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 IPERMCJIOBUE.

BryTpennas reoMeTpHs HCCAenyeT CBOACTBA MOBEPXHOCTH .M (Hryp Ha Helt,. He
BEIXQAR 3a NpeAennl NMOBEPXHOCTH, NOJACOHO TOMY, KaK B INIdHUMETDHM TFeOMETDHA Ha
THIOCKOCTH MHCCAENyeTcs BHE BCAKOH 3aBHCHMOCTH OT TOro ()akra, 4T0- INIOCKOCTH
MOXeT OhITb PACMONOKEHA B KaKoM-TO npocTpaucTBe. Hawano sHyTpexneft reome-
TPHH NOBEPXHOCTeR GO NONOKkeHO pabGoroft T'aycca «Obmue HCCACAORAHUA O KPH-
BHX MNOBEPXHOCTAX», nossnBulefici B 1827 r. C Tex mnop ona Onja NpoABHHYTa
CTONb JManeKo, YTO B HaAcTOmUlee BpeMs, NO KpalkHe# mepe B TO# vacTH, rae Aeno .
KACAeTCsi TeOMeTPHH MajbiX KYCKOB PEryafpHLIX IOBEPXHOCTEH, BCE NPUHUHNHAAbHLIC
e BOMPOCH MOryT CYATATbCA pellEHHEIMH. OIHAKO npUMeHsieMble 34eCb METORM
InddepeHuManbHOR reoOMeTpHH B HX OOHYHOH ¢dopMe NMPHAOKRMB TONBKO K pery-
MSAPHHEM MOBEPXHOCTSAM, T. €. TIOBEPXHOCTSM, 334aBaEMHM YDABHEHHAMH, COAEPKAIIHMH
dyuxkuun, midpdepenunpyeMile ROCTaTOYHO GOABINOE YHCAO pas3,— OOLIYHO HE MeHee
TPEX. A MexIy TeM, HeperyiaspHhie MOBEPXHOCTH 3aCNYXMBAIOT He MeHbIllero BHH-
MaHHs, NMOTOMY YTO OHH TaKXKe YaCTO BCTPEYAIOTCH B XHU3HH U MOryT OHITH H3TOTOBJEHH,
ckaxeM, u3 6ymaru. Hanpumep, n060it MHOTOFP2HHHK, KOHYC WJIM TOBEPXHOCTD JIMH3HI
C OCTPHMH KDasMR HE ABARIOTCH peryaspHbiMu, He MyapeHo nosToMy, 4TO BO3HMKAET
NOTPeGHOCTL HCCAEAOBATH TaKke HeperyaspHuie nosepxHoctu. lanee, ycrosus aucg-
¢depeHLHpyeMOCTH, HaJaraemble Ha MOBEPXHOCTH B AnddepeHudanbHOR reoMeTpHH,
AaNnexo He BCerga GHBA}OT ONpPaBAaHb FEOMETPHYECKHM CyieCTBOM 3aJayH, a BHI3bl-
PAIOTCA CKOpee YAOOCTBAMH aHAMHTHYECKOro anmapata. Haxomen, B nocneanee BpeMs
BHHAMaHHE reOMeTpOB BCE GOJlee NPUBAEKANOT 3aNauH, FeOMETPHH «B Me/IOM®, NPH pe-
IIEHHH KOTOPHIX aHAMHTHYeCKHH: annapar, Tepsa cBOH OGBIYHHHA ABTOMATH3M, OKAa3bi-
BaeTC YACTO HENOCTATOYHBIM H TpeOyeT TDPHBJEYEHHS YHCTO FeOMeTPHYECKHX HIAH
TONONOTHYECKHX cOOGpakeHnfl.

KoneuHo, uayyars Bce BooGiie BOSMOXHLIE NIOBEPXHOCTH NpeacTaBaseTcs 6e3Handx-
HHM, TIOTOMY YTO AA9 HHMX HEJb3s OXMIATb CKOAbKO-HHGYAb AafteKO RAYHMX OGLIMX
pesyipTaToB. M OrpannuiBaeMcs 374eCh BHIIYKJIbIMH NOBepXHOCTAMH. Bunyxnas no-
BEPXHOCTh, B CAMOM OOLIeM CMEICHE, €CThb lenas FpaHuia, HAM KyCOK FPaHHLH Bhl-
NyKa0ro Teaa, T. €. Tena, COAEpXKAaMEro BMecTe ¢ JMOOHIMH [1BYMS CBOHMH TOYKAMH
TaKXKe BeCb COeRHHRIOmMA HMX OTpe3ok. Ilo caosaM MumkoOBCckOro, «TeopeMH O BhI-
NyKABIX TenaX NpeACTaBAfoT OCoOYW MNpelecTs NOTOMYy, 9TO OHHM, KaK NpPasuino,
OKA3LIBAIOTCA BEPHBIMH 18 BCell KaTerOopHu 3THX O6BeKTOB 6€3 Kakux Gul TO HM
6hn0 HCKIOYeHRH». [103TOMY m BHIMyK/Ihle NMOBEPXHOCTH OKA3HBAKOTCH, TAK CKA3aTh,
OYeHb YNAYHO ONpelenHHbIM OGBLEKTOM, W B MOCJKEAMee BPEMs A HUX Gblau nomy-
YeHh! OOliihe pPe3yNbTATH, He OPAHHYEHHLIE HMKAKHMH TIPEeAB3ATHIMH YC/AOBHAMH pe-
ryNSprOCTH, ITH Pe3yAbTaThl He OTHOCHAHCH, ONHAKO, K WX BHYTpeHuefl reOMETpHH.
MosToMy Kkasasmace HaCymHOfi 3amaua HCCACNOBATh TaKiXe BHYTPEHHIO TEOMETDHIO
BHIMYKRLIX NOBEPXHOCTeA H Mpexae BCero HaATH yCaoBHS, NOMAHOCTHIO XapaKTepH3ylo-
HiMe UX BHYTPeHHIO MeTpHKy. OKasanocCh, YTO BHYTDEHHAA reOMeTpHA NPOHM3BOMb-
HBIX BHEIMYKJALIX [OBEPXHOCTell MOMeT OHTb Pa3BHTA HE MEHEE CONEPKATeNbHO, YEM
BHYTDEHHfS I'eOMETPHA Dery/iApHHX HROBEPXHOCTeR. YAanoch, B YaCTHOCTH, TAKKE
BHIACHHTb F€OMETPHYECKHE YCAOBHE NMPHMEHHMOCTH OCHOBHLIX (POPMYJN KJIaCCHYUeCKOH
BHyTpenHe#l reomerpns. HacTosmas KHHra nocssileHa H3JO0XEHHIO OCHOBHEIX MOMEH-
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-roa BO3HHKIeEH 3aECH oﬁwupﬂon TeOPHH, MOCTPOEHHEM KOTOpPOH f 3aHMMancH B Te-
YeHue psAa JaerT.

B OTHOLIEHWH OCHOBHHX NOHATHH M METOXOB # COBEPUIEHHO OTXOXY OT OG6hu-

HOH mudpdepennuanbHol reomeTpuu. KOOPAMHATH Ha HOBEPXHOCTH BBOAATCA TOJBKO
B CAeNMANbHHX CJAyyasX. MeTpuxka NOBEPXHOCTH 3aKalTCA He JHHEHHEIM 3/1eMEHTOM,
a HENMOCPEACTBEHHO PACCTOAHHEM MeXAy -TOUKaMH, H3MeDEHHHM Ha WNOBEPXHOCTH,
OCHOBHHM NOHATHAM NJWHE, yrjal, MAOWAAH, MHTErpansHOR XPWUBU3HHM M T, A. Aa-
IOTCH BHYTPEHHHME reOMeTpPHUECKHe onpeldeneHns. B csgam ¢ aTum WeTox Mccienosa-
. HHSl HOCHT MTOYTH MCKMIOYUTENBHO reoMeTpuueckdail xapakrep. CymHOCTb €ro COCTOHMT,
'BO-MEPBHIX, B TOM, YTO CHAuana H3y4alOTCA BHUMYK/LHE MHOFOrpaHHHKH, a OTOM HO-
Ay4YeHHLIe "ANAS HHX pe3yJabTaTH MNepeHOCATCH Ha Mo0He BLHNYKALC [MOBEPXHOCTH
OyTéM mnpenearHOro Hepexona. Bo-BrOpHX, ¢urypel Ha KPHBOHK NOBEPXHOCTH 3ame-
HAOTCA COOTBETCTBYIOLMMH GHIYPAMH HAa INIOCKOCTH M HCCAEAYIOTCR NOAYyYaloufdecs
NPU 3TOM HCKaXeHHs. JTO OTHOCHTCH B NEPBYIO ouepenb ‘K TpeyroasHukaM, B co-
OTBETCTBHH C 3THM K «KPHBOR METPHKe» MH HPHOIHKAEMCH ¢MHOTOIpAHHOM Me'rgukon»
3a1aBaeMOft CUCTEMOR NAOCKHX TpPeyroabHHKOB, «CKJIEEHHBIX» ApYr C APyroM no
croponav. [103TOMy, B YaCTHOCTH, BaXHYIO DOJb uIDaeT TeopeMa, Aaomas yCIOBHA,
NPH KOTOPHIX U3 3apaHee Hape3aHHBIX U3 6yMard ,MHOTOYroJlbHHWKOB MOXHO CKJEUTh
© 3aMKHYTH BHnyKau# wmuororpanmk. Haxomen, upesBumualiHO IIONOTBODHHM OKa-
3LIBAETCH TAKWKE «MEYON paspe3niBaHHA H CKJACHBAHHA», COCTOAIUH B noOCTpoeHHH
MOBEPXHOCTH, «CKAEeHHOH» H3 KYCKOB APYrux NMOBEpXHOCTeR.

XoTs Haweft raaBHOR WLEABIO ABAACTCA H3YueHHe BHIIIYKALIX NOBepxHOcTeH Ges
DOMOJIHHTE/NbHLIX yCAOBHH pErylAspHOCTH, TEM HE MEHEEe paj pe3yabTaTOB OKa3h-
BAaeTCH HOBHM W JJIA PEryaspHHX MOBEPXHOCTEH, B OCOGEHHOCTH TaM, rae peub HMAST
0 3ajavax B «ueaom». CTOHT euw¥ OTMETHTb, YTQ HAUIH. METOAH oxasunamrcn npa-
MEHMMHIMH TaKKe€ K HCCAeAOBAHHIO HEBLIIYKALIX NOBepXHOCTefl. BosHMKalOIee B CBABH
C 3THM o6o6uieHWe Haulet TeOpHH pacCMaTpHBaeTCs, Npasaa, B CAMHX OOIMX Yep-
Tax, B nociegHeit riaase.

1 nomien no6naromaputs JI. A. Pattkosa, penaktopa aro#t kuurs, 8 B. A. 3axraa-
nepa 3a paa MX 3aMeyaHHi, NO3BOJMMBIIHX WCNPAaBHTL HEKOTOpPHE CYUIeCTBEHHBIE
HEeTOYHOCTH, HMeBIIWeCH B u3nAoxeHHd. OCOGEHHO Ke MHE XO4yeTcd BCIIOMHHTh 3JIECh
Moux apyseit M. M. Jlu6epmana w C. Il. OnoBAHMmIHKKOBA, NOru6mMX Ha ¢ poHTe
B 1941 r. Ha camOM ToOpore pacuBeTa MX reoMeTpPHYecKOoro Tanawta. ITocrosmHoe
TeCHOe OOleHHE C HHMH CNOCOGCTBOBA/JIO BHISCHEHHIO MHOIMX MNYHKTOB H3Jaraemoit
3HeCh TEOpPHH, KOTOpas B TO BpeMs emE TOABKO 3apoxnmanach, JlaHHOe sIepBhie
JInGepMaHOM N0Ka3aTeAbCTBO CyHECTBOBAHMA OXHOCTOPOHHeR KacCaresbHOR BO BCakoH
TO4YKe TEOHe3MYecKoft Ha BHIMYKAOH NMOBEPXHOCTH, KOTOpOe A BOCHpPOM3BOKY B § 5,
ra. IV, npeacrasaser Geccniopueth 06paseil KPacHMBOrO reOMeTpPHYECKOrO paccyxine-
HUf; NpHMeHsieMufl ke JIWGepMaHOM METONL IONMYyCKaeT HEMano APYrHX CyileCTBeH-
HeX npunowenufi. B § 5, ra. VIII a npuBoxy mnpexpacryo teopemy On0BRHHUIHHKOBA
06 uarubaeMocTH GeCKOHEYHHIX BHIIYK/ABIX NMOBepXHOCTefl — nepssiit o6wmuit pesyas-
TaT B 3TOM CTapoOM BONpoce, KOTOpHIM 3aHWMaiacs ew [apOy.

Heckonsko 3ameuanuit O MOpsafiKe ¥ XapaKTepe HB/I0KEHHA.

" Tpextne Bcero s CTapaics cAenaTh HACTOAILYIO. KHHI'Yy HOOCTYNIHOH HE TOABLKQ
cneunanuctaM. [Toaromy, a Takxe B CBA3H C OTXOAOM OT OGHuYHOK nuddepeHuHaNs-
HOH reoMeTpHH, H3TOMEHME HAYMHAETCR C CAMBIX OCHOBHHX MNOHATHH: onpenenenue
SBHYTpeHHeRl MeTpHKH NOBEPXHOCTH, MOCTAHOBKA 3a1ay BHYTPEHHeR reOMeTpHM M T. A.
Heo6xoanmuit MMHHMYM CBene€HHH MO TEODHM BHNYKAHX TeaA Aa¥TCA B CNeUHaNsHOM
JOMOAHEeHHH, MOoMemEHHOM B KOHNe KHHru. [IpuMensemuit maremarHueckuit anmmapar
He3HAuHTeNeH NO CBOeMy OGBEMy. CyuleCTBeHHHIM fBASETCH HEKOTOPHH TONOMAOrH-
YyecKu#t MHHMMYM: TeopeMa 2{opnaHa O 3aMKHYTHX KpDHBHX, TeopeMa Dfinepa, IOHA-
THA 3AMKHYTOIO ¥ OTKPHITOrO MHOXECTBAa, IDaHHIlL, HEUPEPHIBHOIO OTOGpAKEHHA
# T. 0. B raasax V 1 X CyuleCTBeHHO HCHOABIYIOTCH OCHOBHHE (aKTH M3 TEOpHH
nebGerosckoit Mephi, a B raasax X m Xi mpumensiercs wHTerpan JieOera. (IIpumenss
He CaMHe NepBOHAYAJbLHEIE TeopeMbl 3THX TeOPHt, MH. CCHAaeMCH Ha H3BECTHbIE
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KYpcH, B KOTOpHIX natcs Mx noxaaa'renbcrso.) B ra. VI MCTONB3YETCH W3BECTHAR

mw Aneriveevwaa

TeopeMa 006 OOpailieHuH HEABHBIX (PYHKUuA. bKUJleU‘H"U_y.u,b rAy60KOe 3HAKOMCTBO
¢ auddepesmnannHOf reoMeTpueit copepUieHHO He NpeANOaaraeTcs.

‘Bce OcHOBHLIE NOHATHS W TeOpeMbl # NKITAJACA Pa3bACHHTD H A0KA3aTh CO Bee#t
06CTOATEeNLHOCTBI0. MHOIHE HWHTEPECHBE BOMPOCH, He ABAAIOLIMECT, ORHAKO, OCHOB-
HLIMH, OCBEINAIOTCA KOpoue, B mopaiake pedeparta. Kpome Toro, s mne3soann cebe
cbopuynupona'rb N0 XOAY H3NOWKeHHS DHA HEepPelEHHHX elld’ BOTPOCOB, BEPOATHas -
TPYAHOCTb KOTOPHX XQne6/JeTcs, KOHeYHO, B GOMbllnX Npenenax.

B ra, | BBORATCH OCHOBHbBIe TIOHATHA W MPUBOAATCA 6e3 NOKA3ATENALCTB OCHOB-
Hele pesyabTaTh. IlepBast riaBa dBJASETCA, CAelOBATeNbHO, Kak Obl’ 0630pOM Bceft
treopur. B ra. I usnaratorcs wu3BecTHole OOUiME TEOpeMbl O CNPAMISEMHX KPHBHIX
(§ 1) n o6wye Teopembl O KpHBHIX HamMewpwme#t naunn (§§ 2,3); ata wacts ra. II
HeoOXOAMMAa 1N BCEro RalbHERIIEr0 H3/MOWEHHA; caelyomue e mnaparpadu
(4—6) conmepxar HeCKOAbKO Gonee riyGOKMe DEe3yAbTaTH, KOTOPHE HCMOAB3YIOTCH
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caMule OCHOBHLIE CBOMCTBA BHyTDeHHe#t METpHKHM BHNYKAWX MOBepxuocTeit, Mocne
3TOr0 H3/MOXKEHHE pDA3BHBAETCA MO ABYM, MOYTH HE3aBUCHMHIM AMHMAM: 1) AanbHeli-
ee KCCaeLOBaHWe BHYTpeHHel reOMeTpUH BHIMYKJLX MOBepXHOCTeH, 2) AoKasaTedn-
¢TBO CYILISCTBOBaHHA TMOBePXHOCTEH C 3aNAHHOH METPHKOH.

[Tepsasi, AupHs NPOXOAWT CAeAYIOLIMM 0Gpa3oM: B ra. IV u3yuyaloTca OCHOBHBIe
CBOMCTBA yraa MewAy KpatyalwuMu amHuamu. I'n. V nocsameHa TeOpHd KPHBH3HK
(§§ 1—4) n mexoTopuim e& npunoxennam (§§ 5, 6). B §§ 1,2 ra. IX usnaraorca
OCHOBH TEOPHH KPHBHIX Ha BBIYKABX flOBepXHOCTAX, 4 §§ 3—6 mocBawens npu-
NOKEHHAM M CrelHaJbHBEIM BOMPOCAM TEODUH KPHBBLIX, MSJAaraeMsiM N0 OOJbUlelt 4aCTH
B nopsake pedepara. B §§ 1,2 ra. X uanaraloTcs OCHOBHI y4eHHWs O MAOWIAAM Ha
BHIMYKALX TOBEPXHOCTAX, 4 B § 3 PaccMaTpHBAIOTCA HEKOTOpHIE 3alaYH Ha MaKCH-
MyMm miomaau. Hakoneu, ra. XI mocefulena noBepXHOCTAM, HA KOTOPHLIX OTHOLIEHHE
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Bropas nuuus usnoxenus mnpoxoaur B raasax VI, VII, VIIl u B § 3, 4 ra. IX,
" npuuém B ramasax VI, VII; VIII ucronsaylorca (moMuMo pesynsTaToB raas Il u III)
TOABKO PE3y/bTaTHl § Ira. IVu §1ra V.

I'm. XII npexacraBaser co60K0 pedepaTHBHOe H3MO0KeHne 0600UIEHHA BCel TEO-
PMM Ha BHOyKAble MOBePXHOCTH B TpocTpaHcTBe JIo6aueBCKOro ¥ B CepnieckoM
NpocTpaHcTBe, a B nocaeaneM e maparpage HameyaeTcsl TEOPHA HEBHINYKALIX MHO-
BEPXHOCTeH, MOAYHHEHHBIX, KOHEUHO, HEKOTOpDHIM HEOOXOAHMHIM YCHOBHAM.'

A. . Aaxexcanopos
Jlenunrpan, 1946 r.






F1ABA L
OCHOBHBIE TOHATHS K PE3YJIbTATDL.

§ 1. O6mee ‘
TTosepxnocmeio Mu Gynem Ha3wiBaTbh QUrypy (MHOXKECTBQ TO4YEK) B FPEXMEPHOM
9BKAMAOBOM NPOCTPAHCTBE, OO6RAXAIOUWIYIO CACAYIOIIUMH cs”oﬁ_trsauu:' 1) v xaxaoft
#& TOYKH eCTb OKDECTHOCTb, rOMeOMOpGHa® KpPyry, 2) no6He nBe e& TOYKH MOMHO
COelHRHUTbL Ha Helt HenpepuisHoM Kpusolt!). [lpu 3TOM OKpecTHOCTHIO TOWKH O Ha
 MOBEPXHOCTH Mbi HAaSWBaeM AIOOYI0 YaCTh MOBEPXHOCTH, COAEPHKAUIYIO BCe ©F TOUKH,
‘nexaurie B Kakom-au6o mape ¢ uentpoM B O 2). HenpepuniBHo#t kpuBo#t Bashl-
paerce NMOOGOR HenpepoiBHLIA 06pa3 orpeska.

Iycts F — Kakad-HuOyAb NOBEPXHOCTH, OGMANAONAA TeM CBOHCTBOM, YTO Ha
‘peft moOne aBe €€ TOYKM MOXKHO COCHMHHTH KDHMBOH, HMeiOmlel KOHEYHYIO NAHHY.
Toraa mna Kaxno#t napu Toyex X, Y moBepxHOCTH F CyulecTByeT TOYHAS HHUKHAR
NPaHMIA JAAH KDHMBBHIX, JeXalUlMX Ha MOBEPXHOCTR F W COeIMHAIOMAX 3TH TOUKH.

Ty TOWHYIO HIDKHIOI TDAaHMLY MB H330BEM PACCMOAKUEM MeNOY MOYKAME
X a Y Ha nosepxwocmu F w o6osnauuM pr (XVY). :

Onpenenénnoe Takum 00pa3oM paccrosHMe yaoOBaeTBopsdeT TPEM OCHOBHHN §CAO-
. BHAM, KOTOPHIM MPHHATO NOAYMHATL NOHATHE DaCCTOAHHMS BOOOMEE. YCAOBRA 3TH
treaylowmue: : R

1) p(XY)=0 TOrma m Toapko TOrja, Korza tToukd X H Y COBnazawor.

2) p(XY)=p (¥YX), 1. e. paccrosmue 0oT X xo Y T0 *e, yt0o OT Y jpo X.

3) p (XV)+p (YZ) > p (X2Z). D10 mochennee ycCAOBHE HA3HIBAT HEPRGEH-
CMBOM MPeYOsbHUKA. /

Nz arnx ycnoeust ywe cienyer, uro p (X¥) =0, rak kak o (XY)+4p (YX)=
=p(XX), 1. e. 20 (XV)=0. : )

1) B cuny wmaumero onpelefeHHsi NOBEPXHOCTh He HMeeT cawmonepecedeHni, W rpaHdny
NOBEPXHOCTH, €C/M TaKOBAaA HMEETCA, MH HE CYATaeM NpHHazaekaikel NOBEPXHOCTH; TAKAM
obpa3oM, cKaxeM, noayiuapune SyjieT NOBEPXHOCTbIO B CMBIC/AS HAIIErO OnpeneleHns TONBKO
B TOM Clydae, eCAM HCKJIOYHTh H3 Hero0 OTPAHHYMBAIONIHH ero sSkBaTrop, TAK KaK y TOYKH HA
IKBATOPE B NMOAYIIAPHH HET KPYroBoil OKPeCTHOCTH. ITH OrpaHHYeHHs MH BBOXMM Godee Aas
yao6cTBa, wTO6H H3GENKATH PASHHX OrFOBOPOK, CBA3AHMHX C TEM, YTO TOYKH, B KOTOPHX f0-
BEpXHOCTL CaMa cebd NepecekaeT, KAK H TOUKH, JeXamue Ha IpaHHHe, HrpaloT 0cobYIo POIb.

2) O6LIYNO0 NOHATHE OKPECTHOCTH B MHOXECTBe (TONOMOTrMYeCKOM npocTpancree) M onpe-
AeMAT CAeNYIOmMHUMH YCNOBRAMH: 1) OXpeCTHOCTh TOYKH (O MHOXKeCTBA M ecTh NOJAMHOXE-
ctBo M, 2) okpecTHOCTb TOYKH O COXEPHHT 3TY TOUKY, 3) ecam U m V — nBe OKpeCTHOCTH
Toukn O, TO CYIECTBYET OKpPeCTHOCTh Toukn O, comepxaumanca B U n V, 4) eean Touka A
ApHHafieXNT OKpeCTHOCTH U T0ukH O, TO CymeCcTBYeT OKPECTHOCTb TOUKH A, coAepKamaaca
B U (T. e. OKPECTHOCTh NOMKHA GHITH MHOXECTBOM, OTKPHTHM OTHOCHTeabHo M). Flpn Hamesm
onpelencHIH OKPeCTHOCTH TOYKH HA NOBEPXHOCTH MePBHE TPH YyCAOBHA BHNOQIHAIOTCA, 2 NO-
cnennee, BOOGmE FOBOPA, He BHITONHAETCA, NOTOMY YTO NOX OKPECTHOCTHIO NOHMMaeTca A0 6an
4acTh NOBEPXHOCTH, COAEPXALIAA BCE e€ TOUKM, 3akNIOYEHMHE B HekOoTOPOM miape. Takoe
ocaabiacHiue yCIOBRil, ONpenensioUMX NMOHATHE OKPECTHOCTH, HE CYWIECTBEHHO, U Mul BBOLHM
ero paimu ero Sonbweit npocrorhl. Haabie M Bcerga HMeeM B BHAY HAlle yNPOWEHNDE onpe-
AEeNEeRNE OKPECTHOCTH. 1aK0oe OTCTYIIEeHHEe OT OGLIUYROrO ONDPENEeNEeHHs CICIAHO, HAnpHMep,
8 kuure I'. Sefipepra n B. Tpeavdanas, Tononorns, ra. II, § 5; TaM noka3ano, 4T0 Taxoe onpe-
KeaeHHE COBEpLICHHO ROCTATOYNO. '
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To, ur0 yKasaHHble yC/AOBHA HeHCTBHTENbHO BHIOAHANTCE AAA ONpPEAENEHHOTO
HAMH ‘PACCTORHMA HA NOBEPXHOCTH, HACTOABKO OYEBHAHO BHITEKAET H3 NAHHOFO Olpe-
‘HACGMEHHA, YTO HET HaJOOHOCTH HMaBAarare WX NOKa3aTeNbCTBO.

Besikoe MHOMXecTBO, B KOTOpOM anst MoGOW naphl ero 3jeMentoB (touex) X, V
onpeneneHo 4ucao p (XY) (bynkums naph 37eMEHTOB), YAOBAETBOpDAIOLIEe TPEM
TOABKO YTO QOPMYAHPOBAHHKIM YCAOBHAM, HA3LIBAIOT MEMPUHECKUM RPOCMPAKCMEOM;
Qyskunio p (XY) MH HaswBaeM Mempukoii 3TOrO NMPOCTPAHCTBA, a e& 3HAYeHHE ANA
Kakofi-HHOyAb MNapw Towek X, VY — pacCTOfHHEM MekAy STHMH TOuKaMmu !),
Bocnoas3oBasiuch 3ITHM NOHATHEM, MOXHO CK23aTh, 4YTO, B CHJAY JAHHOTO HAMM
ONpezesieHH pPACCTOAHHA HA NMOBEPXHOCTH, NMOBEPXHOCTh NPEBPAlaeTCq B MeTpHYe-
CKOe NPOCTPAasCTBO. 3ajaya BHYTPEHHEH reoMeTpHd MOBEPXHOCTH COCTOMT B HCCAe-
LOBAHKM STOr0 METPHYECKOrO0 NPOCTPAHCTBA CaMOro no cefe, BHe 3aBHCHMOCTH OT
TOro OOCTOATENbCTBA, YTO OHO NpeicraBaseT cOGOR KaKylo-TO QUrypy B TpExMep-
HOM HAK BOOOHIE B KakOM Ol TO HH GHAO OGBEMIOHIEM NPOCTpaHcTBe. Metpuky,
OnpelenEHHYI0 HAMH Ha TOBEPXHOCTH, HA3LBAIOT BHyMpenHeld B OTAWYIHE OT «BHEMI-
Heft», KOTOPAs NMPeACTABAAET NPOCTPAHCTBEHHLIC PACCTORHMA MeXAY TOYKAMH NMOBEPX-
HOCTH. [1OBEpXHOCTL HMEET BHYTPEHHIOW MeTPHKY TOraa M TOABKO TOrAa, KOraa
KaXbie /Be e& TOYKH MOMXHO COCAHMHMTL Ha Helt KPHBOIO KOHEYHOMH AJIHHH; MOITOMY
TOJNBKO W11 TaKHX NOBEPXHOCTEH MOXKET WTTH pedb O BHYTpeHHel#t reoMeTpuu.

Brympenneli 2eomemputi OGHKOL ROBEPXHOCMU RPUHAOAEHCAM Me & MOALKO
me nOKKMUR U meopeMu, Komopwe Mozym Gumb onpedeseHs. U HOpMYAUPOSAHB
max, 4mo u3 CcE0HCMS NOBEPXHOCIU -He HUCNOAb3YEMCR 8 KOHELHOM. CHéme - Hil
cOKO, KpoMe csolfcms eé mempuxa.

TMpumMepaMn Takux NOHATHH HABJAAKTCA, NpeXine BCEro, KPOME CaAMOro MOHATHA
PacCTOAHHA Ha MOBEPXHOCTH, NOHATHe 06 OKpeCTHOCTH (OKpPeCTHOCTh ToukH X ecTh
M060€e MHOXECTBO TOYEX NMOBEPXHOCTH, COAEpXKalllee BCe TOYKH MOBEPXHOCTH, YIde
nEunbie or X MeHee ueM Ha Kakoe-HuGyzp r>>0 B CMBICHE DAcCTOMHHA HA MOBEpX-
HOCTH), ¥ BMecTe C MOHATHEM 00 OKPEeCTHOCTH — BCE CBA3aHHbIE C HUM TOMOJOTHYE-
CKHE TMOHATHA: 3AMKHYTOMO W OTKPHTOI'O MHOWKECTB, TOYKH CTYLIEHHA, TPAHHIIL U T. M.
Jianee MBl MOKadeM, KaK MOXHO, NOIb3YACh TOABKO BHYTDeHHeH MeTpDHKOif MoBepX-
HOCTH, BBECTH NOHATHE O MJIHHE, yIVIe W MUIOIIAfH, ONpeNeNHTb AHAJION MPAMOAHHER
HOr0 OTpe3Ka: KpaTdalimlylo JIMHHIO, COeXHHAIOULYIO JBEe TOYKH HA MOBEPXHOCTH, NOCTE
yero, eCTeCTBEHHO, BO31HKaeT MNOHATHE O MHOTOYrodsHuke M T. h. OZHUM C/IOBOM,
MElL yOenuMcs B TOM, YTO BHYTDEHHfA I'eOMETpHs ZONYCKAeT NOHATHA ¥ 3a4a4d CTOMTb
K€ COjgepXaTelbHbe, KaK H TUVIAHUMETPHA, KOTOpad eCThb He 4YTO KHOE, KaK BHYTpEH-
HAfl FeOMeTPHS TIOCKOCTH. / . ’

Eciv Mul MMeeM ABa MeTPHYeCKHX MPOCTPAHCTBA W MEXAY WX TOYKAMH MOXKHO
YCTaHOBUTbL TaKOe COOTBETCTBHE, YTO paCCTORHHE Mexny /1000 mapokt To4ek B OQHOM
MPOCTPAHCTBE DPABHO PACCTOAHMI0 MEXAy COOTBETCTBEHHOHM NMapol TOYeK B ApyroM
NPOCTPaHCTBe, TO TaKue INPOCTPAHCTBA HA3LIBAIOTCH U30MEMPU4YHbBIMUE, 3 YCTAHOBAEH:

O€ COOTBETCTBHE W/IH OTOOpaxeHHWe OIHOrO NPOCTPAHCTBA Ha APYroe HA3LBAaeTCH
Saa.uempw:ecrcu.u. Eciu Mbl MOXeM yCTAaHOBHTb MeXJy ABYMS NMOBEpXHOCTAMM H30-
METPHRYECKOe COOTBETCTBHE, TO BHYTDeHHAl FeOMETpHUs y HHX OJHAa W Ta xe. IIpen-
JIOKEHNA BHYTpPEHHell reOMETPHM HHBADHAHTHH OTHOCHTENBHO H3OMETPHUECKHX OTOO-
paxeHuit. '

- 1) Mu He npeanonaraeM y YHTaTels 3HAKOMCTBA C Teopuedl MeTPHYECKHX NPOCTPAHCTB.
Jlo¢raTOMHO 3HATh, YTO OKPECTHOCTHIO TOYKH X B METPHUYECKOM NPOCTPAaHCTBE HA3WBAETCHA JIO-
6oe MHOXeCTBO, copepiaiee BCe TOUKH, ylaléHnme 0T X MeHee 4eM Ma Kakoe-HROGyab r > 0.
Tlocae sToro, onpeaenenHs 3aMKHYTOrO H OTKPBTOTO MHOXECTS, rPaHRUH HENPEPHBHOrQ OTO-
6paxeHns, TOYKH CTYWIEWWA H T. M. JAOTCA AYTEM HOCAOBHOrO TOBTOPEHHA OmnpelencHuit
STHX NOHATHH s CAyYas 9BKJIMIAOBR TNPOCTPAHCTBAa. M3 CBOACTB PacCcTOAHMA HAM HYXKHO
caAeny. €: ecH TOUKH X, V, cxoltatet k X, ¥V, T. €. ecan p (X, X)—> 0, p(YpY)—>0,
10 p(Xp¥n) > p(XY). 3T0 cpasy chregyer H3 HepaBeHCTB2 TpeyroJbHHka.  [leHcrsn-
TEABHO, ¥ (XnVp) <(XnY)+ 0 (YY) < p(XY)4-p (XuX)4-p (YY) u TtOUHO TAK XK€
P ‘(XY)§,9 (Xn¥n) +p (XnX)+p(YpY), 1. €. |p(XV) = p(Xp¥p)| <p(XnX)+p(YuY) B
npH p (XpX), p(Y,Y) cTpemammxca x Byaw, p (X,¥y) - p (XY). o
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 Hsyvyenue  BHYTpeHHeM T'GOMETPHH BCeX NOBEDXHOCTEH BOOGUIE NPEACTABASET,
-KOHEYHO,  CAHIUKOM GOJbIIME TPYAHOCTH, H TYT €AB3 JH MOKHO MNOAYYHTb:(1a/IeKO
KAylue oflye pPe3yabTaTh, TIOTOMY HTO MOHATHE 'NOBEDXHOCTH FOOGILE RBANSTCH
OYeHb LIHPOKHM H BKJNOYAET, TaK cxaaarb, CKO/Ib YrOAHO <«IJIOXHE» HeperRispHue
NMOBePXHOCTH.. [1OSTOMY NpHXOAHTCA OrpaHH4YMBATHCA 060Jiee HIH *MeHEe [UHPOKUM
KAaCCOM MOoBEPXHOCTEH, NOTUHHEHHBIX AOMONHHTENbHLIM YCaoBraAM. Hanpumep, B knac-
cuyeckoit auddepeHiHaNbHOR reOMeTPHH UCCAENYIOTCH TONABKO TAKHE NOBEPXHOCTH,
KOTOpHE MOryT OHTb 3aHaHbl B MAPAMOYFOABHHX KOODAMHATAX MOCPEACTBOM YpaB-
HeHHH, cogepmammx GYHKUMK, drpbepeHERpYeMbie AOCTATOYHO 60abLIOE YHCNO pa3,
BOOOIUE rOBOps, He MeHee TPEX. Taxue NMOBEPXHOCTH MH Ha3HBAEM pEZYAIPHUMU.

B sroft kHure mu GymeM 3aHMMaThCHd CMEHHANbHO BHIYKNHMH WOBEDXHOCTAMM,
6e3 xakux Obt TO HH OblJIO OrpaHH4eHuft rIaAKOCTH, CYIECTBOBAaHHA KPHBHSHM H T. 1.
Onpenenenne BHNYKJAOR NOBEPXHOCTH caenyiowee. Bunykawm meson Ha3uBAOT
 3aMKHYTOE MHOMECTBO, HMelOUiee BHYTPEHHHE TOYKH M OGianaimouiee TeM CBOHCTBOM,
4TQ BMECTE C JIOOHIMM IBYMSI CBOMMH TOYKAMH OHO COAEDHKMT TAKIKE BEChb COEJH-
© HAOWHA KX OPAMOJAHHEHHBIR OTpe3ok. Bunyxioli nosepxHocmbio MH“ Ha3nBaeM
a6y oSaactb (T. €. CBASHOE M OTKPHTOE MHOXECTBO), JeXaulyld Ha TCpaHHue
BHOYKAOro téna. I1oBepXHOCTb, AB/AAIOWIYIOCA LE0ft rpaHHmed Bblﬂy'KJIOFO TeNa, Mbi
Ha3hLlBaeM NOAKOU BHINYKJIOR MOBEPXHOCTHIO. o

Janee Mu mocTosHHO GyAeM IO/JbL30BATHCA HEKOTOPHMH OCHOBHBIMH CBeXEHHSIMHU
O BBUIYKJHX MOBEPXHOCTAX. JTH CBelEHHA H3JAaralorc B CleHHaIbHOM HEeGOMBILOM
JlononHeHHH, NOMEIEHHOM B KOHUE KHHMH. TOT, KTO 3HAaKOM C OCHOBAMH TEOpPHH
BHIYKJAKX Tel, eiBa JH HaKOST TaM uro-iMG0 HOBOe ANA ceBs, a 4yHTaTENb, KOTO-
POMY He MPHBOMMIOCH 3aHUMATLCH STOH Teopxel, Moxer FHayasa TpOYeCcTh 3ITO
JonondeHne man 06pamaThCs K HeMy IO Mepe HagOGHOCTH, Clelys CCHAKAM, KOTO-
poie MB Oyhem "Aenatb.

B qacmocm, B § 4 Jonoaneuns noxasauo, 4YTO IOJIHBIE BLITYKJILIE TIOBEPXHOCTH
MOryT OBITh TOJNBKO TPEX TONOJOFHYECKH DA3JIHYHHX THIIOB:

1) 3aMKkHyTHle BHINYKJABE NOBEPXHOCTH, roMeoMopdHiele cdepe; OHH OrpaHHyH-
BAKOT BHIMYKJIBE Tela KOHEYHRX pasMepoB;

2) GeckoHeuHble BHIMYKJIbE NOBEPXHOCTH, roveoMopgHele MIOCKOCTH, KaK, Ha-
fpuMep, SJMNTHYecKut napabononn;

3) BHOYK/INE IMIHHAPHYECKHE MOBEPXHOCTH, FOMEOMOp(HbIe KPYTOBOMY HHIHHIDY.

H3 tOro, Yyro noaHas BHAYKJAA MNOBEPXHOCTP rOMeOMOpGhHa HAH cdepe, uad
NIOCKOCTH, WM HHAHHAPY, OYeBHIHO, CJAEAYET, YTO BCHKAs BHIMYKJAd MOBEPXHOCTB,
T, €. 001acTh Ha MOJIHOH BHIMYKJOH MOBEPXHOCTH, SBJAETCH NMOBEPXHOCTHIO B CMBEICAE
onpeldeleHH, DaHHOIr0 B Hayaje, T. €, Kawmaa e TOYKa uMeeT OKPEeCcTHOCTH, rome-
OMOpOHYI0 KpPYry, u Jobbie OBe €€ TOYKH MOM(HO COGNMHHTb Ha Hell HeNpepuIs-
HOH KPHBOH.

Kpoue TOrO, AK00He O8e MOYKU BHRYKAOHL NOBEPXHOCIIL MONCHO COEOUHUmMb
Ha Heldl Kpusol KoweqHOd OAuFb, MGK %Mo 6CAKAR SHNYRAQT NOBEPXHOCMD UMeem
snympennwio Mempuxy (He Oyap 3TOro, BONPOC O BHYTPEHHe#t FeOMETpPHH NIOOHX
BHITYKJIKX TMOBEPXHOCTel OGbl OH JAHWIEH CMBICJA).

HeftcTBHTENbHO, NycTh F — Kaxad-nmG0 SLNyxknad M0BEPXHOCTb, OHa NBARETCH
O6/MaCThI0O Ha TPaHHUE HEKOTOPOro BHAIYKAOro Tena /. BosoMém Ha F Kakylo-HHOyIb
TOYKY A M npoBengM uepes 3TY TOUKY ONOPHYIO MJIOCKOCTh P K MOBepXHOCTH F
(Jdononuenne § 2). Ecan Ttouka O nemKT BHYTpH Tena H, TO BCAKMA Ay4, TpOBe-
ASHHBI! ¥3 He¥, nepecekaeT rpaHHUy Teaa F{ He Gonee yeM B oAHOR Touke. ITosTomy
B8 JOCTaTOYHO MaJIOH OKPECTHOCTH TOYKH A npoexktHposaHue u3 TOYKH O madr
B3aHMHO OAHO3HAa4YHO€ W B3aHMHO HempepHBHOE OTObpamedHe MOBEPXHOCTH F Ha
maockocts P. [lycth U — rakas OKpPeCTHOCTb TOUYKH A, MPOeKHH{ KOTOPOR Ha mio-
ckocts P npencraBaser co6oft kpyr U' ¢ ueHTpoM B Touke A (uepr. 1). Bosbmiu
B okpecTHocTh U nBe Toukn X H Y H mycts X', Y’ — ux npoekumn Ha nnoqxo;n_, P

Otpesok X'Y' nexur B kpyre U u npencrasiser co6oR npoekuuia Kpaso#t XY,
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no xetopoft naockuf yroa OX'Y’ nepecexaeT oxpecmocn. u. Kpueasa X XY — BTy -
Knan, HOTOMY uTO nepecedenne MAOCKOCTH OX'Y’ ¢ munykaum TenoM H ects punyxnas -
nnockad ofnscrs. Tak kak BcAKas BRYKA3H KPHBagR HMeeT ANMHY, TO H3IMHM pac-
CyXAeRHeM AOK83aHO ClleAywoilice: Yy KAKAOA TOHUKH A Ha BHRYKJOH NMOBEPXHOCTA
ecTh OKpectHOCTh, B KOTOpOR /mobhie ABE TOUYKH MOXHO COeaHHHTL KpUBOHf KOHeY~
HOR AJHHM.

Mycrs Temepr X w Y — nBe NpOU3BOAbHLE TOYKH NOBepxHOCTH F. Coenuauu
HX MPOHSBOALHON HenpepnBHOH KpuBOft L, Jexaumedt -Ha F; Takan Kpusas cyiecTsyer
‘B cuiry’ camoro onpeneneHus MOBEPXHOCTH, HO MOXET HE HMETb KOHEYHOR AMNHHM.
Fl0 AOKAaSaMHOMY, KAWIYIO TOYKY KPHBOH L MOXKHO OKPYXKHTH OKPECTHOCTbIO, B KOTO-
pot moOuie fiBe TOUKH MOMHO COEMHHHTb KDHUBOR KOHe4HOH ajmnu. Tlo masecTHOH
nemMMe Bopens M3 3THX OKPECTHOCTEHR MOXKHO BHOpParb KOHEUHOE UHC/IO TaKie MOKphi-
patoux L. Torma, 3ns Ha KpuBOR L KOHEUHYI0 NOCNENOBATEALHOCTb TOYEK, Jema-
' WHX KaKIaR B IBYX MNEPECeKaloWMXCH OKPECTHO~

CTAX, M COCAUNHB STH TOYKM KPHBHIMH KOHeunof

LJIHHH, NOJYYHM KPHBYIO, TaKkKe HMEIOLLy® KO-

HeuHylo AMMMy M COSIMHAIOWYIO AaHHHE TORKH X

u Y. Takum o6pasoM, BCHKEA BHIYKaAan nosepx~

HOCTb' JeHCTBHTENLHO HMEET BHYTPEHHIOIO METPHKY.

" Kakme ke oflue 3aiayd CTOAT nepen BHY-

TPeHHe#t reomerpueft MOBepxHOCTe? DTH 3ajayH
_ MOXHO HECKOJNbKO YCIOBHO pa3saeiHTh Ha MNATH
‘rpynn. TIyCTh MH pacecMaTpHBaeM HEKOTOPHIR KIACC

Yepr. 1. noBepxHocreft ®, Hanpumep, KAaCC BHNYKIHX . MO~
BepxHocTelt, Kaxzas mnosépxHocts Knagea @,
¢ TOYKH 3DeHHS BHYTDEHHEH reomeTpmd, nmpelCTaBaser COGOH HEKOTOpOe METQHYE-
CKOe MpocTpaHcTBo. IlepBas rpynna 3azay cBOOMTCR K HAXOXAEHHIO TeX CBOACTS,
KOTOpHE BHIENAIOT TNOBEPXHOCTH Kaacca @ m3 BcexX BOQOGUIE BO3MOXHHX MeTpHYe-
CKHX 'MPOCTPAHCTB. MHEIMH ClOBami, peub MAST 06 YCAOBHRX, KOTOpHe HeoOXOAHMMHE
M AOCTATOYHH JAA TOTO, YTrOGH MaHHOE MeETPHYECKOE MpPOCTPaHCTBO Ohuio H30Me-
TPHYHO KAKOR-HHOYZb NMoBepXHOCTH U3 Kiaacca . ITosepxHocTs F u3oMeTpHyHa npo-
CYPaHCTHY Ry €Canm MEeXAY TOUKAMH NMPOCTPaHCTEa R M TNOBEPXHOCTH F MOWKHO yCTa-
HOBHTH COOTBETCTBHE, IIPM KOTOPOM RIS KA&XMAOH napw TOYeK noeepxuocth F pac-
CTORHHE B CMHIC/le BHYTDEHHEH METDHKH PaBHO PaCCTOAHHIO MEXIY COOTEETCTBYIOLIMMH
TOYKAMH NnpocrpaHcTea R. IIpo TaKyi MOBePXHOCTb TOBODAT, YTO OHA peasusyem
WKy, HMeloulyloCs B ApPOCTpaHcTBe R.

+ flocTaBNeHHHR BOMPOC MOXHO pACCMATPHBATL KaK 3aKayy aKCHOMaTHYeCKOro
OoGOUHOBAHHA BHYTDeHHelt reoMeTpHH noBepxHOcTe#t kaacca P. leficTBHrenbHO, MpH-
COGAHHAN K YCAOBHAM (AKCHOMAaM), OfNpelensdiolHM [OHATHE METPHYECKOro Mpo-
CTPaHCTBA, YCJIOBHMSA, HEOOXONMMBIE K JROCTATOYHHE O TOrO, 4TOOH MeTrpHYECKOe
MPOCTPAHCTBO OHNO H3OMETPHYHO nonepxuj:rn M3 Kjnacca P, MH MoNyyaeM NOJIKYIO

~

COBOKYINHOCTb YCAOBHA — 3KCHOM, ONpeAeARIOLIMX MOBepXHOCTH kaacca P c Touxu
apeHusi HX BHyTpeHHe# reomeTpum. [IpocTefininM NpHMEepOM TaKOR CHUCTEMB AKCHOM
MOMET CIYXHTh AKCHOMATHKA SBKAHIOBON MAAHHMETPHH, OCHOBAHHAA HA TIQHATHH Dac-
CTOfiHMA; B 3TOM CJAy4ae kaacc P comepxur TOABKO OAHY MOBEPXHOCTH — NAOCKOCTb.
Bcaen 3a nepBok rpynmoft 3amay BCTadt ApYyras, TaKwe OTHOCAILAACH K OCHOBa-
HAAM BHyTDeHHe#f FE€OMETPHH ¥ COBEPUIEHHO aHA/NOrWYyHafA M3BECTHOMY BOTIPOCY OCHO-
BaHHR maaHAMeTpuH. 3amaya COCTOHT B TOM, Y4TOOH JAaTh OMpele/NeHHS M HIYYMTb
T/IaBHWE CBOMCTBA OCHOBHHX [EOMETPHYECKHX BENHUMH: [JIHHH, Yria, MAOWanu.
Kpome TOro, BO BHyTpeHHel reoMeTpun NMOBepXHOCTEH NOABMIETCHA OJHO HOBOE MOHMN-
- THE, He HMeKlee 8HaA0ra B MARHHMETDHH, — NMOHATAE O BHYTpeHHeH KpDHBH3HE
nosepxﬂocm. Onpenenedne STHX MOHATHH GymeT HAHO nanblne; 3/eCh MH TOJBKO
¢opuynﬁi>yen 3ajaqy: Oath OnpemeneHuss H H3Y4HTL CBOMCTBA YKa3aHHHX BENHUHH.
TiocAe TOro Kak Bce STH NOHATHA GyayT onpelneNieHH, HX HYXHO BBECTH B aeit-
ctBue, HGO BCAKAA MaTeMATHYECK3S TePPHA NPHOGPETAET MOAHYIO CONEPKATENLHOCTH
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TQABKO TOTAA, KOrAa ef OCHOBHHE MOJIOMEHHA MPHBOAST K AOCTATOYHOMY KOMHYECTBY
cbnepmannbuux TeopeM. TpeTh rpynfia BONPOCOB BHYTPEHHER reoMETpHY i {HPCTOHT
8 TOM, 4TOOH Ha OCHOBe peuleHHS 'ABYX MEPBHX 33144 pa3BuBarh BHYTPERHINO 160~
MeTpHIO mnoBepxHocteft knacca. P, noayuan B HeRl pasgHuHbie OGUME M NOCTATOYHO
cOnepxatensinie Teopemnl. Hanpumep: obume TeopeMH . O TPEYrONbHHKAX, CTOPOHH
KOTOPHX SABJIAIOTCR KparyaHilHmu NHHHEMK Ha MOBEPXHOCTH; HJIH pEUICHHe Caedyio-
uteit BaHON npobieMu: AaTh HEOOXOHNMMHE H HOCTATOYHLIE YCIOBHS, NPDH KOTOPHX
BHOYKJa# NOBEPXHOCTh C TOYKH 3PEHHA BHYTPEHHER METDHKH OKAa3HBAETCA HACTOMNLKO
peryaapHoit, 4T0 K HeRl MPHIOKHMH METOLH KJacCHyeckoi mnddepeHuuannHofl reo-
. Merpnd. KoneunHo, 06béM 5TOH TpeTheA rpyfink BOMPOCOB COBEPUWEHHO HeonpemeatH
¥ NQ cyuwieCTBY OecKOHeueH, TaK KaK 4YHCAO Aaxe OGIMIHX DOKa3yeMux Teopen He
MOXET ObiTh OrpaHHYeHo. _ -

Yers¥pras rpynna BOMPOCOB, TAKKE Maa0 OnpeneatuHas Mo CBOEMY xapamepy;
COCTOMT B TOM, 4TOON yKasaTh H pa3pa6oTaTh KaKne-HHGYAb, 10 BO3MOXHOCTH o6uMe,
METOAH peLICHHA pA3IHYHLIX 3aday BHYTpeHHeH reomeTpHi: KOHEUHO, -HAKTO HE
MOXET BaTh YHHBEDCANLHOTO METOAd, MPHrOAHOrO AAS peuleHns ai060# 3a1auH,
TaK e, KaK HeT YHHBEPCaNbHOro CpeacTsa OT Bcex GonesmeRr. Ho ykasate obumme
¢nocoBH MOAXO0AA. K PelleHuIo GONBUIOrO YHCAA 3324 NPeACTaBNfeT CO60f Ge3yCNOBHO |
OCMHCAEHHYI0 npobGreMy. B YacTHOCTH, [JI3BHEIM TAKHM METOAOM JJIN Hac ABMTCA
METOJ MpeReJbHOro fepexola oOT BHIOYKARX Muororpauunkoa K MOOHM BHIYKALIM
TI0BEPXHOCTAM. '

“HakoHel, MATHH Kpyr aonpocos, yKe BHXONAWHAR 32 pamKu COGCTBEHHO BHY-
TpPeHHER [eOMETPHH, COCTOMT B BHACHEHHH CBA3H BHYTpEHHE# TreOMETPHH NO-
BepXHOCTH ¢ e¥ «BHewmse#t» reoMeTpuell, T. e. BBIACHEHHH TOro, KakK CKa-
SMBAIOTCA BHYTPEHHHE T[eOMETPHYECKHe CBOHCTBA MOBEDXHOCTH H QHryp Ha ‘Heft
Ha HX NPOCTPaHCTBeHHhIX cBOHcTBaX. Hanpumep: Kakme ycaoBuS, HANOMEHHBIE HA
"BHYTPEHHIO METDHKY uoaepxuocm kiacca. @, obecneunBgior e& rnagkocth? Kakue
CBOACTBA NOBEPXHOCTH Kjiacca ® Kak Quryps B MPOCTPAHCTBE 33BHCAT TONBKO OT
e¥ BHyTpeHHel METPHKM H TeM CaMbIM COXDaHRIOTCH MpPH MOOLX e H30MeTPHHeCKHX
npeo6pa3oBaHUAX, NpeBPalaloWHX e CHOBA B MOBEPXHOCTL KAacca P? o

s Hac xnaccoM @ Gynmer knacc BCeX BHINYKAHX NOBepxHocTeft, OxHako B pe-
LUEHHM BONPOCA 06 YCNOBHAX, HEOOXOAMMBIX M AOCTATOMHHX AR TOMD,YToOH AaHHOe
MEeTPHYECKOE MPOCTPAHCTBO GHO H3OMETPHYHO BHIMYKAOH MOBEPXHOCTH, HMEETCR ONHA
CyuieCcTBenHas TPYAHOCTb, KOTOPYIO NOAE3HO OrOBOPHTH 3apaHee.

[peacraBum ceGe Kakylo-HHOyab TMOBepXHOCTb F, ckaxem, chepy. BosbméM Ha
et nBe ToukH A u B. Paccrosnue pr(AB) Mexny HHMH ONpeneisieTci ARHHOA
menpmedl 3 ayr AB Goabiioro kpyra. Bupexem Temeph u3 cdeps o6aacys Fy,
3aKAI04AI0IYI0 TOYKH A ¥ B, HO He CONEPKAlLYl0 HE TOALKO HEKOTOPOro QEPeaka
RYyri AB, HO ¥ HUKAKOH JIHHHH, CKONb YrOAHO Gnu3Koft K 9TOMY OTpesKy. Hanpumep,
3a F; MOXHO APHHATE YaCTh CHephi, OCTAIONLYIOCH TOCAE ynalNleHHS KaKOro-HHGyAe
Kpyra ¢ USHTDOM B Cepenunc OyrH AB. Mu noAy4aeM HOBYH NOBEPXHOCTH Fl),
ABAMIOULYIOCH 4acTbio npewHel. JIMHHBI BCEX KPHBHIX, COeNHHAIOIMX Ha F; TOUKH
A W B, Gyayr npeBocxozuts AauHYy nyrdH AB Ha HeKkOoTOpoe MOJNOKHTENBHOE &.

ﬂoarouy OKAXETCA, 4TO paccTosaHHe Meway A m B Ha F; 6yner Goavure, ueM Ha F,
HAMEHHO

pr,(AB) > PF(AB) e

TIpu sToM sicHO, 410 pr, (AB) Gyner 3aBuceTb OT TOrO, KaK MH BhpesaeM oGaacty £y;
OHO MoXer OHTb CheNaHo Aame CKoab YroAHO OOAbIIMM, NAA 4ero HYXHO NPHHATDL
33 F, obaacts, conepmaulyo .Touka A u B u odsuaa:ou;ytocn BOKpyr cdepu yskoft
AeHTOR Gonbiuoe yucno pas (uepr. 2).

10T mpocToff MPHMEP MOKASHBAET, YTO, BHpe3ads H3 NOBEPXHOCTH paamgs Hbna-
CTH, Mbl MOXEM MOJMYYHTh HOBHE nosepxuocm, BHYTPEHHAS METPHKa KOTODRX OyZer
QUEHb CHJIBLHO OTJHHYATHCH OT METDHKH ucxoauoh HOBEDXHOCTH. Mu ﬂOJlVllAEH_TaKPlH
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o06pa3oM egBa au 0603pHMOE MHOXECTBO Pa3HHX BHYTPEHHHX Merp;ux, M HEECHO,
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He CHMHIKOM AM TPYAHO Oyner, Xa MMeeT JH, B -KOHUE KOHLOB, CMbICH, HMCKaTh'
CBOficTBA, MOAHOCTHIO XaPAKTEPH3YIOMIHE KAXKAYI0O H3 TNOAYYaeMHLX TakHM 00pa3oM -
Merpuk.: Hanpumep, oTBer Imame Ha cNeAyIOUIHA NPOCTOR BOMPOC: KakHM HEOOBXOam-
MBIM H JOCTATOYHBIM YCJAOBHAM HOMKHA YROBNETBOPATH METPHKA NOBEPXHOCTH AAR
TOro, 4TO6H 3Ta MNOBEPXHOCTH Onia H3OMeTPHYHA OOGJACTH Ha NVIOCKOCTH, OKa3hbi-
BA€TCH NOCTATOYHO CHOXKHBIM. YcA0BHe, YTOOH IMOBEPXHOCTh GblId «Pa3BEPTHBAIO-
weficas, 1. €. YroOn e¥ rayccoBa KpHBH3HA PABHANACH HYJIO, HEeKOCTATOYHO, TaK
KaK, HanpHMeD, HHAHHAD He H30OMETpPHYeH HHKAKOH O6GMACTM HAa NAOCKOCTH ePO MOXKHO
‘PasBEpHYTh Ha INIOCKOCTh TOJILKO B TOM Clyyae, eC/¥ €ro paspesaTh MOAXOAMLIMM
06pa3oM, a 3TO HAPYUIHT €r0 BHYTPEHHIOI0 METDHKY.

" OnHAKO BCe MOBEPXHOCTH, NPEACTABJASIOLIHE YaCTH OOHOR H TOR Ke NOBEPXHOCTH,
HMeIOT MHOTO oO6mero. BoabM&M Ha mnosepxHocTH F xakywo-am6o Touky O H pac-
CMOTDHM 4aCTb NOBEPXHOCTH, OOPa3OBAHHYIO TOYKAMH, YAANEHHHMH OT O MeHee yeM

Hd Kakoe-HHOynb AaHHOe r > 0 B CMHICNE paccTosHMit Ha F.
310 6yner OKpecTHOCTb TOYKM O B CMhic/ie BHYTpeHHeH Me-
TPHKH MOBEPXHOCTH F,~— KOPOTKO : « BHY TPEHHSAS OKPECTHOCTh».
Ecan B3dTh Ha NOBEPXHOCTH TPOM3BOABHYIO o6nacts F,,
“conepxamyw©o Touky O, TO Bcerna MOxHO Gyner HaliTH Takoe
r > 0, 4TO COOTBETCTBYIOLIAS BHYTPEHNAA OKPECTHOCTb TOYKH O
GymeT HacTONbKO yHaN€Ha OT rpaHunu obiaact Fy, uro
KPDHBaf, COeQHHSIOUIAN Ha TOBEpPXHOCTH F 1nBe ' miobble TO-
ykH X B Y M3 5TO# OKDECTHOCTH M HMeOUIas HauMeHBAIYIO
IVIKHY HJAH IJIRHY, 10 xpafiHe#t Mepe, CKONb yroAHO GAH3KYIO
K TOYHOR HMXKHe# rpaHHNe AJHH KDHBHX, ~COCIHHMIOLHX
X # Y, Gymer npoxomuth Ha HEKOTOPOM PpAacCTOSHHR oT
rpauuun obfactu F,. Hoamuy paccrosune Mexny X u Y Oymer Ha F; TO
We Camoe, 4TO M Ha F. Mu npuxomum, Takum 06pa3oM, K cCreaywieMy B~
BOLY:

Mempura 6 cxosp y200H0 Masod sHympenHel oxpecmuocmu A06OI  Oaw-
HOU MO%KU ROBEPXHOCTU He 3ABUCUIN OM MOZ0, KAKYIO O0AGCMb, COOEPICAUNIO
amy mouKy, Mb BWpesaeMm HA NOBEPXHOCNU U PACCMAMPUBALH, KAK HOBYIO
nosepxnocms. TowHo max e mempuxa 8 cKoAb Y200HO MAAOL oOxpecmHocmi
Oannoli mowuxu nosepxnocmu F He usmenumcs, ecau nosepxrocms F 0on01mumb-
00 Hexomopoll Goavuield nosepxrocmu F,.

3T0 3aMeyaHHe B MPHMEHEHWH K BHIMYKJIBIM MOBEPXHOCTAM NPHBOMMT K CAEAYIO~
nieMy pesyabtaty. Ilycte F — BBIIyKAasi NOBEPXHOCTh H O — KaKast-sinGo touxa Ha F.
Ilo onpenenennto, F ectb 061aCTh Ha rpaddile HEKOTOPOro BeMykgoro Ttena H.
BosbméM BHinykioe Teno H,, ssiamolleecs nepeceyeHueM Teda H ¢ xakum-1u6o 1Lapom,,
MMelWMM HEHTD B Touke O H 3aKja04alOUMM B Ce6e 3apaHee 3amaHHYIO OTpPaHHYEH:
HYI0 4YaCTb TOBEPXHOCTH F. Hoepxuocts Tena H, Gyzer 3amxHyTOH BHIyKIOM
noBepxHOCThI0 F;, HA KOTOpOR TOuKa () HMeeT OKpPECTHOCTb, COBMAZAOILYI0 C.e&
OKPECTHOCTHIO Ha HCXOZHOR mnosepxHocTH F. EcaH 3Ta OKPeCTHOCTh HOOCTETOYHOs
Mana, TO METPDHKa B HeHl He 3aBHCHT OT TOrO, paccMarpHBaeM JIH MH e€ Ha NMOBepX--
HOCTH F HAIHW HAa NOBepXHOCTH F,. TaxuM 06pPa3oM, 8CAKYI0 OZPDAHUYEHHYIO #ACMb.
* BHNYKA0U ROBEPXHOCMU MONCHO OONOAHUMS 00 3AMKMYMOU 86nYKA0U NosepxHoCME:
& uccae0osarue CBOLCME Mempuxu. 8 MAALX OKPECMHOCMAX OOCMQMOUKO 1pPOBo-
oums OASL 3AMKRYMUX 8UNYKANX nosepxrocmeld. IDTHM 3aMeyaHHem Mu Gyaem
nanbme YacTo NOJB30OBATLHCH, HOTOMY YTO HMETh AREJO C 3aMKHYTHIMH NOBepPXHOCTAMH
BQ MHOPHX OTHOUIEHHMSX mnpoIine. ) _

CaoficTBa, HMeIOLlIHE MECTO B CKOMb YTOAHO Ma/J1OR' OKPECTHOCTH, HAa3bIBAIOTCH CBOHCT-
BaMH «B MaaoM». Mul nokasanu, 4yro CBORCTBA BHYTpeHHel MeTpHKH MOBEPXHOCTH B Md=
JoM o6nanaioT YCTOMYHBOCTBIO OTHOCHTEABHO ONepanyH BHAEAEHHA H3 MOBEPXHOCTHI
pa3nnyHHX oGnacreft, ocrapasce O6WMMH A BEeXx Takux obGnacred. Ilostomy,,
eCTeCTBEHHO, NMepPBHM, HA uTO OOpPAUIAIOT BHUMAHHE NPH HCCAeIOBAHHH BHYTDeHHefi
TeOMETPHH MOBEPXHOCTeR, ABAAIOTCH HMEHHO CBOMCTBa «B ManoMm»; TakuM 00pasoM
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H3 BHYTpenHeHf reomeTpun BOOOGmE BHZENRETCA CHaYaza, KaK mnepBad H Hauﬁonee
HpOCTaA €€ T/aB&, BHYTDEHHAA TCOMCTPHA «B MaaoM». :
3anaya XapakTEpH3aHH «B MaJOM¥» TeX METPHYECKHX MNPOCTPAHCTB, xompbmu
SBASIIOTCS BHUTYKJAHE MOBEPXHOCTH, (POPMYAHPYETCH TaK: KaKOBH Te HeOOGXOAMMBE H
DOCTATOYHEE YCJAOBHS, KOTOPHM JHOMKHA YHOBNETBOPATb METPHKA B CKOAb YrOAHO
Manoit OKpPeCTHOCTH 1060# TOYKM AAHHOrO METPHYECKOro MPOCTPAaHCTBa NJIA TOTO,
4TOOL CYUIECTBOBAAA BHIMYKAas MOBEPXHOCTb, CKOjAb YrOMHO Majas 4acTb KOTOpO#
Onita O H3OMETDHYHA yxas"fhﬂon OKpeCTHOCTH? Mu JanuM B HacTOSWER KHure
OTBET Ha 3TOT BOMPOC. :
Homumo cBoHCTB B Majnom, oéumx BCeM BOOOIIE BHUTYK/IHM NOBEPXHOCTAM, Mpen-
CTaBAAIOT MHTEPEC CBOHCTBA MOMHBIX BRUTYKAHX NOBEPXHOCTEH, T. €. HEAWX I'DaMHIL
BHIYKJAHX Teld. MIMEHHO, MB 1aMHM OTBET HAa CAEAYIOUMA BONPOC: KaKHM HEQOXOAUMBIM
H [OCTATOYHHIM YCNOBHAM [IOMKHO YNOBIETBOPATH METPHYECKOe MPOCTPAHCTBO A
TOro, YTOGH CYINECTROBAJA MOJHAN BHINYKAas MOBEPXHOCTb, H3OMETPHYHAA STOMY NMpPO-

rmevyr Ammrr 3 D WPATP TR ST ERASNALIATIEAN TATAIINET aTr TYN TWMARS S rxa w S

\.lpdﬂ\.!l}:{ (WY CL].D, nan lUDUpnl, nmelanvonad Jdalld=irl WD H,CJIUIII" ll"'TlPUlﬂDUllU'
AOXHOCTb mpenbiayuelt 3amaye «B MaldoMs». Tax Kak H3 CamMoro OnpeAciesHs BBIMY-
KJIOR fOBEPXHOCTH Caeayer, 4To e€ BCeria MOMXHO JNOMOJNHMTL AC HeSOH IpaHHub
'BRIIYKJIOrO TeJa, TO MOCTAHOBKA. MMEHHO 3TOro BONpOCA . ABJASAETCS COBepmeHHO
€CTeCTBEHHOA.

Oxa3biBaeTcR, ORHAKO, BO3MOXKHKM OGbEeIHHHTb 06e 3a1a4H «B MAJIOM» i B LeTOM»
B oady. Jlas TOro uro6nl (hopMysHpoBaTh 3Ty Golee OOLLYIO 3anayy, BBEJEM HEKO-
TOPhi€ OfpeneneHus.

Kpamuaiimed XY wMbn Ha3biBaeM KPHBYO Ha NOBEPXHOCTH, COeMMHAOWYIO ABE
AaHHBIe TOYKHM X, Y M MMewyo HauMeHbUIYI0 NJIHHY CpPeaH BCeX KPHBHIX, Jemalux
Ha MOBEDXHOCTH H COENMHAIOMIMX 3TH IBE TOYKH. Kparyaftmiasa ecres aHajor npsaMo-
JgHelHOTO OTpe3Ka M MPEACTaBAAET OCHOBHOH 06pa3 BHyTpeHuelt reomerpun. OaHako
XOpOLIO H3BeCTHO, 4TO e¥ CBOHCTBAa He MOBTOPAIOT B TOUHOCTH BCEX CBOHCTB OTpe3ka;

TETALIRE O wa ~dons vusinrea “ﬂf\Ll’ Ao FramTanIre Mo puillcorT LIo N neEa a ‘ﬁl‘lfl'I:
n“llp'lm\:y, na b\.}]\al{\l FLAVAN, VS A Wik llﬂl}“ 1 v"l\ll\, I\UIUF“\' Wl ANLIANIA & E3%s VA“G, a wvwL\.nwv

HeyHOe MHOMECTBO Kparuaiuiux. Tak Kax paccrosHde p (XY) Ha nOBepXHOCTH.PABHO
TOYHOM HW)Heli TrpaHHUe IJIKH KPHBHRIX, COEXMHAIOMIMX TOYKH X H Y, TO JinHa
Kparyaltuiel XY Kak pas paBHa pPacCTORHHIO MeXIy 3THMH TOYKamu. MoOxHO moka-
3aTh, YTO €CJAHM MOBEPXHOCTh BOOOILUE HMEET BHYTPEHHIOI METDHKY, TO Y BCHKOH e
TOYKH €CTh TaKasd BHYTDEHHSS OKDECTHOCTb, JOOLE [BE TOMKH KOTOPOR MOXHO
COeHHHThL Kpartvya#tiied. MOKHO Takke NOKasaTb, YTO HAa BCHKOH MOJHOH BRIMYKJIOMH
NMOBEPXHOCTH JOGHIE JABe TOUYKH MOMHO COeIHHHTb Kpatwaftwefi. CremoBaTenbHO,
KpaTtyafimine Bcerfa cymectsyior. (IDtH yrBepxaeHus 6yayr nokasans B § 2 ra. )

O6nacts G Ha MoBepXHOCTH F ML HaswBaeM B8uRYK404 (B CMbiC/Ie- BHyTpPeHHel
METPHKM), €CHM KawIbie ape TOYKH 0O0sacTH (G MOXHO COeRHHHTH NPOXOXFinel
B Heft Kparuyaiturefi. Bupewem H3 MOBepXHOCTH F BNYKAy obaacte G.n Oynem eé
CaMOI0 paccMaTpuBaTh KaK moBepxHOCTh. Ecan X u Y — aBe Toukm u3 obaactu G,

m pn(‘nﬂrmuun “PWTIV ML f\ﬂﬂl-lf\ MRS l‘ﬁﬂnn"ﬂmlllﬂﬂ my l(h!l'!‘unﬂlllnﬂ' @ anmNuT-
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uk 3aBHCHT OT TOrO, paccMatpuBaeM nu Mbi o6nacth G Kak CaMOCTOATENbHYIO
NOBEPXHOCTb WJIH KaK 4aCTh nosepxHocTd F. Takum o6pasom, Bunyxaas o61acTs
Ha MOBEPXHOCTH 061anaeT TeM BaXKHHLIM CBOHCTEOM, YTO €& METPHKA HEe 3aBHCHT OT
TOrO; KaKyi 4YacThb MOBEPXHOCTH, COAepHau(yl0 3Ty 06JacTh, MbI BHAGASEM H pac-
CMaTPHBAaEM KaK CAMOCTOATENbHYIO NMOBEPXHOCTH. KpoMe TOro, TOT (haKr, 410 B BHIMYK-
JOH 06/1ACTH KaXIHe JIBe TOYKH MOXHO COCOMHHTB Kparyafillie#f, nenaer BO3MOMHLIM
OCYILeCTBAATb B TAKOH 06JacTH MHOrHe NOCTPOeHHs, TpeOyulMe NpOBENEHMA KPaT--
yatuiix. B ra. II. Mm CremMansHO paccMOTPHM HEKOTOPHE OCHOBHHE CBOHCTBA
BHITYKJAWX, 06MacTefi M NOKaXeM, B YaCTHOCTH, YTO Y BCAKOHR.TOYKH Ha BHOYKJIOH
MOBEPXHOCTH -CYyHIECTBYET CKOJIE YrOZHO Manas BHUIIYKAas OKPecTHOCTs. Bwmecre
C TeM, TOCKO/IbKY JiB€ TOYKH MOJHOH BLITYKJIOR FOBEPXHOCTH BCErna MOXHQ COoelnM-

HHTb Kparqanmen — TdKafd [OBEPXHOCTHP caMa TIO cebe npeacrasndaer BHOYKAYIO
0B NaACTS, Tzunu nﬁnaqn\a H3IVUYeHUue nuv'rnpuupﬂ' MOTNUKEM RLIIVEILY afinacrTell-

Sl . A &R L raray SRSy e DIty fpersna AR 4 praRsaaR DIRINy Ruvanm o WVUARGAw 1T

OGBeNHHAET, B YaCTHOCTH,. H3yuyeHHe Buy'rpeuneﬂ MeltpHKH KAK «B MaJOM», TdK H-
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8 «ueaomM». B CBasm CO BCeM CKa3aHHLIM CTAHOBHTCH ACHHM, YTO [NaBHOEe BHHMA-
HHE MOWHO QHKCHDOBATL HA HMCCACXOBAHHH BHYTPEHHEH reOMeTPHH BHIMYKJARIX 06Jaa-
cTeil, B MR HHX YAa8TCA NOJHOCTLIO PELIMTH NEPBYKW NpQoGaeMmy sryTpeHHel reo-
METPAN T. €. MOXKHO HalTH YCAOBHH, HeOGXOMMMHE H AOCTATOYHHE HAs TOTO, YTOOH
AaHHO® METPHUYECKOe NPOCTPAHCTBO GHLNO H3OMETPHYHO BHUTYKAOR 0O6AaCTH HA nau-
HOM BHIMTYKJOH MOBEDPXHOCTH; B.YaCTHOCTH, 9Td 00JaCThb MOMET MPeACTABARTH CAMOIO
NMOJNHYI0 NMOBEPXHOCTH.

B caenywouieM mnaparpage Mnl paccMOTpuUM B oﬁmx Yyeprax, KaK CTaBHAXCH K
peliaaRCh OCHOBHHE 3anauyy BHYTPeHHEA reoMeTpHH peryJapHHX MOBEPXHOCTeH B
paMKax KaaccHyeckolft nuddepedumassHolt reomerpun. Mbl He coGupaemcsa CKasath
4y70-HHOYAbL HOBOE MO 3TOMY MOBOLY; Halld LeAb — TOJbKO CAEJNaTb GOJee FCHLIMH
CBH3b H Pa3AHYHE MENKAY KIAACCHYECKHM NOAXOHOM K ITHM 3a4ayaM H TeM NOIXO-
ZOM, KOTOPHWH NDOBORHTCK B 5TON KHHre. Pe3ynbrari W MeTOAH KIaCCHYeCKOf mng-
¢epeHIHaNLHOR reOMETpHH Mbl BOBCe He 6yneM nPHMEHNTb,” HO OHH YKAasbiBaiOT
Hend, K KOTODHIM CACAYeT CTPEMHTLCH, 4TO0H B Gosnee oGmieft TeOpHH COXPAHHTH TIO
BOBMOXHOGTH TNaBHHE KJIaCCHYECKHe ROCTHKEHHN.

B manbHehuuX napdrpadax sTORA raaBbl MB BBEAEM OCHOBHLIEC TOHATHUA BHYTPEH-
Helt reoMeTpHK B GOPNynupyeM raaBHbie pPESYAbTATH LA TOro, 4Yto6H math Gonee
SCHy!0 OBMEYI0 KaDTHHY TeOpuH, HETANH KOTOPOH GynyT MOCTENEHHO paaaopaqusa'rbcsx
B TMOCNERYWOLIEM H3NOKEHHH.

- § 2, Tayccora BHyTpeRHAR TeoMeTpHA.

Mauana BHyTpeHHeR reOMeTpHMH TOBEpPXHOCTEH Ohimm 3anomenn [ayccoMm B ero
saMmevareqbHoR paGore «OOuiMe HCCACHOBAHHY O KPHBHIX NOBEPXHOCTAX»>, NOWSHE-
wefice B 1827 'r. [lepsuie naBe OCHOBHLIE HWACH 3TOR paGoOTH: BBeACHHE KOODAKHET
Ha NOBEPXHOCTH H NHEEAHOr0 3JeMeHTa MOBEPXHOCTH MOXHO, NPHMEHSR COBPEMEN:-:
HH ABMIK, H3NOXKHTL Ccaeayiommm obpasoMm. [lycrs F — KaKan-iHGO NOBEPXHOCTh;
BO3sMiiM 1100yi0 e¥ TOuKy H okpecTHOoCcTh U sTOffh TOuKH, romeomopduyio ksaapary D.
B xssipate D MH BBeISM OGHIYHBE ACKAPTOBH KOODIHHATW @, ¥. TOr&a, NOCKOABLKY
MEXAY TOUKaMH oxpectHocTH U -u kBaapara DD HMeercs B3aHMHO OAHO3HAYHOE H
HEMPEDWBHOR COOTBETCTBHE, OKPECTHOCTL {J MOXHO NpPeNCTaBHTL YDaBHEHHeM

E

Xx=2x(4,7),

®OSOPOE Q3HaYaeT, YTO KAWIOW mnape 8HaYeHWH KOODAMHAT u, U COOTBETCTBYET
ORPANeNTHHLIN BeKTOP X, HAYWHHA H3 HEKOTOPOro BHOGDAHHOrQ Hayaaa B TOYKY
obmacrn U. Wubimk caosamn, x ectb ¢yHkuma # H ©. TIpeAnONOKHM, uTO 9TA
Pynxuss HenpepusHo AuddepeHuMpyema, T. €. YTO CYIIECTBYIOT YaCTHbe MPOH3BOJ-
Hule X, (4, v), x,(4,9), KOTOpHe HENPePHRHO 3ABHCAT OT ¥ H U; KpoMe TOro, Zony-
CTHM, YTO BeKTOPh X, H X, B KaAOH TOUKe NMHERHO HesaABMCHMH, Ecmn nonepx-
HOCTE B OKPECTHOCTH xaamon TOYKH JRONMYCKaeT TaKOe NPEACTaBlieHne, TO OHa
Ha3LBACTCR 24adx0od uin Ougepenyupyenoll. B Kaxnol Pouke oxa HMEET Kaca-
TEAbHYI0 NMAOCKOCTH: MIOCKOCTH, NPOXOAALLYIO Yepe3 BeKTopu X, (¢, v) v x,{4, 9);
Manasg OKpPecTHOCTb TOYKH Ha NOBEPXHOCTH OJIHOSH3YHO NPOEKTHPYETCK HA KacaTenhb-
HY10 NIIOCKOCTh, MPOBeRAEHHYI0 B STOR TOYKe, U C TOYHOCTLIO N0 BEANYNH BTQROrO
NOpAAKA MAaJOCTH MOBEPXHOCTb B TAKOR MaNOR OKPECTHOCTH MOXHO 3AMEHHTDH Kycod-
KOM TJIOCKOCTH. : =y
' Ecan x(u, v) v x(u {-du, v dv)— nBe GAH3KHE TOYKH Ha MOBEPXHOCTH, TO
C TOYHOCTHIO A0 BeJMUHH BHCWErQ MOpAAKa

:t(a + du, v+ do)— x(u, V= x, (u, v) du+ x,(u, ) dv,

T. e..{RpeHedperas BeAMYMHOR BTOPOrQ MOPRAKA) BEKTOP, COEAMHSIOLWA ABe -Gans-
KHe TOSKW H& NOBEPXHOCTH, 'eCTh BEKTOP, J/exawu# B KacaTeAbHOR NAOCKOCTH,
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Keagpar AMHHH BeKTOpA dx = X du -+ x,dv Gyner

dx® = ds”—~Eda9—|—2Fdad'v+ G dv?, BRE)!
rRe, coraacHo Tl'ayccy, mosomeHo
E=x\ F=x,%, D=2x3. - (®

Popmyna (1) npeIncraBaseT Me YTO MHOE, KAK KBAAPAT NJHMHH BeKTOpa dX Ha IJIOCKO-
CTH, P8370XKEHHOI0 HA COCTABJAIOUWHE MO BEKTOPAM X, H X, H HMEIOWErO OTHOCH-
TebHO 3THX OCHOBHBIX BEKTOPOB KOMIOHEHTHI (cocrannmoume), paeHue du u do.

Takum 06pasom, cmbICA rayccoea BHPaKEHMA IS KBaAPaTa SMEMEHTa IAHEL
COCTOHT, MONPOCTY rFOBOpPS, B TOM, YTO OBEPXHOCTh B GECKOHEYHOM MAJIOM C TO4-
HOCTbIO 10 BENHUHH BHICHIErO MOPANKA M3OMeTPHYHA MAJIOH OGNACTH HAa KacaTeJAbHOM
MWIOCKOCTH, M KBanpartvuHas ¢opma (1)—nepsas KeagpaTtuyHas ¢opMa nosepx-
HOCTH — na&T NpeACTaBjeHne MIKHB! HA KacaTeJbHOM [IOCKOCTH B KOODaHHaTax du, dv
C OCHOBHHMH BeKTODaMi X, u X,. Kospduunerrn £, F, G 3aBucaAT 0T 3Hauewnht «
M ¥ ¥ TIONHOCTHIO ONMpPENeAsiOT BHYTPEHHIOH MeTPHKY INOBEPXHOCTH. VMeHHO, miuHa
KDHBOR == u(f), v=o(f), [T. e.x=x(u (£), v($)] Ha MOBEPXHOCTH BHIpaWaeTCs
HHTETrpaIOM )

s=ds= f V Eis+42Fiv—+ Gorar. (3)

A ecan onpeneneHa nmma TO OnpejeleHO U PacCTOsHHE, KaK TOYHAs HHXHSAA rpa-
HRHA AJHH KpHuBHX. CnemoBaresnsHO, BHyTpeHHsss MeTDHKa IJIamKOR NOBEPXHOCTH
3anaétca ed nepsod KsampartHyHOR ¢opmoli. BosHuKAOLlee OTCIOAA MOHATHE Buy-
TpeHHel reoMeTPHH nQBepXxHocTH [aycc onpejenser B § 13 cBoelt paGorhl caenyio-
IMHMH CIOBaMH:

«BLBEIeHHOE B npeabiayimeM naparpade npeasomeHHe NPHBOAHT K paccMoTpe-
HHIO KDHBHIX TIOBEPXHOCTe# C HOBOHM TOuYKH 3peHHs, Koropas 3allyxuBaeT CO CTO-
pOMBHL reOMETPOB CaMOro THIATENBHOTO HCCAeaoBanua. lMmeHHo, ecniun Mbl Gyldem
paccmMatpuBaTh MOBEPXHOCTM HE KaK PPAaHHMUL TeJ, HO K3K TesJa, Y KOTOPHIX OXHO
H3 H3MepeHHH GecKoHeYHO MaJi0 M KOTODHE, CBEDX TOrQO, BIONHe THOKH, HO He
PacTAKHMHE, TO CBOHCTBA MOBEPXHOCTH YacTLIO 3aBHCAT OT (POPMBI, NPHHATOR €10
B JaHHBEI MOMEHT, YacThbiO XKe aGCOMIOTHR, T. €. OCTalOTCH HEeH3MEHHBIMH, Kak Obl e&
Hu COrHyTh. K mocaennum ceo#icTBaM, H3yyeHHe KOTOPHIX OTKDHIBAET AJS FeOMETPHH
HOBOE IIONOTBOPHOE TMOJE, MPHHAIJIEKAT Mepa KPHBH3HL! H [MOJHAS KPHBU3HA B TOM
CMbICe, KaK 9TH BBIDa)KEHHs HaMH YCTAHOBJeHH; Hajee, CIONA MPHHALNEKHT YYEHHe
0 KparyaluldxX JIMHHSX H XOe-yTo HHOe, YTO MK DPaccMOTpHM mo3xpuee». (Hambvure
laycc ‘uccnenyer, B 4acTHOCTH, TPeyroibHAKH Ha NOBEPXHOCTH.) «IIpM Tako# Touke
3peHxs, MIOCKOCTh H pa3BEPTHIBaeMbie Ha NAOCKOCTH IIOBEPXHOCTH, KakK, HanpuMep,
KOHYC, PacCMaTpyBalOTCA KaK CyuecTBeHHO OnMHakoBbie. Hacrosme# ucxormHof Tod-
KO#l 115 061ero BhPaXeHns NOBEPXHOCTH NPH TAKOH TOYKE 3peHHs sBAseTCH GopMyia

V E di? 4- 2Fdu dv 1 G dv?, KOTOPas BLIPAXKAET 3aBHCHMOCTh S/EMEHTA IYMH OT
HBYX BCITOMOTAaTeNbHHX MepeMeHHLX» (T. €. OT u, V).

Hanna KpHBOi, yros MeXiy KpDHBLIMM, TAOMAAb OGMACTH, reoNe3uyecKas KpH-
BM3HA KPHBOR H, HaKOHel, MePa KPHBH3HBl MOBEDXHOCTM B LAHHON TOUKe, WIH, KaK
yhaayHo roBOpHT [aycc, - yleabHas XpuBM3HA TOBEPXHOCTH (B OT/IMUHe OT NOJHOH
KPHBH3HL!, DABHON MAOWARH ChepHiecKoro H306paxenns) BHPAKAIOTCH Yepe3 KO-
Gumventel E, F, G N0 u3BecTHHM (OPMyJaM, KOTOpHE NAaIOTCH BO BCAKOM Kypce
nmbtbepeﬂunanbﬂoﬁ TeOMeTPHH M HCXoaaT N0 cymectsy or laycca. Iaycc nokasan
TAKKE OCHOBHYW TeOpeMy, KAaCaloUlyloCd CBA3H BHYTPeHHeid METPHKH MOBEPXHOCTH
C e npocrpaHcTBeHHo# dopmoft; 3Ta TeopeMa yTBepXIaeT, 4TO TNpPOH3BeNeHHe
[MIaBHBHIX KPHBH3H B KAXAOH TOYKE MNOBEepPXHOCTH, KOTOpOe M eCTb Mepbl KPHUBH3HH

MNMORONYLINCTE »n amntl wrreea ATET Az s TEs YA nervrmearriratt MamRIsr 2 nEreassa
NVSCPRROITA B 3TOH TO4Ke, 53aBHCHT TOdbKO OT BHyTpEHHEn MOTDMKH H Bbipaia-

- erca uepes Kosdduumentn £, F,G no dopmyie, maHHoht [ayccoM.

2 A O Aaexcanzpos.
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BBefleHHeM KOODOHHAT Ha TNOBEPXHOCTH H KBampaTthuno# dopmu ds? Taycc aan
OGuHit- AHANHTHYECKHA METOX HM3y4YeHHA BHYTPEHHeH reOMETPMH peryasipHuX NOBepX-
Hocre#t. Haxownen, cam Tlaycc m ero mnocaenosatend MOKa3ajgH MHOTHE TeOpeMb
BHYTpeHHel reOMeTpHH, 1I0Ka3aB TeM CaMbIM, YTO HOBOE fo0Jie, OTKPHITOE Ojs reo-
merpun [ayccom, nefiCTBHTENbHO 4Ype3BbidaftHO mronoTBopHo. Tak pemaancs
ANA peryiaspHHIX MNOBepXHOCTeH Te oO6IMe 3amaud BHYTPeHHER reomMerpHH, O KO-
TOPWX MH roBopHaM Beite B § 1. OcraBanace TOJBKO MEpBaf M3 NOCTABAEHHBIX
TaMm npo6Gaem. B niaHe rayccoeoft TeopnH 3Ta npoﬁ.neua CTaBHTCH CAEHYIOUIHM
obpa3om:

IMpencrasum ce6e Kaxyio-HuGymp 06aacTb D, B KOTOPOH BBEAEHb! KOOPIMHATH
#, U H 3allaHbi TPH HemnpephiBHHE . (YHKIHH E(u v), F(a, v), G(u, v), Tak, uro
xaazxpamquaa ¢opma

ds? = E du®-{- 2F du dv -+ G do? (4)

" BCIOAY TMOJOXHTENbHO OfpenenHHas. IJTHM, KaK TOBOPAT, B KamAo# Touke o6ia-
cru D 3apaH auHe#Hs! snemeHt ds. Torma mimHa Xpueoit u=u(f), o=v(f) B
ofnacth D onpepenasiercd no dopmyne (3) H TeM CaMbIM OKa3nBaercs ofnpeaei¥H-
HHIM PpACCTOSIHHE MeEXOy J/MOOhMH JIByMA TOYKaMH 00aacTH D Kak TOYHAasi HHXKHAA
FpaHula IJMH COENMHAOWHX HX Kpuehx. CnpaunBaeTcs: CyuIeCTBYeT /M TaKas
NOBEPXHOCTb, TEpBas KBaapaTHyxas' q)opua KOTOpOH npm noaxoasueM sH6Gope Ko-
OpAMHAT COBnajxaer ¢ 3ajaHHOR B o6aacth D? OTBET Ha 3TOT BONPOC <«B MasOM>
RalT credywowas QyHIAMEHTaJAbHaA TeopeMa, ONoxasaHHas JapGy !):

Ecau rosdpguguenmu E (u, v), F (u, v), G(u, v) cyms aua/mmuqec\(me ByHK-
guu u a4 U, M. &, pPaA3LA2AOMCE 8 CMENEHHuE DAL 6 OKpecmHOcmu KaANCOOH
MOUKR, MO MempuKa, 300aAHHAR AUHEHHBM IAEMERMOM C 3MUMU x03¢¢ulmeu-
maMu, peasu3yemna & MAAOM NOCPEOCMBOM QAHAAUMUUECKOU NOBEPXHOCMU, T. '€ 5
y Kamao# TOuKH o6macTu D CywieCTBYeT TaKas OKPECTHOCTb, KOTOPYIO MOXHO M3Q-)
METPHYECKH OTOGPasHTh HA HEKOTOPYI0 AHANUTHYECKYIO NOBEpXHOCTb. IIpn STOM:
KOODAYHATH ¥, D CaMu COGOH NepeHOCATCA Ha 3Ty MOBEPXHOCTH (COOTBETCTBEHHHE,
TOYKH MMEIOT ONHH H Te Xe KOoOpAHHATH!) m Kosdpduusewtw E, F, G B xawmoh
TOYKE MOBEPXHOCTH, BHIYHCJEHHBIe MO dopmyaaM (2), cOBmapaloT ¢ 3aXaHHHMH SHA-
yenamn E, F, (G B cooreercIByiomel Toyxke obnacru D.

dra Teopema [lap6y nmOKasbiBaeT, YTO BO3MOXHOCTb 3aJaThb METPHKY MOCPEACTBOM
AMHERHOrO 3JieMEHTa C aHAJHTHYECKMMH KO3((PHUIHEHTaMH MOJHOCTBIO XapaKTepH3yer -
B MalOM BHYTDEHHIOW MeTPHKY aHaJdTHYecKdX noeepxHocre. Taxum oGpaaom, BO
BCAKOM CJy4Yae, TMOCKOJALKY pedb HOET O CBOHCTBAX B MajnOM, BCE CBOAHMTCH K PO~
M3BOJILHO 3aJaBAEMOMY JIHHEHHOMY SJEMEHTY C AHANIHTHYECKHMH KO3(QHIHEHTAMH.
Bc#, uyTOo TONBKO MOXHO ONpeleMHTb H [OKA3aTh, MOJL3YACh TOJNLKO HM, GylAer
HMeTh CBOE 3HaueHHMe I TIOBEDXHOCTER B NPOCTpaHCTBE H OGyleT NMPHHANIEKATh
MX BHYTPeHHeH reoMeTpuu. '

BO3MOXHOCTL 3a1aHHS METPHKH nocpencrsou AMHEHHOTO 3JieMEHTa MMeeT TOT
CMEIC/I, YTO METPHKAa OKa3biBaeTCH IBKJIHAOBOH B 'GecKOHeyHO MajaoMm. ['oBops ToOuHee,
MOMXHO JOKa3aTh CAelylouiee: NycTs B 061acTH D 3amaH THHEAHBIR 3/1eMeHT ¢ HeNPephIB-
HuMH Ko3bdnunenramu £, F, G. Tlycte Ey, Fy, Gy— 3HaueHus 5Tux Ko3(pduus-
eHToB B Touke (g, Tp). BosbméM Ha mIocKkocTH P sextopu @ u b Tak, uto

a’ = Eo, bs == Go, ab = Fo. (5)

Tak .kax E,Gy— F2 >0, 1O Takue BEKTODH CYWECTBYIOT H JMHEAHO HE3ABHCHMH.
IpumeM STH BEKTOPH 32 OCHOBHWE BEKTOPbl KOODIMHATHOM CHCTEMH, KOODIHHATH

1) D1y reopemy MO)KHO HAfTH BO BCAKOM GOABLIOM Kypce aubdepeHumalbHOH reoMe-
TpHi. Ha pycckom nsnke cM. C. I1. ®unuk o B, Teopus noeepxsocreii. [Ipn Goaee -crabux
HIPENJIOXKEHHAX OTHOCUTEabHO Ko9dduunerTos E, F, G sra reopeMa, HaCKOAbKG HAM H3BECTHO,
He AOKa3aua B obwem Buge. Ecan rayccosa KpPHBHIHA HA MEHseT 3Haka, TO, NOBHUIHMOMY,
XOCTATOYHO MpeAnoxarath TPEXKpaTHyO AnddepeHuHpyeMocTs bynxkuni E, F, G.
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B Kompoﬁ oﬁoaﬂaqu M p; ¢. Torma PACCTORHHE MEXIY TOYKAMH (p, 9)u (p+ Ap,

¢ -+ A¢) na nuockoctH P Bupasurca $HopMyiof
po=V EcAp*+2F) Ap Ag+ G, Ag™. (6)
Kaxknon rouke (u, v) obnacru D conocrasum Touky (p, ¢) niockocrk P rak, 418
' p=u—u, g=v—71, A )

Totma touxa (u, v,) Nepexomut B Ha4aaO0 KOODOMHAT Ha TUIOCKOCTH H Ap == Au,
Ag = Av. Bupawenue IJs LAuHB B BHAe HHrerpana (3) BCleACTBHE HeNpepHBHOCTH
xosdmunetor E, F, G NPHBOAHT K TOMY, YTO DAaCCTOSHHE p MEKAY TOUKAMM
“':._b};m(:-]-!.\u v—}—Av) o6aactd D MOXHO BGMM3H TOuKHM (4y, ¥y) MPENCTaBHTDH

p=VE, aa® J 2F,hu hv - Gghv -3, (8)

ree au—decxoueqﬂo Manoe 6Goiee BLICOKOrO MOpfAKa, YeM paccroauus tovek (u, v)
n (ut-As, v-- Av) or Toukm (ug, v,). Cpaenusas dopmymst (6) u (8), Mu noxy-
yaeM, 4o

IP—‘POI<'PD )

TR p, — MaKcHMyM paccrosuus Touex (4,1 v), (#-+ Aw, v} Av) ot Touxku (u,, vo),
a ¢ - GeCKOHeYHO Manoe BMecTe C p,. KOpOTKO rosops, Haiie oTOGpaxeune 0GAACTH
D Ha nnocxocts P oxa3nieaeTcss B6AH3H TOUKH (44, Uy) H3OMETDHYECKHM C TOYHOCTHIO
A0 BemuuuH Buculero mopsaxa. CreloBaTesbHO, FeOMerpHYECKHH CMHICA 3aAaHHs
AMHEHHOro sjieMeHTa COCTOHT B TOM, 4TO B 06iacTH [) onpefennercs Takas METPHKa,
KOTOpas B GECKOHEYHO MaJoM COBMNafaeT ¢ METPHKO# Ha IJIOCKOCTH H KO3GdHUM-
ettt £, F, G B cuny dopmya (5) » (7) onpeleasor OTro6paxeHHe Mano#t OKpecT-
HOCTH H3 D) B NAOCKOCTb P, KOTOpOE OKA3HBAETCH H3OMETPHYECKHM B GECKOHEYHO
Ma/IOM. |1 coﬁe‘rpﬁ‘qecxﬁe conepwanmne TpebOBaHWA A&HAAHMTHYHOCTH, COLEpPIAUIErOCH
B Teopeme J[laply, TaK Ke KaK TreoOMeTpHYECKHHt CMHIC/A MOHATHA AHAJWTHYECKON
TIOBEPXHOCTH, HeACHH. JT0 Tpe6OBaHHE 3aBHCUT HE CTOJBKO OT FeOMETPHYECKOro
CyHIeCTBa 3a4a4H, CKOIBLKO OT TOr0 0GCTOATENBCTBA, YTO PA3PEIIHMOCTD YPaBHEHHH, K KO-
ropuiM Jlap6y cBoxut 3anady, AOKasaHa B OGIeM BHIE IS aHATMTHYECKHX (yHKumA.
. Brinykabe nmoBepXHOCTH XapakTepH3YIOTCH TEM, -YTO Y HHX [JNaBHHE DaaHyCH
' KDHBH3HH He MOryT OBITb DAa3HBIX 3HAKOB, TaK YTO rayCccOBa2 KPHBH3HZ HX HHrje
He ortpuuarenbHa. Ilostomy 3 Teopemn [ap6y MOMXHO 3aKAO4HTL, YTO O4% mozo,
4mobu mempura, 300aHHARL AUHETHWUM SACMERMOM dS, OBLAG PEAAUIYEMA 8 HAROM
nocpedcmsom BunyxAol nosepxrocmu, Heo6xo0umo u oocmamouro, umolo. 3AeMeRm
ds umen 8crody reompuyamerssnyio Kpususny. «KpHBH3Ha IHHeHHOrO SaemeHTas
onpenenserca dYepes kosddunwenrnt £, F, G no mssecrHo#t dopmyne aycca. Cae-
AOBATE/bHO, AN PETYAAPHHX BunyKnux nonepxnoc*reﬂ BRONIPOC O HX BHyTpeHHEH
METPHKE pelllaeTci B MajOM NONHOCTDIO. BOoOlile, BHYTPEHHAS TE€OMETPHA peryasp-
HHX nOBepXHOCTe# B MajOM pa3paboraHa BecbMa OOGCTOATEABHO.

OxHako CcOBeplIeHHO HHaye OOGCTOHT RENO C BHyTpDeHHeft reOMeTpHeft B LesIOM.
U3 BcTaomMx 3fiech 3amay O PeasH3yeMOCTH 3aNaHHOM MeTPHKH peEleHB L0 CHX
nop TOJLKO JBe, €c/iM He CUMTATh 3a[ay; PeHleHHe KOTOPHX MOYTH TPHBHANBHO, TTepBas
¥8 HHMX — 3a7a4a O PeaNu3yeMOCTH KaKOR Obl TO HH OBUIO NOJHOR METPHKH C MOCTO-
SHHOH OTpHUNATENBHON KPHBH3IHON — peuleHa OTpHuAaTenbHO. MmeHno, I'man6Gepr moxa-
33/, YTO He CYWECTBYET pery/aapHOH NOAHOH MOBEPXHOCTH C MOCTOAHHOH o’-rpuua-
TeabHOH xpHBH3HOR !). BTopas 3adaya COCTOMT B TOM, YTOOH AOKa3aTh, YTO BCAKad
MEeTpHKa, 3afaHHas Ha cdepe NOCPeNCTBOM JIHHEHHOIO 3JeMeHTa C AHATHTHYECKHMH
KO3(HUHEHTAMH H, CO BCIOAY TOMOKKTENbHOR KDHBH3HOM, DpeanHayeMa aHANHTH-

1) Cm. B. Basurke, .H.ucpcpepeuuaanbnan reomerpus, § 96. Merpuxa naausaergg‘r_romoﬁ

ectd BCAKOE GeCkOHEUHOE ¥ OTPAHMYEHHOE B CMBIC/E 9TOH uerpnxu MHOXECTBO TO4ek B Toh
" o6macTH, I'fie OHA 3aaHA, HMEET TOYKY CryIeHHA;

2.
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YecKoR 3aMKHYTOR BHNYKIIOR HOBEPXHOCTHIO !). Da sanava Giza Mocranena I‘épﬂﬂ!uﬁl
Beitnes B 1915 r., npnuém Beiiap HameTHa e& pemieHHe, XOTS B Mpocroe no ﬂm
HO CTOMbL TPYAHO ocymecrsnuoe, uro caM Be#ns He RoB&n ero ;o xomma. IlpoSen,
WMeBWMACA B pacCyxeHusx Beftas, On Bocroased B 1938 r. Tancom. JleBp Ha
'OCHOBaHHH MOJYYEHHBIX HM OOGWIHX TEOpEM 06 YpPaBHEHMSX B YACTHHX MPOH3BOAHMX
tdna Momxa-Amnepa, ¥ TeopeMa, Bh:CKadinHas Bentnewm, 6niia nokasana ). Drum campm
Onna paHa MoJHas XapakrepH3alud BHYTPEHHeH METPHKM aHAIHTHYECKHX SAMKHYTHX
NOBEPXHOCTe# CO BCIOAY MOJNOXHTENbHORA KpuBHaHOR. (Jlerko nmoxasars, uto BéfNan
3aMKHYTasi NOBEPXHOCTb C HENPEPHIBHOA MNOJOXHTeAbHOH KPHBH3HOH — BLITyK/a#. )

B ra. VII Mel fgoxaxem TeOpeMy, HaCTHLIM CHy4yeM KOTODO# sABifeTCH crenyioligge
yTBEpKIEHHE

Bcakan merpmka Ha cq)epe 337aHHAA JAnHeHHLM DJAEMEHTOM C Heorpuuarenbuon
KPHBH3HOH, MOXeT OHITh peaqH3oBaHa nocpencrsou 3aMKHYTOH BHIYK/ION nOBepR-
HOCTH. 3Ta TeOpeMa AB/IAETCH HECKONBKO Gollee 0Guield, yeM TeopeMa Beftnis, Tak KaK B HeH
0T6pacHBaeTCR NPEANONOKEHHE AHAAHTHYHOCTH M LONYCKAaeTcs, YTO KPHBH3HA MOXeF
ofpamiaThcd B Hyib H NpeTeprneBaTh paspbiBbl. OmHAKO OHa IIB MOKPHIBAET 'raopenm
Befnsi, Tak Kak B Heil HeT yTBepXJeHH 00 aHAJMTHYHOCTH TOBEDPXHOCTH, PeANHBYIO-
liefi aHanMTMYeCKylo MeTPHKY. MOXHO- IOXasaTh, YTO NPH yC/OBHH CYIUCCTBOBaHMS
M OrpaHH4YeHHOCTH KDHBH3HLI MMOBEPXHOCTH OyHET riIaaKoit, HO MOwer He GHTL ABAWKAL
nuddepenunpyemoft. - CywecTpoBaHHe aﬂyrpeﬂueﬂ KDHBH3HB! He obecrieyHBaer, TaKuy
' 06pa30M, CYLIECTBOBAHKA ONpeNeNSHHHX IBaBHHIX: KDHBH3H B Kay 10 TOyKe nosep-
" HOCTH. -

§ 3. Miororpasnas MeTpHKA.

Yxke y croib NMPOCTHX HErAaNKHX NOBepPXHOCTeR, KaK MHOrOrpaHHHKH, B BepN-
Hax HeT HHKaxko#ft nepBoft kpaapaTHuHOR dopMH M Tem Gonee Her HHKaKOR ray%
COBOH KPDHBH3HH, XOTH H TO H npyroe CyLeCTByeT BO BCEX OCTAJbHBIX TOUK
T[losToMy craHoBHTCA O6Onee yAOOHBM TO/b30BaThCA 3[€Ch npyrmpu ﬁ@ﬁﬁ'l‘ﬁﬂlll!.
. MoxHo, KOHeYHO, 3aAaBaTh NepByld (OPMY BCIORY, 32 HCKIOYEHHEM JIHIIb HeKOT&-
PHX HCKMOYHTEJNBHHIX TOYEK, & 3TH TOYKH XapaKTepH3OBaTh JONOAHHTE/NLHHIMH
YCJIOBHAMH, KaK, Hanpumep, Ha BHIYKJIOM MHOrorpaHHHKe — TeM YCIOBHEM, 430
AMHHA OKPYMHOCTH C HEHTDPOM B BepliHHe Menbme 2xn7, Tlpn srom anuHa oxpy#-
HOCTH MOXeT OHTb BHYACIEHa M3 mepBoit KBaapaTHuHOit ¢opmu. Ecan ke Mu-
" ofpantaeMcs K OGuiuM BHITYKAHM NOBEPXHOCTAM, TO neno ewé Gonree yc‘.uoxcuaemﬁ
.M TYT 3TH AOMOJHHTERbHHE YCNOBHR CTAHOBATCHA BOBCE He QueBHAHHIMH. Kpome TO
MHOXECTBO TeX TOYeK, IJe HeT KacaTeJbHOH MJIOCKOCTH, M TeM 6ojee Tex To'ios,
"TAe TIOBEPXHOCTHA HE HMeer onpenenénuon KPHUBH3HBEI, CTAHOBHTCH BeChbMa cnomeﬁB
- PaspuBH # HecymecTsosaume KOadpduunentos E, F, G m HX NpOW3IBOAHRX, ﬂﬂﬂ
monuTKE BCE e M0/Ab30BATECH ITHMH KO3 hhHIHEHTAMH, 34CTARAIOT OBPATHUTLCA
K annapary TeopHH dyaxgui neHCTBHTeﬂbH@FO NepeMeHHOro: K uHrerpaiam JleGéra
H le’[-ﬂbTbECﬂ, ramma H T. I DUHLb llUl‘pﬂSHyTb Ha STOM. IIYTH B dl‘ld.ﬂl‘[‘ll‘l‘ibbﬂlﬂl
prnHocmx H TIOTEPATH BCSKYI0 HArMAAHOCTb, MBI O6pAaliaeMcs TMOSTOMY OT aHd/H-

1) To, 4ro MEeTpHKa 3ajJaHa HA cq;epe 03Hauaer, 4ro 33 obGnacrs D npuaAMaercs cdepa.
. Onxako Ha ciepe Henb3d BBECTH KOOPAHHATH! #, U TAK, YTOGH MeXJy NAPAMH U, ¢ H T0U-
KaMH c(hepsl WMeloCh B3AHMHO OJHO3HAYHOE H B3AMMHO HeNpepbiBHOE coOTBercTBHE. TlosToMy
cepy NPHLOAMTCA MOKPHIBATH KOHEYHBIM WHCAOM obaacred Dy, B KaxJo# H3 KOTOPHX BBO-
RATCA CBOM KOOPHMHATH; B OGIMEH Y3CTH ABYX obaactefi mepexox OT OAHMX KOOPAHHAT K ADYTHM
TO/MKEH AaBaThC! AHAMHTHUECKHMH (QYHKUUAMH ¢ AKOGHaHOM, He obpallaomHMcs B BYAb.
.. % H. Weyl, Uber die Bestimmung einer geschlossenen konvexen Fliche durch ihr
Linlen element. Vierteljahresschrift der naturforschenden Gesellschaft in Zarich, 1. 61 51915)
“crp. 40—72, H. L e wy, On the existence of a closed convex surface realizing a given rieman-
“nian metric. Proc. Nat. Acad. Sci. USA, 1. 24 (1938), crp. 104—106.
© Moxno emg saMmeruts, yTo Baswke u FepraoTy yxasann HHOI nOXXOA ¥ peLIeRHio Mpobie-
Mu Beiias, ceens e€ xk mexoTopoll skcrpeManbroil 3afave. Ho O peuleHdH sToH 3agaud y MHX
"Her peun. CM. W.Blaschke undG. Herglotz, UOber die Verwirklichung einer geschlos-
senen Fliche mit vorgeschriebenem Bogenelement im Evklidischen Raum, Sltz-Berichte Bayer.
Akad, Wiss, 1937, Heft 2, crp. 229—230. - .
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TRYECKHX * K FeQUeTPHYECKHM ' OGOCIIEHHAM M. METONAM; €CAM, KOHEYHO, OTHOCHTS
K TEOMETPHH NOHATHA O PACCTORHVH, O HEHPePEBHOM OTOOpaWeHwnr W T. . Do BCH-

JKOM ¢ayvae noOCACROBATENBHO TeOMETpHYECKad TeOpHA JOMKHA UCXOIMTE M3 reo-

METPHYECKHX Hayal, 32 He TNPHCNOCa6AMBATLCA K aHaMMTHYeCKOMY ammaparty 1).

Ko BCakolt mOBEpXHOCTH, BO BCAIKOM Ciaydae, KO BCAKOH, TaK CKasark, 10CTa-
TOYHO - XOpOlllell FIOBEPXHOCTH MOXHO ¢ mMoGofl CTemeHbI0 TOYHOCTH NPHOIH3HTBCH
MHOI'OFPAaHHHKOM. B YacTHOCTH, K 3aMKHYTOH BHNYKJAOH IIOBEPXHOCTH MOXHO MNpH-
6AM3MTBCA 3aMKHYTHIMH BHNYKJALMH MHOrorpastukamu (cM. Jlomoaxenne, § 6).
MHOrOrpaHHHK €CThb NOBEPXHOCTb, COCTAaBJAEHH3S W3 NAOCKHX MHOTOYTOJILHHKOB, W
NOTOMY MHOTOTPaHHHKM SBJSIOTCH B HEKOTODOM CMHCAe HauGonee NMPOCTHMH TOBEpPX-
HOCTAMM. Jlasi #X JiccnenondHus HYXHH Gojiee S/1E€MEHTapHEE METONH, a ToJyuyae-
MEe ‘AN HHX peaynb'ra'ru ABAAIOTCH COBEPIIEHHO 5JEMEHTAPHEIMY Y HATIAAHLIMH.
Buecre ¢ TeM, ROCKOABKY K #1OBEPXHOCTAM BoO0Ie MOXHO NPUOAUKATLCH MHOFO-
TPAHHHKAMH, €CTECTBEHHO OMMA3TH, 'YTO MHOTHE pe3yJbTATH, NOJYYeHHHE AR
MHOTOrpaHHHKOB, MOryr OHTb nOTOM, NyT€M NpEAeAbHOrO Tepexons, mepeHscen
Ha DOBSPXHOCTH, NPEACTABHMBHE KK TNpenefn HCCAEROBAHHHX MHOrOTPaHHHKOB. °
310T ecTECTBEHHLHR METOA B T€OPHH MOBEPXHOCTEH He MONYYM/, OAHAKO, MOYTH HHUKE-~'
KOro P8sSBHTHA, TaK KaK 3alayd STOH TeopuMH YHaBaJOCH PellaTh AHAAMTHYECKHMH METD-
xamt %), Ho Tam, rae STH MeTORR CAHLIKOM YCAOXKHSAIOTCS, NPUMeHEeRHe 'HenOCPEACTBEHHO *
reOMeTPHYECKMX METOROB MOXET “aCTO He TOAbKO CKOpee NMPHBECTH K LeNH, HO H 1aTh
nay G6ojee’AICHOE M reOMETPHYHOE TIOHVMaHWe u3yvaeMHX ¢axToB. Hcxons H3 sTHX
aaMeuanufl, MH CTaBUM c¢BOell 3amaued npexie BCEro HCCAENOBATH BHYTPEHHION
METDMKY BHNYKAMX MHOTOIDAHHAKOB M NOTOM NMyTEM NpelelbHOTO Nepexola fepe-
HeCTH NOAYYEHHLIE PeSy/LTATH Ha NPOW3BOJLHHE BHOYK/He NMOBEPXHOCTH.

MHuoOrorpaHHHUKY MOXHO ONpeReASTh NO-pasHoMy. J[las Hanmx uened - ynoﬁuo
CREAYIOee OnpenefeHue: MHOTOFPAHHUK €CTh NOBEPXHOCTh, COCTaBAEHMAs H3 IVIO-
CK¥X MHOrOYTOALHHKOB — rpaHefl, B3ATHX B KOHEYHOM YHCNE UAH B OGeCKOHEYHOM -
yucAe, HO NPH TOM TaK, YTO Y KaxAoH TOUKH Ha MHOIOTpPaHHHKEe eCTh OKPECTHOCTS,
NpUHAAJeXAuas TOABKO KOHeYHOMY uucay rpaHefi. JIOCKONBKY MHOTOTPaHHHK ONpeé-
ngagH Kax TOBEPXHOCTb, TO Y KAXIOH ero TOUKH eCTh OKDECTHOCTS, roueouoptp
HA KDYTY.

Touxn Muororbasnuxa MOryr OHTh TPEX COPTOB:! TOYKM, JeXallue BHYTPHM Tpa-
Helf, TOYKH, Jemamue BHYTPH pE6ep, M BepIUHHW. Kaxaoe pe6po NpUHALNEKHT
EBYM H TOBBKO JBYM rpaHsM, TaK KaKk HHaue ero TO4YKM He HMelH OH OKpecT-
BacTet, romMeoMOpdHEX Kpyry. ITOSTOMY OKpecTHOCTh TOYKH, nexaie# BHYTPH
pefpa, GyZeT KYCKOM JABYTPaHHOro yraa. Takof yron MOXHO. pasorsyTs Ha mio-
CKOCTb, W3 Yero CTAHOBHTCH SACHHM, YTO B CMHCAe BHYTpeHHeH reOMeTPHH OKpecT-
HOCTH TOYEK, JEWAIIMX BHYTPH DEGep MM rpasel, oiMHaxOBH. OKpECTHOCTb Bep--
IHEN A MB TONYuMM, ec¥ Bo3bMEM BCE TOYKHM MHOTOrpaHHWKa, ynanéHHhe OT A

_ ueuee HeM Ha JlaHHoe r>0 TpU STOM 7 MOKHO B3ATh CTOAL MALIM, qméu moxy--

<N

YeHHasd OKpecTHOCTb OyZAeT KpyroM paauyca r Ha MHONOrpPaHHOM yrije HApHU Bep-
muwe A, Ecau cyMMa yraoB Ha rpaHsX, CXOAAIlMXcH B BepumHe A, pasua , TOw

- L]

1) HspecTrrH! TipHMep HECOOTBETCTBHA AHANHTHUECKOI q:opmynu reouerpnqecxomy NOHATHIO

..npencramir BHPANKEHRe AAMHN IAOCKOH KpHBOH mocpeacTsoM HHTerpasa | Y Ei-Fg® dt

JTOT HETEIpan HE BCETAA pPABEH JIHHE M M3 €ro CylUieCTBOBAHHA HE CAERyeT cymecrnona- :
RHe BABHN KPHBON X == x(f), ¥ = y(f), XOT® H3 CYIUECTBOBARKA ATHUBL CheRyer CyuiecTBO-:

'B@ﬂl;e 9Toro HHTErpaiad B cMucie Jliefera.

Wz pabor, rme cBoiicTBA NOBepxXHOCTeH HCCAEAYIOTCR r:ocpep.c-mom OpHOMHIEHHA
K wnepxnocmu MHOFOFPaHHHKaMH, HOMHMO paGoT, OTHOCAIHXCA K NOHATHIO NAOWAAH NOBepX-
HOCTH, HaM H3BECTHH TOAbLKO: paboTa MaxcBeana (H3BeCTHOrO TBOPLA TEOPHHK 3MEKTPOMArHe-
rgawa): Transformation of surfaces by bending, Scientific papers, 1.1, ctp. 80, pabora Mun-

- xapexaro: Volumen und Oberfliche, Gesammelie Abhandlungen, T. If, cTp. 230, a TaKxxe Me-

Keseppe paboTy, npAMWKaONBe X 9TOH pabGore MHukoBCkoro, M pa6ora Fischer Herleitung
wi ‘ c! svmmetﬁsche;u Gleichungen der Flachentheorle.., Deutsche Math, . 3 (lm),
2" A

!
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ANHHA OKDYKHOCTH 3TOr0 Kpyra 6yner pasHa Or. Ilosromy, ecnr 9 £ 2=, 10
OKpECTl‘IUle HEle.l.l‘ll‘lH. He llﬂUMETpH‘IHa HEK&KUM] l(yt..lly IHIULKULTH.

Beea&Mm B pacCMOTPEHHE KOHYC, T. €. NOBEDXHOCTh, 06pasyeMyio yuyamy, —oﬁpa-
3y:oumuu KOHYCa, —MPOBEIEHRHIME W3 UEHTPa Kako#-nuGo cdephl BO BCe TOUKH
3aMKHYTOH cHpAMIfeMOH kpuBOR, — Hampasasowled KOHYca, - Jewalllel Ha 9TOH
cepe. Konycom Mul GyneM Taxike HasbBaTh JAI06YI0 OKPECTHOCTh BEPHIHHH HA TAKOM
nonnoM konyce. Hampasasiomas obnanaer TeM CBOHCTBOM, YTO BCE e¥ TOYKH JIeXaT
HA OAMHAKOBOM DpaccTOAHMHM OT BepuwHH. [lo3TOMYy, eCAH paspe3aTe KOHYC no
of6pasyiouiefl, To ero MoO¥HO GYneT pasBepPHYTh H3 MAOCKOCTb, NMpuuéM o6pasylo-
@IHe nepefiyT B MOAYNPAMBE, MCXOAAUIME U3 TOYKH, B KOTODYIO mepeHI&T BepLIHHE,
a Hampasisiomad OymeT .C COXpaHEHMEM AJ¥HE HABOPAYMBATHECA HA OKPYIKHOCTDH
¢ UEHTPOM B 3TOH TOYKE. B pesynbTaTe KOHYC MOKPOET HA NMJOCKOCTH HEKOTODHH
yros, KOTOpHH MoxeT OHTb, KOHEYHO, CKO/Jb YIOZHO Goabuie 2. 3TOT yroa M
Ha3HBAEM NOAHWM Y240M npu seputure xormyta. Ecan oH paBeH 2w, TO KOHYC HpH-
pasBEPTHIBAEHH OJHO3HAYHO MOKPHBAaeT BCIO MJIOCKOCTh H, C/EMOBATE/bHO, W3OMETDH-
YeH MNAOCKOCTH. MHOrOorpaHHu#l yroda, ABYrpaHHHR yros v IJIOCKOCTb NPeACTaBAfioOT
yacTHHe cayday Koswyca. C apyrolt CTOpDOHH, fiCHO, YTO BCAKMH KOHYC MOXHO H30-
fHYTb, T. €. U3OMETPHYeCKH OTOOGPAasHTb B MHOrOrpaHHniit yro/, ABYTDaHHLH# yroda
MAM TIOCKOCTh. TeM He MeHee, B BONMpOCax BHyTpeHHe! reOMETPHH MBI NpelMovH-
TaeM roBODHUTH O KOHYCe BOOOGile, YTOOH OTB/eYLCA OT CHEHHaNbHOH NMPOCTPaNCTBEH-
Ho#t ¢Gopmu.

BHOYKAR# MHBOrOrpaHHYMK OT/IHYAETCH TeM, YTO cyuua yraoB, CXOUSWIHXCH
B KawRoH ero sepiiuee, sceraa Mensuie 2w, OTCIOnd HeMelAeBHO CAERyeT Teopema,
XaPAKTEPU3YIOWas] B MaJOM BHYTDEHHION MeTPUKY BBIIYKAHX MMOrOrpaHHUKOB. -
JAr mozo umobu Mempuueckoe npocmparcmso Oui0 U3OMeMPUHHO 8 MAROM
BUNYKAQMY MHO202DGHRUKY, HeoOxo0umo u docmamouno, “molu y Kaxcdod e20
moyKy OuAa OKpecmHOCmb, uso.uempuunax xonycy C NOAHWM Y2A0M npU Bep-
Wire, MeHbuiM Uil pasribiim 2%, ¥Yroda, pasHbA 2%, OTHOCHMTCH, OGMEBHAHO, K TO%NH-
KaM, He ABASIOUIMMCH BEPIUMHAMH.

Pemenne BOnMpoca O BHYTpeHHeH METpMKe MHOTOTDAHHMKOB B MalioM, KAK MH
BHAMM, KpailHe npocTo, HO OT Hero ewf OGeCKOHeYHO MaleKO A0 pelleHus 3alad
BHYTpeHHelt reomerpunm Gojiee OOIIMX NOBEPXHOCTEH Jgaxe TOALKO B MaloM, He
roBops yxe O 3ajgauax B ueaom. JeHCTBHTeNBHO, eCH MH NMpHOAMXKaeMcCH K Kakofi-
AHGO KPHBOH TOBEDXHOCTH MHOTOrpaHHUKaMy, TO YHCRO BEPDIIMH STUX MHOrorpas-
HUKOB OecnpeleNpbHO BO3PACTAET M JRa¥e CKOAb YrOZHO O/MM3KO K KaxIo# TOyke
NOBePXHOCTH OHO PacTET Ge3rpanyuHo. [1o3TOMYy H3 PacCMOTPeHMs’ Ha MHOrorpas-
HHMKaX TOJABKO TAKUX OKDPEeCTHOCTeH, KOTOpHEe COJep:KaT He Oo/ee OXHOH BepilUUHH,
MH TIPH [lepexOle K Npejely He NOJYUHM HHKAKMX .cBexeHM# o noBepxnoctH. ['pybo
rOBOpH, OJS fepexolla K MOBEPXHOCTH HeOOXOAMMO HCCAeNOBAaHHE MHOTOrDaHHHKOB,
xo*m 6B OTYaCTH, «B GoanmIoOM».

Has Toro ~uu5nl MeTPHYeCKoe NPOCTPAaHCTBO MOrAc ObiTh H3OMETPHYHO MHOTG =
I'DAHIMKY He TOABKO B MajbiXx OKPECTHOCTAX, BO BCAKOM clyyae HYXHO, YTOGH
AI06Le IBEe ero TOYKH MOXKHO OHJAO COENMHUTR KpPHBOH KOHeYHOH I/NUHH H YTOOH
PacCTOsiHHE MEXKIY TOYKAMH DaBHAJIOCH TOYHOH HMXHEH rpauvue JMMH TaKUX KPUBHX.
310 ycnosue HEOOGXOIMMO, MOTOMY YTO HMEHHO TaK OmpelensieTcd paccTOAHHe HA
nosepxHocTu. I'oBOps nompoGHee, STO YC/HOBHE HYXHO NOHUMATH CAeLylOLuM 06pa-
3oM./ Ilycte R -—MeTpHuecKOe NPOCTPaHCTBO, HMelOHIEE Y KaKAOH TOYKM OKpecT-.
HOCTh, U3OMETPHYHYIO KOHycy. ITycts X H Y —ji0o6nie OBe TO4YKM NPOCTPAHCTBA -
R w nycts L — coeaunAiomas uX HenpepuiBHas Kpusag ). Jlnvna Kpueoit onpeneaserc
TaK: KAXAYI0 TOYKY KDHBOH MHI OKpY¥XaeM OKpeCTHOCTBIO, H30MeTPHYHOH KOHYCy,

1) Ilycrp mapamerp # MeRferca Ra orpeske [0, 1]; xamiaoMy # cTaBHTCA B COOTBETCTBHE:
rouka X (f) .M3 merpMueckoro mpocTpancrBa R Tak, uro: 1) X (0)=X, X(1)= 1Y, 2) X(¥
3aBHCHT. OT / HeNpepwBHO, T. € NPH BcAkoM f u ¢ > 0 cywecrsyer 8 >0 rakoe, 410
p (X (#)X ())<=, xaK TOXBKO | £ — £'| < §; p 0603HavaeT paccroanKe B R, ITHM onpeneasercs
HenpepuiBRaA KpHpad B R. CTporo rosops, noj BenpepupHO# KpHboH X(#) MH ZONKHH TMOBH-
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M, noaL3yace aeMMod Dopens, BHGupaem XoOHneuHOe YHCAO TAKHX OKpecTHOCTeH,

{ero B Hell OTpeska KpusoRt onpeflenseTcs TaKk Ke, KaKk Ha KOHyCe, HampuMep,
1YyTEM Da3BéPTHBAHHA HA NAOCKOCTE. Ec/AM OTpe3oK KpHUBOA He HMEeT MJIMHH, TO
€ro MOXHO 3aMEHHTHL ADYTHM, YXe uMeiomMuM GAMHY. [auna Bceft KDHBOH, coenuHsio-
et ToukH X W Y, onpelenuTcs TOrna Kak CyMMa IJIMH BceX e& oTpeskoB. Korma
We NT4WHa KPHBOH OmpefeneHa, TO CTAHOBUTCHA SCHBIM, YTO SHAYAT HUKHAA IpaHUlA
JMUH KPUBHX, COeNMHAOUUX X M Y, u TeM CaMbiM PacKpHBaeTcd CMHCA NOCTaBACH- -
Horo ycaoeus !). - - ,

Mu 6yneM Ha3LBaTh MPOCTPAHCTBOM C MHOZOZPAHKONL MEMPUKONL TaKOe MeTpH-
YeCKOe NPOCTPAHCTBO, B KOTOPOM 1) Kawiaas TOYKA UMEET OKPECTHOCTb, M3OMETPHY-
HyI0 KOHYCY, M 2) P3acCTOSHHE MEXAY TOYKAMH DaBHO TOYHOH HHXHEHl rpaHMue AIHH
COEAMHAIOUIMX WX KPHBHIX. MHOrorpaHHyio MeTPMKY Mbl OyJeM HasHBaTb MHOr'OrpaH-
HOH MeTpRKOH nosoxcumessnold Kpusu3HH, €CIN Y KOKAOH TOYKH €CTh OKPECTHOCTD,
#ASOMETPHYHAA KOHYCY C NOJAHBIM YriOM Npy BepiliiHe, He NpeBocXosawuM 2 ©. Cmbica
TEPMHHA «NOMOKHTENLHON KPUBM3HLI» Oyaer packpuwr B8 § 8. JIna Toro yro6m npo-
CTPaHCTBO OHAQ HSOMETPHYHO BHNYK/OMYy MHOrOTrDaHHUKY, Heo6xoauMo, 4TOGH OHO
MMEN0 MHOTOIPaHHYI0 METPHMKY TNOMOXKHTeNbHOH KPHUBM3HH. JTO YCAOBHE, KAK Yxe
OH/IO YKa3aHO, TAKXe JOCTATOYHO B MajOM.

34MKHYTHI BLIYKALIH MHOrorpaHuuk romeoMopden cdepe, a noromy, mas Toro,
Y100 METPHUECKOE MPOCTPAHCTBO GHI/IO USOMETPUYHO 3AMKHYTOMY BLINYK/IOMY MHOrQ-
rPaHHuKY, Heo6XoauMo, dYTOGH OHO Takke ObiA0 romeoMopdHo cdhepe H uMeno.
BHNYKAYI0 MHOrorpaHayio Metpuxy. OKasbiBaercs, YTQO STH YC/IOBHS TaKxe AOCTa-
TOYHH, I@paBaa, ¢ O#HOH orosopkofl. kiMeHHO, MB TNPUCOEOYHHM K SaMKHYTHIM
BLITYK/ILIM MHOTOTDaHHUKAM TAKiKe NIOCKHe BLIMYK/IbI€ MHOTOYTOIBHHKY, CYWTad uX, OX-
HAKO, «ABAXKIK MOKPLITHIMU®, ITO CNEAYET NOHUMATb B TOM CMEICAE, YTO ¥ KAKAOO MHO-
TOYro/lbHUKAa €CTh AB€ CTOPOHH, CKaMeM, BepXHAA M HMKHAR, H MB CYHTAEM TOUYKH,
JAexailie CBEPXY H CHHM3y, Pasiiv4HbiMH, XOTa Obi OHW ¥ COBNadadud. TaK KaK aHaio-
TMYHOE npeacrapjeHHe HaM NOHAno6uTcs W B Gosee obuieM ciyyae, TO MH JaAHM
ATpOroe ero onpeneneHue Cpasy nag A060# 064aCTH HAa NAOCKOCTH.

ITycTe MB MMeeM HAa NJIOCKOCTH KOHEUYHYIO BHTYKAYI0 06JacTe G, OrpaHHYEHHYIO
KpupoH L, KOTopylo MBI TaKwe MpHCOenuHseM K StoH o6aactu, Tak uto o6aacTb
Oyner 3samkHyToli. Bospm&m chepy S u Ha Helt aksatop £ M oroGpasum- S mempe-
pHBHO Ha o6nacts G TaK, 4TOGH 3KBaTOp E B3aMMHO OQHOSHAYHO M HENPEPLIBHO
OTOGPAKANCH HA IDaHHYHYIO KPHMBYI0 L, a Kaxinoe Nojaymiapue TaKxke B3aHMHO ONHO-
3HAYHO Y HENPepHBHO OTOGpaxanock Ha obnacte (. B pesyabTaTe BCS BHYTPEHHOCTH
ob6nacty G okaxercs ABAXKAH POKpHTOH o6pasoM cdepn S. B cOOTBETCTBHM C STHM
KaXAyl0 BHYTDEHHIOI® TOUKY OOjacth (G MH pacCMaTpWBaeM Kax jJBe pasHble TOUKHU:
ONHY, COOTBETCTBYIOULYIO TOYKE OMHOrO MOAYLIapHdA, APYLYi0 — TOYKe APYroro Mojy-
mapus. Takoe oTo6paxeHue yCIOBHO MOXHO CYMTATh B3aUMHO OIHO3HAYHLIM M B3aHMHO
HeMpepHBHHIM, T. €. roMeoMopdHbiM. Harasauo ymo6HO cuuTaTh OZHH TOYKH Jiexa-
MuMH C OMHOH cTOpOHH o6aactu G, Apyrue — c Apyrofi e cTopoHH, Ecau Toukd
X H Y nexar ¢ onHOH CTODOHH, TO UX MOXHO COEIHHUTH OTpPe3KOM (MOCKOABKY
06/1aCTh BBIMYKJas) X 3TOT OTPESOK JIEMHUT C TOH Ke CTOPOHH, 4YTO ¥ TOUKHM X, Y.

MaTh He NMPOCTO MHOMEeCTBO TOueK X (£), a.MHOWECTBO map: Touka X (f) u 3Hauenue f. OnHO
He CBOJAUTCA Ha Jpyroe; ecaH KPHBas HMeeT KpaTHHE TOYKH, T. €. eciaH X (4) = X (Z5) npH ReKo-
TOPHWX % £ £y, TOrAA TOYKA OJHA, A NAPH — PasHHE,

1) lauma KpHBOH, KaK Mul BHAHM, onpejendercAa caMa coboil, ecaH y KawJo# TOUKH ecTh
OKPECTHOCTh, H30METPHYHAaA KOHycy. TeM He MeHee yKasaHHOe YCJIOBHE HE ABIATCA JHUIHHM.
310 BHAHO H3 CIEAylIEero NpuMepa: BpenéMm Ha MIOCKOCTH HOBOe paccrosmHe p (XY) BMecTO
-O6BIYHOr0 9BKIHAOBA py(XY) caenyomnm obpasom: ecad po{XY) <1, To noaoxum p(XY)=
= po (XY); ecnn xe po(XY) > 1, To moaomum p(XY) = 1. [lnockocTh NpeBPATHTCA B METPH-
9eCKO€ NPOCTPAHCTBO, Y KawAoi TOUKH KOTOPOI'Q €CTh OKPECTHOCTb, H30OMETpPHuHas Kpyry,

HMEHHO -~ KpYT pajiuyca - Mexny Tem pacci*omme B 9TOM NPOCTpaHCTBE, BOGLIE rOBOPH,
de PaBHO TOYHOH HHXHEN rpaHHUE XAMH KPHBHX. ‘
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Ecan. ste TOYKH X H Y nexaT c pasHbX CTOPOH, TO coennumomaﬂ HX KpHBas, npo-
X0RE OT TOukKH X mo Toft CTOpOHE, Ha KOTOpOH JACWHT 3Ta TOUYKA, MOJIKHZ
nepeliTu yepe3 rpanuny obaacty G Ha IPYTY0 CTOPOHY, H8 KOTOPOH JIeXUT TOYKa Y.
Paccrosuue Mexay ToukamMM X ¥ Y MH onpefeisieM B STOM Clyuyae KaK TOYHYIO
HHXKHIOIO TDaHUIY MAXMH TaKUX KPUBHLX, MepexQonsuux uepe3 Kpa#h o6nacrd G. Torma
JaXKe ecqu TOYKM X M Y HA CaMOM Iele COBNalalOT, PACCTOSHHE MEXLY HHKMH GyneT
OTAUYHO OT HyJs, KOJb CKOPO OHH JeXaT Ha pas3HuX CTOpoHax o6nactw . Takum
o6pa3oM, MH mnpespautaeM o6nacte G B 3aMKHYTYI0 BHIYKJAYI0 NOBEPXHOCTh. ITO
NMPeXCTABNAETCH COBEPHICHHO, €CTECTBEHHHM, €ClHH BQOOGPasHTh cebe 3AMKHYTYIO
BEINYK/YI0 MOBEPXHOCTb, NOYTH CHAIOLIMBINYIOCH B NMJOCKYW 06aacTh. MOXHO B3STh,
HanpHMED, NOBEPXHOCTEL, COCTAB/CHHYIO M3 ABYX KOHYCOB, ONUpalOMXCcs Ha Kpaft o6aa-
cri G. Korma BHCOTH HX OYyIyT CTPeMMTBCH K HY/I0, 3TH KOHYCH GYAyT cXo-
RuThCA—OAMH K OnHOft, npyro#t k mpyro#t cropone ob6aactn G. Taxkum obpasowm,
ABaXAH NMOKPHTas o6aacte G ecTh npefenpHbl CAyya# 3aMKHYTOMN BHIYKAOH MOBepX-
HOCTH, KOTJa 5Ta NOCA€AHAs TOAHOCTRIO CHMIOLIHBACTCA. _

PaccMoTpumM nmas npeMepa ABaIb DOKPHTHH PABHOCTOPOHHMH TPEYrOABHMK:
BuyTperuas TOuYKa B HEM MMeeT KDYTOBYI0 OKDeCTHOCTb. ECAH Xe B3iTh TOWKY
BHYTDHM CTOPOHH, TO e OKPEeCTHOCTh COCTOMT M3 OBYX HaJOXEHHHX APYF Ha Apyra
NMONYKPYrOB; CTOHT €€ pAasorHyTh NO OHaMerpy, JjexalleMy Ha CTODOHE TPeyroakb-
HUKAa, KaK OHa MPEBPATHTCH B OGHKHOBeHHH I kpyr. OKpPeCTHOCTh BePIIHHH TPEyroJb-
HMKAa COCTOKT M3 JXBYX HaJOXeHHHIX JPYr Ha Jpyra CEKTOPOB, CK/IECEHHHX IDYr
¢ OIPYroM HO paluycaM, HAYIIMM OT BEDHIMHH NO CTOPOHAM TPEYrOAbHHKA; CTOUT
HAAaBHThL HA STH PAAMYCH, KaKk 06a CEKTOPa M3OTHYTCHA W, pas’oHAiach OPYr Or apyrd,
06pasyioT KOHYC ¢ NMOJHHM YraoM HpH BepiliHe, paBubiM 120°. Mut BHIuMm, Glefo-
BaTE/AbHO, YTO ABaXIbl NOKPHTHIA TPEYTONbHHK NeHCTBUTENLHO YIOBAETBQPNET YKa3aH- -
HHM BhlIe HeOOGXONUMHEIM YCJOBUAM: OH roMeoMopden chepe (B TOM CMbICAE, B KAKOM
STOT yCAOBHMH{ romeomopdusm Ghil onpelendH) ¥ ¥ xaxaofl ero TOYKM eCTh OKpecT-
HOCTb, WH3OMETPHYHAR KOHYCY C NOJAHMBM yIAOM MpH BepiliHe, HE NMPEBOCXOLRLIAM
2n. Jlerko mOKasaTh, YTO HE CYUIECTByeT HUKAKOTO APYroro BHMOYKJIOrQ MHOMO-
rpaHHHKa, H3OMETPHYHOIO JABAMAHN NOKPHTOMY TDEYTONBLHHKY, KDOMe ergo Camoro.
ITosToMy, ecau 3apanee 3anaTh aGCTPAKTHO METPHYECKQE MPOCTPAHCTBO, U3OMETpPUY-
HO€ ABAXIH TOKDHTOMY TDPEYrolbHUKY, TO €ro HHKaK MHaye W Heab3a Oyler pac-
CMaTpHBaTb B Bule BHMYKJAOrO MHororpanHuka. ClefoBaTeNbHO, €CAH HE XQTeTh.
cllellHafbHLIME OrOBOPKAMM YCTPaHUTh NOAQOHBIE C/y4YaH, TO HaM HeuaGekHO Npu-
ZETCA BKJIOYUTL B YHUCAO BHIMYKALX MHOTOTDAHHHMKOB [BaXKH NOKDHITHE BLINMYKJLIE
MHOT'OYTOJIbHUKH .-

+ [pucoenunss K MHOrOrpaHHHMKaM ABaXIH FAOKPLITHIE MHOTOYTOJbHHKH, MH dop-
MyTUpYeM TeOpeMy, XapaKTePHSYIOUIYIO BHYTPEHHIOIO METPHUKY 3aMKHYTHIX BHINYKIBIX
MHOT'OT'DaHHHKOB |

Jrs mozo wmoOw mempuueckoe npocmparcmso Guio uao,uempuuﬂo 3AHMKRY-

i rurgsesas AR s Are arn

IIQUMJ/ Oal'b_yﬂoJ&Uﬁ_y MU&UG‘J“W”“WJ, HGUU.&UU“M i auunbu”&u'&nu, l} 'uuugm l’l‘l‘lU’
Gbia0 2e0MeO0MOPEHHO Chepe, 2) 4mobu y KaNcOOl €20 MOUKL CYU,CMB088.1Q OKPECT-
HOCMb, UZOMEMPUHHAR KOHYCY ¢ NOAHNM y2a0H# npu sepuure < 2w, u 3) ymobu
PAccmORKUe 8 3MOM RPOCIMPAHCMEE PABKAAOC, MOYKHOU RudNCHed 2panuye Osuk
Kpushx. '

Tak xak Mb yGeduauch, YTO HeOOXOMMMOCThL VKa3aHHHIX YC/AOBHA OueBHIHA, TG
J2HHYI0 TeOpeMy CleldyeT TOHHMAThL KaK TeopeMy CYyUIeCTBOBAHMA 3aMKHYTOro
BHNYK/AOr0 MHOTOTPDaHHMKA C 3apaHee 3alaHHOM MHOrorpanHo#t MeTpHKOHR no/CcHK-
TeAbHO# KpHBH3HLL. EcA¥ BHYTPHM 3aMKHYTOrC BHHIYKJAOTO MHOTOrpaHHHMKka P B3iTh
TOYKY H, onucaB BOKpyr He& cdepy S, CApOeKTHPOBATRP H3 8TOH TOYKH MHOTrO-
rpaHHuK Ha cdepy S, TO NOAYYMTCH B3aMMHO ONHO3HAYHOE M B3AMMHO HeNpepHIB-
HOe COOTBETCTBME MeXIy TOUKaMuM MHOrorpaHuuka H chepn. Eciu Toukam X w Y
na S cooTseTcTBYIOT Toukd X’ M Y’ ma P, To, OTHOCA ToykaM X u Y paccrosuue

¥yem st at-2 e i0gs ST TN aEANEP IFrr AATIL A antT YV’ s V' arf? wranaranMsr MmO AANMIINE UTATMNIIL LY
na HlﬂUlUlpd.nﬂl’ll\G MUY 1uanamn Js n I 4 M UTPWOVVEGM iem vanmm nuvipnny

MHOrorpanHaka Ha chepy S. BooGue BCakoe meTpuuecKoe RPOCTDAHCTBO, FOMEO-



-

§ 4) . PABBEPTHA 26

uopduoe chbepe, MOXkHO 0TOODAa3UTL Ha chepy U CYHTATH, 4TO METPHKA €70 3anaércs-
npaMo Ha cpepe. Takoe npencrasieyne ABAAETCA YAOOMBIM, TaK KAaK 3IeCh MY NQAY- -
qaeM BNO7HE ONpeleEHHy0 061acTh — cdepy, HA KOTOPO] 3a1a&TCH MeTpHKA. Himenno
TaKUM TpENCTaBleHHeM MB OYIeM NOCTOSHHO NMOMb30BATHCH. BOCNONL3OBABHIMCE MM,
MEl MOXEM BBICKa3aTh TeOPeMy CYIIECTBOBAHHA BHIYKIOTrO MHOTOrpaHHHKAa C MaHHOA
meTpukoff B caenyiowel dopme: diax scaxod 3adanHol Ha chepe MHO202PAHHQL
MEMPUKL NOAOHCLRMEALHON KPUBUSHB Cyujecmayem peasusyrouul eé 3amxnymod .
sunyKAbli MHO202pARHUK (UAU 08GXHCOB ROKDHMBEL BURYKAWLE MHO20Y20A4bHUK).
DT1a TeopeMa fBAgETCd ONHON U3 OCHOBHHX BO Bceft TeOpuH, passusaeMoft B sTof
KHHre. E& mokasatensCTBY nocesuleHa ra. VI :

§ 4 Paanéprxi.

Momany#t, HeCKOALKO CTPaHHO, YTO MH, TOBODH @ MHOTGIDAHHHKAX, NOAL3YEMCH

-~ nfl AT ey AEATNIIIIACLAN n
cp0/ib abCTpaKTHLIME NOHATHAMH, KK MCTPHUECKOE NPOCTPaHCTBO, romeoMopdusmM

% T. . Mu nenaeM STO CO3HaTe/NbHO, MTOGH Ha NMPOCTOM NPHMEPE MHOTOTPAHHHKOS
NPBBECTH 5TH NOHATHA B AeliCTBME M NOCTABUTb HCCJAEAOBAHHE MHOI'OIDAHHUKOB B OMHH
PSA C MCCAEAOBAHMEM MIOOHX BHIOYKALX NOBEPXHOCTEH, [l 3TH MOHATHI OKa3HIBAIOTCH
HE CAMIIKOM OOUJHMH, BBHRY C/OXHOCTH camoro Bompoca. Omnako, OGpalrAACEH

K MHOTOrpaHHHKAaM, Mbl oco6o OroBapHBaZiH 9N1eMEHTaDHOCTh H HANJAITHOCTL OTHO-

~

CROIHXCE K HHM peayabTaToR. Kpome Toro, roBops 0 METPHMuECKOM IPOCTPAaHCTBE,.
NSOMETPDHYHOM, CKaXeM, BHINYKAOMY MHOrOFPaHHMKY, MLl /COBEDIIEHHO He 3HaeM ellg,
KaK Ha caMOM Jele MOXHO 3apaHee 33aIaTh TaKOe NPOCTPAHCTBO. ECTecrsenHo,
ABARE(CH NOTPEGHOCTE YCTPAHWTR 5Ty aGCTPAKTHOCTb M NPMBECTH BCE B TAKYO
$opMy, KOTOpyl0 AEHCTBHTEABHO MOXHO GbiO 6u CuMTaTh dAeMeHTapHOH. Jlna srtoro
ME: BOCNOAB3yeMcd 3aJaHMeM MHOTOrpDaHHHKAa MOCPEACTBOM €ro PasBEPTKH.
Paseépmia ectb He 4TO HHOe, KAK COBOKYNHOCTh MHOTOYT'ONBHHKOB, IS KOTOPHX

¥%833HO, KaK ChAexyer WX CKISHBATh APYr C- ADYroM HCG CTOPOHaM ¥ BepLUKHAM.

Jaxe ecam HMCKAOUMTE CKJAEHBAHME BEpIIMH, He BHI3BaHHOE CKJNEHBAHWEM CTODOH:
(WanprMep, TaKOe, K4KOe UMeeTCd B MHOIOMDAHHWKE, COCTAB/AEHHOM W3 OBYX TeTpa-
3ApPOB, TPUAOKEHHHX APYr K ADYTY B BepuuHHe), Hean3s oOGOfiTch 6es CCHIIKH
HAa CKAEHBAHME BEPLIMH, NOTOMY 4TO I/ ABYX CTODOH BCErJA €CTh [BE BO3MOM-
HOCTH CK/I€MBAHUS; B OJHOM HJIH. B ADYIOM, NMPOTKBOUONOXKHOM, HAnpasiedud.  [pe
cropoist AB M CD MOXKHO CKAEHTh TaK, 4TO cOBMaayT sepumH AcC n B ¢ D,
MMM TaK, 4TO coBnmaayT BepuiMabl A ¢ D u B ¢ C; STH IBe BO3MOXHOCTH Heoﬁ-.
XOAMMO, KOHEYHO, pPa3aHyaTh.

Xopomo H3BECTHO, YTO KyO MOXHO CKIEHTb M3 ODHOTO KPECTOOGPa3HOrQ MHOro-
yroabHuka. I1osTomy BoBce HET HaZOGHOCTH NPEANOAATaTh, YTO CK/IEHBAEMBE CTOPOHBE
H BepIIMHH NPUHAR/IEKAT PaSHEIM MHOTOYroAbHWKam. Bmecre ¢ TeM Mu mpelnonaraes,
YTO CKJIeHBaHHE MHOTOYTOABLHMKOB NMPOHEXOIHT MO LE/biM CTOPOHAM., JTO He ABASETCH

Fay o oy
OFpaHHyYeHHEM, NOTOMY 9TC B Cayyae HeoOXOQMMOCTH MOMHO MIOGYI0 TOUKY BHYTDH:

CTOPOHHK CYMTAThL BepllnHO#. Jlanee YLOOGHO CUHTaTh, YTO KaMAHH U3 MHOTOYroOJb-
HHKOB DasBEPTKH OfpaHy4YeH OMHOH 3aMKHYTOH /noMaHOH 6e3 KPaTHHX TOYEK. Jroro
BCerga MOXHO JOOHMThCH, €CAR ROAXOAAUIMM OoGpasoM Daspe3aTk MHOrOYTrOJILHHKH,
OFPAHMMYEHHLIE HECKOJBKHUMH JOMAHLIMH HJAM JIOMaHOH ¢ KPAaTHHIMH TOYKaMHy.
MHoroyroaeHuki paspEpTKR Mbl GyZieM HA3LIBATh 2PAHAMU; CTOPOHKN MHOTOYTOJbL-
HHKOB — pEOpamu, NpHISM CKAeyBaeMEle IPYT € IPYIOM CTOPOHB! CYHTAIOTCH, KOHEYHO,
33 ©AHO pebpo; HAKOHel, BEPIIMHHE MHOTOYroNbHHKA MH GYAeM Ha3LIBATh. 8€PUIUHAML
PASBEPTKH, ApHYEM ONATH-TAKH CK/I¢HB3EMHE JADYr C ADYTOM BEPUIHHH . CYHTAIOTCH
3a oasy. Ilpu sToM, KOHeYHO, CKJXeHBaHHE BOBCE HE NMPEINO/araercs MpPOH3BENEHHLIM:
Ha CaMoM JHg¢jie; CYKMTaeTCd YKasaHHHM TOALBKO 33aKOH CKACHBAHHR H NPOH3BOJXHTCH,.
TaK CK&33aTh, MHCAEHH#OE OTOXAESCTBACHHE CTOPOH U BEPUIMH, TTOJAECKALIAX CKACHBAHUIO.
Tag Kak CTODOMH, Noajexanide GKACHBAHHIO, OTOXKECCTBARIOTCH, TO OKPECTHOCTDL-

T't\ll.ll.lns, nosrarnatl e CTODRuS ct‘i-”;gaerﬁs PM?‘!IIA. un EyoLuon TEX ;-%mm gg?enu;%

T .CTOPOHA APRHARIARUT. TOUNQ Tak% e OKDESTMOSTE. BEDUIHEN O0PARYATAA U3 CEX-
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TOPOB,: BHPE3aeMbiX HA BCeX PAHAX, KOTOPHM NPUHAQNEKHT 9T Bepumua. ¥ xaxaof
"TONKH MHOTOIpaHHWKa MKOAXKHA W CylleCTBOBATE OKpeCTHOCTD, IOiié(‘JiiOpqmaa Kpyry,
# KPOME TOrO MHOTOTDaHHYK HOJMXKeH OHTh CBASHHM. DTO NPUBOIUT HAC K CNeRyi0-
JAMUM YCNOBHAM, KOTODHM NO/MKHA YIOBAETBODATH pPasB&EpTKa:

1. Bce yran MBHOroyrojlbHMKOB, MORXOMAAIIHE K ONHOH BepiHuHe, ROMAKHH 00pa-
308bIBaTh HHKAMYECKYI0 MOC/AEIOBATENLHOCTh, OGydy4yd NOAKNAEEHH ORWH K APYroMY .
70 CTOPOHAaM, Kak Toro TpeOyer 3aKOH CKkaenBaHud. ['oBops noapobuee, ecnn O —
‘BepIIRHA, TO, B3AB MHOI'OYTrOAbHHK P,,\ noaxonaumit K STOH BepmINHE CBOUMM CTO-
DOHAMH @; W 4g, MH NMOAK/IEUBAEM K ero CTOPOHE @y MHOTOYroiabHHK Py; y P, ectb
-ell€ CTOPOHA @y, NOXXOEAllad K BepuiyHe O; K Heft MB NOJKMEHBAEM MHOrOyroab-
HUK Pg ¥ T. 1. NO QaHHOMY B3aKOHY CKJ/EMBaHWA. YCJOBHE COCTOHT B TOM, 4TO
B KOHLE ,KOHUOB MH JOHIEM 1O MHOroyronpHuKa P,, KOTOpH#t NOCAE NOAK/ICHBAHHA
-€f0 K MHOTOYTO/MIbHHKY P,_, 710 CTODOHE &, ROMXEH, B CH/IYy 3aKOHa CK/IEeWBaHHSf,

6HTbL MOJK/EEH K NEPBOMY uuoroyronbﬂuxy P; mno ocrae-
A ;4 mielica noka CEGUGHHO!I CTOpOHE &4,. Taknm Gupaﬁﬁiﬁ, noGie-
JOBaTeJbHOCTh 3AMBIKAETCH M STHM JOMKHB HCYEPNHIBATHCH

.- BCE MHOrOYronbHHKH, MoExomsue k sepmuxe O. B pesyns-

T J_8 TaTeé Yy BepmiMHB O OKpeCTHOCTE OYHET COCTOATE H3 CeKTOo-
l POB, NONKAEEHHHX APYTr K HAPYTY B UAKAMYECKOM NOpsKe

TakK, YTO Hozayuaetrcs durypa, romeoMopdHas Kpyry. ‘
£ - ¢ He HCKJ/IIOYEHO; YTO HEKOTODHE MHOrOYrOJbHAKH MOX~
£t c XONAT K BepuikHe O HecKoaeko pas. TouHO Tak e moxer
- CYYHThCH, YTO K BepmuHe O MOOXONUT TOABKO OHMH MHOTO0-
YTONBRUK OJHWM CBOMM YTJIOM, CTOPOHH KOTODOro ckielsa-’
A 8 I0TCH OApYr C° ApYroM TaK, 4YTO OKDPECTHOCTb Bepmuﬂu“’ﬂ‘
npeacrasaser Co6ok meyTo B poxe «dyntuka». B sTom Cay-
Yepr. 3. yae BCS UMK/AMYeCKas NMOCAeIOBATENBHOCTh CEKTOPOB CBORMTCA

s MmEEAsiy A Wwerzrmmmanssvrmazser  eademorenvr Visanmsrrren amwaar

K U,l.l.l'lUﬂlJ EAI’IHLIE‘;I‘II’IUM’ u:nlupy. dnaoannnu: SivL D I:IUE"
'MOXKHOCTH MOXHO Ha0monaTe H3a paséprke ky6a (uwepr. 3), rae OKPecTHOCTH
sepiyHEl O COCTOMT M3 OJHOrO YI/id, 8 OKPecTHOCTb BEDUIMHH A COCTOMT u3 TPEX
_YrJ0B ORHOTO MHOroyroinnuka. Ha ueprexe CkiAeuBaeMbe BeplUIVHLE. NOMEYeHH
OIMHAKOBLIMH GYKBaMH.

H3 bopMyaupoBaHHOro yC/loBUSl OYEBHAHO CJERYET, YTO KawIas CTOPOHA OXHOIO
"MHOT'OYT'ONLHHKA NO/MKHA CKAEMBATLCH C OXHOHR M TOJBKO OQHOH CTOpOHOR INpyroro
HIH TOTO )K€ CAMOr0 MHOTrOYTOJABHHKA.

2. OT Kaxmoro MHOrOyroJibHMKa K [IDYroMy MOXHO NepeliTd, Y8 [0 MHOro-
_YrOJBHUKAM, CK/EEHHHM JDYr C JAPyroM, T. e. MMEIOIMM OTOXIecTBAEHHLE NPYT
C IApPYroM CTODOHH H/J¥ BepPUIVHH,

10 BTOpOe ycaosue oGecneyuBaeT CBASHOCTH, MHaue pasBépTKa pacnagaznach Oul
‘Ha YacTH, H3 KOTOPHX He CK/AeHBajcid GH OJWH CBA3SHHA MHOrOyrOAbHHK.

)
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‘MOCTh KOTODPOTO OYEBUIHA.

3. OTOXIECTBASEMHE CTOPOHB JAOMKHH HMETh paBHHE AJAUHB, ¥ MPH CKAEHBA-
HUM CTODOH COBMNAf@IOlMe WX OTPEsKM NOMKHH GHTb paBHOM ANHHB.

IMycts Teneps X u ¥ — mse Touxku pa3BEpTkH, Kak fACHO w3 ycaoBua 2, MOXHOQ
NOCTPOUTH JAOMAHYI), HAUMHAIOUIYIOCH B TOuKe X ¥ KOHHAOIYIOCH B TOUKe Y, 3BeHbA
KOTOPORt Aexar MOCAEJOBATENHHO HA IPAaHAX Da3BEPTKH, uMeilux obmue (OTOMIE-
CTBABHHbIE) PEGPA uAM BepLIMHBI; KOTZa OTpe3ok n0oMaHO# yn&pcs B rpaHHMIY IPaHK
B Kako#-To TOyke Z, TO MBI MPOXOMKAEM ero B TOH rpaHu, KOTopas TIOAKNEEeHa
K’ nepsoli B Touke Z. [InvHa JoMaHoH onpenensercs cama coGoit, MOCKO/BKY 3BEHbA
€€ 7exaT Ha MHOrOyroiAbHHMKaX, rae AJMWHa ecTb O6HyHa# J/JIUHA OTpe3Ka B sexhu-
JoBo#t reoMeTpuH. TOUHYIO HHXKHIOIO T'DaHMEY JIHH JIOMAHHX, COERMHHIOUMX B pas-
BEpTKe TOYKH X H Y, ML NpHHUMaeM 32 DacCTOAHHE MEXAY STHMH TO4UKAMH. Takum

nfinannu aeaninerae nraflarpumanrsa asmaln waw DUUTNAUIAIA MATHMULY UDAFNATNOLE.
Upaoum puDBFP a1na ATNnuivnivdapny f> 1- P21ty namnm DI'IJ i PWILIIAVUIY My lynn} FLINFE W s

#uka, Opgnaxo- pa3BEépTKy MOXHO 381aTh 3apaHee, He 3Has, MOXHO AR U3 HeE CKIICHTD
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KakOR On TO HM OHO MHOrOrpaHHHK, M MB NOAY4aeM, CAEIOBATEABHOF CIOC06
3i1dBaTe aapanee MBTpnqcume npULTpaHLTBU C MHOTOFDaHHOH METDUKO#., " ¥

Moo moKasaTh 06paTHOe YTBepiKIeHWe, A MMEHHO, YTO AOGYI0 MHOTOFPAHHYIO
METPHKY MOXKHO 3aZaTh NOCPEACTBOM pa3BEPTKH. TaK KaK STO YTBepKIeHHE B Tako#
obulelt Gopme HaM He AOHANOGUTCH, TO MH OFPAHMYUMCHA TONBLKO HYMHEIM HAM CAy-
YaeM MHOrQorpaHHofl MmeTpuky Ha cdepe, KoOrma 3TO0 YTBEpKACHHE IOKa3EIBAETCH
Q4YeHb NPOCTO.

Hycte na chepe S sanaua unororpaunas meTrpuka. Toraa kawayio Touky céeph
§ MOXHO OKQYXHTh OKDECTHOCTBIO, WSOMETPUYHOR KOHYCy, W DPasGuTh 3Ty OKpecT-
#OCTb Ha TpPEYrolbHHUKH, uMeoluiye OO6ULYI0O BEDHIMHY B 3TOH TOYKe M H3OMETDHY-
HHE OOGHKHOBEHHHIM IVIOCKMM TpeyroabHukaM, B pesyarrate cdhepa S okaxercs
CIAONIL TOKPHTOH TakHMH TpeyroapHukamu. Ilo nemme Bopens, 43 STuX Bpeyroib-
HUKOB MOXXHO BHOpaTh KOHEYHOE 4HCAO0, TOXKE NOKPHBAOMWMX BCIO chepy-§: Haxe
fag npyr Ha apyra, T4 Tpeyronbﬂuxu camu coboht paaénaatoTca Ha MHOTQY rOJIbHUKH,
yie He uMeloliMe APYr C ApyroM OOLIMX BHYTPEHHHX TOYEK. IJTH MHOTOYTONBLHMKH
NOKPHBAIOT BCIO cdepy, W Tak KaK KaKABH H3 HHX MOXHO PasBepHYTb Ha NMJIOCKOCTb,
TO OHH M O6GpasyloT pasBEPTKy, NMPeNCTABAMIOMYI0 METPHKY, 3aRaHHYI0 Ha S.

P&6pa passéptku o6pasylor Ha chepe cerb orpeskoB. CeTh 3Ta Gyzer CBA3HOH,
T.' €. OT OXHOrO OTPEe3Ka MOXHO nepefiTy K AO60MY APYroMy, HAd TOABKO IO OTPe3KaM
“cetd. He#CTBuTENBHO, TyCTh @ W & —nBa pe6pa, a P u Q —rpany, KOTODHIM OHH
npyHaagexar. [lo cpoficTBy CBASHOCTH Pa3BEPTKM MOXHO mepeiTH or P k Q, uad
fI0 HOJKAeCHHHIM APYT K APYry TpaHsM. DTOT NMepeXOd MOXHO OCYIECTBUTB, WAA
TOJU:KO MO rpanHduaM rpadefl, T. e. no p&6paM, NOTOMY YTO MH NpPEANO]araeM, 4To
fpanuua KaxaoH rpaHH COCTOHMT U3 OXHOH SaMKHY‘l‘OH aomanofi. CnegosarenbHo, OT
pebpa @ k pe6py & MoxHo nepelTH, uas BcE BPema O pEGpam.

.Ecau ymcno rpaueit B passEpTKe ecThb f, unc/Ao pEGep 2, a 4uMC/AO BepHIMH e,
TO .cdhepa OKasuBaeTcd pasburofl cBA3HOH CeTbIO u8 % OTpeskoB Ha f obnacrei

C ¢ BepuidHaMu. B TakoM chyyae no .ea,‘:erﬁe 3ftnepa
b
f—k+e=2

Cnemosarensno, pass&pTka, romeomopdras cdepe, HOMKHA YHOBAETBOPAT: STOH
(popluyne SOiinepa. HMasBecTHO Takke, YTO NPH BHNOJNHEHHWM TPEX YKA3aHHHIX BHILIE
ycnosuft pasBépTka, ynpoBaeTsopsiowas opmyne Oftnepa, O6ymer romeomMopdHa
<depe 1). :

- HakoHel, MBI ¥MeeM TIOC/eJHee YCJ/OBHE nnn BHITYKJOTO MHOTOTDAHHMKA: MOJHBIH
Yron npH BepUIMHE KOHYC4a, KOTOPOMY U3OMETPHYHA OKPECTHOCTBR MOGOH ero TOYKH,
JAomked OuTe He Goaelle 2w, [lAf TOYek, Jexalllyx BHYTPH rpaHeft uiu BHYTpH
p&6ep pasBEPTKH, STO YCJAOBHE BHIOJHAETCA CaMo COGOf: MOJHHMH yrosa BOKPYr HMX
8 TOYHOCTH paBeH 2w. Ocra&rcs No3TOomY NOTPe6GOBATE BLINOAHEHHS STOTO YCROBUS
Ana BepmuH. ITonHBMA yron npx BepmWHE COCTABJASETCH M3 NOXXOAAMMX K HeR
yraos rpaselt pass€ptku. [losTOMYy Hamie ycAoBHe CBOAMTCH K CIenyouieny. CymMMa
YraoB, cXOAfIMUXCA B Kawaoll BepiiyHe, NOMKHAa OHTH < 2.

Hrak, TeopeMa -0 BHNYKAKX MHOrOrpaHHuKax, (opMyiupoBaHHas Hamu B § 3,
MOXET O6HTh Teneph (HOPMyIUPOBaHA B TEPMUHAX DPa3BEPTOK C/leNYIOIAM 06pasoM:

Pa3eépmra 8CAK020 3aMKHYMO20 BHRYKAO20 MHOZ02DANKHUKA Y008AEMBOPAEM
MpPEn HOPMYAUPOBAHHUM Bbite YCAOBURAM, He0OX0OuMBM 048 BCAKOL pa3sépmyu,
yeaosuro isepa B, HaKoHey, MOMY YCA08UIO, MO CYMMA Y2408.8 KaxcOod e
sepuwune < 2x. Bmecme ¢ mem, u3 xaxcooli pa3sépmxu, y008AeMmBOpRIOWESE JMuMm
YCAOBURAM, MONCHO CKACUMb IAMKHYMuL sunyxavil mrozogpannur (i J8axcos
NOKPpUMBL BHRYKABL MHO20Y204bHKK).

1) CopepineRHO SMEMEHTapHOE AOKA3aTeJAbCTBO STOIO YTBEPHMACHHA M Kame OGO TONO-

JAOTHYECKYI0 KAACCHpHKAUNIO pe3BEpTOK MOH(HO Haiiti B kHMrax I'. 3 e ﬁ i eprt U B. Tpeas-

anap, Tonomorus, ra. VI, wau [, C. Aidexcadapos # B. A. Edpevosny,
YepPK OCHOBHHIX MOHATHIl TOHOAOrMH, ra. I. : Cy
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Crour ,33METHTD, YTQ0 TaKMX MHOTrOrpaHHHKOB HO]KHO CKJIeXTh TOJbKO JBa: OAYHE:

rorRus mrnnnununuuua s MODAEN HrATHNANALTYY Iz m .
llUle"ldCl CH W3- JQ.FJI Gro v uJ IV MMRDVPG RGNS LG nboyiv ViVpUny, u«u, q9TC TO mv :

camOe, NyTEM 3ePKAALHONO QTPANKEHHA B NAOCKOCTH. (KoHeuHo, eci MHOTOrpasHuk

HMEET IIOCKOCTh CHMMETPHH, TO ©0a MHOFOrDaHHMKAa HEOTAMYMMH JPYr OT Zpyra.

C mpyro#f CTODOHH, M3 DAa3BEPTKH BHINYKNOT0 MHOTOTDaHHMKA MOXHO CKIEHTH
CKQABKO YTOIHO HEBLIMYKABIX MHOIOrDaHHUKOB, CTOHT JHIUb l'[pOlIaBHTb MHOrQrpag- -
HHK BHYTPb B OKDECTHOCTH €lO BEDHIHHHL.)

BrawougHde ABaXAB NOKPHITHX MHOrOYTOJNBHHKOB CTAHOBHTCA 3XeChb OCOBEHHO
nonsTHeM. Ecay, Hanpumep, PasBépTKA COCTOMT W3 IBYX PaBHBIX TPEYronbHiKes,
¥ KOTOPHIX NMOMapHO OTOXIECTBAEHH DABHHE CTOPOHB, a BMeCTE ¢ HHMH ¥ BepLIHMY,
TO HOJMYYaowuAca H3 Hed BHNYKIHH MHQ-
rorpaHHMKk GyjpeTr mNpeACTaBAATL STH ABA
TPEYTONLHHKA, CKJAEGEHHHe APYr C APYrom
B OIMH, TaK NTO STOT NOCAERHHA OYAST

WDAMITIET TIALUNLIT D CAMAL NAGTLIIAL MMEIcRa
ARBGSVALE LVRPIEL L CGRUM PUQeapnvm Uqwm

B npusenguHoR snech ¢opme Hawa TeO-
peMa OKasuBaercs COBEPINEHHO B3JeMeHTap- '
HON: ‘ecu HaM peHCTBUTENBHO 3ajaHA DPas~
BEPTKA, X078 OB B -BHAEe BHPE3AHHBIX M3
GyMarn MEQTOYIOALENKON, ¥ KOTOPHX OHW-.
HaKOBHMH OYKBANMH OTMEUERH CTOPOHH B
BepIUHHE, ROZACHAILHS mﬁw T&'
BCErga MOXHO B KOHSHMDS HUCHD ugm"
NPOBEPHTHL, BHNOMHIOTCE /K RN my;m,
BUA TEOPEMBI, TaK YTO Mhl CMOWMKEM OTMA
Ha BOMpOC: BEIHZET AH U3 ued aunylsﬂui_
MHOI'OTDaHHHK W/AH HeT? A ecay Takol

MoNArarfnauour nprrtinmoam mnM C TAUUACTLIN JN.
MOVIUI PJAAR DDAUTLy 1V L IUIRVLWISRT Av.

Yepr. 4. IBUMEHHS H-OTDaWeHHd, TOAsKo oxuH. ITo-

- TOMY, eCIIH MB HAYHEM €ro KieuTth, TO OH

npuNeT CBOIO (POPMY B HEKOTOPOM cub;cne caM cobo#fi. Onnaxo, Kakam ST0 6yner
dbopMa M KaK ZO/MKHH MepenaMbiBaTbCd INPH STOM rpann _PasBépaky, NABAK TPAHN
H pébpa unororpannnxa,moﬁ 3TOM MBI HE MOXEM CKAa3aTh HHYero, Kpoue umﬁw-
KMX 'OYeBHIHHX, Ho COBEPIIEHHO emE HeXOCTaTOUHLIX 3aMevaHuft. B
[ToscauM 3TO MOGONKTHHM NPHMEPOM, KOTODHH MOKaXeT, CKOIb Mane um‘gft
HMETb OTHOLIEHHSl K I'DAHAM ¥ pE6pPaM MHOFOrPaHHHKA rpasgd W pEGpa pasBEPTHM:
Ha uepr, 4 (a) nao6paxena pass&pTKa TeTpPasapa; Ha uepT. 4 (b) ykasaHo, HO KaxHi.
AaEuaM NOHAYT pEGpA Terpasspa B SToH pasBEpTKe, KOria OHa CK/eeHa B om
MHOTOYrOALHHK; HAaKOHel, Ha uYepT. 4(c) H300DaXER yHe CKICCHHHH TeTpaspp:
¢ YKa3anweM JWHHA, 10 KOTODHM €ro HYXHO paspesars, 4YToOH OGPaTHO nony'!m.

nnnm‘.{n'ruv usnT 4 - EDQOMa Kay N0 NMVHETHDHLIM JTuHug au  arn BYXUD M ASres RN
ey priny g o R L1y =y Dprm AREEEL  BANS IIJllnlllHlI“m CINLIINLAANLy Wi @1y S _Wm’l’r

e mo p&6paM, cxonduuMca B BepmimHe A. JlaHHan pasBépTKa MOGOMHTHE SEE:
B TOM OTHOHICHMH, YTO OHAa NEMOHCTPHMDYET HOBO/BHO CJOXNKHBIE BO3MOWKHHIE CKACK-
BAHWA APYr C APYTOM CTOPOH ¥ BEPIIWH OLHOTO M TOrO e MHOrOyrONbHEK2 m—
BEPTKH (B QaHHOM Cly4ae y KaJaOro M3 HeTHPEX TPEYroJbHHKOB),

Mu npeacrasnsiem cefe passEpTKY, 3alaBaeMyl0 HENOCPEICTBEHHO uuqmyrmwm
HAKAMH C YKa3anveM MPaBH/ia CKAeUBAHHA. JTAa TOYKA SPEHHA, HATOMUHAIOWIAS O OyNare,
HOXHHIIAX M Kaee, XOTd H COOTBETCTBYeT CYTH Ae/la HaunydiiuMm oOpagoM, TeM Ne.
MEHEe MOMKET He YIOJeTBOPHTh Matematuka. Ilo stomy TIOBOAY MH saue'mu, 910
€C/M BCE MHOTOYrO/BHHKYM DasBEDPTKH DasGHThb Ha TPeYro/bHUKH, 3@ CFfpoeHve pas-
BEPTKH MOXKHO 3a4aTh NOCPEACTBOM MAaTPHI HHUMAEHLUMHM, a NOTGR AIPHITHCATL Ka-
KAoMy peGpy ompenentHHyl Lawny. Tako#t cnoco6 aGCTPAKTHOTO 3a43HUA PAa3BEPTKE
NO3BONNET 3a1aBaTh AOGYI0 MHOTOFDaHHYI0 METPHKY NOCDeACTROM npocToft.

CYDMLY ﬁnn nn.untﬂu Harnanmnrn nnanfmabmorrua N A UIMANNUPARL IHICPAY .o MII_
vmq\u 3 X NiGAA FAMJARANWE \F BEpSwAR W L uuu (Il 2] ‘_’ | mEERL VJ 5 WREED SR AR I 5y SEPRE

BAHHH H T. M.

) - ) (4]
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§ 5. MMepexon oT MHOTOrpaHHHKOS K JIOGHM NOBEPXHOCTAM.

ITocae T0ro Kak BONpOC O BHYTPeHHeR MeTPHKE SAMKHYTHX BEIYKAHX MHOLO-
rPasHAKOB pPemI&H, NMyTh PElIeHHs BONPOCa O BHYTpeHHel MeTpHKe MIOGHX 3aMKHY-
THX BHNYK/JHX NOBEPXHOCTEH HaMeyaeTcs HAa OCHOBAHMM CAEdyIOMEH <«TEOpeMbl O
CXOIMMOCTH METPHK», KOTOpas Oymer nokasaHa B § 1 ru. IlI:

Ecau nocaedosamensrocms SAMKHYMb X snyrinx nosepxrocmed F,(n=1,2,...)
cxadumca K 3aMKuymol sunykasoi nosepxrocmu F 8 nocaedosameanocms nap
movex X,, Y, na nosepxnocmax F, cxodumcs x nape movex X, Y na F (X, — X,

Yy — Y), mo paccmoanusr Ha Fn xrexcoy X, u'V, cxodRmCs K paccmos-
ruio Ha F mexncdy XuaY me -

11m pF (XnYy) =pgp (XT).

f]vc*n; F -— 3aMKHYTas BHITYK/IA9 MOBREPXHOCTE U P;, P,,... —I!OCJ!&_J_I_QBE!T&JILHQCI
CXONAUMXCH K Hel Bwnyxnux MHOTOTPaHHHKOB, Boabmem Toyky O Buytpn F, a
TakKe BHYTPM BCex P,, 4TO BO3MOXHO, KaK TOJbKO P, HOCTaTOYHO Gamuskx X F.
Onucas soxpyr O chepy §, cOpoeKTHpPYyeM NOBEPXHOCTH F -u.Bce Mnororpaﬂnuxn

P, u¥a a1y cq;epy H3 TO‘lRH O. Torma merpuxn pp(XY) u pP (XY) ¢ F u Py,

o

nepenecy'rca Ha cdepy S eciu mape Toyek A, B uHa § omecm B KayeCTBe pac-
CTOAHMA MEeXAY HHMH DAacCTOSHHE MeXIy COOTBETCTBYIOIMMHM TOUYKAMHM Ha NOBEDPX-
._uoCm F u, COOTBEeTCTBEHHO, HAa MHOrorpanHukax P,. M3 roapko 410 npnaenénnoﬂ
TEQPEMB O CXONMMOCTH paccTosnu#t crellyeT, uTO s Kak2OH napw Touex A, B
Hd" chepe S Oymer HMeTh MECTO PaBEHCTBO
p(AB)==lim p,(AB),
7 > - v
tae p(AB), v, (AB) — paccrosiHus, NepeHecEHHHE, COMVIACHO YKAa3aHHOMY TMOCTpoe-
‘HHIO, c Fu P Ha cepy S. CiaemoBaTenbHO, METPHMKA BHIIYKJAOH MOBEPXHOCTH,
nepeHecéHHas Ha cdepy, ecTh Npeles METPHK BBITYKAMX MHOIOTPaHHHKOB.
ITycTs Temepr MH HMMeeM Ha cdepe 3amanHHyl0 MeTpHKy p (XY), apasouryiocs
npenesoM MHOTOTPAHHBIX MeTPHK §, (XY) MONOMHTENbHON KpHMBM3HB Ha TOH e
-cepe, T. e. O Kaxnodl mapw Ttoyex X, ¥ Ha chepe S mmeer MecTo paBeHCTBO

?(XY)= lim 5, (XY)

-Cyntas TeOpEMy o'pea:nnayeuocm MHOTOTp3HHON MeTPHKH MONOXKHTENLHOH KPHBH3HH
Ha cdepe NOKa3aHHOM, MH MOXEM MOCTPOHMTE NMOC/AEI0OBATENbHOCTh 3aMKHYTHX BHIIY-
KJAbIX MHOTOTDAaHHHKOB P,, peaqusyloIlMX HAHHHIE METPHKH b,. M3 sToft mocaepona-

" TENBHOCTY MOXHO BHOpaTh CXoAdIlylocd MOCAenoBaTeapHOCTs 1). [lpenenom stoft
MOCAETOBATENLHOCTH GyNeT HEeKOTOPad 3aMKHYTas BHNyKaas nosepxsocte F.

Tak Kak, ¢ OJHOH CTOpPOHEI, METPHKM p, CXONATCH K NAHHOH MeTpuKe p Ha cdepe
S, a ¢ Apyro#l CTOpPOHH, MO NPHBEAEHHON BEIlIE TeOpeMe, METPUKH MHOTGrpaHHUKOB,
.CXORAIIYXCA K MoBepXHOCTH F, cXOomaTcs K>MeTpuke Ha F, TO TeM caMBM NOBepx-
'HOCTb F Kak pas uMeer MeTPHKY p (XY).

Taxkum 00pasoM Mbl MPUIIAH K TeopeMe: ‘

Jrs mozo umobu mempuKxa, 320aHHAZ KA cepe, Mm024Q OHMb peasu3osany
.nocpeocmeor  3aMKHYmMOL BWNYKAOL nosepxnocmu, Heo6X00umO U GOCMAMOHHO,
-4mobu ama Mempuxa Ouia npedesom MHOZOZDAHHNX MEMPUK NOAONCUMEALHOL
.Kpususnsi, 3a0aHrux Ha mod oce cgepe.

Jrta TeopeMa.pemlaeT BONPOC O XapaKTepPH3alIMH BHYTpPEHHEH neTpuxn 3aMKHYTHIX
.BHIOYKJHX JiopepxHocrefl. OmHAKO OHA ABASETCH M2aJOCONEPKATENbHOH, TaK KaK

1) 3T0 MOMKHEO CAeJarb, HAUPHMEP, B CHAYy H3BeCTHOH «TeopeMn BnbGopa» DBasmke.

n wor Ul wpa Buneam nawn smnarnas ARAMDIADRAYOA oaAMAAAMANA IWANL Na COVEIANUA, ME
e s 71 Jd. Vi TAC OYACT AaH0 CTPOIOC OOVUCHUBAHHAC HAMCHACMOIG SACCL paciymisnna, Mol
v

_BJOKAKHEM 9TO HENOCPEACTBCHHO 6e3 BCAKHX CCHJIOK Ha TeopeMy Baamxke.
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OHa ‘anero HE ronopwr 'O BHyTpeHHell reoMerpuM BHIYKALWX MOBEPXHOCTeH, KpoMe
TOrO, YTo METPHKA BHOYKJIO# MOBEPXHOCTH €CTh Npejlel METPUK BHIYKALX MHOIO-
rpaHHuKOs. Mbl oCTa&mcs B JIONHOM HeBeJeHHWM TOrO, NO KAKUM CBOHCTBAM MeTPUK®
MOXKHO CYXHUTb, ABASETCH JHM OHA MpPENejOM MHOTOTPAHHHX METpPHK IMOJIOKUTENLHOR
KPHBH3HE HAM HeT. TeM He Memee 9Ta TeopeMa a&T HaM METOI M3YUYeHus BHYTPEH-
Hell METPUKH BHNYKAHX nosepxHocrel. IlycTs MH XOTHM JOKasaTh, YTO AJR TOTO,.
yToOH METPHKa, 3a/laHHas Ha cdepe, MOraa OHTh Peaiy30BaHA TOCPENCTBOM 3aMKHY-
TO# BHNYKAOH MOBEPXHOCTH, HEOOGXOAHMO W JOCTATOYHO, YTOOH OHAa YRZOBJAETBOPHANA
HEKOTOPOH COBOKYRHOCTH Ycaomu#t A. [Ins NOKasaTedbCTBa HEOGXOZMMOCTH YCHOBHH
A MH MOXEM CHayana N0KasaTh HX JUi SaMKHYTHX BHAYKAHX MHOCOrDaHHHKOB,
a NOTOM, NMYTEM NPeJeNbHOrO NEPEXOAa, OCHOBAHHOIO MMEHHO Ha MOJNYYeHHOH Bhile
TeopeMe, MEPEHECTH MX HAa MO6He 3aMKHYTHle BHNYK/JALE NOBepXHOCTH. s goka-
3aTeAbCTHY NTOCTATOWHOCTH YC/AOBHH A MH MOMEM CHAayana 10KasaTh, 4TO METPHUKA,.
3ananHasd Ha cdepe H YOOBAETBOPAIOUIAH STHM YCHAOBUAM, MOMKET GHTh NMpeIcTaBieHa.
KaK Tpengen MHOrOTPAHHHIX METPHK TNOJNOKHTENLHOH KpPUBHM3HHI; M TOTZa M3 MAHHOH
TEOPEMH MocAelyeT HOCTATOYHQCTE ycwoBuH A. VIMEHHO Tak MH NHOCTYNHM B Jaib-
HefiieM. \ ‘

Aro ectb vacTHH# cayyalt Meropa NpUONMKEHUS MHOTOTDAHHUKaMH, KOTOPhif
B OGLIeM BHAE BHIASAMT CAefylomuM o6pasoM. ITycTs Mu XOTHM IOKa3aTb HEKOTOPOE
csoficteo B BHIYKAHX .moBepxHocTe#. s 9TOro NOKAa3bEaeM CHa4ana, YTO . QHO
UMERT MECTO I/ BHMYKALIX MHOrorpaHHHKOB. JIOTOM MOKa3niBaeM TeOpPEMY O CXO-
AUMOCTH CJAEAYIOIMero THna: ecau cBoficTBo B BepHO aaf BHNyK/bX nonepxnoq‘eﬁ
F,, cxonsmuxca K BHIMYK/aOH NMOBepXHOCTH F, TO OHO BEPHO TakXKe Iif MOBEPXHOLTH

. Tak Xak K BbINYKJABM NOBEPXHOCTSM MOMNHO TNPHUGAMKATHCH MHOTOI'DaHHHKAMA,
TO COYyeTaHHe OGOMX De3yaLTaTOB. MOKAaXKET, YTO CBOHCTBO B umeeT MecTo mas BCex
BHNYKAHX NOBepXHOCTeH. DTOT cnocol pacCyKIEeHNs MBI MCTIONB3YEM NPH AOKA3a-
TeNbCTBE LEAord pajga Teopewm.

§ 6. MuorooGpasue ¢ puyTpenuell merpuxoil.

3nece MH YCTaHOBHM ABd CAMHX OCHOBHHX YC/OBHS, KOTODHM NOJUUHAETCS:
BHYTPGHHAS METPHMKAa BHNYKANX mnoBepxHocTel. Ilycts F — Kakas-au60 BHIyKAas.
MOBePXHOCTE H () —Touka Ha Hell. MH MOXEM OOPENENHTh OKPECTHOCTh TOYKH
O nsyms cnocoGaMu: «BHEUIHMM» W «BHYTDeHHMM». B nepeoM cayyae OKpecT-
HOCTBIO TOukM O Ha nosepxHOcTH F HaswBaeTcd uacTe [, Jexamas B mape,
onucanHoM BOkpyr O, uau Boo6ule M1060e MHOXECTBO Ha nNOBepxXHOCTH F, 3a-
K/I04aI0Hlee TaKYlo 4acThb MOBepXHOCTH [, Bo BTODOM ciyyae OKPeCTHOCTRIO TOUKW
O . Ha3uBaeTcH /1060€ MHOXKeCTBO TOueK Ha JF, coiepkamlee Kako#-nu6o reoge-
suyecku#t Kpyr ¢ uentpom B TOouke O 1). I'eomesanyecknB Ke Kpyr ecTh MHO-
KeCTBO TO4YEeK, YRANEHHHX OT MaHHOH MeHee YeM HA HEKOTOpPOE JaHHOe pacCTos-
HHe B CMHIC/I€ BHyTpeHHe#f MeTpukH Ha F. J[lokamem, uro o0a onpeze/eHus
OKpeCTHOCTe! SKBHUBA/JIEHTHH, T. €. YTO BCAKas «BHEWHAA» (OKDECTHOCTS ABJSETCH
«BHyTpeHHefi» H o6paTHo ?).

61, l) [fo noBomy oramuus sToro omnpefencHHs OT OGHYHOrO CM. HNPHMEYaHHE B Haualre
%) 3To uMeeT MeCTO He A4 BCAKOH MOBEPXHOCTH. Bo3bméM, HampuMep, Ha TIOCKOCTH
3aMKHYTYIQ Benepm accoBy KpuBYW L, He MMeiouyio HHIAe KacareAbHOM W INOTOMY He
HMejomyio IanHn. (MomHO ckasaTh, 4r0 JuMHA Rio6OH AyrH oroH xpnnon Geckonena.)
CoemaHB BCe 'roqxu 9TO KpHBOH NpPAMONMHEHHHIMH OTpPe3KaMH € KaKoH-HHOyAb TOWKOM
O, He nemaniedt B TOH WE IIOCKOCTH, NOAYYHM KOHYC ¢ pepmuHoik O u kpubsoit L B ka-
gyecTBe Hanpasasiowe#. Ecin roukn X H Y Jemar Ha pa3sERX-06pas3yloliHx, TO Xparvai-
mas JMHUA, COCAMHAMAA WX HA TAKOM KOHYycCe, COCTOMT H3 oTpe3koB XO u OY, noToMy
4T0 KpHBaW, fnepecekaoman obpasyolHe, uMeer 006A3aTeNbHO GECKOHEYRY IAHHY. ITOT
KORyC HMeeT BHYTPEHHIOIO METDHKY, HO MaJgad BHYTPeHHAA OKpecTHoCcTh Touk X ofpa-
3yiome# CcOCTOMT TOABKO K3 OTpe3ka 9TOH o6pasyplled, MOTOMY 4TO OT TOUKH X 10 TO-
yex JAPyruX OoO6pa3yolMX «ZajJeKos: kparyailillee CoOCAMHEHHE BeAST uepe3 sepmmny O.
EpvncTBEHHAA TOUKA, HMEIOMA KPYrodyio BHYTPEHHIOK OKpPECTHOCTh, eCTh Touka (.
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_ Ilyctb U — «BHEWwHAA» OKpPeCTHOCTh TOYkH O Ha BHNyKAOR HoBepxHocTH F.
llo e€ onpeneeHHI0 CywleCTBYeT Takoe 7 > U, uTO BCHKad TOYKa Ha F, ynan&s--
Hags B npocrpaicTee or Touku O MeHblle 4YeM Ha r, npudamnexut U. Ho paccros-
Hee or O no awGoft ToukH X, H3MEPEHHOE N0 NOBEPXHOCTH, ouesk,uﬂo, He-
MeHbwe paccTosHus or O a0 X B npocrpascTee. Ilostomy Tem Gonee U co--
AeDXXHT BCe TOUKH TNOBEDXHOCTH F, JexaliMe B reofesuyecKoM Kpyre paauyca r
¢ uedtpom B T0ouKe O. Cnenoatenbro, {J eCTb TaKMe «BHYTPEHHAH» OKPeECT--
HOCTb. :
IlyeTe Trenmepb, ob6patHo, U ecTb [JaHHad «BHYTPEHHss» OKPECTHOCTh TOYKH
O # 0ycTs 7y— pajdyC 3aKIIOYAIOWEerocs B Hefl reojle3adueCKOro Kpyra ¢ IeHT--
pom B O. Jokaxem, uyro U O6yIeT TaKXe. «BHemHe#» _OKDECTHOCTEBIO, T. e.
6ymeT comepxaTh BCe TOYKM IOBEPXHOCTH F, ynanéuunle oT Toyku O He Goabme,.
YeM Ha Kakoe-to r >0, ecnu paccrosHus GepyTcs B npocTpaHcTBe. JLAg HOKa-.
3areabCTBA NpoBelfm vyepe3 TOYKy O OMOPHY IMIOCKOCTE P K Hamef MNoBepx-
HoCTH (Ha uepT. 5 MNpeACTaBI€HO CeYeHHE MOBEPX- .
HOCTH F NAOCKOCTbIO, Hiayuiefi depe3 O). Ilosepx-
HocTh F ecTb 06nacTb Ha rpaHuue KaKoro-to BHMY-
KJa0ro tena. BosbM&EM BHYTpM 3TOro Tela TOuKy A
M COpOEKTHpPyeM u3 3TOH TOYKH NOBepXHOCTH F Ha
nnockocts P. B6auau Touku O npoekuus noBepx-
HoctH F wa minockocts P 6yner B3aMMHO OIHO3HAa4-
HO' W B3aMMHO HenpepbIBHOR. I10STOMY MNpoOeKIus
nosepxHocty F nokpoer Ha naockocTd P HeKo-
TOPYI0 OKpecTHOCTh Toukd O. BosbMéM Ha mmo- . Yepr. 5.
ckotth P xpyr K pamuyca r ¢ uenTpoM B Touke O
TaK, 4TOGH Npoekuds mosepXHocrd F ero nmokpweBana. ITycte V —Ta yacrs nosepx-
Hoctn F, npoexuus Kotopod u ecrb 3T10T Kpyr K. 370 V €CThb He YTO HHOe,

______ r'a Y TTesr o L. n ey PP LR YT Iy
llyblb r cLib Mdhbl’lmyna

KZK HEKOTOpasa «BHELIHAA» OKPECTHOCTb TOYKH (.
paccTosuus ToueK X OKDEecTHOCTH V OT COOTBETCTBYIOLIMX Touek X' kpyra K,
CYHTass B HampaBleHWd TNpOeKTHposaHus, Tak uro XX < h. Ecan pammyc r-
Kpyra K CTpeMMTCS K HYyJ®, TO KA, OUYEBHAHO, TAKKE CTPEMHTCE K HyJIo.
[TosToMy MOXHO BHOpPaTh 7 CTOJb MaJAbIM, YTO Gyner

r-h <r,

rie 7,-— paauyC Feole3nyecKOrd Kpyra, COfnepiaulerocs B AAHHOM «BHYTDEHHeH»-
okpectHocTH {J Touku O. §l yrBepxaalo, YTO npd TaKoM Bu6ope paiMyca r
«BHelUHAA> OKpecTHOocTh V' Oyner comepxarbcs B U. JleHcTBHTENbHO, BO3bMEM:
B OKpecTHOCTH V mo6yio Touky X u mpoBeném udepes Touku 4, O, X mnockocts Q..
Ona nmnepeceuér kpyr K- no ero nuvaMerpy. 10T AnaMeTp OYHeT NpoeKuuei ayru
BWNYKJIOR KDHUBOH, HO KOTODOH mIOCKOCTh Q nepecekaer noBepxHOcTh F. Jlauna:

BunyKiIoH ayrm OX He GOMbINE CYMMb OTPE3KOB 0X 4 XX ). Ho nmmna o0x

He MeHbme paccrosHus p (0X) Ha mnoeepxHocty F, a OX <r uw XX L&
Iosromy p (OX) Lr-+k <ry. A 3T0 03HauaeT, 4TO TOuKa X COJNEPHKHTCH B Teo0--
fle3HUecKOM Kpyre pamuyca r,. CrenoBaTenbHO, «BHEIUHAS» OKPECTHOCTE V cCO-
AEPHUTCE B JIAHHOM «BHYTPeHHeH» okpecTHOCTH U, TaK 4T0 U OKa3HLBAeTcs BMECTeE-
C TeM «BHelHe#l» OKPECTHOCTHIO, YTO H TPeGOoBAJIOCH NOKA3aTh.

Korna mb Tpe6oBanu, YTOGH Yy Kaxao# TOYKH MOBEPXHOCTH OHJIA OKpeCT-
HOCTb, romMeoMoOpdHas KDyry, TO peub luIa, KOHEYHO, O «BHEWHEH» OKPEeCTHOCTH,
TaK KaK HM O KAKOH BHyTpeHHel MeTpHKe noKa He GbJIO H peud. DBseneHue:

1) Bunyxnaa gpubas 67( + OX, cocraBneunas M3 Ayru 05? H orpeska OX:comep-
KHTCA B TpeyronbHHke OXX' ® moroMy (B cuay Teopemu 3 § 1 Jlomonuenus)

s(O0X) < s(0X) + 5 (XX).

. \
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nny'rpenﬂe‘n uerpﬁxﬂ I03BOJiAET BBECTH MOMSTHE O BHyTpPeHHeft OKDECTHOCTH, M BO
BHYTpeHHeHA TreOMETDHH TOI OKPeCTHOCTbIO CileAyeT MOHHMAaTb BCErXa MMEHHO BHYT-
PEHHIO OKDeCTHOCTh. IlOCKONBKY 1N BHNYKAWX NOBepXHOCTE# 06a onpeneie-
HHA OKXpecTHOCTER SKBHBANEHTHE, MEl He OYXeM HX pasaHyatb. B manvheAwem Bo
BCeX YTBEDH/IEHMAX © BRINYKNLX TNOBEPXHOCTAX, B KOTODHX (HIyPHDPYeT NMOHATHE
OKPECTHOCTH, MOXHO HMMETb B BHAY BHYTDEHHIO OKPECTHOCTb. JTO mpexne BCero
OTHOCHTC K TOHATHIO O HENpPEPHIBHOCTH, B ONpeneleHHe KOTOPOro, Kak H3BECTHO,
BXONMT TONbKO NOHATHE 06 OkpecTHOCTH. TakuM 06pasoM, MBI MONYYdEM CAEAYIO-
HIHe YTBEPMACHURA:

1. ¥V xkaxzot TOYKH BHINYKJIO# nonepxnocm eCTh BHYTDEHHAf OKPEeCTHOCTSD,"
‘romeoMopdHas Kpyry.. v
- 2. Jho6ue naBe TOYKH BHINYKJOH MOBEPXHOCTH MOMKHO COEIMHHTD Kpmaoﬂ
HENMpPEepRIBHONX B CMHICJIE BHYTpPeHHeR! METPHKM.

3. Beskyo 3aMKHYTYI0 BHIIYKJIYIO NMOBEPXHOCTH MOXHO B3aHMHO ONHO3HAYHO
# B3dHMHO HENpPEpPHIBHO B CMHICJE BHYTPEHHe# MeTpHKH oToGpasuTb Ha cdepy.

4. Bcakan BuNyKkaas MNOBepXHOCTb roMeoMopdra ofaactd Ha coepe. (Hns
BHITYK/IOR NGBEPXHOCTH, HBJAIOIEHCA 3aMKHYTOR MJIH TOJBKO YacThio 3aMKHYTOH,
3TO OYEeBMAHO M3 3. BMecTe ¢ TeM IJIOCKOCTE H UWIHHAD TaKke romMeoMopdHH
o6nactTd Ha cdepe, a NOTOMY BHNYK/BE MOBEPXHOCTH, ABAKIOIMECcs yacTAMH Gec-
KOHEUHHX MOJNHAX - BHMYKINX MOBEPXHOCTEH, Takie rOMEOMODGHH 06HacTAM Ha
<depe.) .

CrnenoBate)IbHO, Mempu4secKkoe npocmpaHcmeo, u3omempuuroe aunyti/zozi no-
sepxHOCML, O0ANCHO OBvmb 2OMEOMODEHO 00AACTU HA cg{repe.

BHyTpeHHAs MeTpPHKA NOBEPXHOCTH XdpaKTepH3YeTcs TeM CBOHCTBOM, 4TO "pac-
CTOSIHHE ONpeleAeTcd KaK TOYHAs HWMKHAS TIPAHHNA IJHH KDHBHX. 3ITO yCJHOBHe
TaK)Xe ClelyeT MNepeHeCTH HAa pacCMaTpHBAeMLie MeTpHYeCKHe NpocTpaHc1Ba. ~Jlas
'9TOr0 ONpejesuM, YTO MH GyjdeM Ha3bBaTh JAMHOH KPHBOH B METPHYECKOM HpO-
CTPaHCTBE.

[Iycte X (£)(0 <t < 1)— HenpepHBHas KpHBas B METPHUECKOM NPOCTPAHCTBE
R ¢ werpuxo#t p(XY). Pa3zo6bém npomexyrok [0, 1] naMeHeHnus napameTpa ! Ha
yact: O={, <tf, < ... <{f,=1. O6GpasyeM CyMMy -paccTosHuit MexAy BCEMH
mapaMH nocaenoBarenbHbBX Touek (X (Zp) um X(£), X(¢) m X(#) u 1. n.):

y

2 B (X (t-) X(t,))

ll"—

‘TOYHYI0O BEDXHIOIO [PAHMIy TaKMX CYMM [0 BCeM BOSMONHHIM Da3GMEHHSM IpoMe-
KyTka [0, 1} mMb HasuBaem jauHOR KpHBo#M X (£). Ecnm sTa BepxHsas rpauuana
He CyWeCTBYET MWJIH, YTO TO e CaMOe, eCIH OHa paBHa GeCKOHEUHOCTH, TO KpH-
'Basi He HMEET JUIHHE MJIH, €CJH YTOLHO, HMeeT OGeCKOHEYHYI0 RJIHHY. IJTO Ompe-
lesleHHe XIJIMHH JOCAOBHO TICBTOPSET NPHHATOE ONpeleseHHe JJAUHBI B SBKAMAO-
BOM npocrpadcTBe. (Yame onpefensioT IAMHY KaK npelles YK43aHHHIX CYMM TIpH
-6e3rpaHHYHOM M3MENbYeHHH pa3OHeHHA MNpOMEKyTKA H3MEeHeHus napameTpa ¢; OX-
'HaKO C MNOMOIIBI0 HEpaBEHCTBA TPEYroJbHHKA JIErKC J[OKa3bBaeTCH TOT HBBECT-
‘Huit ¢dakT, uTOo 00a onpeleneHns SKBUBAJeHTH:.) JIerKo Takike [AOKasaTh, HTO
‘TAK onpenen&HHas NJHHAa o6Gnalnaer BCeMM OCHOBHHIMH CBOMCTBAMH OGHIYHOM JJIMHBI
B 3BKJIHIOBOM NMPOCTPaHCTBe; 3TO Oyher chenavo B § 1 ra. II. oy

Ecan Mu uMeeM Kakylo-HUGYINb NOBepXHOCT F # Ha Heit Heupepbmﬂjm KpH-
Bylo L, TO AIMHY KpHBO# MOXHO ONpenensTb ABYMS CNOCOGaMu: BO-NMEPBHX, KaK
IAUHY B NPOCTPaHCTBE, a BO-BTOPHX, KaK JJMHY B CMbIC/le BHYTpPeHHefl MeTpHKU
nosepxHocTy F. B nepsom cayyae nansHa xpusoit Gyner (cumBoa sup oGo3Hayaer
“TOYHYI0 BEPXHIOIO [PaHHNY):

So(L) =sup X polX (1) X (£)), ()
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e po— PACCTOSHHE B NPOCTPAHCTBE, 4 BO BTOPOM Ciay4ae AauHa Gyner

s (L) =sup X p (X (t;_4) X (£)), (2)
rie p— pacc:Tosmue‘ Ha MNOBEPXHOCTH.

Ilokaxem, 4TO ofe Osurm 8cezda cosnadawom, m. e. Ha BCAKOL nosepxHocmu
13 moz0, umo OarHas Kpusas L umeem ém:my 8 ODHOM CHbiCre, Caedyem, %Mo
OHA umeem OAuUKY 68 OpY20M cMbicAe u 00e OAuHB. PABHbL,

[pexne BCero 3aMeTHM, 4TO MO OMpENENEHHI0 PACCTOAHMA. HA TOBEPXHOCTH OHO
€CTb TOYHAs HIXKHAA PAHMIA AJAHH KDPHYBHIX Ha HeR, NMpHYEM JIMHBL ONpENElSAOTCH
B NPOCTPAHCTBE, T. €. no (opmyaam, ‘ananoruysnM (1), INesTomy, ecind L; — oTpesok

kpipo#t L mexay Toukamn X (¢;,_,) u X(#;), 10 ero mmna sp(L;) He MeHblle, 4YeM
pactTosHHe Ha NOBEPXHOCTH MeXAY ITHMH TOUYKAMH, T. €. °

So (L) 2 p (X (f:-1) X (22))- (3)

CKnannipasi 5TH HEpaBEHCTBA W 3aMeYas, UTO CYMMa IJIHH OTPE3KOB L, paBHa RHe
BCe# KpUBOR L, MLl NOJyu4M:

so(L) > z (X (tig) X (2)). | (4)

Ilockonbky Bce Takue Cymmel He Goabwe sp(L), TO 4 MX TOYHAas BepXHa# rpaHuHa
ue Gompme s5(L), T. e. .
so(L) > s (L). . (5)

[TosToMy H3 CywWecTBOBAHHSA xoneqﬂon JARL Sg (L) cnenye'r CyH{eCTBOBaHHE KOHEY-
Hot maumel s (L). ,

C npyroH CTODOHB, pACCTOsHHME B. NPOCTPAHCTBE He GoJblie DACCTOAHUA Ha
noBepXHocTH (Belb DACCTOSHME B MPOCTPAHCTBe 6ePETCH RO AMHUK, KpaTuaitme#l BO

BCcEM MpPOCTPAHCTEE, 4 He TOJBKO MO noaepxuocm!), T. €,

Po (X(fi 1) X)) <o (X (5-y) X(ti)) (6)
- Orcioga 1 u3 q)opmyn (1) u (2) scuo, uto
so (L) <s (L) 7

TlosToMy M3 CYUIECTBOBaHHA KOHeyHoM miuHH S (L) clleNtyeT CyulecTBOBaHHe KOHeu-
HOlt JUIMHBEL So(L).

Hepasencrsa (5) u (7) naior

. So (L) =3$ (L))
4TO H TpPe60BanoCh JOKa3aTh. : '

IlocKoNbKY IJIMEH KDPHBHX Ha NOBEDXHOCTH COBMAMAIOT NMpH OGOMX OnpefleeHHSX,
TO pPACCMOAHUE HQ NOSBEPXHOCMI PABHO MAKNCe MOYHOG HudcHel 2panuye dnun
KpUBWX 8 CcMuicae onpedenenusi OAuH6L nNOCPEOCMBOM BHYMpPEHHel Mempuru
nosepxkocmu. 3ta (HOPMYJIHPOBKA He CONEPKHT CCHIJIKH Ha DACCTOAHMA H JJIHHBL
B 'MPOCTPAHCTBE; OHA NPHHANNEKHT LEAUKOM BHYTDEHHER reoMeTpun MOMET GHTb
NO3TOMYy NEpeHeceHa Ha MeTpHYeCKHe NPOCTPAHCTBA.

Mempury 8 ao6om MempuuecKoM nPpoCMparcmee Me. 6y0eM Ha3wgans BHY T-
peHHel, ecau paccmosnue mexcoy A0OCHMU O8YMA MOLKAMU 3MO20 RPOCMPAH-
cme’ DasHO MOYKOL HuoCHel zpanuue Osun KpushxX, COLORHSIIOUUX SMUL MOUKIL,
npu smom OauHa Kpusol onpedeasemcs 4depes Mempuxy no giopmyre (2). Mu
HOKa3a/H, YTO MEMPUKQ BCAKOL NOBEPXHOCMU SBASEMCST SHYMPEHHEE 8 CMbCAe
amozo onpedeserus.

PesiomMupys Tenepp BBHIBOAB 3TOro mnaparpada, M MOKeM CKa3aTb, YTO MeMpu-
4eCKOe NPOCMPAKCMSE0, U3OMEMPUKHOE BWNYKAOL nosepxHocmU, Jdoacro Osms
20MeoMophrO 0Oracmu Ha cihepe U UMEME BHYMPEHHIOW MEMPUKY.

3 A. O Anexcammgpos.
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MeTpHueCKOe NPOCTPAHCTBO HABWBACTCA O8YMEDHOIM xuazooﬁpasum eC/IH OHO
CBASHO M BCAKas TOYKA €ro HMMEeT OKDeCTHOCTb, FOMEOMOPJHYwW Kpyry (n-mepHoe
MHOrooGpasHe HMeeT Yy KamJOH TOYKH OKPECTHOCTD, roMeoMOpdHYI0 1-MEpHOMY
wapy !)). Tak kak MBI GyJeM HMeTb AeJ0 TOJBKO C ABYMEDHEIMH MHOrOOGDa3HAMH,
TO MB GyleM HaskBATb WX MPOCTO MHOro0Gpasusmu. Beskas noBepXHOCTb B CMEICHE
o6IIero onpenenesns, naiHoro B § 1, mpeacraesaser coGo#t AByMepHOE 'MHOroOGpa-
3de, eclM pacCTOAHHSI MeXny ed TO‘-lKaMH H3MepATh B MPOCTPaHCTBe, B cMuicae ke -
BHYTPEHHEe# METDHKH He BCAKa® NOBEPXHOCTh GyNeT MHOroOGDA3HEM, MOTOMY 4TO
BHYTPEHHHE OKPeCTHOCTH Ha Helt MOryT He GEITh ONHOBPEMEHHO «BHELIHUMH® OKPECTHO-
cramMd. OJHAKO MH MNOKa3ajH, YTO BCE BHIMYKJble MOBEPXHOCTH OKA3bIBAIOTCH MHOrO-
0o6pa3sHsMM TaKike C TOYKH 3DEeHH® BHYTDEHHell MeTDHKH, MMEHHO MHOrcoGpa3HsiMH,
roMeoMopdHEIMH o6GaacTaM Ha cdepe. TouHO Tak Ke BCAKHH MHOTOrDAHHHK WM
BCAKas PerynsipHas MOBePXHOCTh 6YAYT MHOTOOGPA3HAMHM C TOYKH 3DEHHS BHyTDeHHeH
MeTpHKH. BooGuie MpeiCTaBAAeTCA nenecoo6pasHbIM BHIEAHTE 0c060 Te HOBerHOC‘i‘H,
KOTOpHé 0OKa3nBawTCH MﬁOT‘OﬁOp&SHﬂMH B CMBICAE #X BHY’T‘pE‘.ﬁHéH METPDHKH. 3JTM
CBoHCTBOM O6/MajaeT BCAKA# MOBEPXHOCTb, HMeoHias BHYTDEHHIOIO METDHKY H Takas,
YTO W3 CXOXHMOCTH e¥ TodeK X, K Touke X KaK TOueK B NPOCTPAHCTBE CJhenyer,
4TO paccTosuMe p(XX,) Ha NOBEPXHOCTH CTPeMHMTCH K Hymo ?). Bumecre ¢ Tem, mu
NOK233a/H, HTO MeTPHKa BCAKOH NOBEDXHOCTU ABAAETCHE BHYTPEHHEH B TOM CMBHICHE,
4TO PACCTORHUE MENKIY IBYMS TOYKAMH DABHO TOYHOM HMMNHEH rpaHune IJIMH Coenu-
HAIOWMX KPHBHX, H3MEDEHHHX B CaMOW MeTpHKe mnoBepXHOCTH. CONOCTaBleHWe STHX
pesy/ibTaTOB NOpOXKIaer B KauecTBe .O0UIEr0 OGBEKTAa UCCIENOBAHHA BO BHYTDEH-
Helt TeOMETPHH TNOHATHE MHO2000pA3UR -C BHYMpPeKHell Mempurol, T. e. Mampu-
XeCKO20 MPOCMPAHCMBA, SEARIOULL0CR MHOZOOODASUEM L UMEIOLE20 BHYMPEHHIOND
MEMPUKY 8 CMMCAE OAHHO20 suuie obwezo onpedesenusn 8). Hexoropue o6ume
CBOHCTBA MHOrooGpasmit ¢ BHyTpeHHe#f MeTpHKOH O6yAyT paccMoTpennl B ra, IL
Bunmykipie NOBEpXHOCTH MPEACTABAAIOT YACTHBIM KJIACC TAKMX MHOroo6Gpasuit.

§ 7. OcHoBHHE NOHATAS BHYTPCHHeH reoMeTpHH.

3nece MBL JaiMM ONpeneNeHHs HEKOTOPHX OCHOBHHX NMOHATHR BHYTpPeHHeR -reo-
merpud. Mbl paccMaTpuBaeM npH STOM J1060€ JAaHHOE MHOrOOGpasHe c BHYTPeH-
Hell MeTpHKOH p(XY), B 4acTHOCTH, OHO MOXET GHTb BHIIYK/OH# NOBEPXHOCTHIO.
Ho Tak kak Bce Hawm onpenejeHus GYyAyT OCHOBaHH TOJBKO Ha MOHATHH PaccTos-
HYS, TO TEM CaMBIM OHM HE B3aBHCAT OT TOrO, DeaJH30BaHA /¥ [aHHad MeTpHKa
MOCPEACTBOM KaKoH-HG60 moBepXHOCTH KM HET.

IIpexnae Bcero Mel UMeeM, NMOMHMO IOHATHA O PacCTOAHHHM, NOHATH 06 OKpecT-
HOCTH, O CXONMMOCTH MOCJAeNO0BAaTeIbHOCTH TOUEK W APYrue TOMNOJOrudecKue MOHATUS,
onpenenéHHuie 1as Ja060ro METPHYECKOTO MPOCTPAHCTBA BOOOIILE. B § 6 Mu omnpe-

1) B rononornn NPHUATO HA3HIBATL MHOTOOOpa3HEM BCAKOE TOMOAQrHYECKOE npoc'rpancrao
KOTODOE, MOMUMO YKA3aHAHX CBOHCTB, Jomyckaer emé pasbuewHe. Ha CHMIUIEKCBI. 310 Tpebo-
BaWHe B HAIlEM CAY4ae OKA3HIBAETCH MHIIHHM.

2) Ecau gy — paccTOAHHE B NIPOCTPAHCTBE, TO, OYeBHIHO, po < p B MoTOMY, ecin p (X X,) <s,
To TMonaBHo pg{XXy) < . [losaToMy BHEmNAA OKpPECTHOCTb BCErZa OKa3bBaeTcA Taxie BHY-
TPEHHEH, Ec.vm #e Hu3 pg (XXp) — O caenyer p (XX,) — 0, T0 1 o0paTHO, BcAKad BHYTpEH-
Hf OKPECTHOCTb OKAa3HBAeTCA TAKXE BHEIIHE

3) Bee Merpnueckue mpocTpaHcTBa, xo'ropue ¢daKTHYECKH H3yualoTcH B reoMeéTpuu (mpo-
cTpancTBa Pumana, Punclepa), NPENCTABAAIT COGOH n-MepHHE .MHOrooGpasui.c BHYTpPEH-
HEeH MeTpHKoit, Merpuqecxne NPOCTPancTBa (PyHKUHOHAMLHOIO 3HAJMH3a TOXKE MMEIOT BHYTpEH-
HIOI MeTpHKy. Hagonel, uMeeT MecTo Teopema:- BCAKOE METPHUECKOE TPOCTPAHCTBO H3OMe-
TPHUHO MOXNPOCTPAHCTBY METPHUECKOro MPOCTPaHCTBa ¢ BHyTpeHHeH MeTpHko#. Jlokasareib-
CTBO €& TpHBHaabHO: KawAoK mape Touek X, Y mamHoro mpocrpancrBa R ¢ MeTpHKoif p
COTIOCTAaBAAETCA OTPE3OK MMMHB p(XY) U KOHHbl €ro OTOXAECTBAARTCA C TOUKAMH X M Vi
MoAyYAETCA MPOCTPAHCTBO C BHYTPEeHHel MerpHKOH, cozepikaiee JaHHOE R.

BakurnM cBollcTBOM TpPOCTPaHCTB C BHYTPEHHEH METPHKOH ABAAETCA CAELYIOLEE: ECAK
IB2 TAKHX MpOCTpaHcTBa Ky H K3 MOXHO roMeoMopguo oTo06pa3suTh APYr Ha Apyre Tax, yTO
B CKOIb YrojHO MaJHX COOTBETCTBEHHHX OKPECTHOCTAX OTOOpXiKcHHE GYHET H3OMETDPHYHO, TO -
OHO GyAeT TaKike H3OMECTPHYHO B HeJNOM. BuyTpeHHAs MeTpHka onpenemercn B LCJIOM: 3aia-
BEeM e€ B ckouab yroguo MasIbix obnacTax.
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JeAHaH NJHHY KpHBOH, noab3ysack NaHuO# MeTpukoit p (XY). Kpusas, coennnsiomas
ABe [aHHBlE TOYKH M HMMeiOlds HaHMeHbIIyK MIHHY CDENH BCEX KDHBBIX, COSQMHSIO-
‘mEX 9TH TOYKH, HA3WBaeTcH Kpamuaidwesd (KpaTyaieR, coeauHAIOmMER HAHHLIE
toukn). Ecan paccrosmue p(XY) paBHO TQUHOR HmiHeH TpaHMIE IVIMH KDUBHIX,
COeNMHAIOMKX Toukd X M Y, TO IMaMHAa Kparuadmel auHun XY paBHa, OueBMIOHO,
paccrosuuio p (XY). Onﬂaxo MeX/Y IBYMs TOYKAMM MOBEPXHOCTH MOMET H He GHTH
Kparyainefl; AOMxHB OHITh TOJMBKO KPHBHE C NAMHOM CKOJp Yromo GausKkod x
paccrosuuio. Hanpumep, ecin noBePXHOCTb MPEACTaBAAET COGO# MOCTO HEBLIMYK-
JAYI0 TAOCKYI0 06/acTh, TO B Hel BCeraa MMEEeTca CKO/IbKO YrOAHO TAKMX NAp TOYeK.
BrnpoueM, MH fanbiie NOKAXEM, YTO BO BCAKOM MHOrooGpas¥H C BHYTPEHHell Me-
TPHKO#t JBe AOCTaTOYHO 6/M3KHE TOYKH BCERAA MOMHO COENMHHTh KparyaitmeH u yToO
Ha BCAKOR 3aMKHYTOH, Jaxe Ha BCAKOH MoaHo# Bbmyanﬁ NIOBEPXHOCTH JMIOGHIE ABe
TOYKH MOXKHO COEAMHHTb KpaTyaitiief. .

.e00e3umeckofi Ha3HBaeTCS HeNpepHIBHAN KDHBAsf, WBIAIOMWIANCH KpaTdafimeR Ha
BCAKOM JOCTATOYHO MajzioM CBOEM oTpeske. oBops moapobhee, reomesauueckas ecrb
Takas HenpepwBHas kpmBas X (f) (0 <<¢ < 1), uTo An% BCAKOTO 3HaYeHHs I MOXKNO
yka3aTh Takofl.oTpesok [f,, Zgl, conep:xanmn ¢ BHyTpH (M/v Ha rpaHule, eciau =0
M 1), uro xpuBas X (f) Ha npomexyTke . [¢,, f3] ecTb KpaTyafimas MeXAy Tou-
kamu X (£,) v X (f3). B cuny storo onpenenenus u nemmel Gopens, reonesnueckyio
MOMXHO MOKPHITH KOHEYHBIM YUCJIOM KpaTyalilux, a cJeloBaTeNbHo, TakKe pasbuthb
‘HA KOHEYHOe YHCIO KpaTyaiiuMx.

_Hanpumep, ayra Goabmiord Xpyra Ha chepe, GOJIbWIAA YEM TNONYKDYF, €CThb
reofieyeckasi, HO He Kparyaimag. KpaTuaituive W reosesyyeckue MrpaioT BO BHY-
TpeHHe#l reOMeTpUH POJb NPAMBIX,

Tpeyzosshuxos Mb Gynem HasmBath Qurypy, roMeoMopbHYIO Kpyry H orpasu-
yeHHylo Tpems KparyaHmmumu. CaMm kparyafiliHe HA3HBAIOTCH CTOPOHAMM, a TOUKH,
rie OHH NOMNapHO c\xonarcsr-——nepmnuamu Tpeyronmux; Teodesuuecrum mpeyzoab-
HuKom, B OTAWYHE OT NOPOCTOC TPEyrONbHAKE, HA3HBAETCR dirypa, orpanutuesHas
TpeMs Teole3HYeCKHMH.

Mrozoyzoasruros mu Gynem HasmBath Gurypy, o6aanaouyio cnenytoumun
ZByMs ceoficTBamMu: 1) rpanuna e€ CoCcToMT Hé Gonee ueM W3 KOHEUHOrO YHMC/IAa Kpar-
vafiiiux (B YaCTHOCTH, OHA MOXET BOBCE HE MMeTb rpaHullbl); 2) Kaxjaas Nociaeno-
BaTE/NbHOCTb €& TOYeK HMeeT B Hell TOUKy crywmesns (7. e. OHa, KaK roBOpAT,
KOMMakTHa). [IpumepaMa MHOrOYrOJbHUKOB MOCYT CHYXHTH ccpepa nonycq)epa Tnosc
Ha UMJMHADE MeXJy NBYMs HalpaBiAIOLIHUMH,

MoxHOo ewd onpenenuTb Kpyez ¥ OKpYICHOCMb: KDYr €CTb TeOMETPHYecKoe
MECTO TOYEK, yAai¥HHHX OT NAHHON He Gojiee 4YeM HA JaHHOe PaccTofHUE, a OKPY K-
HOCTb — TEOMETPHYECKOE MECTO TOYeK, PABHOYAANEHHHX OT AAHAOH TOYKH. .

Onpenensm Tenepb MOHATHA YTia MEXAY ABYMS KDHBHIMH, HCXOUALIMMH U3 OfHOH
TOYKH B MHorooﬁpaam ¢ BHyTpeHHe# MeTpuko#t. [lycrb X;= X (¢) (0<t<1)
’ H Ys-—- X {S} \Q\gs < &]—'Auc ncuyuyﬂnnmc "pﬂ"ﬂc, nunﬁﬂmﬂe a3 lU"-l’Kﬁ U,
T.e. Xy=Y,=0. _Mb[ npexanoiaraeM, yto Ttouka O He aBiasercs xpamon, T. e.
npd £ H §, HEe DPABHHX Hymo, Toukd X; u Y, oramyns ot O. TlocTpoHmM Ha mio-
CKOCTH TpDeyroAbHBK €O CTOopoHamu, pasHuMH p(0X}), p(O0Y,), p(X,Y,).~Vroa,
JexXamu#t B STOM TPEYrOALHHKE NPOTHB CTOPOHLI, PaBHOM p(X Y,): mu oﬁoaﬂaqaeM

1{f, s) (uepr. 6). Tak Kak NO HEPABEHCTBY TPEYrOJAbHMUKA CYMMA ABYX JIOOHX H3
wacen p(0X;), p(0Y,), p(X;Y,) He MeHblle TpeTbero, TO TaKo#t TPEYTOMBHHK
BCeria cyuwecrsyer. KOHeYHO, OH MOXeT BHIPOXNATbCH B OTPE3OK, €CAu, Hampumep,
p (X, a)_.p(OXt)—}-p(OYs), STOT cay4Yall MH He NPENNOJaraeM HCK/AIOYEHHBIM.
BmecTe c TeM, Mu NpeANOJaraeM, 4o £ H § OTIMYHH OT HyAS, TAK 4TO TOYKH X,
u Y, oramynn o1 O H, cnenosatedvHo, p (OX;) u p(0Y,) nonoxuTenbHmL.

Veron MexHcOy dannn M KpussMu Mu Haswsaesm npedex yeaa (i, s),
npu t u S, cmpeMRMuUXCE K HYao, m. e. npu X, u Y, cmpemsmuxcs

2 ) an'r MARANTANT DAUAULIA MAWST Io AUTITOASm AL ar asww trmAanur  musmes
s wAUL NPVALIL, AUVHEVIOWY, ;muUmLs ac \._yu.\u\.lDUDal.D, H I.UIAG Ml b“ll’lldﬂm Hiu B

" Touke. O AaHHHE KPHBHE He 06PasyloT APYT C APYrOM HHKaKOro onpenenéﬂﬂoro yraa. f

a*
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310 noHATHE ym’a MpuiaraeTcs, B 4aCTHOCTH, K xp’awaﬁmum 'HCXOJSIIHM U3
OlIHOH TOYKH U llyCTb L. H IVl — LABE TaKHe Kpquanmuc H A, I _IJCPEMEHHNE TOUKH '
Ha Hux, otauyHele or O. IlapaMeTpH { H § TYT HeT HAXOGHOCTH BBOIMTL: 3a £ U §
MOXHO npuuaTh e Ayr OX u OY 4, Tak Kak HAA4HA ARYTH Kparyaimei pas-
HAa PpAaCCTOAHHMIO, TO HAa MeCTO f M § MOJCTABJAIOTCH Ca-
mpie 6{0X) n p(0Y), xoTopoe Mel GyaeM HOCTORHHO
0603HauaTh yepes x H y. Jlanee, B coriacuy ¢ oSuuM onpe-
neJIeHUeM, CTPOHUTCH TVIOCKHH TPeyrolsHHK CO CTOPOHAMH
x=p(0X), y=p(0Y), 2=p(XY) u B HEM Oep¥rcs
yroa y(x,y), nexamu#l NPOTHB CTOPOHH, paBHO# 2. TIpe-
nell a 3THX yraoB y(x,y) NpH X ¥ y, CTpeMAuluxcd K
RYJ10, eCTh yroa Mexay Kparuamumu L n M, ’

Mu nokawem (B § 4 ra. III), uro wmexwcdy wpamwuai-
WuMy Ha sunylmoﬁ NOBEPXHOCIMU IMaK ONPecesrrb U
yeoi gcezda Cyujecmsayer.

¥Yron MOXHO, KOHEYHO, ONpele]uTb qnopmam,ﬂo, BOBCE
HE NpHBJEKas TPEYroJbHHKOB HAa MJAOCKOCTH. JleftcTBH-
TEJbHO, B 3TUX TPEYroONbHHUKAX

. 2 =x?ty?—2xy cos 1 (x, ¥).
[TosToMy yroa a Mexny Kparqanmum: L v M moxuo npocwo onpeneTs no ¢op=

‘MyJe Ayt
2xy

‘cosa = lim
@ y->0

A Buicnyyae OBYX M0GHIX KDHBHIX

0X¢)® + p (OY5)® —p (Xi¥,)?
cos @ = lim p (0X; 8 t7s ,
e Zp(0X)e(OFy

npHyém GepETCs 3HaueHHe a B mpomexyrke [0, =], Olmaxo orlpe.u.eneﬂue C MOMOUIBIO
fIIOCKUX TPEYrONbHUKOB PACKPHIBAET HCTHHHYIO CYUIHOCTh 3THX (QopMyI.

O6uue csoiticrBa yraa GyAyT MccaenoBaHH chenuansHo B ri1. 'IV. Onn BO MHO-
roM aHaNorHydel CBOMCTBAM yrild MeXay MOJYNPAMHMH HA MAOCKOCTH. Jlas rnaikux
NOBEPXHOCTEH NAHHOE OnpeaeNeHHe Yria COBMajgaeT C TeM,. KaKoe, MPHHATO B Aud-
depeHIMANLHON reOMeTDHH: YroJ MeXIy KDHBBIMM, HCXOAAWMMH W3 Touku O Ha
r1agKo#f MOBEPXHOCTH, OKA3BIBAETCA YIVIOM MEWAY KacaTedbHEIMH K STUM KDHBBIM,
nposeféHHEIME B Touke O. Jlns Toro uro6bl BHLIACHHTH aHANOTMUHBEIR NpOCTpaH-
CTBEHHHIH. CMBIC/I YI1a MeXAy KPHMBLIMM HA J11060H BBINYKJIO# NOBEPXHOCTH, BBEAEM
MOHATHE O KACAMEALHOM KOKYCe, IpeACTABISIONIEM ecrecTBeHHoe obobuieHdHe IOHA-
TUS O KacareJbHOH MJIOCKOCTH,

IMycrs F—Kakas-1u60 BHINyKJIaA TMOBEPXHOCTh U O ——NpPOU3BOJNBLHAA TOYKA Ha
- e, Bynem nono6uo YBEJNWUNUBATL MOB*PXHOCTh F ¢ 1EeHTPOM noao6Gusi B TOYKe 0.
Torna, ecnu xoacbcbuunem noa06UA CTPeMHTCH K 6ecxoaeqﬂocm TO MNOBEPXHOCTH,
noayvamumecs npu stoM u3 F, 6yayr, Kax 970 MOXHO nokasaTs (cu. § 5 ra. IV),
CXOHMTBCE K HEKOTOPDOMY BHIMYK/JOMY KOHyCy ¢ BepiunHo#t B Touke O. -Omom
KOHYC HA3BIBAEMCR KACAMEAbHHM KOHYCOM K noseprrocmu F 8 mouxe O. Ecau
B Touke O nNOBEPXHOCTb HMEET KacaTeJbHY® NAOCKOCTh, TO OHa # Oyner Kaca-
TeNbHHM KOHYCOM B 3TOH Touke. B Toukax, aexamux Ha péGpax MOBEPXHOCTH,
KacaTe/MbHHH KOHYC CBOAMTCH K ABYFpDaHHOMY YIJIy H TOJBKO B OCTpHSX, WIH TakK
HA3HBAEMEIX KOHU4YECKUX MO4YKaAX, OH MOXeT OHITh Yyie JIOOLIM BHINYKJBIM KOHYCOM.
‘MOXHO mnOKa3aTh, YTO KacaTeNbHHI KOMYC MOXHO TaKKE ONpeNenvtbh KaK reome-
TPHYECKOE MECTO TOYEeK, JexamMxX Ha BCeX NOJAYNPAMEX, #BJAAIOMUXCHA npeaenaMy
NOJNYNPAMBIX, MPOBEIEHHLIX H3 TOYKH O B TOYKH X NOBEPXHOCTH F, KOraa TOYKH X
cxomsitea k O.

IMycte w3 Touku O Ha noBepxHocTH F nposeneHa Kpusas L. [Ipenen noaynps+

wolt, wunywe#t us O B nepemeuﬂy}o TOYKY X xpuson L npr yClHOBHH, YTO X
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crpemurcs K O,  naswBalOT nosyxacameavnoX K kpusoftt L B Touke Q. Ecam
MOAyKacaTe/bHasA CYWECTBYET, TO, OHA eCThb 06pA3yiollag KacaTeabHOrO KOHYCA.

Mu noxkaxeM (B8 § 1 . IX) caeayiouyio Teopemy: .Jas mozd umobu Ose
Kpussie, ucxodnuue u3 oowod mouxu O Ha 8unyxsolk nosepxiocmu F, obpaso-
-BHBAAR 8 IMOU MOUKE Y204 8 CHMBCAC ORKHOZ0 Bolule BHYMPEHHEZO OnpedeseHus,
HeoOXo0umo u Oocmamo4uro, 4mobu ORu uMesun 8 mouxe O nOAYKacamessHbie.
Yeon mexncdy smumi KpussiMu pasen moz0@ yany Mexcoy BX NOAYKACQMEALHSML,
USMEPEHHOMY Ha KacameabHOM Konyce. Iloclennee HyKHO NOHMMATH CIEAYIOLIUM
0o6pa3oM: moAyKacareabHbie, Oyiayud OG6PasylOUIHMH KacaTeJbHOTO KOHyCa, Jenar
€ro Ha JIBa CeKTOPA; Yrfi S5THX CEeKTOPOB ONpeNeNMTCH pa3BEpPTHIBAHHEM Ha IO~
CKOCTb; MEHbIllM} M3 YIJIOB STHX CEKTOPOB M ECTh «YyroJ Mex/y NoAyKacaTelbHHIMH,
M3MEPEHHBIA Ha KacareJbHOM KOHyce». Ecau B Touxe O KacaTenbHbIH KOHYC CBOXHTCH
K IJIOCKOCTH, TO 3TOT yroa OyaeT OGHYHHIM YINIOM MeXAY NOMYKAacaTelbHLIMH.

" B yacTHoCTH, AN KpaTqaMIIHX HMMeer MECTO ' :

TeopemMa, foKasawHas . M. JiuGepmanom: Kpam-
qajuwan Ra GWNYKAOL nosepxXHocmu umeem 8
KaxcOol mouxe Npasyro u Aesyio KacameabHble
(a caenoBaTeALHO, NMPABYKO H JEBYIO MOJYKACATE/b-
Hete) 1). TosToMy yroa MexAy KpaTyaluinM#, uc-
XOASLIAMH W3 ONHOH TOYKH, DABeH YIIy Mexmy
HX MOJyKacaTeJbHHMH B 3TOH TOuKe, H3MEpEHHO~
My Ha KacaTenbHOM KOHYCeE. ' YepT. 7.

‘JlaHHoe HaMm BHyTpeHHee ONpelNeneHHe yriaa ‘

And KPHBHIX HA BBINYKJIBIX MOBEPXHOCTAX INOJHOCTHI® COOTBETCTBYET €CTECTBEHHOMY
MOHATHIO 00 yrile, HO B APYTHX CAy4YasX OHO MOKET HMETb ONHY OCOGEHHOCTb, KOTO-
Pyi0 HOME3HO OrOBODHTH. -Bo3bMEM, Hanpumep, KOHYC C MNOJNHHM YIJIOM YIDH
BepIIHHe, DABHHIM 4 T; TaKoM KOHYC MOXHO H3rOTOBHTb, Da3pes3aB IBe NJOCKOCTH
N0 NOJYNPAMBLIM H CKJAEUB HX IPYr C APYroM MO CTOPOHaM MPOH3BEAEHHHIX pa3pe3os
- (yepT. 7)%. DTOT KOHYC MOKHO Da36HTb HA YETHPE CEKTOPA C YIJAMH, DABHBIMH T,
T. € Ha 4YeTHPe MOJAYMIOCKOCTH. Eciu ToukH X u Y JNexar B JABYX NPOTHBOMNOJIOK-
,HHX CeKTOpaX, TO COemMHfIoMad MX Kpartuaimas O0O6%3aTE€NbHO NPOXOLHT uepes
BepmiHHy 'O KoHyca, H e& orpe3ku OX u OY pas6uBalOT OKPECTHOCTb BePIIMHH
Ha JBa CeKTOPa, KaXAHI M3 KOTOpHIX uMeeT yroJa, OGoabmu#t w. EcrecTBeHHO
cuATaTh, 4TO yroa Mexnay otpeskaMH OX u QY paBeH MeHblleMy H3 YIJIOB STUX
CEeKTOpOB. Mexay TeM, N0 NpPHHATOMY HaMH OnpeleleHHI0 yraa, OH HHKOrna He
~ MoXeT OBITh GOJbIIE T, IOTOMY UTO SBJSETCH NpENeNOM YIAOB HEKOTODHX MIOCKHX
TPEYroAbHUKOB, a Yran B NJIOCKOM TpeyronbHuke Bceraa He 6oabme =, Ias or-
peskoB OX u OY yroa B HawieM ONpelneseHHd paBeH, OYeBHAHO, T. 31eCh NOJY-
YaeTcsl, CAEeNOBATENbHO, HEKOTOPOE HECOOTBETCTBME € eCTECTBEHHHIW HOHATHEM Yria.
Tem He meHee, NaHHOe HaMH OMNpelesieHHe OKA3HIBAETCH BCE ke BechbMa YAOOHHIM.
. YcTpaHeHHMe e YK43aHHOIO HECOOTBETCTBHH NOCTUraeTCs BBENEHUEM HOBOIO BaX-
HOro nousATHa 00 y2.e cexmopa. : . -

Mycte L w M-—gBe Kparuaitige, ucxofsmue H3 Toukdn O B MHOrooGpasum
C BHyTpeHseit MeTpUKOR H He MMelouMe BOGAH3M (O HHKAaKHX JIDYTHX - OGIUIKX TOYEK.
(Ha Brnyxk;a0#t NMOBepXHOCTH BCHKHE J[Be HECOBMAJAOMHE KpaTya#mive 06G/nanaoT
STUM CBOMCTBOM, kaK Gyner mokaszano B § 4 ra. IIl.). Toraa xparvatimue L u M
pa3GHBalOT AOCTATOYHO MajyI0 OKDEeCTHOCTh TOYKH O Ha JBa <«cekTopa». BosbmEu
ONMH W3 3THUX ceéKropoB U H GyjneM NMpOBOAMTH B H&M u3 TOukM O Kpatuadimune Nj,

1)U. JIu 6 e p M a u, Ceone3nteckue JHEAN HA BHINYKJIHX NOBEPXHOCTAX, Joknanu Ax. Hayk
CCCP t1. XXXII, Ne¢ 5 (1941), crp. 310—3¥3. 1gry TeopeMy Mbl JokaxeM B § 6 ra. 1V. Ilpa-
Boil (AeBOH) kacatenbHoi K KpnBO# X (£) B TOUKe X ({)) HasmBaercA mpefen CexyuHX, mpo-
XogAMMX 4veped touku X (%), X (#) xpuBoii, koria ¢ crpeMHTcs K %, crnpaBa (ciaeBa), T. €.
TaK, 4TO BCE BpeMa £ > fy (¢ < fy). o ’

%) Ha uepr. 7 oxHa NAOCKOCTb paclofoxeRa LenuxoM Hax apyroit. Kpas paspesos, no
KOTOpHM NMPOH3BEAEHO CKJACHBaHHE, CleTKa Pa3BelEHbL ’
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Ny, N,, HyMepys HX B mopsiKe HX 'PACHIONOKEHHS MEXNY L n M. O6o3Hayum
uepes dy, dy,..., @, Yra Meway L B Ny, Ny n N,,..., N, u M. Tounyw.
BEDXHIO TIpaHuLy CymMM ¢,--@&; - ... 4@, Opr BCeBOSMOWHOM BuGOpe Kparuait-
IHX N B IPH 1I000M HX YHCJIE MBl Ha3HIBaeMm y20.4 cekmopa UJ. JleTanbHoe 060CHOBA-
HHE STOrO ONpejielleHH H- HCCIENOBaHHEe CBOHCTB yraa cekropa Oyner NpoBeleHo
8 § 3 ra. IV 3zech e MB OrPAHHYHMCH TONbKO HEKOTODHIMH OGLIAMHM yKAa3aHUAMH.

JIerko mpoBepHUTh, YTO Ha BCAKOM KOHYCE H, B YACTHOCTH, HA XKOHyCe C IOJHH yr- -
A0M 4w, Yyra CEKTOPOB MEXAY O6pPasylOLIHMH, onpeaeaseMele NyTéM pasBEPTLIBAHHA Ha
TIOCKQCTE, COBMANAIOT C TeMH, KaKue NONYYAK TCH NPH HalueM onpeneneHHH. Takuv 06-
Pa3omM, BBeJieHHe MOHATHS O yrile CEKTOPA YCTPaHseT YKa3aHHOE BHILIE HECOOTBETCTBHE.

Jna BHNYKJABX NOBEPXHOCTCH HMMeeT MeCTO CleXyioulee MpeaoxeHue: I[Tycms
u3 mouxu O Ha ewnyxaoll nosepxrocmu.ucxodnm Kpomuadwue Ly, Ly,..., L,
¢ nosykacamesspsisu Ty, Tgy..., T,. Vean cexmopos, Ha Komopsie Smu Kpam-
wadwue pasOusanom OKDECTHOCHL, MOKKY 0, pasHe. yzaum cexmopos, Ha Komo-
pue ux nogyxacamesvrue desam kacamesvuli xowyc 8 mouwe O. (Jlokasatens-
creo naércas B § 6 ra. IV). Orciona, B 4acTHOCTH, cnegyer, YTO Y2460 CEKMOpos
HQ BUNYKAOL NOBEPXHOCML CKAAOBBAOMCLS MOLHO MAK XCe, KAK Y2Abl CeKmopos
Ka KOWYCe, & 4moO CYyMMa Y2108 CeKmopos, o0pa3yiouux NOAHYIO OKPECIMHOCHb
mowxu O, He 3asucum Om smux Cexmopns u PABHA NOAHOMY Y2AY Kacamerb-
HOZ0 KOHYyca 8 smof mouke. DTy CYMMY eCTECTBEHHO NMOSTOMY HasBaTh NOAKbLM
yeaom soxpyz mouwxuy O. Ha BENYKAOW NOBEPXHOCTH NMOJHHMA yros BOKPYT BCAKOH
TOYKH He Goabwie 27, Ha rIaAKOH MOBEPXHOCTH OH BCerZa paBeH 2w, HO Ha HerJal-
KO H HeBHINYK/JOH MOBEPXHOCTH OH MOXeT GHTb Gojblie 2w, KaK, HanpuMep, yroa
BOKPYT BEDUIMHM DPACCMOTPEHHOTO BHiE KOHycd. Ecau nmoubit yrox BOKPYr TOUKH
O He Gonblue 27, To yrOm MeXAy ASYMs Kparuafiui¥MH, HCXOARUIMMH M3 Touku O,
COBMANaeT ¢ HAHMEHBIIHM H3 YIJIOB TE€X IBYX CEKTOPDOB, Ha KOTOpDHE 3TH KpaTyali-
e JeJST OKPeITHOCTb TOYKH O. Ecan ke noaswit yroa BOKpyr Toukn O 60/b-
ie ac, TO H3 TOukH O MOryT HCXOJHMTH KpaT'-laHume, neasuipe e OerCTHDCTb
Ha CeKTODH C yTJaMH, 5(5.TII>IUHMH T, W TOrAa HH OJWH M3 YIIOB 3THX CEKTOPOB
'He paBeH CaMOMy Yrily MeXly KpaTyaHiuuMA.

TlouaTHe 06 yrile CeKTOpa 3HAJOTHYHO MOHATHIO 06 yriae ceKTOpa B IIAaHHME-
TpBH. B noasom coraacuu ¢ nianumerpHef Mol GyneM HasbHIBaTh YIVIOM MHOrOYroAb-
HHKa P npH pepmuHe A yroa TOro CexTopa, OrpaHHYEHHOTO CTOPOHAMH, CXOASALIH-
Muca B A, xotopmit comepxur:a B P. Jlaxe An TPeyrolbHHKA STOT yron He 06a3an
COBManaTh € yraoM Mexay croposamu. Hanpumep, B39B Ha cdepe TpU TOUKH
A, B, C v coenunup uX KpaTyaHuiumu, Mbl pa306b&m cdepy Ha asa TpeyronsHuka ABC
K €CIM B ONHOM K3. HUX Yroa npu BepiuvHe A paBeH yray Mexay xparqaﬁmuuu
AB.n AC, TO B ApDYroM OH HONOJHAET 5TOT yroa 10 2=.

EnuHCTBeHnoe, noXxanay#t, CyuwecTBeHHOE OTAMYME YTJOB MEXAY Kpardalmumu
OT YriOB MexAy NOJAYNDAMEIMH Ha NJOCKOCTH COCTOMT B TOM, YTO Ha BHNYKJAOR
NMOBEPXHOCTH HE BCerdd OT J[aHHOM Kpityalimieldd MOXHO OTAOXKUTH YrOd, pdunun,
“maHHoMy. BosbmiM, Harnpumep, NpsMOH KpyroBOR KOHYc, K KOTODOMY MH HDHCOE-
IHHAEM TaKKe ero OCHPBAHME, H MyCTh (O -— ero BeplllkHa, a A -— TOUKA Ha OKPYX-
HOCTM QCHOBaHHa. Ha KoHyce HeT KpaTyalmuX, KacalouHxcs OKPYKHOCTH OCHOBA-
HHf] TO, YTO TAaKHX HET HAa OCHOBaHHH, — OUEBHAHO, 4 B TOM, YTO HX HET H Ha
Goxoaoﬂ NIOBEPXHOCTH, YyOexAaeMcs, pasBopayHBas e& Ha mAoCKocThb. I109TOMY He
CYWECTBYET Kpatuaftuie#t, ob6pisyrome#t ¢ OA B TOuke A npamoft yroa. I'oeops
KHaye, B HampaBJIeHWH OKPYKHOCTM OCHOBaHHA Ha IpPAMOM KDYrOBOM KOHyce He
NPOXOMHT HHKakKas KpaTtyaitiwas. ChaeloBaTeqbHO, B OTJHYHE OT CAy4a® peryaspHbHIX
noBepxHocreit, Boobuie roBops, He BO BCAKOM HanpaBjJeHWH W3 JAaHHOH TOYKH Ha
BHINYKJIO# NOBEPXHOCTH MOMHO NPOBECTH Kparvyaiinyio, [Janeme, B § 5 ra. V,
6yner, OIHAKO, HMOKAa3aHO, YTO B KaXnoHf Touke MHOXKECTBO TAaKHX OCOOLX Hampa-
Bneﬂuﬂ HMeeT Yr/IOBYK MeDY HyJb.

B cBs#sM ¢ TeM, uTO Ha HpAMOM KPYroBOoM  KOHyCe HeT KpaTddhiil

Cé
OKPYIKHOCTH OCHOB3aHMA, IIPEACTABIAETCA HEYIIOﬁHP[M BBOIHUTD BHy'rpeHHee ona'rne

=
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0 KacatreasHoR K KpHBOR KaK O npejeie CeKymMx Kpatualmux. Bmecto Hero Mu
BBEASM MOHATHE O HANPAaBJEHHH KPMBOH B JaHHOH Touxe, MMeHHO, Mbl GyZeM rosae
pUTE, UTO Kpusas, ucxodswan u3 mourxu O, umeem 8 Hell onpedesdrroe HaAnpa-
8nenlle, eCAu OHa oOpu3yem caMa ¢ co6o0d onpedeséursid yzos. D10 onpeneiesHe
BHIMISAHT HA NeEPBbIfl B3risA HOBOABHO AMKO, HO Ha CaMOM [elle OHO HMeerT -1oJ-
Hu#t cmucia. JlecTBuTenbHO, NycTh X;== X (f)— KpHBasg, HCXOA4Llad H3 TOYKH
O=X, B MHOroo6pasuy C BHyTDeHHel MeTDHKO} p. By.ueM paccMarpHBaTh STY
KpHBYKS KaK JBe cOBnajaiomue KpHBhe X;=X(f) u X,/ ==X’ (f); yroa Mel'KIlY
"9THMH KDHBHIMH oOnpelendercs No dopmyine
@ = lim 1 (¢, t).
Tt >

Coaepmemro OUYEBMIHO, YTO He AJs BCAKoR KpuBoH X (f) sToT npemen Gyxer cyme-
CTBOBaTL NpH A0 6oM cnocoGe cTpeMieHHs 3HaueHuht f, £ K Hymo. Paccmarpueas
STOT BOMPOC A KPUBOM HA INIOCKOCTH, MOXHO Ge3 Tpyza y6eauTbcs B TOM, HYTO
"l'nn 1(¢, ¢") CymecTByeT TOTHA H TOALKO TOTZa, KOrAd KpHBas X (f) HMEEeT B TOWKE .
y T

X(0) xacateabnyi. To e BepHO M Ha -1060H BHINYKJION NMOBEPXHOCTH; HMEHHO,
B § 1 ra. IX Mu noKaweM, YTO Kpusas Ha 8wnyxKAoli nosepxHocmu umeem 8 csoell
Ra4aAbKofl mouke Kacameabhyio (npedes cexymux RPAMHX) moda & mMOAbKO.
moz0a, Kxozda OHa uMeem 8 3Mol MOuKe OnpedenEHKOe HaNpasiexiue 8 CHHCAL
danr0z0 HaMu Onpedeserus.

Hansvwe, B ra. IX, 6yaer BBeneHO NOHATHE «O noaopore Hanp3BieHus Kpuaoﬁ»
HIH MPOCTO O <«MOBOPOTE KPHBOi», aBasiolleec 060GlIEHHEM NMOHATHS 06 MHTErpane
KpHBH3HH KDHBOH <10 JunHe ayrH. Takum o6pasoM, MH MONY4YHM B Hallle pacnopsxie-
HHE OCHOBHble IIOHATHS BHYTDEHHE-TEOMETDHYECKOH TeOpHH xpmaux H TaM ke
AAAMM DSA HX TPHIOKEHHH,

YTo6r 3aBEepIUHTH ONpefie/ieHHe BCeX OCHOBHHX NOHATHH BHYTPeHHel TeOMETDHH,
aHANIOTHYHBIX H3BECTHHIM NOHATHAM NJAHHMETDHH; OCTA&TCA TO/MBKO BBECTH WHCTO
BHYTPEHHHAM HYTEM IIOMIANp MHOrOYroJIbHMKA, 4 3aTeM M A1060H o6nacty Ha noaepx-
HOCTH. I'chrb P — MHOroyroAbHHK Ha MNOBEPXHOCTH, T. €. (Hrypa, orpaumem{aa'
KOHEYHHM YMC/IOM KpaTyaimux. PasoGb¥M ero Ha TPEYroNbHHKH H, CONOCTaBUB
KaOXAOMY H3 HHX. MJIOCKHI ‘TPEYTOJNbHHK CO CTOPOHaMH TOH e IJHHH, BO3bMEM
CyMMy mioutazeft BCeX STHX IJOCKHX TPeyrolbHHWKOB. [Ipedesr smux cyMm, nouny-
yaioumitca npH BCE Gonee M Gojee MeAKOM pa3OHeHHH MHOroyrojlmHHKa P, eCiH
TAKOBOH CYIIECTBYeT, M 4 RpUKUMAeM 3a nAOWads MHO20y204bHuKa P. B § 6
ra. Il MW JOKaweM, 4TO MHOTOYrOJBHHKH Ha BHOYKAOH MOBEpXHOCTH BCErNa MOXHO
pPasOHTL™ HA CKOJb YrolAHO Majblé TPEeyroJbHHKH, a B ri1. X J[OKaxeM, Y4170 A
KaXIOro MHOIOYroJbHMKA P Ha BHINYKJOH NOBEPXHOCTH Tak onpexen&HHas Miaowalib
CYWIECTBYeT H COBNAafaeT C ero NAOWAAbLI0 B CMHICAE OGLIYHOrO OnpeneneHHs Kak
npenena maomajelt MHOrorpaHHHX HOBepXHocrelt, cxoxmuuxcs Kk P. Tlocae Toro
KaK nAoliaAb MHOTOyroJibHHKOB OMNpeNesieHa, pacnpocTpaHeHHe €& aa AioGuie 06AaCTH

. MPOBOIMTCH YiKe U3BECTHBHIMH METONAMH TEOPHM MEpHL. .

Takum oO6pasom, MBl BHOMM, 4TO Ha BCAKOH BBHINYKJIOH! NOBEPXHOCTH MOXHO
BBECTH BCce MNOHATHA, aHAJIOTHYHbIE OCHOBHEIM NOHATHAM NJaHHMeTpuH. MoxHO no-
9TOMY OXHIaTb, YTO BHYTDEHHAH IeOMeTpHs JIOGHX BHNYKJIHX NOBEPXHOCTe#f MOMXET
6biTh Da3BHTa HE MeHee COJEPHKATENbHO, UeM, CKaweM, miaaHmmerpus. Ho s kpH-
- BHIX NOBEPXHOCTeH - uMeeTCss emE ONHO OCHOBHOE NOHATHE — WUMEHHO, NMOHATHE O MX
sHyrpeHHen KDUBH3HE, €r0 MHl pachOTpuM 0oco6Q B cienylomeM naparpade.

§ 8. Kpususna.

OTnpasHHM NYHKTOM B PACNPOCTPAHEHWH MOHATHS O KPHBHBHE HA MioGHe BHITYK-
ABle NOBEPXHOCTH HaM cayxuT teopeMa [aycca: nuomanb cdepHYeCKOro HsoGpae-
HUA TPEYro/lbHMKAa DABHA €ero «HM3GHITKY», T. €. uaﬁmxy CYMMB €ro yrioB Haj .
Rn mal mantiarn T ATIzITETI A A TRy EEveY v TP far M ATy e rrTa Ty

i UlUﬂ 1vvpemo upnpannnndmxun ,LLDC DT/ NMNIbDL, n3 AJIUVPDLA IICPDGH—IIJIUUJ.CAD
cepuyeckoro H3o6paxeHUss — XapaKTepH3yeT HCKPHBAEHHOCTh NOBEPXHOCTH B NpO-

’
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CTpanCiBe, a BTOPafs — «U3GHTOK TPEYTOJNLHHKA» -~— XAPAKTEPH3YET OTRIOHERHE BHY-
TpeHHeH METPHKH MOBEPXHOCTH OT MeTDHKH Ha NAOCKOCTH, T. e, ABIETCH KaK OBt
MepoH He3BKJIHNOBOCTH BHYTDeHHelt METDPHKH MOBEPXHOCTH. B CBA3K C 3THM MH
HMeeM JIBe KDHMBHSHBI: «BHELIHION® W «BHYTpeHHIo», OnpelenuM MX 1% 110600
BHUTYKJIOH NOBEPXHOCTH.

[ycte G -— Kaxas-mm6o oGnacTh Ha BHIYkJIOH NOBepXHOCTH F. Bymem nposo-
AHTL BO BCEX TOYKAX 0GAacT G Bce ONOPHHE MIOCKOCTH K NOBEPXHOCTH F H GymeM
' NPOBOAWT H3 NEHTPA HEKOTOPOR - eNHHHYHON cdepu S pannycs, HftipaBneH-.

Hbe NapajaNe/bHO BHEUIHUM HODMAJIAM K STHM ONODHEIM IIOCKOCTAM. MHOXeCTBO
TOYeK Ha cdepe S, 06pasyeMoe KOHUAMH NPOBEA¥HHBIX TAKHM OGDAsOM DaAUyCOB,
Ha3BIBAETCH cghepudeckum u3obpadxceruesm o6nacth G. Iro onpenelenue oT-
JHYAETCA OT OGLIYHOTO TOJBKO TeM, YTO BMECTO KacaTeldbHHIX IIOCKOCTel, Ko-
TOpHEe, BOOOUIE TrOBOPA, MOTYT He CYWECTBOBATb B HEKOTOPLIX TOYKaX 06aa-
crh G, Gepytca Bce BO3MOXHBIE ONOpDHHE INIOCKOCTH. Ilnowans. chepHyeckoro

mm e o £ e marammea - Jy— Fa)

usobpaienus o6aacTH (G m GylerT NPeNCTaBIATh «BHEIUHIO KPHBH3HY» STOH
obnacrH.

Ecnu X — KoHuyeckas TouKa noBepxXHOCTH F, 70 cdepuyeckoe H306paieHHe
e opnHolt - o6pasyeT Ha. Chepe S uenywo o6aactb. Ecaum L ecTh HempsmodHHeHHOe
pe6po MOBEPXHOCTH, TO ero chepHyeckoe n3o6paXKeHne Takxe NOKPHBAeT Ha cdepe S
neayio c61acTh; HanpuMep, chiepuuecKoe M30OpaXKeHHEe OKDYKHOCTH OCHOBAHHS NpA-
MOrO KPYroBOrO LMJIHHIPa HOKPHIBaeT Leaylo moaycdepy. '

BHyTpeHHs# KDHBH3HA, MOAOGHO mWiOwAAH Cheprieckoro H306paXKerHs, ‘onpene-
qAETCA KIK (YHKIUS MHOXECTBA HA MO EPXHOCTH, T. €. KAKAOMY MHOXeCTBY M H3
HEKOTOpOro KJacca MHoXecTB (B obuieM ciayuyde — KaxaoMy OGOpDEeNeBCKOMY MHO-
wecTBy 1)) crasurcs B coorBeTCTBHe WHCAO o (M) — KpHBH3HA MEHOXecTrBa M. B co-
OTBeTCTBHH C TepPMHHOJOrHeH, npuHaTo#t B auddepesuvancHOR reomeTpHu, ciaeno-
Bajo Oul TOBODUTH O HONHOA (HaM MHTErpaNpHON) BHYTDEHHEHd KpHBU3HE, HO DajH
KPaTKOCTH MBI ONyCKaeM 00a STHX NpHAarartelbHbIX, YTO He NMOBeaST K HemOpasy-
MEHHAM, TaK KaK OJHUM CJIOBOM «KDHBH3Ha» MH He O6yAeM Ha3HBaTh HHYero
Epyroro. B omnpeleneHHH K MBHSHEI MOMXHO HMCXOAMTh K3 H3GBITKA TPEYTrOJbHUKA
¢+f-4-v—m=, rne a B, y—yram Tpeyromsuuka. Mol nokasem, 4¥ro Ha BHmy-
KJIoH TOBEDXHOCTH OH BCerad HeoTpuuarened. (210 &CTb npaMoe clielcTBHe Teope-
M 3 § 4 ra. IIL) ,

' PaccmarpuBaem BCe BO3MOXMHBIE MOKDHTHA NAHHOTO MHOXeCTBA M Ha moBep:.-
HOCTH BHYTPDEHHHMH OO6/aCTAMM TPEYrOJBHMKOB B KOHEYHOM HJIH CYETHOM YHCIE.
Kpugusny muowcecmsa M Ha swnyxioli nosepxHocmu MONCHO onpedesumb Kax
IMOYHYI0 HUNCHIONO 2PARLLY CYMM USOBMKOS mpPeyzoabHuK08, SHYMpeHKie o6Aacmu
xomopux noxpweawom M.

910 onpejeseHHe HAMOMHHaeT omnpelefeHHe BHEMIHER MePH MHOXECTBA MO
Jle6Gery, U KpuBH3HA 06/1anaeT cBOHCTBaMH, aHAJNOTHYHEIMH CBO#HcrBaM MepH. OKa-
BH3HY. Tak kak H3GHITOK TPeyroJbHUKA HAa BHIMYK/O# MOBEePXHOCTH He MEHbllle Hyasd,
TO KpPUBU3HA BCAKOZ0 MHONCECMBA HA BHNYKAOR NOBEPXHOCMU HEOMPUUAMEAHA.
Jlna GopeneBCKHX MHOXECTB KDHBM3HA O<a3HIBAETCA TakXKe BHOJHE HAH, KaK ewg

1) Knacc 6openeBCKHX MHOXECTB €CTh KJacC MHOXECTB, MOPOXAaeMBI! 3aMKHYTHIMK (HaH
OTKPHITHIMH) MHOXECTBaM¥M B pe3y/JbTaTé HEOrpanH$eHHOro NpHMEHEeRWd omnepaunit cuiTHOro
CYMMHpOBaHHs H ofpa3oBanua nepeceueHuil. 'opopsa TouHee, 370 o6o3MavaeT ciaegymlee.
CHcreMa MHOXECTB Ha3BIBaeTCA KOJBLOM, €CAM BMeCTE€ C MOCAENOBATENbHOCTHKY MHOMECTB

0 [ea]

Ey, Eg ..., Ep,... OB2 COTEPKHT TaKMe HX CYMMY E.E,. u nepeceuenne [ E,,. Muoxecrso
‘ =1 —
n= n=1

Ha3uLBaeTCA GOpENCBCKHM, €CAH OHO BXOAMT B KaxJO€ KOJBIO, COAcpXaumee Bce 3aMKHYTHIE
MHOX€cTBA. OTKpHITHIE MHOXECTBa INPEJCTABHMBl KaK CYMMH &auxnymx H, ciejoBaTeAbHo,
Gopeaesckue. CyMMa H mepeceueHne CYETHOroO 4Hcina 60peNeBCKHX MHOXECTB ecTh 60peneBcKoe
MHOMecTBo. Haxouen, ecmn A u B — GopeneBckHe MHOXeCTBa, To A—~ B Toxe Gopenesckoe
MHOXECTBO,
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roBopsaT, aGCONIOTHO ANNMTHBHOH, T. e. e M= 3‘ M; wn mHoxectBa M, He
i=r

HMET nonapno o6uMx Toyek, 10 @ (M) = Za) (M;). Kpusuana BHYTpeHHeﬁ o6na-

CTH ‘rpeyro.nmmxa OKa3LIBAETCH PaBHOMH ero nsﬁmrxy H BOOGLIE KPUBUSHA BHYTPEH-
He#t 06JACTH rOMEeOMOPOHOTO KPYry 2-yroibHMKA DaBHA M3GLITKY CYMMEH €ro yr.om
N0 CPABHEHHIO C CYMMOfl Yrios MJAOCKOro A-yroibHHWKAa, KOTOD2d DasHa, KaK H3Be-
cTHO, (n— 2)w. KpuBusHa LenoH 3aMKHYTOA NMOBEPXHOCTH BCerAa pasHa 4r. Kpwu-
BH3HA MHOXECTBA, COCTOALIEr0 M3 OJHOH TOJBKO TOYKH,.paBHa 27 MUHYC TOJHLIR
yrol BOKPYr STOH 'TOUYKH W, chneloBaTeAbHO, N/ KOHHYECKMX TOUEK OHA He PABHA
Hymo. B 5TOM COCTOaT CylleCTBEHHOE OTJH4ue KDHMBH3HH OT NIeGErOBCKOH MepHI.
Orcioxa TaKXe BuAHO, YTO, TOBODH O KPHBM3HE, CleNyeT Pa3inyaTh KPHBH3HY CAMOrO
MHOTOYTOJMb'HKA OT KPHBH3HbLl ero BHYTpeHHelt o6JaacTi, NOTOMY YTO MHOTOYroZfb-

HMK MOMXKET HMETh B Ka4YeCTBe BepHIH KOHWYEeCKHE . TOYKH. n&.ﬁpﬁMEp, KDHBH3HA
BHYTPEHHOCTH TIpPaHM Ky06a PaBH2 HYHAI0, 2 KPHBH3HA rpaim CO BKJIOYEHHEM BEpLINH
paBHa 2x. Yro e Kacaercs CropoH MHOrOyroiibHHK3, TO OHM HHYEro He MoOryTt go6a-
BUTb K KpHBH3iie, IOTOMY UTO, KaX OKa3blBaeTcs, Ha BHIYKIOR MOBEPXHOCTH KpH-
BH3HA BCAKOM KpaTualtiuel#t ¢ MCKMOYEHHEIMM KOHUAMH paBHa HyMmo. VICK.ii0YeHHe KOH-
HOB CyIUECTBEHHO N0 TOM e NPHUMHE, YTO KOHHH Kpartdyahmeld mMoryr OBITH KOHH-

* YeCKAMH TOYKaMu,; BMeECTe C. TeM JIErKo ﬂOK&SaTb, YTO OPOXOAHNTH- YEPE3 KOHH‘!&CKY!O

TOYKY KpaTuaHiiiagd He MOXeT. .
JlanHoe 3meCh ompejgeneHHe KPHBM3HEL XOTA M $BAAETCH HAM/IyYWMM C o6mied

TOYKM 3DEeHHA, ONHAKO MO8 HAMHX Iedieft ero MOXXHO 3aMeHHTb SKBUBAJEHTHLIM, HO -

Gonee BieMeHTap ‘LM ONpejelieHHeM, KOTOpoe OymeT naHO B I V, NOCBAIEHHOH
CRella bHO YYeHHI0 0 Kpusu3He, Tam e Oyner oGCTOATENBHO BHIACHEHO 3HauYeHHe
KPUBHSHLI KaK «Mephl He3BKNHIOBOCTH» BHyTpeHHen METPHKHM TOBEPXHOCTH. Hs

e A m el mo mmim s e oA e e o J— P

OTHOCALAXCA ClOOa TeOpeM fpHBenEM 34eCb OOHY:. €CAld KPUuSudHG ob6aacmu G Ha
BUNYKAOL nOBepXHOCMU DPASBHA HYAI0, Mo Kaxcdas mouxa obsacmu G umeem
oKpecmuocmny, usomempuunywo wacmu nsockocmu. To, uto BCa ob6aacte G MoxeT
He GLITh M30OMETpPHYHOMN HacTH MAOCKOCTH, MOKA3LIBAET n‘pumep 60KOBOH NMOBEPXHOCTH
LHHHIDA.

Cen3p MeMNy KpPHBU3HOH H NJIOWANBI0 ChepHuyecKOro H306pareHHs MHOXKECTBA
Ha BHIMYK/IOH NOBEPXHOCTH YCTaHaB/AMBaeTCH 060GWIEHHON TeopemoR Taycca: Kpu-
BU3HA BCAKO20 MHONCECMBA HA BHNYXA0U NOBEPXHOCMU PAsHA nsowadu e20 cdhepuie-
€K020 uso6paxcerus (NPU TOM HeMPEMEHHOM YCI0BYH, YTO ero ChepuyecKoe HaoOpaxe-
HHE ¥MEET ONpefelEHHYIO IIOMans, T. €, IeGEroBCKYI0 Mepy). B 4acTHOCTH, MAOWAND
chepHueckoro u306pawkeHNss BHYTPeHHeR 06GNacTH TPeYroNAbHHKA PaBHa ero M3GHITKY,
a naomann cdepuyeckoro H306paKeHHs, OFHON TOUKM papHa 27 MUHYC fOJHBIH
yron BOprr neé. [lokasaTenncTso 3TOH 0606GuiEHHOR TeopeMuhl [Taycca, maBaemoe
B IdA. V, 6yneT NpPOBEIEHO ;viETOI[OM IIpH uuﬁ)i(e'riﬁx MHOTOTpaHHIKaMH N0 CXEMe,,
yKasaHdHo#f B KoHUe § 5.

$OopMyaHpOBaHHEE 3HeCh pPe3yAbTaTHl HMMEIOT JBOAKOe 3Hauenne. Bo-mepsbiX, MEHL
BHIOMM, YTO MHOXECTBA Ha BBINYKJBIX MOBEPXHOCTAX HMEIOT HEOTPHHATEABHYIO KDH-
BU3HY, DTO cpOHCTBO, KaK M3BECTHO, BHLIENAET DEryJspHble BBIIYK/HE MOBEPXHOCTH

M3 BCeX BOOGLIE peryls HuX MNOBep .HOCTeH, a2 MH JOKaxeM, YTO OHO XapaKTepHO:

TaKXKe nAf MOOWX BHINYKAHX foBepXHoCTefi. I'py6o rosops, MEI HOKaMKeM, YTO:
B MHOTooOpasuu C BHYTpeHHER MeTpuKoOH, B KOTOPOM KDHUBH3HA BCAKOrO0 MHOXECTBA'
HeOTPHIATE/IbHA, KaXKIa% TOUK2 MMeeT OKPeCTHOCTb, H30METPHYHYIO BHINyKJO# nosepx-
HocTH. 3pmeck MH 3a6eraeM HeCKOJbXO BIe &4 TOYHas GOPMYyAUPOBKA 3TOrC pe3yib-
Tara OymeT gaHa B ClieLyiomeM naparpade.

Bo-BTOpHIX, 0606mENHas TeopemMa ['aycca ycTanaBAuBaeT CBA3b MY BHYTPeHHeH
METPHKOHR M npOCTpaHCTBeHHoﬂ ¢opMOA BHINYK/IOH NMOBEPXHOCTH; OHA OTKPLIBAET TEM
caMbiM NyTh K GoJjiee HeTalibHOMY MCClienoBaHHio 3To# cBAsH. Hexoropnie OTHOCRIMECH
Clofia pesyabTaTH GyoyT pacCMOTpPEHH, B YacTHoCTH, B . XL
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BBengHhoe HaMu TMOHATHe O KPHBM3He SBJserTcd 06O6IleHHEM M3BeCTHOro B And-
tpcpci-iiiﬁ&iibﬁun reoMeTpHH - TOHATHA MOJHOR HAM HMHTErpanbpHON KDHBH3HHI, KOTO?}ETI
©O6GEMHO oOnpejensfeTcd KaK HHTerpan rayccoBoff KPHBH3HH N0 Aiowamd. VICXOZHBIM
CYATAeTCH, CNeI0BaTeNbHO, NOHATHE O KDHMBM3HE KaK ¢QYHKIMH TOUKH, 2 He QYyHK-
UMM MHOXeCTBa, Mbl e, HANpOT#B, 6Gep&M 32 OCHOBY HMMEHHO WHTErDanbHOE MOHA-
THe KPHBH3HBI, A KDHMBH3HY B TOYKe onpenenseM 3areM KaK yHAenbHYI0 KPHBH3HY,
T. €, KaKk Mnpenes OTHOIIEHMS KPHBH3HB 0GJacTH K e& MJoOLlan# ApH YCAOBHH, YTO
061aCTb CTArMBAETCH K OAHHOR TouKe. DTOT mnpejen’BOBCE He 06f3a2H CYIECTBOBATH
BO BCHKOH TOYKE BBIMYKJAOH MOBePXHOCTH. Boilee Toro, KpuBH3Ha oﬁnacm Ha BRIOYK-
JIOH NOBEPXHOCTH MOXET He DaBHATLCHA MHTErpany oT yAeAbHoH KDHBHSHHL 1O Mo-
mazny. Cambiit mpocToft ToMy npHMep NpeACTaBAKIOT MHOFOTDAaHHMKHM: HA MHOTOrpaH-
HUKE YyOeahHas. KDHBM3HA CYIIeCTByeT BCIOAYy, 32 HCKJIOUeHHeM BepIUHH, ¥ PaBHA;
~OyeBMAHO, Hymo. ITo3ToMy oHa HHTerpupyema, HO HHTerpaj OT He¥ mo BCeH noBepx-
HOCTH MHOTOTDaHHUKA paneu Hyn 0, B TO BDEMA KaK KDPHMBU3HA BRNYKIOr0 MHOTO-
TPaHHWKA, MMEOM(ET0 XOTH b OAHY BEDUIMHY, OTNHYHA OT HYJA

Ocobenno npocTO MOXHO ONpENENHTh KPUBH3HY MHOXKECTBA Ha MHOTOTDAaHHHKE
uad BOOGule B MHOTQOODPa3H¥ C MHOTOTDAHHOH METDMKO#, TOTOMY YTO KpHMBHM3HA
HaZ MHOrOTpaHHHKe MNpelcTaBiaser Co6oi0 AUCK PeTHYAO bYHKIMIO MHOXeCTBa, KaK OBl
€OCPelOTOYEeHHYI0 B OOHHX TOJAbKO BepmuHax. Ilycte MuHOXecTBO M Ha MHOrorpaH-
HHKE CONEDXHT ero BepmmuHn A, Ag,..., A, C NOJHBHIMHA -yriaMH BOKDYr HHX,
paBHriMH 0, f,,..., 0,; KpuBH3H2 MHOXeCTBa M MOXer GbITh OmpenejeHa Kak  °

7
o (M)==(2x —9,),

i=1
T. €. KaKk CyMMa KDHBU3H BepIIdH, comepxauuxca B M. [Ipu Takom onpeneneHny
OYEBHIHO, YTO BCAKOE MHOXeCTBO M Ha MHOrorpanHuke 6yaeT MMeTb HeOTpHLa-
TEALHYI0 KPHBHSHY TOTA2 M TOABKO TOrga, KOrma NOJHBME yroa BOKDYT BCAKOM
BepumHn < 2w, Orciona u NPOUCXONUT BeeAEHHHIA HaMH BhIIE TEPMHMH «MHororpaH-
Hag MeTpHUKa NOJOXHUTEAbHOH KDHBU3HBI».

Jas Toro uro6H CB#3aTh 3TO ONpeNENeHHe KDHBH3HLI JJA Mnororpam-mxos
€ NAHHBIM BHIIe OGLIEM ONpeneneHHeM, HOKakeM TeopeMy: [lycmb Ha MHOODAK-
RUKe 0aR 20ME0MOPPHBLE KPYZY MHOR0Y2046HUK P .C Y2AAMUE, DASHHME &y, Gg, . . o, Gy,
u nycmy 8y, 8, ..., 8, — nosume yean B0Kpyz sepuIUK MHOR0PANHUKG, AeHCa-
wux sRympu P. Tozda

21:—-2 (1t—-a¢)=Ai ag—(n—2)w = i (21t-ﬂj).' (1)
f=1 =1 . J=1 .

IoBopst KCpOTKO, u30WMOK MHOZOVZOALHUKA paser CYMM® KPUBUIH 3aKA0%QI0-

uxen BHympll Hezo sepuiun,
Ilng noxasarennCTBa Da306néM MHOFOVIONBHUK P Ha TDeVIONLHUKYU Tn nemauye

B R ALttt Spwy s Va2 NAN

KaWAL? HA OAHOM rpauu. Ilpm sTOM MOXET oxasarbm, 4710 He}co'ropue BepmnHu
UX, Jexaulde Ha TIPaHHUe MHOTOYrOAbHHKA P, He COBMaJaldT C ero BepUIHHAMA.
OE.HRKO Mbl MOXEM NDHHATh WX 32 BePIUMHLEI MHOTOYTONbHHKAZ P,  YTO HE HM3MEHHT
Cymmel, croauieit B (1) cnesa, Tak Kak yron npu TaKOH BepliHHe PaBeH = H, cle-
JAOBATENBHO, COOTBETCTBYIOWEe el CJjaraemoe w-—a, DPaBHO Hymo. TouHO Tak e
HEKOTOpLIE BEPIUMHE! TPEYTrOJbHUKOB 7p Jexalulne BHYTPH MHOTOYroJdbHuKa P, MOTyT
He COBMajaTh C BePIUMHAMH MHOTOrpaHunka. OmHAaKo, NPUCOEAMHHB HX K BepLIMHAM
MHOTOTpaHHYKA, Ml He W3MEHHM CyMMHI, crosmed B (1) cnpasa, TaK Kak MOJHBIH
yroa -BOKpDYr TakOH BEDHIMHH DaBeH 27 H, CJEIOBATE]NBHO, COOTBETCTBYIOuIeE €R.
cnaraemoe 2w — 8, paHOo HWymo. HITak, Mbl MOXeM BCe BepHIMHH TDEyrONLHHKOB TP,
JieKalue Ha rP3HMUIle MHOrOYroJbHMKAa /), CUHTaTh BePUIMHAMM CaMOro MHOTOYroJb-
HAK3, 2 BEPIIMHB 3THX TPEYroAbHWKOB, JNeXKau(He BHYTPH P, —— CYATATH BEPLIMHAMH
MHOTOrpanHuKa. Taxk Kak xawmauil TPEYT ONbHHUK Tn JeXUT HA OnHOH rpauH, TO

4 dh hRakh Hudm < LAl

CYMMa ero YrJIOB DaBHA T, U €CJH YHCIO BCex TPEYroALHAKOB PaBHO f, TO cymma
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'BCEX MX yraos paBHa fm. C apyroR CTOPOHH, CyMMa STHX YIVOB DAaBHa Cysme
yTioB BUprI‘ BCEX BEDINHH TPEyroOAbLHUKOB, T. €. CyMME YIJIOB MHOrOyroiibHika P
IMOC CyMMa FOJAHHIX YIXOB BOKpDYr BHYTDEHHHX BepuinH. CremosaTesbHO,

fr= EH-ZG' @

t=1

Ecan R -—4uCAO CTOPOH TPeyroibHUKOB Tp M e— UYHCAO BepUIMH, TO MO TeopeMe
Otinepa f—k -} e=1. Buecte c TeM, YHCIIO BCeX BeDIIMH paBHO CyMMe uuC/a
BEDIIHH HA I'DaHAlie H BHYTDH, T. &. e=m -} }; mosToMy

S f—hktmtn=L | (3)

Hakonen, y Ramoro TPEYro/IbHUKA N0, TPH CTOPOHH, HO NPH 5TOM TOJABKO 7t c*ropon,
NEKAUMX Ha IPaHAue, APHHAIAEKAT KaxIads OJHOMY TDEeYrolbHHKY, a BHYTPEHHHE
CTOPOHB! MDHHAINEXAT KaXKHAA NOByM TPeyroibHHKaM. Ilostomy -

| 3f — ok —n. | (4)
Ymuomas DaBenctso (3) Ha (2) u nonmaras B uém 2k = 3f- n, momyumm
f=2m-}-n——2./ ' (5)

[Toncragass 570 BHpaxenue aas f B dopmyay (2), moayuum

n ‘ m

2rm 4 rn—2n= ¥ a;-} X6
: =1 =1

0117 G . .

v

n
Xa—(n—2)

uTO ' Tpe6oBanOCh AOKa3aTb.

- Tlpumenss’ STOT De3yNBTAT K BHINYKJLIM MHOTOFDAHHUKAM, Jerko yGemuthes,
-UTO AN# HUX OnpefejeHne KPUBM3HE MHOXeCTBA M Kaxk CYMMB KDHMBHM3H BEDILHH,
cozepKaiMxcs B M, SKBHBANEHTHO OMpPENEJEHHIO KDHBM3HE KaK TOYHOH HimHelt
rpaunuMm CyMM . H3GHITKOB FDEyroibHUKOB, BHYTDeHHHe 06aacTH KOTODHIX MOKDHI-
BalOT

§ 8. Xapaxrepunie csofictBa nuy-rpennek METPHKH
BHOYKANX NOBEpXHOCTEH.

rgggpg B §§ 2. 4 0f venopmgX, XanaKTeDMIVIOHY BHUTDEHHIOW MeTDHKV -

Ty X J WYANSAFIRidny LU TSR s A A1y L P AR A FANs L psRRIR Y

'3aMKHYTHX BHINYK/ABIX MHOTOrPAHHHKOB, MH TPHCOEIHHHIH K STHM MHOIOIDAHHHKAM NBA~
MAbl TOKPHTHE BEINYRJABE MHOTOYTOJBHHKH, YTO NPEACTABAANOCH HeOGX0 AMMEIM BO H30e-
XKAWHE JMIIHAX OrOBOPOK B TeOpeMe CYUIECTBOB2HMA MHOTOTDAHHMKA C NaHHOW Me-
‘rpimoﬂ CoeepuieHHo N0 TOH e NPHUHHe MPeACTAaBAAETC] YAOGHHM WPHCOEIHHHTD
K -TONHLIM BEINYKABIM [OBEPXHOCTSM NBAXH NOKPHITHIE BHINYKAbie 0GMACTH CO BKJIO-
yéHHOM rpanuueit. Ilnockne BHIMYKAbIe 061acTH, He MPOCTHPAIOLIMECT HA BCIO TLIO-
CKOCTb, MOFyT GuiTb TPEX Tumos: 1) orpaHuuyenHble, roueomopdHbie Kpyry, 2) Gec-
KOHEUHbe, roMeoMopdHbe MOAYNAOCKOCTH, 3) MOMOCH M}y NAPAMM HaPanAel]bHHIX
APAMHX, Onpeneneune TOro, 4YTO cienyer MOHMMAaTh NOJX HBaXAHW TOKPHITOH oOrpa-
"HWYeHHOH BHMYKJOH 064aCTbi0, OBJIO AaHO B § 3 NMOCPEACTBOM TAKOrO HENPEPHBHOIO
mo@p'ameana chepul Ha oﬁnac*rb IIDH KOTODOM BHYTDEHHOCTBb oﬁnacm OKa3HBaeTCH
NOKPHTON 06pazamm OGerx no.nycc])ep, a rpaHMua OONACTH OKA3hIBaeTCH 06DPasoM

‘naqnpnmnnmrn uy agratTona. (opennieuun AHANOrAYHO pRAMWAL! HOKDEITAS nﬁrml"ﬂ-.

B i, W SN Tkt W XRER WFARDLR AN 3 vvuvyu.lvll.llv ARLAGAYI WS A &3 BEA A RFRAEIALLAR  PANSIR S AN L xasR W EALL W & AF

romeouopdmaa NOAYNIAOCKOCTH, HOJIKHA DPacCMATPHBATBCA KaK HENMpPEPHIBHBIA oﬁpas
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TJIOCKOCTH, LBE MOJYIIOCKOCTH KOTOPOR MOKPHBAIOT BHYTPEHHOCTb 9TOH o06aacTa.
naKOHeIJ., ABa¥KAbl MNOKPBITaZA 10J0Ca Me)u.ay OBYMA NapaaJeNbdbIMH NPAMBIMHA €CThb
HE YTO HHOe, KaK CIUTOLIeHHBIH nuanHApP. Takyio ABaAH -NOKPHTYIO 06JaCTb MOMK-
HO M30THYTh B OOHKHOBEHHH uMAHHAD. TakuM o0G6Gpa3oM, BHNYKJAHE 00JaCTH,
paccuaTpuBaeMble KaK ABaXAHl TMOKDHIThE, MPEBPALIAIOTC] B MOJHBE BHAYKAHE
NMOBEPXHOCTH, COOTBETCTBEHHO, — 3aMKHYThie, rOMEOMOD}HEIE MAOCKOCTH M uunan-

pHYECKHE. a

Ecnn nse toukn X M Y JdewaT HA OAHOM CTOpOHe o6AaCTH, TO COENHHSIOIAS
HX Kparuafiinag ectTb NpEMOJauHeRHHIA orTpe3ok XY. EcaM e OHu JexaT Ha PasHLIX.
CTOpoHax o00naCTH, TO COBAMHAIOWAS WX KpaTyalmiags COCTOHT M3 JIBYX mNpAMO-
NHHEAHBIX OTPE3KOB, BCTPEURIOUIMXCH HA rpaHuue O6JacTH. |

BkniouuB yKasaHHbie NPENENBLHEE CAyYaH B YHCAO MOJHHX BBHINYKABX HOBEPX-:
HOCTell, Mbl, €CTECTBEHHO, IOMXKHE .NPHCOEOIHHUTh K JIOGHM BHIMYKJBM HOBEDXHO-
CcTiM BCe OGMaCTH Ha TaKuX BHPOXIEHHEIX.
TIOAHHX BHIMYK/KX HOBerHOCTﬁX Ilpu >ToM
HYXHO, KOHeYHO, TIOMHHTB © TOM, 4TO BHY~-
TPEHHHE TOYKH JABaXAbl TOKPHTOH 00nacT™
4yuTal0TCA 3a ABe. Hanpumep, HM3 TOBEPXHO-
: CTH, ABIAIOLIEHCA HBAXAL MOKPHTOM KpPYyrom,
. MOXHO 00pasoBaTb HE3AMKHYTYIO NIOBEPXHOCTS,.
. BHIpE€3a? HEKOTOpYl0 06/2CTh TOJBKO Ha OAHOH

Yepr. 8. . CTOPOHE Kpyra, OCTaBifs ADYTYi0 B LEAOCTH.

- Bce cBoiicTBa BLINYKJLIX MOBEDPXHOCTEH, o KO-

TOPHX IIJA2 peYb B NPEAHAYIIMX naparpadax, HMEIOT MeCTO TaKxe, s ITHX.

BHIPOXKIACHHBIX mnOBEpPXHOCTed. Bo BCEM HanbHeltnieM M3A0WeHHWH MH Oe3 bcoﬁmx‘

OroBOPOK OyleM CYHTaTh STH BHPOXKIEHHHE MOBEPXHOCTH Cpenu BCeX BHHYKHHX'
MOBEPXHOCTEH.

Bonpoc 0 CBOHCTBaX, XapaKTePHIYIOUWHK Ei-iyi‘ HHIOIO METPHKY BbiNyK/bIX NOBEPX~
HOCTeH, T. €. BONPOC O TeX YC/OBHMAX, KOTODHIM JOJXKHO YNOBAETBOPATH MeTpPHYe-
CKOe MPOCTPAHCTEO OAf TOro, YToO6H OHO OLIIO H3OMETPHYHO BHINYKJOH MOBEPXHO-
CTH, MH MOXeM TOKa pEIHTh He A4 BCeX BOOOLIE BHIYKILX MOBEPXiAOCTEH,
a Anlib IS «BHAOYK/JHX B ceGes, T. €. AMA TaKHMX, KOTODHE NPEACTABJAAIOT COGOH
BEINYKAbIE 0GMACTH Ha TPAaHHUAX BHIYKALIX Tel. DT0 GYAyT TaKHe BLIMYK/hie TIOBEPX~
HOCJH, HA KOTODHIX JoGbie NBE TOYKH MOXHO COCHMHMTH Kpatyaitme#. ITpuuunn
TaKOro0 OrpaHuyYeHms ObIAK BhIACHeHH B § 1! He Ha BCAXOM BRIMYXJIOH MOBEPXHOCTH
nmoGne NBE TOYKH MOXHO COENMHHTb KpaTualiielf W BMecTe C TeM Y KaXIOH TOYKH
Ha BHIYK/J0H MOBEPXHOCTH eCTb CKOAb yrOmHO Majiad BRIMYKJA2# OKpeCTHOCTb. Ilpu-
‘MeépaMH HeNOJHHX BHNYKALIX NOBEPXHOCTEH, mo6hie gBe TOYKH KOTODHX MOXKHO
COENVHHTb KpaT4aitimie#, MOryT CAyXHTb OOKOBad MOBEPXHOCTb NMPAMOro IUIMHApA
HJIH OPAMOrO KPYroBOro KOHyca, noiycdspa u T. I

Iocrapaennnift BOMpoOC, Kak BCAKAA BOMPOC O HEOGXOAMMBIX H HAOCTATOUHBIX
YCNOBMSIX, MMeeT HBE CTOPOHH. BO-NEPBHX, HAC HHTEPECYIOT HEOGXONWMEE YCJAOBHS,
T. €. Te¢ CBOHCTBAa, KOTOPHIMM HA CaMOM geje 06/amaeT BHYTDEHHA R METDHKA BHIIYK-
AHIX TOBEPXHOCTER. B 3TOM cayyae wenareapHO CPasy HallTH 1O BO3MOXKHOCTH 6ojee
CHABHHE CBOHCTRA, JIEFKO NPUBOAALIME K DAa3AMYHLIM CIHEACTBHAM, KOTODHE TOJbLKO
MOTYT HAaCc HHTEpeCOBaTb. BO-BTOPHIX, Mbl XOTHM BHOENHTb M3 3THX HeOGXCAMMHX
YCIOBHH TaKue, KOTOpHe OniiM Gul TaxyXe NOCTATOYHBIMH, H B 3TOM Clyuae xela-
TelbHO KAk pa3 o6parHoe, HMEHHO — HAalTH IO BO3MOXHOCTH HauGojee cnabne
ROCTaTOUHHE yCA0BHA. CTONKHOBEHHE 3THX NPOTHBOTIONOXHLIX CTpeMaeHHH TpH-
BOAWT K TOMY, YTO ML DasjiellieM STH 1Be CTOPOHH 3aJa4d M PacCMaTPUBaeM HX
OTHEJBHO.

JlBa 06X CBOHCTBA BHIMYK/BIX nonepxnocreﬁ GhIIIA y’CTaHOBI[eHH B § 6: BCakag
BLITYKJAad TNOBEDXHOCTE HMEET BHYTPEHHIO METDUWKY W roMeoMopdHa 06jactTH Ha
cpepe. anvme B § 3 ra. Il Gyner nOKasaHO, HTO BHYMPEHHAR MEMPUKE SRV~

ANX nogepxrocmeli yoossemsopsem ewd cxzeayloweny yca0suw, Komopoe Mok

~
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.Jaauaaex ycaosuem sunyxsocmu. Tlycts L m M—nBe Kparyaiiune, e
n3 ogHoi Toukm O, m X, Y-— mepeMEHHBC TOYKH Ha HHX, OTJHYHBIE OT L.

IMycTs X, y 06o3navaior paccrosnue ot.0 no X, Y, a z=2z (X, y)— paccrosHue
Mexny X ¥ Y. B cornacum ¢ NPHHATHIM HAMM OGO3HaYeHHeM, Y(x, ¥) ectb yroa
B TIOCKOM TPEYroJbHHKE CO CTOPOHAMH, PABHEIMA X, ¥, &, fexalluil NpOTHB CTOPOHH,
paHo#t 2z (uept. 8). Vcaosue swnyksocmus cocmount 8 mom, HmMO 1 (% ¥
A8anemca HeBo3pacmaroweli Gynxyneld X u ¥1) ra scaxoldi nape npomexcymros
0 x L Xy 0Ky LYo maroti, 4mo mosku X ® Y, coomsemcmsyouue A1006M
OBYM BHAUEHUAM X, Y U3 IMUX NPOMENCYMKOB, HOMCHO coedurume Kpam4ali-
wumu. (Ha nosepxHOCTH, <«BHNYKAOR B CeGe», Kparyafimas XY Cyuwlecrsyer Ids
Ao6ux aByX Touek X, Y, M MOTOMY YKa3aHHblff MHTepBaA NPOCTHPAETCH HA BCIO
INuHY Kpatuatmmx L u M.) |

BosbMiEM nBe mapH Todex X, Y; # Xy, Vg TaK, uto X, <Xxg ¥y <Yy ('qel'n'. 9).
Paccmorpum ABa miockux Tpeyromsauka O, XV, (i=1,2)co CTOpOHaMH (?!X =X
0¥, =y, XY,=2,=2(%, ). VYrmu npu ux sepumhax. O, u O
Gynyr 1, =1(x;, ¥1), Ta=1 (¥g, ya) 1, N0 yCnOBHMIO BHOYKAOCTH, Y (X, ¥1) >
>7(%3 Ya). Ecim ma croponax O,X; m O,Y, rtpeyronbnuka 0,X,Y, B3aTh

touku X, Y mak, uwro OX,= 0 Xj=x;, O,Y;=0;Y|=y;, TO CTODOHH
TpeyronbHuka O,X7Y], sakaovaiomme yroa 1o =1 (X Yg), OYAYT PaBHH CTOPO-
maM TpeyrombHuka O\ XY}, saxmovaioumms yroa 1, =4y (%(, ¥1) ¥, TaK KK 7, 3>

' ' i ' HHI0O DaBHA JAJHHE
S>Ye 10 X;Y{>X(Y]. Ilamma orpeaka XY, no MOCTPOEHHIO p a

xparuahimest X,Y,. Ilo- . J ¥
STOMY NOJAYYEHHEIR Pe3yib- M ! ,
TaT O603HAYaeT, YTO pac- Y, « Zy
CTOSHHE MeXIy TOUKaMH v LA »
#1a 60KOBHIX CTOPOHAX Tpe-~ w0 L '

yronbHuka  OXgYy  He
MeHBIIE DACCTOSHHT MEXAY
COOTBETCTRYIOWINME  TOY-
KaMu Ha CTOPOHAX IIOCKOTO
peyroneinka O XY,.

ITpencraensercs ecre- Yepr. 9.

CTBEHHLIM, -YTO TaK H _

JOMKHO OHTH HA BHOYKJAOH MNOBEPXHOCTH: HA Helt CTODOHH TPEYroJbHHKa C AdH-
HHMH OJAHHaMH CTOPOH DPasiBWraloTCd CuiAbHEe, YeM Ha MJOCKOCTH. PasmBrikenue
370 GyleT TeM Gonee, YeM Gojee BHNykAok GyAeT nOBepXHOCTh, - HarasmHeiM npu-
_MEPOM 'MOXET CJHYXHTb paBHOCTOPOHHHH TPEYroAbLHHK Ha cdepe. 3TO 3aMeyaHme
BLIACHAET, NOYEMY YKa3aHHOe YC/IOBHEe MEL Ha3hIBaéM YC/MOBHEM BHIyKAoCTH. JlOKa-
33TELCTBO TOrO, YTO P2 BCAKOH BEIMYKJIOHR MOBEPXHOCTH STO YCIOBHE BHINOJIHAETCH,
6yner npPOBEMECHO METONOM NpHOAMKEHHAs MHOTOTDaHHHKaMM no oGuiefi cxeme,
onMcaHHOi! B § 5, N ‘ ,

YcnoBue BHINYKAOCTH OKAa3bIBa€TCH BeCbMa CHABHBIM H M3 HErQ JierKQ BHIBOOHTCH
PEA BAXKHLHIX TEOpeM BHyTDEHHel reoMeTpHHM BBIMYKALIX moBepxHocTed. HampuMep,
TaK Kak 00 YCJAOBHIO BBHINYKJAOCTH yroa g (X, y) He yGhlBaeT ¢ yMeHbLIeHHEM X H Y,
TO cywiecrayer lim 01 (x, y), a O NPHHATOMY HAMH ONPEACAEHHIO 3TOT MpEHes ecThb

&, Y>>

yroa Mexny Kpatuaimmme L m M. Tagum 06pa3oM, CYIMeCTBOBAHHE YIJa MEXAY
¥PaT4@HIIMMH  eCTh TNpPAMOE CIEACTBMe YCNOBHA sHNyKAoCTH. Croab e MPOCTO
NOJMYYAETCH JNPYras BaXKHAd TeOPeMa: KaKABIE yroll TPEyroabHHKd Ha BHHYKIOR
fIOBEPXHOCTH, a TaKXKe Kawabift yroJ Mexly CTOPOHaMH TaKOrO TPEYTOALHHKE - He
MeHbIU@ COOTBETCTBYIOLIEro yraia MIOCKOFO TPEyroJbHUKA, MMEIOUIEro CTOPOMbl TaKof

1) T. . pR 21 < X2, ¥1 < V2 HenpemMenno 1(x1 31)>1(xs yo)
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e IAMHu 1)..3Ta TeopeMa He TOALKO CAYXKMT OCHOBOA MCC/AENOBAHMS TPEYrOJLHHKOB
Ha BBIMYK/ABIX TOBEPXHOCTAX, HO MMEET TaKXe MHOTHE ApyrHe mpuiokeHws. }s Hek,
B 4aCTHOCTH, clelyeT, YTO CyMMa YrilOB TpPEYroJbHMKAa Ha BHNYKIOH MOBEPXHOCTH
BCernza He MeHhille T, — De3y/]bTAT, YKEe YNOMAHYTHH B HpeARAyMWEM naparpade
B CBA3H C TeOpHeR KPDHBH3HHI. y -

W3 nmpyrux cnencrBuit yCHOBHA BHINYKAOCTH OTMETHM 3nech ew® onno. Ilycts
L u M — nBe Kparyahinide, ucxomsue us Toukn O, 2 X H Y — nepeMeHuHe TOUKH
Ha 3THX Kpatuahtmmx. ITycts ¥ (x, y) vmeer To e 3Hauesue, yro u Buue. Toraa,
ecau xomm Ow odna u3 mosex X u Y cmpemumer x O, a dpyzas mensemcs
npouaaoawb, HO max, wmo kpamuxadiwas XY cxodumcs Kk ompesxy kpamzadied
L asu M, mo y202 (x, y) cmpenumcss i onpedesérnHomy npedesy. ITOT npe-
men Gyner, KOHEYHO, TOT e CaMbiif, 4r0 W B cAyuae, Korma o6e ToukH X u Y
crpemarca x O, H, clenoBaTenbHO, paBeH yray mexay xparyammmu L u M. 3rtoT-
pe3yibTaT MOMHO BHDA3HTh M TaK: eCAH NMPOM3BENCHWE XY CTPEMHTCHA K HYMO Tak,
yro Kparuahiine XY cxonsrca K 4aCTH JiHWE L - M, COCTaBieHHOR H3 JaHHHIX
Kkparyaftmiux, 1o lim 0'{ (x, ¥) cywecrsyer. Haseas 3TOT npemen «yrioM B. CHALHOM

: & Y —>u . . .

CMBICTIE», MOMHO ?:Kasa'rb, YTO MEXKIY KPATUaHNIMMH Ha BBRIMYKJAOH MOBEPXHOCTH «yroJj

B CHABHOM CMHIC/Ae» BCerAa CymiecrByer. [las PerymapHBIX BHINYKJABIX MOBEPXHOCTe#
9TOT pe3yAbTaT XODOIIO HW3BECTEH M OCHOBAH HA TOM, YTO B OKDECTHOCTH reolieau-
yeCKOit JMHHH MeTDHKA MOBEDXHOCTH COBRajaeT C MeTPHKOH B OKPECTHOCTH NpAMOR
Ha TUNIOCKOCTH C TOYHOCTHIO RO GeckoHewHo MaAWX Gojee BHICOKOTO .MOPAIK2, YeM
mMpuHa OKpecTHOCTH. Ha BuiyxnoM MBOrorpansiike AOCTATOMHO Manyi0 OKPECT-
HOCTb KpaTuafiiiel MOXHO DA3BEPHYTb Ha IUIOCKOCTB ?), ¥ mOTOMY cyutecTBOB3HReE
yria B CHILHOM CMHC/E MEXAY KPaTyafIHMK Ha BHIIYKJOM MHOTOrDaHHHKE OYeBHIHO.

Ycnosre BHIOYKAOCTH OKA3HBAETCH XapAKTEPHUCTHUECKMM AU BHYTPEHHeH METPHKH-
BHIMYKJABIX MNOBEPXHOCTEH. VIMEHHO, MOXHO 1O0Ka3aTh cAedyoulyl0 Teopemy: Ja%
mo20 4mobs. OGKHOe MEMPULECKOE NPOCMPARCMEO R 6bL20 U30MEeMPULHO BuRYKAOK
nOBePXHOCMU, KaNCONE 08 MORKL KOMOPOL MONCHO cOeOurums Kpamualiued, Heo6x0-
Oumwe u Oocmamounu caedyrowue ycaosus: 1) R zomeomopro ob6sacmu Ha
cihepe;. 2) a0bbie 08¢ MOUKU 8 R MONCHO cOeQuRuInb Kpusoli ¢ OAuxoli, pasHou
pacemosnruio; 3) 8 R ssnosnsemcs ycaosue. ssnyrksocmy. ClenoBarenbHo, OCHO-
BHBAfCh TOJABKO Ha YCHAOBHH BHIMYKJOCTH BMecTe C OOiMMH CBOHCTBaMM MHOroo6pa-
- 3Hit- ¢ BHyTpeHHelt MeTpHKOfl, MOXHO pa3BHBATL BHYTPEHHIOIO T€OMETDHIO BHIMYKJLIX
NMOBEPXHOCTEH YHCTO BHYTDEHHMM NYTEM, T. €, HE NPHBAEKAs yXe HAKaKUX coobpa-
¥WEHHH, CBY3aHHHX CO CEOHCTBAMHM BHIMYKAOH MOBEPXHOCTH KaK QHIYpH B MPOCTPaH-
cree. Ilas sToit uenM ycAOBHe BHNYKAOCTH OKa3bIBaeTCH BeCbMa YAOOHLIM Gaarozaps
TOMY, YTO B HEM 3aKMIOYAETCs OYeHb CUILHOE TpeGoBauyve. BMecre ¢ TeM, HMEHHO
BCICACTBHE 3TOM CHJAB OHO He MOMET DPacCMaTpPHBAThCH Kax yIOayHo BHIOpaHHOe
nocTaTo4Hoe yclnosHe. HanpuMep, To, 4TO OHO BHITNIOJHAETCH BO BCAKOM MHOrooGpa-
8MM C MHOFOTDaHHOH ' METDHKOH TNOJOXHTENIbHON KDHBUSHE, JIDENCTABNAET XOTH 10
CYUIECTBY 3JIeMEHTAPHY10, HO BCE e He OueBHAHYI0 Teopemy. Touno Tak ke TOT
¢akT, YTO OHO BHIMOJHAETCH B MHOrOOGDa3HHM C METPHKOM, 3amaHHOK MOCPEACTBOM
JAUHEHHOTO SAEMEHTa ¢ MOJNOXHTENbHOH KDHBH3HOH, TaKxe Mpeacrasifer CO6GON

1) LokasatreabcrBo. [lyctb ABC-— TpeyroabHuk Ha BunykJo# noBepxnocTH. Orpa-
HHYUKMCA TeM CAydaeM, korjza Jao6bie TOYKH HA ero CTOpPOHaxX MOXHO COEOHHHTL KpaTda#i-
. mefi, Iyeth 7(x, ¥) — yroa naockOro TpeyroibHHKa, onpeleatHHbi, COrnacHo mpexnMcaHHio,
JA2HHOMY B YCJOBHH. BHIYKJOCTH I Todek X H Y, Ha cropoHax AB u AC. [lo onpenenenuio
yrR o MeXxy cropoHaMr AB n AC, o= lm 01 (x. y). CoorBercrByromuil yroa ap nAOCKOro
&, Y >
TPEyroNbHHKA CO CTOPOHAMH TOH e JUINHHL €CTh 3HAUEHHE ¥ (x, ¥), COOTBETCTBYIOMEE X = AL,
¥ =2 AC. Tak kak y(x, y) He BO3pACTaeT ¢ POCTOM X H ¥, TO, OUEBHAHO, & 3> aj, UTO H TpeGoBa-
N0Ch Bokasarb. Tak kKak, KpoOMe TOro, yroa CeKTopa, 3aKJIOYSHHOrO B TPEYrolLHHKE, He MeHbIIe
yraa MeXJy CTOPOHAMH, TO H YroA STOCO CEKTOPA, T. €. yroa TPeYroAbHHKA TpH BepiysHe
He _MEHblle ag. ,
%) EcaM- xparyaHmias MCXOAMT H3 BEDHHMHHL, ' TO XA pa3BEPTHIBAHHA OKPECTHOCTH WA
IIOCKOCTh HYXHO NpPOH3BECTH paspe3 IO OTPE3KY, HCXGAAUEMY H3 STOH BEpPHIHHBI.
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TeopeMy, KOTOpas AOKasbBAeTCA He «B [BA CHOBAM. (Hoamiﬂmomy, IO -CHX nop
Boﬁuu.le' OCTaBai/iOCbh He3dMEUGHHBIM, 4YTO TaKas TEOpEMA HMeEET MeCT(‘)) ¥iz stiax.
3aueﬂ&una Crenyer, YTO AOIKHH HCKaTh Apyrue, Gonee cnaGuie HOCTATOYHHE yCaoBus.

B KauecTBe TaKHX YCIOBHA MOXHO. B3RTb . [BA:

. 1. Mewcdy scaxumu 08ymsm Kpamualubumu, Ucxo0suwumu U3 00HOI mouxu,
cymecmsyem Y20 8 CurbHOM CMbCA (KaK OH Oua onpedesén swue),

2. Cymma y2n08 mexncdy CMOPOHAME BCRKGZO -MPEYZOALHUKA He MeHbule .

Stn ycnosud, Kak GbAO YKA3aHO, BHITEKAOT H3 YCAOBHA BHITYKAOCTH M BHIIOJA-:
HAIOTCE Ha BCAKOM BEINYKJAOH MOBepXHOCTH. TO, 4TO OHH, B YACTHOCTH, BHITOJNHSAIOTCSE
B MHOroO6pasHK C MHOTOTDAHHOH METPHKOH IONOXHUTENbHO!N KDHBH3HBI, MH TOKAa3alin
JJIf WepBOTO YCIOBHMA 31eChb, 2 IAS BTOPOro — B MpefnayiuieM Raparpade. To, uro
STH YCJOBH# - BHIOJHAIOTCA B MHOTOOOpasnM ¢ MeTDHKOH, 3aJaHHOft MOCPeldCTBOM
auHeHHOro SAeMEHTa NOAOXKHTENbHON xpﬂanauu npencrasaser co600 dakr, nasecr-
HHi co Bpemenn [aycca.

YcaoBre CymiecTBOBaHnA yriia B CHIbH CMbICAE MOXHO Oniao Gai- C‘K‘:ﬂaun'rb,,
BAMEHHB €ro YC/IOBHUEM CYIHEeCTBOBAHHA yrna B cuuc.ne Hamiero onpepesieHHs, BBeREH-

Horo B § 7, T. e. yraa, kak lim 7(x, y). Ho noxasarenbcmo TaKofl BO3MOXHOCTH,
x, y->0
KOTODHIM MLl BlIaZieeM, BK/iOYaeT, XOTH i MPOCTOe AOTIONHUTETBHOE YCNOBHE M CJHII-

KOM TPYAHO AJs TOTO, YTOOH  M3/OKHTH €r0 B PAMKAX 3TOH . KHWIH.

Oauako, BooGuie yc/HOBHe CyLIECTBOBAHMA Yria B KakoM GH TO HM OH/IO CMHCIE
OKa3blBaeTcd N0 cyumecTBy aumenM! KoHeuHo, Ge3 cylecTBOBaHHA yIia, YCAOBMe,
HAJaraeMoe Ha CYMMY YTJIOB MEXIYy CTOPOHAMHM TDeyroAbHHKA, TepseT CMBICA, HO
oxasmaae'rm BO3MOXHHIM TaK ONpEAeNHTb YTON MeXAY KpaTyaiiluuMH,. HTOGH OH
BC rga Cyl(eCTBOBaA M YTOGH yCAOBHE O CymMe TaK ONPENENZHHHX YIioB Mex1y
£TODOHAMM TpEYroJNbHMKA OKAa3HBANOCh CAMO MO Cefe MOCTATOUHMM. 3TO Qnpenene-
mke yriia MOXHO BBeCTH caeayum obpasom. Ilycte L m M — ase xparualtmne,
BCXOHAUe H3 OOHOH TOukM O B MHOroOGpasus ¢ BHYTDEHHEH MeTpHKOH p. Iycrs
X ¥u Y — nepeMenHble TOYKM HA STHX KPaF4YailMIMX, OTJIHYHHE OT O HX zp(OX),
y-—-p(OY), z = z(x, y) =p(XY), O603Ha4sM, COrNACHO MPHHATOMY HAMH YCJIOBHIO,
yepes y (X, ¥) TOT YroJ B MIOCKOM TPeyrOMAbHHKE CO CTODOHAMH, DaBHHMH X, ¥, 2,
KOTODHIA JNEXHT NPOTHB CTODOHH, DaBHOR 2. Hudcwdu yesom (8 cussHOM c.uuc.ae)
Mexcdy xpamualiwunmu L u M me Haswsaem Huxcruli npedes yesa X (x, y)
noaywarowulics npu ycaosuu, 4mo xoms Op 00xa u3 motex X u Y cmpemumcs
k¥ O, a xpamuaiimas XY Ge32punusBo npubiuxcaemcs Kk 00HOE us xpamuafiuux
L wsae M. (B § 2 rn. Il 6ymer nokaaano, 4to B MHOrooGpasuu ¢ BHyTpeHHel
MeTpHKOR Kparuatmas XV cymecTsyer, Kak TOAbRO Touku X u Y mocrarouHo
Gmusku K 'O.) 3To ompefeieHne OTANYAETCH OT BBEASHHOTO BHINIE ONpENENCHUR
yria B CHABHOM CMBHICJIE TOJBKO TeM, YTO BMeCTO npexena ¥ (x, y) Gep&rca HmkHuft
npenesi, KOTODHH 3aBefOMO CyiiecTByer, Tak kak 0=1y(x, y) ==. Bmecro yraa
;B CHIbHOM CMBIC/I€ MBI MOXEM DaCCMaTDHBATh TOT HIXHHUA yron (B CHALHOM CMEICHE);

HA BHIOYKNAOR NMOBEDXHOCTH OH_CBONMTCH K YAy B. CHABHOM CMEICTe, NMOCKOJLKY
9TOT MOCHEefHHI CYLIECTBYyeT. BOCNOMBb30BABMINCh BBEASHHHM ONPENENEHHEM, MOXHO
dopMyaupOBaTE CAENYIOUIyl0 TEOpeMy:

Teopema A. Harn mozo wmolbs mempuiecKoe npocmparHcmso R 6w.a0 uso-
MEMPULHO MAKETE BunyKA0l nosepxrocmu, AwGue 08e MOUKU KOMOPOE MONCHO
coedunums xpamyalimeld, Heo0xo0d0ums & CocmamouHsl cae&yrozuue yeaosus:

1. R zomeomopdpno obracmu na ciepe. .

', 2. Jlnbwe Odse mouxu 8 R mooxcHo coedunums Kpusol, umerouelt Oruny,
, paauylo paccm osRumw mexcoy wumu. (Fnm, B Gonce cnabokt ¢opme: n:m KaXIOBIX

nnyx 'roqell X, Y cyulecTByer Takas Touka Z, uTO § (XZ) =p(YZ)=— fX Y),

rae p#— MeTpuka B R.) - °
3. /Kanedan frowka R umeem maxyao oxpecmuocmb, 2mo y 8cAK020 codep-

1
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Tlepeoe W TpeTse YCIOBHA BHIOIHRIOTCA LA a}cex BHINYK/ILX TMOBEPXHOCTEH.
BTopoe Xe — TOMbKO A/f.TeX, Ha KOTOPHIX KaXKAble TOYKH COCHMHHMBEL kparyifmes; ’
fas MOGHX BHINYKIWX MOBEPXHOCTEH MOXHO CKasaTh, TOJBKO, YTO MX METPHKA —
SHYTPEHHs#A, T. €. IS KaXIHX OBYX TOYEK CYHIECTBYET COEUHSIOMAd MX KpHBas
.C AMMHOM, ckoaAb yrogHo Gauskoit K paccrosnmio. Opuako TaKoe yclioBHe B CO€-
IVHEHMH C MEPBHIM M TPETbHM YCHAOBHAMH BOBCE He JOCTATCUHO-AJA CYIIECTBOBaHRA
xakol 6H TO HHM 'GHJIO BHNYK/MOH NOBEPXHOCTH, H3OMETPHYHON MPOCTPAaHCTBY R,
YIOBNETBOPAIOLIEMY 9THM YCHOBMAM. BoabMéM, Hanpumep, nse DpaBHble Chepel H,
HaJpesaE WX NO MepuamaHam, CKJAEMM HX IPYr C ADYrOM TaK, YTOOH MOJy4Hliach
yasoensad chepa. Ecam y 9ToH ynBOEHHOH CdepH HCKAOUHTD, NOMIOCH —= KOHIH
MpOM3BEAEHHEIX HAAPE30B, TO HOAYYMTCA MHOrooGpasme, romeoMopdnoe o6iacTa
Ha cjepe !) m uMelotee MeTPHKY MONOWKHTENBHON KDHBH3HM, HO 3aBEIOMO He pea-
nM3yeMoe B BHIe BHIYKJIOR MOBEPXHOCTH, MOTOMY HTO €ro MOJHad KPHBM3HZ PaBHA
8%, B TO BpEMA KaK KDMBHM3HA BHIYKJOH MOBEPXHOCTH HE MOMKET NPEBOCXOMHTH 4w.

PP comws  weEs ~
1

Hemwwern cresammmwe ~ .~ PPV 3
aK KaK yxKe ORIJIO yKa3aHo, 4YTO MeTpHKa BLINYKJAHX NOBepXHOCTER! YZOBAE-

TBOpAET 60/ee CWABHHIM YCJAOBUAM, YeM ycaosue 3 Teopemst A (MMEHHO, -~ YCHOBHIO
BHMNYKAOCTH M NPHBEXUHHLIM BHINE ero CAEACTBUAM), TO CYUIHOCTh STOH TEOPEMH
COCTOMT B JOCTaTOUHOCTH e YyCROBHH. '

Cpasuum ycioBue 3 € yCAOBMAMM, ONpENE/SIONIMMH MHOrOFPZHHYIO METPHKY H
MeTPUKY, 3anaBaeMylo AuHeHHnM SaementoM. B onpeaenenun MnHoroo6pasus C,MHOrO-
rpanHoll METDHKON 3apaHee NPEINOAUXKeHO, YTO STO MHCTOOOpdaHe B MaJIOM H30-
METDHYHO [QBEPXHOCTH B NPOCTDAHCTBE, HMEHHO KOHycy. CyUIHOCTb Ke 3aadmus
MeTPHKH JHHeHHEIM 3/eMEHTOM COCTOMT, KaK 60 BufcHeno B, § 2, B TOM, 4TO
MHOroo6pasue ¢ TaKo#f MeTPHKOH mpennmpaaraeTcd H3OMETPHUHHIM NMAOCKOCTH B G-
KOHeUHO ManoM, B HamieM e yCNOBHM HeT HMYero nomoGHOro, uMeHHo, Gnaronaps
UCKAIOYEHRIO THINOTE3H O CYUIECTBOBAHMM YIJa, KOTODas, KaK JErKo BHOETb, OYEHb
Gnuska runotese 06 HM3OMeTPHH NAOCKOCTH B GEeCKOHEWHO ManoM, TeM He MeHee,

I0CKO/IbKY STO yCAOBHE BMeCTC B ABYMSA ADYTHMH HOCTATOYHO AAR CyL(ECTBOBANMA BH-

fyKao# MOBEPXHOCTH C AZHHOM METPHKOH, M3 HEro yxe CAeaylT W CyLIeCTBOBaHME
yraa, # H30MeTpHus B GECKOHEUHO ManOfl MIOCKOCTH BCIOLY, KPOMe CUETHOIO MHOXECTBA
KOMHYECKHX TOYeK. 3TO0 0GCTOATENbCTBO MelaeT AaHHOE YCIOBHe OCOGEHHO HHTepec-
HEM ¥ NOTOMY MH NpPHHUMAaeM €ro 3a OCHOBY. HexoToprlie Apyrue yCJAOBHH, MOryuiue
ero 3aMeHuTb, OYAYT paccMoTpeHn B o6umx uyeprax B § 6 ra. VII 9), _

B pamkax HameRl KHuru teopeMa A me MoxerT OHTbH noKasaHa B NOJHOM 00b&Me
# HAM NPUAETCA OrPaHMYMTHCA HaHGONMee CyLIECTBEHHLIMH YACTHBIMH CIyuaaMH €&,
DAOUMMY  XaDAKTEDH3ALMI0 METPHKH MOJHEIX BHIAYKIBX NOBEPXHOCTEH, C OXHOH
CTOPOHH, H X3apaKTepPH3aLHI0 METDHKH JMIOGHX BHOYKABX MOBEDXHOCTE# B MaJOM —
¢ mpyroft ctopoHsl, IIpu sTom ang ynmpouleH«d NOKasaTelIbCTB MEl HECKOMBKO M3MEHHM
OAHHOE 31eCh ONpenéiieHHe HHXKHEro yria, HO cefiyac, 80 u3bexaHHe HarpoMOXKIEHHA
onpeneneHnll, MH He. CTaHEM 9Toro fenarb. Jlas cokpamenus MH Gynem nanblie
HA3HBATh BHYTPEHHION METDHKY, YAOBIETBOPAIOIYIO YC/iOBHIO 3 TeopeMmnl A, sem-

1 n’ TP i
purod nosoxcumessroldl kpususns 8).

1) Umenno, romeoMopdHoe cdepe ¢ HCKIOUERHHIMM MOAIOCAMH, B 4&M JNErKO yGeiHThed,
otobpamas Kawjxyw H3 HagpesawHHX cdep na noxaycdepe.

%) BeenéHHOEe HaMH MOHMATHE HHXHETO YIIa, K COXAJIEHHIO, CAHHIKOM HAAEKO 'OT €CTECTBEH-
HOTO mpejcTaBiacHHa o6 yrae. [Ipm HameM ompefeieHHH HIKHHMHA yroi Mexnay KpaTdaiinMu
3aBHCHT OT BCEro NMPOTAXKCHHS 9THX KparTyailliux, B TO BpeMs Kak B €CTCCTBEHHOM NOHSTHH
yroa XOMxeH 6b1_6H 3aBHCETb TOABKO OT CKOAb YTOXHO MaJblX HX OTPE3KOB, HCXOAAUHX H3 HX
o6mero Hauana. [TosroMy HMXHRME yrom Moxer, BooGlle roBops, H3MEHHThbCA, €CTH Kparyad-
mme L; n L; 3aMEHWTb HX OTPE3KAMH HAH, €CAM HMX, HANPOTHB, NPOHOMKHTH, JTOr0 MOMHO
M36exKaTh, BEEAA HHOE MOHATHE MHKMEro yria; ero onpeiexenne G6yper ganmo B § 6 ra. VIIL
Mu He BEOIN@M Cpa3y TaKoTO MOHATHA HHXHErO yria, MOTOMY YTO OHO B CBOI0 OYepenb HMeET

cyu‘x)gﬁ'lrpgnuue HeyxoGcTBa., Bamnpoc o pasHRX onpeieAeHHAX yraa Oyaer paccMoTpeH B § 6
ra. VIIIL '

8) Tax kak-JOR 9TO OnpeledeHAE MOANAZaeT, B YACTHOCTH, SBKAHIOBA METpHKA, TO JNYYIIE
66120, 61 OBOPHTH O METPHKE HEOTPHUATEAbHON KPHBHIHHL.



§ 9] XAPAKTEPHHIE CBOHCTBA BHYTPEHHEM METPHKH BWIYK/IHX FMOBEPXHOCTEH  49.

Teopemsi, xapaKTepHsyiOlIME METPHKY BHIYKIWX MOBEDPXHOCTeH, MH (popmyau-
PyeM KakK TeOpeMBl CyllISCTBOBaHHA NMOBEPDXHOCTH C AaHHOH METPHKOH, MOTOMY 4TO,
TaK XKe Kak B Teopeme A, HeoOGXOINMOCTH YCIOBHH amx TEOpEM He npenc'rannae'r
#HTepeca,

Korna peur ungr o merpnyeckoM npocrpaHcrse K, romeoMopdHOM 06aacTH Ha chepe
UM KaKomy-HHOYAb APYTOMY KOHKPETHOMY MHOrooGpasuio, TO B LENAX HArAAIHOCTH
NPOCTPaHCTBO R yAO6HO NPeACTABAATH KAK OBTO CaMoe MHOF006 asue C 3af1HHON
Ha 4&M HempephlBHOH QyHKumedt nmapH Touyek p (XY)— meTpuxo#t mpocTpancrea R 1).
B TakoM cCMEICIEe MOXHO TOBOPHTb O MHOrO0Gpasud C 3aJaHHOHR HAa HEM MeTDHKOH,

Xapakrepusaums BHYTPeHHeH MeTDHKH 3amxuyrux BBIITY KJbIX noaepxﬂocreﬂ oagérca
ciaenyioue#t TeopeMoit:

Teopema B. Mempuueckoe npocmparcmeso, zosmeonopgnoe chepe u umerowee
MEMPRKY NOAONCUMEABHOY KDUBUSHBL, UIOMEMPULHO IAMKHYMOL 86inyK 0% nosepx-
HOCMA,

310 ecTp uacTHuili Ciy4alh TEOpeMb ﬂ, NOTOMy H9T0 BO BCAKOM
C BHYTDeHHe#t MeTpukoHf, romeomopdrom cdepe (¥ BOOGLIE BO BCAKOM KOMIAKTHOM
fIDOCTPAaHCTBE C BHYTPEHHel MeTDHKON), Kakable IBE TOYKH MOXKHO COEXHHHTDb
¥patualtmess. JlokasatenscTBO0 TeopeMh B na&rca B ra. VII; oHO ocHOBaHo Ma npm-
OauxeHuy o6uwe#t METPHKH TNOJOXKMTENbHOH KPUBH3HE MHOTOTDAHHHIMH METPHKAIMH
¥ Ha Qopmyauposanno#t B § 3 Teopeme CYIUIECTBOBAHHA BHIMYKAOr0 MHOTOrPayHuKa
C nadHo# Merpukofl. ViMenno, romeomopdHoe cdepe HPOCTPIHCTBO € METPHKOH
MOJOXKHUTENbHON KPHWBH3HH MHl DPA30MBaEM Ha Manble TPEYTOABHHKM M KAWL H3 HHX
SaMEHAEM INOCKUM TPEYrOAbHHKOM CO CTODOHAMM TOH e IJMHBI. ITh na0CKKe
TPEYTONBHUKH 00pasyioT pasBEPTKY, KOTOpad, KaK MHl [NOKA3HBaeM, ONpeaenser
MHOTOTDAHHYK) METPHKY MONOXHTENbHOH KDHBM3HH, TeéM Gmuke MOAXONAILYI0 K HaHe
HOR MeTpHKe, YeM Menbie pasbuenue,. [Io3TOMy MOXHO BOCTONBL30BATLCH Paccy-
XKIEHHEM, CXeMa KOToporo Onia HameueHa B § 5. MmenHo, Geps Bc# Gonee m Gonee
MEJKMe pasGHeHHA W CKAeHBasn 3 COOTBETCTBY OLIHX Pa3BEPTOK 3aAMKHYThIE BEIMYKIHE
MHOTOIDAHHMKH, MH MOJyYuM~ MOCACNOBATENbHOCTb HX, CXONSIMXCA K BHIIYKAOH
NOBEPXHOCTH, KOTOpas M GyNeT M3OMETPHYHA JAHHOMY NPOCTDaHCTBY.

Jns Toro 4ro6H XapaKTepH30OBaTb MeTPHUKY GECKOHEUHHX MOJHEIX TTOBEPXHOCTEH,
ycioBus Teopembl A Hemocrarounnl. Hampumep, moaycdepa romMeoMopdHa NIOCKOCTH
¥ Kaxxaule nBe ¢€ TOUKH MOXHO COeAMHHTh KpaTyalimied, HO OHA, KOHEYHO, He H30Me-
TPHYHA HUKAKOH BHINYKJOH NOBEPXHOCTH. 3/€Cb HEOGXOAMMO, C/lieA0BATE]NBHO, AONOA-
HATCALHOE YCAOBHE, & HMEHHO yC/OBHME «NOJMHOThI» METPHKH. Memputm npocmpaxcm-
8a R na3wsaemcs noswnoli, ecau 8 R 8epra meopema Beliepumpacca, m. e. ecau
8CAKOE OecKOHedHOe U ozpauu!tennoe MHONCECMBO 8 R umeem mouxy ceymenu;z n,

He06Gx0auMOCTE YCIOBHS MONHOTH BHTEKAET M3 TEODPEMH:

Bunyxaan nosepxrocms umeem noswyio mempuxy mozda u moibko mozda,
Koda ona nosaHas, m. e, npeacmaszmem KeAYI1o 2panuyy BulYKA020 MeAd.

=

1) Tax Kax MeTpHka p(XY¥) ectb HenmpepHBHAA (YHKIHA B CAMOM METPHUYECKOM MpO-
CTPaHCTBE, TO HYXHO TpeboBaTh, q'roﬁu OHa Owlna uenpepunnoﬁ Ha COOTBETCTBYIOILEM KOH-
errnom MHOr000pa3HH,

%) B reopHn MeTpHuUECKHX npocrpancm HOJHBIM HA3HIBAETCH TAKOE MEeTPHUYECKOE MpPOo-
CTPaHCTBO, B KOTOPOM BCsikas (yHHAMeHTaXbHas (CXOpAIascs B ceGe) mOCAEHOBATENbHOCTD
CXOHYTCHA B HEKOTOpPOH TOYKE, T. €., HHBIMH CJIOBaMH, M3 TOrO, 4TO NPH 11, m > O, p (X Xyt > 0
CAeNyeT CcYlueCTBOBaHHe Takoi ToukH X, uro p(XX,} > 0. Kon-®occen nokasan: uas Toro
4TO6B MHOroofpasue (H jaxe BCAKOe JOKaJbHO KOMIIAKTHOE IIPOCTPAaHCTBO} ¢ BHYTPeHHel
MeTPRKOH OBJO NOJHBIM B 9TOM CMBICAE, HEOGXOXMMO H JIOCTATOYHO, YTOGH €r0 METpHKA
6bl1a MOJAHONH B CMBICHE nangoro Hamh onpexenenud, [Cu. C. Kor-®occen, O cymecrso-
BaHnH kpatdaimux mnyted. Jokaaps Ax. Hayk CCCP, 1. III, Ne 8 (1935), crp. 339—342],

OH-POCCEH MOJb3yeTCA NMOHATHEM, HECKOAbKO OTJHYHBIM OT MOHATHA _BHYTPenHeH METpHKH,
4TO He HMeeT, OfHAKO, CyLUleCTBeHHOro 3HaueHHs. Camoe NOHATHE NOJAHOH METPHKH OBLIO
BBeNICHO B guddepeHunasbHyo reomerpuio XondoM H PunoBuiM, OHAKO OHO PacCMAaTpPHBANOCH
M paHbme IOX NPYTHM HAa3BaHHEM. Hanpumep, 3. Kapran paccMaTpuBaeT NpOCTPAaHCTBA
¢ MOAHOH METpHKOH, HazmBafA HX «HOPDMAJAbHBIMH NMPOCTPAHCTBaAMH», Cwum. J napTaH [eo-
- METPH# PHMaHOBBIX IpocTpaHcTs, . [IL

4 A, . AneXcaEADOB.
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JlokazateabcTBo. IlycTs F eCTh MOAHAn BHIMyKAas NOBEPXHOCTb, Bo3bméM

= R T A e o oo o . ~ ~ a -
Ha Hell OeCKOHe4YHOE MHOMECTBO TO4eK A, OrpaHuYeHHOe B CMHCIe e BHyTpeH-
He#t MeTpuku. Tak KaK pacCTosHMe B YipOCTPAHCTBe He 6OJblle PacCTOSHHS Ha NO-
BEPXHOCTH, TO 3TO MHOXeCTBO Tem Gonee OyLeT OrpaHMYEHHEIM B CMEIC/iE pac-
CTOAHU! B MPOCTPAHCTBE M, CAeL0BaTe/bHO, GyneT MMeThb B NMPOCTPAHCTBE XOTH OH
QIHY TOYKY! CrymieHns. 3Ta TOuka A GyAeT nmpuHamiexaTh NMOBEPXHOCTH F (nmoTOoMy
YTO TpaHNla BCAKOIO MHOXeCTBA €CThb 3aMKHYTOE MHOXECTEO, T. €. COAEPKUT BCe
CBOH TOYKM CTyIleHus). :

Touka A GyzeT TOUKOR CryumieHus A8 MHOXeCTBa M TaKie B CMbCIe BHyTpeHHelt
METDHKH, NOTOMY 4TO, KaK OblIO 10Ka3aHO B § 6, CXOMMMOCTb TOYEK Ha BHIYK/OH
NMOBEPXHOCTH B CMEIC/E DACCTOAHHHK B MPOCTPAHCTBe SKBHUBAJIEHTHA MX CXOAMMOCTH
B CMbICI€ DAacCTOAHUIt Ha CamMOM MOBePXHOCTH. JTHM KOK23aHO, YTO MOJIHas BINyKJas
NOBEDXHOCTb HUMeeT MONHYI0 MeTpHKY.

.Echvi e BeIyK/as NOBEpXHOCTb F He IMO/IHAA, TO OHA €CTh TOJILKO YaCTh HEKOTO PO
NOAHOH BHIYKIOH nOBEpXHOCTH F;. BOspMEM Ha Fy ABe Toukd A u B Tak, uto
A aexur Ha F, a B ne nexut Ha F. [lposeném Ha F, kpatua#imyio AB u nycts
C —O6nnxafmas Kk A Touka sToft KpaTuafille#i, He npuHaziexamasn F. (BosmMoxHOCTE
COeIMHHTDb /IBe TOYKH Ha TIOAHOM MOBEePXHOCTH KpaTyaiime#t ACKasbiBaetcs B § 2 ra. I1.)
Orpesok AC Hame#t kparvaftme#f C HCKAWOYEHHOH TOuKol C mpexacCraBaseT coGoH
OTpaHM4eHHOe MHOXeCTBO Ha F, HO ero npenesbHas TOuyka C eMy He NpuHajNeHUT.
[locnenoBaTenbHOCTE TOYeK, Jexamux Ha OTpeake AC u CxOoxamuxcs K C, He HUmeeT
Ha F Touku crymenusa. CrenosatensHO, METpHKAa HEMOJNHOM BHIMyK/IOH noOBepX-
HOCTH — HernoaHasn,” ‘

[TonaTne noAHON METPHKH HABAAeTCA OAHMM M3 OCHOBHBIX HOHATHR TeoMETpHH
«B LENOM»>, MOTOMY YTO BHYTDEHHss TeOMeTpHs B LEJAOM eCTbh MO CyIIeCTBY HE 4To
MHOe, KaK TeOopus MHoroo6pasuit ¢ mOAHOH BHYTpeHHel MeTpUKOR.

BeCkOHeytibie MONHBIE BLIMYK/ble MOBepXHOCTH MOTYT OLITh ABYX THMOB: rOMeO-
MOpdHBIE NJOCKOCTH WK UWHAHHADH. DBHyTpeHHAs MeTpHKa NOCAeIHHX XapaKTe-
pu3yeTcsi OueBHAHHM 0OpasoMm, a I/ NEePBHIX HMEET MeCTo '

Teopema C. Mempuuecxoe npocmparcmso, 20MeOMOPPHOE NAOCKOCMU &
‘UMeoujee NOAHYIO Mempury HOAONHCUMEAbHOU KPUBUIHBL, USOMEMPULHO GeCHOHEUHOR
NOAHOU 8MNYKAOU noOBepxHOCMU. '

XapakTepHCTHRA MeTPHKH NPOM3BOJBHON BHINYKJOH NOBEDXHOCTH B MajIOM 32KNiO=
4aeTCd B ClemyOlieH reopeme: 3 :

Teopema D. B mHoe006pasuu ¢ mempuxoli noAONCUMEALHOE KPUBUIHH
BCAKAS MO4YKA  umeem  OKPEeCIMHOCHb, USOMEMPUYHYw  8bnyKaod nosepx-
Hocmau. _ :

. JlokasatenncTBO 3TOH Teopembl, maBaemoe B § 2 ra. VIII, ocHoBano Ha caexyio-
UWIMX cooOpameHuax. Mbl nOKasmBaeM, 4TO B MHOTOOOGDa3HH C METPUKOHM MNOJOXKH-
TeJAbHON KPHUBH3HBI BCAKAas TOYKA HMEET OKPECTHOCTb, HB/AIOULYIOCH BLITYKABIM MHO-
rOyro/ibHHKOM. DhIpExeM TaKOH MHOTOYFrOAbHHK £ K3 AAHHOIO MHOrooOpasus H, B3AB
‘npyro#t akseumasp P’ DPOBHO TaKoOro e MHOTOYTOJNbHHMKA, OTOXIAECTBHM HMX COOT-
BETCTBEHHHE CTOPOHE. MHOTOyroabHuK P romeomMopdcH Kpyry, a NoTOMy B pe3yiib-
TaTe TaKOTO OTOXISCTBIEHUS MOAYYMTCA MHOrooGpasue P-|-P', roMeomopouoe
cpepe. B HEM ecTecTB.HHO ONpeneNseTC] METPHKA: 3a PACCTOAHHE Mexay TOY-
Kami X ¥ Y npuHuM3eTcd TOYHas HUXKHAS TpDaHUL JIYH COEHHHAIOIMMX MX Kpu-
BHIX, [IPUYEM AJMHZ Onpeje/seTcd 4yepe3 MeTpuHKy, umewomywocs B 2 u P’. QcHoBH-
BAACb HA TOM, YTO ¥ BHIIYKJAOr0 MHOTOYFOALHHMKA Yr/bl He MPEBOCXOIAT ™ U 4TO0,
CAenC BaTe/IbHO, MOJHbIE YIJb BOKDYT CKJEeHHHIX BEPUIMH MHOTOYTOJBHUK®B & H P
OKa3eBaloTCA He Goablie 27, Jerko NOKasaTb, YTO MeTpUKa B MHoroo6pasunm P -f- P’
6ynmer nciaoxwTenbHoH KpususHe. FHa ocHoBanum Teopembl B e€ MoxkHO peanuso-
BaThb MOCPENCTBOM 3aMKHYTOR BhINYKJOH NMOBePXHOCTH, a BHpe3as M3 3TOH MOBEpPX-
HOCTH YaCTh, COOTBETCTBYIOUIYH MHOIOyro/ibHHKY P, [oJyyuMm BHIYK/YIO HOBEPX-
HOCTh, M3OMETPHUHYIO 3TOMY MHOTOYTO/IbHHKY. TakiM 0Opa3oM, OKa3bBaeTCd AOKa-
3aHHOH He TONbLKO Teopema D, HO TaK¥ke H TO, YTO BCAKHH BBINYK/AbH MHOTOyroJibHHK,
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roMeoMopHuit Kpyry, Bupesaﬂﬂuﬁ H3 MHOrooGpasuf C “METPHKOMH nonoxm'renbﬂoﬂ
KDHBH3HH, MSOMeTDHYEH BHNYKJAOH NOBEPXHOCTH.

Jokasarenncto reopemst C nposomurca B § 3 ra. VI cBenenuem e& Kk Teopeme
B nocpenctsoM aHaiaoruyHoro rpuéma. O6006illeHHe 3TOTO MeTOJ2 CK/AeUBAHH HOBOTO
MHOroOGpasiss M3 KyCKOB JAaHHHX MHOroo6pasuft npUBOAMT K oOOulel «Teopeme
O CKJEeWBaHUHM», HMeloIeH MHOrO MHTEPECHBHIX NMpPUNOKeHUH, POpMYynHpOBKa H HaMErKa
JOKa3aTe/NbCTB1 3TOH TeopeMb Aa0TcR B § 3 ra. IX, OnH2KO no/HOe AOKA3aTe/AbCTBO
e He MOMXET OLITH M3/10eLO B PaMKaX Hameft KHHIH. ITa TeOpeMa O CK/AeHB2HHH
YCTaHaBIHBaeT BeCcbMa OOIMe YC/NOBHA, NMPH KOTOPHIX H3 KYCKOB JaHHHIX MHOroo6-
pasufl ¢ MeTpUKOH MONOKHUTENLHON KPHBH3HE MOXHO «CKJICHTB®» MYTEM OTOXAECTBIe-
HHA vacTefl IpaHUll 3THX KYCKOB HOBOe MHOroo6pasue TaKiKe C MeTPHKOH NOAOXKH-
TeNLHOW KPHBHM3HH. YacTHuM ciayuyaeM OyAeT «CK/eHBaHWe» BHIMYKJAOH MOBEPXHOCTH
M3 KYCKOB IDYIrUX BHINMYKAHX [0BEPXHOCTeH; 3TO 9BAACTCA LIKPOKHM OO00G6IIeHHEM
Teopeubl 0 CKJ/ICHBAHHH BHIYKAOr0 MHOrOrpaHHHKa H3 KYCKOB IJIOCKOCTH.

O6iuas TeopemMa O CKACHBAaHHH TIO3BOJIAET, B YAaCTHOCTH, BHACHHTb, KaKWe BHIy-
KAble TMOBEPXHOCTH 00AaZal0T TeM CBOHCTBOM, YTO Ha HHX KAXIABE IBe TOYKH COe-
IvHEMBE KpaTuahieit. OKasniBaeTCs, 4TO, HAPUMEDP, TaKasl OTPIHUYEHHAS NOBEPXHOCTH
MOXeT OHITb TOJNBKO OJHOTO H3 CAeAyOiMX THMOB: 1) 3aMKHyTad; 2) d3OMeTpuUYHad
BHIIYKJAOH mIanike, T. €. BbIIYKAOH [MOBEPXHOCTH C TJAOCKHM KpaeM, OJHO3Ha4yHO
NpoeKTHPYIOLIEACT HA2 NAOCKOCTh Kpad; 3) u3oMeTpH'IHad GOKOBOH NMOBEPXHOCTH Tps-
MOr0 KDYroBOro LWMJAHHIAp2; H el OHa MOXKET MOoAydYaTbCA H3 MOBEPXHOCTH MepPBOrd
HAH BTOPOro THIIA MYTEM HCKAIOYEHHs JI000ro 3aMXHYTOTO MHOXeCTB2 TeX TOUeK,
yepes KOTOpble He MPOXONAT HHUKaKHe KparTvafiiine (aTuM CBOHCTBOM OONaNA0Ty
B YaCTHOCTH, BCe KOHMUeCKMe TOuKd). Bce mnepeuucieHHble 34eCh [OBEPXHOCTH
H TOJNBKO OHH OrpaHHueHbl H AOMYCKAalT COeXHHEeHHe N1060H MapuH TOYeK Kparyadlued.

§ 10. HekoTopHe OCOGEHHOCTH BHYTpPeHHeH I'eOMETpHH BHNYKAHX
) Jl0BepxXHOCTEi.

Mexny BHyTpeHHell reoMerpuell NMpPOUSBONBHHEX BHINYK/ABIX IOBEPXHOCTEH H rina-
HUMETPUEH uAH¥ Haxe BHYTPEHHEH reomerpuedl PeryAapHHX BHMYKILIX. IOB PXHOCTEH
MMeeTcH cyuectBeHHOe KaueCTBeHHOe pasnwude. OHO CBA3aHO C TeMH OCOOEHHOCTAMM,
KOTODHE MOMET IPeACTaBHTh IIPOM3BOABHAS BHINYK/Nas NOBepXHOCTh. [loHumaHue
3THX Oco6eHHOCTeH OYeHb BAKHO A FeOMeTpa, NMOTOMY YTO OHO NpPenOCIeperaer
OT TOCTPOEHHS HANIAAHBIX KaDTHH 110 2HaNOrHW C MAaHMMeTpPHed, KapTHH, KOTOpHIe
MOryT He COOTBETFTBOBaTb HNEeHCTBUTENbLHOCTH M MOrYT [MO3TOMY HABeCTH Ha C/IMMI-
KOM 1I0CTieNIHEE HeBepHHE 3aKl04eHds. B CBASH C aTUM Oyner HeGecnone3HO BMSAC-
HUTbL 31eCb Ha PAJe MNPHUMEPOB OCHOBHBLIE KAaYeCTBEHHLIE ocoﬁeﬂnocm‘nuyrpeﬂueﬂ
reOMETPMH BHITYKAKX IOBEDXHOCTeH. ITH OCOOEHHOCTH CBA3aHH, IJIZBHHIM OGpasom,
i ¢ OTNMYMEM CBOHCTB Kparuallminx Ha BHINYK/IOH NOBEPXHOCTH OT CBOHCTB npimonu-

afuLry nmnaunn U1 MaNcCENnTu
u\-nuuux Lpvonwve na NNOCKCLCTH.

Iipexae Bcero mnepevyucauM «XOpoUIMe> CBOACTBZ KPAaTYaHIMX Ha BHINYKAHX
MOBEPXHOCTAX, KOTOphe OyAyT AoKasaHnl B mocnenvioweMm (§ 2 ro. II u § 4
ra. III):

" 1. Ha Bcaxko#t noaHo#l BLIMYKAOH NMOBEPXHOCTH KaXible ABE TOYKH MOXKHO CO-
eAVHUTL Kparyalimet. Ha nmpomsBosbHOM BHINYKION MOBEDXHOCTH KaXXaad TOYKAZ WMeeT
OKPECTHOCTb, /MI0OLIe J(B& TOYKH KOTOPOH MOXKHO CQEIMHHTB KpaTyalmiei.

2. Kparyaiimasn romeomopdHa npamoauHefiHOMY oTpe3ky. Kaxnas nyra kparuakiniess
TaKXKe fBAseTCa Kpardafiwefl. [nuvHa kparuailiie® paBHACTCA pPacCTOAHHIO Memny_éé
KOHUaM#.

3. M3 nannHo#t TOUKM B JaHHOM HAMpPaBNeHMH MOXET HCXOAMTL TOJBKO OJHa
Kparyafmas, HAd, HWHBIMH CTOBaMH, [Be Kacaloldecs KpaTdafiliue HazneraioT Apyr
Ha Jpyra.

4‘ Nna grvyY ¥natu2finmuy pAIMONHE TONLLO TAKUS e ChAv4Ya¥ B3aU%UCIC Dac-
- F e LT Hul“ l\l.lﬂl —lurlu-llln EINI TR NS AALE A LR AW ViAW ansriw JMmw JIJ‘IGYI DoaQarn

MOMOXEHHS, KAaKHE MMEIOT MeCTO AAA Ayr Goabliux Kpyros Ha cdepe. Mmenno, nse

4%
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KpaTyafiiube WAd He WUMEIT/O0LIUX TOYEK, HAHM HMEIOT TOJNLKO OIHY OOLIyI0 TOYKY,
WAH WMEIOT TOABKO ABe 00iijie TOUYKH, KOTODHIE OKAashiBAIOTCA IIpH 5TOM HX OOGILMMH
KOHIaMH, NMOJAOGHO ABYM OOJBLIMM MNOAYOKPYWHOCTAM Ha cdepe, COeIHHAIOIUM JBE
AMaMeTpanbHO TPOTHBOMOJOXKHLIE TOYKH; HaKOHelU, NBE Kparyalmipe MOryT Hajaerarhb
Apyr Ha JApyra Ha LieAOM OTPe3Ke TaK, YTO OJHZ eCThb YacTh APYrofl, WIM TaK, UTO
ONMH KOHell MX O6ero OTpe3Ka eCTh KOHel, OIHOM M3 HHMX, 2 ADpyrofi KoHel ero
€CTb KOHell APYyroH, moAoGHO IByM HAaAEraioluM Kyram 6onbmoro Kpyra. Huxakue
Ipyrue B32WMHbIE PAcTONOXeHHA KpaTyalux HeBosMOXHH. (CM. yepr. 16 ra c1p.).

‘5, [penen kpatyalliyx ecThb Kparyafolag, T. €. €CAH KpaTyaiimige CXoadarcd
K HeKOTODOH KpPHBOH, TO 3Ta MOCAENHAA TaKxke CK13hIBaeTCsa KparTyadiied.

Tenmepb NepeyHCAUM OCHCBHHE OCOOEHHOCTH KparyaHiiux, a NOTOM NPOAEMOH-
CTpHpYeM 3TH CCOOSHHOCTH HAa pane mnpumepos. [Ipm 3rom ToT dakrt, yro Ha mpo-
M3BOILHOH BHINYKJAO# NOBEPXHOCTH, BO.OILHe TOBOPsA, He BCAKHE JBE TOYKH MOKHO
COCNMHHTL Kpartuafime#, MOXHO He CUHTaTh oco6eHHocho MOTOMY 4YTO TeM Xe
cBolicTeoM ©OO/iafaet, HIMpHMED, BCAKan HeBhiMyKAas OGAACTh Ha MAOCKOCTH.

1. Ha puoyxknoft MOBePXHOCTH MOryT CYUIECTBOBAaTb HAPH TOYEK, KOTOPHeE coe-
OWHAIOTCA He OAHON, 2 MHOTHMH KparyafluMMH; TaKdHe TOYKH MGIYT OHITH Jlaxe CKOMb
YyrofgHo GnuskuMu APYT K Apyry. :

2. MoryTr CyumecTBOBaTb TOYKH, 3 KOTOPHX B HEKOTODHIX Hanpannenmx He:
HCXONAT HHKaKHe Kpar4ailine. Mm HanEM TPUMED NOBEPXHOCTH, y KOTOpOH BCe
TOYKH 0612xal0T 3THM CBOHCTBOM.

3. MoryT cymecTBOBaTb TOYKH, Yepe3 KOTODHIE HE NPOXOAUT RUKaKasa Kparyaiias.

4, Ecnu A2HHYIO TOUKY A COeIHRUTL KpaTuafimefi ¢ nepeM:=HHOH Touko# X, TOIpH
HEenpepHBHOM IBH:KeHWH TOYKH X Kparyaitmad 4X MOXeT MeHATbCA He HENMpephBHO.

M3 ocobennocrelt 2 u 3 caenyer, yto, BooGuie roBops, He BCAKYIO Kparyalinyio
MOXHO TPOLOMXKHTL 31 OXMH M3 e€ KOHUOB A TaK, uTOOH NOAyuunach JHHHS, Kpar-
yaiiuiad xOTH O HA CKOMb YrOZHO MaJOM ydacTKe, cOlepialisM BHyTpH celf TOUKY

A TArwrensn 2 ~mmATARar TANANANRIIITA AYAAO EIERIIOL nrerverismadd AT AMTTer A ANE RAMALFAT A

. .Y.lﬂbl.Ml’l LJIUDGMYI, I oydaconioenan JLYIEI NN ﬂd nmu_ynuun HuUbDTpanvuvin muJmel Iiu
AONYCKaTk Ge3rpaHHYHOro IMPOROMKEHHA, KaK STO WUMEET MeCTO B Clyuae Deryasp-
HEIX MOBEPXHOCTeM.

OcoGentoc™d 1, 3, 4 MMEIOT MeCTO Ha BCAKOM BHINyKJOM KOHyce (C MOMHHM
yraom < 2w). I'IyC'rb O—Bepmuﬂa TaKoro Kouyca, a A U B-— Kakue-au60 ABe ero
Toyku, otaudHune or O. [Ilposendm o6pasyiomue OQA, OB n, paspe3as KOHyC No
3THM OOpasylomH{M Ha JBa CexTOpa, paaaepHéM 9TH CEeKTOPh Ha NAOCKOCTh, Tak
KAK CyMMa YI/IOB 3THX CeKTOpoB ecTb § < 2w, TO yroj oJHOro H3 HHX GyneT MeHblme

I PaBeH o < x, Tlpﬂmonuﬂennomy oTpesky AB, npoaenéHHOMyBaTOM CEeKTOpe, COOT-

BETCTBYET xpa'rqanman AB na xomyce. Orciofa BHIHO, YTO UY€pe3 BepPUIHHY KOHycCa
He MOXKET IIPOXOJMTb HHKakasa Kparyaimas. Jlanee, ecau yran 0OOUX CEKTODOB
paBHB, TO OTpe3kH AB B HHX OGOHMX INOJYH2IOTCH DPABHHIMH H, CAEAOBATENBHO,
B ATOM Clyyae TOUKH A u B coenuugiorcs IBYMA KDaT TYaRUIUMH, Kak 6nl HU ORLIH
OHH GaHakK K BepuiuHe O,

OnuuieM H2 HauleM KOHYCe OKDPYHOCTb C MEHTPOM B BEDINMHE, NPOXOSLIYIO
yepes TOYKY Al By.IIBM ABUraTh TOYKYy B 1o 9TOH OKPYKHOCTH, HAauMHas OT TOUKU A.

[Noka yrox ¢ Mexnay 106pa3y10muMu OA u OB ocraétcs MeHble oL Kparyafimas AB

i}
MEHAETCA HEeTNPEePhBHO, Ho npu Mepexoje uYepe3 3HaueHHe :pL—: MPOHCXOMUT CKAYOK

KpaTyaiimieil ¢ onHo# cropoum or O Ha apyryw. CrenosarensHo, Kpartuafimas AB
MeHSIETCR He HelpephIBHO C HeNDepPHBHHM ABHXEHHEM TOYKH B.

ItH- coobpaxeHUs MMelOT COBepmIeHHO OO0mui xapaxrep. JleHCTBHTeABHO, NMyGTh
uepes Touky O Ha KakoH-a1M00 NOBEPXHOCTH He NPOXOAMT HHKaKas Kpartyafinas.
Onuumem Bokpyr O 3aMKHYTyI0 KPuBYIO L M, B3fB Ha Hell NPOU3BOABHYIO TOUKy 4,

S
6yleM ABMrarh NepeMeHHylo TO4YKy X NO kpuBoit L B onpexe&HHOM HaMpaBAeHHH,

dauunHas or Toukd A. INpu TakoM ABMXeHMH KpaTyahmas AX He CMOXeT NpoHTH
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yepes O M, C/le[0BaTe/bHO, MPH HEKOTOPDOM MONOMEHHH X, TOYKH X OHa NOMKHA
Gymer uyepes O mepecKOyuTh. B TakoM cayude CymecTBYIOT no KpaitHelt mepe ase
Kpatyafiume AX;: 310 G6yAyT mpeneas Kparyafimmux AX, noaywaiomuecs NpH NpH-
Gauxenun TOukH X Kk X; ¢ oaHot W c aApyroft CTOPOHb. DTO pacCyXIeHHe He
.MpeTeHNAyeT Ha CTPOrOCTh, XOTA €ro M. MOXHO CHeNaTh COBePIIEHHO TOYHLIM; HaM
BaXHO TOABKO HAM/IANHO YACHHTB, UTO HAMHWYHE TOUYEK, Yepe3 KOTOphie He IPOoXONar
Kparyafiiine, BaeuéT 32 co00I0 NpyrHe OCOOGCHROCTH B MOBeNeHHM KpaTdaiiiux.

Mo goxkaxem B § 3 ra. IV, uTO Ha BBINYKNOH MOBEPXHOCTH uepe3 BCAKYIO
KOHHYeCKY10 TOuKy (T. €. TOYKY, MOJMHHHA Yroa  BOKpPYr KoTtopo#t < 2x) He mpoxo-
JUT HUWKakad KpaTtua#iias. Dto, BNpoueM, IOBOJNBHO OYEBHAHO caMo no cebe. ['o-
pasfo HHTepecHee TO OOCTOATENLCTBO, YTO STHM CBORCTBOM MOryT OGJaiaTh TaKme
TOUKH, He ﬂanﬂfomuecn,xounqecxumn (na 3T0 mme ykasan B. A. 3anrannep).
Hyc'rb, Hanpumep, G——anyxnaa O6MacTh Ha MJAOCKOCTH H L — orpannuusaronias
e¥ KpuBas. Torma, ecin B HeKOTOpOH TOuke A KpuBH3HA KpHBOH L 6GeCKOHeuHa,
TO Ha ABaXJs MNOKpuiTo#t o6GnacTy (G HHUKakas Kparyafiiiagy He TIPOXOAUT uyepes
TOUKYy A, 4TO MpOBepPAETCH MPOCTbIM NOACYETOM. B 5TOM npHMepe TOuKa A JEKHT
‘Ha pe6Gpe MOBEPXHOCTH, HO TeM e CBOHCTBOM MOryT 00/alaTh TOYKH, TAe Cyuis-
CTByeT KacareibHad NAOCKOCTb. BOT mMocTpoeHue, NpHBOAfHiee K MOBEPXHOCTH Bpa;v
IHEHHA, yepe3 IIOJIOC KOTOpOR HE NMPOXOAUT HHMKaKas Kpatuahiuias.

[Tycts Ky—- 60OKOBass NOBEPXHOCTL MPAMOro KPYroBOro KOHYyca. KpaTqaﬂmpre
COe/IHHAONINE TOUYKH HAa OKPYXKHOCTH €r0 OCHOBaHHs, 3aNOJHAIOT Ha HEll HEKOTOPYIOo
KonblieByro oOmacte H, 1). Bupexem 3Ty 06nacrb H K e& MeHbillefl OKDPYXHOCTH
IIDHCTABUM KOHYC Ky C MOJHBLIM YriaoMm MpH BepuuHe, GOasmuM uyeM y K,. Ha atom
KOHyce BHAENHM CHOBZ OGaacTe H;, sanonnsemy0 KparyaHiuMwH, COENHHAIOLUMH
TOUKH HA OKDYWHOCTH €ro OCHOBaHUA, H K MeHblue#t okpyxHoctH obractu H, npu-
CTaBHM KOHYC Ky, # T. A. [loBTrOopas 31O mnocTpoeHde, NpHAEM B Npelene K BhIIYK-
A0H MOBepXHOCTH BpAIUEHHA, H2 KOTOpPOH, KaK /erko NMpOBEPHUTh, HUKAKas Kpatyait-
masg He TMPOXOAMT yepe3 monac. Ecau noaHble yran KOHycoB K, Ks,... N0CTATOYHO
GHCTPO CXOAATCA K 2m, TO 3Ta JIOBEPXHOCTb OyNeT UMEeThL B MOJIOCE KAaCaTeNbHYIO
naockocTs. Ecnu BmecTo camux oGaacreft Hy, H;,... 6paTh HeC<0nbKO GOAbUIME
oGnacru, TO p&6Gpa MewAy HHMH MOXHO OyAeT CriAaAuTb H MOJYYHTb NMOAHOCTBIO Tial-
KyI0 BHIIYKJYIO TNOBEPXHOCTh BpAllleHUs, Yepe3 MOAIC KOTOPOH He MPOXOIMT HUKakad
kpatyafinas. CTOMT OTMeTHTb emE, YTO B TO BPeMs KaK YHMCJIO KOHMUECKHX TOYEK Ha
NIOBEPXHOCTH Bceria He Gonee yeM cuéTHO (uTO OyHeT NMOTOM JAOKa3aHO), MHOXECTBO
TOYeK, Yepe3 KOTOPHe He MPOXOMAT KpaTyafliiye, MOXKET UMEeTh MOIHOCTb KOHTHHYYMA.

[MpumMep nNOBEPXHOCTH, HA KOTOPOH HKMeTCA TOYKHM, H3 KOTOPBHIX He BO BCex
HanpaBleHHWAX HCXOMAT KpartuafiliMe, Mbl yxke npuBesdn B § 7. }liMeHno, H2 npAMOM
KpYrOBOM KOHyCe HeT KpaTyauluxX, KacalomuXcs OKPYXKHOCTH OCHOBaHHA. Tem ke
CBOHCTBOM 00J12/1a10T, HanpHMep, OKPYMXHOCTh OCHOBaHHA LMJAMHAD2- WAH pebpo
ABOSIKOBBINYK/ION /iMH3el. ONHaKO Bce 3TH NMOBEPXHOCTH — Heraaakue. [raaxkylo ro-
BEPDXHOCTb, H2 KOTODOff H3 HeKOTOPO# TOUKM B HeXOTODOM HanpaB/eHUH He HCXOMHUT
HHKAaKas KPaTuyaiilas, MOXHO NMOJYUMTh CJIEerYIOUUM TOCTpoeHueM. BosbMEM cdepy S;
BuiGepeM Ha Heft noaioc O W, npoBeas uepes (. MepHauaH L, I1OCTPOUM HA HEM
NOCAeNOBaTeNLHOCTL TO4eK A, Ag,..., cxoasmyoca k O. Boxpyr touek A, omnu-
IeM OKpyxHOCTH C, TakK, 4yToOb OHH He nepecekanauch. IlocTpoum koHycH K,, Kaca-
omuecs chepnl S MO 3THM OKpyxHOCTAM. Ha noayuennoft takum o6pasoM mnoBepX-
HOCTH HeT Kparyafltile#f, ucxonaied w3 O B HanpaBaeHMHM MepuavaHa L. To, 4to 3To
NefiCTBHTENbHO TaK, NOKa3blBaeTCA NMyTEM NPOCTOro, pacCPKAeHHs, KOTOPOEe MBI MPO-
BeJEM HECKOJBKHMH CTPOKaMM Aaibuie. Eciu Xe BepuidHH KOHYcOB K, 3ariaaMTh,

k4

- 1) Ecam 6 —noagwil yros npw BepmuHe xoHyca Kp, a ro— QJMHA ero ofpasyloluieit, Ta
0
obaactb Hp npeicrasaseT yceu&HELIA KOHyC ¢ obpasywoumeli r = rg (1 — o8 5) , B uéM,

AeTKO y6ennthesl, ecal paspe3aTh KOMyc Kpmno obpasyiolieil u, pa3BepuyB ero Ha IVIOCKOCTS,
3aMETHTDb, UTO Kparqaumne CyTb XOpAH TOAYYEHHOrO CEKTOpa.



54 OCHOBHHE YOHATHS H PESV/bTATHI [ra, T

T0 nonylmu rnamcylo NOBEePXHOCTb, HA KOTopoﬁ TaKxe He 6y)1e1' Kpatuaitmes, HC-.
xu,nﬂuwn U3 U B HallpaBJICHHH MEpH.D.ldde L. DLJIH H3 TOYKH, U ﬂpUBEClH HeCKOJIbKO,
MEeDUAHAHOB [ W Aaa BCEX HHX MPOJENaTh TaKOe e TOCTPOeHHe, TO ‘U3 Touku O
KpaTyafiiiue He OYAyT HCXO/NMTb B HANPABAEHUAX BCeX 3TUX MEpDHIHAHOB. MoxHO
B3ATh JaX¥e CYETHOE BCIOAY IIOTHOE MHOMEeCTBO MEPHIMAHOB L M NPOBECTH Ha HUX
TO XE€ MOCTPOEHHE, CMENA JHIIL 32 TeM, YTOOH Bce OKpyxHocTd C,, HMe mnepeceka-
auck (4ero nerko MOCTHIHYThb, €CAH PajuyCH WX 6yAyT yOuBaTh AOCTATOUHO GLICTPO
NPH Nepexone OT OQHOrO MePHAHaHa K APYrOMY, MpH4YEM MepuAHaHuH L caeixyer npen-
BaPUTE/NLHO NepPeHYMepOBaTh).

Hakonen, MOXHO yKasaTb BHIYKAYIO [IOBEDPXHOCTb, H2 KOTOPOH BO BCAKOH TOUKe
HMEeTCa BCIONY NAOTHOE MHOMXKECTBO HalpaBieHufl, B KOTODHIX He MPOXOAHT HHKaKas
KpaTtyafimasa. ItuM CBOMCTBOM 006/2aeT NMOBEPXHOCTb CO BCIOAY TMJOTHHIM MHOXECT-

_ BOM KOHHYecKHX ToueK. [TOCTPOHTBL TaKyi0 NMOBEPXHOCTb MOXHO CAENYI0-

/\B‘ MM oﬁpaaom By.a.eu HCXONMThb, HANPHMED, H3 npasum;uoro TeTpasjpa Po.

‘ fiycrs AI,...,H‘ — LEHTPH TAXECTH €ro rpaHeh. BHABHHYB TOUKH Ay

HapyxKy, MOCTPOUM BRINYKAYK 0GONOYKY TeTpasipa P, H 3THX BblJABH-

HYTHX Toyeh A;. Ecau cmeinends Todek A; AOCTATOYHO Maabl, TO MO-

AYYHM MHOTOTPDAHHHK #;, WMelIHMfl B KauecTBe BepIUMH BCe BEPIIHHBL

TeTpasapa P, u Bce cMewEHHbe TOYkH A;. BafB uHEHTPH TaxecTH rpaHedt

MHOTOTpaHHMKa /£, ITOBTOPDHM TO Xe MOCTPOEHHE H T. A. A0 O(ecko-

) HeYHOCTH. EcM CcMellleHHs IEHTPOB THKECTH IpaHefl NpH KakAOM cle-

0 AyloimeM miare 6yayr yOblBaTk HOCT2TOYHO, OHICTPO, TO NOJHBIE YAl

Uepr. 10, BOKPYT Yike NOJYYeHHHX paHpllle BEPIIMH MHOTOTDaHHMKOB P, 6yayr

PacTH MOCTAaTOYHO MEAMEHHO H He GyayT crpemuTscd k 2w, [losTomy’

B Npejene MONYYHTCA NOBEPXHOCTh €O BCIOAY TUIOTHBIM CUETHHIM MHOXECTBOM KOHH-
YEeCKHX TOYeK.

[Tycts Temeps O — NpPOH3BOJbHAA TOYKA TaKo# noBepxHOCTH. CKOMb YroAHO 6AU3KO

1 ) rmsAiamaer trrizsciEsacs YAEEA AN TTESET A YITARAS  rweswr w v roam snamitadiniroa TTAnmrarey

K U HMEOTCA KOHHYeCKHe TO4YKH, a Hepe3 HuX HE MNpOXOAAT KpaTudanildc. i:C3TOMY,
crenya oOieMy pacCyXIeHWIO, NPOBeJEHHOMY BBIllle, MOXHO 3aKAOUHTh, UTO Hal-
n€rca Touka B,, koropas coejpuHserca ¢ O AByMa KpatyalmdMH. OTH IXse Kpart-
‘yafilue OrpaHWYMBAIOT Ha TMOBEPXHOCTH IByyroabHuk D, (uept. 10). ¥ rTak Kak
MHOXECTBO KOHWYECKHX TOYEK BCIOLY IIIOTHO, TO B 3TOM [IBYYrOAbHHKE HMEKTCH
KOHHYeCKHEe TOYKH CKOAb YyroaHo 6au3ko k Touke O. OTCiON2 MOXKHO 3aK/IIOUHTD,
YTO0 B JAByyroabHuke D, Haltagrca Touka By, Kotopaa coexuuderca ¢ O nByms
Kparuaftuimu. OTH KparyafimiMe OrpaHHUMBAOT JAByyroabHuk D). IloBropss sTo
pacCyxieHue, MOAYHHM I1OCAEAOBATENbHOCTD BJIOKEHHHX APYr B APYra ABYYrO/IbHUKOB
Dy, Dy, D,,. .., cxumaomuxca kK Touke O. B HanpasneHud U3 TOukd O, COnepKaileMcs
BO BCeX 3THX MABYYTrONBHHKAX, HE HCXOXMT HUKaKad Kparuailiiag. ['OBops TouHee,
nmycTh K — KacaTeabHul KOHYC K Halle nmoBepxHocTH B Touke O. Ilycte T, T, —

oOpasyiouie 3TOro KOHYCa, Kacaiouideca ABYX Kpardatumix OB,, OrpaHHYUB2:ONINX

ABYYIOALHY n 174 nn-":nnnulnﬂ UMU CeKTOD wvnura K Tawy wvawr nov.
.,J. UllDﬂ!Il\ Un, a 1 4 ” UI pann onnnn an’l v IUP na I\UHJ A ¥V ' 4 % Aan nan “DJ

yroasHuk D, ., comepxkurca B D,, 4T0 CeKTOp V., COmEPKUTCA B cekTope V.
CyutecTByer oGpasylowas 7, colepKauascad BO BCeX CEKTOpax V,,, U Mhbl yTBepXKuaeM,
4YTO HA HameHl MOBEPXHOCTH HeT Kparuafime#, Kacaloiiedics aToit obpasywomefi. Ecan
6bl Takaa KpaTuaiilla® CyUleCTBOBaJa, TO OHa .iepecekaja OH kparuaimue OB,
H uMena Gul ¢ HuMA oOmme Toukd moMuMo O (mo kpaiHe#t Mepe NpH GONSHINX 7).
A 3TO HeBO3MOXHO MOTOMY, UTO e€CJAM ABe Kparuailide H2 BHIMYKJAOH NMOBEPXHOCTH
HMEOT ABe OOui¥e TOUKH, TO 3TH TOYKM NOKHM ObITh HX 06m¥MH KOHUamu. To xe -
paccyxlerne npMMEHMMO K npeibayiteMy npuMepy. Crporoe ero o60cHOBaHHe A/Id
HaC B JAaHHL#! MOMEHT HeCYIHeCTBEHHO: HaC HMHTepecyeT OoJbule HArfsnHas CTODOHA
BOITIpOcCa. \

Mewxay npouuM, 3/eChb BHISICHAETCA CBA3bh MEXAY CYUIECTBOBaHWeM OCOOLIX Ha-
nmpasAeHuit, B KOTOPHX H3 TOukn (O He HCXOAMT HHUKaxKas Kparyalmasa, ¢ onmHoft

STANNALILY i’ cUnracrrtToNBRAFUoans mNuair ol "o i A uyrnnia Snmusruy v ) w COOMTUITUMLIY
WAV ARy 2 LVyuivLipvoansvin LVTaLLYy VAWAD  y i VAU wdnonna N W N wwearnnnvoma

¢ O nByms KpaTyafiliuMu. DTy CBA3b MOMHO NPOCAEAHTb U B OGPATHOM HanpaBleHHH.

P
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HefcTeutensHo, ecnd w3 O B HanmpaBneHuw I He HCXOAHT HHKAKAas Kparuafimas, To
npu ApMKeHuH TOYKH X BOKpyr O kparuaiimaa OX NOMKHA NepecKakuBaTh uepes
#anpapieHne 7. B MOMeHT CKauKa WMelTCcd ABe Kpatuakhiive OX, orpaHuvuBalomIue
ABYYro/bHHK, cOlepwailyft Hanpapnenue 7.

C BHIACHEHHHIMH TOJBKO YTO OCOOEHHOCTHMM KpaTyafiuuX CBA3aHH OCOOGEHHOCTH
Apyrux ¢uryp Ha BHNYKALX 1I0BEPXHOCTAX M, B YACTHOCTH, O0COGEHHOCTH OKPYIK-
HoCcTH M kpyra. Ilpexae BCero Ha BHNYK/JIOH TNOBEPXHOCTH MOryT OHTb CKOJb
YrOOHO Maldble Kpyrd, He romMeOomMopdHbEe NACCKOMY KPYry. OTO ABIEHHEe HMeeT
MeCTO Ha BCAKOM KOHyCeé C TMOJHHM yraom, MeHbinuM =. Ha uyepT. 11 usobpaméu
TakoR KOHyC, pa3pesan#bifl no obpasywouef ¥ pasBEPHYThH Ha TMNOCKOCTH; Ha HEM
HAPHCOB2HH 'OKPYIKHOCTH C leHTpOM B TO4ke A. C DOCTOM pamvyca OKPYXKHOCTD
KacaeTca caMa ce6d B TOYKe £, NOTOM pacnanaercs
Ha 7Be 3aMKHYTHe KDHBHIE, OJHa2 M3 KOTOPHIX CXKH- 0
Maercs B BEPLUIHHY KOHYycA ¥ Hcuedaer. Yem Onuxe’ _ /\
TOUka A K BepmiHHe, TeM IipH MeHbIIHX padnycax D
NOABJIAIOTCA 97U oCoGeHHOcTH. B § 6 ra. IX, noces-
IEHHOM OKDYXHOCTH, Oy/eT NMOKa3aHo, YTO H2 BhINyK-
A0/ TOBEPXHOCTH MOTYT OLITb OKPYXHOCTH, TOMeo-
MOpbHHE 1060MY 3aMKHYTOMY MHOXeCTBY [M/IOCKOM
OKDYKHOCTH, COJAepHKameMy XOTH Obl OOHY HENYI0 Ayry.
ATH 3aMeyaHusi MOKa3bIBAIOT, YTO HeJIb3s CYHTATh TPHBH-
AJIbHOH CHeAYIOLRY0 TeOpeMy:

Jna Kawnao#h ToukH A Ha BHNYK/IOHR IOBEPXHOCTH
cymrecrByer Taxkoe r>0, 4ro BCRKMH Kpyr C LEHTPOM -
B TOYKE A H DPaavycOM, MEHbIIHM 7, roMeoMopdeH nao- Hepr. 1L :
CKOMY KpYry. ‘

Ecan u3 Touky A B TOuKy B npoxoAsr ABe Kpajgahilne, TO OKPYKHOCTH C UeH~

RMaAREY T AT, A AYANMTarArg I1aNnan p rFRAESHATT™ MDA A NIIUrNra A p R g R ™I TY ASLY W
TPOM B TOUKE A, IPOXOAANIIAA Y€PE3 >, HMEeT ABa panadyla As. & § U IV. 1A MH KO-

KaxxeM teopemy: Ilycth B-—TOUKa Ha OKpYXHOCTH ¢ ueHrpoM A u X, — nocne-
JOBaTeIbHOCTh TOYEK 3TOH OKPYIKHOCTH, cxomaulasca K B Tak, 4TO pamnycn AX,
cxomarca K paauycy AB. Toraa yron mexny AB u kpardyafimumu BX, cTpemurca
x nnpsaMoMy. 'py60 roBsops, 370 3HAYHT, YTO OKPYXKHOCTH MEPNEHAVKY/IAPHA K paguycy.
QOpHaKo B TOYKY B MOXKET HTTH HeCKONbKO PaauyCoOB, H TOrA2 pPasHue AYTH OKPyx-
HOCTH, HAYyWIME W3 TOUKH B, MmepieHAMKYMAPHH K PasHHIM paauycaM. Touxa B Gyuer
yraoBofl TOUKOH OKPYKHOCTH. DTO fBJIEHHE MOXHO BHIETb H2 HAllleM NpUMepe OK-
PYKHOCTH Ha KOHyce: Ha 4epT, 11 Touku C u D — yraoBhe TOYKH OKDYXHOCTH.
‘Tak Kak CKOJMb yroiHo 6AH3KO K TOYKe A MOryr CYuiecTBOBaTb TOYKH B, coemm-
Humbe ¢ A JAByMA KpaTyafiiiumd, TO N2Xe CKOJAb YTOAHO Manbie OKPYXKHOCTH
€ JaHHBIM LEHTPOM MOTYT MMeTh TaKdHeé YTJIOBbLE TOUKH,

OrMeTuM ell€ OAHY OCOGEHHOCTH TpPEYIOAbHHKOB Ha BHIMYKJLIX nonepxnoc‘mx

a NAOCKOCTY pcaxull TnevrolALHUK. a Ha narvaganH i rn\nnn\runr-’l‘u nearuil nocra-
A A 1AV VAW L KL D\WwiliAnZ1Z1 IP J U'Iull'll\, (<3 (13 lJ J l'l'ltlllvl’l ILUHVP AP WwrAALTAKS Muwia

TOYHO Malbif TPEYrOoNbHHK — BRIMYKALIY, T. e. KpaTyafimias, CoeauHAOMIad A06he
ABe ero TOYKH, COAepXHTCA B HEM. Ha HeperyaspHHX Ke BRIMYKJBX HOBEPXHOCTSX
MOTYT CYieCTBOBaTb CKOAb YTOAHO Manbie HEBHNYyKAble TpeyroabHukd. (a1 «6onb-
IIHX®» TPeYTONLHHKOB 3TO TPHBHAAbLHO, NMOTOMY YTO €CsH, Halpumep, Ha cepe B3ATH
Tpu ToMKH A, B, C, He newamde Ha ONHOM OOJbIIOM Kpyre, W COGNHHHTb HX
Kpartuaflinumu, To cdepa pasobpércs Ha ABa TPeyroJbHUKA, W3 KOTOPHIX OIUH 3a-
BeOMO He OYHeT BHINYKJbIM.)

Jlag MOCTPOeHHs COOTBETCTBYIOILEro NpuMepa OyneM HCXOZHTb W3 BEPETeHO006-
pasho#t 1oBepxHOCTM Bpawenus F, (uepr. 12). [Iposentm us e& moaoca O apa
mepuanana OL;, OL,, neasuux e€ Ha nea pasHux cekropa. Iloctponm na OL; n OL,
MOCNeN0BaTeALHOCTH TOUeK Ay, Ay, ... U By, By, ... TaK, 4ro paccrosuus OA, u OB,
paBHn 1/,n. Bs3AB B TOUKax Ay, H By, ., KacaTelbHble NJIOCKOCTH, CIABHHEM MX

HECKONLKO BHYVTDL NOReDXHOCTH F, U oTceudm oT F, MOJVUeHHBIE TakuM OBDaszoM

Siwwiawra D AW By ipyD LBVDLEpAnLLNn LI BEECEE SE d 0 ey BUNALNIL danfhs UVpacUn

TOPOYINKY, 3aMeHHB MX KyCKaMH MJAOCKOCTH. IToiyudTcs BHIMyKIaf MOBEPXHOCTH F.
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[TpoBeném Teneps emé ABa MepHAHAHA OM1 u OM,, aenamux YTAB MexIy OL, n OLy
mornosiaM, OHd paso6biOT NOBEPXHOCT F HA ABa CeKTopa u1 H ug, Ul COOEPKHUT.
mepunnan OL;, a U, — mepunuan OL,. ITycte A m B— ase Touku Ha M, u M,, pasHo-
ynangunnie or momoca O. §I yrBep:xmaw, yro TpeyroabHHK OAB Bcerma 6yneT He-
BLIIYK/LIM, KaK Obl TOYkKH A H B HHM GH/H GAHIKO
K O. JleficTBUTenbHO, BO3bMEM Ha OA u OB no
Toyke X u Y, paBHoymanéuHo#t or O. Kparuatlinas
XY He MOXeT NMPOXONMTHL 4epes momwc O, a npo-
XOAHT B OmHOM H3 cextopoB U, U,. Ecan Touxu X
¥ Y aswrare Kk momwocy O, To kpaTuafimas XY 6y~
€T BPeMs OT BpeMeHH MePEeCKaKHBATL M3 CEKTOpa
U; B cextrop Uy, u obpatno. [HeficreurensHo, no-
NYCTHM, HampuMep, YTO kKparuafiias XY HeH3MEHHO
OCTaéTC B CeKTope Ul.' Torna NpH HeNpephHB-
HOM JiBH#eHWH To4YeK X u Y oHa HosikHa TPORTH
yepes TOUKY Agy.i- PTO, OJHZKO, HEBO3M:)KHO, MO~
Yepr. 12 TOMy 4TO Y TOuYKH A,,.; ropbymxa He cpesaHa,
a2y ToukH By, ., CDe3aHa, TaK 4To nyTh oT X Kk Y
yepes Ag,. ; Oyaer aauxHee. Caenosatenbuo, 71peyronsEuk OAB 6yxer. HesH-
AyK/bM, HE32aBHCHMO OT .TOro, B KaKoM u3, CekropoB U; ¥ U, OH COXEPHHETCH.
To e siBJAEHHE MOXHO MOJMYYHTb HA INaAKOH NOBEPXHOCTH. [l71s1 9TOrO HYXHO MCXO-
KT U3 raaaKoft NOBEPXHOCTH BPAHIEHUS Fy, Uepes NMoaioc KOTopoﬂ He MOXET IPOXONHTE
HUKaxKaf Kparyafiulas, 2 NpH Cpe3aHHd ropOyulek Kpas CpPesOB CieJyeT S3araaidThb.
YkasaHHas OCOGEHHOCTH TPEYTONLHHKOB MOKa3biBAET, UTO HEMAb3s CUMTATh, HA~-
npUMep, TPHBHAMLHOH TEOpeMy O TOM, YTO BCAKYIO 3aMKHYTYI0 BHNYKAYK NOBepX-
HOCTb MOXHO DasGHTL Ha CKOMb YrOJQHO Majble BHIIYKibie TPEYroJbH#AKH. Jlokasa-
TeNbCTBO 3TOH TeopeMul, npegnaraemoe B § 6 ra. II mep-
CTRUTELHG AKARLIRAETES TORONLED CAOKH Py

CTBHTCADHDO OKd3biBaeTCA AUBOJNDHO CAUKHDIM. v
OtmerHM emE HeKOTOpHE OCOGEHHOCTH Yraa Mexay i M
Kpartdafttupmu, B § 7 yxe 6un0 MOKasaHO, 4TO OT AaHHOH a., 0
Kparuyaiimiet OA He Bcerza MOXHO OTJAOXHTb yroJ, paBHHIH
NaHHOMY, NMOTOMY YTO B COOTBETCTBYIOUIEM HANpaBIACHHH U3 L ¢
TOYkH O MOXKeT He HCXOAMTb HHKaKas Kparyatias. [aiee,
eclH B3ATh TOYKY X, OTAMYHYIO OT A, H HelpephBHO e&
nmepeMemiatb, TO yroa Mexny kparuafimwumd HA v OX Moxer
H3MEHATLCA He HeNDEPHIBHO, IMOCKOAbKY caMasd Kparyaftiuas ~ Yepr. 13.
OX MOXeT H3MeHATBCA He HempephBHO. OIHAKO MEl JHOKa- -
aem (§4 ra.1V), uro ecam xparyaftmme OX CXOMATCA K HEKOTOpoH Kparuahme#
OB, To yron mexay OX u OA cxomurca x yray mexay OB u OA. Buecre c Tem,
OKa3biBaeTCs, Y10 eclAu TouykH O, cxomirca k O # xparqaﬂmue L,, M, HCXOAAmHeE
H3 Om CXCRATCA K hpaTanmmﬁ Lu z‘vf, HCXOAALLIHM H3 u, TO yTibl MEHAY L-,,, H 1|!1n
MOTYT He CXORUTHCA K yray Mexay L u M. DT1o aBlenne MQIKHO BHAETL Ha M06QM MHOro-
FPaHHHKe, HanpuMep, Ha Ky6e (4epT. 13). MNycrs O — Bepmiuna KyGa, a O, — TOUKH
Ha ero pe6pe, ucxonamenm us BepiuvHn O. Ilyets L 1 M—aBa apyrux pe6pa Ky6a, cxo-
asmuxcs 8 Bepuive O, a L, U M, —OTPe3KH Ha rPaHax, NMapanienbHule pébpam L u M,

npoBei€HHbEe U3 ToueKk O,. Yron Mexny p&€Opamu L W M paseH, OYeBHHOHO, T;—’

a yron Mexay orpeskamu L, u M, pasen = (yron, uamepeHHhfl Ha KyGel), I'IoamM!r

yron mexay L, u M, 3aBenoMo He GymeT CXOAMTbCA K yray mexnay L u M. Ecau

K€ DaccMarpHBaTh NOCNeAOBaTeNbHOCTb Map Kpatdatumx Ly o My, Lu M, Lyu M,,
w k1

Lu Murt B&,TO yrasl MexAy HuMu OYAyT T, <5 » Ty ... H, CIE0BATEND-

HO, BOBCe He OynyT CTPeMHTBCA X KaKOMy Obl TO HH Ouno mnpeaeay. Ycaosuf,

Npd KOTOPHIX CXOAHMOCTH YI/JIOB, TEM HE MeHee, HMeeT MecCTO, 6vnVvT BLISCHEHLF

B§4rm IV. e » OyLyT BHIACHEHL

-



!

§ 11) TEOPEMH H3 BHYTPEHHE# TEOMETPHM BHIIVK/IWX NOBEPXHOCTER . 57

§I11.T eo;iemu U3 BHYTpeHHell reoMeTpUH BHLINYKJIMX NOBEPXHOCTeH.

Bc&, 0 yM roBOpHJIOCH BHILE, OTHOCHTCH K OCHOBZHMSIM BHYTDEHHEH reoMeTpHm
BHITYKJIHIX roBepxHocTelt. Temepp MB XOTHUM YK33aTh B OGIHUX YepTaxX Ha HEKOTOpHIE
OTIe/bHble Pe3yAbTaThl, KOTOPHE MOTYT OBITh B HeHl NOJAYUYEeHH, H BBIICHHTb XapakK-
- TEPHBIE YeDTHl 3THX pe3ynbTaTOB. EcCau cienoeath TOMY NJaHy, IO KAKOMY CTPOMTCH
SNEMEHTapHas NJIaHUMETPHA, TO CHeAyeT HauaTh C Y4YEHHa O TpeyroinHukax. Ilpu-
BenM HECKOMBKO QTHOCAIIMXCA CiON2 TEODEM.

1. Yran tpeyrosibHHKa Ha BHINYKJAOH TIOBePXHOCTH He MeHblle, YeM COOTBETCE-
' BYIOIIHe YIZIkl TPEeyrosbHHKa Ha TIIOCKOCTH, HMeIoLIero CTOPOHH TOH e JJIHHBL
(Teopema 3 § 4 ra. III).

2. Ecau xpuBH3HA BHYTPeHHe#t O6GMacTH TPeyroabHHKa, T. €. CyMMa ero yrioe
MUHYC T, DaBHa HY/IO, TO TPeyrOAbHHK H30MeTpHYeH MIocKoMy (reopema 3 § 6 ra. V).

3. Ecnu @, b, ¢c— CTOpOHH TpeyrolbHUKa, ®&-— KPHBH3HA ero BHYTpeHHeRl 06-

MACTH. ¥ — UrOn  nMhoatTupOaewamiull cTonode £ U S v "> w10
'I“vlll, I J - v'l’ lval'.Hv'.\l‘l‘um’.‘l vlvr’v. S v’ L1 / I // ’ LA
a?— b2—2abcosy > ¢? > a? 4 b — 2ab cos (7 — w), (1)

Ecan xe y< @ (u1u > ), To npasoe (1eBOe) HEPABEHCTBO 32MEHAETCA TPHBHAJBHBIM:
c>|a—bl (c<<a-b).

Dta rTeopema ecTs npsmoe caeacrBue mepso#. Hepasencrsa (1) okaspBalOTCH TOUHHMMY
B TOM CMBICIE, YTO MNPH JA2HHHX a, b, ¢, Y, @ HANZETCA TPEeYroNbHHK, H Jaxe
TPEYroNIbHUK Ha BHIIYKJIOM MHOTOTDaHHHKE, AMA KOTOPOro ¢ 6yReT CKOJMb YrOAHO-
6au3ko K neBoft MaAM K mnpasoft yactu dopmyan (1).

4. Ecau o— nnomans TpeyroabHHka T Ha BHINYKJAOH NMOBEPXHOCTH, a Oy — MO~
WaAL NAOCKOro TpeyrodbHWKa T, CO CTOpoHaM¥ TO# ke AAHHH, TO 0. 0 — gy <

¥

rad l A2 s a — TIERGIaIra nurvmaarraall Aflwascmn mnagranraneas T a8 A sares miral
% "_2_ W 3 LAV W npnbnana D y IPCHHGI’I wuiavi 4 Cyl wibnvinag {4 y a ‘ Civ aAna
Merp. IIph 3TOM 0 == 0, TOra H TOALKO TOrNA, KOTAa TPeyroAbHuK T usomerpuyed T..

(Cm. § 1 ra. X)) T

CrMCOK TaKoro pona TeOpeM MOXHO Ohiio 66 emé yBesuuuTb. OoHaxko OOIMH BX.
Kapakrep yme sceH. MoxHo NPODOMKATE CpaBHEHHE TPEYrONbHUKA Ha BBHIMYKJIOR
NOBEPXHOCTH C TPEYrONbHHKOM Ha IIOCKOCTH, NMPHYEM OTAMYHe NepBOro OT BTOPOro-
OyaeT OUEHMBATLCA Yepe3 KPHBM3HY BHYTpenHe#t oOnactH. Tak, Hanpmmep, Kaxjaoft
dopMyne TPDHTOHOMETPHH, CBASHIBAIOUle#l CTOPOHH M YrAB MNAOCKOr0 TPEYrONbHHKA,.
MOXHO CONMOCTaBUTb COOTBETCTBYIOLIME HePAaBEHCTBA, AZOLIHMe OUEHKY OTKIOHEHHS
TPEYroZbHHKAa HAa BBIMYKAOH MOBEPXHOCTH OT Tako# GOPMYy/Nn B 3aBHCHMOCTH OT
KpUBH3HBE ero BHyTpPeHHedl o6aactd. Jleno B TOM, YTO MBI H3yuaeM BHYTPEHHIOIO
reOMeTPHI0O He KaKOH-HHOYAb JaHHOM, a TpPOU3BOJBHOM BHINYKAOH NOBEPXHOCTH,,
H YXe MO ONHOMY 3TOMY TeOpeMH JOMKHB HOCHTH NPEUMYIIECTBEHHO KayeCTBeHHhIH
XapakTep M MpOCTHie KONHYECTBEHHHECOOTHOMEHHA JOMKHE UMeTh, I7IaBHEIM 06DP230M, .
BHI HepaBeHCTB, TOYHbIE Ke COOTHOMICHHA HeH3(GE€XKHO MOMXKHB OKasbiBaThCA MO
6onbiiefl 4acTH AOBOJBHO CJAOKHLIMH.

YkaxeMm emg ABe TeOpeMhH B TOM e OyXe:

1) B § 10 Mu yxe ynoManyau TOT ¢axT, 4To AAA BCAKOH TOukM O Ha BHIOYK-
Joft nosepXHOCTH F cymecTByeT Takoe r, >0, YTO BCfIKass OKPYKHOCTb Ha F
C UEHTPpOM B O M DaAHYyCOM, MEHbUIHM ry, SIBASETCA MPOCTOH 3aMKHYTOfl KpHBOH.
Ilycte r <ry, {— nnuHa OKPYXHOCTH pazuyca r ¢ UeHTpoM B O, H— noaHmft

.yroa BOKPYr To4ykH O, o— KPHBU3HZ BHYTDEHHOCTH COOTBETCTBYIOMIErOo Kpyra

, {
c HckaouéHHbiM LeHTpoM O. OTHolueHue —— He BO3PACTAaeT C POCTOM r M yhOBAe-

. [ .
~ TBOpHeT HepaseHcTsam 0 > > % —a, npuuém /== 6r TonbKO TOrHa, KOraa Kpyr
WIOMETNHUAHY UNUIY Ha KNHVCe ¢ nanurim vranu B (Mowazarenternn nmadrca n & A
'.Uv‘l‘vl!’.l Awpas I\PJ 2 1 RLGA .‘U-‘J W Al AAWSUWEALLALLYE J 4 YEWSITR > e \Hvl‘f“v“l AP A ED NS AR W & Wwra A 3 o

ra. IX.)) -
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2) M3 Bcex BHINYKIHX MOBEPXHOCTe#t, OrpaHHYeHHHX OPOCTOR 3avMKHYTOR KpH-
BOA [aHHOH MAWHH W HWMEKMX KaHHVI0 KDHBH3HY, MeHbIIYW 2K, HauGOabliyio |
IO MMeeT NMpAMOR KpYyroso#t kKouyc. Jra Teopema 0606iuiaeT H3BeCTHOE - Ma-
XCUManbHOEe CBOHCTBO Kpyra. ([lokasaTenbcrBo maérca B § 3ri. X.)

HurepecHnle o6uHe 3anayd BHYTPeHHeH reOMETpHH BO3HMK2IOT B TeOPHH KDHBHIX

Ha BBHIIYKAHX NOBEPXHOCTAX, KOTOpOH mocsaulena ria. 1X. IIpumepom moxer cay-
HHTh UCCNENOBaHHE KPHBHIX, OrPaHWYHBAIOMIMX BHINMYK/ble 06/AACTH, HAH HCCAeN0BaHHE
CBOHCTB, reofe3HMeCKHX <«B lLieJOM» Ha MOJAHHX mnoBepxHOcTAX. Clom2 OTHOCHTCA,
. HanpuMep, TaKas TeOpeMa: eCAH HAa NOJHOR BHINYKJOH NOBEPXHOCTH HMeeTCd XOTH
6nt omHa KpuBas, GeCKOHeWHQ NMPOZOMXAIAACA B O06e CTOPOHH M TaKafd, YTO Ka-
XKIHH e€ OTPE30K OKashBaeTCA KpaTdaiille#t, TO TOBEPXHOCTDb nsomeTpuqHa TIOCKO-
€TH WAH UHAHHAPY. DTa TeopeMa aA CHy4ad PerynspHLIX MOBEPXHOCTeH 6uina noKagana
C. 3. Kon-docceHoM B pagy HeJOro pima NMpeKpacHHX -pe3yAbTaTOB, OTHOCAMUXCH
% CBOMCTBAM Teofe3HYeCKHX «B LE/IOM» HA GeCKOHEUHHIX MOJHHLIX TMOBepXHOCTAX 1),
[lpeicrasaserca sacayXuBawiieh BHWMAaHWA, TMOBHIWMOMY, HE O4YeHb TDyAHasa 3anaya:
nepeHecTH pesyasTaTh KoH-PocceHa Ha o6uiHe WOJHHE BHNYKAbIE NMOBEPXHOCTH B
TOR Mepe, B KaKOH 3TO BO3MOXHO.

Oco6ui#t KDYr TeopeM BHyTDeHHefl TeQMETDHH TOAYY2eTCA, eCAH PacCMaTpPHBaTh
Te BHIyK/IHE NOBEPXHOCTH, HA KOTOPHIX OTHOIICHHE KDPHBH3SHH H IVIOHWIAAH NPOU3-
BOJABLHOH O6JMacTH MOAYMHEHO TeM HAH MHHM orpanudexusm (cm. ra. XI). Ha cdepe

1
panuyca R 8To OTHOlIeHHEe Ans BCex oOaacTefl paBHO -k OxassiBaeTcd, YTO eCaH

1 1
H2 TIOBEDXHOCTH F 9TO OTHOUICHHE 32KIIOYEHO MEXAY 7o M o » TO BHYTDEHHHe CROR-
1 ]

€TB2 TOBEPXHOCTH F OKa3bIB2IOTCA B HEKOTOPHIX - OTHOHIGHUAX ITPOMEKYTOYHEIMH
Mexny csolcrBamu chep panuycoB R; m Ry B Kayectse NMpPHMEPOB MOMHO [pH-

Becw Cnelyiouiye TeOpPeMH, B KOTOPHWX MB Npexnonaraem, urto R; > Ry U cdepmu
uvcor R. u R. ofio3zauaeM COOTRETCTREHHO S. u Sﬁ'

nWVE NG * ANg LaeRaRalll LLOUIaTivIinennl <1 =

1 Ilycte T— TpeyronbHuk Ha noBepxHocTH F u Ty, Tg—— TpeyroibHHKH Ha
cdepax S; u Sy, HMeowHe CTOPOHE TOH Xe naunel. Ecan @, @, ag — cooTBeCTBEH-
Hbhle YrIBl 3THX TPEYyroAbHHKOB, TO %, L& @3 Ecad o, 6y, 63 —uX mromianH,
TO 6; < 6 < Gy

2. Mycts I, I, Ig— nauHE OKPY:HOCTEH ONHOTO H TOrO e pajauyca Ha NoBepX-
HoctH F u cdepax S, S,, a 0, oy, op— IVIOWAAH KPYroB oxaHoro paxuyca. HMméior
MeCTO HepaBeHCTBa Iy >(>lq M oy >0 > q,.

3. Bepxuas rpanvua / mgavH, HA KOTOPHX reoliesHYecKas NMHUA HA MOBEPXHOCTH
F G6ymer kpartyafiiet B CpaBHeHHWH CO CKOJb YrOHNHO OnH3KHMHU K Hefl KPHBhLIMH,
TIOMYUHACTC:H OueHKaMm DoHHs %) =R, > 1> 7Ry, 3nech =Ry u wRy — IIHHE 60Jb-
HIHX NOAYOKpYXHOCTe# chep S; H Sy, T. e. HZHGOMBIUKME ANHHH KPaTYaRMHX HA HHX.

Hakorelt -ecTecTBeHHO ynoMAHYTh M Takylo TeopeMy. Ecau oTHolleHHe KPHBUSHEHI

K WIOoWAZH M BCeX 06/jacreil MOBepXHOCTH F paBHO i » TO Kazas TO4Ka Ha F
HMeeT OKDeCTHOCTb, W3OMeTpHuUHYK 4YacrtH cdepn pamuyca R. Ecauw xe F ecrtb
K TOMY e 3aMKHyTad BHIYK/Iaa IOBePXHOCTb, TO OHAa caMa QKa3niBaercd cdepoit
pamMyca R.

ITpenen oTHOLIEHHA KPWBH3HH K miaomaind o6sactd, nodyyamouiefica OpH CTATH-
BaHUH OOJACTH B Kakyl-HHOYAbL Touky X, eClH OH CYIUEeCTBYeT, eCTh rayccosa

1) S, Cohn-Vossen, Totalkrimmung und geoditische Linfen auf einfachZusamtélen-
hingenden offenen vollstindiien Flichensticken. MareM, c6opH. (#oB. cepusi), T. 1 (1936), .
crp. 139—163. Kon-Poccen 6epér BONIPOC C YHCTO BHYTpEHHEH TOUKH 3PEHHN, paccMaTpHBas
IIOCKOCTh C SAJAHHHIM Ha HEH JHHEHHHM 9JEMEHTOM NOJNOWHTEAbROH KPHBH3EW. OnHAKO
B BH/y Halleii TEOPEMH O PearH3yeMOCTH 3ajamHOd TaxUM o6pa3oM METPHKH HeT HHKaKoi
paaﬂnuu. FOBOPHM /M MH 06 abCTpaxTHOfi MeTpHKe MAA O moAxHoN BHOYKAOH MOBEPXHOCTH.
) Bna peryaspunix nosepxsocTell 3TH OLEHKH OblIM Haiinemn BoHms B 1855 r. M X
MOXHO HaHTH BO BCAKOM O6OJBLIOM Kypce [H(pepeHUHaNbHOH reOMETpPHH, HampHMep, B
«Jlnpdepenumanproit reomerpuu» B. Baawke (§§ 983—100).. o~ )
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kpususHa B To4yke X. Ha peryasapHEX nOBepXHOCTAX 3TOT Npemes BCerga CYHIECT-
Byer. DMecTe C TeM, ero Cyme&cTBOBaHHE OKaShiBA€TCA TaKme MOCTaTOYHBIM AAR
TOro, YTOOH BHIMYKJad NMOBEPXHOCTb C TOYKH 3DeHHA e& BHYTpeHHe#l MeTpuKM Ghina
HACTOABKO peryaapHoi, uYToOH K HeR MOXHO . OHJO nNpHAarats OCHOBHOH ammapar
rayccoBo#t BHyTpeHHell reomerpuu. MIMEHHO, UMeeT MeCTO CAeAyiOLIas TeopeMa:
TycTh Ha BHINYKAGHA NMOBePXHOCTH F OTHOLIEHHE KDHBUSHH TPEYTONbHHKZ K era
TUIOWIAJH ' BCErJa CTPEMUTCH K omnpeaeiiHHoMy mnpeaeny K(X), Korna TpeyrojibHHK
cxuMaercs K touke X. (TpeyrosbHHK NpH 3TOM He 06H3aH COAEPKaTb 9Ty TOYKY X;
npenen K(X), KOHeYHO, MOMET 3aBHCETh OT TOYKHM X, HO OH OKa3LBae€TC Hempe-
puiBHOA dyHKuuelt ed.) Toraa B OKpeCTHOCTH BCAKOH TOYKH O Ha NMOBEPXHOCTH F
MOXHO BBECTH reofe3uuecKHe MOMSAPHHE KOOPAMHATH r, ®; METPHKA MOBEPXHOCTH
B TaKOf OKPeCTHOCTH MOXET OHTb 3alaHa JHHeRHHM sneMeHTOM ds?=drd-| G d¢?,

npuuéM xosddunuent G aBaAfgeTcs HeNpephiBHOH GYHKIMER r U © B MMeeT Hempe-
0G G | )

PHBHbe YaCTHble MPOHIBALHME ——, -35-; KPOME TOrO, HMEET MECTO dopmyna’

Taycca an#i KpUBHSHH

‘ 1 _#YG

K= —————.
VvaG o

. Xora ko3dpduunenT G MOXKET H He HMeTb MPOH3BOLHON HO TeM He MeHee

oG
op °* .
MOKHO Tak npeo6pasoBarb O6GHUYHYI0 (GOPMYAYy A reoae3dyecKoft KPHWBH3HH “H
. JuddepernuanbHOe ypaBHeHHe TeONe3WYeCKHX JHMHUM, 4YTO OHH OYIyT NMPHMEHHMH
B Haulefl OKPeCTHOCTH, Tie BBENeHH KOOPAHHATH 7, . . ‘

VisMenus opMyaupoBky, 3Ty TeOoDeMY MOXHO IpeBpPaTUTh B TeOpeMYy, AAOULYI0
OnpenenieHde rayccoBofl BHYTpEHHeH ' METPHKH, 3afaHHOH JuHeAHBIM 3eMeHTOM,
B T¢PMHHaX, He COJEPKAUHX HHKAKOrO YIOMHHaHUS O KOODAWHATAX M JHHERHOM
B/IEMEHTe M MPHUTOM Oe3 MPEANIONOKEHUA O TMOMAOKHTENBHOCTH KDUBHSHH. IJTO no-
cneaHee 06CTOATENBCTBO MPOUCTEKAET M3 CAEAYIOMIEr0 YpesBHYaHO BawHOro dakrta.
OxasuiBaercqa, 4YTO NMOHATHA H METOAW, O KOTOPHX MH TFOBODHAH B TNPUMEHEHHH K
BHNYKIBIM MOBEPXHOCTAM B SBKAWIOBOM [POCTP2HCTBE, MOryT OBITh MepeHeCeHH
nouTH Ge3 H3MEHeHW}t Ha BHIIyKJble TOBEPXHOCTH B NpocTpaHcTBe Jlo6ayeBckoro,
M /51 3TUX NMOBEPXHOCTeH MOryr GObiTb MOJAYYEHH Pe3y/abTaTh, COBEPIIEHHO aHazo-
THYHHIE TEM, KOTOpHE ObnM ¢GHOpMyAUPOBAaHE B STOH raaBe AMs BHIMYK/IKIX MOBEPX-
HocTell 3BKAMAOB2 npocTpadHcrBa. Hanpumep, mas 3TUX rnoOBepXHOCTell HMeET MecTo
TeopeMa, COBEDHIEHHO aHanordyHas TteopeMe A § 9, ¢ Toff nuwe pasHdue#t, 41O
B ycnoBun 3 3Toff TeopeMbl clelyer NOTpe6oBaTh, YTOOLl CymMMa HHXHHX YT/IO0B
MeXIy CTOPOHaMH TPeyrofbHHKa Ohia He MeHblle CYMMbl YIJIOB TDEYTOJNbHHKA CO
CTOpOHaMH TOH XKe MJIHHH B COOTBETCTBYIOIIEM NMpocTpaHcTae JIoGayerckoro. Orciona,
HarnpuMep, CAeAyeT, YTO BCAKAaA IOBEPXHOCTb, romeomopdHad chepe H uMelomas
BCIOJY TaycCOBYy KpHBH3HY, 60/bliy:0 HekoToporo K, MoxeT OHITH MOrpyXeHa B BUAE
BHINYKAOH NMOBePXHOCTH B NPOCTparcTBO JloGaueBCKOro, UMelolllee KPHBH3HY, PaBHYIO
i MeHsinyio K. Taxum o6pasoM, BHYTPEHHAA FeOoMeTpuf BHIYKAHX MOBePXHOCTEH
npocrpadcrea JIo6aueBCKOro OXBaThHBAeT BHYTPEHHIOW TeOMETPHIO BCEX NMOBEPXHOCTEH,
KDHBH3H2 KOTODHIX OTrpaHHueHa CHH3y. JT0 o0606iieHHe HameHl TeOPHH MH pac-
cMoTpum mnoapob6uee B mocaepdedt, XII rnaee; Tam xe MBI, B YaCTHOCTH, TOYHO
chopMynupyeMm OOHIYIO TEODeMY, KOTOpad naér ofpeleneHHE raycCOBOH BHYTpeHHeh
METPHKH Ge3 IOHATHA O KOOPAMHATAX W O AMHeHHOM aneMeHTe. 3AeChb e MH Or-
PaHUYMMCA TOJNBKO CHEJAHHHIMH OOLIMMH yKa3aHHAMH.

N



FTABA IL

OBLIME NPEAJIOXKEHUS O BHYTPEHHEA METPHKE.

§ 1. O6mue TeopeMB 0 COPAMJAAEMBIX KPHBHIX.

O6uHe TeopeMH O CHPAMASEMHIX, T. €. HMMEIONIMX KOHEYHYIO MJHHY KDHBHX
B NPOW3BOJALHOM METPHUECKOM INPOCTPEHCTBE, KOTOpble OYyAyT 34eChb [AOKa3aHh,
JOCNOBHO NOBTOPSIOT H3BECTHHIE TeOPDEMH O KPDHBLIX B 3BK/AHIOBOM INPOCTPZHCTBE.
Tem He MeHee NMOJIESBHO NPOBECTH WX JOK23aTe/ILCTBO, YTOGH NEHCTBHTENLHO yOeANTbCH
B TOM, YTO B 3THX TeOpeMax He HCMNOAB3YeTCA HHMYEro, KpOMe TPEX OCHOBHAIX
cBOHCTB BCAKOH MeTpHKM 1) u onpeneneHus NJNHMHBI, .

IIpexne BCero yTOYHHM MNOHsTHE KPHBOH. "IJTO crenyer clenarb o ABYM mpH~
yuHaM. Bo-nepBuix, onpeneneHHe KPHBOR KaKk MHOMXKECTBAa TOYEK, SBJAIOHIErOCs He-
NpepLIBHEIM 0OPAa3oM NPAMOJHHEHHOrO OTpe3Kd, He TOMAMTCH, MOTOMY YTO NPH OMpe-
HeNeHHH SAHHBL Mbl NOJIb3YeMCSl HEKOTOPHIM JaHHBLIM NiaDaMeTPHYECKHM IPeICTaBICHHEM
Kpusoft. Hanpumep, npaMoanHeAHbA OTPE30K, MPOXOLUMEI} NBAXALI: CIEPBA B OJHOM,
a2 MOTOM B APYTrOM HamnpaB/leHWH, HMeeT NJIMHY B 1Ba paza GOJbmIylo, YeM TOT e
OTPE3OK, MPOXOAHMHH OnWH pas. OKkasniBaeTCs MONE3HKIM CUHTaTh OTPE3OK, IPOXO-
AUMbIH IB2XIH, 32 KPHBYIO, OTJIHMYHYIO OT OTpe3Ka, mpoxoaumoro onaud pas. Ho,
C IpYroi CTOPOHBI, ONpeIeNATb HENMPEPHBHYIO KPHBYI0 Kak MHOxKecTBO Touek X (£)
C Na”HHO# onpenenéHHoll napaMerpusauuel Toxke HeyROOHO, NOTOMY YTO TOTrJa ONHH
H TOT W€ HpAMONMHeHHHN OTpe3oK, NMPOXOAUMHH C PasHBIMH CKOPOCTSIMH, T. €. TaK,
YTO OJMHAKOBLIM 3HAYeHHAM TMapaMerpa COOTBETCTBYIOT pa3Hele TOUKH, Gymer cuu-
TaThCA 32 JBe DpasHHE KPHBhE, TOrIa KaK eCTeCTBEHHO CUMUTAaTh €ro 32 ORHY H Ty
Ke KPHBYW. ITH coobpameHHd 3aCTaBAAIOT MPHHATH Clelylolliee ONpelesieHHe TOTO,
KaKde KPHUBHE OYAYT CYHTaThCA ONMHAKOBHIMH, 2 KAKHE Pa3NHYHLIMHU.

- Iycrp R —MerpHyecKkoe NMPOCTPAHCTBO ¢ MeTpuxon p. Tycrs kaxaoMy 3xaye-
Hui0 mapamerpa ¢ Ha oTpeske [0,1] nocrasneHa B COOTBETICTBHE OpHA TouK2 X
M3 NpocTpaHcTBa R Tak, 4YTOo 1pH Bcakom & >0 cyulectsyer Takoe & > 0, uro
p(X (3 X (¢)) <e, Kak TONBKO |#; — 2| < §. Mn nonyuaem HempephBHOe OTOOpa-
meHue oTpeska [0,1] B mnpocTpaHcTBO R M KaK pe3yabTaT 3TOro orofpaxeHHs —
MHOXecTBO L Touex X (f). MHomycTum, 4yTO MBI HMeeM emé OTOOpaxeHHe OTpe3Ka
[a,b] B npocrpancTBo R: napameTp § MeHsieTCs Ha oOTpeske [a,b] W KakIOMy §
CTaBHTCA B COOTBETCTBHE Touka Y (S), MPHYEM 3TO OTOGpakKeHHEe TaKikKe HernpephiBHO.
Mui cyuraem, Yyro 06a oOro6paxenHs X(f) U Y (s) onmpelensioT B R OaHy H Ty e
KPMBYIO, eC/H BHITIONHEHO Clelyiollee YCJAOBHE: MapaMeTp S MOXKHO NpeICTaBHThL Kak
MOHOTOHHYIO (pyHkuHi0o napamerpa £ s = f(#) Tak, uro npu BcakoM ¢ X (£)= Y (f(§)).
Torma, o6parHo, mnapaMeTp { OKa3nBaeTCd MOHOTOHHOH ¢yHKumMe#i mnapamerpa S§:
t=f"1(s) u npn BcAKOM § MH GyzeM uMeThb Y (s)=X(f—1(s)). CnenosarembHo,
JaHHOe OrfipejelieHHe CHMMETDHYHO; OUYEBHAHO, YTO OHO TAaKXe YIOBJETBOPAET Tpe-

1) T. ¢, 1) p(XY) &= 0 TOrZa X TOAbKO TorAa, xorna X = ¥, 2) p(XY)e= p (YX), 3) (XN +
+ 9 (¥Z) 2 p(XZ).
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GoBaHHAM pe@uexcuaﬂocm W Tpau3auTUBHOCTH. M3 manHoro ONpenesleHus CReAyeT,
=“~[’I’0 TOYKH A(I} Hy {S) OODHSYIOT OLHO H TO e MHOXKECTBO ‘)

BaxHo mMeTh B BHOY clelqyiomee: MOHOTOHHAA QYHKUMA § == f(f) MOMET HA He-
KOTOpOoM oOTpeske [f,, #;] uMerh NOCTOAHHOe 3HAYeHHe S,. [Ipu arom Touka X (f)
ocTaéTca HermoBMkHOR u coBmazaer ¢ ¥ (s,), MoKa ¢ npoGeraer oTpe3ok [£,, fyl.
Torna o6patnan Qyskuna {=jf—1(s) npu s =1=s, NpUHMMAET BCE 3HaYeHus B TpO-
mexyTke [#,, #5). Takum o6pasom, Hu oaHa w3 dyuxkmu#t f(¢)  f—1(s) Be npen-
fIONAraeTcA ONHO3HAYHOM; OHM MPEANOMNAralOTCH JAHUIL MOHOTOHHBIMH, T. €. NPH £, < fy
umi Bcerna f(4,) <f(ty), mm Bceraa f(¢,)> f(¢;), HesaBucuMO OT TOrO, Ka-
xue 3Hauenust f(%) w f(t,) Ml OepéM (a TaKMX 3HauyeHUR MOXer OHThL NEAH
OTpPE30K).

YA06HO NMOMAL3OBATLCH KMHEMAaTHYeCKHM MPeNCTaB/IeHHeM: KOraa mapaMerp ¢ pacrér
or 0 0o 1, Touka X (f) nBuxercd, ONMUCHBAA HENpPepHBHO KpuByio .L. MoHOTOHHOE
npeo6pa303aﬂue napaverpa CBOQMTCH K TOMY, HTO MM OfiATh npoberaeM Te #e noa0-
wenud Toukd X () mu6o B Toi ke, AubO B MPOTUBONOAOKHOR MOCAEZOBATEAbHOCTH.
CkopocTh IBHKEHAd MQXKET OHTh TIPOU3BONBHON, MONYCKAIOTCH NAXKe OCTAHOBKH (Tapa-
METD MEHSeTCd, a TOuKa HemojpuxHa). Ho MOBOPOT HUr&e He AONMycCKaercs.

Mycts L — kpusad B MeTPHYECKOM MPOCTPAHCTBE ¢ MeTpuko# p (XY) m mycTe Ha
KpuBol L MH uMeeM Kakoi-uubyne mapametp ((0=<? < 1). Toraa kpusyio L MOXKHO
o6o3Hauuth X (f) (0<<?¢ < 1), cyurad, yro KaxaoMy £ cooTsercrbyeT Touka X (f).
ODHAKO Ty XKe CaMyi0 KDHBYIO MOXKHO, Kak Obl10 cefyac BHIACHEHO, MapaMeTpu3o-
8aTh GECKOHEUHHIM HYHCAOM LDyrux cnoco603.

Jnuno#t xpupo#t X (£) Mu Ha3mBaeM TOYHYIO BEPXHIO TDaHHIy CyMMa BMIa

nE p (X (4-1) X (2), )

{=1

IanHa xpueo#t He 3aBHCHT OT BHGOpa mnapaMerpa Ha KpuBOH. leHcTBUTENbHO,
MyCTh Ta Ke KpUBas mpeiacrasieHa Kak Y (s) (@< s<b). Torma smecto CyMMu

(1) Mu Gynem uMeThb
m

2 p (Y (54-1) Y (55)),

rne s;=f({). Ilo ycnosuw, f(f) noMmxHA OHTh MOHOTOHHOH &yHKuueH, u pa3
H<EH < . Ly, 10 55K 5 <o Sy, HAH, HAOO0DOT, 858, >... > 8, [Ilo-
3TOMYy, ecn¥ 0000IMTE HecKOAbKO cymm (1), Jaomyckas B HHX paBHbE 3HAYEHHSA
napaMerpa, TO CTAHOBUTCH OYEBMUIHBIM, UYTO 3TH CYMMB! OyAyT OIOHH M Te Xe NpPH
PpasHuix BHI6Opax mapaMerpoB. Cren0BaTeNBHO, TOYHAA BEPXHAA TPAHHMIA 3THX cymu,
T. €. AIHHA KDUBOH He 3aBHCHT OT Bu6Opa mapamerpa ).

BMecte ¢ TeM OueBMAHO, YTO, OOMyCKAsT HEMOHOTOHHHIE NPEOSPAa30BAHUA Mapa-
MeTpa, Mol BBemu Owbl Apyrue’' CyMMH ¥ MONIH Obl TOJYyYHTh yke APYroe 3HaUeHMe
anduel. CneloBaTeNbHO, AMHHA KPHBOH He 3aBHCHUT OT NApAMETPH3ARUH TONALKO B CHIY
Ha/IOXEHHOTO HAMH YCJAOBHA O MOHOTOHHOCTH NONYCTHMHX npeobpasosanult mapamerpa.

B pannneftimeM peusn OyZeT WTTM O KDHBEIX B JaHHOM METPHYECKOM IIPOCTPAHCTBE
R ¢ MeTpukoft p, HMMEIOINMX KOHEYHYI MIMHY. O TaKuX KPHUBHIX MOXHO NOKa3aTh
CACNYIOIMEe OCHOBHLIE MPENJIONKEHHS: '

[y
£

1) Mpennonaraercs, uro GyHkuHs f(Z) oToGpaxaer Bech NPOMEXYTOK H3MEHEHHs ¢ Ha
BeCb [IPOMEXYTOK H3MEHeHH:A §.

%) Ecan £y = £ 10 X (1) = X (¢) n noromy p (X (4_1) X (£)) =0, . €. COOTBETCTBY-
wouee claraeMoe He urpaet poiu. IlosToMy Bcerga MOXHO CUHTATh F4_ 1<t¢ [pu mepexoxe
K ApyroMy napaMeTpy & ONHOMY 3HaueHMjo / MOTYT COOTBETCTBOBAaTh, OXHAKO, pasHHE
3Hayenun &§. Ho HM coorBeTcTByeT T4 Xe caMad TOYKA KPHBOH M NMOTOMY ONATH-TAKH

a(Y(s54-1) Y(s9)) =0. '
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Teopewm a 1. Ecau xpasaa KOHBYHOU axmuu pasbuma na xouctmoe qucao
uya, mo nu.nuun U3 smix uya Uxeern KoneiHyio wmny W CyMmua ux OAUH PasHa.
daune 8cels Kpusoi.

Teopema 2. Juuna s(t) Oyeu xpusold mexscdy X (0) u X (t) ecms mono-
MOKHAR He YONBanuwas Henpepusnas QYHK{uR i.
~ Teopema 3. Ha Kpusod MoNCHO 88ecrni 6 Kauecmse napamempa Osuny e&
dyzu, omcyumssaenyio om mouxi X (0). ’

[CoBOpaT, 9TO NOCNENOBATENBHOCTb KPHBHX L, CXOOMTCH K KpHBOR L, ecau Ha
. KpuBuX L, ¥ L wmoxuo Ttak BuGpate mapamerp £(0<Z¢<1), uTO a4 Kaxzaoro.
e >0 Halta&rca Ttakoe N, uro npu 2 >N ana Bcex ¢ 6yaet p (X, () X(¢)) <e,
rae X, (f) X (¢f) — rouku Ha KkpuBuX L, u L.

‘Teopema 4. F3 scaxoll 6eckonetHOU COBOKYNHOCMI KPUBKX, ACHCAULY, 8 KOM-
naxmuoli obaacmu 4 UMerowux OAUHB, HE NRPESOCXO00AUe HeKOMOpOl OARHON,
MONCHO 8HOpams cxoaﬂmymz nocasjogamenbHoOCHS,

KomitakTHOH OGMacTei0 MB HasbiBdeM 3HECh J060e MHOXECTBO, ofianaminee Te
CBOMCTBOM, 4YTO BCAKas GeCKOHeWHad IOC/IeNOBATEJBHOCTb €r0 TOYeK HMEET B HEM
TOUKY CryLieHus.

Teopema 5. Ecau xpuswe L, cxooamcs K Kpusoldi L, mo dauna L ne 60abue
HUMNCHeZO npedena OAUH KpUBHX Ln.

IlamuM AOKa3aTeNbCTBA BCEX 3THX TEOPEM.

HdokasarteabcTtBOo TeopeMb 1. Ilycte kpuBas L ¢ xoHuamu A u B pas-
O6uta Ha zaBe yactu L, m Ly Toukoft C. JlaMHa L ecTe TOYHAd BEPXHAS FPAHAHA CYMM:
BHaa (1) npH npou3BoMbHOM BhiGOpe Touex X (#;). Tlpu onpenenenuu xe AMuH e&
ayr L, ¥ L, onHo#t M3 TOYeK JeseHHs NO/MKHA OnITh Touka C, Tak KaK OHA #ABJA-
ercd KOHUOM 3THX anyr. CrexoBarennHO, TMPOH3BOA B BHGOpE ToYEK AeAeHus B nep-
BOM Ciaydae 6ojbllie, yeM BO BTOpOM. Iloaromy Tounasm Bepxnas rpanHuna cyMm (1)
B MEPBOM CcAydae He MOXeT GbiTh MEHbIIe, YeM BO BTODOM C/Ayuyde, M TEM CaMbiM

$(L) >s (Ly) -5 (L), (2)

roe s abosHayaeT OAMHY KPUBOH.
3agaguM Tenephb nmoGoe e>0 u nyers X (¢) = X; — raKne TOUKM ZeNeHUs
KpuBo#t L, npH KOTOpHIX cyMMa (1) ormuuaercs ot anuHel § (L) Menblle, yeM Ha e, T. e.

3;

etk > s —e, BN

Ilycte TOuka C AexHT MeXAYy TouKamy Xj.., # X; (T. e. 3Hauenue ¢, COOTBETCTBY--
wiee C, Mexur Mexay £,_, n ). B cuay HepaBeHcTBa TpeyronbHuka,

P (X1 Xi) < p (Xp-y C) 01 (C X3) \ (4)

k—1 n
PICARIETIENCY BN AP R XN B

Ho u3 onpenefeHuss NAMHEL ACHO, YTO CYMMEl, B3AThle 3[1eCh B KBaapaTHHle CKOGKwH,,
COOTBETCTBEHHO He Oonnie, 4eM AauHa AyrH L, u jmmHa nyrd Ly, TaK 4To

EP (X1 X) < +FsL)4-s(ly). : (6)-

i=l1

CpaeHHBas 5TO HePaBeHCTBO C HepaBeHcTBOM (3), MH MOAyuaeM, YTO

s(Ly—e<s(L)+s (Lg), A _ (7»
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M TaK KaK € MPOH3BOABHO, TG OTCIOAA CAEAYET, YTO

| s (LY < s (L) 5 (Ly). | (8)
Cp%aﬂusaa 5T0 HEPABEHCTBO C HEPABEHCTBOM (2), saxkmouaeM, uTo ‘
s (L) =s (L)) + s (Ly). ) (9)

TeopeMa NOKasaHa /s pa3bueHuss KPUBOW HA aBe Ryru. A OTCI0Na JIETKO MONMYUHTH
TOT e PE3YAbTAT NpH Ppa3bueHHH HA M06Oe KOHEYHOE UHMCAO HYT.

JokasatennctBo TeopeMu 2. HMa teopemn 1 scHO, uyro ammuHa s (%)
ayru Mexay -toykamMu X (0) u X (£) ecth MOHOTOHHas He yOuBaromas QyHKuus £.
IMTosToMy nans ROKa3aTe/lnCTBA HENPepuBHOCTH § (#) AOCTATOYHO H0K33aTh, 4TO MpH
BCkoM £ u e >0 nalagrcs Ttakoe 8> 0, uto

s(t+At)—s(f)<e, ’ (10)

aumb ToMeko 0L Af<C8. (Srtum Gymer 10Ka32HA HENPEPHIBHOCTH s () cupasa, T. e.,
yro npu £, >t u ¢, —~t s(¢) — s(f), HO, MeHAT POMAMM KOHUbBl KDPHBOH M BBOJ.IH'
BMecTO { mapameTp 1-— {, MBI TOYHO TaK e IOAYYHM HelpepuBHOCTH s (£) cneBa.)
JonycTuM, 4r0 NPH HeKOTOpPOM f==T yKa3aHHOe CBOHCTBO He MMEeT MecTa.
ST0 3HAYMT, YTO CyUIECTBYeT Takoe e>> 0, YTO MpPH CKOAB YromHO Maanx Af> O

BHEINOJHACTCA HepaBCHCTBO
s(T4AH—s() >e. 1)

hS

Bcneacteue MOHOTOHHOCTH §(f) 3TO HepaBeHCTBO OyleT BHIMOAHATRCA TOTAd AJA
Bcex Af > 0. BoabméM TOukm JeneHus X (£;)=X; Tax, 4106H [AMHA KDHBOM

§ (L) == s(1) ortanyanack OT CyMMH (1) MeHbile, YeM Ha % , T. €.

= N\ LY

s(h< Z; P (Xi-1X3) + (12)

Tak Kak MpH BCTABACHMH HOBHIX TOYEK HE/NEHHA CYMMa PacCTOIHHH MOXET TOMBKO
BO3pacTaTh (B CHAY HEPaBEHCTBA TpeYrojhHHKa), TO, BCTABMB, €CAM HYMHO, HBE
TOYKH JRE/NEHHs, MOXHO GydeT CUHTATh, YTO MMEIOTCH ABE COCEMHHE TOUKH HeNeHuw

Xy=X(T), Xpsy=X (T AD),
npuusM Af BHIGPAaHO TaK, 4TO ‘

p (X Xii D) < 5 - (13

5T0 BOSMOMKHO B CHAY HENDePHBHON 3aBUCHMOCTH Topek X (£) or {.
KpnBas pas6ura na TpH AyrH, cOOTEeTcTBYtomue uutepsanam [0, T, [T, T--Af),
[T A¢, 1]. Jnuser ux, BCeACTBHe TeOpeMbl 1, PaBHBI COOTBETCTBEHHO

s(T), s(T+ A)—s(T), s (;) — s (T A9,

M CymmMa MX pasHa mamde s(1) Bceit KpuBon. [fpu 3TOM MO onpeleneHHI0 IJHHbE

s(T) > 2 P (X¢—1X)

() — s (T+8H> 3 p (XeiXo).
d=k42

[Tostomy u3 Hepasexctd (12) caemyer, uTO

SN < s (1) +[s (1) =5 (T+80 |+ ¢ GiKep) +5

. !
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1‘. e'

s (T A) — s (1) < p(XiKis )+ 5 »

oTKyna, B cuny wepasenctsa (13),

s(T-HAH) —s(N)< e.

D10 HepaBeHCTBO, OJHAKO, NpPOTHBOpewHT HepaseHcTBY (11), Tak 4Yro HepaBeu-
<TtB0 .11 HeBO3MOXHO, M TeOpPeMa NOKasaua.

" HoxkasateabcTBo Teopemu 3. Tak kak mmua s (£) ayru kpusoit X ()
€CThb HenpephiBHAA (YHKIHA £, TO OHA MPHHHUMAET BCe 3HAYEHMA OT HyJAd 10 NIHHH S
BCel KpHBOR M KaXIOMY 3HAYEHHIO IAMHEL AYTH S OTBeYaeT OJHA TOYKA: KOHell
Ayrk takoi anuuu. ITostoMy kamaomy, udcay s (8HaYeHHIO MUIMHBI OyrH) B MpOMe-
xKyrke [0, S] orBeyaer onana Touka Y (s) Ha Hamel xpuBo#t. Bmecte ¢ Tem m3
onpejeNeHHa IAMHH AYTH OYeBHIHO, YTO

p (Y (s As) Y(S)) |As],

T.e. Kak ToabKo |As| mocrarouno Mano, TaK u paccrosnue Mexay Toukamu Y (s - As)
u Y(s) Toxe Mano. STO 3HAauMT, 4TO TOYKA Y (S) HENPEPHBHO BABUCHT OT S H TeM
caMuM Y (s) mnpencraBAseT HeNpEpPHBHY) KPHBYI0, KOrAa 33 napdMeTp NpPHHATA
AnuHa ayrd. 3to Gynet Ta ke HenpepwBHas kpuBas X(f), Tak Kak s(f) ectm
MOHOTOHHAA (yHKiMA, H, CAel0BaTelnHO, Takoe npeo6pa3oBaHMe MNapaMeTpa
AQNYCTHMO.

HokasateabcTBO Teopemu 4. IlycTh B KOMmakTHOM o6nactTu (O HMeercs
TIOCEe10BATENBHOCTh KDHUBHIX L,, IAUHH KOTODHX MeHbile S, BpoauM Ha kaxzao#t
Kpusoft mapamerp f, paBHBI nauHe Ayru, AensHHo# Ha anmHy Bce#t Kpuso#t. Torzma
Kaxnmas Kpusas L, npeactasasercA kak X, (¢), roe 0 <{#< 1. Bepéu bce pamuo-
HaNbHLIE 3HAYEHUHA ¢ M HyMepyeM HX B NMDOM3BOJLHOM fOpsaKe: £, fy,... Bubupaem
u3 KpMBHX L, 0OCAeROBaTeNnHOCTh Lyj, Lyg,... TaK, YTO TOYKM HX, COOTBETCTBYIO-
dlue 3HAYEHHIO f;, CXOJATCA K HekoTopo#t touke X (f,); 3TO BO3MOMHO BC/IEACTBHE
KoMnaktHoctH oOjactH (. Janee u3 atoft mocnenoBaTeNLHOCTH BHOHMpaeM mOCAenoO-
BATEARHOCTb KPHBHLIX Lg,, Lgg,... TaK, YTO TOYKH HX, COOTBETCTBYIOLIHE £y, CXOIRTCA
K HexoTopoft Touke X (£y). Tak moctymaeM H Janee N0 GECKOHEYHOCTH, MOCNE Yero
Gepém «nnarouanbﬂym» Nnocnaeg0BaTe/IbHOCTh Lu, Lgg,..., Y KOTOpOH# yxe s
gcaxoro £y X, (¢) — X (1,) np# n-— co.

[Tycte Teneps #— m060e 3HAaYeHHE NMAPAMETPA MEXIY HYAEM W eXMHHIEH M MyCTb
& — JIaHHOe CKOJAb YTrOJHO Maji0e MOJOKHTENbHOE YHCMO. BoabMBM panmonansroe £

TaK, YTO TpH BCeX # ‘
| P (Xon (£) Xnn (£)) <e. (14)

3r0 BO3MOXHO. He#icTBATENRHO, €CAM Sy, (¢, #;) ecTb AauHa OyrH KpuBo# L,,
Mexny Toukauu X,,(f) u X,,(f), T0 B cuny ompenenenms AJqMHH H BHGOpA Mapa-
MeTpa ¢ _

P (Xpn (1) Xpu (£)) < Sun (8, 1) == [£~- 4l s (Lyn) < lt — ¢ | S,

roe s(L,,) — onmuna xpusoit L,, (a mo ycnoemio Bce s(L,,) < S). Iloaromy
CTOWT MHme B3ATh f; Tak, 4t0 | —#|S < e, kak wepasencreo (14) Oyzer
BHIMOJHEHO.

Hanee, Bo3anm&EM N cTtoae 6oabwioe, 4to npu &, m > N
4 (ka (ti) Xmm (t,;)) < &. : (15)

Oro BO3MOKHO, Tak Kkak Touku X,,(#) cxomarca. Toraa, B CHIy HepaBeHCTBA Tpe-
yronbuuka, u3 (14) u (15) caeayert, 4T0 KaKk TOABKO 2 M m > N, Tak

p (quk (t) Xonm (t)) < 3e.
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ChenosarenbHo, TOYkH X, (2) oﬁpasym- dyHIAMEHTANBHYIO MoC/eA0BATe/LHOCTE K,
B Ll‘l-’ly KOMOAKTHOCTH pdbLMdI‘pl’[BdCMUH UUJIaCTPl CXOmgATCH K HCKUIUPOH TOYKE A U)

Touku X (£) (0t 1) qbpasywT HenpepwBHylO kpuBylw. [HeHcTBHTENBHO,
3agaauM, e > 0; Torma, BecAeACTBME BhIGOpA napamerpa !, npu JOOHX ¢ W ¢ Takux,

yro [# — ¢ | < % , X TPH BCAKOM 1 Gymer
0 (Xpu () Xpu (N < |¥ — | S<e.

A tak xak X,,(#) u X, (") cxomarca k¥ X(¢') u X(¢'), T0 B npenese noxyyum,
4TO

- PX(EYX ()<Lt —F|S<e (152
310 o3nauaer, 4t0 X (f) HempepnBHO 3aBHCHT OT { M MPEACTaBAAET, CAEAOBATENbHO
HeAPEePLIBHYIO KPUBYIO.

Ocradrcs noxaaaTb, 'l'l‘O kpusbie L,, cxomarca k atoft kpuBoH, Mul MOKa3a/n
noKa, 470 A,mU.)--v-A U) NMpH BCAKOM £, HO HyXHO [OKa3aTh, YTO NPH BCAKOM
e > 0 HaliagTca Takoe NN, 4TO Kak ToAsKO 72 > N, Tak npu Beex £ p (X (£) X, (£)) < &
Jlng mokasaTesqbCTBA BO3bMEM 3HaueHHA mapamerpa £, fg,..., & TaK, 4TOGH -man

€
BCAKOro ¢ HANLIOCH TaKOe %, 4T0 |{— ¢ |< —= . Tak Kak npu BCeX fy Xy, (£;) —»

—X(t), T0 HannéTca takoe N, uro npu 2> N ana Bcakoro i (iem 1, 2, ..y B)
Gyxaet :

P (X (£) X () < o (16)
[ycte Teneps £ — NPOM3BOMLHOE 3HAYEHME MapaMerpa W f; TAKOBO, YTO
|t =8| < 35 | 17)

Bcneacteue HepaBEHCTBA TPEYTOAbHHKA
0 (X (£) X (9) <P (X O X (1)) 0 (X (£) X () + 0 (X (£5) X (D).
B cuny (15a) u (17)
PXOXEN<|t—1]S< 5
MW TOYHO TaK e

p (Xnn (t) Xfm (ti)) <7 3

Cneﬂoaal‘enbﬂo npuauMas e 6o BHHManue (16), nmeem p (X () X, (D)) < e(n>N),
T. €. KpuBsle X,,(f) cxomarca k X (f), 4T0 H Tpe6OBanIOCH IOKA3aTh.
JiokazateancTBO TeOopeMu 5. Ilycte kpusne L, cxomarca K L u mycTs
s(L;), s(L)— IIMHEL STHX KDUBHX, NPUYEM
S= lim s(L,) < o,
i = O ’
T. €. HIDKHUM npenen Aaud xpuBuXx L, xoneued. Ilycte L,,(n=1, 2, ...) — Takan
' NOANOCAEAOBATENLHOCTh MOCAENOBATENLHOCTH L,, 4TO
lim s(L,,)=S=.
n»co
QueBuauo, KpuBhie L,, Takike CXomaTcd K L H NO ONpEENeHHI0 CXOIMMOCTH
HA HMUX MOXHO TaK BHOpaTe mnapametp £, 4To X, (f) — X (f). Ilycte 0=1{, <
< ti;<L oo <tyy=1 H NycTh e -— NPOM3BOAbHOE TNONONKATENLHOE wHCAO. Toraa
Ha#néTca Taxoe N 4TO TIPH BCAKOM n>N ana BCeX B3ATHX #; Oyner

p (Ko (£) X (£)) < >

a Toraa B CHIY HEpaBeHCTBA TPEYTO/NnHHKA

PR - g \ e

p(A (l'r, l)x(fi)) p("‘[rmu:i 1) X, ‘an\ f )+2-%‘,'

5 A I Anrexcamigpow,
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OTKY A4

i§1 p (X (ti-1) X (2D)) < .‘le (Xng (ti— 1) Xun @)L=
Ho - =

m

¢§1 p (er (ti—l)Xnn (ti)) \< S(Lmz)’

\

a §S(L,,) < S-}e, KaK TONBKO 1 NOCTATOYHO Benuko. [Toatomy

.-§1 p(X (i ) X (8)) <S-+2e,

4 TaK K4dK & MNPOW3BOARHO, TO

m
- . . W o i .
‘Z{ p(X (£1) X)) <9
JlivHa KpuBO# L €cTb TOYyHAasd BePXHAX CpaHMIia CYMM, CTOSIKX B 3TOM HEPAaBEH-
CTBE C/l€Ba, NOITOMY W OHAa He Goimelie S, 4TO M TPeGOBAAOCH HOKAa3aTh.

§- 2. OGuiHe TeopeMbl O KpaTyafmiux,

JlokasmiBaeMbie CBOHCTBA KpaTyalmuX HYXHBH HaM B PasHBIX NYHKTaX Janbhel-
Hiero U3MOKeHHd W 3heCh OHH cob6paHnl BmecTe, 4TOOLI MOTOM HX MOXHO OHIG
CYATATL W3BECTHRIMH. Peun OyAeT HTTH O KpaTyaimux B MHOrooGpasum ¢ Jo6of
puyTpeHHelt meTpuko#t p (XY). Ilo onpemenenmio, KpaTyaHwas eCTb KPHBast, MME-
a7 HAMMEHBLIUYI0 MJIMHY H3 BCeX KPUBHIX, COEAMHSAIONMIMX JBEe JaHHbEe TOYKH.

Kparuahtmylo, coeaunsouryio Todku X 1 ¥ (Au B u T. n.), Ml Gyzem 0603Ha-
yath XY. (AB u T. n.). KoHeuHo, B NpOM3BOJLHOM MHOroO0pasun He BCAKHe IBE
TOYKH MOXNHO COEOMHUTHL Kparuadlied, m BMecTe ¢ TeM MOXET CIAYYHThCA, 4TO ABE
gaHHbie TOYKM X H Y MOXKHO COEAMHHTH HeCKOJBKMMH KpaTuafimiuMe. B Takom <ny-
yae XY Gyner o6oaHauaTth MoOYI0 M3 3THX KpaT4aRux, €CAH TOMBKO 3apaHee He
OroBOpPEHO TPOTHBHOE. ‘

M3 onpemeneHHs KpaTyafiliMX ¢ OYEBHAHOCTBI) BLITEKAOT cremyoue HX
cBOHCTBA: . _ ’

1. Beaxku#fi oTpe3ok Kpatyalmiedl ecTh Kpartwafimias, Tax Kak, 3aMeHfAd TaKoh
orpesok Oonee KOPOTKOH KpuBOR, Mbl COKpaTWiIM Obl KpaTyaHiiyio, 4TO HEBO3-
MOKHO.

2. Kpusas, coequnsollag ABe RAHHLIE TOYKH, Gynmer Kparqaﬁmeﬁ TOrIa H TOJABKO
TOrLJA, KOTAa e IJMHAa PaBHA PAaCCTOSHHIO MEMAY STHMM TOYKAMH. IJTO €CThb MpAMOe
cneACTBHE TOTO, YTO BO BHYTDEHHeH METDHKE DACCTOAHKE €CTh TOYHAST HHXHAA rpa-
HUDA IUIMH KPUBHIX. “

3. Jlns Toro yro6n Kparyaimme XY u YZ o6pasoBbiBain BMecTe Kparuaimyio XZ,
HEOGXOMMMO M AOCTATOYHO, 4TOOH p (XV) —+p (YZ) == p (XZ). Do 3ameyaHne BhITe-
KaeT M3 TOro, yTO JumMuu Kpardalwux XY u YZ paeuu p (XY) up(YZ), a xpu-

Bat XY 4 YZ Gymer xpardalmest TOra M TOJABKO TOTAd, KOrAa e¥ Anuna paBHa
p(XZ).

4. Kpartuaftimas romeomopdHa npamMoanHeHHOMY OTpe3ky. [leHAcTBHTENbHO, ecln
§— NJAUHA AYTM KpaTtyalmelt, OTCYMTHIBAeMas OT OJHOro H3 e& KOHIOB, TO, CO-
T/IaCHO Teopeme 3 mpenanimyuwero naparpada, Kpatyaiiniyio MOXHO 3a14aTh Ka 11( X (s)
T. €. €8 TOYKH HeNpepHIBHO 3aBHCAT OT &, KOrja § npoberaeT Bce 3HAYEHHA OT
ZO 8, rme §—JauHa BceR kparyafmei. ChaemnoBaTennHO, MBI MMeeM Henpepmmoe
ortoGpaxenne orpeska [0, s] Ha Kpawanmyxo. STo oToOpaxkeHue B3AUMHO OXHO-
3HAYHO, T4K KaK ecAu 6wl OBYM 3HayeHusaM s’, s” COOTBETCTBOBA/A ONHA H Ta Xe
TOYKA, TO, BHIOpACHBA® AYTy, cOOTBecTBylomyio uurtepsany (s, s”), Mu cokpariin
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6b1 Kparyamyso, uyTO HeBO3MOxHO. Hakouen, s CU/ly yK3asaHHBIX BHIIE CBOHCTR
- Kparuafiwedt, ana moGux aByx e Touek X (s') m X(s")p(X(s) X(s"))=
=|s'==s"|. Orciona oueBHmHO, uTO OTOGpameHHe OTpe3Ka [0, s] HAd KpaTyalwy:o
B3aHMHO HEMPepPBIBHO.

Teopema 1. Ecau nocaedosamensrnocms rpamuaiuux cxodumc;z mo eé .
npedes ecms Kpamuaiuas.

- Hoxasateabcrro. Ilycts kparuahtmme XY, CXOI[SITCH K KDHUBOR L; TOUKH
»Xn u Y, cxomarca K xoHuam X u Y sro#t KpMBOH L (at0 cnemyer us ompenee-
HUfl CXONMMOCTH KPWBHIX, XaHHOFO B MpenbinyuleM naparpade). B takom ciyyae

p(XY)=lim o (X,V,).
. =0
\C npyro#t cropousi, ecau s (L) fects mimHa kpusoit L, TO

s (L) Zp(XY).

Bmecre ¢ Tem maumml kpaTdatmux X, Y, pasuu paccrosHmaMm p(X,Y,), a no reo-
peme 5 mpemwayuiero nmaparpada JIHHA NPeenbHOH KPHUBOM HE MOMET GHITh GOJbile
npemena WX JIMH, T. €.
s(L) < lim p(X,Y,).
n=>ox

CpasuuBass nonyuerysie GOpMy/b, Mb BPI,H,JPIM, yro AnMHA KpuBoH L pampa paccro-
AHHI0 Mexly e¥ KOHUAMH M, Cl1enOBaTennHO, L — KpaTuafias. -
Teopema 2. Ecau 8 dannold xomnaxmnoli o6aacmu 08¢ mOuKu MONCHO COe-
OuHump KpUBOH KOHeUHOU OAuHb, MO cymecmeyem xpdmuakuas 8 smos oaacny
Kpusas, coedunsowas smu dse mouxu.
JokasatenncrtBo. Jlycth' A ¥ B— nse TOuM B KOMNakTHo# o6aactu G
H MyCTh S§— JJIMHA COeAMHsIonied ux kpuBoH. ITycTh, HakKoOHeL, s,-— TOYHAT HHK-

HAS rpaHMma AMHH BCeX KpuBHX, coenuamioumMx B G Touknm A um B. QOuesuino,

$o<s H B U CyWECTBYeT MOC/AENOBATENLHOCTh KPHBHX L,, coenunsomnx A u B,
JmHb - KOTOpnX  s(L,) cTpemarcs K so (B kpattwem ' ciyuae, xpusbie L, MOryT
Bce coenazare.) B cuay rteopemm 4 § 1, u3 xpusbix L, MOMHO BHOpaTe mocaeno-
BATENLHOCTh, CXOMALIYIOCH B HEKOTOPOH KpusoH L. B cuay teopemun 5 § 1, anusma
Kpuso#t L 6y11er He Ooabie HMXHErO mpenena mauA s (L,) U TeM caMbiM s(L) <
< Sp' @ TAK KaK §p eCTh HMMKHAA FPAHAIA JJAMH BCEX KDPHBBIX, CoemuHsOmmMXx A B,
10 §(L)==sy ¥ TeM caMblM KpuBasd L-—kparyatimas B obmactm G.

Tak kak saMkHyTas BHOYK/I3A NOBepXHOCTh TomeoMopdHa cdepe, TO OHA KOM-
nmakrHa. JlioGule OBe €& TOYKHM H Y MOXHO COeAMHHUTh KPHBOH KOHEYHOR MAMHHI,
HanpuMep, BHOYK/JIOH KpuBOH, mojydaiouedcs B CEYEHHN MOBEPXHOCTH INIOCKOCTRIO,
npoxoAdwed yepes Touku X u Y. I10aTOMy, 3 TeopeMbl 2 CJA€LyeT, YTO HA 3aMKHY~
TOR BHIMTyK/I0H NOBEPXHOCTH JMIOGLIE IBE TOYKH MOXHO COEAMHHTE Kpatyafiieft.

Ma rteopemur 2 nmerxo BuiTekaeT jJaxe Gojee CHABHOE YTBEPIKIEHHE!

Teopema 3. Bo scaxox muozoo6pasuu c NOAHOL BHYmMpeHHeli Mempurolk
A100ble 0Be MOUKU MONCHO coedunumb Kpamualwel,

JokasateawcrtBo. Ilyctk A u B-—Be TOUKM B MHOrOOGpasud ¢ nomHoh
BHyTpeHHe#l MmeTpuko# p (XV). Flo onpenenenuio BHYTDeHHel METPHKM CyLIECTBYeT
NOCNEA0BATENILHOCTh KPUBHX L,, COENUHAOIMX TOYKH A M B # HUMEIUX IAUHEH,
cxoasmmecss K paccrossuio p (AB). OueBHAHO, MOXKHO CYMTATh, YTO IVIMHHI BCeX
KpuBHX L, He G6oOdbme HeKOTOpOro S, Torma fcHO, 4TO BCE 3TH KPHBHE JIEXaT
B Kpyre pagmyca s, ¢ uentpoMm B Touke A (uam B). Ho nmo ompenenenmio nmonsoft
METPHKHM BCAKOE OrpaHMieHHOEe GeCKOHEYHOE MHOXECTBO B HalleM MHOrooOpasHu
HMEET TOYKH CTYUIEHHs, OTKyJd fICHO, YTO BCAKOE OFPAaHHYEHHOE M 3aAMKHYTOE MHO-
KecTBO KomnakTHO. CrnenoBaTenbHO, KOMMAKTHEIM Oyler TaKXe YKasaHHHH KpyT.
Ilpumensis K HeMy TeopeMy 2, Mbl BHAMM, 4TO B HEM CyuIECTBYeT KpaTyaimas Kpu-

ITauua of we HOMLITEe HEWHArd [Thenema TNy

Bag, CQPH“-; u!‘\}maﬁ TOL{}{;{ A }‘l B- ARPATIGAR W i UUYLIDLLIW  SIEMNLLWE WV L PRI AR ARGEELLL

KpuBwx L., 1. e. e Gonwwe p (AB). Ho kpusas, coexmusiomas touku A u B, ne

h*



merpukoit p (XY) n mycte U — 3ananHas €€ oxpectHocTs. ¥ TOYKm O ecTh OKpecT-
HOCTh, rOMeOMOp(HAasA KpPYyry, MO3TOMY MHEl MOXEM B3iTh OKpecTHOCTH U Toukm O,
comepxamyiocs B U, romeomopdHyio Kpyry!) m Takyio, uTo 3ammikanue U’ aTof
OKDEeCTHOCTH, roMeoMopdHoe KpyTy BMeCTe ¢ ero rpanxueft, Takxke comepxurca B U.

Tlycte 7y — TO4YHAS HHXHAT PAHMUA PACCTOAHMA OT TOYkH O RO TOYEK, JeKa-

mux sHe U’. Ua onpeneneHus OKPECTHOCTH fCHO, uyTO ry > 0. Bosbmém reoneau-
yeckut kpyr V ¢ nenrpom B touxke O H panuycom

Tg—¢e

f=-—T: ) ‘ (1)

rze e-— Jn060e YHUCIO MeHy HynéM u ryp. Ecmn Touku X n Y zexar B Kkpyre V,
10 p(0X), p(OY)<r ¥ BjCuny HepaBeHCTBA TPEYrO/JBHMKA M DABEHCTBA (1),

p (XY) < p(OX)+p (0F) L 2r=ry—e. )

Ilo ompeneieHH0 BHYTpEHHeH METDHKH CyuIeCTByeT KpuBas L, COeAHMHTIONIAT TOYKH
X n Y, ¢ padnon s(L) OTIUYAKCWERCT OT PpACCTOAHHA MMy 3THMH TOYKaMH
MEHBIIE YeM Ha e: /

s(L) <p(XY)+e. B
Ecni Touka Z meXuT Ha KpuBOo# L, TO COIVIACHO CaMOMy OTDENENEHHI0 AMMHLE
s (L) > p (XZ) +-p (ZV). (4)
Cpasuupan HepaseHcrea (4), (3), (2), Mm moayuaem, uTo
p(XZ)+p (ZY) <o (5)
Ecnn 681 Touka Z nexana BHe U', 10, N0 ONpeAeNesuid 4uciaa ro, MBI HMeau OBl
p(0Z) > 1, (6)

ro——¢ ,
¥ Tak kax p(OX)Lr="2 5— To u3 (6) W us HepaBeHCTBA TpeyrosbhuKa cneno\-

Bano Obl, 4TO

T N £ ey Y V= . "’n+5 F 19
plas) 2 p\Vs)—o )7/’0;"f= R {7)
H IO TOH ke MNpHYHHe ,
redce . -
p(rz)> 0 te, ®)

CxnagriBass HepaseHctBa (7) u (8), M noayuuan 6w, 4To

p(XZ)+p(Y2) > rote, .

YTg nportHBopeuntT: HepaBeHCTBY (5). CrenosartenbHo, Yy KpHBOH L, anuHa KoTopo#

YAOBNETBOPAET HepaBeHCTBY (3), HMKaKas TOYKa He MOXKer aexarb Bre U’.

o

1) Ilepeceuenue aBYX oxpecmocweﬁ eCTh CHOBa okpectHoctb. [TosToMy mepeceucmne U
v T A T mavsrnarrandreatt veevarmar CIITAM AVFILA AMITAMAME vl ~ mOawr sy £ wp veon e
L

€ OKPCCTHOCTRIO, xumcumuytpnun Kp¥ry, U],U.Cl OKPCCTHOCTRIO) BMECTE €M OHO OYACT, odc-

BHEHO, COEEPXATh OKPECTHOCTh, TOMEOMOP(dHYIO KDPYTY.



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































