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NPEAUCNOBUE K TPETbEMY U3OAHUIO

Bropoe 1 TpeThe M3AAHHUA OTINYAIOTCA OT IEPBOTO PAAOM
H3MEeHEHUH ! JONOJHEeHMH, KOTOphIe BEI3BAHBI 3aMEYaHUAMM U
NoXKeJJAHUAMH OTAENbHBIX JIUI, OPTAHU3ANWI U PEIeH3EHTOB.

IIpyu n3JI0KEeHNY aHANUTUYECKON reOMeTPHH B JBYMEDPHOM
ILIOCKOCTH M B TPEXMEPHOM IPOCTPAHCTBE MBI 3aMEHHJIN
0003HaYeHus X,, X,, X, HA TPAAMIUOHHEIE X, Y, 2. MBI mpo-
ROJIXKaeM IIpUJABaTh GOJIbINOE 3HAYEHUE YPABHEHHMAM IIpH-
MO M IJIOCKOCTHM B HOpPMajbHOM BHuAe. O0o0menue atux
NOHATHA HAa N-MepHHIH cjJydYail co3faeT II0 aHAJIOTHHM HYX-
HYIO reOMeTPHYECKYI0 HHTYHIMIO B N-MEPHOM IIPOCTPaHCTBe.

MsI Teneps paccMaTpUBaeM KOMIIJIEKCHEIE MATPHILI HAPS-
Ay ¢ geicTBuTeNbHBIMHA. OQHAKO AOKA3aTEALCTBO, KAK IPaBH-
JI0, U3JIaraeM OTAEJIbHO B AEHACTBUTEILHOM M KOMILJIEKCHOM
ciy4asax, 4ToObI KOMILIEKCHBIM caydail IIpM HeoOGXoaumocTH
MOJKHO GBIJIO OIIyCTMThH. B CBA3M ¢ 3TMM NPHIIIOCH U3MEHHUTH
0603HaYeHNS TPAHCIIOHMPOBAHHOM M CONPSAKEHHON MaTpHIL.

SneMeHTapHBle TpeoGpasoBaHus (CM. § 4) Teneps monyyu-
a1 obocHoBaHHe. PaHee 3TOT BOIPOC OBIA H3JIOMKEH TOJBKO
Ha npuMepax. BrpoueM, MBI AyMaeM, YTO 3TOro OBIIO GBI
JOCTaTOYHO.

Hexoroprle naparpads noapaspgeseHsl Ha NTYHKTHI, CHAO-
JKeHHble Ha3BaHUAMH.

IIponssegeHsl HEKOTOPEIE AOMOJIHEHHUS II0 TEOPHHM MATPHI]
H OIepaTopOB.

Bo BTOpoM u3zamuu mobaBnenst § 27, 28, mocBAIeHHBIE
IJIOCKOCTH B 7-MePHOM IIPOCTPAHCTBE M PA3JIMYHLIM 337aYaM.

B Tperbem m3gaunu § 28 3aMened. OcHOBHAA NeJb, KOTO-
PYIO MBI CTaBUJIH HepeA cobGoit mpu Hanucanum § 28, sakiio-
YaeTcd B O3HAKOMJICHUM C dJIeMEHTaMM TEOPHH JMHEHHOro
IIPpOTPAMMMPOBAHHS B MHUHHMMAJIbHOM O0BbeMe M MeTOAAMH
pellle U MPOCTeHIINX 3a/a4, B YACTHOCTH C CHMILIEKC-METO-
moMm. Tlpu M3I0'KeHHUH MaTepHasia MBI MCIOJL30BAIX yuebHOE
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mocobue A. C. CononoBHUKOBa «BBefeHMe B JMHeHYIO ajI-
rebpy ¥ JUHeHHOe MPOrpaMMHUPOBaHMES.

BeipakaeM 6J1arofapHOCTh CEKIMHM TEXHHYECKHX BY30B
HayYHO-METOANYECKOTO COBeTa M0 MaTeMaTHKe Ip¥ MunBy3e
CCCP mog pykosoactBoM mpodeccopa JI. . Kyapasnesa u
kxadenpe Beiciieit MatemaTuky Ne 2 JIeHUHIDaACKOTO IIOJHM-
TeXHIYECKOTO MHCTHUTYTA 3a o0CyKAeHHe HAIIUX Y4eOHUKOB
¥ IeHHBle 3aMeYaHNA U NPEeIOKeHHA; KOTOPhle, HeCOMHEH-
HO, CIOCOGCTBOBAJIM YAYYIIEHHIO X COAEpKaHuA.

Mur Takxe BhIpakaeMm GnarozapHocts 0. M. Boakoay,
M. III. Koccy, f1. M. To6onblieBy ¥ pAAy APYTHX YuTaTejeit
3a IleHHBbIe KOHCTPYKTUBHLIE TIPEJIOKEeHHsI, KOTOPhie MBI CTa-
panucs yyecTs mpu paGoTe HajZ BTODHIM M3JaHHEM.

B 1984 r. xoMnIeKc HaIIMX Yy4eOHMKOB IIO BHICIIEH MaTe-
maTuKe yaoctoeH npemux MB u CCO CCCP n IIUK mpodco-
1030B PaGOTHMKOB IPOCBEINEHUS, BHICIIEH IITKOJIH M HAYYHBIX
yupexpaenuit, B 1986 r. — gunnoma novyera BJHX CCCP, a B
1987 r. — Tocynapcreennoit npemuu CCCP.

ABTOpH BRIpakaloT GiaarofapHocts npogeccopy A. H. Tlpu-
JIEIIKO ¥ PYKOBOAMMO MM Kadejpe Beicineii MaTrematuku Moc-
KOBCKOT'0O MHKeHEPHO-(PHU3NYECKOro HHCTUTYTA 3a TIATeNbHOe
paccMOTpeHHe KOMIIJIeKca YYeOHMKOB M IleHHEIe 3aMeYaHus.

JlaHHBIN KOMILIEKC HAXOAMT UIMPOKOe IPMMEeHeHHe B TeX-
HHMYECKHX By3aX CTPaHH. B Hacroslnee BpeMs OH IepeBeleH
Ha aHIMACKUH, PppaHIyscKHl, HCIAHCKHUI ¥ MOPTYraIbe <Mt
A3BIKH.



NPEAVUCJIOBUE K NEPBOMY U3AAHUIO

aHHas KHUra ABAAETCA [TEPBOM YACTHIO HAIIEro yuyeOHH-
ka «Bnlcmias MaTremarTHkKa». 34eCh HM3JIaraloTCs OCHOBHBIE
BOIIPOCHI TEOPUH OIpefeuTesel, dJleMeHThHI TEOPHHA MATPHLL,
TEOpHsl CHCTeM JWHEHHBIX ypaBHEHMi, BeKTOpHas ajarebpa.
PaccMoTpeHH TaKike OCHOBHBIE Da3jiesibl JIMHEHHOH anrebphi:
JMHEeWHBIE ONepaTophy, OPTOrOHaNbHEIE Ipeobpa3oBaHusd, Ca-
MOCOIpsi’KeHHbEIe OIepaTopsl, KBaAipaTHuHaA ¢opMa ¥ IIpUBe-
fieHle ee K KAHOHNUYECKOMY BHAY.

BxioueHE! 3/1eMEeHTHl aHAJATHYECKON TeOMeTpHH: TIpAMast
JINHUA, MJIOCKOCTh, IPAMAas B IPOCTPAaHCTBE, KDMBRIE U IIO-
BEPXHOCTH BTODPOTO IOPSIAKA.

Paccyxpenus, Kak IIpaBujio, BeLyTCA C ITOJHHIMM JOKa3a-
TeabcTBaMu. OfHAKO M3JI0)KeHMEe BelleTCA TaK, YTO JOKasa-
TeJILCTBA B OOIIEM 71-MEPHOM CJy4yae MOTYT OBITh ONYyINEHBbl,
HO OCTAaHETCA He TOJBKO (GOPMYJHPOBKA YTBEPXKAEHHUA, HO U
JeTaJbHOE pas3bsiCHEHUE TOro, Kak B COOTBETCTBYIOIEM CJIY-
yae OOCTOMT JeJIO B ABYX- U TPEXMEPHHIX cAydYadX.

KaHoHnueckme BMAKI KPUBBIX M MMOBEPXHOCTEH BTOPOTO
NOpsAAKa M3JIOMKEHHI B 3TOM KHHUIe BecbMa KpPaTKO, Tak
KaK OpeAIoJaraercs, 4To OHM NOIOJHHTENbHO OyAyT HU3-
y4yaThCA B BHJE 3alady METOAAMH MaTeMaTHUYeCKOro aHAaJIH-
3a. Kpagparuunasa ¢opMa u3ydaeTca MeTOgaMM MaTeMaTH-
YeCKOr0 aHaJM3a HMJH, eCJM YrofHO, QYHKIMOHAJHBHOTrO
aHaJn3a.

XoTa MBI M Ha3kIBaeM 3Ty KHHTY IIeDBOH B Haleil cepuu,
Ha CaMoOM [iejie MaTepHuaJj 3TON ¥ BTOPOH KHHUTH (IIOCBSIIEH-
HO# AuddepeHNHANHHOMY ¥ HHTETPAJbHOMY HCYMCIEHHIO)
TeCHO IeperJieraeTcsi. XOpOIIO U3BECTHO, B KAKOU MOCJHER0-
BaTeJbHOCTH CJeAYyeT M3JaraTh MaTepuall, COAEpKalquica B
3THX KHUTax.

B KHure uU3j103KeHHLI BCe BOIPOCH, IIPEAYCMOTPEHHEIE IIPO-
rpaMMaM¥ IJS BBICHIMX TeXHHYECKMX yueOGHbIX 3aBefeHMi
(o6bemom 400-500 yacos).



§ 1. OnpenenuTeaH BTOPOro IOpPAAKa

IIycTs 3afiaHBl YHCHa a,, G,, b,, b, (AefCTBUTENbHEBIE HIN
KoMILIeKcHbIe). OHE ompeAensioT yucio a,b, — a,b,, KoTopoe
HasbIBaeTCA onpederumenem M demepMUHAHMOM BMOPOZO
nopadxa ¥ 3aIACHIBaeTCA CHeAyomuM obpasom:

4 4
b, b,
Yucna a,, a,, b,, b, HaznIBaOTCA 3.leMeHmamu onpedenu-
meas (nerepMuHanTa). B onpenenutene (1) pasauyaior nep-
8yl0 cmpoky a,, a, u 6mopyio cmpoky b,, b,, nepewiii cmoax-
6ey a,, b, u emopoit cmoabey a,, b,.
Jlerxo npoBepAIOTCs CHeAYIOLTHE CB0UCMEA Onpedesumens.
Beauyuna onpedenumens:
a) He MEeHAEMCa, eCAU Y Hez0 3aMeHUmMb CMpoKu coomeent-
cmeyruumu cmoabyamu:

=a,b, - a,b, (1)

a @ a b
by by~ |ay by|’

6) menaem 3nax, ecau Yy Hezo nepemenums Mecmamu cmpo-
Ku (cmoabyut):

a a b b
by b @ a
a a a a

by b~ T|b, by



8 §2. OIIPENEJIMTEJIM TPETBEIO M n-ro IOPIIKA

B) yMHONCaemca Ha wucno k (delicmeumenvhoe unu xomn-
JIEKCHOE), eCnU INeMeHmbl KaKoZ0-AUGO €20 CMoabya unu
CMPOoKU ymHoNumsy Ha k, Hanpumep:

ka, b, a b

ka, b, k a, by’
T. €. 00WUll MHONUMENb, NPUCYMCMBYIOWULL 8 CTMPOKe UL
cmoalye, MONHO BbLHOCUMDY 3a 3HAK Onpedesumens;

T) PABHA HYMI0, ECAU INeMeRMbs KaK020-1U60 €20 CMonbya

UL cmporKu pagHvt HyYarl0, HAIpUMED:
0 0
b by

R) pasHa Hyuio, ecau nemenmyl 08Yx CMPOK UAU cMoab-
Y08 coomeemcmeerro paéHbL, HanPUMep:

= 0b, ~ 0b, = 0;

a9 9
a; a
B panpHeiilreM BBOZATCA OmpefeNIATENN TPETHETO M BOOG-

me n-ro mopsaaxa. Ilns Hux ceoiicrBa a), 6), B), T), A) coxpa-
HAIOTCH.

=aa, - aa,=0.

§ 2. OnpeneanTenn TpeTher0 M n-ro MOPAXKA
2.1. Onpegenurenu TpeTbero nopaxka. Yucmuo

A= a,a,a,+ a,a,a, + aa,a0, -

T 01305,05,70,0y05 Q,,8, 8,5, (1)

3aIuchiBaeMoe B Gopme

11 @3 3
A= |9 O On)| (2)
a3; a3, 033
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rae a, — 4ucia (aefiCTBUTeNbHbIEe MM KOMIUIEKCHbIE), Hashl-
paeTca onpedeaumenem NN emepMuUHAHMOM MPembezo no-
padka.

B onpeaennTene (2) pasnuyaloT IepBYI0, BTOPYIO B TPETHIO
CTPOKH, TaK JKe KaK MNepBbli, BTOPOX M TpeTH#l CTONOLBI.
Yucio a,, Ha3bIBAETCA 3/IeMEHMOM ONPeAENUuTeIls; IPH ITOM
nepBEIt MHAEKC k yKa3hBaeT HOMeD CTPOKH, a BTODOH WH-
nexc [ — soMep cronbua, K KOTOPOMY NPHHAAJIEKHUT KaHHBIH
3JeMeHT. ByzeM Takke rOBODHTD, UTO 3JIEMEHT d,, HAXOIXUTCHA
Ha IepeceyeHUH k- cTPOKM U [-ro cronbua. jeMeHTH OIpe-
LeNUTeNd @, 4,,, A, 06pa3yoT 22a8HYI0 JuazoHaLe ONpefe-
JIUTENA, a DIEMEHTHI 4, Gy, A, — No60uHYyI0. MoXXHO TaKKe
TOBOPHUTB, YTO AHArOHAJb, HA KOTOPOH PACIOJIOMXKEHH 3Jje-
MEHTH! a,,, G,,, d,; Ha3bIBaeTCA TJIaBHOX AHAroHAJbIO Olpe-
nennrensd (2).

Crpykrypa BhHpakeHHs (1) JOBOJIBHO IpocTa. ITO €CTh
YHUCJIO, BEIYMCJIAEMOe II0 3JIeMEeHTaM a,, 0 CIeAyIoIeMy Ha-
rnagHoMy npasuiry (Cappioca): cocrasum Tabauny (Capproca),
TIOJYy4YeHHYIO U3 9JIEMEHTOB OIpefeanTens (2), ecid NIpUnucaTh
K HHM IIePBBII M BTOPOil cTOIOUE! onpeaeanTens (puc. 1). Mul
BHJIAM, YTO HAJZI0 B3ATh BCEBO3MOXKHEIE IIPOU3BEJEHHUS dJIEMeH-
TOB, 3a4YEPKHYTHIX NPAMBIMH; IIPH 3TOM TPH IIPOU3BENleHUSA,
COOTBETCTBYIOINME IIPSMBIM, NapaJUIeJLHBIM IJIABHOM QHAro-
HaJI¥, HaJi0 B3ATh CO 3HAKOM ILJIIOC, 4 OCTAJIbHEIE TPH IIPOM3-
BEJIEHUA, COOTBETCTBYIOINHE NMPSAMBIM, NapajjielbHLIM 10604-
HOI AMaroHany, Hafi0 B3ATh CO 3HAKOM MMHYC.

&y T oy Oy .2
Q2 Gz @y a4y ds;

Oy 4z 43y ay  ay
4 Ay

d

Prc. 1
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Kaxpnoe npousBefeHne ¢ yKasaHHBIM 3HAKOM HAa3LIBAeTCA
ynenom onpederumens (2). Cpefu BXOAAIGHX B IPOHM3Bene-
HUA 3JI€MEHTOB MMEIOTCS NPEACTABUTENN OT KAXKAON CTPOKH
H OT KayXAOro CcToNOma. OTH 3J€MEHTHl MOXKHO B KayKAOM
YjleHe PacIOJIOKHUTH B MOPAJKE BO3PACTAHUA MEPBOTO HHAEK-
ca, T. €. HOMEPOB CTPOK, K KOTOPbIM OHH NPHHAAJEXKAT. ITO
u caenaHo B cyMmMme (1). Uro sxe KacaeTca HOMepOB CTOJIGIOB,
K KOTOPBIM IIPUHAJJIEIKAT 9TH 3JIEMEHTHI. TO MX PacIloJosKe-
HHUA JAlOTCA HIKe:

1 2 3,1

3 1, 3)
3 1 2

2 1,
1 2,¢ @)
2 1 3,

9TO BCeBO3MOXKHEIE ITepecTaHOBKY u3 uncen 1, 2, 3. Ilepecra-
HOBKY

1, 2, 3 (%)

U3 yncea 1, 2, 3 Ha30BeM OCHOBHOIL.

T'oBopAT, uTO B IepecTaHOBKE IIPOU3BEJEHA MPAHCNO3U-
yusa 0syx onpedeneHHbLX ee 3leMeHMO8, eCIN ITH IJIEeMEeH-
THI 3aMeHeHbI MecTaMi. Ilocjie TPAaHCIIO3MIMH ITEePECTAHOB-
Ka ImepexoJHuT B APYrYI0 NepecTaHOBKY. B aToif mociaexuei.
MOXKHO cJeJiaTh B CBOIO OoYepeAb TPAHCIO3UI[MIO, B Pe3yib-
TaTe MOJYYHUTCA TPEThA IepecTaHOBKAa (HO He HCKJIIOUYEHO,
4YTO M IepBafd).

Hanpumep, nepecranoBka -

3,21 (6)

moJydyeHa TPAHCIO3UIMEH IIEPBOTO M TPEThEro 3JeMEeHTOB
nepecTaHoBKH (5), a mepecTaHOBKa
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2,31 D

TpaHCIO3UIMEH [ePBOro X BTOPOTO 3JEMEHTOB IepecTa-
noBkH (6).

BasXHO OTMETHTBH, YTO, €CJM HEKOTOpas IlepecTaHOBKa
HoJIyYeHa U3 OCHOBHOM rocpencTBOM N TPaHCIOBMIMH M €CJIH
aTa Ke IepeCcTaHOBKa IIOJY4YeHa M3 OCHOBHOM KaKUM-JIu60
APYTHM IIyTeM mocpencTBoM N, TpaHcmosunuit, To oba umucia
N u N, onHoBpeMeHHO u60 ueTHbie, 1160 HeueTHbie. Ilepe-
craHOBKa uucen 1, 2, 3 HasbIiBaeTcA ¥emuoil (HewemHuoil), ecau
OHAa IOJYYaeTcs M3 OCHOBHON IIepeCTaHOBKHM IIPHM IIOMOIIHA
"yeTHOTO (HEYETHOr0) UucJja TPAHCIIOSUIUM.

ITycts nana mepecTaHoBKa j = (j,, j,» J3)» TA€ Ji» Jp» J5 3TO
yncaa 1, 2, 3, B3sAThIe B HEKOTOPOM nopAake. Yucno mpanc-
nosuyuil, ¢ IOMOIIBI0 KOTOPHIX MOXHO IOJYYUTH ITY Ilepe-
CTaHOBKY M3 OCHOBHOH IlepecTaHOBKH, 0603HauuM uepes t(j).
Torga ImepecTaHOBKa j ABASETCA YeTHOH (HeueTHO#), ecan ¢(j)
— yeTHOe (HeYeTHOe) HHuCJIOo.

IlepecranoBkm (3) — ueTHbIe, a (4) — HeueTHbIE.

Ilocse cKa3aHHOTO MOYKHO JaTh APYroe 3KBHUBaJIEHTHOE
onpezeseHNne ONpegeauTeas 3-ro MOpAAKa.

Onpedeaumenem nimm demepmunaumonm 3-z20 nopadka (2)
Ha3BIBaeTCA YUCIO A, paBHOe CyMMe

a= 20V, a,,a0, ®

J

. t(j) L ge e
npoussefieruii Buga (—1)"q, 7132j,B3j5 » TR J = (Jis Jy» J3) —
BCEBO3MOXXHbIE Pa3jIMYHbIE IepPeCTAHOBKM OCHOBHOII IepecTa-
HOBKHu 1, 2, 3.

9ro ompeznenenne o606IMaeTcA Ha OMpPefeTUTENN UIN [e-
TePMHHAHTHL N-ro nopAxka (n = 1, 2, 3,...).

2.2. Onpepgenunrenu n-ro nopaxka. Onpederumenem
HUY JemepmMuHARMOM N-20 NOPAdKa HA3LIBAETCA YMCJIO, 3allh-
CHIBaeMoe B BHJe
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a4y .- T
Ay ... Gy

A = Ia‘kl = . - . . . - " (9)
anl LY ann

¥ BBIYMCJIAEMOE N0 NAHHBIM YMCJIAM @, (ReHCTBUTENLHEIM MK
KOMIIJIEKCHEIM) — 3JIeMeHTaM OIpeJeNUTeNs — II0 CAeAyIole-
My 3aKOHY: A eCThb CyMMa

A= Z(__l)ru)am B2i3 " Bnjp »
J

pacnipoCTpaHeHHas Ha BCEBOSMOXXHBIE Da3JIMYHbLIE IIepeCTaHOB-

Ka j = (5 ..., J,) ¥3 uncen 1, 2, ..., n. Yucno #(j) pasro uucry
mparcno3uyuil, KOTOphle HYX>XHO cheslaTh, YTOOK IepeiTu oT
OCHOBHO¥ IlepecTaHOBKH 1, 2, ..., n K nepecraHoBKe j = (j,,

. ti j
<ess J,)- TIpoussenenme (-1)"a,; ...a,; nasuBaerca wienon

onpedeaumends.
Onpedeaumenu n-20 nopadrxa ydoéaemeopaom ceoicmeam
a), 6), B), T), 1), nepexucaeHHbviM 6 npedvidyuiem napazpage.
HJoxasaTenncTBo. a) Ilocie 3aMeHHBI y ONpefeIATENS
COOTBETCTBYIOIMX CTPOK CTOJNONAaMHU Temeph yKe HoMepa CTPOK
6ynyT obo3HauaThCcsA BTOPHIMU MHAekcaMu. Hampumep, ans
ompejleINTeNs TpeThero nopsaaka (2) 6yaeMm mMers

a7 @z Q3

@12 Gz A3y
43 Qy3 4ags

= a,,a,05 + a,aa,; + a;a,a,, -

= 030,85 — 4,50, — G,0,0, = A.

B o6ueM ciayuyae o6Iuii YIeH HOBOTO ONPee/INTeNA 3alu-
mercs

1)t
-D""a;,a),5...a; , .



§2. OTIPENEJINTEJIM TPETBEI'O U n-ro IIOPIIKA 13

VnopAA0YXM MHOXXWUTEJIHN IIPOU3IBEAEHUA ajllaiz Qe ajnn o

1epBOMY MHMEKCY, T. €. MBI IEPEXOAUM OT IIePECTAHOBKH j =
= (s s J) K OCHOBHO# IepectaHoBKe 1, 2, ..., n. IIpu arom
Mbl ZOJKHBL coBepInTs t(j) Tpancnosunuit. Torga ocHOBHAA
mepecTaHOBKa BTOPBHIX WHJIEKCOB IlepeizieT B HEKOTOPYIO Iie-
PecTaHoBKY i = (i, ..., i,) ¥ umucJo (i) Oyaer TO# 3Ke YeTHOCTH,
yro 1 uncio #(j). Takum o6pasom,

i
(_l)t(ﬂajll'“ajnn = (-1 (')anlaziz---amn .

HeTpyaHo BUAETH, UTO PA3HBIM IIePECTAHOBKAM j;, ..., j, COOT-
BETCTBYIOT Pa3Hble NIePeCTaHOBKH i, ..., i,. Ho Toraa

Y ()0a,...a;, = Y, DPay.a, = A
i

J

6) ITomMeHsieM MecTaMHM, HAIPUMep, IIEPBYIO M TPETHIO CTPO-
KM ompegenuteasa Tperbero mopsagka (2). Torga momyumm
oIpeJieINTeNb, KOTOPHI 0603HaunM yepes A’, oH OyAeT paBeH

a3 a3z Qg3
AN = |G21 Gy Qo3| = Z(_l)t(l)aajlazjzaljs =
a4 4 43 /

N () a, a;, —- ~1)10) ~
Z( 178,825, %3, =~ 2 DT a8, 0, =4,
j J=UzsJzsir)

TaK KaK IIepecTaHOBKa j = (j,, J,, j,) OTAMYaeTcA OT IepecTa-
HOBKH [ = (j;, Jp» J)) = ()Y J,'s Jj5') omHOM Tpamcmosunueii.

Bynem roBoputs, uTO umMCIO kK YMHOXKAETCA HA CTPOKY
(cTonGerr) onpesenurens, ecau Ha caMoM fesle kK YMHOMXKAeTCs
Ha BCe 3JIeMEHTHI CTPOKH (CTON6IA).

B) YMHOXKEHHe Ha YUCIo k KaKoii-1u6o ctpoku (crosbna)
onpeneauTesNs CBOUTCA K YMHOMKEHHIO BCEX €ro YJeHOB Ha
k, moToMy 4To KaKABI UMEH COMEPIKUT OAMH IIEMEHT yKa-
3aHHO# cTpokH (cronbma). Ho Torza BeamumHa CyMMBI die-
HOB YMHOXXHUTCA Ha K.
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r) OnpenenuTrensb, y KOTOPOTO 3JIEMEHTHI KaKoro-aubo CToJ-
6112 MM CTPDOKHU PaBHBI HYJIIO, PaBeH HYJIO, IIOTOMY YTO BCE
€ro 4JeHhbl, OYeBUJHO, PaBHEI HYJIO.

) OmnpenenuTend paBeH HYJIO, €CJIM OH MMeEET JBe OfAHHA-
KOBBI€ CTPOKH MJIM [Ba OWMHAKOBBIX CTOJOIA. ITO claeAyeT
u3 cBoiicTtBa 6) (A" = —A, A" = A, otkyaa A = 0).

BrruepxkHeM u3 onpegenuTtens (9) n-ro nopsaka i-io CTpo-
Ky ¥ k-1 cronGen,. Ocrasileecsi BRIpa’keHUe IIOPOXKAAeT OIpe-
Aenurens (n — 1)-ro mopaaka M, HasEIBaeMbIil MUHOPOM 3Je-
Mmenma a,. Bernuuna xe

4, = 1M,

Ha3bIBAETCA anzeOpauiecKum 0ONOAHeHUeM RIU A0BIOHKMOM
3JIeMEHTa a,,.

CsoiicTBo e) Cymma npousgedenuil snemenmos a, Hexo-
mopoit cmpoku (cmoabya) onpedenrumens Ha anzeGpauyec-
Kue OONONHEHUA IMUX dNeMeHMmO8 PA6HA BeAULUHE Onpe-
Oeaumeans:

n
A=Na,A, (=1,..,n), (10)

i
k=1

S

A=VNa,4a, (=1,..,n), (10)

~
-

JlokaxkeM 3TO CBOMCTBO AJIA OIPEEJHUTENs TPETHEro Io-
PAAKa B cily4dae TpeTheil CTpoKH. VMeeM

Ay Ay + apAg, +oaypAy, =

a2 O3 a1 O3 a1 G2
=a -a + a =

1 32 33
Az Qg3 a Az a3 Az

= a5,(a,0,; — 6,a,) + a,(a,a, - a,a,) +

+ agn(a,a, - apa,) = A
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Cymmy (10) Ha3LIBAIOT pA3AONeHUeM onpederumenrs no
snemenman i-ii cmpoku, a cymmy (10°) — pasnoxernuem onpe-
Jesumens no anemenmanm k-zo cmoabya.

Ipumep 1. Ecin B onpenenurene A (cm. (9)) @, =a, =
w.=a, =0, A= a A, T. e. BRIUACIEHNE ITOrO
OIIpefieNIuTeNA CBOAUTCA K BEIUMCIEHHIO OJHOTrO €ro ajbloH-
KTa, T. e. onpegeautens (n — 1)-ro nopazaka.

IIpumep 2 Ecam Bce aneMeHTH A, CToAIINE HHXKe
(BBIIIE) TIaBHOM AMaroHanu A, paBHH HyJ© (a, = 0, ecan
k>1(k<l),10A=a,a, ... a,6 ITo clefyeT U3 IpPeALI-
Lylnero mpuMepa.

CsoiicTBo ) Cymma npoussedenuil I1emMeHmo8 a, HeKo-
mopoit cmpoku (cmoabya) onpederumenss Ha cOOMEEMCMEYI0-
wue adsOHKMbL INeMemos dpyzoii cmpoku (cmoabya) pasHa
HYI0:

n

n
N a4, = D a4, =0 (11)
k=1

k=1

i#ji,j=1, ..., n).

B camomM pene, 3aduKcHUpyeM Halle BHMMaHHE Ha MepBOM
cymMMe. 9Ta CyMMa He 3aBHCHUT OT 3JIEMEHTOB j-i CTDOKH.
3aMeHMM B HallleM OIIpefieJINTe]Ie 3JIeMEHTH! j-iI CTPOKM Ha
COOTBETCTBYIOII[ME 3JIeMEeHTH! i-it cTpoku. OT aToro paccMmar-
PuBaeMas CcymMMa He U3MeHHUTCA. Mexay TeM Telleph ee MOXK-
HO pacCMaTpPHBaTh KaK Pa3JjIo’KE€HHEe HOBOTO OIpefesuTeNs
10 3JIeMeHTaM j-H CTPOKM, HO TOTAa OHa paBHa BeJNUYMHE
HOBOro onpeneaurend. Ho mocieguuit paBeH HyJI0 HAa OCHO-
BaHUM CBOIiCTBa 1), IOTOMY YTO OH MMEET OLUHAKOBBIE CTDO-
KA — {-10 ¥ j-10.
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CaoitcTBo 3) ITycmv dansvt 06a onpederumens n-z20 no-
padxa A, u A,, y xomopvlx 6ce cmpoxu (cmoabyvt) odurnaro-
8bt, Kpome onpedenennoil 00rol (001020). Cymma maxux onpe-
deaumeneir pasna onpedenumenio A n-20 nopadxa, y Komopozo
yKasanhas cmpoka (cmoabey) cocmoum u3 cymm coomeem-
cmeyuux sremenmos amoii cmporu (cmoabya) onpedenu-
meaneii A, u A,. Hanpuwmep,

Q1 - Qpy G, @1 -2 Gpa bln
AI+A2=..........-*-----......—_-

Ay --- an,n—l Qnn Qpy --- n,n-1 bnn

@y e G pq (@y, +by,)

R P R

Ay --e Appy (@, +bg,)

B camom geie, pasiaras JaHHBIE OIPEAEIMTENH IO dJle-
MEHTaM Nn-ro cTojabna, MoaydnM

n n n
A+ A= EaknAlm + EbknAlm = Z(au + b)A, = A.
k=1 k=1 k=1

CBoiicTBO u) Benuuuna onpedenumens He u3meHUmcs,
ecau K INeMeHmaM KaKoit-1ubo ezo cmporu (cmoabya) npuba-
sums coomeemcmaynujue anemenmut dpyzoii cmpoxu (cmoa-
6ya), ymHoxcenHble Ha vucao k. Hanpumep:

@y e Ayp G, +kay) 4y -0 Oy

® e o s e e s s s s s s e p— e o o o s . |

ay .- G,y G, +kay) a, ... a,,
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B CHJIy CBOMCTB 3), B), A).

Hapneskalmee nprUMeHeHUe 3TOTO CBOMCTBA IIDMBOAUT BhI-

ypcJeHue AaHHOTO ONpeJeNNuTeNs K BHIYHUCICHUIO ONpesesu-
Tensa Gojiee HU3KOTO IIOPAAKA.

IIpumep 3.
1 4 5 1 4 5 1 4 5
2 3 1}=10-5-9{=10 -5 -9 =
8 1 1 8 1 1 0 -31 -39

759 |5 9| _5.30-9.31 = -84
~|-81 -39 |31 39| o
IIpumep 4.

2 1 1 01 0 5 1
132:—53—1=-"_=51=17.
, 7 2 -7 2

1 46 -7 4 2

IIpumep 5. Onpenenurens

..........
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[IOPOXKAEHHBIN YHCIAMH G, @, ..., G, Ha3BIBAETCA CMeneH-
Hbim uu onpedeaumenem Bandepmonda 1.

9TOT OmpefesMTeNb DaBeH HYJIO, ecld Kakue-iuGo ABa
4NC/a @, ¥ @, PABHEI MexAly coboii. Ecnu Bce a, pasaudHsl, To

A =(a,-a)a, —-a)..(a,-a)-
(@, - a)a,, - a,) ... (a, — a,)-
.(an - an—Z)(an—l - an—z). (12)
(@, - a,_).
B camom pene, mpn n = 2
1 a

A, = =a,- a
2 102 2 1

T. e. hopmyna (12) BepHa. [JomycTum, uto dopmyna (12) Bep-
Ha npu n = k — 1, 1 JOKa)XeM, YTO OHa BepHa Ipu n = k.
Byaem ncnonn3oBaTh CBOMCTBA M), B) ONIPEAENUTENS. Y MHO-
sum k—1-it cronGen B onpesenuresne A, Ha @, ¥ BBIYTEM M3

k-ro, k—2-it cronben yMHOXHM TaK)Ke Ha 4, ¥ BHIYTEM M3
k—1-ro u T. A.; TOrga MOJyYUM

1 0 0 0
1 ay-a; ay(8, - @) ... a3 2(a;—ay)
Ak: . . . . . . . . . . - . . o . . . . - . . =
1 a,-a, a,(a,-a) ... a,’:'z(ak—al)
1 a, ... ak?
1 a; ... af?2
=(a, - a)a,,—a)..(a,—- a) R b
1a, ... a2

! A. T. Baugepmonsn (1735-1796) — dpanmysckuii MaTeMaTHK.
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IHocefHUH ONPERENUTENb eCTh TaKXKe ONpeAeHUTeNb Ban-
ZepPMOHJ NOPAAKa (k —1), TOPOKAECHHDIH YHCIAMH &,, ..., Q,,
[I03TOMY, IIO IIPEAIIOJNIOMKEHHIO, UMeeM

A, = (a, - a)a,,—a) ... (a,— a)-

“(a, - a,)a,, — a,) ... (a;, - a,)-
“(a, — a,,)a,, — a,,)"
‘(a, — a, )

Taxum o6pa3om, B CUIY Me'rojxa MaTeMaTHU4ecKoil HHAYK-
uuu dopmyaa (12) sepua npu aobom n > 2.

CroiictBo K) ITycmo
A, = b} A, = la,).

ITpouseederue dsyx onpedeaumeaneil n-zo nopadxa ¢ Jne-
menmamu b, a, ecmv 6 ceow ouepedv onpederumendv n-zo
nopadka ¢ anemenmamu

n
Y = 2 byj @
j=1

n
A1A2 = Ebk]aﬂ = A.
j=1

Taxum obpasoM, areMeHT Y,,, IPUHAIEKAIMA K k-if cTpO-
Ke U [-my cronbny ompepenurenst A, paBeH, KaK TOBOPAT,
npouseedenuto k-it cmpoxu onpedenumens A, na l-it cmonbey
onpedearumens A,. Ha camoM fese 3T0 ecTb cymma npousae-
Jenuli /1eMeHTOB k-if CTPOKHM omnpejenuTens A, Ha COOTBeT-
CTBYIOI{I€ 3JIEMEHTHI [-ro cronbua ompeAenuTens A,.
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Tax Kax B OMpeAEJIHTENAX A, U A, MOXKHO MEHATHL CTPOKH
co cronbuamMu, TO, OUEBHAHO, 3JIEeMEHTHI Y, MPOM3BeJeHHA A
MOXKHO CTPOMTB TaKiKe, 6epsl mpoussenenue k-it CTpoku A, Ha
l-10 cTpoKy A, MM mpousBefeHMe k-ro cronbuma A, mHa [-it
cronben, A, mnu k-ro cronbma Ha I-10 CTPOKY.

JokasaTenbCcTBO. Y6emuMcsa B CIIpaBeJIMBOCTH CBOA-
CTBa Ha IIpMMepe ONpeAeMTeIel BTOPOTO NMOpAAKa:

b b ay Yii Y2
A, = 11 12’ A, = a1 1 , A=
by by Gy Y1 Yae
rzie
Yu = bnau + bnan, Y2 = bualz + bxzazz’
Yoo = bpay + bya,, Yoo = 0381, + by,

B cuny cBoiicTs 3), B), 1)

A= buaiy  buagp +bipan + biay  biaip + 1285 |
bty bayays + 03009, ba@ar 091815 + byaay,
b b, b b b
=a,a, H R 21182 b + a,,a, 12 M+
b b. b. b
21 21 21 22 22 21
b b by by,
+ a,a, b Ba = a,a,°0+ a,a, by by
by by
T 81,8, + 8,850 = a,,8,A, — a,a,A =
21 b22

Afay,ay — a,a,) = AA,.

B ofineM cnyyae onpesenuTeneil n-ro NOpsSiAKa MOXKHO 3allHCATh:
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n n n
2 alsl bsll z alsl b312 b z alsl bsln

s1=1 s51=1 51 =1
n n n
2 aZsz bszl Z aZsz bszz b 2 azsz bszn
A= sg=1 s9=1 sy=1 -

e e o o o o o o o o 6 o s s e s s s o o o

za""nbs 1 z ns, sn : z ns,, s,,

sp=1 sp=1 sp,=1

bsll bs12 e bsln
b

e = sg1 bs22 e bszn
DD AT _

ool ool e e e e e
b1 b2 - bsn

2 a5, a2sz see ans,, (_1)‘(’)A1 = AzAn.

$=(51,52,..-»5,)

IIpu BBIYMCIIEHUU OTAeNbHBIX 3JIEMEHTOB A MbI BOpaBe BhIGHpATh

n
moGoll MHAEKC CyMMHpOBaHAA § (Y, = Zaks b,), HO Ana pams-
s=1

Hejilllero yAo6HO AJIA mepBOM CTPOKH A B3ATH B KadecTBe TAKOTO
MHJEKC S,, IJIA BTOPO# —S, X T. A. Bropoe paBeHCTBO MMeeT MecTO
Ha OCHOBAaHMM CBOMCTB 3) M B); OPH 3TOM KpaTHas CcyMMma

§ / E coe E pacopocTpaHseTca Ha BCeBO3MOX>KHbIe IIepeCTaHOB-
sp=1sg=1 sp=1

K1 (8, S, .oy 8,), TAe 1 < s; S n. OnHako eciau B Kakou-nubo
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cucreme (Sl, Sy eeey Sn) ABe KOMIIOHEHTHl S, H SI paBHBl MeXAY

coboit (s, = s

» i # j), TO onpepnemuTeis

b |= 0. ITosaTomy Ha

1l
CaMOM JleJie B KPaTHOH CyMMe MOXXHO OCTaBUTh TOJBKO UJIEHBI,
COOTBETCTBYIOL[ME PA3HLIM II€PECTAHOBKAM (S, ..., s,) 1 HaTypasb-
HBIX uncexa (1, ..., n). IIpu arom, oueBHAHO, OKakKeTcd, YTO Om-
pelenuTenb

b

| = (-1yon,.

§ 3. MaTpunnl

Tabauna uucen o, (mefiCTBUTENbHBIX WU KOMILJIEKCHEIX)
BHJA

Oy --n Oy, Oy «e Oy,

alee ol Clal e @) @
aml cee amn aml cen amn
[ 4

cocTosInasi U3 M CTPOK M 71 CTOJNOLOB, HA3HIBAETCA MAMPU-
yeir. Yucna o HA3BIBAIOTCA ee daeMermami. ITO IPSAMO-
yrompbHas Marpuna. Ilpy m = n oHa HaspIBaeTcA kKeéadpam-
HOUL Mampuyeii n-ro MopAgKa.

Ecnu sagana sropas marpuna B = |B, || ¢ anemenramu B,
TOXKe COCTOAINAA U3 M CTPOK M 7 CTOJGLOB, TO OHA CUMTA-
eTcsl paéHoll MaTpUle A TOTAA M TOJHKO TOTJa, KOTAA COOT-
BETCTBYIOLME 3JeMeHTH obenx marpui passsl (o, = ). B
aToM ciyyae mumyT A = B. Marpua |o, || me ects uncio — ato
Tabnuia. OfHAKO JJIS KBaJpAaTHOM MaTpPHMILI MOXKHO paccMart-
pusath wucao |o| — onpedeaumens, nopoxmdennbvil smoit
mampuyeil.

IIycts kB — HaTypajbHOE YKCJIO, He IPEeBBIIIAIOIIEE /7 U 1L
(k < m, n). BauepkHeM B Tabmuue (1) kaxkue-1u60 £ cTonbuOB
M kB CTPOK. OJIeMEeHTHI o,, HaxOAsIHecH HA nepeceve inu
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3auePKHYTHIX CTOJOIIOB M CTPOK, 06pasyIoT KBaJ[paTHYIO MaT-
puily, KOTOpasi IIOPOXKJAeT ONpefenuTeNnb Kk-ro MOpAAKa.
TlonydyeHHHIH ONIpe/leINTENIb Ha3hIBaeTcA onpedenumenem k-
20 nopadka, nopoxcdennvim mampuyeir A.

Parnzom MaTpHUIbl A HaspIBaeTcAa Haubosblllee HaTypajabHOE
yuesio k, IJIs KOTOPOTO CYIIeCTBYyeT He PaBHBIM HYJIIO OIIpefe-
nuTenb k-ro MopAAKa, MOpoXKAaeMuli MaTpuneil A (cM. § 4).

Ecnu B Mmarpuue A cjejaTh ee CTPOKM CTOJOLAMHU C TeM
JKe caMbIM HOMEPOM, TO IOJYYMM MaTPHIY

Oy er Oy

A’= e o o o s o . , (2)
Oy oo Omp

HA3BLIBAEMYIO MPAHCNOHUPOBAKHHOU K A mampuyeli.
Ecin B Marpuiie A ee 3JIeMeHTH O, 3aMEHHTh HA UM KOM-
NJIEKCHO CONDPSMKEHHBIE, TO IOJYYUM MATPHUILY
Oqp -ee Oy

=1 - =l

Ha3bIBAEMYIO KOMNNAEKCHO CONPAXEHHOU ¢ A mampuyeil.
Hanee Mmarpuua

(Xu s anl

1—1,=(A)I= S R Ny

Oy, .- O,

Ha3bIBaeTCA CONpANCEHHOL ¢ A mampuuyeil.
Ecnu A — peficTBuTenbHas MaTpMIA, T. €. MMeoIIada Aei-
CTBUTeNbHBIE 3JIeMeHTHl (T ,, = O,), TO, OUYeBHAHO,

A= A4, A = A
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MaTtpuisl OJHOTO ¥ TOro Ke pasMepa, T. e. cocToALIHe U3
ONMHAKOBOTO YHCJjia CTPOK M CTOJOIOB, MOXXHO CKJaAbIBaTh.

Cymmoii nsyx raxux matpun A = |o ]| u B = ||B | naspiBaercs

marpuna C = "’Y.,"a 3JIeMeHTHl KOTOPO#M paBHEI cymMMe COOTBET-
CTBYIOIMX 3JIeMeHTOB MaTpun A u B: Y, =, t Bu. Cumso-
JUYecKH 3TOT ¢paxT OyfeM 3amMUCHIBATh TaK:

A+ B=_C.
Jlerko BuzeTh, 4TO
A+ B=B+ A,
(A+B)+C=A+(B+0).

ITpouseedenuem wucna A ha mampuyy A (nau npounssese-
HMeM MaTpuubl A Ha yucyio A) OyaeM HaswsiBaTh MATPULY,
3JIeMEeHTHI KOTOPO#l paBHBI IPOM3BEAICHUIO YMCIA A Ha COOTBET-
CTBYIOIMYe 2JeMeHThl MaTpunbl A. Takum obpasom, A4 = AA.

IIpumep. Ilycts
1 0 2 2 0 1
A=12 3 1) B=12 1 1/
HaiiTu marpuny AA + pB.

Ha ocHoBamuM omnpefieJleHHUsI CYMMBI MATpHI[ 1 yMHOXe-
HUA MaTpHIBl HA YHCJIO UMeeM

A 0 2\ 2 0
M=ipan 2)0 *=lop p u)

A+2p 0 20+
M+ PB= 9} 190 Bh+p  A+p)
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§ 4. CucreMa JHHeHHHIX ypaBHEHHH.

Teopus Kpomexepa—Kanennn'

4.1. CucteMa U3 n JUHEeHHBIX YDPaBHEHHH ¢ n He-
u3BeCTHHIMU. BynemM HasplBaTh MPON3BOJBLHYIO CUCTEMY U3
n uucen (X;, ..., X,) N-MepHbiM 8exmopom U 0603HAYATE ero
TaKoKe OfAHOM (PKMpPHOMI) OYKBOH X:

x =(x, ..., X,)-

Yucna x, (meiicTBUTENIbHBIE WJIM KOMIIJIEKCHbIE) Ha3hIBAIOT
Komnorenmamu BeKTopa x. BekTop

0=(0, ..., 0)

Ha3LIBAETCA HYJNEBbLM BEKKMODOM.
3asaquM CUCTEMY M3 72 JUHEHHBIX YPaBHEHUH C 7 HeU3Be-
CTHBIMM

auxl + ... +alnxn = yl’

1)

anlxl + ... +a,mxn = yn.

UYucna a,, (neiicTBUTENEHBIE WM KOMIUIEKCHBIE), Ha3LIBa-
eMble Koaduyuenmamu cucmemst (1), 3agansl. Bysem erre
roBOPUTH, 4TO cucTeMa (1) onmpenensercs MaTpuuei

all LN aln
A=la=f------ 2
anl LR an”

ee KoapduneHToB.
Hac Gymer unTepecoBaTs BOIpPOC O Pa3pelIMMOCTH CHCTe-
Mbl (1) gra KaxkAoro BexTopa (CHCTEeMBI YHcel)

Y=Yy - Y-

' JI. Kponekep (1823-1891) — uemenxwuii Maremarux, A. Kameaan
(1855-1910) - uTanbAHCKH# MaTeMaTHK.
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CucreMa uucesn (BeKTOD)
x=(x, ..., x,)

HAa3BIBAETCA peuleHuem cucmemvt ypasreruii (1), ecau yucaa
X; YAOBIETBOPAIOT 3TUM yPaBHEHHAM.

4.2. Dopmynn Kpamepa.

Teopema 1. Ecau onpedeaumend cucmemst (1) e pasen
HYJ10:

A=la)=0,
mo cucmena (1) umeem edurcmeernnoe pewenue 0as 1106020
gexmopa y, evinucasemoe no gopmyram (Kpamepa®)
x,=46/A - (j=1,.., n) 3)

20e Al — onpedenumenv, noayuwaemviii u3 onpedeaumens A,

eCcau 8 HeM 3aMeHUmMb Hucaa j-ZO cmo.ndua coomeemcmeerHHO
HA Hucaa y,, .., y,:

au cee al'j__l yl al'j+1 cee aln

N 2 4)
apy .- an,j—l Yn an,j+1 cee Qpy

Taxum o6pasom,

S

Agy, G=1,..,n), 3)

s=1

> |

2de A,; ecmb adsionKm snemenma a,; 6 onpederumene A.

HDoxasarenbctso. Ilycrs (X, ..., X,) eCTh pellleHHE CH-
cremsl (1). UToObl HAWTH HEM3BECTHOE YMCJIO X, YMHOMXHM
mepBoe ypaBHeHHe cucTeMs! (1) Ha agbIOHKT A, BTOpoe — Ha
A,, ..., n-e — Ha A, ¥ CJIOXHM BCe yDaBHEHHUS CHCTEMBI.
Torga, yuurTeiBas, 4To

! I'. Kpamep (1704-1752) — mBe#iapCKHit MaTeMaTHK.



§4. CHCTEMA JIMHEWHbBIX YPABHEHUH 27

n n
2 a XA, = X 2 a4, = 1A
k=1 k=1

n
Y a2 A, = %) A, = 220 =0 (j=1),
k=1

noaydaeMm x,A = Al, rge

B 42 .-+ Oqp

Al=2ysAn= N R
s=1 yn anz s a,m

CrepoBaTeIbHO, TaK KaK Io yciaosuio A # 0, To x, = Al/A.

B o6ujem ciyuae Ipu MPOM3BOJIBHOM j YMHOKAEM IIepBOe
ypaBHeHHe cucTeMHI (1) Ha A, , BTOpoe —~ Ha Azj, .esy N-€ — HA
A, CKIaJBIBa€M 9TH YDAaBHEHMS U IONYYaeM Ha OCHOBAHUM
CBOJICTB ompeZieuTeIei €), X) PABEHCTBO

n n
xiz ay; Ay = 2 Yr Ay
k=1 k=1

T. €.
xA = N,
rae
n a1y -+ A1 Y1 Gy -e- Oqy
Ai=2ykAkj=.................._
k=1 An1 --+ Qpj1 Yn Qpje1 --- Qpy

Orcroga B cuny Toro, uto A # 0, ciepyer paBeHcTBO (3).
Mer moxasamu, uro eciu (x,, ..., X,) €CTh DelLlIeHHe CHCTe-
Mel (1), To uncna X; onpefieNIAI0TCA hopMynaMu (3).
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O6paTHO, COBOKYIHOCTb YHCEJI x, = N/A (G =1, .., n)
sABJAeTcA pemeHneM cucteMsl (1). B camom nene, noacrasnss
x, (=1, ..., n) B neByIo uactb k-ro ypaBHeuus (k =1, ..., n)

cucTteMHl (1), Ha OCHOBaHMM CBOMCTB €), >K) ONpEAeNUTeNs,
¥Meer

2% N _2 Gy Zys
A

J=1 s=1

1 Zys z ,,,J _— —Al—ykA= Y,

s=1

Taxum o6pasom, yucia (3') AeiCTBUTENIBLHO ABIAIOTCS pe-
meHueM cucremsi (1).

4.3. Oguopoaunasa cucrema. CucreMa ypaBHeHHH BHAA
apx + ... +a,x, =0,

(5)
a,ux+ ... +a,x, =0

HasbIBaeTcAa 00Hopodrnoii. OHA ABAAETCA YACTHHIM CIydaeM
cucremnl (1) mpu y, = ... = y, = 0. dcHo, uTO HyIeBoi
BEKTOD

x=0,...,x,=0

YAOBJIeTBOpPAET ofHOpoAHO# cucreMe (5). Ho MorkeT cayuuTs-
cs, 4YTO OJHOpOoAHAs cucTeMa (5) yaoBIeTBOpsSeTCA He HyJe-
BHIM BEKTOPOM X = (X, ..., X,), T. €. BEKTODOM, MMeIOWUM
xots Gbl oYy KomnoHeHTY X, # 0. Ero massisaroT nempusu-
albHbLM peuteHuem 00Hopodnoil cucmembt (5), a HyJIeBOH BeK-
TOpP IO3TOMY HA3BIBAIOT MPUBUAAbHbIM peuleHuem 00HOpoO-
Holl cucmembt (5).
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Teopema 2. Ecau onpedenumend A 00HOpodHOil cucmembt
(5) ne pasen nyao (A # 0), mo ama cucmema umeem moavko
mpusuaLbHOe peueHue.

B caMoM geje, B CHJIy CBOMCTBa I') Bce ompejieiurenu A/ =
= 0 (cM. (4)), mosTOMY B CHIIy paBeHCTB (3) X = 0G=1, ..., n).

Teopema 3. Ecau cucmema ypasnenuii (5) umeem He-
mpueuaabHoe peuternue, mo ee onpedeaumend A Heobxo0umo
paser nyato (A = 0).

B camoM jpene, ecau 661 A # 0, To o TeopeMe 2 cHCTeMa
(5) umesia 6B TOJBKO OJHO TPMBHAJIBLHOE pellleHHe.

Briie Ml MccIeLOBaNIH JuHelHyo cuctemy (1) B cayuae,
Korza ee ompezaenureiab A # 0. B aToM ciyuae GbLIO IIOKa3aHO
(reopema 1), uro cucrema (1) umeeT ais 10003t IIpaBoM yacTu
y = (Y, ..., Y,) GAMHCTBEHHOE DeIleHNe, BHIYUCIAEMOE IO
dopmynam (3).

44. TlpaBuiao pelleHMSA CHCTEMBI JAMHEHHBIX
ypaBHeHuil. Temeps MBI IepeXoUM K HCCJIeOBAHHUIO CHC-
TeMsl (1) B cinyuae, Korga ee ompegenuteas A = 0. Bygem
NIpeAnoJiaTaTh, YTO XOTS OBl ORAMH 3JIEMEHT MAaTpPHULIE A
(cM. (2)) He paBeH HyJI0 U 0603HaYUM paHr A yepes k (k =
= paHr A). Taxum obpasom, 1 < k < n.

Harmeit neasio GyfeT AokasaTh ciefylolnue npasuia (AB-
HeIM 00pa3oM OHH CHOPMYJIHMPOBAHEL ¥ AOKa3aHB KpoHexe-
pom u Kanensn).

Ecnu Mur xotum pemnts cucremy (1), Aas KoTopoit usse-
CTHO, 4TO paHr Marpunsl A ee KoaddunueHTos paseH k, TO
MBI NIOJI’KHBI Y3HATh PaHT PACUWUDPEHHOLL MAmMPUybL

Q1 - QG Y

B=|" e,

ap - Qu, Yy

NOTyYeHHOH! mpucoeguHeHNeM K A croabima
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Y U
Ya Y2
Yn Yn

1) Ecnu paur B Gonwure panra A (paur B > panr A = k),
To cuctema (1) BoBce He uMeer pemenuit. OHa npomuegopevu-
6a — He CYINeCTByeT BeKTopa X = (X, ..., X,), YAOBJIeTBODA-
I0ILero OAHOBPEMEHHO BceM ypaBHeHHAM (1).

2) Ecau panr B pasen paury A (paur B = paur A = k), To
cucrema (1) umeer perurenusi. YTo6bl HAUTH MX, MBI JOJIYKHBI
BHIOpaTh U3 cucTeMul (1) Kakue-HUOYAL £ ypaBHeHUH, MaTpUuLa
k03¢ hUIIEHTOB KOTOPBIX MMEET PAHT K, ¥ PeIuTh 3TU £ ypaB-
HeHMi. Pemenuii y aToit cucremsl U3 k ypasHeHuit 6yzger Oec-
KOHEYHO MHOTO, HO UX MOJKHO 3alucaTh B 0003pDHMOM BHJE.

IIpu sTom moGoe pemreHne B3SITHIX HAMH K ypaBHEHMH
aBTOMAaTHYECKH SBJISETCA DellleHWeM OCTAJNBHHEIX 1 — E ypaB-
HeHuit cucremsl (1).

IIpaBuna 1) m 2) MCcUepIBIBAIOT BO3MOXKHEIE CHTYAIlHH,
TIOTOMY 4TO paHr B He MoXKeT GbITH MEHbIIUM k.

Bexar MaTpuiia A 1o yCJIOBHMIO IIOPOKAAET He DABHBIM HYJIIO
omnpejennTeNb k-ro MOPAAKA, KOTOPHIM IOPOXKAAEeTCS TaKIiKe
u maTtpumneit B.

4.5. lIlpuMepsl TIPUJOKEHUA NPABHUI.
IIpumep 1. Cucrema

x+y=1,
x-y=2

HMeeT oIlpeAeInTeNlb

1 1
=-2=%0

A= ’1 -1
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U IOTOMY HMMeeT eRHMHCTBEHHOe DellleHHe, KOTOpOe MOXXHO
BBIYUCIUTE IO opMyIaM

x = Al/A, y = A%/4,
roe
11 L ot
1 = — = =
A=lg | =% A=l 2| =L
T. €.
.3_3 1 _ .1
T 2T 2 yT 2T Ty

IIpumep 2. Cucrema

x+y=1,
(6)

x+y=2
¥MeeT OIpefAeJuTeNb, PaBHBIN Hya0. MaTtpuna

1 1"

b
|

1 1

umeer panr A = 1. A marpuna

1 1 1
1 1 2

umeer panr B = 2. Tak kak panr B > panr 4, 1o cucrema (6)
He MMeeT pellIeHUi. ITO BUAHO, BIpOYeM, M 0e3 HalIeil Teo-
PMH: OZHO M TO XK€ YMCJIO He MOXKeT paBHAThHCH U 1 u 2.

B =

IIpumep 3. Cucrema

2x +2y =2,
(7N

3x+3y =3

umeem ompenenurenab A = 0. Marpuna



32 §4. CHCTEMA JIMHENHBIX YPABHEHUN

2 2
3 3

uMeeT panr A = 1. Pacmupennaa marpuma

A=

2 2 2
3 3 3

B - 1
To)xe uMeeT paHr B = 1. Tak kak panr A = paur B = 1, Tto
6epeM OfHO YypaBHEHHe

2x + 2y = 2. (8)

Koaddunuenr npn y He paBeH HYJIIO, IIO3TOMY 9TO YpaBHeHUE
MOKHO PeIIUTh OTHOCUTEJIBHO Y:

2-2x
y= 2 =1- x. 9)

®opmyia (9) maer Bce pemienusa ypaBHeHus (8). Mul MoxxeM
3agaTh Ji060e 3HaYeHME X (—oo < X < o) U BHIYUCJIUTDH 3HaUE-
e y o dopmyne (9). Ilonyuum cucremy (Bextop) (x, ¥y),
YOOBJIETBOPSAIOIIYIO ypaBHeHUIO (8). MHOXeCTBO Bcex cHCTEM
(x, 1 — x), rme x € (—oo, o), 0Opa3yeT MHOYKECTBO BCEX peIrre-
HU# ypaBHeHMA (8). 3TH pellleHUsA aBTOMATHUYECKHU SBJIAIOTCA
PeLlIeHUsIMHA ¥ BTOPOrO YpaBHeHHA cucTeMHI (7), IOTOMY YTO
paur A = pasr B. B gaHHOM ciiyyae 3TOT pe3yJIbTaT O4eBULEH
0e3 MpuMeHEeHUA TeOopuHU O paHrax marpuy. KosdduimenTs
ypaBHeHHUi (7) BMecTe ¢ MX IIpaBLIMM YACTSIMH COOTBETCTBEHHO
TIPOMIOPIUOHAJIBLHEL, TIOATOMY SICHO, YTO BCSKOE pellleHue OXHO-
ro U3 3TUX YPaBHEHMH ABJIAETCS TaKyKe pellleHUeM APYToro.

IIpumep 4. Cucrema

x+y+ z=1,
2x+y+2z=1,
x+y+3z2=2
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HMeeT olpelenunuTeslb

-2=z0

W N b
I

1 1
A=12 1
11

¥ IIO3TOMY MMeEEeT €AMHCTBEHHOE DellleHMe, KOTOPOoe MOMHO

BBIYUCINTS 10 popmMyaam

1 11 1
e= Lo 21 o2l
A 2021 3
N
y- -l o2,
1 2 3
. 111
,- 8 _lg 1 11
ATz, 42

IIpumep 5. Cucrema

x+y+ z=1,
x+y+2z=1,
x+y+3z=2

HMeeT oIIpeneiuTellb

- e
[VOR I
I
(=]
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Marpuna
1 11
A=11 1 2
1 1 3
uMeer paHT A = 2, Tak Kak A = 0, HO MMeeTCsI OIpeAeINTEND

BTOPOro NoOpsfKa, MOPOXKAEHHBII MaTpuueir A, He paBHBII
Hymo. Hanpumep,

1 1 I
1 2| ° 7
Marpuna
1 1 1 1
B=1{1 1 2 1
1 1 3 2

uMeeT paHr B = 3, Tak KakK oIpegeauTelNb, IOPOXKIEHHBIH
39TOi1 MaTpuue,

=1=20.

w N -
DN =

Tax xak panr B > paHr A, To cucTeMa He ¥Me€eT pelleHusd.

IIpumep 6. Cucrema

x+ y+ z=1,
x+ y+2z=1, (10)
2x+2y+42=2

HMeeT oIIpeneJnTeNlb
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>

Il
D) b=
Do M

DN =

Il

[=]

Jlerxko moACYUTATE, UTO MATPUI[BI
1 1 1 1 1 1 1
A=|1 1 2y, B=1|1 1 2 1
2 2 4 2 2 4 2

HMMeIOT paBHBIE PaHTH, IpudeM paHT A = panr B = 2. Bribe-
pem u3 cucteMrl (10) ABa ypaBHeHUA TaK, YTOOBI PAHT MaTpHU-
el A" 13 K03hPUIMEeHTOB 3TUX YpaBHeHUi Obl1 paBeH 2. B
NaHHOM cCJIydyae MOJKHO B3ATH IIEPBOE M BTOPOE YPaBHEHUA
HJIU IIepBoe U TpeThe. ITak, PACCMOTPUM CHCTEMY

(1)

x+y+ z=1,
x+y+2z=1

IlepeneceM B mpaBble YaCTH 3TMX YPaBHEHHUH OXHO U3 HeM3-
BECTHBIX TaK, YTOGHI KO3(pPUMMEeHTH! IPH OCTABIINXCA Heu3-
BECTHBIX 00pa3oBhIBaIM MaTpuny A”, y Koropoil panr A” = 2.
B namnoM ciyyae MOMKHO HepeHECTH HJM X HIH Y.

Hrak, HEOAHOpPOAHAA CHCTEMa

x+ z=1-y,
x+2z2=1-y 12)
UMeeT OIpeJeIuTeNb
’” 1 1
A” = 1 2| = 1=0,

II09TOMY OHA MMeeT eJWHCTBEeHHOEe pellleHUe IpHU Jro6oi mpa-
BOM yacTu:
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_Ll—yl_ _111—y
x_A” l_y 2 —l_y’ z2= A” 1 l_y =O'

Taxum obpasom, Tpoitku uucen (1 — y, y, 0) npu BcaxoMm
Y € (—oo, o0) naioT Bce perreHns cucremsl (12) 1 aBromMaTHyec-
KU pellleHUA TpeThero ypaBHeHus cucreMsl (10) (saro ypasme-
HYe NOJy4YaeTcs M3 BTOPOro YMHOXKEHHEM Ha 2).

4.6. O6ocHOBaHHe IIPaBUJIL

Teopema 4. Ecau cucmema (1) coemecmua, m. e. umeem
xomsa 6vl 00HO peweHrue x, mo Heo6xodumo panr B = panr A.

Teopema 4 maer oGocHoBaHMe mpaBmiy 1) (crp. 29), mo
KOTOPOMY, ecl¥l paHr B > panr A, To He BHIIIOJIHSAETCSA HeoO-
XOJMMOe YCJIOBME COBMECTHOCTH (HeIIPOTHMBOPEUYMBOCTH) CHC-
reMsI (1).

HokasarenbcTBo Teopemnu 4. Ilycrs cucrema (1) mmeer
pemenne u pasHr A = k. Ham Hajfo foxasats, 4uTo paHr B = k. Tak
KaK IO YCJIOBHIO paHr A = k, TO CyIIeCTByeT He DPaBHBLIH HYJIIO
ompejeauTesab k-ro nopagKa, NOPOXKAAaeMBId Marpuoeit A, ciepo-
BaTesbHO M Matpuneit B. Iloaromy panr B > k. Ocraercs noxa-
3aTh, YTO BCAKHH ompepenurenb (kB + 1)-ro mopsagka, mopoxxjae-
MBIl MaTpuneil B, pased Hydio. Eciim Takoit oOpenenuTens COCTOUT
TOJBKO H3 J/NEMEHTOB 4/, TO OH 3aBeJOMO PaBeH HYJIO, NOTOMY
YTO OH IOPOXKAAETCA TAK)Ke M MaTpUIe# A, KOTOpas IO YCJIOBHIO
umeer panr k. Takmm ofpasoM, HY)KHO [AOKa3aTb, UYTO JIOOOH
onpeaenutens (k + 1)-ro mopsigka, DOpoKAaeMblii MaTtpuneit B u
cozep:kamieit B cebe croxben M3 duces Y;, PaBeH HYJIO. He napy-
mas OOGIIHOCTH, MOXKHO CUMTAThH, YTO 3TO ONpeAeIHTeNb

a4, cee Qg U

Api11 +- Cpite Yre

K atomy MoxHO cBecTn m060ii ciy4ail, IepeHyMepOBbIBas COOTBET-
cTBYIOINMM o6pasoM ypaBHeHHs M HeusBecTHele x. Ilo ycnosuio
cucrema (1) coBmecTHa, T. €. CyIIeCTBYeT BeKTOp X = (x,, ..., X,),
YAOBIETBOPAIOINUN ypaBHeHHMAM 3T0i cucremsl. Ho Torma x, B
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4YaCTHOCTH, YAOBJIETBOPsAET IEepPBBIM kE+1 YPaBHEHUMAM 3aHOBO
nepeuymeponanﬂoifl CHCTEMBI. Cnenona're.nmio,

anxl + ... + alkxk + )‘1 = 0,

13)
Qpy1 X + oo F Qg Xt Ay =0,

rre
M =8 paXpa t e H 01X, Yy
(14)
Aps1 = Gpyr pe1Xpe1 T oo + Bpiy nXn — Ups1
CocTaBaM CHACTEeMY C HEH3BECTHBIMH Zl’ 22, cesy 2“12
a2y + .. 05,2, +A2, =0,
(15)

Q1121+ oo F @iy 2+ A2 = 0.

Ha ocroBanuu (13) u (14) 3Ta cucrema yAOBJIeTBOPAETCA YUCIAMU
X, --.» X, 1, cpeiu KOTOPBIX BO BCAKOM CIy4Yae OAHO He PaBHO
Hymo. Ho Torna ompezenurens oxsopoxHoil cucremsl (15) pasen
Hymio (cM. Teopemy 3), T. e.

G s G GpaXpa T F0X, Y

0= S e e s e s e s e e 4 e e e s e e e e e e e e e e e =

Api11 o0 Qpelk Qpilks1Xpe1 T oo T Qp1n Xy — Vi

n 4G e Gy, a5 Gy .- G L1

s=hktl Qi1 oo+ Operk Cpirs| |Bk+11l oo Cralk Yrel
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Q3 ... Gy L)1

=_............,. (16)
Q1,1+ Opirk Yrar

noromy uto onpegeautenu ((B + 1)-ro mopsaka!), Bxozamue B

cymMmy z , PaBHBI HYJII0O — Befb DaHr MaTpHUUbl A paseH k.
8

M= pokasanu, 4yro jaw060it onpenenutens (B + 1)-ro mopsaaka,
mopoKfaeMblit MaTpuneidr B, paBeH Hymo, 4To M TpeboBajoch
JOKa3aTh.

IlepeitnemM Temepps K oGocHOBaHMIO mpaBmia 2) (ctp. 29). Tak
Kak paHr marpunosl A pasen k (pasr A = k), To cucrema (1)
cofiep>kuT k ypaBHeHH#, MaTpuna K03bdHIUEeHTOB KOTOPHIX IIO-
POKAaeT He PaBHBIA HYJIO ompeaenuTens k-ro mopsapka. Ilepeny-
MepOBBIBas 3aHOBO YPaBHEHHUA M HEHM3BECTHHIE, MOXXHO AOCTHTI-
HYTh TOrO, 4TO IepBble k ypaBHeHHi#t cucremsl (1)

apX + ... HaopXx, =4,
...... e e e e e e a
A X1 + oo FQppXp =Y,
OyAyT MMeTh ONpejeIHuTeNb
a1 - O
o = e 0 e e e e z 0.
akl D) akk
IlepenymepoBanHyo cucreMy (1) mepenuimem eme Tak:
X+ e H QXL =Yy T py1 X1 T e — 1%y

Xy + ooo + Xy = Yp — Qp pe1Xps1 ~ -o0 ~ CpnXp-
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B cuay TOro, 4To ompeienurens © # 0, no6oit cucreme umucesn
X,.y» +++» X, COOTBETCTBYET €{UHCTBEHHAs CHCTEMa HCEN X, ..., X,
KOTOpHIE, OYEBHAHO, MOXKHO 3amHMCaTh CHeAYyIOmHM obpasoM:

ol 1¢
X =—== Z(ys = 8y 41 Xpe1 ™ - —A5n %) A gy
(o) (o)
s=1
e o s e e o . N ¢
k (18)
of 1 A
Xp =— _2 _as,k=lxk+1°'"‘_asnxn) sk?
c o4

rie A, — afBIOHKTH 3JIEMEHTOB 4, B oNpefieJuTeNe O. Crnepo-
BaTeAbHO, Bce pemenusa cucreMmsl (17) samucaHH mo dopmyne
(18). Ymcnam x,,,, ..., X, MOXKHO IPHUAABATh JN00be 3HAYEHUH,
a uhacna X,, ..., X, GyAyT BRrumcaaAThCA mo Qopmyram (18).
Orcloga MBI BHUAMM, uTo cucrema (17) umeer GeckoHeuHOe
MHOKECTBO peIIeHU.

M=ul xoTM 0GOCHOBaTh, 4YTO, €CJIM paHr A = paHr B = k, TO
a060e HalIeHHOe HaAMM pellleHWe X NEepBhHIX K ypaBHEHHH cHCTe-
Mu (1) aBTOMaTHYeCKH ABJIAETCA PEIIeHHEM OCTAJIbHBIX ypaBHe-
HUi 3Toil cuctemsl. [ OonpeXeNeHHOCTH NOKaXeM, YTO OHO fAB-
naerca pemenuem (kB + 1)-ro ypasHenusa. Hrax, paccMoTpum
nepsble (B + 1) ypaBHeHHit cucreMsl (1), KOTOpble MBI 3amuIIEeM
B Buze (13). Hano mokasaTh, 4TO BCSAKOE pellleHHE X NEpPBBIX £k
ypaBHeHu# (13) aBTOMaTHYecKH sBisercsa pemeHuem (k + 1)-ro
ypaBHeHHsA B (13). IlycTh x ecThb BEKTOP, YAOBJIETBOPAIOMHUMN
nepBuIM k ypaBHeHuAM B (13). CocraBum ypaBHeHus (15) oTHOCH-
TeJIbHO HEHU3BECTHBIX 2, ..., Z,,,, T/le YHCHa A, ..., A,,, BHIYHCIA-
foTcs no gopmynam (14) yepes KOMIOHEHTH X,,,, ..., X, BEKTOpa X.
Onpegenutens cucreMsi (15) pasen Hymi0. DTO BHAHO M3 PaBEHCTB
(16), xoTopsie Hazo ymTaThH cupaBa HajeBo. IIo ycJaOBHIO ompefe-
JIMTeNb cpaBa paBeH HyJo. Ho Torga cucrema (15) umeer HeTpu-
BHAJIbHOE PElIeHHe Z,, Z,, ..., Z,,- SAeCh 4HCIO 2,,, # 0, motromy
4TO, €eCJIH JONYyCTHTh, 4TO cucreMa (15) umeeT peineHHe BuAA
2, <y 2, 0, TO yncna 2z, ..., 2, KONKHBI OOPAaTHThCA B HYJIH,
noromy 4ro onpesendrens © # 0. Ho torma 2, = ... = 2, = 2, =
= 0 u cucrema 2, ..., 2,, 6bina 68 TpuBManbHON. Beuencreue
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ofHOpoAHOCTHU cucreMsl (15) He ToabKO uucha 2, ..., 2,,, yaoBJeT-
BOPSIOT 3TOH CHCTEMe, HO U yuciaa (z,,, # 0)

’ = 7

zl zl/zk+l’ b zh = zk/zlm’ 1
obaapaioT Tem xe csoiticrsom. Ho Torma umcna 2/, ..., 2/, yzmos-

JIeTBOPAIOT cHCTeMe NepBbIX k ypaBHeHumil (13), mmelomeil omnpe-
penurens ¢ # 0. Mel y)Ke 3HaeM, 4YTO 3Ta IOCHeAHAA CHCTEMa
HMeeT peuleHHA X, ..., X, 1 B CHJY eJHHCTBEHHOCTH

! = =
2y =x, .., Z, = x,.

Obpamjasce K nocjiefiHeMy ypaBHeHUIO (15), Mbl BHAHUM, YTO OHO

YAOBIETBOpseTCA YUCAaMHU (X,, ..., X,, 1), T. e. uncna (x,, ..., X,)
yaosixerBopaloT (k + 1)-My ypaBHeHuI10 cHcTeMs! (13), u B cmiy
(14) paccMarpuBaeMblit HAME BEKTOP X = (X, ..., X,, X5 «oes X,)

yaosiersopser (B + 1)-my ypaBHeHHMIo cucremsn! (1). OTuM yTBep-
JKAeHUE 2) NOKa3aHO.

4.7. MeTox pPemeHHUA CHCTEMBl MyTeM HCKJIOYE-
HUSA HeU3BeCTHHX. MOKHO DPeKOMEHZOBATH CJEAYIOLIUI
METOJ PpellleHus CHCTeM JWHEeNWHBIX ypaBHEHHUH, KOTOPBIH
ABJISIETC MemoOOM UCKAIOUeHUs Heu3éecmHbix (WIN MeTOo-
nom Tayccal). Ilyers nana cucrema

allxl+ e +a‘1nxn =b1’

a”
apiXy + ... +a,,x,=b,.

Eciau Mbl YMHOXUM Kakoe-1u6o ypasHenue cucremsl (1”) na
TMOCTOSAHHOE YHCJO ¥ IpUbAaBUM ero K APYroMy ypaBHEHWIO
CHCTEMEI, TO TOJYYHUM HOBYIO CHCTEMY, S3KBHUBAIEHTHYIO IIPEXK-
Heii. HoBas cucTeMa ypaBHeHU# OymeT MMETh CBOIO MaTPHILY
B’, cooTBeTCcTBYIOIIMM 00pa3oM IMpeoOpPa3soBaHHYIO U3 MAaTpH-
ust B (B = B’). IIpeo6pagoBaHne 3aKJI0OYaeTcad B TOM, UTO
HeKOoTopas CTpOKa MaTpuusl B BHAOHM3MeHseTca npubasie-
HUEM K He#l Jpyroil CTPOKH, YMHOXKEHHOH Ha COOTBETCTBYIO-
1iee 4HUCIO.

! K. ®. Taycc (1777-1855) — HeMenkmit MaTeMaTHK.
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IlonoOHBIM 06pPa30M, €CIM YMHOMUTS KaKoe-T1ubo M3 ypas-
HeHMI CHCTeMbI Ha umcio k # 0, ocTaBMB OCTaJbHbIE ypaBHe-
Hus TPEeKHUMH, TO IIOJYYUM HORYIO CHCTEMY, OYEBHJHO,
SKBUBAJIEHTHYIO ucxonuoil. HoBas cucrema 6yner nMeTh CBOIO
matpuny B’, cooTBeTcTByIOIMM 06pa3oM NMpeoGpa3oBaHHYIO
u3 Matpunsl B (B = B’). Ha aToT pas npeo6pa3cBanue 3aK-
JIIOYAETCA B TOM, UTO CTPOKA, COOTBETCTBYIOIAsA YKA3aHHOMY
ypaBHEHMIO, YMHOXaeTcsA Ha k.

TlosBasieTcA TaKXe HeOOXOAMMOCTh MEPECTABIATH MeCTa-
MU ABa ypasHeHds cucreMmst (1”), monyuus, Takum oGpasom,
¢opMaJIbHO HOBYIO, HO 9KBUBAJICHTHYIO NCXOAHOHK cucteMy. B
aToM ciydae npeobpaszosanme B = B’ cBOAMTCA K IepecTa-
HOBKE MecTaM¥ ABYX CTPOK MaTpuisl B.

VYxasamrble TpH npeoGpaszoBanust B = B’ Ha3wIBaIOT JJe-
MEHMAPHLIMU NPeO6PA30EAHUAMU MAMPUYDbL.

TexHUYEeCKH, BMECTO TOrO YTOOBI IMACATH HOBYIO CHCTEMY
ypaBHEHUI, OTPAHNYNBATOTCA TEM, YTO IMUIIYT TOJIHKO COOT-
BETCTByWOINyI0 el matpuny B’. Bcerga MOXXHO, IpUMEHSSA
MOAXOAAIMM 06pa30M 3JIeMeHTapHLIe OIlepamdy HaJl CHCTe-
MO# ypaBHEHWIl MJM, YTO BCe PaBHO; Hajg MaTpumneir B, no-
ouTthca b0 pereHKUa 3afaHHOH cucremsl (1”), 1uGo npumittu
K ABHO IIPOTUBOPEYMNBOH cucreMe. Tak Kak mocinenHass 9KBH-
BajéHTHa cucteMe (1), TO 3TO JOKAXKET MPOTUBOPEUMBOCTE
cuctemsr (17).

Huoke NpuBOAsATCA IPUMeEpPH IPUMEHEHHSA STOTO METOHA.

Onepanus B = B’ o6oanauaer, uro B’ monyuaerca us B
MOCPEJCTBOM OXHOM MJIM HECKOJBKHUX 3JIeMeHTAPHBIX NMpeod-
pPa3oBaHMUIA.

IIpumep 7. Pemuts cucremy

xl + sz +3x3 +4x4 = 5,
Xy +2x3+3x, =1,
x, +3x3 +4x, = 2,
ROHe‘{HO, COorJIaCHO TeopeMe 1, MBI MOTIJIH GBI NpOCYUTATH

BC€ NATH onpezieUTeNedl YeTBEPTOrO NOPANKA U HAHTH X,, X,,
X3 X,. 3nech 65110 6B MHOTO MOBTOPAIOMIMXCH BBIUUCIICHUM.
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CocrtaBuM marpuny B:

O
— O e DN
v W N W
D W B
- DD s U

rie, KaKk Mbl BUIVM, IOCJAeAHUH CTONGEL COCTOUT U3 IPaBbIX

yacTelt Hameil CUCTEeMbI. YMHOIKaA MEPBYIO CTPOKY Ha (—1) u

npubaBnsas ee K TpPeThel M 4YeTBepTOH CTpPOKaM, IOJIYyYHM
- MaTpuIy

1 234 5
01

B = 23 1
0-200 -3{.
0 -122 -4

B maTpune B; 5J€MEHTHI TPeThbeil CTPOKH, SABJIAIONINECH KO-

ad@dUIMeHTAMA IPH HEM3BECTHBIX, KPOMe ORHOrO0, PaBHEI HYJIIO.
ITepemecTuM 3Ty CTPOKY Ha MecCTO BTOpOit ctpoku. Torza ane-
MeHT, He paBHbIH HYJIIO, OKa)XKeTCA Ha IJIaBHOM AuaroHauu:

1 234 5
0 -2 -
By = 00 -3
0 123 1
0-122 -4

Bropyio cTpOKY MOXHO ellfe YMHOXHTbh Ha (—1), 4ToOnl 3a-
nuch OplIa MpoIe:

1 234 5
0 200 3
B=|0 123 1
0 -122 -4



§4. CHCTEMA JIMHENHBIX YVPABHEHU 43

IlanbHelilne nTpeobpasoBaHus MATPHI| OYEBU/HBI:

1034 2
0200 3 o
Bi=B=19023-12| =5~
0022 -52
103 4 2 1034 2
020 0 3 0200 3
- = B=
1002 3-12]| 2B oo 231275
000 -1-2 0001 2
1030 -6 1000 15/4
0200 3 0200 3
“loo20-132| =8 |00 20 -13/2]|
0001 2 0001 2

Orcropma x, = 2, x, = -13/4, x, = 3/2, x, = 15/4. Yrobu e
JOOIYCTUTh OIIMOKM, PEKOMEHAYeTCsA OCYIIEeCTBUTh POBEPKY,

IIOACTaBUB IIOJIYYEHHBIE 3HAUEHUSA B HNCXOAHBIE YpDaBHEHNA
CHUCTEMBI.

PaccMoTpuM ¢ 3TOif TOUKY 3peHHs mpumep 5:

X, +xy+ x3=1,

1111

1111 1111
B-(1121|  p _[0010| 5 _|0010]
1132 0021 0001
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Taxum o6pasoM, MCXOAHAA CHCTEMA SKBHBAJIEHTHA CJIE[YIO-
ieit:

x1+ x2+ x3=1,

0-6,+0-x,+ x3=0,
0~x1 +0'x2 +0x3 =1,

B mocnepneit crpoke cBOGOAHEIM ujieH paBeH eAWMHMIE, a
K03 dHIUEeHTH NIPH HEM3BECTHHIX PaBHBI HYJIO, IIO3TOMY
cucTeMa HeCOBMeCTHA.

Haxouen, B npumepe 6

1111
B = = B, = 0010 = B, =
0020
1111
1111 1101
0020 =’Ba=(0010):34=(0010]'
0000O0
Orcroza
x, =0, x, +x,=1,

T. e. cHCTeMa uMeeT OECKOHEUHOe MHOYKECTBO peme}mﬁ:

X, = X

L . x,=1-x, x, =0,

3

rae x, — Jo6oe uncyo (—eo < x; < o).

4.8. HaxoxaeHue paHra matpuusl. Eciu Hac HHTe-
pecyeT TOJNBKO BOIIPOC O paHre MaTpumusl B, To yKasaHHBIE
BBIIIle 3/IeMEHTapHbIe onepanun B = B’ pacnpocTpaHuM He
TOJILKO Ha CTPOKM, HO M Ha cToia0usl MaTpunsl. IIpu arom,
ecau B Ipollecce 3TMX npeobpasoBaHMii B MaTpHUIe MOABIS-
IOTCS CTPOKA WJIM CTONGeN, I[eJIMKOM COCTOSINUE U3 HyJeH, TO
MX HAJO0 YAAJIXATh M3 MATPHUIBI, T. €. pacCCMaTpUBAThL fajee
MaTpUIy MEHBIIEro pasMepa.
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Crnenyoique IpAMEPH MIUIIOCTPUPYIOT 3TOT METOA.

IIpumep 8. Haititu panr maTpunst

o = O W
o'—‘cc‘

w o= O
[ B e T B |

4
1
2
0

o = o -
o N = N

fAcuo, uTo paHr MaTpunsl B He Ooanine 4. B ganHoMm cay-

vae a,; = 1 # 0. YMurOXaa mepByIo cTpoKy Ha (—1) u npubas-
JIA ee K TPeTbeil CTPoKe, II0oJyYaeM

12 345 67
B = 01 01011
! 00-2-2-4-4-6/|
00 00O 45

Teneps, YMHOXAaA IepBHIM crosberm HAa COOTBETCTBYIOIIHE

yycna ¥ nNpubaBiAs ero K OCTANBHHIM CTOJOLAM, IOJYYHM
MaTpHILY

10 00000
B = 01 01011
2 00-2-2-4-4-6
00 00 0 4 5

Bropoii cronGer y:xe cOCTOMT U3 HyJIe, KpoMe dJIeMeHTa

a,, = 1 # 0. YMHOKaa BTOpOIi crosnben Ha (—1) 1 npuGaBaAa
ero x 4, 6, 7 cronbuam, noxyuum

10 00000

B- |01 0000 0 o
00-2-2-4-4-6
0000045



46

§4. CUCTEMA JIMHENHBIX YPABHEHHUN

1000000 10000
0100000 01000
“loo20000/B=|o0-200|"
0000045 00045

10000 1000
01000 0100
=B;=1p0-200[=B=|00-20/
00 040 00 04

OmpejenuTresns 4eTBEPTOro NOPAAKA MaTPUILl B, He paBeH
HyJII0, cllefioBaTeabHo, paHr B = panr B, = 4.

IIpumep 9. HaiiT paHr MaTpuIisl

1211 1211
B=|{0111|=B=|0111|=B8B =
1100 0-1-1-1
1000 1000
-0111{=B=(0111|=B8B,=
0-1-1-1 0000

1000
= B
0111

5

;s

000:)36
100

b5

T. e. paHr MaTpunsl B paBen AByM.

Paccyxxaennsa B mpuMepax 8 m 9 OCHOBaHHI Ha CleAYIO-
meM o01IeM yTBepKACHUN: NPU 31eMeHMAapHoM npeobpa3osa-
Huu B = B’ panz mampuybi COXPAHACMCA, M. €. BbLNOJIHACM -
ca pagencmaeo

panr B = panr B'.
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9r0 yTBEPXKAEHIE OYeBHAHO, €CIIM dJIeMEHTapHOe mpeoGpa-
30BaHHE CBOJUTCSA K 3aMeHe MeCTAMHM CTPOK MM CTOJIGLOB
MATPMIBl HIH K BHIKHABIBAHUIO M3 MATPHUIEL €€ CTPOKM HJIN
cronb1a, COCTOAIMNX U3 HyJeH.

OcTaeTcsi eje ofWH caydaid, KOTOPhIil MBI BRIDa3UM B BUJe
TeopeMEL.

Teopema 5. ITycmv mampuya B nodeéepzrnyma npeobpa3o-
sanuio B = B’, 3axanouanuiemycs 6 mom, 4mo Kk HeKomopoii
ee cmpoke (cmoabyy) npubasnsemca Opyzaa KaKas-iubo
cmpoka (cmoabey ), ymuonernnas na yucao C.

Tozda panzu mampuy B u B’ paghut.

HoxaszaTenbcTBO. ByJieM KoKaskIBaTh 3Ty TeOpeMy A
cTpoK (AN cTONOGIOB pacCyXAeHNA aHAJOTUYHKL).

ITycts k ects HOMep cTpoku Matpunsl B = (b,), yMHOXKa-
emoi Ha umcao C m npubaBisemMoif K ApPyroi crpoxe B,
KOTOpYIO OyfieM CYMTAThH MMemoIIei HoMep [ (TakuM o6pa3om,
l-a crpoxa Marpunsl B’ cocTOUT U3 aJIeMEHTOB Cb,, + b,j, j=
=1, ..., n). Ilycrs

paur B=r, paur B = r.

MocTaToyHo MOKAa3aTh, 4yTo r’ < r, MOTOMY YTO IO aHAJO-
MY [JOKAa3bIBAaeTCH TaKKe, 4To r < r, oTkyzga r = r’.

Ecnu r = 0, To Bce ajieMeHTHI MaTpULbl B paBHBI HYJIIO H,
clIefOBATEeNbHO, PAaBHHI HYJII0 BCe 3JIeMeHTHl MaTpuunsl B,
otkymar=r = 0.

Ilycts remeps r > 0. Torpa cymecrsyer MaTpuna A mopsia-
Ka r, lopoxXaaemasi MaTpuueit B, ¢ HepaBHBIM HYJIIO OIpeje-
aurenem (|4 # 0), a Bce MaTpuIBI A, TOpOKAaeMble B, mopsax-
Ka, 0oJIbIllero r, MMeOT OIpeAesINTeNN, paBHble Hya0. [lpu
npeobpasoBanun B = B’ marpuma A npeoGpasyeTcsa B HEKO-
Topyro matpuny A’ (A = A'). Ilycrs MaTpuna A umeer mops-
IOK, GonpIIMit r.

Ecnu l-a crpoka marpunsl B He yuacTsyeT B 06pa3soBaHAM
A, To, oueBugHO, A = A’ u 0 = |4| = |4/.
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Ecau B 00pa3oBanuu A y4acTByIOT o6e cTpoku B ¢ HOMe-
pamm k u [, 1o 0 = {A] = |A]. Beas uTo6n moayuuTs ompege-
nutens |A], Hago x HexoTopOit cTpoKke ompeaennTens |A| npu-
GaBHTH oUpeAeeHHYIO APYTYIO er0 CTPOKY, YMHOXKEHHYIO Ha
ymcno C, OT 4ero BeJIMYUHA ONPEAeNUTe]s He MEHAETCH.

Haxonen, nycTs B o6pasoBaHuy MaTpuisi A yyacrsyer l-a
CTPOKa, HO He y4acTByeT k-1 cTpoka. OueBHAHO (CM. CBOMCTBO
3) onpeAeNHTeNns),

a1 = Al + CIA, (19)

rge A — MaTpuua mopsjAxa, GoJIbILIero r, HojydaeMas U3
A 3aMeHOH 5/€MeHTOB [-ii CTPOKM Ha COOTBETCTBYIOIL{HE dJie-
MeHTH E-# cTpoxu marpunbl B. Ho Takast samena He MeHsieT
panr B u Tak kax |4] = 0, To |A| = 0.

M3 (19) monyuaem |4} =0 + C-0 = 0.

Mr=1 nepecMoTpenn Bce ciyyam, Korga matrpuma A’ mMeer
IOPAAOK, DONBIINI YeM r, ¥ BCAKHUI pa3 0Kas3bIBaJIOCh, YTO
|47 = 0. 310 moxasmIBaer, uTo

r =panr B <r,

41O M TpeGOBaNIOCh AOKA3aTh.

§ 5. TpexmepHOoe HPOCTPAHCTBO. BeKToOpEI.
JlekaproBa cucremMa KOOpAMHAT'

5.1. [IoraTne BekTopa. B aToMm naparpade mul Oyzem
paccMaTpuBaTh peajbHOEe IPOCTPaHCTBO. IIoHATHE BeKTOpA B
peajbHOM IIPOCTPAHCTBE YHUTATEJI0 M3BECTHO M3 dJIeMeHTap-
HOH reoMeTpuH.

Berxmopom (B pealbHOM ITPOCTPAHCTBE) HA3bIBAETCA HAIIPaB-

N
JIEHHBI# oTpe3oKk AB ¢ HayaJlbHOM TOYKOM A M KOHeuHOM

! OrmeTHM, YTO B JaHHOH KHHAre CHAaYaJa H3JaraeTci CKaJlspHOe
npou3BeJleHNe BEKTOPOB, 3aTe€M aHAJHMTHYECKAad reOMeTPHA NPAMOH M
mJIOCKOCTH M mocne 3toro B §§ 11-13 manaranoTca MOHATHA BeKTOPHO-
ro ¥ CMEIIaHHOTO NpOM3BeJeHUit BeKTOpoB. IIpy >XeJaHMH ITH mapa-
rpadsl MOryT GHITH M3JIO0XKEHBI HEIOCPeACTBEeHHO mocixe § 6.
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TOYKOH B, KOTOPHIH MOXXHO NepeJBUraTh IapajjieIbHO CaMo-
my cebe. Takum o6pasomM, cuMTaeTCs, YTO ABA HAIIPABJIEHHBIX

- -
otpeska AB ¥ A,B, , nMeiouue pasurle juunsl (|AB| = |A B )
M OJHO M TO JXe HANpAaBJeHHUe, ONPeAesAIOT OLMH U TOT Ke

- -
BEKTOD @, U B 9TOM cMbiche numryT a = AB = A, B, (puc. 2).

- -
Jaunoii | AB| = |a| éexmopa AB = a nasbiBaeTcs umciIo
(HeoTpUIIaTeILHOE), PABHOE JJIMHE OTpe3Ka AB, coeuHAIONIIe-

ro touku A n B. Bygem Tak>ke nucath IXBI = |AB|.
BexTopsl, nexxamue Ha OZHOM nﬁamoﬁ WIHM Ha mapaJj-
JIETBHBIX TPAMBIX, HA3LIBAIOTCH KOAJIUHEADHbIMU.
Ecau Touku A m B cosBmajaioTr, TO

- -

AB = AA = 0 cUMTaIOT TOXKe BEKTO-

poM — ny.esvim exmopom. Ero pnuna 4 &
pasHa mymo (|0 = 0), a HanpaBieHue
JUIsT Hero He MMeeT CMBICJA.

B reoMeTpun paccMATPHBAIOT CJIOXKE-
HHMe U BBIYMTAHVE BEKTOPOB M YMHOXKe-
HMe MX Ha JAelicTBUTeNbHbIe unciaa. Ilo
OIpe/ie/IeHUIO IPOU3BENEHNE a0 = (@ BeKTOpa @ Ha YMCJO O
MJIM YMCJIa Ol Ha BEKTOP 4 eCTh BEKTOp, JJIMHA KOTOPOro paBHA
loa| = |0} - |a], a manpaBrenne coBmanaer ¢ a, ecou o > 0, wan
TIPOTHBOMOJNIOKHO a, eciu o < 0. IIpu o = 0 anuna |oa| pasna
HYJIIO ¥ BEKTOp Ol@ IIpeBpAIaeTca B HYJEBOH BEKTOD (TOUKY),
He MMeIOUIUi HallpaBJIeHUA.

BexTop e HasbIBaeTCA eJUHUYHbBLM, €CIM €T0 AJIMHA paBHa 1,
T. e.ld = 1. Ectu b = 0e u e — equHAUHEIA BeKTOp, TO |B] =
= |of, moTomy uTo

bl = lod -

4

Puc. 2

‘1= ldl

e| = |o
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Ilo onpenenenuIo BEKTOPH a, b, ¢, ..., B3sAThle B KOHEWHOM
YuCcJe, CKIAJLIBAIOTCA [0 MIPABUIIY 3aMBLIKAHMSA LEIMOYKH 3THX

4 (4 d a
a
/\/\ 5 a : 70' ’
a+b+c+d o z 73

Puc. 3 Puc. 4 Puc. 5

BeKTOopoB. Puc. 3 1 4 HanOMUHAIOT HaM, KaK 3TO JeJlaeTcH.
Ha puc. 5 nokasaHo, KpoMe TOro, KaK BBIYMTAIOTCA BEKTOPHI.

5.2. IIpoexnus BexkTopa. IIpoexknueil Touku A Ha 1psa-
myio L (puc. 6) HasnBaeTcs Touka A’, B KOTOPOH IEPeceKalor-

Ao

Puc. 6

cq npaMas L ¢ IUIOCKOCThIO, TNEPIeHAUKYISAPHOH K L, mpoxo-
nAmei yepes TOUKy A.

3agasuM HalpaBiaeHHYIO OpsaMyio L (puc. 7) u BeKTOp a =
- -
= AB. ITpoekyueit 6exkmopa a = AB Ha HalpaBJIEHHYIO IIpA-

4
Mmy1o L HasbiBaetcs BekTop A'B’ | rne A’, B’ — COOTBETCTBEHHO
npoexkuuu rouexk A, B na L (cM. puc. 7).
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TIpoexnuio BeKTOPa @ Ha HaIpaBJIeHHYIO TpaMyio L Gynem
-
o603HaYaTh CHMBOJIOM IIp; @ . S
Ilpu nammOf Haipasnenﬂoﬁ npamoit L mpoexmun A’B’
mo6erx BekTopoB AB ma L nexat B L ¥ HanpaBJeHBI, KaK
L, nu6o — B npornnononomilym CTOpOHY.

BnpoueM, ecsiu BekTop AB HyJeBOM MJIH TEePHEHAUKYJIA-
peH K L, To ero mpoexuus Ha L ecTh, OYEeBHAHO, HYJIEBOM
BEKTOp, He HMEIOIIUI HalpaBJeHus.

Hapsaay ¢ npoexknueil BeKTopa @ Ha HalpaBJEHHYIO IpPs-
myio L, KoTopas mpeacTaBisier co6oif BeKTOp, BBeieM elle
HOBOe MOHATHE — YUCJO6YI0 NPOEKYUI0 66KMOPA @& Ha HANpas-
Aennylo npamyio L. 3ro ects umcimo, obozHauaemMoe HaMM
cuMBOJIOM 1Ip,a (Ge3 cTpesNKM) M ompefesseMoe CIEAYIOIIHM

obpasoM.
>
YJucnosoit npoexyueii eekmopa a = AB na nanpaenennyio
npamyio L na3vieaemcs npouseedenue OnuHbL 6eKmopa a =
-

= AB Ha KOCURYC Yzaa O mexnly 6exmopom a u Hanpasie-
Huem L:

np,a = |alcos(a, L) = |alcos © 0 <o <.

OTMeTHM cienyioinue cayuan: ecau a = 0 uIu ecan © =
= g, ronpa =0;ecim a 200 <0< %, TO YHCJIOBaAA
mpoeKIuA IHoJoxHuTeNbHa (np,a > 0) ¥ paBHa, O4YeBHAHO,
IJIMHEe BEKTOpa A'B np,a = |A_}3|cos o =] A7B’ |; mpu sTom
caM BEKTOp A7B' HampaBJIeH Tak ke, Kak L; ecau xxe a # 0
n —12£ < £ T, TO YMCJIOBAaA NMPOEKIUA OTPHUIATeNbHA (1Ip,a <
< 0) 1 paBHa, OUEBHAHO, AJWHE BEKTOpa A7B' , B3ATOH co

3HAaKOM MHHYC:
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- -
np,a = | ABlcosw = -| 4’B’| = -|4’B,

IIPDH 3TOM CaM BEKTOD A7B’ HaIpaBJieH B CTOPOHY, IIPOTHBO-
mosoKuyo L.

Cnpasef/INBO OYeBHHOEe PABEHCTBO, BhIpaXKalouiee CBA3b
MeXKJy IpoeKIHeil BeKTopa a Ha HampaBieHHe L ¥ ero umc-
Jjopod mpoexnweit Ha L:

>
nppa = emp,a.

3mech e — eAVHUYHEBIN BEKTOp, HalpaBJeHHBINA, Kak L.

Ecnu BeKTOpDH @ ¥ b JeKaT Ha HanpaBJIEeHHOM npaMoit L,
TO MX MOJKHO 3al¥CaTh B BHAE

a = oe, b=Be’

Tle e — eAWHUYHBIA BEeKTOp, HAIpaBJIEHHLIA TaK JXe, Kak L,
a o ¥ P — uncna. ITH YMcaa MOTYT OBITH IOJIOMKHUTEIHLHBIMH,
OTPHUIATEIbHBEIMY HJIN HYJEM.

CrpaBeiNIMBH OYEBHAHBIE DABEHCTBA

oe + fe = (o = B)e, 1)

OKa3bIBAKOIME, UTO CJIOXKEHHe M BHUYMTAHHE YKAZAHHBIX
BEKTOPOB CBOAMTCA K CJIOXMEHHIO MM BEIUHUTAHHUIO COOTBET-
CTBYIOIUX YMCea o, B.

5.3. CpoiicTBa mpoeKI Ui BeKTOpOB. Yncsossie mpo-
€KIIM! BEKTOpPOB 4@, b Ha naHHOe HampaBJienune L oGiaparor
CJIEAYIOITMH CBOMCTBAMM:

np,a + up,b = np,(a + b), (2)
np,(ca) = omp,a. 3)

CaoiictBo (2) ycMaTrpuBaeTca Ha puc. 8:

- - - - - - -
np,a + np,b = A’B’ + B’'C’ = A’'C’ = np;c = np,(ath).



§5. TPEXMEPHOE ITPOCTPAHCTBO. BEKTOPhI 53

Puc. 8

Ho roraa
enp,a + enp,b = emnp,(a + b),

oTkyza ciaenyer (2) (cm. (1)).
Tak xak a = (¢ — b) + b (cM. puc. 5), TO

np,(a — b) + np,b = np,a,
¥, CJIeJOBATENILHO,
op,a — up,b = np,(a — b). 2"
HoxasxxeM (3). Cuurass, 4TO yroJ MeXAy BEeKTODOM & M Ha-
npasinenveM L paBen ®, uMeeM
npz o > 0:
np,(aa) = |oalcos @ = ojalcos ® = amp,a;
npu o < 0:
np,(ca) = |oalcos (1 — ®) = —ojalcos(n — w) =
= olajcos @ = omp,a.

Beas npu o < 0 BeKTOp (la HampasJIeH B CTOPOHY, IIPOTHUBO-
IOJIOXKHYIO HaIlpaBJIEHWIO @, ¥ ecau a obpasyet ¢ L yroa ,
TO oa obpasyer ¢ L yron nm — .

IIpu o = 0 neBas u npaBast yactd (3) obpamiaTca B HyJIb.
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5.4. CkansapHoe mpou3dBeAeHue BeKTopoB. Haso-
BEM CKAAADHbIM npou3sedenuem 06yx eexmopos a U b uucio
(a, b), paBHOEe IIPOM3BENEHHUIO AJIUH ITHX BEKTOPOB, IIOMHO-
JKEHHOMY Ha KOCHHYC yrja () MeXJy HUMH:

ab = (a, b) = |a|blcos(a, b) = |alblcos w. 4)

OueBHAHO, MOXKHO €IIe CKa3aTh, Y/MO CKALAPHOE Npou3se-
Oenue gexmopos a u b ecmv npoussederue diurnbvL 8eKxmopa
|| Ha wucnosyro npoexyuio eexmopa a na nanpasaenue b unu
npouseedenue daunvt la| Ha uucnosyio npoexyuio b na Ha-
npasaenue a:

ab = (a, b) = |alup,b = |blnp,a.

CranspHoe npousBefieHne obyiajjaeT CBONCTBaAMHU:

(a, b) = (b, a), (5)
(@ b+ ¢c)=(a, b) + (a, c), (6)
(a, ob) = o(a, b). )

PaBenctBo (5) HemocpeACTBEHHO BHITEKaeT M3 OIpefeJie-
HUS CKaJSPHOTO IIPOM3BeHReHUA.
PaBencrso (6) noxasbiBaeTcd Tak:

(a, b+ ¢) = lalup,(® + ¢) = |alup,b + lalnp,c =
= (a, b) + (a, o).
Pasencrso (7) foxassiBaeTcA CIEAYIOIIAM 00pa3oM:
(a, ab) = |ajnp (ob) = |ajonp b = a(a, b).
Wz (6) n (7), yuntniBag, (5), cienyer
(@a+ b,c)=1(a,c) + (b 0), (6"
(ca, b) = ofa, b). ™)

IIpuMep (u3 dusuxn). Ecau Teno mox neiicTBMEM CHIBI @
NepeABUHYJIOCh NPAMOJNHENHO BAOJBL BeKTOpa b, To paboTa
W, BHIIOJIHEHHAsT CHJION @, KaK M3BeCTHO M3 (pM3MKM, PaBHA
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[POM3BEe/IeHNI0 BEJMUYMHBI CHJHI |a| Ha myTs |b| ¥ eme Ha
KOCHMHYC yTJIa MeXIy BEKTOpaMu a # b:

W = |a| |blcos(a, b).
Ho Torna
W = (a, b),

T. €. YKazaHHadg pabora paBHa CKaJAPHOMY IPOM3BENEHHUIO
BEeKTOpOB a@ M b.

5.5. lIpamoyronsrHaa cucreMa Koopauuar. Teneps
MBI NEePeXOfANM K AaHAJIUTHYECKOMY OIIMCAHWIO BEKTOPOB H
TOUEK NPOCTPAHCTBAa — IIPM IIOMOIMM uMces. BBegeM B mpo-
CTPAHCTBE NPAMOYZONbHYIO cucmemy KoopduHam X, Y, 2, T. €.
TPH B3aVIMHO NePIEHAVKYJIAPHbIEe HAIPABJIeHHbIe IPAMBIe, IIPO-
XOAAITHe Yepe3 HEKOTOpyIo TouKy O, Ha3bIBaeMble OCAMU KO-
opduram x, y, 2z (puc. 9). Ilpeamonaraercs, 4YTo AJaA ZAHHOK
CHCTEMBl KOODAMHAT BHIO-
pPaH eAWHUYHBIA OTDE3OK,
IIpY IIOMOIIY KOTOPOTO M3- A
MepAITCA BCE IIpOYMe OT- a
pesxn. Touka O HaspIBaeT- z

cs Havaaom Kooplunam. 7 -
3agagM INPOM3BOJb- L/

HYIO TOYKY A TPeXMEpHOTO y

V4

npocrpadcrBa. Hanpasien-

HBIN OTPE3OK 0_:4 Ha3bIBa- Puc. 9

eTcs paduyc-eexmopom mouku A. Pagnyc-BeKTOp B CBOIO O4Ye-
penb oIpefiesisieT BeKTOp a (a = O_,)A), KOTOPHIH MOXXHO

TepeHOCUTh B IIPOCTPAHCTBE MTapaljieIbHO caMoMy cebe. Yuc-
JIOBBIE TIPOEKIIMM pafHyc-BeKTOpa @ Ha OCH X, Y, 2 06o3Ha-
YUM COOTBETCTBEHHO X, Y, 2. ITO KOOpOuHamMbvL TOUKH A; IpHU
3TOM KOOpAWHATa X Ha3blBaeTCs abcyuccoll, KOOpANHATA Y —
opduHamoii ¥ KOOPAUHATA 2 — ANNAUKAMOIL TOYKHU A.
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Mexy TOYKaMM A IIPOCTPAHCTBA M MX PafUyC-BeKTOPaMM
5

OA uiI™, 4TO BCe PaBHO, TPOHKAMHU YHcel (X, ¥y Z), ABIAIO-
IGUMUCA KOOPAWHATAMM TOYKHM A WM IPOeKINAMU (;.:1 Ha
ocu, MMeeTCA B3aMMHO OAHO3HAYHOE COOTBETCTBHE. B cmiy
CKa3aHHOro He OyZeT HyTaHMIBI, eCA¥ MBI OyJeM Ha3bIBaTh
TPOMKY uucen (x, y, z) TOUKOH A, uMeromIei 3TH YUCIA CBO-
MMM KOODAMHATAMYU MM DAaAUYC-BEKTOPOM @, UMEIOI{UM 3T
YyCJia CBOMMH IPOEKIMAMHU.

Mwu 6ynem mucaTh @ = (X, Y, 2) ¥ TOBOPUTH, YTO @ UIH
(x, Y, 2) ecTh BEKTOD, PaBHBIA pAZNyC-BEKTOPY TOUKH A,
MMeIoImeMy KOOPJAWHATHL X, ¥, 2. Ho, KOHEUHO, MOKHO CYH-

TaTh, YTO BEKTODP @ PaBeH KAKOMy-Iu6O APYroMy Hampas-
- - - -
JIeHHOMY OTpesKy CD, pasHoMy OA (CD = QA), T.e.
-
HMeIOIeMY TO K€ HAIpaBIeHHE U Ty e AJUHY, uTo 1 OA .

B sToM cayuae mpoekIuu @ Ha OCH KOOPJAMHAT YacTo 0003Ha-
4aloT CHMBOJIAMH @, @, @, ¥ mumyT a = (a,, a,, a).

Us ompepenenusa BeKTOpa KaK HanpaBJIeHHOTO OTpPE3Ka,
KOTODBI MOXKHO Ilepe/BUTaTh B IIPOCTPAHCTBE IIapAJJIEIBHO
caMoMy cebe, cieyeT, YTO ABA BEKTOpa @ = (x,y,2)ub=
= (x,, Y,» 2,) PABHEI TOT/Ia ¥ TOJBLKO TOTAA, €CNIH BBHIIOJHA-
I0TCS OJHOBDEMEHHO DaBEHCTBA: X, = X,, Y, = U, 2; = 2,.
CrpaBejINBEI PAaBEHCTBA

y, )2, y,2)=(xxtx,yxy,zxt2), (8
ox, y, 2) = (ox, oy, 02). 9)

Pasencrso (8) cieayeT u3 TOro, UTo IPOEKIUA CYMMBI MM
Pa3HOCTH BEKTOPOB (HA OCh X MJIM Y MJIM 2) PaBHA CyMMe HMJIH
Pa3HOCTH MPOEKIHH claraeMbIX.

PaBencrso ke (9) cienyeT U3 TOro, 4YTO IMPOEKIIMA BEKTOpPa
oa (Ha OCh X WJIM y WM 2) PaBHA NPOM3BEAEHHUIO OL HA IPO-
eKLHIO a.

O6o3naunm uepes i, j, k eguHUUYHbIEe (MMelOWIUe AJIHUHY,
paBHYIO 1) BeKTOpHI, MMeIOI{e COOTBETCTBEHHO TO Ke Ha-
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npaBJieHHe, UTO U OCH X, Yy, 2. Bexropsl i, j, kK HaswBawoT
opmamu oceit x, y, 2. IIpon3BoanLEbI# BeKTOD (X, Y, Z) MOXET
OBLITH 3aIICAH B BHIE

(%, ¥y, 2) = xi + yj + zk. (10)
B camom gee,
i=(1,0,0), j=(0,1,0, k=(,0,1).
I'Ioa'romy, B cuny (8) u (9)
xi + yj + zk = x(1, 0, 0) + y(0, 1, 0) + 2(0, 0, 1) =
) =(x,0,0)+ (0, y, 0) + (0, 0, 2) = (x; y, 2).

OTMeTHM DaBEHCTBA, MMEIOIYe MeCTO AJA CKaJIDPHBIX
NIPOU3BEAEHMI OPTOB oceit

ii=jj=kk=1, ij=ik=jk=0.
Ilycrs Temepy @ = (x, y, 2) u b = (¥, ¥/, 2’). Torma
ab = (a, b) = xx’ + yy + 22’. an
B camom gene, Ha ocHoBanuu (6), (7), (6"), (7°)
ab = (xi + yj + zR)(x"i + Yj + 2’k) =
= xx’ii + xy’ij + x2'ik + yx'ji + yy'jj + y2’jk +
+ 2x’ki + zy'kj + 22’kk = xx’ + yy’ + 22’.
B uyacrroCcTH, MON0XKKUB B 3TOM hopmyne b = a, mosyuum, 4TO
lal? = aa = x* + ¥ + 22, Y.
OTKyZa AJIMHA BeKTOpa a pPaBHa 5 b-a
la = +y2x2+y2+2°. g a A

Orciofia pacCTOAHME MEXJY TOUYKAMH @ =
=(x,y,2)ub= (¥, Y, Z) pasuo (puc. 10) Puc. 10

Bl = b - a| =+’ -x)2 + @' -y +(=' - 2)% .
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Ona pansHeimero GyAeT Ba’KHO MOABECTH MTOT CKA3aHHO-
My. s aTOrO BBEZeM HECKOJIBKO MHOe HAaMMEHOBaHMe KOOp-
auHaT. MIMeHHO, BBeJleM B IIPOCTPAHCTBE HNPAMOYTOJIBHYIO
CHCTEeMY KOODAHHAT X,, X,, X,. B cuiy sToro xaxpas TouKa
TIPOCTPAHCTBA IIpeACTaBJIeHa TPOMKOM UMces

x = (x, x,, x,).

9Ty TOYKY MBI 0603HAUMIM >XKMPHOH GYKBOH X M Ha3Balu
TaKXXe BEKTOPOM X C KOMIOHEHTaMH X,, X,, X,.

M= foxasanu, YTO CJIOKEeHHe ¥ BHIYUTAaHHE BEKTOPOB M
YMHOXKeHHe MX Ha UYHCJla BHIPAXKAIOTCA Ha SA3bIKEe TPOEK
(x,, x,, x,;) creayomuM obpasom:

(xlr x21 x3) i‘ (x{’ xé) x:';) =
— ’ ’ 7
= (x; £ x1, x5 * x5, x3 + x3),

(12)
o(xy, Xq, x3) = (01X, 0LXy, OLX3).

CxanspHOoe mMpoM3Be/ileHNe BEKTOPOB X = (X, X,, X)) u x’ =
— ’ , ’

= (x',, x¥',, X';) BHIPAXKaeTCA Yepe3 KOOPAMHATHI BEKTOPOB X U
x’ mo dopmyine

xx' = (x, X)) = x X + x,x, + x,x',. (13)

Hnuna BeKTOpa X = (X,, X,, X;) €CTh HEOTPHUIIATEILHOE THCIIO,

paBHOe
lel = {x2+x2+a2. (14)

Haxomnern, pacCToOHHe MeXAY TOYKAMU X = (X, X,, X;) U
’ ’ ,
x' = (x|, ¥, x';) paBHO

e = 2= Jof—x)? + (g - xp)2 + (- x5)2 - (15)

PeanpHOE mpocTpaHCTBO, r€OMETPHIO KOTOPOTrO MBI 31eCh
M3y4yasy, Ha3bIBAeTCA MPEXMEPHbLM NPOCMPAHCMEOM, TOTO-
My YTO ero TOYKH e€CTEeCTBEHHBIM 06pa3oM IpPeACTaBIAIOTCS
TPOHKaMM [eiCTBHUTENBLHBIX uHces. MBI OyneM ero obo3Ha-
yaTh uepes3 R,.
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IIpON3BOJIBHYIO IJIOCKOCTH €CTECTBEHHO 0003HAUNUTE Uepes
R,. B R, MOXHO 32/1aTh IPSMOYTOJLHYIO CUCTEMY KOODAHUHAT
x,, X,, C IOMOIIBIO KOTOpO# 1106y10 TOUKY R, MM ee paguyc-
BEKTOP MOXXHO IIPEACTaBMThL Iapoi umcel (x,, x,). Onepanun
CJIO}KEeHHUA ¥ BHIYUTAHWUA M YMHOXKEHHS Ha YUCJIO JJIA BEKTO-
POB, NIIPHHANJIEMXAIMNX K IJIOCKOCTH, OYE€BUAHO, NOAUNHSAIOT-
cA BBIBeIeHHBIM HaMM ycioBusM (12), rae B cko6kax Hano
TOJILKO BCIOJY BHIOPOCHUTH TPeThbH KOMIIOHeHTHI. CKajlsgpHOe
Npou3BeiecHNEe BEKTOPOB, IPHHAJJIEXKAIUX K Hallei IJIOCKO-
CTH, TOXe BhIpakaercsa dopmyoit (13), rae B mpaBoit yacTu
HaAA0 BHIOPOCHUTH TpeTHii ujieH. To JXe caMoe OTHOCHTCA M K
dopmynam (14) u (15).

0O6ob6mennem mpocrpancTs R, u R, ABIAeTCA IPOCTPaH-
cTBO R, rle n — IPOM3BOJILHOE HATYPaJbHOE UHCJIO.

ITpoctpancTBo R mpn n > 3 ABJIAETCA MaTeMaTHYECKOH
BHIAYMKOIi. BripoueM, BeCbMa reHMaJILHON BBIAYMKOM, KOTO-
pas IOMOTraeT MaTeMaTU4YeCKHM pa3OMpaThbCs B CJOMXKHBIX SAB-
JIeHUAX.

3AO0AHU -

1. Ha#ttu gauny Bexrtopos (1, 1, 1), (1, -1, 1), (1, 2, 3).

2. Haiitm yron mexxay Bextopamu (1, 0, 1), (1, 2, 3).

3. an eguHuuHbIA Ky6 (¢ AnuHO# pebpa, paBHoit 1). Haiitu
YroJ MeXXZy BBIXOAAIWMHU U3 €ro BepUINHBI: a) [JIABHOM AMaro-
HaJbI0 ¥ JUATOHAJILIO FPaHy; 6) MeXAy ABYMs AUACOHAJIAMH ABYX
rpaseit.

§ 6. n-MmepHOEe eBKIHJIOBO IPOCTPAHCTBO.
CranapHoe nmpousBefeHHe

6.1. n-MmepHOe mpocTpaHCTBO. MHOXXECTBO BCEBO3MOMXK-
HBIX CHCTeM (X,, ..., X,) AeHCTBUTEIbHEIX (KOMIUIEKCHBIX) UH-
ceJl Ha3BIBAETCA N-MePHbIM delicmeumenvHbim (KOMILUIEKCHBIM)
npocmparncmeom ¥ o6o3navaerca depes R . Kaxpyio cucremy
MBI OyzeM 0603HaYATH OXHOM (KUPHOI) OYKBOM Ge3 MHIEKca:

x = (X ..er X,)
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¥ Ha3BIBATh MO4KOI MIH éexmopom R (npocmparncmea R).

Yucna x,, ..., X, HA3HIBAIOT KOOPOUHAMAMU TOYKH (BEKTOPA)
X AN ellle KOMNOHEeHmMaMu BeKTopa X.
JIBe TOuKH
x=(x, ..., X)), x' = (¥, .., X))

CYMTAIOTCS PAaBHBIMU, €CJIM MX COOTBETCTBYIOLIME KOODAMHA-
THl PaBHEI

x, = x’l G=1, ..., n).

B gpyrux cayuasx x u x’ pasnuuHm (x # x°).

Cucremst (BeKTOPH) X = (X, ..., X,), ¥ = (Y, .-, J,) MOXKHO
CKJIafbIBaTh, BBIYUTATL M YMHOXKATh HAa yMcaa o, B, ... —
AefiCTBUTeNIbHBIE, ecyii R ecTh AefiCTBHTENIbHOE MPOCTPAHCTBO,
¥ KOMILIEKCHBIe, el R, — KOMILIEKCHOe IPOCTPaHCTBO!.

Ilo ompeneneHuo cymmoli 6eKMoOpo8 X ¥ Yy Ha3bIBAeTCH
BEKTOD

x+ty=(x+y,x+ Y, .., x,+y) 1
a pa3HOCTBHI0 — BEKTOD
x -y =(%,— Yy s X, — Y,) (2)
ITpoussederuem e wucaa 0. HA 6eKMOp X NN BEKTOpa X
Ha YUCJIO O HA3HLIBAETCA BEKTOD
ox = xo. = (0x,, ..., 0X,).
Haxownen, BeKTOp —x omnpezgessieTcA PaBeHCTBOM
—x = (-Dx = (—x,, —%, ..., =X).

BBoguTca eine IOHATHE HYJIEeBOTO BEKTOPa, KOMIOHEHTHI
xoroporo pasHH Hysdio: 0 = (0, ..., 0).

OueBHAHO, BHIIOJHAIOTCA CBOCTBA:

N)x+y=y+ x,

Dx+y)tz=x+(y+ 2),

! O KOMIJIEKCHBIX YHMCJaX CM. HaOly KHUTy «Bpicmas mareMaTHKa.
NuddepennuansHoe ¥ UHTErpasbHoe ucducaeHumes, § 5.3.
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) x—-—y=x+(1)y,

4) ox + ay = a(x + y),

5) ox + Bx = (o + B)x,

6) o(Bx) = (aP)x,

Nlx=x,

8 x+(—=x)=0,
rae o, B — umcna, a x, y € R.

IIpocTpancTBO R Ha3hIBAaeTCA JUHELHbLM NPOCMPAHCMEOM,
MOTOMY 4TO JJIA HEro BBIMOJHAKIOTCH INepPeYHCIEeHHBIE BEIIIE

cBoiicTBa 1) — 8), cM. HMKe 3amMeuaHme 1.
Yucao (HeOTPHIATEIHHOE)

o = oD% 3)

k=1
HasbIBaeTcA OuUHOL UIN HOpMOU éexmopa X = (X, ..., X,) B
ZeicTBUTEILHOM IpocTpaHcTBe K .

Paccmoanue mexndy mouxkamu x = (x,, ..., X,) 1 y =
=(yy» ..-» Y,) AeHCTBUTENBHOTO IIPOCTPaHCcTBa R ompepe-

aseTca mo opmyne

e -yl = “)

6.2. CkansapHOe nmpou3BeJeHNE B JEeUCTBUTENb-
HOM mpoctpaHcTBe R . Craraprbim npouseedenuem deyx
8exmopos x = (X, ..., x,) 1 y = (Y,, ..., Y,) B AHCTBUTEILHOM
npocrpancrse R (umucna x, y, AeficTBHTeNIbHBIE) HA3LIBAETCH
YHCIIO

'(x, y) = leyl . (5)

1=1

CkansgpHOe NPOMU3BENEHUE B AEHCTBHUTE |1 10M IPOCTPAH-
ctee R obnamaer coiicTBamu:
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a) (x, x) 2 0; IpH 3TOM PaBEHCTBO HYJIO MMEET MeCTO TOTAa
U TOJBKO TOTja, koraa x = 0 = (0, ..., 0),

6) (=, y) = (y, x),

B) (ax + Py, 2) = o(x, 2) + By, 2).

B camom gene,

n
2
(x, x) = ij >0,
j=1

¥ DaBEeHCTBO MOMKeT OBITh JHMINb, €CIH X, = ... x = 0.
Hanee,

n n
(x, y) = inyi = Zy;xj = (Y, x)
j=1

j=1
b’

(ox + By, 2) = Z(axl + By)z, =
]:

n n
=(xzxizi + 32% = a(x, 2) + B(y, 2).
j=1 j=1

6.3. CkxanapHOe IpOM3BeZeHNEe B KOMIJEKCHOM
npoctpancTse R . Ckanapnoim npouseedenuem deyx eexmopos

x=(x; ..., x,) v ¥y = (y,, ..., Y,) B KOMILJIEKCHOM NPOCTPaHCTBE
R, naspiBaeTca 4HCHO

(x, y) = Zl,x,g,-, (5
Jj=

THe ¥;ecTh KOMIUIEKCHOE YHCJO, CONPSKEHHOe K UHCIY y, (mo

olpezeseHuIo, eciu z = o + Pi, rae o u B peiicTBUTENBHBIE, TO
z=a - Bi.

CkansipHOe Ipou3BefieHHe B KOMILIEKCHOM IIpoCTpaHCTBe 06Ja-
ZaeT CBOHCTBAMU:
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a’) (x, x) 2 0; Ipux aTOM DaBEeHCTBO HYJII0 MMEET MECTO TOIAa
M TONBKO TOrfa, korga x = 0 = (0, ..., 0),

6) (x»!l) = (y, x),

8) (ax + By, 2) = a(x, 2) + By, 2).
B camom gee,

n n
(x, x) = Zx]f, = Z|x]|220,
]:1 =1

¥ DaBeHCTBO MOJKeT ObITh, JMmb ecnu X, = ... = x, = 0. Jlaiee,

n n n
@y = | D2 %7, |= 2 EY, =D 4% =@ .
1=1 1=1 1=1

3Kech MBI BOCIOJIB30BAJINCh CBOMCTBaMH onepanyd COIIPAXEeHHUA

z2+z;=2z+ z; u 2z Z * z;. Haxoszern,

(ox + By, 2) = Z(ax, +By])EJ =

J=1

n
- oY 3
J=1

B xommnekcHOM npocTpaHCcTBe R JIMHA BeKTOpa X OImpejess-

+ BZ Yz, = ux, 2) + By, 2).

J=1

eTcs IpH MOMOIM PaBEHCTBA

n n
I« = ZWZ = zxifl ’
J=1 1=1

3)
a pacCTOAHHE MEXAY TOYKaMU X = (X, ..., X,) A ¥ = (Y, ..., Y,)
lx - yl = 4)

Jlerko BHAETH, YTO NIPHU AEHCTBUTEJLHBIX X, Y, BeIpaxkeHus (3)
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U (4) ABNAIOTCA YACTHBLIMM CJIy4Yasmu BripaskeHuit (3'), (4).

ITpoctpancrso R, (AeficTBUTEBHOE MJIM KOMILIEKCHOE), B KOTO-
POM BBeJeHO IOHATHE CKAJISIPHOTO NpoM3BefeHHUsA mo ¢popmye (5)
(coorBercTBeHHO (5°)), HashIBaeTcA e6KAUTOBLIM N-MEPHLIM NPO-
cmpancmeom.

6.4. HepasencTtBa ByHsxosckoro. [[nsa ckaaspHoro
NPOMU3BEAEHUA B AEHCTBUTEIHHOM M KOMILIEKCHOM HPOCTpPaH-
CTBe CIpaBelJINBO Hepagencmao (Bynsaxosckozot)

e, ) < V= 0@, y) - (6)

JloxaxeM ero TQIbKO B AeHCTBUTEILHOM ciayuae. B camom
pene, NS Jo0oro AedcTBHTENLHOTO YHUCIA A

0<(x+ Ay, x+ Ay) =
= (x, x) + My, x) + Mx, y) + Ay, y) =
= (x, x) + 2(x, y)A + (y, YA%2 = a + 2bA + cA?,

e @ = (x, x), b =(x, ¥y), ¢
KBaJpPaTHBLIA MHOT'OYJIEH

(y, y). Mel Buaum, uTO

a+ 26+ cA2 20 (0 < A < )

HeOTpHIaTeNIeH A o6oro AeicteuTensHoro A. Ilosromy Bech
ero rpa@uK JIEXKHT BhIIIE OCH A, & 3TO MOXKET GBITH, TOJBKO
ecJIM NUCKPMMHMHAHT MHOrOYJIeHA OTPHIATeJIeH MM paBeH
HyJ0, T. €. ecau b2 — ac < 0 unu b? < ac, ¥ MBI IONYYHITH
HepaBeHCTBO ByHsixkosckoro (6).

Ha s3bIKe KOMIIOHEHT BEKTOPOB. X XU Y HepaBeHCTBO (6)
MOJKHO 3aIMCATh TaK:

n
25 =
j=1

\0)

! B. sl. Bynakoscknii (1804-1889) — pycckuii MaTeMaTHK.
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Takum o6pa3oM, KaKOBH Obl HU OGblIM JeHCTBHUTEJIbHBIE
4MCJIa X,, Y, BHIIOJHAETCA HEPaBEHCTBO 7.
B cuny (3) mepasencTBo ByRAKOBCKOrO MOXKHO HamucaTh
TaK:
lx, p) < Iyl

Ho Toraa cymecrByeT ¥ IPUTOM eJUHCTBEHHOE YHCJIO A, Y/OB-
JeTBOpsIomee HepaBeHcTBaM —1 < A < 1, AN KOTOpPOTO MMeeT
MECTO TOYHOE PaBeHCTBO

(x, y) = Mxllyl.

OtmeruM, uto Ha [0, 1] GyHKIUA cOS t MUMeeT ONHO3HAYHYIO
CTPOro yOBIBAIOIYIO OOPaTHYIO (PYHKIUIO, ¢ 06aCThIO 3HAYe-
Hui Ha [-1, 1]. HosTomy Ans xkaxkzgoro A (=1 < A < 1) cyme-
cTByeT eguHCTBeHHBIH yroa ® (0 < ® < 1) Takoii, yTro A =
= cos ®. Takum o6pa3oM, MBI OKa3aJd PaBEHCTBO

(x, y) = |xlylcos w. ()

Yncio o Ha3BIBAETCS Y2J10M MeHCOY N-MEPHLIMU BEKMOpaAMU X
¥ Y, XOTd Ha CaMOM JieJle IpH 7 > 3 BEKTOPH X U Y ABNA-
IOTCS BOBCE He PeajJbHBIMHM OTPE3KaMM, 4 MaTeMaTUYeCKUMU
abcTpakuuaMu.

BeKTOpHI X ¥ y HA3BIBAIOTCA OPIMOZOHANbHLIMU, €CIN CKa-
JISIpHOe MX IPOM3BEJeHHEe PABHO HYJIIO

x y) = %Y, =0.
J=1

U3 (8) caenyet, uTo 01 mozo, *molbvl HeHY.leble 8eKMOpbL
x u y Obllu OpMO2OHANbHbIMU, HeoOx00umo u docmamoyHo,
ymobvL yzon mexcdy Humu ® = 1/2.

6.5. HepaBencTBo MuukoBckKoro. OTMeTuM BaXKHOe
Hepasercmeo (Municosckozo')

. lx + yl < || + [yl ()]

! T'. Munkoscknii (1864-1909) — HeMenkmii MaTeMaTHK.



66 §6. CKAJIAPHOE ITPOM3BENEHHE

WA HA A3blIKe KOMIIOHEHT

n n n

2 2 2
2("1' +y) = in + Zyi . (10)
j=1 j=1 j=1

Ero mMoxHo AOKa3aTh TaK:

x+yk=(x+y, x+y) =(x, x) + 2%, ¥) + ¥, ¥).
Hcmonssya HepaBeHcTBO ByHakosckoro (6), umeem

le + 42 < (x, ) + 2= 0@y + @ y) =
= (\}(x,x) +'\l(y’y))2’

orkyza cxenyet (9). Ys (9) cienyer HepaBeHCTBO

lxl - lyl] < = - 9l, (11)
MOTOMY UYTO
kl=le -y + yl <lx— gyl + lyl,
lyl =y — =+ 2 < |x — y| + |al.

3apada. Haiitm yron mexay sekropamu (1, 0, 1, 0),
(1,1, 1, 1).

3ameuaHnue 1. IIpousBosnbHOoe MHOKecTBO E, cocrosmee
U3 3JIEMEHTOB X, Y, 2, ... Ji000#1 IpUpPOAbI, HA3HIBAETCA JU-
HellHbiM NPOCMPAHCME0M, €CIU CYIIeCTBYEeT 3aKOH, B CHIY
KOTOPOro JJIsA JIOOBIX ABYX 3JIEMEHTOB X, ¥ € E onpejesieHsl
anemeHTHl X + Yy € E u x — y € E, Ha3sIBaeMble COOTBET-
CTBEHHO CyMMO#1, Pa3HOCTHIO X M Y, U JJId Jiioboro AecTBU-
TeJbHOTO MM KOMIUIEKCHOTO YHCJa O ¥ 3jleMeHTa x € E
omnpejiesieH 3JeMeHT ox = x0. € E, HaswBaeMBI#l mpouseee-
HHEM O Ha X WM X Ha O, TAK YTO BHINOJHAIOTCA IIepPeYnCIIeH-
HBEIe BBIIIIE B 3TOM maparpade cpoiictBa 1) — 8), rme —x =
=(-1Dx,u0=0x, Vx e E.

R, Mo0XHO paccMaTpMBaTh KaK NpUMep JHMHEHHOTo Ipo-
CTPAHCTBA, HO CYINECTBYIOT H APyrue MHTEPECHBbIE IPUMEDHI.
Hampumep, copoxymHocTs C HepephIBHLIX Ha oTpeske [a, b]
dbyuaxnuit f, ¢, V¥, ..., ecIu cuuTath, 4to f + @, f — ¢, of
oIpezieJIeHbI COOTBETCTBEHHO Kak f(x) + ¢(x), f(x) — ¢(x), of(x),
eCTh JIMHeHHOe MPOCTPAHCTBO.
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JInHe#HOE MPOCTPAHCTBO C YMHOMKEHHUEM €ero 3JeMeHTOB
Ha AelcTBUTeNbHbIE (KOMILJIEKCHEIE) YUCia HasdbiBaeTcs deli-
cmeumenvivim (KOMNACKCHbIM) JUHEUHLLM NPOCTPAHCME0OM.

3ameuanne 2. Eciu B KaKoM-1100 JIMHETHOM IIPOCTPaH-
ctBe E KaXABIM ABYM ero 3J€MeHTaM X, Y IIPUBEJEHO B CO-
OTBETCTBHE YHUCJIO (X, ), YAOBIETBOpAIOMEee cHopMyIHPOBaH-
HBIM BBIIIIE CBOMCTBaM a), 6), B) B JeHAICTBUTEJIbHOM Clyuae U
a’), 6'), B") B KOMILJIEKCHOM CJIy4Yae, TO TOBOPAT, 4To B E BBe-
JIIeHO CKAJIApHOe IIPOM3BeJieHUe.

Brime 65110 AaHO OIpefesieHWE n-MEPHOTO eBKJIHMAOBA
IIPOCTPAHCTBA — BTO MPOCTPAHCTBO R , B KOTOPOM OIpefiesIeHo
CKaJIApHOe TIPOM3BeJeHNe Mo PopMysIaM COOTBETCTBEHHO (5)
unu (5°).

§ 7. Orpesok. lenrenne oTpe3ka B JaAaHHOM
OTHOIIEHHH

3azaauM NPOU3BOJBHBEIE TOUKH X, Y € R ¥ BBEAeM MHO-
JKEeCTBO TOUYEK (BEKTOPOB):

z=A+py (A 20, A+ p=1), 1)

onpefiessieMbIX HEOTPHUIATETHHBIMH YHMCAAMH A, [, CyMMa
KoTOpeIX paBHa 1. Umeem

z=(1Q-wx+p=x+puy-—x) O<p<l) (2
HINn

z=y+Mx-y) (0=<A<1). (2"

W3 paBencrsa (2) BUAHO, YTO B Tpex-

MEpHOM IIDOCTPAHCTBE TOYKH 2 3a- Loz
TIOJIHAIOT OTPE30K, COeJMHSIOIIUI X
u y. Benb pagnyc-BeKTOp 2 eCTh CyM-
Ma BEKTOpa X M BeKTopa Wy — x),
KOJIIMHeapHoro ¢ y — x (puc. 11).
Takum o6pasoM, MHOKECTBO TOYEK
(1) npexcraBnser coboit oTpe3ox Puc. 11

x
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[x, y] B R;, coenuusaomuit Toukn x n y. lipu p =0 z = x,
mpu W =1 2z =y, ana moboro p >0 (0 < pu < 1) z ecTs
IpOM3BOJbHAA TOYKA [x, y].

Ilo onpenenenuio ompeskonm [x, yl, coedunsaruum mourxu
x, y € R, HasnIBaeTCA MHOXKECTBO BCeX TOueK 2z BuAa (1).
Cnpasegnunsa

Teopema 1. Touxa
z=Ax + Ny A pu20,A+pu=1)

deaum ompesok [x, yl, coedunawouuit movku x, y € R na
ompe3ku ¢ OAUHAMU, HAX00AWUMUCA 6 OMHOUWeHUL | © A.
HoxasaTexnscTBo. U3 (2) cnenyer, uto z — x = Wy — x),
¥ IOTOMY PACCTOSIHME MeXKAY TOUKAMHU X U 2 PABHO
lz — x| = ply — =l (&)

Hanee, us (2°) z — y = Mx — y), ¥ IOTOMY PacCTOSIHHE MEXAY
TOYKAMH Z U Y PaBHO

|2 — yl = Mx — yl. 4)
W3 (3) u (4) cnenyer
lz—a:|lz—yl=pn:2,
4YTO ¥ TpPeGOBAJIOCH AOKA3ATh.

3apaua. Tpebyerca HaiiT Ha oTpe3ke [x, y], coexuHSIO-
meM TOYKHM X, Y € R, TOUKY 2, JeNAIIYI0 ITOT OTPE3OK B
orHomenuu p : q¢ (p > 0, ¢ > 0).

Pemenue. BosgsmeM uncna

__4q __PD
p+q’“

= P=20,¢g20,p+ qg>0).
pP+q P

OHM yIOBIeTBOPAIOT cBofcTBaM A, L 2 0, A + u =1, p/A =

= p/q. IlloaroMy Ha OCHOBaHMHM TeOopeMEI 1 MCKOMas TOYKa

gx + py

z=Ax+ uy = pig (5)
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Ee KOOpAMHATHE 2 = (Z,, ..., Z,) BEIPAXKAIOTCA depe3 KOOPAH-
HatHl X = (X, ..., X,), ¥ = (¥,, ..., J,) IPH IIOMOIIY DABEHCTB
qx, + py .
= —L— G=1, ..., n. (5%
p+q

B uyactHOCTH, cepeAHHAa OTpe3Ka MOJydaeTcA Npu p = q = 1,
T.e. A=p=1/2.

OTMeTHM, 4YTO, KaK JOKa3bIBA€TCA B MeXaHMKe, TOYKA 2,
onpezenseMas paseHcTBoM (5) miu (5), ecTh IEHTD TAMKECTH
CHCTEMBI TOYEK X U I, B KOTOPHIX CKOHIIEHTPUPOBAHBI MAaCChI
COOTBETCTBEHHO ¢ U P.

OrmeTnM, uTO B R, MHOXECTBO TOYEK

z=Ax + uy, A+p=1,

rze A u | no6oro 3HaKa mpeAcTaBigeT coboit mpamMylo, Ipo-
XOAAINYIO Yepes TOYKK X ¥ Y. ITO BUAHO U3 paBeHcTBa (2').

B mpocrpancTse xe B (n > 3) 3T0 MHOXeCTBO Ha3HIBAIOT
IpSIMOH IO OIpefiesIeHNIO.

IIpumep 1. HaliTn KOOPAMHATHI I[EHTPA TAMKECTH CHCTE-
MBI MAaTePHAJBLHEIX TOUEK X* = (xf , xg , x:,'f) COOTBETCTBEHHO C
maccamu p, (kB =1, ..., M). Ilpumeras ¢popmyst (5) Ansa Todek
x!, x?, HallfeM IeHTp Ts>KecTH 2! Touek x! M x2. BaTeM Haxo-
AUM LEHTDP TSXKecTH 22 Touek 2! ¥ x3 COOTBETCTBEHHO C Mac-
camu p, + p, u p,. IIpogomxkas aror mporecc Ha (M — 1)-m
mare, IoJay4aeM

— 1

M-1 k

2 = bpx j = 1, 2,3.
J pll---lp * ] (] )

§ 8. Ilpamasa nuaunsg

IToHATHE NPAMOI ABJIAETCH HEPBUYHBIM B reoMeTpun. 1s
AKCHOM reOMEeTPHM MBI 3HAEM, YTO Yepe3 ABe TOUKM IIPOXOLUT
€AVHCTBEHHAA NPAMAasi ¥ Yepes TOYKY, JeKalIyio Ha JaHHOM
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¥
£
pd
< J

Puc. 12

IPAMOM, MOYKHO IPOBECTH €AWHCTBEHHYIO IIPAMYIO, IepIIeH-
JUKYJIAPHYIO NaHHOMA.
B mirockocTH 3afaguM NIpAMOYTOJNBHYIO CHCTEMY KOOPAH-
HaT X, Yy ¥ npamyo L, He napanneasHyio ocu y (puc. 12).
W3 mxonsHOTO Kypca MH 3HaeM, YTO ypaBHEHHME IIPSAMO
L umeer BHJ

y=Fkx+ 1, (1)

rge kB = tgo 1 o — yron, o6pa3oBaHHLIA IPAMOI L ¢ IOJIOXKH-
TeJILHBIM HaIlpaBJIeHHEM OCH X, a [ — OpAHMHATA TOYKH Ilepe-
ceuenua L c ocwio y (I = OB).

Korpa rosopsar, uro ypasHeHue (1) ecTs ypaBHeHHMe IpsS-
Mo L, 3THM XOTAT BHIPa3HUTh, UYTO L eCTh reoMeTpHUuYecKoe
MeCTO TO4YeK, KOODAMHATHI KOTOPHIX (X, Y) YAOBJIETBOPSIOT
ypaBHeHMIO (1). CipaBejINBOCTh 3TOTO YTBEPXKIAEHUSA JIETKO
ycmoTpeTs u3 puc. 12. Touxka A ecTts mpousBosbHAA (TeKy-
mias) Todka npamoi L, uMeromas xoopAauHaTH (x, y) BC = x,
AC=y-lIlmn

k =tgoa = —, 1)

orkyza ciaenpyet (1). ObpaTrHo, paBeHcTBO (1) 3KBMBaJEHTHO
paseHcTBy (1°), a nocnefHee BLIpaXkaeT, O4EBUAHO, TOT (aKT,
yro Touka (X, y) JeKUT Ha nmpamoit L. Ha puc. 12 yroa a
ocTpelii. B ciiyuae Tymoro yriia 00 MOKHO IIPOBECTH IOAOOHBIE
paccyKAeHu.
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BamafuM ypaBHEHHe
. Ax+ By+ C =0, 2)

rne A, B, C — 3afiaHHbIe YNCJa B K TOMY e A n B onHOBpe-
MeHHO He PaBHBHI HYJIO.

Ecau B # 0, To ypaBHeHMe (2) MOXKHO 3amucaTh B CIeAy-
joleM BHAE:

y=-3* 3 (2)

WIH, IToJjaras

B Buje (1). Tak xax ypasHenus (2) n (2') sxkBHUBaJeHTHH —
nobaa Touka (x, y), yAOBIeTBOpAOIIad OAHOMY M3 HHX,
YAOBJIETBOPSAET K APyroMy, — TO paBeHcTBo (2) mpu B # 0 ecTh
ypaBHeHMe IpAMOH, HAKJIOHEHHOH K IIOJIO2KHUTEeJIbHOMY Ha-
NpaBJEeHNI0 OCH X IIOf YIJIOM O, TaHTeHC KOTOpPOro paBeH
—-A/B (tga = —A/B), n nepecekaieil ocs y B TOUKe, HMel0-
meit opaurary —C/B (I = —C/B). IIlpn B = 0 ypasHeHue (2)
NPHUHMMAET BUJ

I\
Ax+C=0 A=0),
§78) 97
x=a (a=-C/A).
9T0 TOXKe ypaBHeHHe TIPAMOM,; HO TOJb-
KO mapaJjesnbHoit ocu y. UmeHHO, 3TO
€CTh reoMeTpHUUYecKOoe MecTO ToueK (X, Y), 7 a‘I >

abcuucchl X KOTOPHIX PABHLI ONHOMY M
TOoMYy ke uucay a. Ha puc. 13 nsobpa- Puc. 13
’KeHa Takaa npamad npu a > 0.

W3 ckasanHoro ciaegyer, uro ypasHenue (2), rae A, B, C —
3alaHHBIE YHCJIa ¥ IIPH 9TOM A ¥ B OJHOBPEMEHHO He PABHBI
HYJIO, eCThb ypaBHeHMe HeKoTopoit mpsamoii. IIpn B # 0 srta
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npaMas He napajjiejibHa ocH y. B wactHocTH, npu A = 0 oHa
napannenbHa ocu x (y = —C/B). B cayuae xke, ecin B = 0,
TO OHA napajjeibHa ocH Y. OTMeTHM, UTO OCh X UMeeT, oue-
BHJHO, ypaBHeHMe y = 0, a ock y uMeeT ypaBHeHue x = 0.
YpapueHue (2) Ha3LIBAETCA YPABHEHUEM NPAMOLL 8 00Uem
eude. JIo6asa nmpAMas, KaK YrogHO PACIIOJIOMKEHHAA IO OTHO-
IIeHHUIO K CHCTeMe KOODAUHAT, MOKeT OLITH ONMUCAHA ypaBHe-
HYeM BuAa (2) nIpH NOAXOMAIMX IIOCTOAHHBIX Yyuciaax A, B,
C. IloguepkHeM, uTo wucaa A u B e ypasenenuu (2) npamoit
00HOBDeMEeHHO He pasHbt Hyal. OTMETHM, 4YTO YHCIO kB B
ypaBHeHHNH (1) Ha3BIBAIOT Y2106biM KOIPPHUUUEHIMOM NPAMOL.
PemrnM HecKoJIBKO Ba>KHBIX 3ajad.

3apgaua 1. Hanucate ypaBHeHHe NPAMOM ¢ YIVIOBBIM KO-
a¢pdumeHTOM, paBHBEIM YUCay K, MpOXOAAleil yepe3 3akaH-
HYIO TOUKY (X, ¥,)-
Pemenmne. IIpamasa ¢ yraoBeiM KoaddunmesToM k& umeer
BHU[
y=Fkx+1 3)

rae ! Moxer GuiTL M06BIM umcioM. Tak kKak Touka (X, Y,)
IOJI’KHA HAaXOOUTHCA HA JaHHOM HMPAMOM, TO JOJIKHO BBHINOJI-
HATHCSA PABEHCTBO

Yo = kx, + L )

Brruuras (4) us (3), moaAy4YnM MCKOMOe ypaBHeHUe

Y- Y= k(x - x,) 6))

npAMOH, mpoxoaAIeit uepes TOUKY (X, Y,) C YIIOBRIM KO3d-
dunestom k.

3anaua 2. HanucaTts ypaBHeHHMe IIPAMOMH, IMPOXOAALIei
yepe3 3alaHHBIe [Be TOUKH (X, y,) ¥ (X,, y,). [Ipeanonaraer-
cA, YTO 3TH TOYKM pas3HHIE.

Pemenwue. Ilycts x; # x,. Torna, oueBuaHO, MCKOMas
npaMas He mapajijeibHa OCH Y ¥ IIOTOMY MOXKeT GBITH 3aIu-
caHa B BHJe
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y—-y = k(x — xl)r (6)
rae k — HeKoTopoe YMcHo. YpasHeHue (6) yxxe BrIpakaer, uTO
IpAMAasi IPOXOJAHUT depe3 TOUKY (x,, y,). Yrober 0HA mpOXOAH-
ja TakKe uepe3 TOUKY (X,, Y,), Hano YTOOLI BBINOJHAJIOCH
PaBEHCTBO

Y, — y, = k(x, - x)). (M
Iens (6) Ha (7) (1. e. pena nesywo yacTs (6) Ha neByr0 yacTh
(7), a npaByio 4acTs (6) Ha mpasyio uacTs (7)), moayuum

Yy—-hn X—X
= . 8
Y- X2—-x ®)

9TO M eCTh YPaBHEHME IIPSAMOil, TPOXOAAINEH Yepe3 TOUKYU
(x5 y,) 1 (%, 1)

3ameuanne 1. Moryo cayuurscs, 410 ¥, — y, = 0, Toraa
dopManbHO MBI HONYYNIN GBI PAaBEHCTBO

Yy—h _x—%
0 xz—xl‘

HecMoTps Ha GeccMBICIEHHOCTb 3TOTO PABEHCTBA, TAK IMIIYT
— cyuTaioT yaobHeiM. Ecan ocBoGoAUTHCA OT 3HaAMeHaTeseH,
TO IOJYYUM BepHOE PaBeHCTBO

X—-x
— - 0.———— =
y-y % x,
nin
y=y. 9)

Cayuait x, = x, = ¢ IPUBOAUT K PEIUEHUIO X = C.

Sapgaua 3. Haiitu yron ® Mesxay IpAMBIMU

y=kx+1, y=Fkx=1,.

2

Pemenwne. Umeem k, = tga,, k, = tga,, roe a,, a, —
COOTBETCTBEHHO YTJIBI, 06Pa3sOBaHHbIE JaHHBIMHU IIPAMBIMH C
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[ 2

Puc. 14

TNIONOKUATEJILHHIM HanpasiieHHeM ocH x. UmeeMm (puc. 14)

_ _ tgoy —tgo, Rk
tgo = tg(o, — &) = 77 tgo tgo, l+kk,’ 10)

¥ MBI HONYIHIH GOPMYNY Y21a MeH DY NPAMbLMU.
Cnyuait 1 + kk, = 0 nian

Bk, = -1 (11)

BBIPAXKAET YCA08Ue NePrneHOUKYAAPHOCMU npambix. Ycaosue
napanaenvnocmu npamvix (tgw = 0), 3anuirerca Tak

k, =k, 12)

1

3agaguM ypaBHeHMe IIpAMOH B 06leM BHfe:
Ax + By + C = 0. (2)

IIpmu A # 0, B # 0, C # 0 ypasHeHue (2) MOXKHO 3amucaTh 3
dopme

x y_ a=-C p-=€
a + b= 1 ( A B | 13)
VpaBuenue (13) HassIBaeTCA YypasHeHuem npaMmoll 8 ompes-
Kax. 9ta npsaMas nepeceKaeT och x (mpamyio y = 0) B Touke
(a, 0) 1 ocs y B Touke (0, b).
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Ecay npaMas, yAOBJeTBOpPAKOINasa ypaBHeHHUIO (2), Ipoxo-
auT yepes TOUKy (x°, y°), To

Ax° + By + C = 0. (14)
Brrunras (14) us (2), monyuum
A(x — x°) + B(y — y°) = 0. (15)

VYpasuenne (15) HasbIiBaeTCA YypasHeHUueM npAMOil, npoxods-
weil wepe3 mouxy (x°, y°).

Ecan BBecTH B paccmoTrpenue BekTopsl N = (4, B), p =
= (x, y), p° = (x°, ¥°), To ;meByI0 HacTh(15) MOkxKHO paccMarT-
pHMBATh KaK CKaJldgpHOe npousBeflenne BekTopa N Ha Bek-
Top p — p°. IToaromy ypasHenue (15) B BekTOpHO#1 popme
¥MeeT BUJ

N - p% = 0. (15

BexTtop p — p° npuHagmexkut npsamoit L (puc. 15). Takum
o6pasom, u3 (15°) BugHO, uTO BeKTOp N = (4, B) OpTOrOHaJIeH

Puc. 15 Puc. 16

(mepneHAUKYIApEeH) NaHHOM IIPAMOM, ¥ TéM CAMBIM MBI BhHISC-
HHUJIM TeOMeTPHYeCKHI cMBICH KoadduumneHToB A u B.
PaccmoTrpuMm aBe npamere

Ax+By+C =0 (L), (16)
Ax+By+C,=0 (L) amn
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Tax xak BexTopst N, = (4,, B)) u N, = (A,, B,) nepmnex-
AUKYyJAAPHBL K IpaMeiM (16) u (17) cooTBeTcTBEeHHO, TO yroa
¢ Mexay npsambiMy (16) 1 (17) paBeH yriy Mexay BeKTOpaMH
N, u N, (puc. 16). Yron ¢ MOXHO BEIYMCIHTH IO POpMyne

(N, Ny) A A, + BB,

COS@P = T——— = .
INHNel a2+ B2,[A2 + B2

(18)

SameuaHue 2. Ecau ¢ — yron mexay npaMeIMH, TO
T — (¢ TaK)Xe ABAAETCA YIrIOM MeXAYy 3THMH IPAMEIMHU.
Yucno (18) MoikeT GBITH HONOKUTENLHEIM M OTPHIATEIbHBIM. |
OzHO U3 HUX COOTBETCTBYET yriy ¢, a APYroe — yriay m — @.
W3 (18) monyuaem ycrosue nepnenduryraprocmu L, u L,

(o= E, cos ¢ = 0):
2
AA,+ BB, =0. 19)

Ecin npameie L, u L, napannenvnst, To Bektopslt N, n N,
KosimHeapHe 1 N, = AN,, rie A — HeKOTOpOe AeHCTBHUTEb-

Hoe uucyo. Orciona yciosue mna-
Q‘y PajyeIbHOCTH IPAMBIX BHIpa-
JKaeTCsa PaBEHCTBOM

a 4, _
a3 (@0
— vy
/! P IlycTe naHa DpPOM3BOJBHAA
i S M L B npamoyroabHOi

cucreMe KoopauHaT (puc. 17), He
Puc. 17 TIpOXOoAAInas Yepes Ha4YaJo Ko-

OpAMHAT, ¥ IYCTb @ — BEKTOD,
BBIXOAAINUN M3 Hauajla KOOPAMHAT M NePHeHAUKYJIAPHBIN K
npamoit L ¢ KORNOM, JexalquM Ha npsamoii. Bekrop a mos-
HOCTBIO OnpefiesfeT NpaAMyio L (Yepe3 KOHel, BEKTOPA @ Ipo-
XOJHUT e[HHCTBeHHAaA IpAMasd, NepHeHANKYIApPHAA K HeMy).
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Ilycts p ecTs AnuHA a (p = |a]), v = (cos a.,, cos B) ecTs exu-
HUYHBII BEKTOD, HAIPaBJEHHLIH B Ty JKe CTOPOHY, YTO H &.
3neck O, B — yrabsl MexXAy @ (MIM V) ¥ COOTBETCTBEHHO IIO-
JIO’KHTENbHEIM HallpaBJeHHEM OCH X M OCH Y; cos 20 + cos 2
= 1 (cos B = sin o). OGosHauum uepe3 p = (x, y) pagmyc-
BEKTOp NPOM3BOJBLHOM (Tekyweii) Touku npamoit L. ITpoek-
I¥A BeKTOopa p Ha eJUHUYHBINA BEKTODP V, OYEBHAHO, PaBHAa p,
T. €. CKaJsApHOEe IIPOM3Be/leHNe PafMyC-BeKTOpa IIPOU3BOJIb-
HO! TOUKHM P npaMod L Ha BeKTOp V paBHO p:

(P, v) = Mup,p = p. (21)

Hrax, MBI HOJYYMIN BEeKTODHOE ypaBHeHMe L, moToMy uTO, M
o0paTHO, ecji paguyc-BeKTOp TOUKHN YAOBJIETBOPAET ypPaBHe-
Huwo (21), To Touka mexxuT Ha L (Touka, He Jexxkamnas Ha L,
uMeeT NPOEKIYIo Ha V, OTJIMYHYIO OT D).

Ecnn npamMas L npoxXOAuT yepe3 Hayajlo KOOPAMHAT, TO ee
ypaBHEeHMe MOXKHO 3anucaTh ToxXe B sufe (21), rae v — exgn-
HUYHBIN NepHeHANKYIAPHBIA K Hell BeKTOp M p = 0.

B xoopaunatHoit dopMe ypasHeHue (21) nmeeT Bujg

xcos o + ycosB = p (» 20) (21)
i
xcoso + ysino = p (» 20). 21"

VpasHenue (21°) (mnu (21”)) HasbiBaeTcs ypasHenuem npamoi
8 HOpMAaabHOM 6ude.
Ecmn npsamas L 3afgaHa o0muM ypaBHeHHEM

Ax+ By+ C =0,

TO €r0 MOXKHO IIPHBECTH K HOPMAJILHOMY BHAY, YMHOXXHB Ha

YUCJIO0
M = J_rl/JAz +B?, (22)

TAe Hafo BHIOpaTh 3HAK, MPOTMBONOJOXKHBINA 3Haky C (p =
= —MC 2 0). Yncno M Ha3bIBaeTCA HOPMUDYIOULUM MHONCUME-
zem. Taxk kak
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(MA)? + (MB)? = 1,

TO CyINECTBYeT ¥ IIPUTOM €IWHCTBEHHBIH YroJ O, yAOBJIETBO-
pAlomuit HepaBeHcTBaM 0 < o0 < 2%, AMA KOTOPOTO

MA = cosa, MB = sina. (23)

B pesyabTaTe MBI noayuyaeMm ypaBHeHue (21), rge p = —-MC >
2 0. OTMeTHM elne pas, YTO YMUCJIO P PABHO PACCTOSHUIO OT
Hayaja KOOPAWHAT N0 IPSIMOIi.

3agaua 4. Haittu paccrosnue d OT TOYKM [0 nNpAMOi L,
onpefenseMoil ypaBHeHHEM

Ax + By + C = 0. (24)
Pemenmne. IIycts
P,v)-p=20 (25)
ecTh HOpMaJibHOe ypaBHeHMe npsamoit (24). Takum obpasom,
-
ecnu C # 0, to p (p > 0) ects pnunHa Bekropa OP, omymeH-
HOro u3 Havajna xoopausHar O Ha L (mepneHAuKYJIAPHO K L),
- -
a vV — eIMHAYHLIA BeKTOp, HAaNpaBJaeHHLI kak OP (p = |OP|,
-
v = OP/p (puc. 18)). IIycts p = (x, Y) eCTh pafgMyc-BEKTOD
npou3BoJibHOM Touky L. Torga, oueBHAHO, 4TOOBI HAMTH pac-
CTOSAHMe OT TOUKM Q°, nMerome# paguyc-sexkTop p° = (x°, y°)
oo L, Hajo cnpoeKTUpoBaTh BeKTOp P — p° Ha HampaBiieHue
BEKTOpa V ¥ B3ATh aGCOJMIOTHYIO BeJIWYMHY IIPOCKIINH:
d =lop(p — P = lip — p% V)| =
=1(ps V) = (0% V)| = Ip = (0% V)| = |(p° V) - Al.
Mst nonyunan popMyay

d =% v) - pl. (26)

Taknm o6pasoM, UYTOGHI IOJYYHTH paccTosiHue d, HaAo
IIpUBEeCTH ypaBHeHHe (24) K HOpMaJIbHOMY BHJAY, IePEeHECTH p
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Puc. 18 * Pwme. 19

B JIEBYIO 4acTh, NOJCTaBUTh B JIEBYIO YaCTh BMECTO X, Y COOT-
BeTCTBYIOIIIMe KoopAWHATH! x°, 1° Toukn Q° 1 B3ATH aGcomioT-
HYIO BeJIMYUHY IOJYYEHHOTO BHIPAXKeHHUA.

Ha asrike xoaddunuentos A, B, C pasencrso (26) Buiras-
OUT TaK:

d = |Ax® + By + /A% + B2 . (26)

IIpn C = 0 ¢popmyna (26), a cnempoBaTensHo u (26°), ocra-
eTcA ToxKke BepHOH. B aToM cayuae p = 0, Vv — ORAMH U3 ABYX
€IMHNYHBIX BEKTOPOB, NEePHeHAWKYJAPHBIX K L (puc. 19).
Temeps

d =lmp(p — P = l(p — p% V) = l(p, V) — (0% V) = l(p° V)|

NN

d = |Ax + ByY/yA%+B?,

T. e. popmyna (26°) sepra npu C = 0.

3ameuanue 3. U3 puc. 18 BugHo, uro: a) ecau Havano O u
ToYka Q° HAXOAATCA HO OAHY CTOPOHY OT L, TO yroax Mexpy Vv
up — p°ocrphiit u d = p — (p° V); 6) ecnm xe O u Q° HaxoAATCA
[0 pa3sHBIe CTOPOHBI OT L, To yrox Mexay p — p° u V Tymoi u
d = (p% v) - p.
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3apaua 5. Haiitu paccrosuue or Touxku (1, 1) no npamoi

2x+ 5y~ {5 =0.

§ 9. Ypasnenue mioCcKOCTH

9.1. YpaBHeHHe NJIOCKOCTH B HOPDMAJLHOM BHJe.
B npocrpanctee R;, rie BBefleHa NPAMOYTOJbHAA CHCTEMA
KOOpAMHAT X, Y, 2, 3aJaf¥M BE€KTOD @, BBINYIEHHLIA U3
Havasia O. Yepes KoHel a npoBefeM ILIOCKOCTD [1 meprmengu-
kyaapHo K a (puc. 20). IIpoussonbHyio (TEKyIIy0) TOUYKY
naockoctr I1 o6ospauum vepes Q = (x, y, 2). Byksa p obo3Ha-
YyaeT paguyc-BeKTOP TOUKH Q.

Iycts p = |a| — annma BekTOpa a u

v = (cos a, cos B, cos?)

— eJMHAYHBIA BEeKTOpD, HAIpaBJE€HHLIA B Ty JKe CTODOHY. 4YTO
¥ a. 3pecs a, B, Y — yras,
obpasyeMble BEKTODOM V CO-
OTBETCTBEHHO C IIOJIOXKHUTEIb-
HBIMH HaNpaBJIeHUSAMH oceil
x, Yy, 2. IIpoexuusa nioboii
Touykn Q € Il Ha BekTOpD V
€CTb, OYEBUAHO, BeJIMYMHA I10-
CTOSIHHAs, paBHas p:

P V)=p@®20). 1)

VpapHeHue (1) meer cMBICT
n npu p = 0. B aTtom cayuae
mwirockocTs Il mpoxoauT uyepes
Hayano koopauHat O (a = 0) ¥ V — eAUHNYHEIN BEKTOD, BHI-
nymeREsH u3 O nepneHAUKYAApHO K [I, HeBaXXHO B KakoM
HanpaBJIEeHUH, T. €. BEKTOP V ONPeAeIAeTcs ¢ TOYHOCTHIO O
3Haka. YpasHeHHe (1) ecTs ypasnenue naocrxocmu I1 6 gex-
mopHoi ¢popme. B KoOpAUHATAX OHO 3aNMMCHIBAETCA TaK:

Puc. 20
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xcoso + ycosP+ zcosy=p (p=20) )

1 Ha3bIBAETCA YpaBHEeHUeM nJjaockocmu 6 HOpMalbHOM sude.

9.2. YpaBHeHHe NMJOCKOCTH B oOmeMm Buge. Eciau
ypaBHeHue (1’) yMHOXHUTH Ha KaKoe-JNGO He paBHOE HYJIIO
YMCJIO, TO MOJYYHM 3KBHBAJIEHTHOE €My YpaBHeHHe B BHJe

Ax + By+ Cz+ D = 0, 2

ompefeJsiomiee Ty Ke IJIOCKOCTh. 3Zech uuciaa A, B, C He
paBHBI HYJIO OfHOBPeMeHHO. ¥YpaBHeHue (2), rae uucaa A, B,
C He BCce paBHBI HYJIIO, Ha3bIBAETCSA YPAGHEHUEM NAOCKOCMU
8 obuem sude.

IIponssonbHoe ypaBuenue Bupa (2), rge uucina A, B, C
OAHOBPEMEHHO He PABHbI HYJIIO, MOXXHO IPMBECTH K HOpMAaJIb-
HOMY BHJY, YMHOXKHB €ro Ha UHCJIO

M=+1/JyA?+ B2 +C?,

rae 3HaK OepeTcs MPOTHMBONOJIOXKHBIM 3HaKY umucia D. Torga
yucyno p = —MD 6yzer HeoTpUlaTeJIbHEIM, a ypaBHeHHe (2)
npeobpaayeTcs B ciaefyloinee, eMy 3KBUBAJIEHTHOE,

MAx + MBy + MCz = p (» 20). 3)
3nech
(MA)? + (MB)? + (MC)? = 1.
9TO MOKa3blBaeT, YTO BEKTOD
= (MA, MB, MC)

equnanunsnit (v = 1). Ero npoeknuyu Ha oCH KOODAMHAT paB-
HbI

MA = cos q, MB = cos B, MC = cosy,

rRe o, B, Y — yrianl, o6pa3oBaHHBIE BEKTOPOM V COOTBETCTBEH-
HO C IOJIOXKUTEJIbHBIMI HaIlpaBJIeHUSIMHM ocell X, y, z. B cuny
BBeJleHHBIX 0003HaYeHM# ypaBHeHHUe (3) uMeeT BUJ
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xcos o + ycosP + zcosy=p @®=z20), (3

T. €. MBI IOJIYYUJIM YPaBHeHHe IJIOCKOCTH (2) B HOpMAJILHOM
BHJE.

Ecanu 3agaHo ypaBHeHMe ILIOCKOCTH B ofuieM Bufe (2) u
HaJi0 Y3HATh ee PACIIOJIOKEeHNEe OTHOCHUTEILHO CHCTEMBI KOOD-
JVHAT, TO JOCTATOYHO YpaBHeHMe (2) mpuBeCTH K HOpMaJIbHO-
My BHAY, YMHOXKHB ero Ha HOPDMUDYIOIMUIA MHOXHUTENs M.

W3 camoro xe ypaBHenusa (2) 6e3 xakux-i1ubo BLIYHCIIE-
HU# MOMHO 3aKJIOUNTh TOJBKO CleAylolque jgBa ¢axrTa:
1) ecim D = 0, TO MJIOCKOCTH MPOXONUT Yepes HAYaJIO KOOp-
zmﬁa'r, aecmu D # 0, To OHa He MPOXOAMUT t{eﬁea HayaJjo
koopauHat; 2) BeKkTop N = (4, B, C) nepneHfuKyJasapeH IJIOC-
KOCTH, Befb OH KOJUINHeapeH eAWHUYHOMY BEKTOPY V =
= (MA, MB, MC) = MN, nepneHauKyJsipHOMY K JaHHOM!
IJIOCKOCTH.

YpaBHeHUE

L Ax+ By+ D=0 4)

€CTb YaCTHBIN cirydalt ypaBuenud (2). B wiockoctu (x, y) ypas-
HeHue (4) onpezessaer NPAMYIO, a B IIPOCTPAHCTBe (X, Y, 2) OHO
ecTh ypaBHeHHe mockocTu II, mepneHaUKyIApHON K KOOD-
IVHATHOM IUIOCKOCTH (X, Y) ¥ NMPOXOAAmel dyepe3 BTy mpd-
myio. KaxoBa 0n1 Hu 6bL1a TOuKa (X, Y, 2), IpUHAAJEKAII[ASA
¥ trockoctu I, ee KoopAMHATEI X, Y YAOBJIETBOPAIOT ypaBHe-
HHUIO0 (4) He3aBHCMMO OT TOrO, KaKyI0 OHAa MMeeT TPeThIO KO-
opAuMHATY 2. YpaBHeHHe

Ax+ D=0 A=0) (%)
€CTh YacTHHI ciay4ail ypasHeHus (4). Ero MoxkHO 3anucaTth
elge B BUIe

x=C (C = —D/A). %)
Vpasuenue (5) 8 npocrpancTse (X, Y, 2) eCTh reoOMeTpuyec-

Koe MecTo Touek (X, Y, Z), MMelIqUX NePBYI0 KOOPAMHATY,
pasuyio uucay C. KoopaurnaTh ke Yy, 2 MOTYT OBITH JIIOOBI-
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mu. fcHo, uto (5’) onpenenseT MIOCKOCTH, IapajjiejbHYIO
KOODAMHATHON MJIOCKOCTH (Y, 2) (MJIN NMepHeHANKYIAPHYIO
ocH X).

9.3. YpaBHeHHe NMJIOCKOCTH B OTpe3Kax. Ecau uuc-
ma A, B, C, D He paBHBI HYJIIO, TO ypaBHeHHe (2) MOXKHO
3ammucaTh Tak:

y

X V4
“+Z 4=
2Tt e 1, (6)

rae a = -D/A, b=-D/B, ¢ =-D/C.
Vpasuenue (6) HassIBaeTcs ypas-

HeHuem NJAOCKOCMU 6 OMmpe3Kax.

9ra niockocTsk (puc. 21) mepecexa-

eT ock x B Touke (a, 0, 0), ocp y —

B Touke (0, b, 0), ocs z — B Touke Puc. 21

(0, 0, ¢). ITo ypaBuenmuto (6) jserko

TIpeJCcTaBUTH cebe pacmosIoXKeHHe MJIOCKOCTH OTHOCUTENLHO

CHCTEMBI KOODAWHAT.

9.4. YpaBHeHUNe NJIOCKOCTH, MPOXOoAAI(ed yepes
Touky. Ecau rouka (x°, y° 2° smexxkur Ha miaockoctu (2), To
ee KOOPJAUHATHI YAOBJIETBOPSIOT ypaBHeHHNIO (2):

Ax° + By® + Cz°+ D = 0. )
Brriuuras (7) us (2), monyuum
A(x — 2+ By — y°) + C(z — 2° = 0. (8)

VYpaBuenue (8) HasbIBACTCS YpABHEHUEM NJAOCKOCMU, NPOXO-
daweii wepe3 moury (x°, y°, 2°). B BekTOpHOI1 opMe ypaBHe-
Hue (8) umeer BUJ

Np -9 =0, (8)
rge N, p, p° — BeKTOpHI, onpezessieMble PAaBEeHCTBAMH

N = (4, B, 0), p=(x, y, 2), p° = (x° y° 2°).



84 §9. YPABHEHHME IIJIOCKOCTH

3aecs N — BeKTOp, NEPIEeHAUKYIAPHLINA K MIOCKOCTH (2),
p — paauyc-BeKTOp TeKyied ee TOUKH, p° — pajuyc-BEKTOD
3afaHHOH ee Touku. Tak Kak BeKTOp p — p°, MPHUIOKEHHBIH
K Touke (x°, y°, 2°), mpuHaAIEXHUT IIoCKOoCTH (2), TO paBeH-
cTBO (8) roBopuT 0 TOM, YTO BeKTOp N OpTOroHajieH IJIOCKO-
ctu (2), YTO MBI YCTAaHOBMJIM paHee M3 APYTrMX coobpa’KeHuid.

9.5. YpaBHeHHEe NJIOCKOCTH, NpoXogAlleil uepes
Tpu TOUYKMU. JlaHKI TPH TOUKH

(x1! Yy Zl)v (xg’ yzv 22): (3, y3’ 23),

He JIexKalue Ha ofHoi mpsmoit. Tpebyercs mammcaTs ypasHe-
HHUe IUIOCKOCTH, IPOXOAALIel yepe3 3T TPM TOUKHU. VI3 reo-
MEeTPHMH H3BECTHO, UTO TaKas IJIOCKOCTH CYIEeCTBYET U eJUH-
crBeHHas. Tak Kak oHa IPOXORMT 4epe3 TOUKY (X, ¥,, 2,), TO
ee ypaBHeHHe MMeeT BUJ

A(x-x)+ Bly—y)+ Cz-2) =0, 9)

roe A, B, C oxHOBpeMeHHO He paBHHI HyJI0. Tak Kak oHa
TIPOXOMMT ellle Yeped TOUKH (X,, Y,, 2,), (X5 Yjs 2;), TO HOJK-
HBEI BHINOJIHATBLCH YCJIOBHSA

A(xy - x)+ By, — ;) +C(z5 — 2)) = 0,}

A(xg — x;) + B(ys - yy) + C(z3 — 2,) = 0. (10)

CocTaBuM OZHOPOAHYIO JMHENHYIO CHCTEMY ypaBHEHHH OTHO-
CHUTEeJIbHO HEM3BECTHBIX U, U, W:

(x—x)u +(@y- yl)v + (2 - zl)w =0,
(g = x))u + Yy —yy)v + (23 — 2w = 0,

(11)
(3 —x)u+(ys -y v+ (23 —2)w =0,

3necs (x, Yy, 2) ecTb IPON3BOJbHAA TOYKA, YAOBJIETBOPAIOIAT
ypaBHeHmIo miaockocTu (9). B cuny (9) u (10) cucreme (11)
YIOBJIETBOPAET HeTPUBHANLHLII BeKTOp N = (A, B, C), moato-
My ONpeJeJINTeNb 3TO CHCTEMbI PaBeH HYJIO
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X—X% Y-y 2-2
Xo =X Ya—UY1 22—2| =0. (12)

X3 — Xy Ys—Yp 23— 2

M= nonyuynnu ypaBHeHue Buza (9), T. e. ypaBHeHHe IJIOCKO-
CTH, B UeM JIerko yOeIuThCs, PA3JIO’KUB IIOJIYYEeHHBIN Onpesie-
JINTeNb TIO BJIEMEHTaM NepBoi cTpoKu. IIpu 3TOM 3Ta MJIOCKOCTH
IPOXOAHUT 4Yepe3 TOUKH (X, ¥, 21)’ (x,, Yy z,), (x,, Ys» 23), 4To
BBITEKAEeT M3 CBOMCTB onpefeauTens. Hamra safgaua pemreHa.

VYpasuenue (12) MOXKHO ellfe HalMCATh U B CJeAYIOIIEM
BUIE:

x y z 1
X1 U &4
X2 Y2 2
X3 Y3 23 1

= 0. (13)

Eciu u3 nepBoil, TpeTheil M YETBEPTOM CTPOK ONpeAeNuTeNdA B
(13) BBIUECTH BTOPYIO CTPOKY, TO OH He M3MEHHTCA. Pasaras
pe3yJIbTaT IO 9JIEMEHTaM YeTBEPTOro CTOJIOLA, MOJIYYNM ypaB-
HeHue (12).

9.6. Yronm MeXAy ABYMSA NJIOCKOCTAMH. 3ajajuM
IBe IIJIOCKOCTH
Ax+ By + Cz+ D =0, (14)

Ax+ By+ Cz+ D' = 0.
Mmur 3naeM, yto BekTopel N = (4, B, C) u N’ = (A, B, C)
IePHeHANKYJISAPHbI COOTBETCTBEHHO NAHHBIM IIJIOCKOCTAM, I10-

atomy yroa ¢ mMexxay N u N’ paBeH yriy (IByrpaHHOMY) MeXK-
Ay DaHHBIMH 1mIockocTaMM. Ho ckanspHoe mpousBefeHue

NN’ = |N|N'lcos o,
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IIO3TOMY
NN’ _ AA’ + BB+ CC’
INMINT - Ja24 B2+ c?a)? + (B) +(C)?

cos ¢ = . (15)

IOocraTouHo cuurarh, uro 0 < ¢ < «.

OTMeTruM, UTO ABe HMepeceKalolyecs IJOCKOCTH Ha CaMOM
Aene o0pa3ylOT ABa ABYTPaHHBIX yria @, u ¢,. Mx cymma
paBHa T (¢, + @, = T), a UX KOCHHYCHI PaBHBI 110 a6COMIOTHOM
BeJIMYKHe, HO OTJIMYAIOTCA 3HAKaMH (cos ¢, = —cos ¢,). Ecin
3aMeHUTh B lepBoM ypaBHeHuu (14) umcna A, B, C coorseT-
CTBeHHO Ha umcaa —A, —B, —C, To mojyyeHHOe ypaBHeHUe
OyZeT onpeAenaTh TY e IJIOCKOCTh, HO yroa ¢ B (15) zame-
HHUTCA Ha T — Q.

Ise mmockoctu (14) nepnendurynsapuv. Toria M TOJBKO
Torga, xoraa cos @ = 0, T. e.

NN’ = AA + BB+ CC' = 0 (16)

IIse nnockoctu (14) napannenvnv. TOra u TOABKO TOT-
Za, xorja (IepHeHANKYJApHEIe K HUM) BeKTopsl N u N’
KOJIIMHeapHBI, T. €. BBINOJHSIOTCA YCJIOBUSA IPOIOPIIHO-
HAJILHOCTH

A B C

Al = BI Cl *
Ecan RONOJHUTEIBHO K 3TOMY BHINIOJHAIOTCS paCIUIMpeH-
Hble YCJIOBMS HNPOIOPIAOHAIBHOCTH
A B C D
A B C D’ (18
TO 9TO TOBOPHUT O TOM, uTO IIocKocTu (14) coBmagawr, T. e.
ob6a ypaBHeHus (14) onpenendAioT OfHY U Ty Ke IJIOCKOCTb.
XoTa Ha HYJb AeJUTh HEJIb3sI, HO YAOOHO MHCATh CHMBO-
aundeckue nponopunu (17) unm (18) ¢ HynraMu B 3HaMeHarTe-
aax. Ho rorpa, ecnm, nanpumep, B’ = 0, To Hafo cumrars,
yrou B=0. Unu eciu D’ = 0, o D = 0.

a1
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IIpumep 1. YpasHenusa
2x + 4y + 1 =0,
x+2y+5=0
ONpeAeNsAIOT Napy NapaIeNbHBIX IUIOCKOCTEH, a YpaBHEHUA
2x +4y + 2 =0,
x+2y+1=0

— napy coBnagamigmux IJIOCKOCTeH.

9.7. PaccTossHMe OT TOYMKM JO miockocTu. Tpedy-
eTCA HAaWTH PacCTOAHHe OT TOUKH (X, Y, 2,) = Q° ;o mioc-
koctu I1, onpesensiemoil ypaBHeHHEeM

Ax + By + Cz+ D = 0.
Hns sroro mpuseaeM ypasHeHue Il K HOpMaJIbHOMY BHAY:

P,Vv)V=p (@20).

3pecs p = (x, Yy, 2) — paguyc-BeKTOp TeKylneil Touku Q mioc-
kocru I1, p — gnuHa nepnenguKyiaspa a k [1, BenyigenHoro
M3 HyJIeBOX TOYKH, ¥ V — eJUHNYHEII BEKTOP, HaIpaBJeHHBIA
kak a. M3 puc. 22 BuAaHO, uTO pasHOCTs P — p° paguyc-
BeKTOpa NMPOM3BOJBbHON ToukM Q = (x, y, 2) maockoctu I1 n

21\

Puc. 22
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pagmnyc-BeKTOpa Touk# Q° = (x,, y,, 2,) eCTh TaKoil BeKTOD,
~4TO aGCoNIOTHAS BeJIMYHMHA ero IIPOEKIUHN Ha V PaBHA MCKO-
MoMy paccroanuio d ot Q° = (x,, y,, 2,) no II:

d=1p - p% v,
HO
P=pPV)=0@ V)-S5 V)=Dp-(P%V).
CrenoBaTtesbHO,

d= I(Po’ V) - p‘

MEbI BUAMM, UTO, [JIA TOTO YTOOBLI BHIYMCJIMTL paccTosHue d
ot Touku Q° mo mnockoctm [l, Hamo sammcaTh, ypaBHeHUe
nrockoctu I1 B HopMaibHOM BHZE, IEPEHECTH P B JIEBYIO 4acTh
¥ NOACTaBUTH B MOCJEAHIOI (X,, Y,, 2,) BMecTO (X, VY, 2).
AGcooTHAaA BeIMYMHA MOJYYEHHOTO BhIpAXKE€HHUA U eCTh
HCKOMOe Yucio d.
Ha assike mapamMeTpoB ILIOCKOCTH, OUYEBUAHO,

d =|Ax, + By, + Cz, + D|/JA? +B? +C% .

Jlerko BuzeTs, UTO ecau Touka Q° M HAYAJI0 KOODAMHAT HAXO-
OATCA IO pasHble CTOPOHHI OT miuockoctd Il (kax Ha puc. 22), To
BeKTOp P — p° o6pasyer ¢ V Tymoil yrois, u HO3TOMY

d=-p—-p%V)=(p%VvV)-p>0.

Ecinu ke Touxka Q° ¥ HayaJo KOOPAMHAT HAXOAATCH IO OLHY CTO-
pony ot I, To yKasaHHBII YroJ OCTpHIi, U TOrAa

d=@P@-p5V)=p-(p%V) >0
CuaepoBaTenbHo, B mepBoM ciaydae (p°% V) > p, a BO BTOpPOM
(% v) < p.
IIpumep 2. Paccroarue d or Touxkm (1, 1, 1) go maockocru Il
x+2y+2=3

PaBHO

x+2y+z-3

Vi+4+1

1
x=1,y=1,2=1 ‘/E ‘
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B pamnOM cayuae Touka (1, 1, 1) m Havas0 KOODAMHAT HAXO-
OATCA IO pasHble CTOPOHBI OT mJjockoctH I, tak kak M > O u

[x + 2y + z — 3] =1>0.

x=1, y=1, z=1
3ALA4MU

1. IlpuBecTy ypaBHEHHS IJIOCKOCTEH

x-—y+z=2, 2x—y+\/202=10
K HOPMaJIbHOMY BHAY.
2. HaiéiTu yron MeXay NJIOCKOCTAMM

x+y+z=1mn y = 0;
x-y+z=2nx+y+ z=3.
3. Hanucarb ypaBHeHHe IJIOCKOCTH, IPOXOASAIIEH Yepe3 TOUKH
0,0, 1), 1,0, 1), (1, 1, 0).
4. HanucaTh ypaBHeHHe IIapOBOM IOBEPXHOCTH C IIEHTPOM B
HayaJle KOODJAUHAT, Kacamwleiica miockocta 2x — 6y + 7z = 2.

§ 10. IIpamasa B mpocTpPaHCTBE

10.1. YpaBHeHHe NpAMON B KAHOHHMYECKOM BHJe.
PaccMoTpuM B MpOCTPaHCTBe MPOMU3BOJILHYIO NpaMyio L. Or-
MeTHM Ha Helt TOUKY (X, Yy, 2,),
onpefensomyl0 pPaguyc, BEeKTOD
p° = (x,, Y, 2,) ¥ Nexamwuit Ha
Heit BeKTOp @ = (@,, a,, a,) # 0,
OPUJIOXKEeHHBIN K Touke Q° = (x,,
Yy 2,) (puc. 23). Ilpoussonsuyio
TeKYIIYI0 TOUKy npamMoit L o6o3Ha-
uyuM yepe3 Q = (x, Yy, 2) u ee pagu-
yc-BeKTOp uepes p = (x, Y, 2). Bek-
TOp p — P® MOMXKHO 3amKCcaTh B BUAE
p — p° = ta, Tne t — HeKoTOpOE
uucao (ckanap). Ecau neiictBurensHas nepemeHHas t mpo6Ge-
raer MHTepBala (—o, =), TO KOHell BeKTopa p = p° + ta mpo-
6eraet Bcio npamyio L. IloaToMy roBopsT, 4TO paBeHCTBO

Puc. 23

p-—pP=ta (o< t< o) @)
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€CTb YpasHerue npamoii, npoxodauseil wepes mouxy Q° = (x,,
Yo 2,) U HANPABAEHHOU 6 CMOPOHY éexmopa a.

Ha saspixe KoopAuHaT ypaBHeHHe (1) pacmajaeTca Ha TpHU
ypaBHEHHd:

X - xo = tal,
Y= Yo = t0p: )
z2 —zy = taz.

WUckmouas 13 HUX mapaMeTp ¢, MOJYYUM YPaBHEHMS NPA-
Mol (cucTeMy M3 JBYX YpaBHEHMI)

X—Xg _Y—Yo _2—23
= —1 , 1’
a a, az a

rze 4ucia a,, a,, 4, OTHOBPEMEeHHO He DaBHEI HYJIO. YpaBHe-
Hud (1”) Ha3HIBAIOTCA YPABHEHUAMU NPAMOIL 8 KAHOHUYECKOM
sude.

3amMeuanue. MoxXeT CIYYHTHCSA, YTO OAHO WJIM ABa M3
4ucen a,, a,, a, paBHO Hymo. Torza Bce e NPUHATO NHUCAThL
paeencrtsa (1”) ¢ HyJeM MIK ABYMs HYJSIMH{ B 3HAMeHaTeNdX.
Taxkas 3aIKMCh CTAaHOBUTCS TOTAA CHMBOJHYECKOH, HO OHa
yznobHa.

IIpumep 1. YpaBHeHUdA

x11=y02=223 @
onpefieNIAIOT NPAMYI0O B IPOCTPAHCTBE, MPOXOASIIYIO uepes
Touky (1, 2, 3) B HanpasieHun BexkTopa (1, 0, 2).
OTH ypaBHEeHHS MOYKHO 3aMEHHTH Ha CJIefYIoIue UM 3K-
BUBAJICHTHBIE!

y-2=0:(x-1), 20x—-1)=2-3,

T. €.
y=2,2z2=2x+ 1. 2"
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Taxum o6pasoM, paccMaTpuBaeMas NIpsAMasd ecTh IepeceyeHune
IBYX ILJIOCKOCTell, onpeeiaeMbIX ypaBHeHuAMH (2°).

IIpumep 2. YpaBHeHNA npAMO

x-1_y-2 2z-3
1 0 0
SKBMBAJICHTHHI CIEeYIOUIHM:

y—-2=0, z2-3=0.

10.2. Pacnonoxenue AByX niaockocrteif. Ilycts 3a-
IaHBl YpaBHEHUA ABYX IIJIOCKOCTEH

Ax + By+ Cz+ D =0, (3)

Ax+ By + Cz+ D =0. 4)
Ecnu xoabduueHTH 1EpBOro U3 HUX COOTBETCTBEHHO IIPOIIOp-
LUOHAJBHBI Ko3ddunuentam sroporo (A: B: C=A4": B : C),
To miaockoctu (3) u (4) mapasjenbHBI MIM Ha’Ke COBIIAZAIOT
(upu ycnopuu A : B: C: D=A": B :C' : D) (cm. § 9, (17)
u (18)). B mporuBHOM ciyuae niuockoctH (3) u (4) mepeceka-
IOTCA TIO TIPsAMOii. B aToM ciydyae ofuH U3 ompexaeauTesei

A B
A" B

A C
Al Cl

B C
B; Cl
He paBeH HyJ0. [ ompelejieHHOCTH OyJeM CYMTATh, YTO
TepBLIA

b ’

A B

W Bl *0 (5)

Torga ypaBHeHus (3), (4) MOXXHO pelINTh OTHOCUTEJNBHO X U
Y, ¥ MBI IOJYIUM

x=ocz+u,} ©

y=Ppz+v,
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rze o, B, 1, V — HeKoTOpELIe Yucia. YpaBHeHud (6) sKBUBAJIEH-
THBI CJIeAYIOLIIUM:

2
= ==. 7
1 D

M=ur BuauM, uTO IIpH ycaoBHuH (5) ypaBHEeHMS ABYX ILIOC-
xocreit (3), (4) onpegensior npsamyio (7), T. e. reoMeTpuyecKoe
MeCTO TOYEK, KOOPAWHATHI KOTOPHIX YAOBJIETBOPAIOT ypaBHe-
HUAM (3), (4). OHa mpoxoguT yepe3 TOUKy (W, V, 0) 1 umeer
HaIpaBiieHHe BekTopa (O, B, 1). Yucna o, B wiu ogHO U3 HUX
MOTyT OBITH PABHBIMH HYJIIO, TOTAA ypasHeHust (7) OyAyT UMeTh
CHUMBOJIMYECKHI XapaKkTep.

IIpumep 3. IIpamas, onpenensiemas ypaBHeHusiMi x = 0,
y = 0, ecTb, OUEBHHO, KOODANHATHASA OCh 2. K aToMy pesyib-
TaTy MOXKHO NpuiTy u dopmansuo. NUmeem

x=0-2, y=0-2,
OTKYZa

0o 0 1’

T. €. MBI [IOJYYWJIYM YPaBHEHUs NPAMOM, IpoXoAsAiieil yepes
nauajyo xoopaunat (0, 0, 0) B HanpaBaenuu Bexkropa (0, 0, 1).
SfcHo, uTO 9TA MIpsiMas eCTh OCh 2.

IIpumep 4. Haiity yron Mmexay npaMbIMHU

X=X _Y-W _2-%

a bl - a 3)

X% _ Y-y _2-2
a by c; ©)

Bexrope r, = (a,, b,, ¢,), r, = (a,, b,, ¢,) nexaT Ha HAMIUX
NPAMBIX ¥, KaK MBI YCJIOBHJNChH, OHU IPUJIOXKEHBI COOTBET-
CTBEHHO K TOUKaM (X,, ¥, 2,), (X,, Y,, 2,). IlloaTomy yron ¢
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MeXXAY 3THMM BEKTOPAMHU U OyHeT YIJIOM MeXAY IPsAMbIMHU (8)
u (9):

a,a, +byb, +cycy
BULY

cos ¢ =

SAOAHN

1. Hanucars ypaBHeHHMe IPAMOMH, IIPOXOASAINE UYepe3 TOUYKY
(2, -1, 0) nepneHZUKYIAPHO K ILIOCKOCTH 2x + z — 4y = T.

2. HanucaTs ypaBHeHHe IJIOCKOCTH, NIPOXOAAIIEH Yepe3 TOYKY
(1, -1, 2) 1 nepneHANKYJAPHOH K NIPAMOM, OIpejesidaeMOil ypaB-
HeHuMaAMHU 2x + 3y=1,3x—- 2z = 1. '

§ 11. OpueHTAanUA NPAMOYTOJBHBIX CHCTEM
KOODPAMHAT

11.1. IsymMepHaa cucrteMa KoopauHart. Ha puc. 24
u 25 n3o0pa’XeHbl CUCTEeMBl KOOpAUHAT X, Y. OHM pasauuHbI
— NP0 HUX TOBOPAT, UTO OHM OPUEHMUDPOBAHbL NPOMUBONO-
zoxcHo. B ciyuae puc. 24 moBOpOTOM OCH X BOKDYT TOYKH O

Ya b xﬂ‘

Puc. 24 Puc. 25

Ha yrojx T/2 MOXXHO COBMECTUTH HAIIPABJICHWE OCeH X W VY,
JIMIIb €CJIM 3TOT ITIOBOPOT COBEPILINTH IIPOTHB YaCOBOM CTpEJI-
KH. B cayuae xe puc. 25 3Toif I1[e 1M MOMKHO AOCTHYD, JIMIUL
TIoBOpauYuBad OCh X IO 4YacoBoii crpeike. HeBo3MOXXHO cuc-
TeMy KOODAWHAT, U300parkeHHYI0 Ha puc. 24, mepeasuras ee
B paccMaTpuBaeMoi mjaockocTt# (!) Kak TBepoe Tejo, COBMe-
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CTHUTB C CHCTeMOH, m3o6pa)keHHOH# Ha puc. 25, Tak, YTOOBI
HanpaBJIeHUs COOTBETCTBYIOLIVX OCeif COBIIAJIH.

Ha puc. 24, Tak xe kak Ha puc. 25, uszobpaxkeHa mapa
HEKOJIJIMHeapHbIX, BHIXOAAIMUX U3 HEKOTOPOM TOYKU A BeK-
TOpoB a u b. IlepeaBuras sty mapy Kak TBepAoe TeJIO B IJIOC-
KOCTH, JOCTUTHEM TOrO, 4TOOBI TOYKa A COBIaJjia C HAYajoM
xoopauHat O. IlocTaBuM cebe 3aziauy ImyTeM BpallleHUA KadK-
IOr0 ¥3 BEKTOPOB @ ¥ b BOKpPYr ToukKu O NOCTUTHYTH TOrO,
yTOOBI BEKTOp @ IPHMHSAJ HANpaBJIEeHHWEe OCH X, a BEeKTop b
OKasaJICA JexaIlquM Ha ocu Y. IIpu aTtoMm MeI TpebyeM, 4TOOBI
BO BPeMsA 3TOTO IIpoliecca BEKTOPHI @ 4 b Bce BpeMsi HaXOAU-
JICh B PACCMATPHBAEMOH IIJIOCKOCTH ¥ UTOOBI YTrOJ MEXAY
HuMHu He Obla paBeH 0 u . OueBHAHO, BCeraa MOXKHO JOCTHI-
HYTh 3TOH 1eau. BHauase MBI BpalljaeM CHCTEMY BEKTODOB @
u b xak TBepjoe TeJ0 0KO0JIO TOUKK O N0 COBNafieHUsI BEeKTOpa
a C IOJIOKUTEJHHEIM HaIlpaBJieHHeM ocu Xx. Taxk Kak BEKTO-
pH a 1 b He KOJUIMHeapHLI, TO BEKTOp b OKa’xeTca B BepxHeit
WY HUKHEHR IOJYIIJIOCKOCTH. 3aTeM BeKTop b ImoBopauuBaeM
Ha HeoOXOAWMMEIH yros, YTOOGBHI OH OKa3ajICSI HAa OCH Y, IIpH
3TOM He paspeluaeTcs, 4YToOnl BeKTOp b momajgan Ha och X.
IToaToMy MOKeT CAYYMThCs, YTO HamIpaBJieHWe BeKTOopa b
COBIIAZlaeT C HaNpaBJeHWeM oc¥ Y (3TO BO3MOKHO, KOTAa
BeKTOp b Obl1 B BepxHell MOJYIJIOCKOCTH) MJH Ke BeKTOp b
OKa’KeTCs HAIIpaBJIeHHHIM B CTOPOHY OTPMIIATEJILHOrO HaIlIpaB-

Ya b y4e yﬂ
b a
2
a* N
1
\\Il A a
— ey e »
0 x 0 x 0] 4 x
b vy

Puc. 26
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JIeHus ocH Y (cM. puc. 26, rae moxasaHa AWHAMHUKa IIpoIleC-
ca). B nepBom ciayuae Mul 6yJieM rOBODUTH, YTO naApa 6eKmo-
pos (a, b) opuenmuposana kax cucmema xoopdurnam x, y, a
BO BTOpOM, uTo napa (a, b) opuenmupoeana npomueononoxcro
opuenmayuu x, y (Kax 3TO CIyYHiIoch Ha puc. 26).

11.2. TpexmepHass cucteMa KoopauHart. IIpamo-
YTOJbHBIE CUCTEMBI KOODAVHAT X, Y, 2 B IPOCTPAHCTBe, M300-
pakeHHbIe Ha puc. 27 u 28, Toxke pasnauuHsl. PaccMarpuBas
cHCTeMy KOOpAWHAT puc. 27 KaK TBepJoe TeJOo, MOXKHO IToCie
COOTBETCTBYIOIIIETO €r0 MePeJBMKeHMI COBMECTUTD OCH X U Y
obeux cucreM xKoopaurar. Ho mososkuTenbHOe HalpaBjeHUe
OCH Z IIEpBOM CHCTEMBI HE COBIIQJAeT C ITOJIOKUTEJIbHBIM Ha-
IpaBJIeHHUEM OCH Z BTOPOM cucreMbl. MBI TOBODHM, UTO CHCTe-

Puc. 27 Puc. 28

™Mbl puc. 27 u 28 opuenmuposarsv. npomusononoxro. Cucre-
Ma puc. 27 Ha3bIBaeTCH J1e60l cucmemoi koopduram, a Cuc-
TeMa puc. 28 — npasoil cucmemois koopduram. Eciu BUHT ¢
npaBoii (J1eBoif) Hape3KOH BBUHUYMBATH [0 HAIIPABJIEHUIO OCH
2, IoBOpayuBad ero 1mo crpejke puc. 28 (puc. 27), To oH Oyxer
IBUTAThCA IIOCTYIATEJbHO B 3TOM HampasjeHuu. MOXKHO
TaK)Xe pPACIO3HaBaTh CHCTEMY KOODAMHAT MO CJEAYIOIIeMY
npaBuay. Ecau cMOTpeTh M3 KaKOM-I100 TOUKM MOJIOMKUTEb-
HO# mosayocu Oz Ha IOJNOXKUTENLHYIO moayock Oy, TO mOJo-
SKHUTeJbHasA mojayoch Ox MoxeT GBITH HalIpaBJieHa BJIEBO WJIU
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BIpaBo. B mepBoM ciydyae CHCTeMa KOODAMHAT Ha3bIBaeTCs
zesoit (puc. 27), a Bo BTOpoM — npasoii (puc. 28).

BexTops! @, b, ¢ Ha3bIBAIOTCA KOMNIAHAPHLIMU, €CIIA OHU
JIeXaT B OOHOM IJIOCKOCTH WJIM JKe HaXOLATCA B Iapalljieib-
HBIX NJOCKOCTAX.

BossMeM cucTeMy HEKOMILIAHAPHBIX BEKTOPOB a, b, c,
NPUJIOXKEHHBIX K HeKoTopoit Touke A. Byaem Bpaimats B
IIJIOCKOCTH BEKTOpOB @ ¥ b BexTop b BOKpyr Touku A o Tex
nop, moka b He oKa)keTcs IepPNEHAUKYISIPHBIM @. Bo BpeMs
IBHKeHUsl OylneM cieguTh, YTOOBI Yyrosl MexXay a u b Bce
BpeMsl He paBHsJCA HyJqIo u 7. Ilocie aToro 6yseM BpaiaTh
BEKTOD € OKOJIO A C LieNbI0 IPpUAATh eMy HanpasjeHue, Iep-
NeHAUKYJIsSIpHOe BeKTopaM a, b. IIpu srom Gymem ciexuTs 3a
TeM, 4TOObI BEKTOpP ¢ HY HA OQVUH MOMEHT He COBIIaJ C ILJIOC-
KOCTBIO BeKTOPOB a u b. B pesyiabraTte BeKkTOpH! @, b, ¢ OKa-
JKYTCA NMepneHAUKYaAApHbIMU. Teneps mmepeHeceM 3Ty TPOHUKY
KaxK TBepaoe Teao B Touky O u OyaeM ee BpamjaTh BOKDPYT
Touku O ¢ Ueablo, YTOOBI BEKTOPHI @ M b MOJYyYHIN COOTBET-
CTBEHHO HaIlpaBJieHWs oceil x, y. MoxkeT okasaThCs ABa CIy-
yasi: 1) BeKTOp ¢ OyAeT HampaBJieH KaK ITOJIOXKUTEeIbHAA OCh 2,
2) on Oyzper HampaBJIeH B IIDOTUBOIIOJIOXKHYIO CTOPOHY. B mep-
BOM ciaydae Oygem roBOPHMTH, YTO CHCTeMa BEKTOPOB a4, b, ¢
opuenmuposara Kaxk cucmema koopdurnam x, y, 2, a BO BTO-
POM — OHA OpUEHMUPOBAHA NPOMUBONONONHLIM 00pA30M
(cMm. coorBercTBeHHO puc. 27 u 28).

§ 12. BexTtopHOoe nmpoM3BeJeHHE

12.1. IBa onpejejieHNsT BEKTOPDHOIrO nNpousBeje-
HU A. 3aAaJUM B HEKOTOPOI NPSMOYTOJLHOM CHCTEeMe KOOp-
IVHAT TPEXMEPHOro AeiCTBUTEIHHOTO IPOCTPAHCTBAa BEKTODHI

a=(a, a, a), b=(, b, b)

¥ Ha30BeM B8eKMOpHbiM npou3gedenuem a n b BeKTOp
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c=axb=[axb]=

Yy x

=(ab,—ab)i+(ab ~ad)j+(ab -ab)lk=

i j ok
- |2 a, a| o8
b, b, b,

B xauyecTBe mocjefHero 4jeHa 3TOM uélm Hanucaa «0600-
INEeHHBIA oNpefesuTeNb», epBad CTPOKA KOTOPOrO COCTOHUT
U3 BeKTOpOB i, j, k (opTOB cucrembl koopauHaT). Bo BTOpOM
YJjieHe MOKA3aHO, KaK 3TOT O0OOIEeHHbIH OnpeeInTeNb IOHHU-
MaTh (ONpPEeAEeNUTENb TPETHErO IOPAJKA MBI pasjiaraeM Ino
3JIeMEHTaM IIepBOM CTPOKH TaK, KaK ecau Ol i, j, kB ObIn
YUCJIaAMH).

Ouesuzno, uto [a X (—b)] = —[a x b].

BekTopHOEe NIpOH3BefileHNe BEKTOPOB @ H b MOXKHO TaKxKe
OIpEeZie/IUTh CJIERYIOINUM oGpasom:

1) ecain a 1 b KoJIMHeapHBI, TO UX BEKTOPHOE HPOH3BeE-
JleH¥e PaBHO HYJIEBOMY BEKTODY;

2) ecin a ¥ b He KOJNNMHEAPHHI, TO BEKTOP ¢ HAIpas-
JIeH MepIeHAUKYIAPHO K @ U b ¥ MPUTOM TaK, YTO CHCTe-
Mma (a, b, ¢) oOpHeHTHpOBaHA TaK e, KaK AaHHAA CHCTeMa
KoopauHaT. [INIMHA Xe BEKTOpa ¢ paBHaA

lel = |a] |Blsin ® 0 <w<m). 2)

Tie ® eCTh yroJ MeXAy @ u b, T. e. JJIMHA ¢ paBHA TJIOIa-
I¥ IapajljelorpaMma, IIOCTPOEHHOTO Ha BeKTOpax a4 U b
(pmc. 29).

JokaxceM SKBHBAJEHTHOCTb CHOPMYIHPOBAHHEIX ABYX
onpeeIeHnH.

Ecau BekTop ¢ = 0, To u3 (1) cleayeT, YTO KOMIIOHEHTH
BEKTOPOB @ M b mpomopnuoHaJbHEL

a:ay:a=b:b:b,

x z x y z
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QA SY
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Puc. 29

T. €. @ ¥ b KoJUIMHeapHBI, HO TOTZla BEKTOPHOe IPOM3BeJieHNe
¥ IO BTOPOMY OIIpeJeJIeHUI0 PaBHO HyJeBOMy BeKTopy. O0-
paTHO, ecau a u b KoJAJIWHeapHbI, TO II0 BTOPOMY OIIpejeJe-
Huio @ X b = 0. Tak KaK KOMIIOHEHTHl BEKTOPOB a u b mpu
3TOM INPOIOPLMOHANBHBI, TO, COIJIACHO IIEPBOMY OmIpefele-
HMIO, ¢ = 0.

ITycTs Teneps @ ¥ b — HeKOJUIMHeapHbIe BEKTOPHI ¥ € — X
BeKTOpHOe npoussefenue coriacHo (1). OueBuzHO, 4TO

(c,a)=(apb,—-adla, +(ab —ab)la +(ab —apbla =0

¥ aHAJOTHYHO
(¢, b) = 0.

Hrak, BeKTOp ¢ NepneHJUKYJIADEH K @ 4 b.

IokaxeM, 4TO cucTeMa BeKTOPOB (a, b, ¢) opueHTHpOBaHA
Tak ke, KaK CHCTeMa KOOpAWHAT X, Y, 2. By/ieM HenpephIBHO
BpaInaTh BeKTOPHI @ u b BoKpyr Touku O, KaKJblil pa3 BbI-
YHCAAS IO HUM BEKTOp €, HO TakK, 4TOOBI Bce BpeMA a U b
6nl1u HexonnuHeapHsiMu. Ho Torza BekTOp ¢ Bce BpemaA Oyzer
HenysessM (¢ # 0) u cucrema (a, b, ¢) Bce Bpemsa GyzeT HeKOMII-
naHapHoii. CoBeplIMM TaKye INOBOPOTHI, YTOOBI BEKTOPH! @ ¥
b mosyuua¥ HAaIpaBJEHUS COOTBETCTBEHHO OCeil x M y, T. e.
4ro6H1 oHM uMenu Bux a = (ja|, 0, 0), b = (0, |bl, 0). Droro
BCErZa MOXKHO JOCTHUTHYTH, IIOTOMY YTO B KAaHHOM Clydae
IIJIOCKOCTh BEKTOPOB @, b MOXXeT BpamaThCa B IIPOCTPAHCTBE.
Ho Torna BeKTOp €, BHIYMCJEHHBIN mo dopmyie (1), umeer
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sux ¢ = (0, 0, |a| |bl). Mb Busum, uro BexTOpHI (@, b, €) B
ocJefHUH MOMEHT HAIIero Npolecca OpHMeHTHPOBAHBI TakK
e, kKak ocu (x, y, 2). Ho Torma, coriacHO omnpeznejeRHIO
opuenTanuu (cM. § 11) u ucxoxnasa cucrema a, b, ¢ opueHTH-
poBaHa TaK Ke, KaK CHCTeMa KOODAMHAT X, Y, 2.

Hrak, BeKTOpHOe IIpou3BeAieHue ¢ = a X b, onpeneseHHOE
o dopmyie (1), ecTb BeKTOp, MePNEeHAUKYIAPHBINA K BEKTO-
pam a u b 1 cucrema BeKkTOpOB (@, b, ¢) OpMeHTHPOBaHA TaK
J)Ke, KaK paccMaTpuBaeMas CUCTeMa KOOpDAMHAT X, Y, 2.

Hawm eme Hazo nokasaTh ¢dopmyay (2). Ilycts BekTODEH @
u b 00pasylT C OCAMH KOODAMHAT YTJbl, COOTBETCTBEHHO
paBHele O, B, yu o, B, Y. Tak kak

a_ = lalcos a, a, = lalcos B, a, = lalcosy,

y
b, = |blcos o, b, = |blcos B’, b, = [blcos Y,

y
TO

lef? = (ab, - ab)? + (ab, - ab)? + (a,b, - aybx)2 =
= |a?|Bl2[(cos B cos Y — cos ycos B’)? +
+(cos Y cos o — cos o cos Y)? +(cos o cos f’ — cos Bcos o)?]=
= |lalb]?[(cos?a + cos?P + cos?y) x
X (cos?a’ + cos?f’ + cos?Y) —
— (cosacos o + cos P cos B’ + cos ycos Y)?] =
= |a2b2[1+1 - cos?w] = |a/4b|*sin 2,
Tae ® — yroja MeXAy BeKTopamu a u b (cos ® = cos o cos of +
+ cos B cos B’ + cos ycos Y).
Hrak, Mbl goxasanu (2).

Taxum 06pasoM, MBI IIOJHOCTBIO JOKA3aJIM, YTO U3 OIpe-
AeJleHusl BEKTOPHOI'O IMpousBeieHus o dopmyie (1) caenyer
BTOpOE €ro OIpefiesIeHue.

O6paTHO, eCIM BEeKTOp MOAUMHSETCA BTOPOMY OIpeZelle-
HMIO, TOrla OH eJWHCTBEHHBII, IOTOMY UTO MQOXKET GBITH TOJIb-
KO OJUH BEKTOD, NMepIeHAUKYNAPHBIN K @ u b, AAMHA KOTO-
POro paBHA ILIOIIAAM INapajjeiorpaMMa, IIOCTPOEHHOTO Ha



100 §12. BEKTOPHOE [TPOM3BENEHUE

a, b, u npuToM Takoii, 4To cucrema (a, b, ¢) opueHTHpOBaHA
Tak JKe, KaK cCUCTeMa X, Y, 2. Ho Torga sato ecTs BEKTOp ¢,
ompefeneHHHN o dopmyie (1), moToMy uTo IMOCHeRHMM, KAK
MEI yOequauch, 06JaZjaeT YKa3aHHBIMU CBOMCTBAMH.
OrmMernM eme pas, 9T0 ycsIoBHe @ X b = 0 ecmbv Heo6xodumoe
u dacmamounoe Ycaosue KOMLUHEAGDHOCU 6eKmopoé a u b.

12.2. TeoMeTpHUYEeCKHH CMBICIA oONpejenuTens
BTOPOro nmopAazaka. PaccMOTpUM Temeph CIIENHAIBHO JBa
HEHYJIEBHIX IIJIOCKHX BeKTOpa

a = (az! ay) ’ b= (bxs b,) 3)

B HEKOTOPO#l IPAMOYTOJABLHOM CcHCTeMe KOOpAUHAT X, Y
(puc. 30, 31). ByaeM cuuTaTh, YTO paccMaTpHBaeMas ILJIOC-
KOCTh HAXOAMTCHA B NIPOCTPAaHCTBE M JOOABHM K OCAM X, Y

)
Y3 a

(]
/. ;
a 0 -
a z x

F4 2
Puc. 30 Puc. 31

NepIeHANKYIAPHYIO K HUM OCh 2. BekToph! a, b 6ynyT Temeps
MMeTh KOOPAMHATHI

a=(a, a,0), b=(b,bd, 0.
BexTopHoe mpousBeieHne UX PaBHO

a, a,

c=a>(b= bx byk’ (4)
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rae k — opT ocu 2. ITo onpeneneHnIo BEKTOPHOro NpousBeze-
Huga cucreMa (a, b, ¢) OpHeHTUPOBaHA, KAK CHUCTEMa KOOPIH-
HaT X, Y, 2. II0aTOMy, O4eBHAHO, €CJH ONpeReIUTEND

a, a,
Y

TO cucTeMa BeKTopoB (a, b) moaxHa OBITH OPMEHTHPOBAHA,
KaK ocH KoopauHaT (x, y). Ecau ke onpegenurens

a, a,

b, | <0

To cucreMa (a, b) opHeHTHPOBaHA IIPOTUBOIOJOXHO OPHEHTAa-
nuu x, y. Ha puc. 30 nsobpakeHa IepBas CUTyalus pacIo-
JN0XKeHua BeKTopoB (a, b), a Ha puc. 31 — Bropaa. Mul 3Haem
TaK)Ke, YTO ILJIOIOAAb IapajjieJIorpaMMa, IIOCTPOEHHOTO Ha
BeKTOpax a M b, paBHa (cM. (4))

a, a,

b, b’

S =le =

T. . aBCONIOTHOH BelIHMYUHE ONpeAeIuTeNs

a, a,

A b, b, 5)
Wrak, MBI [okasaau, 4to: 1) aGconioTHAasA BeJIMYMHA OIpe-
Jenutens (5) paBHa IIOINAAW MapaljIejIorpaMMa, IOCTPOEH-
HOTO Ha BeKTopax a = (a,, ay) ub=(, b); 2) sHak ompefe-
aurensa (5) 3aBHCHUT OT DPACIOJOXKEHHUS 3THX BEKTOPOB
OTHOCHTEJILHO IIPAMOYTOJLHOM CHCTEMBI KOODAWHAT X, Y.
3HaKy + coorBerctByer cuctema (@, b), opUeHTHPOBaHHAA,
KakK x, J, a 3HaKy — COOTBETCTByeT cucteMa (a, b), opueHTH-

POBaHHAas IPOTHUBOIIOJOXXHBEIM 00pa3om.
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12.3. CBoiicTBa BeKTOPHOro npoussegeHua. Cupa-
Be[JINBLI CBOMCTBA

axb=-[bxal, (6)
a x (ob) = ofa x b], W)
ax b+ c)=[axb]+[axc], (8)

rae a, b, ¢ — IPON3BOJILHBIE BEKTOPHI, 0L — CKAJIAp.

Ecnan BexTOpHBIe IpOM3BENEeHUA, BXOAAIME B PABEHCTBA
(6), (7), (8), Bripasuts mo dopmyie (1) uepes KOMIIOHEHTH
BEKTOPOB

.a=(a,a,a), b=@®,b,b) e¢=(,c,c)
x y z x v z x y z

TO JIETKO IOJYYHUTh 3TH PaBeHCTBA.

Dopmyst (6) u (7) IerKo CIeAYIOT TaKKe U3 reoMeTpUIec-
Kux coobpaxkeHuii. Ilycts @ 1 b — HeKOJIMHeapHbIe BEKTO-
phl. Ecii B BeKTOPHOM IIPOM3BeAEHUM 3aMEHUThL MeCTaMH a
u b, To nomaAL mapajiaeaorpaMma, IIOCTPOeHHOro Ha a u b,
¥ NepNeHAUKYNAp K a 1 b He usmMenarca. MsMerurcsa aums
HaIlpaBjleHWe ¢ = a X b Ha IPOTHBOIOJIOXKHOE, UYTO BJIEUET
u3MeHeHue opueHTanu# (a, b, a X b).

YMHOXKeHUe Ha MOJIOKMTEJIbHOE YMUCJIO O BeKTopa b yse-
JIMYUBAET JHUIOb B O pa3 IJolafb IapajjejorpaMma, IocT-
pOeHHOro Ha a ¥ b, a HanpaBJeHUe BEeKTOPHOTO IIPOU3Bejie-
HHUS ocTaHeTcd npexHuMm. Ecau xxe oo < 0, To

a x (ob) = a x (-lofb) = |of[a x (-b)] =
= —|of[a x b] = ofa x b].
3ameTuM emme, uto u3 (6) u (7) ciemyeTr Takxke, UTO

(0a) x b = —[b x (¢a)] = —o[b x a] = ofa X b].

IIpumep 1. Ounpenenuts yron A tpeyroabauka ABC c
BepmuHamMu A = (1, 2, 8), B=(2, 2, 2), C=(1, 2, 4).
O6o3HauuM HMCKOMBIX yroa uepes ®. Takum obpasom, ®

—_

>
3TO0 yroJ MexAy BekTopamMu AB u AC. M3 BTOpOTO Ompene-

JIEHHUA BEKTOPHOI'O IIPOU3BENECHUSA UMeEeM
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- -
) | AB x AC|
sinw=—5—75—,
|AB|lAc|

- - -
e AB = (1, 0,-1), AC =(0,0,1),|4B|=+2,AaC |=1,

i j k
- -
ABxAC =|1 0 -1} =—j
0 0 1
Orclopga
sinw = J—Z—, m—4, 1

- - - -
Tax xax BC = (-1, 0, 2) u|BCPk=5>|AC |2+ |AB I2=
=1+ 2 = 3, To HeoOX0AUMO B3ATH W = 37T/4.

3ameuanue. Ecau B Tpeyroabuuxke ABC yroa A npsamoi,

-
to | BC |* = BC? = AC? + AB?; ecin A — Tymoit yroa, to BC? >
> AC? + AB?; ecim A — ocTphlit yroa, To BC?2 < AC? + AB2.

IIpumep 2 (u3 mexanuku). IlycTs 3afaHbl [Be TOUYKH A U
B. K Touxe B npuiioxceHa cuia,
OlpefieNleHHAas BEKTOPOM F. z
IIycte @ = AB . Momenmom
cunvt F omnocumenvrno mouxu
A nasvieaemcs @exmopnoe npo-
useedenue eexmopa a Ha 6ex-
mop F:

b=axF

- -
(cm. pue. 32, AD = BC). Puc. 32
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BekTtop b (MoMeHT cuinl F) mepneHauKyasipeH K BeKTOpaM
a u F u nMeer AaKHy, PaBHYIO IJIOIaAY NapajuieorpaMMma,
IIOCTPOEHHOro Ha BeKTopax @ u F. Hanpasienue xxe BexTopa
b saBucHUT OT TOH MPSAMOYTONBHON! CHCTEMBI KOOPAMHAT, KOTO-
pasl 3ajaHa B 3TOM BOIIpOCe.

Ha puc. 32 B3saTa neBas cucrema koopauuar. Hampasie-
Hue b B3ATO TaK, YTOOBI BeKTOPH a, F, b Toxxe obGpasosanu
JIEBYIO CHCTEMY.

§ 13. CMemannoe (BeKTOPHO-CKAJAAPHOE)
NpOHU3BEeHHE

Bexmopro-ckanaproim (Cueulantbim) npousgedeHuem eex-
mopos a, b, ¢ (B ThDeXMepHOM JeHCTBUTEJILHOM IIPOCTPAHCTBE)
Ha3hIBaeTCA CKAaJNApP, PAaBHBIH CKaJAPHOMY NpOU3BEJEHUIO
BeKTOpa a X b Ha BeKTOD C:

(e x b)e = (ab,—ab)c, +(ab, —ab), +

a

x %y ©:
+(ap,—ap)e,=|b: b, bl (1)
€ ¢ €,

B cuiy ompefeleHNs CKAJIAPHOTO IPOM3BEJEHNA
(a x b)e = |a x blup,,c = (la] blsin W)mp_,ec.

IToaTroMy MOXXHO ellle, OYEBMAHO, CKa3aTh, YTO CMEIIaHHOE
npoussefienue (@ X b)c paBHO 00beMy mapaliesienuIesna,
IIOCTPOEHHOTO Ha BeKTopax &, b, ¢ co 3HakoM + wiau — B
3aBMCMMOCTH OT TOro, OyJeT JIX cHUCTeMa BEKTOpOB a, b, ¢
OpHEeHTHPOBaHA KaK CHCTeMa KOODAWHAT X, Y, 2 NJIH IIPOTH-
BOIIOJIOKHBIM oOpasom. OTMeTHUM, YTO Inpwcl paBHa BBICOTE
napajuiesyenumneja.
HmMelor MecTO paBeHCTBa

(a X b)e = (¢ X a)b = (b X ¢)a, (2)

KOTOpHIE JIEKO CJAeLYIOT U3 CBOMCTB onpexenuTens (1).
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Ecau BeKTOpHl @, b, ¢ AexaT B OAHON IJIOCKOCTH, TO
(a X b)e = 0,

Tak Kak @ X b nepueHARKyJIsApeH BeKTOpy ¢. O6parHo, ecan
(a X b)e = 0, TO BeKTOD ¢ NEePIEeHAUKYNAPEH BEKTODPY @ X b
M, CJef0BaTeJbHO, JEXXHUT B IJIOCKOCTH BEKTOPOR @ M b uan
B IIJIOCKOCTH, IIapajlieIbHOH 5TO# IJIOCKOCTH.

Taxum obpasoM, yciroBue

(@ X b)c =

ecmb HeobOxodumoe u docmamouroe ycaogue ;co.mmauapuoc-
mu mpex éexmopos a, b, c.

IIpumep 1. HailiTu ycioBue mpuHaANEsKHOCTH YeThIPEX
TOYeK K OJHOHN ILIOCKOCTH.

Ilyere nauer wethipe ToukH A = (x, ¥, 2) (=1, 2, 3, 4).
Ech 9TH TOUKH nexar B omzoﬁ NJOCKOOTH, TO BEKTODBI

AIA2 , A1A3 , A1A4 TaKXKe JIeXKaT B 3TOH IJIOCKOCTH, M,
CleNoBaTeNbHO, UX cMelIaHHOe MPOM3BEJIeHVe PABHO HYJIIO:

5 N N Xo=Xy Yo—UY1 22— 2
Ay X A Ag | A Ay = |x3-x Y3-y z3-2| = 0.
X4=X, YY1 24— %
39To M eCTh yCIOBUE NPHHAAJEHKHOCTH YOTHIPEOX TOYEK Of-
HOI1 niockoctH (cp. § 9, (12)).
§ 14. JInneitHO He3aBHCHMAHA CHCTEMA BEKTOPOB

3anaguM B R (nefiCTBUTENHHOM MM KOMILJIEKCHOM) CHC-
TeMy U3 kK BEKTOpOB

e =(a,,a, ..a,) (=1,..,%k. (1)

Ilo onpenenenuio cucmema (1) auneiino neaasucuma, ecnu
U3 BEKTOPHOTO paBeHCTBA

ral+ ha®+ ..+ Aat =0, ()
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rae A;, A,, ..., A, — 4HCHa (COOTBETCTBEHHO JeiCTBUTENbHEIE
MY KOMILJIEKCHBIE), CJIeAYeT, UTO

A=A, =..= A, =0.

Cucmema gexmopoé (1) HasLIBaeTCA JUHEILHO 3A8UCUMOIL, €CITN
CYIECTBYIOT UMcaa A, A,, ..., A,, OTHOBPEMEHHO He paBHEIE
HYJIO, JJIA KOTOPHIX BHINOJHAETCA paBeHCTBO (2). Ecnu ansa
OIpe/ieIeHHOCTH CYMTaTh, 4TO A, # 0, To M3 (2) cieayer, uTo

at= pa + ... + p,_a¥, 3)
by

. § S

B, A, [T A,

Taxum obpasoM, ecru cucmema u3 k exmopog nuHeilno 3a-
sucuma, mo o0uH U3 HuUX ecmb, KaK TOBOPAT, JAUHEIHAA
KOMOUHAYUA OCMANbHBLX, UV, KaK elle TOBOPAT, 3agucum
om 0CMaibHbLX.

Tak xKak Bce BpeMs OyneT MATH pPedb O JUHEHOU 3aBUCH-
MOCTH, TO TePMHH JUHelHbL OyeM IO3BOJNATHL cebe MHOrAa
onycKaTh. By/ieM Taxike roBOPUTL 3aA8UCUMbLE NI He3A8UCU-
Mble 6eKMOPbL BMECTO 3ABUCUMAA VTN He3ABUCUMAA CucCmema
8exmopos.

OpuH BeKTOp a! To)Xe o6pasdyeT cUCTeMy — JIMHEHHO Hesza-
BHUCHMYIO, eciu a' # 0, u 3aBucuMyI0, ecau a! = 0.

Ecan cucrema BeKTOpOB al, ..., a* nuHeliHO He3aBUCHMA,
To JI00asA 4acThb 3TOH cucTeMEHI al, ..., a*® (s < k) TeM Goiee
JIUHeHHO HeszaBucuMa. VIHaue HamJach ObI HeTpUBHaJIbHAs
cucTeMa 4ucenx A, ..., A, IJA KOTOPOH BBHINOJHAIOCH GBI

Aa' + ...+ Aa =0,
k-s pa3
HO Torjga AJIA CHCTEeMBbI 7\.1, eeey 7\.', 0 0, KoTOopasa TOXxe

9 ooy

HeTpHUBHAJIbBHA, UMeEJIO OBI MeCTO

AMa! + ...+ Aa*+ 0-a*' + ... + 0-a* = 0.
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Y3 cka3aHHOTO CJe/lyeT, YTO eCJIM CHUCTeMa BeKTOpoB al, ...,
a* TMHeHHO 3aBHCHMa, TO J106as IONMOJHEHHAs CHCTeMa

at, ..., a, a*,..., a

obsiajaeT TeM JKe CBOMCTBOM. B wacTHocTH, cHCTeMa BEKTO-
poB, cofepxxaliasi B cebe HyJeBoH BEeKTOp, BCeTrja JIMHEIHO
3aBHCHMA.

CocTaBMM MATpHMILY, OIIpeejsieMyi0 BEKTOpaMHu cucteMsI (1):

a4y Gy ... Gy
A=
a,,l akz cee a,m

Teopema 1. Ecau panr A = k, m. e. padr A pagen wucay
eexmopos, mo cucmema (1) auneiino He3asucuma.
Ecau xe paur A < k, mo cucmema (1) auneilno 3agucuma.

Ilpumep 1. [Ira BexTOpa a' = (a,,, a,,), a®> = (a,,, a,,) B
AedCTBUTENBHOM IpocTpaHcTBe R, 06pasyioT JMHEHHO He3da-
BHCHUMYIO CHCTEMY, €CJIH ONpeesINTeNb

A= Q1 N 40,
g1 Qs
MOTOMY 4YTO BEKTOPHOE ypPaBHEHHE
el + Aa? = 0 4)

9KBHUBAJICHTHO ABYM YPABHEHHUAM AJIA COOTBETCTBYIOIOHUX KOM-
IIOHEHT

1Ay +agh, =0,
ay2A; +aghy = 0. ©)
Ho ecau A # 0, To cucrema (5) uMeeT eIUHCTBEHHOE TPHUBHU-
anbHOEe pelleHune
A=A, =0. (6)
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Ecin xe A = 0, To ypasBHeHusaM (5) ynoBIeTBOpPAET HEKOTO-
pas HeTpuBHaNbHaA cucreMa (A,, A,), T. e. mpu A = 0 cucrema
BEKTOPOB a!, a? JuHeHHO 3aBHUCHMA.

OueBUIHO, CKA3aTh, YTO B AEHCTBUTEIHLHOM NPOCTPAHCTBE
R, BexTOpH @' ¥ a? KOJUIMHEADHB! MJIHN JNHEHHO 3aBHCHMbI
— aro Bce paBHO. Ho Torga ckasars, 4To BEKTODPH a' u a? He
KOJUIMHEapHB! WIN JHHEHHO He3aBU-

PV e ——
\ Z1 CHMEI — 3TO TOXX€ BCe PaBHO.
ak } IIpumep 2. Cucrema BeKTODOB
{ al, a2, ..., a* (k > 3) B pelicTBUTEND-

>

b ub HoM npocTpaHCcTBe R, BCerga JuHei-

Puc. 33 HO 3aBMcHMa. I'eoMeTpPHMYECKH 3TO

ACHO M3 puc. 33: ecIn ¢ — IPOM3-

BOJILHBIHI BEKTOp M a4, b — HeKoJUIMHeapHBIe BEKTODPHI, TO
BCEraa MOXKHO YKa3aTh TaKWe YUCIa A, [, UTO

¢ = Aa + pb.

9TO mokKashIBaeT, UTO CHCTeMa &, b, ¢ JIMHelHO 3aBUCHMA.
Ecan ke @ 1 b — KoJIMHeapHBI€ BEKTOPHI, TO OHM JIMHEHHO
3aBucuMel. Tem 6ojiee IMHEHHO 3aBHCHUMEI @, b, c.

IIo Teopeme 1, uToGH MCCIeAOBaTh APy BEKTOPOB a', a?,
MBI JOJIXKHBI 3all¥CAaTh MATPHIY H3 HX KOODAHUHAT

a1 G2
az; Qg

B manHOM cayuyae k = 2.

a) Ecnu panr A = 1 < 2 = k, To TeopeMa yTBEp>KAAET, UTO
BeKTODH a!, a? JIMHEeNHO 3aBUCUMBEI.

6) Eciu ke panr A = 2 = k, To BeKTOpH a!, a? InHelHO
HE3aBUCUMBI.

9To coBMajaeT ¢ MPUBEAEHHBIMU BHIBOAAMH, IOTOMY UTO B
cayuyae a) A=0u6) A=#0.

Tor ¢aKT, YTO TPU MPOM3BOJLHEIX BeKTopa a!, a?, a® B R,
JINHeHHO 3aBMCHMBI, TOXKE NPelyCMOTPEH TeopeMoil — BeAb

pasr A< 2 <3 = k.
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IIpumep 3. B TpexmMepHOM AefiCTBHTEJIHHOM IIPOCTPaH-
cree R, nBa BexTOpa
1 — 2 —
al = (ay,, @y, a,), @ = (ay, ay, ay)

JUHEHHO 3aBUCHMBI TOTAA M TOJLKO TOTZla, KOTJa OHM KOJ-
JINHEApPHLI.

B camom gene, nycTs a!, a? xosuimHeapHBI. Ecin oguH us
JAaHHBIX BeKTODOB HYJIEBOM, TO OHM JMHEHHO 3aBucUMBI. Ecian
ke a' 1 a’ KoJJIuHeapHbl U He HYJIeBbIE, TO

a' = \a?,

rme A — Hexotopoe umcio. IlocienHee o3sHauaer, uTO @!, a?
JNHEHNHO 3aBUCHUMEI.

O6paTtHo, ecan a!, a? IMHEHO 3aBUCHMEI, TO OAMH U3 HUX
3aBUCHT OT APYroro, HaipuMep

a’ = ual,
T. €. BEKTOPHl KOJUIMHEapHEI.
Ecnu B aTOM ciiydyae paccMOTpeTh MATPHILY

4 42 a3
Qg Gz QGy3

TO 3JIEMEHTHI CTPOK MaTpHIbl IPDONOPINOHAJIbBHBI, 1 IIO3TOMY

paar A =1< 2 = &,
T. €. Hallle yTBEPIKJEHNE COryIacyeTcs ¢ TeopeMoi 1.
IIpumep 4. PaccMmoTpuM Temeps TpH BeKTopa B R3:
a' = (a,, a,, ay),

2 =
a @y, @y, ay),

a® = (a,,, a,,, a;).

I

IIycrs .
a1 @3 G443

A= |G Gy Gy
a3; G3p Qag3
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BexTopHOMY ypaBHEHHUIO
Aa' + Aa®>+ Aa® =0 (48]

9KBHMBAJICHTHA CHCTEMAa M3 TpeX ypaBHeHMI

ay1M +ayh; +ag kg =0,
ay5M +agpky +azdg =0, (7)

Ecau A # 0, 10 cucrema (7’) nMeeT eqUHCTBEHHOE TPUBU-
anpHOe pemrenue A, = A, = A® = 0. Ho Toraa u ypasuenue (7)
¥MeeT eJUHCTBEHHOE TPUBMAJLHOE PEeIIeHHe ¥ CHCTeMa BeK-
TOpOB a', a?, a® INHeHHO He3aBHCHMA.

Ecau A = 0, To cucrema (7°), crenoBaTesIbHO, M YPaBHEHHE
(7) nmetor HeTpuBHManbHOE pemenue (A,, A,, A,). Ho Torma
cucrema BeKTopos (a!, a?, a®) nuueitno sasucuma. Ho 3zech
MOXKHO PasjinyaTth AeTalIu:

1) IIycte panr A = 1, rae

a1 43 Q3
A =[G G2 Qa3

a3, Q3z Qsg

Torpa mo xpaifHeil Mepe OgHA M3 CTPOK A, IIyCTh AJA Ompe-
JleJIEHHOCTH IIepBasi, UMeeT XOTs Obl OQUH 3JIEMEHT, He paB-
HbIi Hyd10. PaccMoTpuM MaTpuny

& a4 &2 a3 8
T laa ax ag|” )

Ona uMeeT paHr 1, MoaTOMYy BCe IOPOXKIaeMble €10 OIpejesH-
TeJIM BTOPOro NMOPSAAKA PaBHBI HYJIIO

a;; @2 a5 413 Q12 a3

A Qg Q3 Qg3 QAo Qg3
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Ho Torpa, 04eBHAHO, KOMIIOHEHTHI BEKTOPOB a' M a? mpomnop-
IHOHAJIBHBI

a1 @2 43
T. €.
a, = a,\, a, = a,h, ay = a;
HIIN
a? = Aal.

AHaJIOrMYHO, VYUTHIBAsA, YTO B MATPHIlE

& a5y @12 43
a3 Q3 aszz
TOXKe BCe OIpeAeJMTe]N BTOPOro MOPAAKa PaBHLI HYJIIO, II0-
JIY4UM, YTO
a® = ual,

rage U — HekoTopoe 4ymcyo. TakuM oGpasoM, B 3TOM ciydae
BEKTODHl a!, a?, a® KoJJuHeapHEI.

2) IIycrs Teneps paur A = 2. Torpa ogHa M3 MaTpwmI,
COCTOAIMX M3 ABYX CTPOK MaTpuubl A, mmeer panr 2. Ilycrs
JUISL OIIpefieJIeHHOCTH 3T0 ecTh Marpuna A” (cm. (8)). Ha ocxo-
BaHMM TIpUMepa 3 BEKTOpPHl a' ¥ @’ JIMHeHHO HEe3aBHCHMBI.
Ho cucrema a!, a?, a® 3aBucuMa, T. €. AJI HEKOTOPOH HETpPH-
BHAJILHOM TpOiikM umceln (A,, A,, A,)

Aa' + Aa?+ Aa® = 0. 9)
3necs A, # 0, moTomy uto MHaue A,a' + A,a’ = 0, u B cuy

He3aBUCMMOCTH cuCTeMbl a', a? 6puto 6b1 A, = A, = 0. Ho

Torga paBeHCTBO (9) MOXKHO paspelINTh OTHOCHTEIbHO ad:

ad = plal + uzaz, ul = et B, = -
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TaxuMm obpasoM, ecau A = 0, a paur 4’ = 2 (cMm. (8)), TO
BeKTOPH a' 1 a? HeKOJUIMHEAPHEI, & BEKTOP a® IPUHAAJIEIKUT
K ILIOCKOCTHM 3THX BEKTODOB.

IIpuBenaeHHbIe PAaCCyK/ACHUS He IIPOTHBOpEUYAT TeopeMe 1.
B camomMm gene, eciiu A # 0, To panr A = 3 = k u 110 TeopeMe
1 cucremMa BeKTOpOB a', a?, a® nuHeilHO He3aBMCHMa. Ecan
wme A = 0, To pair 4 < 3 ¥ cucreMa BeKTOpoB a', a?, a®
JIMHEHHO 3aBHCHMA.

JoxasaTeabCcTBO TeopeMhbl 1. BexropHoe paBeH-
CTBO (2) 3KBHMBaJIEHTHO CJIEAYIOLINM 71 YPABHEHHAM IS KOM-
TIOHEHT BEKTODOB: '

Ayay +Aqa0 +...+Aa,; =0,
7\'10«12 +x2a22+.--+)\.hak2 =0,
(2
)\«laln + lzazn +...+ )\.ka,m = 0.

IIycts panr A = k. Toraa, oueBugno, k < n. CymecTByer He
PaBHEIA HYJIO ONpeZe]NTedb K-TO NMOPAAKA, IOPOMXAAaeMbIi
MmaTtpuneit A. He orpannuuBas o6I{HOCTH, MOXKHO CUUTATD,
YTO ITO oNpefesiuTeNsb U3 K03hGHUIMEeHTOB epPBLIX k ypaBHe-
HHU# cuctems (2):

klan + ... +Kkakl = 0,

e 4 s s s e s e s s s e (10)
Xlaln+...+lhakk=0,

Tak kak ogHOpoaHasA cucreMa (10) uMeer onpesenuTeNb, OT-
JIMYHBINA OT HyJfA, TO OHA MMeeT TOJIHKO TPUBHAJILHOE pellleHue:
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A=A =..= A =0,

1 cucTeMa BeKTOpoB (1) MuHeiHO He3aBHCHUMA. YTBep:KAeHHUE
TEOpEMBI B 3TOM Cliyyae JAOKas3aHO.

IIycts Tenmeps paHr A = s < k. IlepeHyMepyeM nepeMeHHbIE l,
u K03QPAUHUEHTHl @, CHCTEMBI (2) Tak, 4TOGHI

G, --- Qg

Qg ... Qg

Torga CHCTEeMY NEPBBIX S YPAaBHEHMH MOKHO 3alHCAThH TaK:

au)»l + ...+ aslls = —as+1’17\,s+1 — see — aklxk,
als).l-k... +a”xs =—as+1,sxs+1-... —akslk.
Eciu noN0XHUTH A’s+l = ... = lk =1, 10 OHAaHHYIO CHCTEeMY MOX>XHO
pPemnuTh OTHOCHTEJIIBLHO A’l’ ceey A.'. B pe3yJabTaTe HNOJYy4YHMM HETpPH-

BHaJIbPHOE€ penleHHue
A eees A, (11)

mepeeix s ypaBHeHuil (2'). Temeps MBI MOXKeM NPHUCOEJUHHUTHL K
3TUM S ypaBHEHHMSAM JioOble apyrue k — s ypaBHeHHmit (2’), m mo-
JIyYeHHas CHCTeMa BCe pPaBHO OyAeT MMeTh HaNJeHHYI0 HEeTPHBH-
aJbHYI0O CHCTEMY B KadecTBe pemeHUA. UToGH OOBACHUTH 3TO
yTBepKAeHHe, 3anumeM ¢opMaibHO cucteMy (2°) caexyromum
obpasom:

Mayy+ . A8 F Ay, -0+ L+, -0=0,

. 2
May, + .o+ Aa,, A, -0+ ... +A,-0=0. @
Marpnia u3 koadpPUIHEeHTOB MOJYUYEHHBIX YpaBHEHHIl BCe PAaBHO
MMeeT paHr $, TaK ’Xe KaK M pacliMpeHHas (copaBa HyJjasaMul)
matpuua. IlepBole s ypaBHeHM# cucTeMsl (2') yAOBJIETBOPAIOTCA
HalileHHBIMM 4YHCAaMH A, ..., A, (cM. (11)) ¥ DpoM3BOILHBIMHA
4uciaaMu A,, ..., A,. Ha ocHoBanum yreepskaenus 2) § 4 (npasuia
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pellleHHs CHCTeM) YHCla A, ..., A, YZOBJIETBOPAIOT M OC FAJBHBIM
ypaBHeHMAM cucTeM:l (2'), T. e. uucna A, ..., A, (He Bce paBHBIE
HYJIO) YAOBJIETBOPAIOT OCTAJIbHBIM YpPaBHEHHAM cucTeMbl (2°).

TakuM ob6pa3oM, BEeKTOpPHI @', ..., a* NUHeHHO 3aBUCHMEI,
TeopeMa AOKa3aHa M B 3TOM CJydae.

§ 15. JIuneiHbIe ONMEPATOPHI

3afafuM NPOM3BOJBHYI0 KBaAPATHYIO MATpPUILY

4y - Oy
A="ar¢1"= @)

anl e ann

Marpuny A MOXXHO pacCMaTpUBATh KaK 0nepamop, NpUBOAA-
U B COOTBETCTBHE KAXKAOMY BEKTOpY x = (X, ..., X)) € R_
BeKTOP ¥ = (Y,, .--, Y,) € R, KOMIOHEHTHI KOTOPOTO BBEIYHC-
AA0TCH 10 GopMysaM

yl = a'llxl +... +a‘1nxn’

@
yn = an1x1+ ces +a"nxn,
HJHu, Kopoue,
n
y = Dax (i=1, ..., n). 2)
j=1

ToBopaT, uTO i-A1 KOOpAWMHATA BEKTOpa Y 3alKUCBIBAETCA C
IOMOIIBIO i-i CTPOKH A. ITOT omepaTop KOPOTKO OyAeM 3amu-
CHIBATh TaK:

y = Ax (x, y € R). 2"

3ameuyanue 1. Eciu a,, v fanee b,, — KOMIJIEKCHbIE YHC-
na, 70 R, Hajo CYUMTaTh KOMILIEKCHEIM IpocTpaHcTBOM. Ecian
we a,, b,, — nedcTBUTeNbHEIEe UMCIa, TO R MoxeT OBITH M
AeiCTBUTEILHBIM H KOMILIEKCHBIM IIPOCTDAHCTBOM.
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B ciyyae 0fHOMEPHOTO IPOCTPAHCTBA R, BEKTOPH X H Y
CyTh uMCcJa, U onepaTtop (2”) npespaiaerca B QyHKIHIO

y=a,x.
Onepamop (2”) nuHeilHbiii. ITO 3HAYUT, YTO OH YLOBJIET-
BOpSET YCJOBHIO
A(ox + Bx’) = adx + fAx’

J1s JI0GBIX BeKTOPOB X, X' € R u uucen o, B. B camom peune,

n n n
Za,](ocx} +Bx)) = aZaux} + BZa,Ix; i=1, ..., n).
j=1 J=1

7=1

Ecsou maTpunsr A = ||a“|| u B= |]b“|| PaBHEI, T. €. UMEIOT
paBHbIe COOTBETCTBYIOLUE dJIeMeHTH! a,, = b,,, To OHM oIpeJe-
JIAIOT TOXKAECTBEHHO DaBHbIe OIIEPATOPHI:

Ax = Bx, VxeR,. (3)
O6paTHo, U3 paBeHCTBA (3) BHITEKaET, UTO

a,=b, (k1=1,.., n),

R
T. e. paBeHcTBO MaTpum A u B (A = B). B atom serko yoequTs-
Csl, €CJH IOJIOKUTDH B (3)

x=x=(,.. 01,0, ..., 0),

rpe 1 crour Ha l-m mecre (I = 1, ..., n).

Taxum o6pasoM, pasaUYHBIM MAaTPHUIAM A COOTBETCTBYIOT
pasIUYHBIe OIepaToOpPhl — eClIH ABe MaTpunbl A u A, oTauya-
I0TCA XOTA ObI OMHUM 3JIEMEHTOM, TO 00A3aTeJbHO CYIECTBY-
eT BEKTOp X, AJS KOTOPOro

Ax # Ax.

IIycts, kxpoMe A, 3asaH eme Apyroi omepatop B, ompene-
JSieMBI KBaZipaTHOM MaTpHIeH n-ro nopsagxa

B = b,
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Kaxxaomy x € R, cooTBeTCTBYyeT IIpM IIOMOINM omeparopa A
BeKTOp ¥ € R,, KoTopoMy npu IoMoIH onepatopa B cooT-
BeTCTBYEeT BEKTOD 2 C KOMIIOHEHTAMH, BHIUMCJISIEMBIMH II0
¢dopmynam

2, = Zbk,y, (=1, .., n).
1=1

B pesyabTare monyuyuM CHOKHBIN JMHEHHBIN omepaTop

z = BAx (x € R), 4)
rae

n n

n n n n
2, = zbklyl = Zbln Zayx/ = Z Zbkzau x] = ZYk}x]
1=1 1=1 =1 J=1

J=1\li=1

¢ marpuneit |ly, |, nassiBaemoit npoussedenuem mampuy B u A
¥ o0o3HAYaeMoii Tak:

BA = |y, |l, (5)
e

Ty = zbktau (B, j =1, ..., m), (6)
1=1

T. €. YTOOBI IIOJIyYHUTH DJIEMEHT 7Y, MAaTPHIBI BA (npunapne-
JKaIqui K ee k-i CcTpoKe M j-My CTOJNOIY), HAJO 3JIEMEHTHI
k-# cTpoKM MaTpunbl B yMHOXXHUTH Ha COOTBETCTBYIOLIIVE dJIe-
MEeHTHI j-TOro CTOJa0ma MaTpunbsl A M pe3yabTaT CJHOXKHUTS.

Onpedenumenv mampuybt BA pasen npous3gedeHuto onpe-
denumeneit mampuy B u A:

IBA| = |B] |Al. (7

9TO CBOMCTBO BhITEKaeT U3 GOPMYJbI AJA IPOU3BEAEHUS
ompesaenuTeneit (cM. § 2, CBOMCTBO K)).

IIycts maTpuna omepatopa A (cM. (1)) mMeeT ompepesu-
TeJb, He PaBHBIN HYJIIO:
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A =la,|# 0.

B arom cayuyae (cM. § 4, TreopeMa 1) cucrema ypaBHeHni# (2),
WUIK, YTO BCe PaBHO, ONlEpATOPHOEe yYpaBHEHUEe Y = Ax umeer
eJUHCTBEHHOe pellleHne x € R mpu mo6oM 3aganHOM y € R, .
TIpu aTom popMynbl, IO KOTOPHIM HAXOAUTCA X NJIA 3ajaH-
HOrO Yy € R, uMelOT BHUJ

%= Zbis-’/s G=1, .. n). ®)

=1
3nech

b,=A,/A (s,j=1, ..., n) 9)
(cm. § 4, (3'), rae A% — anrebpamyeckoe JONOJHeHUE 3JIeMEH-
Ta @, B ONpeJennTeNe A.

BnpouemM, ana Hac ceifuac BaXXHO TOJMBKO OTMETHTBH, UTO
yucaa bj, ABNAIOTCA 3JIeMEHTaMH{ MaTPHUIBI

B = b,
obnaparouieil CleAy0OIWMMY 3aMeYaTeIbHBIMY CBOHCTBAMU:
BAx=x Vxe R, (10)
ABy=y VyeR,. (11)

B camom pente, mpousBosbHEIA BeKTOp X € R, mepexoxaur
ITOCpPeJICTBOM onepaTopa A B HEKOTOPBIH BEKTOD ¥, KOTOPHIiT
IIepeXoAUT MOCPeACTBOM olepaTopa B obpatHo B x. C apyroi
CTODOHBI, KQXAOMY ¥ € R COOTBeTCTBYeT IIDH IIOMOIIM OIlepa-
Topa B (cM. (8)) HeKOTODEIH X M NPUTOM TaKo#, 4TOo Ax = .

B paBercte (11) MOXKHO, O4eBUAHO, BMECTO Y ITOCTaBUTH
IpYryio OyKBY, II09TOMY MBI ITOJYYHJIH TOMXKAECTBA

BAx = ABx = x, Vx.

Onepatop x = Ex ( Vx € R)) HasbiBaeTcaA eJUHUYHbLM
onepamopom. MaTpuua, eMy COOTBETCTBYIOIIAs, UMEeT BUL,
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10..0
01..0
E= e ® e s e .
0 0..1

M HasbIBaeTca edurHuyHoll. MBI fOKAa3ajaH, UTO
AB = BA = E.

Omneparop B, 061aa0uii 5TUM CBOICTBOM, Ha3bIBaeTCA 00-
pamHbim K onepaTopy A u obosHauaercs uepe3 A™l. CooTBer-
CTBEHHO ero MaTpUOa Ha3bIBaeTcA 00pamHoil mampuyeii K
MaTpune A u o6o3HaUaeTcs ToXe yeped A-l. DjleMeHTHl MaT-
punbl A™! HaXOASATCA IO dJeMEeHTaM MATPHILI A ¢ IOMOLILIO
dopmya (9).

Mz foxasamu, uTo eciu onpedeaumens |A| Kkeadpammoii
Mampuybt A He paseH HY.JI0, MO OHA umeem o6pPAMHYI0 Mam-
puyy Al. Ina A™!, TakuM 06pa3oM, BBHIIIOJHAIOTCS CBOMCTBa

AA = AA = E.

Eciu onpefienuTens MaTpuIsl A paBer myao (J4] = 0), To
OHa He MMeeT 00paTHOM MaTpuibl. [JocTaTOYHO CKa3aTh, YTO
ypaBHeHHe Yy = Ax MMeeT pellleHHe He A BCAKOTO y. Mexay
TeM cBOicTBO AA 'y = y, ecIu OHO BHINOJHAETCH, YTBEPHAa-
eT, 4T0 Kaxdomy y € R cooTsBercTByeT (IIpM IIOMOIIH OIepa-
Topa A™') Takoil X, 4YTO OH eCTh pellleHHe ypaBHeHUd y = Ax.

3ameuanue. Omepanuio YMHOKeHUA MaTPHUI[ MOXKHO pac-
IIPOCTPAHWUTh M Ha HeKBaZpaTHble MaTpunbl B u A, nmuius 6
YyHCcJa0 CTONOmMOB MaTpuilbl B coBmazajlo ¢ YHCJIOM CTPOK
matpuns A. Torga yMHOMKeHe MAaTpuIl, IPOU3BOAUM II0 GOP-
myJsiaM, nofo6ueM (6). Hanpumep, ecian

(=2 V]

1 2 3 11 4
B=|0 10| 4-|0 1| . Ba=|0
001 10 1
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ITIpousBeneHne AB B JaHHOM CJydYae pacCMaTPHBaTh
HeJb3d, TaK KaK Y MaTPUIbI A fBa cTondna, a y MaTpuusl B
TPH CTPOKH.

Onsa xsagpaTabix MaTpul A u B npoussegeHus AB u BA
MMeIOT CMBICH, HO Aajiexko He Bcerzga AB pasao BA. Hanpu-

Mep, ecau
11 01
A=11 1) B=1lo o)
TO
0 1 11
AB= [y 1], BA= (g o}
T. e. AB # BA.

Jlerxo nmposepuTts, uto (AB)C = A(BC).

Ecim A — nuHeiHEBIA omepaTrop, TO 3alUCh AX MOXHO
paccMaTpuBaTh KaK IIPOM3BeZleHMe MaTpUIbl A Ha OQHOCTOJI-
6LOBYI0 MaTpULy

Xy

Xn

IIycrs 3amanbl MuHeiiHbIe onepaTopsl A u B. CymMMoit ux
Ha3bIBaeTcs omepatop A + B, ompefesisieMblil paBeHCTBOM

(A+B)x=Ax+Bx VxeR,.

OueBugHO, MaTpULa onepaTopa A + B COBIAfaeT ¢ MaTpUIE,
paBHOIl cymMMe MaTpHI, olepaTopoB A u B.
Jlerko mMpoBepUTH, UTO

AB + C) = AB + AC.
IIpumep 1. Haittu maTpunmy, o6paTHyI0 MaTpumne

1 2
4= |01
11

O = O
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Marpnna A onpefienser TUHEHHLIN onepaTop y = Ax, npu-
BOAAIIMH B COOTBETCTBHE KaXKJAOMY BEKTODY X = (X, X,, X,)
BeKTOD ¥ = (Y,, Y,, Y,) IIPY NOMOIOU PaBEHCTB

Yy, = x, + 2x,,
Y, = x, + x,,
y, = x, + 2x,,

OTH paBeHCTBa MOXKHO PaCCMaTpPUBATh TaKiKe KaK JIMHeil-
HYI0O CHCTEMY TPeX YpaBHEHWI OTHOCHUTEJbHO HEM3BECTHBIX
x,, X,, X,. Onpesennrens 3710l cucreMs! He paseH HyJ0. Ho
TOT/la €e MOYKHO PeINNTb NPHU JI0OLIX 3aIaHHBIX Y, Y,, Y,. B
pesyJbTaTe IOJYYMM DaBEeHCTBa
x, = -y, + 2y,

X2 = Y 7 Vs

X, =Y+t Y, t Y
oInpependiomue oneparop x = Ay, obpaTHEIi K onepaTopy A.
Marpumna aToro oneparopa

10 2
At=|1 0 -1
11 1

910 M ecTh MaTpuia, ofpaTHas K MaTpule A.

OneMeHTH MaTPUOL A™! MOXKHO IOJYYUTH IMyTeM BHIYHC-
JeHut mo dopmynam (9).

OGosnauuM aieMeHTH O0OpaTHOH MaTpuusl A™ depes b,.
Nmeem A =1, b]., = A‘j,

11

0 1
1 0 B

LRI

12

Au'_"

2 0 1 0 1 2
4=l 0| =%42=|1 o =% A ="|p 4=
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2 0 1 0 1 2
Ay = 1 1 =2’A32=_0 1 =-1,A4,= 0 1 =1

TaxkuMm oGpasom,

b, =4, =1, b,=4, =0, b, = A, =2,
b, =4, =1, b, = 4, =0, by = Ay, = -1,
by, = A, = -1, by, = Ay = 1, by = Ay =1
Hrax,
-1 0 2
Al=|1 0 -1].
-1 1 1

IIpumep 2. Beruncaurs npousBefieHne matpun BA, rae

1 01 2 00
A=10 1 2], B=10 3 2
111 2 1-1

Brruncienne MokHO npousBecTH no dopmyaam (5), (6), Ho
MOJKHO DacCy’XZaTh ¥ CIEAYIOUIUM 00pasom.

Martpuna A onpezenser onepaTop y = Ax, IPDUBOAAIUIA B
COOTBETCTBME BEKTOPaM X = (X, X,, X,) BEKTOPH ¥ = (Y, Y,> Y,)
TIPY TIOMOIIM DABEHCTB

y, = x, + x,,
Y,
Y = x, + x, + x,.

x, + 2x,,

Marpuna xxe B onpegenser onepatop z = By, npusoas-
U# B COOTBETCTBUE BeKTOpPaM ¥ = (Y, Y,, Y,) BEKTOPHI 2 =
= (2,, 2,, 2;) IpN IOMOINH PaBEHCTB

z, = 2y,
z, = 3y, + 2y,
z, =2y, + y, - Y,
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Ho Torpga omeparop

z = BAx
OIpefeseTcA PaBEHCTBAMU
z, = 2(x, + x,) = 2x, + 2x,,
z, = 3(x, + 2x,) + 2(x, + x, + x,) = 2x, + 5x, + 8x,,
2, =2x, + x)+ (x,+2x) - (x, + x, + x) = x, + 3x,.

CnepoBarensHo, nponssenenne BA marpun B u A ects MaTpuna

S ot ©
W 00 o

2
BA=|2
1

§ 16. Basucs & B

B npocrpancTBe R (neicTBHUTEIbHOM MM KOMILIEKCHOM)
BBeieM 71 BeKTOpPOB:

i'=(@10,...,0),

i2=(0,10,...,0),

1)
i"=(0,0,...,0,1),

Ha3BIBAEMBIX opmamu oceil npocmpancmea R .

Ocvio x, mpocTpancTBa R, Ha3bIBAETCA MHOKECTBO TOUEK
suga (0, ..., 0, x,, 0, ..., 0), rae x, crouT ma k-m MecTe M
npoberaeTr Bce AeHdCTBUTENbHBIEe (KOMIIJIEKCHBIE) 3HAUYCHUA, a
BeKTOD i¥ HasLIBaeTCA OpPMOM OCU X,.

Ecmu a = (x,, ..., X,) €CTb NPOM3BOJILHLIA BEKTOp (HeicTBH-
TeNbHBIA B HeHCTBUTENbHOM R MIM KOMIUIEKCHBIH B KOMII-
JnexcHoM R ), To ero MO)XHO, OUeBHAHO, 3aMUcCaTh B BUJE JIH-
HeiiHOM KoMOuHanuu u3 BeKTOpoB (1) ciepyiomum obpasom:

a = xi' + x,i*+ ... + xi" (2)



§16. BABHUCHI B R, 123

Tax xKax us paBeHcTsa a = (x,, ..., x,) = 0 ciexyer, 4To
x, =..=x =0, To cucrema (i', ..., i") TMHeHHO He3aBUCHMA.

3aJaiuM MIPON3BOJILHYIO CHCTEeMY M3 71 JINHEHHO He3aBH-
CHMBIX BEKTOPOB

a =(ay, ---> 1)

.
.
.

e s s e e e

(3)

a” =(a,, ..., a,,)

Kak mur 3uaem (cm. § 14, Teopema 1), cuctema (3) muHeiHO
He3aBHUCHUMA, eCJH OIpefeNTeNlb :

aq .- Gy,

Az"""'¢0. (4)
[ R

Ecau e A = 0, To cucrema (3) MTuHeiHO 3aBUCHMA.

Cornacuo Teopeme 1 § 14 aro6uie 2 + 1 BeKTOpPOB B IIpo-
cTpaHCTBe R JMHEHHO 3aBMCHMMBI, TAK KaK DaHT MaTPHIbI U3
KOMIIOHEHT 3TMX BEeKTOPOB He IpeBhImIaer n. Iloatomy, ecan

a = (x,, ..., X,) — IPOU3BOJILHBII BEKTOD ¥ CHCTeMa BEKTO-
poB (3) nuHeiino HesaBucuma (A # 0), To cucTeMa BeKTOPOB
al, ..., a®, a TMHeHO 3aBUCHUMA, T. €. CYIIECTBYIOT YHUCJIA
A ..y A, A,,,, OTHOBDEMEHHO He DaBHbIE HYJIO, TAKHeE, UTO

AMat + ...+ Aa+ A ,a=0,
rae A,,, # 0 (uHaue cucrema (3) 6blna OBl JIMHEHHO 3aBUCH-

moit). Orcrona

n
a= D %a )
k=1

—}“k
}“n+1

opTHI i* (cM. (2)):

rae X, = (k =1, ..., n). Bulpaszum cymmy (5) yepes



124 §16. BABHCHI B R,

n

n n n
a= Ya Yaut' | =X X auxi b
=1 k=1

=1 =1

C apyroi#t cTopoHsI, 1m0 (2)

n
a= Z x i
=1

B cuy nuHe#iHON He3aBUCHMOCTH CHCTEMHI i, ..., i K0addu-
IUEHTHl IPY OAWHAKOBBIX BEKTOpAaX i’ JOJIKHBI ObITH PABHEL

.
X = D au% (=1, ..., n. (6)
k=1

Taxum o6pasoM, eci¥ KOMIOHEHTHl X, BEKTOPa @ IIO CHC-
TeMme i, ..., i® U3BECTHBI, TO KOMIIOHEHTH! X , 9TOTO BeKTopa Io
cucreme al, ..., a* HaxopAaTca u3 (6) 1 IpUTOM e[UHCTBEeHHBIM
o6paszoM, Tak Kak onpefeauTenb cucteMnl (6) ects A # 0.

M=l foKas3anu, YTo, KaKkosa 6bt HU Oblaa JUHELHO He3a8U-
cumas cucmema 6eKmopos a', ..., a", 11060l sexmop a € R,
MOJCHO PA3JOHUMDb N0 IMOU cucmeme, m. e. npedcmasums 6
sude cymmut (5), 20e x’,, ..., X', — HeKomopbie uucaa, onpede-
asemuie u3 (6) u npumom eduncmeenHviM 06pa3oM.

B 3TOM cMbIcie CHCTEMY BEKTOPOB @', ..., @" HA3LIBAIOT
6asucom B R, xenas 5TUM CKasaTh, 4TO JIF000it BeKTOp @ € R,
MOYKHO IpPEACTAaBUTH B BHAe JUHeiHON kKomOmHamum (5) mus
3TUX BEeKTODPOB M IIPHTOM eUHCTBeHHBIM obpasom. M=l noxa-
3aJI¥, UTO NPOU3BONbHAA JUHEUHO HE3A6UCUMAS CUCMeMA U3 Tl
eexmopos 6 R, ecmb 6asuc 6 R,

JInHe#HO He3aBHCHMAas CHCTeMa U3 771 BEKTODOB

1=
a (@5 coos @yps By piys <oos a,),

e & o o s s s s e e s s s s s s s s s s e =

a™ = (@, -5 Qs Qpnsys -5 @),
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rae m < n, He ecth 6asuc B R . B caMoM jieste, paur MaTpUILBI
KOMIIOHEHT 3THX BEKTOPOB paBeH m. ByaeM cuuraTth, 4YTO
nepBBIe m CTOJOIOB 3TOM MaTPUILI 00Pa3yIOT OIpEeAeINTelNb,
He paBHBIA Hya0. Pacmmpum aTy MaTpuny, NpUnucas K Hel
BHU3Y CTPOKY

a™t=(0,..,0,1,0,...,0),

rage 1 crour Ha (m + 1)-m mecte. PacmupenHas matpuna

uMeeT paHr m + 1, u, ciaegoBaTelLHO, CUCTEeMa BEKTODOB

al, ..., am, a™! jguHeilHO HesaBucuma. Ho Torga BeKTOp

a™! He MoxeT OBITH JUHEHHOM KOMOMHaNMel 13 BEKTOPOB

cucTeMH a!, ..., a™, ¥ 3Ta cuUcTeMa He ecThb 6asuc B R,.
ObosHauyuM yepes

4 Gz --- 4,

anl anz R a’ln

MaTpHIY BeKTOopoB (a!, ..., a”).

Ilepexop or 6asuca (i!, ..., i") k O6asucy (a!, ..., a*) ocymecTs-
JisieTcA OPH MOMOINM MATPHILI A:

n
&= Y ey (k=1 .., n), 1)
s=1

T. €. BEKTOD a* BhIpaXkaeTcs 4epe3 BEKTOPHl i° ¢ IOMOIIbIO k-
crpoxku Matpunbl A. O6paTHbIi nepexop or (a!, ..., a*) x (i, ..., i")
IIPOMCXOAUT HOpH moMolnH obGpaTHoit mMarpuusl A7! (cm. § 15, (9))

n
= zbsl a' (S = 1, ceey n)’ (8)
=1
Als

3JIEMEHTH KOTOPOH BBMHCIAIOTCA 0o ¢dopmynam b, = T ,
e A, — agbIOHKT 3JIeMeHTa 4, B onpefenutene A (o6paTum
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BHMMAaHHe, YTO dJeMeHT b , mpuHajpnesxamuii s-d cTpoke U [-My
crosnfuy, BeIpa)kaercs uepe3 ajbIOHKT A, dleMeHTa a,, OPUHAJ-
nexamero l-ii crpoke M s-My croabmy). OTMeruM emie, 4TO

n n n n n n
NED YIS YT 3 PR 3 YW
=1 s=1 s=1 =1 s=1

=1

OTKyZa
n
’ —
x| = 2 by, 9
s=1
T. €. Iepexoj| OT KoopauHar (X, ..., X,) K (x}, ..., x’,) mpoucxoxur
npu momMomu marpumbl (cMm. § 3)
@y = @
Wz (9) BunHO, uTO X', B‘mpamae'rcﬂ yepes X, ..., X, C IIOMOIIbIO

l-ro crosbua marpunsl A! uau l-it ctpoku matpuns (A'), TpaHc-
MOHMPOBaHHOMN K AL,
JHamnee no dopmyse (6)

n
’
xs = E alsxl (s = 1, ceey n)
i=1

BHJHO, 4TO mepexox ot (x', ..., x")) ¥ (x,, ..., x,) coBepmaercs
IpH IOMOINK MaTPHNbI A’ TPaHCIOHMPOBaHHOM K A, T. e. X, BBI-
pakaeTcs yepes X', ..., X', C IIOMOIIBIO S-if CTPOKM MaTpumel A’
WIH $-ro cTosOima mMaTpumbl A.

3ameuanue. B § 15 6b110 yCcTaHOBJIEHO, YTO NPOHU3BOJbHASA
KBajpaTHAs MaTpUIA

all e aln

A= e e e e s e . (10)

@y ... ay,

onpezesseT JuHedHbIH onepatop y = Ax (x € R, y € R), 3ana-
BaeMbIi 1o dhopmysiam
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n
U= D (k =1, ..., n). (11)
i=1

Ho mmeer mecTo M 00paTHOe yTBep)KJAeHHe: KaKOB Obl HH ObLI
nuHe#HbIA onepatop y = Ax (x € R, y € R), oH onpenenserca
HeKoTopoii marpuneii (10) Tak. 4TO BeKTOp ¥ = Ax BBIYHCJIAETCA
no BeKTopy x mo dopmyiam (11).

B camMomMm pmene, mycTh 3ajaH MPOHU3BOJIbHBINA JIMHEHHBIH omepa-
Topy =Ax (x € R, y € R)). O6osHaunm 06passl OPTOB i° IPH €ro
IOMOIY cjepylomuM obpasom:

B n
A(i") = (all’ a2a’ A am) = zaks i* (S = 1’ cees n)-
k=1

Torna B cuy JuHeHHOCTH A JM060H BEKTOD

n
x=xi'+ ..+ xi"= sz i
s=1

oTofpakaeTcsl IPH NOMOINA A B BEKTOD Y, ONpeZeJsieMblii PaBeH-
CTBAMU

n n
y=Ax=A szis = zst(is)=
s=1 s=1

n

n n n
= 2 Xg z Qs & = z Zaksxs ik,
s=1 k=1

k=1\s=1

OTKYZAa CJIeAyeT, YTO k-1 KOMIIOHEHTa Y OIpefessercs 1o ¢GopMy-
sge (11). Takum ob6pasom, omepatop A mopoxxjgaer marpumy (10),
Yy KOTOpOit B cTONOIAX CTOAT KOODAMHATHI 00pa3oB Ga3UCHBIX BEK-
TOpOB (OPTOB) IIpPM IIOMOIIM omepaTopa A.

IIpumep 1. HaiiTn MmaTpuny JIuHeiHOro omnepaTopa (Ipe-
obpasoBaHus) A, 3aKJII0YAIOIErocs B IIOBOPOTE BEKTOPOB ILIOC-
KocT R,, BEIXOAAIOMX M3 Havasia, Ha yroa o (0 < a < m/2)
IIPOTHUB YaCOBOH CTDEJIKMU.
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BossMeM 3a 6asuc BEeKTODHI il =

Z
24 = (1, 0), i2 = (0, 1). Torga, oueBuA-
A A2 Ho, uTO (pHC. 34)
A . .
A(iY) = (cos a, sin o),
x il A(i?) = (-sin o, cos o).
1/ z

ITosTOoMy MaTpHIa HALIEro ome-
Puc. 34 paTopa UMeeT BHJ

cosa —sina
A= .
sina  cosa
§ 17. Oproronannubie 6asucsl B R

ToBopAT, YTO ABa HEHYJEBBIX BeKTOpa X, ¥y € R, umeror
odunarosoe (00HO U MO He) Hanpasrenue, eCiIy CyINecTByeT
noNOHCUMeNbHOEe IUCTIO A TAKOE, YTO X = AY.

TlpousBoNbHEIK HEHyJIeBOM BEKTOp X € R, MOXXHO, KakK
TOBODAT, HOPMUP08AMb, 3aMEHUB €T0 Ha eXMHNYHBIN BEKTOD

- e -1
y"x| (yl = 1),

UMeoIUl TO )Ke HalpaBJIeHVe, YTO M BEKTOD X.

Enuauunasiil (MMelomuit HopMy (AJIMHY), paBHYIO 1) BeKTOp
HA3LIBAIOT HOPMAJbHBIM.

IIBa BexTOpa X ¥ y B mpocTpaHcTBe B HaskIBAIOT 0pmoz0-
HAJbHbIMU, €CAN UX CKanApHOe IIpou3BefieHUe PaBHO HYJIO:
(=, y)=0.

3nece R moxxer GbITH AeNCTBHTENbHBEIM MJIU KOMILJIEKC-
HeIM. B ciyuae xoMmiekcHoro R, cKanspHOe IIDOM3BeAeHUE
onpepensercd, kak B § 6, (5°).

CucreMa BEKTOPOB

x!, ... x¥ e R, 1)
Ha3LIBAETCA OPMOZOHANLHOIL, ecly Jo0ble ABa ee BEKTOpa

oprororanbasl. Cuctema BekTOpOB (1) Ha3BIBaeTCSA 0PMOZOHANLL-
HOU ¥ HOPMAJbLHOU WY OPTOHOPMHPOBAHHOH, eciu
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1, k=1
@ =8, e EI=1L .,V

T. €. BCé BEeKTOPH! CHCTEMbl HOPMAJBLHB! ¥ IIONADHO OPTOro-
HaupHL. Eciu cucteMa BeKTOpPOB (1) opTOroHasbHA M HY OQUH
BEKTOp CHCTeMEl He paBeH HYJIeBOMY, TO, HODMHDYA HX, IIO-
JIYYHM, OUYeBH/HO, OPTOHOPDMHPOBAHHYIO cucTeMy. OpmoHop-
muposannas cucmema (1) auneiino nesasucuma. B camom znene,
IIyCTh

At + Ax? 4+ .o+ AxY =0,
rae A, ..., A, — 4HMCIa. YMHOXXHMB 3TO PABEHCTBO CKAJAPHO Ha
x*, IOIyYNM, OYeBUAHO,
Alx, x)=L,=0 (s=1, ..., V).

Ho Torna oproropMEpOBaHHAA CHCTEMA M3 N BEKTODOB B R,
ecTb 6asuc 1, ClefOBATENBHO, KaXK/ALIR BeKTOp @ € R, MoxHO
IIpeACTaBUThL B BHJle JIUHEeNHOM KOMOMHAMUA

n
a= M @)
k=1
VYMHOXKASI 5TO PaBeHCTBO CKAaJsApHO Ha X*, HOJIYYHUM
(a, x*) = A, (s=1, ..., n)

M, CJIefOBATEJbHO,

n
a= z(a, x*)xk, VaceR,.
k=1

Yucio (a, x*) (x| = 1!) masnBaetcsa npoexyueii 6exmopa a Ha
HanpasJjleHle BeKTopa x*.

B peanbHOM feiicTBUTENLHOM IIPOCTPAHCTBE R, BenvunHa
(@, x*) ecth o6rrumas uMClIOBAs IPOEKIUA BEKTOpa a Ha
HAaIIpaBJIeHMe BeKTOpa X*.
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Teopema 1. Opmoropmuposannyio cucmemy 6eKmopos
x!, x2, ..., x¥ (v<n)

MONCHO NONOAHUMb G0 OPMOHOPMUPOBAHH020 Oa3uca 6 R,.
Hnavue 2060ps, moxcHo yraszamev 8exmoput x¥*1, ..., x" maxue,
¥mo cucmema

xl, .., &Y, xv ., x* (3)

Oydem opmoHOPMUPOBAHHOU U, cledo8amenvHo, Oydem Ga3u-
cox 6 R,.

HoxasarenscrBo. Tak kKak v < n, To B R, cyme-
CTBYeT BEKTOp @, He 3aBHUCAIOUI J1UHe#HO oT x!, ..., x¥. Ho
TOrAa

\4
a= Z(a, xH)x* + y,
k=1

rae y # 0. BekTop y opTOroHasIeH KO BCEM BeKTopaM X!, ..., x.
B camom peine,

W )= (@ - Y (a Pt x) =

k=1
=(a, x)-(a,x)=0 (4
(s=1,..v).

IIpoHOpMUpPOBAB Y, IOJYYHM BEKTOP

1
XV = my (lxv+ll = 1)’
¥ cUcTeMa
x4, ..., XY, 2Vt

6yner oproHopMupoBaHa. Eciu v + 1 = n, TO MBI nony4u-
nu 6asuc B R,. Eciu HeT, TO 3TOT mponecc mMpoxoJIKaeM.
Ha (n — v)-m arane monyuum 6asuc (3) B R,.
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Cucrema opToB oceit B R,
it=(1,0,0, .. 0,0),
o, 1,0, ..,0,0),

-
~N
I

i"=1(0, 0,0, ..., 0, 1)

MOJKeT CJIYKUTh IPMMePOM OPTOHOPMUpoBaHHOro 6asuca B R .
TIpon3BoJbHHI BeKTOD @ = (X, ..., X,) € R pasnaraercs
o opTaM cieayomuM obpasom:

n
a=xi' + ..+ xir= Zxk i, 5)
k=1

rae x, = (a, i*) (k = 1, ..., n) — npoexuus BeKTOpa @ Ha
HalnpaBJIeHHe opTa i*. ‘

IIycrs 3asana HekoTOpas onpeZieleHHass OPTOHOPMUPOBAH-
Has cuCTeMa U3 71 BeKTOPOB

al = (au, ceey alll)’

: ®)
a” =(a,, ..., a,,).
uin
n
@ = Y it (=1, .. n. (N
s=1
Ilepexoxn or BexTopoB (i, .., i") k (@, ..., @") 34ech OCYII[eCTB-
JIIeTCA IPY IOMOLM MATPHI[BI
all aln
A= o], ®)
A

T. €. BEKTOD a* BrIparkaeTca uepes il, ..., i" ¢ noMoIneio k-i
CTPOKH MaTpunsl A.
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B panbHeiimeM MBI CUHTaeM NIPOCTpaHCTBO R 1 MaTpumy
A neiicTBUTEeNBLHBIMH (CM. fajiee 3aMevaHue 1).

Mampuya A opmozonaavHa, T.e. obaafaeT cCiegyIOIIUM
CBOMCTBOM:

Y ae,=38, (k1=1,..n). 9)

B camoM pnene, Tak Kak B JaHHOM ciiyYae CHCTeMa al, ..., a”
OPTOHOPMHPOBaHA, TO

(a" a’) = z a, i’ 2 a,i’ | =
ZZ% a, (i, i) = 2 2 O a,5, z @, (10)

s=1r=1 s=1

M=l BEAMM, YTO M, 06paTHO, OPTOTOHAJBLHOCTH MaTpHUIEI (8)
BiieyeT 3a co00¥ OPTOHOPMHDYEMOCTH CHCTEMBI BEKTODOB
al, ..., a*, onpefejieHHHX 1o ¢opmyuaam (7).

Bro moka3niBaer, aro gopmyast (7), 2de |la, || — npouseony-
Hble OPMO2ZOHANbHbIE MAMPUYbL, ONPedeNAIoOm 6Ce B03MONHCHbLE
opmonopmMuposantbie 6a3ucht 6 R, .

IToMHOXXHUM BeKTOp #* Ha BeKTOp a@* CKaJIADHO:

@@, a*) = a,. (11)
Orcioga
n n
D, avar = Y ay an 12)
k=1 k=1
Taxum o6pasom, nmepexon ot 6asuca (a', ..., a") k 6asucy
(&4, ..., i*) ocymecTBiaseTCA NPH NOMOINHM Marpumsl A’,

mpancnonuposannoit ¥ A. Tak kKak npeobpasoBanme (12)
obpaTtHo mpeoOpasopanuio (7) (cm. § 15), To MBI momyTHO
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JIOKa3aay, 4TO OPTOTOHANbHAR MaTpuna A obnazaer ciexyio-
muM 3aMedaTelbHEIM CBOHCTBOM (B feiicTBuTeNbHOM R):

Al = A (13)
W3 (12) cnexyer

n n
o s s r
8, = D= | Y a4, aja
s=1 r=1

= ii a, ala’, @) = g{a8k a,. (14)

s=1r=1

OpToroHajnrHas MaTpuma Owiza ompeaejleHa HaMH Kak
TaKasg MaTPHUIA, Y KOTOPO CTPOKHU (BEKTODHI, IPEACTABIAIO-
e MX) HOPMaJILHBI, & pasHble CTPOKH OPTOrOHaJbHHI. W3
3TOTO OIpeAesieHUA, KaK 3T0 BUAHO u3 (14), aBTOMaTHYeCKH
clrefyeT, YTO Y OPTOTOHAJILHONH MaTPHUNBI ¥ CTOJOIBI HOPMAJIb-
HBI, a8 pasHble CTOJOIBI OPTOrOHAILHEL.

Ilepexorn ot (x,, ..., x,) K (¥}, ..., X’,) coBepIIaeTca npu

n
IOMOIM MAaTPHIEI, TaK Kak (CUMTas, 4TO @ = zx{ a =
=1

= %, i%) (em. (11))
s=1

n n n
x = szis, a'|= Exs(i’, ai)=2a,sx . (15)
s=1 s=1

s=1

ITepexon e or ' ..., X)) ¥ (x,, ..., X)) coBepiaercs
npu nomomu (cM. (13)) MaTpunsl A’ TPAHCIOHMPOBAHHOM K
A, T. e.

n
4
% = Do
=1
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OTMeTHM, 4TO ONpeAeNHUTeNb NPON3BOMLHON OPTOrOHAD-
Hoit Marpunsl A (cM. (6)) mo ab6conioTHOM BestmMuuHe paBeH 1:
LA =la | = 1.

9To0 clefyeT U3 TOrO, YTO

100...0
L 010...0
AP = lalla = Dawaa = | T -
s=1
000...1

3mech MBI CUMTaeM, YTO 3JIEMEHT Y, MPOU3BeJIeHNA oIpenesu-
TeJe# paBeH CyMMe IIPOM3BeleHHMii 3JIeMeHTOB k-H CTPOKH Ha
COOTBETCTBYIOIME 3JIEMEHTHI i-if CTPOKH (cM. § 2, CBOMCTBO K)).

OTMeTHM elre, YTO ONpefeINTe]b U3 KOMIOHEHT BEeKTOPOB
6asuca !, ..., i" paBeH 1:

100...0
010...0
. . . . . - . = 1.
000...1
Ecnu oproronansHuiit 6asuc a', ..., @a® UMeeT OIpefeNIH-
texs |A| = 1 (cM. (6)), To roBopAT, UTO 3TOT 6a3UC OPHEHTHUPO-
BaH Tak jXe, Kak 6asuc il, ..., i". Ecau xe |A| = -1, To —

NIPOTHBOIIOJIOXKHKIM 06pa3oM. DT oIpe/ieJIeHNA COIVIaCyIOTCH
C COOTBETCTBYIOIMMY OIpejejeHNsIMU B JBYMEDHOM M TpeX-
MepHOM cliy4yasiX, caejaHHRIMH B § 11 u B § 12.

3ameuanne 1. B koMmmiexcHom npocrpaHcTBe B, MaTpH-
na (8), rage a,, KOMIJIEKCHbIe, Ha3hlBaeTCs OPTOrOHAJILHOM,
eciI

n
Doy =8, (kl=1,.,m (9

s=1
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ITokaxeM, YTO OPTOHOPMMPOBaHHAA CHCTEeMa BEeKTOPOB
(6) B KoMIIIeKcHOM R mopokzaeT OPTOTOHAJBHYIO MATPHILY
A (cM. (8)). B camom nene, B koMimIeKCHOM R ckassapHoe
mpousBefieHHe BEKTOPOB X, Y INOAYUHAETCSA CBOMCTBaM (CM.

§ 6,6), 8))

&, y)= ¥, x), (ax + By, 2) = alx, 2) + Py, 2),

rze o, B — xoMmiaexkcHule unciaa. IloaTomy

(x, ay + B2) = (ay,+Pz,x) = (ay, x) + Bz, x) =

= oy, x) + B(z, x) = a(x, y) + B(x, 2).
Ho Torza Anss opTOHOPDMHPOBAHHOM CHCTEMBI BEKTODOB
al, ..., a® ©IMeeT MeCTO

s=1

n n
.S .r
3, = (a* a) = zaks‘ ’Zalrl =
r=1

n n n n
33 ad w0 - 33 08, -

s=1r=1 s=1r=1

n
= Y, (10)
s=1
T. e. MaTpuna A oproroHajisHa. MuI BuAuM, 4TO #, ob6par-
HO, OPTOTOHAJIBHOCTH A Bile4eT OPTOHOPMUPOBAHHOCThL BEKTO-
poB al, ..., @", onpefeneHHLIX 10 Gopmyaam (7).
ITomuoxkuM BekTOp i Ha a* ckansapHo (cM. (7)):

n n
. .l . a. g —
@, a*) = |i ’Zaksls = Zaks @@ &)= ay.
s=1 s=1

Orciona
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n n
#= 2(8 atat = D aya*. (12)
k=1 k=1
Taxum obpasom, nepexog or 6asuca (a!, ..., a*) k 6asucy

(i, ..., i*) ocymiecTBIsAETCS MIPH IIOMOIIHA MATPHUIIEI

Tax xak npeobpasoBanus (11’) o6paTHEI npeo6pasoBaHu-
am (7), To monmyTHO NOKa3aHO, YTO OPTOTOHAaJbHAsA MaTpHIa
A obnajaer ciaexylomuM cBoiicTBOM (B KoMILIeKCHOM R,):

At= A, (M) =) = (A") = A. (16)
Hs (12) cnenyer

no___ n___
8 r
= (i i) = aa E a,a =
8*1 - (’ky l’) - 2 sk ’ rl =

s=1 r=1
n n —_ n —_
CnenoBaTesbEO, PaBeHCTBA
n —
3, = z{a”’aa k, 1=1, ..., n
8=

(Tax ke, Kak (9°)) MOT'YT CIy’KHUTL ONIpefieJieHHeM OPTOrOHAJb-
HOH MaTpunbl A.

Ha ocuoBarunm (14) u o6mux ¢axkToB, NOJyYeHHLIX B § 16
(nmeTHT), OTMETHM MATPHIIEI, OCYIeCTBISIONIME HIXKecIeAYIo-
I{He OPTOTOHAJNILHEIE OTOOpaKeHNA:
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A: (3, ..., ") > (a!, ..., aV) (cM. (7));

A (@l ..., a®) > (@, ..., ") (cM. (129);
Az (X gy eees X)) > (%), ..y %) (cM. (6) § 16);
A:(x, ..., X)) > (X}, ..., ) (cM. (16)),

rae (x,, ..., X,) # (x’}, ..., ¥',) — KOODAUHATHI IPOMU3BOJBLHOTO
BEKTOpa B KOMILJIEKCHOM NPOCTpaHCTBe R OTHOCHTeJLHO
6asuca (i!, ..., i") ¥ oproHOPMHpOBaHHOro 6asuca (a', ..., a”).

Haxonen, paseHctso | |[A] | = 1 B xoMmiexcrHoM ciyuae
IOKA3bIBAETCH TaK:

0. 0
n 0.
A = |a,) |3, = 2‘ | -1
= 000 1

OpToroHasbHEIe MAaTPULBLI HA3LIBAIOT €lie YHUMAPHbIMU.
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§ 18. HEBapHaHTHBIE CBOHCTBA CKAaJAPHOrO
H BEKTODHOr0 NPOH3BENEeHHH

3ameuyaHue. B TpexMepHOM AeHCTBUTENLHOM IIPOCTPAH-
CTBE IYCTH 3afaHHI JBE IIPIMOYTrOJbHbLIE CHCTeMbI KOOPAUHAT
X, X,, X, 1 Y;, Y,, Y, C CACTEMAMH OPTOB COOTBETCTBEHHO (i!,
i2, i%) u (j, j?, j®). Iycts

3
= ) it (k= 1, 2, 3) )
s=1

(cp. (7) 1 (13) § 17. Torga marpuna (gelicreuTesnnpHasn!)
A= "a)n"
oproroHaiubHa u (cp. (13) § 17)

3
y= 2 (=1,23) @)

s=1
OpHa ¥ Ta Xe ToYKa (BeKTOp) IPOCTPAHCTBA MMeeT B Ilep-
BOo#l cmcTeMe (KOOPAMHAT) KOOPAMHATH (KOMIIOHEHTHI)
(x,, X,, X,), a BO BTOpO#t — KoOpAUHATHL (¥, Y,, Y,)- IIpH aToM
¢dopmyasr npeobpasoBaHuA KoOpAUHAT (Hepexona (x,, X,, X,)
K (Y;, Y5> Y;)) B TOUHOCTH TaKHe ke, KaK GopMyJnl npeobpa-
30BaHMsA CHCTeMbI oproB (i!, i2, i®) B cucremy opros (j!, j2, j°).
B oGoux ciydyasAx mpUMeHSETCA OfHA U Ta Ke OPTOTOHAJIb-

Hasa marpuna (cm. (13) 1 (7) § 17)

A = llog, -

B nepeoM ciryyae MaTpuna A MpUMEHSETCA K CUCTEMe YHcell
(x5 x,, x,), 4TOOBI NOJYYUTH CHUCTEMY UUCE (Y, ¥, Ys3)» 2 BO
BTOPOM Ta >Xe MaTpHLa A npuMeHsercda K opram (i!, i?, i3),
uTOGRl MOJIYyYHTh OPTHI (j, j2, j3).

HOanum obimee onpefejieHUe BeKTOpa, IPUHATOEe B T€H30D-
HOM MCYHMCJICHWH.
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Bexmopom 6 mpexmepHom npocmpaHcmee Ha3bLéaemcs
8eldb, 8bLPANAEMAR 8 Kaxi A0l NPAMOY20bHOLL cucmeme Koop-
Junam Hexomopoii mpoiiKoil Hucen, Komopbvie npeobpa3yomcs
mak xe (npu nomowu moil ye mampuybvt), KaK mpoitku op-
moeé coomeéemcmayouux cucmem Koopouram.

Ilogo6GHas TepMHHOJIOTHA YyHOTpeOJfAeTCA M B ciaydae 7Ii-
MEPHBIX IIPOCTPAHCTB.

Ilycts @ 1 b — BeKTOPHI TPeXMepPHOro mpocTpaHcTsa (HeidcTBH-
tTeabHOrol), ompejeisieMble B cCHCTeMax KOOpAMHAT ¢ opTamm (i,
i2, i®) u (j!, j? j®) cimemyromum oGpasom

a= Gy '+ Q2+ G f= a, j'+ G, + a,

b=b i+ b2+ b it= by j1+ by, 2+ by
HMeeT MecTO pPaBEHCTBO

3
axsbxz = zayrbyr ’

3
ab =
s=1 r=1

NoKashplBaollee, YTO CKAJAAPHOe npou3eéedeHue LHEAPUAHMHO OmM-
HOCUMEeAbHO NPeobpa306aHUllL NPAMOYZOAbHLIX cCuCmem Koopdunam.

B camoMm feie, Tak KaK CHCTeMEI BeKTOpos (i, i2, i3) u (j!, j3,
j?) oproHOpMHpOBaHBI, TO OHH IpeoGpa3yiorca mno dopmysam (1),
rie Ila,,l] — HEKOTopas OpTOroHajbHad MaTpuna. KoMnoHeHTH Bek-
Topa a (a,,, a,,, a ) NpeobpasyloTca B KOMIOHEHTHI (ayl, a, ays)
npu moMmoiqu Tod ke Matpuubl (cM.(2)). IToaromy

3 3 3 3

Zayrbyr = 2 zarsax Zaﬂbxv

r=1 r=1\s=1 v=1
3 3 3 3

855 N 00 B P
s=1 v=1 r=1 s=1

Mbl ZOKasaJH MHBADHAHTHOCTh CKAJAPHOro IpOU3BefieHHA ab
BBIYHC/IMTE]ILHEIM IIyTeM. Brpouem, M3 Ipyroro, reoMeTpHUYecKO-
ro oImpefeJeHHS CKAJIAPHOrO MPOM3BEAEHHA BEKTOPOB (HAIpaB-
JIEHHBIX OTPE3KOB), B CHJy KoToporo ab = |b|-np,a, memocpex-
CTBEHHO BHJHO, YTO 3TO YHCJIO €CThb HHBADHMAHT — BeAb 3TO
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onpeaejieHNe He CBA3aHO HH C KaKOH CHCTEeMOH KOOpAHHAT.

Yro xacaeTcad BEKTOPHOT'O HPOU3BEeXEHHUA & X b, TO OHO HHBa-
PHAHTHO OTHOCHTEJIbHO IPAMOYTOJbHBIX CHCTEM KOOPAHHAT C OJH-
HaKOBO opueHTanmeil. B cucremax, umeiomux oprsl (i, i2, i) u
(*, j% Jj°), BeKTOpDHEIe IDOH3BEXEHHA BBHIPAXKAIOTCA CJIEKYIOIIMM

oGpasom:

il i2 i3
a, a, a
= 1 Yxg Y3
[ax b]il,iz ;3 ’
b,‘:1 b,c2 b,c3
.1 .2 .3
1 ] 1
. ax ax ax
[a Xb]ix e 1 2 3.
b,‘,1 b,‘,2 bx3

B cuny dopmya (1) u (2)

3 3 3
Sai Tar T
s=1 s=1 s=1
3 3 3
[axb]jl PZiE = zalsax, Zaz.sax, za?max‘ =
e s=1 s=1 s=1
3 3 3
2 a’lsbx, 2 aZsbx, Z a3sbx,
s=1 s=1 =1
it 2 B ||y o o o B
= |Gz Gy, Gyy||WUg Ogp Og3| = *ja, a, a,| =
by by, bu||%a @2 @al (b, b, b,

= tfax b]ix’,z’ia , 4
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rfe Hajo IMOCTAaBUTh 3HAK + MJIM — B 3aBHCHMMOCTH OT Toro, Gyamer
nu onpexenurens o, paser +1 uam -1, 4TO BCce paBHO, MeHseT
UJI¥ HeT paccMarpuBaeMoe HnpeoGpasoBaHHMe KOODAWMHAT OPDHEHTa-
MO0,

IIpn nepeMHOXXeHMM oOmnpeAeauTesieil MBI B JaHHOM CcJyd4ae
[0JIb30BAJIMCH CJIeAYIOINMM IIPABMJIOM: 2JIEMEHT 7Y, MATPHMOLI IPOH3-
senenus |ly,| onpenenserca kax npoussenenme i-it crpoku IepBoro
onpezfenuTens Ha k-10 cTpoky Broporo (cM. § 2, cBOHCTBO K)).

Hrak, MBI JOKa3aJl BHIYUCIHUTENBHLIM IIyTeM, YTO 6€KMOPHOe
npou3seedeHue 06yx 6eKxmopo6 UHEAPUGHIMHO OMHOCUMENbHO npeos-
Pa308aHUTL NDAMOYZONbHLLX CUCTEM KOODOUHAM, He U3MEHAIWUX
ux opuenmayuro. )

IIpeoGpasoBanus (3), (4) MHTEpeCHH! TeM, YTO OHH 0GoGIMaloTCs
Ha ciyd4ail, KOrZa poJib BeKTOPa @ MIpaeT BaXKHBEI B MaTeMaTH4ec-

d d 0

KOM aHaJin3e CHMMBOJIAYECKHHU BEKTOD V= axl ’ ax2 ’ axa

§ 19. IIpeo6pa3oBaHHe NPAMOYTOJIBHBIX
KOOPAHHAT B IIIOCKOCTH

Paccmorpum miockocte R,, rfie 3aaHa IPsAMOYTOJbHAsA
cucTeMa KOOPAMHAT X,, X,. IlycTs

it=(1,0),#=(0,1)

— OpTHI Oceit X,, X,. OpTHl i!, i? 06pa3yloT OPTOHOPMHUPOBAH-
HBI Gasuc B R,. .

IIpou3BoNbHBIA efMHWYHBIA (HOPMajbHBINA) BeKTOp b!
MOKeT ObIThH 3aIIMCaH CJEAYIOIUM 00pa3oM:

b! = (cos a, sina) (0 £ o < 27).
EguENYELIA OPTOrOHANBLHBIN (IEePIEeHAUKYIAPHEIHN) K b!

BEKTOp, KOTOPHi MM 0Go3HauMM uepe3 b2, MOXKET COOTBeET-

) n
CTBOBaTh TOJBKO NGO yriay o + 2’ mmbo a — PR Tak xak
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[o{0]] 2
a_f.)
coSs 2

TO BCEBO3MOKHbI€ OPTOHOPMHDOBaHHbIEe cucreMsl b!, b’ B R,
omnpefendoTca Nubo paBeHcTBaMM (puc. 35)

T
—sin «, sin (a + ‘2‘) = cos q,

n
sin o, sin (O‘ - ‘2‘) = —cos Q,,

lcosa+i2sina,

1

bl
b2

i

(0 < a < 2n), 19

—il sinoa +i2 cosa

COOTBETCTBYIOIMMHM BPAIEHMIO OCeil 0KO0JIO Havaja Ha yroi
(. ¥ COXpPaHEHHIO OpPMEeHTanuu, Ju60 paBeHcTBaMu (puc. 36)

i cosa +i%sina,
1

bl

52 (1)

sina —i2 cosa,

i
COOTBETCTBYIOIIAMH BpAaIleHHUIO OCeil OKOJIO Hayaja Ha yroj
0. ¥ ¥3MEeHeHHIO OPHeHTAIYH.

0O6a mpeobpasoBanua 0GBeJUHSIOTCA B clefyomeil dop-

Myne:
1 — 71 12
b = o, + oy,

1)
2 — 71 72
b o, it + o,i?,
Zy “2
2
¥\ A ¢+g-
14 z -
b 1 z
AN
7 Zr

Puc. 35 Puc. 36
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rae Marpuia npeo6pasoBaHuA

O Oy

A= 2
Og; Oy @

OpTOroHaJIbHa (CyMMa KBaJpaTOB 3JIeMEHTOB KaXKJOH U3 ee
CTPOK MJHM CTOJOIOB paBHa 1, a CKaasipHOe NpOM3BELEHHUE
IBYX PasHEIX CTPOK MJH cToJ61moB pasHo 0).

JI1000e omnpenenerHoe opToroHajJbHOe npeobpasosanue (1)
eCTh HAa CaMOM Jiejie OfHO u3 Ipeobpasosanuit (1’), (1”) opu
HEKOTOpOM CL.

W3 (1) B cuny opTOroHAJILHOCTH MaTpUIH (2) caepyeTt, 4TO

oy bt + 0 b2, 3
i? = 05b" — b,

™~
1

-~
Il

M MBI DOJNYy4YMIX IpeoOpasoBaHue, o0paTHOE IIpeoOpa3oBaHUIO
(1), ¢ marpuneit

Q. Oy A
Oj2 Oy ’
CONIPSKEHHOM K A.
3ajaguM B ILIOCKOCTHM IIPOM3BOJbLHLIM BEKTOpD (TOUKY) a.
ITycTs or uMeer B cTapoit ¥ HOBOI cHCTEMe KOODAMHATHI (X,, X,)
u ('}, x’;). Torna
a = xi' + x,i* = x' b + x/ B (4)
B cuny dopmyn (3) u (4)
b+ B = x (0, + a,b?) + x,(0,b + o,b%) =
= (o, x, + 0,x,)b! +(a, x, + o,,x,)b2
IloaToMy, mpupaBHWBasg KOMIOHEHTHI IPH OJUHAKOBBHIX
oprax b!, b?, monyuum

(%)

x| =0y + 0‘12"2»}
-
Xg = Qg1 Xy + Qoo Xy



144  §19. IPEOBPA3OBAHME NIPSIMOYI'OJIbHBIX KOOPOUHAT

B cuny xe dopmyn (1) u (4)

x4 xi = X (0,8 + 0g,i%) + X (0,8 + 0L,Et) =

= (0, + 0 )8 + (04,2 + 0yx")i,
OTKYZa, HPHPaBHMUBasgd KOMIIOHEHTH NpH i! m 2, moay4yum
¢dopmyb, oGpaTHEIE K (5):

(6)

Xy =0y % + 0‘21755’}
- , ,
Xy =0oX) +092Xs.

Ecim mHapapy ¢ npeo6pasoBanueM (6) nmepeHecTH elqe Haya-
0 oceir X',, ¥/, B TouKy O', HMEIONIYI0 KOOPAHHATH ¥, = x,

x, = xg » TO (popMyaH (6) yCI0XKHATCA, OUEBUAHO, CJIEAYIO-

muM obpasom:

Xy =Xy + 0% + 0y %5, ™

Xy = X3 + 0lypX] + ClgpXy.

HWrak, npomsposbHOE mnpeoOpasoBaHME IIPAMOYTOJbHBIX

KoopAwWHar (X,, X,) B IPAMOYTOJbHbIE KOODAUHATHI (X'}, X’,)

¢ IepeHOCOM Hadajia CHCTEME (X,, X,) B Touky O’ = (x{’ , xg)
BHIpaxkaerca ¢popmynamu (7), rAe MaTpUIa

u“u Olgy

Oy Oy

OPTOTOHAJILHAA.
CooTBercTBYIOIMEe IpeofpasoBaHue, COXPAHAIOLIee OpHeH-
TAMMIO CACTEMH! KOODAUHAT, HIMEeT BHUJ

x, = x{ + x{ cosa — x} sina,

(7)

x, = xJ + x| sin o + x} cos

H npeoGpasoBanne, MEHA INee OpDHeHTAanHII0, HMeeT B
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x, = x{ +x] coso + xj sina, )

x, = x§ + x{ sino - xj cos o
(maTpuIBl Koaddunuenros npu x’', u x’, B (7) u (7”) coorser-
cTBeHHO TpaHcnouupyior (1) u (1”)).

§ 20. JInmeiinbie MOANPOCTPaHCTBA B R

Mmuosxecrso L B R, (L C R)) nassiBaeTcs JuHelHbLM nod-
npocmparcmeom npocmparncmea R miu, Kopode, MOATPOCT-
paHCTBOM B R, ecim m3 Toro, 4To ABa KaKMX-1n60 BeKTOpa
x u y npuHaanexar K L (x, y € L), aBToMaTHYeCKH CIeAyeT,
yTO BeKTOp 0X + Py Toxke mpmHagmexut K L (ox + By € L),
rae o, B — uncna. ITodnpocmparncmeo L nasvigaemcs m-mep-
HblM, €CIM B HEM MMeEEeTCHA JIMHeHHO He3aBHCHMMAs CHCTeMa
al, ..., a™, COCTOAIAA U3 M BEeKTOPOB, ¥ HET CHCTEMBHI, COCTO-
ameit u3 m + 1 NTUHEHO He3aBHCHMHIX BEKTODOB.

Takum 00pasoM, eCIi @ — MPOM3BOJILHEIA BeKTOp B L
(a € L), T0o cucrema a!, ..., a”, a nuHeiiHO 3aBHCHMa, T. €.
CyIIecTByeT HEeTPMBHAJIbHAA CHCTEMa YHCEN A, ..., A, A, .,
Takas, 4TO

Ma! + ...+ A am+ A, ,a=0. 1)
3nmecs A,,, # 0, uHAYe GBIIO GBI
AMal + ...+ A am =0,

¥ BCJIE[ICTBME JIMHEHHOM HEe3aBMCHMMOCTH CHCTEMEHI a!, ..., a™
Obuo GBI A, = ... = A = 0, u Bca cucreMa A, ..., A_, A_,,
6buta Gb1 TpuBManbHOit. Torna ypasmerue (1) MOXKHO PEeIIMTH
OTHOCHTENLHO a:

a=pa + ...+ par (1, =-A/A,) (2)

T. €. IPeACTAaBMTh B BHUJAE JUHEMHOM KOMOMHAIIMY U3 BEKTO-
PoB a', ..., a™. C gpyroit CTOpPOHHI, JUHelHAA KOMOHHAIINA
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BuAa (2) mpmHaAne:RKuT K L, moroMy uto L — moampocTpaH-

cTBO. B 3TOM CMBICIE FOBODAT, YTO cUCTEMa al, ..., a™ eCTh
6asuc B L. OueBupHO, n106as Apyras JUHeHHO He3aBUCHMAS
cucreMa BeKTOpoB bl, ..., b™, npunagnexamux K L, ects 6a3uc
B L.

Ecnu pasnoxuts BekTOpH b' mo BekTOpam al, ..., a™, TOo
TOIYYUM

m
¥=Yb,a (k=1,..,m).
s=1

ITo amanoruwm c TeM, KaKk MH paccyxpanu B § 16 nua R,
(roe Tenepnh Hafo 3aMEHMTH i* B @* COOTBETCTBEHHO Ha a’, bF),
MOKHO IIOJIYYMTH, YTO cHcTeMa b!, ..., b™ nuHeilHO He3aBHCH-
Ma TOrfia ¥ TOJBKO TOT/a, KOrAa OIpefeIuTeNh lb,,,| # 0, H 4TO
nio0asi He3aBHCHMas CHCTEMAa, cocTosmas u3 [ < m BeKTO-
POB, yXXe He MOXeT OhITh 6asmcoM B L.

ITpocrparcTBo R, MOXHO pPacCMaTpPMBATh KaK IORIPOCT-
paHcTBO R,, HMeloImee n H3MepeHUH.

MHo:KecTBO, cocToAlee U3 OAHOro HyJjaesoro Bexropa 0,
ecTh nuHedHoe moampoctpancTso (a0 + BO = 0). IIpo mero
TrOBOPAT, 4To oHO MMeer 0 mamepenuii. Bekrop 0 He oGpasyer
JIMHeHHO He3aBMCHMOI cucTeMul — u3 paseHcTBa A0 = 0, rae
A — uucio, He 00A3aTENLHO CIENYEeT, YTO A €CTh HYJb.

Ecnu Bexrop x° # 0, TO MHOKECTBO BEKTOpPOB BMAa Ax?,
rae A — IPOM3BOJILHOE YHCJIO, €CTh 00HOMEPHOe noOnpoCmpaH-
cmeo. B kauecTse 6asuca B HEM MOXXHO B3fATH BEKTOp Xx°.

ITycre L ects nuueiinoe moampocTpancTBo B R . Bynem
TOBODHTB, UTO BEKTOp ¥ € R opmozonanren x L, ecnu oH
OpTOroHAJIEH K J06oMy BeKTopy u € L. O6o3nauum uepes L’
MHOKECTBO BCeX BEKTOPOB, OPTOrOHaJbHHIX K L. L' ectsb
moAnpocTparcTBO. B camom gene, mycets v, U € L/, T. e.

(v, u)=0, VuelL;
(v,u)=0, Vue L.
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Torpa AAs JIOGHIX 4ucen o, P
(ov + B, u) = a(v, u) + B(v', u) =0, Vue L,

r.e. 0w+ Pv e L.

TTo onpenenenuto nodnpocmparcmeo L' R, nasvieaemca
0pmozoOHAAbHbIM K dannomy nodnpocmpancmey L c R, ecnu
L’ ecThb MHOXXECTBO BCEX BEKTODOB, KaXKABII U3 KOTOPHIX Op-
roroHayeH K L.

Huske foxasbiBaeTcs TeopeMa, BHIACHSIONIAS CTPYKTYPY
[IPOM3BOJLHOrO moampocrpancTea L C R, u eMy OpTOroHams-
Horo noanpocrpancrsa L' ¢ R,. B wacTHOCTH, U3 Hee CleRyerT,
uto ecau L' opmozonanvro x L, mo u, o6pamno, L opmozonans-
nox L.

Teopema 1. ITycmo L ecmb auneiinoe nodnpocmparcmeo,
omauunoe om R, u nyaeeozo nodnpocmpancmea. Tozda:

a) cywecmayem yenoe wucao m, ydosremeopaujee Hepa-
8eHcmaeam

1< m<n, 3)
U OpMOHOPMUPOBAHHbLIL 6a3uc
al, ..., a® “4)
8 L; ecau amom 6a3uc npodoaxumd awbvim cnocobom 0o
OpmonopmMupoearnhozo 6asuca 6 R:
a, ..., a®, am™, .., a® (5)
mo auneiinoe nodnpocmparncmeo L’ ¢ 6azucom
s eeey A" (6)

o6aadaem caedyrouumu ceoitcmaamu:
6) L’ ecmv nodnpocmpancmaeo, opmozornaavhoe Kk L;
B) L ecmv nodnpocmpancmeo, opmozonanvioe K L';

r) 2060t éexmop @ € R, moxcno npedcmasumsv 6 gude
CymmbL

am+l
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a=u+ v,
20e u € L, ve L u npu smom edurncmeennvitm o6pasom.

HdoxasateansbcTBo. Ilo ycnoBuio L OTAMYHO OT HyJIe-
BOTO IOANPOCTPAHCTBA, CIEAOBATEIBHO, B L CyImecTByeT BeK-
TOp X, oTanuHHit or 0. HopMmupys x, moayynm HOpMaJbHBIH
BEKTOp

al = X .
E:

O6o3HaunM uepe3 a? moboil, npuHagnexamuid k¥ L HOp-
MaJbHBIA BEKTOP, OPTOTOHANBHMIA K a! (jaf = 1, (a2, a') = 0),
ecyn Takoil cymectByeT. lanee, 0003HaUNM uepe3 a® mpHHAA-
JNexamuil K L HopManbHHI BEKTOpP, OPTOTOHANBLHEIHA K a! u
a? (la¥ = 1, (a3, a!) = (a3, a?) = 0), ecu TaKoOil CyImeCTBYeT.
ITOT Ipomecc 3aKOHYUTCA Ha HEKOTOPOM m-M 3Tame, Tae m
YZOBJIETBOpsieT HepaBeHCTBaM (3), T. €. HalZieTCA OPTOHOPMH-
POBaHHAsl CHCTeMa BeKTOpOB (4), mpumHaanexamux K L, HO
yxke He OyAer B L efMHMYHOro BEeKTOPA, OPTOrOHAJHLHOTO K
BeKTOpaM a!, ..., a™. B camom pmene, m > 1, moromy uro
saBezioM0 a! € L. C fpyroii CTOpOHEI, m He MOeT OHITh
PaBHEIM n. B IpOoTUBHOM caydae BEeKTODH a', ..., a® npuHaJ-
nexany 66l K L ¥ BMecTe ¢ HEMM IIPHHAJJIEXanu Ol K MOA-

n
pocTpaHCTBY L Bce JMHEHHBIe KOMOMHAIIMM Z A, a*, u Torma
k=1
nony4yunock 6ui, uro L cosnanaer ¢ R,, 5o L oramyHo or R,.
TlonyuenHaA OpTOHOPMHUPOBAHHAA cHUCTeMa al, ..., a™ ecTh
6asuc B L. B camom pgene, BMecTe ¢ BeKkTopamu al, ..., a™

m
NIPUHAJIEKAT K L 1 Bce UX JIMHEHHLIe KOMOMHAIH 2 A, a*.
k=1

Ho Gonbme B L Apyrux BEeKTOPOB HET, MOTOMY 4YTO, €CIH
OOMYCTHUTH, YTO HEKOTODHI# BeKTOpP @ € L He ecTs Takas
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NAUHelHas KOMOMHAIIMA, TO @ MOXHO OBIIO OBl 3amucaTh B
BHUJIE CYMMBI

m
a= Z(a, a)a* + y, &)
k=1
rae y # 0. Tak Kak BeKTOPH @ ¥ a* IPUHANJIEKAT K IOAIPO-
cTpaHeTBY L, TO IpHILIOCH GBI 3aKJIIOYUTH, YTO BEKTOD

m
y=a- z(a, a*)a*
k=1
To)xe npuHaAne:kuT k L. Ho BekTOp y opTroroHasieH KO BceM
a(s=1, ...,m)(cm. § 17, (4)). IIpoEOPMHUPOBaHHLIH BEKTOD

b - Iiy ®)
yl

TOKe NpWHAaIexad Ol K L 1 Obi OBl OPTOTOHAJBHHIM KO
BceM a* (k= 1, ..., m). Ho 3TO HeBO3MOXXHO B CHJIy MaKCH-
MaJIBHOT'O CBOMCTBA YMCJIa M. ITHM JOKa3aHO yTBepXKJeHHe
a) TeopeMHI.

Jononrerre OpTOHOPMUPOBAHHO#N cucTeMH (4) KO OpTO-
HOpMHpOBaHHOTro 6asuca (5) ocymiecTBiasierca Ha OCHOBaHMHA
reopemnl 1 § 17. O603rauuM uepes L’ mOAIPOCTPAHCTBO BCEX

n
JUHEeHHBIX KOMOMHALNH v = 2 M, a* U3 BEKTOPOB CHCTEMEI
k=m+1
(6). Kaxxamiit Takoif BEKTOpP, OYEBHAHO, OPTOTOHAJIEH K JI1060-
MY BeKTOpYy U € L, KOTOPHIH# IpeACTaBISAETCA B BUAE CYMMBL

m

u= 27\.,, a*. C npyroii CTOpOHSHI, ecii @ € R, ecTh Impomns-
k=1

BOJIBHBIH BEKTOD, OPTOrOHAJILHBIH KO BCeM BeKTOpaM u € L,

B YACTHOCTH K a@!, ..., a™, TO ero pasnaoxkeHue mo 6asucy (5)
uMeeT BUJ
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a= i(u, at)a* = i(a, a*)a*,
k=1

k=m+1

T. e. a € L'. Mul foxkasanu yrsep:aenue 6) TeopeMsl.

m
Haiee, n1000i#t BeKTOp U = Z A, a* € L opToroHaseH Ko
k=1

n
BCéM BEKTOpaM v = ZH,, at e L/ U, €cJaId HU3BEeCTHO, 4YTO
k=m+1

n
Kakoi-1n6o BEeKTOp a = Z(a, a¥)a* opToroHajieH KO BCeM
k=1

m
BeKTOpaM u3 L', B yacTHOCTH K a™', ..., a®, TO @ = 2 (a, a¥)a*,
k=1
T. e. @ € L. MBI foKa3aly yTBep)XAeHHE B).
Haxonen, ecnu @ € R, — NpOM3BOJNIBLHHIE BEKTOD, TO €ro
eINHCTBEHHHKIM 00pa3oM MOXKHO IIPEeICTABUTDL B BHAE CYMMEI

n
a= Z(a, a¥a* = u + v,
k=1

rae

m n
u= Z(a, a¥)a* e L, v= Z(a, a¥a* e L.
k=1

k=m+1

IdTtuM TeopeMa 1 JoKasaHA IMOJTHOCTHIO.

Teopema 2. ITycmb L ecrmb nodnpocmpancmeo m u3me-
penuil 8 R,. Tozda nodnpocmpancmeo L’ c R,, opmozonanvroe
x L, umeem n — m usmepenuit u npu smom L ecmbv 8 c60i0
ouepedv nodnpocmparcmeo, opmozornanvroe Kk L.
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HoxasarenbcTBo. Ecatu L orinuso or R, u oT HyJIe-
BOTO NOAIIPOCTPAHCTBA, TO AaHHAsA TeopeMa COHEPXKUTCH, oue-
BHJAHO, B Teopeme 1.

IIycts L ecTh HyJIeBOoe IOANIPOCTpPAaHCTBO. Tak Kak n060it
BeKTOp @ € R, oproronanen k 0, To L’ = R, u uamepenue R,
paBHo n — 0 = n. O6parHo, BeKTOp 0 OpTOroHajeH KO BCEeM
BeKTOpaM @ € R, = L’. JIpyrux BeKTOPOB, OPTOTOHAJBHBIX KO
BCeM BeKTopaM R, HeT, IOTOMY YTO BCAKHI OTIWYHBIH oT 0
BEKTOpP yKe He OPTOrOHaJIeH K caMoMmy cebe. Mbl mokasanu,
uyro L oproronanasHo K L’.

Ecmu L = R, To paccy:xpaeM nono6HEIM 06pa3oM.

CunepcrBue 1. ITycmy 3a0ana cucmema 6eKxmopos
x!, ..., x™, 9)

u nycmb L’ ecmb nodnpocmparcmeo 6exkmopos v, kaxcdvlil u3
KOMOopbLX OPMOZOHANEH K BEKMOPAM IMOLL CUCTeMbL:

(v, x)=0 (=1, ..., m).

ITycmy, danee, dan 6eKmop @&, OPMOZOHANbHbLIL KO 6CeMm
YKA3AHHbLM 6EKMOPAM U, M. €. OPMOZOHANbHYLIL K nodnpocm-
pancmey L’. Tozda a ecmb nHexomopas AuHeillHAsL KOMOUHA-
yua u3 6exmopos 3adanroii cucmemsvt (9)

m
= k
a= Ekkx.
k=1

HJoxaszaTexbcTBo. PaccMoTpuM nmognpocTpaecTBo L,
COCTOsINee M3 BCEBO3ZMOXKHBIX JMHEHHBIX KOMOMHANuil Bek-
TOpoB cucreMsl (9), T. e. BCAKMUiL BeKTOp & € L ecTh HEKOTO-
pas JuHeilHasd KoMOMHaAUUSA

m
u= z A’k x*.
k=1

B arom ciyuae 6yzeM Takke rOBOPUTH, YTO INOAIIPOCTPaH-
cTBo L HaTAHYTO Ha BEKTOPHI cucTeMsl (9).
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Tax Kak BCAKHII BeKTOp U € L’ oproroHaneH K BeKTopaM
cucteMH (9), To OH, OUeBHAHO, OPTOTOHAJEH K JIO00MY BeK-
TOpy ¥ € L. 3To mMOKa3kIBaeT, 4YTO MOAIpocTpaHcTBo L’ opro-
roHaJbHO K nmognpocrpaHcTBy L. Ho Toraa mo teopeme 2 u L
OpTOrOHaJNBbHO K L’, T. e. L COCTOMT H3 BCEX BEKTODOB u,
oproroHaabHHX K L’. Ilo ycnoBuio a ecThb OAMH M3 TaKUX
BEKTOPOB U, CJeAOBaTeJIbHO, @ €CTh HEeKOoTOopasa JHHeHHas
KOMOMHANHMA U3 BEeKTOPOB cuUcTeMEI (9).

§ 21. Teopemnl ¢ppearoaLMOBa THIA

B aTom naparpade usnaraerca Teopus JUHEHHLIX ypaBHe-
HHIl, napajyjeJbHas TEOPHUH, UIJIOXKEHHOHR B § 4.

9ro Ge3neTepMMHAHTHAs TeopusA. B ee (PopMyIHpPOBKH
oInpefieJinTeNb CACTEMbI YPaBHEHU! ABHO He BXOAUT. IIpenmy-
IECTBO ee 3aKJI0OYaeTcA B TOM, YTO OHA IIOCIY’KHJIa OCHOBOM
¥ aHAJIOTOM /IS MHOTHMX 00OOIMeHMi# B MaTeMaTHYeCKOM aHa-
Jmge. IlepBrie Takne BaykHBEIE 0000meHus npuHaguexKkaT Ppen-
roasmy!.

Ms=1 cHOBa paccMaTpHBaeM JIMHEHHEIH onepaTop (cM. § 15) A:

y = Ax (x € R), 1)

OPUBOAAMIMIA B COOTBETCTBHE KAXKAOMY BeKTOPY X € R, Bek-
Top ¥ € R, npn momMomu paBeHCTB

n

Y= Zaux, @i=1, .., n). (2)
s=1
3necsh
Gy Gy - Oy
A="au“= 3)
ay G,y ... Q,,

! 9. A. ®pearonsm (1867-1927) — mBeACKHR MaTeMATHK.
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— 3aflaHHAS KBaJpaTHasa MaTpuna. OnepaTopy A COOTBETCTBY-
eT CONPAMKEHHLIH eMy OonepaTop

y=A'x (x € R), 1"
omnpejensieMslii conpsikeHHOR K (3) Marpunei

Gy G .-+ Gy
A =1l. ... . . 3
‘_iln a_2n cee Enn

IIpy moMoI¥ KOMIIOHEHT BEKTOPOB X, Y OH 3aIMChIBAETCH
B BUJE

n
b= EF G =1, . ), ()
=1

T. €. KOMIIOHEHTa Y; BHIPAYKAeTCs Yepe3 KOOPAMHATHL BEKTOpa
X C NIOMOIIBIO j- CTPOKM MaTpuubkl A* wm j-ro croabua

Marpunst A .
CnpaseninBo paBeHCTBO

(Ax, 2) = (x, A’2) Vx,ze R, 4)

BepHOe AJs BCex X, 2 € R,. B camoM peste, fis e CTBUTEND-
HX R u a,

n n n n
(Ax, z)=§n‘,yizi=2 Yoz = Y a2 o= (x, A%2).
s=1

i=1 i=1 s=1\i=1

B xommiexkcHOM ciaydae

n n
(Ax’ z) = zy’-i’ = z aj’x’ El = X, a,‘azi =
j=1 j=1\s=1 s=1 j=1



154 §21. TEOPEMbI ®PEAT'OJIbMOBA TUIIA

PasencTBO (4) xapakTepHO AJIA CONPAMKEHHOrO ollepaTopa,
IIOTOMY YTO, €CJIM AJA HEKOTOPOro JMHeHHOoro omeparopa B
BBIIIOJIHAETCA PaBEHCTBO

(Ax, 2) = (», B2), Vx,2z¢ R, 5)

T0 HeobxoxauMo B = A*. IleiictBurensuo, (B = |b,l), ana meit-
CTBUTeNbHEIX a4, b, R,

(Ax, 2) = i i a,xz2,
1=1 s=1
n n
(x, B2) = EZb,, 2x, = Ezbs, xz2,.
s=1 =1 1=1 s=1

Uz (5) cnengyet, uto

n

20‘8 xz = iibﬂ x2, Vx,zeR, (6)
s=1

=1 s=1

M=

1=1

orkyna a, = b, (i, s =1, ..., n), B 4eM MOXXHO yGeAuTHCH,
ecau noaoxurs B (6) x=(0, ...,0,1,0,...,00u2z=(0, ...,
0,1,0, ..., 0), rge y x equHHNIIa CTOUT Ha S-M MecTe, a y 2 Ha
i-M MecTe. B KoMIIIeKCHOM ciryyae

(Ax, 2) = ZZa,,x,z

=1 s=1

OTKyZAa @, = b,, umm b, = @,.
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TaxuMm ob6pa3oM, conpsasicennbiii onepamop A* Kk aurellHomy
onepamopy A MOXICHO marice onpederums KaK mMakoii JuHeil-
HbLil onepamop, OA KOMOP0O20 BbinoLHAeMCA paseHcmaeo (4).

PasencrBa (1) 1 (1*) MOXXHO paccMaTpHUBaTh Kak ypaBHe-
HUSA — 3a7]aH BeKTop y € R, u Mul umeM x € R, nasa xoro-
poro BHIMOJHAETCA paBeHcTBO (1) mam (1%).

CooTBeTcTByIOIIMEe OQHOPOLHLIE YPABHEHUS MMEIOT BUJ

Ax =0 1,)
NI
n
Zawxs =0 (@=1,.., n) (2y)
s=1
u Az=0 19
I
n
Yaz=0 (=1,..,n. (2,
=1

O6osrauum yepes L o6pas nmpocTpancTBa R, npu nomowu
onepamopa A:
L= A(R)
— u uepe3 L’ nodnpocmpancmeo écex éexmopos z, ydosrem-
eopauwux 00HOpoOHOMY conpaxcenHOMY ypasHeruo (1,°).
Msr HasBanu L' MOANPOCTPAaHCTBOM, IOTOMY YTO BMeECTe C

2z, 2/ K HeMy NpHUHAJIEXKAT Takxe 0z + B2’, rme oo m P —
yucna:

Aoz + B2’) = 0d*z + fA*Z = 0.

L ecTh TOXe IMOANPOCTPAHCTBO, IOTOMY YTO, €CIX Y, Y € L,
TO CYIIEeCTBYIOT BEKTODPHI X, X' € R Takme, uTo y = Ax, y’ =
= Ax’, n, cienoBaTeJbHO,

oy + By’ = 0Ax + PAx’ = A(ox + Bx’),
T.e. oy + By’ € L.
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CnpaseginuBa nemma (cMm. § 20, Teopema 2).

Jlemma 1. ITodnpocmparcmea L u L’ 63aumno opmozo-
HaabHYBL, M. e. L’ ecmb MHOJNCECMB0 8Cex 8exmopos z, KaxcObvlil
u3 Komopwvix opmozonaaen k¥ L, a L 6 ceoio ouepedv ecmbo
MHONECTBO 6CeX 8EKMOPO8 Y, KaXdblit U3 KOmMopsvLx 0pmozo-
nanen k L. Ecau L umeem k usmepenuii, mo L’ umeem n—k
u3mepenuil.

HoxazaTeasbcTBo. OGpaTUMCA K paBeHCTBY
(Ax, 2) = (x, 4'2), (7)

BEPHOMY JJIs BCeX X, 2 € R,. Ilycts 2 ecTh BeKTOp, OpTOrO-
HaibHHM K L, Toraa pjas Hero Jesasa 4yacTh '(7) paBHa HYJIO
IS BceX X € R, HO Torza M mpasasd 4acTh paBHa HYJIO IJIA
Bcex X € R, B wacTHOCTM nja x = A'z:

A&z, A'2) = 0.

CnenoBaTensHo, A*z = 0. MBI f0Ka3a/H, YTO €CJIM BEKTOD
2 OpTOroHaJIeH K L, TO OH yIOBJIETBOpseT ypaBHeHU0 A*z =0
(t.e. z€e L).

OGpaTHO, HIyCcTh BEKTODP 2 YAOBJIETBOPAET YPaBHEHUIO
A'z=0. Ina rakoro z mpaBas yacTh (7) paBHa HYJIO IpH
Jo6HX X, HO TOTfAa U JeBad paBHa HYJIO, T. €. 2 OPTOroHa-
JIeH KO BCeM BeKTopaM Bufa Ax, T. e. KO BCeM BeKTOpaM
y € L. ipyrumu croBaMu, 2 OpToroHajueH K L.

Mz goxasanu, uTo L’ eCTh MHOXXECTBO BCEX BEKTOPOB 2,
OPTOrOHAJIBHBIX K mognpocrpanctBy L. Ho Toraa Ha ocHOBa-
HuM TeopeMbl 2 § 20 u, o6paTHO, L ecThb MHOMKECTBO BCeX
BEKTOPOB Y, OPTOTrOHANBHEIX K L’, n cymma usmepenuit L u
L’ paBua n. JleMMa Roka3zaHa.

CnpaBegiuBa TeopeMa.

Teopema 1. Jua mozo ymobvtL ypasHerue

y= Ax 1)
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umeno pewernue 0aa dannozo eexmopa y € R, neo6xodumo u
docmamoyuno, ymobvt 6exmop Y Oblll OPMOZOHANLHBLM KO 6CEM
sexmopam z, ylo6aemeopaowum 00HOPOGHOMY CONPANCEHHO-
MY YPA6HEHUIO

Az = 0. (lo')

Pewenue x ypasuenus (1), ecau ono cywecmayem, MONHO
3anucambv 6 6ude cymmbut

x=x,+ u,

20e x, — KakKoe-1ubo wacmuoe pewenue ypasienus (1), a u —
npou3eoavHOoe peulerue 00HOPOOH0Z0 YpABHEHUS
Au = 0. 1,)
Jlo6as ykazaHHas cymMMa ecTh pemenue (1°).

HoxaszarenscTBo. B cuny nemmst 1, ecnu L = A(R),
a L’ ecTh MHOXX€ECTBO BC€X 2, YAOBJIETBOPAIOIIUX YPaBHEHHUIO
A*z2 = 0, ro L u L’ cyTh IOATIPOCTPAHCTBA, OPTOTOHAJLHBIE
B3auMHO. Ho TOrza, eciu AJs y CymiecTByeT pellleHUe ypas-
HeHu4 (1), To y € L u HeobxoauMo Bce 2 € L’ opToroHanbHL
K y. Ecim xe BeKTOp ¥ opTOoroHajleH Ko BceM 2 € L', To
y € L, T. e. cymecTByeT X, JJIs KOTOPOro y = Ax.

IlycTs Temeps OIS BeKTOpa Y CYINECTBYeT pellleHHe ypasB-
nenusa (1’). O6o3HaumM ero uepes x0:

y = AxO,

Toraa, ouesugHO, cymma x° + u, rae Au = 0, ecTb Toxe
peiueHue ypasHenus (1°):

Ax*+ u)=Ax"+ Au=y + 0= y.

O6paTHO, ecJIX X eCTh IIPOM3BOJILHOE pellIeHHe YPaBHEeHUS
(1’), a x° — onpeseneHHOe YACTHOE PeIlleHHe, TO

y=Axr y=Ax0’

M, CJIeN0BaTeJLHO,
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0 = Ax — Ax? = A(x — x°) = Au,

rme u=x— x°% T.e. x= x°+ u, rae u ynoBIeTBOpPAET
ypaBHeHHUI0 Au = 0.

3ameuanme. IloscHNM Ha npuMepe AedCTBUTEILHOrO IPO-
crpaHcTBa R, cBA3b TeopeMnl 1 c Teopueit Kponexepa—Kanes-
au. ITycrs BeKTOp ¥ = (Y,, Y,) OPTOTOHAJIEH KO BCEM pellleHH-
M CHICTEMBI

2, +ay92, =0,
41121 +a912, } 8)

4122 + @525 = 0.
ITokaskeM, 4TO TOTAA PaHT¥ MATPUIBI A U paCIIMPEHHOM
MaTpHUIbI

a1 42 N
A QA Y2

paBHEI MeXxAay coboit. Ecau panr A = 2, To, OYeBHAHO,
paur B = 2. IIycts parr A = 1. Becerpa panr B 2 paar A= 1.
IIosTroMy HaM HeOOXOAMMO AOKAa3aTh, YTO

Q1 N
Az Yz

QG2 U1
Q32 Y2
B camoM feie, TaK KaK Y OPTOrOHAJeH K PELIeHUAM CH-

creMnl (8) (ReTpMBMANBHEIM), TO ¥,2, + Y,2, = 0. Ilosromy,
cuMras, uto 2, # 0,

1

=0, s

Y22

1

Ya
A=any, — any, = ayy, + a, 2 (@2, + ay2,)) =0,

Ya29 Yo
= ;-(alzz1 + a,z,) = 0.
1

Ay=a,y, — @pY, = 8y, + ay 2
Orcioga cnegyet, uTo panr B = paur A = 1.
O6parHO, ycTh BeKTOp ¥ = (¥,, Y¥,) TAKOB, YTO paur B =
=paHr A, toraa (1) umeer HeKoTOpOe pemenue (x,, X,). [loka-
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JKeM, UTO Y OPTOroHAJIeH K PellleHMAM Z = (2, Z,) CHCTeMEl
(8). B camom pgeane,

Y2, + U2, = (X, + a,,%,)2, + (ay X, + a,X,)2, =

= (a2, + a,2,)x; + (a,,2, + a,2,)x,=0-x, + 0-x, = 0.

Teopema 2. OdHOpoOHbIE YpaBHEHUA

Ax =0 (1,)

A'x =0 (1)

UMeIOm 00UHAKOB0E LUCLO NUHEILHO He3ABUCUMbLY pewernuil.

B uwacmuocmu, ecau o0HO u3 amux YypasHeHuil umeem
moabko mpusuaavhoe pewenue 0, m. e. umeem HYab He3a6U-
CuMbLX pewieHuil, Mo 3mo 6epHO u daa 0pYyzozo.

3ameuaHue. B nocnennem ciayyae ypasHerue (1) umeer
eANHCTBEeHHOE pellieHue.

HokaszarteabcTBOo. MatTpuusl A 1 A* UMEIOT ORUH H
TOT Ke PaHT, KOTOPHI# 0603HaYMM ueped k. OHM HMEIOT TaK-
JKe OAWH M TOT JKe OIpeJeJuTeldb A.

Ecmn k= n, 1o A # 0 u ypasrerua (1) u (1,") umeror
TOJIbKO TpUBHAaNbHEIE peimneHus 0. B atom cayuae, coraacHo
Teopeme 1, ypaBHeHMe (1) MMeeT efMHCTBEHHOE pelleHUE IIPU
mobeix ¥y € R..

IIycrs Tenmeps 1 < k < n. ITocne cooTBeTCTBYIOMEH NepeHy-
Mepanuy ypaBHEHMI U KOMIIOHEHT OIpefieInTeNlb

Ay .- Qqp

e o o o o o ¢0.
akl cee akk

IlepBrie k ypaBHeHmit (1°) Teneps 3amumeM B BHAE
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011 %y FeeoF O Xy T 0y g1 Xpsy T oo T Qip Xy
aklxl +...+ akkxk = —ak'k+lxk+1 —eee™ aknxn-

Huxe npuBoaurca tabauna n — B BEKTOPOB

1 1 1
x' =, ..., 21,1,0,...,0),

2 -(x%,...,2%,0,1,0...,0),
x° = (x; x;, ) (10)

@ o e o e e o & e & e e s e s s e o

n—k -k -k
7 = (et o x5, 0,004, 0, 1),

YTo6BI IOJYIHATH NIEPBLI BEKTOP, IOACTaBIIsAEM B cucTeMy (9)
5,=1L2x,=0..,x,=0
M DelllaeM ee OTHOCHTEJBLHO X, ..., X,. EIMHCTBEeHHBIE pelile-

HHA, KOTOPHIE 3/ieCh IIOJYyYalOTCHd, 0003HAUYNM UYepes x% y vees
x,lz . YToOBl mOJMyYuTh BTOPOI BEKTOpP, MOACTaBaAseM B (9)

%,=0x,=-1,x,=0,...,x,=0

2

M HAXO[AWM YHCJIa xf s «++s X U T. A. Bexropsr (10) o6nagaror

CJIeAYIOINMH CBOMCTBAMH.

1) Cucrema BexkTopoB (10) iuHEIIHO He3aBHCHMA, IIOTOMY
YTO PaHT MATPUIBI 3TMX BEKTOPOB PaBeH YMCIY 3THUX BEKTO-
poB U= n-— k.

2) Kaxxzprit Bektop cucreMul (10) ecTs pemenue (J1106b1x!)
ypasrenuit (2)) mmm Ax = 0.

3) BceBoamoxkHBIEe pemeHus ypaBHeHUs Ax = 0 mmeror
BH,

At + L+ Ak,

rae Ay, ..os A

'n—

» — IMPOH3BOJIbHBIE YHCJIA.
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OGLIYHO OTH TPH YTBEPXKAECHHUS 3aMEHSIOT CIIOBAMH: ypaB-
Henue (1,) mMeer n — k IMHeHHO HE3aBHCHMBIX pelIeHHH.

TlofoOHBIMM pacCyKAeHUSIMH, YYUTHIBAfA, YTO PaHr A =
=paHr A", noxKasbiBaeM, uTo ypaBHeHHe A'x = 0 ToXKe MMeeT
n — k nuHeHHO He3aBMCHMHIX pemeHuil. TeopeMa Aokasaga.

Teopema 3. Ecau 00Ho us 00Hopodnbix ypasrenuii (1,)
uru (1,°) umeem k runeitno He3a6uCUMBLX peuteHull, mo u
Opyzoe umeem k nuHellHo He3aBUCUMbLX peuleHuil; 06pa3bL e
L =A(R) u L’ = A'(R,) npocmpancmea R, norywaemvie npu
nomouju onepamopoe A u A*, cyms nodnpocmpancmea n — k
u3meperulil.

HoxkasatennscTBo. IlepBoe yTBep:kZeHHe TEOPEMEI O
PaBeHCTBE KOJIUYECTB JMHEHHO HE3aBUCHMBIX DEIlIeHHH OfHO-
poaunx ypaBHenuit (1)) u (1,") ects Teopema 2, a BTOpOE —
ecTb JeMMa 1, B cHJIy KOTOpO# M3MepeHue IOAIIPOCTPAaHCTBA
L paBHO n — k, rae k — usmepenne nmoanpocTpancTea L’ Bek-
TOPOB 2, YAOBJIETBOPAOIINX ypaBHEeHHIO A*z = 0. Anajormy-
HO n3mepenue L* paBHO n — k, re B — KOJIMYeCTBO U3MepeHHIA
MOANIPOCTPAHCTBa BEKTOPOB U, YAOBJIETBOPAIOIIUX YPABHEHHUIO
Au = 0.

§ 22. CamoconpaxeHnHLIH omepaTop.
KragpaTtuunasa dopma

JInHeiiHwIA onepaTop

n
yk = Zak,xl (k = 1, .oy Il) (1)
=1

WJIH, KOPOTKO,

y=Ax (xe R, yec R) (2)
Ha3BIBAETCA CAMOCONPANCEHHbIM, €CIA OH PaBeH CBOEMY CO-
npsyKeHHoMy (A = A%), T. e. ecau
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Ax=A'x Vxe R, 3)
HHadye roBOPA, €CJIX MaTpUIa A CHMMeTpHYecKas:

a,=a,(kl=1,..n) 4)

(cM. (3) 1 (3%) § 21). Mut cunraem a, u R, nefcTBUTEIbHEIMM
(cM. HIKe 3amMevaHue 1).

JIna caMOCONPSXKEHHOT0 OllepaTopa MMeeT MeCTO Xapak-
TepHOe PaBeHCTBO

(x, Az) = (Ax, 2) Vx, z € R,
(cm. § 21, (4)). OueBnpHo,

n n n n
(x, Ax) = thz Ay X = 22 G*rX; (a, = ay). (4)
k=1 I=1 k=11=1

Bripaxkenre cupasa B (4’) HasmBaeTca KeadpamuuHoil
@opmoii n-20 nopadxa. 3To HeNpepHBHAA DYHKOHA OT BEKTO-
pa x WA, YTO BCE PABHO, OT MEPEMEHHBIX X, ..., X,.

Bynem paccMaTpmBaThk 3Ty (PYHKIHIO Ha MHOMKecTBe S
3HAYeHWH X, MMEIOMUX efUHUUYRYIO HopMy (x| = 1). MuOXKe-
crBo S ecTh chepa B R, pagmyca 1 ¢ merTpoM B Touke 0. S —
orpaEmYeHHOEe MHOXKecTBo. KpoMe Toro, oHo 3aMkHYyTO !): ecam
TouKM ImocjefoBaTenbHocTH {x'} (Vv = 1, 2, ...) mpuHagIexaT
K S (T. e. |« = 1, v = 1, 2,...) m 3Ta moc/IefOBATEILHOCTD
CTpeMHUTCA K HeKOTOpoit Touke x € R (x' — x%, v — ), To
gemuryeMo x° € S, T. e. |x° = 1, moTomy uTo
1 —|x9 = [l»] - [2°] < |2¥ - 2% — 0, orryna |x% = 1.

Haiinem MakcuMyM kBafipatudHO# dopMmel (4") Ha chepe S.
Tax xak ¢dopma (4') ecTb HellpepbIBHAA QYHKIUS Ha 3aMKHY-
TOM OrpaHUYEeHHOM MHOKECTBE, TO MAKCHUMYM ee Ha S JOCTH-
raercs AJis HEKOTOPOTO eAMHMYHOro BexTopa x! (x| = 1).
0603HauMM ITOT MAKCHMYyM 4epe3 A,:

A = (Ax, x!) 2 (Ax, x) Vax:af = 1. (5)

Beeaem mozmpocTpaHCTBO L’, OPTOTOHANIBHOE K BEKTOPY
x!, T. e. MHOXECTBO BCeX BEKTOPOB U, KaXXAbIH M3 KOTOPBIX
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oproronaneH k x'. B L’ BoseMeMm IPOM3BOJILHBINA eIMHUYHBIN
sextop v° (v’ = 1). BexTop
cos - x! + sin o+ v°
3aBHCHT OT Ol ¥ KMeeT eANHNYHYIO HOPMY
lcos os x! + sin -0 =
= (cos ot- x! + sino-1% cos o x! + sin o v0)/2 =
= (cos?0l + sin?o)1/2 = 1.
IIpn o = 0 aror BeKkTOp obpamaerca B x!. Ho Torna dysn-
KIUA
y(ot) = (A(cos o~ x! + sin ot~ v%), cos o - x! + sin o - v9)

JIOCTHTaeT CBOEro MaxkcumMyma B Touxe oL = 0 (y(0) = (Ax!, x1))
¥ B CHJIy HeOOXOAMMOro YCJIOBHS 3KCTpeMyMa

v'(0) = 0.

Brrunciaum 3Ty npoussoAnyo. Umeem

y(o) = cos2o(Ax!, x!) + sin20(Ax!, v°) + sin2a(Av°, v9).

CiepoBaTensHO,

V(o) = —sin20(Ax!, x!) + 2cos20(Ax!, v°) + sin20(A4v°, v°)
u
y'(0) = 2(Ax!, v°) = 0.

Msbr mony4yuin, uto BeKTOp Ax! OpPTOroHajleH KO BceM
eIMHUYHBIM BeKTOpaM v° € L', cilenoBaTesbHO, M K JIIOOBIM
BeKkTopaM v € L’. Ho Torma Ax! orimyaerca or x!' jaums
MHOXUTeseM (cM. creactere 1 B xoHne § 20), T. e.

Ax! = Axl,
Te A — HEKOTOpoe UHCJIO.

Uz nepBoro coorHomenns (paBeHcTsa) B (5), yuuTHIBadA,
uro |x!| = 1, caeayer

1
Cu. mamy kmmry «Bricmas matemaruxa. Juddepernzansroe n
HHTErpajJbHOe HCUHMCIeHHes, § 8.12.
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A = (x!, x1) = A.

Takum o6pa3oM, MbI JOKas3aiM, YTO MAaKCHMYM KBajpa-
Thuno# dopmsl (4") Ha equHMUHOIM cdepe |x| = 1 aocTuraerca
B HEKOTOpO# Touke X!,

rﬂlax (Ax, x) = (Ax!, x') = A,.
=1
IIpu aTom

Ax! = A\ xl, |« = 1.

Mpnt BHAMM, YTO HETPMBHAJIBLHLIN (He DaBHBIM HYJIIO) BeK-
Top x! orobpa)kaeTcs IpH IIOMOINH omepaTopa A B BEKTOp
A,x!, eMy KOJIMHEapHBIH.

Taxoil BEeKTOpP Ha3hlBaeTCA COOCMEEHHbLM 6€KMOPOM One-
pamopa A, a YACIO A, — NPUHAOENAUWUM IMOMY 8EKMOPY
cO6CMmeeHHbIM 3HAYEHUECM.

Bynem Temeph paccMaTpHMBaTh OlepaTop A Ha IOAIPOCT-
paxcTtse R!, ompefesiieMoM Kak MHOXKECTBO BEKTOpOB x (€ R),
OPTOTOHAJILHBIX K BEKTOpy x! (Bhimie MBI ero obGosHayaau
yepes L’). R! ects (n — 1)-MepHOE MOANPOCTPAHCTBO — B HEM
MMeIOTCA OPTOHOPMMpOBaHHBIe 6asuchl, cocrosimmue u3 n — 1
BexTopoB. llenp Hama 3akJjiO4YaeTcsd B NOABICKAHWM OLHOTO
Takoro 6asuca, KaKk MEl YBUJHMM, €CTECTBEHHO CBSA3aHHOIO C
omepaTtopoM A.

BaxxHo mopuepkHyTh, uTo 00pa3 A(R!) moampocTpaHcTBa
R! npu momomu omepaTtopa A mpMHAMIEKHT K R!, moromy
yro, ecan (x, x!) = 0, To

(Ax, x') = (x, Ax) = (x, Mx') = A(x, ') = 0,

T. e. Ax € R.
CamoconpsXeHHOCTb omeparopa A Ha R! TpHBHAJIbLHBIM
o6pa3oM coxpaHsaercs, IOTOMY YTO PaBEHCTBO

(Ax, y) = (x, Ay),

BepHOe JJ1A BcexX X, ¥y € R, BepHO TaKxXe JUls BcexX X, y € R!.
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Hrak, MEL TellePh pacCMaTPHBaeM CaMOCOIPSKEHHbIN JIH-
HeitHbIi omepaTop A Ha JMHeHHOM moanpocTpaHcTBe R! usme-
penns n — 1. K HeMy MOXHO IpUMEHUTH IIpUBeJleHHbIE BbILLE
paccyXJeHus u obHapy:KuTh B R! cymiecTBOBaHMe €UHUYHO-
ro BeKTOpa X2 TaKoro, 4TO

max (Ax, x) = (Ax%, x%) = A, <A
J=l=1 lx2|=1
(x,x1)=0 «2,x1)=0

1°

Ilesto B ToM, uTo efuHNYHaA chepa S' B R' onpenensercs,
OUeBUAHO, KAK MHOKECTBO efMHUYHBEIX BEKTOPOB X, OPTOTO-
HanpHEIX K x!. IIpu arom

Ax? = A,x2,

Ms! HanuIn BTOpPO# COGCTBEHHBIH BeKTOpP omepaTtopa A —
BEKTOP X2 ¥ NpHHAaAJeKalee K HeMy COGCTBEHHOe 3HaUeHHe
A,, OUeBM/IHO, He MpeBLIMaoINee A, (IpK yMeHbIIeHHHU 06Ja-
CTH PacCMOTPEHUA MAKCHUMYM MOXKET TOJbKO YMEHBLITUTHLCA).
IIpu arom (x!, x2) = 0.

Ilogo6HBIM 06Pa30M MOXKHO BBECTH IOANPOCTPaHCTBO R2,
U3MepeHus n — 2, OPTOroHAJLHOEe K BeKTopaMm x! m x2, moka-
3aTh, 4TO omepaTop A orobpaykaer R? B R? M OIpefieNuTh
TPeTU#l eAWHUYHLIA BEKTOpP X3, OPTOrOHAJBLHBLIA K x! M K x2
TaKoM, YTO JJIs HEro MUMeEEeT MeCTO

mAX (A, x) = (A%, %) = A,

(,21)=0,(2,x%)=0

Axd = Ax® (A, <A, < A).

IIpomonxue aTOT mpomece M0 MHAYKIMH /IO N-T'O BEKTOpa
X", MBI IOJYYNM OPTOHOPMHPOBAHHYIO CHCTEMY BEKTODOB

x!, x2, ..., x" (6)

H cucremy neﬁCTBHTeJILHbIX qHucesa
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A Ags eor Ay (7

obazaomux CBOMCTBAMH

Ax* =l,,xk (k=1,...,n), 8
Ap 2 Ay 2.2 A ®

MBeI IONYYHIN NOAHYIO cucmemy cOOCMEEHHbLX 6€KMOPO8
onepamopa A ¥ NpUHAAJEXALIUX UM cOOCTBEHHBIX 3HAUe-
Hu#. Tak kak OPTOHOPpMHMpOBaHHasA cucrema (6) nmpuHazgie-
AT K R, ¥ cOCTOMT U3 N BEeKTOPOB, TO OHa ecTh 6asuc B R,
(cm. § 17). IloaToMy npOM3BOJILHEIE BeKTOP X € R, MOXHO
PasJIOKHUTh 10 ITOH cucTeMe:

n

x = Z(x, xk)xk, 9)
k=1
Toraa Ham camMocoIpsKeHHHIH omepaTop A MoXKeT OHITH
3ammMcaH cJeAyIOmuM obpasom:

Ax =AY (x,x)x* | = ) (x 29Axt = Y A, (x, x9x*. (10)
k=1

k=1 k=1

Mz nokasanm TeopeMy.

Teopema 1. Camoconpaxennomy onepamopy A 6 npo-
cmpancmee R, coomseemcmeyem 0pmozoHANbHASL CUCTEMA 6€K-
mopos x!, .., x" (6asuc R)) u cucmema OelicmeumenvHoLx Lucen
A;s ..., A, maxue, umo Ax dna 1106020 x € R, npedcmasnsem-
ca 6 eude cymmot (10).

KBaaparuunasa ¢opma (4’) COOTBETCTBEHHO 3aIIMCHIBAETCS
cJeaylomuM obpasom:

(x, Ax) = | X, (xxHx% Y A= 22 | = Y A, (2, 292 (47)
k=1 s=1

=1

Ha nmpakxTuke 4acTo MBI MCXOAVIM M3 HEKOTOPOM KBajpa-
THYHON (OPMBI
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Z z Ay x,x; (@, = a,). 4)

k=11=1

YroGpl MPEMEHUTD K Hell IMoJydeHHbIe Pe3yJIbTaThl, MOX-
HO OIpeJeJIUTh B CBA3M C Hel JMHeHHBIA omeparop

y = Ax,
oIpefie/IAeMblii pABEHCTBAMH
n
y, = Zaij.xj (i=1, .., n).
)
B cuiy ycnosus a, = @, 3TO CaMOCOIDPAKEHHBIN omepa-
TOp, M K HeMy npuMeHnMa TeopeMma 1. Ha s3bike kBafipaTuy-
HOi dopmEl Teopema 1 MoxkeT GHITH mepedopmMyampoBaHa

cJeAyIoIguM obpa3oM.

Teopema 2. ITycmb 3a0ana keadpamuunas gpopma (4’) 6

n-mepHoil cucmeme Koopdunam x,, ..., X, npocmpancmea R,
n

copmamu i\, ..., i" | x = 2 x,,ik . Cywecmayem npamoyz0ne-
k=1

Haa cucmema xoopdunam &, ..., £ c opmamu x!, ..., x*,

n
00pasyowumu opmozoHabHbLL 6asuc | X = Zikx" , U cuc-
k=1
mema deiicmeumenvholx wucen A, .., A, maxue, wmo keadpa-
muunasa gopma (4’) 6 amoit cucmeme ecmv cymma Keadpamos

Koopdunam &, 6exmopa x, nOMHONCEHHbLX COOMEEMCMEEHHO
Ha wucaa A

n n
Z i At X%, = z AED. 4")
s=1

k=1 1=1
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Ilepexon or jsesoil uactu (4’’) K mpaBoit MOKHO ocylle-
CTBUTH, €CJIH M3BECTHHI Pa3jOKeHUA BEKTOPOB x!, ..., x” IO
opram i, ..., i*. Ilycrs

n
+8
x! = z B/&l
s=1

(cm. § 17, (7), roe HAAO 3aMEHUTH a, a* cooTBeTCTBEHHO Ha

B, *). Tax xak i, ..., i" 1 x', ..., x" — OPTOHOPMHPOBAHHbIE
6asucul B R, To MaTpuua
A=

oproroHajgbHasi. Mbl cuuTaeM, 4To OHa u3BecTHa. OfMH ¥ TOT
JKe BeKTOp ¥ MOXXHO pAasJIoMNTh II0 ABYM Gasucam:

n

n
x = E:x,,is = Zilx’.
=1

=1
Ho Terma
n n n n n
*8 +S
Zizx’ = 2 JZBN‘ = 2 Zﬁ,sé, ¢
7=1 1=1 8=1 =1\ j=1
M B CHJIy JUHEHHON He3aBUCHMMOCTHM CHUCTeMH il, ..., i" mony-
WM
n
x,= DB (s=1, ..., n). 11)
1=1
Taxum o6pasom, mepexop OT KoopauHar &, ..., §, K Koop-
AMHATAM X,, ..., X, OCYIECTBJIAETCA NMOCPEACTBOM MATDHIILI

A’, TPAHCIIOHMPOBAHHOM K A (T. €. ¢ IOMOIIBIO CTPOK MAaTpH-
nsl A’ My cTosGL0B MaTpHUILL A).

Ecau noacTaBuTh Beipaxcenus (11) ans x, B 1eBy10 4acTb
(4”), TO NOJIKHBHI NOJIYIUTHh NPaByH0. 3allUIIEeM 3TO PaBeH-
CTBO:
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i y B/k(i aletl )gjgl
=1

i=1 &k

n

ay ,,.e:. Zﬁ.,é

b}
b}

M=

)
-

k=1 1=1

-.

]

n

= i’»sii = i 8,ME,8,

s=1 =1:=1

-

0, j#i,
rre §, = 1, j=i ~ cAMBOR Kponexepa.

Ecnu npupaBHATH KO2Q@UIMEHTH IPH OAWHAKOBBIX £&,
TO MOJYYHUM DaBEHCTBA

Zﬁ[k[zaklﬁdJ = SJ,A', (l’ ] = 17 csey n)’
k=1 =1

KOTOphIe MOXKHO TPaKTOBaTh cJeAyninuM obpasom (cMm. § 15,
(6)). Ona maTpuns

= "am" (a, = a,)
CaMOCOIPA’KEHHOTO OIlepaTopa A CyIecTBYeT OPTOTOHAIbHAA
MaTpHna

=Bl
TaKas, 4To
AA-A1 =4, (12)

rne A - HeKOoTopasa auaroHajJbHas MaTpula

A 0 0...0
0 2 0...0

A=........ (13)
0 0 0...%,

(A, — meficTBUTeNbHBIE UNCIA), Ha3blBaeMas KAHOHUYECKOIL.
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OTMeTHM, YTO AJIsi OPTOTOHAJIbLHOMN AEHACTBUTEJIBHON MaT-
punsl A

Al = A

Tak Kak OIpe/eJHTeJH OPTOTOHANLHEIX Marpui |A| =
= |A™Y = %1, 1o m3 (12) caexyer

n
T2 = 13 = 1Al 4 A = Al (14)
i=1
M=ur pokasanu, B 4aCTHOCTH, CIEAYIOMIYIO TEOpeMy.

Teopema 3. Ecau onpedenrumens |A| camoconpancernoii
mampuybt A ne pasen nyaio (Al # 0), mo ece ee co6cmeennvie
wucaa A, ..., A, ne pasnot nynwo (A, 20, j=1, ..., n).

N3 teopemnr 2 ciaenyer, 4TO

1) Ecmm A, 2 ... 2 A, > 0, To kBagpaTNyHasa ¢opMa moJo-
SKUTeNbHAsA AJSA JI0GHX BeKTOpOB & # 0, a ciefosaTesabHO, M
mo0brx BeKTOpoB X # 0. B aToM ciryuae oHa HaswBIBaeTcs cmpozo
NONOHUMENbHOLL.

2) Ecin 0 > A, 2 A, 2 ... 2, To hopMa OTpPHUIaTeNbHASA
ans mo6mx & # 0, ciegosaTensHo, U 06HX x # 0. B atoM
cJIy4yae OHa Ha3BIBAETCS CMPO20 OMPUYAMELbHOL.

3)Ecim A, 2 ... 2, u A, = 0, To popma HeoTpUIATENbLHAL.
CymecTByer HanpaBienue, (ock § ), BAOJIbL KOTOPOro OHa paB-
Ha HYJII0. OTO noa0}UMenbHaAs Gopma, HO He cmpozo.

4)Ecra A, =02, > ... 2\, To popma ompuyamenvrnas
He cmpozo.

5) Eciu A, > 0, a A, <0, To popma neonpederenna. Ecin
MCKJIIOYHMTH HyJIEBYIO TOYKY, TO BROJb oc &, OHa IOJOXH-
TeJbHAA, BAOJID Ke ocu § — oTpumaTenbHas.

OxassIBaercsd, 4To 1o BuAy Marpunst 4], mo smaky mHexo-
TOPBHIX IOPOXKAAEMBIX €I0 OIIpefieInTelNief MOXKHO y3HaTh, OyAyT
i ee co6CTBeHHEIE YMcla BCe HNOJOXKHUTeNbHbIE, BCe OTPHIla-
TeJbHBbIE WY CPEeAd HHUX €CTh KaK MOJOKUTeJbHbIEe, TaK H
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orpunarenbHble. B aTom 3akmiouaerca meopema Cunveecm-
1

pa'.
CocTaBUM DAJ IJIaBHEIX MUHOPOB KBaJIpaTMYHON (POPMEI

(Ax, x):

yy - Gy
G G e
y eeey A= .

? jem Ox» " a,, -..a

A = a,, A

1
nn

CorsacHo Teopeme CuibBecTpa, KOTOPYIO MBI He JOKAa3bl-
BaeM, UMeIOT MeCTO ClleAyIoIue YTBEePKACHUA:

1. Ecm A, >0, A, >0, ..., A, > 0, To dopma cTporo
moJioKuTenbHa (caydait 1)).

2. Ecim A, <0,A,>0,A,<0, ..., (-1)"A, > 0, To popma
cTporo oTpumaTenbHas (caydai 2)).

3. Ecmn A, 20, 4,20, ..., A, 20 mm

A;£0,A,20,..,(-1)A 20

1 UMeeTcA j, IpH KoTopoM A, = 0, To opma 3aBefoMo He
CTPOTO OIpefieJIeHHA.

4. Bo Bcex OCTaJbHBIX CAyYasax KBajpaTudeckas ¢opma
HeoIlpefieJIeHHA.

3ameuanue 1. Eciu R, — KOMIIEKCHOe IIDOCTPAHCTEO,
a a, = a, — HO-IpeXHeMy JAeHCTBUTeNbHBIE YHCJa, TO pac-
CYXJIeHHM#, IPUBefieHHbIE BHIILIe, MaJIO oTIAuyalorci. Popmy-
Ja (4’) Temeph 3aIMCHIBAETCA TaK:

n n

n n
SR P SR RS
=1 =1

k=11=1
Yucao (x, Ax) ocTaeTcsa AeACTBUTEIBHBIM, IIOTOMY 4TO

n n

n n n n
(*, Ax) = z CuXpX) = 22 apx,x; = ZZak,xkx, -
1

k=1l= k=1l=1 k=1l=1

! Ix. k. Cumabsectp (1814-1897) — auramiicKuii MaTeMaTHK.
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= (x, Ax).

9To moKa3bIBaeT, YTO MpUBEAEHHKIE BhILIe haKkTh (hopmy-
anl (4°)-(10)) ocraroTCA HEM3MEHHBIMH, B YACTHOCTH YMCIA A,
..., A, ¥ B ClIy4ae KoMILIeKcHoro R, meiicTBuTenbHul. Teopema
1 nmosnxOCTHIO COXpaHAeTCA ANA KOMIUIeKCHoro R . ®opmyna
(4”) Teneps uMeeT BHUA

n
(x, Ax) = 2 A, l(x, =),
s=1
T. €. Telepb yKe KBagpaThl YKces (X, x°*) HA0 3aMEHUTh Ha
KBaZipaThl UX MopyJeii. @opmysa (4”') Teneps yKe BHITIALAT
ciaexyomuM obGpa3oM:

2iak1xkft = ils 2,
s=1

k=11=1

a B OCTAJIBHOM TeopeMa 2 ocraerca B cuie.

3aMeuanue 2. OTMeTHM, 4YTO JEeHCTBHUTEJIBbHOCTH COD-
CTBEHHBIX 3HAYEHHI CaMOCOIDPSYKEeHHOTO JIMHEHHOro omepa-
Topa A B R, (ReHCTBHUTEJILHOM UM KOMILIEKCHOM) MOXXHO
JIoKasaTh ciaenyomuM obpasom. IlycTs A — cobcTBeHHOE 3Ha-
yenne omeparopa A u x° (|x = 1) — npunagIexKaIMMIL K HeMy
cobcreennnit BekTop. Tak xax Ax® = Ax?, To

A= Mx x°) = (Ax0, x%) = (Ax°, x°) = (2, Ax") =

= (2% Ax%) = A (2% x°) = A.
OpTOroHaNBFHOCTbL COOCTBEHHBLIX BEKTOPOB OIlepaTopa, IpH
HajIeXalmux pasHbIM COﬁCTBEHHbIM 3HAYEHNAM, TOXe MOX-

HO NO0Ka3aTb HeHOCPEACTBEHHO.
B camom geue,

Ax! = A x!, Ax? = A,x?
(= = 1, b? = 1, &, # 1),
TorAa
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Kl(xla x?) = (lel’ x?%) = (Ax', x?) = (xl’ Ax?) =

= (2!, Ax?) = Xz (¢!, x2) = Ay(x!, x?).

Tax Kak A, # A,, To (x!, x2) = 0.

§ 23. Kpaagparuunaa dopma
B IBYXMEPHOM HIPOCTPAHCTEE

IIpn n = 2 xBagpaTuuHasa GopMa MMeEeT BHA
2 X 2 —
ay ¥, t apx X, +ay XX, + a5,
= 2 2
a,x?+ 2a,xx, + a,x,y?, 1)
TaK Kak 4, = @, (MBI CUNTaeM 4, felCTBUTEIbHLIMH).
Yro6s! mpuBect dopmy (1) k cyMMe KBafipaTOB KOODAH-
nar BexTopa (§;, &,) B HexoTopoM Gasuce (x!, x%), Hago (cM.
§ 22) naiitTi 6asucHbie OpTH x!, x2 — cOGCTBEHHBIE BEKTOPH

CaMOCONPAXKEHHOr0 omepaTopa A, IOPOXKAeHHOTO0 CMMMETPH-
YeCcKOH MaTpuIei

4 G2
a; Qg

YxakeM criocob HaxoXKJeHUA COOCTBEHHBIX 3HAUEHHUN (UH-
ceJ) U COGCTBEHHBIX BEKTOPOB omeparopa A, OTIMYHBIH OT
metoza § 22.

Hrax, ecan A, — cobcTBeHHOE UMCa0 omepaTtopa A m x°0 =

=( x{o) , xgo) )2 0 — coOTBeTCTBYIOIIMI eMy COGCTBEHHBIN BEK-

A=

TOp, TO
Ax® = A 20,

Ilepenumem aTo ypaBHEeHME B KOOPAHUHATHON ¢opme:
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(011 - A)x” + a,2%8) = 0,
g 2@ + (agy — Ag)x® = ,} (2)

UiIM B onepaTopHOM ¢opme:
A-2E)x"=0, (2)

rae E — ToXxnmecTBeHHBIH omepaTop.

Taxum obpasoM, ofHOpoaHan cucreMa (2) uMeeT HeHyJe-
Boe pelieHue X°, 4YTO MOXKeT GHITB, ecjIM ONpeAeJuTeNb CUCTe-
mut (2) niau (2°) paBen HyJIIO:

a3 -Ay Gy
a3 Gy —A

=4 - ME| =

Hrak, cobcTBeHHOE YMCIO A, ABJIAETCA KOPHEM YpaBHe-
HASA

IA - onl =0, (3)

KOTOpOe HAa3BbIBAETCA XAPAKMePUCMUYECKUM YDAGHeHUeM
omepaTopa A (MamM KBafpaTH4YHON dopMH (Ax, X)).

BepHo u obpaTHOe yTBepxcaenue. Ecau A, ABasgeTcA KOp-
HeM ypaBHeHHudA (3), TO HETPUBHAJIBHOE pellleHNe CUCTEMBI

(A= 2E)x =0 @)

Oyzner coOCTBEHHBIM BEKTOPOM CAMOCOIIPSI?KEHHOIO onepartopa A.
CiepoBaTesbHO, COGCTBEHHBIE YHCIA oImepaTopa A HaXO4AT-
cA B JaHHOM cjIy4yae KaK KOPHHM KBaJpaTHOro ypasHeHus (3):

(a,, — M(ay, — A) — a122 =0,
A= (ay; + g + ayay, - 0122 =0

Pemas ato YpaBHE€HHE, IToJiydyaeM

1
A= E[au +ay +\/4a122 +(ay; — azy)? ]’

] (5)
Ay = E[au +ag — \/4‘1%2 + (@ - o)’ ]
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Orciofia BUJHO, YTO A, = A,, IPHM 3TOM A, = A, B caydae
a,=0, a, = a,,. Bynem ansa onpexesneHHOCTH CUHUTATH, YTO

a,, 2 a,, (nHave MeHseM X, Ha X, U X, Ha x,). Toraa

1
A za (0 —ay, = 5[1/411122 +(ay; - ag)? — (g, — a,)] 2 0).

U3 (5) cnemyer, 4TO co6cmaeenHble 3HAYEHUS onepamopa A
(camoconpsaxcernnozo) — deiicmeumenvHvle LUCAA.

Teneps 10 M3BECTHBIM COGCTBEHHBIM YUCAAM A, ¥ A, Ha#-
ZIeM cOOCTBEeHHEBIE eUHNYHEIE BEKTOPHI, KaK pelleHus CUCTe-
mut (4). Tax xax |4 - A, E| = 0, To

paur (A - ME) < 1.

Ecmu A, = A,, To B 3ToM cayuae marpuna A — A E cocrout
u3 oAHMX Hyne#t (A, = A, = a,, = a,,, a,, = 0), T. e. ee panr
paBeH Hyio. B aToM ciyuae kBappaTuuynasi popma yKe IpH-
BeZieHa K CyMMe KBajpaToB (a,, = a,, = 0). Cucreme (4) ynos-
JieTBOpseT J1060# BeKTOp X = (X, X,). IlosTomy 3a coGcrBen-
HBle BEKTOPBI MOYKHO B3STh OPTHI CHCTEMHI KOODAMHAT X! =
=i=(1, 0), 22 = j = (0, 1). Jlro6as apyras cucrema (x!, x?%)
OPTOHOPMAJIBHEIX BEKTOPOB 00JIafiaeT TeM CBOICTBOM, YTO B
3TOi cHcTeMe KBajpaTHuHAaA GopMa IO-IIPeKHEMY COCTOHT M3
OJHHUX KBaJApaTOB.

Teneps, ecniu A, > A,, T0 au6o a,, # 0, mm6o a,, = 0,
a,, # a,,. Bropoi ciyyait MOKHO He pacCMaTPHMBaTh, TaK KaK
¢opma (1) yxxe npuseseHa k cymMme KBagpaTos. Utak, mycTh
a,, # 0. Torga

panr (A - ME) = 1.

ITosToMy ZOCTATOYHO PACCMOTPETH OAHO YPABHEHHE CHCTE-
MmelI (4):

(a;, = A)x, + a,x, = 0.
Orciona umeem (a,, # 0)

x, = [(-a,, + N)/a,)x,.
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M-any )
1= | X, +—x
¥ (1 a2

ABJAeTCA pemteHHeM cucteMhl (4). Hopmupya ator BekTop,
NOAYIMM COOCTBEHHBIM BEKTOD

1

y
= (2P, xW)= T =
T Y
1 Ry —ayy)

iz, J1+(u)
a2 42

IIpoBoAs 3MeMeHTAapHEIE OPeoDpPa3OBaHUA, MOXKHO IOJY-
JHTHL PABEHCTBA

P =1%J1+(au —azz)/J40122 +(ay —a)’

)

=% =iiﬂjﬁ‘“‘&\h—(%—aﬂ)/»létafz+<an—azz>2-

B pasbHe#meM A0CTaTOYHO GpaTh B popmynax (6) sHax +.
Copeprressio aHIOTHIHO 110 COGCTBEHHOMY YHCIY A, Haif-
nem cobcreenany pexTop x2. OKasbiBaeTcs, 4TO

x= (2, xP) = (-x, V).

Cocrasay Temeph MATPHIY omeparopa {(OPTOrOHAJBLHOTO
npeobpazosanmsa) A, IepeBOAAIIEro OpTH (i, j) B opTH (x!, x?):

x{l) xgl)
A -
4 2
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B CTPOKAX CTOAT KOOPAMHATHL 06pa30B G6asHMCHBIX OPTOB i M
p
j mpu momomnu A, T. e. x' = xVi+ xj, @ =-x"i + x"}).

Toraa KOOPRMHATH BekTopa (x,, X,) B cucreme (i, j) cBA3aHEI
¢ xoopaunaramu (§;, &,) atoro BexTopa B cucreme (x', x?) c
TOMOIIBIO CTOJNOIOB MaTpUUBl A:

1 1

X = xf )51 - xé )52» @
1

Xy = xgl)gl + x{ %, .

TloacraBasasa 3TH 3HAYEHUA B KBaApaTHuHyio dopmy (1) u
yuuTsiBas ¢opmyist (5) u (6), moryuum

a, x; + 2a,,%,%, + apx; = ME + A8 8)

IIpaBasi yacTh 9TOTO pPaBEHCTBA HA3bIBAETCA KAHOHUYEC-
Kum eudom KeadpamuyHoil popmut.

Ecnu umena A, u A, ogHOro 3HaKa, To GyxeM roBOpHTS,
YTO KBajpaTU4uHas (popMa OPHUHAMNEKHUT SAAUNMUYLECKOMY
muny; ecnu A, ¥ A, Pa3HEIX 3HAKOB, TO 2UNEPOOLUNECKOMY
muny; eciu e OLHO M3 UMCeJl A, WIM A, PABHO HYJIO, TO
napaBoauvecKomy muny.

U3 (5) Buano, uto A\, = a,,a,, — af,. [loaromy T opmer

(1) MoXHO ompeAeNHTH IO 3HAKY BHIDAXKEHHA a,,a,, — a122 .
KBaapatuunasa dopma Oyzner sarunmuyeckoil, zunep6oau-
YecKoil UM napabonuyeckoll, ecnyv BHpaXkeHue a,,a,, — alz2

COOTBETCTBEHHO 6o.m>me, MeHbIlle NI pPaBHO HYJIO.

IIpumep 1. IIpuBecT K KAHOHUYECKOMY BHAY dhopMy

x! - \/gxlxz + 2x].

V3

B nannom cayvae @, =1, a,, = ——

2 » @y, = 2. Tax xax
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> 0, To dopma GyAeT IMIITHYEC-

w | o

3
a,,8y5 — ‘1122 =2- 1

koit. Haiifem coGcTBeHHBIE BEKTODPHI M MX COOCTBEHHBIE 3HA-
yeHuda no opmyaam (5), (6):

-l a_ 8 (1 _dB) 5
T g ® 2’ 2’ 2 M7 3
Hanee,
V3 1 1
* = [?'E}' b=
B cucreme (x!, x%) mvama KBagpaTuuyHas GopmMa MMeeT BHL
5.0 1.5
— +_ .
Sgeltd
1 711 J§ T
Tak kak x’ = 3= cos(—g), xP = - = sm(—;),
To mpeobpasoBaHue ¢ IOMOINBLI0 MATPHIILL
@) (1)
x;) -x
A=1" ol @ =R, =), = xR, &)
X2 Xy

O3HaYaeT IIOBOPOT CHCTEMEI X,, X, Ha Yyroi O = Tt/3 OKOJIo Hada-
Jla KOOpAMHAT II0 4acoBoi crpeske (cM. npumep 1 B korue § 16).

§ 24. KpuBasa BTOPOro mopsagkKa

24.1.06mee ypaBHeHHEe KPDUBO# BTOpPOTro mO-
pPAAKa. B minockocT, B HEKOTOPOH NPAMOYTOJLHON CHUCTe-
Me KOOpAWHAT X, Y, OyCTh 3ajlaHa KpHBas, oIpeiejisieMas
HeABHO YpaBHeHWEM BTOPOH CTEIeHU
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Ax? + 2Bxy + Cy?> + 2Dx + 2Ey + F = 0, )

rne 4, B, C, D, E, F — 3afauHble AeiicrBUTeNbHbIe yucia. IIpu
aroM uucia A, B, C ogHOBpDeMEHHO He PaBHBLI HYJIIO. JTa
KpHUBas HaswIBaeTcA Kpueoil emopozo nopadrxa. Ha camom nene
MOXKET CIYYUTHCHA, YTO HET BOBCE TOUEK (X, Y) C AeHCTBUTEL-
HBIMM KOOpAMHATAMH, YAOBJETBOpAIOIIUX ypaBHeHuo (1). B
JTOM CJIyyae TOBOPAT, YTO ypaBHeHue (1) ompenenser MHUMYO
Kpusyio emopozo nopadxa. Mbl He 6yfeM u3ydyaTh MHUMBIE
KpUBBIe. YpaBHeHUe

x2+ yr=-1

MOKeT CIYXXHUTh IPUMEPOM YPaBHEHUS BTOPOM CTeNleHU, ON-
pefensioIero MHUMYIO KpUBYIO.

24.2. BaxHuble ciayuyam ob6mero ypaBHEeHHUSHA
KPDHBOH BTOpPOro mopsAAKa. Ilepeuncanm mecTs BaxK-
HellMKUX YacTHHIX caydaeB obmero ypaBuexus (1):

1) YpaBHeHue aanunca
x2 y2
=tz
a b

¢ mosyocsaMM AJuHBL @ 1 b. B wacTHOCTH, IpM a = b ypaBHe-
HUe OKPYHCHOCU

=1 (a, b>0)

x2+y2=a2

¢ IEeHTPOM B Hayajle KOODAMHAT M PaguycoM d.
2) YpaBHeHUe zunep6oJvL

= v @2b>0)
— Ty = a>
a? b?

¢ TOJIyocAMHU a U b.

3) YpaBHeHue napabonvl

y? = 2px (p > 0).
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4) YpaBHEHUE NnapbL nNepeceKaoUuxcs nPAMbLX
a?x? - b2 =0 (0 < a,d).
5) YpaBHeHMe napv. napaiasesbHblX WIA Co8nadarnujux
npaAMbLX

x2—-a2=0 (az20).

6) YpaBHeHme, onpezensiomee movky,
x2+ y?=0.

OcTaHOBHMCS BKpaTie Ha IE€PEYUCIEHHBIX KPUBBIX.
Suannc

x2 y2
Stp 1 @2b6>0. (2)

a

IIpu a = b snaunc (2) obpaigaercss B OKPY:KHOCTb paguyca
a ¢ NeHTPOM B Havyajie KOOPAUHAT, T. €. FeOMEeTpUYECKoe Me-
CTO TOYEK, OTCTOSAIIMX OT Hadajla Ha PACCTOAHHH 4.

IIycrs @ > b. Ilonoxkum ¢ = J a? — b2 - OT™MeTM Ha ocu X

Touku F,, F,, nmeromue abcoucchl X = —¢ 1 X = ¢. 910 Poky-
cot aaaunca. dnaunc (2) MOXKHO ONpeAEeJUTh KaK TeOMEeTpH-
YecKoe MeCTO TOYeK, CYMMa pacCTOAHUM KOTOPHX A0 GOKy-
cos F,, F, ecTs BeIMUUHA NOCTOSTHHAA, paBHAA 24.

B camom gnexne (puc. 37),

MFl = "(x+c)2 +y2 , MF2 = 1}(x—c)2 +y2 ’

2a = ‘/(x-i-c)2+y2 + \/(x—(:)"’-i-y2 )

OTKYyZa

2a - ‘/(x+c)2+y"z = J(x—c)2+y2
u

4a? + (x + ¢)* + y® - 4a,’(x+c)2 +y? =(x— ¢l + 3
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4a? + 4cx = 4a,/(x +o)f+y?,

a? + 2a%cx + c2x% = a*[x? + 2cx + c% + y?,

_b2x2 = _a2b2 + a2y2’
a2b2 — bzxz + azyz’
oTKyZa ciaeayer ypaBHeHue (2). Ecim nmpocieguTh 3TH BBIK-
JagKu B 00paTHOM NOPAAKE, TO IIOJIYYMM, YTO €CJH TOUKa
(x, y) yooBieTBOpsAeT ypaBHeHMIO (2), TO CyMMa ee paccTod-
Huit no F, u F, pasHa 2a.

Ecnu B 'ypaBHemm (2) saMeHUTH X Ha —X, TO OHO He na-
MEHHTCS — 3TO IIOKA3LIBaeT, YTO 3JIHuIic (2) ecTh KpHBad,
CAMMETPUYHAA OTHOCHTEJIHHO OCH Y. AHaJOruuyHo ayannc (2)
CMMMeTpHYEeH OTHOCHUTEJLHO OCH X, IIOTOMY YTO €ro ypaBHe-
HYe He U3MEeHseTcA NP 3aMeHe Y Ha —y. Ho Toraa pocrarou-
HO H3YYUTL €ro yYpaBHeHMe B NepBoi yeTBepTH (CHCTEMBI
KOODAWHAT), T. €. ANA X, y 2 0. HacTh si1unca, HaxonAmas-
CA B IIepBOM YeTBEPTH, ONpefensaeTcs YpaBHEHHEM

y= _b_\‘az_xz (0 < x < a).
a

W3 aroro ypaBHEeHMsI BHAMM, YTO HAIl 3JIJIMIC IPOXOXUT
yepes ToukH (0, b) u (a, 0). IIpu aTom ero opamHaTa ¥y NpH
HeIIpepHIBHOM BO3pacTaHMM X Ha oTpeske [0, a] HenmpepsIiBHO
yOBIBaeT.

dnnunc — orpaHuYeHHas kpuBasg. OH HAaXOAUTCA BHYTDH
Kpyra pajiyca a ¢ IIeHTPDOM B Hayajie KOODAMHAT (JJIA KOOD-
JWHAT J11060# TOYKY JIMIICa (X, ) MMeeT MeCTO HEPABEHCTBO

2 2
. X ¥y
X+ ysat 2Tz =k

W3 puc. 37 MBI BUAMM, UTO 3JUIMIC €CTh HeIpepBIBHAS
3aMKHyTad KpUBad. B mepBoil ueTBepTH 3TO BHINYKJAA BBEPX
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g

g
M
//_‘zyd

Puc. 37

KpuBag. B mo06oil ee TouKe MOMKHO IIPOBECTH KacaTelbHYIO!.
Bce aTu cBoiicTBa M MHOTMe Apyrue MOTYT OBITH C yCIIEXOM
H3yYeHBl METOAAMM MAaTeMaTHYeCKOro aHajin3a, KOTOPHIH K
TOMY 2Ke JaeT CPeACTBA AJiS TOYHOTO OIpefieJIeHUsS BhHICKA3aH-
HBIX BBIIIE NMOHATUH — HEIIPEPHLIBHOCTb, BHIIIYKJOCTb H T. A.

YpaBHeHHe JIAUICA MOYKHO 3aIMCaTh elfe B IapaMeTpy-
yeckoii opme

x =acosb,
y=bsing,| = <0< @)
B camom pene
2 2
x
—2+% = cos?0 + sin20 =1,
a b

T. e. TouKa (¥, y), olpefenseMasi paBeHCTBaMH (3) mpu J060M
0 nmpunagnexut sanuncy (2). Eciu 0 HenpepsIBHO Ipoberaer
noayunTepBana [0, 2w), To Touka (X, y) ONMCHIBaeT IIOJIHBIH
annunc. IIpu gansHeitmeM BodpacTaHuy O ABHMXKEeHHe IIepHO-
JMYECKH IOBTOPSAETCH.

BrisicHuM cMpicyi mapamMerpa O M IONYTHO YKaXXeM cmoco0
nocrpoerus ajaaunnca (puc. 38). IlposeneM ABe KOHIEHTPHYECKUX

! Cm. samy kHmry «Bricmas maremarmka. [mddepennumansHoe n
MHTErpajbHOe ucumciaeHmes, §4.2.
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A
} N
]
(B .
g RlIx Jax
Puc. 38

OKPY>XHOCTH paguycoB b u a (b < a) ¢ nenrpoM B Touxke O. 3aTeMm
npoBeAieM PaAuyCc-BEKTOP IOX yroM 6 K ocm X M 0603HAYUM ero
TOYKM IepecevYeHHUsI C OKPYKHOCTAMH pagaumyca b m a cooTBeT-
crBeHHO T m N. U3 Touku N mnpoBeneM OpAMYIO, OapajlIe]bHYIO
ocu Yy, a u3 Toukn T — mpAMylo, mapajjieabHyio ocu X. Touka
nepece4eHUsA ITHUX NPAMBIX M HpHHANJIEKUT 3jauncy. B camom
Jeye, mycTh X — abcmucca Touku M, a y — OPAMHATA 3TOM TOUKH.
Torpga (cm. puc. 38)

x=O0ON-+cos0 = acos9,
y=TR = OT-sin® = bsin 6,

T. e. Touka M peiicTBUTENBHO HAXOAUTCA Ha 3Jjuumnce (3) u mapa-
MeTp 6 ecThb yroJ MeXxAy ocbklo X M aydoM ON. Ormerum, uto O
He fABIAseTCA NOJAPHBIM YrJOM ¢, KOTOpBIi obpasyer paauyc-

b
BekTop OM ¢ ocei0 x (tg ¢ = ;tg 0). Hanpuwmep, eciu ¢ = n/4,

a= w/g,b=1,'r09=n/3;ecnn(p=0,'r09=0;ecnn(p=n/2,
™ 0 = /2.
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g v$
< v/

§Y

_Puc. 39

I'mmep6Gona

2 yZ
Sy ~1 ©0<ab). 4)

Q

Iomoxum ¢ = "a? +p% M OTMETHM Ha OCM X TOYKH F, m

F, — ¢orycot zunepboawvt (4), nmeromue abCucCH X = —C U
x = ¢ (puc. 39).

T'unep6ona (4) Moker GBITH OIIpefesieHA TaKKe KaK reo-
MeTpHYeCcKOoe MeCcTo ToueKk A = (X, y), Pa3HOCTh PaCCTOSHUM
KOTOpBIX 710 (poxycoB F, m F, ecTh BeJMYMHA NMOCTOAHHAA,
paBHas 2a.

Wmeem (cM. puc. 39)

AF, - AF, = J(x+c2 +y2 — Jx-o? +y? = 2a,

Ja+o?+12 = J(x-o)f +y? + 20,

dcx — 4a? = 4a,/(x -0)?+y?,

b2x? — a%y? = a?b?,

OTKYJAA cjieayeT ypaBHeHue (4).
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Mgl MONYYHIM HpaBylo BeTBb runepGoiant (cM. puc. 39).
YT06BI IOJYYHUTH JIEBYIO BETBL, HAJO UCXOJUTh U3 PaBEHCTBA

AF, — AF, = 2a.

PaccyxzeHusaMH, IPOBeAEHHHIMM B O6paTHOM IOpsjKe,
MOYKHO 3aKJIIOYHUTH, OTIPABJIAACH OT ypaBHEeHUsA (4), 4TO TOU-
KH (X, Y) eMy yAOBJIEeTBOpSAIOINEe, IPUHAAIEKAT K YKa3aHHO-
MY BhIIlIE TeOMETPUUYECKOMY MECTY.

Ilo Buay ypaBHeHus (4) 3akiaouaeM, 4uTo rumepbona (4)
CHMMETPHYHA OTHOCHTEJIHLHO OCH X M ocH y. JacTs runepbo-
Jnl (4), HaXOAAIIAACA B IEPBOM YeTBEPTH, MMeeT YpaBHeHUe

y= ;l:—\/xz—az (@ < x < o). (5)

Mgsl BUAMM, UTO Hala runepbojia IPOXOAUT Uepe3 TOUKY
(a, 0) 1 Ipm Bo3pacTaHUM X HA HONyHHTepBase [a, o) opAu-
HaTa y Bo3pacTaeT ¥ cTpeMnTCcA K 6eckoHeuHocTH. Touku B =
=(-a, 0) u C = (a, 0), B KoTOpHIX runepboja nepeceKaer oCh
X, HA3LIBAIOTCA BEPULUHAMU ZUNepOOabL.

Ha puc. 39 mapucoBausl JBe IpsMEbIE:

y==—x.

ITo acumnmombut Hae# runepooIkI.

IlycTs Ha monyuutepBaie [a, «) (unm (—o, a]) s3agana
KpuBasi y = f(x). 'oBopar, uTo npsamMas y = mx + n ecThb
acumnmoma 3TO#l KPUBOM IPH X — +oo (X — —oo), ecau

lim [f(x) - mx-n]=0

(coorBercTBeHHO lim [f(x) — mx — n] = 0).
X—y~—c0

PaccMoTpuM KyCcOK Hame# rumep06oJibl, ompeaesseMblil

b
paBeHCTBOM (5), ¥ CDaBHUM €ro ¢ npsaMo# y = ;x. IIpenen
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9ro IIOKa3bIBaeT, 4YTO IIpAMad Yy = Zx €CTh aCHMITOTa

paccMaTpuBaeMoro Kycka runepGoisl npu x — +oo. Ho Torma

b
TOBOPAT, YTO IpAMas y = — X €CThb aCUMITOTa (Bceil!) rumep-
a

Gonbl mpu x — +eo. B cuay cuMMeTpHMM Hamrei rumep6osbl
OTHOCHUTEJIBHO OCel, TaK K€ KaK CUMMETDHHM IIaphbl IPAMBIX

y=i;x OTHOCHTEJILHO OCeil, MOMXHO CKa3aTh, UTO obe 3TH

NpAMBIe ABJIAIOTCA aCMMIITOTAMH Hameld runep6ojabl ¥ mpH-
TOM KaK IIPH X — oo, TAK B HPH X — —oo,

IIpaBaa BeTBb rumep6osibl (4) Moxxer ObITH 3amUcaHa B
ImapaMeTpHYecKoM BHAE

x=achu = g—(e“ +e™"),

; (e<u<ew).  (6)
y = bshu = —2—(e" —-e™),
B camoMm pene, Tak Kak
ch?u — sh2u =1, )

TO ¥3 ypaBHeHH# (6) nmonyuyum

x2 2

e = ch?u — shz2 u = 1.
a

s

BepxHsas mosoBMHA NpaBoil BETBM I'UnepboJIbl COOTBETCTBY-
er naMeHeHMIO U € [0, o), a HIKHAA — U3MEHEHMIO U € (—oo, 0].
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BoIICHUM, KakK ITapaMeTp U CBs3aH C apameTpoM 6 B mapamer-
pHYECKOM YDaBHEHHMM 3JIIMICA, M IMONYTHO YKaXeM CIoCco0 moCT-
pOEHHA THUIepOoJbI C IOMOINBI0O MUPKYAA M JuHedku. Tak kak
Ham cmoco6 mocTpoeHMs runepbossl GyAeT OCHOBAH Ha crocobe
NOCTPOEHUA 3JUINICA, TO MbI M3JIOXKUM 3TH ABa crocofba IOCTpO-
enuss coBMecTHO (puc. 40). OrpaEMYHMMCS IIOCTPOEHHEM YacTei
snnunca (2) u runep6ossl (6), HaXOAAIMUXCA B NePBOl YETBEPTH.
IIpoBesieM IBe KOHOEHTPHYECKHEe OKDPYKHOCTH pajguyca a U b ¢
IeHTPOM B Hauaje KoopauHAT. IIpoBeseM Jiy4, BBIXOLALIMHA HU3
Hayajla KOOpAUHAT moj yrioM 6, k ocu x. Ilycte T, u N, — TOYKH
IepeceyeHHs 3TOrO Jyda C YKa3aHHEIMU OKpyxHOCcTAME (OT, = b,
ON, = a). Ilposogsa u3 Touek T, m N, npsamble, NapajjebHBIE
OCAIM X M Y COOTBETCTBEHHO, IIOJIYYHUM TOYKY HX IepeCeYyeHHN
M, = (x,, Y,), OpuHamIeKamylo 3juuncy (2). 3aTem HpoBOAUM
aya OM,. Ilycre N, — TouKa IepeceyeHHs 3TOrO Jyda C OKPYHK-
HOCTBIO paguyca a; P — Toyxka nepeceuyeHUs 3TOro Jyda ¢ OPAMOH,
TnapaJlIeJIbHOM OCH Y M NPOXOAAINeH dyepe3 TOUKY 3Jjiunca A=(a, 0).
VYpaBrerue ayya OP MOXXHO 3aIllCATh:

Yo
y= xp *
ayy
Orcioga cremyer, 4TO OPAMHATA TOYKM P paBHa Y, = —.
%o

Hanee coexurum Touky B, = (x,, 0) c Toukoii N, m u3 Touku A

Ya
N
y
i \ M,
1 \
b\:‘ | Lo \
T — 1 \
N i ] \\
1
‘l\ \\ \
1 N ¥
&
Byt A B,
x, a x
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OpoBefieM MPAMYIO, HapaijensHyio B\ N,, KoTopas mepeceueT Jy4
OP B TOouke Q.

Uz nopobusa rtpeyroapHukos OAQ u OB,N, monydumMm, 4TO
0Q = a?/x,. Paguycom OQ Ha ocu x or™MedaeM To4yKy B,=(a?/x,, 0).

Teneps u3 Touexk B, u P mpoBOZMM NpAMEle, MapalllebHbIE
OCAM Y M X COOTBETCTBeHHO. T'OUKa IepeceyeHMs 3THUX NPAMEIX
M_ = (X, Y,), tme X, = a?/x, npuramiexur runepboiue (4).

B camom gene, Tak Kak To4Ka (x,, Y,) JI&XKHUT Ha ajurunce (2), To

X: Y? at  a’yl a? e a® xp 1
= — - — —_—— = ——— = )
a® b alxl %I b? x a®

T. e. Touka M npurazmexur rumepGoie (4). '

OrmeruM, uto Touka B, = (a?/x,, 0) sBasAeTcHa TOUKOH mepece-
YeHHA KacaTeNbHOH K 3JuIuncy B Touke M, c ocbio X (CM. CHOCKY
Ha cTp. 139). ’

Taxkum obpasoM, Kaxgoi Touke (x, y) aiaaunca (2) cooTser-
cTByeT BHOJHe omnpepeneHHas Touka (X, Y) rumepboast (4) m
obpaTHO.

Tenepsb, ecau 3yuunc (2) sajaH mapaMeTPHUYECKH, TO

x=acos0, y= bsin6.

ITosTomy
X a’ =2 Y 2y btgo
x cos@’ x g%
Orciopa, yunteiBaa (6), moayuaem
h 1 h tg 0
chu = 050’ shu = tgé.

HMeroT MecTo Taxxke cieAymoouue (GOpMYJIbI:

; g _ Jl—cose _ Jchu—l _ u
€2 T~ Yi+cos®6  Vchu+1 ~ *82°

. hu + sh 1 ‘ ted 1+sin6_
€T CRu T ST s E¥ = Tos
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) o)’ 0
. e
(COSE"'SH‘E] cosg+sin9~ ) sin Z‘*‘E]

2 2
= 20 29 = = =
cos —sin” — 0S — — sin — — 4 —
2 2 ¢ 52 St 2 00{4 2)

T O
-t

g(4 2)
Int d 6
8272

y:=2px (p>0). 8)

OrmeTHM Ha ocH X TOYKY F ¢ aGcumuccoit x = p/2, HasbIBa-
emyio gokxycom napaboavt (8), ¥ MpoBeieM IPAMYIO X = —p/2,
HashIBaeMylo dupexmpucoii napa6onbt (8) (puc. 41).

IIapa6ona (8) Mo>keT GHITH eIe onmpejieieHa KaK reOMeTPH-
yecKoe MecTo ToueKk A = (x, y), PABHOYAAJEHHKIX OT GoKyca
u pupexkTpuchl. B camom gene (cM. puc. 41)

8
Il

IlapaGoxna

2
AF? = (x—%) + o,

yh /

1
LS
o
R
tol ~
R"

Puc. 41
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2

- (-],
cJIeoBaTeJIbHO,

pY pY

4] e e

—px + y* = px,

T. €.
y? = 2px.

OOpaTHO, M3 3TOro ypaBHEHHUA CJIEAYeT, YTO TOUYKH, eMy
YAOBJIETBOpAIOINYE, IPMHAJJIEXKAT K YKa3aHHOMY reOMeTpH-
YEeCKOMY MECTY TOYeK.

W3 ypasuenus (8) BugHo, uTo mapa6osa (8) cuMMeTpuuHa
OTHOCHUTEJHHO ocH x. Ee BepXHsAs IIOJIOBHHA MMeeT YpaBHEHHe

y=2px 0 <x<e), 9)
M3 KOTOPOTO BHIHO, YTO KOTAAa X IIpo0eraeT IOJYyWHTEDPBAJ
[0, ) BO3pacTas, opauHata y Bo3pacTaer oT 0 HO oo.
VkaxxeM mpocToil cmocod mocTpoeHusa mapa6Goasr (9) ¢
IOMOINLIO JAHEHKN M IPSIMOTO yTJja MJIH C IIOMOINBIO IIMPKY-
ns u guHeiku. IIpoBemem npsimyio x = —2p (puc. 42). BossMem
Ha 3TOM NIPSMOI NMPOM3BOJbHYI0 ToUKYy K = (—2p, y), y > 0.
CoeAuHMM 3Ty TOYKY C HaYaJoM KOOPAWHAT M IIPOBEAEM Ipsi-
MyI0, IPOXOASAINYIO Yepe3 Hayalo KOOPAWHAT, IePIEeHAUKY-
nsapuyio K npamoit OK. Jlanee npoBoAUM NpPAMYIO Yepe3 TOY-
ky K mnapannennHo ocu x. Ilocnegume JaBe mpsAMEie
Iepecekaiorcs B Touke M = (x, y), KoTopad NPUHAAJIEIKUT
napa6ose (9), Tak kak OA = y ecTh cpeHee reOMeTPHUYECKOe

yucen 2p u x (Y = ,/2px ).
ITapa6osa (8) He uMeeT acuMuTOT!.

! CM. mamy kuury «Brnicmas maTemaTmka. JuddepeHumansHoe u
MHTEerpajJibHOe Hmcumciaenues, § 4.20.
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4
K 4 Y

Puc. 42

Ilapa mepeceKamOIMUXCA NPAMBIX
a’x® — b%y? = (ax — by)(ax + by) =0 (0 <a, b). (10)

Ecnu kakas-mmbo Touka (X, y) yAOBIETBOPSIET YPABHEHUIO
(10), To oHa yAOBJIETBODSIET OAHOMY W3 ypaBHEHUI

ax-by = 0,}

10)
ax+by=0

nnau obomm. OGpaTHO, ecyiu TouKa (X, Y) yAOBIETBOPSIET OLHO-
My u3 ypasHenni#t (10°), To oHa yZOBIETBOPSAET M YPAaBHEHHUIO
(10). B aTom cmeicne roeopar, uto (10) ects ypaBHeHMe IIaphl
TIPAMBIX.

24.3. KnaccupuKkanuma KPUBEIX BTOPOTO IO-
PAOKaA

Hwuxe Gymer fJokasaHO, UTO CYLIECTBYET IPAMOYTOJLHASA
cucTeMa KOODAMHAT TaKas, 4TO B Heil kpuBas (1), ecaau oHa
He MHUMas, MMeeT OJHO M3 IIePEeYMCJIEHHBIX BHIIIE ypaBHe-
Huit 1) — 6).

Bonee peranbHo:

npu AC — B? > 0 kpusas (1) ecTs anaunc, Touka (cayduau
1), 6)) mnu MEUMas KpuBas;

mpun AC — B? < 0 xpusas (1) ects runep6osia UaIM mapa
nepeceKkanIqUXca (pa3HBIX) NpAMBIX (caydau 2), 4));



192 §24. KPMBASA BTOPOIO ITOPAIKA

npu AC — B? = 0 xpusas (1) ects napa6osna, napa mapai-
JIeJbHBIX MJIM COBINAAAIOIIUX NPAMBIX HJIM MHUMAas KpUBad
(cayuan 3), 5)).

Ms1 nosBosisieM cebe FOBOPHUTHL «KpHUBasfg» Jake U B CJIyda-
ax 4), 5), 6), xorga peys HAeT O Mape IPAMBIX WIX MHOXE-
CTBe, COCTOAIEM M3 OJHOH TOYKH.

Hrak, nycrs 3ajaHO ypaBHEHUE

Ax? + 2Bxy + Cy?> + 2Dx + 2Ey + F = 0, (1)

rae KoagdunueHTs A, B, C ofHOBpeMEHHO He DaBHEI HYJIO.

He napymas o6ITHOCTH, MOXKHO cUMTaTh, 4T0 A 2 0, A>C,
B > 0. K 3T0if cuTyauus BCerja MOXKHO IPHUATH C IIOMOIIbLIO
OPTOTOHAJILHBIX ITpeobpa3oBaHMIA:

x= n,} x= —é,}
y==§8)] y=n
¥ YMHOXXEHUA JIEBOM M mpaBo#t uyacreif (1) Ha —1.
Ecmn B=0, A>C > 0, to (1) MOXXHO 3anmucaTh B BUE

DY EY E? D?
A(x'i'z) + C(y+6) + F - —C— - 7 = 0. (11)

IlapansensHBIE IEpPEHOC

g—x-i-—q = +£
- A! n"’y C

npeobpasyer ypasHenue (11) cieayiomum obpasom:

E*  D?
A2+ Cnt= — + — - F. 117
£ + Cn C 2 (1)
E*  D?
Ecau umcio < + < F > 0, to ypaBHenue (11°)

npeAcTaBisgeT coboil ypaBHeHMe ajanunca (caydait 1)) ¢ moay-
ocaMmHu a, b, rae
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2 2 E2 D2
a? = [%+%—F]/A b= (—+——F]/c

cC A

OrMeTuMm, uTOo B faHHOM ciayuae AC — B2 = AC > 0.

Ecan e npaBas yacTh ypasBHeHus (11°) pasna mymo, To
MBI ITOJIy4YaeM TOYKY (cay4ait 6)).

IIpu orpunarenbHOil npaBoit yacTu ypasHenue (11°) maer
MHUMYIO KPHUBYIO.

Ecau yucno C = 0, A > 0, To (1) MOKHO 3anmucaTh B BUAE

2 2

alx+2) vomyrr- 2 _o (12)
A y A )
IIycts uncino E # 0, Torma mapaJjiienbHbI IIepeHOC
¢ N D D?
= X —_— =
M= YT oE T 24E

npeobpasyeT ypaBHeHHE (12) B ypaBHeHHe

AE? + 2En = 0, aaz2)

KoTopoe (I0cjie 3aMeHbI, eCJIM HYXXKHO, T| Ha —1]) IPeACTaBIsIeT
coboif ypaBHeHMe Iapaboins! (cayuait 3)).

2
Ecam E=0,T0B 3aBHCHMOCTH OT 3HaKa 4Yucia 71— - F,

MBI IOJYYHMM Napy NapallIeIbHRIX NPAMBIX HJIM MHHUMYIO
kpusyo. OrmernM, uto sgecs AC — B? = 0.

Hanee, ecau yucao C < 0, A > 0, To ypaBrerue (1) MOXHO
3aMHUCaTh:

(%] —iloeig) vre fr -2 -0

aHaJIM3 KOTOPOTO IIPOBOAUTCA TaK ’Ke, KaK B Clyyae ypaBHe-
Hud (11). Ypasuenne (13) gaer rumnep6osy uim napy mnepece-
Kaomuxca npameix (cayuyaum 2) u 4)). OrMeTHM, 4TO B JaH-
HOM ciayuyae AC — B2 = AC < 0.
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Cnyuait A = 0, C < 0 cBoguTca K ypaBHenuio Tuna (12).

Hrak, npu B = 0 ypaBHenue (1) Bcersa maer ofuMH u3
YacTHHIX caydaes 1)—6).

IIycts Teneps B > 0, A 2 C. Torga, Kak MB 3HaeM (CM.
§ 23), cymecTByeT oproroHajbHoe npeoGpa3oBaHue

x=x8~ .’/1“’}

14)
y= yIE,. +xMs ¢

e

i.__4ac
x, = 2 2J4Bz+(A—C)2 ’

1 A-C
un= Jz 2‘/432 +(A-C)?
KOTOpO€e NPUBOAUT KBaAPATUUHYIO GOpPMY
Ax? + 2Bxy + Cy?
K KaHOHUYECKOMY BHAY.
IIpeoGpasyem ypasHenue (1) ¢ momomsio (14):
ME2+ An? + D(x,E - ym) + E,§ + xn) + F =0, (15)

rme

A = %[A+c+,/432 +(A-C)2],
A, = %[A+C—\/4Bz +(A—C)2]

(A, > Ay, A\, = AC - B?). Ilepenrnmenm ypasuerue (15) B sune
AE%2+ A%+ (x,D + y,E) + (x,E — y D + F = 0. (15)
Ypasuenue (15°) aBaserca YaCTHLIM CIy4YaeM YPaBHEHUA
(1) mpz B = 0, xoTOpPOE MBI YK€ MCCJIeAOBAJH.
Takum 06pa3oM, MBI MOXKeM CKas3aTbh, UTO €CJIH:
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1) AC - B> = AA, > 0, To ypaBHenue (1) mpencraBiser
co6oil JIUIC, TOYKY MJIH MHEMYIO KpuBylo. B aToM ciyyae
GyZeM rOBOPUTB, UTO ypaBHeHHMe (1) IPUHAIEHKUT SAAURMU-
yeckomy muny;

2) AC — B? = AA, < 0, To ypasHenue (1) mpeacrasiser
coboit rumnepbosy HMIM mapy IlepeceKalomuXcs IpAMBIX. B
aToM ciydae GYAeM roBOpMTH, uTO ypaBHeHwme (1) mpunanie-
SKUT 2unep6osuiecKomy muny;

3) AC - B> = M\, = 0, To ypaBHenue (1) usoGpakaer
nmapaboJy, Iapy IapajeJbHbIX NMPAMBIX MJIX MHUMYIO KPH-
Bylo, B aTtom cnyuae 6ymeM roBopuTb, 4To ypaBHeHue (1)
NPUHANJIEKUT 1napabosuvecKomy muny.

IIpumep 1. BolACHUTL XapakTep KpUBOK

2x% + ngy+y2+2x+2J§y+F=0,

roe F - IIPON3BOJIBHOE HeNCTBUTENIBHOE YHCJIO.

V3

B nannoM ciyyae A=2>C =1, B= - >0, AC - B2 =

N > 0, T. e. ypaBHeHHE IPUHAIJIEKHUT 3JIHITHIECKOMY

tuny. Jlerko nogcuurars (cm. mpumep B § 23), uro

V3 1 5 1

AT Tl kg
ITosToMy ¢ momormbIo OpPTOTOHAJILHOTO ITpeobpasoBaHUA
1
x = '2'(\/5 )
1
y=56E+ J3n)

Hallle ypaBHeHue 3aIMIIeTCA
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5 1
-§§2+5n2+(43§—n)+43(§+J3n)+F=0
NI
5(, 2V 1 16
5(5”35) MR N

OcyimecTBUM elle NapajuleJbHLIA IepeHoc
2
u=2¢&+ V3 ,
5
v=m+2,
Torja OyzeM MMeTh

5 1 16
— 2 —_ 2 = — =
Jut+ yvi= o - F. (16)

16
Ecan 5 F > 0, To (16) 6yzer ypaBHEeHHeM 3JIIHIICA C

monyocaMmu a, b, rae

a? = 2(16 — 5F)/25, b% = 2(16 — 5F)/5.

16 16
Ecan 5 F =0, to (16) maer Touky. Ecau 5 F<0,

T0 (16) mpeacTaBAAeT MHUMYIO KPUBYIO.

§ 25. IloBepXHOCTH BTOPOTO IOPATKA
B TPeXMEepHOM IPOCTPaHCTBE

Ypasuenue

iiak,xhx,+223:A,x,+B=0, 1)

k=1 1=1 =1

rge a, = a,, A,, B — 3ajanHble IOCTOSHHLIE YHCIA, a ¥ = (X,,
X,, X,;) — mepeMeHHas To4Ka B R,;, onpenenser, Boobie roso-
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ps. HEKOTOPOE MHOKECTBO TOYEK B R,, HasnIBaeMoe noeepx-
Hocmbi0 8mopozo nopadka. Ecnu ypasHernue (1) He yIoBJIeTBO-
pAETCA HU ORHON HEHCTBUTENLHON TOUKOH x = (X, X,, X,), TO
roBOPSAT, YTO OHO ONpeAesAeT MHUMYI nogepxrocmb. Hac
3TH cliyJau He OyayT MHTepecoBaTh. B HEKOTOPBIX CIAyYasx
ypaBHeHUe (1) MOXeT onpejieATh Iapy pasJUYHBIX MJIHN CO-
BIAJAIONINX TJIOCKOCTEH MM ONHY-eJUHCTBEHHYIO TOUKy. Ho
¥ TaK¥e MHOXKECTBa MBI OyZleM Ha3bIBaThb TOBEPXHOCTAMHU.
IIepeuncauM BakHeilllNe YacTHEIE ciydan ypaBHeHus (1):
1) Saauncoud

2

N

22 '
+;2— =1 (a,b,c, >0).

+

QNI R
%S

2) Odnononocmuutii zunep6oaoud

N
[

2
x* Yy z
—+=5-—F =1 (a,b, c>0).
@ b P ( )

3) deynonocmmuiii zunepboaoud

x2 y2 22

— Ty Ty = a, b, ¢c > 0).
a? b2 ¢t ( )
4) danunmuueckuii napaboroud

2 2

T Y 9 >0
—+5= =2z s .
rp g 7
5) I'unepboruyeckuii napaboroud
P 2 (a5 0)
— == =2z , .
rp q 7
6) Konyc emopozo nopadxa
% +4 P2 0 (a, b,c>0)
— t5 - = a, b, c .
a v oc

x2+ y?+ 22=0.
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8) I[unrundpvl 8mopozo nopadxa:
YUAUHOp naunmuyecruil

N

2

x .Y
—+>5 =1 (a, b>0),
a? b ( )
Yyuaunop zunepbonuveckuil

2 2
x _Yy
— -5 =1 (a, b>0),
2 b ( )

yuauHrdp napaboauveckuil
y¥r=2px (p>0),
napa nepecexanwuxcs naockocmeil
atx? - b2y2=0 (a, b>0),

napa napanaeabHblX ULU CO8nadalowux niockocmeil
x2-a2=0 (a>0),

npamas
x2+ y2=0.

IIpu paccMOTpeHHMH YaCTHBHIX ClydaeB ypaBHeHUA (1) MbI
CUMTANH, YTO X = X,, Y = X,, 2 = X,;.

Mo xHO JOKa3aTbh, YTO AJS KaXXJOI'0 YaCTHOrO YpaBHEHUS
(1), eciu 0oHO He OlIpefeNAeT MHIUMYIO IIOBEPXHOCTH, MOXXHO
HaWTH OPAMOYTOJbLHYIO CHCTEMY KOOPAMHAT, B KOTOPOM 3TO
ypaBHeHUMe MMeeT OAMH M3 ITepPe4YUCJIeHHBIX BBHIIIE BOCHMH
BUJOB. ITO caenyeT us obmieit Teopuu § 22. Camo mpeoGpaso-
BaHMe ypaBHeHMs (1) mpou3BOAMTCA TaK JKe, Kak B § 24.
Haxoxenne coGCTBEeHHBIX 3HaUeHMit A, A,, A, CBOAMTCA K
pelIeHuIo KyOuuecKoro ypaBHeHUA.

VkaxeM elne OJUH OYTh HAXOXJAEHUA COOCTBEHHBIX YHCEN
¥ cOOGCTBEHHBIX BEKTODPOB, KOTODPHIH MBI IO CYTH Zejia yKe
paccMoTpenu B § 23 B AByMepHOM ciay4uae. CoGCTBEHHBIE 3HA-
4eHUA A,, A,, A, CAMOCOIIDAYKEHHOTO olepaTopa A M IpUHAL-
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jeskaliue UM HODMHMDOBaHHBIE BeKTOPH x!, x2, x3 (x| = 1,
Axi = xlxi, j=1, 2, 3) MOXHO HaXOAUThH CJEAYIOITUM 0O6pa3oM
(o6ocHoBaHMe CM. HIke). BBogum onpeznenurens (a, = a,):

a;; - A a; a3

D) = |A - AE| = Ay Gy —A  ay ,
as; a3; Gz —A

rie E — epumwunas marpuna. Haxozum xopum A, A,, A,
ypaBHEHHSA

'lA—A'E|=0’ (2)

KOTOpPOEe HAa3hIBAETCA XAPAKMEPUCMUYECKUM YPABHEHUEM
omepaTopa AD(XI.) =0,j=1, 2, 3). 9to 1 ecTs cobCTBEHHEIE
ypcaa oneparopa A. OHM AeiicTBUTENBHEIE, IDUYEM OHH MO-
IyT OBITH Pa3HBIMH, HO MOTYT M COBIAZaTh — OBITH KpaTHBI-
mu. Takum obpasom,

D) = (A, = VA, — MDA, — A).

3aTeM AJNA KODHA A, MINeM HeTPMBHAJIbHOE DellleHHe X =
= (x,, X,, X;) OKHOPOJHOI CHCTEMBbI yPaBHEHHIA:

(@1 —A)x, + ayp%; + a,3%3 = 0,
ayp%) + (@ — A)xp + ag3%3 = 0, 3)
az x, + A3p%p +(A33 —Ay)x3 =0

HJIH COOTBETCTBYIOIETO YPaBHeHMS AaA omeparopa A — A E:

(A- ME)x =0, (39
rae E - eguHmyHas MaTpUIa X BEeKTOPH X = (x,, x,, x,),
0=(0, 0, 0).

Ecmn A, — mpocroif kopeHs (T. €. B JaHHOM Ciydae A,
OTJIMYHO OT A, ¥ OT A;), TO PaHT MATPHILI CHCcTeMHI (3) HeoG-
xopumo Gyaer pasen xByM (paHr (A — A, E) = 2), 1 MBI mony-
4YUM eAMHCTBEHHBIH, C TOYHOCTHIO JO 3HaKa, BEKTOp x! =

=(x, 2, x{), ynosnersopsiomuit cucreme (3), T. e.
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(A-ME)xt =0

nau
Ax! = A xl.

Ecmu A, — xopeHn BTOpO#t KpaTHOCTH (A, = A, # A;), TO
cucreMa (3) Heo6XOAUMO MMeeT PaHT, PABHEIM eAuHUIE (paHT
(A - AME) = 1), u Gyser uMeThr JBa OPTOHODMHDPOBaHHBIX
pemrenus x! u x? (x| =[x =1, (x!, x2) = 0), KoTOpBIe ABNA-
I0TCA CODCTBEHHBIMM BEKTODaMH, IIPHHAAJIEKAIIMU COOCTBEH-
HOMY 3HAYEHMIO A,:

Av=2x (=124 =2).

Haxomnern, ecim A, — KopeHb TpeTbeit Kparaoct (A, = A, =
=,), To cucrema (3) HeOGXOAMMO MMeeT DaHT, PaBHEIH HYJIIO
(panr (A - A;) = 0), # GyZeT MMeTHb TPH OPTOHOPMHPOBAHHBIX
pewrenus x!, x2, x%:

Av=iw (j=1,2,3 A =»%=21).

JIro6nle TP OPTOHOPMUPOBAHHBIX BeKTOpa B R, MOryT OBITH
B3ATH B KaUeCTBe COOCTBEHHEBIX BEKTOPOB x!, x2, x3, npunasn-
JIeXAIUX COGCTBEHHBIM umcaaM A, = A, = A,.

OGocuyem ckasamHoe. Ml 3HaeM, uTo B R, cymecTsyeT
cHCTeMa OPTOHOPMHMPOBAHHBLIX BEKTOPOB X!, x2, x° u neiicTu-

TeJdbHbIE YKCIa A, A,, A, TaKue, 4TO
Ax = k,xl G=1, 2, 3).

IIpx 3TOM MOKHO yKasaTh OPTOrOHAJIBLHYIO MaTpuly A
TaKyio, uto (cMm. § 22)

A, 0 0
AMAT={0 A, 0

Orciofia A1 IMepeMeHHOI'0 YHCJIa A MMeeT MEeCTO TOXKAe-
CTBO
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Xl—-l 0 0

AMA-AEAT =] O 2Ay-2 O (4)

(AMA = AE)A'=AAA-AAEA'=AAAN-AAA'=AAA! - AE).

Ompenenurens MaTpuibi A — AE Mbl 0603HAYMIN BbIIIE
yeped D(A). OH, kaK 270 BUAHO u3 (4), paBeH ONIpeJeIUTEIO
MaTpPHILI, CTOALell B mpaBoil yacTu (4), TaK Kak

Ly = MO, — My — A) = [AA - AE)AY =
= |AJA - AE|AY| = |A - AE| = D).

Takum obpasomM,
D) = (A, = M)(A, — AM)(A, — D).

Mgzl monyumin, 4TO KOPHM MHOrowIieHa D(A) coBmagaior ¢
COOCTBEHHBIMM 3HadYeHMAMH A,, A,, A, omepatopa A. Omm,
TakUM obpasom, deiicmeumenbHbt.

Ilycte A, — mpocTO# KOPEHb M, CIe0BATENbHO, A, # A, ¥
A, # A,. Torga maTpuna cnpasa B (4) mpu A = A, ¥MeeT paHr,
paBHBIA ABYM (paHT A(A — A E)A™! = 2), HO Torza paur (A —
— ME) = 2. Benp perrenns omHOPOAHOM cucTeMs! (3) U CHCTEMBI

0-2,+0-2,+0-23=0,
0-2 +(hg—A,)z, +0-2, = 0, )

COOTBETCTBYIOImMEel Matpuiie (4), npeobpasylorcsa APYyr B Apyra
TIIPY IIOMOIIM OPTOTOHAJBHOM MaTpunsl (cucreMsl (3) u (5)
sKkBHMBaNeHTHBI). CucteMa ke (5) ©MeeT TOJABKO OAHO (C TOU-
HOCTBHIO [0 3HaKa) HopMupoBaHHOe pemenue (1, 0, 0). Ho
3TO BO3MOXHO, JIUIIb ecau panr (A — A\E) = 2.

Mo:ksHo pmars M Takoe oObsicHeHHe 3Toro ¢axrta. Eciau
NPeANOJIOKUTh, UTO BCE OIPEAEJUTENN BTOPOTO IOPAAKA,
opoXaeHHBle MaTpuleit A — A E, paBHbI HYJIIO, TO TOTAA K
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BCe OIpeJeJUTeN BTOPOTO MOPAXKA, IOPOXKAEHHbBIE MaTpH-
neit A(A — A E)A™!, rakoke GyAyT PaBHBI HyJIIO, TaK KakK 3TH
OnpefeNNTENN ABAAIOTCA JUHEHHBIMY KOMOMHAUAMY OIpe-
nenuTeseit Broporo mopaaxka u3 marpunsl A — A E. Ho aroro
He MOKeT ObITh, 10O OIIpefeNTeNb, TOPOXKACHHBIA MaTpUIeit
AA M E)A,

0 Ag Ay # 0.

Ecmu temepp A, = A, # A;, TO, paccy»XJas aHAJOTHMYHO,
mony4uM, 4To paHr (A — AE) = 1, u Torga cymecTtByeT B
TOYHOCTH ABA OPTOHOPMHMPOBAHHEIX pemIeHuA x!, x2 cCUCTEMBI
(3), cooTBercTBYIOmMUX A, = A,.

Haxonen, mpu A, = A, = A, 6yzer panr (A — A E) =0, T. e.
BCe dJIeMeHTHI MaTpunbl A — A, E pasun mymo. B atom cirygae
m060i1 BeKTOp X = (X,, X,, X;) ABNAETCA PeIleHUEM CHCTEMEI
(3). 3ro mpuBOAUT K TOMY, UTO JI0GBIe TP BeKTOpa x!, x2, x3,
o0pasyoiue OpTOHOPMUPOBAHHYIO CUCTEMY, OyayT coGCTBeH-
HEIMH BeKTODaM¥, IpMHAAJIEXAIqUMKU cOGCTBEHHOMY 3Haye-
HMIO A, = A, = A,.

3amMeTHM, 4TO B 3TOM CHUTyanuu KBaApaTuyHas dopma yxe
IpUBefileHa K CyMMe KBafipaToB (@, = @3 = G, = 0, a,, =
=@y = @y = A)). .

IIpumep 1. IIpuBecTn K KaHOHUYECKOMY BUAY KBaapa-
THYHYIO GopMy

2, .2
xj +x5+ 2xx, + 2x,x; + 2x,%,.

3necy a,; = ay, = a;, = a3 = @y, = 1, a,, = 0. CocraBum
XapaKTepHUCTHYeCKOe YpaBHEeHue:

1-2 1 1
1 1 -
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i
M -A2+2-21-A)+A=0,-M1-A)2+3\L=0.
Jlerxo BUAETh, 4TO A = 0 ABJIAETCH KOPHEM 3TOrO ypaBHE-
aua. HaltneM aBa APYrux KOPHA:

3-(1-A2=0,(1-A2=3,1-A=2%+3,1=12+3.

TaxuM oOpasomM,

A =1+43,4,=014=1-43,

T. €. MBI IOJIyYMJIH caydai: A, > A, > A,.
Haiinem coGcTBeHHBIH BexTOp x!. A 3TOro cCocTaBMM
cucremy (3):

—w/—3—x1 + X9 + X3 = 0,
x -J§x2 + x3 =0,

X+ X —(1+w/§)x3 =0.

JI100ble [Ba ypPaBHEHUA 3TOM CHCTEMBI JIMHEHHO He3aBHUCH-
Mbl. Peluas cucteMy U3 JBYX IEPBLIX YDaBHEHUH, IoJydaeM

1+J§ 1+\/§
T WwhT T

1 3? x2

TakuM 06pa3oM, BEKTOP

(1 +2J§ 5, 1+43 . xs]

2

y' =

ABJAETCA DeIlleHNEM CHCTEeMbl X, HOPMUDPYA €ro, MmOJYYUM
COGCTBEHHBIH BEKTOD

y_1=[ 1443 1+43 1 ]
=1yl |2y3++3 2y3+43 3443 )

Haitgem x2 (A, = 0):
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x1+x2+ x3=0,
X +x3+ x3=0,
x1+x2+0'x3 =0.

Pemas cucremy u3 JByX MOCJHeNHHUX YpaBHEHHI (Tak Kak
onpejenauTeNb U3 Ko3)UIMEHTOB IPK X, ¥ X, He PaBeH HYJIO),
OONy4YMM X, = —X;, x; = 0.

Bexrop y? = (x,, —x,, 0) ABIAeTCA pellleHVEM CHCTEMBHI, a
BEKTOD

) y? ( 1 1 0]
x4 = T 9 il By s Tty =Y
ly? \J2' V2
— COOCTBEHHBIH eJVMHUYHBLIN BeKTOp. JIerko BUAETH, YTO OH

oproroHajien x! (CKajlsgpHOe NPOU3BEAEHHE 3THX BEKTOPOB

pasHo Hymo). Hakonen, mpu A, = 1 — J§ HAXOAuM, 4TO

1 1 1+43

= \V6+243 Jo+2v3 V6+243

— TpeTHil COOCTBEHHEIH BEKTOP.

OpToronajnbHas MaTpHUIa Iepexofa OT KOOPAMHAT BeKTO-
pa x = (x,, X,, X,) B cucreMe (i, j, k) K KoOOpAMHATAM BEKTOpa
x = (,, &, &,) B cucteme (x', x%, x°) umeer Bux (cm. § 17, (15))

1 (1
PO ORI
2 2 2
A= |2 2D 2@
x{3) x;S) xgi)

’

1 2 3
X = x{ e + x{ )5.»2 + x{ )53’

1 2 3
xy = 208, + xPE, + e, (6)

1 2 3
X3 = ng, €, + ng s + x§ 3.
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IanHoe npeobpa3oBaHMe COXPaHAET OPMEHTANMIO (TaK KaK
|A| = 1 > 0), T. e. cucrema (x!, x2, x°) OpHEHTHpOBaHA TaK Xe,
kaK ucxonuas cucrema (i, j, k).

TloacTaBiaAd B HAIy KBaJpaTHYHYIO GOPMY BMeCTO X, MX
3HaueHud 110 popmynam (6), moIydYnM ee KAHOHMYECKUM BUJ

1+ V3)8 + - 3)E.

OcraHOBUMCSA Tellepb JIAIIL Ha Oosee mMoagpoOHOM m3yye-
HUY YPaBHEHWH M ONMMCHIBAEMBIX WMU IIOBEPXHOCTEH, yKa-
3aHHBIX BEIIIE BOCBMY THUIIOB.

OnNauUNCOHUN

[

22

+— =1 (a, b, ¢, > 0). (4]

+
c2

%

IIpu a = b = ¢ anaunconyg (7) obpamaerca B chepy pagu-
yca a ¢ IIeHTPOM B Havajie KOODAMHAT, T. €. TeOMeTPUYeCcKoe
MeCTO TOYeK, OTCTOAIUX OT Hayaja Ha PacCTOAHUM a.

Benuuunsl a, b, ¢ Ha3BIBAIOTCA NOAYOCAMU IAAUNCOUda.

Ecau B ypaBHenuu (7) saMeHUTH (OZHOBPEMEHHO HJIH IIO-
PO3HB) X HA —X, Y Ha —Y, 2 Ha —2, TO OHO He U3MEHUTCHA, —
3TO MOKAa3kIBaeT, uTo ajaauncou (7) ecTb NIOBEPXHOCTH, CUM-
MeTPHUYHAasA OTHOCHTEIbHO KOOPAWHATHBIX IJIocKocTell x = 0,
y =0, z = 0 u Hauana xoopamHat. II03TOMYy AOCTATOYHO
U3y4YUTH ypaBHeHME (7) B IepBOM OKTaHTE (CHCTEMEBI KOODAH-
Hat), T. e. jua x 20, y 2 0, z 2 0. Yacrp aynuncoupa,
HaXOAAINAACS B IEPBOM OKTAHTE, ONpeAe/seTCA IBHBIM ypaB-
HEeHUEeM, HalpuMep

Insa onpeaenennoctu G6yjeM cuutaTh, 4TOo @ 2 b 2 ¢. On-
JIMIICONJ] eCTh OTDaHMYEHHASA IMOBepXHOCTh. OH HaXOAUTCA
BHYTDH HIapa pajuyca @ ¢ HeHTPOM B Hauyajie KOOPAWHAT: AJA
KoopanHaT n1060i TOUKM aaaumcounsa (X, ¥, 2) UMeeT MeCTO
HEepaBeHCTBO
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x2 y2 z2

X+ yp+2sal| Tt | =atl=al

Y1006l cocTaBUTh GoJlee TOYHOE IIpeACTaBIeHNE 00 dJIHUII-
coujie, TPOU3BENEM CEYEHMS IJIOCKOCTSAMHY, NapajielbHbIMI
KOOPAMHATHHIM ILTocKocTAM. Hanpumep, nepecexkass 3JIMII-
COMJ IIOCKOCTAMH 2 = h(—c¢ £ h £ ¢), IOAYYUM B CeUYeHHUH
SJLITHIICHI

2 2 2
X Yy _ 1- "_2
a b c
C NOJIyOCAMU
h? %
aqsll——, b4)1——.
02 62

OTcrofia BUIHO, YTO CAMBIN GOJIBLLION SJIIHIIC IOJYJaeTCH
B CEUEHHMH 3JUIMICOMAA IocKocThio 2z = 0. AHamormyHas
KapTHHA GyJeT IpH ceYeHUH IIJIOCKOCTAMU X = h (—a < h < a),
y=h (-b<h<b).

Onnuncoup (7) uMeer Buj, n3o0pakeHHBIN! Ha puc. 43.

Toukwn (xa, 0, 0), (0, £b, 0), (0, 0, *c) nexkaT Ha IJIUAICO-
uze (7) u Ha3BLIBAIOTCA €r0 BePULUHAMU.

Ecian xaxue-1u60 ABe IMOAYOCH PaBHHI MeXAYy coOo, TO
asutuncou (7) 6yner anauncoudom epaujeHus, T. e. mMojayda-

el

Puc. 43
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€eTCsA OT BpallleHMUsd 3JIJIMIICA OTHOCHUTEJIBHO COOTBQTCTBYIOmeﬁ
OCH KOOpAHVHAT.

OpHononocTHH A runmepbononp

2 2 2
L Z 1 (@b >0 ®)
a® b c

ITo Buny ypaBHeHHs (8) 3aKaI04aeM, YTO OJHOIIOJOCTHBIM
runepboJIon ABIAETCA TOBEPXHOCTHIO, CUMMETPUYHON OTHO-
CHTEeJILHO KOODAWHATHBIX IJIOCKOCTeH M Hayaja KOODAHWHAT.
Yucna a, b, ¢ Ha3BIBAIOTCA NOAYOCAMU O0FHOTLONOCTMHOZO 2U-
nepboaouda. Touxu (ta, 0, 0), (0, £b, 0), nexxaiue Ha MOBEP-
xHoCcTH (8), HA3HIBAIOTCA 6€PULHAML ONHOIOJIOCTHOTO THIIED-
6omounna.

ITepeceuem moBepxHOCTH (8) MIOCKOCTHIO 2 = A, TOTAA B

CE€YEeHHUMU IIOJIYYHM I3JIJINIIC

C IIOJIYOCAMH

a 1+h— byl+—-
c

Puc. 44



208 §25. IOBEPXHOCTb BTOPOI'O IIOPAIKA

IIpn n3mMeHeHUH A OT —oo [0 +o0 3TOT JIIMIC OMMCHIBAET
IIOBEPXHOCTH (8).

Ecnu Teneps nepeceus MOBEPXHOCTH (8) IJIOCKOCTHIO X = A
(unm y = h), TO NOAYYUM B ceyeHHH rumepbosy

h2 x? 22 h?

ITpu h = *a nepsas runepbosa pacmagaeTcsa Ha ABe IIps-

Mmey=i-;z.

Ecnu |k} < a, To peficTBUTeNbHOM OCBIO CHMMETPHH COOT-
BETCTBYIOI{Ee# ruepbosIH ABNAETCA NpAMas, mapajjelbHad
ocu Oy, a npu |h| > a — npamas, napaarensHas ock Oz.

Heiicmeumenvroii ocvio cummempuu runepboNsl MBI Ha-
3BIBAEM Ty M3 OCeil CMMMeTpHH, KOTOPYIO ruIiepboJa mepece-
Kaer.

Ecin a = b, 10 noBepxHocTh (8) B CeYeHMH MIOCKOCTSIMU

2z = h OyaeT HMMeTh OKPYXKHOCTH pajmyca 01/1+(h2/c2) .
IToBepxHOCTHL (8) B 3TOM Ccilyyae ofpasyercd OT BpalileHUA

2 22

x o
ranepbossl — ——5 = 1 oxono ocu Oz. O6muit BuA ogHOIIO-
a® ¢

JIOCTHOTO rmuepbosonaa m3oOpakeH Ha puc. 44.

IOdBynonocTHBM runepbonoup

- -5 =1 (a b, c>0). 9

Tak xKax ypaBHeRHe (9) cOfep>KUT TOJBKO KBafipaTkl IIepe-
MEHHBIX, TO JaHHAA IIOBEPXHOCTH CUMMETPHYHA OTHOCUTEb-
HO miockocret x = 0, y = 0, z = 0 ¥ Havasa KOOpAWHAT.

VpasueHne (9) sanumem eme B BUe
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2 2
2 X
%2—'*'6—2 =-1+ a—z (9)

OTcioga fCHO, YTO, IlepeceKass MOBEPXHOCTh (9’) miIocKo-
cteio x = h (|| 2 @), monyuYUM B ceueHMM DIAIMIIC

22
= =1+ 5
c a

C IIOJIyOoCAMHU

by(h2/a®) -1, cfn2[a®) -1

IIpn |h| < @ uucmo (h%/a?) — 1 < 0, U mMO3TOMY HeET TOYEK

nepeceueHus moBepxHocTH (9°) U miockocTn x = A.
IIpu ceuenun moBepxHocTtH (9) muockoctamu 2 = k (y = h)

TIOJIYYUM T'HUIEepPOO0JIBI

2 2 2 2 2 2
N S Far
a2 b2 02 a (4 b :

Touku (%a, 0, 0) 1exaT Ha MOBEepXHOCTH (9) ¥ HA3BEIBAIOTCH
eepwunamu dsynosocmmuozo zunepbonouda. IloBepxHocTs (9)

uszobpakeHa Ha puc. 45.
TA

fanl TS

n\

‘\Q__-—' A

Puc. 45
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OAXNHINTUYECKU mapabonomp

ﬁ+ﬁ—2 > 0) 10)
7 q z (@9q . (

Tak kax B (10) mpucyTCTBYIOT KBagpaThl IIEPEMEHHBIX X U
Y, TO NaHHAA NOBEPXHOCTh CUMMETDPUYHA OTHOCUTEIBHO KO-
OPAMHATHHIX mIockocted x = 0, y = 0. [lamee, Tak KaK MbI
cuutaeM p, ¢ > 0, To moBepxHOCTh (10) pacmnoJsioxkeHa B 1O-
JynpocrpaHcTse 2 2 0.

ITepecexkasa noeepxuocTs (10) mmockoctamu z = h (h 2 0),
B ceueHUH OymeM.MoJy4YaTh 3JIJIUICHI

2 2
X
__|._y_._. = 2h
p q

¢ IIOJIYOCAMH

J2ph, \2qh .

IIpn nsMereHUM A OT HYJA A0 o NaHHBIE DJIJINICHI OIIUCHI-
BaIOT HaImy noBepxHocTs (10).

Ilepecexaa moBepxHocTs (10) muockoctamu x = h (uam
y = h), MBI IOJYyYNM B CeYEeHUM IapaboJibl

y2 =2 z—h—2 x* =2p z—f—z—
q 2p 2q

| P s

CO CMeIIeHHOM BepHINHON B TOYKE 2 = 5 9.

IIpn p = q moBepxHOCTH (10) OyAeT MOBEPXHOCTHIO BpalIe-
HMA, Nonyvyaloeiica OT BpaleHusa napabonsl x2 = 2pz oKo-
J0 ocu Oz. B aToM cayuae noeepxHocTs (10) massiBator napa-
6oaoudom épawjenus.

Touxka (0, 0, 0) ne>xxur Ha nopepxHocT! (10) 1 HaskIBaeTCH
6EPULUHOIL IAAUNMUYLECK020 NAPAlOAOUdE. DNIANTHIECKUN
napa6boJsions n3obpakeH Ha puc. 46.
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Tunepboauvueckuili mapabonoup

=¥y, @, ¢ > 0) an
p ¢ # P97

Ilo Buay vpaBHeHusa (11) sakiiouaeM, 4TO JaHHAA IOBep-
XHOCTh CUMMeTPHYHA OTHOCUTEJIbHO IocKocreit x = 0, y = 0.
ITepecekas noBepxHocTb (11) maockocramu z = h, Mbl Oyxem
MOJy4YaTh B CEYEHUH TUIepbOoIh

2 2
X
=¥
P q

npudeM npu h > 0 gelicTBuTeNbHAA OCh CHMMETpPUH ruiepbo-
Jbl 6ymeT napanneabHoit ocu Ox, a mpu A < 0 — ocu Oy. Ilpu
h = 0 B ceueHun GyayT ABe mepeceKaloIuecs NpAMbIe.
IIpn ceuennu mosepxHocTH (11) maockocramMu x = h uam

y = h noayuum mapaGoJinl, HampaBjeHHBIe BETBAMU BHH3
WIN BBepX:

y? B2 2 Jx:

- =2z- —, =22+ —.
q p p q

IIoBepxHocTh (11) n3obpakena na puc. 47.

Puc. 46 Puc. 47
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KoHnyc BTOpPOTO mopaAgkKa

2 y2 22
+>5-—5 =0 (a, b, c>0). (12)
b c
fcHo, uTO JaHHAA MOBEPXHOCTH CUMMETPHUYHA OTHOCHUTEJb-
HO miockocreir x = 0, y = 0, 2 = 0 1 Hayaysa KOODAMHAT.

IIpu ceuenun mosepxHocTH (12) miuockocTamu z = h Gyaem

X
a2

noJiydaThb 3JIJIMIICHL

x2 y2 hz
=t 257
a b c

¢ nonyocamu alhl/c u blh)/c.
Ecnu xe mepecexkats nosepxHocTs (12) mwiockoctaMu x = A

WA Y = h, TO B CEUEHHUH IIOJYYUM THIEepOOJIBLI
22 2 g2 (zz xz_th
— 2 2" ;2 .
02 b a b
Ecnu reneps nepecexkars (12) nmaockocramm y = hx, To B
CEeYeHUH IOJIYYNM Iapy IepeceKaloIquXCcs IPAMBIX

z = +cx(1/a?) + (h%/b?)

Bux xonyca msob6pakeH Ha puc. 48.
z)
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Touka
x2+ y2+ 22 =0. (13)
Vpasueruio (13) yxoBieTBopAeT TONLKO OHA TOUKA X = Y =
=2z=0.
UunuHEADH BTOPOTO MODAJKA
a) DANUNTHYECKHMH OUIUHADP

2 2
+

X
aZ

=1 (a b>0). (14)

%S

VpaBHeHnue (14) He cozepkuT nepeMerHoi z. Ha mimocko-
ctu xOy ypaBHeHUe (14) onpeaensieT 3JINIC C MOJYOCAMH G
u b. Ecnu Touka (x, y) NeKUT Ha 3TOM JJIIMICE, TO IpH
a1060M 2 TOYKa (x; Y, 2) nekuT Ha nosepxHocTtu (14). CoBo-
KYIHOCTh TAKHMX TOYEK eCTh IIOBEPXHOCTh, OIIMCAHHAA IIPHA-
Moit, mapajiejbHOM oc Oz M NepeceKaloIei 3JIJIUIIC

%2 2

4+
a

%S

B miockoctH x0y.

dumnunc (14) HasHBaIOT Hanpasaaujeil AuHueil TaHHOH
IIOBEPXHOCTH, & BCE BO3MOXKHBIE IIOJIOXKEHNA YKA3aHHOM JBU-
JKyIeica TpaMoii — o6pasyowumu.

Boob1ne moBepxHOCTH, OnmMCchIBaeMasd MIPAMOI, OCTaIOMIell-
cd MapajjejbHONH HEKOTOPOMY 3aJaHHOMY HAIIDaBJIEHHIO H
nepeceKaloled faHHYIO JUHUIO L, Ha3sIBaeTCA YuauHdpuyec-
roii. IloBepxrOCTS (14) M306pakeHa Ha puc. 49.

%

1 —

\
<
Y

Puc. 49
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6 'mnepbonuuyeckuid um mnapaboluuecKui
NUJIHAHLDH

—~7 =1 (a,b>0), (15)

y? = 2px (p > 0). (16)

B narHOM ciyyae HaIpaBJAAIOIMUMHU JUHUAMM IIOBEPXHO-
cTell ABJAIOTCA ruilepfojia ¥ mapaboJia, a 06pPas3yOIIUMU —
IpAMBIe MapajuielbHble ock Oz ¥ MPOXOAAINUe Yepe3 TUIep-
Gony minu napabosy B maockoctu xOy. IloBepxHoctu (15) u
(16) nsob6parxeHs! Ha puc. 50 u 51.

B)[lapannenbHBle M mepeceKawiqguecsa IIJOC-
kocTtu. [Ipamaas.

a’x? - by?*=0 (a, b>0), amn
x2-a2=0 (a>0), (18)
22=0, (19)

x2 + y2 = 0. (20)

IIna nmoBepxHOocTH (17) HaNpaBAAOIOUMY ABIAIOTCA IIPA-
Mble JIUHUU

= iﬁx.
¥==%

IToaTromy moBepxHocTs (17) ecTh mapa mepeceKamIqUXCA
nnockocTteit. B ypasnenuu nosepxuocreit (18) u (19) orcyr-
CTBYIOT IO [Be' KOOpAWHATHI. YpaBHeHue (18) B miockocTu
xOy ecTs mapa NpAMBIX X = *a.

Puc. 50 Puc. 51
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Ecau Mul GyaeMm 6pars x = ta u niobble Y M 2, TO TOUKH
(+a, Y, 2) OyAyT yRoBieTBOpATbL ypaBHeHuw0 (18), moaromy
noBepXHOCTH (18) ecTh mapa mapaiyeJIbHBIX IIJIOCKOCTEH.

VpasHeHnue (19) onuceiBaer miaockocTs xOy, Tak KakK 3TO0-
My YpaBHEHHIO YAOBJIETBODPAIOT JI06kIe TOUKM Buza (x, Yy, 0),
BCe MHOXKECTBO KOTODBIX ¥ COCTaBJAET IJIOCKOCTH xOy.

MoKHO TaKiKe paccMaTpuBaTh 2 = 0 Kak HaIPaBIAIOIIYIO
B KaKoit-mu6o u3 mrockocreit xOz unu yOz, a o6pa3yoImuMu
ABJIAIOTCA IPAMBIE, NapajjeibHble ocu Oy mmu ocu Ox u
[poXojdAlnue Yepe3 npamyio z = 0.

VYpasuenuio (20) ynoBnerBopser giobas Toukac x=y =10
u a1066iM 2. ITosaTomy (20) msobparkaeT NpAMyIOo, a UMeHHO,
och Oz.

JIuHe#iuaTble MOBEPXHOCTH

HexoTopble IIOBEPXHOCTH BTOPOTO NMOpAAKA 00pa3soBaHBL
nBuxxeHneM npamoit. Takumu ABIAOTCA Bce MUIMHAPUYEC-
KHe IIOBEPXHOCTH ¥ KOHYC BTOPOTO nopaaka. OxHako ©MeloT-
CA ¥ ApyTue IIOBEePXHOCTH, KOTODhIe TaKiKe 00pas3yloTca ABHU-
JKeHHeM IIPAMOIL.

IloBepxHOCTH, OOPa3OBAHHAA ABUIKEHUEM IIPAMOIl, HAa3bI-
BaeTCA JuHelYamoii, a IeJVMKOM JiedKalnue Ha Hell IpAMEBIe —
NPAMOAUHELHBIMU 00paA3YIOUWUMU,

K nuHeHYaTHIM MOBEPXHOCTAM OTHOCATCA OAHOIIOJIOCTHBIM
runepbosonp ¥ runepbonnyeckuil mapabdosony.

VpaBuenme opgHomoJiocTHOTO runepbosounga (8) MoxxHO
3anucaTh B BUAe

x2 22 y2

a ¢ b’
HJIH, DPA3JIaras JIeByIO ¥ IIPaBYIO YacTH Ha MHOXKHTENH, IIOJIY-

YaeM
LA A Yi,-%).
(a+c)(a c) (1+b)( b) 1)

CocTraBuM CHCTeMY YPABHEHHU IIePBOM CTeIlleHM:

____1( ¥ @2
a ¢ k b/

rae k — NpoU3BOJBHBII IapaMeTp.
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IIpun ompenesneHHOM 3HaYeHUM 3TOro mapamMerpa £ MbI
NOJIyYNM NIPAMYIO JIMHMIO, a IIDU U3MEeHeHUH k — cemeilcmeo
npamoix. Eciin MBI IepeMHOXKUM ypaBHeHud (22) mousieHHO,
To monyuuM ypaBHeHHe (21) Hame#t nmosepxHocTu. IToaTomy
Jobasa Touka (X, y, 2), yaoBiIeTBopAmInas cucreMe (22), Ha-
XoAuTcA Ha nmoBepxHocTH (21). CinemoBaTenbHO, KaXKaasa HU3
npaMeIx ceMeiicTBa (22) UEMMKOM JIeXUT Ha IOBEPXHOCTH
OAHOIIOJIOCTHOTO THIIepbosIonsa.

CoBepllleHHO aHAJIOTUYHO CHCTEMA

(23)

rAe | — mapaMeTp, TakKe ONpeJeseT CEMEHCTBO IPAMBIX, OT-
JIMYHOE OT ceMeiicTBa (22), npuHaIexaiee mosepxyHoct (21).

Yepes KaXkAyio TOUuKy rumepbosonaa (21) mpoxoxaur mo
OAHOI MPAMOM KaXKJOro ceMeiicTBa, BoOOIme IpH Pa3IUUYHBIX
3HaueHuAX napamerpoB k u [ (puc. 52). Hanpumep, uepes

3
TOYKY (J—zj a, —Jz:z-— b, ¢) moBepxHocTH (21) nmpoxoxuT mpsAMasn

(22) mpu k& = (2 ++/6 )/(2 +/2 ) u npamas (23) npu I = (2 +

+46)/(2 —42).
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OTMeTHM, YTO OJHOIIOJIOCTHLIE THIEPOOJIONABLI HALILIN IIPU-
MeHeHHe B IPaKTHKe CTpPouTeabCcTBa. Coopy»KeHHWe Dasyiny-
HBIX BBICOTHBIX GallleH C MCIIOJIb30BaHWEeM IIPAMOJMHENHBIX
06pasyIolUX OAHOIOJOCTHOTO ruIepfosonsa coueraeT B cebe
IIPOYHOCTh KOHCTPYKIIMH C MPOCTOTOH ee McHoNHeHUA. Mpea
HMCIIOJIB30BAHUA OLHOIIOJIOCTHOIO TMIIepOOJIONAa B CTPOUTEb-
cTBe NPHHAJIEKUT HAIIeMY COOTE€UYECTBEHHHMKY HHXKEHepy
B.T. IITyxoBy (1853—-1939). Ilo npoexry IllyxoBa mocrpoeHa
TeseBU3HOHHAA GamrHa Ha Illabososke B r. MockBe, OHa co-
CTOMUT M3 CeKIMil OJHOIIOJOCTHLIX THIepO0IONI0B BPAIeHN.

Jlerxo ybeauThcA, YTO ABA ceMeHCTBA IPAMBIX

-"—+—y—=2kz,w
Jr Vg | 0t
x_y 1 @9
Jp Jg k)
x .,y _1]
p Vo (25)
=Y oo
r e )

06pa3yIoT moBepXHOCTh runepboanyeckoro napabosonga (11).

IIpamere, cooTBeTcTByIOmMMeE ceMelicTBaM (24) u (25), je-
JKaT Ha 3TOH IOBEPXHOCTH M, oOpaTHO, J00aA TOYKa 3TOH
TIOBEPXHOCTH €CTh IepeceyeHre HEKOTOPOH IpAMoil ceMeiicTBa
(24) ¢ HekoTOPOIt IpAMOi cemeiicTBa (25).

§ 26. O0mas TeopMs IMOBEPXHOCTH
BTOPOro NIOPAAKA B TPEXMEPHOM IPOCTPAHCTEE

3
Zzau x.x, + ZiAl x, + B =0, (1)

k=1 1=1 =1
rae a, = a,, A, B — nocroannsle yucaa — kKoappunueHTH
YpaBHeHHA.

B § 25 Gvl10 mepevynciieHo BoceMb BUAOB 1)—8) (wacTHBIX
cnydaeB) ypaBHeHud (1) 1 OblIa oTMeYeHa BO3MOYKHOCTD [JO-
Kas3aTeJIbCTBa TOTO, UTO AJA Ka)KAOTO NAaHHOTO YpaBHeHUS
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(1), eci oHO He ompefesiieT MHNMYIO IIOBEPXHOCTh, MOXKHO
HaWTH MPAMOYTOJBHYIO CUCTEMY KOODAMHAT, B KOTOPO# 3TO
ypPaBHeHHe MMeeT OAMH M3 YKa3aHHBLIX BUIOB.

Huxe faerca [oxkasaTelbCTBO 3TOrO YTBEPKAEHUA.

M=u HauMHAEM ¢ TOTO, YTO PACCMATPHUBAEM KBaJPATHUHYIO
tdopmy, burypupyoimnyio B JeBoil yacTu ypaBHeHusa (1).

Ha ocHoBannu teopeMs 2 § 22 sty dopMy MOXKHO IpuBe-
CTH IIPY IIOMOIIY COOTBETCTBYIOIETO OPTOTOHAJILHOTO IIpeos-
pa3oBaHUA

= Y Bexs (i=1,23) @)

K CJIeAyIOIMeMy BUAY:
3 3
zzak‘ x0,= hap? + Mxg® + Agai?,
k=1 1=1
rae A,, A,, A; — ompejiesileHHEIe AeHACTBUTENbHbIE YHCTIA.
ITonguepxHeM, uTo paBeHcTBa (2) onpeneadaoT nmpeobpaso-
BaHHNe MCXOXHOI NPAMOYTONbLHOM CHCTeMbl KOODAMHAT X,, X,

o o ~ ’ ’
X, K HEKOTOPOH APYroil IpAMOYTOJbHOH cuCTeMe X;, X,
x3. Touka, uMelomas KoopAuHATH! (X,, X,, x3) B MCXOJHOM

cucreMe, B HOBOM cHucTeMe MMeeT KOOPAMHATHI ( X7, X3, X3),

nojy4aeMble IIOCPeAACTBOM oOparqenus omepauum (2).
B HOBOIf mpAMOYroJIbHOM CcHCTeMe Hallla NOBEPXHOCTh
UMeeT, OYeBUAHO, yDaBHeHHe

3
Mx + Ax? + Agx2+ 2D Ajxi + B=0, (3)
k=1

rae Aj; — HEKOTOpble IIOCTOSHHBIE YMCJIA.

PaccmoTpuM cHavasa ciayuaif, Korja Bce TPH UYMCIA A, A,,
A, oTnmumsl ot Hyaa (A, # 0, i =1, 2, 3).

B atoM ciryuae nepeHeceM CHCTeMy KOODAMHAT X, X5 , X3

TaK, 4ToOBI ee HavaJIbHAS TOYKA Mlepelllyia B TOUKY (a,, @,, a,);
TOTZAA MOJYYUM BTOPYIO IIPAMOYTOJIbHYIO CUCTEMY KOODAMHAT

€ &0 &, THE

’
x;

=a +E(@(=1,2 3).
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B Heil ypaBHeHMe Hallleil TOBEPXHOCTH MMeeT BUJ
Afa, + E_,l)2 + ).2(a2 + §2)2 + ).3(a3 + E_,a)2 +

3
+23Y A, (a,+E)+B=0
k=1
nIn

3
MEZ + AER + AER 4+ 2 (ah +ADE, + B, =0,
=1
rge B, — HekoTopad KOHCTaHTa. EcIu IONOMXHTH

4
al -7 )“l (l= 1’ 2» 3)9
TO TO ypaBHEHME YIIPOCTHTCH:
}"lgf + 7“2&% + A& = —B,. (4)

IIpeamonoxum, uto uncna A, A,, A, OTMHAKOBOrO 3HAKA.

Ecnu npu saTom B, = 0, To ypaBHeHMIO (4) yRoBIEeTBODAET
e0uHcmeeHHas moika, MMeHHO HyneBas Touka (0, 0, 0) (cm. 7)
§ 25).

Ecmu B, # 0 1 uMeer 3HaK umcen A, A,, A, TO, OUEBHAHO,
HeT TOYeK C AefCTBUTEeILHBIME KOOPAHHATAMH, YAOBJIETBOPAIO-
mux ypaBHeHUIO (4). B aToM cityuae nosepxnocmo (1) mrumas.

Ecnu sxe B, # 0 u uMeeT 3HAK, IIPOTUBOIIOJIOXKHBII 3HAKY
uyucen A,, A,, A;, To ypaBHeHue (4) MOXHO 3amucaTh B BHJe

g 8 g
_B_B _B
}“1 A'2 )‘3

=1 (5)

nmiu, mnoJaraa

-2 B . B
M » Mg
B BHJAe

PERFTIME
Takxum obpaszoM, nmoBepxHocTs (1) ecTs anauncoud (cm. 1)
§ 25).
ITycts Temeps aBa u3 uucen A,, A,, A, UMEIOT OJUH 3HAK,
a TpeThbe — IPOTUBOIIOJOMKHBIA MM 3HAK.

=1 (a, b, c>0).
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Eciu npu arom B, = 0, To MOXHO CUMTATh B ypaBHEeHUH
(4), uro A, > 0, A, > 0, A, < 0, ymHOKaa (4), ecIu 3TO HYKHO,
Ha —1 ¥ mepecTaBJAA, eCHM 3TO HYIKHO, MECTAMU §I. Torga,
TIOJIOXKUB

1 1 1
7\'1=-a—2’}"2=?’7»3=—7 (@, b, ¢ > 0),

c
noJsyduM ypaBHeHUe rKoryca (cM. 6) § 25)
&, 8 &
212 2
a® b c
IIpu B, # 0 Bocmoasayemcs cHoBa (opmyJoit (5). Briae-
JIUM [Ba CYIIECTBEHHO PASJIWYHBIX CIydYasd:

& & &
2t T

=0.

= 1 (odnonorocmuuiii 2zunepGonoud 2) § 25),

a b2 ¢
2 g2 g2
;l; --b%—c_g = 1 (dsynonocmmuutit zunep6oaoud 3) § 25).

K sTUM ABYM CIy4aAM CBOAATCA M OCTAJbHBIE CJIydau
IIyTeM COOTBETCTBYIOIIelf 3aMeHBI KOODAUHAT &,.

ITycrs Temepyr A = A A,A, = 0. Torga mo xpaitneit mepe
ofiHO M3 umcen A,, A,, A, paBHO Hym0. ByaeM cumraTts, 4TO
A, =0, nomenas, ecnu Hy>xkHO, MecTamu & .

Hrak, mycts A, = 0. Brigenum cHavana ciaydai, Korxa

Az = 0. Torga ypasrenue (3) uMeeT BHJ
Ax® + Ax? 4+ 2(A] ¢+ Ay xp)+ B=0,
TAe 4YuCJa ?».1, hz, Aj, A;, B moryT OBITE JIOGBIMH.
B mrockocTu (x; , x; ) 3T0 eCTh obllfee ypaBHeHNe KPHUBOM

BTOpPOTO MopAAKa. B mpocrpaHcTBe ( X , X5 , X3) €My COOTBeT-
CTBYeT YypasHeHue yuaundpuieckoii nosepxrnocmu (cM. 8) § 25),
npoxojdAInei uepes nJAOCKYI0 KPUBYio 8mopozo nopadrxa ¢ ob-

pasyloleit, mapajiensHoit ocu x; (cM. 8) § 25).
Iamee Ml Gynem Bcerfia cumMraTh, 4To Az # 0m A, =0, n
Torfia ypaBHeHue (3) uMeeT BUL

M xZ + 240 %)+ (Ox? + 245 x5) + A; x5 + B=0.(3)
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CyInecTBeHHO Pa3JIMYHLIMH CIy4asgMH ABJIAIOTCA CIeAYIo-
mue: a) A, A, > 0; 6) A, > 0, A, <0; B) A, > 0; A, = 0. [Ipyrue
cay4au CBOAATCS K HUM 3aMeHOH KOODAMHAT MJIM YMHOXKEeHU-
em Ha —1.

PaccmaTpuBaeM caydait a) A;, A, > 0. Buiaecem 3a cKOGKM
MHOYKHUTENN A, M kz ¥ JIOMOJIHMM BBIPDAYKE€HMS B 9THX CKODOKax
RO HOJHBIX KBajparoB. Torma monyumm, y4uThIBasA, 4TO A,

A,, Ag OTIMYHBI OT HYJA,
M(af + @) + Ay(x; + B + 245(x3 + 1) =0,
rie o, B, Y — cooTBeTcTBylomue ynciaa. Ilomaras
E=x +toa n=xn+p L=xn+71
IOy YMM

ME2 + AN = —2 45

uIn
g
+ = 2C.
AN ©
A Ay
Ecmu — A; > 0, To ypaBHeHue (6) MMeeT BHA
S
_p-+—q— = 2{ (saaunmuueckuii napabonoud 4) § 25) (7)

@, ¢>0).
Ecnu sxe — A} < 0, To samensa { ma —{, MBI cHOBa moOaTy-
yuM ypaBHeHUe Buza (7), T. e. aaaunmuyeckuii napaboaoud.
Paccmorpum Teneps cayuait 6) A, > 0, A, < 0 (43 # 0).
Bocnonssyemcs ypasuenuem (6). Ecim A3 < 0, To aT0 ypas-
HeHMe 3aIuChIBAaeTCA B BUJE

2 2
LS 2C (zunep6onuveckuii napabonoud cu. 5) § 25) (8)

p q
®, ¢ > 0).



222  §26. OBLIIAA TEOPUS ITOBEPXHOCTH BTOPOTO IIOPAKA

Ecnu :xe A; > 0, To mocie 3aMeHBI MeCTaMH & M 1) CHOBa

nony4yuM ypaBHeHue Buja (8), T. e. zunepbosuveckuil napabo-
Joud.

Ilepexopum Temeps K cayyaio B) A, > 0, A,= 0 (A3 = 0).
Torpa ypasHeHMe (3’) CBOAUTCA K CIEAYIOMEMY:
A x® +24] x]) + 2(A; x, + Aj x3)+ B=0.
Brinocs 3a mepBrle CKOGKM A, NOIOJHAA BLIDAYKEHME B
3TMX CKoOKax IO IOJHOrO KBajpaTra (YYMTHIBag, 4TO A,

Ag #0), momyuum

AM(x] + 0)?+ 245 x5 +245(x5 +B)=0,
rae o, B — Hexoropsle unciaa. Ilocne 3amMensl
E=x1+to, Nn= x5, = x5 +P
3TO ypaBHEeHHe IIPEBPATUTCA B CleayIollee:
MEE + 2045 + 450) = 0. ©)
Paccmorpum B miockoctH (1, {) BekTop @ = (45, 43).
3anuineM ero B BUAe
(45, A3) = p(cos o, sin o),

rge p > 0 — gnuHA ®, a (cos O, sin O)) — eAMHUYHBIA BEKTOP,
HanpasJIeHHBIA B CTOpOHY ®. Ipyroii Bexkrop (sin o, —cos o)
TOXKe eJWHMYHLIA U NepIeHIUKYJIApeH K IepBOMY.

Bsegem B miockocTu (1, {) oproronansHoe mpeoGpasoBa-
HHe

u=mncosda + {sina, v = nsin o — Lcos a.

9TUM IPAMOYTOJLHAA cHUCTeMa KoopauHar 1), { samenser-
cA Ha IOPSAMOYTOJbHYIO CHCTEMY KOODAMHAT U, U, a IPAMO-
yronbHas cucrema KoopauHar &, 1, { 3aMeHsAercsa Ha mpamo-
YTOJLHYIO CHCTeMY KoopauHaTt &, u, v. B pesyasrare ypaBHeHHe
(9), xoTopoe MOKeT OBITH 3aNMMCAHO TaK:

AE%+ 2p(ncos o+ {sina) =0,
IpUHUMAET CJIeAYIOMUII BUL:
A&% + 2pu = 0,

WX MEeHAA U Ha —U,
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& =2pu (p=p/\, > 0),
WM HAKOHELl, MeHAA MectaMu & u u,
Yoowr=2p8 (>0,

T. e. MBI IOJIYYHUIIN YpaGHeHue napabonuyveckozo yururdpa (8
IPAMOYTOJNBHEIX KoopauHaTax (§, u, v)).

MBaI pacCMOTpenH BCe CIyday, MOTyI[He UMeTh MeCTO s
ypasHeHMd (1), 1 B KaXKJI0M M3 HUX HAULIM IPAMOYTOJBHYIO
cucTeMy KOOPAHHAT, B KOTOPOi ypaBHeHue (1) uMeeT ofMH U3
sunos 1)-8) § 25. VTeepxaenue fokasaso.

§ 27. IlmockocTs B Rn

27.1.06mue paccMoTpeHH . B § 6 MBI yemosmancs
Ha3bIBaTh TOYKOH MJIM BEKTODOM 71-MEPHOTrO MPOCTPaHCTBA R,
cucremy uucen (x,, ..., X,) u obossauaTs GykBoil x:

x=(x, ..., x,).

Yncna x; Ha3LIBANIMCH KOOPAMHATAMY TOYKHM (BEKTOpA) WM
KOMIIOHEHTaMM BeKTopa X.

B § 7 M ompenenunnu orpesok [x°, y°], coemmHsIOmmMii
TOYKH

= 0 0 = 0 0
xO = (xl y eeey xn )’ yo - (yl 3 eeey yn )’
KaK MHO>XeCTBO TOUEK X € Rn’ KOTOphEIE MOXXHO IIpeACTaBUTH
C IOMOIIbIO PaBEHCTBA

x=A"+puy® (A20,n=20,A+pn=1).

Touku x° y° HaswIBaloTCA KOoHumamu orpeska [x°, y°].
Bynem nasniBaTh x° HauaavHoil moukoil ompeska [x°, y°], a
y° — ero Koueynoii mouroii. Torga MoxHO cumraTs, uTo [x°, Yy°]
€CTh HalpaBJIEHHBIA OTPE30K C HaYaJILHOM TOYKOH x° M Ko-
HeYHOH Toukoi y°.

Kax B cayuae TpexMepHOro MpOCTPAHCTBA, HANPABIEHHbLIL
ompesok [x°, y°] 6ydem cuumamov pasHvim 8exmopy

Yo -2 = (y — x5 s Yo - xD).

Ecnu x BexkTopam x°, y° mpubGaBUTH IPOM3BOJBHLIA BEK-
TOp
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a=(a, ..., a),

TO IIOJIYYHM BE€KTODHBI

/ ’

xX=x"+a, y=y"+a,
ANA KOTODBIX, OYEBU/HO,

y —x =y - x°

’

JTo moKa3bIBaeT, uro Toukn X’ = x% + a, y' = y° + a,
KaKoB Obl HU OBbII BEKTOpP @, OIpEJENAIOT OOUH MU TOT XKe
BEKTOD, paBHuIH y° — x0.

Hanpasnenusiit orpesox [0, x], Hauaso xKoToporo ectb
HyJleBasa Touka 0, a KOHen — TOYKa X, Ha3HIBAIOT paduyc-
6eKMOpOM MOYKU X. )

Hrax,

x = (X}, ..., X,)
ecTs TouKa R, X TaKxe eCTh PafiMyC-BeKTOD TOYKM X, T. e.
HampaBJeHHBIH oTpe3ok [0, x] u, HakoHen, X MoxKeT 0003Ha-
YaTh BEKTOD, OIpeAeisieMblil n06siM oTpeskoM [x°, y°], ana
kxoroporo y° — x° = x.
IIpumep 1. Hanpasnenusie orpesku [x!, y'], [x2%, y?], roe
x'=(0,0,..0, y=(@1,1,..,1),
x2=0@3,3,..,3), y’=4,14, ..., 4

PaBHHI OIHOMY M TOMY e BekTopy @ = (1, 1, ..., 1).

27.2. InockocTe B R,. 3afanuM n AeldCTBATENHHBIX

yucen A,, ..., A,, ONHOBpeMEHHO He DaBHLIX HYJIO, T. €. Ta-
KHX, YTO BBLINOJHAECTCI HEPaBEHCTBO

n

ZAI? > 0.

j=1

3amaguM Takxe AeHCTBUTEIbHOE Yuciao B.
ITo ompesienteHNIO reOMETPUYECKOE MECTO TOUEK X = (X, ...,
X,), YIOBJIETBOPAIOIUX YPaBHEHUIO

n
Y Ax; + B=0, (6))
j=1
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Ha3BIBAETCS NJOCKOCMbIO, a ypaBHeHHKe (1) HassIBaeTCcsa ypas-
HeHUeM 3TOM NnJaocKoCMmu.

Byznem eine roBopuTh: miaockocTs (1) BMecTo Toro, 4ToObI
FOBOPMTL: ILIIOCKOCTh, OIpeAensieMan ypaBHeHueM (1).

IIpu n = 3 mnockocTs (1) ecTh peanbHAsA NIJIOCKOCTD.

Ecniu yMHOXHUThL ypaBHeHMe (1) Ha IPOM3BOJBHOE YMCJIIO
M # 0, To mosy4ynM ypaBHEHUE

n
> Ajx, +B =0 (A =MA(=1,..,n), B =MB), (1)
1=1

9KBUBaJIeHTHOe ypaBHeHuO (1).
Takum obpasoM, ypasaeHus (1) u (1") ompezensioT ogHO 1
TO JKe TeOMeTPHUYECKOe MeCTO TOYeK. YUTeM elrne, 4TOo

n n
Y.t = M2y A% >o.
J=1 J=1
Ho rorga ypassenus (1) 1 (1°) cyTh ypaBHEHUS OZHOU K
TOM Ke MJOCKOCTH.
Cucremy uucen A,, ..., A, yR0OHO MBICIUTE KaK BEKTOD

A=(4, ..., 4A).

9TOT BEKTOpP 3aBEOMO HEHYJIeBOM, IIOTOMY UTO ero AJMHA
TIOJIOYKUTENbHA:

n
2
lal= > A7 >o.
J=1
Kax mbr ormeyann Beinre, 6yKBel x = (X, ..., x,) o6o3Ha-
4aloT He TOJBKO TOYKM IIPOCTPaHCTBA R,, HO M pafuyc-BeKTO-

pul Touek x. Ho Torga seBylo yactes ypaBHeHus (1) MOKHO
3amycaTh KaK CKaJldgpHOe IIDOMU3BeJleHNe BEKTOPOB A M x:

n
Ax, +..+Ax = ZA,x, = (4, x),
=1

a camo ypasHenue (1) sanmucars B Buae

(A, x)+ B=0.
IKBUBAJICHTHOE Xe eMy ypaBHeHue (1') sanuiuerca B Bujie
(A4’, x) + B =0, 2"

rne A’ = MA, M #0, B = MB.

8 Byrpos A C
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Taxum o6paszom, A’ ecTb BEKTOP, KOJUIMHEAPHBIA BEKTOPY
A, r. e. A’ onyyaeTcs u3 BeKTopa A yMHOM@eHMEM ero Ha
yucao M # 0. Yucno B’ roxe monydaerca us yuciaa B ymHO-
JKeHMeM IIOCJIeNHEero Ha 3To e uyucio M.

27.3. YpaBHeHHEe NJOCKOCTH B HOPMAJNIBHOM
Bu ae. Cpenu BekTopoB A’ 0cOGBI MHTEpEC IPEACTABISAET eNu-
HUYHBIA BEKTOpP, T. €. BEKTOpP, MMeIOIIui JIuHy 1.

YTo06BI ONYYUTH €ro, MHOXKHUTeab M Hajo nomodpaTh Tax,

n
yTO6RI OKasasock, uTo |A] =1 ([A’l2 = Mzz Af ).
i1
OTciofa ACHO, 4TO

Bynem uncno M scerga BeiOMpaTh Tak, 4ToOw npu B # 0
yucjo p = —MB 6s1n10 nonoxkutensEsM. Eciin B = 0, To 3a
yueno M MoxHO GpaThk 11000e M3 ABYX BO3MOKHBIX €ro 3Ha-
YeHUA.

IIpn raxkom BrIGope umcia M Bektop A’ = MA Gyner
eIMHUYHBLIM, ¥ MBI ero 0603HaYMM yepe3 V = (V,, ..., V ), T. €.

n n
v,=MA (G=1,..,n), 2,V =MY A7 - 1.
j=1 ji=1
B cuury BBefileHHBIX 0603HAUeHU ypaBHeHHUe (2') 3aIUIIeTCA:

n
Zvjxj =D, 3)
j=1
TIe
n
Yvi=1, p2o. (4)
j=1

VYpasuenue (3), rAie 4ucaa V; X p YAOBJIETBOPAIOT YCIOBH-
sim (4), HasbIBaeTCA YpasHeHUeM naockocmu 6 R, 6 nopmany-
HoM 8ude.

Ypasuenue (1), rne A, ..., A , B — Ipou3sBoIbHBIE YHUCIIA,
HO ymucaa A, ..., A, OZHOBDEMEHHO He DaBHBI HYJIIO, Ha3bIBa-
eTcaA ypasHeruem naockocmu 8 R, 6 o6wem sude.
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MbI £OKAa3alH, 4To J060e ypaBHeHMe IIOCKOCTH B O6IeM
BUe MOXeT ObITh IIPMBEJEHO K HOPMAJLHOMY BHAY YMHOXKe-
HUeM Ha OIlpefiesieHHoe Bhiie umuciao M. Uucno M HasbiBaeT-
cA HOPMUDYIOWUM MHONCUMENEM.

OueBHHO 1 00paTHOE, €CJIX YMHOXXUTh yPaBHeHME ILIOC-
xocTu (3) B HOpMaJbHOM BHJe HAa IIPOM3BOJILHOE He PaBHOe
HYJII0 YKCIIO, TO IIOJYYMM €My SKBUBAJIIEHTHOE ypaBHEHMe BUAA
(1), roe uuciaa A,. OAHOBPEMEHHO He PaBHBI HYJIO.

274. YpaBHeHHEe NJIOCKOCTH B BEeKTOPHOH
¢opme.
Vpasuenue (3) MOXKHO ellfe 3aIlMCaTh, OYEBUAHO, B BHJE
(v, x) = p. 3)
BBenem B paccMoTpeHue BEKTOD
a=pv=(pv,, ..., pV,) = pMA.

IIpu p > O oH HampaBJieH B CTOPOHY €AMHMYHOTO BEKTOpPa
V ¥ MMeeT AauHY, paBHyo p: |a| = |pv| = plv| = p.

Ecmu p =0, To a = 0.

ITomuoxum pasercTso (3’) Ha p > 0 1 yuTeM, UTO

p* = (pv, pv);
TOorza IIOJYyYHM

(pv, x) = (pv, pv),

NniIn
(a, x) = (a, a).

YuurniBas cBoicTBa CKaJIAPDHOTO NMpOM3BeeHUudA, IIOCJie-
AHEee paBeHCTBO MOXXHO 3allucaTh B BHJeE

(a, x — a) = 0. (5)

OOpaTHBEIMH paccyXaeHuAMH u3 (5) MOIKHO CHOBa IIOJY-
yuTh (3'). ATo HOKasbIBaeT, YTO PaBeHCTBO (5) SKBUBAJIEHTHO
ypaBHeHHUIO mnockocTu (1), T. e. ypaBHeHue (5) MOXHO CUH-
TaTh ypaBHEHMEM paccMaTpumBaeMOM Hamu IutockocT: (1).
T'oBopsT ewge, uTo ypaBueHue (5) eCTh YpasHeHue NAOCKOCMU
(1) e sexmopnoiiL ¢popme pu B # 0 (T.e. p > 0).

Taxum 006pa3oM, IJIOCKOCTD (1) — 3TO reoMeTpUYECKOe MECTO
TOYEK X, KOTOpble YAOBJIETBOPAIOT YPaBHeHHUIO (5).
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IIycrs Tenmeps p = 0 mnu, uro Bce pasHo, B = 0.
Torpa ypasHeHue (3’) uMeeT BUJ

(v, x) = 0. (5"

VYpasreHue (5') 1 ects ypaBHeHMe 1IockocT# (1) B BeKTOp-
Hoi ¢opme pu B = 0. OHO BhIpa)kaeT, YTO MHOIKECTBO BCEX
TOYeK IIocKocTH (1) cocTonT M3 BceX TodeK X € R, ynoBier-

n
2 Af ) — m060it u3
j=1

Bopawowux (5), rnev=MA (M = %1

ABYX BO3MOXXHBIX €eJMHHNYHBIX BEKTOPOB.

27.5.TeoMerpuyYecKass HHTepIpPeTalUs ypas-
HeHH . YCI0BUMCA rOBOPUTDH, UTO BEKTOP € OPTOTOHAJIEH K
oTpe3ky [x°, y°], eciu oH opToronasen K BeKTOpy y° — x9,
T. €. eclIH

(c, y°— x) = 0.

Byaem Tak)ke ToBOPUTb, YTO BEKTOP C OPTOTOHAJIEH K
ILIOCKOCTH L, eciu OH OPTOroHasleH K JI060MYy OTpe3Ky, IpH-
Hagmexamemy L.

IloxaxkeM, 4TO eciy TOYKH x! ¥ x? IpUHAJJIEXKAT IJIOCKO-
cru (5), To 1 oTpe3ok [x!, x?] mMpUHAANEIKUT DTOH IJIIOCKOCTH.
B camoMm gene, 1o ycioBuio

(a, x* —a)=0, (a, x2—-a)=0.

Iamee, mpon3BOJbHAS TOUYKA X OTpesKa [x!, x?] moxer
OBRITHL 3aIIMcaHa B BHIE

x=Ax'+pux? A20, 020, A+p=1),

TIO3TOMY
(¢, x — a) = (a, Ax! + px? — a) =

=(a, Ax! + pux? — (A + Wa) = (a, Mx! — a) + Wx?% - a)) =
= (a, Mx' — a)) + (a, W(x* - a)) =
=Ma, x! —a) + Wa, x> —a)=A-0+ p-0=0.

Taxum 00pa3oM, X IPHUHALJIEKHUT ILJIOCKOCTH (5), a cieno-
BaTeJIbHO, X BeCh OTPE30K [x!, x2] mIpMHAAIEIKUT STOH IJIOC-
KOCTH.
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W3 ypaBHeHHd (5) BUAHO, YTO TOYKA @ IPMHANJIERKMT K
aroit miaockoctH: (a, a — a) = (a, 0) = 0.

B cuiy BBIIIECKAa3aHHOTO TIOCKOCTb (1) MOXKHO ompene-
JUTH KaK TeOMeTPHYeCKoe MeCTo To4eK X € R, Takux, 4TO
pasHOCTh X — @, Tfe X — PaAnyc-BeKTOp TOYKM X, OPTOTOHAJIE-
Ha K BEKTODY @.

ITokxa)xeM eIrje, YTO BEKTOD

A=A, ..., A)

OpTOrOHANEH K ILTocKocTH (5).

B camom fene, B cuiy paBeHcTBa @ = pMA (p > 0) BeKkTOp
A Ko/lnVHeapeH BEKTODPY @ U, cleJ0BaTelbHO, OH OPTOroOHA-
JIeH K JII06OMy BEKTOpy X — @&, IDHHAJJIeXalneMy. IJIOCKOCTH
(5), T. e. oproroHayeH K miaockocTu (5) uam, 4TO BCe pPaBHO,
K minockocty (1).

Urak, uncna A, ..., A, B ypaBHeHun IL10cKocTH (1) umeroT
reOMeTPUYEeCKHH cMbICT — BeKTOp A = (4,, ..., A)), coCcTaBleH-
HBIM U3 KO3(PDUIMEHTOB IIPHU X, 9TOTO ypaBHEHHU:A, OPTOTOHA-
JIeH K IiockoctH (1).

Ecau p = 0 unm, yto Bce pasHO, B = 0, To paccMaTpuBaeM
ypaBHenue (5’), akBuBaseHTHoe ypaBHeHmIO (1). YpaBHenue
(5’) BBIpa)kaeT, YTO MHOXECTBO BCeX TOYeK X IockocTH (1)
COCTOMT M3 TOYEK X, PAJUyC-BEKTODPH KOTOPHIX OPTOTOHAJb-
HBL K BEKTOpYy V = MA.

B srom cryuae BekTop A = (4,, ..., A,), KOLIMHeapHBIK
BEKTOPY V, CHOBa OPTOroOHaJIeH K IiockocTu (1).

27.6. YpaBHeHHEe NJOCKOCTH, IpPpOXOoLAlme#H
yepes n TOoYekK

Teopewma. ITycmv 3adano n mouex

xt=(x}, eer x2)s

x" = (xf’ ceey x”:)’
onpedenaouux Mampuyy

©-x xE-xf ... x2-a
Q=....1....-]...-..>.-ol. (6)

n n n

xl - 1 xz—xz cee xn_xn
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Toz0a ecau panz Q pagern n — 1 (panr @ = n — 1), mo uepes
YKa3aHHblE N MOYeK MONCHO NPOBECU NJOCKOCMb U NPUMOM
edurcmeenHyo.

Ecau e panz mampuyst Q menvwe vem n — 1 (paur @ <
<n — 1), mo uepe3 yxa3arHbvie n MoueKx MOXCHO npogecmu bec-
KOHEeYHOe MHONCeCma0 naocKocmeil.

HokxasaTteanscTBo. IlycTh paur @ = n — 1.

VYpaBHeHMe MCKOMOM IJIOCKOCTH 3aIllHIeM B BHJE

Y Azx +B=o0. (7

Tak Kak 9Ta IJIOCKOCTh HOJIXKHA OPOXOOMTH 4Yepe3 TOUKY
x‘, TO HOJIMKHO YAOBJIETBOPDATHCA PAaBEHCTBO

ZA,, + B =0. (8)

1=1
Brrunras paBencTBo (8) n3 paBeHcTBa (7), IOAYIUM ypas-
HeHue

n
1
Y A -x) = o, 9)
1=1
CIIpaBeAJINBOE OJIA BCEX TOUEK X MCKOMOM IIJIOCKOCTH.
Tak Kak TOYKH X2, ... X" NOJKHBI IPUHAAJIEKATh MUCKO-

MO IJIOCKOCTH, TO MX KOOPAMHATHI NOMKHBI YAOBJIETBOPATH
ypaBHeHMIO (9), T. e. ZOJKHBI BHIIOJIHATHCA PAaBEHCTBA

n

ZAJ(xIZ_xll) =0,

1=1

(10)

n
ZAJ(x? ——x}) = 0.

Hrax, uncna A LOJKHBI OBITh DEelIeHMAMM ONHOPOLHOM

CHCTEMBI, coc'roamen u3 paBeHcTBa (9) u paBencts (10), rae

= (x,, ..., X,) — IPOM3BOJbHAA TOYKA MCKOMOM IJIOCKOCTH.

Ho yucia A IOJIXKHEBI OBITH OJHOBPEMEHHO He PaBHBI HYJIIO.

IloaTomy onpenenn'renb OMHOPOAHOM CHCTEMEI LOJIXKEH paB-
HATBCA HYJIO:
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1 1 1
xl—xl xz—xz coe xn— n
2oz xE-x .. -z
=0 11)
n 1 n 1 n 1
xl— 1 xz'-xz cee xn—xn
19 BCeX TO4eK X = (X, ..., X,) MCKOMOM IJIOCKOCTH.

VpasueHue (11) 1 ecTh ypaBHEHUWe MCKOMOM IJIOCKOCTH.
Eciu ompefenuTenb JIEBOH YacTH 3TOr0 YPaBHEHHUS pPasiio-
SKUTH TI0 3JIEMEHTaM IIeDPBOM CTPOKH, TO MOJYYUM YpaBHEHHE
suga (9) ¢ xoadpdunuenramu A,, PaBHBLIMH OIIPEAEIUTEAM
(n — 1)-ro mopAAKa, NOPOXKJAaeMBIM MaTpHleH € c cooTBeT-
cTByIOIMUM 3HaKoM. IIo ycyIoBHMIO cpenu 3THX ompeneauTeiei
ecTh XOTHA OBl OAWH, HE PABHBIA HYJIO.

IlepBOe yTBepKIeHHuEe TeOpeMHBl HOKa3aHo.

IlycTs Temeps panr MaTpuubl @ mMeHbmie n — 1 (panr @ <
< n — 1). Torga, paccyxjas, Kak Ipexjae, Mbl IpHUAEM K
TOMY, 4TO J06aA TOYKA X IIJIOCKOCTH, IIPOXOAAINEH uepes
3a/laHHbLIE N TOYEK, AOJIXKHA YAOBJIETBOPATH CHCTEME, COCTOA-
meit u3 ypaBHenusa (9) um ypaBHeHumii (10) mpu HeKOTOPBIX

TIOCTOAHHBIX A, ..., A .
Tak kak paur @ < n — 2, to cucrema (10) nmeer 6eckoney-
HOe YMCJIO pelleHu# A, ..., A . IIpu arom no xpaiineit mepe

ABa u3 yucen A, nyctb A, u A,, Moryr OGuTh 1106HIME He3a-
BHUCHUMBIMH ADYT OT APYra YHUCJIaMH — UM MOXKHO IIPUAABAThH
J1100bl€ YUCIOBBIE 3HAYECHUS.

Ecnu moacraButh HaliieHHBle YHCIa A, ..., A, B ypaBHe-
HUe (9), TO Pa3NUYHBIM He IIPONMOPLHOHATLHLIM MEXAY co6oi
napam A, A, 6yAyT COOTBETCTBOBAThL 3aBEAOMO Pas3HbIe ILIOC-
KOCTH, IPOXOAAINME Uepe3 3aJaHHbIe N TOYEeK.

Bropoe yTBepxkeHne TEOpEMBI JOKA3aHO.

YpasHenue (11) MoxHO 3anucaTh B popme

X X ... x, 1
x5 ... 2 1



232 §217. IINIOCKOCTD B R,

27.7. YcnoBHUA OPTOTOHANBHOCTH M Tmapamu-
JEeNBHOCTH HIJIOCKOCTEI. YToJ MeXAY ABYMsA ILJIOCKO-
craMu B R,

n
Y Ax, +B=o, (12)

s=1

n
Y ax, + B =0 (13)
1=1
ompefesifieTCA IO aHAJIOIMU C TPEXMEPHHIM CiiydyaeM. A MMeH-
HO, Yyzaom medxucdy naockocmamu (12), (13) HassiBaeTcs yroa @
Mexnay BekTopamu A = (4,, ..., A) u A" = (4], ..., 4,),
KOTOpBIE, KAK MBI BHISCHUIY, NEPIEHANKYIAPHLI K ILJIOCKO-
ctam (12) u (13) cooTBETCTBEHHO.
Ha ocuosanuu dopmyiusr (8) § 6 umeem

n
pIW
=1
n n .
PRI

J=1 =1

AA’
SPT a4l T

IInockocty (12) u (13) nepnenduxynapHvl TOTAa ¥ TOJIBKO
TOrAa, Korga cos @ = 0, 1. e.

n
Y. 4,4, =0, (14)
=1

IOse mnockocru (12), (13) napanirenvHvl TOrga ¥ TOJIBKO
TOTZa, KOIZa HepHeHAuKYIApPHbIe K HUM BeKTOpl A u A’
KoanuHeapHsl (A = AA’), T. e. Korga

A4 4 A
A{ = Aé = eee = AI . (15)

27.8. YpaBHeHHe NJIOCKOCTH, IpPOXOoxaImmeit

yepes Touky. Ecim rouxa (x?, ..., x0) = @ nexur na
IIJIOCKOCTH
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n
Y Ax, + B=0, (16)
1=1

TO €€ KOOPANHATBI YIOBJIETBOPAIOT YPAaBHEHHIO 3TOM IIJIOCKOCTH

n
Y Ax) + B=o. 17)
=1

Brruuras (17) us (16), monyuyaem

Y A (x, -2 = 0. (18)
=1

YpasueHue (18) HaspiBaeTCcs YypasHneHnuem nJockKocmu,
npoxodawet wepes mourxy @ = (x7, ..., x2).

B BexTOpHO# dopme ypaBHEHHE MOXKHO 3alycaTh Tak:

Ap-p9 =0, (18)
rae
A=(4, .., 4) p=(,..x),
pl = (x;), . xg)
3aech, KaKk MBI 3HaeM, BEKTOD A IepIeHANKYJIAPEH IJIOC-

kocru (16), p — paguyc-BeKTOp Tekymeil ee ToukH, p° — pagu-
yC-BEeKTOD 3aJaHHOM ee TOukM Q°.

27.9.Ilpamasa B npocTpancTse R . YpaBHenus npsa-
MOIf B IPOCTPaHCTBe K MOXHO BBIBECTH IO AHAJIOTHMH C TPEX-
MepHbIM IpOCcTpaHcTBOM R, (cMm. § 10).

IIpamoii L 6 R,, npoxodauseii wepe3 moury Q° = (xf y eees

0 : =
X, ) U HanpaseneHHOl 8 cmopony eekmopa a = (a,, ..., a,)

(la] > 0), HasbIBaeTCA TeOMeTpPHUECKOE MECTO TOUEK @ = (%) oees
x,) € R,, yROBIEeTBOPAOINUX YPaBHEHUAM

....... (19)
X, — x,(,) =ta,,

rae t — peficTBUTeNbHAA MepeMeHHadA, npoferamoinas UHTep-
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BaJ (—eo, o). YAOOHO CUUTATh, YTO BEKTOD @ IPHIOMKEH K
Touke Q°. .

VYpasuenus (19) HasbIBalOTCA napamempuiecKumu ypae-
Henuamu npamoii L.

Ecnu BBecTH B paccMOTpeHuHe paguyc-BEKTOPHI TOUEK @ u
@° npsimoit L:

p=(x, .., %) P°=(20, ..., x0),
TO ypaBHeHud (19) sanumryrcs:
p— p° = ta, 19

T. €. BeKTOp p — p° KOJUIMHeapeH BEKTOpYy a@. .
Ecnu peiicrBuTenbHasn nepeMeHHas (CKansap) ¢t npoberaer
HHTepBAJ (—°, o), TO KOHEIl pagHuyc-BeKTOpa

p=p°+ ta

npoberaer BCIO nIpaAMYO L.

Vpasrenue (19°) HassIBaeTCA YpasHeHUeM NPAMOIL 8 8ek-
mopHoil ¢hopme.

Ucxons u3 (19°), MBI BHAMM, UTO BEKTOP a4 JIEKHUT Ha
npamoit L, moToMy 4YTO ero Havajo @° mMeeT paguyc-BeKTOD
p°, a xoHen — p° +a. O6a 3TN BEeKTOpa YAOBIETBOPAIOT yPaB-
HeHumo (19°) coorBercrBenHo npu t = 0 t = 1 (cm. § 7).

Ecan uckniounts napamerp ¢ u3 ypasHeHui (19), To MuI
HONyYUM cucTeMy u3 (n — 1) ypaBHeHmIt:

xl—xf x2—xg x, — x°
—_— ”
= =..= . (19”)
a a a,
VpaBHeHus (19”) HazsiBarOTCA Ypasrenuamu npamoii L 6
KaHOHUYeCcKOl opme uru KAHOHUYeCKOM ude.

IlycTs 3amaHbl IpAMBIE

xl—xf xn—x,?
== . (L),
q a,

0 0
Y- *n T Yn (L)
bl T ese b" . 2 .
Yenom mexncdy npamvimu L, n L, Ha3pIBaeTCA YTOJX ¢ MeX-
Ay BEKTODaMM

a=(a,..,a) b=(b, .. 0b),
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KOTOpBIE, KaK Mbl MOKAa3alH, JIEXKAT HA COOTBETCTBYIOIINX
npambix L, u L,. OHN IPUJIOKEHBI COOTBETCTBEHHO K TOYKaM

(x5 e x2), (y9s r Y2).

IIpumep 1. Hanucars ypaBHEeHHE IJIOCKOCTH, IIPOXOM -

wreit uepes Touky Q° = (x?, ..., x0) ¥ mepnenAMKyNAPHO
IpsAMoO¥, onpeaensieMol YpaBHEHUSAMU
0 0 0
1% X2~Y:  Xa—Yn (20
By = by = ..= b, )

Pemenune. YpaBHeHHE IJIOCKOCTH, IIPOXOAAIIEH uepes
TouKy @°, umeer Bux (cM. (18))

n
Y Ai(x;-x)) =o0. (21)
j=1
Hckomas mIOCKOCTH AONMKHA OBITH OPTOTOHANBHON IPSA-
moit (20), T. e. oproronanbHOM BexTOpy b = (b,, ..., b)).
C npyroit croponsl, BekTop A = (4,, ... , A)) OpTOroHaNeH

mnockoct (21). IloaTomy BekTOpsl A M b KoOJIMHEApHBI:
A = Ab. CnefoBaTesibHO, YPABHEHHE MCKOMOM IIIOCKOCTH 3a-
MUIIEeTCA:

n
Y bix; - x?) = 0.
j=1

27.10. Pacnonoxenue (n—1) namockocreii. IIycts
3afaHbl ypaBHeHMs (n — 1) mimockocreit

Alx, + ..+ Alx, + B! =0, (22)

1«1{"1::::l + ...+ A,’:‘lxn + B =0. (22,))

Ecnu xo3dpdunueHTs! IEpBOT0 YpaBHEHUA IPOMIOPIIOHANb-

HbI Koaddunmentam Broporo (Al: A): ... : Al = AZ: 4Z: ..
: Af), TO ILJIOCKOCTH IapaineabHbl (cM. 27.7).

Ecnu ykasaHHaA MPONOPIMOHAIBLHOCTS UMEET MECTO M AJSA
K03(¢GUIEeHTOB APYTHX YpaBHEHUI, TO BCe IJIOCKOCTH OYAYT



236 §27. IINIOCKOCTB B R,

mapajjejabHbl MeXAy coboit. B aroM ciayuae Bce onpenenure-
au (n — 1)-ro mopsAAKa, MOPOMXKAEHHbIE MATPHUIEH "A]k || K03¢-
k o
dunuenros A; ypasHeHui (22))—(22, ), paBHBL HYJIO.
Ecnu xora 61 oaun U3 onpeaenureneit (n — 1)-ro mopaaxa

MaTpUIBL ”A]k" He paBeH HyJIO, TO miockocru (22,)—(22 )

IepecekarTcd 1o npamoi. B camom pene, mycTs ajs onpene-
JIEHHOCTH

A 4y .. A,

2 2

AP A2 ... AL 2 0. 23)
Aptapt oA

Toraa ypasrenns (22,)—(22,_|) MOKHO PEIIUTbL OTHOCHUTEIIb-

HO X,, ..., X,_, ¥ MBI TIOJIy4aeM
X =0y%, +Hy,
............ (24)
Xp1 = Oy 1 X, +Hpgs
TRE O, vuey O, 5 Hyy +eey M, ; — HEKOTOPBIE YMCIIA.
VpaBuenus (24) s3KBUBAJIEHTHBI CIEAYIOINNM YPaBHEHUAM:
X -l Xp-1 ~Hn- x
1 1 n-1 n-1
— == =1 (25)

oy ®p 1
Msr BuauM, uto npu ycaosuM (23) ypasBHeHusa (n — 1)
tockocredt (22,)—(22,,_,) onpenensior npamyio (25). Oxa npo-
XOAUT 4eped TOUKY (K, ..., M, ,, 0) 1 umMeer HanmpasieHue
BeKTOpa (C), ..., O, ;, 1).

IIpumep 2. HaiiTu yron MexXay npaMbIMu
xl_’l x2—2 x3—'3 x4—4

1 2 3 T a4

4 3 2 1
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Pemenwue. Bekrops a = (1, 2, 3,4), b= (4, 3, 2, 1)
JIeXKAT Ha HalIUX NIPAMBIX, PACIIOJIOMKEHHBIX B YeThIpexXmep-
HOM npocTpaHctse R,. IToaTomMy yron ¢ mexay 3TUMH BEKTO-
paMu 1 GyZeT yriaoM MeXXAY IPAMBIMH:

1.4+2-3+3-2+4-1
V12422 432 14242 +32 122 412

2
cos @ = =-§

’

- 2
¢ = arccosz.

27.11. PaccToAHHEe OT TOYKH AO IJIOCKOCTH.
IIycts 3amama nuockocts I, onmpesenseMasi o6IIUM ypaBHe-
HUEeM

n n
Y Ax; + B=0(ak= ), 47 >0, (26)
j=1 j=1
WJIY BEKTOPHBIM ypaBHEeHHEM
(4,p) + B=0, 27
WK K€ HOPMAJbHLIM YpaBHEHHEM
PV=p (@20), (28)
rne A = (4,, ..., A), p — PagUyC-BEKTOp TeKYIeil TOYKH
_A B
Q= (x,, ..., x,) mrockocru II, v = +m, p= _m.

3aanUM HEKOTOPYIO TOUKY Q° = (xf y eees x,‘,))- Paguyc-
BEeKTOp TOUKU @° oGosHaumM uepes p°.

Paccmosarnuem om mouru @Q° do nnockocmu I1 HazpiBaeTCcs
AnuHOM d oTpe3ka, OmyIneHHOro us Hee Ha II.

IToxkaxxeMm, uTo

d=|pp-p% V) (29)

T. e. paccrosaue d no Il paBHO aBGCOMIOTHON BeNMHYMHE IPO-
eKIIMM BeKTopa p — P Ha HaIpaBJieHVe eJUHUYHOI'0 BEKTOpa

_A
v = F— (oprororanasHoro x II).

|4

Ha pucynkax 53 a um 53 6 usobparkeHa maockocTs Il u
Touka @,. Ha puc. 53 a Touku O u @, HaX0AATCA IO Pa3HbIe
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(0] a
3 I
O_O
p ]
a
II
/ _,JQ/ 0
a2
/BO , 7
r po
%
O 0
Puc. 53

croposst ot IT (II mepecexaer OQ,). A na puc. 53 6 — mo ogHy
cropony ot II (II He mepecexaer 0Q,).

Yepes TouKy @, nposefieHa miaockocTs I, mapannensHas
II. U3 Trouxn O npoBefieHa npsaMas, nepueHAUKyaapHad K 11
(u I1)), mepecexaromasn IT u Il coorBeTcTBeHHO B TOuKax B n
B,. Ha neit oTMeueH eMHUYHBIA BEKTOP V, MAYIIMA OT TOYKH
O no manpasiaenuio k II.

Ob6parumcsa k puc. 53 a. Bexropsr p, — p 06pa3yioT ocCT-
pulit yron. Ilpoexnus p, — P Ha HaIpaBjeHHe V €CThb II0JIO-
JKUTENILHOE YMCJIIO, PaBHOE AJHWHE OTPe3Ka |BBOI, KOTOpas B
CBOIO OYepeAb PaBHA PacCTOAHMIO OT @, Ao II:

IBBy| = d = (v, p, — P)-
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Ha puc. 53 6 v o6pasyeT OCTpBIi yroa ¢ p, — p X Ha 3TOT
pas paccrosaue or QO no II paBHO

IBBJ| = d = (v, p — py)-
O6a mosyyeHHbIE PAaBEHCTBA 00'BEJUHAIOTCS PAaBEHCTBOM
(29) unu, 4TO BCe PaBHO, PAaBEHCTBOM:
d =|v, p,) - pl-

TaxkuMm o6pasom, AJSA TOrO YTOOGHI BHIYMCIUTH PACCTOSIHHE
d ot Toukn Q° mo miaockoctu I1, Hazgo 3ammcaThs ypaBHeHUe
mnockocTH [1 B HopMansHOM Buze (28), mepeHecTH p B JIEBYIO

YacTh M NOACTABUTL B IOCHeAHow (xf, .., xJ) BMecTo

(x5 ... x,). AGCONIOTHAA BEJIMYMHA ITOJYYEHHOTO BBIPAYKEHUA
¥ eCcTbh MCKOMOeE 4ucyo d.
Ha s3sIke mapaMeTpOB IMJIOCKOCTH, OYEBUAHO,

n

0
zijj +
j=1

IIpumep 3. Halitn paccrossiHue d OT TOYKH
1 1 1
@ - (1,_,_,...,_)
Vo' V3 n
npocTpaHcTBa R, 10 MIOCKOCTH

x, + 2x,+ Bx + ..+ Ynx +1=0.

Pemenue. CorsacHo CKa3aHHOMY BBIIIIE

ijﬁl

j=1

(,,+1,/ Jn(nﬂ) ‘/_z_m_ﬂ
n

27.12. Pa3nuyHble 3aJayvdH.

IlpnBecTH K HOPMaJbHOMY BHAY YPaBHEHUS CJIEAYIOIIUX
miockocreit (1-3):

1. 1x, + 2x, + ... + nx, = —-1.
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ijw/gx.

j
5 ' 6
. j=1 - |
Omeem: Jn(n T D@Ent)) rr+D)@n+l) -

2.x+y+z+t=0.
3. Z,——JOH

n
n+l n+l
Omeem: Z‘} Y = "———.
4. Haitta yron @ Mexay miockocTamu B R,:

8 + 59 )x, + 2x, + 3x, + 4x, = 0,
4x, + 3x, + 2x, + (8 + ‘\/5_9_)1:4-'- 1.

Omeem: ¢ = — .
3
5. HaiiTu yron ¢ MeXjay NJIOCKOCTAMH B R, :

2n . 2n 1
2(—1)’1’6' =0, 2730 = 1.
j=t7 7

j=1

n
Omeem: ¢ = 2 (TIJIOCKOCTH OPTOTOHAJIBHBI).

6. Hamucars ypaBHeHME IJIOCKOCTH, NIPOXOAAINEH uepes
TOYKH IpocTpaHcTBa R :
Q=@0,0,..,0),
Q,=00,10,..,0),
Q. =@0,..,01).
Omeem: x, + x, + ... + x_ = 1.
7. HanucaTh ypaBHEeHMe NIPSAMOI, IPOXOAAIIEH uepes TOY-
Ky (1, 2, ..., n) NePNEHANKYIAPHO IIJIOCKOCTH:

nx, +(n—-1x, +...+2x,  +x =4.
xl—l x2—2 X

Omeem: - = mo1 =..= 1
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8. HammcaThs ypaBHeHMWe ILIOCKOCTH B R,, mpoxoasmei
yepe3 TOYKH

Q=@1,000), @=(@1,1,0,0),

@=01,1,10, @=@0,1,1,1).
Omeem: x, =1 (1+x, +0-x,+ 0-x, + 0-x, = 1).

§ 28. JIunmeiiHoe mporpaMMHpoOBaHHE

28.1. Beepeunue. Jluneilnoe npozpammuposarue — 3T0
pasfiesl MaTeMaTHUKY, N3YJAIOMUNA METOABl HaXO0XK/ACHUA MaK-
CUMAaJbHbIX WY MUHUMAaJIbHBIX 3HaYeHUH JMHeHHO! OqHO-
poxHO# GopMBI — JuHeTHO! QYHKIUHU

n
Fps s %) = D 4% 1)
k=1
B HeKOTOpO# o6nacTu G n-MepHOrO NpocTpaHcTBa B = {—o0 <
<x,<eo,i=1, .., n}, Iie c, — MOCTOSTHHbIE YUCJA, HE BCE

PaBHBIE HYJIIO.

HAcuo, uro ecnu G = R,, To auHeitHaa ¢yuxnua (1) xe
uMeeT HaubGoJbIero ¥ HaMMEHBIIero 3HaYeHU: supf = +oo,
inff = —oo,

Opuaxo ecam MeI OyleM pacCMATPHBATh OrPDAHUYEHHYIO
3aMKHYTYIO 00s1acTs G, TO JuHeitHasa GpyHkuusaA f (HenpepsIB-
Had Ha R, a ciefoBaresnbHO, ¥ Ha () OCTUraeT CBOUX MakK-
CHMAaJbHBLIX ¥ MUHMMAJBLHBIX 3HaueHu# Ha G. Tak kKax

of

8x,=ct i=1,..,n=1, n)

U ¢, ONHOBPEMEHHO He PaBHBI HYJIO, TO JUHeHHad QYyHKIUA
f He MMeeT cTaMOHAPHBIX TOYeK. IloaToMy HaubGoJblmee u
HauMeHblllee 3HAYEHUA 3Ta PYHKIUA JOCTHUraeT TOJLKO Ha
rpaxule JG.

Tak kak maxf = —min(—f), To B ganpHeileM MBI Oymem
roBOPHUTh TOJbKO 0 MUHUMYMe JuHelHON byHkuuu [ Ha G.

28.2. TpaHwcnopTrHaa 3ajgaya. XapaKTepHO#l 3aja-
yeif, mpHBOAAINeN K YKa3aHHO# BHIIIe IIpobieMe (HAXOXAe-
HUSA MHHUMYMa MJIM MaKCHMyMa JIMHeHHOH QYHKIUM), SBJISA-
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ercs TpaHcHopTHas 3apgaua. Tpebyerca Haubosee
9KOHOMHO, B CMBbICJIe TPAHCIIOPTHBIX 3aTpaT, IlepeBe3TH IoTpe-
OuTenAM 3aKa3aHHYI0O MMM HA AAHHBIX NPEANPUATHUAX IIPO-
Aykiuio. XapakTep NPOAYKIMM B JaHHOM clIydae He MMeeT
3HavYeHuA. BaykHo, 4TO peub uaeT 06 OMHOTUIIHOM MPOAYKI[HH.
Hrak, mycTs MMelOTCA NpeAnpUATHA (IpousBopuTenn) B,
..., B,, BBITyCTHBIIINE IPOXYKIMIO B KOJIYECTBE COOTBETCTBEHHO
b, ..., b, TOHH. DTy IIPOAYKIMIO HAZO AOCTABUTH NMOTPeOUTEIAM
4,, ..., A, B KOMYecTBax a,, ..., @, TOHH COOTBETCTBEHHO, T. €.
a,- KOJIH‘{ECTBO nponyxnnn, 3a1ca3annoe norpeduTeneM A
Takum obGpasoMm, HaZl0 CUUTATH, UTO

s t
2 by = 2 @
g=1 p=1
T. €. BCA NMpPOU3BefeHHas IIPOAYKIUA paclpefelieHa MeXIY
npeanpuaTuaAMUA. CTOMMOCTh IepeBO3KY TOHHBI IPOAYKIIAM
oT B K A obo3HaunM yepes € . IlycTs KOJMMYECTBO NMPOAYK-

l.um, p;oc'raBJIermon us B B A oyner X, . Torga croumocTs
TIePeBO3KH IPOAYKIUAHU 6yne'r

S = 22 qpx

g=1p=1
Tpebyercsa Tak cOCTaBUTh IlJIaH IIEPeBO30K, YTOOBI cyMMa
TPAaHCHOPTHEIX PAacXo/0B S OblIa MUHUMAALHOIL.
Taxkum 06pa3oM, MBI IPUILIN K CAEAYIOME MaTeMaTuiec-
Ko# 3ajaue.
HJana nuueiinaa QyHKIUA

s t
=22 % @)
g=1 p=1
TpebyeTca HATH ee MUHMMYM IPY OTPaHUYEHUSIX

t —
qup =b, (@=159),

p=1
L] —
Yxp=a, (p=11,

T. €. CyMMa NPOAYKIIMH, II0JyYeHHOH noTpeburenamu 4,, ...,
A, OT IPOU3BORUTENIA Bq, paBHa NMPOAYKIAMN bq, BbIpaboTaH-

3)
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HOM 3THUM IIPeANPUATHEM, a CYMMAa IMPOAYKIIUHU, MOJYIEHHOK
norpebuTreneM A oT Bcex Ipomssogureneit B, ..., B,, paBHa
notrpebHOCTH a, 3TO0TO norpebuTes.

Ilo xapax'repy 3ajlayy TaKxKe ACHO, YTO X, 2 0.

Taxum obpa3om, cpedu ueompuuame.nbuux Dbewreruil {x }
cucmemvt (3) Heobxo0umo evi6pamsv marxoe, npu KOMOPOM s
docmuzaem HauMeHbULE20 3HAYEHUA (MUHUMUIUDYEMCA).

28.3.06mas 3agavya JUHEHHOro MporpaMMu-
poBaHudA. B obmeM ciydyae 3afayy JUHEHHOro MporpaMmu-
POBaHHUS MOYXHO c(POPMYJIMPOBATH CIEAYIOLIMM 006Pa30oM: JAaHBI
cHCTeMa JUHEeHHBIX ypaBHEH (i1

n
Qe+ b =0 (=1,.,m=1m) )
k=1

(rme MOXXHO CUMTATh, UTO bj 2 0, usMeHssA, eCIM HYXKHO, 3HAK
B COOTBETCTBYIOIIEeM ypaBHeHuH (4)) u auHeitHas QyHKIuA

n

f= 2w, W
k=1
TpebyeTca cpeiy HeOTPULIATEIbHBIX DellleHu# cucTeMbl (4)
x =(x,, ..., ¥,), x, 2 0, HaliTH TaKoe peleHHe, AJIA KOTOPOTO

JuHeHaA (bynxmm [ NpuHUMaeT HauMeHbIllee 3HaAYEHUE.
VpaBHeHus (4) OOBIYHO HA3BIBAIOT 0ZDAHUYEHUAMU KaH-

Ho#t 3amaun. KoHeuHO, TpeGoBaHUe, YTOOHI x,20(= 1, n),
TOXKe ABJIAETCS OrpaHMYEeHNEM, HO OHO IIPUCYTCTBYET BO BCeX
3afiayax IMOJOOHOTO THUIIa ¥ ero He IPHUHATO Ha3bIBATh Orpa-
HuueHueM. Jl1060e HeoTpuIlaTesbHOE pellleHUe cucTeMbl (4)
OyZeM HaA3BIBATh OONYCMUMbBIM, a DPellleHHE, peaiA3yloliee
MHUHUMYM, — ONMUMAJbHbIM.

OTMeTHM, YTO YypaBHEHUS CHCTeMHI (4) ¢ reoMeTpPUYECKOM
TOYKHM 3PEHMA NpeJCTaBIAIOT MIocKocT: B R . UToObl 3afaya
o MuHuUMyMe f ObLIa cofepIKaTesibHOI, HeO0XOAUMO, UTOOBI
YHCJIO M OTPAHUYEHHUI TUIA PABEHCTB OBLLIO MEHbIIE I.

Hanpumep, npu n = 2 Haau4yue ABYX OTPaHUYEHUH O3HA-
YaeT, YTO HEOTPUIlATEJbHOE PellleHre CUCTEMbI JOJMKHO OBITH
TOYKOM (X,, ¥,) epeceyeHus NPAMBIX, IIPEJCTABIAIOIIMX YpaB-
Henus cucremsl. Torga 3agaya o HaxXoXKAeHUM Minf CBOJUTCA
K BbIYHCJIeHUIO f B 3T0i Touke. Ecii npsiMele napasjenbHsl,
TO 3ajaya TepsAeT cmbica. Eciau orpanuuenuit Gosnile ABYX,
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TO CHCTEMAa WM HeCOBMECTHA, WM Xe Bce NMpAMEIe NMPUHAJ-
JIeXKaT OJHOMY IIYUKY:
A(x - x,) + By - y,) = 0.

B atom ciayuae MmuHMMyM f TakKe paseH f(x,, Y,)-
B psAzne mpakTHYecKHUX 3ajay (Hampumep, B 3afadye O Aue-
Te) OrpaHUYEHUs] HOCAT BHJ HEePaBEeHCTB

n
b, + Z,alk:’c,c 20 (=1,m,x,20,k=1,n). (5
k=1

Onnako OT OHOTO THNA OrpaHMYEHHUH JIETKO IepedTH K
Ipyromy. B camom fene, eciu orpaHMYeHHS HOCAT XapaKTep
HepaBeHCTB (5), TO BBOAUM HOBEIe J06aBOYHBIE HEM3BECTHEHIE
X,.i1> +oes X,,,, C IOMOIIBI0 YPaBHEHUN

n
Xpyy = b, + zajkxk G=1,m).
k=1

Torna mepaBeHcTBa (5) PaBHOCHJIBHBI YCJIOBHIO X, 4y Z 0

(G=1m), x,20(k =1, n), u MBI NIPUILIHA K OTPAHUYEHUAM
Tuna paBeHCTB (4), X0TA ¥ ¢ GOJBIINM YHCJIOM IIepeMeHHBIX.
O6paTHO, IyCTh UMEIOT MECTO OrDAHUYEHUS THUIIA PaBEHCTB
(4). Toraa, peimas 3Ty cucreMy (HalIpuMep, METOAOM HCKIIIO-
YeHUs HEeU3BECTHBIX), MBI ITOCjle HEKOTOPOT'O YucJja IIaroB
wiu ybeJuMcs, YTO CUCTEMa HECOBMECTHA, MJIM XKe Pa3pelm
cucreMy (4) OTHOCHTEIBHO HEKOTOPBIX HEU3BECTHHIX:

X, =0y, X, + ..+ ox + B,

e e e e e e e e e e e .. (6)
X, =0, %, ,+..+o.x +B,

3hech r — paHT MaTpHIL Ko3hdunreHToB cucreMsl (4).

TopgcraBnsas 5TH BRIDAXKEHUA X, ..., X, B QyHKOMIO f,
nosy4aem

— ’ ’ ’
f=c + X, + ...+ ¢, x,.

ITocne aToro ucxopHas 3ajfauya MOXKeT OBITH chOPMyJIHpPO-
BaHa ciefyoiquM obpasom. JlaHwl cucTeMa
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0y Xy t et o x, + B, 20,

1,n"n
o, Xy oot x, + B, 20
r TUHEHHBIX HePABEHCTB C 71 — I' HEU3BECTHBIMHU X, ... X, U
JNHHeMHaa QYHKIUsS
_ ’
f=c + 1%y + oo + cpx,. 3

TpebyeTca cpefy BCeX HEOTPHUIATENbHBIX PelleHUM cuUCTe-
Mmu! (7) HalTH Takoe, KOTOPOe MUHUMU3UPYeT f.
9Ta 3a7jaya 9KBUBAJIeHTHA MCXOLHOM. B camMoM fene, ecau

MBI HaIM peinenue sagaun (7), (8) x°,,, ..., x°, To, Haxons

no ¢opmynam (6) HeoTpunaTe IbHBIE 3HAUECHUS x{) s eees x? ,

MBI IIOJIYYHM CHUCTEMY YHCeJl

0 0 0 0
Xis eees Xps Xty oo X

KOTOpasA CIOyXXUT pelmeHueM 3azauu (1), (4).

Taxkum obpasoM, 3ajauy JMHEHHOr0 NMPOrPaMMUPOBAHUS
MOXKHO CTaBUTh C OTPAaHUYEHUSIMHU THUIIa HepaBeHCTB. U3 Ta-
KO# IIOCTaHOBKH BHIHO, UTO 00JacTh (G, B KOTOPOM MBI HINEeM
MUHUMYM f, IIpeJcTaBasAeT cO00H « MHOTOTDAHHHK» B HEOTDH-

narenpHOM yrie R (1. e. xorma x, 20, k= 1 ), a ee

rpaHuna oG COCTOMT M3 «IJIOCKMX rpaHeil», HAXONAIUXCH B
ILIOCKOCTSAX IpocTpaHcTBa R :

n
kzlajkxk + b5, =0. 9)

MnoxecTBo G C R, HasmIBaeTCA 6bLnyKAbLM, eciu VX, y
eGox+ByeGa+p=1,0a p20.

W3 cucremb! HepaBeHCTB (7) sICHO, YTO « MHOTOTPaHHHK» G
BRIOYKJBIA U G HAXOZUTCA IO OOHY CTOPOHY OT JI0GOM U3
CBOMX I'paHeH.

CJI0BO «MHOTOIpAaHHMK» MBI IIHIIIEM B KaBBHIUKaX, TaK Kak
MOryT OBITH CIIydYaH, KOT[la 3TOT « MHOTOTDAaHHUK» OyxeT Heo-
rpPaHMYEHHOH YaCThI0 HEOTPHIATEILHOTO yria R .

Hanpumep, Ipu n = 2 ¥ Ipu TeX OTPAHUYEHUAX THUIA Hepa-
BEHCTB «MHOTOYTOJIbHUK» G MOXXeT ObITh HeOTPaHWYEHHBIM B
nepsoit yeTBepTu R,. Ha puc. 54 G — 3amTpuxoBaHHAsA YacTh.
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Zz

Puc. 54

B panpHellllleM KaBBIYKHM Yy CJIOBA «MHOTOTPAHHMK» MBI
OyJeM OIyCKaThb.

IIpu Haxo)XJeHHM MUHHUMyMa JHHeHHOH GyHKuuM [ Ha
3aMKHyTOl obmactm G = G, MEI IOCJIefOBaTeJIbHO OyHem
NepeXoquTh Ha ILUIOCKHe rpaHu (G, MeHbIIell Pa3MepHOCTH.
Ormerum, uro rparuna JdG, n-MepHOTO MHOTOTPAHHHMKA COCTO-
HUT M3 HEeCKOJbKUX (n — 1)-MepHbIX MHOTOrpaHHUKOB. Ecin
G, — orpaHNMYeHHBI} 3aMKHYTBEI# MHOTOTDAaHHHUK, TO JIMHeH-
Hasd GyHKuus [ AocTHUraeT MHHHMyMa B HEKOTOPOM TOYKe
rparunsl dG,. IIpu paccMoTpeHuu NuHeiHOH byHKIuYU [ Ha
39TOM HOBOM MHOTOTDAHHMKE MEHBIIIEro Yucjia U3MepeHuii OHa
cHOBa OymeT nuHelHOM (QyHKIUel, HO OT MEHBIIEro Yucia
nepeMeHHbIX H, CJIef0BaTeJbHO, OYAET AOCTUTaTh MMHUMYyMa
Ha rpaHune dG,_;, KOTOpas COCTOUT U3 (7 — 2)-MEepPHBIX MHO-
rorpaHHuKoB. IIpogoikast 3TOT nmpolecc, MbI IPUJEM K CIIY-
yalo, KOrja JuHeilHad QYHKIUA pacCMaTPHUBAETCSA Ha OXHO-
MepHO# rpanu (pebpe G,), rpaHUIell KOTOPOH ABJIAIOTCA TOYKH
(BepmuHbI MHOrorpannuka G,).

Taxum obpasom scHO, 4TO ecau G, — 0zpanUYeHHbLL 3a-
MEHYMDbLL MHO202DAHHUK, MO JUHelHaA QyHnKyus docmuza-
em MUHUMYMA 6 HeKomopoli eepuiune G,.

Eciu MuHMManpHOe 3HayeHUe AOCTUTAeTCA B ABYX BepIIu-
HaX, KOHycax pe0bpa, COeAUHSIIONMIEr0 3T TOYKH, TO B ITOM
CUTYallU¥ CYIIecTBYyeT 6eCKOHEYHOe MHOXKEeCTBO TOUYEK, B KO-
TOPHIX JUHeNHasd QYHKIUA AOCTHUraeT MUHUMyMa.
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n
3amevanue 1. Ecnu dpyuaknusa f = zckxk + B, roe B
k=1
— IIOCTOSIHHOE YKCJIO, TO MBI MCCIefyeM CHauasa JHuHeHHYI0
dopmy ¢ = f — B, u ecnu min ¢ = @, To min f = ¢, + B.
W3 nmpuBefieHHBIX COOOpaXKeHUil BBHITEKAET CJeAYIoIui
2zeomempuyeckuil memod pellleHUs ITOCTABJIEHHOM 3ajadyu o
MUHUMYMe JUHeHHOH dopmsel f.
PacemorpuMm mimockocTu ypoBHA pyHKIMH f:

C= D sty (< C< ) (10)
. k=1

VYpasuenue (10) npu pasauuneix C B mpocrpancTBe R,
uzobparkaeT ceMeHCTBO NapaJlIeJbHBIX ITOCKocTel (cm. § 27).
ByzneM HenpepbsIBHO M MOHOTOHHO U3MeHSATbh C OT —oo 10 +oo.
Toraa nnockocts (10) Oyzser nepegsuraThesa B R, B Hanpasie-
HHUH BeKTopa (¢, ..., C,), KOTOPHIi, KAK MBI 3HaeM, IepIeH -
kynapen mirockoctu (10). Ouesmgno, uto ecnu ¢, > 0, To
mnockocTs (10) mogrMMAaeTca BBePX OTHOCHTENLHO OCH X, IIPH
usMeHeHun C OT —oo 10 +oo; ecyiut e ¢, < 0, To mrockocTs (10)
OIlyCKaeTCA BHHU3 OTHOCHTeJbHO ocu X,. IIpm ¢, = 0 mioc-
KocTh (10) ABMIKeTCSA BIPABO MM BJIEBO OTHOCUTEJNbHO OCH
X, , B 3aBMCHMOCTH OT 3HaKa umciaa ¢, (c,, # 0). Eciu
¢,> 0 u npu Bcex C < C*, rae C* — HEKOTOPOE AEHCTBUTEILHOE
yuco, miockocts (10) mepecekaer o6aacth G, To inff = —co.

Ecnwu xe aroro Her, To npu HekoTopoM C = C; ILIOCKOCTH
(10), aBurasacy B HampaBJeHUH BeKTOpa (C,, ..., C,), BIEPBHIe

BCTPETHUT 3aMKHYTYIO o0j1acTh G B HEeKOTOpO# Touke ( xi’ y eees

xg)- Torpa B aTOH TOYKe BCTpeuw QYHKIUA [ U JocTUraeT

MHHUMYMA.

Ha puc. 54 npu n = 2 npsamas ypoBHS mpu Bo3pacranuu C
nopaumaercs u npu C = C, BIepBEle BCTPEYaeT 3aMKHYTBINA MHO-
royromsEnk G B Touke (x), xJ). 3Hauwt, min f = f(x), xJ).

Ecsau rpadp MHororpannuka GG, IpOXOoAAIIAA Yepe3 TOUKY
nepsoit Berpeun G ¢ MJIOCKOCTHIO YPOBHS, IMapajulesIbHa IJIOC-
xoctu (10), To nMuHeHHAA GYHKIUA [ TOCTHraeT MUHAMYyMa B
n1000#1 TouKe ITOH rpaHu.

ITOT reOMeTPHYECKHUI MeTO/ pelieHus IIOCTaBJIEHHOI 3a-
gayu a¢deKTHBeR JUIIbL OIpU 2 = 2, T. €. KOTJa IJIOCKOCTH
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(10) — npamele 1 G — MHOTOYTOJILHUK, OPAaHUYEHHBIH HIH
Her. IIpy n = 3 B3auMHOe pacnosoXKeHHe ILIOCKOCTel u
MHOI'OYroJbHUKA G TPYJHOYJOBMMO, a IIPU N = 4 MBI IIPOCTO
He MoXXeM IpuberHyTh K HalVIAAHBIM rpaduyecKum m3obpa-
IKEHUAM.

IIpumep 1. Halitu Munumym dysrnuu f(x, y)=3 — x —y
(x 2 0, y 2 0) npu orpaunyenuax (puc. 55)

x-y+120,
G=132y+x-220,
4-y-2x20
fcHo, yTO 0GmacTs G ecTh Tpeyrom,nmé C BepIIMHAMHY B
roukax M = (2, 0), N = (1, 2), P = (0, 1). Ilpamas yposHa
byaKIUY f:
3—-x-y=C_,

npu Bo3pacTaHuu C OT —eo [0 +co OIYCKAETCSA OTHOCHTEIbHO
ocu ¥ (xoahpunHeHT IPU Y OTpULATeNIeH); e MepBaA TOYKA
BcTpeuu ¢ G ecTh BepmuHa N. 3Hayenue PyHKnuu f B 3TOMH
To4Ke paBHO Hymo (C = C, = 0). tak, pemeHue 3afauu ecTh
x=1,y=2,f=0.

B paEHOM ciaydyae MOMXHO ObLIO 6Bl IPOCTO BHIYHMCIHTH
3HayeHHe f B Toukax M, N, P u B3aTh HauMeHbIIee: f(M) =
=1(2,0) =1, f(N) = f(1,2) = 0, f(P) = f(0, 1) = 2, 1. e.
min f = f(N) = 0.

¥

(c,,¢) |_

2
S ’
7
Cpe)y’ -

Puc. 55 Puc. 56
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IIpumep 2. Haittu Mmunumym dyuxnuu f = 3 — x + 2y
IIpU TeX JKe OrpaHMYeHUAX, UTO U B Ipumepe 1.
B pnaHHOM ciy4ae IpAMasi YPOBHA QYHKIMHU

3-x+2y=2=0C

npu BodpacrtaHuu C OT —co O +eo mogHUMaeTcA (puc. 56)
BBEPX OTHOCHTENbHO ocHu Y (¢, = 2 > 0) u ee nmepBad ToOuKa
BCTpeuH ¢ oOnacThio GG ecTh BepminHa M = (2, 0). 3HaueHue
¢yuxnuu f B aT0it Touke paBHO 1 (C = C, = 1). 3nech ToXKe
MpoIlle BCEro B3ATb HauMeHbIlee cpeau uyucea f(M) = 1,
f(N) =6, f(P) = 5.

IIpumep 3. Hajitnu MmuaumyM ¢pyHKIUHM [ = —X IIpu Or-
. PAHUYEHUAX .

x+y—-320,
x-y+120,
-x+y+120,
2x+y 20

G =

fcHo, uTO mocsiefHee orpaHuYeHHe HECYIIECTBEHHO, OHO
TlepeKpbIBaeTcsa ycyiosueM x > 0, y = 0.

Ob6sacTh G HeorpaHuuYeHa M IIpeACTaBJAET cOOOM IOJIOCY
(puc. 57) mexxay mpameiMu x —y +1=0,-x+y+1=0
U npaBee npsamoi x + y — 3 = 0, KoTOopas IepeceKaer 3TH
npsamsble B Toukax N = (1, 2), M = (2, 1).

IIpu x — +eo bpyHrDUa f(x, y) = —x = —oo, (%, y) € G.
IlosTomy nuHeitHad QYHKIUA [ He UMeeT HAUMEHbIIIEro 3Ha-
yerud (inff = —oo).

¥

Z o) |0

172

Puc. 57 Puc. 58
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B pannom npumepe npsimas yposHa —x = C mpu Bo3pac-
TaHuU C OT —co [0 +oo ABUIKETCHA BJIEBO (c1 = -1 < 0) u npu
BcakoM C < —1 nepecekaer G, sHauurT, inff = —oo.

IIpumep 4. Halitn munnmym Gyrxknyu f =4 — x + y — 22
IIpU OrpaHUYeHUAX

G = {15—"—+—y—+isz}’
a4 @ a3
rge a,, a,, a, — MOJIOKUTeNbHBIe YHCIIA.

Acuo, yro obnacts G (puc. 58) ecTh YacTh IPOCTPAHCTBA
R,, naxopamasca B nepBoM oKTanTe (x 20, y 20, 2 2 0)
Mexcny IIJIOCKOCTAMHY

i_‘__y__‘_i . 1’ i.{.i_k_z_ — 1.
a, a, a 2a;, 2a, 2a3

B ganHOM ciyuae MHOrorpaHHUK GG MMeeT IIeCTb U3BECT-

HBIX BEpIINH

(a;, 0, 0), (2a4,, 0, 0), (O, a,, 0), (O, 2a,, 0),

0, 0, a,), (0, 0, 2a,).
IToaTomy, BBIUMCHAA QYHKIMIO f B 9THX TOYKAX, JIErKO
HaXOJUM ee MUHHUMYM X MaKCHUMYyM:

mGinf= min{4 - a,, 4 — 2a,, 4 + a,, 4 + 2a,, 4 — 2a,,

4—'20«1, a >2(13,

4 - dag} = min{4 - 2a,, 4 - da)} = {4—403, a, < 2ay;

maxf =4 + 2a,

284. BexTopHo-MmaTpuuHaa ¢popma 3ajauu
JUHENHOro NporpaMMupoOBaHU4dA. 3aauy JUHEHHO-
ro IIPOrpaMMHPOBaHUA MOXHO c(OpPMYIHpOBATH TaKiKe B
BEeKTOPHO-MaTpuyuHOi dopme. Ilycts ¢ = (c,, ..., c ) x = (x,,
<y X,), 0 = (0, ..., 0) — BexTOpPHI NPOCcTpancrea R ; b = (b, ...,
b,) — BeKTOD M3 npoc'rpanc'rna R, ;
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a1 Gy .- Oy,
Ay QG --- Gy

e o o o e o o o o o

Any Qp2 --- amn

— MaTpuIia pasMepa 1 X m, COCTaBjeHHasA U3 K03(hdHUIUeHTOB
cucremsl orpanmuenuit (4). Jiumeinaa oynxnmua f(x) =

n
= 2 Cx*r = cx ecTh CKANIAPHOE MPOM3BE/IEHNe BEKTOPOB C H X.

k=1

ITosToMy obmiyio 3azady JUHEHHOTO IIPOTPAaMMUPOBAaHUSA
MOJKHO 3aIlMCaTh B CJIeAYIOIIeM BuAe: TpeOyeTcd MUHUMUBU-
poBaTh CKaJsipHOe IIpOM3BefieHWe cx Ipu yciaoBuu x = 0 un
Ax+b=0.

ITpuMeM cTONOUBI MATPHIBI A 3a BeKTOpHI U3 R :

P, = (a,; a, ..., a,,), ..., P, = (a,,, a,,, ..., a,,).
Toraa nerko moxyuaem, 4To
Ax = (a,x, + ... + a,,x,, ..., a,;x, + ... + a, x) =
= (a,,%;, @y X,, ..., @, %) + ... + (a,x,, ..., a,X,) =

=Px, + Pyx, + ... + Px,.
ITosToMy cuCTeMy OrPaHMYEHMH MOMKHO 3aIIMCATh B BHJE

i Px, = -b.
J=1

Ecnu panr A = m, To cpenu BekTopos P, ..., P, uMeerca
m NUHEeNHO He3aBUCHMBIX, KOTOPHIE MOJKHO IIDUHATH 3a 0a-
suc B npocrpanctse R (cMm. § 16). CrnenoBarensHo, 110603
BeKTOp (—b) € R, MOXeT GBITH DA3JIOKeH II0 3JIeMEHTaM 3TOrO
6asuca. Ham Heo6xoauMO BHIOpaTh TaKO# 6asuc, 4TOOBI BeK-
Top (—b) pasnaraincs 1o BeKTopaM 3Toro 6asuca ¢ HeOTpUIla-
TeNbHBIMM KO3DDUIMEHTAMH X, X,, ..., X,.

PasnuuHBEIX m-MepHBIX 6asucos (m < n) us BeKTOpos P,
..., P xoreuHoe umcno. Cpequ HMX MOTYT OBITH 6a3MCHI, IO
3JIeMeHTaM KOTODBLIX BeKTOp (—b) pasiaraerca ¢ HeoTpMIa-
TenbHBIMM Ko3ddunuenramu. Torga MUHIMYM CKaJXSDHOrO
npousBeAeHus (IUHeNHON QYHKINM) JOCTUTAETCA Ha KOHEU-
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HOM MHOXXeCTBe TO4YeK X = (X, ..., X,) € R, rne X, — K0a(-
dunueHTH pasjaokeHUs BeKTopa (—b) 1Mo sjleMeHTaM HEKOTO-
peix 6a3uCcoB.

Ecan 6asucos ykasarnHOro THUna HeT (BeKTOp (—b) He pas-
JlaraeTcsa IO 3JeMeHTaM 0a3uCOB C HEOTPHUIATEJbHHEIMH KO-
sdhdunuentamu), To 3afaya JUHEHHOro IPOrPaMMHUPOBAHUA
He MMeeT pelleHua (Hepaspellnma).

Taxum oOpasom, 3alaya COCTOMUT B TOM, KaK HaWTH 6a3uc

(P, oy By)
TakK, YTOOHI

m

-b = zxklpkm ’ xkl 2 0’

j=1

m

minf = minex = zck Xp .

1 ]
ZIZO i=1

28.5.CuMmnaekKc-MmeTo . PeasbHble 3ajauy JUHEHHO-
ro IpOTPaMMHUPOBAHUA COAEPIKAT, KAK IIPaBWJIO, OOJIBIIIOE YHC-
JIO OTPAaHUYEHUI U HeU3BEeCTHHIX. I103TOMY ecTeCTBEHHO, YTO
pellieHVe TaKuX 3aJa4 CBA3aHO C 0OJIBIIMM 00'BEMOM BBHIYHC-
JeHu#. ITO 3aTPYAHEHUE IIPEOLOJIEBAETCA C IIOMOIbIO OBICT-
POAEHCTBYIOIIUX 3JIEKTPOHHO-BEUHUCINTENBHEIX MalnnH (9BM).
s xaykaoi 3ajjayy pa3pabaThIBAlOTCA aJTOPUTM M IIPOrpaM-
Ma, ¥ 3aTeM OBM B KOPOTKHII CDOK JaeT pellleHHe IIOCTABJIeH-
HOM 3ajayu.

CylIecTBYIOT M Apyrue o0Iye MeTONbI, IO3BOJIAIONINE HaM-
TH pellleHue J11060# 3afiauy JTUHEHHOro IPOrpPaMMHUDOBAaHUA B
0003puMOe YMCJIO IIaroB.

Taxum asiasgerca cumnaerxc-memod. OmuilleM MIeI0 3TOro
MeToza.

IIycTs Hago HAMTH MUHUMYM JIMHEHHON GYHKIMH

n
fx) = ch + 2,65 (11)
j=1
cpean 3HAYEHHH x, 2 0 (G =1, ..., n), yIOBIETBOPAOIIUX
pPaBeHCTBaM
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’

axi+t bp=0 (k=1,.,mm<n). (4
j=1
Heorpunatensuble peleHus cucreMst (4) x; 20 (j = 1L, n)
MBI YCJIOBUMCA Ha3BIBATh OONYCMUMbIMU, & TOUKY X =
= (X}, s X)) — donycmumoit moukoii. TlokaskeM, Kaxk 3Ty
3a7la4y MOYKHO DPEeIlINTb, IPUMEHSS CUMILIEKC-METOx.

Ilycts panr marpunst A” = (a,-'j) paser r < m (r — paur A').
ByaeM cumraTrh, UTO cucTeMa (4) paspelimma OTHOCHTEIBLHO
Xpy eeey X0

Lr), 12)

n
% =b, - Zak,-xi (%

j=r+l

u yucna b, Heorpunarensust (b, 20, k= 1, ).

B sTom cayuae rosopAr, uTo NepeMeHHEIE X, ..., X, 00Opa-
syioT 6asuc — 6asuc B = {x,, ..., x }. OcTanbHble IepeMeHHbIe
Ha3bIBAIOTCA C80600HbIMU NN HebasucHbimu. Cnenyer obGpa-
THATH, BHUMaHMWE, YTO 3/IeCh MOHATHe 0asuca He COBIAfAeT C
nouarueM Gasuca u3 § 16.

Bomnpoc 0 BoaMOKHOCTH Iepexofa oT cucreMsl (4) K cucre-
me (12) 6ymer paccMoTpeH Huke B . 28.8.

" Cuctems! (4) u (12) paBHOCHIBHBI, II03TOMY AOIYCTHMASA
TOYKA X CHCTeMHI (4) ecTh gomycTuMas Touka cucreMsl (12), u
obpaTHO.

Ouesupnno, Touka b =(b,, ..., b, 0, ..., 0) fromycTumasn, ee
HashIBAIOT OA3UCHbIM pelleHueM, OTBedalolquMm Oasucy B.
Bynem nucate f(b) = f,. B cuny pasencrs (12) dyrxnuio f
MOKHO 3allMCcaTh B BUJle JMHEHHOR DYHKIMM OT IIepeMeHHBIX
x;,G=r+1, .. n):

n

) = co— X,¢%; . (13)

j=r+l
,
, Zc'.b.
OueBuzHO, uTO fz = cH = ¢y + ivi.
j=1
ITepBerit aTam CUMIIEKC-METO/IA CBA3AH C PACCMOTPEHMEM

¢yuxnuu f, onpenensgemoit pasencrsoM (13), 1 cucTeMsl orpa-
HU4YeHU# B Buje paBeHcTB (12).
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PaccmoTpuM yeThipe BO3MOXKHBIX cayuas I, II, III, III,.

Canyuait I Ilycrs c, <0pnascex j=r+1, ..., n. Torna
MHUHHUMYM f, onpenenaemon pasencTeoM (13), oTHOCUTENBHO
BCeX X; 2 0,j=1, ..., n, 6y11e'r paBen c;:

min f(x) =
x, 20,
j=l,...,n

9TOT MHHHMYM OCTAaeTCHA TeM K€ JJIA JOIYCTUMBIX X , ...,
X,. OTUM 3ajjada Ha MMHUMYM DeIlleHa.

Cnyuai II. Ilyers gnsa mexoroporo j, ¢;, > 0 u Bce
K0abdUIMeHTH! Gkj;, MaTPUULL A = (a,u) HEIIOJIOXKNTEJIbHBI:
Ajy <0(k=1, ..., 7).

Torga mpu no6om X; 2 0 (r + 1 < jj < n) Touxa

O = (%, wer %, 0, o0y 0, X;, O, ..., O). (14)

rae x, (k =1, ..., r) Beruncasioresa no popmynam (12), 6yaer
JOIIYCTUMOM, ¥ €CJIM ee IOACTABUTH B f, TO moayyum f =

= ¢y — Cj,Xj, —> —co IpU X —> +oo. IloaTOMY
inf f(x) = —e,
x,20
¥ Hally 3ajady O MMHMMYMe MOXXHO CYHTATh DellleHHOMH.

Cnyuait III. Ilycts gna HekoToporo j, KoadduiueHRT

Cj, GyHKIMM [ ONOKUTENbHBIA (Cj) > 0) 1 uMelOTCA HOJIO-
KUTeAbHbIe KOADOHUIUEHTH O B j,-M CTOJNOIE MaTPUIBL A:

A, >0 (ke o), (15)
rfie € — MHOXXEeCTBO MHIEKCOB k, IJI KOTOPHIX BHINOJIHAETCA
HepaseHCTEBO (15).

IIycrs
bk b”o

min

=320 (L<Eky<r, ke €. (16)
kee a,,jo a,,ojo
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JJIeMeHT akofo Ha3bIBAKOT pa3pewarniyum 3jemMeHmom.

PaccmoTpum oTaennHO caydam & > 0 m & = 0, KoTOpHIe
6ymem o6osrauaTs yepes III, u III; cooTrBeTcTBEHHO.

Cnywuai III,. Touxa (14) ans 3HaYeHH# X; , YAOBJIETBO-

paomux Hepasercrsam 0 < Xx; < (8 > 0), gomycrumas. B

camoMm Jene, B cuay (12) npu £ € e HemocpeACTBEHHO BUAHO,
uTO

X, = b, = 4, %j; 20 (a4, <0),

a npu k € e B cmy cooTHourenuit (15), (16) umeem
x b

e = by = Gkjy%j, 2 b, — @y 3 =

- sk by _ -

=b, — a;, mn 2 b, — &, . =b,-b,=0.
ce Qyj Ejo

Ecnn X; HempeprIBHO BO3pacTaeT OT 0 mo 8, To BCe x,20

(=1, ..,7),a X = bko = @y, j,Xj, K TOMY K€ HellpepPHIBHO

yOBIBaeT OT bko o 0. Ilpn pmanpHeHnIeM BO3pacTaHUU

X;j, TlepeMeHHas Xj CTAHOBUTCA OTPHUIATENLHOR U TouKa (14)

nepecTaeT OBITH JOIYCTUMOI.
PyHKUNA

f(x%) = ¢, = ¢ %),
npu Bospacrarmu X;, or 0 mo & y6mBaer ot f(b) = ¢, mo
f(oY) = ¢, - ¢;,8, rme
b= (b, - @;,9, ..., b -

r

a,;,0,..0,4,0, .., 0 (17)

U O CTOMT Ha j,-M MecTe.
Taxkum obpasom,

¢y = f() > f(bY) = ¢, - ¢;,8.

OtmeruM, 4TO KOOpAuHATa X (k, € €) B (17) pasna HyIO:
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5 5_ b _a
ko= Oky = Ohypo® = Opy — L = 0.

kolo

Tak xax @, > 0, To k,-e ypaBreHue cucrems! (12) MOX-
HO pelINTh OTHOCHTENbHO X, :

n
ay,

]
——70 _ 2 ol x] (18)
rore Ckosg j=r+l, koo
1#1o

Mz Bripasunu X, uepesd X U OCTaJbHbIE lePeMEeHHbIE
X, (j # jo j 2 r + 1). MOXHO BHIDA3UTH Yepe3 9TH NlepeMeHHbIe
TaKxKe J100y10 epeMeRRyI0 X, (kB # ky, 1 < k < r), ecniu mox-
craBuTh BhIpakenue (18) smecto X, B paBenctsa (12), coot-

BETCTBYIOIIMeE JIIOOBIM k # K.
HWraxk, B cryuae III, ynaerca pemuts cucremy (12) otrocn-
TeJIBHO IIepEMEeHHBIX

xp seey xko—ly x]o ’ xko+l’ eeey x,.- (19)

VYcnoBuo 3amuirem COOTBETCTBYIOIIYIO CUCTEMY DABEHCTB
TaK:

n
%,=by- D apx, (k=1,..,7), (20)
J=r+l
XOTA Ha CaMOM JeJie B 3TUX DaBeHCTBaX TOJBKO II€pPEMEH-
HEle X, (i # k, j,) OCTANINCE NPEXHUMH, a OCTAJIbHLIE Iepe-

MEHHEbIe xko u x]‘) IIOMEHAJINCh MeCTaMH.
IToxasxeMm, UTO CBOGOAHEBIE YJIEHBI

b,le 20 (=1, ..., . (21)

B camom gene, ecnu k € e, To (a, > 0)

a b, = a bk — _b_k?_. = a bk
ko — TR = Ky

a °la a °la
koJo kJo koJo ko

-8 |2>0.

by = b~
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Ecmu xe k €e (ay, <0), T0

a a ‘
1_p - Hop —p +‘$b =b + la, |20
by, k ), ko k a0 ko k ! kjo
¥ HepaBeHcTBa (21) foKa3aHHI.

Hrak, nmepemenHsle X, ..., X, B cucreme (20) ob6pasyior
6asuc — 6asuc B, (cm. Takxe (19)).

Dina GasucHoro pemenua b' = (b}, ..., b, 0, ..., 0)

fo, = fB) = ¢y = €48 < = f®) = f, (&> 0).

Basuc B, orivwueHn or 6asuca B, M RIS HEro MOXHO Ha-
YaTh BTOPOH aTam paccyxkaeHui (cayuqait I, II, III).
Taxum obpasom, cayuqait III, paccmoTpeH.

Cnyuai II,. Iyers ¢; >0, @ >0nnakee 6=0.

B sTom cayuae b,,o = 0 (cM. (16)) n paBeHCTBO C HOMepOM &,
B (12) umeer BUA

n
Xp, = — Za,wxl . (22)
J=r+1
Ecnu B paBencrse (22) Bce K03(DOUIMEHTH @p ri1, --.»

@y, TIOJNIOKUTENbHBIE, TO cHcTeMa (12) uMeeT eAMHCTBEHHOE

momycrumoe pemerne ¥, =0, j=r+1, .., n x,=b,20
(=1, ..., r). 3Hauenne pyHKIMY [ Ha 3TOM OAa3UCHOM pellle-
Hum 6yger: f = ¢,. 3amaya Ha MUEUMYM GYHKIUH f B 3TOM
ciydae pellieHa.

HonycTum, uto B (22) umetorca KoapduuuenTsr @, <0

AJA HEKOTOPOro 3HaveHus j (j # j ). Torna, xak u B cayvae IIT,
Ilepexon¥M K HOBOMY Oasmcy B, (sBogum B 6asuc mepemen-

HyI0 X, ¥ BHIBOAMM M3 Hero X , @ , — DPa3pemaiomui
snemeHT). OTMETHM, YTO B 9TOM Ciydae 3HaueHHe f,= Iz

(by,=0).

1
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Hrak, paccmatpuBas 6asuc B, Mbl au60 pemivM Haury
3ajlayy Ha MUHMMYM, Jubo mpuaem kK HoBoMy Gasucy B,
(B, # B). K Gasucy B, cHOBa MpUMeHsJeM Hall METOA — 3TO
OpUBEAET K PpelleHuI0 3ajauyM JuGo X HOBOMY Gasmcy B,
(B, # B,). IIpogomxkas 3TOT mponecc, MOJYyYNM IENoYKy 6asu-
COB

B, B,, B,, ... (B, = B). (23)

Ecan pna HexkoToporo s 6yaeT mMeTs MecTo caydait I uan
II, To nemouka Ha 3TOM s oGopBeTca U 3afiadya OyAeT peleHa.
Hnaue ot 6asuca B, nepexoxum x 6asucy B,,,.

OpHaxo MOxeT cayyuTbea yuka. OH 3aKJII0YaeTcA B TOM,
YTO XOTA KaXKABIM IOoCHeRAyIOITHN 0a3uC IEIMOYKH ¥ OTJHYa-
eTcs OT IpeABIAYINero, HO AJsa HeKOTOpHX s u I (I > 1) Oyzer
IIPONCXOAMTL COBIafeHMe 6asucos: B, = B,

Pasbepemcs, uto 3mecs npoucxoput. na Gasmca B, 4
nponsomen caydait III), T. e. oxasanocs, 4To cymiecTByer j,
(r+1<j,<n)uraxkoe k, (1 < k, <r), YTO

Cio >0, Arojo = 0, b"o =0 (56=0), (24)

¥ 3ro npuseno k 6asucy B, (B,,, = B,)).
Ho napa uucen (k,, j,), BooOIqe roBops, HeeMHCTBEHHA, U

Kakas-To apyrad mapa ( kg, j,), AJS KOTOPO# BBINOJHAIOTCA

cBoiictBa (24), MoXKeT IpHBeCTHM K 0asucy, OTIMYHOMY OT
Gasuca B,. 9To Ha caMOM JRejle ¥ MMeeT MeCTO, KaK y4HT
Teopusa (CM. HMXKe TeopeMy 1 ¥ 3aMeyaHWA K Heif).

TakuM o0pa3oM, ecam A HEKOTODHX S M [l cayuurcs
IMKJ, TO ero MOXKHO YCTPaHUATh. B aToM cayuae gas 6asmuca
B,,,, Hajo nepebpaTh BCeBO3MOXKHBIe napsl (K, j,), obrazxa-
jomue cBoiicrBamu (24). Kaxpas Takas mapa IPHUBOAHUT K
HekoTopomy 6Gasucy. Cpenm HUX eCTh OTJIMYHBIN OT 6a3mcos
B, B, ..., B,,, ;.

28.6. Yecrpanenne mukJja. Ha npakTuke IUKJIEL ObI-
BalOT OYeHb peAKo. Bce ke 060BACHUM, KaK UX MOXKHO «pa-
30pBaTh» (YCTPAHUTH).

OTMeTHM TeopeMy, AOKa3aTeJbCTBO KOTOPOi OyJer HaMe-
yeHO B 1. 28.7.
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Teopema 1. Om aw060zo 6a3uca B cyujecmeyem nymo,
sedyuuil K peureHul0 3a0a4U HA MUHUMYM, M. €. CYUeCcmey-
em yenoixa 6a3ucos, NOAYLaAeMblX CUMNIEKC-Menmodom, npu-
800awan K MuHuUmMymy (UAU K —oo),

HUrak, omycTh UMeeM ITHKJI

Ba’ Bl+1’ b4 BaH (B:+l = Bs)'
Torga, oueBHAHO,
fB: = fB:+l= cee T fBu»l ¢

Ilycts s, — HauMeHbIlee HEOTPHUIIATEIbHOE IleJI0e YHCIIO,
IS KOTOPOro

fBao = tho+l = e = fB:oH

(sto_l > fB’O ’ sos s, BSO = B80+l)'
OueBuaHO, A 6a3UCOB
Bso ’ BSO+1’ ooy BSO+I (25)

nmeer Mecto caydaii III. Ilepexoxn ot moGoro us aTux Gasu-
coB B, (s, < s < s; + ]) x mocrenyiomemy coBepIaeTcs HoCpex-

CTBOM pagspelalomiero aneMenTa @y ;, - Ho 6asucy B, moxeT
COOTBETCTBOBATh ¥ APYroi paspelalolquil 3JJeMeHT, KOTOPHIA

nepesoaut B, B 6asuc By,,, orawunblii ot B,,, (B;,, # B,,;).
Moxer cayduThesd, 4TO AJA M1060T0 S (S = S, ..., Sy + 1)

6asuc B;,; comepakurca B Hemouke (25). Torpa Bce 6asuch

(25) pemalor 3afauyy Ha MUHUMYM, T. €. sto = stO“ =.,.=
= stoH = minf. Bexap mo Teopeme 1 cyiecTsyer myTh, Beay-
muit ot B, x Mmunumymy. Ho B fanHOM ciydae Bce myTH OT

B, Benyt x 6asucam nemouxu (25).

OnHAKO MOXKET CIYYHUTHCH, YTO HJIS HEKOTOPOro S paspella-
foumi anemeHT Gasuca B, mepesomur B, B Gasuc B;,,, He
BxogAnmMi B nenouky (25). Torxa MbI MOJYyYUM HOBYIO IIEIIOYKY

By, Bsyi1sees By By (26)
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’

C HOBHIM NOCHefHMM GasucoM B;,;, KOTODHIA IOAJEXKHT

HCCJIeAOBAHUIO CHMILJIEKC-METOKOM.

Ho yxaszaHHBIX 3HaueHHi#l S MOXKET OKasaThCA M MHOTO.
OpHa U3 IeNnoYeK MOKET ¥ He IPUBECTH K HYXKHOMY Pe3yJb-
raty. Heo6xoaumo nmpousBecTy nepebop Bcex uemnouek. Orme-
THM, YTO caM IepeGop LeloYeK CTAHOBUTCA I'POMO3AKHM.

Ecsin mpousonies IMKJ, TO MOYKHO IIOPEKOMEHJOBATH CIIe-
IVaJBHBIA MeTOA BhIOOpa paspelnalolnero 3jaeMeHTa. OTOT
MeTOA CBS3aH C JONOJHUTEJLHBIMM BHIYUCIEHUAMHU, HO 3aTO
IocJIefOBaTeIbHOEe ero IpUMeHeHne HeoGX0oquMO IPUBOIUT K
pelieHMIO 3afauy 6e3 sanukianBaEus (6e3 o6pa3oBaHUA LMK-
JIOB).

28.7. Bri6op paapemalwomero antemMenTta. Cumi-
nexc-tabaunel. Ycnosumcsa BeKTop @ = (g, ¢;» -+ q,)
HA3BIBaTh IIOJIOXKHUTENILHBIM (OTPHLATEIBHEIM) U IHCaTh @ > 0=
= (0, ..., 0) (@ < 0), ecnu ero mepBas He paBHaA HYJIO KOM-
HOHEHTa IIOJIOKHUTeNbHAA (OTPULATENILHAA).

Byznem rosopuTs, 9T0 BeKTOp @ MeHbIIe BekTOpa D = (d,,
d,, ..., d,) win Bexrop D Goneure BexTopa @, n nucate @ <D
um D> Q,ecru D-Q=(d,-q, ..., d,— q,) > 0.

3ameuanue 2. [lemecoobpa3HoCcTs NPUBEAEHHBIX OIpe-
[eJeHNi >, < AJA BEKTOPOB @ MOXKHO IIOATBEPAUTH CIERYIO-
IMUMH COOOpaKeHNAMH.

Kaxxpomy BekTopy @ = (g, ..., ¢,) TOCTABUM B COOTBET-
CTBHe MHOTOYJIEH OT IepeMeHHoit ¢ Buma Q(t) = q, + q,t + ...
+ g,t*, KOTOpHIA ABIAeTCA HeNpepHIBHOX GQYHKIMeHd X
Q(0) = ¢q,. Ecnn g, > 0, To HalifeTCs OKPECTHOCTH HYJA Ta-
Kasf, YTO ANS BceX ¢t m3 aToi oxpectHOCTH QX2) > 0. Ecnm xe
¢GQ=--=¢9=0mng,, >0,T0

Q(t) = t*q,,, + Gt + ... + g t" ]

MHorouwieH B KBafipaTHBIX CKOOKax Gonbie HyIA (g,,, > 0)
B HEeKOTOpO# oxpecTHOCTH Hynsd. Hamee t**! > 0 gna ¢ > 0.
3uauut, Q(t) > 0 ansa Bcex 0 < ¢t < 6, rme 6 — HekxoTOpOE
TOJI0KUTEJIbHOE YHCJIO.

TaxuMm obpasoM, ecau BeKTop @ > 0, TO COOTBETCTBYIOWIMI
mHorowrteH Q(t) > 0 ana 0 < ¢t < 6 npu Hexkoropom 6 > 0.

BepHeMcs Temneps K cucTeMe orparmyeHuit (12), kotropyio
MBI 3anunieM B popme



Tab6ruya 1
Basuclx, ... X .. x, x,, Xj, x, | CeoGoznele | [lomonHUTEND-
YJIeHBI Had MaTpuia
x|l .. 0 -0 a ., [ b, d, ..4d,
Zg |0 1 -0 Gy rn Croio Qpyn by, dror o Ggyr
x, [0 .. 0 -1 a, L T b, a4,
dop- 0 .. 0 .0 ¢, Cig = C, ¢, d, . d,
ma f

INHVHOdUWNVJAIOdI FOHYAHUIL "83§

192
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n
x, + Za,,,x, =b, (0,20, k=1,..,7), (12)

J=r+l
a nauHellHylo pyHknuio (13) sanuizeM B Buje

n

f+ 2,6% =c, (13)
=r+l1

3pecs 6asuc B = {x,, ..., x}.

Odopmum cuctemy paseHcTB (12) u (13) B Buge Tabaunst
1 (MaTpHnEI).

Ta6s. 1 HagwIBaeTca cumnaexc-mabauyeii. B taba. 1 Mul
IpUIMCANX HEKOTOpYIo AoGaBounyio matpuny |d,| pasmepa
r X r u pobasouynyio cTpoky (d,, ..., d,). Beesem B paccmorpe-
HYe BEKTODH

D=(cy,dy ... d), D, = (b, dyps -es d,), k=1, 2, ..., .

Basuc B Ha3bIBaeTCA NONONUMENLHLIM, ECIA BCE BEKTOPHI
D, (k =1, ..., r) nonoxurenpusie (D, > 0). Hanpumep, eciu
1’ i= j!
0,i#j
JIOXKHUTENBLHBIN, IOTOMY YTO Ans jaioboro kB = 1, ..., r aubo
b, > 0, 1ubo mepBLIA OTIMYHLIN OT HYJIA dJEMEHT k-if CTPOKHM
marpungst |4 || pasex 1 > 0.

Byznem cuuraTs, 4TO yHCaa d,l nozoOpaHbl Tak, 4To 6asuc
B nonoxutensueit u Matpuna ||d | messipoxmennas (r. e.
oIIpefeNuTeNb, IOPOXKAECHHBIH MaTPUIEH, OTJINYEH OT HYJIH).
Bexktop D BbIOMpaeM IpPOM3BOJIBHO. MOXKHO CUMTaTh, UTO
D=(c, 0, ..., 0).

B panmpHeifiiieMm Ipu mepexose oT 6asuca B K ApPyromy
fasucy B’ samucu cucTeM orpaHwmyeHmit (12) u juHeitHOMK
dyaxnuu (13) OyayT UBMEHATHCA, 9TOMY COOTBETCTBYET M3Me-
HeHMe Taba. 1 ¢ MOMOIbI0 HEKOTOPHIX 3JIEMEHTAPHBIX IIPe0s-
pasosanwuit (cM. § 4.7), KOTOpBle MBI pacIpOCTPaHSIEeM M Ha
Ro6asounyio Marpuny ||d | u mo6asounyio ctpoxy (d,, ..., d,).
B pesyabsTaTe BEKTODPHI b,, u D 6yayT COOTBETCTBEHHO H3Me-
HATHCH.

HanomuuwMm, uro B ciyuae III, cymecrsyer j, (r + 1 <j,< n)

MaTpuna lld,," emuanyHas | %y ={ } , To 6asuc B mo-

Takoe, 4To C, > 0, n Ororo > 0, k € e, rge e — HemycToe
MHOeCTBO M, KpoMe Toro, b, = 0 xora 6wl A1a ofHoro k € e.
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WHzaeKCOoB j,, Ana KOTOPEIX umeer Mecto III ), MoxeT GhITH
HeCKoJIbKO. He uMeeT 3HaueHUs, KAKOM M3 HUX HAMO B3ATh.
Ho, ecnix MBI OCTAHOBHMJIMCh HA HEKOTOPOM j,, TO HHAEKC R
npeaJiaraeTca BHIOpaTh ciefyoomuM o6pasom:

1
D;, = min
%rojo kee Qyj,

D,. (26)

OneMeHT Qy,,, paspemaromuit. B Tabn. 1 MbI ero nomec-

THJIHX B PaMKY.
Munumym B (26) focTuraercs AJid OZHOrO k,, OTOMY YTO
ecnu 6Bl HAULIOCH B, € e, IJIA KOTOPOTO
1 1
D, =
a,. ; 1 a
ko kojo

D,,

TO B MaTpuue ||d,]|l 6b1IM OBI ABe IIPONOPIMOHANBbHBIE CTPOKH
¥ oHa Obiya GBI BHIPOXKAEHHOI.

3ameuanue 3. Tak xkak MBI paccmarpusaem cayyait ITI,
TO cpesu B € e UMeIOTCA TaKue, [l KOTOPEIX b, = 0, moatomy

min D, = min D,,
kee ak- kee akjo
0 bk=0

T. e. MHJEKC k) HAXOAUTCA CPeJiu TAKUX k € e, 1A KOTOPBIX
b, =0.

B n. 28.5 mpI Gpanu B KayecTBe k, OQHO M3 3HaAYeHHH
k € e, nna xoropeix b, = 0. Ho Takux 3HaYeHHH MOXeT GLITH
HECKONbKO. B naHHOM criocofe cpeAu HUX BHIOMpAeTCsa OXHO
TaKoe OIpejejieHHOe 3HAaueHWe, oOpalmaioliee B MUHUMYM

1
Qo
Mur ysxe 3HaeM, yTo B faHHOM cayuae III) 6asuc B = {x

D,

1,
.-+» X,} MOXHO 3aMeHHUTH Ha Apyroit 6asuc B' = {x,, ..., Xp 1,

X, 5 Xgy+1, --e» X,}, KOTODOMY COOTBETCTBYET CHCTEMa OTPaHMU-
YeHUii, DKBUBaJIeHTHaA cucreme (12):
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[ , , ’
X +a1_r+1x,.+1 + ... +a1 jo_lxio_l + al koxko +

+a1 jo 1%

jo+l toee + 01X, = b],

’ ’ ’
’ 27
+a]o jo1%jg+1 F oee +aj nXn = bio’ (27)

’ ’ ’
xr +ar’r+1x,.+l + ... +a’.,]~o_1xjo_1 + ar,koxko +

’ , —
+8rjy+1%Xjge1 t e H X, = l?r’

by20 (=1, ..,k —-1,j,k+1,..,0n,
¥ JuHeHHas QyHKOuA

’ ’ ’
[+ eaXey + o+ CioaXjoy + CrXry + CjonXjon +

+ ..+ epx, = cg- (28)
Cucreme paseHcTs (27)—(28) coorBeTcrByer Tabauna 2.
Tabn. 2 monyuaerca u3 Tabn. 1 caexyromuMm oGpasoM.
Hennm k-10 cTpoky Tabu. 1 Ha paspemaomuit aneMeHT Qg j,
(#0).
9tuMm k,-e ypaBHenme cucreMnl (12) ocTaeTcAs paBHOCHIb-
HBIM npeskHemy. JlobuBaemca Temeps, UTOGHI B j-M CTOJOLE

HA OCTAJLHBIX MecTax (k # k) 6eum myman. Ilaa aroro us k-it
CTPOKM BEIYHTAeM HM3MEHEHHYIO k-0 CTPOKY, YMHOXeHHYIO

Ha YACHO &, . (OTy Nponeaypy MbI DPaCIpoCTpaHAeM M Ha
CTPOKH A00ABOYHOM MATPHUIBLI, B pe3yJbTAaTe YMCIA d,”. nepe-
4
XOAAT B YUcCJa dk]- ).
ITOT IpPHEM COOTBETCTBYET 3aMeHe B-ro ypaBHEHUWS Pas3Ho-
CTHIO MEXJy HMUM U BHAOU3MEHEHHHIM K -M ypaBHeHHEM,
YMHOXXEHHBIM Ha YMCJIO Gyj, , YTO IPUBOAUT K cucTeme (27),

paBHOCHJIBbHOM cucreMme (12).
ITocmoTpuM, Kak BunousMeHAIOTCA BeKTOPH! D,. Tak kak
6asuc B mosoXuTeNbHBIA M paccMaTpuBaerca cayvait 111, To

bh =0mu

0



Ta6auya 2
Basuc | x, ... % . X x e X .. X, |CBoGoxgurie| HomonHuTensHasd
1 0 r “r+l Jo n
YJIeHbI MAaTpHILA
’ ra ’
X, 1 .. alko .. 0 al,r+1 .. 0 vee al',‘ bl, dl,.l vos d{r
’ ’ ’ ’ ’ ’
xio 0 ... aioko ...0 aio,r+1"' 1 oo Qjonl bio jol +e- dio"
’ ’ ’ 4 ’
x, |0 .. a4 .1 a,,..0 . G, b, b1 e Gr,
’ ’ ’ ’ ’ ’
Q)Opmaf 0 ) cko eee 0 Cr+l een 0 see Cn CO dl cee dl’

HUHVHOdUWNVJIIOdII FOHUAHHUIL "82§
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Dko = (0’ dkol, seey dkor) > 0:
II03TOMY

d d
%roso %kos0 Cro 1o

ans k # ky, k€ e (8, >0)

a
ko 1 1
D, = D, - Dy, = ap, |—Dp———Dy, | >0
k k 0 10 | q a 0
kio koJo
B CHJIy IpaBHJIa BrIGOpa k, € e M ero efUHCTBEHHOCTH (CM.

(26)); nna k # ky, k € e (9, <0), oueBuzHo,

a
D, =D,- —*D, >0.
%kos0
Y06 TONYYHTH IOCJEAHIOW CTPOKY Tabn. 2, Hajgo u3
mocyiefiHe#t cTPOKM Tabi. 1 BhIYECTh BHAOM3MEHEHHYIO K -10
CTPOKY, YMHOXKeHHy10 Ha C;, . Bextop D = (¢, d,, ..., d))
IepexXOoAuT B BEKTOD
c
D’ =D - Jo Dko
%ko 10

Tak xaxk ¢,; >0, @, >0, To

10
D -D=- DkO < 0,
@ho10
T.e. D' < D.
Hosrle K03puueHTHl TUHEHHON GYHKIUN [ MMEIOT BUL
1 a
Chy = =€, €, = ¢ - —2L
a 1“1 1 a Jo
koJo koJo

G=r+1,..,j,-1j,+1,.., n).
TaxuM 00pasoM, MBI IPUILIA K ITOJIOXKUTENbHOMY Gasucy B'.
Yro6sr Tabn. 2 Gblna IOJHOCTHIO aHAJOTHYHOM Tabn. 1,
PeKoMeHAyeM B Tabi. 2 mepecTaBUTHL MeCTaMU CTOJOIBI, OT-

BeyalolIue MepeMeHHbIM X;) H X .
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Ecnu nna 6asuca B’ cHoBa Gyner uMeTh MecTo ciyyait II1,,
TO K HEMY MOXHO ONATh IIPHMEHUTH ONMCAHHBIA IIpHUEM,
KOTOPHIH IIPUBOAUT K HOBOMY 6asucy B”, OTIMYHOMY He TOJb-
Ko oT B’, HO u oT B, moromy uTo

D’ < D’ < D.

3amevanue 4. Eciu B nmponecce mprMeHeHNA CUMILIEKC-
MeTofa MBI IPHUILIN K mukJay (cMm. (25)), TO MOXKHO B3ATh
onuH u3 6a3ucoB mukIa, Hanpumep B = B, .;, u mocnenosa-
TeJbHO IPUMEHATH, K HeMY OIMCAHHBIH BhILIE CIIOCOO OZHO-
3HAYHOrO NOJYYeHuHA HOBOro 6asmca Ha OCHOBAHUH IIpaBUJa
(26) BoIGopa paspelaoiero ajeMeHTa. OTHM rapaHTHUDPYeTCsa
nony4yeHue KaXKABLIA pas3 6asuca, OTAMYHOTO OT BCEX IIpeAlle-
crByiomux. Tak Kak KOJHMYECTBO BO3MOXKHBIX 6a3uCOB KO-
HEYHO, TO MHI AJd HeKOToporo 6asmca penu o6s3aTeNbHO
npuzgeM K caydaam I, II uau III,. B nocnexnem ciayuae BO3-
HuKaer 6asuc B’, ana xoroporo f, > f,. Basucel, BosHuKIIME
nocie B’, oramyaoTca oT 0asuca B ¥ Bcex eMy IIDeAIIECTBY-
omux 6a3ucoB. OHM MOTYT CO34aBATh HUKJGI, HO COCTOSAIHE
H3 HOBBIX 6a3ncoB, OTIMUHLIX OT B M eMy IpeAlIecTBYIOIINX.
Hrak, BHIUMCIEHMA IO CHMILIEKC-METOLY IIPOM3BOAATCS
caeayomuM o6pasoM:
uccnenyiorcsa ypasaenus (12) ¢ 6asucom B u dyHKnus f;
ecau OyayT uMeTs MecTo caydau I wum II, To 3amaua Ha
MUHUMYM [ pellleHa;

ecau Oyner cayyait III, To nmepexogum K HOBOMY Gasu-
cy Ha ocuoBaHuu (16), cocraBnsas Tabmumusl 1 u 2 Ges
no6aBouHO# MaTpuus ||d, ||,

ecnu ke Oyzer cayuait III,, To MOXHO HmpojOIKATBL
HaIl IIpomecc B HafieX e, YTO He CAYUMTCA nukiaa. Ilpak-
THKa IOKa3bIBAeT, YTO IUKJHI OBIBAIOT OYEHb PEelKO;

BCe JKe, eCJIM CAYYMTCH LUKJ, TO IPUAETCH, OTIPABIA-
sich, KaK IIpaBujo, or 6asmca B, , nsurathca nansime,
IPYMEHUB J06ABOYHYI0 MaTPHIY Iﬂiull paccyXIeHus cTa-
HyT 6oJiee CIIOXKHBIMH, HO OHM HMMEIOT TO NPEMMYIIECTBO,
YTO Ha KaXKAOM MX 3Tane S GYAYT IOJYYATHCS BCe HOBBIE
¥ HOBEIE 0a3UCHI, OTIIMYHLIE OT BCEX IpeABIAyInuX 6a3ucos;

pnst 6asuca By mur eiGupaem matpuny ||d,|| u BexTop
D= (c,d 12 oo d) IIPOM3BOJILHO, KaK OBLIO yRasaHo BBIILIE;

JanbHeiue 6a3ncm, CleAysA MeTOAY, IOJYyYaloTCs OIl-
pefeleHHBIM 00pa3oM, a BMeCcTe C HUMH OIIpe/ileIeHHBEIM
o6pasom mpeoGpasyiorca Marpuusi ||d,|| 1 BexTop D;
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Yyepe3d KOHEYHOe YUCJIO IIAroB MBI BHISACHUM, uTO inff =
= —oo, HJIM JKe HailleM KOHeYHHIII MUHUMYM f.
IIpocneaum cummnnexc-MeTo[ Ha KOHKPETHOM IIpHMepe.

IIpumep 5. HaitfTu MUHEMYM JUHEHRHON GYHKNUM

3
f=0-(7% - 150z, +

IIPA OTrPaHU4YEHUAX

1
50 % 6x,)

,

1 1
X5 = 0—[5351—903::2 “50™ +3x4),

x;=1 - x3.

Pememnwue. 3necs 6asuc B = {x;, x4, X;}, ¥ OrpaHNUeHN,
u pyaxnous f samucans B popme (12)—(13). B nannom ciayuae

¢, = 1 > 0 u B mepBoM cTonOIe MATPUIEI OTpaHWMYEHHH

1 1
MMEIOTCA HOIOKHUTENLHEIE JNEMEHTH &y = 7, Gy = - Or-

momenus by/a, = 0, b,/a, = 0. ITosromy
minb,/a, =8=0
kee

¥ 5TOT MMHHMYM JOCTHUraeTcA Ha ABYX dJeMeHTax B = 5, k = 6.
Taxum o6pasom, mbl umeem cayuait III, (j, = 1). YToOur
n3bexars 06pasoBaHMsA LMKJIA, NCIIOJb3YeM OIMUCAHHBIN BBILIE
cnocob 0JHO3HAYHOTO BRIGOpa paspellalomiero 3JeMeHTa (CM.
(26)). Ona aroit meau cocraBuM Tabaumy 1*.
3gecs D, = (0,1, 0, 0), D, = (0, 0, 1, 0) u 2D, > 4D,.

1
TToaToMy paspemaioimuM dJIeMeHTOM Oyner ag; = 1’ CTOSIIU I

Ha IepeceYeHNM CTPOKH JJIA Xg U cTON6Ia A X,. ITY CTDPO-
Ky u cronbell MBI BBIfiEJIAeM CTpeJKaM#, a paspelialonguii
ajieMeHT 06BoauM pamioit. IlpeoGpasyem ary Tabauny B Tab-
anny 2°.
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¢ Tab6auya 1*

Basnc |x, x, x, x, x, x, x,/Csobox- lo6aBou-
HbIe Hadg
YIeHH MaTpHua

1 1
x [100 5 -9 -3 0 100
o010l =60 -+ 4 0o o010

s 4 25
x, (0010 0 10 1 o001

3 1
opmaf[0 0 0 o -150 - -6 O 000
Pasgenum CTPOKy mas X, Ha ag = T e. YMHOMXHUM

CTPOKY AJd X, Ha 4 M IepeHeceM ee B Tabm. 2°.
3aTeM YMHOXXHMM BTOPYIO CTPOKY (BHZOM3MEHEHHYIO) Ha

1

as, = E M BbIYTEM H3 HepBOﬁ CTPOKH. l[a.nee VYMHOXXHM BTO-
3 o
PyiI0 CTPOKY Ha ¢, = Z U BBIUYTEM U3 IIOCJIefHEeH CTPOKH.

Crpoxy ana x, nepeHocuM B Taby1. 2" 6e3 usmMenenuit (a,, = 0).
Kpome Toro, Mbl nepecTaBUM MecTaMM CTOJGIBI A Xg U
x,, Torna rabmn. 2* Gyner uMeThL BHA:

* Tabauya 2
Basuqx, x, x, x;, x, x, x, | CBoGoxubiel o6aBou-
WIeHH |HaA MAaT-
puna
3
—— - _— _
x5100250 15 0 1-20
4
x,(0 1 0 4-240 3 36 0 0 40
%0010 0 1 O 1 0 01
7
dop- |0 0 0-3 30 %—33 0 0-30
Mma f
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Taxum obpasom, 6asuc B, = {x;, x,, x,}. B rabn. 2* Koad-
¢unuenr ¢, = 30 > 0 (IITPUX MBI OIycKaeM) U B cToJ6LE Aas
X, AMeeTCs OAMH dJeMeHT a,, = 30 > 0, xoTopmlit u Gyner
paspelaoluM 3JIeMeHTOM (B Tabi. 2° MBI IIOMECTHJIX ero B
pamky). IIpoBogs npeoGpasosanme Tabiu. 2%, Kak ¥ BIIIE, MBI
nepeitaem x Gasucy B, = {x,, x,, X;}, T. e. u3 6asguca B, Mu
BBIBOAMM IIeDEMEHHYIO X, ¥ BBOJUM IIeDEMEHHYIO X,.

Tabauna 3* 6yzeT nMers ciaemyoomuit Buj (Iocjie mepecra-
HOBKM CTOJOLOB A X, U X):

i Tab6auya 3*
Pasuc  |x, x, x, x, x, x, x,/CBoGox-| IoGaBou-
HbIe Has
YIeHBl | MaTpHua
1 1 1 1 1 1
—n = -
%2 (100 -5 30 |500]72 © (30 15°
8
x, 010 -12 8 %—84 0 8 -12 0
x, (001 0 O 1 0 1 0 01
2
popma f10 0 0 -1 -1 - -18 0 |-1 -10

B nocnenneii ctpoke taba. 3* uMeeTcAa TOJBKO OJUH IIOJO-

2
JKNTEJbHBIH Kodpdunuent ¢, = 25 > 0. B cronbue ana x,

BCe 9JIEMEHTHI TaK)Ke IIOJIOKHMTeNbHBI. B mamHOM! TaﬁJmue

1 1
D,=(0, 55.~15» 0 D, = (0, 8,-12,0), D, = (1, 0,0, 1).

CpasnuBaa Bextopst 500D, —8—D2, D,, naxoguM, 4TO MUHH-

MaiabHbIM Gyner BekTop 500D, u, ciefoBaTeNbHO, paspelalo-
1

IUM 3JieMeHTOM Oyner a,; = 500 > 0. Muunmywm (16) pasen

HyJIO, T. €. MBI ONIATh MMeeM ciaydait III,. IIpeo6pasys Ta6i.
3*, monyuum tabauny 4*.
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i Tab6auya 4*
Cgo-
Basuc | x; x, x, x; x; x, x, |6on-|[loGaBouHas
HBle | MaTpHIa
e
100 50 50 100
x, 10 O—T 3 500 -250| O 3 —"—3—" 0
‘ 4 8 8 4
x, 010 3 3 -160 -4] 0 3 "3 0
100 50 50 100
x, 0 01 31 3 -500 250| 1 3 3 1
5 7 7 5
dopmal0 0 O 3 3 -40 2]l 0 3 3 0
f
Ta6ruya 5%
Ba- |x,x, x, x, x, x, x, |Csobox-|dob6aBounas
3uC Hble MaTpuua
YJIeHEI
%1 00 1 0O 0 0 1 00 1
1 1 4
xIOIOE 2 -180 6 25 203
3 1 15 3 1 3
%|0 0 130 "3 715 3 100 |2 ! 100
1 3 21 1 3 1
Pop- 10 0 055 -5 155 | "20 |72 % 20
Ma f
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3pecs 6asuc B, = {x,, x,, x,;}, ¢, = - > 0 u B cronbue aAxa

3
Xg MMEEeTCA TOJBKO OAMH TIOJIOKUTENbHBINA 3JIeMEHT A, =

100
= 3 > 0, xoTopHIi M OyZeT paspellalolUM 3JE€MEHTOM.

3
Murumym (16) pasen 100 > 0, 1. e. MBI uMeeMm caydait III,.

IIpeoGpasys Tabun. 4%, moayunm Tabauny 5*.
B nocanenueit crpoke Taba. 5* Bce koadduMeHTH (=1,

1
5, 2, 4) oTpunaTensHble, CleOBATEIBHO, Minf = ~20 (cay-
yait I).
Basuc B, = {x,, x,, x¢}. A3 Tabx. 5" BuanO, uTO GazucHoe
3
peleHye MMeeT BHA X, = 1, x, = 25 %= Jo0’ X1 s

=x,=x,=0.

3aMeuvanue 5. Eciu Obl MBI He CIefOBajJM IIPABUIY
ONHO3HAYHOr0 BHIOOpA Daspellaloliero 3JeMeHTa, TO MOTJIH
OBl MOJIYYUTH IIMKJI, BEIOUpas Gasuchl B cleAyloleil mmociexno-
BATEJIbHOCTH:

B = {x,, x4, x;} = B;= {x;, x4, x;} > B, =

= {x,, X,, X;} & By={x;, x,, x;} > B, =

= {x, x,, x;} > By = {x;, x,, x,} > Bg =

= {x,, x5 x,} = B.

3ameuaHue 6. OTMeTHM, YTO Ha KaX/JOM drame, Haunl-
Has C [epBOro, MOXHO 6bl10 Obl M3MEHATH HyMepaIuio Iepe-
MEHHBbIX, IIPUBOJA CHCTeMY OTPaHWYeHH# ¥ GyHKmmO f K
Buay (12), (13).

28.8. YcnoBsusa cymecrBoBaHuna Gasmuca. Iloac-
HHM, KaK MOYXHO IIDMBECTH CHUCTEMY OrpaHHMdYeHMil (4)

n
Yayx, =b, k=1, .., m 4)
i

K cucteMe Buza (12)
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n
=By - %% (B,20,k=1,..,7, (12)
j=r+1
T. e. BBIAACHNM, KOT[a NlepeMeHHbIe X, ..., X, 06pasyioT 6a3uc.
Kax nmam maBecTHO, cucreMa (4) paspemruma (COBMECTHA)
TOTZla ¥ TOJIBKO TOTJa, KOTJa PAaHT MaTpPHILLI

ay; --- Gy,
A= |-«

Amy +-- App
paBeH PaHTy pacumpeHHoi& MaTpHUIbL

ay; --- @, b
B=|........]|.

a,; ---a,, b,

Iycers r = paur A = panr B. Torga MOXKHO yKasaTh r
TaKHUX ypaBHeHHWH cucTeMbl (4), 4YTO BCAKOE pellleHNe CHCTe-
MBI, COCTOSAINEH N3 3TUX r yPaBHEHMNH, eCTh pellleHne CHCTeMBbI
(4). Bymem cuuraTh, YTO AJIS JAaHHON cucTeMHl (4) r = m u,
KpoMe TOro, m < n, IOTOMY 4YTO NPH M = 7 CYIIeCTBYET
TOJILKO OZJHA TOYKA 7-MEpPHOr0 IIPOCTPAHCTBA, ABJIAIOILIAACS
pelieHneM cucTeMsl (4).

Kpome Toro, Bcerga MoXHO ZOOMTHCSA MyTeM IlepeHyMepa-
MM TIepeMeHHBIX TOTO, YTOOBI

all e e alm
A=+« # 0.
Apy +-- Ay
Teopema 2. [aa mozo umobbL Heusgecmmubvie Xy, ..., X,

u3 cucmemsi (4) o6pasosvieanru 6asuc, Heo6xodumo u docma-
moxHo, ¥moObL

A JA20 VE=1m,

20e A* — onpedenumens, noaywarowuiica us onpedeaumensn A
3ameroil k-20 cmoabya cmoabyom c80600HbLX LNCHO8 cucCMme-
Mot (4).
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k
HoxasaTtenscTBo. Ilycts AX 20,k=1, ..., m. Ilpn-

MeHsas npaswio Kpamepa (cM. § 4.2), umeem (R =1, ..., m)

X VRN T (Rt WL SIDEL] A PO R

xk—- o o o s o s o o o s o s s o s o e s s s e o e s s s e e e s e |

@ -+ - G 1 (B = B a1 Xoms1 = +++ — B X ) s =+ Gy

YuursiBas CBOMCTBa OIpejieIuTe e, TIONy4aeM paBeHCTBa
Buga (12)

A C
f= = - N o k=1, ..., m),
j=m+1
TZie YHUCJIO O, PABHO OIpPE/eNuTeIo, KOTOpBIi IIONy4aeTrcsa U3
ompezenuTesnss A saMeHO# k-ro cronbia COOTBETCTBEHHO Ha j-it
croxben, maTpunsl A (j= m + 1, ..., n), geneHHOMY Ha A.
Hanpuwmep,

1 a’l,m+l Qg o0 Gy

al'mﬂ = X .
am,m+1 Qpg - am.m

O6partHO, IyCTH CHCTEMA X, ..., X, €CThb Oasuc, T. e. BHI-
noaHaTeA cooTHomeHns (12). Jaa maTpuusr paBeHeTB (12)
k
° A*
- k_ 2+ _
A*_'l’ A*_B,,’ A* “B],ZO'

JHomyCcTHMBIMH 3JIeMEHTAPDHBIMM IIPe0Gpa30BaHMAMU 3Ta
MaTpHIla IepexoguT B MaTpuly paBeHcTB (4). IIpn atom or-

pemenutenu A, u A" nepexopar B onpeaenurenu A u A* mpo-
nopnuoHaJabHO. IToaTomy

Ak
< =B 20

IIpumep 6. Haittn GasucHBIe TepeMeHHbIE B CUCTEME OT-
PaHMYEeHUH
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5x; —5xy +x3 —2x, =1,
-2x; +2x, - Xy +x5=4,
- x; +ax, - 2x, =5,

TZle @ — HEKOTOPOe YMCJIO.

Pemenue. Ecan a £ 0, To cucTeMa orpaHnM4YeHUil HeCOB-
MecTHa B o0JsacTu x; 2 0@(=1,..., 5). Ilosromy Gyaem cuu-
rarh a > 0. BoiACHMM, DM KAaKOM @ 3JIeMEHTHl X, X,, X,
6ynyT 6asucom. meem

5 -5 1
=-2 2 0/=201-a)#0,a=1.
-1 a O
Hanee,
1 -5 1 5 1 1
Al=14 2 0| =4a-10,A2=|-2 4 0| = -6,
5 a 0 -1 5 0
5 -5 1
A=1|-2 2 4| =221 - a).
-1 a 5
Orcioma
Al 2a-5 5
2 - > < —
A a2 20,1<a 9
A2 3 A
X_a—1>0’a>l’_A—_H>0°

Taxum obpasom, npu 1<aSE Bce oTHOmeHUuA A4k/A 2 0

(k=1, 2, 3)n{x, x,, x,} — 6asuc.

s Toro yroOnl HamucaTh cucteMy (12), Her HeoOXoAHUMO-
CTH BBIYMCJIATH Bce HY)XHble ompefenutenun. Hazmo mpocro
npeobpa3oBEIBaTh MaTpuLy B, Kak MBI 3TO genaau B § 4.7.

ITlycre a = 2. Ilonyyum Gasuc U3 BIEMEHTOB X, X,, X,.
Hna sroii menu Oymem Marpuny B npeo6pasoBhIBaTh Tak,
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YyTOGEI B IIEPBAIX TPeX CTOJOLAaX II0 IJIABHOW AMAroOHAJIU CTO-
anm 1, a Ha ocraabHeIX Mectax — 0.
Hraxk,

5-5 1-2 0 1
B=|-2 2 0-11 4|
-1 2 0-2 0 5

5-5 1-2 0 1 5-5 1-2 0 1
2 9 29 1 12 26
2 _2 félslo 1 -2 1 =
='005 515=> - 5 =
1 12 26 2 9 22
1_214 Dilo o =-= 1 ==
0 1 --— 0 < E T3 5
5 0 2 -14 0 27 5 0 0 -5 5 5
3 1
~lo 1 1212 9260 1001 0-2 -2 3|5
5 5 5 2 2
2 9 22 2 9 22
Z_Z i 0 0 =-= 1=
oo5 515 = T =
1 0 0 -1 1 1
3 1
01 0-=-= 3
= 2 2
00 1-2 544
5 2

Ilocneguas MaTpunma OIpejesigeT CJIEAYIOIIYI0O CHCTEMY
YpPaBHeHMM:

x,-x,+tx,=1
3 1

X, T g% T P%s 3
9 5

X3~ 5% + 2% = 11.
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AHaJIOrHYHBIM 06pa30oM MOXKHO IIPDOBEPHUTH, IIPM KAKOM @
nepeMeHHbIE X, X,, X, 00pasyioT 6a3uc.

28.9. 3anaun. Halitu Mmurumym @pyHKnuu f(x) = x, — x;
IIpY OTPaHMYEHUAX:

(X, +xy— x5+ x,-2x5 =1,
1) {2x, +x3-2x,+ x5 =2,
Lxl_xz - x4+ 3x5=3,
2x; + x5~ X3 -2x5 =1,
2) < Jc1+3c2+23c3—2;x:4 =2,
L - x4 +3x5=3,
3) xl +2x2 +3x3 _x5=3,
2x; + Xo— x3+x4 =1,
%) Xy +3x3 — x4 + x5 =2,
x1+x2 _x4+2x5=3,
x, + x,-2x5 =1,
5) Xy, +2x,+ x5 =1,

xX3— x4+ 4x5= 4.

IIpuBegem pellleHMe nepBo#l 3amaum. Mrak, HeoOXoauMO
HafiTM MUHMMYM JHHeRHOH ¢opmul f(x) = x, — x, Opu orpa-
HUYEHNAX

X +Xy—x3+ x4 —2x5 =1,
2x, +x3-2x,+ x5,=2,
X, — Xy - X4+ 3x5=3,

Cors1acHO pacCMOTPEHHOM BHINIE TEOPUM MBI AOJKHBI OII-
peleNnTh CBOOOAHBIE IIepeMeHHbIe M BBIAENHTH KaKOH-I11n60
6asuc, 4ToOBI 3aTEM NPUMEHHUTL CUMILIEKC-METOM [JIA HaXO0MXK-
JeHUs MUHUMYMa QyHKIuM f.

Tax Kak B CHCTeMe OTDaHNYEHHUI TPpM ypaBHEHHUSA, TO B
KaxAbl# 6asuc BXOAAT Kakue-1n60 TPU IlepeMeHHbIe U3 X,,
X, X5 X,, X;. Bcero ua nATH 3JeMEHTOB MOYKHO COCTaBHMTb
IeCATHh PAs3JIUYHBIX KOMOMHAIMI II0 TPH 3JIeMEeHTa
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3 95-4.3 r nn-1...n-k+1)

Cs = = 10, Cn =
3! k! :

B npunnume, Mbl LOMKHBI IPOBEPUTH BCe TPOMKH 3JI€MEH-
TOB M yOefMThCA, KaKue U3 HUX ABNAIOTCA Gasucamu.

BrisicHuM, GyAyT Au 97€MEHTH X, X,, X; 00pa3oBLIBAThH

6asuc. Onpegennrens A, COCTaBJE€HHEIN M3 K03(Q(PHUIEHTOB

IIPHM 3THX HEUSBECTHBIX B CHCTeMe OTPaHWUYEHMI, UMeeT B

- 1 1-1
A=12 0 1| =4=%0.
1 -1 0
iIa.nee,
1 1-1 1 1 -1
Al=12 0 1| =6,A2=|2 2 1| =-8.
3 -1 0 1 3
2
OTHoIeHue X = -2 < 0, creaoBaTeJIbLHO, COI'JIACHO TEO-

peme 2 n. 28.8 anemeHTH X,, X,, X, He 06pasylor Gasuca.
ITposepum TpOHKy X,, X,, X,:

1 -1 1
A=12 1 -2 =-23%0,
1 0 -1
1 -1 1 1 1 1
Al=1(2 1 -2|=,A2=[2 2 -2 =38.
3 0 -1 1 3 -1
2
OTHoOIeHUe X = —4 < 0 u Tpoiika x,, x,, X, TaKXe He

obpasyer 6asuca.
Hccnenyem TpOMKY X,, X,, X;:
1 1-2 1 1-2
A=12 -2 1|=-1020,A'=|2 -2 1| =-16,
1 -1 3 3 -1 3
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1 1-2 1 1 1
A2=12 2 1| =-10, A3= |2 ~-2 2| = -8.
1 3 3 1 -1 3
A

Taxkum oﬁpasom, B JAaHHOM CJiy4ae BCe€ OTHOIIEHHA —A—'

(k=1, 2, 3) nonoxuTeapHsl 1 10 Teopeme 2 1. 28.8 aneMeHTHI
x,, X,, X, obpasyior Gaauc.

Yrob6pl HamMCaTh CUCTeMy orpanudyeHuit Buaa (12), mpeo6-
pasyeM MaTpuny B cucTeMbl OrpaHMYeHNH K HEo6XoguMoMy
Buay. IlpeaBapuTeNBHO IepecTaBUM CTOJIOLBLI KO3 dHIIneH-
TOB NIPM X, M X; COOTBETCTBEHHO Ha BTOpOEe M TPeThe MecTa.

Torza

X X4 X5 Xy X3 by

1 1-21-11

B= |2 -2

11 3-103

1 1-2

1121411

1012 |04 52 30

1 1
111 102 0->

2

02 5-2 12

=

=202 5§62 12|=(02 521 2|=

04 5-2 30

1 00
=102 0
0 0 -5

X1

00-52 1-+4

O = oot oo

27

1.2 8 10012
5 5 5 5 5
0 2 2|=|(0100 1
214 g2
5 5
Ilocnenuss MaTpuIla oIpeAeseT CUCTEMY YPaBHEHHUIT
b1, 2, 8
572 57° 5’
x4 —x3=1’
1 4
x5 —"'"xz _—x3 =—.

5 3 5
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JInueitnas ¢opma f uepes cBOGOAHBIE IIEDEMEHHEIE X, U X,
3amuuIeTcd CJeAYIOIUM 06pasoM:

1 2
f) = x =% =5 - gnt 55
FURE S S |
nm 5f T 54T -

TakuM obpasom, Tenepp HEOOXOAMMO HANTH MHUHMUMYM
JUHeHON GyHKIUHN

Ipu orpaHuYeHHuAx (27).

3necy 6asuc B, = {x,, x,, X;}, orpaHUYeHN U QyHKUUA [
samucansl B ¢popme (12), (13), 1 MBI MOXKeM HayaTh IPUMEHe-
HMe CHMILIEKC-MeTOAA.

B nannom ciayyae ¢, = — > 0 u B mepsom croabie mar-

5
PHIBL OrpAHHYEHMH HMeeTCA IIOJOKHUTEJbHBIA 3JIeMEeHT
1
a,= 5 > 0.
b
OTrHomeHuEe aq‘_z =8 > 0, T. e. Ml uMeeM cayuaii III, u

a,, — paspelallnui aJIeMeHT.
CocTaBUM nepByIO CUMILIEKC-Ta0JIHIy:
‘L Tabauya 6*

Basuc [x, x, x;

R
(%)

x, | CsoboxHbre YeHBI

1 2 8

x, 0 0 3 5
x, 0 0 0 -1 1
2 1 4

xg 0 0 1 —g -— —5‘
2 4 1

Dopma |0 0 0 5 3 5
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3nech paspellalomuil s1eMeHT a,,. [Ipeobpasyem Tabiuiy
6* B Tabnuny 7*. CTPOKY AJIA X, YMHOXKHMM Ha 5 U IlepeHeceM
ee B Tabu. 7*. CTpoxy ans x, nepeHeceMm B Tabu. 7* 6e3 uame-
HeHMH (TaK Kak a,, = 0).

3aTeM YMHOXXUM IEPBYIO CTPOKY Ha 2 M mpubaBuM pe-
3yJbTaT K HMOciieJHel cTpoke. [lasee YMHOXKUM IEePBYIO CTPO-
Ky Ha 2 u BBHIUTEeM u3 cTpoKu JuaA ¢opmel f. Kpome Toro,
mepecTaBUM MeCTaMH CTOJNOIB! AJA X, U X,. B pesymbrare
Tabun. 7* OyAeT UMeTh CIEAYIOINIA BUA:

Tabruya 7*
Baauc |x, x, X x, x, CBOGOAHBIE YJIEHBI
x, 1 0 0 5 -2 8
x, 0 1 0 0 -1 1
x, 0 0 1 2 -1 4
®opma |0 0 0o -2 0 -3
f

B raba. 7" xoadpdunueHTH GOPMBI [ HEMOJOKUTEIbHEI
(¢, =-2, ¢; = 0), nosromy npm orpaHnyeHusax (27)

niy =5
i=1,..,5
M 3a7la4ya pellleHa.
3ameuanue 7. MoxHo 6b1510 OB MCCIEOBATH BCE Jie-
CATH TPOEK W3 3JIEMEHTOB X, X,, X;, X,, X,. 3aTeM, HaiAa BCe

Gasucel Bj G=1,2, ..., jy Jo < 10), MBI MOXeM HAWTH MUHH-
MyM f npu orpaHnYeHuAX (27) KaK MMHUMAJBLHOE 3HAUCHME

cpexn fg, , ..., fB]. .
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AGcoucca Toukn 55

Anre6panueckoe AONOJIHEHHE,
agbIOHKT 14

Annaukara Touku 55

AcuMrrora

— runep6oiasnr 185

Basuc 122

— oproroHanbHEI 128 *

— mopupocTpaHcTBa 145

— npocrpaHcTBa 124

— CHMILIeKc-MeToxa 252
Bauaepmonaa onpegenurenab 18

BexTop 25

— HOpMAaJbHBIN 128

— HyJeBoit 25

— oTpHunaTeabHbINA 260

— NOJIOKHUTeNbHEIH 260

— cobcTBeHHHI onepaTopa 164

BexkTopa anuna, HopMa 48

BexTopHOe npoussesenue 96

BeKTOpHO-CKaJApHOE IPOM3-
Benenue 104

BexTops KoJsutnEEapHbIe 49

— xommuaHapHble 104

T'aycca meTon 40

Ilenenue orpe3ka B JaHHOM
oTHouIeHuH 55
derepMuHaHT, onpejeauTesns 7
HMuaronans onpeaeaurens 9
Mupexrpuca napa6ossr 189
Jnnua, HopMa BekTopa 48

EBKINA0BO n-MepHOe IPOCTPaH-
creo 64

3aBUCHMBEIE CHCTEMBl BEKTO-
posB 106

3agzaya TpaHcnopTHas 241

Hsamepenue nognpocrpancrsa 145

— mpocrpaHCTBa 59

M HBApHAHTHOCTD CKAJSPHOIO M
BeKTOPHOI'0 npousBeAeHuit 138

Ksagparnunas ¢opma 161

— — runepbosimyeckoro Tuna 177

— — HeomnpeJleJleHHasa N0 3Ha-
Ky 170

— — napabosuyeckoro tuna 177

— — cTrporo orpuuarenbHas 170

— — — nonoxureabHasa 170

— — synMnTHYecKoro Tuna 177

Ksagparnas MaTtpuna 22

KoMnoHeHTsI, KOODANHATHI BEK-
Topa 25

KoadbdunueHTrl CHCTEMEI ypaB-
HeHH# 25

Kpamepa npasuso 26

Kpusas sroporo nopsazka 178

Kponexepa—Kanennu reopus 25

JIuneitHass KOMOMHAIUSA BEKTO-
poB 106

JIngeilHO He3aBUCHMAasA CHCTe-
ma 106

JIuneitHOE nmporpaMMHUpOBa-
HHue 241

JInneitAbIe moATIpOCcTPAaHCTBA 145

JIuneitnslit onepatop 114

JIuneiiyarsie moBepxHocTH 215

Marpuya 22

— eguRuyBRas 117

— KOMILJIEKCHO conpsikeHHas 23
— ofbpaTnas 118

— npousBefeHuns 116

— pacuupeHsas 29
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Marpuna conpsaxkesHHas 23

— TpaHCHOHHDPOBaHHadA 23

Marpuunslit cnoco6 penreHus
cucremsl 40

Musop 14

MowmenT cunnr 103

HanpagyieHne BEKTOPOB OMHAKO-
Boe 128

Hanpasasiromas nuausg 213
Hauaiso xoopgunar 55
Hepagencrso Byrakosckoro 64
— Munkosckoro 65

Hopma, nnuna BexTopa 48
HopMupyomuit MHOKHTEND 77

O6pas npocTpaHCTBa IPH IOMO-
n oneparopa 155

Ob6pasyromue nosepxHoctTu 213

Oneparop equHUYHbIH 117

— JHHelHuH 115

— obparusrii 118

— CcaMOCOIpAXKeHHHH 161

Onpegenuresb, feTEPMUHAHT 7

— Bangepmonza 18

— maTpHunsl 23

—, TIOPOXKAEHHBIA MaTpuneit 23

Onpepenurens wied 10

— ajeMeHT 7

Opaunara Toukd 55

OpueHTanUsA CUCTEMBI BEKTO-
pos 94

— — KoopauHaT 93

— — — JeBad, npasas 95

OpToroHaybHbIE BEKTOPHI 65

OpTOHOPMHPOBAHHAA CHCTEMa
BekTopos 128

Oprrl oceii koopauHAT 57

Ocu xoopauHAaT 55

Orpesok 67

ITepecranoBka 10

IInockocrs 80

IIoBepXHOCTH BTOPOTO NOPAX-
ka 196

— JuHeiiuarasa 215

— uUInHApUYecKasa 214

ITognpocrpancrea 145

— JuHelHbIH 145

— opToroHaybHEIe 146

— m-MepHble 145

IIpaBuno Kpamepa 26

— Capproca 9

IIpeoGpa3oBaHue, He COXPaHAIO-
mee opueHTanuio 101

IIpeoGpa3oBaHue OpPTOroHalb-
Hoe 132

— OpPAMOYTOJBHBIX CHCTEM
KoopauHat 143

—, COXpaHsfWIlee OpPHEHTa-
nuo 101

IIpoeknusa BekTOpa Ha mOpdA-
myto 50

— ToukHu 50

IIpousBenenne seKTOopoB 96

— BeKTOpHO-ckansapHoe 104

— martpun 116

— MaTpHIbl Ha Yuciao 24

— omnpeaeauteneii 24

— ckanapHoe 54

IIpocrpaHcTBO Nn-MepHOE 59

Ilpamasa nuaus 69

IIpamonuHeiinsle obpasyio-
nue 213

Paauyc-sexktop 55

PasHocTh BeKTOpOB 50

Panr marpuns: 23

Paccrosnue mexay roukamu 57
— OT TOYKH /0 IJocKocTu 87
— — — — npsamoit 78
Pemenne cucrems! ypaBHeHmit 25
— TpUBHaJbHOE 28

Cummniexc-meron 252

— Tabnuner 262

CucreMa 3aBUCHMBIX M HE3aBH-
CHMBIX BeKTOpoB 105

— KOODAMHAT IPAMOYrOJb-
Hasa 55

— COOGCTBEHHEIX BEKTODOB
oneparopa 164
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— ypaBHEHU ogHOpoAHAasA 28

— — coBmectHas 36

CranspHoe npousseseaue 59

Co6CTBEHHEIT BEKTOp OIepaTo-
pa 164

Crpoka, crosben onpefeauTens 7

CymmMa BexTopoB 50

— marpun 24

— onpezgenuteneit 14

CymecTBOBaHME peIIeHHs CHC-
TeMEI ypaBHeHH# 26

Teopema Kponexepa—Kanen-
au 25

— CunbBecrpa 171

— ®peproasma 152

Touxka n-MepHOro NpocTpaH-
crBa 59

Tpancunosunusa sneMenTos 10

TpusBHaNbLHOE pellieHUEe CHCTe-
MHI 28

¥Yron mexay BekTopaMu 65

— — IJIOCKOCTAMH 85

— — NpAMBIMH T4

VYMHOKEHHEe BeKTopa Ha 9ucio 49

— MaTpuI] Ha yucyo 24 ’

YpaBHeHAue runep6oJIHMYECKOrO
napabosonaa 197

— runep6osarnr 179

— JBYIIOJIOCTHOrO rumep6oJio-
una 197

— konyca 197

— ORHOIIOJIOCTHOrO rumep6oJIo-
nga 197

— napabossr 179

— MOJIOCKOCTM B HOPMAaJBLHOM
Buge 80

— — — oTpe3kax 83

— — obmiee 80

— —, OpoxoAsumieil yepea TPH
TouKkH 84

— npsaMoii 69

— — B HOpMaJnbHOM Buje 77

— — — orpe3kax T4

— — BeKTOpHoe 74

— — KaHOHHMYecKoe 89

— — obugee 72

— —, npoxoasuiei yepe3 ABe
TOYKH 72

——,—— TOuKy 75

— — C YIJIOBBIM KO3(p(puUnueH-
TOoM 74

— Xapakrepucruueckoe 199

— OUJIHMHAPOB BTOPOro IOPSAZ-
ka 198

— ajuunca 179

— aanunocouna 197

VYpaBHeHHEe BJIJIHITUYECKOTrO
napaGosonga 197

VYcioBHe KOJJIIMHEADHOCTH BeK-
TOpoB 49

— xoMmIaHapHocT# 105

— mapaJljleJIbHOCTH IJIOCKO-
creit 232

— — OpAMBIX T4

— [EPHeHUKYJISIPHOCTH ILIOCKO-
creit 86

— — OpAMEIX T4

®okyc runepbossr 184
— mapaboJasr 189

— ayunca 180
DyHKnUA JuHeHHaA 241

XapaKkTepHCTHYECKOE ypaBHe-
Hue 199

IlenTp TAXKecT: 69

Mukn 258

IInauaapuvyeckas IOBepX-
HOCTH 213

IInauaApe! BToporo nopsagka 198

Yucyso coGCTBEHHOE ONIEpaTo-
pa 164

Yucsopasa OpoeKnus BeKTopa 51

dneMeHT MaTpUnbl 22

— onpegenurens 7

— paspemarmomuit 235

OneMeHTapHOe npeobpas3oBaHHe
MaTpunsl 41

Onaunc 179

Annuncoun 206
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