. 40):

V=2px u x*=2y,

KakAoe W3 HUX B OTAETBHOCTH 3aNOJHAET BCIO MIOCKOCTh Xy (€CHH HCKIIONHTHL
OCH KOODJHHAT).

EcrecresHo BBecTH §==2p M 1=2q B KauecTBe KPUBOIMHEHHHIX KOOPAUHAT.
W3 pasencts y*==£x u x?=17y uMeeM

o, 2 3
=m y=f/€9‘q u G=X§; 7‘=—x‘; (x,y#O).

Onpepenutens 3nech paBeH

L 23,1 1
_ 3.3 2. 3
Dixy_[38 "% 38 7]y
DED |o 11 2 _2/=77F
73_5 3,"3 ?Es"l 3

353. BripawenHHe mIOmManu B KpEUBOJMHeHHBIX Koopauuarax. [Ipen-
NOJIOXKHUM, YTO Ha TMJIOCKOCTHA Xy 3ajaHa Hekoropas obaacte (D), orpa-
HIUEHHast TNPOCTHIM KyCOUHO-raAagkuM KoHnTypoM (S). Ilycte dopmyast (1)
YCTaH3aBANBA’OT  B3aUMHO  ONHOSHAYHOE COOTBETCTBHE MEWAy 3TOH

006aacTei0 U 06aacThio (A) Ha MIOCKOCTH §7, OrpaHUYEHHOH TMOXOOHEIM Xe
KOoHTypom (X).
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Mnl  coxpaHuM Bce NPeANoAoxeHus n°352 OTHOCHTENBHO 3ITOrO
npeoGpasopanns 00JacTel W, CBEPX TOro, eule MNpPEANONOKAM, YTO Cy-
ILECTBYIOT M HenpepuBHE B oOnacta (A) cmeuraHHble TIPOMSBOAHHIE
BTOPOro Iopsaka Ans Kakoi-nmbo us dynxuuit (1), cxamem:

0% %y
®on U e
(s cuIy HempephlBHOCTH, OHH OYIyT MMETb paBHee 3HaueHns, n°147)*).

Tpn sTEX NPEANONIONEHHNX TOCTaBUM cebe 3ajJaueft BHIPasHTbL MNJIO-
mage D paccmarpuBaeMol 06JacTH Ha IVIOCKOCTH Xy B BuAe JBOHHOrO
HHTErpana, PacnpocTpaHeHHoro Ha o6aacTs A Ha miockocTd &Y.

Mpl Gynem ucxomuth H3 (QOPMYJH, Bhipawawome# mromais D Kpu-
BOMMHEHHBIM HHTErpanoM, B3ATHM N0 KoHTYPY (S) obaactu (D).

D= S xdy ©)
)
[cm. n°347, ()

Inan panpuefiminx npeo6pa3oBaHnit TaKOB: CHauaza Mel nepefinem,
NOJb3YACh NMAPAMETPHYECKHMH YPAaBHEHHAMH KOHTYpa, OT KPHBOJHMHEH-
Horo wuHTerpata (6) K OOBIKHOBEHHOMY ONpPEAENEHHOMY HHTErpaiy.
3arem npeoGpasyeM STOT MOCJACHHHH ONATb K KPHBOJMMHEHHOMY HHTEr-
paly, HO BSATOMy Ha 5TOT pa3 yxe no kourypy (X) obmactm (4). Ha-
KOHell, NoJb3yach (opmysioit ['puHa, 3aMeHHM NOJYYEHHBH KPUBOJHHEH-
HBH MHTErpan ABOHHLIM HHTErpaioM mo obaactu (A).

Bo ucnoanesue sTOro NJaHa HaM HYXHH TNapaMETPHYECKHE ypasHe-
Hus xoHTypa (S). Tax kak B JAajdpHeliimieM M HMeeM B Buldy nepehitn
K KoHTYypy (I), TO u cedlyac MH MNPEANOYATAEM HCXOAUTH HMEHHO
u3 ypasHeHu#t 3TOro KoHrypa. Ilycts (3) Mmaer napamerpuueckoe
npeacrasaeHue kpusolt (I); Toraa (4) ZAacT, OYEBHIHO, TaKoe e
npeAcrasaeHue Aas Kpuso# (8), nockoapKy [Kak caedyer M3 Hawux
npeanonoxeHn#, n®3562] uMeHHO OHa COOTBETCTBYET H@ IVIOCKOCTH Xy
xoutypy (E). Tlpemeas o u P usmeHenus ¢ Mp BmOepeM Tak, 4TOOH
npu nepexofe orT & K § xkpusad (S) onucuBazach B NONOKETEAbHOM
HanpaBJeHny; 9TO BCETAA MOXHO CIeNaTh.

Toraa, cornacio dopmyne (5%) n°331,

g
D=Sx(t)y’(t)dt

WM, ecan NpuHATh Bo BHUManue (4) u (5),

4
Wy 0
D= xG® 1O)[F¥ O+ F1 O]t %
#) OTMeTHM 31€Ch e, YTO STH HONONHHTEIbHBE IPEINONOKeHHs Hecymie-

CTBEHHH! IJIs CNPaBeAAHBOCTH OKOHYATEJALHOIO PE3ylAbTAaTa M BBEOCHH JHINbL AAid
obneryeHns JA0Ka3aTeabCcTBa.



280 [J1. XXI. ABOMHHIE WHTETPAJIbE (353

ConocrasuM 3TOT HHTErpan ¢ KpnBonuHenHmM HHTEFPAIOM
SxGn) db% dn), ®)

B3STHIM NO KOHTYPY (¥) B NMoNOXHTEAbHOM HanpasaeHuw, Ecau
noXeJaTb CBECTH MOCAEAHUH MO OGHIYHOMY mnpPaBWIYy K OOBIKHOBEHHOMY
OnpeieseHHOMy WHTErpany, TO NPHILIOCH Obl NOACTABJATh CIOXA BMECTO
€ u m dyskuwun §(f) u v (¢) u3 napamerpuyeckux ypasueHuH kpusoh (I),
¥ Mbi BepHyauch Onl K muTerpany (7).

Bnpouem, HyxHO uMeTp B BuAY eue oAHo obcrosreabcrso. Ilpu
M3MEHEHHH f{ OT & RO [ OMHUCHIBAETCS B IMOJOXHTEILHOM HalpaBJieHuK
kouryp (S)—Tak Mu BHGpaaum sru npedeas. Ho kouryp ()
NpU 3TOM MOXET ONMCHBATLCH KaK B MOJOXKHTEJBHOM, Tak ¥ B OTpH-
IIdTEeLHOM HanpaBjeHuy; TakuM o6pasoM, uxrerpais (7) u (8) moryr
Ha Jene PasHUTbCA 3HAKaMH. Bo BecskoM ciyuae

D= +Sx ﬁ+x®m, ©)
(%)

npuyeM (NOAYEDKHEM 5TO €IUE DPas) 3HAK NAOC UMEEHL MeCHO, ecau
noaopcumensHomy o6x00y xowmypa (S) omeetaem noA0HCUMENbHBLE
sice 00x00 Koumypa (X), 1 3HAK MUHYC — 8 NPOMUBHOM CAYHaE.
Ocraercss, Haxonen, npeo6pasoBaTh NOJAYYEHHHIR KPHUBOJHHEHHEIH
uHTerpan B ABOHHOH. /19 5TOr0 HAaAJNEHKUT BOCMOJB30BATLCA (opMyJIof

I'puna S e o op
QG ) dn= §$ (B3 —3F) zan
(%)

Fae noJiaraeM

0
PE n)=xa&. QG D=x3
Tak kax
0Q O0x oy
6&011+ 01;0&’
0P __Oxdy
Ton 0E+ Oﬁdn

a CMEINaHHBE NPOM3BOAHLIC BTOPOrO MNOPSAKA OT J DPABHEL MEXKAY CO-
Gofl, TO

9Q__0P__D(x, y)

& o DEw’
U Mbl NPUXOAMM K Gopmyae

= D(x,y) »
-
D._.___S‘) DG di dn,.
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Mu Bugenn n°3562, uyro npM CHENAHHHX NPEANONONKEHHAX ONpe-
JleINTe/Ib D(x,
I6 =732

coxpausier B oOaactd (A) onpesenenHpift 3HaK. DTOT Ke BHAK HMEET
u unrerpan. Ho nepen nuM eme crour JABoHHOM 3Hak —; Tak Kak
B pe3yJ/bTaTe AOJMHO MOJYUHTbCS CYIECTBEHHO MOJIOXKHTENbHOE uncao D,
TO $CHO, YTO 3HaK neped uxmezpasor cosnadaem co 3HAKOM onpe-
deaurnessi. Ecnu BBECTH 5TOT 3HAK B MOAWHTErPAbHYI0 (YHKUHUIO, TO
TaMm MNOJYYATCS, OYEBHAHO, a6 CONIOTHAs BEJUUYHHA ONpeAeuTeN,

TaK 4YTO OKOHYATEJBHOE BhIDAXKEHHE HJas MNAomaad GleET

D—_—SS]Mlde d1q=SS |JG )| dé dy. (10)
D, 1)
() (5]

D10 B ectb Ta POPMYIIA, KOTOPYIO MBI XKeJaaH YCTaHOBUT.
IMoannTerpasbHoe BHIpaXeHHe

D (x,
lﬁlldam:u(z, )| d dn
OOBIYHO HAa3BIBAIT IAeMEHMOM NAOWQ0U 8 KPUBOAUHEUHX Koopduxa-
max. Mu Bniesn, HanpuMep, YTO B CJyuae Nepexoid K HOJSPHBIM KOOp-
IVHAaTaM (YHKLMOHAAbHBIH ONpefe/uTe/Nb DaBeH r, CJeJ0BaTeNbHO, Je-
MEHT NJOUIAAd B TIOJSPHHIX KOOpAMHATax ectb rdrdo.

354, JonoanuTeasHbie 3ameyaHus. 1°, Ecau comocTaBuTh npasmio,
no KOTOpoMy BeiGHpaJiCsi 3HAaK, NAOC Wi MuHyC, B dopmyne (9), c Tem
(aKTOM, YTO 9TOT 3HAK HeoOXOAMMO COBMAJAET CO BHAKOM (YHKIHO-
HAJBHOTO ONpEJeNuTe/]s, TO TOJYYATC HHTEPecHoe CJHeACTBHE: ecal
amom onpedeiurnest COXpaHsem NOAONCUMEAbHBLL SHAK, MO NOAOJKCI-
measHble Hanpasaerus obxoda xowmypos (S) u (X) coomsermcmgyion
opy2 Opy2y no cpopuysar npeobpasosarus; ecall jte Onpedesumens
uMeent OmpuyamenbHslil 3HAK, MO NOAONHCUMENLHOMY HANPABAEHUID KA
O0HOM KOHMmYpe cOOmeemcmeyem OMpuULAneLbHOe HANPAsAEHIE Ha
opyzon.

OueBuaHO, 5TO e HMeeT MeCTO M MO OTHOIIEHHIO K JoboH nape
B33MMHO COOTBETCTBYIOMIAX MPOCTHIX SaMKHYTHX KOHTypor (L) u (A),
aexaumnx B obaactax (S) u (Z). IToayueHusi pesysbTar Jerko npo-
BEPSIETCS HA NpuMeEpax, npuseleHHsix B n° 352,

2°, Tlpumenss k ¢opmyse (10) Teopemy o cpeanem [n° 341, (9)]
NOJNYYNM COOTHOUIEHHE

rae (¢, M) ecth HekoTopas Touka u3 obaactu (A), a A — naomadb STOH
obaacru.
ConocraBuM 3T0 COOTHOLieHHe ¢ (opmyofi Jlarpanxa

FO—S@=rOC—o @<EP.
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Ecmn x==f(£) ecTb MOHOTOHHas (YHKUHUA, TO OHA B3AUMHO ONHO3HAUHO
cBASHIBAET MNPOMEXYTOK o=<t<Cf ¢ npoMexyTkoM [f(D)<<x<<f(B)
(nm fR)<<x<<f(a), ecan f(x)— yOuBawmas dyuxuus). OGosnauum
JJAUMHB 3THX NPOMEXYTKOB uepea & u d; torAa dopmyna Jlarpauxa

IIPpUBOANUT K ABCHCTB -
P P a1, (12)

CXOXHOMY ¢ paseHctsom (11).
Ecin B opmyne (12) «cxumars» mpomexyrtoxk [a, B] B TOouky &,
TO B PE€3yAbTare MOJYYHM COOTHOINEHHE

IF ®l=lim L,

TaK YTO aBCOMOTHAY BEAMYNHA MPOUBBOLHOH SBJAETCH KaK OH KO3~
uyuenmon pacmsaswcenus npamot £ (8 AaHHOR ee Touke) npu mpe-
00pasoBaHuK €e B OPAMYIO X.

Touno Tak xe us ¢opmyan (11) nyrem «cxkarus» obaacta (A)
B Touky (§, %) noayuaem

VG »=lim 2",

TaK 4TO aGCOMOTHAas BEAHUMHA (DYHKLUHOHANBHOIO ONPENENUTENs HrpaeT
polib Kosguyuenma pecmancerus miockoctd £y (B MaHHOH €e TOUKeE)
npu npeo6pasopanu e€e B IVIOCKOCTb Xy,

310 3aMeuaHue NOJAYEPKUBAET €lLe Pa3 [AYGOKY0 aHANOTHIO MEXIY
NPOHBBOAHOH M (YHKUMOHANLHBIM ompelenuteneM [cp. raasy XIX].

3°. ®opmyna (10) nokassiBaer, yT0 npu GESTPAHUYHOM YMEHbILCHHHA
mromany A Taike Oe3rpaHNYHO YMEHBINAETCH W COOTBETCTBYIOmIas ef
naowany D, OTciofa yxKe Jerko yCTaHOBHTb, YTO NpeoGpasoBaHue 06.aa-
creHi, usyyensoe B n° 352, o6inafaeT U CAEAYIOWMM BaXKHHM CBOHCTBOM:
xpusyio (A) ¢ naowadsw, pasrol wyaw, 8 obaacmu (A) ono nepesodum
8 nerwomopylo xpusyw (L) & obaacmu (D), maxoce uMenUyw Hy 2810
naow,ads.

4° dopmyna (10) BelBeleHa B NPEANONONEHHH B3aUMHO ORHO3HAY-
HOrO COOTBETCTBUst MewAy oOnactamu (D) u (A), HenpepuBHOCTH (YHK-
nu#t (1) ¥ UX YACTHHIX NPOM3BOAHBIX, 2 TAKXKE COXPAHEHHMA B3HaKa Olpe-
AemateneM (2). OnHako Ha HNPAKTUKE OGHUYHO TNPUXOAMTCH CTA/IKH-
BaTbCA CO CJAYyYasMH, KOTAd 3TH NPEANOJONEHHS HapyILAloTCHd B OTAC/Ib-
HBIX TOYK3X WM BAOJb OTJENbHRX KPHBHX.

Ecan ynomsnyTele TOYKM M KpUBHE Ha OGEMX IIOCKOCTAX MOIYT
ObiTh 3aKJIOYEHBl B NPOUZBOJABLHO Majwe Mo Maomamu obracta (d) u (3),
TO 110 BHUIEJEHUH HX (POPMYy/a yKe CTaHOBHUTCH NPUMEHHMOH:

D—d= SS [JG )| dtdn. (10a)
8)y—1()

¥) Mo cytn pena mbi Rud¢epesunpyem uurerpan (10) no obaactu B Touke
(& 7) [n° 342].
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Mycts dyuxknnonanbHuit onpefennrens B o6iaactu (A) coxpanser orpa-
HHYEHHOCTD:
VE nl<Mm

Toria unterpan (10a) pasuutca or uurerpana (10) ma meanuuny

S@S [T )| dtdy << M.

Tepexoas B (10a) x npeaeny npu d u 3—0, BoccramosuMm ¢op-
myay (10).

Ias wumocTpaunn BepHeMca K npumepy 1) B n°352 n x ¢urypawm,
nsofpaxeHHsiM Ha puc. 39. HemocpeacTrenno K MpPAMOYTOJBHHUKY
A=[0, R; 0, 2r] u k xpyry (D) paauyca R (c UeHTPOM B Hauaje)
tdopmyay (10), koTopas Aasg 3TOro CJAyuyas NPUHHMAET BUA

D:—SS rdr db,
(8)

ApHMeHnTh Heab3d, Ho ecan BHKMIOUMTH 3alUTprxoBaHHmeE ob6aactu (1no-
IaA¥ KOTODHX BMECTE € p M & CTPEMATCR K HyMo), TO K NoJayyaio-
muMcs o6aacTaM 5Ty (OpMyJy INpPHMEHHTb MOXHO; OCTaeTcs nepedru
K npepenay.

355. TeomeTpuueckuit Buieom, $Popmyna (10) Brisenesa Hamm c mo-
MOIWIBIO, XOTS ¥ MPOCTHX, HO He HATASAHB X paccyxienuit. Mu mpu-
BeIeM Jpyrod BBIBOA 3TOH J
(opMyan, COBEPINEHHO NPO- 7 5
3pausHli ¢ reomerpuyecKo#
CTOPOHB; OH  IPHHAMLIEKUT
Ocrporpanckomy [cM. Hike
n° 3569). 7

PaccmoTpuM  cHoBa  mpe-
obpasoBanue MIOCKOCTH &n P ] )
B IOCKOCTH XYy, KOTOpOE £ £
sanaercst popmyamu (1). Bri- a o
neanM Ha naockocrn fv Gec- Pyuc. 41.
KOHEUHO MaJHii NPAMOYIOJb-
wuk ILILILIT, co croponamu df w dv, napaarenbHeiMu ocaM § u 7
(puc. 41, @). HsobpaxeHnueM 5TOr0 NMpPAMOYTOJBHUKA B NJAOCKOCTH XY
CAYWUT KPDHBONMHEHHBH ueTHpexyroasHuKk PiPyPPy (puc. 41, 6);
ONpeje/HM €ro NJOIafs,

Bepuiutsl npsMoOyroJibHEKa Ha TVIOCKOCTH £ HMEIOT KOODAMHATH

Hl (E: 71)7 H2 (E —l_ dE: "1)7 na (E + dE, n + d’?), ni (E’ M _l— dn)s

<0
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B TAaKOM cCayyae COOTBETCTBYIOLIHE BCPUIWHBI KpPIBOJmHeﬂHOl‘O YCTHIPEX-
yroapunka OyAyT nMeTh TaKue KOODIUHATBL:

PixGE m yGE ),

Py(x (E4d8 m), y(E-Fdt )

Py (x (- d8 n4-dn), y(E+4di n-tdy),

Pix & ntdn), yGE n-dn).

Ecam orpaHrynThCs uJeHaMd NEepBOro mopsaaxa oTHocuTedbHO d§, dy, TO
NPUOAHMKEHHO MOMHO B3ATL TOUKU:

Pi(%, ) Pe<x—]—%—)éd5, y—l—‘%di),
Ps(x—l— i % = dn, y+2 dS-|— dn)
P4(x+a~ndn, y—}—ydr>

rie x=x( 1), y=x( %) 1, BooOile, BCC NPOU3BOAHLE BHUUCICHH
B rtouke (§ 7). Tak kak npoekuus oTpeskos PP, u PyP; Ha 06e ocu
COOTBETCTBEHHO DAaBHBl, TO OTPE3KH 3TH DPaBHbBI M Iapa/jesbHB, TaK UTO
C TOYHOCTBIO 10 MaJbIX BHICUIErC NOPSAKA YETBIPEXYTOJbHUK PiPoPaPy
€CTh MapalnJenorpamm.

Ero niomane pasHa yaBOEHHOH muomand TpeyroabHuka P;P,P,;. U3
AHAJNTHYECKOH e reoMeTpuH HM3BECTHO, YTO YABOEHHAas HJOWIAAb Tpe-
YTOJIbHHKA, BEPUIHHH KOTOPOrO HAaxOIATCA B TOUKAX (Xy, yy), (Xa ¥9),
(X3 ¥;3), paBHa a0COMWOTHOH BeJAHYUHE OUPEASAUTEIS

Xg— Xy, Xz— X
Vv JVis—Da

Ipumenss o1y (QopMyny K HalIeMy cJy4alo, HOJAYYHM, UYTO HCKOMas
maowane (CHOBA-— C TOYHOCTBIO [JO MAJbBIX BLICIIEro NOPAZKA) pasHa
a0CcoNWTHOHR BeNMuUUHE ONpPEIEAUTENd

dx 0x
—df =dny
08 o1 D(x, )

o g 0 4|~ DEW

Hraxk,

D(x y)
wiowl. PyPoPyPy= ! ldEd.
1736 DG ) N
Pagnaras ¢urypy (A) Ha nJIOCKOCTH &) OPSIMBIMHO, Mapajaiaeib-
NBMH OCsM, HA OCCKOHEUHO MaJple MpPAMOYroiabHuKd (4 npeneGperas
<HENPABAILHEIMU» 3/EMEHTAMH y KOHTYDa), Mbl OJHOBDEMEHHO pasJo-
kuM M ourypy (D) Ha IJIOCKOCTH Xy Ha KPUBOJAHHeHHHBE ye-
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THPEXYrOABHUKU pacCMOTPEHHOro Buaa. CyMMHpYs TOJYuEHHbiE
BHIDOXERNA Jus miomagedt ux, BHOBb npuxomum K gopmyae (10) #).
ITpusenennoe paccymaenne OcTporpamckoro, Takum o6pasoM, NOM-
YEPKUBAET BAMHYI0 TIEOMETPHUECKYIO wHAeW: cywyrocmes Gopauyas (10)
cocrmoum 8 mom, 4mo 0asn onpedeaenus naowadu guzyps (D) sma
duzypa pasrazaemcs He HQ mpPaOUGUOHHBIE NPAMOY20ALHbLE INCMEHINEL,
C NOMOWBIO CEMKU MPAMBLY, NAPAAICALHOLX OCAM, @ Ha KPUBOAUHEl-
HblE JACMEHNbL, € ROMOUBI0 CeImKl
KOOPOUHAMHBLX AUHUE. y
B HeKOTODHX NPOCTHX CJayyasx
MOXHO  HENIOCPENCTBEHHO HaXOAUTh /
BHIPAXEHHE <«DJEMEHTA ILIOMaId» B =X
KPHUBOJMHEAHHX KOODAMHATaX MOYTH dr
0e3 BhiuKCIIeHRH,
Hanpumep, B caywae mnepexona 46 r
K TNOJAPHHIM KOODAMHATAM  MOXHO a
paccyxnaTh TaK. D/IEMEHTAPHOMY Mps- g T
MOYTOJMBHUKY €O cropoHamu dr u df
B TJIOCKOCTH r Ha MAOCKOCTH Xy OT- Puc. 42.
BeuaeT (Urypa, OrpaHuyeHHas HyraMu
OKPYXHOCTEH paauycoB r u r-{-dr W IByMs JyYaMH, HCXONAUIUMH M3
nauasa nox yraamu 6 u 8- db x ocm x (puc. 42). Ilpunnmas npuGan-
HEHHO 3Ty Qurypy 3a npsAMOYrOJBHUK €O cTopoHamu dr u rdf, cpasy
noJiyvyaeM HCKOMOE Bmipaxenue rdr df snemesra mromann.
356. 3amena mnepeMeHHBIX B JBOWHLIX HHTerpaiax. PaccmoTpum

IBOWHON MHTEerpasn
Sf(x, Yy dx dy, (13)
L)

rae obnacte (D) orpaHHYeHa NPOCTHIM KYCOYHO-TJIAAKUM KoHTypoM (S),
a dyukumns f(x, y) HenpepeiBHa B 9TOH 06JacTH.
IMpeanonoxum Tteneps, yro ofaacte (D) cesizana cdopmyaamu (1)

x=xE " y=yG¢

¢ Hekoropolt ofaactei0 (A) Ha naockoctn £ c COGMOZEHHEM BCEX
ycaosufl, npu Korophx Mbl BuBomuan B n° 353 dopmyay (10), sBmpa-
Waomyio naomans curypet (D) B KpPHBOJUMHEHHHX KOOpAWHATax **),
TMocrasum cebe uenplo, sameHss nepeMmennsie B uHrerpane (13), mpexn-
CTaBHTb €r0 B BUIAE HMHTErpaja, PacHpoCTpPaHeHHOro Ha obaacte (A).

#) HerpynHo chenarb 3TOT BHIBOX M COBEPIIEHHO CTPOTHM.
¥¥) Mbl 1npeAmonaraeM, TakuM o6pa3oM, Takike CYWECTBOBAHWE H Hemnpe-
2 2
PHIBHOCTh CMELIAHHBIX MNPOM3BOJHHX BIOPOro INOpAAKa a—eg—i n a—g—a Cp.
CHOCKY Ha cTp. 279,
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Ias storo pasobbeM obaacTe (A) ¢ NOMOWIBIO HEKOTOPOH CETKH
KyCOYHO-T/IaZKUX KpuBHX Ha wacta (A) (i=1, 2, ..., n); Toraa
obaacte (D) cooTsercrayiomnMy (TOXE KYyCOYHO-TVIAAKHMH) KDUBBIMHU
pasobberca Ha uwacte (D;) (puc. 43, a, 6). B kaxmo# wacru (D))

¥ 7
A

aj &)
Puc. 43.

BHOEpEM MNpPOM3BONBLHO NO TOYKE (X;,y;); HAKOHEL, COCTaBAM
HHTErPAJbHYIO CyMMy aaa uxterpanaa (13):

o= 1§f (*s ) Dy

KOTOpas UMEET ITOT HHTErpaJ CBOHM IpENEJOM INpH CTPEMJICHHH Hal-
Gousbmero u3 muameTpoB obaactelt (D;) K Hymo,

IMpumenus k kawnmo#t wacru (D;) ¢opmyay (11) [n°354], Gyaem
HMETDb

D;=JCG» )| A

rae (¢, m;) ecTb HekoTOpas oOmpeseneHHas TOuKa 06JacTH (4;). 3ame-
Hfif B CyMMe o Kaxjaoe D; 9THM BHIaXEHHEM, NOJY4YNM

°=§f(xb J’i)lJ(é—i' ;Ii)[Ai-

B 10 Bpems kak touka (5, 7;) Maetcs TeopemoH ©O cpemHeM u B ee
BHIOOpPE MHl HE BOJbHH, TOYKa (¥; y;) Gepercs B oGaactu (D;) coBep-
IWeHHO NPpOH3BOALHO. Ilomb3yach 3TUM NPOHSBOJIOM, MOJOXKUM

X =x(E_i’ ‘TH)’ Ji=Yy (E_l’ 7_11)’

T. €. BubepeM B Kauectse TOuku (X; ;) Ty TOuky oGaactu (D), ko-
Topas orsedaer touke (5, m;) ob6aactn (A;,). Torma cymma o mnpu-
MeT BUA

o= N/ G Wy G WG Wb
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B 3TOM BHIE OH3, OUYEBUIHO, SBJAETCH MHTErpaibHOH CyMMmoR naa
HHTErpaja

{§reee o v mive oldian a9

(8)

CyuiecTsoBaHne S5TOr0 MHTErPala BHITEKAET U3 TOrO, YTO HOAMHTErPajb-
Had (QYHKLHS HENpephBHA.

Ecau 3actaButh Tenepp auameTpe Bcex obaacteff (A;) crpeMuThbCs
K Hya0, TO 1O HenpepwBHOCTH ¢yHxkuu# (1) u muamerpn Bcex o6aa-
creft (D;) Takxe Oynyr crpemutbcs K Hymo. Torxa cymma o JAOJKHA
CTPEMUTbCA Kak K unTerpany (13), tak u k uurerpany (14), n6o ansa
000HX ONHOBPEMEHHO CJYKHT MHTErpaibHO# cymMoR. Takum obpasom,

(§ 7 aray=({ree » ye mive idtan 5)

(D) (8)

dra dopMyia M pelaeT NOCTaBJIEHHYIO 33afauy — O 3aMeHe mepe-
MEHHHX B JBoiHOM wunterpane., Popmyna (10), ouemmaHo, ABJIAETCA €e
YACTHEIM CaAyyaeM U 1oJydaercs orciofa mpu f(x, y)=1.

Hrak, 04 mozo, umobst ocyuecmsums 3amerny nepemernsx 8 08oii-
Hox unmezpase (13), HyocHo He moasko nodcmasums 6 gynxyuo f
smecmo x u y ux ewupascenus (1), HO u 3amMeHums 3AeMeHm NAO-
wadu dxdy ez0 8upacenuesm 8 KpPUSOAUHelRbX Koopiunamax.

C nomomipio Coo6paxeHul, aHaJlOTHYHHIX TNpPHBEAEHHHM B n° 354,
4% W 3pech 7NerkO yCTaHOBUTb, 4To ¢opMyaa (15) coxpauser cnpasen-
JUBOCTb B DpfAe CJAyyaeB, KOFJAA YCJAOBHS, HAJIOXKEHHHE Ha npeobpasc-
Banue (1), HapywawTCd B OTACABHHX TOUKAX HJAH BIOJAb OTACJbHHX
JMHRH,

357. AHaJOrHsA ¢ OPOCTHIM HHTerpaioM. HHTerpaa no opReHTHPOBaHHOA
oSnactn. Popmyna 3aMeHsl NepeMEHHBIX B JBOHHOM HHTerpane BeCbMa CXOJHa
¢ (QopMyJoit 3aMeHH IIEPEMEHHOH B NMPOCTOM OMNpPEJENCHHOM HHTErpane:

b g
Sf(x) dx = S £l @) x @ di (16)

Onnaxko B gopmyae (16) oTcyTcTByeT 3HaK aGCONIOTHOM BEAMYMHB, UTO Yie
HEeCKONbKO HapymaeTr aHaforuio. JT0 pacxoxkiaeHHe oGbacHsAerca npocTto. Ilpo-
CTOl onpefielieHHblli HHTErpan GepercAd N0 OPHEHTHUPOBAHHOMY NpoO-
MeXYyTKY [n° 180]: Bemp a MoxeT OnTb M MeHbille M Goabuie b, paBHO Kak
n a Moxer ObiTb H MeHbwie M Goapume §. B 1o xe Bpema nBofinoit MHTErpai
MB O CMX HOp pacCMaTpUBaId JHIIb [0 HEOPHUEHTHDPOBaHHOIM 06-
AacCTH

MoxHo, OIHAKO, B B CIyyae NBOKHOrO MHTErpaja mepeiiTH K pacCMOTPEHHIO
OpueHTHpOBaHHHIX o6aacteft. Opuenrauns o67acTH CO3RAETCA TEM, YTO €€ KOH-
TYpy npupaercsd onpefeneHHoe HanpaBieHHE 00X0Ona — NONOXKHTENbHOS WU
orpunarenbHoe [n°332]; oxHoBpeMeHHO TaKOe ke HanpasiaeHue o6xoma TpH-
NaeTCA M BCEM 3AMKHYTHIM NPOCTHIM KPHUBHIM B mpejeaax o6aactu. Ecan Bhi-
GupaerTcs NOAOXHTeNbHOE Hanpasaenne o6Xxola, TO rosopaTr, uro o6aacTsb
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TOJMOKHUTEALHO OPHEHTUPOBAHA, B NPOTHBHOM IKe CIyyae — YTO OHA OTPHIATENDHO
OpHEHTHPOBaHA.

EcrecrBeHHO YCHOBHTBCS JHaA OpMeHTHpoBaHHOH ofaacty (D) B kavecTse
nomany 6parb ee OOBIKHOBEHHYIO INIOMIAib CO 3HAKOM INIIC, ecin o6nacTs
OPHMEHTHPOBAHA ITOJOXHUTENbHO, H CO 3HAKOM MHMHYC-— B NPOTHBHOM ciyuae. [1pu
pazaoxenny ob6xactd (D) ma vactu (D;) 3TM vacTH, KaK YKa3blBaaoCh, OPHEHTH-
PYIOTCA COrIaCHO ¢ oOpyenTaunueH BCefi 064acTH; COOTBETCTBEHHWIM O06paszoM
CHAGKAIOTCA 3HAKAMM M PX TIOM[A]H.

Temeps, ana opueHTHpoOBaHHOK obaactm (D) Mowno no obpa3suny
n° 338 mocTpouTth NOHATHE NBOWHOrO KHTErpana

({7 saxa,

(D)

OprHYeM STOT WHTErpal CoOBNAfaeT C ONpeleNeHHHM paHbite, eciM o6nacTh
HMeeT TONOXUTENBHYIO OPHUEHTauWIo, M OTJANHYAeTCA OT Hero 3HaKOM B cayuae
OTPHLATENbHON OpHEHTALHH.

D1a HOBas TOYKA 3peHHsA Ha JBONHON WHTerpal NO3BOJAAET IPEXIe BCEro
dopmyny (10) n° 353, Bupamalomylo NAOMaAb B KPHUBOMUHENHHIX KOOPAMHATAx,
nepenncath Ge3 3Haka aGCoMOTHON BeMWUMHB NP (GYHKUMOHAILHOM ONpene-
ARTCHAE:

D=S Dt D) e gy — SSJ(E, a) d& di,
D¢ w
(4) (4)

ecIn TONbBKO OopHeHTauuwoburnacredt (D)u (A) npoussoAnTs
cornacoBaHHO. JTO MPAMO crenyeT u3 3aMmeyamus n° 354, 1°

Tlpu Ttom ke ycaosuu ¢opmyay (11) n°354 MOXHO HammcaTh Takke Ge3
3HaKka aGCOMIOTHON BEMNYMHBI

D=J@;;l_)'Ar

¥ B Tako#l GopMe OHa CHYXHT eCcTeCTBeHHuM ofofmennem dopmyast Jlarpanxka,
Haxkonen, Tenepb u obman dopMyna (15) Moxer OuTh HanMcaHa AAd C o=
ITTacOBaHHO OpPHeHTHpPOBaHHHX o6xacrell (D) u (A) B BUge

S S Flx, yydxdy = S S FEG D yE M IE ) dEdn,
(D) (4)
TaKPIM 06p830M, CTOWJIO ANUIb NOCTaBUTh HpOCTbIe u lIBOngle HHTerpanbl B O i U~
HaKOBbB € yCJOBHSA, YTOOB aHANOrHA CTana NOJHOMH!

BnpoueM, B RaibHeHIEM H3NOKEHHH Mbl BCE e BEpHEMCS K OObIUHOH
TOYKe 3peHHs ¥ OyleM pacCMaTpuBaTh JBOMHbIE MHTErpaibl, PAaCTPOCTPAHCHHHIE

Ha HCODHEHTHDPOBAHHbIE O6MACTH.
358. MpuMepsl. 1) Buiuvcaum nromais QUrypn, OrpaHUuEHHOH seMHUCKA-

i . 44):
moii. (puc. 44) (22 +y)F =28 (x* —5°).

Haauune neyumena x?--y® HaTankuBaeT Ha MbICAb HMEPEHTH K NOAAPHBIM
KOODAMHATAM, II01aras
x=rcosb, y=rsinb,

H BHIYMCIATD HCKOMYIO ILIOMAfb 1o (opMmyine

D= ggrdr do. ()
)
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Tax xak Hama xpuBag CHMMETDHUHA OTHOCHTEALHO KOOPIHHATHHX oOcel
(370 nerko ycmoTperh U3 YPaBHEHHA KDPHBOH, M60 OHO HE MeHAeT BHNA NpH
3aMEHe X Ha -—X MIM ¥ HA —¥), TO J[OCTATOYHO ONPENENNTh INOWANb
vacty (D) ¢urypsl, comepxauiefici B NepBOM KOOpAMHATHOM yrie, 4 3aTeM
y4eTBepUTh ee.

[ToanpHbiM ypaBHeHHEM JEMHHCEATHI CIYXHUT

r*=2a? cos 20,
fpuueM (ecM OrPaHHYWTHCA NEPBHM KOODIMHATHHIM YIAOM) O Halmexur u3me-

k7
HATL auwb 0T 0 10 7 BBHRY TOro, uTO €08 20 momxeH ObiTh NONOXMTIEALHBIM.

Puc. 44,

Taxum o6pasoM, obaacts (A) Ha maockocru r, orsevaowas (D), orpannyena
KPHBOKO

r=ay 2cos 26
(o6pas neMHMCKaTH), OTPE3KOM OCH r (KOTOpm#f OTBeYaeT OTPE3KY OCH X) H
T
orpeskoM ocu 6, or 8=0 pno 6=7f (o6pa3 onHOf aMIIL HayaldbHOM TOYKH —
€ HapyLIEHHEM B3AMMHO! ONHO3HAYHOCTH COOTBETCTBHA ¥)),

MEeM
k7 ™
T aVZcos2d 3 .
D=§d0 S rdr=a'Scos20d6= )
0 [

TaK 4YTO BCA HCKOMas miomans ecrs 2a

2) Ykaxem Teneps JApyroi HOAX04 K BHOOPY CHCTeMHl KPHBOIHHEHHLIX
KOODIMHAT, KOTOPHIH YacTO OKa3nBaeTCd NOAE3HHNM IDH ONpeleieHHU NAOmalH
KPHMBOJANHEHHOr0 YeThipexyroabHuka. Ecay ofe napsi KpUBbIX, NpPERCTaBAAIOUINX
HPOTHBONOMOKHHE CTOPOHBI 9TOTO YETHPEXYrolbHUKA, BXOJAT B COCTaB — KaK-
Jlasg — CBOEro CEMEHCTBAa KPHUBHX, 3alOJHAIUMX IUIOCKOCTb M 3aBHCALMX OT

*) Cm. no sToMy mosofy 3aMeuanme 4° B n° 354,
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ONHOro napaMeTpa, TO HMEHHO STH 1Ba CeMeiCTBa €CTECTBEHHO NPHHATL 3a
CeTKY KOODIMHAaTHHX NHHUHA, VX mapaMerpw OGHIYHO M JHAIOT YROGHYIO AAs HAaH-

HOTO CIyYas CHCTeMY KpHBOJMHeH-
J HHIX KOODJHHAT.

Pa3bacHAM 3TOT NMPHEM Ha NpH-
mepe. [Iycrp Tpe6yerca patity nao-
anab QUrypol, orpaHuyeHHol napa-
6onmamu

Y =px, y?=qx, x*= gy, x*=by,
rae 0 <p << qu0<<a-<<b(puc 45).

3meck yROGHO pacCMOTpEThb ABa
cemelicTBa napaboan:

=i (Pp<t<y)

B=ny (a<n<h),

KaXJ0€ U3 KOTOPHX 3alOlHseT Ha-
wy ¢urypy, ¥ H3 HHX COCTaBUTb
Puc. 45, CeTKY KOODHWHATHHIX JHHHH. ITO

PaBHOCHABLHO TOMY, YTO IapaMeTpr

ux £ ¥ v Mp NPEHEMaEM 3a KDPHBOIHHeHHbLie KOOPAMHATH. Bce 3TO yke Ham

23
3HakoMo 1o n° 352, 2); U3 HamWCaHHBIX yYpaBHEHHH HMeeM: x=1/€-q’ H y=
3
=7V £, TaK uT0 QyHKUHOHANLHLIH ONpelielHTeNb
i

J=— .

3

Orciona cpasy noayuaem 1
D=5@—p) (®—a).

8) Haiity o6bem V Texa, BHPE3aHHOro uMAMHAPOM x2 -+ y2— Rx U3 chepu
x*+y 4+ 22 << R® (puc. 46) (370 TeN0 HUHOTAA Ha3LIBAETCA <TEAOM B E-
BH aH¥>— 0 HMEHH HTaJZbSIHCKOrO MaTeMa-
Tuka XVII Bexa, koTopm# BHEpBHE UM 3aUH-
TepecoBancs).

Hmeem [no dopmyne (2) n° 336]:

V=4 SS VRs—x2——y“ dx dy,
(P)

rae P ecTh MOAYKPYr B NepBOM KBaApaHTe
FIIOCKOCTH Xy, OTPaHUYEHHLIH THHUAMH X == 0
H x4 yi=Rux.

Henocpencrsennoe BEyHCAEHME 3TOrO
HHTETpala NPeNCTABAAETCA IPOMO3AKHM; HO
CHO 3HAYWTENbHO YNPOILAETCA NPH Hepexone Puc. 46.

K NMOJAPHEM KOODIHHATaM.
Toaspuoe ypasnenue xoutypa (P), T.e.OXyOKPYMHOCTH, 6yLeT r == Rcos

3
npy uamenenun 6 or 0 no 5 Taxkum o6pasom,

ki1
Rcosd

= yor g =2 el —_ A _2
V—4§d0 VR ~rirdr= 3 R‘S(l sin®6) df = 3R (7— 3).
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4) IlonapHnie KOOPAMHATH YacTO GHBAIT NOJE3HH NPH YCTAHOBACHHM CY-
LIECTBOBaHMA <HECOGCTBEHHHIX> NBOHHEIX wuuTerpanos [n° 344, 4) u 3aMevanne].
[ns nprMepa YCTaHOBHM YCJOBHMA CYLIECTBOBAaHHMA MHTerpaaos (m > O)

a) SS _dxdy (ocobas TOYKa — B Hauane);

Gy
X2 fyel
dx d
6) S S a __x/:_y s)'nT {oco6an JMHUS — eIUHMYHAA OKPYKHOCTb BO-
syt y KpYr Ravana),

B) SS -;% (npocrupapmanca B GecKoHewHOCTb 006dacTh).
2 | =

(
y2=1

Vimeem, B cayuae (a),

1
dx dy _21‘5' dr
3

(x - yfym rem=1 3
O<<e?=tx? 4 y2e<i ¥

—

dr
uyTo NPH e-»0 CEPEMHTCA K KOHEUHOMYy npeneay 2= emi b ecid

2m—1<<1, 1. e. mpy m<< 1. B cayyae (6):

1—¢ 1
dx dy rdr rdr
T = | e = | o
x2 4 32 = (l —e)2 0 0
(ﬂpﬂ L 0):
ecan m << 1. Haxonen, nan unterpana (s):
dx d: ¢ d ¢ d
x dy r r
-G?—_F}—z—)m—- = 21!: 5 m—»zﬂ S-r—g-ﬁ_—l-
1<s2tyis< R
(upn R — o0),

eeu2m—1>1L .e.m>1,

359. Hcropuueckne 3ameuanus. [pofinpe wMHTerpais Bhepene GbIH BBe-
nedb DinepoM — B paGore, Roxoxennoit IlerepGyprckoit akagemunm B 1769 r,
CHayaza OH pacCMaTpHBaeT CBOEro Poja HeoNpefeNeHHH H JBOHHON MHTE-
rpaa SS Z dx dy Kak Takyio QYHKUHIO OT X M ¥, KOTOpaA NPHBOAUT K BHIPaXeE-
HUI0 Z dx dy, ecin ee NocaenoBaTeabHO npoauddepennuposaTs MO 9THM nepe-
MeHHbBIM B TOM MJaHM JApyrom nopsike. Takum oOpasom, sTOT ABOHHON MHTErpad
OTOXAECTBIALTCA C OGOMMH MOBTOPHHIMH MHIErpaliaMu

fax{zdy u deSde,

M ofmee ero BHPaXeHHE COXEPHUT B BHIE CHAraeMHX KAK NPOH3BOMLHY IO
(GYHKUMI0 TOABKO OT X, TAK M NMPOH3BOAbHYI0 QYHKIUHMIO TOALKO OT y.
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3ateM, B cBA3M € 3ajaved O BeIUMCIEHWH O6beMa M TOBEDPXHOCTH Tena,
Ditrep BBOAMT ONpeneaeHHB H NBOHHON MHTErpad, TPAKTYs €r0 ONHOBpE-
MCHHO ¥ KaK CyMMY CBOHWX 3N€ME€HTOB, ¥ KaK NOBTOPHbI HHTEIpail — TOrO0 WIM

npyroro Tuna. Eciu mepBbiM BbIYHCHAETCH, CKAXKEM, SZdy (npu MOCTOAHHOM X),

TO OH PAacCMpOCTPAHACTCA HAa BCe 3HAYEHHA y MexAY DpelenaMd, KOTOphie 3aBH-
car, Boobuie rosops, oT x. B peayxbTate noayyaerca QYHKUMA OT ONHOTO X
(a He OT X H ¥, KaK B ClyYae HEONPENENEHHOr0 HHTErpana), KOTopas ¥ HHTe-
TPUPYETCA Yy®e MeX]y NOCTOAHHBIMH NpejenaMu *). Bce npepeis onupefessiorcs
U3 PaCCMOTPEHMS CAMOTO «OCHOBaHHA» (Tak Diaep Ha3biBaeT 06MacThb M H-
TETPHPOBAHMA: OHAa U B CAMOM Jene OGLIYHO CAYWMT y HEro OCHO B a-
HUeM ]I TOro Tena, 06beM MIM TOBEPXHOCTb KOTOPOTO HIIETCH).

B ynomsuyroit Bhue pa6ore Diiep 3aHHMaeTcs ¥ BONPOCOM O 3aMeHe
NepeMEeHNHX X, ¥ NOX 3HAKOM [BOHHOrO HHTErPaja HOBBIMH NepeMeH-
HelMH £, u. Ilpu 3TOM mpenmosaraercd, YTO X, ¥ ABIANICA (YHKUMAMH OT £, 4,

npuyeM
dx=Rdt+Sdu, dy=Tdt-+ Vdu, (18)

Tak yto R, S, 7, V 03HayaloT COOTBETCTBEHHHIC HACTHEH € NPOU3BONHE €,
Ipenens:, MewjAy KOTODHIMH H3MCHAIOTCA HOBBIE IlepeMeHHbie, ONpeReNsioTCA
NpeXHAM <OCHOBanueM». [locie NMONCTaHOBKM B IIOXMHTErpaibHYI0 (YyHKUMIO,
BMECTO X W ¥, HX BHPa)eHHH uepe3 { M 4 OCTaeTCs OTKPHITHIM JHIUL BONPOC:
weM 3amenums dnemenm naowadu dx dy?

Diimep cpasy e OTBEPraeT MHICAb O TOM, YTOGH NONPOCTY MOXCTABHTH
BMecTO dx M dy ux BeipaxeHusa (18). Ou cnpaBenamso 3aMeyaer pazee, 4TO
BOOGIIE <HEM HUKAKO020 pA3YMHOB0 OCHOBAHUS, nO4emy Obl SvipajiceHue, 880-
dunoe 8 8vivucsenue 8mecmo dx dy, 00ANHCHO Obiind emy PASBHO»: BAWHO NI,
uTO6bl €OBMAJANM OKOHYATENbHB € pe3yibTaThl HHTerpupoBaHuil. Bmecre
C TeM 3TO Bbipa¥eHHe JOMKHO Colep®aTb MHOXHTeReM dtf du, T. €. UMeTb BUL
Zdtdu, 1na TOoro 4To6hH HHTErpal MO HOBbLIM NePeMEHHHIM MOXHO GhHIIO TaKke
TPAaKTOBaTh Kak IOBTOPHHI.

Jlna passickanua MHoxutenas Z Diinep npueraeT Kk NOCAEAOBaTe b
HOMY BBCICHHIO HOBHIX IICDEMEHHBIX, TaK YTO MPH KakAOM IIare eMy Npuxo-
AMTCA JMIUb 3aMEHATb OJHY NEPEMeHHYI0 B P O CT O M HHTerpaie (BO BHYTpeH-
HeM). B pesyaprate OH NPHXOXUT K BHIPAXEHHIO

Z=S8T—RV,

B KOTOPOM YMTaTeNb JErKO y3HaeT QP YHKUUOHAAbHBIN ONMpENESHTENb.
Onuako y 3iaepa BCe ke BO3HHKACT <TANKOE COMHEHHME», B CBA3M C TE€M, YTO,
NepecTaBuB X M y, MOXHO Obilo Gbl COBEPIICHHO aHANOTHYHO NONYYATb M Bhi-

paxenne
Z=RV—ST

¢ ofpatnbiM 3HakoM! OGDbACHAETCA 3TO TeM, yTo Jfinep 3xech HATAE HE BhIOH-
chiB2eT HPENeNOB MHTerpasa ¥ He ylenseT BHMMaHUA MX DacCTaHoBKe. 3aTpyn-
Henpe Paspemiaercs ¢ NOMOMIbIO COOGPaXeHWs, 4TO IAOWAAb HOMKHA Bcerna
NORyYaThCs NOMOXMMTENbHOM, a 3HAYAT M Z HALNeXHT 6paTh NMOJNOKUTENbHHM.
Takum 06pa3oM, OKOHuaTen1sHO, BMECTO dx dy caejyeT NONCTABAATh Bbipawenue

| ST — RV | dt du. (19)

Sto BHpaxenue Diliep noayuyaerT ¢ NOMOWBIO YHUCTO (HOPMaJbHHIX ONepa-
1y, OTHIOAb HE NPUPABHMBas ero 3JXeMeHTy nuomaiu dx dy, HO n Boobuie He
BHIACHAS €TO F€OMETPUYECKOTI O CMbLICaA.

#) B atoii paGore Dfiaep eule He CTABHT ApeJeNoB NPH HHTerpalax.
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Heckonpkumu rojaMu mosxe ODfilepa x TOMY e BONpPoCy O 3aMeHe Hepe-
MeHHRIX, HO yXe B TPOHHOM HHTerpaie, obpatunca Jlarpank. Eciu nepedpasu-
poBaTh ero coofpaxxeHMa Ha cayyalt JBOHHOrO MHTerpaia, TO MOXHO CKa3aTb,
uto Jlarpank mMpTaeTca NOKa3aTh, GYyNTO sAeMeHTapHAa MO~
manb dxdy NpocCTO pasbHa Bupaxenuo (19).

Jlnmb B 1836 r. B coobmenuu [leTepOyprcko#t akaiemuH, 03araaBaeHHOM
«[lpeo6pasoBanne nepeMeHHHX B KpaTHHX HHTerpanax», OCIpOrpaicKuil BHec
B BONPOC NMOAHYI0 acHoCTh. Ilpexme Bcero — na mpoctrom npumepe npeoGpaso-
BaHMA TIEPEMEHHBIX K MOMAPHHIM KOODAMHATAM — OH YCTAHOBMJ HENDPABHILHOCTD
coofpaxenuit Jlarpamxa, 3aTeM OH Jan ODHIUMHAAbHOE H3NOXKEHHE BONPOCA,
B CYLIECTBERHOM BOCHpOHu3BeleHHOE Bhme, B n°355. Buipaxenue (19) noayyuao
OTYETIMBOE eOMEeTPUYECKOe MCTOJKOBAHHE, KaK IJOMaib 3JEMEHTapHOro KpH-
BONMHEHHOTO YETBIPEXYroibBUKa *), NpUyeM BHepsre YGeAUTE1bHO MOTHBHPYETCH
W HeOGXOJMMOCT DPacCMATPUBAHUA HMEHHO aG6CONIOTHOH BeAHUYUHN
onpejenures.

*) Koropaa BoBce He 06s3aHa GbiTb paBHa IIOWAAM 3AEMEHTAPHOrO NPAMO=
yroAbHHKA,



IJIABA IBAILATH BTOPAS

IJIOHIALb MOBEPXHOCTH. NOBEPXHOCTHBHIE
HHTETPAJIb

§ 1. ABYCTOPOHHHE NOBEPXHOCTH

360. MapameTrpHuecKoe npeiacTaBieHHe NOBEPXHOCTH. Mt BepHeMes
X BONpOCY 00 aHAINTAYECKOM NPEACTaBAECHUM NMOBEPXHOCTH B MPOCTpaH-
crBe [cp. n°213], OCTaHOBUBUIACL Ha — HE3HAKOMOM eHle HUTATE/NIO —
OueHb BAXHOM THIE TAKOTO NPEACTABJCHNS, HA3HBAEMOM NapamMempl-
YECKUM.

B n°212 yxe Onaa peuyb O NapaMETPHYECKOM IPEICTABJECHHA KpUBOH
B npoctpanctee fcm. Tam (15)]

x=9(t), y=9¢@®, z=yx(@), 8y

TaK YTO HOJOXEHHE TOUKM Ha Hell ONpelensaoch 3HAYEHHEM OXHOrO
napaMerpa #, H3MEHAIOMErOCHd B HEKOTOpOM npoMexyTke. [lpn onpene-
JIEHUH TI0JIOKEHHS TOYKH Ha MOBEPXHOCTH, 3aJaHHOH SBHLIM YDaBHEHHEM

CKaxeM, 2 :f(x’ y)’ (2)

MH MMENH IEN0 y¥e C JABYyMs NapaMeTpaMi, POJb KOTODHIX 8A€Ch HIPaOT
abcuucca X u opaumHata y. B ofuem cayuae B KayecTBe NapaMerpos
NORBJAAIOTCR [IBE MPOMSBONDbHB € NEPEMEHHBIE U U U, H NQApaMempu-
wecKoe npedcmagheniie NOBEPXHOCII OCYILECTBISETCS C ITOMOIIBIO TpeX
ypasHeHn#

x=¢( 1), y=9@ v), z2=y3@ v)*), 3)

rae Qysnkuua ¢, ¢, y ONpeAeseHHN M HENpepHBHH B HEeKoTopoH obna-
cTi (A) Ha <«IJIOCKOCTH NapaMeTpoB» uY.

OcHOBHHIM JJa Hac OyZleT ciayualf, KOrAa KaxmZasd TOUKA MNOBEpX-
HOCTH TMOJAYYaeTCs JHIIb fAp® OJHOM nape 3HayeHM# NapameTpoB, Tak
yto ypaBHeHus (3) ycTaHaBJAUBAKOT B3aNMHO-OJHO3HAau-

*) 3ananue noeepxHOCTEH € NOMONILIO IBYX NapaMeTPOB, BIEPBLHIE BBELEHHOE
DiinepoM, oco6enHO LIMPOKO K HIOLOTBOPHO ObLIO KCIIONL3OBAHO B Audipepen-
uuaabuoit reomerpun Fayccom,
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HO€ COOTBETCTBHE MEXAY TOUYKaMH NOBEPXHOCTH H
TOYKaMu mnaocko# o6aactu (A);, Takyo nosepxHocTh Oylem
HaswBare mpocmol. ITlpn stom mMm GyneM npeamosaraTh, 4T0 H 06-
nacte (A) W TOBEPXHOCTh OTPAHHYEHH IPOCTHMH 3AMKHYTHIMH KOHTY-
pamu; oOHH, HEOOXOHUMO, COOTBETCTBYIOT OJAMH ADYrOMy IO QOpMy-
aam (3).

Mapamerpy u u v HOCAT HASBAHHE KPUBOAUHEHWX KOOpOUHAM
cootsercTByomel Touku. Ecna B ypasnennmsix (3) dukcmpoBaTh 3HaueHue
OJHOH M3 KPUBOJMHEHHHMX KOODIHHAT, HANpHMEp, MOJOXHTL U==1U, TO,
OYEBMIHO, MOJYYaTCd YpPaBHEHUS HEKOTOPOH KpueoH

X=¢ (uo’ ), y=+¢ (uo’ v), z=Y (um v),

KOTOpas BCEMM TOUKAMH JIEXKWT HAa NOBEPXHOCTH. MsmeHas sHauerue u,,
NOJMyyuM LEoe CeMeHCTBO TakKMX «KpUBHX (4)». AHanormuso, Quk-
Cupys SHaueHue T ==7, NOJYYUM TaKKE KPHUBYIO Ha HameH MOBEPXHOCTH

x=0@ ), y=9@ w) 2=y w);

N3 TaKMX <KpHUBHX (V)» TaKie COCTaBaseIcd menoe ceme#crro. Bee
NoAOGHHE JMHAH HA3HBAT KOODAMHATHHMH JUHHAMH XoO-
BepxHOoCTH Ecan NOBEPXHOCTh ABJASETCH NMPOCTOH, TO yepes mobyio
€e TOYKY NPOXOAUT MO OAHOH KOODAMHATHOH JMHHH M3 Kamaoro ce-
melicTaa.

Bce 3TO yKe 3HAKOMO vuMTaTeNi0, HO AnIb AJs TOrO CJydas, KOrjaa
nosepxHocTs maockasn! [Cu. n®352]

Ipeanonoxum Tenepb, uro (yHKuun (3) HE TOJBKO HENPEPHIBHH,
HO u umeloT B o6aacty (A) HenpepeiBHHE YaCcTHHE TPOUSBOAHEIE NEP-
BOTO MOPAAKA, U PacCMOTPUM (YHKUMOHANBHYIO MATpHIy

(“”’,‘ v X;‘,)- @
Pv ‘P‘u Av
Ilycte aas  sHavenmdl  mapameTpoB (dy, ¥,), ONpPEAENSAOIUX TOUKY

My (X4 Yo 2p) TNOBEPXHOCTH, OTIMMEH OT HYJd XOTb ONWH M3 onpefe-
Jautenel BTOPOro nopsixa MaTpuisi (4), Hanpumep, nycTh

Pu ‘Pu
s Py
Toraa, nepenucas nepsue Apa M3 ypasHenuit (3) B Buge

g, v)—~x=0, ¢$(@ v)—y=0,
Ha oOcHoBamu Teopems 3 n°317, MoxeM yTBepXHAarb, 4TO 3TOH cu-
CTeMO# ABYX YpaBHEHmH C Ye THIPbM$S INEPEMEHHBIMH U, U, X, ¥
(ecan OrpaHMYMTHCS 3HAyEHMAMH WX, OJH3KUMHM K UHTEpeCyloluM Hac:

Uy, Uy, Xo Yo) TEPEMEHHHE W, U ONPENENFOTCA KaK OJHO3HAYHHIE
Gyskuun OT X, ¥ 4=u(x, y), v=9(X, y), HENpEpHBHHE CO CBOUMH

#0.




296 7. XX, NaouiAlb NMOBEPXHOCTH, MOBEPXHOCTHBIE UHTEIPAJIH [360

npouasoasbiMi. HakoHen, NOACTaB/ASs STH BLHIPAXEHHA U, U B TPEThE
u3 ypasHeHuR (3), npuieM X NpenCTaBJEHHI0 YacTu NOBep X-
HOCTY, OKpyx)awmeh TOUKY My, IBHHM yPaBHEHHUEM

z=y (% y)vx )=r )
tina (2), npauem QyHKNMA f Takxke HeNpephlBHA M HUMEET HENPEPHBHEE
NPON3BOJHHIE.

Jiumb Torma, Korga BCe TPH onpedennTens Matpunsl (4) omHOBpe-
menHo ofpamalorcs B 0 (cooTBeTciBylomwlas Touka M, HOBEPXHOCTH
B 9TOM CJyuae Ha3bBaeTcsi 0 C000H), Takoe INPENCTaBACHHE MONKET
0Ka3aThCs HENOCTHKUMBIM,

Bosbmem na mpocrofi nosepxHocTH (3) Kakywo-HHOyas He ocob6yiw
Touky M{x, y, 2). Torza, KaK MB TOABKO YTO BHIENH, B HEKOTOPOH
€e OKPeCTHOCTH MOBEPXHOCTh TNPEACTARMMA SBHBIM YDaBHEHHEM TOFO
WM Jpyroro Buia M, caeposarensHo [n°212], B Touke M uMeer K a-
CaTeNbHYW MAOCKOCTH. YDaBHeHue mocaenHed Moxer OHTh Hamu-
CaHo B BHIE

AX—x)+B(Y—y)+C(Z—2)=0%, ®)
rae koapduunents A, B, C eme NoAekKar ONpeResNeHHUIO.

Ecnu B ypaBHeHHAX MOBEDXHOCTH 3aKPENUTh 33 T 3HAYEHHE, OTBE-
vaiouiee BpOpaHHOH Touke M, TO nOJyYarcs ypasHEHHS <KDPHBOH (v)»,
npoxoisulel uepes 3Ty Touky. KacarenbHas Kk sToit Kpuso# B Touke M
BHIpasutcs ypastenusmu [n° 212, (16)]

X—x_Y—y Z—z
“u Ya %
Ananornyno, QUKCHPYa ¥, NOJAYYUM APYIYI0 KOOPARHATHYIO JHHUIO, IPOXO-
Jsiylo yepes Touky M («kpusyo (4)») ¥ HMEIOIY0 B Hel KacarTesbHylo
X—x_Y—y_ Z—2z
X Y, 7

Tax kak ofe 3T KacarTe/bHBe ZO/KHEL JEKaTh B Iiaockoctd (5),

TO BHINOJHSIOTCS YC/IOBUS:

Axy—+ Byy -+ Czy =0,
Axy -+ By, - Czp=0.

B Takom cayvae Kostpduuuent A, B, C aoaxHn OHTb Nponopuuo-
HaNpHB ONPEAESNNTE/IRM MaTPHLLE

(x; Yu z;) *5)

Xo Yo 2o

(42)

*) Kak o6uiyno, yepe3 X, Y, Z o6o3Hauensl Tekymue KOOPAMHATH, B OTIM-
ype OT KOOPAMHAT X, ¥, z (DUKCHPOBaHHON TOYKM HAa [IOBEPXHOCTH.

**) Dra Marpuuna aMib 0603HAYEHHAMH OTIMYaeTcs oT Matpuus (4). Hanom-
HUM, YTO B paccmarpuBaeMofl TOYKe ONpeleNuTENn ee — He BCE HYIM.
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OOHKHOBEHHO UX IOJIaralOT NPOCTO PABHBIMM 3THM ONDEHENUTENSM, TaK
yTO BNpeab Mbl Bcera OyleM CyHTarh

’ z' z' x’ xl ’
A= 2 B= T o=, ©®
Vv 2n 2y Xo Xy Vo
OtMmeruM elne, 4To HanpasAIOLIHEe KOCHUHYCHI HOpMaJan 6yﬂy1‘
A B
COS A= ——e——— COS == —————— |
iVAz_}_Bz_}_Cs’ ¢ iVA”—}-Bz—}-Cz (7)
C
OS Ve ——e—————,
=V AELE

Me OrpaHMyuBaINCh 1O CHX MOP PAacCMOTPEHHEM M POCTH X MO-
BepxHoctei. B ofweM cayuae mbl GyzeM mNpemnonarath Kak [oBepX-
HOCTH, OrPaHUUEHHBIE KOHTYpaMil, TaK X 3aMKHYyThie MOBEPXHOCTH CO-
CTaB/JCHHBIMA U3 KOHEUYHOT O YHCJIA NPOCTHIX KYCKOB, I DHMBIK al0-
mUX OAMH K APYroMy, HO He mnepecekawomuxcs Ecm
TaKyl0 TOBEPXHOCTb «OOIIEro BHAd» M YRAETCS MPEACTABUThH MapaMeTpH-
yeCcKUMH ypaBHeHusiMi (3), TO — 3aBEIOMO C HapylIeHHEM B3auMHOM
OJHOSHAYHOCTH COOTBETCTBHS MeM(ly €e TOUKAMH W TOUKaMH MJOCKOH
obaacti (A).

MMrumeprb. 1) PaccmoTpuM cdepy pamuyca R ¢ HeHTpOM B Havage
(puc. 47): x2+y* + 22 =R% Kenaa noayuntb ee obnyYHOE HapaMeTpuyecKoe
npencTaBieHHE, NPOBELEM «IKBATO-
puanbHOe» ceuenue AKA', a yepes
«nomockt» P, P’ ¥ paccMaTpHBaeMyo
ToYky M — «mepupuan> PMKP'.
Noaoxenne Toukn M Ra cdepe mo-
#eT GHTb ONpefeneHo YriaMu ¢ =
=X POM n 8=<AOK Wmeem
2=NM=Rcos¢. 3arem, ON=
= Rsin ¢, a uepes ON KOODEHHATHI
xuy (te e pas M, yto u aas N)
pupasares  Tak:  x=ONcos 6,
y==0Nsin 0. OKoHYaTeIbRO, napa-
Mempudeckue ypasHenus chepss no-
Ayqux 6 sude:

x=Rsinypcosb, y=Rsingqsinb, Puc. 47
2= Rcos ¢,

npuYeM Yroa ¢ TOCTaToyHo u3amepaTs oT 0 mo =, a yroa 8§ —ot O go 2n

OnHAaKo COOTBETCTBHE MeXAY TOUKAMH CHIEPHUECKOH MOBEPXHOCTH M TOUYKAMM
npamoyronpuuka [0, =; 0, 2z] Ha maockocT ¢0 He GyneT B3aUMHO ORHO3HAYHBIM:
He TOJbKO 3HayeHus 8 =0 u 0 =2x NPHUBOXAT X ONHHUM M TEM K€ TOUKAM IO-
BepxHocTH, HO mp¥ ¢=~0(n), KaKoBO Gbl HH GbIIO 3HaueHme 8 —momyyaerca
OllHA JAWHIb TOYKa— moxwc P (P').

Jlerko BueTb, YTO OLHO CEMeHCTBO KOODAMHATHBIX AMHMA Ha cdepe cocTa-
BUTCA M3 MepuIHaHoB (I=const), a Upyroe—Hu3 nNapailaenbHHX
Kpyros (¢=const).
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2) Moxuo 0606iuTh Npeus Ay KA NpHMep caenyomum o6pasom. [1ycTes B 1m0~
CKOCTH Xz 3aJlaHa KPKBas (¢06pa3yiomnias») CBOMMH NapaMETPHUCCKIMHY Y PABHCHHAMM

x=¢u) z=1{ @) (e=su<f)
npuuem ¢ (2) =0. Crasem BpamaTh ee, Kak TBEPIOE TENO, BOKPYr OCH z

(puc. 48). Ecan yepes v 0603Hayuth yroa moBopoTa, TO yPaBHEHHA HONYYAEMOH
z NOSEPXHOCMU BPAUICHILA HAKINYTCA B BUAE

x=p(u)cosv, y=9p()siny, z=¢ (u)
(e<<u<8 0o 2n).

Ecan B mnockocTn Xz B3aThb 0OJAYOK-
PYXHOCTb

x=Rsinu, z=Rcosu
O<<u<n)

¥ BpamaTh €e BOKPYr OCH 2, TO MNapa-
MeTpHUYeCKoe INpeiCTaBaeHne ofpa3yeMolH
TAaKUM HyTeM ciepsl Mbi nonyyuM (C Toy-
HOCTBI0 110 0603HayeHu#) B NpexHeM Buje.

KoopnuHATHEIMM JHHHAME H 3jlecb
CIy®kaT PasTuuHbie NOJOKEHUs 06pasyio-
ilel (MepUANaHK) W NMapannenbHble KPYId.

361. CTopoHa mOBepXHOCTH. Yc-

T4HOBMM Ba¥HOE€ JAn8 janpHefinero

g M3/I0KEHNS TIOHATHE CTOPOHB MOBEpx-

Puc. 48, Hoctd, B psaje ciayuaeB 370 nNOHATHE

HHTYWTHBHO sicHO. EcM noBepXHOCTH

3alaeTCs #BHHIM YpaBHEHHeM Buaa 2Z==jf(x, y), MOXKHO TOBOPUTL O

BEpXHEHN CTOpOHE unM O HUXKHel cropoHe mnoBepxHocTH *). Ecau

NOBEPXHOCTh OrPEHMYMBAET HEKOTOPOE TENO, TO TAKKE JErKo Npeacra-

BUTb cefe ee [Be CTOPOHB —BHYTPEHHI0I0, OOpalieHHyI0 K Tedy, #
BHEII H1010, OOPalIEHHYI0 K OKPYKAWIIEMY TENO NPOCTPAHCIBY.

HMcxoas W3 9TOrO MHTYHTHBHOTO HPENCTABJEHHS, NOCTAPAEMCA Te-
Nepb AaThb TOYHOE ONpENENeHHe NOHATHS CTOPOHBI MOBEPXHOCTH,

Paccvorpum mosepxHocTb (), 8aMKHYTYI0 MM HET, M MNPEANONO-
WUM, YTO B KAXKIOH TOYKE NOBEPXHOCTH HMEeTcs OnpeneneHHad Kaca-
TeJNbHAd IVIOCKOCTb, INOJIONKEHHE KOTOPO#t HENMpPEPHBHO HIMEHAETCH
BMeCTe C TOUKOH KacaHus,

Bssis Ha nopepxHOCTH ONpefefeHHYI0 TOUKY M, nposeleM B He
HODMaJib, KOTODOH NpHIHIIEM ONpEAEJEHHOE HampaBJIeHHe — OJHO U3
OBYX BOSMOXHHX (OHM OT/JRYAIOTCA OAHO OT JAPYIOro 38HaKaMu Hampa-
BAIOIMX Kocuxycos). IlpoBeneM no MOBEPXHOCTH 3AMKHYTH# KOHTYD,
ucxonsauuit w3 M, u Bo3spamaomutica B M, TIpUYEM NPEITONOKHUM,
YT0 OH HE€ MNEpEeCEeKAaeT TrPaHHUB MOBEPXHOCTH (€c1d TaKoBas
uMeercs). 3acraBuM TOUKy M OGOHTH 3TOT KOHTYP M B KakIOM M3 fO-
C/ICAOBATS/IbHEIX €€ I0JOXKeHHH OyAeM IPUINCHBATh HOPMaldd TO H3 ABYX

*) Mbl uacTo Gynem noab3oBarhCi TOXOOHHIM BIpaXeHHeM (NOLPa3yMesas
OpH 9TOM, YTO CaMa OCb 2z HaNpaBieHa BEPTHKaJbHO B Be€ P X).



361] § 1. ABYCTOPOHHUR NOBEPXHOCTU 209

HanpaBJeHuH, B KOTOPOE HENPEDPHBHO MNEPEXOAUT HANDABJIEHHE, BH-
OpaHHOe HaMH B HaYaJAbHOM MOMOKeHMH M, TIpn 5TOM MOXET CAYUMTBCS
ONHO U3 JBYX: M0G0 mocae 06X0Na KOHTYpa Mul BEPHEMCS B TOYKY M,
C TEM K€ HAUPABJACHHEM HOPMAJaH, JuG0 iKe — ¢ HanpaBiEHHEM, NPOTH-
BOIOJIOXKHEIM HCXOJHOMY.

Ecmm ans kakolt-miGo Toukm M, ® Kakoro-1u6o nmpoXOAsmIEro yepes
Hee KoHTypa MyAM, nmeer MecTo mocieaHee 06CTOATEAbCTBO, TO U IS
moGo#t Apyro#t TOUKm M; JNErKO NOCTPOMTb SAMKHYTHH KOHTYp, KOTO-
pei#l, BHXONA u3 M; u BO3Bpamasch B Hee e, NPUBENET HAC B 3Ty
TOUKY € HalpaBJCHUEM HOPMalld, NPOTHBOMOJONHBIM HCXOHHOMY. Taxmm,
nanpumep, Oyaer KoHTyp MyMyAMM;, ecan nox MM, pasymerh Ka-
Kyo-Hu0yab TNpPOXOAAWLYIO 110
NOBEPXHOCTH KPUBYIO, COeausio- I }11';
myio M; ¢ M, HO He nepece- 4
Kalomylo FPaHHIlbl INOBEPXHOCTH, f_-..-'\ f_‘:\

a non MyM;—1y e KpuByio -
B 00paTHOM HampaBieHUu, ‘9 N_—/

B 3tom cayyae noBepxHOCTH Y A

HasHBAIOT 00HOCMOponHeil. Knac- Puc. 49,

CHYECKHUM NpUMEpPOM TaKo#l no-

BEPXHOCTH 9BJASETCA TaK HasnBaeMelt nucT Mebuwyca (puc. 49). Mo-
AEMb €€ MOXHO NOJY4HTh, €C/IM NPAMOYTOJbHbIH! Kycox Gymaru A BCD, nepe-
KPYTHB OJHH Pas, CKJIEATb TaK, 4ToOm Touka A cosnana ¢ C, a B¢ D. Ecau
N0JyuYeHHOE NepPeKPYYEHHOE KOIbIO HauaTh KPacuTh B KakoH-i1uGo ILBeT, To
MOXHO, He NEePeXOAs Yeped ero rpaHulibl, HOKPacHTh BCE KOJAbHO STHM
useToM. Mui Brpeab nogoGHbie MOBEPXHOCTH HCK/IOYMM U3 PaCCMOTPEHHS.

Ipeanonoxum Teneph, 40 kakoBa GH HHU Guaa Touka M, u
KaKoB Op HH OHJ 3aMKHYTHIH -KOHTYD, Npoxoismuil uepes M, u He
nepeceKaomuit rpaHaill NOBEPXHOCTH, NOChe 06X0Ma €r0 MH HEHSMEHHO
BO3BpAIIAEMC B MCXOLHYI0 TO4YKY M, C HCXOMHBIM K€ HalpaBJACHAEM
HopMaaw. Ilpu 3THX YCHOBHAX MOBEPXHOCTb HA3KIBAETCH 08YCMOPOHHE.

Tlycte xe S — ABYCTOpDOHHSIS NOBEPXHOCTb. BosbMeM Ha Hel Jo-
Gyio TOuKy M, ¥ HOpMaiM B 3TOM TOUKE NPAMHIIEM ONpenejeHHOe
Hanpapnenue. Base Kakyio-mmb0 ApYyrylo TOuKy M; MOBEpPXHOCTH, COElH-
HuM M, u M, npoussoaeHuM myTem (K), JexamuM Ha NOBEPXHOCTH H
HE TNepeCeKaloluM €€ T'PaHUUbL, W 8aCTaBuM TOo4yKy M mepeittn us M,
B M; no stomy nyrta. Eciim npH STOM HENPEpHBHO H3MEHATh HATpaBie-
HUE HOpMaJH, TO TOYKa /M npmier B momoxenue M; c BrosHe onpe-
HeNeHHHIM HalpaBJCHAEM HOpMaaK, HE 3aBUCAUIUM OT BHGOpa
nyrn (K). HefictButensho, ecau O, Npuxods B TOuKy M; u3 toukm M,
no aBymM pasmmusmM nytaM (K) u (Kp), MH moaydyaam B Touke M; pas-
JIMYHEIE HANpaB/aeHus HOpMam, TO 3aMKHyTH# nyTe My (Ky) My (K3 M ®)

*) Mo (K ‘}AMBI I&asymeem KpuByw (K,), HO ONHCaHHYIO B 0GpaTHOM Ha-
Npasaennn — ot M, k M,,
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npupoAua 661 B TOUKY M, C HampaB/eHHeM HODMaJH, OTJHYHBIM OT ACXOf=
HOro, 4TO MPOTHUBOPEYHJIO Obl OMNpENENEHUI0 ABYCTOPOHHEH NMOBEPXHOCTH.

Taxkum 06pa3oM, Ha ABYCTOPOHHEH NOBEPXHOCTH BHIGOD HampasieHUs
HOpMaJaHd B OJHOM TOYUKE ONHO3HAYHO ompejenseT BHOOp HampaeJeHuUs
HOpMadd BO BCEX TOUKAX NOBEPXHOCTH. COBOKYNHOCMb 8CeX MO4eK
NOBEPXHOCHU ¢ NPUNUCQHHBLMU HOPMQASM 8 HUX NO YKA3AHROMY
npasuny HANpasAeHuUAMU U HA3bl8aeMcst OnpedencHHOL CMOPOHOIU
nogeepxrocmu.

Mpumepw. 1) pocTefimuyM n HanGolee BaXHBIM NPUMEPOM [BYCTOPOHHEH
NOBEPXHOCTH ABAAETCA ¥OBEPXHOCTb, BHpaxaeMas NBHbLIM YDaBHEHUEM 2 ==
=2z (X, ¥), B NPeNNONOXEHNN, YTO (DYHKUHA 2z HeNpepoiBHA B HEKOTOPOH IO~
cko# o6aacth (D) ¥ AOMyCKaeT B Hell HeNpephIBHble YaCTHbE NPOH3BOAHBIE

0z 0z
p=a—x u q=5y—‘

B sTom cayuae HanmpaBiafiom(Me KOCHHYCH HOPMAlM K HOBEPXHOCTH HMEOT
seipaxcenne |n° 213, (24)):

—P —4
COSA:———__“-——:, COS P == ——
=V i+r+¢ =V I/ +¢’
COS Ve ——————— _1 (8)
=Vitr+¢

Buifpas nmepen paliMKaioM onpefieieHHHIH 3HaK, Mbl TEM CaMBIM YCTaHABJIMBAEM
BO BCEX TOYKAX IIOBEPXHOCTH ONpeJNeleHHOe HampaBienue Hopmand. Tax Kak
HaNpaBiAIOUIME KOCHHYCH, B CHIY CHENAHHBIX NPEANONOKeHuH, 6yAYT HEMpepbiB-
HBIMH QYHKIMAMH KOODAMHAT TOYKH, TO M YCTaHOBJAEHHOE HAaMpaBJAeHHE HOPMAIH
Gyner Taxie HeNpepeIBHO 3aBHCETb OT NOXOXEHWA Toukd. OTCiONa ACHO, YTO
86.00p 3HAKA neped paduKarom 8 Popmyrax 0as cosh, cosp, €os v onpedessem
CMOpOHY nROBEPpXHOCMU B TOM HMEHHO CMbICIE, KAKOH Buille MPUIHCAH
sroug NOHATHIO.

ciM BuOepeM Nepel PalMKaNOM B8HAK MNMIC, TO BO BCeX TOYKAX IO-
BEPXHOCTH )

VitrTr

GymeT NONOXKHTENbHBIM, T. €. Yrol, COCTaBAEHHHH C OCbI0 2 HOPMAalbio, COOT~
BETCTBYIONIEH BLIOPAHHOM CTOpOHE, 6yner OCTp b M. Takum o06pa3soM, CTOpoHa
NOBEPXHOCTH, ONpelenAeMad YKa3aHHHIM BHGODOM 3HaKa, OKa3blBaeTcA B e p X-
Heft cropoHo#t. HampoTuB, BbI6Op 3HaKa MHHYC B BHPaXEHHAX HANPABAAIOIIHX
KOCHHYCOB HOPMARH XapakTEePH3YeT HM X H 1010 CTOPOHY IIOBEDXHOCTH: HOpMalH
COCTaBJIfIOT C OCbI0 2 TYNH € YIis.

2) PaccMoTpuM Temepb Gonee oGO DPOH3BOIBHYI NPOCTY 0 HOBEpX-
HOCTh (S), 3afaHHYI0 MapaMeTPHYECKUMH YPaBHEHHAMH

COs v=

x=x{u v), y=y(u v), z=z(u, v), (3a)

NpHUEM MapaMeTphl u, ¥ M3MEHAIOTCA B HEKOTOPOR orpaHuMueHHOR o6aactu (A)
Ha TIOCKOCTH uv. ME NpPeNNONOXUM IOBEPXHOCTb 22a0KO0fi: 3TO O3HAYAET, YTO
dyskuny (3a) HenpepuBHH B (4) BMecCTe CO CBOMMHE YacCTHHMH
NPOH3BOJAHBIMH MU YTO HA NOBEPXHOCTH HET OCOGHX TOYEK
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[aa HanpaBAAIOMMX KOCHHYCOB HOPMaam K TMOBEPXHOCTH MH HMenn ¢opmy-
aui (7). I B aToM cayuae 6u060p 3HAKG neped paduxaioxr XapexKmepusyem
CMOPORY NOBEPXHOCMU, TAK YTO NOBEPXHOCTL OKa3bIBAGTCA ABYCT O-
pouHed.

HeficrButensno, pas 3saxk Bui6paH, dopmyan (7) Kaxno#l TOYKe NOBEPXHOCTH
(TaK Kak e oTBevaeT 0jJ Ha JHINb Napa 3HayeHHH u, o!) CONOCTABIANT OLHO
onpefeclneHHOE HANPABIEHHE HOPMaJH, KOTOpPOe NPH MepelBMXKEHHH TOUKH H3Me-
BAETCH HeNpephiBHBIM 06pa3oM.

Tpy HapylieHuH NPEANONOXEHHA 0 NPOCTOT € NOBEPXHOCTH yXe Helb3s
6e30roBOPOYHO YTBEPXKNaTh, YTO OHA JBYCTOPOHHAA. B atoM cayvae Haflgercst
Touka M, NOBEpPXHOCTH, KOTOPOH OTBEYaloT IBe Da3AHYHBle Wapel UV, U U0,
3HAYeHHH MapaMeTPOB, H MOXET CAYYHTLCH, YTO NPH ITUX 3HaueHUsX Gopmynst (7),
Jajxe eciu 3HAaK NepeX PalHKaloM Bhi6paH OXHHAKOBO, ONpefelsloT NPOTUB O~
IO JOXHB € HanpaBAeHHs HopMaau B Touke M, Ecmm sto meftcrBurenpHo Tak,
TO MOBEPXHOCTb GyReT ONMHOCTOPOHHeIH.

3aMeEyAunE Ecam nosepxhocts (S) oxasbiBaeTcA 3aMKHYTOH M OrpaHn-
YHBAET HEKOTOPOE Texo, To [n° 360], X0TA OHAa ¥ MOXET BHIPaXaTbCA YPaBHEHH-
amMu (3a), HO Ha 9TOT pa3 NPEANONONKEHHE O B3AUMHO ONHO3HAYHOM COOTBET-
CTBHH Mex1y TOYKaMH NOBEPXHOCTH M TOYKaMM MioCKoH ofunacty (A) He ocy-
W eCTBUMO B NoXHOH Mepe. TeM He MeHee, TaK KaK HajaMyue y NMOBEPXHOCTH
ABYX CTODOH—BHeWHeH M BHYTDEeHHeEeH —ACHO HENOCPENCTBEHHO, U B
9TOM Ccayyae 66.00p 3Haxa 6 gopruyrax (T) 8ce e onpedersem c¢mopoRY
nosepxHocmu,

362. Opuentanus noBepxHOCTH 4 BhHIGOp ee cropoHhl Ilycte (S)
Gyzer npocras rJajKas INOBEPXHOCTb, OIPAHWYEHHAs MPOCTHIM KOHTY-
pom (L); BmGepeMm onpeleleHHYI CTODOHY 3TOH mo-
pepxHocTu [lpunuuem tenepr KOHTYpy (L) onpeleneHHoe Hampa-
pieHue 06X0a B KayecTBE MOJNOXKHUTEJbHOT O NO CACAYIOIEMY Npa-
BWIy: OOXOJ JOMKEH Ka3aThCs MNpPOMCXOMSUIMM NMpPOTHB 4acoBOi
cTpenxu Habmonaremo, ABHXKYLIEMYCd B 3TOM HanpaBJCHHAU MO KOH-
TYPY TaK, YTO HOPMalb K NOBEPXHOCTH, OTBedawmas BHOpaH-
HOH CTOpOHE, HPOHN3LBAET €ro OT Hor Kk ronope. CroBa <«npoTHB
YacoBOH CTpEe/]KH» O03HAYaloT, TOUHee roBops, uTo Habmoxarenb AOJIKEH
BUAETh HEMOCPEACTBEHHO TIPHJETAOMYI0 K HeMy 4YacTb NOBEPXHOCTH
caepa ot ceba. ITo ToMy ke mpaBuny OJHOBPEMEHHO YCTaHaBJIWBAETCHA
NOJNOXHUTEAbHOE HanpaeieHue o6xolda Mg KaxAOro IPOCTOro
3aMKHYTOTO KOHTYp2, JeXaulero Ha NOBEPXHOCTH M OrpaHHYMBAIOMIEro
HekoTopylo ee uacth *). Hampasinedue o6xona, o0parTHoe MOJIOKUTEb-
HOMY, Ha30BEM OTpDHNAaTeJAbHH M.

B COBOKYMHOCTH BCE 3TO H COCTABJIAET COACPMKAHME NOHATHA OpHEH-
Tauyl NMOBEPXHOCTH

Ecau ucxoauTs M3 ApYrofl CTODOHH IOBEPXHOCTH, TO HOpMajd H3-
MEHST CBOE Hanpasjienue Ha oOpaTHOe, MBMEHMTCA NOJOMXEHHME Habmona-
Teas, B CBA3W C YEM 10 HALUEMY INpaBUJIy NPUAETCA NEPECTaBUTb N0JO-
KUTEAbHOE M OTPHIATE/NbHOE HaMpapienus ob6xoxa koutypa (L) m apyrux
KOHTYPOB, JICKalUX Ha NOBEPXHOCTH: HOBEPXHOCTb M3MEHHT CBOX O p H-
entanunio. TakuM o0pa3oM, ec/ad BCerda AEp¥arbCAd YCTAHOBJAEHHOTO

¥) TombKO € 3TOH YacThI0O M HAANEXHT CYHTATHCA NPH ONpPENENeHMH MHOAO-
MUTEIbHOrO HAPaBlEHHs Ha KOHType.
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npaBua, 85.00p CMOPOHb. NOBEPXHOCMU onpedeasem ee OpueHmMayu
H, 06paTHO, 8b00p NOAOHCUMEAbHO20 HanpagaeKus o006x00a KOHmMYpa
nosepxHoCcMIL OOHO3HGUHO oOnpedessem ee CHIOPOH).

3amMEYAHUE. B ocHoBe 3TOro mpasuia JEKHMT BpalieHue
ONpOTUB UYaCOBOH CTPENKH, W 80 u30elyaHue NYMAHULL Mb
8ce20a Gydem u3 He20 ucxodums.

C stum Mbl OyleM CBfA3HBATh M CaMOE PACMOJOKEHHE KOOPIUHATHBIX
oceft B mpocTpaHcTBe. VIMEHHO, BO BCEX BONPOCAaX, A9 KOTOPHX 3TO
VMEEeT 3HayeHue, Mbl Oy0est noA6308amMeCHA max Ha3b8aeMmoll npago i

; z roopouramunoi cucmemoli
(puc. 50, a): B Heft ocu pacno-
JIaraTca TaK, YTO BpAIleHHe OT

oCH X K OCH y (Ha yron—{—%),

{ \ (\‘ €CJIM HAa HEro CMOTpeTh CO CTO-

[ A g a4 % DOHH  MOJOXHTENBHOH  YaCTH

@ o OCH 2, KaXeTcd NpOUCXOASILUM
NpoOTHUB YaCOBOH CcTpea-

z ] ku¥*). (Ha puc. 50, 6 u3obpa-
Puc. 50. WeHa cucremMa oceft, aad KoTto-

po#t yHoMsiHyroe BpauieHne npo-
MCXOIUT MO YacoBO# crTpeaxe *): Takas CHCTEMa Ha3blBAETCA JE€BO H.)

Cefluac MH JafuM TNpPHIOKEHHE H3JOKEHHOH BHIIE MOEM O CBA3H
MEKAYy BHOODOM CTODOHH NOBEPXHOCTH M CO3MAaHHEM Ha He#t ompeje-
JIEHHOH OpMeHTalu# K BONPOCY o BmOOpe sHaka B ¢opmyaax (7) naa
HanpaBJsIOMMX KOCHHYCOB HOPMaJIH K IOBEPXHOCTH.

BepHemca K paccMOTpeHHOH B Hauale HoMepa nomepxHocTH (S),
cuntas, uyro Ha Heft BHOpaHa onpelejeHHas CTOPOHAE, a C Hew—
u opuentauusa Kouryp (L) Hamel nOBEPXHOCTH COOTBETCIBYET
koHTYpy (A) obnactu (A) Ha «MAOCKOCTM TNapaMeTpoB» uv. Honycrum
(5TO BCErZa JErKO OCYIIECTBHTD), YTO MOMAOKHUTENBHOMY 00X0LYy
KoHTypa (A) oTBeYaeT NONONKHUTENbHHHE xe 06X0A KOH-
Typa (L). Toraa u nas moOGHX COOTBETCTBYIOIMX APYF BPYTY KOHTYDOB
(X) B obnactu (A) u (/) Ha noBepxHOCTH (S) HMEET MECTO TO XK€ CaMOE;
HOJIOXHUTENbEEH 0604 (M) B/eueT 8a coGOH MOJIOKHTEAbHBIA 00XO0X (J) **),

IIpu amux ycaosufx 04% XxXapaxmepucmuru BuOPAHROL CMOPONs
nogepxrocmu 8 gopuysax (7) 048 RANPABAAUUX KOCURYCOE HOPMaAr
neped paduKaiOM HYIHCHO 831Mmb 3HAK RAI0C.

Ilng AoKa3aTenbCTBA 3TOr0 JOCTATOYHO YCTaHOBHTb, 4TO XOTH B
OHOW TOYKE HANpaBJICHHE, ONpeJeNIeMoe STAMH (OPMYJTaMH O

*) 3ro coxpanserca M NPU KPYroBHIX NEpPeCTaHOBKax GYKB Xyz.

*¥) Tak Xak o HanmpaBAeHHH OGXONA KOHTYDZ MOMHO CYNHTh IO HAaNpapie-
HUIO, B KOTOPOM ONMCHIBAETCA M1I00as ero yacTh, TO BHICKA3aHHOE YTBEDWKICHHE
OYeBHAHO InA KOHTYpa (), HMepwmero ofmyio 4Yacth ¢ (A), a 3aTeM J1erko Mne-
PEHOCHTCA U Ha odwmH cayvai,
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3HAaKOM NJIOC, COBMANAET C HYXHHIM HampaBJeHueM HoOpManu. Bosbmem
Ha MOBEPXHOCTH KaKyl-HHOYIb BHYTDEHHIOO TOUKy M, eil OTBeuaer
TOUKa my (U, Vo) B o6aactu (4). Ilycrs B sTO#f TOuke OTAMYEH OT HYJs,
CKaxeM, onpeaeauTeNb

Xz Yu
Xy Yo
Toraa HakneTcd CToab Manass OKPECTHOCTH TOUKHM M, Ha MJIOCKOCTA uY,
OrpaHuYeHHas KOHTYpoM (A), 4TO COOTBETCTBYIOIas €H OKpECTHOCTH
TOUKH M, Ha NOBEPXHOCTH (§), orpaHuyeHHas KoHTypoM (/), mpexncra-
BHMa ABHBIM YpaBHeHMeM Bula z==f(x, y) [n° 360] u, cremosarennHo,
NPOEKTHPYETCA HA IJIOC-

KOCTh Xy BBaHMHO z v

a}
onHo3Hauno. OGosHa- 7 @
YHM KOHTYp STOH mpoex- 75 M N\
M4 Ha TWIOCKOCTb Xy ue- Ay -
pes (k) (puc. B1).

C=

Ecim B paccmarpusae-
MOH TOUKE W B ee OKpe-

CTHOCTH onpefeaHTeNDb 4 J
C >0, To noaoxurTeabLHO- W
My obxomy KoHtypa (A) /z

==

OTBEYAET MOJOKUTENbHBIR
we o6xox (r. e —mpu Puc. 51.
BHIGPaHHOM PACTONOKEHUN
oceft —o06X04 NPOTHB YaCOBOHR cTpeaku) xourypa (k) [cm.
n° 354, 1)]. Kak BmaHo M3 uyeprexa, AaS TOro 4roObl COOTBETCIBYIOWIMH
3ToMy 00XO& KOHTYpa (/) Ha MOBEPXHOCTH TOXKE Kasalacs NpPOHCXOms-
HUM NMPOTHB 4YacCOBOW CTPEJNKHM, Ha HET0 HYXHO CMOTpETH
CBEpXYy, TaK 4TO HOpMaab B TOuUKe M, B 9TOM ciyyae JOMKHA OHTb
HanpaB/jeHa BBEPX, T. € [JOMKHAa COCTaBIiTh C OChI0 Z OCTPHH
yrosa. 3T0 HMEHHO K HMEeT MecTo 1o dopmyaam (7), ecan B HUX B3dTh
gnak nunoc, u6o npun C >0 roraa u cos v > 0. Hao6opor, npu C <0 Hop-
Manb JO/DKHA COCT3BAATH C OChI0 2 TYMOM YroJ, UTO TaKke OCYIIecT-
BASETCA Ha JeJe NPU ykasaHHOM BHGope 3uaka, u6o npu C< 0 u cosv< 0.
863. Cayuait kycouno-raaakoli mnosepxHoctu. Passutsie B n° 362
ujed JaioT TaKxe yAoOHOe CpEACTBO [IJ% DPacnpOCTPAHEHHs INOHATHS
CTODOHE NOBEPXHOCTH Ha OOWuH CJyual MOBEPXHOCTH, COCTOSINEH na
HECKOJBKHX NPOCTH X M IMJIaAKHX KYCKOB; TaKyio NMOBEPXHOCTb 1Jd
KPaTKOCTH Mbl OyJeM HasmBaTbh KycouHo-2aadroh. CooGpaxenns, usio-
wennie B n° 361,, B 3TOM Cay4Yae HENOCPEACTBEHHO HENPUJIOKUMH,
TaK Kak BIOAb <«pebep», COENMHSIOUIMX HA3BaHHHE KYCKH NOBEPXHOCTH,
onpee/eHHOR KacaTenbHO! mnAoCKOCTA BOOOMIE HE CYWECTBYeT, W npu
nepexone yepes HUX O HENpPEPHBHOM H3MEHEHWH HANDABJEHUA HOPMaaH
FOBOPHTb HE NPUXOAUTCH.
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ITycre mana mnoBepxHOCTh (S), cocrosmias H3 TPOCTHX TIMAAKUX
kyckoB (Sy), (Sg) ..., NPUMBHIKAOWHEX OMH K JAPYroMy 10 pebpy —
ofmwelt yacTH uX KOHTYpOB. IIpeamonoxkum, npexae BCEro, YT0 Kaocdui u3
amux KYCK08 8 0moesbHOCIMU A8AseMCA 08YCHIOPORHEN NOBEPXHOCHLIO.
Ho srtoro, pasymeeTcd, HEZOCTAaTOYHO VIS TOrO, 4YTOOGH BCIO MNOBEpX-
HOcTh (S§) MOXHO OBLIO paccMaTpuBaTh, KaKk [BYCTOPOHHION; Belb H

— NOBEpXHOCTh Mebuyca nerko cocras-
ASETCS  ®3 JBYX NPOCTHX TIJIAAKuUX
IBYCTOPOHHHX KYCKOB.
Ha kontype (K;) Kaxmoro Kycka
(S) (i=1, 2, ...) BboiGepeM B Kaue-
CTBE MOJIOMHUTEJNBHOFO OOHO H3 ABYX
HAaNpaBJEHUH; STHM, KaK MH BUAEHH,
(uKCHpyeTcs CTOPOHa IOBEPXHOCTH
(S;). Eciu stoT BHGOD MOXHO NpO-
Puc. 52. U3BECTH Tak, 4ToOW BCerza obwas
wacms KOKMypos *) 08yx npuMsiKaw-
UWUX KYCKO08 ORUCHIBAAACE OAR SMUX KYCKO8 8 NpOMUBONOLO M-
Hbtx Hanpasaerusix (puc. 82), TO JHLIL TOrAa NOBEPXHOCTh (S) #B-
aserca aBycTtopoHHel. Cropona nosepxnoctd (S) onpeneaurcs,
KaK COBOKYMHOCTb CTODOH €e 4YacTeH, BHGDAHHHIX YKa3aHHWM 0GpasoM.

Ecau x0T B ONHOM CJyyae HanpapjeHue 06X0Ja KOHTYDPAa 3aMEHWTHb
Ha MPOTUBONOJIOXHOE, TO M COOMOJEHMs HALEro YCJIOBAS NPHUAETCH
TO Ke CAenaTh W CO BCEMHM KOHTypamu. Torza M BHOpDaHHbHE CTOPOHH
BCeX KycKOB (S§;) 3aMEHATCS NPOTHUBOMOJIONKHEIMH UM; HX COBOKYIHOCTBh
COCT4BHT BTOPYIO CTOPOHY NMOBEPXHOCTH.

Coo6paxenus n° 362 oTHOCHTE/NLHO CBS3K CTOPOHH MOBEPXHOCTH U €€
OPUEHTAUMH OCTAIOTCH B CWIe U B OOLIEM C/Ay4ae NOBEPXHOCTH, UMEKOLIEH
KOHTYD.

§ 2. INOLWAIb KPUBO#H MOBEPXHOCTH

364. Ilpumep Ilsapua. IlonsTne mnJiOWAAM KPUBOH TMOBEPXHOCTH
MMEET W3BECTHYIO aHAJNOrUI0 C NOHATMEM JJMHE Kpusofi Jsmuud. Jauny
(nesaMKHYTOH) Ayr¥ Mbl ONIpedeas/M KaK NpeleN NepUMeTpa BIHCAHHOH
B Ayry JOMaHOM — NPH YCJOBHH, YTO IJIMHBI BCEX €€ CTOPOH CTPeMATcH
K Hy/mo. B ciyuae e KpUBOH INOBEPXHOCTH (TOME, CKaXKeM, HE3aMKHy-
TOH) ecTecTBeHHO OHIO OB pacCMaTpPMBAaTh BIHMCAHHYI0 B HEE MHOroO-
TPaHHYIO MOBEPXHOCTb M ONpPEAeHsTh IJIOIAAb KPHUBOH MOBEPXHOCTH Kak
npeaena NJOWAAA 5TOH MHOrOrpaHHo# mNOBepXHOCTH — NPU YCJIOBUH, YTO
JUaMETPH BCEX TpaHelt CTPeMATcs K HyJo.

B ronye npounozo cmosemus, 0IHaKO, Ouiae OCHApYJCeHa Henpu-
200 KO Cmb 3mozo onpedesenus. Vimenno, lsapu B 1883 r. nokasanu, uto
YNOMAHYTHI# IPEAE) He CYIeCTBYeT faxe JAJIs IPOCTOro CAyuas NOBEPXHOCTH
[PAMOro KpyroBoro uuauuapa! Mul npuseeM 9T0T MOYURTEAbHBIA NpUMEp.

#) 3Ta YacThb MOXET COCTOATb M M3 OTAEAbHHIX KYCKOB.
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flycte mad Tako#t umaumuap panuyca R u smcots H. Bnumewm B Hero Muo-
rorpaHHyio NOBEPXHOCTH CIENYIOIUM 06pa3om. Paajenus BEICOTY UMAMHADPA Ha m
paBHHIX YacTedl, IPOBE/ieM Yepe3 TOUKH JeNEHHA NAOCKOCTH, NePHEeHANKYAAPHbIE
XK OCH UWIMHAPA, TaK YTO Ha €ro MOBEPXHOCTA NOnyyurcA m -+ 1 OKPyXHOCTEH
(BKAIOYAA CIOfa M OKPYXHOCTH OOOMX OCHOBaHMH wu¥nuHupa). Kamaylo u3 atux
OKPYKHOCTeH pasfgesdM Ha 7 PaBHHIX vacTelh Tak, YTOG6H TOYKH Jde-
NeHHA Bolienewamend OKpYx-
HOCTH HAaXOJHIHCb HAjX cepe-
AMHaMH Iyl HUXenewanmef
OKDYXHOCTH.

Boabmewm, nanee, TpeyroabHuky, oGpa-
30BaHHbIe XOPAAMH BCEX STHX JyT H OTpes-
Kamy, COCIMHAKINNMY KOHILI XOPX € TEMH
TOYKAMH JeNEHHs BHILE- ¥ HHKEIeHamux

O sl M

Pnc. 53. Puc. 54.

OKPYXHOCTEH, KOTOPHE PACHONOMEHbl KAK Pa3 Hafl HAM NOJ CepefuHaMH COOT-
BeTCTBYIOLUHX AYr (puc. 53). B cBOeHl COBOKYNHOCTH 3TH 2mn DPaBHHX TPEYyroib-
HUKOB U 06Da3ylOT HYXHYI0 HaM MHOT'OTDAHHYI NOBEPXHOCTh (L, 5); Momesb
ee npeacraBieHa Ha puc. 54,

HoncuntaeM Temeph HAOWIANb & KAMAOrO H3 TPEYrOAbHHKOB. 3a OCHOBaHHe
npuMeM XOpAY, AIHHAa KOTOpOH pasHa

, T
2R sin -
Hns HaxoxneHusa BhcoThl AB TpeyroipHuKa (cM. ueprex) 3aMeTHM, uto AB =
= Y ACT+BC?, rne
AC=0C—0a=R(1—wsZ), BC=",
n m
Taxkum o6pa3oM, MIOwWadk OJHOTO TPEYIONbHHKA DaBHA

c=Rsin%VR’(l — cos%)nﬁ—(i’:—)’,

a MA0MKaJb BCefi MHOrOrpaHHo#l TMOBEPXHOCTH OyAET

E3
I, n == 2mns =2R - nsin —;— . ]/R’m”(l— cos—:—) + A,

Korma m ¥ n HeorpamuyeHHo BO3DACTAIOT, TO XUAMETPsl BCEX TPEYrofb-
HHKOB CTPEMATCA K HYNIO, HO NIOWMaZb Yn, » Tpelena He umeer. B camom meze,
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JODYCTHM, YTO MWl W 1 BO3PAaCTAiOT TaK, YTO OTHOIUEHHE
ReaeHuoMy npeleay ¢:

-Eg CTPEMHTICA K onpe-

T
Hn ;E =4q.
Wmeen

. .om
limnsin —==m,
n

a ¢ JPYroit CTOPOHH, B CHIY CIEIAaHHOTO JNONMYyUieHUs

i —cos B\ =1lim m.2sin® - = lim = 1 T
I]mm(l cos ”)—hmm 2 sin 2n—hm 3 n’—fq'

CnenobatenbHo,
. néRE
lim 2y, 5 =2rR TqL{-H”,

W Mul BHIMM, YTO NIpejed 3TOT CYHIeCTBEHHO 3aBHCHUT OT BEJMYHHH ¢, T. €. OT
cnoco6a ONHOBPEMEHHOrO BoO3pacravua m u n. Ilpnm ¢==0, U T0abKO B 5TOM
cayvae, HasBaHHBM mnpefex paBeH 2nRH (BeamuuHe IUIOWMANH, BHIBENEHHOH B
IIKOJLHOM KypCe FeOMeTPHH), HO BMECTe C § OH MOMXET paBHATHCA Aawe Gec-
KoHeyHocTn. TakuMm o6pasoM, HpH HE3aBUCHMOM JpPYr OT JAPYra BO3PacTaHHH
YHCed m U n KO GEeCKOHEYHOCTH JAA IIOMANU Y, , ONPEleleHHOro mnpejesa,
NeHCTBUTENbHO, HE CYINECTBYET, M IIOBEPXHOCTh HHAMHIPA, €CIH CTOATH Ha TOYKE
3peHns YNOMAHYTOIO ONpeXeleHHs, OKa3hiBaeTcs NHUIIEHHON NIOomajiy.

Baxuo nate cefe OTUET B TOM, YeM OTIMYAETCHA NOJOXEHHE BemeH B cay-
Yyae JOMaHOi, BIHCAHHOA B KPHBYIO, # B Clyyae MHOrOrpaHHO# NOBEPXHOCTH,
BIHCaHHOH B KPHBYIO NOBEPXHOCTh. ByleM [af NpPOCTOTH CYHTATb KPUBYIO K
KpHBYIO NOBEPXHOCTb, O KOTOPHIX HIeT peub, raaikuMu. Torga, Auillb TOAbKO
XOpIbl, COCTABIAIOLIME NOMAaHYIO, HOCTATOYHO Majbl, HanpaBleHHe KaxIoKk u3
HUX CKOXb YrofHO Maj0 Pa3HMTCA OT HalpaBleHHs KacaTeibHOH B M0GOH TOUKe
cooTBercTBylomel nyru. [1osToMy Takas GeCKOHEYHO Malas XOpAa M MONET €O
BCE BO3PACTAOIiEH TOYHOCTHIO CNYXUTH 3aMEHOH COOTBETCTBYIOINErO SJeMeHTa
xyrd. Hanportus, ckoab yrogHo Manasi MHOrOyronwbHas IJOMIaJIKa, BEPINHHEI KO-
TOpOH JeXaT Ha KPUBOW NMOBEDPXHOCTH, MOXeET OKa3aThCA BOBCE He GAM3KOH Nno
CBOEMY PacNoNOXEHHI0 B NMPOCTPAHCTBE K KacaTeabHOH IOCKOCTH K HOBEPXHO-
CTH; B TaKOM CIyyae 3aMEHATh 3NeMEHT [IOBEPXHOCTH OHa, NOHATHO, HE MOXET.
370 06CTOATEAbCTBO NPEKPACHO HIMIOCTPUPYETCA TOALKO YTO PACCMOTPEHHLIM
IPAMEPOM: KacaTelibHble MIOCKOCTH K LMAMHAPHYECKOH! NOBEPXHOCTH BCE B € P T H-
KaAbHH, a TPEYTONbHHIE IPAHH BNHCAHHOA NOBEPXHOCTH NIPH GOMbLLIOM ¢ CTa-
HOBATCA IIOYTH TOPHU3OHTANbHbL MH, 06pasyd Meakue CKIaNKH.

365. Iaomans mOBEpXHOCTH, 3aXAHHOH IBHBIM ypaBHeAHeM. Banny
YKa3aHHOro B NPEAbIAYIEM HOMEDE 06CT08T€JIbCTBa, NPUXOMUTCA HCKATh
APYruxX MyTed AnA OGOCHOBaHMS MOHATHS NVIOLLAAH KPHBOH TOBEPXHOCTH.
Mp ykaxeM oOiuH u3 TakuX nyTell, XOT# NPOCTOH, HO He JUIIEHHMH
HCKYCCTBEHHOCTH, NPUYEM HAyHEM CO cay4as mosepXHocTH (S), samanHOH

SIBHEIM  YPaBHEHHEM
z=f(x, y) 8y

Iycrs X, y u3MeHsiorcs B KBaapupyemo#i obaactn (D) Ha NAOCKOCTH Xy,
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% Z B 3TOH 06/acTH MMEET HENPePHBHHE YacTHHE NPOU3BOAHHIC
0z 0z
—z= N g==
P=5x " 1=4-
Pasnoxum obaactb (D) ¢ nOMOMWBIO CeTKH KpUBuIX (C MJOLLAABIO,
paBHO# HYJII0) HAa SJIEMEHTH

(Dl): (Di): EEE) (Dn)

W PacCMOTPHM OJUH M3 3TUX dJeMeHTOB, ([);). Eciu mocrpouth Ha KOH-
Type 3To#i yacTuyHO# 001acTH (KaK Ha HaNpapasOWEH) MUIMHAPHUECKYIO
TIOBEPXHOCTh C 00pasyioluMy, HAPALIEALHHIMA OCH 2, TO OHa BHIPEXET
Ha mosepxHocty (S) anemenr (S;). Bsas
mobyio Touky P;(x, y;) B npesenax z
(D;), npoBefieM B COOTBETCTBYIOIEH TOY-
ke M; (X, yp 2;), ThE

z=f(x» ¥i) %
nopepxHocT# (S) KacaTeaAbHY IO
NADCKOCTD.  YNOMsHyTas  Bbille
IUARHApAYECKas NOBEPXHOCTh W HA 9TOH
NJOCKOCT# BHIPERET /IEMEHTApHYIO ¢u-

rypy (7;) (puc. 55), naomags KOTO- 0 y
4

poit T; kak Ob cayxut npubmixenneMm

]

K muomanxu snemenra (S;). Taxum obpa- B "
30M, CYMMy BCEX TaKuX Iuiowaneh s [
n
Pue. 55.
o= T,

MOXHO CUMTaTh NpuOAMKeHHeM K niomand nopepxHoctH (S). Me onpe-
Oeaust naowads S amoli nosepxrnocmu Kax npeoea

n
=limo=lim )Y, T}
i=1

npu Ycaosull, MO CMPEMAMCS K HYA OUAMEMPH BCeX BACMEHMO8
(S;) wnu —uTO TO XKe — MMAMETPH BCEX M/OCKHX JaeMeHToB (D).
Jlerko nokasath Temepb, 4TO S BHIPAXAETCA /JABOHHHIM HMHTErpaioM

S§= S;DS)‘ l—&}s—qu dy, ®

e, KaK BCErAa, v 03HAYaeT YroJ HOPMaJM K NOBEPXHOCTH C OChIo 2 ¥).

*) O6pamaeM BHMMaHHe YHTaTeNsd Ha MOJHYIO aHANOTHIO 9TOTO BHPaKEHHS
(2) xna maomanu KPUBOH MOBEPXHOCTH, 3alaHHON I BH B M ypaBHe-
uuem (1), n Bopawenua (7) n° 328 ans NAMHB AYyIr¥ KPHBOK AHHHHE—
TOMe B CAyYya€ €e ABHOL O 3alaHHA YPaBHEHHEM y==f(x).
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IleficTBUTENILHO, €CAM ¥; €CTb 3HAYEHHWE v, OTBEYAIOIlee MMEHHO TOY-
xe M; To nma naowaged maockux duryp (7;) n (D;), n3 KoTopHx
BTOpas CJYXUT OPTOrOHaJbHOM mpoekiuedt nepeo#, OyzeM HMETb COOT-

HoOuleHue
H D;=T;-{cosv]|,

OTKyAa
_ 1
T |cosv; |

Ti Dio

Cymma

n n 1
o= T.= —D;
i§l ! igl feosvij
ABJIAETCA MHTErpaJpHOH CyMMOH Isia HABofiHOoro murerpana (2) #, caeno-
BATE/JbHO, CTPEMHTC K HEMY KaK K Npellely INpH YKa3aHHOM Npeledib-
HOM miepexolle, YTo H TpeBGOBaIOCh JOKa3aTh.
Ecim sBcniomuute dopmyast (8) n° 361, uMeHHO TpeTbIO M3 HHX,
TO NOJYYEHHBI# pE3yAbTaT MOXHO TMEPENHcaTh TaK:

S-———SS V1+P/ -+ dxdy, (22)

(D)

caMOe CyIECTBOBaHME MHTErpana (2) mam (2a) BHTEKaer M3 HPERNOO-
XEHHOH HENpepHBHOCTH YaCTHHIX HPOH3BONHHIX P ¥ g.

3aMEuAHuE CymecTBeHHHIMH HEJOCTaTKaMH 3TOTO NPOCTOro Onpe-
JieIeHNs TJIoMmaAd § SBJASIOTCS, BO-NEPBBIX, MPHJIOKHMOCTb €0 TOABKO
K TOBEPXHOCTSIM, NPEACTaBUMBIM SIBHBIMH YDaBHEHHSIMHM, M, BO-BTODHIX,
KaXymasicsd 3aBUCHMOCTb €ro OT BHOOpa KOODAMHATHOH CUCTEMH.
Mpbi BepHEMC K 3TOMY B CJEAYIOIEM HOMEpE.

366. Ilnomaxe moeepxHocTH B o6meM ciayuyae. PaccvMoTpum Tenepnh
NpoCTyo FAafKylo NoBepxHocTb (S), 3aaHRyI0 NapaMeTpHYecKu.

Ilycts M — mobBas ee Touka, u B HeH, ckawmeM, Cz£ 0. Toraa, omu-
pasch Ha cKasanHoe B n° 360, MoxHO yTBepXAaTh CjAEAylOLIEE: Cyuie-
CTByeT 4acTb (§) moBepxHocTn (§), oKpyxawomass Touky M u o6aanaswo-
uas CBOHCTBaMu:

1°. mOBEPXHOCTL (S) MOXeT ObiTh MPEACTABJIEHA SBHBIM YpaBHEHHEM
suga (1);

2° ecam uepes (8) 0603HaYMTDL COOTBETCTBYIOLLYIO YacTb 0GgacTé (A)
Ha maockocTd uv, 70 B (3) onpesenureas C # 0.

JTO cnpaBelauBO M KawIOH TOukd M NOBEPXHOCTH C TeM JHIib,
yro oTauyHbM OT 0 B Helt MOxer oKasaTbcs M KaKoH-au6o Apyro# us
onpeneaurenel, A wam B, Toria u sBHOe ypasHeHue Buia (1) 3ame-
HHTCHl, COOTBETCTBEHHO, SBHBIM € YpaBHEHHEM APYroro THIA

Xx=h(y, 2) nm y=g(z x)

Orcona caenyer (Ha HOKa3aTeJNbCTBE 4YEr0 OCTaHABMMBATHCH He Gynem),
YTO BC NOBEPXHOCTs (§) pasnaraercs H2a KOHEYHOE YHCIQ KYCKOB
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BpoZe (s). OcraHoBuUMCA Ha BHIYACTEHMA MJOMAAH KycKa (§) B cormacuu
¢ omnpeleNeHnHeM NpeRBAYILEro HOMEpa.

Ecmu (d) ecte npoeknus (S) Ha MJIOCKOCTb Xy, TO, KaK Mbl 3HaeM

[em. (2)], ee naomans . dx dy 3

s=\\ ==, 3)

jcosv|

(@)

Tak kak Touku obnactu (d) cB3aHu ¢ TOukamu oGnactn (3) B3aUMHO
O[IHO3HAYHBIM COOTBETCTBMEM, U BHINOJHEHH Jpyrue TpeGosanus n° 352
1 356, To moxHO mepelitu B uHrerpaze (3), no ¢dopmyae (15) n° 356,
K MEPEMEHHBIM U, U. YUMTHIBA#, UTO (YHKIMOHAJLHEIR ONMpEReNUTENb

Dix,y) __

D(u vy — G
a
— IC]
o=y ar T
[em. n° 360, (7)], B pesyabTaTe noayyuM
s=SSVA%+Bﬂ+c2 du dv. 4

(8)

3aMeyaTeNbHO, YTO ITO BHIPAXEHHME OKa3aJOChb CUMMETPUYHBIM OTHO-
curesbHo A, B, C, 1 Ha HEM HUKAaK HE OTPASWIOCh TO OOCTOATENbCTBO,
YTO Mbl TPEANOJOXKHAN HMMEHHO onpeieiuteab C OTJIMYHHIM OT HYJs
B (3), a noBepxHOCTh (S) — NPEACTAaBAECHHOH SBHBIM ypaBHeHueM Buaa (1):
TOT JK€ pe3yJbTaT MNOJYUMTCS M MpH JAPYTUX BO3MOKHBIX NPEANOJO-
HeHuax!

Onpedeaus meneps naowads S 8cell nosepxrocmu (S) Kaw ¢y M uy
naowaded s omoensnnx ee wacmeii (S). CkaalpiBasg BCe paBeHCTBA
Buga (4), mpueM K OKOHuaTeNbHOH (hopmyie

s={{ vATFFC duan, ®)
(4)
OYEBHIHO, HE 3aBHCAmIER OT TOTrO, Ha KaKWe YaCTH pa3naranach MOBEpPX-
Hoctb (S).
3 AMEUuAHUE [TokaweM, uto 8esuyuna (5) naowadu Ha Jene He 3a8ucum
om 8nb0pa napamempuiecK020 npedcmagAeHUst PACCMAMPUSIEMOE nosepx-

rocmu (S).
[Iycte OT mapaMeTpoB u, ¥, OONACTbIO H3MEHEHHA KOTOPHIX cCaymuT (4), Mu

nepexoiuM K napametpaM Z, 7 ¢ o6nacTbio maMenenus (4), no dopmynam
u=U@ 9), v==V (g 7),
yCTaHaBﬂHBalOmHM MEXAY 3TUMH 061acTAMH B3aVIMHO OJHO3HaYHOE COOTBETCTBHE

(dyuxuwu U ¥ V Npemnosaraiorcs HeNPEPHBHHIME CO CBOMMH INPOM3BOMHHLIMH).
Torma NOBEPXHOCTh BHIPA3UTCH HOBHIMH YDaBHEHMAMU

x=2(ﬁ, 5)) y=j(t2, ﬁ)r Z-—:-‘f(ﬁ, 77);
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nycTh B B STOM BpeiCTaBleHHM OHa He uMeerT ocoGeHHocredt. Ilosaraa

J=D@ v
~D{a, 7)’
uxeeM ¥) _ _ _
A=AJ, B=BJ, C=CJ

[n° 325]. Otciona, Mexny mnpoyum, acHo, uro J B (A) orauuHo of nyas, u6o
WHaye 1TOBEPXHOCTH B HOBOM NIPEJICTABAeHHMM MMeaa Gu ocobGennoctu. Teneps no
dopMyie 3aMeHbl NIePEeMEHHBIX Cpasy HOJyYaeM

S= SS VA LB+ C|J|dido= SS VA + Bt 4-C° dido,
(&) (2)
Y10 H TpeéOBaHOCb I0Ka3ath.

XKenas npugare dopmyae (5) apyro#i Bux (B KOTOpOM OHa OOGHuHO
n ynorpe6asgercs), BO3BEAEM B KBaApaT MarpHuy

%, 3 2
Xy Vo 2
M COCT3aBAM OIPEAEAUTENH
Xz Y+ 2 XuXy - YuYv - 2u2s )|,
XuXo —+ YuYo - ZuZo Xo+Yyo -2z |’
no useecTHoH Teopeme aareOpn [cp. n° 326] on oOKaxeTcs paBREM
umento A? - B~ C% OGsiuHo noJaraot

Xi+yi-tai=E XuXo+yuyVo-+ 2uds=F,
Xo i 25 =G

— 9TO TaK HasWBAEMHE 20YCCO8H KoIPPuyuenms. NOBEPXHOCTH, Hrpa-
IOHIME BAXHYIO poab B JuddepennnaisHol reomerpun, B stux 0603Ha-
YeHHsxX

A' L Bl C'=EG—F?,

Tak yt0 dopmyna (5) mMomeT GHTb HAMKMCaHAa U TaK:

S= SS VEG— 3 du dv. (52)
4)
Bruipaxenne

VA B C dudv=y EG— Fdudv )
Ha3bIBAIOT 3ACMEHNMOM n/zoumau 8 lcpusommet'iuux woopaunamax.

3ameuyanne C noMompo ¢opMyan (5a), npHsiekas SIEMEHTAPHHE CO-
06paxeHHa M3 061acTH BEeKTODHOrO aHaJH3a, JACrKO TNOKa3aTh, 4TO 8upadenue
025 naowadu S He 3asucum om 8uO0pa KOOPOUHAMHOU CUCHeMbl, TaK KakK Bbl-
paxenua E, F, G coxpanaioT CBOK BeM{YHHY NPR NpeoGpa3oBaHHH KOOPIAMHAT.

*) OGosnayenna Acubl camu coboit.
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Mu  orpanuuMBaJMCh 10 CHX TOp c/Ayyaem NpoCTOH TJaiko# mo-
BepxHOoCTH. Eciu NOBEPXHOCTb HE NOAXOZUT MNOX STOT CAyua#l, HO
pasnaraeTcs Ha KOHEYHOE YHCAO MPOCTHX TIJalKMX KYyCKOB, TO ee
TIOIAAbI0 HA30BEM CyMMy MJOW2AeH oTAensHHX Kyckos. Ilpu 3toM
JIETKO MOKa3aTh, YTO TAK ONPEAEJEHHas IOWanb Ha JeJe He 33aBHCHT
OT TOFO, KaK [aHHad NOBEPXHOCTb Da3NONKEHa Ha KyCKM HYXHOro THMNA,
Ecm BCa jaHHag MOBEPXHOCTh XapaKTEpU3YeTCs MapaMeTpPHYeCKuMu
ypaBHeHusaMd, XOTA Obl M C HapymeHuneM B3auUMHOH ONHOBHAYHOCTH
COOTBETCTBUS B OTHAC/BHBIX TOYKAX WAH BAOJAbL OTAEAbHHX JHHEH, TO
niowanb ee ¥ B o0WeM Clyyae nO-NpeXHeMy Bipaxaercs (opmyuoh (5)
wm (5a) [cp. 354, 4°].

ITosepxHOCTh, UMeOMmAA IJIOWIANb, HA3BIBAETCH KEAOpUPYeMOs.

367. Npumepst. 1) Haittn nnomane vacredt cdepuyeckoft nosepxnocrd x? -
-} y® 4 22 = R?, BupesaHHbix ¥3 Hee HUAMHIpPOM x? 4+ y?=Rx (Bepxuero mu
HHXHEro OoCHOBaHMK «Tesa Bueuanm», cm. n° 358, 3); yepr. 46).

PEmEHHUE ViMeem Ana BepXHero OCHOBAaHHUA

Z=VR2—X2—J’2: p=—:§y g=—

—_—— R

1 ] T =
VIitr+g TR

. dx dy
S=2R S T
(D)
npuyeM 06MaCTbI0 MHTEIPUPOBAHHA CIYWHT KPYI, OIPaHHYEHHBIt OKDPYKHOCTHIO
x*+y*=Rx.
[lepexona K MOAAPHBIM KOOpPAWMHATAM, moayuum [cp. n° 358, 3)]

n

7  Recosh
S=4R§dﬂ

y
z,

H, Cl1e10BaTeNbHO,

rdr
VE—1
BuiofiHAA UHTETDPHPOBaHNE, OKOHYaTeNbHO HafimeM §=4R% (; — 1) .

Tak xax naomans MOBEPXHOCTH noaycdeps pasHa 2xR* TO MAOWALb TOBEPX-
HOCTH TOH yacTH noaycdepsl, KOTOpas OCTaeTcsa IO BHIECAEHHH «Tela BuBHaHH»,
Gyner paBHa 4R® W, caenoBaTeNbHO, BHIPAXKAETCA yepes paxuyc R 6e3 npueaeye-
HUA KaKuX-1160 MppaumoHanbHocTefl. C STHM O06CTOATENLCTBOM, KOTOpO€ IIpH-
BJeKa0 BHMMaHue BuBuanm, nocaeanu# ¥ cBA3ak 3aXayy, NPeNAOXKEHHYIO UM CBOHM
coBpEeMEHHMKaM. 3aMeTuM, Y10 06beM YNOMsAHYTOH yacTH moaycdepn Takuke Bbi-

0

paxaercs 6e3 HPPAUMOHAILHOCTEH: OH paBeH —Q—Ra [n® 358, 3)].

3aMEvYAHHE [IpoBeseHHas BHKJaAKa Ha jgene Tpe6yeT HEKOTOPHX Oro-
BODOK B CBA3M C TeM, uto B 10yKe (R, 0, 0) npoussonnbie p M g, & C HHMH ¥
NOAMHTErPaAbHOE BHIDAXKEHHE TEPNAT PaspuiB; CM. 2).

2) Pemnts 3allauy 1), ucnoab3ys napaMeTpUYecKoe NpeacCTaBieHHe cdepu-
YeCKO# MOBEPXHOCTH:

x=Rsin¢cosd, y=R singsinf, z=Rcosy
O<<osm, 0<<O0<2nm).



312 T/, XXIL. TIJIOWIALL TTOBEPXHOCTH, MOBEPXHOCTHLIE WHTETPAJIK [368

Mo matpuie NPOU3BOAHKX
( Rcospcos® Rcospsin® — Rsin <p)
— Rsingsind Rsin ¢cos 0
aerxo Haiit rayccosm kosbouuments chepo: E=R% F==0, G=R?sin® ¢, 1ax
yro VEG— FP=R*sin q.
OrpaHNuYNMCA PaCCMOTPEHHEM UYeTBEPTH M3yyaeMOH NOBEPXHOCTH, JAemamielt

B nepeOM okraHTe. [lad TOYeK «kpHBO# BuBmanu», T. e. KDHBOH mnepeceyenus

k1

chepn M nHAWHApa (B Mpejienax NepBOro OKTaHTa), 6yler <p+0=—2-,
JleitcTBUTENbHO, MONCTABAAA BHIPAXEHHA X M y Yeped ¢ U 0 B ypasHeHme
nuaneapa x? -4y == Rx, moayuuM sin ¢ =cos 6, ¥ TaKk Kak 11 paccMaTphBae-

T T
MBIX TOYEK, OueBHIHO, 00 Oéq:é?, TO OICIONA M ClHelyer, 4TO

T
(p+0=7.

YcraHOBUB, Ha OCHOBAHWH CKa3aHHOrO, NpeneiNbl W3MEHEHHA NapaMeTpoB ¢
# 0, noaxyyum mo dopmyne (5a)

r T _

z 2
S=4R"Sdﬂ S Sin<pd<p=4R2(%———-l),
0 ¢

Mbl npuniam x TOMY e pe3yabraTy, HO W30exaB Ha 3TOT pa3 pas3phHBOB
NOJRHTErpaibHOM QYyHKIMH.
3) Haiitn Bhipaxenue pias naow,adu nosepxuocmi 8pouEHUs

x=¢9p(u)cosv, y=¢(u)siny, z=1{ (u)
e<u<f 0<v<2n)
[n® 360, 2)]. [To maTpuLe YacrHbIX NPOU3BONHBIX
( ¢ (@)cosv o (w)sinv ¢ (u))
— o (u)sinv ¢ (u)cosv 0
COCTaBlAsAEM BhIPAWEHHE
VEG—F=¢@ Vi @F+1¥ @F

TaK YTO NMAOWAlb NOBEPXHOCTH NMPEeACTaBHICA (BOPMYNOf
g
=21 { o) VF@F ¥ @F d
a

[Cp. ¢ dbopmynott (6a) n° 205.]
§ 3. NOBEPXHOCTHBIE HHTEIPAJIb! NEPBOIO THIA

368. OnpezeneHne nNOBEPXHOCTHOrO HHTEerpaja mNepBOr0 THNA.
TloBepXHOCTHEIE WHTErpassl NEPBOrO THNA NPEACTABASIOT COOOH Takoe
we ecrecTBeHHoe 0600iHIeHie NBOHHBIX MHTErpanoB, KaKUM KPHBOJHHeEN-
HbHle HMHTErpaje NEpPBOr0 THMA ABJIAIOTCH [0 OTHOLIEHHIO K MNPOCTHIM
ONpeAC/IEHHBIM HMHTErpazaM,
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Crpourca 510 0606menne Tak. Ilycte B TOUKax HeKoTOpo# JBy-
CropoHHel raaako#t (uru KycouHo-raaaxolt) mosepxuocru (S), orpahu-
YeHHOH KYCOUHO-IIaAKUM KOHTYDOM, omnpenenena dynkuns f(M)=
==f(x, y, 2). Pazobbem noBepXHOCTs (S) ¢ NOMOWBIO CETH NPOWSBOJIBHO
TIPOBEAEHHHX KYCOUHO-TMalKMX KDUBHX Ha uactu (Sy), (Sa), ..., (Sn)
Bass B xawpo# wvactu (§;) (=1, 2, ..., #) 1§O NpOU3BOAY TOUKY
M;(x; y;, 2;), BHURCAEM B 5TOH TOUKE sHaueHMe QyHKUUA

fM)y=Ff(xs yi 2)

¥, YMHOXHB €ro Ha nJouiajib Si COOTBETCTBYIOUIEH YacTH NOBEPXHOCTH
COCTaBUM CYMMY BCE€X TaKHWX NPOUBBEREHHiL:

= igtlf(Mi) S;= i§1f(xi’ Yo 2)Sh

KOTOpYI0 MH OyAeM HasbiBaTb — 0 CXOACTBY €O MHOTHMH paHee pac-
CMOTPEHHEIMI CyMMaMu — M HTETpDaJbHOHR CyMMOHU,

KoHeunwii npedes smoli cymms npu cmpemierun Ouamempos
scex wacmell (S;) K HYAl Ha3bi8aemMcs NOBEPXHOCM KB M KM e-
2pasroxm (nepgozo muna®) om dynxcyuu f(M)=f(x, y, 2) no
nogepxrocmu (S) n 00603HavYaeTC CHMBOJIOM

(§romas=({re 5 aas 0
(S)

()

rae dS nanoMnHaeT 00 3JeMEHTAPHHX naomaisx S;.

369. Crenénue K OGLIKHOBEHHOMY HBOiiHOMY wunTterpaxy. Orpa-
NEYMMCSL CAydaeM NPOCTOH riafkol nosepxHocTd (S).

Kakopa O uu Owaa ¢yuknus f(x, y, 2), HenpepeiBHas B TOuKax
nosepxHoctd (S), unTerpan (1) cyumecTByeT, u MMEET MECTO pABEHCTEO

sgf(x, ¥, 2dS=

S)

=(R) gSf(x (#, v), y(u v), 2(u, v)) VEG— Fdudv. @)

(8)

TakuM 0Opa3oM, 047 CBe0EHUSL HOBEPXHOCMHO20 UHIMESPAAQ NEepEO20
muna K 0CBKHOBEHHOMY OBOLHOMY HYINCHO AUWG 3AMEHUMS Koopdu-
Hamel X, ¥, 2 UX BHPANCEHUSMU Hepe3 napamemps, G 34eMEHm NAo-
wadu dS— e20 ssipadcennes 8 KpUBOAUHEHBLX KOOPOUHAMAX.

OGpartuMCg K /0OKa3aTebCTBY BBICKA3aHHOIO YTBEDMIEHHS,

*) B orauyue OT NOBEPXHOCTHHX HMHTEIPaloB BTOPOrO TWNa, PacCMaTpuBa-
€MBIX HHNCE.
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Kak yie oTMeualoCh, pasioxeHHr0 moBepxHocTH (S) Ha YacTH ¢ mo-
MOIUBI0 KYCOUHO-TIAAKHX KPHBHIX OTBEeYaeT MNOHOOHOE ke pas/omeHue
obaacta (A), u obparHo. TOuHO Tax e, €CAM K HYMO CTPEMATCH [Aua-
merpsl yacTell (S), TO 9TO CHpaBelsMBO M NO OTHOLIEHHIO K AMAMET-
pam uacre#t (A), u obparno.

Pasnokum e COOTBETCTBEHHHIM 0OpasoM noBepxHOCTh (S) Ha wacTu
S (S, ..., (Sp), a obmacts (A)—ma wactu (4,), (Ayg), ..., (4,) u
suibepem B Kamao# uacru (S;) mo Touke (X, y;, 2;), a B uacra (A;)—
no Touke (I; v;), KOTOpHE TaKkwe OTBeyaan Obl OAHa JApYyro#l, TIK 4UTO

Xi=x(y v), yi=y@W, v;), 2=z, v;). 3)

CocraBuM Tenepb MHTErpaIbHYI Cymmy Aai uxrerpaia (1):

n
°=i§1f(xi’ Yo 2)Si
ITo obuwe#t dopmyre (5a) n° 366 Gyzer
S = SS VEGC=F du dv.
3y
Ipumenus e TeOpPeMy O CpeNHEM, MOJAYYUM

= |[VEG—F*y=

u
v =1

oA

i

rae (#; U;) ecTb HekoTopas Touka obaact (4;).
C nomowpio aT0oro BhpaxeHus Aas (S;) u BcnomuHas (3), MBI MOXeEM
nepenucarb CyMMy ¢ Tak:

o= 70t 0 3 v, 2 0) IVEGT—Fl

V=

Ag.

IE!

e
-~

B aTOM BUfE OHa HANOMUHAET WHTErpPatbHyld CyMMy M9 BTODOrO U3
uHrerpanaos (2).

= Nfxy o) y@, v), 2 ) [VEG— Flyey- A,
'U=’0i
Pasnnune MeXAy CyMMaMd © B o¥ B8aK/IOYaeTcs B TOM, YTO B MOC/eR-

Hedl u caoxHas ysxuma f(..) u Kopemp /... BCAKEH pas  BEYMC-
JASIOTCH MUIA OMHOH M TOR e NpOM3BOJBLHO B3ATOH TOuku (w;, v;), a
B. nepeol — yukuus f(...) Gepercs B Touke (u; 7v;), @ BHpaKeHHe

...~ B TOuKe (@; T;) (KOTOpas HaBA3LIBAETCA TEODEMOH O CpefHeM W
HE MPOHBBOJADbHaA).
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PaccMoTpnM pasHOCTh MEXAY OGeuMM CymmaMmu:
a—-c*=§f(...) {IVEG=Flucs, —[VEG—Fli=u} A
7= ve=1,

Tlycte € >0 — npon3asoasHO Maxoe uncio. B cuay (pasmomepHo#) He-

npepusHoctd dynkunn Y EG—F%, npu AOCTATONHO Manhlx AuaMeTpax
obaacteit (4;), 6yner

VBT Pl [V EO= s <.

' 'u_-'v

YuyuTHBas OTPAHUUEHHOCTH HeNnpepsBHOH OyHKUH f2

fx 3 2] <L,
7erKO NPUXOAHM K OLEHKe
Jo—o* | <elA,
TaK YTO
lim (¢ — o*)=0,

Orcioia fiCHO, UTO M3 CYUIECTBOBaHHs Ipeleaa IJs BTOPOH H3 3TuX
CYMM CJedyeT CYUIeCTBOBAaHHE pPABHOIO €My npeiena u Jas APYroi.
DTHM M JOKAa3aHO Halle yTBepXAEeHHe.

Ecan nosepxHocTh (S) 33jaHa SIBHEIM YpaBHEHHEM:

z=2z(x y),

TO (opMyna (2) NpUBMMAET BUA
(§re s aas=@ (76 5 20 M VITPFRUran @
(S) D)

rae (D) osnauaer MpOEKUMIO NMOBEPXHOCTH (S) HAa INIOCKOCTH XY,
Tak kak

Vitr+e=

(rle v, KaKk OfBKYHO, €CTb YroA MExIAy HODMajibio K TMOBEPXHOCTH u
oCbI0 2), TO Gopmyay (4) MOXKHO HamucaTb W TaK:

Icosv[

(§7@ 5 2as=@ ({75 5 200 MEZ. @

(S) D)

Mp npeanoJarani IO CHX NOp NOBEpXHOCTh (S), Ha KOTOpyw Oua
pacnpocTpaHed mHrerpan, mpocroft u raaako#t. Haww pesyasratsi JAerko
nepeHocaTca u Ha ofmmit cayyalt NOBEPXHOCTH, COCTOSMIEH M3 KOHEUHOrO
YHCAA TAKHX KYCKOB.
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370. MexaHHUYECKHE NPHIOMXEHHSI NOBEPXHOCTHLIX HHTErpaioB NepBoro
THRa. 1°. C NOMOWLIO HA3BAHHHIX HHTErpPaloOB MOXHO ONPEXeaATh MAacChl, MO-
MeHTHl, KOODIMHATE LEHTPOB THAXECTH M T. [l BEMUYUHB JUIR MATEPUAABHH X
nopepxHocTe#t, BROAb KOTOPBIX pacnpeleneHs MacChl C OfpeleNeHHOl B KawioH
TOYKe NOBEPXHOCTHOH MIOTHOCTBIO.

Ha pene sgech HeT HHMYero HOBOTO NO CPABHEHMIO CO ClyYyaeMm IIOCKOrO
pacrpefleIeHHsT Macc, PACCMOTPEHHHIM Bhile,

2°. [Ipumswcenue npocmozo c40s. TloBepxHOCTHBIE MHTETPAlBl NEPBOro THNA
€CTeCTBEHHO BXOJIAT B PACCMOTPEHHE NPH U3YYeHUH NPHTAXEHHA Macc, paclipe-
JIeIeHHBIX Ha TOBEPXHOCTH.

[ycre mo nosepxuoctd (S) HenpepeiBHHIM 0GPa3soM pacnpeleleHn Macchl
C 3ajlanHo# B Kammol Touke M (x, y, z) HOBEPXHOCTH IAOTHOCTBIO p (M) =
=p (X, ¥, 2) *¥). [lycty, nanee, B Touke A (£ 4, {) (B H e NOBEPXHOCTH) HAXONUTCA
enununa maccel. Tpe6yercss onpenennTb, ¢ Kakoff 1O BeMHUHHE W N0 Hanpasie-
Bu©O cHaol F IIPUTATHBAETCA TOYKa A MOBEpXHOCTHIO (S), ecam B OCHOBY mono-
WEH HBIOTOHOB 3aKOH NPHUTAXEHHA (3aKOH BCEMHDHOTO TATOTEHHU:).

Ecin 6o TOoyka A npurAruBafach ONHOA NMIb MaTepHAIBHON TOYKOH
M (x, y, 2) ¢ cocpefoToueHHON B Heli Maccolt m, TO BeIMYMHA CHAbl HpHTANE-
HHA OGbina 6Gbl paBHa

m
F= = )

rie r ectb paccrosune AM, 1. e.

r=yY x—0*+y—n 0. ©)

Tak kak 3Ta cnaa HanpasJia€Ha oOT Ax M, TO €& HaNpaBAAOIINE KOCHHYCH
Gynyr

XxX—E& y—1n z—1U
r ? r ’ r

H, CAICXOBATENbHO, NPOCKIHNH CHWIbI NPHUTAXKECHUA ? Ha OCH KOOpAHHAT Bblpa-
3ATCA TaK:
z—{

x—§ —
Fx':‘m—;s-: F,V=myran1 Fy=m PR M

B cayuae cucTe M bl NPUTATMBAOIHX MaTePHAAbHLIX TOYEK ITH BHIPAKEHHA
3AMEHHAUCh Obl CYMMaMH NOAOGHHIX BHIPAXEHWH; HAKOHEWU, NPH HeNpepHBHOM
pacnpejeNeHdH Macc NO NOBEPXHOCTH MOABATCA BMECTO CYMM HHTErpaim.

[lpuMenss 0ObuRBIA NPHEM H3M0XEHHA, MOXHO GHUIO Obl PACCMOTPETH 9 11 e-
MeHT dS NoBepXHOCTH ¢ Maccoft p dS, KaK Gul COCPeNOTOYEHHO#t B ONHON M3
ero touyek M(x, y, z). OxaspiBaeMoe UM Ha TOYKy A NpuUTAXEHHe GYAET HMMeTh
mpoekuuu Ha ock [cp. (T)]:

x—E&
r8

z—¢
r3

dFy=p ds, dFyzpl’r_T"ds, dF,=p ds,

*) B sToM ciryuae roBopAT 0 NPOCTOM ciaoe (B OTAMYME OT JABOfi-
HOI O CI0f, KOTOPOro Mbl HE paccMaTpuBaeM).

*¥) Kak 06biYyHO, ¢MOCTOAHHYI TATOTEHHA», T. €. MHOXKHTENb TPONOPUHMO-
panbHOCTH B dopMyne Heoroma (saBucAmmit or BhIGOpa €HHML), Mbl 3aMEHsEM
eAuHHUed, YTOOb YNPOCTHTb 3aNUCh,
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rie r o3Hauaer paccroshue AM, Bepaxaemoe tdopmynoit (6). Tenepr ocraercs
AMilb «IPOCYMMHPOBATL> 3TH BHIDAXEHHA, YTO mNpuBeleT K caeayouuM dopmy-

JdaM anaa HpOCKLmﬁ caant F MPUTAKEHHA NPOCTOro CA0A HA OCK:

x—E& — — £
F,,:.-SSP s, Fy—_-sspyrs"ds, zzsspzrs as. @)
S) S) (S}

dtuM cana F onpelefeHa NONHOCTHIO KAaK IO BEIMYMHE, TAK M N0 Hampa-
BREHHIO.

Ecnn 6bl nmpurarpBaeMas TOYKa A W caMa nexkana Ha IOBepxHocTH (S), TO
NPoeKUNA NPUTAXKEHHA HA OCH TO-NIpexHeMy BHIPAXaauch Gu wHTerpazamu (8),
HO Ha 3TOT DPa3 MHTErpannl 9TH ObiIH 66l HECOGCTB € HH B MU, HOCKOABKY
BGIM3H TOYKH A WOJMHTerpasbHble (YHKUMH BCe NEPecTaioT OuTbh OrpaHH-
YyeHHHIMH.

3° [Tomenyuas npocmozo caos. B cayyae onHOH NpHTArUBAIOWEH TOYKH
M(x, y, 2), Kak Mbl BUIeIM, NPOEKUWN TPUTATHBAIOMICH CHABI Ha OCH HMEIOT
Boipaxenus (7). Jlerko ycMoTpeTh, YTO 9TH TIPOCKUMH SBASIOTCS YaCTHLIME 1PO-
H3BOMHBIMU TIO §, m ¥ { OT dyHKUUHN

m

W(er % C)=?)

KOTODas HAa3hIBAETCA HLIOMOHOSCKUM NOMEHYUALOM HA TOUKY A noas Touknm M.
[Cp. n° 351, 1)}

B cayyae 10Js, CO3XAHHOrO CHCTeMOM MaTepHalbHLHIX TOYEK, MOTEHUHAN Bhi-
pasuacs Obl cyMMo#t JpoGeit Toro BHAa, NpHuYeM MPOM3BOJHEIC NOTeHUMaAa MO
€, 7, { mo-mpexHeMYy JMaBanH Gbl MPOEKUHH CHAbI MPUTAXKEHUA HA OCH.

Otciona ecTeCTBEHHO NPHXOZMM K TaKOMY BLIPAMEHHIO NS NOMEH{UAAG
npocmoz20 ¢40sl, DPACHONOXEHHOTO IO MOBEPXHOCTH (S), ¢ MIOTHOCTLIO p, Ha
TOYKy A:

ds

we = { o 2. )
(S)

Boanukaer nuimib BONPOC, COXpaHAETCA AM MIA 3TOr0 MOTeHUMana yHRamen-
TalbHOE CBOMCTBO:
ow ow ow

7&_=in 'a_n"‘:Fy) 7{= 2 (10)

rne Fy, Fy F; CYTb APOEKUWH CHIAb F' MPUTAKEHUA NPOCTOTO CA0R HA OCH H
onpeneasiiotca gopmynamu (8).

Ecan T04Ka A He NEXHT Ha MOBEPXHOCTH, TAaK YTO HHKAKUX HAPYHICHHH He-
NPEePHBHOCTH HeT, TO JErko I10Ka3aTh, YTO K HHTEerpany (9) npm Inddepesunpo-
BaHUK ero 1o & v uau { npuMesuMo npapuao Jlefi6Hu I a (414 3TOrO No-
Hago6unoch G6bl AMIlb NOBTOPEHHME YXKe 3HAKOMBIX HaM paccymienuii). Takum
nyTeM ONPaBALIBAIOTCA M JAA pacCMaTPUBAEMOro ciayyas pachnpelieleHus Mace
cooTHomenus (10).

Meumern. 1) Halitn cuny npuraxeHns TOUKH OZHOPOAHBIM (p==const)
cHEePUHUYECKHM CHOEM.

PemEeEHUE IlycTh ueHTp cdephl demUT B Hayake KOODAMHAT, a NPHUTATH-
BacMas Toyka A (Macch 1) HaxonuTCs Ha NMOMGKHUTENBHON OCH Z Ha PACCTORHHM
a ot ueHrpa. [lpoexuny F, n Fy crab UPHTAXKEHHA HA OCH X My, OYEBHAHO,

paseb Hymo. [laxee, umeeM
F,= S g pilas

()
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(r — paccrosuuve Mexay Toukol A m npoussoanHO# Ttouko# M cdepm). Ecnu
nepedTH x chepuyecKHM KOOPAUHATAM:

x=R sin¢ cosb, y=R sing sinh, 2= R coseg,
10

dS=R? sinodydl, r=7V) R* 1 a®*—2Racosp

k3
F,=2xR?% S (R cos ¢ — a) sin <pd:§/ )
§ (R? -+ a®— 2Ra cos ¢) /2

[oncranoskoft R? - a®—2Ra cos p=1% npeobpasyem 5TO BhIpaxeHHe
a

R
2__ 8 R 2__ g2
,=%§p S (R—‘ts—a'—1> dt = — %2—9(21? —%—r—- lR—a]).
IR—a|

PaccmoTpHM Teneps IBa NPennoONOXEHHUS.

(1) Nyere a << R; B TakoM cayuae | R— a|= R— @, B CKOGKax CTOMT HYlb H
F,=0.

Wrak, mouka, Haxodsuasacs B8Ry mpu O0HOPOOHO20 ceputecko20 caos,
HE UCnoLmbleaem c0 CMOPOHLL NOCACOHE20 HUKGKO20 NPUMSHCEHUS.

(2) Ecau xe a >R, 10 | R—a|=— (R—a), 13K 41O
47 R?
Fo=—"3E

TlosToMy mouKa, HaxXO0SUaACA 6HE OOHOPOOROZ0 clheputeck020 CAOR, ucnoi-
mpleaenm cO CMOPOHB. NOCACORE20 MAKO0E JCe NPUMSANCEHUE, KAKOe UCnhimueara
6, ecaut cocpedomoqums 8c10 maccy m==4nRp=S8p cr0s 8 €20 yenmpe.

2) Halitd moTeHunan oOHOPOJHOrO CEPHYECKOro ClofA B IPOH3BOABHO B3s~
TOH TOuKe.

PEmEHHYE Ipy npexHux o6o3HaAYEHUAX HMeeM

=
N as _ s S‘ sin ¢ dep _
Vi@ SSP r = 2R V RE4a®—2Ra cos ¢
() 0
R+a
T
=2—a£9 S dt=2%Rp(R+a—IR—a|)-
IR—a]
Ecav a<<R, 10
W (a) = 4= Rp,

TaK YTO 8 HY M p U OOHOPOOHO20 cPepudeck 020 CA05 €20 ROMEHYUAAL ROCMOAHEH.
Hanporus, npu a > R Gyner

2
W (=2,

T. €. NOMEHUUAN, CO30GHHMIL CPepuqecKum CL0eM 80 BHE W HE M NPOCMPAH-
Cmee, HE U3MEHUMCS, €CAU 8CI0 Maccy €20 cocpedomodums 8 yenmpe.

3AMEYyAHUE B ciyyae a=R B oGeHx 3agavax NpUMAIOCh Gul HMeTh
Teno ¢ TaK Ha3biBaeMbiM He cCO G CTB € HH b M NOBEPXHOCTHHM MHTErpanoy, no-
CKONbKY TORWHTErpantbHas (QYHKUHA 06paliaercs B GECKOHEYHOCTh.
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§ 4. TOBEPXHOCTHBIE HHTETPAJIbI BTOPOI'O THUTIA

371. Onpepeaende HOBEPXHOCTHHIX HHTErpajoB BTOPOro THNA, 310
HOBOE MHTErpaabHOe 00pasoBaHue CTPOMTCA o o6pasily KpUBOAWHEHHOrO
HHTErpajia BTOPOro Tuna.

Tam Mu MCXOIMAN ¥3 HanpaBdeRHoO# (OpueHTHpOBaHHOH) Kpu-
BOH W, DAasNONKUB €€ Ha 3JAEMEHTH, KawAmM TaxoH B3JEMEHT, COOTBET-
CTBEHHO HaNpaBJE€HHHH, NPOEKTHPOBANTM Ha KOODAMHATHYIO OCh.
Tlpoexnust mojyuanach TOXE HanpasJeHHON, U Mu Opanu ee MJIMHY €O
3HaKOM IVHOC HJM MHHYC B 3aBHCHMOCTH OT TOrO, COBH3fazo JH €€
HanpaB/IeHue € HanmpaBJeHHEM OCH WJH HeT.

AHazoruyHsiM 00pa3oM paccMOTPUM Temeps JABYCTOPOHHIOW
NOBEPXHOCTh (S), TMAIKYI0 HAW KYCOUHO-TAAKYW, ¥ (QHKCHpYEeM KaKyio-
anbo 3 ABYX ee CTODPOH; Kak Mb Bugenu [n° 362), smo pasrocuasno
subopy Ha noBepxXHOCMU ONPedeAeHHOl OpUeHmayull.

Ilns onpeaeneHHOCTH NPEANOJOXHM CHayaJa, YTO NOBEPXHOCTH 3a-
JlaHa SBHHIM YypaBHeHHeM

z=2z(x ¥),

npuyeM Touka (x, y) uamenserca B obnactu (D) Ha miockocTm Xy,
OTpaHHYEHHON KyCOUHO-TafikuM KoHTypoM. Toraa BeOGOp BO3MOMEH
MeXAYy BepxHefl u HmkHe#t cropoHamu nosepxHocTH ¥). B nepsom cay-
uae 3aMKHYTOH KpHUBOH Ha NOBEPXHOCTH NPHUIKCHIBAETCH HaMpaBAcHe
NpPOTHB YacOBOMH CTPENKH, €CIM CMOTpeTb CBEpXY, BO BTO-
poM — 00paTHoe HanpaBJeHue.

Ecau noBepxXHOCTp pasbuTa Ha SJEMEHTH! W Ka¥AHH Tako#, cooT-
BETCTBEHHO ODHEHTHPOBAHHEIH, 3JEMEHT CNPOEKTHPOBAaTh HAa INJAOCKOCTDH
Xy, TO HamnpasjeHue 06X0fa KOHTYpa NpOEKTHpYeMOR ¢urypel onpene-
AMT B Hanpapiesue 06xofla KOHTYpa mpoekund. D10 Hanpasienne Oyner
COBNAfaTh € BPALIEHHEM NPOTUB YaCOBOH CTDEJKH, T. €. OTBEYATh OpHEH-
TaHH CaMOHl [IOCKOCTH Xy, ecau (uKCHpopaHa OwJia BepXRAAg CTO-
pona moeepxuoctn (S); B 9TOM cayyae MH DIOUIAAb Npoekuud Oyaem
GpaTb €O 3HaKOM mmoc. B ciayvae HuXHelf cTOpOHH Bpamenne Gyner
oGpaTHHM, M MIOWaAb npoekuun Oydem OpaTb €O 3HAKOM MHHYC
[ep. n° 357].

Mycts Temeps B TOYKax AaHHOH moBepxHocTH (S) onpeneneHa HEKO-
topas ¢yuxuus f(M)=f(x, y, 2). Pa3noxuB TOBEPXHOCTb CETBIO
KYCOYHO-TVIIKHX KPUBHIX HAa 3JEMEHTH

(Sl)’ (SQ)r see (Sn »

BubepeM B KaxioM 3xeMente (S;) mo rtouxe M;(x; ¥y, 2;). 3arem
puiuMcauM 3HaveHue Qyukuun f(M;)=/F(x; Vi 2;) ¥ YMHOKHM ero
Ha naomaab D; mpoeKuun Ha MIIOCKOCTE Xy 3JeMenta (S;),

*) CMm. cHocky Ha crp. 298,
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CHabeHHYI0 3HAaKOM 110 yKasaHHOMY Bmiue npasuay. CocrasuM, HakoHel,
cyMMy (TOXe, CBOETO POJ2, HHTELPAJAbHYIO CYMMY)

°=i§l Fm) Di=i§1f(xiv Yo 2) D, 4]

Koneunsili npedes 3moil cymmo. npu cmpemaieHun & Hyawo oua-
Mempos scex wacmeld (S;), HA3b16aI0M NOBEPXHOCMHM UHIMe-
2pasos (8mopozo muna) om

f(M) dx d.y =f (x’ Y 2’) dx dy;

PACNPOCMPARERHOIM HA BB OPAHRKHYIO CMOPOHKY nosepxrocmu (S),
# 0003HaYalT CHMBOJIOM

1={{7mdxdy={{f(x 5 Ddray @
(8) ($)

(3mech dx dy HanoMHHaeT O IJIOIMALW NMpPOEKU MM IJIEMEHTa MNOBEepX-
HOCTH Ha MJIOCKOCTHb XY).

Bnpouem, B 3TOM CHMBOJE HE COAEPHHTICS KaK pas yKasaHus Ha
TO, KaKyi0 MMEHHO CTODOHY NOBEPXHOCTH HMEIOT B BHRY, TaK 4TO yKa-
3aHME NPUXOAMTCA JeJaTh BCAKMH pas oco-
60. Vs camoro onpemenenus caeayer, 4ro
npy 3aMeHe pacCMaTpuBaeMO#t CTOPOHH MO-
BEPXHOCTH  NPOTHBOMOMONKHOH  CTOpOHOM
MHTETDaN MEHSAET 3HaK.

Ecan noBepXHOCTh He uHMeeT YyKasaH-
HOTO CNENMaJZbHOTO BUA3, TO MH BCeraa
BnpeAr O6yleM mnpelAnojararb, YTO OHA CO-
CTOMT M3 KOHEYHOrO YHC/AAa KYCKOB, Orpa-
HUYEHHBIX KYCOUHO-TJIAAKUMH KOHTYpamu M
au6o wuMeomux 3TOT Bui, aubo npencra-
B/AIOIWMX COOOH uacTh LUIHHAPUYECKOH no-
BEPXHOCTH € 00pasyomuMy, NapaaIebHHMH
ocu 2 (HanpasJsiomias KOTOPOH Ha IJIOCKO-

Puc. 56. CT¥ Xy HMEeT HyJeBYIO Naowaib). B cayuae
SJEMEHTa, JIENKAIero Ha KYCKe Mepeoro

TUNA, MBI YXE€ 3HAeM, KaK NPHNHCHBATh 3HAK IUVIOWLAKH €0 INMpPOeKuHH;
5TH 3HAKM MOFYT OKa3aThCi M DA3IMUHBIMK /I PA3HBIX JEMEHTOB, €CJIH
OIHH JIEMEHTH MOBEDPXHOCTH OKAaSHBAIOTCA JEKAUIMMH CBEPXY, a JApyrue
caugy (puc. 56). Uro ke KacaeTcs /EMEHT2, JEXAUWEro HA YNOMSHYTOH
HUAAHADAYECKOH NOBEPXHOCTH, TO TPOEKUHUA €ro, CTAMUBAIOIIAACH B JIH-
HHIO, UMEET HYJEBYW IUIOIAAb, H O 3HAKE €€ rOBOPHUTH He MPUXOAUTCH ¥).

Z

*) «Henpasuapubix» snemeHToB, NPHHANTEKAMIX PASNAYHEIM KYCKAM, V3 KO~
TOPHIX COCTOMT MOBEPXHOCTb, Mbl GyieM H3Geratb (a MOXHO Gbl10 Gbl MMM NO-
npocTy HpeHe6peus!).
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B ocranbHOM omnpefeseHue MNOBEPXHOCTHOTO MHTErpana CTPOMTCH H AJs
obuiero c/y4as TaK Ke, KaKk W BhIUE.

Wamenss poam ocet (COOTBETCTBEHHO YeMy M3MEHANTCH
n Hawu Tpe6OBAaHUA K NOBEPXHOCTH), MOXKHO Obliio OH TIpoO-
EKTHPOBATH HJEMEHTH NOBEPXHOCTH, BMECTO MIOCKOCTH Xy, Ha INOCKOCTH
yz wnmm zx. Tax noayualorcs JApyrue JBa TOBEPXHOCTHHX HHTErpand
BTOPOro THNA:

ng(x, ¥, 2)dydz wm SSf(x, ¥, 2)dzdx. 2%
()

(S)

B NPUMOKEHUAX Yalle BCEro BCTPEYaAlOTCd COCHMHEHUA MHTErpPajoB BCEX
9THUX BWIOB:

SSdedz—}—dedx-}—Rdxdy,
(S)

rie P, Q, R cyrs dyHkuum ot (X, y, 2), OnpeleiicHHHE B TOYKax INo-
BepxHOCTH (S).

Eule pas nofuepKHEM, u4TO 80 8cex cay4asx nosepxxocms (S) npeo-
noaazaemcsi 08YCMOPOHHE U MO UHmMeE2PAr PACHPOCMPARACINCS
Ha onpedeneHHyl ee CMOPOHY.

372. Ceepénne X OGHIKHOBEHHOMY ABOHHOMY HHTerpaxy. Mm Oy-
JeM npeanojarath QyHkuuio f HenmpepHBHOH B TOYKaXx TOBEpX-
Hoctu (S)

1° PaccmorpuM cHavaiza ocHOBHOH cayuyaHh, Korza nosepxHOCTb (S)
3allaHa SIBHBHIM YDaBHEHUEM

z=2(x, y) ((x9 ,V) u3 (D)))

npuyeM (QYHKUMS 2 HENpepHiBHA BMECTE CO CBOUMM Y4CTHBHIMH IIPOHM3-

BOIHBIMH
__ 0z __0z
p'—‘a—xr Q—-ay-

Ecan unterpan (2) Gepercs no BepxHelt CTOpOHe NOBEPXHOCTH, TO
B mHTerpansHoit cymme (1) Bce D; monoxurenbue. IloacTaBasa B 3Ty
CYMMy BMECTO 2Z; €T0 3HaueHue 2 (X J;), IpuselleM €e K Bufly

o= i Fxu yo 2(xsm ¥2) Dy

i=1

B KOTOPOM JIETKO Y3HaTb WHTErPaAbHYI0 CYMMy a8 OOGHIKHOBEHHOrO
ABOKHOrO MHTErpana

® S Sf (e, ¥, 2(x% y)dxdy.

D)



322 TA. XX11, NAOWALL NOBEPXHOCTH. NMOBEPXHOCTHHE WHTETPAJN [372

Iepexomss x npemeny, yCTaHOBUM M CyILeCTBOBaHHe HHTerpaza (2)
H PaBEHCTBO

{§7@n aacey=w) ({700 3 20 3paety. @

() (D)

Ecan pacnipoCTpaHHTb MHTErPajl Ha HHU XK HIO 0 CTOPOHY MOBEPXHO-
cra (S), To OyAeM UMEThb, OUEBMAHO,

1760 adrdy—— [ {7605 20 maxr. @9
(S)

D)

Jlerko Temeps ycTaHoBMTE (Al PacCMAaTpPHBAEMOro CaAYy-
4an) c6A3b MENCOY MOBEPXHOCMHBLMU UHMeE2PALAME O00UX MUNOS.
IMycrs cHauana peys wAer (fig MHTErpata BTOPOrO THNA) O BEpXHeH
cTopoHe nosepxHoctH. Ecim B ¢opmyne (5) n° 869, cuuras yroa
¥ 0CTpHM, saMenuts Qynkumo f(x, y, z) uepes f(x, y, 2)cosv, 1O
MOXHO OyAET Hanucars:

(R)SSf(x, W 2(x, y)dx dy=SSf(x, ¥, 2) cos vdS.

(D) (5)
Orciona — ¢ yuerom (3) — moayuaercs MCKOMas (OpMYJa:
S§f(x, ¥ 2)dxdy= S Sf(x, ¥, 2)cos vdS. 4)
¢ )

3aMenss BEPXHIO CTODOHY MOBEPXHOCTH HUKHEH, MH TEM CaMHM
MeHseM SHaK JeBOH uvactu paseHcTBa (4). Ecam OZHOBPEMEHHO ¢ TeM
NOA v PasyMeTb Ha 3TOT pas TYNOH Yroa ¢ OChIO 2 HOPManyW, Hampa-
B/ICHHOH BHU3 XKe, TO KOCHHYC, a C HHM M HHTErpaJ, TaKXKe HM3MEHHT
8HaK, TaK YTO DABEHCTBO COXPAHUTCH.

2°. Ecn (S) eCTb uacTb LMAHHAPWYECKOH IOBEPXHOCTH ¢ OGpasyio-
WHMH, NapalieabHBIMM OCH 2, TO BCE €€ 2JEMEHTH HMEIOT HyJeBHe
NPOEKINY, TaK YTO B 3TOM CJAyyae

S S Flx v, 2)dxdy=0. )
S)

OueBuaHO 3MeCh Takxe HMeeT MeCcTO ¢opmyaa (4): Tak kak cos v==0,
TO M NpaBad 4acThb 5TO# opmyas OydeTr HyJaeM.

3° Hakonen, ecan nosepXHocTb (S) COCTOMT M3 KOHEYHOIO YHUCJ3
KyCKOB, paccCMOTpeHHHX B 1° mam 2° To, ckaaimBas dopmyan sufa (4),
OTHOCAUIMECS K OTAEJbHEIM KyckaM, yGeAumcs B TOM, 4to (opmyna (4)
cnpasefanBa ¥ B ofuieM cJayyae.

4°. Amanornunsie GOPMYJIH MOryT GbITh HOJNYYEHH H AA3 MOBEPXHO-
CTHHIX HHTErpanos (2%). CkaainiBas BCe TPH (POPMYJH, HAMUCAHHBIE, CO-
OTBETCTBEHHO, JJIe NPOM3BONBHHX HEMpepHBHHIX ¢yHkuud P, Q, R,
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npufieM K ofulefi dopmyne, cBaswBaiowell NOBEPXHOCTHHE HHTErpajisi
BTOPOTO M NEPBOTO THNA:

S‘Sdedz-i- Qdzdx - Rdxdy=
“s)

=SS(Pcos A+ Qcosp+-Rcosv)dS. (6)

()

[Tonuepkuem, 410 cnpasa 3decs guzypupyiom HanPABASIOUUE KOCUHYCH
HopMaau, coomsemcmsyouell moll cmopore NOBEPXHOCMU, NO KOMmMo-
poil 83am unme2par ciesa.

5° Ecau nosepxuocts (S) 8alaHa napaMeTPHHECKH, TO MOXHO CBe-
CTH MHTerpan B nipaBo#t vactu ¢opmyan (6)—a ¢ HUM W MHTErpaxn
B JI€BOH uacT# — K OOHIKHOBEHHOMY ABOHHOMY WHTErpaxy, pacnpocrpa-
HeHHOMYy Ha ofaacts (A) wusmeHenus napamerpos. IIpeanonoxuM cHa-
Yaja NMOBEPXHOCT: NMpPOCTOH M r/afKoH; MycTb OHA OrpaHHYEHa KyCOYHO-
raaaxuM koutypom (L).

Brifepem onpeaeneHHy®o CTODOHY MOBEPXHOCTH ¥ TeM CaMbiM
yCTaHOBHM Ha He#l onpefeneHnylo opueHtauuio. Ecau nonoxu-
TeabHOMYy o06xoay koHtypa (A) o6aacru (A) orBevaer
NONOXUTENLHNHN Ke 06X0K KoHTYypa (L), To, Kak MH 3HaeM
[n°862], nanpasisiomMe KOCHHYCH HODMaXH, XapaKTEpPUIYIOUIAE HMEHHO
BHOPaHHYI0 CTOPOHY NOBEPXHOCTH, ONMpeNeNATcs (opMyramu

A B
COS)\=—-—-———__=_—_—-______-——, B —e
¥vaipro . Ot T Ivarpre
C
CO8 v=x

TVEIBIC
co sHakoM (--) mepem wopueM. C Apyro#i CTODOHH, Npn mnepexone

K ABOHHOMY MHTErpany NO OapaMeTpaM #, v, 37eMeHT mjowanu dS
HaJJIeHHUT SaMEHNTb BRIPAKEHHEM

LV TTFT Cdudo

[n°869]. OxoHuaTenBHO, MOJYUAM PABEHCTEO

SS Pdydz - Ddzdx 4 Rdxdy— SS (AP--BQ--CR)dudv. (T)
(S) 4)

B npasoft wactm noapasymeBaercd, 4To B ¢ynxkuun P, Q, R BmecTo
X, V, 2 NMOACTaBJEHH WX BHPAXEHUA UEPes u 4 V.

3aAMEYAHHE. JTOT pesyJbTaT pacnpocTpaHsercs ¥ Ha Ooaee
ofmuit cayuyat [OBEPXHOCTH, COCTAaBJEHHOH M8 NPOCTHX TJIAKHX
noBepxHOCTEH, NpumbiKalomux oaxa K Apyro#. Ho nepex uHTerpanom
CripaBa MOXET NOABUTLCA KaKk SHAK NJAOC, TaK H SHAK MHUHYC
[cv. n° 361, sameuanue].
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8738. dopmyna Croxca. OOparumcs Teneps K BHBOAY (DOPMYJH,
CBsi3pIBAIOLIEH TTOBEPXHOCTHBIR MHTErpa; ¢ KPUBOJMHEHHBIM U Cay»auwieh
o6o6uienueM yxe u3pecTHOH Ham Qopmyan [puHa [n° 346

Mu coxpandeM noHausalzy OTHOCUTENBHO NoBepxHOocTH (§) Te ke
NpeAroAOXeH s, YT0 B NMyHKTe 5° Npepniyulero Homepa.

Ilycte B HekoTOpoH mnpocTpamcTBeHHoM obJaacru, cofepxkainett
BHYTpH ce0s noeepxHocTh S, 3adaHa ¢ymxunus P(x, y, 2), Hempe-
phiBHag B 3TOH 00/1aCT¥ BMECT€ CO CBOMMH UAaCTHHIMM MPOH3BOAHLIMH.
Torna umeer Mecto Qopmy.a

Pdx= S‘—’fdzdx—‘}—”dxdy, ®)
0z oy
&) (S}
npuyeM HampaBiaeHue o6xoAa KOHTypa (L) COOTBETCTBYeT TOH CTOPOHE
nosepxHocTy (S), Ha KOTOPYIO pPAacnpocTpaHeH HHTerpai Cnpasa.
IIpexne Bcero npeoGpasyeM KpPHBOJAMHEHHBIH HHTErPal NO KPHBOH
(L), samenuB ero murerpaioM 1o KpueoH (A)'

0.
Sde_SP (% du w25 dv) ©)

(L)
PageHcTBO 310 JIEPKO NpOBEPHTH, €CAM BBECTH NapaMeTpHyecKoe npel-
cTaBaeHue Kpusoit (A):

n=u(), v=0(t) (<t<p)
a yepes Hero -—wu kpmsoft (L):

x=x@(t), v@®), y=y@®), v@®), z=z@u@) v)

Torpa ofa uuTerpana cBeAyTcs K OXHOMY U TOMY Xe OOHKHO-
BEHHOMY HHTErpazy no napamerpy

g

S <3x du 6x dv)dt
i

a

Tenepe k unterpaany B (9) cnpaea mpumenum dopmyny [puna:

SP(Oxdu—{—ovdfv> SS 2(P%)— 2 (P2 ) dud.

Tak Kak moc/efHee NOJMHTErpajibHOEe BHPAXKEHUE B Pa3BEPHYTOM BUAE HaeT
oPox , 0Pdy | OP dz\ox 0%x
GateatammtPamm—
(BP 0x |, OPdy + oP 02) #x
ou

mw+@m 9z dv uon
oP (02 dx 0z 0x> oP <¢3x dy Ox dy)
’

z \Qudv  Ovou

dy

du dv dv du
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TO Mbl NPUXOMMM K JABOHHOMY HHTErpasy

P 0P
S(A)S % B— & Claudo

ITo dopmyne e (7) ero nerko npeoGpasosatb B NOBEPXHOCTHEIH
UHTErpai .
5 %—Igdzdxug—‘;dxdy,

S)
B3ATHH HMEHHO NO BHIOPAaHHOH CTODOHE NOBEPXHOCTH. ITUM H 3aBep-
I13eTCsl AOKas3aTeanCTBO paBeHcTBa (8) *).

Ora dopMyna ycTaHOBJeHa Hamp AJA NMPOCTOH M rJaAKOH moBepXHO-
cti. Ho ee serxo pacnpoctpanurs ¥ Ha oOumu#t chayyalt KycouHo-
r1agKo# ImOBEPXHOCTH, OFPaHHUEHHOH KYCOUHO-TVIaIKUM KOHTYpOM:
CTOMT Julllb HanucaTe €€ AJs KaXAOro npocToro 4 raajiKkoro Kycka
B OTAEJbHOCTH M MNOYJIECHHO CJAO0XKHTb I[10JYUYCHHBIE PaBEHCTBA.

IMyrem xpyroeo# nepecraHoBkud OYKB X, y, 2 NOJAYYAIOTCA €IIe ABa
dHaJIOrNYHHX DaBEHCTBA:

_((9o Q
(LS; Qdy = S‘SS —;dxdy——adydz,
(
) R (82)
S Rdz = S dydz—N dzdx,
(L)
rie Q m R — HosHe cpym(ulm 0T X, ¥, 2, YHOBJETBODSAIOLINE TEM XKe
ycnoBuaM, uto u P.
CxnaneiBag Bce Tpu paseHctBa (8) m (8a), noayyum HCKOMBHIH#
pesyabratr B HaubGonee obweH Qopme:

SPa’x—{—Qdy—[—Rdz:
L = | ( (52— 5F)ax dy+ (3R — Py ¢z + (5 — E)zax. a0
(s}

J10 paBeHCTBO M HasmiBaeTcs popuyrol Cmorca. Ewe pa3 noo-
HepKHEM, MO CIMOPOHa NosepXHocmu L Kanpasienue obxoda
KORMYpa 83QUMHO ONpPedess oM No RPasUAY, YCmanosserromy & n° 362.

Ecan B kauectBe Kycka mnosepxHoctd (S) B3fTh MIOCKylo 004acTh
(D) na niockoctu Xy, tak uto 2=20, TO moayuurca ¢opmy’a

Sde—{—Qdy _SS (——_ )dxdy,

(L)
#) Cnenyer OTMETHTH, YTO NPH BHIBOJE HAMH HCMOMb30BAHBI CYl1ECTBOBAHME
0 o2x  0*x
dx’ duov’ dvou’
pesyabTate He yuacrByor. Ha neae Qopmyna uMeeT MECTO U 6€3 9THX NPELNO=
JO¥EHNH.

B HenpepPLBHOCTH NMPOHU3BOAHKIX KOTOpbi€¢ B OKOHYATEJbHOM



326 T/ XXI1. NICIANL NOBEPXHOCTH, NOBEPXHOCTHHE WHTEFPANH  [373

B KoTOpoft yurateabr y3HaeT cdopmyay I'pmHa; Takum o6pasoM, mocael-
HAsl SBJAETCH uacTHMM cayuaeM dopmyan Crokca *).

OTMeTyM, HAaKOHel, YTO NOBEPXHOCTHHH HHTErpan BTOPOrO THNA
B ¢opmyne Crokca MOXKeT OHTb 3aMeHEH MOBEPXHOCTHHIM BHTErpasoM
nepsoro tuna. Toria 5Ta GopMyna mpuMeT BHX

5 Pdx-+ Qdy-+ Rdz=
(L)

=[5 —%)cosr - HE— ) cosp+ (32— F ) cosv]as, an
5)

NpUYEM COS A, COSp, COS Y O3HAYAIOT HANPABASIOIME KOCHHYCH HOPMAaW,
omsewawyel UMEHHO BWOPAHHOL CMOPOHE NOBEPXHOCMU.

Jlan npumepa «nposepum> dopmyny Croxca, monoxus
P=y'+2, Q=2+ R=x'+y
H B31B B Kavectse (S) MOBEPXHOCTb, BHPE32HHYIO UUIHHIPOM
x% 4 y2=2rx u3 chepsi X+ y*+ 22 =2Rx (R>r, 2> 0).
[pnGernys x nmapameTpuyeckoOMy NPeRCTABACHHI0 KPRBOH

x=r (14 cost), y=rsint, 2=V (R—r) V14 cost (0<<2<<2n)**),

I8 KPHBOIUHEHHOrO HMHTErpana HalfieM NOBONLHO CHOXKHOE BLIDAXCHNE B BHIE
OGLIKHOBEHHOTO HHTErpana:

2%

S {[r’ sint -+ 2 (R—r) (1 -+ cos £)] (— r sin £) +
¢
+[2r (R—r)(14 cost) - r* (14 cost)®]r cost -

2r(R—r)

4 [r* (1 4 cos ) 4 r* sin?1]- -;— VW (— sin £) }dt.

Ho mepeoe ¥ tperne cmaraeMsie B QHrYpHHX cKOGKAX, YMHOXeHHMe Ha df,

uMeloT BHR f(cos £) d coS ¢, ¥ WHTErpanW OT HHX, BBHAY NEPHONMYHOCTH KOCH-

Hyca, paBHH HYni0. BUNOAHKB OCTAIOIMYIOCH BHKIAAKY, NOAYUnM 2mRr:.
TloBepxHOCTHMY Xe MHTErpan BTOPOro Tuna

2SS (y—2)dydz-+ (z—x)dzdx +(x—y)dx dy,
(8)

*) Aas oGaervenns sanomuHanHa Qopmyan Crokca ykaxeM, 4To nepsoe
craraeMoe B MHTerpajie Chpasa-— TO e, YTo M B Qopmyne ['puHa, a ocTaabHble
NONYYAIOTCA U3 HEro KPYroBol mepecraHoBKoft 6yxs X, y, z u P, Q, R.

*#) Ecau nomoxuth X—r==r cost, y==r sin ¢, T0 reoMeTpHYECKHH CMHCA
fapaMeTpa ¢t sceH; MOLCTABAAA STH BHPAXKCHUA B ypaBHeHHe chephl, Halilem M
SaBHCHMOCTb 2z or f. [lpu usmenenmn ¢ or 0 10 2n kpmBas ONHCHBAETCA
NDPOTHBYACOBOKW CTPeEAKH, €CAN CMOTPETh CBEPX Y,
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PacnpocTpaHeRHLYi Ha B e P X H 10 10 CTOPOHY ynoMsHyTOH MoBEpXHOCTH, Hpeolpa-
3yeM CHayala B MHTErpan Mepsoro THNa:

ZSS [(y — 2) cos A+ (z — x) cos g+ (x —y) cos v} dS.

(S)
Tak xak

—X=R =3 z
cos A= 7 cosp_R, R

TO, MOACTAaBNAA 3TH BLIPAKCHWA, NPOU3BeAEM YIpouieHHe H CBeJeM HCKOMBIT

URTErpan K CAEAyIOueMy:
2 S S (z —y) ds.

B CH1Y CHMMETDHH NOBEPXHOCTH OTHOCHTEIBHO NJIOCKOCTH X2, HHTErpax

Cos vy =

ydS oxassisaercs nyaem. Ocraowmuiica ke HMHTerpan CHOBa Npeofpasye

¢
(S}
K HHTErpaly BTOPOrO THIA:

z
2SS 2dS =2 SS-C—O-&dedy=2R SS dx dy=2x Rr®.
) ) ()

874. lpuaowxenne dopmynst CTOKCA K HCCACKOBAHHIO KPUBOJIH«
HeflHBIX HHTerpanos B npoctpancrse. Ilycts B oTkphTOft O6aacth (T)
sajaHn Oynknur P, Q R, HenpepwBHHE €O CBOHMH fIDOU3BOAHBIMH

0P P 00 30 0R OR

dy' 0z’ 0z’ ox’ ox’ dy "
C nomomsio opmyas CTOKCAa JNeTKO YCTaHOBUTH YCA08UA, NeoOXxo-
dumbie u docmamoynne 04 Mo20, LmoGK OOPAUAACT 8 HYAb UHMEZPAA

5de+ Qdy1-Rdz, (12)
)

83amuii no awOoMy npocmomy 3eMKRymoMy Koumypy (L), aexca-
weny 6 (T).

BupoueM, Aaf TOro 4TOGH BO3MOXHO OHJIO HCHONBL30BaTH (OPMYAY
Croxca, HYXHO HanepeJ HaJOXWTh Ha TpexMepHyio obaacts (7),
K KOTOpDOH OTHOCATCA HAaulM PACCMOTPEHHS, €CTECTBEHHOE Or paHHUEHHE.
Vimenno nyxHo mnorpeGoBath, 4TOOW, Kaxosa Os Hu Ouaa npocmas
Kycouno-zaadkes 3amxuymas wpusas (L) B obnactu (T), na Hee
MOJCHO ObLAO HAMSAKYME» KYCOLHO-2Aa0KYI0 (CAMOHENePeCeKaouyiocs)
nosepxrocms (S), unenuwyio (L) céoum Kormypom u maxoce yesuxom
codepoacawyrwcs 8 (T). 310 CBOHCTBO aHaJOrMYHO CBOKCTBY O ZAHO-
CBA3HOCTH IVIOCKOR 00JacTw; NPH HAAAYAH €r0 MPOCTPAHCTBEH-
Hyio o6aacte (7) TakKe HasHBAOT («<NOBEPXHOCTHO» *)) OAHO-
CB3HON. YmoMsHeM JAas 1NpuMepa, UTO TEAO, OrpaHUYeHHoe

*) B oTaMYMe OT APYroro THNAa ONHOCBASHOCTH NPOCTPAHCTBEHHON obaacTh,
0 KoTOpoM peub Gyzer nuxe [n° 381).
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ABYMSl KOHIEHTPHUECKMMH CEpUYecKUMH noBepXHOCTAMH, OyleT B aTOM
CMBICJIE OJHOCBSI3BHBIM, @ TOD — HeT.

Iycts we ofaacte (T) Oynser (NOBEPXHOCTHO) OAHOCBsI3HOH. Harts-
HyB Ha KoHTyp (L), Kak cKasaHo, nosepxHoctb (S), samenuMm mo ¢op-
myne Crokca KpuBOJMHEeHHEH wunTerpan (12) nNOBEPXHOCTHHIM HHTE-
rpajioM

[ (6t (35— 0o (e

Has obpaimenns €ro B HyJab, OYEBHAHO, LOCTATOYHB YCJIOBUA

0Q__9P OR__0Q 0P __oR ®)
ox~ ay’ oy~ 0z’ 0z~ ox°
STH yCJOBHS B TO e BpeMd M HEOOXOIMMEHL, B YeM JIerKo yOeauTbcs
(nanozobue n°348), ecau paccmatpusath naockue Quryps  (S),
Jexaiine B MIOCKOCTAX, NapaJ/IeJbHBIX MNMOOYEepelfHO TOH uanm uHOH M3
KOODAVHATHBIX INIOCKOCTEH.

Yurateap BHAWT, YTO MBI KCMOJb30Bamd 3aech ¢opmyay Crokca
COBEPUIEHHO TaK e, Kak B 1n°348 ¢ adanoruuHeiMu ueasmu Oblaa
ucnosb3oBaHa dopmyaa I'puna.

Jlerko mokasaTe, uTO Te Xe ycaosus (B) 6ydym Heobxodummmu u
docmamouHsMu 048 mo20, 4mobs UHME2PAR

Sde+Qdy+Rdz (13)
(AB)

ne 3asuces om hop mu rpusoi (AB), coedungwueil sw0bse 06e
mouku A u B obracmu (T), B NpEANOJOXEHHW, KOHEYHO, YTO 3Ta
06sacTb (ITOBEPXHOCTHO) OJHOCBSI3HA.
Heo6xo0oanMOCTb YCTaHABIMBAETCH TaK ke, KaK M B NJOCKOM
cayuae [n°349]. Yro xe Kacaercs AOCTaTOYHOCTH, TO, KaK H TaM, JErKO
MCYepnbIBaeTCA Cayyall, kKoraa Hse
kpusbie (AIB) u (AlIB), coeluns-
P omue Toukn A um B, KpoMme HuX
€9 ) ofwwux Touex He mmeloT. Ecam xe
5TO HE TaK, M B3fTHE KpuBhE Ile-
Puc. 57. pecekawTrcd, TO B8JAE€CH BONpOC
OKasmBaercs Oonee NPOCTHM, YeM
B IJIOCKOM CJydae: B CBSBHOH npocrpancrsenHolt o6aactn (T) Bceraa
MOXHO B3fTb TaKylo Tperbio Kkpusyio (A/lIB), xoropas yxe He mepece-
Kanace Onl HM C OnHOH u3 mpexuux *). Toria

()

’ >
(AIB} (A}IIB) (A)S;B) (AIlIB)

*) lKal( MOKa3blBa€T PHC. 57, 3T0 He BCErNa MOXeT GblTb CHENAHO B NIOCKOM
cnyuae
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OTKyJZa 1 CJAeAyer, 4TO BCeria

(AiBy  (aliB)

C aTuM uCCleNIOBaHHEM MOXHO CBS3aTh U 8OMPOC 0 mMoM, Oydem au
dughghepenyuassroe geipasicerue

Pdx--Qdy-+Rdz (14)

(noHpIM) AU depeHiuasom OT HeKOTOpOH (GYHKUMA TpPEX MEepeMEeHHbIX.
Heo6xonumoctr ycaoeuit (B) mas Toro, yrobe 310 OHLIO TaK,
nposepseTca HenocpeAcrseHHo, Kak @ B n°3560. JocraTouHOCTH
JIOKa3bIBAETCA, TOXE KaK B INVIOCKOM CJyuae, HENOCPEACTBEHHBIM MO-
CTPOEHNEM NepBOOOpasHON — B BUAE KPUBOJMHEHHOIO MHTErpaja

(*, 5, 2)
F(x, 9 2= S Pdx+ Qdy-+Rdz
(%9, Yo, Z0)
[cp. (8) B n°350], Koropmit — npu cobmofenun ycaosu#i (B) — He 3a-
BuCHT OT nytd. Mrak, aas o6aacta (T) yxasanHoro tuna ycaosus (B)

0KQ3b18AIOMCA  HEOOXOOUMBIMU U QOCMAMOUNBMU AL IM0O20, 4MOOH
soipascerue (14) Corao mounsim Oughghepenyuaron.



IVIABA IBAILATH TPEThS
TPOUHBIE UHTEIPAJIbI

§ 1. TPOAHOM HHTETPAJI H ETO BBIYMCIEHHE

375. 3agaua o BmuucAeHHH MaccH Tena. ITyctb AaHO HekoTopoe
reno (V), samonmensioe Maccamu, M B Kawao# ero Touke M(x, ¥, 2)
M3BECTHA MJIOTHOCTDH

p=p(M)=p(x, ¥ 2)

pacnpeneneHust sTX MacC. TpeOyercs onpefeiuTh BCIO MacCy m Tena.
Ilna pewenns sTo# samauw pasaoxum tedo (V) Ha pam vacted:

(Vl)r (Vi)r esey (Vn)

n spifepeM B mpefienax Kawaoff u3 HUX N0 TOUKe

M; G M T)
Ilpumem npuGamxkenso, uro B npedenax uactn (V;) MAOTHOCTb MOCTO-
fHHA M paBHa Kak pa3 naoTHocTH p(§;, M, ;) B BHOpaHHOH TOUKe.
Torna Macca m; 9Tolt yacT# NPUGAMKEHHO BHPABNTCA TaK:
my==pCEp s L)V
Macca ke BCero Tena Oyner

n

m== Yo L) Vi

i=1

Ecan JUaMETPHl BCEX vacTe CTPEMATCA K HYMNO, TO B npenene 310
npuﬁnumeﬂﬂoe PaBCHCTBO CTAHOBUTCA TOYHBIM, TaK YTO

n
m=1im iglp G L)V, M
M 3ajaua peHIeHa,

Mp BuAnM, YTO pelleHWe 3aflaud ¥ SAECh INPHUBEJNO K PACCMOTPEHUIO
apenesa Csoeo0pa3uo#t CyMMEl —THNA MHTEFrPaNbHBX CYyMM pas-
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AWYHOTO BHA3, C KOTOPHIMH MH MHOTOKDATHO MMEAH JeJO Ha NpOTske-
H4M BCEro Kypca.

IonoGHoro pona npemensl NPUXOAMTCH 4aCTO PaCcCMAaTPUBATh B MEXa-
HUKe # GusWKe, OHA NONYUWIA HASBAHUE MIPOUHNX UHME2DPAAOS.
B npunatex Mg HuX OOG03HAYEHWSX NOJYYEHHHH BHIUIE PE3yAbTaT
SanUUIETCH TaK:

m=S S,)Sp(x, 3, 2)dV. @
(

Teopun TPOHHHX HHTErpaZioB M MX BAKHHM NPHUAOKEHHAM NOCCBSA-
IIEHA, B OCHOBHOM, HAacTOSas raasa. Tak Kak Leau#l psf Npeanoxe-
Hu#, YCTAHOBAGHHHIX JJa MABOMHHX HHTErpajoB, TEPEHOCHTCA BMECTE
€ MX JOKa3aTe/IbCTBAMH Ha Ciayuall TPOHHLIX HHTErpaioB, TO MH OOHIYHO
GyleM [KOBOJBLCTBOBATHLCH JUlb (QOPMYJAUPOBKOH STHX NpEN/OMEHHH,
NpefoCTaB/ad yuTaTeMo nepedpasupoBarb NpexHHe AOKa3aTeabCTBA.

376. Tpofino#i uuTerpaj M YCHOBHe ero cymectBoBauus. llpu
nocrpoerny oOLiero ORpeReJIeHHs HOBOrO HWHTErpaJbHOrO OOpasoBaHHf —
TPOMHOTrO WHTErpaja — OCHOBHYIO POJb HMIpaeT NMoHaTHE 0OBbeMa Teaa,
HanojoOue TOro KaK NOHATHE NJAOM(AAHM IJAOCKOR QHrypH Jexano
B OCHOBE ONpeie/icHHa ABOHHOrO HHTErpana.

C nonstheM o6beMa MH YXe BHAKOMH IO TEPBOMY TOMy M CTan-
KHBAIHCh C HHM HE pa3. YC/AOBHE CYWIECTBOBAHMA 00bEMa AN HAHHOTO
Te/a 8aKJIOYAeTCs B TOM, YTOOH OrDaHHYUBAIONULAA €rO HOBEPX-
HOCTb uMena o6beM, paBHuit Hymo {n° 197} Toabko TakHe NOBEpPXHOCTH
MH u OyleM pacCMaTpuBaTh, TaK YTO CYUIeCTBOBaHHe 0G1BEMOB BO BCEX
HYXHHX HaM chayYasx TeM caMuM o6ecneunBaercs. OrTMmerM, uTO, B
YACTHOCTH, K 9TOMY KJacCy NOBEPXHOCTel OTHOCATCA TrJAafZKHE U
KYCOUYHO-TNaJlKH e NOBEPXHOCTH.

Iycts Temeps B HeKoTOpOH# mpocTpancTeenHo#t obaactu (V) samana
QyHxumns f(x, y, 2). PasoGbeM 3Ty 06/4acTs C NMOMOMBIO CETH HOBEpPX-
HocTel Ha KoHeudoe umcno uactel (Vy), (Vo) ..., (V,), nMeomux
cootBercTBeHHo 0o0bveMn V,, Vg ..., V, B npemenax il-ro szementa
(V;) BosbMem no mnpousBoay Touky (§; W, &), SHaueHume dyHKuun
B ato# rtouke f(§;, M, {;) YMHOXHM Ha o6beM V; U COCTaBUM HHTE-
FpaJbHYID CYMMY

n
°=i21f G M 8 Vi
ITpeden 1 smoid cymmsl, npu CMPEeMAEHUL K HYAI0 HAuOOAbUE20
u3 oduamempos scex obGaacmeii (V;), u Haswsaemcst mpoiHo M

unmeapasron gyucyun f(x, y, 2) 8 obsacmu (V). On o0603na-
YaeTcsi CHMBOJIOM

I= S(& Sf(x, y, dV= S(S”Sf(x, 3, )dxdydz.
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Koneunni#t npeaen noRoGHOTO BuAa MOXET CYIIECTBOBATH TOJBKO
AN OrpaHuueHHOW (DYHKIuM; 19 Takoi (YHKHNMM BBOAATCH, KpoMe
HHTErpajibHOH CyMMH o, emle cyMmu dap6y:

§== 2 miVi, S=i§|MiVi,

rae

m; = inf {f}, M;=sup {f}.
=) o)

OO6wuHEM NyTEM YCTAHaBAMBAETCA, YTO A CYLLECTBOBAHMA HHTE-
rpana HeOOXOAHMO H JOCTATOYHO YC/IOBUE

lim(S—s8)=0
wam

n
lim Y oV, =0,
i=1

rie w;=M;—m; ecrb koneGanue o¢ynkun f B obaactu (V).
[3amerum, uTO NpH CymecTBOBaHHEM HHTerpana ofe CyMMB s, S TaKxe
MMEIOT €r0 CBOUM NpefesioM.]

Otciona  HEMOCPEACTBEHHO  CHEHYET, YTO BCAKQS  HENpepblHas
dynxgus f unmezpupyema.

MOXHO HECKOJbKO pAacIIMPHTL STH YCJAOBHS, a UMEHHO: UHMeE2pU-
pyeMa 8cAKAS 02panuienHas (PYHKYUS, 8ce Pa3pbi8s KOMOPOL Aexcam
HQa KOHetHoM 4ucae nogepxrocmeld ¢ nyseswn obsemom. |Cp. n° 339
u 340.]

377. CpoiicTBa MHTErpupyeMeiX GyHKUMil ¥ TPOHHBIX MHTErPasos.
HocTaTouno nepeuncanTh STH CBOHCTBA [NOKABHMBAIOTCA OHM aHAJOTHMYHO
uanoxenHomy B n° 341)

1°. Cymecmsogarue u 8eAudusa mpoiinHo2o URME2PAAL He 3ABUCAM
oM 3HQYEHUL, NPUHUMAEMBX DYHKYUE 80046 KOHEWHO20 HucAd
nogepxrocmel ¢ HyAessM 00BeMOM.

2° Ecau (V)= (V)4 (V"), mo

f{§rav=f{frav§{{rav
%) (i %)
npzmeM u3 cyuwecmsosanus unmeepaia cresa sotmeraem ywce cytue—

CM8oBarue UHMe2PAN08 CNpasa, u 06PamHo.
3° Ecau k==const, mo

S(fS)Skde:k | (SV)S”V’

npudeMm U3 cyuwecmsosarun UKmezparx cnpasa me()yem u cywecmeo-
BaHue uHmezpasa caesa.
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4° Ecau 6 obracmu (V) unmezpupyemss dse chynryuu f u g mo
unmezpupyema u gyuxgus g, npuven

§ Hcfig)dv=s(§) {rav= Swi { gav.

7]
5% Ecau 0sm unmezpupyemsis 8 obaacmu (V) dywwgui f o g
sunoAnsemcs Hepagencmso f<< g, mo

S(fS, Sde< S(‘g S gdv.

6°% B caywae unmeapupyemocmu Pynxguu [ unmezpupyema u
oyurgun |f|, u umeem mecmo Hepasencmso

5§ §7evI=§ { fimav

7°. Ecau unmezpupyeman 8 (V) gyuxyun f ydossemeopaem nepa-
sencmay
n<f<M,

mo

mv< SWS) sde<MV.

Vnrimu Cl0BamMy, HMEET MECTO TeopeMa O CpelAHeM B3Ha-
YeHUn

S§Sde=w (m<p<M).
V)

B cayuae HempeprBHOCTH QyHKuuu f 3Ty GOpMyay MOXHO HanucaTh
B BHIE

{{§rav=r@ram ®
19]

rae (X, ¥, 2) ectb HekoTOopas toyka obaactu (V).

Hanee 7aerko pacnpocTpaHseTcs Ha TPEXMEpHBH cayuat u comep-
wanne n° 342: TaK Ke, KaK W TaM, YCTaHaB/MBAETCH NOHATHE QYHKIL WK
oT (TpexmepHO#) 06MacTH, B YaCTHOCTH, AXAUTHBHOH QYHKI U U
BaxunM npumepoM Tako# ¢ymkumum (cM. 2°) ABASETCA MHTErpad no
nepemesHofi obnacru (v):

o@={ | {/a. 0)

(v)
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BaoanTCH, aHANOTAYHO NPEXHEMY, NOHATHE HPOUSBOAHOH GyHKUHUA
®((v)) no o6aracTu B RaHKOH TouKke M; Tak HasmBaerca npenen

tim 24
{(vy—-M v
npu CTAruBaHuM B TOUKy M comepxamed ee obaacta (o).

8% Ecau nodunmezpaissnas ByHKGUA Henpepuona, mo npou3soonol
no obaacmu 8 mouke M(x, y, 2) om unmezpasa (4) Gydem rarx pa3
3nauenue nodunmezpasskoil Qynxyun & smoii moure, m. e. f{(M)==
=f(x, ¥, 2).

Taxum oOpasoM, NpM CHENaHHOM NpeAnoaoxeHud uHrerpan (4)
CAYKAT AAf (yHKiud f B HEKOTOPOM CMHICJE <NEPBOOGDA3HOH>.

378. Boiuucnenue Tpolioro uHTerpasa. W sgecy Aeno cBOLRTCA
K BHUHC/IEHMIO MOBTODPHHK X HHTErpPaJOB, COCTABJSIOMHXCA M3 HHTE-
rpanos musmed kparrocrd. [lpemnonowum dywxuuio f(x, y, 2) He-
npepusHOft B paccmarpuBaeMot obnacty, uem oOecneyeHo Cyme-
CTBOBAaHHE BCEX BCTPEWAIOIIMXCH Hiuxke uHTerpanos. OCTaHOBUMCS CHauana
Ha caydae, Koraa Teno, no KOTOPOMY uHTerpupyercs dyuxuus f(x, y, 2),
npeacTaBaseT co6oH NpAMOYroAbHNHA napaiesenunen

(N=la, b ¢, d; ¢, f),
NPOEKTHPYOWMHUHCA HA TIOCKOCTb Y2 B NMPAMOYrOJbHUK
R)=le, d; ¢, f].
Toraa umeeM, npexnue BCEro,

b
S)S Sf(x, 3, z)dT=S dx {f(x, y, 2)dR. ©)
( a ®)
BaMeHﬂﬂ ABOHHOH MHTErpan IMOBTODHAIM, OKOHYAaTE/NbHO MNPHUBEHEM BH-
YucAeHHe TpOHHOTO HHTerpaJla K HOCJleROBaTeJleOMY BBHIYMCJICHHIO TpEX
npOCTHx HHTErpaJos:

S5Sf(x, ¥ z)desbde!dy S[f(x, ¥, 2)dz. (6)
& o J T

HaoGopot, ecas nepphle IBa HHTErpaia OOBEAHHHTh B ABOHHOH
UHTErpad, TO NOJY4UM

f
S ); Sf(x, 3, z)des dedy Sf(x, y, 2)dz, 0
( Q@ e

rie (Q)=/{a, b; ¢, d]. Bo Bcex sTux cayuasx, Kak camo co6oio pasy-
MeeTCsl, POJM MEPEMEHHHX X, ¥, 2 MOXHO MEpecTaB/fATh,

[Mpeamonoxum Teneps, yTo TpoHHOH uuTerpan Gepercs mo texy (V),
ONIMYHOMY OT NpAMOYroJbHOTO Hapaitenenunena. Ilycre sro Teno
COAEPKUTCA MEMIAY IVIOCKOCTAMH X==X, U X=X H KaXA0K mapai-
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JE/BHOIO MM  IJIOCKOCTBIO, OTBEYRIOMIEI0 (DUKCHPOBAHHOMY SHAYEHHMIO
X(Xo<<x<CX), nepecexaercs N0 Hexoropolt ¢urype, uMeiomen
naomans; udepes (P,) o6o3naunm
ee MNpPOEKUMI0 HA IIOCKOCTh Y2
(puc. 58). Toraa

S(s) Sf(x, ¥ 2)dV=

X
=S dx ‘5 .Sf(x, ¥ 2)dydz. (5a)
E7) Px

9ro — ananor dopmyas (5).
Ilycts, aamee, Teno (V) mpexn-

CTaBAseT CO6OH <«HUAMBApPHUECKHH

Opyc», OrpaHHUCHHHH CHHSY M CBEPXY, COOTBETCTBEHHO, NOBEPXHOCTAMH

z=2z(x, y) n z2=2Z(x, y)

NPOEKTHPYIOIMMHUCE Ha NAOCKOCTh Xy B HEkoTopyio ¢urypy D, orpa-
HuyeHnyo xpueoo (K) ¢ mnaomageio, pasHo#t Hymo; ¢ Gokos teno (V)

z Z
~ 1
W
i
N~
4 ¥
)
(] 7 S 8
x ! %
A 4

Puc. 60.

OFpaHMueH0 UMWJIMHAPUYECKOH TNOBEPXHOCTBIO ¢ OOpasyiomumy, napan-
AenbHHIME OCH 2, U ¢ Kpusoio (K) B poau Hampasasiomelh (puc. 59).
Toraa, ananormuto dopmyne (7), umeeM

S & Sf(x,y, 2dV= S S dxdy Z()S: y)f(x, ¥ 2)da. (Ta)
( D) Zo (%, ¥)

Ecan obnacte (D) npencrasaser co60H KpUBOAMHEHHYIO TPaNeimHuIo,
OrpauKyEHHYI0 IBYMA KpubuMu (puc. 60)

Yy=nx n y=Y) Fesx<<X)
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U NpAMBIME X=X, X=X, T0 Teao (V) noaxoaur nox oba Tuna,
PaccMOTpEHHBIX BBINIE. 3aMeHsAs MBOHHON MHTErpas— TO Ju B GQopMmyne
(5a), To au B dopmyae (7a) — NOBTOPHEIM, NOTYHUM

Y(x) Z(x, »

S&Sf(x, ¥ dV= Sxdx Vo | rws 24 69
V)

X0 Jo®)  zo(x, ¥)

dra dopmyna obobuiaer dopmyay (6).

Kax u B npocrediieM cayuae, KOTOpHH ObA pacCMOTPEH BHILE,
M 34eCh, Hapady C yKasaHHeIME (opMyJaMi, UMEIOT MeCTO H UM 1ogo0-
HBlE, MOAYYaloIMECss W3 HHX TNepecTaHOBKOH
NEPEMEHHBIX X, ¥, 2.

[MTepumepn. 1) Buyucants uarerpan

[ S 5‘ S dx dydz
T+x+y+2p°’
pacnpocrpaieHnn#t Ha Terpaelp (V), orpanuym-
Baemblt  nmaockoctamy  x =0, y=0, z=0u
x-+y+4z=1 (puc. 61).
PemenuEe [Ipoekuuedl Tesa Ha MAOCKOCTH
Xy CIYHHUT TPEYTONbHHK, OGPa30oBaHHHY MPAMBIMU
x=0, y=0u x-+y=1. fcHo, uto rpannuamu
Puc. 61 H3MeHeHMa X cnywxaT yucxa O u 1, a npu mocrosH-
HOM X B 3THX TPaHHLAX MepPeMEHHad y U3MeHseTcs
or 0 ;o | — x. Ecau e QUKCHPOBaHH W X, H Y,
TO TOYKA MOXKET NepeMemarsCa N0 BepTHKaay OT maockocTH z=0 mo mioc-
11(ocm x+y4-2==1; rakum o6pasom, mnpeieramu usMeHenus 2z 6ynyr O u
—X—y.
o dopmyne (6a) nmeem

b-x lex—y

1
l=§dx S dy ‘(5 zl—:{——%—y—kz)s'

0
INocaenoBaTeasHO BHYHCAEM UHTerpansl, HaYyuHag C BHYTPEHHEro:

l—x—~y

dz __Ll' 1 __I_J
TFxFyFop 2T FxFor )

1—x ]
%'(S [(l-l—xl—}—y)” _7117de=%_(x41—1 _3:)‘)’

HaKoHell,

1
1 1 3—x 1 5
1_55:(——-——)‘_*_‘—-*—4 ) dx_—2—<1n2—§).
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2) Buyncantb, marerpan Jupuxae

D= S S S XP-1yea-1zr-1 dx dy dz,
x,5,2=0
x+yfe=si
npegnoxaras p, q, r ==1 (uepr. 61).
Ecnn Bocnoab3oBathcs (GopMyaolt puia (5a), MocTaBUB HMHTErpuHpoBaHHE IO
2 Ha MECTO HMHTErpUPOBAHUA MO X, TO MONYUHM:

1
D= S 2ldz S S XxP=1 94t dx dy.

0 x 920

3amenoit mepemennx x=(1—2)§ y=(1—2)7n cseneM xBoHHOK uHTErpal
K yxe wuspectHoMy [n°344, 3)]

TaK 4TO

T Te+q+D

HaxoHen, BOCIHOAb30BABIMHCL W3BECTHHIM BhipaxenueM ¢yunxnuu B yepes T
[n° 311, (12)], okoHyaTeabHO Haliaem:

pe L@ T@T()

Tp+g+r+1
— pesyabTaT, COBEPINEHHO AHAMOrWYHBIE moayyeHHomy B n° 344, 3). Ha neme on
uMeeT MecTo H npy Gonee ofuieM NPeANONOKEHMH, UMenHO: p >0, ¢ >0, r > 0.
Ho npu ofpameHu¥ NOXWHTErpaibHOM (YHKUMH B GECKOHEYHOCTh (Hampumep,
npu 0<p<<1 9710 nposoiner Ha naockocTy x==0) HHTErpax yxe OKasbl-
BAETCA <HECOOCTBEHHbHIM» M Tpe6yeT NOMOAHUTENbHOrO MpejelbHOro Nepexona.
Onpenenendie TaKOro HWHTerpana CTPOMTCA TaK e, KaK U B Ciyyae XBOHHOFO
unterpana [cM. n° 344, 4), 3ameyaune).

379. MexannyeckHe mpHIOMeHHHA. EcrecTBeHHO, 4TO BCe reoMerpHyecKHe
¥ MeXaHHYeCKHMe BEeIWYMHH, CBA3aHHHIE C pacnpeleneHHeM MacC B Ipejenax
Hekortoporo Tema (V) B npocTpaHcTBe, B NPHHLMIE BHPAXKAOTCA HA STOT pa3
TPOMHBI MM MHTEIrpa’aMy, pacnpocTpaHeHHeMH Ha Teno (V). 3mech Takxe
npome BCero TNOMNb30BATHCA HNPHHIUNOM CYMMHDOBaHHA OECKOHEYHO Majblx
sneMeHToB [cp. n° 204—208 u 345).

O603nayNM Yepes p MIOTHOCTb pacnpeleneHUs MacC B NPOHM3BONbHOH Touke
tesa (V); ona sBusercd GYHKUMeN OT KOOPAMHAT TOUKH; 3Ty (QYHKUMIO MBI
6yaeM Bcera npexnogaraTtb HenmpepuiBHOH. CyMMupys 31€MEHTH MaccCh
dm=pdV=pdx dydz, 11% BeIUUNHB BCeH MacCH OyHeM HMeTb

m=S(§)SpdV=S§;) pdx dy dz 8)
[cp. n° 375).

Hcxons u3 9leMEHTapHLIX CTaTHYECKHMX MOMEHTOB
dez =xdm=uxpdV, dK;xy=ydm=ypdV,
dKy=zdm=2p dV,

1
T(p)T(q) g 21 (1 —2)PH dz.
°
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HaflleM caMble CTaTHYeCKHE MOMEHTHI:

Kyz=S(‘§SxpdV, K,x=5:‘§5ypdv, ny=S§Sz94v ©

"
4 N0 HHM — N KOODAHMHATH HEHTPA TAXKECTH:

B cayyae ORHOPOAHOrO Tena, p==const, NoayyaeM mpome:

o (e §ffew

. a9

1%
E=——-‘,—_' "3““"‘_—V""“‘, c=—(““2"“7—““_o

Camy  coGoit MOHATHH M (OPMYJAB IJiA MOMEHTOB HHEPLUHH OTHOCHTEAbHO
ocelt KoopRuHar:

lo= S(S}) (5 + ) av, ly-—SS,S(z’-x—x')pdv

I,= S(&S &yt pav a1

HAH OTHOCHTENbLHO KOODAMHATHHX MNNOCKOCTEH:

Iy,= S(&S WAV, lyp= S(S,)S ypav, "
Ioy = S 5'5 2% dV.

Haxonen, nycrs uaccu, sanoasawmue texo (V), NPUTATHBAOT TOUKY

AE 7, {) (maccw 1) no 3axony Hsiorona (puc. 62).

pra C) Cuna NpHTAXEHHA CO CTOPOHN SneMeHTa dm=p dV
" Macchl HMeeT Ha OCH KOODAMHAT IIPOEKLHH ¥)

X —
de= -—rT-e-p dV,

v dF,= deV

rre
Puc. 62. r=Y =& +—1F@E—Lp

eCTh pAcCTOAHHE 3JeMeHTa (WIW TOYKH, B KOTO-
poit Ml CuHTaeM cocpeinotoyesHoll ero Maccy) or Touknm A. Cymmupys, pas

*) Cum. BTOpYIO CHOCKY Ha c1p. 316,
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npoexunl moaHofi cMAN F NPUTAKEHHA Ha ocH KOOPAMHAT MONYYUM

- - —t
px=S§ x__r'_e.pdV, Fy-_:SlSSJ’_r,ﬂpdV, F,—.—S&S’ﬂ pdV. (13)
& A (

AHanoruyHo onpenendercs v NOTCHUHAA HAIEro Tena B TOUKe:

W=S(& S £V, (14)

Ecan rtouka A nexuT BHe Tema, TO BCE STH MHTErPa’N OKa3LBAKTCA COG-
cTBEHHHMH. B 9TOM cayvae moxHo nupdepenuuposars unterpan W no moGo#
U3 nepeMeHHNX § 7, { MOA 3HAKOM HHTErpala Ha OCHOBAHWH COOGpaxeHHi,
CXOAHBIX C TCMH, KOTODHMH Mbl NOJb30BANHCH B OTHOHIEHHH NPOCTHX HHTeE-
rpaaos [n° 297]. B pesyabTate Mb W NOAYUHM, YTO

ow __ ow ow

& =Fo Gr=F» F=F: (15)

B cayyae we, korma Touka A cama npuHanaexurt teay (V), B stoff Touke
r=0,u nomamerganbﬂue Gynkunu 8 (13) u (14) B6ausH Hee nepecraoT GHTHL
OrpaHHYeHHHMH. BrpoueM, STH uHTerpann, Kak <HeCOGCTBEHHHE», BCE e
CYHmeCTBYIOT, H JUIA HUX BHIIOAHAIOTCA OCHOBHHE COOTHOWEHHsA (15).

3aMRuAHHE B n’ 345 nas crarmyeckHx MOMEHTOB ONHOPONHOTO IHAMHA-
paveckoro 6pyca (npu p=1) Mb HMeaH dopmynn:

Ky,=s S zx dxdy, Kyy= S S 2y dx dy, ny—_—.-% S S 2t dx dy.
P (P) P)

Onun, KOHEYHO, BHTEKAOT U3 o6uux Qopmyn (9).
Vimeewm, Hanpumep,

z(x,y)
ny=S S. Sde=S s‘ dx dy 5 z2dz,
0 P
HO
z(x, ) z2==z(x, ¥)
g zdz =-2—z'-’ .
0 2==0

uTO W MPHUBOMWT K TPeGyeMOMY pesymbrary.

B n° 345 B3ameH BEIYHCNEHHA NOCTENAHEr0 VHTerpana GHNHM TDHBIEYEHH
COOGpaxceHHs H3 06/]aCTH MEXAHHKH (OTHOCHTENbHO CTAaTHYECKOIO MOMENT3
3NEMEHTAPHOI'O CTOAGHKA).

§ 2. POPMYJIA OCTPOIPAJNCKOI'O

880. dopmysa Octporpanckoro. B Teopun ABOHHHX HHTerpanos
MH O3HaKOMHJHCh C (opmyno#t I'puna, casmBaomet ABOHHOH uHTErpan
No MIOCKOH 064aCTH C KPURONMHEHHHM WHTErPajioOM IO KOHTYDY o6aacTH.
Ee ananorom B TeOpMd TPOHHHX MHTErpa’oB cayxut Qopmyna Ocrtpo-
FpagCcKOro, CBfI3BIBAIOMIAst TPOHHOM WMHTErpad nO INPOCTPAHCTBEHHOR
00sacTH ¢ NOBEPXHOCTHHIM WHTErpajioM RO rpauune obaacrd.
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Paccmorpum teno (V) (puc. 59), orpaHuueHHOE TAafKUMU TOBEpPX-
HOCTAMU
(S z=2,(x, )
_ (=<2
(8) 2=Z(x, )

M HWIMHApUYecKOH norepxHOCTBIO (Sg), oOpasyloupe KOTOPOH mapas-
JenbHs ocH 2. Hanpapamome#t 31ech CHYXKHT KYCOUHO-T/IafKast 3aMKHYTas
kpusas (K) (c HyJeBOH IJIOMaNbIO) Ha INIOCKOCTH Xy, OFPaHHYMABAIOWLAS
obaacte (D) — npoekunio tena (V) Ha 5Ty MAOCKOCTS.

Honyctum, uro B obaactu (V) onpenenena HekoTopas (QyHKuHS

0
R(x, y, 2), HenpepeiBHas BMECTE CO CBOeH NpPou3BOAHOH 9R BO Bceit

0z
obaacru (V), Bxmouas ee rpanuny. Toraa uMeer Mecto ¢opmyaa
SSS"—’idxdydz—gstxdy, )
8

npuueM (S) eCTh NOBEPXHOCTb, OIPAHMUUBAIOLIAS TENO, W MHTErpal
CnpaBa PacHpOCTPaHEH HA BHEIUHIOK €€ CTOPOHY.
IettcTBUTEABHO, N[O q)opmy.rle (7a) n° 378

S S'S aRdxdydz._S S dx dy S "Rdz_

20 (%, ¥)

__SSR(x, 3, Z(x, y) dxdy — SSR(x, ¥ 20(x, Y)dxdy.

Ecau BBeCTH B pacCMOTpeHHE HOBEPXHOCTHHIE HMHTErpaniH, TO,
B cuay dopmya (3) u (3a) n° 372,

SgSaRdxdydz-—SSR(x 3 z)dxdy—l—SSR(x ¥, 2)dxdy,
(S3)

npuueM NEPBHA W3 HHTErpajtoB CIpaBa PACNPOCTPaHEH HA BEPXHIO IO
CTOPOHY NOBEPXHOCTH (Sp), a8 BTOPOH —Ha HHUKHIOI CTOPOHY NO-
BepxHoCTH (S)). PaBeHCTBO He HapywWTCs, e€Cau Mul NpuGaBAM K npasoit
€ro yYacTu HHTerpan

S R(x, y, 2)dxdy,
(Ss)

PacnpoCTpaHEHHH Ha BHEWIHIOIO CTOPOHY mosBepxHOCTH (§;), Tak
KaKk 3TOT MHTerpan paseH Hymo [n° 372, (5)]. OGbemuusis Bce TpH
NOBEPXHOCTHEIX HHTEr'pala B OJMH, MM W npuieM kK dopmyne (1),
KOTOpas npeacrasider coboit uvacTHefl caysa#h copmyam Octporpai-
CKoro.

Jlerko mouars, uro ¢opmyna (1) BepHa jas  Gonee MIMPOKOro
KJacca TeJ, KOTOphie MOryr OBITh Ppa3JOXEeHH Ha dYacTd HBYYEHHOrO
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tina, MOXHO J0Ka3aTe Takxke, uro ¢opmyna (1) cmpaseanusa BooGwe
A Tel, OTPaHUYEHHHIX NPOMSBOJBLHBLIME KYCOYHO-TIAAKMMA TOBEPX-
HOCTAMY,

Ananornuno dopmyne (1) umeor mecto u GOPMYIH:

S(‘S,)S %’;dxdydz= S;SS Pdydz, 2)
SSS%dxdydz:Sdezdx, ®)
V) (S)

ecnd ¢yskuun P 0 Q HenpepuBHi B ofaactu (V) BMecTe CO CBOMMH
Q

T1IPON3BOAHBIMU BL; "oy
Cnoxus Bce tpu dopmyast (1), (2), (3), Mu n mpumemw Kk oOuwel
dhopayae Ocmpozpadckozo:

S(S;)S(%—}x)—{—g—g——l—%g)dxdydz=

=SSdedz—i—dedx+Rdxdy. @
(S)

Oxa BripaxcaeT OOWEro BHIA NOBEPXHOCTHHI# HHTErpaj BTODOro TuMa,
pacnpoCTPaHEHHbI Ha BHEIUHIOIO CTOPOHY 3daMKHYTOH MNOBEPXHOCTH,
yepes TPOHHOH MHTerpas, B3aTHH 1O Teady, OrpaHMYEHHOMY I3TOH mo-
BEPXHOCTBIO.

Ecin npusnedr K pacCMOTPEHHIO NMOBEPXHOCTHHIE UHTErpajibl NEPBOro
THNA, TO NOJAYYHM JAPYroH, BecbMa YMOTPEeOUTENbHBIH M JETKO 3anoMH-
Haemuift Bud Qopmyast OCTpOrpagcKkoro:

S(S’)S (g—i—k%—}—%)dxdydz:

=SS(Pcosk—]—Qcosp.—[—RCOSV)dS, ®
(8)

rie A, @, vV CyTh YIJIb, COCTaBAEHHBE BHEIIHEeH HOpDMaabio K mO-
sepxHoCcT# (S) C KOODAMHATHHIMH OCAMH,

3ameuyanne I. Wuorna dopmyny OcCrporpaickoro CBA3biBalOT ¢ MMEHEM
T'aycca. ¥ Taycca BCTpeyalTca NHIb OYeHb YaCTHble Clyyau 5TOH Qopmyas,
npHYeM KaxIb#i pa3 HaHOBO NaeTca HX BHBOA. B oGumeit dopme (4) sra dop-
Myna BnepBhie Obima faHa B 1828 r. OcTporpaickuM, KOTOpHIA NPHMEHHT ee
K BONMPOCY O PacOpocTpaHeHWH Tenda B TBEPAOM Tele.

3ameuadue 1. dopmysm [puna, Crokca m Ocrporpainckoro
ofbeauHeHn OAHOM wuaeel: OHM BHPAXAOT HHTErpajs, Pacnpocrpa-
HEeHHH# Ha HEeKOTOpHH reomerpuyeckult o0pas, uepes uHTErpas, B3ATHH
no rpanuue storo o6pasza, Ilpu stom dQopmyna [puna orHoCHTCH
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K CIyyal0 [BYMEpPHOTO NpOCTpaHcTBa, dopmyna Crokca — Takme K Cay-
Yal0 [JBYMEpHOro, HO <«KPHMBOrO» mpocrpaHcrsa, a dopmyaa Ocrpo-
TPafCKOro — K CAY4al0 TPEXMEPHOTO [POCTPaHCTBA,

Ha ocHoBHYIO (QOPMYZNy HHTErpaiLHOrO WUCYACACHUS

b
{rmax=r6)—r@

MH TOXE MOXEM CMOTPETh, KaK Ha HEKOTODHH auajor sTuX Qopmyn —
2N OIHOMEPHOrO0 NPOCTPAHCTBA,

381. Hexoropnie npumeps mnpHiokenus ¢opuyrn OcTporpajacxoro.
1) Ilpedcmassenue 00sesma mera NOBEPXHOCMHBIMU UHMe2PAAGMY. AHAaTOTBYHO
n° 347, n B dopmyre (4) MOXHO Pa3ANYHLIMH CNHOCOGAMH NOXO6paTh GYHKUHH
P, Q, R rax, yTo6H NOXMHTErpaibHOE BHPAXEHUE B TPOHHOM HHTerpaie OKasa-
JA0Ch PaBHHIM €XHMHU L€, TaK YTO STOT MHTErpal CBeXeTcs K o6nemy V Teaa
(V). Takum o6pazoM, o6beM V npenctaBATCA B BHIE IIOBEPXHOCTHOTO WHTe-
rpana, pacHpoCTPaHEHHOro Ha orpasuymsaiomyo Teao (V) nosepxHoctb (S).
Tax, noaaras 8 (4) noouepenso

P=x, Q=0, R=0; P=0, Q=)’, R=0; P=0, Q=0, R=z,

npuaeM K dopmynam:

V=SSxdydz=S§ydzdx=$Szdxdy, (6)
(S) (S) ()

NpHYEM BCe MHTErpanbl B3ATH O BHE M He fi cTopoHe nosepxnoctd (S). Yio6-
HOR sBAseTcA Golee CHMMeTpHyHas GopMyma, oTBeyalwoasn

1 1 1
.._3x, Q....3y’ R_3z;
OHa BMeeT BHI

V=—:13— S S xdydz-}-ydzdx+4-zdx dy
($)
HIY — eCAH NepefiTs K MHTerpaly nepsoro Tuma—

=~;~ SS (xcos A 4 ycosp -+ zcos v) dS
[&}]
(snecs cosd, cosp, COSV O3HAYAT HAaNPaBAAOMHME KOCHHYCH BHemHef

HOPMani# 7 K NOBEPXHOCTH).
Moxuso npencrasute 9Ty Qopmyay eme HHaye: eciH pacCMOTPeTb BEKTOD

-
r, COCIUHAOMMNNA HAYano C NEPEMEHHOH TOYKOH MOBEPXHOCTY, C NPOEKUHAMH
X, ¥, 2 Ha OCH KOODAHMHAT, TO BHIpaKeHHE B CXOOKaX MOXeT ObTh NEpPENHCaHO
B BHIE

r-cos(r, 1)
M, OKOHYATeIbHO,
V=—:13- SS r - cos(F, n)dS.
()
B Takofi ¢opme sToT pesyaptar BecTpevaerca y l'aycca eme B 1813 .
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2) Pasuosecue scecmxoli 3amxuymoii nosepxuocmu, JoxameM, 4To KecTkasn
3aMKHYTasA NOBEPXHOCTb, MOABEPrHYTasn BCECTOPOHHEMY DaBHOMEDHOMY
IaBIEHHIO, OCTACTCS B PABHOBECHU.

C 9roff nenblo YCTaHOBHM, UTO DPAaBHH HYRIO 2408Hbli 8eKMOP W 2AG8HHY
MOMeHm (OTHOCHTENbHO KaKOR-1u60 TOYKHM)BCeH CHCTEMb IPUACKEHHEIX K IOBEPX-
HOCTH CHIL

Bugennm onement (dS) nosepxHoctd. Ecam wepes p==const 0603HauHTH
NaBnesHe, T. €. CHNY, HefCTBYOILYI0 HA eMHUNY MAOWANKM, TO SJAEMEHTapHas
cuna, nefictByloman Ha (dS) N0 HOPMalH K STOMY SJEMEHTY, 6yIeT MMeTb NMpOeK-
UMM Ha OCH

—pcosAdS, —pcospdS, —pcosvdS U

(3Bax MHMHYC fOCTaBAGH NOTOMY, YTO IaBJEHHE HATIPABAEHO BHY TP b IOBEPX-
HOCTH, @ A, 4, ¥ CYTb Yranl BHE WIHe i HOPMaZH C KOOPHHHATHBIMH OCAMH).

Mpoexuun R,, Ry, R, raasnoro sextopa nosyvaorca w3 mpoexuuit (7)
SNEMEHTAPHBIX CHJA CYMMHPOBAHHEM HX:

R =—-pSScosldS, Ry=—p SScospdS, Rz—-:—pSSCOSVdS.
(8] S) 5)

Ho Bce 9ru mHTerpans pasHw Hymo, YTO BUMAHO u3 popmyan Ocrporpamckoro,
€C/IH NONOXHUTb B Helt

P=1, Q=R=0; Q:], P=R:0; R:.:], P=Q=O,

Wrak, 2zaennii sexmop Oassenuii pasen nyaw.

Uns onpenefeHHR rNaBHOrO MOMEHTA CHCTEMbl 3JEMECHTAPHEIX CHI, CKAaKeM,
OTHOCHTENbHO Hayasa KOOPAHHAT, MPOCYMMHPYEM NDOEKUHH Ha OCH MOMEHTOB
3THX 9NEMEHTAPHHX CHI

p(zcosp—ycosv)dS, p(xcosv—zcos A)dS, p(ycosh— xcosp)dS™).

TakyM 06pa3oM, APOEKUMM TAABEOrO MOMEHTA AABACHMA OTHOCHTEALHO Hayana
OyRYT:

L,==p SS (zcosp—ycosv)dS, Ly=p SS (xcos v—zcos \) dS,
(&) (S)

L,=p S S (ycos A — x cos p) dS.
)

Ecan 8 dopmyae Ocrporpaickoro 83are P==0, Q=pz, R=— py, To noayuus,
y1o L,==0. Tax e nerxo ycraHoBu1b, uto ¥ L,=L,=0. I'1asnviii momenm
Oasrenuii (OTHOCHTEAbHO Hayana) paBeH Hyai0. DTHM W 3aBepulaeTcs AOKasa-
TEeRLCTBO.

3) 3exon Apxumeda. ViasectHo, uTO AaBleHHE WHIKOCTH Ha FOrpymeHHYO
B Hee MIOMAJKY BanpasieHo TO HOPMal¥ K NIOMmafKe W PaBHO Becy CTOoAGa
WHAKOCTH, OCHOBaHHEM KOTOPOTO CHYMKHMT 3Ta NNOUIAKK32, a BHICOTOH — rayGHHA
norpykenua naomaikn. JonycTuM Temepb, YTO B MHAKOCTb MOTPYHEHO TBEpIOe
reno (V); Ha kaxknbiit saemedt (dS) ero HoBepxHOCTH (S) NO yKAa3aHHOMY 3aKOHY

*) HanomHiM, 4To ecaAu ciaraioiiye cuabl no ocaM cytbh X, ¥, Z u npuaokena
oHa B TOYKe (X, ¥, 2), TO MOMEHT CHIH OTHOCHTenbHO Toukd (£, v, {) uMeer
chAefyonue NPOSKUHY Ha OCH:

Li=(y—mZ—(z—0Y Ly=(z——~t)X—(x—E)Z,
Li=(x—8Y=0p—mnX
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IaBUT xuaxocTh., Tpe6yerca OHpeNeiHTh pPaBHONEHCTBYIOIMYI0 SIEMEHTapHEIX
IaBAeHHMNA M ee TGYKY NPHIONEHUA.

Jas peumienys STOM 3alayM BbIGEDEM KOODAMHATHYIO CHCTEMY, COBMECTHB
HAOCKOCTB Xy €O CBOGOAHOH NMOBEPXHOCTLIO XHMAKOCTH, 4 OCb Z HANDABHB BeEp-
TUKaAbHO BHU3.

Tlycth ydeabHHHA BEeC WUIKOCTH DaBeH p, a ryGMHA MOTPYKEHUA SJEMEHTA
(dS) ectb z; TOrha MCHHITHBAECMOE STHM 3JAEMEHTOM IaBieHWE Oyler

p2 dS,
a MPOEKIMH €ro Ha OCH:
—opzcos A dS, —pzcospdS, —pzcosvdS.

B rakoM clayyae IJA NPOEKUUH IIaBHOTO BEKTOPA HA OCH HMeEeM:

R, —pSSzcos)\a'S Ry=—pSSzcosg.tdS

R,=—p SSzcosvdS

(S)

C nomoupio Gopmyasr OCTpPOrpaickoro, Kak M B npelnayuielt 3axave, Jerko
NoAyUHTD

Ry=Ry=0, Ry——p SSS AV=— V.
(V)

TakuM 06Pa3oM, 2448HbLIE 6exmOp OQBAEHUIL HANPABACH BEPMUKGALHO 68EPX
U pasen 8ecy BbLMECHEHHON mesOM dHcudrocmy.

PacCMOTpPHM Temepb MOMEHTH 9JeMEHTAapHBIX CHI OTHOCHTENbHO I1EHTpa
trsokectn C(§, m, {) Tena (34ech M Haabuie UMeeTCHs B BHAY WEeHTD
TAKECTH 2COMEMPUYECKO20 Teda, NP PaBHOMEPHOM pac-

eLeNeHNHN MaccC, OH MOXET He COBNajaTh C HEHTPOM TAKeCTH (Puauue-
ckoro rTena). CocTaBAAwLIMe IAEMEHTAPHLIX MOMEHTOB MO OCAM GyAyT

pz[(z— ) cosp— (y—n)cos v} dS, pz[(x —E)cos v—(z—{)cos A} 48,
pz [(y — m)cos A — (x — §) cos p] 48,

a IJa COCTABJSAIOUIMX IIABHOIO MOMEHTa (OTHOCHTENbHO TOYKH C) noayumm:

L,=p S S 2 [(z — &) cos p — (y —m) cos ¥] 4S,
(S)

Ly=p SS 2 [(x — ) cos v — (z— Ly cos N)] S,
(S)

L,=p S S 2[(y —n)cos A — (x — E) cos p] 4S.
(S)

[Mpumenss x nepeomy maTerpaay dopmyay Octporpaickoro, Hafizem

beme [ [0 20 -
= [ {§a—nav=e[w—([{rav]=o
(V) V) ’
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K60 WHTerpan S“Sy dV ecTb CTaTHYeCKM# MOMEHT Tela OTHOCHTeNbHO Mio-
.

14]
CKOCTM X2z W paBeH 7V. AHaJOrHYHO yCTaHaBausaercs, uro L,=0; Henocpen-
CTBEHHO MOAYyyYaeTcs, HaKoHel, 4yTo M L,==0.

Wrax, 24a6Hblil MOMEHM OGBAEHUL OMHOCUMEALHO LeHmMpa MAKNCECINY MEAd
paser Hyawo. CONOCTaBIsAA 3TO YTBepXkJAEHHE C paHee JNOKA3aHHHIM NpeNIOMKe-
HHEM O TNaBHOM BEKTOpe, NPUXOAMM K TAaKGMY 3aKIOUEHHIO: HA MeA0, no2py-
JICEHHOE 8 JICuUOKOCMb, €O CMOPOHB. nocAedHed Oeiicmayem cura, pasHas secy
2CUOKOCMY, BbLMECHEHHON MEA0M; 3MA CUAL NPUAOHCEHA K UEHmpPY MANCeCHi
(2e0MempudecK020) mesd U HANPABACHA 8ePMUKANALHO BBEPX.

4) Hcenedosanue nosepxrocmubx unmeepasog. I1ycTe B HEKOTOPOH OTKpHI-
Toll o6mactm (T) TpPexXMepHOro NPOCTPAHCTBA 3alaHbl HENPEPHBHHE (YHKUHH
P, Q, R. B3sB 1106y10 3aMKRYTYI0 MOBEPXHOCTb (S), Mexailyio B 3TOH 061acTH
¥ OTPaHAYMBAIOINYI0O HEKOTOPOE TelNo, PACCMOTPHM NMOBEPXHOCTHBIH MHTerpan

SSdedz+dedx+Rdxdy=
(S)

=SS (P cos A + Qcos p. 4 Rcos v) dS. (8)
)

Kaxomy ycarosuio 0onscust ydosaremsopams dynxyuu P, Q, R, wmobu
unmezpan (8) scaxuil pa3 OKA3LBAACS PABHHLM HYAI0?

dra 3ajaya aHaNOrMWyHa 3afaye 06 OGDaulEHMH B HYJb KPHBOIMHEHHOro
PHTerpana Mo 3aMKHYTOMY KOHTYpy [n°® 348 u 374], xoropas &erko paspemanach
¢ moMomkio dopMyant I'puna naum Crokca. 3mech ke Mwl npuGernem x dopmyne
Ocrporpanckoro, npexnosaras, XOHeyHo, 4yTo Axsa Gynxkuu#t P, Q, R cyuiecTsyior
H HenpepbiBHH Te NPOU3BORHHEIE, KOTOPbe QUIYPHPYIOT B 3TOH dopmyre.

Onrako 1as Toro W4ro6h WMeTh NPaBo npeoGpasoBath uuTerpar (8) mno
topmyne Ocrporpafickoro, HeOGXOIUMO ¥ B HACTOAILLEM CIyyae HaNOXHTh HEKO-
TOpOe OrpaHHYeHHe HemoCPeiCTBEHHO Ha OCHOBHYI o6xactb (T). MiMenHo, HyxHO
noTpeGoBaTh, UTOGH, AUMlb MOABKO NPOCHMAs 3GMKHYMas nosepxuocms (S),
ozpanuqusaowas meno (V), npunadrexcum obasacmu (T), mo u amo meao
maxace Yeaukoxm codepacumess 8 obaracmu T. O6nractb, O6TNAOUIYI0 STHM
CBONCTBOM, Ha3HBAKWT (<IPOCTPAHCTBEHHO») OXTHOCBA3HOIM (cp. n° 374).
CymHOCTh 3TOr0 THHNA ONHOCBA3HOCTH COCTOWT B OTCYTCTBHH <Ibip», XOTd OM
¥ TOYEYHBIX; IO OTHONEHWIO K Tejly, He MPOCTHPAIOUIEMYCs B GECKOHEYHOCTh,
MOXHO 6HIO Gbl MOMPOCTY MOTpe6oBaTh, YTOGH ero rpaHuuefl cayxuia oLHa
€NUHCTBEHHAA 3aAMKHYTasa MoBepxXHOCTb [cp. n°® 348]. [losroMy, Hampumep,
B OTIHYME OT CKA3aHHOrO MO IOBONY <MOBEPXHOCTHOM» OJHOCBS3HOCTH B n° 374
3fiech Top OYAeT ONHOCBA3HHLIM TeNOM, a Nonxas chepa — HerT.

$opmyna OcTporpaickoro cpasy IPHBORMT K HCKOMOMY YCHOBHIO:

oP | 9Q , OR__
Sttt =0 (B)

JoCTaToOYHOCTb €ro OYEeBHIHA, 2 HEOGXONUMOCTh JIErKO JOKA3hBAETCA C NIOMOIIbIO
Iuddepennyposanua TpofiHoro mHTerpana no o6nacru [n° 377, 8°).

AHaJOrHYHO CIYYald KPHUBOJMHEMHHX HHTErpanos, BONpoc 06 o6paueHnH
B HYAb MHTErpaza N0 3aMKHYTOM IIOBEPXHOCTH OKa3biBAa€TCSs DPaBHOCHALHHM
BONPOCY O HE3ABHCHMOCTH MHTerpafa IO HE3aMKHYTOH NOBEPXHOCTH, <HATAHY-
Tofi» Ha NaHHHIH KOHTYD, OT ¢opMbl MOBePXHOCTH. OCTAaHABAWBATLCA HA 3TOM He
CTaHeM,
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§ 3. SAMEHA TEPEMEHHBIX B TPOHHBIX HHTETPAJIAX

882. MpeoGpasoBanue npocTpaHCTBeHHbX obnaacredt. Mpew, pas-
putsie B n°362 B cBasw ¢ mnpeoGpasoBaHueM NJIOCKMX o6JacTed,
€CTECTBEHHO, MEPEHOCATC! W Ha cAyualh NpOCTPAHCTBEHHWX oO6aacretl.

Ilycte uMeEM NPOCTPAHCTBO, OTHECEHHOE K CHCTEME NPAMOYTOJbHBIX
KOOPAMHAT XyZ, W APYroe MNPOCTPAHCTBO C CHUCTEMOH Koopamhar Sl.
PaccmoTpum JiBe 3amxnyThie obGaacte (D) u (A) B 3THX NpPOCTPAHCTB2X,
OrpaHMyYeHHHIE COOTBETCTBEHHO RoBepxHOCTaMH (§) u (T), KOTOpHE MB
Bcerfa OyjeM Tnpeanonarate KycouHo-raaaxumu. JlomycruM, uro 3TH
obnacTH CBA3aHH MEXAY cOGO#f B3AHMHO OMHO3HAYHHM HENPEPHIBHKM
COOTBETCTBHEM, KOTODOE OCYIIECTBAAETCA (popMyamu:

x=x( n 0),
y=y (E» LY C)’ (1)
z=z@E 7 0.

I[Ipu stom, neoGxomumo, mouxaxm nosepxnocmu (L) omseuarm UMeHHO
mouru nosepxnocmu (S), 1 HaoGopOT.

Hycrs ¢yuxnmm (1) aMeor B o6aactd (A) HenpepHBHHE YacTHHE
MPOU3BOAHKIE;, TOTAA M (PYHKNMOHANBHLA ONpPENeNHTENb

D(x, ¥, 2)
DE Y

TAKKe sBAAETCA HempepuBHOH (yHkuwed B (A). Mu m axech [cp. n° 352]
Gyaem cuuTath, uTO 9mom onpedesumens 8ce20a OMAULEH OM HYAR
COXPAHAN NOCMOSHKHLY 3HAK.

Toraa d¢opmyan (1) npeo6pasyioT KyCOUHO-TAIAAKYI0 NOBEPXHOCTH,
coaepxantyiocd 8 00aacTH (A), B KYCOUHO-TIafKYil0 Xe HOBEPXHOCT,
aexamyio B (D), u oGparno.

Yucma § v, § onHosHauHo Xapakrepusyouiue NOJONKEHHE TOUKH
B NDOCTPAHCTBE XyZ, HA3HBAIOTCA KPUBOAUHELHWMU KoOpouHamamu
3To#t TOuKM. TOuKH mnpocTpaHcTBa Xy2, A KOTOPHX O/lHA H3 3TAX
KOODAMHAT COXPAHAET NOCTOSHHOE 3HayeHue, 0OPA3YIOT KOOPOUKAMHYIO
nosepxnocms. Beero OyReT CyileCTBOBaTb TPH CeMeHCTBa TakuX KoOp-
AMHATHHIX MNOBEPXHOCTEH; uepes Kaxayw Touky obaactu (D) mpoxodut
[0 OJHON MOBEPXHOCTH Kaxaoro cemeHcrpa.

Bnpouem, Bce 9TO OyAeT TaKk JMHb B NPEATNOJNONKEHHH CTPOro#
ORHO3HAYHOCTH COOTBETCTBUA MexAy obaactamu (D) u (A). Ha npaxtuke
9Ta OJHO3HAYHOCTb YacTO HapyIUaeTcs.

Meumern. 1) Lusundpuueckue xoopourams: NPEACTABAAOT COCRUHEHHE
HOAAPHBX KOOPAMHAT B NAOCKOCTM Xy C OGBIYHOHM NexKapToBOH anmiukaroll z
(puc. 63). Popmynsi, CBA3KBAK0LIAE UX ¢ NCKAPTOBbIMY, HMEIOT BUA

x==pcosf, y==psinh, z=2 (2)
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O1H dopMyan orobpaxkar 06aacTh
0<<p<4oo 0<B<22n, —0<z<+00

Ha BCe TpPOCTPaHCTBO xyz. OTMETHM, ORHaKO, 4TO npamas p=0, z==2 oTo6pa-
kaerca B oxny Touky (0, 0, 2z); 9THM HapymaeTcA B3auMHas OXHOSHAUHOCTb
COOTBETCTBUA.

Koopausarhsie NOBEPXHOCTH B PACCMaTPHBAaEMOM cayvae Gynyr:

(a) p == const — NUAMHAPHYECKHE MNOBEPXHOCTH C 0GPa3yIOWHMMH, Napannenbs-
HBIMH  OCH 2; HaNpPaBAAWLIMMH JAf HUX CAyXaT
OKPYXHOCTH Ha IUIOCKOCTH Xy C HEHTPOM B Hauaie;

(6) 8==const-— mOAYNIOCKOCTH, NpPOXOAALLHE
yepes ochb 2;

(B) z==const— HIOCKOCTH, NapafnenbHbie NA0C-
KOCTH XY.

dyukuyuonanbHb onpefeantelp Apeo6pasoBa-
HHR:

cos8 sin8 O
J=|—psin® pcos® Oj=p
0 0 1

cosb sin @
—sin@ cos 8

|=

Puc. 63.

HUckamouan cayuaft p==0, oH coxpanseT TOJOXHTEAbHbA 3HAK.
2) Ciepuseck e K0OPIUNaMY, HA3HBACMEIE HHAYE NOAAPHULMY KOOpOUHamaNL
8 npocmpancmse, CBA3aHN € NCKapTOBHMH QopMyramn

X==rsingcos8, y=rsinesinb, z==rcosy,
rie
0<r<4oo, 0<osn, 0<<OI<2m

Teomerpuuecknii cMbiCaH BeauuuH r, ¢, 8 sAcen us puc. 64: r ecTb pamuyc-Bex-
Top OM, coemmpsomu#t Havano (H0AI0C) C HaHHOM TOuKOW M, ¢-— yroa,
COCTaBAAEMHI 9STHM pPaIHYCOM-BEKTOPOM C OCLIO 2
(nonspHO# ocbw), B-—yrom cocraBaseMuit c
ocbI0 X npoexune#t OP = r sin ¢ paanyca-sekropa OM
Ha NI0CKOCTb xy (MepneHTUKYAAPHYIO K NOAAPHOH OCH).

B 9TOM cayuae MH CHOBa CTaAKHBaeMCs C Hapymie-
HHEM B3aUMHOH ORHO3HAaUHOCTH COOTBETCTBHA: MNAOC-
xocts r==0 npocrpanctsa r¢f oroSpaxaercs B Hayalzo
KOOpIMHAT X=y=—=2z:=0, npaMaa ¢=0(x), r=r
0TO6paxaeTcs B ONHY TOYKY

Puc. 64. x=y=0, z=r.

KoopaunarHsie IOBEPXHOCTH COCTaBAAKT TpU cemelcraa:

(a) r = const — KOHUeBTPHYECKHEe cdepul C LEHTPOM B Hayale KOODHHMHAT;
(6) 3=const—xpyronue KOHYCH, OCbJ0 KOTOPHIX CIYXHT OCb Z;

(B) U= const — NOAyNIOCKOCTH, IPOXONAillNe Yepes ocob 2.

Onpefeantent STOro Npeo6pasoBaHua:

sin g cos 6 sin ¢ sin 6 cOs ¢
J=| rcosgcos® rcosgsin® —rsine|=r2sing.
—rsingsin0 rsingcosd 0

OH COXpaHAET 3HAK IIOC, 33 MCKMIOYEHHEM YNOMAHYTHX Bbille CHyyaes,
Koraa r=="0, m60 ¢=0(x), ¥ ompereaurenb o6pamlaerca B Hyib.
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383. Boipawenue o6beMa B KpuUBOJAHHeHHBIX Koopausarax. Ilpu
npeanojoxeHusx ¥ obo3Hauenuax n° 382 nocrasum cebe 3amaued Boipa-
surp 00beM (OrpaHuueHHoro) Tena (D) B NPOCTPaHCTBE XyYZ TPOHHBIM
AHTErPajoM, DPacHPOCTPAHEHHHIM HA COOTBETCTBYIOmEe Tedo (A) B mpo-
crpancrse Evl #).

WUckompi#t 06beM BLIDakKaeTCs NpexJe BCErO NOBEPXHOCTHBIM MHTErpa-
JoM BTOporo Ttuna [cM. n° 380, (6)]:

D=‘5VS zdxdy,
(S)

pacnpOCTPaHEHHHIM HA BHEWIHIOI CTOpPOHY mosepxHoctd (S). Orciona

nocrapaeMca nepefiTy kK OOHIKHOBEHHOMY ABOMHOMY HMHTErpajy.
Bynem ucxomure u3 napaMeTpHuECKHX ypaBHeHu# nosepxHocTH (X):
=L@ v, 1=7(@ v) (=@ 1) 3

HpEANo/aarad, 4To NapaMeTPH U3MEHSITCH B HexoTopo# obaactu (E) xa
NAOCKOCTH uv. 3ameHuM B opmyaax npeoGpasosanns (1) § 7, { Buipa-
KeHuamu (3); TOrAa Mbl NOJy4MM, OUEBMIHO, MapaMeTpUUECKHEe YDaBHE-
Husg noBepxHocTé (S):
x=xE@ v), 1% v), L@ Y)=x(@ v),
y=y@ v), 2=z v).
Monaras
_Dxy
C'—D(u, v) ’

no dopmyne (7) n° 372 [cM. 3ameuanue] umeem

D==+ SS z2Cdudv.
(E)

Tax kax x, y 3aBucar OT I, U Yepes MOCPEACTBO NepemeHHHX & 7, G
TO, O U3BECTHOMY CBOMCTBY (PYHKUHOHAABHHX onpelemurtened [n° 326),
c=L2&xy DE n)_l_D(x, ¥ D, C)+D(x, y) DE 9

DE v D v D%, ) D(u,v) D, &) D(u, v)°
IMoacrapass Buipawenue C B MOJYUEHHHIH Bhllie WHTErpad, Hahaem

D= ({2[BE DGy Dy DinD |
(B)

DE ) D(u, v) D(n, ) D(u, v)

D(x,%) D
50 Dugl et @

*) Kak » B n° 353 mMsl u 33ech MpefnonaraeM JOHNOIHMUTENBHO CYHIECTBOBA-
HHe ¥ HENPEepPhBHOCTb YACTHLIX [IPOMU3BOAHLIX, CKAXEM,

xé’n, x;’;e, ey yg,], y;l’e, e

310 obneryaer AOKa3aTenbCTBO, XOTA HE CYWIECTBEHHO IJaA BEPHOCTH CaMoro
pesynbTrara.
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ComocraBuM 3TOT HHTErpal C NOBEPXHOCTHBIM HMHTETDAIOM BTOPOTroO
THI3, PACNpOCTPaHEHHHIM HA BHEUIHIOK cTopoHy mnosepxHoctd (L):

D (x, N4  D(x, 9) D(x, y)
SS ¢ e it g+ gEPad | ©

Ecia ero npeo6pasoBarh, HCXOAS U3 NapaMeTpHYECKUR ypasseHu#t (3),
K OOLIKHOBEHHOMY [BOMHOMY wuHTerpany, no ¢opmyJe, aHaIOFHYHOH
dopmyne (7) n° 372, To nmpumeM Kak pas K uuterpany (4). Eauucreen-
HOE pasiuyue MEXAYy STHMH HMHTErpajJaMd MOXEeT B8aKJ/IouaTbCd JdLIb
B 3HaKe.

Hakonen, or unterpana (5) mo dopmyae OCTporpaackoro MOXHO
nepelitd K TpofiHoMy uHTerpany mo obuaactu (A):

o= [[§ 3R [BED | 456} o

INoaunterpansHoe BHIpaXEHUE DABHO

0z D(x,y) | 02 D(x,y) | 92 D(x, 9)
EDm D T DGO TEDGEw

0 D(x,¥) , 0 D(x,9) iD(x,y)]
+2|% bt th b T % e
Cymma, crosuias saecb B NEPBOH CTpOKE, paBHa (DYHKLMOHAILHOMY
ONpENETUTENO

0x dx ox

0k on ot
D(x,y,2)__|dy oy dy
DE 7,0 | 0 on o |
0z 0z 0z
0 on ot
B ueM Jerko yOemuTbCs, pasjaras 3TOT ONPEAEIUTENb MO SAEMEHTaM

nocnefHel CTPOKM; CyMMa e B KBaJAparHBIX CKOOKaX, KaK MOKa3hBaeT
HENMoCpeACTBEHHOE BHIUHCIEHHE, PaBHA HyJIO *).

#) OueBuaHO,
0 D(x,y)__ 0°x dy , dx 0d% x dy Ox
0 D(n,C) 090t oL ' Oq OCOE  OCOE 0q OC Omok’
0 D(x,y)__ 0% 6y+0x 0%y O*x dy 0x 0%
on D, E) o0Loq 0k ' . 050y otom oL  OE oCon’
d D(x, »_ 0%x dy , 0x 0% 0°x dy Ox &%
ot D ) 08d% on a“eaTaZ‘anac 08 o oEoL”

CknapniBaa 9TH PaBeHCTBA IOYACHHO, NMONYYHUM ClIpaBa TOXACCTBCHHO HYIb.
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Taxum o6pasom, npuxoAnM K (dopMyne

D_.j_-”sgg ;]‘:’tz))dEdndC.

Ecau BCIOMHHTB, ¥TO 70 TPEANOJNONKEHHIO (PYHKUHOHANBHLIA Onpenenn-
TENb COXPAaHfeT BSHaK, KOTOPHH OH cooOilaeT W MHTErpany, TO CTaHeT
ACHO (TaK Kak MH 3ieck cynTaeM D>0), 4T0 3HaK Nepel HHTErpajioM
HDO/KEH COBNAJAaTh CO 3HAKOM onpefenuTens. 310 JAdeT HaM MNPaBo
nepenncarTs NOJYYEHHHH pe3yabTaT B OKOHYaTe/AbHOH dopme:

o= 98] s

nnn, o608Hayan GYHKUMOHAABHHHI oOnpefeauTens AAS KPATKOCTH uepes
JE& 7w O

D= S(.S)S [JG 1 O|didndl. 6%

IMoamsTerpanstoe BHpaxeHne

Dx, ¥ 2) —
paps IdEdndC_—lJ(E, 7, 0| dtdnd
OGHUYHO HA3WBAIOT SALHENIMOM 005eMQA 8 KPUSOAUNEHRHX KOOPOURAMAX .

Ecau npumenuts k dopmyae (6%) teopeMy o cpeineM, TO MOAyuHM
COOTHOUIEHUE

D=|JE n Ci4, )

rae (¢, m, {) ect» Hekoropas Touka u3 obiaacra (A), a A — o6beMm
ato#t obnacru.

Orciona JIerkO BHBECTH, YTO TIPU CTsrUBaHAH o06xacTy A B TOUKY
¢ w () Gynem umers [cp. n° 877, 8%

!J(E, % C)'=HmQA"
TaK YTO abCOMOTHAs BeJHUMHA (YHKIHOHANBHONO ONpENEAHTENs €CTh
KosppuuueHT pacTAxeHns npocrpaucrea Enl (8 ZanHoh ero
TOuKe) MpH NMpeo6pasoBaHUM ero B NPOCTPAHCTBO XYZ2.

3ameuanne. Popmyaa (6) [(6%*)] smBeseHa npu M3BECTHHX NpeA-
NOJIOXEHUAX — B3aUMHO  OJIHO3HAYHOE H HENpepHBHOE COOTBETCTBHE
Mexay ofaacramu (D) u (A) m 1. & Onmuako, kak u B n° 354, 4°
MOXHO TIOKas3aTh, YTO HapyHIEHHE STHX YCJOBMH B OTAENbHHX TOYKaX
uAM BIOAb OTAEJbHHX /JuUHUH ¥ NOBEpPXHOCTeR He Mewaer dopmyie
O6uTh BEpHOH, s OH  (YHKUMOHANLHHIA ONpeAENUTeNb OCTaBajCs
OrpaHNYEHHbIM.
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384. Teomerpuueckult BHBON. Brpsoa dopmyan (6) MoxHO mO-
cTponts, caeays OCTPOrpaiCKOMY, M Ha WHHCTO reOMETPHYECKHX C€O06-
paxenusx [cp. n°366]. BecKoHEYHO ManOMy npPAMOYrOJBHOMY Napal-
Jeaenunefy B npoctpaucrse {7 ¢ usmepenmamu df, dv, d{ comocra-
BJSETCH SJEMEHTADHOE TeJO B NPOCTPAHCIBE XYZ MEKAY KOODAMHATHHIMA
nosepxHocTaMu <& u «E—-db», «p B <a-bdy, &> u L-4-db,
KOTOpOe NpuGAMKEHHO MOMKHO DacCMAaTPHBaTh, KAK KOCOYrOABHbIN Na-
pannenenunen. Ero o6bem paseH yumecTepeHHOMY oObeMy TeTpasppa
C BEDHIMHAMA B TOYKAX:

Py(x, y, ), P,(x-—{—%d&,y—{—%%d&, e+%a),

Pa(x—}—ge—xdé—l—%dn, y+Za+ L, z+%§de+%dn),

PilstFattFant Fan y+ o+ Fant+Fa
z—{—%gdi—g—g—zdn—}-%%dc).

W NO HMSBECTHOH M8 aHANUTHUECKOH reoMETpHH (OpMyne BHIpaKaercs
(no aGcomorHoR BeauunHe) onpeAeNHTENEM

ox ox ox
B g V| Dy 2)
gd& ﬁd’fj ot dc =D (5, ) C) dE dndt.

0z

ok
Cymmupys 9TH OTAe/bHHE <3JeMeHTH 0GbeMa», NpuxoiuM K ¢op-
myae (6).

Takum oOpasoM, cywecmso desa u 30ecs 8 mox, 4mo 041 onpede-
SREHU O0BEMA MEAG OHO PA3AG2AENMCS HA IACMENIMB HE C NOMOULI0
cCHCmeMb 83AUMHO MePHENOUKYAAPHBX NAOCKOCMEl, @ € NOMOWsI0
cemKu KOOpOURQIMHNX NO8epXHOCMEl.

B npocTHX cayuasx BHpaXeHHE A <«HTEMEHTa 00LEMa» B KPHBO-
AMHEHHHIX KOOPDAMHATaX MOXeT OhTbh NOJYYEHO HENOCPEACTBEHHO.

P g%dn 2

Jna mpuMepa B ciyyae HMAMHJIPHUYECKHX KOOPAMHAT PaCCMOTPHM
5NEMEHTapHYI0 061acTh (B HPOCTPAHCTBE Xy2), OTPEHHYECHHYIO ABYMA LHIHHADH-
YeCKMMM HOBEPXHOCTAMM DPaiuycoB p H 0 - dp, ABYMA IOPH3OHTAABHHIMH I110-
CKOCTSMH, NEXAIMMMU HA BHICOTAX 2z H 2z - dz, ¥ ABYMA NOAYMAOCKOCTAMH, NPo-
XOAAIHMH Yepe3 OCb Z M HaKJOHEHHHIMH K INIOCKOCTH X2 nmox yraamu 6 u 0 -4 46
(puc. 65). Cuynuras npubauxkeHHO 9Ty O6GNAacTb NPAMOYIOJbHHM Mapairefenuie-
noM, 6e3 TpyHa HaxolHM, YTO H3MepeHus ero cyTh dp, p db u dz, Tax yto o6bem
ero paseH p dp d8 dz, a onpeneanrens, NpeACTaBAAIOUINE OTHOMIEHHE 3TOrO 06beMA
K o6beMy dp dB dz sneMenTapHOro mapanfelenHnesa B MpocTpaHcIBe pfz, paBeH p,

AHanoruuno, B ciyyae chepuYeCKHX KOOPAHMHAT PacCCMOTPUM 3ie-
MEeHTapHYI0 064acTh (B NMPOCTPaHCTBE XyZ), OrPARHYEHHYI0 cdepaMmu paumycos r
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ur-dr, xoHycaM® ¢ M ¢--dp u poaymnockoctsmH 6 u 64 40 (puc. 66).
U ary o6aacTb MOXHO NPHHATL 3a NPAMOYrONbHHH TNapanielenuiueq ¢ u3Mepe-
nuaMu AD=dr, AB=rdy n, naxonen, AC. Tax xak nyra AC paBHa cBoei
npoekunn MN, a nociaepusa onmcana paguycom OM=rsin ¢ u oTBeyaeT LeH-
TpasbHOMYy yray df, to AC==rsin ¢ df. B cuay storo o6beMm paccMaTpuBaeMoh
o6nactu pased r?sin o dr dp d, a GyHKumoHaabHEIH ompexenuTeab ecTh r2sin ¢,

O6a 3TH pesyabTara, HalfeHHHX z
H3 dJIEeMEHTaPHO-reOMeTPHYECKHX CO06-
paxeBuH, CcOrxacyioTca CO CKa3aHHHM
B n°382, 1) n 2).
?
4
///
//
NK1dz
) , J
z J
a6 e
6 APX
------ “Wigs
z
Puc. 65. Puc. 66.

385. 3amena mepeMeHHbIX B TPOUHBIX MHTerpaiax. C nomousio
BHIpaXeHus o0beMa B KDUBOJMHEHHBIX KOOPAMHATAX HETPYAHO YCTaHO-
BUTb M OOmyio QoOpMy/y 3aMeHbl NEPEMEHHBIX B TPOHHBIX WHTErpanax.

Iycre meway ofmacramu (D) u (A) npocTpancts xyz u &yt cyme-
CTBYET COOTBETCTBUE, oOXapakrepusoBaHHoe B n°382. Cuuras cobio-
ACHHBIMA BCE YCJOBHUS, NPM KOTOPHX Oblia BhiBedeHa (opmyna (6), Ml
MOKAXEM Tenephb, YTo HMEeT MECTO CJAEAYIOUIEE paBEHCTBO:

SSSf(x, Y, Ddxdydz=

()

={{{7¢6n 05620 2640196 v 918ma; @®

@)
_D(x, 32
(rlle J(E, , C)—m—))
BIIOJIHE AHAJOTHYHOE (OpMyJie 3aMeHbl NepeMEeHHHIX B JBOHHBIX HHTE-
rpanax. Ilpu stom ¢ysxumio f(x, y, 2) Mpl npeanosaraeM HenpepbBHOH.
Takum o6pasom, cywecrBoBanue 0GOMX HHTErpajioB B paseHcrse (8)
HE BHI3HIBAET COMHEHWH; HYXKHO YCTaHOBUTb JHINb CaMOE€ DPaBEHCTBO.
Ilna nokasatenscTBa NOCTynmaeM Tak ke, Kak ¥ B n° 356, Pasnoxns
KYCOYHO-T/IafiKumMu noBepxHocTaMu obaacty (D) u (A) Ha (cooTserct-
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Bytwoune Apyr Apyry) sjementapusie vactu (D) v (A)(I=12,..., n),
npuMeHuM K Kawao#t nape obaactett (D), (A;) dopmyay (7); ms no-

Ty4uM o
Di=|JCEy np )] As )

rae (8, m; {;) ecThb HekoTopas Touka 00JacTH A, He saBucAmlas OT
Hawero BuiGopa. BosbMem coorsercreylomyio Touky (X, Fip 2
obaactu (D;), 1. e. TOJOKUM

T=xC M &) Fi=y@ % ) Z=2G MW L) (10
U COCTABUM HHTErDAMBHYI0 CyMMy A/ HEPBOro M3 uHterpatoB (8):

°=Zif(fir J» 2) D;

Ioncrasus crona BMecTo X, ¥;, 2; swpaxenus (10), a smecro D; — Bl
paxenue (9), OpuieM K CymMe

°=2if xCE M &) yEo M &) 2G M WV E M ) A,

KOTOpasi, OUEBUMAHO, YXKe ABJAETCS HHTErPAILHOM CyMMOH s BTOpOro
u3 uHrerpanos (8).

Yerpemum K Hymo Juamerpnl obJsactelt (4A;), BCAENCTBHE uero B CHAY
HENPEPHBHOCTH COOTBETCTBUA YCTDPEMSATCA K HYMI0 W JuaMmerps oGia-
creit (D;). CymMa ¢ JOMKHA CTPEMUTbCS ONHOBDEMEHHO K oBouM uHTE-
rpajaM, OTKyAa W cJeiyer Tpefyemoe paBeHCTBO.

Kak u B cayyae ABOHHBIX wuHTerpanos, Qopmyia (8) umeer MecTo
B psfle cayyaes, Korja cOpMyIMpOBaHHME BEILiE NPEANOJIONEHUs Hapy-
IIAOTCA B OTAEABHHIX TOYKAX MM BAOJb KOHEUHOrO uHCHA JHHAH H
nosepxHocretl.

386. Mlpumepbl. 1) BoiyHCAHTh O6bEM Tejna, OPPAHMYECHHOrO MOBEPXHOCTHIO
x4yt 22 =at.

PEmenue Teao pacnonomeHo CHMMETPHYHO OTHOCUTENbHO HIOCKOCTef
vz ¥ zx, u60 X W y RXONAT B YpaBHeHMe TOZbKO B KBagparax. [lamee, mockoabKy
JieBasg yYacTb YDaBHeHMf BCerja NOJNOKHTeNbHa, Heobxogumo u 2 =0, T. e, Bce
TENO MEXKHT BBEPX OT IMOCKOCTH Xy, JTH 3aMeYaHHsA NO3BOAANT OTPAHMYMTHCS
BhIyHCAeBHeM 06beMa YETBEPTH Hailero Tena, gexkauiel B NEPBOM OKTaHTE.

Hannune B ypaBHeHuu Bmipasenua X% --y® 4 2? NoACKa3nBaeT HAM NEPeXOL
K cepuyeckum KoopauHataM. [IonCTaBiasA B ypaBHeHne NOBEPXHOCTH BbIPameEHHUA

X=rsin gcos8, y=rsingsind, z=rcose,
npHieM K YPABHEHHMIO NOBEPXHOCTH B CepHYECKHUX KOOPAMHATAX:
r=a?%/ cosq.
Tak xax nepBm#t OKTaHT XapaxkTepusyercsi HepaBeHCTBAMH

o, i<l o,

I<y<, 2
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TO, YUHTHBAA 3HaueHHe QYHKNHORANbHOro ompeneantens J=r?sin ¢ [n° 382, 2)],
6ynem umeThb

12'- ; a 3/cose 25
V=4 (dﬂ§d¢p [S r"sinqndr=%1:a8 Ssin (pCOS(pd(p:% nad,
0

.

2) Tlpumenenne yuALHOpU4eCKUX KOOpOUHam X BHUNCAEHWIO 06beMa Teda
NPUBOMMT K HHTEepecHOi dopmyrne.
Paccmorpum Teno (V), OrpaHuueHHOe KYCOYHO-TAafKO{l INOBEPXHOCTBIO, H
DPEANONOKHEM, YTO KCXONAMAA M3 OCH 2z NOAYNIOCKOCTH, OTBeyawmasn § = const,
nepecexkaeT Tea0 MO HEKOTOPOH miIocko# durype (Qg)
z npu m3meHenud 6 ot a o B (puc. 67). Torma

V= S(S')S p ddedz:SadG SS p dp dz,

< (Qp

nprueM ¢urypy (Qg) yRo6HO OTHECTH K NPAMOYrOAbHON
CHCTEME KOODIMHAT pz, Bpaimlawoumeiica BMECTE € yno-
MAHYTOH MONYNIOCKOCTHLIO BOKPYT OCH 2z ¥).

Tenepr merko BuaeTs, uTo RBOHHOH HHTErpax

y/

p dp dz DpenCTaBAAET CTAaTHYECKHH MOMeHT Qu-

4 Qp)
8
Puc. 67. rypu (Qp) OTHOCHTENBHO OCH Z, KOTOPHH paBeH npo-
usseneHnio naomaan Q (6) stolt dpurypm Ha paccrosa-
nue pe (6) ee nentpa taxecty C or ocu z:

SSpdpaz=o<e>~pc<e>-
Q)

[Moacraenas 9TO B BHpaxenue JAAs O6bEeMa, DPHAEM K OKORYaTeAbHON
dopmyne:

B
v={ 0w o

dra dopmyna Gbina ywasasa I1. I1. Kyckosum. Ora ocoGenno ynoGHa faa onpe-
pexenns o6beMa Tel, NONYYAMIUXCA NPH BUHTOBOM NBHXEHHH NIOCKOH QUryphl
(nocrosnHo#t map nHeopMHpYOIEHCA), KaK TO: BMHTOBHX Hape3oK, NPYXuH
HT I

Ecan teno (V) ecTh NONPOCTY T€A0 B P a e B U A HEH3MEHHON Qurypu (Q&,
He MNepecekaomedl OCH 2, BOXPYr 3TOH ocH, TO Q== const, po==const, a==(),
B==2m, ¥ ¢opMysa NDHUHHMACT BHR

V=0  2zp..

Ona BbipaxaeT M3BECTHYIO TeopeMY [ yabauua, raacamyo, yro obses
mesa 6pawenus nAOCKOU Puyps. 0KOAO He nepeceKaioujeil ee Ocu pasex npo-

*) BMecTo TOro, uTOGW TOXNECTBEHHYK C el QUrypy OTHOCHTb K HeHO-
JABHXHON NIOCKOCTH pz B DpOCTpaHcTBe pbz.
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u3sedenuto naowadu Imoii Hu2ypu Ha OAUHY OKPYHCHOCHIL, ONUCGHHOL Lenmpo
msaicecmu @Puzypol. Taknm o6pasoM, Gopmyna Kyckosa sBIseTCA €CTeCTBEHHHIM
o606ileBHEM ITOM KIACCHYECKOH TeopeMH H, Ha0GOpOT, JerkKo MOXKeT OHTh H3
Hee MoaxyyeHa.

3) Halit npuTAkenHe, HCHBITHBAEMOE APOH3BOAbLHON TOYKOK A MPOCTpaH-
crBa (Macchl 1) o cTOpOHH OAHOPOMHON cdepnl, € NAOTHOCTHIO 9.

fycre papuyc cheps paBen R, a paccrosnne OA=a. Ocu KOOPIHMHAT pac-
NONOXUM TaK, 4TOGH TOYKA A HAXOAMAACh Ha MONOKHMTENBHOHM 4YacTH OCH 2.

Torpa
F— p(z—a) _
) (S,)S Py te—arn Y

Mepefina K chepuyeckuM KOOPAHHATaM, Hallzem

x = R
r2(rcos ¢ — a)sin ¢ dr do db
= (4 k4 pav
g (e —2arcos @)’/

Ho, onpepenssa nputsxenue cdepuyeckum croem [n°370, 1)], mu yxe Hantau
3Hayenue ABOHHOro MHTErpana

o = 0
§ (rcosg—a)singdedd TP a1,
J ¢ (r*+a*—2arcos ¢)*2

4z
— s upua>r.

B raxkom cayuae npu a>R
1

E’-’

R
I;',,=——:1a—1;‘2 S r? dr=——g— =R
0

amnpn a<R

a
4np 4
Fz=—F r’dr=——§1tpa.

B 10 e Bpema, 0oueBMiHO, Fy==F,==0, Wrak, B0 BCex cnyyaax npurasenHe
HalPaBAEHO K UEHTPY ChepH.

IMpu smom mo4xe, naxodswasncs éxe chepw (a>>R), ucnvmusgem
€O CMOPORB NOCAEONel MAKOe Jice npPumsdCenue, KaKoe ucnsimoeans Ou,

4
ecay Ovi 8 yenwmpe cgepu buaa cocpedomodeHa 8cf ee macca m=-— =R,

C npyro#f cTOpPORB, TaK KaK NO OTHOMICHHIO K TOYKE, JexaumeH# BHYT pu chepn
(a << R), npuTAxeHHe He 3aBUCHT OT R W MMEET TAaKYyI0 Xe BEAHYHHY, Kak H B
cayyae R==a, TO ACHO, UTO HapyxcHuil cepudeckuii cA0l He OKa3vleaem Ha
BHYMPEHHIOIO MOYKY HUKAKO020 Oeiicmeus,

Cnenyer OTMeTUTb, YTO NpH @ > R (KOrjpa nmpUTArdBaeMas TOYKa A Nexur
BHe cheph) MOAMHTErpanbHas (YHKUHA COXPaHAET HEMPEPHIBHOCTb, H BHKAANKH
HH B KAaKMX [OACHEHHMAX He HyxkpaioTca. Mnaue o6CTOMT gReao mpum a<S R
(xorfa TOoYka A JexUT BHYTPHM CcPepH UIM HA €e MOBEPXHOCTH)
B sToM cayuae, MMEHHO B OKPeCTHOCTH TOYKH A, NoAWHTerpaabHas QyHKRus
nepecraeT ObiTh OIPaHHYEHHOH, W HHTErPan HYXHO NOHHMAThb Kak HecC 0 6-
cTBeHHH it. [Toce 3amensl nepeMeHHHX OCOGEHHOCTb HUCUE3aeT; 3T0 06CTOATEAb
CTBO MO3BOASAET H YCTAHOBUTH CYU(ECTBOBaHHE HHTErpala, H OnNpaBiaTh BCe Bul-
KAagKH.
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387. Ucropuueckne 3amedannsi. TpoliHbie UHTerpanbl BrepBhe MOABAAKTICH
B omHo# paGore Jlarpanma 1773 r. (onyGauKOBaHHOH XBYMA TOXaMH N03Ke),
KOTOpas B OCHOBHOM OblNa I[IOCBALIEHA TeOpMH IIpHTAXkeHuA. Onpemerus Kis
CHJIBI IPUTAXKEHUA TOUKH <3JEMEHTADHHIM NapanierenuuenoMs dx dy dz ee npoek-
nuM Ha TPH KOODAMHaTHHIE ocH, JlarpaHxk 3anuMaercs HX WHTETPHDOBAHHEM, KO-
TOpOE OH NIpeAfonaraeT <pacipoCTPaHEHHHIM Ha BCe TOYKHM Texay. 3nech Jlarpanx
W JaeT onpepeieHde TPOHHOTO WHTerpana, Kotopoifi (Kak JsoltHol y Dfiaepa,
cM. n°359), monyuaerca MOBTOPDHBHM MHTETrPHUPOBaHHEM NPH 9TOM
ACHO YKA3HBAETCA, MEXAY KaKMMM HpeNeNaMH HalaeXUT 6paTh MOCAENOBATENbHO
Kacblii U3 Tpex NpocThiX uHTerpanoB. OpsoBpemenno Jlarpaumxk paccmaTpuBaer
TPOHHOM HHTErpHA Kak CYMMY u Jaxe o603HayaeT ero MHOHM pa3 3HaKoM Y.

Y6enuBmuch, B TOM, 4TO (Rake B cayuae cepel) WHTErPHPOBAHHA OKAa3bi-
BAaIOTCA TPYZHBIMH, Jlarpamx ykassiBaeT, YTO IAsa o6AeryeHUs WX caegoBaio Ot
HCI0Ab30BATh JpPYrue IEpPEeMEHHble, W CTaBUT B OOGUIeM BHIE 3a1ayy 3aMeHhI
nepeMeHHBX B TpofinoM Huterpane. Mcrmoansya saBucuMocty MexAy audipepen-
UHalaMH CTapbiX M HOBBIX NepeMEeHHBIX:

dx=Adp+Bdq4Cdr,
dy =Ddp -+ Edq+Fdr,
dz=Cdp-+ Hdg-+1dr

(A, B, C, ...— 1annbie ¢yHKUMM OT p, g, r), Jlarpauk neitaercs HaHTH no-
NPOCTy BhIpaXeHHe CTaporo snemeHta ob6bema dx dy dz yepe3 HOBHY dp dq dr u
APUXOTUT — C NOMOWbI0 HeYOENUTEAbHMX PaCcCyXNeHHA —K PaBEeHCTBY

ABC
dxdydz=|D E Fidpdgdr*#),
GHI

KOTOpOe BooGule HesepHO [cp. n°359]. Mol yxe yNOMHHANH, YTO Ha OMIMGOY-
HOCTh paccyxienuit Jlarpanxa B 1838 r. yxasan Ocrporpanckui; Ocrporpanckuii
TAKKE T€OMETDPHYECKH OCMBICAHI TO BBIPAXEHUE, KOTOPOE nodcmaganemes
BEMECTO CTaporo <aleMenta obbeMma» dx dy dz, ne Oydydu emy pasusiy. [ogpo6-
nree 06 3TOM CM. n° 384,

§ 4. DJEMEHTHI TEOPHUH NMOJA

388. Cransipel H BeKTOpbl. [lpuMeHeHue MHTErpPaNbHOrO MCYUCIEHHA K BO-
NpocaM MaTeMaTHYeCcKoH (M3UKK M MEeXaHHKH YacTo yXoGHee NpOBONUTb B BeK-
TOpHOH Qopme. T[10ITOMY YHTATENO NONEIHO O3HAKOMHTBLCA C HEKOTOPHIMH OCHOB-
HbHIMH NIOHATHAMH BEKTOPHOIO @HANN33, KOTOphle OPHBONAT K BEKTODHOH MHTEp-
NpeTalny MHTErPanbublX 06PasoBaHuil M CBA3LIBAIOIIMX HX QOPMYI HHTETPalbHOIO
HCYHCAEHHA.

Ml fnipepnonaraemM, YTO YuTaTedh yie 3HAKOM C MOHATHEM CKa XA pa MM
CKamADHOM BeJHYHHBl, KOTOpas BIOJHE XapAKTEPHU3YeTCs CBOHM UHCHEH-
HHIM 3H3aYenWeM (KaK, Hampumep, 06BeM, Macca, IIOTHOCTb, TEMNEPAaTypa), H
C NOHATHEM BEKTOPA HIM BEKTOPHOH BeNHYHHD, KOTOpas NIa Mol-
HOTO CBOEro Onpexelenus Tpebyer eule yKasaHHs HA Hanpasaerde (mepeMmenmie-
HHUE, CKOPOCTh, YCKOpEHHe, CHIa M T. IL). [oBOpA O BexrOpe, Mul, KaK OOBIUHO,
6yaeM npencraBIATbh cebe H306GpakaAlOWMil €ro HanpasAeHHbH OTpe3oK. Yeno-

BUMCA 00603HayaTh BeKTOpbl GYKBAMH CO CTpelKaMu Hajg HuUMA A, r, v, ... ;
Te ®e OykBm 6e3 cTpenox: A, r, ©, ... GYRYT 03HAyaTh JJAMHH BEKTOPOB:

A=|A|, r=|r|, v=|2), ...,

*) [puBbrynoro mam o6o3maueHua OnpeleanTeNs Jlarpawx He ynorpe6user
n OHMET ONPENEeNuTens B DA3BEPHYTOM BHIeE,
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a GykBu €O 3HauKaMH: Ay, Iy, U4, ...— HX NPOEKUHH, COOTBETCTBEHHO, Ha OCH
-
X, 3, 1, ... [lpoexunu Ay, Ay, A, BeKTOpa A Ha KOODJMHATHbE OCH BIOJHE €ro
ONpPENeNsioT ¥ NO ANHHE (YHCICHHOMY 3HAYEHHMIO) M 1O HANpPaBAEHUIO.
Mbl cyuTaeM TaKxe, UTO YMTATEAb BJIANEET U OCHOBHBHIMH CBEIEHHAMH H3
BeKTOpHOMN anre6psl. OrpaHMyNMCca HANOMMHAHHEM, UTO CKAAAPHLIM npou3sede-

Huex BekTOpoB A U B HasmiBaerca cxaaap (Yucao)
A-B=ABcos (?i, E),
KOTOpOe Yepe3 MPOEKIHMM Ha OCH BLIPAMALTCA TakK:
AB=AB,+ A,By -+ A,B,. 1)

[Tonoxum BIpEAb B OCHOBY Bpal(eHHEe NPOTHB YaCOBOH# CTPENAKH
¥, CIeNOBaTenbHO, MPaB Y0 cucTeMy KoopAauHaTr [n°362, 3amevanme]|. Torma
8eKmoprOe npoussedenue BeKTopoB A u B ectb Be X T o p ¢ naunow ABsin (A, B),
IICPNeHANKYAAPHEIE K OGOMM COMHOMMTENAM W HanpaBJeHHb{ B TY CTOPOHY,

C KOTOpOH BpamieHue o A x B (wa yron, menbmmit 180°) Kaxercs npoycxonamum

NPOTHB YacOBOW cTpeaku, ero oGosHayalor uyepe3 A X B. Ilpoexuuy
BEKTOPHOrO NPOHM3BEJIERUs Ha ocH GYAYT

AyB,—AB, ABy—AsB, AB,—AB, @)

ecay (HANOMHUM 5TO) B OCHOBY HONOXEHa N PaBas CHCTeMa KOOPAHMHAT.

389. CkanapHoe W BeKTOpHOe mous. Eciu ¢ xamnoi Toykolt M onpenenen-
HOY NPOCTPAHCTBEHHOH 06MacTH (KOTOpPas MOMET OXBATHIBaTh M BCe MPOCTPaH-
CTBO) CBA3aHA HEKOTOpas CKansApHaA WIH BEKTODHas BENHYMHA, TO IOBODPAT, UTO
3aaH0 nOA€ 9TOH BENHYHHB, COOTBETCTBEHHO, CKAALAPHOE WIH BeKMmMOpHOe.
B 6mmkalimpx HOMepax HaM BCEe BpeMs NpHIETcs MMeTh Jel0 ¢ TaKUMH
HOJAMH.

[TpuMepoM CKalfpHOro NOJA MOXET CAYXHUThb Il0Je TeMIepaTyphl WIN SdeK-
TpHyeckoro noteHuuana. Ecam noaoxenne Toyku M onpenenarb ee KOOpIMHa-
TaMy MO OTHOLIEHHI0 K HEKOTOPOH NpPOM3BOJNbHO BHIGPAaHHON KOOPAMHATHOH CU-
creMe QOxyz, T0 3ajaHWe IOAf CKANAPHON BeNHYMHH U PaBHOCHIBHO NPOCTO
3amanmio yucnosoli ¢ymxuun U(x, y, z). Mo Bceria 6yXxeM mpexnojaraTb, 4To
972 (QYHKUUA ¥MEET HelpepbiBHHIE YAaCTHbIC NPOM3BONHbIE MO BCEM TE€PEMEHHBIM.
Ecan "sTw npoussBoiHme He 06pAaIialoTcs OXHOBPEMEHHO B HYyAb, TO ypaBHEHUe

U(X, Y, 2)=C (C=C0ﬂst)

onpejieaser HEKOTOPYIO MOBePXHOCTb (6e3 oco6bix TOYeK), BEOJIb KOTOPOH Beiu-
ypna U coxpaHser NOCTOAHHOE 3HaYeHMe; TaKas IOBEPXHOCTh HA3KBAETCHA nO-
sepxHocmbi0 yposus. Bea paccmatpuBaemas o6aacTh 3alONHEHA STHMH NOBEpX-
HOCTAMM, TaK YTO Yepe3 KaxIYyl TOUKY ee IPOXONIHT OXHA M TONBKO OfHA
TIOBEPXHOCTb YPOBHS. SICHO, 4TO NOBEPXHOCTH YDOBHA MexAy coboii He mepe-
CeKanTCA.

[IpuMepoM BEKTOPHOrO Moas MOXeT CIYXHTb CHIOBOE IOJe MM Jole CKOo-
pocrel; MONOGHBIE MOMA HaM YXKe BCTpeyanuchb. Ecim MOMOXHTL B OCHOBY He-

KOTOpPYIO CHCTEMY KOOpIMHAT Oxyz, TO 3ajlaHHE NOAA BEKTOPHOﬁ BEIUYMHbI Z
MoXeT OblTh OCYLIeCTBJICHO NYTEM 3aAaHHA ee IIpOBKLlPIﬁ Ha OCH

Ag(x, 3,02), Ayl 3 2), A vy, 2) 3

-
Kak (yHKUMH OT KoopimHar ToykH M, ¢ KoTopoit Bemnyuna A casana. U stm
(yskuuy Mbl GyleM NpeanoJarath HMEIOMHMMHM HEOPEpHBHbIE Npou3BofHue. [Ipu
HM3YYEeHMH BEKTOPHOTO MOJA BaXHYI0 POJb HIPAOT BeKMOPHbE AUHUU; BEKTOP-
HOH nuHHMel HA3BIBAETCs KPUBAs, HANPAB/ICHHE KOTOPOH B KawAoH ee Toyke M
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coBnajaer ¢ HANPaBNCHHEM BEKTOPA A, orsevaomero stoft Touke. Ecan Bcnom-
Huth [0°212]; 4T0 HanpaBaAlOMmKMe KOCHHYCH KacaTelbHOH K KpiBoff mponmopuwuo-
Kaabebl audpepenunanam dx, dy, dz, TO NOAYYHTCH, YTO BEKTOPHAA NHHHMA
XapaKTepu3yeTca PaBeHCTBAMH

dx__dy _dz

24,4, A,

B npeanonoxenny, 410 BekTop A He 06paumlaeTcA B HYAb, MOXHO J0Ka3aThb,
ONUPasch Ha <TEOPEMY CYUIECTBOBAHMA» U3 TEOPHH CHCTEM RH(pepeHUHanbHHX
ypaBHeHHfl, YTO BCA paccMaTpHBaeMas 001acTh 3aN0OAHAETCA BEKTOPHHIMH NHHHAME,
npuueM Yepe3 KaXIylo TOUKY ee NPOXOLWT OAHA M TOAbKO OJHA TaKaA NMHHUIA.
BexkTopHBIE AMHHM MeXAY COGOH He Nepecekamorcs.

WHorxa mpUXOAMTCH PAacCMaTpyBaTh NOBEPXHOCTH, COCTABJIEHHHE M3 BEKTOD-
HHIX AHHEH, HX Ha3HIBAIOT BEKMOPHHMU nosepxHocmaxmu. BexTopHas nosepx-
HOCTb XapakTepusyercs TeM, YTO B KakIoR ee Touxke M cooTBercTByiomuit Bek-

10p A (M) nexuT B IAOCKOCTH, KacaTenbHoll K NOBEPXHOCTH B STOH TouKe (i
-

TeM, uro npoexuma A, BekTopa A ua HODMafib n K MOBEPXHOCTH BO BCEX ee
TOYKAX paBHA HYIO). 'iic:m B34Th B PacCMaTpHBaeMO# O6JACTH KaKYIO-HUGYIb
AUHUIO, OTAHYHYIO OT BEKTODHHX ARNHUH, W yepe3 KaXAYIO €€ TOYKY NpOBeCTH
BEKTOPHYI0 JHHHIO, TO reOMETPHUECKOe MECTO STHX AHMHMH M JaCT HaM BEKTOp-
HY10 NOBEPXHOCTB. B cayuae, ecau yOMAHYTas <HANpPaBisomad> AUHAA ABAAETCA
z 3aMKHYTOH, noayyaerca Tpy6kooGpasHas Bek-
? TOpHA NOBEPXHOCTb, KOTOPas H Ha3HBaeTCs
I seKmoproil mpybxoi.
[ 390, Mpouspopyas noO 3aJaHHOMY Hampa-
.y Brennio. I'paguent. [lycth 2agado ckanaphoe
"y 7 hoxe U (M). Bo MHorux BOmpOcax npejcrapasetr
! W HHTEpEC <CKOPOCTb H3MEHEHMA> 9TOH QyHKung
————— <> TOYKHM HIH <IIPOU3BOIHAA> €€ nO A000MYy 3G0aH-
HOMY HAnpaBaexuso. Y TOUHRM 3TO NOHATHE.
Ha npousBoabrolt HanpasaenHoH npamoft

Id
Ve /o————"——**———? (nam o cu) [ BO3bMEM NOCTOAHHYI TOYKY M, u
z

nepeMenHyIo Touky M (puc. 68); nox MM 6yrem

pasyMeTb BEAHYHHY HaNPABIEHHOIO OTpe3Ka

or M, o M, 1. e. JAHHY ero co 3HaKOM NIIOC, €CAN

Puc. 68. Hanpasienne MM cosnazaer ¢ HanpasaenHem

ocH [, H €O 3HAKOM MHEYC — B IDOTHBHOM Cayyae.

NMycts M, neorpammuyenno npubausxaerca ¥ M, [Tpoussodnoi om
gynxgue U(M) 6 mouke My no nanpasaenuio | nasvsaemes npedeas

. UMy—UM,)
] .
M—l»mMo MM !

OH 0603HayaeTcsi CUMBOJOM:

oU (My)
s @)

D71a NpOM3BOAHAA M XapaKTePH3YeT «CKOPOCTb H3MEHEHHA» Ha3BanHol (yHK-
uuH B Toyke M, mo nanpaBreHHIo [
[loaoxuM B OCHOBY HEKOTOPYIO KOODAHHATHYI0 cHcTeMy OXyz H AORNYCTHM,
410 QYyHKUHA KOOpRUHAT
UM)=U(x 3 2)
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MMeeT B PacCMaTpHBaeMOH oONacTH HenpepniBHbe YAaCTHHE NPOH3BOAHME NO
kaxnod u3 nepemenHmx. Torna, Kak Mb gokaxem, npoussonHas (4) cymecTsyes
¥ BbIpamaercsa QopMymnon

ou_ U
ol ~ ox
rile BCe NPOM3BONHbIE BHYMCAEHH B Touke M, (X4 Vg 2,), 4 COSa, 088, COS Y

CyTh Hampasjgwomue xocuuyce ocd [ Ecam monoxute MM =t{, T0 KOOPRUHATH
nepeMeHHOR Toykn M OCH BHIDa3ATCA Tak:

=Xg-+fcosa, y=y,-}-tcosB, z=2z,-}2fcosy.
VickoMas npOM3BOAHAA 6YReT NPOH3BOXHONA CHOXKHON QYHKUWH OT £
U(xy+tcosa, yo-+tcos, 2,-fZcosy)

npu t=0. [To npasuay nuddepenunpoBanua CIOXHOH (YHKUMM €€ BeTHUHHA
KaKk pa3 ¥ NMpPeACTaBHTCA dopmynon (5).
Bsedes sexmop g, ¢ npoexyusmu Ha ocu
ou oU U
a}'.: o'_),') —d_z" (6)

€20 Hasvieaiom 2paduenmom geauduns U 1 0603HAYAIOT CHMBOJOM

cosa—}—ggcosﬁ—[—%%cosy, )

g==gradl.

Ecau BepryThes K dopmyne (5) u uepes % 0603HauMTL O P T (eAHHHUHKI BEKTOP)
npoBelecHHNH B HANPaBAeHAH /, TO ee MOKHO MepenucaTh H TaK:

%L—[]= gradU- Y= grad; U.

QOTCIONa BHAHO, YTO HAa#GONBUIEr0 3HAYEHHs 3Ta NpPON3BOJHAA HKOCTHraeT 8 TOM
ciayyae, KOrja Hanpasiesue [ coBnanaer ¢ HAPaBACHHEM IPAAUEHTA, NPHUEM 3TO
Hauonbuiee 3HaYeHHE paBHO

eavi=/ () + 5+ (&)

dt0 NO3BOAAET HAM TeNephb, B3aMEH NPHBENEHHOr0 BHilie (GOPMasbHOrO
onpejeneHns rpaiiBenTa, NCHOAL3YIOIEr0 KOODAMHATHYID CHCTEMY, AaTh Apyroe:
2padueimon crassproil sesuvunn U wHaswisaemcss sexmop, KOmopuii no 4uc-
AEHHOMY 3HAYEHUIO U NO HANPABALHUIO XapaKmepusyem Hauboabuyio cKkopocms
uamenenus eesuyunn U. 3mech y¥e KOOpXMHATHAA CHCTEMA HE YNOMHHAETCH
BOBCE, 4YeM M BbiABAAETCA (PaKTHYECKan HE3aBUCHMOCTL MOHATHA [DajHeHTa OT
ee Bhifopa.

Jlerko ycMOTpeTb, YTO HampaBJEHHe FPAaJHEHTa COBMANAET C HANPABACHUEM
HopManu k noeepxuoct yposHa U(x, y, 2)=C, npoxonsuelt yepes maunuymio
TOYKY.

l/yhau, ckaaspHoe noae U(M) nopoxnaer BeKkTOopHOe none
rpaguenta gradU.

TaMuabTOH ¥) BBeX B pacCMOTpEHMe CHMBOAHYECKHH BeKTOp
C «IPOCKUHAMH>

g a 0

0x’ 0y’ 0z

*) Yunbam Poyan TFamuabToH (1805—1865) — anrambickuit Maremathg.
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Ha OCH KOODAWHAT, KOTOPHIA OH Ha3Bad <Habno#» u oGosHauun uepes V. Moab-
3YACh 9TUM 0GO3HAUEHHEM, MOXHO HaNHCaTb, YTO

grad U=V U.

JeficTBUTENbHO, €CIH YIOMAHYTHINH «BEKTOP» HOPMANbHO YMHOXHMTb Ha cKaasp U,
TO ¥ TMOAYYUTCA BEKTOP € NMPOEKUHSAMH &6)1
Nrpumerb. 1) O6osHayas yepes r paamyc-BEKTOP OM, coennnsiomnii He-
KOTOPYIO MOCTOSHHYI0 Touky O ¢ nmepeMeHHo# Toukod M mpocTpancTsa, a ye-
pe3 r— ero JIUHY, HONOXUM
UM)y=¢(r),

rle ¢— KaKad-HUGYXb CKANfApHas (QYHKUUA OT MOTOKHTENBHOIO CKaNAPHOrO ap-
TYMeHTa r, UMeiouias TPON3BOJHYIO NOCTOSHHOrO 3HaKa. [10BEPXHOCTAMKM YpoBHS,
OYEBHIHO, 6yAyT chepsl paguyca r ¢ uentpom B O, TaK YTO HanpaBleHUe rpa-
JVieHTa COBNAfaeT C PajpalbHLIM MAHM NPAMO NPOTHBONOJOXKHO €MY, CMOTPA HO
ToMmy, 6yner au ¢' (r)>0 nau << 0. Jlerko Bugers, uto

grade (r)=¢" (r)-

N

B wactHocTH,
rad iy (¢ = const)
grad - =—-3 = 3
Ecan nomectutb B Touke O MacCy m M pacCMOTPeTh HOJM€ HbIOTOHOBCKOIO
npuTsKeHus, Toero HanpaxenueF B Touke MGyner

-
w_mr _ m-=—
— rir ré
M, TAKUM O0Pa3oM,
m
F=grad 7

Bonpoc o TOM, MOXeT IM 1 a HH O € BeKTOpPHOe moxe ObiTh PacCMaTpPHBAEMO
KaK Tone IpajieHTa IiA HEeKOTOPOH CKanApHOH BENUYHHB, UMeeT GOAbIIYIO
BaXHOCTb. [l0 cyliecTBy OH [1JR Hac He HOB; MBI BEDHEMCA K HEMY HHNe
n° 393}.

[ 2) lPaccmmpmvx none TemMnepaTypn U. Baas anemedt nosepxxoctu (dS)
C onpeneneHHbIM 06pa3soM HaIPaBIEHHOH HOPMAabIO 7, MOACUNTAEM KOIUYECTBO dQ
Tenia, NPOTEKIIEro yepes 3TOT MEMEHT B HaNPaBIEHWH N 32 GECKOHEYHO Malbiit
NPOMEXYTOK BpemeHu df. Temno Teuer of Goaee HarpeThix yacTedl Teaa WIN
Cpeihl K MeHee¢ HarperbiM, H NPUTOM TeM GbicTpee, yeM GbicTpee Y6H Ba €T
Temnepatypa. O6bIYHO NPHHMMAIOT, YTO YNOMAHYTOE BhllUE 3JEMEHTapHOE KOMH-

ou
yecTBO Tenna dQ mnponopuuoHaibHo dS, df ¥, HaxoHel, onle OGo3zunayasn

yeped k>0 xo03QuUKEHT NMPONOPHUOHANBHOCTH («KOS(OUUHEHT BHYTpeHHel
TEIIONPOBOIHOCTHS st JAHHOIO MECTa), MOXHO HaNHCaTh

ouU
dQ=—hdS dt 5;

B COrTaCMM CO CKa3aHHHIM BBIIE KOAWYECTBO Temia dQ OKasniBaeTcs MOJONKU-
TeNbHBIM MMEHHO B TOM C/lyyae, KOTHKa o OTpHUATENbHO, T. €, KOTJa B Hanpa-
BreHWM n Temnepatypa U yGuiBaer.
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Ecau BBecTH Tak Ha3biBaeMbift BEKTOp NMOTOKa Tennaa

G=—kgrad U,
TO BHIpaxeHue ara dQ MOXHO NepenucaTtb Kopoye:
dQ=dS dt gq,,

391. IMorok BeKTOp2 Yepe3 MOBEPXHOCTb. [IyCTe Temeph 3aJaHO HEKOTO-

poe Bekroproe nome A(M), 1. e. saganb TpH Qyuxuuy (3). Bossmem nosepx-
HocTb (S) ¥, BLGPaB OnpefelcHHYI0 ee CTOPOHY, OGO3HaYHM 4Yepe3 COS A, COS
COS vV HANpapiasIouke KOCHHYCHl COOTBETCTBEHHO HaNpaBaeHHoH Hopmann n. Torua
NOBEPXHOCMRYIL UHmMeepar

: S S (Axcos + Ay cosp + Az cosv)dS
(S)

HA3bl8Q10M NOMOKOM BeKkmopa A depe3 nosepxnocms (S) 8 YKAIAHAYIO CHIOPOAY.
Ecad TOT ke MHTErpan HanucaTh B Bule

{§ ants,

(S)

TO CTaHET BNOJHE fCHOH €ro He3aBHCHMOCTb
0T BBIGOPA KOOPAMHATHOH CHUCTEMBL.

O6paTHMCa K TPHEMEPA M.

1) Camoe Ha3BaHHE <NOTOK» CBA3AHO C
HeKoTopo# rujpoMexanuyeckol samayveit. Pac-
CMOTDPHM JBHXEHHE WULKOCTH B NPOCTPAHCTBE;
B OGLIEM cayuae MBI HE NpelnonaraeM ero
CTauWOHaPHBIM, TaK 4TO CKOPOCTb JABH-

WeHUs O 3aBHCHT He TONLKO OT IOTONEHHs
ToykM M, K KOTOpPO#t OHa OTHOCHTCH, HO M
or Bpemenu f. [TocTaBum cebe 3ajgayeit Bbl-
YUCIAHTb KOAMYECTBO KUAKOCTH, IPOTEKAlOLLEe
yepe3 MoBepXHOCTH (S) B ONMpeneneHHyo CTo- Puc. 69.

POHY 3a GECKOHEYHO Manbli MPOMEXYTOK

ppeMenn df. Uepes snemeHT (4dS) MOBEPXHOCTH MPOTEYET KOAHUECTBO MUAKOCTH,
KOTOpO€e 3amOAHMT coGOf WHIAMHAD C OCHOBaHMeM dS M BHICOTOH v,df (puc. 69),
rIie HOPMallb 7 NPEeXNOoNaraeTcs HaNpaBIeHHOH HMMEHHO B BHIGPAHHYIO CTOPOHY ¥).
Ecau uepe3 p 0603HAYMTH MIOTHOCTH XHAKOCTH, KOTOpafA TaKXe MOXET 3aBH-
CeTb M OT NOJNOXKCHHA TOYKH M OT BPEMEHHW, TO Macca nporexiwelf uepes dS
JUAKOCTH 6yner p dSv,dt.

72PN

Jaa Bceft noBepxHoCcTH (S) moayynm

dt 5 S pULdS.

)
Koanyecrso ke mpoTeKmel XMIAKOCTH ), OTHeCEHHOE K €IVHHUE BpPEMEHH,
BbIPa3uTCA MHTECPaloM
Q=SS pURdS; )
)

ynTaTEAb Y3HAET B HEM <IOTOK BEKTOPa» pv yepe3 moBepxnocts (S)!

¥) Cp. cHOCKY Ha crp. 231,
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3ameuanne Tak xak ABHKeHHE MHIKOCTH Mhl He NPEANONOMHIN YyCTa-
ROBHBHIMMCA, TO Ha Jede BeIUyHHa @ cama, BOOGuLE FOBOPH, 3aBHCUT OT BPEMEHH
H TOuHee MOXET GHTh HA3BaHA CKOPOCMbIO BO3DACTAHUSA
KoanuecTBa NpoTexmekh uepe3 (S) kKUAKOCTH B paccMaTpi-
BaeMbii MOMEHT BPEeMEeHN

IMogo6Hoe xe 3aMeuanne MOXHO Obiio Gbf fIOBTOPHTL M O <IPOTEKIICM
yepes (S) KoMUYeCTRe Temna, OTHECEHHOM K eJMHMIle BpeMeHH» [cM. Crefyomu#
npuMep]: BCE 9TO BENHYMHB], MMeIMe XAPAKTEP CKOPOCTH.

2) AHanoruysHo MOKHO TOBOPHTD M O HOTOKeE Tenia Jlerko BHULETh,
yro [npu oBosnauenusx n° 390, 2)] sa Bpema di uepes noBepxHocTsb (§) mpoTeuer

KONHYECTBO Temna, pasHoe
dt S 5 qn dS.

&)

Ecau OTHeCTH KOMHYECTBO NPOTEeKWero Tenia K eAHHuue BpeMeHH, TO

noRYyUNM
S S 4 4§,
(S)

T. €. <NOTOK BeKTopar ¢ uepe3 noeepxHocTb (S). Orciona n HasBaHue BeKkTopa

g=—hgradU
—_— mexro‘% NOTOKA Tenaar.
392. ®opmyna OcTporpasckoro. Juseprenuusa. Bosspamaace K obumemy

cnyyalo BeKTOpHOro noas A, paccmotpum Teao (V), orpaHuueHHoe 3aMKHYTOH
nosepxHocTbio (S); yepe3a n GymeM 0603HayaTh B H e LI H IO 10 HODMaldb K [OBEDX-
soctu, Torma mo gopmysae Octporpaackoro [n° 380, (5)], ecan nNoa0XUTH B Hel

P=A,, Q==A,, R=A, MOXHO NOTOK BexTOpa A uepe3 moBePXHOCTH (S)
BOBHE npeoGpasoBarb B TpoitHo#t uHTerpan:

SS ApdS= S S (Aycos A+ Ay cos p + A, 005 v) dS =
(&) (S)

-1 o

Cmosuee noo 3HAKOM MPOIHOZO UKMEZPANA  BblpasCeHue HAZBAEMER
dusepeengueid (uen pacxooumocmsw) sexmopa A u o6o3Hayaerca
CYIMBOTOM

0A,

divA= ax +d—y~+ o0z ° (8)

TakuM o6pasom, ¢opmyaa OcTporpaackoro flepenniiercs B BHIE

XSA,,ds=S§)S divAav, ©)
(s (

B KAKOM OHA vamie BCero M NPHMEHAETCH.
Bsegennasa TOAbKO YTO BEIHYHH3, NUBEPreHI WA, ecTb CKAIAp, HO ee
onpenenenue GOPManLHO CBA33HO C BHIGOPOM KOOPAWHATHOH cuCTemsl. aa Toro
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Y1066 OCBOGOAHTLCA OT STOFO0 HENOCTaTKa, MOCTYMHM CICAYIOIUM o6pasom.
Oxpyxum Touky M xaxuMm-uuGynp Teszom (V) ¢ nosepxuoctbid (S) M Hanuinem
dopmyay (9); ecan ofe wacTd pasfieanTsh Ha o6peMm V Tera W nepeiiTy K npe-
Ieny, crarusas Teno (V) B touky M, 10 [n° 377, 8°] cpasa kak pas u noay-

vures div A » Touke M. Mrax,
S S Apds

o3 s S

9TO PAaBEHCTBO TAKXKE MOMET CAYXHTb ONpeleseHHEM JHUBEPreHuuH, NpHYEM
B 97Ol dopMe onpefenenHe yxe He 3aBUCHT OT BbGOPa KOODAUHATHOH CHCTEMMI.
HastorpassexTophoe noae A nopoxRXaeT cCKalAapHOenoae
auseprenunn div A
3amertum, yro onpenenenne (8) AMBEPreHUHMH MOXET OHTb C MOMOILBIO CHM-
BOMMYECKOr0 BeKTOpa y 'aMuibTOHA 3amucaso Tak:

divA=y- A

9TO CTaHeT ACHO, €CIM BCAOMHHTL BHpaxeHue (1) CKanapHOro NpPOHM3BEXEHHA
IBYX BEKTODOB.

Mrpumer. OcraHoBEMCA HA JBHXEHHH HeCHKHMAaEMOMH IHAKOCTH
{(p==1) npy HaMUYMM HCTOYHWKOB HMIAM CTOKOB. [IpOu3600UMEALHOCMbIO UCMOYHU-
* K08, 3aKII0UEHHBIX BHYTPH 3aMKHYTOM noBepxHOCTH (S), Ha3HBAELTCHA KONHYECTBO
BHTEKAlOmeR uepes (S) KUAKOCTH, OTHECEHHOE K ENMHALE BPEMEHH, T. €. NOTOK

BEKTOPa-CKOPOCTH U
g S v, dS

“s)

[cm. n® 391, 1)]. Ecam sicTounuKM pacnpefenenb HeMp e p s BH O OO paccMarpu-
BaeMoli 0611acTy, TO BBOXUTCH TOHATHE NAOMAHOCMU ucmoyruxos. Tak HasHBaOT
npejeabHoe 3HAYeHHe NPOUIBOIAUTENBHOCTH HCTOUHHKOB B Tede (V), oxpyxaio-
meM TOYKY M, paccymTanHoe Ha emuMHHRY oGbema, T. €.

S S 0,48

S

lim —————

WV-u Vo

o« —r
Ho, xak M Toabko uto Bumemu [cM. (10)], stor npesmen pasen divwv, wrak,
divo ¥ ecTb NAOTHOCTb HCTOUYHHUKOB.

AnanorayHoe pacCMOTpeHHE MOXHO NPOBECTH M 1i8 TENAOBOrO NOTOKA NpH
HaJHYMH MCTOUHHKOB TEMnia, AMUlb BMECTO BEKTOPa-CKOPOCTH NMPHIIIOCH 6N B3ATh
BEKTOp MOTOKA Temaa,

Ecan div A=0, To none HasWBACTCA COLeHOUOBAbHIM, T. €. MPYOHamMBM,
OT I'peyecKoro cioBa cohév==Tpylka. ITO YycHOBHE —B HPEXNONOXEHMH, YTO
33HMMaEMaa NMOXEM YaCTb DPOCTPAHCTBA ONHOCBA3HA (NPOCTPAHCTBEHHO) —
PaBHOCHABHO TPEGOBAHHIO, UTOGH ROMOK 8eKMOPA A 4EPE3 nPOU3SOLbHYIO 30 MK-
HYMYI0 U 02PGHUNUGRIONYI0 MEAO NOBEPXHOCMD 80 8 H & Ooln PABER HYAI0:

S;S ApdS=0
&
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[n° 381, (B)]. PaccmoTpum Temeph BekTOpPHYIO TPYG6KRY (puc. 70) Mewny
ABYMsA HPOM3BONbHBIMU ee ceyenusmu (S;) u (S:); NMOBEPXHOCTb CaMoH TPYyOGKM
o6osunayuM yepes (S;). Torna no ckasaHHOMY

(§ 1§ oo

(S1) (S3)  (S3)

npuYeM HOPMalb BO BCEX Cyuasx HalpaBleHa B o B He. Broap moepxHoctH (S,),
ouesuano, A, =0 [n°389]; ecan B cevernnu (S,) M3MeHNTH HANPABAEHAE HOPMAIU
TaK, 4YTOOb OHO OBIIO COTNACHO C Hampasie-
HueMm HopMany B (S:), TO NPHJEM K PABEHCTBY

SSA,,dS:SSA,,a’S.

(S1) (S2)

TaxuM 06pa3oM Ml MOJYY2eM 3aMevarTensHOe
CBOCTBO CONEHOUNANLHOTO HONs: NONMOK CO-
AEHOUOAAbHOZ0 BEKMOPG HEPE3 nonepednsie
Pue. 70. cevenus BeKmopHOil mpybru coxpansem no-
CMOSHHYIO 8eAUYUHY, €€ HA3HBAIOT HHT € H-

CHBHOCTD IO BEKTODHO! TPyOKH.

Ecay BepHyThCA K TNPHBERCHHON BBIIE T'MAPOMEXaHMYECKON HHTEPNpETanny
BEKTOPHOIO TONIA, TO OKAXKETCH, YTO B CAyYae HECHKHMaeMOH MUAKOCTH U N pH
OTCYTCTBHH HCTOYHHKOB (divA=0) pacxox ®uaKocTH yepes nomepeu-
HOe CeueHHe BEKTOPHOW TPYOKH WMeeT OIHO M TO e 3HAYeHHe IIA BCeX
ceyeHui.

393. Hupxyasunua sBextopa. ®opmyna Crokca. Buxpp. Ilycth cuosa namo
Kakoe-HuOy b BekropHOe mone A (M). Humeepar

SAxdx-{—Aydy—l-Azdz =S A, di,
0} U]

ssamoiil no Hexomopol wpusoi () e npedesax paccmampusaermoi obracmu,
Ha3biBaemcs AUHel Hol M uumezparom om eexmopa A 6304b kpusod (I).
B ciyyae 3aMKHY T OH KPHBOH 3TOT MHTerpal HashBaOT HUPKYasyueld Gex-
mopa A 8doas (I).

Ecan nose A ecTs cunosoe moje, To AHHefHHN MHTErpal BHpakaeT paGory
CUI MOAA MDY NepeMemleHUH TOUKH no kpuBoit (/) [kak M B NIOCKOM Ciyuae,
cp. n° 335, 1)).

Tlpescrasum cefe HeKylo MoBepxHOCTh (S), OrpaHNYCHHYI0 3aAMKHYTBIM KOH-
1ypom {I). Torna no u3secTHo# yxme uuratedo ¢dopmyre Croxca [n° 373, (11)]

HHUPKYIAliEa BEKTOpa A BIOJb 3TOro KOHTYpa MOXeET OHLITH BhIpameHa NOBCPX-
HOCTHBIM MHTErpanoM:

. 0A, 04, 04, 0A,
S Apdl= 5;S§ { ( 3 ~———a;->cosl+<—o—;—w>c03p.+

(D
-+ K%—%)cosv} ds.

Bexmop ¢ npoexyuanu na ocu
04, _ony 0Ac_ 04, 0Ay 0, "
¥ "' 0z ox' x Oy )
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HO36I60CMCS 81X p e s WAL POMOP O M BEKTOPa A 1 0GO3HAVAETCA CUMBONOM
TotA #),
Taxum obpasom, B BextopHO# (Bopme tdopmyna Crokca 3anuMumiercs TaK!

S Ajdl = S S rot, A dS. (12
I S)

Llppkyaanus BeKTOpa BIOIb 3aMKHYTOTO KOHTYpa OKa3HBACTCH paBHOf NOTOKY
BUXps_YE€pEe3 fIOBEPXHOCTh, OrPAHMYEHHYI0 ITHM KOHTYpOM. IIpH 3TOM Hanpasie-
nne 06XOZa KOHTYPa M CTODOHA NOBEPXHOCTH JOMEHbl COOTBETCTBOBATH apyr
Ipyry, Kak 370 pasbAcHeHO B n° 362.

Hannoe Buile onpejeieHde NOHATHA <BHXDb>
cTpajaer OOBYHHIM HEIOCTaTKOM: B HEM HCIOAb3yeTcs
onpeleneHHas KOOpDIMHATHAA cucTeMa. Bass nw6oe
HallpaBleHue n, UCXOAsALLee W3 NaHHOH TOYKM M, okpy-
HAM €€ B NepNeHAMKYIAPHOR K 71 NAOCKOCTH TIOIMal-
Kofi (¢) ¢ koutypoM (A) (puc. 71). Toraa no dopmysne
Croxca

()

§ Ay dh= S S rot, Ads;
* (0) Puc. 71.

paspenus oGe uwactu PaBEHCTBA HA MJAOHIANb ¢ YHOMAHYTOH NIOINAAKY H <CTATH-
Bafy NOCAELBIOI0 K AaHHOM TOuKe, B fpenene Noayymm

g A\

rot,}f: lim @—-—
@G- M g

**)

Takum ofpasom ymaeics ompefenntb NpPOEKHHIO BeKTOpa fotA Ha 1106 yiwo
0Cb, @ 3HAYWT,-— M CaM BEKTOp, 6€3 BCAKOH CCHIAKH Ha
ApeBapuTeNbHO BHIGPAHHYI KOOPAWHATHYIO CHCTEMY.

IToauepkneM, yTo 3%ech BeXTOpHOE noxe A
MopoXNaeT BEKTOpPHOE e 1OIe BUXPA
rot A.

C noMompio raMHILTOHOBZ BEKTOPA Yy MOMHO
NpOCTO 32MHCaTh W ONpeNCIeHHE BUXPH:

otA=y XA

[eM. BRIpaXenua (2) Aas npoexuu#t BEKTOPHOLO NPO=
ussenenual].

[TpuMEP. PaccMOTpUM RPON3BONBHOE NBHMEHHE
HEeKOero TBEpPAOro Tela BOKPYP HENONBMNHOH TOYKH
Puc. 72. O (puc. 72). Kax nokasbiBaeTcR B KHHEMaTHKe, AaA

*) Or anramiickoro cropa rotation==BpauieHue; ynorpeGureabHo u 0603Ha-
yenue curl A— or amraufickoro cioBa curl, 03HaYAIOMWEr0 «3aBHTOK».

**) Jlerko ycmorperh 3jech cBoeofpasnoe AudepeHuupoBanue no obaacru;
060CHOBAaTh €r0 NperocTaBiaseM YHTATENIO,
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a1060ro MOMeHTa BpeMCHH NoJe CKOPOCTH © TOYeK Teaa onpemenserca dop-
MY no# — e

V=0 X1,

The & — MTHOBEHHAA <YrOBaf CKODPOCTh», 2 F— DPAIMYC-BEKTODP, COERMHAIOWMHA
touky O c npoussonbHodt Touxoit M rema. Ilpoekunu »TOrO BEKTOPa Ha OCH
npoussonbHOR cucTeMbl Oxyz 6ynyr [cm. (2)]

W2 ——0zY, WX — W2, OpY oy,

Ecau, Bocnoab3osBasmuch BupaxenuaMu (11), momcuurats npoekuuMy BUXpH Aas
9TOr0 1101, TO MOAYYUM 2w, Zmy, 2w, TaK YTO

K:-%— rof 0.

Taxkum 0GpasoM, ¢ TOYHOCTBIO N0 YHCAOBOrO MHOXHTENs, POTOP NOAA CKO-
POCTH ¢ JaeT KaK pa3 MTHOBEHHYIO YrAOBYIO CKOPOCTh BPalieHMA; OTCIOAA M Ca-
MO€ Ha3BaHHe <POTOP».

BepHeMcst Tenepb K BONPOCY O TOM, IPH KAKHX YCJOBUAX Jla HH O € BeKTOp-
Hoe fone A Gyjaer moaeM rpafHeHTa Iif HEeKOTOpPoH ckaasapHOM Beauyusn U

A=grad U. (13)
310 paBE€HCTBO PaBHOCHUILHO CHCAYIOLIHMM TpeM:

oU ou ouU
Ax—;);, Ay—"a;r AZ—EZ:

T. €. PaBHOCHABHO YTBEPXKEHHIO, YTO BbipameHue
Aydx -+ Aydy 4 Adz

asjaserca (noankiM) EMddepenunasom ot ¢yskumu U(x, y, 2). [pu wanmunn
pasenctsa (13) moze A HasuiBaeTCA ROMeEHyUALbH M, 3 NEPBOOGDA3HAn DYHKIHA
U — nomenyuarbroli dynxyued noas.

Ecna orpaHMYuTLCA NPENNONOKEHHEM, YTO DACCMATPHBAEMas 061aCTh (OBEpX~
HOCTHO) ONHOCBA3HA, TO, NepedpasHpys yxke H3BeCTHole HaMm Beww [n° 374, cMm.
ycaosusa (B)], moxuo ckazath, uto das mo20, 4mobu nose A 6uao nomen-
YuarbHOLK, HeoBX00uMO 1 JOCMAMOUHO, Ymobsl 80 8cell 00AACMU 85LNOAHSAUCE

pasescmsa
‘Z_Az.__dﬁy 0A, 0A, O_Ay __0A,
dy  o0z' 0z ox' ox oy’

T. €. 4mobu 1ot A obpaujescs 8 wysb. IloHATHE MOTEHUHANBHOTO TOAA
OKa3LIBAETCA COBNANAIILMM C NOHATHEM <«6e3BHXpeBOro» nois. B TakoM noae
LUMPKYIAUHA 1O 3AMKHYTOMY KOHTYpY OyIeT HyaeM; ecan xe 6paTb AuHeHHbIH
HHTErpa’x 1o KPuBOfH, coemumHaoumed mobbie KBe TOYKH, TO €r0 BEAUYMHA OKa3bl-
BaeTCA He 3aBHUCANieH or YOpPMH KpHBOH.

Bce 5T QaKTH HOXYYAIOT €CTECTBEHHOE HCTOAKOBaHME B TEPMHHAX ¢paGoTH»
AAA cayyas MOTEHUHAALHOrO CHAOBOr o mond Takum 6yler, Kak H3BECTHO,
HanpuMep, noje HLIOTOHOBCKOrO MpPHTAXEHMA KaK B caydae OTAEJIbHHX HpH-

TAMHBAOIHUX UEHTPOB, Tak M Ipy HENpepHIBHOM paclHpeReACHUM NpHTAruBa-
0UIHX Macc.
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§ 5. MHOI'OKPATHBIE HHTEIPAJIbI

394, O6pem m-MepHOro TeNa H m-KpaTHRIA HHTerpal. [lorpeSHOCTH aHa-
J132 ¥ ero NPHAOKEHUH He HCYEPNHIBAIOTCA YKe M3YYEHHHIMH THNAMH Onpene-
NeHHHIX MHTErPanoB: NPOCTHMH, ABOMHBIMM B TPOHHHIMH.

Hanogo6ue TOro, XaK npH ONpelNeNeHHH INPOCTOro, HBOHHOrO, TPOHHOroO
WHTErpana, Mbl IOAb30BaAMCH NOHATHEM N1 M H B OTPE3Ka, I J O 1l a I ¥ NIOCKOH
¢Gurypsl, 065 € Ma NPOCTPaHCTBEHHOIO Tela, B OCHOBE ONpeXeneHus m-Kpat-
HOro WHTErpana JexuT NeHaTHe 06 b e Ma *) m-mepHoH ofaactu. fas mpocred-
wel m-mepHOfi 06JaCTH — M-MEPHOro NMPAMOYI'OABHOrO Mapaiienenunenia

(81 by @5, by ... ap, by M
06beMOM Ha3biBAETCA NPOM3BEIEHHE €ro H3MepeHui
(by—a,) (bs—as) ... (b —ap).
CamM0 c06010 fiCHO, 4TO pasyMeTh NOR OGHEMOM Tela, COCTABIEHHOTO H3 KOHey-
HOFO YMCIA TaKHX HapaiielennnefoB. DIeMEHTAPHO MOXHO NOKa3aTh, YTO 06heM
HE 3aBHCHT OT TOTO, KaKMM 06pasoM TelO Pa3iokKeHO HA Mapanieicnumefbh

PaccmaTpuBas Takme «napaaneienunefaibHbe» Tena, BXONAIHE B JaHHOE
m-meproe Teno (V) ¥ BHXOAfHME M3 HETO, MOXHO OGHIYHHIM 06pPa3OM NOCTPOHTDH
noustue o6beMa V maa tena (V) [cp. n° 197]. Mw Gynem uMeTh JIelo TONbKO
¢ TesaMy, IR KOTOPHX O6beM CYHIECTBYET; OH 3aBEJOMO CYUIECTBYeT iad Tea,
OrpaHMYEHHHX TTAXKHMHU MK KYCOYHO-T N A I K ¥ M H TOBEPXHOCTAMH *#),
B YaCTHOCTH, NIs NpOCTeHIIHX m-MepHBX o6nacTell: m-MepHOH NMpaMuiu

X220, x2=20,.., =0, x;F x4 ... + X< B
un m-mepuolt chepu
x}4ad4 . Fag<ry

HUKE MH BLIUHCAHM HX OOLEMH.

Ilycts B obaactu (V) 3amaHa GyHkuus m nepeMeHHHX f(Xy, X3 vooy Xp)
TOrAa, passaras 3Ty o6AacTb Ha SJeMEHTapHHE YAaCTH H NOBTOPAS XpYrHe CTOAb
NpYBLIUHLIE. yke HaM onepanud [cp. n° 376), npuieM K MHOHATHIO M-KPAaTHOIO
MHTerpana ®

e s,

1=S Sf(x,, Xy vee y Xp) X3dX3 oo, X g0 2)
)

B cayuae nenpepwBHOH nouHTErpanbHOfi (QYHKUHH OH HaBEDHO CYIIECTBYeT.

guqncneﬂue T4KOr0 WHTerpana NPHBOXRKTCA K BHIYACHCHHIO MHTErpPanoB HU3-
meft KpaTHOCTH, BIAOTb J0 NPOCTHX. B ciayuae, korma o6macTe HHTErpHpoOBa-
pua (V) npencraBaser co6oi0 RpAMOYroabHui mapanaenenunen (1), nmeer Mecto
¢opMyaa, anazornunan gopmyae (6) n° 378:

by bg b
1-———8‘ dx, S dxs... 3(" F (X Xay eee y Xpp)dXpy 3)
ay ag e

m

¥) Mpl pemsnM COXPaHHMTL STOT TEPMHH, XOTH CMHICA €ro, DPasyMeercs,
MeHseTcA BMECTE C 1 peub uieT 06 <m-MepHOM» obbeMe,

#%¥) Txaxk Of NOBEPXHOCTHIO HA3HBAeTcs 3iech 06pas B m-MEpHOM Npo-
CTpAaHCTBe, ONpeNelsneMbifi m NapaMeTPHUYECKUMH YpaBHeHHAMH ¢ m— 1 mapa-
MeTpamMu, puyeM QUrypupYoOuiHe B YPaBHEHHAX QYHKINM NapaMeTpoB ROMKHH
6biTh HelpepPHBHbE BMECTE C YacTHHMH NPOU3BOAHKMY, H onpeenutens (m — 1)-ro
nopaAKa MATPANH MPOH3BOJHHIX He KOIKHB OJHOBPEMEHHO 06pamaTeCA B HYdb.
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Jlas o6aacrelt Goaee obuero BHRa, XapaKTepHU3yeMblX HePaBEHCTBAMH
X<, <Xy, X3(x)< xS X (xy) oens
X5 (Xgy eony X)) S X < Xy (Xgy oon s Xy

npuMmenuMa GopMyna, aHanoruyHas ¢opmyae (6a) n° 378:

% Xz (x1) Ko gy eoes ¥y )
1= Y dx, s dxs ... S FXy Xay eoey Xp) Xy 4)
;‘1' X3 (x1) X0 (1 oae s *p )

Mopo6ubiM ke o6pasoM (118 COOTBETCTBYIOHIEro Buiaa o6xacTed, KOTOpHil
B KaXJOM cayyae HETPYNHO YCTaHOBHTb) HMEIOT MeCTO M Hpyrue Qopmyan,
anagorvunsie dopmynam (5a) u (7a) n° 378, rae BeIYNCAEHHE M-KPAaTHOIO HHTerpana
NPHBOANTCSA K NOCHEIOBATEAbHOMY BBIYMCIEHMIO MHTErPaloB HU3IMMX KPaTHOCTEH,
B CyMMe NAIOWHUX .

Bce 9To J0Ka3blBa€TCH COBEPIIEHHO TaK e, KaK i CAyyaeB m=—2 WIH
m=23, 6e3 NpUBIEYEHUA KaKHX OBl TO HH ObIIO HOBHIX M€}, Tak YTO HET HamoG-
HOCTH Ha 3TOM 3a[CPXHBATbCA.

3amEYAHUE OcTporpanckuit B Memyape 1834 r. Bnepsbie CO BCEIO Tula-
TeALHOCTHIO BHIACHAET INpejenbl WHTETPHPOBAHKH IO OTHENbHbLIM INEPEeMEHHbIM

Xy Xgy ooy Xmy K KOTOPHIM CBOXHTCA BHIYMCIEHHE MHOTOKPaTHOIO HHTerpana,
PacHpPOCTPAHEHHOTO Ha BCE B3HAYEHMA 9TUX MNePeMeHHbX, YROBAETBOPAKIHE
HepaBeHCTBY BUAA L (Xy, Xz, ..., Xp)<< 0. 30M€Ch e Mbl HaxXomuM M QopMyny,

0606malomyio u3secTHylo yme HaM ¢opMmyay Ocrporpanckoro [n° 380, (4)] na
cayyalf moGOro uMcia IepeMEHHHX M CBASHIBAIOMYIO HWHTErpans, B3ATHIH 1o
(m — 1)-MepHO# 3aMKHYTOH NOBEPXHOCTH C HEKHUM mM-KPATHBIM WHTErpajioM,
PacnpocTpaBeHHEIM Ha OTPaHHyeHHOe €0 Telo.

395. Mpumepet. 1) Haiith o6beM T,, m-MepHOH NMHUpaMumbt

(Tm):x, 220, oioy =0, x4 wio << h
Prumeunune Vmeem

m — Kl — .=
h—x1—... X4

S S h h—x
Th= S S dxydxy...dx,;= § dx, S dxg... § dx .
(T, 0

3amenaa B 3THX NI POCTH X HHTErpadax NMoCAeAOBATEAbHO IEPEMCHHLIE IO (pop-
Mynam
Xy =hG, Xg=hs «u., Xp="hEy,
NpuieM K pe3yabTary
1 1—% 1—§~...—§

n-1
Tp== b SdEl S d .. S ey =
0 0 0
m

P
=h"\ .. déy ... dby=a,h?,
£1=0,... .EnZO

Gt g, =<1

ec1u uepes d, OGO3HAYMTH 3HAYECHHWE HHTErPana, NOJOGHOTO MpPENIOKEHHOMY, HO
oTpeyawero hA==1,
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C npyro#t me cTOpoHH, UMeeM (MOMYTHO WCNONb3YR MONYYEHHHIH PE3yabTaT)

1 n—1 :
op = S dE,, S e S dE, cae deﬂ—l=an_1 S (1 _En)n—ldﬁn—‘:%_—l.
0 £ =0 g

=
g=0..., 8 =

Bt HE,  S1—E,

Hafinentoe pexyppeHTHOE COOTHOIIeHHe (C YueTOM TOro, YTo «, = 1) Kaer HaM
1

oq,, = —
n n! ’
TaK YTO OKOHYaTEAbHO
hﬂ
Tﬂ _—,
nl

2) Hatitn o6vem V,, m-mepnoit chepn [n° 126]
(V) X+ 23+ .+ xL <R

Pewexnue Ha stor pa3 peyb HIET O BLIYNCICHHM HHTErpana

m
e e,

V= S dx,dxs...dxpy.
Xt xl <R
fonaras
Xy =RE1, X3=R€2, ey xm=REmy
KaK M TOJAbKO 4TO, NETKO NMOAYYUTb, 4YTO V, =8,,R™, rae uwucnosoff kosddu-

uKeHT B, Bhipamaer o6beM m-MepHOH cdepn pammyca L.
lna onpexenenus B, npeo6pasyem

,‘_ff’_,
B — &y s ... diy =
S N
1 m-—1
= S &, S S &y e iy

=1 e =18,

BryTpennufl wmHTerpan mnpexcraBaser o6beM (m—l?-mepﬂon cpeprl paguyca
m—

1/1 —£2, U, CIeROBATENbHO, paBeH B, 4 (1 —&2) 2 . Toncrasaas, npusem

CHOBA K PEKYPPCHTHOMY COOTHOLIEHHIO

Bm =2y, \ sin™bdb

M&la
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r(2E)
emzpm-x'vﬂ_——'—‘_-

(=)

win [eum. n° 312, 2)]

—_—

3
ol
T

Tax xak B, =2, TO nerkoe BHUYHCIEHUE HAET

L
2
(O
Tz +)
Uckomuill e o6neM paBeH
m
7
V= —— R™
rz+1)

Has cayvaeB m 4eTHOTO M HEUETHOrO NMOAYY2IOTCA GOPMYALL

i 2 (2w)?
Von= ;:—! R, Vopyy = (2!’1(—-[1:?[)“ Rntt,

B vactHocty, as V,, V,, V,, ecrecTBenno, HaXOAMM XOPOHIO M3BECTHHE 3HAYE~
4
Bus 2R, nR2, 3 nR3,



IVIABA ABAAUATh YETBEPTAS
PsiAbl ®YPBLE

§ 1. BBEJEHHE

396. Ilepuonpnueckue BeAMYHHB M FAPMOHHYECK M aHANN3. B Hayke
U TEXHUKE YacTO IIPUXOAUTCA HMETh JeJ0 C HEPHONUYECKUMH
ABAEHUAMH, T. € TaKUMH, KOTODHE BOCIPOM3BOAATCA B NPEXHEM
BWIE Yepe3 ONpelesNeHHLI! NPOMEXYTOK BpeMeHH 7, HasniBaeMbil nepuo-
jgoM. IlpumepoM MOXET CJAYXUTb YCTZHOBMBLUEECH MBHXEHHE MapoBoft
MAaIiMHE, KOTOPas N0 MCTEUSHHUU MOJHOro O00pOTa CHOBAa NPOXOAMT Yepes
CBOE HayaJbHOE MOJOXNEHUe, 3aTeM sBJEHHE NEPEMEHHOro TOK3, H T. IL
Pazanytble BEJNWYMHBL, CBSIBAHHHE C PAacCMaTPUBAEMBIM NEPAOAHYECKHM
fABJCHHEM, N0 WCTEUEHMHM nepuoAa 7 BO3BPAWIAIOTCH K CBOUM IIPEXHUM
3HaYECHMAM M NPENCTABJSIOT, CAENOBATENBHO, NEPHOAHYECKHUE (YHK-
IUH OT BpeMeHH !, XapaKTepu3yeMble DPaREeHCTBOM

¢(t+TD=9()

TakoB, HanmpuMep, CWI3 W HalpsXKEHWE NEepPeMEHHOr0 TOKAa WIH —B
npumepe NapoBOH MAIIMHH — NyTh, CKOPOCTh M yCKOpeHHe Kpetiukonda,
Zlas/ieHHe Napa, KacaTeJbHOE yCWIHe B Naiblie KpPHBOIUHNA H T. A.

ITpocreftiest u3 neproauueckux QyBKuUuR (eca¥ He CYNTATL NOCTOSH-
HOH) ABNAETCR cunycoudassHan Gesuunna: Asin(of-a), rie o ecrs
4acTOTa, CBA3aHHAas ¢ nepuoloM I COOTHOHIEHHEM:

2n
0)—":-“']—.. (1)

Ha nono6upix mnpocrefilinx nepuoauyeckux ¢ynxkuu#t moryr OwiTh
cocTapiieHs n Gosee caoxHbie. Haneped fiCHO, YTO COCTABJASIOWINE CHHY-
COMAANBLHEIE BEMUYWHH JO/DKHH OBITh PasHHIX 4acToT, u60, KaK JErko
yOeIuThCH, CHOXEHHE CHHYCOMUAJIbHHX BEJHYMH ONHOM M TOH Xe ya-
CTOTHl He JaeT HAYEero HOBOrO, TaK KaK NPUBOMMT ONATH K CHHYCOHAANbHOH
BesMuuHe, NPHTOM TOH ke vacTorsl. HaoGoport, ecan CHOKUTH HECKOMBLKO
BEJIMUHH BHAA

Yo==Ap y1==Aysin (ot 0,), Ye==A;sin (2ot -} ay), }

2
V== Aasin (3wt+a3), e ( )
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KOTOpHIE, ¢ HE CUUTATh MOCTOAHHON, UMEKT 4acTOThH

o, 20, 30

Y esay
KparHbe HaBMEHbIIEH U3 HHX, o, U DCpuoJinl

1 1
T’ _2— Tr '3“ T» veay
TO TOJAYYHTCA MEpUuoarvYecKas q)YHKHP]ﬂ (C nepuoaoM T), HO YyXe

CYMIECTBEHHO OTJIMYHAA OT BEJWYMH THoa (2).

J
12
/A
’ VAR
/: Z AN
1 WA
i A
/ ; \
\
05\ < X 7
lj‘ \ \ R b
Y NZT XN A,
AR ANV
7 NV NNV
\ Xl il \ X N <
y . N\ \_\ 5 A\ T
W ) A z
RS “NT
| h - AL
..... 4 sin2t WA
oo | A7
~ g = Simt 4 N
| === S/h;‘+é&iﬂ2t \ / /
— sint+fsint + oIt | <
B

Puc. 73.

Ilas npumepa Mbl BOCIDOH3BOXMM 31ech (puc. 73) croxeHue 1pex
CHHYCOUAA/IbHBIX BCJAUYHH:

sin t—{—%~ sin 2¢ +- % sin 3t

rpaguk 3TOH (YHKIMH NO CBOEMY XapaKkTepy YXe SHAUMTEAbHO pas-
HUTCA OT cunycounsl. Enie B Cojibuieft CTENEHM 3TO HMEET MECTO M
cyMMbl GECKOHEUHOrO psAa, COCTAaBJEHHOTO M3 BeAWYMH BuAa (2).
Teneph ecTecTBEHHO MOCTaBUTL OOPATHHIH BONPOC: MOXHO Jd [ 2 H-
HY 0 NEPUOAMYECKYI @yHKLmI0 ¢ (¢) nepuosa T NpEACTaBUTb B BUAE
CyMMbl KOHEYHOrO MMM XOTH Ob GECKOHEUHOrO MHOMKECTBA CHHYCOU-
DanbHplx Beauwynn Buia (2)? Kak yemamm Huxe, N0 OTHOMIEHHIO K J0-
BOJIbHO WMPOKOMY Kaaccy oyHKUMH Ha 3TOT BONPOC MOXHO JaTh
YTBEPAUTENAbHB H OTBET, HO TOJLKO €CIH JIPUBJEYD MMEHHO BCIO
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6ECKOHEYHYW0 [OCAENOBATENLHOCTy BesanyuH (2). ad  dysxuui
STOTO KJACCA WMEET MECTO DAas/JOKEHHE B <«TPUTOHOMETDUUECKHH Pifi»:

@ ()= Ay} Ajsin (ot ;) -}~ Ay 5in Qut - ay)
—+ Agsin (Bt ag) ... == Ay 2_ An sin (not -+-a,),  (3)

npuueM Ay, Ay 9, Ay 8y, ... CYThb IIOCTOAHHHE, UMelUHe 0co6he
BHAYEHHS I KaxAoH Tako# dynkuum, a yacToTa w jgaercd GopMy-
aot (1).

T'eomeTpuueckn 5T0 O3Hauaer, uto 2padur nepuoduteckol gywKyuu
noaysaemcs nymes Hasoscenus padae cunycoud. Ecam xe ucron-
KOBaTh KaXAYI0 CHHYCOWIAMBHYIO BEJHUUHY MeXaHHYeCKH KaK NpeacTas-
JSIOMYIO TapMOHMUECKoe KoJefaTeabHOE ABHXEHHE, TO MOXHO TaKke
CKa3aTh, YTO BAECh CAONHCHOE KoaeGaHue, xaparmepusyemoe HyHKyueld
o (f), pazarazaemces Ha omdensuble 2apmoHutecKue Kosebanus. B cpasu
C 9THM OTJENbHHE CHHYCOHJAJbHBIE BENMYYHB, BXOJAIIME B COCTaB pas-
gouenus (3), HASHBAOT 2APMOHULECKUMUL COCMABASLIOUUMI  (DYHK-
unn ¢ (f) vaM TIPOCTO €€ 2apMoHuKamu (fepsol, Bropolt u T. 1), Camsitt
Ke NPOLeCC PAsIOHEHHs NepHOANUSCKOR (YRKUHM HA FADPMOHUMKH HOCHT
Ha3BaHWE 2aPMOHULECKO20 QHAAU3Q.

Ecau 32 He3aBHCHMYIO NEpeMEHHYIO BHOpaTh

2t

=mt=7,

TO MOAYUATCH QYHKIHUA OT X:

Fe=e(F),

TOXKE MNEPHOAMYECKas, HO €O CTaHAapTHHM nepuomoM 2w Pasmo-
weHue (3) npuMmer BUI

f ()= Ao+ Aysin (¥ + o))+ Ay sin (26 4 a3)
- Agsin (3x - ag) ...= Ay -+ Z—}xA" sin(rx+a,). (4

PaggepHyB usieHH 3TOro psfa no QopMmyre Lid CHHYCa CYMMH M
NoJMOKHUB
Ay=a, A,sine,=—e, A,c080,==8, (n=1, 2, 3,..),
MBI NpUAEM K OKOHYaTeJbHOH (POpDME TPUTOHOMETDHYECKOrO DasJOKEHHS:
J(x) =0y}~ (@, co8 x - b, 8in x) 4 (ay cOS 2x 4+ by sin 2x) -
- (a3 €08 3x - b,y sin3x) ... =

=a+ X @ cosnx+b,sinnx), @)
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B KOoTOpol MH Bceraa u Oydem ero paccMarpusaTh *). 3gech ¢yHKuus
OT yria X, uMelomas nepuoi 2w, OKasbiBAaeTCAd DPasHOKEHHOH MO KOCH-
HyCaMm ¥ CHHYCaM YIJOB, KPaTHHX X.

Myl npunid K PasAOXKEHHIO (PYHKIHMH B TPUTOHOMETpUYECKHH psaj,
OTAPABAAACH OT NEPHOAKUECKHX, KOJeOaTeNbHHX fABAEHHA M CBA3AHHMX
C HuMU BeJnYHH. Bagro ommemums, o0waxo, yoce ceiitac, 4mo no-
00CHbe PQ3AOICEHUS LACMO OKAIWBAIOMCA NOAESHLLMU I Nnpu uccae-
dosanun YHKYUE, 300AHKHLX AUWME 8 ONPedescHHOM KOKELHOM npo-
MeNCYMmKe U B608Ce He NOPONCOCHHNX HUKAKUMU KOAebamenbHuMu
ABACHUAMU.

397, Omnpenenenne xosd¢uuuenTcB no Merony ditnepa— Pypre,
Ias Toro yroOH YCTaHOBHTb BOSMOXHOCTb TPUrOHOMETPHYECKOrO pas-
noxenns (5) Mna 3ananHo# QyHkuuu f(X), uMeomel nepuod 2r, HYKHO
HCXOZHTb U3 ONpENEeNEHHOro HaGopa KoaHUUMEHTOR aq, ay, by, ay, by, ...
Mu ykawem npueM Jas onpeieneHus MX, KOTOpHH BO BTOpOH NOJOBHHE
XVIII Beka Obin npumeHeH DAJepoOM W HE3aBUCHMO OT HEro B Hayaie
XIX Bexa — ®Pypre.

Bydem snpeds npednosazams dyrxyuo f(x) HenpepssHoi uau
KYCOUHO-Henpepu8roli 8 npomesicymre [— =, =] *¥¥),

HonycTtum, uro pasnaoxenne (5) MMeeT MeCTO, H NPOHHTErPUpYEM
€ro NOUYJAEHHO OT — ™ J0 T; MB NOJYYHM

T

ff(x)dx:?ma-{— i [a,, Scosnxdx—i—b,, §sinnxdx].

n=1 -

Ho, xak Jaerko Buiers,

=

sin nx [®
Scosnxdx:——— =0

n —_x
-—

)71 > (6)
k.3
Ssinnxdx:—M“ =0,
n —

A )

*) OT 9TOr0 Da3NOXEHHH, pasyMeeTcs, NEFKO NepedATH B cayyae Hago6HoCTH
o6paTHO K pa3foxeHH0 BuAa (4).

*#) dypknua f(x) Ba3HBaeTCA KYCOYHO-HeNPEPHBHON B NmpoMe-
®yTKe [a, b], eca¥ OHa B HEM HeNPEDLIBHA, 32 HCKMIOYEHHEM KOHEYHOrO YHCAa TO-
yex, rue Hajuuo ckauxu. Taxum obpasoM, npomexyrok [@, b] pasaaraerca na
KOHEYHOE YMCIO YACTHYHHX DPOMEKYTKOB, B KAXEOM H3 KOTOPHX B OTHEdb-
HOCTH (QyHKNMA f(X) cnaouib HENpepHBHa, JaXe BKXIOYAasa HX KOHINH,
€CH TaM 3aMEHUTb 3HAYEHHA (QYHKUMH-—€E NpefeNbHH MU 3HAUCHHAMH.
MoxHo npencTaBuTh ce6e KYCOYHO-HENPEPHBHYIO (YHKUMIO KaK 6M <CKieeH-
HOM» M3 HECKOIbKHX RENPEPHIBHHX (QYHKUMH, C TEM JHMIbL, YTO B ¢TOYKAX CTHKAY
(paBHO KaK ¥ Ha KOHUAX MPOMEXYTKa) ee 3HaYeHHMA YCTAaHABIHBAWICA 0C0G0.
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TlosToMy BCE uUJMeHH TOA SHAaKOM CyMMH OyAyT HYAaMH, ¥ OKOHua-
TEJBHO HaligeM

a=n (f0dx U]

Haa Toro uroGel YCTaHOBUTb BEMHUMHY KOS(QHUUUEHTa @, YMHOKHM
ofie yacTH paBeHcTBa (D), KOTOpOe MBI BCE BpeMs HpeAnoJaraem
BHITOJHEHHHIM, Ha COS 72X M CHOBAa TMPOHHTErpUPYEM MOYAEHHO B TOM e
NPOMENyTKe:

S fx)cos mxdx=a, \ cos mxdx-

ﬂ{,;a

o] =
-+ Z [a,, S cos nx cos mxdx-+b, S sinnx cos mx dx].

n=1 —

MMepem# unen cnpasa ucuesaer sBuny (6). danee umeem

A

1

sinnx cos mxdx=—2— {sin(n--m) x4 sin(n — m) x]dx =0, (8)

—

COS X COS mX dx=~2— S [cos (n+ m)x -+cos (n — m)x]dx =0, (9)

| |
a3, at

-1

ecau n % m, U, HaKoHel,

|
A" a

cos® mx dx == S}_iﬁ%g}ﬁ_{dx:m (10)

Takam 06pasoM, o6pallaioTcs B HYJb BCE MHTErpajbl O] 3HAKOM CYMMBI,
KpDOMEe HHTErpania, Mpu KOTOPOM MHOXHTENeM CTOMT HMEHHO Ko3ddu-
UMeHT @, OTCI0a 5TOT KO3ULHEHT K onpenesnsercs:

a,,,::% Sf(x) cos mx dx (m=1, 2, 3, ..). (11)

AHajoruyHO, YMHOXas NpeaBapuTeNbHO pasnoxenue (5) Ha sin mx
M 3aTeM HUHTErPHPYA MOYACHHO, ONpPEAEAUM KO3(hODHUMEHT npH cuHyce:

b,,,=% "f(x)sin mxdx (m==1, 2, 3, ..). (12)
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ITpu stoM, xpome (6) u (8), Mbl onupaemcs e€me Ha JNErKO NpoBepse-
MBlE COOTHOLHEHHUS:

sinnxsin mx dx =0, (13)

!
T

ecnn n£Em, u
k3
Ssin“mxdx:m (14)

-—T

Gopmyart (7), (11) n (12) ussecTHn noOm umeHeM ghopuys Sise-
pa— Dypse; BHUKCACHHBIE N0 3TUM QopMynaM Ko3(PUIUMUEHTH Ha3bl-
BalTC Koapguyuenmamu Pypve NaHHOW (PYHKUMH, 2 COCTaBJEHHHH
C UX TNOMOIIbIO TpUroHoMeTpmueckufi psx (5)—ee psadom Dypse.
Panamy ®ypre Mbl HCKIIOUMTENbHO # OyAeM 3aHMMAaTbCd B  HacTod-
weHl raase.

Hagum Tenmepb cefe OTYET B TOM, KaKOBa JOMMYeCKas LEHHOCTh NpPO-
BelEHHHX paccyxaennil. Tak KaK MBI BCXOMWJIM M3 MPEAMOJOXKEHHU T,
YTO TPUrOHOMETPHYECKOE pasJoxeHune (5) MMeeT MeCcTo, TO BONPOC
O TOM, OTBEYaeT JH 3TO AEHCTBUTEJBHOCTH, €CTECTBEHHO, OCTaeTCHd
orkpoTHM. Ho yOerutelsHnl au Te COOOpaweHHd, C MOMOILBIO
KOTOpHIX N0 npuMepy Jfinepa u Pypbe MH Onpeesuan KosdduuueHTs
pasnoxenus (D), HAaxe B NpPEANONOKEHAH, YTO OHO OCYIIECTBISETCH?
Mp  mONB30BaNMCH NOBTOPHO NOYJAEHHHM HHTErpDHDOBaHHEM
pslla, a 5Ta OMepains He BCerfia Ao3poJuTeabHa [n° 269]. JlocTaTouHmM
yCIOBMEM M ee NMPUMEHUMOCTH SBJSETC] paBHOMEpHasds CXOAHU-
MOCTh psafa Ilo9TOMy CTPOro yCTaHOBJEHHHIM MOXKHO CUHTAaTh JHIIb
CJeRyIOILEE:

ecau yrryus f(x) pa3sazaemcs 6 pasroMep RO cxodamuiicn
mpuzoromempuieckuii pso (5) *), mo nocaednuti Heobxodumo Gydem
ee padox Dypse.

Ecau xe He npeamosaraTh Hamepel PaBHOMEPHOCTH CXOIMMOCTH, TO
HamK CoOBpakeHuss He NOKA3HBAOT JaXe H TOTO, YTO (YHKIUS MOXKeET
pasnaratecss TOABKO B psg Pyppe. KakoB ke CMBHCA NPUBEAEHHHX
cooGpamkenaii? X MOKHO paccMaTpuBaTh JHMIIb KAK HaBeHKeHHUE, JO-
CTaTOYHOE AJA TOro, uroGsl B NMOMCKAX TPUTOHOMETPHUYECKOrO passoxe-
HUA HaHHOM (YHKUuK Hauath €€ € paga Pypwe, 00s3yace (yxe co Bceiwo
CTPOTOCTBIO!) YCTAaHOBHTH YCAOBHS, NPH KOTOPHX OH CXOAWTCA M NpH-
TOM — MMEHHO K JaHHOH (yHKUHH.

IToka ke 5TO He CHENaHO, MK HMeeM MNpaBo JHlib (POPMaJAbBHO
paccmarpuBath paf Pypve maHHoM QyHkumm f(x), HO He MOMEM O HEM
HHYEro yTBEPHKAaTh, KPOME TOrO, YTO OH <«MOPOMIEH» QyHKuue# f(x).

*) 3ameTuM, yTO paBHOMEpHAA CXOAMMOCTb COXDAHWTCA U MPH YMHOXCHUH
BCEX YICHOB PANA HAa OrpaHHUY€HHbIC (pyHKLU(lPl Cos mx, s mx,
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A1y ero c¢cBa3b ¢ yHknued f o6nuno 0603HAUAIOT TaK:
o0
f(X)~ay+ > (a,cos nx b, sinnx), (5a)
n=1

usberas 3HaKa PaBEHCTBA.

398. Optoronaabnbie cucreMbnl ¢Gynknuit. MsnoxeHHoe B npens-
AylleM HoMepe SIBJISETCS 0GpasuoM pacCyAeHHH, KOTOPHMM 4acTo IpH-
XOAUTCA MOJBb30BAaTbCH B MAaTeMaTHYeCKOM aHaJn3e NPH H3YUYEeHHH MHOIMX
pasyaoxeHn.

Hagosem nse dynkumm ¢ (x) u ¢ (x), onpeneneHHHe B NPOMEXYTKe
[e, b], OpTOrOHaJAbHBIMM B 3TOM HPOMEXKYTKE, €C/AH HX I[IPOUSBEACHUE
VIMEET HHTErpat, paBHH#f HY 10

b
{e@yar=o.

PaccMorpum cucteMy ¢yHKuu#t {¢, (X)}, ONpENENEHHHX B NPOMEXYTKe
[a, b] u HenpepHBEBIX B HEM WaW, M0 KpaliHe# Mepe, KyCOYHO-Henpe-
puiBHHX. Ecau ¢QyHKnuM MaHHOW CHCTEMBI NOMAapHO OPTOrOHAJIbHEL

b
S ¢n (X) @ (x) dx =0, (15)

(n, m=0, 1,2, ...; nsm)

T0 €€ HAsHBAT O0pmoz0HassHol cucmenmol ¢yHknui. Ilpa atoMm Mu
Bceraa OyJAeM NpeanoJaraTb, 4ToO

b
S(pi (x) dx =2, >0 (16)

Mpu coGmogennn yeaosuht A, =1 (n==0, 1, 2, ,.) cucrema Hasm-
paeTca Hopmassrol. Eciu ke 3TH yCJOBHS HE BHIIOJHEHH, TO NPH Ke-
X
JIaHUM MOXHO NMEPEHTH K cucreme {?i‘/(r)
n
JeT HOpManbHOH.
BaxueH1IuM npUMepoM OpPTOrOHaJbHOH cHCTeMBl (GyHKUuM Kak pas
U ABJISeTCH TPUrOHOMETpPHYECKas CHUCTeMa

}, KOTOpas yxe 3aBeaoMo Oy-

1, cos x, sinx, cos2x, sin2x, ..., cosax, sinnx, .., (17)

B NPOMEXYTKE [— &, =], KOTOPYI0 MBI pacCMarpuBa/i BHILIE, €€ OpPTO-
roHaabHOCTB caedyer u3 cootHowenu# (6), (8), (9) u (13). Oamaxo
HopManpHol oua He Gyner seusy (10) m (14). YMHOXas TpUroHOMeTpH-
vyeckne ¢ynkuun (17) Ba HagIeKallHe MHOXWTENH, JIEFKO MOJYy4YHTh



378 T/ XXIV. PSAON ¢YPLE [398

HOPMAJIbHYIO CHCTEMY:

1 oS X sin x cos nx sin nx
V27:’ Ve = e ———V;, Ve r e

Mycte B npomexytke [a, b] nana Kakas-uuGyZp OPTOrOHANBHAS
cucrema {¢, (x)}. 3amazumca ueMBI0 PasNOKATL oONpenencHdyio B [a, b]
dynkumo f(x) B «pam no QyHKuusM ¢»> BuAa

f(x)=cocpo(x)+cl<pl(x)—l«...—f—c,,cp,,(x)—{-... (18)

Ilasa onpenenenus Ko3M(UIMEHTOB 5TOr0 pAsIOKEHHs, AONYCKad ero
BO3MOMKHOCTb, MOCTYMMM TaK, KaK MB 5T0 CHEaJA B 4acTHOM Cayuae
Boiwie. MMenno, yMuoxus obe uacTu pasnoweHus Ha @, (X), NPOMHTErpH-
pyeM ero mnoYJeHHo:

(17%)

o0 b

[
Sf (%) P () dx= Z Cn S ®p (X) @ (X) dx.

n=0 a

B cany oproronampmocta [cm. (15) u (16)]), Bce nurerpaam crpasa,
KpOME ORHOTO, GYAYT HY/IAMH, U JErKO IOJYYaercs:

[4
tn=p= [ SR en@dx (=0, 1,2, ..) (19)

fpopmyan (7), (11), (12) aBAsiOTCA wYAaCTHBIMA CayyasMd STOH dop-
My 8],

Pan {18] ¢ kosdduuuentamu, cocraBiensumMu no dopmyaam (19),
HasHBaeTCA (0000wennsim) padorw @ypse navuo# QyHKUMM, a caMu
Ko3(unuentsl —ee (00obuennamu) Kospguyuenmarnuy PDypse oTHO-
caTenbHo cucteMul {9, (x)}. Ocobenno npocro suirasaar Qopmyast (19)
B CIyuae HOpMa/AbHOH cHCTEMs; TOrza

b
en={ 7)o (1) dx. (19a)

Koneuso, 3gech MOTyT OHITh NOBTOPEHH Te XK€ B3aMEUaHHf, KaKuMu
Mbl SAKOHUMJH Npensiayuuit Homep. OGoGweHHn paR Pypobe, nocTpoen-
HpH pas panno# Qynkuuu f(x), cBA3aH C HEW AMML GOPMAaAbBHO.
W B ofwem crydae cBa3b Mexay dyukiued f(x) m ee (oGobmen-
HeiM) pagoM Pypbe 0003HauAOT TaK:

f(x)Ni:: e (182)

Cxomumocts sroro pama K dysxued f(X), Kak u B CIyuae TPUFOHO-
METPUYECKOrO pAAA, MOAJSHKHT €l HCCACAOBAHUIO.
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§ 2. PA3JIOXXEHHE ®YHKIIUA B PsiJi $YPLE

399. Iocranoska Bonpoca. Uarerpan Hupuxae. Ilycts f(x) Gy-
IeT HeNpepHBHAas WA¥ KYCOUHO-HENpephiBHas (YHKUUA C NEPUOLOM 2.
BriuncauM nocrosHHne (ee kKoadduumentn Pypoe):

am=% Sf(u) cos mu du, bmz% g‘f(u) sin mu du m

(m=0, 1,2 ..) (m=1,213,..)

¥ N0 HUM cocTaBuM DA Pypbe Haumleh QyHKLUuM

o0
a .
fx)~ 7"—}— 2 (e, cos mx -+ b, sin mx). )
m==1
UptaTenh 3dMEYaeT 3[ech MaJeHbKOe OTCTymjieHne OTF 06osnavenuit
n° 397. koadduuueHT @, MH onpeieaseM Temepb 1O obwel ¢opmyre
s a, npn m==0, B paspe3s c qopmyao#t (7) ynoMSHyTOro HOMepa,
()
R
3ameEyanui. Ecam dynkuus F(u) KycouHO-HENpepHBHa B MOGOM
KOHEYHOM NPOMEKYTKE U K TOMY e HMEEeT nepuoj 2w, TaK yTo

Fu+2r)=F(u),

HO 384T0 CcBOGOAHHY uJeH PAAa MUIIEM B BHIE

TO BeAULUHA UHMezpara
a-2n
F@)du
a
1o npomexcymry OAunb 2% He sasucum om a.
JleHcTBUTENABHO, OrPAHMUHBARCH CJAYYaEM HENpepHBHOR Qynkiupd F,

uMeeM

a4 2% 2n - 2n

0
F(u)du=SF(u)du—]—§ F(4) du-- S F(u) du.
"1 o 2%

Ecau B nociexHeM nHTErpane CAelaTh MOACTaHOBKY u==2n-}-f, TO OH
NPUBEJETCA K RHTErpaty

§F(t+2w)d¢=§F(t)dt

¥ Jub 3HaKoM OyJeT OTAMYaThCsl OT mepBoro murerpana. Takum o6pa-
80M, pacCMaTpUBAEMHli MHTErpas OKasHBAETCH PaBHHIM MHTErpajiy

2n

§ F @) du,
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yxe He coepwameMy o. JIerko pacnpocTpaHuTh STOT pPe3yJbTaT W Ha
cayyaih moOOH KyCOYHO-HENPEPHBHOH (dYHKLIKU.

ATUM 3aMEYaHUEM MBI B nocjaeiymouieM OyldeM H0/b30BaTbhCa. B ya-
crHoctd, u B ¢opmynax (1), onpemeasiomux Kosdduuuents dypoe,
VHTErpajsl MOryT ObITb B3ATHl NO JOGOMY NPOMEXYTKY MJHHB 27 Ha-
npuMep, MOXHO Obl0 Obl MUCATh

2n 2n
amz% s‘ f(x) cos mxdx, b,,,::%gf(x)sinmxdx (1a)
0 0
(m=0,1,2.) (m=1,213..)
uT. L
st Toro yro6sl mccaenoBaTh nopeneHue paga (2) B kakoH-uuGyanb
ofnpene]eHHOH TOUYKe X ==X, COCTaBUM YyAOOHOE BHIPAXKEHUE MIJi1 €ro
YaCTUYHOH CYMMBI

n
S, (Xg) = %“- -+ 2 (a,, cos mxy—+ b, sin mx,).
m=1

[MoacraBum BMECTO @, ¥ b, uX HHTErpaipHHie BhHpawmeHus (1) u nox-
BEeM NMOCTOSITHHbBIE YHCHA COS mX, SiNmx, NOA B3HAK MHTErpana:

s =y | /(du+-

n T
-+ 2 % Sf(u) [cos mu cos mx, -+ sin mu sin mx,] du=
m=1 —_

:71:- §f(u){~;——}—i cosm(u—xo)}du.

m=1

Jlerko npoBepuTh TOXAECCTBO

n
_;.—}— 2 cos mo==

m=1

= bnit 3 [nlntd)—snln—i)e)=

25in7 m=1

sin (2n + 1)%

. a
2 sin 7
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BocnoassoBaBmuce UM 149 npeoGpasoBanus NOABIHTEr PaAbHOTO Bbi-
paMeHHs, OKOHUATENbHO MNOJYYHM

ki

8p (X0) = % f@® du. (3)
D 2

—_%

D1oT mHTErpa; OOHIKHOBEHHO HA3HBAIOT uHmezpasorm Jupuxae (X0TH
y dyppe OH BCTpeuaercs ropasio passiuel).

Tak xak Mpl uMeeM 3fech Aen0o ¢ QYHKUMAMA OT # nepuoia 2w, TO
NPOMEXKYTOK MHTETPUPOBAHUA [— =, ®] MO CHENAHHOMY BHIIE 3aMeua-
HHI0 MOXHO SaMEHHUTDb, HaNmpUMEp, NPOMEXYTKOM [xy — ®, Xo- =

Xo+T
sin 2n+ 1) %

1
8, (X)) =—— u — du.
W)= | SO~ T,

Xg—1®

IMoacTanoBKkO# ¢ ==u — x, IIpeobpasyeM 5TOT MHTErpajd K BULy

1 sin (n—l—-%)t
Sp)=—\ flx—+1) — 1 dt
J 251n7t
b 0

3&T€M, pas6maaﬂ HUHTCrpajs Ha ABa: S+ S, A TNpPUBOAA BTOpOﬂ NHTE-
0 —

rpax OyTeM H3MEHEHHT B3HAKa NepeMeHHOH Toxke K mpomexytky [0, =},
npuieM K TaKOMY OKOHYAaTeJbHOMY BBIDAXEHHIO NI YaCTHUHOH CyMMBl
paaa dypoe:

1 sin (n + —;—)t
s =— | [flrott+Flo—t] ——Ldt. @
2sin —th
0

Taknm 00pasoM, Aen0 CBOAUTCS K HCCAELOBAHUIO TIOBENEHHS HMEHHO
5TOr0 MHTErpana, cojepwaumiero napamerp n. (Csoeobpasue npedcmas-
agowelics 30ecs 3a0a4l 3aKAI0HAEINCS 8 MOM, 4MO 8 3MOM CAyuae
He Mooicem Oblimy UCNOAb308AH nNpedeasHbll nepexod nod 3HAKOM
unmezpasa *), Koropsii o cux nop [cm. raasy XVII] cayxun nam

*) B nanHoM cayyae NOJMHTErpaibHOE BHPAXEHHE IPU 1t — O BOBCE He
uMeeT Ipejiela,
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eNMHCTBEHHHM CPEACTBOM M/ pasbiCKaHus TpeAena MHTerpana, Co-
AZepxawero napamerp. WM ¢ Takum nosoxeHueM semied HaM B 3TOH
rJaBe NPUIETCS CTaJKUBATBCH CHCTEMATHUECKH.

400. Ocnosras JemMa. Ilpexze uyeM npPOAOMXKUTH Hamle HUCCIEAO-
BaHue, MOKAXEM Caellylomee BaxHoe JMas JAaipHelilero yTeepxaehue,
KoTopoe npuHaaiexar Pumany:

Ecau pynxyun g(t) Henpepsisna UAU KYCOMHO-HENPEPLIEBHA 8 He-
Komopox KoHetHoM npomexcymre {[a, b}, mno

b
Hm \ g(f) sinptdt=0
pwy

U, AQHAA0UYHO,
b

lim \ g{f)cosptdt=0.

-~ 00
L4 a

HokaszaTeabCTBO JOCTaTOYHO HPOBECTH AN NEPBOTO H3 3TUX
npefenos, npeanonaras QyHkuwmio g(f) HenpepsiBHOH.

3aMeTuM npeABapHTENbHO, UYTO, KAKOB Ob Hi OBUI KOHEYHHH mpo-
MexyToK [a, B], MMeeM Takylo oneHky:

lfsinptdtl::’—ggs—@ig—cgs— <—’27. )

Paso6vem npomexcyrok [a, b] Ha n uactell Toukamu
a=t, < ... Lt ... t;=b ®
H B COOTBETCTBHH C STUM PAI3/IOXKHM M HHTETpa’

n—1

S g(®)sinptdt= Y S g (®) sin pt dt.
i—O ti

OG6o3Hauus uepes m; HaumeHbinee u3 sHaueHu# g(f) B i-M npoMexyTKe,
MOMHO NpeoOpasoBaTh 5TO BHPAXEHHE TaK:

n—1 ti+1 n—1 ti+l

b
Sg(t) sin ptdt =Y\ \ (g (®) — m,] sin pt dt -1 3 m, S sin pt df.

i=0 1 =0 tl'

Ecan o; ects KoneGanue dyuxunn g(f) B {-M NpoMexyTke, TO B €ro
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npefenax g(f)—m;<Cw; ¢ yueToM Hepasenctsa (5) Temepb Jerxo
noJYYNTh AJIH HAWEr0 MHTErpaza OLEHKY:

1 —1
Z miAtt_!“%".'X fmy].

=0 i=0

[4 ' n
1§g(t) smptdt]gi

3anaBwkch MPOMSBONLHHM yuCAOM & >0, BHGepeM cHayala ApobGae-
3
nue (6) Tak, yTo6n GbLIO u),<~2-—(7—_—_-a—), TaK 4TO

n—1

€
o< 5

i=0

STO CHENAThb MOXHO BBUAY HenpeprBHOCTH ¢yHKkuuu g. Temeps, Tak
KaK YHCHA m; TEM CaMHM yXe€ ONpeAeJeHbl, MOXKEM B3ATh

p>5 Y m|

n AJ8 3TUX 3HAUCHUN p HOJIY'IHM
b
] Sg(t) sin ptdt,<e,
a

YTO M HOKAa3HWBAET Haple yTBEepkIeHue,

Mbi ofpamaem BHuManue unTaTens Ha To, YTO yke shech npenensi,
K KOTOPHIM CTPEMATCA HHTErpasbl, YCTaHOBJNEHSl NOMMMO NpeJLe A b-
HOro mepexoja NOJ B3HAaKOM MHTerpaja.

Ecau cnomunts dopmyas (1), BHpakawomue Ko3QQuuuentst dypre,
TO B KaueCTBe NEPBOTO HENOCPEACTBEHHOTO CJAEACTBHS OTCIOAa TOJY-
Y3aeTCA yTBEPXKAECHHE:

Rosgppunguenme. Pypve a,, b, Kycosno-venpepsienoi dynryun
npi m — 0O CMPEMAMCH K HYAl.

401. Ipunuan Joxanusawud. BTOPHM HEMOCPENCTBEHHHM Ke Clef-
CTBUEM /OKA3aHHOH JIEMMH SBAAETCA TaK HA3bIBAaEMHH «NDHHIMN JO-
Kaau3anums.

BasB NpOWSBOJILHOE NOJOXKHTENBHOE YHCHO 3< =, pasofneM wunTe-

T

[ [
rpaa B (4) Ha Asa: S:S-{— 5 Ecam sropoi m3 Hux nepemucars
] 0

B Buae
_;C_Sf(xo—{‘t)-l-f(xo—t) sin (n ) tat,

2sin —Z—t
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TO CTaHeT SICHO, UTO MHOXHTCAD INIPH CHHYCE
F+0)+1f(x,—1)
2 sin %t

SIBASETCA KYCOUHO-HENPEPHBHON QynKuuel oT £ B npoMexyTke [8, =],
60 TakoBa (YHKUMS OTF f, CTOAWIad B UHCJAWTENE, B TO BPEMA Kak

.1
sHameHaTeab 2 sin - f, He OOpAINAIONUHC B HY/Mb B 5TOM NPOMEXYTKe,

COXpaHfeT HENPEpHBHOCTL. B TakoM ciayyae MO JeMMe 3TOT MHTErpan
npu n— 0O CTPEMUTCE K HYJIO, TaK 4TO U CaMOE CYIECTBOBAHHE Hpe-
Jena JAas vacTuyHOH cymmbl psga Pypwe, S,(Xg), M BeIMuUHHAa STOro
npejena LeMHKOM ONpedensioTcs NOBEAEHHEM OJHOrO JIMUIb HHTErpaia
sin (n +—;—>t
dt. )
2 sin 7t
Ho B 5TOT uHTerpain BXOAAT JMIbL 3HaueHus Qyskuan f(Xx), oTBedaio-
LIM€ H3MEHEHNIO apryMEHTa B IPOMEXKYTKe OT Xy— 08 40 Xo-+ 8. drum
HPOCTHIM  COOOpaXM(eHNEM U JOKa3HIBAaETCsi <INPHHIHN  JIOKAJH3alHKY,
cocTosiufl B CAEAYIOUIEM:

Teopema. [losedenue psda Pypse dhynxyun f(x) 8 Hexomopoli
moure x,*) 3agucum UCKAIOHUMEASHO OM 3HAUEHWE, NPUHUMAEMBX
smoll pynryueil 6 Henocpedcmsennoll OAU30CMU paccMampusaermoln
mouru, T. €. B CKOJb YrOAHO MajJoft ee OKPECTHOCTH.

Takum oOpasom, ecau, HanpuMmep, B3%Th JBe (YHKIUH, 3HayeHud
KOTODPHIX B NPOUSBOJBPHO MajO# OKPECTHOCTH X, COBHAAAlT, TO Kak 6 H
OHH HHU DasHUJAUCbL BHEe 5TOH OKPECTHOCTH, COOTBET-
cTBylollne 3TuM QyHKuuaM paanl Pypre Belyr ceba B TOUKE X, oAu-
HakoBO: Jub0 00a CXOHATCS, W IPHTOM K OHOH U TOH Xe Cymme,
an6o 06a pacxoAATcd. DTOT Pesy/bTaT MOKakeTcd ewe GoJee pPasuTeb-
HBIM, eCJI TOAYEPKHYTb, 4TO camele kod(dunueHtsl Pypre paccmarpu-
BaeMbIX (yHKIuH, 3aBuCAIME OT BCEX HX B3HAueHHH, MOPYT OKasarTh(d
COBEPILEHHO Pa3JuYHbIMHU!

Bta rTeopeMa OOBIYHO CBs3bIBaeTCa € uMeHeM Pumana, nbo sBaserca
caeacrsueM Oosee ofwe# ero rteopemwl, HoxasaHHo# B 1853 r. Cae-
AYET, OJHAKO, OTMETHTb, UTO W/ed <NPUHIUNA JAOKAJIMSAUMH> COJIEPKHUTCA
yxe B omuo#t pabBore Ocrporpaiackoro 1828 r. no MaTemaTnyecko#
¢usuKe, a TaKxe OTpaxkeHa B uccaedopanuax JloOGaueckoro 1834 r.
N0 TPUrOHOMETPHYECKUM DaaM.

402. IlpencraBnenne ¢yukuun psagom Pypse. Boseparumcs x npe-
PBaHHOMY HCC/ISHOBAHUI0 MOBENEHHS YaCTHYHOH CyMMB S, (X,) psana
dypbe, Aast KOTOPOH MBI MOJYYWIM HUHTErpajbHOe NpeAcTaBacHue (4).

8
pa® = § U o0 +F (xo— 1)
0

*) Mbl TIOHMMaeM TOJ 3THM CXOXMMOCTb WIH PacxoauMOCTh palla B TOUKE Xy,
a TaKxke Haiauyue JIiad HEro-—B cayyae CXONUMOCTY — TOH HMIN HHOH CYMMAL
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Hanoxum Ttenepe na dynxumo f(x) Gosee Taxenoe TtpeGopanue,
a MMEHHO — npednosodcur ee Kycouno-dudgeperyupyesmoi 6 npome-
acymre [—w, =] *).

Torza umeer Mecro obmas

Teopema. Ecan dynwgun f(X) ¢ nepuodom 2% wycouno-dugghe-
pergupyexa 8 npomexcymre [—=, =], mo ee pad dypese 8 Kaxcool
mouKe X ==, CXO0UMCA U UMEEN CYMMY

S S +0)4-f(x,—0)
0 ) .

Ama cymxra, ovesudno, pasua f(x,), ecau 8 mosxe x=—x, GYHKYUA
NenpepsLeHa.

HoxasatTeancreo. OrmernM, uro paBeHCTBO (4) mMeeT MecTo
ans Kaxnaoh ¢ysknmu f(x), yaosaeTBopsiomed MOCTaBJCHHBIM yCJIO-
pusM. Ecau, B vactHocry, B3ath f(x)=1, 10 S,(x)=1, B U3 (4)
NOJIyUuM, YTO

%50:‘ sin (n-{—- ) @ ®

2sm—t

VMuokag o6e 4YacTd STOro pABEHCTBA Ha MOCTOSHHOE 4uCIo S H
BHYUTas pe3yiabTat u3 (4), Hakifem

$n () — So=5 § U Crot-O)-+-F (r0— ) —
0
sin (n+-;-) ¢
2 sin 5 t

A Halel nead HyXKHO AOKasaTh, 4T0 HHTErpan clpapa npd n-— o0
CTPEMHTCA K HYJIO.
IIpeacraBuM ero B Buie

L § g(®) sin (n—]—%)tdt, ©)

—F (%~ 0) —f (%, — )] dt;

¥) GyHkuua  f(X) HasbBaerca KYcouHO-Iuphepennumpyemoi
B ApoMexyTke [@, b], ecam 9TOT MPOMEKYTOK PpasnaraeTca Ha KOHEYHOE YHCIO
YAaCTHYHBIX MPOMEXYTKOB, BHYTDH XOTOpPHX (yHxuua nuddepennupyema, a Ha
KOHIlaX He TOJbKO HMEeT npeleabHble 3HAUEHHMA, HO H OAHOCTOPOHHHE NMPOH3BOA-
Hble, IPH YCAOBMH 3aMCHB Ha 3THX KOHUAX 3HAYEHMH QYHKUMH YHOMAHYTHIMA
npeeabHHMK 3HaueHuAMH. MoxHO MpPeACTaBATL cebe KyCouHo-Inddepenuupye-
MY QYHKUMIO KaK 6bl «CKAEEeHHOH» U3 HECKONbKUX QYHKUUHA, MudepennupyeMbix
(a crefoBaTenbHO, M HENPEPHLIBHHX) B 3aAMKHYThHIX YaCTHYHBIX POMEKYTKAX C TEM
AMILb, 4TO B €¢TOYKAX CTHKa» (paBHO KAaK M Ha KOHUAX @ ¥ b OCHOBHOrO Mmpo-
MeXYyTKa) ee 3HaUEHHA YCTaHABIKBAOTCA 0CO0O,
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rAe IM0M0XKEHO

L

gt)= [f(xo+t) ’t‘f(xo+0) _ fxe— t):tf(xo—'o)J 2 = (10)
ecad OB HaM YAanOCh YCTAaHOBHTb, UTO 3T (YHKUUS KYCOYHO-HEMpE-
puiBHa, TO u3 JAeMME 1° 400 cienoBano Ou yxe, uro unrerpaa (9) umeer
npefenoM Hyab npr n-—oo. Ho B npomexyrke (0, =] ¢yuxknas g (@)
BOOOIE HENpEpPHBHA, 3a HCKAIOUEHHEM passe JHMmb KOHEYHOrO YHMCA3
TOYEK, I/le OHa MOXET UMeTh CKaykW — n6o TaxoBa ¢yukuus f. Ocraer-
€A OTKPHITHIM JILIb BONPOC O moseAeHun ¢ynxumn g(f) npu ¢t — 0.

Mbl JlOKaxeM CYLUiecTBOBAHUWE KOHEYHOro mpenena

lim g({)=K;

t—40
nonoxus toria g(0)=K (mo cux mop 5TO 3HAayeHHe OCTaBaJOCh (op-
MaabHO HeonpedeneHHnM!), MBl B TOouke f==0 NOJAYYHM HERPEDPHBHOCTH,
W NpHMEHeHHE JEMMH OKaueTcs ompasiaHseiM. Ho BTOopoi MHOMuUTENB
B npaso# uactn pasenctsa (10) ABHO uMeeT NpelenoM efuHuily; o6pa-
TUMCS K BBIDaXeHWIO B KBaJPAaTHHX CKOOKAX.

I[Tycts, AnA NPOCTOTH, CHAYaJa TOYKA Xy JEXUT BHYTPH RPOMe-
¥yTka, rme ¢ysxums f(x) nnddepenuupyema. Torma f(xy—0)==
=f(xy— 0)=F (%), ¥ Kaxzoe u3 OTHOIEHUH

f(xo+ ) —F (x5 S (xog— ) —f (%)
7 , — (11)

crpemurca K npeneny f'(xy), a [...]—x mnymo. Ecam ke x, ects
«TOUKa CTHKa», TO MNPH 5TOM OHA MOMKET OKa3aThCs KaK TOUKOH He-
IpEPHIBHOCTH, TaK M TOYKOH paspwBa. B nepsom cayuae Mu omars
CTOJIKHEMCA ¢ oTHOWeHusMu (11), HO onum OYAyT CTPeMUTHCA HA ITOT

y y
A /\/
] H ]
R : :
0} Zp z 0i z T
o ]
Puc. 74.

pPas K DasquYHBIM MNPEAENaM, COOTBETCTBEHHO — K NPOM3BOJHOH CrpaBa
M K npomsomHO# caeBa (puc. 74, @). K aHanoruuHOMy pesyJabTaTy
OPHIEM M B CAydYae PasphiBa, HO 8echb BHaueHue f(X,) 3aMeHHTCA 3Ha-
uenuamu f(xy = 0) Tex ¢yHKURMH, OT «CKJIEHBAHHA» KOTOPHX NOJIy4YH-
Jach J@HHad, a [MpelenaMn OTHOWIeHu# OyAyT OAHOCTOPOHHUE TPOU3-
BOAHbIE YNOMAHYTHIX (yHKUu# NMpu X =X, (uept. 74, 6).

Wrak, Hawe sakmouenne CIpaBef/MBO BO BCEX CAydasX.
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403. Cayuait nenepuonugeckoll ¢ynxuun. Bcs nocTpoenHas Buwiue
TEOpUss UCX0AuJa u3 NPEANOJNONEeHns, 4YTO 3ajaHHas prHKU.Hﬂ oripeae-
7eHa JUIS BCEX BEMIECTBEHHBIX 3HaueHWH X ¥ NDUTOM HMeeT NepuoA 2.
Mesxay Tem yauie BCEro NMPUXOAMTCA HMETh MHeJO C HeNepHOAHMYE-
cKofi QynxuueR f(x), uHOM pas Haxe B3aKaHHOM TOJLKO B TNpOMe-
Kytke [—mx, =]

Uro6u uMeTh MNpaBO MPUMEHUTb K TAKOH (PYHKIHHM HIJIONKEHHYIO
TEOPHIO, BBENEM B3AMEH HEe BCIOMOTaTe/NbHYI dyHkumo f* (x), ompe-
JeNenHyio caeayomum o6pasom. B mpomexyrtke (— =, ®] MH OTOMN/Ie-

creaseM f* ¢ f
¥ x)=f(x) (—rlx<nm), (12)
3aTEM mnoJaraem
(=)= *(®)=f(n),

a Ha OCTa/JbHBIE BEIIECTBEHHHE SHAUEHMA X PacupoCTpaHseM (yHKUMIO
J*(x) no 3aKOHy NEepPUOAMYHOCTH.

K nocrpoenHo#ft TakuM oGpasom &ysxkuuu f*(x) ¢ nepuoxoM 2w
MOKHO yXe NDHUMEHSTh J[OKasaHHylo Teopemy pasioxenud. Omsako,
€c/MH peub uUJAEeT O TOYKE X, JAexameH CTPOro Mexay
—= u =« 10, BBUAY (12), HaM npumoch OH uMETL €0 JHIIL C 3a-
naHro#t dynkuwel f(x). Ilo Toft e npuynHe M KOS(PGIHUHHEHTH Pasno-
WEHHS MOXKHO BHYMCAATh no dopmytam (1), He mnepexofs K ¢yHK-
uun f*(x). Kopoue rosops, 8ce doxa3annoe 8uiue HenocpedcmeeHHo
neperocumcess Ka 3a0arry0 @yHKyguo f(X), MUHYS BCIOMOTaTeJbHYIO
dynkmmo f* (x).

Oco6oro BHEMaHHS, OAHAKO, TPEGYIOT KOHIH NpoMexyTka x =t =.
Tipu npumenenun k dynkuuu f* (x) Teopemn n° 402, ckaxem, B TOY-
K& X==7, HaM NpUIJOCL OH HMETh AEN0 KaK CO SHAYCHHWAMH BCMOMO-
rareipHo#t  yHkuun f*(x) caeBa OT X==m, rje OHM COBNAZAIT
C COOTBETCTBCHHLIME BHAuYCHHMAMH JAaHHOH dynxkuum f(x), Tak u CO
BHaueHnsMB f¥(x) cupasa or x===, 20e Oru cosnadaom yice
co 3nawenusmu f(x) cnpasa om x=—=. Hostomy naa x= "t = B
KauecTBe SHaueHus S, Hamjaexano Ob B3ATh

o= LEFOFS =0 f1er+0 470
L UES

TaxuMm o6pasoM, ecau SajauHas ¢yukuaa f(x) Rake HeNnpepHBHA
npu x=-t«, HO He UMeeT NMepuUoOda 2% TaK 4TO F (@ #f(—m),
TO — npu coOmoAeHu TpeGoBaHUA KyCOuHOH JuddepeHnupyemMocta —
cymmoft psaga Pypoe Oyaer uucao

Le=n+fm
2 ’
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oramuHoe Kak oT f(— =), Tak # ot f(=). Has Taxoht dyukumm pasnc-
JEHHe MOXKET MMETh MeCTO JHIUb B OTKPEITOM NpOMexyTke (— m, 7).

Caellyloniee 3aMeuaHue 8acAyXWUBAET CEPbESHOTG BHHMAHHA YUTATENd.
Ecan tpuroHoMerpuueckuit paf (2) CXORMTCH B NpOMexyTke (— %, %]
K ¢ynkuua f(x), TO BBHAY TOrO, 4YTO €ro UJeHH HMEIOT mepuox 2=,
OH CXOIONTCS BCIOAY, W CyMMa ero S(X) OKa3bBaeTcsi TOXE NEPHOAH-
yeckolt Qynknme#t or x ¢ nepuoioMm 2w. Ho ama cymma 8He yxas3an-
HO20 npoMesicymra 8oobue yoxe Ke cosnadaem ¢ dyuryuei f(x)
(ecan nocnefnss Onaa 3aflaHa Ha Bcell BemecTseHHoH# ocu). Hike sro
sameuaHue OyleT NPOMIIOCTPHPOBAHO HpHMEPaMH.

OTMeTuM, HaKOHEHN, 4YTO BMECTO NpoMexyTka [-—w, «] MoxHO
Onimo Obl B3sTh M060# mpoMexyTok [a, a-F 2w Amme 2w,

404, Cunyvaii npousBoJbHOrO mpoMexyTka. Ilpeanonoxum, uTO
dynxuns f(x) sagaHa B mpomexyrtke [—/, /] npouspoibHOR MiMHE 2/
u KycoyHo-auddepennupyema B HeM. Ecau npuGerHyTb K IOJCTAHOBKE

14
x=7}:' (—ﬂ<y<ﬂ),

TO noayuutca GyHxuus f (%) OT y B npoMexyrke [—w=, =], TOMWE

KycouHo-nuddepeHuupyemMas, K KOTODOH yiKe NMPUAOKEUMH PAcCMOTPEHUs
npeAbAyniero Homepa. Kax Mol Brfieny, 33 UCK/IOUEHNEM TOUEK PasphiBa H
KOHIOB — %, T NPOMEXYTKA, MOXKHO DAsMOKHTh ee B paf Pypse:

D\__a v ;
f (-1-‘—) = +,§1 (a, cos ny - b, sin ny),

KO3(HUIMEHTH KOTOpOro onpefensiores Qopmyaamu Dnepa — dypoe:

L3

a,,=—11;_§ f(%) cos ny dy, b, =—7l:— S‘f(%) sin ny dy.

n=0,1,2..) n=1,23..)

Torma Mm noaywum pasnoxenve safaHHo# d¢ymkuun f(x) B Tpuroso-
METPUYECKUH DA HECKONBKO WSMEHEHHOTO THMA:

f(x)=5'2—°+i(ancosn%r+bn sin”—’;f). (13)

ne=}
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nX
31ech KOCHHYCH M CuHYCHl Gepyrcs OT yrioB, KDATHHX He X, a.

MoxHo Oni10 Gu u QopMyast Aas onpeseacHus Ko3(Q@OUIHEHTOB 3TOrO
pasnoxeHus npeo6pasoBaTh TOH Ke NOACTaHOBKOH K BUAY

! :
an=—}- Sf(x)cos’—“;—xdx, b,,=ll Sf(x)Sin E;jdx- (14)
—1 —1

(=0, 1,2..) (n=1,123,..)

B oTHOIIEHRH KOHIOB MpOMexyTKa X===t[ COXpaHAOT CHIy 3aMme-
yaHus, CAeNaHHBIE B OpEAbIAYIEM HOMEpE OTHOCHTEeAbHO TOuek X —=—F x.
KouneuHo, npomexyrok (—/, /] moxer OuTb B8aMeHeH J/MOOBIM JDYTHUM
NPOMENKYTKOM AJuHH 2/, B uactHocTH, npomexyrkom (0, 2/]. B nocaen-
Hem ciaydae ¢opmyast (14) no/kHBl OHTh 3aMeHEHb! (HOpMYyJaMu

21 2
ay = S Fxycos™ax, b= S Fysin Pdx. (14a)
[ 0

(n=0, 1, 2,..) =1, 2, 3,..)

405. PasnoxeHdne TOJbKO MO KOCHHYCAM HJM TOJbKO NO CHHY-
caMm. HayueM co cieayiomero saMedaHus: €C/qM 33aaHHas B NPOMEXYTKE
[—, =] (HenpepmBHas wiu, mo Kpalineli Mepe, KyCOYHO-HENPEpHIBHas)
¢dynkuus f(x) Oyler HeueTHOMH, TO A Hee

T
S F(x)dx==0.
-1
K
B stoM sierko yGeaurtncs, NpeACTaBUB HHTErpai S‘ B BHAE CYMMH WH-
__.1:

™ 0
Terpanos. S—l—- S ¥ 3dMCHUB BO BTODOM U3 HUX X Ha — X. Taxkuy xe
0 -z

NyTeM YCT4HAaBJHMBAETCA, YTO B Cayyae YeTHOH dyuxkuun f(x):

—S:f(x) dx=20Sf(x) dx.

Tycrs Temeps f(x) Gyder KycouHo-ZupdepeHuupyemas B MHpoMe-
xytke [—m, w] yernasn ¢ydkuus. Torna mnpoussesenue f(x) sin nx
OKameTCd HEYETHOH dyHxuvelt, 1 no CKasaHHOMY

b, :-._% Sf(x) sin nx dx=0.

-
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Takum obpasoM, prd Pypse uwemnol diyrryuu codepcum OOHU AL
KOCunycoL:

f(x) =%‘-’- + 21 a, cos nx. (15)

Tak kak f(x)cosnx B 9TOM cayuae TOwe OyAeT ueTHOM ¢yHKunef,
TO, NPHMEHHB CI0fAa BTOPOE U3 CHENaHHHX BhHIlE 3aMeyaHuil, MOXKeM
KO3 pHIHEHTH @, DasJAOXKEHHs HaMmHCaTh B BUAE

a, =2 Sf(x) cosnxdy  (n=0, 1, 2,..). (16)
(]

Ecmu xe ¢ynkuma f(x) Gymer HeueTHOH, To HeueTHOHR Oy-
et u Qyskuua f(x) cos nx, Tak uTO

a, =% Sf(x)cosnxdx_o (n=0,1, 2,..)

Mu nmpuxomuM K sakmouenmo, yro pad Dypse Hesemnoli Gyuwyun
codepoicum o0HU AW CUMYCH.:

fx)= § b, sin nx. (17)

n=1

Ilpn 5TOM BBHAY ueTHOCTH Npou3BeAcHHs f(X) Sin 72X MOXHO MUCaTh:
b, =-i—§f(x) sinnxdx  (1=1, 2, 3,..). (18)

Ormerum momyTHO, uyr0 KawaAad dyuxous f(x), salanHas B NpoMe-
Kytke [—=, ®], Moxer OuMTp mnpeicTaBieHa B BuAe CYMMBl YETHOH
HEYETHOH COCTaB/MIOIIAX QyHKIuH:

F (@) =/ (x)+fa (%),
rpe
f (x) ) +f(_‘x) f (JC) f(x)—f("‘x)

OueBuano, uro psn Dyppe dynxuun f(x¥) Kak pas ¥ COCTABHTCA H3
pasjoXeHus mo Kocunycam (yskimu f (x¥) @ pasnoKeHHs NO CHHYCaM
dynxunn f; (x).

Ipeanonoxum, Aanee, yro ¢yHkuus f(x) 8afaHa AMMDb B NpoO-
mMexyTKe [0, ©]. 2Kenas pasnoxure ee B 9TOM NPOMEXYTKE B PIlk
Pyphe (2), MBl ZONMOJHHM ONpeieneHUe HauieH QyHKnuM I SHaye-
Hut X B npomexyrtke [—=, 0) mo mnpouzBoAy, HO € COXpaHEHHUEM
KycouHOH mu¢depennupyemoctn, a saTeM NpHMEHUM cKasaHHoe B n° 403.
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MomuepknyTw#t BuIlle MNPOMSBOJA B ONpefeneHud GYHKIMH [3eT BO3-

MOXHOCTb TOJYYHTb TAKMM MYTEM Da3/MUHBIE TPUIOHOMETDHYECKHE DAMEL
MoxkrO uCnONB30BaTh INPOW3BOA B ONpeleseHnd (yHKUUH B HAPOMe-

#ytke [—w, 0) Tak, uroOn moayuuth Aad f(x) pasioxenHue TOABLKO

N0 KOCHHYCAaM WM TOJABKO HO cuHycam. eficTBuTe/bHO,

npencrasuM cebe, uto amm 0<x << Mm nHo-

JlaraeM ¥

J(—=x)=Ff(x), (19)

-
-
-
-

e
4

4

~—'/

TAK YTO B pe3YAbTATE MNOJYYUTCH dYE€THAH
GyHKIMS B npoMexytke [— «, w] (puc. 75, a).
Ee pasnowenune, Kax Mb Bulenn, Oyler cofep-
XaTh ONHM TOABKO KOcHHYCH. KosadduuueHTal ¥
PA3NONKEHHA MOXHO BHRUHCIATL 1O opMyaMm
(16), xyma BXOAAT JWLIb SHAYCHHS NEPBOHA-
4a/IbHO 3afaHHOH (yHKumA f(x).

AHa/OrHuHO, €C/H JONOJHHTL ONpeje/eHne -
Odyuxknuu ycuosnem (nma 0<lx<<w)

f(—x)=—f(x) (20)

)

&
8
) S

]
) E———.

.,
’
'\

8

i

TaK, uTOOH OHA OKas3ajach HEYETHOH Puc. 5.

(puc. 75,6), TO B ee pasnoweHuu OyAyT

Y4aCTBOBATh TOJBKO UJNECHH C cuHycamd. KoadduumeHTH ero ompene-
asiorca no gopumyaam (18).

Takum o6pasoM, 3adawnyw 8 npomescymre [0, =] Pynxyuo npu
CO0AI00eHUN U3BECMKBLY YCAOBULE OKA3BLEACMCA BOIMONCHWM paA3na-
2ams KaK 8 pAO NO KOCUKYCAM, MAaK I 8 PO NO CUHYCAM.

Oco6oro uccnefoBanua Tpebyor, BIpouYeM, TOUKE X=—0 #H x—=—m.
3necy ofa pasnoxenus BeayT ceGa no-pasHomy. Ilpexnonoxmm Aas
NPOCTOTH, YTO B8ajauHas ¢ynkuws f(x) HenpepwBHa npn Xx=0 u
X==m, M DAacCMOTDHM CHavyajJa pasJOXeHHE MO KOCHHyCaM. YCaoBHE
(19) npexne Bcero coxpaHseT HenpepusHocTs npu x =0, TaK
yto pap (15) ompu x=0 O6ymer cxomutbcs uMeHHo K f(0). Tak Kak,

Aanee,
J(—x+0)=f(x—0)=/ (=),

TO U NPU X ==7 UMEELT MECTO aHaNOTrMyHOe OOCTOATENABCTBO.

Vnaue obcrour geno ¢ pasnoxenueM no cuHycam. He Baasascs
B COOBpaxeHusi OTHOCHTENBHO HapyIUEHHs HeNpepeBHOCTH ychaoBueM (20)
M T. I, MB NPOCTO B8aMeTHM, YTO B TOuKax Xx==0 ¥ X== cymMma
pana (17) seHo Oynmer HyseM. IloaToMy oOHa MOMeT JaTb HaM 3Haue-
Hust f(0) u f(x), OYeBMAHO, AUUIL B TOM CJy4ae, €C/IH M 3ITH 3HAYEHHH
PaBHHN HYJIO.
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Ecin ¢dynkuns f(x) samama B npomexyrtxe [0, /] (/>>0), 10, npu-
Gernye k TOH e 3aMeHe mnepeMmeHHOH, uto ¥ B 1n°404, Mel cBeaeM
BONPOC O DA3JOXEHMH €€ B PAA NO KOCHHYCAM

o]
% - hnx
>+ Z]ancos ]
e

(o]
. ATX
2 b, sin —=
{
n=1

K TOMBKO uTO paccmoTpeHnomy. Ilpu stoM Koadduuuentn pasnoxmenutt
BLIMHC/ISIOTCS, COOTBETCTBEHHO, MO (OPMYJaM

Wi B psal NO CUHYCaM

l
a,,—_-%Sf(x)cos#‘dx (n=0, 1, 2,..) Q1)
0
nin

1
by =2 gf(x) sin ®fax (=1, 2 3,..). ©2)
0

406. Mlpumeprl. PYHKUNY, KOTODHE HUXKE NPHBONATCA B BUIE TPHMEPOSB,
KaK NPaBUAO, OTHOCATCA K Kaaccy mufpdepeHUnpyeMBX HIH KyC oyHO-Auddepen-
uupyempx. [TosTomy camas BO3MOXHOCTb WX pasnoxeHHsa B pag Pypre — BHe
COMHEHHS, U Mbl Ha 9TOM BONPOCE OCTaHABAWBATHCA He GyUeM.

1) Pasnoxuts GyHKUHIO

T— X
Fln="5
B mpomexyTke (0, 2x).
ITo popmynam (la) u® 398:
. _1 2"7:—xd —1 lx”) 21:__0
=7 ) T =g ) =0
0
2r
an=%s n;x €08 nx dx =
0
2n

1 sin nx
=~2;(7:—x) T

¥2 1 . d 0
) -l-mos sin nx dx =0.

. (n=123,..)
T

L —X 2
bn=%sr 2x s1nnxdx=—2in(n—x) cosnnx 0”_..

2n
—_l S €os nxdx=l.
2nn n
0
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Takum ofpasoM, Mbl NPUXOIMM K 3aMevaTeNbHOMY MO NPOCTOTE pasmkoxe-
HUIO, COAEPKAWEMY ONHH JHINb CHHYCHI

co

'x;x - 2 smnnx (0< x <27).

n=1

pn x=0 (uau 2z) cyMMa psama paBHa HYMO, U PAaBEHCTBO Hapymwaercs.
He 6yzeT paBeHCTBAa M BHe yKa3aHHOro nmpoMexyrka, I'paduk cymmun paga S(x)
(puc. 76) coctout u3 GeCYHCIEHHOr0 MHOXECTBA IapalleNbHHX OTPE3KOB H
PAla OTRENbHBIX TOYEK HAa OCH X.

:z;z TN 7?: MN

Puc. 76.

2) Vs pasnoxenna B 1) yxe 6e3 BHYHCIEHHH MOXHO MNONYYHTh W ApYrue
VHTEpECHbE Da3loXeHUA. 3aMeHsAsA B HeM X Ha 2x U jfeis o6e yacTH paBeH-
CTBa Ha 2, HaAzeM:

[o0]
™ X sin 2kx
T-7= X Sy O<x<n)
k=1

BHIYHTAA XK€ ONHO pa3loXeHWe U3 APYroro, nNoayumm

(o4
N _sn@k—1)x
k=

INE]

Ecan uepes S(x) 0603HayNTh CYMMY nociaefdero paga, 1o S (0) =S (=) =0.
Vismenas 3Hak x, Ada MNpoMexyTka (—m, 0) 00 HEUeTHOCTH CHHYCA HaiijeM,

410 S (X)=— % ; I IPOYHX XKe 3Ha- 5’T
uennit x cymma S(x) monyuaercs mno L —~—
3aKOHY NePHOJMYHOCTH, TaK YTO, B YaCT~ — — i
HOCTH, LA DPOMEXYTKa (2=, 3n) cHOBA ——;'f” 2 iﬂ % v

T
S(x)=-4—, u T. 0. T'padux dynxuun Puc. 1.

S(x) wsoGpaxen Ha puc. 77; pucy-
HOK 78 XapaKTepHsyeT NoCTeneHHoe NPUOAMKeHWe K 9TOH paspeiBHOM (yHKHHU
YaCTHYHBIX CYMM pAia.
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394

o 3

3aMeyanue Eciu notowurs B paccMaTpHMBAEMOM DA3NONEHHH X ==

TO NMOAYYHM Yyie M3BEeCTHH# HaM pan Jle#buuna [n° 255, (20)}
T 1 1 1
T=l—gtsg—7+t .

¥

x=l]

I o - P

-
A\

o, pay — Py
iy Pt P

‘kz‘:_”’"\ tin SN re
=l ? e e T

Puc. 78.

Coueras nmonyyennoe 3lech pasnoNEHHE C pazxowenweM B 1), nerko mpuitts
K pagy ana Qysxunu
o]
sin nx
X=2 2 (—l)n—l-T (—u<x<n)‘

ne1



406] § 2. PA3JIOXEHUE oYHKUWI B PAN ¢VPHR 305

Henocpencreenno Mn monyyaem ero ammb jas 0 << x << w, HO PAaBEHCTBO ABHO
nMeeT Mecto s x =40 H, KpoMe TOro, o6e ero vacTH, OYeBHIHO, NPEACTABAAIOT
HeueTHH € OYHKIWH, TaK YTO OKOHUATENbHO pa3jdONKEHHE OKa3bBaETCA
BEPHLIM [asi BCEI'O NPOMEXYTKa (— =, w).

d
//
//
/Zn’ - 7 F 4 7 2 A
//
//
Puc. 79.
¥
- a +7 /4
Puc. 80.

Ipagmk CyMMb paja NIpH M3MEHEHMHM X OT — oG 0 -} 0O Jerko cefe npef-
cTaBuTh no pHc. 79. Ha puc. 80 npusener rpaduk YacTHYHOH CyMMBl

sin2x , sin3x sin4x |, sin 5x)

y:‘:ss(x):z(Sinx_ 2 + 3 - 1 + 5
3) Pasnomurs:
(a) vernymw ¢y f;(x)==cosax 00 KOCHHYCaM B [—m, =),

(6) HeyeTHY 10 QYHKRMIO fo (X)==sina@x No cuHYCaM B (— =, =) (uH-
€10 @ 37ieCb BPEANONaraeTcsa He I e K M).
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(a) Vmeem
T
1 1 S sin an
5O =— \ csaxdx=———
2 T an
0
T
3
a, = | cosax s nx dx=
0
1 ¢ 2% s
=1\ - — (28 snen
—RS[cos(a—l—n)x—i—cos(a n) x]dx= (—1) T
0
TaK YTO
7 COS ax y 5 @ COSRX
2 Sinan - 2a + Ll pu Cr<x<n).
n—l
(6) Omgem:
k3 :gz: 2( 1)nn smnx (—n<x<n).
n=1

3ameuanue OTMmerum nomyrHo, yrTo mpu x =0 u3 (a) moayyaercs:

11, o\, ., an
sinar  an +2 21 =1 (am)?— (n=)?

HIiH, €CIH NONOXUTh an=<2:

=2+ X - 1)"[;_1—,1,“*'%{]

(snecy z —mpboe uncHO, OTAMYHOE OT KPATHOrO m). Msl NPHUIIM K <pa3qoMe-

HHIO Ha NPOCThie APOGH» (GyHKUUM (KOTOPLIM MBI yXe€ HOIb30BaNUCh

B n° 293, 3° u 308, 1°). MMonaras xke B (a) X ===, MOXHO NONYUUTEL <DPATOKEHNE
Ha mpocrele Apo6H» (QYHKUMH Cig 2:

o« 0
1 2z 1 1 1
ctgz=7+2 zﬁ—~(nn)”=?+ 2[2—nn+2—|—mt]'
n=1 n=1
4) Pasnoxurs ¢yHKIHIO
2
f=%-5

no KOCHHYCaM B mpoMexyTke [0, =]
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Jlerko Beryncauthb, no Qopmyaam (16):
kid
6 __ 1 (ff_“x dr—
2" & 4 2 -6
0
u fanee (IBaxXbl UHTErPHPYA MO UACTAM)

=2 (2 dx=
n—;— 4——2 cosnxy ax =
0

2 {x* nx\ sinnx
n

= 1 f .
) 5 - S(x—n)smnxdx:

o n=
§

T

k4
=rT’lE (x —=x) cosnx ‘:—n:—nlj cosnxdx:%-i n=1223..)

Paznoxenne

0
x? nx n? cos nx
T-E=-5t 255

n=1

BhiBeJICHHOE nas nmpoMmexyTtka [0, =], Ha gene mMeeT Mecro Jame B npoMe-

xyTKRe [0, 2], MOoCKOABKY 0Ge YacTH PABEHCTBA He MEHAIOT CBOEro 3HAaYeHWA NpH

3aMeHe’ X Ha 2n— X,

- 3aMeEvyAHUE Ecan monoxurs sgech x==0, TO NOAYUHM 3HAMEHHUTHH pal
nepa:

=2
I8
A

A

407. PazJioxkeHne HenpepuiBHOR ¢GYHKIHH B pAJ TPHrOHOMETPHYECKHX
MHoOrounenos. [Ipu moxasareibCrBe TeopeMbl O pasnoxenuu B pan Pypoe
[n°402] Mol — B2A  NPOCTOTH — OTPAHMYHANCH KYCOYHO-HHM(depenLupyeMbIMu
dyukunamu. Ha mene xaacc dyHxuu#l, JONYCKAOMAX Takoe PasnoxeHue, 3Hayu-
TenbHO LIMPE, HO BCE e B HEr0 BXOAAT He BCE HenmpephiBHEE (YHKUMM ¢ fle~
puogoM 2n! [Cum. n°424)] B nexoTOopoM cMbicie 31eChb CO3RAETCH TONONKEHHe,
CXOIHOE C TeM, O KOTOPOM 6hiia peub B N° 278 N0 OTHOWIEHHIO K Pa3noXEHHIO
(GyHKUHK B cTemeHHo# psaf. VM mapany c (u3noxennoft Tam) TeopeMoi#t Beliep-
WTpacca O Pas3NOXEHHH HNPOM3BONLHOM HeNpephIBHOX (YHKLHMM B PaBHOMEPHO
cxopAmmics pax M3 anreb6pauyuecKHX MHOrOYIEHOB, TEM Xe aBTOPOM
Gblla ROKasaHa M BTOpas TEOpEMa — O PasNOXEeHHH NPOUIBOJIbLHON HENpephBHOK
QYHKUMH ¢ NMepHONOM 2% B PABHOMEDHO CXORAUIMHCA PAll M3 TPHFOHOME-
TPHYECKYX MHOTOUIEHOB, T. €. M3 CyMM BHIa

A, 4 % (Ap, cos kx - By, sin kx). (23)
k =‘

Takum 06pa3oM, XKak K BIlIe, pacmHpeHHe 06JacTH NPHMEHHMOCTH DAa3NOXEHHA
LOCTHraeTcsi 3a CyeT YCTOXHEeHHA XapaKTepa CaMHX YA E€HOB pasnomeHus:
BMECTO ONHOMACHHHIX BLIPAXKEHWH NPOCTOrO BHAA MOABAAIOTCA MHOrOYMEHHbIE
CYMMBI HX.



398 TJI, XXIV. PAIB ¢YPLE {407

Bropyo Teopemy Befiepmrpacca Mu, Kak ¥ nepsywo, chopMyrupyeMm Ha
A3bKe NoCaefoBaTenbHOCTel:

Teopema Beliepumpacca. Ecau ¢yuxyusa f(x) wenpepwsna 8 npome-
awcymre [— =, ©] u umeem nepuod 2n:

fl=n=f(=),

mo cyujecmeyem ROCAEO0BGMEALHOCMS MPUSOHOMEMPUUECKUX MHOZ0YNLROB,
KOmOpas 6 ImoOM NPOMEIHCYMKE PABHOMEPHO exodumest Kk f(x) *).

HauneM noka3aTeabCTBO TeopeMb € DPOCTOrO 3aMe Y aHHU f, 4TO NPOH3BE~
IeHne NIBYX TPHrOHOMETPHUECKHX MHOrouneHoB TtHma (23) Toxe MoxeT GHTb
FpPEeNCTaBleHO B BHIE TPHIOHOMETPHYECKOTO MHOTOYMeHa. JTO HeNoCpeACTBERHO
ClIeflyeT B3 TOro, YTO0 BCEBO3MOXKHLIE MPOH3BENEHHS ~—

cos kX« coslx, coskx-. sinlx, sinkx. sinlx

o M3BECTHHIM (popMleaM TPUTOHOMETPHH —~ NPEIACTABJAAIOTCA B BHIC TaKNX MHO-
FO4a2€HOB, HanpuMmep,

cos kx+ coslx=% cos(kR-+0)x +—;— cos(k—1) x.

Teopema GynmeT NOKa3aHa, eciWm Mbi YCT4HOBMM, 4TO Iia Jo6oro wucra
¢ >0 Hafinerca Takolt TpUroHoMeTpHYeCKHU i MHorowned T(x), uro mas
BCex X B NpoOMexyTke {— =, =] 6yzer

[f) =T | <e (24)

D10 nerko yCTaHOBWTh AAs cayuas 4emwofi gynxguu f(x). Vicnoanays nep-
By TeopeMmy Beftepmrpacca [n°278], Mnl mpeme scero NoCTPOUM TaKoH a A r e-
Opamueckult MHOroused P(f), yToOH 143 BCEX 3HAYEHHH f B NpOMEXyTHE

[—1, 1] 6uno
| f(arccos £) — P (£) | << e ¥¥),
ITonaras smech £==cosx, rae 0<Cx<Cw, NOAYYUM XZA BCEro 9TOr0 INpOME-
MYyTKA
| F(x)—P (cosx) | <<e.

Beuny wetnoct gymrumfi f(x) ¥ cos x, 9T0 HEPaBEHCTBO COXPAHMTCA W TpH 32-
MEHe X Ha-—.JX, T. €. GYXET BHIONHATHCA ANA BCEX 3HAYEHHH X B NPOMeXYyTKe
[—=, =}, a B cuny nepnoamusocT — ¥ BO BCeM npoMexyTke (— oo, -+ co). Tax
KdK— o 3aMeYaHWio BHayane — BbipaxeHHe P (cosx) MoxeT GbiTh HalKCaHO
B BHJe TPHUrOHOMETPUYECKOr0 MHOrouJIeHa, TO JHAs PacCMaTpHBaeMoro cnyyas
Hamle yTBepXIeHue ONpaBRaHo.
OGparumcs Teneph K OGLIEMY CAYYAI0 — NPOUIBOLLHOL Henpepvienoi PyHK~
yuu f(x) ¢ nepuodox 2x. Oas yeTHuX QyHKumi
£3 — X x)—f(—x
Ay =IO ED gy fEO—FE)

sin x
TI0 XOKa3aHHOMY, CYMECTBYIOT TakHe TPHrOHOMeTpHueckde MHorouneHs T (x) B
Ty (x), utO
e e
=T <3, 1L)—T@)|<g (— o< x<+00).
¥) Mb Gyzem mpencraBasTh cefe (YHRUMIO f(x) NePHOZMYECKH pacmpo-

CTPaHEHHOH Ha Bech NMPOMEXYTOK (— o0, -} O).
¥*) Hanomnnm, uro 3HayeHua arccosf 3anoAHAT NpoMexyTok [0, =
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Orciona caenyer
|fysin®x —T, - sin’xl<-°—, |fesinx—T,- sinx|<—2,

a 3aTeM, eCaM CIOMUTb 9TH HEPABEHCTBA:
. e
|f(x)- sin®x — Ty ()| <, 29
rre Ty (X) ects TpuroHOMeTpuuecKuii MHOrouaeH

Ty=T,. sin®x - T, sin x
[cM. 3amevanne].

[MonoGubiM xe 06pasoM i 1A GYHKIMHE f (x + %) HallleTcs TPUrGHOMETpHYE-
cxuli muorounes T,(x), Takoft, uro

lf(x-{-%). sin’x—T,(x)|<%.

ki3
3avenss 3necb X Ha Xy B o6o3nayaa vepes T (x) TpuroHoMmerpuyeckuit
MHOrOYAEH, KOTOpH{ npu 9Tof 3ameHe monyuntcs m3 Ty (x), nakneMm, uro

|f(x)-cos’x—7‘5(x)[<%. (26)

Haxkonen, ua (25) u (26) cnoxenwem noayuyum (24), nonaraa T'==T; - Ty Teo-
pema JOKa3aHa.
MOo%HO CHOPMYAKPOBATL STY TeOpeMY M Ha a3bKe pagoB [cp. n® 278]
Henpepoignas gynxyus f(x), ¢ nepucdom 2z, mozcem Obimb pa3LONCEHA
BPABHOMEPHO CXOOAWULCR K Hell pAo, cOCMOswui u3 mpuzonomempuie-
CKUX MHO2044EH06.

§ 3. HHTETPAJ ®YPBE

408, Uuterpan Pypbe kak npeeibubifi cayuaht paxa Pypbe. Mu x0THM
BOCHPOM3BECTH 30eCb B CYHIECTBEHHHX 4YepTax Te 3aMevaTenbHble IO HX Npo-
3DayHOCTH, XOTA M JHIIEHHBlE CTPOrOCTH, COOGpakeHwus, KOTOpHE NpPHBEIH
dyphe K ero uHTErpambHOit Qopmyae *).

Ecan dynxuus f(x) 3anaHa B xoHeyHoM mpomexyTke [—I, I], To npu onpe-
HeNeHHHX YCIOBHAX, KOTOPHE HacC 3JieChb He HHTEPECYioT, ee MOWHO HPEACTABHTH
B 9TOM NPOMENKYTKE TPUrOHOMETPUYECKHM PALOM:

o]
f(x)=%+ 2 an cos-'f—’—;ﬁ—}-bmsin -'#,
=1

e z 1
1 .
an=p | r@ cos Z2as,  bp=7 s T au
= =1
(m=0,1,2,..) (m=1,2,..)

*) Jra QopMyaa, HesaBucHMO oT Pypbe, Onaa moayuena u Kowm.
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|cM. n® 404). Toncrasasa BMmecTo KoI(uuueHTOB @, # b, HX BHpPaXEHHA,
MOXHO nepenucarb psal B BHUAE

]

0 ]
f(x)=-—17- gf(u) du - 2 —II—S f(n) cos#‘(u——x)du. 1)
= m=1 —_1

!

Tlycte Temepb dynkuus f(x) 6yner ompexeneHa BO BCEM GECKOHEYHOM NPO-
MeXyTKe (— 0o, —+ o). B 970M cayuae, KakoBO 65 HM GBIO X, COOTBETCTBYIOLICE
3Hayenne f(x) BuIpasuTcs pasnoxkenueM (1) npu aw6om [>|x] [lepexons
3lecb K npefeny npu ! — -}~ 0o, MONMBITaeMCH YCTaHOBHTb <npejleabHy0 (HopMy»
3TOr0 PasAOKCHUA.

fIpo nepsmit unen npasoit yactn paseHcTBa (1) ecTecTBEHHO CUMTaTh, 4TO
OH CTpeMHTCA K Hymo *). O6paimtasch xe K GeCKOHEyHOMY DAy, Mbl MOXeM

mn
paccMatpuBathb MHOMUTENN =7~ TOA 3HAKOM KOCHHYCZ KaK JIMCKPETHbe 3Ha-
UeHHA

w 2n mn
=T BT, oo Em T 0

HeKoeit mepeMenHolt 2z, HenpepnBHO MeHsometica oT 2,==0 go - oo; npu 9ITOM
npHpaleHne
T

bzp=2py, — 2p = 7!

OUYEBHIHO, CTPEMHTCA K Hyaw npu [— 4 co. B stux ofo3HayeHHAXx Ham psaj
NepenyIleTcs TaK:

z
—}t- Az, S f(u) cos 2, (u— x) du.
=1

s

i
OH HanoMHHAaeT MHTErPATbHYIO CYMMY Nif (YHKUHH
PR

- S f(u) cosz(u—x)du

—_0
ot z B npomexyTke [0, + co]. ITepexons k mpeneny nupu [ — -+ 0o, BMECTO pana
NONYYHM HHTErpall; TAaKMM INyTeM W NPHXOAMM K HHTErpaabHOH (opMyae
Pypbe;

o

-+ oo

1

f(x)=—; dz f(u) cosz (u—x)du.
\5)‘ -—SOO

*ZI_STO CTaHOBHTCA OYEBHJIHLIM, HalIPHMep, €CIU MPEeNNOI0KHThL, YTO HHTE-
QO

rpa:n S f(u)du cxomurca,

- 0
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Moxno mnpencrasuth STY GOpPMyny, pacKpsiBas BHpameHHE KOCHHYCA pas-
HOCTH, U B BHIe

Jx)= S [a (2) cos zx + b (2) sin zx] dz,
0

rue
+ o0

+
a(z)=% S S (u) cos zu du, b(z)=% Sf(u)sinzudu.

3neck AcHO OOHAPYXKHMBAETCA aHATOTMA ¢ TPUTOHOMETPHUECKHM DPa3NOXEHHEM:
JRUb DapaMeTp m, npoGeraomu# pal HaTYpadbHLX 3HaueHmil, 3aMeHeH sjech
HeMPEPHBHO HM3MEHAIOWHKMCA NapaMeTPOM 2, a GecKOHeUHB psl — HHTerpaioMm.
Kospduunentn a(2) u b(2) Takxe N0 cBoel CTPYKTYpe HAMOMHUHAOT KO3ddu-
nueHTH Pyphe.

Koneuno, Bce 9tu coofpamenns MMeOT XapakTep (MIUb HaBeIeHHs; Hei-
CTBHTEIbHbIE YCIOBHsA CNpaBefauBOCTH (GopMyasl Pyphe ele MOATERAT BhIACHE-
kuo. Ho u npu mpoBeneHun CTpOrMX paccyxieHuit Mu GyneM clefoBaTb OCHOB-
HHIM 9TallaM paccyxieHHl, CBA3aHHHLIX C pagaMu Pypbe.

409. MpeaBapurenapHble 3amedanus.. Omuocumevro dgzurcuuu F(x) npeod-
noAoscuM meneps, 4moe 1) oHa KYCOUHO-Henpepulena 8 KaxicdOM KOHeHOM npo-
MedcymKe u 2) a6coRIOMAUO UHMESPUPYEMB 8 GeCKOHEHHOM NPOMENCYMKE
[—o0, --co]. B sTom npeanmonomenun paccMOTpPUM HHTErpan

1 A oo
J(A)= - dz \ f(u) cos z(u—x,)du,
i

rie A ecTb IPOM3BONLHOE KOHEYHOE TONOKHTEAbHOE YUCHO, @ X,— JK6oe
(GuKcHpoBanAOe 3HayeHHe x. DTOT WHTerpas NPENCTaBAfeT aHAIOr YaCTH Y-
HOH cymmMu paga dypse: u3 Hero nurerpan dypse

] 4o 4o

— g dz S S (1) cos z(u—xy)du 2)
[

n

nonyyvaerca B npepene npy A— - co,
Ilpn nmo6Gom xoneysoM B >0, no reopeme 4 n° 298, Gynem umeTh

A B B 4
S‘dz Sf(u) €0s z (n— x,) du = Sf(u)du gcosz(u—xo)dz=
o B -'B b
B o
= SBﬂu)s‘"—,j”_i‘;—"“’ du )

D70 HENMOCPENCTBEHHO CAEAyeT W3 YIOMAHYTOH TeopeMu, ecnd GYHRUMA
f(u) B npoMexytke [— B, B] HenpepsBHa; B NPOTHBHOM CAyuae TeopeMy ApH-
LIOCh Obl MPUMEHHTh, B OTXEABHOCTH, K KAXAOMY H3 TeX NPOMEXYTKOB, B KO-
TOpBIX (DYHKIIHSL HEMpephIBHA.

Ho wnurerpan

+ o0

S F(u) cos z(u—x,)du “)
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MAXOPHUPYETCA CXORAIMMCA N0 APEANOX0KEHHIO HHTErparoM

+
§ 170 (du
-0
¥, CHelOBAaTEeNbHO, CXONMTCA pPAaBHOMEDPHO OTHOCHTeIbHO 2 (KaK IpH
u==-}-00, T2K U NPH Y ==—C0) i M0oGOro MPOMexyTKa ero sHaueHuil. Taknum

06pa3oM, HHTerpax
B
Sf(u) cos z (u—x,) du
Sy

npu B — 4 co crpemurcs k cBoemy npeneay (4) paBHo M e p H 0. [Tostomy, nepe-
xola B pasencTse (3) k mpeleay npu B — - oo, B MHTerpare cieBa Opeielb-
HHYl NEPEXOll MOXHO BHLINOAHWT NMOJ 3HAKOM MHTerpasa [reopema 1
n°206] ¥). Orcwoaa nas J (A) noayyaercs BHIDakeHHe B BHAE BHTerpana

1 7¢ A(

sin A (u— x,)
J(A)=— ) — 0y,
W= \ ro =55,

-0
nanomunawowmero unterpan Hupuzse [n° 399] u, B nefcTBATENBHOCTH, HIPAIOWETD
TAKYI0 K€ TOYHO PpOJb. DIEMEHTAPHHIM NPeOoGPasOBAHMEM €T0 JNErKo NPUBECTH
K BHAY

+oo _
J(A)=% S F (ot 1) S‘“tA' dt=
1 ¢ sin At
=;§[f(xo+t)+f(x,—t)] T dt. )

Jna nanpHeRimero M3NOmeEHWA HaM NOHAJOOHTCA crelyioulee OUEBMIHOE A0~
noJHeHHe K OCHOBHOH nemme n° 400:

Ecau dynrxyus g (t) Kycodno-nenpepbisna 8 kaxcioli KOHeqHOl 4acmit npo-
Mexcymia [a, +co]l 4 a6coOLIOMR O URmMeZpUPYEMa 8 IMOM GeCKOHEIHOM
npoxexcymge, mo

+ o

tim Sg(t)sinptdt:O
potoo o
{paBHO KaK H

“+
lim S & (t) cos pt dt =0).
p—r++oo Y

JleficTBATENbHO, 3aNaBIIHCH NPOHSBOALHEIM YHUCAOM & >0, MH CHayana Bhl-
GepeM A cTOAb GOJBLIMM, YTOGH ObLNO

“+ o0
§ lemia<s,
3

*) Cp. teopemy 4 n°305, rie NOAHHTErpPaabHYID (QYHKUMIO MH NpeANOna-
raay HenpepuBHOH. 3jleCb MM TaKOrO MPeXNONONKEHHA He KedaeM.
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a 3HAYHUT ¥ NMOAABHO

+4- 00 + 0
|§ gwsnptat|< { lewia<y,
A

¥ TPUTOM — KaKoOBO Ok HY GHIO p. A 3ateM, K HHTErpary

A
S g (t) sin pt d¢
a

NPUAOKAM HENOCPEACTBeHHO AemMy n° 400, Tak yTo Aad MOCTaToyHO GOJBUIMX P
6yner

A
|Sg(t)sinptdt|<—%—;
a

InA TEX Xe 3HaueHuH p, OYEBHIHO,

o0
ISg(t)sinptdtl<e,
a

uTO ¥ TPe6OBANOCh NOKA3aTh.

410. Mpeacrasaenne GYHKUHH nuTerpaioM dypbe. CoBepumeHHo anato-
THYHO TeopeMe n° 402 M sgece HMeeT MeCro

Teopema. IMycms Pynrgun f(x) kKycouno-Ouddepenyupyema 8 Kancoom
KOHEYHOM NpOMeENcymKe U, K MOMY dice, 4 6 0 210 M K O UHMEZPUPYeMAE 8 npo-
nescymre [—oo, + oo} To20a 8 kancdoid mouxe x =x, ee unmezpar Dypve
cxofumes u umeem snadenue

5, =L T O+ (x—0)

(xomopoe, o4esudno, obpawmaemcss 6 f(x,), ecau GyRKyus 8 mouke X ==X,
Henpepuena).

OKA3ATENBCTBO, YMHOXNB 00e YacTH paBeHCTBA
o0

1=_12:_§ sinAtdt (A>0)

t

|n° 293, samevanme; n° 308, 2°] ma mocrosmHoe uHCHO S, BHUTEM pPesyabTaT
N0YAeHHO U3 paBeHCTBa (5); ME MOJXYYHM

w 0
J(A)—so=%§ I (ot 2+ (a—t)—F (ot O—F (r— O 2 4. (6)

Bsas nmocTosnnoe yHcao k>0, nepenupieM MHTETpPan STOT B BHAE
h

L{[Leet ot ot O S8 f 0O n prar +
b

1

[oe]

—I—;:— gf(xo-l—t)—i-f(xo—t) smAtdt—Zg?S sin At

7 dt.

h h
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Crpemaenve X Hy~O npuy A— 0o NEPBOrO MHTErpPana YCTAHABAWBAETCA TaK e,
KaK ¥ NpH JOKa3aTeinbCTBe Teopembl n® 402. Bo BropoM MHTerpane npoGHoe Bhpa-
WeHHe, BMECTe C f, NpeiacTaBiseT KYCOYHO-HENPEPLIBHYIO (YHKUHIO B mMOGoH
KOHeyHO#t yacTH npomexytxa [A, co], k ToMy e ata QyHkuus a6COMOTHO MHTE-
rpupyeMa B Ha3BaHHOM mnpoMexyTke. CaeloBaTenbHO, 1O 3aMEYaHHIO B KOHHE
npelwjyuiero n° W BTOPOH MHTErpax HMeeTr npu A— oo npegesom Hyin. Ha-
KOHeW, Nojarad B NoCIelHEM uHTerpane Af==z, npuseleM ero K BHAY

28, ( si
sin 2
—_0 S dz,
T b4
Ah

Tark YTO H OH Npw A-»co crpemMurcsa K Hymo. OTCIOKA 3aKAI0YaeM, YTO BRIPa-
AeHHe S(6) npy A — cO HMEeT NpefeaoM Hylb, T. €. cyumecTByeT HHTerpax (2) #
paseH Sg.

411, Pasanynbie Buabl dopmynnt @ypbe. [Ipennonaras BHIOJHEHHHIMH
YKa3aHHble BBHIE YCAOBHA NPUMEHMMOCTH (opmyan Pypbe, 6ynem cynutath AAA
NPOCTOTH, YTO B paccMarpuBaeMoit Touke X (QYHKNMA f(X) HEMpepbBHA MM,
€CIM Da3pbiBHA, TO YAOBJAETBOPSET YCIOBUIO

Toraa Bo BcaKOM caydae uMeeMm

1+oo + o
fl=— § dz Sf(u) cos z (4 — x) du. O]

Bsupy Toro, yro BHYTpeHHHH HHTErpad ABHO MPEACTaBAAET cO60H YETHYIO
GyHKUHIO 0T 2, 3Ty QOpPMyny MOXHO Mepenucarb H Tak:
o oo

1
F)=s5 S dz S F () cosz(u—x) du. @®)
— 0 -0
Jlerko ToKasarh faiee, YTO MpH CHeJaHHHX B n° 410 06muX NpeMONOKEHHAX
OTHOCHTenbHO QYHKUMH f (X) cymecTByer M HHTErpan
=+ o

S F(4) sin z (u— ) du. ©)
- 00
OTOT WHTErpanm, K TOMY e, ABIAETCA HeNpepHiBHOH (yHKUMeH OT 2 ¥, OYEBHAHO,
HeYeTHOH.
BooGmwie rosops, mag 3Toit QYHKUUM yXKe HeaAb3s PYYaThCA 32 CYLLECTBOBa-
HHe HeCOGCTBEHHOrO HHTerpasa OT — 0o .0 - co.
B caywae, korna nasa Kaxkoi-HuGymb GYHKUHH ¢ (2) He CYWIECTBYET MHTE-
rpana or —— 00 K0 -}- 0o, T. e. npegena
N
lim S ¢ (2) dz
M-
N—sowo-—-M
NpH He3aBHCHUMOM cTpeMienud M u N K GeCKOHEUHOCTH, MOXET OKasaThCsH
CYUIECTBYIOIKM Mpefies, OTBEYAIOIMH YacCTHOMY mnpeinonoxenuic M= N.
Tako#t npenea, caenys KoM, Ha3bBAIOT 24G6HLM 3HAYEHUEM URMEZPAAG H
o6osnavanT Gyksamu V. p. (Valeur principale)
+ 0

M
V. p. S ¢ (z)de= lim S ¢ (2) dz,
M—»OO_M
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Ec# MHTErpan CYmecTsyeT B COTIacCHH ¢ OGLIYHEIM ONpENeIeHHEM HECOGCTBEH-
HOrO MHTErpana, TO OH, OUEBHAHO, COBHajaeT C €ro I'IABHBIM 3HAaYCHHEM.
Beupy neverHocTH QyHkuuM (9) oT z, 6yAeM HMETh

M +
S dz S f(u)sin z (u— x) du =0,
—-M —
A B npefene npn M— co Toxe noayuurcs Hysb. MTak, BO BCAKOM cayyae
+o  Fow
V. p. S dz S f(u)sin 2z (g — x) du=0.
-0 — 00
YMHOXas 3TO PaBEHCTBO Ha 2—1 7 ckaanuiBas ¢ (8), NpHIEM K COOTHOIIEHHIO
1 -+ 0 +
F)=5 S dz \ f(u)eiz o gy, (10)
- 0 -0

rfie HAPYXHHIA MHTerpal MOHHMAaeTcd B CMbICIe raaBuoro 3HaueHus. B stom
Buje dopmyaa Gena BHepBbie npexacraBacHa Komw.
Bosspamasce ¥ ¢opmyne (7), HanuiueM ee B BHIE

oo

1 e
f(x)=?§ €os zx dz Sf(u) cos zu du -

1 e
+;g sin zx dz gf(u)sinzudu.
b —

Ecau f(u) ecth yeTHan ¢GyHxkuna, To
-+ o) oo
S f(u) cos zu du =2 g f(u) cos zu du, S f(u)sin 2u du=0,
— i —

¥ MB TNOZYYMM YOPOIEHHYI (GOPMYNY, COAEPKAMYIO ANMIb KO CHHYC B
o0 [ee]

f(x)=—12? S cos zx dz S.f(u) cos 2u du. (11)
0 0

Auanornyno, B cayyae Heue THO# Qynkuun f(x) Mpl npuxoxuM x dopmyse,
coaepkaiedi UMb CHHY C BI:

F(x) =% § sin zx dz. g F (@) sin zu du. (12)
0

Tycte Tenmeps Qynkuwma f(x) 3ajaHa aumb B npoMexyTke [0, + oo} u yno-
BIeTBOPAET B 9TOM NPOMEXYTKe YCHOBHMAM, aHANOTHYHBIM TeM, KOTOpPHIE PaHbIe
GblsM MOCTaBACHH 110 OTHOIIEHHIO KO BCEMY NPOMEXYTKY (—- oo, - o). Torxa,
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pacnpoctpanss ¢ynxumio f(x) Ha npomexyTok (— oo, 0) ¢ MOMONIBIO PaBeHCTB

(x> 0)
f=x)=f(x) v f(—x)=—f(x),

MH NOJYYHM B TEPBOM CAYYdEe YETHYIO, a BO BTOPOM-—HEYETH Y10 QyHK-
M0 B NpOMeXYTKe (— 00, + o). Jas nosoXNTeSbHBIX 3HAYEHHH X MBI MOXEM,
TaKHM 06Da3oM, Moab3oBaThCA Kak dopmynod (11), rak u dopmynoit (12).

Ecay B Touke x =0 npeanosoxuts Gynxuuio f(x) HenpepusHo#, To Gop-
myra (11) m B oToM TOouKke nNpHAOKHMA, NGO NPONOMKEHHAN YETHHM 0GPa3oM
(QYHKUHR COXPAaHUT 31eCh HenpepniBHOCTb. PopMyna xe (12) Boo6ure B Toyke
x =0 nenpmaoxuMa: oHa BOCNDPOM3BOAMT 3Havenue f(0) AUWb B TOM cuyyae,
€CIH 9TO 3HAYEHHE eCTb HYb.

3TH coobpaxeHns BNONHE aHANOTHYHM CKasaHHOMY B n° 405 o pamax Pypoe.

412. Tlpeo6pasosanne Pypbe. [IpH Hamux npexnoaoxkeHusx Qopmyra
Pypoe (10) mmeer MecTo nas BCeX 3HAYEHMH X B IpoMexyTKe (— 0o, + co).
91y QopMyay MOXHO ce6e NpeNCcTaBUTb, Kak CYNEPHO3ULUIO TAKUX ABYX QopMyml:

+ o +
F(z)=}—,‘—2~ﬂ { rweman f(x)=71—2—1‘ [ F@eman a9

Qyuxyuna F(2), conocmasasiemas no nepsoii dopmyre dynuquu f(x), Ha3u-

saemes ee npeobpaszosanuenm Pypove. B ¢Bow ovepems no BTOpol ¢op-

myre @yukuus f(x) sessemen (0O6pamuum) npeobpasossnuen

@ypbe (paskuua B 3Hake npw i) Aza pynxunu F (x). 3amernM, Y10 Gyskuus F

6yner, BooGuie roBOPHA, KOMIIEKCHOM Jaxe NDH BEIMECTBEHHOH f; BhpoueM,

MOXHO Oni0 OW 31eCh M HCXOAHYI0 QYHKUMIO f NPEHONOXUTh KOMIIEKCHOH.
PaBencTBo

P e
=i _Sw F(2) e7i# g,

rae $yuxunsa f(x) naHa, MOXHO PaCCMAaTPHBATH, KAK UKME2PARLHOS YPASHEHUL
OTHOCHTEIbHO He 3B e cTHOR Qynkuun F (2), cToAlLell IOX 3HAKOM HHTerpana.
Pemenue ypaBHEHHA ROCTaBaserca Qopmyao

1
FO=1 S () i dy.

EcrecTBeHHO, 9TH PaBEHCTBA MOXHO W NIOMEHATH POAAMH.

O6patumcss Temepp k ¢opmyse (11); oHa BHIIONHAETCA AAA BCEX HONOXH-
TeIbHHX 3HAYEHHH X, W €e MOXHO NpeJCTaBHTh, KAK CYMEePHO3HUHI0 JBYX —
Ha STOT Pas BEWECTBEHHHX ¥ COBEPHIEHHO CUMMETPHYHBIX! — dopMya

F (&)= l/-% § f (u) cos zu du,

flx)= V%— IS F. (z) cos xz dz.

#) Mocnenunit wmuTerpan, €Ci¥ CHEAaHH AWML T€ MPEATNONOKEHUA OTHOCH-
TeAbHO f(X), O KOTOpHX 6naa Ppeyb BhiuE, HOHAMAGTCA B CMbICIE <IIaBHOTO
SHayeHuAr,

)
|
t (14)
|
J
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Ananoruyno n opmyna (12) moxer 6uTh pasnoxeHna Ha JBe:

Fs(2)= -‘/g jgof(u) sin zu du,
0

flo)= "/_% OS Fg (2) sin xz dz.
]

dyuryun F,(2) u Fs(2) Ha3oeaiomces, cOOMBemcmsenno, KoCuHyc-npe-
o6pa3osanuesx ual cunycnpeobpasosecHuenm Dypbe 018
gynryun f(x). Kax sppnm, (]I)IHKU.HH f no F, (usn Fg) noayuaercs CoBepuIeHHO
TaK ®ke, Kak U F (F5) o f. ViebiMu crosamy, ¢ynkumn fu F,(Fg) B3auMHoO
ABIANTCA KOCHHYC- (CHHYC-) mpeoGpaszoBanuamu. Komu Hasax napu ¢QyHxoudt f
u F, nnu f u Fg, COOTBETCTBEHHO, COMPAXEHHAIMY (QYHKIUAMY NEPBOTo B BTOPOro
pona. M spmech Takwe kawmoe u3 pasencrB (14) [mam (15)] Moxuo paccmarpm-
BaTbh, KaK UAMEZPOAbHOEe YposHerue, B KOTOPOM (YHKUHMA BHe MHTErpaita Mana,
a QyHKUuA NOX 3HAKOM WHTErpana pasHICKHBAETCH; PEINeHHe NaeTcA APYrUM pa-
BEHCTBOM.

Conocrasaas ¢yaxnnu F, F, u F;, MOXHO CKa3aTb creiyiouiee. B cayvae
yeTHOH Qyskuun f(x) nMeeM

F(2)=F(2)

(15)

(na 3nayenns z2<<0 dysruma F,(2) pacmpocrpaHseTcA Y e TH sl M ofpazom), a
B Cliyyae HeueTHOH f(x)

F()=iFs(2)

(na snaveHns z<<0 dynknua F, (2) pacnpocTpansiercs HeyeTHH M 06pa3oM).
B obumem cnyvae ¢yskums f(x) pasnaraerca Ha CyMMY YeTHOH M HeueTHOH

Gynxuuii:
gun=””+{““% hup=””j{“*k

Torpa
F(2)= G, (2) +iHs (2) *).

B cBasu ¢ sTMM O6GCTOATENLCTBOM JIOCTaTOYHO OI'PAHHUKTHCA TNpPUMEpaMu
KOCHHYC- M cuHYC-peoGpa3oBanufl,

1) Mycty dyHxuma f(x)=e% (¢ >0, x =20); Toria ee KocuHyc-npeoGpa-
30BanHeM Oyaer PyHKUUA

— —
F,(x)=]/-%(§ e‘“coszxdz:l/-—?‘— a"_-{—a——F’

a cuHyc-npeoGpasosanueM — byHKRUUA

—_— 00 —
Fs(x)=V—12; S €% sin zx dz =]/-—12:—a,—+’£;;.
0

*) Gp(2) o6o3HayaeT KOCHHYC-IpeoGpasoBanme ada QyHknum g(x), a
Hj (2) — canyc-npeo6pasosanue a8 QyHKUuN ki (x).
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Tax Kak e %% uHTerpupyeMa B mnpoMexyTke [0, oo], TO MOMKHE HMETh,
MECTO W B3aHMHEIE COOTHOIICHHA

o]
2a (¢ coszx _
T Yagad=er (x=20),
¢
9 %
zsin 2x .
0
nnu
© o .
COS X2 3 zsin xz n
s dz =% o d2 = €9,
S a® 22 2a ' a® -} 22 2
0 0

Mu yaHaeM B 9TMX WHTerpafax wusBeCTHHE Yke HaM uHxmezpaan Jlanaace
{n® 308, 4°].
TaxuM o6pasoM, B auie nap GyHKUEH

car 1/ 2 0 4 opar 1 Z_X
! n a4 x® ! n a® J-x?

MHL JIMeeM 3KeCh NPHMepPH CONMPAMEHHB X G YHKUMQ NepBOro W BTOPOro
posa (no Komwmu), Ecim 6n uHrerpans Jlannaca Ham He OblIy M3BECTHHl, TO
H3M0XEHHASA TEOPHA OTKphUIa Obl MYTh K MX BHUHCICHUIO.

2) PaccmotpuM Tenmepb GYHKHMIO, ONpeNeleRHYIO PaBeHCTBAMU

I(l i 0<Sx<a

f(x)={ L s x== (a>0)

,___
(=]
=
=
ta
o
\Y
R

B arom cayuae

—a —
Fc(x)=l/-% S coszxdz:l/-—i— —s%ij—c.
¢

XKenaa ¥ Ha sTOM mpuMepe nposeputh dopmyay Pypbe, HalfeM KOCHHYC-
npeoGpa3oBanue A4 NONyYeHHOX QYHKUHM:
o0
2 sin az

— | ———co0s2x dz.
[ z

Ecnn nepennucaTtb STOT WMHTErpax B BHIE

[ee] <o
lS sin (a+ x) z dz-[——l— sin(a—x)z:dZ
Ly z n z '

TO Cpa3y CraHOBUTCA ACHHIM [n° 2893, 3ameyanme], yTo ero 3naueHue, AeitcTBH-
TeAbHO, COBMafiaeT ¢ HCXOJHOH ¢ynxumenr f(x)!
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§ 4. BAMKHYTOCTb U MOJHOTA TPUIOHOMETPHYECKOH
CHCTEMBI ®YHKLHI

413. Npun6auxenue GynKuul B cpempem. IKcTpeMaAbHblE CBOf-
cTBa oTpe3koB psaga Pypwe. Ecau anqa Kako#-amGo dyuxuun f(x),
B KauecTBe e¢ NpubAMMXKeHHs B mpoMexyrke [e, b], paccMarpu-
BaOT APyrylo QyHknuio g(X), TO mMo4KoCMs 5TOTO NPHOAMKEHHS MOXKHO
OlLEHMBATH IM0-pasHOMYy. B ocHOBy, ecrecrsenHo, KJamercs paccMoTpe-

HUE DPasHOCTH
r(x)=71(x) —g(x).

B Tex cayuagx, koria Mb OJHHAKOBO 3aMHTEPECOBAHH B MajlOM
OTKJIOHEHHU OfHOM U3 3THUX (yHKiIuH OT JApYro BO BCEX OTHE/BHO
B39THIX TOYKaX, 3a Mepy OaWS0CTH NPUHUMAIOT MX MAKCUMAAbHOE OM-
KAOHeHue

3= sup |r(x)|
a=x=h

Onmnako 4acTO MNPEINMOYHTAIOT, BMECTO <«DaBHOMepHOH» 6/u30CTH
GYHKIMA BO BCEX TOYKaX, paccMaTpuBarh Jiib OMM30CTh MX <«B Cped-
HeM». B atoM cayuae sa Mepy GamsocTd ux Gepyr HX cpednee omkao-
Herue

b
6’=b—_1_5S|r(x)[dx

UM, 4ero Mel u O6yAeM JAepuaTsc B NOCHAEAYIOmEM, cpednee kK 8adpa-
mudsecKxoe omraoxenue

b
» 1
) =l/ = S r* (x) dx.
a

Bmecro sTtoro BHipaxeHns, BrupoueM, yAoOHee paccMaTpuBaTh Goaee
NpOCTYIO BeJUUYHHY:

b
A= S 1 (x) dx = (b — a) 3",

a

OO6paruMcd BHOBb K DPACCMOTPEHMIO TPOU3BOABHOH ODTOFOHA Ab-
HOH B mpomexyTke [a, B] cuctemrr dynkuu#t {¢, (x)} (m=0, 1, 2,,.)
[n° 389]. Iycte f(x)—3alZanHas B TOM Xe NpOMEXyTKe (yHKums *)
M n— QuUKCHPOBAHHOE HarypaapHoe uyunciao. Ilocrasum cebe Takywo 3a-
hauy: u3 scex sunelireix wombuwayui nepgsux n-+1 Pymxgui ¢

0, (¥) == Cypo (%) + Cior ()~ .ov + Co9n (%) ¢y

*) Kak o6bnyHO, Mbi BCe paccmMaTpuBaeMbie QYHKUMH, H ¢, U f GyleMm
CYATaTb HEMpepHBHBIMH HA¥ — Gonee 06U10 — KYCOYHO-HENpPePHIBHBIMA,
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npu npoussossHom Habope rosgguyuenmos C, Cy, ..., C, Halimu
my, KOmopas OCYWecmsAsem HAUAYY W ee—B CMHCIE CPENHErO
KBaAPAaTHYECKOrO OTKJIOHEHUS — npubanzcenue ¥ gynxguu f(x). Vinmu
caoBamu, TpeOyercd HoOWTbCS HAUMEHbLIErO 3HAuUEHWs [UIA  BEIHYHHBI

b
b= [ [/ () —an ()N d.

Noncraeue cioga BMeCTO o,{(X) €€ pasBEPHYTOE BHIPAKEHHE,
MOy YuM

A —-Sf*(x)dx——2 2 Sf(x)cpm<x)dx+

m=10 a

+3 cm§¢m(x>dx+2 2 G S%(x)%,(x)dx.

m=0 a

TMocaenusns cymMma wucue3daeT BBHAY OPTOrOHANBHOCTH HAIllEH CUCTEMH.
BBoAs NOCTOAHHBIE

b
M= { o (x) dx
a
u (06o0menHue) koapduuuentss Pypne dyHxuuu f(x)
1
= j f (%) o () d,
MOXHO Tiepenucarh BRIpaxenue And A, B Buge
b n n
A= S F@)dx—2 Y AnenCnt X AnChe
a m=0 m=10

Yro6m mNOA SHAKOM CYMMH NOJYYHTb TOJHBIE KBaApaThl, HYXHO BBECTH
TyAa ele YMeHH A,Cy. Jlo6aBMB uX € IUIOCAMU W C MHHYCaMH, OKOH-
YaTeabHO nonquvr

A _Sfﬂ(x)dx_- 2 xmcm+m§01 n (Cn— €

Tenepp scHO, yTO A, JOCTHT@ET CBOEr0 HAMMEHBUIEI O SHAUCHUA
TOrA3, KorAa oOpaiaeTcs B HyJb NOCHKelHss CyMMa, a sT0 Oymer mpu

Cy==cy, Cl=cl) sees Cn=cn-
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Takum o6pasoM, u3 @cex muozo04senos suda (1) umenHo ompe3orn
(00600uenroz0) proa @ypse

Sy (X)= %o ) + AN + ves + Cnn (%)

docmasssem eesutune A, HauMeH b UL ee B03MONCHOE DASL Hee BHa-
yeHue

b b n
=@ —se@lir={rwda— Y wa @

m=0

CHoBa Halle BHHMAaHHE NPUKOBHBAETCA K KoaddumuentaMm ®Oypue Kak,
B HEKOTOPOM CMHIC/E, <Jy4YlHM» n3 BCeX BOSMOXHHX! BaxHo ormerutsh
npu 3TOM, YTO KO3((HUUHEHTH, OKA3aBIIMECH <«JYYIIHMH» APH (UKCHPO-
BaHHOM 1, COXDEHAIOT CBOIO POJb M NpH OOJBbIIAX 3HAYEHHSX 7, K HHM
JUIIb NPUCOENUHAIOTCA €llle HOBhie KO3(pdUuueHTH!

Pasenctso (2) wHasmBaor moowdecmeom bBeccean. W3 Hero noay-

4alTCad HEPaBCHCTBa
b

< 2 2
mgox,,,cm < S Fx)dx

a

u (ecau mepeHTH K Npefeay NpH 7 —»00)
0 b
Y hch< (P ax ©)
m=0 a

10 — Hepasencmso Beccess. JoGonwtHo, uro pax B (3) OKaswBaercs
BCerfia cxoismamcs, Kakosa OW Hu Omna dyskums f(x) paccmarpusa-
€MOro KJjacca.

TIpu Bospacranmu r Beqmuuna 8, yGHBaeT, MOCKOALKY B €€ BH-
paxenun (2) A00aBASIOTCA HOBME OTPUUATENbHHE CaaraeMbie. Ye
Conple n, TeM Oauxe cyMMa S,(x) «B CpelHEM» NMOAXOJAMT K paccMa-
TpuBaemMol ¢yHxiu f(x). EcTecTBeHHO BO3HHKAET BONPOC: MO XKHO
A4 8a CYET yBeaAuyeHus n HOGHTBCHA CKOJAb YFOAHO
Maaoro cCpelHEro KBaApaTHYECKOro OTKAOHEHHS, T. €
cmpemumes au 3, £ 0 npu n— co?

Eciu 3T0 BHINOMHSETCH, TO TOBOPAT, YTO CyMMa S,(¥) cxoauTCa
K ¢Qyskumn f(x) «B cpemHeM» (UTO — NOAYEPKHEM 3TO — BOBCE HE
NpeanoaaracT <TOYEYHOH>» CXOAUMOCTH S, (X) X f(x) B OOBIYHOM CMHCAE
caosa). M3 Toxaectsa Becceas sicHo, uTO cxodumocms 8 cpednes cyMMn
8, (%) & ynryuu f(x) pasrocursra nauuo pasencmsa [cp. (3)]

© b
B Ayt = S () dx. 4

m=0
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D10 DABEHCTBO HA3HBACTCA ypasrenuem 3amkuymocmu. Ecan oHo
BHUIOAHAETCA MAJA KaxAoM HenmpepmBHO# ¢yHxuuu f(x), TO camoe cu-
cremy { ¢, (x)} HassiBalOT 3amMKHYMOL.

414. 3aMKHYTOCTh TpPUroHOMerpuueckofi cucrembl. Ilpumenum
Tenepb BCE CKa3aHHOE, B YAaCTHOCTH, K TpPHrOHOMETDPUYECKOH cucTeMe
pyHKIHH

1, cos x, sinx, cos2x, sin2x, ..., cos mx, sinmx, .., (5)
B npoMexytke [0, 2x]*).
Bmecto cymmMmt Buga (1) smecs npuaeTcs paccMaTpuBaTh T PUT O-
HOMETPHYECKHE MHOTOYJEHH

T,(x)=A4,+ 2 (A, cos mx - B, sin mx). (1a)
=1

Ocywecreasemoe umn npuGamxenne K ¢yHkuun f(x) «B CcpeAHeM»
XapaKTepusyerca BeJHIHHOR

2r
b=\ f ) — T, (a1 ax.
0

Kak cnepyer us oOwiero pacCyxieHus, npu GUKcupoSaHHOM N Rau-
MeHbu ee 3Havenue 3moli 8esutune 00cmagAsem cooOM8emcmeyo-
wull ompe3ox psaia Dypse

n
S, (%) .—:.%‘14— 2 (a,; cos mx by, sin mx). .

m=1

CaMo ke HanMeHblilee 3SHayeHue BbIPAXKAETCA PABEHCTBOM
2n

b= | /() —sp () dx =

¢
2n n
=\r@ar—={3+ Y @t} e
0 m=1

KOTOpoe M npeAcraBaser moocdecmso becceass Ana cucrems (5). U3
Hero, Kak u B OOWEM Cayuae, BHITEKAET CXOAMMOCTb DsiAa, COCTaBJECH-
HOTO U3 KBaApaToB kostduuueHtos dypve, u Hepasencmso Leccean

n 2n
2t 2. (@) <— Sf‘ (%) dx. (32)
m— (i}

¥) Ham ynoGHee B JanbHeipieM B KayeCTBe OCHOBHOIO MMeTh B BHAY HMEHHO
npomexyr1ok [0, 2=},
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Ho pns pacecmarpuBaeMO# KOHKDETHOH CHCTEMBI TPHTOHOMETPHUECKAX
GyHKUEHE 9TOT pe3ynbTaT MOMET OHTh YTOYHEH, B BONPOC, NOCIaBJEH-
HHIl B KOHIE NPENHAYUIErO HOMepa, pelaeTcs HOJAHOCTho. Humenno,
UMEET MECTO CJEAYyIoMlasd BaXHas

Teopema. Karosa On Hu 6biad KYCOUHO-HENPepbiHAS 8 NpoMe-
acymre [0, 2x] dynxyua f(x) 0aq Hee

2
lim 8, =lim S f (%) —s, (x)Pdx=0,
0

max 4mo cymma S,(x) cxodumea v @ynryuu f(x) <8 cpedrems.
Vnpmu  caopamu: 048 ynomsuymoi gywxyuu f(x) scezda smnoa-
HAEMCST YpasHeHUEe 3AMKRYMOCTU

-+ 2n
2+ 2. @+t =1 | P dxn. (42)
e 0

Ipu nokasarenncTBe Mpl OyAeM NOJL30BATBCA O00EUMH  PaBHOCHJDL-
HEIMH  (ODMYAMPOBKaMM B 8aBUCHMOCTH OT yXoGcrsa. Mul  nposeem
JOK33aTebCTBO B HECKOJAbKO STaNOB.

1° Vcranopum cHavana OHO BCTOMOTAaTENbHOE HEPABEHCTBO. Pac-
CMOTpHM JABE KYCOYHO-HenpephiBHbe GyHkuuun f(x), f(x), # nycrs
S (@) =F (%)= f(x). OGosnavas uepTOUKAaMM HaBEPXy BEJWYHHH, OTHO-
campecs K QyukuusiM f n f, oueBuaHO, OyleM HMeTb

f=ss=(—s)E(f—s,).
W3 saementaproro wmepasenctea (a2t b) << 2(a®-}-54% crenyer, uro

(f_' Sn)‘l =2 [(7"" E;z)g + F - ——;n)g]’
a 0TCaa
2

:Sn(f——sn)“dx<2{ S F — S de+ ?7—5—;)“(130}- (©)
1] 0

Ecim npu n—> 0o oba uHTerpaia crnpasa crpemsrcd K 0, TO W HHTe-
rpan caesa Oyser crpemurbca K 0. VIHBIME cioBamu: ecau ypasuenue

3QMKHYMOCU BbINOAHAEMCA NOPO3Hs 048 06yx ghynkyui f u f, mo

OHO BUNOAHAEMCA W VA8 UX CYMMB uiu pasnocmu f =f-f. 3ror
pesy/bTaT, OueBHAHO, OYHET CHPaBEAAMB ¥ [JJ CYMMbBl HECKOJBKUX
yHknuit.

#) Xora pacCMOTpeHHMe GIM3KHX K STOMY COOTHOIIEHHWIO BONPOCOB OTHOCHICA
eme k vavaay XIX Bexa, HO mepBoe CTpOroe HOKasaTeabCTBO €r0, NO-BUAUMOMY,
oo gao awmb B 1892 r, ne na Baane Myccenom Oco6eHHo MHOrO
3aHuManca ofmed TeopHell 3aMKHYTOCTH OPTOFOHAJbHBIX CHCTEM (yHKUVH N ee
NDHIOWEPHAMH PYyCCKHH MaTeMaTHK akajeMmux Baagumup AnmpeeBuy CTeknos
(1863—1926). Emy npuHajnexuT ¥ caMui TEDPMHH <ypabBHeHHe 3aMKHYTOCTH?,
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2°. PaccMOTpUM Temeph NpPOCTYIo GYHKRHK f,(X), NPHHUMAIOILYIO
Jinib A Ba 3HAYECHUSA.

1, em 0<x<Ca,

fa(x)={ 0<a<27)

0 — B mpounx TOYKax.

JIna Hee NeTKO HEMOCPEACTBEHHO NPOBEPUTh BHMOIHEHHE ypaB-
HEHH 3aMKHYTOCTH, ONHMPasch Ha WSBECTHOE HaM pasjoxeHue [cM.
1° 406, 4) n sameuanue):

o0
X2 mx 2 cos nx —1
4 2 n?
n=1l

Heiicreurensho, Aag Hawed ¢yBKUuM

o a
1 a 1 1 sinne
%—;S“~:’%~:§wwﬁ—:“7ﬂ

0

1 1—cosna
w n !

b, =

TaK 4To

o 2]
a; 2 1 in? 1 — 2
_§+Z(a;+b;)=%§_{_;§ 2‘ sin m+(n2 cos na)

(o]
o® 2 1—cosna___ of 2fza  a']__ @
—w+?2'?“~m+ﬁb*ﬂ~7—
n=
2n

= § [, ()P dx.

Ouesuano, dopmyna (4a) ocraeTca BepHOR W B TOM CJy4ae, eCilH
sHayenne 1 Oyaer sameneno AIOOGHM ADYFMM NOCTOIHHHM 3Ha-
YyeHUuEM C.

3°, Hycrs f,ﬂ (x)=f‘i @) —f.(x) O<<a<B<2r); nocKoALKY
ann oynknmi f, B fﬁ YPaBHEHHE BaMKHYTOCTH BHINOJHSETCH, OHO BBl
noanurca, B cuay 1°% @ mam ux pasHocTH f,,, KOTODas NPUHUMAET BHa-
uesue 1 BHyTpm npomexyrka [, B] u 3snavenme 0 BHe wHero; u
3lecb 3HaueHne 1 MOXeT OHTh 3aMeHeHO N0 O6OH NMOCTOAHHOH .

PaccmoTpum Temepb TNPOHMSBONLHYIO KYCOYHO-NOCHIOAHHYI $YHKRUIO

F(x)*). TIoCcKOAbKY OHa—C TOYHOCTBIO JO B3HAUYCHHH B KOHEUHOM

*¥) IT0 3HAYNT, YTO OCHOBHOH NMPOMEXYTOX Pa3NaraeTcA Ha KOHEYHOE YHC-
A0 yacTeH, BHYTPH KaXIOK M3 KOTOPMX (YHKUHMA COXpPAHAET IMOCTORHHOE
3HaYyeHHeE.
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yucae TOYEK — MONeT OElThb NPEACTaBNEHa B BHAE CYMMBI HECKOJBKHMX
(QYHKIMH TOABKO YTO PAacCMOTPEHHOrO THNA, TO W AAa Hee, B cuay 1°
paBeHcTBO (4a) cnpaBeAsHBO.

4° Tlepexoad, HakoHel, K IDOHM3BOJBHOH KyCOUNO-HEeNpepuLBHoOL
OYHKUMH, MbH MOXEM CHOBAa — C TOYHOCTHIO 1O AHaueHWH B KOHEYHOM
yjc/e TOYEK — PACCMATPHBATL €€ KaK CyMMy OyHkmud f(x), kaxnas
U3 KOTODHIX HENMpephBHA B HEKOTOpOM mpoMexytke [a, Bl rae
0<ta<f<<2n, u pasHa O BHe Hero. B cmay 1° Ana MoKasaTenbcTBa
TEOpeMH JOCT4TOYHO YCTAHOBUTH CHPABENIUBOCTb YPABHEHWS BaMKHY-
TOCTH A% MoGofi (dyHKUMH 3TOrO THOA.

Hpensaputensno npeoGpasyem Heckoabko Hepasenctso (6). Mmenno
us Tomaectea Becceas (2a)—ecau npuMeHHTL e€ro K ¢yHkuum f —
SICHO, 4TO

2

n
§ ) — 5, ()P dx <§ V(P dx.

Hosromy HepasencTBo (6) /MIIb YCHINTCHA, €CAM HAMHCATh €ro B Buie

2n 2

2n i
(Veo—s@ra<e{{Fo—sn@r+{Fora), o
0 0 0

NpuU 9TOM MM CuuTaeM no-npexkuemy f=f-+f.
Bosspamasics K ¢yHKuu# f, 0 KOTOpo# peub Guja BHINe, MOKaXeM,
YyTO0 AAd Hee MOXer OHTb TOCTPOEHa TaKad KYCOUHO-NOCTOSHHAad (YHK-

uMA 7, 4TO BO BceM OCHOBHOM mpoMexytke [0, 2] Oyaer

FO—T@I<Y & @

Heitcreurensio, no caeactsuio us Teopemst Kantopa [n° 76), npo-
MexyTox [a, B] MOXHO pasnoXuMTL Ha KOHeuyHoe uHcao wacTel [a; B;]
(i==1, 2, ..., n) Tak, uto6n B Kaxao# u3 HUX KoJeGaHne QyHKURH

6LiIo MeHbIE ]/-8_?: Monoxum Temepp ¢yuxkumio f pasrod f(x;) B
Kaxpom npomexytke [w;, B;) aaa i< n u f(a,) B npomexytke [a, 8],

a BHe mpomexyrtka [a, B) mycts f=0. OueBugno, ¢ynxums f u Oyler
HCKOMO#.

Ecau Bsarh 7: f—7 10 B cuny (8),

- —_ b1 -
1< ]/857;, TaKk uTO S (Ferds< +.
0
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Ho mnepenit uuterpan B HepaBescTBe (7) Crnpaga mpH n— oo, BBUAY 3%
crpemutrcs K O w s AocTaToyHo OOJMBIIMX 3HAUeHHH 7@ TOXe CTaHET

-4
MEHbIlIe 7. Jag Tex xe sHaueHui

2m
(@ —sorde<e,
0

YTO W 3aBEPIUAET JOKA3aTENbCTBO.

B yacTHOCTH, OTCIOJ2 BHTEKAET, UTO MPUZOHOMEMPULECKASL CUCMEMA
dynryui (5) 8 npomescymre [0, 2n] samxnyma.

415. Moanora TpuroHomerpuueckoi cucremsl. JloxasaHHas oOmas
TEOpEMa WMeeT psf CJAeACTBUH, TaKke NMPEACTaBAMIOUIUX HHTEpEC.

C ee nomomplo MOueT OHTH AOKa3aHA

Teopema. Kpome ghynryguu, mooa0ecmseenno pasnoii vy, He CY-
wecmeyem Henpep8HOL ¢hynxyun, Komopas 8 npomescymre [0, 2] *)
Ovaa Ove opmozorarsna [n°398) ro scem hynxyusn mpuzonomempu-
ueckoli cucmensr (5)

1, cosx, sinx, cos2x, sin2x, ..., cosmx, sinmx, ...

Wummn cnoBamu, ecau nenpepsigras 8 npomesicymre [0, 2x] dhynx-
yug f(x) umeem wosgpguyuenms. PDypre, 8ce paswbie HYAO, Mo U
caMa PyHKUUA CBOOUMCA MONCOECMBEHHO K HYAI.

JleficTBATE/NbHO, COrJIACHO YPAaBHEHHIO  3aMKHYTOCTH, JJAR TaKo#
¢ynkunu Oyaer

2%
| Ferae=o.
0

Tak Kak noAuHTerpanbHas (YHKLUUA SAECh HCOTPULIATE]bH3, TO U MO-

JNaBHO
X

{Uerar=o0

0

s Beex X B [0, 2], uddepenunupys no pepxHeMy npelfenay, ¢ yue-
TOM HEMpPEePBIBHOCTH NOAMHTICrpaibHO#t QyHKuud, noayyum [n° 183},
4YTO TOXKACCTBEHHO

f(x)=0.

CBoHCTBO TPHrOHOMETPHUUECKOH CUCTEMH, BBICKAa3aHHOE B TeOpeMe,
¥ Ha3sHBalOT €€ NOAHOMOIH: TOBOPAT, UTO MPUOHOMempudecKas Ccu-
cmemMa noARQ-— 8 KAQCCE HeNpepblenbiX QOYHIUUi.

#) Unu B KaKoM-HHOYAb APYIoM HPOMEXYTKE NAHHbL 2.
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lanee, ecau dse nenpepusuvie ynxyuu fi(x) u f2(x) uneom oduu
u me oice Koagpgpunuenmo. Dypse, mo onu KeoOXOIUMO MONHCOECI BEHHH,
u6o ux pasHocTe fo(x) —fi(x) Oymer umers xosppunuents: Pypoe,
cnaols pasHeie Hymo, Taxum oGpasoM, Henpepeignas @yHKUUL 00HO-
3HAUHO onpedeasiemcss ceoumu wospguyuenmani Pypse. ITO — NALLD
Apyras  (GOpMy/IMpOBKAa CBOHCTBA IOJHOTH TPUFOHOMETPHUECKOH CH-
CTEMBI.

3ameuanue. Bce ckasasHoe coxpamser cuay u Aas  moGof
3AMKHYTOH B HEKOTOPOM IIpoMexyTke [@, b] opToroHainHo#t cH-
cremsl Gynkuuii {9, (¥)}: u3 ypaBHeHHs B3aMKHYTOCTM NOJAYUYaercs I 0 JI-
HOTa, H T. A

416. OGoGmeHHOe YypaBHeHHe 3aMKHYTOCTH. IlycTo ZHaHw ABe
oyuknum f(x) u g(x), HeNpephBHbiE MMM KyCOUHO-HENPEPHBHEE B
npomexytke [0, 2x]; TakoBn xe Gyayr u ¢yskuum f--g n f—g.
Ecmn 0603HauuTh COOTBETCTBEHHO YEpe3 a,, b, u o, B, xo03ddu-
uuentsl Pyppe ¢yukuui f u g, 10 AN ¢ysxumid f g ouesumo,
koadunuenramn dypee Oyayr @, o, b, 1B,

TlpumenuB ypaBHeHHe 3aMKHYTOCTH NOPO3Hb K (yHkuuaM f-}-g n
f— g noayunm

© 2n
€t 1Y o+t Gt Bl =1 | 1 +aP s
m=1 0

[e< 2n
(ao— a,)® _ o b —8 P = 1 f 24
3 + [(@m —0p)* 4 (b —Br) ]—‘ﬂ‘ [f— gl dx.
m=I 0
Ecan moyseHHO BBIYECTb 3TH [ABA paBe€HCTBAa OIHO H3 IApPyroro, 10, npn-
HuMass BO BHUMaHHE TOXAECTBO

(@ -}- B! — (a — b)* = 4ab,

TIpHAEM K 000CUEHHOMY YPABHEHUIO 3AMKHYMOCHU

ot 2%
ot Y @t b= | F(0) g (). ©
0

m=1

Vpasnenne (4a) noayuaerca orciofa mpu g=f.

3amMeEuaHUE. M B obmem ciyyae NpousBOJBHOH OPTOrOHAMbLHON
B mpomexyrke [a, b] cucremm dQynxuntt {o, (x)}, ecnu ypaBHeHne
3aMKHYTOCTH (4) BRIMOJHAETCA AAA Ka»AOH HenmpepniBHOW (MM KyCOYHO-
HempepulBHOH) GYHKIMM, TO AT JABYX TaKMX OyHKuu#l HMEET TaKke
MecTO 0000IIEeHHOE YDaBHEHHE B3aMKHYTOCTH

o b
Y Meatn=§ /(g @),

m=0
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eciM ¢, B Y, CYTb oGoOmenHHe Kospduuuentst Pypre ¢yskunst f
u g. IloKa3nBaETCH STO B TOYHOCTH TaK XK€, KaK H TOJbKO YTO.

417. TounenHoe wunTerpupoBanue paza Pypee, IIpennonoxum
¢yskmuio  f(x), kak OOCHYHO, KYyCOUHO-HENPEPHIBHOH B HPOMEXYTKE
[0, 2x], u mycTn

o
322—]- 2 a, cos mx - b, sin mx (10)
m=1
Oyaer ee paa Pypse,
Bmecte ¢ Heio paccMoTpuM (TOXE KyCOYHO-HENMPEPHBHY0) (yHK-
uyo g(x), KoTopas OlpelenseTcs Tak:

g(x)={

1, ecmun 0 << x << x,,
0 B mpouux TOYKaX.

Ee koapdunuentnt ®yppe paBHH

Xo

=—;—de, a,,,_l cos mx dx,

xo
%Ssmmxdx (m=1, 2 3,..)
0

Ecau K 3TUM (PyHKUMAM NPHMEHHTh OOOOIIEHHOE YPaBHEHHE SaMKHY-
roctd (9), TO mOAyuuM:

O Xo

S”"dx—{—z S(a,,,cosmx—}—b smmx)dx——Sf(x)dx (11)
0

Taxum o6pasoM, unmezpas om dgyurguu f(x) noaysaemcs no-
YAEHHbB M UNmMe2puposanues coomsemcmsyouezo e pada Dypee,
ToT ¢akT, uTO mOuNEeHHOe wuHTerpupopanve psaa dypne oOxasbiBaeTcs
scezda Odonycmumsim, TeM Oojee 3ameyaTeseH, YTO MH YCTaHOBHJIH
€ro, Jaxe He Jenas NPEeANONOMEHHS O CXOXUMOCTH Ca-
moro pana (10) k dyukuun f(x)!*)

MoxHo ckasate gaxe Gouaviue, IToxcrasuB B ¢opmyay (9), BMecTo
kospuunento dypee a,, B, (PYHKUMA g HX H3BECTHHE BHIPANKEHUS

amz% S gx)cosmxdx, B, =% S g(x)sinmx dx,
0 0

(m=0,1,2 ..) (m=1,2 3, ..)

*) [lepByl0 MONMBLITKY JOKa3aTh ROMYCTHMOCTb MOYAEHHOrO HHTErpHPOBAHMA
paga ®ypbe naxonum y JloGavesckoro (1834 r.).



418] § ¢, BAMKHYTOCTb ¥ ITOTHOTA CUCTEMBI ®YHKLIUI 419

npuBelieM €€ K HKBUBAJEHTHOR dopme:

2 w 2=

VSe@art Y | @ncosmet-b,sinme) g (v) dx=
5 m=1 0

n
= Sf(x)g(x) dx.
0

OTO PAaBEHCTBO MOMET OMTL WCTONKOBaHO Tak: pad @ypse (10) dynw-
yun f(X) MOMCHO NouAeHrO unmezpuposams Oance NOCAE yMHONCEHUS
€20 4AeH08 Ha (PYHKLUI g(X)— B KauecrBe CyMMbl NOJYYMTCH KaK
pas umHTErpak OT npoussencHus Qyskuuk f u g 3meck peub uger 06
uHTerpuposanud B npoMexytke {0, 2x]. Ecan MH 3anHTepecoBaHn B
aoGom apyrom npoMexyrke [0, xp] (0<xp<2%), TO HyXHO Juuib
noa0XuTh g(X)==0 BHE 3TOr0 NPOMEKYTKA.

418. TeomerpudecKkas wuHTepnpeTauus. MH XOTUM IIO3HAKOMUTH
UNTATENT C COBEPWICHHO HOBOH TOUKOH 3peHHs Ha TO, YTO MH H3y-
wajgu B 3ToM mnaparpade. Orpasuymmcs pacCMOTPEHHEM HeNPepPHBHHX
dyskunfi f(x) B HEKOTOPOM KOHEYHOM NPOMEXYTKE [a, b] M nNOAOKHM
B OCHOBY NpOW3BOJILHY® 3aMKHYTylo [n°413] oproronampuywo cu-
cTeMy (HenpepHBHEX Xe) (yHknu# {9, (¥)}; An9 ynpomeHua Mu Jaxe
OPEANONOKUM STy CACTEMY HOPDMalAbHOH, TaK 4to

b
S[?m(x)]*dx=l (m=0,1,2..) (12)

Hanpumep, uyutatens moxer cefe MpeNCTaBHUTb, UTO pedb HAET O HODP-
MADOBAaHHOH TPHTOHOMETpHUECKOH cucreme

1 cos X sin x €0s 2X sin 2x €os mx sin mx
V' V&' V&' EREE 2 =’ E 3
B npoMexyrke [0, 2=} wim [—=, =] [cm. n°398, (17 %))

-

Mb craHem paccmatpmBaTh BCe (yHKuud f(X) Kak ssemenmeu f
HEKOMOPO20 <BEKMOPHO20 NPOCMPAHCMEA», ONpENeNss CAOKEHHE
JBYX TaKuX 5JEMEHTOB M YMHOMXEHHE 2JIeMEHTa Ha CKaisp ¢ ecre-
CTBEHHBIM O6pasom:

Fre=r®+gl), of =

Tox daunoli <sextopas f=f(x), uame HasuBaeMOH €ro nopMo#, MH
GyZieM pasyMETb HEOTPHIATENbHOE HHUC/O

o
1fi=y/ (Ue@res (13)

a
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dra pauna pasHa 0, OueBMAHO, TOJbKO R ¢yHkuuu f(x), TOMKIE-
cTBeHHO paBHOH 0; COOTBETCTBYIONIMH <«BEKTOP» €CTb <«HYAC80H 6€K-
mop> Hallero npocTpaHcTBa.

it TOro uroOH ONpaBAATh HA3BaHWE <IUIMHA», HYKHO YAOCTOBE-
PUTLCS B BHINOJHEHWN TAaK HA3LIBAEMOH «aKCHOMBI TPEYroabHHKa» [cp.
n° 125, (2)]

I +ell<I71+lel

T. €, HCPaBEHCTRA

I/ (U +etarar<

) w
-gl/ VUeracty/ (e

Ecan Bo3Bectd ofe €ro uactéd B KBaapar, TO OHO HpPHUBEAETCA K He-
PaBEHCTBY

b b A A
Vf@ew dxsl/ {U@rary/ (lge@ras a9
nin

b b

b
{{r@ewad < (r@pax. [ ee@ra.

a a

ITO — H3BECTHOE HepaseHcmBo BYHAK0B8CK020 *), KOTOPOE CAYKHT HH-
TerpajbHbIM 2HAJOrOM YK€ BCTpPEYaBIUErocs HaM aare6panyeckoro He-
pasencTBa Kouwin:

m m —f;l
dab << > ai- > b
= i=1 =l
[em. n°125 w cHocky HWa crp. 222 nepeoro ToMa). JlOKasateabCTBO

*) Axanemnx Bukrop flkoeaeBuy ByusaxkoBcku it (1804—1889) — pycckuit
MareMaTHK. YIOMAHYTOE B TEKCTe HEPABEHCTBO GblIO OMYGIMKOBAHO MM B 1859 r.
Yacro OHIHGOYHO CBA3LIBAIOT 3TO HEPaBEHCTBO ¢ uMeneM llIBapua, B pa6orax
KOTOPOro OHO BCTpeyaerca aumb ¢ 1884 r.
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HEPAaBEHCTBA DBYHAKOBCKOTO MOXHO OCYUIECTBATh TaK e, KaK M He-
paBeHcTBa KOwM; KBaADATHHIH TpEXUMEH OTHOCHTENLHO MEPEMEHHOH 2

b
\f @+ gpde=

b
= 2* S [f (O dx - 22 gf(x)g(x)dx—l— S [ ()] dx

HE NPHUHHUMAET OTPULLATENBHBEIX 3HayeHHH, CJACA0BATEABLHO,

b b b
2
Vrera (lewra—{{rmemad =0
a a
I 8 N
Yao6uo BBecTH NOHATHE <«yraa» O Meway <«BekTOpaMmu» ? u g_;:

6= (f, g), onpelenss ero U3 paseHCTBA

b
{rg o ax
cosf= = ; (15)

) b ’
]/S If ()P dx']/s [g () dx

nepasercteo (14) mnokaspiBaeT, uTO a0COMIOTHAd BEJUUAHA BHPAKEHHs
clpaBa He IPEBOCXOAMT efuHULBL. <«OpTOroHaAbHOCTB> QyHKUUA f(X)
1 g(x) [n°398]

)
Sf(x)g(x)dx:O

papHocHabHA ToMy, uto c0s80=0, Tak uro yron 0 oxassiBaercs
IPAMEBIM.
YuutniBag onpeienenve Hopwsl [cM. (13)}, us (15) nomyuaem

b
{7eageas=Ii7-ligll-cost

STO [aeT OCHOBaHME DACCMATPUEATh WHIETpAX CH€BA KaK CKAAAPHOE
npou3gedenue «BEKTOPOB» f " g

Sf(x)g(x) dx=F g

a
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-
Eciu BekTOp g£ €CThb <«COMHAYRHH BEKTOP», WAH <OPT», T. €
ecax ero HopMma ||lg||==1, TO CKaaspHoe NpousseieHHE

F-g=I71l-cost
.
MOXKHO DPaCcCMaTpHBATb KaK RPOEKYUID <«B8EKmopa» f Ha amom <«opm».

np. /.
g

Ecan pana mocienoBatenbHOCTh «BeKTOpoB» {f,}, 10 npedesor ee
HashHBaeTCA Takol <«mexTop» f, Mg KOTOpOro
— —_
|fa— fll—0 npn n— oo

Bosspamasch k coorpercreyomum ¢ynkuuam {f, (0)}, f(x), nmeenm, mo
onpeaenennio Hopmul [cm. (13)],

b
{aw—re@pax—o,

TaK UTO CX00UMOCME NOCACI08AMENLHOCII <BEKIMOPOE> {f;} K npe-
deasrnomy <«sexkmopy»> f o3nauaem He 4wmo unoe, Kax cxodumocms 8
cpednes [n°413] nocacdosamersnocmu gynxgui {f,(x)} % npe-
deasnoll gynryuu f(x).

Bepuemcs Tenepp K MOJONEHHOH B OCHOBY ODTOFOHaAbLHOH H

HopMaabHO# [cMm. (12)] cucreme dymxkunfi {o,(x)}. Ee wmoxmo
TPAKTOBATh Ka&K CHCTEMY B3aHMHO OPTOTOHAJAbBHHX <OPTOB>

{¢m}. BBHAYy NpEANONONEHHOH BAMKHYTOCTH YHNOMSHYTOH CHCTEMH
¢ynkunit oua Oyser Takxe ¥ noauofl [n°415, 3ameuannme], a sr0

8HAYUT, UTO K OCHOBHOU cucmeme «opmos> {9,} Heas3n Goavwe npu-
COeQUHUMb HUKAKO020 HOB020 «OpmMa», KOMOopui 6sa Obt OpMo2oHaleH

-
KO 6ceM Pp! -
PacecmoTpuM MpOEKUMI0O TPOMSBOJLHOTO <«BeKTOpa» f Ha Kakoi-
-—

BUOYAb H3 OCHOBHEIX <OPTOB» @,
b
cn=p. f=F o= {7 () gn(x)dx.
a

m

Mu ysHaem B STOM BEIDAEHEH TNONPOCTY OAuH H3 (0GOGUICHHHX)
koapunmentos  dypre [n°898] dymkumn f(x)*). ITockoasky yHK-

*) Hanomunaem o toM, uto dyHkuu# {¢, (X)} HOPMHPOBAaHHW, TaK HuTO BCe
yucaa Ay =1 [em. (12)}
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uus f(x) OHDHO3HAUHO onpenessercs ceouMu KoadduuueHTaMu dypoe
.
[n° 415, same4anue|, TO <«sewmop» f o00Ho3HaUHO onpedessemcs ezo
-
NPOeKyUAMU HA <OPMBL> OCHOBHOH cucmems {Pm}.

-
Ilpoussenenne ¢, ¢, (%), T. € BEKTOP CpPm==fm €CTECTBEHHO

—

HasBaThb COCM ABAR I W el «8eKmopas [ no KanpagAeHuw <opma» .
Kax e Temepe Moxer OmTb HCTONKOBaH 06oGmennsd pajg @Pypbe
dynxuun f(x) [n° 398}

CoPo (%) - €194 @)+ ... + CmPm @4 .27 (16)

OTMernM TpeXIe BCEro, YTO BBHAY INPEANOJOKEHHOH BaMKHY-
TOCTH cucteMul {g,, (x)} uacruusas cymma s, (x) paga (16) npu n-—oco
cxomutca B cpeaHeM K dynxuuu f(x) [n°413], a 310 3Haumr, yTO
8ce20a uMeem Mecmo pa3AoicuMocms 8 pad dypse, ecan cxo0umocms

-

NOHUMAMs UMERHO 8 cpedNe . VIHEMH CIOBAMH, «BEKTOD» S, CTpe-
—

MBTCS K NpeNeTbHOMY «BeKTOpy»> f, 4TO MOXHO sanucath B (opme
PassIokeHns

F=cnt et oo +entnt oo =fotFid oo FFut o

-
— waocoul sexmop f npedcmasasemcs 8 sude cyY MM 8cex €20
COCMABATIOWUX NO HANPABACHUAM OCHOBHHX «opmo8», Takos reo-
MeTpUYEeCKH#t cMBICA pasnomeHus B pax Dypsel

Vpasunenue samkHyrtoctu [n°413], BBugy (12), Hamuier-

Cd Tak:
[oe]

§ FPde=Y ch
Wi ¢ =0

If =

Keadpam 0aiunst <BeKmopa» OKA3bLBAcMCA PABHHLM CYMME K6a0pamos
Oaun 8cex e20 cocmasasgwuux. 10 — ecrecTBeHHOe oOobuieHne
teopems Iludaropa (oTBevaromeil ciayyailo JBYMEDHOTO BeK-
TOpa, pPAasNOWKEHHOr0 Ha JAB€ B3AUMHO NEPIECHAUKYIAPHLIE COCTaBJs-
omue),

BeriomauM 2 o0606meHHOE YypaBHeHHEe BaMKHYTOCTH
[n° 416, sameuanue]

=]

b
{rewdr=Y catm

m=0
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roe ¢, -— kosdbuuuentsr ®ypoe dyukuma f, a 1, — ko3(phuIMEHTH
dypve ¢ynkuuu g Ecan nepemucarb €ro Ttak:

.}?E=E Conlmo
m=0

TO 31€Ch MOXHO YCMOTDETb aHAJOTHIO C TPUBHUHBIM BHIPAXEHHEM CKa-
JSIDHOTO TNPOMSBENEHHA JBYX BEKTODOB B TPEXMEDHOM NPOCTPAHCTBE
yepes WX NPOEKIMHM HA TPA B3AMMHO nepneHanKyaspHuie ocu [n° 388, (1)].

IOaa yrayGaeHus aHajJOrMM MEXAY pacCMarPUBAEMBIM  <IPOCTPaH-
CTBOM» (pyHKUu# M OOBUHBIM SBKJMAOBEIM INIPOCTDAaHCTBOM HOHAZOGH-
J0Cb O, BO-MEPBHIX, PACHIMPUTh KJacC pacCMaTpHBAEMHIX QyHKuul u,
BO-BTODHIX, OOOOIIMTb HCHOJb3YEMOE oOfnpeleacHue wuHTerpasa. ¥ to u
apyroe BROCAEACTBHM OyNeT CIENaHO B Kypce TaK HasLHBaeMoH Teopun
(GynKuuH BEIEecTBEHHOH nepemenno#t [cM. 3akatouenue, pasaen VI

3ameuanui [lapanressho ¢ BEKTOPHOH uHTepIperauuei
MHOXeCTBA {f} BCeX HenmpepHBHBIX (YHKUMA MOXHO 6HAO OH paccma-
TPUBaTh €r0 TOYEUHYI0O MHTEPNPETalHIo, Cuutas OTIE/IbHHE HEmpe-
puiBHbie QyHKUMH f==f(x) Kak OH <«TOYKaMH» COCTaBJEHHOrO U3 HUX
«IPOCTPaHCTBa». B sToM cayuae uenecooGpasHo BBECTH NOHATHE pac-
cmosgnun p(f, g) Mexnmy zsyms <roukamu» f=f(x) n g=g(x) cae-
Ayouium o0pasom:

b
o, &=I7 —57H=]/ S [f (%) — g () dx.

To, uTO Bhe G0 HA3BAHO OAUNOL <«BEKTODa» f, €CTb HE YTO HWHOe,
KaK paccmosuue <Touku»> f 0T HauaasHOM <«Toukm» 0.

Ecim f, g h CyTs TpPH <TOUKH> HAIUEr0 <IPOCTPAHCTBA», TO HMEET
MECTO <«aKCciOMa TPeyroJbHHKa» B (opMme

p(s W<<e(f, &-+0p(g b

Sra dopma noayuaercs w3 npewHel, eciu sameHnts Tam f Ha f — g,
a g—Ha g—h.

§ 5. OYEPK HCTOPHH TPHUI'OHOMETPHYECKHX PAIOB

419. Bagaya 0 KoneGaHUH CTPYHbl. JTa 3HaMeHWTas 3alava, NpHBAEKUIAs
K ceGe BHuManue psala Bapaomuxcs Matrematukos XVIII Beka, cmirpana Bawm-
HYI0O POib B CaMOH MOCT2HOBKE 80NPOCA O B03MOHNCHOCHIU MPULOHOMEMPULELCK 020
Pa3A0AHCEHUS NPOU3BOAbHOT PyHK(uy. TIo3TOMY MBI CHAayala NO3HAKOMHM YMTa-
Tenf C yNoMaAHYTOH 3afauelt M ee pemieHHeM.

IlycTs omHOponHas cTpyHa MaMHbl [ 3aKpengeHa KOHUQAMM B TOYkax x =10
M X==/ 0CH X W NOX KeHCTBMEM HEKOTOPOr0 HATAXEHHA PACIOJAraercs B Pab-
HOBecMH BROXb 3TO# ocu (puc. 81). [Ipencrasum ceGe, uto B MOMEHT £==0
CTPYHA BBIBOAUTCH M3 MOOKEHHA PAaBHOBECHA B IIOCKOCTH Xy (KOTOPYIO, HampH-
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mep, OymeMm npexuonaraTh BePTHKANBHOM) M MpelocTaBisgeTcs caMa cefe *).
Torna TOYKH CTPYHB HayHYT KORNEOAaTbCA B BePTHUKATbHOH ke miockoctd. Ecam
NONYCTHTb, 4TO Kakfasd Touka M cTpyssl c afcuMccot x Kone6aercs CTporo
BEPTHKalbHO, TO €€ MOJNOMEHHE B MO-

MeHT BpeMeHn ¢=0 onpexeaurca ee y

OpIMHATON ¥, KOTOpas MNPeACTABUT ee M

OTKJAOHEHHE OT II0JOXEHHA DPAaBHOBECUS. }

Sta opnwHata 6yneT dysknme# or oGeux J

lIEDEMEHHBIX X U B r— T
y=y (1), M) Puc. 81,

KOTOpass H INOMIEXHT  OHpPEeNEHHIO.

TIpy HEKOTOPHIX — YNPOLIAIOIMX BONPOC — NPENNONOKEHUAX ABNEHHE ONM-
CHIBAETCA CREAYOWMM IuPhepeHUManbHEM yPAaBHEHHEM B 4acT-
HHX DPOH3BOAHHX

0%y d%

Fri el @

rie a-— NOCTOAHHAg, 3aBYCALAA OT (GU3UUECKHX CBONHCTB CTPYHHI

KpoMe 3TOro ypasHeHHs, HCKOMas QYHKUMA y (X, £) DOMKHA YAOBIETBOPATH
eme pany tpeGoauuwit. Ilpewpe Bcero, JNOMKHH BHIIOJHATHCA TaK HasblBaeMble
npexeabHbHEe YCAOBHUM:

y©0, 6)=0, y( )=0 (¢=0) 3)

BHpaxaomwue (HaKT 3aKpenieHys KOHUOB CTPYHHL. 3aTeM, ecAil 8 H a4 aAb H bl il
smomenm t =0 OMKAOHEHUR mover CmPyHu xapaxmepusywomes dyunxygued f(x)
(0<< x << 1), @ ckopocmu pagHvl HY4:10 *), TO HANEXKUT NOTPe6OBATH BHIIONHC-
HHf M HAYaAbHBX YCHOBHHU

yo0=r, ZEV_o <<, (4)

Takum 06pasoM, OKOHYATENbHO, 321 aY2 CBOXUTCA K PA3HCKAHHIO
Takolt pyukuunu y(x, ), koropaaana 0<<x<<!/ w £=0 ynosuae-
TBopana 6w ypaBHeHUu (2) n ycaosuam (3) u (4).

3aMEUAHKME Ilockonbky oyHKUMA ¥ (X, £), oOpawawasncs npu t=0
8 f(x), moakHa YHOBIETBOPATh YPaBHEHHIO (2) W ycnoBuaM (3), 8 wacmuocmu
11 8 HGYGAbHBL MOMEHm 8pemeHu, TO caMoe (QYHKUKIO f(X) HEOOXOAUMO NpH
3TOM MNPEANONOXUTh NBaX AH NAHGGepeHuupyemMoH B npoMemyTe
[0, 7] u, xpoMe TOrO, MORYKHHTL €HIE YCIOBUAM

£(0)=0, f)=9u (5a)

F(0)=0, F()=0. (56)

420. Pemenne JanamGepa H d#iiepa. JTUMH YUeHBIMH M GHIO BiiepBhHIE
aBHO copMmyanpoBaHo ypasHeHue (2). Ero oGuee pemenme 06a oHpm — cHayana
HNanam6ep (1747 r.), a 3atrem fimep (1748 r.) — mpexcTaBuan B Taxko#t dopme:

y=¢(x+af)+ ¢ (x—at). (6)

a TaKxe

*) Mbl 1A ONPeleIeHHOCTH OFPaHHYMMCA NPELNONOXEHHEM, YTO KoldeGanua
CTPYHH HAYRHANTCA M3 COCTOSHMA NOKOA. VIMEHHO 3T0 NpeAnofoxeHHe NEKHT
B OCHOBE pelleHHsa 3ajayM, JanHoro DiepoM (CM. caeAylomuH HoMep).
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3neck ¢ (¢) m ¢ (v) 03MaYAOT «NpPOH3BOAbHBIE» (YHKLUMH, 3aJaHHKE JIIA BCex

3Hayenu#t aprymentos. [Jns HameH menw JNOCTATOYHO HENMOCPEACTBEHHO

IPOBEPHTDb, YTO BhpameHue (6) Mpu BcexX 3HAaYEHHAX X W £ YNOBAETBODAET ycnao-

BHIO (2), KaKOBH Okl HU OblNH ABa X AL ANpPepeHUUP YyeMbl e QYHKHUU
u 4.

? ’ql{enepb BO3HMKAET BONpOC O Bh6Ope 3THX (YHKUMH Tak, YTOGe YyAoBie-

TBOpeHH GblIM Takike npeledbHbie W HayaibHble YCIOBHA, T. €. YTOGH 6bIO

[ew. (3)]
glat) +4(—at)=0, o¢(+ta)+i(U—at)=0 (t=0) (30)
H [cm. (4)]
P+ =f(x) ¢EO—P =0 O<x<)). (43)

[lpu sromM, ouesuHHO, QYHKHMIO ¢ (#) JOCTATOMHO ompexesuts aaa =0, a
dynxuno U (v) — s vl
[Ipextne Bcero, uHTerpupys BTO D O € H3 paBeHCTB (4a), HafineMm

p()=¢(®x®»  O<xr<D
Torza, B cuay mepBOr o0 M3 9TUX PABEHCTB, 06 (GYHKUHUM PaBHH %f(x): Ta-
kUM oGpasoM, B mpoMexyTke [0, /] onn yxe ompenenennt (rpaduk ux Ha puc. §2

Y
M

d
i

Puc. 82.

nsobpaxcen xpusoit OMA). Tax kak QYHKUAA @ NORAEKUT ele ONpereNeHHIo
TORbKO B mnpoMexyrtke (I, - co), a GyHxuua ¢— B HeHaneraomeM Ha Hero
npoMexyTke (— oo, 0), TO INA YNPOLWEHHA B4NHCH MOXHO (YHKUHOHAALHYIO
XapaKkTepUCTHKY ¢ 3aMeHHTb Ha ¢ M ONpeleNHTh QYHKUMIO ¢ (X) B ITHX npome-
AYTKax, HCXOAA H3 ycnosufi [cMm. (3a))

— x)=0, 7
¢ (X) + ¢ (—x) (x=0) (7)

e+ x)+¢(—x)=0. ®

Mpewxne Bcero, usmenas B (8) x or 0 mo I, MBl onpegenuM ¢ B mpoMme-
wyTke (I, 2}

1
¢UF+N)=—¢(l—x)=—5Ff(—x)
(xpusan ANB na uepr. 82). Temepnb, Korma (yHKUMSA ¢ MONHOCTHIO ONpefeneHa
*) Bes ymanenua oGIHOCTH MOXHO He BBOAMTH FOCTOAHHOR MHTerpHpoBa-

1
nug C, n6o, otHas —2—-C oT ¢ U mpubasus ?C K ¢, BCEerla MOXHO OCylie-
CTBATb HMEHHO YKa3aHHOE PaBEHCTBO,
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B npomexytke [0, 2/], npuueM—B cuny (5a)— BroGasok ¢ (0)=¢ (2/)==0,
Mbl JOKaXeM, YTO OHAa BOOGIIE MMEeT MepHM OX 2/, U TeM caMbiM OHPEIEaHM
ee yxe BO BCEM NpoOMexyTKe (— 0o, —+ oo

Tlyctb cHavana § =—/; MONOXHB B (8).x=e+l, noayunM [c yuerom (7)}
PE+22)=—¢(—8=9()

Ananornyno, npu §<<—1! BosbMeM B (8) x=—(§-+/) u [cuoBa onmpasch
na (7)] npugem k Tomy xe. B obniem, B kavecrBe rpaduka QyHKUMH ¢ M NO-
nyyuM (10 BHPameHUWIo Jiinepa) «3MeeBHIHYIO KPHBYi0», N306Pa’eHHYIO Ha
puc. 82. Ona CHMMETDHYHA OTHOCHTEILHO Hayama, Kak W JONXHO OnThb, HGO
B cuay (7) dysxuua ¢(X) HeyeTHaxn

Tak xax ¢yskuus f(x) umeer B npomexyrke [0, /] nBe npousBoaHHE H
K TOMY Xe ynoBnerpopser ycaosuam (5a) u (56), T0 — KaK MOXHO TNOKa3aTh —
onpefeNeHHas YKa3aHHHM 00pa3oM QyHKUMA ¢ (X) GyjieTr MOBCIOAY ABAXIH
auddepennupyema, Be HCkAoOyas Toyek Buma kI (k=0, 1, +2, ..), roe
«CKIEHBAIOTCA> OTJENbHbe KycKd Kpupoi. Uepes STy QYHKUMIO HCKOMOEe pemie-
HYe OKOHYaTeJTbHO M NPEeNCTaBHUTCA B BUfe

=¢(x+at) 49 (x—at). ©

421. Pemenne Teinopa u Ji. Bepryaan *). Eme 8 1713 r. Tetinop usyvan
BOMPOC O ABHXEHWH HATAHYTOR CTPYHH H ONMpefeasn nepHol ee KoneGaHus.
OrnpaBHO# TOUKOH AAd HErO CAYKWAO HEKOE NPeAROXEHHe, PABHOCHIbHOE N O
cyumecTBy ypasHenuio (2). B pesyabTaTe OH NpHmieN K BHBORY, YTO ecAu
CmpyHa Kosrebaemcs KK yeaoe, TO OHa B KamAHH MOMEHT uMeeT QOpMY apku
CHHYCOHIHL.

Pasymeercs, 9TO— JHIUb OZWH U3 BO3MOXHBIX A7d CTPYHW BHIOB KouxeGa-
nua. Ua paccyxnennit Tefinopa BbiTekaeT CymieCTBOBaHHe OECYHCHEHHOIO MHO-
XeCTBa TaKHX BHIOB: CTOHT JIHilb, P43JEIHB CTPYHY Ha n (= 2) paBHHX yyacT-
KOB, K KaXJOMy B OTHEILHOCTM NPHMEHUTh NpexHuUHl BHBOJ. B Takom cayuyae
¢opMa CTPYHH NPEICTaBHT COGOH 7 NOCIEROBATeNbHBIX CHHYCOWNANbHEIX aPOK.

Mu nonyuyuM Bce STH YaCTHH € DelleHHA ypaBHeHHa (2) YHCTO aHa-
AWTHYECKHM NYTEM, MCXOAs HENOCPEACTBEHHO M3 ypaBHeHus. CTaHeM WCKaTh
ero peuienie (OTAHMYHOE OT OYEBHIHOTO, HO HE HHTEPECHOr0 HaM peuie-
HAS—H Y A 5) TNOJ BHIOM RPOM3BEAEeHHs ABYX (YHKIHH, W3 KOTOPHX OjHA 3a-
BHCHUT TOAbKO OT X, a APyraa— TOAbKO OT f:

y=X(x)-T(2).
YpaBrenue (2) B 3TOM CAyYae NPHHNAMZET BHJL
XT"==a*X"T

(rme mMTPUXH 03HAYAlOT NIPOU3BOAHMIE MO TOH nmepemenHofl, 0T KoTOpOH GYHKUHS
3aBHCHT) MaH, HaKOHell,
3 "
T 2 X

=A% . 10

T=%% (19
Tak Kak neBas yacTb 9TOro PaBeHCTBA HE 3ABHCHT OT X, & MpaBasA-— OF {, 10
ux obuiee 3HayeHue QPakTHYECKH He 3aBHCHT HH OT X, HM OT [, T. €. CBORHTCA

K HOCTOAHHOM, KOTOPYI0 MH BO3bMeM B (opMme — a®A® (npu A > 0). Torna ypas-
uenue (10) pacnmajaerca Ha nBa:

Tu+a2)\2T=0, Xn +)‘9X=0;

#) Januun bBepHyaawum (1700—1782), cun Horanna Bepuyanrs W apyr
dtinepa. B nepuox ¢ 1725 no 1733 r. mesreabho pabGortan s [lerepGyprckod aka-
ZIeMHH Hayk.
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ofiye pemeHus STHX — yie OGHKHOBEHHBIX — IH(OepeHUNANbHLX ypaBHEHNI,
COOTBETCTBEHHO, MMEIOT BHIL:

T=Acosakt -+ Bsinakt, X=Ccosix -+ Dsin kx.

Jas toro uto6sl dynkuua y==XT yHoBneTBOpANa M NpPEeieAbHHIM YCaoBMAM (3),
PM JIONKHA yA0BHeTBOPATh (ynxknua X. Ilonaras B Heft x==0, cpasy Bumum,
uyro C=0; noaaras xe X==! u yyuTeiBadg, 4To D yxe He MOKET ObTb HYIeM,
npugeM K ycnosuio sin A/ ==0, oTkyla M =nn npy HaTypanbHoM n. TakuM 06-
pa3oM, A MOXET HMeTb JHIIb OJHO M3 CAENYIOUUX 3HAYEHHIL:
A= Ae=2" i
l ] l ?

Ecan cunrath 4TO HaYaabHbB € CKOPOCTH BCEX TOYEK CTPYHb PABHH
Hysw, To " (0)=0, a orciona B=0. OGosnauaa npu A=2, nocrosunyi AD
uepes by, Mbl U NpHAEM K YNOMSHYTOH NOCAEOBaTelNb=

@ HOCTH YaCTHH X peumeHHUN ypaBHeHHR (2):
n

Yp="by,cos —l@t-sinnl—nx.

Ecau crpyna ocymectBaser KoneGaHue no TakoMmy

2=T, ooy )‘Ilz ...*)

Z@@ 3aKOHY, TO 8C€ €€ MOYKU KOAeOMOMES ¢ OOHUM U MM
ore nepuooom
o
2 n= na *

KOmopomy omsedacm mox OnpedeseHnoti 8v.comol. AMIIu-
TYHa Xe KomeGanumil KawJofl TOYKM 3aBUCHT OT €e Iono-
g MEHHA M paBHa

= —a—a— by, sin — x

i

Puc. 83. Bes cTpyna pa3fmBaeTcs Ha 1 PaBHBIX YYACTKOB, MpUYyeM

TOYKHM OJHOI'0 YYacTKa HAaXOHATCH BCe B OJMHAKOBLIX (a-

3aX%, @ TOYKW COCENHUX YYACTKOB-— B NPOTHBONONOKHBIX

(asax. TTocrexoBatenpybie NONONKEHUA CTPYHH Nif ciyyaes n==1, 2, 3, 4 uso-

6paxeHn Ha puc. 83. ToukH, oTaexsiomMe OXMH YYacTOK OT HPYTOro, OKaspl-

BAIOTCH B NIOKOE; 9TO— TaK HasbiBaeMble «yaisi». CepeXuHBl YYacCTKOB — «IIyy-
HOCTH» — KONeGI0TCA ¢ HauGonbInedt aMIINTynol.

[Tocne nosBaesus o6mux uccaefosaunit Hdazambepa u ditnepa o xoneGanuu
CTPyHbl ¢ paboToit Ha Ty *e Temy Boictymua [l Bepuyaam (1753 r.). Hanomuns
0 TOM, YTO MHOXeCTBEHHOCTb BHIOB KoieGanud CTPyHs Obina HeGe3ws-
pecTHa ewle Tefimopy, BepHYynIn — OCHOBBIBasACh Ha PU3MYECKUX HAGMIONEHUAX —
BLABHHYJI YTBEDXKAeHUE, YTO BCC MU KOACOGHUS OCYWECMBARIOMCS Cpasy U
cmpyna O00KOBPEMERHO u30aem MOHs pa3AuyHoil 8sicomst. [IPOMCXONUT, O €ro
BLIPAXEHHIO, «CMeIleHne» (Mbl CKa3anu Gbl — HaZOXEHHe) OTAEAbHBIX Kolebanui,
TaK yTo JIOAHOe KodeGaHHe CTPYHH MOXeT ObTh OXapaKTePH30BRHO PaBEHCTBOM

nw l.

[=o]
y=2 b,,cos'i;—atsin nTnx. (11)

n=1

¥*) Ecam 60 Mul B3aau IocTOsHHOE 3Havenue oTHomenu#t (10) B dopme a®A?,
T0 NpefeNbHHIM yCIOBHAM MOrAa Obl YNOBAETBOPATH TOAbKO (yHKUHA X, TOXK-
A€CTBEHHO paBHas HYIIO,
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OcHOBHON TOH onpeAelseTca nepsoit cocraBuasomel y,; eH oTBevaer
1
nepuon T = OcranbHble TOHBHI, ¥3JaBaeMbie CTPYHOH, WIH 0Ge pTOHBH,

1
XapaKTePU3yoTCA JAPYTHMH COCTABIAOLIAMY; UM OTBEYAIOT TepHolsl T = 5 Ty,

1
T8=? Ty, «.. Ecal DPHKOCHYThCA NanblleM K CepefMHe CTPYHB, TO Cpasy 3a-

rI0XHYT KaK OCHOBHOH TOH, TaK M HeYeTHHe 0GepPTOHH, AAA KOTOPHIX TaM Gblia
nyuHocTb. YeTHole OGEPTOHBI, A KOTOPHIX Ha CepeitHy CTPYHH NPHXOLUTCA
v3ell, BC€ COXPAHATCA; MIA HUX PONb OCHOBHOrO GyjmeT Mrpath BTOpOfi o6eprToH,
M CTpyHA CTaHET H3laBaTh OKTaBY NepBOHayanbHOro TtoHa. VImewno Gorar-
CTBO (M3HYECKOr0 COJIepPXAHMA, NPH HOJHOM COrIaCHH C SKCHEPHMEHTOM, 3a-
crasua0 BepHynnn npeanovects peumterue (11) skmeposy pemerunio (9). Hyxwmo
CKas3aTh, YTO JHaep M caMm ynmomuHaer o pemienun (11), HO aumb Kak O BO3-
MOXHOM vYacTHOM pemenus. [las Bepryasm B Ty NOPYy-—10 COGCTBEHHOMY
NPU3HAHKI — BONPOC 06 OGIHOCTH ero peumenuA Obll emie HEIOCTaTOYHO ACEH,
HO OH OTKa3biBaeTCA NOHAThH, KaKo# ((usuueckuit) cMbica Morau Obl UMETb APY-
rye pemenys, ecau Obl ORHM CYIIECTBOBAaIH.

M nokaxeMm ceityac, OnHpaschb Ha PAa3BUTYIO Bhille TEOPHIO, YTO—np U
nadarexncauyenm soib6ope kospduyuenmos 8 Popuyse (11) *)— ona
npocmo mocdecmeenna ¢ fopmyroli (9). ITpu sTOM MBI IipeaNonaraeM, KOHEYHO,
BLIOJAHEHHHIMH T€ YCIOBHSI OTHOCHTENbHO (YHKUMH f(x), KOTOpHe paHbile
6Liiu Ha Hee HamoxeHwl [n° 419, sameuanue].

HayneMm umenHo ¢ BuGopa Kosdduuuentos b,. Ecan Mbl xoTum, yrobur dop-
myna (11) maBasa pemieHHe, YXOBIETBOPAIOUICE HAYANBLHOMY yciaosuio (4):

y(x 0)=f(x) O<x<),
10, monaras B8 (11) £=0, gomxHH uMern

Zb,, sin Tr=f(x)  (O<x<), (12)
1

Tax kax dywxuus f(x) mupdepenunpyemMa B Ha KOHHAX npoMmexyrka [0, /}
ofpaulaercs B HylIb, TO TaKoe pa3noxeHue, NeHCTBUTENBHO, HMeeT MECTO BO
BCEM IPOMEmYyTKE, €CIn B3ATh [cM. n° 405, (22)]

I3
b,,=% Sf(x) sinn—?fdx (n=1, 2,3, ...),
0

yTO MBI ¥ 6yNEM NpeRnonararhb.
Ho pan (12) cxonurca npu Bce X B3HAUEHUAX X, M C €rO NOMOUIBIO BO BCEM
NPOMENKYTKE OT — 00 JI0 -} cO MOxeT GhTh onmpejeieHa QYHKUHA

o0
1 ,
p(1)=- Z busin 27,
=1

Takum o6pasom, B npomexyTtke [0, /] 9ra dyskuna pasua —;— f(x); xpome Toro,

KaK JErko HenoCPeACTBEHHO IIPOBEPHTh, A Hee BHINOAHAWTCA ycnoBus (7) H
(8). Orcioma yxe BBITEKAaeT, YTO OHa B TOYHOCTH COBNAjaer ¢ TOH (QyHKuue# o,
O KOTOpO# Obila peyb B NPeRbIAYLLEM HOMepe, NOCKOAbKY BCE YNOMAHYThie
yCIOBHs, BMECT€ B3ATHE, ONpPENLNAIN ee OTHO3HAYHO.

*) Bonpoca o kosdduuuenrax DepHyaim He 3arparusaer,
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B TakoM ciyuae yxe H3BeCTHOE HaM sitnepoBo pemenpe (9) Teneps Moxer
6HTh MPENCTABIEHO B BHIE

[ee] [se)
y=—é— 2 b,,[sin nx {x 4 at) & sin nn(xl—at) ]= Z b,,cos'y;—atsin’ﬂtx,

{ {
n=1 n=1
Tak 410 pasnoxenue (11) npyu ykasannom BhIGOpe KO3 dUUUEHTOB NEHCTBUTEABHO
faet pemeHue ypaBHeHUs (2), N NPUTOM — TOXACCTBEHHOE C JIPEXHHM.

422. Cnop no NoBORY 3aja4H O KOXe6AHMH CTPYHbl. JTOT CIHOpP Pasro-
pedcs mo IBYM HanpaBJeHHAM.

fIpexne Bcero, HeCMOTps Ha (OpMalbHOE CXOACTBO pEIHIEHHH, NPEANOKEH-
phix JanamGepom #H DiinepoM, BCKOPE BHACHHAOCh, YTO MexAy OGOMMH yYeHHIMH
CymecTByeT rny6oKoe pacxosxmjeHHe NO BONPOCY O ToM, Kaxue @Gynrxguu oo-
nycmuMmo paccmampusams 8 aLaau3e, ¥-— B YaCTHOCTH — KakoH AOMKHA GHITb
(QYHKUBA f, XapaKTepH3yomas HayalbHYK GOopMy CTPYHEL

Diinep we TpeboBan, yto6b 3Ta (YHKIMA ONPENENATaCb BO BCEM NpPOMe-
wyTke [0, /] eIVHHM aHAMUTHYECKHM BHIpaXeHUeM (MOXOGHYI0 QyHKuM©0 Ditunep
Ha3BBal <HENPEPHIBHOH»). JTa (QyHKUMA MOrAa ObiTh ¥ <«CMeIIaHHOMH», T. €. 3a-
JaBaThCA B PA3HBHIX YacTAX NPOMENYTKA PAa3iuYHLIMH BHIPAXEHUAMH. DHnep
CYUMTal BO3MOXHBIM Jaxe ONpPeNeNaTh HAYANbHOE NOTOXEHHE CTPYHB NPOCTO
«KpUBOH, HayepraHHOM CBOGOAHLIM NBHXEHVEM DPYKM»: Bellb M B 3TOM Cayyae
6RO OCYIeCTBUMO YKA3aHHOE MM TOCTpoeHHe rpadmuxa Qysxnum ¢ (puc. 82),
a MO HEMY yXe Jerko Obln0 reoMeTpUYeCKH YCTAHOBHTh BHX CTPYHH B ai0GOH
MOMEHT BPEMEHH.

Wnoit 6pina nosmuma Jdanambepa: He TOIbKO MCXORHas GyHxuus f(x), Ho
onpejienneMan o Helt yuse B 6eCKOHEYHOM MPOMEXYTKe QYHKIHA ¢ (X) KOMKHA —
no ero yGeXKeHNIo — NMOJYMHATLCA CRHHOMY aHATHTHYECKOMY 33KOHY; pelieHue
3afayM CPeICTBAMH dHanM3a BO3MOXKHO JHIIL B TOM CiXyyae, KOrja «pasiuyHhe
Nono¥eHns KoneGrioniecs CTPYHH! MOTYT OBITh 3aKJIOYeHH B OJHOM H TOM e
ypasHennus. Brocnencteun JanamGep COCPEeROTOYMA CBON BO3PaKEHHA Ha BO-
npoce 0 KPUMBM3He, KOTOpas JOMXHA ObiTh ONpeNeNeHHOH BO BCEX TOYKAX, NHO-

CKONbKY B CAMOM ypaBHeHUH QUI'YDPHPYET BTOPas NpPOM3BOIHAA 3%; Memay TeM

NPOU3BOABHOCTb 3aJjaHUA f M KCKICHBAHHE» rpadiuKa ¢ M3 KyCKOB ee CyuiecTBO-
BaHM# He 06ecneynBaioT.

Ecan no6uBatbca BHNONHEHNA YDaBHeHHA (2), To MocaegHeMy cooGpaxeHuIo
Henb3d OTKa3aTh B Y6eNUTEILHOCTH [CP. Teé OrpaHMYEHHA, KOTOphIE Mbl BHIE
Hagowutn Ha @yHxkuuo f (n° 419, sameuanue)].

Bonpoc 0 Xapakrepe <«IpOW3BOAbHHIX (YHKUHf», BHEpBHe BCTPETHBUINXCA
npH penienud audQepeHNHANbHBX YpaBHEeHHH B YaCTHHX NMPOM3BO A
HH X ¥), eule goaro jpeGatupoBanca cpenn matematukos. B 1787 r.— yxe nocne
cMeptd o6Goux mnporuBHHKOB — IleTep6yprckas axkageMHsi BHIBHHYIZ HWMEHHO
9TOT CNOPHHIN BONPOC Ha COMCKAaHWe NpemuH, Kotopas B 1790 r. 6maa mpucy-
wnena Jlym Ap6ora, GIM3KOMY NO CBOMM B3LIANAM K Dinepy.

[lepefineM Tenmepb KO BTOPOMY NpeXMETY CHOpa, MMEIOUIEMY YXke Henmocped-
CTBEHHYI0 CB#3b C OCHOBHBIM CONEPXaHHEM Hacrosmero ovepka. Ha sror pas
B OZHOM narepe okasaamuch diinep u Janam6ep, xoTopeie 062 BEICTYNUIH RPOTHB
Bepryany, yrBepxaas, YTO €ro pelleHHe He sABIseTCA OOLIWM, TaK KaK Janexo
He MCYepnblBaeT BCeX BO3MOXHHIX 3a3KOHOB KOneGaHWs CTPYHBL.

ditnep ACHO NMOHWMAJ, YTO BCE CBOAWTCA K BOWPOCY: Modscem aun awbas
gyuryus f(x) (xapakTepH3yomas HauasbHyio GopMy CTPYHEH) Obimbd pa3A0EHE
8 pAd no cunycam xkpamusix Oye? CaM OH OTBEYal HA 9TOT BONPOC OTPHUA-
TenbHO. [Ipexne Bcero, HayanbHas KpHBas, MO KOTOPOH pacronaraiach CTpYyHa,

*) Hanopo6ne mpousBOALHBIX MOCTOAHHHX, YK€ BCTPeYaBUIHXCA NPH peiue~
HHM OGLIKHOBEHHHIX JuddepenupanbHuIX ypaBHEHUH,
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moraa 6ol OKA3aThCsl BOBCE HE BHPA3UMO HUKAKMM YpaBHEHHMEM, SHAYNT, B WACT~
Hocth — M ypasrenneM (12) Bepuymmm. Ho maxe ecim oma u npejcrasaspach
aHANMUTHYECKUM BhipPaeHHEM, TO 3T0 NOCHelHEe MOIIO He 06hafaTh TEMH O C O~
6eHHOCTSAMH, KOTOPHE OTIHYAIOT KaxAYI0 KPHBYIO, BHPAKAEMYIO ypaBHe-
unem safga (12). K raxuM oco6eHHOCTAM NpHHAZAENWUT, BO-MEPBHX, HEYETHOCTH
OpIWHATH, KaK QYHKUMH OT abCUMCCH, H, BO-BTODHX, Haauuue y sTolt bysruyus
neproza 2.

Boapawkenue Jitnepa TpeGyer mnoscHeHHA: Beab (yHKuMA F(x) sagaerca
apuib B npoMexyTke or 0 o I, rRe sté 0coGeHHOCTH Boofmie W He Moray Gu
rpossutscal Ho B Ty mopy eme cuuranoch caMo co60K0 pasymemommMcs, ¥To
086 GRHAAUMUYECCKUX BUPANERURA, NOIYLAOWRX PABHUE INGYERUS
nPU UIMEHEHUL NEPEMERHON 8 KAKOM-AUO0 NPOMEHCYMKE, MEM COMBM ONONC-
decmeasiomesn U nogciody ewe Heeo. TlosToMy, Hanpumep, ecin QyHKuus f(x)
B npomexyrke (0, {) 6Hia 3aKaHa ¢ NOMOWBI0 A ATE6PANYECKOFO BHPas
X € BH f, KOTOPOe HUKOLNA He 0GiafaeT BTODHM U3 YNOMSHYTHX CBOHCTB, TO —
B CH1y CKa3aHHOIo— Jaxe B Npefesax OXHOrO STOTO MPOMEXYTKA OHA yXke
HEe MOrfa COBHajaTh C BHpakeHueM Buaa (12).

JanamGep B CBOMX BO3paXEHUAX HOHIed emle Najblie: MO ero MHEHHW,
Jaxe ecid OTLEABHbE UaCTH SHIepoBOH KPHBOH OKa3HBAIOTCA BCE CBA3AHHBHIME
eIVHHM aHAINTHYECKHM BHPAXKECHHEM, TO OHa BCe e He 006M3aHa CIejoBaTh
3aKOHY, ykasauHoMy Bepnyasn. Tax [lanamGep oTsepr pelieHue, KOTOpOe Kak
Da3 ¥ OCYmMeCTBAANO ero COGCTBEHHoe TpeGOBaHHE, YTOOH PasniHYHHE HOJOXKE-
HHA KoneGmomeica CTPYHH OBIIM «3aKAYEHH B OXHOM M TOM e YDaBHEHUWH>!

Co cBoeit croponn, Depuyanu Ttenmeps yxe ¢ Géablielt HacTOHYMBOCTBIO
yTBepkjad, yTo ypaBHeHHeM BHA2 (12) OXBAaTHBAIOTCA BCEBOIMOXHHE KPHBHE!
pacnonaraf 6eCKOHEUHHM MHOXECTBOM KO3(QMIMEHTOB, MOXHO BEUb 3aCT2BHTH
BEIPAKAEMYIO MM KPHBYIO NpOHTH yYepe3 noGoe YMCAO Hanepex SalaHHHX TOYEK.
Tlpu sToM 0CO6YI0 HEHHOCTb B €ro r1asax Bce xe, MO-NPexHeMYy, NpeicraBasia
Gu3uYeCKan CTOPOHA Jiend, a UMEHHO <BO3MOXHOCTL NMPUBECTH CYDIECTBYIO-
uMe B NPAPONE MNBHXEHMsA, KOTOPble KaXYTCA HENMOAYHMHEHHHMM HHKaKOMy 3a-
KOHY, K NPOCTHM H30XDOHHHM J[BHXEHHAM ...».

423, PasnoweHne QYHKUNA B TPHTOHOMETPHYECKHE DAL, ONpefielieHne
KooddunaedToB. CaMbIM YAUBHTEALHHIM BO BCEH 9TOH JHCKYCCHH Onio TO,
yTo JiAep B 9TO BPEMA Yxe CaM pacrojaran MpUMEpaMH PasioXeHHA UMEHHO
anre6paMmyecKnx QYHKHHUHA B TPHTOHOMETPHYECKHE pANb (KOHEYHO,
AOJYYEHHRIMY COBEPHIEHHO (OPMaNbHO).

B «Juddepenunansuom ucuncaesnn» (1755 r.) Mul Haxoaum pasnoxenue

sin 2x , sin 3x |, sin4dx T—X

sin £ g 4 o =T (13)

fcp. n” 406, 1)}, o koTopom Dftnepeme B1744r.coobman B nucbMe
ceoemy apyry loapaGaxy. B 1760 r. Bumsa B cBeT patoTa ODfinepa, HaNHUCAH~
Has B 1754 r., rxe, HCXO4f M3 DasNOKCHHUA

cos X— @
14 a® —2acosx
n, nojaras a== 1, OH CHayana DIPHXOIMT K PACXONALMHUMC A paaaM

cos x -}~ cos 2x -}- cos 3x -+ cos 4x 4 ...=—-;-, a0
€0s X — €08 2x -}~ cos 3x — cos 4x+...=%,
a 3aTeM MHTErPUpYyeT NOYAEHHO BTOP O# M3 HAX H NOAYY4eT Pe3ynbIar:

sin 2x , sin 3x  sin 4x x
2 A W =% (15)

=c08 X + acos 2x + a?cos 3x 4 adcos 4x ...

sint x —
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[cp. n° 406, 2)]. <Her nazo6roCTH mpHCOENMHATL NOCTOAHHYIO, MOACHAET Diaep,
u6o npu x =0 cama cymma mcueszaer». Hukakux ykasamm#t Ha oGracTe mpume-
HUMOCTH STHX H NONOGHBIX MM pasiNoxeHMH y Dinepa Her.

VintepecHo, yro Dilnep He noxyyaeT pasnoxenus (13) nyrem nounesnoro
WHTeIrpHPOBaHHA TepBoOTr 0 M3 pagos (14). dro aums Brocreactsuu (1772 r.)
sumoanua J. Bepayann. On moguepkuBaer Npexje BCero, 4TO ONpefeneHHe
MIOCTOSHHONX MHTErpHUPOBAHUS B PABEHCTBE

. sin 2x |, sin3x | sin4x x
sin x 4+ 5+ 3 + 7 +...=C-—~2—

Tpe6yer <«OCMOTPHTEABbHOCTH>: HANpHMeD, He TOUMTCA IAA STOH LiedM MpocTo

k1
noncrasutb x=0; Bepuyaan nonaraer X==-5 W, HCHOAL3yA H3BECTHbIH pajg

Jler6uuna [n° 255, (20)], NpuXoOMT ¥ PABEHCTBY

n 1 1 ™ %
C—g= 1—-§—{-€-— coo=-<, OTKyEa Cc =5
Bepuynan (snmepsbiel) TouHO YyKashiBaeT OGKACTb NPHUMEHHMOCTH NOMYYEHHOTO
pasnoxenns — npoMexyrok or O pmo 2x, npuyeM mags x=0 (2z) pasencrso
Mecra He uMeer. Bonpile Toro: mas APYrMX NpoMekKyTKOB: OT 2= 1o 4m, of 4=
10 6z ¥ T. A. NPUXOUMTCA NOCTOAHHYI0 HHTETPHUPOBAHHA COOTBEICTBEHHO M3Me-
HATb (XOTA 3TO M <KAXETCA NPOTHBOPEYAILIMM B33KOHY HENpPEPbIBHOCTHY).

BaxHbft BONPOC 06 onpedesenun Ko3dduiyuenmos mpuzoHOMempuuecko2o
pasaoscenus Haneped 3a0aHHOil Pynukyuu—B obmeM BuLe — NO-BH-
ZuMoMy, BrepBele mocraenx Kiepo B 1757 . B onuoft paGoTe No TeOpeTHYECKokH
actpoHOMHH. Peyb B Helt uIer o pasaomeHun QyHKUUM B NpoMexyTtke oTf 0 fow
B pai 7o xocuHycam. Cpauama aBTOp pemaeT HHTEPNONALMORHYIO 3axayy, orpa-
HHYMBAACh KOHEUHBIM YHCIOM 7 YICHOB PAAZA M NOGHBAACH COBNANEHHA UX CYMMBI
€O 3HayeHHWeM (YHKUHM B TAaKOM JX€ YHCIe PAaBHOOTCTOAIIMX TOUEK, KO3(du-
LUEHTH MOAYYaloTCA B BHUJE HEKOTODPHIX CYMM. 3aTeM JMIIbL OH «GepeT n Gecko-
HEYHLIM», T. €, N0 CYIleCTBY, NEePeXOIUT K Mpexeny, U YCTaHABNMBAET «TOUHbIE»
3HaueHusA Ko3(h@uuUMEeHTOB B BUNE 3HAKOMBIX HaM HHIErpalbHbLIX BHIPAXCHHMH
[n° 405, (16)] #).

Takue we Qopmyasl B 1777 r, moayuua caM Diaep, Ha 9TOT pPas— UMEHHO
meMm MemoOOM, KOMOPu Ham meneps npusvideH, M. e. ¢ NOMOWHIO NO4AeH~
HO20 unmezpuposanus, (Pabora Jitrepa 6mna onyGIMKOBaHA CO 3HAYNTEIbHHIM
onosganneM — aumb B 1798 1) Cpolt pesymbrar Dilnep cdopMmyiupyer B pune
«obuiefl T€OpeMb», B yCIOBHE KOTOPOH BXOIUT TP E NN OA0 K € HH €, YTO PyHK~
LM JONYCKaeT Pa3idokeHHe B paj 1o KocurycaM. O mox, 4mo npou 3604 b=
H a5 yHKyus e2o oonyckaem, u 30ech pequ Hem.

[Tepenom B caMoM OTHOWI € HHH K 5TOMY BONPOCY Guli CO3LaH yxke B Ha-
yaje TMPOLOTO BEKa HMCCAeRoBaHHAMHM Pyphe, NOCBAUIEHHBIMHM MaTeMaTHYeCKoH
TEOPUH PACNPOCTPAHEHHA Temaa. IJTH MCCAENOBaHHA, KOTOpble XOKJIANLIBAINCH
TlapmkcKolf akaieMud B BHIEe OTHEAbHHIX COOGUICHHH W MeMyapoB, HauMHas
¢ 1807 r., 6blaM B 3HAYUTENbHON 4YACTH MOALITONMEHH B COYMHEHWH <AHatuTH-
yeckas Teopua Tennar (1822 r.), Geictpo nmonyumBlIEM H3BECTHOCTb.

dypoe, nonobro Dfimepy, TaKKe YCTAHABAUBAET WHTErpanbHbie (HOPMYIBI
A Ko3(pQUUMEHTOB TPHTOHOMETPHYECKOIO PastoweHAs (QYHKUUYM € NOMOLulbIO
fI0YA€HHOI0 HHTErPUPOBAHUA. B Jerkoft BO3MOXHOCTH BBIYHCAATH 10 3THM (op-
MylaM KO3(QHUIHEHTh NJA <COBEPUIEHHO NPOH3BOJIBHLIX (QYHKHUIA» OH MOUepnHY X
YBeDEHHOCTb B OONYCMUMOCHIL CAMO20 DPG3A0JHCEHUS INA BCeX Takux (QyHKuHilL.
CunbHOE BneyaTAeHHe HA COBPEMEHHNKOB Pypbe DPOHIBOAMIM PaA3AOKeEHUA

*) WUntepnonsumonnyo 3sagayy — B cBasu ¢ BompocoMm o (GopMe Koae6aio-
meHcA CTPYHBI — HECKOAbKUMH TOAAMH MO3ke pewad #d Jlarpanx,
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QYHKIHH, NONYMHAOWUXCA B PA3HHX YaCTAX INIPOMEXYTKa PasHLIM 3aKOHaM,
HallpuMep:

) 3

1—cosna 5 And 0<<x<<a,
2 —— sinnx=
n=1 0 nag a<<x<<m,

dypbe pasnaran (B npomexyTke oT 0 mo =!) e THY O (YHKIMIO COS X TO CH-
nycaM, a HeYeTHY 10 Gyskuuo sin x no KocuHycaMm. Bcem sTHM maHocuics
PEWIMTENbHEA YHApP N0 NPEXHUM BO33PEHHAM: 6e0b C24GICUBAAGCH PA3HUYA
MENCOY SCMEWQHHBLMUY U  <Henpepuleusimu> @EyHxysamu (M0 TePMHHONOTHH
d#tnepa). Buectre ¢ TeM cmapuiii cnop O MPU:OHOMEMPUHECKOM DPA3AONHCEHUL
<npou380sHOIY PYHKYUY ¢ OnpedeseHHOCMbIO Pa3pewiarcss 8 noavsy bepuyaau!

B pape ciyyaeB MOXHO GbiI0 HENOCPENCTBEHHO NPOBEPHTh CXOXMMOCTbH MO-
crpoenHbx Pypbe pasnomxeHHH K COOTBETCTBY 0IIKM QyHKuuaM. C npyro# cropons,
9TH PAa3NOMEHHA HAXOAWIW BCe Gojee IMMPOKOE NPUMEHEHHE B MaTeMaTHYeCKOM
¢usnke. OnHako, HecMOTpPa Ha BCe 3To, uien Pypbe Mo Havalny BCTpeTHIN
Mano COYYBCTBHA: NOYIEHHOE HHTErPHPOBaHHMEe OblIO B OGbluae TOFO BPEMEHH,
HO OHO Beib He NOKAa3kbBaeT, a NpejpnonaaraeT JONYCTHMOCTh pas-
JMOMEHUd, H OCTAHOBKA Oblia HMEHHO 3a [OKA3aTeIbCTBOM 3Tol JomycTHMocTu!

424. Jloxa3aTeJbCTBA CXOAMMOCTH psanoB Pypbe H JApYrHe BONPOCHL.
IlpaBna, cam Pypbe B KOHUE CBOErO COYMHEHWA Jenaer MONBLITKY NOKa3ath
CIPaBelIBOCTL TPUFOHOMETPUYECKOr0 Pa3nokeHus (QYHKUMM, HO ero paccyxie-
HUA OblIM KAKEKH OT aHANHUTHUYECKOH CTPOrOCTH, XOTHA OCHOBHAA ero uies, KoTo-
poit oH mpHNax reoMerpuyeckyio ¢opMy, W GHIa NpaBUABHOH 3areM
TOCAENOBAlH MONKLITKE NPYrHX aBTOPOB, B ToM uucie Komy, HO M OHH BHI3BANH
BO3PAXEHUA,

Tlepoe meHCTBHTENbHO CTPOT O € KOKA3aTENbCTBO YTBEPKACHMSA, BHICKA3AH-
noro ®ypoe, npunamaexur Jupuxie (1829 r.); o8O 1o CyIECTBY HCIIOAb3YET HEEIO
camoro Pypbe. XoTh B 3aronoBke oTHOCAUEHCA cloga paGoThl *) enie YNOMUHAETCH
0 «npowussonbHolt QyHKUYH», HO Ha Aeje Jlupuxie TOYHO OTPAaHMYHMBaET pac-
cMaTpuBaeMbli UM Kaacc GyHKnu#: 3TO (yHKUMH, ONpeNeNeHHbie W KOHeUYHble
B APOMeXyTKe [—m, m], KYCOUHO-HEMpPEPLIBHEIE H KYCOYHO-MOHOTORHBIE *¥), Ecan
GyHKnEA f(X) y@OBIETBOPAeT STUM Tpe6OBaHHAM, TO—XKakK JOKa3nBaer
Jupuxie — TPUrOHOMETPMYECKHH PAJ, COCTaBACHHHWHA JAd Hee Mo (opMyram

Pypbe, CXOJIMICE K CyMMe
fx+0+f(x—0)
2

P — < X <7, U K CyMMe

=240 +f(x—0)
2

Opn X=:tm

Yepes kopotkoe Bpems (B 1834—1835 r.) JloGaueBckuit Towe nanm moxasa-
TenbCTBO TEOPEMbl Pa3NoMEeHMs, HANOKHB, OJHAKO, HA (PYHKIHMIO YCIOBHA KPYroro
Tnna, yem Jupuxne. Vimenno JloGaueBckmit npeanonaraeT QYHKUHIO BooGmie
middepeRnHpyemMoil, 3a UCKIKYEHHEM pa3Be JHIb KOHEUYHOTO YHC/IAa CKAYKOB,
a Takwe TOYeK, rie caMa (YHKIUA WA ee NPOM3BONHAs o6Gpaimiaercsa ¢ Tof u
C IPYrodl CTOPOHH B = OO} IIPH 3TOM (YHKLUHMA HOMXKHA OCTABATHCA MHTEIPHpye-

*)T.JTexenJinpuxae, «O CXONUMOCTH TPHIOHOMETPHY €CKHX PAJOB,
CAyWauWX JJA NPENCTABIEHUs B JAaHHHX TNpPefeNax NPOU3BOALHON QYHKUMH>»
(Xapgxoggt;aﬂ Mamemamuyeckas Oubauomexe, cepus B, ¢6. N 2, 1914,
crp. 3—23).

##) DTO 3HAYMT, YTO OCHOBHOH INPOMEXYTOK MOXeT GHTb pPasfOMeH Ha
KOHEYHOE YHMCAO YacTefl, BHYTPM KAXINOH H3 KOTOPbIX B OTAEAbHOCTH (YHKUMA
H3MEHAETCS MOHOTOHHO.
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MO# — B COGCTBEHHOM WIN B HECOGCTBEHHOM cMbicae *). Ycnosua Hupuxne u Jlo-
GaueBCKOro B3aUMHO He NeEPEKPHIBAIOTCH,

BnocnexcTBHM JPYrHMH aBTOPaMH Gbll YCTaHOBJMEH Leabl pag 6osee o6mux
ROCTAaTO4YHb X NPU3HAKOB CXOAMMOCTH pPaga Pypbe K MCXOmHON (yHKUMH.

Baxsoe MeCTO B Pa3BHTHH TEOPHH TPMIOHOMETPHYECKHX DANOB 3aHWMaeT
W3BecTHasi Aucceprauus Pumana ¥*) (1854 r.; omyGmukosawa B 1867 r.). Haym-
HaeTCs OHA OYEPKOM HCTOPHH BONMpOCAa. 3aTeM aBTOP OCTaHABAMBAETCA HA YTOUHE-
HHY MOHATHA ONpEJENeHHOr0 WHTErpaja W YCTAHABAHBAET YCIOBMA €r0 Cyle-
CTBOBaHWA. IJTHM G6biia pacmupena o6nacTb NPUMEHHMMOCTH panos Pypbe
(B8 YacTHOCTY, HaNpMMep, CTalla ACHOH HERYKHOCTh KAaKHX-IMGO NMpPeNNOnOoWeHNH
O HenmpepH BHOCTH Qyskuun B Teopeme Jupuxne). Ho rzasHoe conepxanne
paGoTs CBA3AHO C PACCMOTPEHKEM TPHIOHOMETPHYECKHX PAAOB o6mero BU A4

ool
a ')
24 Zl a, cosnx -+ b, sinnx (16)
ne==

B BHIACHEHWEM HEOOGXOXHMMBHB X YCIOBUH NpeACTaBIeHHA NONOGHBIM DPANOM
npou3BoAbHOH QYHKUWH f (x) ¢ nepuonom 2x. Pany (16) Puman conocraBiseT pax
0

a, cos nx - b, sin nx

4 - ne ’
n=1
KOTOPHI U3 Hero moxyuaercs QOPManbHO MOYACHHHM ABYKDATHHIM MHTETPHPOBa-~
nueM. B npeanoaoxenun, yro @, — 0 u b, — 0 (a ¥ STOMY Cayyalo BCErIa MOXHO
CBECTH Jle0), MOCHeHnl PAX CXONMTCS DABHOMEPHO BO BCEM IPOMEXYTKe OT
— 0o 10 -} oo m ompejenseT B HEM HenpepuBHylo dynkumio F(x). CeofictBam
Gysxuny F(x) U ee cBasHM ¢ ¢Qyrkuued f(x) nocBamieHa NOCHelHAA 4acTb pa-
60tw. K mmcceprauuu Pumana npuMeikaeT psg paGoT APYIHX aBTOpOB, HCIIOAb3O-
BaBIIMX €ro MeTox Mccaenosanua paga (16) m mnoayuenHnnie WM pe3yAbTaThH.

Ipexne BCEro BO3HHK 80nPOC 00 eQUHCMBEHHOCMU MPU2OHOMEMPULECKO20
pasnoscenuss ynxyuu: Belb GopMynn Sinepa —Pypbe, pmaomme Kosddu-
UMEHTH TAKOTO Pa3NOXEHMsl, GbIIH YCTAHOBIEHH C MOMOLILIO IOYIEHHOIO HHTE-
FpHpOBaHuA PAL3, a BO BTOPOY NONOBHHE NPONNIOrO BeKa yxke OnJa OCO3HaHA
HENONYCTHMOCTh 6E30rOBOPOYHOrO HCNONb30BaHMA mNoxo6HOro mpuema. IlepBniM
ynoMaHyTeit Bompoc moctaBua B 1870 r. Tleiine *¥¥#), Ho noaHoe pemenue
ero Toraa xe gan Kanrtop, AoKasaBIUMH CREeAYIOILYIO OOIIYIO TeopeMy: ecau
o2 yuxyuu f(x) 8 npomeszcymxe [—m, ©] 8000we 803MONCHO PpPG3AO-
ocenue 8 pad euda (16), mo maxoe passoxcenue eduscmeenHo. Enun-
CTBEHHOCTb COXD3HAETCA W NPY HANHYMM B YKAa3aHHOM NPOMEXYTKE HCKIOYH-~
TeabHHX TOYEK, AJAA KOTOPHIX HHUEro He M3BECTHO O CYMMe psja M xaxe o6 ero
CXORMMOCTH (AHIIb €CI¥ MHOMECTBO TAKMX MCKIIOYMTENbHbIX TOYEK 6 e C K o-
HeYyH O, OHO MOANEXNT €lie HEKOTOPHIM OFPaHUYEHHAM).

Kakosnl e KOSG@HUHEHTH ITOro € ATMHCTBEHHOT O PasnoOmMenua QyHk-
uuM f(x) (eciu DOMYCTHTh ero BO3MOXHOCTb)? Beezda au onu 6yoym umenno
Koapuyuenmamu Dypse? KoHEUHO, ITOT BOMPOC MONKHO GHIO CTaBHTb TOJbKO
HO OTHOLIEHHIO K TaKUM QYHKUMAM, LA KOTOPHIX MHTErpausl, (Urypupymomue
B ¢opmynax Dfirepa — Pypne, BooOmEe HMEOT CMbCI. Bechma 3amevaTenbHo,

*) H. U. Jlo6avyencxui, «O6 HcyesaHUn TPUTOHOMETPHUECKUX CTPOKY
u «Crnoco6 yBepaATbCA B MCYe3aHHH GECKOHEUHHX CTPOK...» ([loaxoe cobpanue
coyunenuii, T. V, 1951, crp. 31—80 u 81—162).

%) BepuHrapna Puman, «O BO3MOKHOCTH NPeICTaBAEHHA (GYHKIHH
nocpeAcTBOM TpHroHoMeTpuueckoro psana» (COOPHHK, YKasaHHHN B CHOCKE Ha
npempixymest crpanuue, crp. 27—85, Ham Codunenun, 1948, crp. 225—261).

*¥¥) Cenpux dayapa [eitne (1821—1881) — HeMmenxuil MaTeMaTHK.



425] § 5. OYEPK UCTOPHUY TPUTIOHOMETPHUYECKHX PANIOB 435

YTO Omeem OKQ3AACH YymeepOumesHois, Kax 9TO CHayajxa ycraHosun B 1872 r,
I Henpepn BHHX Qyskunit Ackonn *), a 1874 r. paa Qynxumit, ¥ntTerpu-
PyeMbiX B COGCTBEHHOM cMuicne,— pio bBya-Pefivon **¥). BrnocaemctBum stor
peayabrar Gbla PacmpOCTPaHEH M Ha QYHKUMH, HHTErpHpyeMbie B Gonee ofuiem
cMbicne. Smumu pabomamu O6ui0 8nepsvie Y0eUMessHO MOMUSUPOBAHO MO
UCKAIOHUMENbHOe BHUMAHUE, KOMOPOe Y0eASA0Ch UCCACO08AMEATMU PAIAOICE-
KU (PyHryuil uMenno 8 pade. Pypse.

OcranosyMcs enle JH(IL Ha OfHOM Bompoce. Jupuxae Guin yGexaen B ToM, uTo
Kawpad HenNpepHBHaAa QYHKHHsA, C NepHONOM 27, DA3NOKHMA B PAX
Pdypbe, X0TA ¥ He MO 9TO JKOKa3aTh. IJTO ydewieHHe, NO-BHIRMOMY, pa3jeasnd
u gpyrue matematuxd. OnHako nwo Bya-PeiiMon, nocae psia GecnIOLHbIX TONbI-
TOK JIOKa3aTb CIpaBelIHBOCTh mpexnonoxenns Hupuxne, B 1876 r. npumepom
ONpPOBeEPTr €ro, NOCTPOUB TAKYIO HENPEPHBHYI0 QYHKUHIO, A8 KOTOpOl pag Py~
pbe PaCcXORNICA B GECUMCIEHHOM MHOXECTBE TOUEK B NPENeNax CKOAb YTOLHO
MaJoro HPOMEKyTKa.

Ha stoM MH 3aKaHumBaeMm HaIll OYEPK, TAK KaK — XOTsA SJEMeHTapHaA YacTb
TEOPUM TPHUIOHOMETPHUECKHX DPANOB HECOMHERHO OTHOCHTCA K OCHOBaM aHann3a —
B fanbHeHNIEM CBOEM Da3BUTHH 3Ta TEODHs YXE OKa3hlBaeTCsi CBA3aHHOH ¢ Go-
Jee TOHKUMM NMOHATHAMH M YTBEPMJICHHAMHM, KOTOpPHE YHTaTedl0 HE3HAKOMBL

425, 3akx0uHTedbHble 3aMedaHns. Mbl xoTerH 6bl NOJAYEPKHYTh 31eCh TO
WCKAIOYHTEIbHOE TONOXEHHE, KOTOPOe B HCTODHM aHAIM3a 3aHHMaeT TEOPHA
TPUIOHOMETPHYECKNX PALOB.

Mpexpe Bcero, TECHO CBA3aHO ¢ 9TOH Teopuell YTOYHEHHE CaMOToO
nouaTHA GyHkuun Cnop izepa u [, BepHylau 1o noBoay pasnomeHHA
«IIPOM3BOABLHOM> (YHKUNH B TDUrOHOMETPHUYECKHH paA MHOrO CONefiCTBOBal
YCTPaHEHHI0 HEKOTODHX NpEIB3ATEIX H HEBEPHHIX MBICAEH, MONYYHBIIEMY 3aBep-
menye B pabotax Pypre. CoBpeMenHoe ofuiee onpenenedue QYAKIHHUHU
Mbl He cayyaiiHo HaxomuM y JloGaveBckoro u JlMpmxie MMCHHO B HX HCCIeZOBa-
HHAX TI0 TPHTOHOMETDHYECKHM pajam!

B cBasu ¢ norpeGHocTaMu Teopu pAoB Pypue, 6uno PumanoM yToyHeHo
¥ 06061ieH0 MOHATHE ONpeNeNeHHOro HHTerpaaa. Ilepsue maru
Kantopa B cosnaHHOlt M TeOpDHUM 6ECKOHEUYHH X MHOX € CTB Oblal Cle-
JdaHbl MO NOBOJY BOMPOCa 06 €NUHCTBEHHOCTH TPHTOHOMETPHYECKOrO DPa3Noxe-
nud. CospeMenHaa Teopusa 0606 MEeHHOro CYMMHDPOBAHNA pacxo-
TAMKXCA PALNOB BeleT Hauano of uccaenosannit Ilyaccona ¥**) no cymmupo-
BaHWIO TPUrOHOMETPHYECKHX pamoB. Jlaxe ecanm Te WIH XPYrBe TOHKHe NOHATHA
aHanu3a (Hanpumep, aGCoMOTHAR M HEaGCONIOTHAA CXOXMMOCTb YHCAOBOLO PAAa,
PaBHOMEPHas W HePaBHOMEPHasA CXORMMOCTbL (QYHKIMOHAABHOrO PAja) NOABAAINCH
¥ BHE CBA3W C TeOpHel TPHIOHOMETPHYECKHX PAJOB, TO OHH HEMELIEHHO NpHMe-
HAAHCH K 3THUM DAJaM, KOTOpPhie CAYXHAH KaK Gb OCEAKOM HLIA WUCHLITAHUA HX
snayuMocty. Takoe nomoxenue peniefl COXpaHAeTCs W IO CHIC NOpY.

TpuronoMerpuueckne paxH HAXOKAT ce6E HEMOCPENCTBEHHOE NMPHUMEHERHE
B MaTeMaTHyeckol ¢usMke (HeKOTOpOe UpencTaBAcHHe 06 ITOM YMTaTeldb MOMKeET
COCTaBUTh HAa HPHMEPE pPacCCMOTPEHHOR Bhillle 3aJaud O KoaeGaHUH CTPYHbBI)
¥ BO MHOMHX pasfenax TexHuxu. Ho eme Gonee mupoxyio 061acTb NPHMEHEHHA
HMEKT TaK HasbiBaeMule <0GoSuieHHBIE PAXN Pypber, T. €. PasIOkeHHs NO Pas-
JAWYHHIM HPYTHM CHCTEMaM ODTOFOHANBLHHIX (YHKUMH, A1 KOTOPHX O06pasioM
CNYXAT TPHUTOHOMETPHYECKHE PA3NOKEHHS H TEOPHA KOTOPHIX TECHO Mepene-
Taerca ¢ TeopHell panos Pypve.

%) Oxyano A ckoan (1843—1896) — uranbasckult MaTeMarTHK.
*%) flonp no Bya-Peéimon (1831—1889)— Hemenkuii MaTeMaTHK, 7O
NPOUCXOXAEHRIO LIBefapel.
*&%) Cumon [Heun Ilyaccon (1781—1840) — pumaiomuiica (dpaHuy3CKult
MEXaHUK, QH3NK H MaTeMaTHK.




SAKJIOYEHHE

OYEPK JAJLHEHWIIETO PA3BUTUSA
MATEMATHYECKOTO AHAJIM3A

[locxe ocBoenua o ¢ H 0 B MaTeMaTHYECKOrO aHATH3A JIA YUTATENA NPEACTa-
BUT MHTEPeC O3HAKOMHTBCH, XOTA 6bf B CaMbHIX OGIUX Yeprax, ¢ TeMH MaTeMa-
THYECKUMY RHCUNMIHHAMY, KOTOPHE B L€JOM HEIHE W COCTAaBASIOT MaTeMa T H-
YeCKMH aHaau3, NoOHHMaeMblf B LIHPOKOM CMbICAE.

I. TEOPHSI JHOPEPEHIMAJIbHBIX YPABHEHHIA

C sToit oTpacHbi0 aHaNM3a YHTATENb YKE 3HAKOM W3 YHUBEPCHTETCKOro
Kypca, 4TO JaeT HaM npaBo ObiTh B NAHHOM CIyyae KpaTKHMH.

Eme B npenucTopun xupdepeHinanbHoro ¥ MHTErpanbHOLO HCYHMCHe-
HHA BCTPEYaNUCh — KAaK HX Ha3blBalW TOrja — «o6paTHble 3a7aUyd Ha KacaTelb-
HbE», T. €. 3afay¥, B KOTOPHX RMI[YTCA KPHUBHIE HO 3aJaHHOMY CBOHCTBY Kaca-
TeabHHIX K BUM. O6 9THX 3a1avax ynoMHHaeTcs B u3BecTHOM nepenucke Hbiotona
c JlenGuunem [n° 228); ram snepsuie JleliG6HUN npuMeHna TepMuH <auddeperuu-
anpHEE YDaBHEHHA».

Bropas ocrosras npo6rema, smasunyTas Helotonom B ero «Meroge dawox-
culi»: no OGHHOMY YP@BHEHUIO, cOOepxcaujery @GAIOKCHU, HALMU COOMHKOUEHYE
Meocdy daiosnmanu, KaK Me ykazath B n° 225, ¥ ecTh obuias 3ajavya MHTErpu-
POBaHHUA 06bIKHOBeHHO20 Oudeperyuarsnozo ypasHenus. HploTon, Kak npasumo,
peilaer ee ¢ NOMOWIbI0 CTEIICHHBIX PANOB, HE CTPEMACL NPENCTaBUTH pelleHue
B BHIE <KOHEYHOIO» aHANATHYECKOro BhIpaxenusn. Muoro sanumanucs nudde-
peHUMaXbHBIMM ypaBHenvaMu JleiGuuu u GpaTea Bepuynam, nuolt pas Takxke
none3yach GECKOHEYHHMH psagaMu. Ho B To e BpeMs MMEHHO MM DpHHAIAEHAT
nepBLIe CHCTEMaTHYECKHe NONBITKM PEUICHHA HEKOTODHIX THIIOB YpaBHEHHH mep-
BOTO NMOpANKA IyTeM CBeJeHHs K KBaZpaTypawm.

Jlums B XVIHI Beke teopus nuddepeHunansbHbX YpaBHEHWH pasBHAACh
HACTONABKO, YTO €e CTa’Ty PacCMarpHBaTh KaK CAMOCTOATENbHYIO HAYYHYIO HMCHU~
IMKHY. Bonbulylo poas B 9TOM CHI'Paly MHOIOUMCIEHHEIE ¥ Pa3HOOGDPasHble TPYAH
diinepa.

HanomuuM, yT0 MMeHHO Diaep BBen MOHATHA <NOJHOrO» (0 6 Ui €T 0) U «ya-
CTHOTO» pellieHHs OOGLIKHOBEHHOIO IMQOepeHIHanbHOr0 ypaBHEHUA; MHOLO 3aHH-
Majics OH M PeIHIEHHAMH, HEe CONEePXALMUMUCA B HOTHOM HHTerpajie (0 € 0 6 b M u).
OH HIMPOKO Pa3BUA METOR MHTETrpUDPYHILEero MHOXHUTENAA He TOIbKO
nas ypaBHeHHH IePBOTO, HO M BEICIUETO NOPAAKA. Jillepy NpHHARIEKUT MeTOU
penieHds OJHOPORHOro JuHefiHoro mudipepeHUNaTbHOTO YPABHEHHA C NOCTOSH-
HbIMH KO3 @HUIUEHTaMM C MOMOWbI0 X aPaKTEPUCTHYECKOTO YypaBHe-
HY A ¥ BbisACHEHUE QopMb ero ofmero MHTerpana. B cBasu c¢ mpoGremoit Kone-
6anuA KPYroBoi MeMmOpampl Ditnep mMepBLIM IpHINEN K pacCMoTpenuio ofuiero
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YPAaBHCHUA UM AHHAPHUYECKHX QYHKLUH

s B l du | d°u__
@=L ut g+ =0
r rdr ' dr
(nosynee Ha3BaHHOTO <«ypaBHenmeM Becceuns»), mpeAcTaBUB peuleHHe ero B Buie
GeckoHeyHoro psafa. JHiepy e NPHHANIEKUT NEPBHHE MeTOL NPUOINNEHHOTO
peiieHns OGHIKHOBEHHBIX AuddepeHLNaIbHEX YpaBHCHHH,

Pa6orsl Jfinepa, BMecTe ¢ paGoramu Kuepo, Jlarpamka u apyrux maTeMa-
tukos XVII Bexa, ganexo mpoxBuHYyaM GOpPMaAbHYIO TEOPHIO 06 bl K HO-
8 HH bl X Ouepenyuarbrolx ypasrenuii.

O6patuMca Teneps K OuPPepenyjuibHbM YPABHEHUAM 6 HACMH b X NP O-
13600106 x. VI B sTolt oGnactu Ditmep uMeeT sHayuTenbHHE 3acayru. Pan uc-
cnefoBaHuit OH NOCBATUA YPaBHEHHAM HepBoro mnopsgxa. C Apyro#t CTOpPOHH,
MHOTHe 3a1ay¥ MeXaHHKM ¥ (Qu3NKyu yacTo MpHBOAMAN Dfilepa K PacCMOTPEHHUIO
ypaBHeHH#! BTOporo (¥ Bhicuiero) nmopsaka ¥). OcoGeHHOCTHIO YpaBHEHHt B YacT-
HBIX TNPOK3BOIHHIX OHITO NIOABNEHHME B COCTaBE DEINEHUA NMPOHM3BOAbHHX
G yHRUOMA ODTO HepBHIM 3aMETHI HA NPUMepe YPaBHEHMA KOJNeGaHWA CTPYHH
Hanam6ep [n° 420], HO MMeHHO DHaep MCNONb30Bad MPOU3BONbHLIE GYHKIHH IS
TOr0, YTOGH YXOBIETBOPUTH HayalbHbIM KAHHBLIM, BHITEKAIOIMM H3 paccMaTpuBae-
Mot 3ajayd, U TeM JNOBECTH HCCIELOBaHHE N0 KOHIA.

Bonbinoe BaHAHME Ha MOCIHEAYIOIee Pa3BUTHE MaTeMAaTHueckoit GUSHKH OKa-
3a1i TaKke pasHooGpa3Hme paGoThl cOBpeMeHHUKa diaepa — Janunna BepHynau.
EMy npunannexur o6umuit MeTON A pelleHusa 3agay O KoJeGaHHW YNPYrHX CH-
cTeM, IIPA KOTOPOM HCKOMOE pelieHHe COOTBETCTBYIOILEI0 YDaBHEHHA pa3ia-
raercs B PsaAld MO NPOCTeHIIMM €ro pelleHHAM; IPUMEPOM 3TOr0 MOXET CAYXUTh
penieHue ypaBHeHHA Kone6aHua cTpyusl [n° 421]. Pacuser MateMatuuecKoit QUNKH
NpuxonuIca ywe Ha Havano XIX Bexa u ceasas ¢ uMenamu Ilyaccona, Pypoe,
Komwu u OcTporpagckoro.

O6uwee cTpeMieHHe K MOBBLIEHHIO CTPOIOCTY €CTECTBEHHO NIPHBIAEKNO BHH-
MaHHEe K BONPOCY O CaMOM CYILeCTBOBaHHH pemlenua AuddepeHunanbHbIX
ypaBHeHHH (MIH COCTaB/JeHHHIX H3 HUX cucreM). [lo oTHOmIEHHIO K 0 6 BI K H O-
BE€HHB M YDaBHECHHAM NepBbie pe3yAbTaThl 3fechb Golam moayyens Komm, a no
OTHOIUGHHIO K YPaBHEHHSM B YAaCTHHX Npomn3BoxXHHX— Copuet Kosa-
NEBCKON #%),

B xomie mpomaoro Bexa, B CBA3W € MOTPEGHOCTAMM MEXaHHKM M acTPOHO-
MHM, MOABHINCh HCCIEHOBAHHUA MO KAYECMBEHHOL meopuu O0blKHOSeHHbLX Oud-
feperyuarv HoLX YPABHERUD 11 UX CUCMEM, YCTAHABANBAIOUIME Pa3InyHble CBOHCTBA
peleHnt — Mo CAMUM YPaBHEHUAM, Ge3 ux nHTerpuposanua. OCHOBONONOMHHUKAMHK
sTol teopun Gbau [lyankape w Jlanynos **¥), VMgen JlanyHoBa moayuumau halb-
Hejililee pasBUTHE YKe B TPYJAaX COBETCKHX MaTeMaTHKOB,

OtMeTuM eile, YTo B NOCHEJHee BPeMs NPOSABHIOCH ONpejeleHHOe BIMAHHE
Ha Teopuo puQQepeHunanbHbIX ypaBHeHHH (0COGEHHO — B YACTHHIX NPOU3BOA-
HBIX) CO CTOPOHHI MOJOABIX aHAMNTHYECKNX OVCUUIINH —— meopun Hyrnxyui seue-
CMBEHHOU nEPeMEHHON ¥ (PYHKYUOHAAbHO20 aHasu3a (cM. pasfeant V u Vi),
D10 BAMAHME He TONLKO OTPA3UIOCh Ha OOLIMX TOYKAX 3DeHUA H NOXXOIe K OC-
HOBHBIM HOHATHAM TeopuH IuddepeHuHanbHbIX ypaBHEHHH, HO M NPUBEIO K Bax-
HbIM KOHKDETHHIM pesyabTaTaM B 3TOH TEOPHH.

*) Tlomo6Hbie 3ajlayn M peleHHe COOTBETCTBYIOIIMX ypaBHeHu#i cocTaBiflT
npefiMeT Tak HasbiBaeMol mamemamudeckol duduru.
**) Copna BacumbesHa Kosanescxas (1850—1891)6uaa nepsolt xeH-
1HHOM, noayuyuBIlell 3BaHHe Mpodeccopa MaTeMaTHKH.
*#%) Ppannysckuft yuennit Aupu [1yanxape (1854—1912) u pycckunit axa-
zeMuk Aunexcanap Muxaitnosny Jlanynon (1857—1918) — srigaommecs Mare-
MaTHKH.
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. BAPHAITUOHHOE HCYHCJIEHHE

Bapuauvonnoe wucyucienme Bosuukao B koHue XVII Beka, Bckope mnocae
CO3/aHHA CaMOrO <aHaim3a OEeCKOHEYHO MalahiX», HO BMECTe ¢ TeM OHO COCTa-
3 BASET Kak OW IJaBY TaK Ha3blBaeMoro gyni-
v YUOHALONO20 GHGAU3E, KOTOPHH pa3BHACA yike
B HaimeM Beke (cM. pasgea VI).

=f(:ﬂ‘ Das ACHOCTH M3IOMeHHA, YCTAaHOBUM CHayana
Y OJIHO [IOHATHE, NPHHALNEXK AW ee HMEHHO

A GYHKUYMOHAaABLHOMY aHAAHU3Y,
[ycte ®mMeeM mnaockyno xpusylo (puc. 84)

7 y=Ff{x) (x<x=<x)

Pacemorpum: 1) maomanb P orpaHnuensoit
€10 KpUBOZMHeHHOfi Tpameuum, 2) gauuy S
KpuBo#, 3) naomaxp Q NOBEPXHOCTH, MOAy-
YEeHHO! NpH BPalleHNH KPHBOH BOKpYr OCH X, H,
HakoHell, 4) o6bemM V tena BpauieHns, orpa-
HHYEHHOro 9TOH mnoBepxHocThio. Bcé 3sTo npm-
MEepbl BeTHUMH, 3a6UCAuUx Om 806 Kpuooil
Puc. 84. WIH—4T0 T0 ®e—O0m suda Pyrkguu f,
T. € ¢pa3y om 6cex ee 3HadeHud.
Das npusejieHHHX BeAMWHH M IMeAW B CBCE BPEMA MHTEIpPaibHbie NMpeNCTaBie-
nua [n° 196, 201, 205, 198]:

X1 X1
P={ywan, s={VTFT@Fa
X o *o o (])
0=2 \y@ VIFT P ax, Vs {1y orax.
X0 X0

Mu BunnM, yTo QYHKHMS y UrpaeT Poib CBOEOGPA3HOIO <apryMmenTa»: ee 3ada-
Huem OOHO3HAYHO onpedersiemcs 3uadenue KaxcOod us smux eeaudun. B no-
RoGHOM cayuae, Kozda dynxyuu y=y (xX) OMHOCUMC N0 ONPEOCICHHOMY npa-
8ULY HUCA0B0E 3HAYCHUE HEKOMOpOL BEAUMUHB, 35MY BEAUYUHY HO3BBAIOM
OYHKyuoHarom om gynyuu y 1 0603Haval0T

vo®-

Bee @ynxunonans (1) comepiarcs, Kax yacTHue CIy4aH, B CAENYIOMEM:
X1 X1
vor={ Fixy, 3 ax= { Flny 00, v o) an @
X9 Xo

rpe non F pasymeercs gaHH an QYHKUMA OT TPEX apryMeHToB, a y==y (x) —
%10 6 an (HenpepuBHO Tuddepenunpyeman) OYHKUHA OT X, K11 KOTOPOH HOAHIH-
TerpanbHOe BHIPaXEHHEe M CaMHil WHTerpal MMeT CMBICH

OrpaHnYyWBanch yIs KPaTKOCTH HMEHHO BYHKUHOHANAMH THna (2), Mbl MOMeEM
Tenepb CPOPMYaHpoOBaTh BPOCTEH I Y10 BAPHALMOHHYIO 3ajavyy: cpedu 8cex

*) Henn3a nyrath G yHKUHKHOHAX ¢ GyHKUOUEH OT QYyHKUHY,
T. €. COCHNOXHON GyHKIHeE N, KOTOPAA KAKAOMY 3HAYEHUIO X B OTAENbHO-
CTH OTHOCHT YHC10, B TO BpeMA KaK (yHKUMOHAA OTHOCHT YMCIO BCeH QyHKUMH
y(x) B ueaoml
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eaa0Kux Kpushx y==y (x), coedunsiouux 0se mouxu (x,, ¥,) 1t (x,, y,), Raiimu
my, 048 Komopoi dynxyuonar (2) umeem nauboavuiee (RauMeHbuee) 3HAUeRYe,

Yaue, snpoyed, QYHKUHOHAN UCCAERYETCS HA «TOKANbHBIA» MAKCHMYM (MHHH-
MyM) — 3Hauenne (YHKIHOHANA HAa MCKOMOH KDHBOH CPABHHBAETCR C €r0 3Ha-
YEHHAMH JHIUb Ha KPHBBIX, NOCTATOYHO <«6NHM3KHX» (B TOM HAH HHOM CMHCIE)
K MCkOMOH. JIerko YCMOTpETb 3mech aHAIOrHI0 C ONpeeneHHEM <«IOKAAbHBIX»
JKCT ;M)’MﬁB B Cciyyae (QYHKUMH OT OfHOH HAM HECKONbKHX MEpPEMEHHHX
n° 112, 151].

[ 3apownense BapHaMOHHOTO HCYMCIeHHA O6bIyHO matmpywor 1696 r., korma
V. Beprysau 6pOCHN BH3OB MaTeMaTHKaM CBOEr0 BPEeMEHH Ha pemienue (mo-
craBaennoli eute ["anuneeM) 3adayu 0 6pa x u- 4

emoxpone (skpuBoH KpaTyafiiero BpeMe-
Hu»). BoT B yeM OHa COCTOMT: u3 8cex unuii,
coedunsiowux 08¢ OQannble mouky A u B
(puc. 85), He aexcamue na 00HOI SepmuKaau,
mpebyemcs Halimp my Kpugyi, no Komopoit
MAMEPUAALHASL MOYKAE cKamumcss u3 movxu A
8 moyxy B— 0e3 nadaavnoii cxopocmu u nod
deiicmeues OOHOG aump cunsk MANCeCMU —
6 kpamuaiuee spema. Vicxomolh kpusolt
OKasanach LMK JIOHA3 OCHOBAHHE KOTOPOH Puc. 85.
TOPH3OHTAAbHO, a4 OCTPHE HAXOIMTCH B TOuKe A,

TlokaxceM, YTO M B 9TOM 3ajaue MB HMeeM JeI0 C (QYHKUHOHaAOM THNa (2).
Tlycts KoOpAMHATHEE OCH DAacIONOMEHH, KAk YKasaHo HA ueprexe. IIpu nepe-
MEUleHHH MaTepHaNbHOM TOYKH MACCHl m 10 NPOU3BOALHON KPUBOH y=y (X),
coexrunsome#t touku A (0, 0) m B(x,, y,), U3 nojoxeHHa A B INOJIOWKeHHe
M(x, y), cuna TANECTH NpPOM3BENET PAbOTy mMgE-y, KOTOPaA — 1O 3aKOHY WKH-

BBIX CHA— XOMKHA OHTh paBHa KHHeTHYECKOH SHepPriuun —gmu” TOYKH. OTCIORH
ds 5
V=-p = ng
dt 4

d 1 T3
gt=2__ L VI+y
Y2 V2 Vy
WUnrerpupyem mno x o 0 g0 x;, u Torma mas BpeMmenyu 7, 3aTPauMBaeMoro Ha
BCe nepememeﬂne H3 A B B, OKOHYATEALHO ﬂOﬂy‘lHM Bblpa)KeHHe

1 YT
T=T(y) = —— d.
0 V& OS vy
puna (2).

3a 9Tolt 3ajauelt nocnenoBaNy RpyrHe; BCe OHH pelIaTUCh NO-PasHOMY W
Tpe6oBaiu Kaxaas 0COGOro NOAXOA: CO3XANOCh MOIOKEHNE, HANOMUHABIICE NpER-
HCTOPHIO CaAMOT'O 2HaAM3a GECKOHEYHO Maibix!

1726 r. B naganuax IleTepOyprckolt axajeMuu Havancsa pAx my6nukauui
ditnepa, MOCBALLEHHMX SKCTPEMaNbHEIM 3afayaM 5TOr0 HOBOrO Tuma. OHHM GblIM
TOALITOXKEHE B 3HAMEHHMTOM Tpaktare «MeTON HAXOKAEHHA KPUBHX NHHHH,
061afaomux CBOHCTBOM MaKCHMyMa nM60 MuHHHMYMA,..» (1744 r).¥). 3gech
BHEpBHE NA€TCA €NpAMOfi> OOMmMH Meroj peleHHa PasHLIX THIOB BAPHAUMOH-
HHIX 3a1a¥. 3aMeHAn KPHBYIO IHMHHI0 NOMaHOH, Diinep CBOAMT BapHALHOHHYIO
33[aYy K 32/laYe HA Pa3bICKaHME SKCTPEMyMa (YHKUUM HECKOJbKHX NEPeMEHHBIX.

&)

#) Ecte pycckmit nepeson, ([TTH, 1934).
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Hanpumep, B cayyae npocTeitme i BapraunosHolt 3alaun, peyb HIET 06
IKCTPEMYME CYMMBI )
{ i Ay“’ [$3]
Z p(xm, yt, m) JAx
i

Kak (yHKUUM OT opiuHatT ‘¥ nomaoit. IlpupaBHAB HYNO NPOU3BOIHYIO STOTO
BHIPOXEHNA MO N060H opiuHaTe, Dilrep B KOHEYHOM cueTe INPHXOANT K AU (-
hepeHUManbHOMY YypaBHEHM O BTOPOro mopauxa
r d 13
Fy— Tr Fy= 0

UM ~— B pa3BEpPHYTOM BHIE —
’ e 1 ”
Fy'—Fx),v —Fy_y’ ‘y"—Fyryr

J1o ypaBHeHHWe, TakuM o00pa3oM, BHpPaxaeT HEeoG6XORMMOeE yciosue Ama
T0r0, YT06bl KpHBaA y==y (X} RocraBisna Qyuxkunonany (2) skcrpemy™. Ecmu
ypaetcs pemuth anddepenumanbHoe ypaBHenne Jitnepa, C yYeTOM INpelelpHbIX
YCHOBHI: ¥ (Xy) =3, ¥ (X,)=JY,, 70 uvamie BCero cpasy H MNOAYYaeTCA HCKOMad
xpusas. Tak, B cayyae 3ajayd O GPaxuCTOXPOHE MOXHO B3AThL [eM. (3)]

Vify®
F=X ¥y
Vy

-y”=0,

W ypaBHenMe Jitiepa NMPUAMMACT BHA:
2"+ ¥+ 1=0.
O1ciona, MoHMKan NOPAAOK, JXerKO HaliTh MepBbHIH MHTETpasn
YO+ 1)=2C,

= y
dx= ]/2 ol

Tonaras snech y=C, (1 —cos £), raitnem, uro dx=C, (1 —cos ) dt, caenosa-
TenbHo, x¥ = C, (¢ —sin ) 4- C,. Cunras, Y10 NpH =0 KPHBAA NPOXONUT Yepes
Havano, uMeem Cy==~0; nocrosnuas xe C; ONpefeANTCS U3 TPEGOBAHUA, YTO KPH-
Basi NPOXOAMT H Yepe3 BTOPYIO JAHHYIO TOyKy. Tak M I0oayuyaeM yHOMAHYTYIO
BhiIe LHKAOHUNY.

Hecmorpa Ha rpomo3fKOCTh MeTOROB JHAepa M HECTPOIOCTb €r0 paccyxie-
HUH, UMEHHO 9mil UCCAe008BHUS NOAQHCUAL HEYAN0 BAPUGHUOKHOMY uCHuCAe-
Huio Kkax 0c060i mamemamudeckoi ducyunaure.

Heckoubko m03ke MOJOAOK TOrAa JIarpaHX OTKPHII HOBYIO CTPanHuy
B MCTODUH BAPHALHOHHOrO HMCYHCICHHA CO3NAHMEM Memooa sapuayuil, OTKYnA M
€aMO HCYMCIeHMe NOAYYWIO cBoe HamMeHosanwe. B 1755 r. o coo6mua ero
Ditnepy, KOTOpHIH B MO3IHERMINX paGoTax M CaM Yxe MOAb3YETCA HOBLIM METO-
nom. [lonsitve Bapuaunu CPORHM MOHATHIO Auddepenuna’sa B OGHIYHOM aHann3e,
HO CRA3aHO HE C H3MEHEHHEM MePeMEeHHOH X, a C M3MeHeHHeM («BapbUPOBAHHEM>)
suna Gysxuuu y(x). Ecim dynkuus y=—=y (x) nocraBader oynkuuonany U(y)
sxcTpeMy™, 10 BapHauua U, 8U, o6pamaercs B Hyap (CHOBA — I¥Hb He 06X 0-
ILH MO e ycrosue!l),

IlpepbiBas Ha 3TOM MOMEHTE MCTOPHIO BapHAIMOHHOIO WCYHUCIEHUA, Mbl YIO-
MAHEM JMIIb, YTO JarpaHxesa TeopHsa OGwna pacmpoctpanena OCTporpagckuM
Ha cayyall KpaTHB X WMHTETPaNOB; B JaabHelureM OblA# YCTaHOBIEHH H 1 O-
CTaTOVYHBl e YCIOBHA IKCTPEMYMA; HAKOHEL, B NOCTCAHHE KECATHIETHA BHOBb

TaK y4yTo
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BOSHHK WHTEpEC K uieaM DHnepa, ¥ ero Meroxsl IOCIYXHAM NPooGpasoM aas
«TPAMBIX>» METONOB peEIUeHHA BAPHALMOHHHWX 3afay (B 3HAYMTEAbHOH Mepe —
B TPYLAX COBETCKHX MAaTeMaTHKOB).

ITouytu BCE OCHOBHBIE 3aKOHBI MEXAHHUKHM ¥ (U3UKU OGBIYHO (OPMYIHpYIOTCA
KaK «BapUAllMOHHBIE TNPHHLMIBLY, YCTAHABAMBAIONHE, YTO BAPHALMA TOr0 WIM
uHOro (yHKNMOHANA JOMKHA ObTb HyneM. B CBA3M C 3TMM BapHAUMOHHOE HCYH-
clesMe NOCTaBIsAeT pelIeHHe MHOIYX BAaXHBIX 3a]ay (U3NKY H TEXHHUKH.

III. TEOPHS ®YHKLIMA KOMIJEKCHONH MEPEMEHHOM

KomnaekcHble yucna nosBHANCE B MaTeMaTHueckoM o6uxofe C Hayana
XVI Beka, HO OCBaMBANHCh OHM HA NMPOTAXKEHUH CTONETHH MEJAEHHO M C TPYIOM.
Jlumtp B XVII Bexke Bitaep (cHOBa MBI NOMKHBI Ha3BaTh MMA 3TOr0 I'€HMAIbHOI'O
¥ CTONb PA3SHOCTOPOHHETO YYeHOrol) cTal paccCMaTpUBaTh KOMIJIEKCHY I0
NepeMeHHY© # QYHKUWH OT Hee. B TeyeHue TPHAUATHIX M COPOKOBHIX OJOB
oH pa3pa6oTan BCIO MEOPUI0 IAEMEHMAPH B X PYHKYUL KOMNAEKCHOU ne-
peMEHHOM, NCTIONB30BAB JIA 3TOT0 HE TOJNbKO aNNapaT CTeNeHHHX psiios (u3Be-
cTHB# co BpeMeH HpioToHa), HO Takke GeCKOHEUHEIE MPOU3BENEHHs W PANBI IPO-
cthix mpoGefi. VM ke, kak Mbl yxe 3HaeM [n°254), Grmna ycTaHoBieHa 3aMeya-
TenpHas CBA3b MEXAY HOKa3aTeNbHON W TPHUTOHOMETDHYECKHMH (DYHKUHAMH.

Jpyro# BaxkHbIH IUKY paloT Diinepa OTHOCHTCA K UHMEZPUPOBGHUIO 1 O
KOMRAeKCcHOU nepemenHHod (31ecb—B CMbHCIE BHYHCIEHHA
nepBoo6pa3Hnoi). B onnolt U3 nux, npejcrasaenHoft IlerepGyprckoit aka-
nemun B 1777 r., Ho onyGunkosanHo# aumb B 1793 r., Diimep paccmaTpupaet

unterpan \ Z(z)dz, pasymeanon Z(z) byHkuno, 3aJaHHY0 aHa-

AWTHYECKH (HANPHMEp, CTENEHHHIM PAAOM), W IIOACTaBAAET CIOJA BMECTO 2
MEEMYI0 BenuuwHy x - yi *). Torma caMm wunrerpan npuummaer Bua P(x, y)+
-+ Q (x, ¥) i, a noguHTerpaabHOe BhIpaxkeHHe mpeofpa3yerca Tak:

(M(x, )+ N (x, y)i] [dx +dyi]=[Mdx— N dy} + [N dx 4 Mdy] .

CpaBHenue TOPO3Hb BEHIECTBEHHBIX M MHMMBIX YacTell NOJyYaeMOro PpaBeHCTBA
NPUBOAMT K JBYM HHTerpaiam

P=Sde——Ndy, Q=SNdx+Ma'y.

Tax xak auddepenunanbusie Bupaxenna Mdx— Ndy u Ndx -+ Mdy oxasw-
BaIOTCA, TAKUM 06pasoM, TOYHbIMH HRuddepeHnuaramd (COOTBETCTBEHHO, mia P
u Q), T0 M 1 N Heo6X01¥MO CBA3aHL XaPaKTEPHBIMH JJA TOUHHIX AU(epesun-
anop [n° 350] cooTHomEHHAMA

M__ON  ON_ oM

o ox Y ey T oxt 4

Tak Bmepsbie BoGmeM BMJe NOABIAOICS COOTHOINEHUS MEXIY YacT-
HHIMH NPOU3BOAHLIMH BEIUECTBEHHOH W MHHUMOH YacTell QYHKUMH Z KOMIUIEKCHO
nepeMeHHo *¥). DTHM COOTHONMIEHHAM CYKAEHO GBLIO CHIPATh BAXHYIO POIb KaK
B IanbHEHIEM DAa3BUTHH CaMoil TCOPWH (YHKIHH, TAK H B €€ NPHIOKEHHAX.

CnaBy CO3KaHHA 3TOH TEOPHHM KaK CaMOCTOATENAbHOU M G6oraToil
cConepXaHHUEM HaAYYHOH RMCHUNAHUHBH pasgersoT Komm u Puman.

*) Mb aas KpaTKOCTH 3JleCb M JRafiplle NHDIEM NPUBHYHOE HaM i, XOTA
B 3TOM MecTe Dinep muuler eme J/— 1. Bckope WMeHHO OH BBeX 0G03HAYEHNE i
XOTOpOe, OXHAKO, NPHBUIOCL JANEKO He Cpasy.

##) [lonoGHble COOTHOIIEHH:, BUPOYEM, yXe BCTPEYaNuCh B IUAPOMEXaHHYE-
ckux uccnenosanuax HanamGepa (1752 r.) u camoro Jitaepa,
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B caMoM Hayane csoero <Memyapa o6 onpeleNeHHbHIX MHTerpanax, B3ATHIX
Mexay MHHMbIMH npenenamu» (1825 r.) Komu ycraHaBauBaeT MNOHATHE onpe-
deneHHO20 uHmezpara

X4vi
f(2)dz (5)

Xo + Yoi

KaK npejpena HHTErpa’tbHBIX CYMM —Hamojo6ue KPHBOJAHHEHHOTr O HHTE-
rpana [n° 330]. Bripoyem, ynoMHHaEHE O <KPHBOH» MBI HaXOZMM B JDYIOM Me-
cTe MeMmyapa, a 3gech KomM npocTo paccmMaTpuBaeT JBe MOHOTOHHBIE Henpe-
PHIBHBIE QYHKIUH, UMelomKe (HeNpepHBHbIC) NPOU3BOIHBIE:

x=¢(t) y=x8) (<t )

noJx yCIOBHEM, UTO

p(fy)=xp ¢o(N=X; x()=Yp (=Y,

B CBOAMT uHTerpaxn (5) K OOBIKHOBEHHOMY HHTErpaly IO BeLeCTBEHHON NMepPeMeH«
Ho#t £ [cp. n° 331, (6)]:

T
Sf@@%%ﬂ00@10+x%00dh
fo

3nech ke — B OpeRNONOXeHnH, 4To PynKuua f(z) nuMeer (HenpepHBHYO) Hpo-
H3BOJHY10 — YCTAHABIMBAeTCA (YHHAMEHTANLHAA TEOPeMa O HE3a8UCUMOCIL
unmezpanra (3) om swbopa dynrxyuii (6) (1. e. oT myTn muterpuposanus). Moka-
3aTenbCTBO Teopembl KoIIM NMpOBORMT BapHMalHOHHEIM METOHOM.

[pu stom xe monymeHHH oTHOCHTeabHO QyHKuuH f(2) Komm B paapHeh-
KX MyGINKAaNMAX W B CBOMX JEKUHAX YCTaHaBANBaeT QaKT OOPAUCHUR 8 HYAb
URMEZPAna no 3aMKHYMOMY KORmMYPY, & TaKXKE BLIBOXUT 3HAMEHHTYIO QopMmyny,
HOCAWYIO €I'0 UM

t—2z

f@=§§ﬂﬁu
©€)

rjae MHTerpan B3sT 1o KoHTypy (C) obaractu (K) Ha KOMIIEKCHON NIOCKOCTH, a
z—mio6asa BRYTPeHHAA Touka 9Tofi obracty. Mb CTaukmBaeMmcs 3fech
C 3aMeyaTeIbHBIM CBOHCTBOM PacCMaTPHBAEMOTO Kiacca (YHKUMH KOMINEKCHOR
nepeMeHHON: 3Hadenus Pyniyun suympu 064acmu OOHO3HAYHO Onpedessiomes
ee SHAYCHUSAMU KA KOHmype!

Xota ¢opmyna Komu 6pina poxazaHa UM IPH ORZHOM JAHIL APENNONOKEHUH,
YTO (yHKUMA f (2) UMeeT B paccMarpuBaeMolt 06aacTH (HENMPEPHIBHYIO) NEPB Y IO
NPOU3BOIHYIO, HO U3 CaMOH (OPMYIb, HampHUMep, ¢ HOMOMbI0 TNOCIEAOBaTeAb-
Horo audepeHIUPOBaHNA MO Z NOJ 3HAKOM MHTErpala, HENOCPEACTBEHHO BLHIBO-
RUTCA, YTO 0451 f(2) OOHOBPEMEHKO CYWECMEYIOm U npou3soOHsie 8cex nopsd-
xo08! Bonbnie TOro: npuHuMas 3a o6sacte (K) Kpyr paamyca r C LEHTPOM B TOY-
Ke z,, MOXHO YTBEPXAaTb, YTO 8 amoM Kpyze gyrnryus f(z) pasrazaemes 8 psd
no cmeneHsim z —z, Komopuii oxasvsacmes ee padom Teiiaopa [cp. n® 277)
Orcrona suiTekaeT u ofmee yreepxaesue, caeaadnoe KomM OTHUCHTEARHO pa-
auyca cxoxumoctu pana Tefinopa: amom paduyc sceeda pasen paccmossuo om
mo4Ku z, 00 Gaudcaiimesi <0co60il» moyku f(2)— B OKPECTHOCTH KOTOPO# f(2)
nepecraer Gbith OAHE3HAUHOH DyHKUHKeH, HMeouIeH (HeNPEPHIBHYI0) NPOUSBOARY IO,
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3TuM nponuBaerca CBeT, HanpMMep, Ha TO 3arafloyHoe 06CTOﬂT&ﬂbCTBO, 4T0
dyHKuus arctg x M ee NpPoOM3BOAHAA 1—_|_~}—’- pasnaraiTCa B pafd O CTENeHaM X

JUIb BHYTPH MpomexyTka of — 1 no -1, ¢ paguycoM cxomuMmoct enupmna.
Ha BemecTBeHHOK OCH y HUX BOOGHmIE <OCOGEHHOCTEH> HeT, HO echm
nepediTH B KOMIVIEKCHYI0 OGRACTb, TO RAsi COOTBETCTBYIOUIUX Gynxuul xoMnaexc-

HOI nepemeHHOR 2z arctg 2z M 1

T €OCOGHMH» TOYKaMH GYAYT TOUKH 2 ==+ {

HaMHUMOH 0cCH, BCICICTBHE Yero PajHyc CXOUMOCTH PaBeH MOAYMO 06OHX
STHX uyHced, T. e. enuHuue. Tak Teopus GyHKUMA KOMNAEKCHOH# nepemenHo#t
N03BOAAET MHOH pa3 OCO3HAThL BAKOHOMEPHOCTH, OTHOCAUIMECH K (GYHKUHAM B €=
mecTBeHHON nepeMennofi!

Tlonesno math ce6e OTYeT B TOM, YTO TPEGOBAHME CYNIECTBOBAHHA NPOM3-
BOJHOK OT QYHKUMH @ ==f(2) N0 ee KOMNACKCHOMY apIyMeBTy z HeCpaB-
HEHHO TAXeENee yeM (POPMAaNTbHO aHANOTMYHOE TpeGOBan¥e B OTHOLIEHHH
(QYHKUHH OT 6cuiecmeenno20 aprymenta. Beab npenea

im A% =22
Az -0 Az T dz

nonseH GbITh ONHMM M TEM Xe, HE308UCUMO OM HANPABAEHUS, NO
xomopoxy z -+ Az npubausceemest k 2. B STOM ¥ COCTOMT HCTHHHOE OGBACHe-
HHE TeX MOPasHTENbHMWX CIENCTBHHl, KOTOpHE BIeyeT 3a coG6Of NpocTol Qakr
CyMECTBOBAHUA (HENPEPHBHON) NPOH3BOXHOR OT (YHKUHH 1O KOMNAEKCHOMY
aprymenty. Bonpoc 06 ycaosusx cywecmsosanus maxod eduncmsennoii npo-
u"800K0{ BO3HHK CPABHATENbHO MO3AHO: KOWIM MPHXOAMT K STOMY BOMPOCY
B 1847 r,, a Puman B 1851 r. MMeHHO C Hero HayWHaeT CBOK AUCCEPTAUHIO
«Ocnosn o6uieit Teopud GyHKuu# OnHON KOMIAEKCHOH mepeMennoil» #). Ecan no-
AOWHUTh 2==X-y! W W==Uu--vl, Te &, U CyTb BEWECTBEHHHE (QYHKUHH OT
HBYX BEUleCTBEHHHX IEPEMEHHBIX X, ¥, TO YNOMAHYTHE YCIOBHA CBOAATCA

K COOTHOWIEHHAM du_d v @

ox dy’ ox oy’ )
B KOTOPHIX UHTaTeAb y3HaeT SHaepOBH ypasBHeHHA (4). DTH cooTHOmeEHHA H CHy-
MaT OCHOBOW ANA TeX NpUMEHEHHH, KOTODHE HAXOAAT (QYHKUHH KOMIAEKCHOf
NepeMeHHOl B 9NEKTPOCTATHKE, I'MAPO- M a9POMEXAHHKE, TEOPHH YIDPYrocTH W,
HakoHel, B TEOPHH PAaCIpOCTPaHeHHs Temia.

Ecap XOMIIEKCHRE NEepeMEHHbIe 2 M @ MCTOXKOBaTh KAK TOYKH Ha COOT-

BETCTBYIOIAX NAOCKOCTAX, TO (YHKUHOHANALHAA SaBUCUMOCTD MeXIAy HHUMHU

= (2) OTHOCHT Ka}¥IOA TOYKeE z B o6nacT¥ Z Ha NAOCKOCTH 3HAYEHHH apry-
MeHTa — ONPEfeNeHHYI0 TOY K Y @ B O6nactn W Ha NMAOCKOCTH 3HaueHu#H QyHK-
ney. VIHEIMR ClOBaMH, QYHKUNS w==f(z) OCYLIeCTBAAET mMOYe4xoe npeobpaso-
sanue o6racmu Z 8 obaacmp W (puc. 86). M3 cymecTBoBamus B 06macTH Z
ans GyHkuuu f(z) enuncTsenHoR mpoMssonHOH (aMmbe 6m OHa He oGpaulanach
B Hyab!) PUMaH BLIBONUT Takoe 3aMeyaTedbHOE CBOHCTBO TOrC NPeopa3oBaHHA:
ecau 83amb 6 o0racmu F dse nepecexawouuecs Kpuswe (2z, U zz, Ha puc. 86),
a 8 obaacmu W—coomeememeywouyne unm Kpushe (ww, U ww,), mo
yeab MEAHCOY HUMU 8 000uX cay4asx Oydym 00xu u me sice (IPM ONMHAKOBHX
HalpaBJEHHAX OTCYETA). NpPeo6PasOBAHHE OKA3WBACTCH COXPAHANIMUM
y I 21 b, HIH, KaK FOBOPAT, KOH G O P M H b M!

Kongopmubie npeo6pasosanns, B CBA3H C BONPOCOM O YEPYEHWH KapT, pac-
cmatpusanucs Dfinepowm, Jlarpanxem u Tayccom aamoaro o Pumana. Ho Puman
nepsndl OTYETIHBO CBA3aNA CBOACTBO (GYHKUMM @ == f(2) COBEpIATh KOHQOPMHOE
npeofpasoBaHHe C HAIMYHEM Yy Hee onpefesedHod mnpouspopHoit. On e

*) Cwm. Bepurapn P u man, Couunenun (Focrexusgar, 1948), crp. 49—387.
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H0Ka3ad OCHOBHYIO B TEOPHHM KOH(DOPMHHIX NPeOc6Pa3OBAHUY TeopeMy O 803MONC-
Hocmu (a TPH ONpefeNeHHbIX YCIOBHAX — U EIMHCTBEHHOCTH) KOHPOpMHO20
npeobpa3osanus Kpy2a 8 npou3gobHyio OGHOCSS3HYIO obaacms, u 00pamwo.

Y v

0 z 0, u
Puc. 86.

Toxgo6ubiMU npeoGpa3oBaHMAMH YaCTO NOMBL3YIOTCA B Pa3AHYHBIX NPUHIOKEHUAX
Teopuu (YHKIME KOMIIEKCHOM NepeMeHHOH. DTa HMEHHO MeICAb M Jexana
B OCHOBe co371anHOH 2KyKOBCKUM %) TeOpUH Kphila caMmoiera.

Ha paapnelimeM 6necTameM pa3BUTHM TeopHU GYHKNUE KOMINIEKCHOH mepe-
MEHHOH Mbl Y¥e He OCTaHaBANBAEMCH.

IV. TEOPHSl HHTETPAJIbHBIX YPABHEHU#

YpasreHne OTHOCHTEILHO HUCKOMOH @YHKHHH, comepxkauiee 3Ty GYHKOHIO NOX
3HAKOM WHTErpana, Ha3blBAETCH UHMESPasbHu Ypasreruesn **), Ilpn paswickannu
HEH3BECTHOM (QYHKUMHM yacTo GbiBaeT yhaoGHee MCXOIUTh WMEHHO U3 HWHTErpalb-
HOro ypaBHEHHMs, NPENNOYTUTENbHO Nepen iuddepenunansubiM. C TakuM 1010~
weHHeM Belnell yuratedb Y¥e CTalKHBaaCA DPH NOKa3aTedbCTBE «TEOpPEMbI Cyle-
CTBOBaHMsA» B TeopHH IuddepeHUNanbHMX YpaBHeHHil: TaM, HanpuMep, ypaeHe-
Hue 3 =f(x, y) BMecTe C HAYAAbHBIM YCIOBHEM ¥ (X,) ==y, 3aMEHANOCh ONHUM
WHTErpalbHB M yPaBHEHUEM

y= Sf(x, 9)dx + 30

K KOTOPOMY 3aTeM € YA0GCTBOM HPHMEHSAICA METOX MOCIeNOBATENbHHX NPUGIH-
weHult, B HameM kKypce Mbl yxe, QOPMaibHO rosOps, AMENH JENO C HHTErPalib=
HbIMH yPaBHEHMAMH, KOrja m3yyamu npeo6pasosanusa Pypbe s [n° 412,
dopmyan (13), (14), (15)}.

Baxuyo poab B NpPHBIEUCHHM BHHMAHHA MAaTEMATHKOB K HHTErpalbHBIM
YPaBHEHHUAM Cbirpaja OAHA MEXaHWyYyecCKasa 3aJlava, NOCTaBICHHAsg M pelleHHad
Adenem (1826 r.). B nelt TpeGoBanoch Haiimu makyio Kpusyw AB 8 sepmurarvrol
naockoemu (puc. 87), u4mobu 6pemsa <, 6 MEHEHUE KOMOpOo20 MANCCAGS

*) Huxona#t Eroposmy X yxosckui (1847—1921) — anamennthift pyc-
CKHMH yyeHblil.

#%) JtoT TepmuH Bnepsee BeTpevaercs B 1888 r, y nwo Bya-PeliMona;
NOCAEAHUA OTYETIMBO TOBOPUT O TOM, YTO YCHEXH B TeopHM RU(depeHnHanbHHX
YPABHEHUIl B YACTHHIX NPOWSBOAHLIX CBA3AHE C H3YYEHHEM MHTErPAJbHLIX ypaBHE-
RHu#l, <0 KOTOPHX, OfHAKO, HUYECIO HEH3BECTHO?!
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MAMEPUAALHAR MOYK A, 8uinyueHnas u3 mo6oii mouku D 6e3 wnatarvuoi cxo-
pocmu, ckameigaemes 60026 nO Kpusoid 00 naunusweid ee mowxu A, npedema-
sag10 aneped 3a0 an HY 10 HENPEPLIBHYIO HYHK U0 OMm 8uicOmbl @ mouxy D:
T=¢(a). PacnonoxuM KOOPANHATHbIE OCH, KAK YKa3aHO Ha DHCYHKe,H YCTh ypaBHe-

HHE HCKOMOW kpmBofi OyRel y=y (x). llpn mepe- g z
XOJlé TOYKHM M3 HayalbHOrO Nonoxenus D B M, mo
3aKOHY 3KMBHIX Cua, GydeM MMeTb (KaK H Bhle —
B 3ajaye o GpPaxuUCTOXPOHE)
DY - m e
smt=mg@—zx), v=""m— YEE=T)*),
2 dt
OTKyJHa
-------- z
ds M
df=— —————,
Vig—x
a s
2
SV1+[y<xn dx. ; ot
€6 Va—x Puc. 87,

O6osnavan V' 1 [y (x)F uepes V 2gu(x), nan ONpPELENEHHs HEH3BeCTHOH
¢yrxnun # (x) 6yAeM MMETh HHTErpalbHOE YypaBHEHHE

a
u(x)dx
—_—t == (a). 7
Vo= 9 (a) g
AGeab ¢axTHueckm peman Haxke Gonee ofulee ypaBHEHHE
a
u(x)dx
G(:)quz(a) O<a<l)

MBl 177 TPOCTOTH OTPaHHYUMCH ypaBuenueM (7).

Vzi—a

ch(a)a’a_S S u(x)dx
Vi—a Ve—o@—x

[TepecraBuM WHTErPUPOBARHA B TNOBTOPHOM HHTerpaje cnpaea, no dopmyae (9)
n° 344 *#):

YMHOXHM 06e YacTH €ro Ha

B TIpOMHTErpupyem no a or 0 mo z:

f 4
da
S u(x) dx S V-x.
—a J—
; JVe=a@—xn
*) Hanmomunaem, uTo ¢ BoO3pacTanHeM { jyra §=
= v AM yGniBaer.
##) OﬁnaCTbxo (P), o xoTopol ynommHaeTcs B 3ame-
uanud 1 n° 344, 3aecb CaymUT TPeyroabHUK, H306paXeHHEIH
Puc. 88, Ha puc. 88. BmpoueM, BBHAY OOpalleHUs [ONBIHTErpaib=
HOM OQYHKUMH B CO INPM @=X HIH a==2, HYXHO
6bito 6K eme JONOAHMTENbHO 0GOCHOBaTb  NEPECTAHOBKY  MHTErpajioB.
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Tak wak BHYTpeHHE#l nHTerpan sjech pasedH = [n° 292, 1)}, 10 npuzoaum k pa-
BEHCTBY

M——_—_n gu(x)dx
b

Vz=a

0

¥ — nuddepeHIUPyYs MO 2z — OKOHYATENbHO TOJYYaeM TaKoe BbipaXeHUe s
HCKOMOA (YHKUUM:

igz ¢(a) da
dz 3 Vz=a'

3uas u(x), HETPYAHO YKe 3aTeM ONpeNeautb H ¥ (X).

Ypashenue AGeas — ¢ COXpaHeHNeM NPHHNUHUNA €ro PEHIeHHA — BHAYUTENBHO
noaxe (1884 r.) 6uuo o6obmeso Conwneiv ¥). Bonpoc kasancs 3aBepiieHHHM,
Korga B 1896 r. Boabreppa ®¥) Havan nyGamkanuio psaja MccreRoBaHuit, B KOTO-
PHX u3naranach obulas TeOpHsi MHTETPanbHHX YPaBHeHHH Bula

S N(x )p(s)ds=F(x) u o)+ S N(x, 8)¢(s)ds=F (x),

NONyYKBUINX BAOCISXCTBHA HANMEHOBAHHE «<HHTErpanbHLIX ypasyennit Boabteppar,
COOTBETCTBEHHO, MEPBOTO H BTOPOro pofa. 3iech HCKOMOH (yHKuUHeR ABmAeTCA
9(x), a N(x, s) u F(x) cyrs npaussie ¢ysxunu. Bckope me nocne storo, 8
nepron ¢ 1900 mo 1903 r., mosBUANCh 3aMevaTenbHbie paboTnl Ppenronbma ¥+%),
NOCBALIEHHBE YDPABHEHHUAM

b b
SN(x, s)e(s)ds=F(x) n e¢(x)+ SN(x, )¢ (s)ds=F (x).

dtu <ypasrenuss PpenroanMa» mMepBOro W BTOPOro poja OTAHYAIOTCA OT <ypas-
Hennii BonbTeppas, TeM, YTO 3JeCb B WHTerpajnaX 06a npencna IOCTOSRHHBE,
(BupoueM, MOXHO CUMTaThb ypaBHenus BonbTeppa YacTHHIM ClIyuaeM ypasHeHui
dpenrosbMa, eci NoROKUTb N(x, §)=0 n1a s> x.)

He Bxona B manoxeHue Teopun PpeirorbMa, OrpaHHYAMCA YKa3aHHeM, YTO
OHa NpeiCTaBAseT B HEKOTOPOM CMBICAe Kak Obl NpelelbHHH cayyall Teopuu
anreGpanyeckux AMHEHHBIX ypaBHEHHH.

B reuenue WCTeKIIeH NMOAOBHHB HAMIETO BEKA TEOPHA WHTETPAanAbHEIX Ypas-
HeRui Nonyumia WHPOKOE PA3BUTHE B Pas3HHIX HallpaBleHMAX ¥ Npuobpena Bam-
HOCTb KaK MOTYLECTBeHHOE CPeACTBO HCCAEAOBAHHA ABICHHA NPUPOLDI.

*) Axanemux Huxona#t fxosnesuy Coumn (1849—1915).
%) Buto Bonsrteppa (1860—1940) — uranpauckuéi mMaremarmk.
#x%) Jpuk Vpap ®pegroansm (1866—1927) — msenckuit maTemaTHK.
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V. TEOPHA $YHKUHH BEMECTBEHHO! NEPEMEHHOI!

XoTa BeCh KypC MaTEMaTHYECKOTO 3HAAM3a G NOCBALIEH WMEHHO H3yvye-
B0 G yHKRUUY OT BEMECTBEHHB X T€ D€ MEHHH X, HO IIOX YKa3aHHEM
B 3ar0of0BKe HA3BAHMEM pA3yMEIOT He 3Ty <KIACCHYECKYI» YacCTh aHANM3a, a
6onee BO3BHINEHHYI0 ¥ TOHKYIO TEODHIO, MOABMBIIYIOCA JHMIIB C Hayalza HaWIEro
cTonetvd. BmpoueM, MCTOKM €€ MOXHO YCMOTpeTh B TOM KDUTHUECKOM
HanpaBIeKud B MaTeMaTmke, Bosuukmem B koHue XVIII u B nayase XIX Beka,
0 KOTOPOM He pas yNoMMHAZOCh. [Tosuuaiouuecs mpebosanus kK cmpozocmu
MamemamuiecKux 00Ka3amesbems 3acmasifiig YCOMHUMBCA 8 PAOE HAUBHWX
paccyncoeruii cmapox mamemamuros. Hanpumep, nonmtka Amnepa (1806 r.) u
€ill¢ HEeKOTODHIX aBTOPOB JOKasarh nuddepeHuUpyeMocTb MOGOH HenpepuBHOH
(GyuxuuY, HCKIOYaA Pa3Be AMMb OTAeNbHEE TOYKY, BHI3BaNa K XN3HH IPOTURO~
peuamue sToMy npumepn Boabuano, Be#iepmrpacca u xp. [cp. n° 271]. C npy-
rofi CTOPOHBI, BO3HUKWEE CMPEMACHUE K 0O Hocmu 4 camo no cebe co3da-
8040 URmMEpeC K PYHK YUAM ¢ PASAUYHLL MU <NAMOL0ZUYECKUMUY 0COOCHHOCAMU,
YacTo WAYHIHMHN Bpa3pes ¢ Hamed HHTynUHeH,

Bce sto nmampaBieHde, HOCHBIUEe Hera T H BH B H XapakTep (M, KCTaTH CKa-
3aTh, BH3HBaBLICE APKOE HEROBOABCTBO CO CTOPOHH NPEXCTaBHTENEH «KIACCH-
YeCKOro» aHanusa) OTHOCHTCA K NPEeXHCTOPHH 3aHMMaloiel Hac cefiuac
HAYYHOH AMCUMMANHL. [IepeXOX OT KPHTHKM CTaporo H yBieUeHHs enaroaormeil»
K NO3NTHBHON Teopun OWI B BHCOKOH Mepe CTHMYIXHpOBaH meopueli Oec-
KONEYHWX MHOJCECmS, CO3UAHHOM B CEMHIECATHX W BOCHMMIECATHX IOHAAX
npomnoro cronerus Feoprom Kaurtopowm Ero mmen tome scrperuBume mo-
Hayaly cO CTOPOHH COBPEMEHHHMKOB HPOTHBOefiCTBHe, BIOCIEACTBHH OK&3aiH
Goabuioe BIHAHME Ha Pa3BUTHE MHOIHX o6aacTefi MaTEMaTHKH, B OCOGEHHOCTH
we — meopun EYRKyUl 6Uecmeernol nepeMennot.

D1a NoCAeNHAA KAK CAaMOCTOATENbHAA HAYUHAA NUCUMIAMHA OQOPMHIACL Ha
pyGexe XIX u XX cromern#i B Tpysax (paHuysckoit MaTeMaTHYeCKoH NIKOMHI,
BUAHEHHINMA ngencraamenmu KOTOpO# ABAstioTCA IMuab Bopean (1871—1956),
Pesie Bop (1874—1932) u Anpu Jle G er (1875—1941).

Baxnyo poab curpazo psegesnoe Bopenem (1898 r.) u JleGerom (1902 r.)
TIOHATHE MEPH A UK EUH 020 MOIEHHO20 MHOJNCECMEA, TIDHMEHAMOE K OY€Hb
HIHPOKOMY KIACCy TaK Ha3bIBAaeMbIX u3MEpuMnx MHOxecTB. Mepa mE
TOYeyHoro MHoxectBa E o6o6miaeT HOHATHE NJIHHB npomexyrka. [TonobSuo
AauMHe, OHa o6najaer CBOACTBOM a XM TUBHOCTH, HO B enle Golee MUPOKOH
CTeneHu: MMEHHO, eClld orpaHuuenHoe MHoxecTBo E npencraBaser co6oht o6rean-
HeHHe KOHEYHOro YWCia MiH Raxe GeCKOHeUHOTr o (HO B 9TOM clyyae —
HeNpeMeHHO HYMEePOBAaHHOI0O) MHOX eCTBA M3MEDPHMHX MHOXECTB

N
Ey Es ooy Epy oons

He UMEIOMMX NMONapHo o6uiux Touex, T0 E u3MepuMo, npuuem mepa E pasHe
cymme (MIs CYMME P A1 a) mep MHOdcecms Ep:

mE=EmE .
n

Ecan ToyeuHoe MHOXeCTBO E MOMET 6bITb NOKPHITO KOHEUHOH wuau (Hyme-
poBanHOft) GECKOHEYHOH CHCTEMON IPOMEXYTKOB C MPOM3BOABHO Manoh
cyMMo#t fauH, ToeromepapabHa Ryawo. [lycrs dynxumsa f(x), sa-
nKaHHaA B MpoMexyTke [a, b], o6nagaer ompeledeHHbIM CBOHCTBOM BO BCeX TO4-
Kax NpOMEXYTKA 34 HCKAIOYEHHEM PasBe NHIIb TOYEK HEKOTO-
POFO MHOXECTBAa HyneBOf MepH; TOTAA FOBOPAT, UTO QYHKIMA HMEET
9TO CBOHCTBO <MOYTH BCIOZY» B HA3BAHHOM NPOMeXyTKe. Mul HCmoab3yeM STO
Bhpaxenne B GOPMYZHPOBKAX ClelyIOIMX HBYX TeopeM JleGera:

I. @ynxyus f(x), monomounass 8 npomescymxe {a, b), umeem noumu
8C100y 8 IMOM RPOMeENCYMKe (8yXCMOPORHIOID KOHEUHYIO NPOUIBOOHYIO.
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Il Henpepvisran cnpamanemas «pusan y=f(x) (asx<b) umeem
noumu 6CH00Y ONPECEACHHYIO KACAMEAbHYIO.

DT TeopeMbl pUBEJEHb KaK LIPAMEPHl MO 3 U T ¥ B H Bl X PE3yAbTATOB HOBOM
TeopHM; KaK BWIHM, B HAX HET PEYM O <NaTOJOrMHM», 3 YCTAHABAHBAWTCA ofupe
¥ BecbMa TOHKME 3aKOHOMEDHOCTH, U NPUTOM B Takux o61acTax, rle Me-
TOAH KAaCCHYECKOTO aHANM3a OKA3aNNCh GecCHALHBIMU.

Boapuioe 3HayeHue B COBPEMEHHOM aHanu3e NpHOOpeno INPUHAKTENKAllee
JleGery ofo6uieHue NMORATHA CNpexeneHHOTo uETerpauxna. [ycrs ynura-
Telb BCIIOMHMT DPHMaHOBO onpejetnenvie 3toro nouarua [n° 176]. HOas caywas
HenpepHBHOR (P YHKUMN*) OHO BIONHE €CTECTBEHHO: TOBODA rEeOMETpH-
YyecKH, IpH Man oM Ax; BCe OPAMHATH KPHBOMH y==f(x), oTBeyaomue U3MeHe-~
HUI0 a6CIMCCH MEXIY X; ¥ Xjp;, MANO OTANYATCA OT AIOGOH N3 HUX,
F (&), 1, 3aMeHAs NPUOAMKEHHO SIEMEHTAPHYIO NOJOCKY SAEMEHTAPHbIM MPAMO-~
yroiapHUROM € Dnowm@nbw f(§;) - Ax; MOXHO XIaTh, YTO NP el el CYMMb

im 6 2 FE)-Ax;

13

1
Ax

M JACT T OYHO BEIHYMHY INOmMaRH moj kpuboii. Ecam ke ¢dynxnua f(x) pas-
PHIBHa, TO AAA YNOMAHYTOM 3aMeHH Yxe HeT ocHoBauuii! B peiicteuteannoctu
we onpeieneHne PuMaHna oKa3biBaeTcs (POPMANbHO NPUMEHMMBIM MHIIb K Y3KOMY
KJIacCy Pas3pbiBHLIX (YHKUWiL, B HEKOTOPOM CMbICAE «Mal0 DasHAUMXCA» OT He-
npepslBHBIX (a WMeHHO, KaK mnokasaa JleGer, —amme K QYyHKUMAM, KOTOpHE
<IIOYTH BCIOXY» HENpPEPHIBHbI).

B 3T0# CB3H YMeCTHO BCIOMHHTb, 4TO ecayt ¢QyHkuua F (x) uMeeT B mpo-
MexyTke [a, bl HenpepH BHY 0 NPOU3BOAHYI £’ (x), TO MO 3TOH NPOU3BOA-
Hofi nepBoeGpa3Han QyHKUMA JETKO «BOCCTAHABIWBAETCA» C NMOMOLIbIO ONpenre-~
nenHoro uxrerpaia [n° 155 u 183, (12°)

F(x)=(R) S F (x)dx+C. ®)

Oanako B cayyae pas3preBHOH (X0ta Ob W OrpaHUUEHHOHM) MPOM3BOXHOH STa
¢dopMyina MOXET OKAa3aTbCH HENPUIOXKHMON NPOCTO M3-3a TOro, YTO PHMAHOB
unTerpan aaa F’ (x) ne cymecrsyer. Taxolt mmenno npumep eme B 183l r. mo-
cTpoua BoabTeppa.

Bce 3TH 06CTOATENbCTBA W NOCAYXHUAH OCHOBAHHEM JJA CO3JaHUA HOBOIO,
06 06U eHHOT 0, ONpeenenua NOHATHA MHTerpaia.

BhisicHiM OCHOBHYI0 e neGerosa OnpejeneHdA WHTerpaia Jias Or p a K U-
yeHHOH dynxunn f(x):

A<fx)<B (a<Sx<b).

JleGer npo6UT HA YACTH HE MPOMENYTOK M3MEHCHHA He3aBHCUMOH mepeMeHHOf,
a npoMexyToK [A, B], B KOTOpOM COfepxarca 3HayeHHA camod dyHKuuu:

A=y, <) <P <. ..<Vi<Vin< .. <¥n=25,

n paccmatpuBaeT (npw i==0, 1, ..., n—1) mHOXecTBo E; TeX TOYEK, B KOTO-
PHIX 3HAYEHHA QYHKUMH A€XKaT MeXLY y; M Vit

NS (x)<Yir
INMpu MmanoMm Ay;=y;,—y; BCe STH 3HaueHHA, JHeHCTBUTENbHO, 6AM3 KU

*) HanoMHHM, UTO WMEHHO LIS 9TOrO ciyyasd OHO H GhAo BhicKaszano Kouw
sagoaro Ao Pumana,
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MexIy CO60oH ¥ Ma i 0 pasHATCA, HAPUMEpP, OT ¥; 3aMeHAs HX BCe Ha y;
YMHOKAA STO YHMCAO HA M € Py MHOXeCTBA E; COCTaBHM CYMMY

> yi- mE; (9)
7

KoHeuHo, py 9TOM HYXHO MNPEANONCKHUTH, YTO MHOXECTBO TOYeK x u3 [a, b),
1A KOTOpHIX 3Hauesns GYHKUMH f(X) Jemar Me¥Ay KaKUMH-HUGYAb UMCIAMH a
u B (B>a), Bcerna n3Me pu MO, ToIbKO TakHe ynkumu JleGer u paccmarpu-
BaeT, HasuiBasg MX usmepumvimu. Jas cymmu (9), xaxoBa 6m HHM Gmaa orpaHs-
yeHHas U3MepHMasA QyAKuua f(x), BCeria CYyMECTBYeT KOHEeUHnH mpenen
npu Ay;—0; oH ¥ npeacrasaseT CoGoit sebe208 unmezpar @ynxyuun f(x) om
a 00 b v 0603HAYaETCA CHMBOIOM

b
@ § £ (x) dx.

O6nacTh HpUMEHHMOCTH HHTerpaia JleGera HecpaBHEHHO IIMpPE, YeM HHTerpana
Pumana. B yacTHOCTH, C ero NOMOUIBI0 BCeEeT 2 MOXHO <BOCCTAHOBHTb» nep-
BOOGpasHy0 GyHKuMO F(x) no ee orpaHH ¥eHHOHR npoussonHoll F' (x):

Fl=(L) S F (x)dx+C. (8a)

JleGeroso omnpeneneHne pacnpoCTpaHAeTCs M Ha cIyyalt HeOTrpaHHUY € H-
HOM §yHKILHY; NOJyyaeMblli IPH STOM HHTErPal OKa3bBaeTCs a6CONWTHO
CXOMALMMCA. BrocnescTBuy ObUIH NpenJoeHsl N JanbHeliine 0606ieHHs MOHA-
THA KHTerpana, MpU KOTOPHX HHTErpal MOXeT CXONUTHCA M Hea6CONIOTHO,
HO HY OJHO M3 HUX He HAaluI0 TaKOro IIHPOXOr0 W NJIOJOTBOPHOrO HPHMEHEHUA
B pasHbix 06JacTAX aHalu3a, Kak MHTerpax JleGera.

JNanbrelinve ycrmexu Teopun GyHKUME BeMeCTBCHHOH IepeMeHHOH cyime-
CTBEHHO CBA3AHbBl C JeATENbHOCTHIO MOCKOBCKOM MaTeMAaTHYECKOH
DI K OB, OCHOBaTenaMu Koropoht Owam [murpuit Pegoposuy Eropos
(1869—1931) u akapemnx Hukona#t Huxonaesuy JI'y sun (1883—1950). Ipuso-
A¥Mble HUKe, B BHIE NpUMepa, IBe (yHNaMeHTaJbHbie TE€OPEeMbl IPHUHAIEKAT:
nepsas — Eroposy, a Bropas — Jlyauny. OHM NOKa3biBalOT, YTO — HECMOTPst Ha
Yype3BHYAaNHHYI0O OO HOCTDH 00BEKTOB, H3yYaeMbIX COBPEMEHHON TeopHeit
(YHKUHE — CBA3b € KJACCHYECKMM aHANM30M, B HEKOTOPOM CMBbICIe, HE yTepsHa.
Bor 3ti Teopemsr:

I. Cxodusocms 210 6 0 ii nacaedosamenvrocmu {f, (x)} usmepumox gynx-
yui x npedeavroi Pynxyuu f(x) oxa3vigacmcst pasHOMEPHO i, ecAu npe-
Helpeudb HEKOMOPHM MOHEYHBM MHONCECHBOM NPOUIBOALHO MAAOE MEPHL.

II. Jwbasn usmepumas @ynuxyus f(x) oxa3vieaemes Henpep o 8-
KO, ecan npeHebpeus HEKOMOPHIM MOUCHHOLM MHONCECMEOM NPOUIBOALHO
MAAO0U MEPDI.

3acayrol MOCKOBCKOH HIKONH SBASETCH HE TOXLKO [aibHeHliee passuTHe
caMolt Teopnn QyHKUMH BelleCTBEHHON mNepeMeHHOH, HO ¥ BHeJIDeHHE €€ MOHs-
TH ¥ METOZOB B Apyrue oG6IacTH aHaiu3a, a TaKke B TEOPHI0 BepOATHOCTeH.

Jlo cux mop Mbl BeITH peub NHIIb O TaK Ha3biBaeMOU mempudeckoil meopuu
yHrgui, CYIWECTBEHHO UCNOAb3youlel MOHATHE M € P bl TOUEYHOTO MHOXKECTBa.
Jpyras BeTBb HOBOH Teopuu dyHkumi, HasniBaeMan deckpunmii6Hoti, BejeT Npo-
ucxoxaenne oT pa6or Bspa (1899 r.) u JleGera (1905 r.), B KOTOPHIX M3YYAIOCH
CTpoeHue K CBOMCTBA Pa3pPHBHBIX (YHKUUHE C TOYKH 3DEHHA HX O0O6pa3oBaHus
M3 HENPEpLIBHHIX QYHKUHH C NOMOLNBLIO IOCHEOBATENbHBLIX NpPENeNbHbIX nepe-
XO10B. DTH UCCHAEAOBAHMA TECHO CBA3AHBI C QECKPUNMUBHOL meopueli. MHONCECTS,
Fle Hsyualorcsa BCe Gonee M Gonee CHOWHbIE KAaCCH TOUEYHHIX MHOMECTB,
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NONYYaeMbIX ¢ MOMOUIBIO PANA NpOCTeHIUMX onepanufi M3 NPOMEKYTKOB (MPAMO~
YroAbHUKOB M T. I.). Bexymas poab B fanpHeHineM PasBHTHH M YrayGleHHH Has-
BaHHOM TEODHM Taxxe NPHHANIERUT JIY3BHHY M ero yyeHHKam.

KocheMcn 3Iech e eiie ONHOMH BETBH MaTeMaTHYeCKOro aHaiu3a, Ha3hi-
BaeMoll xkoHempykmusnoli meopuei Pynxyui. OHa 3aHUMaeTCs BONPOCAMM NPH-
GnHMEHHOr'0 NPelCcTaBAeHAAs (YHKIHH C NOMOMBIO DPA3TNUHHIX AHAIUTHYECKHX
anmapaToB, NPOCTeRIINMHM NpPHMEPAaMH KOTOPHX CAYXaT aare6panyeckde Hix
TPUrOHOMETPHYECKHE MHOIOWTEHHL.

Maguyruit Jibsosuy Ye 6 s é B B padore «Teopua MeXaHU3MOB, U3BECTHLIX
NOJL HAa3BaHMEM IlapalilelorpaMMOB» ¥) (PIB.S4 r.) OTMETHI, YTO OTPe30K paxa
Te#tnopa dyskunu f(x)

I (xy)

Ta (=7 () + L8 (e x4 L) (e

ayyile OPYTMX MHOrQYAEHOB TON Ke CTeMeHM NpPeACTaBIaeT (QYHKUHIO .2uilb
86.au3u mouku x =x, Ecam xe peub HIeT 0 NpUGIMKEHHOM INPeICTaBACHUH
(GyHKUMA MHOTOWIEHOM n-# cremenm 8 duxcuposannor npomexcymee [a, b), To
TeHI0POBY MHOrOUAEHY CAeAyeT NMpemnmouyecTs NPYyro#i MHorouaeH, P, (x), c Tewm,
4yTo6H «npenen €ro YyKAOHeHu#t OT f(X) B LaHHOM INIPOMEXYTKe Obll MeHee
NPENENoB YKIOHEHH# BCeX IPYrMX MHOroYleHop ToH xe crenenu». Tak, Bnepshe
Ghiia mocTaBleHa 3aflaya O «MHOTOW/IeHe HAaMIyylulero HNPUGAMKEHUs», onpele-

AA€MOr0 M3 YCIOBHA, YTO
max | P, (x)—f(x)]
a=<x=<b

¥MeeT HaHMMEHD I € € BO3MONKHOe 3HaueHHe; mocaegHee OGHYHO 0603HAYAWOT
yepes E, (f). Wccnenopanua UYeOoimépa NOCIyXHMIH HCXORHHIM IIYHKTOM Uit
o6NPHOro psia paoT MeTepGypPrcKod MaTeMaTHYECKON IIKONH.

B 1885r. Beltepmrpacc ony6auxoBaa TeopeMy [n° 278], u3 KOTOpOH ABCTBYeT,
yTo MaA MoGoR HempephlBHOH B [a, b] ¢yHkuuu f(x)

lim E, (f)=0;
n—oo

paayMmeeTcs H, Ha060pOT, M3 HaAUYHA NOCAEHHEr0 COOTHOIIEHHA BHITEKAeT Hempe-
pwBHOCTD QyHKUME f[n® 266). D10 ObI0 NpOCTeHIIMM NPHMEPOM B3aHUMOCBA3M
MEXIY CTPDYKTYPHHM CBOHCTBOM QYHKUMH f (HENPEPHIBHOCTb) M 110 B e~
fLeHHeM BernunHel E, (f) (cTpemiaeHue K HYIO).

Wneu Yebruéna n Bellepmrpacca monyyuan cyiecTseHHOe pa3BuTHE B HCCIe-
noBahuax akagemuxa Cepres Haranosuua Beprmrefina (pon B 1830 r.) u
IpPYTUX COBETCKHX MATEMAaTHKOB, a TaKike aMepHKaHCKOro yuyenoro J[laHxema
HAxexcona (1888—1946). Uepes st pa6oTh KpPacHOM HATHIO HPOXONHUT MHCID
0 BaMfHHUM AuGdepeHUHaNbHHX H HHEIX CTPYKTYPHHIX CBOHCTB QyHKiumu f(x)Ha
OLCTPOTY CTpemieHus Beanuunn E, (f) x Rymo, 1 Hao6oporT.

VI. ®YHKILIHOHAJIbHBIA AHAJIH3

D10 — caMas MoNOKas M3 BCeX BeTBeHl MaTeMaTHUECKOro aHaAM3a: e¢ BO3PACT
WUCYNCAAETCH HEMHOrMMH JiecAaTHAeTHAMH! BosunknOBeHMI0 QYHKINOHANBHOIO aHa=
IH3a CNOCOGCTBOBAaNa He Pa3 3aMeyaBIIasACAd aHAAOT M A MexAy HaleKHMM Ha
nepsuft B3ragy o6pexTaMy, No6ykaouUlas HCKaTh KaK OGbeAHHAKIIYE HX 11 O H A-
TH A, Tak ¥ ofMe pacCykKIeHHS, KOTOpDHEe MOKPHBAIH OH YacTHbE pac-
CyMIeHHA Hal STHMHM O6BbeKTaMH, HCTONb3Yd AMIIb TO, YTO B HHX Ha jexe cyuie-
CTBEHHO,

*) IToanoe coGpanue coxunenuii 1. JI. YeGviwesa, 1. 11 (m3n. Axagemus
nHayk, 1947), crp. 23—51.
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3ameyaTensHO NPH 9TOM, YTO MHOrooGpasna PACCMATPUBAEMWX OGHEKTOB
OGHYHO YNOJO6AAOTCA B TeX WIM HHHX OTHOWEHHAX PEanbHOMY HpoO-
CTPAHCTBY. DT MHOrOOGDa3HA TOME HA3HBAOT NPOCMPAHCMBAMY, XOTA
9NEMEHTAMH MX MOrYT ObITh —CMOTDA N0 CAYYAl0 — OGBEKTH CaMOH pasHO-
06pa3Hoit MPUPOAH: KPHBHE WA MOBEPXHOCTH, QYHKUMH OT OIHOH MAM HECKOMb-
KHX HENPephIBHO MEHAIOWUHXCA apryMEHTOB, KOHEYHHE CHCTEMH MAHM NOCHeNo-
BaTeIBHOCTH BEIIECTBEHHHIX YHCeX (T. €. QYHKUMM OT HATYPAILHOTO aprymenTa)
H T. . Mbl yke CTaIKMBaAHCh C MOXOCHHMH <ITPOCTPaHCTBaMM» B n° 125 (apui-
MeTHYeCKoe m-MepHOe NPOCTPAHCTBO), B n° 418 (MPOCTPaHCTBO HempepuiBHBIX
Qynkuui) u, HakoHew, B pasgene I, MOCBAILICHHOM BAPUAUUOHHOMY HCYHCHEHHIO
(IPOCTPAHCTBO INAAKKX KPUBHWIX MM HENMPEPWBHO AHQdepPeHURpPYEMEIX bynxunit).
B rakom npoctpancTse X=={x} paccMaTpuBaloTCa U M3YYANTCH PYHKYUONAND-

Hble onepamopu
y=U(x) (10)

(o6o6menne OPHBHYHOTO HAM NOHATHA <QYHKUHA>), KOTOPHE COMOCTABAAIOT —
N0 TOMY WM HHOMY 3aKOHY HIM IPAaIHAYy — KQWHOMY 9JeMeHTy X u3 X onpe-
HeNeHHHH 9MEeMEHT y TOro ke Wam JApyroro npocrpaucrsa Y. B rom uyactHoM
ciyyae, KOrxa Y ecTb NPOCTO MHOXECTBO BEIIECTBEHHHIX YHCesd, TAK YTO sae-
MEHTY X CONOCTaBNAETCA Y HCNO, (YHKUHOHAaAbHBH oONepaTop HaswBaETCA
g’iymc[?uona/zon ~—C ITHM NOHATHEM Mbl TOME BHIe YXe MMeIH 1eao (CM. pas-
nex II).

Mul 0CTaHOBMMCA JAMIIL HZ OJHOM BAXKHOM THIE HPOCTPAHCTB, HMEHHO HA
Mempuveckux npocmpancmeax. Tak HaswiBaeTCH NpPOCTPAaHCTBO X, ecan Aas
KawJo#l napH NPUHANAEKAMHX €MY 9MEMEHTOB X B X ONpeliefeHO paccmosnue
(«MeTpuyeckas QYHKUMA»), T. €. HEOTPHIATeAbHOE BELECTBEHHOE YHCAO p (X, X),
HMeouee Creflyiomue CBOHCTBA:

1) p (x, X)==0 paBHOCUIBHO X == X;

2) p (X, x)=p (x, X) u, HaKoHen,

3) p(x, X)y<p(x, X)+p (X T)[cakcuoma Tpeyroanumukar; cp. n° 125 u 418].

CxonuMocTb NOCHENOBATEALHOCTH {X,} K NpeseabHOMY 3AEMEHTY X ONpe-
Ieanercs COOTHOMIEHUEM

p (xp X)—0;
OpH STOM HHIMYT
x=limx, nm x,—x

[lpuBeneM NPHMEPH METPHUECKHX NPOCTPAHCTB,
A. Apudmernueckoe NpPOCTPAHCTBO — NHHEHHOe WA BoOGUle mM-MepHOe,
B nuneliHOM Ciyuae SAEMEHTH X CYTh BeuleCTBEHHWE uuCAd M

plx, B)=[x—%|.

Iipy m > 1 sneMenTH X ABAAIOTCH YK€ YNOPAHOUEHHHIMH CHCTEMAMH Bel|eCTBeH~
nbix yucen: x=(§, &, ..., &), A€ § — «KOOPAUHATH> TOYKM X. B sToM cayyae

P D=V G =8+ + o —En)®
ecnu yepesa §; 0GO3HAYMTL <KOOPIHHATHI> TOYKH X.
B. TIpocTpancTso HenpepuBHHX — B NpoMexyTKe [4, b] — dyuxusft x = x (f)
C METpHKOH

plx, X)= max |[x()—x(?)|
axi=d

B. To xe MHOroo6pasmue, HO C Apyro#i MeTpuk oM

b
v n=l (wo—zore
a

[cp. n° 418, 3ameuanne].
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r. l'lpocrpaﬂcnao MOCAeAOBATEIbHOCTEH BeleCTBEHHBIX YHCER

X=(€‘, EQ; eeay Em ...),

[ee]
Ais KOTOPHX pan Y & CXOLHMTCA Merpuka:

i
p(x, X) =]/§l](ﬁn —6a),

J. [pocTpancTBo Oor paHy u € HHH X NOCAENOBATeNbHOCTEH BeleCTBeHHAX
yucen ¢ METPHKOH
p(xy X)==sup &, —&, |,
n

Jlerko nokasaTk, MOAb3YACH <AKCHOMOM TPEYroNbHUKA, YTO — A 10 60T 0
MeTPUYECKOro MPOCTPAHCTBA — M3 CXOMMMOCTH I[IOCHEROBaTeIbHOCTH 3/eMEHTOB
{x,} ¥ TpefesbHOMY 3MeMEHTY X BBIT€KAeT BHINOIHEHHE YCAOBHA, aHANIOTHYHOTO
u3BecTHOMY ycaopuio Boabnano — Komw [cp. n°® 52):

p(x, X,)<<e, anumb TOAbKO K, 1’ > N,

O6paTHoe 3aKA0UEHNE — O CYLLECTBOBAHNA NIPEfeNbHOr0 91eMEHTa X INa KamaoH
nOCAeN0BATENLHOCTH {X,}, YIOBIETBOPAOLEH 3TOMY YCIOBHIO, — BEPHO He HAif
BCeX METPHYECKMX HPOCTPaHCTB. Te NPOCTPAaHCTBA, XA KOTOPHIX OHO BEPHO,
HA3bIBAIOTCA NOAHWMU, TAKOBbl, Hanpumep, npocrpancrsa A, b, I, . B 10 xe
BpeMs DPOCTPaHCTBO B He moaHo *).

Tenepb, HAsi TOro YTOGH YHTaTEeNI0 CTala siCHOH MONE3HOCTb TOH BHICOKOH
CTeNeHH OTBiIeYeHs ¥ 0606uieHHs, KOTOPasA OCYIeCTBAAETCA B QYHKIHOHANBHOM
ananuse, NpuReleM B BUIE IIpUMepa ORHY TeOpeMy U3BeCTHOrO IOJABCKOTO MaTe-
matuka Credana bawaxa (1892 — 1945), onHoro u3 cosgareneét cCOBpeMeHHOro
dyHKuHOHaNbHOTO aHamu3a. OBa riacut:

Tlyems Oan @yurguonarveoii onepamop (10), onpedenernsiii 8 norr oM
mempueckom npocmpancmge X—=—{x} u nepesodsuuii snemernmer x uz X cnoga
8 daemermb. Mmoo okce npocmpancmsa. Ecau npu amom gcez0a

p(U(x), UR)<a p(x, X), ode 0<a<l,
mo cyuecmeyem (i npumoM eOUHCIMBEHHAS) MOUKG X, MEKAS, 4mo
U (x0) = o an

STa TOYKa HA3LIBAETCA HEMONBUXHOMN ToukoH omeparopa U, oua
€CTb He YTO HMHOE, K8K <KOPEHb» (BYHKYUOHAAbHO20 YPABHeHUS

x=U(x).

Cnexywouee coobpaxeHye NOCTYXHT Kak Gkl HaBeReHHUEM K J0Ka3a-
TensCTBY. ECmm x—mi06as TOYKa, a X,—HEeNONBHKHAA TOYKAa (IPEANOTOXKHM,

*) OHo MoXeT GHTb CHeNaso TNONHLIM, CIH K HeMy J0GaBHTL M Bce pas-
poiBHble QYHEUMA x (¢), uHTerpupyeMmsie mo JleGery BMecTe cO CBOMMH KBajipa-
ramu. Tlpy 9Tom XBe QyHKUMH, KOTOpHE <IOYTH BCIOAY» COBNAZAKT, PacCMaTpH-
BAIOTCA KAK OJMH SJAEMEHT NMPOCTPaHCTBA.
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4TO OHA cymiecTByet!), TO
p(Ux) Ulx)) =p (U(x), xp)<<a-p(x, x,),

TaK yrto anement x,=U(x) 6nuxe K x, yeM x. EcrecTsenHo mosropurn
3TOT IPOHECC, HCXOAS U3 X!

pU(xy), Xy <<ap(xy, o) <<a? p(x, Xp),

" 3neMeHT X, = U (x;) OKasbiBaeTcA eme 6auxe K x,] IT0 U moacKaseiBaer
MEICAb, WCXONA M3 HPOM3BONLHO B3ATOIO SAEMEHTa X, HOCTPOUTH, MOBTOPHO
npunaras oneparop U, nocaexXoBaTeAbHOCTh 3AeMEHTOB

x,=U(x), x.=U(xy), ..., Xp=U(xp_y), ... (12)

Has stoit mocnenoBaTeabHOCTH {x,} [AOKA3LIBAETCH BHINONHEHHE YCIOBUSA
Boasnano—Komwn, orkyna (BBHAY H O ntx O T bl NPOCTPAHCTBA) CrelyeT, YTO OHa
CXOINTCA K HEKOTOPOMY NpeXelbHOMY SHeMeHTY X, 3areM YCTaHaBIMBAercs,
YTO 3TO M €CTb HCKOMHH HeNMOXBHUXHB A 3MeMeHT (U NPHTOM eNHH-
crBeHHnit). TakoB maaH nOKa3aTenbCTBA, KOTOPOro B MOZPOGHOCTAX NMPOBOAUTH
He GyneMm.

O6pamaeM numib BHHMAaHME YWTaTens Ha NPUMeHEHWe, AId NOAYYEHUS X,
MeTOJa NOCHeNOBaTeAbHHX NpubGauxenuh no cxeme (12). Jlerxko
MOAYYHTH M ONEHKY 2-rO NPUGINKeHus:

p (Xn, xg) << Ma™ (M= const).

[Tepeyncanm Temepb HECKOMbKO 3ajay M3 Pa3HBIX oGaacTell, KoTopele cpasy
NoNyyalT pelleHHe ONarojaps HCIOAb30BAHMIO YCTAHOBAEHHOrO <NPHHUUIA
HEMOJBUMHON TOYKHUY.

1) UsBecTnoe B TeopeTHyeckolt acTpoHomum <ypasxHexue Kenaepar

x=m,-+e- sinx (13)

onpefenseT Tak Ha3blBAGMYI0 3KCUEHTPHUYECKY aHOMAIHUW X nia-
HeTol 1O NAHHOK ee CpeXHeH aHOMaNUW M, ¥ IKCUCHTPUCHTETY MIAHETHOH
op6uth & (e <1).

[Tycrb «npocTpancTBo» X ecTb IPOCTO MHOKECTBO BCEeX BeleCTBEHHBIX
yrcen (cM. A), a «QYHKUMOHAALHBIY onepaTop» €CTs OOGbIKHOBeHHas QYHKUHA OT
YUCIOBOU flepeMeHHOH Xt

U(x)y==my-¢- sin x.
flcHO, YTO HeNOJBMXKHAA TOYKA X, 3TOTO <ONMepaTOPa» KaK pa3 M eCcTb HCKOMBIA

KopeHb ypashenns (13)!
Tax kak

pU(x), UE)=|U(x)—U(R)|=c¢:] sin x — sin %| <
Le-|lx—X[=zc.p(x, X),
TO ycaoBue Teopemsi BhMOAHeHo. TakuM 06pasoM, Mbl MPHUXOAUM K yTBepi/e-
HHMIO O CYIIECTBOBAHHUM E€JMHCTBEHHOrO KOPHA x, ypaBHeHus (l13), mpuuem ero
BHIYMCHEHHME MOXKET GbiTh BHIIONHEHO 110 METORY NOCAEHOBATEAbHLIX HPUOANKEHNH,

2) Nyctb pano muTerpaibHOe ypaBHeHue PpearoabMa BTOPOro pojia, Coxep-
Mariee MPOU3BOAbHEIN YHCIOBOK Mapamerp A:

b
x(s)=F(s)+1 S K(s, t) % (t) dt, (14)

rie f(s) HenpephBHa B mpoMexyTke [a4, Bl, a K (s, ) HempephBHAa B KBal-
pate [a, b; a, b], u nycTb nMueTcs HempepniBHOE ¥e peiieHHe X (S) ITOro ypas-
Henusa, [1poCcTpancTBo X 3eCh €CTh MPOCTPAHCTBO HEMPEPHIBHHIX QyHKIMH B [a, b]
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¢ MeTpuKoi
p(x, X)=max |x(¢)— X (t)]
GELSY

(cm. B). Oneparop
b
Ux)=F(s) 1 SK(s, £) % (t) dt

COTOCTARAACT KAXOH HenpepuBHON QyHKUAM X (f) TOME HEKOTOPYI HempepHB-
Hyo Qynxuuo ot §. Y amech HenmomBHxkHan TOUKA X, (Z) 9TOro omeparopa 6ymer,
OYeBHIHO, pelleHneM ypasHeHua (14).

[lpoBepuM BHIIOAHEHHE YCNOBHA TeopeMsl. 10 OrpaHHUYeHHOCTH HenpephiB-

Aot ¢yHknuy K:
[ K(s t)|<M (M==const)
GyneM nAMeTb:

b
pWw U=t mx | k6 or@—s@a|<

<IMM-(p—a) mix |x()—X(O)|=(\]-M(b—0)-p(x, %),

Orciona ACHO, YTO, JHIIb TOJLKO

<

M —a)’

ycnosue TeopeMb BunonseHo. CnefopareibHo, AAA TOCTATOYHO MANHX (MO a6co-
JIOTHO# BeJHuMHe) 3HadyeHMM mapamerpa A ypaBaenue (14) MMeer eIMHCTBeHHOE
pelieHne X, (f), KOTOPoEe K TOMY e MOXeT GuTh NOAYYEHO IO cMOcoby mocie-
JIOBAaTeAbHHX NPHGIVKEHU,

3) B kauectse nocaefHero IpHMEPa PaCCMOTPHM BOLPOC O PEUICHHH CHCTEMH!
U3 6eCKOHEUHOTO (HyMEPOBAHHOIO) MHOMECTBA JHHEHHHX YpaBHeHHH
C 6ECKOHEYHHM X € (CHOBAa — HYMEDOBAHHBIM) MHOXECTBOM HEU3BECTHHIX,
TaKkas CHCTEMA BCErZa MOXET OhiTb HANNCAHa B BUIE:

o]
&=2ﬁ#HJlG=LZ&Q, (15)
k=

rie a;, W b;— nauHoie KosdduuMeHTH, a § — Heu3pectHbie. [IpeanmonoxuM,
410 KO3QPHUHEHTH a;p, H by YAOBAETBOPAOT YCAOBHUAM

o]
Dlapl<e<l, [5]<B (=123..). (16)
k=1

Hac Gymer unTepecoBath OFpaHHYeHHOeE pemenue cucreMu (13), T. e. Takas
OrpaHMyeHHasn HociegoBarenbHocTh yucea {§;}, koTopas ynosaersopasa Gu
BceM ypasHennaM (15).

Yuraremo, BEpOSTHO, ACHO, YTO B OCHOBY SHeCh HAINEKMT IOJOXKHTL HPO-
CTpaHcTBO X OTpaHMYEHHbIX MOoCHenoBaredbHocTed X =={§;} ¢ MerpHKO#t

p(x, x)=si"P|€z—$_zI

(cM. [). Pasencrea

o0
m=2ﬁ%+“ (i=1,23 ..) )]
k=
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KAMAOMY OrpanHHyeHHOMY HaGopy x == {f,} cONOCTaBAMIOT OrpaHHYeHHHH Xe —
B cuay (16)—maGop y=={n;}, T. e. TOoxe SIEMEHT NPOCTPaHCTBa X; STUM H®
onpepeaserca oneparop U(x). Ecan B3Arh euwie ageMent x={e',,}, TO COOTBeT-
cIBylomuM eMy 3navenueM U(X) storo omepatopa 6ymer saemeHT ¥=={%;},
onpenenseMeil paBeHCTBAMH, ananornuHuiMu (17). Tak kak [mo mepsoMy us Hepa-
sercrs (16)]

p () §)=Sgp{|k§labk(€k—gk) l}éa-sgp (6 —8|=a-p (x, %),

TO — BCE 110 TOM We TeopeMe — HCKOMOE pelieHHe CYIeCTBYeT ¥ eNHHCTBEHHO.
Jna nonyuenns ero Takie MoxeT GHTb HCHOJb30BAH METOX MOCAEAOBATEAbHMX
npubanxeHnh.

BecbMa noyyurenbra caMast BOSMOXHOCTb PEIEHHs CTOAb PASHOPOIHKX 3aKay,
WCXOA M3 ONHOTO HCTOYHMKA. JTOT NpHEMep MOSBOAMT UMTATENIO JyYile TOHATH,
KaK ofuiue TeopeMh (YHKUMOHaNbHONO aHaNAH3a MOTYT HAXOAWTh NPHIOMEHHA
B CaMHX pa3Hoo6pasHbiXx o6nactax. Cuaa 9TOro MeTojd, Kaxyuleroca CToIb
a6CTPaKTHHIM, HMEHHO B TOM, YTO OH HCCAelyeT O6beKTE H OTHOIIEHWA MEeWAY
HUMHM B npocTefimed $opMe, OTBICKAACH OT HECYUleCTBEHHHK Hif Hena
WX YacTHHIX ocoGexHoctefl. Kak yacto W B NPOUIIOM NpOrpecc B MaTreMaTHke
OCYINECTBARNCA NMOAOGHLIM e myTem!

Urobu nopuepxHyTh 3HayeHHe (PYHKUHOHANHLHOTO AHANH3A B LEIOM (MH Belb
KOCHYAHNCh JMUIk €r0 3XEMEHTOB), NOCTATOUHO YIOMAHYThb, YTO (YHKUMOHAABHBIH
aHaIU3 — B €r0 BHCOKHX YACTAX — CyU{ECTBEHHO MCIOMb3YETCE B COBPEMEHHOHN
meopemuyeckoli Pusuxe, oco6eHHO B KBGHMOSOH MeXAHIKE, KOTODAA K CaMa,
B CBOIO OYepejb, HECOMHEHHO, BAMANTA Ha Pas3BuUTHE (QYHKIHOHATLHOrO aHAAH3A.

WUrar, npeodoaesas ne pas owubxu u 3a62y%CcOeHUL OMOEALHBX UCCAER0-
sameseli u Oaxce nokosenufi, mamemaemudeckuii GHAAU3 6na0mMb 00 HAWE20
BPEMEHL NPOOOAICAEm PACMY U PA36UBAMBLS, YKPBULGSCH BCE HOBKLMU 1 HOBKML
afcusvimu nobezamu. HHue HOBbE 6emBU GHAAUSE BOHUKAIOM HENOCPEOCMBEHHO
U3 NOMPEOHOCMU NOHAKUA OKPYHCAIOWEZO HGC MUPA, 8 OpY2UX e CAYHaAx
OHUL NOABASIOMCSA, NOOYUHSACH ECMECMOEHANM 3GKOHAM pA3BUMUS CAMO20
GHAAL3G, U AUWL NOMOM 0002aU4QI0MCR NPUAOHCEHUSMER. Pasarudnsie semsu
GHAAU3A NOCMENEHKO NPOHUKGIOM OOKRA 8 OpY2yi0 U, COXPOHAR cneyuduynocms
esoux sadad u memodos, sce ace obpazyom edunoe yesoel
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-— MOJyas JnA NEPeXola OT HaTypalb-
HBIX 10rapu@MoB K HecATHYHHM 66

~— OnpeneNneHHbIX HHTerpainos, audpe-
peHunpoBanve No mnapamerpy 147,
163, 165, 166, 170

— — —, HHTEI'PHPOBAHHE [IO NAPAMETPY
147, 164, 172

-— — —, UCKYCCTBEHHbIE NIPHeMH 132—
36

— — —, OCHOBHas GOPMyna HHTErpanb-
Horo ucuucaenus 112, 124, 271

— — —, nofictaHoska 130, 132

— — —, npefenbHstil Iepexol no napa-
merpy 163, 165, 169, 402

— — —, pasnoxenue B pag 82, 135, 162

— yucna w, npubankennoe 64

CamuabTon 359

Famma-pyHxuns 169

— —, rpagux 171172

— —, pornoxaHenua gopmyra 173

— —, Jlexangpa Qopmyna 174

— —, peKkyppentHas dopmyra 171

— —, Jimepa—Taycca topmysa 170

I'apMonukn 373

TapMonnyeckue KoneGanna 373

[apmonnyeckuft anaaus 373

— pax 16, 21, 28, 27, 29, 104, 105

TIayce 107, 170, 177, 263, 294, 341, 342,
443

I'aycca — Jitnepa popmyna 170

[ayccoBn K03@UUNEHTH NOBEPIHOCTH
310

Teiine 434
Tunepreomerpuyeckuit psan 107
I'naBHOE 3HaueHue HECOGCTBEHHOTO HH-

o
Terpana S 404
{oe]

nagkas xpupasa 228, 237

— nopepxHocth 300, 367
I'pannent 359

I'pezopu 103

TI'pun 263, 341

Tpuna ¢opmyaa 263, 326, 341

457
Aaaausep 106, 107, 425, 430, 431, 437,

Mlanam6epa npusnak 22, 23, 32
1182%%)’ CYMMbI I IBORHOTO MHTerpana

— — — Tpo#HOro MHrerpasa 332
Asotinolt unrerpan 234, 238, 291
——2:63 IudbeperiUpoBanye no obaacTu

—2—— KaK aJINTHBHAA QYHKIHNA o6nacTH

— —, KJIACCHl HHTErPUPYeMbiX ) YHKIHIY
240242 pupy oy

— — HecoOcTBenHbH 256—257, 291

——7, npyBenesne K MOBTOpHOMY 234,

— —, cBOlicTBa 242

— —, YCIOBHE Cyi(ecTBoBaHHA 239

JiBycToponHas noBepxHOCTH 299

Horcexcon 450

[Muamerp  ToyeyHoro
238

Huseprennus 362

Hunu 77, 109

— teopema 77, 78

— —, ananor 157

— —, obobmenue 139

Hupuxae (Jescen-) 36, 108, 172, 433,
434, 435

— TeopeMa 36, 108, 433, 434

— wuarerpan 381

— (Gopmyna 256, 337

Juddepenunan ToyHbill, UHTErpUpOBa-
Hue 269—271, 329

— —, npu3Haku 269, 329

Ilmp(pep(;ﬂuuanbﬂoe ypaBHeHune Beccens

— — xoxebanBa cTpyHs 425

— ———, pemenne J[aramGepa u
Ditnepa 425—427

— — — —, pemenye Teitnopa u 1. Bep-
nyanu 427—430

MHOXECTBA

Juddepennmansune YpaBHEHMs B
YaCTHbBIX MpoU3BOXHWX 425, 430,
437

-——7, o6uixkHOBexHute 103, 104, 166, 436,

43

- —, Teopusa 436

HNuddepeHunpoBaHHe uHTErpaga mo na-
paMeTpy IOX 3HAKOM uHTerpaxa 142,
146, 159, 161, 177, 178

— — no obnactu 246, 334

-— psja nounenHoe 84

- — CTeneHHoro moujaexsoe 95, 97

Honrxun 207

Jwo Bya-Peiimon 435, 444



458

E2opos 449
Epnaros 107

Wugkoctn asmwenue 361, 363

— — mnockoe ycranosmpmeecs 230, 273
— MCTOYHHKH H cTOKH 232, 363

— xoaunyecrso 231, 361

— morok 361

JKyroscruii 444

3asucuMocts dysxuuit 203—206

3atidess 109, 149

3amena nepeMeHHON B HeCOGCTBEHHOM
uuterpane 129

— mepeMeHHHX B JBOMHOM HHTerpaire
285, 292

— — — TpoiiHoM mHTerpane 352, 356

3amguyrocTd ypaBHenue 413, 423

— — o6o6uennoe 417, 423

3aMKHYTOCTb OPTOrOHANbHOM CHCTEMH
$ynxunit 412

-— TPUTOHOMETPHYECKOH CHCTeMBI PYHK-
unlt 412

3HakonepeMeHHbH psaf 32

— —, OlleHKa ocTaTka 33, 103

Huepuuu MoMmeHt maockolt durypu 258

— — Tena 338

— — OUINHIPHYecKoro 6pyca 259

Wrrerpanbuass cymma 213, 219, 237,
313, 320, 331

Wnterpanbhbie ypasaenus 406, 407, 444

— — Boabreppa 446

— — @penroanMa 446

Wnrerpansunft kocunyc 121

— norapudpm 127

— cHHyc 121

—1I(I)pH3HaK Maknopena — Koutn 26,

5

MurerpupoBanne HHTErpajza Mo napa-
MeTPY NOX 3HAaKOM HHTerpana 144,
157, 159, 161, 177, 178

- moncTanoskofl 130

— mo yacram 129

— pana, nouwsennoe 81, 108, 156, 177

~— — CTeNeHHoro, mounesxoe 94

— — ®ypee, nounennoe 418—419

—3;oqx-mx nuddepenunanos 269—271,

9

Uurerpnpyeman dynkuna 110, 122, 238

Wnrerpupyemocty ycrosue s gubde-
pEeRUMaNnbHbHX Bolpawennft 269, 329

— —— ¢Gysxuun 239, 332

Hcerounnkn wuakoctn 232, 363

Hctoynnkos niaoTHocTs 363

— IIPOM3BOIUTERbHOCTL 363

AJIPABUTHBI YKASATE/b

Kanmop 434, 447

Ka;;genbﬂaﬂ MIOCKOCTD K MOBEPXHOCTH

Ksampupyemas maockas ¢urypa 237

— nosepxHocTs 311

Ksagpupyemoctu ycnosue 237

Kaepo 177, 272, 432, 437

Kosarescran 437

Kommnexcnas mepemenHan 53

— —, npegexn 53

Koopaunarseie aunnm 276, 295

~— NOBEPXHOCTH 346

Kocunyc uurerpansamft 121

— -npeo6pasoBanue dypoe 407

—, CTeneHHo# pax 52, 105

Koradrenc, pasmoxkeHue Ha HpOCTHEe
npobu 396

Kowu 23, 51, 61, 62, 105, 107, 108,
177, 399, 404, 405, 407, 420, 433, 437,
441—443, 448

—igonbuauo ycnoBHe CXOIUMOCTH paja

~ -Maknopena npusHak 26

— mnpusnak 21

— Tteopema 30, 41

— (opmyna 442

Kparamit uarerpan 367

KpusonnneliHpie KOODAMHATH B NpO-
crpancTBe 346

— — — —, 97eMeHT 06beMa 350

— — Ha miIockocTd 276

— — — ~, 3neMeHT nuoumamn 281

— — — moBepxHOCTH 295

— — — —, 3JeMeHT maouiamu 310

Kpusoannelnuit uarerpan BTOporo runa
219, 272, 442

— — — —, BHIUHMCICHHE Y€pe3 nepBo-
ofpasuyw 271

——2—7—1-——, nnbdepernuposanne 269—

— — — —, HE3aBHCHMOCTD OT myTH 266,
272, 328

~— — — — TI0 32aMKHYTOMY KOHTYpY 224,
265, 327

e~ —, TIPHOIMKEHAE WHTErpaioM
1o aomauoit 267

— —— —, cBefleHHE
HoMmy uHTerpany 221

— — — —, CBi3b C KDHBOJNHHEHHHIM HH=~
TerpaaoM nepsoro tuma 228

— —- mepBoro tuma 213

- — — —, CBeeHMEe K
HOMY muTerpaay 214

KycxoBa dopmyna 354

Kycouno-raankas xpusas 229, 237

~ = -— MOBEPXHOCTb 303

K 0BblKHOBeH-

O6BIKHOBEH=



AJIOABUTHBIA YKASATES 459

Kycoyno-nuddepenuupyemMan ¢yuxuna
384

~— -MoHoToHHas (yHkuus 433
— -HempepoiBHasg ¢yHxuusa 374
— -nocrossHas QyHxuua 414

Jlazpanac 51, 62, 105, 106—107, 198,
293, 356, 432, 437, 440, 443

Jlanrac 165

JleGez 447—449, 452

JleBas xoopaMHATHAA
302

— OpUeHTallMs MIOCKOCTH 225

Jleswcandp 167, 169, 170, 174

Jlexxangpa dopMyna 174

Jeiibnuy 32, 103, 142, 177, 437

Jle#iGuuna npasuno 142, 177

— pan 56, 103—104

— teopeMa 32, 103

Jlunefiuni#t unTerpan 364

Jobayescruii 107, 135, 170, 176, 384,
418, 433—435

Jlorapudm usTerpanbHsit 127

JlorapudMuueckas GyHKUHs, CTENeHHON
pan 56, 94, 102, 103

JlorapudMoB Buiyncienue 65—67

Jlokaansauny npunuun 383

Jy3un 449, 450

JIanynos 437

cucreMa 225,

Masxopauteni#t pan 74

Maxropen 28, 104, 107

Maxnopena — Kown npusnax 26

— pag 51

Macca xpuso#i 212

— nosepxHocTy 316

— naockoft gurypu 257

— reaa 330, 337

Mé6uyca auct 299

Mepxamop 102

m-XpaTHH# uuTerpaa 367

«— —, TIPUBELEHHE K NOBTOPHOMY 368—
369

Ha6aa 360, 363, 365

Ha;ggasneuue Ha 3aMKHYTOM KOHType

Havaabube ycnoBus 423

Hea6conoTHo cxonsmeecs npomssege-
nue 47

— CXORAIUNCA HeCOGCTBEHHHH HHTe-
rpaa 118, 121

— —psaxn 31, 34

- —, HAPYUIEHHE HepeMeCcTUTENbHO-
ro csolicrBa 38

Heaasucumocts ¢yuxuust 201-—~203

Heonpenenennbix KoshPUUHEHTOB Me-
roa 96—97, 103

— MHOXHUTexeHt Meron 198

HenpepusHan dynkuus Ge3 npousson-
no#t 85

HenpepniBHOoCTh HMHTErpa’Za no napa-
metpy 141, 145, 157, 161

— npepensHoli Gynkunu 77, 139

— CYMMH pama 76, 108

— ~— — crenegHoro 90, 92

HepashoMepHas CXORMMOCTb MHTErpaia

~— — (nocnenoBaTeapHOCTH W) pAxa 71

HecoOcTBenHn!  MHTerpas, aHaJOTH#A
¢ panamu 113

- — nsoftnoft 256-—237, 201

— — OT HeorpanHuueHnoti QyHxumn 122

~— — ¢ GeckOHeuHHM npegenom 28, 110

-——2 cxonamniics, pacxopamuiica 110,
12

— —, NPHU3HAKH cxopuMocTH 115, 116—
117, 119, 125—126

— —, TeopeMbl cpaBHeHus 116

— — Tpo#ino#t 337, 339

— —, ycaosue cxomumoct 117, 128

Heuernaa @ynkuus 389, 405

HesnBuble @ynkuun 180—191

— —, reoMeTpHyecKHe npuiaoxenus 185,
186, 190, 205

~ —, nuddepenuuposanne 191

HopMmanb K HOBEPXHOCTH, HAIPABAAIO-
mue kocunycu 297, 300—301, 302

HopMmanbHast OproroHanbHas CHCTEMa
dynxunit 377, 419

Heomon 60, 102—103, 177, 436, 441

HsioToHOB 3akoH npuTaxenus 217, 316,
317, 338, 355

— norexuuan 273, 317, 318, 339

OGpanienne cucremn dynxuuntt 209

—— creneHHoro paga 102

O61eM Tena B KPUBOTUHENHBIX KOOPAH-
Hatax 348

—3~5—4— UWIMHADPHYECKNX KOOPAMHATAX

- —, BHpakeHHe NOBEPXHOCTHLIM HH-
Terpanom 342

~— —, ycnosue cymecrsoBanus 331

~— unMaHHIpHYecKoro 6pyca 233, 240

~— m-MepHOro napannenenunena 367

~— —rtena 367

~— m-mepHoOlt nupamumn 368

— — cdepn 369

OnHOCBA3HOCTL ANOCKOR obnacty 265

— MpocTpaHcTBenHo# o6nactu 327, 345

OpHOCTOPORHAA HOBEPXHOCTL 299
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Opuentauua niockoctu 225

— nosepxnoctu 301, 304

— —,CBA3b C BHIGOPOM CTOPOHH MO-
sepxunoctu 302, 304

OpuenTupoBanyas niockas o6aacTs 288

— — —, BuTerpan no Heft 288

Oproronanbusie Gpynruud 377, 421

OproronanbHas cucreMa dysxuu#t 377,
409

OcHoBuass  QopMylna MHTErpaibHOro
ucuncaenns 112, 124, 271

Oco6as Touxka kpuBoit 190

— — nosepxHocTy 295

Ocratok psiga 13

— —, ofteHKa 33, 63

OcratoyHoe npoussenenue 45

Ocmpoepadcrui 177, 207, 283, 285,
293, 341, 351, 356, 368, 384, 437,
440

OcTporpajackoro
362, 368

dopmyna 339—341,

Mapamerp 137

[TapameTpuyeckoe npeiucraBaeHue rmo-
BepxHOCTH 294

[epBooGpaskas ¢yHkuus aas nudde-
peHiyansHoro Bhpaxennsa 269, 271,
329

[TepemecTuTeNnbHOE CBOHCTBO AGCOMIOTHO
CXOJAINErocA Npon3Befenua 47

————psna 36

[Tepuoanuecxkas ¢yuxkuua 371

-——, MHTErpal no nepuoxy 379

[laockoe ycTanoBHBIeecs IBMKeHHE
wugkoctn 230, 273

[TnotHoCTh nvHeltHas 212

— of6bvempan 331

— nosepxHocTHaa 257, 316

Maowlany xpusolt noBepxnoctn 307—
311

— IMOCKOH QUrYPH B KPHUBOIHMHEHHBIX
KoopauHarax 281, 283

— — —, BHIPaXeHWe KPHBOAHHEHHBIM
nurerpaioM 263

floBepxXHOCTHBI}f UHTErpaX BTOPOro THMA
320

— — — —, HE3aBUCHMOCTb OT (OPMBI
NOBEPXHOCTH 345

— — —— —-TI0 3aMKHYTOH MOBEPXHOCTH
345

— —-— —, CBEICHHE K
321, 323

— —— —, CBA3b € NOBEPXHOCTHHIM HH-
TerpajioM Inepsoro ruma 322, 323

— ——nepBoro Tuna 313

— ———,CBejenne K pBofiHomy 313

JBOHHOMY

IosepxnocTb Bpamenus 298, 312

— yposHa 357

[ToBropuuiit uHTerpan 234, 247, 251,
291, 356

[TokasaTeabnan GyHKUUsA, CBA3b C TPU-
TOHOMETPHUYECKHMH 53

— —, crenennol pax 52, 103, 105

— — B KOMIIeKCHOM o6aactu 33, 55

TlonHoTa OPTOTORANBHON CHCTEMB YHK-
nuit 417

— TPUrOHOMETPUYECKOM CHCTeMbl PYHK-

muit 416

[TonspHbIE KOOPIUHATH B IPOCTPAHCTBE
347

~— —— —, 37ueMeHT o0beMa 351—352

[TonapHele KOOPAMHATH HAa NIOCKOCTH
277

— —— —,3deMeHT nmaomand 281, 285

TTocnenoBaTeAbHOCTh DYHKUMOHANBHAS
68

—— ——, npeneabHas Qyuxuus 69
IMoTeBuuan HBLIOTOHOBCKHH, CO3HAHHKIA
MarepualbHON NoBepXHOCThIO 317

— —, — MatepuanbHo# TouKo# 273

— —,— ctepuueckuM ciaoem 318

— —,— Teaom 339

IMotennuanpHan Qyuxuua 272, 366

ITorenuuanbHoe noxe 272, 366

floTok BexTOpa Yepes MOBEPXHOCTbL 361

— renna 362

— —, Bexkrop 36}, 362

ITounennoe anddepenunposanue paza
84, 95, 97, 177

— uHTerpupoBanie psna 81, 94, 108,
156, 177

— —— dypoe 418—419

— ciloxenune psagos 14

— ymHOXeHue panos 40, 55

no’éﬂeHHblﬁ nepexol K npefeny B paue
7

[TpaBas koopaMHaTHasa cucreMa 225, 302

— OpHEHTalUsA TIOCKOCTH 225

[Tpenenvhas QyHKUNA, HENPEPHIBHOCTH
71, 108, 139

[Tpeneapusle ycrosus 425

[IpeneabHull Nepexox B HHTerpane no
napamMeTpy INOJ 3HAKOM HHTerpana
83, 140, 155—156, 161

— —— psaje, NoYneHHu 79

[IpeoGpa3osanue naockux obnacresr 274

— NPOCTPAHCTBEHHHNX oOaacTeit 346

leaénnmeune (ynxuuit paBHOMepHoe
409

—— B cpeaHem 409
IpuGauxennsie BHIYKCIEHMA C 10~
mouplo pspos 62—67, 83, 95, 103
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Tipunoxenns K MeXaHMKe H (HU3HKe
HHTerpana asokHoro 257—260

—————— KPHUBOJMHERHOIO BTO-
poro tuna 230, 232, 272—274, 364

——————— nepsoro Tuma 212,
217—218, 230, 231, 364

—————— NoBepXHOCTHOry 316—
318, 343—345, 361, 363

—————— TpoiiHore 337—339, 355

TpuTsienue MaTepHaibHOH TOYKH KpH-
Bolo 217

-— — — NOBepPXHOCTBIO 316

— —— cepuyecxum caoem 317

— — — ctepoli 355

— —— Teqom 338

Ipoussenenre GeckoneyHoe 43

— — a6conoTHO cxopsmeecs 47

— —, npeo6pazoBanne B pag 48, 49

— —, NPU3HaKY CXOAMMOCTH W pacxo-
numMocT 46—47

— — pacxogameecs 44

— —, CBA3b C paxamu 46

— — cxonsneecs 44

~— — ocTaroygoe 45

— YacTHyHOe 43

Iponasonnan QYHKIMH KOMIAEKCHON
nepeMeHHo# 444

— — N0 3aJaHHOMY HanpasaeHuio 358

— — — ofaactn 246, 334

Ipocras kpusas 212

—— NOBEPXHOCTL 295

TlpocTpancTBo BekropHoe 419

— MeTpuyeckoe 451

ITpoctbie npo6H, pasdnoxerue GYHKUMHA

105, 162, 396

cigx u —
sin x

ITyankape 437

Hyaccon 435, 437

Paabe 24

— npu3Hak 24

Pa6ora cmaosoro moas 229, 272, 364,
366

PaBHOMepHas CXOIMMOCTb MHTErpaia
148, 152

— — —, mpusnaku 150, 151, 153

— — —, ycaosue 150, 153

— — (nocaenosateabHOCTH M) paga 70,
109

— — —, Npu3HaK 74

~— ——, ycaoBue 73, 74

— — — crenesnoro 90

PaBHOMepHOE CTpeMaeHNe K peebHON
(yrkunn 138

————— , ycaoeue 138

Pacxogumocts 362

Pacxonsiieecs 6eckoneysoe nponssege-
Hue 44

Pacxopammniics HecoGCTBeHHBIH wuuTe-
rpax 110, 122

—pan 12

Pacxomaulnxca pAgoB CyMMHpOBaHMe
106, 435

Puman 49, 108, 263, 382, 384, 434, 435,
441, 443—444, 448

Pumana Teopema 38, 108

Porop 365, 366

Pan Geckoneynniit 11

— rapMoHuyeckufi 16

— runepreomerpuyeckuil 107

— 3HAKONEPEMEHHbIH 32

— KoMmIekcHblfi 54, 105

— aefi6HuneBcKoro ruma 34

— MHOIOYJEHOB aareGpanyeckux 98

— — TPHroHOMeTpHYeckux 397

— pacxoxamutica 12, 104, 105—106

— cxofaumuitcs 12, 106

— — abconwtHO 30

— — HeabconTHO 31

—, octatok 13, 14

—, cymma 12

—,~— yacTuynas 11

—, YCIOBHE cXoauMocTH 29

— (G yHKUNOHAIBHBIH 68

— cm. makoice Crenensodt psan, Cxoxn-
MOCTL GeCKoHeyHOro pspa, Tpurouo-
meTpuyeckuit psag, Teitaopa pax,
Pypbe pan

Cunosas ¢ynkuus 272, 356

Cunosoe none 357, 366

Cunyc, 6eckoHeuHoe npoussenenue 105

— HHTerpanbunif 121

— -npeo6pasosanne Pypoe 407

~—, pasnoxeHye o6paTHON BETHYHMHB HA
npocteie xpo6u 135, 162, 396

—, crenenHo#t pan 52, 103

Ckansap 356

Ckanspuoe moxe 357

— npoussenenne 357, 421, 424

CorneHouganbuoe none 363

Conun 446

ConpsixeHHble QYHKIUHE NEPBOTO U BTO-
poro pona 407

CoyeratenpHoe cBOHCTBO paxa 35, 54

CpaBHeHUst TeopeMB JiA HeCOGCTBEH-
HBHIX MHTerpaxoB 115—116

— — —psajgoB 17—19

Cpennee 3HayeHme, Teopema 245, 333

— —, — 060o6uiennan 245

— KBajgpaTHuecKoe OTKAoHeHHe 409
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CraTHyueCcKHe MOMEHTH KpHBo# 217

— — nockoft ¢urypn 258

— — nosepxHoctH 316

— —rena 338

— — WHAKHApHyecKkoro 6pyca 258, 339

Cmernos 413

Crenenno#t panx 50, 87, 106

— —, auddepennuposanne 95, 108

— —, eIHHCTBEHHOCTb 92

— —, ¥RTErpHpoBanHe 94

— —, Kpyr cxoxumoctn 90, 108

— —, HenpephBHOCTH 91, 92

— —, APOMEXYTOK cxoaumoct 89, 108

— —, paBHOMepHaA cXoAuMocTb 90

-— —, paguyc cxonxumocty 89,90, 108, 442

Cmupaune 51

Crupaunsra ¢opmyna 59

Croxn xuaxoctu 232, 363

Cmoxc 109, 149

Croxca dopmyna 325, 341, 365

Cropora nosepxnoctu 298-—301, 304

CrpyHnl xoneGanue 424

——, cnop 430

CymMma paga 12

— —vyacTuyHasa 11

C¢epa, npuraxenue 355

Cdepuueckie KOOPAUHATH B NPOCTPaH-
ctBe 347

— —-——, 31eMeHT 0o6beMa 351—352

Cdepuuecku#t caoft, npuTAXeHne H No-
TeHuuan 317—318

Cxoxumoctd npunuun 29, 107

CxoguMocTh 6eCKOHEYHOro Npom3Beje-
HHd, JOCTaTOYHMe npH3HakH 46—47

——paga 12, 103, 104, 106, 107

—-— —, I0CTaTOYHHe npusHaku: [a-
aambepa 22, 32, Komm 21, 107,
Jlefi6uuita 32, Maxnopena — Kowu
26, PaaGe 24

— ——, HeoO6xoAuMHIl mpusHak 15, 29

— — — NoAOXHTENbHOro 15

— ——, ycaosue 29

— nHrerpaia Pypoe 403

—— HOCAEN0BATCILHOCTH PYHKUNHABCpe -
HeM 411, 421, 423

— paxa Pypoe 385

Cxopsnieecs GecKoHeyHOe Npou3Bene-
nue 44

Cxonamuiica GeckoHeunnt pax 12

— HecoGeTBennyii uuterpan 110, 122

Teliaop 104, 427428

Tefinopa kospduunentn 51

— pan 51, 98, 104, 443

Tenna pacnpocTpanenue B tere 360
Toxa dynxuusa 273

ToxznecTBo cTeneHHHX psafos 91

Tpuronomerpuueckas cucreMa GpyHxuus,
3aMKHyTOCTH 412

~— — —, nonxHoTa 416

TpuronomeTpuueckne QyHKUKH, CBA3b
¢ nokasateabHol ¢yHkume#t 53, 105

Tpuronomerpuvecku#t MHorounen 397

— pan 373

Tpotino#t nnterpan 331, 356

— 3—3—4 AupdepeHpoBaRHe MO 06aCTH
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