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[TPEANCJIOBHUE
e

BHHMaHHIO COBETCKOrO UHMTaTeNsl NMPEAJaraercs HepeBO
kuurd Paysa «Mexanuka xupkoctd» (Advanced Mechanics of
fluids, Hunter Rouse), uznarHoit AHOBCKMM MHCTHTYTOM T'HJIPaBJIH-
yeckux uccaenoBannii B 1959 r. ABtop kuuru X. Pays, ABasionini-
¢l PYKOBOIHTENIEM 3TOTO HMHCTHTYTa, — KPYNHEHAIIHH CNCHMaNHCT B
06J1aCTH MEXaHHKH MKKAKOCTH, XOpOILIo H3BecTHHH B COBETCKOM
Co103€e 10 €ero NMpexpacubiM TpyAam «McTopusi ruapaBidkH», «Me-
XaHHKA XHUIKOCTH I/ HHKEHEDOB-THIPOTEXHHKOBY, «JJI€MEHTapHbIH
KypC MEXaHHKH XHJIKOCTH» H AD.

Bce xkuuru X. Paysa xapakTepHbl CTPOrOHM HanpaBJEHHOCTbIO.
KHura mo HCTOPMH THIPaBJHKH 3HAKOMHT UMTaTeNs C Pa3BUTHEM
TMApABJAMYECKHX MAaIlHH, NaeT MNPEeICTaBJEHHs O THAPaBIHIECKHX
3aKOHAX, O MEePBbIX HPPHTALlMOHHHIX M THAPOTEXHHYECKHX COOpYyXe-
HHUAX, TPUHUYEM [PH COCTABJEHHMH 3TOH KHHMTH OBIIH HCIOJIb30BAHbI
61GIHOTEKH MHOTHX cTpan MHpa. KHura «3d/eMeHTapHbH Kypc Me-
XaHHMKH JKHMIKOCTH» JAaeT OCHOBHBIE NPEACTABJIECHHSA O XHMIKOCTH KaK
0 GH3MIECKOM KOHTHHYYMe H IOC/eN0BaTe/JbHO pa3BHBAET OCHOB-
HBIC HJIEH HAYKH O >KUAKOCTH. DTa KHHMra TOTOBHT YMTATES K yTe-
HHIO M BOCIPHATHIO HOCJAEAYIOMMX KHHF M OCOOEHHO TOH, UTO SIBJS-
eTcsl MPELMETOM IIPEAIaraeMoro NnepeBojia, a Takke N0 HEKOTOpoH
CTeNeHH KHUIH «MexaHHKa KHAKOCTH /1 HHXKEHEPOB-THAPOTEXHHU-
KOB», HMEIOIIEH MO 3aMbIC/Jy aBTOpa NPHKJIALHOH Xapakrtep.

[TepeBomuMasi HaMu KHMra [peICTaB/iseT COGOH NOBBILIEHHBIH
KYypPC MEXaHWKH KHIKOCTH CO CTPOTHM MAaTEMAaTHYECKHM H3JI0KEHH-
€M OCHOBHBIX IPHHIHIIOB MEXaHHKH JKHAKOTO TeJa NPH MOCTOSIHHOM
obpalueHdd K (PU3HUECKOMY CMbIC/Y ONHCbIBAEMBIX MaTeMaTHUECKH
SBJEHHH. DTOT KypC fABJSETCS B OCHOBHOM TEOPETHYECKHM, HO OJHO-
BPEMEHHO pa3BUBAeT y UHTATE/Isl yMEHHE NPHUMEHSTb TeOpeTHuec-
K{e KOHUENIMH K pelleHHIO TIPaKTHUeCKMX HHXKEHEPHHIX 3ajav.

Hacrosiasa KHura oco6eHHO HoJe3Ha HayYyHbHIM PabOTHHMKaM, 3a-
HATHIM HCCJAEIOBAHUAMK B 00JACTH THAPOJHHAMHMKM H THADOTEXHH-
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KH, acnupaHTaM THIPOTEXHUYECKHX (aKyJabTeTOB, acHUpaHTaM W
CTYAEHTAM COOTBETCTBYIOIIHX (aKyJAbTETOB yHHBEPCHTETOB, IPENo-
IaBaTesiM TFHAPABJHYECKHX AMCUMIVIMH H MHOTHM NPaKTHYECKUM
paGOTHHKAM M CTYAeHTaM Das3/IMYHbIX CHEeNHaJbHOCTEH, KEeNalomUM
rayGOKO M3YYHTh H NMPAKTHYECKH HCIO/Ib30BATh IPHHLHIBI TEOPETH-
YeCKOH ruApOJUHAMUKH.

B moaroroBke mnepeBoja HACTOSAMIEH KHHTH NPHHSJIH yYacTHE:
kaua, texd. Hayk H. B. Jlanuabryenko, C. B. Moxg3senesckas H HHXK.
I'. C. Heuaesa.

A. BOd¢un



Tanasa |

BBEJEHHUE B HCCJIEZOBAHHE
ABUXEHHS )XUAKOCTH

A. MareMaTHyeckuid aHanu3
H 2KCHepHMEHTAJNbHbIE H3MEePEeHHUs

1. Cospemennoe cocrosHue Haykd. OcHOBHBlE HaydHBIE
IPHHIHUNBl C€1AJHCh HACTOIbKO OOLIYHBIMH B HHKEHEDHOH IpaKTH-
Ke, YTO TPYAHO NpPENCTaBUTb BpeMs, KOTJa HH OJHMH H3 HHX ellle He
6u11 chopmyauposaH. [TockoNbKy OCHOBHOH Ie/bIO HAYKH SIBJAAJIOCH
co3jaHue BCceoOHEMJIIONleH TEOpPHH, KOTOpasl HOJXKHA Oblia 3aMe-
HHUTb pEMeCJIEHHHYEeCKOe HCMOJb30BaHHE H3BECTHBIX (aKTOB, SICHO,
yTo (€3 HCCJAe0BAHHUH, NPOBENEHHBEIX B IPOLIIOM, COBpeMeHHas
HayKa He cylllectBoBasa Obl Kak TakoBas. CrosieTHsl Ha3ajl HCCIENO-
paHne 6blI0, KOHEYHO, B 3HAYHTEJIbHOH CTEeNeHH HeopraHH30BaHHOM
MOMNBITKOH, U MHOTHE H3 OCHOBHBIX 3aKOHOB €CTECTBO3HAHHUS 00513aHbI
CBOHM OTKpBITHEM HaOJIOAECHUSM H DPa3MBbIIIJIEHHSM HECKOJbKHX
BBIAtOMuXca Jawoaell. K cuacTbio, OTKpBITHS TaKoro popa OyAyT
Bcerna nponaoaxkarbcs. OgHAKo NO Mepe HAKONJEHHUS CBEILEeHHH,
NOJYy4aeMbIX NyTeM AeTAJbHBIX HCCAeNOBAHUI, HEOOXOAHMEI BCe GO-
Jiee TOUHBIe HaOJIOeHHS U BCe 6oJiee HCUEPNbIBAIOWIUE TEOPHH AJS
X 0O'bSICHEHHS].

[loaTBepxKaeHHEM BBIIIECKA3AHHOTO MOMET CJYXKHTb MeXaHHKa
KHAKOCTH. JIBHXKEHHE KHUIKOCTH — [AaJEKO He TMpocToe fBJCHHE,
M COBpPEMCHHOE IIOHHMaHHe €r0 XapaKTepPHUCTHK, KaK OHO HHM OrpaHH-
YeHHO, OBlJIO AOCTHTHYTO TOJbKO 6Jarogapsi CTOJNETHAM YCEPAHBIX
IONBITOK TEODETHKOB M 3KCIEDHMEHTATOPOB MHOrux mnpodeccuilt Bo
MHOTHX CTpaHax. [lpocjexuBas Tenepb HCTOPHUUECKOE PA3SBUTHE 3TOH
HayKH, YIUBJSACIIbCA OGHJIHI0 MaTepHasa, KOTAa-TO HEHU3BECTHOTO,
1 TOH MENJIMTEJbHOCTH, C KOTOPOH COBepllaJoch KaxKjoe HOBOE OT-
kphiTHE. To, UTO elle 0CTaeTCsl OTKPBITh, 10 aGCONIOTHOMY 3HAUEHHIO,
REPOSITHO, MAJIO OTJIMYAETCS OT TOTO, UTO OCTABAJOChH CTO JET Has3aj.
OnHako nosoxeHne H3MEHHJIOCh B TOM OTHOIIEHHH, YTO TeNepb HMe-
eTCsl 3HAUHTENBHO GOJMbIIas HEOOXOAMMOCTb B 3HAHHSIX U CYIECTBY-
10T yJydIleHHble MeTOAbl, 0Jarogapsi KOTOPHIM 3Ta HeOOXOZUMOCTD
IOCTeIIeHHO YOBJETBOPSIETCS.



Me1/iuTeNbHOCTb, C KOTOPOH PasBHBaJOCh B MPOULJIOM IOHHMA-
HHC MOBEAEHHS KUAKOCTH, B 3HAUHTENbHOH Mepe OODbACHSAETCS TeM,
YTO HCCJAEHOBATSNN B PasHbIX 00gacTax paboTany He3aBUCHMO LPYT
oT apyra. TeopeTHKH TNpe3npajn HepasyMHOCTb IKCIEPHMEHTATo-
DOB, SKCHEDHMEHTATOPbl CMESIMCh HaJ HEeNPaKTHYHOCTHIO TEOPETH-
KOB, TaK YTO IO CyLIECTBY HHKAaKOro oOMeHa 3HAHHSIMH MEXAY HH-
MH He Opio. OQHMM H3 3HAYUTENbHBIX JOCTHXKEHHH Hallero CTo-
JIeTHsl SIBUJIOCh TIPH3HAHHE HEOOXOAMMOCTH OOBeIHHEHHs HayyHbIX
ycuauil, B OTHOLIEHHH XKHAKOCTH, KDOME TOTO, OBLIO MPH3HAHO, YTO
aHAJHM3 U SKCIEPUMEHT MOJIKHBL GbITb COCIHHEHB KaK 06s3aTe/IbHbIE
B3aHMOJIOIIOJHSAIONIHE HHCTPYMEHTbl HCCJAEJ0BaHHs, a BCE CYIIECT-
BYIOIHE 3HAHHS O JBHXKEHHH KHIKOCTH JIOJXHbBI OBITb MOJIOKEHHI
B OCHOBY HayKH H HCIOJIb30BaHBI BO BCEX CMEXKHBIX 00JIaCTAX.

2. OrpannyeHusi MaTeMaTHYeCKore araau3a. HMpueanbHas nayd-
Hasi TEOPHsl COCTOHT W3 MHHHMAaJbHOTO KOJHYECTBA aKCHOM (OCHOB-
HbIX TMPHHIUIOB M MOHATHI), U3 KOTOPLIX peIIeHHe JMI000H 3agayu
MOXKeT ObITh NMoJyd4eHO (OpMaNbHOH JIOTHKOMH, T. €. MaTeMaTHYECKH.
Ceiliyac Takas BceoOBEMJIIONIAS TEOPHA ABHIKEHHS XKHUJIKOCTH BOILIO-
IeHa B yPaBHEHHMH HEPA3PBIBHOCTH U OOIIUX yDaBHEHHAX NBUKEHHS.
K coxaJ/eHuio, CJI0KHOCTb OOJNBIIHHCTBA SIBJAEHHH TCUEHHS U Ipe-
JeJbl aHAJUTHYECKUX CIIOCOOHOCTEH ueJOBeKa OrPpaHHYHBAIOT CTPO-
roe NpUMeHeHHE 3TOH TCOPHUH TOJbKO HECKOJBbKHMH IPOCTBIMH Cay-
yasgMd. Hanpumep, MOXHO HaHTH paclpefesneHHe NABJEHHUA B XKUL-
KOM TeJjIe, KOTOpPO€ HEeJUKOM BpalllaeTcsl MM HCIBITBIBACT YCKOPEHHE
HHLIM CIOCOOOM; NpeLesoM B 3TOM cJydae OyAeT THAPOCTATHYECKOE
pacmpenenende. MoryT ObITb TOYHO pacCCYMTAHBl CONpPOTHUBJEHHE
JJAMHHADHOrO MOTOKa B OJHOPOAHOH Tpybe HJIH YyCTaHOBHBIUASICS
CKOpPOCTb MNajeHHs MaJjoro wapa. ToyHo BbIpaxKaeTcs 4 YacToTa
BOJIH MaJjIO# aMIIMTY[bl MO AEHCTBHEM CHJbl TAXKECTH, KalHIsAp-
HOCTH HJH ynpyroctd. Bosee cioxHbIe COCTOSIHHSI MOTOKA MOTYT
ObITb MOABEPTHYTHl TEOPETHUECKOMY AaHAJM3y JIHIIb IPH HTHOPHPO-
BaHHH HEKOTOPHIMH HE MOAJAIOLIUMHCSI ONMUCAHHIO CTOPOHAMHU [ABH-
XKeHus. B pange ciayyaeB pe3ysbTaThl UMEIOT XOCTATOUHYIO [JIsl HH-
XKEHEePHO! NPaKTHKH TouHOCTb. OnxHAaKO 4acto, ocOGEHHO IJisi Ciy-
yass TypOy/JeHTHOTO ABHMIXKCHHs, MaTeMaTHYeCKHEe TPYAHOCTH CTaHO-
BSITCSl HACTOJIbKO 3HAYHTEJNbHBIMH, YTO DEIICHHE MOXKeT ObITb moJy-
YEHO TOJILKO MMOCJI€ YPEe3BBIYAHHOIO YN pOLIeHHS.

[TonoGuble TPYXHOCTH aHAJHUTHUYECKOrO MOPSIAKA TIPH BCERO3MOXK-
HBIX CJIOXKHBIX TEUEHHSX NPHBEJNH HECKOJBbKO CTOJETHH Hasaj K co-
3XAHHIO NOHATHA O TaK HA3blBAae€MOH «COBEPIIEHHOH WJIU HAeaJbHOH
XKHUIKOCTH», KOTOpasi CUMTAETCS OJHOPOXHOH, HECXKUMaeMoOH M He-
Bsi3koi. Ha srtoit mpeanusanun kuxkoro BeuiecTsa Gblja MOCTPOeHa
BCS KJlacCHYecKast THAPOJMHAMHKA — MAaTeMAaTHYECKH CTPOroe Ipo-
NOJIKEHHE TEOPETHUYECKOH MEXaHUKH, KOTOPOe 0Ka3aJocCh IEHHBIM BO
MHOTHX OTHOIUEHHSIX, HO TeM He MeHee O€CHOJIe3HBIM B pPelleHUU
TOro, 4To OBLIO Torxa (M ocraercsa cefiuac) IVIABHOH 3ajavyeil WH-
JKCHEpa-TUApaBJUKa: CONPOTUBJCHHE XUAKOCTeH. JlOoKa3epiBaThb Ma-
TEMATHYECKH, UTO MOTPYXEHHOE B BooGpa)KaeMylo KHUJIKOCTb Teso

6



MOMKeT HBHraTbCsl B HeH, He BCTpeuas CONPOTHUBJICHHA, HJIH UTO Ha-
COC MOXET KauaTb TaKyI0 XKHAKOCTb 06€3 IOTepb 3JHEPrdd, Koraa
eXKEIHEBHBIH ONBIT TPOTHBOPEUUT 3TOMY, COBEPILUEHHO OeCroJsesHo.
B wamx nHH, Ge3ycJOBHO, KJaccuueckas THApPOAHHAMHKA HaHaeT
[pUMeHEHHe JaXKe TIPH pellleHHH 3ajau O CONpOTHBJeHHH. XOTH Ta-
Kasi BO3MOXKHOCTb IPEeANOJIOKUTEIbHO MpPeACcKa3biBajsach TEOPeTH-
yecKH, octaercsd ¢aKToM, UTO 3TO 3aBHCHT OT aHa/u3a Te€X CBOHCTB
peasbHOH KHAKOCTH, KOTOpDble HIHODHPOBAJHCh MPH CO3LaHHU
H1eaJibHOH MOJIeH.

[IpaBU/IBHOCTD TEOPHH MOXKET ObITh IIPOBEpPEHa JIMIIL Ha OMBITE.
ITpu monb3oBaHHH MaTeMaTHYECKHUM aHAIM30M NPAKTHYECKH IOMXK-
Ha ObITh 1O HEKOTOPOH CTeleHH yNpollleHa faiobas 3afavya O ABHKE-
HHH XKHMAKOCTH, HO TOJBKO ONBITHBIM IyTeM MOXHO YCTaHOBHUTH
npeaejabHble TEOPETHYCCKHE AONYLIEHHS, KOTOpble 06OCHOBHLIBAIOTCS
¢bu3uYecKH, a He TOJNbKO YAOOHBI MaTeMaTHueckd. [lss 3amauy, He
OU€Hb OTJIHYAIOUIHXCS OT YK€ DeIllIeHHBIX, YaCTO AOCTATOYHO IIpex-
Hero onbita. C Apyro#l CTOPOHBI, COBCEM HOBHIE 3afadH TPeBYIOT HO-
BbIX ONIBITOB, TaK KaK HeONpaBJaHHblE YIPOIIEHHS MOTYT IIPUBECTH
K ODU3HUECKH HEeBO3MOKHBIM 3aKJI0UeHHSIM. MIHBIMH CJIOBaMH, MaTe-
MaTHUECKHH aHaJH3 HOJ/KeH OBITh He TOJAbKO OrpaHHYeH peaJsibHHI-
MH THIIOT€3aMH, HO U 0073aTeJqbHO NMOABEPTHYT 3KCIePHMEHTAJbHOH
IpOBepKe.

3. OrpaHuyeHus HeHanNpaBJEHHOro KCNepUMeHTa. EcJau cienas
Bepa B MaTeMaTHYECKHH aHAJ/JIH3 NPHBOJUT K TAKUM ONINOOUYHBIM 3a-
KJIIOYEHHSIM, TOT/la BO3HMKA€T BOIPOC, BHICKA3aHHBIN HHXKeHepaMH
OPOLIJIBIX CTOJIETHH: 3aueM TPAaTUTb BpeMs Ha TEOpPHIO, pa3 HeHs-
6exxHO TpeOyeTcsl 3KCIepHMEHTaJbHOe TOJATBEpXKIeHHe? IDTH HHXKe-
HEPHl HEBOJBHO CaMU OTBETHJIH Ha CBOH BONPOC, HaKamNJHBas HaTyp-
Hble H JabopaTopHble AaHHBIC, HO He OCMBICJAUBasg HX HayuyHo. [o
TeX Nop, MOKa 3ajauell SBJSALTCS onpelejeHHe ONHOH He3aBHUCHMOM
BEJIHYHHBI, ONHO TOUHOE H3MEpEeHHe JaeT ee Heu3MeHHOe MOCTOSIH-
HOe 3HaUeHHE; HO eCJH HMEITCd JBE B3aHMO3aBHCHMbBIE BEJHUHHBI,
TO IJISI YCTaHOBJIEHHA HX (YHKUHMOHAJbHOIO COOTHOLIEHHs Tpebyer-
csl yXKe [0 KpaHHel Mepe 4eTblpe WJH NATh XOPOLIO OOAYMaHHBIX
M3MEepEHHH; [PH TPpeX BeJHYHHAX A5 NOJYyYeHHs GYHKUIHH HeLocTa-
TOYHO J[BajuaTH U naxe OoJiee H3MepEeHUA H3-3a CBOACTBEHHOM
4eJI0OBeKy HeClOCOOHOCTH CHCTEMAaTH3HpOBAaTh H3MepeHHUs1 Oe3 Teope-
THYECKOTO PYKOBOACTBA. C yBe/HYeHHEM YHC/Ia MEPEeMEeHHBIX TPYI-
HOCTb 3KCNEPHMEHTAJbHOTO OIpeJe/eHHsT pacTeT OdYeHb pPE3Ko H
JIMIIb HEMHOTHE 3a[auH JBHXKEHHS XKHIKOCTH MOTrYT OBITb CBELEHBI
K TpeM, YeThIpEM HJH [axKe IATH NOAXOASIIUM [epeMeHHBIM 6e3
YPE3MEpPHOro yIpOIEeHHUS.

Harasgno#t uaiiocTpaliuell moTepH BPEMEHH HA YHUCTOE 3JKCIIEpH-
MEHTHPOBAHHE SBJSETCH 3ajaya HaX0X/eHHS CONPOTHBJIEHHS B
Tpybax. DTa OCHOBHAS HHI)KEHepHAas 3ajaya BKJIOUYAeT N0 KpahHel
Mepe LIeCTb IepeMeHHBbIX: [HAMEeTpP M LIepOXOBAaTOCTb TPYOHI, CKO-
POCTb TeYeHHs, MVIOTHOCTb H BA3KOCTb XKHUAKOCTH U TPATHEHT AaBJje-
HusA. B TeueHHe MHOIMX JI€T BCe IIONBITKH OINpeneseHUsi 3aKoHa
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COTPOTUBJIEHHS] KAK IIOBTOPHBIMH HUCIIBITAHUAMH, TaK H KoppeJasuued
HMEIOLHUXCA JAHHBIX TPHBOAHJIH IIPOCTO K JaOHPUHTY HECBS3HBIX
KpHBEIX. TOJIBKO C IOMOLIBIO TEOPETHYECKOTO DPYKOBOACTBA, pasy-
MeeTcsl, He MaTeMaTHUeCKOi THADOAMHAMHKH, a NMPHKJIATHOA (u3H-
KH, 3HAKOMOH C Da3MEpHOCTHBIMHM CTOPOHAMM 3aiauH, B KCIEpH-
MeHTaJ/bHble pe3yJabTaThl Obl1a BHeCEHAa HAKOHEN HEKOTOpas CHCTe-
Ma. M TOJABKO KOrja TOCJelylllHe 3KCIePHMEHTH CTaJH BBINOJ-
HSITBCSI B COOTBETCTBHH € aHAJH30M, OBIJIO JOCTHTHYTO NPHOJMN3H-
TeJIbHOE MpeJCTaBJIeHHe STOrO SABJIEHHS.

Tak e Kak TEOpHsl UEeJHKOM 3aBHCHT OT HaNpaBJSIOLIETO 3KC-
IIePUMEHTAJBHOTO KOHTPOJA, TAK M 3KCNEPUMEHT NI TOro, gTOO B
5eITh 3()()EeKTUBHBIM, HHKOT1a He MOXKeT 06OHTHCh 6e3 aHa/UTHYeC-
KOTO PYKOBOJICTBA.

4. Mervon npeicraejienus. PyKOBOJICTBO, cJyKallee s 06yde-
HHSI COBPEMEHHON TEXHHKe aHa/JHTHYECKOrO MCCJAEeJOBaHHs [BHXKe-
HHUS XHAKOCTH, OUEBMIHO, HE MOMKET OTKa3aThCi HH OT MOIIHOTO
MAaTeMaTHYECKOTO anlapaTa KJaCcCHYecKOH THIAPOJHHAMHKH, HH OT
YCJIOBHSI €0 YCNEINHOrO NpPHUMEHEHHs — NPOBEPKH 3IKCIEPHMEHTOM.
B caepywooinux ryiaBax KHHUTH OyaeT yleseHO NOJMXKHOe BHHMaHHe
oblIell TeOpHH IBHKEHHSH XHAKOCTH, €€ CTPOTHM NPHJIOXKEHHAM H
NOATBEPKIEHUIO B HEKOTOPHIX NPOCTHIX CJaydasX, a 3aTeM MeTojAaM
NPHOJHKEHHOTO TIPUJ0KEHHMS U IKCIEDUMEHTAJbHOrO YIPOIIeHHS
B 6oJiee CJOXKHBIX cayuasix. B cBsI3# ¢ COMHHTENBHOCTBIO TOTO (ak-
Ta, YTO YWTaTeNlb KOTHa-HHOYAb BCTPETHTCH C HOBOH npobJemof,
noajgaiouiefics TOYHOMY pelIeHHI0, ero cJjenyeT INOATOTOBHTH K
NpHOGIHKEHHHM d (GYHKIHOHAJBHEIM COOTHOIIEHHSIM, KOTOpble OH
MOXKET MOJYUYHTb KOMOHHAUHEH aHANIUTHYECKHX W KCIepHUMEeHTaJb-
HBIX CPEJCTB.

Urobbl 06/71a1aTh (QU3WYECKHM CMBICJOM, TaKHe COOTHOIIEHHS
JIOJI2KHBL YIOBJIETBOPSATbL ONpefeJeHHBIM Pa3MEePHOCTHBIM H UYHCJIO-
BHIM TpeboBaHusAM. JlJIsT CTPOrOTO TEOPETHUeCKOro pelleHHsi Heol-
XOIMMa pa3MepHas OXHOPONHOCTb. ONHAKO B COBEPIIEHHO SMIHPH-
YeCKOM MeTOole NPOBEJeHHs] IKCIepUMeHTa HeT HHUYEro, 4To NOJ-
TBEpK/AaJa0o OB pasMepHyi0O NPaBUABHOCTbL IMOJYYEHHOrO COOTHOLIE-
HHf, H 3TO TaKXe orpaHuuuBaeT 3G PeKTHBHOCTH UYHCTOTO SMIHPHU-
4ecKoro 3KClepuMeHTa. TaK Kak 3Ta KHUTra HMeeT JAejo C KOMOHHa-
el MaTeMaTHYeCKOro M 3KCIIePHMEHTAJ/bHOTO aHa/u3a, TO mpexkje
BCEro HeOoOXOAMMO PacCMOTPeTb pa3MepHBIE XapaKTePHCTHKH TIpa-
BHJIBHOTO (u3Hueckoro cooTHomeHus. [lostomy B ocTaBuiefics
yacTu HACTOsIIe# IJIaBbl pasbupaercs ¢ PasJMUHBIX CTOPOH pasmep-
HBIH aHaJu3, a ero NpUJOXKeHHe HJJIIOCTPUPYETCSs pPasHBIMH 3aja-
yaMH, HauboJee YacTO BCTPEUAIOIIUMHUCS B OOGBIUHBIX HCCJEN0Ba-
HHAX (HEKOTOpble M3 HUX pelleHBl M03XKe, a HEKOTOPhIe 10 CHX nop
He TIOAJAI0TCS PEIIEHHUIO).

B coorBercTBHH ¢ 3THM BCTyIJeHHeM B rnaBe 1l palorcss ocuos-
Hble NPENCTABJEHUsI O NOTOKe, O MPHHIHNIE HEPA3PBIBHOCTH, OCBe-
IAI0TCS KHHEMATHUeCKHE H JUHAMHUYCCKHE CTOPOHBEI OGLIMX ypaBHe-
HUH [BHXKEHHUsS. YKasblBaeTC HX pellleHHe IJIS MPOCTEHINHX yCJo-
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puii Teuenus. [ugaswt III u IV BBOAAT AONYyLIEHHS KJaCCHYECKOH
FHAPOJAHHAMHKH — OJHOPOJHOCTb, HECKHMaeMOCTb, OTCYTCTBHE BfI3-
KOCTH, a4 TaKXe MareMaTHYeCKyI0 TeXHHUKY, NPHMEHAEMYIO IpH pe-
IIEHHH TPeX- U JIBYXMEPHBIX JABHKCHHH.

Bsaskuit MOTOK moaBepraercss CTPOrOMy pPacCMOTPEHHIO B HaudaJe
riaBbl V U TaM 2Ke JaeTcsl TeXHHKA TOUHBLIX PELIeHHH AJS 4aCTHBIX
rPAHHYHBIX YCJAOBHH. B KOHILle 5TOH TIJaBbl NPHUBOASITCS pas/HYHbIE
MeTOAbl NPHUOJHKEHUH, HAa KOTOPble AAITCA CChIIKH B TOH HJH
apyro#i ¢opme B ocra/ibHOH uacTH KHuTH, I'masa VI moscmser yn-
pOILeHHsi, AONyCKaeMble NPH aHaAJH3¢ TYyPOYJEHTHOCTH MXHIKOCTH,
B raaBe VII npusBoauTcs To XKe caMmce AJs MOTPAaHUYHOTO CJI05, a B
raase VIII — pasi cienoB U nmogoOHBIX HM THIIOB IOTOKOB. Bo Bcex
IJ1aBax OCHOBHOE BHUMAaHHE YJeJaseTcsl MEeTOJaM PacCMOTPEHHsl HO-
BBIX 337144, a He TIOBTOPEHHIO H3BECTHBIX pellieHUH.

b. CooGpaxenus 0 pa3aMepHOCTH

5. PasMepHass ogHOpPOAHOCTb. Bce ¢u3nueckue BeaIUUH-
Hbl H3MepATCA NyTeM CPaBHEHHS C eJHHHLAMH TOH MJH HHOH pas-
MEepHOH KaTeropuu. Bbl6op 3THX KaTeropufi, Taxk e Kak U CaMHX
eIHHHL, COBEPIIEHHO MpPOH3BOJeH. MOXKHO He TOJbKO BHIOHDAThb
MeX1y AHIVIMACKHMH HJIH METPHUECKHMMH (HJH JIOOBIMH JPYTHMH)
eJHHHIAMH, HO H, KDOMe TOTO, TaKHe BEJIHUYHHDI, KAK CKOPOCTb MOXK-
0 BbIpaxkaTb JuOO yepe3 KOMOMHALHIO €IMHHI AJHHB U BPEMEHH,
JHOO CHenHaJbHbIMH CKOPOCTHBIMH €JHHHLUAMH, TaKHMH, KaK MOD-
ckHe yaanl Hau BrodoprosBckad cuma. C Ueabio YIPOILEHHS PeKo-
MEHAYyeTCs yMeHbIIEHHe ecJH He 4YHCJaa CaMHX eIHHHL, TO 4HCJa
KaTeropuil — B MEXaHHKe BCe BeJIHYHHbl OOBIYHO BBIPAKAIOTCA TOH
HJIH MHOH KOMOWHaUHeH JJHHbI, BpEMEHH, CHJIbl H Macchl.

Tax kak Kaxjgas QuaHuecKas BeJHYHHA HMEET CBOHCTBEHHBIE e
3HaueHne ¥ pasmepsl, Jioboe airefpanyeckoe BbipaKkeHHe (u3HUeC-
KOTO COOTHOUIEHHS MeXAY ABYMsI HJH GOJNbLUIMM KOJIHYECTBOM BeJH-
UHH MOAPA3YMEBAET 5KBHBAJNEHTHOCTb X Pa3MepoB Tax ke, Kak H

paBHOLEHHOCTb 3HaueHuit. Takum obpasom, ypasnenne V=1 2gh
yKasblBaeT He TOJbKO Ha TO, YTO CKOPOCTb CBOGOJHOTO IajeHHs
PaBHAa KODHIO KBaJPaTHOMY H3 Y/JBOEHHOTO NPOH3BENEHHS YCKOpe-
HHS Ha BbHICOTY IaJeHHS, HO TAaKXKe H Ha KBHBAJEHTHOCTb MX pas-
MepHocredl. ComnocraB/eHHe psajga HaG/I0AEHHHA NMO3BOJSIET 3alKCATDh

3T0 COOTHOLIEHHe TaKxke B yao6HOH dopme V=CV h. Uwmenno B
TaKo# (opMe 5TOT 3aKOH OblJ OTKPBIT M 3aTEM MHCIIOJAb30BaJjcH B6o-
dee 100 mer. Koneuno, kosdduumentr C 3gech AoJKeH 06Jafath
KaK COOTBETCTBYIOIIEH Pas3MepHOCTbIO (KOpEHb KBajpaTHBIH H3 yc-
KOP€HHUS), TaK M BeJIHYHHOH. VIHBIMH C10BaMH, [Jsi HH3HUECKOH TOY-
HOCTH HeOGX0AMMO, UTOOb 00e CTOPOHbI PABEHCTBA HE TOABKO GBLIH
PaBHLI B YHC/JIOBOM BBIDAXKEHHH, HO H yDaBHOBEWIHBAJHCH IO pas-
MEPHOCTAM, T. €. WIEHbl YDPaBHEHHS JOJIKHBl GbITb PasMepHOCTHO
ONHOpOAHBIMH. DopMa J1060r0 ypaBHEHHS, YAOBJETBOPAIOIIETO
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3TOMYy TPeGOBAHHIO H COOTBETCTBYIOUIETO ONHUCHIBAEMOMY SIBJIEHHIO,
COBEpLIEHHO He 3aBHCHUT OT BbIOOpa €IUHHIL U3MEpeHHS.

Bropo#i 3akoH IBMMKEHHS, Ha KOTOPOM OasHpyercs BCfA HBIOTO-
HOBCKasl MeXaHHKa, [VIAaCHT: AEHCTBHE CHJIBI HA TeJO CO3LAeT YCKO-
peHde, NpPSAMO NPONOPIHOHAJbHOE CHJe H 06paTHO MNPONOPLHO-
HaJbHOE Macce Teja; pe3y/]bTHpyIOlLlee ajre6panueckoe Bbipa:KeHUe
3TOro 3aKOHa MOKeT OBbITb 3allHCaHO B BHAE

a-—-C—F-.
M

3necb C—paamepHaﬂ IIOCTOsIHHAs, BE€JHUUHa KOTOpOﬁ 2ABHCHT

oT BbI6paHHbIX CANHUALl AJ51 H3MePEHHsA JHHbI, BpPEMEHH, CHJAB H

{ Macca - JJHHA
MAcCChI; pBBMEPHOCTb ee
{ CHa1a - Bpema?

1aBHO NPHHATO, YTO BeJHUYHHA 3TOH NOCTOSHHOH paBHa €JHHHIE,
N03TOMy J100ble TPH pasMepHbBle €AMHHILI ONpeNeNsioT BEeJHUYHHY
UyeTBepTOH, H Jbasi BeJHUHHA Pa3MepHON KaTeropuH MOXKeT OBITb
BbIpa)keHa uepes TpH ocTaJbHble. JIJUHA, BpeMs M Macca TPHHSTHI
BCEMH B KaueCTBe TPEeX OCHOBHBIX KaTEropuil, HO AJst yIOOGCTBA MOXK-

HO CYHUTATDb, YTO
Fr*1_,
ML| '

rae M F, T, L, uny M MoxXKeT paccMaTpHBaTbesl KakK 3aBUCHMAs
BeJHYMHA. Hanpumep, MHTEHCHBHOCTb NaBJEHHs HauboJee yAOGHO
H3MEPATh B €IHMHHLAX CHJIbl HAa eIHHUIY miomand [F/L?], Ho 3anuch
B eMHHIAX MacChl, AJHHBI U BpemenH [M/LT?] Taxxke COBEpIIEHHO
BepHA; aHaAJOrHYHbBIM 00pa3oM, XOTs HauboJee yNOGHOH pasMepHO-
CTHOH 3aNHChIO AJs NJIOTHOCTH NPEACTABJSAETCS Macca HAa eIUHH-
ny oonema [M/L?], ee Takie MOXKHO BBIDA3HTb Yepe3 NJMHY, BpeMsi
u cuay [FT?[L%). Kaxue Gl Kateropuu He GBLIM BHIGPAHBI B KauecT-
Be OCHOBHBIX, Da3MEePHOCTb JIOGOH BEJHYHHH B MEXaHHKE MOKET
ObITh Bhipakena kak npoussenenne [L1“[T1°[M])', rme q, By aB-
JSIOTCA OTBJIEUEHHBIMH YHCJIaMH.

. Bceo6mumM coraameniem

Tak kak s00asi MoJyYeHHAst Pa3MEpPHOCTb 3ABHCHT OT TPex
OCHOBHBIX KAaTE€rOpUH, TO BCe MeXaHHYECKHe COOTHOUICHHS MOXKHO
cBecTH K Oe3spasmepHofi dopme. Omuo Ge3pasMepHOE OTHOIIEHME
COBEPUIEHHO OYEBHAHO, 3T0 F/Ma — OTBJIEUEHHOE UMCJ0, paBHOe
elUHHLe, TaK xe Kak 1 V/V 2gh. ITapamerp notoka nJs ¥cTeuenus
us otsepctuil Q/AY 2Ap/p Taxkxke GespasmepeH, XOTS BeJHUMHA,
KOTOPYI0 OH BhIpakaer (KOo3(p(uUHeHT pacxofa), He BCeraa paBHA
CAMHHLE, SHAUNTENBHO H3MENSACh B 3aBMCHMOCTH OT PA3MEPOB OT-
BEPCTHS H €T0 OUepPTaHHS.

Pasmepnoe KOppEeKTHOE COOTHOIIEHHe BCETAa MOKHO CBECTH K
GespasmepHOH (opMe, pasien:uB KaKAbH €rc uwied Ha COOTBETCT-
Bylollee KOJIHUECTBO ¢ HaaJexamell pasMepHocTbio. Hanpumep, eciu
KaX/blH WI€H YDaBHEHHS CBf3H NABJEHMSA M CKODOCTH IJS yCTa-
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HOBMBILErocss Ge3BHXPEBOrO I[OTOKA IIPH IIOCTOSIHHOM pPacCCTOSHHH
OT IJIOCKOCTH oTcueTa p—po=p(V3—V?)/2 pasueants Ha pV3/2,
noayuntcss GespasmepHas Qopma  (p—po)/(pVE/2) =1—(V/Vo)>
He ToabKO 3Ta ¢opMa 3amHCH AJs 3aJaHHOTO OYEPTAHHS TpaHHL
GyleT YACJICHHO HE3aBHCHMOH OT HCIOJb30BAHHOHM CHCTEMBI pasmep-
HocTel, HO Aaxe rpaduk Ge3pa3MepHOro COOTHOLIEHHs OyJaer NpH-
rofieH JJs Jdo0bX MacuTaGoB U JOOBX 3HAYeHHH OTAENbHBIX mepe-
meHHBIX. OJHAKO OOBIUHO MPH OTCYTCTBHH NOA PYKOH COOTBETCTBYIO-
IMX pasMepHBIX ypaBHEHHH CMOco0 TPYNNMPOBKH I[EPEMEHHBIX B
pAAbl CBSI3aHHBIX 0e3pasMepHBIX WIEHOB He JIETKO YCTaHOBATb. Ho
MMEHHO TOTJia Takas TpPYNIHPOBKA OCOOEHHO KejaTellbHa, TaK Kak
Ge3pasMepHble MepPEeMEHHBIE BCETJa MaJOyHC/IeHHee PasMepHbIX, H3
KOTOPBIX OHH COCTaBJeHbl. [103TOMY moJie3eH MeTO[I, C MOMOLIbIO KO-
TOPOro TaKasi I'PYNNHPOBKA MOXET OBITh MOJydYeHa aBTOMAaTHUYECKH.

6. II-reopema. DespasaMepHOe NpPOH3BeNEeHHE N Pa3MEPHBIX Be-
JMYHH B OOLIeM cjaydae MOxeT ObITb NPEeACTaBJEHO B BHAE

= A% A A% An.

31ech MoKa3aTeNd CTENeHH — OTBJEUEHHble UHC/Ja TAKOH BeJIMYHHBI,
YTO CTENEeHb KaKAOM H3 M YUYaCTBYIOIUMX pa3MepHBIX KaTeropHi
paBHA HYJI0. DTO yA06HO NPOUJJIIOCTPUPOBATD HA NATH NEPEMEHHbIX
(n=5), BXOAALIKX B 3aJauy O CONPOTHBJIEHHH IJaAKHX TpyO (aua-
merp D, cpennsis ckopocTh V, IJIOTHOCTb p, T'PajueHT JAaBJeHHS
dp/dx u BaskocTb u). B nanHoM ciydae
M= D* V* px, (:i_p_)& pxs.
dx

[Nocne BBefeHHA TpeX pasMepHBIX KaTeropuil (m=3) mnoayuaem
[H] —_— [L] Xy [LT—'I]Xz [ML—3] Xy [ML—Z T—2] Xy [ML—I T-—l]x5
HJIH
[H] — [ Lx:’l‘).’z—ﬁxa-?x‘-xs T-—x,—2x,—x5 Mx3+x4+x5]

YenoBusi, Ipu KOTOpbIX NoOKasartenu crenedHedl L, T u M Gyayr
pPaBHBI HYJIO, NMPEACTABJEHB HE3aBUCHMBIMH COBMECTHBIMH ypaBHe-

HHUSIMH
Xy F Xy 3%y — 2%, — x5 = 0
— X — 2%, — x5 =0;

Xy F x4+ x5 = 0.

Tak Kak YHCJIO HEHU3BECTHBIX 3JleChb IIpeBBbIIIaeT YHCJIO ypaBHe-
HHH, eIMHCTBEHHOE pelleHNe, OYEBHIHO, HEBO3MOXKHO — HHBIMH CJIO-
BaMH, CyllecTByeT He ojHa Oe3pa3MepHass KOMOWHALHs 3THX IATH
BeJIM4uH. J{eACTBUTENbHO, YpaBHEHHUSI MOT'YT OBITh peLIeHbl COBMECT-
HO A5 JIIOOBIX TPeX NepeMeHHBIX NPH MPOU3BOJBHOM 3HAUEHHH JBYX
OCTaJIbHBIX, YTO yKa3blBaeT Ha GeCKOHEUHOe UHCJ/I0 BO3MOXKHBIX KOM-
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6unanuii., OMHAKO M3 TEOPHH JIMHEHHBIX yPaBHEHHMH H3BECTHO, YTO
TOJILKO OrpaHH4YeHHOe YHCJO KOMOHHAIMH (B JaHHOM ciydae J1Be)
MOXKET ObITh HE3aBHCHMBIM.

Boobuie ecan Kos(dhuuneHTs M0060H CHCTEMb JHHEAHBIX ypaB-
HeHHH 00pasyloT MaTpHIly, B KOTOPOH YHC/IO CTOJIOLOB n GoJblie
ypc/ia PAJOB M, TO PaHT 7 3TOH MaTPHUbB fABJSETCS MaKCHMaJbHbIM
NOPSAKOM HEHCYE3aKIIHX ONpeje/iHTesNei, KOTOPbie MOTyT OBITh
06pa3oBaHbl M3 M PAAOB U A CToJ0LOoB. Anre6panyeckas TeOpHus
yTBEpKAAeT, 4TO (3T0 OYAET MOKa3aHO HUXKE) CYIIECTBYET eIHHCT-
BEHHOE pellleHHe YPaBHEHHU H3 JIIOObIX 7 YJIEHOB IIPH YCJIOBHH, YTO
MeTePMHUHAHT, COCTABJEHHBIH H3 KO3(D(HIHEHTOB, HEe ABJsETCS Hy-
aeM; Jo6ofl nonbop menaercs AJAS OCTaBIIMXCH YJIEHOB, HEPABHBIX
HyJi0. Jlanee Teopusi yTBepkKnaaeT, 4TO 3[eCb HMEETCH TOJbKO A—1
JHUHEHHBIX HE3aBHCHMBIX pelleHH#; 3TO 3HAUYUT, UTO JI000H Apyro#
noafop OCTaBIIMXCS UJCHOB OyAeT NpPOCTO JAaBaTh MOJyYeHHBIC
panee KomGuHanuu. Ilosatomy B o0luem ciaydae yucao JHHEHHO He-
3aBUCHMBIX DCLUCHHH JHHEHHBIX ypaBHEHHH [/ CTeneHeH pasmep-
HBIX BeJUYHH JaeT TaKKe ONpeNeNeHHOe YHCcjo 6e3pa3MepHBIX Hpo-
HU3BE/ICHUN B LEJOH CHCTEME.

Pasmepras marpuua, cocTaB/JeHHass H3 KO3(P(hHIHEHTOB B 3aja-
ye ABMIKEHHS XHIKOCTH mo Tpybam, OyAeT UMeTb CJAeLYIOMIHMH BUI:

D vV 0 dp. n
dx
L 1 1 —3 -2 —1
T 0 —1 0 —2 —1
M 0 0 1 I I

OueBuaHO, YTO 3Ta MaTpHLia COMEPKHT IO KpaliHell Mepe OAUH
JleTepMHHAHT TPEThEro NOPsAKa, HePaBHBIM HYJIO (HanpuMmep, ¢ Ipa-
BOTO HJIH JIEBOTO Kpas), CJAENAOBATEJIbHO, 3TO — MATPHLIA TPETbErc
OpAJKa, H COOTBETCTBYIOLLEE YHUCJAO HE3aBHCHMBIX 0e3pasMepHbIX
npousBefeHuil paBHO ABYM. OHH BBIYHC/IEHBI MyTEM NIPHUNIHCHIBAHUSA
JI0OBIM JBYM NOKasaTesasiIM CTeleHH, HalpHUMep X4 H X5 B 060HX
cayYasx, pasMepHEIX BeJAHUYHH MOAXOAAMIMX 3HayeHHH, KpOoMe ABYX
Hyne#l — Hanpumep 1 u 0 ans mepBoro pemtenus U O u 1 jpag BrO-
poro. Toraa ypaBHeHHS NPHHHMAIOT CJAEAYIOUIHHA BH:

X4 x,—3x;,—2=0;
— X —2=0
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Xy + Xy —3x5— 1 =0;
x3+1:0.

[TocaepoBaTenbHOe pelleHHe KaxKAOTO H3 ypaBHEHHH JaeT BeJH-
YiHBI, CBEACHHBIE AJs1 YA0GCTBA B CJAEAYIOMYIO dopMmy:

D v o dp_ V)
dx
1Ty 1 —2 —1 1 0

1T, —1 —1 —1 0 1

COOTBeTCTBy}OIHI/Ie [I-uneHBl BHITAAAAT TAK:

Ddpjdx_ u I, = —2 .
oV? DV o

1=

9 =

HInpoko HCroab3yeMblil MPHHUHI COOTHOLIEHHSI 3THX UJEHOB, H3-
BeCTHHIH Kak l[I-Teopema, MoxkeT ObITh CPOPMYJHPOBAH CAEAYIOMIHM
o6pa3om: ec/aH AJs ONMHCAaHHS KaKOro-HHOyAb (QU3HUECKOTO SIBJIEHHS
HeOOXOAHMO A BeJHYHH H €CJH 5TH BEJIHYHHHL BJIEKYyT 3a coboi m
pa3MepHBIX KaTeropui, COOTHOIIEHHE MOXKeT OBTb CBEJEHO K TaKO-
MY, KOTOpPO€ COJAEPKHUT n—r 6e3pa3sMepHbIX NPOU3BELCHHH, npHUeM
r< m gBJSIETCS PAHTOM 7 X M Pa3MEPHOH MaTpHUBL.

Takum o6pasom, ec/H

f(Ala Aﬁa"': An) = 0» (l)

TO H-TeopeMa rJ1acHT, YTO 3TH 1 pPasMepHBbIX IEPEMEHHbIX MOryT
ObITh OO'bETUHEHB B PaBHOLEHHOE BbIpazkK€HHE, BKJIOUAIOIIEE HaA r
MEHbIII¢ UJICHOB:

F(l, T,.., T, )=0. ®)

Kaxknas u3 3tux 6e3pa3MepHEIX IIEPEMEHHBIX COCTOHT H3 r+ 1
nepBOHayaJbHbIX enuHHull. [I-Teopema nomguMHsETCst CTPOroMy JOKa-
3aTeJbCTBY, OCHOBAHHOMY B 3HAUHTEJbHOH CTENEHH Ha y¥Ke yKa3aH-
HOM Tpe6OBaHHH, YTOOb MaTeMaTHUECKOe BbIpakeHHe (U3UYECKOTO
3aKOHA He 3aBHCEJIO OT €IHHHI[ H3MEPEHHS; T0KA3aTeTbCTBY MOXKET
ObITb npHAaHa chaepyiomas ¢opma. I[Ipn paccMoTpeHHH 3ajauu
O JBHXKEHHH KHJIKOCTH O Tpy6am fCHO, UTO

f(D: Vyp’—gp_, “):0.
dx



DTO BbHIpaXKEHHE MOXKET 6bITb 3alIHCAHO U KaK

F(D.V, 0, £ T, ovDIL) = 0.

D, V u p 6es ymepba Anst o61Iero 3HayeHHst MOTYT OBITb MPHHA-
Tbl paBHBIMH €AUHHLE!

f(11 11 la Hl, Hg) = 0.
Orcroma
F(I1,, IL,) = 0.

T1pousBefeHHs], OJTYYEHHbIE AJS 3afaU¥ O [BHXKEHHH XHAKOCTH
no Tpy6aM, M3BECTHBl KaK K03()(HIHEHT CONPOTUBJEHHA H UHCJIO
Peiinoabaca (paxtnyeckun oOpaTHble UM BEJIHYHHBI, IPOTHBOIOJNOXK-
Hble (POPMBI TOMYYHIUCH Obl IPH BBEJeHHH OTPHIATEIbHBIX, 8 He NO-
JIOXKHTEIbHBIX NIOKa3aTeNel crenenn). XopoIuo H3BECTHO, UTO MepBoe
U3 HuX siBAsercs QyHKuwedr BToporo. ONHAKO pas3/HYHBIH BBHIOOD
IepeMeHHBIX, KOTOPbIM IIPUIHCEIBAIOTCA NPOH3BOJbHBIE MOKa3aTelH
CTENEHH, 1aeT pasJuyHbie Tpynnsl wieHoB. Xots II-Teopema sicHO J0-
Ka3blBaeT, YTO BHIOpaHHBIE peIlleHHs] He HE3aBHUCHUMBI H, CJeloBa-
TeJbHO, HH OJHO M3 HHX He MOXKEeT COAEepP:KaTb HWYEro, YTO HE HMe-
jJock 6B B APYTHX, BONPOC O TOM, KaKyl0 H3 pasJHUHbHX ¢(opM
NpeAnoyecTb, OCTAETCA OTKPBITHIM.

[lyrem mpaBuabHOro BbIOOpa NepeMeHHHIX, NMOJYYalOIuX MPOH3-
BOJIbHBIE [TOKA3aTeNH CTE€IEeHH, MOXKHO YIPaB/ATh MOSIBJEHHEM BEJH-
YHHBI HMEHHO B OJIHOM MJIM GoJiee yem B OXHOM npousBenenuu. Ka-
KHMe BeJHYHHBl JOJ/KHE ObIThb BBIOpPaHBI JJs NOSIBJEHHS B KaXKIOM
IPOU3BEJIEHHH U KaKHue TOJbKO B OJHOM, 3aBHCHT B GOJIBIION CTele-
HH OT OXKHaeMbIX pe3ysabTaToB. Ecjyi nepeMeHHas Jerko KOHTPOJIH-
PYETCSl 3KCIEePHUMEHTaNbHO, KelaTeJbHO MPHUCYTCTBHE €€ TOJbKO B
ONIHOM TMpOM3BEIEHUH, YTOOBI ee He3aBHCHMOE H3MEHEHHe BO3JeHCT-
BOBaJI0 HEMOCPEACTBEHHO Ha 3TO NpoH3BeleHHe. IlepemeHHas, BHI-
GpadHasi [ WMCCJAEIOBAHWSI B KayeCTBE 3aBHCHMOH BeJHYHHHL,
KOHEYHO, BCeraa HOJKHa ObITb OrpaHHYeHa OJHHM TpPOHU3BeICHHEM.
C npyro# croponsl, uncaa ©pyna, PefiHonbaca U UM nogo6Hble, NpHU-
obperune 6oJbloe (pu3Nueckoe 3HaueHHe, OYAyT B OOJBLINHCTBE
CllyyaeB IONy4aThCsl KaK NPOH3BeNICHUS, TOJbKO €CJAH AJHHA, CKO-
pOCTb H IVIOTHOCTb BbIOpAaHBI KaK MOBTOPSIIOLINECS MepeMEHHBIE.
Ecau ckopocTh mpencTaBJaAsieT JErKo U HE3aBUCHMO H3MEHSIOULYIOCS
BeJUYHHY, 3TH ABa KpHTepus OyayT, OUueBHAHO, pa3HbIMH. Kak npa-
BHJIO, HE CYILECTBYeT OMNPEEeJCHHOTO NYTH [Js NPHUMEHEHHs IOHS-
THH Pa3MEPHOCTH NpPU aHa/lu3e KaKoro-Hubynab fiBJCHHS, ONBIT 37€Ch
HeOOXOZHM B TaKoi e CTemeHH, Kak W B JioGo# apyrofi obsaactu
Haykd. TlosToMy B cienyiomux yactsix GYAYT OeTaNbHO pPacCMOT-
pPeHBl TPYAHOCTH CcKopee (H3MUYECKOTO, UeM ajareb6panyeckoro Imo-
psirxa.

7. BespasmepHble COOTHOWIEHMSI M MX 3Ha4YeHMe. Kax BHIIHO,
Il-Teopema naer pesy/bTaThl, KOTOpbIE 06/1a1al0T MO KpaliHel Mepe
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TpeMs IpeHMYILeCTBaMH [0 CPaBHEHHIO C pa3MepHbIMHU COOTHOLIe-
HHSAIMH. BO-TepBbIX, COOTHOLIEHHE, BBIBEJAEHHOE TaKHM o6pasoM, He
3aBHCHT KaK B UMCJIOBOM 3HAUYeHHH, TaK U C TOUKH 3DeHHs pasMmep-
HOCTH OT CHCTEeMBbl eIHHHII, HCIIOJb30BAHHOH NPH BHIpAKEHHH CaMHX
rfepeMEHHEIX. BO-BTOPBIX, UHCJIO U/IEHOB OOBIYHO CBOAHTCHA K HHCTY
BXOJSAUIMX Pa3MEPHbIX KaTeropui (T. e. 7 TOJNbKO B PEIKHX C/ayuasx
MeHbllle, 4eM m). B-Tperbux, NepeMeHHble I'DYNIHPYIOTCA TaKUM
o6pasoM, uTo obJjerdaior AajbHefllee H3yueHHE HX G YHKIMOHAD-
HBIX B3auMooTHoUIeHHH. Muorpa cuuraercs, uto II-Teopema Takike
naeT K/Iou K MOHHMaHWIO camMoii ¢yHkuuH. Ho 3a HCKIIOUeHHeM
OJHOTO CJIydasi, KOTopbiit Gy/eT ceffuac paccMOTpeH, 3TO He TaK, HGO
II-TeopeMa TOJIBKO YNpoOllaeT BhlpakeHHe WHPOPMAUMH, MOJIyUEH-
HOH MepBOHaua/J bHBIM MOAGOPOM MEpEMEHHbIX.

Korga B 3ajaue 3ajaHo, 4yTo n—r=1, pe3yabTaT HUMeeT OYeHb
npocTOH BHI:

F(l,) = 0.

Tak Kak 3jech COAepKHTCs TosabKo OfuH [I-usieH, oueBHIHO OH
JO/KeH ObITb MOCTOSHHOH BenuuuHOH. MIMeHHO Tako# ciayyail 6y-
JeT, HampuMep, ecau MpeAnmoJoxHTh (kak caenan Ocbopr Peft-
HOJIbAC), UTO Mepexoj OT JaMHHADHOTO NMOTOKa K TypOy/IeHTHOMY
3aBHCHT JIHIIb OT AWameTpa TpyObl, cpeiHeid CKOPOCTH, MJIOTHOCTH
H BA3KOCTH KHIAKOCTH:

F(—-—Dvp)z()n Y2 _¢.
B B

To/nbKO ¢ MOMOIIBIO Pa3MEPHBIX 3HAYEHHH MOXKHO M0Ka3aTh, Kak
3TO MOApAa3yMeBaeT HepBOHayaJbHOE NPEANOJIOKEeHUe, YTO NPOU3Be-
JleHue JHaMerpa, CKOPOCTH H IJIOTHOCTH OyleT HU3MEHsTbC NPAMO
NPOMOPIHOHANBHO BA3KOCTH. [10CTOSINHASA NPOMOPUHOHANIBHOCTH BbI-
ypcasgeTcd MHBIMH CcpelcTBaMy. MoryT ObITb HaHJeHbl U IPYTHe MHO-
FOYHCJeHHBblE MPHMEPbl MOCTOSHCTBA TPYNN INEPEMEHHBIX C OZHUM
napamerpom. Ha rpanuile Mexay pekaMH U OBICTPBHIMH MOTOKaMH
otnomenne V/V gy pasno emumume. IlpH TuapocTaTHYeCKOM pac-
npeleleHHH JAaBJeHusl BeJHUMHA —3p/yz Toxe paBHA EeNHHHIC.
Tlpu Mem/ieHHOM JBHXKEHHH MaJblX LIapoo6pas3HbIX YaCTHIL B BA3KOH
KUgKocTH BennunHa F/uVD paBHa 3n. A 1714 BOJIH C MHHHUMAaJ/IbHOH
CKOPOCTBIO Ha IOBEPXHOCTH XKHAKOCTH BeJHuHHA AV y/c pasHa 2.
Tax Kak mepBble ABe H3 YyKa3aHHbIX BeJHYHH OOBIUHO HAa3bIBAIOT
uhcjaamu Peiinosnbiaca u Opyna, JOTHYECKH H OCTa/bHBIE MOTYT OBbITH
HasBaHbl yncjaamMu Apxumena, Ctokca H Ap.

Ecnu B 3agaue 3ajgaHo, 4To n—v =2, TOrga

'F(Hb HZ) = 0)
TaK Ke Kak IpH CONMPOTHUBJEHHH B IaAXuX Tpy6ax. Hu ToT, HH Opy-
rofi u3 I-4eHoB 37eCh He MOXKeT ObITb IOCTOSIHHOH BeJUUHUHOH, MO-

CKOJIbKY KaXKAbIH JOJI?)KeH ONpeleJeHHbIM 00pa3oM H3MEHATbCH B
3aBHCUMOCTH OT BTOoporo. C Jpyrofi CTOPOHBI, KAKHM OblJIO Obl MATH-
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MepHOoe MpeACTaB/IeHHe, ecd Gbl SKCIepHMeHTalbHbie JaHHBIC, YII-
pOILeHHbIE cefiuac JO OAHOH KPHBOK HA JBYXMEPHOM Trpaduke, H30-
Gpaxkaiauchk 6Bl rpaguuecKH B COOTBETCTBHH C MNepBOHAYaIbHBIM
yucaoM nepemenHbiX. He cienyer sabbiBaTh, OHAKO, YTO /' IEPEMEH-
HBIX B 3ajaue O ABHXKEHHH KHIKOCTH mo Tpy6aM, BbiOpaHHbBIE A/
ABYX TPYIN, He MPEACTAaBASIOT COGOH €IHHCTBEHHO BO3MOXKHBIA BbI-
Gop. JleficTBHTE/bHO, TAaK KaK Kaxjasi Ipylna MOXKeT OT/IMYaThbCs
OT APYTHX TOJNbKO OJHOH NEPEeMEeHHOH, CJe0BaTeNbHO, CYIECTBYeT
MATb Pa3JHYHBIX TPYIIN, KOTOphie MOTYT OBITb 00pa3oBaHBI U3 3THX
[ATH NEePEMEHHBIX, U B Ka)KJ0A H3 HUX ONyllleHa OAHA MepeMeHHas
BeJHYHHA:

Ddp/dx DVp
- —F

sz ] 2 W s
— Dp/dx Il — pD3dp/dx
3— ’ 4 P )
pv B
.= udp/dx
57 Pt V3

[NepBble 1Ba BbIpaXKEHHs] H3BECTHBI KaK uucaa Jhjepa u Peil-
nonbaca — Eu u Re. Tperbe MoxeT ObITb Ha3BaHo no uMenu [lya-
sefinst yucaoM P (MOCTOSIHHOE /st TaMHHADHOTO TOTOKA), CJAefylo-
mee yacto HaseiBawT yucaoM Kapmana K. ITocaennee oGosHauaroT
6yksoii D H3-3a TOro, YTO AHAMETp SIBJSETCS TOH BeJHUYMHOH, KOTO-
PYIO OHO HEe COAepXKHT. MeXay 3THMH NATHIO BeIHYHHAMH BO3MOXK-
HbI 1€CATh NPOCTHIX GYHKUHOHAMBHBIX KOMOHHANHNH (HE CUHTAs MHO-
rOYHC/EHHBIX KOMOHHAIUMA NPOH3BOLHBIX)

F,(Eu,Re) = 0; F,(Eu, D)=0; Fg(P, K)=0;
F,(Eu,P)=0; F;(Re,P)=0; Fs(P,D) = 0;
F3(Eu,K) = 0; Fg(Re,K)=0; Fy, (K, D)=0.

F,(Re,D)=0;

Kaxgoe 3 3THX COOTHOIUEHHI B pPaBHOH CTeNeHH OBOOCHOBAHHO
H He COHEPXKUT MHBIX mapamerpoB, yeM apyrue. OIHAKO OJHO HJIH
goJsiee MOTYT HMeTh ocof0oe 3HAUeHHe B YacTH 06JacTH Hajl OTHOCH-
TeJIbHO NPOCTOH KpHUBOH; Tak, ypaBHenue [lyaseind, ypaBHeHue
Bnasuyca u ypasaenne Kapmana — [IpanaTisa Ajs oCOOBIX YacTel
(YHKIHH HAaWIyylIEM 06GPa3oM COOTBETCTBYIOT Pa3JMYHBIM KOMOH-
HalUsiM 3THX apaMeTpoB.

[Ipogonxasi B TOM ke 1yXe, HaiifeM, 4TO ecaIH A—r=3, TO
noJyuaiomuecss Tpu Ge3pasMepHble KOMIJIEKCa NEpPeMEHHHX OyayT
NpPeACTaBJAATh KPHBOJHHEHHYI0 NOBEPXHOCTb B TPEXMEDHOM MPOCT-
paHctBe. XOTS 3TO MOXKeT OBITb NMPEACTaBJEeHO HA OJHOH IJIOCKOCTH
B BHJEe CepUH JUHHH, HMEIOLIHUX TPETHH KOMIUIEKC B KadyecTBe napa-
MeTpa, 4To OGBbIYHO jesaercsl, HapuUMep, NPH H3YUYEeHHH CONPOTHB-
JeHHs1 TPYOBl C OTHOCHTENbHOH LIIEPOXOBATOCTbIO B KayeCTBe TPeThbe-
ro napameTpa, HO H3-3a yBeJUYEHUS TaKuM 006pasoM 7 Ha eIHHHIY
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4MCAO BO3MOXKHBIX KOMOHMHAIIMi CTaHOBHTCA eille OOJbille, TAK 4TO
IMPOTA BO3MOXKHOCTEH B COCTABJECHHH KoMOHHALIUH OocTaeTcss TaKoi
;xe. AHAJOTHYHO, ecau n—r=4, YHCJI0 BO3MOXHOCTEH, TaK XK€ KakK
¥ TPyIHOCTe# IpEeICTaBJEHHd, elle foJsiee YyBCIHUHBAETCA H CTaHO-
BUTCS COMHHUTEJbHBIM, MOXKET JH daxe HcrnoJb3oBaHue II-reopeMbl
floMOYb NIPOU3BecTH Gosee yem O4eHb rpyObiil aHa/IH3 3a/aqH.

Bo BCAKOM Cjy4ae HeKOTOpPble 0GCTOATENbCTBA K 3TOMY MOMEHTY
JOJKHBl CTaTh OYEBHAHBIMH. DBiaroaaps mpoCTpaHCTBEHHBIM Npex-
CTaBJEHHAM TPYAHOCTH 4HA/Ju3a B 3HAUHTENbHOH Mepe yINpoOILLaioT-
csi, HO He B Koeli Mepe He uckawouaoTcsi. Bespasmepnbie mapamerpht,
rosydeHHble Ipy nomomu Il-Teopembl, He OTPaHHYHBAKOTCST HECKOJIb-
KHMH OOBIYHO TIOMMEHOBAHHBIMH YHMCJAaMH, a MPeACTaB/sIOT COOOH
pas3JHyHble H3MeHeHHsl (GOPMBI, U Tak KaK YHCJIO 3THX tdhopM yBesH-
yppaeTcsi, ¢ HX (PYHKIHOHAJbHBIMH KOMOHHAUMAMH INPOHUCXOAHT TO
xe camoe. Takum o6pasoM, XOoTa npuMeHeHHe caMoil II-Teopembl
ABJSETCSI YHCTO aBTOMATHYECKHM H OCYIIeCTBJSIETCS IOCJAE TOTO
KaK CaMH NepeMeHHble y:Ke N0J00paHbl, yCIexX aHaau3a IENHKOM 3a-
BHCHT OT BbiGopa mepeMeHHbX. CjefoBaTelbHO, 3TOH BaKHeHuIed
CTOPOHE BONpOCa NOJKHO ObiTh yjaeneHO 60JblIoe BHUMAaHHUE.

ﬂplmep 1. TapHpOBO‘lHaH KpuBas AJisg onpeneyeHus THIIA pacxojoMepa Xa-
paKTepu3yeTcs CNELYIOLMM SMIMPHYeCKHM YpaBHenweMm: Q=1,154%%. Paccmor
PETL 3TO COOTHOIIEHHEe KaK ¢ TOYKH 3peHHAa paBMepHOCT[/I, TaK H C @HC&H‘I&CKOﬁ

TOYKH 3pE€HHS.
OnsiT moKasplBaeT, uTo A4 pacxoaoMepa JaHHOI'O THIA

Q—_‘f(D» o, 1, AP)
OGbefuHeHHe 3THX NepeMeHHbiX npH nomowH II-Teopembi paer

DYV pA
P ( Q. VoAp )=0.
D*y/ Ap/p »
Beenenne yh BMecTO Ap W TPHHSITHE cTeneHHOR (YHKHUM [O3BOJISIET 3aIlH-
caTb 3TO BhIpaxeHHe B TakoH (opme:

Q=coty T (v E)

OueBUIHO, UTO YHCJAOBOH MHOMKHTeab 1,15 BKiOUaeT HE TOJBKO BJAHSHHE [eO-
METPHH pacx0JoMepa, HO TaKxke BeJHYMHY U PasMepHOCTh D?V'g. Bddekt uame-
HeHus upcaa PeliHosbica OTPaKeH B TIOC/AEHEM 4YieHe, 1ist Koroporo n=0,06
(1. e. h”/2=h°’°3) — HO TOJBKO Aasl JaHHOH XKHIKOCTH, TIPUHATOTO pasMepa pac-
X0/0Mepa U NPeelOB UCILITAHHBIX PACXOAO0B; BHE STHX Npele/oB QYHKIHS MOXKeT
MMeTh jJaxe HecTeleHHY (opMmy.

B. INopsanok npoBejeHHs1 HCCAeLOBaHHSA

8. BuiGop nepBuuHbIX mepeMenHbXx. Cor/jacHO ypaBHe-
Huo (1), Kakjpasi nepeMeHHasl BeJIHYHHA pacCMaTpUBaeTCs Kak 3a-
BHCHMasi oT Apyrux. OnHaKo OOBIYHO IIOJIOXKEHHE TaKoBO, UTO BCe
nepeMeHHble, 332 MCKJIIOYEHHEM OJHOH, MOXHO JErko KOHTpPOJHPO-
BaTb He3aBHCHMO, H TOJbKO 3Ta NepeMeHHas fBJSAeTCs 1eHCTBUTEb-
HO 3aBHCHMOH. YTBep:KIeHHe, YTO 3aBHCHMas IepeMeHHas AOJXKHa
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BCerja HaxOAHTbCs CPEAM BEJHUYHH, BHIOPAHHBIX [JIsi HCC/IEJOBAHNA,
KaXKeTCsl MOYTH 6eCCOPHBIM, HO HHOTJA C/IYyYaeTcsi, uTO BCe BbIOpaH-
Hble JJIs H3YYEHHS NepeMeHHble OKa3blBAlOTCSl He3aBUCUMBIMH APYT
OT Apyra, TaK 4To JajbHefiliee HCCIENOBAHHE MX COOTHOLICHHK CTa-
HOBHTCS OeCHoJe3HbiM, HOO TaKHX COOTHOLIEHHH He CYLIECTBYeT.
CitefiyeT OTMETHTDb, UTO NpeHeGpexeHHe OTHOCALIeHCs K 3ajaue He-
3aBHCHMOM NepeMeHHOH TaK e ONaCHO, KaK H IMPOMyCK 3aBHCHMOH
nepeMeHHOHN, TaK Kak ypaBHeHue (1) He 1enaer pasanHyus MEXIy
HAMH. TOT (haKT, YTO OTHOCAWIASACA K 3ajJaye BeJHYMHA He SBJSET-
CSl HCTHHHO NEPEMEHHO B YCJOBHAX, NPU KOTOPBHIX OHa OyaeT u3y-
yaThCsl (HalpHMep, YCKOPEHHEe CHJIbI TSXKECTH g£), HeN0CTaTOYHas
npHYHHA /5 npeHeOpexeHHs e, KOO ropasio BaxkHee ee OTHOCH-
TeJbHAs BeJMyMHA B Oe3pa3MepHOH rpymnme, yeM ee abCOJIOTHAs
BeJHYHHA.

BkJjiouenne Gosiee ONHOH 3aBHCHMOH NEepPeMEHHOH IIOYTH TaKas
e cepbesHasi omub6Ka, KaK M NPONYyCK €€, Tak KaK 3TO BJeYeT 3a
co6o#i H36BLITOK TPYNI, H Pe3yabTaT CHOBA CTAHOBHTCA 6eCCMBICJEH-
HbeiM. C Ipyrofi CTOpOHBI, BBEJeHHE NTepeMeHHbIX, KOTOphle He HMEIOT
OTHOUIEHHS K 3ajaye, He ABJASETCS HENONPABHMOH OWIHOKOH, Tak
Kak (ec/qd OHH He SIBJSIOTCS COCTAaBHOH 4YacTbio Ka)kKAOTrO 4YJIeHa)
OHH NPOCTO NPUBEAYT K o06pa3oBaHH0 Oe3pasMepHBbIX TPyNI, KOTO-
pele B nagnpHefimeM OyayT NpH3HaHbI H3JHIMHUMU. Ilpu Boibope me-
peMeHHBIX, OTHOCSILIUXCA K ONpeNe/eHHOH 3ajaye, Mbl 0Ka3blBaeMCs
MeXIy ABYX OTHEH: NPH HeLOCTaTOYHOM YHCJEe MepeMeHHBIX (PyHK-
uus He OyAeT MOMHOH; MpH H30BITOYHOM YHCIE NepeMeHHBIX (yHK-
UMs HJIH HEBO3MOXKHA, MM HeNpuroiHa n1js uccaenoanus. O6e
OMaCHOCTH peaJsibHbl U 06€ AOJXKHbB ObIThb NMpeogoseHsl, OfHAKO mep-
Basf H3 HHX OoJjlee cepbe3Ha, U ee HeoGXOAMMO OOHApYXKHUBaTh N0
npuMeHenus II-TeopeMbl, TOTAa Kak MOCJAeNHSs] MOXeT GBITh yuTeHa
nocJe.

Bce nepemeHHbIe B MeXaHHKE XHAKOCTEH OTHOCATCS K OXHOMY H3
Tpex KJacCOB: Te, KOTOpble ONpelesasioT TeOMETPHI0 TPaHHI, Te,
KOTOpBIE ONpPENeNsloT caM IIOTOK, H Te, KOTOpbie ONPene/sioT Kuj-
KocTb. ['eoMeTpuyecKHe IepeMeHHble MOTYT HMeTb (OPMY JJIHH,
njomaaen, 06beMoB HJH JaKe TPHTOHOMETPHUECKUX GyHKuuit. [Tepe-
MEHHbIE I0TOKa MOTYT BKJ/II0YaTh BPeMsl, CKOPOCTH, YCKOPEHHS, YPOB-
HH [IOTOKA, UHTEHCHBHOCTb CHJI HMJIH HX TDAafAHEHTBl, WJIH HX HHTErpa-
JIBl [0 MOBEPXHOCTH K MOMEHTBl, a TaKXe JApYrHe JHHAMHYECKHe
CIMHHLBI, TAKHE, KaK KOJIHYECTBO JBHMIKEHMS, SHEpPTHs H cuia. [lepe-
MEHHBIMH XHIKOCTH SIBJSIOTCA NJIOTHOCTb, yIENbHBIN BEC, AHMHAMMU-
uecKasi BA3KOCTb, MOBEPXHOCTHOE HATSIXKEHHE, YIPYTOCTh H JaBJEHHE
napa.

KoHeuHo, MOXHO [10Ka3aTh, UTO BCe 3TH MepeMeHHbIe BKJIOYAeT
Kaxjoe siBienne notoka. Onnako npu Goslee 6JH3KOM paccMoTpe-
HHH OOHApYyXUBAeTCA, YTO NOYTH Ka)KAas XapaKTePHCTHKA I0TOKa
MOXKET OTHOCHTBCS TOJbKO K OJHOMY KJIacCCy 3aBHCHMBIX €pPEMEH-
HeiX. O4eHb BEpOATHO, UTO TONBKO ABAa WM camoe GoJbllee TPH
CBOHCTBA )XHIKOCTH MID2IOT CYLIECTBEHHYIO posib. M3 reomerpuuec-
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KHX IePeMEHHBIX JOCTAaTOUHO OJHOH, YTOGHI ONMpeNeNUTh JHHeNHbIA
maciuTab, ¥ He HYKXHO BKJIIOYaTb HHKAaKUX APYTHX, €CJH TOJBKO OHH
He M3MEeHSIOTCS 10 OTHOLIEHHIO K HeH.

Kak mpaBuJjo, cielyer A0OHBaTbCsl YNPOUICHHS, a He YCJIOXKHE-
pisi. Hanpumep, 3 Tpex He3aBUCHMBIX Me€pEMEHHBbIX! IJIHHBI, CKOPO-
CTH H pacxojia NOTOKA JJIHHA H CKOPOCTb OBLIH Obl JIYUIIHM BBI6O-
pOM, HeM CKOpOCTb H pacXol NOTOKa. BK/oueHHe BCeX Tpex
nepeMeHHbIX 6blJI0 6Bl H3JHIIHUM, @ NPHHSATHE OJHOH M3 HHX — He-
MOJHBIM, Ja’e ecJH OHa KaxeTcs 06befuHALIIeH B cebe ABe APYFHX
(ganpumep, Q=VL?). UTo-T0 B 3TOM XKe pOJe MOJYyyaercsi H ¢
yCKOpPEHHEM CHJIBl TSXKECTH g, PABHBIM OTHOIUEHHIO yAEJbHOrO Beca
K miaotHocTH: g=v/p. Ecam paccmaTpHBaroTCd TOJDBKO JHHAMHUeEC-
KHe TepeMeHHble y H o (Te, UTO BKJIIOYAIOT CHJIY HJIH Maccy), 3ajaua
MoxeT OBTh OTHeceHa K OoJsee MPOCTHIM, CKOpEe KHHEMaTHUYECKHM,
yeM AMHAMUYECKHM, NPH g — €IMHCTBEHHOM «CBOHCTBE» KHUIKOCTH,;
TO XKe camoe GYJIeT, eclH BBECTH TOJBKO W H p, TOLA €IHHCTBECHHBIM
CBOMCTBOM JKHJIKOCTH SIBHTCS KHHeMaTHueckKas BS3KOCTb v=u/p.
Ho ecan moJKHBI IPUHUMATHCS BO BHHMaHHe ADYTHe AMHaMHUYECKHe
nepemeHsble (Hampumep, p), 6yner Oojee CHCTEMATHYHO H, CJeJl0-
BaTeJbHO, MPOIIE BHIPA3HTh BCE CBOMCTBA KHUAKOCTH, BKJOYAS rpa-
BUTAIHOHHLIE, B THHAMHUYeCKoH popme.

9. BuiGop napamerpor. IIpu BBHIGOpe 7 NepeMeHHBIX, KOTOPHIe
BCTPEUAlOTCsl B KaxJ0# M3 6e3pasMepHBIX TPYIN, CJAeAyeT yIOBJC-
TBOPATb JIBa YCJOBHS: NepBOe — IOBTOPSIOHIHECS MepEMEHHbIE
IOJKHBl BMECTe BKJIIOUATh BCE f1 pa3MEpPHBIX KaTerOpHH; BTOpoe —
OHH He JOJKHBI caMH o cefe o6pa3oBeIBaTb Ge3pa3MepHbie Tpyll-
nel. Ecau meppoe tpebosanue He OyAerT BBINOJIHEHO, OyIeT HeBO3-
MOYKHO OGBEIHHHTb 3TH IIEPEMEHHBIE C TeMH, KOTOpble NeHCTBHTEJb-
HO coiepkaT Henocrawuine pasMepbl. C IpPyroil CTOPOHBI, €CJIH
MOBTOpSAIOIINECS TepeMeHHble MOLYT ObIThb OODbelHHEHbl MEXIy CO-
6oit (Hanmpumep, CKOPOCTb, HHTEHCHBHOCTb J[aBJIEHHS H ILJIOTHOCTD,
KOTOpble paioT Ge3pasmepHoe cooTHoUleHHe pV?Z/p), Torma OHM He
CMOTYT OOBEIHHHTBCS C ADYFUMH NEPEMEHHBIMH, He NOAXOASHIMMH
K HHM TI0 pa3Mepam.

Kakue u3 BeJHunH, YJIOBJETBOPSIONIHX AaHHBIM TpeOOBaHHAM,
JOJXKHBl OBITh BEIGpAHDBI, LEJHKOM 3aBHCHT OT JKeJaeMBIX pe3yJbTa-
TOB. Boo61ue rosops, BEI6Op IJAHHBI, CKOPDOCTH H IJIOTHOCTH 6yaer
NPHUBOAUTL K DAY F€OMETPHYECKHX COOTHOLIEHHH, K HapaMeTpy Ho-
TOKa, TaKOMy, KakK 4HcA0 DHjaepa, H K ONHOMY HJH OoJiee OOIIMX
napaMeTpoB, TaKHX, KaK uucia ®pyna u Pefinoapnca. Onnako, Kax
yxe OBLIO NMOKa3aHO, HHOH BHIGOD NPUBOAMT K 0oJiee BhIPA3HTEJb-
HbIM (XO0Ts He GoJsiee NMPaBHJIbHBIM) 00BeIHHEHHSIM — OCODEHHO ec-
JIH CpellM HHX HMEIOTCSl TaKHe, Y KOTODBIX CKOpPOCTb 3aMeHeHa pas-

MEDHO-3KBHBAJEHTHHIM 3HavenneM )V p/p. OGHuUHO TaKOH NpPOH3-
BOJIbHBIA KOHTPOJIL Hal IepBOHAYaJbHBIM NOAGOpoM TI-u/eHOB HAET
10 OJHOMY H3 JIBYX HaNpPaBJeHHH: WM KaKas-HHOYAb HMepeMeHHas
NpefHAMEPEHHO HCKJIOYAeTCSl H3 BCEX WIEHOB, KPOME OJHOrO, HJIH
OHa MpeHAaMEPEHHO BKJ/IOYaeTCs B KaxKAbifl uieH, Tak, Kak NpaBH-
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710, JKeJaTeJbHO UMETb MJIOTHOCTb BO BCeX IPYNNax; ¢ APYro# CTo-
pOHbI, OJIHOTO UJeHa, CONEPHKALLEro BA3KOCTb, OGHIYHO JOCTATOYHO.
Xots npsmoe npumeHenue Il-Teopembl MPUBOAHT K 006A3aTENLHO-
My TOSIBJEHHIO OJIHHX H TeX JKe /1 NEePEeMEHHBIX B KaXK[IOM HJeHe,
3TO He eIMHCTBEHHO BO3MOXKHOE I/ HHX QYHKIHOHAJbHOE 00beIH-
wenue. Ecau, nanpumep, Fi(X, Y, Z) =0, 6yner takxke cnpaBelnHBo
paserctBo Fo (XY, YZ, ZX) =0. Viupivu cioBaMH, pas/iuuHble IT-une-
Hbl, TOJyYaeMble MPH [PHMEHEHMH 3TOH TEOPEMbi, MOXXHO NpPOH3-
BOJBHO O6bEIHHATb APYT C APYroM NpH cOOMIOJEHHH YCJOBHS, YTO-
6bl KONHUYECTBO HE3aBHCHMBbIX 6e€3pa3MepHBIX TPYNI Mocjae 06beiH-
HEHWs He HM3MEeHAJOChb. BeCJeAcTBHe 3TOTO Ipouecca IepeMeHHbIE,
obuue Aasa ABYX OOGbEJMHEHHBIX Tpynn, OYAyT B3aHMHO YHHYTO-
KaTtbesl (A5 4ero o6bIYHO U MPOBOAMTCA OObeIHHEHHE), B Pe3yilb-
TaTe yero ofHa MAW Gojee H3 I[EPBOHAUANBHBIX IOBTOPSIOUIHXCS
nepeMeHHbIX MCUE3HYT M3 JaHHO# rpynnsl. I1pn najibHeinreM Hccie-
JNIOBAaHHH [JBHXKEHHS KHAKOCTH Mo Tpy6am Oylaer oOHapykeHo, YTO
JeCsiTh PasHYHbIX (QYHKIHOHAJBHBIX TPYII MOTYT OLITH [peacTaB-
JIeHbl WM OYTEM MOCJeI0BATEIbHOrO pa3/MYHOro noibopa mOBTO-
PSIOLIUXCS TIePEMEHHbIX, WM MYyTeM IOCIel0BaTEeNbHOTO IEPEKpecT-
HOro MepeMHOXKEHHs TepBbX JABYX rpynm napamerpoB (r. e. K=
=Re?E u T1.1.); npu GoJblIOM uuC/e NepEeMEHHbIX, OJHAKO, yKa-
3aHHHH TpOLeCC JO0JKEH pacCMaTpMBaTbCA Kak 1iar Hasal.

Honyckasi, 4To 3TH pa3HOOOGpa3Hble KOMOHMHAUHH BO3MOXKHBI H
4acTO OYeHb yLOOHHI, HeMb3sl 3a0bIBAThb TOT BAkKT, YTO OOBIUHO HH-
KTO He MOXKeT CKaszaTb 3apaHee, KakKyl0o KOMOHHALMIO CJEAYyeT Bbl-
6path. IT0, TaK Xe Kak ¥ ¢dopma camMol QyHKIUH, OOHAPYXKHUBAETCSA
C NOMOIIBI0 dHAJMH3a HJIH IKCrIepuMenTta. MHorga mno/se3Ho HCHOJb-
30BaTh NPOUIIBIA ONBIT POACTBEHHBIX NpoGJeM, Hocaefyowye 3a-
Jlaud MpH 3TOM TNPOSICHAIOTCS CaMH B IIpoHecce HCCJAEJOBAHHSA.
B smo6om cayuyae MOHSATHS pa3MEPHOCTH NPUOIHKAIOT HCCIefoBaTe-
Js K HaMEUEeHHOH LeaM, JAake eClH OKOHYaTeJbHAas W HauJyyulas
TPYNIIMPOBKA NEPEMEHHBIX ellle AOJIKHA ObITb YCTAHOBJIEHA.

10. IIpoBeaenue nccaenoBanusa. PasmepHblil aHanu3 J1060H 32-
NlauH, POBeJeHHbI Tiepe] ee aHAIMTHUECKHM HJIHM 3KCIIEPHMEHTAb-
HBIM HCCJEJOBAaHHEM, HE TOJbKO YMEHblaeT YHCJO BXOASUIUX He-
3aBHCHMbIX YJIEHOB, HO W TNO3BOJASIET CHCTEMATH3UPOBATb CPYIIHU-
POBKY pa3MepHBIX IIepEMEHHbIX HauboJsee yAo6HBIM o6pasom mJd
JanbHefiero usydeHus. ITocsienHee, HECOMHEHHO, SIBJISIETCS HEOIE-
HUMbIM TIDEHMMYLUECTBOM, TaK KaK Mo KpaliHell mepe Npu 3KChnepu-
MEHTa/JbHOM H3yuYeHHHM HCCJAeIOBATENH HMEIOT AeJO C PAa3MEPHLIMK
nepeMeHHbIMH.

Ecau B 3anaue nonyyaercs Tonpko oaud Il-uneH, equHCTBeHHAs
aHa/JHTHYeCKasa HJIH 3SKCIepUMeHTaJbHasl OlleHKa KaxKJoH pa3mep-
HOH TlepeMEeHHOH 51 OolpeJe/eHHOro cjydasd MOTOKa OyAeT mpea-
CTaBJATb H/JEaJbHBIH MHHUMYM, HeOOXONWUMBIH IS BBLIUMCJIEHHS €e
NIOCTOSIHHOTO YHCJIOBOTO 3HaueHHsl. Pasymeercsi, INpH 3KCHEpHUMEH-
TaJbHOU OlleHKe M3MEepeHHs CJefyeT MOBTOPATb AOCTATOYHOE KOJH-
YeCTBO pas, YTOObl yAOCTOBEPHUTLCH B HX TOUHOCTH. Ilocse 3TOro mas
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poBepKy (C MOMOLLbIO NMOCTOAHCTBA YHCIOBOTO dakropa) 0060CHO-
BAHHOCTH TNepBOHAYAJbHOTO IPENOJOKEHHS, UTO TOJILKO BeIGpaH-
Hble IlepeMeHHble KOHTPOJHMPYIOT NaHHOe ABJCHHE, KaxKlas H3 He-
32BHCHMBIX BEJHYHH HOJXKHA OBITb NOCTaBJ€HA B TaKHE YCJOBHS,
4TOObI OHA M3MEHsJach, IPEBLILIAS ONpPENeJEHHbI YPOBEHD.

Ecau B 3ajmaue noayuatorcss Apa [l-uiena, To NmpeaulecTBYOULast
npouejaypa [0JKHa OBITh NOBTOPEHa CTOJNBLKO pas, CKOJbKO Tpeby-
oTCS TOUeK Jsi OCTPOeHHs KpuBoi. Ecau mepeMennble BbIOPaHbI
TpaBHAbHO, 3Ta KpUBas OYJAeT eIUHCTBEHHOH, I0O3TOMY HE HMEeeT 60J1b-
IIOTO 3HAUEHHS, KaKMe NepeMeHHble OYAyT CHCTEMATHUCCKH Me-
HATbCS, TaK KaK KaxKJas OXBAaTbIBA€T JOCTATOUHYIO 06.1aCTh, UTOObI
oTpasuTh 3T0 BausgnHe. OgHaKo, KaK U paHee, A1 10Ka3aTeNbCTBA
NpaBIJIbHOCTH CHEIaHHOrO BHIGOPa HEOGXOAHMO H3MEHATb MEPEMEH-
nbie. OBBIYHO [IJs WJIIOCTPAlMH AAHHOrO Cjaydast paccMaTpHBaer-
CSl CONPOTHBJEHHE B IMIaJKHX TPyOax.

Korza mytem yuera pa3MepHOCTH moJyuedbl Tpu Il-unena, cucre-
MaTH3alUs HCCJAeNOBaHUA [eHCTBUTENbHO IpHOOpeTaeT GOJbILOe
3HAUEHHE, TAK KaK [Js MOJYyYeHHs MOC/AeN0BaTEeNbHbIX KPUBBIX JJIA
olpefeseHUs] TPeXMEePHOH IOBEPXHOCTH IyTeM YKa3aHHOH BbllIe
npoLeaypsl TpeGyercss MHOTO BpeMeHH. 3/7eCh KeJaTelbHO olpefe-
JUTh GOPMY TAKOro ceMelCTBa KPHUBBIX NyTEM H3YUYEHHs BO3JAEHCT-
BUs1 oHOTO II-useHa Ha JpYrof, TaK KakK TpeTHil npefcTaBJjeH psaoM
[OCTOSIHHBIX BEJIHYHH. DTO, OUEBHIHO, TPeOYyeT pacCTaHOBKH pa3Mep-
HBIX [IEPEMEHHBIX B HECKOJIBKO TPYII TaKHM 06pa3oM, 4TOOH ObLIO
yI06HO OCYIIECTBJSATh HE3AaBUCHUMBIH KCIIeDHMEHTAJbHBIH KOHTPOJb
3a AByMS M3 HUX. DesynpeuHplM NpPHUMEpPOM 3TOrO CJaydasl sIBJSETCs
3ajaua O CONPOTUBJEHHH LIEPOXOBAaTHIX TPyO, KOrja 3TH ABa He3a-
BucuMbIX II-ujieHa mpejcraB/eHbl yncaoM PefiHoabaca (unu Kapma-
HA) M OTHOCHUTEJbHOH IIepOXOBATOCTHIO. DBblyIo OBl KOHEUHO Heasb-
HO, ecaH 6Bl BSI3KOCTb U IIEPOXOBATOCTb OBIJIM HE3aBHCHMBIMH pas-
MEpHLIMY IlepeMeHHBIMH, TaK KaK Ka)<[as U3 HUX BCTpeyaeTcsl TOJb-
KO B OfHOM uau apyroM ujere. [IpakTuueckn uHcio PeliHosbaca
JIeTKO MEHSIeTCs] B 3aBHCHMOCTH OT CKOPOCTH H, TaK KaK rpDaHHYHEIE
YCJO0BHSL OCTAIOTCS HEH3MEHHBIMH, HeOOXOQUMO yBeJHUEHHE JHAMET-
pa, COOTBETCTBYIOIlee H3MCHCHHIO OTHOCHUTEJIBHOH LIEPOXOBATOCTH.
Onnaxko M3MeHEHHs IJIOTHOCTH H BSI3KOCTH (HampHMep, OT BO3AyXa
K BOJE) H OJHOIO H3MEHEHMs] aOCONIOTHOH IIEepPOXOBATOCTH, NMPHUEM
¢opMa 3JeMeHTOB MNOJXKHA INOALEPKHUBATLCS NOCTOSHHON (Heser-
Kas 3a4auda), JOJKHO ObITb 1OCTATOYHO IJIsl IPOBEPKH MHpPaBHIABHO-
CTH CJeJaHHOH IPYNNMPOBKY NEPEMEHHBIX.

[Ipn monyuerun uernipex Il-useHoB 3agaua HE MOXKeT OBITH pe-
LIeHA CHJIaMH OJHOTO HCCJELOBATE/S, U MOJOKUTENbHBIH pPe3ynbTaT
JOCTHTAeTCsl TOJNBKO NPH OPTraHU3anuu paGoThl MHOTHX HCCJEI0Ba-
TeJel B OJIM3KO colpHKacawmuxes obaactax. [lpocreiiiieli uimo-
CTpalliedl TAKOro MOJIOKEHUS SBJASETCH H3yUCHHE CONPOTHBJICHUA
II€POXOBATHIX TPY6 C pA3/IMYHBIMU NONEPEeYHBIMH CEUeHHSIMH. ITO
IPUBOAHT K 00pPa30BaHMIO psila CceMeHCTB KPHBLIX, IpHUEM Kaxaoe,
10106HO NMpeABIAYLIEMY, OTHOCHTCSI K OIpENeJeHHOMY ceueHHio. He-

21



NPepBIBHOCTD NMpeJCTaBaenHus OyNer CyllecTBOBaTh, KOHEYHO, TOJIbKO
B TOM CJyuyae, ec/li CeYeHHE H3MEHSeTCs CHCTeMaTHYeCKH — cKa-
’KeM, TIOCTelIeHHO OT Kpyra K KBajipaTy WJH 4epe3 DS 3JJIHICOB C
Pas3JHYHBIM OTHOLIEHHEM OCEH.

11. Anaaus pesyasraros. Ecan pasmepHOMYy aHaAJHU3y, IpeaiIect-
BYIOLIEMY 3KCIEPUMEHTANbHLIM HCC/IEOBAHUSIM 3aJauH, YAEIUThb
JOJKHOE BHHMAaHHe, TO He TOJIbKO NPOBeleHHE 3KCIHepUMEHTOB IIo-
Tpe6yeT MHHHMAJbHON 3aTPaThl 3HEPTUH, HO M PE3y/nbTaThl HX Oy-
AyT paclpefeseHbl TaK, 4TO ONMPEAEST rpadUUecKH ClelUpUIecKyio
¢dbopmy GYHKUHH, ONHCHIBAWILEH H3y4YaeMblii BONPOC B HHTEpPECYIO-
el uccaenoBaTtens obnactd. [Ipu O6maronpUATHBIX YCJIOBUAX 3Ta
GYHKIMSA MOXET MMeTb OYeHb BEIpasHTeJbHyI0 ¢opmy. Ho HesaBu-
CHMO OT TOrO, BhIpa3uTe/jbHa (DYHKLHS HIH HET, OHa OyHeT couep-
KaTh BCe HeOGXOMUMBIE /15 ee aHAJHTHUECKOro HCCJeJOoBaHHs CBe-
JeHHs1 U He moTpefyer o6palleHHus K JONOJMHHUTENbHBIM 3KCIEPHMEH-
Tam.

[Tocaenywowas mnpouexypa O6yAeT ONpeNensiTbcss XapakTepoM
paccmaTpuBaemoft 3anaud. Ecin He uMeeTcsl pyKOBOAsLUEH aHAJH-
THYEeCKOH OCHOBHI, TO 06pafoTKa ONMBITHOTO MaTepHaJ/a 3aKIYyaeTcs
B HaHECEHUH Ha TpadUK 3KCIeDUMEHTA/IbHHX AAHHBIX B HX MPOCTEH-
well ¥ HauboJee noJesHod Gopme — MpeANOUYTHTENbHEe apH(PMeETH-
yeckHe, CTeNeHHBe M NM0Ka3aTe/lbHble BBIpAXKEHHS, €CIH HEBO3MOXK-
HO MOJYYMTb (GYHKIMH HEMOCPEICTBEHHO B CTPOroH MaTeMaTHYECKOH
dopme. OmHAKO [aKe eCHH OKa)Kercs, 4TO [AaHHBIE OMNbITa MOLYT
ObITh TNPEACTABJIEHB NMPOCTBIM aareGpauiyeckKiM ypaBHEHHEM, HEeOO-
XOJMMO TOMHHTb, YTO 3TOT Pe3y/JbTaT fBJAETCA 4YHCTO 3IMIHpHYE-
ckuM. TIpu Takux oGCTOATENbCTBaX 3KCIEPHMEHTAJ/bHBIE OTPaHHYe-
HHUS TIOYTH TaK Ke BaXKHB, KaK U (HopMa yxKe ONpeleSeHHBIX (yHK-
{1, ¥ 3KCTPANOJIUPYIOIINA BbIXOJ 3@ UX NPENeNsl SB/SETCH 1aJeKOo
He 6esomacHOH (XOoTd W oOueHb OOLIYHOH) NPAKTHKOH; CTeleHHas
¢dopmyna Baasuyca pjist rmagkux TpyO HarVIsQHBIA NDUMEDP TOMY.

[IpH HEKOTOpHIX YCIOBUSAX OYEBMJHAst OOLIHOCTb 3KCIEPHMEH-
TaJbHBIX DE€3yJbTaTOB, HaHECEHHHX Ha rpapuk B Oe3pa3MepHOM
¢opme, Gymer NOACKA3bIBaTh IO KpaliHell mepe NPHOIU3UTENbHBIA
aHAaJHTHYECKUN MOAXOJN K DELICHHIO NPoOJIEMBl; Pe3y/abTaThl 3KCIIe-
PHMEHTOB B 3TOM CJIydae CIyKaT KaK PYKOBOACTBOM ISl JaJbHeH-
IIMX aHa/JM30B, TaK M OKOHYATeJbHOH HpOBepKoH HX. TakuM nyrem
nosiBUNach (opmyna conportusienuss Kapmana — [Ipanatas s
riajKiux TPy6; BCIEACTBHE €€ YACTHUHO aHAJMTHYECKOro 0GOCHOBA-
HHSI OHA CUHTaeTcst GoJlee HANEKHON fJsl HKCTPANONALUY, YeM (op-
myna baasuyca.

[Tpumep penxoit popMbl aHanu3a 6e3 ofpalieHUss K U3MEPEHUAM
3a HCK/JIIOYeHHEM [OPOBEPOUYHBIX HAXOAHUM B MCCJELOBAHMAX COMPO-
THBJEHHUS MOTOKA B JaMHHAapHOM NOTPAHHYHOM CJIO€, NPOBENEHHBIX
Baasuycom. XoTsi 3TOMy mpuUMepy HYXKHO CJEN0BaTb BO BCEX BO3-
MOXKHBIX CAyYasix, GOJBLIMHCTBO NpoOJeM B HACTosiilee BPeMs elle
HYKIAETCS B NOJYaHAJUTHYECKOM WJIH LEAHKOM 3MIUPHYECKOM HC-
ClelOBaHUU,
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Mpumep 2. VYcTaHOBJEHO, UTO BOAA MPOHHKAeT IO KanmHJJisipaM uepe3 Iec-
uanbi QUILTP To/LKHON 6 mwo#iMoB 3a 15 cex. CKOJBKO BpeMmeHH moTpeGyercs
751 NPOXOXKIEHHS BOIBl, €CJIH YMEHbIIHTb BeJHUMHY 3epeH necka Ha 75%?

EcJH XOMYCTHTh, UTO HH CHJlA TSXKECTH, HH HHEPLHs He BOBJEUEHBl B 3TO fB-
JieHHe, OOBIYHBIE NPHeM NPHBeXeT K cooTHowenuio f(d, L, ¢, o, p) =0, KoTopoe 1o-
ouepenso nacr Asa Il-unmena. Ilpu STHX YCJOBHAX MOJYYHTL PellEHHE C MOMOILbIO
M3BECTHBIX CPeJCTB HEBO3MOXKHO. C OpYrofi cTOpOHH, eciaM HPH3HATb, 4TO COMPO-
THBJEHHE BS3KOCTH IOTOKY IDH MPOXOXK/JEHHH €ro uepes LUIeJH XapakTepH3yeTcs
MOCTOSIHHOM Beauuuuoil yucaa Ilyaseiins (d?dp/dx)/nV, a uepes kanuaspb — MO-
CTOSAHHOH BeJHYMHON mapaMerpa dAp/c, To 3TH ABe BEJHYUHBL MOXKHO OODBesN-
HHTb TYTE€M MCKJIOUEHUs NaBJECHHA:

od
LuV

[MockonbKy 1O pasMEepPHOCTHBIM cOOGPaMKeHHSIM CKOPOCTHEIE H BpeMeHHBle
XapPaKTePHUCTHKH O6PaTHO NPOMOPLUMOHA/bHE, CJEA0BaTeJbHO, NPH YMEHbUIEHHH
3epeH mecka B 4 pasa BpeMs YBEJHUHTCS BYETBEPO.

C.

I'. Pa36op THOHYHBIX HCCIEH0B AN

12. 3anaun, cojepxailhe ycCKopeHHe Macchl. $BaeHne
HepaBHOMEDHOTO HJIH HEYyCTaHOBHBIIETrOCA TEUEHHS, B KOTOPOM ILIOT-
HOCTb SIBJISIETCS] €JMHCTBEHHBIM CBOHCTBOM KHJKOCTH, MOAJEXAILUM
yuery, MOXeT OblTb OTHECEHO K KaTeropHH 3ajaau, paccMaTpHBalO-
IMUX ycKopeHHe macchl. K Hel ot-
HOCSITCSI MOTOKH, KOTODBIE MOKHO

cuuTaTh Ge3BUXPEBLIMH, KaK C pas- 2e,
IejeHNeM TeUYeHHus, TaKk H 6e3 He- A
ro. BesBuxpeBoli moOTOK C IpeHe- "]
OpeKUMBIM Da3fefleHHeM MOXKeT !
paccMaTpUBaTbCS  AaHAJHTHUYECKH ~

6e3 obpallueHHd K SKCIEpPHMEeHTaM,

W CTpYiiHAsl TEOpHst MOTOKA C yCIIe- Puc. 1. PacnpocTpanerne 3atones-
XOM NpHMeHsieTcs [Jisd  pelleHud HOH CTpyH

3amay paszpeneHus. B sawbom cay-

yae CaMbifl 2J€MCHTApHBI pa3MepHHIH aHa/MW3 TAKHX 3a7aY MOMXKET
NPHBECTH JIHIIb K OJHOMY HJIH 60Jiee reoOMeTPHUYECKHM OTHOIIEHHSM
M K uucay Jfjepa, ecl MOTOK YCTAHOBHBIIMIHCS, IJIOC HEKOTOpas
(popma mapameTpa YCKOPEHHS, €CJIH NOTOK H3MEHSETCH BO BPEMEH!.
Ocofoe mpedMylecTs0 aHaJaU3a Pa3MepHOCTH OUEBHAHO B CJydae
BHXPEBOTO ITOTOKA, TaK KaK OCHOBHbIE ypABHEHHA MNBMXKEHHS 178
TaKHX 3a71a4 OYeHb PEIKO HMEIOT TOYHHIE PEHIEHHs,

HauGosee mpocTbiM NPHMEPOM SABJEHMS HEPABHOMEDPHOTO BHXpe-
BOrO IOTOKAa, B KOTOPOM CBOHCTBA KHAKOCTH HE HMEKT OOJbLIOrO
3HAUeHHs, SIBJAseTCs TypOyJeHTHas Auddy3us 3aTONNEHHOH CTPYH
YMEpEHHBIX PAa3MEepOB C YMEPEHHO BBICOKOH HauaJbHOH CKOPOCTHIO
DNeMEHTH Pe3ybTaTHBHOTO TEUEHHs B MX MpocTeluieM BHAe OyayT
3aBUCETb OT MOJIOXKEHHS YacCTHl, XKHUAKOCTH OTHOCHTEJNbHO CEYEHHS,
MPOXOAAILET0 Uepe3 BBINIYCKHOE OTBEPCTHE, PA3MEPOB BBITYCKHOTO
OTBEDCTHSI H CKOPOCTH HCTeYeHHs. 3aBHCHMbIE [epEMEHHbIE, HCIOJb-
3yeMble 1JIsl ONMpeJeJeHHss BUAa TeueHHs (PHC. 1), COCTOAT H3 KOM-
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TIOHEHTOB CPeJHEH CKOPOCTH, KOMIIOHEHTOB MHTEHCHBHOCTH TypOYy-
JEHTHLIX 06pa3oBaHHH H MacuiTaba TypOy/JAeHTHOCTH Wiu Ko3ddu-
nueHta auddysuu. Kaxiaas H3 9THX NepeMEHHBIX NPHBOIHT K pas-
JUUHBIM (PYHKIHOHAJbHBIM COOTHOIICHHSIM CJELYIOUIEro BHAA:

uzf(x,r,ro,uo)-

Tot ¢axT, YTO NJIOTHOCTb 3[€Ch HH C UE€M HE MOXKET OBbITb 0ODHEIH-
HEeHa, NOATBEPXKAeT NepBOHAUAJIbHOE MPEANOJN0KEeHHe, YTO 3JeMeH-
Thl ()OpPMBI NOTOKA OblMH Obl OAMHAKOBBIMH MHJsi 060N KHIKOCTH,
ecJad Obl BJHSHHEM IDYIHX CBOHCTB >XMIKOCTH MOXKHO GLUIO TpEHe-
6peub.

B nomnosiHenHe K 3THM 3JeMEHTaM CYLIECTBYET HECKOJbKO Xapak-
TEeDHCTHK TOTOXA, OTHOCSAIIUXCH K IEIBIM CEUEHUSIM, NepPHeHIHKY-
JSIDHBIM K OCH CTpyH. Takue XapaKTepHCTHKH MOJ0OHO CKODOCTH Ha
caMOHl OCH He 3aBHCSAT OT PaAHaJbHOIO paccTOSHHA. K HHM OTHO-
caATcsl 06beM MOTOKA, KOJHUECTBO JBUIKEHHS MOTOKA U SHEpPrus Mo-
TOKa; ABE MOCJACJHHE XapAKTEPUCTHKH MeJSIT Ha IJIOTHOCTb, YTOOBI
HCKJ/IIOYUTb U3 HUX PAa3MEPHOCTb MacCCh:

Q= 2njurdr; M 2n5 ulrdr, £ _x 5 udrdr.
0 Y

Bce Tpu xapaKTepHCTHKH 3aBHCAT TOJDBKO OT X, ro H Ug.

OKCIIePHMEHTHl 110 YCTAHOBJIEHHIO PAa3JHUHBIX XapPaKTEPUCTHK
CpegHero MoToKa OTPaHHYUBAIOTCS OJHHM TOJbKO MPOAOJIbHBIM KOM-
IIOHEHTOM CKODOCTH, ONpeJe/sieMbIM C IIeJNbI0 NOCTPOEHHS 3MIOPHI
pacnpezesaeHHsl CKOpOCTeH u/u; B 3aBHCHMOCTH OT */ry WJsl TOcCJ]e-
JOBaTeJNbHbLIX BEJHUHH X/rg B COOTBETCTBUU C Ge3pa3MepHOil (GYHK-

nuen
u r X
Sz
Uo ro ro
[To pesyabTaTaM 3KCIEPHMEHTOB JEIKO MOI'YT GbITh IOACUMTAHbI
BCIIOMOTaTe/bHbIe COOTHOWIEHHS  Um/to, Qfmriug, Mlpmr? u} w

Elp(mr? u3/2). K HacrosiieMy BpeMEHH 3KCNEPHMEHTATOpaMH 06-

HapyKEHO HECKOJbKO HHTEDECHBIX IOJIOXKEHHH: Ha Olpeae]eHHOM
PaCCTOSIHHH OT BBIIYCKHOTO OTBEPCTHSI 3IIOpa paclpene’eHHs CKO-
pocTH TpHOGpeTaeT NOCTOSIHHYIO OOGbluHyI0 (OpMy, H3MEHASICh 3a-
TE€M TOJbKO B OTHOCHTEJbHBIX IIPOMOPIHSIX; B TO BPeMsl KakK II0 Mepe
pocTa pacCTOSIHHA OT BBIMYCKHOI'O OTBEPCTHS OTHOCHTEJNbHHH 06beM
IOTOKA HeIPEPHBHO YBEJIHUHBAETCS, a OTHOCHTEIbHAs 3HEpPTHs Io-
TOKa HEeNPePHIBHO YMEHbILIAETCs, OTHOCHTEIbHOE KOJIHUECTBO JBHKE-
HHS €ro ocTaercs mocTossHHbIM. [To KpaliHeii Mepe IOCJAeHee H3 3TUX
YCJIOBHH MOXET OBbITb BBIBEIEHO H3 3J€MEHTapHBIX (U3HUECKHX
npe/cTaBJeHUN, TaK KaK KOJHUECTBO ABHXKEHHS MO0 Obl H3Me-
HHTbCS TOJBKO B CJydYae, eCJqd IPOJOJbHAS CHJA BO3/JeHcTBOBaJA
Obl Ha CTPYIO B [1€/10M B HalpaBJEHHH TeUeHHs .

3a HCKJAIOUEHHEM HermoCpPeACTBEeHHOH OJM30CTH OT Hacajaka, ab-
COJIIOTHAsl BeJHYHHA AHAMETpa BHIYCKHOI'O OTBEPCTHSI M CKOPOCTb
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HCTCUEHHSI OOJIbIIOrO 3HAYCHHS HE HMEIOT NMPH TOM YCJOBHH, 4TO
OmpeJleNIeHHOe KOJIHYECTBO ABUMKEHHA NMOTOKA HA €IHUHHIY IJIOTHO-
cti M/p cosnaercst B HeKOTOPOH HauasbHOH TOUKe. Tak KaK KpUBbLie
pacnpenesieHus] CKOPOCTH B NMOCJAEN0BATEIbHBIX CEYEHHAX NMOMLOGHH,
o01as PyHKIHA Telepb CBOAUTCS K BHIY

U= f(xy r: M//p)
HJIH

— % F, (L)
V Mjpx2 *

H, B YaCTHOCTH, BbIPAXKEHHUS J/Is1 CKOPOCTH IO OCH, PacxXoja H SHep-
THH NOTOKA (KaK QyHKIuM M, p H X) OrpaHHYHBAIOTCS BHIGPAHHBIMH
YJICHAMH:

i) )
\ M/p x? xVM/p

/ E B
(o) =

VIHbIMH CJIOBAaMM, Kaiasi H3 3THX BEeJHYHH JOJKHA GBITh IIOCTOSH-
HOH H, C/IeIOBATEeNbHO, SKCIIepHUMEHTANbHAS OLEHKA JI060H H3 HHX
notpedyer (Nmpu HIeaNbHbIX YCIOBHSX) JHLIb ONHOTO H3MEpEHHS.
HeiicTBUTEIbHO, €cT PYHKIHMS pacnpeneseHnst ABASETCS NPUOTHIH-
TeJbHbIM a/JreGpauvyeckuM BbipakeHHeM ( TaKuM, KakK (YHKIHs Be-
positHocTH 'aycca), oHOM KCIepHMEHTaAbHON MOCTOSHHOH BIIOJIHE
AOCTATOUHO AJisi OLUEHKH J0O0H XapaKTepUCTHKH CPEJHEro I0TOKA.
Takum 06pasom, pasMepHble H (H3HUECKHE MOHATHS CAYKAT PYKO-
BOJICTBOM IIPH MCC/IENOBAHHMAX 0 TEX NOp, I0Ka aHaJAUTHUECKHH 1101 -
XOJl MOXKET 1aTb npuOJIM3UTENbHOE peulleHHe 6e3 JeTasbHOro obpa-
IIEHHS K 9KCIIePHMEHTANbHLIM JaHHBIM.

13. SIBnenne rpaButalmuu. J11060i# NOTOK KHIKOCTH CO CBOGOMHOM
IIOBEPXHOCTbIO MOJABEPraercsi BO3AEHCTBHIO I'DaBHTALMH, BhIpAKalo-
LeMyCsl B MIEpeMELIEHHH €€ MOBEDPXHOCTH B 3aBHCHMOCTH OT BPeMEHH
HJIH pAacCTOSIHUA. MHOTHe 3a7auH, KaK HADABIHIECKHE, TAK H CYJI0-
CTPOHTEJ/IbHbBIE, OTHOCATCHA K 3TOH KaTErOpHH, a H3YUEHHE JBHIKEHHS
BOJIH NpaKTHUYECKH INpPEACTaBJAsieT LeayIo HayKy. B cayuae, Korja
pasMepbl U CKOPOCTH He CJAHIIKOM MaJbl, BIHSHHEM BSI3KOCTH M Ka-
NHJISPHOCTH YaCTO MOXKHO INpeHeOpeyb, TOr1a NpHMEHEeHHe pasMmep-
HOro aHaJ/u3a JaerT ONHO HJH OoJsbliee YHCIO TeOMETPHUYECKHX OT-
HOUIeHHH: uucaa Ppyna u Diiepa U (ec/aH NMOTOK SIBASETCH HeycTa-
HOBHBIIHUMCSI W HEPaBHOMEDHBIM) HEKOTOpPYIO ¢opMy mapamerpa
BPEMEHH HJIU YCKOPEHHS.

He Bcerna npuHuMaercss BO BHUMAaHHE, 4TO SIBJEHHE I'PaBHTALHH
He OrpaHHUYMBAETCH TOJbKO KHIKOCTSIMH MPH KOHTAKTE HX C aTMOC-
¢epoii A maxke KHUAKOCTAMH KakK KJIaccoM; J00asi IOBEPXHOCTD
paspriBa NJIOTHOCTH KaK BHYTPH KHIKOCTH, TaK U BHYTPH rasa sIBJS-
eTCsI TAaKOH e CBOOOJHOH MOBEPXHOCTBHIO, KAKOH OOLIYHO CUHTAIOT

25



OBEPXHOCTb BOJHI, CONPHKACAIOUIYIOCS C BO3LYyXOM. [leACTBHTENbHO,
O CYLIECTBY BCE SiBJ€HHUS CBOOOJHOHN NMOBEPXHOCTH, U3BECTHbIE THJ-
paBJHKaM, MOTyT OLITb OOHApyXeHBL Ha TDaHHIe MeXIy ABYMS
CJIOSIMH BO3AyXa C pAas3/jUYHON TEeMNEepaTypoH HJIH MEXKAY ABYyMs
CJIOSIMH BOABl PA3JHYHOH COJNEeHOCTH. Kpome Toro, Tam goJIzKeH Cy-
IIeCTBOBATh MOCTENEHHBIH Nepexon OT OJHOTO Kpas KHIKOCTH, CO-
IIPUKACAIOLIErocsi ¢ ra3oM, K APYromMy Kpalo, rae pasHocTb B IIOT-
HOCTH mpHOJAHKAeTCs K Hyd0. Jaa WIdI0CTpaluu 3TOTO NOJOXKEeHUs

pPacCMOTPUM CJIeAYIOYIO 3a1a4y.
Hpezmonome, qTo HpOCTpaHCTBO MEXIYy AByMA I‘OpI/ISOHTaJIb-
HbIMM HOBEPXHOCTAMHK pas/esNeHo MOJBHXKHOM BepTHKAJbHOH mepe-
TOPOIKOH, U XKHIKOCTH 10 06eUM

= T - CTOpPOHAM €€ HMEIOT pasjJHdHble
\ L s IJIOTHOCTH 1 H pg. B TOT MOMeHT,

N : KOTZla TNeperopoika ycTpaHser-

y ! cfl, KHIKOCTb C GoJbliell MJ0T-

‘ Loy HOCTHIO HAYUHAeT MOATEKAaTb
77T MO JKHAKOCTb C MeHbIUell MJaoT-

HOCTBIO, TOCJHeHSAST B 3TO IKe
Puc. 2. CMmemeHHe NMOBEPXHOCTH pasje- BPEMS HAYHMHAET pPA3JaUBATbCA
J1a XHJIKOCTEH ¢ pasHOi IJIOTHOCTBIO [0 TIOBEPXHOCTH OoJiee IJOTHOH

)kunkoctd. Tpebyercss uccaeno-
BaTb H3MeHenHe (GOpPMbI NOBEPXHOCTH pa3jena Kugkoctell (puc. 2)
KakK GyHKoud BpemeHH. O4eBHIHO, YTO OCHOBHBIMH MepeMeHHbI-
MH fIBJISIIOTCA KOOPAHMHATHl ~ KPHBOJHHEHHOH NOBEPXHOCTH, pac-
CTOSIHHE MEXIy I'DaHHIaMH, NIepHOj BpPeMeHHU Mocje HayaJa [BHXKe-
HHS, [AB€ NIJOTHOCTH H KakKasd-HHOyAb Mepa TpaBUTALIMOHHOIO BO3-
nefictBuda. [locnenHell MoXeT ObIT YIAEAbHBIH BeC OAHOH H3 JAHHBIX
KHUAKOCTEH (HO He 00eHMxX) HJAH YCKOpeHHe CHJB TsxKecTH. OgHAKO
fosee IeHHO A/ TAaKMX 3afay HCIO/Ab30BATb PA3HHUUY YAENbHBIX
BECOB, TaK KakK OHa IpPeACTaB/sfeT HUCTHHHBIH BeC eIHHHIbI 06bemMa
JI060M KHAKOCTH, MOTPYKEHHOH B APYrylo. DTO KOJUYECTBO B CYII-
HOCTH JNOJIXKHO BK/IOYaTh yMEHbIIEHHYIO BeJHUYHHY g, T. e. g'=Ay/p

Takum o6pasom, GYHKLUHS NPHOOpPETaeT BU

f(x’ Y, hr i’ P1, D2, AY) = 0’

4TO MOXKeT ObITh 3anucaHo B Ge3pasmepHoil GopMme CJAeAyIOIHM 00-
pasom:

F (5 2 o taAY/Dz)zo.
Ve’ n o h

Pasmepnuiit ananus mospoaser o6beIHHATh NepeMEHHblE B (op-
MYy, ynOéH}’}O s SKCHepHMeHTa.HbHOI‘O I/IsyquI/IH, XO0Td U He pgaer
peureHusa s camoff ¢yHKuuu. OueBHAHO, I/ 3TOTO HYXKHO BBI-
6paTb JAHHOE OTHOUIEHHE IIJIOTHOCTeﬁ U 3anucaTthb KOOpJIHHaTbI 110~
BerHOCTH 1Iepes nocjaegoBaTeJbHbIE HpOMe}KYTKH BpeMeHH, 4 3aTeM
NOBTOPHTb 3TOT NPOIECC C JPYTHM OTHOIIeHHeM IotHoctel. C ¢u-
3H4YeCKOH TOUYKH SpGHHH MOXHO Hpe,U,I'IO.HO)KPITb, 4YTO MaJeHuiluue usme-
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HeHHsI OTHOCHTEJIbHOH MJOTHOCTH OYIYyT OKAa3LBATbL 3aMETHOC BO3-
TedCTBHE HA IPABHTAlHOHHBIE CTOPOHBI 3aJauH, KaK 3TO NOKAa3aHO
NOCJACTHAM UJeHOM, B He3HAUUTEeJbHO BO3JeHCTBOBATbL HAa HHEPIH-
OHHBIE CTOPOHBI, KaX MOKA3aHO NPEANOCAeHHM WIEHOM. DKCHEpH-
MeHTaJbHble Pe3yabTaThl HOATBEPAHAH 6Bl TOT (GaKT, YTO pPi/p2 MO-
JKeT paccMaTpUBATbCA KaK IOCTOSIHHAS Jaxke MNPH H3MeHEeHHAX
nopsinka 3—4 Y% . Tak:ke 5KCepHMEHTAAbHO MOKHO OBlJIO Gbl 06HADY-
XKHTb (Kak ObL10 ToKasaHo anaautHueckn CeH-Benanom Gosee 100
JeT Hasaj AJs BOIbl NMOJ BO3AYXOM), uTO NPH pi/pe=C ocrasmuecs
TPU UJeHa MOTyT OBITh CBeLECHB IyTEM NEPEKPECTHOrO YMHOXKEHHS
K IBYM:

F, (i’ _x___) =0.
BtV

O6o6uennas ¢popma npodus, NpeacTaBJeHHas 3TOH QyHKIHEH,
morJia 66l ObITb HalijjleHa SKCIepHMEeHTaJbHO YMEDPEHHbIM H3MEHEHH-
eM pi/pg OT HYJS OO €IHHHIBI — Ge3pa3MepHass CKOpOCTb ¢poHTa
BOJIHBI, BbIpaXKeHHasi BTOPbIM NapaMeTpOM IDH HYJEeBOM 3HaUYEHHH
nepBoro, mpu 3toM uHaMeHstetcsi oT 0,9 mo 0,47.

14. MoToKKM c BA3KOCTHBIM conpoTuBjeHHeM. Tak KakK Kaxjas
KHIKOCTb o0JanaeT BS3KOCTbIO, aOCO/IOTHAST BEJHYHHA KOTODOW
GoJibllle HYJA, 3asBJeHHE, UTO ee OOBIYHO MOXKHO CUHTATh PaBHOH
HYJIO, JIMIIb OTHOCHTEJbHO BepHO. MHBIMH cjoBaMH, J1060e dBJe-
HHE TOTOKA, AJS KOTOPOrO BJHSIHHEM BSI3KOCTH MOXKHO IpeHe6Gpeub
IpH ONpefeseHHON BeJHUMHE uucaa PeiliHoabaca, MOXKeT MOJABEp-
raThbCsi 3HAUHTENbHOMY BO3AEHCTBHIO BS3KOCTH NPH 6oJjiee HH3KHX
yucaax PefiHoabgca. Tak, H3BECTHO, YTO PAcCCMOTpPEHHble B 1. 12
XapaKTEePUCTHKH CTPYH IOJBEPraioTcss BO3pacTalollleMy BO3AEHCT-
BUIO BfI3KOCTHU NPH YMeHbLIeHHMH Re, Korpa IOTOK CTAHOBHUTCS MOJI-
HOCTbIO JJAMHHAPHBIM. BosiHBI, pasfupaBLusiecs B NpeAbIAyIIeM MYHK-
T€, TaKXKe MOJBEPXKEHbl BA3KOCTHOMY 3aMeJ/IEHHIO, KOrja Mmacirab
M CKOPOCTb CTAHOBATCA MaJbIMH HJIH KOrja AJHHA BOJHBI CTAHOBHUT-
csl OueHb GOJBLIOH; B NEHCTBHTEIbHOCTH NPeHEOPEKEeHHE BA3KOCTHIO
pU BCSIKOM aHaJsx3e BOJHOBOI'O ABHIKEHHS IPaBOMEPHO, IOCKOJbBKY
5Heprus J0G0H BOJHB B KOHEUHOM CcueTe AHCCHNHPYETCS BA3KOCT-
HbIM conpoTrdBieHHeM. C JApyroil CTOpPOHBI, KOHEUHO, CYLIECTBYET
OUE€Hb MHOTO IIPUMEPOB NPaKTHUECKOrOo HallpaBJeHHs, B KOTODBIX
pOJIb BSI3KOCTH SIBJISIETCS NEPBOCTENEHHOH H IpeHeOpeub €10 HEBO3-
MO2XKHO.

ConpoTHB/IeHHE YCTAHOBHBIIEMYCsi MOTOKY B Tpybax yxe pac-
CMaTpHBaJoCh MpH obiiem pasdope II-TeopeMbl, COMPOTHBIEHHE DaB-
HOMEPHOMY ABHIKEHHIO IIapa B XKHIKOCTH aHAJOIMYHO. YCTaHOBJIE-
HHE TOTO H JPYroro THIA MOTOKA U3 COCTOSHHSA TOKCSl B PaBHOH cTe-
NeHH TOYYUTeNbHO. LS u3yueHHs] oCefaHus liapa B KHIKOCTH,
BEPOATHO, JOJKHB OBITh BIGpaHLl CaedyIOllue NepeMeHHble.

fl(D) V) 0, !"’9 Y, YT):O
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O/HaKO NOCKOJIbKY [BHXKCHHE BLI3BIBAETCS pasHHUIlEH MeXIy
ABYMA YJ€JbHbIMH BECAMH HJIM AeHCTBYIOIeH Ha map CHJOH, mepe-
MEHHBIC Y H Yyr MOTYT ObITb 3aMeHeHbl Ha Ay HJIH F, YTO yMEHBbIUHT
YHCJO MEPEMEHHBIX 10 NATH. EcaM Temnepp ucciaenoBaTh AaHHOE SIB-
JeHHe B HEyCTAHOBHBILUEMCSl MOTOKE, OJ[HA M3 JIBYX BEJHUUH: BpeEMS
WJIH BBICOTA MaleHHUsl, HCOOXOAMMBle NJsI NOCTHXKEHHS IapoM, CKa-
KeM, 999 ero KOHEUHOH CKOPOCTH, MOXKET PacCMaTpPUBATBHCS Kak
HoBasi 3aBucHMast nepeMmennasi. OQHaKO H3-3d TOTO, YTO MJOTHOCTbH
KaK TBepIblx BEIeCTB, TAaK H XKHIKOCTEH HUIpaeT HEKOTOPYIO POJb
IpH JIBUXKEHUH C yCKOpeHHeM, NO/MKHAa ObTb g0GaB/jeHAa W HE3aBH-
cumasi nepemetiHasi. C Apyro#l. CTOPOHBI, OfHA H3 IepBOHAYAJbHBIX
MepeMEeHHbIX, ONpeleNsIOIUX KOHCUHbIE YCJOBHS, Tellepb CTAHOBHT-
cs JMIIHeHd, Tak KaK yKe siBjseTcsl QyHKIHed OCTaJbHbIX UeThIpeX;
uyTOGbl COXPAHHTb YCTAHOBJEHHOE UHCI0 PefiHo/bica B KOHEUHOMH
IPYNIHPOBKE YJICHOB, HYXKHO ONYCTHTb Ay. Takum ofpasoM, Heob-
XOJUMMBIMH II€pEMEHHBIMH CTAHOBATCS

h, t= f2,3 (D, V, P, PT»P«)-
C nomompbio II-TcopeMbl OHH MOTYT GbITb CTPYIIHPOBAHBI CJAELYIO-

muM 06pa3oMm:

h tv VDp P

= =Fa T

D D [ Pr
Taxas rpynnupoBxa HauboJsee nmpuemsaeMa AJ5 AaJbHEHIIECrO H3yue-
HHSl JaHHOTO SIBJIEHHUS.

15. TpancnopTHpoBaHHe AHCKPETHLIX MaTepHaJtoB. M3 Bcex siB-
JeHHH [OTOKa BO3MOXKHO Haubo/1ee TPYAHO NOAAAETC aHAJU3Y ABH-
JKeHHe JUCIEepPCHBIX 5J1€MEHTOB B KHAKOCTH, ABHXKYIIEHCS B CBOIC
ouepelb OTHOCHTENbHO HEMOABHXKHBIX rpanul. CyliecTBo Bonpoca
COCTOMT B TOM, YTO TBEP/Ibl€ UACTHIIBI B JKHAKOCTH HJH rase, Kamiu
JKHJIKOCTH B T'ase, My3blpbKH BO31yXa B KHIKOCTH HJU HEPaCTBOPH-
Mbie KallJ{ OJHOH KHMAKOCTH B JPYroil HaxXOMSITCSI BO B3BELIEHHOM
cocTosiHuH. TaKHe YCJIOBHSI BCTPeUaiOTCsl IPH PasJHYHBIX BHIAX
oCaKIeHusl, B BHICOKOCKOPOCTHBIX NOTOKaX B OTKPHITLIX KaHaJdX, B
AByx(da3HBIX TMOTOKax B Tpy6ax, B METECOPOJIOTHH, NIPH OYHCTKE Hed-
TH M B XHMHUYECKOM TpOU3BoJAcTBe. [IpaKTHUECKH NIpU 3THX YCJIOBHAX
UMCJIO TIEPEMEHHBIX HACTOJIBKO BEJHKO, YTO HEOOXOLHMO YINPOCTHTH
3ajauy, He yMaJisisi 3Ha'UeHHs] MPHOIH3UTENbHBIX COOTHOLIEHHH, O -
Jle:K alllUX OIpefeaeHHIO.

B m060M H3 3THX C/IyyaeB 10 KpafiHell Mepe ONMH JHHEHHBIHA
yneH L HeoOXoAMM AJs 0GO3HaueHHsI TPaHHYHOTO MacmrTaba H 1o
Kpaiitieil Mepe oana ckopocTb V TpeGyercs anst 0003HAUEHHsST KuHe-
MATHKH OCHOBHOTO 0TOKAa. /[Ljsi ONpefeJeHHs CBOHCTB GCHOBHOTO
MOTOKA HYAHBl XOTs1 6Bl MIOTHOCTb p H BA3KOCTb . Jlast XxapakTepH-
CTHKH TPaHCMOPTHPYEMBIX IIOTOKOM MaTepHAJIOB CJAEAYCT HMETb XO-
TA OBl ONMH JUHEHHbH pasmep d (MOXKHO 3aMEHHTb CTAHJAPTHBIM
OTKJOHEHHEM OT 5TOTr0 pasMepa og) M JeHCTBUTE/bHLIH yHeJbHBIH
Bec Ay. OrGpachiBaHHe yIeIbHOIO Beca XKUIKOCTH 0311a4aeT, YTO CH-
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Jla TSXKECTH He BJHSeT Ha OCHOBHOH BH[ IIOTOKA, a 3TO, KOHEUHO, He
pepuo. Ecan orzenbHble XapakTePHCTHKH THCKPETHOTO MaTepHaJa
onpelesneHbl IIPH HOMOILUH CaMOrO sIBJEHHs, KaK B CJAyuyae BOBJeye-
HHSI BO3JyXa B TEKYILYIO BOJY, OHH CTAHOBSITCS TOOUEPENHO 3aBUCH-
MBIMH NepeMeHHBIMH; HO TOTJa JOJUKHBI ObITh yuTeHbl Apyrue ¢dax-
TOpBl (TakHe, KaK NOBEPXHOCTHOE HaTSXKEHHe Ha IpPaHHLE BO3AyXa
i Boxbl). Ecsm, Kak B ciayuae TPaHCHOPTHPOBAHHS HAaHOCOB, BCe
yKa3aHHble XapaKTePUCTHKH SIBJASIOTCS HE3aBUCHMBIMH, 3TO 3HAUMT,
4TO HYKHO J00aBHTh ellle OJHY — TaKylo, KaK KOHIEHTpauHs C.
B awobom cayuae ¢yHKuus O6yner momoOHa chaexyiouies:

f(Ly V) P, “" d’ Gd) AY) C) = O'

Jra (QyHKUHS C BOCbMbIO II€DEMEHHBIMH CJHUIIKOM CJAOXKHA JJIf
H3YUEHHs] B LEJIOM, XOTs OHA W NPeACTaBJsieT CaMblfl IPOCTOH BHJ
4acTO BCTpeualollerocs: ABHKeHHS. KOHeuHO, MOXHO NOHTH 110 NyTH
YIPOIUIEHHst 5TOH QYHKUHUH, OTPAHUUHBAS JHCKPETHBI MaTepHaJ OJ-
HOPOJHBIMH pa3mepaMu H (HOPMOH, HCKI0Uas, TAKUM 06pa3oM, eile
ofHy nepeMeHHyw. OnHaKo BooOlle TaK AaJjeko MOXHO HATH TOJb-
KO NpH yCJOBUH, €CIAH MO CYACTIUBOH CAYYaHHOCTH BeChb HECOMBIH
MaTepHa/J HaxOLHTCS MOJHOCTbIO BO B3BElieHHOM COCTOSHHUH. B mo-
caefHeM caydae, OCOOEHHO €C/AH KOHIEHTpauKs HAacTOJNbKO HH3Ka,
4YTO CONPHKOCHOBEHHSI MEXKJAY YAaCTHLAMH OUeHb pPeiKH, NepeMeHHble
d, p, p U Ay, KOTOpbIE BMECTe ONpPENEJSIOT THAPABIHUECKYIO KPYII-
HOCTb @, MOTYT OBITb B KauecTBe NMEPBOro MPUOIHIKEHUA 3aMeHeHbl
Ha w. DT0, OUEBHAHO, Tpeobpasyer Mpeablayliee COOTHOLIEHHE B CJle-
aywouyto pabouyio dopmy:

fV,w,c)=0.

Taxkoe yaMBHTENBbHO IPOCTOE COOTHOIIEHHE MeflCTBHTENbHO OMNHU-
CHIBaeT cayual, IMeloIlIHil NpakTHUeCcKoe 3HAUeHHe (HaMBIB PYCJ0-
BBIX OCaJKOB NMOTOKOM BepxHero Gbeda), a HCIOJb30BAHHE THAPAB-
JIMUECKOH KPYIHOCTH B KaueCTBE MepPbl OTHOCHTEJbHOTO JBHIKECHHS
MeXJly TIepeHOCHMbIM MAaTepHaJOM H OCHOBHBIM NOTOKOM HO3BOJISET
npaKTHUeCKH DelHTbh MHorue GoJjee cioxXHble 3amaud. OngHako pe-
HIeHHe pefko OblBaeT TOYHBIM HJIM 3aKOHUEHHBIM, IPHYeM HNOTPEUIHO-
CTH YBEJHUYHBAIOTCS C pacliHpeHHeM o6JacTH HcC/el0BaHHs, OCO-
GeHHO ec/H B3BellleHHast ¢a3a SIBJASETCH MPOCTO PA3BHTBIM COCTOSI-
HHEeM IBHMXKEHHSI MM 3aBHCHT OT pPAa3JHUHBIX THIOB JABHXKEHHS B
norpaHuuHoll o6Jsactu. Mi3-3a sToro Takue sBJEHHS, KaK IIepeHOC
0CajKOB BJIOJIb PyCJa KaHaJja, MOYTH HOCACIHUMH H3BSIIH H3 UHCTO
IMIUPUUECKOH 06/1aCTH H3YUCHHS.



F'mapa I

OCHOBHBLIE NOHATHSA U YPABHEHHS

A. IoToK cnyioWHO# cpeabl

16. Cnaomuocts. HeoOGXOAMMBIM YCJIOBHEM BCSIKOTO H3-
yUeHHsl IBHUKENHs XKHUIKOCTH SIBJASIETCS] HEKOTOpOe MOHHUMAaHHE TpPH-
ponbl caMo# cpeibl. JKHAKOCTL OOBIYHO ONpeensieTcs Kak BELIeCTBO,
NIOCTOSIHHO MEHsIIolllee CBOIO (GopMmy, T.e. TeKyuee, U MOJYHHEHHOE
KacaTeJlbHOMY HANpPsIKEHHIO, KaK Obl Majo OHO HH Oblio. Takum
06pasoM, H KHIKOCTH U raapl OTHOCSTCSl K OIHOH TpyNIe, HECMOTP4
Ha 60JbLIYIO Pa3HHIY B HX MJIOTHOCTH, C:KHMAEMOCTH U IPYTHX CBOMi-
CTBaX. 3aKOHBI JBHKEHHs KHUAKOCTeH MPU/IAraloTcsl K moToKam Apy-
X Cpel 10 TexX [Oop, NMOKa OHH 006/1afal0T TeMH Ke CBOHCTBAMH.
HeficTBHTEIBHO, OOBIYHO MPHHSATO NMPOBOAHTb MHOTHE THIIbI THAPaB-
JIHYECKHX HCMBITaHUH (O0COOEHHO TeX, B KOTOPBIX HE yYacTBYeT
cB0OOHAsT NOBEPXHOCTb) C BO3XYXOM B KauecTBE CPENBI; H, HA0GO-
pOT, BO3MOXKHO, XOTSI H HEe BCErAa TaK BBIFOAHO, IPOBOAHUTH PA3JIHY-
Hble a3pOAMHAMHYECKHE HCCJEeLOBaHHS C BOAOH W JPYTHMH KHJKO-
CTSMMU.

JKUnKOCTH, KaK H BCAKOE BEIeCcTBO, 00/1a1a0T CYGMHKPOCKOIH-
YECKOH MOJIeKYJSIPHOH CTPYKTYpOH, B KOTOPOH NPOHCXOZHUT Hempe-
DBIBHOE JBHXKEHHE 3JIEMEHTAPHBIX YACTHIL MO OTHOCHTEJbHO OOJBILINM
mycroraM. [leraju TAKOro JBHXKEHHs, N0 KpaHHeld Mepe B CTAaTHCTH-
YECKOM CMbICJ/Ie, HEPEKO HMEIOT NepBOCTENIEHHOe 3HAaYeHHEe, OCOGeH-
HO €CJIM JaHHast cpejfa sIBASETCS ra3oM U Maciutad ABH:KEHHS OueHb
MaJ WJIH [aBJeHHe OYeHb HM3KO. B Haubosee H3yyeHHBIX GOJbIIHX
NOTOKAaX, OAHAKO, HH MOJCKYJsIpHAs CTPYKTypa, HH MOJEKYJspHOe
IBUXEHHE KaK TakOBble HE BBEI3BIBAJH 0COOOr0 HHTEpeca, MO3TOMY
NpH JONYUIEHHH, 4YTO H3yyaemMass KUAKOCTb SABJSIETCS CIJOMIHON
cpelofl maxke NMpH GECKOHEUHO MaJlbiX Mpexesax, MoJyyaerTcs HaMHO-
ro yOpOILIeHHas M BCe :Xe OYeHb MoJse3Hass KapTuHa. [1pu yKa3zauHbIx
YCJIOBUSIX HE TOJIbKO CBOHCTBA XHAKOCTH, HO U TaKHe XapPaKTepUCTH-
KH, KaK CKOPOCTb, AaBJIeHHe H TeMIepaTypa, MOTYT paccMaTpHUBaTh-
Csl KaK HENpepbiBHO H3MEHAIOLIHECs] Ha BCEM MPOTSIKEHHH MOTOKA
K MOTyT GBITH ONpeJe]eHbl MaTeMATHYECKH B JOO0H TouKe.

MaccoBasi NJI0THOCTb, BEPOSITHO, HaHOoOJiee BaXKHOe CBONCTBO
KUAKOCTH, ONpeIeaseTCcs COOTHOMEHHEM
M
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rae 8M ecTb Macca BellecTBa, COAEPIKAIErocsl B MajoM NpPOCTpaH-
cree of6beMoM OW, KOTOpBIH CTPEeMHTCS K HYJIO B yCTAHOBJEHHOM
touxe. [l1oTHOCTD BellecTBa 06YCJHOBJIMBAETCS MECTHHIM JABJEHHEM
¥ TEMIEpPaTypoH COIVIaCHO yPaBHEHHIO COCTOSIHHS [JIS1 NaHHOTO Be-
11eCTBa, T. €. 3aKOH AJs HAeaJJbHBIX ['a30B HCIOJIb3YeTCs s AeHcT-
BHTEJNDbHBIX [a30B M XKHAKOCTEH, HECMOTPSI Ha TO UYTO B JaHHbIA MO-
MEHT HX COOTBETCTBHE HE MOXKET ObITb COBEDILIEHHO YETKO BbIpaKEeHOo.
ITomo6HO HaBJEeHHIO H TeMIepaType IJOTHOCTb JOJXKHA PacCMaTpH-
BaTbCsl KaK (YHKLUUS KOODAMHAT TOYKH M B OOJIbIIMHCTBE CJAyuaes
TaKKe KaK (DYHKLHS BpeMEHH:

p=p(x, 4, 21.

I/IMe}OTCH O6J’IaCTI/I aHaJu3a, B KOTOprX TAaK0e H3MEHeHHe NJOT-
HOCTH HIDaeT OTPOMHYI0 poJb. Hanpumep, B MeTeOpOJIOTHH U OKea-
Horpa(pym TeMnepaTypa H JAaBJECHHE 3HAUYHUTEJbHO MEHSIOTCS 110 BbI-
coTe, a B 6aJIJIHCTH’{€CKOﬁ H CBerBByKOBOﬁ anOILI/IHaMI/IKe OHH H3-
MEHSITCS 3HAUUTE/JIbHO 11 6bICTpO CO BpeMEHeM. TeM HEC MeHee €CThb
OGIIHPHBIA KPYr NpobJeM, 3aHHMAIOIIHUXCS 110 CYLIECTBY OJHOPOIHbI-
MH 2XKHAKOCTAMH, IIBH}KyH_U/IMI/ICH CO CKOpOCTﬂMI/I, H3MEHEeHHsI KOTO-
prX MadJbl IO CpaBHeHH}O Co CKOpOCTb}O 3ByKa 151 KOTOpble pacnonara~
10T HepI/IO,ZLaMI/I, JOJHUTCJABHBIMHU [0 OTHOILICGHHIO K BpeMeHI/I, H€06X011H-
MOMy HJST HOCTHXKEHHUSA 3ByKOBbIMH BOJIHAMH Hpeﬂ,eﬂOB CHCTEMBI.
le/l 3TUX O6CTOHT€.HbCTBaX MOQO2KHO ,ZLOHyCTHTb, 4qTO IIJIOTHOCTb HE
3aBHCHT HH OT MecTa, HU OT BpeMeHH, T. €. ABJAETCHA I]OCTOS'IHHOﬁ.

17. CxkopocTh Kak (PyHKUHS BPEMEHHM H NPOCTPAHCTBEHHBIX KOOP-
JHHAT. KaK HB 061116131 MeXaHHKe, Bp€MeHH06 H3MEHEeHHe MOJOXKeHHS
3/eMeHTa NoToKa (KHAKOCTH WJIM ra3a) SIBJSETCS MEPOH ero CKopo-
CTH. OILHaKO I]OCKOJTbe OCHOBHOH 00066HHOCTb}O JABH2KCHHA KHIKO-
CTH SBJdETCHA HeﬂpepblBHOQ HCKaX>XCHHEe ee 3JEMEHTOB, B ME€XaHHKe
2KHJIKOCTH, gaxe foJiee yeM B MeXdaHHKe TBelebIX TeEJ, BaXKHO Bb]pa-
3UTH CKOpOCTb B pa3HbIX xapaKTeprlx TOUKax. TaK, CKOpOCTb V
B JI000H TOUKe }KH,D.KOﬁ cpeabl MOXKET OBITH 3alHucaHa Kak npenen,
K KOTOpOMy CTpeMHTCH OTHOILEHHUuCe Hep6MeLU.P.HHﬂ 68 ajieMeHTAa BAOJIb
€ro MyTH K COOTBETCTBYIOUIEMY NpHpallleHHI0 BpeMeHH Of, Korga
noc/eHee CTPEMHUTCS K HYJIIO:

C npyro#i TOUKH 3peHHst — TOH, YTO 0COGEHHO COOTBETCTBYET ABH-
KEeHHIO KHIKOCTEH, CKOPOCTb B TOUKE MOXKET pPacCMaTpPHBaThCA Kak
npejfesa, K KOTOPOMY CTPEMHUTCS OTHOIIEHHe oObeMa XKHUIKOCTH 8Q,
npoxoaslled uepe3 NEPNEHIUKYJASPHYIO NOBEPXHOCTb 3a ENHHHILY
BpeMEeHH, K IJIOHIaaH 3TOH ToBepXHOCTH OA, KOTLa NOCJeIHsss CTpe-
MHTCS K HYJIO:

V= lim -

5A—0 8A

Tax kax CKODOCTD SIBJASICTCSI BEKTODHBIM KOJHYECTBOM, €€ BeJIUUH-
Ha MoXeT OBITb BblpaxKeHa KOpHEM KBaJApaTHLIM U3 CyMMbl KBajpa-

31



TOB €€ KOMIIOHEHTOB B TPE€X B3aUMHO NMEPNEHIHKYASIPHBIX KOODAHHAT-
HbIX HalpaBJEHHAX!

V= /uz—]-vz—i—wz.

Bounee toro, MOCKOJIbKY IpeanoJgaraercs, 4to BeJnIMHa 1 Hanpasn-
J€HHEe CKODOCTH HOJKHBI B 0011leM H3MEHSITbCS KakK NPpOCTPAaHCTBEH-
HO, TaK MU BO BPEMEHH, KaxKJbld M3 ¢e& KOMIIOHEHTOB J0JIK€eH ObITb
3amuCaH He TOJbKO KakK IpeJe/bHasi CTENEHb MNepeMelllenrs B COO0T-
BETCTBYIOLIEM HaNpapJ/JeHHH HJAH Kak Hpeﬂ.eJII::HbII?I pacxon mnoToka,
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Pruc. 3. CooTHollen}e NeKapTOBRX, HUIMHAPHYECKHX H che-
PUUECKHX KOOPIHHAT

IPUXOASAIIKACS Ha eIUHHULY MJOINaLX NEepHeHIHKYJsIPHON MOBEpX-
HOCTH, HO U KaK (QPYHKUHs BPEMEHH H MOJOXKeHHS Koopaunatol. Ha-
TIpUMeEp, €CJIM BLIPASHTL Uepe3 & CKOPOCTb 110 HaNlpaBJEHHIO OCH X,
yepes 0¥ TMPOEKUHIO MepeMellierHus: ds, yepes A, MPOEKUHIO TJIOLIA-
11 0A Ha TJIOCKOCTH, TepIeH TUKYJIsSIPHOH X, H uepe3 Q. pacxon mo-
TOKa yepe3 NPOeKTHPYEMYIO IJIOIaab, TO

u=lim—6—x— = lim D0 =u(x,y,z, ).
st—0 Ot 84,0 04

CyllecTByIOT, KOHEUHO, pa3/]HYHbIe CHCTEMbl KOOPAHHAT, MPHTO/-
Hble [J51 U3YUEHHUs] JBHXKEHHS IKHIKOCTH, KaxKJiash W3 HHX HMeer
npeuMylliecTBa, Aejalolllie ee ygnoGHee APYTHX [PH ONpeJeeHHbIX
o6cToATeabeTBax. Ta, KOTOPYIO HHOTAA HA3bIBAIOT €CTECTBEHHOH KO-
OpJAMHATHOH CHCTEMOH, OTHOCHTCSI K NMYTH 3/JeMeHTa B TOUKe HalJio-
IEeHHA; B Hefl s 0603HauaeT pacCTOsTHHE MO HANPaBJEHHIO IBHXKEHHS,
f — PACCTOSTHHE O TEPHNeHIUKY/ISPY K JIMHHH NyTd B HANpaBJACHHH
K MECTHOMY IEHTPY KPHUBH3HBI M /71— PACCTOAHHE 1O NEPIEeHIHKY-
JASpy K MECTHOH MJIOCKOCTH KPHBH3HBL Yale Bcero 6siaroxapsi CuM-
METPHUHOCTH HCIIONb3yeTCsl [1eKapToBasi CHCTeMa, XOTs ee yA06HO
NIPUMEHSTh Ha MPaKTHKe TOJbKO TOT/a, KOrJa HeKOTOpLIe H3 TDaHHULL
NOTOKa SBJSIOTCH IJOCKOCTAMH. JIBe npyrue cHcTeMbl GoJblie MOJI-
XO0AAT K CIELHaJbHBIM CJIyyasiM MOTOKA; MX OTHOLIEHHEe K AeKapTo-
BOH cHcteme mokasano Ha puc. 3. Hauboaee 3nakomasi M3 HHX
BKJIOYAET MOJSIPHBIE KOOPIAMHATE ¥ U 0, KOTOpbie HaXOAAT IIHPOKOe
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npuMeHeHHe IIPH HM3yYEHHH IBYXMEPHOTO MOTOKA; OYEBHIHO, UTO
x=rcos8 u y=rsin®. Ilpy nobGaBjeHUH JHHEHHOH KOODAMHATHI Z
noJyuaercsl MOJsIpHO-UMJIHHApHUYecKass cuctema (r, 0, z), moxasaH-
Hast Ha PHCYHKe C/ieBa, OueHb yao0Has JAJs1 aHajn3a OoTOKa, OCeCHM-
METPHYHOIO OTHOCHTEJbHO OCH Z.

s oceBo#l CMUMMETPHH, 0COOEHHO TNpH apoofpa3HblX rpaHHLAX,
MOAXOAHUT cdepHuecKass CHCTeMa, TOKa3aHHas Ha PHCYHKe ClIpasa.
Koopaunatamu ee apasorcsad R, ¥, ¢, npuyeM U U ¢ OYeHb MOXOXKH
na umpory (90°—¢) u goarotry
3eMJH; 31ecs  x=Rsin¥ cos g;
y=Rsin®sing u z=RcosT.
K coxaJeHu1o, HEBO3MOXHO
paspaboraTh MOJHOCTbIO HOCJE-
JOBATEJNbHYIO TEPMHUHOJJOTHIO
IJIs1 LUMJHHIPHUYECKHX U chepHys-
CKHX CHCTEM; TaK UTO HX HCIIOJb-
3yioT B GoJee OBIHX cayyasX.

B kaxno#l H3 yHOMSIHYTBHIX
CHCTEM KCODIHHATHL TOYKH, OYe-
BUJHO, OIIPENEJeHbl EPeCceyCHH-
€M Tpex B3aHMHO IepheHIHKY-
JAspHBIX ToBepxHocTefi. Hampw- Puc. 4. KOMIOHEHTH CKOPOCTH B
Mep, B MOAsIPHO-CHepHYIEcKoi 0603“3“6H$’;I’;’?{‘f}"oapp;g:;x # nonsp-
cucTeMe KOODIHHAThI TOYKH Of-
penensiTcs INepeceyeHHEM Iuapa
paauycom R, KOHyCa C yIJIOM TpH BepiudHe & H MepHIHaHHON mJIoC-
KOCTH = const. PakTHyecKH Bce TaKHE CHCTEMbl MOTYT paccMaTpH-
BaTbCsl B YHHGMUUHPOBAHHOH (GOpPME OTHOCHTEIbBHO CHCTEMBI OOLIMX
KOOpJHHAT, B KOTOPOH 2J€MEHT OTpaHHYeH PsAOM B3aHMHO IlepIeH-
JAHMKYJSIPHBIX KPHBOJHHEHBIX moBepxHocTed. Tak Kak 3ra cucreMma
HHOrAa OYeHb yaoGHa, ee Pa3BUTHE H NIPHMEHEHHE JeTaJjibHO Tpen-
CTaBJIEHH B MPUJIOKEHUH.

Ha cnenyroouiux crpanduax o603HayeHHe KOMIIOHEHTOB 4, U U @
GyIeT HWCroJb30BAHO B TAKOM IOpAIKE B KasKJ0H OTAEJbHOH CHCTe-
Me, TaK KaK JIOCTHraeMasi TakuM o0pas3oM MpOCTOTa BaxXHee He-
yA06CTB, KOTOpPble BO3HKKAOT NPH npeoOpa3oBaHHH YypPaBHEHHH
ONHON cHcTeMbl B ypaBHeHus apyrofi. Ilpeanaraerca npu npeo6pa-
30BAaHHU ypaBHEHWS HCIOJb30BATb CHMBOJBI, NPHHATHIE AJA HeKap-
TOBO# CHCTEMBI, H €/1aTh COOTBETCTBYIOIIHE HATUCH B [10J1yYaOMIeH-
cfl CHCTEME TOJBKO Mo Xony npeoGpasoBanud. M3 puc. 4 BHAHO, UTO
npeoGpasoBanue, HaPUMep, JIBYXMEPHBIX (1eKapTOBbIX) KOODAMHAT
E TIOJISIPHBIE OUEHDb HECJIO0KHO!

y
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i

X

u, = ucos -+ vsinb;
U, = -—usin@ 4 vcoso.
18. ¥YpaeHenus HepaspbiBHOCTH. 3aKOH COXPaHEHHS Macchl 06-
pasyer OCHOBY TOIro, 4YTO Ha3hbIBalOT OpUHOUIIOM HEepa3pbIBHOCTH.
STOT NpPHHUHN TJAaCHUT, UYTO HHTEHCHBHOCTb YBEJHUYEHHS MacChi
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JKHJKOCTH, cojepxkalllefics B JAHHOM TNPOCTPAHCTBe, NOJXKHA ObIiTh
paBHa pasHHUIlE MEXKIY KOJHUECTBAMH XKHAKOCTH, BTEKAIOLIHMH H Bbl-
TEKalOUMIMMH H3 3TOr0 mpoctpaHcTBa. Ilpeanonarast Hajgnune crjio-
HOCTH XXHAKOH Cpefbl, MOKHO BBIPA3HTb 3TOT NPHHUUN B Aubdepen-
nuanbuoii ¢gopme. IlpumeMm aa8 npumepa, yTO NPOCTPAHCTBEHHDIH
a/JeMeHT HMeer rpanu 0X, 8y H 02, mapaJj/ienbHble OCAM X, ¥ U 2,
H pacnoJoxeH Tak, YTO B €ro LEHTpe TAXKECTH IJOTHOCTb PaBHA p
¥ KOMIIOHEHTbI CKOPOCTH COCTaBJsAIOT ¢, v U w. Ecau yunteiBath H3-
MEeHeHHe CKODOCTH C PacCTOsIHHEM (pHC. 5), pacxoj MacChl MOTOKa

¥
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oy~ o |7 dpu) 6.
alpu) Ox | |_ pul by
AR TRy ot s T e e
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Puc. 5. CxeMa 17151 BbIBOAA ypaBHEHHs HePaspLIBHOCTH

yepe3 MOBEPXHOCTb, OJMkKafAWYI0 K IJIOCKOCTH Y2, MOMKeT ObITb
3anycaH NpUOJM3UTEJNbHO CJAEAYIOLUM 00pasom:

_ 0w  ox,
(pu o /iéyéz.

IIpuMensis mogoGHOe paccyxaeHHe AJs NMOBEPXHOCTH, HanGojee
yJAaJJeHHOH OT MJIOCKOCTH yZ, MOJYUHM

(pu + RACD %) dyoz.

ox

YncTasi BeJHUYHHA NMPHUTOKA MAacChl B JAaHHBIA 3J€MEHT 4epe3 ero
IIOBEDXHOCTH fBJfAETCS, TaKUM 00pasoM, pasHHUeHd MexXay AByMs
pacxojaMu, T.e. paBHa

— 909 sx8y62.
Ox

AHasoTHUHbBlE BBIPAXKEHHS MOJAYYAIOTCS /5 UYHCTOH BEJNHUMHBI
NPUTOKA uYepe3 jBe APyrHe napbl napaJjJaeabHbix cTopoH. ITostomy
MOJHBIA H36BITOK MAacChl, MOCTYNAWIEH B JAHHBIA 3/JeMEHT 3a enH-
HHIly BDEMEHHM, IIPEACTaBJIsAET CYMMY TpeX BbIpaKeHH#, KoTopas
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ROJKHa OblTb paBHA H3MEHEHHIO MAcCh, COAepPKaUIeHCH B 3jeMeH-
TapHOM 00beMe, N0 BpeMeHH

_lo(pu) 4 4ev) +0(pw)] Bx8ydz = 9 (pdxdydz)
ax dy 0z at

H106b1 HCK/IOUHTD NPHO/IHXKEHHBIC 3HAYeHHAA, NOJy4enusie NpH
JIONYLEHHK JHHEHHBIX pacnpeneneHHii TNJIOTHOCTH H KOMMOHEHTOB
CKOPOCTH, NPEANOJNIOXKHM Tenepb, YTO MPOCTPAHCTBEHHLIH 3JEMEHT
CXKHMAGTCA MO HANpaB/NEHUIO K €ro UCHTPY TsxecTw. B npenene,
korra OW=0xdydz—> 0, aaa o6WEro ypaBHEHHS Hepa3pbIBHOCTH
B I€KapTOBbIX KOOPAHHATaX NOJYYaeTcs TOYHOE BbipaKeHHe

7] a 7]

dx ady

u+fu

L
3 -
My
K
Fuc. 6. IpocTpancreennsie sneMenTH B UHAHHUPHYECKHX M CcdepHYECKHX

KoOpAHHaTaX

Besnunna, 3anucaiHan B J1eBO YaCTH TOTO ypaBHEHHs, BbIpa-
’KaeT AHBEPreHUHIO NepeMeHHbIX, BXOASALUHX B COCTAaB 3a1a4H, B NaH-
-

HOM CJyuae NpoH3seleHHe NMJOTHOCTH H BekTopa ckopoctH V. Iaa
ONHOPOAHOH HEC)KHMaeMOM XXHAKOCTH MJOTHOCTb HE 3aBHCHT HH OT
BpPEMEHH, HH OT NPOCTPAHCTBA, B 3THX YCJOBHAX AUBEPreHLHS CaMOTD
BEKTOpAa CKOPOCTH JOJXKHA PaBHATBCA HYJIO, T.€. KOMMOHEHTH CKO-
pOCTH HE MOTYT OLHOBPEMEHHO YBEJIHYKBATLCA MO BCEM TPeM KOOP-
AHHATHBIM HanpaBJeHHAM:

Y du v ow
leV——aT-}-Ty-i‘?-—o. (4)

[lo cywecTBy 3THM XKe nyTeM MOXHO CJ€10BaTh NpH BHBOJE
VPaBHERHS! Hepa3pPbiBHOCTH B MONAPHO-UHAHHAPHYECKON H MOJAPHO-
cepryeckoil CHCTEMAX; paCXoAbl NOTOKA Yepe3 HeCKOJIbKO MOBepX-
HOCTe#t COOTBETCTBYIOLHX 3aeMeHTOB (pHC. 6) GyayT BulpaKeHhl
npocro {(Ges notepb npU MpeaenbHOi TOYHOCTH) B popMe ckopocTeR
B ABYX MPOTHBONOJNOXIBIX Yyraax. JAf MHAHHAPHYECKON CHCTEMHEl
c6ulee ypaBHeHHe NpHHHMAET BUA

dpur) | O(pv) , d(ow) _  do
ror ° rd0 + 0z a ’ ®
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L TO K¢ BpeMs IJ/si IOTOKA HEeCXKHMAEeMOH JKHIKOCTH OHO CBOJHTCSH
K CJELYIOLIEMY BbIpaKeHHIO:

o) | o

or T U O ©)
AHaJIOruYHO BLITVISIAMT H ypaBHEHHe MJs1 cHEePHYECKOH CHCTeMDI
0 (puR?) 0 {pusin ) O(pw) _ 0o )
R20R R sin 999 R sin 99 ot ’
HWJIH [JIs YCJAOBHH HECXKUMaeMOCTH
0 (uR?) 0 (vsin?) ow

, : =0 8
R20R Rsindo0% = R sin9dp

ITpexxne yem 3aKOHYHTb pa3bop MpoGJeMbl HEPA3PBIBHOCTH, CJie-
AyeT 3aMeTHTb, YTO ypaBHEHHE (3) MOKeT ObITb TaKKe II0JYUYeHO
Ha OCHOBAHWHM MNPHUHIMIA COXPAHEHHS] MacChl MJsI MDOH3BOJLHOIO
06beMa ¢ MOMOLUbI0 MAaTEMATHUECKOH TEOPEMbI, CBSI3AHHOH ¢ MMEHa-
mu [puna u Faycca. Dta Teopema GyneT HCmonb30BATLCS HA CTPaHH-
lax JaHHOH KHMTH KaXKIbli pa3, KOrja BCTPETUTCS HEOOXOJHMOCTb
B mepeBoje OObEMHLIX HHTErpaJoB B I[OBEPXHOCTHbIE, HJIH Ha-
oGopor. PopMyJaHpYeTCs] 3Ta TeopeMma CAEAYIOLUM 00pasoM: eCJIH
P(x, y, 2), Q(x, y, 2), R(x, y, 2), OP/ox, 0Q/0y u OR/0z — nepas-
pbIBHBIE U OAHO3HAuHble QYHKUHH B OLHOCBsI3HOH obaactu W, orpa-
HHYEHHOH 3aMKHYTOH MOBEPXHOCTbIO S, TOoraa

SJPE +Q-% 4 Rﬁi)dszj(£+_"3 R aw,
\" on an on ox ' dy ' oz )

N W
rIe 7 NpPEACTaBJAsSET pPaCCTOsIHHE IO MepPHEeHIHKYJSpPY HapyXKy OT
OBEPXHOCTH; 0x/0n, Ody/dn W 0z/On SBJASIOTCS HANpPaBJASIOLIUMH
KocuHycaMHu (06bluHO 0603HAYAEMBIMU Yepe3 /, m U ) NepleHIuKy-
Jsipa ¢ ocsIMH KoopAuHaT. Ecau npousBeneHus] MJIOTHOCTH H KOMIIO-
HEHTOB CKOPOCTH 4, U U W 3aMeHuTb Ha P, Q u R, 1o Gyner BHIHO,
YTO HMHTErpaJj INOBEPXHOCTH OIpeje/seT pacxoi IIOTOKAa MacChl Ha-
PyKy OT NOBepXHOCTH. [JIs1 coxpaHeHHsl MacChl OH LOJIKeH OBITb
paBeH pacxoly, Ha KOTOPHI YyMeEHbLIAeTCs Macca, Haxoisinascs
B panHom npocrpanctse. Ecau oGo3naunth Maccy, comepzkauyiocd
B enuuuue obobema, yepe3 pd W, HHTEHCHBHOCTb YMEHDLIUEHUS ee HH-
TErpaja no noBepxHocTH o6bema W B cBoio ouepenb GyaeT pasHa
00beMHOMY HHTErpaJjy crpana:

| (on 2% 9w Vs — 4 (paw =
j (pu on - pv on +pw on )dS dt“)j/pdW
S
— 9 (pu) d(pv) 9 (pw) AW
j‘[ o0x + oy - 0z ] )
W
Tak kak % Yde= Y% dW ¥ NOCKOJNbKY 3TH pe3yJ/bTaThl Bep-
& ‘

HbI OJis1 MPOHU3BOJIbHBIX 06’b€MOB, HHTErpaJbl TOXKe IO0JXKHbI OBITh
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paBHbI, H TOrjaa BbIpazKeHHe CBOAHUTCHA K I/IHTeI‘pa.HbHOfI (popMe ypasB-
HeHHsl HEPA3PBIBHOCTH.

Mpumep 3. OmnpepenuTb MOAXOAALLYI0 (HOPMY ypaBHEHHs HePaspHIBHOCTH AJA
HeCKHMaeMOH JKHJAKOCTH C NepeMeHHOH IJIOTHOCTBIO (MJIOTHOCTb H3MeEHsSeTcs OT
TOYKH K TOYKE, a B pe3yjbTaTe JBHXKEHMS TOTOKA BPeMsi OT BpeMeHH B KaxJI0H
touke). [1M0THOCTE GeCKOIleYHOMAJBIX 3JIEMEHTOB IIOTOKa OCTaeTcs IOCTOSHHON MO
BPEMeHIL.

3a ocHoBy ananusa mpumem obumiee ypasuenue (3). PykoBojcTBysich paBeH-
erBoM xdy=d(xy)—ydx, MoxeM mpeoOpazoBaTh ypasHeune (3):

ou ov ow dp 0o dp Op_
-p(ax T Jy T 0z)h ot T o0x e oy T 0z

IlpaBas uyacTb 3TOTO ypaBHEHHsSI HPEACTaB/sieT OGIYI0 NPOU3BOJHYIO ILIGT-
HocTH mo Bpemenn (cM. 1. 24). Tax xax sta oflias npou3BoAHAS BhIPAXKaeT H3Me-
HeHHE, HCILITHIBAEMOE 3JEMEHTOM C TeueHHeM BpeMeHH, o0e CTOPOHB! JAaHHOTO
ypaBHenHst JOJAHbl OLITh paBubl Hym0. Cle0BaTebHO, K 3TOMY CAYUYAl0 IpuMe-
HHMO VpaBHeHHe (4), TaK K€ KaK K CJIYYal C NOCTOSIHHOH IJIOTHOCTBIO.

b. Xapakrepuctuku opm Teuenui

19. Jlunuu toka. Jlumwus, KacateabHas B KazKIOH TOuke
KOTOPOH B MAaHHBIH MOMEHT IPeNCTaBJAeT BEKTOD CKOPOCTH, HA3Hi-
BaeTCsd JHHMeH ToKa. Tak Kak BeKTOp CKOPOCTH B NaHHOH TOuYKe
yKasbiBae€T HallpaB/ieHUe ABHAKEHHS YacTHUBI JKUAKOCTH, NPOXOMs-
ulefl yepes Hee, JHMHUS TOKa XapaKTepH3yeT NYTb BCEX YACTHIL
JKUAKOCTH, JeXKalux Ha Hed. Opnako Torja Kak NYTb YacTHLb
KHAKOCTH IPENCTABJAET TPACKTOPHIO €e JABHIKEHUS C TeUueHHEM Bpe-
MEHH, JIUHHSA TOKa OTPaxaeT MIHOBEHHYIO KapPTHUHY JBHKEHUS B pas-
JHYHBIX TOukax. Jlake KOrmpa HamnpaB/leHHsI TPA€KTOPHH [BHIKEHHS
W JIHHHM TOKa COBMNAJAlOT B MECTEe PACHOJIOXKEHHS YaCTHIILI, MOXKHO
paccuuThHBaTh, YTO TIAE-HHOYAb OHH Pas3oHAyTCSi H3-3a H3MEHEHNs
CKOPOCTH KaK ()YHKLHH BpeMeHH M paccTosHHsA. TOJbKO €Cad caMu
JUHHH TOKA He H3MEHANITCH N0 (GOpMe H IOJ0KEHHIO B 3aBUCHMOCTH
OT BPEMEHH, OHM NPEACTABJAIOT NYTH AEHCTBUTEJNBHOrO CJEJ0BAaHHS
OTIEJNbHBbIX YaCTHL.

Kax oT TpaekTopHH ABMKEHHMS, TAaK M OT JIHHHM TOKa CJefyer
CTJIMYATH TaK Ha3blBAEMYIO JHUHUIO OTMEUEHHBIX YacTHI: JHHHUIO,
KoTopas COeAHHSET BCE YaCTUUBI, MPOHIEAIIHe MOCAEA0BATEAbHO ye-
pe3 maHHyl TOYKY B npocTpaHcTBe. OTHOCHTeNbHbIE (OPMBI 3THX
TPeX BHJAOB JIMHUH 1/ NJOCKOH MeETaJJUYeCKOH IJIACTHHKH, IBH-
KylleHcs cnpabBa HaJeBo, IOKa3aHbl Ha pUC. 7. MruoBeHHble JHHUY
TOKa COOTBETCTBYIOT BHAY TeUeHHs, CYILECTBYIOLIEMY B TO BpeMS,
Korja meraJlJiHuecKas IJIaCTUHKA JOCTHTAeT YKa3aHHOTO MOJIOXKEHHUS.
TpaexTopun nBHXKEHHSI ONPENEAIOT TNOC/EAYIONIHe HanpaBJeHUs
YaCTHI, NPOXOASIUX (PUKCUPOBAHHBIE TOUKH A W B; JUHHU OTMEUEeH-
HBIX YaCTHI, COeHHSAIOT BCe YaCTHILbI, KOTOpbIE MPOULIu ToOYkd A u B
0 TOro, Kak MeTaJjJinueckasi mJjacTHHKa JOCTHIJA HACTOAUIEro Mo-
JoxeHusl. JefCTBUTE/NbHO, MIHOBEHHBIE JHHHH TOKA AJS NaHHOTO
COCTOAHUS ABHMIKEHHsI MOTYT OBITb NOJyyeHB NyTeM (oTorpadupo-
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BaHHSl Ha IVIEHKY C KOPOTKOH BHIJEPXKKOH XOpOIIO OCBEIEeHHBIX
YaCTHIl aJIOMHHMS HJIH APYTOTO OTpPaxalooulero MaTtepuana, HaXons-
urerocss BO B3BELUEHHOM COCTOSIHHM HJIH NJIaBAIOLIEro Ha MOBEPXHO-
CTH JABHXKYLIEHCH MHAKOCTH. MHOrOYHC/IeHHbIe WTPHXH, KOTOpHiE
NpeIcTaBIAT N0 CYLUIeCTBY TPAaeKTOPHH JABHKEHHS, TNOKa3MBaloT
IpH 3TOM MTHOBEHHOE HanpaBJieHHe BHKEHHs BO BCexX Toukax. Ecau
tdbopma TeueHHS H3MEHSIETCS CO BPeMEHEM, TPAeKTOPHS [IBHIKEHHH
MOKeT (PHKCHPOBATbCS C MOMOUIbIO ¢oTorpadUpoBaHUs Yyepes mpo-
MEXYTKH BPEMEHH CPaBHHTEJbHO HEMHOTHX OTPaXalOUHX YAaCTHIL;
NpH H3YYEHHH KaK YCTAHOBUBUIHXCSH, TaK H HEYCTAHOBHBIUIHXCH peu-
HBIX NOTOKOB YaCTO HUCHOJB3YIOTCA IMJIaBalolive KyCOUYKH cBeyd (ma-

Puc. 7. Jlunun orMeueHHsiX uactui (/), AuHuM Toka (2) H JH-
HHH TPaeKTOPHH ABHXKeHHs (3)

patduna). JIMHHN OTMeueHHBIX YACTHI MOJYYAIOTCS, KOTAA B AAHHOH
TOUKe B XHAKOCTb HelpephIBHO BBOJUTCSI KpacKa HJH JPYyroe Beule-
CTBO, IpUTOAHOE AJi TpaccupoBaHusi. Takum oGpasom, Gecnopsigou-
Hasl HUTb KpackH, HabJjlofaeMass Ha paHHHX CTAAuAX TypOyJeHTHO-
¢ru B npubope PefiHosbAca, NMOKa3blBaeT He MTHOBEHHOE HampasJe-
HHe BHXEHHS y BCeX TOYeK BHOJIb Hee U He HanpaBJ/eHHe CIeJOBaHUs
OTAENbHOH YacTHLBL, a MPOCTO MOJOXKEHHE TeX YacTHL KHAKOCTH,
KOTOpbI€ MPOIJK TOYKY, B KOTOPO# BBOAUTCSA KpackKa,

Tak Kak nepeMeLIeHHsI YACTHUI JKHAKOCTH OIIpeessIoT HanpasJe-
HUS JHBUHA TOKa, NPOXOAAMIMX Yepe3 JaHHblE TOYKH, MOXHO CUHTATh,

> —>

uyto cooTHolnenne ds=Vd! Bk/awouaer B obo3HayeHHe BeKTopa AHG-
thepeniaibioe ypaBHeHne NaHHOH JHHUHM ToKa. [losiesHee 3amucaTh
5T0 B {)opMe mepemellleHHH B KaXKJIOM H3 TPeX HamnpaBJeHHH fekap-
TOBBIX KOOPAMHAT
dx = udt; dy=rudt, dz= wdt,
KOTOpble NO3BOJSIIOT BhIpa3uTh AH(pepeHNHANbHOE yDaBHEHHE JIH-
HUHM TOKa B JiloOOH MOMEHT BpeMeHH fy; B GoJjiee mpuHemJemoi dopme
dx dy dz )
= = : 9
u(x,y,z,t) o(x,y,2 1) w(x,y,2,t)

[
oo



JaabHeliliee H370XKeHHe B 3TOH yacTH OyJdeT MOCBSIIEHO pellie-
HHIO 3THX ypaBHeHHH (T.e. ompejesneHUIo GOpPMbI TeUeHHs) AJA pas-
JIMYHBIX YCJIOBHH.

JdunddepennnanbHoe ypaBHEeHHE TPA€KTOPHH NBHXKEHHA, IpHMe-
HsieMO€ 3HAUHTEJIbHO peXxe, YeM ypaBHEHHe JIMHHH TOKa, TaKxe LeJe-
coo6pasHo HCIIONb30BATh NMPH HCCIENOBAaHHM X0TA Obl Guarogaps
TOﬁ SICHOCTH, KOTOpyXO OHO BHOCHT. B TO BpeMﬂ KakK ypaBHeHHe JIHHHH
TOKAa OIIHChIBA€T €€ BHIO B ﬂaHHbIﬁ MOMEHT, ypaBHeHHe TpaeKTOpHH
JIBUXKEHHUSA O6H33T€J’IbHO BKJ/IIOUAET 3JEMEHT BpeMeHPI:

dx dy dz

= = = dt. (10)
u(x,y,zt) v(x,y,z2,t) w(x,Y,2,1)

HMHbIMA cloBaMH, ! 3AeCb SIBJASIETCS IE€PEMEHHOH; HayaJbHble
yCJIOBHSA NpH f={f, OyAyT CaedylOuIHe: X=Xo, Y=l U 2=2o, H OKOH-
yaTeabHOe pellleHHe HMEET BUA X = X (Xo, Yo, 20, £) U T. A. B cylnocTH,
3TH JIBa HanpaBJeHHUs NPeACTaBJAIOT IBA Pa3JHYHbIX METOJa aHaJH-
3a IBMXKEHHS XKHAKOCTH: OIHH 3aKJ/JIOUaeTCss B HCCJAeJOBAHHH sBJE-
HHU B BbIOPAHHBIX TOYKaxX NMPOCTPAHCTBA C TEYEHHEM BPEMEHH, ADY-
rol paccMaTpHBaeT MOBEJECHHE XapaKTEPHbIX YACTHUIl NPH [BHXKE-
HHH HX OT TOUKH K TOUKe.

Hecmorpst Ha TO, uTo 06a 3TH MeToAa ObIJIH BIEpPBble HpPeAI0XKe-
Hbl IUBEACKHM MareMaTHKoM D#jepoM 200 Jer Hasax M 3aTeM YCO-
BepILEHCTBOBaHbl ppaHIy3CKHM MaTeMaTHKoM JlarpaHxeM 4eTBepThb
BeKa CIycTsl, MepBbIH ceffyac HasblBaeTCsl MeTOAOM JDHjepa, a BTO-
poil — merogom Jlarpanxa.

20. dyukuun Toka Jlarpanxka u Crokca. lHTepecHO OTMETHTD,
uto JlarpaHx, ¢ HMeHeM KOTOPOTO CBSi3aH aHaJ/IM3 JBHXXEHHS YaCTHI,
HepBBIM pelina AU depeHiHaNbHOe YpPaBHEHHE JIHHHH TOKa AJsi
ABYXMEPHOTO TEUEHHSI:

Jlarpaux m0Kasal, YTO COOTBETCTBYIOlLlee ypaBHeHHEe Hepas3phiB-
HOCTH JI/1s1 HECXKHMMaeMOH XKHIKOCTH

du %y
Oox oy

IpeicTaB/iseT aHaJUTHUECKOe YCJI0BHe, NPH KoTopoM udy=uvdx 6y-
IeT TouHbM auddepeHnnansom, o603HayeHHBIM UM uepes dy. Boc-
NOJIb30BABIIHUCH MOJYUHUBIIMMCS PaBEHCTBOM

dp =2 dx %% gy — udy — vdx, (11)
O0x dy

JlarpaHK OpHUIiesa K CJAEAYIOHIUM COOTHOIIEHHAM AJS KOMIOHEH-
TOB CKOPOCTH:

=%, y__ 0% (12)

ox
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DTH COOTHOLIEHHS HENOCPEACTBEHHO OTHOCATCA K MNpeAbIaylIieMy
ONpEeneJICHHIO YpaBHEHHs1 AJIsI CKOPOCTH 4Ye€pe3 HHTEHCHBHOCTb MO-
TOKa:

lim 2 —y — 9% .
an-0 On on
Tak kak BrOJb J1060i JHHUH ToKa dY=0, TO NOCTOSIHHBIE BEJU-
YyHHBl QYHKUHH TOKa JlarpaHxa 1, OYeBHJIHO, COOTBETCTBYIOT ypaB-
HEHHSIM OTAEJbHBIX JHHHH ToKa. CHCTEeMaTHUYECKHH BHJ TEYEHHH
moJtyyaeTcss NMpPM HAaHECEHHH Ha rpaduk psiga QyHKUHH, OTJAHYAIO-
HIMXCS MOCTOSIHHBIMH MPHpAallleHHsAMH (puc. 8).

y

e X

Puc. 8. Tpaguk ¢yuxkuum Toka Jlar- Puc. 9. ®Oynkuua ToKa M pacxoi no-
paHxa TOKa

JonosnuTenbHOe yKasaHHe, YTO ABYXMepDHas (QyHKUHMA TOKa He
TOJIbKO HMEET pa3MepHOCTb O6BEMHOr0 pacxofa I0TOKa Ha eHHHILY
paccTosIHUS, MepNeHIHKYJ/IAPHOro NJOCKOCTH [BHXKEHHs, HO M YHC-
JEeHHO paBHa €My, JOKa3biBaercsi Ha OCHOBAaHHMH CJEIYIOUHX CO000-
paxeHHil. B COOTBETCTBHH C PHC. 9 JIBYXMEpHBI PAaCXOA HOTOKa ¢
yepes JI06YI0 JIMHHIO, COEIHHSIONIYIO TOYKYy A Ha JHMHUH TOKa 4
¢ J060H TouKol P Ha JHHUHM TOKa Pp, MOXKET OHITb BLHIPAXKEH cJe-
LYIOIIUM HHTErpajoM:

P
- ox 9y
q i(u N ¢ aN)dL’

rpe L — paccrosinne BRosib quuui AP or touku A K Touke P, a N —
paccTosiiHe, NepneHAuKY/IspHOe JHHHH, OTKJIalblBaeMoe B Halpag-
JIEHHH TeueHHs. BBepeHHe MpPOU3BOAHBIX (QYHKIHMH TOKa M3 ypaBHe-
uufi (12) maer BblpaxeHHe
P P
qzj'(_‘?l.ﬁ___afp_. ﬁi)dL:Nf}"_. ﬁy_+iﬂ’_.3{)dL’
P dy ON ox oN J\ dy oL ox oL
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H3 KOTOPOro BHJHO, YTO PACXOJ MEXAY ABYMSI JHUHHSIMH TOKa BO
BCeX TOCJeIOBATEeNbHLIX CeUYEHHSIX SIBJISETCS MPOCTO pasHHIEH Mex-
Lly COOTBETCTBYIOIMMH (DYHKUUSAMH TOKa:

P
g=[dv=1,— v,
A

[IpuMepHo uepe3 60 Jer mocne JlarpaH:ka aHrJHHCKME MaTeMa-
Tk CTOKC, clefys myTeM, COBEpPIIEHHO OTJIHYHBIM OT MyTH JlarpaH-
3Ka, BbIPA3Ha B BHAE (PopMy-
Al GYHKIHIO TOKa JJs oce- ,
CUMMETPHYHOTO MOTOKA. 7 /‘
Crokc 6paj HenoasmxkHylo A % «
1 mepeMeHHYI0 P TOUKH B oce- —

BoA mnjaockoctH  (puc. 10),
NpHHHMAs, YTO PacXoj vepes

KOJIbLIIEBYIO NOBEPXHOCTb, 06- ?
pPa30BaHHYIO JIMHHEH, KOTO-

pass COoeiUHSIeT 3TH [ABE TOY-

KH, JOJXKEH H3MEHSATbCS Kak ¢ -const

(QYHKIHS TOJIOKEHHS TOUYKH
P. Bty ¢yukuuio oH 06o3Ha-
Yda 2mp.  SICHO, YTO JIMHHH
P=const mnpeacraBaAT JH-
HHH TOKa B OCeBOH MJOCKOCTH. 3aTeM CTOKC BBIPA3uyl KOMIIOHEHTHl
CKOpOCTH uepe3 (YHKUMH TOKa, NPEANOJNOXKHUB, YTO ToUuKa P mepe-
JIBUTaeTCsl Ha HE3HAUMTEJNbHOE PacCTOsSHHE CHayaJja B HalpaBJeHHH
OCH 2, 2 NoTOM B pajdajbHOM HanpaBjieHdH r. COOTBETCTBYIOIHE
nepeMelieHussM 02 ¥ Or HE3HAUHTEJbHbBIE H3MEHEHHs pacxoja ue-
pe3 KOJbIEeBYIO IOBEPXHOCTb COCTABAT:

e e ot

Puc. 10. Oynxuus toka Crokca

2nrdzu = — 2ndy; 2nrdrw = 2ndy,

OTKyJa IIoayvyaTcsi pelleHus MJad U H w:

u:_i.?_ﬂ)_; wz_l_.%. (13)
r 0z r or
OueBHpHoO, YTO
dp = —urdz +-wrdr u Q = 21 (P, —P,4). (14)

CoOTBeTCTBYIOIIME YACTH 3THX BBHIPAXKEHHH MOTYT NPHMEHSIThCS
B cepuUECKON 3anHCH, €CJIH NOJSIPHYI0 OChb CHEeJaTb OChI0 CHM-
METpHH:

1 P 1 P
_ ; U= — . 15
R*sin® 99’ Rsin® oR’ (15)
dy = uR?sin ¥d¥ — vR sin 9dR. (16)
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151 BHIllleyKa3aHHBIX YCJAOBHH OCEBOH CHMMETPHH (DYHKIHS TOKa
Ctokca uMesna pa3MepHOCTb oO6beMHOro pacxona. JleHcTBHTeJbHO,
TaK KaK MOBEpXHOCTH 1P =const 06pa3yioT ceMeHCTBO KOAKCHAJMbHbIX
MOBEpXHOCTeH BpallleHHs, yBeJHUYeHHe pacxoja 0Q Mexny Kaxao
nocJae0BaTeJbHOH Mapoii OyneT OTJIHYATbCS OT YyBeJHUeHHs O
TOJIbKO Ha MOCTOSIHHYIO BEJHUUHY 2.

Cuseyer OTMETHTb TPH CaMblX NOJIE3HbIX CBOHMCTBA (DYHKIHE TOKa
Jlarpanxa u Crokca. Bo-nepBhHX, OHH ONHCLIBAIOT B anreGpandyeckod
(hopmMe reoMeTpHIO TeueHHS. Bo-BTOpHIX, HX NPOCTpPAHCTBEHHbIE MIPO-
H3BOJHbBlE MOTYT OBITb HCIIOJIb30BAHBI JJISI ONpeneJeHHsT KOMIOHEH-

TOB BEKTOpPAa CKOPOCTH B

¥ Ja1060i TouKe. B-Tperpux,
flunur maka

MIOCKOJIBKY TpPH CJOXKEHHH

const IBYX MOTOKOB BEKTOpP CKO-

X =Cpnst POCTH  pe3yJbTHPYIOILETC

NOTOKa $IBJSIETCS BEKTOP-
HOH CYMMOH COCTaBJISI0-
IIHX CKOPOCTEH, COOTBeT-
CTBYIOILMEe (YHKIHH TOKa.
ABJASCH CKaJIAPDHbIMH Be-
JHYHHAMH, MOTYT MPOCTO
- X cKJaJbBaTbcA  aarebpau-
YeCKH.
21. TloBepXHOCTH TOKa
TPEXMEPHOM  [OTOKe.
Ilpu IpeIBapUTEJbHOM
pPacCMOTPEHHH  JBHIKEHis
KHIKOCTH OOBIYHO NPHHATO ONpeJessATh TPVOKY TOKA KaK 3JeMeH-
TApHBIH KOHTYpP, BHYTPU KOTOPOTO NMPOXOAMT pacxon 6Q. BoobGpa-
XKaeMmble CTEHKH TPyOKH 00513aT€IbHO MMEIOT MOCTOSIHHYIO (hopMmy,
NPUAAHHYIO WM TEMH JIMHHSIMH TOKa, KOTOpble OHH COJAepxkar,
B NPOTHBHOM CJyYa€ MX IOMNEpPEYHble CEYEHHS] MOTYT HMEThb JHGYIO
NPOU3BOJbHYIO ¢opMy. B aByxmMepHOM NOTOKe, OfHAKO, OblJIO Obl
JIOTHYHEE NPEACTABHTb [ONEPEYHOE CeUYEHHEe KaK YeTHlPeXYroJIbHHUK,
OrpaHHYEHHBbIA ABYMsl NapaJ/iieIbHbIMH IJIOCKOCTSIMH W ABYMSI KDH-
BOJIMHEHHBIMH TOBEPXHOCTSMH, NepPeCeKaloIUMUCs BJOJb OGBIYHBIX
JuHu# ToKa. ITono6HbIM e 06pa3oM INpH OCECHMMETPHYHOM HOTO-
Ke TPYOKH TOKa JOJIKHBI ObITb €CTECTBEHHO C(OPMHDPOBAHBI 3JE€MEH-
TaMH KOAaKCHaJbHbIX NOBEDXHOCTEH BpallleHusi, NPH 3TOM JHHHH
TOKa OyAyT NpeJCTaBasATb COOOH JMHHH NepecedeHHs 3THX MOBEpPX-
HOCTEH C IJIOCKOCTSIMH, NPOXOJSIIHMHU depe3 ocb. [TOoHATHE MOXKHO
0600 HUTL emle Gosee, MoJjarasi TpyGKH TOKA, KOTODPblE COCTABJSIOT
MOTOK NPOU3BOJIbHOTO KOHTYpa, OTPAHHYEHHBLIMH ABYMS Pa3JIHYHBI-
MH CHCTEMAaMH MOBEPXHOCTEH, B3aHMHOE NEPECeYeHHe KOTOPLIX 00s-
3aTeJqbHO NPOHM30HAET BAOJb JHHUH ToKa (puc. 11).
PaccmoTrpense Tak Ha3biBaeMoro Ju¢depeHlHa bHOTO YpaBHEHHS
JHHUYU TOKA JJIs1 TPEXMEDHOTO JBHKEHHs MOKa3blBAaeT, YTO B JeHCT-
BUTEJNbHOCTH OHO INPEACTaBJSET [Ba CaMOCTOSTEJNbHbIX yPaBHEHHS.

4

Puc. 11. CxeMaTHYeCKOe NpeiCTaBJIeHHe JIHEH B
H TIOBEPXHOCTEH TOKa
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MuTerpupoBaHHe 3THX YpaBHEHHH JJIsi ONpejeJeHHs: MFHOBEHHOH
reOMeTPHH JIMHHA TOKa NMPHUBOJHT K [ABYM HE3aBHCHMBIM COOTHOILe-

HHMSIM BHJA:
Y(x, 4,2) = F;
x(x,4,2) =G.

Kas1oe M3 3THX COOTHOIIEHHH ONMHCBIBAET psj MOBEPXHOCTEH, BAOJD
KOTOPbIX NIOCTOSTHHBE HHTErpUpoBaHus F u G MMEIOT Moc/1e0BaTelb-
Hble 3HAUEHHs M y B3aHMHOTO NI€pPeceuyeHHs] KOTQPbIX, T. €. y JHHHH
TOKa, NPeICTaBJSIONUX pelieHHe AH(GepeHIHaNbHbIX ypaBHEHHH,
o6e MOCTOSIHHbIE NMPHMEHAIOTCH OA-
HoBpeMeHHO. Takhe NOBEPXHOCTH V074 make
Ha3blBAIOTCA NMOBEPXHOCTAMH TOKa,
a o6e QyHKIHH, oNpee/diollne ux,
apasiorcss QyHkuuamMu toka. Ilo-
CKOJIbKY TOBEpPXHOCTH Heo06s3a-
TeJbHO HMEIOT ONpeleJeHHYIO OpH-
€HTHPOBKY 11O OTHOIIEHHIO K Ha-
pyHOH (MM BHYTDeHHeH) rpaHH-
I[e MOTOKA, OOLIYHO LieJaecoobpasHo
(mpH OTCYTCTBHH J[BHXKEHHs Tpa-
HHIEI) OJHY H3 TMOBEPXHOCTEH COB- Puc. 12. Tlepeceuenne noBepxHOCTEH
MellaTth C Hel. B 3TOM CJIyllae TOKa IJIOCKOCTBIO B NONEPEYHOM Ce-
rpaHuLell 6yaeT NOBEPXHOCTb TOKa, YeHHH
BJOJIb KOTOPOH OfHA M3 (QYyHKUHi
TOKa 1 TOCTOSIHHA, a CJeAyiollue
JPYT 3a APYyroM NMOBEPXHOCTH TOTO e ceMelcTBa 00pa3yioT THe3lo-
BOH psL (pelleTKy), XapaKTepH3yeMblll pasjHYHBIMH MOCTOSHHBIMH
BeJUYHHAMH (PYHKLHH, NMOCJef0BaTeJbHO HApacTAIOMHMH COOTBET-
CTBEHHO YaCTSIMH TMOTOKA, NPOXOAALIUMH MeXIy KaxJoH cocenHeil
napo#i. JIpyroe cemefdcTBO NOBEPXHOCTEeH, KOTOpoe OOBIYHO BbIOHpa-
€TCsl OPTOTOHAJbHBIM NepBoMy, OyAeT mepecekaTbcsl KakK C Iorpa-
HUYHBIMH, TaK H C TOCJeAYIOUIHMH YJeHaMH NEePBHUHOrO psja MOJA
npsamMbiM yraoM. Cka3aHHOe cxeMaTHUYeCKH H300paxeHo Ha pHC. 12
IPONOJBHBIM BHIOM TPYOKH NPSMOYrOJbHOIO CEUeHHH.

Tak Kak MoBepPXHOCTb TOKA ONpejeNieHa KaK MOBEPXHOCTb MOCTO-
SIHHOH GYHKLIMH TOKa, Au(pdepeHHanbl TAKHX NMOBEPXHOCTEH MOTYT
ObITb BbIpAXKEHBI KaK

b — 9V o 4 9 1 o
dlp—axdx+ay dy l—azdz 0;

X=const zll:comt

d 7]
qz%u+£@+£azq

uny, ecid dx=udt, dy=vdt, dz=wdtl, T0o MOXKHO 3amnuCaTh:

ap ap ap 9y M i
Uu—+4+v—r+t4w-=0 v+v>+wl=0.
ox T dy + 0z ! ox + dy 9z
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Tak xak 3TH ypaBHEHHsS CONEPXKAT OJHH H Te K€ KOMIIOHEHTHI
CKOPOCTH, OJIMH H3 HHX MOXeT ObiThb HCKJIOUEeH OJHOBPEMEHHBLIM pe-
eHHEeM ypaBHEHHH, YTOOH NaTh

ap oy oy oy

-(al. %_Q‘?L.%)-(‘Z‘L.OL_%.%_)
‘ “\ox oy oy ox/’
Unaye 370 oTHOIIEHHE MOMXKeT ObITh BBIpAXKEHO KakK:
|0
u.____)v(_lp. a_x;_.__.@. ?_x.);
dy 0z 0z dy
v=7~(01p 9y Y ax).

9z ox ax o2’

— (0 o 0 oy

(ox dy 9y ox )
TI€e A €CTb HEKOTOpast QYHKUHA X, ¥ H 2. DToT KO3PODHUIHEHT MOXKET
OHITH NPEACTaBJ/EH TaKXe KaK (YHKLHA TOJbKO P H ¥ H MOXKeT OHITb
NpHpaBHEH eMHHIE, €CJM KHIAKOCTb HeCKHMaeMma. Pe3ynbTaToMm
SIBJISIETCS] PSAl COOTHOIIEHHH B JEKAPTOBHIX KOOPAHHATAX MEXIY
@ YHKUMAMH TOKa H KOMIIOHEHTAMH CKODPOCTH HEpa3phIBHOM OJHOPO-
HOH XHEKOCTH 6e3 KaKHUX-AH60 APYrHX OrpaHHyYeHHH NPHPOAB NO-
TOKa.

/st BBiBOZa OYeHb BAXKHOTO 3aKJ/IOYEHHA O COOTHOIIEHHH MeXIy
(hYHKUHAMH TOKa H PacXoJ0oM IOTOKa Yepe3 CeueHHe KOHEYHOH MJIO-
Iaay paccMOTPHUM IIOBEPXHOCTb X=const, mepepe3ammyn MOTOK,
KOMIIOHEHT CKOPOCTH 4 KOTOPOTO Be3Je NepHeHAHKYJspeH 3ToH No-
BepxHocTH. (Mcnosab3oBanue 06BIYHOTO 0603HAUEHUsST KOOpPAHHAT MO-
3BOJISIET NPHUHATb MOBEPXHOCTb NMPOHU3BOJILHOM KPHBHU3HBI, B MPOTHUB-
HOM CJayuae BHBOZA OblJ Ob TakuM xe.) Tak Kak pacxol NOTOKa
yepe3 MOBEPXHOCTb NPEACTABJSET HHTEFPAJ OT HOPMAJBLHOTO KOMIIO-
HEHTa CKOPOCTH IO IJIOILAJU NMOBEPXHOCTH, TO HMEeM:

Q- f\(@z.@c__«m %) dyd.

Ho B Teopns npeo6pa3oBaHHsl NePEMEHHBIX IIPH BBIYHCJIEHHH I10-
Ka3aHo, 4TO

op ox _ 0% oy =
fsj‘(ay 9z o0z 6y>dydz j'sj'dxpdx.

Orcrona

= f’ jézd‘l’dx = (P — ) (Xz — %1)»

$1 X1

YTO MOATBEPKAAET OUYEHb BaXKHOe CBOACTBO ()YHKIHH TOKa: IPOH3Be-
feHHe DasHOCTH 3HaueHHH ABYX (YHKUHM TOKa MeXay NPOTHBOINO-
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JOXHBIMH TPaHHUAMH TIOBEDXHOCTH PaBHO PAacxXoAy IIOTOKA uepes
5Ty NMOBEPXHOCTb.

ToT ¢akT, 4TO pasMepnl J H X H3MEHSIOTCS NPH nepexope OT
JBYXMEPHOTO K OCECHMMETPHYHOMY MOTOKY ((paKTHUYECKH MPH HU3Me-
HEHUH OPHEHTAUHH OPTOTOHAJbHBIX CEMEHCTB TMOBEPXHOCTEH TOKA),
3aCTaBJAEeT HHTEPECOBATbCA, KaKOBbl OyXYT MX pasMepbi B HACTOW-
11eM TpexMepHOM MOoToKe. [IpH Takux o6CTOSTENBCTBAX MOXKET GHITh
Jydiue CYATATh P H X YUCTO YHUCJIOBBIMH QYHKIHSMH H ]IS COXpaHe-
HHST OZHOPOAHOH pPa3MEePHOCTH BBECTH 3TaJIOHHblE NEpeMEeHHble CO-
oTBETCTBYIOMEH pasMepHOCTH. Tak, €C/IM npPeACTaBUTh, uTo $' H ¥’
ABAAIOTCS Ge3pasMepHBIMH (PYHKLUHAMUH KOOPAUHAT IPOCTPAHCTBA,
YMHOXEHHEe UX Ha 5TaJOHHbIE PacXOibi MOTOKA (MMM NMPOM3BEJEHHE
3TaJIOHHOH CKOPOCTH H KBajApaTa 3TaJIOHHOH AJHMHbBI) NO3BOJSET
3amHcaTh OOLMe ypaBHeHHsI cjenylomuMm o6pasom:

=Q(a_1p_ ?X___‘le_ ._a_x.._>H T. A.
Y

OTHecenue paaJHuHBIX yacTeli pasMmepHoro pacxona [Q}=[L3T-!]
K TOR WJHM HHOH (yHKUMH OYyAeT 3aBHCeTb OT ODHUEHTalHH, KOTO-
pas mpHAaHa ABYM CeMeHCTBAM MOBEPXHOCTeH ToKa Jas yaoGeTBa
aHaJH3a U3y4aeMoro TEYEHHA.

Mpumep 4. [IByxmepHbIH MOTOK,
HanpapleHHBI MO HOPMaJH K TPaHH-

e, XapaKTEPU3yeTCst HOPMAaJIbHBIM y
KOMIIOHEHTOM CKOPOCTH, HW3MEeHSIo- G=axy
(Mca  NPSIMO  NIPONOPLUHUOHAJILHO \
paccTosHHiO oT Tpanuubl. Onpene-
JnTh QYHKUHIO TOKa, KOTOpas ycTa- 48y
HaBJauBaeT QOpMY TEUEHHH.

PaccMaTpuBaeMoe YCJOBHE BH- 3J¢\

pakaeTcst ypaBHeHHeM 24y \
dv J

v=—ky nau — = —Fk. ¢=¢’\\

ay @:0
W3 ypaBHeHHS HEPa3pPbLIBHOCTH

duldx4-du[dy=0 nyTem HHTETPHPO-

BaHWA HAXOJHM, UTO <

a0 e % TS %
=——S-—dx+C=kx+Cl.
9y

[To-BHIHMOMY, 31ech HMeeTcs TouKa CUMMETpPHH, Y KoTopoh u=0=uv. C ueabwo
YTpollleHHs MOXKHO JONYCTHTh, uTOo x=(, Roria u=0, OTKYyAa C,=0. Bsepnenue
COOTBETCTBYIOWMX BeJMYMH B YpaBHewue Jlarpanxka aas nuddepeHanbHOR
¢yukuun Toka paer

dp = udy — vdx = k (xdy + ydx),
OTKy/aa

Y = kxy + Ca.
JIMHMK TOKa, OYeBHAHO, MMeloT ¢opMmy runep6on. Ecau 3nauenne ¢QyHKUHH

TOKa AN JHHHUH TOKa Y OCH CHMMETPHH H BJ1OJib TPAHKHUGI IPHHATD paBHHIM HYJIO,
NMOCTOSTHHAst NHTErPHPOBaHNA HCUe3aeT.
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B. KuneMaTHKa NOTOKa

22, NMepememenue, aedhopmauus, spamenne. [1py Komno-
HeHTax 4, v 1 W ckopoctd V B Touke (X, y, 2) KOMIOHEHTH Audde-

peHuuana ckopoctd dV B TOuke (x+6x, y+98y, z+02), oTcrosuleh
Ha GecKOHEUHO MaJioM PacCTOSIHMH OT NEePBOH, COCTaBAT:

_ Ou Ou ou 5 .

du = p ox + o oy -+ o oz;
odv dv dv

= Rl o 5.

ov Py dx + o Y+, oz,
0w ow ow

dw = ™ ox + o oy + > 0z,

Ecau tenepb NPUMEHHTb cucTeMy oGosHauenu#t Croxca

a=ﬂ: ZE{; C=aﬂ;
ox ay 0z
ow ou ou ow dv ou
E= Rty — _ = — h = — e,
f dy + 9z g 9z + ox ox + oy’
0w G0, L ow o . 0
ay oz’ 0z ox’ ox oy’

TOrja NpeAUeCTBYIOUHEe YPAaBHEHHs 1 CKOPOCTH BO BTOPOH TOUKE
OTHOCHTEJIbHO MEePBON MOTYT ObITh 3allHCaHbl Kak

ou = abx 1+ % hdy + —;~ 96z + é« (mdéz — Toy);

8 = L hx + bdy -+ - oz + - (bx — Eb2)

bw — - gbx + & oy +cdz + 5 (B0y —8x).

Jl1st Toro 4To6bl MOKa3aTh, YTO [PH JABHKEHHH KHIKOCTH Oyaer
NPOUCXOAUTb KaK NMepeMellleHHe, TaK M H3MEHEHHe (POPMbl 3/IeMEeH-
TOB }KUAKOCTH, HHTEPTIPETHPYEM 3TOT Pe3yJbTaT Cjedylolum obpa-
3oM. TpH KOMIIOHEHTa CKODOCTH IPH JONYIIEHHH, YTO OHH XapakTe-
PH3YIOT YCJIOBHsI B LEHTPe 3jeMeHTa (puc. 13), COOTBETCTBYIOT CKO-
pocTsiM auHelHOro nepemeiienns. Tpu Bemuuunbl 0u/0x, 0v/0y u
O0w/0z Np¥ yMHOMKEHHH HA COOTBETCTBYIOIIME DACCTOSIHHS O, 8y u
82 MexXIy MPOTUBOMOJOKHBIMH T'DaHSIMH NPEACTABJAIOT CKOPOCTH,
IPH KOTOPBIX COOTBETCTBYIOLIME Naphl rpanedi pacxopsres. Orciona
BEJMUMHBL @, b ¥ ¢ ONPENeJAIOT CKOPOCTH JHHefAHO# nedopmanuu
WM PacTATHBAHHS B TPEX KOOPAMHATHbIX Hampas/enusx. Hs cpas-
HEHHS] C ypaBHEHHeM Hepa3pBIBHOCTH B N€KapTOBBIX 0503HAUEHHSIX
BUIHO, UTO }KMAKOCTb HEe MOXKET MOJBEPraThCsl JMHEHHOK nedopma-
IIMH OJHOTO M TOTO X€ 3HaKa MO BCEM TPEM HAaNpaBJEHHSIM, €CJIH
[JIOTHOCTb €€ HE H3MEHSIETCS] B 3TOH TOYKE CO BpEMEHEM.
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EcJu B CBOIO Ouepelb rPAaIHEHTbl KOMIOHEHTOB CKOPOCTH B MO-
fiepeuHblX HANpAaBJEHHSX YMHOXHTb Ha COOTBETCTBYIOLIHE pAacCTOs-
HUSE MEXKIY HPOTHBOINOJOXKHBIME rpaHsMH, Hanpumep (0u/0y)dy
W T. ., pe3yJbTar GyleT MpeiCTaB/sATb CKOPOCTH, MPH KOTOPbIX STH
{paHu JABHKYTCA KacaTeJbHO IO OTHOIICHHIO APYr K APYry. Cawmu
BeJMUHHBl TaKHM 00pasoM MPEACTABJASIOT CKOPOCTH YIJIOBOTO Iepe-
MelCHHS CPeHUuX JuHuE saemenTa. ClefoBaTeNbHO, B KaX 10 KO-

6  bu Ox

a) r—ubt Or 2 Et_—l _jE

i p_———————
t 1 } ) 51 " v ¥
) ! Vv 1 av By
| 1 ' —_ bt
| vt L_,__,_i s oy 2
SR LY ;
' i } 6x |
L._—-———y-—’ ) |
L e — J
2 b
0 by, ) w5 o
y 2 _.U.:’/,’ 4 = O O 5
r,’ | -1 \ \| ——— (¢
‘I ) _}_ \\ \ l_di 2
) == \ — == \ f
- / -
r / I _y‘ﬁ it \\ \\ )\’
| L’/,J ‘71 2 \ )’—’

[ -

Puc. 13. CxemaTHueckoe NPEACTABIEHHE NepeMellenus, nedopMaluyd U BpalleHHs

a — nepemelnenne; 6 — JuHeHHas NedopManus; 6 — Yraonas AedopMmauus; & — BpallleHHe

OpJAMHATHON NJOCKOCTH CyMMa CKOPOCTEH YIJIOBOrO NepeMeLleHHs
B JAHHOH TOUKe, TE€X, UTO BbiPaXKeHbl BEJHUHHAMH [, g HaH A, COOT-
BETCTBYeT CKOPOCTH YrJIOBOH AedOpMailM¥ WX KacaTeJbHOrO [BH-
EHHS B COOTBETCTBYIOLIEH MJIOCKOCTH B 3TOH Touke. C ApYyro# cro-
pOHbI, CpeIHHE CKOPOCTH NEepeMEIleHHS CPEeIHHX JHHHHA B Olpene-
JIEHHOM yIJIOBOM HaMpaBJeHuH, T.e. §/2, n/2 u /2, npeacTaBiasior
cobofi cpeaHHe CKODOCTH BpallleHHsi (CKopee B MTHOBEHHOM Mare-
MAaTHUYECKOM CMBIC/I€, YeM B NMPEACTABJEHHH O AJHTEIbHOM BpallieHUH
TBEPAOro Teja) BOKPYT OCH, MepNeHAHKYJsPHOH KaxI0i U3 IMOBEpPX-
Hocteill. PeaynbTHpYyOLIasi KOMIIOHEHTOB &, M U { Ha3biBaeTCs BEKTO-
POM 3aBHXpeHHsl ®, HiH, B GOpMe BEKTOPHOTO aHaJu3a, BAXpeM (HJIH
[OTOPOM) BEKTOpa CKOPOCTH

fotVi=o =V E+E LT .
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JlanbHefinee pacCMOTpeHHe 3aBHXpeHUH OyneT NpHBEJEHO B CJ€ -
pylouieM INyHKTe.

3HauHTeabHO GoJee OOLIMPHAsi KapTHHA XapakKTepUCTHK aedop
MalHH B JIoGoH ToykKe (X, Y, 2), HENOCPENCTBEHHO OTHOCAILAsCA
K MIOC/eYIollleMy aHA/H3y HaNpSKeHus, 1aercs Tak Ha3bIBAeMOH
[IOBEPXHOCThIO JAedopmaunuit: TpeXMEpPHOH IOBEDPXHOCTBIO, YAOBJET
BOpSIIOLIeH COOTHOHICHHIO, MOJYYEHHOMY YMHOXEHHEM 4JEeHOB A€
dbopmanui U3 KaxA0ro NpeAbliyliero ypaBueHust Ha COOTBETCTBYIO
LlHe yBeJWuEHHBbIe PACCTOSIHHS, W NPHPAaBHHBAHHEM HX CYMMBI 1O
CTOSIHHOM:

a (8x)% -+ b (8y)® + ¢ (82)® + [ (0y82) + g (820x) + h (8xdy) = const.

MosepxHocTb TaKOro BHA NEPHEHIHKYJISPHA OTHOCHTEJIbHOM CKO-

pocti nedopmauuu 8V B KaxnoH cocenHeit touke (x-+98x, y- 0y,
z+02), KaK noKa3aHo 3JJIHITHUECKHM
ceuenueM Ha puc. 14. (Cnenpyer orme-
(x+dx,y+dy,z)  THTb, UTO TI0 YCJOBHSIM HECKHMAEMO-
cTH XOTsi OBl OJlHA M3 CKOPOCTEeH JH-
HeliHOR pmedopMaluH O0MXKHA OHTh
OTpPHUILlATEJNbHOA, UNPH TaKHX OO0CTOf-
TEJbCTBAX HE BCE OCEBblE CEUYEHHHA
noBepxXHOCTH Aedopmalyii MOTYT ObITh
wAHnTHYeCKUMHU.) QueBHAHO, UTO pac-
noJioKeHne ocell OOBIUHBIX MOBEPXHO-
X crefi medopMmalHil OTHOCHUTEJIbHO KO-

OpPAMHATHBIX OCEH 3aBHCHT OT BeJHYHH

Puc. 14, lgfgsﬂgzug?epx“o”” f, @ w h U ur0 3TH 1aBE CHCTEMBI
P oceli COBIANAlOT, €CJAH BCE U3MEPEHHA

yrJoBol nedopMallid PaBHBI HYJIO.

MHbIMH cJOBaMH, TPH OCH IMOBEPXHOCTH HedopMalHH SABJSIOTCS
HalpaBJeHHSIMH «YHCTOH», WJH JuHeAHOH nedopmamud. B mob6om
JAPYTOM HanpaB/eHHH H3 3aJaHHOH TOUKH OTHOCHTENbHAsl CKODOCTb

nedopmanun 0V OYLET OTKIOHATLCS OT JIMHHH 67 MEXKIYy ABYMs HaH-
HBIMH TOUKaMM H pe3yabTHpylollasi pedopmanusi Oyner, crepoBa-
TeJbHO, KaK JUHeHHOH, TaK U yrJOoBOH.

23. 3aBHXpeHHe W UHMPKyAsuusi. MareMaTHUeCKMM TIOHSITHEM,
HoJyYHBIHM GOJIbLIOE TPHUMEHEHHE NPH aHaJM3€ JBHIKEHHS KHIKO-
CTH, SIBJASIETCSl IUPKYJALNSA — JHHEHHbIA HHTErpas oT KacaTeJbHOro
I((OMI]OHeHTa BEKTOpPa CKODOCTH, B3SIThiii MO Bcell 3aMKHYTOH KPHBOIl

pHc. 15):

I=¢V,dL.
IMonoXuTeNbHBIA pe3yabTaT HHTErPHPOBAHMA IMOJyuaeTcs NpPH

PACIOJIOKEHHH IOBEPXHOCTH, OKPYKEHHOH KPHBOH, C JIEBOH CTODOHH,
KaK [0Ka3aHo Ha PUCYHKe, eCli CMOTpPeTb CO CTOPOHbI BHEIIHEH
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nopmanu. Ecnn dx, dy v dz npencTaBIAIOT NPOCKUUHA SJIEMEHTa KpH-
ol dL, WMpKy/aAuus MOXkeT ObITb 3aMHCaHa Tak:

I = Sﬁ (udx + vdy + wdz). (17)
L

3aMKHYTHIH KOHTYp L HNoJKeH paccMaTpPHUBATbCs KAaK TIpaHHUA
KPHBOJIMHEHHON NOBEPXHOCTH INpPOH3BOJBHOH (opmbl. Ha puc. 16

5/‘
/"VL
v
X
z r=G g
Puc. 15. JIuHeAHBH HHTErpas Puc. 16. Llupxyasanus
¥
a2 0y
oy 2
v
_ gy 6§ L. LN
oo | W u Y o 2
Ox
y - du by
gy 2

X
Puc. 17. CkopocTH Ha CTOPOHAX 3JIEMEHTAPHOTO 4e-
THIPEXYToJbHHKA

TI0Ka3aHo, YTO KaKoBa Obl HU Obl1a ee GOpMa, HMHPKYJSIHS BOKPYT
Hee JIOJIXXHA PaBHATHCS CyMMe LHPKYJSIHH BOKPYT 3JIEMEHTAPHBIX
NOBEPXHOCTEM, H3 KOTOPbIX OHA COCTOMT, TaK KaK JIHHEAHbIE HHTErpa-
JIBI BOKPYT BCEX BHYTPEHHHX YacTefl HCUe3alOT, OCTaBJsisl TOJBKO
OJIMH JJISl OTPaHHYHBAIOMEH KPHBOH.

LupKyssinusi BOKpYr 3JeMEHTaPHOrO YEThIPEXYToJbHHKA €O CTO-
pOHaMH, Napa/uleibHBIME ocsiM ¥ H y (pHc. 17), MOXeT OHITb
3aMHcaHa TakK:
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(0 Oy LA AV
6I‘—<u > 2)6x+(04 > 2)6y
<u+ dy 2)6x \97 ox 2)6’
YTO YIPOLIAETCS IO BbIpaKeHHs
! du ou
— (%0 %) sxby.
or = (< o Joxby

Ecau 3TO BblpaxkeHHe IJs1 LHDKYJSIHWH pas3ie/dTb Ha mjaoillajb
YeTblpeXyro/IbHHKa, IPHHSIB €¢ Mpefesa CTpPeMAMMCH K HYJO, NO-
JIYUHM

&r v dou
im =— -
sxdy-0 Oxdy ox dy

=,

OueBHHO, peaeabHOe 3HaUeHHe LHPKYJSLUHH Ha €IdHHLy MJIO-
[iaJgd BOKPYT JI000H KPHBOH JOJIKHO PaBHATbCSI KOMIIOHEHTY BHXpS
BOKPYT OCH, NepPINeHANKYAAPHOH NJOCKOCTH LUHUPKYJIALHH

. or

lim — = 0,.

8s-~0 08

O61as MaTeMaTHUECKasi TeOpeMa, CBsi3aHHasi ¢ HMeHaMu ['puHa

1 CToKca, HMEeT TaKOe e OTHOILIEHHE K OTPaHHUEHHO!H NOBEPXHOCTH,
Kakoe uMeer TeopeMa ['aycca, MCIOJb30BaHHAsi B CBSI3H C IIPHHLH-
TIOM HEpPa3pLIBHOCTH, K OTPAHMYEHHON OGJIACTH NMPOCTPAHCTBA; OHA
BbIpa’keHa yepe3 Te JKe YIeHbl OJHO3HAuHON (PYHKLUHK Hepa3pbiBHO-
CTH H HX IIPOH3BOJHbIE

gP(de+Qdy+Rdz)=5§[(%__gg_)i{+

0z ! on

+ (‘Zf_ _‘2&>_"£ + <ag _Q’i) a_z] ds
9z dx/ on 0x dy/ on

JleBasi yacTh 3TOTO paBeHCTBa NpH saMeHe P, Q u R na KoMmmo-
HEHTBI CKOPOCTH 4, 0 M @ GyleT HanoMuHaTh ypasHenue (17), npex-
craBJsiiollee UHPKYJSLHIO BOKpYr 3amkHyroit KpusoH L. [lpaBas
YacThb B CBOW ouepelp OYAeT SIBAATbCA HHTErpajioM HOPMaJbHOTO
KOMIIOHEHTAa BHXPS IO NOBEPXHOCTH, OlDAaHHUEHHOH NaHHOH KPUBOH.
HUnbiMH cloBaMmy,

FZSS‘”"dS:sHE%*”"%Hg)dS' (18)

[Ipeasiayliiie COOTHOWIEHHSI MOAOOHB COOTBETCTBYIOIIUM COOTHOIIE-
HUAM IJ8 cKopocTH. Kak npasuio, cKOpOCTb H BHXPb HMEIOT MHOI'0
obiux coiicTB. [Ipexe Bcero obe BeJHUUHB SIBJASIOTCS BEKTOPHbI-
MH, @ U3 ompeneseHusi § 1 U { BHAHO, UTO CYIIECTBYeT Cjejayloliee
BHIpaKeHHe, COOTBETCTBYIOIlee YpPaBHEHHIO HEPA3PBIBHOCTHU:

iveg =28 L 9%
dlvw—ax~{—ay~{—az 0. 19
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Janee, MOA06GHO TOMY KakK BEKTOD CKODPOCTH Kacaercs JIHHUH
P0Ka, MOXKHO NIPEICTaBUTh, KAK BEKTOD 3aBUXDEHHS KaCaeTCs BUXPe-
poil JUHHH B KaxKAOH TOuke; AH{depeHNHaNnbHOe ypaBHEHHE TaKOH
BYXPEBOH JIMHHH COCTABJSIET

o _ & (20)

g n £
B TakoM cJyyae MOXKHO JOINYCTHTb, YTO TPYINa BUXPEBbIX JUHUH
oGpasyeT BUXPEBYIO TPyOKy TakK e, KakK JHHHM TOKa 00pasyioT
TpyOKy ToKa. LIMpKyasus 10 J1060My MONEPEUHOMY CEUEHUIO BUXPe-
poit TpyOku (puc. 18) cooTBeTCTBYeT, CJelOBaTeIbHO, PACXOLY de-
pes TpYOKy Toka. Tpy6ka Toka (eciu OHa He uUMeeT QOpMy 3aMKHY-

’ % 2

)
AT oy A Sr-udt

Puc. 18. CpaBnenue Tpy6KH TOKa ¢ BHXpeBO# TpYyCKoil

{ — nuHus TOKa; 2 — BUXpeBas JIHHHUA

TOTO KOJIbI[a) MOXET KOHUAThCS TOJBKO Y TPAHMIBI; CJAELOBATEJNbHO,
€CJTM KHUIKOCTh HECXKHMaeMa, pPacxoj JO/MKeH OBITb OLHHAKOBBIM
B J1060M MOMEpPEeYHOM CCYCHHH; UHBIMH CJ0BaMH, ILJIOLLAAb MONepey-
HOTO CEUeHHs JOJIKHA H3MEHSTbCS 06PaTHO NPONOPIIHOHAJIbHO H3Me-
HEeHUsIM MEeCTHOH CKOPOCTH moToKa. To, yTo BHXpeBas TPyOKa HMeer
[0 CYLIECTBY TaKHe Ke CBOHCTBa, BHAHO H3 pHC. 18. Eciau fonycTHTh,
YTO 3aMKHyTasl KpHBasi, NOKaszaHHAs ClpaBa, HADUCOBAHA Ha CTEHKe
coceqHel BUXpeBOH TPYOKH, TO U3 ONpPEACJ]CHHUS INOCAEIHEH OUeBHI-
HO, UTO mpaBas yactb ypaBHeHHs (18) momkHa paBHATHCSA HYJIO.
Taxk Kak cocTap/sOUIHE ITUPKYJSIIHUU 10 CMEXKHBIM IPOLOJbHBLIM
4acTAM KPUBON B3aHMMHO YHHUTOXKAIOTCS, CJAELOBATENbHO IHDKYJId-
LS BOKPYT JABYX IOCJEI0OBATEJbHBIX MOMEPEYHBIX CEYeHHH TPYOKH
(mpencraB/JeHHBIX OCTABIIMMHCS YaCTSMH KDHBOH) JOJKHA OBITh
uaenTuunod. Ec/aH, Kak renepb OUEBHIHO, MTCHOBEHHAs LHUDPKYJISIHA
HE MOKET H3MEHATbCS OT CEUYEHHUsT K CEUEeHHIO, TO He TOJbKO JOJXKHLI
OblTb 06paTHO MPOMOPIMOHAJbHBEl 3aBUXPEHHE H NJOLIajb IOmepeu-
HOro ceueHHsI BUXpeBOfi TpyGKH, HO U caMa TPyOKa MOKET HaUHHATh-
Cf M KOHYATBHCS JIMUIb HA CPaHUIlE, 32 MCK/JIIOUEHHEM TAaKOro cJjaydas,
KaK KOJIbIlO AbIMA, rjae TpyOKa BooOlle He HMeeT KOHIA.
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Jlo cux nop Ha pacrnpenelieHre CKOPOCTH He HaKJAaAbIBAaJIOCh HH-
KaKHX OTPaHHYeHHH (KpoMe HeOGXOAHMOCTH YyIOBJETBOPEHHS ypaB-
HEHHs] Hepa3pbIBHOCTH), paclpejesieHHe 3aBHXPEHHH ob6jazaeT TOM
ke creneHplo cBoGonpl. CrnpaBemJuBO, CJENOBATENbHO, MPEAIOJO-
XKHUTb, YTO KaK CKOPOCTb MOXKET H3MEHATbCS HellpepblBHO (HJIH JaXKe
NPepLIBHCTO) B NOTOKE, TAK H 3aBHXPEHHOCTb MOJUHHEHA HeNpephiB-
HbIM (MM TPEpBIBHCTBIM) H3MEHEHHAM 0 BCeH 06JacTd, 3aHATOH
noroxoM. MHoraa Hao60pOT NOCTyHaTeNbHOE JBHXKEHHe XKHIKOCTH
OrpaHHYeHO, BO BCAKOM CJydyae MeCTaMH, O OTHOCHTEJIbHO Y3KOIoO
MOTOKA; aHAJOTHYHO OJHA BHXpeBas HHTb (NOLOGHO ANPY CMepua)
MOXKeT OJIHIETBOPATb €HHCTBEHHYIO YacTb IOTOKA, KOTOpas 3aMer-
HO BpamaeTcd. Tak KaK 3aBUXPEHHOCTb BBIpAXKaeTcs dyepes rpajueH:
Thl CKOPOCTH, J11060€ BHe3aNHOe H3MEHeHHe B paclpejiefieHHH CKO-
POCTH BBHISBHIBAET CrylIeHHe 3aBUXPEeHHOCTH. TaK Ha3blBaeMble BHXpeE-
Bbi€ NPOCJOHKH 00pasyloTCsl B 30HaX pa3pbiBa CKOPOCTEH, T. €. MPH
B3aHMOJIEHCTBHH [IOTOKOB C Pa3HBIMH CKOPOCTAMH. To, 4TO BO3HHKAET
CJly4aiHO NPH CYIIeCTBOBAHUM TaKHX YCJOBHH, 3aBHCHT, KOHEYHO, OT
XapakKTepa HamnpsiKeHHHA, COOTBETCTBYIOILEro XapakTepy nedopma-
I[UH, H OyJeT pacCMaTPHUBATBLCS B MOC/AENYIOIIMX [JaBaX 3TOH KHHIH.
B nactosimiufi MoOMeHT npocTo ofpaniaeTrcss BHUMaHHe HAa OYEHb BAXK-
HOe [0KasaTenqbCTBO ['e/ibMroJbla (KOTOPHIE TaKKe yKasbiBaJ Ha
BO3MOXHOCTb OTCYTCTBHs KOHL@ Y BUXpeBOH TpyGKH), 4TO JeHCTBHE
3aBHXPEHHOCTH CHCTEMBbl XKHIKOCTH MOXeT H3MEHHTbCS TOJbKO eCJIH
Aedopmalnuy, CONPOBOXKAAIONIEH NOTOK, OKAa3HBAIOT CONPOTHUBJIEHHE
BHYTpeHHHe HaNPsIKEeHHUS.

24. Komnonentw yckopeuusi. Cumsosa D/Dt 6wis1 BBesten CTOK-
COM zsia 0603HaueHus1 onepauui nuddepeHHPOBAHHS, CBA3AHHDIX C
JABHKEHHEM 3JIeMEHTa XHIKOCTH. Hanpumep, ypaBHeHHe HepaspbiB-
HOCTH MOXKET GbITh NOJNY4eHO B COOTBETCTBHH C BHIpaXKEHHEM

DeW) _
T Yy

Dt
KOTOpOE YTBEPXKJaeT, 4yTO Macca 3JEeMEeHTa C MEePEeMEeHHOHA MJIOTHO-
CThI0 p U nepeMeHHbIM o6bemoMm OW He M3MeHsleTcs, Kak M Mmacca
3JIeMEHTa, NlepeMelaeMoro ¢ TeueHHeM BpeMeHH. C Ipyro# CTOpPOHH,
MOXKHO OXKHJIaTh, 4TO J1106Ce CBOHCTBO 3/1eMEHTa, SIBJSIOeecss GYHK-
UHed NPOCTPAHCTBA U BPeMEHH, H3MEHAeTCS TIPH ABHKEHHH OT TOUKH
K TOYKE 4acTHYHO H3-3a M3MEHEeHHsl €ro MOJOMKEHHSI H YaCTHYHO H3-33
TeueHHs1 BpeMeHH. Ecin BennuHHa ¢yHKUHH B MOMEHT BpeMeHH f,
KOTrJla 5JIeMeHT HaXOAUTCs B TOUKe (X, y, 2), coctasasiet F(x, y, z, t),
TOTJla B MOMEHT BPpeMeHH [+ Of IPH JOCTHXXEHHH HM TOYKH (x+u61
y-+vdt, 2+ wdt) ee Bennunna Gyger

F(x + udt, y - vdt, z + wbt, t + 6f) =

—F+——zt6t+—— Gt—l——wét—}——_ﬁt
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Tak Kax nocJenHss BeJUUHHA MOXKeT GbiThb BbIpaXkeHa U Kak F+
+ (DF[Dt) dt, cnenoBaTesbHO
DF oF oF oF oF
=t u— 4 v— -+ w—.
Dt ot + ox + dy + 0z

Ecau mpeanoioxutb, uro ¢yukuus F(x, y, 2, {) npeacrasJser
—>

CKOPOCTb 3JIeMEeHTa XKHIKOCTH, Toraa Bejuuuna DV/Di Gyner ompe-
[EJISTh YCKOPEHHE, KOTOPOMY OH TOJBEPraercs B ONpele]eHHOH
TOUKE H B ONpeJe/EHHbl MOMEHT mpolecca TeueHus. Bynyun Bex-
TOPHO#H BEJHUHMHOM, YCKOpEHHE MOXKeT OblTb 3anHCaHO KaK

— DV

Dt

CO CJIEAYIOUMMH COOTHOIIEHHSIMH IS KOMIIOHEHTOB KaXK10T0 H3 TPeX
HanpaBJeHHH:

Du ou ou ou ou
g, =-—=—+u—+0—-4w-—;
* Dt ot + ox + dy + 9z '

Dv dv dv ov ov
a,=—=—+ut—+Uv—F+W—;
Y Dt ot + ox + oy + oz

Dw ow ow ow ow
G =——=—4+u—+v—+w—.
Y] at + ax + dy + 9z

Kak MOXHO 3aMeTHTb, BBEeJ€HHE KOMIIOHEHTOB 3aBHXPEHHS I103-
BOJISIET 3anHcaTb 3TH BbipaKeHHs B CJAELYIOLIEM BHIE!

0 a(v2/2
ay =24 om—og + 2

_ v — o(vi/2) .
a,=— Ful—uk+ =0 =
0w . a(V2/2)
%= "5 Fod—unt =5

[pu Hcnosb30BaHMH 06O3HAUEHHMA HATYpaJbHOH CHCTEMbI KOOP-
JMHAT (C r pag¥yCoM KPHBH3HbLI JIHHHH TPAEKTOPHH) KOMIIOHEHTAMH
chopeHPlﬂ ABJAKTCA

v a(V?/2) _e
@ at+ s H Gn r

OIlHaKO €CJIH JIMHUH TpaEKTOpHH U JIMHUH TOKa He HUJAEHTHUYHDHI,
HocJegHHue ONMuCcbIBaAOTCA ropasﬂo npome. CJ]G}IOBaTeJIbHO, HaTypaJIb-
Hasg CUCTeMa KOOpILI/IHaT nomanyﬁ npeﬂnoqueﬂbHee JJIs1 yCTaHOB-
JIEHU$] COOTHOLIEHHH JUHHH TOKA, 4eM JUHHU TpaeKTopuH. Eciu npen-
IOJIOXKUTDH, UTO OCH BaerHJIeHbI B onpeneneﬂﬂoﬁ TOUYKE Ha6JIlOIL6HPIH,
npenbmyume Bblpa}KEHI/Iﬂ HEeCKOJbKO YCJIO}KHH}OTCHZ

ou a(V2/2) ) vz
a. = — 4 ——"2 - q = — }—;
s at+ as " at+r’
a =
” ot



B 0603HaYeHUAX MOJSPHO-UUAHHIPHYECKOH CHUCTEMBI KOMIIOHEH-
Thi IPHOOPETAIOT BHUA!

ou du ou du v?
a, = —- u—— —+v W— — =
Y T or + rd® + 9z r’
dv du (47} dv uv
a, = — u— v Ww— 4 —;
0 ot T ar + ro0 + 0z + r
ow Jw dw ow
a, = — u— v w—"
z ot T or + rof + dz

HaxoHen, B 0003HaueHHsIX NOJASPHO-CHEPHUECKOH CHCTEMBI OHH
COCTaBJISIIOT:

ou du du Jdu v? 4wt
a,—= —+u—-4v w — :
R ot + oR T RoY + Rs in $0¢ R
v du dv | v uv —w?ctg &
a,=——+u—-4+u W _— =
T TR T ke T YRem 399 R
Jw ow ow Oow wu +ovw ctg ¥
a =— 4+ uUu—+v——Jw
@ ot + OR T R} - R sin 309 R

Ecau cucrema xoopauHat o6aagaeT CKOPOCTbIO NEpeMELIeHUs C
komnonentamu U, V, W u yrioBoil CKOpOCTbIO C KOMIIOHEHTAMH p, ¢,
r, MOXKHO NI0Ka3aTh, 4YTO KOMIIOHEHT a6COMIOTHOTO yCKOpeHHs [0 OCH
X HMeeT BHJ

I ov2
2 ax’

du .
ax:‘alf“"wrn_vrg‘r'

rie V2= (u—U)2+ (v—V)24+ (w—W)2+2u(yr—zq) + v(zp—xr) +
+w(xg—yp)]; 4, v © W — KOMIIOHEHTHl aBGCOMOTHON CKOPOCTH XHJ-
KOCTH; Uy, U, W, ~— KOMIIOHEHTBI CKODOCTH KHAKOCTH OTHOCHTEJIbHO
IBHXKYlUEeACA CUCTEeMbl KOODAHHAT, T. €. u=U+u,+2q—yr.

Iipumep 5. Pacnpegesnenne cKopo-

2 CTH BHYTPH XHAKOCTH, HaXOJSIIEHCH

-2 MeXJy AByMAl KOAKCHaJbHBIMH LHAHHA-

; paMH DafHycOM ry H rg, ABHXKYUIHMUCA

C YrAOBBIMH CKOpocTaAMH Q) U Q,, uMe-
eT BHI

1
o) =— [(%ri-
rp—n
~48 —Q r?) r—r?rg(gz-—gl)/r] N

OnpejenuTh 3aBUXPEHHOCTb B KaxK-
ol toyke, [IpH KaKHX yC/aI0BHAX 3aBHX-

peHHoCTb GyleT paBHa HY0?
B aByXMepHOM NOJApHOM 0603HA-
s YEeHHM LMPKYJALHS BOKPYT 3JeMeNTa Co
cropoHaMH rd0 u (r+06r)80 cocrasaset
\

/

-y

8r=—vrd0 —hfv -+ ? Or  (r -+ or) 80.
t r
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OTciofia eIHHCTBEHHBIH KOMIIOHEHT BHXDs [Jisl TAaKOro 1MOTOKa 6yneT paBeH
. ar ov v
srrlar{)l-.o 8rrd0  or r
M3 3amaHHOro pacnpejeneHusi CKOpOCTH Hax0HM, YTO

9 2
Qyro—Qy rq

{=2——"7"—""".
,%_,i“’-
ITpy ycaosuy, uto {=0, r
2 2 ’
Qra=Qr=C= o

HyJeBoe 3aBHXpeHHe, OYEBH[HO, COOTBETCTBYET MOCTOSHHOM LUPKYJNALMH HIH
TAHTEHIHAIbHOl CKOPOCTH, KOTOpasi 0GPATHO NPOMOPIHOHANBHA PaAHYCY.

I'. JuHamMuKa notoka

25. CuJbl, JAelCTBYWINHe Ha 3JEeMEHT XUJKocTH. [lo-
CKOJIbKY KOMIIOHEHTBI YCKODEHHS SJEeMEHTa XKHUIKOCTH BbIpaxaroTcs
yepe3 KOMIIOHEHTH JIEeHCTBYIOIIEA CHJIbl, OTHECCHHOH K eIUHHUE
MacChl 3J1eMeHTa, TO B NEpBYI oyepenb HEOOXONUMO JaTh €e olpe-
neneHue. CyIiecTBYIOT TPU BHJAA CHJIbI, KOTOPbIC HYKHO YYHTBHIBATb:
HOpMaJIbHble HANpPSXKEHUS, KacaTeJbHble HAalNpsiXKeHHUsl, BbI3bIBae-
Mbl€ XHIKOCTbIO, HaxXOASIIEHCs] B KOHTAKTe C pacCMaTpHBAEMBIM
3JIEMEHTOM, W TaK Ha3biBaeMble MacCOBbie CHJIBI (B OTJHUHE OT Tpe-
IBIIYIINX TOBEPXHOCTHBIX CHJI), TaKue, KaK CHJa TaxecTH. B 0603-
HaUeHHUsIX NEKapTOBOA CHCTEMBl KOOPIMHAT TPH KOMIIOHEHTa Macco-
BOM CHJIBI HAa €JMHUILY Macchl MOTYT GBITb 3alHCaHBbl MPOCTO KakK X,
Y u Z. Opsako HOpMaJbHblE U KacaTeJbHble HanpsioKeHHs Tpe6yior
ILaJbHeHmero o6CcyxaeHHus.

C 3To# LesbI0 BHIIEJNCH SJEMEHT XKUEKOCTH B hopMe NpAMOYroJib-
HOro mapaJnnenenunena (puc.19) c paamepamu pebep 8x, 6y u 6z. Hu-
TEHCHBHOCTH HOPMAaJbHOTO HANpPSAXKEHHS, CYIIECTBYIOIEro B LEHTpeE
3/IeMeHTa, B TPeX KOOPAHHATHBIX HATIpaBJeHUIX 0003HaUeHbl KaK Oy,
Oy U 0, IPHYEM NIOJIOXKHTEJbHBIE BEJIHUHHBl YKA3bIBAIOT Ha pacTsxe-
Hue. Tak Kak KacatejbHble HANpPSKEHUSI MOTYT AeHCTBOBaTb B ABYX
NpSIMOJHHEHHBIX HAMpPaBJEHUAX B KaXXI0H M3 TPeX OPTOTOHAMNbHBIX
MJIOCKOCTEH, B IIEHTPe TapaJiie/enunena 10 KHbl pasaniaTbCs MECTh
HX MHTEHCHBHOCTEH: Tyy, Tyx, Tyz Tays Tzx H Tz 3A€CH NMEPBBIH HHACKC
YKa3blBaeT HampaBJieHHE HOPMaJH K MJIOCKOCTH NeHCTBHS, a BTO-
poit — HamnpasJieHHe NeHCTBHUS; AJAA COTJIACOBAHHOCTH C NPHUHLHIIOM
YPaBHOBEIIEHHOCTU NEHCTBHS W NPOTHBOLEHCTBUSI OHH NPHHUMAIOTCH
TIOJIOKUTENBbHBIMH, €CJIH HallpaBJeHHsl BHELUIHEH HOPMaJU U e CTBUS
06a TOJOXKUTEJbHBl WM 00a OTPHLATENbHBl, H OTPHLATEJNbHBIMH,
ecJIM OXHO W3 HalpaBJeHUH OTPHIATENbHO, & JPYroe MOoJOXKHUTEIbHO.
Tenepb ¢ moMoip0 0OBIYHBIX MaTeMaTHUECKUX JEHCTBHH TPH HHTEH-
CHBHOCTH HalpSIXKEHHs B I[EHTPe KaxKaOoH M3 IeCTH rpaHell sJeMeHTa
MOKHO BBIPA3HTb B NepBOM NpPUOGIUKEHUH (IJ5 Tpex IpaHell npuBe-
IeHBbl Ha PUCYHKe).
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K cuacTtbio, KakK BUAHO H3 NOCIEAYIOLIUX T€HCTBUH, IECTh HHTEH-
CHBHOCTeH KacaTe/NIbHOTO HANpPsXKEHHT MOryT ObITb COKpalleHbl 10
Tpex. Eciu B3aTh MOMEHTH HAaNpSXKeHHH, BEIYILHX K YCKOPEHHIO 3JI€e-
MEHTA INOJ YIJIOM OTHOCHTEJbHO NPOXOAsILIeH yepe3 IEeHTP 3JeMeHTa
OCH, HOPMaJIbHOH K IIJIOCKOCTH XY, MOKHO YBHIAETh, YTO

(Txy 8y82) 8x — (v, 8x82) by = d(yra. mom)

dt
¥
y +d_0'L.—§L
ay 2
0Ty 6
Tyx +__.yL._L
gy 2
< ot, Ox
’[‘xy + Xy 2
/ dx 2
i — 6)( +_1Lix_.£x_
1 gx 2
NG 0Ty, O
BTN b * ox 2
=

Puc. 19. HopmanbHble M KacaTelbHBE HANpPAXKEHHS

Ec/n cTOpOHBI 3/1€MeHTa YMEHbIIAIOTCS, TO TOT PAaKT, YTO yIJIO-
BOE KOJIHYECTBO IBHIXEHHS 3JeMEeHTa BKJIYaeT He TOJABKO €ro IJoT-
HOCTb M 00'beM, HO TaKXe KBajpaT pajHyca BpalllaTeJbHOIO JBHXKe-
HHsI, TIPHBOJAMUT K TOMY, YTO 4J€H NPaBoOil YaCTH YpaBHEHHS] NOCTHraeT
HyJIsi OBICTpee, YeM 1Ba 4JieHa JieBo# yacTH. CienoBaTebHO, B Ipe-
JeJie 3TH HHTEHCHBHOCTH CABHIa CTAHOBATCS 3KBHBAJEHTHHIMH, KaK H
COOTBETCTBYIOUIHE aPbl HaNpsXKeHHH B APYTHX JBYX IJIOCKOCTSX.
[Tostomy

Ty = Ty Tyz = Ty
Tzxe == Tz

C IlpyI‘Oﬁ CTOPOHBY, CACLYET NOJaraTh, YTO HOPMaJ/bHOE HaNIPAXKEHHE
3aBHCHT YaCTHYHO OT AaBJEHHSA p, BBEACHHOTO B ypaBHEHHE COCTOS-
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HHSI, H YAaCTHYHO OT OTKJIOHEHHs BeJHYHHbI HAIPsKeHH:d, 3aJ0XKeH-
yoro B Jedopmanuu Kujakoctu. Takum o6pasoM, MOKHO 3alHCaTh:

o, =—p-+al o,=—p+o);
0,=—p+o,.

U coBceM KakK CKOpOCTb AedopMaluH KHUAKOCTH B JIO60M Ha-
npaBJeHHH ObL1a npeacraBdeHa ITIOBEPXHOCTBIO ;[ecbOpMauHﬁ, nep-
neHﬂHKyJIHpHOﬁ OTHOCHTEJbHOMY ABH2KEHHIO OKOJIO TOYKH, HAIIPANKE-
HHSl, COOTBETCTBYIOIIHE TaKoi peQopMaluH, MOTYT TaKXe OHITb

NpeACTaBJICHb B BUe TNOBEPXHO-
CTH, MEPHNEHAUKYJISIPHOA paBHO-

y (h2dn, yedy, 2)
¢
405
Vi
Puc. 20. CeuenHe MOBepXHOCTH Ha- Puc. 21. OcHOBHble HaNpsSKEHHS [0
NpsiKeHHA rpansaM TeTpasipa

IefCTBYOICH HAaNpsKEHUH HAa IJIOCKOCTH, NMPOXOASINEH yepes Tou-
Ky. YpaBHeHHe 3TOH NOBEPXHOCTH HMEET BU.:

o, (8x)? + o, (3y)® -+ o) (82)* + 2v,, dxdy + 27, dydz +
-+ 21,, 6206x = const.

YcTaHOBJIEHO, IO KpafiHe#l mMepe IJs NOTOKAa OJHOPOAHOH HECXKH-
MaeMOH KHIKOCTH, UYTO IOBEPXHOCTH AedOpMauUil U HaNpsIKEHHH
g Ja060f TOUKH reomerpuyeckd momo6Hel. Ha puc. 20 mokasaHo
0CEBOE CeYeHHE MOBEPXHOCTH HANpPAXKEHHH, cpaBHHBAEMOE C CEYEHH-
eM NOBepXHOCTH Aedopmauuii, H300paKeHHbIM Ha pHc. 14. Bumho,
YTO pe3yJAbTHPYIOIAA HANPAXKEHHH Ha MJIOCKOCTH, NMepHeHIUKYJIsp-
HOH K &r, KaK NPaBHJIO, HAKJOHEHA K &7, U IOSTOMY OCHOBHBIE OCH
IOBEPXHOCTH HANPSKEHHH COOTBETCTBYIOT TOJBKO HampaBJeHHAM
YHCTOrO paCTAXKEHHA HJAH cxkatuA. Eciau pas Gojibliedi sCHOCTH
IPEANOJNOXKHTb, YTO TPH OPTOTOHAJIbHBIE NMOBEPXHOCTH 3JIEMEHTap-
HOro TeTpasfpa COCTABJSAIOT IPSAMbIC YIJIBI C OCHOBHBIMH HallpaBJie-
HHAMH (puc. 21), TO OYEBHAHO, YTO MHTEHCHBHOCTb TOJIHOTO HOP-
MaJbHOTO HaNpSKeHHs1 0=—p+ ¢’ U KacaTeJbHOE HAMpAXKEHHE T
Ha HaKJIOHHOH NOBEPXHOCTH 3JeMeHTa 6yAyT 3aBHCETb KaK OT MeCT-
HOro cpejHero AaBJjleHHA, TAK H OT IVIaBHBIX HalpsAXKeHHH, o6yCcioB-
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JeHHbix deopmauueii. Ecau (4 TonbKO B 3TOM ciyuae) KacaTelk-
HOe Hanpsi)KeHHe paBHO HYJIIO, HODMaJibHOE HamnpskeHHe Oyne
3aBHCETb TOJbKO OT TpeX IJaBHBIX HANpsKeHHN W AaBaeHus. ek
CTBHTEJIbHO, IPOCTOE YpABHEHHE CTATHYECKOTO PABHOBECHS NOKA3bl-
BaeT TOrjga, UTo BCE YeTbipe BEJHYHHB HAeHTHYHbI. [Toatomy mnp#
OTCYTCTBHH CJABHra, o0ycJoB/JAeHHOro pedopmauued, HOPMAJbHOE
HanpsikeHHe Ha J1060f NJOCKOCTH, NPOXOASAINEH uYepea TOUKY
JOMI2KHO OBITb PaBHO MECTHOMY [aBJIEHHIO.

26. YpaBHeHus OBHKeHMs. Ecju CIOXKHUTb BMECTE CUJBI, JeHCT
BYIOILME Ha €IMHHUIly MacCh B KaXOM H3 KOODAHHATHbIX HampaBJe
HHH, U CyMMbl IPUPABHATb K COOTBETCTBYIOIUHM KOMIIOHEHTAaM yCKO-
pEHHUsd, MOoJyyYaTCsi CJEQylolliHe COOTHOLIEHHS:

ou ou 1 ap 1
=22 ey == X —— .
ot O0x v + 9z P Oox
1 06,, ot ot
—_ 1 _x + yx zZX ) .
T 5} ( Ox 6y T 0z
v i ap
— —_ v.__ W —— = — —r
hus + -
1 ot do ot * (21]
el e
p 6x dy
ow 1 dp
—_— —_ U —— W ——— = f —— — .
ot T + + o 0z +
1 O‘rxz 6Tyz aoz )

Kak BHIHO, 5TH ypaBHEHHS He HMEIOT OTPaHHYCHHUH B OTHOLUCHUH
CXKHMaEMOCTH, B3KOTO CABUTA, TyPOYJEHTHOCTH H IPYTHX (aKTOpOB.
Kopoue roeopsl, OHH ABASIOTCA OOLIUMH YPaBHEHHSMH [BHXKEHHS
xkuakoctd. Mx dopma cxoxka ¢ manouspectHbiM BhiBogoM CeH-Be-
HaHa, cocraBjaeHHbBIM 6osee 100 ner Hasaxm, xoTs 4 6e3 yka3aHHsA
HCTOPHYECKOrO 3HAYECHHS.

Boo6uie cocTosiHMe MOTOKa He HMeeT eIMHCTBEHHOTO ollpejesie-
HHsl, 3a HCKJIOUEHHEM CJAeNyIOIIUX ABYX IPYNN YCTAHOBJEHHBIX yCJO-
BUHA: 1) HayaJbHbBIE YCJOBUS HJHK [IOJNe CKOpOcTell B KAKOH-TO MOMEHT
BpPeMEHH #; 2) rpaHUYHble YCAOBHS HJIH CKOPOCTH (M/IM HANpSKEeHUd)
Ha BCeX MOBEPXHOCTAX pa3pbiBa, TBEPAbIX HH KHIAKUX. Kak Hayasb-
Hble, TaK Y IDAHUYHBIE YCJIOBUSI MOT'YT, OUEBHIHO, H3MEHATHCA MO Xa-
pakTepy B OOJBINON CTeNnenH, XOT HeKoTopble O6IIHe YCTaHOBKH
3necb MOTYT ObiThb chesnanbl. Hanpumep, y HENOABHXHOH TpaHHIHI,
npexncraBieHHOH ypaBHeHHeMm F(x, y, 2) =0, cKOpoCcTh MOXKeT GHTb
TOJIBKO KacaTesabHOH, T. €.

ox oy 0z oF
u — U— W— == — = 0.
o + on + on ox + + 0z



Eciau noBepXHOCTb ABJISACTCA €IUHCTBEHHOH MMOBEPXHOCTbLIO pa3s-
pHIBa, xapaKTepnsyeMoﬁ PE3KHM H3MEHCHHEM CKODOCTH MEXAY ABY-
Ms KacateJbHbIMH NOTOKaMH, TOrjaa

OF oF oF
(uz_u1)—ax— +(Uz““v1)“5y“ ‘i‘(wz““wﬂa—z = 0.

Kaxapiii H3 HUX (GaKTHUECKH SBJASETCS OTJAEJbHBIM CaydaeM 06Iero
KHHEMATHUECKOTO YCJOBHS, COOTBETCTBYIOUIETO ABHKYILEHCS MOBEPX-
nwoctd F (%, y, 2, t) =0. UacTHLB Y NOBEPXHOCTH OCTAIOTCA B KOHTaK-
Te ¢ HeH, UX OTHOCHTEJbHASl CKOPOCTb OYJET HMETb HUCK/IIUHTEIbHO
racaTeJbHOe HampaBJenue. [IpousBoanas Ctokca ot F cOCTaBUT

DE _OF Ly 4 8 L 0F (22)
Dt ot ox dy dz

K coxaJjleHHIO, caMa HEONpeeJeHHOCTb YDAaBHEHMI JBHXKEHHs Je-
JAeT HX HENPUrOJHBIMH MJsI KaKOro-JuO0 HCIOJb30BaHHS, KpOMe
[1OJyUeHHsT Ka4eCTBEHHBbIX 3akJ/10ueHuH. JIJsl KOJIHUeCTBeHHOTO MPHJIO-
KEHHsI He TOJbKO CHJIOBBIE WIEHBl JOJKHBl OBITb OTHECEHBl K KOH-
KPETHBIM CBOHCTBAM XKHJKOCTH M IOTOKa, HO H MHOTHe ADYyrHe nepe-
MEHHBIE, KOTODBIE COAEPKAaTCs B TPEX JAHHBIX YPaBHEHHMSX, HOJKHBI
ObITb HCKJIIOUEHHl H3 PACCMOTPEHHUS OJHHM H3 CIOCO60B yNPOIICHHS.
UJieHbl, BKJIOUAIOIIHE HOPMaJbHBIE W KacaTesnbHble HaNpsIKeHHs, a
TaK¥Ke YIpoLIaiolie JONYIeHHs], OOBIYHO HCIOJb3yeMble IPH TAKOM
aHa/M3e, 6yAyT NPUBEAEHbl B CJENYIOIHX TIJ1aBaxX, MOCBSALIEHHbIX
BOIIPOCAM JIaMHHApHOTO ¥ TypOyJeHTHOro notokos. st HacTosIue-
ro MOMEHTa JOCTAaTOUHO paccMOTpeTb (GOpMYy, B KOTOPOH BIEpBHIE
OBLIH BBIBEJEHBI 3TH YpaBHeHAs oKoso 200 set Hasax DiisepoM (xa-
caTeJbHblE H HOpDMaJibHble HaANpsiXKeHHs,, COMPOBOXAalollne nedop-
MaLHIo, HE YUHTBIBAIOTCH):

ou ou ou du 1 op

— Gt y—+v— At —=X—— - —;

ot + ox + oy + 0z 0 Ox

v v ov ov 1 ap
—_—dtu—4v—Hw—=Y —— . =

o T TG TG o oy’ (23)
Ow Jw ow ow 1 op

—tu— 40—t — =Z—— . =

ot + dx + oy + 0z P 0z

3mech MOJE3HO OTMETHTb J0Ka3aTelbCTBO KeNbBHHBIM TEOPEMEI
CenbMroJapia O NOCTOSIHCTBE 3aBUXPEHUH B YCJIOBHSX HYJEBOro Ha-
npsikenus, o6yciaossgeHHoro aepopmanues. IlpeanonoxumM, 4to Ju-
HHsl, TPOTSHYTast oT A K P, IBHKETCA CO CKOPOCTBIO KHUAKOCTH B
Kaxaoi touke. Ecau d8x, dy U 8z ABJSIOTCSI MPOEKIHUSIMH 3JIEMEHTa
9TON JIMHUH, TOTJA IJIs KaXXAOH U3 HUX MOTYT OBITb 3alHCAHBI COOT-
HOIIEHHS! CJeYIOIero BUaa:

D (udx) _ Du D (8x)
Dt m6x+u Dt
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Ilonnas mpoussopHast cieBa 0603HAUAET CKOPOCThb, IIPH KOTOPOH
NOTOK BAOJ L JUHHH YyBejauuusaercsl. [losHasi npoussognas Du/Dt
CrpaBa CoOT BETCTBYET JIEBOH UacTH CHCTeMbl ypaBHeHu# (23). Hako-
Hen, D (6x)/Dt npencraB/sieT CKOPOCTb O, IPH KOTOPOH KOHIIHL 3Je-
MeHTa Pacx oAsTcsl, T. e. JuHeHHyio nedpopmaunuio. [Ipu nogcranoske
COOTBETCTBE HHBIX BEJHUHH, TO0ABJEHHH TPeX ypaBHEHHH U JOMYyIIe-
HHUH, uTo X, ¥ u Z moryT OBbITb BhiBeJeHbl U3 MOTeHIHaJ a Q (MOTeH-
HHaJbHasg 3Heprus Ha eJUHHIY MacChi), MOJYYHM

—%(uéx%—oﬁy—k wld2) = —Q———if——[—u&u—[—vév—{—wéw.

IIpu ycn oBHH, 4TO p 3aBHCHT TOJIBKO OT p, MOMKHO IPOHHTEIDH-
poBaTb 3TO BhIpa)KeHue oT A gmo P:

% j(uéx—kvéy—kw@z):[—g“jpf“ lﬂ:'

OueBHIH 0, CKOPOCTb, MPH KOTOPOH JIMHEHHBI HHTErpaj B JIEBOH
YaCTH yBeJH YUBAeTCs MO Mepe TOro, KaK JIHHHUS YBJeKAaeTCsl XKUILKO-
CTblO, OyZeT 3aBHCETb OT PA3HOCTH UYHCJIOBBIX BEJIHUHH BHYTPH CKO-
O0K MEXKIy MBYMST KOHEUHBIMH TOuKaMH. EciiH, cieays no 3aMKHYTOH
KDHBOH, TouKa P coBmagaer ¢ Toukoit A, aTa pasHocTb OyjaeT pas-
HATbCS HYJIO , YTO Jaer

D —_—
o ((‘P' (udx 4 vdy 4 wdz) = 0.

WHBIME C TOBaMH, LIHPKYJSIIHS BOKPYT JI060H 3aMKHYTOH KPHBOH,
JABHXKYIIEHCS € XKHUIKOCTbIO, IPH JNaHHHIX YCJOBHSX Bceraa Oyner oc-
TaBaTbCs OJW HakoBoH. OTclofa caeayeT, UTO NPH OTCYTCTBHH Hamnps-
JKeHHH, 00yc joBJeHHbIX AedopMmaluel, 3aBuxpeHue J060To 31eMeH-
Ta XHIAKOCTH He MOJKET H3MEHSTbCS CO BpeMeHeM.

Ecau npu Tex xKe ycnoBusiX epBoe H3 ypaBHeHHH Jijepa Hamu-
caTh B 0003HaueHHsIX HaTypaJbHOH CHCTEMbl KOOpPAHHAT (HJH eCJH
OCH 1eKapTOB O#f CHCTEMBblI PaCHOJIOKHTD TaK, 4TOOBI OCb X COOTBETCT-
BOBaJIa Hallp aBJCHHIO JBHIKEHHS §), Torga u GyneT NpeICcTaBJsATDb
BEJHUHHY BEK TOpa CKODOCTH H ypaBHeHHe OyIeT CBeleHO K CJeayio-
IeMy BHAY:

2
_‘3_V_+i(l_+_ﬂ+g>:0.
ot ds 2 0 ,

Takum 06 pazom, cymma B uneHoB B cko6xax OyAeT M3MeHSTbCS
N0 AJHHE Jio 601 JUHHH TOKa TOJbKO B CJyyae, €C/JH CamMa CKOPOCTb
H3MeHsIeTcsl ¢ 0 BpeMeHeM. Eciiv ckopocTh HE 3aBMCHT OT BpeMeHH, a
IJIOTHOCTb fIB JisIleTCsl yHKIUEH TOJNbKO AaBJeHHs, TO

v2 dp _
7+5—5—+Q—f(t)- (24)
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Jlaxe B CJIyuae YCTAHOBHBUIErOCH TCUEHHA 3T CyMMa M3 TpeX uie-
HOB JOJKHA PacCMaTPHBATLCA KaK (YHKIIMS BPEMEHH, NOCKOJbKY 1O
CYIIeCTBY TOJNBKO CKOPOCTL HE 3aBHCHT OT BPEMEHH, T. €. ob1ree naB-
JeHHE Ha CHCTEMY TeueHHs OyAeT BCe JKe H3MEHSTbCS OT MOMeHTa K
MOoMeHTY (Kak B BOJONPOBOJHOM TYHHE/IE NMEpPeMeHHoro JNaBJeHus),
XOTSl 3TO H3MEeHeHHe H He Oyaer BIMATb Ha OOLLYI0 KapTHHY JBHKE-
pust. I1penpiayiiee COOTHOMIEHHE, Ha3blBA€MO€e yYpPaBHEHHEM Jlanuunaa
Bepuyaad, B JIeHCTBUTEJNbHOCTH BIEpBble OLLIO BLIBEIEHO Dfinepom.

YpaBHeHHs1 Ditiepa, 3anHCaHHble Yepe3 KOMIIOHEHTbl BUXPS U Be-
JUUHHY BEKTOpa CKOPOCTH, HMEIOT BHI:

w"]"0§=——:x—("2*+—g‘+g);
uf — wt =—~;; (%+%+9),
vE—un=~—aiz(§—}—%+Q).

BBray CHMMETPHYHOCTH BXOAAIIMNX B 3TH YPaBHEHHS KOMIOHCHTOB
BUXPSl H CKOPOCTH paHee 000CHOBAHHAsl BO3MOXKHOCTb HHTETPHPOBA-
HHSI MX BAOJb JHHHA TOKA OCTAeTCsl COPAaBEIJIMBOH M JJs1 BUXPEBBIX
aunuil. UBbIMK cJioBaMH, ypaBHeHHe DepHy/aiM NpUMEHHMO KO BCEM
TOUKAaM NOBEPXHOCTH TOKA, COCTABJEHHOH M3 IBYX MepeceKalolnxcs
ceMelCTB JIMHUP TOKa ¥ BUXpeBbIX JuHHH. O1HAKO B obuiem ciayuae
vpaBHeHHEe (24) mpUMEHHMO TOJNLKO TOTJa, KOTjaa Bce JIeBble YaCTH
BHINIENPHBEICHHBIX YPABHEHHI PaBHDBI HYJ/IO. DTO yCJIOBHE BbIMOJIHS-
eTcsl, eCJid BHXPEBble JIHHHU U JIMHHH TOKAa COBNANAIOT — sIBJEHHE, U3-
BeCTHOe IOJ Ha3BaHHeM TeueHdsi Dearpamu — I'pomeka, KoTopoe,
N0-BUAUMOMY, D€aJiM3yeTcss TOJbKO IIPH HEyCTaHOBHBILIEMCS Teue-
sun. C 1pyro#t CTOpPOHBI, KaK MOKa3asa cam Jijep, ecld HMeeM [o-
TEHIMaJbHOe TeUeHHEe, TO BCe KOMIIOHEHTbl BHXPS PaBHBI HYJIO, UTO
TaKkXe 06YyC/JOBJIHBaeT MCUE3HOBEHHE JIEBBIX uacTell ypaBHeHHH. Ta-
KMM 06pasoM, ypaBHeHHe DepHYJIM MPHMEHHMO NMPEHMYIIECTBEHHO
K Ge3BUXPEeBOMY MOTOKY, II0OJPOGHOE PACCMOTPEHHE KOTOPOTO MOXKHO
HAlTH B CJenyiolleil riase. M3 BelpaskeHus, ZaHHOrO B M. 24 13
YCKOPEHHS OTHOCHTENBHO MOJBHKHBIX KOODAHHAT, BHIHO, UTO YPaB-
HenHe (24) Takke NMpUMEHHMO B ciaydae, eciu V? samensercs V’2,

27. YpaBHeHHS KOJUYECTBA ABHKEHUS H 2Hepruu. Eciu Kaxabii
wieH B OJHOM M3 YpaBHEHUH JBHKEHHS] YMHOXKHTh Ha IJIOTHOCTb, TO
B JIEBOH YaCTH ypaBHEHHS MOJYYHTCST H3MEHEHHe KOJHYeCTBa JBHU¥XKe-
HHUSI HA eNUHHUIY O00bemMa H B eIHHMIy BPEMEHH, a B MPaBOH UYaCTH
yPaBHEHHS] — COOTBETCTBYIONMHA HMMNVJIbLC HAa eIMHHIY o0beMa
eIHHHIY BpeMeHH. Ec/H mepeMeHHBIe YJieHBl NPOMHTErPUPOBATH 3a-
TeM 1o o6beMy W mnpuUHSATOR K PacCMOTPEHMIO JBHKYUIEHCS
MUIKOCTH, TO B Pe3yJibTaTe MOJYUHM YpPaBHEHHE H3MEHEHHS KOJIH-
YecTBa JBMKEHHS JKHAKOCTH B €IMHHIy BpPEMEHH H OO0YCJOBJIH-
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Balollero €ero HMIIyJabcCa, TaKXkKe OTHECEHHOro K e€JHHHIe Bpe-
MeHn:

ip(—%—l—u%—l— LI )dW/ prdW——WY %_ 4w+
(3o
w

ITonpiaTerpasbHOE BEIPAXKEHHE B JIEBOH YaCTH MOXKET ObITb Nepe-
IHCAHO B CJEAYIOIEM BUJE:

d (pu) a (pu*) O(puv) |, O(puw)  Op O(pu)
ot + ox + oy + 9z “ ot “ ox
g e 9w '
dy 0z

OtpunaTenbHble YeHBl B CHJY YPaBHEHUsI HEPa3pPBIBHOCTH oOde-
BHAHO MOTYT ObIThb omyiueHbl. MHTErpaJ ot mepBOi 4acTHOH NMpPOU3-
BOJHOH MOXeT ObITb 3aIMCaH KaK MoJHas MPOM3BOAHAS OT 006HLeM-
#goro MHTerpasa. OObeMHBI HHTErpas OT OCTAlOMIMXCS YJIEHOB
KOJIMYECTBA [JBH)KEHHSI, PaBHbIM 006pa3oM HHTEerpaJjbl OT 4JEHOB
HaNpsKEHHsT MOTYT ObITh Npeo6pa3oBaHbl B OBEPXHOCTHbIE HHTErpa-
Jabl o ¢opmyae ['aycca, BBeleHHOH NIpPH BHIBOJE ypaBHEHHS Hepas-
priBHOCTH. [Ipoznesas Bce 3To, MOJYYMM Bbipa<eHHe IJs1 COOTHOILLE-
HHMSI MeXIy KOJHYECTBOM [BHXKEHHS H HMIYJAbCOM JAeHCTBYIOMIEH
CHJIBI:

—_— YpudW—}— fpu(u——}—v P %)dS:YdeW—

w

_5;, ds+f('a" Yo+ TS, (25)
S

n

on #* 0n

PaccMoTpuM HeKOTOpble OCOGEHHOCTH 3TOrO COOTHOLIeHHs. Bo-
fIepBbIX, 3TO BbIPpa*KeHHe OTHOCHTCS TOJNbKO K OJHOMY KOOpPAHMHATHO-
MY HalpaBJEHHIO; HHBIMH CJOBAMH, KOJHYECTBO ABHIKEHHS SIBJSET-
Cs1 BEKTOPHOH BEJIMUMHOH U ero ofllee H3MeHEHHE IPeACTaBJsIeTCs
BEKTOPDHOHN CyMMOM HX TpeX KOMIIOHEHTOB. BO-BTOpPHBIX, MOJIHOE H3Me-
HEHHE KOJIMYECTBA JBHXKEHHsI, 00YCA0OBIHBAEMOE KOHBEKLHEN, BKJIO-
YeHHOE B MOBEPXHOCTHBI HHTErpaJ B JeBOH YacTH, NpeiacTaBJAsier
YHCTHIA TEPEHOC KOJHMYECTBA [BHXKEHHS] MOTOKOM H3 006J1acTH, mep-
BOHaya/JbHO 3aHMMaeMOH XKHAKOCTbIO B paccMaTpuBaeMoM oGbeMe.
B-TpeTbHX, CyMMapHbI HMIYyJbC, 0GYCJOBINBAEMBIH HOPMAaJbHBIMH
H KacaTeJbHbIMH HanpsXKEHHSIMH, MOAAACTCSI BHIPA’KEHHIO HCKJIOUH-
TeJIbHO Yepe3 HaMNpsiKeHHsl, BO3HHKAIOIHe Ha BHEIIHe#d MOBEPXHOCTH
00J1aCTH, — BHYTPEHHUE HAaMNpsIKeHHs] HA COCENHUX 3JeMeHTax B3a-
UMHO YHHUTOXKAIOTCS.
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J11s1 MOJTYYeHHs1 CONMOCTaBHMOrO COOTHOINEHHSI B uJeHaX paGoThi
¥ SHEPTHH, NPEJCTaBJIAIOMIHX CKaJspHble BEJHUYHHBE, HEOGXORHMO
cHayaJla YMHOXHTb KaXXJ0e ypaBHeHHe JBHKEHHsI Ha MJIOTHOCTb H
Ha COOTBETCTBYIOWIMHA KOMIMOHEHT CKOPOCTH, a 3aTe€M BCe TPH CJIO-
HTb. (Jlast npocTOTH BenMuYHHA — p+ o’ 3aMeHsieTcs Ha o.) [locae
BBIPAXKEHHA CYMMBl KBaJpaTOB KOMIIOHEHTOB CKODOCTH Yepe3 KBal-
paT BEKTODHOH BeJMYHHBI HHTETPHPOBAHHE 110 pacCMaTpPHBAaEMOMY
00beMy ABHXKYILEHCH MXHAKOCTH IPHBOIHT K CJefyIoLleMy ypaBs-
HEHHIO!

2 2 2
f—g_(%‘tiJr ?l’~+ L’V_+ )dW Yp(uX—}—vY—{—wZ)dW—{—
W 1

+£[u("—§f+ Do g T o Ty B g Ty o
90 \ |
oz |

[lepBHIfl HHTErpaJ npeacTaBJsgeT, OUeBHAHO, CKOPOCTb H3MEHEeHHs KH-
HETHYEeCKOH 3HepTHH

dw.

+ w (01,;2 +aryz +

D (v

Dt 2
w

dw.

O61eMHBIe CHJIBI MOTYT GBITH BHIpaXkeHHl NOJOGHEIM Xe o6pa3oM, ec-
JIM TIPHHATD, YTO OHH COCTABJAAIOT NOTEHUHAJM Q M YTO 3Ta BEJHUKHA
He H3MeHSIETCS CO BpeMeHeM, T. e. 0Q/0t=0; takum o6pasoM, mo-
cKosbKy Macca pdW nBUIKYlIerocs JeMeHTa OCTAETCsl NOCTOSHHOH,
CKOPOCTb U3MEHEHHs MOTEHIHAJJIbHOH aﬂepmn Bpra)KaeTCH KakK

_Sp (uX +ovY4+wZ)dW= \ p (u — 4 v—— +w )dW_
14 %

=j = LY | A SdeW/

BBejeHHe 3TUX WIEHOB B NpeAnlaylliee ypaBHeHHe Jaer

—1 (-‘)23 + 60 W = Hu (a"‘ 2o +a~;2——) +
W W

+o (arxy_l_aoy_{_arzy)_{_ ( ”'l" ,y_}_ >

S1o ypaBHeHHe NpejcTaBisieT coO00H NPHHLKI COXPaHEHHsl MEXaHH-
4eCKOH HEPTHH, MOCKOJbKY OHO BBIPajKaeT CKOPOCTb, C KOTOPOH H3-
MEHsIeTCs 3HEepPTrusi pacCMaTpUBaeMoro o6beMa KHMJIKOCTH, BBINOJIHSIS
onpejeneHHy0 paboTy, COOTBETCTBYIOULYIO 3TOMY H3MEHEHHIO 3Hep-
THH.
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31ech caelyeT OTMETUTh, uTo pafoTa, HeoGXoauMasi AJs H3MeHe-
HHSl MEXaHHYeCKOH 3HePTHH XKHIKOCTH, He0Os3aTeIbHO IPEeACTaBIseT
H3MeHEeHHe IIOJIHOTO 3amaca SHepPruH, 3a CUeT KOTOPOTO IIPOU3BOAUT-
csi pafoTa HOPMAaJbHBIMH M KacaTeJbHBIMH HaNpsiKeHHsMH. BbIpa-
XKeHHe [JIS H3MCHEHHS IIOJHOTO 3amaca SHEpPTHH IMOJyYaeTcss yMHO-
FKEHHeM KaXK[JOoTo HampsKeHUsl Ha LIeCTH IpaHsx 3JeMeHTa, H300pa-
’KEHHOTO Ha pHC. 19, HA COOTBeTCTBYIOLIHH KOMIOHEHT CKOPOCTH
(yuHTBIBAsl H3MEHEHHS CKOPOCTH C M3MEHEHHEM HHTEHCHBHOCTH Ha-
IPSIKEHHS IIDH M3MEHEHHH PacCTOSHHSI OT LEHTPa TKECTH) H CJIOo-
’KEHHEM 3THX NPOH3BEIEHHI C YUeTOM HX 3HakoB. CKOPOCTb H3Me-
HEHHSl [OJHOTO 3alaca SHEpPruH, OTHECEHHOTO K enHHHIEe o0beMa,
IPEICTABUTCS JIOObIM H3 CJCAYIOIIHX BbIpaXKEHUH:

7] g
E (UO'x + UTyy + waz)+ —a; (uryx + vo, + wTyZ) +
5} 0o ot 0T
+— (Ut + T, +wo,) =u <_i 4oy g _J_x_) +
0z Ox dy 0z

dz
+ocato,bto e+, f+ 1.8+ 1,0

Pa6ora, coBepmaemasi BHYTPH KHAKOCTH, COCTOMT H3 ABYX YacTei:
O/lHA M3 HHMX 3aTPAayMBaeTCsl Ha HU3MeHEeHWe SHEPTHH >KHIKOCTH, BTO-
past Tpebyercsl /151 BHIIOJHEHHS JHHEHHBIX H YIVIOBBIX aedopmaiuii
JIEMEHTOB KHUIAKOCTH. [lepBasi, oueBHIHO, AIBISAETCS YACTbIO KOHCEP-
BATHBHOH CHCTeMbl. HacTb BTOPOH TaK:Ke MOMKET pacCMaTpPHBAaThbCs
KaK KOHCepBaTHBHAs, €CIM paboTa NaBJEHHA p=0'—0 NPH 3JaCTHU-
HOM CKaTHH NpPENCTaBJsIeT BUA NOTEHIHAIbHONR 3Hepruu. Ma rteopuu
3J1aCTHYHOCTH HMEeM:

dE ou dv Ow
pLE (2 20 ouy
dt ox ady 0z
rae E—SHepl‘I/If{ 3JAaCTHYHOCTH, OTHECEHHAsI K €JHHHIle MAacCChl.
Ocraromuecs: uieHbl B ypaBHEHHH SHEPTHH, BbIpaxaioulne paGo-

Ty, 3aTpauMBaeMyio Ha 1epOopMalHIO XKHAKOCTH, MOTYT paccMaTpH-
BaThCS KaK AMCCHIATHBHbBIE:

Gxa—{—ayb +o,c+ ‘ryzf—{—rzxg—l—‘rxyh.
Ec/1 5TH Npous3BOJIbHO 3anHCaHHble KOJHYECTBA BBECTH B HAYa bHOE
ypaBHeHHe paboTa — 9HEprusi M NpeoOpas’oBaTh COOTBETCTBYIOUIHE
00beMHble HHTErpaJbl B IIOBEPXHOCTHbIE, TO IIOJyYHM OCHOBHOE ypaB-
HeHue A5 paboThl — SHEPTUH

d [ pV2 V2 Ox 0 0z
L PV, e 9y oz —
o ‘;5 1 —i—pQ—{—pE)dW—{—J 5 (u o +u o 4w o )dS
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Crenyer moAYepKHYTh Ty OCOGEHHOCTb 3TOrO ypaBHEHHs, 4TO B HEro
BXOJSAT CKaJspHbIE, & He BEKTOPHbIE BEJHYHHHI. KoHBeKTHUBHBIHN UJIEH,
KaK ¥ B YDAaBHEHHUH KOJMUECTBA ABHKEHHs, NpeBpalleH B BbIpaxe-
HHe YMCTOrO NMpPHUTOKA H3yyaeMo#H CyOCTaHOMH — B J@aHHOM CJayuae
KHHETHYECKON SHeprHH — M3 paccMaTpuBaeMoll 06JacTH. ‘HileHH,
BhIpAKAIOUIHe HAINpPSIXKEHHS, TaKxKe CrpynnupoBaHbl B IOBEPXHOCT-
Bl HHTerpaJ, KOTOpbiil MPeACTaBJAseT 31eCb OOLUIHA 3amac SHEpTuH,
3a cueT KOTOpO# coBepiaercs paboTa B paccMaTpHBaeMo# 06/1aCTH
SHEINHHMH Halps)KeHHSMH — YacTbi0O HAa U3MEHEHHA KHHETHUYECKOH H
(IOTeHHHAJbHOH 3HEpPrud XHAKOCTH H YacTbi0O HA COBEpIIEHHE HeE-
371acTHUHBIX Aedopmanuil. CONpOTHB/IEHHE MOCJAENHEMY AEHCTBHIO
BXOAHMT B COCTAB KOHEYHOTO OGBEMHOTO HHTerpasa, KOTOPBHIA fABJIA-
eTcsl Mepoi MHTEHCHBHOCTH AWCCHTIALIHH MeXaHHYeCKOH SHEpPrHH, T. €.
Mepoil HHTEHCHBHOCTH ee NMpeo0pa3oBaHus B TEIJO.

Mpumep 6. Macno BoTexaer M3 6aka MO TOPH3OHTAJbHOH TPyGe AHAMETDOM
D ¢ pacxogom Q mop namopom H. Ilotoxk — Ge3BuxpeBo#l mpu BXone B TpyoYy,
IpH BbIXOJE M3 Hee XapaKTepu3yercs mapaGosuueckoil smiopod ckopocredi. Cpas-
HUTb CHJIbl, 3aTpauHBaeMble Ha TNePecTPONKY SMIOPHI CKOPOCTEH, ¢ CHJIaMH, Heo6-

XONUMBIMH J1Jif TIPEOJIOJIEHHs] TPEHHS HA CTEHKax TPYOHl.
COOTBeTCTBYIOLIKE YNeHbl ypaBHeHus (25) cocTaBiasioT

p:tsl'zuB dA—p SI urdA = ilpdA + i dS.

1
OTciona BO BTOPOM CEUEHUH, TAe U=Upmaxc (1—4r?/D?),
e 2 Q2

) _ 9 P 9 nD _ ol

P su dA = 2mpu,, .. 5(1 — 4r2/ D% rdr = 3 Hyaxe 7 = 1,33 n—_D2/4
N 0

B mepBoM ceueHHH p; u2dA=pQ?/(nD?/4). Ha OCHOBaHHH YpaBHEHHsl SHEPTHH,
KPOME TOr0, MOMKHO JONYCTHTb ¢ AOCTATOYHbIM MPHOJIUKEHHEM, UTO yH=p1+pu‘f /2.
Beanuuna :gndS, NpeiCTaBAAIOWIAA NOJMHBIE CHABHF Ha CTEHKaX, Onpeaensercs

C TOMOWbI0 BblUMCJeHHs JAPYrHX BeJHYMH W 3aTeM CpPaBHHBAaeTcs ¢
0,33pQ? (nD?4)—cusofi, 3aTpaunBaeMO#l Ha NePeCcTPOHKY SMIOPH CKOPOCTEH.
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F'naea 111

NPHHUHMINDI BE3BUXPEBOIO TEYHERUMA

A. OcHOBHM NOTEHLHANBHONH TEOPHH

28. XapakTepHCTHKM NOTEHUMANBLHBIX noaeli., Bo MHorux

Cayuasix ABHXKEHHsI XHAKOCTH (opMa JHHMI TOKa B GOJBLIOH CTe-
MEeHH COOTBETCTBYET (popme JUHHE MOJASA B TeCMETPHUECKH MOAOGHBIX
CHCTEMaX, DAacCMaTPUBAaeMBIX B pasjele MaTeMaTHKH, H3BECTHOM
NoJ HasBaHHeM IOTEHUHAJbHOH TeopHH. Korma 3TO COOTBETCTBHE
SIBJISIETCST JOCTATOYUHO TOYHBIM, AHAJNHTHUECKAasi TeXHHWKa MOTEeHIH-
aJbHOH TEOPHUH MOXKeT ObITh HCNOJBb30BaHa A/ 3HAUUTENBHOTO 00-
JIETUEHHS1 H3YYEHHsT 3TOrO ABHIKEHHUS; Ha 3TOH CBSI3H MOCTPOEHa
CTPYKTypa KJacCHUecKoHl THAPOAMHAMHUKH. Tak Kak OHUM H3 OCHOB-
HBIX TpeGOBAHUI NOTCHUHAJIBHON TEOPUM SIBJSETCS PABEHCTBO HYJIO
BeJIMUHHBI, COOTBETCTBYIOLLEH BpallleHHIo, TO ABHXKEHHE, yI0BJETBO-
psiioliee 3TOMY TPeGOBaHHIO, OOBLIYHO HA3BIBAeTCsl GE3BHXPEBHIM.

[TpuMepaMHu NOTOKOB, B KOTOPbIX AOMylleHHe MOTEHIHAJbHOCTH
OKa3blBaeTcsd CCOOEHHO MOJIe3HBIM, SIBJSIIOTCS TEUEHHS, B3auMOJeH-
CTBYIOUIME C HacajKaMH, BOAOCJHEAMH, 3aTBOPAMH ILII0O30B U 3a-
KDYIJIEHHSIMH TPYOONPOBOAOB CO CXATHEM, a Takxe ciayuad ofre-
KaHWs NPEeJMETOB, ABHKYUIHXCS OTHOCHTEIbHO MNOTOKA XHAKOCTH.
3aMeuaTesbHO, YTO BCE 3TH CHCTEMbI HMEIOT ABe OOLIMe XapaKTepH-
CTHKH: 1) JIBMIKEHHEe JKHIKOCTH, HAaUHHAlOWIeecHd H3 COCTOSHHS [O-
KOsl HJH CT MaJioH CKOPOCTH, TaK OBICTPO YCKOPSETCSs, UTO 3aBHXpe-
HHSl HEOLIYTHME, 2) uyHca0 PefiHoabaca 06bIUHO HACTOJNBKO BEJHKO,
YTO BJIHSIHHEM BSI3KOCTH MOXKHO npeHeGpeub. Takum oGpasom, mo-
TEHUHAJBHOCTb OOLIYHO CBSI3LIBAIOT C OTCYTCTBHEM BSI3KOCTH, XOTH,
Kak Oyler NokKa3aHO jajee, 3TO HeoOs3aTenbHoe TpeGOBAaHHE,

OaHako fpaxe NpH 6JaronpHATHLIX YCJIOBHSX IOTOK, CBSI3aHHBIH
C TBEpAbIMH IDAaHHLIAMH, HE MOXET OCTaBaTbCst Ge3BUXPEBLIM B He-
NOCPEACTBEHHON GJH30CTH OT rpaHuusl. HecMoTpst HA AONYCTHMOCTh
npeHe6peKeHHsl BA3KOCTLIO B OCHOBHOM IOJI€ NMOTOKA, CABUT MEXIY
JKHIKOCTBIO H TBEPABIM TEJIOM BJIOJbL HX KOHTAKTHOH NOBEDXHOCTH
HeBo3MOXKeH. CaejgoBaTrelbHO, B NOrpaHH4HOil 3one OynyT obpaszo-
BBIBATLCSI 3aBUXpeHUs, Bo3aeHcTBHE KOTOPLIX Ha CJAOH XUJIKOCTH BHI-
30BeT B 3aBUCHMOCTH OT TFeOMETPHH M uucia PeliHOabAca MOTOKa
He3HauHTeJlbHOEe BO3MYILICHHE WM CHUIbHOE BOJHEHHE, DaclnpocTpa-
HsIOlleecsT 0 TeX MOop, MOKa OHO He OXBaTHT BCero noroxa. B nep-
BOM CJayyae AONYLIeHHEe NMOTEHLHAJbHOCTH IOTOKAa IPHBOJMT K MO-
JIOXKHUTEJIbHBIM pe3y/abTaTaM BCIOAY, KpOMe NOrDaHHYHON 30HHBL, 2 B
nocJjenlieM MOTOK MOXKeT ObITh IPOaHAJH3UPOBAH B COOTBETCTBHH €
MEeTOoJaMH, H3JOXEeHHBIMH B raase VII.

Hapsny ¢ npuaoxenueM K npotjaeMaM, CBSI3aHHBIM C TBEPAbIMH
rpaHHLaMH, NOTEHUHAAbHASA TEOPHI MOXKET OBITb HCNOJb30BaHA TAK-
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e 1J5 M3yYEHHs CHCTEM CO CBOBOAXBIMH NOBEPXHOCTSIMH HJIH 1IO-
BEPXHOCTSIMH TIOCTOSIHHOTO JI@BJIEHHsl, TaKHX, KaK rPaBHUTaLHOHHbLIC
BOJIHBI, CTPYH CBOGOJHOTrO OYEePTAaHHA H KaBHTaUUOHHbIE NOTOKH. [To-
J10GHO BbIIIEYKA3aHHBIM C1y4adM 3TH CHCTEMBbl OTJIHYAIOTCA Havalb-
HbIM OTCYTCTBHEM 3aBHXDEHHUH M NIpeHeGpeXXUMbIM BJUSHUEM BS3KO-
cti. Kak 3T0 HHM mapafiokcajbHO, NMOTEHUHAaJbHas TEOPHs YpPE3BH-
yafiHO TIOJE3HA AJ51 aHaju3a (PUALTPALMH XHAKOCTH 4epe3 NPOHH-
gaeMyo Cpeiy NpH YCIOBHH, UTO JAEACTBHE BSI3KOCTH mpeobJajaer,
T. €. UTO TIOTOK JiamHHapeH. Ho Boo6ule caenyeT ObITE OCTODOXKHBIM
np¥ OOOCHOBAHUM KONYCTHMOCTH TOTEHIHANbHOCTH I TOH WA
yHOHM yacTHOH cHcTeMbl. [laXke M3 3TOTO HEMNOJHOro NepeuHs IoJdes-
HEIX TIPUMEHEHHH OUEBHJHO, UTO NMOHATHE GE3BHXPEBOrO MOTOKA HI-
paeT BaXHYIO POJib B MEXaHUKE XHJKOCTH.

ITockoabKy, Kak nokasaHo B raase Il, saBuxpesus nponopuuo-
HaJbHB BPALIEHHIO, NOTCHIHAJAbHOCTb IKBUBAJEHTHA HYJIEBOMY 32-
BHXpeHHI0. Tak Kak BEKTOP HCUE3aeT TOJLKO B C/y4ae, e/ Kax/AbId
KOMTIOHEHT €ro paBeH HYJIO, OCHOBHOE YCJOBHE NOTEHIMaJbHOCTH
MOMXKeT GLITb ONHCAHO MAaTeMaTHYeCKH NyTeM NPHPaBHHBAHHA HYJIO
KaXK/IOr0 KOMIOHEHTa BEKTOpa BHXpsA. B pesyabrarte DOAYUHM:

dw v, Ou _ 0w Ov _ Ou @7)
dy 9z’ az ox ' ax dy

OTH ypaBHeHHS HEOGXOAHMMHI W JOCTATOYHB! AJst yCTAHOBJICHHA
6e3BMXPEBOr0 NOTOKA, TAK KaK BCE APYrHe XapaKTEPHCTHKH 3TOroO
JBUIKEHHS MOTYT ObITH BRIBEAEHBI H3 HHUX,

[ToTeHnManbHas TeOPUS TONYUHAA CBOE HA3BAHHE MO CKAJPHOH
bYHKIMK MM TOTeHuany ¢ (x, y, 2, t), KOTOPBI CAYXHUT AJs nOJ-
HOrO ONHCAHHSA ONPEAEJEHHOTO PAjfa YCAOBUA B IPOCTPAHCTBE H Bpe-
MeHH. XOTSl OTEHIHAaJ ABJSIETCS CKalApHOM BEJHUMHOH, BEKTOPHAs
dbyHKuHs, Ha3bBaeMas ero TPajineHTOM, MOXKET ObTh BbIBEJCHA H3
NOTeHIMAaa TMyTeM uacTHoro Auddepennuponannus. Tlpu JoGok cH-
CTeMe KOODAMHAT KOMIIOHEHT rpajiHeHTa B JI0GOM HanpaBJeHUH pa-
BeH CKOPOCTH M3MEHeHMA NOTeHLHasna B 3ToM Hampasienuu. Ecaw
HOJIOKUTEJNbHBIN TPALHENT NOTEHIHANAA () TPEACTABISETC KaK CKO-
POCTb TIOTOKA, TOTAA €€ BhLIPAXKEHHs B NPSIMOYTONbHOH, UAJIHHADH-
yecKoH U ChepHUecKOi CHCTEMAX KOOPAHHAT HMEIOT CJAERYIOMHMA BUL:

CucteMa u ‘ v ‘ ©

of 99 99
Ipsamoyroabyas o P o2

(28)
UunaunapHueckas —Qli % %
aputee or 700 9z
f

7/
Cdepuueckas 99 % b

oR Rad R sin G0g
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M3 sTux HaArAsAHLIX ypaBHeHUI BHJIHO, YTO YCTAHOBJIEHHE M0-
TEHUUANBHOCTH ypaBHeHHsMH (27) 35KBHBAJIEHTHO JONYIIEHHIO Ma-
TEMaTHUYEeCKOro CYIIeCTBOBAHHS IMOTeHLUHajsa. TakK Kak BeJHYHHA
CJIOKHON YaCTHOH MPOU3BOAHOH BTOPOTO MOPSIJIKA 3aBUCHT OT IMYTH
auddepennuposanns, nepBoe M3 ypaBHenHit (27) BHIIVISIHT TOXK-
HNEeCTBOM, eCJaH JONYCTHMO CYUIeCTBOBAHHE IOTEHHHANA:

LML M)
dy oy \ 9z /) 9z \ oy oz

[Nogo6Hble OTHOIIEHHS CYLIECTBYIOT W MEXAY ABYMSl OCTaJ/bHbi-
MH YpaBHEHHSMH.

XoT ruApOJMHAMHUYECKHI MOTEHUHaJs ompefeseH B (Gopme CKO-
POCTH, MOTEHIMAJBI SIBJAAIOTCS B OCHOBHOM alCTPaKTHBIMH Marema-
THUECKUMH BeJIMUHHAMH U, CJelIOBATeNbHO, HE HMEIOT BHYTPEHHEro
¢usnueckoro cmeicaa. HanGosee mpocThie W TMOJE3HbBIE H3 OCTab-
HHIX HHTepIpeTauufi MOKa3aHbl Ha CJEAYIOLMX MpHMepax.

a. OyHKuus ¢ MOxeT GpITh NPECTAB/ICHA KaK MOCTOSIHHB 3JeK-
Tpuueckuil norennuan E B M000f TOUKE OAHOPOJLHOrO MPOBOAHHKA
NPOBOAHMOCTbIO 2. OTpHLATENbHBI TPaJMEHT 3/(€Chb NPOMOPIIHOHA-
JIeH MOTOKY 3JCKTPHYCCKHX 3aPSA 08!

_pOE
ds

[ =

B 3toM cayuae MOTEHIHAJ FBJIAETCA H3MEPSAEMON BEeJHUHHOM.

6. Ecau ¢yukuus ¢b nmpencras/ieHa Kak TMOCTOSTHHOE pacnpenese-
HUe TeMnepaTypsl @ B OJJHOPOJHOM TEPMHUECKOM NPOBOJHHKE C Tel-
JIONPOBOAHOCTLIO R, TOTAa OTPHLATEJbHBIA IPAafHEHT NMPONOPUHOHA-
nen BexkTopy H, OMHIETBODSIOIEMY Hanpas/ICHHbI TEMIOBOH NOTOX:

He—r2
0s

Kak 1 B mpeablaylleM cayuae, HOTEHIHas NpPeACTaBJIsgeT Bei-
uHHY, KOTOpasi MOXKeT ObiTh HEMOCPEACTBEHHO H3MepeHa.

B. ['paauent moxer ObITh MPONOPUNHOHAIEH TAKXKE BEKTODY, MPeL-
crapasionieMy co6ofi OTHECEHHYIO K €IHHHIe MacChl CHIY F, neiict-
BYIOI[YIO Ha KaKyl0-TC TOUKY B IPOCTPAHCTBE. 3nech ¢ ectb paboTa,
3aTpaueHHasi Ha NepeHeceHHe eIMHHIbI MacChl HEeKoTOpo# cy6CTan-
UMK H3 OeCKOHEUHOCTH B [AaHHYIO TOYKY H YBEJHYHBAIOIIAs TaKHM
06pas3oM ero MOTEHIMAMbHYIO SHepruio. B sTom cayuae moTeHuuan
Q (BBemesHbldl B M. 26) He MOXeT GbITh M3MEPEH HEMOCPEICTBEHHO,
HOo ero (opMa MOKeT ObiTh YCTaHOBJIEHA NO H3MEpEHHsIM CHJ, OKa-
3bIBAIONIHY JaBJeHHe Ha BEeLleCTBO B JAHHOM noje (HeoO0XOAHMO OX-
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HO WHTEIDUPOBAHHE), HJIH MO H3MEPEHHSAM CKOPOCTH HJIH MOJIOXKEHHA
BelllecTBa, Ha KOTOpOe NeHCTBYET MoJe:

aQ

ds

I'paBuTannodHas nocrosgnHas G CUHTAETCsT HE3aBHCHMO OT J10-
60ro H3BECTHOTO BJHSHHA.

r. Jlna aHajusa 3ajgay, pacCMaTPUBAIOIUUX JaMHHADHBIN MOTOK
yepes 3ePHHUCTYIO CPefly TIPH YCJOBMH, UTO CEueHHe B 1esoM GoJblie
n/OLaAH INONEePEUYHbIX CEUEeHHH CaMHX 3epeH, YAO0GHO OIpeaensTh
CKOPOCTb KaK pPacxof Ha eJuHuly miaomand. Toria B KauecTBe ToO-
TeHLHaJa MOXKeT ObITb HPHHST NbE30OMETPHUECKUH HANop, H 3aKOH

JlapcH TJIACHT, 4TO CKOPOCTb [POTIOPLHOHAJNbHA OTPHIIATEIbHOMY
rpajHeHTy:

B oh

.

Js

[TocrosiHHas £ HasbiBaeTcsl IPOHHIAEMOCTbIO CpPefbl, 4 §, Kak
o0bluHO, 0003HayaeT pacCTOsIHHE B HANpPaBJEHUH JHHHU TOKA.

CsolicTBa, xapaKTepusyiomue 0Ge3BUXpeBOl NMOTOK, MOryT OHITb
BbIBEJIEHBI U3 OCHOBHOTO ONpEeACJCHHSI NPOCTOR 3aMeHOH ypaBHEHHUR
(27) nau (28) Ha coorBeTcTByIOlIMe ypaBHenus us raaset {I. [lpu-
MEPOM MOXKeT CJIyXHTb CJAeAYLHA nuddeperunant:

_ 9% 9% 9%
dg = on dx + % dy + % dz.

Beuay Toro, 4to 3T0T auddepenuuan sBIsSETCs TOYHBIM, €ro He-
II0CPEACTBEHHOE HHTErpHpOBaHHE MOXKET NATh PA3HOCTb NOTEHIMA-
JIOB MEXKJY JMIOObIMH ABYyMs ToukaMu A u P:

P

ggpw(ﬁfj(%- dx + %dﬁ%dz).

JTa pasHOCTb HE 3aBUCHT OT BHIGPaHHON TPAeKTOPHH, ecau (yHK-
UHA ¢h, moJyualollasics NMpH HUTErPHPOBAHHHM, OZHO3HAuHa. TakKoil
Cayyall MMeeT MecTo, Korga 06J1acTb, B KOTOPOH MOTOK MOTEHUKAJEH,
OJHOCBSI3Ha, T. €. Tak CHOpPMHpPOBaHA, YTO BCe TPAEKTOPHH, COe-
JAUHALHE J00bie JBe TOYKH ee, COBMALAIOT NPU HENPEepPbIBHONH Je-
dopmanun, He nmoxupas ee npejienos (HanpuMmep, BHYTPEHHSA 06-
JaCTh 11apa OQHOCBSI3HA, a BHYTPEeHHSA 00J1aCTb TOpa He OJHOCBAA-
Ha). EcaM MoACTaBHTb BMeCTO pajiHEHTa CKOPOCTb B COOTBETCTBHH
C onpejejeHUsAMH ypaBHeHHH (28) u cmenaTh Tak, yTOOBI Touka P
coBnajda ¢ Toukoi A mocsie 3aseplUeHHs] 3aMKHYTOrO NyTH, MoJyya-
IOWUACA HHTerpas GyaeT BBIPaXKaThb Ty CaMylo LHUPKYJAALHIO, KOTO-
pas Oblaa onpejeseda B raase 11:

Sﬁ (udx 4 vdy 4 wdz) = ¢ ,— ¢, = 0.
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Taxum 06pasoM, UHPKYJ/SLHS B OJHOCBS3HON 06/1acTH Ge3BUXpe-
BOr0 IIOTOKA BCErjla paBHA HYJIIO.

Ecin 100yCTHTH, UTO KMIKOCTh HECHKHMAeMa, TOrAA MOACTaHOB-
Ka KOMIIOHEHTOB CKODOCTH H3 ypaBHeHHH (28) B ypaBHenue Hepas-
PBIBHOCTH NPHUBOJHUT K PaBeHCTBY, KOTOPOe OOBIYHO HA3BIBAIOT ypaB-
nenneM Jlansmaca. Hasa o6GosHaueHHst JNeACTBHE, NpeaCTaBACHHBIX
ypaBHeHHeM Jlammaca, yAOOHO HCIIOJb30BAThb CHMBOJ V2, KOTOPHIH
NpHHUMACET CJIeLYIOLIHA BHA COOTBETCTBEHHO B IE€KaPTOBOH, LHJHH-
JPHUYECKOH H ccpepnqecxoﬁ CHCTEeMaXx KOOD/IHMHAT:

0’913 *p
V {ﬁ_ ax2 +-":2_"“0’
1 &p 1 o 6 _ .
Vi = + r or r2 dz2 0;
29)
e L ‘(2095 _;__i(' _gg) (
Vi R®* OR R OR)+ Risind a0\ o o a9 +
1 P
R?sin?®  a¢2

Pewreiina ypaBHenus Jlansnaca H3BeCTHH KaK TapMOHHUECKHE
dynkunyn; J060e peleHHe, OUeBHAHO, NPEACTaBAAET NOTCHIIHAJ MO-
Toxa. Ecsau moTenmuuas rapMOHHMUEH BCIOAY, KPOME HEKOTOPHIX TO-
Yex, NOC/ARANNR HA3bIBAIOTCSl OCOOBIMH TOUKAMH,

VisMensas nopaaox AHddepeHuHpoBaHUs B cayyae NPOH3BOAHON
TPETbEro Mopsiika, MOMKHO IOKa3aTb, UYTO eCdd $YHKIHUST rapMOHHY-
Ha B TaHHOM TOYKE, TOrJA BCE €& MPOH3ROAHBIC OTHOCHTENLHO JeKap-
TOBOH CHCTeMbl KOODRHHAT TaKiKe rapMOHHUHBI B 3TOi Touke. Ha-
fpUMep, pPacCMOTPHM MNPOH3BOAHYIO O¢h/0x, Korja ¢h rapMOHHUHA.
[Toacrasndad 3Ty NIPOH3BOALYIO B JEBYIO YacTh ypaBHenus Jlamnaca,

IOJayUH M
P (a5, P (06), @ (08
x2 ‘\ Ox)'{ ayg\ax) +' azz(ax,\)
S LA N
ox? + dz2 :

CienoBarte/bHO, BCe HACTHBIC [IPDOU3BOJAHBIE TaKiKe SBJAIOTCS rap-
MOHHUECKHMH.

CylecTsyeT HeCKOJALKO (YHKIHI, KOTOpBIE JIErKO IMPOSBISIOT
cBOIO rapsonuyHoctn: 1, x, y2, x2—y? u 1/R. Kpome Toro, ecau
¢ 1y rapMoHHUecKHe PYHKUHH, TCr/la rapMOHHUECKHMHU SIBJSIOTCS
takxe Coy, ¢+ 1 C+p(, rne C — nocrosinnast. B gomoauenne K
9THM (YUKIHUAM MOTLYT ObITh HaHMEHBI MOAOOHBIE HM IyTeM pelie-
HHUSl ypaBHeHHs Jlansaca B 000 U3 ero pasHooGpasHbix ¢opm ¢
HCIIOJB30BaHHeM MeTo0B AuddepeHHHaNbHbIX YPABHEHUA B UYacT-
HBIX TPOH3BOLHBIX.

[Tockonbky Bce rapMmoHHYecKHe (DYHKIHH HEpaspbiBHLI, B IpO-
CTPAHCTBE MOTYT OBITh NPOBEAEHLI MOBEPXHOCTH PAaBHOrO MOTEHIHA-
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aa. Ecan xakaa-uubyAb JHUHHSA SIBJSIETCS KacaTeJbHOH K OMHOH H3
5THX TOBEPXHOCTE, TOTJa KOMIIOHEHT rpajdeHTa BAOJb 3TOH JIH-
HHU JOJI’)KEH PaBHATBCS HYJIO B TOUKE KacCaHHUs; BEKTOp IpajeHTa H,
CJ1eI0BATENBbHO, CKOPOCTb HOMKHBI ObITh HOPMaJjbHBl KO BCeM SKBH-
[IOTEHIHAJbHLIM MOBEPXHOCTAM. TakuM 06GpasoM, OUEBHIHO, UTO K-
BHIIOTEHIIHA/IbHbIE MTOBEPXHOCTH 00Pas3yIoT B MPOCTPAHCTBE OPTOrO-
HaJbHYIO CHCTEMY C INIOBEPXHOCTSMH TOKa, KOTOpbIE BCIOAY Kaca-
TeJbHBl K CKOPOCTH. DTO MpPEANOJAaraeT BO3MOXKHOCTb BbIBEIEHHSA
MATEMaTHUECKOTO BbIpAXKeHHA 1/ (YHKIHH TOKa B 00/aCTH, e
¢opMa NOTEHIHANbHOH (PYHKIHH MOXKeT OBITh OlpeneseHa APYyruM
nyTenm. Kak Oyner nokasano nazee, 3T0 COOTBETCTBYET AeHCTBHTE/b-
HOCTH, H MHOTHE CIIOoco0Obl U3yuenust 6e3BHXPEBOr0 IOTOKA OCHOBAHBI
Ha HCMOJIb30BAHHH QYHKLHA TOKA, YCTAHOBJEHHBIX C MOMOILBIO COOT-
BETCTBYIOIIIUX MOTEHIHAJIOB.

HHTEepEeCHO OTMETHTb, YTO B Clyuae ABYXMEPHOI'O Ge3BUXPEBOIO
a0TOKa (PYHKIMS TOKA TakKxe VIOBJIETBOPsIET ypaBHenHio Jlammiaca;
3TO JIETKO MOXHO J0XKa3aThb, COCTaBJSA H3 KOMIOHEHTOB CKOPOCTH
no ypaBHeHHsM (12) eauHCTBeHHOE BLIpaX<€HHE [JIsI ABYXMEPHOro
5e3BUXPEBOro MOTOKA:

ou 9 aq;\)'ﬂ_ a(_ﬂ)

oy oy\ay )’ ox ax' ax)’
u W oy, oy
dy ox ox? oy’

[Tocnennee paBeHCTBO HEMOCPEACTBEHHO TOBODHT O TOM, YTO
ABYXMEDHBIH TapMOHIUECKHH TMOTEHIHAJ] TakXKe BbIpakaeT (yHK-
UKIO TOKA [/151 AHAJOTHYHOIO MOTOXKA; 3T@ MbIC/Ab GyZeT usydeHa 6o-
Ace II0JIHO B CJeAYIOolLell raase.

[Topo6uoe xe ypaBueHHe MOXeET ObITb BBLIBEAEHO A (QyHKIHHK
ToKa 0e3BUXPEBOro aKCHaJIbHO CHMMETPHUHOrO Lotoxka. B cayuae,

CJIH TIOTIEPEYHBIH KOMIOHEHT CKOPOCTH DaBeH HYJI0, KHleMaTHye-
CxHMe COOTHOLUEHHSI MOTYT ObITh O0BEAHHEHEl B (dopme PYHKIHH TO-
xa Crtokca, paunofi B m. 20, caeaVIOIHM 06pasoM:

uz__l_,ﬁ).; v:O; wz__l.__ai;

r 0z r or
r(a_w_izz_)=0=g\p___l_.ﬂ 41_62_1]’ .
or 0z or? r or dz?

\

Cpaenenne cO BTODHIM ypaBHed#eM H3 cucteMbl (29) moxaseiBa-
€T, YTO B OCECHMMETDHUYHOM Ge3BHXPEBOM IOTOKE ypaBHeHue Jlamn-
Jlaca He yIOBJTBOpseTCs (yHKIMEH TOKa, pa3HHIIA HMEET OTDHUIlA-
TeJIbEBHI 3HAK Y WIEHOB ME€PBOT0 HOPSAAKA.

Kaxk yxe Opl0 ykasano B raase i, ypasuenns Disiepa gias Ges-
BUXPEBOTO NOTOKAa MOTYT OBIThL JErKo NMpOWHTErpHpoBanbl. Hanmpu-
Mep, mepsoe ypabHeine H3 cHcTesbl (23) Moxer ObThb mpeobpaso-
BAHO NyTeM BBEAEGHUA CJACAYIOIIHX ONpEIeNSIOIHX ypaBHEHHH mo-
TeHIHAJbHOH TEOpHH:
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au_aw_au_au‘au__a 6(,{7\_0/045‘
oz ox ' dy ax ' ot ot ax) ax\at)‘

Her neo6xomuMocTH pomycKaTh, uTo .i0f6as uactHasi ¢opma
ypaBHeHHH HepaprIBHOCTH HpHel\'IJ'IeI\/Ia JId 3THX ypaBHeHHﬁ, Tak
KaK IMOoTEeHIIHaJJa d) HE O6H33T€JIbHO 6y,lI€T I‘apMOHH‘JHbIM. ECJIH npea-
MOJIOZKHUTDh, UTO IMIOTEHIIHaJd MaCCOBBIX CH.I Q TakKo# XKe, KaK B Hpe,lIbI-
AylWeH riase, TOTAa NpeoOpasoBaHHOC YpaBHEHHE NPHHHMAET BH:

0 (09 . du v Jw
e ) e =2 U e W —— =
ox ( ot ) " Ox + Ox - Oox
e s R ]
Ox 2 p
C yueToM nonoOHBIX YPaBHEHHH 1Jisi JPYTHX HAlpaBJeHHH OKOH-
HYaTeJdbHOE HHTEIrDUPOBANHE IPHUBOIUT K CJACAYIOILEeMY BbIDAXKEHHIO:

op V2 dp | o _
vty [T re=ro. (30)

Ecsyr Ha XKHMAKOCTb HAKJIaJAbIBaeTcs JAOMNOJHHTEIbHOE OrpaHHue-
HHe HeCXHMaeMoCTH, ypaBHeHue (30) HECKOJbKO H3MEHSCTCH:

2
R A R 1)
ot 2 p

HMs nn. 24 # 26 BHAHO, YTO 3TO ypaBHEHHE TakXKe NPHIOAKO A%
[ABHKYyUIEHCS CHCTEMBbl KOOpAHHAT, ecid V2 3amenuts Ha V’2,

[TockosbKy CKOPOCTD B J1I060M CJyuyae 3aBHCHT TOJbKO OT MPOCT-
PAHCTBEHHOTO I'PajHeHTa ¢, B3AaHMOCBSI3b MeXKAY CKOPOCTBIO H aB-
JIEHHEM He MEHSIeTCSl, €CJIH B MOTEHUHANbHYI0 QYHKUHIO BKJAOYALTCS
NpPOU3BOJbHAs (YHKUHS BpeMeHH. ENHHCTBEHHOH BaKHOM MacCoBOH
CHJION, AEHCTBYICILEH Ha IMOTOK, OGLIYHO SBJSETCA CHJAA THKECTH,
TaK 4To =gz, r7e 3HayeHHe Z IOJOXKHTEJbHO IPH HAMNpaBJEHHH
sBepX. C 3TUMH NMOACTAHOBKAMH MAHHOE COOTHOLIEHHE MOXKET OLITh
3anucaio B ¢opMe OOIIEH3BECTHOTO VpaBHeHHs Bepuysin:

2

Vip 1 @1
2g ¥ g ot

Ecan notox ycTaHOBHBIIMIICS H THMApDOCTaTHueCKas HArpysKa He
H3MEHSETCSl CO BDEMEHeM, TOTRa NpPoH3BOJAbHAS (QYHKUHS JOJMKHA
OBITb TIOCTOSIHHOM H MOKeT GbITb BbIUHC/IEHA NIPH H3BECTHBIX BEJHYUH-
Hax V, p 1 2 B M0G0l TOYKe NaHHOH CHCTCMBl. BajXHOCTb 3TOTrO BhI-
BOJa OYEBH]HA, €CJH yUYeCcTb, UTO OH HE OrPaHHYHBAETCS TOYKaMH
Ha JIMHHH TOKa, a YCTaHaBJHBAeT OTHOIIEHHE MEXIY NABJEHHSMH
I CKOPOCTSIMH IO BBICOTE BO Bcell 06J1aCTH 6e3BHXPEBOTO [OTOKA.
[Tpocrora ypaBHeHusi (31) siBAsieTCs OAHUM H3 OCHOBHBIX 0CTO-

HHCTB HAeH O 6€3BHXPEBOM IOTOKE.
29. BaxxHeiillve TeopeMbl H ypaBHeHHS. BbICOKas eHHOCTb MO-
TEHIHAJIbHON TEOPHH 3aK/II0UaeTCsl B H30GHJIHH TEOpeM H 3aKJjioue-
HUH, BHIBEJEHHHX B Pa3JIHUHbIX 06JacTaAX Ha ee ocHOBe. MHorHe u3
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HUX ABJSIOTCS IPOH3BOAHBIMH OT Teopembl ['aycca, KoTopasi 6blia
npejcTaBieHa B 1. 18 B CBA3M C ypaBHeHHeM Hepa3pbIBHOCTH. [lo-
CKOJBbKY 3Ta TeopeMa MOXKeT ObITb HCIIOMb30BaHa AJs1 BLIBOAA I1EJ0-
ro psia B BbICUICH CTENEHH IGCJL3HBIX COOTHOIIEHHH, OHA NPHBOAHT-
Csl M 3]1eCh:

oP oQ OR . Ox oy 02\
Voo E)dwx_sj(pan +Q 3+ R2)dS. (32)

Cnenyer HanmOMHHTb, YTO €IHHCTBEHHBIMH OTPAHHYCHHSIMH, Ha-
naraeMeIMH Ha QyHKuuH P, Q u R, gBJSieTCsi TO, 4TO OHM M MX IIpO-
CTPAHCTBCHHBIE NPOH3BOAHBIC AO/IKHBI ObITb HepaspbiBHBl BO BCEM
oobeme W. Tpu QyHKIHH, KOTOpBIE YAOBIETBOPSIOT 3THM TpeGORa-
HISAIM M KOTOPble NPUBOAST K BaKHbIM COOTHOLUEHHSIM, MOTYT OBbITb
Onpeaesensl CJeayIOIMUM 06pa3oM:

0 d 0
P=¢ T Q=g R=gp2L.

Wx ITPOU3BOAHLIC, KOTOPbIE TaKXKe HOJKHbI OBbITh HEPA3pLIBHLI,
COCTaBJIAIOT:

OP _ 5P 0 0Y 0Q _
ox 966x2+ ox ox ' dy gbayz
9b o OR _ 0% , o 0y
dy oy ' oz gbazz_}_az 0z

ITpu coorsercTBylOUHUX NOACTaHOBKAaX B ypaBHenue (32) Ha 3Ty
TEOPEMY YaCTO CChLIAIOTCS KaK Ha NepBOe TOXKAECTBO I'puHa:

s b 0y L 06 b | ob O\
wgﬁvde/—{—S’(ax-ax—)—ay 6y+62 az)dW

14

~ j & —g% ds. (33)
S

CuMBOA  Y? 3/16Ch HMEET TO )K€ 3HAYEHHe, YTO H B yPaBHEHHH
(29), a HOpmaJsIbHAs TIpOM3BOAHAS oy/0n cocrasasieT, KOHEUHO,

ob _ oy o0 oy L 0w oe

Ox
= .= 4 . .
on ox on oy on 0z on

Ecau nomensaTh MecraMu QYHKUHH ¢) W ) M NOJYYHBIIeeCs Bbi-

paxenHe BblUeCTb U3 ypaBHeHHs (33), HafiaeM pe3y./bTaT, KOTOPHIil
H3BECTEH KAK BTOPOE TOXKJAECTBO ['puHA;

Joveaw— [ovgaw = [ (52— % )as. @
W 1’4 S
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Hakonew, ecimi ¢ u 1 orpanuyeHsl XKak rapmMoHHuecKHe (YHK-
MK, pe3yJabTaToM OyAeT TpeTbe COOTHOIIEHHE, M3BECTHOE [OJ Ha-
3paHHeM o6paTHOH Teopemnbl ['puHa:

M 4 (08
5¢37d5_§¢ . dS. (35)
S

ITpumep cnocofa HCIONb30BAHMSA 3THX YPaBHEHHH HAXOMHM NPH
pacCMOTPEHHH KHHETHUYeCKOll 3HepruH K HeC)KHMaeMoll KHAKOCTH,
ABHXYIIEHCS MOTeHIHa bHO B 061acTH o6bemMa W M noBepxuocTn S:

B A
K = i dw.

2

Ecan npeanonoxutb, 4To GYHKUMH () ¥ 1p MAEHTHUHE M pPaBHLI
MOTEHUHATy CKOPOCTH, TOTAA IePBHII HHTerpast ypaBHenus (33)
CBOIMTCSI K HYJIO, TaK KakK () rapMOHHUECKAs] (GYHKIMS, HHTETPHPO-
BaHHe BTOPOTO MHTerpasa AaeT KBaapaT CKOPOCTH V, a B pesy.abTa-
Te NoJyuaeM BbIpaKeHue, H3BECTHOE KaK TeOopeMa 3HEepTHH:

=P (598
K==+ j ¢ 22 as. (36)

OTo ypaBHeHHe NPUMEHSETCS TOMLKO K OZHO3HAYHBIM MOTEHIH-
anam. IlepneHpuKyasipHOE paccTOsSiHHe 7 H3MepsieTCs B HapyKHOM
HanpaBJ/JICHHUH.

Ecnu pacemaTpuBaemasi JKHAKOCTb JIEKHT 3a [OBEPXHOCTbIO S,
NOTEHIHAJ €e paBeH HYJI0 B GEeCKOHEUHOCTH, a CKOPOCTb HCUe3aeT
B GECKOHEUHOCTH 1O KpafiHell Mepe ¢ GHICTPOTOH, 06paTHO npomnop-
UHOHAJIBHON KBajpaTy PAacCTOSIHHSA, TOTAa KHHETHUCCKAS 3HEPTHS
3TOH MMIKOCTH MOXKeT OHTb HafiieHa IyTeM NONYIIEHHS, Y4TO Ha
HEKOTOPOM PaCCTOSIHHH OT NMOBEPXHOCTH S cyliecTByeT 64ablnast mo-
BEPXHOCTh X, Te CKOPOCTh NpeHeGpexuMo Mana. O6beM, K KOTo-
pOMy NPHMEHHMO ypaBHeHHe (33), JEeKHT MEXKAY MOBEPXHOCTSIMH
S u %, a nepnenanKy.sp, BAoJb KOTOPOTo H3MepsieTcsl paccTosHue,
KaK OOBIYHO HampaBJeH Hapyky OT o6beMa HJH BHYTpPb o6JiacTH,
OTpaHHUeHHO! INOBepXHOCTBIO S. TakuMm o06pa3oM, KHHETHUECKAs
SHEPTHST XHIKOCTH, Jexallled 3a IOBEPXHOCTbIO S, mpeacTaBiaeHa
TaKkxe ypaBHenueM (36). Ecam mosokuTeNbHOE 3HAYCHHE IepleH-
AHKyJApa BbIGPAaHO NPH HANPaBACHHH €ro HapyXy OT MOBEPXHOCTH
S, HEOGXOINMO H3MEHHTb 3HAK BLIPAKEHUS A5 K BypaBuenuu (36).

C noMOIIBbIO TEOpeMbl 3HEPTHH MOKET GbITh 10KA3aHO HECKOJb-
KO JIOTOJHHTE/IBHBIX COOTHOLUEHHI, U3BECTHBIX 0] HA3BAHHEM YHH-
KaJabHBIX TeopeM. C/IeAyeT uMeTb B BHAY, UTO 3TH TEOPEMEI, TaK Ko
KaK M TCOpEMa SHEPTHH, HA KOTODO# OHH OCHOBAHBI, IPHMEHSIOTCS
TOJBKO B CJIyYasiX, KOrAa NMOTEHUNAJ] CKOPOCTH OJXHOBPEMEHHO rap-
MOHHYEH M ONHO3HauYeH. DTO MCKIIOYAeT, HANPHMEp, BUXPEBHIE CH-
CTEMLI, pACCMOTpEHHbIC B CJefylolleM pasaene. [IpuBenem psia yHH-
KaJbHBIX TEOPEM.
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1. Be3aBUXPEBO€e IBHKEHHE HEBO3MOXKHO B OJHOCBSI3HOA 00.J1aCTH,
orpalHuCHHON HEMOJBHKHBIMH CTeHKaMH. /[J0Ka3aTeAbcT80: BO BCeX
rToukax Ha rpanuiie d¢p/on=0, cienoBaTeJbHO, KHHETHYECKAs IHEp-
ris] paBHA HYJIO HJIH CHCTEMa HAXOAMTCs B IOKOE.

2. Ecau rpaHuibsl XapakTepU3yIoTcsl 3aaHHBIMH CKODOCTAMH, TO
Ge3BHXPEBOE IBHIKEHHE BHYTPH HHX HMEET €AMHCTBEHHO BO3MOKHYIO
dopmy. Joxasareavcrso: eciu 1Ba NMOTEHUHaNa ¢y U ¢h2 OTHOCATCA
K NaHHOMY TOJI0, TOTAA HX pasHOCTb rapMoHuusa. OJHAKO B Kax-
[0fl TOuKe Ha rpaHuue O¢/on=0g,y/on. B TakoM cayuae

Ofy __ 0by _ 0(hi—d) _
on on on

T. €. pa3HHIla MeXAy ¢, H ¢h2 COCTABJSACT INOCTOSHHYIO BETHUHHY
JloGaBJsieHHE MOCTOSIHHON K MOTEHLHaJy He H3MEHSeT I'DajHeHTOB,
T4K UTO () U (P TMPEACTABJAIOT OLHO H TO JK€ MOJIe CKOPOCTH.

3. De3BHxpeBoe [BH)KEHHE HEBO3MOXKHO B XKHAKOCTH, IJ€ CKO-
pOCTb Hcue3aeT B OGECKOHEUHOCTH 1O KpafiHell Mepe ¢ OBICTPOTOH,
00paTHO MPONMOPLHOHAJbHOA KBaJpaTy pacCTOSHHSA, €CJH BHYTPEH-
HHMe TpaHHLbl HAaXOAATCH B COCTOSIHHH MOKos. [[0ka3areAiscrso mo
CYIIECTBY TO K€, YTO H JJsl TEOpeMH «l», 32 HCK/IIOUEHHEM TOro,
UTO 3/1eCb PACCMATPHBAETCS HAPYXKHBIE cJayyaf.

4, Ecau XUIKOCTb HAXOIHTCSI B COCTOSIHHH NMOKOA B GecKoHed-
HOCTH, TOTAA OE3BHXPEBOE JBHIKEHHE, BBI3BAHHOE 3aJaHHBIM [BH-
JKXeHHeM BHYyTDeHHeH TrpaHHullbl, eIHHCTBEeHHO. [0Ka3areascrso ocy-
IeCTBJAACTCH OOBEAHHEHHEM TEOPEM «2» H «3».

5. EcaM XKHUIKOCTb ABHXKETCH B GECKOHEYHOCTH C paBHOMEDHOH
CKODOCTbIO, TOrfa Oe3BHXPEBOE JBHKEHHE, BBI3BAHHOE 3aJaHHBIM
JBHKEHHeM BHYTPEHHEeH TIpaHHIbl, €IUHCTBeHHO. /[0Ka3areasvcTso:
NycTb JaHHaf CHCTEMa IBHIKETCS CO CKOPOCTbIO, PaBHOA CKOPOCTH
KHAKOCTH B 6€CKOHEUHOCTH. TO, KOHEYHO, He OKa3blBaeT HUKAKOT0
B/JIMSIHHSL Ha JBHXKEHHE XKHAKOCTH. Ha ocnoBanUM 3TOH CHCTEMBI MO-
nAyyaeM caydafl «4y,

B KkauecTBe BTOPOro MpPWJIOKEHHS TeopeMbl [pHHA ypaBHeHHe
(35) mpHMeHsSEeTCS K Hapy:XHOH 30He MPOCTOH 3aMKHYTOH MOBEpX-
HOCTH S W MmaJgoil chepnl S’ 0Koa0 TOUKM P, PaCIONOKEHHOH BHE
nosepxHoctd S, ¢ QyHKIUHEH ¢h, KOTOpasi sIBJsIETCS rapMOHHYECKOH,
HCYe3aoulel ¢ 1oCTaTOYHOH ObICTPOTON B GECKOHEUHOCTH, H ¢ (YHK-
nueit Pp=1/R, rne R— paccrosinne ot P. Torza

19 )45+ [0 5 (7)4 =

:S‘_l_.fidS—s—(L.a_‘ﬁdS’,
J R on :S’R on

rJe MOJIOKHTENbHOE 3HAUEHHE MepHeHAHKYJspa COOTBETCTBYET Ha-
NpaBJeHHI0O BHYTPb 30HB, orpanuuenHoil S u S’. Tak kak nauHbIf
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map oueHb Majg U ¢ u O¢p/OR HenpepLlBHEI B TOYKe P, BTOPOI U MO~
CleAHMH HHTErpajibl MOTYT OBITh 2alUCaHBI CJAEIYIOIIHM 006pasoM:

@ 2 5~W’ dS' = dw b (P);
Joulz) J

gj_}e_.%[-’-dS’x—— ( j’dS’— 4nR(R)

[Tockosnbky R npubamxKaercs K HysI0, NOCAeHHE HHTerpas, cJje-
JIOBATEJNbHO, HCUE3AeT U TOTAA MOJIydaeM

4n¢(p):§[713_ ———gjan( ﬂds 37)

T. €. BHIpaxkeHHe AJs ¢ B J06OH Touxke P, mpeiacTaBaeHHOE uepes
BeJHUYHHH ¢ U O¢p/On Ha nanHoi moBepxsHocTH. B 1. 31 Gyner pac-
CMOTpeHa HWHasi HHTEepIpeTaldsi 3TOro pesyabTaTa, NOACKa3aHHAs
dopmoil TOABIHTETPANbHOTO BHIpAXKEHHS, 3aKAI0UAIOIIAACA B TOM,
YTO MpPOH3BOJNbHAS rapMoHHUecKass QYHKIHS MOXKET GbITb BEIparKe-
Ha B (OopMe TOBEPXHOCTHOrO pacnpejeseHHs HCTOUHHKOB Hamps-
kenuem M”=0¢/0n u ux nUNOJeH C OCAMH, TEePNeHAHKYJIAPHBIMH
NAHHON TOBEPXHOCTH, HanpsxeHnem A”=d.

Ecay 4, v ¥ @ -— KOMIOHEHTH CKOPOCTH B 30HE (GE€3BHXPEBOro
[OTOKA HECKHMAaeMOH MHUIKOCTH, a S -— NOBEPXHOCTb, OKPY¥Kaio-
I1asi TapMOHHYHYIO 06JaCTh, TOTAA, TOCKOJbKY 00BEM NOTOKA KHJ-
KOCTH, TPOXONsAlleH yepe3 NaHHYI HOBEPXHOCTb, PaBeH HYJI0, MO-
Jyyaem:

é‘( +v—»—+w~——)d5~

_((26  or _0p oy | ob b o
—i(ax on + dy on + 0z 0n)d$ S‘ ds =0.

DTO COOTHOIIEHHE NPHUBOLUT K TeOpeMe CPelHEero 3HaueHHusd, KO-
Topasi MOxkeT ObIThb chopMyJupOBaHa CJAeAYyOWUM obpa3oM: cpel-
Hee 3HaueHWE MOTEHLHAJa Haj TOBEPXHOCTLIO IIapa, OKpyxKarolleH
rapMOHHUYecKyl0 00/acTh, PaBHO 3HAUYECHHIO MOTEHLHAJIA B ILICHTpE
3TOTO wWapa.

Hns nokasartenbcTBa 3anuineM OOGBIYHOE OMNpefeseHHe CpefHe-
apu(pMeTHYECKOH BETHUHHBI B (popMe

éﬁcp =

E $dS.

4n R2
S

[TockosibKy TOBEPXHOCTbL MMeeT 1apoobpasHyio ¢opmy, 3/1eMeHT
dS pasen R2d®, tne R — panuyc wapa, a d@—TenecHbll yroJ,

76



cTsiriBaeMblil nyroit dS. M3 TOJAbKO UTO BBIBEAEHHOIO YpaBHEHHS
MOJYUUM
0= 45— 0_¢R2d®=Rzijgﬁd®.
on OR OR
Orciona | ¢d®=const u, ci1en0BaTeIbHO,
1

— = 1 (4o — L =
B = g | 995 = s | RO = 1z ) #4© = const.

B nanHOM caydae pajuyc 1mapa MOXeT yMeHbLIaTbCs HeOrpaHH-
yeHHO, T0Ka CpeqHee 3HaueHHe NOTeHlIHaJ/ja CTaHeT paBHBIM €ro
3HAUEHHIO B IEHTpE. DTa TeopeMa IMOJBOAHUT K HECKOJbKHM Bbl3O-
J1aM, KOTOPbIE UacCTO HCIOJb3YIOTCS NPH peIleHHH 3ajnay Oe3BHXpe-
BOTO IIOTOKA:

a) MOTEHIHAJ HE MOXET HMeTb MaKCUMyMa HJIH MHHMMyMa BHY-
TPU rapmMoHHYeckKoll obgacTu. JloKasaTeJbCTBO OCHOBLIBAETCS Ha
ToM ¢akTe, YTO MAKCHMYM HJIH MHHHMYM [PEACTaBJsET BEJAHUHHY
HHYIO, YeM CPEIHSIS IO BCEMY IIADPY C IEHTPOM B 3TOH TOUKE;

6) MaKCHMaJbHas BeJHUHHA CKOPOCTH AOJKHA OBITb y CPaHH-
I[bl; OTCIOJA, 1O ypaBHEHHIO DepHy/aH, MHHHMYM [JaBJICHHA 10J-
JKEH TaKxKe CyllecTBOBaTb y rpanuubl. Caeayer 3aMeTHTb, 0AHAKO,
YTO MHHHMYM CKODOCTH MOXKET HAaxOJHTbCs BHYTDH TapMOHHYHOH
30HBI, IOCKOJBKY OHA paBHa HYJIIO B TOYKE 3acTOsl, Kak, HalpHuMep,
B TOUKE, DaCMOJOXKCHHOII Ha paBHOM pacCTOSIHHH MEXIYy ABYMS
OJMHAaKOBBIMH HcTouHHKamMu (cm. m. 31). aa nokasatenbcTBa Ge-
peM ocb X B HANpPaBJEHHH MpPEANONaraeMoro MakCHMyMa CKOPOCTH
U TpPHMEHSIEM BBIBOJ «a» K IOTEHIHAJbHOH (yHKIHH J¢h/dx.

30. Knaccudukauua sapay GesBHXpeBOre TeyeHHs. XpPOHOJO-
THUeCKH NepBOH IpaHMYHAOHN 3ajauell NMOTEHIHAJbHOI TeopuH Oblaa
npobfaeMa BbLIYHC/EHHS] FaDMOHHYECKOrO IIOTeHIHaJga BO BCEH 30HE
IpU 33JlaHHBIX BeJIHUMHAX MOTEHIHAJa Ha rpaHune. JokaszaTeabcTBo
CYLICCTBOBAHHUSI TaKOTO MOTEHIHAJ/Ja W BbIpaxkeHHe €ro /5 AaHHBIX
yCaoBHEA H3BeCTHBI Kak mpobaema Jlupuxsae. [Ipumepsl aTomy obire-
H3BECTHBl B 3JEKTPOCTATHKE, [Jle HaPYXKHOE MOoJe OTLICKMBAETCs IO
NOTEHIHA/y Ha MOBEPXHOCTH MPOBOAHUKA. B MOTOKE KHAKOCTH IPH-
MEpOM fIBJISIETCS YCTAHOBJEHHE NOTEHLHAJIa, COOTBETCTBYIOILETO OfH-
peleNeHHHM CBOGOAHBIM JHHHAM TokKa. Tak Kak, cormacio m. 28,
GYHKLHS TOKA AU ABYXMEPHOTO TEUYeHHS YIOBJETBODPSIET BCEM Tpe-
GopaHMAM IMOTCHIHAJA, JHHHA TOKA MOXET PacCMATPUBATBHCS IJIsI
AHAJIHTHYECKUX LeJeH KaK JUHHUA NOTEHIHaja, H, CJIeJ0BaTENbHO,
11000l ABYXMEpHBIH MOTOK C 3aJaHHBIMH TpaHUIAMH MOXKET pac-
CMaTpHUBaTbCA Kak npodaema Jlupuxie.

Bropo#i rpannuHoil 3ajauefl MOTEHUUAJbHO TEOPHH Gbljaa MpPO-
6ieMa BBIYMCJAEHHS MOTEHIHA]a, HOPMaJjibHble NPOM3BOJAHBIE KOTO-
poro paBHBI 3aJ]aHHLIM 3HAYEHHUAM IO Bcell rpanuie. OHa U3BecTHA
Kak npoGiema Hefimana; mOTOK BOKPYT TBEpABIX TeJ YacCTO NPHBO-
AUT K 3TOMY THIY TPDAHHYHBIX yCJOBHH, pACCMOTPEHHHX B 1. 26.

Bosee o6mas mpo6/iema 3a1aHHOrO MOTEHNHAJSA 10 YACTH Tesla
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¢ 3a[JaHHOTO0 HOPMAJIbHOTO IPajiHeHTa HO OCTasNbHOH rpaHHIE BCTpe-
YaeTcs B JHHEAPU30BAHHOH TEOPHH KABHTAIHH CKOJB3SIUHX NOBEPX-
HOCTeH THUApOIJIAHA, AJSI KOTOPbIX KaK TBEpAOe Teso, TaK H cBOGOA-
Hasg JIOBEPXHOCTb TOKa CYLIECTBYIOT B ONHOH CHCTeMe.

B uerBepTOfi rpynme 3anay rpaHHUHBIE YCJOBHSI NPEACTAIOT B
opmMe siHEAHBIX OTHOWIECHHHA MexXnay ¢ ¥ O0@/On. TuIHUHBIM NIpUMe-
pPOM HUX SIBJSIIOTCS TPaBHTALlHOHHble BOJHB. B KauecTBe HepBOro
fIpUGIHKEHUST MOXKHO AONYCTHTh, YTO CBOOOAHAA NOBEPXHOCTh Ha-
KOIUTCH B NMPOCTOM TFapMOHHYHOM JABHIKEHHH ¢ IMEePHOAOM 21/w; KaK
fl0Ka3aHo B . 34, TPaHHYHOE YCJOBUE IIPH 3TOM COCTaBJfAET 0’(h=
=g0¢/dy, 4To MOJYUHNO HaszBaHHe 3anaud Kouiu.

Ilpumep 7. Onpenenuts, sBAsileTcst M Oe3BHXPEBOH CHCTeMa, ONUCaHHAS
caeayIomel (pyHKUHeR TOKA:

\]J:Ua"’( —cost‘}).

Ecau na, To Hafity moTeHWHasl CKOPOCTH, ONPENENHThH MOJOMKEHHE 3aCTORHOH TOU-
KH, ec/M OHAa CYUIECTBYET, H BLIMHMCJIHTb BeJHUYMHY 3aCTOHHOrO AaB/€HHA B €IHHH-
€ax NJIOTHOCTH >XHIAKOCTH. JlOMyCTHTb, YTO CHJIaMH IPHTSIXKEHHSI MOXHO INpeHe-
6peub M YTO JaBJieHHE CTPEMHTCH K HYMIO NpH GOJbLIMX BejHuHHax R.

Ecan nmortesummasn cyuiecTByeT, To OH MOXeT ObITb HaiiAed NYTeM HHTETDHPO-
BAHUSA BbPaXKEeHHH 1/151 KOMAOHEHTOB CKOPOCTH:

R2sin? ¢
o

SR SN SR 2

R " Risin® 09’
L/ 2 S, 2
TR 00 " Rsin® OR

TTocne 3aMeHBl COOTBETCTBYIOUIHX [POKSBO/IHBLIX [OJYYAKTCSA CaeAyiomue pe-
3YAbTaTH:
a

a?’ Ua® .
ﬁz.—j\U(QCOS 8+FlidR+f(ﬂ)=2URcosﬁ‘-—~——R——f—f(ﬁ)r

&= j —2UR sin ®d® + f (R) = 2UR cos & + f (R).

Kaxpas u3 npoussosbHEX (DYHKUKE S&8BHCHT OT OJHOTO TEpPEMEHHCTO:

Uag?

f(R)=f(‘9)~——R~;

Ua?

f(8)=0.

Torna noTeHnHak COCTaBARET
aﬂ
¢ =UR (2(:0515——).
RZ
IToacranoBka 3TOH ¢(YHKUMM B ypapHenmne Jlamnaca B cepHYeCKUX KOODAH-
HaTax MNoKaspiBaeT, 4TO OHA MpeNCTaB/seT Oe3BUXPEBYI0 CHCTEMY.
Ina onpenesnendsi MONOMKEHAS 3aCTOHHOM TOYKH KakKIbli KOMIIOHEHT cKopo-

CTH HY2KHOQ IPHPABHATL HYJIIO!

2
u="U (2 cos® + ::T) =0; v=-—2U sin ¥=0.
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EHHCTBEHHHM peasbHbIM pellleHHeM 53THX ypaBHeHHH 6yner:
a

Ve

MaxkcHManpHOe [aBJjieHHe MOXKeT OLITh BBHIUHC/IEHO M3 YpaBHeHHst Depuymau
s YCTAHOBHBILEroCsl JBHXXEHHs, Ha KOTOPOe He HefiCTBYeT CHJIAa THIKECTH:
/&3 P atcos ¢ a’
—— 3+ —=C, V2=u2+v2=4U2(1+——;—— —I—Uz—[ .
2 p R R
Korga R Be/uko, pesyJ/bTHpYIOLlasi cKOpOcTh paBHa 2U u 3acToiiHoe gaBJe-
HHe COCTaBJsET

% =mn; R=

2
LIPS
=5 = 2pU*.

B. TunuyHble BHABI T€YeHUH

31. OcHoBHble QYHKUMH MOTEHUHANa W Toka. Jlas Jyu-
IIero NPEeACTaBJIEHHS OTHOLIGHHS MEXAY HoJeM IIOTOKa H ypaBHe-
HUSAMH ero CI)YHKHI/Iﬁ MNOTECHLHAJla H TOKa HCCACAYEM HECKOJbKO HaH-
foJiee pacnpoCTPaHEHHBIX OCHOBHBIX (POpPM, HCIIONb3YEMBIX Ha Mpak-
THKE B pas3JjHUYHBIX COUCTAHHUHAX A4 06pHSOBaHHH 6oJiee CJOKHBIX
CHCTEM.

Pasnomeproii norox. CaMblM IPOCTHIM NIOTOKOM SIBJSETCS DaB-
HOMeprII'/’I; eCJaHu l, m | n NPEACTaBJASAIT HaNpapJAKMIIHe KOCHHYCBbI
J1060H TpPAMON JIMHMH B NPOCTPAHCTBe, TOTJa ypaBHEHHE B neKap-
TOBOH CHCTeMe KoopArHAaT [Jisi pPaBHOMEDHOro IIOTOKa CO CKOpO-
ctbio U B HanpaBJiCHHU 53TOH JIHHUH UMeEeT BHUJ

6 = U (Ix + my + nz). (38)

Korna paBHOMEpHBIHi TNOTOK BXOAHT B CHCTEMY, MJIsI KOTOPOH
NpPEenNnoUTHTEbHEE HHUIMHADHUECKHE HJIH ChepHUecKHe KOOPIHHATHI,
HanboJee y106HO OPHEHTHPOBATb OCH TaK, YTOOBI NMOTOK JBHIaJCsA
B HaNpaBJieHUH OCH Z UJIM HyJNeBoOl OCH. Y paBHeHHUs AT QyHKUHIT TTO-
TEHLHAJa U TOKA B UHJAXHIPHUECKOH U cepHUECKOH cHCTeMax KOop-
DHHAT COOTBETCTBEHHO UMEIOT BH:

¢ = Uz ¢=~;—Ur2;

(39)
¢ = URcos®; = — UR?sin® 9.

XoTS OCHOBHBIE COOTHOUIEHHS TEOPHH 663BHXp€BOI‘O IIoTOXKa mnpu-
MEHHUMBI TOJbKO K 06J1acTaIM C FapMOHUYECKHM IIOTEHIIHaJOM, He-
CKOJbKO HauboJjee HHTEDECHbIX npmomeﬂuﬁ HX OCHOBAHO Ha MNDH-
CYTCTBHH B NIOTOKE HEKOTODBIX OTIEMbHbIX TOUEK, JUHNHA HIH TIoBEpX-
HOCTEeH, B KOTOPBIX IMOTCHUMAJ HJY BO3MOXXHO I'DAaUEHT HUMeEeT bec-
KOHEeYHbIe HUJIH NPEephIBHCTbIE 3HAYEHUS. CDyHKL[PIH MNOTEHIHaJga H TO-
Ka gas HauboJsee PacnpoCTpaHEHHDIX IoJIedl TOTOKA, BKJIOUYAIOMIHX
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ocobble TOUKH, JOJIKHBI GbITh HU3yUEHBI TAK, YTOGEl MX MOXKHO GOBLJIO
JIETKO Y3HATh.
Hcrounuk uaru crok. TloTeHnuad

{ﬁ = —M/R (40)

NpeacTaBJsIeT NOTOK CJAeNyIoUlero XapakKTepa B HaudaJjde TOUYeYyHOro
HCTOUYHHKA XXHIKOCTH:

OR R?sin® 99 R2
b= | Msin9do = — Mcos . (41)

CKopocTb BO BCeX TOUKaxX HalpaB/ieHa pajauajgbHO HAapyXKy OT
Haya/bHOM TOYKH, a BeJHYHHA ee B JI0GOH Touke 06paTHO NpONOp-
p ~ UHOHAJbHA KBAJpaTy pajHalbHOIO

pacCTOSIHUSI [0 HAYaJbHON TOUKH.
JIMHUM TOKa B paccMaTpHBAEMOM
caydyae MpeaCTaB/IsAIOTCS CeMeHcT-
BOM pajHa/lbHBIX JAuHUi. QueBHz-
HO, 4TO R TNOCTOSIHHA, €CJH IIOCTO-
SAHHA ¢, TaK UYTO SKBHUIIOTEHIHAJb-
Hble TOBEPXHOCTH 00pasyioT KoH-
[EeHTPHUeCKHe chepsl ¢ IEHTPOM B
TOUKe BO36YXKIEHUS] HCTOUHHKA.
Ilpn namenennu 3Haka ¢ (¢p=
=M/R) morox HanpaBJsieTcsi panu-
aJlbHO BHYTDPb H HMeEeT XapakTep
croka. B Tom u apyrom ciayuae mo-
cTosiHHasi M HasblBaeTcsl Hampsixke-
Puc. 22 Morenmuan, costanssi HHeM CTOKa WJIM HCTOUHHKA: pac-
TOYEUHLIMH HMCTOYHHKOM H CTO- X0l uepes JIOGYI0  3aMKHYTYIO
KOM OIMHAKOBOTO HaNpsIiKeHHS NIOBEPXHOCTDb, OKPYXKAIIYI TOUKY
BO30YXK/IECHHS, cOCTaBasieT Q=
=4nM. 3To wMoxer OHITb NOJ-
TBEPIKACHO BBIYHCICHHEM pPacXola uYepes NMOBEPXHOCTb LIapa eiu-
HHYHOTrO pajnyca ¢ IEHTPOM B TOUKe BO3OyxueHus. OueBuaHO, pH
STOM DAaCXON€ KHAKOCTh [OJKHA HCUE3aThb B TOUKE BO3GYKICHHS
B C/lyua€ CTOKa WJIH BO3HHKATb B 3TOil TOUKE B c/yuyae HCTOUHHKA.
970 TpeboBaHHe, KOHCUHO, HAPYIMAET MPHHIHI HEepa3pBIBHOCTH H
HJIJIOCTPUDPYET HECOCTOATENbHOCTh MHOTHX COOTHOLIEHHH B OCOGBIX
Toukax. To, UTo TOUKa BO3OYXKIEHHS OTHOCHTCS K OCOGBIM TOUKAM,
MOXKHO YBHAETb U3 JIAHHOTO paHee ONpENeNEHHS, NMOCKOJLKY ¢ u
BCe ee NMPOU3BOJHble GecKOHeuHb npu R =0.

Ecnu BHYTpH 3aMKHYTOIl MOBEpPXHOCTH S COXEPIKHTCT HECKOIBKO
HCTOUHHKOB H CTOKOB Hampsikenuem My, Ms, ... M,, Torna cioxe-
HH€ PAcXOJ0B H3 Ka)KAO0r0 HCTOYHHKA faeT
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or | 0y o %\ o (00 |
Su3;+waﬁw%mVS~§md&%m%Mb (42)
J -

PesysibTaT, MOKa3bIBAIOU[HH, YTO MOTOK XKHIKOCTH yYepe3 3aMK-
HYTYIO MOBEPXHOCTb NPONOPIHOHANEH O0WIeMy HANPSKEHHIO HCTOY-
HHKOB, COIEpPKaIlMXCsl BHYTPH Hee, H3BECTEH Kak TeopeMa ['aycca.

Junoas. Ecin HCTOYHHK M CTOK OAMHAKOBOTO HANPSDKEHHS IIO-
MeIllleHbl B HEHApyIlaeMyl0 HHBLIM cIoCo00M XHAKOCTh OECKOHEUHOH
IPOTSI’KEHHOCTH, TOrJa BeCh PacXoi U3 UCTOUHHKA AOJIKEH CO Bpe-
MeHeM BO3BPATHThCS B CTOK. Eciu paccrosinie e MeXAy HHMH
yMEeHbINATh H B TO K€ BPeMs COOTBETCTBEHHO YBEJIHYHBATH HX Ha-
npsixenne M (Me=const=A), Torna B npenese npu e=0 noayunm
AMNOJAb WJIH Tapy. 3aMeTHB, YTO NOTeHHMaNbl (YyHKUHH ToKa s
CHCTEMbI HECKOJIbKHX MOTOKOB IOJYYalOTCs NMPOCTBIM CJOXKEHUEM CO-
OTBETCTBYIOUIMX BEJHYHH KOMIIOHEHTOB IIOTOKOB, MOXKHO 3alHcaTb
noTeHImal B Jo60i Touke P (puc. 22) kak

gﬁ:——M(L—-L)z——M(&:I—QI->z—-MECOSﬁ _ A cos® .
Ry R, \  RiRs RiR> RiR,
Korma e mocturaer Hy.sl, Toraa
A
@ =— 3 cos 0. )

CootBercTByomas GyHKIHA TOKA MOXKET ObITh BbIBeleHa OO0bIu-
HBIM ITyTEM:

° — 1 oy 9 _ 2Acos ¥
R2sin® 00 AR R
Torna
= - sin® 4 [ (R),

rae f(R) — npousBosbHad (yHKUHUS, TaK KaK R SBJAAETCS NOCTOSH-
Holl uHTerpupoBanus. Ho
1 5} 1 5} .
i:_,izianﬁ’

V= — ——— .
Rsin® OR R 0 R3

b 0 A g _ A
Rsin® 4R [R sin ﬁ+f(R)]_ R sin %,

uto npH ynpomenun paet df/dR=0 u f(R) =const. Tak Kak no6as-
Ka TOCTOSIHHOM HecyllecTBeHHA, Noyyaem

w:%wﬁﬁ. 44)

B 3Tux ypasHeHHsiX A — Hanpsi:keHHe AMNOJs, R —— paccTosiHHe
OT AUNOJA 10 J1060f TOUKH M & — yros MexAy JUHHEH, COeTHHSIO-
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el AunoJb ¢ HJaHHOH TOUKOH, W JIMHHEH HanpaBJieHHs OT CTOKa K
HCTOUHHKY. Eciu HanpaB/siomye KOCHHYCH NOC/AeqHEH JHHHH [, m
U n, Torga

Ix 4+ my -+ nz
R
H IIoTeHUIHaJa AJasga AHIIOoJNA COCTaBJIAET

A
$=—— (x+my+nz).

cos¥ =

P=const

P=const

Puc. 23. ITone ocecuMMETPUYHOTO JHIOMAA

HHTePECHO 3aMeTHTb, UTO IOTEeHUHAJ AJAA JUIOJSA MOKeT ObITh
BbBIBEJIEH M3 OTpHHaTeJIbHOﬁ HpOHSBOI{HOIjI noreHuuaJsa auasda HUCToU-
HHKa:

@ —_M___ M
OR (e
— 0gpy 0ghy 01\ Me
¢2-~—e(la—+m-a? +n?>———ﬁ(1x+my+n2).

Tak kak Me=A, TO 0UeBHUAHO, UTO QYHKUMUA (P HACHTHUHA TOTEH-
[Hay, y»e BBIBEIEHHOMY IJIS IUMOJS. DTH ONCPAllHH YMHOXKEHHS
H4 NOCTOSIHHBblE BEJTHUHHBI YAaCTHOTO jaH(pdEepeHIUpPOBRaHHUA OTHOCH-
TeJbHO JICKAPTOBBIX KOODIWHAT H CJIGIKEHHMS NPOM3BOJATCH, KOHeY-
HO, B COOTBETCTBHH C NONYCTHMBIMH ONEPAUUSMH HAX rapMOHMYe-
CKHMH NOTEHIIMAJaMH, yCTAaHOBJAEHHBIMH B 1. 28.
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Buxpo. Eciu B IUIHHEPUUIECKUX KOOPAHHATAX

¢ = kO, (45)
Torga KOMIIOHEHTH CKOPOCTH B n0060H Touke
u:.?é-zo; :——l—.-aj—-::—k—-'
or r 00 r
w=22 —0¢
dz

We-klnr

’

1%
@=Tx » i ¢=0

Puc. 24. Ilose auHeHHOrO BUXPA

BHI3LIBAIOT HAuasJ0 BHXPS. YpaBHEHMe s (QYHKIHH TOKAa MONKET
OBITh HAHKEHO HHTETPHDOBAHHEM:

Uz_k_z__a‘ﬂ;wz_‘g_k_dr:_.klnr, (46)
r or r

Xapakrep NMHH{ TOKA M SKBHNOTeHLHAJell MOKasaH Ha puc, 24.
HOCKOJIbe KaK pajguaJbHbi€, TAaK H OCEBBLIE KOMIIOHEHTBI CKOpOCTI/I
pPaBHbI HYyJ110, JIMHUN TOKa AO0JKHbI OBbITb KOHHeHTpI/I‘{eCKHMI/I OKpYyXK-
HOCTSIMH, MpHUYEM CKOPOCTb HA Ka)Io#l OKPYMKHOCTH IOCTOSIHHA.
Kpome Toro, Tak Kak CKOpOCTb 0GpaTHO NPONOPLHOHAMbHA paiHy-
CY OKDPYXKHOCTH, WMPKYASHEsi | OJMHAKOBA HAa BCEX JIHHHSIX TOKA:

2n

2n
I=§uds = {ordo = | ka0 = 2ar.
0 0

Unpxyasuua ofgMEaxoBa W Ha J10GOH Apyrofl mpocrToit 3aMxiy-
TOIl TpaeKTOpHH, OKPYXKAWIUlell HAuaJbHYIO TOUKY, KaK BHIHO H3
Mprmenenuss Teopembl CTOKCa K Kosbleo6pa3HON 30HE, OTDaHUUEH-
HOM 3Toft TpaeKTOpHell H MaJofl OKPYKHOCTBIO Y HAUaJbHON TOUKH.
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Korna n 3aBuxpenufl HanpskeHHeM &y, ko, ..., R, OKPYXKeHBI Tpaek-
TopHe#, To, mpuMensst TeopeMy CTOKCa K 30He, OTPAHHUEHHOH 3TOH
TPAEKTOPHEA H MaJBIMH OKDYXKHOCTAMH Y KaKIOTO 3aBHXDPEHHS,
BH/IHM, YTO UUPKYJALHA HAa TPACKTOPHH COCTABJSET

T =2n) &, (A7)

i=1

To 06CTOATENBCTBO, YTO LUPKYJSUUS AaKe BOKDYT OJHOTO BHX-
psi AIBASETCS KOHEUHOH, NMPEeNCTaB/sieT OYEeBHAHOE HapyueHHe Of-
HOH M3 OCHOBHBIX XapaKTepUCTHK Oe3BHXDEBOro NMOTOKA, Pa3BUTHIX
paHee, BbI3BAHHOE TEM, UTO JIMHHH TOKa OKDYMXalOT 0COOYI0 TOYKY;
B Toyke r=0 cCKOpocTb 6eckKoHeuHa, B TO BpeMs KaK BCe NPOH3BOJI-
HbIE TAPMOHUYECKOrO MOTeHIHaaa AOJKHbl ObITh KoHeuHbl. Caeayer
o6paTuth oco6oe BHUMAHHE HA TO, YTO 9TOT MOTOK B OTJIMYHME OT HC-
TOYHHKA WJIH IHIOJS SIBJSETCS MO CYIIECTBY ABYXMEpPHBIM, TaK UTo
€ro MOKHO pPacCMaTpUBATb MJH KaK NOTOK IIOCKOTO THIA, KOTOPHIH
6yner moapo6HO o6CykaaTbes B raase IV, mian Kak HepaspHIBHbIH
NpPSIMOJHHERHBIN BUXPb B TpeX H3MepeHUAX. B mociepHem caydae
MBI HMeeM BHUXPb Gojee ofulero THMa, AJAS KOTOPOTrO IOTEHIHAJ
NpefcTaB/sieT BeKTOPHYIO DYHKIHUIO.

Heyxmepnoiti ucrounux. YepepoBanue ypaBHeHHH AJaa GyHKUUHA
MOTeHIHa a U ToKa npeobpasyeT KOHUEeHTpHUECKHe OKPYKHOCTH JiH-
HHUIl TOKa B 3KBHIOTEHUHAJbHbIE JHHUH, 4 paadaJbHBIE JUEHH 3KBU-
TNOTEHIHAJEeH B JIHHUH TOKa. DTO SBJSETCH XapaKTepPHBIM N5 JABYX-
MEPHOTO MCTOYHMKA, KOTOPHBIH, NMOA06HO BHXPIO, MOXKET pacCMaTpH-
BaTbCcA MJH KaK ocobasi MIOCKOCTb, MM KakK ocofasi HepasphIBHAS
npsiMasl JHHUS B TpPeX H3MEpeHHsIX. Ecau CHMBOJ M HCIOJb30BATH
AJis1 0603HAYEHHS HANPAKEHUS, YPAaBHEHUsI IPUOGPETYT CJeyIoLUi
BH/L:

H=mlnr, p =m0, (48)

Tak xax nanpsikenue M B TOUEUHOM HMCTOUHMKE WJIH CTOKe GBIIO
[0 PasMEpPHOCTH 3KBHBAJCHTHO OOBEMHOMY pacxopny, 3HaueHHE 1 B
BHIIIEYKA3aHHBIX YPABHCHUAX JOJKHO HMETb Pa3MepHOCTb 06 BEMHO-
ro pacxona Ha eJHHUIY MJHHBL. Ecin 3HaueHuWe m OTPULATETbHO,
TOTJa NOTOK HalpasJ/JeH paaHajJbHO BHYTPb NO OTHOLIEHHIO K OCH Z,
TaK YTO OH MPEJCTaBJASIET ABYXMEpDHBIH CTOK. Kak /s HCTOYHHKA,
TaK H I/ CTOKA pPacxoj Ha eAMHHUIY AJHUHBI BBIUHCASETCS CJACTYIO-
UM obpasom:

2r

u=29% _m. q—_—Yurde=2nm.
or r

.

0

Kax u B TpexMepHoM CJjiyuae, ecyiin 3aMKHyTas Kpusas L BKJuaeT
HCTOYHHKH H CTOKH HaNpSIXKEHHEM 1y, Ma,..., My, PACXOJ HA €THHHNY
JUINHBI COCTaBJSIET
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S YO VA W . RPN
qﬁ@\u = o an)dL @an dL=2xY m,  (49)
L L

i=1

310 — Teopema laycca a5 pacxona ABYXMEpPHOrO IMOTOKA.
Hsyxmeproui dunoas (puc. 25). HanoMHuM, YTO NOTEHIHA [Js
TPEXMEPHOTO JHIO/s Obll1 BbIBEACH M3 MNOTEHLHAJA JJ/is HCTOUHHKA

P=const

v4
?_{

SN
SRS
'0 ".

NS

Puc. 25. Ilose AByXMepHOro AHUMOJA

nyreM auddepenunponanus. Takoll Ke pe3y/abTaT NOJYy4aeTCs Npd
NOoLOGHBIX OMepalusXx B ABYXMEPHOM cCJjydae:

$y=mlnr =mln(x -+ 2.

Ecsau npousBefeHye me NpHUHATb PaBHBIM HaNpsXKeHHIo §, TO aH-
Hoe BBIpaXKeHHe OyaeT NMPEeNCTaBAATb YpaBHEHHE JJiS JBYXMEPHOTO
JHNOAST NMPOH3BONbHON OpHeHTauHH. B 0603HaueHUAX NOJAPHOH H
IeKapTOBON CHCTeM YpaBHEHHe JHIO0JA INPHUHHMAaeT CJeayioulHe

dbopmbI:

) x
éﬁ—”‘“——;‘—cose——'—éﬁ;
6 . . y
xp-—T sin® =& pranpra (50)

Pacnpedenenue ocobenrnocreti. Ilpu ncno/ib3oBaHHH 0COGEHHO-
CTeH 115 o6pa3oBaHHs mosel TedeHHH 0O6BIYHO HEOOXOAHMO pacmpe-
HensiTh MX IO JIHHHSAM, NOBEPXHOCTAM HJ/IH 30HAM B IPOCTPAHCTBE.
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AToT poUECC OTHOCHUTEJABHO MNPOCT, TaK Kak YpaBHEHUS, KOTOpbIE
YIOOBJIETBODAKTCSA prHKI.IPIHMI/I MNOTEHIIHAJIOB H TOKOB, SIBJSAIOTCS JIH-
HeﬁHbIMI/I; Tak, (I)YHKHHH MOTEHIIHAJIOB U TOKOB IIDH HaJIOXKEHUU Te-
YEHHUN NpeacTaBAAT NPOCTbi€ CYMMBI COOTBETCTBYIOUIHX BEJHYHUH
AJIS OTAEJIbHBIX 3J€MEHTOB. IIJIH JIUHEHHOI 0 pacnpeneneHusa UcTou-
HHKOB HMeeM CJACAVIOIKHE COOTHOIEHHS:

6 (r,y,2) = — [ L p(x, 0,2 = — [ M @cosvaL, (51
) ,

a AJas JUHEeHHOTro pacnpenesieHus JUNoJed TaKHe COOTHOUIEHHUS:

_ __{A(a)cost .
¢ (xy yy Z) - j‘ R2 dL’ (52)
L
A’ (a)sin? &
=\ —"——dL.
¥ (x,4,2) LS R

B sTux ypaBuenusix M’ u A’ ABASIOTCS HEPA3PLIBHLIME DYHKLHUS-
MH, TPEICTaBJSIOIIHMH pacnpeieeHde TPeXMepHBIX HampsKeHHi
Ha eMHHIY JJIHHBI BIOJIb KOHTYpa L, ypaBHEHHSIMH KOTOPOro SIBAf-
I0TCSI:

x=x(a); y=1y (a); 2= 2 (a)

R=[x—xP+@y—yP+E—2)"

,HJIH NMOBEPXHOCTHOIO pacnpeaeJeHHs] HCTOYHHUKOB HJAH JTHIOJEH
COOTBETCTBYIOUIHE COOTHOUIEHUS 6y11yT HMETDb c.neuy}oumfd BH]I:

Qﬁ:—' S'M”(;;»B) dS,
5 (53)
b =— | M”(a,B)cos 0 dS;
S
_ __ (A"(@,B)eos®d ds:
g Sj S dS; ]

A :Yﬂﬁmd&
. R

3nece M” u A” — QYHKIUMH, NPeACTABJSIONINE HANpPSIKEHHe Ha
€HHHIY IVIOUIA/ M Ha NOBEPXHOCTH S, YpaBHEHHSIMH KOTOPOH SIBJIsI-
10TCA

x=x"(a,B); y=¢ (a.p); 2=2(a,p),
ypaBHeHHe 171 R oCTaeTcs MmpexHUM.
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YpaBHEHHS! 1J5 NPOCTPAHCTBEHHBIX paclpeeseHuii MOryT OBITh
salMCaHbl 110 NMPSMOH aHAJIOTMU C BbllIeCKa3aHHBIM:

§=— [ MDD g,
R (55)

p=— | M" (¢, 2)cosd dW;
W

éﬁ:_g' A" (x', Y, 2')cos© aw;
. R?

W

" 4 7 7 ‘2
_lpzs‘A(x,y;QZ)smﬁ'dW

(56)

Oyuxnun M7 u A’” npeacTaBJsIOT, KOHEUHO, HAMPSXKeHHs Ha
eMHUIly oObeMa.

[IpH mpOCTpaHCTBEHHOM paclpejieleHdd HUCTOUHHKOB M”" Xuu-
KOCTb CO3[aeTCsl BO BCEX TOUKAaX BHYTpeHHell 00JaCTH C PacxoioM,
NpONOPLUHOHAJIbHEIM MECTHOH IJIOTHOCTH HCTOYHHMKA. Mauplii map
o6nemom 6W BoKpyr Touku (X, y’, 2’) COLEPIKHUT MOJHOE HANpSKe-
HHMEe HCTOUHMKa, paBHoe M”' & W, u, cienoBaTeqbHO, B COOTBETCTBHU
¢ TteopeMoll [aycca moOJHBIN pacXoi H3 3TOro I[apa COCTaBJSET
4 xM” 6W. IlpupaBHnBasi MOTOK Yepe3 eAMHHIY oObeMa K AHBEp-
TEHIIMH CKOPOCTH, HAXOIHM

ou du ow

tedll s = = 4n M”/-

ox a oy i 0z

Ecau Tenepp DONYCTUTH NMOTEHLUHMAJBHOCTb NOTOKA, MOJYYHM YpaB-

HeHue Ilyaccona
Vi = 4 M”, (57)

CllelHaNbHBIM CJyYyaeM KOTOPOTO, OYEBHIHO, SBJSIETCA ypaBHEHHE
Jlannaca. Ecain M”’ npenacraBiasieT AaHHYI0 (QYHKIHIO MOJOXKEHHS,
YacTHOE pellleHHe ypaBHeHHusl (57) paeTcsi HeNoCpeACTBEHHO ypaBHe-
rnusimu (bb). IMosHoe pemenne ypasHeHusi Ilyaccona B jaHHOM Cay-
Yae COCTOMT B MOJACTAHOBKE pelleHHs] ypaBHeHHUsA Jlamjaaca B yacTHOE
peleHue TakuM 00pas3oM, 4TOOBI yAOBJCTBOPSJIHCh TpaHHUHbIC YC-
JIOBHUS.

[ToBepxHOCTHOE pacmpejejJeHHe OCOGCHHOCTEH HMEET I10Je3Hble
CBOMCTBA, KacalOLIHECs HEpPaspbIBHOCTH IMOTEHLHAJAa HJIH CKOPOCTH
Ha AByX cTopoHax moeepxHoctH S. Koraa kakasa-nubyiab Touka P
MpHGIHKAETCA K TIOBEPXHOCTH, paccTosiHue R f0 OamkafIiell TOYKH
Ha IICBEPXHOCTH TPUOAMKAETCS K HYJIO, U, CIeA0BATENbHO, HHTErpa-
JIbl, COJeprKallye HEKOTOPYIO CTeNEHb R B CBOHX MOJbIHTEIPajbHEIX
BbIpAXKEHUSX, CTAHOBATCS OCOObIMH. 1S ompexpenenusi 3THX HH-
TerpajoB yAOOGHO pasfge]uTb paccMaTpPHBAaeMyl0 IOBEPXHOCTb Ha
JIBe 4YacTH: OJHa — sneMeHT 0S; B HEMOCPEACTBEHHOH OJH30CTH
oT ToukH P, a Apyrasi— BCs OCTa/lbHas MOBEPXHOCTb Se.
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Ecan ncrounuku nampskenneMm M” pacnpenesienbl 10 MOBepx-
HOCTH S, TOT/@ MO ypaBHeHHIO (53) HOpPMAaJbHAA CKOPOCTh Up B TOU-
Ke P MOKeT ObITh BHIDAXKEHA TAK:

, 9 /1
0 = @ — | M7 (@ ) o (5] 4Sa
S
rae (vy,)1 NIPEeACTaBJIsieT BO3AEHCTBHE
JleMeHTa UCcTOuHHKa M”8S, Ha cKo-
pocThb U,. Ilo cumMMeTpuu HopMmaJgbHas
CKOPOCTb, BHI3BAHHAS 3TUM 3JEMEHTOM
C TIPOTHBOMNOJIOXKHOH CTOPOHDLI, paBHA
(vn)1 ¥ HampaBJeHa MNPOTHBOMOJOXK-
HO ed. CJ1e10BaTENbHO, IOTOK KUILKO-
Puc. 26. Mosicaurensuas cxe- CTH uepe3 JIHCKOOOPAa3HbN LHJIHHIP
Ma JUIA TOBEPXHOCTHOTO pac- (puc. 26) BoOKpyr ajemeHTa, 06paso-
npeaesdaeHHs1 HCTOYHUKOB o
BaHHBIH HOPMaJasiMH K IIOBEPXHOCTH
IO KpasM >JeMeHTa H 3aKaHYHBalo-
IIHACA NapajjensMu K IOBEPXHOCTH, cocTaBiseT 2(v,):8S; H cor-
JacHo Teopeme ['aycca

(V) =2 M".

[Tostomy Korna Touka P npuOAMKAETCs K MOBEPXHOCTH C TOM
CTODOHbI, Kyla HANPABJIEHA 1, X C NPOTHBONOJOXKHOH, MOJyuaem
COOTBETCTBEHHO

" p d (1
o+ P) = 2t — (M (0, ) 2 (L) ds; |
on \ R i
s
, ) {69
v,,(—P)=——2nM’-j‘M”(a,ﬁ)h<~—>dS l
on \ R
o J
BuaHo, uTo HOpMaJbHAs CKopocTh MoBbimaercs no 4aM” mpu
fAepeceyeHny MOBEPXHOCTH,
[IpennosoxuM pajee, 4TO pacnpefe’eHHe COCTOHT U3 JAHMOJef
HanpsikeHHeM A” ¢ ocAMH, NepHeHAHKy/SpPHBIMA MOBEPXHOCTH S.

Toraa no ypasnenuio (54) moteHuuan y ToukH P BOJHM3H [OBEPXHO-
CTH MOKeT OBbITb 3aIlMCaH B CAENYIOLleM BHIe:

¢ A" (a, B)cos
6 = gy — | 2Dl g,
Sa
3nech GyHKUMA by, obycaoBiaeHHas aneMenTom aumoas A”dS;, Tak-
e MoxKeT OBTb onpeje/eHa no ypasHeuuio (54)
= —R [ 22 ds = A,

RZ

88,

rne A” — cpenHee 3Hauenne A” Han anemenToM 8S;, a D — Tesec-
HBIl yroJ, o6pasyemblil 37eMeHTOM y ToukH P. CnefoBaTe/bHO, Ipe-
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nenbHOEe 3HAUEHHE ¢b; NPH NPUGAHIKEHHH TOUKH P K MOBEPXHOCTH
cocTaBJisieT — 2mA” Ha NONOXKHUTENbHON CTOPOHE pacHpeleseHHS [H-
nonst 1 2xA” Ha oTpuUaTe/bHO! cTopoHe. TaKUM 0Gpas3oM, MOTEHIH-
a/pl Ha MOJIOXKHTEIbHOH H OTPHLATE/IbHOH CTOPOHE COOTBETCTBEHHO
paBHH

¢(+P):"'—23'[A”—“S‘IA”(Q’1§2)C050 dS; l!
S (59
6 (— P) =2nA’/—§—%A <“’1§3°°53 ds. i )
S )
ry
2 P
R, r
RS R
A A
o ——=t e g z
- l 1

Puc. 27. TloacHuTensnasa cxeMa Ad8 JHHEHHO-
r0 pacnpefeNeHHs HCTOUHHKOB

CuenopaTesbHO, MOBEPXHOCTHOE paclpeieneHrHe HOPMAJbHO HANpaB-
JIEHHBIX JHIOJeH BbI3bIBAaeT pa3pblB BeJHUHHOH 4 mA” B moTeHLHame
Npu NepeceueHnd NMOBEPXHOCTH.

B KauectBe nmpuMepa HCNOJb30BaHHs JaHHBIX yDaBHEHHH pac-
CMOTPHM HEpa3pbIBHOE pAaCNpefe/eHHe HCTOYHHKOB BLOJb OCH 2
MeXay ToukaMu 2=0 n z=/[. OyHKIHU NOTEHUHAAA U TOKA AJAS Td—
KHX MOJeH COCTaBAT:

! !

6 = _S'M%“)da;q;:—siM’ () cos dda.
: i

Paccmatpusas puc. 27, BHAHM, UTO
a=2z—rctgd;, R=rcsc?; da=rcsc®dd9.
CnenoBaTesbHO, QYHKIHH NOTEHLHANA H TOKA B J1060H TOuKe 110-
N8 DaBHBL:

2
6= — | M’ (a) csc 04,
&

B

p=—r | M (o) ctg ® csc 0d9.

™



Kak ¢ynkuua noresuuana, Tak v GyHKUUS TOKa, 06yCI0OBIEHHbIE
JUHEHHBIM HCTOYHHKOM, KOHEYHO, CHMMETPHUHbI OTHOCHTENLHO OCH 2.
Ecau npeanosoXHTb, YTO HHTEHCHBHOCTb HCTOUHHKA INOCTOSIHHA
BAOJIb BCell uHuH, Toraa M’ (a) =M/l, rne M — obiiee HanpsizKeHHe
ucrounnka. ITostomy nns m060# ToukH P ¢GyHKUMH NOTeHLHa/da H
TOKa OYyAYyT paBHBI:

A
M — e MRz )
Pp = ; In(csc @ ctgﬂ){j ; In<R2~—2+l)'
Yp = % (csc Oy —csc ) = —[;4— (R — Ry).

32. CooKHbie ABHIKEHUS,
‘\ - IlorTeHyuaabl CKOPOCTH, CO-
OTBETCTBYIOLHE JIBHXKE-
HUIO  NPEIMEeTOB  OTHO-
CHTEJbHO OKpyXKaolleii
JKHJIKOCTH, MOTYT OBLITb 06-
Pa30BaHBl BBeJeHHEM 0CO-
OeHHOCTEH B HOJe, MNpei-
| CTaBJIsiolee NOTOK HEHapy-
L. IIeHHoro xapakrtepa. Hawu-
! foJiee pacHpoOCTpaHeHa Tex-
Puc. 28. lNoJse ycraHosuBLIerocs NOTOKa npH HHKa  BBEJCHHA HCTO?HH‘
obrekamms mapa KOB, CTOKOB, HHNOJIeH H
BHXPEHl B OTHOCHTEJbHO
npocTole  o0LIHe MOTOKH.
Hanpuwmep, o6Texanue mapa B GearpaHuuHoM noae (puc. 28) moxer
ObITb IIQJYYEHO IyTeM BBEAEHHs THIO/S B PABHOMEPHBIH MOTOK, NPH-
UYeM OCb JHIOJs HAanpaBiseTcss IO TeyeHHIO. [as pasHoMepHOro
INOTOKa €O CKOpocTblo U B HanpaB/JeHHH IOJOXHTEIBHOH OCH 2
QyHKLME NOTEHIHANA U TOKAa B 0003HAUEHHSAX CHEPHUECKOH CHCTEMBI
KOODJHHAT COCTaBJSIOT:

¢ = URcos¥; ) = ——;— UR?sin? 9.

i

Eciil ux npu6aBuTh K ypaBHEHHSM /sl AHIOJNS, NOBEPHYTOrO B
CTOPOHY OTPHUATEJbHOH OCH 2, NOJYUHM ypaBHEHHS IJ5 OOGTeKaHus
uiapa:

b7 =URcosﬁ——R%cosﬁ'; 1p=—;—UR25in2ﬁ+%sin2ﬂ.

CoorHolenust Mex1y HaNpsIKEHHeM AHIONS, CKOPOCTBIO H pa-
AUYCOM UIapa MOTYT OBbITh YCTAHOBJIEHBI NPH HCHGJAb3GBAHHH TOTO
¢akra, YTO TOUKa 3aCTOS AOMMKHA HAXOAUTHCS Ha wape. TakuMm 06-
Pa3oM, NMOCKOJBKY AHIOJb PACIHOJIOXKEH B HAYaJbHOH TOYKe, paiH-
anbHble KOOPAMHATBI TOUKH C HYJEBOH CKOPOCTbIO OynyT paBHH pa-
IMyCy a umapa:
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0 2A A
u—ER—-Ucosf}—l—?cosﬁ——O,

(——QA Vs
a={——] .
v)

\

ChenoBaTeNbHO:

cﬁ=URcosﬁ<] 42 ); mp:iUstmw(l——“f-). (60)
~ 2R3 2 R3

B BbiBOAE ypaBHEHHS 15 AHNOJS GhiAH 00belHHeHbl HCTOUHHK M
CTOK PABHOI'O HaNpsi)KeHHs!, TaK UTO YHCTOE HaNpsKeHHe ObLIO PaBHO
HYJ110. DTO YCJOBHE DaBEHCTBA HYJIO YHCTOrO HaNpsiXKeHHs HeoGXo-
AHMO JUIs COYeTaHMH OCOOEHHOCTEH, HCMOMb3yeMbIX /51 CO3JaHHs
3aMKHYTBIX T€J B IOJE MOTOKA.

Korzna HCTOUHHK U CTOK pacnojioxeHol B pa3HbIX TOYKaXx, TOTLa
NOBEPXHOCTb NOTOKA, OKPYIKAIOIIas KHUAKOCTb C STHMH OCOOEHHOCTS -
MH, UMeeT CKOpee OBaJbHyIO, 4eM Cdhepuueckyio dopmy; s1a obmas
rpymnna TeJ H3BeCTHA I10J Ha3BaHHEM TBepAbiX Tes Penxuna. Qauaxo
AiNanasoH KPHBH3HBI, KOTOpasi MOXeT ObITb BOCIPOHM3BEAEHA MpO-
CTBIMH HCTOYHHKAMH, OTPAHHUEH, TaK 4YTO MEHEe OKpyI/eHHble (op-
MBI JIOJIZKHBI ObITh 00pa3cBaHbl JHHEHHEIM HJIH MOBEPXHOCTHBIM pac-
npejefieHHeM WCTOYHMKOB MJH junonefl. Hampumep, npuemiemoe
npub.uKeHne IHPHKAGAS HJAH KOpHyca MOABOAHOH JOAKH MOMKET
OHITh TMOJYyYeHO OOBLCAHHEHHEM PaBHOMEDHOIO MOTOKA C TOYEUHBIM
MCTOUHHUKOM M CTOKaMH, paclpeje/]eHHbBIMH BAOJb OCH HENOCPeCT-
BEHHO RHHU3 IO TEUEHHIO OT HCTOuHHKa. Ja1a naHHOA KoH(urypanuu
XOpOIII0 NOAXOJUT UHJIHHADUUECKAsA CHCTeMa KOODAMHAT, a (hYHKIHA
TOKa HJI1 0OBEeAHHEHHOTO NOTOKa MOJYUAETC AYTeM CJAOXKEHHA UX
AJ1s1 PaBHOMEPHOTO JABIKEHHs CO CKOpPocThIo U B HanpasJ/eHUH OCH 2,
nJs1 HCTOYHHKA HanpszkeHreM M B Touke BO3GYIK/EHHS H 1/ CTOKOB
PaBHOTO HaNpAXKEHHs!, paclpeneNeHHBIX HAa PACCTOSHMH [ OT TOUYKH
B030YyXK/AEHHS BAOJb OCH X!

b= Ur AL (R —R) — 2

OueBnazO, MOXHO YAJHHATL TeJNO, HACKOJIbKO Tpefyercs B Ha-
NpagJeHdH BHU3 110 TEUCHHIO, YBEJIHUUNBAS IJIHHY paclpelesieHus CTo-
koB. Ecain nyHo Gosce ymepenHoe 3a0CTpeHHE epeHeil uacTy Teaa,
TOrja 4acTh HCTOYHHKA MOXKeT OBITb paclpejesneHa BBEPX IO Tedye-
unto. Eile 6osbluylo MaHEBPEHHOCTL NPEAOCTaB/SET NepeMelltBa-
HHMe KCTOYHHKOB M CTOKOB BJOJb OCH. Pacmnpejesienye Aunoneii pa-
xe 6osee yno6no. C Apyroit CTOPOHDI, ecyit Tpebyercs dopma ¢ me-
penHell 4acTbi0O MeHbileH KPHBH3HbBI, UeM y Iuapa, TOTJa pachpese-
JIEHHUS BJOJIb OCH YK€ HEJIOCTATOYHO M HOJKHBL ObITh HCIOJNB30ORAHM
[IOBEPXHOCTHBIE paClpejegeHHsT HJIM KOJbLEBble 3aBHXPEHHSI.

33. JlunaMuueckMe cooTHouIeHHd. J{HHAMHKA B3aUMONEHCTBHS
TOTPYKEHHOTO NPEeMeTa U XKUAKOCTH MOXKeT ObITb yCTAHOBJEHA NPH
TOMOILH ypaBHeHHA Bepuyanau, KkoTopoe CBA3bIBA€T AaBJEHIE B JI0-
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60¥t TOUKE C OTHOCHTE/JIbHON CKOPOCTbIO U IJIOTHOCTBIO KHAKOCTH;
3Has pacrpejeseHye NaBJeHHs, NYTEM HHTETPHPOBAHUS MOMKHO BbI-
YHCJIHTb CHJBl U MOMEHTHl. B cayyae, ecay Tea0 IBHKETCA C MOCTO-
SINHOH CKOPOCTBIO Uepe3 HaxOJSILYIOCS B IOKOe »KHJIKOCTb, NMPeAlNo-
JIOKEHHE MOTEHIHAaJbHOCTH INPHBOAHT K BeCcbMa NOPAa3HTEJBHOMY
pesysabTaTy: CHJa B HANpaBJeHHH OTHOCHTENbHOTO ABUKEHHS, T. €.
TOpMOJKEHHe, BCeria paBHa HyJlo, DTO SIBHOe NPOTHBOpeyHe HabJIo-
daeMbIM SIBJCHHSM, H3BECTHOE Kak napafokc [Hanambepa, vacTHUHO
OBIJI0 MPHYHHON TOTO, YTO MCCJEN0BATEJNH, HMEIOL[He &0 C peaJb-
HBIMH JKHJIKOCTSIMH, HEOXOTHO Obpalllajginch K cxeMe 6e3BHXPEBBIX Te-
uenuii. OHAKO B cayvae MOJBEMHOH CH/BI H MOMEHTA NOJACUHTAHHBIE
3HAYeHHS MOTYT OTJIHUYATbCA OT HyJsd. KpoMme TOro, MOXKHO OKa3aTh,
4TO NPOJOJbHAS CHJA He paBHA HYJIO, eCJd ABHXKEHHE Teaa SBJseT-
CAl HEyCTAHOBUBUIMMCS MJIH €CJH OTHOCHTEJbHOE JIBHMKEHHE XHIKO-
CTH CTAHOBHUTCA HEYCTAaHOBHMBIUMMCS NOJ BJHSAHHEM HHOrO BO3J€H-
CTBHS, YeM JBHXKEHHe TeJa.

Tak kak ABHXKeHHe co00INaeTcsd HEMOABHMMKHON KHAKOCTH, TO,
KOorja Teso ABHIKETCS yepe3 Hee, KHHETHUeCKass SHeprHs BCel CHCTe-
Mbl 06s3aTeJbHO Oosblie, YeM 3HepPrus OJAHOrO Tesa. Beuay Toro,
uTo pabora, NPOH3BOASAILAS ITOT U3JHIIEK SHEPIHHU, TOJKHA IOCTAB-
JATbCA TEJOM, YCH/IHE Ha TeJNO 3aBHCHT He TOJBbKO OT CKOPOCTH, HO H
OT ycKopeHHs. Taxum 06pa3oM, ec/i BpeMeHHOe H3MeHEeHHe KHHeMa-
THUECKHX COOTHOHIEHHU] BK/loYyaeTcss B PYHKUHIO NOTEHIHAIA HJH TO-
Ka 0e3BUXDEBOro NMOTOKa, TO [AJf ONpeje/eHHss KHHETHUECKOH 3Hep-
THH JKHIKOCTH MOXHO HCIOJb30BaTh (oOpMY ypaBHeHHS DBepHysiu
AJs1 HeyCTaHOBHBIIErocsl ABMKeHHs. Kupxro¢ ympoctua 3ty npob-
JIEMY, NOKa3aB, YTO MOJIHOE YyCHJIHE MOXKeT ObiTh BBIPAXKEHO B uJe-
Hax NPUHCOEAWHEHHbIX MACC HJIM NPHUPALLEHHH JeHCTBUTENLHON MacChl
TeJa, NPONOPUHOHANBHEX 00beMy H IJOTHOCTH BOBJIEUEHHOH B [BH-
JKEHHe JKHIKOCTH; KO3()(DHIHEHT NPONOPUHOHAJNBHOCTH H3MEHSIETCs
C u3MeHeHHeM (QOPMBI Tesa. T3H/I0p YBEIHUWUA LEHHOCTb MHOHSITHS
NpUCOEJHHEHHBIX MacC, BBIPDA3UB HX B WieHaX ocoOeHHOCTeH, mno-
poxnaemblx TeJqoM. Hakoren, Jleranau ycTaHOBHJ NPSIMOE COOTHO-
IIeHHe MEXAY CHJaMH, AeHCTBYIOIULMMH Ha TeJO, H OCOGEHHOCTSMH.
Takum ob6pasom, ecan pacnpejenesne 0CoGEHHOCTEH 3aaHO HJIH yC-
TAHOBJIEHO OJHUM M3 METOJAOB pelIeHHS YPaBHeHHH TeueHHs, KaK 3TO
CAeNaHO B CJEAYIOIleM pasfeJse, TOra CHJAb ¥ MOMEHTbl MOTYT ObITh
onpeje/eHbl HEMOCPEACTBEHHO §e3 HaX0XK/JeHusl pacupee/eHnus 1as-
JICHHS.

(Canenyer 3aMeTHTb, YTO KpOMe TEPMHHA <IIPHCOEIHHEHHAss Mac-
ca» B JUTepaType YacTo BCTPEUAeTCs] TEPMHH «BHPTyaJbHAas Maccas.
Ho mockonbky ynoTpe6/eHHne nocaelHEro TEPMHHA HEONPEIETEHHO —
OTHOCHTCS JIM OH K TOH K€ BeJUUYMHEe HJH K IOJHON MHEPIHU Teja H
}KHIKOCTH, TO JyYIlle HCIOJb30BATH NEPBBIH TEPMHH.)

B kauecTBe mpumepa COOTHOMIEHHH NMPHCOCHAHHEHHBIX MacC Mpej-
CTaBHM TeJO, ABHXKYIUEECH NPOH3BOJbHO-NOCTYNATENBHO 4Yepe3 Ha-
XOAsALLYylOCs B NOKoe KHAKOCThb. Ecan U, V u W — KOMIIOHEHTH! CKO -
pPOCTH TeJia, TOTAa IPAHHYHOE YCIOBHE COCTABJAET
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Eﬁi_u
on

r;le #— HanpaBJIEHHE HOpMAJ/JH HAapyXy OT AAaHHOrO Teaa. MoxHo
npeILI'IOJIO)KHTb, 4YTO IIOTEHL HAJ 6y11€T HMETb BH]I

¢ = U¢1 + V¢z + W(ﬁs: (61)
ra¢ ¢ peACTaBAseT NOTeHUHA CKOpPOCTH, Korpa U=1,a V=W=0,
AHANOTHUHbIE BHIpAXKEHHH XapaKTepH3ywoT ¢, ¥ ¢s. Crnenyer same-
THTb, UTO TaK KakK ¢ umeer pasmepHocTb [L%/T], ¢, o v ¢p3 uMeioT
p43MEepPHOCTb NJHHBL ['paiHEHT B HanpaB/JeHHH HOPMaJH COCTaB-
nsieT:

+V +W

] hilg dchs (o )

9 _ %y

on on + on + on
CpaBHHBaH YJIEHbI B 3THX ypasﬂemmx, BHIHM, 4YTO

oy _ ox Oy _ . O _ 0

on on ' on on ' on on

Kunernueckas sHeprusa K >XHAKOCTH, HaXOAMUIEHCH 32 NOBEpX-
HOCTBIO Tesa, paBHa (M3 m. 29)

21<=_p5'¢@d5=
—o (W, + Vg + W) (U 35 +V 22 W 21 dS =
=—o {[Ug -+ Vs "y + Wiy
+VW (60 32 -+ o 5 }4—1VU(¢1—+¢3 o)+

+UV (fuoe -+ 50 )| 5.
CornacHo ¢opmyae 06paTHMOCTH I‘pmxa

[atas = (g2 as= (4, °0dS = (T2 dS u 7. n.

T4K YTO NMPHBEACHHOE BbIlIE YPAaBHEHHE MOXKET ObITb 3aMHCAHO TaK:

2K = AU? 4- BV? 4 CW? 4 2DVW + 2EWU + 2FUV,

rae A=—p5‘¢1%§ dS u T. 1.

[TockonbKy BHYTpeHHHe OCOGEHHOCTH MACHCTBYIOT HA TeJO, HX
c/1eyeT MCKJIOUHTb U3 JaHHOK 06/1acTH, ec/H QYHKUHA ¢ rapMOHH-
yeckasi. ITo yao6Hee BCero ChenaTh, OKPYXHB Kaxaylo 0COOEHHOCTb
ouenb Manaol cgepoit. Ecan nonnas miomanb NMOBEPXHOCTEH 3THX
chep paBua S’, TOria MOXHO NPHMEHHTb (GopMyay OOGpPaTHMOCTH
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[puHa K moTeHUHAJIbHOMY MOJIO, OTPAaHHYEHHOMY MOBEPXHOCTHMH
Sus’”

j(g{)]% aéﬁ‘)dS-}-j((fz Bi— af‘)dS’ 0,

HJIn
\961-~—ds S‘?Qf’lds 5961 s’ + Sx%—ds'.

[TepBbift HHTErpaJ B MPaBOY YacTH MOKeT ObITb BBIUHCJ/EH NyTeM
npuMeHeHus teopemnl 'aycca, ecau yuects, uto 0¢h/0n=0x/on:

a

{x%dsﬂ 9% 4S — j dv =W

Hurerpansl 3a npegenamu S’ 6yayT BBIUHCAATBCH TOJNLKO AJA
cdep BOKpPYr HCTOYHHKOB M CTOKOB. Tak Kak BOJM3M HCTOYHHKA ¢
u3MeHsieTcsi 00paTHO MPOMOPUUOHANLHO HU3MeneHHo R, a dS’ — npd-
MO TpPOMOPLUHUOHAIbHO U3MEHEHUIO R2, BTOPOIl HHTErpaJ, Kak BHIHO,
Hcyesaer, Korja pajpuycel cep NpUGIHKAIOTCS K HYJIO; B Pe3yJb-
Tare

Azprwpij%dS'.

[Tocaenuuil uHTErpas MoKeT ObITb BBIUMCAEH NYTeM MOACTAaHOBKH
—R BMmecTO n (n— HOpMaJb, HanpaBJeHHass HaPYyXKYy H3 BHyTpeHHeH
30HBI KHAKOCTH, T. €. K 0COOEHHOCTH) U BBIBEIACHHUS X HU3-NMOJA HHTE-
rpaja, TaK KaKk €ro MOXHO CUMTATh HOCTOSIHHBIM MO PajgHyCy O4eHb
MaJsiol ceprol:

A+pW=px{%%dsc

[Tocsennuil uHTErpas NPEACTaBASET CYMMYy HHTETpPajgoB TaKOTO
THIIA 110 BCEM MaJibiM BHYTPEHHUM cdepaM BOKPYT HCTOUHHKOB H CTO-
KoB. Ilo Teopeme T'aycca KaKAbIfl U3 STHX HHTErpaJoB IPONOPIHO-
HaJleH HaNpSIKeHUIO 3aKJIYeHHOTO B HeM HCTOouHHKA. Takum obpa-
30M, fJi1 © MCTOUHHKOB NOJyYaeM Bblpajelue

;’1
A-+poW =dnp ¥ Mix, +-- (62)

i=1

rie HeLOoRHCaHHble 100AaBOYHEIE YJEeHbl 03HAYAKOT, YTO 3AECh MOTYT
NPOABJAATLCSA BO3AeHCTBHA M3 APYTHX 0ocoGeHHOCTeH, TaKHUX, Kak au-
noau u 3aBuxpeuns. OcrajabHble MOCTOSAHHBIE OT B 10 F MOTYT GHITh
BBIUHCJICHBl aHAJOTHUHBIM CITOCOGOM. DTH MOCTOSTHHBIE H €CTh HCKO-
Mble TIPHCOEJHHEHHbIEe MaCCHI.

Teopema Jleraanu, mapolnasi npsiMOe COOTHOLIEHHE CMJI, JEHCT-
BYIOLIHMX Ha TeJO, U 3apOXKIAIIHUXCA 0COOEHHOCTeH, 6asupyercss Ha
pacnpeneseHH AaBJIEeHHS, YCTAHOBJCHHOM ypaBHeHHeM DepHynuH
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p ero GoJee obuwen ¢popme. Hanpumep, KOMIOHEHT CHJIbI 10 HANIPAB-
JEHHIO X COCTaBJafAeT

Eﬁ=—y j——-—dS+— YV’“ds

[T0CKOMbKY KOOPAHHATHBIE OCH 3/1eCh IBHXXYTCA BMECTC C KOMIIOHCH-
taMu ckopoctd U, V u W, V, npeacrasnsier CKOpPOCTb ABHKEHHSA
JKHIKOCTH OTHOCHTEJbHO HA4aJbHOA TOUKH (cM. m. 9):

Vi=(U—up+V—o)+ W —w)

[Ipumensa cnoco6, nOKOGHBIA TOMLKO HTO HCNOJAb30BAHHOMY MpH
BbIBOAE BLIPAXKEHHH NJIA [IPHCOENIHEHHBIX MAacC, MOXHO [OKa3aTh,
YTO KOTAA OCOGEHHOCTH COCTOSIT M3 pacnpefieseHHbIX HCTOUHHKOB H
CTOKOB HanpsikenuemM M”’ Ha eanHuny o6beMa, TOYEYHBIX HCTOUHH-
KOB U CTOKOB HanpsxeHitleM M, a Takyke nHNoJsedl ¢ KOMIIOHEHTaMH
panpsixeHus Ay, Ay 1 A;, epBLIA HHTErpasa cnpaBa COCTaBASET:

dib -a—de du
ot On

-—Mm;UEme+$‘M»+Aw

roe KOOPAMHATHI X, ¥ H 2 3aKPemJeHbl OTHOCHTEIbHO ABHMKYILErocs
tena, a U siBAfieTcsl KOMIIOHEHTOM CKOPOCTH XAHHOTO Teaa [0 Ha-
npas/jeHuio Xx. [IpeanmonoxuM, uTO BpalleHHe Tesla pPaBHO HYJIO.
BTropoff HHTerpas B mpaBOH YacTH YpaBHEHHS MOXET GbITh BLIYHC-
nen caenywomuM obpasom. M3 rteopemsr I'aycca

2
fv*a‘d8-§a(v)dW fvnfid?
s b

Ho, nockoabKy noTok 6e3BHXpeBOH:
2
1 9(v)

du dv W aiz
?. dx _(u—U)_a_*—(U—V)Ex—_*—(w ox
du L a_u . ﬁ‘iz
= (u—"U) E—{—(u V) ay—}—(w W/)a
—_a_u(u___ﬂ L _DH.(U—V) 1 au(w_W) -—4:'(M'”u
ox ' dy ' 3z ’

rae MocJeIHUH uJIeH noJy4yeH M3 ypasHeHus [lyaccona (57) ans nu-
Bepresuun ckopoctd. OTcioga no teopeme [aycca

%jw%u&ihyw4n%+@—w
S s

ay
on +

D
o,



+ (w— W) ‘;’72] dS — 4n s M7udW, +

[%;
We

+Hple—0 5 +e- e
_§|

— Ly 9\ 4,
2 ' on)

[lepBolit HuTErpas cnpaBa UCYe3aeT BC/ACACTBHE TPAHHYHOTO YCJIOBHURA,
YTO HOPMAaJIbHBI# KOMIIOHEHT CKOPOCTH TOYKH TBEpIOil IpaHHLBbl pa-
BEH HOPMaJbHOMY KOMIOHEHTY CKOPOCTH KHAKOCTH. TakHM o6pa3oM,
ocraercst O0beMHBIH HHTErpaJ, BLIPAXKEHHBI1 yepe3 HanpsKeHHe HC-
TOYHHKA, H ITOBEPXHOCTHBIH HHTErpaJ no S’, KOTOphI MOXeT GulTb
VIIPOLLEH /IO

R 2 _ .2 2y 0x v

”—(u — v —w?) —= +uv—— + uw — ]dS

2 on on

w

rae S, Kak H paHee, NOJHas NJ0ILA1L TOBEPXHOCTEH, OKPYHaIOUWHX
ocobenHocTH. ITosne3no 3ameTHTb, YTO B npejeae, Koraa S’ cTpemMuT-
CSl K HYJIIO, HA HHTErpaj MOCyT BJHATH TOJbKO YJeHHl C KBagpaTaMu
LJHHBI B 3HaMeHarTese. KoHeuHoe 3HaveHHe iHTerpaja GyneT cae-
AYIOWHM:

Sl ias~ —4np[ | M7udW

’

+ N (M + 82 A, S A, 5] (63)
rie u' — CKopocTb (B Mecre HaxoxAeHus ocolGeHHOCTH), 06yc/oB-
JeHHas BCeMH BHELUHHMH BO3felicTBHAMH. MOJKHO [10Ka3aTh, YTO
MPH BLIYHC/AEHHII CHJABl H MOMEHTA BO3AeHCTBUS BHYTPEHHHX OCOGEH-
HoCTeH npeHeOpexHMbl. DTH BO3XEHCTBHSI HIPAIOT POJMb BHYTPEHHHX
CHJI, KOTOPhie BCEra BCTPEUAIOTCH B BHAE PABHLIX H NPOTHBOMOJIOXK-
HBIX nap. AHanornyHble pe3ynbTaTbl A/ MOMEHTOB MOKAa3bIBAIOT
K TOMY #e JONyCTHMOCTb JIOKAJN3alUMH CHJ NPH J1aHHBIX [0JOXKe-
HHuax ocobennocred.

Npumep 8. Uepes ToHKYI0 TPY6KY C OTKPHITHIM KOHLOM, IOTpYXeHHYO B 60Jb-
UIof peaepByap, BOAa YAaJafieTCs C PacxojoM 4m KyGnueckux ¢yTos 8 1 cex.
[puunmass Ge3BuXxpeBoe NBMXKEHHE M HCIOJAb3YS TeopeMy Jlerauad, ycTaHOBHTb
VCHAHe Ha wap axHaMeTpoM | ¢yT, KOTOpHIl NpHKpeNJeH Tak, 4TO ero LEeHTp Ha-
xoautes B 3 ¢yTax oT xoHUa Tpy6Gki. CpaBHUTb Pe3yJLTATH C TOUHBIMH BEJIHYH-
HaMH, TOJNYYEHHBIMH K3 claeayiouler (GopMynbl:

41 Mz pa3

Ferrrnm——
R(R?— )2

rie R — paccTosiHiie OT CTOKa RO WHEHTpa luapa, @ — paauyc wapa ¥ M — Ha-
npsYKEHHe CTOKa.

* W, — 3gecb o6bem.



HonycTuM, YTO INap MOXeT OBITb 3aMeHeH JMMMOJeM, PACHONOKEHHHM B €ro
IIeHTPE, C HaNpsKeHUeM, JOCTaTOYHBIM JJsi o0ecneueHds IIapa eJHHHYHOTO Jua-
mMeTpa PaBHOMepPHBIM JBUKeHHeM. Toraa

M 0P M
—2A = MUa3 =— U=—"Tr=——
R OR R?
U _ oM
R~ RS
U3 teopemn Jleraman mas M=Q/4n ky6uueckux GpyToB B | cek
ou ad 2\ 41pa’
F=—4mpA—— = — 41 )—~:=— =6,46-1073 .
np aR np( oR? (R") RS tbyura
Omubka B 3ToM pelleHHH cOCTaBigeT
5 . a? (2R? — 0?)
R (R? — a2)? T O(RT—a2)2?

Jns naHHEIX ycnoBu# omubxa pasHa npumepHo 5%.

B. MaTteMaruyecKkas TeXHHKA peleHnsa 3agay

34. Pasnenenne nepeMeHHnix. Kpome crneunnaJbHBIX Me-
TOJAOB, 3aKJIOUAIOIMHXCA B HaXOXKIAEHUH (QYHKUHUM TOTEHLHAJa HIK
(YHKIHH TOKA, COOTBETCTBYIOILEN MAHHBIM TPAHUYHBLIM YCJIOBHSAM,
CYILECTBYET HECKOJIbKO CNOCOO0B, OCHOBAaHHBIX Ha PELIEHHH ypaBHe-
Hus Jlansmaca kax o6b1uHoro 1@ depeHIuanbHOr0 ypaBHeHUs B YaCT-
HBIX NPOH3BOAHBIX. BcJjencTBHe MIHPOKOTO HCIONb3OBAHHUS B IPH-
KnajHo# MaTeMaTHKe 3TO ypaBHEHHe [OABEPrajoch IJIyGOKOMY
H3YyYeHHIO, B De3y/abTaTe 4ero Obijo pa3paboTaHO HECKOJIBKO OOIIHX
MeTOJOB ero pemieHHs. TpH H3 HUX — pasjeseHHe epeMeHHbX, 0Tpa-
JKeHHe U pacnpezejeHte oco6eHHOCTeH — OYAyT PacCMOTPEHbI B faH-
HOM pasjeJe.

Ecau ypasaenue Jlannaca BbipakKeHo B CHMBOJIaX HEKOTOPOH OPTO-
IOHAJIbHON CHCTEMbI KOOPAHHAT @, B Uy, 0OIlHe pelieH s PeacTaBIs-
10T cobol npouaBeeHHe TpeX (QYHKUHMH, Kax/[1as U3 KOTOPbIX 3aBUCHT
TOJIbKO OT OJHOTO IepeMeHHOro, T.e. ¢(a, B, y) =F(a)G(B)H (v).
LlenHOCTb pemIeHHH TAKOTO THIIA 3aKJI0YAETCS B IPOCTOTE HX POPMBI,
a TakKe B TOM, YTO OHH MOTYT HCIIOJIb30BATbCA B PAAY AJS YAOBJET-
BODeHHsI OOIUHX IPAaHUYHBIX YCJOBHH. KaK BHIHO, 3Ta BO3MOMKHOCTD
SIBJISIETCS CBOHCTBOM OPTOTOHAJbLHOCTH Pa3fieSUMbIX (YHKIIHH, KOTO-
poe 6yzmer GoJee nmoZpoOHO OMHCAHO B CAEAYIONINX MyHKTax. Bemen-
CTBHE ODTOTOHAJbHOCTH 3TH (YHKLUHH MOTYT OBITH HCIOJb30BAaHLi B
psny A npeacTaBaeHds HoJiee HIM MeHee NPOH3BOJNbHBIX (PYHKIHIL,
HarJsiAHBIM NIPUMEPOM NAHHOH OolepaluH SBJsEeTCS OOBIYHBIH TPUTO-
HomeTpuueckuil psag Pypee.

Pad dypve. Vcnoabsys cucTeMy 1eKapTOBbIX KOODAHHAT, MPH-

MeM peHieHHe BHIa
P =X®Y (HZ(Q).
[Toxcrapasist 3Ty QYHKUHMIO B ypaBHeHHe Jlamnaca, MOJyYHM

drxX dary d*Z
yz44 ZxX &t XY _
z dx? + dy? - dz? 0,
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HJIH TIOCJIe JIeJIeHHs Ha ¢

1 42X 1 a

d2z
—_ = —
Y dy

dz2

1
X dx? T z
Kaxabiii uned 3TOr0 ypaBHEHUS 3aBHCHT OT PasJHYyHON He3aBH-
CUMOH MepeMEeHHOH H, CJEeNOBATEJNbHO, JOJKEH ObITb [IOCTOSTHHOH
BeanurHoi. Eciu uneH paBeH HyJ0, COOTBETCTBYIOUIEE DELIEHHE
npeiacTaBisier JguHefiHyo (yHKuMO, T.e. X=ax+p. Ecau wu oxma
H3 NOCTOSIHHBIX He paBHA HYJIO, pellleHHe AU epeHnHadbHbIX ypaB-
HeHHH

JR % S T SN o) S S
X dx® Ty dy? !
1 d*z

— m2 2 _ P2
Z dz? =mitnt=1

HMeeT CJeNYIOUUHA BHA:
X = a, cosmx + b, sin mx;
Y =c,cosny + d,sinny;
Z =Ee'* + Fe ",

TI€ Qm, bm, Cn, dyn, E 1 F — npousBosibHbIE TOCTOSIHHBIE. B cooTBeT-
CTBHUH C nepBOHAa4YaJbHO NPHHATHIM pemreHueM NoJYYHM OKOHYATEJb-
HOE pelresue B BHOE I'[pOPI3BeILEHHﬂ

¢ = (@, cos mx + b, sin mx) (¢, cos ny + d,, sin ny) (Ee** + Fe™*).

CyMMbl pelrennil BHIIIEYKA3aHHOTO THNA SIBJASIOTCS TaKXkKe pellleHHs -
MH, ¥ ec/iu OGeCKOHEeUHbIH psJ OXHOPOIHO cXoAsmufics, obiluee perie-
HHE COCTaBJAET

b = Y Y (a;cosmx + b, sinm,x) X
i=0 |=0
X (cjcosny + d;sinn;y) (Ee** + Fe_’z), (64)

Tle BEJMUYHMHBl mM; H n; ONPENeJATCS TPAHHYHBIMH YCJIOBHSAMH,
a cymmy E+F MoXHO NpuHATE paBHO¥ enuHuune. Korga z=0, no-
TEHIHAJ B ypaBHeHHH (64), oueBMAHO, MMeeT BUJ ABOMHOrO psina
®ypoe. Ecau 3nauenus mortennuana 3agaHel (3amaya Jlupuxse) Ha
IIOCKOCTH 2 Kak ¢ +f(x, y), rae f(x, y) aABasieTcs mepuOLHIECKO#
yHKuuen ¢ mepuosamu 25 B 0GOHX HANPABAEHHAX X H Yy, TaK 4TO
M; ¥ n; MOTYT OBITb B3fITHl KaK IeJble YHCJAA [ H j, pacKpuTHe f(x)
B psia QOypbe onpeensieT 3HaUeHHe HEYCTAHOBJEHHBIX KosddHuuen-
TOB B ypaBHeHuH (64) u Takum o6pasom jaer peurenue. dtu Ko3b-
GuUHEHTBl MONYYAIOTCA NyTeM HCNOJIb30BaHUST OPTOrOHAJbHEIX OTHO-
UIeHHH 1J151 TPUTOHOMETPHUYEeCKHX (QYHKIHM:
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2n

IO, r=Fs;
j‘cosrxcossxdxz n,r=s==0;
0 2n,r =5 =0,
2r
j‘ cosrxsinsxdx = 0, (r,s— LeJyble yuCJIa);

0
2n

. . O,r=Fs unu r =s=0;
sinrx sinsxdx = ’

n,r=3s>0.

Tak, yMHOXKeHHe ypaBHeHus (64) Ha cosix cos jy npu i, j>0 n uH-
TerpupOBaHHE OJHOTO WJIeHa 3a APYTHM OTHOCHTeNbHO X U y ot 0 10
2m paer
2% 2n
1

€= Y‘Yf(x, y) cosixcos jydxdy.

! nzl
00

a

AHaJOTHYHBIM 00pa3oM MOTYT ObITh NMOJYYeHbl NPOU3BeJeHUS a;d;
1 b;d;, KOTOpBlE 3aBepilIaT ONpejec/eHHe BbIpaXKeHHA 414 ¢ B ypas-
HeHUn (64).

Ecau Bmecto psaga Oypbe ucnosbdyercd uHTerpan @ypoe, NOTeH-
H¥an MoxeT GHTb BbIpaXKeH B HHTerpa/dbHOH ¢opme. liaa aByxmep-
Horo cayuasd, Korpa ¢=d¢(x, z), GyHKUUA NOTEHIHAaJk a NPEACTABSA-
€TCA WHTErpajioM, MOJBIHTErpabHOE BHIDaKeHHe KOTOPOTO SBJISIETCS
npousBenenueM tuna X(x) Z(z):

4

6 = j (Ee** + Fe™) dkff(&) cosk((—x)dE.  (65)
0 —o0

3t1o cBomutca K unrterpany ®ypoe aaa f(x), xorga 2=0.

[IpuMepoM BHIIIEH3TIOXKEHHOH TEODHH MOXKHO CUHTaTbh CJyuai
JIBYXMEPHBIX TPaBUTALMOHHBIX BOJH MaJOH aMIIMTYABI, ABHKYIIHX-
¢ BAOJb cBOGOAHON moBepxHOCTH. [Ipenanonaraercsi, 4To XKHAKOCTb
HeBsi3Kasd W HecxkHMMaemasd, a IoTOK Oe3BuxpeBoit. Hauano xoopau-
HaT B3SITO B CIIOKOHHOH TOUKEe Ha CBOOOJHOH NMOBEPXHOCTH, OCb X roO-
PU30HTAJbHA U TEePIeHIHKYJIApHA (PPOHTY BOJHBI, OCb i HalpaBJieHa
BCPTHKANbHO BBepX. Tpebyercsd pelInTb ABYXMepHOE YypaBHEHHe

Jlamnaca
g %P -0
ox? dy? o

C TPAHHUYHBIM yCJA0BHeM p=const Ha CBOOOJHON IOBEPXHOCTH.
Ecn y=n(x, {) ABnseTCa ypaBHeHHEM CBOOOJAHON MOBEPXHOCTH,
obliee rpanxHyHoe yciaoBue [ypaBHeHnue (22)] naer

D o o] o
o =m0, = [o—e ] =% =0,
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a ypaBsHenue BepHy/aau maer

/

(%’—:i+~;-v2)y=n+gn=0-

IlpunsiToe yciopne Ma/oll aMIMIMTYABl BOJH [O3BOJsIeT NpeHespeyb
HEIHHEHHBIMH WIEHaMH B IBYX NDPEIBIIYIIKHX ypaBHEHHAX, TaK UTO
OHH IIPHOOPETAIOT BH:

(%%—a_n—. (%>n+gn=C,

oy |, ot ot
OTCIO4a HYTeM HCKJJIIOUEHUA | nonyqaeM
0%ch dch )
—_ - =0. 66
(012 te 0y /n (66)

[IpunMas Bo BHHMaHHe pasjoxkenue Taimopa Boxkpyr y=0 u3
YJI€HOB B CKOOKaX, BHAMM, UYTO JaHHOE BbILIE ypaBHEHHE OTJIHYA-

eTCd OT
(0% 0g _
(e T 45, )yzo 0

Gosee BBICOKHM mOpAAKOM uneHoB. ITocaenusis dopMa TpaHHYHOro
yCJI0BUS CBOOOLHOM MOBEPXHOCTH MMEET BasKHOE MPEHMYILECTBO, [10-
CKOJIbKY OHa BbIPAZKAET U3BECTHYIO H (UKCHPOBAHHYI) MOBEPXHOCTD
y=0. Ecau ponycruts, uto ¢ =T (t) ¢’ (x, y), u3 npensiayuiero ypaB-
HEeHHS [IOJYUHM:

2 ’
T P w0+ eT () o,
UTO MPHU pa3je/IeHHH NEePEMEHHBIX JaeT
T = Acos wt 4 B sin ot

u

0P w? .,

Cor — 5 ¥ ), 7
— rpanuyHoe yciaosHe Tuna Kok Ha cBoGoAHON MOBEPXHOCTH.

Ilockonbky ¢’ (x, y) TakKe yHOBIETBOpSET JIBYXMEPHOMY ypaB-
Henuto Jlamraca, pasjieneHue MepPeMEHHBIX MOJACKA3LIBACT peLICHHE
B BHAE

@’ = (C cos kx + Dsin kx) (Ee® - Fe™),

Ilpu HanHuMH TBEPHOH IPaHHIB V y=—Hh NONOJHHUTEJIbHOE rpa-
HHUHOE yCJoBUe 0¢p/0y=0 npu y=-—~h naer

@' = (Ccos kx +D sinkx)chk(y + k).
IMoncraBass ¢’ B ypaBuenue (67), noayuaem
0? = kg th kh.
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KoM6UHaALUMA JABYX pelIeHHIl BblIIeyKa3aHHOTO THIA
¢ = A(sinkxcos ot —cos kxsinwt)chk(y 4+ h) =
= Asin (kx —wt)chk(y + h) (68)
npefcTaBisier co6ofl ouepTaHHEe BOMHBI AMUHOH A=2m/k W yrioBo#
yacTOTOM ®, NMPOABHrawlielicss B HampabJeHHd X ¢ (as3oBoil CKo-

poctblo U=w/k. C yueToM IpHBEIEHHOTO BhIIE YPAaBHEHUA s o
3Ta CKOPOCTb COCTaBJIsIET

2 M 4y 2R 6
U - th o (69)
Jlast rnyGOKOBOIHOM 30HEL (A/1,>0,5) noayyaem
U=V gh2n';

AJas1 MeaxkosoxHo# 3onbl (A/A<<0,02) ypaBHenue (69) npuobperaer
BU
(hg  2mh \'a —
U~ |2 .= = h.
(2n A ) Vg
[Ipoduab BOJHBI HA CBOOGOAHOH IIOBEPXHOCTH, MOJYUEHHBIH MOJI-

CTaHOBKOH () U3 ypaBHeHus (68) B ypaBHeHue (66), B3ATOE NpH y=
=0, umeer BU[

N = acos (kx — wt).
[TpuMeHHM MEeTOZ pasieseHHs lepeMeHHbIX K ypaBHeHHo Jlansa-
ca B IJIOCKOCTH TIOJSIPHBIX KOOPIHHAT
0%p 1 3 1 o
Tt =0
nonaaras, uto ¢ (r,0) =R (r)S(8). 1o naer
r*  d’R r dR 1 dzs

Tt oty =0

Tak KaK mepBble [Ba UY/€HA 3aBHCAT TOJIBKO OT f, a TPETHH TOJbLKO
OT 0, Kaxjas Tpymna B OTAEJIbHOCTH JOJ/KHA ObITh NOCTOSIHHA!

1 d*S 2, r2 ) d?R r Q_Ri -

S 4o ' R dr? R dr

O6mue peinenns 3THX AHddepeHIHaIbHBIX YPABHEHMI C/IeLyIoILHe:
S =a,cosnd + b,sinnd npu n<0;
S=ab+p npu n=0;
R=Ar"+Br" npu n5=0;, R=clnr-+d npun n=0,

TaK 4TO HOJYUAKOTCA I‘apMOHquCKHe q)yHKU,HI/I
6 = (Ar"—(— i) (a,, cos n8 -+ b, sin n8) + (@b + B) (cInr + d).
r
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CymMMa KOHEYHOrO YHCJa TAaKHX PelIeHHH TakKe rapMOHHYHA; €CJ/H
psiA ONHOPOAHO CXOMAIIMHACH, NMojyyaeM QYHKUHIO MOTEHLHaaa

@ = a—2° + 2 (Ar " 2;—) (a;cosn,0 + b, sinn;0) +
r 13
i==1

+ (@6 +p) (clnr -+ d). (70)

[pexpiaymiuil pe3ysnbraT MoxeT ObiTh NPUMEHEH K DElleHuio 3a-
nau Jdupuxae u Hefimana aas xpyra. [lepBas dysxuusa f(0) 6eperca
KakK sajJaHHble 3HAYeHHWs] IMOTEHLUHa/Ja Ha CAHHHYHOH OKpPYXKHOCTH
¢ LEHTPOM B Hayasle KOODIHMHAT; 3TO KYCOUHO-HEIIpEpbiBHAS OJHO-
ponHas QYHKIHUS, T. . KyCOUHO-HeNpephiBHasl HepaspblBHAs QyHKIHS
C KyCOYHO-HENpepbiBHBIMH Hepas3pLIBHBIMH TIpou3BoAHbIMU. Ecan He-
06X0JUMO HalTH TOTeHIHaJ , KOTOPLIH yAOBJIETBOPSET JaHHOMY Tpa-
HHYHOMY yCJOBHIO, SIBJISIETCS OJTHO3HAUHLIM H He HMEET 0COGEHHOCTEH
BHYTPH Kpyra (BHYTpeHHsSIA 3ajaua), B ypaBHeHuH (70) MOXKHO NpH-
HATH BeJHYHHE A= 1, B=a=c=0; eca1u He00X0AHMO PEUIUTb HAPY K-
HyIO 3a1auy, MOXHO NpHHATh BeanuuHsl A=0 n B=1. B mobowm
ciydae, Korna r=1, rpaHd4YHOe yCJOBHE HaeT

f6) = %‘) + Z(an cos nd -+ b,, sin nB) + af,

n=1

4yTO, 34 MCK/IIOUeHHeM uJjena o, COOTBETCTBYIOULEro UHPKYJISIHH
BOKpPYF LHJHHADAa B HapyXHOH 3ajaye, fIBJASETCS Pas3/OKEHHEM
f(8) B psin Pypbe. CaenoBarenbHo, ypabueHHe (70) naer pelleHHe
BHyTpeHHel nau BHemHel 3anaun Jlvpuxae nis kpyra.

Caenyomas ¢ynkuusa g(0) Oepercs Xak 3ajlaHHble 3HayeHHs
HOpMaJbHOH NMPOH3BOAHON NOTECHLHAJA HAa €AHHHYHOH OKDYMKHOCTH.
Eciu cHOBAa MOMYCTUTH, YTO MOTEHLMA] BbipaxKaercs B ¢opMe ypaB-
nenusi (70), HopmasbHAasi NPOW3BOAHAS NOTeHUHana aasd r=1 co-
crapasier [korpa g(0) oanosHayHaj:

g©®) =c-+ ¥ n(4A—B)(a,cos nd -+ b, sin nbh).
n=1

Ecau npunste A=1, B=0 pas BHyTpenHeil 3agauu u A=0, B=1
LIS Hapy»KHOK 3ajaud, pasjaoxenue g(0) B pag Pypbe naer coor-
BETCTBEHHO:
2
c=0;, a,= L S‘g(e) cos nodo;

niw
Q0

2n
by = S g (0) sin n0dd
n
0
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2%
1
e= g | €O a0
0
2r

a, =

e .
— ;;Oj g (6) cos n 640,

2
1 . ,
b= mm gg (6) sin n6d9.

TIpH STHX 3HATCHHAX 1oCTOAHHBIX yDaBHEHHE (70) nmaer peuleHue Ha-

pyRHOA 1 BHyTpensef saAll HeAMana 1 Kpyra.
byuryuu Jesandpa. [lpunsrtue B ypaBHeHHH Jlamnaca

O lgn9lPy, L & _
Si“ﬁé%(m% )*aﬁ S0 25 ) F e o =0
ocKHX KOOpIHHATAX (R, ©, @), peuenus ¢=

:f%};%ﬁ)ﬂg(()g&)%fg))epnnpqﬂﬁoﬂm K CJeIyIIEeMy Da3JeneHuIo nepeMeH-

HBIX:
l d

. dGg
1 d aF — . —|[sin®—
?-E(szdf)Jr Gsin® dﬁ( d&)+

L e
+ Hsin2®  de?
TockoabKy mepsbiii wied 3aBHCHT TOJILKO OT R, €ro MOXHO NpHpaB-

HSATb NOCTOSHHOH B BHAE ﬂ(njpl)'
dF | 2R—— —nn+ 1) F=0.
g 471
R T R

T BH]L Rm’ MpH NMOMOWH MOACTAHOBKH Ha-

e€
[pexnonaras, 4ro F u —(n-+1). Orcrona obiee pemenue aasa F

XO[IUM, UTO m=H WJIH M~

COCTaBJISIET B
n
F=AR" + el

Ocrabumecs B ypapHeHHs Jlamsaca u/JeHBl Telepb YAOBJETBOPSIOT

COOTHOULICHHIO 4 I &
sin®  d (. o9%) +nn 4 1)sin?d +— - =0
b ﬁ /) 2 '

G b (\Sm a® B dy

[l HoCelHMi wien 3apHCHT TOAPKO OT ¢ H, CJIE0BaTEJbHO, TaKKe
6ﬂ oT nocllL"oaHHoﬁ Be‘ny{qﬂHOﬁ. [TponsBo/ibHOe NMPAPABHHBAHHE 3TOH
ngjclro;mnoﬁ K —g? HpHBOﬂHT K pelleHH0 (HMeWTCs B BHIY TOJbLKO

OJHO3HAYHble QYHKIHH)' .
[ = 4 COSSQ + b, sin se.
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Haxkonen, npu mogcraHoske p==C0s ¥ ypasuenue 11s1 G nmoJyuaer
BHJ,

N I R S ) P }G:
dn [(1 “)du]+[ e Ll (71)
Korma n u s-— noJjioxkUTEJbHBIC Liegnie uucsaa, aas pelenus

3TOTO  OJHOPOAHONO JHHEHHOr0 MAH(G(epeHIHa bHOTO ypPaBHEHHUS
BTOPOTO NOPSAAKA HCNOAbL3YIOTCSH XO POWIO H3BECTHbLIE MOJHHOMBI H

npucoennHenHble Gyskuun JlexXanaApa. Obuiee peiiende ypaBHEHHS
uMeeT BMI:
G = cP; (W) + dQ (u), (72)

rie ¢ H d — NOCTOsIHHblE, a § < 1. (DYHKHHH BUIAa

1 an
Polw)=PLw) = g0+ o (=17

SIBJISIIOTCS NMOJAHHOMAaMHU JlexkaHApa B CTeneHu n, a GyHKUHMH BHIA
Sy (] — u2)S/2 FPn ()
Pr(w) = (1 — 1) Taw
NpeNCTaBAsIOT npucoenunentble PYHKuME Jlexanapa nepsoro pona
U QYHKIUU BHAA
1 1
Q) =@y (W) = 5 P lp) InjE
2n— 1 =5
Im) " 3(n—1) n3 T

) = (1 — /2 L)
Qi () = (1 —p)""? 2

— npucoenHHeHHble QyHKIUHY JIeKaHapa Broporo poxa. Takum 06-
pasoM:
Po(u) =1 Pi(u) = [N

P, (n) = %(3“2— 1); Ps(p) = 17(5u3~ 3p);
i =i s =t
— —p

_L 2 __. | -~
Q (W) = - G 3u)ﬂ,“” g Wt

dynkuuu Jlexanapa pasgendior C TPHTOHOMETPHYECKUMH QYHKIHUS -
MH CBOHCTBO BO3MOMKHOCTH BHIPAXKEHHSI KyCOUHO-HENpepbiBHBIX Ofl-
HopoAHBIX GYHKIHUH B BUIe 6€CKOHEUHOTO psina UX 4IeHOB. DTO CBOM-
CTBO ABJSIETCH CJIEACTBHEM «OpTOTOHAIBHOCTH» ceMelicTBa QYHKLHIL;

l4p 5 2, 2
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ceMelCTBO QYHKUMI P; (X), P2 (x), Ps(X), ... HA3BIBAIOT OPTOTOHAb-
b

HDBIM, €CJIM J/I51 HEeKOTOPOro HHTepBaJjia OT a 10 b f YmPndx=0 npu
a

m == n. Hanpumep, QyHKUHU Sin mX H COS AX OPTOrOHAJbHbI B HH-
treppate oT 0 po 2xn. [Has caydasa m=n MONHO JOHYCTHTDH, UTG
b

I 2 \
} Yn dx=c¢,. HakoHel, MOXHO TpPEANOJIOKHUTb, YTO QYHKUHA [ (x)
a

MOZKET OBITh BbiparKeHa KakK psna:

[ (%) = a1bs (x) + azh; (X) + agis (x) +

Kospduunentsl a, MOryT ObITh BHIYHCJAEHB IyTEM YMHOMXKEHHS YPaB-
HEHHsI COOTBETCTBEHHO Ha Y (X¥) H HHTErPHUPOBAHHUA YJEHOB OJHOIO
3a ApyruM. TakHm o6pa3oM, noJy4yaem

b b 5

JE0) b (4) dx = a, j Py dx = a,C,.

a a

MoXHO noKasath, 4To QyHKUHH JlexXaHIpa NepBoro poja opTo-
ToHaJIbHHE B HHTepBaJge oT —I| mo 1, T.e.
1

§ P, () P () dp = 0 mpn mn,

—1
1
s 9 _ (n4s)! . 2
j;[P”(“)} dp = (n—s)!  2n+41°

Komnmekrosaune npoussefenus F(R) G (9) H (¢) 1 cosianne Gecko-
HEYHOro psjga TaKUX UIEHOB NPHBOAUT K OOlledl TNOTEHLHAJbHO
b yHKIMH

=Y X (AR + o) [oP () + dQs ()] X

n=0 s=0
X (@5 cos s@ + bS sin s¢). (73)

3nece A=1, B=0 nns BHyTpenue#t sagaun u A=0, B=1 pasa Ha-
PYXKHOH 3aauH.

15 MAMIOCTPAUMH TPUIOMKEHHS BBIIEH3JIOKEHHON TEOpUH TpN-
MEHHM €€ K pelleHdI0 HapyxKHOH 3ajgaun Jupuxie ajis mapa. [lo-
NyCTHM, 4TO QYHKUHS ¢ =[(n, @) KOHEUHa 34 IIAPOM M NPHUIOAHA
A4JI PA3iOXeHHd B Clenyollyio GopMy:

[e]

f(u9)= Z [‘12—" P,(w) + 2 Ps (n) (@5 cossg + b3 sin Scp)],

n=0 s=1

B KOTODO# 4/I€HB!, comepxamue @ (p), AOJKHE ObiTb ONYLUEHBI 110
rpaHuydoMy yceiosuw. Torma
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0S s¢
sin s¢

Gl 2t l(n—s) ]
b;} o (n 1 0)! SS 1,0 P50 |

W 10 ypaBHeHHIO (73) COOTBETCTByIOLLAs MOTEHUHaabHasi (PyHKIHUs
IJ5 HADYXKHOU 327144l COCTABUT

}dp,dcp

6=y ! [ﬂpn(m+ZP;(p)(a;cosscp+b;sins<p)].

b=l prg 2
n=0 s=1
u=0
- =]
wu=-7 g=1 A H
’ X
M= 00ast

[=canst

Puc. 29. KoHdoxaibnas KOODAMHATHAS CHCTEMA

Gypxumy JlexaHapa BCTpeyaloTCsi TakKe NPU NPUMEHEHHH MeToia
pasjesieHHs NnepeMeHHbIX K OPTOrOHAJIbHBIM KOOPIHHATAM, [10J1yUYeH-
HLIM BHYTPEHHHMH CEYEHMSIMH ceMeHCTBa KOH(OKAJbHBIX PaCTHY-
THIX 3JJIHNICOHAOB BpalleHHsl H CceMefcTBa KOH(OKaJbHBIX T'HIEepPGO-
Jgonnos (puc. 29). Ecau 3anucathb

x=cpl; y=c(l—p)" @ —1)" cosq
z=c(l—p2)" (E—1)" sin g, (74)
raie |p|<1uf > 1, BUOHO, UTO MOBEPXHOCTH {=const nmpejicTas-
JSIIOT 3JIIHICOMARL, a p=const — runepGosonan ¢ ofiumMu doxyca-
MH B Toukax (¢, 0,0). Koopaunarst p, ¢, ¢ 06pas3yloT OpTOrOHa/b-

HYIO CHCTEMY KOOpAMHAT, OTHOCHTEJNBHO KOTOPOH ypaBHeHHe Jlan-
Jaca MOxKeT ObITh 3alMCaHO B BHAE (CM. IPHJIOKEHME):

2l ® L
A ”)ap]Jﬂ_m og?
Ha Wbl 1 o
—ac[< -0t 5 (75)
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Ipunumas ¢=F(u)G(L)H (p), noayuum
1 d dF 3 1 d*H
Ef L en
F o dp do | H(1—p) dg?
1 d roy AG 1 s
R e [(] - FRNS .
G 4L g H{l—?) dg
¥ OTCIOZlA, MOCKOJNDBKY (PYHKIMH W H { HaXOASTCS B PasHbIX uacTsIx
ypaBHEHHs, €r0 WiIeHbl MOryT ObITb NPHPABHEHB! K Takoi e (yHK-
unH OT @, Hanpumep f(g). flyrem nuddepeHnpOBaHHS OTHOCHTEND-
HO @ HaHIeHo, 4to df/d¢p ectp QYHKUHS OT @ H w, Mogpa3yMeBalollas,
yTO [((p) — TOCTOsSIHHAS BeJHUHHA. EcaH 3Ty MOCTOSHHYIO 3alHCaTh
B dopme n(n+1) ¥ nepeMeHHble CHOBa Pas3ielHTb B KaMIOM H3
00pa30BaBILKUXCS ypaBHEHHH, NOJYyUKUM, uTOo H () UMeeT BH[,

H (9) = a,cos sg - by sin sp

v uto Kaxk F(p), Tak 1 G({) ynoBaerBopsiior nnddepeHipasbHOMY
ypaBHeHHuo Jlexaunpa (71), oOmuii BUA pelCHUsi KOTOPOTO Mpej-
crasjeH ypaBHenHeM (72). Ecau tpebyercs, uTobnl nmoTernnas 6o
KOHEYHBIM Ha MOBEPXHOCTH J1000TO aanuncouaa {=const, kormga p
usmensgercsa ot —1 no 1, Torna npoussenenue F(u) G (C) H (¢) Moxer
ObITb NPHBEJEHO K GopMe GECKOHEUHOro psifia TaKHX UJIEHOB

6= 3 NP @) [cPs () + Qs ()@ cos sq -+ b sinse),  (76)

n=0 s=0

A€, NOCKONbKY {>1, BHlpamenua nia PS5 u QS JO/KHBI ObTb Npe-
00pa3oBaHLl B CJAeRYIOLIHe:

s _ (2 1\$/23°Pr()
P = @— "R

S (1) = (22— 1)¥? a0
GO=@—D"=E

Tak Kak npeneabHbllt 5JAJHICOHN, COOTBETCTBYIOWUMA (=1, npea-
CTaBJISIET CEerMEHTHYIO JIHHHIO 0 OCH X oT —1 10 1, BXOJIb KOTOpO#
Q5 (L) nenaercss GecKoHEUHOM, NpHHHMAeM ¢= 1, d =0 115 BHyTpeH-

nelt 3afnaun U (4To6Bl H36eXKaTb GECKOHEYHOro MOTEHIHadAa B Gec-
KoHeuHocTH) ¢=0, d=1 paa HapyxHo# 3agaud. i ocecHMmer-
PHUHBIX NOTOKOB ¢ HEe 3aBHUCHT OT ¢ H B ypaBHeHun (76) npossas-
FOTCA TOJBKO 4iieHbl ¢ § =0,

B xauyecTBe npuMepa npuMmenenus ypasuenus (76) paccmoTpum
Caydaid IABHXKEHHS 3JJIHICOMAA NapaJ/ilesbHO 3KBAaTOPHAJbHOH OCH,
Hanpumep, ocu y. Ecau @ u b npejacTaBasior GOgbIIYIO H MayIo 110-
JYOCH 3JUIUNICOMAA, @ € — €T0 3KCUEHTPHCHTET, TOrla H3 YPaBHEHHH
(74) e=1/L, a=cto u b=c(to—1)". Ecau V — ckopoctb nepeme-
LIeHHs 3/IJIMICOH/IA B TMOJIOKHMTENbHOM HaNpaB/JIeHHH OCH Y, TpaHHy-
HOE yCJIOBHE Ha 3JIIHICOHJIE COCTABASET
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oy

dp .
) - a; [4

g

Vol — p2)2 cos
(C?)_ 1)1/2

[IpupaBHuBas 3TO BbIpa)KeHHe IPOH3BOAHON OT ¢ B ypaBHeHHH (76)
1aa ¢=0 4 d=1, nyTeM cpaBHEHHUA C MHOXKHTEJEM IIPH COS @ BHIHM,
4TO TOJIBKO YJEHbl ¢ §=1 CJefyer COXpaHUTh; KPOME TOTO, TIOCKOJbKY

muoxkuteab (1—u?)’* ectb P}, HET HEOGXOAMMOCTH DaCKpbIBATH
1 (F}
(I—n?) /» B psaa dyaxuui Jlexxanapa, Kax 3To oObIUHO [leqaloT.
Taxum obpasom, noayuyaem
1
dQ!
dg

— VC;O
=1y

Yo dQu 1 s vl [y EHL 2
QO =E—n"Th =@ ”P%_IQLJ

OTCIOI.(a HCKOMin'I NOoTEeHIHAaJ COCTaBJACT
@ = a P} (n)Q}(f)cosp =

o ey a1y [
= 2(1 pH " @E—1 [ln P gz_l]cosﬁ,

a

Ho

rjie
cV

2
1 1 Lo+ 1 Lo—2

~In _
_ 9
2 Lo—1 o (&%— 1)
Pynkyuu Becceas. Ecau npuHATh, 4TO ypaBHeHHue Jlaniaca B Uu-
JIHHAPHUECKHX KOOPJHHATAX

Bp 0.0, 1.08 2

(11:

ar? o0 ' o
uMeer peuleHus1 B dopme ¢=F (r) G(0)H (2), nomyuum
1 2 2
L @F L dF 1 @G 1 eH

F dr? rF dr r2G  de? H dz®

PaceMmaTpuBaloTesl JHWb OfHO3HAauHBle peuienus. ITocko/abKy mepe-
MEHHas Z NOsABJ/IAETCS TOJNLKO B UETBEPTOM UJIEHE, IpHpaBHUBAHNE ee
NOCTOAHHOM k2 maer pelueHHe
kz —kz
H (2) = Ae™ -+ Be™*,
rae A u B —nocrosiHHble BEJIHYHHBI., 3aMeHsis YeTBEPThill usjen Ha k?
¥ yMHOXKas IOJyyalollleecss ypaBHEHHe Ha r2, BbIASJUM TPETHH uJjieH
KaK QYHKUHIO TO/IbKO 8, H, mojiaras, CJe10BaTe/bHO, €r0 PaBHbIM 1O-
CTOSIHHOH —s2%, HAXOAUM peLIeHHe

G (6) = a, cos s8 - b, sin s0.
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OcraBinyuecd 4iCHbl MOTYT ObITL 3aMHCaHbl B BH/I€ BbIpaX>XECHHS
d*F 1 dF [
e el el Lt
dr? r dr \

52

—) F=0, (77)

r2

KOTOpOE fBJAseTCH Au(depeHnHalbHbIM ypaBHEHAEM 1S QYHKUHA
Geccensn. Ero ofuiee peureHue TakoBo:

F(r) = cJ,(kr) + dN, (kr),
rpe ¢ ¥ d —noctosHHbe, a J; ¥ Nys— Qynkuuu beccens nopsaka s

[1eEpBOTO H BTOPOro poja COOTBETCTBCHHO. KOI‘ILa § TIOJIOXXHUTEJbHOE
1eJgo0e 4YUCa0, OHM COCTaBJISIIOT BhIDAXKEHHE

(XL 2e (/28 (x2)F
J’(x)—(2) [s! Tern T st sistay T ]

KOTOpPOE CXOAHUTCA I BCEX 3HAYeHUH X, H BbIPAXKEHHC

2N () =1, (x)[ln ~ —(1 + %+- e %) +0,577---]—

s—1

WV gy 2nts si 1 ([ x\esda
g]( 1) n(n+s) J2n+s+ 2 _On__s(2) nt "

TakuM o06pa3oM, TNOACTaBaAA peuwenus pas F(r), G(8) n H(z)
B npousBejenne FGH u co3gaBasi GECKOHEUHbIH P TAKHX HJEHOB.
NOJYUUM

b =N Y e/ (ksr) + d; N (ky;r)] (ag cos s8 + by sinsB) X

j=1 s=0
X (de *s* + Be "% ), (78)
7€ MOXKHO JOMYCTHTb, uT0 A+ B=1, a BeJHUHHH ks; onpenensiorcs

IPAHMYHBIMH YCJAOBHAMH. DTH ONpelestomue k; rpaHHuHbie yCJHO-
BHSI MOTYT ObiTb 3aluCcaHbl B obied opme:

C,F (@) +C, @ o,
dr
CoF () + C. 2 — o, (79)
I

rae |Cy] +|Cy|>0,|Cs| +|Ca|>0,a unaunppsl r=a u r=>b npu
a<b SBAAIOTCS TpPAHMIAMM CHCTeMbl. Ycnosus (79) noaxoaar
/1S OTIPE/IEJICHUSA HE TOMBbKO Kgj, HO M oTHowenus dj/c;. Korna sona
AKUIKOCTH BKaoouaer Juuuio r=0, nepsoe u3 ycjaosui (79) samess-
eTcsi TpeGoBanueM, uto6nt F(0) Obu1a KOHEUHOH BEJHYHHOH. Sto
TpeGOBaHHE YJOBJETBOPSETCH, ©C/AM 3HAUEHUE b; NMPHHATH PABHBIM
HY.110.
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OyHKUUN J5(ks;r) + (d;/c;) Ns(ksjr) OpPTOTOHAIBHBEI OTHOCHTEJIBHO
3HayeHUs QYHKLHH r B HHTepBaJle a Nr<X b, T. e.
b

|7 [ Coar) 55 Netr) | [ ) + S N 1, 1) | r =
o i 7
:{0, ecsu == J; (80)
CS]‘>0, eCcJin l:].

B ocobmix ciayuasnx, xorna d;=0 (t.e. korga a=0), nocTosIHHAA
C,; B ypaBHenun (80) umeer BHJ

Cy=-Lp (120t + (1~ = ) [Js(ks;b)P},

sj

rjae WTpuXx obo3HayaeT nup@epeHUHpPOBaHHE OTHOCHTENBHO apry-
meHTa. Ecsn sHauenne Cy nogobuo d; paBHO Hydio, Toraa Js(ksb) =
=0 u Cy=1b2[J (ks;b)]?>. Ecau 3nauenne C; 1nomgobuo d; paBHO
nyJo, Toraa J, (ksb) =0 u
1 52
Cyp =4 b (1 - b2) [J, (s )12

s8]

s npuMepa pacCMOTPHM Ciiydyall BUOPHPOBAHHS KPYIJIOH NJa-
CTHHBI €IMHHYHOrO pajguyca, pacnoJIOKEeHHOHl B HayaJe KOOpPAHHAT
H TNEpNeHAUKYJIAPHOH OCH Z; OKDYKHOCTb IVIACTHHBI OTPAaHHYEHA TaK,
YTO HOpMaJjibHas CKOPOCTb IJIACTHHB 0¢/0z paBHa HyJI0, KOTAa
r=1 n z=0. [TockoJbKy nOTeHIHas KOHeueH, Koraa r=0 M Kormaa
2= oo, cjepyer npuHATh dj=A=0 u Torna B=1 B ypasHenuu (78)
n C;=0, a b=1 B ypasHenuu (79). CienoBaTeqbHO, MTHOBEHHBI}
MOTEHLIMAJ CKOPOCTH HMeeT CJeAYIOLHA BHI:

b =Y YciJ,(kgr)(ascossB -+ bysins) e Fv?

i=1 s=0

Yc/loBHe Ha OKPYXKHOCTH MJIACTHHBI BUAMMO YIOBJETBOPEHO, TaK
KaK Js(ks;) =0. Ecin MrHoBeHHasi HOpMaabHasi CKOPOCTb y ITACTH-
Hbl 3a71aHa B Buje 0¢/0z=f(r,0) npu z=0, Toraa

F(r,0) =—X ¥ ikl (k) (agcos sO + b sin s6),

f=1s5=0

e NPOM3BENCHHS Cjls U Cjbs MOTYT GBITb YCTAHOBJIEHBI [IPHMEHEHH-
eM OpTOroHaJ/JbHoCTH. Takg, ecau >0,

2r 1
¢ja, = — z y rf(r, 8) I, (ky;r) cos s0drds.
kg [ I5 (Ksj)]

110



35. Meton orpaxeHuidl. Kak ykasaHo paHnee, (pOpMbl Teqa WM
rpaHHLEl TOTOKA B TEOPHU NOTEHIHAJNbHBIX TEUEHUH MPEeNCTaBAsIOTCS
IPOCTO TIOBEPXHOCTSAIMH TOKa, F€OMETPHYECKH MOAOOHBIMH OYepTaHH-
sSiM TBEPIBIX TPaHUll, UMEIOUHX NPaKTHYECKUH HHTEpPEC; TOCKOJbKY
sajgavya HampsiKeHUH cIBHra Yy TpaHHIbl HE PACCMaTPHBAETCsH, TO
HHKAKHX TPYAHOCTEH H3-3a 3TOTO NPEACTABJCHHS He BO3HHMKaeT, HOO
[TOTOK He TPOHHKAaeT HU depe3 3TH NOBEPXHOCTH, HH uepe3 TBepAble
rpanuiel. OqHAKO, KaK BHAHO H3 ypaBHEHHH /15 QyHKIHH MOTEHIIHE-
Ja UJH TOKa, MaTeMaTHueckoe roJje OecnpenesnbHO, H 3LeCh CYIILECT-
pyeT Kaylleecsi mose MOTOKa 1o o6e CTOPOHBI J0OOH BHIOpaHHOH
[OBEPXHOCTH TOKa, HAIPHMEp, B CJlyuyae MOJEJHPOBaHHsA NOTOKA, 06-
TEKAILLEro 11ap, HCCAeJOBAHNE YPABHEHHI NOKAXKET, YTO HEPa3phiB-
HOe MOoJIe [BHMKEHHS PaclpoCTPaHsIeTcl Ha MPOU3BOJLHO 6o/blloe
paccTosiHMe, BEIPaBHUBAACh NOCJAE Iapoo6pasHOH NOBEPXHOCTH TOKa
K gunodio B uedtpe. [lockoabky J/i00oe Ipyroe 3aMKHYTOe TeI0
AOMIKHO TaKxkKe BKAOHYATb 0CO6GEHHOCTH, NOAOGHLIM e 00pa3oM no.is
noToka OyAYT CYIIecTBOBATb MO O00EHUM CTOPOHAM TPAHMLBL H IIOTOK
Oyner Bcerga 3aKaHUMBATLCS y BHYTPEHHHX OCOOEHHOCTEH. DTa CH-
CTeMa BHYTPEHHHX OCOOEHHOCTeH CuuTaeTcsl KaK Obl OTpazKeHHEM HX
HapyKHOH yacti. Ecsan MoxeT 6bITh HaliieHO PacnoJioxkeHue, IpUpo-
A2 H HaNpsKeHHe 3THX OTPaXKeHHbIX 0COOEHHOCTEH, HX MOTEHHHAJIBI
BMeCTe ¢ MOTeHUHalaMH MEXaHH3MOB TeYeHHsl, BOCIPOH3BOASLIUX
HapyKHLIH TOTOK, AaAyT NOJHBIA MOTEHLHaJ [Jis NOToKa BOKPYT
Tena. OLleHKd 3THX IOTEHLHAJ0B, OLHAKO, BOOOLLE sIBJASeTCS TPYALHOH
sapaded. TonbKko A5 ciyuyaeB wapcoOpasHoH, KPYIJof HIH MA0CKOH
TpaHHI HMEKTCA CNOCOOLI, IPUTOAHbIE /I ONpeleaeHHs OTPaXeHHH.

B cayuae N/a0CKOH TpaHHIlLl OTPa’kKeHHE CTAHOBUTCS TOTYAC Ke
OYEBHIHBIM MO cUMMeTpuH. Ecjy HCTOYHHMK Hanpsikenuem M pacrio-
JoXKeH Ha eNHHHYHOM PAaCCTOAHHH OT IIJIOCKOCTH, CHCTeMa KOOpIH-
HaT MozxKeT ObiTh BbIOpaHa TakK, YTOOb HCTOUHHK HaXOAZHUJICS B TOUKE
(1,0,0). Ecau npHHSITH, YTO OTPa’KEHHBII HCTOUHHK C TAKHM K€
Hanps:KeHHeM HaxonuTca B Touke (—I1,0,0), mo cHMMeTpuu ficHO,
UTO IJIOCKOCTE Yz OyJeT MOBePXHOCTbIO TOKA MOJy4alOIerocsi mMoTo-
Ka. Takum oGpasoMm, MOTEHIHAJ COCTABJISIET:

¢ = —M| L : ]
(k=12 g2+ [Py 4 2]

AHaJOrM4YHO B ABYXMEPHOM CJydyae y HCTOUYHMKA HaNpsKeHUeM M
B Touke (I, 0) cyilecTByeT oTpakeHue OTHOCHUTEJbHO OCH X C TEM Ke
HanpsiKeHdeMm B Touke (—1,0), a moayvaromuics noTeHndaa paBeH

¢ =210 [(r— 1P + 47 [0+ D2+ 2],

Peayabrat A KCTOUHHMKA BOJNSH IJIOCKOCTH fBJASETCS OCOOBLIM
cllydaeM HMCTOYHMKA BHE 1apa. Ecau uUeHTp mapa paguycoM a Ha-
XOJHTCS1 B HavyaJjie KOOPJHHATHOH CHCTEMBI Xy2, a UCTOYHHK Hanps-
kenueM M pacrnosoxeH B Touxe (c, 0,0), npuuem ¢>a, JeTKo KLOKa-
3aTh, UTO CHCTEMa OTPaXXEHHSI COCTOHT M3 HCTOYHHKA HANpsKeHHEM
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Ma/c B mporuBosexalesi Touke (a?/c, 0,0) ¥ paBHOMEPHOTO JHHEH-
HOTO CTOKa ¢ JHHeHHol mioTHOCThi0 M/a, MPOTAHYBIIErocss OT mpo-
THBOJIEKallefl TOUKH K ILeHTpy mapa. JlokasaTesbCTBO OCHOBBIBA-
eTcsT Ha ToM, 4To O¢/On=0, Korga 2=a, rae ¢ — pesyJbTHPYOIIHI
TIOTEHLIHAJ, 06YCJOBNEHHB HCTOUHHKOM H OTPaXKeHHSIMH:

- M Ma/c .
¢ = [(x — )2 + y2 + 2]z + [(x~az/c)2—f—y2+22]‘/2
_nt &

a J [x—gp+ort2]

OG6b1yHO, KOT/la MPOU3BOJIbHBI GE3BHXPEBHI IOTOK HECKHMae-
MOH HeBSI3KOH KHJAKOCTH BO3MYIIAETCSl 1IapOM, pe3yabTHpPYIOIHH
NOTEHLIHAJ NPEACTaBJAAETCS 3aMeuaTenbHOl TeopeMmofi Befica, u3-
BeCTHOH Kak TeopeMa o wape. dyuxuus ¢o(R, ¥, ¢) oBosnauaer
NepBoHAYaNbHBIH OOTEHUHAsa ckKopoctH, a @G(R, &, ¢)=a¢o+
+ @1 (R, 9, @) —noTeHnHa I BO3MYILEHHS, WNOJYUYAOUMACA Mocae
BBEIeHHs apa paAuyCcoM @ B HauaJso KoopauHart. [Ipennonaraercs,
YTO (hy He HMeeT OCOOEHHOCTeH, paclloIONKEHHBIX Ha NOBEPXHOCTH
WM BHYTPHM mapa. Torza teopemMa o IHape [JIACHT, YTO NOTEHIHAJ
¢, npu 0p/OR=0 Ha wape cocTan/sieT

&, =7‘;—960(%,ﬁ,cp)—fle—!xgﬁo(%ﬁ,qajdx. (81)

st 1oKaszaTeabCcTBa 3TOH TEOpPeMbl HYKHO NpexKje BCEro IOKa-
3aTh, YTO uW/JeHHB NPaBON uacTH ypasHeHus (81) rapMOHHUYHBE mJsI
R>a. Tloacraasis nepBHifi wieH B ypaBheHHe Jlamnaca B 06o3Ha-
YeHUsIX CepHyecKod KOOPAMHATHON CHCTEMBl u nmpunumas R/ =a?/R,
HaX0IuM, UTO

~asinﬁ'é%<960+ R’g%’—) +—a—(i sinﬂ—%) -+

oR’ a0 \ R o0
a 0%, a [ 0 /2 Oy
—cscY -4 = — ) =2
+ R OS¢ 7~ R [sm 3R (R 0R’>+
d [ . o 0 o]
-+ 5 (smﬁ ETY ) +csc @ ————0@2 } =0

Aast R>a, nockosbky ¢o(R’, ¥, @) rapmonuuna nas R<a. dto mnpe-
o0pasoBaHue OHON rapMOHHYECKOH (GYHKIHH B APYrylo NyTeM HH-
BCPCHH H3BECTHO Kak npeobpasoBanue KeabsuHa. Tak KaK NOJBIHTE-
TpanbHOE BRHIDAXKEHHE B MOC/AefHeMm usieHe ypaBHenus (81) wumeer
TaKylo e (OpMy, 3TOT HHTErpas TakKe JOMKEH ObiTb rapMOHH-
YECKHM.

Ocraercs nokKasaTh, 4To Npu R=a

% _ o | s

3R~ or Tor
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g ()[R 0]

R \ R =a Rz R3 OR’
— a&D(Rvﬁvq))
[ a + OR ]a
H
5} 2 A2
o[ [ra i ne)a], -
o2 a2 A
=l | _gﬁo(~,ﬁ,cp)d—:} =
0R[a J l/R R VR s
2 d a a ’ Wo (avﬁ’qj)
=== % =
; (dR V?)[V?%(R, xp)L -
CrenoBaTebHO, OACTAHOBKA B IPOM3BOAHYIO ypaBHeHus (81) npaer
fy (a,9,9) __ _ Ibo(a,8,9)
OR R ’

YTO U TpebOoBasNOCh JOKAa3aTh.

B kauecTBe mepBOrO NPHJIOKEHHS TEOPEMBI O LIape JIPHMEM, UTO
NOTeHLMAJ AJisi PaBHOMEPHOro MoToKa paseH (o= Uz=UR cos.
Torpa nns wapa B paBHOMEDHOM NOTOKe OyIeM HMeTb

a
Ua? 2 ¢

A2
@ = URcos® + — . 22 cos & — — | AU 2= cos 9dA =
R R aRb) R

a3
= U(R ———) cos ¥.
+ 2R?
Takum 06pa3oM, OTpaxKeHHe MPeACTaBJAECT NUNOJNb HaMpsKEeHHEM
1/;Ua® B nenrtpe mapa.
Caeaywoitas GYHKIUsS by B3SATa KAK NOTEHUHAJ HCTOUHHKA Ha-
npsixkennem M B Touke (c,0,0) npn c>a. Torza

960: M

[R2 — 2Rc cos & + 2]/
H, ¢Jego0BaTeJbHO, IOTEHIHMA A HCTOUHHMKA BHE HIapa COCTABJSIET

_ M MaR _

¢ = [R2 — 2Rc cos & + 2]z + [ at 2a2c ]‘/z
—_— cos $4-¢2
R? R

a
_ (2M/aR) AdA _ M n
{E _ M cos & +02]l,2 [R? — 2Rc cos & + ¢2] /2
R? R
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a’le
Majc (M/a) d§

+ N 9Ra? 4:,1/2 - [R2~2R§C08ﬁ'+§2]‘/2 ’

IRZ— cos ¥ —{—%
L c ¢ [

UTO NOJATBEpIKAaeT MpaBUJIbHOCTb NPEABAPUTENbHO 3aJaHHON CHCTe-
MBbl OTpaxeduud [Jig HCTOUYHHKA.

BeficoBckas TeopeMa O Ilape AaeT oTpakKeHue AJs CHCTEMBI Ha-
PYXKHOTO HOTCHUHAJMa B LIape. Taxxke HOJIXKHa ObITh YKa3aHa BHYT-
peHHsid TeopeMa o iiape Jlymdopna, Mapruseka u Exa. Ecanu

| I , |
! | 5’ l S , Sy [}

e S e O + o
7 =3 3| 'il a |+ I
1 ! ! |

5

] i
I |

-+ N A,
] |7
f ]

Puc. 30. BooGpaxaemasi (MHUMAsi) CHCTEMd HCTOMHHKOB MEXKAy Ta-
panJeabHbIMY MIaCTHHAMH

Go(R, 0, ) sABAAETCHA NMOTEHIHAJIOM pACHpENENeHHsT TTONHOrO Hamps-
’KEHHsl, HaXOJsllerocss BHYTPH 1Wapa R=a, Torna ¢yHKIUS

951(1?,1‘},617)2%960(%,1‘},@)+£Tlgﬁo(§,ﬁ,¢)dl (82)

a

SIBJI€TCS TaPMOHHYECKOH BHYTPH IUapa W Ha HEM, yIOBJIETBOPsisi pa-
BEHCTBO

é%(¢0+(ﬁ1)=0ﬂa R=a

JlokasatenbCTBO aHaJOTHYHO IPHBEJEHHOMY paHee s HapysKHOH
TeopeMbl O Iape.

Hpyro#t knacc 3ajay— ¢ MJIOCKAMH WM KPYTJIBIMK TPaHHLAMH,
MOKeT peIlaTbCs METOAOM IOCJENOBaTeJbHBIX OTpaxKeHHH. B kaue-
CTBE HAYAJbHOTO MPHMEPA PACCMOTPHM CJyuyal, KOTrja MCTOUYHHK M
pacnosoxed B Touke (a, 0,0) Mexay mnapaJJielbHBIMH TJOCKOCTSI-
MH P, 1 Py y x=—1 u x=+41. [lepBble OoTpakeHHs HCTOYHHKA Ha
Py n Py, o6o3nauennnie Ha puc. 30 Kak S; u S|, MOTYT C/IyKHUTb B Ka-
yecTse NPUONMKEHUA AJ5 HONYUYeHHs] NOTOKA MEXAY IJOCKOCTSIMH,
HO HE Jal0T TOYHOTO peIIeHHSs], TOCKOJIbKY S, HapyllaeT CHMMETPHIO
BOKDPYr P, TpeGyioulyiocsi AJisi Toro, uToGbl 3Ta MJIOCKOCTH MOTIA
CTaTb NOBEPXHOCTbIO TOKA. [y cCOXpaHeHHsI CHMMETPHH HeOBX0IHMO
MOMYYHTh OTpaxkeHne S Ha IJIOCKOCTH P, OXHAKO OHAa CHOBA Hapy-
miaercsi, KOraa S, oTparkaerca Ha IJIOCKOCTH Py C Lesbio MpHLaHHs
CUMMETPHYHOCTH NocaenHell nmockoctd. [IpubinKenue K xegaemo-
My MOTOKY YBe/JHUHBAETCs C KaXAbIM OTPaXKEHHEM, HO TOYHOE pe-
WUEHHEe MOXKET GbiThb [JaHO TONBKO GECKOHEYHBIM JIHHEHHBIM DAAOM
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HCTOYHHKOB NpH x=4n+a u x=4n+2 —a, xorna n=0, £1, £2,
Taxum 06pa3oM, TOUMHHH NMOTEHIHAJ Bbipaxaercs Kax GecKoneuHblil
11 NOTEHIHAJ0B HauaJbHOTO HCTOYHHKA M ero orpaxenuit. Orciona
O4YeBHOHO, YTO CHCTeMa OTpa-
JKCHHI 1718 MCTOYHHMKA B NpA-
MOYTOJIBHOM KaHaJje, [O0Jy-
yeHtasi aHaJIOTHYHBIM IyTeM C
MIOMOLLbIO T0CJe10BaTeAbHbIX
OTPaX>XEHHH B OBYX B3aHMHO
nepreHAHKyAspIbIX Napax na-
paJJieIbHBIX [JOCKOCTeH, CO-
CTOMT H3 JBOIlHOro OecKoHed-
HOTO pfija HCTOYHHKOB B MJIOC-
KOCTH, Ipoxoasuieil uepes Puc. 31 Jlsa wapa, RBHXywWHeCs
BAOML JUIRHH HX HEHTPOB
NCPNeHAHKYASp OT HayaJjbHO-
ro MCTOYHHKA K KaHany.

ITone ckopocTe#, 06yca0OBJEHHOC ABHXCHHEM ABYX LIdPOB B XKHI-
KOCTH, TaKxXe MoxeT 06pabaThiBaTbCi METOAOM I[IOC/JENOBaTENbHbIX
orpaeHuil. Cambiit 06LIHA cayyall MJIOCKOro ABHKEHHSA ABYX 1IApOB
S u S’ paguycamu a u b c uentpamu A 1 A’, pacnosoXeHHbBIMH Ha
pPacCTOSIHHK € OPYT OT APYra, OCyIIecTBJISIONIErocs C KOMIIOHEHTAMH
ckopoctH U, V u U’, V', nokasan na puc. 31. Ilpumenm, uro ¢, ¢,
@y M d)o—nmeuuuanm CKOPOCTH, COOTBETCTBYIOLLIHE CJIEAYIOLIHM

3HAYeHHUAM KOMINIOHEHTOB CKODOCTH:

U v v’ v’
P 1 0 0 0
b1 0 1 0 0
&, 0 0 1 0 )
il 0 0 0 1 -

TOraa peileHue AJs ob1ero CJayuyasa CoCTaB.afer
¢ =Up, + Vg, + U, + V',

CnpaBenHBOCTb 3TOrO BhLIpaXKeHMA NOATBEPIKAA4eTCH, Koraa dg/dn
VIOBJETBOPAET 3ajJaHHble rPaHHUYHbIE YC/0BHA Ha wapax. Kpome To-
ro, OYEBH/IHO, UTO pPeuleHHs A8 ¢, U ¢h, MOTYT GbITh BHIBEJEHB! H3
peweHui 048 ¢, U ¢hz, TaK YTO LOJKHbl OBITL NMOJYYEHBl TOJbLKO MO-
¢.leQHHE peuleHHs.
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Ecau 0w mapa S’ He CyLIecTBOBaJa0, MOTEHLIHAA CKOPOCTH, 00y-
CJIOBJIEHHBIH JBH:KEHHEM I1apa S ¢ eTUHHYHOH CKOPOCTbIO B Hamnpasb-
JeHHH OoCH X, Obla Obl TAKHM IKe, KaK y AHNOJA HanpsKeHHeM Ap=
=a%/2 B Touke A. Ilpu BHeceHHM B moJe mapa S’ rpaHHYHOE YCJO-
BHE Ha HEM V/JOBJETBOPSieTCSst NyTeM BBEACHHSA CHCTEMbl OTPaKeHHs
Ay B S/, T.e. qunoas A; =—Agb3/c® B Touke, npoTusoaekame A.
3HaK MHHYC O3HayaeT, YTO OTPaKeHHEe JHUNOJs HANpPaBJIEHO BIOJb
oTpHLATeNbHOR ocH x. [/ COXpaHeHHA TPAHHYHOTO YCJOBHS Ha S
Heo6XOLHMO OTPA3UTh 3TOT OTPA’KEHHBIH RUIOABL Ha S, a 3aTei Ho-
BB OTpaKeHHBIH Aumoab Ha S’ U T. 1. [Ipomoskasi B TOM ke gyxe,
noJayuuM GeCKOHEUHble TPYNNbl AHIioJfell B mapax S u S’, pacnoJjo-
JKEHHBIE B NOCJEJO0BATENbHLIX NPOTHBOJEKAINHX TOUKAX:

=G0 A==

) a \3 ' b \3
A =—A (I) ; A2:~Al(—x'_>;
1

Azz—Aé(—a‘)s; Ay =—A, (_b_’)s’

Xo x2
rae Xy, Xy, .. — PacCTOAHHS munotel A, Ay, ... 0TAH x|, %), ... —
paccrosiausa gunosiefi Ay, Ag, ... ot A’, uan
b2 , (12
X¥p=C——, X =0——,
4 X1
b*? ' ag
x2‘—“C-—~—", XQZC*—'_*,....
Hy X2

CoOTBeTCTBYIOLIHH pacyeT A ABHKEHHs, TepIeHINKYISPHOTO
JHHHH LEHTPOB, 60J1€e CJ0KEH K 3[eCh He paccMaTpuBaercs. Mox-
HO 1O0Ka3aTh, YTO KHHETHYECKAas SHEPTHS XKHIAKOCTH /151 O6LIEro
JBUKEHHSI IBYX IIAPOB UMEET BH]L

2T = AU? + 2BU,U; + CU; - DU2 +- 2EU,U; +- FU;’,
¥, NIDHMeHAs 06llee NMPABHJO TEOpPeMBl NMPHUCOEAMHEHHBIX Macc T3i-

Jopa, BHIpasHTbh NpHcOeluHeHHbie Maccel A, B, ..., F Hemocpencr-
BCHHO B (opMe JHIOJEH:

A= dmp| B+ A+ 8y ) — ]
B=4np(A;—}—Aé—}—---),

UTO TIPH NOCJEN0BATENbHOH MOACTAHOBKE BHIPAXKEHHH AJs HanpsxKe-
HHH JOUIOJNA J&eT

A:inpaf"{l—}— 3ab? + Sa’h? },

3 (C2 — b2)3 [(62 — b2)2 — Cza2]3
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a*b adb?
B'__2np—“{1—'—m+-..}
H, 10 CHMMETpHH,
2 3a2b3 3af6®
= = mob3? b
¢ 3 w {1 T (c? — a?)? [(c? — a?)2— c2b2]3 + }

COOTBETCTByIOHlHe pe3yabTaTH AJisi OTHOCHTEJABHOI'O ABHKEHHA, NIEP-
NeHAUKYASIDHOTO K JHHHH LUEHTPOB, COCTABJAIOT!

_ 2 3 3a3b3 (c2 4- b?) 3a%h® (c? 4- a?) AT
b= 3 wa {1 T 4c? (c? — p?)8 16¢8 (c® — a?)3 + }’
E=nmp il {1+a~——~—~3b3(62+22)+ }

— a)?
F— 2 t0b? {1 + 3(:.3b3 (c? + a?) 3a%b® (c* - b?) . }
3 P 4c? (c® — a?)3 16¢3 (¢ — b2)3 ’

36. MeTon HHTerpanbHeX ypaBHeHHd. Hu oIMH H3 METOHLOB, ONH-
CaHHBIX B JBYX NpeAbIAVLUIHX NYHKTaX, He NOAXOAHMT AJA pelleHHs
3ajlady C IPOU3BOJbHBIMH I'pDaHMIaMu. Korza rpanuipl B 3ajaue He
MJIOCKHE, He cepuueckne, He 3JJIHICOHAAJbHBIE, He KPYIJIOLHJIHH-
IpHUecKHe (MM HX ABYXMEPHOe COOTBETCTBHE), AJA MOJY4YEeHHS pe-
ILIEHHA IPUMEHAIOTCS ABa APYrHUX crnocofa: B OHOM ypaBHeHHe Jlan-
Jaca 3aMeHsieTCsl ypaBHEHHeM KOHEUYHBIX pasHocTed, npeofpasoba-
HHe KOTOPOTO PACCMOTPEHO B CJeAyIOLIeM pa3jene; B ApyroM 3ajaya
(opmyHpYeTCs KaK JHHeHHOe HHTETpasbHOE ypaBHEHHE.

CymecTByeT HECKOJNIbKO NyTeH NMpHBEJEHHS 3aJayd MOTEHIHAJb-
HOTO TeYeHHH K PEIICHMIO HHTErPaJbHOTO YPABHEHMA, U 117 YaCTHBIX
clydyaeB MoXeT OBITb YCTaHOBJEHO GeCKOHEYHOE UMCJO PasJHuHbIX
VHTerpaJbHbiX ypaBHeHHH. OnHako npexje ueM HNPHCTYHHMTb K H3y-
YEHHIO UX, CJelyeT MO3HAKOMHTLCA € NIPHPOJOH HHTErpa/bHbIX ypas-
HEHHH U C BO3MOXKHOCTAMH H NPHEMaMH [/ N0AYYEHHUS X pelleHns.
Teopus HHTerpaibHbLIX YpaBHEHMH MOJYYHJIA I[IHPOKOE pPa3BHTHE
H OIHCaHa BO MHOTHX KHHTaX H CTaTbfAX. 31eChb MOXKHO NpPeACTaBHTh
TOJIBKO T€ PE3yJAbTaTbl 3TOH TEOPHH, KOTOPbIE HMEIOT HENMOCPEJCTBEH-
HOe IpaKTHYeCKOe 3HAUYeHHe 115 HaACTOAIEero cayuasi.

YpaBHeHHe BUja

b
(fW) Kx, pdy = g ),

rae f(y) — HemspecTHast GyHKuus, a g(x) n «agpo» K(x, y) — us-
BeCcTHble (QYHKUMH, Ha3blBaeTcd HHTerpaibHBIM ypaBHeHuem Ppen-
roqbyma nepBoro poja. Ecam HenssecTHas GYHKUHA HaXOMUTCS
TaK)Ke 3a HHTETPaJioM, KaK B ypaBHEHHH

b
[t Kxp)dy = g(x) + f (0,
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To 3T0 Gymer HHTerpajibHoe ypaBHeHne Ppearojsbma BTOPOro poAa.
B o6oux caydasx pomnyckaercs, uto g(x) u K(X, y) Hepa3pLIBHBEI
B npefenax a Sx<b, a<y<b.

HauGosee paspaGorana TeopHs HHTerpaJbHBIX YDaBHEHHH B IPH-
MEHeHHH K YDaBHEHHsM BTOpOro poxa. JLjisl 3TOro THna ypaBHEHHMi
HUMEIOTCSI TEOPEMBI, COBEPILIEHHO aHaJ/JIOrHYHbIE TeopeMaM AJist JHHeH-
HBIX ajdrefpanvyecKHXx ypaBHeHuH. Jljif HHTerpajibHbIX ypaBHEHHM
IIEPBOTO POJa TaKUX Teopem HeT. JIeACTBUTENIbHO, YACTHHI MeTO1
KapmaHa, HCHOJb3yIOUIHA OCeBOe pacnpenejieHHe HCTOUHHKA-CTOKa
NIl TOJYyUYeHHsl IOTEHLIHAJbHOTO MOTOKA BOKPYT Bpalllalol(erocss Te-
Ja, OYEeBUAHO MPUBOAUT K HHTETpaJbHOMY ypaBHEHHIO ePBOro poaa,
KoTopoe B 00llem ciayuae He umeer peireHdsl. OpgHako OBIO ycTa-
HOBJIEHO, YTO [ aXe KOTr[la TOUHbIe PellleHUsI He MOTYT GbITb MOJIyYeHb!
U3 ypaBHEHHH MepBOrO pojad, STH ypaBHEHHsS BCE XKe MOXKHO IIpUMe-
HSTDb IJIS1 MOJYUeHHs] MOJIe3HBIX MPUGJIHKEeHUH.

M3 pasnnyublx MeTONOB pellleHHs] HHTErpajibHbIX YpaBHEHHUM
meTtog Ppearosbma — 3aMeHa HHTErpaJbHOTO ypaBHeHUs ajreGpau-
YEeCKHM yDaBHEHHEM — Ka’KeTCsl CAMBIM IIPOCTBIM, & METOI HTepaluu
Kaxercss Hanbojgee TouHbIM. Meron Ppenrosbma OCHOBBIBAeTCH Ha
TOM, UTO ONpEeIeJeHHBIH MHTerpasj B HHTEIDa/ibHOM YpPaBHEHUH MpH-
6anXKaeTcs K KOHeyHo#l cymme, BesieicTBHE MPOCTOTH 3TOrO METONa,
OoH Oyner noapofHO pa3ofpaH U NMPOUJLIIOCTPHPOBAH nanee. BoJb-
11ast TOYHOCTb METOAA HTepaluu 00 LACHSIETCS COXpAHEHHEM HHTerpa-
JIOB B KaXKJIOM IIOBTOPEHHUH M BbIpaKeHHEM HX 3HAUEHHH C MOMOUIbIO
TOYHOH GopMyJEl KBaapaTyphl. OleHKa MOrpelHOCTH COOTBETCTBYIO-
LIero HHTErPaJbHOIO ypaBHEHUS INOJAYYAeTCH MOC]AE KaxKAO0ro nocJje-
JIOBATEJIbHOTO NPUOAUKEHHS, CJAeJOBATENbHO, MOBTOPEHUST MOTYT
ObITh 3aKOHUYEHBI, KaK TOJIBKO OyAeT 3aMeueHO, UTO MOTPelIHOCTh Ha-
yajia pactd. IlocnenHsiss npenocToOpoOXHOCTL 0COGEHHO Heo6Xomuma
JJ1s1 HHTETrpaJbHbIX ypaBHEHHH MepBOro poja, KOrga TOUHOTO pelle-
HHST HEe CyllecTByeT. B aToM ciyuae, XOTS MOJHBIA KBaApaT MOTper-
HOCTH MPOJOJIKAET yMEHbUIATbCA C YBeJHUEHHEM YHCJa MOBTOPEHHH,
MOTYT HalJaio4aTbCs BeCcbMa GOJbIIHE MOTPELUIHOCTH B OTHENbHBIX
TOYKaX.

Jlaist MHTErpasibHbIX ypaBHEHHH BTOPOTO POfa CYIIECTBYeT XOpO-
110 H3BECTHAsl HTepauHoHHas ¢opmysa Hefimana

b
[ LK@ ydy=g®+],, . (83)

Hauwinas ¢ npexnosaraeMoro nepsoro npu6aukenus fo(x) nocieno-
BaTeJbHOCTb Qynkuui fi(x), fa(x), ... maercs ypaBHenuem (83).
Ecan 372 nocsienosaTeqbHOCTE PaBHOMEPHO CXOISILLAfCA, ee mpeje-
JIOM SIBJISI€TCS DEIlEeHHe HACTOALIero HHTErPA/bHOTO ypPAaBHEHHUS.
MoxHo nokasatb, YTO NOBTOpHAsi (GopMyJa cXomurcsi, ecqd M —
MakcuMaJgbHoe 3Hauenue |K(x, 4)| B mpenenax a <x, y <b yaos-
JetBopsier ycaosHio M |b—a|<1. ’
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J1sisi MHTErpanbHBIX ypaBHEHHUH NEPBOro poja CyLIeCTBYET COBCEM
HeJaBHO YCTAHOBJIEHHAs HTepalHoHHas (opMyJa
b
[ F.0) K (x,9)dy = g () + F, (1) — F oy (9, (84)

a

CXOAMMOCTb KOTOPOH JJISl Pa3/IMYHLIX YCJOBHH pPaccMOTpeHa B JIHTe-
partype. B obonx ypaBHenusx (83) u (84) morpemHocTb npeicras-
JeHa pa3HHHeH MeXJAy COCeJHHMH TDPHONHKEHHAMH [ni1(x) —
—fa{x). YpaBrenue (84) npHroiHo A/ NPaKTHYECKOrO IPUMEHEHHS,
xorna ¢ynkuua K(x, y) oueHb MaJia IO CPaBHEHHIO C eJHHHIEH
BCIONY, KPOME TOUKH X=4, rne K(x, y) craHOBHTCA HaMHOro GoJblie

€JMHUUBI H j K(x, y)dy=1. Ilocnegnee ycioBHe He OrpaHUYHBaeT

a

OGILIHOCTH ypaBHEHHA, TAK KaK
BCErja MoxeT OBITb YyAOBJET- y
BODEHO pasjejieHHeM [epBo- (ab) (6¢)
HayaJbHOTO  HHTErpaJjbHOro ]
ypaBHenns Ha uterpan sapa Yy [T T TS
Eaconpene.neﬂueM fanpa Kak y - - -

THOTO  TNEPBOHAYaJbHOIO 3
sjpa U ero MHTErpaJa.

B ¢pearosbmMoBCKOM MeTO- ]
A€ BHIDAXEHHH HHTErpajibHO- g | — —— ‘ij—_

i

ro YpaBHEHHS B BHJE CHCTEMBI
JUHEHHBIX YypaBHEHUH KBan- (a,a)
paT, OrpaHHYeHHH JHHHAMH
x=a, x=b, y=a u y=>=, nox- ~
pasuensiercd Ha n? paBHBIX
KBaJApaToB, KOOPAHHATHL HEHT-  pPyc 32 CerTka AAA OLEHKH HHTErpalb-
pOB KOTOpBIX 0003HAYaITCH HBIX YpaBHeHHH

%i, Yi (pHuc. 32). Has ynober-

Ba OYNeT HCINOJb30BaHA CHEIYIOIAs TEPMHHOJOTHS:

fy)) =f,'; g(x) = g K(xi:yj) = K,
rae i, j=1,2, ..., n. 31ech BeNHUHHBL g; H K;; 1aHH B UHCJAaX, a QYHK-

UK f; BHeusBecTHbl. Toraa HHTEerpa/dbHOE ypaBHEHHE MEPBOro posa
3anuuercs B npuOauxKeHHOH dopme

i

i

|

{o]
R
{ | |

e — - —O—| —0—=} ]
% i b

)

o]

|

|

|

|

bkaZflKUIgz, rae i=1,2,...,n, (85)

n
=1

a ypaBHECHHE BTOPOTrO poJa BbIPA3HUTCH TaK:

b—a

NiKy=g +f,rrei=12...,

j=1

B

(86)

n
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Takum o6pasoM, 3HaueHHs] HeH3BeCTHOH (QYHKuuH f(X) B n TOuKa:
MOTYT OBITh ONpeleseHbl NMPAGIHKEHHO B KaXKIOM C/yyae pelieHH-
€M psifia n JUHEHHBIX YPaBHEHUH C n HEH3BECTHHIMH.
[lepspiM ciyuaeMm mnpume-
(%2) HEHHSl METOIA HHTErpaJibHbiX
W=l YPaBHEHHH sABJAETC G€3BHX-
— peBOe TeyeHHe BOKPYT He6OoJb-
—»  LIOro T€Ja BpallleHHs, obyc-
— w ¢ JIOBJIEHHOE DaBHOMEPHBIM IIO-
R TOKOM €IHHHYHOH CKOPOCTH B
NOJIOKUTENIBHOM ~ HalpasJie-
Puc. 33. TTotox, of6Tekawlui NPOH3BOML- HHH 2. IlpumemM, uTo Ha 3TOT
HOE TeJI0 Bpalllerus MOTOK HaKJaIblBAIOTCA pac-
npeneseHHbIE BLOJb OCH 2 JH-
fIOH C OCSIMH B OTPHUATEJbHOM HANpaBJEHHH 2 HaNpPSIKEHHEM
—A’(2) Ha eIMHHLY [JIMHBI, TPOCTHpAIOIHecs OT Z=a [0 2=b
(puc, 33).
B ¢opme nunumppuyeckux Koopuuuat (r, 6, 2) (GyHKUMA TOKa
Crokca u3 ypaBHenuil (39) u (52) cocraBHT
r? RN (t)dt

Y(r,2) = o [t — 2 + 2]

(87)

Ecan A’(f) — usBectnoe pacnpepenenne, To ypasHeHHe (87) naer
1oJIe CKOPOCTeli C IOBEPXHOCTAMH ToKa P =const. B uactHom cayuae,
Korna TBEpAOe TeJo BpalleHHsi 06pasyeT MOBEPXHOCTb Toka =0,
ypaBHeHue (87) mpejacTaB/iser cnoco6bi MOJYYeHHS MOTOKOB BOKpPYT
TaK HasbiBaeMbix Tesl PenkuHa. C cOBpeMEHHON TOUKH 3peHHs, OHA-
KO, XKeJaTeNbHO ONpeNensTh pacnpenenenune A’(f), xKoraa 3apana
popma Tena. Torpa, 06o3Hauast BeHUHHY 7 Ha Tesle Kak rg=f(2)
H nipuHUMas =0, NoJayIuM U3 ypaBHenus (87) HHTerpaabHOE ypas-
IIEHAE NEepPBOro poja JJIsi HEM3BECTHOH QyHKuuu A’(f):

b
A’ (t) dt 1
=—. 88
j[(t—2)2+r213]3[2 2 (59

IIpu6nuxkennoe peiienne ypasHenus (88) I8 yIJMHEHHBIX Tes
Ob1o nano Myukom. Ilpexamonaras, uto rp & |o —al, BuguM, uTo
NOAbIHTETPA/IbHO® BBIPAXKEHHE PACTeT OYeHb GBICTPO, KOrjAa ! mpH-
Ganxkaercss k 2. Takum 06pasoM, MOCKOMBKY OCHOBHOE BO3JEHCTBHE
MOAEIHTErPaNbHOTO BBIPAXKEHHSI TPOABJSAETCS HAa OYEHb KOPOTKOM
YJacTKe OCH 2, 3HaueHHe HHTerpaja JHUIb HEMHOTO H3MEHHUTCS MpH
H3MEHEHHH NDENesIoB Ha GecKOHeyHOCTH M 3aMeHe A’(f) Ha A’(2).
Ypasuenue (88) Torza mproGpeTaer caeiyIOLIMH BHX:

o

Az a =L
j [¢—22+f @) 27

—a0
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HHTerpupoBaHHe €ro Jpaer
2

N @)= (89)

— HCKJIOYHTEJIbHOE NPOCTOE, TAK Xe KaK M I0Je3Hoe COOTHOIIEHHE
MEXJy HampsiKeHHeM IMIOoJs M pa3MepaMH Teja. Benumunna A’(2)
MOXKeT ObITh HCIIO/b30BaHA JAJIs1 IPUOJHKEHHOTO ONpe/eeH sl JIHHHH
TOKAa H TOJsi CKOPOCTeil BOKPYI TeJa, HIH MOXKET CJAYXHTb IEePBhIM
npubHKEeHHeM AJs1 HTepauuu ¢opMyJbl [ypasHenue (84)].

Tak kKak pacnpeneneHHe, 00ycJOBJAHBaOIlee OCECHMMETPHYHOE
TeyeHHe, He 00513aTeJbHO COOCHO C HHM, KaK, HaNIpuMep, pacnpenee-
HHSI IO KOJbLlAM BOKpPYT OCH 2, SICHO, YTO CYLLECTBYIOT TeJla Bpallle-
HHS, 17151 KOTOpblx ypaBHenHe (88) He uMeer peienusi. Tem He me-
Hee, KOHTDOJIUPYSI MOCPEIIHOCTH NOCJAeA0BaTeNbHBIX HTepauuH,
MOKHO HCIOJIb30BaTh UTEPALMOHHYIO GOpMYJYy JJs NMOJY4YEeHHs IO-
JIe3HBIX TPHOJMHKEHHBIX peweHHii. Merox Ppearonbma Takxe, oye-
BHAHO, JaeT XopouiHe NPHOJHKEHHS, ecJH NOApa3/ejeHHs] HHTep-
Baja ab He CJIMIIKOM MeJKH, T.e. n<]10.

Camblél o6UIHi cOCcO6 pellieHUs] HHTErpaJbHbBIX YpaBHEHHH OCHO-
BaH Ha o6paTtHoil ¢opmyne I'puna — ypaBHenue (35). Ecau ¢ —
MOTEHIHAJ /IS Hapy»KHOro NOTOKa BOKPYI MPOCTOH 3aMKHYTOH IO-
BepxHocTd S, a ¢’ — mo6Gass rapMoHnueckas (yHKUMS, K TOMYy Xke
Ge3 0COOEHHOCTEH B HapYyXHOHM 30He IOBEPXHOCTH S, HACTOJNBKO
yaaJeHHOH, 4To ¢ U ¢’ ucue3aloT B 6€CKOHEUHOCTH AOCTAaTOYHO Bbl-
COKOro Nopsifika, TOrja

b o _ (0B
quigdS-—SS‘cﬁ % as, (90)

Tle 1 OTCUHTHIBAETCS [0 HaNlpaBJIeHHIO BHEIIHeHd HOpMaJH K NOBepX-
HoctH S. TlockonbKy ¢yHKuUMA ¢’ BhOHpaeTcsi NpPOH3BOJBHO, ee
MOXHO pacCMaTpHBAaTh Kak H3BecTHY0 ¢yHKuuo. TakuM obpasom,
s 3agaun JlupuxJje, B KOTopo# ¢ 3ajaHo, ypaeHeHue (90) crano-
BHUTCA HHTerpajibHbIM YpaBHEHHEM MEPBOro poja AJAs HaXOXKAEeHHU:
HeH3BeCTHOH QYHKUHH O¢h/On HA NOBEPXHOCTH S M aHAJOTHYHO JJIA
3anayn HefiMmaHa OHO CTAaHOBUTCH YypaBHeHHEM [Js HAXOXIEeHHUs
3HayeHHHN ¢ Ha noBepxHOocTH S. Y1 B TOM M B Apyrom ciaydae, ecjau
HHTEerpaJbHOe ypaBHeHHe Obl1o pelieHO, 3HaYeHUa ¢ u d¢p/dn Ha 1o-
BEPXHOCTH HM3BECTHBI, H TOTJa NOTEHUMAasJ CKOPOCTH B JIOGOH TOUKe
XKHIKOCTH onpenensercs ypaBHeHHem (37).

Js wamoctpauuy npiuMeneHust ypaBHenusi (90) cHOBa paccMoT-
pPHM cJyya# OCeCHMMETPHYHOro IOTOKa BOKPYr Teja BpalleHHs.
[Tpeanonokum, 4To Tes0 ABHKETCS C eIHMHHYHOH CKOPOCTbIO B OTPH-
IaTeJbHOM HampaBJeHHH ocd 2 (puc. 34). Wcnoabsya nuauHApHYE-
CKHE€ KOOpAMHATH! (7, O, 2) U 0603HAYas JJIHHY LYTHd BAOJb MEPHJIH-
aHHOrO CEeyeHHs], yBEJUYHBAIOILYIOCA C yBeJHYEHHUEM 2, CHMBOJIOM S,
HMeeM /s 3JieMeHTa IJIOLLaaH

dS = 2nrds
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H 1Jid TPAHHYHOTO YCJ/IOBHSA Ha S
o8 _ o _ar

on on s

CooTBeTCTBYOILAS] BCIIOMOraTe/ibHasl (YHKUHS NMOTEeHLHasla sBjser-
csl Tako# e, KaK AJs IHNOJS eJHHHYHOTO HANpsIKEHHs, PacloJio-
>KEHHOTO B NPOM3BOJIbHON TOUKe { HAa OCH 2 BHYTpH TeJa:

z2—1 1/2
# =225, tie R=[— 0P+
Pyukuust Toka Crokca aas Hee cocrasiser ¢’ =—r?/R3. Toraa
o 18 ('_7‘
on r ds \R3 )

Orcioga ypabuenwe (9C) npro6-
peraer BHI

Jo 2o~
{

Puc. 34. VcnoBrnoe u3o6paxkeHHe Teaa j~ r(z—t) or

—ds

BpallleHHs Ro s ’

rje ! —mnoJjioBHHa mepuMeTpa MepHAHaHHOFO ceueHHs. Ho
l !

d rz r2

—(—=)ds=¢-—|—

o2 (2)a-ss

0

i
s R3 as

nockoybKyY r=0 npu s=0u l. 3necb u — o61iasi CKOPOCTb BAOJb TeJla,
Korja TeueHHe JeJaeTCs YCTAaHOBHBUIMMCS HaJIOXKEHHEM I[I0TOKa
eIMHHYHOH CKOPOCTH B NOJOXHTENbHOM HanpaBieHHH ocH 2. Torma
noJydyaercs

l
% s =
) R 3

] 1
=,“i' Ll L
as R R
0 0
AJH
: 2
g’ u(2)rg(2)ds/dz dz—2 (91)

§ (=8 +rp @]
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7. €. HHTErpajbHOe ypaBHeHHe nepBoro poxa. C MOMOILbIO MpHEMa,
aHAJOTHYHOTO NMpHOJIMKEeHHI0O MyHKa, MOXKHO NOKasaTh, uto u4(2) =
=0z/0s fBAsieTcsl NpPHOJHKEHHHIM pemieHHeM YypaBHenus (91).
B 1IpOTHBONONOXHOCTb ypaBHeHHio (88) ypaBuenue (91), mHecom-
HEHHO, UMEeT pelIeHHE,

BhiGpanHnbiit 06uii MeToX peluennus 3anay dupuxiae u HefimaHa,
[PUBOASINMI K HHTETPaJbHbIM YPAaBHEHHSIM BTOPOTO POAa, OCHOBAH
H#a pa3pblBax NMOBEPXHOCTH PACHpENENEHHH HCTOYHHKOB H JHIOJIEH.
JlonycTHM CHayaJja, 4TO MOTEHLHAJ
Ha 3aMKHYTOH NOBEPXHOCTH Tena S
sagaH Kak ¢=f(Pp), rae Pp 0603-
HayaeT TOYKM Ha NOBEPXHOCTH (pHC.
35). Ecniu nonyCTHTB, YTO MOTEHLHAJ
3aBHCHT OT paclpeleseHHsl AMIOJEH
A”(Pg) Hal TOBEpPXHOCTBIO S IO
OCSIM, MEpPIEHJHKYJASIPHBIM S, NMOTEH-
LUHaJ B JM060# TouKe P, pacnosioxeH-
HOH CHapyxu oOT S, COCTaBHT IO
ypaBHeHHu10 (54):

(P =— (8 (Q) zpgpy 95
S

Puc. 35. YcinoBHoe H3o6paenue
rre Qp 0603HAYACT TOYKH HA NOBEPX- pacnpefenenns ocoGennocTek
HOCTH S, H3MEHSIOIIMECS NPH HHTET-

PHPOBAaHHH B OTJIHYHE OT YCTAHOBJEHHOH TOYkH Pp Ha NOBepx-
HoctH, a R(P, Qp) ectb paccrosinue mexay P u Qp. Korma P npu-
6auxaercsd K S BAOMb HOPMAJIH, MOTEHLHAJN NPUOIHKAETCS K npene-
Jy, 1aHHOMY ypaBHeHHeM (59):

F(Pp) = —2m" (P) — [ A" (Qp) 5~ dS. 92)
S

R2

Kak BHAMM, 5TO BbIpax{€HHe SIBJISIETCS] HHTErpajibHbIM ypaBHCHHEM
BTOPOTO poJia JJIsi HeH3BeCTHOro pacnpeneserus A” (Pg).

[TonoGHbIM Ke oOpa3oMm pelueHue 3amayu Helimana mMoxHO cie-
NaTh 3aBHCHMBIM OT paclpefeseHuss UCTOYHHKOB M”(Pg) Hap mo-
BepxHocTbio S. [loTeHuMan y HapyXHOM TOYKH BbIpaxKaeTcs NpPH
nomoluy ypaBHeHHs (53) B BHIE

_ M" (Qp)
R

M, TaK KaK P npubauxaercs K INOBEPXHOCTH IO NEPHEHIHKYJSPY,
HOpMaJsibHasi IPOM3BOJHAS NMOTEHLHAMa, B3ATas IO ypaBHeHHIO (58),
npubauxaercs K npepeny:

(- e-frariizs
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rae n o6osHayaeT HampaBJeHHe NepneHAHKyJsapa K Pp. INockoabky
(dg/dn) sBnsierca naHHO¥ GYHKUMEH, ypaBHeHue (93) mpeicrasaser
HHTErpaJbHOe ypaBHEHHe BTOPOTO pofa AJSI HEH3BECTHOrO pacmpe-
nenenns M”. Ypasrenus (92) u (93) He TONBKO HIPAaIOT BAaXKHYIO
poJb B JOKa3aTesJbCTBE CYIIECTBOBAHHS pellleHHH 3apau Jlupuxie
u HefimaHa, HO TakxKe CJyXkaT OCHOBOH BBIYHCJHTENBbHBIX ONEpalHis

JJI1 pelieHHsA 06U.IHX 3a7a4 B NOTCHUHAJBHOM IIOTOKE.

Ilpumep 9. HafiTn HamekHOe pemleHHe ypaBHeHHs Jlamiaca, KOTOpoe YAOB-
JIETBOPSIET YCJAOBHAM, COOTBETCTBYIOIIHM BOJHE Ha CBOOOZHOH NOBEPXHOCTH
(2=0) B Boge ¢ ray6uHo#l A:

¢ = Csin3xcos 4y, xorna z=0

0¢p/02==0, Korna z=h.
Ha ocnoBaHHu nepBOro yc/ioBus ¢ HMeeT BHA
& = Csin 3xcos 4y (Ee'? - Fe12) ,
rne E4+F=1ul=y3F4 =5.
B'ropoe YCJIOBHE i1l BCeX BEJHYHH ¥ H X HaAeT
0 = 5 sin 3x cos 4y (Ee®* — Fe~5%) |
OTKyZa HMeeM
Ee’*— (1 —E)e™" =0

HIIH
e-—Sh e5h
E= e P e
IToncrasnas sTu Benuuunnl £ u F B BolpaXenHe and (), TOAYYUM pelleHue
chb(z—h)

= Csin 3 4
& sin 3x cos 4y hEh

[Tocneannii MHOXUTENb TNPEACTaBJseT AMIVIMTYAY KOJEGaHHA, KOTOPA YMeHb
mwaercs oT BequuuHbnl C Ha cBoGoAHOM noBepxHoctH xo C sch5h na nme.

I. TexHHKa NPUOIHIKEHHBIX PenIeHHH

37. I'paduueckne Meronnl. EHHCTBEHHOH LEJbIO BHIYH-

C/IeHHs1 QYHKUMHM TOKa HJIH MOTeHLHasNa CKOPOCTH JJIS AAHHBIX Ipa-
HHYHBIX YCJIOBHH fIBJIsSIETCS ONHCaHHe (OPMbI JHHHH TOKA COOTBETCT-
BylOLlero mortoka. Takoe onHcaHHe OGBIYHO PaBHOLEHHO rpadHue-
CKOMY H300paxKeHHIO, TaK 4YTO MOCTPOeHHe (GOPMBI TeUeHHS YHCTO
rpa¢HYeCKHMH METOHNAMH 4YacTo JaeT BO3MOMKHOCTb XOTsS Obl Ipy6o
NPOBEPHUTb JPYrHe NpHEMbl aHaJH3a. B KakoH CTelNeHH MOXKHO MO-
JIOXKHTBCSI HA 3TH METOJbl JIJ5 KOJHUECTBEHHBIX M KagyecTBEHHBIX
OLEHOK, 3aBHCHT OT YHCJa ()AaKTOPOB, 3aTPOHYTHIX B HX NPHMEHEHHH.
Tax HasbiBaemasi THIPOAHHAMHYECKAS] CETKA [BHIKEHHS, 4acCTO
HCrosb3yeMas AAsl HIUIIOCTPAaLHK (OpM ABYXMEPHOro IMOTOKAa B 3a-
BHCHMOCTH OT MX XapaKTePHCTHK, OCHOBhIBAeTCs HA TOM (aKTe, UTO
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JHMHHHU TOKA H NOTEHIHAJbHEIE JIMHHH IJIOCKOr0 6€3BUXPEBOro MOTOKA
o6pasyioT CeTKy, sideHKH KOTOPOH HpHOJHXKAIOTCS K COBEpIIEHHBIM
KBajgpaTaM, korga op=0¢ — 0. [IpH 10CTaTOUYHO 3HAYHTENbHBIX Be-
JHUYMHAX 3THX NPHpalleHHH, HeOOXOAUMBIX IJI TOJY4YeHHS NMPaKTH-
yeCKH IN0JIE3HOTO YHC/a JeJeHUl TMIpOJHHAMUYECKOH CeTKH, sUeHKH
KOHEYHO OYAYT CYIIeCTBEHHO OTKJOHATbCS OT KBAaJpaToB, OJAHAKO
JBa ceMeHCTBa JIMHUHA 0653aTeJbHO OCTAHYTCSI OPTOrOHAJBHEIMH BO
BCeX nepecedyeHusX. Takum 06pasom, cTpoeHHe THAPOJHHAMHUYECKOH
CEeTKH JJIsl JaHHOTO NPOMHJs IPAHUIBLI NpeAcCTaB/seT co60i MPOCTO
CXeMy CHCTeMHI JIMHUH TOKa Y NOTEHIHAJNbHBIX JHHUH, AeNALUHX Nose
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Puc. 36. T'mapopunaMuyeckas ceTKa [Jsi [JBYXMEPHOTO
noBopora

NOTOKa Ha siieHKH, OJM30CTh KOTOPHIX K KBaApaTaM COIJacyercsi C
BBIOpAHHBIM YHCJIOM JeJeHHH.

XoTs BBILIEONHCAHHBIA MpPOLECC KaXKeTcs JIeTKO BBITOJHUMBIM,
TeM He MeHee oCTaeTcsi QakToM, YTO NPH NAHHBIX TPAHHYHBIX YCJO-
BUAX CYLIECTBYIOT €IHHCTBEHHbIE pelleHHs Kak 1Js (QYHKIHH TOKa,
TaK M A/ NOTEHIHa/Ja CKOPOCTH, H, CleJ0BaTeJ]bHO, €IUHCTBEHHAS
rHApOAHHAMHYeCcKasi CeTKa [/ BbIOpaHHOTO Maciitaba siyeexk.
B nedcTBHTeJbHOCTH NPEUMYILECTBA HCIO/Ab30BAaHHSA PasHUHBIX
rpacduYeCKHX NPHEMOB NO3BOJSIIOT ONBITHOMY YepTeXHUKYy OTHOCHU-
TeJbHO ObICTPO NOJYYHTH BIIOJHE YJOBJETBOPHUTE/bHOE NEpPBOE IpPH-
6/MxkeHHe K XenaemoH ¢opme noroka. [Ipexnae Bcero BeIGHpaercs
YHCJIO NMPHPALEHHH ¢, KOTOpoe AaBaJo Obl HaHGOJbLIHE pa3MepHl
siyeek, o0ycJOBNMBAs TeM CaMbIM HaHMEHbIIYI0O TPYAOEMKOCTb pe-

125



HICHHA — OYEeBHIHO 3TO CBfA3aHO C HEKOTOPLIM pHcKoM. COOTBeTCT-
BYIOLlHE JIHHUM TOKA BBLIUEDUMBAIOTCS Ha IVIa3 M 3aTeM NPOBeeHHeM
NepHeHANKYISPHBIX JUHHE 00pasyioTcs suelikd. 115 KOppeKTHPOBKH
JMHHH TOKa PEKOMEHIYeTCsl MPOCMOTPeTh rpadHk Ha cBeT ¢ ofpar-
HOH CTODOHBI, 3TO MO3BOJIMT BHISIBUTb IOMYIleHHbIE HETOYHOCTH.
[Tocne 3aBepuieHHs NOCTPOEHHS THAPOAMHAMHUECKOH CETKH
(puc. 36) pasMepbl A4eHKH MOTYT GbITh HCNOJNb30BAHBL AJf YCTAHOB-
JIEHUsI pachpele/ieHnusl CKOPOCTH B COOTBETCTBHH C NPUO/IHMKEHHBIM
BHIOM NDPOH3BOAHBIX MOTEHIHAMa CKOPOCTH H (YHKIHMH TOKa:

|

NG
(N
~
S

An . As Vo As  An

JleficTBUTEIbHO MOJyUaeTCH, UTO YKa3aHHOE pacnpefeseHHe CKOPO-
CTH MOXKeT GbIThb HCHOJIBb30BAHO KaK rpy6as MmpoBepKa TOYHOCTH NO-
CTPOEHHS CETKH MOTOKA.

Uro kacaercs puc. 37, Ha KOTOPOM H306paKeHO H3MeHeHHe Kaca-
TEJIbHOTO H HOPMaJ/bHOTO KOMIIOHEHTOB BEKTOPa CKOPOCTH HA OTPE3-
Ke 8s, T0 M3 MOA0OHA TPeyroJbHUKOB H YCJAOBHS NOTEHLHAJIbHOCTH
CJIeIYEeT, UTO

V. __dVa__ bV

0 ds on

Ecau noctpouts rpadux 3aBHCHMOCTH BEJHUMHBI BEKTOPA CKOPO-
CTH OT pPacCTOSHHSA BJOJb JI000H 3KBUMOTEHUHAAH (cM. puc. 36), To
pagHyCc KPHBHU3HBI KaXKAOH JMHUH TOKa HOJKeH ObITb TAKHM, UTOGHI
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otHomeHHe V/p paBHANOCH YKJIOHY CKOPOCTHOH KPHBOH B 3TOH
TOUKE.

K coxaJjieHHI0, ceTka C KBaJpAaTHBIMH siuefikaMH HelpHMeHHMa
P OCEBOH CHMMETPHH, TaK KaK Pa3MepHOCTH QyHKIMH MOTEHIHA/a
H TOKa 3]eCb HE 3KBHBaJIeHTHbl. PaKTHUECKH UYHCJIEHHO PaBHBIE MPH-
pallleHHs ¢h H  NAKOT NPSIMOYTOJIbHBIE STYEAKH, MPOAOJbHbIA pasmep
KOTOPbIX 3aBHCHT OT PajHaJbHOrO PacCTOSHHS, KaK 3TO BHIHO M3
BhIpaXKeHHH:

1 Ay __Ap . As

V~—'—'~'—_; ~——sz.
r An As An

OTH BbIpaXKEHHS1 MOTYT ObITh MOJIyYeHbl TpadHUecKH.

Torma kak mpefblaylliee COOTHOLUEHHE MEXIY CKOPOCTbIO, pajany-
COM KPHBH3HbI M TPAJHEHTOM CKODOCTH (paKTHYECKH MaJjo crmocobcT-
BYeT YJYUIIEHHIO T'HIPOJVPHAMHYECKOH CETKH JBYXMEPHOrO JIBHXKe-
HHS, B CJlyyae OCEBOH CHMMETPUH [0 OGCTOHT COBceM HHaue, HOC
BH3yaJIbHbIfi KOHTPOJb TAaKOf HCKDHBJIEHHOH CETKH NOBOJIBHO TpY-
neH. JlajbHelilee ycoBepiIeHCTBOBAHHE IPOBEPKH NPABHJILHOCTH MO-
CTPOEHHs] CBOAHUTCS K NPHMEHEHHIO CJeNyIollel MHTerpajbHoO# ¢op-
MBIl cooTHOHIeHHs V : p:

dn

Veel *; y=[Vrdn,

Ecnu ¢opMa M pacnoJiokeHHe JHHHA TOKa NpPaBHJbHBI, TOTAa
KpHUBasi ), BblyepueHHas IyTeM rpapHyeCKOro MHTETPHPOBAHHS IO
3aMepaM KPHUEHM3HBI JIHHHM TOKa B COOTBETCTBHH C 3THMH PaBEHCTBA-
mu (puc. 38), GymeT xapakTepH30BaTbCsl PaBHBIMH IPHPALIEHHSIMH
MeXJy TOC/JeI0BaTEeJIbHEIMH NapaMu JHHKH ToKa. MHBIMH clioBamH,
npoBepKa INOKa3blBaeT, YTO THAPOAMHAMHUYECKas CETKa MOCTPOeHa
HaJJexXaluM o6pa3oM.

Jns 3¢ GEeKTHBHOCTH TaKHX rpaduyeCKHX METOLOB MAOJKHBI OBITH
VKa3aHbl Npejesbl TOYHOCTH. Kpome TOro, KoJIHUECTBEHHAsl MOJb3a
3THX METOLOB 3HAUYHTEJNbHO YMEHbIIaeTcsl B cJydyae OOTeKaHHs IO-
TPY2KEHHBIX TeJ, TaK KaK NPH 3TOM paavyC KPHBH3HBI JIHHHH TOKa
C yBEeJHYEHHEM PACCTOSIHHA OT TeJa CTPEMHTCA K GECKOHEYHOCTH,
YTO yMeHbLIaeT TOYHOCTb mocTpoeHus. Hukorna rpagpuueckue mero-
Ibl He [Aal0T TOYHOCTH, HYXKHCH /i1 CpaBHEHHSl ABYX COCTOSIHHH
NOTOKA MJH [J51 TPOBEPKH NPHHATOTO IOJOXEHHs CBOGOMHOH IO-
BePXHOCTH. J[/1 yIOBJIETBOPEHHS] 3THX TPEOOBAaHHA HOJ/KHBI OBITH
MCIIONIb30BAHbl Jpyrue, GoJjiee COBEPHICHHBIE METOAbl aNlNPOKCHM AL H.

38. MeTon aHANOTHH C HeNPePHIBHLIM NPOBOLHHKOM. XOTS1 Mare-
MaTHUYeCKHe METOJbl, NpeJCTaB/eHHbIe B NPEAbIAYIIHX YdCTAX KHHTH,
NPHUMEHUMBI 1151 JIOGBIX O6HIHX CHCTeM Ge3BHXPEBHX MOTOKOB, OfHA-
KO MX TPaHHYHBIE VCJIOBHSI 4aCTO OYEHb 3aTPYAHAIOT penleHHe. Kak
yKe GBIIO YKa3aHO, OCHUBH TIOTEHIHAJbHOH TEODHH NPHMEHHMHl He
TOJIbKO K GE€3BHXPEBRIM NOTOKAM, HO TaKXKe H K HEeCKOJIbKHUM APYTHM
(H3HYECKAM CHCTEMaM, MHOTHe H3 KOTOPBIX MOTYT ObITb MOCTPOEHDI
B Jo6Goi npousBosbHON ¢opme. Baarogapsa 310# MCXONHOH IKBHBA-
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JIEHTHOCTH MOXHO CO3/aTh MOJEJb MJH aHAJOr OJHOH CHCTEMHI,
HCIIONb3ysl MaTepUaJbl APYrof. 3aTeM, BHIIOJHHB COOTBETCTBYIOILHE
H3MepeHHsI Ha aHaJ/Jore M MCIOJb30BaB NepexogHble COOTHOLIEHHS,
NOJYUUTh JI06YI0 xeqaeMylo HHOOPMANHMIO 06 HCXOJHON CHCTEMe,

W3 ymomanyTeix B 1. 28 cucteM IpakTHUeCKH Hanfosee yA06HRIM
aHaJ/JoroM IOTOKA SBJSETCS OAHODOAHBIA 3JEKTPHUECKUH IIPOBOIHHK,
TaK KaK OH JIerKO OrpaHHMYHBAeT TOK rpaHHLllamMu xesaaeMoi Gopmul,

'\ /g 4

|~

¢

g / 2 1 én

Puc. 38. Onpenenenve mapaMeTpoB TEYEHHS OCECHMMETpPHY-
HOro IIOTOKA

BBHINOJTHAETCS M3 IMPOKO PACHPOCTPAHEHHBIX H XOPOIIO NOAAAI0IIHX-
CSl M3MEDEHHSM MAaTepHaJtoB, & Takxke o6JajnaeT COBEPLIEHHO TOYHO
COOTBETCTBYIOUIMMH IOTOKY (DH3MUECKUMH XapakKTepUCTHKaMH. Jlas
HCIIOJIb30BAHIHS 9JEKTPHUECKOrO aHaldora HeoOXORHMO reoMeTpHue-
cKoe nopobue ¢opMBl NPOBOJHMKA W TpaHHIl pPacCMaTpHBAEMOro
[IOTOKa. DKBHUIOTEHIHaJbHblE [OBEPXHOCTH, NPEACTAB/NIOUIME 30HBI
BXOJa WM BBIXOJA XHJKOCTH, AeJai0TCs H3 XOpPOIIO MPOBOASLIErO
MaTepHana. K KoHTaKTaM IOABOJHTCS Pa3HOCTb IIOTEHIIHAJOB HJH
Hanpspkenve. Pe3yabTHPYIOMIMH TOK COOTBETCTBYET TEOPETHUECKHUM
JUHMSM TOKa H, €CJHM IIPOBOIHHMK OLHOPOJEH, NPONOPLHOHANEH Ipa-
AHEHTY [OTeHNHasa. MOXHO H3MepsiTh WM TOK, WM TpPajHeHt
NOTEHUHAJ/a, XOTS Iocjae1Hee H3MepeHne Goaee ygo6uo. OTHolueHue
rpajMeHToB NOTEeHIHaJa B IPOH3BOJbHHX TOYKAX NPOBOAHHKA pab-
HO OTHOLIEHHIO CKOPOCTEH B COOTBETCTBYIOLIMX TOYKaX CHCTEMHl He3-
BHXPEBOTrO NIOTOKA.
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B 5JeKTDHYECKHX aHAJOrax MOryT OBITb HCHOJb30BAaHbI pa3HbE
THIbl TPOBOASIIUX CpeJl, OKOHYaTeJbHBIH BBIGOD 3aBHCHT OT TOTO,
gBJSETCS JH MOTOK ABYXMEDHBIM, OCECHMMETPHYHBIM HJH TpexmMep-
§bIM, 8 Takxe OT TpebGyeMOoH TOYHOCTH. /s H3yueHHS] ABYXMEDHBIX
NOTOKOB HauboJiee yAOOHB OJHOPOJHBIE JIHCTBI (OJbIH HJH CIELH-
aJbHOH NpOBoAsilllell Gymard; MaTepHaJbl H HHCTPDYKLHH IO CO37a-
HHIO TaKHX CHCTeM XOpOoIlo H3BecTHB. Heob6xomumasi reomerpuue-
cKasl MOJIeJIb MOJIyYaeTCss MyTeM BBIKpAHBAaHHS H3 JIUCTOB COOTBETCT-
pytoliel ¢opmbl. KoHTaKTaMH cJayXaT TaAXenble MeTaJIHYECKHe
OpPYCKH HJH cepeGpsiHas KpacKa ¢ BBICOKOH NPOBOAHMOCTBIO; pac-
npefie/ieHHe MOTEHIHAaNa H3MepAeTCs HJIH HeCKOJbKHMH HENOJBHXKHO
3aKpelVIEHHBIMH Ha JIHCTE 3JIeKTPOJaMHM, HJH TepEeHOCHBIM OJMHOU-
HBIM HJIH CJBOEHHBIM 3JeKTPOJAOM. HenoaBuiKHble 3J€KTPOAbl AAIOT
GOJIBIIYI0 TOYHOCTb, HO MOJBHKHBEIA yHoO6Hee H NMO3TOMY MPHMEHALT-
csl BO BCeX cJyyasix, KOrja JOCTaTOYHO HMeTb NpHOJIHXKEHHBIH pe-
3yJbTaT.

B nByxMepHBIX 3ajauax, AJs KOTOPHIX HEOOXOAHMMO YCTaHOBHTD
o0Ilyl0 KapTHHY NOTOKa, HAanmpHMep, MNPH H3YyYeHHH GHJbTPAIHH,
JIUHHUH TOKa OOBIYHO HAHOCATCA Ha JHCT OOBIKHOBEHHOH OyMaru
¢ nomolpio nanrorpada. [lepeceucnue NpOBOASAIIMX U H30JHPYIOLIHX
TpaHHIl CO3JaeT HOBYI KapTHHY JABHKEHHS, NPH KOTOPOH 3KBHIIO-
TEHIHaJbHblE JIHHUM OPTOTOHAJbHBl CBOGOJHBIM IOBEPXHOCTSM.
AHaJjorus ¢ BOJHBIM NOTOKOM OCHOBaHa 3JeCb Ha TOM (akTe, UTO
KaK [OTeHIHaJ CKOPOCTH, TaK H (PYHKLUHUSA TOKa MOAUHHSIOTCS ypaB-
HeHuio Jlannaca.

a5 Boclpon3BeeHHsl CHCTEMBl TPEXMEPHOro MOToKa GoJiee NpH-
rojfieH XKHAKHH NPOBOJAHHK — 3JEKTPOJHT, HOO TpaHHLAMH IOTOKa
MoryT OBITb CTEHKH cocylJa H3 CTeKsaa, IJacTHKa, napaduHa HJIH
OKpalllEHHOTO JepeBa C MeTaJJIHUeCKHMH KoHTakTaMH. CBOGOIHYIO
MOBEPXHOCTh HePeJKO MNPHHUMAKT 32 OJHY H3 IVIOCKHX TpaHHIL.
OG6bIuHO B KayecTBe NPOBOJAHHKA HCMOJB3yeTCs MEeQHBIH KYyNopoc,
a KOHTAKTaMH CJIy’KaT MeJHble JIHCTHl WJIH IMUTH. Takne cXeMbl pa-
60TaT OJUHAKOBO XOPOIIO H B ABYX-, H B TPEXMEPHBIX aHAJIOTHAX,
M OJHa MOJeNb NPH NPaBHJIBHOM HCIIOJHEHHH MOXKET OHTb HCIOJb-
30BaHa JJsi UCCJAEOBAHUS JBYXMEDHOH, OCECHMMETPHUYHOH U Tpex-
MepHOH cHcreMm. PasHoo6pa3ne TpaHHYHBIX YCJOBHH JHUMHTHpYeETCS
JIUILIb BO3MOXKHOCTSIMH 3KCIHEPHMEHTaToOpa, HO pe3yJabTaTsl OYAYT
aHOJIOTHUHBI 6e3BHXPEBOMY IOTOKY DeaJjibHOM XKHJKOCTH TOJNbKO NpPH
BBHIIOJIHEHHH YCJOBHH, ONMHCaHHBIX B . 28.

Pasnuunble cnoco6bl HCNONb30BAHHS COCYJA C 3JEKTPOJHTOM
HWIIOCTPUPYIOTCs: pHc. 39, rie 3afaHHas rpaHuna A MOXKeT OhITb 3a-
KpyrjeHa 1o Jiio6of LHIHHAPHYECKOH IOBEPXHOCTH, a ILJIOCKAs
rpanuna C HOpMaJibHA MIOCKOCTH B. JKuUjakuil NPOBOTHHK MOXKET
3amoJIHATh NIPOCTPAHCTBO MEXJY 3THMH rpaHHuamu. Korma nnoc-
KocTth B ropusonrtassHa (puc. 39, a), To riiy6HHa KUIKOCTH MOCTOSH-
Ha ¥ Mbl UMeeM JByxMepHoe JBHKeHHe. Ecau nnockocts B HeMHOro
HaxsnoHHa (pHc. 39, 6), To raybHHA XHAKOCTH YMEHbIIAeTCcs OT Mak-
CHMaJ/IbHOH BJOJIb I'DAHHYHOH NOBEPXHOCTH A 10 Hy/s Ha OCH mpo-
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BonHHKa. XoTss A — caMoCTosiTe/1bHAA KPUBOJIHHEHHAsl OBEPXHOCTD,
HO €CJIH yroJl HaKJOHa IJI0CKOCTH B ue mpeBbimaeT 6°, MOXHO AO0TY-
CTHTB, UTO rpaHuna A npeacraBiser NPOLOJbHEI 3/1EMEHT MIOBEPXHO-
cTH BpalleHus. Takas cuCTeMa COOTBETCTBYET BBITEKAHHIO JKUILKOCTH
U3 pesepByapa B TpyOy KpYIJIOIO CEUeHHs. Ecau nnockocth B HaKja0-
HeHa K TOPH3OHTY oA yraom 45° (puc. 39, 8), To POCTPAHCTBO, 3a-
HSITOe NPOBOJHUKOM, IPEICTAB/AsAET CErMEHT 3aKPYIIEHHOro BXOia B

Puc. 39. Vcnoas3oBanre OJHOrO TNPOBOAHHKOBOTO aHaJjo0ra
JJIS1 TIPEJCTABJIEHUST HECKOJAbKHX THIOB IOTOKa

a — ABYXMepHHIH BX0J; 6 — OCeCHMMeTDHUYHBIA BXOA: 6 — KBaapar-
HBIl BXOX

NpOBOAHHK KBaJpaTHOTrO ceuenns. Tak Kak Mepexol K Takomy IIpo-
BOHHKY CHMMETPHYeH OTHOCHTEJIbHO YeThIPEX [IOCKOCTeH, nepeceka-
ICHIMXCS BIOJIb OCH, TO 3TH IIJIOCKOCTH MPEACTABJAIT MOBEPXHOCTH
JHHHU{ TOKOB, M He OyaeT OMWHOKOH CYHTATh OJHY H3 HHX TBEPOH
rpaHulell, a APYryio CBOGOAHOHN TOBEPXHOCTHIO. Hast mo60oro U3 3THX
Tpex cayuaeB pasmep D uau W moxer GHITh NPOH3BONBHO H3IMEHCH
Y3MeHeHHeM YOHMHBI IPOBOAHHKA MM pacnosoxenns rpanuusl C.
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Takum IyTE€M OTHOCHUTE/JbHAS KPHBH3HA MOXKET MEHATHCA B OUEHb
[HPOKHX Ipejenax.

39. IpuHUMI KOHe4YHHX pasHocTeid. IIpubOaMKeHHOe pelleHHe
puddepeHnnaJbHOT0 ypaBHEHHA B YAaCTHBIX NPOH3BOJHBIX, KaK, Ha-
npumep, ypaBHeHusi Jlamjaca, moxer ObiTb NOJYYCHO B YHCJIOBOM
BLIPAXKCHHU TIyTeM INPHHATHA IIPOCTPAHCTBEHHOIO pacIpefieseHHs
WJa¥ CEeTKH 3HAaueHHH B 06J1aCTH H MPOBEPKH, YAOBJIETBOPSIOT JIU NPH-
HSITBI€ 3HAUEHHsI COOTBETCTBYIOLEe ypaBHCHME M TPaHHUHBIE YCJIO-
pusi. B ciayuae, eciau 3TH 3HAUEHHS He
yIOBJIETBOPSIIOT yPaBHEHHE, HX KOppeK-
THPYIOT. N5 BBINOJNHCHHSI 3THX oOlNlepa- o,
UM HEo6XOOHMO 3aMCHHTb OCCKOHEUHO
MaJibie AU pepeHuraNbHble  3JIEMEHTH
3JICMEHTAMH MaJibIMH, HO KOHCUHBIMH, a s ¢ ¢r,
3aTEM BOCIOJb30BATbCS METOAAMH TEO-
pPHHM KOHEUHBbIX pasHocreld. llpubmuiken-
HO€ BbIpaK€HHEe MOXKHO MOJYUHTb A5 2
byukunn ¢ ypasHeHus Jlamnaca, mpwu-
HfIB 3HAUEHHs €¢ BCJHUYHHBI B PaBHO-
MEPHO pacClpefc/leHHBX TOYKaX TaKM-
MH, KakK NokKasano Ha puc. 40. PaccTosi- Puc. 40. Pacnpenenenne mno-
HUE @ NPHHUMAETCHd JOCTATOYHO MaJIbiM,  TeHUHAaNOB [ NPABUIBHON
4roObl HM3MeHeHHe (YHKIHH OT TOYKH CeKIUH
K TOYKE MOXKHO OBLJIO CUATATH JIHHEH-

HbIM. EcaH X H Yo — KOOpAMHATH IEHTPAJbHON TOUKH, TO B TOUKaX
(Xo+a/2, yo) u (xo—a/2, yo) npuGAHIKEHHBE TPAJUEHTH COOTBET-
CTBEHHO DaBHH

""Q"“’Q"

- @ —t= a -

W =t d—i

ox  dx a a

YacTHash NpPOM3BOAHasA BTOPOTO NOpPsifKa MOXKeT GbiTh annpOKCHMH-
poBaHa NofoOHBIM Xe 06pa3om B TOUKe (Xo, Yo):

0% __ (hr—d)/a—(Po—ds)la _ o1+ ds— 2,

T o~
~

O0x2 a a2

Tem ke camMbIM IIPUEMOM MOZKET OBITb annpoKCUMHUpOBAHa 4acT-
Hasl IPOHU3BOAHAS BTGPOTO NMOpPSAJAKA B HANPaBJIECHUH Y:
0% ps 4 by — 2h,
dy? a2 :
ITH COOTHOUICHUS MOXKHO CJIOXKHUTb [JIs1 BbIpAaXKE€HHA YPABHCHHS

Jlansaca B dopMe KOHEUHBIX pasHOCTell B TOUKe (Xg, yo) uepes Be-
JUYHHBl IPHHATHIX MOTEHIIHAJOB B MSITH TOYKAX:

at(P5 +08) = b+ + 6y + 6, — 4dh
X2 d0y?

Ananordudoe BbIpakeHMe MoJydaercs AJst (GYHKIHH TOKa NPU
3aMeHe B JJaHHOM PaBEHCTBE ¢h Ha 1.
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ﬂ.ﬂﬂ OCECHMMETDHUHBIX CHCTEM YpaBHEHHE HECKOJIbKO YCJAO0XKHSA-
€TCA H3-3a JOHNOJIHHTE/IbBHOTO YJe€Hd, HO BBIBEJIEHO OHO MOKET ObITb
COBEPUIEHHO TaK XKe:
0% 0% 1 a
a? _.gi. + _2. - .i) ~
or? 022 r or

=+ By -+ by — Ay + S0

rie n=rop/a-—4UCI0 PaBHOMEPHBIX MOJAPA3AeJeHHH MexIy TOYKON
(r0, 20) n ocbwo r=0. YpaBHenue 0as onpeneseHds PyHKIHH TOKa
10106HO No GopMe H OTIHUACTCS JHIIL U3MEHEHHEM 3HaKa y TpeTbe-

ro 4yjeHa:
@ a a2y | 1 3y
2 I S )
¢z‘ @ (G 5e o)
%1P1+1P2+1P3+1P4—4%~%%-

B6ausu TBepnoit rpaHuUlbl HEKOTO-
pble W3 YeTblpex COCeIHHX TOYEK He MO-
TYyT HAXOAUTbCS HA PaBHOM PAaCCTOSHHH
OT paccMaTpHUBaeMoOH, Kak, Halpumep,
Ha puc. 41, roe nodjexaT onpeneine-
Pic. 41. Pacnpexesere mo- HHIO A H A4, YpaBHeHHE . Jlansaca B
TeHIMANOB [JA  HeMpasm.ib- ¢opMe KOHEUHBIX Pa3HOCTEH A TOUKH

HOll cexuun 0 CcoOTBETCTBEHHO JJs JABYXMepHOH u
OCECHMMETPUUHOH CHCTEM HMeeT BHA:
Lty By — (24 5+ o)
A Ay Fa

M

H

b1 Py 1 1 Pz — P
LR ‘ﬁ°(2+ o x4>+n<1+m‘
[Iponecc, ¢ mMOMOLIBIO KOTOPOTO NMOJYYEHHBIE DAaBEHCTBA HCIOJb-
3YI0TCA [JIS YTOYHEHHMs] NPHHATLIX 3HAUeHHH ¢ U P, HA3LIBAIOT «CH-
CTEMATHYeCKOH peJakcaldell orpaHHueHHH» HJH NPOCTO «peJjakca-
1uefi». TOT NpolecC COCTOHT M3 ABYX YacTeH: KOpPEKTHPOBKA IpH-
HATLIX BEJHYHH [0 TeX NOop, I0Ka ClpaBa B KaXX[IOH TOYKE He IOoJy-
YHTCS HYJb WJIH TNOYTH HyJb, ¥ MOJApasjejeHHe NJOLIALH Ha CTOJb
MaJble KBaJgpaTbi, YTOOb [AONyLIEHHE O JAHHEHHOCTH H3MEHEeHHSs
(YHKIHH OT TOUKH K TOUKe 0KasaJsoCh crnpaBemainBuiM. HeT Heobxo-
JAUMOCTH, KOHEUHO, [ejlaTh BCe KBajpaTbl paBHBIMH [0 pasMepy;
NPaKTHYECKH YeM BbIlIe YCKODeHHe, TeM MeJabye HOJKHBl ObITh KBajl-
patel, # Hao6opoT. [Tocle OKOHUaHUS mpolecca peJakcaluu CKO-
pocthb B JI06OH TOUKe MOKeT ObiTh OnpejeseHa Mo 3HAUEHHIO HaJJe-
»KALero TPAMHEHTA; AaBJeHHA, a OTCIOLA CHJABLI U MOMEHTHI MOTYT
ObITb 3aTeM BBIUMCJAEHBI C MTOMOIIBIO ypaBHedHs BepHyaan.
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OCHOBHBIM TIPEUMYLIECTBOM [poLeccd pelakKCalHH SIBAAETCA He-
orpaHHYeHHOEe pa3HooOpa3He TPaHMYHBIX YCJAOBHH H IIPOCTOTa
ppludciednii. K cnenuasnbHbIM JIETKO peliaeMblM CJAYyYasiM OTHOCATCH
3aflaudl O CBOGOMHBIX MOBEPXHOCTSAX, B KOTOPHIX TPaHHILH Olpejese-
Hbl KHHEMaTHYECKH.

Bosibliasi TpyaoeMKOCTb pelieHusi 3ajiay METOAOM peslaKCaluu
MO3KeT OBITb TPeO0JeHa HCIOJb30BAHHEM COOTBETCTBYIOUIETO 3J€K-
TPUUECKOro anajsora. B 3TOM 3/I€eKTPHUECKOM KOHEYHO-Pa3HOCTHOM
araJjiore CONPOTHBJIEHHS paclo/araloTCst B BHAe KBaJpaTHOH pelier-
kd. Bce conmpoTHBIeHHS, 32 HCKIIOYEHUEM HAXOAALIUXCH y TBEPAbIX

Puc. 42. OcHOBHBle 3/€MEHTBI AJISl pacueTa B KOHEUHBIX Pa3HOCTAX

rpaHul, UMET OJHHAKOBYIO BeJIMYMHY. 3HAUYEHHMS] TeX CONpPOTHBJE-
HHMH, UTO HAXONSITCS Y TBEpAbIX TpaHHIl, NMOACUHUTHIBAIOTCA HA OCHO-
BAHHU TEOMETpPHH. YKa3aHHAf peHieTKa COOTBETCTBYET KBaapaTHOK
CEeTKe, HCMOJIb3yeMOH B Npolecce pejaxcanuu. Korga anekrpuyeckas
pPa3sHOCTb MOTEHIHAJOB NpHJAaraeTcs K KOHTaKTaM, NpeacTaBJasio-
UM BXOJ M BBIXOX MOTOKA, TOTAA 3JEeKTPUUECKHH MOTeHLHAaa Kalk-
JIOTO COeNMHEHHsT CONMPOTHUBJEHUH aBTOMATHUYECKH NPHHUMAeT 3Haue-
HHe, [IPONOPLHOHAIbHOE NOTEHLHAY COOTBETCTBYIOLIEH TOUKH OKOH-
yaTeNlbHOH ceTkH pesnakcauud. CKOPOCTH H, CjlelOBaTeNbHO, AaBJje-
HHSl, CHJABl U MOMEHTBbl BBHIYMCJISIOTCH MO H3MEPEHHOMY CpaiveHTy
noTeHlHaga, KO3(hHHUIHEHT IJAHHBl PaBEH NpPH 3TOM KOI(PEULUHCHTY,
yroTpebasiBlieMyCsl NIPH BBIUHC/AEHHH BEJHYHH CONPOTHBJEHUH.

IIpH HCNOJIb30BAHHM CETOUYHOrO aHaJora O4YeHb BaXKHO NpPaBHJb-
HO BbIOpaTh BEJMHYHHBI CONpPOTHBJeHUH. g 3Toro Bcs 06JaacTb,
IIpeCTaBJAsAOIIAs [I0TOK, NOJApa3feaseTcss Ha TPeyroJbHble 3JeMeH-
Thl, KaX /bl H3 KOTOPbIX H306pakaeT TPeyroJbHOE pachosoXeHHe
conporuBieHuii (puc. 42). omycTus, uTOo 3JeMeHT TaK MaJ, UTO
rpajlueHT MOTeHIHMaJa M0 BCeHd ero M/J0MlaAH MOCTOSHEH, HAaXOZHM
BEJUYHHY CONPOTHBJEHHs], NPONOPLHOHAABHYIO TaHTeHCY NPOTHBO-
Aexkaliero yraa:

R, = Ktg8; u . 1.

KoneuHo, B 061ieM ciayuyae CONPOTHUBJIEHHE H300parKaercss AByMs
TPEYTOJNbHBIMH 3ieMelITaMi 10 06euM ero CTOpoHaM, H OKOHuUaTe/b-
HO MCIO0Jib30BaHHAst BEJHYMHA — 3TO BeJHUHHA ABYX MapajiiesbHbIX
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conporusaenuil. Hanpumep, Ha puc. 43 TouHas BejMYHHA R naxo-
quTca o cooTHomernnio R= K (tg 6;tg 04)/(tg 01+1g 0s). Ecan ox-
Ha CTODOHA 3JIeMEHTa COBIAJaeT ¢ rPaHHIeH, TO 3HAYeHHe COOTBET-
CTBYIOIIETO CONPOTHB/ICHHSA ONpPEEsieTcss TONbKO ONHAM yIJIOM.
XoTs mpHMEHEeHHe CETKH CONPOTHBJIEHHH I03BOJAET 4YACTHYHO
H36exaTh Moc/aefloBaTe bHOR 06palboTKU npoiecca pesakcallH, Ox-
HAKO B 30HAX GOJBIIMX YCKOPEHUil pasMepsl PelIeTKH TOJKHLI ObITh
yMeHbIIEHb JJisi COXPAHeHMSl CIPaBEeIHBOCTH MPEANOIOKEHHT O
JHHEeHHOM H3MeHeHHMH [oTeHiuaja. Eciu IpaHHUB DOTOKa Ompeje-

Puc. 43. Pacnonoxense CONPOTHBJIEHHH MEXAy COCEIHHMH
3JieMeHTaMH

JIeHbl KHHeMaTHueCKH, KaK B CTpye CBO6011HOFO ouyepTaHud, TO IIPO-
uexypa [IOoCJIEA0BATEAbHOTO IIpI/IGHI/I}KEHHH BCe-TaKH HeoOXOoauMa
AJis1 onpeeaeHnst GOpMbl rPaHUYHbIX JHHHUNA TOKa.

Npamep 10. [lpuBeiennple cxeMbl M300parxaioT CETKY peJakcauHd H COOT-
BETCTBYIOLLYIO 3/€KTPHUECKYIO CETKY [Jsi 4acTH ABYXMepHOH cucTeMbl. a) Ha#Tu

BuueT B Touyke C Tmocjie TOro, Kak B Toykax A u B OblIH BBEINOJHEHH CTaHAapT-
Hble KOPPeKTUBLL. 6) Bbiuncauth Ry, ecan R=200 ox.

500 500, 500 500

392 380) 350 350

290 280 240 220

30°
186 170 150

a) CraHgapTHas nonpaBKa paBHA YETBEPTH BbIYETA. ITepBOHAYaJbHO BBIYETHI
B Ka¥X10# TO4YKe TAKOBBI:

A .. 360 + 280 + 140 + 220 — 4(240) = + 40;
B . .. 500+ 392 + 280 + 360 — 4(380) = + 12;
C .. 3804 290 + 170 + 240 — 4(280) = — 40.
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YBeHYHB nOTeHUHan! B Toukax A u B Ha 10 H 3, COOTBETCTBEHHO YMeHbLINM
piueT B Touke C no —27.

6) Kaxnauiit H3 YrjioB, HCMOMb3YeMbIX ANA BbIYMCIEHHS CONMpPOTHBIEHHft B ceT-
Ke. paBeH 45° Tak uTo noctosiHHas ceTku K cocTaBasier

= R (tg 6, + 1g 0;)
tg 91 tg ea

Yrasi, cooTBeTcTBYIOWHE Ry, paBHb 60 u 90° Anst uANIOCTPaUHH TOTO, YTO Mpasbifl
yron He BIHAET Ha BENHYMHY CONMPOTHB/EHHS, MOXHO NMPHBECTH OCHOBHOE YpaB-
HeHWe

=200-2 = 400 onr.

P A P O A
R Ry TR —K\wo, T g, )" a0 \y3 TO)

=400 V3 =692,8 on.



F'nasa 1V

KOH®OPMHOE NPEACTABJEHHUE ABYXMEPHOIO MOTOKA

A. Beejnenne K (PyHKIMSM KOMIJIEKCHOrO NMepeMeHHOro

40. ®PyHKUUH KOMNJIEKCHOTO NepeMeHHOro. XoTs BCe JBYX-
MepHble MOTOKH MOTYT OBITH MCC/JAEAOBAHBl METOAAMH, H3JIOKEHHBIMH
B NpEeABIAYIIUX TJIaBaxX, OJHAKO HoJee NEHCTBEHHBIM CPEACTBOM HX
NpeNCTaBJEHUS SIBJISIETC TEOPHs] KOMIIJIEKCHBIX IepeMeHHBIX. PyHK-
IHS [HOTEHIHaN a U QYHKOHS TOKA BCAKOTO INIOCKOTO 6e3BHXPEBOrO
[OTOKa MOTYT pPacCMaTPUBATbC KakK JeHCTBUTeNbHAas M MHHMas
yacTH (PyHKIHH KOMMJIEKCHOTO MepeMeHHOoro, H Haobopor. Paccmar-
puBas pasjauyHble (YHKIHH, MOXKHO YCTAHOBHUTb OO/bILOE YHCIO
IBYXMEDHBIX TIOTEHIIHAbHBIX (0€3BHXPEBLIX) TeUeHHH, MpefcTaBase-
MBIX 3THMH (YHKUHSAMH. DoJsee TOro, 0KasblBaeTCsl TEOPETHYECKH
BO3MOXKHBIM HEMOCPEeNCTBEHHOE ONpejeseHHe NOTeHIHaJbHOH (yHK-
LUK, YOOBJETBOPSIOEeH 3a1aHHBIM TPAHHYHBIM YCJOBHSM, HOO Teo-
pus MoKasblBaeT, Kak npeo6pa3oBaTb NPOU3BOJNBHYIO HOPMY B KPyr
1 TakuM o06pa3oM o0ToOpa3UTh XapakTep TeYeHHUsS IIPOH3BOJIbHON
(dhopMBl Ha Kpyre, pelieHHe 1/ KOTOpOTo AaHo B raase III.

OszHakomJieHHe ¢ GYHKIIUAMH KOMIJIEKCHOrO lepeMeHHOro Oyzer
NPOBEJIEHO B ABYX HanpaBJeHHsX: BO-MEPBbIX, o0liasi TeOpUs OyaeT
naHa B MIPWIOXKEHUH K [ABYXMepHOMY O6e3BUXPEBOMY TeueHUIO H,
BO-BTOpPBbIX, OYAYT NpeACTaBJeHbl aHAJHTHYECKHE W TeoMeTpHUYecKHe
CBOACTBA NISITH 3JeMEHTapHbIX (PYHKUHH, Ha KOTOPBIX Oasupyercs
TeXHHKA HEeNOCPeNCTBEHHOrO [IOAX0AA K pEeUIeHHI0 NpPoGJeM noTeH-
[IHaJBHOTO TEUEHHS.

[Ipennmosnaraercs, YTo 4YUTaTeJNb 3HAKOM C aare6pod KOMILIEKC-
HBIX UHCeJT W HX TEOMETPHUYECKHM HpPeACTaBJIEHHEM KaK TOYEK B IIps-
MOYTOJbHOH cHcTeMe KoopauHaT. CHMBOJ 2, OObLIYHO IpPHMEHSIeMbill
15 H300paKeHHs KOMIJEKCHOro YHCJIa, COCTOSIIEro M3 AeHCTBH-
Te1bHOH X W MHHMOH y uyacteil, npeicTaBJ/ger TOUKY Ha JHarpamme
Apranga (Argand), Ha KoTOpO# AeflcTBUTeNbHAS YacCTh OTKAAbIBa-
eTcs Kak abcuucca, a MHUMas yacTh Kak opauHata (puc. 44). IMono-
»KeHHe TOYKH MOXKeT OBITb ONpe/es]eHO NPAMOYTOJNbHBIMU (X, §) WJIH
NOJSIPHBIMHU (F, 0) KOOpAHHATaMHU:

z-—:x—}—iy:r(cos()—1—isir16)=refe
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rae
r=)V e+ 0=tg" L 0<0<2m.
X

3pmech r — abGCoOMIOTHOE 3HAUEHHE MJIH MOAYJb KOMILIEKCHOTO
yucJia, HHOTZIA 3aMUChIBaeMblii kKak | 2], a O — aMIIuTya i apry-
MEHT KOMIJIEKCHOrO 4YHcCJa, 3aluchbiBaeMblil Kak arg z.

BennunHa z=x—iy Ha3blBaeTCsl CONpSI:KEHHOH ¢ uhcaoMm 2. Tak
KaK 2z2=x2+y?% 3Ta BeJHUMHA HCNOJb3yeTCsl B YNPOUIEHUAX KOMII-
JEKCHBIX BblpaxeHu#i. Hanpumep,

N7 BblAeJeHHs MHUMOH u aeier- ¥
BUTEJIbHOH uacTefi B BHIpAKEHHUH
— 3amucbiBaeM .
z zex+iy-re‘®
1 z X )
_— = ——— == _ y . r .
z 2z X2 - y? X2 A y? y=rsing
e

Jlpyrasi KoMNJeKcHasl BeJHYH- \

Ha @ OyAer paccMaTpuUBaTbCs Kak PR P

GyHKIHA KOMIJIEKCHOH TNepeMeH-
HOH z: Puc. 44. Tpaduueckoe mnpejpcras.e-

HHE KOMIIJIEKCHOIO yuciaa
w=¢+ip=F[(2,

371eCh () U P — NeHCTBHTE/bHBIE BEJHUHHBI.

Tepmun «pyHKuHS» 03HAUYAET, YTO TOUKA B MJIOCKOCTH Z CBsI3aHa
C OJHOM MJ/IM HECKOJbKHUMH TOUKAMH B MJIOCKOCTH W COIJACHO HEKO-
TOPOMY YCTAHOBJIEHHOMY 3aKOHy. B sTom ofumem onpeneseHHH 3a-
BHCHUMOCTb fBJISIETCSI CJHIUKOM NPOHU3BOJBHOH, YTOOBI MOXKHO OBLIO
moKasaTh, UYTO ¢ U ' ecTb AuddepenHuupyembie GyHkiund x u y. Ee
HEOOXOIHUMO BBIIEIHTb H3 TPeX Pa3/HUYHBIX CONPSKEHUH (YHKIHH

fR=1—2i+iz"=1—2i +i(x+ iy)%
a) f@) =1—2i +iz?=1—2{ +i(x—iy)?,

3/1eChb 2 3aMEHEHO Z B QyHKIHOHaNbHOH popMe;

6) F(2) =1+ 2i— iz,
31eCb U3MEHEHBbl 3HaKH nepeﬂ BCEMH YJECHAMHU, conepmamnMn i, 34
HCKJIIOYEHHEM Z;

B) f&) =f () =1+2i —iz®=gp— iy,
3leChb HMMeeM cJay4yadl OOBIYHOIrO COMpPSIKEeHUs, MPH KOTOPOM 3HAKH
nepej BCEMH UJI€HAMH, COLEPXKALUMHY [, MEHSAIOTCS.

Hansi peficTBHTENbHBIX AuddEpEeHIHPYEMbIX (YHKUMH, TaKHX,
KaK y=[(x), 3HaueHHe dy/dx onpene/sieTcss HAXOKACHHEM Ipeselb-
HOro sHauenust Oy/Ox mias ABYX COCENHUX TOUEK HA HEKOTOPOH KPH-
BOW, Korjia 0X CTPEMHTCH K HYJIO. DTOT MPOIECC SABASETCA TPSIMBIM
B TOM CMBIC/IE, UYTO JlaHHAfA TOYKA MOXKeT NPHGJIUKATBCS K JIPYroi
TOJIbKO 110 KPHBOH, ompenenseMoil 3aBucumocThbio y=f(x). Anano-
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THYHBIH TIPOIECC NJs1 HENMpPEPHIBHOH KOMILIEKCHON QYHKIHMH w=](2)
ocnoxHsercd TeM (akToM, YTO B JAaHHOM CJyuae HaXOAATCA BO
B3aUMOCBSI3H AB€ 06J1aCTH HJH IIJIOCKOCTH, BCJEACTBHE Yero Jrwobas
TOUKa MOMKET NPUOGIHKATBCS K APYrof no 6ecuncjeHHOMY KOJHYeCT-
By HanpabJIeHHH.

Ha puc. 45 mnpexncraBieHb jBa 0cob6bx caydada. Ecan dy=0,
KaK, Hanpumep, A1 JHHHH PP, cOMHXKeHHe TOYeK NPOHCXOAHT 1O
HaTnpaBJ/JeHn10, napanjienbHoMy ocH X. JIns aueun PP, 8x=0 unyThb

cOMMKEHUST TOUEK TapaJuie-

L y A, JeH ocH y. B nepBom mpume-
@, pe zy=x+0x-+iy, 1 COOTBET-
CTBYIOILlee 3HAUEeHHE W CO-
@ CTaBJIsieT
b FooA
3 p wy =g (x +8x, y) +

+ i'lp(x_l_ 6xyy)'
Puc. 45, Oto6paxenHe KOMILIEKCHBIX YH-

cen B ¢opme npupaileHHH HMe-

€M:
bw  wi—w  pitip—f—ip P . Oy
== = =2 420
6z 52—z Xy —X Ox Ox
OoTCro/la
o) iy o2 _ 9% ;0%
dz |; sx—0 Oz ox Ox

Bo Bropom npumepe §z=idy H aHaJOrHYHO NpPEAbIAYIIEMY
nMeeM

o _—_~1im_§ﬂ=_i%+ﬁi

dz |,  sy~0 Oz oy dy
JIBa pesyibrata, nojyuenubie i dw/dz, OIMHAKOBHI TOJbBKO
NIPU YAOBJETBOPEHHH C/IeLYIOIHX YCAOBHI:
d d 0 17/
o6 _ %% . %% _ % (94)
ox dy O0x dy
VpaBuenus (94), naspiBaembie ypaBHeHHsimH Komn -— Pumana,
NOKa3bIBAIOT, KAKHE YCJIOBHUST HEOGXOXMMBI I/ BO3MOXHOCTH IH-
¢depennupoBanus f(z), T. e. 1 TOro, uTo6p 3HaueHne dw/dz GbLIO
eIMHCTBEHHBIM He3aBHCHMMO oT nyTH auddepennuposanusa. To, 4to
3TH yCJOBHS TaKkKe NOCTATOUHBI, €CJIH YaCTHble NPOH3BOAHBIE OT @b

¥ 1p HempepbiBHbI, MOXHO N0Ka3aTb cJaefymouumM obpasom. s ypas-
HEeHUA

w=a(x y+iv, 9

noayuyaem
dw=Pdy + % qy ;% gy %% gy
ox dy ox dy
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WJIH, HCIOJIb3YH ypaBHerHs Koy — PHMaHa
dw — "95 (dx + idy) +z (dx + idy).

Orciona Npou3BoOaHAast

dw P |, .
dz dx T ax ’ (95)

T. €., KaK yXe OblJI0 IOKa3aHO, Pe3yJabTaT He 3aBHCHT OT NYTH IHG}-
(bepeHUHPOBAHHUS.

®ynkuns, juddepeHuupyeMas AJsi 3HAYEHHH 2 B 06J4CTH ILJIOC-
KOCTH Z, Ha3bIBAETCst PeryJsipHOH H aHAJHTHUYECKOH B 3TOH 06J1aCTH.
Touka, B KOTOPOH YIOBJIETBOPSIIOTCSI yKa3aHHBbIE yCJOBHs, HasbiBa-
ercst peryJsipHod. AHaauTHuyecKass QYHKIHS, OJHAKO, XapaKTEepH3y-
€TCst He TOJIbKO IOBEJE€HHEM COBOKYNHOCTH €€ DeryJsipHHX TOYeK, HO
Takke M ee 0COObIMH TouKaMH. C TOYKH 3peHHsl TeOpHH (HYHKUHI
NOC/TEHHEe NPeACTaBJAAIT G0JbIIOH HHTEpeC H TpebyioT riayboKoro
H3yUeHHs.

W3 rteopun ananuTHYecKMX (YHKIHMA H3BECTHO, 4TO (DYHKIHs
w=[(2) MoxeT OHTb pasioxkeHa B psin T3HI0pa OTHOCHTEIBbHO TOU-
KH DeryJ/sipHOCTH Zq:

W=ay+a;(2—2)+ag(z—2)%+---,
ap, = _]- f(n) (ZO)'
nl

Psan cxomutces B 60/1bIIOH KPYr ¢ LIEHTPOM B TOUKE Zo; B 3TOM Kpyre
GyHKUMs ocTaercsi pery/asapHol. AHaauTHYeckKast (YHKUHS, OLHO-
3HayHasi BOJIM3H H30JHPOBAHHOH 0OCOOOH TOUKH 2y, MOXKET TaK¥kKe
ObITb Pa3/10K€HAa OTHOCHTE/JIbHO 3TOH TOYKH B psin JlopaHa:

[@=-Faz—2)+a(z—2) +

a_, a_o
+ a, + + S+
22—z, (z—z,)
Ecnn 2y, 23, ... — paccTofHUsI OT TOUKH 2o 70 APYTHX OCOGHIX TO-

yeKk (YHKUHH [(2), — pacnosoxeHsl B MOPsiKe BO3pACTAaHUSI MX Be-
JIMYHHDL, TO GYHKUHSA [(2) MoxeT ObITb NpeacTaBJ€Ha MHOTHMH psi-
namu Jlopana, Kaxablii H3 KOTOPHIX COOTBETCTBYET KOHIEHTpHUYEC-
KOMY KOJIbIly MeXAy C/IeIyIOIMIHMHE OfHA 3a APYrOH OKPYXKHOCTAMH
C IEHTPOM B TOUKE 2o, HMEICUIUMU pafuyCht r=ry, ry, ... Touka
Z=2) Ha3bIBAETCst TOJNIOCOM, eC/k B paAny JlopaHa /s KoJbua, pac-
0JIOZKEHHOTO B HETOCPEACTBEHHOM 6JH30CTH OT 2o, HMEETCS OrPaHM-
YEHHOE YHCJO OTPHLATEJbHBIX WIEHOB 2-—2p; 3Ta TOUKa Ha3blBaeTcst
CYLIECTBEHHO OCO0OH TOYKOH, €CJH OTpHUATENbHLIE WIEHH B 3TOM
pasjioxeHnH 06pasyioT 6€CKOHEUHbIH psif.
Tak, G yHKuHus
1 1 1 1

[2) = e he—p -z 1T 2(z—2)
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6yneT pasnaraTbCsl BO MHOXKECTBO psiioB JlopaHa OKogao Touku 2=0.
B konuenTpuueckoM Kosblie 0<|z| <l TH 4WiIeHb MOTryT GBHITb pas-
JIOKEHBI KaK

=14z4+224...

:~_____:_%(1+%+-§+-~),

OTKyna

f@) = —él— Z z”(l——#).

n=0

B koH1EHTpHYECKOM Koubile | < |2| <2
1 1 1 1 1 1

z—1 z ] 1 z 22 28
z

1 1
npu |—| <1, HO -~ HMECT TO 3KE Das/OXKeHie, TO H paHbIIe.
2 —

Orcona
I U < U U U
Fe) = 42(2> 2z 3

Haxkownen, pas|z| >2 MMeeT TO K€ pa3JoXKeHHe, YTO U B Ipe-

2
AbIAYLUIEM CJuaydae, HO HpHI — I <1
z

]
R SRS SR _Z 2
2(z—2) 22 2 s

H OTCrOJ1a

LR

n=2

Jpyroii yacto BcTpevaioliefica ocoGoll TOUKOH SIBJAETCS TOUKA,
COOTBETCTBYIOLIAS aﬂreﬁpanquKOMy pa3BeTBJECHUIO, TaKas, Kak
Z=a B (DYHKUUU W= V z—a. Dta TouKa HasblBaeTcsl 0COGOH MOTO-
My, UTO @ IOCJe MOJHOTO 06X0Ma BOKPYTI TOYKH @ B MJIOCKOCTH 2
HE MpHHHMAaeT CBOErO MEPBOHAYAJBHOIO 3HAUEHHST M OKa3LbIBAETCS
TOUKOH pasBeTs/seHHs1 GpyHkIuu. B ykasannom npumepe dw/dz Gec-
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KOHEYHO TpPH 2=q, MOATBEPKIAas TEM CaMbIM, UTO Z=a €CTb 0CO-
Gass TouKa, X0Tsl obpaTHas ¢yHkuus z(w)=w?+a sABJIAETCS pery-
JSIPHOH B COOTBETCTBYIOIleH Touke w=0, KOTOpas TaKXe HasblBa-
ercst TOUKOH pa3BeTBNeHHs. BaXXHO OTMeTHTb, uTo dz/dw=0 mnpu
w=0. YcaoBueM TOro, 4To (pyHKUHSA HUMeeT eAHHCTBEHHYIO NPOTHBO-
[OJIOKHOCTb B HEKOTOPOH TOUKe, SIBJISETCS OTJIHYHE €e IIPOHU3BOJA-
HOH OT HYJISI B 3TOH TOUKe.

Kak mokasauo B 1. 43, OTCYTCTBHE CTPEMJIEHHSI K HYJIO IPOH3-
BOJHOM -— BaXKHOE YCJOBHE, NMOCKOJIbKY OHO ofecneunBaer oTobpa-
’KeHue ofJacreit B Maciitate OJHH K OIXHOMY, UTO SBJSETCS Cyllle-
CTBEHHBIM TpeOOBaHHEM [JIsl MCMOJb30BaHUS B HApoAHHaMuke. Ta-
KkuM ofpa3oM, B AAaHHOM cJayuae w(2) He SIBJISETCS OMHO3HAUHOH
¢dynknuefi, mnockojbKy dz/dw=0 npu w=0, W COOTBETCTBEHHO
V' z—a He Moxer ObITb pasjoxeH B psAA JlopaHa BOKPYr TOUKH
zZ=aq.

CeolicTBa (DyHKIHE B TOUKax pa3BeTBJeHHS Oosee noapoOHO
paccMaTpuBaloTes B 1. 45.

Cuenyiolie NpoCThle NPUMepPbl WJIIIOCTPHPYIOT aHaJMUTHUECKHE
(YHKLUHH, KOTOpbIe PEryJspHBI BCIOAY, 32 HCKAIOYEHHEM HEKOTOPBIX
ocobbix Touek. PyHKuusg w=z2+bz auddepeHuupyema u HMeeT
npousBoaHylo dw/dz=2z+b. ®YHKUUS CTAHOBHTCS OECKOHEUYHOU
IIpH 2= ¢O, YTO COOTBETCTBYeT ee 0co6o#l Touke. OHAa HMEET TOUKY
pasBeTBJEHHs TpH 2=0/2, Korna w(z) perysasipHa U OAHO3HAYHA
Ho oOparHas QyHKuusa z(w) He obsagaer 3THUMH CBoiCTBaMu. Pas-
fieJleHre Ha JeHCTBUTENBHYIO U MHUMYIO YacTu faer

G-+ip=(x+ i) +bx—+iy =x2—y +bx+ i(2xy + by).

dakTHyecku 31eCb HMEETCA ABa ypaBHEHHS, TaK Kak JNeliCTBH
TeJbHast U MHHAMAasi 4acCTH AOJKHBI OBITb IO OTAEJBHOCTH pPaBHbBI:

¢ = x*—y* 4 bx; = 2xy + by.

Jlerko nokasarb, 910 3TH (QYHKUHH yAOBJETBOPHAIOT YPaBHEHHSIM
Komun — Pumana.

Apanutnueckas GyHKIHS C MOJIOCAMH, KOTOpasi peryJsipHa BCIO-
Iy, 32 HCKJIOUEHHEM MOJIOCOB 2= *1, HIIIOCTPHPYETCS CJAeAYiO-
UM IpAMEpOM:

1
2—1"

Heananuruueckass GyHKUHST HIJIIOCTPHPYETCST CJAEAYIOLIUM MIPH:-
MepoM:

W =

w= (x — iy)? = x® 4 y*> — 2ixy.

MozHO nokasartb, YTo NPOH3BOAHAST 3TOH (QYHKUHMH 3aBHCHT OT
HyTH AU(pdepeHnpoBaHus, a ACHCTBHTENbHASI H MHHMbIE YacTH €€
HE YAOBJETBOPSIIOT ypaBHeHusm Komu — PuMmana.

41. Unrerpannnas teopema Kowm. HWurterpan ¢QyHKIMH Kom-
NJIEKCHOr0 NIEPEMEHHOr0 B Npefenax 2=a H 2=b 3aBHUCUT HE TOJb-
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KO OT 5THX KOHEUHBIX TOY€K, HO TaKKe OT MyTH B MJIOCKOCTH Z, COe-
JUHALIEro 3TH TOukH. IIpH onpeneneHHbIX yCJAOBHSX, OJHAKO, aHa-
JHTHYECKHEe (YHKUHH MNOJYy4yaloT 3aMeyaTeJbHOE M CYLIECTBEHHOE
CBOHCTBO, 3aKJIOYamlleecs B TOM, YTO HX HHTErpajbl NEpecraioT
3aBHCETb OT MYTH.

s TouHOTO YCTaHOBJIEHHS 3THX YCJIOBHH HeOGXOAMMO ompeje-
JHUTb NOHATHE O CBA3HOCTH objsacTH. OGJacTh Ha3bIBACTCA CBA3HOH,
ecsiu J100bie 1B€ TOUKH B Hell MOTYT OBITb COeNHHEHBI HelpepbiBHOM
KDUBOH Oe3 nepeceueHus ee TpaHHIL.
O6nacTh Ha3BIBAeTCH OMHOCBSI3HOM,
ecsM q106asi 3aMXHyTasi KpUBas B Helt
MOXKET [IOCTEMEHHO CTATHBATLCA B
TOYKY, He MOKHjas ee mpenenoB. Tak,
KoJibLiecOpasnas oGJacTb MEXKLY ABY-
Msi KOHLCHTDHYECKHMH OKDPYKHOCTSI-
MH HE SBJSIETCS OLHOCBA3HOH, mO-
CKOJIbKY 3aMKHYyTasl JIHHHSA, OKpyXKa-
olas BHYTPEHHHH KDYr, He MOXKET
ObITb CTAHYTA B TOUKy. Takasa o6JyacTb
Has3plBaeTcsl IBYXCBA3HOH. B 3TOM
c/lydae paspes, COENMHSIOIHA BHYTPEHHIO M BHEUIHIOK TPaHHIlB,
nenaer o0JaCTb ONHOCBSI3HOH, NMO3BOJSISE 3aMKHYTBIM KDHBBIM B
obsiactH GecnpenenbHO COKpaliaThesi. ECaAM AJas CO3MAHHS ONHO-
CBsI3HOH 06s1acTH TpebyeTcs ABa paspesa (puc. 46), To obmacTh Ha-
3BIBAETCS] TPEXCBA3HOH M T. A. 3aMKHYTYIO KPHBYIO MOXHO OOOHTH
OJIHUM H3 JBYX CINOCOGOB. ¥CJOBHO MOXKHO HPHHSTH, UTO crocob 6y-
HEeT NO3HTHBHBIM, €CJH 06JacTh OpPH 06XoJe MO €€ KOHTYpY, BKJIIO-
yasl pazpesbl, OCTaeTcs CJIeBa.

Temepn Moxem chopMyaHpoRaTh OCHOBHYIO HHTErpasjbHYIO TeO-
pemy Kommu. Ecnu f(z) — pery/1sipHas ¢yHKIHS B OXHOCBSI3HOH 06-
gactu D, Tof f(2)dz=0, rne C o6o3HayaeT HEKOTOPYIO 3aMKHYTYIO

Puc. 46. Muorocsssnan o6aacts

KPHBYIO, Jlemamyfo BHYTpH obJsactu D. Teopema Takxe yTBepKia-
€T, YTO CCJIM JBe PA3JIHYHbIC JIHHHH B 00sacTH D COEAMHSIOT TOUKH
a W b u oOpasyloT 3aMKHYTyI0 KPHBYIO, HHTETpaJ MeEXIy 35THMH
TOYKaMH He 3aBHCHT OT BHJA JWHHH. Ecou Hanucathb

f@) =@ (x,9) + iv(x,9),

TO HHTEFpaJI COCTAaBHT
§ (6 + i) (dx 4 idy) = { (@bdx + pdy) + i § (pdx + @dy).
C C C

Corsnacao teopeme CTOKCAa 3TOT HHTErpaJj paBeH

_j-wa‘ﬁ + — aq; dde-—th‘( agﬁ\dxdy,

rae Ac 0603HaqaeT NJ0Ia b, orpaﬂnquHyro 3aMKHyTOH Kpupoi C.
IMockosnbky nocnenHuii HHTErpas B cCUNy ypaBHeHUH Komwn — Puma-
Ha Hcuesaer, TeopeMa JO0KasaHa.
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MoxHo nokasatb, yTo HHTerpajbHas TeopeMa KowH crpasej-
JHBa U TOrIa, Koraa Qynkuus [(z) HeperyJspHa BHoJb KpuBoil C,
NpH YC/JIOBHH, €C/IH OHA pEry/jsapHa B 06GJAacTH, OTPaHHYEHHOH KpH-
Boii C, u 3HaueHHs ee HePa3PLIBHBI C NPHHATHIMH Ha TPAHHLE. ITO
pacrnpocTpaHeHHe TeOpeMbl 0COGEHHO BaXKHO [1Js IBYXMEPHOro I0-
TOK&, OOYC/JOBJIEHHOTO pa3MelleHHeM HCTOYHHKOB WJH BHXpel
BAOJb I'DAHHIHL.

HMurerpasbuaa Teopema Komu Moxer 6biTb chopMymupoBaHa
TaKxe JI/11 MHOrocsssubix obaacredt. Eciu Co, Cy,..., C, — npocThie
(HernepecekalolHecsi) 3aMKHYTble KDHBbIE, PacCIOJOKEHHblEe Me/H-
KoM B o6aactu D Takum o6pasoM, uto Cy,.., C, JexaT BHYTDH
kpusoit Co, HO BHE 1Pyr apyra (cM. puc. 46), a dynkuus f(2) pe-
ryJsipHa W OJHO3HAYHA Ha TIPAaHUIAX MHOTOCBS3HOH 06JacTH, Co-
nepxauefi kpussie Cy, Cy,...,C,, TO

§t@dz=[i@dz+ [f@det -+ [F @) e,
o G C: ¢,
rlle BC€ KPHBble NepeceueHbl BLIILIEONHCAHHBIM CIOCOSOM.

Teopema nokasbiBaeTcsi BBeNEHHEM pas3pe3oB, NOKA3aHHBIX Ha
puc. 46, 1 06X00M BCEX yUaCTKOB KDHBBIX IO HANpaBJeHHSAM, yKa-
3aHHbIM CTpejKaMH. IlockoabKy npu HaJMUMH pas3pes3oB 06J1aCTb
CTAHOBHTCS OJHOCBSI3HOH, MOXxeT ObiTb NpPHMEHeHa HHTerpaJbHas
TeopeMa Kowu. Murerpassl nmo caMum paspesaM GepyTcs ABa/Ihl
B [POTHBOIOJIOXKHBIX HalpapJeHHAX, TaK YTO OHH B3aUMHO YHHU-
TOXKAKTCSA M MOJYYeHHOE Bbllle yDaBHEHHE NpeaCTaB/sieT KOHeUHbIH
pesyJbrar.

Ecnu z — BHYTpeHHsisi Touka Ha NMPOCTOH 3aMKHYTO# Kpusoil C,
Jexalell moJHOCThIO B ob6aactu D, B KoTopo#t dyHKuus f(2) pery-
JsipHa U OXHO3HAYHA, TO

— 1 {10
f@) == éf o (%)

®opmyna (96), HasbiBaemasi MHTerpajbHO#l (opmynoii Ko,
HaeT 3HAYEHHS aHAJNUTHYECKOH (YHKUMH BHYTpH 006JacTH, KoOraa
M3BECTHBl €€ 3HaueHHd HA rpaHune. Jajee 6yaeT 10KasaHO, UYTO
3TO HeNOCPEACTBEHHO KacaeTcsi MpobGJeM TIPaHHYHBIX 3HAUEHHH B
TEOPHH JBYXMepPHOro 6€3BHXPeBOro TeueHus. [is nposepku ¢op-
MyJbl CHauaja BOKPYD TOYKH Z IIPOBOJHM Myl OKPYKHOCTb Y.
Hanee npunumaem, uto f(Z)/({—z) — ecTb pery/ispHas (yHKIUS B
ABYXCBSI3HOH 06J1aCTH Mex1y KpHBbIMH C H y, ¥ 3aTeM, HCNOJb3ys
MHTErpajbHyl0 TEOPeMy I/ MHOTOCBSI3HBIX 06JacTel, a TaKxe 3a-
MeHsIsl {—z=re' Ha KPHBOI Yy, NoJyuaeM
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Tak kak ¢yukuust f(2) HenpepwiBHa, (L) B mocaefHeM HHTEr-
pase MOXeT GbIThb 3aMeHeHa Ha [(2) C OMHOKOH, yMeHblaouencs
J0 HyJIs 1o Mepe NPUOJHXKeHHUS! K HyJa1o pajaudyca kpusoh y. Caeno-
BaTeJbHO, A0KAa3aHO, UTO

\'& di = 2nif (2).
A

Jlpyroft BHIBOJ HHTErpajbHOl TeopeMbl KOIIH H3BECTEH KaK TeOo-
pema o Boiuere, Koadpduuuenr a_; mnpu (z—a)~' B pas3joxeHUH
anaJUTHUCCKOH OQYHKUMM B psn JlopaHa Ha3bIiBaeTCsT BBIUETOM
(OYHKIHU B TouKe z=a. TeopeMa uutaercs tak: ecau C ecTb Tpo-
cTas 3aMKHyTas KpuBas M (QyHKUHA [(2) ONHO3HAYHA U pEryJasipHA
Ha KpuBoHl C U BHYTpHU Hee, 32 HCKJIOUeHHEM KOHEYHOTO YHCJIa 0CO-
OblX TOYEK BHYTPH KPHBOH, B KOTODBIX BBIYETHl COCTABJASIOT R,

R2)~~~7 R‘rh TO
(f@)dz=2ni R, + Ry +- -+ R,). (97)
C

[lna nokasaTeqbCcTBAa HYXKHO B3ATh MaJsble OKPYXHOCTH Yy, Yo,
..y Yn BOKDYT 0COObIX TOYeK. Toraa, coriacHo HHTErpaJdbHOH TeopeMe,

Ji@de=[r@d:+ [[@dzt--+ [i@de
Tt T2 Tn

Eciu a—ocobas Touka, y — MaJjasi OKpPY»KHOCTb BOKPYT Hee H
pasjoxenue GyHKUHH [(2) B psin JIopaHa BBINOJHSAETCS OTHOCHTEJb-
HO @, TO

jf(z)dz=----{—azJ‘(z——a)zdz-}—alX
;

™

Xj(z—a)dz-{-aojdz-l—a_lS dz +a“25‘(—z_izT)=+'”
h 7

z2—a
T T

[Tpoussens saMeny z—a=re®, pua Bcex NMoOJOXHTENbHBIX U OT-
pHLATENbHBIX M, 32 UCKIIOUeHHeM m=-—1, 6y1eM HUMETb

2r
{@—aymdz = irmti | &m0 g9 — g,
0

;
§ z__ 2ni,
Z2—a

T

Onnaxko

OTCIO1a
y f(2)dz = 2nia_ .

T
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[IyTeM MoJCTaHOBKH COOTBETCTBYIOLIEr(: Pe3yJbTaTa B KaXXIbIH
W3 HalHCAaHHBIX MHTErpaJioB JOKa3blBA€TCs TEOpPeMa O BhIUeTe.

42, INlpunoxenue x 6e3BuxpeBoMy moto<y. Ecau ¢ u + oGosna-
YaIOT MOTEHLHUAJ CKOPDOCTH U (PYHKLHIO TO<a ABYXMEpPHOro Oe3BHX-
peBOTo NOTOKA, TO

=% _0b. ,_0 . __ 0%

dx ay ’ dy dx

[IpuBenenHble COOTHOIIEHHUS MOKA3BIBAIOT, YTO () M Y YIOBJET-
BopAT ypaBHeHussM Komn — Pumana. Bennunna w=¢+ i, 0603-
Hayvamwllass KOMIJIEKCHBIH NOTEHIIHAJ, SIBJSIETCSI BCJENCTBHE 3TOrO
aHaJUTHUECKOH (QyHKIHeH 2. ITo H0Ka3bIBAET NOJHOE COOTBETCTBHE
MEXKJy aHAJUTHUECKHMH (QYHKLUHSMH H IBYXMEDHBIMH GE€3BUXpEBHI-
MH TEYEHHSIMH, YNIOMSAHYTHIMH B HayaJje 3Tod riaBel. Taxkum oGpa-
30M, paccMaTpHBasfg aHaJMTHYeCKHe (YHKUHH pas3JHYHBIX THIIOB,
MOXXHO ONHCATb CaMble pa3jHYHble BUIB ABYXMEPHbIX IIOTOKOB.
[Ipoussonnasn dw/dz uMeer HeMOCPEACTBEHHYIO CBSA3b CO CKOPOCTBIO
noroka. M3 m. 40 mosyunm ciaenyioline cOOTHOLICHHS:

dw o

aw oy iﬂi_ i — —ia
= o +i G T Ve ™™, 98)

rge  V — peayabTHpylolas CKOPOCTb, @ — YroJ ee HaKJIOHa, a
dw/dz — TaK HaspiBaeMasi KOMIJIEKCHAas CKOPOCTb.

KomniekcHble MOTEHUHAMbI 1JIs1 PASAUYHBIX NPENCTAB/AIOIMX HH-
Tepec ciayyaes, CPeld KOTOPLIX UMEIOTCSl YK€ PaCCMOTPEHHbIE B IJla-
Be 111, nanb B Ta6a. 1. [l Ka)KAOro M3 HHX JETKO MOJYYHTDb 110J-
HOe ToJie CKopocTed. [Is1 HCTOUHMKA HaNpsiKEHUEM /1, Halpumep,
HMeeM:

w=mlnz= mln(re’) = m(Inr + i6);

dw m m i
—_— T —— == e ¢

dz 2z r

OTtkyna
¢ =mlnr; ¢ = me,

CnenoBaTenbHO, BeJMYMHA CKOPOCTH paBHA M/r, a HaKJIOH ee
onpenesasieTcs yraom 0.

WnniocTpauis Bo3MOKHOCTEH METORA KOMIJIEKCHBIX [TepeMeHHBIX
NpelcTaBgeHa BHIDAXKEHHSIMH B (ODMe BBIUETOB [Js1 IIPUCOEIHHEH-
HBIX Macc JBYXMEDHOTO NOTOKa M MeHCTBYIOUIMX IIPH 3TOM CHJBl H
MOMEHTa.

Ecau npeanosioxure, uTo mpocToit saMkuyTHI# KOHTYp C, BOKpYT
KOTOPOTr'O HeT HHPKYJIALHH, XapaKTePH3yeTcs] CKOPOCTbI0 CMELIEHHs
C KOMIIOHEHTAMH Up U Up (pHC. 47), TOrZa, HCIOAb3Yysl TIPHEMBI AJS
TPEXMEPHOro NOTOKa, ONHCaHHbIe B M. 33, MOXKeM 3alUcaTh Bblpaxke-
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HHUA IOTEeHUHaJa CKODPOCTH H KHHETHUYECKOH SHEPruu BHEIIHEeH KHJ-
KOCTH B CJ€OylOIueM BHIE:

¢ =u,, +v,b;; 2K = Aul + 2Fu,v, + Bv},
rae

d d
A=—p |y mds; B=—p |, L ds
c c

d ‘ d
F=““Pj{ﬁ1a—i ds=—p s P, ‘ai—ds;
¢ o

n — HOpMaJib, HalpaBJeHHAas HapyXKy
ot Koutypa; A, F u B — npucoepuHeH-
Hble MacChl JABYXMEPHOTO NOTOKa Me-
KAy TnapajjieJbHbIMH IJaCTHHAMH,
pacloJOKEeHHBIMH  Ha  €JUHHYHOM
paccTosiHud Apyr ot apyra. [loreH-
LHaJibl  yIOBJIETBOPSIOT T'PaHHYHBIM
YCJIOBHSIM:

Oy _ O _ Ox  Ofy _ 0%z __ 0y

on os on’' on ds on

Puc. 47. Cxema paBuHXyllerocs

KOHTYpa M3 puc. 47 BuiHO TakXKe, YTO
1 — eHHAS 7 2—H K-
BHYTDEH Haﬂqqa;g:b apy dx _ ay ) 6_1/ . ox
on ds ' on ds

CaenosaTesbHo, Ha rpaHuue OY,/0s=0y/0s, uiu ¢;=y, eciH
MIOCTOSIHHYIO HHTETPUPOBAHHS BHIGPATh PABHOH HYJIIO; TaKHM e 00-
pasoM Pe=—x H

A=—p [ ddy, F=p | dhdx=—p | g.dy;
C C C

B=p S ¢,dx.
¢
Jlanee paccMaTpHBaeTcsi KOMIJIEKCHBIH HHTErpas

; w,dz = S (& + i) (dx + idy) =

- g (P1dx — ydy) + i (ydx + ¢,dy).

Hocj ydy=0 I/Ié‘ ydx=—S§, rne S — nJjolwaab, OrpaHHyeHHAasT KOH-

typom C. Otciona, MOJACTaBAASl 3TH 3HAUYEHHS, a TaK¥Ke BHIPAXKEHHs
nas A u F B unHterpan w; u cocTaBjsis NMOJOGHOe BhIpaX<eHHe 14
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Ta6aunma L
TeyeHHSA, COUTBETCTBYIOLIHE PA3JIHYHBIM KOMIJIEKCHBIM MMOTEHIHAJAM

Kondurypanus Teyenus

w=g¢+¢

PaBHOMepHbII TOTOK Uze™ "™
B HalpaBlIeHHH O

McTOUuHMK  Hampsxe-

mln(z—2p)
HUEM m B TOUKeE Z,

BHXpb HaupaXeHnneM

— ik In(z—2)
k B TOUKE 2
JIunoib HanpsXeHHEM — de*?/z
6eia
Teuenue B yriy m/n Az
O6rekaHHe 1ena Uz4+minz

//\\,@@%@%E

a / 2
Teuenue BOKPYr Kpyr- at .
JOr0 UHIMHIpA € LHP- @ U(\Z-}- . +iklnz
KyJaanue ~N 23

e —
O6Texanne opaia Pern- _O_ z+b
KHHa —_—t——l— UVz+min z—0b
1
Jlunuss BHUXpR  BOAM3H < ikln z2+b
CTEeHKH z—b
T nz
HMcrounnk B nenrtpe T minsh —
KaHa’ia i — a
HHTerpaja Wy= @y~ ife, MOJYUYHM COOTHOLICHHS:
F—i(A+4+pS)=p S w,dz = 2npi (BHIUET W,);
¢
(99)

B+pS—iF=p Sl w,dz = 2mpi (BHIYET W,).
[4

MoxHo nokasaTh, uTro ypaBHeHHst (99) HeHCTBHTENbHLL H TIPH
HaJHYHA UUPKYJauuu. B 3TOM ciyuae w; u @, sIBASIOTCSA KOMILIEKC-
HBIMH MOTEHLHAJaMH A/ TeUeHHH C HYJeBOH CKOpOCTbIO B OecKo-
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HeyHOCTH. CJIelyeT OTMETHUTh TOKJECTBEHHOCTh HACTOSIIUX pPe3yJIb-
TaToB Teopeme T3iopa AJAs TPEXMEPHOTO cJydasi, ONHCAHHOIO B
n. 33.

[logo6ubie ke MpocThle BEIpAXKeHHUs /51 CHJBl H MOMEHTAa, AeHCT-
BYIOIIMX Ha 3aMKHYTHIH KOHTYp C B IpOH3BOJBHOM YCTAHOBUBIIEMCS
0e3BUXPEBOM MNOTOKE HEeCXKMMaeMO#l KHAKOCTH, OBIH NpelsiokKeHbl
Brasunycom. Cuna, obycioBneHHass faBJeHHEM XXHIKOCTH p Ha 3Jie-
MeHT AyTH ds KoHTypa C (puc. 48), umeer cjaeayoliie KOMIOHEHTH

IO OCAM X U Y-

g dX = — pdssin®; dY = pdscos9.

OTH BBIPAXKEHHSI MOTYT GBITh 3anuca-
HBl B KOMIIJIEKCHOH (opMme:

o \POs dY + idX = pdse™™ — pdze™®,

HOCKOJbKY dz=dse?® . Momenr or-
HOCHTE/bHO Hayasa KoopauHar, ofyc-
JIOBJIEHHBIH JaBJIEHHEM KHUAKOCTH Ha
3JeMeHT dS, COCTaBJSIET BhIpaKEHHe
—ydX + xdY = pds (y sin® + x cos ),
paBHO€, YTO JIerKO NMoKa3aTh, dM B ypaBHEHHH
. —2i0
dM + idN = pzdze ™",

B srom ypaBuenun N ne umeer ¢usuueckoro smauenus. Ciemo-
BaTeJbHO:

Puc. 48. JlaBnenne Ha 3JeMEHT
AyTrH

Y +iX= jpe“m dz; M+ iN = j zpe " dz,
& ¢

Teneps, cornacHo ypaBHeHHIO DepHy/ann aas ycranoBuBLIErocs
MOTOKA (Y4YHTBIBAs, YTO CHJIA TSXKECTH IeHCTBYeT B OTPHIATENbHOM
HANpaBJEHHH OCH Y), HMEEM

p = const — p_;/’; — VY.

[Tpy nocTOsIHHOM JaBJIEHHH, IEHCTBYIOIIEM [0 BCEH OKPYKHOCTH,
pesyJabTHpyOIlas CuAa paBHA HYJIO, a IPH THAPOCTATHYECKOM [AaB-
JIEHHH CcHJa, 06yCJOBJIEHHAsi 3aKOHOM Apxumejna, onpeiesiser IH-

V2 2
HaMHYeCKyI0 4acCTh AABJEHHS, T.€. UIeH p? Hanucas p=—p- H

dw —6 o
BCIIOMHHB, UTO i’ = Ve , HalijaeM, 4To
2z

X = — P (4w, N= — P ([ dw
Y +iX = 2é§(dz>dz’M+lN 2ijz<dz)dz.(100)

Itu dopMyan H3oGpaxaloT teopemy bBuasuyca, xotopas gaer
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KOMIIOHEHTHI CHJIbI H MOMEHTa B Q)opMe BbIYETOB AHAJHTHYECKHUX

e dw? dw \2
(pyHKUHH (Z) Uz <Z} . 3neck HEOOXONMMO OTMETHTh CXOJCT-
BO IJIA YCTAHOBHBINErocsl noToka teopem Biasuyca u Jlerasin.

Ipumep 11. HalTu NpHCOeAHHEHHYIO MAacCy M yCHJIHEe Ha KPYIJIbIH LHJIMHAD
B DABIIOMEPHOM MOTOKE NPK HAJIHYMH LHPKYJIALHH BOKPYT LHAMHAPA.

KoMmyieKCHBIH MmOTeHIMas, npuBeleHHblit B Taba. 1 A/s ycTaHOBHBIIETOCsS Te-
YeHUst BOKPYr KPYIJOro LHJIHHApA PAjHycoM a ¢ LHPKYJsUHeil 27k B MOTOKe CO
ckopocThbio U B HanmpaBieHdU MOA0KHTEABHON OCH X, UMeeT BUL

2
w=U(z+ %)+iklnz.
\

Uro6bpl HAUTH NPHCOEJHHEHHYI0 MacCy LHJIHHApA, TpefyeTcss ONpefe/uTh
KOMM/JIEKCHBIH MOTEHUHAsJ @ [/ HeyCTAHOBHUBIUErOCf TEYeHHs, Korjga LHJHHJD
JABMKETCS ¢ e[MHHYHON CKOPOCTBIO B HAMpPABREHHH [ONOMKHTenbHoft ocu x. On
MoOxeT ObITh IOJyYeH H3 w HaJoMKeHHeM HepaBHOMepHOro teuewuss —Uz u mpu-
HatieM U=—1, uto naer

a’l
wy=——+iklnz.
z

Kak noxasauo B 1. 44, 2=0 ecTb Touka pagBeTBjeHus PyHKUMm In 2, Tax uro
nocnefHs s HE MOxkKeT ObITb pasjoXeHa B psaa JlopaHa U He MOXeT HMeTb Bbl-
yera. OJHAKO BHYET @ paBeH — a’, W Aas NPUCOEJHHEHHOH Macchl moJydaeM

F —i(A+ mpa?) = — 2ma® pi;
F=0, A=na?p=pS.

TaxkuM o6pa3oM, npHcoelHHeHHas Macca KPYIJOro IHJMHApPAa DaBHa Macce
BBITECHEHHOH UM XKHJAKOCTH.

Veunne Ha muAaMHAp, onpejensieMoe no (opmyne baasnyca, Bepaxaercs ue-
pPe3 KOMIUIEKCHBEIN MOTeHUWas AJs YCTaHOBHBLIEIOCs TEHEHHS, TaK 4TO W MOXKeT
HCIOJb30BAThCS B JaHHOH Bhille (popme. Ho

(6w )2 uli a? 4 ik 12 2iUk 4
dz | 22 z T2

Hpyrue usneHsl B NMpaBOH YacTH YpaBHEHHs He ONpPefensioTcs, TaK Kak Tpe-
Gyercs Toabko BoiueT 20Uk Takum o6pasoM, TeopeMa Duiasumyca paet:

Y4 iX =— —‘;— (2m0) (2UK) = pU2stk = oUT;

X=0; Y=pUT.

STa HcK/IOYHTeNbHO mpocTast GopMyJa AJs MoJbeMHOH CHJbl MPUMEHHMA, Kak
OyzeT MOKa3aHo faJjee, H 1J18 LUJAHHAPA HPOH3BOJNBHON QOPMBI.

B. OcHoBbI KOH(OPMHOT0 0TOOD 2XKeHHs

43. TeomeTpuueckHe CBOHCTBA aHAMUTHYCCKMX (YyHKUUH.
AnekBaTHOCTb aHAJMHTHUECKUX (DYHKLHUH U 6€3BUXPEBBIX TEUEHHH MO-
)KeT ObITb BbIpaxeHa [eOMeTPUUYECKH, MOCKOJIbKY B3aHMHO ODTOrO-
HaJIbHble KOODAHHATHbIE JHHMU P=const u ¢=const, mokazanHbe
Ha puc. 49, MOryT paccMaTpHBAaTbhCH KaK B3aHMHO OPTOIOHAaJbHBIE
ceMeflcTBA JIMHHH TOKAa U 3KBUNOTEHUmajselr B miockoctu 2. CBoit-
CTBO COXPAHEHHST BeJIHYHMH yIJIOB MEXAY COOTBETCTBYIOUIMMH JIHHHA-
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MH B COOTBETCTBYIOUIMX TOUKAaX SIBJSIETCS] OCHOBHOH XapaKTepHCTHU-
KON aHaJduTHueckuX ¢yukuuil, Takum oBpazom, ecnu {=[(z) — He-
KOTOpas aHaJuTHYeCKasd (QyHKUHS, a 2y — PEryJaspHasd TOYKa, B KO-
Topolt ['(zy) #0, To

6L = [ (20) 82,

HJIH, HCIIOJIb3ys MOJAPHbIE IPelCTaBIEHUA:

g i8, 8 e e
0 =r'e"; dz=re"; [ (zy) = pe”,
¢ TIOJYYHM

[ r=opr, 8 =0+a.

JTOT pesyJbTaT O3HayaeT, UTO 3Je-
MEHTAapHBI TpPEeyroJbHHK OKOJO TOUKH
2y MOXKeT TpaHChOpMHpOBaTbCcAd B IO-
JOGHBIH eMy TpeyroJbHHK, yBeJUYeHHBIHA
B 0 pa3 W NOBEPHYTHIH Ha yroJ a B IJIO-

$ ckocrn ¢ (puc. 50); uHaue rosops, Be-

JUYHHA yIJa MeXAy ABYMS KDPHBBLIMH,

NIEPECEKAIOIHMHUCS B PETyJsipHOH TOUKe,

B Kotopo#l [/(2)==0, coxpaHsferca HpH
Puc. 49. Oro6pawmente KOM- tpancopmanuu. 1o sToll mpuuuHe Ta-
NMJEKCHOro [OTeHuHanla w= Kas TpaHC(bOpMa]_IHﬂ Ha3biBae€TCaA KOH-

=¢+ip dopMHOHA. ITOT pesyabTaT TaKkKe IO-
KasblBaeT, yTo oTofpaKkeHHe MaJol 00-

JacTH BOJIM3H TOUKH 2o Ha OKPECTHOCTb COOTBETCTBYIOWIEH TOUKH {p
eIMHCTBEHHO, T.€. KaXIoll TOYKe B Majof 00/1acTH BOKDYT TOUYKH
2y COOTBETCTBYET OJiHA M TOJBKO OJIHA TOUKa B 00J1aCTH, OKpyKalo-

A’,
2

)
> @ B < \Q

A a
A s

Puc. 50. KoudopMHoe oTo6paxedne 3JAeMeHTapPHOTO
TPEeyroJibHUKA

uiefl TOUKy o, M HaobopoT. Kpome Toro, xorna 0 m3mensercs ot 0
10 2t npu obxoje BOKPYr TOUKH Zp B MaJo# obgaactd, 6’ Takke
H3MeHseTCs B Ipejenax Ha 2m npH o6Xoie BOKPYT TOUKH {y B IJIO-
ckoctH {. B TeopeMax nacrosilero pasjgesna ObUIO [10Ka3aHO, YTO
6oJblLIoe KOJHYECTBO CBOHCTB OTOOpDa’KEHHS TaKXKe CYUIECTBYET B
KOHEYHBIX o00JlacTaX, B KOTopblx GyHKUMA f(2) perynspHa u

1"(2) # 0.
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CBoficTBO KOH(POPMHBIX OTOOpaKeHuil, KOTOpoe OnpefefseT Ha-
CTOSUIMH HHTepec K HUM H HX HHTEHCHBHOE H3yUeHHe, 3aKJI0YaeTcs
B TOM, UTO H3 pellleHHs KpaeBoH 3ajaud AJs Kpyra MoxeT OBITb He-
TIOCPEJCTBEHHO NOJYUYEHO pelleHHe [/ IPOU3BOJBHOTO mpoduis
NyTeM eIUHCTBEHHOTO KOH(POPMHOro Npeobpa3oBaHUs BHYTpPeHHeH
(unu BHeWIHeH) 06JaCTH NMPOH3BOJBHOTO NMPOodUIs BO BHYTPEHHIOK
(uH BHEIUHIOKW) o06/acTh yXkKe H3BecTHOro Kpyra. TakuM ofpasowm,
ecau ¢yHruUsa {=[(z) tpancdopmupyer npodusb G B MIOCKOCTH 2
B KpyT C B IJIOCKOCTH { H eCJIH

'0) ®

‘fiﬁ/\__ v l,l-;

¢=0 —=0 -

TN N

Puc. 51. Ilpeo6pasoBanne notoka, 06TEKAOWEro TeJ0 POH3BOMLHOTO TPO-
¢Guas, B NOTOK, 06TEKAOWHA KPyT

WE=0E 1) +i¥En)

0603HayaeT KOMIIEKCHBIH MOTEHUHAJ, KOTODHIH pellaeT KpaeByio
3ajavy AJs Kpyra, Torja 3aMeHa {=f(2) B KOMIUIEKCHOM MOTEH-
yHaJe IJAOCKOCTH Z Jaer

w (@) =WI[[ (2] = (x,4) + iy (x, 1)

HITH
PEN=d(x1); YEW =17 y).

Takum o6paszoM, JHHHH TOKa M 3KBHUIOTeHuHaau W=const u
@ =const B mi1ockocTH { CTAHOBATCA JHHHUSIMH TOKAa U 3KBHIIOTEH-
uuaasaMu Pp=const u ¢p=const B maockoctu z. B yacTHOCTH, €C/IH
C ecTb JIMHUS TOKA B IJIOCKOCTH §, OHa TpaHCHOPMHpPYETCS B JUHHIO
toka G B miockoctH 2 (puc. 51). OueBnano, yto 3ajgava JlupHXJe
AJs npoduss ¢ 3aJaHHON BeJHUYHHOH ¢ npeobpasyercs B 3apauy
JupuxJ/e AJs Kpyra ¢ TeMH Ke 3HAUeHHsSIMH IOTEHIMaJa B COOTBET-
CTBYIOIIMX TOYKax. Korpa 3Hayenus O¢h/On — HOpMaAJbHON MpPOH3-
BOIHOH NOTeHIHasa Ha JuHUH U — 3ananb (3amaua Hefimana), co-
oTBeTcTBYIOUIMe 3HaveHuss 0M/0v HOpManbHON NMPOU3BOAHOH Ha JH-
auu C 6ynyr:

ap 0D
X _ L@ (101)

npuueM OD=38¢, dv =8|, korga dn= |62, u |8%|=|F(2)X
|6 z].
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KoMmmiiekcHble CKODPOCTH B NJIOCKOCTHAX < H C TakKxKe COCTaBJIAIOT
TPOCTOEC COOTHOILUEHUE:

dz dg dz '’
uin, 0603Hauasi KOMIOHEHTbl CKODOCTH B ILIOCKOCTH Z Yepe3 4 W U,
a B miockocTH { uepes U u V:

u —iv=U—iV)f (2.

CrnenyeT MOJUYEPKHYTb, YTO IPHUBEJEHHEIE COOTHOIIEHUS He TPeGyIOT,
4TOOBl 3aMKHYTHIH KOHTYp C OBl OKpyX)HOCThIO. ONHaKO OYeBHIHO
yI06CTBO OCYIIeCTBACHHST TpaHchOpMalii rpaHulbl 06JaCTH B KPYr
Opyd MOMOIIH OAHOH HJIM HECKOJBKHX MPOMEXYTOUHBIX MJIOCKOCTEH,
K KaXXJ0¥ H3 KOTOPbIX MOI'yT ObITb NPUMEHEHbl yKa3aHHbIE COOTHO-
lIeHUs1 AJIs1 TPAaHUYHBIX YCJOBHI.

IIpuMenenue KOH(OPMHOro OTOGpaMKeHHsT K DEUIEHHIO NPobJeM
[IOTOKOB TaHT B cebe GoJibllike OMACHOCTH, KOTOPble MOXKHO H30e-
XKaTb, 3Hass CBOHCTBA, OUPAHHYEHHS] U BO3MOXKHOCTH TaKHX oToOpa-
xeHu#. C 3TOM uesNbl0 HHXKe IepeyHCJeHbl M 3aTEM PaCCMOTPeHbl
HEKOTOpble HauGoJjiee BaXKHbie TEOPEMBl 0 KOHGOPMHOM OTOGpaxe-
HMH.

a. Ecim dynknust [=f(z) peryisipa BHa npocTOll 3aMKHYTO
KpuBoi G M BHYTpH Hee U AdeT eAHHCTBEHHOE NPeo6pa3oBaHHe KpH-
BOH ¢ B mPOCTYIO 3aMKHYTYIO0 KpHBYIO C B IIOCKOCTH §, TOTAA Mpeos-
pasoBaHHe TaKkKe NMPUBOJAHMT K €IHHCTBEHHOMY COOTBETCTBHIO MEXIY
BHYTPEHHUMH obnactami KoHTYpoB C u G, Tak uto C 1 G onuCHIBA-
I0TCS B OIMHHAKOBOM CMHICJIE.

6. Ecin dynkumus {=f(z) peryaspua, a ¢yHkumus f/(z)s=0 Ba
NpocToit 3aMKHYyTol Kpusoi G n BHyTpH Hee u ecin G otob6pamaercs
B 3aMKHYTyI0 KpuBYI0 C Ha IUIOCKOCTH {, TO OTOGpaKeHHe Mexmay
G u C ¥ uX BHYTPEHHHMH OGJACTSIMH eJIHHCTBEHHO (T.e. KaIOH
TOUKE OJHOH 0GJIaCTH COOTBETCTBYET ONHA M TOALKO OJHA TOYKa JApY-
roi obJgacru).

B. Ecam dynkuus f(z) peryasipua o BHyTpeHHeli o6aacT Tipo-
CTOM 3aMKHYTOR KpuBo¥ (, coCTaB/eHHOH H3 KOHEYHOro UMC/aa Cer-
MeHTOB 2=2(l), BJlOJIb KOTODBIX 2 auddepenuupyeMa u 2’ (t)==0, u
AdeT €NMHCTBEHHOe OTOOpaXKeHHe NaHHOH 06JlacTH Ha BHYTPEHHIOIO
obsiactb xpyra C, TO CYWIECTBYeT TaKe eAHHCTBEHHOE HENpepbiB-
Hoe orofpaxeHue Kpusoit G B xpyr C. Dyukuus f(2) peryaspHa na
KpuBoit G ¢ ['(2)5=0, 32 ucK/IOUeHHeM KOHIOB CETMEHTOB, e f(2)
HempepbiBUa.

r. MoxHO HalTH aHaJXUTHUECKHE dyuxuuu z=f({), Kotopuie aa-
10T €JIMHCTBEHHOE OTOOpaKeHHe J1000i OJHOCBA3HOH O6J3acTH MO
KpaiiHell Mepe C ABYMS TIDaHMUYHBIMH TOYKAMH B ILIOCKOCTH 2 Ha
BHYTPEHHIOIO 06sacTh enuHuuHOro Kpyra |L] <1. DTo — napecrnas
TeopeMa PuMana o KOHMOPMHHIX NMpeobpasoBanusx. OToGpaxeHue
SIBJISICTCS eAMHCTBCHHBIM, €C/IM 3aldaHbl 3HadYeHus f(0) u arg f/(0).

x. OcnoBHasi aHaiuTHUecKas QyHkuua z=f(L), Kotopas jgaer
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eIHHCTBEHHOEe KOH(OPMHOe OoTOOpaKeHHe BHYTpPeHHeH 06/acTu Hpo-
CTOrO 3aMKHYTOro KOHTypa G B NJIOCKOCTH Z Ha BHYTPEHHIOW 006-
Jactb kpyra C, u obparHas efi GyHKuHsA {=[(2) BwlpaxawTrcs ps-
nom Tafopa:

z=04a,l+al+-
{=2—a,2"+ (20}—a)) 2+ - - (102)

Pan nns ¢ysxuuu 2 () CXOZHTCA K 3HaueHHsm { BHyTpH kpyra C,
Torga AJs GyHKUMH ((2) 3HaueHHs Z B mpejenax GOJBIIOTO Kpyra
C IIEHTPOM B HadaJe KOOPAHHAT MOILYT OBITb BIHCAHBI BHYTPb KOH-
typa G. Ecin QyHKIHA aeT perynasipHoe eJUHCTBEHHOE OTOGparKe-
HUe BHemHeH ob6aactn G Ha BHemHIOK obaacts C, Toraa QyHKUHSA
2() u obparHas efi pyHKumHs {(Z) MOTYT GBITh Pas/oKeHH B PAI
Jlopaxa:

. a Qg ag L
Z(C)—C-i——; +—€2+?3+ ;
(103)

Psap gns yskuuu 2({) cXxomuTCs K 3HAYEHHAM { BO BHeEILHeH
obaactu C, Torga agst ¢pyHKUHu {(2) 3HAUeHHs 2 BO BHeIIHel obJa-
CTH MaJIOro Kpyra c UeHTPOM B HayaJie KOOpAHHAT OrpPaHHYUBAIOTCS
KoHTypoM G.

e. Ecau eluHHYHBIH KPYr B TJIOCKOCTH { mpeoGpasyercss B mpo-
CTOH 3aMKHYTBIH KOHTYp G ¢dyHKuuedt 2={+ a2+ asl® +..., 10 mio-
maab 06J1aCTH, OTPaHHYEHHOH KOHTYpoM G, mpeBbIIAET MO BeJIHYH-
He nJomiagb Kpyra H COCTaBJISIET:

A=a(l+2]a)*+3|as2+---). (104)

OTo BhIpaKeHHe HasblBaeTcst cooTHouieHHeM Bue6epbaxa — PDa-
Oepa Aua nuomagd. COOTBETCTBYIOIEE COOTHOUIEHHE AJf MJOIIAAH
A, orpannyeHHol KoutypoM G, Korpa BHewnue obiactn G u C mpe-
oGpasyiorcsi ¢ momMoulblo psina Jlopana [ypasuenne (103)], umeer Bua

@0
A=x(1—2X n|a,p). (105)

n=1

B stom ciyuae npeoGpasyemasi nJIoIiab MeHbLIE, YeM IJOMIAMAb
Kpyra.

Teopembl «a» u «6» OYAYT HCUEPNBIBAIOIIE NPOHJIIOCTPHPOBAHBI
npH H306paKeHUH 3JEMEHTapHBIX NpeoOpa3oBaHH B CJeAYIOIIEM
nyHkre. Ecan 6bl oro6pazkeHHe BHYTPEHHHX obJacreli KoHTypo C
u G 6blJIO He eAUHCTBEHHBIM, 06paTHass GYHKUMs 2 (L) 6biaa 6B MHO-
rO3HAYHOH, T.e€. HMesjachb Obl TOYKAa pas3BeTBJaeHHst Lo={(20), rue
[’ (20) =0, cooTBeTcTByOWas 10 KpailHEH Mepe OAHOI TOYKE Zy BHYT-
pu G. Ho, xaK BUAHO H3 COOTHOMEHUS {= (2—=2p)", arg ({c—~Lo) yBe-
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JAMUHBaeTCsl B 2nm pas, Korga arg(2¢—=2) yBeJHUHBAeTCs B 27 pas,
TakK KaK TOUKAa Pa3BETBJCHHUS MMeeT MOPSI0K N, a 3TO POTHBOPEUH1T
rHIOTe3e eqHHCTBEHHOTO 0ToOpaxenus KoHTypoB G u C. ITocKoJbKy
CpaBHEHHe apryMeHTOB B IJIOCKOCTSX 2 M { NOKa3bIBACT, UTO OHH
H3MEHSIIOTCS B OJHHAKOBOM CMBICJe Jaxe Korga n=1, reopeMa «a»
noKasaHa. JloKasaTeJlbCTBO TeOpeMbl «O» KaxX€TCsli MOYTH TPHBH-
aabsbIM. Ilyerb J/(2)==0, Torma TOYeK pa3BeTBJEHHS HET HH Ha
KoHType G, HM BHYTPM €ro, TaK YTO OTOOpaxKeHHe MOJKHO ObITh
enuHcTBeHHEIM. Teopema «B» OueHb BaXKHa, TaK Kak CIocolb COCTaB-
JIEHHUS TJIaAKuX TPaHHIl MpeACcTaBJseT OOJNbIIONH NPaKTHYECKUE HHTe-
pec; OAHAKO [0Ka3aTe/JbCTBO STOH TEOpPEMb! BBIXOJHT 33 Opeiedabl
HACTOsILLerc TPyaa.

UpeapblualiHO IIMPOKOE NPUMEHEHHE MoJyuuia TeopeMa PuMana
«r». XOTsl, COrJIACHO 3TOH TeopeMe, TPeOYIOTCS BCEro JABE TPaHHUHbIE
TOUKM B IIJIOCKOCTH Z, B NPAKTHUECKHX INDHJIOXKEHHUSAX KeJaTeJbHO
oTo6paxarth B eHHHUHBIH KPyT KPHBYIO, colepKallyio GeckoHeuHoe
YHCJ0 FPAHMYHBIX TOUeK. [TpobaeMy KoHdopMHOro oTob6paxenus Pu-
Man paspaGoraj B cBoeft aucceprauuu (1851 r.), rme Obliu mpen-
CTaBJeHbl BCE OCHOBHbIE MOHSITHS, Ha KOTOPBIX 0asMpyloTCs mocJje-
aylomge pabotsl B 3ToH obGjacTH. OgHAaKO €ro [10KasaTeabCTBO
TeopeMbl 06 0ToOpakeHHH ObIJIO He IOJHBIM, MOCKOJbBKY OHO 3HXKIH-
JIOCh Ha CIIOPHBIX AONYIIEHHSAX, 0OOCHOBAHHOCTb KOTOPHIX Oblla 10-
kaszana Jumb B 1900 r. I'uapGeproM B TeopeMe, H3BECTHOH MOL
HasBauneM npuHuun [upuxse. JlokasaTtelbCTBa TEOPEMBl 3leCh HE
JAaeTcs, OJIHAKO 0Je3HO PAaCCMOTPETh YCAOBHS €IHHCTBEHHOCTH OTO-
opaxkeHus. /IBa pasaUUHBIX €AMHCTBEHHBIX OTOOpaXKeHHsI OLHOCBS3-
HOH 06/J1aCTH Ha BHYTPEHHIO 06/1acTh €AHHHUHOTO Kpyra AaloT €HH-
CTBEHHOe 0TOOpaKeHHe eJHHHYHOTO Kpyra B caMoro ce6d; Kak Oyaer
ImoKasaHo jaJjiee, 3T0 INpeobpal3oBaHHE MOJKHO OBITb JHHEHHBIM.
Opnnako nuHeldHOe npeoOpa3oBaHUe €HHHUHOrO Kpyra B CaMOro ce-
651 MMeeT TPH CTENEeHH CBOGOABI (CcM. cienyoomui pasnen). Mrax,
KoMIIekcHoe uucao [(0) maeT ABa MeHCTBUTENBHBIX YHCIA: CaMO
nanroe u arg J/(0), 4To moCTaTOUHO 1751 OGecrnedyeHuss eAUHCTBEHHO-
cTH npeobpa3oBaHHUsl.

B cBsisy ¢ nepBofi 4acTbIO TeopeMbl «A» HauOoJsiee oOllee KOH-
(dopMHOe npeoGpa3oBanie BHYTpeHHel 06/acTu KOHTYpa G BO BHYT-
PEHHIOI0 006J1aCTh €IMHHYHOTO KPyra B IJIOCKOCTH (' MMeeT TpH cTe-
IIeHH CBOOO/b!, U3 KOTOPHIX JBe MOTYT CJAYXKHTb AJ51 YCTAHOBJEHHS,
uto z=x+iy=0 (1. e. x=0, y=0), Korna {'=0, a TpeTbs 15 H0Ka-
sarteabctBa, yto arg f/(0) =0, 1.e. (dz/dt’) =0 =ro>0. Torna yse-
JuueHde (uiau yMmenblienue) {=rol’ maer (dz/d{).=o =1 u mpeos-
pasyer eIMHHUYHBIH KPYT B KPYT paguycoM ro B miaockoctd . Tak Kax
dyHkIHA 2({) pery/isipHa BHYTPH Kpyra, oHa MOXKeT ObITh pas/oxke-
ua B psan Tsktopa, KOTOpLIH cXonuTcss BHYTPH 3TOrO Kpyra M y Ko-
TOpPOro 3HaueHHs] ABYX IepBHIX KO3)(PUUHUEHTOB MoryT OBITH BhIGpa-
HBl Tak, 4To0nl @p=2(0) =0 u a,= (dz/d{)o=1, Kak npuuATO B TeO-
peme. OGpartHast ¢yHKIHS {(2) TaKkKe MOXKET GBITh BHIpa)Ke€Ha ps-
nom Tafnopa {=c12+ce2?2+.... Torna
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=+ al a4 )t o+ al 4Pl =

= 18+ (€185 4 €2) 8 - (0205 - 2050, + €5) TP A+ -

[IpupaBHHBad KO3(PHIUHEHTHl H pelllasd PABEHCTBO OTHOCHTEJbHO
€y, C2 U C3, HOJYUHUM €)= 1; Cp=—0y; c3=2a3 — A3, KaK U yTBepK/Ia-
nocb. BTopast wacTbh TeopeMbl NOKa3blBaeTcs aHaJOTHYHO.

Huns BweiBoga Qopmyasl buebepfaxa — Pabepa HeOOXOAHMO
3gaTh COOTHOLIEHHE 3JIEMEHTOB IJIOWAAH B IJIOCKOCTAX Z H L. Ko-
opAMHaTHble JHHUH E=const u n=const npeobpasywTcst B CHCTEMY
OPTOrOHAJbHBIX KPHBOJIMHEHHBIX KOOpAHHAT B INIOCKOCTH 2. Ecuan
ds; u ds_0603HAUalOT JJIMHBEI 3JIEMEHTOB IYTH B IIOCKOCTH Z COOT-

+

BETCTBEHHO BI0Jb KpHUBBIX E=const u m=const, TO H3 ypaBHeHHd
dz={"(¢)dt nonyuum:

ds, = IF ©|dE; ds, = I (Dl dn,

OTKyJla YCTaHaB/JAHBAeTCs COOTHOIIEHHe 3J1eMEHTOB miomaneli dA.
H dA, B IIOCKOCTAX { U 2:

dA, =" QP dA..

B NMOJAPHBIX KOOpAHHATAX B IJIOCKOCTH c miaomanb, orpaHHueH-
Hasd KOHTYPOM G, COCTaBJIAET
1 2=

A= | [IF @prdrds,

§ 0
Ho
QP =F©F 0 =
= (1 + 26,8 +3a,2 4+ - ) (1 + 2220+ 3a3 B2+ - - )=
= (1 + 2a,re” 4 3agr® &% + - )(1 4 2ayre " +
+ Bagrze 4. ) =1+ 4da, ayr? - 9agayrt - - - -

@

+ 2 Cmeimea m== 0,

m=-—o

rje npeaessl B MOCAeNHEM M3 yKa3aHHOH CYMMBI cjiaraeMom He OIfl-
peNeJsIOT MJIOWALH 10 TeX MOp, MOoKa HX HHTErpaJsl, 3aBHCAMHE OT
0, Bce He ucuesnyTt. OTCIO2

1 2=
=)

3ToT pesyJibTar OB HCIOJB30BaH DuebGepfaxoM Kak OCHOBa
JUISl IPaKTHYECKHX CIO0CO60B 0ToOpakeHusi 06aacTd B Kpyr.

[+
n’a,a,r" " drdo = n Y nla,P.
0 n=0

Me

I

n
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44. dnementapubie npeoOpasoBaHus. llenb n3ydeHHsa CBOHCTB
OTOGpaXKeHHUsT HEKOTOPBIX 3JeMEHTapHBIX (QYHKIHH CTAHOBUTCH siC-
HOM TNIDH CPaBHEHHH ¢ AHG(epeHIHaJbHbM U HHTErPaJbHbBIM HCYHC-
JedueM. ns Toro uytoObi HayduTbcs NUpdepeHuUpoBaTh ¥ HHTE-
rpUPOBATb, HELOCTATOYHO H3YUHTb TEOPHIO; HEOGXOJMMO 3HATh, KakK
BBIMOJIHATL 3TH ONEpPAUMH Haj PsiioM 3jaeMeHTapHbX ¢QyHKOuH. [To-
JI0GHBIM Ke 06pa3soM HeoGXOAMMO 3HAaTh KOH(GOpPMHEIE OTOOpaxKe-
HHSl HEKOTOPBIX 3JIeMEHTapHbIX GYHKUMH AJS TOrO, YTOObI CyMeTb

yIpaBJsATb 6ojiee  CJIO0XKHBIMH
CAy4dasiMH.
P-4) Jluufdﬂme npeobpa3osarus-
"% TlpocTeAmIMM H OCHOBHBIM IIpe-
o6pa3oBaHHEeM  fBJSETCS TakK
HasblBaeMas JuHeHHass QYHKIUSA
w=2%%b 4d_bcro,
cz+d
rae ycaoBue ad—bc=s=0 ycrpa-
HseT TPUBHAJbHBIH claydall w=
Puc. 52. Hao6paxkenue npeo6pasona- =L;0rlst. Hast uacTHEIX 3nave-
uus 1)z HUH TOCTOSIHHBIX, BXOJSIIUX B
BhIpaXkKeHHe JHMHEeHHOH (yHK-
LIHH, TIOJyYaeTcs:
w = A 2— npeo6pa3oBaHue LOAOGHS TPH A AEHCTBHTEILHOM H
N0JI0XKHUTEJAbHOM; Bpamenue npu |A]l=1;
w =z 4+ b — mapansenbubil nepexoc;

1
W = — — HHBEPCHS.
2

HuBepcusi — oueHb BaxkHOe npeo6Gpa3oBaHue, CYLIECTBO KOTOPO-
ro MOXeT GbITb H3YYEHO IyTeM BBENEHHS MOJSPHBIX KOOPAUHAT

. i
w=ope’; z=re".
Torma, kxak mokasaHo Ha pHc. 52, rge P ecTh TOYKa B MJIOCKOCTH 2
7 o )
a P” — nosioxeHue COOTBETCTBYIOLIEH TOYKHM B MJIOCKOCTH W,

1
p=—; ¢o=—0
Touku P u P’ Ha panuanbHON JIMHHUH, POBeeHHON U3 nentpa O
Kpyra paauycoM R, Ha3blBalOTCS HHBEPCHBIMH HJIH OTOGPaXKeHHBIMHU

TOYKAMH MO OTHOLIEHHIO K OKDPYXKHOCTH, ecin OP - OP'=R2 Takum
1

06pa3oM, 3HaYeHHe w, JaHHOe NpeoGpasoBaHUEM W= —, SIBJSIETCA
2z

CONPSIKEHHBIM HHBEDPCHUH Z B €JUHHYHOM KpyTe.

CaMBIM MOJIE3HBIM TIPpHMEHEHHEM HWHBEPCHHU B KPyre SIBJAsETCS
npUHIHN oTpaxenus [lIBapna, qonycKaiomui B ONMPEAENEHHBIX CaAY-
Jasix pacrnpocTpaHeHHe oTOGpaKeHHs] Ha NMPOCTOE OTParKEeHHE YaCTH
rpanunpl. [lpurnun  dopmyaupyercs caeayouuM o6pasoMm: ecau
¢yHKuUsA {=[(2) peryjaspHa B IJIOCKOCTH Z Ha Ayre k, KoTopas OTo-
6paxaercss B Ayry K NJOCKOCTH {, TO MHBEPCHBIE II0 OTHOLIEHHIO
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K B TOYKH 0TOOpakawTCsi B TOYKH, HHBEPCHBIE MO OTHOINEHUIO K K.
JloxasaTenpCTBO NPHHIHNA, OCHOBAHHOE Ha TEOPHH KOMILJIEKCHBIX
fepeMeHHbIX H Ha3bhlBA€MOE aHAJHTHYECKHM IMPOAOJIKEHHEM, 3]eCh
He IPUBOLUTCS.

Pemrenne ¢GyHKuMH w(2) Aas 2(w) DaeT HHBEPCHYIO JHHEHHYIO
$HYHKIHIO

dw —b

—ccw -+ a )
Kak w(2), Tak u z2{(w) peryasipHbl BCIOAY, 38 HCKJIIOYEHHEeM MOJIIO-
COB NEPBOro Mopsiaka npu z=—d/c u w=a/c. TToNe3H0 B TaHHOM

cryyae MPeACTaBJATb TOUKY B GECKOHEUHOCTH KaK OOBIYHYIO TOUKY
MJIOCKOCTH, HAPHMep TOYKa B OECKOHEYHOCTH B MJOCKOCTH Z COOT-
BETCTBYeT @W==a/c B njockocTH w. Takxke GyHKuUsI W (2) NpH 2= oo
onpenenserca Kak ¢yakuusa w(1/C) npu {=0. ITo3TOMy MOCKOJIbKY
byukuua w(1/¢) = (a+bf)/(c+dt) peryasipua npu =0, cuuraercs,
YTO QYHKLHA pery/spHa NpH 2= co. TOUKy B GECKOHEYHOCTH MOXKHO
npefcraBuTh cebe, eciH BOOODPA3UTb, YTO MJAOCKOCTb — 3TO OYeHb
Gouabiias cpepa ¢ TOYKOH, AraMeTpasbHO MPOTHBOMOJNOXKHON HCXOI-
HOH TOYKe, H YTO pajHajbHble JUHHH U3 HCXOXHOH TOYKH — 3TO
GoJibIlie OKPY’KHOCTH, NepeceKalolinecss B GeCKOHEYHOCTH. Tak Kak
IPH TaKOH KOHIENLHUH YIJIBl MEKAY pafuajbHbIMH JUHHAMH H3 MO-
Joca 2=-—d/c MOryT CYHTATbCS COXPAHSIOIUHMH CBOK BEJHYHHY B
TOYKe B OECKOHEYHOCTH B IJIOCKOCTH W@, TO JIMHeiHble QYHKIHMH CUH-
TAlOTCA PEryJAPHBIMH B KOMILIEKCHOH MJOCKOCTH Z.

JIunelinble GyHKUMH 06JaNaI0T MHOIMMH BaKHBIMH CBOHCTBaMH,
KOTODLIE TIePEUHCJISIOTCH H KOMMEHTHPYIOTCST HUKE.

1. Jlunelinass (1 TONBKO JMHeitHast) (GYHKIMS NaeT eIHHCTBEH-
Hoe KOH(opMHOe npeoOpa3oBaHHE MEXKAY KOMIIEKCHBIMH IJIOCKO-
CTAAMH W H 2,

2. PesynbTaToOM psifla MOC/AEL0BATEIbHBIX JHHEHHBIX Mpeofpaso-
BaHUH fIBJIsieTCs TaKxKe JIMHEHHOe Npeobpa3oBaHHe,

3. Jlunefinoe mnpeofpa3oBaHHe TPAaHCHOPMHUPYET OKPYKHOCTH H
MpsIMBIE OXHOH IJIOCKOCTH B OKPYZKHOCTH M TpsIMble APYrof IJIo-
CKOCTH.

4. EnuncTBenHas JauHefiHad (yHKuMs, KoTopasi mpeofpasyer
TPH Pa3JHYHbIC TOUKH 2, 29, 23 IJIOCKOCTH 2 B TPH PA3JHYHBIE TOUKH
W), Wy U W3 JIOCKOCTH @, CJIeLYIOIIAsT:

2—21  Z—2, W —wy Wy — W3

= : : (106)

Z2—123 29 — 2y W —ws3 Wy — Wy

5. JluneliHasi GyHKUHA MOXKeT GbITb BbIpa)keHa B BHIE
w—A z— A
=)

w—B z—B

WJH B BHIOE

o_a—.—itC
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B 3aBUCHMOCTH OT TOrO, HM€eT npeobpasoBaHHe [BE€ (UKCHPOBAH-
HblE TOUKH MJIM TOJBKO OfHY. EcCau HMeeTcs TOIbKO OfAHAa (UKCHPO-
BaHHAs TOYKA, NpeofpasoBaHHe HA3bIBAETCs NMapabOJHUECKHM.

6. ®ynxuust Z=(2—A)/(z—B) npeobpasyer panuajbHbie JH-
HHH H KOHIIHTPUUECKHE OKPYKHOCTH IOJISIPHOA CHCTEMBI KOODIHHAT
B NJI0CKOCTH Z B ceMelicTBO Ayr ¢ obmel xopnoh AB u opTOronadb-
HOE [IepBOMY CeMeHCTBO OKPYKHOCTeH, /sl KoTopbix Toukn A # B
SIBISIIOTCS HHBEPCHBIMH, B MJIOCKOCTH 2 (pHC. 53).

Puc. 54. Kondpopmuoe otobpaxenne Z=C+1/(z—A)
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7. JluneliHas QyHKUMS NpPHU ABYX GUKCHPOBAHHBIX TouKax A u B
npeobpasyer ABa ceMelicTBa OPTOrOHAJbHBIX OKpy:KHocTell A u B
B caMHX ce0sl.

8. Ecau nunefiHas ¢yHKuus npeobpasyer ToukH A, B u ok-
pyxuoctb y B Touku A’, B’ u okpyxHOCcTb V', @ A u B HHBEpCHbI
M0 OTHONIEHHIO K OKPYKHOCTH y, TO A’ W B’ HHBEpCHH 110 OTHOLIE-
HHIO K OKPY3XHOCTH v'.

9. Oyukuua Z=C+1/(z—A) npeobpasyer ceTKy B mpAMOYTOIb-
HOH CHCTeMe KOOPAMHAT B IVIOCKOCTH Z B 1Ba CeMeficTBa OpPTOro-
HaJbHBIX OKPYXKHOCTEH, NPOXOAAUIHX uepe3 TOUKY A B IJIOCKOCTH 2
H HMeIoIMX obuUlyro KacaTejbHylo (pHc. 54). [Tapa6onanueckoe i~
HeliHOe npeobGpasoBaHHe ¢ (PUKCHPOBAHHOH TOUKOH A TpaHchopmu-
pYyeT Mozesab B camoe cebsi.

10. Jlunelinbie QYHKUUH

w— BT b; a,b,c,d — 1eficCTBUTRIbHHI,
cz-+d
ad —bc > 0,
.y \ (107)
= — — 1 ——) ;
@ az+b "’ ( a <0 l
az-+ b
—xT0. b
w s’ la] > |b]

SABAAIOTCS Haubo/ee OOLIMMH [Js1 NpeofpasoBaHHH COOTBETCTBEH-
HO BepXHEH MOJYIJIOCKOCTH B caMoe ce6sl, BepXHeH MOJYIJIOCKOCTH
IJIOCKOCTH 2 BO BHYTPEHHIOK 00/iacTb €IMHHUYHOTO Kpyra B I10C-
KOCTH @ H BHYTPeHHeH 06sacTH eAMHHYHOTO Kpyra B camoe ce6s.
Jlio6oe H3 3THX nNpeoGpa3oBaHMH MMEET TPH CTENEHH CBOGOMIHL.

11. Beaxoe enuHCTBeHHOe KOHQOpPMHOE npeo6pazoBanHe e1H-
HUYHOTO KpyTa B caMoTro celst uHeHHo.

[TepBoe M3 nepeuHc/eHHBIX CBOMCTB yiKe 6BIIO PacCMOTPEHO H
nokazaHo. O6paTtnasi TeopeMa, naHHasl B CKOOKax, He Oyjaer 10Ka-
3bIBaThCsl. BTOpOe CBOHCTBO NMOATBEPIKAACTCS HCKJIIOUEHHEM TMpO-
MEXYTOYHBIX Tpeo6pa3oBaHuil. TpeTbe CBOHCTBO MOMKET OBITH 10-
Ka3aHO MOJCTAHOBKOH B OOlIee ypaBHEHHE IS NPSIMBIX H OKDYX-
HOCTEH B NJOCKOCTH 2

Azz-- Bz-- Bz =0

BMECTO & M 2 MX BBLIPAXXKEHHMH KakK JanHeHHHX QYHKUHE OT @ H w.
Torna pesyabrupyloliee ypaBHeHHe NJIsi MJIOCKOCTH @ GYIeT HMeThb
Ty xe ¢opmy. Jl1a 1oka3aTe]bCTBA UETBEPTOTO CBOHCTBA 00a uJe-
Ha TpPUBEIEHHOH (OPMYyJbl NMPUPABHUBAIOTCS Z, IIPHYEM TOUKH 2y,
Z9, 23 MIIOCKOCTH Z 1npeo6pasyiorcsd B Touku 0, 1, co miockocTn Z U
3aTeM B TOUKH @), We, W3 IFIOCKOCTH W@.

[TpupaBHsAB uneHbl GOPMYJAB NMATOrO CBONCTBA Z, MOMKHO MOKA-
3atb uT0 A n B ¢uKcupoBaHHBEIE TOYKH 3TOr0 Npeobpa3oBaAHHS, TAK
Kak A 1 B M B IJIOCKOCTH Z H B IMIOCKOCTH @ COOTBETCTBYIOT 0 M co
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B miockoctH Z. Beanuunsl A u B noayuarnoTcs NpH MOJACTAHOBKE 2
BMECTO W B IIpPHBEJEHHOE JHHelHoe mpeofpa3oBaHHe W OpH pelie-
HHH pe3yJbTHPYIOIIEro KBAaJApaTHOrO ypaBHEHHUs, mnpuHuMas c=0.

IllecToe cBOHCTBO sIBJSIETCS CAeACTBHEM TOTO, 4To A H B coort-
BeTcTBYIOT 0 H ©0 B IJIOCKOCTH Z, TaK UTO pajHajbHble JHHHUH IJ0-
CKOCTH Z mpeoOpasyroTcst B AyTH, npoctupatomuecs or A no B. Tak
Kak IOJIOC B IJIOCKOCTH Z cymecTByeT npu Z=1, to aunus AB npe-
obpasyeTcs B AeHICTBUTENbHYIO OChb IJIOCKOCTH Z. [lanee, H3-3a KOH-
¢bopMHOCTH OTOOpaxeHus yroa B Touke A mMexny ayrofi u AB paBeH
YIJly COOTBETCTBYIOLIEH pajguajJbHOH JHHHU C OCBIO X, H KOHLEHTpPH-

Puc. 55. OpToroHa/nbHOCTh OKPYIKHOCTEH, MPOBENEHHBIX uepes
UHBEPCHEIE TOUKH

YyecKHe OKPYKHOCTH DHC. 53, OPTOTOHAJIbHbIE pajUajbHBIM JHHHSIM,
LOJXKHBI Npeo6pa3oBbIBATbCS B OPTOrOHAJbHOE CEMEICTBO yKa3aH-
HbIX OKpyxHocrell. Touka T mepeceueHHst OJHOH OKPYXKHOCTH ce-
MeHCTBa y ¢ OJHOH OKPYXKHOCTBIO ceMeiicTBa § MOKasaHa Ha puc. 55.
BeaencrBue ux oproronaabHoctd OT kacarenbHa K O, ecan O —
LEeHTp y, H II0 TeopeMe CEKaHCOB 3jeMeHTapHo# reomerpun OA X
XOB=0T? 1.e. A 1 B— 1HBepCHblEe TOYKH MO0 OTHOLICHHIO K Y.
Jpyrie reoMerpHueckne cBOiicTBa OTOGPaXKeHHsT MOTYT GbITh BbIBE-
IIEHBl C MOMOUIBIO MOJMSIPHBIX KOOpAHHAT Z=Re!® u GUNOJSAPHBIX KO-
opauHar z— A=re® z— B=rye!% [anee

i r i(8,—9 r
Re'® = L pi%=%, p_ 1
re ra

0 =0, —0,

.
Takum 06pasoM, — MNOCTOSIHHO AJs y, a O [OCTOSHHO AJSI
r

’

2

(cM. puc. 55). JIlunust ot A K oo U 3areM K B ¢ IPOTUBONOJOKHOI
cTopoHbl orpe3ka AB coorBercTByer 0 =0; 0=mx npeobpasyercs B
orpe3ok AB na camoit AuHUH. ExnHnunbiél kKpyr R=1 B nuockoctu Z
npeobpasyercss B NEpNeHAUKYsPHYIO GHcceKTpUCy xopanl AB. Dta
OHCCeKTpHCA JeJHT MJOCKOCTb 2 Ha /[Be YaCTH, B OJHOH HaXOAHTCS
A, B apyroii — B. DTH yacTH 1ipeo6pasylOTCsi COOTBETCTBEHHO BO
BHYTPEHHIOI0O M HAapyXHYyI0 o6JacTH eAHHHYHOTro kpyra. CejabMmoe
CBOHCTBO JIETKO A0Ka3aTh, NEPEXO/s OT MJOCKOCTH 2 K MJIOCKOCTH @
yepes IJIOCKOCTD Z.
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BocbMoe cBoHCTBO N0Ka3biBaeTcsl Ha OCHOBAHHHM PHC. 55, rae Bce
OKPYKHOCTH 0, IPOXOAsliNe Yepe3 HHBEPCHble Touku A u B, opTo-
IOHAJbHBL y, @ TAKXKE Ha OCHOBAHUU TOTO, UYTO 3TH OKPYKHOCTH
npeobpasyroTcsi B OKPYXKHOCTH O, mpoxojsilue uepe3 Touku A’ u B’
¥ oprToroHaabHble y’. Ho, xak OblJO0 MOKaszaHO BbIlIe, HHBEPCHOCTh
SIBJSIETCSI HENOCPEACTBEHHBIM CJIEACTBHEM 3TOH OpPTOrOHAJbLHOCTH.
Heo6x0aUMO OTMETHTb, YTO HMHBEPCHSI TOYKHM Ha NPSMOH JHHHH SIB-
JISIETCA ee 3epKaJIbHBIM OTpa)KeHHeM Ha 3Tod JuHuu, [loaTomy M HH-
BepCHA TOYKH B OKPY2KHOCTH Ha3bIBAETCS €e OTPAKEHHEM.

s mokasaTesabcTBa [JEBSITOTO CBOHCTBA mpumeM, 4To A — mo-
JII0C B 1ockocTd 2, a C — noqtoc B mockocty Z. Torga Bce JUHHHU
B IJIOCKOCTH Z 11peo6pasyloTcsi B OKPYXKHOCTH (MM JHHHH), TPO-
xoasilne yepe3 A ¥ COOTBETCTBYIOIIHE JHUHHUAM, NMPOXOASIIHM Ue-
pes C. [Tapa Takux auHHA L, u L; W mapa NepHeHIMKYJADHBIX K

HHUM JHHHH Lo H L; MoKasaHbl HA pHC. 54. JIWHUN, napaJienbHble L,
npeoOpasylOTCSd B OKPYKHOCTH, KacaTeJbHble K L; , @ JJUHHUH, mapaJ-
JieJibHble Ly, — B OKPYKHOCTH, KacaTejibHble KL;. Teneps Jerxko no-

Ka3aTbh, UTO MOJeJb NpPaBOii yacTH pHUC. 54 coxpaHsieTcss napaoju-
YeCKHM NpeoOpasoBaHHEM IPH NEpPexofe OT MJAOCKOCTH 2 K IIJOCKO-
CTH W 4epe3 MJI0CKOCTD Z.

B nepsoM H3 Tpex npeoGpasoBaHMil AECATOrO CBOACTBaA AeHCT-
BUTEJbHAsE OCb npeobpasyeTcss camMa B cedsl, TaK UTO NpPH AEHCTBH-
TeJAbHOM 2 JNeHCTBUTeabHO M @w. OTciona MOJMXKHBl ObiTh AEHCTEH-
TeJAbHBIMU @, b, ¢ U d. Ecin 2=1, Touka

w :ai-{-b___ bd +-ac 4 ad — be
ci+d  c244q2 2 4 g2
NpH OPUHATOM YCJAOBHH ad—bc>0 TakxXe JEXUT Bbllle nefiCTBH-
TeJbHON ocH. Tak Kak npeo6pa3oBaHHe 3aBHCHUT TOJBKO OT TpeX
HE3aBUCHMbBIX COOTHOIUEHHUH MAEHCTBMTEJbHBIX uucesa a, b, ¢ u d, To
FICHO, UTO MMEIOTCS TOJbKO TpH cTeneHyu cBoboxel. CiemoBaTesibho,
IpHU npeo6pPa3oBaHWK APYT B Ipyra ABYX 3alaHHBIX OKPYKHOCTEH
NOCPEACTBOM JIMHEHHOH TpaHC(OopMalUi €cThb TPH H TOJIBKO TPH CTe-
NneHu cBOOOIBl, YTO MOXKHO IIOKa3aTb BBeACHHEM JIMHEHHOH TpaHC-
topmanuy, npeobpasyioulell Kax /Ayl H3 OKPYKHOCTefl B HeHCTBH-
TeJBHYIO OCb,

Bropoe mpeoGpasoBanne gecsiTOro CBOHCTBA, OUEBHAHO, 0TOOpa-
’KaeT NEACTBUTEJbHYIO OCh IJIOCKOCTH 2 B €IMHMYHBIH KPYT, TaK Kak
IpH JEHCTBUTENBHOM Z YHCAMTENb M 3HaMEHATeb SIBJSIOTCS COMPS-
JKEHHBIMH BeJIHUMHAMH, a orciona |w|=1. YcaoBre BO3MOXKHOCTH
oToOpaxeHuss BHYTPeHHefl 06/acTH Kpyra Ha BEPXHIOW MOJYIIO-
CKOCTb MOJATBEpKAaeTcs TeM, uto 2=—>b/a npu w=0. JocraTouHo
BCIOMHHUTb, UTO 3TO Npeo6pasoBaHHe obJjgafaer TPeMs CTelEeHIMH
cBO0OJbl, H MOXKHO I10Ka3aTb, YTO OHO SIBJsIETCS HauboJiee OOIIHM
JUHEHHBIM npeoOpaszoBanueM [AeHCTBUTEJNbHOH OCH B €IMHHYHBIH
KPYr, TaK KaK HMEHHO TpH CTCIEHH CBOOOAB HEOOXOAUMBI /s OTOG-
paxkeHus JHMHEHHOH TpaHchopMauHueld Tpex 3afaHHbIX TOYEK AeHCT-
BHTE/IbHON OCH B TPH IIPOU3BOJbHBIE TOUKH €XHHHUYHOrO Kpyra.
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Urtobbl g0Ka3aTh, YTO TpeTbe npeobpas3oBaHHe AECATOTO CBOIi-
cTBa orobpaxaeT eAHHHUHBIN KPYyr B camoro cebs, nmpumem zz=1.
Jlerko yGenuThbcs, 4TO IPH 3TOM H ww=1. HaJee, TaK Kak w="b/a

b
COOTBETCTBYET z=0, TO —= JeXKUT BHYTPH €IHHHYHOIO Kpyra B IIJIO-
a

CKOCTH @ u otciofa | b/a| <1 uau | 0] < ]a|. Ypasuenue Tperbero
npeoSpa3oBaHHA TaKKe HMEeT TPH CTeNneHH CBOOOMIBI, TO3TOMY IO-
LOOGHO HpEeIbAYLIEMY CAYYalo MOXKHO 3aKJIIOUHUTh, YTO OHO AAeT HaH-
foJee obllee JHHeNIHOe Npeobpa3oBaHHe eJHHHUHOTO KpPyra B CaMo-
ro ceos.

JlokazarteqbCcTBa OQMHHAZUATOrO CBOHCTBA B HACTOfLIEM TpPYyHe
He NPUBOJSATCH, HX MOXHO HalTH B OoJiee AeTasbHBIX yueOHHKAX MO
KOMIIJIEKCHBIM TIeDPEeMEHHBIM HJH KOH(OPMHBIM OTOOGPaKEHUSIM.

Dyuxyus w=z" npu payuonassHom n. Ilosoxurtenbnas cre-
MeHb KOMIJIEKCHOH NepeMeHHOH jpaeT Haufogaee mpoctoe mpeobpa-
30BaHHe mocse JuHelHoro. OHO OIHO3HAYHO U MMEEeT eIHHCTBEHHYIO
IPOH3BOJHYI0 n2"~!, Tak uTo (QYHKUHA 3Ta BCIOAY aHAJUTHUECKas
u peryasipuad. IIpousBosHas ucuezaeTr JMIUb NPH 3HaYeHHH 2=0,
KOTOPOE€ Ha3blBAETCsl TOUKOH pasBeTBJ/IEHHUs n-To Mopsika. Beenenue
NOJSAPHBIX KOOpPAHHAT 2=rei® u w=Re!® paer Re® =rtei" yun
R=r"yu ¢=n0. Takum 06pasoM, MOLeNb pajHANbHBIX JHHHA U KOH-
LEHTPHUYECKUX OKDYZKHOCTEH B MOJAPHBIX KOOpPAHHATAX COXpaHsAeT-
cd, HO oTO6pakeHHe He KOH(MOPMHO B HAUaJbHON TOUKE, TAaK Kak
COOTBETCTBYIOILHE YIJbl MEXIY paidajJbHbIMHA JHHHSIMH HE paBHbI.
JeficTBUTRIBHO, CEKTOP MJIOCKOCTH 2, OTPAHUYEHHBIH ABYMS JyYyaMH
0=0 1 0=2n/n n npocrupatowwuiica or 0 1o <o, npeobpasyercs BO
BCIO MJIOCKOCTb @, TaK KaK 3THM JyuaM 31ech GyAyT COOTBETCTBO-
BaThb @=0 H ¢=2m, KaK noKasaHo Ha puc. 56 pasa n=3. Takum 06-
pasoM, w=2? oro06pa)kaeT BepPXHIOK TMOJOBHHY IIJIOCKOCTH 2 Ha
BCIO IJIOCKOCTb @. I1pu yBenndeHun 0 ot 2m/n no 4m/n 3nadenue ¢
YBEIHYHBACTCA OT 27 A0 4w, T.€. COCETHHH CEKTOp, OrpaHHUEHHBIH
ayyaMu O=2n/n u O=4n/n, TakxKe oTOOGpaxaerca Ha BCIO
naockocTh . ITogo6HBIM Ke 06pa3oM BMAHO, 4TO KaXKAblH M3 A
CEKTOPOB, OrpaHMUEHHBIX TOCJEA0BaTeNbHO Jayuamu 0 =0, 2a/n,
4m/n,..., 25, orobparkaeTcs Ha BCIO IJIOCKOCTb . TakuMm 06-
pa3oM, 3a HCKJIIOYeHHeM TOoukH w=0, a11060d TOuKe B MJIOCKO-
CTH @ COOTBETCTBYET 7 Pa3/HUHBLIX TOUEK B NJOCKOCTH 2, PaCHoJo-
JKEHHBIX B YIJlax NpPaBHJBHOTO /1-yTOJbHHKA, KaK [OKa3aHo Ha
pHc. 56.

s ynopanoueHHsi 3TOr0 MHOKECTBA 3HAUEHHME MOXHO BBECTH
pa3pes B IUIOCKOCTH W, NPOCTHPAIOLIHICA OT TOUKH pa3BETBJEHHS
10 GECKOHEUHOCTH. DTOT paspes, He 06A3aTENbHO ABAAOMMUACS TIPs-
MOH JIHHHEH, oToBpakaeTcs B 7 KPHBBIX, MpocTHpaomuxcs ot 0 10
© B IJIOCKOCTH Z M JJAILKX €e Ha 7 KOHTPY3HTHHIX dacTel, KaxK-

n
Las W3 KOTOPHIX Ha3hIBACTCH BETBbIO 0OpaTHOH Gykunu z= ) w.
OnHako eciu BRIGPATh OJHY BETBb, TO MEXKAY MJIOCKOCTAMH 2 H W
OyZmeT CyILecTBOBATb €JMHCTBEHHOE COOTBETCTBHE.
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Kax u B cayyae JJHHEHHOH (yHKI[MH, XeJaTEJbHO paccMaTpuBaTh
oo KaK OOBIYHYIO TOYKY MJIOCKOCTH. Tak KakK co 0oTOOpa)Kaercsi Ha oo,
ycTaHaBauBaeM, 4to w=1/W u z=1/Z, a nosegedne w(z) B
onpenenseM kxak W(Z) npu Z=0. Dto naer paBeHcTBO W=Z27,
fI0Ka3blBaloOILEe, YTO 2= <O TakKXKe SABJAETCS TOUKOH pasBeTBJEHHS
n-ro0 TOpsJIKa.

AHanuTHUeCKyI0 QYHKIHUK C TOYKOH pas3BeTBJEHHS n7-TO MOPSi-
Ka B TOUKE Z=4a MOXHO BHIPa3uTh B BHle w=(2—a)" F(z), rue
Gyukuus F(2) peryaspHa npu z2=a u F(a)== 0. OroGpaxenue
ITOH QYHKIHMH B MaJoll OKPECTHOCTH TOUKHM Z=a XOPOILO aNlpoK-
cumupyercs orobpakennem F(a) (z—a)™, uTo, OUEBUAHO, MOTOOHO
fI0Ka3aHHOMY Ha pHC. 56.

@ ©

a

Puc. 56. Oto6paxenue w=z3

[Ipenpiaymuii MeTo paspesa MeXAY TOUKAMH Da3BETBJEHHS MO-
>KeT OBITb NPHMEHEH AJS YIOPSILOUEeHHs H CO31LaHUs HenpephiBHO-
CTH H3MEHEHHS BCEeX aHAJUTHUECKMX MHOTO3HAUHBIX (GYHKUHH. Ec-
qM w=f(2) sABJseTCS TaKOW (YHKUHEH, TO ee 0cOObie TOUKH H TOY-
KM, TI¢ HCUe3al0T NPOU3BOIHLIE, AOJKHBEI OBITbH OTMEUEHH Ha TJIO-
CKOCTH Z W 00'bEIMHEHbl HENPEpPHIBHBIM PAAOM JHMHEHAHBIX Hemepece-
KalOILMXCST OTPE3KOB.

B npenmecTBylolieM pacCMOTpeHHHM paBeHCTBAa w=2" 3Haue-
HHE n OblIO UEJBIM H NOJOXKHTENbHBIM, Korma n-— nenoe u otpu-
1aTeJbHOE, TOUKH 2=0 M 2= co MeHAIOTCA MeCTaMu, HO, KaK yxKe
Obl10 CKaszaHo, 06€ OHM OCTAlOTCsi TOUKAMH Pa3BETBJEHHS MHOTO-
sHauHO# QyHKuHu z=1/w /", Ilpu n pauuoHasbHOM ¥ paBHOM p/9,
rie p U § — HecOKpaTHMble LeJble uucaa, GyHKIHA MOXKET ObiTh
3anucaHa B BHJE wd=zP=[, yTO MOMKET PACCMATPHUBATLCH KaK OTO-
OpaxkeHHe paspesa B IJIOCKOCTH ! Ha p BETBeH B MNJGCKOCTH Z H §
BeTBeHd B NJOCKOCTH w. Ecau n uppaiuoHasbHo, QyHKUHIO Jyullle
BCEro NpeacTaBisTb B BHAe lnw=nlnz, Tak uto ee oOpaGorka By-
IEeT OCYUIeCcTBJEHa INOcje JorapH(pMupoOBaHHUs.
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Dynkyus w= z + 1/ z. Hukakoe paccmorpenne KoH(OpPMIIOro OTo-
fpakeHHs He MOXKET GbITh MOJHBIM 6e3 H3yueHHs NpeoOpas’oBaHUs
JKyKoBcKoro

1
wzz—l_A»
r4

Ha3BAaHHOrO TaK M3-3a HCMoJb3oBaHHs ero )KyKOBCKMM Ha 3ape
pa3BUTHA TEOPHH Bo3ayxomiaBaHus. C MOMOLLbIO 3TOro npeodpa-
30BalHs MOXKHO IMOJYYHTb JBYXMEPHBbIC TOTOKH Y 3JJIHITHYECKHX
UMJNHIPOB, IVIOCKAX H KPHBOJHHEHHBIX INJIACTHH, a Takxe y ofre-
KaeMbiX NpodHIel ¢ yriaMH aTakd, Kak nokasaso B m. 45. Takum

Puc, 57. Oro6paxenne Oapbepa w=z+1/z

o0pas3oM, u3yueHHe KOHPOPMHOIo oOTOOpaxKeHHs 3TOfl (YyHKUHH
MMeeT rpoMajHoe MpaKTHYecKoe 3HaueHHe H OJHOBPEMEHHO HJLIIO-
CTpPUpPYET cBOHCTBA paLHOHAJbHON (QYHKUUH C ABYMS TOYKaAMH pas-
BETBJICHUSI.

Oyukuus w(2) oJHO3HAUYHA M peryJspHa Bcioay, KpoMe 2=0 u
2= oo, Ille OHa UMEET MOJIIoCH NepBoro nopsaka. OxHako u3 o0bIU-
HOTO paccMOTpPeHUs (GYHKIHUH B ¢o OYEBHAHO, UTO KaK w(2), TaK H
oGpaTtHas efl ¢yHkuus z(w) peryaspHbl B oo. [lpousBogHas
w’(2) =1—1/22 ucuesaer npu 2==1, Korja TOUKU pa3BETBJIECHHUS
byuxkuun w= =*=2. O6patHas (QyHKIHUS

z=%(w + Vw?—14),

KaK BHUJIHM, ABy3HauHa. [10CKOJAbKY ¢(yHKUMS Z(W) peryJispHa B
oo, OHAa YAOBJETBOPSIET paspe3y IMJOCKOCTH @ OTPE3KOM JIHHHH
MEXKJAY TOUKAMH pa3BeTBJIEHHS] W= =2, YpaBHeHHe 3TOro OTpe3Ka
MOKeT OBbiThb 3aNMUCAHO KaK @=2c0s B, 4TO NpH MOJACTAHOBKE B BbI-
LIeNpUBEIeHHOe PaBeHCTBO daerT 2=e = — equuuunbifi xpyr. I11o-
CKOCTb 2 TaKHM 00pa3oM JAeJUTCH Ha JBE YacTH: BHYTPEHHIOW U
BHENIHIOI0 O00JacTH eIMHHYHOIO Kpyra, MpHYeM Kaxjaas H3 HHX
otofpaxKaeTcs Ha BCIO IJIOCKOCTb .

Orobpaxenne Oapbepa mokKasano Ha puc. 57. Tak kKak 6apbep
00XOLUTCS TIPOTHB 4AacOBOH CTPEJIKH, TO €IHHHUYHBIH KPYr o6XOmHT-
C B TOM JK€ HaIlpaBJCHHUH, Korja Ha NJIOCKOCTb W OToOpakaercs
ero BHeMHAS 06JacTh, HO B O0paTHOM HampaBJeHUH NMpH oToGpa-
KEHHH ero BHYTpeHHell obGsactu. IlpH 06x0ie BOKpYr TOUKH pas-
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BETBJEHHSI aPTYMEHT H3MEHsIeTCs] B IJIOCKOCTH @ Ha 2%, a B ILJIO-
CKOCTH Z Ha J, TaK KaK 3TO TOUKa Da3BeTBJEHHs BTOPOrO IOPSA-
ka. Ecan mpu npoxone uepes ABe cocegnue Touku A u B, pacnoso-
JieHHBIE Ha TIPOTHBOIOJIOKHBIX CTOPOHAX Oapbepa B IJIOCKOCTH w,
nyTb oT A K B He nepecekaer 6aprepa, A ocTaercsi Ha BETBH (PyHK-
uuH, TPOXOAsiled X Touke B;, compsizkeHHofi ¢ Toukoii A,, B mpo-
THBHOM CJyuae TOuKa By B NJIOCKOCTH 2 OKasbiBaeTcsi Ha JAPyroi
BETBH (YHKIHH, HANpPOTHB TOUYKH A, BHYTPH €IMHHUHOTO Kpyra.

JIpyrdMH BO3MOXHBIMH 6apbepaMu MeXJy TOYKAMH pPa3BeTBJe-

Puc. 58. OtoGpaxenne ayra 6apeepa w=2z41/2

HHS SIBJASIIOTCA AYTH OT W= +2 N0 w=—2. Hx orobpaxenrne mpo-
e BCEro HCCje0BaTh, 3amucaB npeobpasoBanue JKYKOBCKOTO B
BHIe

w—2  [z=1)\2
w2 (z +1/°
Teneps, yuuThiBasi noc/ef0BaTeNbHbIE 1PEOGPA3OBAHHS

Z:z—-l; W — 2. W:w—Q,
z+41 w+ 2
BHAHM, KaK JIyrH MeXIAYy @w=+2 H @w=—2 CTAaHOBATCS pajiHab-
HBIMH JIMHUAMH B IJIOCKOCTH ©@, 3aT€M NpPeBpalllaioTCsd B Ae/siue
mowanb JUHUH, NPOXOAAIINE Uepe3 Hauaao KOOPAHHAT B NJA0CKO-
CTH 2, 3aTeM TPAHC(HOPMHPYIOTCA B 3aMKHYTHIE OKPYKHOCTH, IPO-
XOJflIHe uepe3 TOUKH z==1 W 2=—1 B miockocty z. [lpu moxsp-
HBIX KOOpJHHATAX O, 0. B NJIOCKOCTH 2 ¥ R,B B MJIOCKOCTH @ BHAHO,
UTO OKPYXKHOCTH @=const B mjockocty z mpeo6pasylTcst B Iyru
Pp=2a B NMIOCKOCTH @, KaK II0Ka3aHO Ha puc. H8.
OueHb uHTEPECHO TaKXKe NONYUHTb OTOGPaeHHe KOHTYpa IIO-
JISIDHBIX KOOPJMHAT IJIOCKOCTH 2 Ha IWIOCKOCTb w. Beeasi B npeo6-
pasopanue YXykobckoro z=re'® u w=g+ i, noayuum

@ = (r+—)cost; =(r—-L)sine.

\ roJ
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Takum 06pa3oM, OKPYyKHOCTH r=const 0To0paxaloTcs B 3JJIHICH
c noayocsaMu r+-1/r u r—1/r B muockKoctH . JlBe OKPYXHOCTH
paauycoM r ¥ paguycoM 1/r oTo6paxKaloTcs B OJIHH H TOT 7K€ 3JJIHIG.
Jinnuu O=const oToGparxaioTcss B TUIEPDOOJLI
@° e
4cos?0 4sin%0

Kon(}oKaJbHbIE 3JTHICE H THIepSoJan ¢ 00UMH (OKycaMu B TOY-
Kax pasBeTBiIeHUsl W= *2, Kak u TpeOyeT orobparkenue, OpPTOTO-
HaJbBHBE APYT K APYTY (pHc. 59).

®

g=m/2
d

[

Puc. 59. OtoGpaxenue npeoGpasopanus w=2z+1/z

[TokasareavHan u soceapupmuseckan gynxkyuu. IlokasateapHasn
GyHKuHS ©=e° SBJSETCS IOJHOH, T.e. QyHKUHeH 0e3 0coOeHHO-
crefl Ha KOHeuHOH njockoctd. IloxcranoBka w=re® nz=x+iy
JaeT:

r=e%; y==~0.

DTo NOKa3bIBAET, UTO OKPYKHOCTH r=const oTo6paxaiorcs B Bep-
THKaJbHble JHHUHM X=consi, Toraa kKak pajHajbHble JHHHH 0=
const orofpa)aiorcsi B TOPU3OHTaJbHble JHHHH, a IOJHAs IJOC-
KOCTb @ MOXKET ObITh OTOGpaXKeHa TOPH3OHTAJNBHOH MOJOCOH MIMPH-
noit 2; (puc. 60). Ilpu yBennuenun 6 or 2; 10 4n KoUrpysHTHAA
nosoca B INIOCKOCTH 2 OTOOpazaercss CHOBA B IIOJHYIO IIJIOCKOCTb
w. Jlajee 3TOT Mpolece MOKET NPOJOJMKATLCA CKOJb YTOAHO JOJTO,
MIOKa3blBasi, 4To e® — Iepuoaunueckas (PYHKIHS C NepUojoM 2m u
yto ofOpartuasg el QYHKUUS 2=Inw — 6eCKOHeYHO MHOTO3HauHas.
Ecnn w 3anucate B popMe

w=e"T¥ = ¢ (cosy + isiny),

BH/{HO, UTO MEPUOJHYHOCTb (YHKUHH OODBIACHSETCS HaJHUHEM TpH-
ronoMeTpuueckux GyHKnni. TOUKH pasBeTBJEHHs B MJOCKOCTH
cymecetByior npd w=0 n w= oo. Ouesnano, uto Gapnep 0=0 B
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JIOCKOCTH @ oToOpaxaercd B rpaHuumsl y=2mnn, rge a=0,%1,=%
+2...— YHCJO TCPHOAMYECKHX MOJOCOK.

[ToyuHTeJbHO CPaBHEHHE ABYX MHOTO3HAUHbIX (YHKIHI Vizu
inz. O6Ge OHHM HMMEIOT TOYKH paspersJieHust npu r=0 u r= oo. Xo-
14 oTOOpax»eHHe B OKPECTHOCTH TOYKH PA3BETBJIEHHS ) 2 He ABIfA-
eTc KOH(QOPMHBIM, NOBeJeHHe (YHKIHH 34€Ch HACTOJIbKO pery-
asipHo U yROOHO, uto 0 M oo  MOTYT pacCMaTPHBATbCSl KaK OObIY-
mple TOYKH Ha IVIOCKOCTH. JTOTO HeJIb3sl ciesaTb A5 ToueK
pa3BeTB/endss QyHKUWH @=Inz, Tak Kak OHH 00JaRAIOT CYLIECT-

@ ©

y 6-7/2
8=27 (<l {re1 prl
72 f
7 ! g-7 fc\
772 | O
g ek
o0

§-37/2

Puc. 60. OrofGpaxenne w=e?

BEHHBIMH OCOOGEHHOCTSIMH, M3-3a2 NepHOAMYHOCTH OTOOpAKEHHS B
MJIOCKOCTH @ (cM. puc. 60 mpH @ H 2 TOMEHSIBIIMXCA MeCTaMH)
TOUKa B GECKOHEUHOCTH IJIOCKOCTH @ HE HMeEeT CMBIC/]a, TaK Kak
Laxke ecnu w OecnpelnesbHO PacTeT, 2 NPOJOJNIKAET NPUHHMATh BCe
3HAUEHHUS MEPHOAUYECKHX NOJIOCOK, 3a HCKJ/ICUEHHEM HYJIS.
Qyuxyus w=z° npu uppayuonaivHom S. Korga s uppaluo-
HAJ/JbHO, 3HAYEHHE CTEINEHU YCTAHABJIMBAeTCs H3 BLIPAKEHHSA

KOTOpPO€ MOXKET TaKxKe OBITb NpeacTaBJICHO NMapaMeTPHYECCKH 4YEpe3
OJIHO3HAUYHbBIE Q)YHKI_IHH

w=e' z=eé.

Beegende noJspHBIX KOODIHHAT z=re" w w=Re® paer
R=r® 1 ¢=s0, 7. €. NOKa3bIBaeT, 4TO0 OTOOpaKEHHEe MOJeNH B IO-
JISIPHBIX KOOPIMHATAX MOAYMHSIETCS] TEM K€ 3aKOHaM, 4TO W [pH
IeJq0M TNoKasaTede creneHd. Korga © yBeqnudBaeTcss Ha 27 [pH
BpalleHHHd BOKDYI HavyaJbHOH TOYKH, ¢ yBEJHYHBAETCS Ha 2mS, a
JJISL M TIOJHBIX [HKJIOB B MOJOMXKHTEJIbHOM HAaNpPaB/JEHHH OHO YBEJH-
yHBaeTcst Ha 2/MS, TAK 4TO W cocTaBaser e ™. IToCKOIBbKY § —
HPPAIHOHAJNBHOE UHCJO, €r0 MHOMXKHTENH pAa3JMYHbl AJs1 PasHBIX
3HaYyeHW#d m; Tak, ecau 2mimS=2mimq,S-+2nni, rae my, Mo U 10—
Heble YMCTa, TOrAa S=Ar/(m—my) — paudoHaJbHOe YHCJIO, UTO
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npotuBopeunt rumorese. Otcroga GyHKuHs z° GECKOHEYHO MHOTO-
3HAYHA W MMeeT TOUKH pasBeTBJeHHA NpH 2=0 n z=co.

BecbMa 1eHHO CBOMCTBO KPATHOCTH S BeJIMYHMHE YIJOB B TOUKE
pasBeTs/eHHst. OHO MOKeT GbITb HCIIOMB30BAHO JJIST NPe0bpasoBaHHUs
KJMHA C YIJIOM o B MOJYIJIOCKOCTH NyTeM BbiGopa s=g/0 HIH 5
npeo6pazoBaHis ¢ NOMOIMIbIO JHHEHHON Tpanchopmauun 00JIacTH,
OrpaHMUEHHON ABYMSI AyraMH, NEPECcEeKalolMMHCS [OJ YIrJIOM 0, BO
BHYTPEHHIOIO 006J1aCTh Kpyra.

NMpumep 12. Haiitu npeo6paszoBanne, KOTOpoe 0TOGpa)kaeT TOPH3OHTAJBHYIO
GeckoHeUHYI0 mosocy OT y=0 a0 y=27 B TIOCKOCTH Z BO BHENHIO 06aacTb

e/IMHUYHOTO KpYyra TaK, 4TO TOUKH Z= —oo, 0, oo  oTo6paxaiorcs B TOYKH
{=i. 1, —i
, @ v ) \
A I B! \
O=e- ] ] A
H i
! 2T :
AL, { c 1B
-o0 TO o0 ¥ "
® o
® A
A S I S ¢ c__
Too 10 1 = 1
BB
OGo3HayuM TOYKH Z=-— o0, oo, 0, 27/ Tak, Kak [OKa3aHO Ha PHCYHKE,

H CTpPeJKaMH NOKaXKeM IOJOXKHTENbHOe HamnpaBiaeHue ob6xoxa rpanuy ACBB/'C'A’.
[TpeoBpasoBauue f;=e? oTo6pasut Toraa mnojocy ABB’A’ B ueayi MIOCKOCTb i,
pacceuennylo JauHueit AB OoT Hauasa 10 GECKOHEUHOCTH BJOJb HOJONKHTENLHOrO
HamnpaBjeHus NeACTBUTEIbHON OCH NJAOCKOCTH f;. B maockocTu f; Ha puUCYHKE MO-
Ka3aHel JeTanad OToGpareHusl W HampabJ/eHHe o6Xoja FPaHMU 10 Mepexoia K Tod-
KaM B GeCKOHEYHOCTH. BepXHsisi M HHXKHSsS 4acTH IUIOCKOCTH OT paspes3a cOOT-
BETCTBYIOT yriaM y=0 u y=2m. Paspe3 Mo>XHO Temepb JHKBHAMPOBATb, 3aMEHHB
27 Ha 7 ¢ NOMOLLBIO Npeo6pa3oBaHus fi=t{4, KOTOpoe OTOOPA3UT INOJIOCY B BEpPX-

HIOIO MOJYILIOCKOCTb NJAOCKOCTH fo. IleficTBHTeNbHAs OCh MOXKET GLITh OTOGpaxeHa
B eIHHMYHBLI KPYr JAHHelHbIM npeobpasoBanueM. Tak Kak Touku A, C u B cyuecrt-
BYIOT npH fo=0, 1 1 oo, HHeiiHoe npeoGpa3oBaHHe NMeeT BHA

b L—i % o t—i
ho1 =1 Do UD T
HJaIu
PP Sl
SRR T

O6beguHenHe NOCAEAOBATENbHEIX NPeoGpa3oBaHuil OKOHYATEILHO XaeT
(I=9HE—i)
L— (14 2i)

z=2In
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B. IoToku ¢ 3afaHHBIMY rPAHALIAMHA

45, OO6TeKaHHe OTHAeJdbHbIX mnpensTcTBHA. HauGoaee
npocTo 3afaya OOTeKaHHsl MPENSITCTBHS PeLIaeTcs NMpH paBHOMEp-
HoM B GECKOHEUHOCTH noToke. Kak oTMeuasoch B M. 42, pelLueHHe
TaKofl 3ajaud 3aKJlouaeTcs B OTBICKaHHH (YHKUHH, OTOOpaaio-
ueft 3aJaHHyl0 TPaHMIy Ha Kpyr, a 3aTeM B TNOACTAHOBKE 3TOH
(YHKIHH B KOMIUIEKCHBIA NMOTEHNHAJ JJs TOTOKa, o6TeKaolIero
kpyr. Jlas Kpyra pajuycoM a ¢ LHPKyasiHei k 370 uMeer TaKo#H
BHA:

a?
w=u(t + 5+ iklng,
WaM, Tak Kak [=e'*{ apasercs Haubojee OOLIUM JHHEHHbIM Tipe-
o6pasoBaHdeM Kpyra B caMoro cefs, npu KOTOPOM (=0 , €C/IH
c’: <o,

W:U(ge“'“+ ﬁzg’—) + ikIng;
E=§+in, (108)

4TO TPEACTaBJsIeT cOO0H KOMIVIEKCHBIH NOTEHIHas MOTOKa, obTeka-
jolero Kpyr B miockoctH {. K3 aToro BelpaxkeHHsl BHIHO, UTO yroJ

¢ OCbIOo £ AIBAfIETCA YIVIOM aTaku a, Tak Kak (dw/d{)e =Ue . Ec-
a1 byHKuus §(2) orobpaxaer BHELIHIOW 00/1aCTb Kpyra eMHCTBEH-
HO HA BHEUIHIO 4acTb rpaHunbl G Tak, 4To GECKOHEUHOCTb Nepexo-
JUT B GECKOHEUHOCTb W (dt/dz), =1, Torma mojacraHoBka ((2)
B ypaBHenue (108) naer w(z)=W[{(2)] nas noToKa BOKpPYT G npu
yrjie aTakH o, Tak Kak

(). =l ) ) o

CoBepiIeHHO 3ameyaTesieH TOT (akr, YTo 3TOT NOTOK NpH JIO-
6bIX yryiax aTaKd MOXKeT ObiTb BBIBEJEH U3 OJHOrO COOTHOLIEHHS —
ypaBHenus (108). Dro o3Hayaer, UTO NPH H3BECTHOM YPaBHEHHH
[IOTOKA B KaKOM-JHGO OAHOM HaNpaBJeHHH €ro MOXHO Hemnocpen-
CTBEHHO TMOJNYYHTb [/ JI0GOT0 JApyroro Hampas/eHHs; NOpasuTe-
JleH TIpUMep JIeTKOCTH, ¢ KOTOPOH ypaBHeHHe NMOTOKa, 06TeKalollero
MeprneHAMKY/IAPHYIO €My IIACTHHY, MOXET ObITh NOJIy4eHO U3 ypaB-
HeHusi OGLIKHOBEHHOrO C/yyasi IOTOKa, NapaJjJelbHOro nJaacTHHE.
ToJIbKO TOCJe TOro, KaK OCO3Haellb, YTO TAKOro IIPOCTOTO pelleHHs
HeT HM JJs1 OJHOTO TPEXMEPHOTo MOTOKAa, HauMHaellb MNOHHMAaTb
CHJly MeTofia KOH(OPMHOro OTOGpaKeHus.

{Ipn ueBosbmom 0GOGLIEHHH ypaBHEHHE MOTOKA, OGTEKAIOLIero
NpensaTCTBHE, MOXHO MOJYYHTb C NOMOLIBIO TAaKHX OCOOBIX TOUEK,
KaK MCTOUHHKH, JMIOJH H BHXPH BHE MPENATCTBUA, U3MEHSS MOJO-
JEHHE W HaNpsAXKeHHe THX TOYEeK npeofpa3oBaHHEM, OTOGpaxaro-
UMM KOHTYp MpENsITCTBHA HAa Kpyr. 3ajlaua B 3TOM Cjyyae CBOJHTCA
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K NOJIyUEHHIO BbipakKeHu# 15 MOTOKa, 06TEKalollero Kpyr npu Ha-
JHUHH 0COBBIX TOUeK. DTO MOMKHO OCYLIECTBUTb C MOMOLIBIO Teope-
Mbl MunbHe — ToMcoHa, Ha3bpiBaeMOH KPYroBOH TeOpeMOH.

Ecau [ (2) — xoMnseKcHBIfi MOTEHUHAN OJs TMOTOKAa ¢ OCOOGBIMH
TOUKAMH, PACMNON0XKEHHBIMH Ha pAacCTOSHHM, NMpEBbINIAONEM @, OT
HavaJla KOOPAHHAT, TO KOMIJIEKCHBIH TNOTEHLHaJ @, CO3JaHHBbIH Te-
MH e 0COObIMH TOUKaMH, BTOTOKe, 06TeKalolieM Kpyr paaniycoM a,
COCTaBHT

=t +TF (%) (109)

s AOKa3aTeJbCTBa TEOPEMbI 3aME€THM, UYTO KOrjga < HaxogHurTcs
a2

BHE Kpyra, —— pacCnoJjg02kKeHo BHYTPH HEro. CaenoBaTenbHO, IO-
<

CKoJIBKY f (2) n T (2) peryaspHbl B omHoil H Toil e 06JaCTH, 10-

6aBka useHa [ (@?/z) He CO3LaeT HOBBIX OCOGLIX TOYEK BHE Kpyra
H @ HMeeT Te :Ke oco0ble TOUKH, uTO W [ (2). [lasee, Ha OKpyx-
HOCTH @%/2=2, TaK YTO JAEHCTBUTENBHO paBeHCTBO w=f{ (2) +f (2),
H OTCIONa, pa3 (yHKUHMS TOKa 1 Ha OKPYXKHOCTH paBHa HYJ, TO,
CJef0BaTEe1bHO, OKPYXKHOCTb fBJSIETCS JIHHUEN TOKa, UTO 3aBeplia-
€T J10Ka3aTeabCTBO.

Hanpumep, xOMO/IEKCHBIH NMOTEHUMAN IJs MOTOKA BOKPYr eau-
HUYHOrO Kpyra B LIEHTPe KOOPAHMHAT, CO3MaHHBIH HCTOUHHKOM Ha-
npsXKeHHeM m B TOUKe ¢ Koopaunatamu b u 0, paBen

(z—0) (z—%)

z

w=mln

J06aBouHasl MOCTOSIHHAS 3JleCh OMYLI€HA KaK He HMelias 3gaue-
HUs. JIerko ycraHaB/HMBaeMbifl pe3yJbTaT, 3aKJIOUAIOUHHCA B TOM,
yTO OTOGpaKeHHE HCTOUHHKA B Kpyre COCTOMT H3 PaBHOIO HCTOU-
HUKa B oGpaTHOH TOUKE H CTOKa TOH K€ MHTEHCHBHOCTH B HauaJe
KOODJHHAT, JEMOHCTPHPYET BO3MOXKHOCTH KPYTOBOH TEOPEMBI.
[Toacranoska camoii obuielt dopmbl §(2) [ypaBuenne (103)] B
Boipaxkenne (108) nokaspiBaeT, uTo w(2) MOXKeT OHITb MOJYydYeHa
B TaKOM BHJE:
. b b R
w=Ue‘“lz+—1-{-—z—+---+zklnz.
Z 2
Torna
dw — [
—_— = Ue la-—'——-——._.....
dz F4 22
u BoiueT (dw/dz)?=2iUke " ". Ucnonb3oBanne ypaBHenus B.iasmy-
ca (100) maer

. i (-n— -+ a)
X +iY = 2npUke \? ;
M + iN =iqmp (B + 2Ub,e™™),
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7. e. cuJa TEpHNeHAMKYJAspHA HANpaBJeHHio Haleraioumero moTOKa;
1o 3TOH NPHUUMHE OHA Ha3bIBAeTCs nogLeMHoH cujoi. Ipyroi KoM-
[IOHEHT, Ha3blBaeMblil JOGOBBIM CONPOTHBJEHHEM, DABEH HYJI0. YKa-
3aHHOe BbIpaXKeHHe MPEACTaBiaseT 3HaMenutylo ¢opmyny Kyrra
n JKYKOBCKOTO 1JIsl MOXBbEMHOH CHJIbI Kpblla. DTH Pe3y/bTaThl MO-
ryT ObITb BbIpa)KeHbl (Ha eIMHHLY PACCTOSTHHSA, NEPNCHAHKYJISIPHOTO
MJIOCKOCTH JBHXKEHHSI) B BHIE

L=pUT'; T = 2nk,

M = — 2npUI(be™ "),

rae I 0603HauaeT MHUMYIO 4acTb.

Hcnoab3yst CBOHCTBAa 3JE€MEHTAapHBIX MPeo0pasOBaHHil, MOXKHO
[OJYUHTb PacueT MOTOKa B IPaHUUAX, COCTOSIIIHX H3 NPSMbBIX JH-
HHJI, OYT | 3JauIcoB. JLas HamocTpaluuu 3Toi Npoueaypbl paccMoT-
pUM CJ1ydaH TJOCKOH MJIACTHHBI, AYTH, 3JUIMIICA, npoduas )Kykos-
CKOTO U CBOZA.

aockan naactuna. Tlmockas njacTupa ot 2=-—2 gm0 2=-+42
0TOGparkaercsi Ha €IMHHUHBIA KPYT B NIJIOCKOCTH { MO BbIPaKeHHIO
z=C+1/¢. [To3TOMy KOMIIEKCHBbIH NOTEHUHaJK AJs1 IOTOKa, oOTe-
KaIOWEeTro NJAAcTUHY ¢ YIJIOM aTaKH a, JaeTcs Napoil ypaBHEHHN:

w=U (ce—"“ + ec ) + ik Ing;

z=€+—]€— HaH C=%(z+l/22—4).

(110)

B moc/ienHeM BbipaX{€HHM ONYIIEH 3HaK MHUHYC, TaK Kak xejaa-
TEJIbHO TOJYUYHTb OTOOpaKEHHE TOJNbKO Ha BHEWIHIO uacTb. Ilpu
a=71/2 HCKIIOUeHHe { NPUBOAUT K Pe3yJbTaTy

w=—iUVE—4+ikln(z4+VE—4).

KomnaekcHas CKOPOCTb COCTaBJISIET

dﬂg‘w’_/‘g_:_?,_{u (ew'u e ) +ﬂ}
dz  dz/d;  r—1 r2 ¢
¥ CTAHOBHTCS O€CKOHEUHOH mpH [= *x1(2=*=2). DTOro MOKHO H3-
GexaTb Ha XBOCTOBOH KpoMKe (2=2), BbiOpaB TaKoe 3HauYeHHe LHp-
KyJASLHH %, 4TO 3aKJIOUEHHOE B KBajpaTHbie CKOOKH BbipaxKeHHe
cTaHoBUTCA paBHbIM Hymo npu =1, 1. e. k&=2Usin a. [Toacranos-
kKa B ypapHeHue (110) naer moabeMHyIO CHJIY

L = 4npU%sina

1 Ko3hULHEHT NOABLEMHOH CHJIBI

CLz—l—L——~:2nsina, (111)

..__...U2
g ¢

Tak Kak Xxopjaa (3aMepeHHast B ILIOCKOCTH IBHXKEHHSI) TIJIACTH-
HBel c=A4.
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[IpuBenenHoe omnpeneneHne NOABLEMHOH CHJAbl 6asupyercs Ha
canenyroweil runoteze Kyrra—)KyKoBcKoro: Ha NBYXMEDHOM Kpblie
YCTAHABJIHBAETCS TaKas LHUPKYJSLHS, UTO CKOPOCTb y XBOCTOBOH
KpOMKH OyneT KOHeyHOH. DTa OueHb NPOCTas THIOTE3a CIYKHUT OC-
HOBOH TEOpHH BO3ZyxomnsnaBadus. [losyyeHHbIe TAKHM 06pa3oM 3Ha-
YeHHs UHMDKYJSLHH OKAa3blBZIOTCS HECKOJbKO 3aBBILICHHBLIMH H3-32
npeHe6pexKenns NOTPAHUYHBIM CJIOEM H CJACIOM.

Hyea. Ilyra, npoxofasias yepe3 TOUYKH 2=+2 H 2=—2, 0TO-
6paxaercs Ha Kpyr, NpoxoisAlHi yepe3 TOUKH {'=+1 u {'=—I,

@ ®
y

tg
?Cgﬁ E 5 S
c T2y p

-2

Puc. 61 OrofpakeHue AYrH OKPYXKHOCTH

¢ nomolpo npeobpasosanus 2=, + 1/¢’, kak ykazaHo B 1. 44. Co-
OTHOLIEHHsSI MEXIy Ayro#t, paBHOH 4f pad, u Kpyrom noxasaHsl Ha
puc. 61.

Kpyr B naockocte ' npeobpa3yercs 3aTeM B OKDYXKHOCTb pa-
IMYyCOM sec 3 BOKpYr Hauaja KOODAMHAT C IOMOUIbIO Napafiefb-
Horo mepeHoca {'={+itgp. Torna us ypasuenus (108) xommiexc-
HbIfi TOTEHUHaJ/ MOTOKa BOKPYT AYTH NpPH yIJie aTakH o COCTaBHT

{a 2
WU (;e"“'f“ ——?E—E) +ikIng

== { ——-——v—-‘—l
2 §+t@ﬁ+;+“@.

[Tpumenenue ycaosus Kyrra—KykoBckoro u ypasuenus (110) gaer
L = 4npU?sin (a - B) sec B; }

C, = 2mnsin (o - p) sec . (112)

KpuBusHa nyru ompejensieTcss KakK OTHOUIEHHe MaKCHMaJbHOH Bbl-
coThi ayru K ee xopae. CpaBHeHHe K03 (HHUHEHTOB NOABEMHON CH-
abt [ypaBHeHusi (111) u (112)] nokasbiBaer, YyTO BJAHSHUE KPHBH3-

HbI PaBHO 7tg B.

Iaaunc. B 0. 44 mb Bugenu, uto npeobpasosanue JKyKOBCKOTO
orobpazkaeT JJIUNC Ha OKPYXkKHOCTb. Eciin mMacmrab saannca nozmo-
Opan Tax, Yto ero JOKyChl MMEIOT KOOPAUHATH Z==+2 U 2=—2, TO
foJsbliasi M MaJasi IOJYOCH ero coCTasfit: a’'=r+1/r u b'=r—1/r,
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a 3kcrnentpucurer e=2r/(r>+ 1), DKCUEHTPHCHTET NAHHOTO SJJHI-
ca Onpejfe/sieT pajHyC r OKPYKHOCTH, Ha KOTOPYIO OH OTOGpaxa-
etcsi QyHruueli z={+1/¢. IloncranoBka B ypaBHeHHe (108) naer
KOMIIVIEKCHDBI TIOTEHI{HA NOTOKA BOKPYT JJHICA MPH YIr/ie aTaky o:

2 i
)+ik1n§; z=§+%.

r e
[Tpu @ ¥ k& paBHBIX HYMO KOMNJEKCHas CKOPOCTb COCTABJSAET

w=u(§e’“+ =

\

do _dw df @0

dz dt  dz -1

Ha sanunce Z;=rei6 , TOrJa BeJHUHUHA CKOpOCTH
pe - 4w de _ 4U%%sin?0

dz  dz a'?sin? 0 +b’2c0539.

Ho u3 ypaBhenuii snnunca x=a’cos® u y=b'sin® nonyuaercs

dy dy/do b’ cos 8
tgy= £ =22 - 2
dx dx/do a’ sinB
2 a'?sin® @
cos’y =

a’® sin? + b%cos?8

Orcrona, Tak kax a’+b’=2r, BhlpaXeHne ANA CKOPOCTH y 3JHICA
IPMHHMAET OYeHb NPOCTON BHJ

V:U/1+—”'—)cosy. (113)
\ a

ODTOT Pe3ynbTaT HCNOJb3YeTCsl AJISl YCTAHOBJIEHHS MAKCHMaJbHORO
3HaYeHHS CKOPOCTH H, CJIELOBATENbHO, MOMEHTA HAYMHAMOUIEHCH Ka-
BUTALMH y CTOEK, CeUeHHe NEePeJHUX YacTed KOTOPBIX HMeeT (popMy
3JTHIICA.

[ast mosyueHust npucoenMHeNHOA Macch A 3aauNCa U3 ypaBHe-
#us (99) KOMIJIEKCHBU NOTEHNHAN @; SJJHNCA, ABUIKYUIETOCH C
€IMHHYHON CKOPOCTBIO B MOJIOKUTENbHOM HANPaBJAeHHH OCH X B He-
HONBHIKHOH KHAKOCTH, BBIBOAHTCSI U3 BbIPAXCCHHS KOMIIEKCHOTO
HOTeHUMANa @ N/ yCTAaHOBHUBIUETOCH IBHXKEHHS NpH =0, k=0,
U=—1 ¢ npuno)eHHeM KOMIIEKCHONO NMOTeHNMaNa 2 A/If eNUHHY-
HOro paBHOMEpHOro Moroka. Torpa corJacHo TeopeMe o BblUeTax

Y A e
Wy =2—(~—— = ;
4

z
:ﬁwldz — gﬁwlj—gdz;:(l_ﬂ)@-é«@— ;—z)df:=2ni(1 —r

Otciona, ucnonvays ypassenue (99), nonyunm
A+ mpa’b” = 2np (r2 — 1).
Ho, Tak kak a’b’=r2—1/r?, 10

A=np (r — -l——\')z = mpb™,

r/
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Takum o6pa3oM, NPHCOEJHHEHHAS Macca 3aBHCHT TOJBKO OT b W He
3aBHCHT OT 3KcUeHTpucHTeTa. [IoZoOHBIM ke 06pa3soM MOXKHO IO-
Ka3aTb, UTO MPHCOEJHHEHHAs Macca MPH JBHIKEHHH 3JJHICA B Ha-
NpaBJEeHHH ero MeHbLIeH OCH COCTaBJfAeT

B = mpa’”.

IIpogpure )Kyrosckoeo. IlpeoGpasoBanue JKYyKOBCKOro MozKer
OLITb HCIOJAb30BAHO AJS MOJYyUEHHS ABYXMApaMETPHUECKOTO CEMeH-
€TBA CEUEHHH Hecylero Kpoujia npHHATOH dopmbl. OyHruUHA 2=+
+ 1/¢ orobpaxaer okpyxHocth C paguycoM a=BD c ueutpom
B TouKe D Ha Hecymee Kpblio JKyKoBckoro (puc. 62). OXpyKHOCTb

HPOXOJHT Yepe3 TOUKY pa3BeTBJeHHs NMpH {=1; BTopas Touka pas-
BETBJIEHHA HAXOAUTCA BHYTPH OKPYKHOCTH. Jlunusi BD nepecexaer

@ 4

Puc. 62. Oro6paxenne npoduns JKykoBckoro

ocb 1 B Touke P, yron ABD o6o3nauen B. OKPYKHOCTb C LEHTPOM
B Touke P ¥ paauycom secf oroGpaxaercs Ha ayry A’E’'B’, kpu-

BH3HA KOTOPOH paBHa ?tg f. DTa myra HasblBaeTcs LEHTPAJbHOM

JuHHeHd uiau ckejgeroM npoduas. Tonmuna npoduas 3aBUCHT OT OT-
nomenuss BD : BP=acos . TakuM 06pa3oM, AByXnapaMeTpHueCcKoe
CeMeHCcTBO ()OPM pA3JHYHON KPHBH3HBI M TOJIIHHLI TOJY4aeTcs
usMenenueM B ¥ a. Bee uieHbl ceMeficTBa HMEIOT 3a0CTPEHHYIO XBO-
CTOBYIO 1aCTb, TaK KaK B’ — Toyka pa3BeTBJEHUS] BTOPOTO MOPAMKA.
Kpbiio cranosuTcss cuMMeTpuyHbIM 11pu =0,

3aocTpeHue Ha XBOCTOBOM KOHIIE MOXKET ObITb YHHUTOMKEHO MPH
MCTIO/JIb30OBAHHH MPEoBPa3oBAHUA, TOUYKH pAa3BETBJEHHUS KOTOPOTO
HMEIOT MOPSL0K, HECKOJbKO OTJIHYHBIL OT BTOPOrO, HATPUMEp

9 2

242 <§+ 1 ) K
z—2 r—1 ’

3to npeobpasoBaHHe OTOOpa)kaeT OKPYKHOCTb C IEHTPOM B TOY-

Ke P Ha ckeJeT, COCTOSIIHA M3 ABYX AYT, NEPECEKAIOIHUXCs Mo yT-

JoM 8, a oKpyxHOCTb C —B npodu/Ib, BEPXHSAS H HUXKHSA MOBEPX-

HOCTH KOTOPOTO BCTPEUYAIOTCA Y XBOCTOBOIO KOHIIA IOA TEM IKe

yriaom 6.
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MlanuM Tenepb KOMIJIEKCHBIH MOTEHUHAJ MOTOKa BOKPYr Mpodu-
ns JKyKOBCKOTO B napaMmeTpHueckodl dopme:

7 —ix azeiu : '
sz(Ce —{——?———)—{—lk]nc,
U=t—=t—(1—re ")

2=C+%,
® O\ @ ® I
Aezm i \@ P A BE_ A P__\8
-1 o //m ! q T Mo

Puc. 63. Oto6paxenue BHyTPEHHER YACTH CTPe/NBYATOrO CBOAA BO BHYTPEHHION
4acTb OKPYKHOCTH

® @ & 9)
Am—c\f 2/£1"' A‘ ey /;/- +B; 13
N T L/

Puc. 64, Oro6pakeHHe BHEUIHEHl uYacTH CTPEJbYATOTO CBOLA BO BHELIHIOK
YacTh OKPYXHOCTH

Vi

B
>

~

rae npeobpasosanue ' ({) neperocut C B Hayajo xoopauxat. Co-
rjaacHo ycaosHiwo Kyrra

k = 2aUsin (a + B)
H nogbeMHas cHgaa H3 ypasBHeHus (110) cocrasur
L = 4npU%assin (o + f). (114)

CpaBuenne c ypaBHenueMm (l12) moxaspiBaeT, 4TO OTHOLIEHHe
NOALEMHBIX CHJI NPO(H/IS M ero ckeJera pPaBHO OTHOIUEHHIO HX
TOJLIHH,

Crpeavuareui c6od. BHyTpeHHSsl 4acTb CBOJA, TPAHHIAMH KO-
TOPOro CJAy)KaT IBe PaBHbIE NYTH, NepeceKalollHecs MOA YIJIOM o
(puc. 63), MoxeT OLITh OTOGpPaKeHa Ha BHYTPEHHIOK 4acThb OKPYK-
HOCTH npeobpa3oBaHHsIMU

142 s = ¢ — 14§

1—z’ 2T ¢

ty =
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HJIH

ESIE N
1—-¢ l1—2z
nOH,O6HbIM XKe 06].')330}\’[ BHEIHHAA 4YacTb CBOJA MOZKET ObLITH OTO-

Opa)eHa Ha BHEIUHIOIO YacTh OKPYXKHOCTH Ipeodpa3oBaHHsIMH
(puc. 64)

’

z—1 P —1
tl = ) t2= t12" “, f2::—:—-———-—;
P 1
ual
72 -2
z—1 (;—1 y "
z+1 £+1 )
BaxHo oTMeTHTbL H3MeHe-
H{e T0Ka3aTeas CTElNeHH
npeo6pa3oBanus Aas
BHYTPEHHEr0 H HapyXHO-
Puc. 65. Hao6paxense TOHKOro npoguis ro oToGpazkeHmm#t OT KJH-

Ha [0 moJymaockoctd. B
MepBOM CJyuyae KJHH JEeXHT B Npefenax BeTBH QyHKOuM fp={,"/%
TaK 4To oToOpakeHue BHYTPEeHHeH YacTH KJUHA M TpaBoll
TOJIOBUHB IJIOCKOCTH f5 e€JHHCTBEHHO, HO 3T0 mnpeobpasosa-
HHe He MOXeT ObITh HCHIOJNb30BAaHO M5 OTOOPaXKCHHS BHENIHEH
YaCTH KJHHA, TaK KaK OH He JeXHUT Ha ORHOH BeTBH dysKiMu. 31ech
™

HCTIOb3YeTCs1 TpeobpasoBaHHe lp=12""*  koTOpoe oTOGpaxKaer
NpaBylo NOJOBHHY MJOCKOCTH f; BHYTPb BeTBH (DYHKUHH, TaK YTO
oToO6paKeHHe CHOBa eJUHCTBEHHO.

[ToTOK BOKpYyr CcBOZA C KOMIJIEKCHO CKOPOCTbI0 B OeCKOHEeu -
HOCTH Vo, =Ue™'* mMoxXeT 6bITb NMOJIYYeH MOACTAHOBKOH TOCTeIHe-
ro npeo6pasosaHust B ypaBHeHHe (108).

46. 3anaya Hefimana. JiuHeapusupoBaHHas Teopus mnpoduas.
Koraa ¢opmanpobuns 3agaHa, onpejeseHHe ero XapaKTepHCTHK —
B oblieM cayuae TpynHad 3amava. OgHakKo MJasg TOHKHX mupoduieh
OUeHb IHHPOKO HCIOJb3YyeTcss MpHOJHKEeHHOe pellende, B KOTOPOM
3ajava CBOJAUTCA K 3agaue HeiiMaHa nis OKpYyKHOCTH.

Taxko#i npoduap nokasan Ha puc. 65; ero HayaJbHbH H XBOCTO-
BOH KOHLBI HAaXOASITCSI COOTBETCTBEHHO B TOUKAX z=—2 H Z=+2.
[1poduab morpyxeH B NOTOK, HaGerawiui Ha Hero Co CKOpocThbio U
MoA MaJabiM yriaoM «. B Touke P npoduas CKOPCCTb KacaTtedbHa
K HeMy, TaK uTo, 0003HauuB YKJOH npodHast uepes ¥’ (x), a KoMIo-
HEHTBl CKOPOCTH 10 OCSIM X M § COOTBETCTBEHHO uepe3 U cos o-4u
u Usin a-+ v, MoXXeM HanucaTthb

; _ Usina4o

¥y = Ucosa-u

v
~a 4 —-
+U’
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€CJH JLONMYCTHTb, 4YTO KOMIIOHEHTbI «BO3MYyllaloilleld» CKOPOCTH u
W v MaJabl o cpapHenuio ¢ U. JlanbHeliee THHeapH3upyollee NpH-
GIHXKEeHHe 3aKJIouaeTcsd B TOM, YTO TOJMIAHA NpodHasS NpUHHUMAET-
csl CTOJIb MaJIoH, YTO TPaHHUHOE YCJICBHE I U MOXKET OBITh NpH-
HSITO COOTBETCTBYIOLIMM 3HaueHHIO X (npu —2<x<2) Ha caMmoi
ocH BMecto npoduas. [lociaennee npuOIMMKEHHE ONpaBlAbIBAETCH
vpaBHenuem Kown—Pumana du=238y 0u/0x, KoTopoe yKashbiBaeT, 4To
H3MEHEeHHe U OT OCH [0 MOBEPXHOCTH MNPOduUJIs — GECKOHEUHO Ma-
nasl BeJHYHHa BTOpPOro mopsinka. JlMHeapusaiusi 3agaud COCTOHT
B OTBLICKAHMH KOMIJIEKCHOTO TOTEHIIHala BO3MYILEHHS, KOTOpbI
VIIOBJETBOPSIET TAKHM TPaHHUHBIM YCJIOBUSM:

d . .

a—? ={U ( Y, — 0) — Ha BEpPXHEA CTOPOHE JHHHH CETMEHTa;

a5

an
HopManab 3pech cuuTaercss NMOJOXKHTENbHOH NpH yBeJHYeHHH Yy Ha
BEpPXHEeH CTODOHE H YMEHBbIUIEHHH § Ha HMXKHeH cTopoHe; Humekco U
W L oTHOCATCA K BepXHeH H HHUKHEH CKOpoHaM npoduid.

BBenem tenepp npeoGpasoBanne z={+ 1/, KoTopoe oTofpaxa-
eT Jn;ﬂep"u{blﬁ cerMeHT —2<X<2 Ha eIUMHHUHYIO OKpYyXHOCTh C, rie
t=e". Torna na C

dz __ | — !

dg g2
Orciona, ucnonbsys ypasHedne (10!), moayuum 3apauy Hefimana
€ TPAaHMYHBIMM ycJ0BHAMH Ha C

o0

= =20 —a)sinB=F(@); 0<0<2n,
,

riae npu6aBiieHne y' HEHYXKHO NPH NMepeMeHHOM 6.
KoMn/eKkcHBI#l MOTEHIHAA B MJOCKOCTH { MOXeT OBITh 3anucaH
KakK

= U (e—y, ) — Ha lKXKHeH CTOPOHE JIHHHU CErMeHTa.

—2i0.
_l_e 19’

i2—{=2|’sine!.
a

W= iking 25 4 2= iklInr — kO 4+

g
R . _’Zl —ing
P e
n=1
H
ow YR \ —iad
(—0—;- \r:1 = ik §nbne .
Torna
ow 1 ?D‘ —ind ing
F(e)—:R(—;_)r_ = ——Yin (b +Be™),
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yTO MpecTaBiasier cofoll KoMIveKcHbi# BU paAna ®ypbe. Orcona
2r
b, — — - j F (8)e'"*do.
nn
0

[Tpumenenne yciosus Kyrra paer

© o 2t
b= IYinb,=— 1Y (F@)e™do.
n=1 n=10

ILnst u3bexanus TPYILHOCTEH B ONpeIesNeHUuH CXOLHUMOCTH 6ecKo-
HeUYHOro psifa cjelyeT cHauajga paccMoTpeTh QyHKuHIO (npH r>1)

o 2 2n
1 in® i9
K(r)=—f_12jp(e) . dB:-——-I—ISF(e)e o _
b r Fi r—ei®
n=10 0
2 2
I S’ F (0) r sin 640 ___&Y r(y’ — a)sin?0d0
nn,) rE+1—2rcosB w,) r2+1—2rcosH
0 0

Tenepb JONYCTUMO NPHHATb r=1, 4TO AaeT UUPKYJISLHIO
2 2n
k= —yjﬂ(y’—a)cos?idﬁ =2£f<a— 1—jy’cosg id@).
kad P 2 n p 2

Hanee noayuaeM
21

by=—7 (4 —a)en ao,
" 0
2%
—ia U , . .
[ (be™™) = —?S(y — @) sinBsin (8 — a) do,
(4]

v U3 ypaenennit (110) naxoauM NOLDBEMHYIO CHJy U MOMEHT
2n
L=4npU‘2(a——~l~Sy’cosz %de);
7 .
0

2n

M = —4mpl? [aw L 5 g sin@ sin (0—a) de] .
21
0

Tak Kak AJMHA XOpAbl COCTABMSET YeTblpe EAMHHLbI, KO3(dHIKEeH-
Thl PaBHAOTCH:

2%
1 ’ 0
CL = 21’((0.—‘ -—; Sy cos? 7(16) ;
0
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2r

cMz_.-%[a— %jy’sinesin(9~a)d9 ] -
0

2%
— _%CL ——% \‘y’ [cos 6 -+ cos (20 — a)) d6.
0

Taxum obpasom, miasa onpexneneHus Ko3QHUUHEHTOR NOALEMHON
CHJIBlL U MOMEHTa IpH J1060M Npoduae HeoOXOIHMO TOJbKO DeliUTh
NpPOCTbIE HHTErpasbl.

47. O6texanue AByx H Gosee npenarcreui. C nomMoubio ¢GyHK-
UMK {=e? paBHOMEDHBIH MOTOK CO CKOpocThio U B KaHaJe WHPHHOH
2n nmpeobpasyeTcss B NOTOK OT HCTOYHMKA Hanpsixenuem U B Ha-
yaJje KOOpAHHAT IIJIOCKOCTH §, T. €.

w@)=Uln{="Uln(e?) = Uz.

Kpowme Toro, ecin W ({) — KOMIJIeKCHBIl NOTEHIMal OTOKAa Y KOH-
Typa C, co3laHHBIl UCTOYHHKOM HampsixeHnem U B HauaJje Koop-
IMHAT, TO Ke camoe mpeoGpasoBaHHe OTOGpaKaeT JHMHUM TOKa
Bokpyr C Ha JIMHHM TOKa y COOTBETCTBYIOILEro KoHTypa (G B NOTOKe,
ABHXKyleMcs co ckopoctbio U B kaHane. B Takom ciayuae mocne
otobpaxennst C Ha okpyxHOCTb C’ 3ajaya MNOTOKA BOKPYr KOHTY-
pa G B KaHaJe CBOAMTCH K XODOLIO M3BECTHOMY peEIUeHHIO IIOTOKa,
CO3/laHHOTO BHEIIHHM HMCTOYHHKOM, y Kpyra. Ecau koutyp G cum-
MeTpHUeH To (popMe H IO PacloJOKEHHIO B KaHaJje, TO, KaK [OKa-
3bIBaeT OToOpakeHHe, NOTOK B KaHaJe MOXKHO [pEACTaBJAsTb Kak
IOTOK yepe3 6eCKOHEYHYIO PellieTKy W3 CHMMETPHUHbIX PENsITCTBHH,
IIPUYEM DACCTOSIHHE MEeXJy HMX UEeHTPaMH paBHO 2m.

B xadecTBe HJIIOCTPALHUH PACCMOTPHM MOTOK Uepe3 pelieTKy H3
IJIOCKHX TJIacTHH IHPHHOH 2nA (0<<A<{1), nNepneHauKyJsipHBIX K
HANpaB/JEHHIO CKOPOCTH [ABMKeHuss mnortoka U, Kaxpaa mnaa-
CTHHA I[IPHUHATA CHMMETDHYHO paclOJOXKEHHOH MexaAy TOUKaMH
z=ix(l—A) u z=in(l4+A) B KaHajle, OrpaHHYEHHOM JHHHSIMH
y=0u y=2n (puc. 66).

[TpeoGpasoBanne [’'=e? orobGpaxaer miactuny AEB B mJoc-
KOCTH 2 Ha ayry AEB eQuHUUYHOH OKpPYXKHOCTH B IJIOCKOCTH [/, rje
eff NPOTHBOJIEKHT IOJOBHUHHBIH yroa s ¢ UeHTpoM B Ttouke O.
Crnenymoluee nuHeiHOe npeo6pasoBanue {=—2icscwd (§+ cos mA)
npespailaer AYry B TOJOOHYIO eff, NPOXOASILYIO Uepe3 TOYKH
{"=+2unf"=—2, c uentpom B Touke O no §”=-—2ictg mh. 3atem
corjacHo pHc. 59 npeoGpasoBanne [”={+1/; otoGpaxaer nyry Ha
OKPYXXHOCTb PaJMyCoOM sec mA/2 ¢ leHTpoM B Touke Q(I=itg mA/2),
a Touky O B {=ictgni/2. Touku O u P SBASIOTCS MHBEPCHBIMH IO
OTHOLIEHHUIO K 3TON OKPYXKHOCTH, TAaK KakK

00. PO — h s L2y, 7
Q- PQ (tg 5 +ctg Q)tg y = sect .

179



KoMnJ/eKkcHbIfl MOTEHLHAJ [OTOKA y OKPYKHOCTH, CO3JaHHBIA HC-
TOUHHKOM HanpsixkenneM U B Touke O, nojyyaeTcsi HaJlOXKeHHEM
noJell oT HcTouHMKa B Touke O M OT MCTOUHHKA H CTOKA, KAaXKIOro

nanpaxendem U, B Toukax P u Q, T. e.

. @A
ClE+icte~
I S

R
::,—zg2

W =Uln

Torpa w(z) moayuaercs w3 W npeobpa3oBaHHeM

@ q
0 27 D _H
o2 cfr/f*n)//%% .
Q... T (1A A e E
“oo [ X
(- -]
@/ q"
£
B p 7’,’1 A o
_2 \\ R /}';2 ']
\\ m
N d
N /
N /
07-2i ctgrA

0°-ictg(12/2)

Prc. 66. OTo6paxense NMIOCKOH NJACTHHBI B KaHange

£+ % = — 2i (¢ + cos mA) csc nA.

Tax Kak Hanpsi>keHHe HCTOUHHKA MpPH NEPexoje OT IIJIO0CKOCTH {’
K TMJIOCKOCTH { HE M3MEHSeTCs, 3TO BBHIPa)XEHHE AaeT KOMIJIEKCHbLIH
moTeHIHAJ TMOTOKa, ABHXKYILErocs co ckopocTbio U uepes pererky.

Cayuali notoka BOKPYr Koutypa G, pacrnosoxeHHoro BOJH3H
feCKOHEUHON MIOCKOA TrpaHHUIBl (CKOPOCTb MOTOKA MapaJiieibHa
rpaHulie), 5KBUBAJEHTEH CHMMETPHUHOMY NOTOKY BOKDYT I1apbl KOH-
IPY3HTHBIX KOHTYPOB. 3TO — MPOCTON cayuyall ABYXCBA3HOH obJacTH,
KOTOpasi B IPHHIHIE MOXKeT ObITh oToOpa)KeHa Ha Be OKPYXKHOCTH.
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[locKO/MbKY TOTOK BOKPYr ABYX OKPYKHOCTEH 3aBHCHT OT CBOHCTB
SMHOTHYECKHX QYHKIHUH ¢ JBOHHBIM NEPHOJAOM, 3[€Ch HE paccmMart-
pHBaeMbiX, UMTATEb, HHTEPECYIOIIMACS KOHPOpMHBIM OTOGpaKe-
HHeM B TaKuxX MOTOKAX, NOJ:KeH 0O6paTHTbCA K APYIHM HCTOYHHKAM.

48. Moauronanapupie rpanuns. OrtoGpaxenne Kpucrodpdena—
{lisapua. 3HauyuTesbHOE NpHMEHEHHE CBOMCTBA TOYEK pPa3BETBJIE-
HHA HaxoAAaT B mpeoOpasosanun Kpucroddeas—Ilisapua, xotopoe
oTo6pakaeT BHYTPEHHIOK 06J1acTb MHOTOYroJbHHKa Ha BEPXHION
[101y1/10CKOCTD

M »- —f;\-uc
Q, ae ap

Puc. 67. Oro6paxenne Kpucropdenn — lllsapua
[J17 MHOTOYTOJBHHKA

2y 9 8,

w=)(z—a) " (z2—a) " (z—a) * dz, (115

tae ay, as, ... u(a1<as< ... <a,) — N0CJe10BaTe/AbHOCTb # TOYEK
Ha JeHCTBUTEJBbHOH OCH B MJIOCKOCTH 2, COOTBETCTBYIOILMX BepLIK-
HaM MHOCOYTOJIbHHKA B IJIOCKOCTH @, BHEIUHHe YI[JIbI IPH KOTOPBIX
COCTAaBJSIIOT df, Og,...Un, 4 UX CYMMa a;+ds+ ... +an=2n. Taxk
KaK NOPSIIOK TOYKH Da3BETBJEHHA NPH MHTErDHPOBAHHH (YHKIUH
yBesiMuuBaeTcs Ha eaunuuy ({z’dz ~z5t!), To oueBHIHO, YTO W (2)

HMeeT TO'MKH Pa3BETBJACHHUS NOPiAKa l—(lj/ﬂ B TOYKax a;. ﬂ.ﬂﬂ
— Za,
7

601bLIMNX 3HAYEHHH 2 HHTerpas npuGJAH3HTEIbHO paBeH z = ==
=]/22, TaK uTO ecau a;<5w, TO w(2) peryJsipHa BCIOAY, faxke B Oec-
KoneuHocTH. MckiioueHHe coOCTaBASIIOT JIHIIbL TOYKH @y, Qg ..., Qn.

Paccmorpum nyte C  (puc. 67), HauMHAWOUIHACS B TOYKE Oy,
WIYIIMH BOPaBO BLOJb NEHCTBHTEAbHOH OCH K TOUKE @) yepes o
M 3aTeM BO3BpaLIAIOIMICA K an, U30eras TOUYEK pa3BeTBJEHHA Iy-
TeM OMHCLIBAHHA GECKOHEUHO MaJblX MOJYOKPYKHOCTEH BOKPYT HHX.
QOueBHAHO, UTO IPH 3TOM W (ay) =0. dnsa x>a, KaxXAbH MHOXKHUTEIb
(x—a;) ~ %' UMeeT MOJOKHTENbHBI! AeACTBUTENbHbIl KOPEHDb, KOTO-
pbiil MOXKeT ObITb BbIGPAH NPH H3YYCHHH KOHKDETHOH BETBH MHOrO-
sHaudoft ¢yHKuMM @ (2). CienoBaTeNbHO, KOrja X YyBeIHYHBaeTcH
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A0 ©© U 3aTEM BO3BpalllaeTCsd OT — oo K Qj {OTpI/IU.aTEJ'IbeIe BEJIH-

b
YHHBl 2—@; B3aUMHO YHHUYTOXKaMoTCA, Tak Kak (—1) = (—1)2],
@ BO3pacTtaeT BAOJb AEHCTBUTEJABHON ocH ot 0 mo A,, rue
“ 4 & _ L “n
A= j + j (z—a) * (z—a) ~--(2—a,) = dz
a -0

n

Ianee, npu o6xofe MO MOJYOKPYXKHOCTH IepBOfi TOYKH pa3BeTBJe-
HUSI @) pafinyC U3 @) OTKJIOHSIETCS Ha yroJ —ai, U MO3TOMY COOTBET-
CTByiOlllee YIVIOBOE CMelleHHe pajuyca M3 TOYKH A, paBHO

Qa
-—n(l——r—l—)z—(n—al). Kpome Toro, 3To BpallleHHe yBeJHUYHBAET
T

arg(z—al)_”‘/“ Ha o) (oT —a; 1o 0) H, TaK KakK AaJibHEHIIero us3-
MeHEeHHs] apryMeHTa NPH NPUOJHIKEHHH X K @y no nytd C Her, w
IBUKETCs BHOJb BTOPOH CTOPOHBI MHOTOYIOJIbHHKA INOA YIJIOM
no TOUKH Ag, rue
. 4z P _ L2
A=A+ g (z2—a) " (@2—2 ™ X
a,
D “
.. (a,—2)7 = dz.

X (as—2)

[Tono6HBEIM ke 0Gpasom
ag zy
Ay = Ay + et g (@—a) T X
a;
ag ay a

X(z—ay) * (@g—2) * ---(a,—2) = da.

Orciona BHIHO, YTO JeHCTBHTENbHAS OChb OTOOPaXKaeTcsi Ha MHOIO-
YTOJIbHHK,

Panee Gbl10 110Ka3aHo, 4TO A5 TAKKX O6J1acteil npeoGpasoBante
o6aagaer Tpems cremeHsiMH cBoGoabl. CuenoBaTenbHO, NpH 3a1aH-
HIOM MHOTOYrOJIbHHKE TPH H TOJbKO TPH TOUKH H3 @), Qy, ..., A, MO-
IYT ObiTb BBIGpaHbl MPOM3BOJIBHO. OCTajbHble TOYUKH ONpPeAesIOTCs
U3 YCJHOBHS, YTO 1 — 3 OTHOIUEHHH CTOPOH A-yrOJbHHKA JOJIKHbI
yCTaHaBJHBaTh ero ¢opmy. [as npumepa npuUBefeM OTHOLIEHHe
CTOPOH, COOTBETCTBYIOIIUX TouKaM (A,, A)) u (A, A,)

4z A Lt %
A e fe—a) T @—d T @—2T
1 3 3

a,
rae A; — JefiCTBHTeJbHbI HHTErpaJ, NpUBeAeHHbI panee, — pyHK-
uua a, as, ..., @,. TakuM o6pa3oM, n— 3 OTHOUIEHHI obpasyloT
f— 3 ypaBHeHH}, KOTOpble MOATBEPKAAIT IIOJOKEHHE, UTO TpH
H TOJBKO TPH H3 BCEX TOYEK a MOryT ObiTh 3axanel. Kpome Toro,
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KOrZa ofHAa M3 BepuInH, HanpuMep A,, paBHa oo, NpeobpasoBaHue
(115) Bce Ke MPUMEHHMO, €CJIH #-HBIH MHOXKHTE/b H HHUXKHUA npejed
npeHeSpexuMbl. DTOT IONYCK SKBUBAJEHTEH BHIGOPY an=w(4,) =
= 00, TaK Kak, IOCKOJbKY an=1, TO a1+ dg+...+ UAp—1=I; OTCIOJA

1
Oas1 60JbIINX BEJIHUUHH 2 HHTErpasn HpH6JII/I3HTeJIbHO paBeéH — , H
r4

w(z) umeer JorapudMuuecKyr ocobyio TOUKy IpH z= co . Takum
o6pasoM, Ap= ©© COOTBETCTBYET d,= o© K OTOOpax<eHHe NAPYruX
TOYeK JeHCTBHTEJbHOM OCH Ha [IpyrHe BepUIMHBI MHOTOYTOJIbHHKA
MOxKeT ObIThb NMpoJeJaHo TaK e, Kak U paHee.

Taxkum e 06pa3oM MOXKHO N0Ka3aTh, 4TO OTOOpaxKeHue BHelIHel
06/1acTH MHOTOYTOJIbHHKA Ha ACHCTBHTENbHYIO OChb JA€TCsi BhipaxKe-
HHEeM

ay a3 .3

w = j' (2—a)® @—a) - E—a)T = (116)

(22 4 1)2 :

Npumep 13. OtoGpasutb BHYTPeHHIOI 004acTb NMONYOECKOHEYHOTO TPAMO-
yroabuika ABCD, MOKa3aHHOTO Ha cXeMe, B BEPXHIOI MOJYINIOCKOCTD 2.

? ® ® ®
; y
"z' -————“'_"'---7
c 5 ssf Ne A B L. D
oo§ ~o0 -7/ +! oa ~00 -1 +] o

Buemnue yrie np Toukax B u C paBHbl Kaxawil 71/2. CienoBaTesnbHoO, npe-
o6pazopanue Kpucroddens — lBapua, xoTopoe oroGpaxaer Toukn A u D B
00 B IJOCKOCTH { ¥ 2 u maer 90°-Hnie peplinHnl B Toukax B u C B mnockocTd g,
COOTBeTCTBYIoOLIHe 2= =1, 6yaeT HMeTb BHA

1

= Y (2—1) 2 dz=arcchz+ const,

OTKYZa npeo6pasobaHHe B JKeJaeMEbll [PAMOYTOJLHHK cocTaBaseT {=a arcch
2+b. Uto6ul otobpasuts =0, in 8 2=1, —1, 10/XHbl OBITb BbIGpANLl BEJHYHHE!
a=1, b=0 u BeTBb MHOro3HauHoit ¢yukuuu arc chz B nosoce 0<n<2m. Taxkum
06pa3oM, pesy/bTHpYIOllee npeo6pa3oBanye COCTaBHT

{=arcchz uan z=ch{;
0<n<a.

HIHTepecHO 3aMeTHTb, YTO TO JKe camoe oToGpaKkeHHe MoXKeT GLITb BEHIMOJHE-
HO GoJsiee 31eMEHTAapHLIMH NMpeoGpPasoBaHUAMH

t = e l t4 1)
=6, z="— —,

2 t )
KaK NoKa3aHO Ha CXEMe.
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I'. TeueHue cTPy#t CBOGOAHOrO OYEpTAHUS,

MeTtop rogorpada

49. Teopus cTpyit cBOGOAHOro ouepraHums. 3ajauyd o6
HCTEYEHHH, OTKJIOHEHHH CTPYH H KaBUTalUH OTJHYAKOTCA CBOGOJHBI-
MU TDaHHLAMH, [I0JOXKEHHE KOTOPbIX 3apaHee He H3BECTHO, HO BJOJb
KOTODBIX JaBJieHHe (a 3HaYHT H CKOPOCTb, €C/IM MpeHeGpeub CHJIOMN
TSKECTH) NOCTOSHHO. Eciiu TBepaple rpaHHLBl OTOKOB 0GpPa30BaHb
NpPSMBIMH JIMHHSIMH, IIOTOKH MOTYT ObITb NMOJBEPrHYyThHl aHaJH3y Mmy-

®
A ®B A c “
Ty 2 I/\ p A0,
A e 4 Ve Jij A D ) ”lﬁfﬁﬁ/}
U b 4 N Yo e
VAL o« [/ i c S
i \_/’ C i)

Pnc. 68. Orofpakenne KOMMJAEKCHOH CKOPOCTH

TeM BBEJEHHs JOMOJHUTENLHOIO MOHATUS rogorpada. OCHOBbI 3TO#
TeopHH 3ajoxuaH B XIX croneruu I'eabmroaby v Kupxrod, noato-
My OHa BCerja acCOUMHPYETCH C UX HMeHaMH. 3a mpoluejliee ¢ Tex
nop BpeMsi OblJIO CIEeJaHO MHOIO TIOJEe3HbIX NPUMEHEHHeH 3TOH
TEOPHUH.

[Tnockocth rogorpaga — 3T0 MIAOCKOCTb, Ha KOTOPYIO OTOGpaxka-
eTcs KOMIIeKCHas ckopocTh. OObIYHO NPUMEHSETCS JBa THIA TOf0-
rpados:

B NIEPBOM KOMILIEKCHasi CKOpocTb dw/dz oTobGpaxaercs deno-
CpeACTBEHHO

t="" =y —ijo,
dz
BO BTOPOM OTOOparkaercs JorapHdM KOMIJIEKCHOH CKOPOCTH
Q = —m(i) - —1n(1) + ia,
Vi Vi
rae V; — CKopoCTb BI0Jb CBOGOJAHOH MOBEPXHOCTH.

|

[TosHakoMHTbCS € METOLOM rojorpada Jyuiie BCero Ha npuMepe.
Ha puc. 68 nokaszano ucreuenue W3 ABYXMEPHONO BOJOBOAA IIHDH-
Hoii b. B Touke A cKopocTh mnapaJjiieNbHa OCH X, H ee BedHuHHa
paBua U. Orcrona u=U u v=0— KoopAHHATL TOYKH A B 0GBIUHOM
rogorpage (uentp). Touka B sB/sieTcsi 3aCTOHHOH TOUKOMH, MOITOMY
OHa momajaeT B Hauya/Jo KOOPAMHAT MJIOCKOCTH {. Bproab BC nanpas-
JieHie MOTOKA MOCTOSIHHO, 2 BEJIHYHHA CKOPOCTH yBeJxHuuBaercs ot 0
B Touke B 1o V; B Touke C. TakK KaK OTHOLIEHHE #/U OCTAETCSs IOCTO-
sSHHBIM, BC sBasieTcst paguasbHON JIHHHEN B iiockocTH § (puc. 68):
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BEJMUMHBl ¢ H —0 06€ MOJOKHUTEAbHbl. BaoJb cBo601HON TOBEPXHO-
et CD corfacHO TUIoTese BeJHYdHa CKopocTH V=V; mocrosiHHa,
TaK UTO H3MEHHTbCS MOJKET TOJbKO HalpaBJeHHe CKOPOCTH. TaKhm
o6pasom, CD sBasiercsi ayrofi paauyca Vj; Touka D npencrasisier
oTAaJeHHyo 06/1acTh CIpaBa B IJIOCKOCTH Z, I/l€ MOTOK NapaJjlieneH
ocH X.

HuHsIS MOJOBHMHA IJIOCKOCTH 2 MOKeT ObIThb IpeficTaBjeHa Io-
AOGHBIM e 06pa3oM (IyHKTHP Ha IJIockocTH (). OaHako 3Ta 4acTb
AMArpaMMbl He HYJKHA, TaK KaK BJOJb OCEBOH JHHHH MOXKET GBITb
nposesieHa TBepAas rpanuna (auaus DA B maockoctu L) Ges yilep-
Ga 1na yHHBepcaJbHOCTH. Ecau 0003HAUMTb TPAaHHUYHBIH yroa ue-

'® @ vy @
A y=Ubl> 18 ¢ D
] :50'" Vol ..;3
B A D ¢ g 0 A B¢ D
R B Y | oo -e0 0t A y=0 | D
= ¢

Puc. 69. OrcOpaxeHue KOMIIEKCHOTO NOTEHI(HA/a

pe3 B, To BHyTpeHHuii cekrop BCD B MJIOCKOCTH [ MOXKeT OBITb
0TOGpakeH Ha BEPXHIOKW NOJYIJIOCKOCTb ¢ (puc. 69) ¢ moMolbio

nipeobpa3oBanHii
¢ \n/B 1 ., 1
SN\ e (- —
(V/) ' 2( +t')

== [+ &)
2 1\V; 4

JL1s1 MOTOKA, H300paXKeHHOro Ha pHc. 68, TaKKe MOKeT ObITb Bbi-
yepueH Jsorapudmuueckuii rogorpad. B Touke A 3HaueHue Q=
=1In(V;/U) sBasieTcsi TMOJOXKUTENbHBIM J€HCTBUTEJIBHBIM KOJIHUECT-
poM. 3acTofinasi Touka B CTaHOBHTCSI 00J1aCTbio B €O, JJISl KOTOPOW
—pB < @< 0. Jdasa touxu C 3nauenue Q siBJASETCS MHUMBIM H MEXKILY
troukamu C u D ykaon Mmensiercst or — B go 0. Hacte romorpada
Mex1y ToukaMd D u A onsiTh npejcTaBisieT OCb NOTOKa. PesyJbTy-
pyioliass Gurypa siBjaseTcss moay6ecKoHeuHoil mojocoi, KoTopas Mo-
JKeT ObITh OToOpakeHa Ha BEPXHIOIO IOJYNAOCKOCTb, Kak ObLIO
JOKa3aHO paHee.

[Tpeaniayuise npeobpasoBatusi BhipaKaiu OTHOIIEHHE dw/dz xax
dyHKIMIO KOMIIeKCHOH mepemennoil {. Cuenyouui war B MeToae
rogorpada COCTOMT B OTOOpaxeHHH MJIOCKOCTH KOMIIIEKCHOrO MOo-
TEHIHaJa @ Ha Ty XK€ CaMylo IUVIOCKOCTb {, TaK YTO TOUKH JIHHHH
toxa ABCD 0T06pax)alorcst Ha COOTBETCTBYIOUIHE TOUKI IIIOCKOCTH 1.

tl

1

HJIH
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Taknm o0pa3oM, w Takxe BbIpaxkaeTcst Kak dyuKius ¢, /Isa pasen-
crBa w=f(t) n dw/dz=g(t) cocraBuasior nuddepennnasbHoe ypas-
Henune 115 w(2). [Ipy HCKAI0UeHHH { MOXKHO MoJyuuTh dw/dz=F (w),
TOrAa BBIpa)KeHue

,g F(w)

JaeT CBs3b, H3 KOTOPOH MOXKET OLITh YCTAHOBJEH KOMIIJIEKCHBIH I10-
TeHI[1aJ.
VnpiM crnocofoM COOTHOLUEHHS

dw dw dt
§O =1 ="y

dz di —f()
()

b= F () 2=\ O gy

w=10; = Jg(t)

BBIPAXKAIOT W KaK QYHKIHUIO 2 B NapaMeTpPHYECKOM BHJE.

st 1pono/IXKEeHHsT aHaJH3a JIBYXMEPHOTO BojoBoga Tpefyercst
oTo6pasuth KOHTYp ABCDA mniocKoCTH @ TakXKe HA IeHCTBUTENb-
Hytlo ocb ABCDA naockocru ¢. Ilosoca ABCDA niockoctH w, mo-
Kasaunas Ha puc. 69, moxer ObITh OTOOpaxKeHa Ha BEPXHIOIO IMOJY-
IJIOCKOCTb ¢’ mpeobpasoBanuem w= (Ub/2n) In¢ (Tor XKe pucy-
HOK), a 3aTeM MOXKeT OBbITh OTOOpaKeHa Ha BEPXHIOK MNOJYIIOC-
KOCTb f TUHHEHHBIM Npeo6pa3oBaHHeM

t
2

p Tt

Takum o6pasom, (YHKUHOHAJbHAS 3aBHCHMOCTb MEXKAY W H
dw/dz cocrasaser

Ubl t—t,
on ‘M TFIT s

== )

50. Ilpunoxenue K UCTeYeHHI0O U OTKJIOHeHMIO cTpyH. Teopus
CTpy#l CBOGOZHOTO OYEPTAHHA MOMKeT ObITh MPHMEHEHA KO MHOTHM
HPaKTHYECKHM 3a4ayaM MeXaHHKH KHUAKOCTH. [Jsi HaJIocTpanuu
pasHooOpa3usa ee IPHUMeHEHHS IPHUBEAEM pellieHHe HEKOTOPBIX 3a1au
MeTozoM roporpada.

Koagppuyuent cocarus n/(n-+2). Ha puc. 70 mokasaubl rpaHHIlbl
JJIsl ABYXMEPHOTO HCTEUEHHSl uepes IleJb B HJAOCKOH cTeHKe Gecko-
HEeyHO GOJBLIOTO pe3epByapa W BCIOMOTATEJNbHbIE MJIOCKOCTH Q H f.
IIpeo6pasoBanue ot Q K { HecaoxHo: t=—ch Q. B mirockoctu ¢ Bce
JIHHHH TOKa HAYHHAIOTCS B co M KOHUYAIOTCS B HadaJje KOOpAHHAT.
Ecan nast yno6cTBa MaTeMaTHUeCKHX MPe0oOPa30BaHUl HIHPUHY CKa-
TOIl CTPYH NPOH3BOJBHO OOO3HAUYHTbL I, TO PAaCXOX B MJOCKOCTH Z
Gyner paBeH sV, a HANpsXKEHHE CTOKA B Havaje KOOPAHHAT IJIOCKO-
CTH ! TaKxKe cocTaBHT rtV;. OTciofa nosMyyaeTcst BTOpoe COOTHOIIEHHE
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w=—V;Int, u3 Kotoporo MoKer OLITb YCTAHOB/JIEH KOMIJIEKCHBIH
NOTEHL[H A,

Bpoab aunun toxa BC sHavenue 0@/ds=Vj, HO U3 mpeabIAyLIErO
paBeHctBa O0g/ds=— (V;/t)dt/ds, Tak uwro dt/ds=—t. Kpome Toro,
HOCKOJbKY BAOIb BC Q=ig u dx/ds=cos a, 00Jyuaercs

@y = ch (ia) = cosa = ﬂ, T. €.
ds ds

dx = dt.
Ortciona ropusoHTa bHOE cMellleHue dx oT Touku B no touku C pas-

HO f¢—Ip=1, TaKk uTO KO3 PHULMEHT CIKaTHsI, KOTOPBIH HpeACTaBIIs-
€T OTHOLIEHHE LIUPHHBI CTPYH K IIMPHHE OTBEPCTHS, COCTABJAAET

Cop = —— .
CK w2
® ®
_A B 0_ £ A BIC O E
)( oo -1 g o e

Pue. 70. OroGpaxenue MoTOKa, BHITEKAIOUIEro U3 [lejH

Ecnu TpebyloTesi NOMOJHUTENbHBIE NOAPOOHOCTH, TaKHe, Kak
ypaBHEHHe CBOOOMHON MOBEPXHOCTH MJIH H3MEHEHHE NaBJACHUS BIOJb
CTEHKH pesepByapa, pellleHue MOXKeT ObiTh 0ojee MOJHBIM,

Crpya, ydapsarowasaca o beckoweunoil naockuil 6apsep. Ecmu
JBYXMepHasi CTPYsT KOHEUHOH UIHPHHBI HanpaBjeHa NepreHIHKYyJIsp-
HO K OueHb GOJBIUION MJIOCKOH TACTHHE, OTKJIOHEHHE ee MPOHCXOIHUT
cummeTpHuno (puc. 71). Orodpaxenue ctpyun ABCDA Ha miaockocTh
rogorpada = (u—iv)/U paer BepXHIOI0 NOJOBHHY eJHHHYHOH
OKDYKHOCTH, KOTOpas 0ToOpakaeTcss Ha BepXHIO MOJYNJIOCKOCTE f
ripeofpasoBaHueM

1 1
t=— — (L4+ ).

2 { s
[ToToK B mJIOCKOCTH { 3KBHBAJEHTEH MOTOKY OT HCTOYHUKA HATpSIKe-
wnem Ub/m B Haua/je KOOpPAHHAT K CTOKAM ITIOJOBHHHOIO Hampsixke-
HUA B Toukax f=-41 u f=-—1. OTcioga KoMmJeKCHBI{l moTrenuyuan
JaeTcst BhIpaxKeHHeM

Ub 12
=_""1n
on 21

w
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W3 npeapiayllero COOTHOUIEHHS] MEXAY @ H { MOMKHO BBIBECTH
COOTHOILIEHHE MeXJy 2 U {, T. €. BBIpPA3HTb CKOPOCTb B 3aBUCHMOCTH
oT nmosoxkeHus. HuddepeHuuposanne w mno z faer

_ 2L/ 1 I )4t
¢= n(l—-§2+1+§2)dz’

OTKyAa HoJiydaercs

L:_Z_j'( Lo, ! )t = = (th™'+tg ™ ).

b x 12

1—2

-1 +1 u/U e op g+l

Puc. 71. Oro6paxeHne OTKJIOHEHHS CTPYH

Takum o6pasom, Ha naockoM Gapbepe, Tae 2=x U [=u/U, Haxonum

x 2 -1 u -1 u
— = th — +tg —|.
b by { U Tt U
[Tocnennee cooTHOLIEHHE H ypaBHeHHe DepHy/a/H mo3Boauau mo-
CTPOUTh rpaUK CKOPOCTH M IaBJ/eHHs, NpHBeNEHHBIH Ha pHC. 72.
JToT TNpHMEp paccMaTpUBaeT
ONHH H3 TMPOCTEHIIHX BH/IOB BCe-

/b BO3MOXHBIX KOH(UTYpalHi CTPYH,
KOTOpble MOTYT H3Y4aTbCA M0JL06-

HaKJ/JIOHHOH, TJacTHHA OGeCKOHEUHO

v UIMPOKOH ¥ HECHMMETPHYHO pacHo-

JIO2KEHHOH 1O OTHOLIEHHIO K CTpYe,
CTpPysl MOxKeT ObITb YacTHYHO Orpa-
HHUEHHOH.

[Ipeabiayuine BLIUHCJAEHHST HJl-
JIOCTPUPYIOT pasHble TEXHHUECKHE
C1ydad, OTHOCALIHeCS K TEOpHH

1 HeIM nyteM. CTpysS MOXKeT OBbITb

U 2 z cTpyfi cBobogsoro ouepranus. On-

g Ul /; 4/6  HaKO B HHXKEHCPHOH NpakTHKE HX
207 | BCTpeuaercs  ropasgo  Goablue.
Ony6niikoBaHHbIE paGoOTHl  AAIOT

o0Ilyl0 KapTHHY pelIeHHBIX 3ajau

H TpHMEHEHUH HX pe3yJabTaTos,

Puc. 72. Pacnpenenenne CKOpoO- B 6
CTH M JaBJEHUS TPH OTKIAOHE- O MHOTHX c¢Jaydasix HanooJiee Bax-
HHH CTPYH Hbl€ 3aJa4l CHJbHO OCJ/JOXHEHbI B
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JeTajfX, HO He B HUCIOJIb3YEMBIX MOHATHAX. [/l HEKOTOPHIX NpHMeE-
HenHH HeoOXOMUMEl UHCJAOBBIE METO/Abl HHTETPUPOBAHHS.

JloGaBJeHHs] K INEePEeUdCJCHHBIM IIpHMEpPaM MOIYT BCTPETHTbLCA
NpH U3YYCHHUH KAaBHTAUMH, BIHAHHS KOHCTPYKIHH BO3AYIUHBIX H BO-
ISHBIX TyHHeJeH, KO3((}HULUHEHTOB KOHYCHBIX 3aTBOPOB, NOTOKOB Ha
BOLOCAHBAX, KoJec [leqbToHA, MECTHBIX NOTEPb U NIPH IIPOEKTHPOBA-
HHUU TPAH3UTHBIX ceKUHuil. COOTBETCTBHE MEXKY BBIUMC/IEHHSIMH, OCHO-
BAHHBIMH HA TEOPUHU CTPYH CBOOONHOIO OuepTaHusi, U HAOJ/IIOJeHUIMH
[IOTOKOB peaJbHbIX XKHAKOCTeHl B OOJIbIIMHCTBE CJydYyaeB OUYeHb XO-
poiuee. Jlaxe 17151 SKBHBAJEHTHOTO CJyuasi TPEXMEPHOTO HJIH OCe-
CUMMETPHYHOTO IIOTOKA TaKHe XapaKTePHCTHKH, Kak KodGhQuIHeHT
CXKaThA H YroJ OTKJOHEHHS], C/AeNYIOT HAEHTHUHBIM 3aBHCHMOCTSIM.
B Gynyliem MOXKHO 0XKHAATh yBeJHUEHHs CJyyaeB OPHMEHEHHs 3TOH
Teopuu. [TosToMy HHeHep HOJKeH ObIThb XOPOLIO OCBEJOMJEH Kak
0 MOJIb3€e, TaK W 00 OrpaHHUYEHHUSIX BBILICH3/IOKEHHBIX KJaCCHUYCCKHX
MEeTOJ0B.

Mpumep 14. Tloayunte fBa THMa rojorpada AJs TedeHHsA co cBoBOAHOIl Mo-
BEPXHOCTBIO 32 IJIOCKON MJIACTHHOI, MepreHAUKY/IsIpHOA K PaBHOMEPHOMY IIOTOKY.

IlomyckaeTcs, 4To MOTOK HMeeT TOUKy OTpniBa B Hentpe B muacthupt CC/,
TaK 4TO pasjensioulas JuHUsA TOKa AB oTleasieTcss OT miacTuHbi 1 06pasyeT CBO-
goaxbe nmosepxuocty CD u C’D’, KOTOpEIe npocTHpaioTess B GeckoHeunocTb. Kpo-
Me TOro, CYMTAETCs, uTO JaBJEHHe B «cleje» NJIACTHHBI NocToaxHo. CaeioBaTellb-
HO, CKOPOCTb BJIOJIb CBOGOJHOH MOBEPXHOCTH TaKiKe NOCTOSIHHA W paBHA CKOPO-
CTH PaBHOMEDHOrO IOTOKA. 3HaHHe BEJMUMHbI HJIH HANPaBJAEHHST CKOPOCTH B pas-
JMYHBIX TOUKAX BIOJb pasjensiolilefl JHHHM TOKa I103BOJSIET HENOCPeNCTBEHHO
NOJTYUUTh roaorpadbl, NOKa3aHHble Ha MJIOCKOCTAX § H Q.



FanaBa V

JIAMHUHAPHOE NBHW)XEHHE

A. OcHOBHbBIE TOJOKEHHS

51. CooTHolleHHe MekK/Jy HamnpsKeHHeM H CKOPOCTbIO
JedopmMauun. XOTS OCHOBHbIE YpAaBHEHHST IBHXKEHHs y¥ke OblIH Ja-
Hbl B raase [I, Heo6X0AUMO yCTAHOBUTL 3[1€Ch COOTHOIIEIIHE MEXKIY
HanpsiXkeHHEM H CKOpOCTbio jAedopManuy, 4ToObl MOXKHO ObLIO Ha-
nHCaTh 3TH YPABHEHHUS B YLOOHOH A/5 npuMeHeHus popume. [1ocKonb-
Ky TOBOPOT KOODJAHHATHOH CHCTEMBl He BJIHSET HU Ha HanpsKeHHe,
HH Ha CKODPOCTb Ae(OopMaluH, HaNpaKeHHsa OYAyT BbIpaxkaTbCsd Kak
(QYHKIHH CKOpOCTeH JedopMalMH 0O TJAaBHBIM HalpaBJeHHAM,
a npeo6pasoBaHHe KOODAHMHAT OT CTapblX K HOBBIM OyJeT OCyIIECTB-
JIATbCS COTJIACHO YCTAHOBJEHHOMY 3aKOHY.

[1peoGpa3oBanne Hanpsi:KeHUH U CKOpOCTeH nedopManuy B CBSA3H
c npeo6pasoBaHHeM KOODJAUHAT yA0OHO NPOU3BOIUTDL MO CJAEAYIOMEH
cxeme:

P y 2
x’ 11 my 1ny
y' 12 my ng
F4 I3 ms n3

B KOTOpO# X/, y’ 1 2’ u3Meps1oTCA NO TJaBHLHIM HanpaBJeHHsM. Be-
JIUYUHBL [f, M; U 1) — HANPaBJAIONHE KOCHHYCHl OCH X’ O OTHOLIE-
HHUIO K OCSIM X, Y U 2; aHAJOTHYHO jaas ocell y' U 2’ nMeeM:

¥ =hLx4+my+nz

Y =Lx+my+nyz

Z=Lx+myy+ nyz.
190



Taxk kKak CyMMa KBaApaTOB HaNpaBJIsilOLIHX KOCHHYCOB paBHA €AHHHU-
ue, To

B+midni=0+mitni=10+ml+n

Jlasee, 13 ycJ0BHSI OPTOIOHAJBHOCTH IVTABHBIX HAIPAaB/JIEHHH Ciae-

AyeT, UTO
ily+mymy+nyn, =115+ mymg-Fnyng =
= lgly -+ mgm,; + ngny, = 0.

Omnpenenenye [, m 1 n Kak HaINpaB/sOUINX KOCHHYCOB NOfpa3y-
MeBaet, 4to [y, [ ¥ [3 IBASIIOTCS HANPaBJSIOLIUMHE KOCHHYCAMH OCH X
110 OTHOIIIEHHIO K IVIaBHBIM HalpaB/JeHHsIM, a M U 1 HIPAIOT aHaJjo-
THYHYIO POJIb fJ151 OCeHl y U 2, TaK 4TO

x=0Lx+ LYy +17;
y=myx +myy +my2;
z2=mx 4 nyy -Fnz2.

[TockoabKy cymMMa KBajpaTOB HAMpPaBJAAIIINX KOCHHYCOB paBHa
eIMHHIIE, TO

2 2 2 — 2 2 2 . pn2 2 2
B+ B4 =mi+ mi4 m?=ni+ni+ ni.
M3 opToroHa/NbHOCTH OCEH X, Yy U 2 CJEAYeT, UTOo

Lymy 4 lymy+ lymg = myng + myny +
+mgng=mn,l, +nyly+nsls=0.

Bce BoceMHanuaTh ypaBHEeHHH, COePKAIIHXCS B JaHHOM NYHKTE,
BBIBOJSITCS U3 CXeMBI peofpasoBanus. Ecin v/, v’ ¥ @’ 0603HavaoT
KOMIIOHEHTBI CKOPOCTH T10 HAalpaBJeHHsM COOTBETCTBEHHO X/, y' H 2/,
3aKOHBI Mpeo6pa3oBaHUS KOMIIOHEHTOB CKOPOCTH HAEHTHUHBI TaKo-
BBIM [IJI51 KOODJMHAT U JafoTcs TOH e cxeMoH. FIHTepecHO OTMeTHTb,
uto nuddepeniua bibie ONepaTopsl MpeodpasyoTcs Noxo6HO Koop-
NHHATaM, HalnpuMep

o ox 7] dy’ 0 9z 0

0
ax  ox ox Ehay’ ax a2’

l
6y’+ 8

7] 17}
:Zl—‘,‘+l2 ;o
ox 2

5]

Kax u B raase 11, ¢ neabio cokpalilenusi 3aUcH BBOAATCS CJAEYIO-
IIIHe CHUMBOJH /5 cKopocteil nedopMamuu:

ou dv ow
— i b=—y ="
Ox dy 0z

ow dv ou ow v ou
_— —— —— T —_— h = — —_—
f 6y+6z’g az+dx’ 6x+6y

Ecay 3TH CHMBOJIBI HCIOJb30BaTh AJ51 COOTBETCTBYIOLIHX BEJIH-
UHH B KOOpAHHATHOM cucteMe X', Yy’ M 2/, TO K HUM MOTyT OBbITH NpH-
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MeHeHBl 3aKOHB! IPeo6pa3soBaHusl KOMIIOHEHTOB CKOPOCTH, U mHbbe-
peHuHaJdbLHBIe ONepaTophl npe,tLCTaBﬂTCH B CJEAYIOLIEM BHJE:

a= (L by b |+ LY+ L) =

6u ov’ 0w’
— 12 2 2
1 ox’ + Zayr + 36 ’

Bennunusl f, g’ u A’ paBHBl HYJI0, MOCKOJNBKY HampaBJeHHA X',
Y W 2’ aBasiioTcs raaBHuiMH. Toraa

a="0ad + BV + L

b=mla" --m2b + mic

H T, A

— plpn’ 1 24 2 .
c=nja —ran +n3C, (117)
f=2(myn a +myn, b + mynyc’);
g=2(nlha +ny b + 3l ),
h=2(,ma +lm,b + lymyc’).
3TH BBIpaXKEHHS SBJsAOTCS GopMylaMu npeoGpasoBaHHs CKOPOCTEH
pedopmanuu.

J1s1 ynpouieHusi 0603HAUUM TJIaBHBIE HANPSIXKEHUS IO HanpasJje-
HusM x', ¥’ 1 2’ COOTBETCTBEHHO CHMBOJAMH G|, G H 03. Bo3bMeM Ha
rJaaBHBIX ocsix Tpu Touku A, B u C (puc. 73), Tak uto6p HOpMaJb
K nosepxHoctd ABC, paBHas s, coBmajgaja ¢ HalpaBJEHHEM X, H
pacCMOTPHUM CHJBL, AeficTBywolne Ha Maaeit Terpasap ABCO B Ha-

paBJICHHH X. HPEHBGPGI‘HH CHJaMH HHEPUHUH KaK YJICHAMH BBICIIETO
nopsigKa, NOJYYUM

0, A=0,(;088)l; + 05 (l5088) Iy + 04 (I3 0s) 5.

AHasoruuHble ypaBH@HHUS MOTYT ObITh IOJYYEHBI IIPH PACCMOTpE-
HHH CHJI, NCHCTBYIOIIMX Ha TETPa3JAp B HampaB/JeHHAX y H 2. [eas
BCe 3TH ypaBHEHMA Ha dS, HaHOeM:

— 2 2 2.
0, =0y {40, 5+ 015

— 2 2 2.
o __clml—|—02m2+03m3,

0, = 0,n% 4 0,13 -+ o, n3; (118)

Tys = Toy = My My Oy + My Ny Ty + Myl 0g;
Tpp =Ty, = My 1y 0y + Ny 1y 0y + 51504
Ty = Ty = Ly 0y + lymy 0y + [ymg 0.

ST GOpMyJaBl CAYKAT A8 BBIPAKCHHS HANPSKEHHH B HEKOTO-
PO MPOU3BOJILHOM NPSAMOYTOJNbHOH CHCTEME KOODJAMHAT Uepes riaas-
HBle HanpsXKEHHA.

W3 ypapHenuft (117) u COOTHOWIEHHU MEXAYy HaNpaBAAOIIUMH
KOCHHYCaMH cjelyeT, 4YTo

+b+c=a +b -+ =0, (119)
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rie 0-— MecTHas CKOpPOCTb OObEMHOrO pacuUIMpeHHs, paBHAsl HYJIO
JIJISS HeCXKHMaeMOH KHIKOCTH.

YpaBuenne (119) cosepuienHo peasbHO, TaK Kak CKOPOCTb pac-
IIHPEHHsT He JOJKHA 3aBHCETb OT BbIOOpPAa KOOPAMHATHOH CHCTEMBI.
Ananoruuso u3 ypashenu#i (118) BuznHo, uTO

Ux+oy+oz:61+02+03~

[IpuHaTOE paHee COOTHO-
nleHHe MeXJAy IJIaBHBIMHU Ha-
NPSKEHHUAMH W [JIaBHBIMH
CKOpOCTSIMH JedopMalHu Te-
nepnp J0OKa3aHo.

Ecnn u3BecTHO, 4TO rJjas-
Hble HaNpsXKEHHs OTJIHYaIoT-
CAd OT JlaBJIeHHS p Ha BEJHYH-
HBI, ABJAIOIIHECST (YHKUHSIMH
a’, b" u ¢/, CHMMETPHUHEIM 06-
pasoM, JAoNyul€HHe O JHHER-
HOCTH COOTHOLIEHHH IO3BOJSI-
€T 3alucaTh HX B CJELYIOIIeM
BHJE:

oy=—p-tA (@ +b'+c)+2ua’s  pue 73 T ; -
o= —pHA @+ )25 o mania oo
o= —p-+h (@ -b'-c)+2uc,

rjie A U pu — NMOCTOSIHHBIE BEJHYHHBI.
Ecau cs0xuTh 3TH ypaBHeHHs, yunThiBasi paBenctso (119), noay-
YUM

01 + 0x + 03 + 3p = (3L + 2p) 6,

OTKyZAa 32aK/J1I0YaeM, YTO MNPH HEeCKHMaeMol XHAKOCTH — p €eCTb
CpenHee 3HaUeHMe W3 IVIaBHBIX HanpsxeHui. Takum o6pasom, u3
ypasHenu# (117), (118) u (119) monyuaem:

Ux:_P+7¥9+2Ma; !

0, = —p -+ AB + 2ub,

0, = —p —+ A8 4 2uc; (120)
Ty = Ty = l"'f; Tox = Ty = NG,

Tyy = Tyx = PR f

D10 — HCKOMEIE COOTHOUIEHHS MEXK/Y HANpPSIKEHHAMH H CKOPOCTSIMH
JNedopMallH B JEeKapTOBBIX KOOpAHMHATAaX.

CxopocTn sepopmannii B OGBIYHBIX OPTOrOHAJBHBIX KOODAHHATAX
JaHbi B [PUJIOKEHHH. 3anHCh CKOPOCTel JedopMallid B APYIHX CH-
CTeMax KOODPAHUHAT HMEeT BU.:
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B IIUJIHHADHYCCKUX KoopaHnHarax
a :%’ b:,_l_(u_}_a_v)- c:ai-

or r \ 99 )’ oz’
B chepHUECKUX KOOpPAHHATAX
a= %;b:%(%—}—u);c=ﬁ-(§%+usinﬁ+vcosﬁ);
i:cs;ﬁ .%_}_slr;ﬁ.%(ﬁ);
1
e=R oz (%) Tomo 3
1
h= g R (E)

CooTHOmIEHHS MeXKIY HANpSIKEHUSIMH M CKOPOCTAMH AedopMa-
LUK OCTaloTCsl B BHJe ypaBHeHuit (120).

52. Qdusnyeckoe mnpejcTaBNeHHe BA3KOCTH. (dusuueckas cCyI-
HOCTb KO3 duLHeHTa |, NoABJAKLLIErocs B ypaBuenud (120), moxer
ObITb BbIfiBJEHA IPH PACCMOTPEHHH [BHKEHHS JKUIKOCTH MEXKIY
ABYMS TapajlieJbHBIMH MJACTHHAMH, BBI3BAHHOTO IepeMelleHHeM
OHOH M3 3THX MIJIACTUH B ee IJIOCKOCTH. B 3Tom ciayuae u=U y/b
(kak Gyzer nokasano nasee), v=0 u w=0 NpH yCJAOBHH, UTO b €CTb
CMelleHHe IJIaCTHH, y OepeTcs B HanpaBJ/eHHH, NEPIEHIUKYIIPHOM
TJIOCKOCTH MJIACTHH, a X 6epeTcsl B TOM HanpaBJeHHH, B KAKOM Iepe-
MellaeTcsl MAAacTHHA Co cKopocTthio U. M3 ypaBuenuit (120) BuiHO,
YTO HOpMaJIbHbI€ HaNpsKeHHUsI H30TPOIHBI H TOJIbKO KacaTeJbHbIe Ha-
NPSKEHUS Tyx H Txy, PaBHbie 06a pU/b, He ucuesatlor. Takum o6pa-
30M, p SIBJSIETCS] KO3((GHUIMEHTOM NPONOPLUHOHAJIBHOCTH MEXIY Ka-
CaTeJbHBIM HampsiKeHHEM H CKOpPOCTbIO AedOpMallud CABHra. DTOT
KO3 QHIMEHT BhIpaKaeT CBOACTBO JKUAKOCTH, Ha3blBaeMOe IHHAMH-
4eCKOH BSI3KOCTbIO.

B anasornuHOM ciyuae TENJIONPOBOXHOCTH MEXIY ABYMSI TODH-
30HTAJ/IbHBIMHU NJIACTHHAMM, HHXKHSIS H3 KOTOPBIX HMEET MOCTOSIHHYIO
3alaHHYI0 TeMIIePaTypy, a BEepXHss — HEKOTOPYIO Temmepatypy O,
KOJIMYeCTBO Teria, nepefaBaeMoro yepe3 XKUAKOCTb Ha eJHHHILY 11J10-
many J060f ropH3OHTANbHON MIOCKOCTH, paBHO kB/b, rune k — Ko-
5¢duuHenT TensonpoBoHocTH. Ecau peub uer He o TeMnepaType, a
0 Macce, TnepeMellaeMofl OT OJHOH I'DAaHHLBLI K APYrof, KOJHYECTBO
Macchl, IIepe1aBaeMol Yepes eMHHIY IVIOILAH B €IHHHIY BpEMEHH,
paBuo k’C/b, rne C ecTb pasHHL@a KOHLEHTPALMH y ABYX TPAHHI B
NpOIEeHTax Mo Becy, a &' — Ko3hdHUKEHT NPOBOAMMOCTH MAacCCHI.
CpaBnenne Buipakeuuit nU/b, kO/bu k’C/b nokassiBaer, uto K03¢-
(uILHeHT p COOTBETCTBYET kM R’ H, C/le0BATENBHO, MOXKET paccMar-
PHUBATbCS KaK NPOBOJHUMOCTb KOJIHUECTBA JBHKeHHSA. Ecau ¢ 0603-
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HauaeT YAEJbHYIO TENJIOTY (IPH MOCTOSIHHOM 0ObeMe H/IH IOCTOSH-
HOM [aBJIEHHH), BeJIMUHHA a=k/pc HMeeT paamepHocTb [L2T-'] 4 Ha-
spiBaeTCs TermaoBoll Anbdysueit. Maccosasa a1udPy3us Moxer OBITH
npejcTaBieHa BeNHUHHOH a’=Fk/p, KOTOpas TaKxke MMeeT pasmep-
goctb [L2T-!]. B TakoMm ciyvyae ecTeCTBEHHO pacCMaTpUBaTh H KH-
HEeMaTHUECKYIO BSI3KOCTb v=W/p, HMEIOILYIO Ty € pPasMepHOCTb, KaK
nubdysuIo KoHuecTBa ABHKeHHS. BeHUMHbL o, o' 1 v HMEIOT obilee
CBOYHCTBO, 3aKJ/I0YAIOLIEECs] B TOM, UTO BCE OHH SIBJASIIOTCS KHHEMATH-
yeCKUMHU Beanunuamu. OTHoWIeHHe v/ MJAH v/o' siBjsieTcsl ToOKasa-
TeJleM CIIOCOOHOCTH XHAKOCTH AU(P(PYHAHPOBATH KOJIMYECTBO JBH-
CHMSI TI0 CPaBHEHHIO C ee CHOCOOHOCTbIO AU QYyHIHPOBATH TEM/IO
WIM Maccy, 5TO OTHOUIeHHe HasblBaercs uucaoMm Ilpauarasa. [as
GOJBIIHHCTBA Ta30B Yyncyao IIpaHaT/1s HMeeT BeJHUUHY MOPsAKa eH-
HHLBI, AJs XKHIKOCTEH ero BeJHUHHA H3MEHSIETCSl B IUHPOKHX Tpene-
nax ot 0,01 anst pTyTH 10 5 1JA BOAHL

53. CKopoCTb JAHCCHMaunK 3Hepruu, B m. 27 Oblj0 MOKa3aHo, uTo
BbIpAXKEHHE

(6,a+0,b4 0,¢+ T, f 4 T @ + Ty h) 0x Oy b2

OmpenensieT CKOPOCTb, C KOTOPOH coBepuiaeTcss pafoTa IO H3MeHe-
HUIO 06beMa ¥ popMB UaCTHLB! KUAKOCTH. Ecau B ypaBHenusx (120)

BHIPA3HTh KOMIIOHEHTH HamNpSIKEHHsl Yepe3 KOMMOHEHTbl CKOPOCTM
nebopMaluy, pHBeleHHOe BbIpaKeHHe MPUMET BHI!

[—pB - AB2 + p (2a® + 2b% + 2¢% + f* 4 g% + h?)] Ox 8y dz.
JIaisl MOTOKOB HeCxkHMaeMoi KXHAKocTH, Korga 6 =0, ato BBIpa-
JKEHHE MOXKeT ObITb 3aMEHEHO CJeYIOLIHM:
g 0x 0y 8.

31echb
g = p(2a® + 20% 4 2¢* -+ f2 + g% + h?) (121)

npefcTaBasierT AMCCHIALNIO MEXaHHYCCKOH SHEPTHH B eIHHHILE 00D-
eMa 3a eJIMHHIy BpEMEHH BCJEICTBHE NeACTBHS BSI3KOCTH, HasblBae-
MYI0 AHCCHIIAaTHBHON (ynKuueH. DHeprus, tepsemasi MpH BSI3KOCT-
110l JUCCHUIIALMH, TIpeBpallaeTcs B TEMJOTY H fIBJSETCS HEBO3BpaTt-
noft. M3 ypapuenuss (121) caenpyer, uto pdcCHIaTABHAS (DYHKIUS
CTPEMHUTCS] K HYJIO TOJBKO €CJH CKOPOCTb AedopMaluu TakxKe CTpe-
MHTCSl K HYJIO, T. €. TOJBKO B cayyae GBICTPBIX TlepeMEIleHnil 1 Bpa-
IIeHUH TeJqa.

Ecau cKOpoCTh 00BEMHOrO pacuiupeHHss 6 OTJIMYHA OT nyJsi, HO
Jedopmanus U30TPONHA, TO

a=b=c=—g— Hf=g=h=0.
[TpuBeaeHHOe Bbile BblpaKeHHe NMPHHUMAET BHJ
[—pe + (x +% u) 62]6x6yéz.
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HesosBpatuas yactb paBHa (A+ %9)92; L+ %u Ha3bIBaeTCs

06 bEMHOH BA3KOCTBLIO.

Npumep 15. Tlokaszarb, uro obllas CKOPOCTb AMCCHIALMH B HECXKHMAeMOH
BA3KOH JXHAKOCTH MOXeT ObITb INpeAcTaBJjeHa BbIpaXKeHHEM

ave Il mn
" S‘mzdw/—ps‘sﬁdé‘q‘—?py u v wldS,
' S S1En ¢

B xoTopoM N ompefenseT HOpMalb K NMOBEPXHOCTH, a [, m, n— HampasJsiollHe
KOCHHYCBI HOpMaJIH.
BriuTeM u3 ¢ynkuuu & n. 53 Beauuuny 2 02, xoTopas paBHa HYJIO:

.ﬂ ﬂ.._{_aw 2._/_at.t_>2+ _._.av 2+ 224_2—_6” ﬂ_{_
(6x+6y az)“(ax ay) 62) ax Oy
Lg% e 08 o
oy 0z 0z ox
Ortcoga BUAHO, UTO
ov dw ov ow Ow ou ow ou
e:p,m‘l__4p,——.—_.——.——— ———_—————~_Il_
oy 0z 0z dy 02 0x 0x 0z
o )
0x dy oy 0x
0 ﬂf o ove 17} o2

—uw? — 1 | —— . . P
& =po ”[ax o "oy oy T ez e

0 0
+a—y(w§—ug)+;<un—v§)].

HJTH

[ -2 [7.?7 (of —wn) +

DTO MOXHO NPOBEPHTH NOACTAHOBKOH
V2 = 42 + 0% - w?
£ ow ov ou ow ov ou

oy oz ' " ez ox ox oy

NpHHMMas BO BHHMaHHe ypaBHEHHe Hepas3phiBHOCTH. Hcronnsys Teopemy I'pusa H
HETETrpHpPYSI NPEAIecTBYIOllee BbIPaXKeHHe Ms €, NMONYYuM Tpefyemoe ypaBHEHHE.

b. Ypasuenus Habe — Crokca

54. Buisop ypaBHenuil. [locse BBeJeHHA YpaBHEHHH
(120) ocrHOBHBIE ypaBHEHHs JBUKEHHs B [€KapTOBLIX KOOpAMHATAaX,
naHHble B 1. 26, IpHHAMAIOT Gosee CrielH(pUIECKHit BUL:

Du __op 90 2.

oo = PX— TRtV

Doy 9 9% 2.

05 =Y —5, + @A) Vi (122)
Do __ 7 % % 2

Py =0L— -+ A+ ~tuvie.
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B HuX, no npeabigyliemy,

D a i} 7} d
—=—du—“4v—+w—,
Dt ot dx dy dz
a y?— onepartop Jlanaaca, paBHbIi

02 02 02
P=
v dx*  dy? @ 02
Ecau ®UAKOCTb HECXKHMAaeMa H €CJIH MacCOBBIE CHJIBI MOTYT GBITb
BbIPAKEHbl Uepe3 IPajUeHThl MOTEHIHAJbHOH CHJBI Q, 3TH ypaBHe-
HHSl IPHHUMAIOT TaKOH BHI:

Du 0 2.
Py = ax(p+p9)+uvu,
Do 0 2,
Por = T P et uviy; (123)
Do 0 2
P = az()!H—tt)Q)Jrqu.

ITono6unie ypaBuenus Obiin mosyyensl Hasbe, Komu u Ilyacco-
HOM B HayaJ/le NPOLKIOTO CTOJIETHSA, HO OHH 6a3HPOBAJHCh CKOpee Ha
MPOU3BOJILHBIX JONMYyLIEHHsAX, YeM Ha yueTe MOJIEKYJSIPHOTO B3aHMO-
nedcTBUs. HblHEIIHHA cmoco® BbIBOJZA 3THX YpaBHEHHH OTHOCHTCS!
K CPEIHHMM TOZaM NPOLLIOro ctoserHst H odpopmien Cen-Benanom n
CrokcoM. CBOe HaHMEHOBAHHE ypaBHEHHs MOJYUHJIH IO HMEHH mep-
Boro (Hasbe) u mocaennero (Crokca) uccmenoBaTtedeil.

Ypasnenusi Hasbe—CTOKCa B OGBLIYHBIX OPTOrOHAJBHBIX KOOPIH-
Harax NpPUBEJEHbl B NPHIOKCHHH. B HUIHHIADHYECKHX KOOpPAHHATAX
(r, 9, 2) oHUW HMEIOT BHL:

=—air(P+pQ)+u<V”u-—r—‘;—’—i-%);
=—%'5%(p+99)+u<vzv+%-%—%); (=

[ Jw ow v Ow dw
—tu—+—. = Jw—|=
(at + or T r 00 + 62)

__ 9 : 2
=— P+ +uve,

rue

0?2 1 a 1
2= —_—— _ . — —,
ar"‘—}_r c')r_l_r2 +

\%
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B cdepuueckux KoopiauHatax (R, @, @) 3Td ypaBHEHHs HMEIOT
BHI:

du ou + Ou w Ou vz—l-w?) .
(‘a?+u“+ "% " Rsin® 9 R
__9p+09) 2 v
R +“(V “TR TR
_ 2etgd 2 O_w)
R? R2sin® d¢ /'
ov ] __wicig®
Nt =
p(az ‘ R 0ﬁ+Rsmﬁ 6<p+ R )
. _ﬁL a(p—}-pQ {2 2 ﬂ . v o -
= TR THVeTt R2 3% Rfsint® (125)
. 2 cos & 0w)-
R2sin® 09
ow v Ow w Ow wv ctg @)
p(’&+ R TR 00 T Remo 0(p+ et TR R~
1 9(p + pR) (2w — w
" Rsin® o +H\V R?sin?d
+ 2 Ou 2cosp  du
R?sin® op R2sinZ{ O(p)
rje
N a) 1 Kl )
-, % — _— smﬁ—~
v R? OR (R 0R + R2sin ¥ ) ( 00 +
L
R2sin? ¥ 'Oqﬂ.

Ecin Bce KoOpAHHATHl H3MEPEHH B eMHHIIAX XapaKTEPHON AJH-
Hbl d, BCe KOMINOHEHTH CKOPOCTH BBHIPA:KEHBI B €IHHHUIIAX XapaKTep-
Hol ckopocTH U, Bpemsl HamepeHo B enuHuuax d/U W naBjaeHde — B
envHunax pU?, ypasuenus (123) npHHEMAIOT BHJI

’ 1 ’
(?ﬂ) = 0P ey g (126)
Dt ox’ Re

B ypaBnenusax (126) sce BennuuHbl Ge3apasmepHbl, a Re=Ud/v
ecTb yuca0 PefiHonbaca. I1pucyTcTBHE B 3TUX ypaBHEHHSIX BEJUYHHE
Re kak mapamerpa NMoKasbIBaeT, 4TO IJs MOAOOHBIX NOTOKOB HECHKH-
MaeMOH >KHAKOCTH JOJI2KHO He TOJIBKO COOJMIONATbCSI TeOMeTpHue-
CKoe moao0He, HO U 0CTaBaTbCsl MOCTOSIHHBIM yucyo Pefinoabaca. Xo-
T Re ABJAAETCS eIUHCTBEHHBIM NapaMeTpoM, SIBHO MOSIBASIONIHMCS
B ypaBHeHMH (126), ero moxer 0KasaTbCs HEAOCTATOUHO AJSA A0Ka-
3aTeJbCTBa NOJOOHS JaxKe NOTOKOB HECXKHMAEMBIX KUAKOCTEH, IJs
KOTOPLIX COCTaBJeHbl ypaBHeHHs (126). Ecau rpanuma mnoToxa He
AABJISIETCS] HENOABIJKHOH, a NpeacTaB/sieT CBOGOMHYIO NOBEPXHOCTDb
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WJH TPaHUUY C JPYTOH KHAKOCTHbIO, uncna Ppyna u BeGepa moryr
0Ka3aThCsl MOCTOSIHHBIMHM B 3aJ1aHHBIX TPAHHYHBIX YCIOBHSIX MPH TOY-
HoM obGecleYeHHH NoA00US TeueHHH.

55. YpaBHeHHs, onHchiBawomHKe nudPysuio puxps. KoMmnoHeHTH
Buxps &, m u { Obl1H onpeneneHsl B ryase Il kak

g0 . w_dw . O ou
dy 0z’ 17 % ox ' dx oy
MO}KHO MMoKa3saTb, 4YTO 3TH Bblpa}KeHI/IH y,U,OBJIeTBOpHIOT ypaBHeHH}O:
ot an ot 0 12
s L 9n , % 7
ox T dy + 0z ( )

st HeCxKUMaeMoii xKuAKOCTH ypaBHeHus1 HaBbe — CTOKCa MOTyT
OBbITb 3aMHCAHH TaK:

ou . 0B 3.
E—v@—!—wnw—a‘; + v v
dv . 0B 2.,
5 w§+u§———6y +vvyiy;
0w _ —_ 9B 2

o un + vk = 6z+vv w,

rae v=p/p, a B npexacrasiasier Tpexuien BepHyuain
B=ly2yp P 4
2 P

[Tocae uckaouenns B mepekpecTHHIM aubepeHUHPOBAHHEM H
o0belnHeHHs ypaBHeHHi (4) u (127) oHM MPUHHMAIOT BHA:

DE _gou | pou  pou 33

Dt 0x+n6y +C0z TYVE

D 8 9 9 .
b~ 55 Ty Lo vy (128)
Do _gl2 4 09 4 p0w 2

Dt E<ax+na_z/ +Caz+vv ¢

M3 stHX ypaBHeHHMH, OMHCBLIBAIOIKX AHGDY3HIO BHXPEH, MOKHO
ClenaTb BayKHbIE BHIBOJDI.

Bo-mepBbiX, MOCKOMBKY YC/10BHS E=n={=0 SIBHO NAIOT pelleHHe
5THX YpaBHEHHH, OHM TaKkKe MpPeJCTABJAAIOT pelIeHHe YypaBHEHHH
Hapbe — Crokca, H3 KOTOPBIX 3TH ypaBHEHHS MOJYYEHbl. TaKHM 06-
pasoM, eCJH NOrpaHHYHBIE YCJOBHSI HE YUHUTBHIBAIOTCSH, MOTCHIHAJb-
Hble TeueHHsi, KOTOpble ONHCBhIBAIOTCH YpaBHEHHEM Hepa3PhLIBHOCTU
IpH OTCYTCTBHH KOMIOHEHTOB BHUXDS, NPEACTABJISAIOT OJHY U3 HOpM
TeueHUsl BA3KOH xuAKOCTH. ONHAKO, NOCKOJDbKY B IOT€HHIHAJIbHBIX
MOTOKaxX BCerfa HMMeeT MECTO NPOCKaJb3biBaAHHEe 10 HENOABUIKHOM
TBEPJOH IpaHUIe, TO TaKHE INIOTOKH MONKHO IMPEeACTaBHTb, TOJBKO
€C/IM [BUXKCHHE KaXKIOH uYaCTH TBEPLOH TpPaHHUbLI OCYUIECTBJSAETCH
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C MECTHOH CKOpPOCTBIO, PABHOH MpeACKa3aHHOH MJA XKHIKOCTH TCOPH-
el 6e3BUXpeBOro TeueHus. Korma TeuenHe BSI3KOH JKHIKOCTH 6e3
BpallleHHs NpeACcTaBjasgeTcss TaKUM IyTeM, JlannacHan KOMIIOHEHTOB
CKOPOCTH paBed Hy/o. CiefoBaTesqbHO, WIeHH ypaBHeHHa (123),
BKJIIOUAIOIHe BSI3KOCTb, HCUE3HYT, U MOINBITKA COCTaBHTb ypaBHEHHE
SHEPTHH H3 3THX ypaBHeHHH (Kak B 1. 27) C HECKOJILKHMH uJeHaMH,
COMEepPKAIIUMH BSI3KOCTb, OYEBHAHO, He yAacTcs. ITO, KOHEUHO, He
03HauaeT, YTO B MOTOKE BSI3KOH XKHAKOCTH 6e3 BpallleHHs] OTCYTCTBY-
eT JUCCHIAIHA HepTHH, HO0, Kak OyieT NOKasaHo jaJgee, 3a HCKJIO-
YeHHeM INDPOCTEHIIHX cjaydaeB MepeMellleHHs HJIH BpallleHHs TBep-
IBbIX TeJ, uJeHbl, cojepxkallue AehOpMaALHIO, HE HCUe3al0T B IIOTOKE
6e3 BpallleHHsl, H AHCCHNATHBHAs (DYHKIHS MO3TOMY HE CTAHOBHTCH
PaBHOH HYJIIO.

OrtcyrcTBHe J11060T0 H3 UJEHOB, BKJIOYAIOIIHX BS3KOCTb, B yPaB-
HEHHH 3Hepruu 17151 0e3BHXPEBOTO YCTAHOBHBILEroCs HJIH HEYCTAHO-
BHUBILIETOCA NOTOKa B JeHCTBHTEJBLHOCTH O3HayaeT, 4To B JI0OOH
00J1aCTH MTHOBEHHAS] CKOPOCTb IMCCHIAIIHH SHEPTUH, BBI3BAHHOM BS3-
KOCTbIO, TOUHO KOMIIGHCHPYeTC MTHOBEHHOH CKODOCTbIO COBeplile-
HHA paboOTHl BS3KHX CHJ Ha rpaHule 3Tod obgactH. B uacrHocTty,
€CJH CKOPOCTb OOTeKaHHs1 0Oe3BHXPeBBIM MOTOKOM TBEPAOTO Teja
(1IOBEpXHOCTb KOTOPOTO JIBHXKETCS B COOTBETCTBHH C TEOPHEH MOTEH-
[HaJIbHOTO TeUeHHs!) NMOCTOSIHHA, ANCCHNALHA 3HEPTHH BO Bcelt 06-
JIaCTH NMOTOKA B TOYHOCTH PaBHAa CKOPOCTH, C KOTOPOH COBEpIIAeTCs
paboTa BSI3KOTO CABHTa MO [BHXKYIIEHCA I[OBEPXHOCTH TBEPAOTO
teqa. [IpumepaMu 6e3BHXPEBOTO BHXKEHHS BSI3KOH KHUAKOCTH MOTYT
CJAYXKHUTb JABHKEHHE XKHIKOCTH B HEOTPAHHUEHHOM IIPOCTPaHCTBE,
BbI3BaHHOE BpallleHHEM UHJIHHADA OeCKOHEUHOH MJIMHBI, H IBUKEHHE
MeXJ1y KOHUEHTDHYECKMMH NHJIHHAPaMH, BpallaiOUIUMHCA C YIJO-
BHIMH CKODOCTSIMH, OOpaTHO INPOMOPIHOHAJBHBIMH KBajpaTaMm HX
paauycoB. DTO NMpPOCTble BpalllaTe/bHBIE [IBHMKEHHS, KOTOpPble MOTYT
ObITb BOCIPOM3BEJEHbl HA NMPAKTHKE, NOCKOJIbKY CKOPOCTb, HaJjarae-
Masi TBepJOH IrpaHuILel, NOCTOSHHA.

[Tpu ucuesHOBeHHH KHHEMAaTH4eCKOH BSI3KOCTH ypaBHeHusi (128)
NOKa3blBAIOT, UYTO €CJH KOMIIOHEHTBl BHXPS PaBHBl HYJIO IJs Ka-
KOH-TO YacCTH JKHAKOCTH, OHH OYIyT OCTAaBATbCsl PAaBHBIMH HYJIO H
BIpEAb, T. €. OyIeT COXpaHATbCS Ge3BUXPEBOe NBHKeHHe. [10CKO/b-
Ky COCTOSIHHE TNOKOSI fIBJsieTcsl Oe3BUXPEBBIM COCTOSIHHEM, BCSIKOE
JBHKEHHE HEBA3KOH XKHJIKOCTH, HAUMHAIOUIEECS U3 COCTOSIHHS MOKOSI
noJ BO3AeHCTBHEM CHJ, UMEIOLIMX MOTEHIHAaJ, HOJXKHO OCTaBaThCs
0e3BHXpeBBIM. DTO OODBACHSET TECHYIO CBSI3b MEXKAY HEBSA3KOCTBIO
JKHJKOCTH H 6e3BHXPEBBIM ee IBHKEHHEM.

Hekortoprle, BO3MOXKHO, NONBITAIOTCS 3aK/IIOYHTD, UTO faxKe eCJIH
KHHeMaTH4yeCKass BSI3KOCTb HE paBHa HYJIO, ypaBHeHHs (128)
BCE K€ YKa3bIBalOT Ha TEHAEHIIMIO K COXPaHEHHI0 Ge3BHXPEBOTO CO-
CTOSIHHSI BO BCEM IOTOKe. OQHAKO NMOCKOJbKY Ge3BHXPeBOe TeueHHe
BCETlla I0ApasyMeBaeT HaJHu{e NPOCKAIb3bIBAHHS Y HENOJABHKHOM
TPaHHUIL], TpeOOBaHHE OTCYTCTBHsI €ro /Ui BSI3KOH KHAKOCTH He-
COBMECTHMO CO CTpEMJIEHHEM COXpaHEHHs! 0e3BUXPEBOr0 COCTOSIHHS
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B noToke. Ec/n NBUXKEHHE HauMHAeTCs, HAPUMEp, U3 COCTOSIHHS IIO-
KOS, 1 HAKIaJBIBAETCS YCIOBHE OTCYTCTBHSI NMPOCKAaJ/b3bIBAHHS, BHX-
pu 0053aTeNbHO OYAYT 3aPOXKAATbCS, Y HEMOJBHIKHOM IDAHHUB H
AHGGYHAHPOBATE OT Hee B TOJILY MOTOKA.

Jl1s 1BYyXMEpPHOrO [IBHMKEHHs ypaBHeHus (128) cmoasTca x Ta-
Ko#l mpocToi popme:

DL _ o
o=V (129)

rie y:— IByXMepHBI# onepatop Jlamiaca.
Ecau { aBasiercst dyHKUMEH TOJABKO { U LUUJIHHADHUYECKOH KOOpPIH-
HaTHl 7, ypaBHeHHe (128) nmpuHUMaeT BUL,

o _ e 1
at —V(Brz_l_ ; 'ar)’ (130)

[OCKOJIbKY KOMIIOHEHTH CKODOCTH IO 7 HCUe3aloT, H Bce JpyTHE Be-
JHUYHHBl 3aBHCAT TOJBKO OT 7,

MoxHO nmokasaTb, UTO ypaBHeHHe (129) HIEHTHUHO NOLOOHOMY
ypaBHeHHIO AH(}Py3un Tensna B AByXMepHOH obJjacTH. DTa Tenyaosas
aHAJIOTHSI CcO3/aeT oyeHb yHoOHBbIHA cnocod uiaocTpauuu auddysuu
BHXDPEH OT HCTOYHMKA. [IUAHHAD, BpamaloUHHCs B &KHIKOCTH, MOXKHO
paccMaTpHBaTb KaK HCTOYHHK BHXpeH, a TEOMETPHYECKH MOJOOHBIN
HarpeTolfl crepXeHb KakK HCTOUHMK Telsa. Ecau paguychl 3THX ABYX
IHJIHHADPOB NPHHUMAIOTCS CTPEMSILIMMHUCS K HYJI0, B TO BpeMsl Kak
HX HampsiKeHHS (UUPKYJSALMSA H COLEPKAHHE TelJa) OCTaloTCs IOo-
CTOSIHHBIMH, OHH OYAYT NpEACTaBJATb B NIpejene JHHEHHBI BHXDb
H JHHEeAHOe pachpejej]eHHe KOHEYHOrO KoJaHyecTBa Temsaa. Ecau no-
cjeqHee BBOJUTCS BHE3aMHO B HEKOTODPbIA GECKOHEYHBIH NpPOBOLHHK
IIOCTOSIHHOH TeMneparypbl, fJo6aBJaseMoe Temao 6yner ZHGyHInpO-
BaTb BO BHEHIHIOIO Cpely, MoKa (uepe3 GECKOHEUHBIH IIPOMEXYTOK
BpeMEHM) TeMmIepatypa (T. €. KOHLEHTpallusl TelJa) He BepHeTcd
K CBOEMY HayaJbHOMY 3HayeHHIO BO BCEX TOYKaxX. AHaJOTHYHOE SIB-
JeHHe Oyner HaO/I0JAaTbCA NPH BHE3ANIHOM BBEICHHH JHHEHHOTO
BUXPs1 B 0e3rDaHHYHYIO KHIKYIO Cpely, HaXoAsLlylocs A0 3TOTO B
NOKoe: 3aBHXPEHHOCTb Ha J000M pajHaJbHOM pacCTOSHUH Oyaer
MOCTENEHHO YBEJIUUUBATLCS, 4 3aT€M YMEHbINATbCH, MOKa (KaK TeM-
nepatypa B IepBOM cJayyae) yepe3 GeCKOHEUHBIH IPOMEXYTOK Bpe-
MEHH UMPKYJSILHA CTAaHET NOCTOSIHHOH BO BCeX TOYKAaX, T. €. MOTOK
CTaHeT onsATh 6e3BuxpeBbiM. Ecan obpasyiomeMycs JUHEHHOMY BHX-
pIO MpHAaeTcs HyJeBas LUPKYAALHUS, OyIET MPOUCXOJUTb 06DATHHIMA
npolece, M0Ka ONATb-TAKH CHOYCT HEKOTOpOe BpeMsl LHPKYJSIHUS
CTaHET paBHOH HYJIO.

Ecau Hanpsixxenue Buxpsi 0603HauyuTh I'y, pacmpesiesieHHe 3aBHX-
DEHHOCTH JJI ABYX IPOLIECCOB MOXKET OBITh 3aMHCAHO TaK:

rt r*
Go=— e M = o
4nv ty 47 vy
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CnpaBeannBocTb ypaBHeHHs (130) moxeT ObiThb 10Ka3aHa HeENo-
CPEACTBEHHBIM AH(pdepeHuMpoBaHueM. MaMeHeHHe { BO BpeMeHH I10O-
Ka3aHOo Ha pHC. 74, a. [TocsenoBaTebHble H3MEHEHHUSI B MOTOKE MOXK-
HO OYeHb HATJSJHO NPEACTABHTb, €CJAM NOJYUYHTh paclpepeseHHue
CKOpOCTeH AJIA ABYX C/yuaeB, HCXOAS M3 XapaKTepa 3aBHXPEHHOCTH.
[Tockonbky r{=0(rv)/0r, cKOPOCTb NMpH yueTe HauaJbHBIX YCJIOBUI
MOXXeT ObITb HalieHa MPOCTHIM HHTerpupoBaHHeM. B mepBom cayuae
HMeeM BHUXPb HanpsukeHueM I'o/2m, Tak uTo rovg=TIo/2n; BO BTOpOM
caydyae BUXPb OTCYTCTBYeT, Tak uTo rovo=0. Takum o6pasoM, npuse-
IEeHHble yDaBHEHHs NOCJE MHTETPUPOBAHUS NAIOT BbIPAXKEHHS:

a) 7

¥y UV lt,0

Puc. 74. Nuddysnsa 3aBUXPEHHOCTH OT NHHEHHOrO BHXPA

r r? r r2
Ul =—oe 4““; U2= _.9.(1..——..6 4Vf2)’
2nr

rpa@HKH KOTOPBIX AJsl MOCHENOBATENbHBIX MOMEHTOB BPEMEHH f MO-
KasaHbl Ha puc. 74, 6.

[pumep 16. [Tonyunts u3 ypasHenus Hasbe—CroKca I/l HECXKHMAEMOH KU~
KOCTH YpaBHEHHSI CKOPOCTeH M3MeHEeHUs TpexuieHa Depuyanu B; ompenenutsV 2 B.
U3 rnaser 11 ussecruo, uto

Du ou a(vez/2
ﬁ——_—?—}_,—(ax ) + wn + oL
IMoacranoBka B ypaBHeHHe (123) naeT Tpu ypaBHeHusi caefytolied (GopMbl:
0B du
T ox T ot +wn—wf—vviy,

rape
V2 p
=5+t
Y
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B cayuae YCTAHOBHBLIHXCA YCJOBHH MOXKHO IOKa3aTh NOC/eL0BATEIbHbIM
nepeMHoxenueM Ha u/V; v/V, w/V, uto
0B v

e V(uvzu+vvzv+wvzw).

—
Ecau y2V=0, to B=const Bionb JHHHH TOKAa, KaK NPH TEUEHHH HEBHA3KOII
JKMAKOCTH., B mpoTwsHOM c/lydae TpexuleH Bepuysanu usmensercs BAOJb JHHUI
TOKA B 3aBHCHMOCTH OT BSI3KOCTM H PAaCHpeleseHHs CKOPOCTH. DTO H3MeHeHHe
MOXKeT ObLITb MeCTAMH NOJIOKUTENbHbIM WM OTPHIATENbHEIM.
B caydae TeweHHA BA3KOH JKHAKOCTH ¢ u=f(y, 2), v=0, w=0,
0B 02u  0%u )
22 ==z
Ox t oy? 022
Ecnu, nanpumep, u=4un (y/b — y*/b?), xak na puc. 75,06, 10
0B — 3 Vi,
0x b?
Benuuuna 2B MoxeT ObiTb HpejiCcTaBieHa TaK:
g on 0¢ 0g an 0g
1B =— @ f-u —~——)+v 2 g ———).
v oy oz 9 ox ax oy

Unensl, cojlepxKalliie v U MeCTHBIC YCKODEHHs, COKPaIllaloTcs BCJEACTBHE He-
Pa3pLIBHOCTH; TAaKNM 06pasoM,

v B = —(rot 7)2 -+ Vorotrot 7.

Tpenebperas 4ieHamp BTOPOTo TOPSAKA ManocTH, noayunMy2B=0.

B. Tounsie peinenus ypasuenuii HaBbe — CToKCa

56. JiuHeilHOe ycTaHOBHBIeecs ABH:KeHHe. XoTsA ypaB-
neHus: HaBbe — CTOKca H3-3a Ha/J H4Hsl KOHBEKTHBHEIX WIEHOB B 00-
uieM cayuyae He JuHeHHBI, HMeeTcss ocofasi TPyHNa IMOTOKOB, NMPH KO-
TOPHIX 3TH WieHbl HCue3aloT. Pemrenne cucteMbl AH(QepeHHanabHbIX
ypaBHenu#l, cocrosimiell 3 ypaBHEHMs ABHXKEHHA, ypaBHEHHA Hepas-
PBIBHOCTH M PPAHHYHBIX YC/JAOBHH, /IS TAKHX IIOTOKOB OOBIYHO OYEHb
HECJO0XHO, 0CO6EHHO NIPY YCTAHOBUBIIEMCSH TEYEHHH.

MoxKH0 NoKasaTb, UTO Ui JAMHHAPHOTO TEUCHHA MEXKAY [ABYMS
rOpPH30HTa/bHBIMH TJACTHHAMH, HAXOASIIMMHCS HA PacCTOAHMH b
JAPYT OT ApYyra, OfiHa H3 KOTOPBbIX HEeNOBHXKHA, a Apyras ABHKETCs
B COBCTBEHHOH IINIOCKOCTH ¢ TOCTOSIHHOH cKopocThbio U B Hampasue-
HHH X, CKOPOCTH BCIOJly HanpaBJdeHbl B CTOPOHY ABHKEHHS IJIACTHHBI
H ONpPEessIOTCH BbIpaKeHHeM

u= -, (131)

eCJIH MCIOJAb30BaHLl 0003HaueHdHs ypaBHeHu#l (123), npuyem y H3-
MepsieTcsi B HampaBJeHUM, NepHeHAHKY/JISPHOM IJIACTHHAM IIPH HX
HauaJbHOM T0JI0XKeHHH. TeueHHe, onucbiBaeMoe ypaBHenunem (131),
OGBIYHO Ha3bIBalT naockum mortokom Kystra (puc. 75, a). Jdas te-
YeHHMs MEeXJIY HIBYMSI TODH3OHTAJIbHBLIMH NJACTHHAMH, CO3/aHHOTO
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NOCTOSIHHBIM TPAJIHEHTOM I[1bE30METPHYECKOr0o Hamopa /= (p+Qp)/y
B HalpPaBJCHHUHU X, U U W CHOBA HCUE3AIOT, 4 U €CTh (PYHKIHS TOJBKO
Y ¥ ONpPENEe/IAeTCA H3 MEePBOrO PaBEHCTBA CHCTeMbl ypaBHeHHH (123):

Pu __y dh

oy? noods

[BaxKapl HHTErPUPYS 3TO ypaBHEHHe W NPHAABAs MOCTOSIHHBIM
MHTErPUPOBAHHUS TaKHe 3HAUEHHs], KOTOPble YIOBIETBOPSIOT yCIOBHE
OTCYTCTBHS NPOCKAIb3BIBANHS 110 IIJIACTHHE, 10JVYaEM:
vy dh

= — e, —— 2
u= o by — ), (132)

raie b — cHoBa pacCToOsIHHE MEXKAY MJIACTHHAMH.

’ ,
Vet ‘f/f/‘
) u -4
T
*Q[ <
> o
|
7y S iz iz,

Puc. 75. JlaMHHapHDI} MOTOK MeMAY NMApaIeAbHLIMH IPaHHLIaMH

Teuenne ¢ Takum pacnpesesenneM CKOpocTell HA3HIBAETCS MIOC-
KHM Tyased/ieBCKHM TeueHHeM (pHc. 75,6).

HeiictBre CKOJIb3AANIEl OMOPBI MOMKHO I0SCHHTh, paccMaTpHBast
TBEPAYIO NJIOCKYIO MOBEPXHOCTh KOHEUHON JJIMHBI, CJErKa HaKJOHEH-
HYIO TI0 OTHOIIEHHIO K TOPH3OHTAJBHOA MJIOCKOCTH, HaXOMSILIeHCs
HaJ Heil Ha HeGOJIBbIIOM PAaCCTOSIHHH, KaK N0KasaHo Ha pHc. 76, e
HAaK/MOH M pPaCCTOSIHHE MeXIy IIJIOCKOCTSIMH TpeyBeandeHpl. CKo-
POCTb TNepeMelleHHs] TOPHU30HTAJbHOH TIJIOCKOCTH oGo3Haueda U.
M3-3a HakJIoHA HHKHENl NUIOCKOCTH B JKHIAKOCTH, Haxojsuleficss B
KJIHHOOGPA3HOM TIPOCTPAHCTBE, NPH HAJBHTaHUH BepXHEH IJIOCKO-
CTH B HanpaBJ/eHHH x OyleT CO31aBaThCsl MECTHBIH rpajHeHT HaBJe-
HUSL (rHAPOCTaTHUECKHM 3((eKToM npeHeGperaem), HecMOTpS Ha
PABEHCTBO JaBJICHHII Ha KOHUAX 3TOrO MPOCTpaHCTBAa. IlpuGiau3n-
TEIbHOE YCTAHOBJEHHE pacupefefeHds [JaBjeHHs Gasupyercs Ha
BEPOSITHOM NONYIUEHHH, UTO TEUEHHE B JIIOOOM MONEPEUYHOM CeUeHUH
MOXeT GbITh [0/Iy4eHO KOMGHHAIHEN ABYX TeueHHil, pacCMOTPEHHbIX
B TIpEHIECTBYIOIEM NMYHKTE.

M3 ypasrenuit (131) n (132) cneayer, uto pacxon Ha eIHHALY
HIMPUHBI COCTABJACT

Ub dp b3

= \ludy =— — =X,
J y 2 de 120’
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rae (Ha oCHOBaHHH pHc. 76)
b:bl——z—(bl—~b2) =b —ax.

Peuienue pas IpajueHTa AaBJE€HHA UMEET BHI

dp  6ulU 12 ng
dx  (by—ax)® (b — ax)3
/

LLLLL L LNV ALl RIS

e 7

Puc. 76. Teuenne 3a cKosb3sweil onopoit

HMurterpupoBanue ero naer

6ul/ 12 ug
a (b, — ox) 20 (by — ax)?
B nocgeanem pasenctBe g u C MOT'YT OBITb ONpPEeAeJCHbI MO yCJ0-

BUIO p=po npH x=0 n x=1 (ruapocratuueckum 3¢hHeKTOM npeHe-
6peraem):

6ul 12 pg Uby b
C: po-——L + _P-___; — 27172 .
aby 2ab} bi+be
MTax, OKOHUATEABbHO MOMYUHM

61 Ux (L — x) (by — bs)
Lb? (by + be)
MaKcm\zaJleoe 3Ha4Y€HHe HaxoAUTCH ClipaBa oOT cpeﬂﬂeﬁ TOYKH

ONOpHI, KaK MOKAa3aHO Ha pHuC. 76. I/IHTGFpMpOBaHHG HHTEHCHBHOCTH

JaBJieHHs Ha JJKHe L JaeT MOJIHYI HOPMAaJabHYIO CHJY Ha eIMHHLY
LWIHPUHDI ONIOPHI

pP=po-+

p— SuL (Ine—25=]).
b2 (c—1)2 c+1
rae c=b/b,.
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QueBujHO, UTO P HcyesaeT NpPU NapanaedbHBIX MAOCKOCTAX (Aast
KOTOPBIX ¢=1) W penaeTca OTPHIATEIbHBIM IPH €, MEHbLIEM €NH-
uuibl. JuddepennupoBanne mo ¢ ¥ NPUPABHHBAHHE DE3yJbTATOB
HYJII0 AaeT ¢=2,2 i COOTBETCTBYIOILIEeE 3HaueHue P:

0,41 pUL?

2
bm

PMaKC =

L ]

rae b — cpeaHnee pacCTositHue MeX Y ITOCKOCTSIMH.

XoTs pe3yabTaThi, NpUBeAeHHbIE B 3TOM IYHKTE, CTPOTO FOBOPH,
He ABJAITCA TOUHBEIM pellenHeM ypaBHeHH# Haebe — CrTokca, OHH
HJLIIOCTPHPYIOT MPUMEHEHHe IBYX TOUHLIX PELICHHH, paCCMOTPEHHBIX
B NpeAbIAYIEM TYHKTE.

JlamuHapHoe JIBHKEHHE MeXNY KOHIIEHTPHYECKHMH LHIHHADAMH
J1A4BHO NpHUBJEKAJIO0 BHHMaHHe Hccieposaresell. Teuenne HecxKumae-
MOH MHIKOCTH, CO37aHHOE BpalleHHeM JI060ro NUIHHADPA C IOCTOSH-
HOH YIJIOBOH CKOPOCTBIO £2, H3BeCcTHO Kak motok Kysrra. Pacmpene-
JIeHHe CKOPOCTH MIJisi 3TOrO NMOTOKa cJjelyeT HHTErpaJy ypaBHEHHS
Hasbe — CToKCa B NUJIMHAPHYECKHX KoopauHaTax (r, 8, 2)

Dv uw y Oh s, 4 2 Ou v)
—t—=— . — v v — — ,
Dt+r pr 66+ (V T

2 08 r? )

rae v o603HAauUaeT KOMIIOHEHT CKOPOCTH B HalpaBJeHHH YBeJHde-
HUs 6. B sTom ciaydae NpHBeIeHHOEe DaBEHCTBO MpeBpallaercs B
0o6bIKHOBEHHOE TH(DdepeHInanbHoe YpaBHEHHe

_42_0 1 dv v
dr? r dr re

[punsas peuenne B GopMe v=r" K NPUMEHHB 1= * 1, C yueToM
IPaHUYHBIX YCJIOBHH MOMYUHM

erlz r%
0= — —rl; u=0=uw, (133)

2 2
ry—rp N T

rjie ry— paauyC Bpaularoumerocst BHYTDEHHETO muardHapa H ro —
paauyC HENMOABHXKHOIO BHCUIHETO IHJIHHADA.

B Beipaxenuu (133) nepBbift uieH B cCKOOKaxX MpeaCTaB/sAeT Bpa-
[IaTeJbIIOE JBUMKEHHE, KOTOPOE SIBJAsIeTCS] 6e3BUXPEBBIM, HO AUCCHTIA-
THBHBIM, B TO BpeMsl KaKk BTODOH W/JeH COOTBETCTBYET BPALIEHHIO
TBEpPLOTo Tesaa H SIB.ISIETCS YHCTO BpallaTeNbHbIM, a MO3TOMY HEHC-
cunaTHBHBIM. YpaBHeHue Hapbe — Croxca IJif 4 CJYXKHT TOJBKO
AJIS1 OnpefeseHHs] H3MEHEHHS be30MEeTPHYECKOTO HaNopa MpH H3Me-
HEeHHH r, ypaBHEHHE 51 @ NpeHebpeKHMO.

JlamMHHapHOe TeueHUe B TpyOax TakKe OTHOCHTCS K SIBJEHHSAM
BSI3KOCTH, HCCJI€IOBAHHBIM aHAJUTHUECKH M SKCIlepuMeHTa bHO. Pac-
npefeNeHne CKOpoCTH B Tpy6Ge paglycoM a, CO3JaHHOE NPOAOJbHLIM
rpajHesTOM INbe30MEeTPHUECKOr0 Hamopa, NoJgyyaercss HENOCpeiacT-
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BEHHbIM HHTErpUPOBAHHEM COOTBETCTBYMWOLIEro ypaBHenusi Hasbe —
CToKCa B IWJIHHAPHYECKHX KOODAHHATAX:
y dh
4n  dx
Takoe Teyenne u3BecTHO KakK notok XareHa—Ilyasefisnsa. Tounoe pe-
IIeHHEe UMEETCS U AJS MPOAOJAbHOrO MOTOKA Yepes KOJblleBOe MPOCT-
PAHCTBO MEXY KOHIEHTPUYECKUMH IUJIHHIZpaMu. OHO MOXKeT OHITb
HaJioXKeHo Ha noTok KyaTra.
YpaBHeHHe IBHMKEHHS IJI paBHOMEDPHOrO: IOTOKAa B Hampa.Jie-
HUH X 1[I0 BOJOBOJAY I[POH3BOJBHOIO TOMNEPEYHOro CEeUeHHUs TAKOBO:
0%u 0%u Yy Oh

=5 (135)

(@®—r?). (134)

JlBa ApYrux KOMIIOHEHTa CKOPOCTH PaBHBl HYJIO, MO3TOMY pac-
IpelesieHye /aBJEHHSI B IONEPEUHOM CEUYEHHMH SIBJSeTCS THApOCTa-
THyecKuM. EciM nmomepeyHoe ceueHHe INpPEJCTABJSET DPaBHOCTOPOH-
HHH TPEYrOJbHHUK CO CTOPOHAMH b M €C/JH HayaJo KOOpJAHHAT MOMe-
L1EHO B IIEHTP TSAXKECTH MOMNEPEUHOro CeyeHHs, a OChb y lnapajijiesbHa
OJHOH U3 CTOPOH, TO pellieHHe TaKOoBO:

 V3y b
u-———-ﬁ—pbug Z—F;—l'/—_&: X
X 3y—— N(2—)"3y——L_Y\. (36
(z+1/ V?)(g ) 3y 3) (136)

Ono ynoBseTBOpSsieT He TOJBKO NpeAblAyliee YpaBHEHHE, HO TaK-
e yCJIOBHE OTCYTCTBHS NPOCKAJIb3bIBAHHS HA TPaHUIaX MOMEPEYHO-
ro ceyenus. [l NpsMOYroJbHOrO MOINEPEUYHOr0 CeYeHHs] CO CTOpPO-

HaMH @ 4 b B HanpaBJeHHSIX Yy U 2 NpeAblAyllee YpaBHEHHE TIpei-
CTaBUTCS B BHJE!

=]
oh . mmy | mnz
=Y Zyy—a) + Zsm— Y4, ch™E
2n  ox a \ a
PHe M — LeJJoe YMCA0. DTO ypaBHEHHE, OYEBHIHO, YIOBJETBOpSET
rpaHuyHble yc1oBHa u=0 npu y=0 u y=a. Koadduiuents A, H
B, 10/KHBL OBITH ONpeJe/eHbl B COOTBETCTBHH C 'PAHHYHBIMH YCJIO-

BuAMH u=0 npu 2=0 u z=b. Ecad rpanuyHoe yciosue npu z=0
YJIOBAETBOPAETCS, TO

N B
2n ox

+ Bmshflz), (137)
a
m=1

e
. m
y—a) + Y, Apsin™,
a
m=1
oTkyaa kKosddunueHt A,, MoxKer OHTb onpejpeneH no QGopmyJe
dypbe:
a

M 2
y(y—a)sin ™ dy = e ﬂ(cosmn-—l).
a wmd wt dx

oh
Ap= S .2
na  0x

Oy
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I'pannyHOe ycioBue npu 2=b=na TpedyerT, 4TOCHI

vy o

=55 yy—a)+ Z sinﬂ(Am chmna -+ B,, shmn x).
" x a

m=1
Ilpu cpaBHEeHHH ¢ PAaBEHCTBOM Jjist 2=0 BHIMM, 4TO
Anchmnn 4 B,shmnn = A,.

Otcrona
Ap(chmnn —1)
B,=—"—— 7

shmn n

S
)

]

L]

T —

~Nia (5 . K‘m
kw

25—

\\_
r———— ] 04 —1
521
0 05 10 15 20
£
)

Puc. 77. Pacnpenenenne CKOpPOCTH B TPYGONPOBOJE NpPSIMOYrOfb-
HOTO NONEPeYHOTC CeueHns

Hocae takoro onpenenenns kosddunuentos A, u B, pemenue
ypaBuenus (137) sasepmaercs. Ha puc. 77 nokasanwl B Geapasmep-
HOM BHJIE H30TaXu Nnpu a/b=2.

3agaya JiaMHHARPHOTO TEUCHHS NPH NPOLOJLHOM TPAafHEHTE IIbe-
30METPUYECKOrO HANopa B JAJUHHOM BOJAOBOJAE NOCTOSIHHOTO, HO TIPO-
U3BOJIBHOTO MOMEPEYHOTO CEYEHHS B CaMOM OOINEM CJyyae MOMKET
pelraTbest WM KOHGOPMHLIM OTOOpayKeHHeM, UM METOJOM pesak-
cauuu. [ag pemrends HCXOAHOTO ypaBHEHHs ABHKEHHST yAOOHO BBe-
CTH HOBYIO NEPEMEHHYIO

Yy Oh
w=u— 1. gy 2,
p  ox
KOTOpas yAOBJIETBOPACT ypaBHeHHIo Jlamaca
02 1251 02 1251 _ 0
oy? 922
H VIOBJETBOPSET TPAHUYHBIM YCJOBUSIM B COOTBETCTBHH C OTCYTCT-
BHEM NPOCKaJb3biBaHHA. TaKuM 00pa3oM, ecqiM MOXKET OLITh Halije-
HO OTOOpaXKeHHe NMONEPEYHOTO CEUeHHs Ha KPYr, TO 3ajaua CBOJHTCA
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K 3amaue Jupuxje ajas xkpyra. C Apyrofl CTOpPOHBI, METOJ peslakca-
L[HH, onMcaHHbifl B 1. 39, Tenepb BHoJHe pocryned. Ciaenyer 3ame-
THTb, YTO B COOTBETCTBHH C HCXOJAHBbIM yDaBHEHHEM J[(BHXKEHHS CDel-
HSSl CKOpPOCTb, B3fTasi MO MaJOH OKPYXKHOCTH (B IJIOCKOCTH Y2)
BOKDYT IIPOH3BOJbHOH TOUKH B KHIKOCTH, BCErja MEHbLIE, YeM CKO-
pPOCTb B 3TOH TOUKe. VIHBIMH CJ0BaMH, TOPMO3ALIEE BJIHAHHE CTEHOK
nmepefaeTcs CHJIaMH BSI3KOCTH KaxIOH TOUKe B KHAKOCTH. Marema-
THUECKH 3TO BBIPAXKAETCSA NPOLECCOM PeJaKCALHH, KOTOPbIH ABJIAET-
Csl ONHMM H3 METOJNOB IOCJIEe0BATEJAbHBIX NPHOJNHMKEHHH [ OLEH-
KH BJIMSIHHSI M pELIAIONICH DOJIH FPAaHHUYHBIX YCJIOBHH 1/ BCEro Io-
TOKa.

Tor ¢axr, YTO CKOpPOCTb JAMHHAPHOrO NOTOKA B Tpybe [IpONIop-
[{HOHAJbHA CMELIEHHIO TOHKOH MeMOpaHbl (HAaTAHYTOH IO momepey-
HOMY CEUCHHIO), OODBACHACTCA NPEBOCXOAAUIMM AaBJCHHEM C ONXHOMN
ee CTOpPOHBI. DTO siBJeHHEe OblI0 BIepBble oTmMedeHo [Ipanaraem u
NOJIYYHJIO Ha3BaHHe MeMOpaHHOH aHaJjoruH. CMmenienue § membpa-
Hbl B HATIpaBJACHUH X ONpeAeasieTcss ypaBHEHHEM

028 | %% op

> 022 T’
rae 8p — pas’HOCTb JAaBJieHHil A0 ¥ mocae MemOpanbl, a T—noBepx-
HocTHOe Harskenue. [logoOHe 3TOro ypaBHEHHA HCXOAHOMY ypaB-
HEHHIO JBHXKEHHs OueBHAHO. Tak Kak rpaHHUHbIC YCJIOBHS HICHTHU-
HBl, & ¥ § HCUe3aloT Ha FPaHHLaX IoNepeyHoro cedyeHus. Takum 06-
pasoM, NpaBu/bHO NoA00paB §p, MOXKHO JOOUTbCA YHC/JIOBOIO COBIA-
JICHHSA U U §.

57. HeycraHoBuBILeecs JBMXeHHe, ONHCBHIBAEMOE JHHEHHBIMH
ypaBHeHHsiMH. 3ajaud HeyCTaHOBHBIIErocs MOTOKA, A KOTOPOro
HeJMHeHHble claraeMble B YpaBHEHHSX [IBHXKEHHSI HCUe3aloT, B 00-
nleM BHJe PelLIaloTCsl HCNONb30BAHHEM TAaK HA3bIBAeMbIX COOCTBEH-
HbIX, QYHKUHHA. PerieHus noaydaioTcs M0BOJABHO NPOCTO AJS NPSAMO-
YTOJILHOTO HJIM KPYIVIOTO TMOMNEepPeYHbIX CeUeHHH.

[IpumeHeHne coOCTBEHHbIX (YHKLHMH Jyulle BCEro NPOHIJMIOCT-
pHpOBaTb, pacCMaTpHBasd INOTOK HECXKHMMAEMOH MXKHJIKOCTH MEXAY
IBYMsi OECKOHEUHBIMH NapaJJeJbHBIMH IJACTHHAMH, Paclo/J0XKEeH-
HBIMH Ha PaCCTOSTHHH b OfiHA OT APYroil, ABHKYIIUICS 1107 JEHCTBH-
€M rpajHeHTa Mbe30METPUUECKOr0 HANopa B HANpaBJEHHH X, MPH-
JIOXKEHHOTO B MOMEHT BpeMeHHU f==0. YpaBHeHHE ABHKEHUS [IPH 3TOM
cocTaBJsierT

Ou vy 0h | 0

—Vo
at p Ox ay?’
eCJIH OCh Y TepNeHAHKYJAspHa niacTHHaM. [IpH pacmosiokKeHHH Ha-
Yyasa KOODAHHAT Ha CepeliHHe pacCTOSIIUS MEXAY IJIacTHHAMH
ACHUMIITOTHUYECKOE paclpejieleHie CKOPOCTH JaeTcs caeayiouteli dpop-
Mo#i ypaBHeHuda (132):
dh | b?
wy=— LB )
2u  dx ' 4
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CxopocTb 37ech 0003HaU€HA Uy, TAK KAK OHA OTHOCHTCH K PELIEHHIO
yCTaHOBHBLIerocs aBixxeHHd. [IpH wu,=u- uy, obo3HavamOIIEM He-
YCTAaHOBHBIIYIOCSH YacTb 4, NPHBEAEHHOE AH(depeHIna bHoe PaBeH-
CTBO IPHHHMaeET BHJI
ot ay?

Eciu nBHKeHHe HaUHMHAeTC H3 COCTOSHHUs IIOKOSl, TO BHAuaje Uy
JOJI2KHO OBITb paBHO —Uy. Pa3mesneHueM nepeMeHHBIX { H Y MOMXKHO
HalTH, YTO coS My exp (—m?vt) yIOB/IETBOPSIET NIPUBEAEHHOMY AU -
¢$hepeHuHaJbHOMY ypaBHEHHIO. Tak KaK Uy JOMKHO HCUE3ATh IPH Y=
==*b/2, m MoXeT NPHHHMATb TOJbKO 3HaueHus (2n+1)w/b, rue
n—moboe He OTPHUATEJNbHOE Ie10€ YHC/IO0, NPH KOTOPOM YIOBJET-
BOPAIOTCA TPaHHUYHbIE YCJAOBHS. DTH BEJHUHHBI A Ha3bIBAIOTCH COO-
CTBEHHBIMH BeJIHUHHAMH ¥ GYHKIHU cos(2n+ 1) ny/b — coGcTBEHHDI-
MH GyHKUHAMH. Tak Kak cymMMma

«©
2 1) m —
U, = Z A, cos @t ) ny —~entryasis (138)
b
n=10
yIOBJIETBOPSIET yPABHEHHIO ABHXKEHHSI H IPDaHHUHBIM YCJOBUSM, OC-
TaeTCs TOJMbKO ONpeneauTb A, ¢ yueToM, uTo U, =—uy npu t=0. Ho
M3 yCJIOBHS
< on 1
Z A, cos Cnt Ny u,
b 3
n=0
ko3 dunuent dypoe A, noayuaercs no popmyJe
b/2

An = % Y_uycos W‘;&dy

Taxum obpasoM, 3azaua peureHa nogaHoctsio. Ilpu ¢, npubanxa-
soeMesl K O@CKOHEUHOCTH, U, corjacHo ypasuenuio (138) npuban-
XKaeTcs K HYJAI0 M ¢ npubJMKaeTcss K pelleHHIo /s YCTAHOBHBIIE-
rocst JBHIKEHHS ty. DNIOPHl CKOPOCTEH B pasHuYHBIX CTAMHSX pas-
BHTHSI YCTaHOBUBIIErocs ABHKEHUSA MOKa3aHbl Ha pHC. 78.

B cayuae npsMOYrogpHOro MONEPEUHOro CEueHHsl MPHMEHSIETCS
TOT XK€ METOf, 3a HCK/JIOUeHHEeM TOro, UTO HCIOJb3yeTcsl ABOHHOM
psa @ypee. s KPyrJioro U 3JJHOTHUECKOTO NONEPEUHBIX CEUeHHH
coOCTBeHHbIe (YHKUIHH SIBISIOTCA COOTBETCTBEHHO (yHKIMsiMU Dec-
ceas H pyuxuussmu Mary. [Tocsieanue noka eue He TaGyJHPOBAHBL
Meron perienns ux, OJHaKO, HIEHTHUEH NMOKA3aHHOMY Ha MpHMeEpe
TEUEHHST MEXKAY Napas/ieJbHBIMH TJ1aCTHHAMH.

Ecau rpajHeHT nbe30MEeTpHUECKOro Hamopa MpOH3BOJLHO MEHS-
eTcsl BO BPEMEHH, TOJNbKO UYTO HAlJeHHOe pelleHHe MOXKeT ObIThb HC-
M0/1b30BAHO JI/I51 TTOCTPOEHHST HCKOMBIX DeIIeHHH 10 MEeTOAy Ha/l0¥kKe-
nust dioamens, SBISAIOIEMYCS OOBLIUHEIM METOAOM B TEODHH TeIIO-
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nposoanoctd. CornacHo mertony Jlioamens, eciau pacrpejeseHHe
CKOPOCTH MNPH BHE3aMHOM MPHJIOKEHHH H NOCTOAHHOM MOJJepKa-
HUHM €IHHMYHOIO rpajHeHTta gasHo ¢yukuuedt O (y, z, ¢), To gasa me-
peMeHHOro rpajauenta f(f) 3To pacnpefiejieHHe COCTaBJafeT

t
u={0g, z,t—r)ﬂggi’dhuf(om)(y,z,t). (139)
5

Cwmbica ypaBHends (139) TakoB: mJoIaab HOA KPUBOH QYHKIHH
F(T) MOXeT paccMaTpHUBATLCA KaK COCTOAIIAs M3 NMOMyHECKOHEUHBIX

q50 -
\\ /F_OD
\ \/
025 <
\q/
| leo 003
3\,@ /
-025 ~
-0,50
0 02 04 06 a8 10
ST
b2dp/dx

Prc. 78. VcranopiieHHe NaMHHaPHOTO ABUIKEHHS MEXAY I1apaJ-
NeNbHBIMH TPaHNIAMH

noJoc nocTosiHHoH wHpuHE. K mosaoce mupunoi f(0) ILOﬁZ:jBJI;;}OTCH
(v
, (7)
Pemenue [(0)®D(y, z, ) coorBercTByeT nosoce mupuHoi f(0), a pe-
wenne D (y, z, t —v)df(tr) — nomoce GeCKOHEUHO MaJOH IHHPHHBI
df (v), naunnawomefics npu f=r1. Cl0kKeHHe BCEX NMOJOC TaeT ypas-
nende (139). Merox Hdroamens oueHb mojesed, TaK Kaxk BO BeCex
IPaKTHYECKHX CJydasix ACHCTBYIOLINE CHJLI HE TOJBKO IIPHAATAIOTCs
IIOCTENeHHO, HO W H3MEHSIOTCS NMPOH3BOJIBHO BO BPEMEHH.

58. JIBHKEHHe, ONUCHIBAEMOE HEJMHEHHbLIMM YpaBHeHuaMU. Ecau
HeJHHeHHble caaraeMble B ypaBHeHHsuX HasBre—CTOKca He HCue3a-
IOT, MOJIyYHTb TOYHOE pCLICHHE, YIOBJIECTBOPSAIOIIEE YCIOBHIO OTCYT-
CTBHS IPOCKaJb3bIBAHUS HA TBEPABIX FpaHHLAX, OGBIUHO OYEHb TPY-
AHO. MI3BeCTHH TOMBKO MATb CYILECTBEHHO DA3JHUYHBIX M (DH3UUECKH

yepe3 HHTEPBAJBl BPEMEHH T MOJOCH WUpHHOH df (T) nau
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3HAQYHMBIX pelleHHHl Takoro poxa. Cambie BasKHble W3 HHUX MpHHA-
qaexat buaasuycy (1908), Xefimenny (1911) u I'ameno (1917). Ta-
MeJb TIPH HCCAeJOBAHMH Bpalllaiollierocss IOTOKAa, JHHHH TOKa
KOTODOTO SIBJASIIOTCS TaKXKe JIHHHAMH TOKa COOTBETCTBYIOLIUX TOTeH-
UHaNbHbIX MOTOKOB, CTOJNKHYJICSA C3ajadell yCTaAHOBUBILIErOCH IBYX-
MEDHOTro TeyeHHA BA3KOH KHIKOCTH MexXIy HemapaJJenbHbIMH IJa-
cTHHaMH. Bckope mocde storo Kapman ony6/aukoBasa npeo6pasosa-
HHsI, KOTOPHIE CBOAHJIM 3aJauy O IOTOKE, CO3JaHHOM BpallaloLUuMcs
IHCKOM, K CHCTE€Me YeThipex OOBbIKHOBEHHBIX IH(pdepeHa bHbIX
ypaBHEHHH; OHM OblIM pewtensl Koxpanom Gosee uem yepes HecsTb
ser. Kak 6yner nokasaHo, pacuersl KokpaHa xopomo NoxTBepH-
JIUCh IS JlaMHHapHOH 06JacTH SKCIepHMEeHTaJbHBIMH paboTaMu
Psi6ymuHCKOro, MpOBOAUBILIErO HCCJIEI0BAHHS TaKXKe H B TypOyJeH-
THOH 06/1acTH. [10TOK MeXAy ABYMs BPAaLlAIOWKMHCS 1apaslebHb -
MH JHCKaMd OBbl1 CPaBHHTEJIbHO HelaBHO paccMorpen Ulyabuem-
['ponoseiM 1 Batuenopom (1951), HO Tak Kak ero perieHne MoxeT
ObITb TOJNy4eHO M3 NpeobpasoBaniii Kapmana, To 3To HccaenoBaHHe
HeJb3s NPH3HATbL CYLIeCTBEHHO HOBLIM. 3afaya O IBYXMEpPHOM IO-
TOKE Ha IJOCKOH MN/acTHHe Gblla MOJHOCTBIO pellieHa Buasuycom H
XefAMEHUOM, a pemieHHe IS COOTBETCTBYIOUIEHl OCeCHMMeTPHHHOII
3afayn Obljao MORoGHEIM ke 06pa3om mogyyeHo XomaHHOM. ToyHoe
pelieHue [Js1 KPYrJIoH JIAMHHAPHOH CTPYH Gbljo BBHINOJHEHO COBCEM
HenaBHO CKBalpOM, 3TO peuleHHe SIBJsieTCs MaTeMaTHUeCKOH aHa-
JIOTHel peuwleHHst [amena Agd noTtoka MexAy HemapaJJeabHbIMH
nnacTHHaMy. OLHAaKO ero He3aBHCHMOE peLIeHHE NPHOJIH3HUTENbHG
Ha roj paHblie ObJIO 1aHO B KPAaTKOM BHIe SITCeeBbIM KaK OMHO H3
TOYHBIX pelieHuil ypaBHenuss HaBbe— Croxkca.

Tor ¢axkr, yto Bce mosmyueHHbIE TOYHBIE PEIlEHHS MOATBEPKAAIOT
AOMYyWeHHST TEOPHH MOTPaHMYHOro caos (cMm. raasy VII) mas mau-
Ooslee BaKHOH 06J1aCTH TeUEHHS, sIBJSAETCS, BO3MOXKHO, HaHGOJee
CYUle€CTBEHHBIM P€3yJbTaTOM 3THX pellieHui. L3-3a HemocTaTka Me-
CTa 3JeCb NMPHBOASATCS TOJbKO TPH pelleHus: [amens — BeaegcTBHe
€ro HEMOCPEeACTBEHHOIrO OTHOLICHHUs K SIBJEHHMIO oTpbiBa; Kapmana
1 KokpaHa — TaKk KaK OHO HJTIOCTPHDPYET POJIb HEHTPOGEKHBIX CHIT;
XeitMeH1a — 6/71arofaps €ro TeCHOH CBA3H C pelleHHsIMH THIA TIO-
TPAaHUYHOrO CJIOA A/ MOTOKAa MO3aJH Tesa NPOH3BOJABbHOH (GOpMBL.

Teuenue mexcOy nenapariesvnoimu niacTunamu. Kak HeomxHO-
KPaTHO OTMeYaJoch, B HANOPHOM INIOTOKE XHAKOCTH, NMPOTeKaroulef
Mo TPyGONPOBOAY, OTPLIBA OOBIYHO HE NPOHCXONHT NIPH CyKEHHH (3a
HCKJIOYEHHEM CJyyasi Pe3KOro U3MeHeHHs (POpMBI IpaHHI), HO O
IOYTH BCeria HabJa04aeTcs NPH PACIIHPEHHH. DTO HECOMHEHHO 06b-
AICHACTCA TeM (AKTOM, YTO NPH CXKATHH NIOTOKA NAaBJEHHE yMeHbIa-
€TCs, a NIPH PaCUIMPEHHN ero AaBJjeHHe yBeJqHuYuBaeTcs. Tak Kak 3a-
Aaya o MOTOKE MEeXJy Hemapa/ljelbHbIMH NMaCTHHAMH HMeEeT CTpo-
roe peuIeHHe, KeJaTeNbHO NPUBECTH €ro /s JYYLIero NMpejicTasJe-
HUS MeXaHu3Ma oTpbiBa. Kak 6yler nokasaHO fajbHeAnM aHaJdH-
30M, CXOJSIMEC JIaMHHADHbIE NOTOKH MEXKAYy HemnapaJsJelbHBIMH
NIaCTHHAMH BCEra CBOOOMHDBI OT OTPHIBA, TOIA KAK PACXOAALIHECS
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JaMHHapHble NIOTOKH MOKA3bIBAIOT OTPLIB, €CJAH YroJ MeXAY NJIaCTH-
HaMH{ NpeBLILIaeT npejes, 3aBUCALIMA OT KPUTHUECKOro uHcaa Pefi-
HOJIbAICA.

Hasa ananu3a 3agaud ynio6HO BOCIOJb30BaTbCS LHJIHHADHUECKH-
MH KOOpDAMHATaMH, y KOTODBIX OCb 2 fIBJISIETCS JHHHEH NepeceueHHs
TPaHHII, r — pPACCTOsSIHHE OT 3TOH JHWHHH, a § H3MEDPAETCSH OT MJIOCKO-
CTH, pasfesollel nonogam AByXrpaHHblil yroJ, o6pa3oBaHHbi# rpa-
HHIAaMH. Ecjan notok B ZOMOJHEHHe K ero ABYXMEPHOCTH SIBJSETCS
YKCTO pajuaabHbiM, v=w=0, H MATErDHPOBaHHE ypaBHEHUs Hepas-
peiBHOCTH d(ru)/dr=0 HenmocpencTBeHHo naet u=/(0)/r. CooTreT-
cTByIoliHe ypaBHeHHs Hasbe—CTOKCa TOrma UMeOT BHJ

Y LR, SN A
rn p o r’
0= _l,_%+2v£

pr 90 '’

rie IWITPHXH NPEACTaBJAAIT INOCJefoBaTeqbHOe AH(depeHupoBa-
HHe Qynkuuu f(0) no 6. M3 3THX IByX paBeHCTB moJyuaercs

oyl
vh=2u- 4+ 4 C. (140)
3nech £ u C —mnocrosinuble. M3 Bcex Tpex ypaBHeHHil cjedyeT, uTo
Fraf+L re=o

HurerpupoBanne 3TOro BHIPaXKeHHs NoCAe yMHOXKeHHs1 Ha 2f
HZaet

1 = o (g — 3vkT — 6/ — 9, (141)

rie g — elie OAHAa NOCTOsIHHAsi HMHTerpuposaHusi. Pemenune 3TOro
ypaBHEHHS Jaercsi HEKOTOPOH 3JJHNTHUECKOH dyHKUHeH — QyHK-
uneii Beliepmrpacca. OcHOBHBIC CBOHCTBA MOTOKA, OXHAKO, MOTYT
ObITb paccMOTpeHbl H 6e3 3HaHHS 3TOH YaCTHOH (DYHKIMH.

JBe noCTOsIHHBIE HHTErpHpOBaHUsI B ypaBHewuu (141) u TpeTbs
MOCTOSIHHAS, MOABJSAIOLLAsCS TI0C/Ie ero HHTerPHPOBaHUsl, ONpees-
IOTCSI U3 YCJIOBHH

f(+a)=0,

rie o — IOJOBHHA yrJja, 06pa30oBaHHOTO TBEPABIMH TpaHHIAMH, H
HHTErpaJbHOTO YCJIOBUS

a

jf(e)de=q.

—a

He NpHBOAS IOJHOTO pCLI€HHs, OTPAHHUYHUMCS pPaCCMOTDEeHHEM
3axayl C aKL[eHTI/IPOBKOﬁ BHHMaHHA Ha SBJEHHH OTpBIBA NOrpAaHHY-
HOTIo CJ104.
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Ha rpanuuax f=0, Tak 4to u3 ypaBHenus (141) moayuaem

2 2
[P ra)=25.
3v
TakuM 06pa3oM, g HE MOXKET OBITh OTpULATENbHBIM. [Lis 4KCTO
pacxojsIlerocsi moToka | Bcerga moJoxuTenpHo. Ecau f=fi npu
8=0, torna, nockoabky (0} =0 mo yc/JoBHAM CHMMETDHH, OTCIOLA
cJaenyeT, 4To

g — 3vkf, — 6vfi— i = 0.

PelnB 310 ypaBHeHHe /15 3vR H NOACTABHB DE3y/bTaT B ypaBHEHHE
(141), nonyuum

=2 D [P e+ R+

3v
HJIY T10CJI€ HHTErPHPOBAHHSA TI0 |

fy
3
- di

2 ) (=P P4 F 6+ f)+e/hl”

Tak xak g, [ u fi — BCe I1OMOXKHUTEJAbHBl, [i> [ H3 IpeiblAyIlero
ypaBHeHusi. TakuM oGpas3oM, HHTerpas Bcerjga nogoxurened. Cie-
JOBaTeNbHO, HAHGOJbINAsl BO3MOXKHAS BEJHUHHA ¢ NPH JAHHBIX YHC-
jgax Pefinoabaca Re=f1/v=ruyaxc/v cooTBeTcTByeT g=0 HJHN U3 pa-
BeHcTBa [2(=*a)=2h/3v — COCTOAHHIO HEH30E€XKHOCTH OoTphBa. YTO-
OBl HAHTH Oyaxc B 3@BHCHUMOCTH OT Re, g B mocjegHeM YypaBHEHHH
NPUHHMAETCS paBHBIM HYJIIO, @ [ paBHBIM f; (A — IpocTo Gespasmep-
Hasi epeMeHHas) :

1
a =\/i—f o
MaKc 2Re . (1_}\)1/9[;"2_].7»(1 +6/Re)]1/=

HJH IPH A= CcOs%)

/2
(Re + 3)l/z Upmake = / 3 5 1 . e (142)
Y [1 — 5+ 3/Re)~" sin? xp] ’

Jlas oueHb GOJBIIHX 3HaueHHH Re 3TO CBOJMTCS X
/2

RE‘/Z Upake = / 3 S‘ ldq) I = 3,21 (143)
i (1 - sin? 1[))

Vpasuenne (143) mpeacrasiaeHo rpaduuecku Ha puc. 79. Mure-
peCHO OTMETHTb, UTO €CJM Re oueHb MaJo, ypaBHEHHE (142) paer

i
.

Opaxe =
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Otcrona, ecad rpaHulpl 00pa3yioT yroJa OOJbIUHHA, YyeM I, OTPhIB
IPOMCXOAUT HE3aBUCHMO OT BeJHYHHBI PefiHOJbICA.

JlJst 4yHCTO CXOXSIUIErocs IOTOKA IOJOKEHHE COBEPIIEHHO IIPO-
tuponogoxuoe. Ecau ypasuenne (141) nmepenucatbh B dopme

Fr= o =D (=) (s =, (144)

rae fi, f2, fs— KOpHM mpaBoil 4acTH PaBEHCTBA, TO NOJYYHM

f1+fz+fa=—6\’; fzf3+f3f1+f1fz:3kv§

fofafs =&
¢
, B U S
L %Y
)
£ l
)
QY
s
/
g 50 100 150 200 250
Re

Puc. 79. ¥roa paspenenus aas auddysopa

Tak Kak g He MOXKeT GBITb OTPHILATEAbHBEIM, OXHH H3 KOPHeH, Ha-
npuMep f;, He oTpHuatesneH. V3 Tpex nocjiefHHX ypaBHEHHH HaXoO-
UM, UTO [ABAa APYTHUX KOPHS JOJMHBI OBITh HJIH KOMIJAEKCHO CONpA-
KEHHbBIMH, uad 006a JeficTBUTENbHBIMH U OTpUIAaTenbHBIMH. OfHAKO,
gorga 0 =0, [/ ucuesaer, a f CTAaHOBHUTCHA OTPUIATENbHBIM, TAK KaKk
u={/r u paccmaTpuBaercs cyxamwluica notox. [lo ypasHeHHIO
(144) snauenue [ no/KHO OHTb paBHO [, Hau f3. Takum o6pasom,
KaK fs, TaK U [z — HeHCTBHTENbHBl M OTpHIIATeNbHBL. J[lajee, ecan
fo>fs, TO [ MOJKHO HAXOAUTLCH MEXKAY fo H HyJEM, TOTOMY YTO HHa-
ye mpaBasf CTOpOHa ypaBHeHHA (144) CTAHOBHTCS OTPHILATE/bHOM.
Takum obpasom, korna 0=0, f=f,, Tak Kax u npu 6 =0 pomxKHO
ObITb MAKCHMAaJbHBIM.

Teneps, ecan

Re — - f2:flu1m; L——}»,
; Yy
Is g — Loy
[ fa !
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rjae A — OpoCTO HOBast MepeMeHHas, TO MepBOe M3 TPeX MpeaBIAYIIMX
ypaBHEHH}I 3allHCHIBAETCA TaK:

LRy Ay =2, (145)
Re

a HHTerpupoBaHHe ypaBHeHus (144) maer

— 1

Re’* 9 = ‘/i 5 di — .
2 J =M — ) (M — )]

Tak Kak As oueHb GJIH3KO K e[HHHIE NPH CKOJIb YTOAHO GONbBIIHX
BeJUHYMHaX Re'’® @, To 3HaueHwe A Bcerja MNOJOKHTEJbHO (OTKYIa
3HayeHue [ oTpuuaTesnbHO). [10ITOMY npH 3aaHHOM yIJje o OTPbiBa
He NPOH30MJeT Jaxe npH OYeHb 6OJAbLIMX uHCAax PeliHosbiaca, Wi,
HHaye, IpH 3aflaHHOM uHCje PefiHoNblca a MOXKeT GbITh KaK YroJHO
BEJIMKO 6e3 yrpo3bi OTpbIBa KHIKOCTH OT rpaHulb. Ecan (mas 60.b-
wHX uncea PefiHonpaca) Az OJM3KO K eAHHHIE, TO, KAK BHIHO H3
ypaBHeHus (145), A; MOMKHO OBITH GAH3KO K AByM. [Ipu Ag=1 u

A =2 HMeeM
, 3 dA
Re’”* (@ — 0) = l/_ j ,
( ) 2 J (1=neE—n"

Y10 A48 00JblIMX yHces Pefioabica maer

7 “ Re
A=-—=-" =3 th? ~ (a—8 —2, 146

fe Um [ ‘ 2 (@ ) + [3} ( )
tae th’p=2/;, Tak uto B=1,146. YpaBuenue (146) rpaduyecku u3o-
6paxeno Ha puc. 80. Kak BHIHO U3 PHCYHKA, NPH GOJBIIHX BeJIHYH-

w

g / 2 7
(-8} /Re

Puc. 80. Pacnpenesiense CKOPOCTH B KOH(DYy30pe
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Hax Re 3HaueHHH U H U, NOYTH PaBHBI, 33 HUCKJIIOUEHHEM TOHKOTG
KJAHHOOOPA3HOro CNOS y KaKAOH CTEHKH, TOMIIHHA KOTOPOro Mpo-
nopu#onanpia Re ~/:. TakuM o6pasoM, AJsi CyXkakILerocst MOTOXa
NpH GOJbIIMX YHCaax PefiHoJbACAa TeueHHe CYUIECTBEHHO MOTEeHIH—

100
-H
"]
075
0,50 y /
6

0‘25 LF\\\

\

g ! 2 N 4 5

Puc. 81. BespasMepHble KOMIOHEHThl CKOPOCTH B JaMHHAp-
HOM NOTOKE Yy BpAIIAlOUIerocs AHCKa

aJbHO, 3a HCKJIOUeHHeM o6JacTell, NpUJIErawiiux K rpaHHIaM, rae
KOHIEHTpHpYIoTCs: BUXpH. Jlasee, Aas Aa=1 M A;=2 U3 ypaBHEeHHH,

BLIBEJCHHbIX H3 paBeHcTBa (144), HalizeHo, uTo kv= —3; NPHHSR
noctosinayio C B ypaBHenud (140) paBHOH HyJIO, NOTYYHUM
2
h 5
Yoe 2 (140 ReT),
o 2]’2
HITH
vh 1 u%x
¥, 0 "
by Lo )

rae O[u?/Re] npencrasiser BeIHYHHY NOPALKA u? /Re,ucuesarollyo
npu 6OJBIIHX Uucaax PefiHoabica. 9To 3HAUKT, UTO K HOTOKY C 60.1b-
UMM uHcaaMu PefiHoabiaca, 3a HCKJlOUeHHeM obJactedl BOJH3H
rpasMIl, IPUMEHUMO ypaBHeHHe BepHyan. DTOT (pakT H To, UTO OC-
HOBHAS 4aCTb MOTOKAa MOTeHIMasnbHa Npu GOJbIIMX uncaax Pei-
HOJbACA, ONPABABBAOT AONMYUIGHHS MOTPAHMYHOTO CNOS, MPUHATHIE
B cjefylonled riaBe.

Jamunaproe Tewenue, cosdanroe spaujaiouumca ouckom. Ecin
GecKOHeyHas MJacTHHA BpPallAeTCsl C NOCTOSHHOH YIVIOBOH CKOpPO-
cTbIO Q B BSI3KOH XKHJIKOCTH, 3aIlONHSAIONIEH NoJybecKoHeuHOe 1IpoC-
TPaHCTBO BOKPYT Hee, TO KUIKOCTb BOJIM3H NAACTHUbl GVIAET Bpa-
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maThcsl BMecTe ¢ Hell. DTo, OUEeBHIHO, OOBACHSIETCS OTTOKOM KHIKO-
CTH OT OCH BpallleHWsi [IOTOKa BCJEeJCTBHE BO3HHKHOBEHHS] IEHTPO-
GexkHOll cHabl. [IJs1 yAOBJETBOPEHHST YCJOBHS HEpPa3pblBHOCTH KHI-
KOCTh H3 OoJiee OoTHAaJeHHBIX obnacTell OyAeT CIycKaTbcsl K IJIACTH-
pge. Ecau BOCHO/b30BATbCS HUJIHHAPUYECKHMMH KOODAHHATaMH, COB-
MecTHB oCb BpamieHus c¢ r=0, a N/J0CKOCTh IVIACTHHBl — C TIJIOCKO-

cTbio 2=0, TO rpaHHYHbIC

-150 \ -——1 YCJIOBHSA COCTOSIT:

C3 366/VFe u=00v=rQ, w=0
‘ npu z=0;

-17§ u=0; v=0 11pu z= oo,
R KapmaH mpHHsI, 4TO
> u=rQF (); v=rQG();

200 w= (" H Q)

e vh = —pvQP (D),

'{ rae

i

i Q VA

. =|—]" 2.
2B, s 5746 7 ¢ ( v )

Lg Re

W3 ypasHenuii Habbe—

Puc. 82. KoadduuuedT MoMeHTa JJs Bpaila- Crokca moJy4aioTcst BBI-

fourerocst AucKa paKeHHsI:
F? G- F H=F"
9FG+G H=G", (147)
HHI — P/ +H”,

B KOTOPBIX JITPHXH 0003HaualoT Auddepennuposanne 1o . Ypas-
HeHHe Hepas3pbIBHOCTH NPHHHUMAET BUJ

2F +H' =0, (148)
a rpaHHYHBIE YCJIOBHSI CTAHOBSITCS TAKHMHU:
F=0,G=1, H=0npu {=0;
F -0, G=0, xoraa {— .

Cucrema anddepenunapubix ypaBHenmit (147) u (148) u rpa-
HUUHBIX VCJIOBHiT Obia peuieHa KoxkpaHoMm crocofoM moc/efoBa-
TEJILHOTO NPHOMMKEHHs. Pe3yabTaThl MpHBeAeHb Ha pHC. 81, OTKY-
Ja BUnHO, YTo F u G [0BOJbHO OBICTPO NPHOIHAKAIOTCA K HYJIIO.

CaepoBaTedbHo, ecad vQ Maao, u/Qr ¥ v/Qr CylleCTBEHHBEl TOJbKO
B TOHKOM cCJ0¢ BOJH3H TpPaHUIbl IIpPH TOJIIMHE CJI0d TOpsiaKa

218



(v/Q)"/:. Kpome Toro, HHTeIrDHPOBAHHE TPETLErO ypPaBHEHHs H3 CH-
cremu! (147) mokasblBaeT, 4To

PO—PO) = HQ—H @) = — H +2F,

tak Kak H(0)=0, H'(0) =0 no ypasuenuto (148) u F(0)=0. Ta-
KUM 06pa3oM, pa3HoOCTb yA=—pvQP HMeeT BEJHYHHY MOPsAKa pve
He TOJIbKO B NMOTPAHHYHOM CJO€ MOTOKA, HO M BO BCell KHAKOCTH.
[Ipu magbix 3HAYCHHsIX pvE2 NbE30METPHUECKHII HAlop Be3de cylle-
CTBEHHO NOCTOSIHEH.

Pesyabratramu KokpaHa MOKHO BOCHOJL30BaTLCA IJA pacueTa
MOMEHTA Bpaulamollerocss JHCKa pajgHycoM a, ecjau npeHedpeub Kpa-
eBbIM 3bdekTom. KacaTeapnoe HaNmpsiKeHHe HA AHMCKE JAeTCS Bbpa-
JKEHHEM

v 1,
— — 3\ /2 4
T,y = PV P p (vQ3) " r@ (0),
TaK YTO MOMEHT C OJHOH CTOPOHBI JHCKa COCTABJSAET

-—j 2arty, dr = — % aatp (vQ3) G (0).
0

[TonHbii MoMeHT (c ofeux CTOPOH), BBIpAXKEHHBIH Uepe3 YHCJIO
PeitHosibAca Re=a?Q/v, paBen

M = —aG (0) pa’s Q2
Rellz ’
a 0e3pa3MepHBI KO3(QPHLUHEHT MOMEHTa COCTaBJsIeT
. M 271G’ (0) _ 3,88
Cy= = — Re'l —@!, (149)
Pl

tak kak G’(0) =0,616. [Tociennee ypaBHeHHe XOPOIUO MOATBEPIKAA-
eTCsl SKCIePUMEHTaJbHbBIMH AAHHBIMH, NOJYUeHHBIMH Psi6yIIHHCKHM
IpH JaMHHAPHOM pexume (puc. 82).

Jamunaproe teuenue no beckoneunoll naacrture. Ecau 3acTofi-
HYIO TOUKY ABYXMEPHOTO JaMHHADHOTO NMOTOKa Ha GECKOHEUYHOH mJa-
CTHHE NPHHSAThL 3@ HAYaJ0 KOOpPAHHAT, I'le § TOKA3bIBAET PACCTOSTHHE
OT MJACTHHBI, X — PaCCTOSIHHE BJOJb IJIACTHHBI B IJIOCKOCTH IIOTO-
Ka, Toraa ypasHeHns (123) u ypaBHeHHe Hepa3pBIBHOCTH GYIyT pe-
IaTbCA NMPH TPaHHUHBIX ycaoBHAX u=v=0, korga y=0, u u=0,
korxza x=0.

[To ananoruu ¢ 6€3BHXPEBBIM NOTOKOM MOXKHO IPHHSTH, UTO

Yy 0k

—_——— gy —— :52,\:,

[¢ ox
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rae  — IPOH3BOAHAS NOCTOSHHAA ¢ pasmepHoctbio [T-1], xapaxre-
puayiolllast O6LIy0 MHTEHCHBHOCTb NOTOKa. Torma mepsBoe ypaBHe-
HHe IBHKEeHHST OyAeT HMETh TAKOH BUJ:

Ou ou 9 0% , 0%
U 0 — =[x+ v|—F —].
ox + dy B - (\6x2 + aya)
Ecau nenosbaoBath GyHKUMIO TOKA W, TO BbhIDaXKeHHs
u=2% 4 =9
oy ox

aBTOMATH1ECKH YAOB/JETBOPSIOT ypaBHEHHe Hepa3pblBHOCTH. 13 BbI-
paxeHuil

V=P)"xf () un=(p) Ly
w=PBxf’ ) uv=— (wp)*f (n), (150)

TakK 4YTO IIEPBOE YpaBHEHHE ABHKEHHS 3aMUCHLIBACTCSH
PP—=ff =1+

['pannunpie ycnoust taxkoswl: f(0)=0; f/(0)=0. Ecam, npuunmas
BO BHMMaHHE COOTBETCTBHE C Ge3BUXPEBBIM NOTOKOM, ['( o) moJ-
XHO ObITh KOHEUHbIM, TO H3 ypaBHenust (150) caenyer, uro [/ ( oo )=
=1, Tax uT0 u~u;—pPx, rae u; obosnauaer u( co ). Ilpensiayuiee
ypaBHEHHE C TPeMsl TPAHHYHBIMH YCJIOBHSIMH GBIIO TOJyueHo Bia-
3UYCOM H YHCJEHHO NPOHHTErpHpoBaHO XeHMEHIOM. YTOUHEHHbIE
XoBapileM pesyabTaTh NOKasaHbl Ha pHC. 83. M3 pHCYHKA BHIHO,
uto [’, a C1eA0BATENbHO, 4/X CYLIECTBEHHO NOCTOSIHHO Be3je, KpoMe
CJI051 TIOCTOSIHHOH TOJILIHHBI. DTO MOCTOSIHCTBO TOJILIHHBI 06'BACHIETCS
YMEHbILIEHHEM JlaBJICHHUS]

6 BJOJIb IIJIACTHHBI 110 TEUYEHHIO
f NOTOKa,  KOMIIEHCHPYIOLIHM
HOPMAaJIbHBIH POCT TOJILIHHEL,
12 - BbI3bIBaeMblfl BsisKocTblo. C
£ / f yuetoMm ypasHeHus: (150) BToO-

CJeayer, UTo

poe ypaBHEHHe JABHMKEHHS CTa-

HOBHUTCSI TAKHM:
v Y Ok 0%
V— = — « — -y —
dy p Oy dy?

O’q‘p/\ YTO BMECTE ¢ paHee JONYLIeH-
0

08

¥

HBIM COOTHOIIEHHEM aaeT

\ yh____l_ugJ_Q_}_azx
a 16 24 32 o7 , (Uo7 Vor

? Orcioma ¥ H3 BTOPOTOQ

'paBHeHHs1 (150) BHAHO, 4YTO

Puc. 83. bBespasMepHble KOMMIOHEHTHI yp fg 5 ) AHO,
CKOPOCTH B JaMHHAPHOM MOTOKe Ha B GJ10€, TAC [° 3HAYUTEIbHO OT-
GecKOHeuHoOH INJIacTHHE JJUYAETCSI OT €AUHUIBI, TaBJE
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HHe (He yUHTBIBAs THAPOCTATHUECKOTO 3((deKTa) CYLIeCTBEHHO MO-
CTOSIHHO NPH MaJsoM v. BbIBOAB HacTosLIero nmyHkTa ewme pas moj-
TBEPXKAAWOT NPaBH/IBHOCTD JONYLIEHHH TEOPHH MOTPAaHHYHOTO CJIOS,
a TaKXe BJHAHHE YMEHbUIEHHS AaBJICHHS Ha POCT MOTPAHHYHOTO
€104, 4TO OYAET PacCMOTPEHO JaJee.

Mpumep 17. Beckonednas miacTHHa BHE3ANHO HAYMHAET NBHIATHCS B CBOGH
I.IOCKOCTH ¢ MOCTOAHHOM cKopocTsio U. IlokasaTh, uTo Bsi3Kas KHAKOCTb BOKPYT

! -
NJaCTHHBL GYNET IBHTATBCS CO CKOPOCTHIO u:Af e—f‘i dn+B, rae 1]=y/2Vvt,
0

a A u B noanexar onpegenenuio. BHACKHTL MOPSAOK TOMMLMHEL C/105, TMPHBEJEH-
HOTO B /IBH)KEHHC 32 BpeMs f, U CPaBHHTb €r0 C pe3yJbTaTaMu aHa/JH3a pas-
MEpHOCTH.

Honyckaerest, uto paBHOMepHOe JBHKEHHE JKHAKOCTH, Kacalomeficsi IIacTH-
HEl, pacmpocTpansercd Tak, uto u=f(y, f); v=0; w=0. Ypasuenns Hasbe —
CroKca cBOAATCS MPH 5TOM K PaBeHCTBY

o o

ot oy’

TaK KaK TPajIiCHT [aBJICHHS PaBeH Hy,0. DTO ypaBHEHHE Y/OBJETBOPTETCH 3a-

JaHHBIM 4, HO JIO/DKHO OBITb NMPOBEPeHO IPaHHYHBIMH YcnoBusMu. Tak, mpu y=0

3Havenne u=U B moGoit MoMeHT Bpemenu fp. Kpome Toro, npy y=0 BesuyHHA
0

N=0wu j(;e"'“l dn=0, 1ak yro B=U. Ilpu y= oo 3nauenwe u=0. Ho Torma

0= 1/31 A2+ U n orciona A=—U. OKOHYATEIBHO nosyyaem
u=U(l—erin).
Tak Kak cKOpPOCTb acCHMNTOTHYECKH YMeHbIUaeTes 0 HYJsA NpH Y= co, TO
LOMyCKaeTesl, YTO C/IOH, MPHBeJCHHBIH B JBHMKEHKe, KOHUaeTcst TaM, rae u=~0,01 U,

urto cooreerctByer erf 1=0,99 u n=1,8. ITockoabKy n:y/2v vi, T0 6=3,61/vt.

AHanu3 pasMepHOCTH AacT Takoe (YHKIHOHAJbHOE COOTHOLUEHHE TOJBbKO npu
Jomymenut, uro 0=f(p, W, ), T. e, UTO CKOPOCTb NM/IACTHHLI He B/HIET HA CKO-
POCTb PACMPOCTPAHEHHS BO3MYILEHHSI.

. Mpu6auxennbie pewennst ypasuenuii HaBbe—CTokca

59. Ouenb MenseHHOe ABHIKeHHe — pellenne CTOKca Aas
Nanawomero wapa. [IpuGauxennsie peuienns ypapnenuii Hasbe—
Croxca MOryT GMITh TPy6O pasfeseHbl Ha yeTbipe kareropun. K nep-
BOIl OTHOCATCA Te CJyuaH, KOTJa reoMeTpUsi TPaHHI TO3BOJsSET HC-
0/Ib30BATH CYUIECTBYIOLIHE TOYHBIE PEUICHHS AJIST KOHKPETHBIX CJy-
uaeB. Bo BTOpOil KaTeropnu JBHIKEHHE KHIKOCTH HNPOHCXOAHT TAK
MEJJICHHO, UTO B YPABHEHHH JBIKEHHS MOXHO IpeHe6peyb HHEp-
LHOUHBIMH c/1araeMbiMH. Ecin nBHxkenue He HacTOMBKO MeJeHHO,
4T0GBl 3TO GBLIO CNpaBEeNJHBO, TO HHOTAA YIaeTCs JUHEapH3HPO-
BaTh ypaBHeHna Hasbe—CTuKca H TakuM 06pasom MOMYYHTDH pelile-
Hue. Takue peumrenns o6pas3yloT TpeTbio KaTeropuio. B HEKOTOPBIX
3ajiayax MHCPUHOHHBIMH C/IaTa€MbIMH TIpeHEOPEUb HeJb3s, He BHeE-
CAl 3HAYHTEIBHOMH OIHGKH, HO OTHO H3 C1aTaeMBIX, BKIKOUYAOLIHX B3~
KOCTD, MaJIO 110 CPaBHEHHIO C APYTHMHM; PEUICHHS, NOJYUEHHEIE Tpe-
HeOpexKeHHeM 3THM C/araeMblM, OTHOCATCS K 4eTBepTOM KaTeropHuH.
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Oano u3 pelleHu#i nepBOil KaTeropuu ObLIO NPHBEAEHO B CBS3H C
TOUHBIMH pellleHHAMH ypaBHeHuli Haebe-—Crokca. B 3ToM H B Io-
CAeNyIOUINX pasnenax OyneT pacCMOTPEHO 10 OJHOMY HJH IO JBa
XapakTepHBIX CAyuyasi, OTHOCAUIMXCA K KaxKJOH H3 OCTaBHIMXCA TpeX
kateropuil. Tak Kak OCHOBHOE 3HAUeHHe IPHAAETCs] METOJOJOTHH,
IJ5S1 pacCMOTpeHHsT BEIGPaHBl TOJMbKO THIIHYHBIE CJIyYaH, MIJIIOCTPH-
pyIollie MeTOJ W HHTepeCHble C MPaKTHUeCKOH TOUKH 3DCHHS.

Kax noxaszan Crokc 6osee 100 jer Hasan, KoneuHast ckopoctb U
TBEPJAOro uiapa, Me[JeHHO MajalpoUero B GECKOHEUHOH >KHIKOCTH,
3aBHCHT OT pajMyca LIapa @, Pa3HUIBl yIEIbHBIX BECOB TBePJOTrO
TeJa H XKHAKOCTH Ay H BA3KOCTH p. [IJTOTHOCTb KUAKOCTH HE YUHTHI-
BaeTrcs, HOO [BIDKCHHE liapa MNpPEANoJaaraercsi O4eHb MEJICHHBIM,
TAK YTO YCKOPEHHE JKUAKHUX YAaCTHI NPAKTHUECKH PaBHO HYJAW U
HHEpLHEeH MOXKHO NpeHedpeyb.

Ecau tenepp x Benuuunam U, a, Ay 1 . IpDHUMEHUTb aHaJlH3 pas-
MEDHOCTeH, MoJydYaeMbll eIHHCTBEHHbII Oe3pa3MepHBIHl TapaMeTp
MOXKeT ObiTb Ha3BaH uucaom Crokca

s=Y»
a% Ay

Tak kak HMKakolfi npyrofl mapamerp 3Jech He yUaCTBYeT, UHCIQ
Ctokca, Kak IMOKa3aHO B rjase I, moJKHO GbITb MOCTOAHHBIM. TOT
(hakT, YTO OJHOTO aHaJH3a pa3MepHOCTEell MOCTATOYHO IJs OIpere-
JIEHHs] 3aKOHA CKOPOCTH najeHusi U, 3a UCKAIOUEHHEM IOCTOSTHHOH,
yKasbiBaeT Ha ero InejaecoobpasHocTb. Mcmoab3oBanue 3TOro MeTo-
Aa IJs1 JaHHOW 3ajauyH, oJHAKO, OTPAHUYEHO TeM, 4TO uucao CTok-
ca MoXeT ObiTb ONpPENENeHO TOJbKO 3KCIEPUMEHTAJbHO HJIH MyTeM
MaTeMaTHYeCKOro aHaJu3a TeueHHs.

Has yno6ctBa 06paboTKH HA MOTOK HAKJAaabiBAeTCsl PaBHOMEp-
Has CKOPOCTb, paBHAs 11O BEJHUYHHE H POTHBOIOJNOXKHAS [0 HANPaB-
JIEHHIO CKOPOCTH najeHus wapa. Ecam B ypaBHenusx (128) mpe-
HeOpeub HEJHHEHHBIMH UJ€HAMH, ONHCHIBAIOUIMMH NHG(Y3HIO BHX-
pefl, 3TH ypaBHEHHsl CBOAATCS K NPOCTOMY BHIY

V2o = 0. (151)

ITpu ucnosb3oBanuu chepuyecknx Koopauuat (R, 9, ¢) ¢ Bep-
THKaJbHOH NOJAPHOH OCbl0 (HampaBJeHHE CKOPOCTH B GECKOHEUYHO-
CTH) M HaG6J/IOJEHHH, YTO B CHJIy CHMMETPHH HH KOMIIOHEHTBHI CKO-
POCTH, HH KOMIIOHEHTbl BHXPSI HE 3aBUCAT OT ¢, & U U MOTYT GBITb
BbIpaXKeHbl uepe3 Gynkuuio Toka CToKca B BHIE:

cscd oy v — csc @ P

R "a8’ R oR’
a COOTBETCTBYIOUIHE KOMIOHEHTHl BHXPS B CepHUECKHX KOOpAHMHA-
Tax (M3 IPUIOXKEHUS) COCTABSIT

1 (02\p+1 oy clg® axb)

Rsin® R* 99T RT 09
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-
Bripaxenne y2@ B cepHUECKHX KOODIHHATaX HMeEET TaKylo XKe
—

¢dopMmy, Kak Beipaxenue 1aa vy 2V B ypaBHennsix Hasbe—Crokca;
KOMIIOHEHTHl ero ZaHsl B ypaBHeHHH (125). Takum oGpasom, ypas-
Henue (151) mMoxer GBITH 3aMHCAHO TaK:

2
L-£<R2ﬂ) csc @ -i(sinﬁa—c)——CCSCﬁ=O.
R® 4R oR Rz 0 o0 R?
O6osHauas uepe3 F(R, &) Beanuuny R{sin®, nomacras/isis BMe-
cTo { ero BelpaxeHHE uepe3 F ¥ NpoBoAs HeOOXOOMMble YIIPOIIEHHS,

TOJYYHM
0%*F 1 0%F ctg® OF

OR? R? 092 R? 00
Orcrona, nopcraBus BMecTo F ero BbIpaXkeHHe Yepes v, JaHHOE B
KOHIIE NPEAbIYILEro NYHKTa, HaleM

o, 1 98 ctgd oV _
(aR=+R2 " o0 R? 'acp) v="0. (152)

Pemenne ypaBreHus (152) paspeneHueMm nepeMeHHBIX AaeT
VP = —sin*9f (R),

rre f(R) ynosrerBopsier nuddepeHnHanbHOe ypaBHEHHE

dz2 2 \2
L _2ViR) =o.
(dRﬂ Rz) F(R)
PeIHGHI/IeM NocCJI€eHETO ypaBHEHI/IH ABJIAECTCA

F(R) = %+BR+CR2+DR4,

rae
=_-;_U; D=20 (no yClIoBHIO IPH R = oo, T. €.

— L URsin*0); A=— - Ua% B=2Ua
2 4 4

(110 yCJIOBHIO OTCYTCTBHS NPOCKAIb3bIBAHHSI HA MOBEPXHOCTH 11apa)
KoMMoHEeHTE CKOPOCTH B HanmpaB/JIeHHH R U & COOTBETCTBEHHO PaBHbI

_cse® dp — A B ;
= % =Ucos Y 2(;3 + R)cosﬁ,
v _cscd ,?_‘E=—_Usinﬁ-—<i—'£>smﬁ‘
R OR R® R

Tarkum 06pa3oM IOJNYUEHO paclpelneseHHe CKOPOCTH JJISI OYEHhb
Me/IIEHHOTO JIBHMKEHHUS IIapa.

Pesynbrupytomas cuna F, nefictBylomasi Ha NOBEPXHOCTb miapa
CHMMETPHYHO OTHOCHTE/JbHO MOJSPHOH OCH 2, MAaeTCsl BhipaxKeHHeM

F = 2ma? [ v, sinddo,
0



rie e, , KaK OOBIYHO, CHJA HA eAHHHLY mjouwanu cpepuyeckoi mo-

BEPXHOCTH, JIEHCTBYIOLIAsi B HaNpaBJEHHH 2; BEJHYHHA ITON CHJIBL
MoxkeT ObITh OMyueHa no popmyae

Tp, = R COSQ—Tp SN

[TomcranoBka 3HaueHHH Ogr M Tr,, BHPAXEHHBIX B ChepUYECKHX
KoopadHatax (cm. m. 54), naer

TR

ou . dv 1 du v
= —vyhcos @ + 21 cos @ — — sin <_ —. )
Y 9 u ‘PaR psing 3R + R 39 R

z

Ecnu senuuunnt 4, B, 4, v U Tr, NOACTABHTb B HHTErpan aas F,
BKJIaJbl OT TPEX Y/IEHOB B BbIPAXKEHHH IJISI T, COCTABAT COOTBETCT-

senHo 2npal -+ %— na’gp, 0 u 4npalU. Takum obpasom:
F == 6npaU + %—na‘" gp.

0°

On=
‘\”h Re
103

& 19?
e

10

o-/

o-2

-3

/ o-4

03 0°? ! ! 0
2al
Res ”

Puc. 84. Kosddnuuent noGoBoro COnpoTHBNEHUS IIA Majbuix chep
! — ApHoana (MeTannuueckue IUAapDHKH B CYPenHOM Mache): 2 — AnieH (Bo3-

RymiKpe NY3WPLKB B aHHaune); 3 — AneH {(BOCKOBLIE NY3HpPbXH B aHMJINHE).
4 — Annen (BO3AYHIKLE NY3WPBKH B BOZXe)
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Tax kak aBHXKeHHe irapa paBHOMEpHO, CHJIBI, LLCI:ICTByIOHJ,He Ha
Hero, YpaBHOBeUIEHEbI. FHIIPO:LHHEIMH‘IE‘CKHS{ CHJIa COCTaBJsIeT

. 4 4
6riual, rugpocraTHieckas cHaa — E-ﬂasy H BeC wapa ﬁgasys, rie

ys — yAeabHBI Bec mapa. OTciona
4 3 4 3
~-Ta Ay = - (ys — y) = 6mpalU

HJJIH

Ue _ 2 (153)
a? Ay 9

Unceao Crokca onpezpeseHo. YpasHenne (153), uacto nprHmeHsemoe
B CEOMMEHTAJbHOM aHaJH3€e TBEPIAbIX YaCTHI[ A5 YCTAHOBJEHHS HX
pasmMepa, npeacrasJjsier cofoil Tak HaswBaeMbBld 3axon CTokca.

Yueao CTOKCAa MOXKHO ONDEETHTh, PHUEM C TEM K€ pesyabTa-
TOM, NPHPABHAB CKOPOCTL AMCCHIIAIIH 3HEPTHH H CKOPOCTbL COBEp-
HIeHHsT pabOTHl IPABUTAIMOHHLIMH (BeC MHHYC MJaBVUYECTh) CHJIAMH
Ha wape. Kaxk Bumuo us puc. 84, rue Cp=2F/na?pU?=12v/al, 3a-
KoH CTOKCa XOpOLIO MOATBEPXKIAETCS IKCIePUMEHTAMH NMPH UHCIaX
Pefinonbaca, menbnx 0,1. CiaenoBaTenibHO, OH TIPEACTABJSIET COOOH
OJTHO M3 3HAUUTE/bLHBIX HOCTHKEHHH KJacCHYeCKOH THApPOTHHAMHKH.

60. JlamunapHubte caenbl. [IpubausutTespHOEe peLIEHHEe UEJIO0T0
paja 3amay MOXKeT OBITb NOJYUeHO NpPH JHHeapH3alUUH YpaBHEHHH
HaBbe—Croxca. Hanpumep, BJAHSHHE HEEPUHH B npeabiayiuell 3a-
Jaue MOXeT ObITb YAaCTHYHO YUTEHO, €CJH NPHHSATb KOHBEKTHBHBIE
YCKODEHHSl B HAalpaBJeHHsIX X, Yy W 2 pPaBHBIMM COOTBETCTBEHHO
Udu/ox, Udv/dx n Udw/dx. Ocun 1 JI3M BOCNOJIL30OBAJUCH 3THM
MOAX0A0M K pemiernto CTokca /5 J0Ka3aTelbCTBa TOrO, UTO Xapak-
TEep ABHKEHHS B CJeNe OTJIHYAETCS OT XapaKTepa JABHKEHHS Mepen
npensitctBHeM. MoxkHO nokasath, uto pemenue OcuHa — Jlama na-
er ayuuiee npubankeHue, yem pewenne CToKca, BCIOAY, 3a HCKIIO-
yeHHeM 00.,acTH MOBEPXHOCTH 1Iapa, HO H 3/1€Ch, XOTS CTEIleHb NMpH-
O/1HKeHUs] YMEHbLIAeTCs, OJHAKO BCe elle aocTaTouna. {oBOJBHO
Jio0onbITHO, uTo peutenre OcuHa—JIaMa OTJIHUAETCS OT pPelleHHs
Crokca TOJBKO B ONpeleJeHHH Xapakrtepa MoToka; 3akoH Crokca,
nanublit ypaBHennem (153), coBceM HE MeHSIeTCSI H3-3a YaCTHYHOTO
yuera BJIMAHHMS HHEPUHH. DTO BO3MOMKHO OOBACHAETCS TeM (haKToM,
UTO HeCOOTBEeTCTBHe (popMbl moToKa pemenuio CToKca Ha GOJbIIHX
pPACCTOSIHHSAX OT Ilapa He 0Ka3biBAeT CYIIECTBEHHOrO BJHAHHSA Ha
XapaKTep IBMXKEHHS B HEINOCDPEACTBEHHOH OJM30CTH OT Iiapa, Tak
4TO aBCOMIOTHOE 3HAUCHHE OWIHOKH BCJAENCTBHE NPEHECPEIREHNS BJIH-
SHHEM HHEpPUUH B OTAa/JeHHBIX 00JacTax Masj0. UTobwl H36exkaThb
HCIOJb30BAHHS TOTO K€ CaMOTO SIBJACHHS NMOTOKA /151 HIJIOCTPAIHH
MeroJa JHuHeapusauuy, pemenne OcuHa—JIsma geranbHo He Gyper
paccMaTpUBaThesA. BMECTO 3TOTC HCMOMb3YETCs] NPHOIHMKEHHOE pe-
IIeHHE J151 JaMHHAPHOTO CJeja.
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Ecan Teuenne B caege HOCHT yCTaHOBHBIUHMICA XapakTep, TO Ha
JOCTATOYHOM pAacCCTOSIHHH HHXKE IO TEUEHHIO JaBJeHHE MOUTH I0-
CTOSIHHO, TONEpeUHas CKOPOCTb U MaJa IO CPAaBHEHHIO C IPOAOJb-
HOMl CKOpOCTbIO U, NMPOAOJbHASA CKOPOCTb MaJoO OTJIHYAETCS OT CKO-
poctH cBoboaHOro noToka U, U H3MeHEHHEe CKOPOCTH ¥ B MPOAOJb-
HOM HanpapJeHHH MaJio 110 CPABHEHHIO C €€ H3MEHEHHEeM B Ionepeu-
HOM HamparJ/JeruHd. Korna x maMepsercs B NPOJLOJBHOM HampabJie-
HHHM OT HavaJga KOODIAMHAT, PAcllO/JOKEHHOrOo MOBJIH30CTH OT Impe-
NATCTBUS, a Y U3MepsieTCss B HAIpaBJCHHH, NEpPHeHAHKYIIPHOM X,
NpHOJHIKEHHOE VpaBHellHe ABHIKEHHUS UMeeT TaKoW BUX:

U ﬁ}— = vaik ,
dx dy?

rae BeduuHHa A=1-—u/U obo3nayaer Ge3pa3MepHbLIl AePHUHT CKO-
pPOCTH. DTO ypaBHEHHE 10 MaTeMATHYECKOH (OpMe COBIAJAET C ypaB-

HEHHEM TEIJIONPOBOJHOCTH, U DelleHne, YIOBJIETBOPSIOLLEE TPAHHY-
HOMY vcgioBHio A— 0 mpu y— £ oo, HMeeT BHA

= = (2 )’ g, (154)

(xe™)' ovx

+lo6oBoe COIIDOTUBJ/IEHHE MOXKET ObITb IOJACYHTAHO IO 3aKOHY
KoJquHuyecTBa OBH2KEHHA

A\

D=oU | (U—u)dy=pU? j Ady,

—0

Tak 4T0 K03(GHUUHEHT J060BOr0 CONPOTUBJEHHUS COCTABASET

1 L2 U U
Y
2

c,=—L2 -9 | ray =24 (21)/ { 21— 44 Cl)/ (155)
(4

Ecau mo6oBoe cOMpOTHBIEHHE H3BECTHO, BeJdHYMHA A  MOXKeT
OLiTb onpefeneHa u3 ypaBHeHus (155), a pacmpeneneHue CKOPOCTH
B ciaefe paHo ypaBuenueMm (154). M naoGopot, B o6sacTu, rae geH-
CTBUTEAbHO ypaBHenue (154), oxHOro H3MepeHHs (TEOPETHYECKH)
JIOCTATOUHO [Js1 ONpefeaeHHs 3HaueHHs A, KOTOpoe B CBOI ouepeib
oripesiesasieT JoOOBOEe CONPOTHBRAEHHE.

JAs1 1mJ0CKON IJaCTHHBI C HYJAEBBIM HAaKJIOHOM J000BOE CONPO-
TUBJEeHHe U3BecTHO (cM. raasy VII), Tax yto MozKeT OLITb Onmpefee-
Ho u 3Hauenue A. Mamepenus (puc. 85) Peiigxka u Poukuepa no-
Ka3BIBAIOT, UTO eCJi [-— JJIMHA IIJIaCTHHbI, a X — pPaccTosiHue, 3aMe-
pPEHHOE OT KOHLEBOIl KPOMKH IJIaCTHHBI, TO IIPH MaJblX 3HaU€HHAX
x/l ypaBuenue (154) paer xopomee npudanxenue. HecoorBeTcTBHe,
noJyvaroleecs: nNpu GOJbLIMX 3HAUYCHUAX X/I, OOBSCHICTCS TEM, UTO
IIOTOK TaM [JepecTaer ObITb J1AMHHADHBIM.
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Puc. 85. Pacnpenenenune cKOpOCTH B JAMHHADHOM CJefe

] — pacuerHas KpuBas U JaMUHApHOro motoka; 2 — Ullv=2,01X10%
3 — Ul v=0,536 X 10°

E) 26 25

O

61, TeyeHnus, onucriBaemMbie HeAMHEHHBIMH YPABHEHUAMM,— CTPYH.
CylecTByIOT caydad JaMHHApHOTO TEUEHHS, NPH KOTOPHIX BJHSHH-
eM WHepLHUH, NPeICTaBJACHHbIM HeJHHEHHBIMH WJIE€HAMH B ypaBHEHH-
ax HaBbe—Crokca, npeHeOpeub Heslb3sl, TOTAa KaK OAMH H3 uje-
HOB, BBIDAKAIOIIUX BSI3KOCTb, HE3HAUNTE/IECH M0 CPaBHEHHIO C APYTH-
MH. [ HEKOTOpPHIX 3ajJad JaMHHAPHOTO TEUEHHsS HHOTIA MOXHO
MOJYYHTh NPOCTOE pelleHHe, npeHedperas 3THM MaJ/blM HJIEHOM, 1a-
’Ke NPH YCJOBHII COXPaHelHsl HeJHHeHHbIX 1JeHOB, OGLIYHO CO31al0-
IWHX CTOMbKO 3aTPYAHEHHH. DTO OTHOCHTCHA K MOTOKaM C GOJbUINMH
yrcaaMu PefiHoabjaca nocsie npensiTCTBUH Nepel BO3HUKHOBEHHEM B
HHX pasjeseHHss WM TypOymeHTHocTH. IlomoOHble noToku OyayT
pacCMOTpeHbl B NocjejHel raase. 31ech Ke NPUBOASITCS ABa pelie-
HHUSA, OJHOTHUIIHBIX MaTeMaTHUeCKHM, HO OTHOCHILIHXCH K pPasjJuUHbIM
(bU3HUECKHUM KaTETODHSIM: DeUIeHHs A5 [ABYXMepHOH JaMHHAPHOH
CTPYH U AJIS1 OCECHMMETPHUYHOH JaMHHAapHOH CTpPyH.

Hoyxmepras aramunapuas crpya. Has Godblieldl siCHOCTH Tpe-
CTaBHM HCTEUCHHE YCTAHOBHBIIEHCS CTPYH XKHIAKOCTH uepe3 llesb B
IJIOCKOH CTEHKE B TaKYIO K€ JKHIKOCTb, HAaXOASIIYIOCH B TOKOE.
B nJIoCKOCTH, NMEpPHneHAUKYJISIPHON IIeaH, NPOeKIHsa TNOoCHeaHeR CUH-
TaeTCsl HauasgoM KOOPAHHAT, OChb CTPYH — OChKO ¥ H TPOEKIHSi CTeH-
KH — 0CbI0 Y. KOMMOHEHTH CKOPOCTH B HANPABJEHHSIX X U Y 00603-
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Ha4aioTCst KaK oGbIYHO COOTBETCTBEHHO # u v. Ecau nasiaenne mpu-
HATO CYIECTBEHHC IOCTOSHHBIM H ecqH BeaHudHa 0%u/dx? maga 1o
CcpaBHEHHMIO ¢ 0%1/0y? (MIPHMEHMMOCTb 3THX AONYILEHHI MOMKET OBITh
NpoBEpeHa BNOCIEJACTBHH), YPABHEHHE ABHMKEHMsI I HalpaB/ieHAst
X MOKeT OLITh 3aNHCaHO TaK:

0 0 0%
ax ay dy?
YpasueHue Hepa3pPbIBHOCTH HMECT BUJ
ou v
—_ ==
Ox ay

OTH JBa YPAaBHEHMS] PELAIOTCS] MPH CJAEAYIOUHX TPaHHUNbIX yC-
JIOBHSX:

u=0upy y==+oco, u=0=0 1pu x = oo;

v=OHﬁu~=Onpﬂy=O.
9y

HcuesHoBenne pOU3BOAHEIX OT ¥ B GECKOHEYHOCTH MOMKET CUHTATh-
sl CIEACTBHEM YKA3aHHBIX TPAHHYHBIX YCJIOBHI AJs1 OECKOHEUHOCTH.
Caenyer 3aMeTHTb, YTO U IO YCJIOBHIO HEPA3PLIBIOCTH HE HCYE3aeT
npu y= co. Taxkke He HaKJIaJbIBACTC HHKAKOro0 YCJOBHsA Ha
uu v npu x=0, TaK XaK 1epBoe ypaBHeHHE HENOJHOE H NMPHMEHHMO
JMIIb K LEHTPAJIbHOH YaCTH CTPYH.
HomyleHnue nOCTOSIHCTBA NABJEHHA TPeOYeT MOCTOSHCTBA KOJH-

yecTBa JABMKEHHSI HOTOKA CTPYH, ONMpPENEIsieMOro BBIPaKEHHEM

ui

M=p j udy.
—®

ITO TaKKe MOMKHO YCTAHOBHTL, HCXOAsA H3 ABYX NEpPBHIX ypaB-
HEHHA M IpaHHYHBIX yCJOBHH. MHTerpupoBaHHe ypaBHeHHS ABHKE-
HHA IIO Y M HCIIOJb30BaHHE YPABHECHHSI HEPA3PLIBHOCTH naeT
o] o @0 N d)‘ i @K
——j u gy =9 S uzdy:v()—u | =0,

ay 0x dy

— — — —on -—C

TaK 4YTO

A9 (e
2.0x5udy+uv

0 j u? dy = const.

VpanHeHHe HepaspLIBHOCTH IO3BOJSIET HCOOJAB30BATh (QYHKUMIO
ToKa Jlarpanxa , AJs KOTOpoll u=0yp/dy u v=—0y/0x.
JlonmycTHs, uto Pp=ax™f(g), a E=byx™, U MOJACTABHUB 3TH BbIpAKE-

1 2
HII4 B ypaBHEHHE¢ ABIXKEHHA, HAXOJAHM, 4TO f7‘1=§* H n= - —3—-, eCJIn

Kax<AblH 4WJeH B KOHEUHOM YpaBHEHHH COAEPKHT X B OJHHaKOBOH
CTeenH M CCJ HHTErpaJibHOEG BhIpaxKelHe AJsg KOJHUEeCTBa JABHXKeE-
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WM T[OTOKA He 3aBHCHT OT x. Tak Kaxk 1 HMeeT pa3MepHOCTb
[L2T-1], Mvyjo—[L5T—3] u M/pv?*—[L-1], BenuuuHa a mOMKHA OHITh
4HCJIOBbIM [OCTOSAHHBIM MHo:KuTeneMm npu (Mv/p)Ys, Torma xax
JHayenue b NOMKHO GBITh nponopuHoHadbuo (M/pv?)/: Haubonee
yA0OHDI 4151 HCTIOIb30BAHHUS BbIPaXKeHUS

. IMxv \'/a . _ M )]/3 Yy
v () e = (o)
W3 KOTOPBIX MOXKHO NIOJYYHUTDH
3M2 \'a Mv s .,
U=——"- P U= 9% — ).
(Govs) @0 =[as)" @ =D

(ITpuxn o6o3navaror auddepeHunposanue mo & I[lomcraBus no-
c/eIHHE BBIPa)KeHUS B ypaBHEHHe JIBUXKEHHS, Hallaem

/2 /f___1~ r
— ==
rpaHH‘-IHbIE‘ YCJIO0BHSI TEIIEPb NPEBPAIlaOTCA B CJACAYIOLIEHE:
Pt e0)=0; f(0)=F(0) =0,

4 KOJHUECTBO JIBHIKEHHS MOTOKA COCTAaBJsIET

B Ff’zd?;:l.

—

ITepBoe wuHTerpupoBanue auddepeHunanbHOre ypaBHeHHs fAJI8
f{&) npHBOMUT K paBEeHCTBY

2ff +F =0,

FA€ NOCTOSTHHAST HHTETPHPOBAHUS MCUE3AET IO TPAHHYHbIM YyCaCBH-
M. ITO PaBEHCTBO MOKHO IIPOUMHTErPHPOBATbL CHOBA.

Pap =2

Orciona, cuntast [ 11€3aBUCHMON TEPEMEHHOM, HOBBIN HHTETpH-
pOBaHHEM TIOJIYYHM

cE—th~' L
C

[TocTosinHasi MHTETPUPOBAHHS B MOCIEAHEM Clyvae PaBHA HYJO,
Tax KaxK f(0) =0. Takum o6pasom:

f=cthck.
[IpHMeHHB IPaHHYHOE YCJAOBHE, HAXOAHM. UTO €= 1, TaK 4TO
U= ( 3me )1/' sch? &
32p%vx
AV (156)
I / v s 26
o= (o ) (2t sch? £ — th§).
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M3 ypasuenuin (156) BHIHO, YTO Ha OCH CTDYH, TaK XK€ KaK Ha
napa6one y=Cx"s, KOMIOHEHT CKODOCTH U HM3MEHSIeTCS 08paTHO
nponopuuoHanbio x'/s . TakuM 06pa3oM, 3MI0pbl 4151 ¢ B PA3HBIX CE€-
YEHHSIX MEePIEHAHKYISPHBI OCH X H MOA06HB OaHa Apyroil. [TosToMy
NpuBefeHHOE pelienue, npuHagtexamee Hanxtuury u Bukaew, Ha-
3bIBAETCH pelIeHHeM NMogolus.

Ocecummerpuunan crpys. OCeCHMMETPUMHBIH BapHAHT TO.IbKO
4yTO pa306paHHOro cJyyasi IONYCKAET PEUIEHHEe TAaKOro xe Tuna. Tax
KaK METOJ PeWeHUs] NOAO00EeH PAaCCMOTPEHHOMY [l ABYXMEPHOH s1a-
MMHADHOH CTPYH, 3/€Ch pPelaeTcH JULb TuddepeHunaIbuas cucre-
Ma H NPHBOJATCS NOJYYEHHbIE PE3YIbTaThI.

Ecnn B m10CKOCTH, MPOXOAsLIEH uepe3 ockb CTPYH, HAYAJI0 KOOP-
AHHAT COBMECTHTb C OTBEDCTHEM M OChb CTPYH CYHTATb OCHIO 2. OT
KOTOPO# B pajiHaJlbHOM HAalpPaBJEHHH OTCUHTBIBATB £, TO MOILMIHUH-
POBAaHHOE ypaBlieHHEe JBHXXEHHs OyJeT UMEeTh TaKOoH BUL:

ow | ow v d [/ ow
u TU)—:—.—(Y— s
or 0z r Or\ O0r

rae 4ied v 0%w/02% B npaBoii yaCTH ONyUIeH. YpPaBHEHHE HEPA3pPhIB-
HOCTH HMEEeT BHJ

0 (ru) d (rw) _
or + oz 0,

a rpaHUYHbIE YCJAOBHSA COCTABJSIOT
w=0 npu 7r =oc0; w=0=u npu 2= oo;

u=0u23 =0 npu r = Q.
or

Tak kax JAaBJE€HHEC BHOBb CUHTAETCHA IIOCTOSIHHBIM, KOJHYECTBO
ABHXEHHA IIOTOKA

)
M = 2np 5' wirdr
0
TaKXe He 3aBHCHUT OT 2. Peurenue CHCTEMHI, COCTOSILLIEH K3 YpaBHE-

HUS IBHMKEHHS, YPABHEHHSI HEDAa3PbIBHOCTH M BCIOMOTATETbHBIX YC-
JIOBHH, TaeTCs BhIpAXKEHHSIMHU

g L BM L ()
4 npz*) (T—m)e
w2 M 1 . (157)

8t pvz (14 m2)?

1 3AM\Y: r
EENEAES

8 \npv? F

\

IIpononbHas CKOPOCTh HA OCH H3MEHAETCH OOPATHO NPONOPIHO-
HAJbHO MPOJOJBHOMY DPAacCTOSHHIO H IIO3TOMY YMEHBIIAETCSl OBICT-
pee, uem B csayyae AByxMepHo#H cTpyn. KpoMe TOro, Bao.as n#60#
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pa/MaJbHOM JIHHMHK, NPOBEXEHHOH OT Hawyasja KOOPAMHAT, W H3Me-
HsieTcsl OBpAaTHO NMPONOPUUOHAJBHO 2, TAK YTO €CJM M3BECTHA 3II0-
pa CKOPOCTH B OAHOM CEUEHHH, TO 3IIOPH CKOPOCTH B APYrHX ceue-
HHAX MOTYT OBITb JIETKO NOJIy4YEeHH,

Toabko uTo mpHBeaeHHOE pemeHue NpHHagdexur 1llanxtuury,
a NPHMEHHMOCTL €ro AJ51 OCHOBHO!Y 06/jactd notoka Onia mnoj-
TBEPK/JeHa 3KCnepHMedraMu Juapeiga U Tbena.

llpumep 18. Pewnits ypasuenue f”+4f4ffv+k=0 aas notoka memuy ne-
napasielsHbIMH TJACTHHAMH NpH MaJjoM uuciae Pedionsaca. Mcnoaw3osats aas

a
1
wiena PefiHoabaca Beipaskenne Re= o 5’f(6.)d(8) =g[v ¥ NIOKAa3aThb, YTO
—

g cos 280 —cos 2a

u(r.0) = v sin2i —cos 20

It

ITpexne Bcero moacrarosxoit f(0) =¢F (D) npeBpawaen vpasneune B Geapas-
MepHoe

F"+4F +Re F2 -k =0.
Ecau unciao PeliHoabaca JOCTATOYHO M40, TO
F"+4F +k=0
H pelleHHe COCTABHT

F:-%{—Asin%—f—BcosQe.

[TocTosnHble onpeaensioTess U3 YCJAOBHIL

F(xa)=0; fF(e)d(e):: 1.

3naxk * B mocleaHeM YDaBHEHHM YUMTLIBAET CYXEHHe H paclIMPeHHe [OTOKA.
Taxum o6pa3om, noayyamTcsa yeTsipe ypaBHeHHS:
R . & .
—T—}—As1n2a+Bcos2a=0; —T-—Asm;Ba—}-BcosZa:O;

-———é—q—}—Bsinm:: 1.

W3 Hux HaxosuM, 4TO

== *4cosa
A=0 B= — R="C .

sina —2a cosa sina —2ucosa

[loacTanoBka sTUX BhlpakeHHit B IpHBeJEHHOe Bpllle OflUee pelleHHe aeT
¢byuknuio F, 1 OKOHYATeIBHO UMEEM

Fe = cos 26 — cos 2a
H "~ 7 sin 2% — 2 cos 2a

L4 cos 20 — cos 2¢
U=—==—.

- [ ]
r sin 2a — 2a cos 2a

IT10 pellenHe, NPUOIZHTEIbHOE NPH MAJblX BeJHYMHAX Re, OUEBWIHO He jlaer
BO3MOXHOCTH Pa3jMyuTb (3a MCKJIKONEHHEM 3HaKa), SBJSETCS JH NOTOK CY/Kalo-
L{HMCH MM DACLIHPAIOUIMMCSH, ¥ He 14T HHUKAaKHX YKasaHuil 06 OTpBIBe NMOTOKA.
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A. YcroityuBocTh NaMUHAPHOTO TeYeHUS

62. OGuue 3ameyanus. PacnpocTpaHUTCA HJIl noracHer
Ma’1oe BO3MYllleHHe, KOTOpPOe HaKnalblBaeTCs Ha 1i3BeCTHOE NepBo-
11ayagablioe TeueHlle, 3aBHCIT OT CBOHCTB »XHAKOCTH, XapaKrepa nep-
BOHAYaJbLHOTO TeYeHHs W NPHPOAbl Bo3MmyieHHsi. Ecau Bce Takue
BO3MYILIEHHS 3aTyXalOT, TO NepBOHAYaJbHOMY TeYeHHI0 CBOHCTBEHHA
YCTOHYHBOCTbL; B MPOTHBHOM CJyyae €My NPHCYLIa HEYCTOHYHUBOCTD,
Jdaxke ec’aH HeKOTOpble BO3MYIeHHs HCUe3aloT CO BpeMeHeM. 3ana-
4Yd THAPOJAHHAMHUYCCKOH YCTOHYMBOCTH MNPEACTaBJASIIOT  60/bllo#H
NPaKTHYCCKHA H TEOpeTHUECKHH HHTEpec, 0 4eM CBHAETEeNbCTBYET
6oJbiloe uHMC10 NMOCBSALIEHHBIX 3TOMY Bonpocy nyOJHKauuii ¢ Haya-
Jla Halluero CTOoJeTHs.
®u3nyeckH TeyeHHe MOXKeT ObITb HeyCTOMUYHBBLIM TOJBLKO MpH CYy-
lecTBOBAHHH MepelayHd 3HEePrHH BO3MYIUEHHIO OT OCHOBIIOTO NOTO-
Ka. MaTtemaTHueckH 3Ta nepejaaya BbIPAXKaeTcsl NMPHUCYTCTBHEM He-
JIHHEHHbIX YIEHOB B ypaBHeHMAX aBHXKeHHa Hasbe—Crokca. Tak
KaK BC€ BO3MYIUEHHS MOIBEPXKeHbl BA3KOCTHOH AHCCHNALMH, YCTOH-
YHBOCTb NMEPBOHAYAJIbHOTO NOTOKA 33aBHCHT MO CYLIECTBY OT COOT-
HOWEHHA CKOPOCTH BS3KOCTHOH NHCCHNALMH BO3MYIUEHHA H CKO-
pPOCTH noJiydyeHHs1 SHEPrHH OT NMEepPBOHAYAJIbHOrO MOTOKA.

XoTsa B 3T0il r1aBe paccMaTPHBAeTCs INIaBHBIM 00Pa30M TeueHHe
BA3KHX JKHAKOCTeH, 3amaya 06 YCTOMYMBOCTH CYIUECTBYeT H IJA
HJ1€aJU31POBAHIIBIX NMOTOKOB HEBA3KHX XHI1KocTel. [eficTBuTebHO,
6sarogaps OTHOCHTENbHOH NMPOCTOTE HX MaTeMaTHYeCKOro aHa.H3a
HCTOPHYECKH HMEHHO /1711 HHX BrepBbie Obl710 Hafifelo ygauHoe pe-
wenre. HeyCTOHYHBOCTL MOXET BO3HHKHYThb, HalpHMep, eClIH TH-
XKejlasi XKHMAKOCTb pacnoJsiaraercs BLIIUE Jerkoi HJIM ecAH CylecT-
BYET pa3phiB CKOPOCTEHl HAa rpaHHue NByX Kuikocteil (IeabMroabn,
1882), nnu ecan NOBEpXHOCTHOE HATS)KEHHEe OKa3biBaeT Pa3pyllH-
TeNbHOE BIHsIMe Ha cTpyIo X)uiakoctH (Peaeit, 1879). Bo scex stux
CAyuasx BA3KOCTHOH AMCCHMaUMeH npeHeGperaroT, HO 3TO HE 3Ha-
YUT, 4TO TeueHNsi o6sa3aTe/bHO OYAYT HCYCTOMUHBBLIMH, TaK Kak MoO-
XKeT YCTAHOBHTbCA TaKoe NOJIOXKeHHe, Koraa nepelayu 3Hepruu Bos-
MyllleHHto He OyaeT ¥ Toraa He GydeT HM 3aTyXaHHs, HH pacrnpo-
CTPaHeHHs ero.

I'uaponnnamiyeckas HeyCTOMUHBOCTb peasbHbiX NOTOKOB Gbijaa
BriepBuie ynoMsiHyTa B neyatH XarenoMm B 1839 r. u noaTBepxaena
3KCnepUMenTanbno HM e B 1854 r., a 3aTeyM HE3aBHCHMO OT Hero
Peiinonbacom b 1883 r. Uernipe rona cnyers KeabBHH paccMotpen
3a]1a4y YCTOHUHBOCTH MJ1OCKOrO MOTOKa Ky3TTa H NJOCKOro noToKa
[lyaseiins u 3akaodil, 4To 06a NOTOKa YCTOMYHBLI K MasbiM BO3-
MyuteHnsiM. XoTa no3aHee Peseit noasepr COMHEHHIO e€ro 1oKasa-
TETbCTBO, BCE-TAKH CJeayeT NMpH3HaTh, 4yto KeabBln nepmuiM wuc-
No.1b30BaJ METOM MajblX BO3MYLICHHI ]S aHaJH3a yCTOHUMBOCTH
H TeM CaMbIM /1aJi HayaJbHbIl TOMYOK K M3VUEHII0 3THX TPYIHBIX
npob.aem.
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Tak Kak HeperyJsipHOe HaOJIOfeHHe 34 PCKHMOM TEUEHHS KHJ-
KOCTeH, MOo-BHAMMOMY, YyKasbiBaso, uro Oo/dee BsI3Kas KHAKOCTD
jiMeeT GoJsiee YCTOMUHBOE TeUeHHe, BOSHHK/IO HCKyLIeHHE H3YYaTh
YCTOHUHBOCTD JaMUHAPHBIX TEUeHHUl, mpenebperas BARAHHEM BA3-
KOCTH Ha BO3MYUIEHHS, H B Cjydae pe3yJbTaToB, YKasblBAIOIIHX HE
cTaGUJBHOCTD NOTOKA, 3aK/JI0uaTbh, 4TO I[I€PBOHAYAJbHOE TEUCHHEe
YCTOHYMBO HE3ABMCHMO OT BSI3KOCTH JKHAKOCTH. Peseil MCHO/IB30-
BaJ 3TOT MOAXOA IJSI M3Y4YEHHs yCTOHYMBOCTH MapaJsesIbHOTO Te-
YeHHA MEXIY ABYMS NJOCKMMH I'DaHHI@MH, PACCUNTBIBAS, UTO OHO
MOKET OBITh TOJBKO HEYCTOMUMBLIM. K CBOEMY yIHBJIEHHIO OH OGHA-
PYKHJI, 4TO €ClM HAa KPHBOH pacrpe/ieeHHsi CKOPOCTed OTCyTCTBY-
eT TouyKa meperuda, 1o J1060e BO3MYILEHHE, NEPUOHIECKH BHOCHMOE
B TOTOK, 00fi3aTebHO HEATPAJbHO, T. €. HU PACNPOCTPAHSETCA, HHU
3aTyxaeT. DTOT pe3yibTaT 3acTaBu/ Penes npHATH K yOexKAeHHIO,
yTO Fajke MPH BA3KOCTH, GJM3KOM K HYJIO, HEJb3sl peHeGperaThb ero
NP MCC/IeJOBAHUM TpPENEJbHOrO CJyuast BA3KOH KuAKOCTH. Tol-
KOCTb 3ITOTO DA3JHMYHUST CTAHOBHUTCA OUEBHAHEE, €CJH TPeACTaBUTD,
yTO TpeHeOpexeHue BJIHSIHHEM BA3KOCTH HA BO3MYyLICHHe H JOMYy-
[leHHEe COOTBETCTBHS MOTOKAa C BO3MYLIEHHSIMH G€3BHXPEBOMY paB-
HOCHJIbHO NMPH3HAHMIO HAJHYHA NPOCKAAb3bIBaHUsI HA TPAaHHLAX, UTO
HEBO3MOXKHO HH B KaKOP peanbHOi KHAKOCTH CO CKOJb YyTOAHO
MaJjolt BI3KoCThio. Takum o6pasom, ecaH BO3MyUIEHHE HE MOABED-
JKeHO BSI3KOCTHOHM IMCCHIIAIIHH, MEXaHH3M BO3MYUIEHHOTO ABHXKEHHS
H3MeHseTCs KOPeHHbIM 00pa3oM H, AefCTBHTeNbHO, HHKAaKOH 3Hep-
THH He MOKET OLITb IepefaHo BO3MYUIEHHIO OT MEePBOHAYANLHOIO
noroka. JIBoflHasi poJib BSI3KOCTH CTAHOBHTCS OYEBUAHOH O.aroxa-
ps pesysabTaTy Pejsesi, He MMeOUleMY NPAMOro OTHOIIEHHS K 3a1a-
UyaM YCTOHUHBOCTH BSI3KOH KHAKOCTH, HO SIPKO HJJIIOCTDHPYIOLIEMY
TPYAHOCTH, CBOMCTBEHHBIE 3THM 3aJaYaM.

HcenenoBanus ruapoAnHaMHuecKol yeroitugBoctd B XIX crose-
THH cBoasATCs K paboram Peiinoabaca, Keabsuna u Pesnest, HO B Ha-
[IeM CTOJETHH OHH CTAHOBSTCS CTOJMb MHOTOUHCJAEHHBLIMH, YTO He-
RBO3MOXKHO [a ¥ He HYMXHO NPHBOIHTb 31€Ch BCe IOJYyYEHIbIe pe-
syabratl, Onnako, necmoTps Ha 00JbIIOe BHHUMaHue K 3TOMY
BOMPOCY, MOKa ellle HCCAef0BaHa aHAJUTHYECKH JHIIb HavyajbHas
CTafMsl Tnepexoja OT JaMHHAPHOTO TeuYeHHs K TYpOyJeHTHOMY.
B ocraBumeicst yacTd 3TO#l IaBbl OYAYyT PAcCMOTPEHBbI TOJbKO OC-
HORHBIE MOMEHTH HanOoJiee BaxKHbLIX pellleHHH ¢ yaeaeHreM ocodboro
BHHMAaHHS METOL0JOTHH.

63. Meron noxkasareabHoro ¢akropa Bpemenu. [Has yjpobcrBa
NpejicTaB/AeHHs] pacCMaTPHBATCsl NapaJ/e/IbHoe JaMHHapHOoe Teye-
HHE MeX1y ABYMsI GECKOHeUHBIMHU MacTHHaMH. OCb X NPOXOAHUT MO-
cepenuue MeXAy MJIACTHHAMH B HATPaBJEHHH NE€PBOHAYANBHOTO MO~
TOKa, OChb Y B3siTa MO HOpPMAaJH K IJACTHHAM, PACCTOSIHHE MEXAY
MAaCTHHAMH NPHHATO PaBHBIM 2b. DYHKIHS TOKa ¢ MOKeT OBITb
NpefcTaBJeHa CAeAYIOIMHUM 00pasoM:

p=¥ 4V,
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roe ¥ — dysxuus TOKa nepBoHAavasbHOro IOTOKA, 3aBUcsLlast IO-
3TOMY TOJbKO OT Yy, P’ — TO XKe camoe IJs Bo3MylleHus. B obuem
cayuae 1’ 3aBHCHT OT BCEeX TPeX KOOpJAWHAT M BPEMEHH !, HO 1JA
IBYXMEDPHOT0O BO3MYIECHHSA OHA HE 3aBHCHT OT 2. Ha nexoropoe Bpe-
M$ BO3MYILleHHE [10.1aTaeTCsl ABYXMEPHBIM.

Ecnu 3amucaHHyo0 Bbille QYyHKHHUIO TOKa NOACTABUTL B CJAELYIO-
1ylo KOMOMHUpOBaHHYIO ¢opMy ypaBHeHuit Hasbe—Crokca a4
LBYXMEPHOTO NOTOKA

D
200 | I g b O e yge(gry)
ot oy ox 0x oy

M eC/aH npeuedpeub claraeMbiMH BTOPOro NOPSIiKa B Y’, TO MOXHO
Ha®TH, 4TO
DO L OF 0¥ 0¥ a0
ot dy ox dx oy
Tak Kak W camo yjoBierBopAeT AUPQepeninuasbHOe YpaBHEHHE,
CKOpoCTb NepBOHAUANBHOIO MOTOKA COCTABJSET

\%

ov
u(y) = —
) o
TaK 4TO npe,ubu{yu_[ee paBeHCTBO MOXKeT OHhTb 3anycalo Kak
a 7 a ’ 7
v fugr 2w T g gy,
ot 0x Jx

rae WTPUXH HaA u o0603HayalT oO0bIYHOe JuddepeHHHpoBanme,
Ecau u BplpasuTb uepe3 HEKOTOPYIO 3TAJOHHYIO cKopocTh U, ¥ H y
uepes b, ¢ uepes b/U u ' uepes Ub, To HanmucaHHOE PaBEHCTBO CTa-
HOBHTCS TakuM (Ge3 BBELCHUS HOBBLIX OGO3HAUEHHH):
v pup L gy, (158)
ot 0x ax Re

rjie BCe BeNHunHbl Ge3pasmepubl. Jsis AByXMepHOro nepuojH4ecKo-
ro BO3MYLICHUS B HaNpPaB/JeHHH X MOMKHO AONYCTHTb, UTO

Vo= f(y) ™, (159)

rae M paBHO PaccTOsiHMIO 2D, nesNeHHOMy Ha AJHHY BOJHBI BO3MY-
LIEeHHUS A, a BbIpaxKeHue

c=c, +ic

UMeeT JeHCTBHTE/NbHYI YacCTb ¢, NPEACTABJSIOUIYIO GLICTPOTY pac-
npocTpallelldst BOMHOBOTO BO3MYILUEHUS,, § MHHMYI 4YacTb ¢;, NpPeA-
CTABJAIOULYI0 YCHJIEHHE HJIH 3aTyXaHue, — BCE BblpakeHo uepe3 U.
J1s1 3agannoro uucaa PefiHosbaca ¥ 3aaHHOTO fm BCErjla CyLecT-
ByeT ollpejeneHHoe 3HaueHHe ¢, Kak nokaseiBaeT paBeHCTBO (159),
BO3MYIlleHue OyAeT yCU/INBATBbCS, €CNU ¢; INOJOXKHUTENbHO, H 3aTy-
XaTb, €CJU OHO OTpHUATENbHO. TakuM 06pasoM, YCTOHYUBOCTb HJIH
HEYCTOMUYHBOCTb NPH 3a7aHHLIX 3HauYeHUAX Re u 7 3aBHUCUT OT 3HA-
Ka, COOTBETCTBYIOLIETO C;.
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[MogctanoBKa BeIpaxkenusi (159) B ypasHenue (158) npuBo-
okt x vpasnennio Op-3ommepdennna (1906—1908):

u—0)(f"—m*f——u'f =~ r-nl—Re (" —2m*[" + m'f), (160)

rie LITPUXM BCeX BHI0B 0003HaualoT oObluHOE H(PepeHLHpoBa-
Hue. UeTbipe HE3aBHCHMHIX pelieHHs ypabHenus (160) moryr ObiTb
o6o3Hauennl fi, fo, fs U fs. KOMIOHEHTH CKOPOCTH, CO3[aHHbIE BO3-
MyIIeHHeM, NOJKHbl HCUe3aTh Ha TBEPABIX rpaHuuax. Tak Kak IpH
phIpakennn yepes U oHu mmetor BuA 0y’/0y u —0'/dx, rpanny-
Hbl€ YCJAOBHS 3alIHCBLIBAIOTCS TaK:

F)=0; F()=0 f(—1=0 [ (=1)=0.
BeseeTBHe TAaKHX FpaHMuHBIX yCJIOBHH pemieHue ypaBHeHust (160)

f:Af1+Bf2+Cfs+Df4
MOJKET OTJHYATbCSA OT OOHLIYHOrO HYJEBOro pemenus (T. €. Ko3ddu-
nuentsl A, B, C u D mMoryt ObiTb He paBHBI HYJIO), TOJbKO €CJH

RO RO RO RO
O RO RO RO
P D) fo— 1) fa—D| =%
Pl R—D B AED

DTOT JETEPMHHAHT $IBJSIETCS CJIEJCTBUEM 3aBHCHMOCTH MeEXIy
Re, m u ¢, KoTopast nocje pasjiena MHUMOHA M JeHCTBHTe/NbHOH dac-
Tell MoxeT OHITh CBeJleHa K JIByM PaBeHCTBaM:

¢, = ¢, (m, Re); ¢, =¢; (m, Re).
Ecau ¢; paBHO HYJIIO, TO
c;(m,Re) =0
HJIH

m = m (Re),

YTO COOTBETCTBYET KPHBOH, pasielsiionlell NpocTpaHcTBO nm—Re Ha
06/1aCTH YCTOHUHBOCTH ¥ HEYCTOHUYHBOCTH.

DT1oT 06ImMA noaXox Obl ucnonb3oBaH ToamuHbiM W IHauxTHH-
roM A/ HCCJAeZOBAHUS YCTOHUMBOCTH CYIECTBEHHO NapaJiiejbHOro
MOTOKa Haj NoJay0ecKOHeuHO!H mJjacTHHOH. XOTsi B 3TOM cJayuae
BepXHeH rpaHuibl HE CYLIECTBYET, OCHOBBI ONMCAHHOTO MeTOoAa MO-
ryT GbITb IPUMEHEHHl 110C/e HEKOTOpOoH MoandHKauuu ero. B 1945r.
Jlunb ytouHua pesysbratsl TosMuH2 u 1llinxTHHra, Tak 4TO Tenepb
MEXIYy KCMepHMeHTaJ bHBIMH TaHHBIMH, noJydeHHbMH llyGayepom
u Ckpamcrenom B 1938 r.,  TeopeTHUeCKUMH pe3y/bTaTaMy Cyilie-
CIBYET MOYTH TOJHOE cooTBeTcTBHe (puc. 86). B stoM cuayuae
m=2nd,/% 1 Re=V§/y, rie & — To/iliuHa CMeELLEHHUS NOrpaHUy-
HOTO CJ0sl, OomnpejejeHHasl B I, 82.
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Hauanbnass ycTOHYMBOCTL J1aMMHApPHOTO TEUEHHS MEXIy Bpa-
IalOIMMHUCS KOHICHTPHUYCCKUMH UMJIMHAPaMH Oblla MoApOGHO HC-
cnefnoBaHa Ta3HJI0OpPOM KaK TEOPETHYECKH, TaK H IKCHEPHMEHTaAbHO,
XOTSl TOJNIbKO NPU MAaJoOH pasHuIe B BeJHUKMHe HX paanycoB. Kax
BUAHO U3 pHC. 87, rae ©Q; H £y COOTBETCTBEHHO YIVIOBLIE CKOPOCTH
(B OOHOM HaNpaBJCHUH) BHYTPEeHHero umauujpa (r,=3,8 cm) u

9,6

g 800 1600 2400 3200
Re

Puc. 86. YcrofiuuBoCcTh NOTOKA B NOTPAHMYHOM CJ0€
1 — norawenue; 2 — Nnub; 3 — IWlauxTtanr; ¢ — yBeanuenne

BHEIIHEro uuauuiapa (rp=4,04 ca), pacuersi Taliopa nopasutesnb-
HO XOpOWIO TOATBEPXKAAMTCS €ro SKCIepuMeHTaMU. Kak BHAHO H3
TOTO XK€ PHUCYHKA, €C/IH HUPKYJALUHS Ha IOBEPXHOCTH BHYTPEHHErO
HHJIMHADA MeHblle, 4YeM HHUPKYJSLHUS Ha NOBEPXHOCTH BHEIIHEro
NUIKHApPA, TO r%<£22 r% U TOTOX BCErjfa yCTON4MB, KakK Obl HH

6ol BesnkH Q) U Qs IT0 G0 ycTaHoBaeHo Cunrom (1938) my-

1000 7
800 #
I /
600 /‘
> o %
R E7Y &
-l .‘\l 2 2
200 ° Q&Ai\—i:-’&:m -
-2 7/ J 2, 72
a . V4 L L !
1200 -800 - 400 0 wo 800 1200
22
1 %4

Puc. 87. YcTOMUHBOCTD TMOTOKA MEXKAY KOHIUEHTDPHYECKAMH IHJIHHA-
pamu

{ ~— HeyctoHuusnif; I/ — ycTOfiuuBhid; [/ — pe3ynbTaThl BbIUKCAEHHHN, 2—Deayab-
TaTel HabJoneHuit
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TeM TOUHBIX PACYETOB OCECHMMETPHUHBIX OECKOHEYHO MaJjblX BO3-
MYIIEHHH ¢ MOKa3aTeJbHbIM (aKTOPOM BPEMEHH.

T3HN0POBCKHHE  MOAXOA OTJIHYAETCS OT ONKCAHHOTO TOJBKO TEM,
4TO HEH3BECTHble (DYHKIIHH, COOTBETCTBYIOLIHE [(y) B ypaBHEHHH
(159), pacnpocTpaHsIoTcst B BuAe GECKOHEUHBIX PsAOB, TAK UTO Ue-
ThIPE€ M3 HIECTH FPAHMYHBIX YCJIOBHH (O TOM, 4TO TPH KOMIIOHEHTA
CKOPOCTH MCYe3al0T Ha TPaHHIAX) YAOBJETBOPSIIOTCS aBTOMAaTHUe-
ckd. JIBa OCTaBIIMXCs YCJIOBUSI U PeKyppeHTHbIe QOpPMYJb AJs1 KO-
5 dHIHEHTOB OZHOTO M3 PAAOB TOJIYYATCA M3 AU pepeHLHalb-
HbIX ypaBHEHHH INIPH YCJOBHH, UTO A€TePMHHAHT GECKOHEYHOro
MopsiiKa AOJKEH HCUe3aTb /s HETPHUBHAJBHOTO DEIIEHHSI CHCTEMb
auddepeHnna bHbIX ypaBHenui. M3 ypaBHeHusi 31oro AeTepMHHaH-
Ta MOKeT ObITb TOJyuyeHa KpuBasi HeHTpaJbHOM YCTOHYHBOCTH.
DTOT METOJ TaK:Ke OTHOCHTCS K TeM, rle HCIOJb3yeTcs IoKa3a-
TeJbHBIH (AaKTOP BPEMEHH.

Ts#0pOBCKas OLEHKA BO3HHMKHOBEHHS HEYCTOHYHBOCTH HACTOJb-
KO sICHA M IOYUYMTEJbHA, UTO XOYETCS NPHBECTH LHUTATy H3 €ro pa-
GoTbl: «HaGuwopaeMoe siBjende ObLJIO OJAWHAKOBBIM BO BCEX CJIY-
yasix. CJo#l okpalleHHOH KHJKOCTH HEOXKMAAHHO pachnajajcs Ha
psil PABHOOTCTOSILIMX IJIEHOK, IJIOCKOCTH KOTOPBIX OBIIH TI€pIeH-
AMKYJISIPHBl OCH BpaLleHHs. DTH IIVIeHKH B KaXAOM CJydae pacro-
Jarajuch IpYyr OT Apyra Ha pacCTOSIHHUH, NPUOJH3MTENbIO PaABHOM
YIBOCHHOH TOJLIMHE C€JOs MexAy UHAHHApaMu. [lresxn pacmpo-
CTPAHSIJIUCh [0 TeX NOp, N0Ka He JOCTHTaJH BHYTPEHHEH IOBEpX-
HOCTH BHEIIHEro LHWJHMHIpa. 3aTeM OHH pPaCnpoCTpaHASHCh BBEPX
I BHH3 BJOJIb 3TOH MOBEPXHOCTH, IOKA He MOKPLIBAJIH BCIO €€ TOH-
KMM CJIOEM OKPAaUIeHHOH KUAKOCTH. DTOT CJOH OblI IOYTH Hesame-
TeH, TaK KaK ero KpOMKy TPYAHO Obl10 pazjaHudTb. C Apyro#l cro-
POHBI, IPH BCTpeuYe CJI0€B, HANpaB/JeHHLIX BBEPX M BHH3, oOpasy-
IOTCS TINEHKH, ABHXKYIIHECS K BHYTPEHHEMY IHJMHApPY, NOLOGHBIE
TeM, UTO JABHIKYTCS K BHELIHEMYy LUHJIMHAPY. B peaysabrarte uepes
2—3 cex mocne Havaja JABHKEHHS TOSIBASETCH PSAJ TOHKHX IJIENOK
OKpameHHGH KHAKOCTH, pacloJOXKeHHBIX IPYyr OoT Apyra Ha pac-
CTOSTHHH, PABHOM TOJIIMHE CJOSI MEXKJAYy UHIHHApaMu. DaKTHUECKH
yepe3 HEeCKOJIbKO CEeKYHI TMocJ/e Hayagaa JBHKEeHHST OHO YyXKe KaxKeT-
cs1 YCTAHOBHUBIDHUMCS, TaK KakK B HeM HEBO3MOXKHO pas/HUuiTb, Ka-
KHe IJIEHKH JIBHXYTCS BHYTPb, 4 KaKue — HapyXy, XOTS Kaxaas
H3 HUX B OTHEIbHOCTH UYpe3BbIUAHHO pe3ko ouyepueHa», M3 3Toro
ONHCANMsd BHAHO YTO B Hauaje BO3HHKHOBEHHS HEYCTOHUHBOCTH
MOTOK HE TMpPSIMO TpPeBpallaeTcss B TYpOYJEHTHBIN, a NEPEXOIUT B
APYyrofl BuA JaMHHApHOrO JBHXKeHHs., IkcnepuMeHThl Tafisopa
MOKa3aJu, YTO INpPH YBEJHUECHHH CKOPOCTH BHYTPEHHErO IHJIHHIpA
CUMMETPHUHblE BHXDEBble KOJblla CHAuaJa CTAHOBATCS HECHMMET-
PHUHBIMH HJIHM [aKe y3J0BaThIMH M 3aTeM pa3phiBalOTCs, IpeBpa-
111asi BECb IIOTOK B TYpOYJIECHTHBIH.

[Tpu paccMOTpeHUH T3UJIOPOBCKOH 3aaud YCTOHUHBOCTH HE CJe-
JyeT YyNnycKaTb W3 BHUAA IJaBHBIA (akTop, CIOCOGCTBYIOIIMA Hey-
crofiuBocTd. [lepBuuHasi MpUYMHA, KAK YXKE TBEPJO YCTAHOBJIEHO,
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COCTOMT B TOM, YTO NPH 3aJaHHLIX pajguycax LHJIMHAPOB C YBE/H-
qeHHEM OTHOIIEeHHsT €2;/€s BEpPOSITHOCTH HEYCTOHUMBOCTH Bo3pacTa-
eT. Bpaienve BHyTpeHHeTo nMJAMHApPa aAeHcTByer nBosiko. C ofHOH
CTOPOHBI, OHO TepefaeT [BHKEHHC OJHU3/JIEKALIHM CJAOAM JKHA-
KOCTH, KOTOpBIe 3aTeM CTpeMsITCs JABHraTthCa nentpobexkso. C apy-
rofl CTOPOHEBI, OHO CO3[aeT IMOJOXHTeNbHLIN pajvajbHLIH TPAJHEHT
JIABJEHHs, KOTODLIH TPOTHBOACHCTBYET 3TOMYy cTpeMJjeHuHw. Pas-
HOBECHE 3/eCh HEHAJEXKHO; ueM OBICTpee BpalllaeTcss BHYTPEHUHH
UWIRHADP, TEM TpPYyAHEe BOCTPENATCTBOBATh KHAKOCTH [IBHCATHCS
Hapyxy OT Hero. Bpalienne BHeIIHero HHJAHEApPA, OQHAKO, MMEET
TOMBKO cTabuausHpyoiiee Bosaerictue. OHO ToMoraer BHYTPEHHE-
MYy UMJAHHIPY CO3/1aBATH pajua/bHBIl IPajUEHT AaBJEHUA K Mpe-
NSITCTBOBATHL JBHKEHHIO KHAKOCTH Hapy:XKy. Takum oOpasom, pe-
3yabrathl T3#a0pa, BHOMHE OOBACHHMBIE C HHTYHTHBHOH TOUKH
3pEHHS, [03BOAIOT MPHHTH K 3aK/JIIOUSHHIO, YTO MEPBHUHOH IIPHYHU-
HOA HeyCTOMYHUBOCTH ABJASETCS ILEHTPOOe:KHad CcHia, KOoTopas B
TOM CJiyuae MOXKET pacCMaTpPHUBATBLCH KaK OjJHa H3 (opM Macco-
BOH CHJIBL.

64. JlocTaTouHble YCJAOBHS AJsi ycTroHuuBoctd, Bwmecro peue-
uua auddepeHudanbHol  CHCTEMBI, ONpeReqsiiolied yYCTOHYHBOCTh
UAH HeyCTOMUMBOCTh [EPBOHAUYAJBHOTO ABHIKEHMS, pA3JAHYHBIE HC-
CIelOBATENH HHTerpupoBaau AubdepeHIHaNbHOE YpPaBHEHHE HJIH
ypaBHeHHs], Jalollue LOCTATOYHBIC YCJAOBHSI AJs YCTOHUHBOCTH. Xo-
TSl TIONYYHTh 3TH YCJIOBHSI HAMHOTO Jerue, 4YeM pellHTb Aubdepen-
MHAJbHYIO CHCTEMY, OJHAKO OHHM COIEep:KaT ropaszfo MeHee CIelH-
buunyio undopMalHuIo, TaK Kak BbIBEAEHH Oe3 3HAHHUS OCHOBR
MPUPOABI BO3MYIEHHsl. TeM He MeHee 3TH yCJOBUA BCeraa odecme-
YHBAIOT IIeHHDLIE YKA3aHHSl B MOUCKax OoJjee creunduyHoii uadop-
Mallu¥, KOTJZa OTCYTCTBYeT AeTajbHOe pellleHHe, U SIBJSAIOTCA XOPO-
el mpoBepKofl, €M Takoe pelleHHC CylLlecTByeT. B aanbpreiimem
U1 HAMIOCTPAIMH CMbIC/a MeTOAa OYAYT NpHBeLeHbl AOCTATOUHBIE
YCJOBHSI YCTOHUHBOCTH TilocKoro noroka Ilyasehns. Llewnocte pe-
3yJabTaTa, NOAyIeHHoro CHHrOM, A0Ka3aHa VAAUHBIM HCCAeI0BAHH-
eMm JIuHa B Gosiee yako# o6sacTH.

Ecan B xadecTse XapakTepHOH CKOPOCTH TEpBOHAUYAJILHOIO T0-
TOKa §epeTcst ero MakKCHMaJbHasg CKOpPOCTh, TO paclpefel]enye CKo-
POCTH 3TOro MoToOKa Jaercs 6e3pa3MepHBbIM BbIpaKeHHUEM:

I/ICHOJIbsyﬂ 3TO BbIpAXKEHHe 1J5 4 U yMHOXKaf ypasHeHue (160)
Ha [ d y (rae f ABIAETCS BENHUMHON, KOMIIEKCHO CONPSIKEHHOM ¢ f),
a 3aTeM HHTETPUpPYS (B cayuae H606XOILHMOCTPI no vactsam) or —I
g0 1, moayuuM ¢ TIOMOLIbI0 TPAaHHUYHBIX YCJAOBHH CAEAYIOLIHE HH-
TerpajibHble COOTHOIIEHHS:

mRec, (I} +-m*[f) = mRe Qi + I+ 2m* I} - m* I},



1 1
B={ ffdy = I'T dy;
| 1
o
B={ [Ty,
—1
1

1 1
Q= (1= Tdy+m | (1 =g [dy—2{ [ Fydy—213
—1 —1 —1
B34B ReHCTBUTENBHYIO 4acTb NMPHBEAEHHOIO0 HHTErpalbHOrO CO-
OTHOILEHHST U TIEPEMEHHB 3HAKH, MOJYYHM
1
mRec, (1} +m L) =mRei | (' [—FDydy—
|
—(1§+2nz2l"f—|—m41§,). (161)
Ho us nepasencrsa llIBapua B popme
([ (rg+Tg)dy|' <4 [ifdy|ggdy upn g=isf
HMeeM
R o %
PV (T—TDydy < 2L VI ydy | <2l
—1 ~1
TakK YTo

mRec, (I} +m* I}y < — (m* ;—2mRel 1, + 2m*I}) — I,

U3 uepasencrsa llIBapma TakxKe BHAHO, UTO JeBas 4acCTb 3TO-
ro BhIpaXKeHHsl OTpHIaTeNbHA, ecan Re? < 2m*. ITo 3HAUMT, YTO
eca uncao Peftnoapaca Menbute ' 2 m?, To nepBOHAYANbHBI 110-
TOK BCErja YCTOHUMB, TaK KaK OTpPHLIATEILHOE 3HAYEHHE €; COOT-
BETCTBYET YCTONUHBOMY cOCTOsIHHMIO. Jlajee M3 HEPaBEHCTBA BHUIHO,
yTO AJI51 HAHHOrO 4Yhcjaa PefiHo/bAca TOTOK BCErfa YCTOHUYMB IpH
LOCTATOUHO MaJblX 3HaueHHAX M HJIH JOCTATOYHO OOJNBLION AJHHE
BOJIHBL.

MoxkHO YMOMAHYTb, uTo mocratouHoe yciaosue Cuura (Qu7r <
<Qor?) mas yCTOHUHBOCTH TEPBOHAUYANBHOTO TMOTOKA MEXKAY KOH-

[eHTPUYECKHUMH LMJIHHAPAMH, TaK Xe KakK U TEOpEeMbl Penes (xo-
TOpBle TPEACTABJSIOT TOJbKO MOCTATOUYHBIE YCJIOBHS IS yCTOHUH-
BOCTH, IIOJYUYeHHbIe TIpH TpeHeOpeKeHHH BJHSHHEM BSI3KOCTH Ha
BO3MYIIEHHE), BBIBEACHO N0 CYLIECTBY MOAOOHBIM ke obpaszom. Jlo-
CTaTOUHBIE YC/IOBHS OblIH MoJyuyeHsl CHHIOM TaKXe BapHaIlMOHHBIM
MeTOI0M, OJHAKO €ro pacCMOTpeHHe He BXOAHWT B 3ajavy HacTos-
116N KHHTH.
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65. MeTopn oHEpruu ¥ MeTO] 3aBUXPEHHOCTH. ECJH NMONHYIO K-
HETHYECKYIO 3HEPTHIO BO3MYIICHHS 0603HAUUTD

r__ 0 ’2 ’2 r2
K——ZSW +o? +w?)dW,

rae u’, v' 1 @ ecThb KOMIOHEHTB CKOPOCTH BO3MYyIlEHHs, a HHTE-
rpan asjasercss 06beMHBIM, H €ClH
Q= [(&" +n" +1%)aw,

roe &, v 4 ' TmpencTaBASIIOT KOMIIOHEHTHI 3aBUXPEHHOCTH BO3MY-
IIEHHs, TO YCTONUHMBOCTD HJIH HEYCTOHUYHBOCTb TIE€DBOHAYAJILHOTO MO~
Toka Oyper ompepenstbes sHakoMm dK'/di mnm dQ'/dt. B ortHowe-
HuH 7 CJIeiyeT 3aMeTUTh, uTo eciu Q'=0, ZBHXKeEHHE BO3MYLIEHHUS
Gessuxpesoe. Ho Tak Kak rpaHuuHble YCJI0BHA TPeOYIOT OTCYTCTBUSA
POCKaJb3bIBAHHSA HAa TBepABIX IPaHHLAX, TO 6e3BMXPEBBLIX BO3MY-
neHull 6bITh He MoXKeT, Tak yTo Q=0 yKkasbiBaeT Ha yCTOHYHBOCTDb
npuxkeHust. B paspHefiimem Oynaer noxasaHo, yTo AJs IJIOCKOro I10-
toka [lyaseliass ¥ ajs NepHOIMYSCKHX BO3MYIIEHHH METOH SHEPruH
COBMAJaeT C METOJOM I[0KasaTejbHOro (hakropa BpeMeHH. To, 4TO
A5 OJHHX M TeX e CJydaeB MEeTOJ 3aBHUXDCHHST TaKxKe COBMafacT
C TIOCJeAHHM METOLOM, MOMKeT ObIThb [0KazaHo MNOMOOHBbIM Xe 00-
pasom.

[lpunas ans niaockoro noroka [lyaseisis AByxMepHOe MEpPHOAU-
yeckoe Bo3MyllueHue, u3 onpeneaeduss K' n ypasuennit Hasbe —
Croxca noayyaem:

i d_Krz 1 ﬁ /2 _LU'Z = ( w a_u,
o dt 293 ot (" +o7)ds ,\(_Juaer
,Ov' ;0w I ¢/, ap Uy ap,
+ v a——}—uv E’)ds_ ?\ (\u 5 TV a_y)dS—F
v (W v u oy ds, (162)

rie HHTErpassl SABJSIOTCS TOBEPXUOCTHBIMH, a & €CTb pasMepHas
CKOpOCTh IiepBOHAYasbHOro noroxa. CyMma IBYX NepBLIX UJIEHOB
B mpaBoil yacTH ypaBHeHHa (162) wmokeT OBbITh 2amucana Kak

1 "
) Olu(w'?+0'?)]/0x, a TaK KaK & He 3aBHCHT OT X, TO IO CBOHCTBY

OepHOANYHOCTH HHTErpaJa 3TOH CYMMBI nCye3aeT. Anajoruuno ucue-
3aer Tpemﬁ HHTErpaJ, TakK Kak

ap’ , 0p’ Jd ., 0 ,
u’ E+U ’5;25(” p')-}—gy—(v'p)

10 YpaBHEHHIO HEPa3PbIBHOCTH /51 HeCXKIIMAaeMOH KHIKOCTH, rpa-
HUUHBLIM YCJOBHAM U nepuoauynoctd. [Tocjennn#i uuterpaa B ypas-
HeHKH (162) MoxeT ObITh 3aMeHEH HHTErpaJjiom

5 e B o

;




TaK yto ypaBHeHHe (162) cTaHOBHTCS TaKuM:

I dK’ ’ cu
LK w4 vl (163)
p dt J ay
Jlo cux mop Bce BeMYUHBI B NAaHHOM MNyHKTe GblIM DPa3MEpHbI-
mu. Ecau tenepb chenath 0€3pa3MepHbBIMU PacCTOSHMs, Da3iefuB
HX Ha TOJOBHHY NMpPOCTPAHCTBA MEXAY NJAaCTHHAMH, H KOMIIOHEHTH
CKOPOCTH, pa3fieIUB UX Ha MaKCUMaJ/bHOE 3HAYEHHEe U,; CKODOCTH
4, TO MOXKeT ObiTh HCIIOJNb30BaHa Oe3pa3MepHas GYHKUHSA TOKa ¢
R .
dy '’ 0x
Ecau nanee BupasuTh | uepes b/u,, 1 HanucaThb
’ imx iy —imx
YV =f(y,e" + [y,
tTorga ypasHeHue (163) npu mosoxuTenabHOM KoHcTanTe C 6yger
HUMETb TaKOH BHL:

u

1
C ‘fi—’f — —mRej (FT~TDdy— (IE+2m 12 + m'I2), (164)
—1

rae lo, Iy u I, onpenessiloTCsl TaK Ke, KaK B I. 64, 3a HCKJl04eHHEeM
ToTO, YyTO GYHKUHsS [ Temepb 3aBHCUT OT y M ¢. [lpaBas yacte ypas-
wenust (164) no ¢opme rtakas ke, kak B ypaBHenuu (161). Ecau
BMecto [(y, ¢) Hamwcatb [(y) exp(—imct), TO NpaBblie 4YacTH
ypasrenuit (161) u (164) craHoOBATCA MACHTHYHLIMIL, TaX UTO Me-
TOJl SHEPTHU H METOJ M0KazaTejJbHOro (axkTopa BpeMeHH COBNafa-
10T A5 IEPUOXHUECKHX BO3MYICHUN.

66. BausHue NpHpPOABI BO3MYULIEHHS HA YCTOHYMBOCTH. JlO CHX
II0Op PacCCMOTPERHI0 NMOABEPrafalCh JUMb ABYXMEPHbIE BO3MYIILEHHS.
MozKeT BO3HHKHYTb BONPOC: KaK BJWsieT NMPUPOAA BO3MYLICHIS Ha
cTaGHJIbHOCTh MOTOKA? [J1s1 ABYXMepHLIX NapaJsJelbHblX MOTOKOB
orser npocT. Ocobuifl cayyali cy»kalollerocsi MOToKa OXHOPOAHOH
Kuakoctun Obl1 paccmorper Cksadpom (1933). O6muit cayval, npu
KOTOPOM BEPXHSASI IOBEPXHOCTh XKHAKOCTH He 00si3aTesibHO 3aHK-
CHPOBAHA M YUUTHIBAIOTCHA TPABUTAUMOHHAS CHJA, a TAKKE H3Me-
Wellusl MJAOTHOCTH M BSI3KOCTH, paccmatpuBajics Exom (Yih) ¢ no-
MOUILIO MPOCTOrO MOAX0 a JIIHS.

st BoaMyIlleHHs MOKeT ObiTh B3dTa QYHKUHMA TOKA THIA

IP/ — f(y) ei(mx—{—nz—mct)

rle X WU3MepsIETC B HANPaBJCHUY NEpPBOHAYAJbHOTO MOTOKA, Y —
B HalpapJeHHH, NEPHNeHIUKYJAAPHOM MJOCKOCTH TpaHHLbl, 2 — IO
OCH, MEepHeHIUKYyJSIpHOH NJOCKOCTH XYy, & M, . U C— IOCTOSIHHBIE.
Ecau BBIMOJHUTBL NMOBOPOT BOKPYT OCH Yy Tak, yToObl ochb X’ 3aHA]a
noAoxenne (m, 0, n) Mo OTHOWIEHHIO K IPeXHEH KOOPAHHATHOH CH-
cTeMe, Torua

mx +~nz=mx',
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roe m’= (m2+n?)y,. Ecnn panee omnpenenuTb ¢’ U3 paBeHCTBA
m'c’=1mc, To QyKuUsA TOKa MOXKeT OBITH 3amUcana

W =Fe 0,
YTO NpEnCTaBJadeT LABYXMEPHOE BO3MYVIIEHHE, TepeMellarolleecss B

HampapJeHHH X' ¢ MJIHHON BOJIHBI 2n/m’ U cKopocTbio ¢’. AHaJgo-
rUyHO QYHKLHS TOKA

w” _ f(y) ei(mx—nz—md) — f(y) eim’(x”—c't)

MPEACTaB/JISCT TO JXE& CaMOe BO3MYILIeHHe, MepeMellallleecs B Ha-
npasJeHuH x”, 3aHMMalolleM nojoxenue (m, 0, n).
Torna ¢yHKIINS TOKa

o =¥ + ¥ = 2f (y) cos nze ™

MPeACTABJSIET TPEXMEpPHOe BO3MYIIEHHE, IBHXKYLUEeCs B Hampas-
JIEHHH OCH X CO CKOPOCTBIO ¢ M UMelolllee NJIMHGLI BOJIH 27/m H
27t/n COOTBETCTBEHHO B HANpPaBJEHHAX X H 2. TaK KakK H3-32 CHM-
meTpuyHocTH ¢’ M ¢” QU3NYECKH HAEHTHUHL], TO YCTOHUHBOCTB
HJIH HEYCTOHYMBOCTb HJIs {3 ONPEAeseTcs YCTONUMBOCTBIO HJIH He-
YCTOMYHBOCTBIO ', TOTOMY YTO 3[1eCh BCAEACTBHE JUHEHHOCTH H OJ-
HOPOJHOCTH AH({epeHnHaSbHOR CHCTEMbI, ONMHChIBAIOLIEH YCTONUH-
BOCTb, IPUMEHHMO MPABUJIO CYNePIO3HIUH.

Ecan rtemepb unciao PeflHombaca, yKAOH ¥ TpajfHeHT AaBJeHHS
nepBOHAYalbHOrO I10TOKa 0003HAYHTb COOTBETCTBEHHO Re, s H
dp/dx, TO 1]t KOMIIOHEHTOB, COOTBETCTBYIOMMX ' (0603HAYEHHBIX
Re’, s" w dp’/dx’), oun onpenensTcs paBeHCTBAMH

m' Re’ = mRe; m's’ = ms;

9 cp = 9P ese B,

ox’ dax
rae f u B~ yribl HaKJIOHZ IPAHHIB K FOPH3OHTAMN B HampaBJe-
HHUSIX COOTBETCTBEHHO X U X', TaK yTo s=tg p u s'=1tg p’. Kak Jer-
KO BHJETb, CEUCHHE MOTOKA (B HaNpaBJeHHH 2’) a5 cayyas ' He
BHOCHT 3HAYUTEJIbHHIX H3MEHEHMII HM B ypaBHEHUE IBHXKEHHS, HH
B YpaBHEHHE HEPAa3PLIBHOCTH M HHKAK HE BJIHMSET HA BbIIOJHEHHE
TPaHUUHBIX ycaoBHA. OTCIOAa NepBOHAYANbHBIH IOTOK YCTOHUNB
HJIH HEYCTOIYHB K TPEXMEPHOMY BO3MYILEHHIO COOTBETCTBEHHO TOMY,
YCTOHYHB WJIH HEYCTOMYMB OH K ABYXMEDHOMY BO3MYUIEHUIO NpHU
MEeHbUINX 4iicsax Pefinoabjca, MeHbuleM ykJIOHe U MeHbIIEM rpa-
AMEHTEe naB/eHHs. 3aKOHB YMeHbUICHHS] [epPeYHCJEeHHbIX BeJIHUHH
JaHbl IPEABIAYIIUMY PABEUCTBAMH.



F'naBa VI

TYPBYJEHTHOCTDb

A. OGwmue cooGpakenust

67. Bpoanble 3aMevaHHs, J[laxe npu cayuafinoM Ha-
0,10 €HYH 32 HCTCUEHHEM JAbIMA H3 TPyOBl WIH 34 CAEJOM CyAHA
Ha BOJAE BHJHO, YTO IBHXKEHHE NMOTOKOB BO MHOTHX CJydasXx COBep-
IIEHHO He HMeeT TOTO YHOPSIAOUEHHOTO XapakTepa, KOTOpbil oJ-
XeH Obl OBl CyLIecTBOBAaTb B COOTBETCTBUHM C NPHUBEAEHHLIM paHee
anaau3oM. Bmecto Toro, 4ToGbl CAEADBATbL MO YCTAHOBJEHHBLIM Tpa-
E€KTOPHUsSM, XKHAKHE H4aCTHUbl HepeMelaioTcsl Kpaiine 6ecnopsigouHo;
9TO TepeMelUleHHe MOXKeT OBITh 0XapaKTepH30BAHO KAK HEOIHOPOJ-
HO€ BTODHYHOE [BHKEHHe, HAJOXKCHHOE Ha MepBOHAUYAJbHOE YIIO-
pamouennoe. BTopHUHOE [BHKCHHE SIBJASETCs HEYCTAHOBHBLIMMCS
BCJAEACTBHE HaOJMIOAAIOWNXCS IPH HEM NYJbCAUHMH CKOPOCTEH BO
BPEMEHU BO BCEX TOYKAX MPOCTPAHCTBA H GECHOPALOUHBIX H3IMEHE-
HHH CKOPOCTeH OT TOYKH K TOUKe B JIOGOH MOMEHT BpeMeHu. Ero
MOXHO NPEACTaBUTb B BHJe OECUHCJICHHOTO KOJHYECTBA BUXpEH
pas/HuHbIX (pOPM, PasMEPOB M CKOPOCTEHl BpallEHHS, MePeHOCUMBIX
[IO TCUEHHUIO OCPEJHEHHBIM IOTOKOM.

OTOT OOUIMH THII ABHKEHHs] OOBIYHO HA3BIBAIOT TYPOYACHTHBIM,
eCsid MyJbCAUMH B HEM HOCAT Hemepuopuueckufi xapakrep, [ToToky,
HAXOJHUBUIHECS WJIH HAXOASIIHECS B COCTOSIHHH CIBHTa MPH YHCAax
Peiino/ipaca oT CpeHHX A0 OUeHb GOJBIIMX, MOTYT ObITh C YBEPeH-
HOCTbIO Ha3RaHLl TypOyJeHTHbIMH. XOTs1 Typ6yJeHTHOE BTODHYHOeE
JABHXKEHHe PeJKO NPEeJCTaBJsET HHTEepeC caMo Mo cebe, TeM He Me-
Hee 3HAYeHHe €ro IJif TeX, KTO BLIHYKJAeH paboTaTh C MOTOKAMH
IpH yKas3aHHbIX 3HaueHHsX uuc/aa PeliHoabICa, JOCTATOUYHO BEJHKO.
OT0 0ObsACHAETCS ABYMS HNPHUHHAMH: 1) jgaxe Korga mHyJabcaluy
CKOPOCTH MaJibl [0 CPABHEHMIO ¢ OCPEIHEHHON CKOPOCTBIO, OHH OKa-
3bIBAIOT 3aMETHOE BJMsIHHE Ha TaKHe BaKHEHINHE XapaKTEepPUCTHKH
IIOTOKA, KaK IOTePsl SHEPTHH, CONPOTHBJIEHHE TPEHHS M MepeMeLliu-
BaHHE; 2) MaTeMaTHYECKHE BHIDAXKEHHS H IOHSITHS, OMHCHIBAIOUIHE
HeTypOy/IeHTHOE [BHKEHMEe, 31€Ch CTAHOBSITCS HEYAOBJCTBOPHTEb-
HBIMH, TaK YTO AOJKHbI OBITH 3aMeHEeHEl HOBBIMH.

68. Cpeanue 3nauenns. XoTst TypGyJeHTHBIH NOTOK BCErga iB-
JisieT¢s] HeyCTaHOBMBIIMMCS, B HeM MOKeT OHITb HAaBeIeH HEKOTO-
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pbifi TOPSANOK, €C/H Pa3fe]HTh ero OCHOBHbiE NEpEMeHHble, TaKue,
KaK CKOPOCTb M [aBJI€HHE, HAa JBe YacCTH, OJHA H3 KOTOPBIX OTHO-
CHUTCA K OOLUIMM XapaKTepUCTHKAaM, HalpHMeD K DACXOAy H YCHJH-
SIM, @ BTOpasi MPeHMYLIECTBEHHO ONHCLIBAeT BTOPHYHOE ABHKEHHe.
Taxoli TexHHUecKHH TpHeM OCOGEHHO MPHIOJAEH AJs CHCTeM, 06Ja-
JaOMHX YCTOHYHBOCTHIO OCPENHEHHBIX BEJIHYMH, TaK 4YTO IepBasd
U3 YNMOMSHYTHIX YacTed MMeeT CYLIECTBEHHO MOCTOSIHHOe 3HaueHHe,
Ec/H ycTOHUMBOCTD TAKOTO POJA OTCYTCTBYET, BO3MOMKHOCTb YHOB-

d)_‘_

9)

rieg

Puc. 88. TypGynenTHble NMyJbCalu¥ KOMOOHEHTOB CKOPOCTH

a — NPOCTPAHCTBEHHbIE H3MEHEHUA B JMARHHIH MOMEHT BpeMeHH; § — BpeMeHHRIe
H3MEHPeHHSI B OAHOH Touke

JIETBOPHTE/IBHOTO aHa/IH3a 3HAYHTE/NbHO YMEHBILIAeTCs; 3[1ech 6y-
AYT DAcCMOTPEHBI TOJBKO CAyyaH, B KOTOPBIX AONYCTHMO CYIHECT-
BOBAHHE OCPEJHEHHBIX BEJHUYHH.

IToTok ¢ GoabmMu uncinamu PefiHonbaca, 3aK/IOYEHHBIH Me-
Ay (GHKCHPOBAHHBIMH TPAaHHLAMH, NPEICTAB/ISET NAIIAAHBIA TpH-
mep TypOysenTHOro ABHKeHHus. Ha p#c. 88 mokasaHel THIHUYHBIE
CXEeMbl OJHOBPEMEHHBIX H3MEPEHHH NPOAOJBHBIX CKOPOCTEH B pas-
HBIX TOUKAX HONEpPEYHOro CeYeHHsl H IMOC/AefOBATENbHBIX H3MepEeHHH
UX B OJHOH TOUYKE 3a HEKOTOPBIH TMPOMexYTOK Bpemenu f. [lone-
peyHble KOMIOHEHTHl CKODOCTH, a TaKxKe HOpMaJbHble H KacaTesb-
HBIE HANPAMEHHS, OYEBHAHO, TOKE NYJbCHPYIOT BO BPEMEHH M TPO-
CTpaHCTBe (CJ€IYeT 3aMEeTHTh, Y4TO TYpPOYJEHTHbIe MYAbCAHMU OT-
CYTCTBYIOT B 00J1aCTH, NpPHJETaloedl K IMafKofl CTEeHKe, TaK Kak
3M€Ch COBMECTHOE CTAaOHIH3UDYIOLLee BJAUSHHE OJH30CTH CTEHKH H
BASKOCTH JOCTATOYHO /IS NPENOTBpalleHHs] BO3HUKHOBEHHS I1YJb-
cauuit). IloBTopHble H3MepeHHs B JI0GOH 30He TypOY/IEHTHOCTH He
AAI0T COBNAJEHHS1 NOJYYEHHBIX 3anucell H3-3a OecrnopsJ0YHOCTH,
C KOTOPO# NMpPOMCXOAAT NyJAbCallHH. B  06IEeM XOTS TepBHUHbIE
(cpeanue) pacmpefesneHust CKOpocTefl ¥ NaBJeHHHl B MOTOKe 3aBH-
CAT OT H3BECTHBIX HJ/IH OINpPENeNsieMblX I'PAHUYHBIX YCJOBHUH, MTHO-
BEHHbie BTOPHUYHBle (TYpOyJIeHTHbIE) NyJAbCAalMH He 06JagaloT Ta-
KOH NpAMOH 3aBHCHMOCTbIO. TOMBKO TNPHAOKEHHE K BTOPHUHOMY
ABHXKEHHIO CTATHCTHYECKHX NMPHEMOB MO3BOJSAET YCTAHOBUTbL NpS-
MYIO CBfi3b.
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Ecnu, Kak mnpefjgarajoch B TPEABAYLIEM NyHKTe, OTMedaTh
NOCAe0BATENbHO BEJAHYHHBI MIHOBEHHBIX TIapaMeTpPOB B TOYKe, OHH
OYIYT MEHATbCS TaK, Kak 3To uzobpaxkeno Ha pHc. 89. Korma s —
[OPSIOK H3MepEeHHsT M n — obllee YHCJ0 H3MEpeHWH, cpeaHee 3Ha-
yeHHe U3MEepEHHON BeJIHuuHbl A cocTaBJ/sger

n—>co N

A=lim —¥Y 4, (165)
s=1

Caenyer OTMETHTh, 4TO ypaBHeHHe (165) MoxeT ObITb HCHOJb-
30BaloO AJ8 NOJYYEHHS OCPEIHEHHBIX BEJIHUHH JIOOBIX XapaKTepH-

! A’
d L I e 4
4. . .0!-.4/'
° [ )
’/42/ [ ] ¢
4
s t

Puc. 89. 3anuck AMCKpeTHHIX naMepernii  Puc. 90. 3anuch HenpepblBHBIX H3Mepe-
HH i

CTHK HeyCTAaHOBHUBIIEroCsHd MOTOKAa NMYyTEM MNOBTOPECHHUA SKCIlepHMEH--
Ta n pas, NpHyeM BCE€ HU3MepEHHUA JOJ2KHBI OBITh npoaejianbl B TOH
)Ke caMOH TOYKe H yepes TOT XK€ NMPpOMEXYTOK BpeMEHH Toc/e Ha-
yaJia SKCIIepHuMeHTa.

OIIHaKO 3TO NMOHHMaHHe cpenHero 3HayeHwHs, O4YeBHAHO, HMEET

OuUeHb OrPAHHYECHHYIO MPUMEHMMOCTb, eciu A He CTaHOBUTCH CyIle-
CTBEHHO NOCTOSIHHOH BEJMUHHON Mocje AOCTATOYHO GOJBLIOro 4H-
c/la M3MepeHHil W He yHOBJAETBOpseTcs TpebosaHue, YTOOL! ompene-
JsieMble napaMeTpbl, ofpadaTbiBaeMble YKa3aHHBIM CIOCOOOM, MOT-
JH OBl paccMaTpPHBAaTbCs KaK MaTemaTHyeckas (OpMy/THPOBKA
yC/IOBHH, OTOBOPEHHBIX B Hayajde STOTO MYHKTA, 3aKTOUAICWIHXCs B
TOM, UTO 3/1€Ch JOJYKHbI PACCMATPHBATLCA TOJMLKO T€ 3d1a4H, B KO-
TOPBIX 3HAUEHHs] AaPaMeTPOB MOXKHO NPHHSATb MOCTOTHHBIMH, Ka-
KAMU OHHM OBIJIM B HAYAJBHOM JBHIKEHHIH.

CTpoxke ¥ TMOITOMY OoJee ynoTpeOUTENbHO CpelHee 3HAYCHHE,
NOMYUeHHoe M3 HeNMpepbiBHOI 3aMHCH NepeMEeHHOTO B 3aBHCHMOCTH
OT BpeMeHH B OnpeneleHHOM Touke mpoctpanctsa (puc. 90). Cue-
JyeT OTMETHTb HeKoTopble oTanyus puc. 90 ot puc. 89. Bo-nepsbix,
abeiccoll 37ech ABASETCS BpeMs £, a He NOCJAeJ0BATENbIIOCTb OMb-
ToB S. BO-BTOpHIX, 3amich npeacTaBafeT co0OH HenpepblBHYO Ji-
HHIO, 4 HE PSjA AMCKPETHBIX TOYeK. DTa HenpepbiBHOCTb 3anucy na-
paMeTpOB NOTOKA O0COGeHHO CyLUeCTBEeHHa, eClH €ro TPaKTOBaTh Kak
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KOHTHHYYM. B-TpeTbuX, XOTS1 3TOro MoxkeT OblTb HE BHIHO H3 DH-
CyHKa, BpEMEHHBbIE H NPOCTPAHCTBEHHLIe NMPOU3BOAHBEIE NAPAMETPOB
TOTOKa TaKXe HENpepLIBHBL. YUTS HENPEepHLIBHOCTL 3aNnuCH BBEJE-
HHEM HHTerpa/ja BMECTO KOHEUHOH CyMMbl, MOJYYHM BTOpOE OIlpe-
IeJeHne cpeaHell BeJHUHHBI B TAKOM Bnne’

A_hmf—jAm (166)

T—w

rae T —nosnbii nepuon sanucH. Ecau uncao n u Bpema T pocta-
Tquo BEJHKH, 3HAUCHHA A, ONpeiedeHHbE N0 ypaBHeuusiM  (165)
1 (166), coBnanaior.

Eme oxnum crnocofom onpenenenus cpenHell BEIHYHHBI MOXKET
OBITb HCMO/Ib30BaHHE B KaueCcTBe HE3aBHCHMON NepeMeHHOH mpocT-
paHCTBEHHOH KOOpAMHATEI r BMecTO BpemeHH (cm. puc. 90). B stom
cayuyae Heo0XoJMMa OIHOBDEMEHHOCTb Bcex uaMepenun. Coorser-
CTBYIOLLAS CPeNHSA BENHUHHA NOJNYYaeTCs TaK:

R
A—hm—«YAw (167)

R-o 3
0

Eciin  nepBoHava/bHBIE NMOTOK XapaKTEPU3YeTCsi paBHOMEp-
HOCTbIO B HANPaBJEHWH r, TOTJA CPEAHSAS BEJHUHHA JOCTHTaeT IO-
CTOSIHHOTO 3HAYeHHUs] Ha KOHEUHOM DaCCTOSIHHH.

[Tosyuyns cpeaHIO BeTHYHHY, MOXKHO O6DAaTHTHCA K OTACTABHBIM
H3MepeHUsIM W HaHTH CBCJIEHHS O XapaKTEPUCTHKAX BTOPHYHOTO
ABHKEHHs. PasHocTh JMI060H H3MEPeHHOH BEJIHYHHBI M CPEIHEro
3HayeHMsT OOBIYHO HA3BIBAIOT OTKJIOHEeHHeM A’

A=A—A4

BaxXHBIM CBOHCTBOM OTKJIOHEHHS SIBJISIETCS paBE€HCTBO HYJIO €TI0
OCPEAHEHHOTO 3HAYEHHUS, UTO COOTBETCTBYET NOAYUEHHOMY onpexe-
JCHHIO CpeﬂHeH BeJ/JIHUYHUHBI

A =0,

JJia npeoJoJieHHs TPYNHOCTEH, CBSI3AHHBIX C HEOBXOIHMOCTHIO
ONEepHUPOBAHUA OTPHLATENLHBIMH OTKJIOHEHHSIMH HJH a6COJIOTHEIMH
3HaUeHHSIMH, OTKJIOHEHHS] OT CPeLHero BO3BOASTCH B KaapaT M BHI-
YUC/ISIETCST cpeliHee 3THX KBaapartos. [lapamerp, uMenwuil pasmep-
HOCTb NEPBOHAYA/IbHOH BEJHYHHBI, NOJIYYaeTCs H3BJCUCHHEM KBal-

paTHOTO KOpHS H3 3TOr0 pes3yabTarta. llpuHaTas 3anuch HMeeT Ta-
KOH BHA:

T

4 1/2
A bmw;jﬁﬁ% (168)
0

SlcHo, 4yTO 3TO BhIpAKE€HHEe JOJKHO 6bITh HA3BaHO cpenHexBanu-
PaTUUYHBIM OTK/OHEHHEM.
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[ monydeHHs XapaKTepPUCTHK [OTOKA B OJHO H3 HOJYYe-
HBIX BHIDaXX€HMH MOKeT OnITh MOACTaB/eH Jai06oil ero mapamerp.
OOBIUHO 3TO TPH KOMIIOHEHTa MTHOBEHHOH CKODOCTH #, U H @ H
nasierne p. COOTBETCTBYIOIHE CpejHHE BEJIHYHHb 0003HAYAIOTCA
uepes 4, U U W, a OTKJOHeHua yepes u’, v’ u w’. Takum xe obpa-
30M MTHOBEHHO€ JaBJ/eHHe, ero CpPeHfsl BeJHYHHa H ero OTKJOHe-
HHEe OT cpenHell o0o3HAYalOTCs yepes p, p U p'.

69. ®YHKIHSA NAOTHOCTH BEPOSITHOCTH, Hpyrum Meronom mpes-
CTaBJICHHS CAyuYalHOH (YHKLIHU MOXKeT OBITb HCMOJIb30BAHHE NOHH-
THS QYHKUHH TJIOTHOCTH BeposTHocTH. Ecan, Kak u panee, A —ciy-
uyalfiHasl OepeMeHHas, a A — KOJAHUYECTBO CHAENaHHBIX H3MepeHHH, TO
BEPOSITHOCTb TOTO, UTO AAHHOE H3MepeHHe OYLeT HAXOAHUTHhCS B Ipe-
nenax A, u A,+ 84, onpenenures tak:

n
6P(AE<A<AE+6A):7“,
Tl€e r, — YHCJO H3MEepEeHHIl B Ha3BaHHOM HHTEpBaJe, MeHbllee f1.
CopepiienHo fCHO, YTO BEepOSITHOCTb &P 3aBHCHT Kak oT A, Tax
H 0T 0A u uTo §P cTpeMHTCS K HYJII0 NpPH NPHOIHKEHHH K HYJIO
0A. OpHaKo OTHONICHHE HX CTPEMUTCH K KOHEUHOH BeJHUHHe, KO-
TOopas H HaswbBaercsd (PyHKOHEH NJAOTHOCTH BepPOSITHOCTH:

. 6P op
= 1 —_— = ——,
4 BAlEg) 04 04 (169)

BeposiTnocTh P MoxKeT OBITb NMOJTyYeHa TAKKe M3 HEnpephiBHOM
3alucH, NOAOOHOH H300paxeHHo# Ha puc. 90. Bmecro n, HcIooJb-
3yeTcst MepHoJ, BpeMeHH [,, B TeueHHe KOTOPOTO NepeMeHHas Haxo-
nutcs B npenenax ot A, 1o A,+ 084, a nonHas npogoKHTENBHOCTD
sanucu T sameHser n. Torga BepoOATHOCTb 3aMUCBIBAETCH CJEYIO-
UM 06paszoMm:

0P (Ag <A< Ag+ o) =12 |

rae sHavenne T gocratouHo Beuko. Pyuxuus f(A) onpenensercs
KaK U paHee.

Ecnn wnsobpasute rpaduuecku 3aBucumocts f(A) ot A, noay-
YUTCH KPHBAsi 4acTOTH pacnpepenenus (puc. 91). Camas Bepxusas
TOYKa KPHBOHW, OYEBHJHO, COOTBETCTBYET TOMY 3HaueHuio A, nias
KOTOPOTO 4YacToTa COOBITHS MaKCHManabHa;, OTHOCHTEJbHAs YacTo-
Ta J1000TO JAPYroro 3HA4YeHHs ONpEeleJsieTcs C OfHOTO B3TJIAZA.
Tak xaK B JaHHYIO KPHBYIO BKJIOYEHbI BCE H3MEPEHHHA, IIOMLAJb,
OrpaHUY€HHAs €l0, paBHA EIHHHILE:

'fof(A) dA = 1.

0
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[MosoKeHHe LEHTpa TSKECTH [IOBEPXHOCTH, OUEPUYCHHOH KPHBOM,
HAXOJIUTCS U3 YPAaBHEHHS MOMECHTA

A= fﬂ Af (A) dA. (170)

Mepa pacmpocTpaHeHusl KpUBOH (T.e. CcTaHIZapTHOE OTKJIOHE-
HHE, WIA pajHyC BPaLleHHS [IOBEPXHOCTH BOKPYF OCH, NMPOXOASLIEH
yepes LEHTP TAMKECTH) HAXOIUTCS KaK KOPEeHb KBajPaTHBIH H3 BTO-

poro MomenTa

@®
-— 1/‘2

i Ve | [ a—apfaa]
’ (171)

Tak HasbiBaemasi acuMMeT-

pHsT  KPHUBOH  pacrnpeaeseHHus

npeacrasiasier coboll TpeTHH Mo-

MEHT B 3TOH IOCJHeI0BaTETbHO-

Puc. 91 QyHKuua MIOTHOCTH Be-  cqy o K cuacrbio, ACHMMETpHSI

POATHOCTH TYpOYJIEHTHOH KpHBOH Tak Ma-

Jia, YTO €10 MOXKHO NpeHe6peus,

H B pe3yJbTare CpeIHHE BeJIHYHHLI M CpefHeKBajJpaTHUHbIE OTKJO-

HEHHsl, TIOJNYUCHHbIE B 3TOM H HPEAbIAYILEeM MYHKTaX, OKa3bIBAIOTCS
HIAEHTHYHBIMHU,

A

Mpumep 19. Ecau 1py6ka Iluto, coocnas co CPeIHHM II0TOKOM, pearHpy-
€T Ha PE3YJbTHPYIOUIYIO CKOPOCTb, TO KAaKOBAa MOXKET GbITh OMIHGKA B €€ MoKasa-
HHH H3-3a TYPOYJEHTHBIX NMYyJbCALHi CKOPOCTH?

Mo ypapHenuio Bepuyaau cpeiBee sHAaueHHe JABJEHHS B 3THX YCJIOBHSIX paBHO

P=pot g = pot o [P 4 07 4w,

Tak kak uw’'=0, To MOXKHO HamHCaTb

pu? [I+F-{-F+ZF]

p=p,+ o =

u?
O‘{GBHIIHO, omubKa 6y£[e‘l“ MeHblle, ecJn pr61<a npennasHaveda AJasi uamepe-
HHA TOJIBKO MDOJAOJbHOTO KOMIOHEHTA CKOpPOCTH.

b. OcHoBHble ypaBHeHns
1J151 TypOYJEHTHBIX IIOTOKOB

70. YpaBuenuss Peiinoabpca. Cunraercs, uTO gaxe B
ClydasX OoueHb HHTEHCHBHOH TypOYJEHTHOCTH HpPHM AOCTATOUHO IO-
ApOOHOM PACCMOTPEHHH MOMKHO OOHAPYXHTb UHCTO J1aMHHAPHDIE
XapaKTCPUCTHKH, NO3TOMY ypaBHenus Hasbe — CTokca moryt 6biTh
NPHMEHEHbl B OJHHAKOBOW CTelleHH K JIAMHHADHOMY H TypOyJeHT-
HOMY nBHKeHHsM. Oxnako Ha/lHYHe OECUHCIEHHBIX TypOyJeHTHBIX
NyJIbCALHH, HE CBSA3aHHLIX HEMOCPENCTBEHHO C H3BECTHBIMH HJH OIl-
penesaeMLIMH I'DAHHYHBIMH YCJOBHSIMH, JA€JAeT NPaKTHUYECKH He-

248



BO3MOXHBIM IIOJyUeHHe TOYHBIX peleHHH Jaxe [/ O4eHb Mpo-
CTHIX TypOyJeHTHHIX MOTOKOB. Kak OblIo yKa3aHO, 3HaHHE OCpen-
HEHHBIX XapaKTePHCTHK IOTOKA fBJSETCs NEPBOCTENEHHOH 3a60Toi
GoJbIIMHCTBA HCCaefoBaTe e, H6O TakKoe NPHBEIAEHHE pPeilleHHs K
CpeNHEMY [BHXKEHHIO OblJO Obl BIOJHE YIOBJIETBOPUTEIbHBIM JIsi
MHOTHX Heneid. K coxajienuio, fake 3Ta HH(OPMAaUHs He MOXKET
OLITh HoJyueHa 0e3 NOHHMaHHs oOmero MexaHuama TypOy/eHT-
Hoctd. TeM He MeHee MHOro€ MOXKHO OOBSCHHTH NIyTeM BbIBOAA
M aHa/lH3a PasJHUHBIX yYpaBHEHHH, ONHCHIBAIOIIMX OTAEJbHBIE CTO-
pOHBI TypOYJEHTHOCTH. 3HAUUTENbHAA CAOXKHOCTb TAKHX YPaBHEHHH
npHBeJda K HCIOJAb30BAHHIO CllelHalbHOH (POPMBLI 3alHCH, yMeHb-
Mo YHCI0 HeoOXOMUMBIX 4ienoB. Hapsay ¢ cOKpalleHHeM Ta-
Kasi opMa 3alHCH MO3BOJAET siCHee NPEACTaBUTb CMBIC] ypaBHe-
HHSA, 00'beJHHsS] OMHOPOJAHbIE WIeHbl B OTHE/AbHble TPYINbI, TaK UTO
B3aMMOOTHOMIEHHE MEXKAY TPyNIaMH He 3aTeMHseTCs OOJbIIHM KO-
JHUYECTBOM cJaraeMbix. [Ljist SICHOCTH XapaKTepHCTHK OOJbIIMHCTBO
TVIaBHBIX YpaBHEHHI, NPUBOAMMBIX faJjee, OYIAeT AaHO cHayajga B
obulel TEH30pHOHM 3amHCH, KOTOpas OuYeHb WIHPOKO HCIIOJb3YeTCs
HblHE, a 3aTeM [JIsl OJHOT'O M3 KOMIIOHEHTOB B 0oJiee OOBLIUHON pas-
BepHyTO#l QopMme.

st GBICTPOro OBJANEHUS TEH30DHOH 3aMHCBIO0 HYXKHO YSCHHTD,
yTo GOJbliasi YacTb 3TOH CHMBOJIMKH MOJYYaeTCs HEMOCPEACTBEHHO
13 pa3BepHyTol ¢opmbl. BYKBH ?, 4, X, p H W, HallpuMep, COXpaHs-
I0T CBOe OOBbIUHOE 3HAUeHHe, a CUMBOJLI O, d W uepTouka () BHI-
paskaioT oObluHble omepauud. [IpHHHHUNHAJbHOE OTJHUHE OT OOBIK-
HOBEHHBIX YpPaBHEHHH 3aK/I0yaeTcsi B HCIOJAb30BAaHHH HHIEKCOB i
U j, KOTOpbie BBIIOJHSIOT ABE OCHOBHBIE ()YHKLHH: BO-NEPBbIX, yKa-
3bIBAIOT, KaKOH KOMIIOHEHT BEKTODHOTO KOJIHYeCcTBa paccMaTpHBa-
€TCsl, BO-BTOPBIX, YKa3blBalOT, KaKOBa I10CJA€I0BATeJbHOCTb MOBTO-
penusi onepauuH. I[loBropenHe HHIEKCa O3HauaerT, YTO COOTBETCT-
BYIOLIIEe KOJHMYECTBO MJIH KOJIHUECTBA JOJIKHbl CYMMHPOBATbCS IO
BCEM BO3MOXKHBIM cJjaraeMbliM. Hamnpumep, ypaBHeHHE Hepas3phlB-
HOCTH MOxKeT ObITh 3alHCaHO B TEH30pHOH ¢opMe CJeAYIOLINM
o6pasoMm:

ou; ou ow

du
—+ =0, yTO 3HAYUT — + — +— = 0.
0x; ox + dy 0z

Ananoruuno, onepartop Jlannaca MoxeT ObITb NPEIACTABJAEH TaK:
02 02 0?

92
2= HIH —— - —— o —— |
v 0x;0x; Ox? - oy? - 022

Jas1 Tex, KTO MOJb3YeTCsi BEKTOPHbIMH yDaBHEHHSIMH, IIEHHOCTb
TeH30pHOH 3amucH enle GoJee oueBHgHa. Hampumep, TpH ypaBHe-
uusi Hasbe — Crokca [ypaBuenus (123)] mpemcTaBasiioTcsi OZHHM:

; Ou; 1 ap 0%u;
u: =X, - . 2 v i 72
ot - ! 0x; ¢ 0 ox; - 0xj0x; (172)
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31ech HHAEKC [ —— TEKYLHH, NMOKA3bIBAMIIH, KAKOH KOMIIOHEHT
paccMaTpUBaeTcsd, a j — TaK Ha3blBAEMBIH MOACTABHON HHIAEKC, KO-
TODBII YKa3blBaeT Ha NMOBTOpEHHE onepauuil. B nanpap/eHHH OCH X
3TO COOTBETCTBYET
du ou du du 1 a
oy M Lo 2P
ot ox dy 0z 0 ox
Eciau MruoBeHHble 3HAUEHHS ¥, U, @ U p 3aMEHUTb CYMMAaMH

u+u, o0, wH+w u p+p’, npuiem aa‘:i

-+ vwu.

=0, To MOXKHO JOKa-

34aTb, YTO ypaBHEHHE Hasbe — Crokca u KazKao€ H3 €ro cjaaraeMblx
MOTYT ObITh pasaeenbl Ha jB€ 4ACTH, O4HA H3 KOTOPBLIX NpEACTaB-
JisdeT OCPEAHCHHOC 3HAauU€HHE, a BTOpPAs — OTKJJIOHCHHE OT HErO. Tak
KaK MHOIu€ npou3BeA€HHSI B NPOLECCE OCPCAHEHUSA NpEeBpallamoTCs
B HYJIb, CpE€AHEE 3HaU€HHe COCTABUT

— ou; , Ou, L %
Uy — +u,— = X;— — - v, 173
I o T 0%, o ax T dx0x; (173)

KoMmnoHeHT Mo ocH X AJsT 3TOTO paBeHCTBA HMEET TaKOH BHUA:

—Ou 'v—+w—+u’a“
Ox
’ l —
U’ZL w’aaizX——-%%—vvzu.
Y z o X

Ecaun TakoMy ke NpPOLECCY OCPEAHEHHS MOABEPrHYTb ypaBHe-
HHE HEepa3pbIBHOCTH, TO OCPEAHEHHble 3HAUEHHS AAAYT TAKYIO iKe
3aNHCh, KAK U MIHOBEHHbLIE

ou; -
= 0, f(174)
T.e
Ou
i ay +_~ N

Ecian 3TH ypaBHEHMs, HANHCAHHbIE /s OCPEHAHEHHLIX BeJHUMH,
BHIYECTb U3 PA3BEPHYTOH (POPMBI COOTBETCTBYIOIIUX yPABHEHHH AJsI
MTHOBEHHBIX BEJIHYHMH, TO pasHUIA U OYAeT NpeicTaBJATb OCHOB-
Hble COOTHOIIEHHS, ONHUCBIBAKOUINE TYpOYJEHTHbIE NYJbCALMH:

ou, u, ou,
i i ’ 6ul
u; — u, u,
ot ' o Ty + ! ax,
Bu'i 1 on’ %u,
7 . B v s (175)
I ox; o 0x; 0x;0x;
% 17
— = U, /
PP (176)
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,H.Hﬂ HanpaBJaEHHS X IOJYy4aAEM:

o +u~§i‘_+ —-—"{"w—-"—}"u’ ou +U"’a—u _{_
0x dy
, Ou , ou’ , o , ou’ , ou’
w — 4 u — w —u — v —
+ 0z + Ox o + 0z o0x dy
_w’gu_ ;__1_ _ag_+\7v2u';
0z p Ox
du’ ov’ ow’ —0.

ox dy dz

Bousee BhipasuTespHas (opMa ypaBHEHHA AJs CPeAHEro JBUXKe-
HUST MOXKET OBbITh NOJydYeHa CcjaeaylouluM obOpasoM: cHayajJa OyJb-
CalMIOHHOEe YpaBHEHHE HepPa3pLIBHOCTH YMHOXKAETCS Ha COOTBETCT-
BYIOILIHI NYJbCALHOHHEIN KOMIOHEHT H OCpeAHseTCs:

au,j , ou’ , 00’ , 0w’
=0 uau u U — +u —
! 0x; ox + dy + dz

=0urT. A

Tax Kakx 3TH BbIpAXKEHUSA paBHbl HYJIIO, TO nobapjeHue UX X
YPaBHEHHAM CpeJHEero ABUKCHHWS HE MOXKET H3MEHUTL IOCJI€JHHE.
Brino/sHuB 3T0 CaA0XKEHUE U neperpynnuposaB YJICHBI, TOJYYHM CJe-
Ayrollee paBEHCTBO:!

on —
+p ( a,+u—v— = pX— % +uviu.

Kaxnoe BripaxkeHHe B CKOOKAax COOTBETCTBEHHO SIBJSETCS AH(D-
(hbepeHInagIoM NPOU3BEACHUS

au;.u] - ou'u’ ou'v’
ox; ox ’ dy

5‘3;” , W OT. I

Hakoneu, nepeHecss 3TH KOHBEKTHBHBIE WIEHbl, BbipaxKaioile
VCKOpeHHe, B NPaByl0 YacTb YPABHEHHS M YyUMTHIBAsg, UTO, HAmpH-
Mep 0%2u/dy?=0(0u)/dy, MoKeM TOJYYHTb OOUIEH3BECTHHIE YpaB-
Henus PefiHosbAca

a" ;7 4 ou; ——~>
pit) S = X, Pt o (w g —gua ), (177)
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UAM OJ1s1 HalpaBJdeHHA X

— du ou d ap a { ou ——
P( R *w“(%)—PX‘a—er'a;(“?a;*P””)ﬂL

du 5] ou sy
T oy (”67“9”0 ) 0z (” 0z ‘puw>‘

OTH ypaBHeHus orsinualTcs ot ypaBHeHuit Hasbe — Crokca
17151 HeTyPOYJEeHTHOrO MOTOKA TOJbKO HAJIHUMEM JONOJHHTENbHBIX
YJIEHOB, BKJIOUAIMIUX IIYABCAIHH CKOpPOCTH. IloCKOMLKY HdEBATH
npousBefeHuil pu;u; OObIYHO HA3BIBAIOT PEHHOJbICOBBIMH HaTps-
KEHUSAMH, CJAelyeT TORYEPKHYTb, UTO OObELHHEHHE UJCHOB, BbIpa-
KAWIMHX TOJAbKO YCKOPEHHE, C UYJeHAMH, OTHOCAUIMMHCS K BA3KHM
HANDSXKEHUSIM, Je1aeTCad JHUIb AJ5 HIJIOCTPALHH TOTO BJIHAHUA,
KOTOpPO€ OKa3blBAIOT HA INOTOK IIyJbCALHU BMECTO MTHOBEHHBIX BA3-
KHX HaNpsKeHHH, HCUe3aloWHX B IpoLecce ocpefHeHHs. XOTs 3TH
CpeIHHE HANpsKEHHS MOryT ObLITb HaMHOrO 6oOJblle MO BEJHYHHE,
yeM cpefHee 3HAUEHHUE HATPAKEHHS BA3KOTO CABUIA, OHH HE MOTYT
OUCCHIIMPOBATh (paccenBaTh) 3HEPrHIO; KaK CpelHdAsa, TakK H Typ-
GyJaeHTHAsA [OJIHASI SHEPTHS TOTOKa HeH36eXKHO NHCCHIHDYEeTCsl
TOJIBKO TIOJ, KeHCTBHEM BSI3KOCTH. MexaHH3M 3TOro ABJECHHS MOXKET
ObITh BbipaKeH MomgMGbHKauHeH NpembIyIIUX PaBeHCTB (CM. I 72).

. YpaBHeHue KoauuecTBa ABMKenwsa. Ilpu ananuse TypOy-
JEHTHOTO TOTOKa OOBIYHO yAoOHee I0Jb30BaThCA HHTErPanbHON
dopmoit ypaBuenuss PeliHoabaca, mnpuMmeHsAs [AJsl nepexopa oT
0GbEMHBIX HHTETPAJNOB K IOBEPXHOCTHHIM Teopemy I'puna. Hanpu-
Mep, CKOpPOCTh M3MEHeHHs KOJHYecTBA [ABHKEHHSI BHYTDH IpPOHU3-
BoJibHOTO o6beMa W cocTasiser

pjnu udS—{—pjnuu dS—ijdW/-
_5 lpdgﬂlj 6uz ds, (178)

rjle n; U nj KaK OGbIYHO, i-€ U j-€ KOMIIOHEHTH €IHHUYHOH HOpMa-
au. KOMIOHEHT ypaBHEHHSI KOJWYeCTBA ABHIKEHHS 110 OCH X HMeEET
BUJ

0 \‘(122+m25+nﬁa)ds+pj‘(m+mﬁ'?+nuf7/)ds=

_ijdW jlpdSﬂLqu—qL/ 5 +n 5 >dS

Wuterpansl paBeHcTBa (178) mpencTaBasiioT COOTBETCTBEHHO TO-
PAAKY MX pDAacCHOJIOKECHHS CKOPOCTb Tepefayd KOJMYeCTBa JBHIKe-
HHsI OCpPEJHEHHBbIM [BHXKEHHEM, CKopocTb JuddysHH KoauyecTBa
JIBMKEHUA TYpOYJEHTHBIMH NyJbCallUsMH, BHEIIHHE CHJBI, CpenHee
HAaBJEHHE U CPEIHHE BSA3KHe HaNpsAXKEHHA Ha IIOBEPXHOCTH o0bema.
Cuoenyer NOAYEPKHYTb, 4YTO 3TO COOTHOLUEHHE HAEHTHYHO OGBLIYHO
HCIIOJB3YEMOMY, 33 UCK/IOUCHHEM HHTErpaJa, yuydTbIBalOHIero Typ-
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6ysnentnyio nudoysuo. JlonoJHHTEbHOE NpeCTaBjJeHHe 00 3TOM
MOJKHO IIOJYYHTh, CPaBHHB paBeHcTBO (178) c ypabnenuem (25).

72. ¥YpaBunenue 3Hepruu. JlasapHeilllee pasBUTHE NpEACTaBJe-
HHA O MexanusMme TYpOYJIEHTHOCTH MOXHO MOJYUHTb, HCCIENys
ypaBHeHHe, aHaJOTHYHOE ypaBHeHHIO (26), KoTopoe HsoOpaxkaer
CKOPOCTb TPAHCPOPMALHMH SHEPrHH B TYpPOYJIEHTHOM TMOTOKE. Hc-
nosb3ysi npueM PefiHoabaca, BhIpaKaloUHUHACA B NOJACTaHOBKE CPej-
HHX H MYyJbCAIHOHHBIX KOMIIOHEHTOB BMECTO MIHOBEHHOH CKOPOCTH
W MTHOBEHHOTO AdBJICHHS, HO HE OCPEIHsT De3y/bTaToB, MOXKHO
COXPaHNUTb MTHOBEHHBIH XapakKTep 3THX YPaBHEHHH ISl BBHIIOJIHE-

HHsT HeoOXOmHMBEIX mnpeoGpasoBanuii. Ecam X; — i-H KOMIIOHEHT
BHEIIHUX CHJ, TO TpH ypasHeHus Haspe — CTOKca TAKOBHI:
0 (_&i +“;')
—_— - u u e
p - o (U u)) o
_ox, 9t | (et
=pA;— + .
Ox; 0xj0x;

Kaxpoe ypaBHeHHe yMHOXKaeTCs Ha COOTBETCTBYIOIINH KOMIIO-
HEHT CKOPOCTH U4;=u;+U; W NPOU3BeieHHs ckaanwiBaporcsa. Ocpen-
HMB cJaraeMole, MOJyuyuM jauddepeHnpalbHoe ypaBHeHHe pabOThHI
¥ SHEpruH, T/e CUMBOJOM V o6o3nHayeHa pe3yJbTHPYIOILAsl CpPen-
Hss CKOpPOCThb, a V’/— cooTBercTBylomass e mNyJabCcallHOHHAsI CO-
craBasowmas, T.e V?2=u?+4+v?2+w’:

_ =B\ a0
K3 (pw_}_pv )+ I,a(pv /2)

e a%;
(upuu — — 9 ,dp
= o, X; —u, -2 —
dx; Pledi =g T %iay, +
+ g, o 179
u Ui——.
" La ;0% wits 0xj0x; (179)

B 06bIyHOM 3alUCH 3TO xaeT

— 772 vz -~ 2 V2
ui(pV pv2)+vi(pv Vi

ax \ 2 2 ay \ 2 2
— 9 (o7 v 29, a2
+w—(" )Jru,a(pv ) oy 26V
0z Ox Ay

/0 (V7?/2)

+w +2 (wpr’d +vp v’/ + wpw'u’)
0z Ox
—}-a—ay(ﬂpuv 40000V +wpw'v') +
+ ai (o W& +0p VW L wpw @) = p (uX + OV - wZ) —
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—dp  —0p _ —0p ap’ , 0p’ , op’
—UGo— v @—wa—z-——u x YV 5y —w —
-n(ayie oyt +wvie) +u @V 4+ UV o).

M3 paccMOTpeHHsi STOTO YpaBHEHHsSI BHJHO He TOJBbKO TO, HYTO
37leCh COXpaHeHK MHOTHE IYJbCUDYIOLIHE HANpPSUKEHHs, MCYe3HyB-
LIHe B NPOLECCce OCPeIHEHHS H3 ypaBHEHH{l KOIHYEeCTBA NBHIKEIHS,
HO M TO, UTO CYIIECTBYeT NMOCTOSHHAs Tapasienb MEXAY YJTeHaMmi
JJIst OCPeIHEHHOTo H IyJAbCAlHOHHOTO ABM:KeHWil. B camoM gese,
MOYYHTENbHO pasjeleHHe CaraeMblx B CJAEMYIOIIHX — ypaBHEHHSX
pAGOTHI-9HEPrHH HA JBE KATETOPHH: [N OCPeIHEHHOTO MOTOKA H
JUIst TYAbCALHOHHOTO (IOMyCTHMAst OmMepauus, TaK K4K ypaBHEHHe
ISt KAXKJOTO H3 HHX MOMKET ObIThb BBIBEAEHO NYTEM KOMOWHALHH
COOTBETCTBYIOUIHX yPaBHEHHI H KOMIIOHEHTOB cxopocm)

= a(VY2) | - 4~ — o,
u., 7 U, — u.X._
i ox; + ou; ax; PUA; + pu axlax,
; d(pl"axj2) +u d(p;,.‘z) todu < Zt;l _
Jj j /
[ — T2
. ap’ . 00wy
= —U. - u. B
b oox; . 0x;0x;

Tenepb npounterpupyem aucddepenunanbHbie ypaBHeHds pabo-
THI-5HEPrHH B 3aJaHHON 06/1aCTH NPOCTPAHCTBA Tak, KakK 3T0 ObLIO
NpoJesiaHo C ypaBHEHHMEM [BIXKEHHS B (OpMe KOJHUECTBA [BHXKE-
nua. [Tocse npespalieHdst ¢ nmoMolibio TeopeMbl ['aycca cooTser-
CTBYIOIIHX OOBEMHBIX MHTErpajoB B IIOBEPXHOCTHBIEC YPaBHCHHE
paboOThI-3HEPTHH I OCPEJHEHHOTO IIOTOKA — CPABHUTH C ypaBHe-
HHeM (26) -— mpHHUMaeT BUA:

L ) )
j% % ds +S U ) i’ ds — Spu w gy
S w

i s 4

= 5 p_ftiLdW — S EE;

W

NN AT j“' G ) ‘35, daw. (180)
S

0x; 0x; 0x;

Cnaraemble B ypaBHeHHH (180) wuMmeror caefnyioline 3HAYEHHA:
KpaliHee JieBoe NpPeACTaBAsieT NPHUTOK KHHETHUECKOI SHEPTHH Cpef-
Hero JIBUIKEHHsI W3 paccMaTpuUBacMoH odJacTd (T.e. CKOpOCTh yBe-
JUYCHHS KHHETHYECKOH SHEpPruy Mo Mepe IPOTeKAaHHA IKHIKOCTH
yepe3 3ajaHHyIO o6jacTb). Bropoe m Tperbe cjaraeMbie, Takxe
NpeACTaBJ/sIOIMe TIepeHOC 3HEepPruH, Jyulle BCero MOryT ObLITh HH-
TEpIPETHPOBAHBl KaK CKOPOCTH COBEpPIIEHHA PaGOThl HalpSKEHHS-
My PefiHonbaca COOTBETCTBEHHO HA NOBEPXHOCTH M BHYTPH pac-
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cmatpuBaeyoit obsnactu. Ilepsoe W BTOpOe cjaraeMple ClpaBa —
CKOPOCTH, C KOTOPBIMH COBepluiaercsi padoTa BHEIIHHX IaBJCHHH
¥ BHEILHHMX CHJI. TpeTbe M ueTBepToe cjaraeMble — OUEBHIHO CKO-
pOCTb COBEpILEHA PaGOThl BASKAMH HANPSKEHHAMH CPEIHEro Io-
TOKa COOTBETCTBEHHO Ha MOBEPXHOCTH H BHYTPH 00./1aCTH.

Ho pabota, cosepiraeMas BA3KMUMH HalpsKCHMAMH BHE pac-
cMaTpHBaeMoil 06/1acTH (TpeTbe ciaraemoe CnpaBa), COXpaHseTcs
IOJHOCThIO (TaK Kak H3 mnpeoOpasosanus [aycca sCHO, UTO OHa
BBIBOJIUTCS M3 IIOTEHLHAJbHON HJIH IPOCTPAHCTBEIHOH MPOH3BOJ-
HOil), B TO BpeMsi KaK BHYTPH 06JacTH (MoC.aeIHee caaraemoe) pa-
6oTa TOJHOCTBIO AMCCHMUPYETCS. AHAJOrHs MekAy TypOyJeHTHbI-
MH H BS3KHMH HANpsiKEHHSMH ITI03BOJIAET HCKATb [ajibHeHIIee CO-
OTBETCTBHE MEXKJY THTaMH paloT, COBEpIIAEMbIX B KaxI0M ciayuae.
JleficTBUTENLHO, pa3 BTOpPOE cjaraeMoe CJIeBa MOJA00HO TPETbEMY
CrpaBa HEM3MEHHO, TPETbe C/1araeMoe CJIE€Ba MOXKET CUHTATbCA 1HC-
CHIIATHBHBIM, KaK U TOCJeJlee CIpaBa, ecJH JOMyCTHTb, YTO SHEp-
rug, nepefaHHasg CpefiHHMM IOTOKOM MNyJbCALHOHHOMY, HE MOXKET
6biTb BOCCTaHOBJEHA. VIHBIMH CJIOBAaMH, TpeTbe CJjaraeMoe cCleBa
NPENCTABJSAET CKOPOCTb BO3HUKHOBEHMS TYPOYJEHTHOCTH 3a Cuer
OCPEIHEHHOr0 TMOTOKa (caM HHTerpaj CyUIeCTBEHHO OTpHIUATEJEH,
TaK 4TO 3HAK MHHYC TNEPel HUM yKa3blBA€T Ha IMOJOKHUTEJbHYIO
CKOPOCTb BOSHHUKHOBEHHS TYpOYJEHTHOCTH).

CooTBeTcTByIOllee ypaBHeHHEe PabOTBHI-9HEPIHH [/ BTOPUUHOIO
JABH2KEHHS HMEeeT TakKod BH/L!

PV’ — dxj S‘pV_’:"- . 0x) , Y —— du; .
.Y_fz'”f an 48+ ) o Uy AS + J oy g - dW =
S S W
I . o, ou, G
= p’u,-‘&dSeru( ‘+_!>uii”lds_
on . Oxj dxy t on
S S
ou, ou, .
“Su(—‘+—f)% aw. (181)
¥ 0x; 0x; | Ox;

JIBa mepBbHIX cJaaraeMbiX ¢Je€Ba 0 aHaJOrHH ¢ ypaBHEHHEM 1A
NepBOHAYAJNBHOTO ABHJKEHHS MPEJACTAB/IAIOT NPUTOK KHHETHUECKOH
SHEPTHH TypOYJEHTHOCTH B pacCMaTpUBaeMyl0 00J1acTb COOTBETCT-
BEHHO NyTeM KOHBEKUHH H Juddysun (T. €. OCPEAHEHHbIM H IyJbca-
LHOHHBIM DOTOKaMu). TpeTbe — CKOPOCTb BO3HHKHOBEHHS TypOy-
JEHTHOCTH (BEJIMYHHA OTpPHLATEJNbHAS IO TEX NOP, MOKA 3TO Kacaer-
csi paGoTHl, BbINOJNHSIEMOH TypOyaeHTHOCTbIO). IlepBoe ciaraemoe
cnpaBa — CKOPOCTb BLINOJHEHHA PabOThl MyJIbCHPYIOUIHM AaBJACHHEM
na noBepxHocTH ofgaacTi. JIBa DOCAEIHHX CJaraeMblX NPeICTaBISIOT
CKOPOCTH BBINIOJHEHHSI PaGOTHl BA3KHMH HANpsKeHUsMU TYpOyJeHT-
HOCTH COOTBETCTBEHHO Ha INOBEPXHOCTH O0JIACTH H BHYTPH Hee (Iep-
BOE M3 HMX KOHCEPBATHBHO, BTOPOE — JAMCCHIATUBHO).

Npumep 20. Hanucath ypapHenns PeiHoJqbjca AJsi yCTAHOBUBUIETroCs JABYX-
MEPHOro¢ TYPOYJEHTHOIO IIOTOKA, 3aKJIOUEHHOro MeXAy TapassIelbHbIMH CTEeHKa-
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MH, H [OKasaTb, YTO CpelHee JaBJjeHHe B JIOGOM TUME peyHOM CEYEHHH HMeeT
MaKCHMYM y CTEHOK, BecoM KHAKOCTH NpeHeOpeus,

Korsa ocp x coBnmajaeT ¢ HampaBjeHHEM MOTOKA, A Crepky ne
K OCH Y, A1efCTBUTE/bHBI CAEAYIOIIHE YCAOBHUA:

a) BCe CpeiHHE BEJHYHHLI He 3aBUCAT OT BpPeMeHH (Y cTanoBusmmiics NOTOK)

6) BCce Cpe/lHHE BEJHYMHBL NOCTOSHHEL B HANPABJENHH ocy 2, g w=0:

B) BCE CPe[HHE BeJHYHHEI, 32 UCKJAKTEHHEM AABICHH g 1ocTosHHBL B HATIPAB-
JIEHHH OCH X;

r)} mpu coOGJI0fieHHH YCJIOBUH «B» U «B» ypaBHeHHe HepaspLIBHOCTH NOKA3bi-
BaeT, 4yTO BeJMYHHA U NOJXKHA OLITh NMOCTOAHHOH, @ TaK K ax 5Ta BejHUMHA paBHa
HYJIO Ha CTeHKe, C/1el0BaTelbHO, OHA JOJMXKHa OBITb Pagyg HYJIO U B NOTOKE.

C BBejeHUEM 3TUX YCIOBHH YpaBHeHHs Pefinonbaca Y npomarores:

PIEHAUKYJIADHBI

o0 4 O o
dx dy? En
ap ou'?
():ul_p ¢ ;
ay 9y
) W
(:“‘Omaz

Bropoe ypaBHeHue JlerKo MHTerpupyercs

o ~ 79
p+pv?=f(x).
Tak kak BeanuuHa v’? Ha cTeHke PAaBHA HYJIO, A2BJEyye gpech MOJIKHO GbITE:
MaKCUMaJIbHbBIM.

B. UsoTponHas TypGysneHTHOCTH

73. OnpejesieHHs M HAJIIOCTPHPYOOiMe COOTHOILEHHS.
Xors OCHOBHBIE€, TOJBKO UTO BBIBCIEHHDLIC YPABHeHus IBJASIOTCS TOU-
HBIMH U NOMOTAOT H300pa3UTh MEXaHH3M Typ6yﬂeHTHOCTH’ ONIHAKO
n06aB/eHHE elle IIeCTH HEHU3BECTHBIX (HE3aBHCpMble KOMIIOHEHTH
TeH30pa TypOyJEHTHBIX HANPSKEeHHH) K YeTHIPey 06 BIuHbIM (u, v,
U p), OUEBHIHO, TPHBOIUT K HEOTPENICTCHHOCTH 3aaun, TaK KaK YH-
CJI0 HE3aBHCHMBIX YPaBHEHHH OCTAeTCs TNPEXHpm: TpH ypaBHEHHS
PefiHobCca H yDaBHEHHE HEPA3PLIBHOCTH.

B 1935 r. Tsitnop paccMoTpes 3anauy COBEpuIeHHO MO-HOBOMY,
NPENJIOKAB MCNOJB30BATL TEOPUIO HENMPEPHIBHOR ciyyalinoi (yHkK-
LIHH, TPDHHAB ILOHYU.IEHHQ, 4TO YHUCJIO HE3aBHCHMIix NepeMEeHHBIX TeH-
30pa HaNpsXEHHWH YMEHDbIIEHO OT WECTH 10 OLHOj, KOTOpasi B cayuae
HEOOXOLHMOCTH MOXKET GBITb OJyYeHa NPSAMbIM yamepenuem. TaKuM
c6pasoM, OH AONYCTHJ, YTO TYpPOY/JEHTHOCTb HE TOmBbKO OIHOPOLHA
(T. e. onuHakoBa B M0G0 TOUKE), HO TAKKE H30TpomHa (T. €. CTATH-
CTHUECKH HE3aBHCHMA OT ODHEHTAlNH, TaK ke Kak ¥ oT pacnosoxe-
HHUSI KoopauHATHHX ocelt). Otciona

WB=1*=0% =00 =wu=,,

o L
B cucreme TypOysNeHTHOCTH, [/ KOTOPOH N€UcTBHTENBHEL 3TH 1O-
yLIieHus, B Ka4€CTBE XapaKTEPHCTHKH TeH30pa Hanp;{}erHﬁ ocTaer-
Cfl TOMLKO OHA BETHYHHA W3 MYy/IbCAUHA CKOPOCTH, a cpeHss CKo-
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pOCTb (MO OTHOWICHHIO K Haua/Jy KOOPAMHATHOH CHCTeMbl) HOJIKHA
ObITb paBHA HYJIIO.

HecmoTpsi HA TO, YTO 3TH H3OTPONHLIE YCJIOBHSA HE fABJSIOTCS TH-
MHYHLIMH HH /151 OJHOTO MPaKTHYECKH 3HAUHMOTO peaJsbHOTO NOTOKa,
OHHM OKa3aJHCb 11e1eCO00pa3HbIMH, TaK KaK HOCAYKHJIH CTHMYJOM
JJisl yueHbIX, paboTaoUKX B 3TOH 00/acTH, K IOCTAHOBKE MHOIHX
HCC/eOBaHKH, KOTOpble TOJMBKO HeJaBHO CTaJH AaBaTb HEKOTOPbIE
pesyabraThl. OTHOIIEHHE KPHTHUYECKOTO HCC/eLoBaTeld K HAeaJH-
SHPOBaHHBIM CHCTeMaM OuYeHb Xopomwo Beipa3ua bBartuenop: «Masyue-
HHe OJHOPOAHON TypOYJeHTHOCTH NIPAKTHYECKH BaXKHO, TaK Kak, ec/iu
MBI TOHMEM 3TOT OoJiee MPOCTOH caydai, To Mbl 1O HEKOTODOH CTene-
HH pa3GepeMcsi H B acCeKTax HeoZHOPOAHOH TypOyJeHTHOCTH». B ca-
MoM gede, Tafiop, coenas elle OQMH LIar B MCCJAEIOBaHMAX, HOKa-
3aJ1, 4T0 TypOYJEeHTHOCTb B cJele 3a HPSIMOYTOJbHOH peIIeTKOH B
a3pOAMHAMHUYECKOH TpyOe NPHUMEPHO H30TPONHA B IJIOCKOCTSAX, HOP-
MaJbHBIX K HalpaBJEHHIO CPEJHEro ABHXKEHHS, N0 OTHOIIEHHIO K KO-
OpAHHATHON CHCTEMeE, IBHKYINEHCS BMeCTe C HOTOKOM. DTO OTKPhLITHE
C OJHOBDEMEHHBIM YCOBEPLIEHCTBOBAaHHEM aHeMOMETpPa C Tropsuen
HHUTHIO MO3BOJHJO IPOBOAUTL HAOJIOLEHHUS B J1aOOPaTOPHH H B MOJIe,
Tak 4To 00a WHCTPyMEHTA HAyYHOro HCC/Aef0BAHHA — MaTeMaTHue-
CKHH aHaJ/JIi3 ¥ SKCIIepHMeHTaJdbHble H3MepeHHsI — MOTJIM HPHMEHATh-
cs1 OJHOBPEMEHHO.

Tak KaK TeH30p HanpsKeHHH PefiHoJbIca B H30TPONHOM JBHIKe-
HHMH COBEpIIEHHO CHMMETpPHUYEH H YCJIOBHS B TOYKE IIOYTH BCeraa
H3BECTHBI, OCHOBHBIMH H3yYaeMbIMH TapaMeTPaMH B H3OTPONHOH Typ-
GyJEHTHOCTH CTAHOBATCA KODPEJNSILIHH HWJIH OCPEIHEHHbIe NPOH3BeJe-
HHsI KOMHOOHEHTOB CKOPOCTH B ABYX TouKax. Cjaenyer oco60 moguepk-
HYTb, YTO 3TOT BBIOOp ABYX TOUEK (H, KOHEUHO, TPeX OOBIYHBIX KOM-
[OHEHTOB 4, U M W) INpeACTaB/]sieT COBEpLIEHHO 4YacCTHbIA cayyai
o0llell CTATHCTHUECKOH TEOPHMH HENpPEepbhiBHOH C/ayuyaliHOH mepeMeH-
Hoii. B camoil oflieli NOCTAaHOBKe CpeJHHE 3HAYeHHS CJaydalHOH
GyHKUHM (B JAQHHOM cJydae, IoJie CKOPOCTeH) ONpenessioTcst pac-
npefeseHHeM BEPOATHOCTH 3Ha-
yeHHH (QYHKUMM B 7 Pas/JHUHbBIX y
TOUKaX, ¥ YeM MeHblle [I0JKHa
ObITh BO3MOXHAasi oOWIHOKa B
CpeIHHX BeJHUYHHAX, TeM OOJblIe
J0JKHa OblTh BequunHa n. Eciau
NpUAEpKUBATbC 3TOH  0OIlel
IIOCTAHOBKH, TO, OYEBHAHO, aHa-

Ju3  Gyaer HaCTOJBKO CJOXKEH,

YTO Upe3BbIYAHHO 3aMeJJHT pas-

BUTHE BOIlpoca. ToJbKo MpH pac-
CMOTDPEHHUH TpoCTelliero 4acTHo- e X
ro cjayyast ¥ MCIOJb30BAaHHH MH- -~

HHMaJIbHOTO YHC/1a TOYEK OKasa- ¢

JIOCh BO3MOXKHBIM NOJYUEHHE BO-  pPyuc 92 Yesosnoe usoGpamenue mByx-
o011e Kakoro-to pewenusi. Cxe- TOYeYHOH KOppeAlMH
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Ma Ha pHC. 92 WIJIIOCTPHPYET NpPUMeHsieMble B jJaJjbHefineM o6o3Ha-
UeHUs] AJS ITHX JIBYXTOUEYHBIX KOppesuHuil.

B TeopHH CTalMOHADHBIX CJAyYaHHBIX MPOLECCOB Gbla MOJaydYeHa
CepHsl NapaMeTpoB, XapaKTePH3YIOLIUX JIOOOH HenpepbliBHbIA H30-
TPOIHBIH IpoLlece, ABA H3 KOTOPLIX R;j U S;jx 00BIYHO YIOTPEOASIOTCS
NOpH M3YyYEHHH TypOYJIEHTHOCTH B KHAKOCTH, O6a 3TH mapamerpa —

1€H30pHble QYHKUHH IPOCTPAHCTBA (Uepes BEKTOp pacCTOSHUS r) H
BpEMeHH.

JBorinast Koppeasuusi R;; — IBYXTOYeUHBII TEH30p BTOPOTO paH-
ra ¢ AeBATbIO KOMIOHCHTAMH, PACHOJaTaeMbIMH CJeAyIOLUM o6pa-
30M /IS HIJIIOCTPAUMH OOBIMHONW TePMHHOJOTHH:

\ 1 2 3
l

1 g lp Ug g Ug Wy

Rij (r) = (ua)i (up); = (182)
2 Uy Up Uag Up Ug Wp
3 Wa Up Wa Up Wo Wp

Taxoe pacnoJsioxxeHue MOKa3biBaeT, HANpHUMeEDP, UTO Roz=U0U,Wp H,
TaK KaK 3/eCb NPHMEHHMO NPaBHAO 3aMeHbl, uTo Rj;(r) =R;;(—r).
Bunum Taxkxke, 4To mpeseabHble 3HauUeHHS NPH ¢ — O IpexcTaBJIsIIOT
co00ll KOMIIOHEHTh Te€H30pa HampsikeHuil PelHoJbica, oMUCaHHbIE
p 0. 70. Ecnu npuMeHUTh YpaBHEHHE HEPA3PBIBHOCTH, TO MOJYUHM:

OR ij 6Rij

0x; Ox;

OR OR OR OR OR OR3y
o G e mo By ey B g
OR 0 IRy OR OR OR;
o ;;22 to T0 Sttt =0
aRBl aR32 aRss aRl:i aRT} aRSS

=0; = 0.
ox + dy T 0z ’ 0x T dy + 0z

B cooTBercTBUM ¢ TeopHeHl Kapmana 3TOT TeH30p MOXKeT OLITH
NpeacTaB/eH TaKkKe IByMs CKa/JsIpPHBIMH QYHKUHAMU F(r) u G(r)
CJAENYIOIHM 06pasom:

\ 1 2 3
{
1 ] Fx? 4+ G Fxy Fxz
Rij(r) =
2 ‘ Fyx Fy2 -+ G Fyz
3 ’ Fzx Fzy F2* + G
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31ech X, y H 2 — KOMNOHEHTH BeKTopa r. Ecau ator Tensop augp-
(pepeHuupyercs No X, § WK 2, TO MOXKHO J10Ka3aTh C NOMOILLIO NPHH-
[HI1a HEPA3PBLIBHOCTH, UTO
1 oG

aF 1 r% 4 =0, (183)
or r oar

rae r=|rl.  2T0 ypaBHeHHe NOKA3bIBAET, UTO YCIOBHS H3OTPOMHOCTH
NO3BOJIAIOT BBIPA3HTb TEH30D JBOHHON KOPPENsiHH TOJNbLKO uepes
CKaaspHble (QyHKIUH. y

a1t sKCIiepuMeHTOB ¢ Typ-
Oy/1eHTHBIM [IBUKECHHEM YI006-
Hee nogab3oBaTbed Koadduuu-
€HTaMH TPOJOJIBHOH H norme-
pPEeUYHOH KOpPPpeJsIHU CKOPOCTH
f(ry u g(r), kotopbie onpese-
JAAIOTCA CACAYIOINM 06pasom
(A1 mosICHeHHUsT 0003HaUYEeHHU
PUBOAUTCA puc. 93):

. LTan . __ UaUp
f( )= = g(r)= - Puc. 93. ITlpeanouTntennHas opHeHTa-
u v nhsa oceft

(184)

Tax kak 3TH COOTHOIIEHHS He 3aBHCSAT OT OPHEHTAIMH KOOpIH-
HATHBIX OCeH, TO MOXHO NOBEPHYTb INOCJAEJHHE TaK, YTOOBI OCb X
crajla mapaJjiieibHa BEKTOPY PacCTOSTHUSI MEXAy TOukKaMH. B 3ToM
cayyae x=r u y=2z=0. V3 npeap1ylyX TEH30POB CJeLyeT, uTo

@) =gty = Frt 4G, F =% (j— g);
ulg (r) =0, = G; G = u’g.

CaepoBaTe/bHO, TeH30P MOXKET ObITh 3amucaH uepes f U g:

\l\ 1 2 3
1
2 A .

@0 || E—o S | B
Rij(;s = " . ;

2 | B—pty | Bli-o G| @i L

— — 2
s | @i-a | Bi-o % |®[i-o 5 e

- 259



Ecnu e ke noncradosky caenartb B ypasueuud (183), To moay-
UM

r of
=f+ . L
g=r+ 2 or
T, C. € U [ B34HMO3aBUCHMBI.

He o6pamasch K H3MEPEHHAM, MOMKHO MPEACTaBHTb OOILYIO
dopmy rpadukos 3apucumMocTH [ M g oT r. W3 camux onpenenenuit

%) fg a7
10 10

\
\
\
i
|
]

I P — 4 ]

7 o 4 r

Puc. 94. Hawubosnee pacmpoctpaHeHHble TpadUKH KOpPEJsi-
IIHOHHBIX (QYHKIHH

OYEBHJHO, 4TO 00e 3TH BeJHUYHHbI NPHOJIHAKAIOTCH K eIUHHHE Mph
r— 0. B cooTBeTcTBHH ¢ HepaBeHCTBOM HIBapua

n 2 n

n
Sab | <(Ya)(Xe),
i=1 i=1 i=1

JLAIOMIUM JLJIS TOTO KA
72 12 \ir2
Uoy iy << ((Ugy Uyy)' %

[OJyYaercs, UTO SAMHHULA — 3TO MaKCHMajbHOE 3HAUEHHE, KOTOpPOe
MOXKET HMeTh Kak f, Tak u g. BBuay Oecnopsio4HOro, HO Hempe-
pBIBHOTO XxapakTepa TYpOYJEHTHOCTH CJEIYeT OXKHAATh, YTO g H |
OyAyT CTPEMUTbCS K HYJIO NpPH r— oo M YTO nepexox ot r=0 x
r = o0 JoJkeH ObITb MJaBHBIM. HakoHeW, MOXKHO HOKa3aTb, 4YTO
f 1 g MOMKHBI HMETb NMPOTHBOINOJOKHBIE 3HAKH TPH 3HAYEHHAX 7,
IIPEBBILAIOMINX ONpeleseNHy0 KPUTHUECKYI0 Beanunny. Ha ocnosa-
HUHM 3THX cO0Opa’kKeHHi 3aK/II0YaeM, YTO 3aBHCUMOCTH [ H g OT r
Oyayt umeth (hopMy, U300paKEHHYIO HA pHC. 94,
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Paznoxenve f B pan Taijiopa mokasmiBaer, uro cjaaraemble
BRICHINX TIOPSIIKOB NPHOJIHXKAIOTCA K HYJIO0 OUeRb OLICTPO, MOITOMY
XOPOLIYI0 aNlPOKCHMALIHIO 1a10T JBa TePBLIX UJeHa:

2 a2f
~14+—=.
! ) or?

B peayabrate f u g MOTYT GBITh BbipakeHsl uepes JHUHEHHbIH na-
paMmeTp A, onpenesseMblil COOTHOLIEHHEM
1 0%
PO Y A

Taxum o6pasom, BOMH3H OT Hayasa

r2 r2
f=~1 o 1 g1 .

[Tapamerp A, oueBHIHO, ABJASETCS PAAMYCOM KPHBU3HBI KPHBOH
f(r) npu r=0, Tak Kak 0f/0r — 0, xorna r — 0, uaum napa6obi
1—r%/)?, coBnajaouleii ¢ KpHBOH g y ee BepwHHbl. PH3HYeCKH A
0ObIYHO pacCMaTpPUBaeTCsl KaK Mepa JAHAaMETPOB CaAMBIX MaJblX BHX-
peit (XoTs W 1€ paBHAs HM), KOTOPblE B OCHOBHOM (KaK IOKAa3aHO
8 1. 74) 00yC/JI0BAUBAIOT AHCCHTIALUIO SHEPIHH.

IBa Apyrux JuHeHHBLIX MacuiTaGa, CBA3AHHBIX C H30TPOTMHON
TypOyJIEHTHOCTbIO, ONPENeSIOTCS 10 MJOWAAN TOJ KOPPeasIHOH-
HLIMH KDHBBIMH. IJTO — MPOAOJABHBIA L; U nonepeunwnit L, Mac-
wrabst:

L= 5 fdr; L,= j‘gdr. (185)

0 0
ITockonbky

_f.r 9

&= f + 2 or’
TO
L,=-11L.
2

Panee ynoMsaHyThIli TeH30p TPOHHON KOppeaauuu S;j; ecTh AByx-
TOYEUHBIH TEH30P TPEThero panra ¢ 27 KOMIOHEHTAMH, NPeACTaBIE —
HBIMH OCPEIHEHHbIMH NPOU3BEEHUSIMH BCEBO3MOXKHbBIX KOMOHHAIINH
ABYX KOMIOHEHTOB CKOPOCTH B OJHOH TOYKE H OJHOFO KOMIIOHEHT&
CKOPOCTH B IPYro# TOuKe:

Siie = (Ua): (Ug); (Up),

Tax e Xak ¥ B TeH30pe ABONHHOH KOpPeJsIHH, He BCe KOMIO-
HeHTbl 3/1eCb HE3aBUCHMBI IPYT OT Apyra; ACHCTBHTE/NbHO, B CAyYse
{130TPONTHONR  TypOY/JEHTHOCTH BCe KOMIOHEHTHl PaBHBI HYJIO M
OIHOMY H3 TPEX CJIeAYIOUIUX BbipazKeHui:

2 2
ulu,, vlu, u,0 v,
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151 3KCIepUMEHTOB yaoDHee YCTAHOBHTh 3HAUYEHHsI TPEX COOT-
BETCTBYIOLUIHX CKAJSAPHBIX BeJHUHH, OGO3HAUEHHBIX CHMBOJIAMH R,
hug:

B(r) — “Z“b C R = ”Z“b .
(r)_W’ (r) = @y
gr) = L0 (186)

@)
Taxk KakK #, U U, HE 3aBUCAT OT IOJOXKEHHs TOUKH b, ¢ IIOMOULBIO

ypaBHEHHs] HEPa3PBIBHOCTH MOXHO IIOKa3aTb, YTO HalHCAHHBIE
(YHKUHH B3aHMO3aBHCHMEL:

h=—2h q=—1" o
2 or
DKcrepHMEHTAJIbHO Jerye BCEro HAXOLUTCH 3HAUEHHE R, MO3TOMY
ero oObIYHO BHIOHDPAIOT B KAueCTBE E€IAHHCTBEHHOH CKaJApHOH yHK-
UHH JIJ15 ONPeeJeHNs TPOHHOM KOPPeasiiHi CKOPOCTH.
Hdas cayuasi U30TPONHON TYypOYJEHTHOCTH H3BECTHO elle OIHO
BaxHOE KHHEeMaTHuecKoe cooTHoulenne. Eclu p, — MrHOBeHHOE AaB-

JeHHe B TOUKe g, TO B cCMAy CHMMETDHH H HEpa3pbIBHOCTH MOXKHO
HanucaThb

Palty = Pals = Pa@s = 0.

74. JiuHaMHKa H30TpomHO#l TypOyaentHocTtH. Wamocrpanuef
crocofa NMPUMeHeHHs BHIIIEIPUBEACHHBIX BEJHUHH MOXKET CAYKUTD
JUHAaMHYecKas 3a7aya BBIPOKACHHS H30TPONHOH TYpPOYJCHTHOCTH.
Wz ypaprenus (179) MOXKHO IOIYUHTb CKOPOCTb BI3KOCTHOMN JHCCH-
AUyl € Ha eHHUIY o6beMa NpH u=0 U u=u’ B yCJOBUSAX H30TPOI-
HOH TypOy/JAEHTHOCTH

[T < B <+ T < T

T T T BT

0z ox dy \ 0z

Ilonnasa KuHeTHuecKast JHEPrug Ha eJHHHIY o6pema

_ 3
K_qu.

YcaoBue H3O0TPONHH MPHBOIUT K COOTHOUIEHHAM

ey = (O] = (B = L (3] = L (2] -
ox oy (62) 2 ‘oy 2 (62

N L
2 (ax) 2 (az, 2 (ax) 2 a;;) ’
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TakK 4To
0u \2 du 2
e= 154 (% ) =75 (k .
K dx) oh Bx)
B coorBercTBUH C YpaBHEHHEM 3HEPIHH CKODOCTb BBIPOKIEHHS

TypOy/IeHTHOH SHEPTHH MOJKHA DPaBHATBCS CKOPOCTH BSI3KOCTHOM
JHCCHIIALUUH:

1 0K 3 ou? du\?
— S TG
. _ S (187)
ou? ou |2
2 — 0w (2 )
ot \ Ox
HaKOHeu, €CJIH MMOACTABHTD BEJHUYHUHY A H3 COOTHOIIEHHS
Ly jEy
A2 or? |ro0 u? ax) ’
TO 3dKOH BBIDO2KACHUSA MOXKET OBITh 3allUCaH TakK:
d12 2
W@ oy 4 (188)
dt Az

Kak A2, Tak ¥ u?, KOHeuHO, 3aBUCAT OT Bpemenu. OTCI0fa SICHO,
YTO TPH 3aJaHHOH HHTEHCHBHOCTH TYpPOYJIEHTHOCTH HauboJIee
OBICTPO BHIPOXKIAIOTCA MYyJabCalHH MeJbyaiiliero maciuraba. Cymiect-
BEHHO, YTO A 3HAYHMTEJbHO NPEBLIIIAeT MacuITaGBl BHXpel, MHCCH-
NMUPYIOMHKX OOJbLIYIO YacTb 3HEPTHH 3aJaHHOH CHUCTEMBI, HO, BO3-
MOKHO, ellle BaXHee TO, YTO A ABJseTcS Mepofl BPEMEHHOH NoCTo-
AHHOH BpIpOXAeHHA T, a He TOJBKO (GU3HUECKON MJIMHOMN:

A2
Tov

Hns cayyas TypOyJeHTHOCTH 3a pPEIUETKOH NPUHATHe KOOpPIH-

HATHOH CHCTEMBI, ABHKyLleHcs BMecTe C NMOTOKOM, I03BOJSAET TIPH-

OJIM3HTBCA K YCJIOBHSAAM H30TPONHOCTH MO KpallHeidl Mepe B HOpMaJlb-
HBIX TIJIOCKOCTAX. 3aTeM MOXKIO CHeaaTb MOACTaHOBKY

4 54
dt dx’
TOrjaa
Z e _ Ui 18
U5m=—10v 5, (189)

rfe u— OocpelHeHHasi CKOPOCTb 3a DEIIeTKOH.

CooTHollIeHHe, OMHCHIBAMOLIEE H3MEHEHUS KOP PEJSILIHOHHON (hYHK-
UMK [ OT BpeMeHH (MJIM, HCHOJb3ys BBILENPHBEAEHHOE PaBEHCTBO,
OT PacCTOSIHMA A0 DELIETKH), MOXXET OhTh BHIBELEHO KOMOWHaUHeH
ypaBHesu#i Hasbe — Croxca co ckagaspawmu f, g, k, ¢ ¥ h, onpene-
JEeHHBIMH JUIS H30TPONHON TypOyaenTHocTH. Ecau ypaBHenne pas
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X-KOMIIOHEHTa CKODOCTH B TOUKE @ YMHOXHTb Ha Y-KOMITOHEHT CKO-
pocTd B TOUKE b, TO nonyqaeTCH:

du du ou
U S gty T - vy, S+ v, S8 =
ox dy 9z
a
=2 . p" + VU VAU,
o

o ycioBusiM HepaspbIBHOCTH

Jupug Oupv, vpw,
u = 0.
a ( ox T dy + 0z )

Hauee, Tak Kak p,vp=0,
% %Pa
I 0x
Ecnu, HakoHell, NOBepHYTb OCH 10 MOJOMXKEHHS, YKA3aHHOrO Ha
puc. 93, To nepeMeHHbe X, ¥ U 2 OYIYT COOTBETCTBOBATH I€peMeH-
HBLIM, HCIIOJMb30BAHHBIM J/T51 onpenesenus f, g, k, ¢ u i, a cymma BhI-
IIeNPHBEICHHBIX PAaBEHCTB MOXKET OBITh OCpefHeHa M yMpolleHa:

g 0 —— 0
Uy — — 5; U U0 — a—y U U0 —

9 2
T os UglWaUp = VY Ul

[Tono6ubiM ke obpasoM ypaBHenHe Hasbe — Crokca a5 v Mo-
KeT ObITb YMHO2KEHO Ha Uy, YTOOBI NOJAYUHTD

,,g?’i—Auaubvb—iuvv —iuwv = V2 ULV,
ot ox ayabb aZabb aYb
HaKkoHell, HCHOAB3YS MOJyYeHHble paHee 3aBHCHMOCTH IS | M

h, BblpasKeHHble UYEPe3 Ug, Ug, Wy H Up, U COOTHOLIEHHS U WpUp=

=—U,WaU; U T.HA., MOXKEM 3alHCaTb ypaBHEHUE MJSI H3MEHEHHS [

OT BpEMEHH:

a(fu —5v3/2 (O 4 5 [ 0%f _of
e (Gt n) =2 (Sh e 00

HHTepecHO MOCMOTpeTb, UTO JaeT 3TO ypaBHEHHe /IS PasHbIX
craauii BbIpOXKAeHHsi. B mocaegHedl cramdu, HanpuMep, TpoHHaa
KODpeJNsinys WJM YJIeHbl TlepeHoca npeHeOpeKUMo MaJjbl MO0 CpaBHe-
HUIO C JBOHHOIN KOppeJslHeldl HAM JHCCHNATHBHBIMH UJEHAMH, YeM
onpeaensercsd IPaHHYHOE YCJAOBHE. DTO T'PAHHYHOE YCIOBHE MONKET
ObITh creqaHo OoJiee HATJASAAHBIM, ecad paBeHcTBo (190) nepenucarthb
caenyouum o6pasom:

() — v (_‘7_ -+ i) (,‘E_Q h )
r

ot or or v
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B kKoHeYHBIX CTAaAHAX KaK 42, TakK H A CTAaHOBATCH MaJLIMH H

6f>>h|/

Ecau npene6peub MOCHENHHM ClaraeMbiM, TO YPaBHEHHE CBEJIET-
sl K CleiyIonemy:

u? (vt)sl * = const,

T. €. CKOPOCTb BBIDOXKJEHHS Ha INOCIeIHHX CTagHsAX OGpaTHO mpo-
MOpPHHOHATbHA BPEMEHH B CTENEHH /.

HHuTepecHo paccMOTpeTb BBIDOXKJEHHE H30TPONHOH TypOyJeHT-
HOCTH B HayaJbHBIX CTQHSAX, KOTJA BJIMSHHE BS3KOCTH MaJlo 10
cpaBHenHio ¢ unepuueil. Torpa ypaBrenne (190) moxer 6bTH ympo-

HIEeHO
d (fu? —3;, [Oh 4h
(fu?) —{—2(11,2),’ (___+__)____0'
ot ar r
Ecay pewnTh 3TO ypaBHEHHE OTHOCHTENbHO CKOPOCTH BBIPOXK-
JIEHHUA H HCIOOJb30BATh onpeneneune A JUIs1 TIOJIYUEeHHA CKOPOCTH
H3MeHeHHs MacluTaboB, MOJYYUM TaKHe Pe3yJbTaThl:

Bf°1 = const; A2 = Tvt.

ATO CXOACTBO B MNPEJCTaBJeHHHM JIBYX KpPaHHHX 3HAUYEHHH MpH-
BCJICHHBIX PABEHCTB €CTECTBEHHO NPHBOJMUT K MPeAlOJOXKEHHIO, UTO
BBIPOXKIEHHE MOXeT OBbITb ONMHUCAHO CJEAYIOUIMMH 3aBHCHMOCTSIMH:

Wt A= 10 vt,
2
rae n— Qyukuus yucaa PeliHoabiaca Re=£‘£@~, MeHApIIasACca
B mpenesnax oT 9/; mo 5/o. 10 Obmiee cooTHOmIEHHe GBLIO MOA-
TBEPXK/IEHO IKCNEPHMEHTAJIBHO /15 TypOyJeHTHOCTH B a3POAHHAMH-
yeckoH Tpy6e.

75. YacToTHoe pacnpeleseHHe KHMHEeTHUeCKod sHepruu. Hapsany
C KOppeNsUHsMH HIH OCPeJHEHHBIMH NPOHU3BEICHHSMH, yNOTpe6sB-
IWHMHCA [0 CHX IOp [JIf ONHMCAHHUA NoJsA TypOyJEHTHOTO INOTOKa,
MOKHO aHaJH3UPOBATb NyJbCALHH CKOPOCTH 3KCIEPUMEHTAJNbHO MO
HX CEKTpPaM, MoJOGHO TOMY Kak JIyd CBeTa JEJISAT Ha CIeKTpaJbHble
KOMIIOHEHTHI, DTa aHaJHTHUYeCKas TEXHHKA, OCHOBAaHHAas Ha 3MHJje-
DOBOM MpPEJCTABJEHHH CKOPOCTH B (HKCHDOBAHHOH TOYKe Kak
(yHKIEM BpeMeHH, OBlJIa BHEPBLIE npejJIoxeHa Tsfinopom BMecTO
KOPPeJISHOHHO! (QYHKIUH f(r), onpenenennoil ypaBuenuem (184).
[TpumeHeHHe crekTpaJbHOH (DYHKUHHM HEe OrpaHHMUYMBAETCS H30TPOIN-
HO# TypOYJIEHTHOCTHIO, (haKTHYECKH AJ Hee He 0653aTe/bHO paBeH-
CTBO HYJIIO OCPEIHEHHOH CKOPOCTH, YTO AOJIKHO GBHITH HElNPEMEHHBIM
YCJOBHEM JJIi UCTHHHOH H30TPONHOCTH. OTHOCHTENBHO MPOCTOH Of-
HoMepHuifi crnektp Tshnopa mospnee Obl1 cBeied IeiisenGeprom
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K TpexmepHoMy, a Kammo ne ®epbe u Baruenop HesaBucumo apyr
OT Jpyra HUCIOJb30BaJIH OOIIHH cHeKTpaJbHBIH Tensop. [Tocaenuue
npeacTaB/eHusT 6oJee CJA0XKHB, HO OHH BO MHOTHX Ba’KHBIX JE€TaJsix
CXOJHbI C OJHOMEPHBIM CIIEKTPOM, TaK UTO H3yUeHHe MOCJENHETO MO-
JKEeT HJIIOCTPHPOBATD X OCHOBHBIE NPHHIHILL.

o0,
o-/
437 -2
4
|
é 424
Y
By v
R
N
qr6
ME ‘S\
Q& 5
\Llho\.
a 4 8 2 5
2 6 pymax”’
g

Puc. 95. TunoBo#i TypGyJeHTHBIl CIEKTP
1 — pe3yapTaThH U3MepeHHH: 2 — pe3yJabTaThl BHIYUCIEeHHH IO
KOppEJANHOHHBIM COOTHOLIEHHAM M3 HEIIOCPeICTBEHHBIX H3-

MepeHHH
b 2nnx

uF(ny=4 { f(xycos —— dx
0 u

Ecnu npomosbHyio myabcanuio #’ CKOpocTH B (GHUKCHPOBAHHOM
TOUKE Pa3JOXKUTh HA rapMOHHUECKHE KOMIIOHEHTHI, TO CPENHEKBaj-

paTHuYHOE OTKJOHeHHe 4’2 OyAeT paBHO OOlLIeMy BKJaay (HaJomxKe-
HHIO) Bcex yacToT (puc. 95). OTcioma oueBHAHO, uTO ecau F(n)

npeAcTaBJsSeT YACTOTHYIO QYHKIHIO, TO

fF(n)dnz 1. (191)
0
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Jns yscHenus (U3HUECKOTO CMBICAA IOHATHA CIIEKTPa IIOJE3HO
NpeNCTaBUTh TyPOYJNEHTHOCTh KaK CKOIJIEHHE BHXPEH pasjuuHbIX
pasMepoB, NPOHOCHMBEIX MHMMO (DHKCHDOBAHHOH TOYKM CpeXHHM Te-
yenueM. [Tyabcallui CKOPOCTH, COOTBETCTBYIOLHE MEHbIINM BHXDPSAM,
GyAyT NPOHCXOAUTb Tropas3fo ObICTpee, YeM MyJbCalliH, Bbi3BaHHbIE
BUXDSIMH GOJBIIMX pPa3MepoB, TaK UTO YBEJMYEHHE YACTOTHI 7
MOXKeT ObITb PacCMOTPEHO KaK COOTBETCTBYIOLEE yMeHBbIIEHHE pas-
MepOB BHUXpeH NPH [JaHHOH OCPETHEHHOH CKODOCTH.

[Ipr paccMOTpEHHH NPOROJbHON KODPpPEJNALHMH [(X) BHIHO, YTO
KOPpeIsilUs AOJKHA YMEHBLIATbCA MeJJeHHee NpH NpeobGiafaHuH
Go/bIIMX BHXPEl; OTCI0OKA MOXKHO cAeNaTb BHIBOX O CYLIECTBOBaHHH
NpsIMOil CBSI3M MEXKIY CIEKTPAJbHBIM paclpefeneHHeM TypOyJeHt-
HOH 3HEPIHH H NMPOXOJBHBIM MacmTa6om Ls, BBeJIeHHbIM B ypaBHe-
ure (183). Dra cBA3b MOKeT OBITb YCTAaHOBJEHA, €CJH JONMYCTUTD,
KaK 3TO CAeJaHO B 1. 74, UTo NpoCTpPaHCTBEeHHEle M BPEeMEHHBIE TIIPO-
H3BOJIHbIE CBAI3aHBl PABEHCTBOM

d —d
— =Uu-—.
dx
DTO COOTHOIIEHHE OOBIUHO CUMTAETCS NMPHTOAHBIM NpH u'fu<<I1,
W TOTAa IPOJOJbHASA KOPPEJSLUHs 3aNHCHIBAETCA TaK:
w () o (¢ + xfu)
) =
u'®
[Ipumennus Teopemy I[lapceBans, Tsfjop RoKasaa, 4TO mpaBas
YacThb 3TOTO PaBEHCTBA NpEACTaB/seT co0oH pe3yJbTaT Ipeobpaso-
BaHUs crekTpa B psa Pypbe, TaK UTO HCKOMOE COOTHOIIEHHE MEXIY
CNMEKTPOM H KOppesiiiel TaKoBo:

Fx) = S F (n) cos 22" gp, (192)
s u

U3 unrerpanbHoil TeopeMbl Dypbe cjaeAyeT, YTO CHEKTP INpen-

craBjseT co60M TaKXKe pasJjoxeHHe Koppeasnud B pax Pypbe:

F(n)-———i-Yf(x)cos 2002 . (193)

. u

Takum o6pasoM, ecad Beanuuna F(n) uau f(x) moxer ObTh U3-
MepeHa B TOUKe, TO BTOpas XapaKTepHUCTHKA BBIUHCJSETCS 1O BbI-
paxenuio (192) uau (193).

Tak Kak cnekTpajbHOe pachpejesneHie U KOppPEJaslHsa HeNocpel-
CTBEHHO CBf3aHbi ¢ MaciutaboM MyJabCanuil, OHU SIBASIOTCA UEHHBIM
HCTOYHMKOM HH(}OpMALUH 0 MeXaHH3Me o6pa3oBaHHsl H AHCCHIAIHH
TypGy/JaeHTHOH 3Hepruu. XOTs pasJMUHbIE HCCIeJOBATENH BbIBEJH
HECKOJIbKO COOTHOIIEHHH, noao6ubx ypaBuendio (190), Hu onHo H3
HUX He MOTJIO GbITh IPUMEHEHO, TaK KaK KaxKjoe HeH30exHo colaep-
»KaJsio GOoJIblile HEU3BECTHBIX, UEM CYIIECTBOBAJIO HE3aBHCHMBIX ypaB-

18* 267



HeHHd. B 3THX ycjaoBHAX HeoO6X0AZMMO 6blIO JHOO CHenaTb Npeiano-
JIOXKEHHE O B3aHMOCBSI3H MeXIy NepeMeHHBIMH B npoliecce BHIPOXK-
JeHYs], THOO HEMOCPEICTBEHHO H3MEPHTh NOMHHHPYIOIHE MacmTad.
PesysbraThl, NpHBeIEHHbIE BHIlIE A5 HAYaJbHOTO H KOHEYHOTO Ie-
PHOJIOB, THIHYHBL /151 0OIero BHAA NONYINEHHH, KOTOPbIE HeJaTCs
IIpH HeyxocTaTke HH(popMaUuH o MacwmTtabe. JIpyrum NpeanoJoxKeHH -
eM, MOJYYHBIIHM I[IHPOKOE pacnpocTpaHeHHe, OBLIO [AOMyLIeHHE
Kapmana o Tom, 4T0 DYHKUHH [ U & HIH UM DOHOOHBIE COXPAHSIOT
o6mmyio (opMy B mpolecce BbIPOXKIEHHS. XOTS 3Ta TEOPHS O CaMo-
coXpaHeHHH Obl1a MOJIE3HBIM MaTeMaTHUECKHM IpHEeMOM, OHa HMeJa
Manoe (H3HYecKoe 060CHOBAHHE H NJOXO COrJacoBBHIBaJach C H3Me-
pPEHHBIM CIEKTPOM Ha y4aCTKe MEeXJy pacCMaTpPHBaeMbIMH TOUKaMH.

[Togo6Has ke Teopusi, HO OCHOBaHHAs Ha (H3HUECKHX THIIOTeE-
3ax, Opuia mpenjioxeHa Kosmoroposeim. OHa HMeeT TPH BaKHBIC
XapaKTePHCTHKHU:

1) Typ6yJeHTHOCTh BO BPEMEHHOM H MPOCTPAHCTBEHHOM OGbeMe
G o6miero motoka GymerT BCerga CyUIECTBEHHO H30TpomHa, ecan G
JOCTaTOUYHO MaJjo, a yucao PefiHObACA JOCTATOUHO BEJTHKO;

2) TypOGyJeHTHble XapaKTEDHCTHKH B Ha3BaHHOM 0GbeMe OJHO-
3HaYHO ONPENeNsIOTCS] CKOPOCTBIO JHCCUMAIMH SHEPTHH HA €AMHHUIY
Macchl &/p B KHHEMATHYeCKOH BSI3KOCTbIO. DTO — MepBasl THIOTE3a
noJ00Hs;

3) pacnpesnesneHHe BEPOSITHOCTH KOPPEJISIHH MEXIy TOYKAMH B
o6beme OyIeT 3aBHCETb TOJBKO OT € JO TeX MOp, MOKa PacCTOsSIHHE
MeXJIy TOYKaMH BEJIHKO [0 CDaBHEHHIO C JHHEHHBIM NapaMeTpoM
Ly. OnuHa L, onpenensiercss yepe3 OCHOBHBIE ITapaMeTphl &fp H v
Ha OCHOBAHUH TEOPHH pa3zMepHOCTel:

Lk = (i‘)ll‘ .
e/p
ITO — BTOpas TUNOTe3a MOL0OHSI.

OCHOBHOH TOCTYJ1aT, NOJIOXKEHHBIH B OCHOBY TeopHH Kosmoropo-
Ba, 3aKJI04aeTcs B TOM, YTO TFPaHHYHbIE YCJOBHS MOTOKA He BJIHS-
I0T HE[OCPeACTBEHHO HH Ha KaKue JeTaJH MoJs CKOPOCTeH, 3a HC-
KJIIOUYEHHEM TeX, KOTOPble XapaKTeDH3YIOTCS TeMH K€ AJHHAMH, UTO
H pasmepbl rpaHun. TakuMm o6pa3oM, KpymHOMacIITaGHBIE KOMIIO-
HEeHTbl TypOYJEHTHOCTH 0Opa3yloTCsl CaMHUM CPeIHHM IOTOKOM OGJa-
rogapsi paboTe IO NPEOIOJEHHIO BSI3KHX HJH PeHHO/IbICOBBIX Ha-
npsiKeHui. DTH KPyNHOMACIITAOHBIE NyJbCALHH B CBOIO OUEPE[b [0
MHEDLHH BBI3BIBAIOT NyJbCcallii 6oJsiee MeNIKOro macuitaba H Tak ja-
Jee 10 Tex MOp, MOKa Macimtab He CJeJaeTcs HacTOJIbKO MaJbiM,
YTO BSI3KHE HANpPSI’KEHHS CTAHOBSTCS MpeobJafaioliiMH H KHHETH-
yeckasi SHeprHs HauyMHaeT HENOCPENCTBEHHO NEPEXOJHTb B TEIJIO.
Jlaxe npu caMblX KPYNHBIX macuiTabax B Npollecce, KOHEUHO, HMe-
IOTC NOTEPH H 4acTb 3Hepruu auccunupyer. C yMeHbIlleHHEM Mac-
mraba pa3Mepbl MOTEPH 3HEPIHH YBEJIHYHBAKOTCS, TAK UTO JHHEHHbIHA
napamerp Ly TypOy/JeHTHOCTH, COOTBETCTBYIOUIEH HAHGOJbIIEH THC-
CHIIALMH 3HEPTHH, YACTHYHO 3aBHCHT OT pa3MepoB rpaHuil. [lefct-
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BHUTENbHO, 3TOT MacwTab guccunauuu L 3aBHCHAT oT umcaa Pei-
HOJIBJICA CPEIHEro ABHKEHHS — C yBeJHYeHHeM Re, Kak MOKasblBaioT
3KCIIEPHUMeHThl (IPH COXPAaHEHHH TEOMETPHH T'DaHHL, HEH3MEHHOH),
H3MeHeHHe B TYpOYJIEHTHOCTH CBOJUTCS K 0Opa30BaHHIO BCe MeEHb-
UIMX BHUXpeH.

M3 3THX cooBpaxeHuii cieayer, Yrto K KpynHOMacUITaGHbIM KOM-
TIOHEHTaM TYpOYJEHTHOCTH M0JIsi, 3aBUCALUIHM OT F€OMETPHH IPaHHL,
H K KOMIIOHEHTaM MeJbuyailiux Macuwrtabos, AJsS KOTOPBIX INOTOK
LIeJUKOM BSI30K, HEBO3MOXKHO IIDUMEHHTb efuHYyI0 Teopuio. [Ipume-
HHUMOCTb TeOpHH KosnMoropoBa orpaHuueHa BHYTPEHHUM MacliTa-
60M U 06beMOM, pasMephl KOTOPOTO OTJHYHBI OT MECTHOrO IpaHuy-
Horo Macmrtaba L. Takum oOpa3om, 3Ta TEOpPHUS MOXKET NPHMEHATb-
csl TOJABKO K CHCTEMAaM, AJsT KOTOpuX uHcio PefiHoabaca Re=VL/v
HACTONbKO BEJHKO, 4TO Lp < L. D10 TpeGoBaHHe GOJMBINKX 4YHCeN
Pefinonbaca 3aiepKuBaeT 3KCIEPHMEHTANbHYIO NPOBEPKY TCHIIOTE-
3bl, XOTsI OHA LIKPOKO H3BeCTHA yxe Gojee NECATH JeT. DKCHepH-
MEHTaJbHBlE HCCAELOBAHHS B 3TOM HalpaBJeHHH IIOKa OuYeHb He-
MHOT'OUHCJIEHHBL.

Npumep 21. [loxasatbh caeAyiouee COOTHOLIEHHE, BKJIOYEHHOE B BHIBOJ
ypaBHeHus (187):

(_‘9”_2__‘_ ﬂ’_\)z__ u
6x)n2<6x,-— Azt

[MocnenoBarenpHoe AHGdEPEHIHPOBAHHE BLIPAXKEHHA 3aBHCHMOCTH | M g AaeT;

r of
g=F+ o 5
og 3 of r of
o 2 T T2 e
pg . of ¢ 3
o " " T2 Ton
Tak kak B npefene r— 0, TO MONYYalOTCs CJAEAYIONIHE PaBEHCTBA:
—, 0% (0)  Puaup | . Oug  Oup ou
u = = lim =
or? 0%,0xp lr~0 r—0 O0xo Oxp ( Jox ) !

n 2O Oy | .mm_(ﬁ :
or? 5 0%a0%p |r>0  r—0 0xadxy 6x) ’
r
Hlanee, Tak xax 9 o
0% (0) _, 3% (0)
ox2 T k2

—0 npu r— 0,

TaK YyToO

N3 onpenenenus A caenyer

[ 2]
6x) ~(6.\5) )

Gu\r Tﬂ’f(O) 5 1
(6x>“u Ox? = A2
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I'. TypOynentnasa auddysus

76. OnucateanbHnle cooTHouleHHsi, Kak Gbl1o mnokasaHo
BO BBOJHOH 4acCTH 3TOH rIiaBbl, TYDOYJNEHTHOCTb HIPAET BaXKHYIO
poJib B MOTOKE KHAKOCTH, OCKOJbKY OHA OKa3blBaeT 3HAYHTe/IbHOe
BJIMSIHME Ha TaKHe BajkKHeMHllHe XapaKTEPUCTHKM IOTOKA, KakK IoOTe-
psl 3HeprHH, COUPOTHBJICHHE TPEHHs M NepeMeluuBanue. Hekoropsie
ReTalHd MeXaHH3Ma AUCCHIAUHMH 3HEPTHH HCCAEAYIOTCA € MOMOLIBIO
YPaBHEHHUSI SHEPTHH C HECKOJbKUMH CcIelUGHUUCCKUMH MPHJIOKCHHUS-
MM; BJIMSHHE TypPOY/JEHTHOCTH Ha IMeDeHOC KOJIMYecTBa JBHIKCHHA
NIOKa3aHO B BHJEe H3MEHEHHOI'O YpaBHEHHs KOJHYeCTBa [BHXKEHUA
(nMHeHHOrO), a BJMSHHE ee Ha CONPOTUBJIEHUE TPEHMS MOKa3aHO ¢
foabniedl MOAPOGHOCTBIO B CJaAeAyIOUlell rjaBe; HEKOTOpble CYLLECT-
BeHHbIe XaPaKTEPHCTHKH HepeMelUIHMBaHHsA OYAYT pacCMOTPEHE! 31€eCh.

Ecan B mose TypGyJneHTHOro MOTOKA HMeeTcsl MecTHasi HeOomHo-
pPOAHOCTh (TemJoBast, ONTHYECKAas, XUMHUeCKas HJAM MeXaHHJYecKas),
TypOyJ/leHTHble NYJAbCALUH NPHUBOASAT K PacHpoCTPaHEHHIO ee MO Bce
yBEJUUHBAIOWeMYCsl 00beMY NOTOKA. DTO NepepacnpejleseHne, HIH
TypOynenTHass nucddysus, CyHmIECTBEHHO OTJIHYAeTCss OT OOBYHOH
Anddy3uH, BLI3BAHHOH MOJIEKYJASPHBIM MepeMelunBaHueM., Mexa-
HU3M IOC/JEJHEro ABJEHHUS] JOBOJLHO XODOLIO H3BECTEeH, MOCKOJbLKY
OHO COCTABJifIeT BaXKHYK 4aCTb KHHETHUECKOH TeOpuM Tra3oB, HO
3TO OYeHb MaJjlo [IOMOTAeT B BONPOCE H3YyUeHHsT MaKPOCKOMHUeCKOH
aupdysun TypbyaenTHocTH. Kak Oyner nokasaso B yacty I, upges
aHAJIOTHUYHOCTH BHUXPEBOH H MOJIEKYJSIDHOH BSI3KOCTH HMEET Cepbes-
Hble HEJOCTATKH BO MHOTHMX CJy4yasx, U AJsa 6oJee yIOBJAETBOPH-
Te/IbHOTO pelleHHs CJaeayeT BHIOMpPaTh MOAesb, OCHOBaHHYIO Ha CTa-
THCTHYECKOH MexaHHMKe. Takum oGpasoM, MeTOMbl CTATHCTHKH JIOJIXK-
Hbl ObITb MPHMEHEeHbl K TypOyJeHTHOH nu¢dby3un Tak, 4ToGbl BJHS-
HHe COCTOAHMS T[IOTOKa MOXHO OBLIO HNO0aBUTb K A€HCTBHIO
MOJEKyJsIpHoro nepememnsanusi. IlapagoxkcanbHo, 4To 3TOT apo-
LlecC NPUBOAMT K KO3PPHUHEHTY AuU(BPY3HuM, TeCHO CBA3AHHOMY C
BUXPEBOIl (BUPTYaJbHOH) BSI3KOCTBIO.

Eme pas moguepkHeM, YTO TpPHMeHsieMble € JAABHETO BPEMEHH
onucaTe]bHble METOLBb! HeyoOBJeTBOPHTEIbHB, [O3TOMY AOJKHbBI
ObiTb paspaboTaHbl HOBbIE MeTOAbl. JIO CHX IOp B JaHHOH IVaBe HC-
f10/1b30BaJIaCh HCKJIIOUUTEJNBHO 3HIepOBCKAsT KOHLENUMS CKOPOCTH
B ()MKCHPOBAHHOH TOYKe KaK (PYHKLUH BDEMEHH, Telepb HeoOXOaH-
MO OCTAHOBMTbCSI Ha MeToZe JlarpaHrka, HCCAeAYIOWEM [BHIKEHHe
OT/ZeJIbHOW YACTHIbL KUAKOCTH. [Ipu mOJAb30BAaHUM 3TOH TEXHUKOM
pacnpocTpanenue JOObIX MaTePHaJbHBIX Y9acCTHIl MOXKET ObITb On-
pejleNeH0 CTATHCTHYECKH M3 YHMCTO KHHEMATHYeCKHX COOTHOLICHHH.
Orcroga cjaeayeT, 4TO MepeMellleHHe 4ACTULDbl KHAKOCTH B TeueHHe
HEKOTOPOTO NpPOH3BOJBHOIO IMepHOAA BPEMEHH SABJAAETCA BAKHOK
nepemenHofi. EcaM wacTHua B MOMEHT BpeMeHu f=0 HaxomgHuTcs B



HayaJie KOODJAHHATHOH CHCTEMBI, TO KOOpDJIHHATHl €€ COOTBETCTBYIO-
miero nepeMellieHust OyIyT paBHBL:

t t t
= (udt; y=(vdt; z={uwdt,
X (5 U Yy (\5 4 4 (\5 w

rjie U, v H W — KOMIIOHEHTHl CKOPOCTH YaCTHILDI.

OueBHHO, €CJH CKOPOCTb — B@JIHYHHA HENPepPbIBHO IYJIbCHPYIO-
I1asi, TOrAa BCe YACTHIEI OYIYT C/Aef0BaThb MO HENPEepHIBHLIM, HO He-
pery/sipHBIM TDAeKTODHSAM; IlepeMellleHHe 3THX YacTHIl B TeueHHe
J1060r0 HHTEpBaJia BPEMEHH MOXKET OLITb 0XapaKTepH30BAHO KOJIH-
YeCTBEHHO TOJbKO cTaTHcTHYecKH. CTaTHCTHYECKHE 3aBHCHMOCTH,
BIEpBEIC NpeAJoKeHHbEIe /51 3Toi 1eau TsiaopoM, mpeacTas/sioT
co6oit k03P PHUIINEHTH Koppeasiluy Jlarpanxa:

R — OrA0) , T OYT0)
Yo VimorVuor Y VieOr Vior
R, @ ()@ ()

 VIieOP Vie®p

KaK H paHee, YepTOYKH HaJd BE€JHUHHAMH O3HAUYaIOT, UTO B3SThL
CpeanHe HX 3HA4YeHHSI, HO B 3TOM <CJydae OCPeOHSIOTCSA CKOPOCTH
60bIIOT0 YHCJA 4acCTHIL, NMOCJAENOBATEJNbHO NPOXOAAUIHX 4Uepe3 Ha-
qgaJo KOOpILHHaTHOﬁ CHCTEMBI H 3aTe€éM IpOAOJ2KAIOUIHX JIBHTATbLCS
IO HHIAHUBHIAYAJbHBIM TPACKTODHAM B TE€UEHHE NEepHOoda BPEMEHH tz.
ATo cpefHee 3HAUEHHE HHOTIA HAa3bIBaeTCs OOIIHM (MJIH COTJACO-
BAHHLIM) CPEeIHHM.

OueBHIHO, YTO KOPPEJSILHH, Ga3HPYIOLIHECS HA 9TOM THIE CPEJ-
HHUX BEJHYHH, OYAYT (QYHKUUSIMH NPOCTPAHCTBA, BPEMEHH H HHTEp-
BaJa BpeMeHH f;. J1s KaxAoH M3 3THX KoppeJsuuit Maciirab Bpe-
MenH JlarpaH:ka onpefnesasieTcst KaK IVIOMAAb OJ COOTBETCTBYIONIEH
KpHBO#t R={(#):

o3
Ty [Ryodtnn.
0

B orinune OT NpeAbIAYIIMX MacuwTaGoB OH MpHHHMaeTcs 6e3
KOPHS, 4TOObl KODPeJsIHUsl CTPeMHIach K HYJI0 NpH Ge3rpaHuuyHOM
yBeJIHUeHHH HHTEepPBaJia BPEMEHH,

77. YpapHenue auddysuu. Kak u cjaenoBano OxHIaTh, Marte-
MaTHYeCKHe TpeACTaB/jeHHs] o0ueld npobaeMsl TypOyJaeHTHOR mHp-
(y3uM OueHb C/JIOXKHEI, IO3TOMY HEOGXOMXHMBI HEKOTOPEIE YIIPOLIEHHS.
C 1mesbio YIPOLIEHHS PacCMATPHBAIOTCS CJAEAYIOUIHE CHCTEMBI: CTa-
THCTHUECKH YCTAHOBHBLIAACS, B KOTOPOH KOppeasiiuH OYAyT 3aBH-
CeTb TOJILKO OT DAaCCTOSHHS M HHTepBa/ja BpPeMeHH f;; OJHOPOIHAf,
B KOTOPOH OHH OyAyT 3aBHCETb TOJBKO OT f;; H30TPOMNHAs, B KOTOPO#
TPH COOTHOIWIEHHSI H, KOHeUHO, TpH Macuwraba OyayT HIEHTHUHBHL.
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BaxkHasi MHpOpManus MOKeT OBITL NOJydYeHa NPH PacCMOTPEHHH
B KayecTBe I1ePBOro Mara H30TPONHOro Cayuas. -

Tax kak npu H3oTponHoH TypOyJeHTHOCTH w!=uv?=w? u u=
=v=w=0, eIHHCTBEHHBIl 4JCH, COAEPKAIIHA CKOpPOCTb, AOCTATO-
yeH A/ MpeACTaB/AeHHS CHCTEMBI, a CpefHee IepeMellleHHe YacTHII,
KOTOpBIE I[IPOXOJAAT 4Yepe3 JaHHYIO TOYKY, paBHO Hy.wo. IlosToMy
foJbIIOe KOJHYECTBO TAaKUX NepeMellleHuil B miiaHe 6yaeT CoBepLIeH-
HO CHMMETPHYHO OTHOCHTEJbHO TOYKH H MOXKET pacCMaTpHBaThCs
KaK MHOXKECTBO YacCTHI, DaclIpOCTPaHSIOLIUXCH HEOIDAHHYEHHO CO
BpeMeHeM. JTO MHOXKECTBO MOXKeT OBITb ONHCAHO CTATHCTHYCCKH B
BHJle CpPe/lHero KBajapara HJH OTKJOHEHHS r? pagHajbHOr0 paccros-
HHSl r COCTABJSIOIIHUX €ro YacTHL. PaccMOTpHM CaefyiOIH onpene-
JICHHBIH HHTerpaJ, OCpefHEeHHbI AJs 4YacTHl, NPOXOASIIHX Yepe3
HavaJo KOODJAHHAT B MOMEHT BpeMeHH I H HaxXONSIUHXCA B JBHXKe-
HHH CO BpeMeHH f=0; 04eBHIHO, YTO

T T

S upu,dt =u, S' u,dt = u.r =r(dr/df),_;,
0 0

roe r-— pPacCcTOsIHHE MeXAy HOJIOKEHHSIMH YacCTHIBI B MOMEHT Bpe-
Mend =0 u {=T (Hayano KOOpIHHAT); Ur=dr/d! B MOMEHT Bpe-
mend T. Torna B COOTBETCTBHH C ONpelesieHHEM KOppeJsilHH

—p  ——
WR, =uyu,,

THe Uy H U;— COOTBETCTBEHHO CKODOCTb YaCTHI, HDOXOASILIHX dYe-
pe3 HayaJo KOODAHHAT, H CKOPOCTb HX B NOCJEAyIOUHE (MM mpe-
AblAyLIMA) MOMeHT BpeMenH ¢. OTciona

e T
S d A
r@rid,_, =4 .—) — det
( et (dt 2 Ji=1
0
,ZIJIH I'IOJ'Iy'IeHI/IH OTKJIOHEHHUSI MOXKET 6bITb COCTaBJIEH I/IHTEFpaJI
T E

r =22 ( | R, didt.
PR

JTo BBIpaXKeHHe, ONpejensiollee TaKKe OTKJIOHEHHe HHTEpBaJia
BpeMeHn Af=T, nocC/le NPOXOXKAEHHA KOTOPOTO YACTHIBI CKOHIEHT-
pUpYyIOTCS B HaydaJje KOOPAHHAT (BCJEACTBHE CHMMETPHH SBJIEHHS
npu t=T), MoxKeT OLITb HA3BaHO OCHOBHBIM yDaBHEHHEM TypOyJ/eHT-
Ho#t nuddysun. OHO NOKa3BIBAET, UTO U3MEHEHHe MepeMelleHH ya-
CTHIl XHJKOCTH H, CJIeJ0BaTe/IbHO, JIOOOro, CBI3aHHOIO C 3THM H3-
MEHEHHEM, CBOHCTBA XKHAKOCTH 3dBUCHT OT BPeMEHH, HHTEHCHBHOCTH
TypOyJIEHTHOCTH H GOPMBl KOPPENsLHOHHON KpHuBOH Jlarpanxka.

OmnpeneneHnble BaxHble XapaKTePHCTHKH MOTYT ObITh yCTaHOBJIE-
Hbl HENOCPEACTBEHHO W3 Npelblayllero ypasHenus. Hanpumep, ecau
T « T,, rtae T, — BpeMs, 3a KOTOpOe KOppeasIus CTAHOBHTCSI paB-

Hoit 0, torna Rz MpakTHYECKH PaBHO eRMHHIE H rZ=u2T2,
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[Tocnennee paBeHCTBO MOMKeT OBITH HHTEPNPETHPOBAHO CJAeLyIO-
IHM 00pa3oM: OCpelHeHHBIH KOpeHb KBAAPAaTHBIA H3 DacCTOSIHHMA,
NMPOXOAHMOro 4acTHUEeH, MpsIMO IIPONOPLHOHAJEH HHTEHCHBHOCTH
TypOyJeHTHOCTH H BpeMeHHM NepBOHauaJbHOro nepuoja JAubdysuu.
STo BIIOJIHE COTIacyeTcsi C TeM, UTO MBI NPeAIoJarajd HHTYHTHBHO.

[To mepe mpopon:xenuss AH(PGY3HOHHOro INpoLecca OTKJIOHeHHe
pacTeT B COOTBeTCTBHH C pacCMaTpHUBAeMbIM ypaBHEHHEM; 3TO IpO-
HCXOAHT IO TeX TOp, NOKa B KAaKOH-TO MOMEHT BDeMeHH, GOoNbiIHi,
yeM Mmacmrab BpeMmeHH Jlarpansa 7T,, BHYTpeHHHH HHTerpaJs cra-
HOBHUTCA NOCTOSIHHBIM (paBHBIM, KOHeUHO, 7). OTK/IOHeHHe TPH 3TOM
COCTaBJsAeT

’./_2 = 2TLE‘2T.

Jnst moToka ¢ ocpenHeHHOH CKOPOCTBIO X M HONEPEUHOH MYJb-
canded CKOpPOCTH v’ ypaBHeHHe IPHBOJIUTCS K BHLY
X

dy? w2 [
Y= 2| R, dx. (194)
dx uz y
0
STO COOTHOIIIEHHEe MOIKeET OBITb HCIOJB3OBAHO A5 Ol'IpeILeJIeHPIH

HHTEHCHBHOCTH TypOyJeHTHOCTH Vo2 u OLleHKH BHUXpeBOH AHDPY-
3ud D, a TakxKe ycTaHOBJIEHHS] TUQY3SHOHHOH AJMUHBL L, ¢ TOMOMIBIO
3KCIIepPHMEHTAJ/IbHO OIpeeJeHHbX BeJIHUUH NIPH H3BECTHOM IONepey-
HOM paclpoCTpaHEHHH 4acTHL. EcjaH, Hanmpumep, B TOUKY MOTOKa
BBOIMTC KpacKa HJaHM NopobHOe efl BellecTBO, pacnpejeseHue ee
KOHLUEHTPAlUMH ¢ MOXeT OBITb ONPENENCHO B PAa3HUHBIX CEUCHHSAX,
tTorga (QyHKUusA c(y) aHanuaupyercs noxo6HO JHOOOMY CTAaTHCTH-

yecKoMy pacnpenesenunio. IlosyyeHHass BeJHUHHA Z ¥*  MOxer
ObITb 3aTeM HaHeceHa Ha rpadHUK B ¢YHKUHH PACCTOSHHS X OT HC-
TOYHHKA KPAaCKH, U HHTEHCHBHOCTb TYpPOY/JEHTHOCTH BBIYHCJEHA U3
NnpefeJbHOr0 HakjoHa KpuBoH mpu X—>0 u Rp,—1:

d2y®  ov'?

dx? 7‘2

’
x—0

Ve —gdV e
dx

[Togo6HeiM Xe ob6pa3oM MoxKer OBITb HalAeHO NPHOJAHKEHHOE
3HayeHHe BUXpeBOH nud¢y3un D -—no mpenesbHOMY HAKIOHY KpH-
BOH y? — QyHKUHWH x, Korfa x pacreT. [Tockoabky koppensiuus Rry
CTAHOBHUTCS PABHOH HYJIO Ha OOJBIIOM pPacCTOSIHWH BJOJb MOTOKA,
Au¢dy3HoHHAasA AJMHHA MOXeT OBITb ONpejeseHa Kak IJoUlajab, Or-
paHHUYeHHas! KOPPEASILHOHHOH KPHUBOH:

x—0

xRLy: 0

L= é R, dx.
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Jduddysua D onpenenserca Tak:
U dy
2 de \¥>%XR; _ o

Ecan nuddysusi paccmarpuBaercs Nofo6HO TaK Ha3biBaeMOH BH-
XpeBofl BA3KOCTH KaK NPOH3BEJEHHE HHTEHCHBHOCTH M macumraba
npomecca TYpPOYJNEHTHOrO IepeMelINBAHUA, TOrAa 3TOT Macmrad

paBeH
D

My V?—z

Heo6X0AUMO OTMETHTb, UTO MOJEKyJAdpHass AHDOYy3Hs TaKke
6yaer crnocoG6CTBOBATh PACIPOCTPAHEHHIO Telja HJH J060i Apyrou
HEOJHOPOJHOCTH B TypOYyJEHTHOM IOTOKe, H eCsii uucao PelHosba-
ca UM oTHoweHue D/v maJio, 3ta 1uddyaus fo/xKHa ObITh NPHHATA
BO BHHMaHHe, TaK KaK B 3TOM Cjyyae oHa AocTaTouHO Beauka. O6-

liee OTKJOHEHHE, eCTeCTBEHHO, PaBHO CyMMe HE3aBHCHMBbIX TepeMeH-
HBIX, OBYC/JOBJEHHBIX MOJIEKYJIsSpPHOH H TypOyJeHTHOH Audpdysuei.

L

Npumep 22. Hcmosbsysi clefyioliue LaHHble, NOJYYeHHbIe SKCNEPHMeHTaJ/bHO
AN OCH OTKPBITOIO KaHajla ¢ TypOyJIeHTHBIM BOAHLIM NMOTOKOM, I'le CPeAHss CKO-
poctb coctaBuaa 0,65 ¢yra B cex, ompelesiuTh CPelHee 3HAYeHHe KOPHsA KBaj-
pATHOTO M3 MHTEHCHBHOCTH TYpOymeHTHOCTH M Ko3(duuueHT AHDY3iH.

x B ¢pyrax. . .. 0,1 0,2 0,3 0,4 0,5 0,6 0,7
y2.10%* B xBaapar-
Helx ¢yrax . - 0,7 2,5 5,4 9 12,5 16,3 20,1

Ipu x=0,1 ¢yra 3HaueHHe NMepBOHAYaALHOrO YK/OHA d]/??/dx Gyner paBKO
0,083. MuTeHcHBHOCTL TYpGY.JEHTHOCTH COCTaBHT

_ aVr
Vot -2 ——?~ —0,65-0,083 — 0,054 giyma/cex.
X

Kos¢pduuuent upQy3nn MoxeT GLITh onpefleseH U3 YK/IOHA KPHBOH MeXay
toukamu x=0,6 u x=0,7. DTOT YKJIOH paseH

20,1 — 16,3
S22 3,8.107° ¢yros.
0,1-104 tpyToe
Cae0BaTeNbHO:
u  dy? 0,65
D=4 dyx =5 3,8 107% =1,24.10~° kpagpaturix dyTos B 1 cex.

Ecnu Bemmuubx]/ Y? n y? HaHecTH Ha rpaduK Kaxk (QyHKUHWH OT X, TO MOXHO
VBUJAETb, YTO YKJOHBI, NDHHHMaeMble A TpeX BbLIOPAHHBIX TOUEK, OINpeNeJsioT
npefeSbHble 3HAueHHMsT HCKOMBIX BEJIHYHH BIIOJIHE YAOBJETBOPUTEIBHO.

J. TypGyaeHTHBIH MOTOK CO CABHIOM

78. de”HomeHoJOrHYeCKHe TeopuU. XOTs LEHHOCTb ypaB-
Henui apmxkeHusi Hasbe — Crokca B dopme Pelinoabaca aas Hc-
cnegoBaHusA TYpPOVY/JIEHTHOTO IIOTOKA BIIOJHE OUYEBHAHA, HEOOXOAUMO
Ha¥TH JAOMOJHUTEJbHBIE COOTHOILNEHUSA MEXJAY XapakTepHCTHKaMH
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TypOyJIEHTHOCTH U XapaKTePHCTHKAMH OCPEIHEHHOTO TeuyeHus, H6O,
KaK OblJIO OTMEYEHO, HEU3BECTHBIX MMeeTcsl 0oJblie, ueM He3aBHCH-
MbIX ypaBHeHuWH. B maremaTHueckodl MoJeNH H3OTPONHOH TypOy-
JICHTHOCTH 3Ta TPYAHOCTb IpeojoJieHa BBEJeHHeM YNpOLIEHHH, KO-
TOpble BXOJAT B COCTAB MOAENH (BK/JIKYasg OTCYTCTBHE H3MEHEHHS
OCpPeJHEHHOH CKOPOCTHM BCJAEACTBHE HCKJIOYEHHS CaMof 3ToH
ckopoctd). Takasa typOyneHTHasg 06JacTb C TeOPeTHYECKOH TOUKH
3peHMs NPEeACTaBISCT HHTepec, XOTsl B 3TOM CJydae MOryT HabJio-
gaTbCsl TOMbKO AHGQY3Hsa M AUCCHIIALMA, HO He BO3HHKHOBEHHE
TypGyaedTHOCTH. BaKHO OTMETHTB, YTO YCJIOBHe H3OTPOIHOCTH MO-
CTHTaeTCs B pacnajgaroulefics o6/acTH NIOTOKA HHXKe peileTKd, HO
H3-32 OTCYTCTBHSl HHTEHCHUBHOTO CABHTa B MOTOKE HENOCPeACTBEHHO
3a pelleTkod TypOyJeHTHOCTb 3[eCh He BO3HHKaeT., TakuM o6pasom,
H3yYeHHE H3O0TPOMHOH TypOYyJIEHTHOCTH IOMoraer o0ILeMy MOHHMA-
HHIO siBJIeHHH TypOy.JJeHTHOTO IIOTOKA, HO He MOXKET BCJEACTBHE ca-
MOH NPHPOABI OrPaHHUYEHHH, KOTOpbIEe OH (IIOTOK) BKJIOYAeT, HIHPO-
KO NDUMEHAThCA [/ pellleHHs NPaKTHYeCKHX NpobJeM IOTOKa co
CIBHIOM.

Jpyrue MONBITKM NPEOAOJETb TPYAHOCTH B PEIIEHHH ypaBHEHHH
TypOY/JIEHTHOTO IIOTOKAa MOTYT OBITh KJacCHPHLHPOBAaHB KakK (eHo-
MeHOJIOTHUeCKHEe TeOPHH, NOCKOJbKY OHH IOSBHJHCH NpH Habaiome-
HHH, UTO B TypOyJIeHTHOM MOTOKe CO CABHIOM BCJEICTBHE INpolecca
TypOy/JIEHTHOTO [ePeMeIIHBAHUS CYLUIECTBYET MOlIepeYHOe MmepeMelre-
HHE NOTOKAa MeXAY 30HaMH BBICOKHX H HH3KHX CKODOCTeH, U 3aK/Io-
UEHHMH H3 3TOTO, UTO NPOLECC NMepeMEIIHBAHHA W H3MEHEHHEe CKOPO-
CTH CBSI3aHBl IPYT C APYTOM.

[Teppas ¢opmasbHas NMONBITKA OLEHKH BO3AEHCTBHS TypOyJEHT-
HOCTH Ha OCpefHCHHoe TeueHHe Onlna caenaHa CeH-BeHaHoM, KOTo-
pblM BBeJ KO3 QHLHEHT NepeMellnBaHHus € B CJAEAYIOIIHEe ypaBHEHHUS:

ci:—p+2e("i) : ri,.ze(a“ura”f), (195)

O0x /i axj 6xi

rie o; npexacras/sfer cOOOH TPHM HODMAJbHBIX HANDSKEHHS B TOY-
K€, a T;; — LIeCTb KacaTeJbHBbIX HANPSKEHH#. DTH ypaBHEHHS 0CO-
OCHHO MHTEPEeCHbl B CBeTe TOTO (akTa, YTO OHH INPEALIECTBOBAJH
sBejendio CTokcoM BA3KOCTH u B ypaBHenuss Hasre—Croxkca. Koraa
STH COOTHOUICHHS ¢opmyanposasauch, Cen-Benan yxe scHo mnpen-
CTaBJAJ, YTO & HE SBJSETCS KOHCTAHTOH M MOXeT H3MEHSTBCS OT
TOUKH K TOYKE B 3aBHCHMMOCTH OT HHTEHCHBHOCTH H Maclutaba Typ-
OyJeHTHBIX NMyJbCalui.

CrenanHble B TIOC/JEAYIOUIHE TOABI PAasJHUHbIE MPEATNOJOKEHHS,
Kacalollimecsl COOTHOIIEHHH MKy & H YCJAOBHSAMH OCPEIHEHHOrO I10-
TOKa, IPHBEJH K PelIeHHAM AJ PACIpeneseHUs CKOPOCTH B PasJ/my-
HBIX TPAaHHYHBIX YCJOBHAX; OOJIBIIHHCTBO M3 HHX AaHo Dyccume-
CKOM; OZHAKO HH OJHO M3 3THX NPEANONOKEHHH He OBLIO LOCTATOUHO
HaJeXHBM HJIH NPHTOAHBIM, UTOOB MOJYYHTH Bceobliee 0g00peHHe
ITonbiTKa gaTh TaKoe pelleHHe /s TPEXMEPHOTO TypOY/IEHTHOTO MO-
TOKa CO CABUIOM CDABHUTEJbHO HeNaBHO Oblia NPEANPHHATA, H J0-
BOJIBHO yclemHo, mKkogaofi [Tpanaras (cMm. raaBy VIII).
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CpaBHeHHe C ypaBHeHHsMH PeiiHoJbjca NOKa3blBaeT, UT0 KO3(-
¢unuent & Cen-Benana Bk/ouaer B celsl BIUSHHE KaK MOJIEKYJsIp-
HOP BSI3KOCTH, TaK H TypOyJEHTHOro IepeHoca KOJHYecTBa JBHIKE-
HUsA. B cayuae JOMHHHPYIOLIETo 3HAUeHHs BA3KOCTH (JaMHHApHOC
TeueHHe) e=j; npeodaaganye e B NOTOKE TYPOYJIEHTHOCTH MPHBO-
JMT K CJEAYIOLUIHM BBIPaXKEHHUAM:

96 94 0% e (ﬂ +9_‘i) ——o@vuT ox  (19)
Ox dy 0x

[To aHanOrHH C KHHETHUYeCKOl TeopHell rasos IIpauarap nomy-
CTHJI, UTO MAacCChl KHIKOCTH, IepemelllaeMble B MONEPEYHOM Halpas-
JI€HHH, TIEPEHOCAT C COOOH CPEIHIOI CKOPOCTb (H, C/le0BATE/IbHO
KOJIHUECTBO JBH)KEHHs) HX HauajbHOH TOuKH. Tak, B JBYXMepHOM
II0TOKe, IBHKYIIEMCS CO CKOPOCTBIO i B HaNpaBJieHHH X, OObIUHAs
nyJabcalds CKOPOCTH u’, o6pasyeMas BCJEACTBHE NEPEHOCA, MOXKET
OBITh NIPEACTaBIEHA TaK:
ou
dy ?
roe [ — Tak HasbiBaeMas IJMHA NYTH TYpOyJEHTHOro NepeMellHBa-
HHS — PacCTOSIHWE, HAa KOTOPOM NPOMCXOIUT NepeMelleHHe.

Ilajiee, ec/id MPHHATD BO BHUMaHHe, YTO BepTHKaJbHasf NyJabca-
UHS CKOPOCTH v’ NpPONOPIHOHAMbHA u', a TypOyJeHTHOe Hampsxe-
HHe pu’v’ IPONOPUHOHAJBHO HX NIPOM3BENEHHIO, TONYIHM

du | ou (197)
dy ’

u ol

T= pl?

11e [ BkawuaeT B ce6s1 K03 PUIHEHThI NPONOPLUHOHAIBHOCTH.

A6conoTHas BeAMUMHA TpajdeHTa NPHHHMAeTCs TakKoH, 4TOOKI
3HAKH T H I'pajlHeHTa COOTBETCTBOBAJIH APYT APYTY.

Kak u B cayuae kosdduuuenra nepemeirnBanus byccunecka,
JJIHHEe TyTH TepeMeLINBAHHA NOJKeH OBITb NPHIAH B HEKOTOPOM
CMblcsie OCOOBIH BHA, YTOOBI MOXXKHO OBIJIO TNPHCTYNHTb K aHaJH3y.
[peumyiiectBoM Meroaa Ilpanatia fBaseTcs TO, YTO B KauecTBe Ie-
pEeMEHHO, BO3BOAMMOH B CTeleHb, 3]eCb PAcCMaTPHBAETCst HPOCTO
IJIMHA, A4 KOTOPOH ropasno Jerde cueaatb HaJeXXHble NMpEeAnosio-
JKeHud, ueM A ko3 duuueHTa €, SBJSIOLIETOCsi IPOH3BEIEHHEM
JJAUHB H CKOPOCTH. ﬂeﬁCTBHTeJIbHO, MOHsATHE IJHUHBI IYTH NEPpEMEILIN-
BaHHUA MOXKET paCCManHBaTbCﬂ KaK JOMyUIeHHE, CAe/1aHHOC HE3aBH-
CHMO OT BHJA E€:

(198)

Pelrenue, NoJyueHHOe TaKUM 06pa3oM, npuBeaeHo B raase VIII
PaccmoTpuM 37echb B KaueCTBe NpHMepa NPHMEHEHHEe [OHATHS
IJHHBl MyTH NePeMELIHBAHUS K DELICHHIO 3ajauH paclpepesieHus
CKOPOCTH BOJHM3H CTeHKH. EC/H BOIH3H CTEHKH T PaBHO Ty, a JJIHHY
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AYTH NepeMellnBaHUs [ MOXKHO CYATATh NPOMNOPLHOHANBHOR PaCCTOs-
HHIO Y OT CTeHKH, TOTZa
=5 \2
T, = pk%y? (9&) .
0= Ppr7Y 3y

Pemenne 3Toro ypaBHeHHs OOBIYHBIMH cIOCOGaMH AaeT XOPOWIO
H3BECTHYIO JIOTaPHPMHYECKYIO 3aBHCHMOCTD, XapaKTePU3YIOLLYIO pac-
npejejedHe CKOPOCTH:

u

VTo/P

3HaueHHe & oObIYHO MpHHHMaerca paBHbiM 0,4, MHTepecHo oTme-
THTb, YTO 3TO ypaBHEHHe JIyyllle ONUCHIBAET paclpeeNeHHe CKOpO-
CTH B Tpy6e, Tie 15=T¢, 4eM paclpeneseHHe CKOPOCTH B MOTPaHHY-
HOM cJloe, Te T DaBHO To. 1aK Kak B Tpybe t=1o(l—y/ro), 3Ta Ka-
Kyllasacs aHoMaJusa MOKeT ObITb yCTPaHEHA NMPOCTHIM AONMYyLIEHHEM,

uTo
I=rky ‘/1 —4,
7o

HHKaKOe Ipyroe AONylleHHe He MOxKeT GBITb Gojiee JOTHYHBIM.

Tainop eme B 1915 r. npuiea kK noqo6HOMY NnpeaCTaB/IEHHIO, pac-
CMOTpEB, OJHaKO, BMECTO IDPEANONOXKEHHS O COXpaHEHHH NepBOHa-
4aJbHOTO KOJIHYECTBA JBHKEHHS B €HHHLe 06beMa NMpH MoMnepeyHoM
€ro nmepeHoce npobjemMy coxpaHeHHsl BHXPS. B HeCKOJBbKHX cayuasix
TEOpHA mepeHoca BUXPA T3HJopa CBOJHTCS K TEOPHH MepeHoca Ko-
apyectBa ABHXKeHUA [IpaHAT/IA, HO B APYTHX caydasix HaGgiomaercs
CyLleCTBEHHAsl Pas3HHIA B PaCIpeleJeHHX CKOPOCTEH, IMOJyYeHHbIX
IO IBYM Pa3/HYHLIM TEODHSIM.

Kapman (B 3TOM, KaK H3BECTHO, COCTOSJIA €ro THIIOTe3a), MbiTal-
Csl YCTaHOBHTb CBAI3b MEXKJY XapaKTepPHCTHKaMH TYpOYJEHTHOCTH H
XapaKTePUCTHKaMH OocpefHeHHOH cKopocTH. ITono6uo [lpanarao on
NPEANONOXKHI, YTO TYpOYJNEHTHble MYJIbCAHU HPONOPIHOHAJBHbI

AJMHe [, TPajJieHTy OCPeIHEHHOH CKOPOCTH Ot/0y W MHTEHCHBHOCTIM
HanpsikeHnst pl2(Ju/dy)2. Jlnuma [, onHaKo, CYATANACH NPOMOPIIHO-
HaJIbHOH OTHOWIEHHIO Ju/dy, neneHnoMy Ha 0%u/dy?. TakuM oGpasow,
WHTEHCHBHOCTL HAaIpPsIKEeHHA sABJseTcs (PYHKIHEH NepBOfl H BTOpPOM
IIPOU3BOJHBIX CpeNHell CKOPOCTH

/ I (9u/dy)*
l. P 0%/ dy*

Ecu nmpemmosoXuTh, YTO HANpsiKEHHe MOCTOSIHHO H PaBHO To,
HHTErDUPOBAHHE 3TOTO YPaBHEHHS NPHBOAHT K JOrapHpMHUYECKOMY
pacnpenenenuio ckopoctd. Korna t=10(1—y/ry), monyuaerca pemie-

Hde 6oJiee CIOKHOTO BHAa, KOTOpOE ITIOYTH TakK XKe XOPOIHO COOTBET-
CTBYET OIIbITHLIM JaHHBLIM, KaK H pelleHHe IIPOCTOrO BHAA.

=%lny+6.
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DeHOMEHOJOTHYECKHE TCOPHH TOABEPTaNCh CEpPbe3HOH KPHUTHKE;
BO3DaKeHUsl OObIYHO KAaca/JuCh PasjHYHbIX BHIBOAOB, OTHOCHALIHXCSH
K OCOOEHHOCTSIM CTPYKTypbl TypOyJaeHTHocTH. TeM He MeHee 3TH
TEOPHH ObLIK yAOOHBI, XOTS pCIIEHHs, NOJydYeHHblE C HX MOMOILbIO,
TOJBKO Tpy60 npH6AH3UTENbHbI. [1OHATHSA, HCIIOJAb3yeMble B 3THX T€O-
PHUSX, CJAHIIKOM YIDPOLICHHBI, IM1aBHBIM 00Pa30M NOTOMY, UTO OHH OT-
HOCAT TYpOYJEHTHYIO CTPYKTYPy B TOUKE K OCPEIHEHHOH CKODOCTH
B TO# Ke TOYKe, a He B HEKOTOpOH NJowanu BausiHus. Ilpu cpasne-
HHM NPOCTOTbl COOTHOWIEHHH CO CJIOMKHOCTbIO SIBJIE€HHSI BBI3bIBAET
VAMBJEHHE CTeNeHb UX MOJEe3HOCTH, a He HX HeJOCTAaTKH.

79. UsMepennsi, BHINOJHEHHbIE B TOTOKAX CO CABHIOM. XOTH TYyp-
Oy/JEHTHOCTb OTHOCHUTCS K SIBJIEHHAM, NMPOUCXOASILUM B IOTOKax CO
CIBHTOM, ¥ HENOCPEACTBEHHbIE H3AMEPEHHUST TyPOYJAEHTHLIX Myabcanuil
IIPAKTHKYIOTCS y:Ke B TeUeHHe TPHALATH JeT, HajeXHble JaHHbe, Xa-
paxTepusyole TypOyJeHTHble IOTOKH, YAHBHUTENbHO OTPAHHYEHHBI.
Bosbuiasi yacTh 3THX JAHHBIX NOJy4YeHAa B MOTPAHHUHOM CJIO€ HJH B
GesrpaHHUHBIX IIOTOKAaX, NMOABEPTHYTHX 06cyxkaeHU0 B raasax VII
4 VIII. B Hacrosimell rmase paccMaTpHBAETCS CPABHUTEAbHO HEAaB-
Hee HCCJeJ0BaHHE PaBHOMEDHOrO NMOTOKAa B TpybaX, NpPOBedeHHOE
Jlaydpepom; 3T0 HCClelOBaHHE JAET NMOHATHSA HEKOTOPBIX OCHOBHBIX
XapaKTepHCTUK TypOYJEHTHOCTH B NPAaKTHUECKH IMpOCTeHIieM THIE
Typ6yJeHTHOI'O MOTOKA.

Pacrnpenenenne ocpefHEHHOH CKOPOCTH AJS1 ABYX PA3JHUHBIX UH-
ces PefiHonbaca, ycTaHoBieHHoe Jlaydepom, nokasaHo Ha pHuc. 96,
4 COOTBETCTBYIOLee pacrnpejnej]eHHe TPpeX KOMIIOHEHTOB TypOyJeHT-
HoCTH (M ofHOro Hanps:keHus PefiHoabaca) — Ha puc. 97. YnomsHy-
Tasi CKOPOCTb JJIsI OCPCIHCHHOI'O TeUCHHSI MOXKeT OLITh B3sITa HA OCH
Tpy6nl (cM. puc. 96); cKopoctb caBura AJsi TypOyJEHTHOrO IOTOKa
paBHa U, = }/ to/p. B 060HX clyuasx HCNMOAb3YIOTCH ABA PafHalb-
HbIX MacimTada, 9To MO3BOJSET YBEJHUHTb 30HY JaMHHApPHOI'O Teye-
HHS B HENOCPEICTBEHHOH OJH30CTH OT CTEHKH.

Has ycnoBuii, ucenenoBaHHbIX JlaydepoMm, ypaBHEHHS 3HEPTHH
OCPeAHEHHOr0 U TypOYJEeHTHOro ABHXKEHHH MOTYT OBITh NpejcTaBJe-
Ik B TAKOM BHJE: ,
L1, %: = ou'v’ o ——u<@) :

aQ

—— du Lood [ evE |
o G (T )] - (199)

dr r dr
(5)
" dax; o

d d (V?
el HIE

BripaxeHnne B J1eBOIl 4acCTH MEPBOrO YPaBHCHHS NpeNCTaBJsET
CKODOCTb B eAHHHIe 006beMa, ¢ KOTOPOH TepseTcsl SHEpTHSI OCPen-
HCHHBIM TIOTOKOM; IIePBHIl YleH B NMpaBO#l YacTH — CKOPOCTb BO3-
HHKHOBEeHHUSl TypOYJEHTHOCTH, @ BTOPOH 4/eH — CKOpPOCTb JAHCCHIIA-
LUHH 3HePTHH OCPEIHEHHBIM OTOKOM. Bo BTOpOM ypaBHeHHH MepBbli
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YJIeH — CKOPOCTb BO3HHKHOBEHHs TypOyJEeHTHOCTH; BTOPOH — CKO-
pOCTb nonepeyHoit AHGGy3Hu TypOYJEHTHOCTH, TPETHH — BHIpaXe-
Hue IH(Qy3HH, KOTOPOe CYLIECTBEHHO TOJIbKO BOJIH3H CTEHKH, H YeT-
BEPTHIH — CKOPOCTb AMCCHNALMH IHEPIHH CaMOH TypOYJeHTHOCTbLIO.

ITogcuuTannble XapaKTEPHCTHKH OCPEIHEHHOI'O NOTOKa BOJIH3H
CTEHKH NOKa3aHbl B 6e3pasMepHbIX BeJIMYHHAaX Ha puc. 98, rme cko-
POCTb CABHra u_ K OTHOIIEHHE v/u_ HCHOJb3YIOTCS B KauecTBe CKO-

POCTH M AJHHBI. [IBe KpUBBIe OCpETHEHHOH CKOpPOCTH Ha puc. 96

10 o 2
’
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g 17 20 30 40 50
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Puc. 98. XapakTepuCTHKH OCpeJHEHHOTO MOTOKA B HEMo-
CpeACcTBEHHOH 6JH30CTH OT CTEHKH

1 — nHcCHNanus; 2 — CKOPOCTb; 3 — BO3HHKHOBEHHe TYPOY/IeHTHOCTH

COBTMAfAlOT TIOYTH INOJHOCTBIO. Bsiskas pguccunmauus B BHpPaMKeHHH
rpajMeHTa OCPEJIHEHHOH CKOPOCTH, OYEBHJHO, XapaKTepH3VeTCs
00JIbIIMMH BEJIHUHHAMH B JJAMHHADHOM IIOACJOE C MaKCHMyMOM Ha
crenke. C 1pyroit cTOpPoKbl, BO3HHKHOBeHHEe TypOYJIEHTHOCTH NOCTH-
TaeT CBOEH MAaKCHManbHOH CKODOCTH HA YCJAOBHOH I'paHHLe JaMu-
HapHoro noacsod, rae y=11,5v/u_.

Ha puc. 99 kpuBasi BO3HHKHOBEHHsi TYpGYJEeHTHOCTH NOKa3aHa
BMeCTe C BLIYHCJAEHHBIMH XapaKTepHCTHKaMH TypOyJeHTHOro MOTOKaA.
JIBe Ka/abl Ha OCH aGCIUCC MCHIOMB3YIOTCS MU TOrO, YTOOH MOKa-
3aTh LEHTPaJbHYI0 00JacTb TeueHHA H 30HY BOAM3H creHku. Cie-
KYeT OTMETUTb, UTO KaK BO3HHKHOEBeHHe, TaK H BblpoXKIeHHe (cmam)
TypOyJ/JIeHTHOCTH HaOMI0ZAIOTCS TIPU MaKCHMAaJbHBIX CKOPOCTAX TIO
rpaHule JamMuHapHoro noacios. OAHAKO HEPrHs TYPOYJEHTHOCTH
He JMCCHIIHPYETCS MOJHOCTBIO TaM, TA€ OHA BO3HHKaeT; OTHOCHTE/b-
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HOe mepeMellleHye KPUBbIX BOSHHKHOBEHUS U JHCCHUNALUY YKA3HIBAET,
YTO OHHU HENpPEPLIBHO AHP@YHAUPYIOT NO OTHOLUIEGHHUIO K ocH (T. €. B
HanpaBJ/eHHH YBEJHYHBAIOLIEHCA HHTEHCHBHOCTH TypOYJEHTHOCTH )
B pe3yJbTaTe IPOLECCOB NepeMelUNBaHNsA, PACCMOTPEHHBIX B MPE/Ibl-
JyllleM ITYHKTe.
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Puc. 99, Bosunxhnosenue, pacnpoctpaHenHe H AHCCHRAUHSA TYpOy/NeHTHOCTH Y
CTeHKH H B HeHTpajibHOi o6aacTu

1 — nudpdy3nun (8 GopMe JapleHHH); 2 — BOIHWKHOBeHHe TYPOYAEHTHOCTH; 3 — nuddyaus
(rpanueHT); 4 — auccunauua; 5 — _udpdyaus (8 dopme cKopocTH); 6 — aAuDDY3us

IMpumep 23. IlpeamosoxKum, uTo pacupejeseHHe CKOPOCTH NMOTOKa B TpyOe
palMycoM @ UMeeT CJeAyolLyo hopMy:
Z {, y \1/m

|
V'ro/p @/

rlle y — paccrosiiie OT CTEHKU TPYyObL

’

Takxe MNPEATNOJIONKHM, YTO AaBJIeHHe HOCTOSHHO (Aasi GoJee TOYHOIO Ipen-
craBJjeHus cM. npuMep 20).

Haiity BuI 3aBHCHMOCTH JJMHBI MepeMeIlHBaHHsA, COOTBETCTBYIOLIWH 3THM yC-
TIOBUSIM.

CoraacHo ypaBHenHio (197) aauHa myTH nepeMelllHBaHMS CBA3aHA C Hanpsaxe-
HHEM CJIBHrd H I'DaJUEHTOM OCPeXHEHHOH CKOPOCTH C/eAyHOUIHM 06pas3oM:

Ve
ouldy

'pajieHT CKOPOCTH OUpeiendioT AH(GhepeHlUpOBAHUEN YPABHEHHA, TUPHIH-
MaeMOro Asisi pacrpefe’eHHss CKOPOCTH:

o Ve (i)

dy my a

1/m
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[peinoaokeHHe NOCTOAHCTBA JAABJEHHS NDHBONHT K JHHEHHOMY H3MEHEHHIO
HampsUKEHHH OT HyJas B HeHTpe (y=a) [0 BeJHYHHBI Top Y CTCHKH (y=0):

T y

B

T, a

KoM6uHauus STHX TPeX ypapHeHull MPHBOIMT K JKeJaeMoH 3aBHCHMOCTH
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FTnapa VII

MNOTrPAHHYHBLIE CJIOH

A. OcHOBHBIE NTOHATHA

80. Ipupona TeueHusi BAOJb TBEPAOM rpaHuupl. B Ha-
yaJie HACTOSILIEro CTOJETHS MpeAroJarali, 4YTo MexXay HabJiomgae-
MBIM JABHIKEHHEM XKHAKOCTH H IBH2KCHHEM, IPEACKA3BIBACMBIM TEO-
pHell TOTEHIHAJbHOrO HEBSI3KOTO TOTOKa, MaJjo obmero. Hecmorps
Ha Kasajocb OBl MPHEMJAEMOCTb MONYIIECHHS, 3aKJII0UaloUlerocss B
npeHeOpeKEeHUH MaJiof BA3KOCTbIO OOBIKHOBEHHBIX KHUAKOCTEH, BO3-
JlyXa ¥ BOJbI, TCOPHS He MOr/aa OOBLACHHTD JOOOBOrO CONPOTHBJ/ICHHSA
TeJ U TaKUX 4acTo HabuaogaeMbixX sABJACHHH, KaK GOopMHPOBAHUE BOJIH
H oTpeiB motoka. B 1904 r. B 'epmanun 6b1a ony6auKoBana 3ame-
yaTtesabHas cratbsl Jliogeura IlpanaTas, oTua coBpeMeHHOH MeXaHH-
KH KHAKOCTH, He TOJbKC yKasaBllas HCTHHHYIO poJib YpaBHEHHH He-
BSI3KOTO U BSIZKOI'O IIOTOKA B COOTBETCTBHH C XapaKTEepPUCTHKOH Teye-
HHS BIOJIb TPAHULL, HO TAaKXKe [I0Ka3aBlliasl, UTO yNPOLIEeHHE PaBEHCTB
Hasbe—CTOKCa B COOTBETCTBHH C €r0 [OMYLIEHHSIMU 3HAYHTENBHO
VBEJNUYHBAET UUCJIO Npo6JeM BA3KOIO MOTOKA, KOTOpPHE MOI'YT ObITh
paccMOTpPeHbl aHAJHTHUYECKH.

[Ipannrab OpHHAJ, 4TO Ge30TpbIBHOE OOTEKAHHE IOTOKOM TBep-
JIOH CTEHKH MO3BOJISICT CUMTATh RECh NIOTOK, 32 HCKJIIOUEHHEM TOHKOTO
CJIOS1 Y CTEHKH, HEBSI3KMUM. B MOrpaHH4YHOM CJI0€ CHJIbl BSI3KOCTH HMe-
I0T IO MeHbIllell Mepe TOT XKe NOPSAA0K, YTO U CHJIBl HHEPLUH, U HMEeH-
HO B NOTPAHHYHOM CJIO€ CKOHLUEHTPUPOBAHO TOPMO3slllee NeHCTBHE
crendku. CylilecTBOBaHHE TAKOIrO CJO0Sl MOJATBEPXK/IACTCS SKCIEepHMeEH-
TOM, a TaKxXKe He3HAuHTeJbHBIM KOJHUECTBOM HMEIOLIUXCS TOYHBIX
peuwrennit ypaHenn#i HaBbe—CrtoKkca npu GoabliMxX uHcaax Peit-
HOJIbJCA, HApUMEpP B C/ydae JaMHHAPHOTO NOTOKAa Ha GEeCKOHEUHO
OOJIBIION TacTHHE, PACCMOTPEHHOM B riaBe V.

JJ1s1 BRISICHEHHS] XapakKTepa TeueHHs] B TAaK Ha3bIBAEMOM IOTpa-
HHYHOM CJI0O€ PACCMOTPUM pPaBHOMEDHBIH MOTOK, Haleramouui co
ckopocTbio U Ha MJIOCKYIO NJIACTHHY, apasielbHy0 ocH notoka. Jlo
npHOMHIKEHHUS NTOTOKA K NepeJHeMY Kparo IJIACTHHBlI CKOPOCTb €ro
COXpaHsieT MOCTOSIHHOE 3HaueHHe U, ofHAKO MpHU AaJjbHeflleM Teue-
HHUH HYyJeBasi CKOPOCTb Y CTEHKH BBI3BIBAET MOBBILICHHE KaCATeJbHBIX
Hanpsi2keHHH, KOTOphle 3aTOPMAa’KUBAIOT BCe YTOJNUIAIOUHUCH CJIOH
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xkugkoctd (puc. 100). Kpome Toro, 60/ablUIOH TpagHeHT CKODOCTH Y
CTEHKH yKasblBaeT Ha CYLECTBOBAHHE CJIOS HHTEHCHBHOH 3aBHXpeH-
HOCTH, THGOGYHAUPYIOLEH H paCIpOCTPAHAIOLIEHCH BHH3 110 TEUCHHIO
aNaJIoTHYHO PACHPOCTPAHEHHIO TeMa OT Topsiuell MJIacTHHL B paBHO-
MeEpHOM moToKe. Takum o6pa3oM, TedeHHe B NMOTPAHHUHOM CJIO€ OT-
JHYAeTCsT 0T TeUeHHsT OCHOBHOTO TOTOKA Je(PUIUTOM (HEJO0CTaTKOM)
CKOpPOCTH U HaJHYHeM 3aBHXpeHHOCTH. Kak mokasaHo Ha puc. 100,
JHHHH TOK4, HAXO/UBIIHECT MEPBOHAYAJbHO B 30HE HE3aTOPMOKEH-
HOTO MOTEHIHAJIbHOTO MOTOKA, NMOCTEIEHHO BCTYNAXOT B 30HY HOTpa-
HUYHOTO CJIOSI.

—

kg

Puc. 100. Mzo6pakenue moroka B IOTPAHHYHOM CJ0€

M3-3a xapakrepa MOTPaHHYHOTO CJIOS €ro TOJAMHHA (CcM. 1. 82)
He MO:KeT OBITh onpepereHa TOUHO. J[eHIHT CKOPOCTH U 3aBHUXPEH-
HOCTb HCYe3aIOT JHIIb ACHMITOTHUYECKH C YBEIHUEHHEM DaCCTOSHHA
OT CTEHKH, T&K UTO OOBIYHO TOJIIIUHY HOTPAHHYHOTO CJ10s1 O NPHHH-
MaiT IPOU3BOJbHO KaK TAaKOe PACCTOSIHHE OT CTEHKH, Ha KOTOpPOM
pedHuIUT cKopocTH ymenbmaercst 1o 1% ckopocru cBoGoaHOro HOTO-
kKa. Buewnss rpaHuma noOrpaHHYHOTO CJI051 He MOXKET ObITb JHHHEH
TOK3, TaK KaK B €ro 30HY IMOCTOSIHHO BXOJAAT BCE HOBBIE JIMHHH
Toka (cMm. puc. 100). ToauuHa naMHHApHOTO NOTPAHHYHOLO CJ104
MO2KeT OBbITh YCTAHOBJEHA NG aHaJOTHH C TENJOBBIM IOTOKOM, OTKY-
Ja cjaenyer, YTO 3a BpeMsl { 3aBHXPEHHOCTb PacCHpoCTpaHseTcs B

CTOPOHBI Ha paccTosiiue 8= V' vi U OAHOBPEMEHHO BHHK3 10 T€UEHHIO
Ha paccrosinne x=Uf. Mckniouenne ¢ paetr NpPUOJH3HTENBHBIH pe-
3yJabTaT O/x = (Ux/v)"l”g.

B obuem cayyae HeBSI3KHH IIOTOK, B KOTOPLIH NOTPYKEHBI CTEHKA
M ee MOTPAHHUYHLIH CJOH, MOXKET UMEeTb COBEpIICHHO [POH3BOJbLHBIN
Xapakrep; CYLIeCTBYIONHe B HEM TIpPAJHEHTH AAaBJEHHS BAOJL Tpa-
HHIBL 6YAYT OKa3bIiBAaTbh CHJABHOE BJIIHSIHHE Ha pacClpefeeHHe CKopo-
cTeft B IOrpaHMYHOM cJioe. Ecau TpagWeHT MOJOKHTENEH, T. e.
TIPOTHUBOTOJOXKEH HANPABJEHUIO TeUeHHsI, HauboJiee CHIbHO 3aTOPMO-
KeHHasl XKHIKOCTb Y CaMOH CTEHKH TepsieT NONOJHHUTENLHOe KoJnye-
CTBO ABHIKEHMS M TIOCTENEHHO HAaYHHAeT JBHUIraThCs B 0OpaTHOM Ha-
npapsenuu (puc. 101). Touka oTpbiBa B MOTPAaHHYHOM CJ0O€ MPEACTaB-
nsieT cOOOM TAaKyi TOYKY TPAHULLI, B HENOCPEJCTBEHHOH OJH30CTH
OT KOTOPOH KHUAKOCTbH HENOABHKHA., AHAJUTHUECKH 3TO BbIpaXKaercs
kpurepueM (0u/0y)y=0=0, rie u(y) —H3MeHEHHe KacaTeJbHOTO
KOMIIOHEHTa CKOPOCTH B (YHKIHHU PACCTOSHUSA OT CTEHKH, B3SATOTO 110
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HOpMaJH K Hell. 9TO yCJOBUE yiKe NPHMEHSJIOCH MPH PaccCMOTPEHHH
BSI3KOTO MOTOKA MeXKAy PACXOAAMMMHUCA IJIOCKOCTSIMH (CM. ri1aBy V).
Korja mpOHCXOANT OTPBIB, 3aBUXPEHHOCTDb IepeflaeTcsl U3 NOrPaHuu-
HOTO CJI0f1 TIO CIeAy B JpyTHe 30HBI I0TOKA, O3TOMY CTPYH B CBOGOL-
HOM OOBIMHO Oe3BHXPEBOM IOTOKE H 30HAX, COMEPIKAIUUX 3aBHXPEH-
HOCTb, nIpHOOpeTaloT 60JbIIYIO0 B3aHMOCBA3b. CYLIEeCTBEHHLIM TTPHMeE-
[OM TaKo# B3aHMOCBSI3H SIBJSICTCS] XapaKTep IOTOKA C MOTPAHHYHBIM
cloeM y KoHla ofTekaemoro tesa. Ecn 1Js1 BCEro motoka MpHHSATO
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Touka ompeiBa.

Puc. 101. Ornmenenne (OTPBIB) MOrpaHHYHOLO CJI06

pacnpejieJieHHe 1aBJeHHS, COOTBETCTBYIONIEE HEBSI3KOMY IIOTEHIHA/b-
HOMY IOTOKY, OTPBLIB IIPOM30HAET HeCOMHEHHO B 30HE GOJbHIOro 06-
paTHOro rpajMenTa AaBJeHHsl nosanu teja. [Ipu xopomo oGtekae-
Mol ¢opme Tesia 6/arogaps H3MEHEHHIO pachpeleNeHnss [ aBJeHHs
H3-3a YTOJLIEHHA IOTPAHHUYHOrO CJIOSl IO Mepe NMpHOJ/IHKEHHS K XBO-
CTOBOMY KOHIy Te€Jla 3TOT OTPLIB He Oyjaer HabJaionaTtbes, a mmorpa-
HHYHBII CJIOH TOTOKA, OCTABJSAS 9TO TEJIO, HE H3MEHHT HaNpPaBJEHHS
CBOErO JIBHIKCHHS.

CymuiecTByeT 60JbINOE CXOACTBO MEXAY NyaseHJeBCKHM [ BHXKe-
HHeM B Tpy6e (M/IHM ABHXKCHHEM MeXJy INapaJijieJbHbIMH IJACTHHA-
MH) M TeueHHeM B IIOTPAHHYHOM c/10e. [10X0KH He TOJbKO 3MIOpHI
CKOpOCTeH (NpH pajauyce TPyOBl WU MOJOBHHE IMHPHHBI KaHaJja, ur-
paoUKX poJb TOILIMHBI IOIPAHUYHOTO CJI0S1), HO ¥ SIBJEHHE HEYCTOH-
YKBOCTH JIAMHHAPHOT'O MOTOKA U HPEBPALIEHUsI ero B TypOyJeHTHbIH
NpH NPEBLIIEHHH HEKOTOPBIX KPHTHYECKHX 3HAUeHHH uyHcesa Pedi-
HOJIb/ICA, CTaBIIEE XOPOIIO M3BECTHLIM [JIs1 MOTOKOB B Tpy6ax mocJe
byHnamenTanbHbIX ONBITOB XareHa u Pefinosnbaca. Korga norpannu-
HBIH CJIOH Ae/aeTcss TYpOYJIEHTHBIM, 6eCOopsAa0uHOe [BHKEHHEe Macc
KHJKOCTH OXBaTbIBaeT BCE CPEJHEE NABHKEHHE H B pes3yabTaTe 0OMeH
KOJIMYECTBOM JBHMIXKECHHSI MEXIY CJA0SIMH, ABHXKYILHMHCH C pasHOH
CKOPOCTbIO HA PA3HOM PAaCCTOSIHHH OT CTEHKH, IPOHCXOAHUT ¢ GOJbILIEH
5((peKTHBHOCTLIO, YeM B JAaMHUHADHOM IIOTOKE. DTHM OOBSICHAIOTCH
OosblIMe CABHraroUlhe YCHIHS HA CTeHKe, a TakxkKe TOT (GakKT, uTo npH
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o6paTHOM CpajueHTe AaBJeHHA TypOYJEeHTHbA NOrpaHHYHbIN cJI0#
MeHbllle OJABEePXKEH OTPHIBY.

81. JonyueHuss TEOPUH MOrpanuyHoro cjosi. Teopusi TeUCHHA
BAOJIb TBepPAOH TPaHHILI 6e3 oTpbiBa 0asupyercsa Ha CJaenyloLHX L0-
NYLIEHUAX:

1) moTox BHE CJIOst TOJILMHON O, IPUJIEralollero K TBep/aoi CTeH-
K€, CYHTAeTCH HEBSI3KMM H K HeMYy MOTYT ObITb MPHMEHEHBI METOMbI
NOTEHIIHAJbHOTO IOTOKA;

2) TOJIIMHA TOTPAHUUYHOTO CJI0st & Majaa MO CPABHEHHIO C JIHHEN -
HBIM MaciuTaboM Tesa L B HANpaBJEHHH ABHXKEHHsS NOTOKA;

3) ecan U — NOCTOSIHHASI CKOPOCTb MOPSIAKA BEJIHUHH CKOPOCTEH
BHE MOTPaHUUHOrO CJI0sl, TO uHc/10 PefiHoabiaca UL/v oueHb BeJHKO,
Mo MeHbHIell Mepe mopsiaka BeandnHel (L/8)%

4) KOMIIOHEHTHl CKOPOCTH, KacaTesbHble K IPaHHUIlE, HMEIOT BeJH-
uynny nopsigka U. B stom cayuae, CONIaCHO ypaBHEHHIO HEPA3pPBIBHO-
CTH, HOPMaJbHBIA KOMIOHEHT HMeeT nopanok Ud/L;

5) pig TypOYJEHTHOTO MOTPAHHUYHOTO CJIOST MOPSINOK BEJHUMH
peHHOJIbICOBBIX KacaTeJbHblX HaNpsKeHHil cocrapaser pU?S/L,
a BEJHYMHA DPeHHOJbICOBBIX HOPMA/JbHLIX HaNPAXKEHUH 3aKJIIOUCHA
mexay pU? u pU28/L.

XoTsl mpHeMJIeMOCTb 3THX AONYIICHHA MOXKeT paccMaTpHBaTbCA
¢ TOUKH 3peHHsi QU3HKH HOTOKa y CTEHKH, Kak 3To caenano B 0. 80,
HJIM TIPOBEPSITHCS SKCIePHMEHTANbHBIMH H3MEPEHUSIMH, OIHAKO TJiaB-
HBEIM J0Ka3aTeJbCTBOM HX OOOCHOBAHHOCTH SBJ/SIETCST COBIIafeHHE
SKCIIepHMEeHTa U TEOPETHUECKUX pacueToB. 3HaueHHe NOMyLIeHHIT «3»,
«4» U «5» CTAHOBHUTCSI MOHSITHBIM IIPU NOJMYYEHUH C HX HOMOLILbIO yII-
poutennbix $dopm ypaBHeruii HaBbe—CTOKCA.

82. OnpepneJeHe TOJUIMHBI MOrPAHUYHOTO CJI0sl. B COOTBETCTBHU
C MepBLIM JONYIIEHHEM MOJHOe AasleHue pV2/24p-yz BHe norpa-
EWUYHOTO CJIOSI MOCTOSIHHO, HO BHYTPU HEro yMeEHbIaeTcsl IOJ BJIMSA-
HueM BsizkoctH. Clie1oBaTeNbHO, TOJIIMHA cJ0sg 6 MO aHaJOruH C
onpejeneHreM ee mo AePHIHTY CKOPOCTH MOXKeT ObiThb NMpeacTaBJe-
Ka KaK pacCTOsiHHE OT CTEHKH, Ha KOTOPOM Pa3HOCTb 3HAaUYeHHH 1oJ-
110TO IABJICHHS BHE MOTPAHMYHOTO CJIOSI ¥ B HEM yMeHblnaeTcs: 10 2%
3HAUYeHHUS MOJHOrO JaB/JeHHsl B CBOOOAHOM moToke. OQUeBHAHO, YTO
STOTO HEOCTATKA TOYHOCTH B ONpefesieHHy § HeBO3MOXKHO H3bexkarh,
TaK KaK MeXAy 30HaMH, B KOTOPOH MOMKHO H B KOTODPOH He/Ib3s Ipe-
nebpeub BAHSHHEM BSI3KOCTH, HET OTUETJIMBOH TDaHHUIBL.

M3-3a TOpMOXKEHHs] MOTOKA B Npejesax NMOTPAHHYHOTO CJIOS JIH-
HUY TOKAa BHe €ro BCJENCTBHE Hepa3pHIBHOCTH NOTOKA OoJjiee oTpalje-
HBI OT TeJjIa, YeM B MOJHOCTbIO HEeBSI3KOM NoToKe. Paccrosiue, Ha Ko-
TOpOE CMEIAIOTCST IHHHU TOKa, Ha3bIBAETCS TOJNLIWHON CMELIEHHsT §;.
Kax 6yner nmokasaHo, 3Ta TOJIIMHA MOMKET ObITh onpefesena HoJiee
TOYHO, YeM 8, U pacyeT 6€3BHXPEBOTO IOTOKA BHE NOTPAHHUHOTO CJ1041,
BBITOJIHEHHBIH C €€ MOMOLBIO, XapaKTepuayeTcs 60/bIIeH TOUHOCTBIO.
Takum 06pasoM, XOTsI B epBOM NpHOJIMKEHUH NOTOK BHE MOrpaHuy-
HOTO CJI0S1 MOXKeT GhlTh paccuutad KakK NOTEHIIHAJbHEI MOTOK B 3a-
JaHHBIX TBEPABX TPAHUIAX, OAHAKO Jyullee NPUOIHKEHHe 1a€T pac-
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4eT NpH 106aB/ICHUN K OUEPTAHHIO TPAHHUIL TONLIMHLI CMelleHHs. Bhl-
paxeHue AJs O; B ABYyXMEPHOM IOTOKE, ABMKYIIEMCsI BAOJb I110CKOl
CTEHKH, yCTaHaBJuBaercs Jerko. OOBEeMHBIA pacxon MOTOKa depes

NorpaHHYHbIf c0# paBeH (f u(y)dy, rie u(y) — mapannenbuasn

CTEHKE CKOPOCTb HA paccTosiHUHM Yy OT Hee. Ecau Obl NOTOK Obla He-
BSI3KHM, TOT K€ CaMbld pacxoj 3aHuMaJ Obl 6oJee TOHKHI Ca0# TOJI-
muHol & — 8. Otciona ecan U - cKOpOCTh IpH =0, TO

[ udy =U®—8,)

Py

0

8, — (5 (1 — %) dy. (200)

DTH COOTHOLUCHHSA ONHCAHbI 'eOMeTpHUecKH Ha puc. 102, rae xpu-
Bass OBD npencrasaser snopy ckopoctd u(y). Onpenenenue 6; Tpe-
Gyer paBeHcrBa miowanet OBDEA u ABCDE. O1ciona paBHbI KpH-
poJiHHelHbIe TpeyronbHuku OAB u BCD. 3uauenue 8, onpeneneHHoe
no paBeHcTBy (200), ropasao TouHee, yeM 3HaueHHe § (BEpXHUH Ipe-
Ieq HHTerpaJja), TaKk KakK IO XapakKTepy paclpefieleHHsl CKopocTeil
GoJiblIne H3MEHEHHsI B BbIOODe O BLI3LIBAIOT HHUTOXKHO MaJble H3Me-
HEHUsA B 0;.

Eme oxHMM paccTOsIHHEM, KOTOPBIM MOZKET XapaKTepH30BaTbCs
TOJILIMHA TOrPAHHUYHOTO CJ0f, SIBJSIEeTCSl TaK Ha3biBaeMmasi TOMLIHHA
KOJIMUeCTBA JABUXKeHHS 8. TopMOKeHUHe NOTOKa, IPOUCXOAsilLee H3-3a
BSI3KOCTH B IOTPAHHYHOM CJIO€, BbI3BIBAET YMeHbIIEHHEe pacxoja Io-
TOKa KOJMUEeCcTBa ABM:KeHHs. Bennuuna O, onpenesnseTcs: KaK TOJIIH-
Ha CJI0S1 KHJKOCTH, ABH2KYILIErocsl co ckopocTblo U, B KoTopom pac-
XOJ MOTOKA KOJIMUECTBA ABHXKEHHS paBeH paHee NMOTEepPSHHOMY HpH
HEKOTOPOM pacxoje IOTOKa Yepe3 JaHHOe CeueHHe MOTPAHUUHOTO
cJ1ost. IJst IByXMepHOro MOTOKA YMEHbUIEHHE KOJHUECTBA JBHIKEHHS
NaeTcs BblpaXkeHneM

8 y '
Y ou (U — u) dy. £ v 2
0 A 1
Orciona ¢ l
A ©
6:ji<1—i)d. 201) 4 ————
2 U U y. (201) 8 S
0 !
g x
OueBHaHO, YTO W 3HaueHHe &
ONpPENENACTCA TOpasio ToUHee, Puc. 102. CxemaTuueckas sniopa
yeMm 3HaueHHe 0. CKOPOCTH
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[locaenHeit fo/KHa OBITb ONpefeNeHa TOJ LIMHA CJI0S XKHIKOCTH,
nepeHocsiiero 3Hepruro 3. TopMoxKeHHE NOTOKA B MOTPAHHUHOM
CJI0E M3-33 BSI3KOCTH HEM3GE@XHO BbI3BIBAET  yMeHbIEHHE MOTOKA
sHeprud. BeanuuHa 83 onpesensercs KakK TOJNUIMHA CJI0S1 KHIKOCTH,
IBHKYILErocsi Co cKopocTbio U, B KOTOPOM NOTOK SHEPIHH PaBeH pa-
Hee MOTePSHHOMY Tepel AaHHBIM cedyeHHeM. Jlusi ABYXMEpHOro Mo-
TOKa yMeHbllIeHHe JIOTOKA 3HEPTHH BbIPAXKAETCs TakK:

O

% S‘pu (U? — u?) dy.
0

Orcrona
1

63=05 (1ﬂ~—)d (202)

ﬂ.ﬂﬂ OCECHMMETPHUYHOTO IIOTOKA

o= ffi )

R

Il
——o ©
STES
l
Q)a
>~
a
=

(203)

8
N AN
63_YU <1 Uﬁ) . dn,

rpe f1 — pacCrosgHHe, HOPMaJibHOE K IIOBEDXHOCTH BpalleHHUA; ro H
r — paavanbHble PACCTOSIHHA OT OCH CHMMETDHU N0 CTEHKH H 10 IIPO-
H3BOJIBHOH TOUKH B NOTpaHHYHOM CJI0€.

Mpumep 24. OnpepeanTd TOMUHHY TOrPAHHYHOIO CJIOS U TOJNUIMHY CMELLEHHs
y Kopmyca xopabas B Touke, oTctosmed Ha 300 GyTOB OT HOCa, TPH CKOPOCTH €ro
10 y3noB (1 yzen=1,69 q)y'ra B ceKyI-my)

CoBpeMeHHbIl YPOBeHb 3HAHHA O IOTPAHHUYHOM CJO€ He MO3BOJIAET TOYHO pac-
CUHTATh TPEXMepPHBIH NOTOK Y KOpNyca H yYecTb BJIHSIHHe cBOGOAHOR MOBEPXHOCTH.
OnHako HpPIﬁJIHSHTeJIbHO TOJILIHHY MOOrpaHHuHOro CJOS MOXKHO OMNpeieauTb, KO-
IyCTHB, YTO KOPMYC 3KBHBaJIEHTEH MJOCKOH mniacTuHe Taxofl ke AauHEL Beecto-
pOHHee paccMOTPEeHHe Typ6yﬂeHTHoro MOTPaHHYHOTO CJIOS Y MJOCKOH TMJIACTHHBI
naHo B dactu . Jlaig Haure# HeJH JOCTATOYHO BOCMONb30BATbLCA CIAEAYIOUIUMH 3M-
nupuyeckumu (opmysaamu Ilpaugras u baasuyca:

u (y e 0,37x
—= ?) p0=—"",
U Re s

rie

Rey= —.
* v
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TosuuKa nOTpaHuyHOro cjos & nojyyaercs npsiMOil MOACTAHOBKOH B (opiy-
ay v=10-5% x=300 ¢yros u U=16,89 ¢yros B cekyHay. Uucno Pelinoanaca
Re.=5,07-10%, a =2 ¢pyram. Torna

IR O RE

0
By =3".

B. ¥YpaBHeHHs NOTPaHHYHOTO CJOA H UX MWHTErPaJbl

83. JiByXMepHblii NMOTOK BROJb KPHBOJAMHEHHOH CTEHKH.
[IpeanonoxuM, YTO TOTOK, ABHXKYIUMICA BLOJb KPHBOJHHEHHOH
CTEHKH, AByXMepeH H TypOyJeHteH. KoHeuHble ypaBHeHHS OYIYT
BKJIIOUATb B cebs KaK dacT-

HBle CJAyYan ypaBHEHHSA A4 y

MaMHHAPHOTO TMOrpaHHYHO- T —
ro cjaos, Korja nyJibcamnu- nS
OHHBIE WIEHB PABHHI HYJIIO, I T

H ypaBHeHHS JUIS NOTOKa
BAOJNb IIJIOCKOH TpaHHUHI,
KOrfia KpPHUBH3HAa  CTEHKH
paBHa HYJO,

Jl1s1 BEIBOZ@ YpaBHEHHUH =
Jyylle BCETo HCIOJAb30BaTh
CUCTEMY  OPTOTOHAJbHBIX
KOOp/HHAT, COBMECTUB IIO-
BepXHOCTb CTEHKH C OJHOH
H3 OPTOrOHAJbHBIX MJAOCKO-
creil. JIHHHH, HOPMaJIbHBLE Puc. 103.  OproroHa/bHble  KOOPJHHATHE

IJIs1 ABYXMEPHOH MOBEPXHOCTH

K CTeHKe, CUHTAITCH Clle-
JlaMH JBYXMEDHBIX MJOCKO-
crefl x=const, Tae ¥ — paccTosiHHe BAOJbL CTEHKH OT PUKCHPOBAHHOM
Ha Hedl TOYKH; paclosioXeHHble Ha OAMHAKOBOM PAacCCTOSIHHH ApYT OT
Ipyra KpUBbIE, NapaJulejbHble CTEHKe, CUUTAIOTCS CJIelaMU IBYyXMep-
HBIX IJIOCKOCTEH y=const, rae y — paccTosiHile OT CTEHKH 10 Jiobof
TOYKH NMOTOKa MO HopMaJaH. TakK KaK MOBEPXHOCTb CTEHKH H IIOTOK
ABYXMEpHBI, CEMeHCTBO NOBEPXHOCTEH Z=const cCOCTOHT H3 MJIOCKO-

cTell, napaiaebHBIX IaHY TOTOKA, KOMIIOHEHT cpefHeli CKOpOCTH W
paBeH HYJIO H BCE CPEJHHE BEMHYHHBL He 3aBHCAT oT 2. [Ipeanonara-
eTcsl, YTO KpHBH3HA CTEHKH, o6o3naueHHas K (X), HMeeT BeJIMYHHY T10-
psinKa janHefiHoro Maciuraba L. Kak nokasaHo B npHIOXKeHUH u H30-
OpaxkeHo Ha puc. 103, s;neMeHT AYrH B HanpaB/JeHUH YBEJHUEHHS X
paBsen hdx=(1+ Ky)dx, a B HanpaBJ/JeHlH yBeJMUYEHHS § H 2 COOT-
percteenno dy u dz. Ortcioga hy=1+Ky u ho=h3=1.

B paccmaTtpuBaeMoll KOOPAHHATHOH CHCTeMe YpaBHGHHE Hepas-
DBIBHOCTH, JaHHOE B I. 5, 3allUCHIBAETCS B TaKo# ¢opMe:

Ox + oy 0z
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YJsreHbl KOHBEKTHEHPIX YyCKOpPEHHH U3 ypaBHeHnit HaBbe—CTOKCa, R3sI-
THIE U3 MPHJOXKEHHS, MOTYT OBITh 3aNKCaHbl C NMOMOLIbIO pPaseHCTBA
(204) caepyromum obpasom:

4 Ou Ou du w oy
4 Ouw | ,Ou , 0u , uw O
by 0x + oy + oz + hy 9y
1 @y , 1 0 (hluv) 9 (uw) .
h ox K? ay 9z
R R AT R .
hl ox ay 2 hl ay
=L o +L_a(hxvz)+6(vw)_[(_uz_
hy dax hy Ay oz hy

OTciofia, 3aMEHHB 4 Yepes L+u’ i v Yepes U410’ ¥ OCPELHNB, NO-
JY4UM KOMIIOHEHTHl YCKOPeHHH AJsi TypOyYJIeHTHOrO MOTOKa
Du _ du 1 8 (=3, 5 I Y e o
=" 2 (u u — . — i + u'v)|
o =t @ )+h% oy L (@0 + )]

Do % 9 (b + o) +
d0x

1
Dt ot | hy
1 0 ~2_ | 5 K —~—=2, .2
~ .9 + A A + ’
+ Y h (V'+ v )] " (u®+u?).

YpaBuenus PeliHosbhca NPHHUMAIOT BHI

Du 1 ap 1 9% 1 8/, ou
___=.____._,._p_+v ___._.__i_*__,_khl_.)_
Dt phy Ox h‘ll 0x3 hy oy oy |
_ 4 @K o 2K Gv_ K% v dK]. (g
3 2 "ox a2 U3 de i
K3 dx Ox hy  Ox h? h? de
Dv 1 dp 1 )
Do 1 0 4 [1 O L._a_(hliv_)__
D¢ I ady h? Ox? hy oy dy
_ Y 4K v 2K w KW dK (206)
;,]3 dx  Ox R?  Ox h;l 5 PP L

I'panununble yciaoBHs: u=v=0 na crenke n u(6)=U y BHellHEro
Kpasi NOrPaHHYHOrO CJiosi, Tae U — cKopoCTb OCHOBHOTO MOTOKA.
IlIpuGauautenbnas ¢opma pasencts (204), (205) m (206) mo-
XxeT ObITb MoJMyyeHa Ha ocHoBe gonymenuii 0. 81. Tak xak Ky <1,
TO h; Besne 3amensercs epuuHuueil. Orciona pasenctso (204) npu-
HHMaeT BHA

ou o
o -+ o 0. (207)



ITocsie BBeeHUs1 6€3pa3MEPHBIX BeJUYHH u=uyu/U, t=x/L, n=y/b,
ROTOpble He MPeBOCXOAAT eIHHHILI B COOTBETCTBHH C AONYUIEHHSIMH,

u v=uvL/Ud ypaBHenne (204) moKeT GbITb 3aMHCAHO TaK:

du v

—+ = =0

Jt on

ITocieHee paBEHCTBO MOKA3bIBAET, UTO V TaKKe UMEeT BEJTHYHHY

1opsijlka eIHMHHUIEB], H MOATBEpPIKAACT UYETBEPTOE JONYLIeHHE O TOM,
4YTO v HMeeT BeJHYHHY nopsinka U6/L. Habop GespazMepHLIX BeJH-
UMH NOpSJKA e[MHHUIILI 3aBepiuaercs BBeJeHHeM Ko3(¢pHIHEHTOR

t=Ut/L, k=KL, Cp=p/(pU?), u?=uU2 vi=0?/U? uu'v =
=u'v’L{(U28). 3necb NOpSIOK BEeJIUYHH UNE€HOB HOPMAaJbHLIX Hanps-
JKeHUH INpeyBesuueH s Oojablied HaJeIKHOCTH B COOTBETCTBHH
¢ OATHIM JonylleHneM. YpaBHenHe (205) MoxKer ObITb 3amHCaHO
B 6e3pasMepHOM BHJE, €CJAM BCE €ro WieHbl YMHOXKHTb Ha L/UZ
Torna nonyuaercs
ﬂ+i@uﬁHJ4ﬁNWF
at ot
aC vL | 9%u
T T ous [anz T L (- )]’

rIe cjgaraembie B IOCAEJHEH CKOOKe He NPeBOCXOAAT eiuHHIbL OT-
c101a, OTOPOCHB BCe YJIEHBI, cofepxaiie §/L, mosyuaemM ypaBHeHHE
1I0TPaHHYHOrO 05 B 6€3pa3sMepHOM BHJE

ou Ous a (uv) 1 op ot ot v
— ——— —_— D ———, — ' 208
at ax + dy P + ay? ox dg (208)
¥ aHOJIOTHYHO H3 paBeHcTBa (206)
"_i —
Kid— % L % (209)
9y p 0y

3pech riepBblil UJIEH B JIEBOH YACTH 3HAYWTEAbHO MEHbIlle BTOPO-
ro, OJHAKO OH OCTAaBJICH B ypaBHEHHH, TaK KaK pUCYTCTBYeT B 1aMH-
HApPHOM TOTOKE. -
Jdamunapnoui norok. HurerpupoBanue ypaBHenus (209) naer
[
P
L =2 (Kuway, (210)
Y p .
Yy
3jech PJ/p— naBneHue y BHELIHEro Kpas MOTPAaHHYHOIO CJOS, A€
NOTOK NMPHHAT HeBA3KUM. Buipaxenue (210) ymosnersopsier ypas-
Heuuto bepuyanu
P U2

0
— =T e @i
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3aTeM

1 op oU
LI A §
y +

U
p Ox )

3
a
- — | Kudy.
¢ Ox Y
Y
[Tocse HHil HHTErpas UMeeT TOT Ke MNOPALOK, Y4TO W YJeHbl, OT-

GpolienHble TIPH BbiBoJe ypaBHeuus (208), mostoMy ypaBHEHHA Ja-
MHHAPHOrO JIOTPAHHUHOTO CJIOS MOXKHO 3anucaTh Tak:

Qa0  ow) U U O
ot + dx + dy ot +Uax +Vay2’ (212)
Kz =L 9% . (213)
p Oy
ou ov
o »a—-y—-—o. (214)

Tak Kak HM3MeHeHHe [aBJEHHA B INOrPAHHUHOM CJO€, JaHHOe
B ypaBHeHun (210), oueHb Mano, TO B GOJIBLIMHCTBE CAydYaeB MOKHO
CuHTaTh, uTo p=P. BoJee TouHywo GopMy HaK/JIOHA KPUBOH [1aBJIEHHA
B GysExkuuu or y paer pasencrBo (213). Ilpm y=9 BhipaKenne
dp/dy=pKU? n nostomy, NOACTABHB BMECTO p ero sHauenue 1o ¢op-
Mmyde (211), mosaydYHuM HaKJIOH KDHUBOH pacnpejesieus CKOPOCTH
B YCTAHOBHBINEMCS TMOTOKE

(%)s: —KU. (215)

Papenctsa (212) u (214) — aBa ypaBHenuss B YacCTHBIX [1POH3-
BOAHBIX JBYX 3aBMCHMbIX I€peMeHHbIX ¢ U v. OHM NMOLOOHBI TOUHBIM
ypaBHeHHsim Hasbe — CToKca B TOM CMblC/le, YTO W Te H ApYyriue
HeauHeirbl. OJIRAKO 3TH paBEHCTBA HMEIOT H CYLIECTBEHHOE OT/IHUHE,
saK/I0uaoleecss B OTCYTCTBHH B HHX cjaraeMoro vd2u/dx?, uro mpe-
ppamaer pasenctBo (212) wu3 au¢p@epeHunasbHOrO ypapBHeHus
5JAHITHYECKOTO THAA B ypaBHeHse 1apaboauyeckoro Tana, B oblem
clydae ropasjo Gojee Jerko pemaemoe u GoJee ypoGHOe AJIs UHC-
NeHHON anyIpoOKCHMAaIUH.

Typ6yirentroiii notok. Hurerpuposanue ypasHenuss (209) pae¥

3

L:L_y@@_ﬁzivﬁ, (216)
[ p b [y

YTO MOJXKHO TPHHATH BCAEICTBHE MAJOCTH HHTerpaja. Toraa us pa-
gencTB (208) u (211) noayunm

du ou® o{uw) oU U 9%
— . = e— U._— N —
ot 0x + oy ot + Ox + oy
0 2 2 ou'v”
| — (= . 21
= )+ 2] (212)
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Pagencra (207), (209) u (217) npexcrasasiiot co6Goii ypaBHe-
udst TypOyJEHTHOrO TOTPAaHHYHOrO CJa0sl. B IpPOTHBOMOJOMKHOCTD
YpaBHEHHSIM JIAMHHAPHOrO MOTOKA 3THX PABEHCTB HELOCTATOYHO AJs
MOJyUeHHs] peIleHHs] H3-3a MOSBJEeHHS N0OABOUYHBIX 3aBHCUMBIX Ie-
pEMEHHBIX B BHOEe PefHOJBACOBHIX HampsikeHufl, [l pemleHus tpe-
f6yeTcsl LOMOJHUTEJIbHAS CBf3b MEXIY DEHHOJbICOBBIMH HaIpsiKe-
HUSIMH M OCpeJHEHHOH CKOPOCTbIO, HO, K COXKaJeHHIO, AOCTAaTOUHO
pa3pa6oTaHHOIl TeopuH TYpOYJEHTHOCTH, Ha KOTODOH 3Ta CBf3b
morsa 6wl GasupoBarbes, eule He uMeercd. Iloka uTo B KauecTse
MOJYSMIHUPHUECKOH TEOPHM HJS IOJYyYEeHHS! HENOCTAImUX CBs3ed
CIMY¥KAaT HEKOTOpPHIC THIOTE3H Noxo6us, HpUBeaeHHble B yacT [,

¥pasrenue xoauuecTsa Osuscenus. YpaBHEHHS KOJIHUECTBA ABH-
XKEHHs A/ YCTAaHOBHUBIIETOCS CPeIHEro MOoTOKa MOTYT OBITb MoJyue-
Hbl MHTErpupoBaHreM BuipaxeHuit (212) u (217) no Bcemy norpa-
HUYHOMY caop. Tak Kak ypaBHeHHs TypOyJEHTHOTO IOTOKa HpH
M3Ue3HOBEHHH MYJ/JIbCALHI CKOPOCTH CBOASITCA K yPABHEHHUAM JIaMH-
HapHOTO MOTOKA, PACCMOTPHM TOJIBLKO 3TOT HepBHIi cayvai. [To ypas-
HeHuo (215), KoTopoe nPUroAHO Hast TYpOYJEeHTHOTO MOTPaHHYHOTO
c/osi, ecad TYpOY/JAEHTHOCTb CBOGOZHOTO HOTOKA lLpeHeOpexHMOo
Masna,

8 5

S'azu ou
v —dy=v—
oyt dy |

K To To
R S A T 3
] U + pl? p

rile To — KacaTteqbHOEe HaNpsXKeHHe Ha CTeHKe, a udc/a1o PefiHoabaca
U/(vK) ouenpb Besnko. Tak ke o ypaBHEHHIO (207)

0@ 4 _ e _(y®
Of dy = Uv (8)= (SU dy OfUax

9y
u
8 8
fi Wy dy =u'v'| =0.
9y
0
Torma uurerpan paBeHctsa (217) MoxeT OBITh 3alHCaH B BHAC
8
j‘[u——(U——u)+ (U—— )+ U-Tt)]dy_—_
Q
&
P ox
0
HAK

8 3 . o
if?z(U—E) dy-}-ﬂS(U——E) dy="> 4 LS s‘(u’g—-—v’z)dy.
¥y dx ] 0
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BBonst o603nayenns TOJIIHH CMEIEHUSI U KOJHUYECTBA JIBUKEHHA,
NPUBOAHUM MOCJAeAREC PABEHCTBO K BHAY

)
dd H4-2 dU d 2 ,2
R R +—U~2 E;j( )dy, (218)
0
rje
C.=—"— HH=%.
— o2 2
2pU

Pasencrso (218), npencrasasioiee co60ii ypaBHEHHe KOJHUCCT-
Ba IBHXXEHHA, BIepBble ObIO BhiBeneHo KapmanoM, mpasia 6es
MONPABOYHOrO UJEHA, BHIPAXKEHHOro MocaeIHHM HHTerpasoM. [lo
HeflaBHEro BPEMEHH CJlaraeMblMH HOPMaJbHBIX HaNpSKEHHH Kak
B YDaBHEHHSX I[OTPAaHHUYHOTO CJIOS, TAK W B YDaBHECHHH KOJHUECTBA
ABUXKeRUsi 06bluHO nmpeHeGperanu. OgHako ObI0 HaHUEHO, UTO NMpH-
GaHKeHHOe ypaBHEHHe KOJHUeCTBA [BHXKEHHUS [LaeT aHGMasbHOe
BO3pacTaHHe KacaTeJbHOTO HaNpSKEHHS Y CTEHKH NPH JOCTHKEHHH
TOUYKH OTPbIBA BMECTO OXHIAEMOr0 YMEHbIIEHHS 3TOr0 HaNpSKEeHHUS
no Hynas. CymecTByeT JBa OOBSCHEHHSI 3TOTO HeJOCTaTKa ypaBHe-
HUA KoJMHuecTBa ABUKeHHAA. [IepBoe 3aknwuaercd B TOM, UTO IBYX-
MepHbie o0pa3oBaHus, Aalollife 3TOT aHOMaJbHBIA 3¢ deKkT, noasep-
WeHbl ¢1afblM TPEXMEPHBIM BO3MYLIEHHAM, K KOTODBIM ypaBHeHHE
KOJIHUECTBA [BUKEHHS OUEHb MyBCTBUTEJLHO; BTOPOE — B COCEICTBE
€ TOUKOH OTpLIBA: 3HAUEHHHA pSAA UNEHOB ypaBHEHHS KOJHUeCTBA
ABHXKEHUSI, OObIUHO ONMYyCKA€MBbIX B YPABHCHUH NOrPAHHYHOIO CJOf,
34ech nepectaioT ObITb NpeHebpexxHMo manabimMH. [locnenHee npeano-
JIOXKEHHE TIPUBEJIO K ONyGJHKOBAHUIO HECKONBKHX IJHHHBIX BbiBOAOB
ypaBHeHHI KOJHYeCTBa JBHKEHHSI U3 MOJHBIX ypaBHeHUH PefiHoaba-
ca. BeiBoa 6o/1ee TOUHOTO BbipaKEHUS 3[4eChb MOXKHO OBbLIO YIPOCTHTD,
TaK KaK uIeHbl, JaloillMe 3HAUYUTEJbHYIO MNONDPAaBKy K HHTerpany
ypaBHEHHs KOJHUECTBA ABHXKEHHS, yxKe OblAM BBENEHB B ypaBHEHUs
NOrPAHHYHOTO CJOA.

¥pasrenue snepeuu. YpaBHeHHe SHEPIUH YCTAHOBHBIUEroCs Mo-
TOKa, KaK nmokasas Be#irxapt, Moxer ObiTb MOJYyYeHO YMHOXKEHHEM

paBeHcTBa (217) Ha u M MHTErPHPOBAHMEM MOJYUYEHHOTO BBIPAXKEHHUS
Mo ToJIIMHE norpanuyHoro caosi. Takum obpasom:
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2 2 "
— s‘ il LA
d 2 N 2 dx
0 0
Torpa
3
ur | —ouv ouU
”“ aw TUgy dx]d =
0
1 d :
S S N Al (7 P O
e Y ( ) dy
0
Taxxe
5 I N
—_ 2, —_ \2
Yuiu_dyzuwu_ _((%)dy:
dy? 9y 9y
Q 0 0
5 L
*/ Ou \2 ou \?
a5
( (ay v== )0 )%
M
& P 3 A . 7)_ —
s‘u Y9 dy =nav | — (a0 24y = — s wv 2L gy,
. dy ) Yy ) Oy
0 4]
Orcroga HHTErpas SHEepruH MOXKeT GBbITh 3alHCAH TaK:
3
8, d 8 ~9d [ T
=2 (U38;) = 20+ — s‘u— W —v'")dy,
U2 dx ( 3) + U ox ( ) Y
0
rae

3

52 674 \ —_— i 77
A—P:E;’Yr?y dy, T—M —puv.
0

(219)

Murterpan B paBenctBe (219) Takke sBAseTcs nomnpasKofl
K oObluHO#H (popme ypaBHeHHS. CieyeT 3aMeTHTb, UTO Kak ypaBHe-
HHE KOMHYEeCTBA JABHXKEHHS, TAK H yDaBHEHHE SHEPTHH UMEIT (POpMY
OOBIUHBIX JIMHEHHbIX XH((pepeHnHaNbHbIX yPaBHEHUI NePBOro MOPSL-
Ka, 4TO HCMO/b3YeTCs B HECKOJIbKHX NMpPUOIMKEHHBIX METONaX pelle-

HHSA l'lpO6JIEM NOrpaHHuyHOrO CJaOS.

295



84. OcecHMMETPHUYHBIA TMOTOK HA TOBEPXHOCTH BpauleHus. [as
MOBEPXHOCTH BpallleHHs ypaBHEeHHS MOTPAHHYHOIO CJIOSA JIy4lile BCEro
BLIBECTH, HCIO/Ab3YyS OpPTOTOHAJbHBEIE KOOPAHHATHI, MapaJiejbHble
W nepreHAWKYAgpHBe aHHON TOBepXHOCTH. Paauanbioe paccTosiHue
OT OCH BpalleHHs JAO [aHHOH IOBEPXHOCTH 0003Havyaercs vepes
ro(x), roe ¥ — JJHHA AYTH BAOJb YACTH IOBEPXHOCTH B MEPHUIHAH-
HOH TIJIOCKOCTHM, IpOXOAsUlell uepe3 OCb, a r— pajHajbHOe pac-
CTOSIHHE [0 NPOU3BOJbHON TOUKH.
[TopepxnoctH x=const u y=
=const mnpencraBJ/eHb! MOBepX-

iy HOCTAMH BpalleHHs, CeUeHns KO-
™~ - TOpPBIX B MEpHJIHaHHOH TJIOC-
KOCTH COOTBETCTBEHO IepIeHIn-

/ KyJSIpHBI ¥ TapaJJie bHbl JaHHON

noBepxHOCTH. B KauecTse TpeTh-
efi OpTOTrOHAJbHOW KOODAWHATHI
MOXeT ObITh IPHHAT a3UMYTalib-
HBI# yroJ y B MEpPULHAHHOH
maockoctd.  BeauunHa — K(x)
npeacTaBisieT KPUBHU3HY JaHHO-
Puc. 104. OpToronanbubie KOOPAHHATHI IO MEpPHIHAHHOTO  HPOMUISA.
AfA TIOBEPXHOCTH  BPALLEHHA Torpa, Kax NOKasaHo B APHJIO-

, pua

KeHnud us puc. 104 BugHoO, 4TO

hy=1+Ky, hy=1, hy=r u r=ry+ycos?,

rape ﬁ—yron MEXJIy OCblo CHMMETPHH H KacaTeJbHOH K JaHHOMY

npoduao.
Orcioga caeayer, 4To
. 0 . 0
=.____d£.; dfo :S]n\[); —£-=h15lnﬂ H —r—=COSﬁ
dx dx ox dy

MeTogMKa TNOJYYEHHs: ypaBHEHHl MOTPAHHYHOTO CJAO0S NOROOHA
npHMeHsBIIeHCs B ciyyae IBYXMepHOrO MoToka. B mpuiaoxenuu no-
JyYeHO ypaBHEHHE HePas3phIBHOCTH

d(ru) | O(hrv) o(mw) _ o (220)
dx oy oy

Tak ke us NPUJIOKEHUA NTOAyYaeM KOMIIOHEHTHI yCKOpeHus no-
I[06HO TOMY, KakK 3TO OBIJIO CAedaHo AAs JABYXMEPHOTO NMOTOKA:

2
&:_?_Ll— J‘,M.*. Li(h?ruv)..}. L,a_(_‘ﬂ)’
Dt ot hyr dx h?r oy r ay
2
Do _ v 1 dtw) L8 e L 00w) Kt
Dt ot hlr 0x hlr ay r 6Y hl
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OT1ci0/1a, NpOU3BOAS NMOJACTAHOBKY U=U-+u’ n v=0v-+0v" U ocpel-
HAs, NoJaydaeM AJA ypapueHuit PeliHoabaca

Gu 192 Tm IR A T I G R
= +hlr'6x [r(a®+u )]+h§, ay[hlr(uv+uv)}_

ap 1 0% K du 1 a / aﬂ>
. v . —_— — — . —{r —
- l: hf ox? + hy 6y+ r 6y(\ dy -

_{_L(Li“i__i . dﬁ)ai+(_°05ﬁ +.§.)x
r hy
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[IpoBepka OTHOCHTEIbLHBIX BEJWYHH PA3NHYHBIX CJIAaTaCMbIX MO-
XKeT ObITb BbINOJIIEHa, KAK U paHee, IyTeM BRelleHKHs De3pasMepHbIX
riepeMeHHbX. TaK KaK 6 MOXeT JOCTHIHYTb BEJIHMUMHBI TOFO € IO-
psijiKa, 4TO H 7, €C/JM TPAHHIA, BAOJb KOTOPOH NPOMCXOJIHMT ABHXKE-
HHe, JOCTATOYHO JUIMHHA, TO HEO6XOAHMO COXPAaHHTL 108aBOYHLIC
usielibl, cojepxaiiue r. Takum o6pa3oM, BHILICNDUBELEHHLIE DaBeH-

CTBA CBOAATCA K CJACAYIONIMM!:

0 (ru) a(ro)
o +—ay = 0; (221)
ou  a(rd) | o(wt) L dp
ot rox rdy - p " Tox
vI[o/ ou usin? 9 ) a(rav’)
M A Pl — —_ = : 2
+ r L)y(r 6y) r ] rox roy ' (222
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-2 1 ap d(rv'?) , vusin2®
Ku _ — , — _,_

o dy r oy or? ’ (223)

. -
roe wiensl Ku® u vu sin 20/2r? coxpaHeHbl HOTOMY, YTO OHH CTaHO-
BSITCST TOMHHHMPYIOIIHUMH HPH JaMHHADHOM [BHXeHHH. HHTerpupo-
panue ypaBHeHHs (223) C JOCTATOYHOH TOUHOCTBIO faer

Uz, 0 \ ()
2 ot

—f = (224)
o rdy

Yy

B pesyJsbTaTe NOACTAHOBKH paBeHcTBa (224) B BhIpa)kenue (222)

N0J1y4HM

— — - -
ou d(ru ),_]_ 9 (ruv) __ U U——- +
ot r 0x r oy ot dx

v a( Gu\)ﬁusimﬁ']__[()(ru@) o(ru'v’) i\ (ro” )dy] (225)
rloy\ oy, roog rox roy ox,) rad

YpaBuenus (221) u (225) npexpcraBasior C0601/I ypaBHEHHS TIO-
TPAHMYHOrO CJIOSl, AOCTATOYHbIE M/ HAXOXKJEHHUs ONpeeseHHOT0
pelleHusl B JaMHHADHOM IIOTOKE.

YpaBHeH#e KOJHYECTBA JBUKEHHUSA 1JI YCTAHOBUBIIETOCST OCECHM-
METPHYHOTO MOTOKA MOKeT OBbITb BLIBECHO YMHOMEHHEM YpaBHe-
uus (225) na r u unrterpuposanuem ero no y or 0 mo 8. Tem xe
METOAOM, UTO H IJIsS ABYXMEPHOTO HOTOKA, NOJYYaeM BbipaiKeHHE
B 0003HAQYEHHAX TOJIIMH OCECHMMETPHUHOIO NOrPAHMYHOIO CJIOSI
[cm. paBenctBa (203)]:

d . 2+H dU o G vsin?® (u
ro " dx (ro 8 + U dx 0y = 2 + roU? 5 r dy +
1 [d (s "8 (a(r?)
+ o [dx 5 ru dy—\—§rdy o ) rop dy}. (226)
0 y

UJeHbl, coepkaline TypOyJeHTHBIC MY/bCalluk CKOPOCTeH, 3/1eCh
TakxKe fIBJAIOTCS NONpPAaBKaMY, KOTOPBLIMHM paHblle NIPH paccMoTpe-
HUH TypOYJEHTHOrO NOTPAHHUHOTO CJ10d NpeHeOperaJy.

YpaBHeHHe SHEPruH /s yCTAHOBUBILETOC OCECHMMETPHUHOTO
[IOTOKA MOXKET OLITh IOJIYUEHO YMHOMKeHHeM ypaBHeHHUs (225) Ha ru
¥ uHTerpuposanuem ero mo y or 0 go d. Tem ke MeTOAOM, YTO H
B Cayyae JBYXMEPHOIO IIOTOKA, [IOy4aeM BbIpaXKeHHe B 0003Haue-
HUSIX TOJLIMH OCECHMMETPHUHOTO NOrPaHUUHOrO ¢Jos [CM. paBeHcT-
Ba (203)]:

(rU 6)—2rOA—I——~ sin® U‘Y”Tdy—l—

[\l

0
\;U2
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o - o ——
O (o) O 9™
+-2 [ ) 2 \ - dy] dy, 227)

v

ou .
rae A= \ r T — dy —K03pUIHEHT AUCCHNAalNH AJaS 0CeBOil
le dy

CHMMETPHH (37ech T = H% . pﬁfv‘/).
Y

YpaBHEHHS 3HEPTHH W KOJIHUECTBA JIBUMKEHHUS — OObIUHblE JHHEH-
Hble qHddepeHIna bHble YpaBHEeHUs, KOTOpPble HI'PAiOT BaKHYIO POJb
B pa3JIHYHBIX NPUOIUKEHHBIX METOAaX pelueHusl npodJaeM mOTpaHuy-
HOTO CJIOS.

85. TpexMepHHi NOTOK BAOJIb MPOU3BOJALHOM NoBepXHocTH. [lpo-
GeMbl TPEXMEPHOTO MOTPAHHUHOTO CJO0S OCBEHICHBl B JHTEpaTtype
B ropasfo MEHbIlleHl CTelNeHM, 4eM NpoOJeMbl ABYXMEPHBIX WJH Oce-
CHMMETPHUYHBIX [OTOKOB; IOMbITKH MOAYYHTb OOUIMH METOJA peIlCHHA
OLLIM CAeTaHBl JHIIb HEAaBHO. 3aTPYyAHEHHS BBI3BAHBI B OCHOBHOM
He CTOJNbKO NPUCYTCTBHEM JOMOJHUTEIbHBIX KOMIIOHEHTOB TIJIABHOU
CKODOCTH, IapaJiiielbHOH CTEHKE, CKOJbKO B3aWMOJCHCTBHEM pas-
NHYHBIX KOMIIOHEHTOB.

Ecau JHHMM TOKA BHE MOTPAHHUHOrO €108 KPUBOJHHEHHBI, rpa-
JIUEHT AaBJICHHS, HOPMAJDbHBIN K JUHHUAM TOKa W NapaJJesabHbll Mo-
BEPXHOCTH, CO3/aeT TaK Ha3blBaeMble BTOpHUlble TeueHud. [losBie-
HHE 3THX BTOPHYHBIX TEUCHUIl OOBIACHAETCH TEM, YTO HOX AelicTBUeM
rpajiueHTOB JaBJCHUS KHIKOCTb B MOTPAHHUYHOM CJIO€, IBHXKYyULAsCs
foJsice MeJICHHO, CJeyeT MO TPaeKTOPUAM C MEHbLIUM paguycoM
KPHUBH3HBI, T. €. NIOCKOJbKY YCKODEHHS HOPMaJbHBI K JHHHAM TOKa,
IlapaJiaesabHbl NOBEPXHOCTH U IIOYTH HE 3aBHCAT OT pPacCTOSHHUS A0
CTEHKHU B IIOFPAHHYHOM CJI0€, TO JBa 3JEMEHTa NOTOKA CO CKOPOCTSIMHU
Uy U Uy OYAYT JABHUrATbCsl 110
TPAEKTOpPUSIM ¢ paguycamu
KDHBU3HBI 7| H Fg, CBI3aHHBIMHU
COOTHOILIEHHENM

p)
Y

2

1

Ta 5
Taxum o6pasom, nonepeu- , a5\,
Has KPHUBH3HA JHUHHUA TOKa i 8] b dx

VBEJNHYHUBACTCS € MpHOJHKE-
HUEM K CTEHKe, B pe3yJbTaTte
1yero MOXKeT BO3HUKHYTb CIIH-
pajgbHOE ABHIKEHHC KHAKOCTH.
310 ABHKEHHE WJLIIOCTPUPY-
eTcsi  KpPYTOBBIM IIOTOKOM B
TBepAbIX TpaHHDAX, Tae KHE- 0

KOCTb ImepeMeuiaeTrcst OT I'pa-  Puc. 105, Oprorouaibunie  KOOPAHHATHI
IJ51 TPEXMEPHOI TTOBEPXHOCTH
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HHIL BHYTPb 110 pajuyCy, KaK 5TO BUJIHO [0 KOHUEHTPALHH HEePaACTBO-
PHMBIX TBEDJDLIX YACTHI, B LEHTPE YALIKW Yas MOC/A€E MOMEIIHBAHUS.
B ocHOBHOM 1o TOH ke NMpHYHHe NpPH OOTEKAHHH HECHMMETPHUHOTO
TeJa B MOTPAHHYHOM CJIO€ BO3HHMKAIOT BTOPHUHBIE TEUEHHs, HANpaB-
J€HHble OT 30H ¢ HauGoJblIell monepeyHoN KpPHBH3HOH (HaIpuMep,
MOAROAHAS YacTb KopabhJs).

YpaBHeHUS NOrPAHHUYHOTO CJ0S AJAs 3TOoro Haubosdee obuiero
cayuasi Jyyille BCEro BBIBECTH B CHCTEME OPTOrOHAJLHBIX KOOPAHHAT,
MOCTPOEHHBLIX OKoJ0 maHHofl moBepxHoctn (puc. 105). CpoiicTBa
3TOH OPTOTOHAJNBHOH CHCTEMBl KOOPAHHAT, HEOOXOAMMEIE 5 YIPO-
uleHusl H cokpawieHufl paBeHcTB Hasbe — CTOKCa M ypaBHenus le-
paspbIBHOCTH, JaHbl B MPHUJOXKEHHH. Y paBleHUs MOTPAHHYHOTO CJAOA
ILOJIyUAOT BHA:

ou u Ou , v Ou ou

o TH e T Yoy T
Kyt e— et 0P Ou,
+ Kouv — Ku* = Py v oy (228)
@ 4 O v v o — Ku—
b Hy & ou * Hy op T ay Ko — Ky
Y o, 0,
Uy Ky - K = . 2 (230)
oy pdy
1 ou 1 o | dw
— y — e, e—— — ==
H ea T g oy T K K =0. (231)

IlepBoe ciaraemoe B ypaBHeHHH (230) COXpaHEHO HOTOMY, 4TO
OHO SIBJAACTCS JOMHUHHPYIOUMM B TypOYJeHTHOM MOTOKE,

3amerHas pasHULLA MeXKAY 3THMH DaBelICTBAMH U PaBEHCTBAMH
JJIsl paHee PACCMOTPEHHBIX UYACTHBIX CJAy4YaeB COCTOHMT B Ha/JHYHH
KpuBH3HB K; 1 Ko OpTOroHaJbHLIX moBepxHocTell a=const 0 f=
=const. D10 He 03HAyaeT, UTO rJaBHAsl KpuBHU3Ha K3 u K, 3azan-
HOU IOBEpPXHOCTH S He CYIIeCTBEHHA, TaK KaK BCJAHUHHBL A 11 Hy,
BXOJSIINE B ypaBHEHHS B SIBHOM BHIE, 3aBUCAT oT K3 u K, Kpome
TOro, KOrja BeJHudHa O CTAaHOBHUTCS coudMepumoil ¢ I/K; uau /Ky,
4TO JIETKO MOJKCT NPOM3OHTH Ha NOCTAaTOYHOM pAaCCTOSIHHK OT Hauanaa
JJIMHHOTO 00TEeKAaCMOro Teja, B BBIILCIPHLEACHHBIE DABEHCTRA HEOD-
XOAMMO BBOJHUTb JONOJHHTE/IbHBIEC UJEHBI, COAEpKAILIUe 3TY KPHUBHA-
HY, KaK 310 OBLIO CAEI2RO AJS OCECHMMETPHUHOTO MOTOKA.

Caryuyayd npUMEHCHHS 3THX OOLINX ypaBHEHWH MOTPAHHYHOTO CI10S
OueHb pexaku, ['oBapa MoJyuua peumieHHe IJS OKPECTHOCTH TOUKH
orpeiBa, a [Ipanatnp n TerepBuH BhIBEJAM TpeXMeplioe ypaBHeHHe
KOJIMUeCTBA ABUKEHHsS IJd NpPSIMOJHHEHHBIX KoopauHat. Ilpanatib
NPEANONKHUA HCHOJAbL30BATh YPaBHCHHE KOJHYCCTBA LBHMMKEHUS A5
onpeaeNeHdsl XxapaKTepHCTHK MOrpaHHuHOro cj1os. M xotst 3to npex-
JIOKEHHe He MOJYUHIO JaJbHEHIIero pasBHTHA, TeM He MeHee 60.1b-
WOH HHTepeC K TPEeXMEPHOMY MOTPAHHUHOMY CJA0K CAVIKUT J0Kasa-
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TEJbCTBOM TOIO, YTO METOJAbl DELICHHA 3THX PaBCHCTB CKOPO CTAHYT
LOCTYIIHBIMH.

Ipumep 25, IlpeneGperas ausHueM TypOyJeHTHHIX NYJbCAlLKH, NOKA3aTh, Kak
noayautb 8 (x) npu samanuwix H, U, dU/dx u C_,

B 3ToM cayuae ypaBHEHWe KOJMYECTBA JBHKEHHs 0 OTHOIIEHHIO K 02(x) Mo-
JKET CHWTATLCH JHHEHHEIM JudOepeHuHaIbHBIM yPaBHEHHEM IEPBOrO NOPAMKA.
Torpa:

_S‘ H+2  dU dx 5‘ HE2 dU
dx “dx
C + S —5 e dx) ’

rae C — NMOCTOSIHHAsT HHTErPHPOBAHHS.

Ipumep 26. Omnpemeauth 3aBucuMoOCTb Cr: OT yucsaa PefiHoasaca Rey, npunu-
Mas A48 pacnpejeseHusi ckopocredl 3akoH 1/7, npubanmxenHyio ¢popmyay bBaasuyca
pas 6=0,37 x Rex_l/5 M pacupejeneHse CKopoctell BHe morpaHuynoro cios U=Us
th x/L. BuaussHuem TypOyJeHTHBIX Nyabcaluid npeHeOpeyb.

3nayenre C  moayuacTcs npsIMOH MOJCTAHOBKOH B ypaBHEHHE KoOJMYECTBa
rBnKenust. M3 3axona 1/7 umeem:

B =

Orciona H=198,/6,=9/7 u 8,=0,036 x Re, s . IlpoH3Bojs NOACTaHOBKY B ypas-
HEHHE KOJMYeCTBA [BHIXKEHHS, NOJyuaeM
1

-5 2
C.=0,0288Re, B (1 + g,g_z_csch _L{i) .

B. JlaMuHapHble OTPaHKHYHDBIE CAOU

86. Penlenust iast yCTAaHOBUBIIMXCSI IByXMepHKX NOTOKOB.
Pelienue npocToro, Ho T€M HE MEHEe BAXKHOTO CJyuasi yCTaHOBUB-
11erocsl ABYXMEDHOTO JlaMHHAPHOTO TeYeHHsI BAOJb MJAOCKOH INpo-
JIO/NBHO 00TeKaeMoll NJaCTHHBI B pABHOMEPHOM NOTOKE OBLI0 MEPBBIM
3HAYHTENbHBIM NPUJIOKEHHEeM TEOpHHM TOTPAHHUYHOTO CJosl. DTa Mpo-
6a1ema Owblla 3aTponyTa llpanaTaem B €ro OpHTHHAJAbLHON CTaTbe,
a nno3jHee OblJ1a TOJHOCTBIO peuieHa BJIa3I/IyCOM, OIHHM KH3 YUCHUKOB
[Ipanaras. Bo3aMOXHOCTbL TOYHOTO pelIeHHs] YPABHEHHS NOTPaHUYHO-
ro CJOsl B 3TOM cJydae OOBSICHAJIACh TeM, UTO 3MIOPBI CKOpocTell
u(y) uMeroT OAKXHAKOBYIO hopmMy NpH BCcex yHchaax Pefinonnaca, T. e
u=UF(y/8). ®oaknep u CKeH nokasa.H, uTo peileHHe DBaasuyca
ABJSIETCS OAHMUM M3 MHOTOYHCJEHHOTO KJacca TOYHBIX pelleHHufl
VpaBHEHHH NOTPAHHYHOTO CJOsI NMPH NOMOOHBIX 3MIOPax CKOPOCTEH.
DTo ceMeACTBO pelleHHHA HMeeT 0OJbIIOe 3HaueHHe MO TPeM NpPHUHU-
HaM. Bo-nepBbix, B 1OMOJHEHHE K TEUCHHIO BAOJD MJIOCKOH M/1aCTHHE
OHU ONUCHIBAIOT TeUeHHe y NepejHeld TOUKH OTPHIBA; BO-BTOPHIX, OHH
MOKa3bIBAIOT BJAMSIHUE TPAZLHEHTOB J1aBJIEHHsT HA 3TIOPY CKOPOCTEH,
YTO 0COGEHHO HUHTEPECHO Yy TOUYKH OTpbIBa; B-TPETbUX, OHHU CJAYXKAT
OCHOBOH NMpHOJHIKEIHOTO METOAa pacieTa IMOrPAaHHYHOTO CJ05.
[Torokn Poaxuepa — Ckera - 310 Te, AJsi KOTOPBLIX Beqnunna U,
paBHAasl ¢X™ OPH ¢ U 7 NOCTOSHHBIX, €CTh CKOPOCTb Y BHEWHETro Kpad
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[IOrpaHUYHOTO CJ04. Be3BHXp€BOﬁ IIOTOK C TAKHM CKOPOCTHBIM pac-
npenejJeHueM oCTtaeTcd 6e3BHXp€BbIM 1 BOJH3H TOYKH OTPhIBa y OCT-
POYroJIbHOTO ABYXMEPHOIO TeJa C MOJOBHHHBIM YIJIOM IIpU BEpUIHHE
nm
0= . (232)
m-41
Jast niaocko# maactuspl 0=m=0, 114 Texa Tynoyroasuoi dop-

o
MBl m=1; 6=7.

BMecTo HemocpeacTBEHHOH NOACTAHOBKII BhIpaKeHUusy U= cxm
B ypaBHEHHs IIOTPAHHYHOTO CJO0S W PellieHHs HX NoJesHce cHayaJa
PELINTb ypaBHEHHs, [aioliHe TNOAOGHBIC 3IIOPHE CKOPOCTEH u=
=UF(y/d), rae §, mponopuuoHaabio 8. YpaBieHHe HepaspLIBHOCTH
[paBencTBO (207)] yKasbiBaer Ha CyIIECTBOBAaHHE TAKOH (YHKLIHH TO-
Ka P (x, y), Aaa KOTopolt u=0y/dy u v=—0/0x; BbIpa:KeHHOE ue-
pe€3 3TH YJeHbl ypaBHEeHHe /15 YCTaHOBMBILErocs notoka (212) mpu-
ofperaer BHUI

M P 0% Ry AU 0
O_y 0x 0y ox dy? u dx v oy . (233)
Ho
y
P o= ‘ udy =Ud;f(n), raec n= y/é‘o U
0
7
fm = j F (n)dn.
Orciona

L (U +8U) f— 8, Unf;

5_1P_U/_ oy =__Ué*(’)] "
6!/— fv 6x6y 60 ]f_!_ f!
oty _urr . o _UI"
ay? 8 ' oy 2

roe
q ' dUu ’ d
:‘&’ U:__,f:_,l-.,
0 dx dx dn
2f . d3
n:fi_f_ H f//:—f-
dn? dm?

Torpa pasenctBo (233) npeo6pasyercs:

) ’

vl B U
7y +-—=0,

v

5

" l < 7 1 i A 24
Fr+ — (U 4 8,0,U) " —
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Tax xax 1 ¥ X— HE3aBHCHMBbIE I[IEPpEMEHHbIE, TO 3TO DPABCHCTBO
VKa3bIBaeT, uUTo

, U
(U +88U) = ¢y ———=m, (234)

rie ¢; U 1 — INOCTOSTHHbLIE,
Orciofa noJsyuaercs
1 d
— = (8U)=2c,—m u & = 2c—m—.
v dx ( ) 1 ( )
D10 nokasmBaer, uto 0oV wx/U, M03TOMY MOKHO TPHHATH

2¢) — m=1 u, caegosareaso =y ¥ Ufvx. Hakonen, nojcTanoBKa
HalilcHHOro 3HaueHHs aJs1 O BO BTopoe ypaBHenne (234) naer

xU'=mU u U=c¢x™. DT0 [0Ka3bIBAeT, UTO JHIUb MOTOKH PoJiKHe-
pa — CxeHa npuBOAAT K nopobuo smwp ckopocreh. JluddepeHnn-
aJpHOe ypaBHeHHe aad f(n) mosyuaer Tako# BUI:

fW L m__;_lff” — ﬂ‘gf’z +m=0. (235)

['panuunnie yeaosust u=ov=01npu y=0u u=U npu y=co [aIOT
F(0) =F"(0)=0; [' () =1.

OueBupHo, 4To SAA NOLOOHBIX 3MIOP CKOpocTelt mpobJjema CBO-
JUTCSl K pelleHHo OGBIMHOTO auddepeHuajbHOr0 ypaBHeHus, a He
ypaBHEHHUS B YAaCTHBIX NPOU3BOAHLIX, TOUHBLIH HHTErpasJ ypaBHEHHS
(235) He Obl1 HafifeH. [TocKoabKy MeTOM MOJYUEHUS DELIeHUs SBJS-
eTCsi THIOBBIM JJIST PACUETOB MOTPAaHHUHOTO CJOs, OH OYJEeT Npei-
CTaBJeH [eTaJdbHO /s cJaydasi IJI0CKO# mnJjacTuHel (m=0), nas
KoTopo#l ypasHeHHe (235) moJyuyaer TaKOH BHA:

ff" 42" = 0. (236)

Pemnienue B BHJE CTENEHHOTO psijla eCThb NEpBOe NMPHOJMKEHHe:

FO) = ao+ayn -+ JF - bt

3areM
o =a -+ am+—'—n"+

I'pannunbie ycaorust npu =0 naioT ap=a;=0. [Ipu noxcraHos-
Ke CTENEeHHOro psnga B ypaBHeHMe (236) umeem

2a,+ 2a,m+ (@} + 2a5) - + (4205 + 20) T4 =

QTKV1a, MpUpaBHHBas KO3(MOUUHEHTH NOCAeN0BATENbHBIX CTENeHeH
1 HYJIO, IOJAVIaeM CEePHI0 DABEHCTB

aﬁ=a4:a6=a7=a9=a10=”'=0
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I, _ 1 . :
(15: _ ? a2, ad = *—'—2‘ aza5 - —4— az,-...
Orciona, ecin NPUHATD Qg=), pellleHHe ypaBHerusa (236) Mom—
GHITh 3aNIHCAHO B TaKo# (opme:

-5, (4 2

(3n L 2)!

n=0
tae co=1; c1=1; ca=11; ¢3=375; ¢,=27897; ¢5s=3817137, ....
Besnunna 2 noskHa GbiTh BbIGpAaHa TaK, 4T0OLI YAOBJIETROPHT

rpannunoe ycnoene [( oo ) =1. [Monoxus f=d(v) npu A=1, T.
I . e L WIS Lo
@) = 2.5! + 4.8! 8-11! 16-14! ‘
NOJTY4YHM
fa)=2"® ("), (23]

OTKyﬂ,a OJ1s1 TPAaHHYHOTO yCJ10BHS nN=
lim 7 () = A7 lim @ (A7 q) = A7 lim @ () = |
’q-oOO

T+ ®
W TIOTOMY y
A = lim [J]
T (D7 (M)

Taxum o6pasom, B NpUHUHIE & MOXKET OLITb OMNpEAeIeHAa BHIYHC:
siennenM @’(n) no ee psay AT BO3PACTAWUIMX 3HAYEHHH 1) 10 Tex
nop, Noka He GyaeT MOCTHTIIYTO AOCTATOYIIO NOCTOSTHHO® ACUMITOTH-
yeckoe gHauenune. OaHaKo 4151 GOMBIUMX 3HAYCHHH 1 PAL CXOTUTCS
OYeHb MENJIEHHO M NPeanoYHTeNbHeC BIMMCASATE /(1)) 4YHCACHHDBIM
HHTErPHDOBaHHeM AHM(EepeHUMasbHbBIX YpaBHeHHil. Takum nyTeM
Gbiio HaBgeno, uto 2=0,33206 .... Coraacho paBencroy (237) um-
CJIeHHble 3HAueHHs BeanuuHb! @ (v) # ee NPOM3BOAHBIX ZAIOT OLHO-
EPEMEHHO yHcaeHtble 3HadeHust f(n). B vacTooctn, acnmMroTHueckoe
aHauenue f(n) East GOMbUIMX BEIMUHH 1) NOJY'UHJIOCH PAaBHBIM f (1) =-
~n— 1,72077 . ... Mamenenuc «/U n V Re, v/U ot 1 nokasano na
puc. 106. Kpusas u/U y cTeHKH NOUTH JnHefiHa. DTO TBAKETCS caei-
CTBHEM TOTO, UTO KpHBas u/U mmcer Touky mepernba npu y=0, 7. e.
92u/dy*=0 npu y=0, 4TO CTAHOBHTCS OYEBUIKLIM NPH BHECEHHH rpa-
HHUHBIX yeaoBit u=v=0 npu y=0 b pasencrso (212). Unrepecno
OTMCTHTb, UTO HOPMAaJIbHbIH KOMIOIEHT CKOPOCTH ¥ 1€ HCUE3aeT NpH
BOJIBIIHX 3HAYCHHUSAX Y,

Kos¢huuuenTsl KacaTe bHbIX HANPSDKEHH H COMPOTHB.IEIHS A5
TTOCKOMH ITACTHHBI IPH IAMHHADHOM NOTPAHHIHOM CJI0E MOTYT GbITh
JIETKO TOJIvUeHbl. J11s1 KacaTeNbHbIX HANDAKEHHA Ha CTEHKe

w5 = w UF ORef s = ot 2
e’

n— 2

9 ‘o
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HJIH
T 0,664
C. = 2 = ; Re, = — |
N 1 U Re'/z %
—_ "X
B Y
Conporusnenne F, npuxonsiiieecs Ha eIHHHIY UIHPHHDL, A5 OfI-
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n sVRe, y/x
Pue. 106. dmopb cKopocTell MOTOKa Ha NAOCKOH maa-
CTHHE
HJIH
Re
F 1
C,:—T =§8_(C1dRex.
oty x
o MY Y

Otcrona BHAHO, 4TO KO3D(HUHEHT CONPOTHBJEHHS PaBEH Cpei-
HeMy KO3()(HUIHEHTY KacaTe bHbiX HanpsxKeHHH. [logcranoBKa 3HA-
uenn#t C_ npaer

1,328
Re/:

Ciremyer OTMETHTB, UTO IPIl BLIYHCJAECHHH COIPOTHBAECHHS 10 €ro
K03 GUIHEHTY HEOGXOAHMO 3HATD TJIOWLANb TTOBEPXHOCTH M1ACTHHE,
COmpHKacaiolecss ¢ BOIOH. IDTH TeOpETHYECKHE pe3y.IbTaThl,
B OCHOBHOM INpHHaA/exaluue biasmycy, npeBOCXoAHO coraacyior-
Cl C 3KCIIEPHMEHTAAbHBIMH JIa HHBIMH,
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3uauenun u/U=["(1)

TaGanuua 2
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v

3nauenus wpU=f' (v) npu peanunHe m
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Bmiopst cKopocTeit U=cx™

Tatbauma 3

m e AN 2 H 7 (0) E
J ‘ J | }

—0,09041 | 7,1174 | 3,4970 | 0,8673 ' 4,0323 © 0,0000 | 0,0000
—0,08676 | 6,5116 &= 2,9702 = 0,8538 = 3,4789 0,081 | 0,0496
—0,08251 | 6,3490 | 2,7631  0,8377 | 3,2986 0,0870 0,0729
—0,07407 | 6,0258 & 2,5094 | 0,8113 . 3,0932 0,1296 | 0,105
—0,06542 ; 5,8516 | 2,3356 | 0,7875 | 2,9658 0,1637 | 0,1289
—0,04762 | 5,5066 @ 2,0918 = 0,7462 |, 2,8033 0,2202 0,1643
0,00000 | 4,9501 . 1,7209 0,664 | 2,5913 ' 0,3320 0,2205
0,05263 | 4,5487 | 1,4893 = 0,6002 ' 2,4815 | 0,4258 0,2556
0,1111  4,1590 | 1,3201 | 0,5479 = 2,4093 | 0,5120 0,2805
0,1765  3,9114 | 1,1884 | 0,5027 | 2,3641 | 0,5942 0,2987
0,2500 . 3,6682 = 1,0786 ' 0,4636 | 2,3268 0,6753 0,3130
0,3333 | 3,4292 | 0,9850 | 0,4292  2,2950 0,7575 0,3251
0,4286 | 3,1946 . 0,9038 | 0,3976 | 2,2731 | 0,8418 0,3347
0,6667 | 2,7385 = 0,7655 | 0,3414 | 2,2424 1,0224 0,3490
1,000 2,4000 | 0,6480 ' 0,2923 | 2,2169 1,2326 0,3603
1,500 2,0571 1| 0,5429 | 0,2470 2,197 1,4987 0,3690
4,000, 1,3283 = 0,3441 | 0,1582 | 2,1745 2,4047  0,3805
c© o | 0 0 ' 2,160 o | 0,3875

|

Bonee obmee nuddepenunanpnoe ypasnenue (235) uucaenno
npounterpuposano Qosksepom u CkeHom u eule Godee Touno Xap-
THEM, UbH pe3ysbTaThl NPUBOAATCS B TalJ. 2. Pas/iuuHBie BHABI Xa-
PaXTEPHBIX SMIOP, PACCUUTAHHBIX MO Taba. 2, NpuBeieHnl B Tabda. 3.
Haist Kaxm ol SMopsr cKopocTel 1o Tabul. 2 MOKHO ONpeLeauTh

Yo

N, =96, ‘/Z = S‘(l_f/) dn

0

07 02 06 10 14 18
m

Puc. 107. XapakTepucTHKH TOROGHBIX 3MIOP CKO-

pocreif
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Ny =98, ‘/g=jf,(l—f,)d7],

144

a8

le

a4

42

3
7z

Puc. 108. CemelicTBo mnoaoGHBIX 3mOp cKopocTeit

rpe

Y
o =9 VT s [, m) = 1.
X

¢}
3HaveHHs Mo, N2 U H= é—l— B (DYHKLIHH OT m NpHBejeHsl Ha puc. 107,
2

[IpencraB/ienne nepeMeHHBIMH (GYHKIHSAMH MOZOGHBIX 3MIOP CKO-
pocTe#l, 0cO6EHHO MoJIe3Hoe AJs NMPHOIHKEHHOTO PacyeTa NMOrpaHuy-
HBIX CJIOEB, AA€TCA BhIpaxeHnueM u/U B 3aBUCHMOCTH OT /Mg =y/8y=
=YuorH,1eu/U=g(Y, H).

Omiopel CKOpocTeli B Takoi (YHKIHMOHAJbHOK (GopMe MOKa3aHbl
Ha puc. 108, rae snauenus Y BBIUMC/IEHB! IO BEJIHUHHAM 1) H 1), B3A-
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ThiM H3 TabJ. 3. C noMoIbio KpHBHIX pHC. 108 MOACUHTHIBAIOTCS Ka-
CaTesibHble HATNIPSIKEHHUST V¥ CTEHKH

du uwU [ dg )
Ty = —_— _— [ —=
o= H <6y )0 (o ( Y Jy=o

3HaueHusa

8 " g \
E= "% _ 0) = (%8
" na f*(0) (OY)y:o

TaKKe MOTYT ObiTb B3SIThi H3 Ta0J1. 3.

ITo puc. 108 Buano, yTo TOYKA U3rHGa, KOTOpPas HAGIIOAAETCS npHu
y=0, xorna m=0, OTCYTCTBYET NPH MOJOKHTEJIbHBIX M. TO TOJ-
TBEPZKIAACTCS  TakKkKe paBeHCTBOM (212), koTopoe mpu u=uv=0 u
y=0 naer 0%u/0y><0, T. e. KpyTH3HA SMIOPH CKOPOCTEH yMEHbIIAET-
€A, Kak BHIHO H3 puc. 108. Tak Kak 3TO [0Ka3aTeqbCTBO NPHMEHH-
MO KO BCEM IOTOKaM C YCKODEHHEM, TO, OYEBHJHO, BCe TaKHe MOTO-
KH 00/1aJal0T TeM ke CBOACTBOM. Korza m oTpHIATENBbHO [CM.
puc. 108 u ypasnenue (212)], XpyTHsHa 3MOpH CKOpoCTed Bo3pac-
T4€T, HO TaK KakK y Kpasi NHOTPAHHYHOTO CJI0SI CKOPOCTb HEH3GEKHO
Hagaer 10 HyJas, TO B KaKOH-TO NIPOMEXKYTOUHOH TOYKe 0653aTelb-
HO Ro/IKeH cyllecTBoBaTh neperu6. Kpome Toro, o6Hapy:XKeHo, uto
npn m=—0,0904 snauenne (0u/dy),=0, T. e. NIPOHCXONUT OTPHIB.
STo MOKa3bIBAET, UTO MAXKE HE3HAUHTENbHBIE MOJOKHTEIbHbIE rpa-
JMEHTBl @BJIEHHSI MOTYT BBI3BIBATb OTPHIB.

87. Pewenns s yCTAaHOBHBLIETOCS OCECHMMETPHYHOTO MOTOKA.
Korna 6 < ro, ypaBHeHHs: morpaHHuHOrO CJI0S AJ15 YCTaHOBUBUIHX-
€A IBYXMEDHBIX U OCECHMMETPHYHBIX [TOTOKOB, 332 HCKJIOUEHHEM He-
KOTOpBIX CjlaraeMblX, HIEHTHYHbl YDaBHEHHIO HEPa3pHIBHOCTH. MaH-
T/Iep HaIIeJN METOJl Eepexoja MeXAy STHMH JBYMS CHCTEMaMH ypaB-
HEHHH, TaK 4TO NMpoG/eMa OCECHMMETPHYHOTO [OTOKA MOMKET OBITh
CBELCHA K DEIUEHHIO COOTBETCTBYIOILETO JBYXMEPHOIO MOTOKA.

[Tepexox or xacaTenbHON M HOpPMaJbHOI KOODJIHHAT X, Y oce-
CHMMETPHYHOTO NOTOKA K KOODJAHHATAM Xp, Yp ABYXMEPHOTO IOTOKA
BbIpaxKaeTCsl 3aBHCHMOCTSIMH Xp=1Xp (X, Y); Yyp=yp(X, Y) C u- u v-
CKODOCTHBIMH KOMIIOHEHTaMH 151 OCECHMMETPHYHOTO IIOTOKA, Up H
Up—TO Xe, sl IBYXMEDHOro notoka. Beipaxenuss Mauraepa ra-

KOBBHI:
1 R ‘
) . — ro .
xPZF.S rg(x)dx’ yp‘_ljyx '
0 ! (238)
L o I
Up=1U, Vp=—{0U-F—yu |,
£ P ro ( + To Y ) )
rmpe
’ df()
r. = —
0 dx
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Sra 3aMeHa NMOJACTABASETCS B ypaBHEHHS OCECUMMETPUUHOIO IO-
rpaHUYHOrO cjos A/t cayuas 8 7, HaNHCAHHLIE B BUIE:

ou du du 0%u
S s = U 23
uax v dy de +v6y2 (239)
u 4 % T, (240)
ox dy 1o

BesiMuMHBI, BXOJSIINe B 3TH PaBEHCTBA, MOIYT OBITH BEIPAXKEHBI
cAeyIOIHUM 00pa3oMm:

o _%p dip | Op Op 7 Oep 4 Oup
ox 0dxp dx = dyp Ox [z Oxp L dyp’
du  Oup dyp g, Oup

oy  dyp Oy L dyp’

2
Uy = U aUp d_"P "o dUp

depldx—_—z;deP’
9% ( ro )2 0%up
oy L (7_1/21;

Kpome Toro, ua paBencrsa (238) Haxomum

o o
U= — Up—— Yl
L P 4] y P
9 , ,
‘a}i~ rg Ovp o yro Oup

oy L* a3y n P L

k0 oy
Otciona paBeHcTBO (239) noayuaer Takoil BHA:

2 ’ 2

rg Oup L {1 Oup 15 aUp %,
— |u,5—+—~—|—yu+tv} .~ |=-—{|U v

L2 [ Poxp + ro (ro yu + oYp +

P
L2 dxp

6y§,
HJIU
Oup dup dup Pup
. U ——— = - .
Poxp P oyp P dxp oy,

[loncraBuB BHIIENPUBENEHHBIC BhIpaXKeHUs1 Aasi Ou/dx u Ov/dy
B paBeHCTBO (240), mosyuum

9 '
ro  Oup yry Oup
E e
12 Xp L Yp
9 ' . ,
rg  Ov 7 yry Ou r,
(o X o, Yo Me), 0,
L 9yp
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CrnepnoBaTenbHo,
Oup ovp,

Oxp,  Oyp 0.

Takum o6pasom, BUIUM, UTO Up H Up YAOBJETBOPSIOT yPaBHEHH-
AM IIOrpPaHHYHOTO CJIOsT AByXMepHoro moroxa. Tak kKak yp=0 npmu
¥=0, a up=vp=0 npu u=v=0, TakxKe yJOBJIETBOPEHO yCJIOBHE OT-
CYTCTBHS NPOCKa/b3blBaHHS Ha rpanuue. Heo6xoIHMO OTMETHTb,
U4TO PacnpejeseHHe CKOPOCTH Yy BHEIIHEro Kpas COOTBETCTBYIOILErO
IBYXMepHOro norpaHuudoro cjoss Up(x) coBmagaer c pacrpenese-
HHEM CcKOpOCTH (e3BHXDEBOTrO IOTOKa Ha Tese BpameHHs U(x).

Ta6auuga 4
Pacnpenesieine CKOPOCTH y BepLIHHB! KOHyca

Q4 8 2pad m 8, B 2pad m
0 0 50 0,299
10 0,013 60 0,423
20 0,053 70 0,578
30 0,116 80 0,765
40 0,196 90 1,000

Paccmorpum Tenepb ocecHMMETpHUHBIH MOTOK BOJM3H MepepHel
TOUKA oTpBIBA TE&Ja BpalleHHs:, IjJe pacnpeneeHde CKOPOCTH MOTEeH-
IHadbyoro nmoToka uMmeer Bux U=cx™, 3pech m— PyHKIMS IOJIO-
BUHHOro yrsaa 0y y BeplIMHBEI KOHYCa B TOYKE OTpPLIBA, BeJHYHHA M
NPHBOuTcs B Ta0J. 4. Tak, 1151 TynoyronbHoro Tesna 8p=90°u m=1.

Ilpumenum npeo6pasoBanue Manrsiepa [ypaBaenns (238)] aas
N€peCyera NOTOKA y KOHyCa B MOTOK Yy JABYXMEPHOrO KJHMHA.

Taxk kak ro=x sin 6y, To

X . g
XP-——S—USIH 60,

U

Yp= _"Li sin Bg;

J— J— m —— 1
p=U=cx™=cpxpP,

rape

Cp == ¢ (BL* csc* 6,)™3, a m, = m/3.

Ho nns coorBercTBylomero gByxMepHOro motoka IOJOBHHA Bep-
WHHHOYo yria KauHa paBHA Ogp=mp/(mp+1) =m/(m+3) pad.
Takum o6pasoM, BepIIMHHLIA YroJ AJAsi COOTBETCTBYIONIEro KJHHA
OTIHY aercst ot 6o, Hanmpumep, korna 8,=90° u m=1, 0 Gpp=45".

Oliopa CKOpocTell B MJIOCKOCTH XpYp MUMEET BUJ

u

—— = [ (np),

Up

311



rae

B ]/ Up 3U V3
np yp vxp Yy v =M 3 .

Orcrona, nockoabky #/U=up/Up, 1pH NepeHoce 3MIOp CKOPOCTEH
C IIOCKOCTH XYy, TAe HM COOTBETCTBYeT 3aBUCHMOCTb U=cx™, B
IJIOCKOCTb YpXp H NMOCTPOEHHH TaM 3aBucuMoctd Up=cpxp’  mo-
no6ue 3MI0p He HapyImaeTcs, TaK KaK NPOUCXOJSIT JUMIb [IPOMNOPIHO-
HaJbHbIE H3MEHeHUsl 10 ocH abcmuce. B wacTHOCTH, COOTHOWIEHHS
pas3JHyYHBIX TOJIIHH, TaKUX KakK f, IpU 3TOM nepeHoce COXPaHSIOT-
cfl, H NpeicTaBJeHHbIe Ha pUc. 108 smiopbl ckopocTell B BUIE 3aBHU-
cumoctd u/U=g(Y, H) ToXIoecTBeHHB MJsi ABYX- H TPEXMepPHBIX
cayuaeB. ChaeayeT 3aMeTHUTb, OJHAKO, YTO aOCOJIOTHBIE BEJHYHHB
TOJIIUHH TOTPAHHYHOIO CJOSI He COXPAaHSIIOTCsl, HanpuMmep Ogp==
=V 30s.

88. HpubGanxKenHble METOABl pellieHUA A YCTAHOBHBIIHXCH MO-
TOKOB. BooGie mnpo6sembl MOrpaHdYHOrO CJAOSI He MOTYT GBITh
CBELEeHbl K DEIMICHHI0 OOBLIKHOBEHHOro NHb(epeHaJbHOrO0 ypaBHe-
HHA. MaTeMaTHYeCKH M3SILIHBIH METOJ pelleHus YPaBHEHHH JBYX-
MEPHOTO IOTPAaHHUYHOTO CJIOSi B YACTHHIX IIPOH3BOAHBIX, MPENJIOKEH-
HBIH BlepBHIe BJazuycom W pas3BUTHIA BrnocaencTBUH K. XefiMeHIIOM
u JI. ToBapnom, BbHIpaxKaer pacrpeeseHHe CKOPOCTH CTEEHHBIM pPsi-
JOM IO JJIHHE AYrH BAOJb TPAHHUBI C K03 dUulUHEeHTaMH, NPEACTaB-
JAIOIMIHMH  YHUBepcaJbHEe (GYHKUUH OPTOTOHANBHBIX KOOPIHHAT.
ITOoT MeToA o6JajnaeT TeM NPEHMYLIECTBOM, 4TO, pa3 3aTabyJaHpo-
BaB yHHBepCaJbHBIe (QYHKIHH, MOKHO pemiath Jaio6ble IByXMepHBIE
npo6JeMbl C MOMOLIbI TOJMbKO apUPMETHUECKHX BHIKJamokK. Heno-
CTaTKOM 3TOTO METO/a, OMXHAKO, SIBJSIETCST TO, UTO B CAydae MelJeH-
HOI CXOJAMMOCTH AJiSl OJYYeHUsI TOYHOTO pelIeHHs] TpeGyeTcs G0b-
1iee YHC/JA0 YHHBEPCAJbHBIX (QYHKUHH, YeM 3aTabyaupoBaHo. Tem He
MEHee 3TOT METOJ OYeHb leHeH /il NPOBEPKH TOYHOCTH APYTHX GO-
Jiee TPOCTBIX METOAOB C MeHbINMM NPHOJHKEHHEM H HCHOJbL3YETCs
Ha npakTHKe /51 pacueTa MepBOro yyacTKa JAaMHHAPHOrO Morpa-
HUYHOTO CJ/I0s1, TOTAa KakK CJACAYIOLIHE MO TEUEHHIO YYAaCTKH pacCyH-
THIBAIOT IIPH NOMOLIM OJHOTO H3 HMEIOMIUXCS YHC/JAEHHBIX NPHEMOB
MOJYYEHHST MOCJAEJ0BATENbHBIX H3MEHEeHHH NpodHsasi MOrpaHHUHOTrO
csosl. XOTs 3TH METOAbI IBJAAIOTCS JeHCTBEHHBIMH CPEACTBAMH pellle-
HHs npo6JeM JIaMHHADHOTO IOrPAHHYHOrO CJIOSl, OrpaHHYEHHOCTb
o6'beMa HacTosilled paGoTHl HE MO3BOJISIET H3JIOKUTb HX 37eCh. Bme-
CTO 3TOr0 PAaCCMOTPUM METOH pelleHHs, NpeanoxeHHbit Befrapa-
TOM, CUMTAIOLIMHACS JIYUIIHM H3 HU3BECTHBHIX METOAOB. B sToM meronme
AuddepeHIHaNbHOE YpABHECHHE: B YACTHHIX MPOHM3BOAHBIX TaKXKe 3a-
MeHsIeTcsl NPHOJH3HTENbHON CHCTeMOH OGBIKHOBEHHbIX nuddepeH-
U HAJbHBIX ypaBHEHHH.

Ilpu pacuere MOTPAHMYHOTO CJOA TPEOYETCS ONPENeNHTh SMIOPY
CKOpOCTeH, TaKHe TOJIIMHBl OTPAHUYHOTO CJIOS, KaK TOJIIHHY CMe-
I€HHA U TOJILIHHY KOJIHUECTBA ABHKEHHS, KacaTe bHble HANPSKEHHS
H TOUKY OTpBIBA. BOJIBIIMHCTBO NPUOAH3HTENBHBIX METOAO0B peIleHUs
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npo06JieM J1aMHHAPHOTO IOrPAaHHYHOTO C/10S HAUHHAETCA C yTBepKjae-
HHS, YTO BCE NBYXMEPHBIE H OCECHMMETPHUHbIE MPOGUIH JaMHHA PHO-
ro NOrPaHHYHOrO CJI0S PHHAAMEKAT OJJHONAPAMETPHUECKOMY ceMeil-
CTBY TaKHX KDHBBIX, KaKHe ObLIM HaHJeHbl, HapHMep, AJs Ge3BHX-
peBoro motoka: U=cx™ (cM. puc. 108). Ilpu TakoM yTBepKIeHUHU
OTNAAAET HEOGXOAUMOCTb B CNENHAJIbHOM HAXOXKAEHHH SIIOPbI CKO-
pOCTEH, IIOCKOMbKY OHAa MOXKeT GbITh ONMpefieseHa KK Of(HH U3 YJICHOB
ceMefiCTBa 10 BeJMYHHAM ADPYTHX XapaKTepHCTHK. TaK KakK Kaiblil
u/JeH CeMEACTBA 3MIOp CKOPOCTel 06/anaeT CBOWM OTHOLIeHueM H =
=01/02, TO H MOXKeT CYHTATBCA NaPAMETPOM, H3MEHEHHS KOTOpOro
naloT pasyMyHble KPUBBIE cemelcTBa. Ha 3ToM ocuoBanmuun H Hasbl-
BaeTC NPOQHIHPYIOIHM NapaMeTpoM, XapaKTePHCTHKA KOTOPOTO
ONpPENENACT 310Dy CKOPOCTeH.

Crenyiomuii npueM NPUMEHHM K ABYXMEPHHIM HJH OCECHMMET-
PHYHbIM TIOrpaHHYHBIM ca0siM. IIpeanosnoxuM, uto BhIGpaHa Takas
3MI0Pa JTAMHHAPHOH CKOPOCTH:

L. Y
U g, H),Y 5

Torpa Hgy= ?’— H A siBasiiorea dyskunsmu H. Ipyrok dyskumeil
2

H aBnsiercs
en(L) = W 20 H)
ay 0 (52 aY
HJIH
E— X%
o

PaccmoTtpum ucnosbsoBanme Metona aas OCECHMMETPHYHOTO 10-
TOKa, TAK K&K NBYXMEDHLHIH SIBJISETCS ero YaCTHHM ciydyaeM. Ilpu
E=Ub%/(xv) m w=xU'JU ypaBHEHHE KOMUYECTBA JBHKEHHS (226)

MOXeT OLITh 3amHcaHo B popMe

xU [1 + % sin -+ (34 2H)'coJ€ = 9E, (241)
[}
4 YpaBHeHHEe sHepruH (227) CTAHOBHTCS TaKHM:
Xy 2% .ﬂgﬁ'+(1 1 2 Ging -+ 50)) — 4 49
Hjp daH fo Hsa

WUnas ¢opma ypaBnenus (242) NOyYyaeTcsl HCKJIOUeHHeM [ U3
PaBeHCTB (241) u (242)

—xH' = o F (H) + _é G (H), (243)
Tne

F(H):..fiiﬁw;‘_])_; G (H) ZM.
dHss/dH dH3p/dH
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PapenctBa (241) u (243) — onHOBpeMeHHO OGLIKHOBEHHBIE 1H(-
(epeHuHa bHBIe YDaBHEHUS A4 { M H xak QyHKIHHA X.

C ueablo MOJIyYeHHS YMCJIEHHOIO peleHHS 3THX PAaBEHCTB JUIA
HEKOTOPHX JBYXMEpPHBIX HJH OCECHMMETPHYHBIX (POpM mpearoJara-
10T, YTO pacnpeieseHHe CKODOCTH y Te/a H3BECTHO U3 peLIeHHs A/
NOTEeHLHAJIbHOTO NOTOKA WK Mo 3aMepaM. Kpome TOro, BOJIH3H TOUKH
OTpblBa MOrPaHHWYHBIA CJOH XapaKTepH3yeTcs OJHOH H3 MOLOOHBIX
3MIOp CKOPOCTEH, NMpUBEJeHHBX Ha puc. 108, sHaueHHs m /1 KOTO-
pHIX B IBYXMEPHOM HJ/IH OCECHMMETPHYHOM HOTOKE NPHBEJECHBI B BH-
Je 3aBHCHMOCTH OT yIvia Npu BepwuHe [paBeHcTBO (232)] nam B
Taba. 4. Pemenuss ocTaloTCs TOYHBIMH A0 AJHMHBI LYFH X, I1€ OTKJO-
HEHHsl paclpeeseHust CKOPOCTH OT NepBOHAYaAbHOH (POpMbI, BbIpa-
AEeHHOH 3aBHCHMOCTbIO U= (x™, CTAHOBSITCS OLLYTHMbIMH. BeJH4iHbl
to 1 Hy Ha 3TOM yuacTKe MOTYT CJAYXKHTb HavaJbHbIMH YCJOBHSAMH
A5 AByX nuddepeHnHalbHEX ypaBHEHHH.

J1st upcaenHoOro pewienus ypasuenuit (241) u (243) moxer OpiTh
HCIIO/1b30BAH OJIMH U3 U3BECTHLIX MeTOL0B. IIpHOJHKEHHBIM, HO NIPO-
CTBIM NOpPHEMOM I[IOC/€I0BaTEIbHOTO DeuleHHsl AH((epeHnHaNbHbIX
ypaBHeHUH sBJsieTCs caenyloliuil. Boibepem Manbld HHTEpBad Ax, B
KOTOpOM pasJnuHble HyHKIMH, BXOAsLLHEe B paBeHcTBa (241) u (243),
MOTYT CUMTATbCs MOCTOSIHHBIMH. 3ateM, 3aMeHaa {' Ha (L1 — Go)/Ax
u H na (H,— Ho)/Ax, rae x=X,, nolydyaeMm H3 ypaBHeHui (241)
U (243):

&= Lo+ Ax 12E0~—[1 -+ 2% Sing -+ (3 2H)) mo}Co\
1)

X L rao J

H1=H0'_£(@0F0+%>

Xo A 50
Wiu B obuleM BUIE

gn-{-l = Cn + A;{{QEH - [1 + "%x—n’ sin en + (3 'é‘ 2Hn) (’)n} gn}

Ton
H Ax G
H,o=H,— (0, F, -+ 22).
s " L7 AN o - En /

Kpuseie F(H), G(H) u E(H), onpeaejennsle 1/s CEMEACTBA [10-
NOGHBIX 3Miop, NpuBegeHbt Ha puc. 109. IToab3ysch 3TUMH KPHBBIMH,
10 ypaBHeHHsaM (244) MOXKHO BBIYHC/IHTb NOCJIE10BATE/NDbHbIC 3HAYE-
nus H, ¢ u otcioga 8. 3HaueHUs APYTHX XaPaKTEDHCTHK MOTPAHHY-
HOTO CJOS, COOTBETCTBYIOWIMEe 3THM [, MOryT ObITb ONpene/eHsl 3a-
tem no puc. 107 u 108,

89. HeycranosupuiMecss nmorpaHuuHble cjou. Jlo cux mop pac-
CMaTpPHBAJHUCh TOTPaHHYHbIE CJIOH YCTAHOBHUBHIMXCS NOTOKOB. XOTH
OHH BKJIOYAOT GOJIbUIHHCTBO MPaKTHUECKH HHTEPECHBIX CJyUyaes, pas-
BUTHE NOTPAHUYHOrO CJ1051 BOJb [TOBEPXHOCTH, NBHKYILEHCS C YCKO-
pEHHEM IO OTHOUIEHHIO K XKHIKOCTH, TAKXK€ BaXKHO, TaK KaK OT]eJe-
HHEe HJIKM OTPHIB NpPH YCKODEHHH MOXKET IIPOH3OATH paHblle, YeM MPH
YCTaHOBUBIIEMCS] ABHKEHHH C TOH Ke CpPeIHEH CKOPOCTbIO.

(244)
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B npenbimyliux BBIBOJAaX ypaBHEHHH TOTPAHHUHOTO CJIOS BpeMf
ObIIO BKJIKOUEHO, KaK OJlHA M3 He3aBUCHMBIX NMcpeMeHHBIX. OuesuaHo,
YTO 3aJaud, B KOTOPBHIX 3Ta A00aBouHas mepeMeHHas J0/XHa ObiTb
vuTeHa, PelHTh TpyaHee. IIpubaHKeNble PEeHHs ObIH IOJyYeHbl
AleTOLOM TOC/IEA0BATENbHBIX TPHGIIHKeHud. TOT METO OBl DpHMe-
HeH K TeNMaM, BHIBOAHMBIM H3 COCTOSIHMS [OKOS HMNYJbCHBHO HJH C
IOCTOSTHHBIM YCKOpEeHMeM, H K TeldaM, [0 BepraeMbIM nepHOAHYECKHM
nepemeliennaiM. B Kaxa0M cjaydae 3TOT METOXL JAaeT paAl xuddepen-

95 3 450
0/4 \\ /// 2 40
\f\ f
a3 AN PR P
W <
a2 S 0 20
1/{ \\
a7 ™ 7 10
A //
aJ -2 147
20 22 2,¢ 25 z8 30
i

Puc. 109. BenoMorateabible GyHKUKHH ian pacuera norpa-
HHYHLIX CJIoeB

UM aJIbHbBIX ypaBHEHI/II;I B YAaCTHBIX [MPOHU3BOJHbIX, HalOMHHAOUWHX
YpaBHEHHA TEIJIOBOTO IIOTOKA, DCIICHNHE KOTOPBIX cTaHOBHTCH Bee 60-
jee H OoJee TPYAOEMKHM. METOD, MOXeT OBITh pOHJIIOCTPHPOBAH
JHAUYHTEJNbHBIM YBEJAHYEHHEM INOTPAHUYHOTQ CJOA HA UWJIHHADE, HM-
NyJAbCHBHO BbLIBEACHHOM H3 COCTOSAHNA ITOKOS.
ypaBHCHHH ABYXMEPIIOTO HOTPAIIHYHOrO CJIOS HMEIOT BHA:
ﬂ‘_*_uai_l_va_u_——_ iq+v§_zi;
ot 0x oy dx ay?

ou du
—_— — =0,
Ox - oy

Cpannuueie ycaopusa: u=o0=0npu y=0, u=U(x, {) npu y=co,
rae U(x, t)=0 gas t<0u U(x, {)=U(x) ansa t>0 [3xecb U(x) —
pacmpefiesienie CKOPOCTH BAOJb TPAEHIEl B YCTAHOBHBIICMCS Ge3BHX-
peBoM notoke]. Tak Kak ABUKeHHe HAUHHAETCH C HYJEBOH CKODOCTH,
MOrpaHUYHBIA CAOH BHAaUYaje OUCHL TOHOK H (PAKTHUECKH MOY(eT pac-
CMATPHBATLCsl KaK BHXpeBO# cioll na TeBeproit rpanuue. Cienosa-
TeJbIO, KacaTeNbHble HANPAXKEeHUsl y CTEHKH CHauala OueHb BEJHKH,
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a Tak Kak KoMnoHenTH paBjenuss UdU[Ox 1 KOHBEKIHH B YCKOPDEHHH
HMEIOT TeM He MEHee HOpMaJbHBble BEJHYUHB, TO, OUEBHJHO, Kaca-
TEJbHBIE HANPSIKEHHS] JOJ/IKHBI IPHMEPHO YPaBHOBEIUMBATBCS He-
YCTAaHOBHBUIHMCSI KOMIIOHEHTOM ycKopenus Oufdf. [pynnupoBka
IJ1aBHBIX YJICHOB B OJIHOH CTOPOHE DAaBEHCTBA JaeT HTepPalHOHHbIE

bopMyJibt
duo v 0%u,

o Vap =0
g 249
ax dy
u
On _ Pun_ gy U Yo, Mt
at oy? dt =1 9y =1 5y 946
au, v, ( )
=0,
0x dy

roe n=1, 2, 3,...; rpaHHYHbIE YCJOBHA Upn=U,=0 npu y=0H U,=
=U(x) npu y= oo,

IlepBoe u3 paBeHCTB (245) HMACHTHYHO OXHOPA3MEpPHOMY YypaB-
HEHHIO TENJIOBOro NMOTOKa, KOTOPOe paccMaTpHBaJoch B raase V. Ero
pelueHHe MMeeT BHA:

uy=u(xyerfg,
rae
¢

/] 2 —&3

=—" erfl=—2—| e dt.
2V vt Vx {

0

M3 Broporo paBeHcTBa (245) monyuaercs

oV v Y 1 _
vo=—2) vt . [Eerf& V_(l ea)].

T

g

3HayeHHe u; OmpefeasieTcsl U3 NepBoro paBeHcTBa (246) moxmcra-
FOBKOH B €ro NpaByIO YacTb ITOJyYeHHbIX BbIPAXKEHHH Ug U Uy.
Ecau npuHATh, YTO 3HAYEHHE U, HMEET BHJ

au
w=uy+ 10 f @), (247)
TO OKa3bIBaeTCd, 4TO

f”+2§f’——4f=4[erf2§— 2

teVerfE—14-

k1 1

£ 2 (e ¥ — e"'w)] .
21
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Pemense sToro paBeHcTBa JaeT

f-Lererrs - et
9
+l— e S e pa@e 1)+
3n b

[Vn@§+0mf+R$y

rie a u b, BeiGpaHble A5 YAOBJETBOPEHHS FpaHUUYHBIX YCIOBHE f=0
npu E=0 u E= co, HMEIOT 3HAYECHHA

—( 2 ):—1,21221..,

Vu

OTpbiB NOTOKA OT CTEHKH NPOH30HIeT TaM, Korga du/dy=0 npu
y=0, 1. e. korga du/0E=0 npu £=0. VI3 paBencrBa (247) mosyuaer-
cd B IepBOM IPUOJIHXKEHHH [/l BpeMeHH T, yepe3 KOTOPOE IPOH30ii-
AET OTpPhIB

b=

(1 + —--) — 0,80364...

4\ dU
1 (1 m) Lo,
+ + 3n / dx
Otpei Hauercsi, Korna dU/dx pocturHer cBoero HauGoJibLIEro
OTPHIATEJIBHOrO 3HAYEHHA, T. €.
0,702
Ty = — e,
MHH ( &)
dx 'yaxe
Tpumep 27. Tlokasatn, uTo, €C/in U (X, y) U v (X, y) pelleHHs ypaBHeHuH ABYX-
MEPHOTO JJaMHHapHOTO NMOTPAaHHYHOrO cJos, u*=(x, y, t)=u(x, y, t) n v* (%, y, t)=
=u(x, y, t)—[(x)u(x, y, ) TakKe SBJAIOTCA HX DEMIEHHAMH NPH YCJIOBHH, UTO

y= y—{—i( x), roe f(x) ~ NPOHM3BOJIbHAS AHAJTHTHYECKAS (YHKUHA.
BrinenpusegenHoe CBOHCTBO HamoOMMHaeT KOH(OpPMHEle npeo6pa3oBaHusl B

TOM OTHOLIEHHH, YTO MO3BOJSET MOJYYHTb pellleHHe YpaBHeHHH MOrPaHHYHOrO CJIOs

npeoﬁpaaosanueM usBectHoro. ®yHkuus f(x) moskHa GbITh TOrO XKe MOPAAKA, UTO

n 8(x). 3agaua Moxer GHTL chOpMyaupoBaHa Tak., DYHKUMH u(X, §), 0 (%, §)
Y/IOBJETBOPSIIOT ypaBHEHHAM:

ou ou ou ol U 0%
o T T e PV TV
LN
ox ay '
TpebyeTca nokasaTb, YTO
ou* ou* ou* ou* oU*
a T e Ty T T e

vdﬂu"‘ ou* n du*
H =
dy? Ox dy
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Ua onpefenenns u*, v* u gjnonyqaeM
ou* du oU* QU ou* ou

our (%, 4)] oulx,y) dulx,y) fy| _Ou , om
[ ox ]y“ o T ey [E‘L‘a;ﬂL a5 | G

rfie YepTOuKA MOKA3LIBAET, YTO 3HAYEHHE Y OCTAETCA NOCTOSHHBIM MPH AH(Oepeh-
unpoBanuy, a f’(x) o6osnauaer npoH3BoiHY0 OT f(x). [TonoGHLIM 06pasoM MOXKHO
MOJIYYHTD

ou* ou ol au
e —— — X) =
Ox ox dy ox
TaK KaK B COOTBETCTBHH ¢ ypaBHeHHeM (215) uyen [’dU/dy wumeeT TOT e nopsi-
110K, UTO 8, ¥ MO3TOMY HM MOXHO mpeHeGpeub. Tak xe
v* du ou
—_—— = — f’ (x) =
9y 9y 9y

[Tpu 5THX 3HAUEHHAX YACTHBIX NPOM3BOJHHIX ypaBHeHUs AJd u* H v* npHoGpeTa-
10T BHA:

du ou ou U ou 0%u
el ) e G = UG
UJH
O, Ou o Ou OU - OU 0%
ot T4 TP Tat TV TV
! 0
ou /]
o Ty =

YTO H Tpeﬁosanoa; MoKasaThb.

I'. TypOGyneHTHble MOrpaHHYHbie CJAOH

90. Pacnpepenenne cpejiHelt CKOPOCTH Y CTEHKH. Ypas-
HeHHs TypOyJEHTHOrO NMOTPAHHYHOrO CJOs CofepkKar Oosblie Hens-
BECTHBIX, YeM ANJIKHO ObITh jJist ONpedeeHHOCTH pelieHHs. Dblio
6Bl 3KeaaTesbHO M0 aHAJOTHH C JJaMUHApPHBIM JBH2KEHHEM HCIOJb30-
BaTb JJIs NOJYyYeHHus NPUOJIH3UTENbHOTO PElleHHs YPaBHEHMS KOJIM-
yeCcTBa JBHXKEHHS H HEPTHH, HO YCJIOBHbIC HATIPAXKEHHUS, BHI3BAHHbIEC
TYypOY/IEHTHBIMH IMyJbCAalHAMH CKODOCTH, BBOJSAT 31€Ch TaKke J0-
f6aBouHble MepeMeHHble, TAK YTO pellleHHe CTAaHOBUTCs HeOolpejesel-
HbeiM. TakuMm 06pa3oM, HEOOXOAHMO HCKATb JAONOJHHUTENbHbIE COOTHO-
JLIEHUH, COCTABJIEHHbIE Ha OCHOBAHMH OMNbITOB HJH HEKOTOPHIX MOLXO-
asmux runore3. HaunboJsiee NPU3HAHHOH M3 HHX ABJAETCA «3aKOH
CTEHKHU>.
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OO6bIUHO TPHHUMAIOT, YTO paclpejeseHHe CKOPOLTH B TypOyJIeHT-
HOM TIOTOKe BIOJb TJaAKOH CTeHkd B Oanxkafiiiell oT Hee vacTu 11o-
TPAHHYHOTO CJI0S1 3ABHCHT TOJbKO OT IJIOTHOCTH M BSIBKOCTH XKHJIKO-
CTH U KacaTeJbHbIX HANPAXKEHHH y CTEHKH. DTO JONyLIeHHE TOBOPHT
0 TOM, YTO Ha MIOTOK y CaMOH CTEHKH He BJAHSIOT yCA0BHUSA, CYLIECTBYIO-
uHe Ha 60/bIIOM PACCTOSHHH OT Hee, B YaCTHOCTH CKOPOCTh CBO6O1-
HOTO NOTOKa H TpajHeHT AaBaerus. [IpH sTHX 06CTOSATENBCTBAX MOJ-

HOe KacaTeqbHOE Hampsikenue tv= udu/dy — pu’v’ NOUTH NOCTOSIHHO
BOJH3H CTEHKH.

[TpuMeHsss aHaNu3 Pa3MEePHOCTEH K MepeMeHHBIM U, ¥, To, p H V.
MOKHO BblBeCTH (yHKUHOHAIbHYIO 3aBHCUMOCTb

= =f("). (248)

T

yu )
rae 4. = l/ To/p H y*.—: - ST1a (pyHKILl/IOHaJII)HaH 3dBHCHMOCTDH H3-

BECTHA KaK BHYTPEHHHH 3aKOH HJIU 3aKOH cTeHKH. O4eHb TOHKHH cJIOH
y CTeHKH, re uicaa PefiHonbaca npeHeGpexkUMO MaJibl, HA3BIBAETCS
JAMHHADHBIM [OJACJA0EM; 3aKOH BSI3KOCTH IHblOTOHA 3pechb MOMKeET

6bITh 3anucaH B opMe To= |\ Uy WA u/u. =y*. 3aKOH CTEHKH NOA-
TBEPXK/EH 3KCIEPHUMEHTAJIbHO LIS HOTOKQB, OIBMKYIINXCA B TpyGax
¥ BIOJb NOBEPXHOCTEH, C Pa3/iHYHLIMH rpajdHeHTaMu jasienus. Co-
oTHolIeHHe f=y* mo-BUFUMOMY, nefcTBATENbHO 10 Y*=4. 3a 9THM
NpefenoM HaxoauTcst 06J1acTh, B KOTOPOfl Hanpsiakenus PefiHonbiaca
H BSI3KOCTb CTAHOBSITCS COM3MEPHUMBIMH BEJAHUHHAMH, XaMa BBIBEJ

IPHOJHU3HTEbHOE aHAJTHTHUECKOE BBIpaKeHHe JJ5 3TOH PyHKUUH
2

- 2 [1—Viean dz e
Veag= ?{”4+2§Vﬂ7}’ 2=y 2oy
N 0

Beanuuna a=0,114 cOOTRETCTBYET SKCIEPUMEHTANBHBIM JAHHBIM,
Harterpan, noasasiomutics B opmyae Xama, M0oxKeT ObITb OlleHEH
KaK 3JUIHNITHUeCKHH HMHTerpaJ nepsoro poja. I'paduueckas 3aBucH-

MOCTb Uft. OT Yy* mokasaHa Ha puc. 110.

U3 ycnoBus, 4TO 3aKOH CTCHKH JOJIXKEH COIVIACOBBIBATLCS C ypaB-
HEeHUSIMH [OTPaHHYHOTO CJ105, BLITEKAET HHTEPECHOe CBOHACTBO cpell-
HUX JIMHHI TOKa B TypOYJCHTHOM IOTPAHHIHOM CJOEe M yKasaHue Ha
pasmepbl 06/1aCTH, B KOTOPOH MOKHO 110J1aTaTh CIPABEAJHBLIM 3aKOH
crenkd. [logcranoeka B ypasHenue (207) naer

7= (2w i) dy = — G+ Prd,

, du, , df
rie U, = —= n f = 1y
Orcrona
— ‘Vu; ,‘d #
o= e | LD . (249)
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2T0 MOKa3biBaeT, HTO BAOJIb JIHHHH TOKa

dy v 4

dx u L,
HJIH
u,ydx +u_dy = 0.
Ho, Tak xak dy*= (u, ydx+u_dy)/v, oueBuHO, 4TO y*, a 3HAYUT

H ufu. MOCTOAHHBI BAOJDb JIHHHH TOKA B npefenax MPHMEHUMOCTH 3a-
KOHA CTeHKH. DTO JI000NbITHOEe CBOHCTBO NepBbIM 3aMeTHa Kodec.

24
e /
20 -ad
]
o
16
-]
9/ )
12 ;
- * *
TRy 5\‘39/ -2
§ b W~
PATTYS ©-J
\1\ v
-4
~
4 e-5
/% 8-6
a 04 Q8 12 ') 20 24 28 32

i 4
Puc. 110. 3ak0H cTedKH RJIA NJIOCKOH NJIACTUHE

I -- Jlaydep (rpy6a Re,=500-10%); 2 —Jlaydep (Tpyba Re , =5,00 - 10%;, 3 — Wyaby-

I'pionon (niocckas nnacTuna Re ,=6,78 - 107); 4 — lllynsu-IpiovoB (niockas mnaacTuHa

Re,=3,40 - 105); 5 — lyasy-TpioHon (miockam nnactHHa Re ,=7.20 - 105): 6 — Jlwoaaur
u TuabMay (n7OCKaR NAacTHHA Re, =4.88 - 10%)

Ec/ii BCIIOMHUTb KaPTHHY TeYEHHS BAOJb JHHHH TOKa (cM. puc. 100),
BXOAAIIEH B IOrPAHHYHBIA CJIOH M OCTENEHHO OKA3bIBAIOWEHC BHYT-
pH HEro B npenetaax ACHCTBUTEJNbBHOCTH 3aKOHA CTEHKH, TO CTAHOBHT-
Csl ICHO, YTO MOCTOSAHCTBO ¥* BAOJB JIMHHH TOKA MOXKET OBITb JOCTUT-
HYTO TOJIbKO aCHMITOTHYECKH.

YUToOb! IPHMEHHTb 3aKOH CTEHKH K ypaBHennio (217), noctaTouHo
npenebpeub cJaraeMbIMH HOpMaJsbHbIX HANPSXKEHHH H HanHucaTb pe-
3YJIbTHPYIOUlEEe ypaBHEHHE [AJs YCTaHOBUBLIErOCs TIOTOKa B BHIE
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du_
ox

ot

— — du , 1
rae T— IOJHOE HATpsKeHHe, paBHoe udu/dy — pu’v’, Kotopoe y ca-

MOH CTEHKH JOJXKHO TaKxKe YAOBJETBOPSATL 3aKOH nogobus

T="T,8(4%). (251)

[TogcranoBka paBeHcT (248), (249) u (251) B paBeHcTBO (250)
naert

3

u

wu p=ud 5 e (252)
dx v o dy*

Tak Kak x U y* MOIYT CUNTATbCSl HE3aBUCHMbIMM II€PEMEHHBIMH,
ypaBHeHHe (252) OyaeT TOYHBIM TOJIBKO B CJyuae, €CJH OTHOLIEHHS
uw u [(UU') v u u/u} mnocrosannb. OnHaKo, Kak Jerko p0KasaTsh
pelleHHeM 3JeMeHTapHbIX AH(depeHIHaabHbIX ypaBHeHUH, TOJyYen-
HBIX M3 MOCTOSTHCTBA YKA3aHHBIX OTHOLIEHHH, 3TO MPUBOAUT K COOT-
HOLIEHHSM, KOTOphie B 00llleM ciayyae He MOTYT ObiTb AeHCTBHUTE/b-
Hbl. EXMHCTBeHHAsI HHTepIpeTanus ypaBHeHus (252) 3ak/arouaercs B
TOM, UTO B TNpelenax IeHCTBHTENbHOCTH 3aKOHA CTEHKH COCTaBJIflIO-
1{asi yCKOpeHus u_u, f? Jo/XKHa HMEeTb MaJylo BeJIMUHHY TOTO XKe M0-
pANKa, YTO M cjaraembie, KOTOPHIMU NpPeHeGperyy B ypaBHEHHAX MO-
IPAaHHYHOrO CJOs, U u4TO Og/0y* mOJKHO OBbITb MOYTH IOCTOSHHO.
YKazaHuoe ycJOBHe FOBOPHT O TOM, UTO 3aKOH CTeHKH AefcTBUTE/eH
10 TeX T0P, NOKa BJMSIHHE HHEPUHH NpeHeOpekKHMOo MaJjo Mo cpaBHe-
HHIO C BJAMSHHEM TPajHeHTa JaBJeHHs H KacaTeJbHbIX HANpAXCHHH,
1 Mo3TOMY 2= (yu_/v)? HMeeT TOT e NOPALOK, UTO H BEeJHUHHA
‘ U28/(x?u_u))| » Koropas npu nocrosHctBe U Bblpaxaercs Kak

48/ (x2dC_/dx)| . Orciona HaxoIuM, UTO ¥/ UMEeT NOPsALOK BENHYH-

ubt 4/ YV Re2Re,|dC?/dRe, | , rne Rex=Ux/v u Re, = Ud/v. [Ipeneb-
Hoe 3HaueHHe y/® A5 MefiCTBUTENbHOCTH 3aKOHa CTEHKH, HafjeHHoe
SKCIEePHMEHTANbHO ISl IIJIOCKOH NAACTHHBI NIPH HYJNEeBOM TpajHenHTe
JaBJieHHs, PaBHO OK0J0 /7.

Jlast mepoxoBaTOH CTEHKH B NpeAbIAYLIHA aHaJIH3 JOJKeH ObiTb
JIONOJHUTEJNbHO BBENEH MapaMeTp HiepoxoBaTocTH. EciM mepoxosa-
TOCTb 5KBHBAJIEHTHA NeCYaHOH HIEPOXOBATOCTH C BBICOTOH BBLICTYMA
k, TO 3aKOH CTeHKH nmpHobperaeT TaKOH BHI:

ku,
v

—
- _ ® *\.
PRl AU I A (253)
91. Pacnpenenenne cpefHeil CKOPOCTH HAa HEKOTOPOM PACCTOSSHHH
OT CTeHKH. [1JONOTBOPHOCTb I'MIOTE3bl O NMOJOGHH 3MIOP CKOpOCTeH
P JaMHHApHBIX NOrPAHHYHBIX CJOAX yKa3blBaeT HA XKeJAaTeJbHOCTb
COOTBETCTBYIOIIlE#l THIOTE3bl AJsi TYypOYJEeHTHBX INOTOKOB. Teopus
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nogobus Kapmana moxTBepxkpaeT nogobue 3mop CKOpocTedl B TpY-
f6ax M KaHaJax, IpHYeM BBIpAaXKeHHe €ro MOXKeT ObITb 3alHCAHO ye-
pe3 paxuyc Tpybnl B BHJE

";ia ::1?(f§> (254)

M Ha3BaHO BHEIIHHM 3aKOHOM, HJH 3aKOHOM Je(dHIHUTA CKOPOCTH.
CnpaBefJiuBOCTb 3TOr0 3aKOHA PaclIpPOCTPAHSAETCH HAa TaKoe pac-
CTOSIHHE OT CTEHKH, Ha KOTOPOM HampsixKeHus: PefilHobACa IPEBOCXO-
ST BA3KUE HANps:KeHUs. 3aKOH HCXOJNUT H3 NPEeNNOJOXKEHHUs, YTO B
3TOM CJIO€ paclpejesieHde CKOPOCTH OTHOCHTEJNbHO CKOPOCTH B LIEHT-
pe TpyOhl, 3a HCKJIIOUEHHeM HauaJbHOH CKOPOCTH BO BHYTPEHHeH TOU-
Ke CJI0S, He 3aBHCHUT OT BSI3KOCTU. TaK KaK B COOTBETCTBUU C 3aKOHOM
CTEHKH 3TOT BHYTPEHHUH CKOPOCTHOH Npejes HeNOoCpeaCTBEHHO 3aBU-
CHT OT KacaTe/sbHOr0 HANpsIXKeHHS y CTEHKH, MPUXOIUTCS TONYCTHTb,

yTO0 pasHocTb U-—u 3aBHCHT TOJNBKO OT Y, 7, To H p, OTKyZa C IO-
MOUIbIO aHAJH3a Pa3MepPHOCTed MOXKeT ObIThb MOJYUEHO YpaBHEHUE
(254).

OnbITHEIM OYTEM YCTAHOBJEHO, UTO 3MIOPLI CKOPOCTEH BO BHEIIHEH
YacTH ABYXMEPHOIO HJIH OCECHMMETPHYHOrO TYypOy/JEHTHOT'O morpa-
HHYHOTO ¢J10s1 06pa3yloT NpUOMH3HTENBHO OJHONAapaMeTpHIECKoe ce-
MeHCTBO, NMPEACTaBJASIEMOE B BUILE

U—u

=F(nH); n=-, (255)
rne H — npoduaupylomui napamerp, paBHbIf 61/82. Kak u mas Typ-
6yJIeHTHBIX IOTOKOB B TPyGaX, BHEIIHHH 3aKOH 3[eCh CUHTAETCS Hel-
CTBHTEJbHBIM HA TeX PACCTOSIHHSIX OT CTEHKH, rje HanpsikeHus Pei-
HOJIbJCA NMPEBOCXONST BSI3KHE HANpPSIKEHHS.

3aKoH JedHIHTAa CKOPOCTH NOI'PAHHYHOIO CJIOSl, BBIPAXKEHHBIH
ypaBHeHHeM (255), — 5MIHpHUECKHH 3aKOH, OOIIENpH3HAHHBIA 3a
Xopollee COBNajeHHe 3MIOp CKOPOCTEH B Y3KOM JAHANa30HE UYHCEJ
PeliHonbjica, MoJMy4YeHHBIX B aGopaTopusix. Taycena yKasbiBas, 4TO
XapaKTePHCTHKH TYpOYJEHTHOro IOTOKa BO BHEIIHEH YaCTH IOrpa-
HHYHOTO CJIOSl MeJIJIEHHO PearupyloT Ha H3MeHeHHe yCJIOBHH y CTEH-
KH, TaK YTO 3II0pa CpeJHeH CKOPOCTH Ha HEKOTOPOM y4acTKe 3aBHCHT
or npeppicTopud mortoka. CoorBerctBeHHO TayceHA MpeamoJOKuII,
4TO 3aKOH Ae(HiHMTa CKOPOCTH MOXKeT GBITh YCOBEPLIEHCTBOBAH IPH
yueTe 3aBHCHMOCTH 3MIOPHI CKOPOCTEH OT KacaTeJbHOrO HaNpsiKEeHHs
Y CTeHKH Ha HEKOTOPOM yYacTKe BbILie [I0 TEUEHHIO, T. €.

U—u

= F(n, H), (256)

Ty

roe uTl — 3HAUY€HHE u_ BbHIIIE 10 TECUCHHIO IIDH X=X;.

JInst ucnosb3oBaHMs mpepjioxenuss TayceHga HeO6XOAMMO cle-
JaTh JONOJIHHUTENbHOE JONYIIEHHe, Kacalolleecss CBSI3H MEXAY 4. H
‘1
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u_, a UMEHHO, YTO HX OTHOWIeHHe — QYHKIAA MeCTHbIX 3HaueHH
o=U/u, u H:

u, =ugo, H), (257)

rae g — HexkoTopas GyHKIHUA. [1peoGpa3oBaHrbiil TAKAM 06pasom 3a-
KOH AeQHIHTA CKOPOCTH 3alUChiBaeTcsa B BUAE!
U—u
= g (o, H) F (n, H). (258)

T
92. HajoxenHe BHEUIHEro 1 BHYTPEHHEro 3aKOHOB. AHaJjid3 smiop
CpPefHUX CKOpOCTeil B TYpOYJEHTHBIX MOrpaHUUHBIX CAOAX MOKA3LI-
BaeT, UTO CYIUECTBYyeT Takas 00-

JacTh HA KAaKOM-TO PacCTOSiIHHH oT \
crenku (puc. 111), B koTopoh mei- "
CTBUTEJIbHBI KaK 3aKOH CTEHKH, TaK A ' )
_ -~
1 3aKoH neduunTa cKopocTH. B ca 7 7
MOM Jefie, yXKe JONyIICHHE BO3- s ,“‘_‘"J, 3 ,
MOXHOCTH 5TOr0 HAaJOXKeHHs HOBYX 3 i ) 3
3aKOHOB JOCTATOYHO JJsi Onpeje- +— L 'ﬁ
JI€HHs] MX NPUBJIH3UTEJbHBIX (YHK- o 4% %
uHOHaAbHBEIX dopM B 06JacTH, rie
o Puc. . ) -
OHH 06a JeHCTBHTE/bHBL. ue. 111 22{:5;‘; Sa HoR norpa
CkaanbiBass ypaBHeHHs1 (253)
! — puyTpennuil 3axoH; 2 — ofaacTb Ha-
H1 (258) npu HONMYLIEHHH HX OXHO- AOXKEHHS; § — BHEWNHH 3aKOH
BPEMEHHOTO NMPHMEHEHHUS, TOTyIaeM
o=f(y*, k*)+g (0, H) F (n, H). (259)
Hubdepennuposanne paseHcrsa (259) mo y paer
u, oF
- s oan =0 (260)

HoBoe J.lPICb(bepeHlalOBaHHe no y naet
22 6 F
el f L _
v ay*x2 | &2 an
M3 nByx npeabiayli¥Xx paBeHCTB Ciaeayer
« 0%/0y*? _ 92F o2
of/oy* dF/om
Ho nockosbky y*=1(du_/v) u du /v mensorca c uncaom Peii-

HOAbACA, OUeBHIHO, UTO y* H 1) MOTYT U3MEHATHCA HE3aBUCHMO H Ka-

AbIf wieH ypaBHeHusi (261) mosxen Obith nocroased. O6o3nauas
NOCTOSIHHYIO uepe3 n—1, nmonyuaem

(261)

2 *3
* ._a_i./ay_ == ] — l
of/oy*
Ecau ﬂ=0, nocjaenoBaTe/qibHOe HHTErPHPOBAHUE Na€T

_a_f___clk) *  p¥) — * *
o= F, k) = Ca ) Ing + ARY)
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¥ TOYHO TaK XKe
Cy (H
S =Gl P H) = Cot) Inn + B (H).
[ToxcTanoBkoil B paBeHcTBO (260) mosyuaeM ypaBHeHHE
Cy (k*) + g (0, H) C;(H) = 0,

M3 KOTOPOT'O BHJHO, UTO NPH HE3ABHCHMBIX BEJIMYAHAX k* H u ¢ 3Ha-
yenusi Cy, Co ¥ g noctosinb, ecau n=0. Jlajee, TaK Kak nocTosiHHAS
g MoxeT ObiTb BBeJeHa B (QyHKIHIO F paBeHCTBa (258), oHa MOXKeT

6bITh NpUHESITa paBHoll exuuuune. OTcioaa, MOJOXKHB Ci=—Cy=C,
MOJIyYHM:
f(y*, &%) = C (k%) Iny* + A (k%); (262)
F (0, H) = —C(k*)Inn + B(H). (263)

TakuM 06pa3oM, SMIOPbl CKOPOCTeH B 00JACTH HAJIOXKEHHs YHOB-
JeTBOPSIOT JIMHEHHBIM JOrapHQMUUYECKHM COOTHOIUEHHSIM. [Moacra-
HOBKa B paBeHCTBO (259) rtenepb jpaer

o =Ak*) + B(H)+ Clng, (264)
e g_:a_:‘.— COOTHOLICHHE MEXAY TOJIIHHOH MOrpaHUYHOTO CJIOA
M KacaTeJbHBIM HanpsiZKeHMeM Ha cTeHKe. JIorapu@MHUYeCKHe 3aKO-
Hbl XOPOIUO MOATBEPAHJIHCH SKCIIEPUMEHTAJbHO IS MOTOKOB B TPY-
fax M KaHajax, HO JJf TeYeHHs B MOTPAHHYHOM CJIOe MOJOXKEeHHC
ropasjio MeHee YIOBJIETBOPHTENbHO. IIpsiMple JHHHHM 3MIOp CKOPO-
crefl, OCTPOEHHBIX B IOJYJIOrapu(MHUECKHX KOOPAHMHATAX B COOT-
BETCTBHH C BHYTPEHHHM 3aKOHOM, HEpEIKO IMOXOAHIHM Ha KacaTeslb-
Hble K KPHBBIM, [IOCTPOEHHBIM B OOBIYHBIX KOOpAHHATAX.
Ecau npeAnoJoxKuTh, YTO A HE PaBHO HYJIO, TO NOCJAE10BATe/b-
HOE HHTEIDHPOBaHHe JaeT

O na(k9) " P, B =a(R) g* b (kY (269)

ay*
H TOYHO TaK Xe

aF ’ n— ’ 4

o= (Hn"™; F(n,H)=a (H)n*+ & (H). (266)

U3 noncraHoBkH B ypaBHeHHe (260) caenyer
a(k*) y*+ g ) d (H)n' =
HJTH
Ou_ \n ' (H
(S )=~ @ %S, (267)

a W3 MOACTAHOBKH B ypaBHeHHe (259) moayuaem
o = ay*" b+ g (o) (@ "+ V) = b (k*) + g(0) V' (),
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TaK 4TO
_ 0—Db(kY)
g(u) - b’ (H)

Orcioma

Ou, \n a’ (H)
(%) =~z = (268)

H 3aKOH AedHNHTA CKOPOCTH MPHHHMAET BHJ,

0 —ulu F

&—_—b‘(k—*)=F1(’ﬂ,H), szm- (269)

HpenuectBytouiuit ana1u3 MokaseBaeT, 4To GopMyas Tuna (265)
H (266) cayxuiam Gbl aydiiell OCHOBOH, 4eM OOBIYHO yIOTpeGJsgeMbie
Jlorapu)MHUECKHe COOTHOILIEHHS, [/l BBIBOAA TAaK HA3HIBAEMBIX YHH-
BEPCAJIbHBIX 3aKOHOB [/ XapaKTEPUCTHK MOrpaHn4Horo cjaosi. Oka-
3aJ10Cb, YTO JorapHpMuueckde GOpPMYJaB COCTABJSIOT TOJbKO OIHH
UJIEH CeMeHCTBA BO3MOXKHBIX (OPMYJ, H3 KOTOPHIX JOJNMKHA ObITh
BbiOpaHa HauGoJiee MOAXOAAIAS 1JsT MOTpaHHYHOro caosi. K coxa-
JIEHHIO, UMEIoIHecs: B HACTosAlee BpeMs JaHHble HEMOCTATOYHBI 5
TaKoro BbIOOpPA, IVIaBHBIM 06Pa30M H3-3a NPAKTHYECKOH OrpaHHueH-
HocTy uKces PefiHosbiica, KOTOpbie MOTYT GbITb NOAYYEHH! B Jabopa-
TOPHH.

Psan nanupix o norpaHn4HOM CJ10€ Ha NJIOCKOH NJIACTHHE TIPH HyJe-
BOM TpajiieHTe JaBJ/IeHHsl, HAHECEHHBIX Ha rpadMK Ha OCHOBe MpO-
CTeillIero BUa 3aKoHa fedHunuTa CKOpocTd fypaBuenus (255)], noka-
3aH Ha puc. 112. JlaHHble, MOJyYeHHbBIE NPH PA3JHYHBIX COCTOSHHAX
BJIOJIb IL1aCTHHBL, JIOXKATCA OKOJIO OJHOH KPHBOH. DTHM JOKAa3LIBAeT-
CA CIIPaBeJIUBOCTb JOMYUIEHHS, YTO GYHKIHOHANbHBIE COOTHOLIEHHUS
He 3aBHCAT He TOJNbKO OT 4hcaa Pefinoabaca, HO u oT npoduIupyio-
wero napamerpa M, xoTs 5Ta GyHKIHOHANbHAS HE3aBUCHMOCTD, OCO-
OenHo or H, MOXeT 0GYyCJ/OBJHBATLCA OYEHb MaJbIM JHANA30HOM
Kak unces Pefinonbaca, tak u H. U3 puc. 112 BugHo, uTo sMorapudg-
MHYECKHH 3aKOH pacnpocTpaHsieTcd NPHMepPHO 10 m2=0,16, npu
O0JIbIINX 3HAYEHHSX 1) A0 eAMHHIE], YTO COOTBETCTBYET =0, NaHHbIE
o6pasyoT kpuByo. TakuM 06pa3om, ToibKoO 0Koso 1/7 morpanuysoro
CJIOSl IOMYHHSIETCS] 3aKOHY CTEHKH, H, KaK BHAHO M3 puc. 110, jora-
pU(QMHUECKHII 3aKOH paclpoOCTpaHseTcs NPHOJM3HTEJNbHO OT 3Haue-
Hult y; =30 1o mp=0,16. IIpu neGoabmux yucaax Pefinoibaca pas-

HHLA B 3HAQYEHHAX y;, Y H 12 MaJja, OJHAKO C yBeJHYEHHEM 4ucea

PefiHonbaca pasnuna Takxe yBeIHYHBAETCS 10 TeX MOP, OKa JIOra-
pPHOMHUYECKHH 3aKOH HE CTAHOBHTCS ONPENESIOUWHM IOUYTH JUIS BCEH
YacTH NMOTPAHUYHOTO CJOsA, TAe AeACTBHTEeNEeH 3aKOH cTeHKH. Huxk-
HHH IIpefes NPUMEHHMOCTH JIOTapU(MUYECKOTO 32KOHA MOMKET GHIThb
NoJy4eH NPHPABHUBAHHEM Y M Y2, LIS KOTOPHIX Y| =Yl [v H ng=
=1,/6. DTO paer
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H H3 ypaBHeHHs (264)
o =06+ 6lg 187,6 =~ 19,6.

Orcropa C, =2/02=0,0052, uro nas MAOCKOH MJIACTHHBI NPH HY-
JIEBOM rpajlieHTe JaBJieHHsT COOTBETCTBYeT uncay PefiHosabaca 0Ko/0
1,5+ 105.

93. Mlorpannunbiii caolh Ha naockok naacrune. Ilopsaok nmpume-
HeHHsI 3aKOHOB MOJAO0HST W ypaBHEHHS KOJHYECTBA [BHKEHHS AJS
MOJyUYeHHSI XapaKTepHCTHK TypOy/JeHTHOrO MOrPaHHYHOTO CJOS MO-
KeT ObITb J1erkKo NPOHJIIOCTPHPOBAH Ha MpHMepe IJIOCKOH MAacT-

A
T

0! 4 68107 2 ¢

]
14 k—- 2
/o‘é)/ /2
by % =
12 A ‘o RE]
o 2
b= "Z] 8
b | \
§ SR,
g
3 o
S 3
N
e-!
o-2
d o~3
* N
2
0 02 04 06 48 10
3
')

Pnc. 112, 3akon meduunta CKOpPOCTH A5 IJIOCKOH TMIaCTHHbI
(Idyasu-TproHos)

/ — Re,=6,78 - 105, 2 — Re, =340 - 10% 3 —~ Re =720 - 108
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Hbl [PY HYJEBOM TpajJHCHTC AaBJeHUs. LomycTHM, YTO 3aKOHbLI MO-
1064 faHbl KpUBBIMU Ha pHc. 110 1 112 u uro ypasuenue JauneHno
Jorapu¢MHYecKoll 4acTH 3aKOHA CTEHKH TaKOBO:

Y

=4 4 2,6 Iny*,

rze
y* > 30, a n<0,16.
Tax xe ypaBuenue (264) momxer ObITb NPEACTABJIEHO B BHIE
c=6+42,61In¢,
e
= —~— = exp (02—,69) .

Haitee 10mycTHM, 4TO HOPMANLHLIMH HATIPSKEHHSAMH B YPaBHEHHU
Ko/1HyecTBa ABHkKeHHs (218) MoxkHO mpeneGpeub. Torma

o ddy  ,dRe;
C‘—23x~~ 2 dRe, ’
rae
Rea2 = Ud,y/v.

Pasinunble XapaKTepHCTHKH NOTPAHUYHOTO CJOS yiro6Hee Bbipa-
3uTh yepes o. Onpenenenns o u C, gawor

1€ OTHOUIEHHE MENKIY Q H 6 TO XK€, YTO NIPHHSATO paHblile.
HOpHIIOK OLEHKH Pa3JIUYHBIX TOJIIHH NOIPAaHUUYHOIO CJ04 6yll€T

MPOUJJIIOCTPHPOBAH NPHUMEHUTENbHO K TOJIIIHHEe cMelleHusi. MoKHO
HanucaTb

U U _u
Re, = o= j(l U)dy—{—

(= {5
LA

i€ Y 1 Ys — HAYaJbHOC U KOHEUYHOE 3HAUYEHHE Y /14 06.1aCTH HAaJO-
JKEHUSI 3aKOHOB NOoJo0us.
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3aTtem

A _ 9:
U u o »
Sl=3)d= fe—ndy =os~c,
0 0
rie
9
co= |y dy*.
0
Taxske
U!Jz — y;
v _x — — % _
j(l U)dy j(cr P dy
121 y’;

=o(Y,—y)— Ty

*
Yo
*

vy
v df g
+j*y v
1 n

y

Ho u3 ypasuenna (262) y*df/dy*=C, taxxe y, =naf. Otciona
v u
SV =% )ds=mt(F,+0) —y(o+C—F),
Yy

rue
flzf(y;‘% FQ:F(T]Q)'
Haxkounerr,

3§
—Q—“I—
v
L2

1
)dyzResjlfii)dYIZTICz,

72

Q}:]

rae
1
e = | Fadn,
Crnoxenne TpEeX HHTErpajioB maer
—6
Re, = Bl -4 = Bexp ("?6—) + &,

rie f 1 A — NOCTOAHHBIE, paBHble:
p = CQ(FQ—{—C + ¢, k=y;‘(f1—C)—~co.
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Boipaxkenue i TOJIIMHBL KOJHUYECTBA ABMXKEHHS MOXKET OBLIThb
BBIBEJEHO TaKHM ke o6pasoM. Pesysabratsl cBegenn B taba. 5. Uuc-
0 Pefinonbaca Re mMoxer ObITb onpeneseHo KaK (GyHKLHS G C HC-
M0JIb30BaHHEM YDaBHEHHS KOJHYECTBA JBH:KeHUS. [losyuaem

Rex = S g_dReag:UZReag_2‘S‘GReagdG+c'

Ilocsienunii HHTErpas Jerko onpeaeisieTcss ¢ MOMOIbIO Bbiparke-
uusa aaa Re;, B GyHKuuu or o. Pedyabrupylomas ¢opmyaa aas Re,
TaKKe gaHa B TabJ. 5. [losBHBLIASICS NMOCTOSIHHAST HHTErPHPOBAHHUS
CBfA3aHa C pacCTOsSIHHEM A0 MEepeaHero Kpasi IJTaCTHHBI, HA KOTOPOM
NPOUCXOIUT NEPEXO] OT JaMHHADHOIO JBHXKEHHS K TypOYJEHTHOMY.

Tatauna 5
YpaBHeHHs 1/ XapaKTePHCTHK MOrPAHHUYHOIO CJAOS

YpaBHeHHus BcnoMoraTenbHble COOTHOWEHU S
c 2 06=A+B-+ClIng
R o= c;—y; (/i —2Cf, +2C%)
Rey =t B=m:(F2--C)+c2
Re;, = BL+ 4 v =y (F}+2CF, +2C?) + ¢,
[ Y o * —
Re, = (p— ) —h— o =i (=)~
Rey —c={[Bo? — (v - 26C) 0 +- " 5
+ 2C (v -+ BO)] co={fdy* 1= j f2 dy*;
R55 0
& =2%s, 1

= [Fdn, ¢3= den

T2 T2

Bripasum Tenepb yepe3 ¢ K03 (HLUHEHT MOJHOIO MOBEPXHOCTHO-
ro conporusienns Cy. Benomuus, uro C;— cpepHee 3HaYeHHE KO3 (-
(HIIMEeHTa KacaTeabHOTO HanmeeHHﬂ, 3anuuem

R
) 3, Re@
C, = Rex jc dRe, REx SQdedR 2o

4TO faeT TpeOyeMblii pe3yJbTarT, Tak kak Re;, u Re, yxe GHJIH Bbl-
pakeHbl Uyepes o.

Bripaxenus pas C., Res, Res, Res, Re, un C; xak QyHKUHi
o NpHUBEAEeHB B TabJ. 5, a YHCJEHHbIE UX 3HAUEHHS faHbl B TabJj. 6.
SIcHO, 4TO ¢ NMOMOLIBIO HocieaHell TabJIHIBl MOXKHO NOCTPOUTH KDH-
Bble pasiaHuHbiXx 3HaueHull C. U C; ¢ Re, 0/ NPHHSATHIX BEJHYHH C.
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Kpusble casn C: u H ¢ Re;,, nokasanubsie Ha puc. 113, ouenb
BaXHBI, TAK KAK OHH He 3aBHCAT OT NIepeMelIEHUs TOUKH. DTH peayiib-
TaTbl, OCHOBaHHBIC Ha AONYILCHHH IIDHMEHHMOCTH J'IOI‘apI/ICpMH‘IECKHX
32KOHOB M Ha YaCTHBIX YMCJIOBBIX 3HAUEHHUAX NMOCTORHHbIX, IOJYUEH-
HbIX ONBITHBIM IIYyTEM, HAJOT 3HAUUTE/IbHBIA pas3bpoc MAHHBIX 1 [0-
35TOMY MOTYT pacCMaTpPHBATbCA CKODEE KaK HIMIOCTPATHBHBIH, veM
Kak 0e3yC/IOBHBIH MaTepHual.

16
‘ ™~
™ @
L§ o ° A\"'\
< NSOETS
“ ol >
= 2 ()
o-f 0-7 @-3 0-4 ~=5
0005 (g
N
\\
4004 »
\0

~
<

0003 \b;

p""\
4002 - —
01
¢ 5 8107 2 « 6 §10% 2 « 5 810’
Reg,
Puc, 113. XapakTepuCTHKM MOTPAHHYHOTO CJIOA TOTOKA HA MAOCKOA
MAACTHHE

1 — lyasu-Tpionos: 2 — Befirapar; 3 — IaMa; ¢ — Jhionsur 1 THaeMaH; 5 — peo-
SYNbTATH BHUYMCNEHHA MO 3aKOHAM NOPPAHHYHOIO CNOA

Tadauuna 6
3HaueHHsl XapaKTEPHUCTHK MOTPaHMYHOTO CJ0A

A =4; y: =30 Fo=6,78; cz=1,997; f=3,499;
B =2; 1N5=0,16; =274, 9; ¢3=8,16; y==23,28;
C=2,606; f;=12,86; ¢1=2923; a=-—434,9: A=32,78

3 10* ¢ 10° Reg 10'Re; | 10'Reg, H=é 10° (Re, —0)} 10° c’;

C2

20 5,000 0,0431 0,0798 | 0,0492 | 1,598 0,1503 | 6,550
22 4,132 0,1021 0,1657 | 0,1120 | 1,479 0,4308 | 5,200
24 3,472 0,2400 | 0,3532 ; 0,2514 | 1,405 1,178 4,269
26 2,959 0,5600 | 0,7571 0,5594 | 1,353 3,124 3,580
28 2,551 1,300 1,627 1,237 1,316 8,110 3,050

30 2,222 3,000 3,502 2,721 1,287 20,71 2,629
32 1,953 6,894 7,542 5,968 1,264 52,19 2,288
34 1,730 | 15,78 16,24 13,06 1,244 130,1 2,007
36 1,543 | 36,00 34,99 28,52 1,227 | 320,9 1,780
38 1,385 | 81,87 75,39 62,17 1,212 | 785,2 1,584
40 1,250 1185,7 162,4 135,4 1,200 1906 1,421
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94. MpuGasKeHHBH pacyeT TYPOYJAeHTHBIX NOTPAHUMHBIX CJOER.
Cpenx CyWEeCTBYIOUIMX UYHCJOBBIX IIOJYSMIHDHUYECKHX METOAOB Bbl-
YHCJIEHHS] TypOYJ€HTHOrO IOTPAHUYHOIO CJI0S HauboJiee Uenecood-
PA3HbIM MPECTAB/AAETCA METOJ PoTTa, OCHOBAHHLIN HA CJIENYIOWIUX
AONYLIEHHSAX: &) 31I0pa CpeaHeHd CKOPOCTH YaCTH HOrPAHHYHOLO CJI0%
BOJIM3N CTEHKH HOAUHHSAETCA BHYTPEHHEMY 3aKOHY; 6) BHELIHsS 4yacTh
3MIOPBI CPeHEN CKOPOCTH MOXKET ObITb NMpeACTaB/eHa OHONApaMeT-
PHUYECKHM CeMeHCTBOM 3MIOp, VAOBJIETBOPSIOWIUX BHEIIHEMY 3aKOHY;
E) CYIIECTBYeT OHO3HAUHAsl CBSI3b MEXKAY 3HIOpPaMH CKOPOCTeH H
pacrpeejaeHHeM pasiiuuHbiX GYHKIUHA OCPeIHEHHBIX NyJbCAlHH CKO-
pPOCTH.

st npuMeHeH s NEPEYHC/IeHHLIX AONYIIeHNH Heo6XoauMo 06pa-
THTbCSI K 3SMIOUPHYECKUM KPHBbBIM BHYTPEHHEro H BHEUIHEro 3aKOHUB
¥ DACHpele/ieHHI0 Pa3JUUHBIX CTATHCTUYECKHX KOJHMUECTB, KOTOpOE
JAaHO B YPaBHEHHSIX KOJHUeCTBA JABHKEHHUS U 3Hepruu. B 310l ruiane
YKasbIBaeTCsl JIHUIb BO3MOXKHOCTD OTBICKAHHSA pellleHHs, T03TOMY 3TH
KpPUBbIE HEe NPHBOAATCA. HUTaTeNb, XKeNAIOWHI NOJYUUTh AETAAbHYIO
iHpOpMaLHUIo, NOJKEH NpouecTb paboThl PoTTa.

Ecay ynoMsiHyTble KPUBble UMEIOTCS TI0J, PYKOH, TO KaXKJABIH ujeH
VPaBHEHHUH KOJIUYeCTBA ABHKEHHUS M SHEPTHH MOXKeET ObITb BHIpaKeH
B pynxuuu C_ 1 H. Taxum o6pasoM, MOXKHO NOJNYYHTDh pelleHHe AJs

C,u H B Bujte IBYX OGBIYHBIX AH(GbepPeHIHaNbHEIX YPaBHEHHI!.

Mpumep 28. Mcnonb3oBaTe BHYTPeHHHUI] ¥ BHEIUHHA 3aKOHW LN NOAYYeHH?
suipaxkenns 0,(c, ), npuuas JorapudMHuecKHii BHA 3aBHCUMOCTER.
Pewetinc £01KHO GLITb TaKHM:
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3mech cnaraeMble Bo BTOPOH CKOGKe — NOCTOSIHHbBIE, a csaraeMble B nepBoi
ckobke — dynkunn H. Otciona Re;, uMmeer Bun
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KOTOPBIH, MocKoabKy § — skcnotenuuavuas Gpyuxuns o=y 2/Cx , naer BEJIHUHHY
Res‘ B ¢ynkuuy or C, u H, uTo u Tpe60BAAOCEH.



Fmasa VIII
CBOBOJHbBIH TYPBYJEHTHbBIM NOTOK CO CABHIOM

A. BBoanble 3aMedyaHust

95. Teuenne, co3naBaeMoe BHe3anHbIM (HemJaBHBIM)
H3MeHeHHeM CKOpOCTH. B ruiase V Oblio yaeneHo 060oJblIoe BHHMA-
HHE BJHSIHHIO BA3KOIO CABHIA B 30HAX CO 3HAUHTEJBHBIM I'DAJUEHTOM
ckopoctu. I'maBa VI mocBsilieHa yBeJHUYEHHIO HATPSKEHHS, COMPO-
BoXKzalpliero o6pasoBanue TypOyJaeHTHOCTH, ¢ aKIEHTHPOBKOH BHH-
MaHKs HAa BTOPUYHOM TCUCHHH, BOZHHKAIOUIEM B pe3y/bTaTe Npolec-
ca nepememnBanud. B rnase VII paun meronnl onpegenerus ¢Gopmel
KaK JaMMHAapHOro, Tak M TypOy/JEHTHOTO MOTOKA, BO3HUKAIOLIEIO B
pesyJabTaTe Mepefaud CABMra BOJIH3M TBepJbLIX TPaHHL H Iporpec-
CHBHO Da3BHBAIOLIEroCss OT FPAHHUYHON 30HBI. JTa IiaBa, MOCAEIHSN
B M3JIOXKEHHH, NOCBsIUIEHA PACCMOTPEHHIO 30H CABHra BAAJH OT He-
MOABHKHBIX I'paHuL. XOTS NPH OYEHb MaJblX uucaax PefiHosab/aca
TaKoOH MOTOK, HECOMHEHHO, JIAMHHAPEH, OJHAKO H3-3a OTCYTCTBHS
CTabUIH3UPYIOUIETO BJAHSHUA HENOABHKHON IPAHUYHON MOBEPXHOCTH
OH YyBCTBHTE/JEH K CPABHHTE/IbHO MaJblM BO3IMYLIEHHAM M NOUYTH BO
BCEX NPAKTHUECKUX Cayuasix MpoABJAseT ¢ CaMOro Hayaga 3HaUHTEeJk-
HYIO cTenenb TypOyaeHTHOCTH. OTCIONa CTAHOBHTCS SICHBIM CMBICJI Ha-
3BaHusl Hacrosuledl raaBbl «CBOGOAHBIl TypOYJEHTHBIH MOTOK €O
CABUTOM»,

ITpocreffiinM cayuyaeM TaKOro NOTOKA MOXKeET OBITb CJOH KHAKO-
CTH, HaXojdlleHcsa Ha TPaHHIE C HENOABHKHOH NOBEPXHOCTbIO, BHE-
3aIHO MPUBOJIHMON 3aTEM B Napas/elbHOe ABUKEHHE; CABHL, OYib
OH JaMHHAPHBIM MJIM TypOYJEHTHBIM, NOJUHHSET CBOEMY BJHSHHIO
MOCTENEHHO BO3PaCTaIOIIyIO 30HY XKHUAKOCTH. CBOGOAHYIO TypOYJ/IeHT-
HOCTb MPH NOAOOHBIX YCJAOBHSIX MOXKHO CO31aTh, BHE3AIHO NpPHBEIs
ABa COCEIHHMX XKHMJKHX Tesa (CJ051) B OTHOCHTENBIIOE ABMIKEHHe, ma-
pajiesbHOE  pasTPAHHYUBAIONIEH HMX MOBEPXHOCTH. MHTeHCHBHBIf
CIABHL HA 3TOH NOBEPXHOCTH PaspbiBa CKOPOCTH (IO CYTH, BHXPEBOI
C.10{) oUeHb GBICTPO NPHUBOJMT K HEYCTOMNUYHBOCTH, 3aPOXKIAECHUID TYp-
6y.1enTHOCTH H aHGDDY3HH, 00YCJAOBINBAEMON BTOPHUHBIMH TEYEHHS -
mu. O6pasylolnascst TypOyJeHTHOCTb, YCHINBASI MECTHbIE HalpsKe-
HHsI, TEM He MeHee 00ecCleuHBaeT yCJ/O0BHs, obJeryamline ee pac-
IpOCTpaHEHHE, TAaK KaK IIpH TIpoLecce MNepeMeNINBaHUS KHAKOCTD,
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ABHXKYILAsICA ¢ MaJoH CKOPOCTBIO, IEPEHOCHTCS B 30HY ¢ GOJBLINMHA
CKOPOCTSIMH, U HA0OOPOT, B pe3yabTaTe Uero KpuBas pacipefeseHus
OTHOCHTEJNBHBIX CKOpOCTeH mpeTepneBaeTr TpaHcopMaluio, MOL00-
Hyl H3oOpakeHHOH Ha puc. 114. Ecau monmycTuthk, YTO Kaxkjaas U3
KHAKOCTEH MPOCTHPAeTcst B NONyOECKOHEYHOCTh, TOTAA M300paxkeH-
HBIH Ha puc. 114 mpouece 6yneT MPOROAKATECSH DECKOHEUHO M0JTO CO
BCE BO3pacTamwilell CKOPOCThbIo, CpenHHA MmacwTad TypOyJeHTHOCTH
OyleT pacTH NpPONOPIHOHAILHO pasdmepaM 30HB AHGDY3HH U Cpen-
HASA  HHTEHCHBHOCTbL — TPONOPLHO-
HaAbHO T'PAJUEHTY CKOPOCTH.
KepTBys B KaKO#-TO Mepe MpoCTo-
TOM, Mbl MOXKEM 3HAUHTEeJbHO BBIHI-
paThb B yHOOCTBe NpHUMEHEHHs, 3aMme-
HHB HEYCTAaHOBUBIUHICHA paBHOMEPHBIH
npouecc cBoOOAHON TYypOYJEHTHOCTH
YCTAHOBHBLUHUMCSH HEpPaBHOMEPHBIM
npoueccoM: [Ba NapadielbHblX 0TO-
Ka C pasjHYHbIMH CKOPOCTSIMH BCTY-
Nal0T B KOHTAKT B JaHHOH TOUKe, a He
B JaHHBI MOMEHT BpemeHH. MoxHo
JAONYCTHTb, YTO 3TO IPOUCXOMHUT B KO-
HEYHOH TOUKe TOHKOH pasmesHTeJbHOI
crenkH (6e3 conpoTuBgenus). Torxa
YIIOMSIHYTas 0CAEA0BATENBHOCTD
3MIOP CKOpOCTell NpefCcTaBUTCs B BHE
Puc. 114. BpemenHoe uamenenue  KPUBBLIX, pasMEIeHHBIX Ha pas3HBIX
CKOPOCTM HA MOBEPXHOCTH Pas-  PACCTOSTHUAX OT TOUKH HAYaJbHOTrO
priBa kKoHtakra (puc. 115). MybiMu caoBa-
MY, HauboJsiee HHTEHCHBHBIH CABHUT
IPOHCXOJHT B KOHEUHOH TOYKE CTEHKH, PACIPOCTpaHEeHHe TYypOY.IeHT-
HOCTH, o0pa3oBaBLIelicsT B 3TOH 30He, SBJASETCS NPHUHHON TOTO, UTO
BCe GoJbile # GOJbllle KHIKOCTH BOBJEKAETCs B Mpolecc nepeme-
IIMBAHHS, H IO Mepe BbIPOXKAEHHS TYpOyJeHTHOCTH, chOpMHUPOBAB-
weiics paHee, obpasyercss TypOy/JeHTHOCTb (oJee KPYMHOTO Macli-
taba. Koudurypauus noroka Oymer, oueBHIHO, MEHATbCS B 3aABU-
CHMOCTH OT OTHOCHTEJbHBIX BENHYHH IBYX CKOPOCTEH; rpaHMUHBIM
yCJIOBHEM TapaJjielbHBIX JUHUN TOKa 6e3 B3aMMHOTO CABHTa HA
pasrpaHHYMBAIONIEN NOBEPXHOCTH ABJASETCS PaBEHCTBO CKOPOCTEIl.
(onywienre OTCYTCTBHSI CONPOTHBIEHHS HA CTEHKE, paspelsiio-
uledl 1Ba JKHAKHX Tela, KOHEeuHo, HepeasbHo. OnHako Typ6yaeHT-
HOCTb, BO3HHMKAOIAsl HA [MOBEPXHOCTH PE3KOr0 HM3MEHEHHs] CKOPOCTH
BHYTPH XKHIKOCTH, BO MHOTO a3 NPEBOCXOAMT TYPOYJEHTHOCTD, 06-
pasyiomyiocst Ha TBepAOH rpanuue. XOTd HAJTUIHE TBEPAOH CTEHKH,
HECOMHEHHO, MOXKeT U3MEHHTDb 10 HEKOTOPOIH CTENEHH XapaKTep CBO-
BOHON TYpOYAEHTHOCTH, HO 3TO BO31eHCTBHE BTODOCTENEHHO H IIO-
3TOMY MO KEeT HIHOPHPOBATbCs B ofuleM PaccMOTpPEHHH.)
3a HCK/IIOUEHHeM 3aMeHbl BPEMEHHOrO lapaMeTpa INapaMeTpoM
PacCTOAHMA OCHOBHOE DA3NHMYME MEXKIY NEPBOHAYANBHO PAaCCMOTPEH-
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HBIM C/yYaeM HEYCTAHOBHBIIErOCS NBHUXKEHHS H HEDABHOMEPHBIM IIO-
TokoM (cM. puc. 115) saxamouaercss B TOM, YTO BpEMEHHbIE H3MEHe-
HHSl COBEpIIeHHO CHMMETPHUYHBI, TOrZA KaK MPOCTPAHCTBEHHBIM M3-
MEHEHHUSIM CBOHCTBEHHA aCHMMETPHUHOCTb.

Bosee Toro, B TO BpeMsi KaK ABH)KEHHWe XKHAKOCTH, HMeIollel
6osee BBICOKYIO CKOPOCTb, 3aTOPMayKHBAETCs, IPOAOINKAET BO3pPa-
CTaTb KOJHMUYECTBO KHMIAKOCTH C MEHbIIEH CKOPOCThIO, BOBJIEKaeMoe
B 6osee BBICTPOE NBHXKEHHE, YTO 3aCTABJASET 5Ty KHUILKOCTb IBHTATh-
s K 30He THQQy3HH. YKazaHHOE M10/10KeHHe 060CTPACTCS, €CJAH MPH-
HATb, 4TO CKOPOCTb MEAJEHHO IBHIKYLIEHCS JKHAKOCTH PaBHA HYJIIO,
®ax 3To M3obpaxeHo Ha puc. 116. ITo Mepe ynaJseHns oT HavyalbHOM

o —
*\\
Pnc. 115, TIpocTpanCTBEHHOR H3MeHEHHE CKOPOCTH Ha 1o-
BeDXHOCTH pa3phiRa

/ — KOHeW Dpa3neNHTeALHOH CTeHKH; 2 — YCJIOBHBIE TPAaHHUB 30HH
RupPysun

TOYKH KOHTAaKTa BCe BO3pacTarllee KOJIHYECTBO PaHee HEeNOABHK-
HOW JKHJKOCTH NMPUXOAUT B JIBHXKEHHE, TAK YTO MO YCJAOBHSAM Hepas-
PBIBHOCTH JIOJIZK€H BO3HHKHYTb NOTOK, ABMXKYIIMICA B oOpaTHOM
HanpaBJeHHH, KaK I0Ka3aHOo JHHHAMHY TOKAa BTOPUUHOTO TEUEHHS,
CyulecTByeT, KOHeuHo, GECUHCAEeHHOE MHOKECTBO TPAHHUHDLIX yC-
JIOBHH, BHOCSAILIUX JONMOMHHTENbHbIE YCJIOXKHEHHUS, HO B TO )K€ BpeMs
NpeACTABJAIOIINX NPaKTHUeCKHH HHTepec. B namnom nyHKTe Oyayr
paccMOTpEHBI TOMNLKO TPH H3 HUX. IlepBoe npexncrasisfer codoit NOTOK
KOHCYHOH ILMPHHBI, BIANalOUINi B mapasie]bHbIH OTOK C MEHbIUeH
(nau Goabuielt) cKopocThio. PaccMoTperHas paHee VIpoLeHHAS Kap-
THHA AOJKHA ObITb MPU ITOM JOMOJHEHA ee 3epKaJbHBIM H300paxe-
HHeM TakK, YTOOH! [B€ NepBOHAUYAbHO OTe1bHble 30HbI AU DY3HU CO
BpemelneM COSAHHMINCh W Ja/iM HOBBII THN NMOTOKA. BTopoe cosmpaer-
Cfl XEeCTKOH TpaHuIel, KOTopas HApyWaeT MPUTOK KHIKOCTH, HEOO-
XOAHMOH JJIsi Tpoiuecca pacrnpoCTPAHEHHS 30Hbl TepeMeliHBaHHs
{puc. 117). Tak Kax BOBJEUEHHE HOBBIX 0OEMOB TpedyeT cob.alone-
HIiSl Hepa3pBIBHOCTH, JOJKEH YCTAHOBHUTbCA OGpPATHBIH MNOTOK, YTO
CO30aeT OTHOCHTEJABHO YCTOHUYUBBIA BHXPb, OOLIUIIO CONYTCTBYICLUHUI
30HaM paspeiBa. Ha 10CTaTOYHOM pPaccTOSHMH OT ITOrO BTOPHYUHOIO
MecTHOro TeueHust guddysus Gyaer npoxoANKaThbCs, KaK ecnu Obl 3Ta
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JOTNIOJIHUTE/IbHASA CTeHKA Obl1a Obl IPOCTO MOBEPXHOCTbIO (C JIOOBIM
COMpOTUBJICHHEM) CHMMETpPHHU B OecKoHeuHoH kuakoctd. Hakowen,
€CJIM CYUIeCTBYIOT [B€ TaKue CTCHKH, TorAa AUdQy3Hui0 HeJab3s CUl-
TaTb pacnpocTpaHsoouledcs 6eckoneuno. HanpoTus, 3oHa cBoGoxHO-
ro TypOyJEHTHOro MOTOKA CO CABHIOM CYyIUECTBYeT JIMWb B HeMmo-
CpeACTBEHHOH OJH30CTH OT NepPBOHAYAJABHOIO pa3pbiBa, M npobaema

Y4 ~

~

AN
/

Puc. 116. Xapakrep noToka, pacnpoCTpaHsioulerocs
B HEOrPaHHYEHHOM [POCTPAHCTBE

MOXKeT 6bITb B ITOM CJydyae pelieHa TOJbKO C MOMONIbI) 3KCIEpH-
MEHTa.

96. Meroanl anaausa. [las onucanus ceofogHoro TypOyJaeHTHOrO
NOTOKA CO CABHIOM IIMPOKO MPHMEHSIOTCS YpPaBHEHHS HEpaspbiBHO-
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S

L

s /7

Puc. 117. Xapakrep nortoka, pacnpocTpaHsHiiE rocs
B OrpaHUYeHHOM NpPOCTPAHCTBE

CTH H ypaBHEHHMsA ABHKEHUS Kak B AHpdepennasbHoil dhopme, noay-
ueHHOH PefiHo/bACOM, TaK M B HHTerpaJsabHoil dopme. Hucio ux, xo-
HEUHO, HEJOCTATOUHO L./I5 pPeLIeHHs Jo60H 3aaauH, eC.TH TOJbKO OHH
He YIPOILAOTCS OYeHb CHJIbHO HJH HEe JONOJHAITCS 106aBOYHBIMH
cooTHOWeHHAMH. O6e 3TH BO3MOMHOCTH, K CUACTbIO, CYLIECTBYIOT
XO0Tg Obl B MPOCTEHLIHX CJAydasx.

Kak u B o6iem altasiuse MOrpaHuuyHoro cjaos (CM. m. 83), MOXKHO
NPHHSATD, YTO NIPOJOJNbHBIC U3MEHEHUS CKOPOCTH IO CPaBHEHHUIO C MO~

336



MepeuHbIMH H IIoIepeyHble PasMephbl M0 CPAaBHEHHIO C MPOJOJIbHBIMH
MAaJibl, TaK U4TO B 30He HH((dYy3HH U BHE ee AaBJIEHHE MOXKET CUUTATh-
¢s1 ONMHAKOBBIM. TOrza M3 BONPOCOB, CBA3AHHBIX C NOJAYOECKOHeUHOH
AHMIKOCTbIO, MOKHO HCKJIIOUHTh H3MeHEHHe J1aBJeHHs (KpoMme THApO-
craTHuyeckoro 3ddekra). M3-3a BbICOKOH WHTCHCHBHOCTH TlepeMelu-
BAHHUA BsI3KHE HaNpsKeHWs IO CPaBHEeHHIO C TypOyJIeHTHBIMH He3Ha-
yyTeJbHBl H HMH MOXKHO IpeHeOpeub. Takum obpasom, A4 ciayuad
ABYXMEpPHOTO TOTOKA TPULOAHB Takie uddepeninanbHbie ypas-
HEeHHS:

~ou , —du__ _ dlpu v},

PUH- TP o0 T T ey
du  dv
W_+-6y~0'

B cayuae 1ud¢y3uy OT eIHHCTBEHHOH 30HBI pa3phiBa B GECKOHEU-
HOH KHJKOCTH MMEETCSl TOMbKO OAHH JHUHEHHbIH pa3mep, aHaJoruy-
HBIH JJIHHE [JOCKOH TJIacTHHBl B aHajK3e NOrpanuyHoro Chios,-—
paccTosiHHe OT Haua/bHOI TOUKH pa3phiBa. B pesy/brare MOMKHO CHO-
Ba JOMYCTHTh, YTO KPHUBAfA PACOPEIRIEHHSA CKOPOCTH B IIONEPEUHOM
CeUeHHH TPOCTO YAJHHSETCH C YBEJIHUYEHHEM DPAcCTOAHHS OT Hadasa;
(GYHKUHS pacnpejeseHHs, TakKuM o6pa3oM, 0J00Ha BO BCEX CEUEHH-
X BLOab TeyeHus. Takoe nopofue, OUCBHAHO, OTHOCHTCS KaK K 0C-
pEIHEHHOMY IBMKEHHIO, TaK H K TypOYJeHTHOCTH, KOTOpble Hepas-
PBIBHO CBfI3AHBI JPYT C APYTOM.

J1JI5i OKOHYATeJbHOTO PEeHieHHs Bonpoca (MCK/II04as 3KCIEePHMeH-
TaJbHOE onpenecienue Ko3(hhHIHeHTOB IPONOPIHOHAIbHOCTH) JOMHK-
Hbl ObITb NPHHATH ellie 1Ba COOTHOIUEHHF: NOMEepeuHoe pacrpenese-
HHEe HEeKOTOPOH XapaKTepHCTHKH OCpeXHEHHOTO MOTOKa WJH Moleped-
HOe pacupejielcHHe HeKOTOpOfl XapaKTepPHCTHKH TYpOYJIEHTHOCTH H
COOTHOLIEHWE MEXKJy HUMH. XapaKTepHCTHKONH OCPEeAHEeHHOro MOToKa
MOZKET OBbITh 060 KOMIOHEHT CKOPOCTH, a TypOyJIeHTHOH xapakre-
PHCTHKOH MOKeT ObITb HHTEHCHBHOCTD, MaciiTad, cABHT UM JHD Y-
3MOHHOCTb, OAHAKO TOCKOJbKY eIHHCTBEHHBIMH AOCTATOYHO NPOCTHI-
MH COOTHOLIEHHSIMH MEXKY OCPEIHEHHBIM MOTOKOM H TypOYJEHTHO-
CThbIO ABAAIOTCA (EHOMEHONOrHYECKHe COOTHOWesMs (cM. 1. 78), TO
OBbIYUHO B KaUecTBe XapaKTEpUCTHKH TypOYJEHTHOCTH NPHHUMAIOT
WM OJHHY TIEpEMElIHBAHHUS, MM BUPTYaJbHyl0 (BHXPEBYIO) BA3-
KOCTb.

[Tpu GoJsee CJOOXKHBIX TPAHHYHLIX YCJOBHSX, IPEACTABICHHBIX
GaM30CThIO ABYX 30H nHGAOY3HH B 3€pKaAbHOM H300paxeHHuH, nepe-
ygcJeHnble JONYUEHHS O NO0J06HH, OUEBHAHO, NPHMEHHMbI JHIIb B
KauecTBe MepBOro MPHOIMKEHHS 3HAUUTEIbHO BHILIE 10 TEUEHHIO H B
nuddeperuunanbyol GyHKIHOHAIBHONK (HOpME 3HAUNTEIbHO HHXKE IO
TEUEHHIO OT 06JacTH CMbIKAHUA 30H. Ec/aH, Kpome TOro, TakHe OTO-
fpakeHHsl TOBTOPSIOTCA MHOrOKPaTHO (KaK 3TO MNPOHCXOAHT B TO-
TOKE 3a PEIIeTKOH) HJIH eC/i 30Ha CBOOOAHOH TypOyJeHTIOn aup¢y-
3HH OrpaHHUeHa B NONePeuHOM HalpaBJeHHH (KaK B IIOTOKe, JBHXKY-
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LieMcsl B BOJOBO/E), TOTAA BCE NpEAbLAYIIHE YIPOILIEHHsT CTAHOBATCS
HenpuemaeMbiMiH., Kak OBIJIO OTMEUEHO, AeTalbHOE HCCJICA0BaHHE
MOCJEJHHX BOIIPOCOB JOJKHO Ga3MpoBaTbCA HA KCIEPHUMEHTAMbHBIX
H3MepeHnsix, 100 aHAJHTHUYECKHE COOTHOWICHHA CJYXKaT JHUIb AJA
KOPPEKTHPOBKH jeTajefl B COOTBETCTBUH C (H3HUeCKHMH TpeboBa-
HUSMH.

anMep 29, Ilnockas nJjacrTuHa NpOoTArUBaeTCst 4epe3d IMepBoHavaJjJbHO Heno-

ABUXKIYIO XHAKOCTD, Ha'—[EpTI/ITb pacnpene/ieHie CKOPOCTH B CJjeAe U pacCMOTPETH
€T0 OTHOIIIEHHE K .HOﬁOBOMy COINPOTHUBJICHHIO TJIACTHHBL.

Ecii cKOPOCTb JKHAKOCTH OTHOCHTEJIBHO TIACTHHBI OGO3HAYATbL Upy & €€ Mpe-
aen Up , TO MO COOTHONIEHHSIM AJIs1 MOTrPAHHYHOIO CJI0S HHTerpal

Lol
e 5_”12 (Ug—ug)dy =D
0

0JiKeH ObITH TaKUM YK€, KaK B KOHIE MJIaCTHHBI
BO BCeX TMOCJEAYIOUINX MOMEPEYHHIX CeyeHHsX
© / caena.

Uepes MrHOBEHHYIO CKOPOCTh B TPOH3BO.DL-
/ HOM CEUEHHH, NMOCKObKY u=up —Up, ureen

- *
_— 0 \ (Up+ u) (— ) dy = D = const.
A 0

B. CMeluenue napaJesbHbiX NOTOKOB

97. OGwMe COOTHOIEHUSE AJS CMellMBAKIIMXCS [10TO-
koB. Ha puc. 118 nokasano, Kak jiBa napaJjejbHbIX IIOTOKA C pas-
JIHYHBIMH CKOPOCTSIMH BCTYIIAIOT B KOHTAKT B HauaJe Koopauuart. [lis
YIpOLIEeHH s IPHHATO, UTO Pas3jeJuTe/bHast CTEHKA He BIHUSET Ha pac-
npejeseHne CKOpocTel, 1 CKOPOCTH BO BCEX TOUKAX IEPBOro H BTO-
pOTO MOTOKOB paBHBI COOTBEeTCTBEHHO Uy 1 Us. IlpnMen, uto B cO/H-
KAIOIHXCA MTOTOKAX TypOYJAEHTHOCTb OTCYTCTBYET, TAK UTO XapaKTep
CKOPOCTH HH)KE TOUKH KOHTAKTa MOJHOCTBIO oOmpenessercss Typoy-
JIEHTHBIM TIE€peMelIHBaHHeM B 00/1aCTH HanboJbliero casura. Xapak-
Tep TypOYJEHTHOCTH B CBOIO
oyepenb MOKET CUNTAThbCA 3d- ¥
BUCALIAM TOJBKO OT COOT-

BETCTBYIOLEro  pachpejesne- Y

uust cpeanefl ckopocTd. Takum

06pa3omM, 3TO COOTHOLIEHHE

ABJAETCSH 00 BEeIUHSIIOUIUM.

Hcropus BUJIOU3MEHEHHUS, b
.

NPEAIIECTBYIOAS  KAXKAOMY
NoTIepeyHOMY CEUeHHIO, J0JIXK-

Ha GbI'Eb nojo0Ha IS BCEX  puc |18 [MoscunTesbHas cxena Cwerie-
CEUEHHH, U paCCTOHHHe X OT HUSI TIOTOKOB
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KOHUA Pa3le/HTENbHON CTEHKH He JOJKHO BJMATH Ha paclmpenese-
HHE CKODOCTEH, 3a MCK/II0UEHHeM H3MEHeHHs HIHPHHBL b 30HBI AH(D-
¢ysun. JlosToMy uedeco00pa3HO HOMYCTHTh, YTO OTHOLIEHHE BCEX
CKOpOCTel, KaK TYpPOY/JEHTHBIX, TaK H OCPENHEHHBIX, K YIOMAHYTOH
XapaKTepHOll CKOPOCTH siB/sieTcss QyHKUHeH TObKO nmapamerpa y/b.

Ucnonbsya serox Pefixapara, nebuuut ckopoctd ug=u—U,
NpUHHMAaeM B KauyeCTBe He3aBHCHMOH IepeMEHHOH, MaKCHMaJdbHbIM
3HaYeHHeM KOTopo# siBasercs pasHocTh Ug=U,—U,. Honyumenne
0 nojo0HM (GYHKLUUH pacrpefeseHus CKOPOCTeH MOMKET OblTh 3allH-
CaHO TaK:

Zj—g — f(%) (270)

3TO COOTHOIIEHHE TIPHMEHHMO KO BCeM 0e3 HCKJIOUEHHS KOMMOHEH-
TaM OCPEJHEHHOTO H BTOPHYHOTO MOTOKOB.

Bpoas ypabHenue HepaspBIBHOCTH, 3alHIIeM ypaBHEHHE IBHKe-
HHA, TIPENCTaBJeHlioe B NpPeNbAYINeM NyHKTe, B (GOpMe ypaBHEHHS
Hepa3pbIBHOCTH, TAK YTO TOJIKHO OBITH BBHIMOJIHEHO aHAJOTHUHOE HH-
TerpHpoBaHue

ou’ | o(w) 0
dx +Ty -V

3nech uv=uv +u't’. Ec/u Tenepb BOCMOJb30BATHCA BbIP asKeHHEM
AJIst jeuuuTa CKOPOCTH, TO YPAaBHEHHE HEPa3pPbIBHOCTH NMPHHHMAET
BHA

du _ ouy
dy ~ dx
[lpu wy, sanucanson kak (uq/Ug) Ug, 970 ypaBHeHHe MOKeT OLITH
1Iepefucato Tak:

Ug i dUd

v __ y ., 9(alla)
' U; “dx

oy Vi T @71

Tax kak B yc/0BHSIX CMELIEHHUS NapasjeNbHblX N0TOKOB Uy — 10-
CTOsIHHAsd, nocJiefHee CcJaraeMoe B 3TOM PABEHCTBE PABHO HY.IIO. Bre-
JleHKe nepeMeHHOH y/b maer BhIpaKenue

6_?_ - db |y d (uq/Ug) (272)
dwfb)  “ddx b d(y/b) <

HuTerpupoBanue no oTHOIWeEHHIO K y/b u menenue Ha Uy npuso-
IUT K PaBEHCTBY

v db (g dugUa) ;. 00y :

U = dx ) o dqm 2W0) TGk (273)

[Tonmepeunblfi KOMIOOHEHT OCPeHEHHON CKOPOCTH MOXKET ObITb OI-
pelesieH H3 3TOr0 paBeHCTBA, MOCKOAbKY paclpenesaeHlHe CKOPOCTU B
HampaBJeHHU X BBIPAXKEHO KaK QyHKuus ot y/b.
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Broasa kBajppar peduIMTa CKOPOCTH uz =u?—U%, MakCHMyMOM
Kotoporo sipasercst U? = U2— U2, MOXKHO HanHCaTh ypaBHEHHe [1BHU-
JKeHus B QOpMe ypaBHEHHs HePa3PLIBHOCTH
2

*

0

KA e W )
ox { y?

oy {2
*

= 0. (274)

MuTerpuposanne aHaaorHyHo ypaBHenusam (271) u (273) naer

w_a |y ()
U? dx b d (y/b)

*
PaBenctBo (275) ykasblBaeT Ha CBfA3b MEXAY OCPeJHEHHBIM I1PO-

M3BeleHHeM —pUU, KOTOpOe BKAUaeT TypGyaeHTHBI casur —pu'v’,
M pacnpeiejieHeM HpOIOJbHOIO KOMIIOHEHTa CKOpPOCTH, TaK YTO
BbIpaXKerHe A1 OJHOrO H3 HHX ONpeNeJserT Apyroe.

Kak 6b1s10 ynoMsiHyTO, OCPEAHEHHBIE BEJHUHHBI BCEX CKOPOCTHBIX
XapaKkTepHCTHX SIBAAIOTCH QYHKUMAMH Toabko y/b, a He x. Orciona,
TOCKOABLKY MHTErpaJbl Kak paBenctsa (273), Tak n pasenctBa (275)
ABJAIOTCA QYHKIIHSAMHU TO/BKO y/b, Beauunnnt C)(x) u Co(X) MOJIKHB
OBITH MOCTOSTHHBIMH, & 3TH DABEHCTBA CONEp)KaTb Kpowme db/dx toub-
KO NMOCTOSIHHBIE BeJHUMHBI ¥ DYHKUMHU oT y/b. CrenoBatenbHo, db/dx
He MOXKeT ObiTb (PyHKUHEeH x ¥ IMpUHA D 30HBI OH(GY3UU yBeli-
yuBaeTcsl JMHEHHO B 3aBHcHUMOCTH OT x. CKOpOCTH pacripocTpaHe-
HHS, OfHaKo, OyHerT 3aBUCEThb HEKOTOPBIM MOKa elle HEH3BECTHHIM
06pasoM OT COOTHOILEHHA CKOPOCTEH ABYX TapaJle/bHBIX MOTOKOB:

db —f U,
dx (Ul ) )
HpHBelleHHbe‘I aHaJJau3, OYEeBHIHO, AOCTATO4Y€H TOJLKO AJad IM01-
TBEPXKACHHSA OCHOBHBIX COOTHOIUQHH}UI, OpUCYLINUX pacCMaTpHBAEMOMY
NIOTOKY. HHTQFpaJIbeIe BbIpAXKEHUS, ONUCBIBANOIHE 0611.{1/16 CTOpPOHBI
HEpa3pbiBHOCTH, KOJHUUECTBA [ABHXKECHUA H 3HEPrUM MNOTOKA, MOIYT
OBITH C YCIeXOM HCIIOJAb30BaHbl B 3TOM HAIpaBJA€HHH, HoMorad C
GOoJbINER OTUETJIHBOCTHIO NpencTaByidATb XapaKTepDUCTHKHM MOTOKaA.
STH UHTETrpaJdbHble CQOTHOIICHW, KOHEYHO, BhIBEAEHbl H3 TEX K€
OCHOBHBIX ypaBHeHHﬁ, Ha KOTOPLIX IIOCTpO€HA BCA MeXaHHKa XKHUIA-
KOCTH. HaanMep, YpdBHEHHE HEDA3PBIBHOCTH, INPOUHTErPHPOBAHHOE
o i, MOXeT ObITH 3aMUCaHO B BHIE

d (y/b) + Cy (x). (275)

e
0u dv - -
j‘ ;dy: N j‘ Fy_dy:—_vw+ v =V +V,
—® -

Murerpan ciesa npeacTaniser UPOAOABHYIO CKOPOCTh H3MeHEeHHS
06BbEMHOIO pacxopa uepes Jwboe HOpMaJbHOe CedueHHe; yKasaHHAs
CKOpPOCTb MOJIKHa ObITb paBHa CyMMe IOMepeuHblX CKOopocTed
(puc. 119). Ecan ato BHIpasuTh yepes AedHIUT CKOPOCTH, IIPOH3BOI-

340



Hasl IO X MOXKeT ObiTb IOCTaBJeHa nepeja HHTerpaJoM. [lyrem ganb-
HeAHX 1peo0pa3oBanui, MOAOGHBLIX MPOIENAHHBIM C PaBEHCTBOM
(271), monyueHO COOTHOIIEHHE

0 _ o __
st Vo) (bl =2
dx Ud b b Ud b Ud

—0

B KOTOPOM g TO e, 4TO M paHbuie, a u,=u — U, CymMy nHTErpa-
JIOB, IPeACTaB/A0ILYI0 cO00H, KOHeUHO, UH(PPOBYIO BEAHYHHY, 0603-
HauuM uepes /. CKOpOCTb U3MeHEeHHsI b B POAOJILHOM HaNlpaBIeHHH,
TakuM 00pa3oM, COCTaBHT

db _ Vit Vs y
dx Ugly Y

To, yTo WIMpHHA 30HBI AU(-
¢ y3HH 3aBHCHT OT X JHHEHHO,
Ternepb yCTaHABJAHBAETCSl He-
NOCPEJCTBEHHO, TakK Kak V; U
1 Vs — nomnepeyHsle CKOPOCTH
BHE 30HBI I€pEMEIIHBAHUS —
HOCTOSTHHBI,

XoTs 31ech AJ51 T0JyUeHHsT
HCKOMOT0 COOTHOIIEHHS Oblia
Heo6XoqUMa  HHTerpaJbHas
dopMa TOMAbKO YpaBHEHHs
HEpPaspbIBHOCTH, B  [PYTHX
cayvasix, KakK OyleT NokKasaHO jpaJee, MOTPeOYIOTCS HHTErpanbl Ko-
JHYECTBA JBHXKEHHS U SHEPIHHU.

98. PacnpenesieHde CKOPOCTeil NMPU CMelleHHH NOTOKOB. B Ha-
CTOsIIEM aHaJ/JH3e OyIeT HCNOJb30BaHO YpaBHEHHE [BHXKECHHA B

dopMe

Puc. 119. CooTHollleHHe MpPOAONBHOTO
NOTePeyHOro MOTOKOB

—9u ,—du T
ua_g_f_va_u:i.a xy (276)

Ox oy p oy
rie Txy=—p«'v’. [IpaupTiesckoe mpeicTaBieHHe o AJHHE NyTH IIe-

peMelIuBaHUs, ONUCAHHOE B M. 78, MOKeT OBITb HUCIOJAb30BAHO 3/€Ch
JJ151 IOJTYUYCHHUSA COOTHOLHEHHS MEXAY CABHIOM M IDajJHEHTOM CKOpO-
CTH B J10O0H TOUKeE:
— du
— 2
=t (%)

dy

34l

oy

Kak nokasaHo B mpeablAyllleM NyHKTe, MOMYyIleHHe O INOoA06UH
Tpebyer JIHHEHHOH 3aBHCHMOCTH b OT X, TaK UTO paclpe/esneHue CKO-
pPOCTH MOXKeT OLITb 3alHCaHO B (PYHKUHOHAJAbHOU GopMe Kak

6= 1%
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Ecail b NPaHATICBCKONl THIOTE3 0 MeXaHiavie TypOYACHTHOCTI
INMEETCS T0A00HE TyPOY.IRNTIOCTH, TO OTHOUIEHHE ATHHLI MYTH Nepe-
VeIIMBANNS K LIMDHHE NONEPEUHOTO CCUSHNA 10.TKHO ObiTh (yHK-

wieit y/b
g
b g( b )

Canoii NPOCTOfi 3aBHCHMOCTBIO, XOTS HE €IMHCTBEHHOI 1 He ca-
MOfi ayumeit, MoxeT GuiTh I/b=const, aaa KoTopoil B ciTy MHHElHOM
3aBHCHMOCTH b oT X

l=¢x
Dynkuns T0Ka

()
* -
HAXOANTCST OBLINHBIN CTIOCOBON 13 samcit = (idy 1 HHTErpHpOBa-

nus pasenctpa u=Usf (y/x). OTciona MOTYT GHITh HOAYUEHb BHIDA-
JKeHHsT AL KOMTIOHENTOB OCPeHEINOf CKOPOCTIH

V=—F+ YL,
x

rae

Uy T (ylx)d (y/x); F'=Uf(y/x). Wrtpux naa F ykaswisaer
o y/x. 11 N ABMAKC-

P

HHSL IPHBOAKT K abioNy
F70 )+ F () =0,

Il 118 YNpOUEHNS NPEACTOSLIMX MATEMATHUCCKHX ONEpawti ne-
JonoARHTE b RAs

v
-
Voo x
Pewenne ykasator o yp Moser Gt
samncaro Tax:
S - " 3 . 3
G o) = e ‘—d,e’”cosVTn Ly Psin ‘Tq,

e ' =n— 11, 01— Beawmua ) npu w=U), a dy, dz n ds— nocto-
Attubie. UCTHPE TPAHIHBIX 3HANCHIA MOTYT GbITh OPECICHEI 13 YC-
{1081l Ha BUCIIAKX MPeAeAaX 30Hbl AMDPY3HH: CKOPOCTE TaM A0MK-
Ha OWTh PaBHA CKOPOCTH COCCANETO OKPYIKAWOIEro MOTOKA, a rpa-
AHENT CKOPOCTI B MONGPENIION HANPARIERH 10.KEH PABHATHCA Hy-
0, TaK uTo

L
Upn ot
o
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EcaH B mpaHATJIEBCKOH THNOTe3e O MeXaHl3Me TypOYyJeHTHOCTH
HMeeTcsl nogobue TypOyJeHTHOCTH, TO OTHOILICHHE AJHHBI YTH Iepe-
MeNINBAHUSl K IIHPHHE TONEPeuHOro CEYeHHs I0JKHO ObITh (GyHK-

uueir y/b
A
c=elT)

CaMofi npocToll 3aBUCHMOCTbIO, XOTSI HE €JIHHCTBEHHOH H He ca-
MOfi Jyuiefl, MOXeT ObIThb [/b = const, 115 KOTOpO# B CHIY NHHEHHOH
3aBUCHMOCTH b OT X

ZZC]_x.

(2]

HaX0AUTCs OGBIUHBEM CIIOCOOOM H3 3aMMCH = {udy N HHTErpupoBa-

Husi paBeuctBa u= U,f(y/x). Orciona Moryt ObITb IOJYyYeHH Bhipa-
KEHHS J1/151 KOMIOHEHTOB OCpefHEHHOH CKOPOCTH

DyHKUUA TOKa

L:MW”:FQEZ—F+11Z
d (y/x) X

rae F=U,[f(y/x)d(y/x); F'=Uf(y/x). llitpux nan F yxasbiBaer

Ha aHbdepeHUHpoBanue no y/x. [logcraHOBKa B ypaBHEHHE JBHXe-

HUSI TIPUBOJHUT K OOBIUHOMY AH}depeHunasbHOMY ypaBHEHHIO

F'" () -+ FMn) =0,
rape auasd YIIPOI_LLGHHH l'lpelICTOHI_ILI/IX MaTeMaTHUECKUX onepauuﬁ HcC-
MoJib30BaHa AONOAHHTEJbHAA MOACTAHOBKA
_ ¥
- .

l/ 2c?x

Peurenne ykasanHoro auddepeHunanbHOro ypaBHeHHsT MOKET OBITh

3aNHCaHO TakK:
Vs Vs o,

08—
5 2 n,

N =

G(W)=de™" +dye'*c n -+ ds " ?sin

rae n' =mn—mn1, W — BeauunHa n npu u="U,, a d,, do u ds— nocro-
siHHple, YeTblpe rpaHUUHBIX 3HAYEHHS MOTYT ObITb ONpeje/1eHbl U3 yC-
JIOBHH Ha BHEIIHHX Tpejenax 30Hb AHGdY3HH: CKOPOCTb TaM JOJXK-
Ha ObITb paBHAa CKOPOCTH COCEJHEr0 OKPY’KAIOLlero N0oTOKa, a rpa-
JHEHT CKOPOCTH B MONEPEYHOM HampaB/jeHIH 10.KEeH PaBHAThCH HY-
JI0, TaK UTO

E:UII/IQ=E:O 11pH 1]:]]1(1111—0);
oy on’

- du du /

i = U - = = = 14 (" = ).

w= Uyt =0 mput =y (7 = )
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JIeHHOe YCJOBHE, TaK KakK IIPH paBeHCTBE CKOPOCTeH He Oyaer Typoy-
JNEHTHOTO CABMra, a CJeloBaTeqbHO, H 30HB Ju(¢ysud. Huxuui
HyJIeBO# Tmpejel, Kak OyleT noKaszaHo jajee, OUeHb BaxKeH 14 sB/e-

HHﬁ, OTJIUUHBIX OT CMELUIEHHSA ITOTOKOB.
Npumep 30. Mcnoapsya puc. 120 u 121, noayunth BeawunHbl b/x u ¢, ecau

Uy;=0u u=0,88 U,, xoraa y=0,04 x. a
Nockoabky U;=0, puc. 121 naer sasucumocts w/U; oT (M —m)/ (i —N2),
caenoBaresabHo, koraa w/U,=0,88,

h—1=0,16 (N — ).
Mo puc. 120 npu Uy=0 nonyuaeM, uto BenuuuHa 1);=0,98, a ne=—2, TaK uT0
1=0,98—-0,16.2,98=10,5.
Ho no onpenenenuio

__ ¥
n=-3 —

}/2c1x

OTcwo1a, MOJACTaBMAsAs BeJHYHHY 1 W 3ajaHHOe OTHOWUeHHe y/x u pemas pa-
BCHCTBO OTHOCHTEJIBHO C, MOJIYUYHM

1:’/*5 0,04
2(;1 = 05 =0,08 4 ¢; = 0,016.

Yro6pl HaHTH BEIUYHHY b/X, MOXKHO HPHHATH
. Y1 . _ 2

Ny = 3 ._2, y Mg = 3 _._2 .

}/ 2 x ]/201 x

Otcioja, Tak Kak b=y —y,

b 3y
v (M1 — M2) /20?= 2,98.0,08 = 0,24,

Y

B. PacripocTpaHeHue ciaefia 3a TeJI0M

99. HHTerpaabHbie COOTHOLIeHHMst Axas caepa. [lpu mo-
MELICHHH TeJa B GeCKOHEUHOe 1oJie TeueHHs, cBO6oaHOro oT TypOy-
JIGHTHOCTH H 006/1a7alollero mocTOSTHHOH cKopocTbio U;, paBHOMEp-
HBIH XapakTep ABH:KeHHs Hapymaercsi (puc. 122). Ilpu poctaTouHo
BHICOKOM umcje PefiHosnbica HapyHieHHOe MoJe MOXKeT OBITb pasne-
JeHo Ha Tpu o6JacTH. BOKpyr Tesa TOHKHH NMOTDAHWUUHHI C/IOH, BHE
3TOro CJos mepes TeJdoM U no 60oKam OT Hero 6e3aBHXpeBOe TEUeHHE,
nosanH Tejaa 061acTh ¢BOGOAHON TypGyAeHTHOCTH €O CIBUIOM, OOBIU-
o maspiBaemas caenoM. [1s Bcex Tes, 3a HCKJAIOUEHHEM Tea XO-
pomo o6TeKaeMoi ¢GopMbl, TOBEPXHOCTh TOKA, COBMAajallas ¢ TBep-
10H MOBEPXHOCTBIO Tesa, OYAET OTAeAATHCA OT HEero H3-3a rpaHuygo-
ro paspblBa WM H3-3a Pa3BUTUS NOIDAHHUYHOIO CJOST H 0BpaTHbIX
rpaanentoB pasiernsi. CdopmMuHpoBaHHAA TakUM 06pasom MNoBepx-
HOCTb CPeIHMX JHUHHI TOKA 3aMKHETCS Ha HEKOTODOM DAaCCTOSIHHH OT
KoHua Tesa. [Tepepnsia yacth clena mopofHa TOJNBKO YTO PaccMoT-
PEHHOMY C/1y4alo CMeLleHHs: TOTOKOB, Pa3HULa B OCHOBHOM 3aKJ/I04a-
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eTcsl B OrpaHHueHHOH NPOTAXKEHHOCTH 10/ NOTOKA, 3aMKHYTOTO rpa-
HHYHOH HOBEPXHOCTBIO TOKa. Huxe oT 3Toft 06/1aCTH MOTOK BHOBDL
npeacTaB/aser coGoll npuMmep 30HBI AHGGY3HH B HEOrPAaHHUEHHOM
noje. JIas ynoO6cTBa pacCMOTPEHHS CKOPOCTb BHE 30HBI IUdGhy3HH
CUMTAETCs MOCTOSIHHOH BeJWMUWHOH, paBHOH U, a BHYTPH 30HHI — IIe-
peMEHHOH BeJMUHHON u, MeHbmiel uem U;. 3oHa puddysun nomara-
eTcsl CHMMETPHUHOH, H MaKCHMYM Ae(HLUHTa CKOPOCTH — COOTBETCT-
BYIOIIUM OCH cCHMMeTpuH. Tak Kak 30Ha IHQOY3HH yBeIHUHBAETCH

v, y
 —d

s
P
——

o —
o —
———
——
—_—

Y

Puc. 122. TlosicHuTesbHast cXeMa PAcmpOCTPaHeHHsl CJe]0B

B MOMEPEUHOM HaNpaBJeHUH BHH3 MO TEUEHHIO, TO BCE BO3pACTAOLIAsN
YacThb OKPY2KAMLIEro NOTOKa TOPMO3HTCS, a 3aTOPMOXKEHHAS paHee—
YCKOpSIEeTCS].

Jlas1 u306pakeHusi OCeCHMMETPHUHOIO MOTOKA, NapasaesbHOTO
JBYXMEpPHOMY, KOMIIOHEHTbl CKOPOCTH ¥ M ¥ IO KOHLA I[JaBbl OYAyT
OTCUHTHIBATBLCSI B OCEBOM X M pajuaJdbHOM r HampaBJaeHusix. Uure-
rpajbHasi 3aBUCHMOCTb (CM. mI. 26 u 71) MeXIy CHJIOBBIM BO3MEH-
CTBHEM TeJNa PajiycoM a M CKOPOCTbIO H3MeHEHHs] KOJNHYeCTBa JBH-
JKEHHs] B KOAKCHAJbHOH HUJIMHIPHUECKOH 0O0/JaCTH paiuycoMm r
(puc. 123) mpuHHMaeT BUL:

U? r r r
—CDﬂa2%=2npgu2rdr—}-2npUl 5U1rdr——§‘urdr —
8 0 0

— 2mp SU% rdr.
0

JleBast yacThb paBeHCTBA — /
NpefCTaBAsieT MOJHOE CH-
JOBOE BO3AeHcTBHe TeJa.
IlepBoe cnaraemoe B mpa-

BOH 4YacTH INpEACTaBJAsIeT  —
OCPEJHEHHOE  KOJHYEeCTBO
IBHXXEHHS uepes Iomnepeu-
HOE CeueHHe, B3ATOE HHUXKE
T€JIa; XOTS €r0 BblpaKeHHe ~ <

BKJIIOYAET H OCPEHEHHbIC Puc. 123, TIpocTpancTBeHnoe H306paxkenue
H  NyJbCallHOHHBIE  CKO- pacmpocTpaHeHHsl CIel0B

—

Ny
ﬂ
- o—— Q - —————— . S———
\\\\
T -

IR EREE!
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POCTH, HO MOCJHeIHHE TpeHeOpekKUMO MaJjbl MO CPaBHEHHIO C TMep-
BbIMH, BennunHa B cKOOKax BO BTOPOM CJaraeMoMm IPOIOPIHO-
HaJbHa pa3HHLE pacxoja uepe3 BepXHee W HHUXKHee CEUeHHs, a Bce
craraeMoe MNpPeNCTaB/AsfeT NOTOK KOJHYECTBa ABHKEHHS HapyXy
Uepe3 UMJIHHAPHYECKYIO MOBEPXHOCTb. [locjaenHull YleH — 3TO IOTOK
KOJIMYeCTBa [BHKEHHS uepe3 BepxHee ceueHHe. Bepxuuii npegen
MHTETPHPOBAHUA r, OUEBHAHO, NOJXKeH ObITh OoJibllle, UeM pajguyc
caena.

BBenenue pasHoOCTH CKopocTell ug=u—U; maer mocie npusese-
HHS NOJOGHBIX UJIEHOB M [eJeHHs] Ha 27p BbIpaKeHHe

©0 e

— - Cp U} = f U, a,rdr + S‘ @, rdr.

B sToMm paBeHcTBe npeHedperau BO3AEHCTBHEM TYpOYJIEHTHHX
nyJdbCaUufl H BEPXHUY TNpepes YBEJHUHIH 10 6eckoneudoctd. Oue-
BHAHO, YTO B CJelIe JaJjJeKO 32 TeJOM ud & Ulug, NO3TOMY BTOPHIM
MHTErpajjoM MOXKHO npeneSpeub. Ecin ug samMeHutdb Udud/Ud (Ud—

MaKCHMaJbHOE 3HAaUeHHe Ug) M BBECTH 0e3pa3MEepHYIO IepeMeHHYIO
r/b, paBeHCTBO MpeBpalllaeTcsl B Cleaylollee:

_mc @V =UT b%f 4 (L) (277)

Ugb b

J]eBaH JacTb ypaBHeHHH IIOCTOAHHA AJd AAHHOIO TeJad H CKO-

pPOCTH, HHTErpa/J B NpaBoOH YacCTH TOXKe MOCTOSHEH. 3aBHCHUMOCTb

Mexay Ug U b — xapaKkTepHCTHUECKOH IJMHON JI060T0 CeueHHs ciae-
na BhiTJIAOUT TaK:

U, b*= const.

Has onpenenenuss uamenenuit Ug u b or x Tpedyercsi elle OTHO
paBeHcTBo. OHO MOXeT OBITb NOJYyUEHO H3 ypaBHeHHs sHepruu. Hc-
710/1b3ysl HEKOTOphle NONyUIeHHs, KaK B paseHcTBe (276), moayunm
A ocechMeTquHoro MOTOKa
1 a(r7)

+ o pr or

278)

VMHOHB 3TO BHIPaKeHHe Ha Ur
ST LR L )
ox or 0 ar
MCIO0Jb30BAB  DABEHCTBA G(QQEr)/dr = 2uurdu/or +—u26(5r) jor;
d(urt)/0r=ud (rt)/0r+rv0u/0r u ypaBHeHHe HEPaA3PLIBHOCTH
“ 4 I(wr) _ 0,

5; or
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TIOJIYYUM
St g, 1 o) | 1 0@ (T o7
2 Ox 2 or 0 or 0 or

Murerpuposanne mo r OT LEHTPAJbHON JHHHH 10 Kpas 30Hb
1 PyY3HH U YMHOXKEHHE Ha 25tp faeT

b b b
— —y o -
—d—S‘—)—l-‘—Qnrdr—}—p—ﬁzJQnrl =u T2nr|— \ a—u2:'crdr.
dx 2 2 . ar
0 0

HepBbIH JJiIeH B npaBon HaCTH paBeH Hy.IHO npu oboux npeaeJsax.
Ha I_LeHTpaJIbHOPI JIUHHH BTOpOH 4JIeH JIEBOH YacCTH TaK:Ke paBE€H HY-

710, HO y Kpasl ciena, rae u= U, npoussenenne 257y paBHO CKOPO-

CTH H3MCHEHHsI pacxoia B Caefe, TaK UTO, HCMOJb3Ysl MOHSITHE O He-
paspbLIBHOCTH, GyaeM HMeTb

——EQJQJV = ——y —AEQnrdr.
Torna ypasueHue snepruu 6yuper
b b ) b —
3 pU1 — —
LS‘—)—”— 2:rcrdr—ij —L W onrdr = — Yr ou 2nrdr.
dx 2 dx ¥ 2 . or
0

YiieHbl B JIEBOH YaCTH ypaBHEHHs SIBJISIIOTCS MPOXOJBHBIMH Ipa-
JIHE€HTAMH TIOTOKA 3HEPTHH COOTBETCTBEHHO Uepe3 HOpMaJbHOE H Ie-
pudepuiinoe ceuenne. CymMma HX NOJKHA DPaBHATHCS CKOPOCTH, C
KOTOpOH coBepmiaercss pabora TypOyneHnTHoro casura. Ecau BBecTH
N1epULUT CKOPOCTH M YBEJIHUHTL N0 GECKOHEUHOCTH BEpXHHH mpejed,

ypaBHeHHE npno6peTaeT BHJ

o © 0 _
— —9 "—3 T ou
2\0%u rdr-{-3 Uurdr—{- u =-—9 ——.—"rdr,
1%d 1%d K}
o p r
0

TpeTbHM HHTErpajJoM B JIEBOH YacTH ypaBHeHHﬂ MOZKHO npeHes-

peub AJs MocaenHel YacTH CJela, Tak KakK ud < Ulud CooTtBerct-

BeHHAs MOACTAHOBKA Ug= Uglig/Uy 1 BeapasMepHOl nepemMeHHOH r/b
MPUBOJHUT K HOBOH popMe ypaBHEHUS:

®
4 N oue, b gﬁd .L-d(L) 30, Ufiz:zj d Ld(—-) —
dx JU, b b : U?z’ b b
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Tak Kak KaxIbplii U3 HHTETPAJOB SBJAETCS YHCJOM MOCTOSHHBIM
1 MOXkeT ObITb 0603HaueH COOTBETCTBEHHO uepes [, I3 ¥ [4, a mocro-

AHHOE 3HAUYCHHEC Udb2 H3BCCTHO H3 YpaBHCHHS KOJHUYCCTBA JBHXKE-
HHA, TO NOCJCAHEE PABCHCTBO CBOAUTCA K TaKoH cbopme:

C,pa’U? U C a0, -*
a1, 22 L. e _grq/ 2021 p
41, dx 47,

STo ypaBHeHHe noc/e HHTerpnpOBaHHﬂ N0 X JaeT 3aBUCHUMOCTb

w] '

Udzklx

Tenepb MOXeT GLITb NMO1YYEHO H3MEHEHUE PACNpOCTPAHEeHHsl 30-
Hbl 1 dysun; Tak Kak Ugh? ecTb BesMYHHA NOCTOSAHHAS, TO

b=kyx"

HOJIyquHbIG 3J1€Cb pe3YJAbTATbl MOTYT OBITh [IPUMEHEHBl TOJIbKO
K y4aCTKy OCECHMMETPHYHOIO CJjdea HAMHOI'O HHXKe TeJ/Jid H3-3a MpH-

HATOTO AONYLIEHHS, YTO AE(HUUHT CKOPOCTH Ug B 30He nuddysun Ha-
MHOTO MeHbLue yem U;, cpenannoro a4s TOro, uroGbl mpenedpeub

BeMUHHAMH {4 U 4y COOTBETCTBEHHO B ypaBHEHUAX SHEPTHH H KO-
auuectsa ABuxkeHHA. CJefyeT 3aMeTHUTb, UTO NpeHeOpeKeHue uJje-
HaMH, BLIPaXKaUIUMHU KOJHUYECTBG JBHXKEHHS U€pe3 IHJIHHIApPHYE-
CKYIO TIOBEpXHOCTb 00/1aCTH, TOKa3aHHOM Ha puc. 123, uamenser
(YHKIMIO TOJMILKO Ha YHCAOBOH MHOMXKHTeab. [loaTomy HHOrga mAJs
EbIpAXKEHHUS] H3MEHEHHUs] TOTOKAa KOJHYECTBA JBHKEHUS] OTpaHUUUBa-
I0TCS CJaraeMbIMH /51 HOPMaJbHOIO CEYeHHSsI,

100. OGmue xapaKTepUCTHKH cjedoB. Kak ObUIO yKa3aHO TpH
pPacCMOTPEHHH CMEIIEHHs MOTOKOB, OOIHE XaPAKTEPUCTUKU TEUEHHS
MOTYT OBbITb ONMHCAHBl MM TOJBLKO 4YTO CHOPMYJHPOBAHHBIMH HHTET-
paJbHBIMH COOTHOLICHUSIMH, UM aHanusom Pefixapara. Mmentdo no-
caefHu# OyaeT TMpUBEACH 34ech AMAS CJaAyyas ABYXMEPHOro cjejaa.
Ilo cymecTBy A/ aHA/AM3a CA€IOB LENAIOTCS Te Ke MOMYIIEHUS, YUTO
¥ B Clydyae CMELIeHHs NOTOKOB, TaK YTO CHOBA NPHUMEHSIOTCS ypaB-
Henusa (271) m (274). Heo6xomnmo, oa1aKo, 3aMETHTb, YTO aHaJH3
OTPaHHYUBALTCA CJAEAO0M, BHE KOTOPOrO CKOPOCTb OKPYKatOILeH KU~
KOCTH Uy ecTb BeJHUHHA TOCTOSHAAST, BHYTPH KOTOPOTO MOKHO Tpe-
HeGpeyb rpagMEHTOM [aBJEHHA M B KOTOPOM MOXXHO OXHIATb MO-

N06Hs1 6e3pa3MepHEIX 3MOp cKopocTell ig/Uy IpH eIMHCTBEHHOM Ma-
pameTpe noJoxeHnus y/b.

B 3one ycraHoBuBIIErocs TeueHusi B cjaele Beanunna Uy He mo-
CTOsIHHaA, MO3TOMY ofe 4acTH ypaBHeHHs Hepa3pniBHOCTH (271) co-
XpaHATCA, H ypaBHeHHe (272) NpUHHUMAET BHL

05 _pg,d v GGl a0 T
dw) “dx b d(yb) dr 7,
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Wurerpuposanue no y/b u penenne Ha Uy NpUBOAAT K paBeH-
CTBY

—Z—zﬂgi.i@d—q_]i’—)d(y/b)——bfﬁ?—@y_@d(%)—kcg,

Uy dx b d(y/b) dx Uy

rpe Cs; — nocrossHHas, aHaaoruunas C, u Cy B 11. 97.
[Tocsie uHTErpupOBAHNA NepBOrO YJeHA IO YACTAM NOJydaeM

vy ug db d(InUq) ( ua
Lot s b—a—ywd()+a (279)

OTO paBeHCTBO [IJS1 30HBl YCTAHOBUBILErOCS TCYEHHS B cCJefe
MOXHO CPaBHHTb ¢ ypaBHenuem (273) mnst 30HB AHPDY3HH IIpH
CMeLIeHHN MOTOKOB. OHO MO3BOJISIET YCTAHOBUTD MONEPeUHbIll KOMIIO-
HEHT OCPENHEHHON CKOPOCTH, €CJH H3BECTHO pacrpeeleHue Ipo-
JOJIbHBIX CKOpPOCTeEH.

YpasHeHue (274) MmoxeT Tenepb OLITb NPOHHTErPHPOBAHO aHa-
JIOTHUHO ypasHenusim (271) u (279)

—_ 2 712
ﬂ_Lﬁiﬂ_dm” c..
2 w L)+

B YCJ0BUAX 30HB yCTAHOBUBLIETOCA TEUYEHUS B CJiefie 3TO ypaB-

HEeHHE JlaeT OJHO3HAYHYIO CBAA3b MEXKAY IPOU3BEIEHHEM puUU H IIpPO-
JOJIBHOYN CKOPOCTBIO.
Hasnpnefimee paccMOTpeHHe UJI€HOB IMOJYYEHHOTO PAaBEHCTBA IIO-

3BOJSIET YCTAHOBUTHL H3MeHeHHsT b u Uy ot x. Huxe no Teyenuio ot
TeJia MpOJOJbHAsA CKOPOCTh H3MEHEHHs NOTOKa KONHYECTBA ABHKeE-
HUSI MOXKET OBbITb NPHHSTA PABHOH HYJIO B COOTBETCTBHH C JONYylIe-
HUEM O IIOCTOSTHCTBE [aBJeHHs B cjeme. JTO JaeT Bblpa)eHue (OT-
HOCHTEJBHO MaJloe BO3JAelicTBUe TYypOYJIEHTHBIX MyJbCAaUMH B NOTOKE
KOJIHUEeCTBA JBHIKEHHST He YUHTBIBALTCH) :

d K -2

113 KO’IOpOI‘O nocsne BBefeHHS y/b u kBaapaTa gedHUHTA CKOPOCTH

= U u U HHTErpUpPOBAHHEM MOXKET OBITb NMOJYYeHO PaBEHCTBO

U,
bU, = const.

Taxum 06pa3om, BTOPOH U/eH B NPaBOil YacTH ypPaABHEHHS AJs
OCpeZHEHHOro MPOU3BeeHHA paBHSAETCS HYJIO, H TaK Kak uv=0 npu
y/b=0, 10 nocrosigHaa Cs Tak:ke paBHa Hyato. CienoBaTeNbHO, OC-
Taercs

(3]

wo_y G &
2 b2 dx ’
* *
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Tax kak KpuUTepueM nogo0Hs AJsl OCpPeIHEHHOrO MpPOU3BEIeHH

72 '
npuusato Beipaxenune uv/ Uy =f(y/b), TO JNeBass uacTb MOC/JIeIHErO
paBeHcTBa (GYHKUMS He TodbKo y/b. OaHako B obJacTu cieia Ha
3HAUNTENbHOM paCCTOHHYII/I oT Teda Ae(dHUUT CKOPOCTH TaK Mal,

YTO Uy KL2U, n u ~2udU1, 3TO ABJSIETCA NPAMBIM  pe3yJ/bTaTOM
CBA3H MEXKIY ua/Uqg n 1 /U YpaBHenue AJsi 9TOH 00/71aCTH MOXET
OBITb BBHIPAXKEHO TM0CHE YMHOMKEHHS MOCTeIHETO pPaBeHCTBA HA
U0
w _y ug 2y db
vy b U, U, dc
[TockoabKy BCe OCTadbHble MHOMXHTEIH B 9TOM YPaBHEHHH SIBJIS-

1oTca GyHKIUAMH TOJbKO y/b, NpOH3BE/IeHHE db/dx w 2U,/Uy nomx-
HO OBITb BEJHUHHON MOCTOSIHHOMN:

d 2
dx [,

= f.

Jlas sTo# e 00JaCTH B ABYXMEPHOM TMOTOKe MOMKeT OBITh BbI-
BeleHO ypaBHEHHe KOJHYecTBa JBIXKEHHS, [0J00HOe pPaBEHCTBY
(277):

Ut _
CDbO—lﬂbUdUlg( Zi)d(%) = bU,U,v,

rjie bo— wHpuHa Tena, a

= J= (e

[MogcraBasist B npeasayliee ypasHenue nas db/dx Buipaxenne
aast 2U/Ug 13 ypaBHEHHUST KOJMYECTBA ABHKEHMs U HHTETDHPYSA pe-
3yJIbTAT MOACTAHOBKH, NOJyJaeM PaBeHCTBO

C)
b? = —2[— . —% byx,
B KOTODOM HauaJo KOOpAHHAT BBIGpaHo Tak, uro x=0 npu b=0.
M3 3TOro CoOTHOWIEHHS OYEBUAHO, YTO WMPHHA 30HBI IHGBOY3HH b
yBEJHUMBaeTCsl NPONOPLHMOHAJAbBHO KOPHIO KBaJgpaTtHOMY H3 I[po-
JLOJIBHOTO paccTossHusl x. IlofcTaHOBKA MOJYUEHHOIO BhipaXKeHHs
051 b B ypaBHeHHE KONH4ecTBa ABHUACCHHHA AAeT paBeHCTBO

Ud _ ‘/NCD_bO .1
Ul QﬂY X ’

KOTOpOE MOKa3biBaeT, UTO B JBYXMEPHOM Cjele MaKCUMyM feduuH-

ta ckopoctH Uy u3MeHsieTcss 06paTHO NPONOPHHOHAALHO KOPHIO
KBAJpaTHOMY M3 X.
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101. Pacnpeaenenne ckopoctd B caenax. Jlag anaausa pacnpe-
JleJICHHUST CKOPOCTH B 30HE YCTAHOBHBILErOCsl TeUeHHS B CJIeAe MOKET
ObITH CHOBA HCMOJb30BAHO NPAHAT/IEBCKOEe NpeICTaBJeHHe O AJHHE
MyTH nepeMelnInBaHusl, Bbipazkawollee paclpefeseHue TypOyneHTHO-
ro casura. Xol MCCJeLOBAHHS B OCHOBHOM TOT Ke, UTO H IJI5 CMe-
LIMBAIOIIMXCA NOTOKOB, HO C HEKOTOPbIMH H3MeHeHUsiMH. Hanpu-
Mep, AomylueHne o noaoBuu amwp ckopocrell [ypaBuenne (270)] me-

penychBaeTcss HA OCHOBE YCTAaHOBJIEHHOH 3aBucumoctd b u Uy or x.
Caenyst ykazanusam UlauxTHHra, /s yIpolUeHHs AaJjbHelero aHa-
JH3a BMECTO X H y HCIOJAb3YIOTCA 0e3pasdMepHble KOOpAHHATH X' =
=x/(Cpbo) u y' =y/(Cpby) Kpurepuit nogo6us 3anucwiBaercst TOr-
fa Tak:

E’—:oc’)‘?f(

1
Yy nN" 3
=) *fm), (280)
xl
rae n=y’/V x’. Touno Tax ke AJHHA MyTH NepeMENIMBAHAA CHOBA
CUHTaeTCsl NOCTOSIHHOHA B MOIEPeYHOM CeUeHHH M IPONOpLHOHAJBHOIN

IIHPUHE CEeYeHHs, TAaK UTO IJIHHA NYTH nepeMelidBaHus B QYHKIHH
OT X IIOJy4aeT BhIpaKeHHE

[ =c,Cpb, (x)"

Brenenne peduurTa CKOPOCTH Ug=u— U, u npaHaT/J€BCKOro
Bblpa)KeHusa AJsi TypOYJEeHTHOTO CABHIAa B paBeHCTBO (276) maer
ypaBHEHHE ABHIKEHHS

Ulc')ud ) “dahd_!_ aud leaud a ud.
ox dx dy dy oy

Kak 6pu10 yKaszaHo, AJs1 30HBl YCTAHOBHBIIErocsd TedeHUA Ug &
& U, nostoMy MOMXHO OTOPOCHTb BTOPO# uJieH B JIEBOH YaCTH ypas-
HEHHUs, npeHefpeK MO MaJblii N0 CpaBHEHHIO C epBLIM. [1oa00HBIM
JKe 06pa3oM BeJMYHHA U MaJja Mo CPaBHEHHIO C iy, H TPETbUM Ujie-
HOM ee TakKxkKe MOXKHO IpeHeOpedb. YTPOUIEHHOe ypaBHEHHe

Oug o duy uy

1 ax dy oy

M OyZer HCIO/b30BATbCA /151 aHAJMH3a.
DyHKIHUA TOKA B CHCTEMe KOOPAHHAT X'y’ UMeeT BHI

Ci)bo = 5“74.‘/' =U,(y' + F),

rae F = [ f(n)dn.

IToacranoBka BbipameHds AJAd [ B YIpPOILEHHOe ypaBHEHHE [BH-
JKEeHHA M HCNOJb30BaHHe NMPOH3BOJAHBIX OT (DYHKIHH TOKA MPHBOAHT
K }:LPI(_]D(bepeHIlHaJIbHO’V[y ypaBHEHHIO

— o (F - nF") =2 F" F"".
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Ultpuxu Hag F ¥ cOOTBETCTBEHHO Hak [ oBosnavalor auddepen-
mpoBaHue no 1. IlepBbifl HHTErpan ypaBHEHHS COCTaBJseT

— nF’ = 2cl F" -~ const,

TXe NOCTOSAIHHAS HHTErpUpoOBaHUsl paBHA HYJIC, NOTOMY UYTO ’I’]=0 H

F7=0 (1. e. y=0 1 Ou/0y=0) Ha ueHTpasbHOH NHHUH. [TOCKOJBKY
F’=f, 7o unterpas mMoxert GBITh 3allUCaH Kak

—nf =2e2f"

BBeeHue HOBOM nepeMeHHOM
1

n, =n(23) °
NaeT Pe3yAbTHPYIOLIEE BBIPaKEHUE
of 2
—n, f = (_ )
! 07]1)
[Tocne paznpeneHus nepeMeHHBIXK Noaydaercss AMpdepeHIHal b-
HOEe ypaBHEHHE NepBOTO NOpPsAAKA, pPCIICHHEM KOTOPOToO CJOYXKHT

fz—«%m%~AY. (281)

JInsl OHEHKH 3TOro BBIPAXKEHHUs HCMOJB3YIOTCH TPH TI'PaHHYHBIX
ycjoBuda. Ha nentpanbHoft JHHMM ciefa n=1;=0, Tak 410 f(1() =
=—A2 3OTo maer 3aBUCHMOCTb M3MEHEHHS CKOPOCTH Ha LEHTPafb-
HOFI JMHUH OT PACCTOSIHUS BJOJb Cae1a
L
2

?

U -

e A1 ()
Uy

rae A — ele He onpeaesenHas nocrosinas. Ha rpauuie ciaena ug=

=0 u nostomy f(n:) =0, UTO NPUBOAYUT K BHIPAKEHHIO

(nl)Maxc = 2a08 Ag/x-

Tperbe rpaHHyHOE YC/10BHe OTHOCHTCSI K DaBHOBECHIO KOJIHMYECT-
Ba JBMXEHHA: NOJHOE JI060BOE CONPOTHBJIEHHE TeJa JOJIKHO OBITh
PaBHO H3MEHEHHMIO NOTOKa KOJIMUYeCTBa [BMKEHHS OT BEpPXHEro 10
HuKHero cevenni. IToqo6HO ypaBHEHHIO A/ OCECHMMETPHUYHOrO IO-
TOKa MOXKHO HamucaTh ypaBHEHHE, KOTOpoe B pasMepHoll dopme co-
OTBETCTBYET paBEHCTBY (277):
b

I —
~T%%m=y%w
0
ITpexne uem ompenenauth Bennuuny A, cjeayeT yCTAHOBUTb CBSI3b
MEeXJy MepeMeHHBIMH 4/, 1 ¥ 1;. Ha rpaunue cnena
b Y 1/3 2/3 1/3
¢ (2¢3)*-2,08 A"(x) 2.

¥ =tps, =
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Ecan BBecTH Tenepb HOBYIO ITE€PCMEIHYIO nzzm/(SA)/’, TO HH-
Terpas MoxkeT ObITh TOJYUEH U3 PaBEHCTBA
1
L2y @Ay A (@) — 1zan
4 ( 2) 2 b3
0

KOTOPOE BBLITCKACT H3 3aMellbl MEPCMEHHbIX H BBeLCHHS DPABEHCTB
(280) u (281) B ypaBHeHHe KOJHYECTBA ABHKEHHS,
Besnunna A TakHy 06pa3oM onpepe/sercs
0,559
A= S
C 4

Mcnonb3oBaHue 3TOrO pesyJabTata BMeCTe C paHee YCTAaHOBJEH-
HbIMH COOTHOIOCHHSIMH A4€T:
1

g _ e A
i =0313¢,7 )

%[( )’ - 1}2; (282)

1 CDbo \f;
_ 1 _ L
Ug ~5/ X 2
— -4 ={,313c —— ; 283
1 o1 © (CDbO) ( )
1
1 —
b 5> x \2
cop = L1816 (EDTO) : (284)

[Toctosinnble ¢g 4 Cp B NIPHUBEIEHHBIX YPaBHEHHsIX HOJIKHBI OBITD
onpeneJeHbl 3KCIepPHMMEHTaJbHbIMH H3MepeHusiMH. Kpome Toro, na-
4aJ10 OTCYeTa 1J5 X lie ABJAETCS OnpelesieHHOR TOUKOH TeJsa, a Tak-
e JO/PKHO ObIThb HalileHO SKCHePHMENTABHO.

ﬂpumep 31 II,OHYCTHB ﬂpHMeHI‘IMOCTb THITIOTE3hl O AJHHE HYTH nepemelidBanu,
nonyqu‘rb BpraX{EHHG H3MEHEeHHSA KacaTeJdbHOoro HaﬂpS{)KEHHH B ,E[BVXMGPHOM

caee.
ITo rumotese o jJuHe NYTH NepeMelnBalibs KacaTeaploe HamnpsiKeHne

[IpH amagn3e ABYXMEPHOro cAea MOKHO NDHHSTH, 4TO
I=cy J/5Cp by

a 3Mrpa CKOPOCTH IO 3TOMY aHAJH3Y OIKCbIBAETCA BbIPDAAKEHHEM

—_ -67— LY, 2

2 o1-0,313 ‘/_2_0 “i) —1 |

U, Cax b |
Otciona

1 ou 1/ Coby v\ 11
— o)/ e L 7
Ul dy CaX b b2

Moactapasas b u3 ypasHeHns (284) u ucnoab3ys BHIpaXxceliiie KacaTeJbHOID)
HanpsKeHis, NoAyyHM

T =0,156pu‘i’ ‘/CDbo .‘y_ yale ) 1 ?.
id Cox x 2,38(c,Cp box)'/‘

23—1459 353




I. Audysusa crpyit

102. HurerpaaphHbie cooTHolennn aas ctpyd. Koraa
KUAKOCTb BHITEKAET H3 OTBEPCTHS B TBepaoi cteHke (puc. 124), no-
TPY2KEHHOTO B 5TV K€ JKHJAKYIO Cpeay, TO B HelOCPCICTBEHHOH Oau-
30CTH OT OTBEPCTIS NOTOK O6JgafaeT MHOTMMH CBOHCTBAaMU, Xapak-
TEPHBIMH AJiS1 CMelleHHs1 cTpyil. [LefCTBUTEAbHO, eCJal OTBepcTHe
ABYXMEDHOE, TO AaHaJHTHUECKOE pAacCMOTpeHHe CMEeNIMBAIOIUXCA
CTPYH MOXeT ObiTh IIPHMEHEHO NOYTH J0 TOH TOYKH Ha NJOCKOCTH
CHMMEeTPHH, TAC CMBbIKalOTcs 301bl AHddy31l, pacnpocTpaHsoliHe-
Cs1 OT MPOTIBONOJOXKHEBX Kpaep oTeepctns. OnHaKo eCaH OTBEpCTHE

i

28y, 0p

T3

Puc. 124, TlosichutenbHasn cxema auddy3un crpyit

Kpyrioe, TO IogAydYalowasica Koabuepass 30Ha AHQPY3HH He HMeeT
TAKOro MPOCTOrO0 KPUTEPHS NOAOOHS, H COOTHOIIEHHS IJIA AByXMep-
HOM Hdpdy3HH MOTryT ObITb NMPUMEHEHbl C JOCTATOYHOH TOUHOCTHIO
TOJNBKO K NOTOKY OKOJO OTBepcTHsi. Ta uacTb BHITEKAIOWEH XHAKO-
CTH, KOTOpas ellle He cienasach 4acTblo BCE yBeJIHYHBAIOLIEHCH 30-
Hbl AHGY3HH, HasbiBaeTcss Ge3BHXPEBbIM AAPOM. ITO SAPO KOHYaA-
eTcsl TaM, rae 30oHa AudPys3Hd NOCTHraeT ocll cTpyH. BHHM3 mo Teye-
HHIO OT 3TOro CeueHusi MAaKCHMAaJbHAA CKOPOCTb CTPYH JOJIXKHa
YMEHbHIATBCA, TaK Kak 3oma AHGOY3NH MPOAOIKALT PACIHAPATHCS.
[Tpouecc aud¢ysnu npopoaxKaercs, o Kpaifineii mepe TeopeTHUECKH,
00 GECKOHEUHOCTH, 110Ka CTPYS He CTaHeT GeCKOHeYHO HMIHPOKOH NpH
HYJ€BOH CKOPOCTH.

Metonsl anasnnia, npuBeferHsle B nn. 97, 99 u 100, MoryT 6bITh
ICO0/b30Batibl /151 10Ka3aTeabCTBa TOrO, YTO CKOPOCTh PacHpoCTpa-
HEHHUs1 30Hbl YCTAHOBIBHIErOCs TEUEHHS KaK 1BYXMEDHOH, TaK H oce-
CHMMETPHUYHON CTPYH JOJIKHA ObITh JIHHEHOH, eCJH JONYyLIEeHHE O

nopo6un 3mniop ckopoctedt ug/Ug=f(y/b) npasunbno. Cnemosarenb-
HO, KpHTepHH 10A00HS A OCECHMMETPHYHOH CTPYH MOXKeT ObiTb
34MHCaH TaK:

L=f( L) =1,



rae w=r/x, a r H3MepsieTCA B HANpPaBJEHUHU, NEPNEHAHKYNAPHOM OCH
X B IHJIHHIDHYECKON CHCTeMe KOOpAMHAT. BeJUUHHB U W Um MoryT
31eCh NPUMEHSITHCS COOTBETCTBEHHO BMECTO ug u Uy, Tak Kax U=

[ToCTOSIHCTBO NOTOKAa KOJHYEeCTBA ABHMKEHUS B J1OO0OM nonepel-
HOM CEYEHHH CTPYH, OCHOBAHHOEe Ha IipeHeOpeKeHUWH Da3HHLed Be-
JIMYHH AaBJCHHH B 30HE YCTAHOBUBILETOCs TEYEHHS, MOXKET ObiTh BLl-
pa’keHo Tak:

lj.ﬂizfﬁ(n) strdr 0 ®
Moo - _(“;n) 8 S P)ndn.  (285)
M, (/4) DEU? D?

13 3TOr0 ypaBHEeHHs 1101yUHM BLIpaxKeHHe 151 0CeROH CKOPOCTH
B OCECHMMEeTPHUHOH cTpye

m Do 1 1 (286)
U, 9 }/_2' ‘l/_ x
ripe
= { /() ndn.

Q
CiefoBaTe1bHO, MAKCHMaJbHAaA CKOPOCTb B 30HE YCTAHOBHBIIErOCH
TEUeHHs H3MeHseTcss 06PaTHO PONOPIHOHANBHO PACCTOSHUIO OT OT-
BepCTHS.
[Tono6HO OTHOIIEHHIO MOTOKOB KOJIHUECTBA IBHKeHURA [ypaBHe-

HHe (285)] orHouenne 06 HeMHBIX PACXOA0B B NOC/AE0BATENAbHbBIX Ce-
JeHHSIX TaKOBO:

Q
Q

(287)

) V o I/IQ ,
rie
~ Tt nan

0

Pasencrso (287) nokaseiBaet, uTo 0GBEMHDIN PACXOJ € YBEJHUYEHH-
€M PacCTOSHUSA OT OTBEPCTHS pacTeT JHHEHHO.

Hakoneu (mosaras, uto paguajibHble KOMIOHEHTBI MpeHeBpekH-
MO MaJbl) TOJy4YHM OTHOIUEHHE NOTOKOB HEpTHN:

, (288)

rae
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[To/Hbll NOTOK KHHETHUYECKOH 3HEPTHH H3MCHAETCS 00paTHO Ipo-
MODLHOHAIBHO PACCTOAHHIO OT OTBEPCTHS.

1o cix Mop OCHOBHBIM AOMYIUEHHEM B aHAJHTHUECKOM pPACCMOT-
penuu Oblia NMPEANnoCelIKa O MNOA0GHH pacrnpeeseHiss CcKopocTeil
[ypasuenue (270) uan OGosee crneuu@Hueckoe COOTHOILIEHHE [1.14
CTpyH, moaydyeHHoe oTtyaal. Husis paapHediiero ananausa, ORHAKO,
HEOOXOMMMO UTO-TO 3HATb WJAM AOMYCTHTbL O (OpMe KPUBOH pacnpe-
penenus ckopoctH f(v). Ilo skcnepumeHTaJbHBIM 3aMepaM CKOpPO-
ctefl B 30He AMGM@Y3HH MOMKHO NOCTPOUTh 3aBHCHMOCTH f(n) OT %.
J171s modyuenust BeJMUHH Tpex HHTerpanoB lq, [y M [ MOXKHO MpH-
MEHHTh rpaduyecKoe HHTETPHPOBAHNE HJM 7K€ MO JKEJaHHIO MOXKHO
nojao6paTh ajreGpanyeckoe Bbplpa)KelHe JJs 3KCNepHMEHTAbIION
KPUBOH M HHTErpHPOBAHHE BBLINOJHHMTbL aHanutHuecku. Hanpimep,
s M300paKkelns pacnpenesqests CKOPOCTI MOKeT ObITb BolOpaHa
rayccoBCKasi 1opyafdbHasi (pYHKUKS BepOATHOCTI, TOrLa

rz
RED)

= £ s

£l

rae ¢~ CTaHfapTHoe (cpenHexBaApaTHUHOE) OTKJONIEHHE pacrhpe-
JeJEHUS W AHHEeHHOro pacluNpeHua CTPYH, PaBHOE:

o =Cx.

VHTerpupoBatiie MOXKHO BBINOJHHTL §e3 OnpefesieHis MOCTOsH-
Hoit C. Ypamueunsa (286)—(288) npeoBpasylorcs Tax:

n Dy 1. Q 4, E_D 1

— T — —— = .

Uy 2¢ %' Q D, ' E, 3 «x

ITH ypaBHeHHsd, KOHEUHO, MPHMEHIIMbl JHIbL K 30HE yCTaHOBHB-
uierocst Teyenus. Tem He MeHee IepBOE€ M3 HHUX MO3BOJAECT ONpelre-
JANTh AJHHY Xp 6€3BHXPGBOYO Anpa. B nauase 30HHI YCTAaHOBHUBIIETr O~

csl TeueHHA Uy, = Uy, Tak uto xo/Do=1/(2C).

103. Pacnpeneaenne ckopoctu B crpye. Ecan TypOyaentHsiil
CABMT BBIPA3HTb B TePMHHAX THIOTE3H IAUHLI NYTH NepeMeniHBa-
HHS, TO MPOU3BOJbHLIA BHIGOD pacnpejeneHiss CKOPOCTH (Kak a.jre-
Gpanueckoil pyHKUHH, TaK H IKCNEPHMEHTANbHON KPHBOil) MpHBeaeT
K OAHO3HAUYHOMY paclpejeJeHlIo ATHHbI NYTH mepemMewHBaHusa [ B
ceueHun. M obpaTno, ecan 3anatbes pacnpefeseHHeM JJIHHL MYTH
MepeMeHiuBali B CEUCHHH W JONYCTHTb, uTo [=c3xf(r/b), 10 310
NpHUBEAET K OJHO3HAUHOH dopMe pacnpese’enusa ckopocTtd. [loacra-
HOBKA B ypaBHeHHe (278) oObluHOro AOMYLIEHHA O MocTosucTBe [ B
MoTepeuHoM Ce4eHHul, Kak H B JBYX NDPENBAYIIHX CaAydyasx Ljis
30HDBI YCTAHOBHBLIErOCs TeueHMsi, faeT AHGOdepeHIHasbHoe ypapHe-
HHE

’\2
FF' =c‘§(F"~—n—) :
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DT0 ypaBHEHHE MOKeT ObiTb POMHTETPHPOBAHO HEMOCPEACTBEH-
HbIM CYMMHPOBaHHeM, Kak rpaduuecky H3obpakeHo Ha puc. 125.
BHelnssi rpaHyila CTPYH ONHCHIBACTCS TaK:
3

=34V cx,
a oceBasi CKOPOCTb — TaK:

Xo

SI§!

X

Yto6pl 0mHOOUYHO He II0-
Ka3aJ/0Ch, YTO MPaHATIEBCKOE
BbIpasKeHue aJs TypOy/aeHTHO-
ro CABHTa SIBJSIETCS €IHHCT-
BEHHO BO3MOKHBIM JOMyllle-
HHEM B aHaJH3e CBOOOJHOIO
TypGy/AEHTHOTO MOTOKAa ¢ MO- Puc. 125. PacnpenmeneHune ckopocteHd B
repesicmiron, mpwse-  CTPYEIO IHIOTER o e fyni Ty
JeM OBa APYTHUX AOMYLIEHHS
AJ51 paccMarpUBaeMoro cay-
uasi. TafimopoBckass MOAUGHKALMA TEOPHH HEpPeHOCa 3aBUXPEHHOCTH
MOKeT ObiTb YIIpOlleHa JONYLIEHHAMH, YTO TypOYJAEeHTHOCTb H30-
TPOMHA, YTO NPOU3BOAHBIE pajHaJbHOH CKOPOCTH HO J1006oMy Ha-

IpaBJEHHI0 MaJibl B UTO NMPOHU3BOJAHAS U 10 NPOAOJbHOMY HaNpasJe-
HHIO MaJja [0 CPaBHEHHIO C NPOH3BOAHOH « O pajuaJbHOMy Ha-
npasaeHuio. Torga unen ypaBHeHusi nBHKeHUs (278), cojeprKkalluii
B ce6e TypOyJIEHTHBIN CABUT, BBIPAXKaeTCs Tak:
1 alre dulfo%u | 1 du

olrT) _ _[(_4__._)

or or | \ or roor)

— 2

pr or

BHoBb [IPUHHUMAIOTCS T€ 2K€ OCHOBHBIC AOMYILEHHS, YTO U MPH HC-
NOJIb3OBAHHU npaHmnechoﬁ THIIOTE3Bl O AJHHE MYTH IepeMelluBa-
HHASA:

— 1
U=—f@); n=-"; [=cx.
X X

(DyHKU,I/IH TOKa Torga CoCTaBHT

Y = xF; F(n)

%

| () ndn,

0

l

Tak 4To

Ny
I
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IMomcranoBka nNoJyueHHbIX paBEHCTB B ypaBHeHHe (278) naer
anddepennnanbHoe ypaBHEHHe

FF"—*-F'z_ Eﬂ . c2 (F/H F” _1;.‘_1‘) (F" F;)

n? 7 A VAT G

Ha ocu KoJOKHBI_GBITH YAOBAETBOPEHbI CIEAYIOLIHE TPAHHYHBIE
-  Ou
ycaoBHs: r=0; v= . =0, Torxa
r
F F// F/
’r] S 0; F’ ms -—— Y = .
n n m

g
[Ipu r>0 uacTHas NIpoH3BOAHASA 55 <0, TaK uto
r

F ”

n>0H—<f’—.
" n?

OKoHUYaTe bHO

Qﬂyﬁzrdr = l_anUg.
4
5

Peutenne nuddepeHunanbioro ypabBHeHHS MOXeT ObiTb 3anHca-
HO B BUAE psja:

2 —_— 7y
Feallfon N_2aVe /[ n \tynf o \_
O o8 63 3 405 3
2
5 Ve V
rae
3——.
a,=V ¢t u,x
HJIH
Um %o
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A10 pemedde uzobpaxeHo rpaduueckH Ha puc. 126. Caenpyer
OTMETHTb, UTO TIPH YBEJHUYEHUH M, T. €. r, CKOPOCTL HE CTPEMHTCA K
HYJIIO.

ITo npepnoxenuto Ilpannrag, aas auddysud npu csobOAHON
TypGY/IeHTHOCTH K03 (PHUMEHT NepeMeludBaHHs €, yCTAaHOBJEHHBIA
ByccuHeckom Kak
T = pe du
or’
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NpHHHMAETCS] NIOCTOSIHHBIM B JIOGOM TIONIEPEUHOM CEUeHHH NMOTOKa H
NPONOPUHOHANBHBIM NPOH3BEIEHHIO MAKCHMaJbHOH Pa3HOCTH CKOPO-
cTell M INMPHHBEI ceueHHs. [as ocecMMMeTPHUHOH CTPYH Kosdduuu-
eHT INepeMeInUBaHus, WM BUPTYyaJibHasl BSI3KOCTb, MOXET GBLITb OXa-
paKTepH30BaH TakK:

e=Au,b,

rae A — HeonpejfeneHHasi ITOCTOSIHHAsT TPONOPIHOHAJbHOCTH, Kaxk
yK€ OTMeuajoch, CKOPOCTb BJOJb OCH MeHsleTcsi 06paTHO NpOMop-
IHOHAJIBHO X, a IIHpHHA —

NpsSMO INIPONOPIHOHAJNBHO X, 10

no3ToMy KO3(GhHUIMEHT mepe-
MELIUBAHHSA & TIOCTOSIHEH B 30-
He 1n¢ddysun OCeCHMMETPHY- . ¢ g5 N
HOH CTPyH. YpaBHEHHe JIBH- s \
KEeHHUd \\
[ ———
2450 g /A B
Ox or ]/'/.r
— V2
e 0 (rau> *
r or or Puc. 126. Pacnpepenenue CKOpPOCTH IO

runoTe3e O NnepeHoce 3aBUXPEHHOCTH
Teﬂepb COBepLUeHHO a”Hano-

THUHO YpaBHEHHIO JBHIKEHHS

17151 KPYIJIof JJaMHHADHOH CTPYH, MpHBeJleHHOMY B raase V (e 3a-
HHMaeT MeCcTO KHHEMaTHuecKoro koadouumeHTa BsI3KOCTH v). Pe-
LIeHHe TI03TOMY OYJeT TAKHM XKe

u i

PP P S (09

Mpumep 32. Jlsyxmepuas cTpysi HauanbHOH wmupuHO# Bo=1" o6aapaer cko-
poctbio Hereyennss Up=100 ¢yroB B | cex u anunHO#d Ge3BHUXPEROro sinpa xg="5,2".
OnpenenuTh MaKCHMAJbHYIO CKOPOCTh H BHelllHee cMellleHHe O TMOBEPXHOCTH TOKa

Ha pacCTosiHHM x=D5 ¢yTaM OT OTBEPCTHA.
VpaBHeHHe HepaspHBHOCTH MOXeT GhTb 3aMHCAHO Tak:

b
UoBo == 5 Edy,
—b
rae b=Bo/24-.
Ecan NPHHATb pacnpenesieHHe CKOPOCTH IO I'ayccy
i
29?
=4 N

SRS

rpe o=Cx, TO OTHOIUIeHHe MaKCHMaJbHOH CKOPOCTH H CKODOCTH HCTEYEHHA (CO-

CTaBHT
Um _Bo o
Uo B ﬂl/2 o X )
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5TO TOCJE/HEEPABEHCTBO BHITEKA€T M3 OOBIUHON (GOPMBI HHTErpana BEPOSITHOCTH.
Beeneune z:/V? G naer

—b ]

2
e
Vixix 2V 20 s

Saech wTErmasl mpuBefieH B Takoil GopMe, JUISi KOTOPOH UMEIOTCH TaG/IHUbL
JieBast CTOpPHA paBeHCTBa MOXKeT ObIThb ONpefeseHa MO H3BeCTHHIM YPaBHEHHAM
M KOJHYeCTBI:

o — Byx 1.60 —6.5: By

I
VT\:—xg h VJTS,Z h qu/x 2V 2
z

8]
a2
5 e % dz, Heob-
7
0

=0,184.

Tag KakmM/MUbl HHTErPasia BEPOSTHOCTH AaHbl AJs

xogumo 0,1¢ ymHOXKHTE Ha 2/ }/-I; B pesynbrate noanyuum 0,2078, koTopoMy
cooTBercTBY 2=0,186. OTcroa2

b=2V20=0,18V 2 -6,56=1,71"
HJH
8=1,21".

Makcumibiass CKOPOCTh B 5TOM CedeHHH paBHa

X 5,2
,,,:Uo‘ :"- =100]/ == =29,4 dyros » 1 cer.

I. CpaBHeHMe TeopuM M HaGAIOIeHHSA

104. CoBepmiencTBo aHaausa. Vi3-3a upesamepHO# CJI0¥K-
HOCTH JGA(TMTENbHOTO ABHMKEHHS CBOGOLHOrO TypOYJEHTHOFO MO-
TOKa CC C3MIOM NpeAbIAYIIHH aHanu3 Obl nNpubanKeHHbM, JlefcT-
BUTE/NDBHC 3C€ aHaJH3Bl HaMEPEHHO IPOBOAMJINCH C OCPEIHEHHBIMU
BO BpeMe BeJHUYHHAMH, BKJKUYas CIBUT, H OOXONHJIH, I'le TOJIbKO
BO3MOKHO feTaJH MeXaHH3Ma TYypOYJEHTHOCTH. IDTO IMOJOXKEHHE,
OUEBHIHOCNDABENJIHBO I/ TeX CJyyaeB, IPH KOTOPBIX JONYCTHMO
nompobue ex pacnpefeneHHH CKOpPOCTeH, a Takxke Tex, NPH KOTO-
PBIX JIONTy HMO CyILIeCTBOBaHHe OMNpeneaeHHod (opMbl KPUBOH pac-
pejieIeHt ROCPEAHEHHONH CKOpOCTH. CHpaBeLHBOCTb ITOTO MMOJO-
¥EHHS HECHa [JIf CJydaeB, B KOTOPBIX BBOJIHMTCS CIIENHAJBHOE CO-
OTHOLIIEHH AJ1S TypOyJeHTHOro caBura. HyxHO He 3a6bIBaTh, uTO
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KaK NpaHAT/]eBCKas, TaK H TOHJOPOBCKAH THIIOTE3Hl NpejHasHaua-
JIMCb JIJIs ONIHCAHHSA He Jletasell TYpOyJeHTHOCTH, a JHIIb HEKOTOPHIX
pe3yanbTaToB €e BosxeHcTBUsl. Tsia0p, roBopA O CBOEM AONyLIEHHH
nepeHoca TypOyJIEHTHOCTLIO HeH3MeHsIollelies 3aBHXPEHHOCTH, OT-
METHN: «...fICHO, 4TO 3TO OueHb Irpyboe MoMNYLIeHHe, TaK KaK OHO
HeBepHO B JeTaJAX, XOTd B OTHOLIEHMH BJAHAHUA Ha OCpPEIHEHHOE
JBHKEHHE OHO CIIPABENJIHBOY,

Tak xak Bce TypOyJeHTHble XapaKTEPHCTHKH, 3a HCKJAIOYEHUEM
C/BUTA, MOTYT OBbITb ONpeJeJeHbl TOJIbKO C MOMOUIbIO KOMIIOHEHTOB
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o
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Puc. 127. CpaBnenie pe3y/ibTaTOB BLIUHCIEHHH H H3-
MEpeHuH AJs1 TNPOAOJbHOR CKOPOCTH B CTpye

1 — nepenoc 3aBHXPeHHOCTH; 2 — K03 dUIHeHT NepeMellHBa-
HHsA; 3 — HOPMaJbHRIH 33KOH TEODHH BEDOATHOCTH; 4 — Nepe=—
HOC KOJIHYECTBR ABHXKERHA

NPaHATIEBCKOro MK TIHIOPOBCKOTO MOCTPOEHHS, a TAKKe NOTOMY,
uTO, KaK OyleT MOKa3aHO faJjee, OCPELHEHHBIH II0TOK OTHOCHTEJbHO
MaJo UYBCTBHUTENEH K Xapakrepy TypOyJNeHTHOCTH, aHAJAH3bl HE MO-
TYyT YAOBJIETBODUTEJNbHO ONHMCLIBATL XapaKTEPHCTHKH caMoO#t TypGy-
JeHTHOCTH. Ho, ¢ Apyrofi cTOpOHbI, OHH BIOJIHE YIOBJIETBOPHTENLHG
ONUCHIBAIOT XapAKTEPHCTHKH OCPE/HEHHBIX CKopocTel. M3 aHanuTH-
UECKHX BbIPAXKEHHH MOTYT ObITb NMOJYYEHH XapaKTep JHHHH TOKa, a
TaKXKe IIOTepH SHEPTHH H NPHCOCNHHEHHBIE PaCXOIbl >KHAKOCTH B
MOC/E€N0BATE/NbHBIX CEUEHHUAX.

HanbHelimee o6cyX1eHHe NPHUMEHHMOCTH aHAJMH3a B nepByI0
oyepeab OyJeT OTHOCHTLCS K AU (Y3HH CTPYH, uTO 0OBICHIETES 06—
UWIHPHOCTbIO 3KCHEPHMEHTANbHBIX MAHHBIX, HMEIOIIMXCH JJs 3TOro
crydast. OpHako 6aarofaps GoabUIOMY CXOACTBY BO BCeX SIBACHUSX
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cBOGOAHOrO TYypOYJEHTHOTO CABHIrA OOLIHE 3aK/JIIUEHHS MOTYT ObITh
MpHMEHEeHbl U K IPYTHUM claydasaM AUGQysuH.

105. OcpenHeHHble XapaKTePUCTHKH CTPyH M cJaeaoB. Ha
puc. 127 u3o0bpaskeHbl Bce NpHBeJeHHLIE BbIlle AJS CTPyH TeopeTu-
YecKHe KPUBBIE pacrpefiesieHHsl CKOPOCTeH, a TaKke pe3y/bTaThl H3-

MepeHHH, MpoBeeHHbIX pALOM uUccaenosaTtedeil. B Touke, rae ufum=
=0,5, Bce KpHBHIE COBNAZAIOT C pe3yabTaTaMi H3Mepeuuit. [IBe
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Puc. 128. CpaBHeHHe pe3yJbTaTOB BLIYHCAEHHH H H3MepeHH
JAJSl PajHanbHOR CKOPOCTH
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Puc. 129. Tpoduap npomo/bHOR CKOPOCTH B caeje

TEOpETHYECKHEe KDHUBbie — pacrpejiesieine no ['ayccy u xpuBas, mo-
JiyUeHHAs B MPEANOJIOKEHHH NMOCTOSTHCTBA Koacp(bnunema nepeMellH-
BAHMS, — OU€Hb XOPOIIO COBMAAAIOT C IVIaBHOM 4aCThIO 3KCIEPHMEH-
TaJbHOTO pachpeieseHusi ocpeJHeHHoll CKOpocTH. KpuBble pacmpe-
[EJIEeHHS, HOJYUeHHble H3 THIIOTE3 O KOJHYECTBE ABUKEHHUS H TepeHoce
3aBHXPEHHOCTH, JIEXKAT BbIUIE 3JKCINEPUMEHTAJbHBIX TOUEK B LEHT-
pajibHOH uacTH notoka. TpH TeopeTHuecKHe KpHBbIE aCHMITOTHYCCKH
NpuBJIHKAIOTCS K HYJEBOH CKODOCTH H JIeKaT BBILIE M3MEpEHHi y
kpasi cTpyd. TOJIBKO TEOPHS IJIMHBEI IyTH NEepPeMEIHBAHHs JaeT Ko-
HeUHOe 3HaueHHe CKOPOCTH B NpeAeJax CTPYH, HO OOBIUHOe ompene-
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JIEHHE HEH3BECTHOH IIOCTOSIHHOH NMPHBOAHUT K HYJ1E€BOH TEOPETHYECKOH
CKOPOCTH TaM, e ellle CyHEeCTBYeT CKODOCTb H3MepeHHasl. ¥ Kpas
CTPYH, OXHAKO, OTOpPOILEHHblE cJaraeMble BI3KOCTH MOTYT HE ObIThb
GeCKOHEYHO MaJsIbIMH IO CPaBHEHHIO C KacaTesbHbIM HalpsiKeHHeM,
KaK 3TO NMPHHATO BO BCeX Teopusax. M3 ypaBHeHMs Hepa3pbIBHOCTH H
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Puc. 130. M3menenne makcHMyMa HeHIHTa CKOPOCTH H IUMDHHEI
IBYXMEDHOTO cilefa

1 — ypaBReHHe (284); 2 — ypanHeHue (283)
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Puc. 131. Bausade BSI3KOCTH HA TeueHHe B cJeje

ypaBHeHHs paclpejeeHusl NPOXOJIbHON CKOPOCTH MOXKHO MOJYYHTb
BbIDAXKEHHE [JIs1 NONePeuHHIX cKopocTeldl. KpuBas njs mnonepevyHod
CKODOCTH, COOTBETCTBYIOILAs TayCCOBCKOMY paclpexeseHHI0 IIpo-
HOJbHOH CKODOCTH, N0OKa3aHa Ha pHC. 128 BMecTe ¢ SKClepHMEH-
TaJbHBIMH 3HaueHHAMH. IIOCKONBKY COMHEHMH B TNPAaBHJIbHOCTH
ypaBHeHHs HEePAa3PHIBHOCTH He CYLIECTBYET, TO pacXOxKIeHHe Mexny
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3KCIIEPUMEHTAJbHBIMH H TEOPETHUECKHMH 3HAUCHUSIMH JOJIKHO OBITH
OTHECEHO HJH 32 CuUeT BTOPOTO HCMOJb30BAHHOTO TEOPETHUECKOTO
BBIPAXKEHHS, HJIH 32 CUET HeCOBepIIEHCTBA 3KCIEePHMEHTAIbHOH Tex-
HHUKH. DKCIEPHMEHTA/bHbIE BEIHUHHBl MOMEPEUHbIX CKOpoCTeH OblIH
NOJyueHbl U3 3aMEPOB HaNpaBJ/eHHs TeUeHHs H BeJHUYHH NPOJO/IbHOH
ckopocTd. XOTd M3MepeHHs B cJefax He TaK OOIUMPHB U MHOTOUMC-
JEHHBI, KaK H3MepeHHsd B CTPYfAX, MOXKHO OXKHIATb NOLOOHBIX XKe
pacXoXKIeHHi MexAy TeopHelt U Hab/oneHHeM U B caenax. Hanpu-
Mep, H3MepeHus, ocymiecTBaeHHble HIAuXTHHrOM B cJaele T03alH
CTEPXKHSI fHaMeTpoM | cu, BocnpousBefeHbl Ha puc. 129 u 130. 3ua-
yenusi ¢s U Cp, ONpeleJcHHbE 3KCIepUMEHTAJbHO Ha PacCTOSAHHH
3,93 ¢m BBepx IO TEUHHIO OT IEHTPA CTEPKHHA, COCTABJAIOT. (3=
=0,3662 u Cp=1,32. [IpuBeneHHbIe HIMIOCTPALKH MOKA3bIBAIOT, UYTO
pacmpeneseHde CKOPOCTH B caefe Ha $OJbIIOM PaCcCTOSHHMH OT Tesa
OYEHb XOpOLIO aNmpOKCHMHpYeTcsi ypaBHeHueM (282). OxHakxo, Kak
BHAHO U3 pHc. 131, sKCIepHUMeHTBl YKa3plBaloT TaKKe Ha AeHCTBHE
BSI3KOCTH, OA00HOE HafIEeHHOMY B CTPYe, TaK YTO 3KCIEepPHMeHTaJb-
HO OmpelesecHHAsl BeJIHUHHA ¢y B ypaBHeHHH (283) He ABJAseTCA MHO-
crosingoi. CorsacoBaHHOCTh paBeHCTB (283) u (284) ¢ skcnepHMeH-
TaJdbHBIMH TaHHBIMH (cM. puc. 130), onpenesqeHHBIMH A5 00J1aCTH,

HEMOCPENCTBEHHO IpaHMYalllell C TeJOM, TIe U4 ellle He ABJAeTCS
HUUYTOXKHO MaJbIM 10 cpaBHeHHIO ¢ 2U;, MoxeT OblThb §0jee yAHBH-
TeJibHA, YeM JN1060e YIOMSHYTOe A0 CUX IOp pacxoxieHue. Exuncr-
BEHHO BO3MOXHOE OObSICHEHHE 3aKJ/JI0uaeTcs B TOM, YTO B Toil obJa-
CTH, Tle He MOJMKHO OBITb COrJIaCOBAHHOCTH, PACXOXKIEHHE MeXAY
Teoprel W HaGJIONEeHHSAMH CaMOHeHTpaaHu3yeTcsl B OKOHUATEIbHOM
aHaJHTHUECKOM BbIpaXKE€HHH.

M3MeHeHHa WIHPHHBL H MaKCUMyMa Ae(dHIHTa CKOPOCTH TpeX-
MepHOro ciaefna, 3amepenuble Kynepom u JIIOTCKHM, TakKe COOTBET-
CTBYIOT TEOPETHUECKUM pacnpepenenusm (puc. 132) B Toukax, pac-
NOJIOXKEHHbIX BOJM3H Tesa, Gogee, ueM caenoBafo 6vl oxunate. [To-
npobue amop AedHIUTa CKOPOCTH U TypOyJeHTHOH CKOPOCTH B Cjeje
3a KBaJpaTHOHN NJACTHHOM OCYHIECTBJACTCA OTHOCHTEJIbHO OGJ/H3KO
noszanu tena (puc. 133). OgHako ciaenyeT 3aMeTHTb, UTO JONYHIEHHe

BO3MOXKHOCTH TpeHeGpexeHHs BEJIMUYHHON u'? HEBepHO, TaK Kak pa-
JTHKAJ 12 MaJ TOJBKO 10 CPABHEHHIO C U ¥ MMEET TOT XKe MOopsi-

JOK, UTO H Ugq.
106. TypOyJeHTHble XapaKTepUCTHKH CTpyiH. Beposarao, Hau-
6oJjee BaxHOH TypOy/JEHTHOH XapaKTepHCTHKOH sBJasercsa TypOy-

JEHTHBIA CABUT pu'v’, 6O 3TOT GaKTOp OOBIUHO CUMTAaeTCs AeHCTBY-
I0Ilel Ccuofi MexaHH3Ma mepeHoca TypOyaeHtHoctd. Ha puc. 134
CpaBHUBAETCSl U3MEPEeHHBIH U BHIUMCJAEHHBIA MO 3MIOpE OCPEIHEHHOH
CKOPOCTH CABHT B CTpye. 3aMeTHOe Ha rpaduke pPacxOXACHHE MO-
’)KeT ObITb OTHEeCEeHO 3a cueT omuBOK B uaMepeHusx. Henbas, onna-
KO, HCKJIOUHTb M BO3MOXKHOCTb, YTO OTOpOIIEHHBIE B BRIpaKeHHH T

yepe3 pu’v’ UNeHbl HE CTOJb YK MaJjbl. DTa NMOCAETHAS BO3MOXKHOCTE
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Puc. 132. MaMmenenne MakcuMyMa peduuUHMTa CKOpO-
CTH M IIHPHHB TPEXMEPHOTO cjeja
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133. Pacnpepenenne ocpefHeHHOR H myJbca-

IIHOHHOW CKOPOCTEH B TPeXMEpPHOM clede
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0cOGEHHO Ba)KHa B CJlyuae, Korjaa pacmpejeleHHe TypOyJeHTHOro
cIBHra 3ajaso.
Hamenenue ]/u’2 BJIOJIb OCH CTPYH, H3MepeHHoe Kak Kopsuxom,

TaK u beincom, nokasano Ha puc. 135. M3 storo rpadpuka BumHO,
uTO TYpOYyJEeHTHOCTh, 00pasymwiuascs B 3oHe IHGGY3HH, MpOHHKaer
B 6€3BHXpeBOE 510 Ha HEGOJBIIOM PACCTOSIHHH OT OTBEPCTHS, a TakK-
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Puc. 134. CpaBreHHe pe3ysibTaToB BBIYMCIEHHS] H HIMEpPEHHS TYp-
GyJIEHTHOTO CABHra B CTpye
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Puc. 135. MlaMeHeHHe OcpemHeHHBIX M MYJbCALHOHHEIX CKOpocTeit
BAOJb OCH CTPYH

xe, 4T0 nojoGue TYpOYJEeHTHOH CKOPOCTH, KOTOpOe CJefyeT Hu3

MIOCTOSTHCTBA OTHOILEHHS }/u’z/um, OTCYTCTBYeT IO KOHIa O6e3BHX-
peBoro siipa. XOTsi 3TO HECKOJbKO YMeHBbIIaeT IPHMEHHMOCTh JIOMY-
[eHHS O MOJHOM NOJOOHH, HO He OKa3bIBAET 3HAUHTENbHOTO BJIHS-
HHS Ha 3MI0PY OCPeIHEHHOH CKOPOCTH, MOJYYeHHYIO NpPH 3TOM Tpej-
nosioxeHuH. Mceneposanus Befinca Takxe NoATBepxAalOT BIMSHHE
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CHJl BABKOCTH Ha AJNHMHY G€3BUXPEBOTO SiAPa W, B MEHblUEH CTEleHH,
Ha pacnpefie/leHHe OCPeIHEeHHBIX CKopocTel. JJIHHAa Ge3BUXPEBOro
Anpa xo Mensercs ot 5D npu Re=10* 10 6,5 Dy npu Re =105

Ha puc. 136 nokasaun Hameuenua]/u’z i)/ v? no paamycy
CeyeHHst, B 00JlaCTH KOTOPOT'O CYLIECTBYeT NPHUGIH3HTENbHOE MO0-
Oue. OTHoLIeHHe TYPGY/IEHTHBIX CKOPOCTeH K MECTHOH OCpeHEeHHOH

CKOPOCTH JOCTHTAeT MakCcHMyMa OJiHXKe K KPalo CTPYH, a OTHOLIEHHe
IX K OCEBOH CKOPOCTH MaKCHMAaJILHO B LIEHTPE CTPYH.
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Puc. 136. HMamenenne ocpefHeHHOf M NMYJAbCALMOHHOH CKO-
pocreit Baosb papuyca crpy (Do=1 mwoitmy, x=20 noi-
MaM)

IlepemexxaeMocTs TypOy/IeHTHOCTH, BIEDBblE 3aMEYeHHas y
Kpasi TypOYJEHTHOTO NOTPaHHYHOTO cJosi, Habmwonanach KopsH-
HOM B KOJIBLIEBO# 00/1aCTH y 30HBI AH(PDY3HH. DTa mepeMexkaeMoCThb
HaYHHAeTCs NPHOJH3UTENbHO HA TAKOM PAaCCTOSIHMH OT OCH, Iie U=

=0,5um, M pacnpocTpaHseTcss HapyXKy NMOYTH Ha YABOEHHOE 5TO
paccrostnne. Ha puc. 137 npuBemeHb OCHH/JIOTpaMMbl, MJAIOCTPH-
pylolLLHe 3TO SIBIEHHe.,

Kax yxe oTmeuajoch, XxapakTep OCPeIHEHHOTO IBH/KEHHs CBO-
00HOrO TypOYJIEHTHOTO MOTOKA CO CABHIOM He OYeHb YyBCTBHTEIEH
K JeTanaM TypOy/JeHTHOCTH. DTO HIIIOCTPHPYETCA PACCMOTpPeHHeM
AJHHBl NYTH NEPEMEINBAHAA ¥ BHPTYaJbHOH BSI3KOCTH, KOTOPBIE
NOJCYHTBIBAIOTCA 110 (QYHKUHH HOPMAbHBIX NOTPELIHOCTEH, Jydile
APYIHX COOTBETCTBYIOLIEH SKCIepHMEHTAIbHBIM TouKaM. Kaxk noka-
3a2HO Ha pHc. 138, HHU I/x, U &/ (Xi,) He MOCTOSHHBI B MOMEPEYHOM
ceuennu noroxa. M Bce-taku pacnpegeinesne ocpesHeHHON CKOPOCTH,
BLIBE/IEHHOE B NIPEANOJOKEHUH NOCTOSTHCTBA JI0GO0H H3 3THX BeJH-
UHH, IOYTH TaK XK€ XOPOIIO COOTBETCTBYET 3KCIEPUMEHTANbHBIM H3-
MEpEHHSM, KaK W KpHBas morpeunoctedl (cM. puc. 127).
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Ha npeapaymux CTpaHHUAX DaccMaTPHBAJOCh TOJBKO H3MeHe-
HHe cKopocTH AuMPy3uH CTpyd. EcaAH XKHIKOCTb, BHITEKAKOAs H3
OTBEpCTHs, He HACHTHYHA OKpyXKamwlleil cpele, TO XapaKTepHbe
CBOHCTBA ee (TeMIlepaTypa, NPOBOAHMOCTb, KOHIICHTPALHs B3BelleH-
HBIX YacTHIl ¥ T. A.) Takxe Oynyt nupdyHauposatb. B masnbheit-
HIeM H3J0XKEHHH 6yJeT pacCMOTPeH TOJAbKO cayuai nug¢ysuu tenaa.

Jl1a yono6cTBa cpaBHEHHUS C aHAJOTHYHBIM ypaBHEHHEM [epeHoca

TenJa 34€Cb NOBTOPSAIOTCS HUC-

M\MW% MOJIb30BaHHbIE paHee YacTHbIE
reg (OpMbI ypaBHEHHH IBUKEHHUS:

runote3a Dyccunecka o

A D NS W W nepeMelINBaHUH —

<5 (a=a,/2) EQTJ +5(E —
‘—/‘w‘//\,\/\/\/\/\/\ o o
1 9 du
r= z&r _ —, — r — 289
¢ r or ( M 6r)’ ( )
r:Z,Zr,é rle ey CYHTAETCs] NMOCTOSHHOH

BEJHUHHON B COOTBETCTBHH C

—— __runotesoit [Ipauaras o koad-
(punHenTe  NnepeMeUINBaHHS;
TUIIOTE34 [Ipanaras o
JJAUHE yTH IepeMellHBa-

f:.?,f

=

Puc. 137. Tlepemexawomasca TypOyJeHT-

HOCTB B AHGbGYHAUPYIOIEH cTpye HHS —
—-du , —du 1 9 ou ,ou
U—+v—=—.—|B— 290
ox T or r or ( or a:-) ( )

mMonudHUIHpOBaHHAs THnoTe3a Tafjgopa O NEpPeHOCEe 3aBUXPEH-
HOCTH —

5‘3_“»%5@:6(@2}4__1_ a“)zlz

'a_TA o 1 0u
or? r or

or ar2+7'3)‘ (291)

YpaBHeHHe epeHoCa Telaa B TOH ke CTeNeHH NPHOIHKEHUS MO-
»KeT OBITh 3alIHCAHO TaK:
—66 —00 1 Jd ( 68)

TS =

B ; \ BH r or (292)

[Ipy DpHHATHH KaK THIOTE3bl O AJHHE NyTH NepeMelldBaHusd,
TaK ¥ THIOTE3bl O MEpPEeHOCe 3aBUXPEHHOCTH K03(p(PHIUEHT NepeHo-

ca TemJa ey 3amMeHsietcs yepes (2| du/dr|. Toraa

—ae ~00 _ 1 _a_<12

du
+ r 'ar

or

09
’ _67). (293)
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Ypasuenus (289) n (292) umeHTHUHBI, 33 HMCKIIOUEHHEM TOTO,

4YTO IPOHU3BOAHAA OT # B ONHOM 3aMEHSETCH HpOI/ISBOII.HOfI or © B
APYyromM. Ecan JONYCTHTb, YTO €y PABHO &p, TO OYEBHIAHO, UYTO pac-

npegesnenne ©/0,, NOMKHO INOBTOPHUTbL paclnpeleseHHe u/u,. DTo
OCTaeTcsl CIpaBeHBLIM, H3MEHsIETCS JIH KO3 PHLUUEHT CABUra B IO-
[ePEeYHOM CeYEHHH, KaK A0JKHO OBITh AJS1 TayCCOBCKOTO paclpefe-
JIEHHS, WJIH OCTAeTCA NOCTOSHHBIM B CEUEHHH B COOTBETCTBHH C KOH-
nenuueit IMpanaras. Ypasuenus (290) u (293) Takike HIEHTHUHHI;
CJIe0BaTeIbHO, €CJIH JONYCTHTb, YTO [ OHO H TO XKe B cjyuae nepe-
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Puc. 138. Vamenenus ! u &€ B HONEPEUHOM CEUEHHH
CTPpyd IPH TayCCOBCKOM PacnpeieseHHH CKOPOCTH

Aa4yd KoJsv4eCcTBa JABHXEHHA H B CJay4yae Iepeladu TelnJtia, To pac-

npepesenust ©/0,, U u/u, NLOMKHB CHOBA coOBNacTb. TOJIbKO B CJy-
yae TIH/JIOPOBCKOH TEOPHH Ie€peHOCAa 3aBUXPEHHOCTH CYLIECTBYET
pasuulla MEXKIy pacnpejesqeHusiMH Temieparypu H ckopocTh. QOue-
BHAHO, uTO ypaBHeHus (291) u (293) He HIEHTHYHLI, H AONyLIEHHE
O TOM, UTO [ OJHO H TO K€ JJIs NepefayHd 3aBHUXPEHHOCTH H TeNJa,
NPHBOJAUT K Pa3/JHYHbIM BblpaKeHHAM [/ TeMIepPaTypbl H CKOPOCTH.

M3amepenns pacnpe/eneHHs TeMIepaTyphbl B HATpeToH CTpye, oCy-
mecTBaenHble KopsHHOM, H IOJYyYEHHOE BHILIE TeOpeTHUeCcKoe pac-
npeaesneHue ee npuBefeHbl Ha puc. 139. XoTsa ¢popma TeopeTHyecKo-
ro TeMIepaTypHOTO pachnpeje]eHHs MOYTH NpaBHJAbHA, OYEBHAHA
OIHGOYHOCTL AONYLIEHHS, UTO NepPeHOC KO3(hGHIHEHTOB HIU [JIHHDI
NyTH NepeMelIiBaHUs AJA TelJa U KOJIH4YeCcTBa JBHKEHUs OJHHAKOB.
Pacnpenenerue, noayueHHoe mo teopuu Taiaopa, 6o/blie COOTBET-
CTBYeT H3MEpPEHHSIM, HO H 3JecCb TpebyeTcss monpaBOuHbIH KoadoH-
nuent. Kakum-to o6pasom, elle He OOBSICHEHHBIM TEOPHAMH TypOy-
JEHTHOCTH, TENJIO paclpoCTpaHsaeTcs OHICTpee, UeM KOJIHUYECTBO [BHU-
JKEHHUS HJH 3aBHXPEHHOCTb, DTO PaCXOXKJAEHHE HE CJAHUIIKOM HEOXKH-
JaHHO, TaK KakK H [Js TypOyJeHTHBIX NMOrpaHHYHBIX CJ0EB MOTOKA
0TMeYaJI0Ch, UTO CKaJsApHble BEIHUHHBI TaKHE, KaK TeIJIO HJH Belle-
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¢TBO, NIU(PPYHAUDPYIOT Jerye, yeM BEKTODHBE BEJIHUYHMHBI, TakHe, Kak
KOJTHUECTBO JBHIKEHHUS.
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Puc. 139, CpaBHeHHe pe3yabTaTOB BHIYUC/EHHS H 3IKCHEPHMENH-
Ta JJsl pacnpefiesieHHs TeMIepPaTypbl B TONEPeYHOM CeyeHHH
CTpyH

1 — mepeHoc KOJHYECTBA IBHXeHHH; 2 — NepeHoc 3aBHXPDEHHOCTH

Npumep 33. BeHTUIAUHOHHBIA BBIXOA pacnosoxed Ha 30 ¢yTos Bhille nosa
3aja § Hanpas/eH BePTUKaNbHO BHH3. KakuM mnoJoKeHn GbHITh JHAMETP BHIXOJHOTO
OTBepCTHS st nmponycka 1800 xy6uueckHx ¢yToB B 1 Mum, ecaM MakCHMaJbHas
10MycKaeMast CKOPOCTh Ha BEICOTe 5 ¢yTOB HaJ nosoM cocTasisieT 3 dyta B [ cex?

B nepsom npuGnmxennn (cm. m. 102 u puc. 127) pauHa Ge3puxpesoro sapa
MOXeT OHTb NPHHsITA paBHON xo=6,2 Dy, a um/Up=xo/x. Ha ocHoBe 3azanHbiz
BEJIHYHH MOTYT OBITb BHIMOJIHEHB CJENYIOUIHE BBIYHCICHUS:

1800 1

=—— = —aDU,;
°= g0 T 3 oo
—  x 25
U == _— =
o=t T 76,2D,
Pemenye 3THX OBYX ypaBHeHHH naeT
Do= 3,2 dpyra.

Pacyer ocHoBan, KOHeYHO, Ha NPEANOCHIKe, YTO HA BbICOTE 5 (yTOB HAA MNo-
JIOM TOCJeJHUH He BJIHSET Ha CKOPOCTh Bo3ayxa. JefcTBuTenbHO, O6bIIO HalAeHO,
uTO Ha JJHHe, npeBumaiomteli 80% oT O6INErO PACCTORHHS MEKIY OTBEPCTHEM M
nperpagod TaKoro poja, MOXHO npeHe6peyb H3MEHEHHAMH B BEJHUHHE OCEBOM
CKOPOCTH.

E. PacnipocTpaneHune aHaln3a
Ha orpaHuveHHble 061aCTH NOTOKA

107. OcHoBHOE pa3/iHYHe MeXKJY OrpaHHYeHHbHIMH H Ge3-
rPaHHYHbIMH noJassMM. Ha oCHOBe aHATHTHYECKOTO H IKCMEpHMEH-
TaJbHOTO HCCMENOBaHHs Ge3rpaHHyYHLIX MOTOKOB CHeJlaeM KpaTkHe
3aMeyaHHs mepel pacCMOTpPEHHEM OTrpaHHYEHHBIX moJiel. [aBHBIM
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JONyUIeHHeM, NPUHATbIM 15 6e3rpaHHYHBIX NMOTOKOB, OBLIO OOIMY-
HIeHHe 00 OTCYTCTBUM TPaJHEHTOB AaBJEHHS] HJH, YTO PaBHO3HAUYHO,
O TIOCTOSINCTBE IIOTOKA KOJIHYECTBA IBHKEHHA Uepe3 IOCJAeLOBaTeNlb-
Hble TIONIEpEeYHble CedyeHHs. YCJOBHEe Hepa3pbIBHOCTH TOTJa YAOBJET-
BOpAJOCh OOKOBBIM TeueHHeM H3 OeCKOHEYHOCTH HWJH K He#l. Ecin
NPOCTPAHCTBO NOTOKA OrpaHHueHo, Takoe HOKOBOe TeUEHHE HA BHeLU-
HHX TpaHHLlaXx He MOXKeT BO3HUKHYTb. IJOCTOSIHHBIM B TOCJeJ10Ba-
TeJbHbIX TMONEPEYHBIX CEUCHHSAX CTAHOBUTCH HE KOJUUCCTBO JBHUIKE-
HHs, a pacxol. PesyabTHpylollee HM3MeHeHHE TNOTOKA KOJHUECTBE
IBHJKEHHUS OT CeYeHHS K ceyeHHIo 30HH nuddysuu Tpebyer cyuiect-
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Puc. 140. Hcreuenne cTpyd B OrpaHHueHUyI0 TBEp-
IOBIMH CTEHKaMu 006JacThb

BOBaHH#A CONPOBOXK/AIOLIero rpaiHeHra nasJjeHus, aa mamocrtpa-
IIHM OCJOXKHEHHH, BO3HHKAIOUIHX B OTHOIIEHHH paCHpefeseHHs] CKO-
pocTeii B OrpaHHYEHHOM TOTOKE, PACCMOTPHM CTPYIO, BBITEKAIOHIYIG
13 Hacaaka B TpyOy, KaK cXeMaTHUeCKH NoKa3aHo Ha puc. 140 (pas-
BUTHEM NOTPaHUYHOrO CJosi npeHebperaem). Buemusis ckopocts Us
37eCb CKJAJbIBAeTCsl CO CKOPOCTbIO NMOTOKA, 4 BHEIIHUM NpeesoM
30HB nuddy3un 6yaer paanyc, Ha KOTOpoM ckopoctb paBHa Us. Ilo
aHaJOTHH CO CMEIIeHHeM CTPYH MOXKHO OXUIaTb, YTO CTPys Oyjaer
audyHaHpoBaTh BCe C MEHbIIMM H MEHBLIMM YIVIOM MO Mepe yBe-
JINUEHHs] OTHOIIeHHs1 cKopocrelt Uy/U, ot O mo 1. ITpu U,=U; cxo-
pOCTb pacnpocTpaHEHHs! B pe3yJ/bTaTe Tg/pzéy.nemﬂocm, BbI3BaHHOM

caBHroM, Gyner paBHa mHymo. Pacxox | (u— Us)2nrdr gepes mo-
0

cJle0BaTebHbIe CeUeHHS 30Hbl AUDPY3UH T0/IXKEH YBENHUUBATBCH C
yBEeJIHUEHHEM IIMPHHBI 30HH. B 6e3rpaHHYHOM MOTOKe YBeJHUYEHHE
pacxona co3faBasoch Obl GOKOBBIM MNPHTOKOM. Ecau oTHoueHHe
D,/D, BeaHKo, HO KOHEYHO, TO YBeJHUeHHe pacxofa CTPYH, Npel-
CTaBJIEHHOE BO3DaCTaHHEM HAaNHCaHHOTO HHTerpaJa, Gyner KOMIEH-
CHPOBAaTbCAA HEOOJDbIIHM yMeHbIIEHHEM CKOPOCTH BHe 30HH aubdy-
3uH. C 3THM YMeHbIlIEHHEM CKODOCTH CBSI3aH O0paTHLIA TpaiHeHT
IaBJeHHsi (B HanpaBJeHHH motokKa). OGpaTHBIR TpagHeHT AaBJeHHs
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JIO/KEeH TaKKe CyIleCTBOBATb BHYTPH 30HB MHQPY3uMm Liast yIOB-
JIETBOPEHHNS M3MEHHBIUMXCS MOTpeOHOCTeH B KOJIHYECTBE JBHXKEHHS.
Pemenne ass 6e3arpaHHYHOrO NOTOKA MOXKET CJAYXHTb JOCTATOYHLIM
NpHOJIHKEHHEeM [UJIST pacCMaTpHUBAeMOro cJaydas JHIb A0 Tex IOop,
[0Ka TpaJUHeHThl JaBJEHHS MaJbl.

Ecau Us=0, o J1060e yMeHblIEHHe BHEIIHEH CKOPOCTH, OUEBHI-
HO, 03HaYaeT O0paTHOE HalpaBJCHHE TEUEHHS OT CTPYH K 00/1aCTH
y Hacajaka. B o6uieM, npH yMeHbllleHHH oTHolleHus Dyp/D| mpoucxo-
JUT YMEHBIICHUE CKOPOCTH BHe mudGyHAUpYIOLlell CTPYH, H B 3aBH-
CHUMOCTH OT BeJHUHHBI OTHOWIEHHA Us/U; MOKeT BO3HHKHYTbH 006par-
Hoe TeueHHe. OUEeBHAHO, UTO NpPH 3TOM TPAAMEHT AaBJeHHS Oyner
HrpaTh BCe 60JIee BAXKHYIO POJb B ONMpEAENEeHHH Xapakrepa NOTOKa.

Korpa rpagveHToM naBieHHst Heab3s npeHeOpeub, B YpaBHEHHH
JBH2KCHHUSA AOJKeH OBbITb OCTaBJeH COOTBETCTBYIOUIMH UJIeH, TaK UTO
BMeCTO paBeHcTBa (276) mogayuaercs

;9&+5§£:g_L.‘lE ! a_Tiy
Ox oy p  Ox o} dy

Uro6bl HaliTH aHaAJHUTHYeCcKOe pellleHHe A5 Ge3rpaHuuHBIX HOJeH,
JOCTATOUHO JONMYCTHTb NoAo0He B pacHpeneJeHHH oCpeJHEeHHBIX CKO-
poctell MM B pachnpeneJeHdy TypOyJeHTHBIX cABUroB. [1pu coxpaHe-
HUM B YpaBHEHHH WJICHA, BHIpAXKAIOLIETO rpajueHT JaBJIeHHs, HEOO-
XOIHMO HCHOJb30BaTb WJU OJHO H3 HA3BAaHHBIX NONYILCHHH IIIOC
JONyIICHHE O paclpejesJeHud AaBJeHHs, Ujad ofa AOMYLIEHUS OJHO-
BpeMeHHO. EcJ monepeuHble rpajueHTsl NaBJeHHS MaJjbl, TO ypaB-
Henue DepHynanu, npunaraemoe K Ge3BHXPEBOMY NPOCTPAHCTBY BHE
InddyHIHpyIOUEed CTPYH, MOXKeT OBITb HCIO/Ib30BAHO JJS Xapakre-
PHCTHKE [LaBJIeHU#l Bcero nous. JlonyuleHre nogo0us A0JKHO ObITh
TaKXKe COXPaHeHo, HO [Js HEr0 MOXKET noTpeGoBaTbCcsl popma, OT-
JIMYHAfA OT HCHOJNb30BAHHOH B aHajH3e (e3rpaHuyHoOro MoTOKa.

Cu/bl CABHMra, KOTOpPHIE CYHIECTBYIOT BIOJb TBEPABIX TI'PaHHUI,
MOKHO OMNMpeneJuTh C MTOMOUIbIO TEOPHH MorpaHHuHOoro cjos. Opna-
KO CJeAyeT NOMHHUTD, UTO NIOTOK BHE MOTPaHUUHOrO CI0S MOXKeT ObIThb
JIO0BIM: OT 6€3BHXPEBOro A0 CBOOOAHOIO TypOYJEHTHOrO HOTOKA CO
cABHTrOM. B Hacrosuiee BpeMsi TeOpHSI MOTPAHHUHOrO CJOS IIpHMe-
HSIETCS TOJAbKO B CJyudae, €CJH BHe €ro NOTOK 6Ge3BuxpeBoil. Typby-
JIEHTHOCTDb, TaK K€ KaK TIDajJHeHTbl CKODOCTH H [aBJECHHSl y Kpas
NOrpaHHYHOro CJa0f, JOMKHA OBITE 00SI3aTEJbHO YYTEHA, eCJH 06he-
JHHAIOTCS ABa THIA TYPOYJEHTHBIX NOTOKOB CO CABMIOM.

108. IlipuMepsl aHaAH3a OTPAHHUEHHBIX NMOTOKOB, DBuiso cpeaa-
HO HECKOJBKO INONBITOK aHA/1M3a YaCTHBIX CJyuaeB OrPAHHYEHHBIX
[IOTOKOB.

Peiixapar, noitasficb copMyJHpoBaTh OOLIYIO TEOPEMY CABHra
Ha OCHOBE CBOHX 5KCIIEDHMEHTA/JbHBIX NAaHHBIX, HNPEAJOXHJI COOT-
HOIIIEHHE

— 2
w=—A2" ,
oy
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B KOTOpPOM A — JIHHEHHBIA MapameTp, MOCTOSIHHBIA AJ8 JaHHOrO I10-
ToKka. DTO BhHIpa)KEHHe CHenHa IbHO NPHCIOCO0/IEHO K ero COKpalleH-

HBIM YPAaBHEHHAM H TayCCOBCKHM paclnpeicJeHHAM u? AJIs1 OrpaHi-
yeHHBIX ITOTOKOB. EcaH 3HaueHue (W'? He CJAHIIKOM B@JHKO, TO pac-

Mnocracms
cumMmempuu =
05 : lx/Do' 10
[
o —
0% £ Y, Y S
P cmasasw - -—r
a3 ; l S~ e oy
L Lfl Rea=
AT
X T~
a7 \
7 ()
0,2 » X/pa=’5
~N
'dl%ﬁ a1 \
4 W' N
1/
012 X/pc =20
g/ &
o] o
g
p ‘o\
a7 x/0p=30
i = i ° +®°‘~o~°§o_

Vs

Puc. 141. Pacnpeaenenne CKOpoCTH ABYX NapaniefbHLIX
cTpyh

npegeeHne ocpeIHeHHOil CKOPOCTH anMpOKCHMHPYETCA FayccoBCKOIl
KPHBOH.

Jas cayuasa ABYX napaadesbHbiX KPYyrawix cTpyfi B Gesrpainmu-
HOM mpocTpaHcTBe AMleKCaHAep NPHMEeHHI aHAJTHTHYECKHA MeTO] Ha-
JOKEeHHA NPOAOJbHBIX KOMMNOHENTOB CKOpPOCTeH ABYX He3aBHCHMBIX
CTpyH, OTOPOCHB HX MNonepeuHble KomMnoHeHTht. Kak BHIHO H3 pHc.
141, ero anaan3, ocHOBaHHHi1 Ha runotese Pefixapara, naer xopo-
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mee npubaHKeHHe K peasbHOMYy MOTOKY, HO HE OTparKaeT TEHJEH-
UMM CTPYH K COMHKEHHIO. BK/IIOUEHHE B aHAJIH3 NONEPeYHLIX KOMIO-
HECHTOB CKOPOCTH MOZKET YMEHbIIHTh 9TO HECOOTBETCTBHE.

[uapaBIMYecKHil TNPBIAKOK MOXKET paccMaTpHBATLCA IV1aBHDBIM
obpa3oM Kak cayuail cBo6ogHOTO TypOyJeHTHOro MOTOKa CO CHABH-
roM, 160 CABHI BAOJb IPAaHHIl IPH 3TOM OTHOCHTeJbHO Masa. Popma
cBOBOAHOH NOBEPXHOCTH, TaK K€ KaK H Xapakrep IOTOKa, onpefe-
asercs Typ6yaentholl audoysuel. LlsyOGaks OCYIIECTBH/I aHaJaH3
3TON 3ajaun, NPHUSB CHAPOCTATHUECKOE pacrpele/eHne NaBaACHHA H
3a]aBLIHCh pacrpefejJeHHAMH TypOyJeHTHOrO CABHra H OCpEAHEH-
noft ckopoct. OH moayuHs peirenne 114 GopMbl cBOGOAHOM NOBEPX-
HOCTH, BKJIOUAS AJMHY BaJblia H JJIHHY NPbI2KKA, cojepiKallee oJHy
HECH3BECTHYW HOCTOSHHYK. XoTa AaiHble, JOCTATOYHBIE AJAA TPO-
pBepKH TNPUMEHHMOCTH HPHHATOrO HM pacnpefededHs CKODOCTH H
CABHra, ObLIM MOJYyYeHbt JHIIb HeJaBHO, METOM, HCIIOAb30BAHHBI UM,
MOKeT OBbITh PEKOMEHJOBAH KaK NMpHMep THIHYHOrO aHaad3a, HeoO-
XOZMMOr0 A5 OTPAHHUYCHHbBIX IIOTOKOB.

Mpumep 34. Ha upunoxennoi cxeme usobpaxeHa AByxMepHas cTpysl B orpa-
HHUEHHOM BTOPHYHOM rfoTOKe. s MPOCTOTH pacnpejiesieHHe CKOPOCTH B 30He AHG-
(Y3HM TPHHATO TPEYTONbHBIM, a JaBJeHHe — MOCTOSHHBIM B JI0GONM nofiepeuHom
ceuenun. [lpeHe6peras passHTHeM NOTPAHHUHOTO CJ0S BOJb BHEMHHX CTEHOX, OI-

penendTht OCEBYIO CKOPOCTD lm, CKOPOCTL Ug BHE 30HBI ﬂH(quySHH H HHTCHCHBHOCTDL

LABIEHHS Py B CEUEHHH, rie WupuHa AH(EGY3HOHHOH 30HL paBHA YIBOEHHON ui-
pHHE e, MaccoByio UAOTHOCTb KHIAKOCTH NPHHATL pasHoil 2 slugs na xyGuue-
cKUH ByT.

Z L L L z Z L
=0 b |
g IS B e s
- —‘_—-—‘_"-—” _ X u
Yp=10@ym/cex §, Um § g
3 X o
/’—‘"—"-—-‘~__-“ N
0,22 pymfcen T
oz A S e S

HepaapsipHocTL, noToka TpeGyeT paBeHCTha
Up - 38Uy = duy -+ (1 — us).

TTpHnettere ypapHenus Bepuyasd sLoAb MOBEPXHOCTH TOKa. 06Gpa30BaHHOR
ni06oit rpaHHueil ROAOBOAA, NPHBOAMT K BLIPAXKEHHIO

pUT = puy +2p,.



Jlanee, COOTHOWICHHC AAS KOTHYECTBA ABHKCHHS MOMeT ObiTh 3aMHCaHO Tak:
1

—dp =2 f u? dy — U — 3pU? + 2pul,
I

TAC 4 — CKOPOCTb B MPON3BOLHON TOWKe cevelus. HHTOrpan Acrko Moxer GbiTh
onpesieacH, MOCKOJbKY

U=ty —y (g — ).
CoBMecTHOE pellenie ypaslielii H NOJACTaHOBKAa YHCEN Aaer:
U,,,= 11,7 ¢ytom R I cex; -&2: 1,42 dytom B 1 cex;
pz=1,98 ¢yvutos na ksaapatnelit ¢yr.

(OceBast cKOpocTb up Gosblle HayaxabHOH Uy TONLKO B CHAY MCKYCCTBEHHO TpIIIis-
TOTO TPeyroJLHOrO pacnpesieielilisi CKOPOCTH ).



TPH/IO)KEHHE

YPABHEHHS B KPUBOJIHHEHHBIX
OPTOTOHAJIbHbBIX KOOPJAHHATAX

Boavluas yacTb ypapueHnii, NpHBeJA¢HHHX B TCKCTC, 3anHcaHa B Nps-
MOYrOJIbHBIX, MHAHHAPHUCCKMX WAH ceplyecKHX KOOpIHHATax. 3aMeTHoe HCKJIO-
yeHile COCTABJSIOT YpaBHEHHs NMOrPAHNYHOro €108, A BHBOJAA KOTOPHX Heo6Xo-
AHMO G6BLIO 1ICMO.Ib30BaTh Napajsienbhule KOOPAHHATH, H pelieHHe ofTeKatus
3JAHNCONAA, AJdSl KOTOPOro OblAH BBEJEHBl 3AJHNCOMAAAbHBIC KOOPAHHATH. YHH-
¢unupoBanHan ¢opMa BCex 3THX ypaBHeHuli MOXeT GbIThb JaHa B KPHBO.IHHENHbIX
OpTOrOHAJbHLIX KOOPAHHATAX.

B cHcTeMe KpHBONHHEAHBX KOOpAHHAT

a=a(x,y, 2); ﬁ=ﬁ(x’ Y, 2)
Y=v(*94,2)

1 nosepxHocTH a=consl, B=const u y=const B3alMHO OPTOrOHAJbHbI. B nporis-
poJpHOH Touke (a, B, y) 3TH MOBEPXHOCTH NepeceKaloTCst BAOJb TPeX B3aHMHO nep-
NEHAHKYAAPHBIX JHHHHE HJAK AYyr, KOTOpHe MOryT pacCMaTpPpHBATLCHA Kak MecCTHbIE
KOOpAHHATHBIE OCH B HanpaBAeHHH BO3PACTaHHA COOTBETCTBEHHO &, § u y. JLAHHBI
3eMEHTOB AYF B 3THX HampaBieHusx oGosHauaioTcs hida; hodf H hady. Takum
06pa3oM, B CpepHUeCKHX KOOpAHHATaX, Iile NJIHHH Ayr cocTapJsiorT dR, Rd® n
R sin 8d®, JuHeapH3HpYIOLIHe MHOXHTeJH paBHb: hy=1, hy=R w hy=R sin{.
Paccrosinue ds Mexay Touwkamu (a, B, v) u (a-+da; B+dpf; y+dy) naercs Bu-
paxeHieM

(ds)? = h3 (da)? + A3 (dB)® + A3 (dy)? = (dx)® + (dy)® + (d2)* .

Nas onpedeaennss hy, hy u h; B oblleM cayyae, OUEBHAHO, MOXeT ObiTb HC-
[0/1b30BaH TaKofl MeToX peleHus. Ecau Bwpamenus x, y H 2 B gopme a, B a y
COCTaBaASAIOT

x=x(a' B’ Y); y=y(a9 B’ \‘); Z=Z(anﬂ: Y))

TO
dx =*g—:—da +%§dﬂ+.§$d\.;
dy = ”aida 4-%;‘d6+g—zd\";
m=§m+%¢+§m,
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OTKyja

o (5] (2] (2T 5T (3]
ox

0z 2 \2 dy 2 [ 0z \?
—_ dB)2 _ ! by — d I'
+ o Jemr e [(5 (5T + (5w
rae K03 QHUUHMEHTH CMEWAHHKX 4/JeHOB, TakuX Kak dfdy, Moryr GuITh npupaBHe-
Hpl HY.II0 BCJEACTBHE OpTorosasnbHoctH. OTciona moayuacTes

9 ox 2 >2
hi=(—) -+ |=—] 4 T I
! da J kaa | ( oa '
M3 BuillenpuBeneHHBIX COOTHOWIEHHE MexAy Auddepenuumanamu dx, dy u dz
M QJMHAaMH 27eMedToB Myda, hodB M hydy B KpHBOIMHEHHBIX KOOPAMHATAX MOXKHO

HENOCPpeACTBEHHO I10JYYHTh HaNPaBJAOLIHE KOCHHYCHI AJas oceR JABYX KOOpPAHHAT-
HbIX CHCTEM B TOUKE. HHHPHMCP, BbIpadXXeHHe '

1 ox 1 ox 1 ox
dx =— . ~— (hidu — .« — (hd — .« — (had
h 3q )+ e 66(z§)+ ' ay(aY)
MOKa3bIBAET, YTO HANpapJsIollHe KOCHHYCHl OCH X C OCHAMH @, B M y COCTaBJSIOT
(0x/0a)lhy, (0x/dB)/hs u (Ox/dy)/hs.
Ecan ynoGuee BuipaxkaTh @, B ¥ Y B Bune QYHKUMI X, ¥ H 2, TO MOXHO 3a-
MHCATE!
da oa ) da
hida = hy —dx+hy —dy-+-hy — dz u1 1
ox oy 0z
Orciona nonyyaercst anbTepuaTHBHast (GOPMa JUIS HANDAB/AIOWIEr0 KOCHHYCA.
O6e ¢opmbl npuseneHs B Taba. 7,

TaGnuma 7
HanpaBasiiolne KOCHHYCHI
: | : | ;
1 0 da 1 I3} 0 1 ox 0

x e N - —x";hrﬁ- — . E L py ot
hy Oa ox hy df Ox hy Oy Ox

1 3} ca 1 7} 0 1 0 ay
gy | ] L, B St A
b on dy hy 0B oy hy Oy oy

0z oa 1 0z op 1 0z oy

4 o P hl A Tt T 2, T, Ty ha—
hy Oa 0z hy, 0B 0z hs Oy 0z

OTH HanpaBASIOLIME KOCHHYCHI YAOBJETBOPSIOT OGLIYHEIE COOTHOLIEHHS 1S
OpPTOroHa/JbHOM KOOPAHHATHOM CHCTEMHI, T. €.

Lo (Lo, (L oy
(hl aa’ hy aﬁ) s Oy

da 2/ o2 Ay \?
= (hy =—=1| Lh has —| =1;
(1ax!+'\2ax)+<laax)

1 ox \2 1 dy 2 1 dz 2
(o) + o)+ (a2 -

25—1459 377



dx Ox Jdy dy dz 02
e e e
op oy b oy  ofp dy
op oy 9B 9y  9p dy
= 4. L= L SR
Jx Ox dy aJ 0z 0z
H T. I

¥Ypasnenue HepadpvignocTy. TIpHeMbl, MPHUMEHSEMble NPH BHIBOAE YPaABHEHHS
1epasphLIBHOCTH B KPHBOJNMHEHHLIX KOODAHHATAX, MO CYLIECTBY He OTJIMYAIOTCST OT
NpPHEMOB, NPUMEHSIBIIMXCS TIPR BEIBOJE €ro B MPAMOYTOJbHEIX Koopauuartax. O6o-
3Hayas KOMIIOHEHTBl CKOPOCTH B HaMpaBJieHHH BO3pacTaHus o, B M y cOOTBeTCT-
BCHHO CHMBOJAMH 4, U H W, JIOJIy4aeM IJs PACXOAa MOTOKA uepe3 3/eMeHTapHBIf
NPSIMOYTOJILHHK €O cTopoHaMH hadfy W hsdy npousnenenue puhohsdfdy.

JeficTByss TakuM 3Ke INyTeM, KaK B cJayyae MNPSMOYrOJbHBIX KOODAHHAT,
NOJIYYHM ypaBHEHHE HepasphiBHOCTH
1 0 6] 5} dap

5 (puhohs) + —= (pvhshi) + - (pwhy he) | =— —=. (294)
hyhohg | 0o op oy ot (

JIns Ge3BUXPEBOro MOTOKA BLIPAYKEHHS KOMIOHEHTOB CKODOCTH Hepes NOTeH-
HKaJA CKOPOCTU COCTABJISIOT

1 0p 1 op 1 a9y
v= — = (295)

U= —"-: H =

Boow U h B YT h oy

370 naeT rpasueHT noteHuuana V. Ecau, KpoMe TOro, KHAKOCTh HECKHMae-
Ma, TO HoJydaercs ypaBHeHue Jlamsaca

divpV =

1[0 (s o
V= ot [aa ( h 'aa)
0 [y 0P\ O (mhy 0
S vl Rl el ol B (259)

Ins cucTeMbl KOHGOKANbHLIX KOOPRHHAT W, §, ¢ ypaBHenuii (74) nosayuaem
BbIpaXKE€HH
02— pu2\'Y/ 2— 2\
h1=C\€ ¢ )2; hzZC(g—P—> H
1—pe r—1
h=c(l—py> @—1)",
NOJACTalOBKa KOTOPHX B ypaBHenue Jlanaaca maet

Kl op), 1 P
aH [(1_“2) l—uz op?
O [, 1 o
S Gt Rt - e

Hupxyasyus u 3aguxperue. B KPUBOMMHERNBIX KOOPAUHATAX BhIPa’kKeHHE MK
LHPKYJISIUHN BOKPYT 3aMKHYTOH KPHBOH L uMeeT BHJ

= J (hud o + hovd B+ hyody),
L
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—

Dt10 DLIpaKenHe CBA33HO C BHXPeM © C KOMIOHEHTaMH & M y  no Teopene
Ctoxca:

= j (E hohyd Bdy - 1 hahyd ydo - € Ayhod adp).
S

rie S — NOBEPXHOCTh, OrpaHHYeHHast L. Tlpumensias 3Ty Te€ODemy K smeMeH-
TapiOMYy KPHBOJNHHEAHOMY MNPSIMOYTOIbHHKY CO CTOPOHAMH, NaPANje bHEIMH ABYM
OCSIM B OKDPECTHOCTH TOYKH, NMOJYYHM, KaK H B CAYYae NPAMOYFOJbYpIX KOOPAMHAT:

3 3 )
£ [aﬁ (hatw) — afhzv)]; l
o 0
M= i o () — o )} (298)
a ad
a9 =5 40 |-

N
ITockoabKy &, 1 M §— KOMIOHEHTHI BHXP$ BEKTOPA CKOPOCTy V, To npHse-
HeHHOe BbIPa’KEHHC [aeT KOMIOHEHTHI BHXPsl NPOH3BOJBHOIO BEKTOpa B KPHBO-
JHHEAHBbIX KOOpPAMHATAX.
¥pasuenus Hasve — Ctoxca. Ypabuenuss Hasrse — Crokca MoryT GbiTh BbI-
paxKeHnl B BEeKTODHOH ¢opMe

v - - 1 -
7—me+?v(V'm)=—grad(%+Q>\|_
+v( grad divV —rot @ ),

rae VX(O-BeKTOpHoe NpOU3BeieHHe, KOMIOHEHTBI KOTOPOrg cOCTABJSIOT
vl — wn, W —uf u un-vg IMopcraBass BolpaxeHusi TPaliHeHTa, nuBepreHIHH
M BHXPSl B KDPHBOJHHEHHBIX KOOPAHHATAX, MOJYYHM ypaBHEHHSI Hagpe — CToKCA B
caelylolleM Bue:

ou u du v Ou w  Ou uv oh; uw Ohy
ot h]_ oa hz Oﬁ h3 Oy h1h2 0(3 h1h3 av
2 5] 2 0h 1 3}
S L2 g),
hahy oa hlhs da hl da p

+v{ o 2% i(_‘_) 2 Jl(L)Jr
PV T R B da\he )k oa op \

2 Jw 0 1 2 ow 0 1
S LR S

he oy da\hs)  hy  da oy \ iy (299)
u 9 h2h3 \ s Ohy)
—— | hyh : =L
+ s { 2 5 <h1h2h3 ) h1h2 ﬁ) +
a [ h oh
vty | R { ( )
Oy h3h1 aY hlh h3 h]_ gh3
[’} ( h3 0h2 \):I + ( 6 (h ’12
Yo la oa hlh 113 hyhshs ) -

da

[7] Ao Ohs

~ o ( . )
v\ Ashy
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dv “ du v dv w 60 vw ok uv ohy
— + — — 4 — — . + . —_— ——
at hl Jda hz aﬁ h3 BY hzha 6\’ hlhg oa
o Oy w1 a(‘p‘+9)+
hzhu aﬁ hlhz Bﬁ Il2 Bﬁ /
N 2 dw g (1) 2 oOw a ( 1 n
v —_—— e — [— | —
+ {V T, 9y 0B (ha) hs OB oY\ hs
2 du d (1) 2 odu 9 (1 u [ d
—_— === -— hshy — X
T oa OB (hl) hy OB aa( )+h1h2hd o
X( 1 . 0 (hohs) )_ 2_{37 {_ﬁa_ ahlﬂ_{_
hlhzh;, aﬁ da hl;lz aﬂ
hsh d [ h ohy
+ - [h“a(f—l .._L“)) ho (1 )
’lp’lgh:{ ﬁ Illhgha 6ﬁ aY 2/’,3 6\7 /
d [ h oh w d 1 d (hhh
b (e Sy ey, O (L O
oa ‘hlhg da h1h2h3 6ﬁ hlhzhﬁ aY
ol ),
T oy \mphs 0B )"
ow ow v Ow w Ow oh to(299)
_(_U_+_“. __+—.—+—.——+__ _l_{_ |
ot hy Oa h: 0P hs 0y hshs 0B
wu aha_kuz 'ahl_v” 6h2 L._6_<_p__+g>+
h3h1 du hihs oy hohs 6Y ha Oy P
- 2 ou 4 ;1 ) 2 ou 0 ( 1 )
Y _ o — | — L, = — —
+ {V Yt da oy kil R ay ol ks,
2 v O 1 2 ov o (1
+,.__.ﬂ(~.>_~.__._ SR
ha of ody\ ke he 0y 0P\ Ay
’ 1 0 (hah d [ h dhy
il i 5 S
w2 oy s 0a oa \hihy OV
a4/ 1 d (hahy) d [ h Ohy
L2 ,llhg__,( __(*_1)_)_ 3_(;_ 2”+
h1flzha oy \hihohs ap da \hghs ay
7} 1 a (hhy) a [ h oh
L P (_ —i—‘—2)~)+ﬁ3~( 2 O
hlhgha I oy \hyhghs ay da\hshy  Oa
S63)
o g s~ B /]
: ]
Cropoctu Oegpopmayuu. Uto6ul HalTH BbIpaxXKe-
a ‘ g Y HHA JIS CKopocTel Aedopmanuu B Touke Py B KpH-
BOJIMHEHHO# KOOPAHHATHON CHCTEME, PacCMOTPUM Je-
KaPTOBYIO KOOPJMHATHYIO CHCTEMY C OCAMM X, Y, 2,
x l I \ 0 i 0 PACTIOJIOXKEHHBIMA TTapaJlIe]bHO KacaTenbHbIM B TOY-
—_ Ke Py B HanpasJIeHXM BO3PaCTaHMA COOTBETCTBEHHO
y \ 0 i 1 l 0 a, p u y. Ilpu 3ToM HanpasasoolmiMe KOCHHYCH B
Toyxe Py croasnTca B Tabanuy.
z l 0 l 0 ! 1 3atem  paccMoTpMM  npeoOpasoBaHue @ a=

= (du'/dx)o, rne vuaekc 0 oGo3HauaeT BeJIHYHHY B



Touke Py, a v/, v’ 1 w’ 0603HAYAIOT KOMIOHEHTHl CKOPOCTH IO OCHM X, ¥ ¥ Z CO-

otsercrsenHo. Toraa
4

0x v ax W ox

u
Y= et T T h oy

Kpowme Toro,

ox da  ox op ox ay  ox

w _ow de  ow of o oy

HJIH, TIOCKONBKY B TouKe Py

oa 1 ay

Y =T, :——:0;
0x hy 0x ox
dx ox dx
—— =ty o =—— =0,
da 5/ Y

TO

_Lfofu _jkL_% g0, = ;@L)} _
”‘h[m(m da B hs oy 'l
1 au U ( a%x Oﬁ > v 02 + w 03x ]
T By \da2 o hy  Qadp ' hy  0ady

Taxum xe o6pa30M noJy4aeM
o ) 1 _9_(4%@ Oy v 9y -MEQA Q%)}
f= ( 2z T dy )o“ By [6y L ou T B ay MO'F
! a(u 22, 0 02,8 02)}1[_&‘_ 6_?y_
+ h2[65 by da + hy OB T oy hy  dady Ty ay
v (%% _ Ooh) @ 6y] _L[JL o2
(aﬁay ay ]+ %, ay? + hy | udp

v 0% Jw w 0%z _‘2’.11
T o T op T (aﬁav o ﬂo'

Pasnuunble NMPOH3BOJAHBIE BTOPOTO NMOPSAJKA B IOJYYEHHEIX PaBEHCTBAX MOTYT
ObITh OLleHEHB! caefyomumM obpasoM. M3 Tabiuubl HanpaBAsIOMIMX KOCHHYCOB Ha-

XO0AHM, 4TO
dx \2 oy \? 9z \? 9
<aa)+<aa)+<aa)_hl’ (300
o on oy a0
da o Toa " op T aa ap

Huddepennupys ypasnense (300) moouepenHo no o, f ¥ y B NpUpasHUBas
OKOHYATEJNDbHbIC BLIPpAXKEHUA AJT TOYKH Po, nogayuaem

-+

=0, (301)

TTonoGuem ke o6pasoM u3 ypasrenus (301) waxomum, uTo

02x Lk y
dadp

=O’

1
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UJAH, MOACTABAAS BblpaXKeHHE N5 xap:

oy MmO
do? Ay ap
Juddepennupys ypapaenue (301) mo y, nonyuaem
0%x 02
"1 S8ay the ayaya =0
Orcio/ia M0 KPYroBoft CHMMeTpPHE
P y _, o P
Yopay  Cayoe  Cowop L opay
IpuBeneHHbe BhILIE PE3YAbTATHI H DE3YJbTATH, MOJYUCHHBIE H3 coobparxe-

HUI CHMMeTpHUH, cBeaeHsl B Tabq. 8

Tadnuua 8
ITpousBoaHble BTOPOTo NOpsjaKa

aa ( pp } vy By yo ap

o, hy Ohy| hs  Oh o ohy oh,

X e | —— — —_—

da hy Oa | hy Oa ay ap

o Om|om | Ry ok oy o |

y ks OB B | m B oy o0

L | | ke o) O on, | Ok |
hov| T mov| oy P da

Cxopoctu jpedopMmMalHil MOTYT Teneph OblTh NMOJYUEHHI MOACTAHOBKOW 3Hade-
HMI 3TUX TMPOUIBOAHBIX BTODOrO NMOPSAJKA B NPHBEJACHHBIC DaHee BblpaKeHUT 175
a ¥ [, a TakKe ¥ ocTasnbHble 10 cuMMeTpHH. Takum oBpasom:

_L(ﬁi, v O  w o)
= \oa T hy 0P ha'ay)
I /0v w 8h, u Ohg
b=t S S
hg<6ﬁ he oy | Ay aa)
1 /ow u ohg v 6/13_
C:h_(ay T ee T m aﬁ)’
hy 0 (o), h 0 [w
F= (F{)_ he OB (ha)
hs 0 (w’ by 0 fuy,
o= 5 Gl )
R N AT A
“hz'aﬁ<h1’*h3'aa<:)
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CBA3b MeXAY HanpsKeHHAMH H CKOpPOCTSMH AedopMallud Bbipaxkaercs B (opme
ypaBHenuit (120), 1. e.
O, =—p+21a 0y=—p-+2ub 0, =—p-+2c

Toy =W T=Rg Tp=ph

Haparrenbrbie Koopouraret. TeoMeTpHuecKHM MeCTOM TOUEK, PaBHOYHAJeH-
HpIX OT NMOBEPXHOCTH S, sIBJIsSI€TCS APYras NOBEPXHOCTb, KacaTedbHas K KOTOPOH,
HOpMaJsibHass K IepNeHJHKYNspy MepBOH MMOBEPXHOCTH, mnapaliejbHa KacaTenb-
HOH, HOPMaJIbEOH K 5TOMY JKe MEepPNeHAHKYJsApY U NPOBEJEHHON B ILIOCKOCTH Iiep-
BOi moBepxHOCTH. TakHe 1Be NOBepXHOCTH HAa3bIBAIOTCS NapadienbHbiMu. Ecim y
0003HaYaeT paccTOsHHe BJOJAb HOPMajH K NOBEPXHOCTH S, TO YDaBHEHHe

Y (%, y, 2) = const

OINHCBLIBAET CEMEHCTBO HAPAJJIC/JbHBLIX IOBEPXHOCTe#l, B KOTOPOM HauajbHas MO-
BEPXHOCTb COOTBETCTBYyeT y (X, y, 2) =0. JIuHuu raaBHON KpPHUBH3HH Ha S ompexe-
JIAIOT [Ba CEMeHCTBA KPHBLIX, OPTOroHadbHBIX APYT JAPYTY Ha MOBEPXHOCTH S.
YpaBHeHHs MOBepxHOCTel, OODA30BAHHLIX HOPMAJAMHM K IIOBEPXHOCTH S BIOJbL
Ka){[I0r0 U3 3THX CEME{CTB, HMEIOT BUI:

a(x, y, 2)=const n B(x, y, z)=const.

B pykoBoacTBax mo au(pdepeHHUanbHOH TeOMETPHHM IOKa3bIBAeTCs, YTO JHHHH
I1aBHOW KPHBH3HBI H TOJILKO 3TH JHHHH JaloT ofpasyiomue noBepxaoctd. Caempo-
BaTe/IbHO, TPH noBepxHocTH a=const, f=const u y=const B3aumMHO OpTOrOHA/L-
Hbl. Kar oObl4HO, 51€MeHTH AYTH B HAampaBJeHHH yBeanueuus ¢ u B Oyayr oGo-
snavathest Mida u hedf. Tak kak vy -—— paccTosiiiye BIOab HOPMaad, TO Hg==1.
Takum oGpasom, Hy=h,(a, B, 0); He=hs(a, B, 0).

Jlna  nonyyenuss COOTHOWIeHHs MeXAYy Ay, he W KDHBH3HOH noBepxHocTel
ki(a, B, v) n ke(a, B, y) mpuMem B KauyecTBe IJaBHOH KDUBU3HBI MOBEpPXHOCTel
a=const u P=const. [anee 3anncuiBaem K;=k((a, B, 0), Ko=ko(a, B, 0) u cuu-
taem Ks, K, raasnoli kpuBu3Hofi 3amanHOll moBepxHOocTH y=0, cOOTBETCTBYOLIE(
HanpapJ/ieHH1o BospacTanus o u (. Ha puc. 105 (cMm. paHee) u306parkeH sjgeMedT
ABCD nosepxnoct S, rae AD u AB aBAAIOTCA AYTOBBIMH  3JeMEHTaMH
Hida n HxdB. Touka O — raaBubifl uentp Kpususnb ayrud AB, tak uto OA=0B=
=1/K,., COOTBETCTBYIOIMM 3JIeMEHTOM Mapaiie]bHOll MOBEPXHOCTH SBJAETCS
A’B’C’D’, nonyueHHpli mpoJosKeHHeM paauyca ot Toukn O Ha paccrosnue Y;
T. e. AA’=BB’=CC’'=DD’=v. lledrpamu rjaBHOH KpHUBHU3HH 06pasymoiel mno-
BepxHoctu OA’B’ apasworcs Touku P i P/, Torna PA=PB=1/K, u PA'=P'B'=
=1/K,. Tlo ycroBusm nonobus oueBuaHo, uTo TOUKH O, P u P’ KoaaHHeADHDL

W3 veaosus nonobus xpusosnHeiinbix Tpeyroabuukos OAB u OA’B’ nonyyaem

1
modp_ YR
Hy 4 1 '
Ka
HJH
ha = Hs (1 - Kay) }
303
T hy= Hx (1 4 KgY). %9
3aTeM u3 TpeyronbHukoB OPA u OP’A’ naxoaum
e K
1+ Kay .
U TaKxe Ks (304)
Ry = —7—.
* 1+ Kay
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Hanee us tpeyroanuukos P’A’B’ w P'D'C’ nonyuaem

Ohy 1
(hz+ ‘5(1— da )dﬁ ’E -+ Ay da
hadf Uk
OTKyJZa
b= 1 Ohy Ky = 1 OH,
Y7 mhy,  0a ' YT HH,  da
¥ TaKkxe 1 ohy 1 oH, (305)
by o= —  ———— -,
27 mhy OB T HH, P
Ha ocsoBanuu ypasuenu#t (303), (304) u (305) MOXKHO 3amHcaThb:
1 ok
306)
1 o (
— = hky = H1K,.
n oa 172 1K

TloncraBnsis BenHuuHB! A, U A u3 ypasuenus (303) B ypaBrenue (306), mo-
JY4HM

oH oK 0H \
2+Y(H” 0 T K5 )
= H3K;.
Hy -+ HiKsy
Tax kak npaBas yacTb 3TOTO YpaBHEHHS He ABJfeTcs (QYHKUHEH vy, TO
1 0H 1 6 oH
—. 2 = ( ’}‘ K, - ) '
Hy da HiK3 \
WJH u3 ypaBHenus (305)
1 aHg 1 6K4
HKy = — . e 4
1K Ho da K3 — K, da. )
W TaKxe ) 1 oK.
HoKy= -~ + = e

Hi 9  Ki—K, o

JononHutensaoe COOTHOIUIGHHE, OCHOBARHOE Ha TaK Ha3bIBAEMBIX COOTHOIIe-
unsx AHddepeHHanbHOR TeoMeTpHH JIaMs, npHBOAHTCA 371ech Ge3 BpiBOAA

7] 3}
5;(H2K1)+£(H1K2)+H1H2K3K4=0. (308)

Teneps MOTYT ObITh TOJYYeHH! BHIpa)KeHHA [Jsi TPOM3BOJHBIX Ay H ho. U3
ypaBHenns (303) umeem

ahl 6H1 ( 0Ky 0Hy
aﬁ aﬁ *“'Y Hl aﬂ +K3 aﬁ>y
uay U3 ypasrenus (307)
oh 6
'b?l = 6ﬁ + vH1H KoK,
U Takxe Oh, OH, (309)
_5(;‘= — + YH1H2K1K3
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IlpuBegeHHBlE PE3YALTATHl MOTYT OBITH H3J0XKEHbl BKDATLE  CJELYIOUIHM
pazoM. JlonyCTHM, YTO ypaBHeHHe NOBEPXHOCTH BHIPAXKEHO B napaMeTtpryeckoli
pMe uepes MaPaMeTphi G,  KPHBBIX IVIABHON KPHBH3HDI:

x=ux(a,p); y=y(a,p) z=z(x ).
Kpome Tord, KaKk INOKa3aHO B DYKOBOACTBAX O AH(PQepeHUHaNbHON reoMer-

n, H; u H, 1a10TCs BhIPaKeHUSAMH
2 2 2
H?-—: (ﬂ ’0_ + iz_ ;
da oa oa
ox 2 oy \? 0z \?
e (5 ) (5
2 (aﬁ ,} 9 ) + ap

Ki u K, Bboip 2 eRHAMH

O 0x  Ox | & Oox 0x |
da® o  op B oa B |
1 0y Oy Oy 1 0%y Ody Oy
Ke=—r | 0w oa op |° T yps | B ow 0B |
HH, H HS
Pz 0z 0z P2 9z Oz
da?  da P | ot o op }

Torma h, ¥ hy noayuaiorcss no pasedcrBam (303); K;, K, mo paBeHcrBam
305) u ki, k; no pasercrsaM (304). OcrasbHble COOTHOWIEHHS, TaKHe Kax ypae-
tenua (307), (308) u (309), ucnons3ywTes AN YIPOLLEHHS ypaBHenuit HaBbe —
TOkCa ¥ YpABHEHHS HepaspbIBHOCTH B DAacCMaTpHBaeMOd CHCTEME OPTOTOHAIb-

IbIX KOOpAHHAT.
OGuipe ypaBHEHHS, TakKHM 06Da3oM, IPHHHMAIOT BHJ:

a 0 H
u @ Ou v 0w, 04 i

o Tk e T h oy Iy
1w 1w

1 4]
— gt e) {?'%#7% B oy T

uw — kyu? =

1 5_“,_",<E&>+‘3"_ a(hl)+~hHK hahK
-+ hafta |90 00 \ Ay B op (MH K+ hally 3)]
2ky 00 | 2k Ov | 2K 0w
hy O ' h da oo da
2 172
u ohy ahy k1K
hihg [ 15 TR op hy +
1 Ok 1 Ok w 0 [K K4H2).
+"( B da | hy aﬁ) 'aa< mn T ] (310)
v u o v HoKy -
Bt_—i— e " e I aﬁ + -]—kluv -} I VW — kaut =
1 0 1 o% 1 o o%
~5 e )+ {hg oo g o T
! {a" ) a(hl PL (haHKy 4 hothK
+ b Lo aa( BB )‘}‘ (A H Ky - 1 9)]

385



-& ou 2k1 6u 2H2K4 ow

hl ) 67 hz 6ﬁ h% aﬁ
22
v Ohy 6/11 hHyK
—_ 2 4 p —
haha [ + : op + ha +
1 0k, 1 6k2\’ , W 0 ([ KsH; K4H,
H e . . | — = 3
*“(_‘ h2 as B da ) Ry aﬁ( hy T Th, )] (1)
0w u 0w ow HiKy ,  HeKa o
ot T h o .t '5+ & T m YT TR T

0 ( p Lo 1 0%w X 1 0w 02w
= — — v)— . — —_— —_—
oy \p >+ [h“{ ou = p2  of* oy

1 ow 6 hz ow 0 /hl dw
S2) 4 S = (2R o (i aKe ot haHiKa) | —
hyhy [60 da (h1)+ op 0B (Izz) T 9y (P1HoKa+ha 11(:!):‘l

_2HK, 0u 2H:Ks 0v u[H3K1K4 1 (thzKa)]
. o " da

wooda g2 0B " hiha h
HAK,K h HXK?  HIK;
0 1893 X 1 _6_ 1H oK, i 1143 . 24 . (312)
[ hahy OB\ he [ h3
1 ou 1 v HoK,4 H1Ks
_—_ —_— —_— k — =0, 313
mo 9w T h T + ‘”+k20+( T h )w (319)
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3Ta KHHra TNOCBSILEHa MCCJAe[OBAHUAM pasJny-
HBIX GOpPM TeueHHs XKHAKOCTH, a TaK¥Ke H3JO0XKEHHIO
TEOPHH TIOFPAHHUYHOrO CJOS U MeXaHHKH CBOOOAHOrO
TypOyJaeHTHOTO TOoTOKa. B Hefl paccMOTpeHHl BONPO-
Cbl HpHUMeHeHHs TeOPHH aHaJUTHYECKUX (YHKLUHMH H
JaHo onucaHHe OGe3BHXPeBBIX TeueHHA KHAKOCTH.
B uenom kuura npeacrasiaser coboil Kypc mo Mexa-
HHKe XKHJIKOCTH W TIOCBALLEHa B OCHOBHOM Pa3BMTHIO
METOJO0B TEOPETHUECKOrO0 HCCJAE[OBaHHA B THAPOAH-
HaMUKe.

[pepsaraemast xHura mnpexacrasiser 60AbiIOMH
HHTEpeCc IJA HayuyHbIX PaGOTHHKOB, HHMXEHEPOB MNPO-
eKTHBIX H CTPOMTEJBbHBIX OpraHH3alHi, a TakXe CTy-
ZEHTOB pasHUHBIX BBICIHX yueGHBIX 3aBefleHHH.
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