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MPEANCINOBME

AOPOIME PEBATAI

[lepen Bamu kHura «Havyana aHasu3a W MaTeMaTHYeCKHe MoJe-
JU B €CTeCTBO3HAHHHU M 3KOHOMHKE». DTa KHHMra MOXET CJYXHTb
BaM B KayecTBe JOMOJIHEHHS K JIIOOOMY H3 AEHCTBYIOLUIHX LIKOJbHbIX
yue6HHKOB «Asre6pa M Hauaja aHaJH3a».

Bbl y)Xe 3HaKOMbI C MOHATHAMH (QYHKLHH, NPOU3BOJHOH, HHTET-
paJjia H APYTrHMH MOHATHAMH HayaJ aHasu3a. BaM y)xe H3BeCTHbI H
HeKOTOpblie MPaKTHYECKHE MPHJIOKEHHA HayaJ aHaJH3a (reoMeTpH-
YeCKHH U (PHU3HYECKHH CMBICJ MPOU3BOAHOH, 3ala4H HA 3KCTPEMYM,
HaXOXJAeHHe MJollafeH NJAOCKHX (PUryp C MOMOLLIbIO ONpeaeeHHOro
HHTerpana M Ap.). OnHako NpHIOXKEHHS HayaJ aHajJM3a BecbMa
MHOroo6pa3Hee H OXBAThiBAlOT KaK €CTECTBEHHble, TAK H JApYyrue Ha-
YKH, 4YTO He [O03BOJAIOT OCBETHTb pa3Mepbl WIKOJbHOr0 yyeOGHHKA.
OTO npH3BaHa B KaKOW-TO Mepe OCYUIeCTBHTb HACTOsUlas KHHra.

OHa 3ajymMaHa KaK paccKka3d O MPaKTHYeCKOM MpPHMeHEeHHH B
IUKOJIbHBIX AHCLHUIJIHHAX — FeOMETPHH, QHU3UKE, XHMHUH, OHOJIOTHH H
9KOHOMHKE — H3y4yaeMblX B IUKOJIe HayaJ aHaJu3a.

XoTsl, KaK Bbl 3HaeTe, MaTeMaTHKa SABJfAETCA OJAHOH M3 CaMbIX
JIpeBHUX HayK, HO poJib €e B pa3JHYHbIX 06/1aCTAX eCTeCTBO3HAHHA
U B pa3Hoe BpeMs Obljia HeoJHHAKOBOH. OHa CKJaabiBajsach HCTOPH-
YeCKH, U CYLLECTBEHHOE BJIMSIHHE HA Hee OKa3blBaJHd ABa (dakropa:
YpOBeHb Pa3BHTHUS MaTeMaTHYECKOro annapara 4 CTeleHb 3peJloCTH
3HaHHHK 006 U3yuaeMOM 0ObeKTe, BO3MOXKHOCTb OMHUCATb €ro OCHOBHbIE
YyepThl H CBOHCTBA HA f3blKe MaTeMaTHYECKHUX MOHATHH H COOTHOLIe-
HHH, MJH, KaK Tenepb MNPHHATO FOBOPHTb, BO3MOXKHOCTb MOCTPOHTH
MaTeMaTHYeCKYyl0 MoJesb U3yuaeMoro o6bekra.

[lpuBenemM npocTrediiuii npuMep MateMaTHueckoi moaenau. [1pen-
ctraBuM cebe, uTo TpebyeTcsi onpelenuTb MJ0UWAAb [10J1a KOMHATHIL.
sl BbINOJHEHHUS TAKOro 3aJaHUsl H3MePAIOT AJUHY H LUHPUHY KOM-
HaTbl, @ 3aTeM MNepPeMHOXXAalT MOoJiyyeHHble YUCaa. IJTa 3JeMeHTap-
Hasi npoueaypa GakTHYeCKH O3Hayaer caeaywoouiee. PeasbHbli 00b-
eKT — M0J1 KOMHAaThl — 3aMeHseTcsd abCTPakKTHOM MaTeMaTH4YeCKOH
MOJeJIbI0 — MPAMOYroJbHHKOM. [IpsAMOYyro/ibHHKY MNpHNHCBIBAOTCH
pa3Mepbl, NoJy4YeHHble B pe3yJbTaTe H3MEPEHHA, H MJoLaAb TAaKoro
NMPpAMOYroJbHHKAa MPUOJHXKEHHO [PHHHMAeTCA 3a HMCKOMYKO [J0-
manb.

MaremaTuyeckass Moaesib, OCHOBAHHAsfi HAa HEKOTOPOM YyIlpolie-
HHH, HHKOrjaa He ObiBaeT TOXJECTBEHHA paccMaTpuBaeMoMy 00bek-
Ty, He MepeaeT BCeX ero CBOMCTB U OCOOEHHOCTeH, a ABJSAETCH ero
npubauxKeHHbIM oTpaKeHHeM. OaHako 6aarogaps 3aMeHe peaJibHO-
ro o6beKTa COOTBETCTBYIOLIEH €My MOJEJbI MOABJASAETCH BO3MOX-
HOCTb MaTeMaTH4YeCKH CPOpPMYJUPOBATH 3a7ayy ero H3y4yeHus 4 BOC-
MoJib30BaThbCHA AJS aHa/JH3a ero CBOHCTB MaTeMaTHYeCKHUM anmnapa-
TOM, KOTOPbIH H€ 3aBHCHT OT KOHKPETHOH MPHPOAbl AaHHOro 006b-
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eKkTa. IDTOT anmnapar no3BoJiseT €1HHOOOPa3HO OMHCaTb LWHPOKHH
Kpyr ¢akToB U HabJIlOJleHHH, [IPOBECTH MX JeTaJibHblH KOJHYECTBEH-
HblH aHaJiu3, lpeacKasaTth, Kak noseaetr ce6s 00beKT B pa3IHYHbIX
YCJOBHAX, T. €. IPOTHO3HPOBATh pPe3yJbTaThl OYAYLIHX HAOGJIOAEHHH.

MaTemaTnHyeckue MOJEJH AaBHO W YCMELIHO NMPUMeHAI0TCS B (u-
3uke. OHHU Telepb LWUHPOKO HCIMOJNbL3YIOTCH H B XHMHH, H B GUOJIOTHH,
W B 3KOHOMHKE.

[lpennaraemas Bam, pe0sTa, KHHra COAEPXXHT HEKOTOpble H3
3THX NpUMeHeHHH. PaccMoTpeHHble 3leCb MaTeMaTHYeCKHe MOJeJH
B (U3UKe, XUMHUH, OHOJIOTHH, IKOHOMHKE NOMOr'YT BaM YBHAETb CHJY
MeXIpeJAMEeTHbIX CBA3ei, BAXKHYIO POJIb MATEMAaTHKH, Jalolleil MOLLL-
HbIH annapaTt AJif pelueHHs MHOTMX 3a/lay, KOTOpbleé BbIABHIralOTCH
M YCIeWHO pelalTcsd B pPa3/uyHbIX 06J1acTSAIX HAYKH M MPAaKTHKH.

KHura cocTOMT M3 ABYX pa3nenos.

[TepBbiit pazgen «®yHKUHSA, NPOU3BOJHAA H HHTerpas B eCTeCT-
BO3HAHWH U 3KOHOMHKE» MOCBSILIEH HCIOJb30BAHHIO NMOHATHH Hauag
aHaJ/M3a B 3ajayax eCTeCTBO3HaHUA U 3KOHOMHKH. Ciona, B yacTHO-
CTH, OTHOCATCS 3aKOH HelpepbiBHOr0 (OpraHHYeckoro) pocra, 3aja-
YU €CTECTBEHHOI0 U 3KOHOMHUYECKOTO COJepXaHHUH, KaK NMpUBOAALLIHE
K MOHATHAM MPOHW3BOLHOW H ONpelesIeHHOTO HHTerpaJsia, Tak H HcC-
- NOJb3ylOUlHe 3TH MOHATHA (3a4ayd O CHJIe 3JIEKTPUYECKOro TOKa,
CKOPOCTH XMMHUYECKOH peaKLHH, CKOPOCTH POCTa MOMYJALHUH, TPOU3-
BOAHMTEJNbHOCTH TPYAa, BBIYUCJEHHHU COMPOTHBJIEHHS LeNH, YUCTEHHO-
CTH MONYJSAIHH, peaKLlHH Opraii3Ma Ha BBeJeHHOe JIeKapCcTBo, GHO-
Macce MonyJasillMH, CpeaHed AJiHMHe npoJsieTa U Ap.). 34eChb Xe MoKa-
3aHO, KaK C [OMOLLBIO ONpefe/JeHHOr0 MHTerpaJjia MOXHO HaXOIHTb
IJIUHY AYTH, o0beMbl TaKHX TeJ, KaK NupaMuaa, NpsAMOH KpPyroBoi
UHJIHHADP, NPAMOH KPYroBOH KOHYC, NMPAMOH KPyroBOH yCe4eHHbIH
KOHYC, LIap U ero 4acTH, a TakXe KaK paCCUUTHIBATb LEHTP THAXKECTH
MaTepHaJbHOU AYrH U MaTepHaJbHOH MJAOCKOH (UTYphl, BEIYHUCIAATD
CKOPOCTb PaKeThl.

Bropoi#t pa3znen «IudpdepeHunaibHbie ypaBHeHHS B €CTECTBO3HA-
HUM H 3KOHOMHKE» COAEpXXHT MaTeMaTHYeCKHe MoJeJu B (H3HKe
(paaMOaKTUBHBIA pacnaj, OxJaKJAeHHe TeJ, ABHXEHHE MOTOPHOH
JIOAKH, OTeps 3apana NPOBOJHHKOM, 3apsil KOHAeHcaTopa, NajeHHue
C napalpoToOM, paBHOMEpPHO YCKOPEHHOe ABHXXEHHe, TapMOHHUUYECKHH
OCLLMJIJISITOP), XHMHH (3aKOH Nepexojia BellecTBa B PacTBOP, KOHLIEH-
TpalHs pacTBopa, XHMHYECKHEe peaKlHH), 6HONOrHH (yBeJHUEHHE KO-
JuyecTBa ¢epMeHTa, HU30JHPOBAHHAA KOJOHHS OPraHU3MOB, CKO-
pPOCTb pa3MHOXXeHUsA 6aKTepHH, IHHAMHUKA YHUCJEHHOCTH MOMYJSALHUH,
MOJleJ1b CE30HHOr0 poCTa, BHYTPUBEHHOE MUTAHHE TJIIOKO30H, TEOPHUS
3MUAEMHH, POCT JUCTbEB paCTeHHs ), 9KOHOMHKe (HenpepbIBHbIA POCT
HaceJleHUs] UJH ero yObiBaHUe, peryJHpyeMblii ero pocT, KOJHYECTBO
HaceJileHHsl Ha onpeneJieHHYI0 1aTy, AHHaMHKa pOCTa HaceJeHHd IO
BpPEMEHH, MCTOLUEHHE pecypcoB, TeKyuecTb paboued cuJsbl, 3pdek-
THUBHOCTb peKJaMbl).



MYHKUMS, NPOU3BOJHAN U HHTErpan
B €CTEeCTBO3HOHMM M 3IKOHOMMKE




OYHKLUMAM B ECTECTBO3ZHAHHMM U DKOHOMMKE
CNOCObBbLI 3SAAAHNA DYHKL MM

[TonsiTHe yHKUHH H pa3jHyHble cOCcOOLI ee 3afaHHs, CPelH KO-
TOpPbIX Haubosee ynoTpeOHTEJbHbl aHAJHTHYECKHH, TaOJHUHBIA H
rpaHyecKui, 1aBHO yXe HCMOJIb3YIOTCH B €CTECTBO3HAHHH H 3KOHO-
MHKe. M3BeCTHO, 4TO MyTb §, NPOHAEHHbIH TEJIOM C MOCTOSAHHOH CKO-
poOCTbIO U, €CTb (PYHKUHS BpPeMeHH i

s = vl
naowanab S Kpyra ectb PyHKUHSA ero paauyca R:
S=nR%

MHorue 6HosI0orHYeCcKHe SIBJE€HHS (CJAYX, 3peHHe H T. 1.) CBSA3aHbl
C KoJe6aTesJbHbIMH MpPOLECCAMH, OMMHCAHHE KOTOPBIX JAOCTHraeTcs C
MOMOLLb0 TPUTOHOMETPHYECKHX (PYHKLHH

y=sinx, y=cos x.

B pa3auyHoro poaa skcnepuMeHTax ¥ HaGJIOJEHHSIX LIKMPOKO HC-
nosib3yercss TabGJHYHbIH cnocob 3anaHuA QYHKUMH. MHoro tabJHiL
HCMOJIb3YIOT U paboTHHKH OyxrastepHH, c6ep6aHKOB H T. A.

I'padpuueckuit crnoco6 3afiaHHs (QYHKUHH NPHMeEHsieTCs NPH pa-
60oTe pa3/IMYHbIX CAMOMHIIYIIHX TpuGopoB. B MenuuuHe, HanpuMep,
pa6oTa cepaua aHaJH3HpyeTCs C NMOMOUIbID Kapaworpada.

3AKOH HEMPEPbLIBHOIO (OPTAHMYECKOIO) POCTA

Huca0 e HaXxoaAWT NpPHMEeHeHHe NpPH BbIBOAE 3aKOHA, KOTOPOMY
MOAYMHAIOTCH MHOTHe eCTeCTBEHHble MpOoLecChl, KaK-To: pacnaj pa-
JHOAKTHBHOrO BelleCcTBa, pa3MHOXeHHe OaKTepU#, pOCT HapoAOHa-
CeJieHHs, POCT JdeHeXHblX BKJaaoB W aAp. PasbepeM THNHYHLIA B
3TOM OTHOLUEHHHW TNpHMep HauyHcJeHHsI cOepOGaHKOM IMPOLIEHTOB IO
BKJany.

Pocr denexrbix sxkarados. C6ep6ank BhinsaauuBaer 10% rono-
BbiIX OT CyMMbl BKJaga. Ecaun 1 saHBapsa nosoxute B cOepOaHK
100 000 p., To B KOHUe roga Ha HUX O6yner HauucaeHo 10 000 p. mpo-
ueHToB. Ecain ke 1 Hiosa B35iTb Becb BKJaja o6paTHo, To 6yaer Ha-
yucaeno He 10000 p., a nosoBuHa 3ToH cymmbl, T. €. 5000 p. Ecawu

1
H3bATb BKJAan 1 anpeas, 1o Oyaer HauucaexHo 10000 Porgs

T. e. 2500 p.

[Tostomy, BmMecTto Toro 4yro6nl BJOXKHTL 1 sinBaps 100000 p. u
McTpe6oBaTh HX B KOHLe roja, BhirogHee | HI0/I H3BATb BeCb BKJaL
H BJIOXHTb €ro CHOBaA.

B nepBoM cayuae B koHue roga 6yaer noaydyeHo 110000 p., Bo
BTOpOoM cayuae 1 uions 6yaet noayyeno 105 000 p.; Ha BTOpy!O noJsio-
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BUHY roaa 6yaet BaoxeHo 105000 p., Ha KoTopble 6yAeT HAYHCJEHO
5%, 1. e. 5250 p., u B KoHue roga O6yaer mosaydeno 110250 p.

Ewe BoirogHee u3biMaTh H CHOBA BHOCHUTb BKJaJ KaXAblii MecslL,
Ka)Xyl0 Heiesi0 H T. A. B MaTeMaTHYeCKOH CXeMe MOXXHO MNpen-
CTaBHTb 3TOT TIIpoLlecC H3BATHA M BHeCeHHH BKJaaaa Oecko-
HEYHbIM.

[MycTh a — HauanbHas CymMMa BKaaaa W p% — roaoBol Mpo-
ueHT. Ecaiu BBeCTH ycJIOBHEe NMPHCOEIHHEHHS TNPOLEHTOB MO OTAEeNb-

1 o
HbIM 4acCT#dAM roaa, paBHbIM '-n— -H 10Ji€ €ro, rNpu4eM MpouceHTHadA TaK-

ca p% Nno-npexXHeMy OTHOCHTCH K LieJIOMY roay, TO M0 HCTeYEHHH OJ-
HOH TaKOM 4YacTH roja HayaJbHass cyMMa o6paTHTCA B

_ P\ _
a+a = “(1 lOOn) utl

No NMpoweCTBHH ABYX yacTed — B

a+a, g5 =a (1+100) a(1+10(} )2 Az,

Mo NMpoOlIEeCTBHH TpexX yacted — B

a2+a2l—(';’rn=a2(l ﬁ) (1-1- T00m )n T

HO HCTE€4Y€HHH OJHOro roga Ha4daJibHas CYMM& a OGPHTHTCﬁ B
n 2n
a (1 —l—%) MNO HCTEYEHHH ABYX JIET — B 4 (1 + T00n ) , 10 HCTeue-

nt
HHM t JeT — B a(l+10{} ) .

Ecau BBecTH pajbHelllee ycJOBHE, YTO NMPHCOEAHMHEHHE TPOLEH-
TOB NPOH3BOJMTCS HeMpepbIBHO, T. €. YHCJO yacTeil, Ha KOTOphbie Je-
JIUTCSl TOJ, HEOrPaHHYEHHO Bo3pacTaer (7 — o0 ), TO BeJHYHHA Hapa-
LIeHHOH CyMMbl A npeacTaBHUTCA B BHAE Npeaesa Bblpa’KeHHS

(1+100 )’ npH n— oo,

Te €
- nt
Al a(1+gfg)
1
ﬂ.ﬂﬂ OTbICKA@HHSA 3TOro IipeaeJsia 0603HayuM l—[‘}%—:-’;, TOraa
n= =22 H nt_ SHECb m= ﬂ OTKyada CJeaYyeT, 4UTO IIPH He-
=100 100 =7 y y P

OrpaHH4Y€HHOM BO3pacTaHHH n HEOrpaHHYEHHO pacCTeET H m.

[Tocsie mepexoaa K nepeMeHHOH m BeJIHYMHA HapalleHHOH CyMMbI
MO MPOIUECTBHH { JeT onpeneautcs GopmyJion

mpt
A=a lim (1 -}-%)W

m —+ 0o



HJTH
pt

: 1 \™\ 755
A=a( lim (1+—) )‘“”.
m — 0o m
Y4yuTbiBasA, YTO BbipaKeHHe B O0JbLIMX CKOOKax npeacraBJ/ser
cO6G0H MOCTOAHHYIO BeJMYHHY €, HAXOAHUM

pt

A=qe'®, (1)

[IpuBenem BesiHUMHY BKJaja NpU AAHHOM MpoOLeHTe p uyepe3 ¢
JIeT NPH OJHOKPAaTHOM H3bATHH B KOHILE CpOKa:

fi=a(1425)

3Hauenne A Bceraga Goabuie A,.

CpaBHuM 3HayeHus1 A u A, npu HayaabHOM BkJazae a=1000 000 p.,
BpeMeHu (=10 Jsetr u npoueHTHoH ctaBke p=10. BrlukcieHus
Nal0T pe3yJbTarT:

A =1 000 000e*"°=1000000-e~2 718 281,
A,=1000000-(1+40,1-10)=2 000 000.

Kak Buaum, pasuuua (B py6sisix) cyluieCTBeHHas.

3ameuanue. Popmyna (1) npumeHsercsa KaxAblil pas, kKoraa
peyb HAET O HernpepbiBHOM OPraHHYeCKOM POCTe HJH YObIBAHHMH C Te-
YeHHEM BpEMEHH.

3ameHsns 'i%ﬁ BEeJTHYHHOHW £ U BBOAS 0603HayeHHe — k AJA cayyas

y6biBaHus, nosydum popmyasi: A =ae® — nns BbluncaeHus pesyib-
TaTOB MpoLecca HenpepbiBHOro pocta U A =ae™* — pas HenpepbiB-

HOro yObIBaHHA.

HEMPEPBLIBHLIE U PA3PLIBHbBIE ®YHKLIMM
B ECTECTBO3HAHMM U SKOHOMMKE

3aMeTUM Mnpexae BCero, YTo CJAYyX, 3peHHe, BOCIPUATHE YyJbTpa-
3BYKa, HCIOJb3yeMble MHOTHMH OGHOJIOTHYECKHMH BHAAMHU,— BCE 3TH
fIBJIeHUSA CBAA3aHbl C KosiebaTe/ibHBIMH MpoLecCaMH, OMUCAaHUe KOTO-
pPbIX JOCTHraetrcssi ¢ [1OMOLLbI0O TPHIFOHOMETPHUECKHUX (YHKIUHH
Yy=sinx U y==cCos X.

BmecTe ¢ TeM B KOHKPETHOM 3KCMepHMEHTe TaKHe BeJIHYHHbBI, KaK
nyTb, 6HOMAacca nonyJasiMu, YHCJEHHOCTb NONyJAALUHH (YHca0 ocobelt
B MONyJfLLKU), Temnepatypa, BpeMss U T. M., He MOT'YyT NPHHHMATh
3HaYeHHUN, paBHbie JOO6OMY NeACTBUTENbHOMY 4Hucay. Tak, nyTb Mo-
KeT ObiTb B 3aBUCHMOCTH OT CHTYallUH U3MEpPeH LeJibiM YUCJIOM KH-
JIOMETPOB WJIK MHUJJHMETPOB; 6UoMacca U3MepsieTCsd TOHHAMH HJH
AeCATKAMH MHJJIMTPAMMOB; BpeMs — rofaMH WJH COTbIMH JOJSIMH
cekyHabl. M, popmanbHo rosops, o6aactb 3HaueHHi ¥ 06s1acThb onpe-
NeJIeHU YNOMAHYTbIX (YHKUHH He SABJIAKTCA [IPOMEXYTKaMH, a



NpeACTaBJASAIOT COG0H HEKOTOphIe LKaJabl, MOXeT ObIThb, C OUEHb MeJl-
KMMH, HO CTAHAAPTHbIMH AeJeHHAMH. BesiHuuHa 3THX AesleHHH onpe-
nensieTCss XapaKTepoM 3KClNepHMeHTa M TOYHOCTbIO npu6opos. Tak,
BO3pAacT KPYMHBIX XXHUBOTHbIX Mbl H3MepsAeM roaaMH, a BpeMs XKH3HH
HEKOTOPbIX 3JIeMEHTapHbIX YacCTHIL — MHUJIJHAPAHBIMH JOJAMH Ce-
KyHabl. Ho neno He B BeqH4YHHe AeJieHHH, @ B TOM, YTO Mbl MOXEM
cka3aTb: «B 3TOM 3KcnepuMeHTe yacTuua npoxuaa 3,1 uaum 3,2 ce-
KYHAbI», HO He MOXEeM 3afiBUTb, YTO OHa MPOXKHJAA 7 CEeKYHA.

[ToHsiTHO, YTO, UMes Aesl0 C TAKHMH QYHKLUHUAMH, HEBO3MOXHO ro-
BOPHTb O HempepbiBHOCTH. UT0oObl HMETb BO3MOXHOCTb MOJIb30BAThCH
annapaTtoM HayaJ aHaJju3a TaM, rae 370 yao6Ho, QYHKLHH, 3aaaH-
Hble Ha lIKaJe, 3aMeHSI0TCS WX HenpepbiBHBIMH aHasoramu. OnHako
3TO He Bcerga yaoO6HO H uenecoo6pa3Ho. Hanpumep, ecsin o6s1acThb
onpeneseHuss GYHKUHH COCTOMT BCEro M3 ABYX 3JIEMEHTOB, BpPAl JH
CTOMT ee 3aMeHATb npoMmexyTKoM. Ho ecan o6Gmactu onpeneneHus
M 3HA4YeHHH QYHKLUHH COCTOAT XOTH U M3 KOHEYHOro, HO AOCTAaTOYHO
60abLIOr0 KOJTHYECTBA 3JIEMEHTOB, B KAKOM-TO CMbICJ/Je «6JH3KO pac-
NOJIOXKEHHbIX APYr K APYry» (Kak MeJKHe JleJleHHS Ha luKaJje), TO
Mbl BripaBe 3aMeHHTb HX CIJIOLWIHbIMH NMPOMEXYTKaMH H (QYHKULHIO,
onpeaeseHHYI Ha OLHOM H3 HUX CO 3HAUYEHHUSMHU B JAPYroMm, CYHTAaTb
HenpepbiBHOH. M3yuyuB 3Ty MoAesbHYI0 GYHKLHIO, Mbl 3aTEM CyMeeM
caesiaTb BbIBOAbl OTHOCHTEJNbHO (QYHKLUHH, PUTYPHPYIOLLEH B 3KCIe-
PUMEHTE.

DTa Waes JIeXKHUT B OCHOBE MNOCTPOEHUSI MaTeMaTHUYECKHX MoaeJed
C HCMOJIb30BaHHEM HemnpepbiBHbIX PyHKUHH. MeHHO TakHe maTeMa-
THYECKHe MOJeJH H NMPHUBOAATCA B AaJsbHedweM. [TosTomy paccmart-
puBaembie B HUX QYHKUHH OyneM CYHTATb HenpepbiBHBIMH H AU de-
peHUHpYEMbIMH (AP PepeHUHpPYyEeMOCTb TaKXe HeoOXoAUMa AJISA HC-
NoJb30BAaHWA annapaTta HayaJs aHaJKu3a), yXe ClelurdaabHO He oroBa-
puBas 370. To XKe caMoe cjelyeT HMeTb B BHAY H NPH PacCMOTPEHHH
GYHKLHH, OMNHUCHLIBAKOLWIMX 3KOHOMHYECKHE BEeJHYHMHBI: YHUCJIEHHOCTb
Hace/eHHs, AeHEeXHbIH BKJaaa B cOepOaHK, YHCI0 €IHHHL peasH30-
BAHHOW MPOAYKLUHMH H T. 1,

[IpuBenem npumepbl pa3pbiBHbIX QYHKLHH.

[Tpumep 1. CKkopocTb Tesa, naaarLLero Ha 3emJio, Boobiue sBJS-
eTcqd HernpepbiBHOH GYyHKLKeH BpeMeHH, HO AJS MOMeEHTa yaapa
MOXHO YCJOBHO CYHTaTh, YTO OHAa MTHOBEHHO (CKayKoMm) najpaert o0
HYJ/s, T. €. TEPNHT pa3pbiB.

lIpumep 2. PaccMOTPHUM KJeTKy,
crnoco6Hyl B030YyXAaThCA OT BHeL- E)
HUX BO3JeHCTBHH, HallpUMep HepBHbIE
KJeTKH, KJeTKH Mbllil H T. n. Ecau E=E (1)
BeJHYUHY BO30OyXKaAeHUs £ u3Meputh B
TeX HJAM HHbIX elHHHLAaX, TO rpadHk
Bo36yxaeHuss E=E (f{) wuMmeeT BHIA,

i g
H300pa>KeHHbIH Ha pPHCYHKe 1. 0 1—: :T
B MomeHT {;, KJeTka mnoJayuaer o
curdasa. OpHako BO36y)XJaeHWe npo- Puc. 1
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YA MCXOAHMT B HEKOTOPbIH MOMEHT £, >,

Orpe3ok [f, f,] Ha3biBaeTcs 1aTeHT-

HbiM nepuodom. B MoMeHT [, KJeTKa

MTCHOBEHHO B0O30yXaaeTcsi 10 MAaKCH-

MaJibHOH BeJIHYHHbI, a 3aTeM B0O30OYyX-

k+1)a AeHHe TMOCTEeNeHHO YMEeHbLUaeTcs M0

TeX Mop, roKka He O6yJeT HOBOrO CHUrHa-

jga. Ecau curiHana Her [A0CTaTOYHO

A0Ar0, TO BO036yXKAeHHEe CTAaHOBHUTCHA
PaBHbIM HYJIIO.

[Ipumep 3. B 061aCcTH 3KOHOMHKH
ka OJMHAKOBO 4YacTO BCTpeyalTcad Kak
HenpepbiBHbIE, TAK U pa3pbiBHbie QYH-
Kuuu. [lyctb x — KosMyecTBO H3pac-
XOJOBAaHHOH MNpeiANnpHATHEM 3JIeKTPO-
3Heprud B KBr-4, a y — ee cTOHUMOCTD
B pybasx. M3BecTHO, uT0o y=~Rx, rae
k — tapud, T. e. ctoumocTh | KBT-u.
JTa QyHKUHA HernpepbiBHA. M 3aMeHuM
YyCJIOBHA 3TOro npuMmepa. B ueasix ctu-
MYJIHPOBAHUS 3KOHOMHH 3JIEKTPO3HEP-
FMH BBEJEHO IBa pa3HbiXx Tapuda: ec-
JU pacxol 3HepPrud He TMpeBbiLIAET
a KBr-u, To Tapud npeXHUH U paBeH k;
€CJIH )K€ pacxon npeBbiliaeT a KBr-u,
TO TapH(} yBesuuyuBaetrcs Ha [, T. e.
CTaHOBHUTCHA paBHbIM R+ [. Takum 06-
pasom,

" {kx, ecaH 0<<x<a,

(k+1) x, ecnu x>a.

paduk 3TOH (GYHKUHH HMeeT BHI,
H300paKeHHbIH Ha pHCYHKe 2

= |

Puc. 2

NMPOU3BOAHAA B 3A[QAYAX ECTECTBO3HAHMA
M SKOHOMMKMH

3AAAUM, NPMBOAALLME K MOHATUIO NMPOU3BOAHOMH

3adaua o ckopoctu dsuxcywetica Touku. [lyctb s=s () npen-
CTaBJIAeT 3aKOH MPAMOJUHEHHOr0 IBUXEHUS MaTepUaJibHOH TOYKH.
ITO ypaBHeHHe BblpaxkaeT MyTb S, MPOWAEHHBIH TOYKOH, KaK PyHK-
uuio BpeMeHu f. O60o3HauuM yepe3 As nyTb, NPOHAEHHBIH TOYKOH 3a
MpoOMeXyTOK BpeMeHH Af oT MoMmeHTa f 10 (4 Af, T. e,

As=s (t4+ At)—s (1)

As

THOLLUEHH
OTHole o=

Ha3blBdeTCH CdeHEHv CKOpPOCTbHO TOYKH 34 BpeM4
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ot t no t+ At. Uem MeHblie Af, T. €. YEM KOpOYe NPOMEXKYTOK BpeMe-
HHU OT ¢ 0o [+ Af, TeM ayullle CpeJHAss CKOPOCTb XapaKTepH3yeT JABH-
XKeHHe TOYKH B MOMEeHT BpeMeHH . [1o3ToMy ecTeCTBEHHO BBECTH MO-
HATHE CKOPOCTH U B NaHHbBIH MOMEHT f, Onpede/IMB €e KaK npejeJ
CpelHeH CKOPOCTH 3a NpoMexyTok oT f po t+ Af, korpa At— 0:

v=lim -
At—0 At °
BennunHa v Ha3biBaeTCH MEHOBEHHOU CKOPOCTbKO TOYKH B JAaHHBbIH
MOMEHT L.

3adaua o cuae 3rektpuveckoeo toka. Ilyctb g=q () — Koau-
YeCTBO 3JeKTPHYECTBa (B KYyJOHAaX), NpoTeKalolllee yepes nonepeyHoe
ceyeHHe MPOBOJHHKA 32 BpeMsfl f; KOJHYECTBO 3JIeKTPHUECTBA €eCThb
(QYHKLHS BPEMEHH, TaK KaK KaXJA0MYy 3Hau€HHIO BpPEMEeHH £ COOTBeT-
CTBYeT OonpeaejeHHOe 3HayYeHHe KOJHUYecTBA 3JeKTpHuectBa. [ns
onpejaesieHHs1 CKOPOCTH H3MEHEHHS KOJHYeCTBa 3JIEKTPHYECTBA C Te-
YeHHeM BpPeMEeHH MOJb3YIOTCS MOHATHEM CHJbl ToKa. O603HauUUM ye-
pe3 Ag KOJHYECTBO 3JEeKTpPHUYEeCTBa, NpOTeKalollee yepe3 yKa3aHHoe
CeyeHUe 3a MPOMEeXYTOK BpeMeHH Af oT MOMeHTa [ OO0 MOMEHTa

Ag " ”
t+ At. OTHOWEeHHe —; HasbiBaeTcs cpedxel cuaold TOKa 3@ BpeMs OT
t no t+ At u o6osHauaercs yepe3 /.. B cayyae nocrosiHHoro Toka
I, 6yner mocrosinHo#. Ecaiu B uenu mepeMeHHbld TOK, TO /., Gyner
pasJiHyHa A/ pa3JHYHbIX MPOMeXYTKOB BpeMeHH. [loatomy ans ue-
MH NMepeMeHHOro TOKa BBOAAT MOHATHE CHJbl TOKAa [/ B JaHHBIH MoO-
MEHT [, onpeJe/iHB ee Kak Mpejes CpeiHeil CHJbl TOKA 33 NIPOMEXY-
TOK BpeMeHH oT t no ¢t Atf, xorna At —0:
]=lim 2%
At —0 At

AHaJOrH4HO 3ajaye O CKOPOCTH NPAMOJHHEHHOr0 IBHXKEHHSA

paccCMaTpHBAIOTCA 3alda4H O CKOPOCTSIX XHMHUECKOH peakLHH H po-

CTa nonyJsiiHH, O KacaTeJbHOH, O NPOH3BOAHTEJbBHOCTH TpyAa.

3adaua o ckopoctu xumudeckoll peaxyuu. Ilyctb naHa pyHkKuus
m=m (t), rae m — KOJHYeCTBO HEKOTOPOro BellecTBa, BCTYIIHBLIEro
B XHMHYECKYl0 peakLHl0 K MOMeHTY BpeMeHH f. [Ipupawenuio Bpe-
MeHH Af¢ OyaeT COOTBETCTBOBAaTb IMpHpalLeHHe Am BeJHYHHBI

Am »

m. OTHOU.IEHHE F—CPEHHHH CKOPOCTb XHMHYECKOH p€akKUHH 3a

HPOME)KYTOK BPEMEHH Al. l'lpene.n 3TOr0O OTHOLIEHHA NMPH CTpeEMJie-
A m u

HHUHU Al K HYJKO, T. €. lim ET’ eCThb CKOPOCTb XHMHUYECKOH pEEKLLHH

At =0

B NaHHbBIA MOMEHT BPEMEHH L.

3adaua o ckopoctu pocra nonyaayuu. [lycts p=p (t) — pa3smep
nonynasiuuu 6akrepuit B MoMmeHT f. Toraa, paccyxnaas, Kak U Bbilie,
i A “
noayuum, uto lim A—f eCTb CKOPOCTb pocTa nonyasiuud G6akTepHil B
At —0

NaHHbIH MOMeHT [.
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3adaua 0 KacareabHou K danHoud Kpusou. IlycTe Ha NIOCKOCTH
xOy 3anana KpuBas ypaBHeHHeM y=f (x). Tpebyercs npoBecTH Kaca-
TeJbHYI0 K NaHHOH KpuBOH B paHHOH Touke M, (xy f(x,)). Tak kak
TOYKa KacaHua M, 1aHa, TO AJs pelleHHs 3ajauu norpebyercsa Hal-
TH yrJ0BOH KO3(h@HLHEHT HCKOMOH KacaTesqbHOH, T. e. tg ¢ — TaH-
FeHC yr/a HaKJOHA KacaTeJbHOH K IMOJIOXHTEJNbHOMY HaMpaBJeHHIO
ocu Ox (puc. 3).

Uepes Touku My (xg; f(xp)) u M’ (xy+ Ax; f(x,+ Ax)) npoBenem
cekymywo MyM’. U3 pucyHka 3 BHAHO, YTO yrJoBOH KO3(pGDHLHEHT
tg a cexkyweit M M’ paBeH OTHOLUEHHIO

Ay

tg [1=E,

rae Ay=f(xo+Ax)—f(xo).

YraoBo# ko3dduuHeHT KacatenbHOW Myl K HaHHOH KPHBOH B
ToYyke M, MoxeT ObITb HaHJeH Ha OCHOBAHWUM CJEAYIOLLEro onpene-
JI@HUS: KacaTeabHol K Kpusoil 8 Touke M, HasbiBaeTcs npamas M,T,
yrJioBo# Ko03p@HUHEHT KOTOPOH paBeH npepeay YyraoBoro Kosddu-
uvenrta cekyuied M M’, korna Ax— 0. Orclona caeayer, 4To

. g Ay
tg o= lim tga= lim —=.
YA E? Axr—0 o Ax—0 AX
T Jada4a 0 npou3soouUTEeAbHOCTU TPY-

/ da. IlycTb K MOMeHTy BpeMeHH ¢ (ua-
Ay coB) pabouuit npoussen F=F (t) enu-
HUL NPOAYKLHUH (BblpaboTKa COCTaBH-

: A’ na F (t) enuuun). [IpupauieHye Bbiny-

oA Ax cka npoaykuuu AF 3a Bpemsa Af pas-

" G4 —» HO YMCJAY €eIAHHHL TNPOAYKLHH, BbI-
%o Xo+AX X pymenHod 3a Bpems Af, T. e.
Puc. 3 AF=F (t+ At)— F (¢).
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AF v
OTHoleHue —; Ha3biBaercs cpedneil npou3goduTenrbHOCTbIO Tpyda

paGouero 3a Bpems or [ a0 t- At. [lpenesn 3Toro OTHOLUEHHS NpH
i . AF

CTpPEMJIEHHH Af K HY.JI0, T. e. Jlmoﬂ, Ha3bIBaeTca npouszsoouress-
[ =

HOCTbt0 Tpyda pabGoyero B MOMEHT BpeMeHH f.

ONPEAENEHME NPOM3BONHOM

MartemaTtuyeckas onepauus, Tpebyemas A/ pelleHHUs pPacCMOT-
PEHHBbIX Bbille 3ajay, OAHA U Ta Xe. BbISACHUM aHaJHTHYECKYIO CYLL-
HOCTb 3TOH OMNepaLuHt, OTBJEKasiCb OT BbI3BABILHX ee KOHKPETHbIX BO-
MpOCOB.

[Tycte ¢yHkuus y=/f(x) onpeneneHa Ha npomexyTke (a; b).
Bo3abmeM kakoe-Hubyab 3HayeHue x U3 (a; b). 3aTeM BO3bMeM HOBOe
3HaueHHe apryMeHTa x4 Ax U3 3TOrO MPOMEXYTKa, NpHAaB NepBoOHa-
YaJbHOMY 3HAaUEHHI0O X MpHpauleHHe Ax (MOJOXKHTENbHOE UJIH OTPH-
uaTejqbHoe). DTOMYy HOBOMY 3HA4Y€HHWI0O apryMeHTa COOTBETCTBYET
M HOBOe 3HaueHHe QYHKUMH y+ Ay=[(x+ Ax), rae

Ay=Ff(x+Ax)—f(x).

Tenepb cocTaBMM OTHOILLEHHE
Ay _ f(x+Ax)—f(x)

Ax Ax
OHo sBasieTca GyHKUHeH oT Ax.
A
Ecau cyuiecTByer npenes OTHOLUEHHS E—i— npupaileHuss GYHKUHHU

Ay K Bbi3BaBlUeMy ero npHpalleHHI0 aprymeHta Ax, kKoraa Ax
CTPEMHTCS K HYJIO, TO 3TOT MpeaeJ Ha3biBAETCA NPOU3BOOHOU PYHK-
yuu y=1F[(x) 8 dannoil Touke x u obo3Hayaercs uepe3 y’ uau [’ (x):

13



¥ = f(x)= lim 2% — lim [(x+Ax—f(x)

Ax—0 Ax Ax—0 Ax

IleficTBHe HaXOXIeHHS NMPOH3BOAHOH (YHKIIHH Ha3biBaeTcs ee
Jugppepenyuposanuem, a PyHKUHSA, HMEIOLLAs IPOH3BOAHYIO B TOUKE
x,— Ougpgpepenyupyemoil B 3Toi Touke. PyHkuusa, nudpdpepeHuunpye-
Mas B Ka)10H TOYKe UHTepBaJia, Ha3biBaeTcs AuddepeHUHpYyeMOH
Ha 3TOM HHTepBaJe.

Ecau dynkuus f(x) HenpepbiBHa Ha oTpe3ke [a; b] u nudpdepeHn-
LLMpyeMa B HHTepBaJie (a; b), To B HHTepBaJie (a; b) HaHxeTca Takas
TOYKa ¢, uTo cnpaBeaauBa ¢opmyaa f(b)—f(a)=F (c)(b—a), Ha-
3biBaemasi gpopmysroid Jaepanxa.

ITpumep 1. HaiiTn npousBoanyio ¢pyukuuu y=_C, rae C — nocro-
sAHHada. Mmeem:

y+Ay=C, Ay=0, A—i=0, lim ﬂ=0,

A Ax—0 Ax

T. e. y’=0. CnenoBaTesbHO, NPOU3BOAHAS MOCTOSHHOH paBHa HYJIO.

ITpumep 2. HaiiTu npousBoaHyw ¢yHKuUHUH y=x. U Mmeem:
y+Ay=x+A4x, Ay=Ax, =1, lim ¢=1,

T. €. y'=1.

[IpaBuna audpdepeHunpoBaHuas U GopMyabl AJS MPOH3BOAHDIX
OCHOBHbIX 3JIEMEHTAapHbIX (PYHKUHH MOXHO HaHTH B Yy4yeOHHKaX.

M3 paccMOTpeHHBIX Bhbillle 3aay4, MPHBOASILIUX K MOHATHIO MPO-
M3BOJHOH, CJeAyeT HeCKOJbKO BbIBOIOB.

CKOpoCTb MPSAMOJIMHEHHOr0 ABHMXXEHHSI €CTb MPOM3BOAHAA MYTH
s=s(t) no BpeMeHH £, T. e. v=s'. B 3TOM cOCTOUT MmexaHnuxeckuil
CMbICA NPOuU3BO0HOMU.

CKOpoCTb XMMHYECKOH peakUHH eCTb MPOH3BOAHAA KOJNHYECTBa
BeuwlectBa m=m (f) no BpeMeHu £, 1. e. v=m’.

CkopocTb pocTa NnonyJsilH4 ecTb NPOU3BOAHAS pa3Mepa nonyas-
UMK p=p(f) 1o BpeMeHH f, T. e. v=p".

ToyHo Tak e CKOPOCTb POCTAa YHCJAEHHOCTH HacCeJIeHHSl eCTb
Npou3BOAHAss OT KoJsiMyecTBa HacejeHusas A=A (f{) no BpeMeHH I,
T. . v=A’,

Cuna nepemeHHOro Toka / ecTb NpOHW3BOAHAA KOJIHYECTBA 3JIEKT-
puyectBa g=g (t) no BpemeHu ¢, 1. e. [=g’.

YrioBoH Ko3(dpHLHEHT KacaTeJbHOH K KPHBOH y=/(x) B TouKe
¢ abcuuccoit x ectb npoudBonaHas [’ (x). B aToM cocTouT eeomerpu-
YyecKkull cmoica npou3sooHoll.

[IpousBoaurtenbHocTh Tpyaa f (1) ecTb NpoH3BOAHASA OT BbipaboT-
KM npoaykuuu F (f) no BpemeHu f, T. e.

f(t)=F'(2). (1)
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[Tpumep 3. Touka ABHXKETCA MO NPAMOH MO 3aKOHY §=1>, rae
§ — nyTh (B cM), a { — BpeMs (B c¢). HaiiTu ckopocTh IBHXXEHHS TOY-
KH B MOMeHT {=23.

Hmeem v=s"=2{. B uactHocTH, npu =3 v=6 cm/c.

l[Tpumep 4. Ecau nonyasiuus B MOMEHT [ HacCYUThIBaer
p (t)=30004 100 # oco6eii (npu 3TOoM { M3MepsieTcs B yacax), TO
CKOpOCTb pocta nonyasuud ectb p’=200 ¢.

CKopoCTb pocTa 3TOH MOMYJfALHH YBEeJHYHMBAETCSH CO BpPEeMEHEeM.
Ecnun t=235, To ckopocTb pocta cocrasaser 1000 ocobeii B yac. Ecau
t=10, To ckopoctb poctra coctaBasier 2000 ocobeii B yac.

NPOU3BOAHAR CNOMXHON ®YHKLMM

[lycTh nepemMeHHasi y 3aBHCHT OT epeMEHHOH U, KOTOpasi, B CBOIO
oyepeab, 3aBHCHT OT nepeMeHHOH x, T. e. y=[(u), u=@ (x). Torna
NpH H3MeHeHHH X OyleT MEeHATbCH u, a NMOTOMYy OyaeT MeHSATbCA H
y. 3HauuT, y ABasieTcd QYHKUHeH Xx:

y=F(9(x)).

Ita QYHKUHKA Ha3biBaeTcAd CA0MHOU Pynxyued (WA PyHKUHEH
OT (PYHKLIHH), NepeMeHHas U — MPOMEXXYTOUYHOH MepeMeHHOH.
[Ipeanonoxum, uro dyHkuus f(u) uMeeT NMPOU3BOAHYIO MO u, a
¢ (x) — npousBoaHyw no x. Tpebyercsas HaHTH NPOHM3BOAHYI Yy MO
x. Umeem:
Ay Ay Au
Ax  Au Ax

(npeanoJsiaraercs, YTo Au NpH NOCTATOYHO MaJbiX 3HAYEHUAX AX He
ob6pautaercs B HYJb), OTKYyAa

lim 2% = lim 2. |im 2%
Ax—0 Ax Au—0 Au Ax—0 Ax

M, 3HAUHT,

(F (@ ()=} (u)-u

HJTH

(F(@ () =F (@ (x) ¢ (x). (2)

[Mpumep 1. Ecan y=sinu, a u=x’ 10 y=-sin x* ecTb CJ0XKHaA
(QYHKLUHS He3aBHCHUMOH MepeMeHHOH X.

[Mpumep 2. (sin ¥*) =(x*) cos x¥* =2x cos 1.

[Tpumep 3. (cos 3x) = —(3x) sin 3x= —3 sin 3x (poap npome-
XKYTOYHOH MepeMeHHOH u 34ecCb Hrpaer 3x).

[Tpumep 4. Ilyctb u=u(x) — auddepeHunpyeMmas ¢GYHKUHA.
Haditu npousBoaHble CA0XKHBIX (PYyHKLHH:



2 1 b
a) y=———=; 6) y=Inu; B) y= In
) Yy Ve ) y ) Yy N i
N —% 'b
p . (= — —— 2 /= - .
eweHue a) y 2( 2)u u Pyl

r

) =

B) y'=2\}g (ln ('\/-gt+u)—ln (\/%——u))’=
L

. . =?’

| u’
—2‘\/ab -\/E+u +VE_M 2Vab 8 __ 2 .‘l_uz a—bu®’
b b b b

[Ipumeuanue. [Ipu peuenun npumepoB 2 u 3 Hapaay ¢ dop-
MyJa0H (2) ucrnosb3oBaHbl GOpPMYJibl

(sin x)’=cos x u (cos x)'= —sin x,

a npu pelleHud npumepa 4 Hapspy c dopmyaoit (2) — dopMmyasl

(x*Y =0ax""" u (In x)’=%

BTOPASA NPOMU3BONHAA M EE MEXAHMYECKMH CMbICH

[lycte s==5(f) — ypaBHeHHe NPSAMOJHHEHHOI0 ABHXXEHHA MaTe-
puanbHOH TO4YKH. Kak ycTaHOBJeHO paHee, MIFHOBEHHas CKOPOCTb
3TOr0 [BHXXEHHS U €eCTb INPOH3BOAHAA NYTH S MO0 BpPeMeHH [,
T. e. v=2_5’. Ecau Tenepb 3Ty CKOPOCTb paccMaTpHBaTb KakK (YHK-
LLHI0O BpeMEeHH, TO TaK Xe, KaK U Bblllie, YCTAHOBHM, 4YTO U’ eCTb YCKO-
peHde a B MoMeHT f. [Ipou3aBoaHas oT s’ No BpeMeHH [ Ha3biBaeTCH
npou3sodHoil 8TOpo2o nopadka HIAH 8TOpol npou3sodHol PyHKIHH
S Mo BpeMeHH ¢ U o6o3Hayaerca s”. Takum o6pa3om, nosyyaem, 4To
a=s", T. e. BTOpas NpPOM3BOAHAA NMYTH § N0 BPeMeHH ! eCTb yCKOpe-
HHE a ABHXYIUEHCA TOUKH B MOMEHT {. B 3TOM H 3ak/loyaercsa mexa-
Huveckuil cmovica 8TOpOL npou3sodHoll.

[Tpumep. Touka ABHXKETCH MO NPSAMOH MO 3aKOHY s=1°, rjae s —
nyth (B cM), a ¢t — BpeMms (B ¢). HaliTu cKopocTb M yCKOpeHHe NBH-
KEHHS] TOYKH B MOMEHT (=2,

Pewenue. UmeeM v=s5"=3f a=s"=6;{ B y4acTHOCTH,
npu t=2

v=12 cm/c u a=12 cm/ck
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3AAAYN HA SKCTPEMYM

3adaua 1. CocraBasieTcsi 3JIeKTpHUecKas LeNMb M3 ABYX Mapa-
JeJbHO COeJHMHEeHHbIX conpoTHBJeHHH. [IpH KakoM COOTHOLIEHHH
MeXIy 3THUMH CONMPOTHBJEHHSMH COMPOTHUBJEHHE BCei LenH MaKCH-
MaJibHO, €CJIH MPH NOCJeJ0BaTeJbHOM COelHHEHHH 3THX CONPOTHBJIE-
HHH OHO paBHO R?

Pewenue. [lycTb r — conpoTHB/eHHE 3JEKTPHUECKOH LEMH,
cocTosilled H3 ABYX NapaJJesbHO COeAHHEHHbIX COMPOTHBJEHHH X H
y. Torna

1 1 |
ST (3)
C npyro# CTOPOHBI, U3 YCJIOBHS 3aJa4YH HMEEM:
x+y=R. (4)
H3 paBencTB (3) u (4) HaxoouM
_x(R—x)=
R =r(x).
OueBugHo, 0<<x<<R. IlpousBogHasa r'= R;h oOpaliaercs B

" R
HyJib B €EAHHCTBEHHOH TOYKeE x=?. TO 3HaUeHHe H JO0CTaBJfeT r

MaKCHMaJibHOe 3HauyeHHe, TaK KakK Npu JO0OM A0CTaTOYHO MaJOM
MOJIOXKHUTEJNbHOM 4Yucae A

r (%—h)=%>0 ur (%+h)= —&‘(0**

R
T. €. MpH Nepexojie Yyepe3 TOYKY X=- B HaNpaBJIeHHH BO3PACTaHHS

X NpOH3BOAHAA r’ MeHsieT 3HaK C MJKCa Ha MHHYC.

3adava 2. B nuraTesbHyl0 CpeAy BHOCAT MONYJALHIO H3
1000 6akTtepuit. UHcJeHHOCTh MONYJALMH BO3pacTaeT IO 3aKOHY:

1000¢
t)=1000 ;
p(t) +10LF
roe f Boipax<aetrcd B yacax. HalTy MakcHMaJbHbIH pa3aMep 3TOH Mo-
MyJasLHH.
PeweHnue. Hmeem

, v 1000 (100— £)
1000 (20—~h) A
(1004 (10 — h)*)?

Tak kak p’ (10)=0wu p’ (10—h)= >0, p' (104 h)=

* Takum h octaercsi B 3TOM MYHKTEe H B AaJjbHeilLieM.
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1000 (204-A) A

= T 00+ (104 AYY
CTaBJideT

<0, To MakcHUMaJibHbIH pa3mMep NONyJsLHH CO-

p(10)=1000+%=1050

H NOCTHraeTcsa 110 NPOLWECTBHH 10 4 poOCTa.

3ada4a 3. Peakuusi opraHu3mMa Ha BBeJeHHOe JIeKapCTBO MOXeT
BbIpa)KaThCH B NMOBbILUEHHH KPOBAHOIO NaBJE€HHS, YMEHbLIEHHH TEM-
nepaTtypbl Tesia, H3MEHEHHH MyJibCa WJIH APYTHX (H3HOJOTHYECKHX
nokazaresaei. CteneHb peakiluH 3aBHCHT OT Ha3HAUYEHHOTrO JIeKapCT-
Ba, ero n03bl. [1peanonoxum, 4to x o603HayaeT A03y Ha3HAUYEHHOrO
JieKapcTBa, a CTeneHb PpeakKUUH Y ONUcbiBaeTcs (QYHKUHEH
y=/[(x)=x"(a—x), rie a — HeKOTOpas MOJOXHTeJbHAasA MOCTOSH-
Has. [IpM KakoM 3HauYeHHM X peaKLHss MaKCHMaJibHa?

Pewenune. OueBuano, 0<<x<<a. Hmeem [’ (x)=2ax—3x".

Tak kak x=%—a—x0penb ypaBHeHusa [’ (x)=0 wu

i (%_a_h)=3h (%a—h))o,
i (2 a+h)=—3k(2a+h)<o,

2 4
TO x=§a — TOT YpOB€Hb A03bl, KOTOPbIH Aa€T MAKCHMAaJbHYIO pe-

dKLUHRO.

3adaua 4. [a3oBasi cMech COCTOMUT U3 oKHcH a3oTta (NO) u kucao-
pona (O,). Tpebyerca HalTH KoHUeHTpaLHIO O, NpH KOTOPOH coaep-
XKauasacad B CMECH OKHCb a30Ta OKHCJAseTcs C HauboJblued CKOopo-
CTbIO.




PeweHnune. B ycnoBuaXx npakTHyecKOH HeoOpPaTHUMOCTH CKO-
pPOCTb peakKILlHH

9NO + 0, = 2NO,

Bbipakaetcsi popmysioit v=Rx’y, rae x — KoHueHtpauus NO B Jito-
60if MOMEHT BpeMeHH, §y — KoHueHTpauus O, B — KOHCTaHTa CKOpO-
CTH peakl MM, He 3aBHCAILAA OT KOHLEHTPALHH pPearupyoliHX KOM-
MOHEHTOB W 3aBHUCAILLASA TOJNbKO OT TemnepaTypbl. KoHUeHTpalHio ra-
30B OyaeM Bbipa)aTb B 00beMHbIX NnpoueHTax. B 3tom cayuae

y=100—x, v=*kx*(100 —x)=v ().

Ouesuano, 0<< x<< 100. IMpouspoanas v’ =k (200x—3x*) mexay 0
u 100 uMeeT O#MH-eIMHCTBEHHbIH KOpeHb Xx=1x,=6667 nu
v (0)=0v(100)=0. CrenoBaTesbHO, CKOPOCTb peaKlHH HaHubosbLIAS,
Korpa x=66,67% u y=233,33%.

3adaua 5 (3adaua Huodownet). B npeBHemM MHde paccka3blBaercs,
4yTO0 THPCKHH uapb [lurmanuon y6usn Cuxes, MyxKa CBOeH CeCTpbl
Jlunoubl, 4ToObl OBJAaAeTh ero 6orarcTBoM. JlHaoHa, NOKHHYB PHHH-
KHI0, MOCJ€ MHOTHX MPHKJIKYeHUH oka3anacb B CeBepHod Adpuke.
Kopoab Hymuauiues SIp6 obewtan nogaputh JIHAOHE y4aCTOK 3eMJH
Ha Gepery Mopsi «He 6oJiblle, YeM MOXXHO OKPYXHTb BOJIOBbeH LLUKY-
po#». Xutpas [lugoHa paspe3asa BOJIOBbIO WIKYPY HAa TOHKHE MOJO-
CKH, CBfi3aJ1a U3 HHUX OYeHb AJHHHYIO BepeBKY U oTMepuJsia 60J/bLIOK
YYaCTOK 3eMJIH, MPHMbIKABIUHH K nobepexxblo, Ha KOTOPOM OCHOBaJia
ropoa Kapdaren.

Bynem ans npoctotrel cuutath, uTo Geper mops Oblg MPAMOJIH-
HEHHbIM, @ y4aCTOK 3eMJIH UMeJs GopMy NpAMOYroJbHUKa. Toraa Ha-
10 HAHUTH NPAMOYTroJNbHHK HauboJiblueH nJjouaad, OorpaHHYeHHbIH C
OLHOH CTOPOHbl MOpPEM, a C TpeX APYrux CTOPOH BepeBKOH 3a4aHHOM
AJHHbI .
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— N Cc

Puc. 4 Puc. 5

BriGepem B KauyecTBe apryMmeHTa x AJHHY otpe3ka BC (puc. 4).
Torpa anuHa otpe3ka AB paBHa [—2x ¥ motoMy nJoliaab S nps-
moyronbHuka ABCD paBHa x(l—2x), T. e.

S=x(l—2x)=S (x).
QOueBHIHO, 0<x<%. [MpoussoaHas 8’=/—4x mexnay O u % obpa-

" l
HiaeTcd B HYJlb B € JHHCTBEHHOH TOYKeE x=z . 9TO 3Ha4YeHHe X U J0-

ctaBuT GyHkuuMu S Hauboabluee 3HayeHHe, Tak Kak S (0)=
l l
=S(§)=O. 3HayuT, ctopoHa BC poskKHa HMeTb AJHHY 7 @

ctopoHa AB — nauny %

Ec/au cHATbL yc/a0BHe, YTO FPaHHLbl YYaCcTKa AOJXKHbl HMeTb op-
MY MPSMOYTroJbHHKAE, TO MOXXHO OrOPOAHTL GOJBIIHHA Y4aCTOK 3€MJIH.
Jns 3TOro OH AOJI)KeH MMeTb (GOopMy NoOJyKpyra.

3adaua 6. CTouMoCcTb GpUJIIHAHTA NPONOPLHOHANbHA KBaApaTy
ero macchol. [Ipu o6paboTke 6pHaAMHAHT OblJl pacKOJIOT HAa ABE YaCTH.
KakoBbl Macchl yacTel, ecli M3BECTHO, YTO NPH 3TOM MPOH30LLIA
MaKCHMaJ/JbHas MOTepsi CTOMMOCTH?

Pewenue. [lycte m — macca 6punninaHTa 10 ero packosaa Ha
JABe 4acCTH, a X — Macca OAHOH M3 ocTaBluuXcs uyacted. Torna

km* — ctouMocTb GpHJJIMAHTA A0 PackKoJa,

kx* — cTOMMOCTb OAHOH 4YacTH GPHJIHAHTA,

k(m— x)* — cTOUMOCTL APYro#
yacTH OpHJJIHAHTA,

f(x)=km?—kx*—k(m—x)"—
noTeps CTOMMOCTH OpHJAJHAHTa B pe-
3y/sbTaTe €ro packo/ja Ha [Be 4YacTH
(K — kKo3pPHuuHeHT NPONOPUHOHANb-
HocTH). OueBuaHo, 0 << x<<m. Ilpous-
BOAHASA

f(x)= —2kx+2k(m—x)=
= —4kx+2km

o6palaercss B HyJb B €1HHCTBEHHOH

m
TOYKeE x=?.



DTO 3HauyeHHe M JocTaBasieT [(x) MakcHMMaJbHOe 3HauyeHHe,
TaK Kak

f'(g—h)=4kh>0, I (-’;i+h)=—4kh<o.

m m
CnenoBaTeslbHO, MacChl 4acTe#: = M =

3adaua 7. Tlo npamoit AB npoxoAHuT XeneszHasa popora (puc. 5),
B CTOPOHE OT KOTOpoH HaxoauTcs NyHKT C. TpebGyercsi rpy3 M3 MyHK-
Ta C nepeBe3TH B MyHKT M, Jexallui Ha >XeJe3HOH aopore, B Ha-
NpaB/JeHHH KOHEYHOro MNYHKTa Ha3HauyeHHA A C HaHMeHbLUHMH
datpatami. M3 C B M nepeBo3ka ocCyllecTBNAETCH aBTOMO-
GHJIbHBIM TPAHCIMOPTOM, KOTOPbIH B m pa3 AOpOKe, UeM XKeJe3HOM0-
POXHBIH.

Pewenwue. Ilycts x — paccroasuue DM, | — KpaTua#iuee pac-

CTOSIHHE 10 XeJse3HoH aoporu ot nyHkra C, a R — paccTosiHHe OT
D no koHeyHoro nyHKta A Ha xene3aHo# popore. [lo Teopeme

[Ingaropa
CM=\E+4+2.

CrouMocTb mpoe3na y Bbipa)KaeTcs B BHAe

y=y(x)=k(R—x)+mk\ P+ X,

raoe K — CTOMMOCTb nepeBO3KH Ha | KM Mo xese3Ho# popore. HyxHo
HaATH HaUMEeHbLUYI0 CTOMMOCTb NpoBo3a rpy3a U3 C B A yKa3aHHbIM
MyTeM, T. €. HAaUMeHbluee 3HaueHHe GyHKUHHU y Ha oTpe3ke [0; R]. ITo
ycaoBuw 3apauyu x>0. [TostoMmy npousBoaHas

kmx
Vel

AR 3THX 3HayeHWH x obpaliaercss B HyJb B €IHHCTBEHHOH TOuYKe

y'=—k

l
X=X)=—F=—. STO 3Ha4Y€HHE X U AO0CTaBJIAET [y MHHHUMAJbHOE
Vm”—l

3HdAY€HHE, TAK KakK

Y (xo—h)= —k+

km

2 I
-\/("u—h}2 7

Y (xo+h)= —k+——ett 0.

P |
(xo+ h)* T

HUrak, npu x=x, nojyyaeM HaHMeHbllHe 3aTpPaThl Ha NepPeBO3KH
rpyasa.

[Ipumeuanue. B orBere He yuacTByer uHciao R. 310
3HAYHUT, YTO HE3aBHCHUMO OT KOHEYHOro MYHKTAa Ha3HayeHHs rpyaa
ero BbIrOJAHee BCEro BO3MTb K CTAHUMH MO YIJIOM @, TaKHM,
YTO

<0,
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