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O HOBOW CEPUM CBOPHUKOB «MATEMATUYECKOE IIPOCBEIIEHUE»

Tpaguius n3[aHusA TOMYIAPHOU U HAYIHO-TIOMYIAPHON JUTEPATYPHL IO MATEMa~
TUKE UMEET TABHIO U 6OraTyo UCTOPUIO. YTIOMAHEM O BBIXOAUBIINX B TOPEBOMIOIY-
ounon Poccun cH6oprukax «HOBLIE ngen B MATEMATHKE» MO PEIAKIINEN 3aMEUATEN b
HOT'O [esSTeNs MATeMaTUIeCcKOro npocsemenus npodeccopa A. B. Bacuibesa, o xyp-
HaJaX «BeCTHUK OMBITHON (PU3UKHU U DJIEMEHTAPHOU MaTeMaTukm u «Maremaruae-
CKOe 00pa3oBaHme», IIe 00CY XK JATUCH MeIArOTUIECKIE TPOOIEMBL; O 3aMeIaTeIbHBIX
U3JAHUAX COBETCKOrO mepuona: cepuu «llomyJaspHbIE JEKIUU 1[I0 MATEMATHUKE», TIe
MeIATATNCH JEKIUNA [ MKOJILHUKOB, YNTABIINECS 3HAMEHUTHIMU YIE€HBIMU; COOP-
HUKaX 1oJ HasBaHueM «MaremaTudeckoe mpocsemienues (IBe cepun — JOBOEHHAS U
cepus 1958-1961 rr.); 06 OPraHM30BAHHOM B KOHIIE LMIECTHULECATHIX [OJOB XKyDHAJE
«KBanT».

Penakiua noBou cepum c6opumxoB «MaremaTryaeckoe MpOCBEIIEHUE» HATEETCA
MPOJOIKUATL DTy CAABHYIO Tpaquiuio. MBI mpeacTaBaseM COOPHUKUA HOBOU CEpUU
MpeX e BCErO KaK CBA3YIOIIEE 3BEHO MEXK Iy CIEIUATLHON U TIOMYIAPHON MATEMATH-
geckon aureparypou. CTaThu B CHEMUATBHBIX KYPHAIAX OOBIMHO HENOCTYIIHBI HECIIE-
[UIATUCTAM, TIOMYIAPHBIE MATEPUATIEI OOLITHO OT'PAHUYIECHBI JKECTKAM TPEOOBaAHUEM
@TO 006A3aTENBHO TOKHO OBITH MOHATHO IIKOJABHUKY». MBI HageeMcs peaan3oBaThb
HECKOJBKO UHOU IPUVHIIUI «3TO TOMKHO OBITH MOHATHO BIYMYUBOMY U HACTOUYUBOMY
YUTATENO, JaXKe MPU OTCYTCTBUU CIEIUATLHON TOATOTOBKMY.

[Ipeamosaraercsa BKIIOYATH B COOPHUKU CTATBU O HOBBLIX (DYHIAMEHTAIBHBIX Pe-
3y/IbTaTaxX, HOBLIX HAMTPABICHUAX PA3BUTHUA YUCTON U MPUKIa THOU MaTeMmaTuku. Oco-
OEHHO CYLIECTBEHHLIM HAM KaXXETCS TMPOACHATH CBA3M MEXKIY PA3TUIHBLIMU MTOHATHU-
AMU 1 00JaCTAMYU HaykKu. VIMEHHO mMpokas >pyaunus (a4 He TOABKO Y3KUU mpodec-
CUOHAIN3M) €CTh Ta OTINIUTEILHAA YePTa TPAJUIUOHHOTNO MATEMATAIECKOr0 06pa-
30BaHuA B Poccuu, KOTOPYIO XOUeTCS COXPAHUTD.

OrpomMHOE YUCI0 TOMYIAPHLIX MATEMATHIECKUX U3TAHUA BBIXOJUIO U BHLIXOIUT
HBIHE 33 pybexom. [loctaTouno HasBaTh «American Mathematical Monthly» u «Math-
ematical Intelligencer», usgatommmecs B CIITA, anrmunckyio «Mathematical Gazettey,
dpanko-mmeennapckun xypuaa «L’Enseignement mathematiques. Pegakmua «(Mare-
MATHYIECKOTO MPOCBENIEHNSy HAJTEETCA MO3HAKOMATE YUTATENA C STUMUA U3 JAHUAMMY,
noMernas B COOPHUKU MEPEBOIBI CTATEN U3 HUX.

IMoMuMoO cTaTenm MaTeMaTUIeCKOrO CONEPYKAHUA, MPETONaraeTCsa MyOIuKAIINA
MaTepPHaIOB, OTPAKAIMINX PEAIbHOE COCTOSAHUE MPENONaBAHsA MATEMATUKY (Tpe-
XK€ BCETO, B CIEIUATA3NPOBAHHBIX KIACCAX U IITKOJAX, 8 TAKKE B MEJArONMIeCKUX
UHCTUTYTAX U YHUBEPCUTETAX ).

Cenuac mo Bceu Poccuu mpoxoquT HEMAIO HAYYHBIX KOH(MEPEHIUN IKOJbHUKOB,
Y9IeOHBIX JETHUX IIKOJ, PA3IUIHOTO PO COPEBHOBAHWU MO PENICHWIO 3a1a9; MBI
MOCTAPAEMCS OTPAKATH OMBIT HAMOOEE yYIATHBIX MEPOIPUATUN TAKOTO POIA.

[IPUTTTAIMIEHUE K COTPYTHUYECTBY

N3 naume, 3aMBIcen KOTOPOrO M3J0XKEH BBIIE, HEBO3MOXKHO 0€3 AKTUBHOU UUTA-
TeNLCKOU TMOAAepXKu. MBI xkaeM oT Bac, unrarTens, IpenIokeHnui, COBETOB, MaTe-
pUAJIOB.
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Xp OHUKAa MaTeMaTn4de CKOI>’I 2KN3HN

MatemaTudeckun lenTp B HOBOM 3 1aHIN

A. B. Cocuncknui

JliobuTenu mporyasiThCs MO CTapbiM apbaTCKUM IepeyikaMm TaBHO 0Opa-
THAN BHUMaHWEe Ha HOBOE HapAIHOe deTHIpexXpTakKHoe 3MaHne Ha PoabiioM
BaackeBckom nepeyiake. OHO cTOUT HeTaJekKo OT TOIO MecTa, rie Biacbes-
ckuil ynupaercs B CuBieB Bpaxek, HO He y caMOll Tpoe3Kell 4acTH, a B IJIy-
OwHe, OTAEIeHHOe OT MOCTOBOH HEOOIBIITNM CKBEPHKOM CO CTAPHIMH JUTAMH
HeGoabIIIME exsaMu. Pa yradHo ckaIpupoBaHHON (poTOrpadui (CM. 3acTaB-
Ky) Jayke cO3maeTcs BIedaTJeHHe, 9TO TOM CTOUT He B IeHTPe CTOMHNIHL, a
rae-un6y s B PomvockoBbe. Ppoxoxuii, ie pasoGpaBIui Ha pacCTOAHAN He-
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OOJIBIIYIO BBIBECKY YV MapaqHOW BXOMHOW ABEpH, MBICIEHHO OTHOCHT 3aHue
K OJTHOU u3 6OraTHX KOMMEpPYeCKUX CTPYKTYP, YCTPAUBAKIINX B HOcCjelHee
BpeMsi «eBPOPEMOHT» CTaphiX apbaTCKuX 0COOHIKOB.

Oanaxo Ha BhIBecke Hamncano «MockoBckun llenTp PenpeprniBaoro Ma-
TemaTndeckoro O6pa3zoBaHugy, I BXOXKH TY1a He GU3HECMEHbI IPH TajJcTyKax
0 B TPOUKaX, a JI0J ¢ BUIY MONPOIIe — pa3HOKaJubepHble MaTeMaTuKu, OT
MIKOJHHIKOB, YIHTEJell H CTYAeHTOB 10 BCEMHUPHO M3BECTHHIX YYEHBIX (BIpO-
d9eM, Hapy:KHOCTBIO CBOEH BOBCe He TPHMedaTelbHbIX ).

Yro 1o 3a lenTp, 4eMm TaMm 3aHuMalOTCs, KakuM 06pa3oM eMy JOCTaJd0Ch
5TO BHOBb OTCTPOEHHOE ([IefCTBUTENHHO HA «eBPOYPOBHE)) TOMelleHne?

[IPrEACTOPUS

Wpesi coamanus meHTpa, KakK 0 MHODHe JAPYT'He CBABAHHBIE C MATEMATHKON
3aMedaTelbHble HadnHaHus, npuHamie:kuT P. P. KoncrantnraoBy. B Ilen-
Tpe Pukonai PukoiaeBud BujeJ OpraHU3allMOHHYK OCHOBY CBOeH MHOTO-
MIaHOBOW He(OPMaTBLHOU NPOCBETUTENHCKO-MAaTEMATUYeCKOH eI TelbHOCTH:
KPYKKH, MaTeMaTHd9eCKie KJIAaCChl U CHelHaJu3npOBaHHbBIe IITKOIBI, paboTa ¢
yanteasyu, Mexaynapoguaeii Typrup opogos (MTTIY), Typuup Jlomonoco-
Ba, onnvnnatel, PesaBucumbri MockoBeknin Yansepcurer (PMY).

Po kax morim He uMewilne cepbe3HOr0 (PUHAHCHPOBAHUS «He(OPMAJbDy
HOJYy4YUTh B HeHTpe MockBbI noMelleHue? 31eCh PEIIaoIyIo POJIb ChIIPAJH,
€O CTOPOHBI MaTeMAaTHKOB, U3BECTHbIE KPYKKOBIEI U MpenogaBaTell MaT-
mkos Axnexcanap lllens n UBan flulenko (Bmpodem, 4T0 XapakTepHo, 06a —
elle 1 MaTeMaTHKH-HCCIeJOBATENHN MeXK TYHAPOIHOTO KIacca), a CO CTOPOHBI
MOCKOBCKOU agmunuctrpanuu — npedext llenrpaasnoro Oxpyra A. . My-
BHIKQHTCKUU, OKOHYUBIINI B cBoe BpeMsi Mexmar MIY. Ou pacnopsguics
TOPEMOHTUPOBATH COBETCKUU MOJTNOCTPOUH, MHOIHE TOJABI HE HCIOJb3YeMBIl
cBouM BiaagenbueM, lenapramenTom O6pazoBanis MocKkBbI, He ¢ TeM, 4TOObI
3laHlle 3aTeM BBIDOMHO OTaTh KaKOU-1160 GOraToll KOMMepYeCKOl OpraHi-
Ballliil, a MPOCTO Ha 6Jaro Bcell MOCKOBCKOU MaTeMaTH4ecKou 0OIIecTBEeHHO-
CTH. 3a JOCTPOUKOU U OTAETKOU 3aHusi, KaK U 3a BEIGOPOM 0G0OpYIOBaHUs U
MeGenn, ¢ HEOTCTYIHBIM BHUMAHUEM CJeIU ellle OJIMH BhIIYCKHHK MexXMaTa,
kasuaden llenTpa Bukrop dypun. Kax BoguTCa, OTKPEITHE HECKOILKO pas
OTKJA[BIBAJIOCH, HO MOJTOYXKIAHHBIN MeHb HAKOHEI] HacTynua. Benomuum, Kak
3TO OBLIO.

OTKPBHITHE IIEHTPA

Odunnansbroe oTKphITHE OBLIO HazHadeHoO Ha 19 dacoB 26 cenTsbps 1996 1.
K »romy BpemeHu mepej CHSIOINIMM HOBOW KpPACKOU 3JaHHeM cobpaJcs Bech
MOCKOBCKHH MaTeMaTH4ecKui GOMOH[. 3/eCh MOXKHO OBLIO YBUAETbH H Ma-
CTUTHIX VIeHHLIX U3 OBIBIIIETO COBETCKOTO NCTeBJANIIMEHTa, I aCOUPAHTOB B
CTapHIX MKWHCAX, NCTATKAHHBIX MeIOM IPH MPOBeIeHNH MKOALHLIX KPYKKOB,
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crynenToB PeszaBucuMoro YHuBepcuTeTa, eile He 00KUBIINX HOBOE 3aHUe,
JKYPHATUCTOB U [TayKe MUILIOMATOB.

Pporuio maznadeHHoe BpeMsi, a TOp:KeCTBEHHas IePEMOHUS paspe3aHius
JEHTHI, KOTOPYI MOJKHBI OBLIN mpousBecTu Map ropoga Hpui JlykkoB u
mpejicenarens Ponedureabckoro Cosera llenTpa Baagumup Apraoasi, Bee He
HadnHagack. Map onazgbiBada. Beckope nmoctynuio cooblieHue, 9TO ero u He
OymeT: 3amepKann 6ojee BaKHbIe MOJUTHYECKHE JTela.

C KpaTKuM BCTYNUTEABHBIM CJIOBOM TOTfa BhicTynmia Ajexcanap Mysbi-
KAHTCKHN (B YeM OBLIa H3BeCTHAS M0 CIPaBeInBOCTH, Be b 31aHme [lenTpa
—— ero JeTHulle), I OH JKe BMecTe ¢ ApPHOJIBIOM pa3pesaa-TaKi CHMBOINIECKY O
JEHTY. 3aTeM Bce IMpHUTJallleHHble TOMHAINCH B KOH(MEPEHI-3aJ s PO T0JIKe-
His OPUIMAIBHON YacTu. PecMOTps Ha NpUCYTCTBHE GOJMBIIONO KONUYeCTBa
BayKHBIX JHI[ U3 MATEMATHYeCKOTO U OKOJOMATEMaTHYeCKOI'0 MHPA, OTKPhI-
THe MPOILIO B MayKOPHOU TOHAJABHOCTH, OYeHb JKHBO U MOCTATOYHO GLICTPO,
He OBLIO XapaKTepHBIX s MOT0GHBIX MEPONPUATHH MIMHHBIX H CKYYHBIX pe-
Jelt.

Cpeau BoicTynatoinx 6wuin u npesujget Poccuiickoin Axamemun Payxk
akagemux FOQ. C. Ocunos, nekan PMY FO. C. Uabsinenko, oTMeTUBIINN TTpe-
eMCTBEHHOCTh 3aMedYaTelbHbIX TPAAUINNT MOCKOBCKON MaTeMaTHYeCKOU KO-
abl B gedax PMY u lentpa, cekperaps Oraenenus Marematuxku PAP akame-
muk A. A. T'onyap, arraiie no KyabType u Hayke Ppannysckoro PocoaberBa
rocnogud P. Apuy, pextop Mockosckoro ['ocyrapcTBenHoro YHupepcuTera
qien-Koppecnotnjgent PAP B. A. Cagouuduii. Beictynaenune pexropa MI'Y
BBI3BAJIO 3aMeTHBLINl WHTepec y MpenojaBaTejell U 0cOOEHHO CTYIeHTOB Pe-
BABUCHMOT'O YHHBEpCHTEeTa: OBLIO HE TONBKO MOTYEPKHYTO, 4TO 0ba yueb-
HBIX 3aBeJleHUs] BHITNOJTHAIOT, KayKIbll O CBOeMy, oOlllee jego, HO obelaHa
KOHKpeTHas MOMOIlh B 04YeHb CIoKHOM it PMY Bonpoce — mpoxoxjeHun
BoerHoro gena (y PMY Her cBoell BoeHHOU Kadenph).

Po nanboapmuit naTepec Be3Bago BeicTyiLienne B. V. Aprnoabia. Baagn-
mup UropeBud 6vLI B yaape, ero pedb HEOJHOKPATHO IPEPhIBAJIOCH CMEXOM 1
ATIOIUCMEHTAMHU.

TopxxkecTBeHHas YacTh 3aBEpIINAACE MPUCYKISHUEM CTUIEHIUH MOCKOB-
CKOU M3pUN MKOJIbHUKAM — nobegurensym MockoBekux ojgumnuag u TypHupa
T'oponos, a Takxke aydmuM ctygentam PMY.

Pa »ToM oTKphITHE HE BAKOHYUIOCH. YHYaCTHUKH U I'OCTH pasbpeluch 1o
KOpHU [OpaM HOBOI'O 3[aHUs, YKPAIEHHBIM CePhe3HBIMHU U Iy TAUBEIMHI J03YH-
ramu (cpemn MOCJTeIHUX 3aNOMHUICS Takon: «Bcsikoe M HempepbIBHOE MaTe-
MaTndeckoe o6pazoBanne guddepeHnnpyeMo?y), ¢ TeM 9TOOH MOCETHTh He-
O0JIbLIINE BHICTABKE, OTpayKalollne pasHble CTOPOHHI gesTenbHocTu LlenTpa.
B neckoabKix KOMHATAX, ¢ HOMOIIbIO M1AKATOB, POTOrpapuil, CXeM U APYIHX
HATVIA,THBIX MaTepHaJdoB, ObLIA MpefcTaBieHa padboTa KPYKKOB H OJIUMIIHAL,
Typuupa L'opogos, Typuupa Jlomonocosa n Pe3aBucumoro YHHBepCcHTeTA.
3jiech MOXKHO ObLIO Jule3peTh JereH apHbiid 20-JIHTPOBHIN caMoBap, Hempe-
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MEHHBIN cnyTHUK KOHCTAHTHHOBCKUX KOJJIEKTHUBHBIX BBLIA30K HAa MTPUPOLY,
WM OTPOMHYIO I'eorpapu9ecKyo KapTy MHPA, VTHIKAHHYIO IBeTHBIME (PJIasK-
KaMit, 0003HAYAIIIMI Te MecTa, e B nocjennue rojau npopogumics MTT.

Poapiie Bcero maponmy, ognako, 6wl10 Ha dkcmosunuu PMY, pasBepmy-
TOW B YHTAIBHOM 3aje 6ubinoTeku. Ppupiekajin BHHMaHUE KaK OIDOMHEIN
cTeHa ¢ ¢poTorpaduaMu MOoa KpaTknM HazBaoneM «Mbly, r1e 6BLIa MpercTa-
BJeHa Iejias KOJJIEKIHs BUMOBHIX (PpOTOrpahuil DK30THYECKHX MECT, B KOTO-
pble MaTeMaTHYecKas cyabba 3abpachkiBaja B MOCIETHIE TOMBI TPENoraBaTe-
aeir PMY, Tak u crenn 06 obMeHax cTyjJeHTaMu co 3HaMeHuTol P apuxckoi
Pxoab Popmans Coneprep (PMY n PPC — mopomgnenHble By3b) miIn poc-
KOIIIHO u3fmaHHble KHUTH, nogapernibie PMY Awmepuxanckum Maremarude-
ckum O6riecTBoM. O BEICOKOM Hay4HOM ypoBHe mpodeccyphl PezaBucumoro
CBUIeTENbCTBOBAJIN BHICTABIEHHbIE HA MOKa3 OTTUCKHM WX CTaTell U KHUT'H,
B OCHOBHOM Ha aHIVIMUCKOM S3bIKe — MevdaJbHOe 3HaMeHHe HAIluX TPY/IHBIX
BpeMeH.

Bce meficTBO 3aBepimioch, Kak MPHHATO, TPHEMOM (B MoMelleHnn 6y 1y-
wed cronoBol lleHTpa): maMnanckoe, H3BICKAHHBIE YTOIIEHNS, OKOIOMATeMa-
THYeCKHe Pa3rOBOPHI BLICOKUX U G0Jiee CKPOMHBIX TocTell, 0OMeH BlledaTaeH -
smu. Pactpoenne 6bL10, eCjn MOKHO TaK BHIPA3UTCH, MPUIIOIHATO-UBYMICH-
HOe: B Hallle BpeMs, i BJPYT Takol MOJapOK MaTeMaTHYeCKOMY TPOCBEIeH N0
1 Hayxe!

A 49TO CENYAC?

Co BpeMeHH OTKDBITHA MPOIIeT MOYTH IeJblH yieOHLIN rox. Pesasuncu-
MBIH YHUBEPCHUTET NPOIHO 0bGocHOBaJcsS Ha Poabmiom BaacheBckom. Kpowme
00sA3aTeJbHLIX JEKINI U yIpaKHeHNH, TaM PeryJasipHO HPOBOIITCA HECKOIb-
KO HayIHBLIX CEeMHHApPOB, HPOXOIAT MapalHble HayIHbe TOKIQIBI IPHE3KIX
OTeYeCTBEHHBIX U 3apYOEKHBIX VIEHBIX, ¢ OOJBIIAM YCIEXOM HIYT 3aHATHSI
0 (PPaHIY3CKOMY ABBIKY.

PouMnMo 3aHATHI CO CTYJEHTAMN, 37eCh BEAYTCS (3a9aCTYIO TEMN JKe CTY-
TeHTaMU) KPYKKH I MKOTbHIKOB 6-10 ki1accos. llenTp cran npuBeIIHBIM
MeCcTOM cOOpa BeIyIINX MOCKOBCKHX YUHTENIeH, B 1aCTHOCTH Ha exKeHelelb-
HBIX 3acefaHuAX MeTogmdeckoro cemuuapa M. . lapoirnna. C ycmexoMm B
LenTpe mpomita odepernas CopocoBckas OaumMmnuana. B meMm Temeph Kon-
neHTpupyetrcs oprpadora Typuupa ['opogos u Typuupa JlomonocoBa, 31ech
HPOXOIUIN 3acCeaHnus MeTOINIeCKOH KOMUCCHI H OprKoMuTeTa MoCKOBCKON
FOPOICKON OANMIINATE.

ATMocdepa HeNpHHYKIEHHOCTH, OJaroKeraTelbHOCTH W HaJ ek IbI, Ila-
pUBIIag Ha OTKPLITHH, B COYETAHHN C HAaCTPOEM Ha CAMOOTBEPKEHHYIO pa-
60Ty, coxpaHmIach B goMe Ha Poabmiom BiracheBckoM m mpeBpaTHIa €U0 B
OPUTACaTEeNbHBIN MeHTP LA JIYIIINX J101el, 3BaHIMAOIINXCA MaTeMaTUKON B
Mocxkse.



CTy,u;thIe CKHue 4dre”Huyda

O HEKOTOPLIX 3aJa"ax HCGBAOHepI/IOrZH/I‘IeCKOI/UI
TOIIOJOTI' I

Axagemuk PAP B. . Apnoann

Jlexmusa, mpounTanuaa cTydenTaMm MaTtemaTtndeckoro Koameaxa He-
3aBucnMoro MockoBckoro YauBepcuTeTa 14 anpeas 1992 r.

Onun u3 Moux yuurenein B marematuke, UBan ['eopruesuy PerpoBckuii,
roopui: «BceMm, 4To s cieqan B MaTeMaTHKe, s 00A3aH He CTONBKO TOMY, YTO
S 4TO-TO 3HAJ, CKOJIBKO TOMY, 49TO sl 4ero-To He 3Hau». U moGasasi: «Baxk-
Henlel nHpopMalined o mpobaemMe IBILeTCI TO, ITO OHa He pelleHa». B pTon
JEeKIUH i MOCTapaloch pacckazaTh O HEKOTOPHIX HEPEIIeHHBIX 3a/[adax «[ICeB-
TOTIePUOIUYECKON Tonogornmy . PceBionepuogundeckas TONOJOTHA CBA3aHA €
KBazWKpHcTaLIiaMu, nopepxuocTsimu depmu GU3NKH TBEPIOrO Teja, Xa0COM
B TeOpUU [UHAMUYECKHX CHCTEeM H ¢ Teopued ducey. dem zaHUMaeTCs TCEB-
TOTIepHOIHYecKas TOMOJOTUS, i HOCTApPaloCh celldac OOBACHUTD.

Pacemorpum tnenotncaennyio peretrky Z™ C R™. Pon nepuoduunocmsio
HEKOTOPOTro 00beKTa (CBONCTBA) Oyj1eM MOHHMATh €0 MHBAPHAHTHOCTH OT-
HOCHTEIbHO CABHIOB HA BEKTODPH U3 Z".

Panpumep, suneiinas Gpyukuus ax + by He nepuoMyHa Ha MIOCKOCTH, HO
KapTHHA ee JNHUH ypoBHsA az + by = ¢ = const nepuogndna (cMm. puc. 1).
Ecau a/b — panmonaibHOe 9HCIO0, TO KapTHHA OYeHb MPOCTA: pa3HeCeHHAs
CABHTAMH TpAMas MPOXOTHT depe3 y3uabl pemeTkn (puc. 2). Ecan a/b nppa-
MHOHANBHO, KAPTHHA YCTPOeHa CJIOXKHee; B JI0OOM ciydae 6yjleM CYHTAThH ee
CTaHIapPTHOM.



O HEeKOTOPbIX 3adadax HCGB,ZIOHepHO,ZIquCI{OI;I TonoJormn 11

Z g3

Z i

T

Puc. 1. PepuoguaHoCcTb CHCTEMBI Puc. 2. PesoHaHcHas JUHHA yPOBHA.
JHHIH YPOBHA JUHEHHOH
hYHKIAN.

YTUPAKHEHUE 1. DBoigsume c643v xapmunbl aunut ypoens aunetinot
Pynryuu ¢ pazioxcenuen a/b 6 yennyo Idpobs.

Paccmorpum n-mepabrit Top T? = R"/Z"™ (pakTopupocrpancTso). B ciy-
Yae MIOCKOCTH (PAKTOPU3AINSA O3HAYAET, YTO Mbl BhIPE3aeM eUHUYHbIN KBa-
JTPATHK 1 CKJIEHBAEM ero MPOTHBOMOIOKHBIE CTOPOHEBI (puc. 3).

Ppu »rom mupsiMmas Ha MIOCKOCTH HpeBpaTuTcs B obmomky mopa. Eciu
a/b uppannoHaIbHO, TO 5Ta 0OGMOTKA SBASETCS BCIOIY IMIOTHOI Ha Tope. B
TpexMepHOM (aHAJOTHYIHO B N-MEPHOM) CIy9ae YCIOBHEM BCIOTY ILIOTHOTO 3a-
MOJHEHHUST TOPA MOBEPXHOCThIO YPOBHS JHHENHOW (DYHKIHH SBISETCS OTCYT-
CcTBHe pe3oHaHca. Pe3oHancom HAa3BIBaeTCS TaKas HeHYJeBas TPOUKA IedbIX
gucea k, [, m, aro ak + bl + cm = 0; 3mech a, b, c — KO>PPUIUEHTH JHHETHON
dyuxnun azx + by + cz.

Puc. 3. 'Top kak pakTOp MIOCKOCTH IO DeNIeTKe.
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ONPEAEIEHUE. Dynkyus Ha3bi6aemes MCEBIONEPUONUYECKOU, EC.Al OHA
ECTND CYMMA HEPEZOHAHCHOU AUNETHOT U NEPUOIUUECKOT (¢ pasHbIMU €DUHUYE
nepuodanu no 6cem nepemennvin) Gynryui.

Panpumep, B o/HOMEPHOM ClIydae MCEBIONEePUOTHYecKOn siBiaseTcs (PyHK-
s ax +b-sin 27z, B cayvyae nByx nepeMeHHBIX TICEBIONEPUOInYecKon 6y reT
byukuns ax + by + f(x,y), rae

fla+ky+0)=flz,y) V(k1) e’

Pockoabky mpn menodncaeHHHEX CABHTAX JUHWH YPOBHSA ITICEBIOTEPHONN-
YecKnX (PYHKIHU MepexosiT CHOBA B JUHUU YPOBHS, 3TH ceMeNcTBa JUHUN
MOXKHO paccMaTpuBaTh Ha Tope. Bcerga Jam TpH TpPOeKTHPOBAHNN JNHUN
YPOBHSA Ha TOp OyjeT MOoAy4YaThes DiIajKas KpuBas?

Y1o611 cBOGOTHO OPHEHTHPOBATLCA B TOTOOHBEIX BONMPOCAX, HAMO TTPeBpa-
THTHh (PYHKINN B MPHBEYHYIO peadbHocTh! Pampnmep, npeacraBiasiiTe cebe
PYHKIHIO MBYX MepeMeHHLIX Kak TopHylo cTpany. Torma BH yBHANTE, ITO
JUHAT YPOBHS BBICOTHI BOBCE He 0OS3aHBI OBITH TagknMu (puc. 4).

SATAYA. B mom mecme, 2de pexa epimerxaem u3 ozepa, €20 oepeza 06bi-
no obpazyom yeoa menvwe pazeéepnymozo (Pesa, Ceups, Aneapa). B mecme
snadenus amo ne max. Pouemy?

Oco6ble TOYKH BO3HHKAIOT B TeX MECTaX, e KacaTe/lbHasd NIOCKOCTDL ['o-
! ! o o
puszonTantbHa, T. e. f; = f; = 0. Pepnognveckas gobabka f K JuHenHoOm
dyHKUNT @z + by BIOXHE MOXKET CIelaTh KacaTelbHYH0 IIOCKOCTh NOPH30H-
TaabHoOll: TamM, rie a + f =b+ f; = 0.
Urak, muuun Ha TOpe MOIYT OKasaThcA Kak Iuaixumu (mpumep: f = 0),
Tak u ¢ ocobennocramu (puc. 5).

—>
Puc. 4. Ocobeie u HEOCOGRIE THHIH Puc. 5. Pcesjgonepuoguieckue
YVDOBHA BBICOTEL. KpHBBIe Ha ITOCKOCTH H HOX

npoeKnu Ha Top.
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Puc. 6. CrangaprHad GyHKIHA Puc. 7. OyHKnua BEICOTH Ha
BBICOTHI Ha cepe. IpogehopMupPOBaHHON cepe.

B MHOroMmeproM ciydae pedb HAeT O COOTBETCTBYIOIINX MOBEPXHOCTAX,
JUHIAX UX 0COOEHHOCTEH U T. II.

Pra cuTyanus mocraBaseT MHOTOYNC/ICHHLIC HepelleHHbIe 32, a0,

PaccmoTpuM riagkyo ¢pyRKumio Ha cdepe. PpocreimnM npuMepom Ta-
KOW (PYHKIUH ABAAETCS (PYHKIUSA 2z BLICOTHI; Ha pUC. 6 N300pazKenbl ee JNHUNT
YPOBHS.

P pousBoibHy0 Iagkylo (pyHKIHIO TOkKe MOXKHO HHTepIpeTHpoBaTh Kak
BLICOTY Ha IIpeJBapuTelbHO IpojedopMupoBannoil cdepe. Pponeras o6part-
HYIO JedopMannio, TOIYINM Ha cepe KapTHHY JHHUN ypoBHS (puc. 7).

3aiMeMcs MHOKECTBOM KOMNOHENM C6A3HOCMU JUHIT ypoBHA. B ciydae
(GyHKIUN z Ha cdepe OHO NapaMeTpH3yeTCA 3HadeHneM (PYHKIHUH, U NpoC-
PAHCME0 KOMNOHENM TIPeJCTaBIseT co60M oTpe3ok (puc. 8). /las mpumepa,
13006paKeHHOTO Ha PHUC. 7, TPOCTPAHCTBO KOMIOHEHT MpeJcTaBiseT coOOH
6ykBy «Y» (pmc. 9).

1
/
/ A\
[ |
| /
\ /
N\ /
| W
Puc. 8. PpocrpaHcTBO KOMIIOHEHT Puc. 9. /lepeBO KOMIIOHEHT MHOXKECTB
JHHHH YPOBHA CTaHIaPTHOH VPOBHSA (DYHKIIHH BBICOTHI.

hyHKIIHI
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Puc. 10. PpocTpaHCTBO KOMIOHEHT JHHHH YPOBHA (PYHKIIHH BBICOTEI Ha TOPE.

TEOPEMA. Ppocmpancmeo xomnonenm eaadxoti gynrxyuu obuje2o nogo-
AHCENUS HA cepe ABAAEMCA KOHEUHBIM DEPEGOM; 41000 KOneuHoe Jepe6o pe-
AAUBYEMCA NOJTOOIUUM MHOLOUACHOM.

YUPAXKHEHUE 2. atiime onpedesenue woneunozo depesa. Jowaxcume,
UWMO WUCA0 €20 seputun wa 1 boavie wucaa pedep.

S3AMEYAHUE. Pon ¢gyHKiuen ob6IIero mnofoKeHns MOHUMaeTcs PYHKIU
u3 MOJAXOMANIEr0 OTKPLITONO BCIOMY MJAOTHOT'O MHOXKECTBa B IPOCTPaHCTBE
dyakuui. Takyio QYHKIHIO B OKPECTHOCTU KaKIOH KPUTHYECKOW TOYKH 1101~
Xo/slell 3aMeHoll KoOpAuHAT MOXKHO npusectn K Buay &(z% + y?) win zy.

CIENCTBUE (®OPMYJIA DUIAEPA). Jas eaadkoi Gynkyuu na chepe
(vucao marxcumymos) + (wucao munumymos) — (wucao cedea) = 2.

Temepr paccMoTpuM Tiagkne GyHKOnn Ha Tope. [as QYHKINE BHICOTLI
IPOCTPAHCTBO KOMIIOHEHT m300paxkeno Ha puc. 10. PpucrpanBas K »TomMy mu-
K1y JepeBbi, HOLYyINM IPOCTPAHCTBA KOMIOHEHT JId OoJee CIOKHBEIX (PyHK-
LU,

TEOPEMA. Jas 110600 24a0k00 Pynkyuy 00We20 NOAONCEHUA HA MOPE
NPOCMPAHCTNEO KOMNOHENITE COCTNOUM U3 00H020 YUKAG ¢ NPUCOETUHEHHBLMU
depesbami.

Ppu monwITKe 10Ka3aTh DTH TeOpeMBl HaNGOMBINYI0 HEIPUATHOCTL TOCTa-
BIAIOT «kpaTepbl (puc. 11). Pa pucynke n3obpakensr BuI rpaduka (yHK-
0WH, TUHAN YPOBHA (YepTOYKa MOKa3bIBaeT HAlpaBleHNe MIHYC-I'paTienTa,



O HEeKOTOPbIX 3adadax HCGB,ZIOHepHO,ZIquCI{OI;I TonoJormn 15

Puc. 11. Jluanwu ypoBHA U HIPOCTPAHCTBO KOMIOHEHT BOJMU3N KPATEPA.

T. e. GpIcTpeiero youBaHusa (PYHKINN; B KapTOTrpadpun ee Ha3bIBaloT «Gepr-
HITPHUX»), & TaKyKe COOTBETCTBYOIIAs 4aCTh NPOCTPAHCTBA KOMIIOHEHT.

CranoBuTCS ICHBIM X011 06061ennit. [last «kper geasy (puc. 12) mpocTpan-
CTBO KOMIIOHEHT COMEPIKUT [Ba MUKIA, . . ., I TOBEPXHOCTH poja n («depa
C N pydKaMmy WIH (KPEHIelb ¢ 1 ABPKaMy) — 7 IHKJIOB.

o cux Mop MBI BAaHNMAINCEH CAYYaeM meprogndecknx QpyHkuni (@ = b=
= 0). Ecan ke pyHKINSA Ha MIOCKOCTH MO-HACTOSIIEMY TICEBIOTEePHO[TTecKast
(omuH 13 KoapPuIIEeHTOB aAnHeNHON JacTn He (), TO OHA yiKe He OmpefeneHa
Ha Tope. OqHaKko, Ha TOpe MNOABAACTCS MepeHeceHHas ¢ MJIOCKOCTH CHCTeMa
auHnN ypoBHS GyHkuun ¢(z,y) = ax + by + f(z,y), rae f — nepmomuyeckas.
Ecan f =0, To ypaBHenne ¢ = const 3aaeT Ha MIOCKOCTH CUCTEMY TMPAMbIX,
ecan f # 0, HO [OCTATOYHO MaJfa (MaJoe BO3MYIIEHNE), TO 9Ta CHCTeMa JHHIH
YPOBHSA He MeeT 0COOeHHOCTEIl.

S3ATAYA. Pyems |fi]| < a, |f)| <b. doxaxcume, umo 6 amom cayuae cu-
cmema Aunutl ¢ = const Ha mope 6bINPAMAAEMA, M. €. CYUECMEYEM 2A00KAA

Puc. 12.  Kpengenr (ciepa ¢ JByMA pyIKaMi).
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I

Puc. 13. Peposmymennas 6eperopas  Pwuc. 14. Bosmymennas
JIHHIA. [ICEB JOTTEPUO JHIECK s
6eperopas JUHUA.

nepuodUUECKAL 3AMEHA NEPEMEHHBIL, NEPECOIAWAL cucmemy Aunut g = const
HG MOPE 6 CUCTNEMY TNAPUAACADHDIT TVPAMDIT.

Perenne >roll 3ajaun uMeercs, Hanpumep, B [2].

l'opas o uHTepecHell caydail 60IbIIOIO BO3MYILIeHHS. PaccMOTpUM MHO-
xwectBo M, = {(x,y) : ax + by + f(2,y) < c}. Ero aerko ce6e npencraBuTh
narasaano. [opHylo cTpany — rpaduk (GyHKINK ¢ — 3aTONNM BOJIOH 10 YPOB-
ug c. Poryanm Bogy, cyiy u 6eperoByio JHHMIIO.

Panpuwmep, ecin f = 0, To GeperoBoii aunmneil 6yger npsivas (puc. 13), B
00lIIeM CIydae KapTHHA MOXKET ObITh CAOKHOH (puc. 14).

Panpumep, Ha cyie MOryT GLITH O3epa, Ha o3epax — OCTPOBa, B MOpe —
0CTpOBa, Ha OCTPOBaxX — O3epa U T. . Eciu ¢ — HeocoObIll ypOBeHb, TO HMe-
eTCA KOHeYHOH IMPUHBL 0I0Ca BO3MYILIEHNs, BHe KOTOPOH C OJHON CTOPOHBI
~— TOJBKO CyIlla, & C APYTOil — TOJbKO BoJa. IHTepecHo u3yIuTh reoMeTprio
DTON MOJOCHL. 3apaHee He ICHO, MOXKeT J1 B MOpe ObITh MPUXO/IAIIas n3 6ec-
KOHEYHOCTH «KOCay, I Ha CyIIe — IPUXOAANINN 13 6ECKOHETHOCTH (KaHaly?
dopmalbHO IOBOPS, CYLIECTBYIOT JIH OTANYHLIE OT OKeaHa HeOorpaHMYeHHbIe
KOMIOHEeHTH MHOKecTBa M7

3A0AYA. Pyems a/b & Q, dynxyus f — docmamouno 2aadkas. Toeda
HEOZPAHUYENHAA KoMNonenma muoxcecmea M. posno odua.

SAJAYA. Bepno au amo das nenpepwvienot f?
(OTBeT: HeBepHoO.)

YTIPAXKHEHUE 3. Pyems a/b € Q. Pocmpoime npumep, xoeda neoepa-
HUUEHHBIE KOMNOHEHM 6oAbwe 00HOT.

B caydae riagknx GyHKIHI 1 MepeMeHHEIX HeOTDaHNYeHHEIX KOMIOHEHT
Toxke He Gojee ognon (cM. [3]).
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Bot elje HeCKOJMBbKO 3a a1 HCeB,Z[OHepI/IO,Z[I/I‘ieCKOI;JI TOIIOJOT' NN IIJOCKUX KPH-
BEBIX.

SAAAYA. Pyemos [ — 2aadras nepuoduueckas Pynxyus mper nepemen-
nuix ¢ nepuodom 1 no xaxcdomy us wux. Paccmompum neocobyio xpusiyio

fla,y,ax+by) =0

na naockocmu ¢ koopdunamany (x,y) (a,b, 1 necousmepumv, max umo pa+
+¢b+ r # 0 npu yeaviz p,q,r # 0). Bepno au, wmo xaxcdas ee Komnonenwma
CE6AZHOCTIU AENHCUIM 6 NOAOCE, OLPUHUNEHHOT D6YMA NAPAAAEALHBIMU NPAMBIMU
(eunomeaa C. P. Posuxosa) [{]V)?

3ANAYA. Paccmompun namv 6exmopoe v;, 6edyuusr u3 yenmpa 6 eep-
WUNBL NPAGUALHO20 NAMUY20AbHUKG Ha naockocmu. Cocmasumn Gynkyuio na
nAocKocmu

H(z) = Zcos@i, z)

=1
(20e crobru 03naAU@IOM CKAAAPHOE NPOU3GEJENUE) — CYMMY NAMU NAOCKUL
604N ¢ HOpMAALMU V;. Bepno au, wmo ece ceasnvle Komnonewmol ee Aunul
yposns oepanuuenvt? Cywecmeyem Au ckoab yeodno 60abUas KOMNOHEHNA,
0L6AMBIEAIOWAS HYADb T

PaccmoTpum Temeph mceBmonepuoandeckKiie KPUBLIE B TPEXMEPHOM TIPO-
CTPAHCTBE, a UMEHHO, JUHUHN YPOBHA Naphl MCEBIONEPHONNYeCKUX (PYHKIUE

ax 4+ by +cz + f(2,y,2),
pr+qy+rz+g(z,y, 2),

rae f, g — mepunogndeckue GPyHKUUH Tepuoga | mo KayIoh mepeMernnon. Ppn
orcyTcTBun BoaMmymenni (f = g = 0) >Tn AUHEN — TpsMble, KaK JHHIH
nepecetdeHus TMIOCKOCTER YPOBHS KayKJIOH JHHEHHON (PYHKINA O OTAEIBHO-
cri. Ecin KooGuinnenTs JTUHENHBX (PYHKIHH HECOU3MEPUMBI, TO TPOEKIN
Ka)KJOH TaKOH IPAMOH Ha TPeXMEePHBIH TOp BCIOAY ILIOTHA Ha, HEM.

Ecan BosMmylienus mpHCYTCTBYIOT, TO BCe KOMTOHEHTHI KPUBOHW YpPOBHS
JeKaT B TpefefaX KOHETHOT'O PACCTOAHUS OT YKa3aHHOW MpAMOHN, TaK Kak
IS KazK oW OTAeNbHON (PYHKIHN ee TpadpiK OTKIOHAETCA Ha OTpaHHTIeHHOe
paccTosHue OT HEBO3ZMYIIEHHON TMJIOCKOCTH.

[TPOBAEMA. CK0.4bKO HEOLPAHUUEHHBIT KOMIOHENITE MONCEM UMEMD IMA
Kpusas?

UB 1993 r. 1. /[HHHUKOB ZOKasal 3Ty IHIOTE3Y MIA HOYTH BCEX &, b, ONHAKO A HEKO-
TOPHIX UCKIIOUNTENbHEX a/b oHa HeBepua (M. [wmuukos, I'. lapes).
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2 w
>I
Puc. 15. PeorpanuieHHble JUHHT Puc. 16. Peposmymennoe
VPOBHSA Haphl oTobpakeHne MPOCTPAHCTBA
IICEB JOEPUO JHIECKHX Ha ILIOCKOCTH H €r0 CJIOH.

¢hyHKITHH.

['vnoTeE3A. Onny.

Jlokazano [7], 9T0 HeOrpaHHYEHHBIX KOMIOHEHT HEYeTHOe HHcIo?).

Ecan ¢pynkuun f,¢ avasurudeckue (T. e. pasiaraloTcs B OKPECTHOCTH
KaK 101 TOYKM B cxomsiuuiicst psix Teinopa), To aobas HeorpaHuYeHHAs KOM-
IOHeHTa Jub0 3aMKHYTa, AM60 YyXOIHT OOOMME KOHIAMHU B GECKOHEIHOCTh
(puc. 15). /st 6eckoHedHO THaTKNX f,¢ 5TO He Bcerga Tak (modyemy?).

[TpumMEP. Ecau f = 0, To MOXKHO CBECTH BOTNPOC K CIYYAD MEHBIIEH pas-
meproctu. Uz ycaoBus ax 4+ by + ¢z = const Buipazum z: z = ax + fy u
NOACTaBUM BO BTOPYIO (PYHKIHUIO, MOJYIUM

pr 4+ qy+ gz, y, 0+ By) =0,

rie GYHKONS ¢ TepuogndecKas 0o TpeM TepeMeHHEM. PTo ypaBHeHne MOXKHO
3alucaTh B BUIe

pr+qy+ gz, y) =0.

PpaBia, Gpyuknus ¢ y:ke He 6yaeT NepruoaindecKoll, HO oHa OyIeT noumu ne-
puoduyeckot.

SAJTAYA. CKOADKO HEOZPANUUEHHBIL KOMNOHENIT MONCEM UMEMb KPUS U
na naockocmu (z,y), 2adannas smum ypasnenuem? Moxwcem au uzr wucao
6vimb boavuwe 17

2
) J. anoseiM (cM. [8]) moKa3aHO, 9TO KOINYIECTBO KOMIIOHEHT MOXET GHITH CKOJb yIOJHO
BEJNKO.
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Puc. 17. Crou Bo3MyIIIEHHOTI O Puc. 18. Pocrpoenne xacaTeibHOH K
O0TO6PAKEHUA. CI0IO.

ProT Bompoc oTKpHITS)

decKHil MHOI'OWIEH (eCTh IHIOTe3a, UTO 4UCIo KoMmoHeHT He Goxee 1). Po

Jayke Jas caydad, Korfga ¢ — TPUTOHOMeTpH-

KOHTPIpUMepbl HeM3BECTHHI U B cly4vae, KOrja ¢ — Mepuoauveckas Hempe-
pbIBHAA (PYHKUUA Tpex mepeMeHHbBIX.
PaccmoTpum Teneph oTo6paKkeHnne TPOeKTHPOBAHNISA:

R = R*: (2,y,2) — (2,7).

R? paccramBaeTcs Ha BepTHKaIbHEE IpAMbBIE — IPOOOPA3BEl TOUEK; MOMKHO
CINTaATh, YTO MPAMEIE NapaMeTpU30BaHEl ToUYKaMu miockoctn R? (puc. 16).
Teneps JoKaIbHO BO3MYTHM Hallle MTPOeKTHPOBaHHe, T. €. PACCMOTPHUM OTO-
OpaxxeHne

u:x—l_f(x?y?’z)?

v=y+g(z,y,2),

rae f,g — raajgkue puHATHEE (T. €. oTaHIHBIE OT 0 JAIIb B OrpaHHIeHHON
obractn) pyukunn. PpoobpasaMn TodYek Tenephb CTAHYT KPHBHIE, COBIA A0
e ¢ NCXOMHBIMA TMPAMBIME BHE OTpaHuYeHHON obgacTn (puc. 17).

Prtu kpusbie MoryT umerh ocobeHHOCTH. /leHCTBUTENBHO, KaxKAas KpH-
Bas MoJydvaeTcsd KaK IMepecedeHine MOBEPXHOCTEH YPOBHS KaxK oW (PYHKIUK
M0 OTAeNbHOCTH. JINHAA UX TepecedeHns TWaTKad B TeX TOYKaX, Ile HMeeTCs
KacaTedbHas. A KacaTelbHas HaBepHsSKa OlpefeneHa TaMm, I'e KacaTelbHble
[JIOCKOCTHU K TOBEPXHOCTAM PABJMUYHBL: IpsiMas epecedenust THX MIOCKOCT el
I eCTh KacaTelbHas K Halmell kpuBoil (puc. 18). Tam e, rige xacaTeabHBIe
IJIOCKOCTU COBHA AT, MOTYT NOSBUTHCS OCOGEHHOCTH KPHBOM.

3
)Mocae TOT0, KakK 3Ta JeKIns OblIa MpovYnTana, 3TOT Borpoc 6bin petiier W. /lpraHTKO-

BBIM: KOMIIOHeHTa Bcerga ogua. OaHako obias mpobiemMa, B KoTopou u f, u g He paBHbl 0,
0CTAeTCA OTKPHITON.
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[IPUMEP. Py/eBas quHuS yPOBHA NOBEPXHOCTH z = XY HMeeT OCOOEH-
nocts (puc. 19).

Aunrebpanvyeckn ycioBue HeCOBIafeHIS KACATEIbHBIX IIOCKOCTEN eCTh yC-
JOBUe, 9TO paHT HEKOTOPOH MATPUIBI N3 YACTHHIX IPOM3BOIHEIX (COOGPa3n-
Te, KaKOW) paBeH JBYM.

TEOPEMA. Jas napot ynryuii f, g obwe2o noaoxcenus MHOHCECME0 0CO-
61z mouex ca0e6 (ede KaCamMeAbHblE NAOCKOCMU noseprnocmel w = const,
v = const coenadarom) seasemes 2aadkoi Kpueoi.

Nlanee, ocobbie TOUYKH MOTYT OHITH IAAUNMUUECKUMUY, KaK B CIydae MO-
JeJbHOr0 0TO6pakKennd u = 2z, v = z + 2% 4+ y?, u 2unepbosuueckumu, Kak B
clydae u = 2z, v = 2+ 22 — y%. Bug cloeB B OKPECTHOCTH DIINITHICCKOHN 1
runepboIMYecKoOll TOYKH MoKazaH Ha puc. 20, 21 cooTBeTCTBEHHO.

Boab auHIE 0COOBIX TOYEK NX XapaKTep MOKeT MeHsAThcs (puc. 22).

[TpuMEP. /las oTobpaxenus v = z, v = 2z 4+ & — z& + Yy ¢ TedeHHeM
(BpeMeHI» TMPONCXOIAT nepecTpoiikn (puc. 23).

B onucannon CUTYalllll BO3HUKAIOT MHTepeCHbIe HpO6JIeMbI:

> Paiitu npocTpaHCTBO KOMIOHEHT (B HEBO3MYIIEHHOM CIy4ae DTO ILIOC-
KOCTh, B OOIeM — HEKOTOPHIH IBYMEpHEIl KOMILIEKC; HAJO ero OI-
caTh).

> Kak Bauser Tonogorus MEoroodpasus-npoo6paza (R? B mamewm cayvae)
Ha DTOT KOMILIEKC?

[TpumMEP. [Jas oTobpawkenns v = z, v = 2+ x> + (22 — 1)96 + y2 KOMIIJIEKC
KOMIIOHEHT HMeeT BUJ IJIOCKOCTU C NPUKJIEEHHBIM MO JHAMETPY MOJIYKPY-
oM (pI/IC. 24). Todkn MoAyKpyTra cOOTBETCTBYIOT 3aMKHYTHIM KOMIIOHEHTaM,
OTpaHMYNBAIOIINM €TI0 IYTH — TOYeIHBIe KOMIOHEHTHI (pI/IC. 25).

e Pam n Propae copmyaupoBain runoresy Pyankape (ogHOCBA3HOE 32a-
MKHyTOe TpexMepHOe MHOroobpasne muddeoMopdHO cepe) B TaKUX Tep-
MUHAX: 6CAKOE ZAMKHYMOE OOHOCEAIHOE MPETMEPHOE MHO2006DA3UE UMEET
0MMOOPANCEHUE HG NAOCKOCTD, Y KOMOPO2O 6CE OCOOBIE MOUKY IAAUNTNUYE-
crue [5].

SANAYA. Bepro au, 4mo Kawcoas 3aMKHYMAS 02PAHUYEHHASL KOMNOHEH-
ma npoobpaza mouku npu omobpaxcenuu obujeeo noaoxcenus R® — R?, co-
snadaowen ¢ auHelinbln paccaoenuen (x,y,z) — (x,y) 6ne wapa, aayene-
na ¢ kpueoti ocoowvir mouex? Hmeem nenyaesol xkoadduyuenm 3ayenienus ¢
neti?
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Puc. 19. Peruajgkoe nepecedeHne Puc. 20. Cron B6IH3H 3/LTHOTHIECKOH
napaboaonja u MIOCKOCTH. 0COBOH TOYKH.

——

Puc. 21. Cuon B6auzn Puc. 22. Pepecrpolika Ha rpaHuie
rHIep6OIMTIeCKOI 0CO60H runepb6oInIecKuX I
TOYKH. SILTHITHIECKAX OCOOBIX
TOYEK.

_9>>_>

Puc. 23. PepecTponika ceMeHCTBa JHHAH YPOBHA IJIA KOH (DYHKIIIH Ha
IIOCKOCTH.
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Puc. 24. Kowmmiexkc KOMIOHEHT. Puc. 25. Adgelika 3aMKHYTBIX CTOEB H
ocobple CIOH.

3A0A9A. Cywecmeyem au omobpascenue R? — R?, cosnadaouee ¢ au-
netinoin paccaoenuen (x,y, z) — (x,y) 6ne wapa, umeuee 2unepoOAUUECKUE
U HE UMEIOUEE IAAUNTNUUECKUT 0COOBIL Mouek?

(OTBet: cyujecTByer.)

Kaxk BbIl'JAsA ANT COOTBeTCTByIOHH/Iﬁ KOMILIeKC? (YKaSaHI/Ie: MHOZKeCTBO KpHu-
THYECKNX 3HAYCHUU MOMKET UMeTh BRI BOCbMepKI/I.)

SAAAYA. Paccmompum cemeticmeo nce6donepuoduieckus Kpuebls — c.i0-
€6 (npoobpazoe Mouex) npu oModpascenuu

u:ax+by+cz+g($7yvz)7
($7y72)'_>{ U:d$+€y+fz+h($7y7z)7

2de a,b,c,d,e, f — uucaa obwezo noaodxcenus, ¢ u h — I-nepuoduueckue
no mpem nepemennuvim 2acdxue Pynxyuu. Bepno au, wmo waxcdwvii neoco-
ovrii caoti (u = ug, Vv = Vg) UMEEM POEHO OOHY HEOSPAHUUEHHYIO KOMIOHEH-
my? (Koneuno, docmamouno paccmompems cayuai, woeda b = 1, ¢ = 0,

f=1,¢e=0.)

SAJAYA. Ppednoaoscum, umo omobpadcenue npedsidywetd 3adaun we
umeem ocobvir mouex. Joxaxcume, ¥mo omooPaANCEHUE EbINPAMAAETNCA NEPU-
oduueckum dupdeonopPuamon mpermepro2o nPOCMPancmea (npueoJumes k
sudy, 2de g u h moxcdecmeenno pasuvl ny.110).
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Jexmust, mpounTanHas ydacTHumkaM LVI MockoBckon Topojackoin
ommMmnuansl 27 mapta 1993 rona.

1. TIECKOJIBKO CJ0OB OB UCTOPUU 'EOMETPUU U OJUMIIUAJ

Kak BHI 1ymMaeTe, 4TO BO3ZHUKIO paHbllle — MaTeMaTHKa WJIH OJMHMIHA[bIT

Kazamrocek 651, MaTeMaTnKa, 160 apudMeTnIeckne 3a1aYn I TeOMeTpHIe-
ckre (POPMYJLI MOXKHO BCTPETHTDL, HAIPUMep, B eTUNeTCKAX Malupycax, Ha-
OUCAHHBIX 330JT0 M0 TOTO, KaK POINIACh Belnkad aHTHIHAd THBUAN3AIAL.
Po B »Tux crapuHHBIX TeKcTax He ObLIO CAMOU CYIIECTBEHHOUW KOMIOHEHTHI,
KoTopafd, KaK MPAHATO CINTATh, OTANYaeT MaTeMaTHKy OT APYTruX HAYK —
He OO dokazamenbems. A 6e3 TOKa3aTelhCTB — pa3Be DTO MaTeMaTnka?

A Kormga nosiBuiuck nepBeie jJokazaTenbcTBa? PToO ObLIO TOXKe TaK [aB-
HO, YTO NCTHHA PaCIILIBaeTCcA B TyMaHe BpeMmeH. U Bce XKe Jerenga ymopHO
OPUTHCHBAET 9eCTh 6BITH NEPBLIM «TOKA3aTeAbHEIMY MAaTeMaTHKOM 3HAMeHN-
ToMmy myaperny Pagecy. Ppu »ToM ¢ mOpazsuTesbHOU TOYHOCTHIO Ha3bIBalOT
TaThl ero Ku3Hm: 625-527 1o Hamen sphl (TOTJa KaK BPeMs KIU3HU, CKayKeM,
Pugaropa min EBkanga gaTupyercs odeHb TpuOJIN3NTENBHO).

A nepsrie QauMnua bl — Opa3HECTBA B 4eCTh 3eBca, KO la MpeKpacHke
IOHOIIN COCTABAJMNCH B CIIOPTE W HCKYCCTBAaX, BOBHUKIAN IYTh PaHbIIe POXKTe-
s Pageca: neppas OQuumnuaia, KaK CHIHTAETCS, COCTOSMIACH B 776 1Oy 10
Halllell BpBl (M CHOBAa — TOYHAA jgaTal).
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Teneph yMecTHO 3aMaThCsA BOTPOCOM O TOM, KOT A Ke BO3HUKJIHW MepBHIe
mamemamuveckue OQaumnuabi. PepBblil MaTeMaTHYeCKUN KOHKYPC s BbI-
OYCKHUKOB JAnlleeB 6ulm mpoBemed B Pymuraum B 1889 romy, a cobcTBenno
ONUMIIHICKOE MaTeMaTHYecKoe NBUZKeHHe POIuJIochk B Pympanemnite 4yTh mM03-
ke, B 1894 romy, korjga Berarepckoe pu3nKo—MaTeMaTnIecKoe 06IIeCTBO MPH-
HSJO pellleHne 06 OpraHu3allii COCTS3aHUU s BBIIYCKHUKOB TUMHABWH, U
BTH COCTSAZAHUA CTANN Tpaguiiuei. Pa »Tux cocTa3aHusix OTINININCE MHOT e
IOHOIIN, BIOCJAeICTBUN CTABIINE 3aMeYaTeIbHEIMA MAaTeMaTHKAMA HAIer o Be-
Ka.

B CCCP nepBas maTemaTnveckas OJUMIHaa cocTosaack B JleHuHnrpae
B 1934 roxy (rak 4to Ha 6y/:[yumfll) roJ MOXKHO 6yleT OTIpa3THOBATH Ille-
CTUJeCATHIeTHE HAIIero «ONUMINACKOTO MBIZKEHNN), a MepBas MOCKOBCKAS
ropojickas oanMnuaga 6ulIa oprann3oBana B 1935 rony. Puinermmasas onuMnn-
ama nmena Homep LVI (B 1942 n 43 rogax ornMmna bl He TPOBOIMINCE, OBLIO
He 10 Hux)?),

C 1961 roga madana mpoBoauThes Beecotosnas onnvmnama. (Mexgyna-
pOJHBIE MaTeMaTHIecKne ONNMINA B TPOXoaaT ¢ 1959 roma.)

TakoBa ucropus osumnuamn. OCTamrock CKa3zaTh elle HECKOABKO CIOB 00
HCTOPHE TeOMeTpHu, W60 MaTeMaTHKa (TaK YK BBIILIO) HAaYasach MMEHHO
¢ reoMerpun. B HadadbHBIN HepHOJ T'eOMETPHS BBEIJIBHHYJAQ MHOTUX CBOHX
TBOPIIOB, HO GOJBIIE BCErO CKIOHSIOT OOBIMIHO TP (yiKe Ha3BAHHBIX) NMEHM:
Paigrec, Pudarop n EBkan.

Priio cxazano, uro dagecy nNpunuchiBalOT mnepBbie gfokazaTeabcTBa. OH
T0Ka3aJfd, HalpuMep, ITO BepTHKATbHBIE YTIH PaBHLI, YTO B paBHOGEIPEeHHOM
TPEyTroJbHIKe YIVIBL IPU OCHOBAHUE PaBHBI, YTO YT'OJ, ONMUPAIOIINNCS HA, [Ua-
MeTp, — MPSAMOU U ellle — H3BECTHYI0, CBA3bIBAEMYI0 C €I'0 UMeHeM IOYTH BO
BCeX yIeOHNKAX, — TeopeMy O MOM0Oun.

Cunraercsd, uro Pudarop 6su1 nepBeiM co3jaTeleM Hay4dHOUW HIKOAbL. B
BTOM 1IKOJe OBLTIAa OTKPhITA TeopeMa, U3BecTHas HbiHe BceM Kak TeopeMma Pu-
daropa.

EBkaun vanucada nepBeiil yu4eGHUK 110 MeOMeTPHH, T'jie OH Pa3BUJI TO, YTO
HBIHE HA3BIBAETCS GKCUOMATNUNECKUM MEMOJOM, KOTTa BCE MCXOMNT C M3HA-
JaJbHBIX, HEOTPeIeJsieMBIX MOHATHH, 3aTeM HX CBOUCTBA ONUCHIBAIOTCH aKCH-
OMaMH, a OCTAJbHOE CTPOT'O BEIBOANTCA YHCTO JOTHIECKHM TYTEM.

A moToMm miar 3a maroM MaTeMaTHKa TOCTHIVIA TeX BepIINH, KOTOPHIE
COCTABJAAIOT yKpallleHne Bcell 00IedenoBedeckon KyabTyphl. Po ocHoBanus,

1
)HaHOMHI/IM, 9TO MeKInusA 6blia mpounTada B 1993 roxy mocie OKOHYAHUA OJUMITAA THI.

2
A oIMMITHA A HBEIHeIHero, 1997 roga nmena momep LX — mrecTbaecarT!
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saJoxkeHnnwle B TBopenuax Pageca, Pudaropa, EBkinga u Ipyrux pomoHa-
JaJbHUKOB Halllell HayKu, COXPAHIIHN CBOe 3HAYeHHWe W B Hallum AHH. B gact-
HOCTH, IX TEOPeMBI (eC/H NX 3HATh I YMeTh UM HOAb30BATHCSA) TOMONIA GBI
MHOTHUM PeIuTh FeoMeTpuieckue 3aga4dn LVI ornvnuaaei. Po B nale Bpemsd
reoMeTpuieckoe o6pa3oBaHne TepeXKNBaeT TPYAHEe BpeMeHa. PanpumMep, Ha
BTON OAUMIHAME OBLIO TMONYYEHO OYeHb MaJo pelleHnil NeoMeTPUYecKuX 3a-
pad. Po mpexme, YeM KacaThCAd OTUMIHAMHEIX TeOMeTPHIeCKIX 3a,0a49 DTOTO
roja, crenaemM Jukbes — 0030p HEKOTOPHIX HavaJbHBIX W HauboJee (HPyHIa-
MEHTAJbHBIX I'eOMETPHYECKUX TEOPeM IPEBHOCTH U CJAEJICTBHU U3 HUX.

2. TEOPEMBI PAJECA, [INPATOPA U EBKINIA

NaBaliTe moKazKkeM BCe STH TEOPEMBI: OHH Belb OUeHb IPOCTHL (HO I Kpa-
CHUBHIL!).

TEOPEMA 1. (@asec — cm. «lavarar, xu.1, npedaoxcenue 53)) B pas-
HOOGEIPEHNOM MPEY2OABHUKE Y2abl NPU OCHOGAHUL PAEHBL.

JlokaxxeMm »>Ty Teopemy mo Jlpioncy Kopoany, 3aMedaTeqbHOMY BBHITYM-
HIUKY W CKa304YHUKY, UMS KOTOPOIO H3BECTHO KayKJTOMY U3-32 ero «AJHCH B
cTpane 4yjtecy. (Po mMano KoMy m3BeCTHO, 9TO OH OBLI MATEMATHKOM. )

JOKABATEALCTBO Koposna mpoBoInTes ¢ TOMOIIBIO . .. HOXKHUIN. PycTh
naH paBHOOGenpenubi Tpeyroibiuk ABC, npuiem AB = BC.

B B

Puc. 1.

JlomycTuM, 9TO >TOT TPEyroJLHHK HapUCOBAH Ha JucTe OyMaru. Bripe-
JKeM ero. PepeBepueM n mompoGyeM 3aTKHYTEH 00pa3oBaBInyioci ILIpY. PTo
HaM ypactes, He npaBiga au? Cropona BC nougeT no «OwiBleiy cropoie AB,
n Toika C' coBmageT ¢ «OBIBIIEeN» TOYKOW A, aHAJOTHYHO TOYKa A Ha BBI-
pe3aHHOM TpPeyroJbHHuKe COBIageT ¢ «OuBIIei» Toukon €. Taxum obpazowm,

3 o
)HepeBo;[qHK Eskingosbix «Ilagam muumer (cM. cHOocKy K npegnoxeruto 5): «CBoHcTBO

paBHOGEAPEHHOT0 TPEYTOIbHIKA, JOKA3HIBAEMOE B MPEJIOKEHNN 5, IO CBUAETEIbCTBY [Ipo-
kJa, obuapyxuia eme Panec.» 3aech u ganee nutupyercs kaura: «[lagana Eskmugar, kaurn
[-1V. ITepeBog c kommenTapusavu [I. [. Mopayxan-Iloarosckoro. M.: OI'I3 TTU'TTJI, 1948.
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BCE BePITHHBI OLIBIIETO W MEPEBEPHYTOTO TPEyTOIhHIKOB COBNAIYT, T. €. Te-
peBEpPHYTHIN TPeyTroIbHIK 3aTKHET-TakKn 00Pa30BaBIIYIOCT AbIPY, a 3HAYAT,
yroa C' zaimer mecto yria A. Takum obpaszom, yroa C pasen yray A. Teo-
peMa ToKazaHa.

A Temepb HoKaxeM elle OJHy (QyHJaMeHTalbHylo Teopemy. Cumraercs,
4T0 oHa Oblla m3BecTHa Pudaropy. (Po sTo, pasyMmeercs, He «Tay, 3HAMEHN-
Tasg TeopeMma).

TeEOPEMA 2. (llugazop — cu.«llauanrar, xu.1, npedioxncenue 32) Cymna
Y2406 MPEY20AbHUKG DASHA D6YM NPAMBIM.

U cnoBa foka:keM DTOT Pe3yJabTaT C MOMOIILIO HOXKHUI, BIpOYeM, HaM
ellle NOTpedyeTcs NUPKYAb.

JOKABATEJIBCTBO. Pyctb vam gan Tpeyroasiuxk ABC. Ppomonxkum or-
pezok AB 3a Bepmiuny B, orpesok BC' 3a Bepuinny C u orpesok C'A 3a
BepinHy A.

Puc. 2.

B3aB kKaKo#-TO pacTBOp MHUPKYJA, HAPUCYEM TPH CEKTOPA OKOJO BEpIITHH
A, B u (', kak 3T0 mokazaHO Ha HallleM pucyHke 2. BrIpexkeM 3TH CeKTODHI.
N matHem mepeMeraTh CeKTOp ¢ MEeHTPOM B B, epeHocs ero BJI0IL CTOPOHKI
AB mak, 4Tobsl Touka B nonaja B Touky A. 3aTeM TO )XKe caMoe IpoaeiaemM
¢ cekTopoM ¢ neraTpoMm B ) nepenocs ero Bioib C'A Tak, 4To6nl Touka C'
nonajga 6bI Tak:ke B TOUKy A. B cuiy sHaMeHNTON eBKANTOBON aKCHOMEBI O
mapafIelbHBIX depe3 TOIKY A MOKHO TPOBECTH TOJBKO OTHY TPAMYIO, Ta-
paanensuyio BC', 3HavuT, Bce Tpu cekTopa 6y IyT NIPUMBIKAThL APYT K APYTY,
o6pasys 1eawit Kpyr. Urak, Tpu BHemHux yria K yraam A, B u C' B cymMe
nafor 4d (3meck d — BeamdmHA TPSAMOTO yria). A ecian NPUCOEINHATH K HIM
HCKOMYIO cyMMy camux yrioB A, B u (| TO HOJy4UTCS CyMMa TPex pasBep-
HYTHIX yIJIOB, T. e. 6d. 3uauur, LA+ LB 4+ ZC = 2d, 4ro u Tpe6GoBajioCh.
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CIEICTBUE (TEOPEMA O BHEMHEM YIE). Betuuuna énewnezo yeaa
pasHa CYmMme 6€AUNUH 86y$ Y2406 MpeYeoAbHUKA, HE CMENCHBIT C HUM.

Buemnun yron x yray C' B cymme ¢ camum yriom C' paBen 2d u yroa C' B
cymme ¢ yriiamun A u B pasen 2d, T. e. LA+ /B = Belnvnne BHEIIHErO yIJia

x C.

W nociennss TeopeMa — oHa nMeeTcs B «Pavanax» EBkamga. Mbr Takike
TOKayKeM ee ¢ MOMOIILI0 HOMKHNII.

TEOPEMA 3. (Eewaud — cu.dlavasar, xu.1, npedaoxcenuve 4). Ecau dee
CMOPOHBL 0OHO20 MPEY2OABHUKA UMEIOM 0QUHAKOEBIE DAUNBL € J6YMA CTNOPO-
HaMU OPY2020 MPEY20AbHUKG, U 6 EAUNUNDL Y2A06, CMALUEAEMBIT IMUMU CINO-
POHAMU, MAKNHCE 0OUHAKOEBL, O MPEY20ALHUKY DAGHDL.

PTo u ecTh mpu3Hak paBeHCTBa TPeyTrOAbHNKA 1O ABYM CTOPOHAM W YTy
MeXK Ty HUMMU.

JIOKA3BATEIBLCTBO 3/ech HampallliBaeTcsa. Pago BHIpe3aTh OJHH Tpe-
yroapuuk A, By,C1 n manee coBMmectuTh Ay ¢ A, nyctuth A1 By o AB n
Torja (B cuy paBercTBa yriao) A;Ch nonger no AC. B nrore Bce BepuinHb!
COBMECTSITCS, 9TO I O3HaTaeT PABEHCTBO TpeyrodbHNKoB. TeopeMa gokaszana.

Bce Tpu nmpuBegeHHBIX HaM¥ TEOPEMBI TOKA3aHbl HE COBCEM MO YIeOGHUKY,
mTa m cam EBkamm paccyxman He coBceM Tak (X0oTs moxoxe). OGBITHO BCe DTO
BBIBO/IAT M3 aKCHOM, HO IS TaKOTO aKKypaTHOT'O BLIBOJA HYKHA HeMaJas
mpeaBapuTenbHas paboTa, 3a9acTy0 OYeHh HeMHTepecHas 1 paccaabIsonas.
Mpur ke amenanpoBain GakTHIecKn HEMOCPEICTBEHHO K 3paBoMy cMBICTy. 1
MOJIYIMIOCH TOBOILHO YOeIUTeIbHO, He TpaBga au? Po BOT 4TO HHTEpecHo:
MBI KaK OBl MHMOXOJOM 3abpalich Ha Takyl BHICOTY, 9TO Temeph MOMKeM
IBUTATLCA OYeHDL JaJIeKO BIepel yViKe 663 (HOKHUIY, NCIOAL3YA UL DTH Te-
OpeMBI I aOCOTIOTHO TOTHRIE 3aAKOHEB JOTHKA. U B HTOTE MBI PeIiuM He TOTHKO
BCe HAIIM OTUMTIHACKHE 3a1a<n, HO (PAKTHIECKN TOTOBK PEInTh MOITH A0
OYI0 TEOMETPHTIECKYIO 3a,1aTy BOOOIIe, Ha 10 JHUIITH OCBONTHCS eIlle ¢ TOHITHeM
nogobus. Po chavada, npexie 4eM mepexoquTh K «OMHMITICKOWY IeOMeTPHH,
BEIBeleM (Termeph yiKe aGCOMOTHO CTPOTrO, HI OJUH JOGHTENh CTPOrOCTH He
CKayKeT HaM HI CJIOBA yIpeKa) HeCKOJbKO CIeJCTBHH M3 TPeX MpHBeJeHHBIX
HAMH TEOPEM.

CneacTBuE 1. (@asec — cm. llavasar, xu.3, npedaoxncenue 31). Yaoa,
onupatowutics na duamemp, — npamod.

JTOKABATEJIBCTBO DTOTO CJIEICTBUA ONMUPaeTcs HAa MBa TOJABKO ITO IO-
Ka3aHHBIX (pakTa: TeopeMy 1 U cjaelcTBUe U3 TeOpPeMHbl 2.
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Pycrts yroa C' onupaercs Ha guaMeTp
AB, O — uentp okpyxkuoctu. Coenunm

OcC.
0 Torma /C' = LZACO+ Z0CB. B cuny
A B reopembl 1 LACO = LCAO, a LZOCB =

= ZCBO. Ppu »sToM B CHIy TeOpeMmhbl 2
LACO+ LCAO = LCOB, a LOCB +
+/ZCBO = ZCOA. Po yrawt COB u

C COA — cMmexHble, UX cymMMa paBHa 2d.
Suavyur, ZC' ecTh MOJOBUHA 3TOrO yria,
Puc. 3. T. e. d.

CIEACTBUE 2 (TEOPEMA O BIUCAHHOM YTUIE). ycmo yeos C' onupa-
emes na dy2y AB. Toeda e20 6equuuna 6060€ MENDUE GEAUNUHDL YEHMPUALD-
nozo yeaa AOB.

Pra Teopema JoKasbIBaeTcs MOYTH TaKxkKe, KaK CAeICTBHE 1, 1 MBI JHUIIbL
orpaHmYNMCcS depTexoM (puc. 4).

LAOD = 2/ACD,
/BOD =2/DCB, caedosamebro
LACB =1/2/A0B.

Puc. 4.

Ppogymaiite Teneps Taxkoi Bonpoc. Pycrs manbl gBa Tpeyroabiuka ABC
u A'BC, y koropuix LA = ZA'. Torga derwipe Toukn A, A", B n C' nexat
Ha OJHOU OKPYKHOCTH. PTO yTBepkgenue ecTeCTBEHHO Ha3BaTh 06pamuoi
Meopemot 0 6NUCAHHOM Yeae.

Yepes KopoTkoe BpeMs MBI TPOJOMKHUM HAIl DKCKYPC B TeOMEeTpPHio, a
noka y6eIuMcs B TOM, 9TO T MOJYIeHHBIX HaMH 3HAHUN JOCTATOYHO, TTOOH
pemnTh reoMerpudeckue 3amadn LVI ornvnuaaer 3a 8—10 kracch.
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3. 'TEOMETPUYECKUE PEIIEHUA OJUMIINAIHBIX 3ATAY

B 8 kaacce 6bl1a pemioikena caeayiomas 3agada (aBrop ee — . d. Aky-
JnH):

Oxpyacnocmov ¢ yewmpom D npoxodum wepez mouxu A, B u yewmp O
sHEBNUCAHHOT oKpyNcHocmu mpeyeoavnuka ABC , kacaowetica e2o ecmopost
BC u npodoasncenuti cmopon AB v AC. Joxaxcume, umo mouxu A, B,C u
D aesxcam na odnoti oxpyscrnocma.

PemEHUE. O6osnauum ZD = ZADB. Umeem (puc. 5): mo Teopeme o
BIMCAHHOM yTJTe

ZAOB =1/2/D, (i)

AQO — 6uccekTpuca, 3HAYUT,
ZBAO = 1/2/A; (ii)
o0 TeopeMe O CyMMe yIJIoB Tpeyroabunka n u3 (i)—(ii)
LFBO = 1/2(LD + ZA); (iid)
BO 6uccexTpica, 3Ha49UT,
ZFBO = 1/2/FBC; (iv)
1, HaKOHell (TeopeMa O BHEIIHeM yTie)
/JFBC =/A+ /C, (v)

spaqnT (u3 (iii)—(v)), LD = ZC, T. e. o o6paTHOll TeopeMe O BIHCAHHOM
yroie Touku A, B,C u D nexar Ha OfHOU OKPYKHOCTH. 3alada pelleHa.

Puc. 5.
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A Bor 3agata 9 xaacca (aBrop W. . Ulapsirum):

Aan svinyraviii wemwvipexyeoavnux ABMC, ¢ xomopom AB = BC,
/ZBAM = 30°, ZAC'M = 150°. Joxaxcume, umo AM — buccexmpuca yz.aa
BMC.

PeEmEHUE. CuMmMmeTpudHo oTpaszuM Touky B oTHOocuTeibno AM.

B
|
|
|
A . M
|
B’ ¢
Puc. 6.
Po mpuswaky paBencTBa Tpeyroabuukos |AB| = |AB'| uw LBAB' =

= 60°. 3uaunuT, Tpeyroapunk ABB’ paBrocToponnuin u A, B, C' nexat na
OJTHOU OKPYKHOCTH € IeHTPOM B Todke B. 3HA4UT, O TeopeMe O BIUCAHHOM
yrae ZACB' = 30°, 1. e. B, C'u M nexaT Ha OJHON IPAMON, CHMMeTpHIHOI
MB oruaocurensio M A. 3uauur, M A — 6uccekrpuca yraa BMC'. 3amgada
pelriena.

U, nakonen, 3amada 10 xracca, koTopyio Takxke npuayman U. . [Mapwr-
THH.

1lla emopone AB mpeyeoavnura ABC' eneuwnum o0pasomn nocmpoen k6a-
dpam c yenwmpom O. Touxu M u N — cepedunst cmopon AC' u BC' coomeem-
CMEENNHO, G DAUHBL INUL CMOPOH pasubl coomeéememsenno b u a. Hatidume
maxcumym cymmvt OM + ON |, xoada yeoa AC'B mensemes.

PEWEHWE. 3mechk HaM NPHJIETCS BOCIONB3OBATHCS €IUHCTBEHHBIM HEMO0-
Ka3aHHBIM paHee Pe3yJabTaToOM (HO OYeHb MPOCTHIM), & HMEHHO, MEOPEMOT O
cpedueti aunuu. Po sroit Teopeme OM = 1/2CB’', a ON = 1/2C A’ (cm. Ha
cIeyolen cTpaHnie puc. 7 a)).

Poctpoum na croponax C'B n AC Bmemnme xBagparwt C'BB"C" u
ACC" A", Coemqnanm A ¢ B”, cu. puc. 7 6). Po npussaky paBeHCTBa Tpe-
yroapinkos (AB = BB',CB = BB",/ABB" = ZCBB'’) tpeyroabunk
B'C'B pasen Tpeyroabuunky ABB'. 3nadunr, pauna C'B’ MakcuMaabHas, Ko-
rja MakcnMaabHa ginna B’ A, a oma MakcuMaJbHa, pazyMeeTcs, TOTAa, KOr1a
ZACB pagen 135°, cm. puc. 7 B). U mpo C'A’ MBI 1OKaskeM TOYHO TaKOH e
pesyabTaT, paccMaTpuBai TpeyroabHukun ABA” u ACA'. Nrtak, MmakcuMmyMm

LEV2 0y

pocturaercs npu LZAC'B = 135° u okazbwiBaeTcsi paBHBIM
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A’ B’ A’ B’ ;

C A
c" B
o
Puc.7 a) 76) 7B)

4. TIPOJONKEHNE SKCKYPCA-JTUKBE3A U AHAJUTUYECKUE
PEIMIEHUSA 3AJAY 9 1 10 KJACCOB

Mzr pemunu Bee 3agatdn ceomempuuecku. Pemmenns 66110 0YeHb KOPOTKH-
M7 (MTpOAHAMN3UPYNTE: KayKI0e COCTOANO He GoJee, 9eM U3 cemn maros). Po
Ha CAaMOM JleJie 3TH PellleHus OYeHb HeIpPOCTOo HalTu. PoaTBepxK teHneM TOMY
cayxkut onblT LVI onumnuanbl. 3agady 8 Kiacca He pelry HI OJHH YeJOBeK.
Bagady 9 Kracca pemrnT TOIbKO OJIH 0HOIIA (HO He TaK, KaK ObLIO TOKa3aHO,
a AaHAJNTHYECKH) W ellle OJNH FOHOIIA «IOYTH» pelrni ee (06 5TOM MBI pac-
CKazkeM dyTh To3xke). 3amady 10 kracca pemrmio mMenbire 10 mkoabHukoB. 1
cpejin peleHnil Julllb OJTHO OBLIO T'eOMEeTPHYECKIM.

S xouy sgech 06CYyAUTH OMUH BaKHBIM Te3uc. Bee 2eomempuueckue 3a-
davu mo2ym 6vimb pewenbl Yucmo adzedpaunecku, 6e3 uepmedceti v donod-
HUMeAbHbBIT nocmpoenut, max ckazams, cmandapmuo. Ipu smomn npumnepro
6 2/3 CAYUAAT AHAAUMULECKUE PEUEHUS CYUECTNEEHHO NPOULE 2E0MEMPUNE-
cxuz. PTOT Te3nc g X049y MPONIIIOCTPUPOBATL CHOBA HA NpUMepe MBYX Tpe-
Tell HalllUX 3a71ad, TouHee — Ha 3amadax 9 u 10 kraccoB. Po crHavana Mbr
TOMKHEL ellle Koe-1eMy HayIuThCs.

Padnem MbI, moxKaayi, ¢ cCaMOil 3HAMEHUTOW TEOPEMEI I'eOMETPHH: Teope-
MBI Pudgaropa.

TrOPEMA 4. Keadpam 2unomenysbl pasen cymme K6adpamos Kamemaos.

WM cHoBa JokaykeM BTy TeopeMy ¢ TOMOIIBIO HOMKHHUII.

PycTh xaTers mamero TpeyrodbHnka paBHB ¢ u b. PocTponm kBajgpaT
ABCD co croponoi ¢+ b u HapucyeM B HeM YeThipe TPeyrofdbHUKa, KaK 3TO
clleJlaHo Ha puc. 8 a) Ha CJAeIYIOUIel CTPaHNIe.
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Po npusnaky paBeHcTBa TpeyroabHukoB Tpeyroabunku A'BB’, B'AC’,
C'DD', D'C' A’ paBubI HallleMy TpeyroJbHUKY U, 3HAYHT, MeXKAy cobomwo. I3
TeopeMbl 0 CyMMe yIVIOB TpeyTrolbHIKA, KaK JeI'KO BIIeTh, BHITeKaeT, 9TO BCe
yrasl deTbipexyroabinka A'B'C'D’ papuur d. 3HadnT, 5TO KBajpaT, ero mio-
mwa b paBHa ¢, e ¢ — [IMHa FHNOTeny3bl. BoipeskeM Temeph Halllll deThIpe
TpeyroabHIKa U NPIIOKHM K KBaJpaTaM cO CTOPOHAMHI ¢ 1 b, KaK MOKa3aHO
na puc. 8 6). I cpazy noaydaem torma, uro a? + b* = 2. Teopema noxkasama.

/
B b A a c
a a
B/
b
b b
D/
a
Aq— el ; D
Puc. 8 a) 86)

Panomuum ToMy, KTO 06 5TOM CABIIIAN, U TYCTh 3AMOMHAT TOT, KTO CJbI-
wuT 06 HTOM BIEpPBbIe, YTO HTO OTHOIICHHEe TPOTUBOIEIKAIIEr0 YUY ¢ KaTeTa
K THIOTEHY3€e HA3BIBAeTCS CHHYCOM yIua ¢ (Sin ¢), a npuiekaliero — Kocu-
HYCOM yTIuIa ¢ (oS p); To onpejenennio, tg ¢ = sin ¢/ cos ¢.

TrOPEMA 5. [Iyems dan mpeyeoavnux ABC co cmoponanu a,b u ¢
(ca. puc. 9 na caedyowet cmpanuye). Tozda umerom mecmo caedyowue co-
OMHOULEHUA:

a b c ( )

= = MEOPEMA CUHYCO6
sinA  sinB  sinC P yeess;
> =a? +b? — 2abcos ¢ (meopema KoCuURYCos).

JOKABATEJNBCTBO. OnuiiieM OKPYKHOCTH BOKPYT Tpeyroabuuka ABC|
nycth B’ — Tovka, cuMMeTpudHas B OTHOCHTEIbHO HeHTpa, cM. puc. 9. To-
r'fla Mo TeopeMe O BIUCAHHOM yTJe U U3 ONpeleJeHus CHHYca TOayIaeM, ITo
¢/sinC = 2R, 1. e. afsin A = b/sin B = C/sinC' = 2R, 970 n 10Ka3bIBaeT
TEopeMy CHHYCOB.

C gpyrou croponsr, onyctuM BbicoTy BD us toukn B wa AC (puc. 10).
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U3 Tteopemur Pudaropa, onpenenennsa KOCUHYCA I CHHYCA W COOTHOIIEHUS

sin?  + cos? ¢ = 1 (caegylolero cpazy onaTh-Takn U3 Teopembl Pudaropa),
noJy4yaeM TeopeMy KOCHHYCOB:

02:

= (b—acos@)? + (asin@)? = a*(sin? p + cos? ) + b* — 2abcosp =
=a®+ b - 2ab cos p,

qTOo n Tpe6OBaJIOCb.

5 B
0
) ¢ ] N
A
B/
Puc. 9. Puc. 10.

A Temepb gaguM anasumuueckue pemrenus szagad 9 u 10 xraccos.
AHAJUTUYECKOE PEIIEHUE 3ANAYN 9 KIACCA. CMm. pucynok 11 Ha cae-
OVIOIIEN CTpaHuIIeE.

N3 TeopeMbl cHHYCOB s Tpeyroibinka ABM morydaem:

a b

- = - 2b,
sing  sin 30°
a U3 TOU ¥Ke TeopeMbl juid Tpeyroibiuka BMC nonydaem

b a

sin (90° + 1) sin (p + 1)

W3 >Tux IBYX paBeHCTB clelyeT, ITO

2sinpcosy =sin (¢ +¥) = tgp = tgy = ¢ = 1.



OauMnuagel # reoMeTpus 35

(Mcnoab30Badich TPOCTHIE COOTHOIIEHHS:
sin30° = 1/2, sin (90° 4+ v¢) =cosvy, ZLBCM = 90° 4+ ¢
I BaxKHOe COOTHOIICHIIe, KOTOpOe, BIPOIeM, HeTPYIHO JOKa3aTh:

sin (¢ + 1) = sin @ cos 1 + cos @sin .)

C

Puc. 11.

AHAJIUTUYECKOE PEIIEHUE 3AJAYU 10 KJAACCA. Cum. puc. 12.

Nmeem (mo Teopeme KOCHHYCOB): A’ B’
|CB'|* = d* = a® 4+ ¢* — 2accos(x + 90°) =

= a® + % + 2acsin Y, (i)

¢ = a? 4+ b? — 2abcos p. (ii)

Po mo Teopeme cumycon

b c A B

- = — = csin y = bsin . (iii) ¥
siny  sing

Buaqant (m3 (1)—(iii)),

Puc. 12.
d? = 2a%> +b* + 2ab(sin ¢ — cos ). e

Amanorudno, d? =22 £ 4% + 2ab(sin ¢ — cos ), rae d' = C'A’.
O6a BBIpaKeHHsA JOCTHIAIT MaKCHMyMa B OZHOI Todke: ¢ = 135°, n6o
sin ¢ — cos ¢ = V2 cos(135° — ),

a [ocjelHee BblpazKeHrne MaKCUMaJbHO NPpU @ — 135°. TOF,Z[& MaKCHMaJbHOE
3Hav1eHUe

d1‘|‘d2 = ((2b2+a2+2\/§ab)1/2+(202+b2+2\/§ab))1/2:
= V2+V2a+bta=(V2+1)(a+b)=

V241

OM] + |ON] 5

(a+b).
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Sajgada peleHa.
Pe mpaBga u, anaqnTudeckne n reoMeTPUIECKHEe PENeHus CLILHO OTAN-
qafoTcsA (XoTs 06a Ty TH BeIyT K mesn)?

5. IIEKOTOPBIE 3AKJAKYUTEJNBHBIE 3AMEYAHUA U KOMMEHTAPUUA

O6cyK 1aeMBIME TpeMs 3aJav9aMi He NCUepIbIBaeTCA reoMeTpuiecKas Te-
va Ha LVI ornvnnage. Tam 6bi1a mapbiruHceKas («yTennTe bHaNy) 3a1a4a B
9 knacce. OHa TpolIa Xopollo, 6bLI0 T0CTATOYHO MHOI'O pemtennii. 1 6w
Ja OoYeHb MOHPABUBIIAfACA BCeM YYacTBYIOUIUM B OTOOpe 3aJad ONATh-TaKN
mapblrnHcKas («ocobo Tpyguamy) 3aa4a B 11 kracce:

Myza aemaem enympu npasuibro2o mempasdpa c pebpon a. Kaxoe nau-
MEHDULEE PACCTNOAHUE OHA MONICEM NPOACMEMb, UMmobbl nobbieamsb Ha Ka-
HCOT 2PanY U 6EPHYMDCA 6 UCLOOHYI0 MOUKY?

PTo — ouenb comepxaTenbHas I HHTepecHas 3ajJada.

3aJa49l ¢ reoMeTpHYeCKNMI KOMIOHEHTaMI OBbLIN 1 NOMHIMO Ha3BaHHBIX.
Po Te 3a1a1n, koTophie MBI pa36upasin, 06.1a,1a10T OJHOI 0COGEHHOCTHIO: OHN
ABIAIOTCA CMaARIapMHubLIML, TAaKIMI, KOTOPBle cOJepiKaTci B CTaHTaPTHBIX
yiebHNKaX, KaKie pelllaloT B IKode. Po niee m06yio n3 HIX TOMKEH yMeTh
pemaTh KaKAblil, KTO JOOUT MaTeMaTukKy. I To, 9To Ha oimmnuaje pele-
HIII GBLIO COBCEM HEMHOI'O, CBHIeTeIbCTBYET: TeoMeTpliiecKoe 0Opa3oBaHe
HaXOJNTCA B yHake. A JKaub!

Mue xoTenoch NOKa3aTh CBOMM CIyIIaTeldM, KaK MaJo, B CYIJHOCTH, Ha-
10 3HaTh, 9TOOBI IMeTh BO3MOKHOCTD pelllaTh MeoMeTpHyecKle 3aJadl fazkKe
TOIl NOBBIIIEHHON TPYIHOCTH, KOTOpas XapakTepHa [Iid 3agad MocKoBcKoi
onmMnuajbl. B Tevenne Jaca JeKnuM Mbl HPOILIN NYTh, KOTOPBII IPOJOKHAIN
nias Hac Panec, Pudarop, EBkang n gpyrue Hamm Tajlexne IpeiiecTBeHHN-
KH, 1 JoOaBUIN K TOMY ellle HeKOTOpbIe CBeJleHNd, CTaBIINe OOIIeN3BeCTHBIME
Toabko B XIV Beke, Korja 6bl1a pa3BuTa TpUI'OHOMeTpHA. A MOMIMO Bcero
5TOro (Ha IPOTAKEHHN OTHOH TOJLKO JeKnuu!) MBI PELININ BCe TeOMeTpHIe-
cKHe (CTalfapTHble, HO TPYIHLIE) 3a a1l OMNMINAILL, IPHIeM IBe 03 HUX —
aByms crocobamu. W (e 3mao, Kak MOUM CIyILIATeNAM) MHe IpeJcTaBIseTCs,
4TO B pelleHHAX — H I'eOMeTPHYeCKNX, W aHAIITHIECKHX — OBLIO BCKPHITO
MHOT'O KpacHBOT'O, 3alloMHUHafollerocs. Pudero Takoro, o yeM MOZKHO ObLIO
6bI BOCKJINKHYTh: «Py, Kak 10 2TOro MOXKHO HOorajaTbca?’s, I BMecTe ¢ TeM
BCe T 3aJa4ll COBEPIIEHHO HeTPUBHUAJIbHBI, OHI BBI3BIBAIN GOJBIIOE «COTPO-
THBJEHNE» Jayke Y TexX, KTO CYHTAJCA IPU3HAHHBIM DKCIIEPTOM IO BJIeMeH-
TapHOUl T'eoMeTpuu. B dacTHOCTH, HIKTO N3 Hac, OPraHU3aTOPOB, He Hallel
TOI'0O NMPOCTEeNIIero aHAINTHIECKOI'O pellleHns 3aJa49n 9-ro Kiacca, KOTOpoe
MBI TIPHBE.
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Ero «mowrwny Hamren oguH MIKOABHUK, KOTOPHII KPOMe 3TOH 3aatqu
hakTHYIeCKH HUYEro He clenal, IMell CIVIOMIHBIE HY Al i ABa £ (1o 5Toi
3a/1ade 1 elle 1o ogHoi). Takue paGoThl OCEITHO He OUeHb BHHMATEIBHO
paccMaTpUBAKTCS MpH TOBTOpHON mpoBepke. Ho 31ech mpomzotiea oco-
OBIN CIyYall: CTAPIINN MPOBEPSAIONINT MOCTAPAJICT BHUKHYTh B CYTh Je/a
i OGHAPY K, 9T0 OHOIIA (PAKTHIECKH J0OpAICA 10 KOHIA (OH MOLY Iu
paBeHCTBO 2sin pcosy = sin(p + x), a 3aTeM yIenr Ky1a-To B CTOPO-
HY). A nanbiie 6BIT0 06CYKEHHE — CAEAYET AW OTMETHTD 3Ty paboTy
CHEeNNATBLHON IPEMUER 3a PellleHne OTIeAbHON 3agadn uian veT. Maorum
«ITpoheCCHOHATBLHBIMY OMUMITHATIAM TO PellleHrne Ka3aJ0Ch «HEOJMMITHI-
ckumy. Ho cmernmpemus Bce-Takn Gblia npucyxgeHa. O TOM, HACKOJIBKO
COJMMITNICKOE MBIIIIEHIEY OTOPBAHO OT T€OMETPHYECKOTO 06pa3oBaHus,
MOKA3LIBAET TAKOU (hakT: ONUH u3 mobenTelel- IeCATUKIACCHUKOB, He
PEIIMBIIAN T€OMETPUIECKYIO 3a1a9y, BOCKJINKHYJ, KOT1a eMy OBLIO TIPH-
BelEHO AaHAJNTUYECKOE PEIleHe: «A pa3Be Korqa-HUOY Ib HA OJUMIINA TaX
OBLIN 3a a4, T'/le HaTo ObLTO IPUMEHNTH TEOPEMY KOCHHYCOBT»

Ko Bcemy mpodeMy MHe XOTelI0Ch JOHECTH IO cAyIIaTeled aBe uien. Pep-
Bas (IOBTOPIOCH) TaKOBa: npumepro 2/3 ceomempuueckur 2aday donycraom
boaee npocmoe anaiumuueckoe pewenue. Tax umo cmoum nomwums o me-
opeme cunycoe u meopeme rxocunycos. U Bropas: mpyduee écezo @opmai-
3ylomesa u JONYCKAOM AHAAUMUYECKOE Peenue 2adautt ¢ OKPYNCHOCTAMU.
Po taMm Bakmeninyio poib OpH HX T'eOMETPHYCCKOM HCCICIOBAHUU HI'PAeT
saMedaTelbHad TeopeMa O BIHCAHHOM yIUe, BOCXOIAIlaf K POJoHAYAILHIKY
Halllell HAYKH — HOHHHCKOMY KYIIY I OJHOMY U3 CEMH MYIDPEIOB IPEeBHOCTH
— Dagecy. OgHa U3 OepBLIX TeopeM OKa3LIBaeTCHd HezaMeHHMOMH!

A B meJoM MHe XOTeIOCh OBl BRIPa3uTh HaJgexkay, 9dTo LVI ormmmnuama
OLLIa Ipa3 fHHKOM U I8 TeX, KTO yIacTBOBaJ B Hel, U LI TeX, KTO ee op-
FaHH30BLIBAI. A IMEHHO B DTOM I COCTOHUT Iedb BCAKOU OJUMINATLI, He Tak
an?
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JOINOJHEHUE

Most nexumus mepef IIKOIBHHKAMH 3aKOHYMIACH CETOBAHHAME Ha TpPY/[-
HOCTH QHAINTHYIECKOTO DelleHus 3ajad ¢ OKPYKHOCTAME. Pa camoM xke mele
MHOTHe H3 TaKHX 33Jad YCIEIIHO PelIaoTCsA ¢ IOMOIbI0 KOMILIEKCHBIX YICell.

B 5ToM momorxHeHHN s X049y paccKasaTh O TOM, KaK IOMOIalOT KOMILIEKC-
HBIe YICIa pellaTh MeoMeTpudeckne 3agadi. KoMmlekcHEe dncia cefivac He
BXOJAT B 00fA3aTeIbHYIO IIKOJIbHYIO IPOrPaMMy, MODTOMY CHadala CKayKeM
HECKOJIBKO CJIOB O CAMOH KOMILIEKCHOH IIOCKOCTIH.

Komnaexcnvin wuciom Ha3BIBAIOT BhIpazkeHne BHIa a + b, rge ¢ u b —
BellleCTBeHHbIe 9HCIa, & § — CHMBOI, YIOBJICTBOPAIOLINI COOTHOMIEHNIO 12 =
= —1. Yncaa a u b HA3BIBAIOT COOTBETCTBEHHO GEWECMEEHHOU T MHUMOU
4acThIO KOMILIEKCHOI'O dicIa 2 = a + bi ; ob6osnatenns: a = Rez, b= 1Imz.

PepeMHOKAIOT KOMILIEKCHEIE YHCIA 0 OOBIYHBIM IpPaBHIAM PACKpPBITHA
CKOGOK Il IpHBe/[eHIs TOMOGHEIX TICHOB, 3aMeHAA KaK bl pas 1>
(a+bi) (c+di) = (ac—bd)+(ad+bc)i. KoMmmiekcHble 9ncia MOKHO TeInTh (Kpo-
(ac + bd) + (bc — ad)i

2+ d? '

Yucao zZ = @ — bi HA3LIBAIOT KOMNAECKCHO CONPANCENHBIM K Z = @ + bt.

Ha —1, T. e.

Me, pasyMeeTcs, mefeHus Ha HYaAb): (a+b1) : (c+di) =

Yy Ecin BEIGpaTh I€KapTOBY CHCTEMY KOODIH-
HAT, TO yCTaHABIMBAETCH B3AHMHO OJHO3HAY-
HOe COOTBETCTBHE MeMK [Ty KOMILIEKCHBIMH dH-
B CJIAMU I TOYKAMU ILIOCKOCTH : (a, b) — (a+ b1).
Ppu 5T0M yMHOXKEHIE HAa KOMILIEKCHOE YICIO Z

_ g "
~
5 ¥ > IpuoGpeTaeT TaKylo CeOMeTPHICCKYI0 HHTep-
mpeTanuio. PycTh r — paccrogiume oT z 10 Hy-
P 13 I, & © — YTOJ, Ha KOTOPHLIM HaJ0 TOBEPHYThH
uc. 13.

Iy, COJepKAIINI NOTOKATETHHYIO BelleCTBeH-

Hyio noayoch {z | z = a4 0i,a > 0}, dTo-
ObI TOBEPHYTHIN Jyd Tpormen depes z (cM. puc. 13). Yneaa r u ¢ Hasb-
BAIOTCA COOTBETCTBEHHO JModydes W apeymenmon ducia z (0OO3HAYeHNs:
r=|z|, ¢ = argz). TeomeTpudeckyto HHTEPIPETANNIO YMHOKEHUS KOMIIEKC-
HBIX 9MCeI MOKHO Tenepb C(POpMyANpOBaTh TaK: NPU YMHONCEHUL KOMNAEKC-
HBIT UUCEA UT MOOYAU TEPEMHONCAIOMCA, A AP2YMENTBL — CKAAIBI6AIOTMCA.
Ppu 5ToM B amaquze JOoKasbIBaeTCH, 9TO YHCIYy 2 MOXKHO NpHAATh TaKylo
dopmy: z = re'¥ = r(cos @ + isin @).

Poaydnnack, Kak ToBOpAT, Modeab €6KAud0601 naockocmu, TAe TOUKH
~— DTO KOMILIEKCHbIe 9HCIa 2, @ caMa ILIOCKOCTh — DTO COBOKYIHOCTEL BCEX
KOMILIEKCHBIX dincen (o6o3nadaeMas C). YpaBHeHHe OKPYKHOCTH B CHCTEME
koopauHaT Ory uMeeT BUI:



OauMnuagel # reoMeTpus 39

A($2+y2)—|—2B9€—|—20y+D: 0,

rie A, B,C' u D — BemecTBennble 4ncia. PTo ypaBHeHHe B KOMIJIEKCHOM
dopme npuHIMaeT BT (z = z + iy):

AzZ4+ (B—1iC)z+ (B+1iC)z+ D = 0.

YpaBHeHIe MpPAMON, Tpoxosfien depe3 Todkn ¢ n (' (31y mpsamyo o6o-
sHadaeM (') MOXKHO 3aaTh ypaBHEHHEM

¢ =2)=¢(C—2)+2(¢—¢) =0

ypaBHeHHe OKPYKHOCTH ¢ MeHTPOM B { 1 pajgnycoM r nmeet Buji (z — ()(Z—
—() = r%; ypaBHeHue npaMoii, apaielbHoil npaMoil @z + az = 3 u npoxo-
ndueit vepes Touky (, uMeeT Buf az 4+ az = al + a.

Ecau Bbl 3abbuin KaKyo-HUOYIb TeopeMy WIH (DOPMYJIY DJIeMeHTapHOU
reoMeTpuil, He 06S3aTEJIbHO UCKATH ee B yueOHUKe — ee OObIYHO JeI'KO BhIBe-
CTH, UCIOAB3YS KOMILIEKCHBIE YHCTa (HALO JUIIb BOCIOAb30BATHCS OCHOBHBI-
Mi GOpMyJIaMi TpUTOHOMeTpHH 1 GopMyroil Piiepa: €' = cos ¢ + isin ®).
BoT npumepsr nByX BaxHBIX (DOPMYJ €BKJIHIOBOU NeOMeTPHH, KOTOPhIE MbI
BBEIBEJEM TaKHM CIOCO60M (paHee OHI ObLIN BBHIBEIEHBl T€OMETPHYECKH).

TEOPEMA KOCUHYCOB. PTa TeopeMa, KaK MbI MOMHIM, BEIDayKaeT JJIHHY
CTOPOHBI TPEYIOJbHUKA Yepe3 [IHHBL JABYX APYIHX CTOPOH U YLOJ MeXK Iy
HUMU.

Jlisi BEIBOIa, COOTBETCTBYIOIIEH (POPMYJIEL MoMecTuM Tpeyroisiux ABC
cO cTOpoHaMU a,b U yriom ¢ Mexjay Humu Tak, 4robw €' = 0, A =
= be'¥, a B = a. Torna

|AB|? = ¢ = |a — be™?|? = (a — be'¥)(a — be™¥) =
a? 4+ b — 2abcosp = |AC|* 4+ | BC|* — 2|AC||BC| cos ¢.

Poay4anan teopemy KocuuycoB. B wacTHOCTH, ecan ¢ = 7/2, moaydaem
meopemy IHugpacopa: ® = a® + b2.

TEOPEMA CUHYCOB. OHa jfaeT BO3MOXKHOCTb BBIYHCIUTE [IBE CTOPOHBI
TpeyrodbHUKa, 3HAS TPEThIO CTOPOHY W JBa yria npu >Toid cropone. [las
BBIBOIa POPMYJIBHI ONUIIeM BOKPYT TpeyroabHnka ABC oKpy:KHOCTH (IyCTh
ee pajanyc R) u moMecTnM Hy.Jb B IeHTp okpyxHOCTH. Torga A = Re'¥1, B =
= Re'%2, (' = Re'¥s u1, cleoBaTelbHO,

|BC|2 — R2|6w2 _ ew3|2 — Rz(em _ ews)(e—wz _ e—ws) —

= 2R*(1 — cos(pg — p3)) = 4R?sin? i &
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Urak, |BC| = 2Rsin A, anasoruyuo |AC| = 2Rsin B, |AB| = 2RsinC, o1-
Kyla I CleIyeT TeopeMa CHHYCOB:
sinA _ sinB _ sinC
a b ¢

B gactrOCTH, eciim a = b, noxydaem meopeny Paseca (cM. BBIIIE Teope-
My 1): B paBHOGEIPEHHOM TPeyroAbHUKE YUl PN OCHOBAHNN PaBHBIL.

Meul npuoGpedu eiie OJIiMH, «(KOMILIEKCHBIY, K04 pelleHus] reoMeTpuye-
ckux 3anad. Po mpexme 1eM IpoaeMOHCTPUPOBATDH, KAK MOTB30BATHCA DTHMA
KJI09aMil — JTeKapTOBBIM U KOMIJEKCHbIM, — BbITHUIIEM HECKOABKO MOJIe3HbIX
cooTHoIleHuit. Mbl popMyaupyemM uX B Bije HECKOIbKHX yTBepKgenui. /lo-
Ka3aTelbCTBa MX COBEPIIEHHO dJeMeHTapHbl U MPeloCTaBAAITCA YUTATENIO.

Po cnavana nBa o6o3madenus. PycTs 21, 22, 23 — TPH KOMIIEKCHBIX YHCIA.
Bripazkenne
21 — %3
(217 22, 23) =
22 — 23

Ha3bIBaeTCsI nNpocmbiM OMHOWERUEM DTHUX THCe. Ecan xe 21422923y 24 —
JeTBepKa pa3JUIHbIX KOMIIJIEKCHBEIX 9HCeJ, TO BhIpakKenue

21 —Z3 21 — Z4

(21722723724) = .
Z9 —Z3 Z3 — Z4

(T. e. OTHOIIEHNE MPOCTHIX OTHOMIEHUN (21, 22, 23) U (21, 22, 24)) Ha3bIBaeTCHA
D60UHbLM OMHOULEHUEM DTHX TIHCel.

lMeror MecTo clelyolne COOTHOLICHNS I (POPMYIBL:

1. Jlast TOro 9To6bl TOYKH 21, 22 U 23 JeXKall Ha OJHOIN IPAMOI HEOOXO-
AUMO I JOCTATOYHO, YTOOLL

(21722723) = (21722723) (1)

(nHaYe TOBOPS, YTOOKI IPOCTOE OTHOIIEHNE (21, 22, 23) OBLIO BEIIECTBEHHBIM ).

N eme oxna gopma Toro ke orhomenus. las z = « + iy, w = £+ in

obosnadnm det{zw} = an — Ly. Touku zy, 29, 23 JekKaT HA OJHON TPAMON
TOTIa U TOJBKO TOra, KODJa

det{z122} + det{z323} + det{z223} = 0. (2)

Pror ¢akT BLITeKaeT U3 CeOMETPHICCKOI'O ONpeleleHHA TeTepMHHAHTA:
det{zw} ecThb He 4TO WHOE, KaK OPHEHTHPOBAHHAS MJIOIIA[b TaPALIeNOT paM-
Ma, HaTaHyToro Ha BeKTOpbl Oz nu Qw. C y4eToM >TOro 3aMedaHns HaluCaH-
Hasg QopMyJda 03HadaeT, ITO CyMMa OPHEeHTHPOBAHHLIX ILIOIIATel TPeyrodb-
HukoB Oz 29, Oz9zs n Oz3z1 paBHa HYJIIO.
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2. [last TOro 4TOOLL YeThIpe TOUKH {21, 22, 23, 24 | JEIKAJIM HA OMHOM TPAMOI
LI OKPY:KHOCTH, HeoOXOANMO U [NOCTATOYHO, YTOOLI ABOIHOE OTHOIICHIE
(21, 22, 73, z4) OBLIO BeIIECTBEHHBIM.

3. Ecan z — To4ka nmepecedenns KacaTelbHBIX B Toukax ( i (' e TMHIIHON
OKPYZKHOCTH, TO

o2
IRV RVE

(nHade: z ecTh cpejHee TapMoHnmdeckoe ¢ u (', Koropoe GyjeM 0603HAYATH

(¢, <) (puc. 14)).

(3)

Puc. 14. Puc. 15.

4. Ecin Ha eMUHIYIHON OKPYKHOCTH |z| = 1 pacmosokeHbl e ThIpe TOUKH
a, b, ¢, d, To TOUKy € mepecedenus npsMbix ab n cd (cM. puc. 15) MOKHO HANTH
no (opmyae

. (a+b) — (c+d)

ab — ed ’ ()

5. YpaBHeHMe CpeINHHOI'O IIeplIeH IUKYJasipa K OTpe3Ky [,2517 22] nMeeT BUI
2(22—21)+2(2’2—21) = |2’2|2— |Zl|2. (5)

6. LenTp oKpyKHOCTH, POXOIAIIEH Yepe3 TOYKU Z71, 23, 23 HAXOMAUTCS U3
ypaBHEHHN

HBm-2)+2(n—2) = |2 — |l 2(B-2)+2(23 — 22) = |2> = |22]%. (6)

2 2
2’1| Z9 — |2’2| 4l
Ppu z3 monyvaem 2 = —————.
2271 — Z1%2
7. Eciu Ttouku A, B u D jexar Ha eIMHUYHOU OKpYXKHOCTH U a,b,d —

CcoOoTBeTCTBYyOIInNe MM KOMILJIEKCHBIE 9UCJIa, TO YHUCIO Z, COOTBeTCTBYIIOlIlee
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OCHOBAHUIO MEPIEeH THKYJIsAPa, ONYyIIeHHOTO u3 Touku D Ha npamyio AB, ompe-
JejfgeTcs paBeHCTBOM:

z=(a+b+d— abd)/2. (7)

Pepej TeMm, Kak mepexouTh K pellleHHIo 3a,1a4, BCIOMHUM OIHY 3a0aBHY O
ncropuio. B 1960 roxy Boimen naTeii ToM «MaTeMaTndeckoro npocBeIennsy,
mpejiiecTBeHHIKA HacTosAllero uafanus. B sTom Tome 6vLia onybianKoBaHa
nporpaMMuas cTaThbid Pukoas Pypb6akn «ApxuTekTypa MaTeMaTHKNI», B KOTO-
POH MaCTUTHII ydYeHBIN (Ha camMoM jgeqe Pypbaku — 5TO MCEBJOHUM TPYIITH
(paHIY3CKIX MATEMATHKOB) PACCyk[IaJ O TOM, KaK YCTPOEHA MaTeMaTHKa
B meqoM. Pocaenusis ¢ppasa cTaThbn B mepeBoje 3By4nT Tak: «PTo [pedsh iura
06 aKCHOMATHIECKOM MeTOojle| — NUTATeNbHBINl COK OpraHu3Ma B MOJHOM ero
Pa3BUTHH, NOMATINBEIN U MJIOJOTBOPHBIN UHCTPYMEHT HCCJAeJTOBaHUs, KOTO-
PBIll COBHATENbHO HCIOJIb3YIOT B cBoell paboTe, HadmHas ¢ ['aycca, Bce Bedn-
Kie MBICJIUTEeNn-MaTeMaTHKH, Bce Te, KTo caeiys qgopmydae Jlexena Jupuxie
BCET/Ta CTPEMIINCD ,, tdet 3aMEHUTh BHITHCJICHUAME )

Cyxenne 0 BeIUYNHE AKCHOMATHYECKOT'O METO/Ia 3aMedaTelbHO XOTH Obl
yKe 10 TOH TMPOCTON MpHYNHEe, YTO 3a MPOTHBOMONOKHYIO Hef0 (BBIPAsKeH-
HYI0, CKayKeM, B TaKOU (popMe: «BCe BeJHKHe MBICIUTENH-MaTeMaTHKH, HAYH-
Hast ¢ PhioToHa, 3aHUMAINCh KOHKPETHBIME 3aa9aMi, a He aKCHOMaTUYeCKOU
ey XOIy ) MOKHO TaK:Ke YBEPEHHO JeprKaThCs, KaK 3a 6e3yCIOBHYIO NCTHHY.
Po B HanmucaHHOM BBEICKA3BIBAaHUH €CTh ellle OJUH MUKaAHTHLIN HioaHc: caM [lu-
pHXJie BEICKA3aJ HEYTO 6 MOYHOCTIY NPOMUEONOAONCHOE: COTTACHO HEMY HA, IO
(BLITHCJICHASA 3AMEHATH udesmuy!

Po mue xoveTcs (B mpuUMeHeHHH K MOeH CKPOMHOW Ie/n) O[T Tep:KaTh
NepeBOMYNKA: TPH PEIIeHNH OTPOMHOIO YNC/Ia TeOMeTPHIeCKHX 3aJad (BO3-
MOYKHO, He BCeX, HO DTO, KaK NOBOPUTCSH, He MOKA3aHO), HAPATY C I TeHHBIMY
pellleHneM, r'jie IPUCYTCTBYET BOOOpazKeHue, TBIUKeHHe, OTpaKeHue U BesiKas
mpodas reoMeTpuveckas KpacoTa, CylIeCTBYeT PYTHHHOE, Oe3klIeHHOe, CKY -
HOe pellleHne, B KOTOPOM U [eH 3aMeHSI0TCS TPOCThIME BhivucaeHusMu. U >1o
TOXKe TOJe3HO UMeTh B BUIY!

BoT Bam HeckoabKO MPUMEPOB TaKWX pelleHUl 3afad, CBA3aHHBIX € W3-
BECTHBIMH WJIH JayKe BEJHKHMU HMEHAMH.

3ATAYA PLIOTOHA. B onucannom 0Ko40 OKPYICHOCINU UEMBIPELY20.4b-
nuke cepedunbl JUAZOHANET KOAAUNEAPHDBL (M. €. AENHCAM HA 0OHOT NPAMOT) ¢
yenmpom oxpyxrcrnocmu (puc. 16 Ha c. 43).

Prsamasa PaEPA. B wobom mpeyeoapnuke yenwmp maicecmu mpeyzob-
HUKA, €20 OPMOUEHIMP U YEHIMP ONUCAHHO20 KPY2a AeHcam na odnoti npamot
(puc. 17 Ha c. 43).
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Puc. 16. 3agada IbrOTOHA. Puc. 17. Spamas Jiiepa.

F

Puc. 18. Spamas CumicoHna. Puc. 19. Spamas aycca.

Puc. 20. Teopema Jackas.
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Pramadg CuMncoHa. Hycmb u3 mouku, pacnosoxwcernol na OKpYICHO-
CMU, ONUCAHHOU 0KOA0 MPEY20ALHUKG, ONYUEHDL NEPNERIUKYAAPLL HA €20
cmoponvt. Toeda ocnosanus amur nepnendurysapos aexcam na odnot nps-
Mot (puc. 18 ma c. 43).

Pramad I'avcca. Hlyems ABC'D — sepuiunbl npou3soibHo20 wembiper-
yeoapnuka, B — mouxa nepeceuenus npsmvir AB u C'D, ' — mouxa nepe-
cewenus npamvie BC uw AD, M — cepeduna AC, N — cepeduna BD, O —
cepeduna EF. Tozda mouxu M, N, O aexcam na odnoii npamot (puc. 19 Ha
c. 43).

TEOPEMA PAcCKAIA. Touxu nepeceuenus npAmvix, CoOOepiHCAUur npo-
MUBONOAONHCHBLE CINOPOHBL BNUCAHHOZO 6 OKPYHCHOCTL UECTNUYZOAbHUKA, A€~
sFcam na odwoti npamot (puc. 20 Ha c. 43).

Kakoe GaumcrareibHoe co3Be3ine HMeH, KaKoe BeJUKOJenHOe cobpaHue
reoMeTpudeckux MiegeBpoB! Ponpo6yiiTe pemmTh >Tu 3agadn TeoMeTputde-
CKH, 3aMeHdsi BEIYUCJIeHUs ugesiMu. Ecaim Bam 5To ygacTcs, Bbl ONYYHTE UC-
THHHOE HacJHaxKIeHue.

Po Tex z3HaHmil, KOTOPBIMH MBI OBJAAMENN B TeUeHHE CTOAB KOPOTKOTO
BpeMeH, Tex (POPMYJ, KOTOPhe yMEIIAITCAs Ha MOJOBHHE CTPAHUILI, OKa-
BBIBAETCS MOCTATOYHO, YTOOBI Cpa3y MOHATH, KaK PeliaTh BCe DTHU 3ajadl, a
TOBeJleHHe fefa 10 KOHIIA CTAHOBUTCS NMPEIMeTOM HECJIOXKHOU TEeXHUKH.

B sagate PpoToHa ecTeCTBEHHO BOCTIONB30BATHCH (PopMyaoi (3):

G = 7(217 24)7 G2 = ’7(217 22)7 (3= ’7(227 23)7 G4 = ’7(237 24)-

A nanee mas Touex (1 +(3)/2, 0, (2 + C4)/2 npumenuts Gopmyay(l). Ecan
XOTHTE, DTO «Hes», a Telepb — BLIYUCICHHA. PyCTh o1 — yroaq Mexay 2z u
29, P2 — MEXKIY 23 U 23, (P3 — MEKIY 23 U Z4. Pe orpannvus ce6s B 06LIHOCTH,
canraem, 9To 21 = 1. Umeem:

C1+ G2 _ (14 e_i‘pl)(e—i(wﬁwz) + e_i(@1+@2+@3))

Gt G (Lt eeiteaten))(e—ier | e—ile1+e2)
_ cos 1 /2 cos p3/2
" cos(p1 + 92 + ©3)/2cos 93 /2

€ R.

B szamade Pisepa peilenue cHOBa HampallinBaeTcs: noMecTuMm Touky C
B Hadajgo koopmauHatT, cropony AC' mycTum 1o BemiecTBeHHOU ocu. Tormpa
B = a, A = be'*. Pes 0coObIX yCUIHI BB HallfeTe KOOPIUHATHI U HEHTPa

TAXKECTH, U HeHTpa ONUCAHHOH OKPY:KHOCTH I OPTONEHTpa: HEHTP TAKECTH
bcosp + a+ tbsin
3

a .
ONHCAHHOT'O KpyTa (o = §—|—z

, oproueHTp (1 = bcosp+i(a—bcos ) ctg o, menTp
b

—acosy
——— . 1 ocTaneTcs TOIBKO TPOBEPHUTH, ITO
2sin ¢

3
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BCe OHU JiesKaT Ha OJHON paMol. Pes ocoboro Tpyga Ynrareisb JoOKaKeT, 4To
G —Gs
= 2.
G —C
B zagade Daycca vago Tpuxkisl — mis todek M, N, O — Bocnoib3o-
BaThCA POPMYJION (2) I HOTOM BOCIONB30BATHCS (POPMYIOH (2) A1 deThIpex
TPOEK TOYEK, JeKallliX Ha OJHON NPAMOI.

Ponpoburee: sanncaB Buipaxkenne (2) mis todexk M, N u O, moaydnm

det{(A+C)/2 (B+ D)/2}+ det{(B+ D)/2 (F+ F)/2} +
+det{(EF+ F)/2 (A+C)/2} = %(det{AB} + det{C'B} 4+
+det{AD} 4+ det{CD} 4+ det{ BE'} + det{ DE'} +
+det{ BF} + det{DF'} + det{ FA} + det{ FA} + det{ EC'} + det{ FC'}),
a fajee HYKHO BOCIOAB30BATHCS POPMYyIoH (2) mis Tpoek

{A,B,FE},{C,B, F},{A, D, F'},{C, D, E'},

KaKJasd U3 KOTODPHIX IPHHALIEKHT OJHON IPIMOI.

[Jas pemenns 3agadn CHMICOHA HAJO TPHIKIBL BOCIOIBL30BATHCA GOPMY-
aoit (7) u saTem — ¢opmyion (1).

Pakouen, q1s 10oKasaTelbCTBa TeopeMbl Packais Bocnoabsyemcs popMy-
aou (4):

B_a—l—b—(d—l—e) l%_b—l—c—(e—l—f) __c+d—(f+a)
N ab —de N be—ef 9= cd— fa
CaeloBaTelbHO,
h—k
— €R,
k—g

TaK KakK 4 = 1/@ nT. I. ﬂﬂﬂ 3aBepllenns TO0Ka3aTelbCTBa OCTaeTCs IIpuMe-

HITH popmyay (1).
11 Bexb Bce Halm XOIBI aGCOMIOTHO HAPAlINBalOTCA, He TaK Ju7

PosT scripTUM

He xoTen 651 CKPBIBATE Y AOBAETBOPEHNUA OT TOT'O, YTO HaNMCaHHOE MHOIO ¢ /lomoa-
HEHHUe» BIOXHOBIJIO TaKOT O uncToro l'eomerpa, kak Hukoaair Hopucosu+ Bacuabes,
donoanums «/lomonHenre) UBAMIHBIMU AHAAUMUYECKUMY PEIIEHAAME [TBYX KPACHBBIX

PeOMeTPHIeCKUX 3a1a4!
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Mgzr Bugenn, kak MHOTHEe TPYAHBEE KJIacCHIeCcKne TeopeMbl MIaHuMeTpHun
BbIBOJSATCS OoJiee A MeHee aBTOMATUYeCKUMU MaHUIYAAUUAMU ¢ KOMILIEKC-
HLIME YuciaMu. e ecTecTBeHHee KOMIIEKCHBIE YHCTa TPUMEHAIOTCA B TeX
3a/layax, B 'eOMeTPUYECKUX PelIeHUAX KOTOPbIX NOMOralOT pa3JndHble I'eo-
MeTpuyeckie npeobpa3oBaHusd: Bellb 2 — {2 — DTO HOBOPOT HA MPAMOU yIOJ,
Z — Gz NPU BellleCTBEHHOM ¢ — T'OMOTeTHs ¢ KO3(PPUIUEHTOM ¢, TPU KOM-
NJIEKCHOM ¢ — KOMIO3WINS TOMOTeTHH n moBopoTa (¢ menTpom O), n Tak
majgee. Po BMecTo TOro 9TOOH pa3BUBATh DTY TeMY, — OHA 3aCAyKHBaeT OT-
TeJBHOU CTATHU WIH MaKe KHUKKH, — MBI BAaKOHYUM IpUMepaMi MBYX 3aj1ad,
mpe/IaraBIinxcs Ha oauMnuafax Becioi 1997 rojga, ¢ KOTOPBIME CIIPABHIOCH
JUITE HECKONBKO YYaCTHUKOB. Mex 1y TeM, s JoGuTeNel BCe MpeBpallaTh
B BBIYMCJAEHUSA € KOMIJEKCHBIMU YUCJIAMH OHH He COCTaBUJIN Obl HUKAKOIO

Tpyda.

1. (LX Mockoscran mamemamuuecran oaumnuada, 10 xaacc.) Kaxnyio
CTOPOHY N-yT'OJbHIKA B Ipollecce 06X01a IPOTHB YacOBOH CTPENKH TPOJO.-
Kuan Ha ee qauHy. OKasza/noch, 9TO KOHIBI MOCTPOEHHBIX OTPE3KOB CIYKaT
BepIINHAMH TPaBUIBHOI'O N-yroJbHNKa. /oKaKnuTe, 9TO NCXOTHBIN N-yTOMb-
HUK — TOKe NPaBUIbHBII.

Pemenne. MoKHO c4UTaTh, YTO BEPUINHBI NOJIYIeHHOT'O N-yI'OJbHIKA —

"=l ga KoMILIeKCHOI IIOCKOCTH, IJe &€ — KOpeHb n-if cTe-

/0 g e = =27/,

Toukn 1,e,¢%,...¢
nern n3 1 ¢ aprymenToM 27 /n (mam —27/n ), T.e. £ =€
PycThb 29,21, ...27_1 — BEpIINHLI HCXOJHOI'O MHOTOYTOIbHAKA, IPUYEM Hep-
Basl BepIINHA HOBOI'O MHOIOYTONbHIKA — TO4YKa 21 + (21 — 209) = 1. Torja us
YCIOBHA TOIYYIaeM TaKylo «IHKINIecKyIo» CHCTeMy ypaBHEHHIL:

22’1—2’0:1722’2—2’1 28722’3—2’2:827...7

221 — Zp—1 :ask, 22541 — 2k :5k+1,...72z0—zn =L

YMHOXKNB DTH ypaBHEHHs MOCAefoBaTeNbHO, HaYWHas ¢ MepBOro, Ha YHCIA
1,2,2%,...2" 1 u cnowus, monyanm z(2" — 1) = 1+2e +4e2 4. .. 4277 1gn—L,
Ecin ke yMHOXKITH IX HA Te JKe 9nCIa, HadnHas ¢ k-0 ypaBHEeHHUs (10 THKIY
— 3a M-M CJeAyeT mepBoe, TaK 4TO mocienunm 6yrer (k — 1)-e), moaydnm —
VIATHEBasdg, 9T0 " =1

(2" = 1) =" (14 2e + 42 - w277 1en Ty,

Taxkum o6pazom, 2z = eF 2o (ms k= 0,1,...,n — 1), oTkyga cregyer, 9TO
HCXOTHBII MHOIOYIOJbHUK — MPABUJIbHBIN.

2. (I Copocoscran oaumnuada, emopoii (ounviii) myp, 9 kaacc.) Baytpn
Tpeyroabinka ABD nexur Touka C. U3BecTHo, 4T0 Tpeyroibiux ABC —
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IPAMOYTOJIbHEIN U paBHOGEIpeHHbI, ¢ runoTeny3on AB = 2, u ato C'D = 1.
Pa anyd4e, npoBegerntom u3 Touku (', nepnenukyaspaoMm oTpesky AD u ero
nepecekaotiiem, oTiaoxken orpesok C'K = AD. Touno Tax ke, Ha ay4e, TPOBe-
meHHoM u3 Touku C, nephneHqukyJaspHoM oTpe3ky BD u ero nepecekaoliem,
otinoxken orpesok C'M = BD. Jlokaxure, uro Touku K, D, M nexar Ha
OJHON TIPAMOH.

Perenue egBa ju He kopoue yciaoBus. Pyjgem o6ozHavaTh KOMILIEKCHEIE
qnCIa, COOTBETCTBYIOIINE TOYKAM, TeMn Ke (HO MajdeHbKHME) OGykBaMmu. Py-
IeM CIuTaTh, 910 ¢ =0, ¢ = —1 — i, b =1 — i u yuarewm, uto |d| = 1.

Torna

k—d=i(d—a)—d=d(i—1)—a=(d+1)(i— 1),
m—d=—i(d—1)—d=—d(+1) +bi= (1 - d)(i + 1),

U JerKo yBIJeTh, 9TO OTHOIIEHNe STHX JIBYX YHCEX BelIeCTBEHHO, TOCKOIbKY
ecan |d| = 1 — 1. e. d gexuT Ha OKpyXKHOCTH ¢ AunameTpom [—1,1], — To
otHomtenne (d+1)/(d—1) gucro MmEEMOE (BeIb yI o/, O] KOTOPHIM U3 TOUKH
d BHIeH gmaMeTp, — IpAMOIl. BmpodeM, KOHIOBKY TOXKe J€rKO IPOBEPUTH
BEIYICIEHIEM, He IPUBIeKas TeOMeTPHIO. )
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r[[GCHTB JOKa3aTe/lbCTB OCHOBHOII TEOPEMBI aJIFe6pr

B. M. Tuxomupon B. B. Ycneunckun

1. BBEIEHUE

Bestknit MEOTOWIeH cTenenn > 1 ¢ KOMILIEKCHBIME KOd()(pUIHeHTaMI HMe-
eT KOMILIeKCHBLI KOopeHb. PTy TeopeMy 9acToO Ha3bIBalOT OCHO6HOU meope-
Mot ar2ebpoi. PTo onun 3 caMbIX (pyHIaMeHTaIbHLIX pe3yabTaTOB BO BCeil
maTemaruke. CylecTByl0T paszHble TOYKH 3peHHs 10 BONPOCY O TOM, KTO
NepBBIM [OKa3aJ 3Ty TeopeMy (I 9TO BOOOIE DTO 03HAYAET: «JOKA3aTh TeO-
pemy»). Ee maseiBator n «reopemon /larambepas [16], n «reopemoini Pirepa—
Jlarpanxar [3], oqHako dale Bcero CBA3LIBAIOT ¢ nMeHeM [aycca (canTaercs,
470 [ayce man 9eThipe T0Ka3aTelbCTBa OCHOBHON TEOPEMHI).

Hamum croBo Peankey Kaeitny [4, ¢. 69]:

«OcHoBHasa Teopema aireGphl chopMyANpPOBaHA U B M3BECTHOU MeEpE M0-
kasana [laramGepom B ero ,Recherches sur le calcul intégral“ (,Mccaemo-
BaHWA 10 HHTErPATbHOMY HcdncaeHnio”, 1746 r.). < --- > PpaHUyssl 10-
STOMY M Cedvac Has3LIBAlOT DTy TeopeMy ,Teopemon [Hazambepa“, a T'aycc
Ha3BaJ CBOO JuccepTaluio ,demonstratio nova“ (,,HoBoe 10Ka3aTeIbCTBO),
€M, CJIeJOBATENBHO, TMOJIEPKHY, 9YTO OH HUKOUM 06pa30M He HpeTeHIyeT
Ha [TOCTHKeHNEe, KOTOPOe TaK 9acTO eMy IIPUITUCHIBAETCS, — CO3MaHWe ,, TTep-
BOT'O CTPOTOr0O OKA3aTeIbCTBA DTON TeOpeMbl. PazyMeeTcs, ero coMmHeHTe
HaYMHAETCA MOAPOGHON KPUTHKOHN BCEX TMPEAIIECTBYIONINX MOKAZATETBCTBY.

A BoT 4TO nmuier no sromy nosoxy P. Pyp6axu [2, c. 161-162] (unTupyem
¢ HEKOTOPHIME COKPAIIEHISIMI):

«B Tevenne XVII u XVIII BB. MaTeMaTHKN MOCTENEHHO TTPUXOAAT K yOe-
JKJIEHHIO, 9TO MHUMBIE YHCIA, TAOIIINEe BO3MOXKHOCTD PENIaTh YPaBHEHMS BTO-
DPOU CTeleHN, TMO3BOJAIOT TaK¥kKe PelaTh aarebpandeckue ypaBHeHHS JOO0M
ctenenn. B XVIII . 6b11n onmy6AMKOBaHB MHOT OYNCAEHHBIE TOMBITKHA JOKa3a-
TeTBCTBA 3TON TEOPEMBI; CPEN HUX He OBLIO HU OHOM, KOTOpas Obl He BHI3BI-
BaJa CePbe3HBIX BO3paxeHHu. B pesyiabTaTe BHUMATEILHOTO M3YUEHUA BCEX
MOTMBITOK JOKA3aTeAbCTB U JeTaJbHON KPUTHKHA uX mpobemos 'aycc mocra-
BIUI [eABIO CBOEH Anccepranny (HamwcanHo#n B 1797 r., magannoi B 1799 r.)
IaTh, HAKOHEIl, CTPOT'0E MOKA3aTeIbCTBO. B3sB 3a OCHOBY Mel0, BRICKA3aH-
HyIo MuMoxojoM JlamamGepoM, oH 3aMedaeT, 9TO TOYKH (a,b) miIockocTn,
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[V KOTODBIX a + bi ABasroTca KopHAMEH MHorowieHa P(x 4 yi) = X(z,y) +
+iY (2, y), npeAcTaBAAOT cObON TOUYKH Mepecedenns Kpubbix X = 0unY = 0.
PyTem kadecTBEHHOTO M3yUeHUSA STHX KPUBBIX OH MOKA3LIBAET, 9TO KPHUBBIE
nepecekaioTcsa. PTo goKazaTelbeTBO MO CBOEU SCHOCTH W OPUTMHAIBHOCTH
mpejcTaBaseT 3aMedaTedbHBII TPOTPECe 1O CPABHEHUIO CO BCEMU Ipe/le-
CTBYIOITUME W ABAACTCA TIPUMEPOM HHCTO TOMOJOTHYECKOT'O PACCY K ACHU,
MPUMEHEHHOT'O K adrebpanvdecKol mpobaeme.s

Tlayce, kpurukys paccyxkienne [lanambepa, nobapiaser, 4TO «UCTHHHBIM
CTepkKeHb TOKa3aTelbCTBa He 3aTParnBaeTCsd BCeMU DTHUMU BO3PaKeHUAMUS.
JlelicTBUTENBHO, ¢ COBPEMEHHOW TOYKH 3peHus Npobeibl B T0Ka3aTelbCTBe
Janambepa jnerko ycrpanuTb. CyTh DTOT0 J0Ka3aTelbcTBa TakoBa. PycThb
p(z) — MHOTOWIEH ¢ KOMIUIEKCHBIMI Koa(puinenTamu. PaccMoTpum Tod-
Ky a, B koTopon ¢yuknus |p(z)| mocruraer mmuaumyma. Torga p(a) = 0,
TaK KaK nHade MOXKHO ObLIO OBl HAWTH HallpaBjieHHe, MpU JTBUKEHUH BIOJb
KOTOPOI'O M3 TOYKH @ MOAYJIb (PYHKUUH p(z) yMeHbIIaJcs Obl. 31ech Bce
NpaBIIBHO, HO TodeMmy |p(z)| mocturaer muEMyMa? COBpeMeHHBIH OTBET
KpaTok: 1o coobpaxenusM xkoMmmnakTHocTH. OmHako B 1746 r., Kormga mo-
SBIJIOCH TOKazaTeabcTBO /lanambepa, o Teopembl Poabnano—Beiiepuirpacca:
BcAKkas OrpaHUvYeHHAs NOCIAETOBATEILHOCTL WMeeT TpPeTelbHyI0 TOYKY —
OCTaBAJOCH ellle OKOJAO BeKa. PpPUBHUHOe Ke ompeneledne KOMIAKTHOCTH:
BCAKOE OTKPBITOE MOKPLITHE COMEPXKUT KOHeTHOe MONNOKPLITHE — TOSABH-
JOoCh yxKe B Hailiem Beke, korjga P. C. Anekcangpos u P. C. ¥Ypeicon npu-
HSJIH 3a OlpejejeHlie CBOHCTBO OTpe3ka, ycTaHoBieHHoe Popernem u JleGe-
TOM.

JlokazareabcTBa Pitepa u Jlarpan:ka TakxKe cojiep:Kaii <ACTHHHBIE CTEP-
JKHI», HO IMeNN W cepbe3nble YOYIeHNs ¢ TOUKN 3PpeHHusA COBPEeMeHHBIX MOHSA-
T 0 cTporoctu. Boobine roBops, TO Ke MOXKHO CKa3aTh W O T'ayCCOBCKHX
T0Ka3aTelbCTBaX: HCTOAL30BaHHEIE B HIX «OUeBH THLIEY TOMOJOTHIeCKNe (ak-
THI HYKTaI0TCA B 060cHOBaHNT. BpodeM, Bo BTopoM mokazaTelbcTBe ['aycca
BCE CBOJIMJIOCE K MUHUMYMY: K TOMY, YTO BeIlleCTBEHHbII MOJIHHOM He4eTHOU
CTeleHn UMeeT BellleCTBEHHbIN KOpEeHb.

Celidac M3BECTHO MHOIO Pa3JiHYHBIX [OKA3aTeIbCTB OCHOBHOW TeOpeMbl
aarebpHl; HUXKe MBI IPUBOJINM JecATh u3 HuX. PazymeeTcs, 4To6H yHenuThes
B HCTUHHOCTH KAKOT'O-IH6G0 YTBEPK IeHNd, B MaTeMaTHKe TOCTATOTHO OTHOT'O
TOKA3aTeIbCTBA (3TO OTINYNE MATEMATHKNA OT NCTOPHYECKON HAYKH CHITpa-
JIO Ba)KHYI0 pOJb P BhiOope Beaukum MaTemarukom A. P. Koamoroposbim
cBoen npodeccnn — cM. [17, ¢. 4]). Po Hamma menb cocTONT Kak pas B TOM,
ITOOH OKa3aTh paznoobpasne MeTOMOB, KOTOPHIe MOXKHO TPUMEHUTL Jas 10-
KazaTelbCTBa OCHOBHOU TeOPeMbl aJrebphl, i TeM CaMbiM YCTAHOBUTH CBA3H
BTON TEOPEeMbI ¢ TONOJIOrMel, KOMILIEKCHBIM aHaJU30M U APYTUMEH OBJaCTAMUI
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MaTeMaTHKH. PaccMaTpuBaeMas HaMH TeopeMa KakK HHKaKas Ipyraf IIoIXo-
JUT IS TOJOOHBIX eaeil.

Pamu roxazareibcTBa CHILHO BAPLUPYIOTCA MO YPOBHIO TOrO, 9TO Ipei-
HOJaraeTCd H3BECTHLIM, I HOTOMY He BCe OHH OJHHAKOBO XOPOIIO IOIXOIAT
I TepBOHATAIBLHOIO BHAKOMCTBA ¢ TeopeMon. /[okasaTenbcTBa 1 n 7 onupa-
I0TCA Ha MEHEMYM OpeIBApUTEILHLIX CBEICHNN, a B IPYTHX JOKa3aTeIbLCTBAX
MBI CChLIaeMcsl Ha Teopuio laaya min #a Teopemy Jledimnena o HemoIBUKHON
TOYKe, He CMYIIaACh TeM, YTO COOTBETCTBYIOIIHE IMOHATHA He BXOIAT B 00-
3aTEIbHYI0 YHIBEPCHTETCKYIO IPOrpaMMy. SaHHTEPEeCOBAHHBIN YNTATEIb CY-
MeeT HallTH HeoGXOAHMBIE CBeJeHHA B HUTHPYEMOU JauTepaType. Bo MHormx
IOKa3aTeIbLCTBaX MBI [HOJIL3YyeMcA MOHATHEM TOJOMOP(MHOH (PYHKIUH H PH-
MAaHOBOU HOBEPXHOCTH; DTH HOHATHA BocxolAT K Komn, Pumany n I'epmanmy
Benaro.

B ocnoBe GoiblinHcTBa JOKa3aTEILCTB OCHOBHOU TEOPEMEl aareOphl Je-
JKUT Hed TeOMeTPUIeCKOro H306paKeHns KOMILICKCHBIX YHCEI: MHOXKECTBO
KOMILICKCHLIX 9HCeJI OTOXKJICCTBALLTCA C ILIOCKOCTLIo. PTa mies mpuHajiie-
xkutT Laycey m pasBuBaeT Beankyio MbIcab JlekapTa o eIUHCTBe alreGphl I
CEOMeTPHH: KaxK IO TOUYKe ILIOCKOCTH WA IPOCTPAaHCTBa MOXKHO IOCTaBUTL
B COOTBETCTBHE YHCIa — €€ KOOPAUHATEL, MOCIe 9er0 A3LIK aJre6phl I A3LIK
reoMeTpPHE CTAHOBATCA B3anMozaMeHseMbIMI. Celndac 9TO KayKeTcs HaCTOMb-
KO NPHUBLIYHLIM, 9TO TPYIHO IPeICTABAThL, HACKOJILKO PEBOMIONHOHHLIMI OLI-
JHI DTH HJeH B CBOE BpeMs.

2. OKBUBAJEHTHLIE ®OPMYJIUPOBKN

Pousitine koMmmiekcHoro 4mcia Mbl cinTaeM m3BecTHHIM (cM. [7, 5]). Pa-
IIOMHHM JIHIIb, 9TO BCAKOE KOMILIEKCHOE UHCIO OTHO3HATHO 3allCHIBaeTCS B
Bute a + bi, Tie @ u b — IellcTBUTeNbHBIE 4HCIA, & ¢ — MHOMasd eTHHNINA,
YJOBIeTBOpAIIaA paBeHCTBY 12 = —1. KoMIUeKcHEIe Yncaa MOKHO CKIa-
ITBIBaTh I yMHOXKATh IO OOBIYHBIM IIpaBHJIaM, IPH DTOM KaixKjJoe HeHYy/eBoe
KOMILIEKCHOe YHCIO Zz mMeeT obpaTHoe z~ 1. TakuMm o6pazoM, KOMILIEKCHEIE
qncia o6pasyoT no.e. Pro nore o6osnavaercs 1epes C.

[ast mpousBoabHoro mojst K depes K[X| obosHadaeTcs koabyo MHo2ou1e-
noe nad K (mmm ¢ xoagduyuenmanu ¢ K). MHOrOWIEH ¢ Kod(PUITEHTAME
B K — 5T0 (popMaIbHOe BEIpaKeHIe BUTa

p(X)=a, X"+ -+ a1 X + ag, v1e ag,...,a, € K.

Takol MHOrOWIEH MOXKHO paccMaTpuBaTh Kak (pyuknuio 3 K B K, koTopas
Kayk1oMy & € K ¢cTaBUT B COOTBETCTBHE dJIeMEHT p(ac) = apx"+- - Fajx+tag €
K. Kopenv muorodnena p(X) — »1o Takoe z € K, mis kotoporo p(z) = 0.
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Cmenenp HeHyaeBoro mMuorodiesa p(X) — 5To Takoe Henoe 9HCJIO 1, JIs
kotoporo p(X)=a, X"+ -+ -+ ag u a, # 0.

JIEMMA 1. Hucao paszauunbie kKopueli HEHYAEE020 MHO20UAENA HE NPEEOC-
rodum e20 cmenenu.

JokaykeMm JeMMy HHIYKIHeH 1O CTeNeHH 1 MHOTOWIeHa. P permnosoxum,
10 MHOTOWIEH P(X) = a, X" + - -+ 4 q¢ CTeleHn n HMeeT IO MeHbIIeH Mepe
n + 1 pa3ImYHLIX KOPHEH day, ..., d,41. PaccMoTpum MHOTO4IeH ¢(X) =
=ap(X —a1)...(X —a,). Torga p # ¢, Tak kax p(a,41) = 0 # ¢(a,41). Pas-
HOCTB I = p — ¢ ABISETCHA HEHYJIEeBHIM MHOTOWIEHOM CTeNeHH < 1, HMEOINM
0 MeHbIIIeHl Mepe N KOPHel aq, ..., a,. PTO IPOTHBOPEYNT NpeIIoJI0Ke IO
HHIYKIHIL.

Ecin nore K 6Geckonedno (0 cTpoeHHN KOHEYHHIX mogeil c¢M. [5, 9]), To
BCAKUH HeHyJeBoll MHOTowIeH p(X ) mpejcTaBiseT HeHyIeBYIO QYHKINIO (MO-
CKOJIBKY YHCJIO KOpHell MHorodieHa p(X) KOHEUHO) I, CleIOBATEIbHO, Pa3-
JUYHBIE MHODOWIEHB! TPEJICTABAAIOT PazJudHble (DYHKIHH.

MHOTO4/IeHbI HYJI€BOU CTEMEeHN OTOXK IECTBIAIOTCH ¢ HEHYJEBRIME DJIeMEeH-
TaMu nosi K u kopHell He uMeroT. BeAKUI MHODOHWIEH MepBOU CTEeNeH: HMe-
€T POBHO OJIMH KOpeHb. Besikuil jim MHOTOY/IEH cTeneHn > 2 uMeeT XOTS Obl
o kopenb? OrBer 3aBucuT orT noias K. Pycrs R — moue geicTBuTe b
HBIX (W1 BelllecTBeHHbIX) dncen. Muorodwen X2+ 1, paccMaTpuBaeMblii Kax
saeMenT koqablia R[X], He umeer kopHell B R, 1 uMeHHO 5TO 0GCTOSATEIBCTBO
MOTHBHUDYeT paciiupenue noisd R 1o noas koMmiekcHux qucetd C, B koTopom
muorowten X2 4+ 1 umeer kopuu ¢ u —i. 3 KaxKJ0ro KOMILIEKCHOIO YHCIa
MOXKHO W3BJ€Yb KBapPaTHBIH KOPEHb, O3TOMY HU3BeCTHas (POpMYyJaa s pe-
[IeHNs KBaJpaTHOTO ypaBHEHIs MTOKA3kIBaeT, 9T0 BCAKu MHOorowaer u3 C[X]
BTOpOu crenenu umeeT Kopeb B C. Ecau 6vl cyliecTBOBaJ MHOTOYIEH P U3
C[X] crenenn > 2, we umetoiuii kopueir B C, TO MOXKHO GBLIO TOCTPOUTH
KoHedHOe paciimpenne noasi C, B KOTOpOM p nmMeeT KOpeHb (IO aHAJOTHH C
TeMm, Kak camo nojte C nonydaercs npucoeiutenueMm kK R kopHel MHOTOuIe-
na X2+ 1). Koneunoe pacuupenue noas K — oo mone L, comepxariee K
B Ka4yecTBe MOANOAA U TaKoe, 4To I ABIseTCS KOHEYHOMEPHBIM BEKTOPHBIM
npoctpancTBoM Hag K. PazmepHocTh BekTopHOro mpocTpancTBa L Ham K
Ha3bIBaeTCA cmenenblo paciinperus L u o6osuadaercs depes [L : K]. Onna
I3 3KBUBAJEHTHBIX (POPMYJIUPOBOK OCHOBHOU TEOpPEMEl aareGphl 3aKa04daeT-
cst B ToM, 970 y 1o/ C HeT cO6CTBEHHBIX (T. €. OTIHYHBIX 0T camoro moas C)
KOHEYHBIX PaCIIupeHui.

Teneps gajgum oOliee onpeneienne: noae K Ha3blBaeTCs a12€0paudeck
3AMKHYMBIM, Cal BCAKUE MHOPro4ideH crenedn > 0 ¢ kopdpdunuenTamu B K
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nMeeT KopeHb B K. PxBuBaJeHTHO, Tojge K aare6pamvdeckn 3aMKHYTO, eCaH
y HEro HeT COOCTBEHHBIX KOHEYHHIX paciiupenui. Pam 6yreT y100HO HCIOJb-
3OBATH ellle JBe XapaKTepuzallii ajreGpandecki 3aMKHYTHIX Tojeid. MHOro-
€ied Hajg K HasBIBAeTCA HENPU60JUMbLM, €CAT OH MMeeT cTemeHb > 0 u He
IpeJCcTaBiAM B BIje NPpOU3BeleHus MBYX MHOro4wieHoB n3 K[X] cremenn > 0.
Penpuognvbie MaHOTOYIeHE B KOqblle K[X | aHATOTHIHBI TPOCTHIM YHCIAM B
KOJIbIle 7 TeNbIX 4ucel: BCAKNN MHorowieH n3 K[ X | packiagbiBaeTcs B mpo-
H3BejIeHIe HEeIPUBOIUMBIX, PUYeM pa3jioKeHue OJHOZHAYHO ¢ TOYHOCTHIO M0
HOPSITKAa COMHOXKUTENEN U UX YMHOXKeHUs Ha »ieMeHTh u3 K. PTo cBolicTBO
koabia K [X] BeiTekaer us Toro, uto K[ X] siBisercs xoabyom 2aasnbiz ude-
(4061 KazKIbIN 1 [ead MOPOXK IaeTcs OJTHUM djieMeHToM. Bece MHODOUIeHEL cTe-
meHn | HEeNPUBOIUMBL, a 06paTHOE BEPHO TOI'a U TOJBKO TOIa, KOTTa HoJe
K anre6pandeckn 3aMKHYTO.

Pycrs EF — BekTOpHOe mpocTpaHcTBO Ham mojem K u A @ F — F —
JUHEeNHbIH onepaTop. BekTop v € F Ha3biBaeTCH COOCMEEHHBIM 6EKMOPOM
omeparopa A, ecan v # 0 u Av = Av mas HekoToporo A € K.

TEOPEMA 1. Juas ecaxozo noas K caedyiowjue ycao6us pasHocuaibtbl:

1) scaruti mnoeounen uz K[X] cmenenu > 0 umeem xopenv 6 K (unvtuu
caosany, noae K areebpauuecku 3amxnymo);

2) ecau E — roweunomepunoe éexmopnoe npocmpancmeo nad K, ne ceéo-
daueecs K nymo, mo ecaxut aunetinui onepamop A 1 E — E umeem
cobemeenubll 6EKMOP;

3) noae K mne umeem xoneunviz pacwupenut, omauunviz om K ;

4) ecarut nenpueodumvlii mnozouser nad K umeem cmenens 1.

1) = 2). Pyers A @ ' — FE — jaumenuniii onepatop un p(X) =
=det(X - 1g — A) — xXapakTepucTHYecKNi MHOTOWIeH omepaTtopa A. 3mech
1g — ToxmecTBeHnbn onepaTop B F. Ecin K aarebpandeckn 3aMKHYTO, TO
MHOTOWJIeH p uMeeT kopetb. CilemoBaTenbHO, Ipu HeKoTOpoM A € K omepa-
TOp A - lp — A nmeer HyxeBoul ompegeruTensb n noromy (A-1lgp — Ajv = 0
s HEKOTOPOT'O HeHyJeBoro BekTopa v € IY. Torma Av = Av, Tak 4T0 ¥ —
COOCTBEHHBIH BEKTOp omepaTopa A.

2) = 3). Pycts L — xomednoe pacmmnpenne noxas K. 3adukcupyem
x € L,uwnyers A: L — [ — JquHelHBI ONepaTOp YMHOXKEHUS HA &, ONpe/e-
nenusiin popmyaon A(y) = zy. CornmacHo 2), y onepatopa A ecTh cOGCTBEH-
ol BekTop Ha g K. Takum o6pasom, xv = Av = Av npu HEKOTOPHIX A, v € K,
v # 0. CanenoBarenbro, t = A € K n L = K.
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3) = 4). Ecsm p € K[X]| — HenpuBOAnMBIll MHOTOYWIEH CTeneHn n > 1,
TO (pakTOpKOALIO Koabla K[X] 1o ujgeary, NOpokK eHHOMY MHOT'OYICHOM P,
ABIAETCSH COOCTBEHHBIM paciunpenneM nojs K (cremenu n).

4) = 1). P10 0veBnIHO, NOCKOIBKY BCAKNI MHOTOWIEH pa3iaraeTrcs B
Ipou3Be/ieHne HellpHBOINMbIX.

MBI BHIHM, 9TO OCHOBHYIO T€OPEMY ajrebpbl MOKHO CHOPMYIHPOBATH
TaK: M1oJie KOMILIEKCHBIX YHCeN VI0BIeTBOPSIeT SKBUBAIEHTHBIM YCJIOBUSIM T€O-
pembl 1. MOXKHO faTh ellle OTHY O CYIIECTBY SKBHBAJIEHTHY O (POPMYINPOBKY,
OTHOCSHIIYIOCS YiKe K MO0 R TefiCTBUTENbHBIX YHCeN: 6CAKUT HENPUE0JUMbL
mruozouten nad R umeemn cmenens < 2. PokakeM, 9TO 5TO yTBepXKIeHIe
paBHOCHIBHO anrebpandeckoil samkuyToctn moas C. /[lns xaxgoro a € C
nycth p, € R[X] — munumaronoiii muozouren qucia a, T. e. MHOTOUICH MII-
HIMAJbHOH BO3MOMKHOU CTereHt, NMeolHil ¢ CBOMM KopHeM. [ IaBHBII 1 1eal
{p € R[X]: p(a) = 0} xoabna R[X] mopoxraercs MHOTOUICHOM P,. NHBIME
cjoBaMu, BCAKII MEOrOYIeH u3 R[X], nMerouinii @ ¢cBonM KOpHeM, JeJuTCH Ha
Po- Ecana € R, ro p, = X —a, ecim e a € C\R, 10 p, = (X —a)(X —a), rge
@ O3HAYaeT YUCI0, KOMIUIEKCHO CONpsiKeHHoe K a (ecan ¢ = x + yi, x,y € R,
TO @ = x —yi). P pennonoxnm Teneps nsBecTHHIM, 9TO noie C anrebpandeckn
saMkHyTO. PycTh ¢ € R[X]|— npousBoibHBEI MHOTOWIEH cTenern > 2. Torma
q nmeetr koperb a € C. CregoBatensho, ¢ neanrcsi B R[X] nHa MHOrOWIEH Py
cTemenn < 2 M TOTOMY He ABIseTCS HEMPUBOINMBIM. OOpaTHO, IYCTh M3BECT-
HO, 9TO BCe HempuBoanMbie MHOTO4IeHE B R[X] nmetor crenens < 2. Tora
BCAKHI OTAMIHBIN OT KOHCTaHTH MHOTOo4IeH u3 R[X] pasaaraercs B mpousse-
JTeHne MHOTOYWIEHOB cTenenn < 2 n noroMmy umeer kopeib B C. PycTh Teneps
P — OTJIMYHBIN OT KOHCTaHTHI MHOrO4UteH Han C, a p — MHOTOYIEH, MOJIy-
YeHHBIH U3 P 3aMeHON BCeX KOX(PUUUEHTOB Ha KOMILIEKCHO-COTPSKEHHBIE.
MHoro4ieH pp HMeeT BelleCTBeHHBIe KOX(DDUIHEHTH 1, CIeT0OBATEIBHO, HMe-
eT koperb a € C. Yncio a sBaseTcss KOpHeM JH00 MHOTOYJIEHA P, IHOO MHO-
rowiena p. B mocaennem ciaydae @ spasercs kopHeM mist p. Takum oGpaszoM,
P UMeeT KOpeHb.

3. JOKABATEJIbLCTBA

[IEPBOE JTOKABATEJILCTBO. <« Pyers p(z) = 2" +a, 12" 1+ 4 ap —
MHOT'OUJIEH CTeMeHn N > 1 ¢ KOMILIeKCHBIME KO pHUIHeHTaMu (CTApIINi KO-
SpPUIIEHT MBI CINTaeM PaBHBIM eINHIIE, YTO He OTPAaHNINBaeT OOIIHOCTH).
P pernonoxnm, 9T0 p He nUMeeT KOpHEH, I NPHIeM K HIPOTHBOPEINIO.

PycTh 2 paBHOMEpHO ABMMKETCA MO OKPYKHOCTH pannmyca R ¢ MeHTPOM B
HyJe B MOJOKHUTEeJbHOM HallpaBJeHUN (T. €. IpOoTuB I{aCOBOIK;I CTpeJIKI/I). TO‘{—
Ka 2" 6yjerT npu DTOM JIBHMAThCSH MO OKPYKHOCTH pamuyca R™ ¢ yrioBoi



56 B. M. Tuxomupos, B. B. Ycneuckui

CKOPOCTBIO, B N pa3 MPeBOCXO/IsAIIell YIJIOBYIO CKOPOCTh TOYKH 2. PTo cieny-
eT 3 TMpeICcTaBIeHNs 2 B «TPUTOHOMETPIHYecKOn (opMey: ecan z = R(cos ¢+
+sin @), To 2" = R"(cosng + sinnp). Korga z cosepuiaeT ogui MOMHBIH
06opoT, Touka z" coBepiiaeT 1 060pOTOB BOKpYT Hyas. Pomoknm b(z) =
= a,_12""1 4+ -+ ap. Ppu 60abuux R 4uciao b(z) npere6pexumMo Majdo mo
CpaBHeHHIO ¢ 2", MOdTOMY JABIKeHHe To4Ykn p(z) = 2" + b(z), ecan HabIiO-
JaTh ero n3jpajgexa, oyaeT IpakTHIecKH HeOTANIHMO OT JABUKEHUA TOUYKH 2",
CremoBaTenbHO, TOUKA p(z) COBEpIIAET CTOMBKO Ke 060POTOB BOKPYT HYJA,
CKOJABKO 1 2", T. e. n 060poToB. CyIIeCTBEHHO 3/ech TO, YTO OTPE30K, CO-
equHsOmNN p(z) ¢ 2", He mpoxoauT depes 0 (mpm [b(2)| < |2"]), mosTomy
IBIKeHNe TodeK p(z) m 2" MOXKHO MpoaedOpMHpOBATH OJTHO B Ipyroe, He
IpoXoAs MpH >ToM 4depe3 0 M TeM caMbiM He MeHsAs Yicia 060POTOB.

C npyroit cToponbl, ecin R 61u3K0 K HyIi0, TO p(z) 6im3Ko K ag. Korga z
COBepIIAeT MOJHBIN 060POT O OKPY/KHOCTH MAJOTO panyca, p(z) OmuCHBaeT
3aMKHYTYIO KPUBYIO BOAU3N dg. Pockoabky ag # 0 (uHade p mmen GBI Ko-
perb 0), Takas KpuBas He OXBATBIBaeT HY.Jf, TaK 9TO IpPH MaIblx R TodYKa
p(z) coepmaeT 0 060POTOB BOKPYT HY.IS.

Pynem Temepb mMeHsTh R n cieanTh 3a TeM, Kakoe qncio n(R) 060poTos
coBepIIaeT TOYKa p(z) BOKPYTD HYJs, KOD[Ia Z TelaeT OJUH TMOJHBIH 060pOT
110 OKpyKHOCTH panyca R. «Iuncio o6opoTosy Toukn p(z) BOKpYT HYJIs OBLIO
OB He OlpejeNeHo, ecli Obl DTa TOYKa MPH CBOEM JBHUKEHIH MPOXO,TH/Ia depes
Hyab. Tax kax MBI mpegnoraraeM, 9To p(z) # 0 npm Beex z, To n(R) ompe-
neneno npn Beex R. flcuo, uto n(R) HenpepwiBHO 3aBucHT 0T R. POCKOIBKY
Gyrakuns n(R) TpuHEMaeT TOABKO HeXble 3HAYEHNs, OHA JOKHA OBITH MO-
crosuna. Oguaxo Ml Bugern, ¥to n(R) = n npu 6oabumx R u n(R) = 0 upn
Malbx R — mpoTuBopedne. p

Kommenrapui. Pro mokazarenbcTBo npuBognTcs B [6]. PescHo, kTo mpumy-
MaJi ero nepBbiM; KoaMoropos uaiarad ero B cBoux jgeknusx B 30-e rogsl. Bor
kak nuiryT 06 srom B. I'. Poarsuckuit u . M. Araowm [8, ¢.11]: «B 1937 roxy
B cBoell Jeknuu ,,OcHOBHAs TeopeMa ajarebpu” akamemux A. P. Koamoropon
H3J0XKHJ [0 CYIIeCTBY IOJHOE MOKAa3aTeIbCTBO TEOPEMBI O CYIIeCTBOBAHUU
KOMILIEKCHOT'O KOPHSi y BCAKOTO aqreGpandeckoro ypaBHenus. Pro goxasza-
TeNhCTBO, NOJAYUHUBIIIEe B MIKOJILHOM KPYXKKe HaumeHoBaHue ,,/[lama ¢ cobad-
Koi“ (ecam TaMa TyaseT BOKPYD HOMa ¢ cOGadKON Ha IMOBOJKe, TO cOGATKa
Oy IeT BHIHY K TeHA ClefaTh CTONBKO Ke 000pOTOB BOKPYT' 0Ma, CKOJIBKO U Ca-
Ma JaMa) BIIOCTeJCTBIHH TOYHO B TAKOH ke popme 6BII0 onybInKoBaHO B [6].»

[lenuTenn MaTeMaTHYECKOU CTPONOCTH MODYT OCTAThCS HEY IOBJIETBOPEH-
HBIMU TaKUM PACCYKIEHUEeM: Bellb Mbl He ONpeIeNin, 4TO Takoe «1ucio 060-
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POTOBY, U HEe JOKA3aJdl, YTO OHO OCTAETCA MOCTOAHHBIM NPU HEMPepbIBHLIX
JgedopMannax. YKaKeM, KaK YCTPaHUTh DTH HEJIOCTATKH.

Pycrh f — HempepbiBHAs KOMILIEKCHas (PYHKIHUS, ONpeejeHHas Ha OT-
peske [0,1] n mpuHmMarolas paBHbIe 3HAYEHUs Ha KOHIAX OTpeska. Ppei-
nojoxknM, 9To f(t) # 0 upm Bcex t. Torma wuc.io o6opomos BOKPYT Hy.d,
coBepiaeMbix Todkon f(t) mpm mBuxkennu t ot 0 k 1 (3T0 Yncao MBI 6y-
rem obosuatarh depes W(f)), onpenensercs cregyiomunM obpazom. Pycrs
U={z€ C:|z| =1} — emnnudnas oKpy:xKHOCTh, I € : R — U — ¢yukius,
onpegenennas opmyaon e(t) = cos 2wt + isin 27t (9Ta QYHKUAA «HAMATHI-
BaeT» NPAMYI0 Ha OKPY:KHOCTB). Ppennosoxknm cmepBa, 4T0 f HpHHIMAET
snadenns B U, To ects 9T0 |f(f)] = 1 mpm Bcex t. CyliecTByeT HempephiB-
wasg pyuxuns h : [0,1] — R, Taxas, aro f(t) = e(h(t)) musa Bcex t € [0,1].
Ecan h' — gpyras ¢yEKnug ¢ TakuMm ke cBOUcTBOM, To i/ = h + ¢ mi1a me-
KOTOPOW KOHCTAHTH ¢ (ABIAMOIMIENCS [METBIM YHCIOM), TOITOMY Hel0e GHCI0
W(f) = h(1) — h(0) onpeneneno oanosuaino. Pro neroe 4ucio n Ha3bBaeTCA
qucIoM 060poToB. B obleMm ciydae, Korga 3Hadenus GyHkuun f HeobsAza-
tenbHo Jexar B U, moraraem W (f) = W(g), rge g : [0,1] = U — dyuxuns,
onpegerennas gopuyaon ¢(t) = f(t)/|f(t)].

Pyctb Teneps st kaxgoro s € [0, 1] sagana pyuxuus f; : [0, 1] — C\{0},
takas, 9T0 f5(0) = fs(1). Ppexmonoxum, aro cemeiictBo {f;} HempepsBHO
3aBHCHT OT TapaMeTpa s B TOM cMbICIe, 9To pyukuus F'(s,t) = f,(t) Hempe-
peiBHa Ha kBagpare [0, 1]%. Torga W (fs) me saBucut or s (3To u ozHavaer,
9T 4NCJI0 060POTOB He MEHAeTCs IPH HelpephIBHBIX AedopManusx). /lis mo-
Ka3aTelbCTBa MPeIotoKnM, 9To 3Havenns pyukunn I aexar B U (obmmit
cIydail cBOguTCA K dToMy 3amenon (pyukunn F ua I'/|F|). CymectByeT Takas
nenpepbiBias gynknus H : [0,1]*> — R, x1a kotopoit F = eo H. lenoe 1ncio
W(fs) = H(s,1) — H(s,0) HempepbIBHO 3aBUCHT OT § U HOTOMY IOCTOSHHO.

Ppu onpegenennn qucaa W (f) u npn nokasarenbCcTBe ero NHBaApHAHTHO-
CTH TpH AeOPMAlNAX Mbl HOJH30BAINCH CASAYIONIUM CBOUCTBOM (PYHKIMK
e : R — U:ecan X — orpesox manm kBagpaT n F : X — U — Henpepnis-
Has (PYHKIHUSA, TO cyllecTByeT HempepbiBHas pyHkmus H : X — R rTakasd,
gro I = e o H. Takas ¢yukuus H maspoiBaeTca nodwamuem Gyoxoum F
oTHOcHTenbHO €. CylllecTBOBaHWe MOAHATHI B HallleM caydae HeTPY,IHO TOKa-
3aTh HENOCPEICTBEHHO: HalpuMmep, ecan X — KBaJgpaT, TO MOKHO pa3OoUTh
X Ha MaJeHbKHe KBapaTHKN, 00pa3 KayKI0oT0 U3 KOTOPLIX npu I aBiseTcs
COOCTBEHHBIM MOAMHOKecTBOM okpy:KHocTin U, u ctpouth nojgudatue H mo-
cleloBaTeNbHO Ha DTHX KBajJpaTHKax, MPOXOs UX PAI 3a psajgoMm. Pa camom
Jiefie 0ToOpayKeHne e SBISeTCA IPHMEPOM HAKPLIMUAL, U MOKHO COCTATHLCA Ha
OOIIYIO TeopeMy: 0TOOpazKeHe OMHOCBA3HOIO MIPOCTPAHCTBA BCEra MOKeT
OLITH MONHATO B HaKphITHE [15, 13].
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M&br onpeesiin 0To6GpazkeHe € Yepes CHHYC W KOCHHYC. Ppu nocienoBa-
TeIBLHOM MOCTPOEHNH OCHOB aHaJm3a (Gojee eCcTECTBEHHO MOCTYNUTH HA060-
pOT: ciepBa BBeCTH 0TOOpazKeHHe €, a 3aTeM 4Yepe3 Hero OnpefelnTh CHHYC
u kocunyc [12]. Unmenno, e(t) = 2™ rme * = 3.0, 2" /n! mis 1060T0 KoM-
niekcHoro z. OrmernM, 4To HakphiThe € : R — U sBasercs roMmomopduzmom
TOMOMOTUYECKHX T'PYIIIL.

BTOPOE NOKA3BATEJALCTBO [10]. <« Muorounen p € C[X] crenenu n 3a-
JTaeT oToOGpayKeHHe CTeNeHH 1 KOMILIeKCHON MpOeKTHUBHOH NpAMON B cebs.
CregoBaTenbHO, 5TO 0TOOpaKeHne CIopbeKTuBHO npn n > 0. B gacTtrocTH,
ypaBHeHue p(z) = 0 nMeer pernenne. p

Kommvenrapui. PosicHuMm MOHATHS, KOTOpbIE UCHOJb30BaHbI B 3TOM [JTOKa3a-
TeabcTBe. /14 HAIIUX Heell KOMILIeKCHYIO TpoeKTuBHyto npamyio CP! moxuo
ONpPeJeJiTh MPOCTO KAK OMHOTOYEYHYID KOMIAKTH(MUKAIUIO MPOCTPAHCTBA
C. Nubmu crosamu, CP1 = C U {oc}, npnieM oxpecTHOCTSME 6eCKOHETHO
VIAJeHHON TOYKH CJAYKAT JOMOJHEHUS [0 BaMKHYTHIX OIDAHHYEHHBIX T0/-
muoxkecTB B C. PpocTtpancto CP! mMeeT ecTecTBeHHYIO CTPYKTYpY OpHeH-
THPOBaHHOT'O I'IaIKOro MHOroo6pasus, npu srom CP! ruddeomopduo asy-
mepHroil cepe. Orobpaxenue p : C — C npojgoimxkaercs [0 1IaKoro 0TO-
6paxenus p: CP! — CP! rakoro, ato p(oo) = oc.

Kaxx oMy HempepbIBHOMY 0TOOPAKEHMIO MK Iy OPHEHTHPOBAHHBIME KOM-
HAKTHBIME CBA3HBIME TOMOJOMMYeCKHME MHOT'O0ODAa3UsiME OMHOW paszMepHO-
CTH COTOCTABJISAETCS 1€J10e YHUCIO0, Ha3biBaeMoe cmenenbio oTobpaKenus. B
NepPBOM JOKA3aTeNbCTBE Mbl (PAKTHYECKH BBeIN (IO Ha3BAHMEM (IHCIO 000-
pPOTOB») TOHSTHE CTeNeHn OTOOpaKkeHHs OKPYKHOCTH B cebs. /las raagkmx
OTOOPaYKeHUH DJIAJKHX MHOTOOOGpa3uil CTeleHb MOYKHO ONpeNeNuTh ClAely-
oM o6pazom. Pyers f @ M — N — ruajgkoe orobpaxkenue Mexmy k-
MEPHBIMH OPUEHTHPOBAHHBLIMU KOMIIAKTHBIMH CBSIBHBIMH MHOPOOODABUSAMU.
Touka z € M wuasbiBaeTcsi kpumuueckot, ecan jgudpdepennuan df,, saBis-
IOLTHICS JUHEHHBIM 0TOOpaKeHneM KacaTeabHoro npoctpatictBa 1, M B ka-
careabHoe npocTpancTBo T,y N, Boipoxkten. Touka y € N HaspiBaeTcs pe-
2YASAPHBIM BHAUEHUEM, €CIH OHA He SIBAeTCS 0OPa3oM HUKAKOU KPUTHYECKON
roukn & € M. W3 Teopemer Capja BeiTekaeT [10], 9T0 peryasipubie 3Ha4YeHUs
cymectBytor. Pycrs y € N peryaspuo. Torga ducao Touex & € X, Takux,
aro f(2) = y, koueuno. Pyers 2q,...,2p, Tpt1, ..., Lppqy — BCE TaKHe TOU-
Ki, npudeMm nuddepennualil oTobpaxkenus [ coxpaHseT OPUEHTALNIO B TOY-
KaX Z1,...,Tp I OOpalljaeT OPUEHTAINIO B TOUKAX Tpi1, .. ., Tptq. CMENEHDIO
oTobpaxkenus [ HazwiBaeTcs qucao p—q. [lokazbiBaercs, 4T0 3TO YUCIAO HE 3a-
BHCHT OT BhIGopa peryasipuoro y € N. Ecan f(M) oranaro ot N, To cTenens
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paBHa HyaII0, Tak Kak Jo6oe y € N\ f(M) peryispHo, a misi Takoro y Mel
umeem p = ¢ = 0. Takum oBGpazom, eciu crenedb orobpaxkenus f: M — N
oTandHa oT Hyas, To f(M) = N.

[Nas orobpaxenus p: CP — CP! xpuTnieckuMu ToIKaMu CIy:KaT HyId
npousBoanoit p’ u (npum n > 1) Touka co. Takux TovYek koHedHoe 4ucyao. Bo
BCAKOU HEKPUTHYECKOU TOYKe z MudepeHIinal IBJIseTCS yMHOKEHIEM Ha He-
HyJIeBOe KOMILIEKCHOe 9nciao p'(z) u moroMmy coxpatseT opuenTanuto. Orciona
BBITEKAET, YTO CTelleHbh OTOOPaKeHUs P MONOKUTEIbHA 1, CAETOBATENBHO, P
CIOpBEKTHBHO. Pa caMom feqe crenedb oTobpazkeHnus p paBHa n. PrTo ciefry-
eT M3 TOro, YTO s KayKJOT'O PeryisipHOrO y ypaBHeHHe p(z) = y nMeeT n
Pa3JIMYHBIX peIleHu.

OTo6paxkenne p : CP! — CP! ABISeTCS n-AUCTIHDLI PA36EMEACHHDIM H-
kpvimuen [14]. [las Takux 0TOOpaKeHN KOPPEKTHOCTH ONPETeIeH s CTeleHn
(T. e. HE3ABHCHMOCTH OT BHIOOpaA PETy.ISPHOTO 3HAYEHNS y) odeBHAHA. PosTo-
My HPOBeJeHHOe JOKa3aTelbCTBO HMeeT BAPHAHT, He 3aBUCALIUN OT OOIIero
onpejIeJeHus CTEleHH.

TPETHE TOKA3BATEJALCTBO. PaccyxXjeHnne, HaMedeHHOe B MpPeIbIIyIeM ab-
3ale, MOXKHO 000OIINTh.

« Penocrosnnoe rojoMopduoe oTobOpaxKenne MeX Ty KOMIAKTHLIME CBA3-
HBEIMW PUMaHOBBIMHA TOBEPXHOCTAMMU ABAAETCA N-TUCTHBIM Pa3BeTBJIeHHBIM Ha-
KpPHITHEM TpH HeKOTOpoM 1 > 0 it moToMy ciopbekTuBHO [14]. Ppumennm >y
TeopeMy K oTobpazxennio p : CP1 — CP!, onpejenrennomy MHOIOYIEHOM P
crenmern n > 0. Kouniexcras npoexkTtusras npamas CP! mveer ectecTsen-
HYIO CTPYKTYPY KOMIAKTHOU CBSABHOW PUMaHOBOU MOBEPXHOCTH, 8 OTOOpaKe-
Hie p rosomopguo. CaeroBarenbHo, p clopbeKTuBHO. B vacTHOCTH, P HMeeT
KOpeHb. P

Kommvenrapu. Jumanosa nosepriocms — 3TO TOJOMOP(PHOE MHOT00Gpa-
3He KoMILIeKcHOU pazMeprocTu 1. Takoe MHOTOO06Paze MOKET GbITh TOKPHITO
OTKPBITHIMH MHOXKECTBaMHU, KaK 10 i3 KOTOPHIX OHTOJOMOP(pHO DKBUBAJEH T-
HO (T. e. H30MOP(PHO KaK PUMAHOBA MOBEPXHOCTH) OTKPHLITOMY €JNHIIHOMY
kpyry U B C. Besikoe rojomopguoe orobpaxkenne [ : X — Y onnoll puma-
HOBOI TOBEPXHOCTH B APYIYI0 JOKAJbHO YCTPOEHO TaK JKe, KaK 0ToOpaKeHune
2z — 2F 13 U B cebs npn mexotopom k > 0 [14, npernoxenne 2.1]. Toumee,
nycth ¢ € X n y = f(z). Ecin f HemocTOSHHO Ha KOMIIOHEHTE NMOBEPXHOCTH
X, comepxaliein TOYKy &, To cyilecTByioT okpectHoctu Ox u Oy TO4YeK &
uy #Ha X u Y, COOTBETCTBEHHO, H30MODMPU3ME PUMAHOBBIX MOBEPXHOCTEH
¢ :U — Oz n: Oy — U n nenoe qucao k > 0, takne, aro ¢(0) = z,
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Y(y) = 0, f(Oz) = Oy m ¥fp(z) = zF gna seex z € U. Kaxmas Toaka
B Oy \ {y} umeer posuo k mpoob6paszoB B Ox. Yucio k HasbiBaeTCs undek-
com eemseaenus orodpakenns f B Touke x. O603HAYUM DTOT WHIEKC HYepes
ef(z). Ecan ef(z) > 0, To rosopar, uro f passemeseno B x. Ppermonoxnm,
aro X m Y xommakTuBI u cBssubL. Pycth y € Y, f7l(y) = {z1,...,2,},
ki = ez(x;), 1 = 1,...,p. ¥ Toukm y ecTb Takaf okpecTHocTb QY, 4TO
/~YOy) = Oz U ---U Ox,, upniem okpectioctn Ozy,...,0z, nonapHo
He mepecekatoTcs u orobpaxkenne f|Ox; : Ox; — Oy usoMopdHO 0TOGpazKe-
rmio 2 + 2% xpyra U B cebs, i = 1,..., p. Porowmv n = n(y) = ky +- - -+ k,.
Mas mo6oro iy € Oy \ {y} npoo6pas f~1(y') coctouT poBHO U3 N TOUYeEK, B
KayKI0Hl M3 KOTOPHIX oToOpazkeHne f He pasBeTBAeHO, modTomy n(y') = n.
Taxnm o6pazom, pyHKIus 7(y) J0KaIBHO MOCTOSHEA Ha Y. BBy cBAzHOCTH
Y oma mocTosiHHA W BCIOAY NMpHHUMaeT 3HadeHne n. B wacraoctm, n(y) > 0
JIs M060T0 Yy € Y, Tak 4To f ClopbeKTHBHO. YTBepKaenue, 9To f ABisercs
N-AUCTHBIM Pa3BeTBICHHBIM HaKPBITHEM, 03HAYaeT, YTO [ yCTPOEHO TakK, Kak
ONUCAHO BHIIIE.

YETBEPTOE JOKABATEJbCTBO [14, 16]. <« MHorouien p crenenn n samga-
eT MepOMOpPQPHYIO PYHKIHUIO HA CP' ¢ nontocom mopsAfKa n B ToUKe 00. Me-
poMopdHad PYHKIHI Ha KOMIAKTHOR PAMaHOBON MOBEPXHOCTH MMeEET OInHa-
KOBO¢e 1H1CJI0 HyJIefI 1 MOJKCOB, eClin Ka)K,[[bIIjI HYyJdb 1 MOJIOC CIUTATh CTOJBKO
pa3, KaKOBa ero KpaTHOCTD. CJIe,[[OBaTeJIbHO7 MHOT'OYJeH p mMeeT, C y9eTOM
KpPaTHOCTEH, POBHO 7 HyJed. »

Koummenrapui. Mepomopdnas @ynrxyus Ha puMaHOBOU moBepxHocTn X —
5T0 Takas roaomopduas ¢pyukius f: X \ D, 970 D 3aMKHYTO U THCKPETHO
B X, a f mMeer mosfoc B Kaxkjgonl Touke a € D, T. e. lim,_, |f(2)] = oo.
Takyto GYHKIHIO MOXKHO OTOXKJECTBATEL ¢ TodoMopdHon (qpynkumeir n3 X B
CP!, xoTopylo MB 0603Ha4nM cHOBa depes f. Oupegennm nopadox ord, f
dyakuuu f B Touke & € X. Ppemnosoxkum mas mpocrorsl, uto X = U u
x = 0. CymecTByeT n eIWHCTBeHHO Takoe medoe k, ato f(z) = 2%g(2) mpnm
Bcex z € U\ {0}, rme ¢ — rosomopduas ¢pyukuus B U, Takas, 9to g(0) #
# 0. Pomaraem ord, f = k. PTo onpefenenie nepeHOCHTCS Ha TPOU3BOJAbHBIE
pUMaHOBHI MoBepxHOCTH. Fean k = ord, f > 0, To f uMeeT HyI1bH TOpAIKA
k (mmm xpatrocTu k) B Touke z, ecau ord, f = —k < 0, To f nmMmeeT moJioc
nopsaika k.

YTBep:K IeHne, 9To mepomopPuas dynwyus [ na xomnaxmuoi pumano-
60t noseprnocmu X umeem 0dunaKo60€ YUCAO HYAEl U NOAOCO6, O3HATALT,
qTO cymma Y oy ord, f, 6 KOMOPoOU MoAbKO KOHEUNOE WUCAO UAEHOE6 OM-
AUUHO OM HYaR, paena nywo. Pymem pacemaTpuBaTh f Kak ToaoMopdHoe
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orobpazxenne us X B CP'. Ecan 2 — nyab ¢pynknun f, To HHIEKC BeTBICHUS
ef(x) pasen nopagky ord,(f), ecan @ — noutoc, To ef(z) = — ord, (f). Takum
o6paszom, paBeHcTBO Y .y ord, f = 0 BHITekaeT W3 ycTaHOBJEHHOTO B Tpe-
JBIIYIIEM MOKa3aTelbCTBe MOCTOSHCTBA PYyHKINN y — n(y) = Zf(x):y e(z),
KoTopas Kaxjgomy y € CP! comocrapifeT cyMMy HHIEKCOB BeTBIEHHS IO
BceM ToukaM x € [T (y).

JaguM Ipyroe mokasaTeabCTBO DTOTO (PpaKTa, OCHOBAHHOE Ha MOHSITHH
BEIYeTa Aupdepernaibuon GopMel u Ha Teopeme CTokca.

4 Mepomopdpuas nuddepennnanbias GopMa w B OTKPLITOM MHOXKeCTBe
X C CzanuceiBaercs B Bujge w = fdz, rae [ — mepoMmopduas pyukunus B X .
Boiuem res, w popMbl w B Touke & € X — BTO JeJeHHBIH Ha 27¢ WHTerpaJ
(hOpMEI W MO KPpaio MaJeHbKON OKPeCTHOCTH TOUKH z. Feanm f nmeeT mouioc
BTouke x 1 f(2) => " a,(z— )" rae k =ord, f <0, 0 res, fdz=a_y.
Ecau f romomopdua B x, 10 res, fdz = 0. Poustue Mmepomopduoilt popMel 1
ee BBITETa B TOUKE MEPEHOCHTCA Ha MPOU3BOALHBIE PHMAHOBH MOBEPXHOCTH.

JlokaykeM, 9TO CyMMa 6bI4EMO6 MepomopProt dupdepenyuatbruoii Gopmsl
A KOMNAKMHOT PUMAH060t noseprrocmu pasna wy.ao. PycTh w — Mepo-
MoppHas rudgdepennnaibias popMa Ha KOMIAKTHOH PHMaHOBOH MOBEPXHO-
cru X, n xq,...,2, € X — Bce moaoca GopMbI w. OKPYKIM KaK IBIH MOJIOC
#; MaJeHbKOU OTKPBITOH OKPECTHOCTBIO V; ¢ IMaJKOH IpaHHIell U MOJOKIM

V=ViuU---UV,. Torga

Z res;w = zn:resx]w = jzi;/avj w/2mwi = /avw/Qm'.

zeX =1

Ppu srom cunraercs, uTo V uMeeT ecTeCTBEHHYIO OpHEHTAIUIO PHUMAaHOBOW
moBepxHOCTH, a OV wWMeeT opmeHTaNunio Kpas. PaccMoTpnm opneHTHpOBaH-
HOe KOMMakTHoe MHOToo6pasue ¢ kpaem Y = X \ V. Ero kpaem siBaseTcs
OpHUeHTHpoBaHHOe MHOT0OGpasne JY = —dV | rje 3HaK MUHYC yKa3BIBaeT Ha
m3MeHeHue opuenTanuu. Ppumenum Teopemy Crokca K MHOToOoGpaszuto Y u
nupdepernuaibion gopme w. CoryacHo 3TOl Teopeme, faY w= fY dw. Dop-
Ma w rojgoMopdua B okpectHocT X \ {21, ..., 2, } MHOroo6pasus Y n notTomy
saMkuyTa: dw = 0. Takum o6pazom,

Zresxw:/ w/Qﬂ'i:—/ w/2mi =0,
1% Y

zeX 9
4TO U TpeboBaJOCh.

Pycrs Teneps f — mepomopdHas (PyHKIUS HA KOMIAKTHOH pUMaHOBOW
noBepxuoctu X . /Joxkaxem, 4To [ uMeeT OMHHAKOBOE YUCJO HyJEH U TOJIO-
COB (C y4eTOM KpaTHOCTEl), T. e. 9TO erX ord, f = 0. Paccmorpum mepo-
Mopduyio muddepennnaabiyio popmy w = df /f. Pra ¢popma nmeer nomoca
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B HYJAX U MoJdtocax GyHKIuE f, npudem res, w = ord, f g kaxjgorox € X.
[las 1oKazaTelbCTBa DTOTO PABEHCTBA MOKHO OIPAHHYHTHCA CIydaeM, KOT1a
z=0mu f(z) = 2¥¢(2), rae g(z) roromopdua B oxpectrocTn Hyas u g(0) # 0.
Torga w =df/f = kdz/z + dg/g. Popma dg/g roromopdHa B Hy.e, TO3TOMY
resgw = resg kdz/z = k = ordg f. Takum o6pazom,

Zordxf:Zresxw:(). >

z€X reX

[IATOE NOKABATEALCTBO [14]. M&r Bugenn, 9T0 OCHOBHAS TeOpeMa aJqre-
OpBI BRITEKAET U3 CJAEAVIONIET 0 (PAKTA: 6CAKOE HENOCIMOAHHOE 2040MOPPHHOE
omobpascenue f 1 M — N mencdy KoMnaxmublmy c6A3HBIMY PUMAHOGLMU
NO6EPTHOCMAMU ClOpBLekmMueno. BLiBemeM >TOT GakT U3 TeopeMbl 06 OTKPHI-
TOM 0TOGpaKEHHUH: f nepesodum omrpblimble MHONCECTNEA 6 OMKPLLINBIE.

« U3 Teopembr 06 OTKpBHITOM 0TOGpaxennn cienyet, 94To f(M) oTKpBITO
B N. C gpyrou croponsl, Tak kak M xommakTHo, TO u f(M) KOMIAKTHO
W, cJefoBaTenbHO, 3aMKHYTO B N. Tak xak N cBA3HO, T. €. He CONEPKAT
COOGCTBEHHBIX HEMYCTHIX OTKPHITO-3aMKHYTHIX MHOXKecTB, To f(M) = N.p»

Kommenrapuii. Po cyTn gena, 5TO H eCTh «MCTHHHBII CTeprKeHb) TOKa3a-
teabcTBa [Janambepa. /Ing [larambepa GbLI, BepOATHO, O9eBHIeH TOT (GaKT,
aro f(C) 3aMKHyTO, I TOTrJAa (B NPEeANOIOKEHNN OTCYTCTBUSA KOPHS) MOXK-
HO HalTH TOYKY 2TOI'O MHOXKECTBa, OnzKaiyto K Hyao. A garee Jarambep
YyTBep#JaJ, 9TO BTO BeAeT K IPOTHBOPEIHIO, 0 CYTH [Aela, JOKa3biBasg OT-
KkpbiTocTh f. [l1s 5TOro on pasaaras o6paTHyio K f GYHKIIIO B Pl 0 Apo6-
HBIM cTenensMm. KoHedHo, He 3Had TOro, YeMy ceildac y4aT y Hac Ha NMepBOM
Kypce, /lataMbep He MOr JoKazaTh CBOH pe3yabTaT Tak, 9TOOLI MOAYYAThH
XOPOIIYIO ONEHKY y HNpHANPYNBOIO COBPEMEHHOI'O IIperogaBaTens, HO CYTh
Jena OH MOHUMaJ IpeKpacHo!

IIECTOE NOKABATEJBLCTBO. Ppegbiyiiee nokazaTelbCTBO HMeeT Baph-
aHT, B KOTOPOM CCHLIKa Ha Te€opeMy 00 OTKPBITOM OTOOpayKeHH! 3aMeHIeTCA
CCBLIKON Ha TeopeMy 06 0O0paTHON (PyHKIIIH.

« Pycts p — mmorouren cremesn > 0, f = p : CP1 — CP! — oro-
Gpazkenue, onpejelennoe >TuM MuorowienoM. Pycrs X C CP! — koneunoe
MHOKECTBO, COCTOfAIIee U3 BCeX Hy.Jeil Mpou3BoAHOI p/ MHOrOWIeHa p U U3
HecKoHevHo yralenHoil Toukn. B kaxgoi Touxe v € CPL\ X nuddepennnan
0TOOpazKeHus [ HeBBHIPOKEH, H U3 TeopeMbl 006 06paTHON (PYHKIUH ClIeIyer,
910 f SABASETCA JOKAIbHBIM JAudpeomopdusmMom B Touke . B wacruocru, f
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OTKPHITO B &, T. €. 06pa3 JI0O0H OKPECTHOCTH TOYKH & ABAACTCS OKPECTHO-
creto Toukn f(z). CrenoBarennno, muoxectso V = f(CP'\ X) oTkphiTo
B CP!. C npyroit ctopontr, MaoxecrBo F' = f(CPl) xommakTno n motomy
samkuyTO. Tak xax I' = V' U f(X), pasnocts F'\ V comepxurcs B f(X) un
noromy koneuna. Pockoabky CP! romeomopguo asymepnoii cdepe, mocTa-
TOYHO YCTAHOBUTH CIEIYIONLYIO JeMMY:

JIEMMA. Dyems V u F — maxue nodmnoscecmea dsymepnoti cepur S?,
umo V' omxpuimo u nenycmo, F zamxnymo, V. C F u F\'V xoneuno. Tozda

F =52

« Ppennonoxum npornsroe: Hafigercs Touka a € S?\ F. BozbMem npo-
m3BOABHYIO TOUKY b € V. Touku a u b MOXKHO COeTUHUTE Ha cpepe GecKoHed-
HBIM MHOXKECTBOM IyTell, MONapHO He HMEIOHINX OOIINX ToYeK, Kpome a u b.
Kaxapii m3 »THX TyTel J0MKeH TepeceKaThes ¢ TpaHnnedn dV MHOKecTBa
V. Taxum o6paszoMm MbI moaydaeMm GeckonetdHoe MHOXKecTBO Todek B 0V. PTo
IPOTHBOPETUT TOMY, 4T0 OV comepKuTcs B KOHeIHOM MHOXKecTBe F'\ V. p

CEJABMOE JOKABATEJbCTBO. Po-Buanmomy, caMoe mpocToe NOKasaTenlb-
CTBO, KOTOpOe 9Yallle IPyTHX BCTpedaeTcs B yueOHMKaX, TakoBo [7, 12].

4 Pycre, xax u paubie, p(z) — mHOrouteH crenenn n > 0. Torga cy-
mecTByeT Todka ¢ € C, B KoToponl dyHKums |p(z)| mocTHraeT MEHIMYyMA.
[eficTBuTenbHo, Tak Kak |p(z)| cTpemMuTcst K 66CKOHETHOCTH TPH 2, CTPEMS-
meMcst K OeckoneqnoctH, To inf.ec |p(z)| = inf.ep |p(2)|, rne B — nocra-
TOYHO GOJBIION 3aMKHYTHIH KpyT. Puxkusas rpans inf,ecp |p(z)| mocruraercs
B CHJITY KOMIAKTHOCTH Kpyra B.

P pennonoxkum, aro p(a) # 0. 3amenss Muorodren p(z) na p(z + a)/p(a),
MBI CBOAUM feno K caydaio, korga p(0) = 1 u |p(z)| > 1 npu Bcex z. Pycts
p(z) = 1+ap 2"+ 4a, 2", rie ay # 0. CBejiem feiio K ciaydato, kKorpa ag = —1.
3 KaK10ro KOMIUIEKCHOTO 9HCIa MOJKHO W3BIeYh KOpeHb k- cTemenn (910
clefyeT U3 3alich 9HCIa B TPUTOHOMeTpndeckoll ¢popme). PycTs ¢ — Takoe
qucao, 9To & = —1/ay. 3avenss muorouren p(z) ma p(cz) =1— 28 + ...
<o+ a,c" 2™ MBI MOXKeM cUuTaTh, 9TO ap = —1.

Sanumenm p(z) B Buge p(z) = 1 — 2% + b(z). Korjga z crpemutcs K Hyrio,
|b(2)| Geckomedno Mago To cpaBHeHHO ¢ |2¥|.
CTATOYHO Majoe MOMOKATeTbHOe dncio, To |b(z)| < zF. Ppn takux z mveem
Ip(z)| = |1 — 2% + b(2)| < 1 — 2% 4 |b(z)| < 1 — npoTuBOpetne. »

B HYaCTHOCTH, eCan T — [HO-

Kommenrapuit. PTo yupomenne ocuoBnon njen /lamsambepa mpHHALI€KAT
mBelinapckoMy matematnky Aprany (1814). Po n on (B Hadame mpoiworo
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Beka) He CMOT OBl KaK clelyeT OOBACHITD, TOYeMy 3a0aYa Ha MEHIMYM HMeeT
pemerne. Bens Torga eme ne poamianch Benepmrpace, [legekunn n Kantop,
KOTOpHIE MOCTPOMIN TEOPUID MEeHCTBUTEIbHOI'O YHCIA.

OtmernM, 4To paBencTBo p(a) = 0, rge ¢ — ToYKa, B KOTOpoi |p(z)]
JOCTATaeT MHHAMYMa, BHITEKAET TaKKe M3 NPUHyund MaKCuMyma Mooyis.
CoryacHo »TOMY NPUHIHUIY, MOAYJIb HENOCTOSHHOU T'OJOMOPQHON (PYHKIHH,
ONpeJIeJeHHON B CBA3HOM OTKPBITOM MHOYXKECTBE, HEe MOXKEeT MOCTHTaTh MaK-
cumyMa. B HameMm ciydae Hajgo NPUMEHHTH 3TOT MPUHUUN K QyHKIH® 1/p.
dyuknus 1/p GurypupyeT u B HaIlleM CJAeIYIONEM TOKa3aTelbCTBe.

BOCbMOE NOKA3ATEILCTBO [14, 16]. <« Ppenmosoxkum, 970 MHOTO4IEH
p(z) cremenn > 0 mHe nmMmeer Kopuei. Torma dynkuns 1/p onpegenrena mpn
Bcex z € C, roiomopdHa 1 cTpeMuTCs K HyJd0 Ha HGeckoHednocTu. Po Teo-
peme JluyBuaasg >Ta GYHKIUA TOAXKHA 6BITH TOXKASCTBEHHO paBHA HYJIIO —
npoTuBOpevne. p

Kommvenrapui. Teopema JluyBuias yTBep:KgaeT, 9T0 OrpaHHYeHHAS [OJO-
MopdHas GyHKINS, onpegetennas npu Beex z € C, nmocrosnna. Ectb n 6osee
o61asd (POPMYyIHPOBKA: OrpaludeHHas rapMoHnIecKas GYHKINS, OIpeLeeH-
Hafl Ha eBKIIJOBOM mpocTpancTse R”, nocrosuna. Kommiexcnas gpynknus f,
olpelereHHas B OTKpEITOM MHOXKecTBe U C R”, HazbIBaeTcsd eap.monuveckod,
ecll OHa IBaK Bl HENPepHIBHO JuddepeHnnpyemMa i yI0BIeTBOPSIET ypaBHe-
nuto Jlamaaca Y n_; 0°f/0x? = 0. PenpepriBas Gpyukuus f, onpejeiennas B
U, aBgeTcs rapMOHHYIECKOH TOrIa I TOIbLKO TOIJa, KO Ja Jis Hee BLIIOIHA-
eTcda TeopeMa O CpefHeM 3HadeHUH: I J1060ro mapa B, cogepxaiierocs B
U, 3nauenne GyHkuun f B HeHTpe LIapa PABHO €€ «CPeJHEMY IO LIapy», T. €.
unTerpany [z f, rerennomy ma oGbem mapa. Kaxjas roroMoppuas ¢y K
ABIAETCS TaPMOHIYECKON.

Joxaxem Teopemy JlmyBmiis o6 OrpalHIeHHEIX MapMOHHYECKHX (YHK-
HUSX, HCXOJA U3 TeopeMbl O cpeineMm 3Hadennn. Pycrs f — rapmonmde-
ckasi QpyHKUUs, onpeterennas Ha R”. lomycrum, aro |f(z)| < M upn Bcex
x € R” u mokawxewm, 4ro [ mocrosinna. 3apukcupyem a,b € R Pycrs A
u B — mapbl oguHaKoBOro GOIBIIONO palmyca ¢ meHTpamu a u b. Pomo-
xum C' = AN B. Perpyauo Bugers, uro ornoitenne m(A\ C)/m(A) crpe-
MUTCS K HYJIIO, KOTZa paguychl mapoB A n B crpemsarcs K 6eCKOHETHOCTH
(1epes m(X) Mbl obosmataem o6beMm MuoxecTBa X ). Cornacno Teopeme o
cpeauem suatenun, f(a) = [, f/m(A) = ([, f+ fA\O f)/m(A). Crarae-
Moe fA\O f/m(A) < m(A\ C)M/m(A) crpeMuTecs K HYIIO ¢ POCTOM pa-

auyca mapa. Caegoarensno, f(a) pasuo npegery ornourenus [, f/m(A).
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Po amamornyabim npuanaam f(b) paBHO sTOMY Ke mpegeny. Takum obpaszom,
f(a) = £(b).

PomnsaTtne rapMonutdeckoil GyHKIUN 1 TeopeMa JIMyBHIAS TepeHOCITCS HA
(DYHKIUN €O 3HAYEHUIMEI B MPOW3BOILHOM 6aHaXOBOM TpocTpaHcTBe. PycTh
X — KommIekcHOe GaHAXOBO MpocTpaHCcTBO, B(X) — 6aHaxoBO MpOCTpaH-
CTBO BCEX OTpaHNYIeHHLIX JANHEHHBIX omepaTopoB n3 X B ceba. Cnexmpon
onepatopa A € B(X) nassiBaeTcsi MHOKecTBO Tex A € C, 115 KOTOPHIX ome-
patop A — A - 1x meobpaTum. Mul Bugenn B pasfere 2, 9To aarebpandeckas
saMKHYTOCTh nois C paBHOCHAbHA CAeAyIONIeMy CBOHCTBY: ecan F — Ko-
HedHOMepHOe BeKTopHoe npocTpancTBo Hag C pasmeprnoctn > 0, To BCAKHT
JuHelHb onepatop A : ¥ — F umeer HenycToi cnekTp. PosTromy caeyio-
myio Teopemy, npuuamprexamyio . M. Deabganny, MOXKHO paccMaTpuBaTh
KaK yCuJIeHne OCHOBHON TeOpeMBl alrebphl: ecau X — xomniexcnoe 6anaro-
60 NPOCMPAHCINEO, HE C60JAUlEEC HY.10, Mo 6carut onepamop A € B(X)
umeem nenycemot cnexmp. PTa Teopema BbITeKaeT U3 TeopeMBl JIWyBULIA.
Ppennonoxknm, 1ro onepatop f(A) = A — A-1x obparum gis Bcex A € C.
Torga ¢pyuxuus g : C — B(X), onpegenennas no dopmyae g(A) = f(A)~L,
roToMOp(HA T CTPEMUTCA K HYI0 Ha 6eckoHedrocTn. Po Teopeme JlnyBuans
OHa, TOMKHA TOXKTECTBEHHO PaBHATHCA HYJAO — MPOTHBOpETNE.

Bepuemcs x m3nadalbHOMY pacCcyKAeHUIO DTOTO MYHKTA, YTOOH TPHIATh
Yy Th APYIYIO (POPMY TOKA3aTEeAbCTBY.

4 Pycrb no-npexuemy p — MHOroujieH crenenn Goabiie 0, He UMEOIIHET
kopuein. U3 Toro, 4to QyHKumsa 1/p cTpeMuTes K HyJ 0 Ha GECKOHETHOCTH,
BbITeKaeT, YTO

dz 1
—— | < 27 max — — 0.
ls|=r 2P(2) |2|=R p(z) R—oo

C apyroi cTopousl, GyHKINS 1/zp(z) UMeeT eINHCTBEHHBIN MOXIOC B HyJIe €
BerdeToM 1/p(0), 1 mo Teopeme o BEIYeTAX

/ dz ori
— ZTT1
|z|=R zp(2)

aioboro R > 0 — mpoTuBopetne.p
W mest sToro mokazaTeabcTBa BOCXOAUT K Kormm.

JEBATOE JOKA3ATEJIBCTBO. <« Mu moxazaan B pasmgerte 2, 9T0 anaredpa-
nyeckas 3aMKHYTOCTb nojs C paBHOCHIbHA CJAEIYIOIMIEMY YTBEPKJISHUI: ec-
au F — sexmopnoe npocmpanemeo nad C paszmepnocmu n + 1, mo eca-
xutl aunednvi onepamop A : F — FE umnmeem cobcmeennvii sexmop. MoxkHo
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IpeJnojaraThk, 9T0 olepaTop A HEBBIPOXKIEH, TaK KaK B IPOTHBHOM CIydae
cOOCTBEHHbIE BEKTOPHI, OYEBHIHO, CYIIECTBYIOT: TaAKOBbI HEHYJIEBhIE BEKTO-
pul sigpa. Pyers P(E) = CP™ — MHOXeCTBO BCeX OTHOMEPHBIX JHHENHBIX
moAnpocTpancTB B . PTo MHOXKECTBO Ha3kIBaeTCH N-MEPHBIM KOMILIEKCHbIM
MPOEKTHBHEIM NPOCTPAHCTBOM M HMeeT eCTECTBEHHYI0 CTPYKTYPY KOMIaKT-
HOT'O T IKOT'0 MHOT00Gpazus. OnepaTop A uHgynupyer niajfkoe oTobpaKe-
uie A : CP™ — CP"™. CoGerBenHble BEKTOPHL 0lepaTopa A COOTBETCTBYIOT
HeIIOIBIZKHEIM TOYKaM oTobpaxkenus A. Taxum o6pa3oM, HaM Hago IOKa-
3aTh, 9TO OTOGpazKeHne A HMeeT HENOIBIKHYIO TOYKY. PTO BEITekaeT n3

TeopeMbl Jledimena. p»

Koummenrapuii.  Senodsuscnas moura oTobpakenns [ MmaokectBa X B cebs
— 10 Takoe ¢ € X, 4to f(2) = 2. Teopema Jleduiena yrBepx 1aer, 4T0 0TO-
opaxenne [ : X — X KOMHIaKTHOT'O HOJHDIpa B cebsi MMeeT HemoJIBUKHYIO
TOYKY, eCllil Tak HasbiBaeMoe uuc.to Jedweya L(f) orobpaxkenns f orandno
ot Hyas [13, 11]. Msr He Gy 1eM OnpeeasiTh 3TO YHCIO JJIs TPOU3BOABHOTO f, a
OTPAHUYUMCS Cay4daeM, KOrfa [ NOMOTONHO TOXKIeCTBEHHOMY OTOGPaKeHUI0
idx (r.e. fnidy MOryT 6BITH COeUHEHBI HETPEPEIBHEIM IYTEM B IPOCTPAH-
crBe C'(X, X) orobpaxkenunt X B cebs). B nrom cayuae L(f) coBmamaer c
BIIEPOBON XapaKTepUCTHKOUW TpocTpaHcTBa X . Jiieposa rapakmepucmura
X(X) xoMmakTHOrO MHOT006pasns X MOKeT OBITH ONpeeNeHa CJIe Ty oM
o6pazom. Pycts Fy C F1 C ... C F,, = X — Bo3spacTalolas nocJef0BaTelb-
HOCTb 3aMKHYTHIX TOIMHOXKeCTB B X , TaKasd, 9T0 KaxkK fad pasHocTb Fi \ Fi_
roMeoMOpP(HA MUIBIOHKTHOU CyMMe KOHEYHOI'O YUCIa ¢} DK3EMILISIPOB MPO-
ctpancTBa R¥. Mbl cunraeMm, uro F_; = @, Tak 410 Fj — DT0 KOHeYHOE
mrokectso. Toraa x(X) = Y 7_q(—1)*a). PTo wncio me sapucut oT BEIGOpA
nocaegoBarenbaoct Fo, ..., F,. Py:xxubii Ham BapuanT Teopemnl Jledirena
popMmyaupyercs Tak: ecat X — KOMRAKMHOE MHO2000pa3Ue HENYAEE0T FU.ae-
POSOU TAPAKMEPUCTNUKL, O 6CAK0E Henpepbienoe omobpaxcenue [ X — X,
20MOMONKHOE MONCACCTNG EHHOMY, UMEECTTE HENODEUNCHYIO TMOUKY.

PokazkeM, 94TO 5Ta TeopeMa IpHMeHHMa K oTobpaxkennio A : CP" —
CP", uHIyuupoOBaHHOMY HEBBIPOXK I€HHBIM JHHEHUHbIM onepaTopom A @ F —
F. PinepoBa xapakTepucTuKka KOMILIEKCHOT'O HPOEKTHBHOI'O MPOCTPAHCTBA
CP" paua n+1. PTo BeITEKaeT U3 paccMOTPEHUS [[€M0YKH TOANPOCTPAHCTR
CP° C CP' C ...CP™, B xoTopoil kaxgaa passocts CP* \ CP*~1 rowmeo-
mopdra C*. C 1pyroii cTOponbI, rpyima GL(F) Bcex 06paTHMbIX JTHHETHBIX
onepaTopoB uz F B cebs cBsizHa. PTo jJerko gokazaTh WHIYKIHEN O paszMep-
HOCTH TpocTpaHcTBa F/. MOXKHO TakKe pacCyXkIaTh CISAYIOIIUM O0Opa3oM.
Pycrs L = L(FE, F) — jnHellHOe TPOCTPAHCTBO BCEX JMHENHBIX OTOOpazKe-
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unit w3 F B cebs. I'pynna GL(FE) cayxnr nonosnennem B L K anrebpande-
ckomy MuoxkectBy D = {B € L : det B = 0}. MuoxectBo D umeer B L
KOpPa3zMepHOCTb 2 U MOTOMY He MoxKeT pazbuBarh L. Poiee Toro, mis awo6bx
1Byx Tovek z,y € GL(E) = L\ D komnuekcuas npsmas [ C L, coequusomas
x u Yy, nepecekaercs ¢ I 10 KOHEYHOMY MHOXKECTBY, MODTOMY CYILIECTBYET
JoMaHas, coemunsionias & ¢ y B[ u He nepecekatotascs ¢ . Takum ob6pazom,
B rpynne GL(F) cymecTByeT myTh, COeINHAIONINN e THHIIHBII omepaTop ¢ A.
OTciofa clegyer, 4TO CyLeCTBYeT IyTh, COEIUHAININI A B IpoCTpaHCTBe
C(CP™,CP™) ¢ TOoXIeCTBEHHBIM OTOOpazKeHHeM, T. €. 9TO 0TOOpaKeHne A
POMOTOIHO TOXKIECTBEHHOMY.

PpoBefentoe n1oxkazaTeibcTBO MOXKHO NPUMEHHTH B GoJee obIlell cuTya-
nun. Pycrs G — cBa3Has Tonoaoruveckas rpynna, H — Takas 3aMKHyTas
noarpynna B (¢, 9To gakTopnpocTpancTBo (/H sBiseTcs KOMTaKTHBIM MHO-
roobpasmeM HeHYJIeBOU 3WjepoBoil xXapakTepuctuku. Torma xawxigoe g € G
COTPSIZKEHO ¢ HEKOTOPHIM diiemernToM u3 H. JleiicTrBuTenbho, no Teopeme Jled-
mrenia oro6paxkenne x H — ga H npocrpancta G/ H B cebst nMeeT HEIOTBHK-
nyto Touky al. Taxum o6pazom, gaH = aH, otkyia a”'ga € H. Brime Mbr
(daxTHdeckn paccmarpuBaan ciydai, korga G = GL(E), a H — noarpym-
ma Bcex npeobpazoBanuil A € (G, OCTABAAIOININX HWHBAPUAHTHOU HEKOTOPYIO
¢dukcupoBannyto npsmyio B E. B sTom ciaydae ¢gpaxropupocrpancrso G/H
OTOXKIECTBAAECTCH C MPOEKTUBHEIM npocTpatcTBom CP”, rme n = dim £ — 1.
MoxKHO fHaTh ellle OHO MO0Ka3aTeJbCTBO OCHOBHOW TeOpPEMEl aareOphl, MpH-
B 3a H moarpynny Bcex omepaTopoB u3 (G, UMeIINX BepXHETPEYT OMbHbIE
MaTPHIBl (T. €. ¢ HYyJIAMH HUXKe IVIaBHOH [HATOHAIN) OTHOCHTEIBHO HEKO-
TOpOT'O (PUKCUPOBaHHOI'O Oasznca B F. B aToMm ciydae akTopnpocTpaHcTBO
(G/H siBisieTcst TaK Ha3bIBaeMbIM «MHOT0OGpazieM ¢uarosy. OHO KOMIAKTHO
Il IMeeT DIIepoBy XapakTepncTuky (n+1)!. YrBepxaenne, ato kaxgoe g € G
COTPSI?KEHO ¢ HEKOTOPHIM DJIEMEHTOM MOJATpyHnbl H, o3HavaeT, 4To KaXK bl
onepaTop g € (G UMeeT OTHOCHTENRHO HEKOTOPOro Haznca TPeyroabHYIO Ma-
Tpuiy. PTo yTBepKIeHue paBHOCHJIBHO OCHOBHOU TeopeMe ajlreGphi.

YKazKeM ellle 0HO TTpHMeHeHe C(POPMYINPOBAHHON BHIIIIE TEOPEMBL O TO-
nojornvyecknx rpynmax. Pycrs G — cBasHas kommakTHas rpynma Jln (7. e.
TOTOJOTNYeCKas TPyIia, ABAAONALCS NIaJKuM MHOroo6pasnem). Topon B G
HazbIBaeTCs MOATPYINA, H30MOpdHas KoHedHOU cTenenn rpynnsl R/Z. Eciu
T — makcnmaabHBI TOp B (¢, TO 5ilIepoBa XapaKTepuCTHKa MPOCTPAHCTBA
(G/H paBHa NMOpSIKY Tak HasbiBaeMoll epynnut Betas rpynnst G u, B 4acT-
HOCTH, oTandHa oT Hyas. CrenoBarenbHo, G MOKPHIBAETCA MOATPYIIAMH, CO-
npsikenHEBIME ¢ 1. OTcio1a Jerko BBHIBECTH, 9TO BCe MAKCHMAJbHBEE TODPHL B
(G conpsKeHbl MeX Ty coboil [1].
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[ ECATOE NOKA3ATEJILCTBO [9]. Pamie nocientee 1okasaTeabcTBO GyaeT
adrebpandeckum. Pojb TOHOJOTHE MpU DTOM CBOAUTCS K MUHUMyMY. Mbr
HCIOJb3yeM JHIIb CBA3HOCTh MPAMOU B CAEIVIOUIEH (DOPME: €C.Al MHO2OUAEH
C BEWECTNEENHBIMU KOIPPUYUEHMAMU MEHAEM 3HAK (M. €. NPUHUMAEM KAk
NOAOHCUMEADHBIE, MAK U OMPUYATNEALHBIE SHAUEHUL), O OH UMEE 6€UjE-
cmeennbll Koperb. PTo CBOUCTBO YIOpSAI0YeHHOTO 1O R HaszwhiBaeTCHd 6€-
wecmeennot aamknymocmsio. OHO PABHOCUIBHO COETUHEHUO [BYX CBOUCTB:
6CAKUT MHOZOUAEH HEUEMHOU CIMENENU UMEET KOPEHD, U BCAKOE NOAONHCU-
MEAbHOE UUCAO ABAACTNCA KEAIPATNOM.

Kax1oe xoMiuieKcHOe 4ucgo siBaseTcs KBajgpaToM. Briilie Mbl yxKe MOJb-
30BadUCh Gojiee OOMIMM (PAKTOM: U3 KaKJIOI0 KOMILIEKCHOI'O 4YHCIa MOMKHO
U3BJIeYb KOPeHb 000N Hegoi cTenenn n > (. Ppu 5ToM MBI cchbliajqnch Ha
BallliCh KOMILIEKCHBIX dlces B TpuroHomeTrpuyeckoi gpopme. OQgHaKko Temnepb
MBI XOTHM [JaTh [OKa3aTeIbCTBO, KOTOPOE I'OIUI0CE OBI s BCEX BEIIeCTBEH-
HO 3aMKHYTBHIX [MOJell U He HCIONb30BajJo Obl TPAHCIEHIeHTHLIX (PYHKIH.
Pycth a,b € R. Pam majo maiitu takue z,y € R, uro (2 +iy)? = a + ib. Pro
ypaBHeHIe paBHOCIILHO ciucTeMe ypasuenuil 22 — y? = a u 22y = b. PycTb
T W Yy — KBaJApaTHBIE KOPHI U3 MOJOKHTENbHBIX dncel (a + va?+b%)/2 u
(—a++va?+0%)/2. Torna 2? — y* = a m 22y? = b?/4, orkyna 2zy = +b. Ecan
2¢y = —b, U3MEHUM 3HAK Y T WIH Y.

U3 Toro, 9to Beskuii muorowieH n3 R[X | HedeTHOU cTeneHn nmeeT Ko-
peHb, BEITEKAaeT, 4TO y HoJs R HeT cOBCTBEHHBIX KOHEYHBIX PACIIHPEHUN He-
JeTHOU cTenenn. U3 Toro, uto Beskoe 2z € C ABasgeTcs KBaIpaTOM, BEITEKAET,
gro y noas C HeT pacumupenuinn crenenn 2. Pokaxem, Kak BHIBECTH OTCIO/A,
gro nojte C aarebpanydeckn 3aMkHyTO. Wnes 1okazarenbcTBa BocxouT K Pi-
Jaepy. Pra uges Gblia ycoBepliiieHCTBOBaHa JlarpaHiKa, a 3aTeM COBEpIIEHHO
Ge3ympedHO pea’msoBaHa l'ayccom B ero BTopom mokasarenbcTBe (1815 r.)
OCHOBHOU TeopeMmbl aaredpri. Uanoxenne, ocHOBaHHOEe HAa CHMMETPHYECKHX
MHOTOYJIeHAX, MOKHO HAlTH B [7, 5]. MbI mpuBeeM nokasaTeibcTBO ApTiHa,
OCHOBaHHOe Ha Teopuu Lasya u Teopeme Cuiaosa.

« Panmomunwm cmepBa ocnoBHBIe dakTH Teopuu laaya. Pycts L — xo-
HedHoe pacummpenne noas K. O6osznadnm depes G(L/K) rpynmy Bcex aBTO-
vmoppuamoB f moas L, takux, 9to f(z) = @ mis Bcex z € K. Pra rpynma
konevna. /s kaxgon moarpynust H C G = G(L/K) nycts Ly — Heno-
TBUKHOE ToJe Tpynnbl H, T. e. MHOXKeCTBO Bcex Takux « € L, 4to f(z) =z
mast Beex [ € H. Koneunoe pacinupenne L HasbiBaeTcs pacwupenuen I'aaya,
ecan Lg = K. Pycrs I — pacmupenne ['anya noas K. Torma cymiecTBy-
eT ecTeCTBeHHOe B3aMMHO-OMHO3HAYHOE COOTBETCTBUE MEXKIY MHOKECTBOM
P Bcex noanogen nods L, cogepxaimux K, 1 MHOKecTBOM H BCex MOAPYII
rpynnet G. Kaxpou rpynne H € ‘H conocraBum none Ly € P. Kaxigomy



Jecsarb fOKa3aTEIBCTB OCHOBHOH TEOPEMbI aJreOpbl 69

nomo P € P conocraum rpynny G(L/P) € H. Ykasauubie oTo6paKeHus
H — P u P — H Bzanmuo obpatuwl. Ecan Hy, Hy — TOATPYNNHE T'PYIITE
G un Hy C Hy, Tto mas noaen P, u Py, coorBeTcTBylomux Hy n Hs, nMmeem
P, C Py, n crenens [P : ) paBua ungekcy (Hy: Hy).

Coruacuo TeopeMe 1, HaM Ha O YCTAHOBUThH, 4To y nojs C HeT cobeTBeH-
HBIX KOHeYHBIX pacumupenuii. Pycts K — xonednoe pacinumpenue mojs C.
CyiecTByeT KoHedHoe pacinupernue I moas K, Takoe, uto I, — paciiupe-
une [axya moas R. Pacemorpum rpynmy lanya G = G(L/R). Tax kax y
nojss R HeT coOCTBEHHBIX pacllipeHUll HedeTHOU cTeneHu, To B rpymnmne G
HeT cOOCTBEHHBIX MOJATDYII HedeTHOrO uHjpekca. CieloBaTelbHO, CHIOBCKAS
2-noarpynna rpynnsl G copnajgaer ¢ G, 1. e. G siBagercs 2-rpynnou. Pycrs
H = G(L/C) — moarpynna unjgekca 2 B (7, coorBercrBytomas noiio C. Tak
kak y noas C HeT pacumupenuil cremnenu 2, To B rpyine H HeT mOACPYIII
nHgekca 2. OTHAKO B HETPUBHAJBHOU KOHEYHOU pP-T'pyIIe Bceria eCTh MO-
rpymnmna uHgekca p, nodromy H cBoguTcs K emunuie. Orcioga caegyer, 4To
L=K=C. »
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OT crekTpalbHOIO paJnyca K OCHOBHOI TeOpeMe
aIreOphl

E. A. T'opun

B pamrax xiraccudeckoro (pyHKIMOHATBLHOTO aHAIN3a MOXHO yCTa-
HOBHUTH CYIIECTBOBaHNE COGCTBEHHBIX BEKTOPOB [NIA JUHEHHBIX Tpeobpa-
soBaani C" B 06X0 OCHOBHOHW TeOpPEeMHBI alrebphI.

BBEIEHUE

OcHoBHnag TeopeMa aJIF€6pr yCTaHaBAKBaeT, 9TO Ka)l(,[[blljl HeTpHuBHAJdb-
HBEII TOJRHOM Ha [ I1O0JeM C KOMILIEKCHBIX 4HCeJ HMeeT KOpeHb.

HcTopuku MaTeMaTHKH YTBEpXkKTal0T, ITO OCHOBHYIO TeOpeMy aJdreOphl
cpopmyaupoBaa A. 2Kupap emé B 30-e roger XVII Beka. Ppunsto caurars,
YTO HEPBOE CTPOroe [TOKa3aTelhCTBO COMEPXKUTCA B 3HAMEHUTOU MHCCepTa-
mun K.-D. Naycca 1799 roja; He ciay4ailHO OCHOBHYIO TeopeMy ajirebphl 4acTo
HazbBatoT Teopemon ['aycca. Mexay Tem, uzBectro, 4to B cepenune X VIII
BeKa [0Ka3aTelbCTBO OCHOBHOU TeopeMbl aarebprr onyoankoBaa 2K. JTaram-
6ep, 1 B COBpeMEHHBIX Kypcax aareGphl 06BIMHO TPUBOIUTCA TOKA3aTeAbCTBO,
ocHOBaHHOe Ha «iemMe [lamambepas, PaKTHIECKH YCTAHABIHBAIONIEH OTKPHI-
TOCTH HETPUBHAIBLHOTO MOJHHOMHAIBHOTO OTOOPaKEHUs] KOMILIEKCHOU TLIOC-
KOCTH.

Kro-To ocTtpoyMHO 3aMeTHa, 4TO KaxKbll paszfe] MaTeMaTUKl HMeeT
cOOCTBEHHOE JTOKA3aTeNhCTBO OCHOBHOW TeopeMmbl aare6Gpbl. B camom nene, B
TEOPHUHN aHAJUTUYECKHX (PDYHKIHH OCHOBHYIO TeopeMy afirebGphl J00sST BEIBO-
IUTH U3 TeopeMbl JIMyBUIIA, B TOMOJOTHN — U3 o6MINX (PaKTOB O BpallleHnn
BEKTOPHBIX MOJEH, a ajdrebpancT MOXKeT HadaTh ¢ OCHOB Teopuu [ansya. Kak
6Ll TO HU OLLIO, B ONH W3 PeIIalolninX MOMeHTOB MaTepuainayercsa moiae R
BellleCTBEHHBIX YMceN U MpUBJIeKaloTcs OoJee wian MeHee TelMKaTHbIe cooOpa-
JKeHUs, CBSI3aHHbIe ¢ analysis situs (Tak paHblile HA3BIBAIN TOMOJIOTHIO).

EctecTBerto cipocuTh, peaiusyeTcs Ju cPOPMYIHUPOBAHHBIN BHIILIE Te31C
B PAMKaX dJIeMeHTapHOro (PyHKIHOHAJTHHOTO aHaIn3a (MONpoCTy TOBOPS, —
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JUHENHON aare6Gphl, KOTOpas He GOUTCSA MpeJelbHBIX mepexoqoB). Mer XoTum
noKa3aTh, YTO 3TO Tak. PpuBoanMoe HUXKe TOKa3aTelhCTBO OMHOTO BeChMa
o0lllero yTBepKIeHUs He Teperpy:KeHo adarebpandecKUMM WM3bICKaMU, a 13
TOMNOJOT UM UCTIOAb3YeT JHUIIb ONPAaHUYEeHHOCTh BellleCTBEHHBIX HelpephIBHBIX
QYHKUNH Ha oTpe3ke. B kadecTBe ciiefcTBHSA (pa3JHIHBIMI CIOCOOAMNA) MOK-
HO TOJAYHYUTh OCHOBHYIO TeOopeMy aJrebphl.

PaHOMHI/IM7 qTo (L/L8€6p0’lj nad noaem C xomnaexcublr vuces Ha3bIBaeTCA
KOMILIeKCHOe JHHelHOe IIPOCTPaHCTBO A, B KOTOPOM IONOJHUTEJNBHO Ollpene-
JeHO YMHONCERUE T - Y, CBA3aHHOE C JNHENHBIMA onepaunusiMnu yCaoBUsIMUI

z(yz) = (zy)z,
v(y+z) =2y +az
(x+y)z=22+yz,

(Az)y = A(zy) = z(Ay)

mas Bcex x,y,z € A A eC.

Mper 6yem paccMaTpUBATh TOABKO aarebphl ¢ efunHmIed 1 (He HCIOMB3YS
JUIST eTHHUIE aareOpbl HIKAKHX MIPHQTOBHIX BhIIeneHnin). Prement z € A
Ha3BIBACTCA 0OPATUMBIM, €CIH CYIIECTBYeT TaKol dleMeHT y € A, 410 xy =
= yx = 1. Takou saeMeHT y, eciu OH CYIIeCTBYET, ONHO3HAYHO ONpepeNeH
o z U o6LYHO o6Go3HavaeTcs depe3 1. COBOKYNHOCTL BceX 0OpaTHMBIX
5JeMEHTOB 00pa3yeT rpynny (Mo yMHOKEHHIO).

Kowmmiekcuyo aire6py 6y1eM Ha3BIBATH HOPMUPOSAHHOI, €CIl OHa OTHO-
BpeMeHHO ABJSETCS HOPMHPOBAHHBIM (JIMHEIHEIM) IPOCTPAHCTBOM HAJ MOJIEM
C, npudem >Ti cTPyKTYpbl cBasansl yeaosuamu ||zyl| < ||| - [|y]| u ||1]] = 1.

CyiecTBy0T Apyrue cnocodbbl OMHCAHUS TAKOU KOMOUHALNH CTPYKTYD,
HO MBI He ByeM 3jech 3TO 00CyKTaTh, TOCKOIbKY HUYEr0, KpoMe olpereie-
HUsL (B KOTOpoe KaK pa3 W 3ampsTaHa Hjeolorndeckas 6oM6a), HAM HE IO-
TpedyeTcs.

Beejgennbiil Ki1acc 04eHb IUPOK, TOCKOIBKY MBI He TPeNNojaraeM moaHo-
Thl HOPMHPOBaHHOrO npocrpatcTBa. Ckaxem, B KadecTBe A MOXKHO B3SiTh
anre6py Clz] Bcex KOMILIEKCHBIX TOJMHOMOB, TMOHUMAS MO HOPMOUW, HapH-
Mep, CYMMY MOIyJell Kod(pHIIeHTOB.

C ToukM 3peHus aHAJN3a, BHAYHTEIbHO 6oJiee HHTEPECHBI HaHATO6bL aA2€-
Opbl, B olpejiejieHie KOTOPHIX TOMOJHHTENRHO BKIIOYaeTCH TpeboBaHue TOJ-
HOTHI HOPMHPOBAHHOTO mpocTpatHcTBa. OCHOBOMOMOKHIK abCTPaKTHOU Teo-
puu 6anaxoBwix aarebp U. M. l'eabdpanm Ha3pBaI 01X HOPMUPOBAHHLIME KOJb-
aMHu, HO CO BPeMeHeM 3TO HanMeHOBAaHWe BHIILIO N3 YIOTpeOIeHns.
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PonnoTa me Toabko 3aMeTHO yIpoImaeT (POPMYIAUPOBKH U JOKA3aATENb-
CTBa, OHa HPHBOAUT K KJIACCy € YPE3BbIYalHO KPACHBOU apXUTEKTYpOu u
MHOT'OYMCAEHHBIMY NJOJTOTBOPHBIMYI KOHTAKTaMU ¢ IPYrUMU pasgelaMu Ma-
TeMaTHKN. BMecTe ¢ TeM, 114 CIpaBeINBOCTH HEKOTOPHIX HCXOTHEIX (PAKTOB
NOJHOTHl He TpebyeTcs.

Pycrs A — nopmupoBannas aare6pa i @ € A. COBOKYIHOCTD BCeX TaKHX
A € C, 11 KOTOPBIX IeMeHT A -1 — 2 ne a6asemcsa o6paTHMEIM, Ha3bIBACTCH
cnexmpom diemenTa x. Jlas cuekTpa bieMeHTa ¥ € A HCHoOIb3yeTcs 0603HA-
denne Spec 4 (z).

flcno, 4TO cnexTp — moHATHE YHCTO AIrebpamtdecKoe, OJHAKO B CILydae
GaHAXOBBIX AIre6p CYILIeCTBYeT TeCHAs CBA3b MeXK Y CIeKTPAIbHEIMI, MEeTPH-
9eCKIMI I TONOJIOIMYeCKIMI HHBApHAHTAMH allreOpHL.

Tenepb MBI ITepevIucCJanM HeKOTOpPhIe NCXO THbIe qﬁ)aKTbI Teopun 6aHaXOBBIX
aJIF€6p. SaMeTI/IM7 9TO B OCHOBHOM TeKCTe BCe OHU 6y,Z[yT TOKa3aHBbI (I/I Imona-
I{epKHéM7 9TO 3a paMKaMHK 3TOI'O 2JeMeHTapHOI'O TeKCTa OCTaHyTCd IIOYTH
BCe IpUHIONIIKAJbHbIE TOHATHA TeOpI/II/I).

TEOPEMA ['EJb®AHIA-MA3YPA. Panaroso node cocmoum u3 saeMeH-
moe euda -1 u, caedosamepno, eCMeECMEEHHO UB0MOPPHO NOAI0 KOMNAEKC-
HBIL WUCe.

TEOPEMA ['EJL®AHJA O HENYCTOTE COEKTPA. Cnexmp kascdoz2o aae-
MEHTNA 6(1Ha$060ﬁ (L/L8€6pbl HE NYCm U KOMNAKIMEN.

DoPMYJNA 'EJbPAHTA AAA CIHEKTPAJIBHOI'O PAAUYCA. Paduyc nau-
MeHbue20 Kpyea ¢ yewmpom 6 mouxe 0, codepycauie2o cnexmp semenma
b6anarosot as2ebpol, Modxcem Gblmb 6bIUUCAEH TLO HOPMYAE

= lim [l2""/"

o0

(npedea cnpasa cywecmeyem).

C. Maszyp onybaukoBaJg mnepBoe u3 »Tux yrBepxKjenuin B 1938 r. Bekope
. M. l'enbpan g gaa (cpemu mpodero) moJTHOe JOKA3aTEIbCTBO BCeX Tpex. flc-
HO, ITO TeopeMa O HeMyCTOTe CleKTpa MOoKphBaeT Teopemy ['eabdpanma—Ma-
3ypa. Kpome Toro, yrBepx ieHne o HemycTOTe CeKTpa (HO He 0 KOMIAKTHO-
CTH) COXpaHAeTCs 6e3 IPeqNoJOKeHNs O TOIHOTE, T. €. [/ BCeX HOPMUPOBaH-
HBIX aare6p. Pakonen, ecin onpedesums «cTeKTpaIbHBIN Paiycy yKa3aHHON
Bhillie (popMmyaon [eabdania, TO MOAYYUTCS, YTO Ha T'paHUIle KpPyra

e < el }

NMeETCd TOYKH CIIeKTpa He3aBUCHMO OT TOI'O, IIOJHa aJIFe6pa nJjan Her.
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Xotsa gokazatenabcTBa M. M. lelbdaHta cymiecTBeHHO WCIOAB30OBAIN OC-
HOBHBIE (DAKTHI TEOPHN AHAINTHIeCKNX PYHKINH (Teopema JlmyBuiis, gpop-
myaa Komm-Agamapa), nocientsee o6CTOSTEIBCTBO HABOAUT HA MBICIb IO-
HICKaTh DJAeMeHTapHOEe TOKa3aTelbCTBO TEOPEMBI O HEeNyCTOTe CIeKTpa s
IPON3BOJIbHLIX HOPMHUPOBAHHBIX aaredp.

Takne HokazaTeabCcTBa OBLIN HalleHBI ele B cepequte 50-X rooB, 01HO
u3 Hux npuaaarexnt 9. Pukkapry [3].

31ech TPUBOJAUTCS YIPOUIEHHLIH BaphHaHT >TOT0 HoKazaTeabcTBa. CHa-
Jaja aBTOp Npejrnoaaral H3J0KIThL COOCTBEHHOe [T0Ka3aTelbCTBO, He OYeHb
CJIOXKHOE B Cy9ae KOHeIHOMepHBIX aare6p, 0JHaKO, ellle pas3 061yMaB T0Ka3a-
TeabcTBO PuKKapTa, TOHAT, KaK €ro MOKHO YIPOCTHTH, H DIl OTKa3aThCs
0T cOGCTBEHHOI IeCHN.

OcHoBHast TeopemMa aare6Gpbl PAKTHIECKH DKBHBAJEHTHA TeopeMe O Hely-
CTOTE CIEeKTpa [ KoHeTHOMepHBIX aarebp. [leicrBuTensuo, nycts M (n, C)
— aarebGpa Bcex KOMILIEKCHBIX KBa paTHBIX MaTpull nopsiaka n. CoraacHo
KaHOHAM JuHelHON aarebper, Matpuna 1° € M(n,C) Torga m Toabko TOrga
obpatuma, korga det(1') # 0. Posromy yTBepKIeHHe O HEMyCTOTEe CIEKTPa
mist anredpsr M (n, C) paBHOCHIBHO YTBEPKIEHHIO O PAa3PEIINMOCTH ypaBHE-
anit det(A-1—7T") = 0, m ocTaeTCA TOTHKO 3AMETUTD, 9TO Ka2#Jblli TOITHOM CO
CTApUINM KOX(PPUIHEHTOM, PaBHEIM, | peaansyercs B Buge det(A-1—T') mpn
nogxoaamux n u T. B qacTHOCTH, 0cHOBHAS TeopeMa aniTebpwl 6bimexaem u3
TEOPEMBI 0 HEMyCTOTE CIMEKTpa.

Pamr garnoedmui mial TaKoB.

B n. 1 mbr o6bsicHsIeM, KaK CBECTH HPOGAEMY O HENYCTOTE CeKTpa K Cly-
Yal KOMMYTATUBHBEIX aJrebp U HPHBOAUM BjieMeHTapHEE afdrebpamdeckue
TOXKJeCTBa (KOTOPbIe COXPAHSIOT CMBICT B KOHTEKCTE MPON3BOIBHEIX KOMMY-
TATUBHBIX KOJEII).

B 0. 2 npusoisitcs GpakThl, KOTOPHIE OTHOCATCS K DJAeMEHTAPHOMY aHAJAN3Y
1 MO3BOJISIOT BBECTH TTOHATHE CNEKMPAAbHO20 unduramopa. | TaBHEH TpUMep
— CHeKTpaJbHBIH PAMUYC B CIy4ae HOPMUPOBAHHBIX ajdrebp, ecju MOCIeTHIT
onpedeasms popmyaon Ieandana.

CyMMEpys 3TO HEMHOIO€, B 1. 3 MbI HOJyYaeM BapHaHT TEOPEeMbl O HEely-
CTOTE CIeKTpa.

B 1. 4 MBI onncbiBaem [1Ba cniocoba (0IMH M3 HUX BKpaTie HaMedeH BHIIIE)
BBIBECTH OCHOBHYIO TeOpeMy afireGphl U3 TeopeMbl O HEIYCTOTe CIeKTPa, Jis
KOHEYHOMEPHBIX aare6p (IpeiBapuTeIbHO OOBACHIETCSA, TOUYeMy [ KOHed-
HOMEPHBIX aJrebp yTBepkKjeHHe O HEIYCTOTEe CIeKTpa BhITeKaeT u3 obliel
TEOpPEeMBI).
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Pakonen, m. 5 coepkuT HeGOMBLINOE HOCTAILIHIECKOE «PACCYX TeHNe MO
MOBOJIY?.

B sTom TekcTe deMMBI B (POPMYJE NMEIOT CILIOUIHYIO HYMepaluio, a 3a-
MedaHnsd He HyMepyioTca BOBce. B paHT TeOpeMBl BO3BeJIeHO TOJLKO OMHO
VTBepXK IeHne.

A xoren 661 nobaarogaputs B. M. TuxomupoBa, 6e3 GaaroxeinaTelbHOU
HACTOUYHBOCTU KOTOPOI'O BTa 3aTed Bpsj Ju Oblia Obl [OBeleHA [0 KOHIA,
u P. P. BacunreBa, 3aMedanuist KOTOPOI'o MOOY UM MEHS OTKa3aThCH OT He-
KOTOPLIX W3JAUIIECTB NepBoHavdaJbHOTO BapnanTa. A 6iaromapio B. A. Jluna
— Ha cell pa3 za meapyio TEX-HHYecKyl0 TOMIepXKKY usmgaieka. Pakowerr,
s npuzHaTegsen M. P. Bsiomy, koTopbiit yxuTpuics npuBectu mou TEX B
OPUCTOUHBIN BHI.

1. HECKOJIbBKO AJII'EBPAMYECKUX TOXKJIECTB

B »ToMm myHKkTe, moka He 6yIeT OTOBOPEHO MPOTHBHOE, MOXKHO CIUTATh,
9T0 A — MPOU3BOJbHOE KOJbIIO ¢ eMUHUIEN 1; 3TO 03HAYaeT MPOCTO, YTO MBI
He OyJeM UCNOJIb30BaTh B MTOKa3aTelbCTBAX YMHOKEHUE Ha CKAJAPHI.

B Teopeme o memycToTe cmekTpa pedb HAeT 06 O0O6pATHMOCTH dJIeMeH-
TOB chenuajtbioro Bujga. Cienyloiiee cTalTapTHOE PACCYZKIeHNe MTOKa3bIBa-
eT, 9TO0 (IO KpallHell Mepe, TeopeTHIeCcKn) MpobaeMa 06paTHMOCTH CBOINTCSA
K pacCMOTPeHNI0 KOMMYTATUBHBIX 00BEKTOB.

Paccmorpum HekoTopoe Henycroe mogamuoxkectBo S C A. Ilewmpaausa-

mopom MHOXKeCTBa S Ha3bIBaeTCA MHOXKECTBO

def

Z(9) {xEA‘xy:yw IS Beex y € 5 .

Jlerko Bugers, aTo Z(S) — koabno ¢ exnunuen 1. [laxee, ecin 7 C Sz, TO
Z(S2) C Z(S1). Otcrona cpasy caenyer

JIEMMA 1. Eeau saemenmuvt nodmnodcecmea S wommymupyrom mexncdy
cobot (nanpumep, ecau S cocmoum u3 odnozo saemenma), mo Z(Z(S)) —
KOMMYMAMUEHOE NOJKOALYO, U daemenm u3 S mozda u mo.abko mozda 06pa-
mum 6 A, koz2da on obpamun 6 Z(Z(9)).

Pycrs Teneps A — wommymamusnoe koabno ¢ equnnniein 1. flcwo, 4o
at—bt=—(a—b)-a”t-p7t (1)

I BCceX 0OpaTHMEBIX DJIeMeHTOB d, b € A.
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Ppu ¢puxcupoBanuom z € A mOJIOKUM

def _
re =rq(2) = (@ — )71,

ec/n d1eMeHT ¢ — x obpaTuM. B npeanonoxennu, 9To sleMeHTH @ — 2 U b — 2
06a 06paTHMEL, I3 TOXKIecTBa (1) BEITEKAET TOMKIECTBO

ra =1y = —(a—0b)re-my, (2)

KOTOpOe Ha3bIBaeTCs moacdecmeom FUAb6€pm(l.

dukcupyeM Takol Habop {z1, 22, ..., z,} DIeMeHTOB U3 A, 9TO
=1 (1<k<n) ()
u
n
zp' =0 (1< m<n). (4)
k=1

flcHO, 9TO BCe DIeMeHTH z; 06pATHMBI B YTO COOTHOIIEHNS (4) BBITOTHAIOTCS
OpH BCEX M, MOJOKUTETbHEX I OTPHIATENAbHLIX, KpOMe KpaTHLIX 7. B dacT-
HOCTH, ecliu Wi = zk_l, TO 5TOT HABOP TaKyKe yIOBIeTBOpsieT ycaoBusM (3)
n (4). Pazymeercs, ocHOBHON npuMep — HabOp KOpHEH n-M cTemeHn u3 1; B
5TOM CJydae BHIIOMHEHNe COOTHOIIEHNN (3) i (4) rapaHTHPyeTCs N3BeCTHRIMI
dopmyramn PrioTona.

Ppu maTypaibHoM n MOJIOKAM

en() 1 put w4+ um

st ToKazaTeabcTBA CAEAVIONIEH JeMMbBl JOCTATOYHO MEPECTABUTh MOPSI0K
CYMMHUPOBaHUSA CIIpaBa.

JIEMMA 2 (O KOPHAX M3 EAVHUUBL). Jas wobvie .,y € A umeem me-
cmo moscdecmeo

n—1

n -

k n—k—1 _
2ty = = ealz2) - palzy), (5)
0 z
6 KOMOPOM CYMMUPOSAHUE CNPAEA NPOUIEOIUMC NO 6CEM Z = Z} U3 OMMeE-
YeHH020 Habopa.
s ToxgectBa (5) npnm & = y BEITEKaeT, 9TO

n? "t = Zz on(z2)? (6)

z
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JIEMMA 3. Ppednoaoscun, wmo 0 6cexr z = zj sdeMenmst z — & 00pa-
mumst. Toeda
n? "t = (1 —a2")?. E zori. (7)
z
JTOKABATEJIBLCTBO. Pyjgem mucaTh w BMecTo 2~ 1. Pockoabky nHaGop {w}

YIOBIETBOPSET TeM Ke COOTHOIIeHNAM, 9TO i Habop {z}, n3 ToxzecTBa (6)
BLITEKaeT, ITO

n? "t = Zw - on(wz)?.
w
PuaementTsr 1 — wa 06paTuMBL, IpHYIeEM
(1—wa) ' =z2(z-2)" =2r..

Tak kak (1 — wa)e,(wz) =1— 2", To ¢, (wa) = (1 — a™)zr,.
Takum o6pazom,

n?at =) w e pn(we)’ =

= (1—2")?. zZ-rsy,
(1 n) Z 2

z
I JjeMMa JOKa3aHa.

Eciu A — aare6pa ma g nojgem C KOMIIEKCHBIX YHCeN, & 2p = Ap — KOpPHU
u3 1, To Gopmyna (7) MOKeT OBITH 3alNCaHa B BHIe

n-a" = (1—36”)2-//\-m2 dpsy,. (8)
T
31ech
def
T= {AeC|]A =1}

— eNMHNTHASA OKPYKHOCTh, [, — Mepa Xaapa TPYINL KOpHEH n-f cTeneHu
u3 1, 7. e. euHEIHAsS Mepa Ha T, comocTaBasionias KopHio Maccy 1/n. OTHo-
CHTENBHO DIeMeHTa & TPeIIonaraeTcs, 9To Spec 4 () He mepecekaeTcs ¢ ITOM
CPYIIIOHN.

Kax n monaraetcs B fannom kouTekcTe, npn A € C qepes r), 3gech 0603Ha-
qaeTcs pezoabeenma direMenta x € A, T. e. naemenT (A-1— z)7L, ecan Takoi
DAEMEHT cylecTByeT. PTo o6o3Hadenne NCTOAB3YeTCA U B JadbHEHIIIEM.

Muorue (pakThl 3JeMeHTaApHON TEOPHH aHAJUTHYeCKUX (PYHKIUI BhITeKa-
0T 13 TEOPEeMEl O CpelHeM, KOTOpas MOoJay4daeTcs U3 WHTerpadbHOUl (POPMY.JIbl
Komn B mpumenennn K MeHTPY eIUHWIHOTO AHCKa. KoHedHble ycpeTHeHUS
Tuna (8) TOBOJIBHO YacTO MO3BOJASIOT OGONTHCH 6€3 WHTErPHPOBAHNS, & TO 1
TOTIOAHUTE pe3yabTaT. Pamr cioxeT — Ha 3Ty TeMmy.
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2. CHEKTPAJBLHBIN UHIUKATOP

Cremyiolias IpocTas, HO BeCbMa ToJde3Has JeMMa HHOD T Ha3bIBAeTCS JeM-
Mo PexkeTe.

JIEMMA 4. Pycemo {o} — maxas nocaedosameapnocms Heompuyame.ib-
HBIT YUCEA, UNO

Qyl € Qf - Q 9)
das ecex wamypaavusir k u l. To2da

Mmma}jk = i%f oellg/k (10)

1/k
U, 6 YACMHOCMU, NOCACAOEAMEABHOCTH {O‘k/ } umeem npedea.

JOKABATEALCTBO. /lis yrobcTBa 6yaeM cIuTaTh, 9TO og = 1. PuKCH-
pyeMm HaTypadsHoe m. Eciu k> m, o k = ms+r, rne 0 < r < m. Posromy,
coriacuo (9),

oellg/k < oei/k . oefr{k.
Ppu k£ — oo mocregHee HepaBeHCTBO NMPHBOANT K paBeHCTBY (10) ¢ 3ame-
HOH TPaBOU YacTH Ha oein/m7 0 Tellepb OCTAETCHA B3ATL HUKHIO I'paHb IO M
cupaBa. JleMmMma rmokasama.

Pycrs A — anreb6pa ¢ exnnunern 1 najg notem C KOMIUIEKCHBIX YHCE.
Peorpunareibuyio GpyHkunio p Ha A 6yjeM HasbiBaTh cyOHOPMOl, €CaA BHI-
MOJHAIOTCS CAeAYIOUIIe YCAOBUS:

1. Pesviposcdennocmn: p(1) > 0.

2. Odwopodnocmu: p(Az) = |A| - p(z) s Bcex z,y € A n Bcex A € C.
3. Cybaddumusnocmo: p(z +y) < p(z) + p(y) mas Beex z,y € A.

4. Cyomyavmunauxamusnocmy: p(xy) < p(z) - p(y) mas Beex z,y € A.

Peorpunareibuyio GyHKInio o Ha A 6yj1eM Ha3bIBAThH CNEKMPUAALHBIM UH-
duramopom, ecin
1. o(1) = 1.

2. 0(2") = o(2)" mas Bcex € A U HATYPAIBHEIX N.
3. Cyxenue o Ha KakKIylo KOMMYyTaTHBHYIO TOJaare6py — cybHOpMA.

JIEMMA 5. Pyems p — cybuopma na aseebpe A. Toeda das wxaxncdozo
aaemenma ¥ € A cyuwecmeyem npedea

o(z) < lim p(a")",

n—0oo

u amom npedea ¢ — cnexmpasbnblii unduramop.
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JOKABATENBCTBO. CyllecTBOBaHNE Mpejelia ABIACTCA CJIeJCTBHEM Mpe-
ALLAYIIEH JeMMbL. YCIOBHS HEBBIPOXKJEHHOCTH U OJHOPOIHOCTH OYeBH THEL

I3 cymecTBoBaHTSA Tpeesa BHTEKaeT, 9T0 o(xF) = O'($)k. Ecan zy = yx,
TO U3 CYIIECTBOBAHUA IIpefiela I AHAJOTHIHOIO HePABEHCTBA [ P MOLy9aeT-
cst HepaBeHCTBO o(zy) < o(2) - o(y). Pakonen, m1s qokasaTeqbcTBa HepaBeH-
CTBa TPeyrodbHIKa HAJO0 TONOJHHTEIBLHO HCIONb30BAThH «GHHOM PbloTOHAY.

S3AMEYAHUE. Ecin A — mopMmupoBaHHas anirebpa, TO CIeKTPAJTbHBIH THIH-
KaTOp, TOPOKIEHHBIH HOPMOH, — DTO B TOTHOCTH «CNEKTPAThHBIE Pagnycs,
ecan mocaegHun onpedeasms popuynon lerbdanga. CTaniapTHHIE TpuMep
MaTpHII

0 1 0 1

0o/ " Y7 \oo

MOKa3bIBAET, 9TO CHEKTPAThHBH WHANKATOD, TOPOKICHHBIN CyGHOPMOH, BO-
006111e TOBOPSA, CYOHOPMON He sBsieTcs. PTor mpumep Tunuden. Bumecte ¢ Tem,
st (HEKOMMYTATHBHON) aJqre6phl BEePXHIX TPEYTOJbHBIX MATPUI BTOPOTO
MOpAJIKA CHEKTPAIbHBIN HHANKATOD, MOPOXKIEHHBIH CTaHIapTHON HOPMOH,
OymeT cyOHOPMOH.

3. TEOPEMA O HEIIYCTOTE CHEKTPA

Pycrs A — xoMmyTaTuBHas aqarebpa U ¢ — CHEKTPAJIbHBIN WHIUKA-
Top. CoryiacHo onpeeleHno, ¢ ABIfeTCH CYOHOPMOU. 3aMeTHM, YTO YCAOBHE
o(a) < 1 (B oTaW4nme OT CTAHIAPTHOW CHTyalWn), BOOOIIe TOBOPS, He 2a-
pawmupyem obparumocTu daemerTa 1 — a. C TOYHOCTBIO [0 DTOU OrOBOPKH
cJelylolias JjeMMa TpUBUaJdbHA.

JIEMMA 6. Feau (1 —a)-b=1wuo(a) <1, mo

1

NlencTBuTenpuo, b = 1 4 ab, Tax 11O
o(b) < 1+o(a)-o(b).

duxcnpyem HeKOTOpPHII sdeMeHT & € A. Ppegnoroxnm, 9To MHOXKeCTBO
C\Spec 4(z) He nycTo. PTO MHOKECTBO HA3BIBAETCSA MHOKECTBOM PEry/ISPHBIX
TOYeK dJeMeHTa ¥ U ABAseTcs 001acThio onpeefeHs Pe30JbBeHTb

ry=A-1-2)""
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JIEMMA 7. @yuxyus X\ — o(ry) HENPEPLIGHA HG MHOHCECTNEE PECYAAPHBIE
MOUEK IAEMENMA T U, CACDOEAMEABHO, DASHOMEPHO O2PAHUNENA HE KAHCAOM
KOMNAKMHOM NOOMHONCECTNEE FIMO20 MHONCECTNEA.

JOKABATEJIBCTBO. Ecau A,y — peryispHbie TOYKH, TO, CONIACHO TO-
K aecTBY I'manbepTa,

re= (L= (n=A)r) 7"

Posromy, ecan |pp— A|o(ry) < 1, To, ncnonb3ys emre pa3 ToxIecTBO ['mib-
OepTa 1, KpoMe TOro, JeMMy 6, moaydaeM

lo(r,) —a(r)] <olr,—ry) =
=|u—=Al-a(r. ) <
= Ao (ry)?
L—|u—=Aa(ry)’

I TOKa3aTeJdbCTBO 3aKOHY€HO.

Pamomuum, aTo depe3 T Mul o603HaTaeM CTAHIAPTHYIO eTUHAYHYIO OK-
PYKHOCTBH Ha KoMIuieKcHOU miaockoctu C.

TEOPEMA. Pycmv A — xomnaexcnas aszedpa ¢ edunuyetd. Ppednoo-
scum, wmo Ha A cyuwecmeyem cnexmpaabubil unduramop o.

Tozda Spec 4(x) # @ das écex x € A. B wacmuocmu, cnexmp kancdozo
IAEMEHMA He nyem, ecau aq2ebpa obaadaem cybropmoi.

JOKABATEIBCTBO. Po aemme 1, MBI MOKeM IPeINOIOKHTH, ITO alre-
6pa A kommyraruBHa. Pycts 2 € A. Ecan o(z) = 0, To 2 He MoxeT OBITDL
ob6paTuMbiM, Tak 9T0 0 € Spec4(x).

PosToMy MEI MOikeM cdnTaTh, 4To 0(2) = 1. PokazkeMm, 4To B 5TOM CIIy-
dae Ha OKpy:xkHOCTH T HMeeTcs XOTA OBI OJHA TOYKA CIEKTPa DIEMEHTA .
JellcTBITENIbHO, B IPOTHBHOM Clydae BCe TOYKH OKpy:KHOCTH T 6yIyT TOU-
KaMmi peryiaspuocti. Po qemme 7, naiigercs Takoe ¢ > 0, 9To mig Bcex A € T
6yTeT BBIIOIHATHCA HepaBeHcTBO o(ry) < c¢. Po Tak xak o(z) = 1, To »T0
cpa3y IPHBOIUT K IPOTHBOPEYHIO C JeMMOI 3.

Po nemme 5, Bropoe yTBepiKjeHne TEOPEMBL ABIAETCH CIeICTBIEM IepBO-
ro. Teopema noxasana.

S3AMEYAHUE. /lns 6anaxoBhix ajirebp Teopema lenbdaHipa ycTaHaBiuBaeT
60JIblIIe — CHEeKTp He MycT u KoMmakTeH. O THAKO B YCAOBUSAX TOKA3AHHOU Te-
OpeMBbl CTIeKTP He 06A3aTelbHO 3aMKHYT WJIN OTpaHuveH. BMecTe ¢ TeM, 3Ty
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TeopeMy MOXKHO PeIyIupoBaTh K TeopeMme leabdana: KaK jags KOMMYTaTHB-
Hasg alre6pa co CHeKTPaJbHEIM HHANKATOPOM HMeeT HeTPHUBHAJLHLII [OMO-
Mopgu3M B 6aHaXOBY, TOrJa Kak HHKaKasd airedpa, B KOTOPOH €CTh DJAeMeH-
THL ¢ IYCTLIM CIEKTPOM, He MOXKET HMeTh HeTPHBHAJLHEIX TOMOMODPMH3IMOB
B aare6py 6e3 Taknx 5JeMEHTOB (MMEITCS B BHIY NOMOMOP(H3MBI, «COXpa-
HAOIINE eNHUIY»). Bupodem, n go6aBienns, KOTOpbIe HATO CIeTATh, YTOOH!
BLIBECTH U3 YCTAHOBICHHON TeopeMbl Ha3BaHHbIe BLIIE TeopeMbl Leandanta,
He Beauku. [leiicrBurensuo, ecan A — 6amaxoBa aarebpa u |z|, < 1, To pag
Peiimana

y:l—l—x—|—$2+...

cxoantes u (1 — z)y = y(1 — ) = 1. BmecTe ¢ mpuBeeHHBIME BHIIIE Hepa-
BEHCTBAMI TO MO3BOJIAET YCTAHOBUTH, 9TO IPyIlla OOPATHMEIX BJIeMEHTOB
aare6psl A OTKpBITa B A W 9TO DPyNNOBHIE ONepaliu B Hell HeIpPEepHIBHEL
Otrcoona crefyer, 9TO JOMOMHEHHEe K CIEKTPY KayKIOIO DIeMeHTa OTKDHITO.
Kpoume Toro, ncnonbsys eie pas psj PeiliMaHa, 1erkO IPOBEPUTH, 9TO die-
MeHT A - 1— x obparum, ecan |A| > |z|__.

4. ... 1 OCHOBHASI TEOPEMA AJTEBPLI

OcHoBHast TeopeMa ajdre6Gphl BHIBOJUTCS U3 TeOPEeMbl O HEMYCTOTe CIeK-
Tpa S KOHEYHOMEpPHBIX adrebp. PaszymeeTcs, Mbl MOJKHBI YOETUTHCS, YTO
K TakuM ajrebpam Teopema O HemycToTe cliekTpa npumernuma. [lias sroro
TOCTATOYHO YCTAHOBUTH CYIIECTBOBAHUE HETPUBHAJABHOU CYOGHOPMBI Ha Ka-
K TOH KOHETHOMepHOI aiarebpe (paKTHdecKn Bce Takie aareOphl Ha JedsioTCs
CTPYKTYPOH GaHAXOBOH aare6phr).

MBI HaYHeM ¢ PpacCMOTPEHHS NpHuMepa, B KOTOPOM BCE MOCTATOYHO Ove-
BHIHO, O[HAKO BCKOpPE BBRIACHUTCSH, 9TO OBLUINN CAydall CBOJIUTCS K 3TOMY.

Cuabrum C* cTaHgapTHON eBKJIHTOBON HOpMOIW; HOpMYy BekTopa £ € C*
6ymem o6osnadarh depes [£|. Pycts B = B(C") — anre6pa Bcex JMHEHHBIX
oneparopoB T: C* — C". Pra aare6pa ecrecTBeHHO u3oMOpdHA aqaredpe
M (n, C) xBajgpaTHEIX MaTpHI Mopsiika n. Bece onepatopsr 1 € B HenpephiB-
HBI, U JEerKO YOO IUThCS, 4TO BCE OHU UMEIT KOHEYHYIO HOpPMY

def
7|l = sup |T¢][,
l€1=1

U, cHaOKeHHas DTOH HOpMOHU, B cranoBuTcs GaHaxoBol aarebpon. Mol He
TPHUBEIN 37eCh TOAPOOHBIX [0KA3aTEAbCTB, TOTOMY ITO BCE OHW MPOBOAATCS
(HETOCPEICTBEHHO).

Jlast oHOTO U3 BapWaHTOB MOKA3aTEIbCTBA OCHOBHOU TEOPEMBI alredphl
(cM. HEKe) JOCTATOYHO HOpMUpyeMocTn anre6pbl B. OIHAKO [ MOIHOTHI
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KapTHHBL (11 1718 60JIbIIIeNl CBOGOTHI JeICTBII), MBI MOSCHIM, KaK MOKHO HOP-
MUPOBATh TPON3BOMBHYIO KOHETHOMEPHYIO airebpy A (c emnHuiein).

Pycrs dim(A) = n. Torga B kadecTBe JHHEHHOTO MPOCTPAHCTBA AJTe-
opa A usomoppua C*. Conocraum siementy a € A omneparop T,: x — za.
Hcnoab3ys ykazaHHBIH H30MOPMU3M, Mbl MOXKEM «IepPEeHeCTH» DTH OlepaTo-
pel B anrebpy B = B(C"); B pesyabTaTe NOJIYINTCA TOYHOE TpeNCTaBICHIE
aarebper A B B, 1 A HaeaseTcs HOPMOH.

Ppexge 4eM mepexoauTh K JOKazaTelbCTBaM OCHOBHOH TeOpeMbl ajre-
OpHI, clleaeM elle HeCKOAbKO 3aMedaHuil 06Iero xapakTepa.

B mpoctpancTe C* MBI (MOI9aInBO) 3apUKCHPOBAIN 6a3HC, B pe3yabTa-
Te dero u Bo3uuk nzoMopdusm Mmexgy B = B(C") u M (n, C). OroxgecTBins
oneparop 1" € B ¢ cooTBeTCTBYIOLIEH MaTpHIeH, MBI MOJKEM THCATh BEIpasKe-
Hust Bpoje det(T'); Ha caMOM fefie DTO YUCI0 OT BHIOOpa Gas3ica He 3aBUCHT.

B cooTBeTcTBHE ¢ mpaBmaaMyu JMHEHHON aaredphl, onepaTop 1 Torga u
TOABKO TOrjga OymeT obGparumbiM, korga det(7) # 0. CaegoBaTelabHo,
Specg(T) cocTaBasioT KOpHH (XapaKTepHCTHIECKOTO) YpaBHEHNS

det(A-1-1T)=0.

CoracHo TeM ke IpaBiJaM, 9T KOpHH — «coOCTBeHHbIe 3HaYeHns JNHelHO-
ro HpeO6pa30BaHI/IH»7 n, KaK U3BeCTHO, CTaH,Z[apTHbeI MeTO TOKa3aTelbCTBa
cyuieCTBOBaHUSA cOOCTBEHHBIX 3HAYCHIN HCIIOJAb3yeT Pa3pelInMOCThb XapaKTe-
PUCTNIECKOI'O ypaBHEHU.

Y Hac ecTh BO3MOXKHOCTH 0GpaTHTB TOT NyTh. [lelicTBUTENbHO, U3 CKa-
3aHHOT'0 BHIIIE 110 ToBOAY aarebper B = B(C") BhTekaeT, 9T0 K 3ToH aarebpe
NpUMeHNMa TeopeMa O HelycToTe CIeKTpa.

Takum o6pazoM, cieKTp KaxKaoro onepaTopa l € B e mycT, y onepaTtopa
eCcTh COOCTBEHHbBIE YHCTA, a XapaKTepUcTHiecKoe ypaBHeHle HMeeT KOPHH.

Y1068l BHIBECTH OTCIO[a OCHOBHYIO TeOopeMy aJIFe6pr7 ocTaeTcd 3aMe-
THTb, 9TO Kacdbiti TOJNHOM

FO =X+ A"t a, Ay,

SIBJASETCH XapaKTePUCTUYECKHM [Jsi HEKOTOPOT'O JHHEHHOT O onepaTopa. Pa-
npuMep, Ipu 7 = 4 10CTaATOYHO PACcCMOTpPeTh MaTpPUIY

A 0 0 (87}
-1 A 0 a3
0 -1 A oy
0 0 -1 A+om
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Temepb MBI XOTHM BKpaTIle ONICATD ellé OJnH CIocob MOLY THThH OCHOBHYIO
TeopeMy alre6pbl I3 TeopeMbl O HEIyCTOTE CIeKTpa.

O6osnaanm depes C[z] aarebpy Bcex KOMIUIEKCHBIX MTOITHOMOB. XODOIIO
I3BECTHO, 9TO MOAMHOMBI MOYKHO JeJHTh ¢ oCTaTKOM. PTo o3HadaeT, 9TO ecan
fyg € C[z], To cymecTByIOT Takme OJTHO3HAYHO OIpe/eleHHbIe TOJUHOMB h
n q, 9t0o ¢ = fh + ¢, upndem deg(q) < deg(f) (moamHOMYy, TOXKIECTBEHHO
paBHOMY 0, IPUNICHIBAETCA CTENEHb —00).

dukcnpyem HEKOTOPBII HeTPHUBHAJILHBII MOTHHOM f I 0D03HAIUM dYepes
(f) COBOKYNMHOCTD BCeX MOJMHOMOB, Nedsunxcs Ha f 6e3 octaTka. MHOKECTBO
(f) cocraBasier udeas B ToM cMBICTe, 9TO (f) ecTh mogaarebpa (6e3 eMHUIL)
¢ MOMOJHAUTENbHEIM CBOWCTBOM: ecau ¢ € (f), To gh € (f), mis Kaxkjgoro
nosmuoma h € C[z].

ToBOPAT, 9TO TONMHOMBI ¢, g9 DKBUBAJEHTHHI (TOYHEE, CPAGHUMBL NO MO-
dywo (f)), ectn g1 — g2 € (f).

Bosuukalomue Kiacchl dKBHBAJEHTHOCTH COCTABAAIOT aare6py OTHOCH-
TeNbHO €CTECTBEHHBIX ONMepalnil, KOTopas 06BIHO 0603HATAeTCS (C[z]/(f)

13 onmcanmoil BhIle MpoNeayphl AeJeHHus ¢ OCTATKOM Jerko BhITeKaeT,
49T0 pasMepHOCTh 5Toil aarebphl pasia deg( f). PoBTopHoe npuMenenne npo-
HeAyphl fefeHus ¢ ocTaTKoM (aaroput EBKInIa) MO3BOJSET YCTaAHOBUTH,
ITO (C[z]/(f) — ToJle, ecan TOJUHOM [ HeMpPUBOINM, T. €. He MPeICTaBIIeTCS
B BH/e HEeTPUBHAJILHOI'O IIPOU3BEIeHNA TOJUMHOMOB.

Po reopeme Ieabdpanga — Masypa, Boznukamwoliee noge ognomepno. Cie-
nroBaTenbHO, ecan f HenmpuBognM, To deg(f) = 1, U ocHOBHas Teopema aire-
OpHL elIé pas3 JoKa3aHa.

B kypce koMMyTaTHBHONI alreb6phl BTOPOH CIOoco6 MOKET OKa3aThcs 6oee
IpeanoITHTENBHBIM: BO-NEePBHLIX, MTPUBJIEKAIOTCA TOJEe3HLIe TOMOJHUTENAbHbIE
obIe TOHATHSA, a BO-BTOPHIX, He HAT0 BEIXOANTH 32 PaMKNH KOMMYTAaTHBHBIX
00 BEKTOB.

5. HEBOJBIIOE IOCJECJOBUE

Konkpetnnie aarebpsl ollepaTOpoB B THALOEPTOBOM MPOCTPAHCTBe Hada-
A7 paccMaTpuBaTh elé B Havade 30-x ronoB. B vacTHOCTH, HecaetoBanng pon
Peiimana 1o MaTeMaTu4ecKiM OCHOBaM KBAHTOBOW MEXaHHKH — DTO TEOPHS
CaMOCOTPAKEHHBIX ONepaTOPOB I'MJIbOepTOBa MPOCTPaHCTBA.

Bekope mocae Toro xax MpOACHUANCH OCHOBHEIE MPHHIHUNE Teopun 6a-
HAXOBBIX IIPOCTPAHCTB, PALOM aBTOPOB OLLIO BBeIEeHO (MO PAa3HBLIMI Ha3Ba-
HUSIME) U TOHATHe GaHAXOBON aireOphl, OJHAKO HOBBHIM HAlpaBIeHHEM B Ma-
TeMaTHKe, HACTOSAIIEH Teopuel, cBA3aBlIel MHOTOYHCAEHHEIE PAa3PO3HEHHEIE
(PaKThl KIACCUYEeCKOTI'0 U KOMILIEKCHOI'O aHaJdu3a, aJredpbl U TOMOJOT UM, 3Ta
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HayKa cTaJga 6aarogaps pematorieMmy Bkiaaay . M. Ienwdanra. XapakTepras
ocobennocTh TBopUecTBa M. M. l'enbdan ta nposiBuIACE 3/eCh 049eHb IPKO: OH
yCJABIIIal KiodeBoe cjaoBo. B obiell KOMMyTaTHBHOU aqareGpe, NIaBHOW MO-
IeNbl0 KOTOPOU CAYXKHT TEOPHs Hucel, NeHTpaibHOe MOHSATUE, siBJAfIoieecs
eCTeCTBEHHBIM 060O6IIeHHeM MOHATHA MNPOCTOTO 4Yucia, — MPOCTOU UIeal.
Orkpeitue U. M. lenbhanga cocTosI0 B TOM, 4TO I «<KOMMYTATHBHBIX KO-
Jielly, eCTeCTBEHHO BO3HUKAIOIINX B PA3JHYHbIX 3aa9aX aHAJN3a, PEIAoILy 0
pOJib UIpaeT MOHATHE MUKCUMAILHO20 HTeata. B >TOM cMbICie MepednciaeH-
HbIe BBIIE PE3YJIbTAThI — HTO BCErO JIHUIh MOIbhe3THEE NYTH K CTPOUTENb-
ctBy. B ynomsiayTou Beiie monorpadguun 9. Pukkapra [3] naka, B 9acTHOCTH,
OpakTHYeCKH TOJHas Gubauorpadus o GaHaXOBEIM airebpaM K Hadaay 60-x
rogoB. K nacrosiiiieMy BpeMeHI COCTaBUTh NOAOOHBI CIUCOK HE MPeIcTaBls-
eTcs BoaMOxKHbIM. C OCHOBaMU TeOpHH Telleph MOYKHO MO3HAKOMUTHCH TPAK-
THYeCKH 1o JioboMy Hojee 1M MeHee COBPEMEHHOMY KYypCy (PYHKIMOHAJb-
HOTO aHaamsa (cM., HampuMep, Pymuu [4]). Ecrs, ograko, ocobas mperecTs
B NMPUKOCHOBEHHH K KJIacCHYeCKUM HCTOYHHKaM. MHe B CBOE BpeMsi MOBe3-
J0: cHadaJa (Mo CAy9alHBIM 06CTOATENbCTBAM) i TPOYe] OCHOBHYIO paboTy
N. M. Teabdanga [1], 3aTem, npocujgeB Mecsl B 6ubinoTeke Mexmara, Ky-
om1 B Knocke Ha MoxoBon nomep «Ycmexosy co crathben M. M. I'eabdamma,
M. A. PaiixoBa u I'. E. lllunosa [2]. PToT sk3eMIIsip MOXKIIAJICA CBOETO daca
okoao 10 ner.
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«BermecTBeHHOE) JOKa3aTEIHCTBO OCHOBHOI
TeopeMbl alreOpPb

A. B. llyxanxon

[leaw HacTosiiell 3aMeTKH — JOKa3aTh TeopeMy 06 aarebGpandeckoll 3a-
MKHYTOCTH TOJs KOMILIeKCHBIX dncen C, He WCmonb3ys (gaxke HeSBHO) caMo
NOHATHE KOMIIEKCHOTO YHcaa. XOPOIIo U3BeCTHO, UTO 3Ta TeopeMa dKBHBa-
JeHTHA CJIeIYIOUIeMY, YUCTO BellleCTBEHHOMY (PaKTy.

TEOPEMA. Jho6oi eeujecmeennbiti MHo2ouien
-1
pla)y=a"+aa" "+ +a,,  a; €R,

a; € R, packaadvisaemen 6 npouzeedenue AUHETHBIE U K6AIPAMUUNBIE (6 E-
CMBEHHBIT) COMHONCUMENET:

ple) =[x — @) - [] ="+ piz + ¢)),

ede a;,pj,q; € R.

Yxe cama dTa (POPMYIAUPOBKA TMOIBONAET MPEANOJIOKATH, ITO MOKa3a-
TeJbCTBO MOXKET 6BITH TMOJYIeHO CpelcTBaMU BeIleCTBeHHOT O aHagm3a. PTo
MHBL U cobupaeMcs clenaTh. [oKa3aTelbCcTBO MLI IPeACTaBUM B BHUIEe CepHUH
YTBep:K TeHUl-3a 1a4, TeTajJbHas IPoBepKa KOTOPHIX OCTaBIeHA YUTATENI0.

OTMeTuM 1O XO[IY Jjefa, YTO BHAYUTENbHAS YacTh H3BECTHHIX [TOKa3a-
TENhCTB ONUPALTCSA Ha CASIYIOUINNT TPOCTOU (PaKT.

YHnpPAXKHEHUE 1. Jhobot (6ewecmeennviii) mnoeouien nevemnot cmene-
HU UMEEM 6EUECTNEEHHBIT KOPEHD.

YKABAHUE. BocnoabsyiTech TeopeMoil O MPOMEXKYTOYHOM 3HAYSHUH.

PpI/IBO,Z[I/IMOQ HII2Ke NJOKa3aTeJlbCTBO HIKaK H€ CBA3aHO C 9€THOCTBLIO CTe-
IIeHn.
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Pynem paccyxjgaTh uHAYKIHEH MO cTeneHn n MHOro4wieHa p. las n = 1,2
TeopeMa TpuBHadbHa. CduTaeM MO3TOMY, YTO 1 > 3 U /I MEHBIIIUX CTeleHel
yTBepxKjeHle TeopeMbl ClipaBelinBo.

Paccmorpum Teneps k-mMepHoe adpuHHOe mpocTpaHcTBO P) Beex (Bemre-
CTBEHHBIX) MHOTOY/JIEHOB CTeNeHn k:

Piog=a"+aa" !+t

Jlas yrobcTBa Beerga moaaraeMm ag = 1. KosdpuineETH @; 3a71al0T 0TOXK Te-
CTBJIEHUE

P, >~ R”,
P39~ (al,...,ak),
Tak 9T0 HaboOp KO>(PPUUneHTOB (a1, ...,ar) MB MoxeM (m GymeM) paccMma-
TPUBATH KaK €CTeCTBEHHYIO CHCTeMY KoopanHaT Ha P.

B ocnose namero JTOKa3aTeadbCTBa JEeKUT aHaJdll3 0m06pa9fcemm YMHOIHCE-
HUA

pi: Py X Py — Py,
k2 (g, h) = gh,

COMOCTABJAIONIET O Tape MHOTOWIEHOB UX NpousBefenne. /ocTaTodHO MOKa-
3aTh, YTO MPOCTPAHCTBO P, MOKphiBaeTcHd obpazamu i OTOODaKeHHU pj,

k=1,...,n— 1, u60o B »ToM cIydae MOXKHO IPUMEHUTH NPEINOJOKEHNEe HH-
aykuun. MTak, ToJoKIM
n—1
zZ = %.
k=1

SANAYA 1. HHodmwnoxncecmeo 7 C P, ecmb 6 Mounocmu MHONCECTNEO 6CET
MHO2OUAENOE CMENEHU T, YJOBACMEOPAIOUUL YIMEEPHCOEHUIO MEOPEMDL.

(PTo moyrn TpuBHa’IbLHO.)
Pam my:XHO TTOKazaTh, 4To / = P,.

ONPEAEJIEHUE. Ilenpepvienoe omobparxcenue Ha3viéaemcs COGCTBEHHBIM,
ecau npoobpas 10b020 KOMNAKIMA ECMb KOMNAKM.

YUPAXKHEHUE 2. [Iposepvme, wmo coomseememeue x +— sinx 3adaem
omobpaxcenue o : R — R, He ssasoueecs cobcmeenubim.

SATAYA 2. Omobparcerus YMHONCEHUS [Lf, ABALIOMCR COOCNE EHHBLMU.
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YKABAHME. /[locTarodno mokasaTs (modeMy?), 970 npoobpas J60To or-
PaHUYEHHOT'O0 MHOYXKECTBa OTHOCHUTENbHO [t €CTh OT'PaHMYeHHOE MHOMKECTBO
B P X P,_i = R” Ppeanonoxnm, 910 3T0 He Tak. Torja cymecTByIOT IBe
MOCJAEe[0BATENHLHOCTH MHOI'OYJIEHOB

k k—1
Im = Um, 0T + Uy 1T +--+ U, ke

hm - bm,Own_k + bmen—k—l +---+ bm,n—kv

Um0 = by o =1, Takue, 4TO

1)ty = Hll.@X{|am,i|7 |6, 5|} — 00 mpu m — oo,

2,
2) KO>(pPUUIHEHTH MHOTOUICHOB (i, hyy) OTPAHUYEHB! IO MOTYII0 KOHCTAH-
TOH, HEe 3aBUCAIIECH OT 7.

Pokaxure, 4T0, Hepexois K MOI0CIeT0OBATEIBHOCTH, Mbl MOKeM 10O Thb-
sl BBIMOMHEHUS CACAYIONINX CBOUCTB «PeryJasipHOCTHY NOBeIeHUs KOdM OUIU-
eHTOB:

1) mast mexkoTopwix nagekcoB s 1 r (0 < s < k, 0 < r < n— k) abcomoTHbIe
BHAYEHUA |G, | U |y, 5| MAKCHMAIBHBL IS BCEX M CPEAN |y, ;| 1 |byy ;| cOOT-
BETCTBEHHO, IpHieM 06e NOCIeI0BATEABHOCTH |Gy, »| U |byy, 5| He yOBIBAIOT;
2) mast mo6oro nugekca ¢ wan j (0 <@ < k, 0 < j < n— k) BBIIOIHEHO B TOY-
HOCTH OJHO U3 IBYX TpeboBaHUH: a160 |Gy, | = O(|an i|) (coorBercTBenno,
|b0,5] = O(|bm;])), B TOM ciiydae Ha3oBeM 5>TOT HHAEKC (i WIH j) 60AbwuM,
1160 |ay, ;| = o(|an, |) (coorBeTcTBennO, |byYy 5| = 0(|b)y 6|)), B B DTOM cirydae
HA30BeM DTOT MHIAEKC (i WM J) Maabim.

Temeph Bo3bMHTe IBa HAUMEHBINNX OGONBINNX WHAekca u < 7 W v < S.

JlokaxxuTe, 9TO MOCIeNOBATEALHOCTL KOd(pPUIneHToB npn "~ 7

B MHOI'O-
qaeHax ¢, hy, He MoXkeT OLITH orpaHndentnon! PTo mpoTuBopedne 3aBepiinT

TOKa3aTeIbCTBO.
3AAYA 3. Muooxcecmea 7y, (u, caedosameavno, 7 ) 3amxuymor 6 P,.

Pro cremcrBue cobeTBeHHOCTH OTOOpaKeHll yMHOKeHus. VIMeHHO mo3TO-
MY CBOUCTBO 0TOOparKeHus OBITH COOCTBEHHBIM ABJISETCH CTOJAb BayKHBIM.

HUrak, 7 — 3aMKHYTOE MHOYXKECTBO. XOTeJNOCh OB, YTOOL OHO OJHOBpE-
MEHHO W OTKPBITHIM: TOI[a MOYKHO OBLIO Obl BOCHOJB30BATHCH CBA3BHOCTBIO
P, 2 R” u moay4uTh Kejgaemoe coBlnajenne / = F,. Mbl ycTaHOBUM YyTh
tosee crabbBIll PaKT.
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Pycrs f € Z; — HEeKOTOPHBIH Pa3oKUMBI MHOTOUJIEH,

= gh,
g=a+ba" 4 by,

-k —k—1
h=2a"""+4 c1a" + - F ek

YNPAYKHEHUE 3. Buinuwume aeno mampuyy duddepenyuata (axobuan)
omobpaicenus
pr : Pex Py 2R — P, =2 R"

6 mouxe (g,h) € Py X P,_j omnocumeabno ecmecmeenubly cucmem Koopdu-
Ham — KOIPPUYUEHMO6 MHO20UAECHOS.,

SAAAYA 4. Joxaxwcume, umo amo aunetinoe omobpaxrcenue dity He6bIpo-
acdeno (ne umeem adpa) mozda u moavko mozda, Ko2da mHo2ouAENbL G, h
63AUMHO NPOCTNDI.

YKABAHUE. Duxkcupysi NpoOU3BOJIbHBIN MHOTOWIEH g € F,,, Mbl npeBpa-
aem afdunnoe npoctrpaHcTBo P, B JHHENHOEe HPOCTPAHCTBO, 3AMUCHBad
MPOU3BOJAbHEIN MHOMOWIEH B BHIe CYMMBI § 4w, Jjie w — MHOIMOYJIEH CTeleHn
He npeBocxosiienn m — 1. Jlunetinoe nNpocTpaHCTBO MHOIOYJIEHOB CTENeHH,
He mpeBocxomsiien [ oboznadum depes P OTobGpakeHue i MOxKeT ObIThH
Telepb 3allcaHO TakK:

(9+u, h+v) = gh+ (gv+ hu) + uv.
Poaydaem caegytouuii Buj skobuana dfiy:
R" 2 Pr_1 X Ppk—1 3 (u,v) = gv+ hu € P,y ZR".

Omrciona yTBep:KIeHue 3agaqu BIBOIUTCS 6Ge3 TPy Ia.

OrMeTum, 4T0 3agada 4 U ynpakHeHne 3 cyTh Kiaccudeckas TeOpus pe-
3YAbManma IByX MHOTOWIEHOB: ONpeIequTe b SKOOUeBO MaTPUIlbl djty, ecTh
He 9TO MHOe KaK pe3yabTaHT R(g,h) mHOTOYI€HOB g 1 h.

3A1A49A 5. [lyemw f € Z donyckaem npedcmasaenue f = gh, (g,h) = 1.
Toeda 7 codepocum nexomopyio oxkpecmuocmsb mouku f.

YKABAHUE. Ppumenure Teopemy o HesiBHOU (PYHKIIMH.

3A1A9A 6. [lyemo f € Z ne donyckaem npedecmasaenus f = gh, (g,h) =
=1. Toada aubo f = (x — a)"; aubo n wemno, n =2l, u f = (2% + bz + ¢)".
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Pycrs Y C P, — (3aMKHYTOe) MHOJKECTBO MHOT'OWIEHOB, ONNCAHHBIX B
IpeJIbLIyIIel 3aade.

3AMAYA 7. P, \'Y ceazno.

YKA3AHUE. OTkpbiToe MHOXKecTBO P, \ 'Y auneidno cBizHO: mocTpoiiTe
SIBHO NIy Th, CBA3LIBAOIIHN [BE TOYKH.

Urak, mer 3raeM, 9to Z \ Y oTkpuito B P, \ Y (3a1ada 5) n 3aMKHyTO B
P,\'Y (sagaia 3). B cuny npenbigymen 3agaun (n zenyctorsl Z \ Y!) nmeem

Z\Y =P, \ Y.

Crago 6biTh, Z = P,.

Teopema mokazana.

Astop 6rarogapen A. U. Koctpukuny n A. I'. XoBaHnckoMy 3a nHTepec K
BTOMY MOKazaTelbcTBY, a Takke A. P. CocuHckoMmy 3a mosie3Hble 3aMedaHus
U IPEJIOKEHHS 110 YIYUIIeHNI0 H3J0KEHUS.
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O HEKOTOPBIX TOMOJOIMICCKIX JOKa3aTeIbCTBAX
OCHOBHOI T€OPEMBI aIreOPhI

I1. E. IIymkapn*

BBEIEHUE

OcHoBHast TeopeMa ajJreOGphl YTBEPZAK [aeT, YTO B MOJe KOMILIEKCHBIX Y-
ceq Jqi0boe ajrebpandeckoe ypaBHeHue nuMeeT KopeHb. PKBUBaJeHTHAS Bellle-
CTBeHHAs (DOPMYJIUPOBKa: JMI000N BEIeCTBEHHBIN TOJNMHOM pPACKJIA ThIBALTCS
B pOU3Be/leHNe JUHEHHBIX H KBaPAaTHYHBIX COMHOXKUTENeH — MOXKeT ObITh
ToKazaHa 6e3 NCHOMb30BAHNS MOHATHS KOMILIEKCHOTO dncia (cM., HanmpuMep,
nrokazateabcTBo A. B. Pyxaukosa [1]). B HacTosmell 3aMeTke MBI 06CY K Ta-
eM TonoJornyeckne (akThl, JeKalllie B OCHOBe mokazaTeibcTBa A. B. Pyx-
JHKOBa M HEKOTOPHIX APYTIHX [OKa3aTelbCTB OCHOBHOU TEOpeMbl ajJreGphl, i
mpejiaraeM Ipyroe moKasaTelbCTBO OCHOBHOI TeopeMbl ajJreGphl, TaKKe He
HCIOIb3YIolIee MOHATHE KOMIUIEKCHOTO 4nC/Ia (OCHOBAHHOE HA MOHATHH CTe-
NeHN OTOOpaKeHN ).

PpuBenennoe B cTaThe T0Ka3aTEIBCTBO OCHOBHOW TEOPEMEl aareGphl 1o-
SIBIJIOCH B peayibTaTe 00IyMbIBaHUs mokazaTeibcTBa A. B. Pyxaukosa, ko-
TOpoe OBLIO pa3zbuTO Ha 3afadu, NPEIJIOKEeHHbIE CTYIeHTaM BTOPOro Kypca
MK PMY na cemunapax mo MaTeMaTHIeCKOMY aHAIN3y.

Aprop Gaarogapen A. I'. XoBaHCKOMY 3a HOMOIb W BHHMaHHE K DTOU
BaMeTKe.

1. O TOHOJOTUYECKUX ®AKTAX JEXKAIINUX B OCHOBE
«BEIIECTBEHHOI'O» JOKABATEJBCTBA OCHOBHON TEOPEMBI
AJT'EBPHI.

Coopuyinpyem HeoOXOTUMbIE ONpETeNeHNS .
Pamomuum, 9T0 HempepHBHOe O0TOOpaykeHne Ha3bLIBaeTcA COOGCTBEHHLIM,
ecan poodpa3 JAd00ro KOMIakKTa — KOMIaKT.

*Pabora nogaepxana Poccuiickum Pongom Dyrpamenranrsabx ccaegopanuin (mpo-
exT 96-01-01104) u rpanTom INTAS-94-4373.
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Pyers M™% M™ — ruaajgkue Mmuoroo6pasus pasMepHoctu n+ k u n co-
orBetcTBerHo (k > 0), f: M™* 5 M™ — rnajikoe oTo6pasKene.

Touky o6paza oTobpaxenus f Ha30BeM CHJIBHO PEryJsPHBIM 3HAYEHHEM,
ecii Cpejin ee MpOOGPaA30B HalljJeTcs TOYKa, fuddeperiual oToopaxenus f
B KOTOPOH NMeeT MaKCHMAJbHBIN paHT (paBHBLIH n).

Touxy o6pasa orobpakenns [ 6ygeM Ha3bIBaTh CHABHO OCOOBIM 3Hade-
HIEeM, eciii BO BCeX ee MpooGpazax paHr mudepeHiinala He MaKCUMaJTbHEBINT
(MeHBIIE 7).

Taknum o6pasom, MbI pasbmin obpas oTobpaxKkenus [ Ha [Ba MHOXKECTBA
— MHOYXKeCTBO CHJIbHO PeryJsipHBIX 3HaYeHHU OTOOpazxeHus [ U MHOXKECTBO
CHJIBHO OCOOBIX 3HAYEHHU OTOOpaXKeHus f.

YNPAXKHEHUE. Kaxum moxcem O6bimb MHOICECTNEO CUABHO 0COOBIL 3Ha-
yenuti omobpaxcenus f:R =R, f(z)=2a" +apz"  +---+a,?

CoopmyanpyeMm OCHOBHOW TOMOJIOMHYeCKHM (PAKT, Je¥KaIHi B OCHOBE TIPH-
BeJIEHHBIX HIKE JOKa3aTeIbCTB OCHOBHON TEOPEMBl aareGpHI.

TEOPEMA 1. Iyems f: M™% — M™ maxoe caadxoe cobemeennoe omo-
b6padcenue, wmo:
a) donoanenue do MHONCECTNBA CUABHO OCOOLIT 3Hauenutli omobdpaxcenus f
C6A3NHO,
6) MHOHCECTNBO CUALHO PESYAAPHBIE 3HAUEHUT omobpaxcenus [ Henycmo.
Tozda o6paz omobpancenus [ cosnadaem ¢ muoz2006pazuem M™.

JOKABATEJNBCTBO. [loxkaxeMm, 9T0 MHOKECTBO CHJIBHO PEryJAsPHBIX 3HaA-
YeHUIl OTKPHITO U 3aMKHYTO B JOMOJHEHNN K MHOKECTBY CHJIbHO OCOOBIX 3Ha-
YeHU.

1. MHOKeCTBO CHJABHO PeryJsipHbIX 3Ha4eHul OTKpbiTO B M"™.

Pro oueBujgHOe ciaencTBue uz Teopembl o HesiBHOU (pyukiuu. CiaegoBa-
TeNhHO, DTO MHOXKECTBO OTKPBITO H B MOIMHOXKecTBe M™ — [QOMoJHEeHUun 10
MHOXKECTBA CHJIbHO OCOOBIX 3HaYeHU 0TOOpaxKeHus f.

2. MHO2KeCTBO CHIBHO PeryispHbIX 3HAYEHUU 3aMKHYTO B MOTOJHEHHH K
MHOXKECTBY CHJIBbHO OCOOLIX BHAYEHUI.

PaccMoTpnM mocie10BaTeNbHOCTD CIIBHO PeryIspHBIX 3HAYeHNN (Z;) CXO-
IALIYIOCSA K TOYKe a, He JiexKallel B MHOXKEeCTBe CHJAbHO OCOOBIX 3HadeHUH
oTobpazkenns f. OGbequHeHNe YIEHOB NOCIENOBATENBHOCTH (2;) I TOYKN @
— kommakT B M™. Tak kax orobpaxkenue [ cobcTBEeHHO, €ro Mpoodpas —
kommakT B M™%, BriGepem mo mpooGpasy y; ToUKH x;. Y MOCIEIOBATENb-
HOCTH (I;) eCTh CXOAIIAACS TOIMOCTeI0BATENBHOCTD (3/1€Ch, COGCTBEHHO, 1
HCIOIB3YeTCs COOCTBEHHOCTh 0TOOpazkeHus f), cXoadimascsa K Todke z. OTo-
Gpaxkenne f HelMpepwIBHO, cilegoBaTenbHo f(z) = a.
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Takum o6pazom, a JeKuT B o6paze [ u He IPUHAIJIEKUT MHOKECTBY CHJIb-
HO 0cOOBIX 3HavYeHnl oToOpaxkernus f. CleloBaTelbHO @ CHILHO PeryiaspHoe
sHadeHne oTobpaxkenus f. YTBepkKjeHle 0 BaMKHYTOCTH TOKa3aHO.

B cuny ycnoBuit Teopembl 1 1 TOKa3aHHBIX YTBEPK IEHUE MHOKECTBO CHJb-
HO peryJispHBIX 3HAY€HUU OTKPLITO, 3AMKHYTO U He MyCTO B JOMOJHEHUU [0
MHOXKECTBA CHJIbHO OCOOBIX 3HaYeHU 0TOOpaxKeHus f.

Pockoabky momoanenne CBA3HO, TO OHO COBNAJaeT ¢ MHOXKECTBOM CHIBLHO
peryJsipHBIX 3HadYeHull oTobpaxenus f. Teopema mokaszana.

JlokaxkeM TpW TOMOIIIH TeOpeMBl 1 OCHOBHYIO TeopeMy aarebphl.

1. «Komnaexcnoer dokazameabemeo 0CHOEHOT MEOPEMBL AA2EODDL.
Paccmorpum otobpaxenne f: C — C, f(2) = 2" +a12" L + -+ -+ a,.
Orobpaxkenne f — cobeTBenHo. PTo cliefiyeT U3 XOPOIIO N3BECTHON OleH-
K¥ abCOMOTHON BeINYUHBI KOPHEH YpaBHEHUS Yepe3 Kod(pMUIHeHTH ypaBHe-
uust (cM. [2]). MHOXKeCTBO CIIIBHO OCOOBIX 3HAYEHN T 0TOOpaKeHus f KOHETHO,
TaK KakK CHIBHO OCOOLIX 3HAYeHHN He 60bllle YeM KOpHel pon3Bo,Hol. MHuo-
JKECTBO CUIBHO PEryaspHBIX 3HAYeHNI, O9eBUIHO, He MyCTO.
CaenoBatensho, f(C) = C n Teopema nokaszaHa.

2. O6cy MM BellleCTBEHHOE M0Ka3aTelbCTBO OCHOBHOU TeOpeMbl airebphl
— rnoxkasaTeabcTBo A. B. Pyxankosa.

CoopuyaupyeM cienyioliee yTBepXK IeHIe:

YTBEPXKAEHUE 1. Jhobot eeujecmeennviii noaunom cmenenu n > 3 nped-
cmasum 6 6ude Npouszsedenus Jdeyr NOAUHOMOE MEHBWET CMenel.

[InaH NOKABATEJIBCTBA: OTOXKIECTBUM IOJHHOMBI CTENEHU ¢ CO cTap-
MM Ko>pQUIHEHTOM paBHBIM eqnHuIe ¢ R (OTOXK JecTRIsEM NOJTHOM € ero
KOa(PUIHeHTaAMN).

PaccmorpuM oTobpazkenie yMEOKeHNA i REX R — R”, (f.g)— f-g.

n—1

Omnpereanm ortobpaxenne p : |J R* x R*"™* — R”™ kak oTobpaxkenie,
=1

COBIAaolIee HA KaXKJOU KOMIOHEHTE ¢ COOTBETCTBYIOMUINM OTOOpaKEHneM

YMHOKEeHUA [i;.

PaM Heo6xoAMMO MOKa3aTh, 9TO BTO 0TOOpaskeHue «Hay. MBI XOTHM BOC-
IOAL30BAaTLCA TeopeMoil 1.

Bo-mepBBIX, A4 5TOro HEOOXOIMMO ONNCATH MHOKECTBO CHILHO OCOOBIX
3HAYEHNH OTOOpaKeHUA [i.

3aMedaTeabHbIl (PAKT COCTOUT B TOM, 9TO AU(depeHnnag 0ToOpasKeHns
;B To4Ke (f, g) HEBBIPOXK TEH, €CH I TOABKO €Ci HaNOOIbIINT OGN fe/n-
Teqb moanHOoMOB f 1 ¢ paBen 1 (cu. [1]). PTo nosBosiser onncaTh MHOXKeCTBO
CIIBHO OCOOLIX 3HAaYeHNH OTOOpaKeHNA [i.
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Ppu HedeTHOM n MHOKECTBO CHABHO OCOOLIX 3HAYEHHN OTOOparKeHUs [
COBIIATaeT ¢ MONMHOMAaMM Buia (z + a)”, a Ipn YeTHOM 7 CONEepKHUTCA B
MHOZKeCTBe MOTNHOMOB Bifa (224 az 4 b)"/2, lonoaHenne [0 3THX MHOKECTB
CBSI3HO (MOYYHTETbHOE yIpaKHEHNE).

Bo-BTOpHIX, HYKHO IPOBEPHTH, 9TO OTOOpazKeHHe [ — COOCTBEHHOE (CM.
[1] ¥ T0Ka3aTeaAbCTBO COGCTBEHHOCTH MOMOGHOTO OTOOPAKEHIIS B [OKA3ATe b
CTBe TeOpeMbl 2 HIXKe).

Takum o6pa3oM, MBI MOJKeM IPUMEHHTH TeopeMy 1, 9TO HoKa3biBaeT yT-
Bepx aenwue 1.

[TE€POPMAJBHOE 3AMEYAHUE. Bo3MoKHOCTL IpUMeHeHIsT TeopeMbl 1 B
BeIlIeCTBEHHON CHTYyallid, B 9aCTH Kacalolledcs CBA3HOCTH TONOJHEHHS 10
MHOKECTBa CHILHO OCOOBIX 3HAYeHNI OTOOpPayKeHUs, BHI3BIBAET HEKOTOPOEe
yAUBJICHUE.

Tak, MHOKeCTBO 0COOLIX 3HAYCHUH [ OTOOpayKeHHs OOUIero MOJOKEeH A
OHOTO MHOTOOOpPA3ns B IPyroe — IHIEPHOBEPXHOCTh (¢ 0COGEHHOCTAMN)
(cum. [4]) u, cregoBaTerbHO, MOXKET TeauTh 00pa3. Bece memo B ToM, 9TO MHO-
JKeCTBO CIIIBHO OCOOBIX 3HAYEHHN MOKeT OBITH CYIIECTBEHHO MEeHbIIe (B CMBI-
cJle pa3MepHOCTH), 9eM MHOYKECTBO OCOOBIX 3HAYEHNH, & (Ha CKOIbKO MeHBIIIe
10 pa3MepHOCTH» — BABICAT OT YUCIa «INCTOBY oToOparkennsa. B kommiekc-
HOW K€ CHTYAlHi MHIepHoBepXHOCTD He IeJUT IPOCTPAHCTBO H BO3MOKHOCTD
IpHUMeHeHIsT TeopeMbl 1 He BBI3BIBA€T BOIPOCOB.

2. O HEKOTOPBLIX TOKA3ATEJABCTBAX OCHOBHON TEOPEMBI
AJI'EBPBI, OCHOBAHHLBIX HA [TOHATHUU CTEIEHN
OTOBPAZKEHUA.

B sTom Hapanadpe MBI O6Cy,Z[I/IM KOMILJIEKCHOe U BellleCTBeHHOe JOoKa3a-
TelbCTBa OCHOBHOM TeopeMbl aJIFe6pr7 OCHOBaHHBI€ Ha cCjaelylolleM TOIOJO0-
I'm1eCKOM dpaKTe:

YTBEPXKAEHWUE 2. [Tyems M™ N — 2aadkue c6A3uble OPUEHMUPOSAN-
nvie muo2o06pazua, f : M™ — N™ zaadxoe cobemeennoe omobpaxcenue,
CMENERL KOMOPOZO HE PASHA HYLI0.

Tozda f — omobpaxcenue may (f(M™) = N").

PanmoMHnM, 9T0 18 TIagKuX COGCTBEHHBIX OTOOPasKeHHl OpHeH THPOBaH-
HBIX MHOT0O6pa3uil CTeleHb oNpefensieTcs OOBITHbIM 00pa3oM: HyKHO B3ATh
peryaspHyio TOYKy B 0Opaze I NOACINTATh YHCIO ee IPpoodpa3oB C yIeToM
3HaKa ompefennTens ruddepennuasa oTo6pakenns (CM. 10 Ipo6HOCTH B [3]).
To, 9To cTenenb onpegeneHa KOPPEKTHO — JOBOJBLHO CIOKHO NOKa3bIBaeMas
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(B oTsimdne oT TeopeMmbl 1) TeopeMa. YTBepKaeHHe 2 — 0UeBHIHO (IO MOIY-
J10 KOPPEKTHOCTH ONpee/leHnsi CTeNeHn) i 0OIIen3BeCTHO.

BriBesem uz yTBep:KIeHHA 2 OCHOBHYIO TeOopeMy aireGpLl.

JNOKA3ATEILCTBO([3]): Paccmorpum ortobpaxkenne f : C — C, rme
flz) = 2" 4+ a1z 1 + .-+ 4+ a,. Orobpaxkenne f — cobcTBenno. CTeneHb
oToOpakenusa [ paBHa n, TaK KaK [ COOCTBEHHO IOMOTOIHO OTOOpayKeHnIo
z — 2™, cTeleHb KOTOPOro Jerko Bhduciasercsa. Takum o6paszoM, MBI HaXo-
IUMCA B paMKaX yTBep:xKIenus 2. OcHoBHasg TeopeMa alre6Gphl JoKaszaHa.

JlokaykeM Termepb OCHOBHYIO TeOpeMY ajJreGphl B Clenylolieil YKBIBaJIeH T-
HOI «BeIleCTBEHHOM» (POPMYINPOBKE

TroPEMA 2. Jhoboti 6ewecmeenubiii nosunom cmenent 2n packaadbiéa-
emes 6 NPou3sedenue N NOAUHOMOE 6MOPOl cMmenenu.

NOKABATEILCTBO. OTox IecTBEM moauuaoM z2 + azx + b ¢ Toukol (a,b)
nrockocTn R2 PaccMoTpuM oTo6pasKkeHne YMHOKEHIS

U:(Rz)n%le (f17f27---7fn)'_>f1'f2 """ fn

Mgz xoTuMm mokazaTh, 9TO U — OTOOpaKeHne «Hay.

1. Orobpaxkenue u cOGCTBEHHO.

OTOoXK TeCTBUM MPOCTPAHCTBO OTJIHYHBIX OT HYJS MOJHHOMOB BTOPOU CTe-
MeHH MO MOMYJAI0 YMHOXKEHHS Ha OTJIHYHBIE OT HYJS YHCIa ¢ NPOeKTUBHOU
n1ockocThio R P2, PaccMoTpuM oTobpazkenne yMHOKEHH

u: (RPz)n - RP2n7 ([f1]7 AR [fn]) = [fl """ fn]

Orobpaxkenne & cOOCTBEHHO, TaK Kak OHO ONpeAeNeHO Ha KOMIAKTHOM MHO-
rooOpa3uu U HempephIBHO.

OTobpakenne U eCTECTBEHHO «KOMIAKTH(PUIHPYET» OToOpaKeHne 1u.
(RP?)™ MoxHO TmpejcTaBUThL B BUje oObenuHenus R?" u «GeckoHeIHO yia-
JeHHOU dacTmy By, a RP?*" M0XKHO IpeicTaBUTh B Bije 00belnHennd R u
«6eCKOHEeTHO ynadennoil actm» By. Ppu srom ma (R?)™ 4 conagaer c u m,
odeBnHO, 4(By) C Bs.

CaejfioBaTelbHO, YMHOXKEHIE % CODCTBEHHO, TaK KaK Hpoobpaz KOMIakK-
Ta NpH OTOOPaYKEHWH % COBNAaeT ¢ HPpoobpazoM KOMIaKTa HpH 0TOOpaKe-
HAW .

2. Crenenb oTOGpayKeHUS % MO MOJIY.IIO paBHa n!.

OpuenTupyeM OpoCTPaHCTBO HOJAUHOMOB BTOPOU CTEHEHN CO CTAPIINM KO-
>pdunuentom 1 (MBI 0603HAaYaeM DTO TPOCTPaHCTBO vepes R?) kak-HuGYy b,
a (R?)™ opuenTnpyem Kax nmpousBefeHie OpUeHTHPOBAHHBIX MHOI006Da3Nil.
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e
JdEMMA. Hoaunom p = [[(2? + 1) — peayaapnoe 3navenue omobpasice-

=1
HUA U.

YTPAKHEHUE. [[oKaxXuTe JeMMy.

YKABAHUE: BocnoibsyliTech onucanneM peryJispHbIX TodeKk 0ToOpaKe-
HUSA f; U3 TIaHa JoKa3zaTelbCTBa yTBepxAeHusd 1.

Y moaumnoMa p ecTh n! Mpoo6GpazsoB — Bce yHOPAAOUeHHBIEe HAGOPHI TMO-
aunomon (2% 4 4),i = 1,...,n. JlokaxeMm, 4TO OHU BHOCAT B CTeleHb OUH
3HaK.

Orobpazxenne yMHOXKEHHUS % WHBAPUAHTHO OTHOCUTEIBLHO HEPECTaHOBOK
comuoxureqaei. OrobpaxKenue nmepecTaHOBKH COMHOXKHTENEN COXPAHsieT OpH-
eHTANNIO (yIpakKHeHNe), CIeI0BATENbHO 3HAK ONpeaenTens fuddepennnaia
BO Bcex Npoo0pa3ax coBlaaeT.

Ppumenss yTBepxKaenne 2 K oTOOPaKeHNIO U, 3aKaHINBaeM JOKa3aTelb-
CTBO TE€OpEeMBI.
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Ilo-HoBoMYy 0 cTapom: pparMeHTHI
KJIACCMYIECKON MaTeMaTUKHA

dusuaeckoe JO0Ka3aTeIbCTBO TEOPEMDBI YUTHI 0O
ILTOCKHNX KPHUBbBIX

C. 1O. Opeskos

HacTo dusndeckue coobpaykeHns TOMOTAIOT PEIIHTH MaTeMaTHIecKyio
3ajlavy, cPOPMYJUPOBAHHYIO YHCTO abCTPaKTHO, U, Ha MEePBBIH B3DJAIL, Ta-
Jexkyio oT ¢pusnku. Ppu d>ToMm wHOTIa (pusntdecKne paccyXKIeHHS TOJILKO TO-
3BOJAIOT yrajlaTh OTBeT, HO MHOIJa UX HETPYIHO MOBECTH U [0 CTPOrOro
MaTeMaTHYeCKOT'0 T0Ka3aTelbCTBa.

PpuBemem uzBecTHBIN HpHMEp U3 dJIEMEHTAPHOUW CTEPEOMETPHH.

SANAYA. Jan spinykavitii MHOZOZPAHKUK U MOUKA eHympu e20. [oxaxrcu-
me, umo ece2da HAUJEMCs MAKAA 2PAHb, YN0 0CHOEAHUE NEPNEHIUKYAAPQ,
onyuwenno2o Ha wee u3 dannoti mouxu, nonadaem enympb Mot epany.

PEMWEHWE. PoaoknM MHOTOTpaHHNK Ha TOPH3OHTAILHYIO TIOCKOCTL 1
pacmpeequmM B HEM Maccy Tak, 4TOObI [[eHTP THAKECTH COBIAJ € TaHHOU TOY-
koil. Torja MHOMOTpaHHUK MOKATHTCA U OyAeT KaTUThCS JO TeX 1op, MoKa
BepTHUKaAbHAS HPOEKIUs HeHTpa TAKECTH He MoNajeT BHYTPb TOW IpaHH, Ha
KOTOpPOU MHOIMOTDaHHUK JeKuT. POCKOJbKY MHOTOMPpaAaHHUK GECKOHEYHO MOJ-
PO KaTUThCS HE MOXKET, DTO PaHO WU [MO3[HO MPOU3OW,IeT.

B nacrosiiein craThe nokazaHo, Kak u3 (PpU3HIECKHX COOOPAKEHHH MOMY-
YaeTCHd JOKa3aTeIbCTBO OHOU TOMOJOIHYECKON TEOpPEMBI.

PaccMmoTpum raankue 3aMKHYTEE KPHBLIE Ha MJIOCKOCTH, BO3BMOYXKHO, C Ca-
MollepecedeHuaMu, T. €. KpUBbie, NapaMeTpu30BaHHbIe MudpepeHnipyeMbIMi
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oTobpaxenuaMn okpyxuocTn S! B mrockocTs R, co Belony HenyaeBbIM Bek-
TOPOM CKOPOCTH (Takie 0TOOpaKeHNs Ha3bIBAIOTCA nozpyxrcenuimu). Porpy-
JKeHIe OKPYMKHOCTH B IUIOCKOCTH 3afaeTcs Napol guddepeHnnpyeMbX Ie-
proANIecKHX (PYHKINH ¢ OIMHAKOBBIME IePHOTAMHE, IPON3BOIHEIE KOTOPHIX
HIT e OJHOBPEMEeHHO He 0ODAIaOTCA B HYIb.

Kora gBe Takne KpuBble MOKHO HEIPEPEIBHO IIPOIe(OPMHIPOBATE OJHY B
APYTYIO Tak, 9TOOHI B Ipoliecce fedOPMAINi MBIl B KaK IbIIl MOMEHT BpeMeHN
uMenn OBl KpuByIo H3 Toro ke kiacca?! (Takme regopmannn HasbIBaloTCA
PECYAAPHBIMU 20MOMONUAMU. )

s norpyxenus f : S' — R? onpenennm ero wucao epaujenus N (f)
KaK B3fTOE CO 3HAKOM KOMMYeCTBO 060POTOB, KOTOPOE BeKTOp cKopocT f(t)
JeJaeT BOKDYD Hadala KOODINHAT, B TO BpeMsi KaK ¢ ONUH pa3 mpoberaet
OKPY/KHOCTH B IOJIOKHTEJIbHOM HanpaBirennu. [Ipyruvu cioBamu, N (f) ecTs
06pa3 TOMOTONIIECKOTO Kracca oTobpazkenns f : S' — R2 — {0} npu mso-
mopduzme 71 (R* — {0}) — Z.

O4eBuaHO, YTO YHCIO BpAlleHHs He MEHAETCA MPU Pery/ispHONl I'OMOTO-
nnn. Taknm 06pa3om, HeOOXOJIMOe YCIOBHE PeryIsSpHON TOMOTOIHOCTH ABYX
HOUPYKEHNIl — cOBHIajenne X dncel Bpainennd. QOKa3blBaeTCs, HTO YCIOBHE
ABIAETCA I JOCTATOYHBIM.

TEOPEMA (YUTHU). /[Ba norpy:emus f u g okpyxuoctu S! B mroc-
kocTh R? peryigpro romMoTomHel Torja H TOTBEKO TOTJa, KOrJa HX HCIA
Bpatrerns copragaor: N(f) = N(g).

Jlerko BugeTh, 9TO JA060E [eJ0e YHCIO0 N pealn3yeTcs Kak 4hcJo Bpa-
HIeHns JIJIsi HEKOTOPOTO TMorpykKeHus. Ecim n # 0, To 5T0 TPOCTO OKPY K-
HOCTh, IPONIeHHas |n| pa3 B Ty Wil APYrylo CTOPOHY B 3aBUCUMOCTH OT 3Ha-
ka n. Ecin n = 0, To 10 «BochMepkay. Takum obpaszom, pynkuns N zagaeT
B3aMMHO-O/JHO3HAYHOe COOTBETCTBHE MeKIy MHOKECTBOM KJIaCCOB pery.sp-
HO FOMOTOIHBIX TOT Py KeH NIl OKPYKHOCTH B ILIOCKOCTh I MHOXKECTBOM IeJbIX
qHces.

B gaabHeleM sTa TeopeMa YHTHH Oblla 3HaYNTeNbHO 0606Mena CMed-
noM, Xupiiem, ']poMOBBIM I IpyruMu aBTopaMmu. B 9acTHOCTH, 3a1a9a Klac-
cuUKaIun NOrPY:KeHHil JMTI0OLIX MHOT00Opa3uil ¢ TOYHOCTBIO JO peryJsp-
HOHl TOMOTOIINN TIOJHOCTBLIO CBejleHa K 3ajade FOMOTONNIeCKOH KIacCu(puKa-
unn oTo6parkeHnii HeKOTOPLIX IPOCTpaHCTB. Panpumep, norpy:xenus cdepol
S™ B npocrpancTBo R KiaccHpuuupyOTCAs dIeMeHTaMi TOMOTONNYeCKOH
rpynnetr 7, (V,(R™)) muoroo6pasus llltudens n-penepo B R™ (mockonabky
72(V2(R?)) = 72(S®) = 0, oTo o3mauaer, 4To AByMepHYIO chepy B Tpexmep-
HOM IIPOCTPAHCTBE PEry.ispHON MOMOTONNEl MOKHO BEIBEPHYTh HaH3HAHKY!)
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Pepeiigem K gokazareibcTBY TeopeMbl YutThHu. PpejgcraBuMm cebe, 4T0
BJIOJb KPUBOU YJIOXKIIM KOJbIIO, ClelaHHOe u3 abCOMI0THO YIPYIOUl CTalbHOW
NPOBOJIOKM, U 3azKaJl ero MexK 1y NByMs MJacTUHAMU, IPUYeM eCcTeCcTBeHHOe
COCTOSIHIE TPOBOJIOKH (B KOTOPOM OHa OBLTa 3aKajieHa) — mpsimoe. PasiBu-
HEM YYTh-4YTh MJIACTUHBI, TaK YT0OOBI TPOBOJOYHOE KOJAbIIO CMOIIO CBOOOTHO
IBUTAThCS B 0Opa30BaBIlleiics IIeN1, OCTaBasCh IPU 3TOM BCe BpeMs B OHOU
naockocTu. Torga oHo HAYHET ABUTATHCA W depe3 HeKOTOpOe BpeMs TpHIeT
B yCTON4YMBOe modoxkenue. Ppu 5ToM MBI cenaeM Jomylnenne (He BIHSOLIee
HA [OKa3aTelbCTBO TeOpeMBl YHTHM), 9TO B TpOIecce IBUKEHUS HIKAKIe
y4acTKU TPOBOJOKH He OYAyT 3aleladThcs Tak, Kak NOKa3aHO Ha puc. 1.
(M 6y mem cauTaTh, 9TO KaXkK B pa3, KOr1a MpuOINKaeTCs Takoe HesKela-
TeabHOe COOBITHE, KTO-TO 04eHb OLICTPO pa3pe3aeT MPOBOJOKY Ha OJHOM W3
BTHX YYACTKOB, NPOIEBaeT MPYrol depes oGpa30BaBUINUCS pa3pes U TYT xKe
3amanBaeT ONATh.)

Poxkaxem, 4T0 misi KayK 1010 HEJOTO 72 ¢ TOYHOCTHIO MO [TBHMKEHUN TIOC-
KOCTH UMeeTCsi POBHO OHO TIOJOXKeHe paBHOBECHS ¢ YNCJIOM BpallleHud, paB-
HLIM 1. /a8 5Toro 3aMeTHM, 9TO B TOJOXKEHNN PABHOBECHS TOCTUTAETCI MU-
HEMYM HOTEeHIHAJbHON dHEPril, KOTOpas BhIpaxKaeTcs (POpMy.Ion

/szs7

rie K — xpuBusHa, ds — dJ1eMeHT IJUHLL, I HHTerpaJ 6epeTcsa BAOIbL KPUBOIL.

Pymem canrarh, 9T0 IIMHA KPUBOH paBHa efnHuue, n nycth z(t), y(t) —
napaMeTpH3alns KpUBOI HaTypalbHBIM IapaMeTpOM, T. €. ABe TaKie DJaa TKie
nepuognieckne ¢ nepuogoM 1 GpyHKIuM, 9TO

B (02 450 =1
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TOoXKIeCTBEeHHO IIO0 t. 3anuuiem BEeKTOpP CKOPOCTHU B IIOJSAPHBIX KOOpAWHaTaX:

&(t) = cosp(t), y(t) =sinp(t).

Takum 06pazoM, Hallla KpHBas OJHO3HAYHO (C TOYHOCTHIO O MapallielbHOTO
nepeHoca) 3a1aeTcs TJIa Kol GpyHKInen ¢(t):

ac(t):/otcoscp(r)dr, y(t):/otsinc,o(r)dr.

Ppu sTom ycaosue nepnognanoctn Gyukunn (t), y(t) sannceBaeTcs Kak

/01 cos p(t)dt = /01 sin p(t)dt = 0, (1)

a yCJoBHe NMepuoJnIHOCTH UX IIepPBbIX HpOI/IBBO,Z[HbIX -
plt+1) = lt) + 270, n € Z, 2)

rae n = N(f) ecTh 4nciao BpaleHust KpuBoOIl, 3ajaBaeMoil pyHKIHENn ¢(t).
Jlerko BugeTs, uTo K = H(t).
B pesyibTaTe MBI MOMydaeM CIeAyOUIYI0 BapHalHOHHYIO 3a1ad9y: Hatmu
Pynryuwio p(t), 3adannyio na ompesxe [0, 1], das komopot MuHUMAILHO 3Ha-

ueHue unme2paid
1
| swra
0
npu oepanuvenusz (1), (2).
CorJlacHo KIacCHIecKoMy BapHaNHOHHOMY HCYHCAeHHiol) | HeoGXoMMMBIM

YCJIOBHEM DKCTpeMyMa NpH orpaHmdeHnsx (1) sBiaseTcs cyliecTBOBaHMe TMO-
CTOSIHHBIX MHOXKuTeneln Jlarpanka Ay, Ag, Takux, 4TO JarpaHKHaH

L(p, ¢) = ¢* + 2A1 cos ¢ + 2Azsin ¢ (3)

yjioBieTBOpseT ypaBHenuto Pinepa—Jlarpanka

d oL OL
q0p - Ip (4)

Pogcrasass (4) B (3), noaydaem mnddepeHnnaibHoe ypaBHEHIE BTOPOTO MO-
psIKA
@ = —Arsinp + Ay cos .

1)CM., "anpumep, Tuxomupos B. M. Pacckaswr o makcumymax u Mmunnmymax. b-xa Kean-
ma, evin. 56. M.: Payka, 1986.
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a a :
N N

Puc. 2.

Ono npuBoIUTCA K BUIY
¢ = —Asin(p — ¢o),
rje KOHCTAHTH A I (g HaXOIATCA U3 COOTHOMICHII
M =AM A2, cospo=A1/\, singy = Aa/A.

PoBepuys, ecin Ha 10, BCIo KPUBYIO HA YT'OT (0g, MBI MOYKEeM CINTATh, UTO (0 =
= 0. Taknm o6pasom, npu A # 0 pyHKUHSA () ABIAETCS pelIeHneM ypaBHe-
HUs (PU3NYeCKOTro MasTHUKA

5= —Asing, (5)

anpu A =0 — ypaBhenus ¢ = 0, T. e. JHHelHA.

Caydato jguHeiHON (YHKUNH () OY9eBHIHO OTBEYAOT Te W TOJBKO Te
MOrPY KeHNsA, KOTOPbIe HECKOIBKO Pa3 00X0AAT OKPYKHOCTH B TOM WJIH HHOM
HanpapieHun. Takux HOrpyKeHnil ¢ TOYHOCTHIO J0 IBUKEHUN TJIOCKOCTH HMe-
eTcs POBHO MO OJHOMY ISl KazKIOT'0 MeJ0ro HeHyJAeBOI0o 3HAYeH s TUCIa Bpa-
[IeH U,

Paz6epem Temeph caydai A # 0. Mbl cHadaga TOKaKeM, 9TO €Can KpuBas
yaoBaeTBopseT ypaBHennio Piiepa—/larpan:ka, To oHa UMeeT BHJ BOChMep-
K¥, BO3MOXKHO, IIPOIIeHHON HEeCKOIBKO Pa3, a 3aTeM MoKayKeM, YTO Bee TaKie
KPUBBIE PEryaspHO TOMOTONHEI.

Urak, myctsb ¢(t) — pernerne ypaBaeHns (5), yI0BIeTBOPSIOIIEE YCIOBHIM
(1) m (2). l1s Ka9ecTBEHHOTO HCCAETOBAHNSA PElIeHNN ypaBHEHUS (PU3MTeCKO-
ro MasgTHHKa yJIO0OHO HApHCOBATH €ro (PpasoBBI MOPTPET, T. €. MIOCKOCTh ¢
KoOpauHaTaMn ((,¢), Ha KOTOPOH I KaxkKIOTO pelleHns () HapuncoBaHa
TpaekTOpus TOUYKH ¢ koopaunHaTamn (¢(t), ¢(t)). (Prn TpaekTopnn HasbiBa-
10TCA (Pa30BEIMI KPUBBIMH. )
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Jlerko BuIeTH, YTO BJONb pellleHnst ypaBHEHUs (5) BHIMOJTHAETCS 3aKOH
COXpaHeHUs DHePIUn:

9’92
E(p,¢) = o A cos ¢ = const.

PosTomy ¢azoBble KpuBble HAyT BJOAL JUHUH ypOBHA dHepruu F = const
(puc. 2). (3mech nMeeTcss B BUIY dHePrus (PU3NIECKOTO MAsSTHUKA, TBUKEHIE
KOTOPOT'O OINCHIBAETCS YpaBHeHNeM (5); DTa DHepPrus He NMeeT HIKAKOr'o OT-
HOIIEHUS K TOTeHIHalbHOI DHePT U COTHYTON TPOBOJOKH, MUHIMYM KOTOPOH
MBI HIIEM. )

Pycrh Upaxy — TMOTeHIHATbHAS DHEPIUs MasgTHHKA B BepxHel (HeyCTOM-
9UBON) TOYKe paBHOBecus. /I3 pucyHka BugHO, 4TO pemieHns ypaBHenus (5)
npu I < Upax nepunogundeckne, a npu F > Uyax — MOHOTOHHLIE, IPUYeM B
5TOM caydae ¢(t) HUTZe He oOpalaeTcs B HYJIb.

[okazkeM, 9TO BO BTOPOM caydae He MOT'YT BBHIIOAHATHCS orpanndenns (1)
 (2). [eficrBurensro, npeanogoxnm nporuaoe. Toraa, tndpdepenunpys (5)
no ¢, jgelist MOMydeHHOe PaBeHCTBO Ha ¢ (MMEHHO 3Jech MbI HCIOJB3YeM, 9TO
¢ HUTJe He obpalnaeTcs B HyJIb), I mofgcTaasis B (1), noxysaem:

1 1 d 1 99 1 1 d 1 1 SO
0=—/ Acossodtz/—c;o‘—.dt:—. —/ sé——.dt:/ )2dt.
0 0 dt( )99 ® lo 0 dt(@) 0 (99)

371ech MBI BOCHOMIB30BAINCH HHTEIPHPOBAHUEM 110 9aCTAM U TeM, 9TO (yHK-
UMK ¢ W nepuogndeckue (3TO BUIHO, HApUMeD, U3 JndQepeHnnpoBaHiis
paBeHCTBa (2)), a 3HAYNT, TpHpalleHne /¢ 3a Mepnoj paBHO HYy.0. SlcHo,
4TO MOTYIeHHOEe PaBeHCTBO MOKET JOCTHIAThCA JHIIbL B TOM CIydae, KOria
p(t) — auneninas HenocTosHHAS PyHKUNSA. Po mpn A # 0 ypaBrenne (5) Taknx
pelrennii He uMmeeT. P poTnBopedne.

-7 T <
7 N
/ \
1 \
\ 1
\ /
\ /
\ /
\ /
\ /
N\ /
\/
7/ N\
/7 \
/ \
/ \

/ \
/ \
/ \
i |
\ 1
\ /
~ v

A B A B A B A B

Puc. 3.
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Ponydennoe mpoTuBopedne MoKasbiBaeT, 9TO ciaydaio A # ( oTBedaioT
nepuoguvYecKne pelleHns ypaBHeHus (5), mpudeM uX (pasoBble TPAEKTOPUH
BaMKHYTH W OTPAHUINBAIOT BLIMYKJIYIO obaacTh. PeTpynno BuaeTh, 9TO Ta-
KHM pellleHNAM COOTBETCTBYIOT KpUBble, UMeOlIle BU I BOCbMEPKH, BO3MOXK-
HO, MPOUIEHHOW HECKOJbKO Pa3 B TOM WM [PYIOM HallpaBIeHUH.

Pokaxem, 9TO Bce TakWe KpHUBHE peryiaspHo roMoTomunl. Pa puc. 3 Ha
OpeIbLIYIIel CTpaHuIe MOKa3aHo, Kak u3 Ayru AB B HUXKHEHl 4YacTH BOCh-
MEPKH PeryJsipHOU NOMOTONNEN MOYXKHO HOJYYUTh BCHO BOCEMEPKY, ¥ KOTOPO#
BTa Ayra NpoUgeHa MBayKbl. P puMeHss MOCAeI0BaATEIbHO 3TY Olepaluio, Mbl
MOXKEM U3 OHOKPATHO NMPOUIeHHON BOCBMEPKH MOJYYUTh BOCBMEPKY, MPOW-
TeHHYIO Ji060e KOIUIeCTBO pa3 B TOM Ke HalpaBieHnd. YTOOH CMeHNTH Ha-
npaBJenne 06xofa, TOCTATOYHO Bce TOBepHYTH Ha 180°. Teopema mtokxazana.

SABasiercs u npuBeIeHHOE TOKA3aTeIbCTBO TeopeMbl YuTHH cTporum? Pe
coBceMm. OcTajoch HETOKa3aHHEIM, YTO MPOBOJIOKA 00583aTeABHO IPUIET B Ol-
HO U3 YCTOWYUBBIX HOJOXKeHWU. [pyrumu cioBamu, 4To J1060€ MOrPYKeHUe
peryJisapHo NOMOTOIHO MOrPYKeHUIO, A KOTOPOT'o MOCTHTaeTCss MUHUMYM
HoTeHIHaJdbHOU BHeprun. Dusndeckn >3To yTBEpK IeHne KaxeTcs Hojee qyem
OpaBIOTONOGHEIM, XOTS, CTPOT'O TOBOPSA, & priori HeACHO, TOYeMy Heab3sd TakK
U30MHYTh NPOBOJOKY, YTOOBI MPU OTIYCKAHUN OHA 00A3aTeNbHO ClOoMafach
13-32 HEOI'PAHNYeHHOI'O BO3PACTaHUA KPUBU3HBI B KAKOM-TO MecCTe.

B manHoMm ciaydae MOXKHO CTPOI'O [OKa3aTh, YTO TAKOT'O He MPOU30UIET,
XOTH JTOKa3aTelbCTBO HE COBCEM MPOCTOE.
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P. P. ®penxun

OEAL DTOW 3AMETKH

Pedun mowiteT 0 HEKOTOPHIX B3ANMOCBABAX MK Ty O6IEN3BECTHRIMNI MaTe-
MaTudeckuMu (axTamu. CaMi 3TH B3aUMOCBA3H, OJHAKO, He OOIIeU3BeCTHBI
(m, crreoBaTenbHO, He OUeBHAHBI). ABTOp npu3HaTenern A. K. KoBaabmkn 3a
MI0MOTBOPHOE OOGCYK/TeHTe, KOTOPOe MPUBEI0 K YAYIIIEHNI0 HEKOTOPHIX 10~
Ka3aTelhCTB, a TakiKe (POPMBI U3JA0KEHUST B TETOM.

Kaxaprit, KTo n3yvad MaTeMaTHIecKHl aHaJn3, 3HaeT, ITO WHTerpai oT
CTeNeHn ¢ ToKazaTeleM —1 eCTh, ¢ TOTHOCTBIO 0 KOHCTAHTH, HATY palbHbIH
JorapudM, a TpH APYTHAX MOKa3aTelIX — CTeleHb ¢ KoappuinmenToM. ProT
(hakT coobImaeTcs HACTOIBKO PAHO, ITO He TOPOXKTaeT HUKAKHX BOMPOCOB. A
MeK Iy TeM CUTYallls JOCTATOTHO Mapa oKcaabHa.

Krace cTenenubx GyHKINN BHITAAIHT OMHOPOIHBIM MO CBOEH CTPYKTYpE,
HO WHTerpaJ OJHON W3 HUX NMeeT COBEPINeHHO NHOHW BH, €M Y OCTAJTbHBIX.
PaBeproe, B 0cHOBe JEKHUT KaKOW-TO CYIIECTBEHHBIH (PAKT, KOTOPHH TOJ-
JKeH MPOABUTHCS U B APYTUX CHTYANNAX. XOTeTCA TOHATDH, B 9eéM OH COCTOUT.
Kpowme Toro, 66110 6B MHTEPECHO MOIYIATHL WHTErPAJ CTENeHHON (PYHKINHT
B pe3yJabTaTe eINHOO0GPA3HOTO PACCYXKIEHUsA, MPUTOAHOTO [MId JI060T0 TO-
Kazarens cremenn. (B kypce aHaqmsa OTAeNBHO BEIYHCAAIOTCS MPOH3BOTHbIE
OT CTeMeH” W Jorapudma, 1 Kak OB CIyTaiHo B 060X CIyYaisX MOTYIaeTCs
cTeneHHas QYyHKINS.)

B 3aMeTKe MBI BEIACHUM 3TH BOTPOCHI, 06PATHBIIACH K TeM (PYHKIHOHAT -
HBIM YpaBHEHHUAM, KOTOPHIM YAOBIETBOPAIOT cTemeHb n JoTapudm. Bee 3na-
0T, 9TO CTeNeHb MPON3BEIeHNs paBHa MPOU3BEIEHNIO CTENeHed, a Jorapudm
mpousBejeHus — cymme Jdorapudpmon. OTcona yraeTcs MOAYYUTh HCKOMBIR
eIMHOOBPA3HLIN CTOCO6 WHTErPUPOBAHNS CTeNeHn. BhIABASeTCA TakkKe CBA3DL
MeXK Iy CTENeHbI0 I JOTapuPMOM, C OMHOT CTOPOHBI, I TOMOTETHEN I CIBATOM
BEIIeCTBEHHOW NMPAMOU — ¢ IPYroil. 3arafgodtas «0COOEHHOCTEY MPH HHTE-
TPUPOBAHUN CTENeHel OKa3bIBaeTCAs OTpaykeHWeM BIOJHe TOHATHOTO MeoMe-
TpHIeCKOro (paKkTa: CyMMa TOMOTETHN U CIBATA AN60 CBOATCS K TOMOTETHH,
aubo TmepBoe caraeMoe B Hell — TOXKIeCTBeHHOe (M TOr[a OHa eCTh CIBUT).
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WHTEIPUPOBAHUE U ®YHKUUOHAJBHBIE YPABHEHUA

Urak, nycts F(z) = 2% — cTenenHas (pyHKINSA ¢ BEIIECTBEHHBIM MOKa3a-
TesieM, 3aJaHHas B 001acTH & > 0 (4TOOHI He MMeTh Jefa ¢ Pa3phiBOM B Hy.Ie
npu oTpuiarenbHoM o). Pycrs G(z) — nepBoobpasuas mist F'(x); okasbiBa-
eTcq yI0OHBIM BHIOpATH ee TaK, YTOOH

G(1) = 0. (1)
CrenenHas GyHKIUS yI0OBIeTBOpAeT (PYHKIMOHAIBHOMY YDaBHEHUTO
Fay) = F(z)F(y). (2)

EcTecTBeHHO 0XKIJATh, 9TO I ee NepBOOGpasHas yI0BIETBODPAET KAKOMY-HII-
6y b IPOCTOMY yPaBHEHIIO — BO3MOJKHO, TaKxKe cojepiKalieMy zy. Posromy
nonpo6yem Beipasuth G (zy) depes G(z) u G(y). C yaerom (1) n (2) nmeem:

G(acy):/MF(t)dt:/yF(t)dt—l-/xy P(t)dt =
=G+ [ Flwdien) =G+ Py [P =

= G(y) +y TG (a).

Jlast kpatkocTu nojoxum 3 = o + 1. Ml noay4uiu, Kak U CTPEMUIUC,
(pyHKIMOHAJbHOE ypaBHeHue it G

G(xy) = y°G(2) + G(y). (3)
Pockoasky zy = yz, 1o yPG(2) + G(y) = 2°G(y) + G(2), a
G(z)(y" - 1) = G(y)(«” = 1). (4)
Ecii BhlpasKeHUs B CKOBKaX He PABHLL HY.LIO, TO

G(z) _ _G)
pP—1 (7 =1)

T. €. KaKTad U3 qacTel »>TOro paBeHCTBa He 3aBHCHUT OT BXO,Z[HHIGI?I B Hee
HepeMeHHOfI. TOF,Z[& HNCKOMas HepB006pa3Haﬂ nMeeT BH

G(z) = c(z’ = 1) (5)

¢ HEKOTOPOH KOHCTAHTOMN C.
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PycTh Teneph ofna 13 cko6ok B (4) paBHa Hyaio — nanpumep, z° —1 = 0.
Torga au6o @ = 1, Ho B »ToM caydae (5) IpOJOMKAET BBHIIOIHATHCA BBHIY
(1); au6o =0, u (3) npuHEMaeT BUI

G(zy) = G(z) + G(y). (6)

Ppu stom G(z), kak nepBoobpasnas 1ii 1/, HempepblBHa U He SBISETCA
TOXK IeCTBEeHHBIM HyleM. XOPOIIIO H3BeCTHO, YTO Cpeln TaKnX GpyHKINH ypaB-
Henne (6) BbLIeJAseT JOrapudMEL

OcuoBatue jorapudma He OIpelelseTcs U3 NPEeIBLIYIINX PacCy K IeHni,
Tak Kak ypasHenue (3) Bolgep:kKuBaeT ymHoxenue GpyHkunn G Ha KOHCTaAH-
Ty. Posromy HyxHO 1po1nddepeHIpoBaTh TOLY9eHHY0 PYHKINIO H TOCMO-
TpeTh, IPH KAaKOM OCHOBaHIH JorapudgMa nonydaercd gpyukuus F. Crazan-
HOE OTHOCHTCA M K KOHCTaHTe ¢ B ypasuennu (5).

lrak, 1ocTHTHYTA OLHA U3 IOCTABIEHHBIX eJell: MBI HAllLIH eJHHO0Opa3-
HOe paccyikjIeHIe, MO3BOAOIee IPONHTEI PHPOBATEH CTENEeHHYO (YHKINIO ¢
IPON3BOIBHLIM [OKa3aTeleM. Ppi 5ToM HCHOIB30BAINCH H3BECTHHE (DYHK-
NHOHAIbUBIC ypaBHeHHs [1is cTemnenn u jgorapudma. OIHAKO HO-IpEKHEMY
HEACHO, KaKas Hjes IPOABIfeTCs B pACIleNJIeHHN Ha ABa cIydad: o = —1 1
BCe OCTaJbHOe.

DOYHKINOHAJNBHEIE YPABHEHUA U A®D®UHHBIE IIPEOBPA3OBAHUA

Bepuemcs k ypaBuenuio (3). dukcupyem s3nadenne y. Tormga sTo ypaBHe-
HIe MOKa3bIBaeT, 9TO MPOUCXOInT ¢ ¢pyHknueir G (x) npn 3aMeHe & Ha Ty: ee
MHOKECTBO 3HaYeHNI TMoaBepraeTcs adPUHHOMY TPeoGpasoBaHmio (€ KO-
(dunIeHTAME, 3aBUCAUIIME OT ¥ ). PaccMoTpnm 5T0 mpeobpazoBanne moapos-
Hee.

Ppu # = 0 moayuaercs casur, n G(z) ecth jorapudm. B ocranbubx
caAy4dasix MBI MOJYY9aeM CYMMY DOMOTETHH U CIBHI'a BeIeCTBEHHOUW NPIMOM.
Po Takoe npeobpazoBatue reoMeTpuyeckK CBOIUTCA K roMoTeTnn. /leicTBu-
TeNbHO, ecau P — adgpurroe npeobpazoBanuie NpIMOU,

Pz =ax + b, (Ta)
TO CYLIECTBYeT TAaKoe ¢, 4TO
Pz —c=a(z —¢), (76)

a IMEeHHO:

c=b/(1-a). (76)

BBupgy (76) P aBagercd roMoTeTHER ¢ LEHTPOM C.
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Urak, ecin § # 0, To npn KaiKI0M 3Ha4YeHIN Y ypaBHenue (3) 3ajaer He-
KOTOPYIO FOMOTETHIO MHOKecTBa 3nadennit G(z). Penogsmknas Touka >Ton
roMoTeTHI (POPMAIBHO 3aBHCHT OT y. PoKazkeM, 4TO Ha caMOM [elle TaKoH
3aBICHMOCTH HeT.

P peo6pasoBanns Bujga (3) COOTBETCTBYIOT YMHOKEHHIO IePEMEHHON & Ha
pasindHbIe 3HAUYEHNS y I NOTOMY KOMMYTHPYIOT Mex 1y coboil. Po ecan mpe-
obpasoBaHns P, () HEKOTOPOr0 MHOKeCTBAa KOMMYTUDPYIOT I IMEIOT [0 OTHOH
HEIO/BIKHOI TOYKe, TO 5TH TOYKH COBNAJaioT. [eflcTBHTEIbHO, IYCTh ¢ —
(emmuCcTBeHHAs) HemojgBmxkHAA Todka 1t P. Torma P(Qc) = Q(Pc) = Qc,
T. e. (Jc — HeNOJBHKHafg ToUKa Al P I MoToMy cOBHagaeT ¢ ¢. 3HAYUT, ¢
— HeNoIBUKHAS TOYKA IIf (), 4T0 I Tpe6GOBAIOC.

Urak, npeobpazoBanus (3) HMEIOT OJHY I TY K€ HEIOJBIKHYIO TOUKY €
npu Beex y > 0. Pro snaunt (cm. (7a)—(76)), 4To

G(zy) — =y’ (G(2) - ¢),

T. e. qas Gyuknun G(2) — ¢ yMHOXKeHIe apryMeHTa Ha Y COOTBETCTBYET Io-
MOTEeTUN Ha MHOXKeCTBe 3HadeHul. Po Torga (GyHKIHA OKa3kIBA€TCA CTEINeH-
HOM (¢ KOD(ppUUMEHTOM), MO T06HO TOMY, KaK B Cilydae CIBATa OHA SABISIACH
JorapudMoM. (31ech MOKHO PACCYK TATh 10 AHAJOTHH € EPBOH JaCTHIO 3a-
METKU: TOMEHsieM MeCTaMi & U Y, pasfleluM lepeMeHHble W B HTOIe BhIfC-
uuM Bujg G(z) — ¢. Po moxkno Takike sameruts, 4To BBuIy (3), (7a) u (78)
c=G(2)/(1 - 2P), orxynma G(z) = ¢(1 — 27).)

Mul mony4dmin, ecTeCTBEHHO, TOT Ke pe3yJjbTar, 4To u paHblie. Ppo-
HIpaB B POPMAJbHOU HPOCTOTE, MbI 3aTO BHISBUIN CYTh pacCMaTpUBAEMO-
ro sBienusi. OKasbIiBaeTCs, paziuyHble 3HAYEHUS TTOKA3ATENS CTEIeHH MOKHO
CONOCTABATHL a(pPUHHBIM TPeoOpa30BaHUAM HPAMON C Pa3INnIHLIMI KOD(MEU-
HuHeHTaMu Opu nepeMmentoi. Ppu o = —1 3T0 caBUT, B OCTAJIbHBIX CaAyYasx
— romoTerusi. CIBUT' eCTECTBEHHBIM 00pa30M COOTBETCTBYeT JOTrapu(pMy,
a TOMOTeTHs — cTemeHHon QpyHKunH. «KaTtacTpoday Tpn HHTETpHPOBAHNN
CTeNeHHOU (PYHKIUU B AeUCTBUTEAbHOCTU NPHCYTCTBYET B MHOXKecTBe ad-
(pUHHBEIX peoOGpa3oBaHul MPAMOI: CyMMa T'OMOTETHH U CABHIA T'eOMeTpuye-
CKH He OTJHYaeTCs OT CBOEr0 KPaWHEero ciydas — YUCTOU DOMOTETHH, eCau
TOJIBKO OHa He OBLIA 3aJaHa Kak IPYrol KpaWHUU CaAydal — YHCTLIA CIBUT.
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JONOJHEHHUE 1: OB OJHOM BO3MOZKHOM OBOBIIEHUUA

Cootnomrenne mexkny G(z) u G(zy), 3agamnnoe ypasuenuem (3), umeer
crennduiecknil BiA: B HeM npucyTcTBytor ((y) u crenennas pynknus. Ecre-
CTBeHHOe 06O0OIIIeHIe COCTOAIO OB B clefyioleM. Ponpobyem HallTi Bce He-
npepuiBible (yHKIHH (G(2), TOXJECTBEHHO yIOBIeTBOpsomne (B 061acTH
z > 0) ypaBHEHITO

G(ry) = A(y)G(z) + B(y) (8)

¢ HenpepuBEBIMI pyHKIEAME A(y), B(y).

Jlerko Bugers, uro ecan gis G(z) Bomoausercs (8), To n gus G (x)4const
BBITIOJIHEHO aHAJOTMYHOe ypaBHeHHe (1 ¢ Ton ke pyukumen A(y)). Postomy
MOXKHO CIUTaTh, 9TO

G(1) = 0. 9)

Pogoxus Torga x = 1, moayaum
G(y) = B(y). (10)

Maxee MBI MOTIH GBI, KaK U BEHIIIE, ICIOIB30BATh KOMMYTATHBHOCTH YMHOXKE-
HIIf, HO 6ollee H3AIIHOE PACCyKIeHIe OCHOBAHO HA €r0 acCONNATHBHOCTIL.
N3 (8) u (10) caexyer,aro

Glryz) = Alzy)G(z) + Gley) = A(zy)G(z) + A(2)Gy) + G(2);

Glryz) = A(e)G(yz) + G(2) = A(2) A(y) G (2) + A(2)G(y) + Gz).

CpaBHEB DTH paBeHCTBa, BHAUM, 9TO an60 ((z) — TOXKIECTBEHHBIH HY.Ib,
au6o BuimogHsAeTCs Tox TecTBO A(zy) = A(x)A(y). B nepBom cirydae A(x) mo-
KeT OBITH J10601 HellpepLIBHON (yHKIHel. Bo BropoM ciydae, Kak H3BECTHO,
A(z) — aubo crenenb, MO0 TOXKTeCTBeHHBIN Hyab. Po ecin A(z) — Tox1e-
CTBEHHBIN Hyab,To notoxkuM B (8) y = 1. Torga us (10) u (9) cregyer, 4To un
G(2) — TOXKIECTBEHHLIN HYIb.

Taxum o6paszom, obiiee ypaBuenue (8) M0 CyLIECTBY CBOLUTCHA K ypaBHe-
uuio (3): () mocie cIBUra Ha KOHCTAHTY JHO0 CTAHOBHTCA TOXK I€CTBEHHBIM
HyJaeM, an6o coBnagaer ¢ B(z), mpudem B nociennem ciaydae A(x) spiasercs
CTeIEeHBIO.
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JTONOJHEHUE 2: DKCIIOHEHTA U JUHENHAA OYHKINA — HOPUMEP
HA TY 2KE TEMY

ABnenne, paccMOTpeHHOE B 3aMeTKe, MOXKHO HAabJIIONATL U B IPYTHUX CIY-
qafx. Panpumep, mpn HHTErpupOBAHUN YKCIOHEHTH! €% moiydaercs (¢ TOY-
HOCTBIO M0 KO3(P(UINeHTa I aTINTHBHON KOHCTAHTHI) DKCIOHEHTA, 3a HC-
KJI0YeHHeM eluHCTBeHHOro caydas « = (, Korjga mepBoOGpa3HOu SBASETCH
JuHelHas (PYHKIUS. 31eCh MOXKHO IPOBECTH PACCYZK I€HUS, aHAJOMHYHBIE 13-

JOXKeHHBIM BBIIIEe. Py)KHO HCIIOJABb30BaTh COOTHOIIEHUA

eoz(ac—l—y) — eozaveozy7

a(z +y) = a(z) + aly).

PaccmoTpeB nepBoob6pasnyio I B Touke z 4 y, mofydaeM Iiad Hee PYHKIHO-
HaJbHOe ypaBHeHNE

H(z+y) =e¢"H(z)+ H(y)

0 1ajee TefiCTByeM Kak Ipn aHautuse ypaBHeHns (3). B mawnOM ciydae skc-
MOHEHTA COOTBETCTBYET NOMOTETHH, a JUHelHas (PYyHKIUA — CIBUDY.
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Teopema o TMyvIKe KOHIK, ITPOXOIANINX depe3 4 TOIKN

B. B. IIpacomsos

Konuueckum ceuenuem nian IIpocTO KOHUKOoU Ha3bIBaeTCsH KpuBas, 3ada-
BaeMasl ypaBHeHUeM

a$2+bxy+cy2—|—dac—|—ey—|—f:0.

CeMelicTBO KOHUK, TPOXOAAIINX Yepe3 BeplinHbl PUKCHPOBAHHOT'O YeThi-
peXyTroabHuKa, JOTyCKaeT MPOCToe oMucanne. PygeM canTaTh, 9To TpsMas
AB 3anaercs aunelnbiM ypaBHeHnuem [4p = 0. Torga Bo Bcex BeplinmHax de-
Thipexyroabika ABCD obpamaoTces B HyJb KakK GyHKuus [4p - lop, Tak u
dyuxnusg (go - lap. PosToMy ypaBHenne

Alag -lop + plpe - lap =0

3ajlaeT KOHUKY, MPOXOAANIYI0 Yepes BeplluHbl deThipexyroisiuxka ABCD.
OxkaszwiBaeTcst, BepHO U 06paTHOe.

TeoOPEMA 1. Hycmb nurxaxue mpu uz mouex A, B,C u D wne aexcam na
odnot npamot. Toeda ypasnenue 4060t konuxu, nporodiweld uyepes MouxKu
A, B,C u D, moxcno npedcmasums 6 ude

Mg -lop + plpe - lap = 0.

JIOKABATEJLCTBO. MoxHO cinTaTh, 9T0 npaMmbie AB u AD 3aganbr
ypaBHenusMn y = 0 m z = 0 COOTBETCTBEHHO (CHCTeMa KOOPANHAT He 00132
TeNbHO TpsAMOyroabHas). Pycts f = 0 — ypaBHenne mannoil kounku. Orpa-
wuvenuss Gpyukuuin f u Map -lop + plpe - lap = Aylep 4+ palpe va awbdywo
3 OCell KOOPAUHAT SIBAAIOTCSH KBAAPATHEIME TPeX4YIeHaMi ¢ IByMS OOIIUME
kopusaMn (A n B win A u D). PosTomy 4dncia A u y MOXKHO TOg00paTh TakK,
YTO MHODOYJIEH

P(x,y) = f(z,y) — Mylep(z,y) — pelpo(z,y)

ob6pailijaeTcd B Hyidb Kak npu & = 0, Tak u npu y = 0. PTo oznavaer, 4To
oH geauTcs Ha 2y, T. e. P(z,y) = zyQ, rge ) — xoucranTta. B Touke C
MHOTO4JIeH P oGpaliaercs B HyJb, a 2y # 0. Posromy @ = 0, 1. e.

f=MNap-lep+ plse - lap.
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Puc. 1. Puc. 2.

CaeacTBUE 1. Hyems f =0 u g = 0 — ypasuenus d6yxr paziuumbls xo-
HUK, NPorodsuus uepes sepuunst uemuipery2oavrura ABCD. Tozda ypaene-
nue w060t Konuku, nporodaweti wepea sepuiunbl yemwiperyeoaviura ABCD,
umeem 6ud \f + pg = 0.

JOKABATEALCTBO. KoHukn, mpoxXoasiine depe3 BepllInHE 9eThHIPEXYTo-
apiuka ABCD, 06pa3yloT NPOEKTHBHYIO MPAMYI0, MOPOXKIEHHYIO TOYKAMU
lap - lecp =0u lsp - lgpc = 0. Pra npsaMas mopoxkeHa TakxKe Tapoil J00LIX
Ipyrux Todek, Hampumep, Toukamu f=0u g = 0.

TeopeMa 1 mo3BongeT JaTh IPOCTLIe JOKa3aTeJlbCTBa MHOT'UX APYI'UX I'eO-
MeTpHnIeCKnXx TeopeM. PpI/IBe,Z[eM HEeCKOJBbKO TaKNX IIPpUMepOB.

TEOPEMA O BABOYKE

B cBs3nu ¢ Tem, 9T0 Ha puc. 1 MOXKHO PN KeJaHUN YBUIeThH N3o6paKenne
6abouK, clenyiollee YTBEPK JIeHHE YaCTO HA3bIBAT TeopeMoil o 6abouke.

TroPEMA 2. [Tyems zopdut KL uw MN npozodam uepez cepeduny O xop-
dvi AB wnexomopoti oxpyscnocmu. To2da npamvie KN u ML nepecexaiom
npamyio AB 6 mouxazx, pasnoydasennviz om mouxu O.

JOKABATEALCTBO. Yepes Touku K, L, M, n N OpoxoJaT cleryoline
Tpu KOHHKHN: OKpyxKHOCTL f = 0, g =l - lyny = 0uw h = lgn - Iy = 0.
Posromy h = Af + pg. PTo paBeHCTBO BepHO U /sl OPPAHUYEHUN YKa3aHHBIX
dyukuun Ha npamyio AB. Begem na AB xoopmunary x, npuHsB Touky O
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3a Havalo KoopjgunatT. Torga MoxKHO cumTaTh, 4To f = 2% —a u g = 22,

nostoMy h = bx? — c. CreoBaTenbHO, KOPHH ypaBHeHnA i = ( paBHOYJaJeHb!
ot Touku O.

PpuBenennoe mokazaTelbcTBO TeopeMBl 0 6ab0tuKe MO3BOAgET MOKA3aTh
cleryioiee eé 06061IeHne, B KOTOPOM HIKAaKOU GabOYKH yiKe He BHIHO.

TeOPEMA 3. Tpu xonuxu umerom 4 obuwuxr mouxu. Hpsnas AB swvicexa-
em na deyr u3 wux zropdu, umerowue obupyo cepeduny O. Tozda mouxa O
A6AREMNMCA MaKHce cepedunot ropdet, evicexaenoti AB na mpemuvei xonuwxe.

TEOPEMA O JIBYX BABOYKAX

Kak mbI yxKe roBOpuIH, caMOMepeceKaloninics YeThpeXyroJbHUK 10 He-
KOTOpOU CTeleHn HanmoMuHaeT GabodKy. PosroMmy cienyioliiee yTBepkKjeHue
HHOTIa HAa3bIBAlOT TEOpeMoll 0 AByX Gaboukax.

TEOPEMA 4. I[Tycmb cmoponst CaMONEPECEKAIOUUTCA UEMBIPETY20AbHU-
ko6 KLMN u K'L'M'N', enucannviz 6 odny u my e OKpyscHOCTb, ne-
pecexaiom rvopdy AB amot oxpyxcrnocmu 6 mouxar P,Q, R, S u P',Q', R, S’
coomeememeenno. Toeda ecau mpu uz mouex P,Q, R, S cosnadarom ¢ mpe-
ma uz mouex P/ Q' R, S’, mo u ocmaswuecs mourxu modxce cosnadaiom.

JTOKABATEJIbCTBO. Coraacuo Teopeme 1,
7 7
Mrplvn + plenivr = f= Ny + wlondver .

PaccmoTpes orpanuveniie 3Toro paBeHCTBa Ha npsmMyo A B, MoJdy4uM paBeH-
CTBO BU I

a(z=p)(z—aq)+ B —r)(w—s)=d(@-p)z-q+ 5@ -r)(e-5) 1)

Ppu sTom Tpebyercs ToKazaTh, 9TO § = §'.
PagencTBo (1) MOXKHO Mpeo6Gpa3oBaTh K BHIY

o"(x = p)(z—q) = (= 1)[Bx—s) — F(z - ).

B Towm caydvae, xorga Toukn P, Q, R, S monapro pasmuvssl, (¢ — p)(x — q) He
reqntes Ha (¢ —r). Postomy (2 —s)— ' (x —¢') = 0. CaegoBarensho, s = s'.
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TOYKHN NEPECEYEHUA NPAMBIX ITACKAJA

Paccmorpum mecruyroabink ABC DEF, Beplinabl KOTOPOT'O JeyKaT Ha
koruke [ = 0. Yernipexyroasuuku ABCD, AFED u BEFC' Bnucassl B 5Ty
KOHUKY, TTOPTOMY [ MOXHO NPENCTaBUTh B JI000M U3 CASJIYIOUINX BHTOB:

f=Mlap -lep + pilap - lse, (1)
f=Xlar - lgp + polap - lur, (2)
f=Xslgg -locr + pslee - lgr. (3)

PpupaBuuBas Beipaxenus (1) u (2), noxyaem
AMlap lop — Aalar - lgp = (mlsc — p2ler)lap.

Pycrs X — rtouka mepecedenns npambeix AB u ED. B Touke X o6pa-
MaioTCA B HYyIb QYHKIHE (45 - lop 1 lar - lgp, a dyuknus [4p B 5TOH TOU-
Ke B HyJab He oOpamaerci. CiresoBaTeabHo, B Touke X o6palljaeTcs B HYIb
dyukuus pilpe — polpr, T. e Touka X aexut Ha upsmoun pilpo = palpr.
AHaJoTn4YHO JOKa3BIBaeTCH, 4YTO Ha NpaMou p1lgo = polpp nexur Touxa
nepecedenns npaMbix C'D n AF. O4eBuiHO TakxKe, 9TO TOYKa IepecedeHmns
mpsaMeix BC' u E'F nexut va nupsaMoi iylpc = polpr. B pesyabprare noayyaem
cleryiollee yTBep:K IeHHe.

TeEoPEMA 5 (ITacKAMb). Feau mouxu A, B,C, D, E u F aexwam na o0-
Hoti Konuke, mo mouku nepeceuvenus npamvir AB v DFE, BC' v FF, CD u
FA aexcam na odnoti npamod.

Po npomomxkumM paccyxtenne maabine. PpupasuunBas (2) n (3), moaydnu,
410 TOYKH nepecedenus npsaimeix AF u BE, FD uw CF, AD uw BC nexar
Ha OpaMon fiolap = pslpc. A upupaBusaB (1) n (3), moaydum, 9T0 TOUKH
nepecevenusi npsmbix AB u CF, CD uw BE, AD u FF jexar Ha mpsaMoi
plap = pslpr. Jlerko npoBepuTh, Y9TO MOAYYeHHBIE TPAMBIE

pilpe = paler, polap = uslpe u pilap = pslpr

mepecekalTcs B OfHOU TodKe. B camom jerne, ecain X — Todka mepeceveHus
NepBbIX ABYX U3 dTUX NPAMBIX, TO

ppelpo(z)lap(x) = popslpr(z)lpo ().
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CoxpatuB Ha pzlpc(x), noryanm pilap(z) = pslpr(x) (Mbr He Gymem ocTa-
HABJIUBATHCS HA 0OCYIKIEHIN BBIPOXKTEHHOTO caydas, Koraa pqlpc(z) = 0).

Pyaem maswiBaTh npamoti Ilackaas NecTHyrolbHHKa, BINCAHHOI'O B KO-
HUKY, IPAMYIO, Ha KOTOPOU JexKaT TOYKH HepecedeHns map ero IpoTHBOIO-
JOXKHBIX CTOPOH. PpH 5TOM MIeCTHYrolbHEKOM MOXKHO CYHTaTh U 3aMKHY-
TyIo caMollepeceKalolnylocd JoManyio. [loka3anHoe BhIlle yTBep:K JeHne MOzK-
HO c(POPMYJIUPOBAThH CAeAyIOMIM 06pa3oM.

TeoPEMA 6 (IUTEHHEP). [Tycms mourxu A, B,C, D, E, F aexcam na o0-
not xonuxe. Tozda npamsie Hackan weemuyeoavnuxos ABCDFEF,

ADFEBCF uw ADCFFEB nepecexaiomes 6 odnot mouxe.

PamomunM, 9T0 mpn MoKazaTeAbCTBE DTOH TeOPEeMbl HCXOMHBIMHE TeThI-
pexyroabiukamu 6btin ABCD, AFED w BEFC'. MoxXHO HCXOAUTh TaKxkKe
w3 derripexyroisiukos ABFFE, ABDC uw CDFFE. Torga noay4dum cienyio-
mee yTBep:K IeHNe.

TeoPEMA 7 (KupkMaH). lpanvie [lackain wecmuyeoabnuros
ABFDCE, AEFBDC v ABDFFEC nepecexaomes 6 odnoti mouxe.

Perpynno ybeinThbes, ITO AaHHBIM IIeCTH TOYKaM Ha KOHWKE COOTBET-
cTByeT 60 mpameix Packans. Ppu pTom kaxmas mpamas Packanis BXOInT
poBHo B onuy Tpouky Hlrteiinepa u B Tpu Tpoiiku Kupkmana.

KOHUKHN ¢ NEPHEHAUKYJAPHBIMU OCAMU

TrOPEMA 8. Feau dee xonurxu umeom uemwvipe 0OWur mouku, mo 2mu
mouky Aexcam Ha odnoti okpyscHocmu mozada U modbko moz2da, Ko2da oct
KOHUK NePnenduKyAAPHbL.

JOKABATEJIBCTBO. Pa HanpaBiaeHue ocell KOHUKE BAUSIOT JHIIb KBAIPa-
TUIHBIE YIeHB €€ YpaBHeHnd, ModTOMY 6y1eM YIHTHIBATEL TONbKO nX. MoxHo
CYUTATD, YTO ypaBHeHHe OMHOI U3 KOHUK uMeeT Bijg ax’+by? 4. = 0. Ecan
JMHelHas KOMOUHAIIA DTOTO ypaBHEHNA I YPaBHEHNA a1 22 +b 1 y> +cizy+- - =

= 0 umeer Bug 2% +y?> +--- =0, 70 ¢; = 0, T. €. OCH KOHUK HepIleHIuKy-
a— .

asphbl. PycTh, Haobopot, ¢; = 0. Ponoxum A = P (caygan a3 = by

a — 0

cooTBeTcTBYeT OKpy:kHOCTH). Toraa a + Aay = b+ Aby. Ocraercs 3ameTnTsh,

410 eciu ¢ + Aay = b+ Aby = 0, To paccmaTpuBaeMble KOHUKH HMeOT He GO-

Jee IBYX OOIIHX TOYEK, TaK KAK CPejll JHHEHHBIX KOMOUHAINN UX YPaBHEHUN

eCThb JUHelHoe YpaBHeHUe.
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['MIIEPBOJIBI ¢ HEPIIEHAUKYJIAPHBIMU ACUMIITOTAMU

TroPEMA 9. Jhobas konura, nporodsuas wepes 6epuLuHbl MPey2oabHuKa
ABC u mouxy nepeceuenus ezo evicom H, asasemesn 2unepbonot ¢ nepnen-
FUKYAAPHBIMY ACUMNIMOMAMU.

JOKABATEABLCTBO. PeTpyaHo y6eauThes, 9T0 KOHUKA
ar? +bry+ ey’ +---=0

ABAACTCA THIEPOOJOH ¢ IepIeH JUKYASPHEIMI aCHMITOTAMH TOLZa H TOJLKO
Tormga, korga a-+c = 0. PooToMy nunelinas KOMONHAN NS ypaBHEeHHH THIEPOOI
C HepHeHIHKYIAPHLIME AcCHMITOTAME TOXKe ABIdeTcsS ypaBHeHHeM THIep6Ho-
JIBL ¢ HepHeH INKYIAPHEIME acUMIOITOTaMi. B Iydke KOHUK, IPOXOIAIINX Yepes
toukn A, B,C' n H, ecTb nBe (BBIPOXKIEHHBIX) TUIEPOOJHI ¢ ePIeH IIKYIIP-
HBIME aCHMITOTaMH, a UMeHHO, [4p5 - lcg = 0 u lgo - lag = 0. CregoBaTennb-
HO, BCe KOHIKH DTOrO IIYYKa ABAAIOTCA PHIepOOJaME ¢ IepleH JUKY IS PHLIMI
ACUMIOTOTAMHU.

OEATPHI KOHUK OJHOTO TIYYKA

TroPEMA 10. [Jewmpot xonux, nporodswur wepes mouxu A, B,C u D,
obpasyiom wonuxy I,

JOKABATENLCTBO. Konuka, npoxojsiias depes Touku 4, B,C'u D, ume-
er ypaBuenne ' = 0, rae F = Mg - lcp + lgc - lap. UenTp »Toll koHUKHN
3aJaeTcs cucTeMoil ypaHennu Fy = 0,1, = 0; o6a 5T ypaBHeHNA JNHEIHBI
mo x,y u A. BelpasuB A u3 ogHOro ypaBHeHHS H IMOJCTABHB DTO BBHIPpayKeHHE
BO BTOpPOE ypaBHEHHE, MOJYINM ypaBHEHIE BTOPOro MOPSAIKa, CBI3LIBalolIee
T uy.

B sakarodenne mpegiaraeM duTaTelsM NPOBEPUTH CAEIYIOIINE CBOHCTBA
xonuku I'.

1. T' mpoxoaut depes 6 cepelnH OTPe3KOB, COCMUHAIONINX Maphl TaHHLIX
TOYeK, 1 Yepe3 3 TOYKM NepecedeHls NPAMbIX, COeTUHAIONINX Napbl TaH-
HBIX TOYeK.

2. Hentp I' coBnagaer ¢ nenrpom macc Touek A, B,C'u D.

3. Eciu D — mouka nepecedenusi BeicoT Tpeyroabiunka ABC, to I' —
OKPYZKHOCTH JTeBATH TOYEK DTOIO TPEYyTOJbHUKA.

4. Ecaun gernipexyroapiuk ABC'D Bnucauusii, To I — runep6oga ¢ nep-
HeHUKYJISAPHBEIME aCUMIITOTaMi. B 3TOM ciaydae ocn Bcex KOHUK MydKa
napaJjiaeabHel acuMmmrToram 1.



Hain CEMMUHAaAP: MaTeMaTHUIECKHUeE
CIO2KE€ThI

DKCTpeMaIbHBIC PACIIOIOAKEHIA TOUYCK Ha cdhepe

H. H. Auapees B. A. 1O mun

BBEIEHUE

MeeTcs meablil psl XOPOLIO H3BECTHBIX 3a4ad: KaK pacnoloXnTh N To-
4eK Ha cepe, 4TOOLI
a) CyMMa BCEBO3MOKHBIX PACCTOSHII MeXK Ty HUMH CTAJ0 HAHGOXBIIIM?
6) HamMeHbIllee PACCTOSHIE MeXKIY TOYKAMH CTAJ0 HamOOJbIINM (3ajada o
JIuKTaTOpax)?
B) NpoW3BeneHne PACCTOAHIE OBLIO HANGOMBIINM?
B nacTosmei cTaThe MBI paCCMOTPUM BOIPOC O PaCIONOKeHNH TOYeK, MIHH-
ME3BHPYIOUINX MOTEHIHAJbHYIO DHEPruio B3alMOJeHCTBHA CHCTEMBI 3apsloB.
Hanee gepes ab 6ygeT 0603Ha9aTHCA CKaJIIpHOE NPON3BeIeHIe BEKTOPOB @, b
13 TPeXMepHOTro eBK.INI0Ba npocTpancTsa R, [a| = y/aa — gauna BexTopa a;
S={(z,y,2) ER?| 2?2 + y* + 22 = 1} — emuununas cpepa uz R>.

3AJ0AYA. Iycmb na cepe npubumovt 2603damur N nosoxcumespnba 3a-
pados qi, ..., qn 6 mouxaz ¢V, ... aV)
IHEP2USL CUCTNEMBL 3APAIOE PAGHA

B 44
‘V—%;mm_amy
i£]

. Ilo 3axony Kystona nomenyuaibras

2de |al) — aW)| — pacemosnue mexncdy mouxamu o uw a9, m. e. dauna
ompeska, coedunsowe20 3mu mouku. Imo npouzotidem ¢ 3apadamu, ecau
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«2603du ebidepuymuvy ? K xaxum pacnosodcenusm 6ydym cmpemumbes 3api-
dbl, CIMPEMACH MUNUMUUPOSAMD NOMEHYUAABHYIO IHEP2UIO CUCTIEMbL?

B pagabreiliiieM orpaHHYNMCS pacCMOTpPEHUEM paBHBIX 3apsjioB. B nauda-
ge Beka [lxk. JIxx. Tomcon [1] mpoBOmUI DKCIEPUMEHT MO HAXOMXKTEHUIO HAH-
JYHIIHX PACTOJOKEHHH s HeGOJbIIHX KoJaudecTB 3apsagoB. Tak, npu N =
= 4,6, 12 moay4quauch Kiaccuyeckue KOH(PUTYpaLUU: TeTpa’dlp, OKTadIp U
nkocasap. MluTepecio orMeTnTh, 9T0 npn HekoTOpeiXx N (Hampnvep N = 5)
DKCIEPUMEHTH TPUBOJUAN K PA3INIHLIM KOHMUTYPAIAIM.

Pynem paccmaTpuBaTh 3ajady PacnoJOKeHus Ha e THHUYHOU cepe N To-

N)

ek a(l)7 .. .,a( , sl KOTOPBIX dHEPIrus

w=>" _
L |al) — ali)]
i#]
npHHEMaeT HanMenblnee snadenne. O6osuatum ee W(N). Kak pernars Takne
3a/:[aqﬂ? B O6HleM Cly4dae — IIPOU3BOJLHOI'O N — OTBeT Heu3BeCTEH. ﬂﬂﬂ Ma-
avix N: N = 2,3, 4 HeTpyAHO MTOTAJATHCA, W C MTOMOIILIO XOPOIIIO H3BECTHHIX
HepaBeHCTB O CpelHeM apI/I(I)MeTI/I‘ieCKOM7 cpeqHeM reoMeTpuIeCKoM U Cpel-
HeM I'apMOHHYIeCKOM TOKa3aThb 3KCTpeMaJbHOCTDh KOHCprKHHfI:
N = 2 — 71Be NpOW3BOJbHBIE IPOTNBOMOJOKHBIE TOUYKH Ha cepe;
N = 3 — TpHu BepHINHH TPaBUILHOTO TPEYTOJbHUKA, PACTOJOKeHHLIEe Ha
HPONBBOJIBLHON Ayre GOILIIOro Kpyra cepsh;
N = 4 — deThIpe BepIINHBI MPaBHJIBHOIO TeTpadApa, BINCAHHOTO B cdepy.
3ieck MBI jgokaxkem, 4To misi N = 6,12 skcTpeMadbHBIE KOHCTPYKIUT
3aMal0TCA BepIIMHAME OKTa’pa W WKOCa’Ipa, BONCAHHKEX B cdepy. [lis mo-
Ka3aTeJbCTBa HaM HOTpe6yIOTCH cBelceHuss O MHOI'OYJeHax JIG)K&H,Z[pa n UH-
TepIOJATNOHHBIX MHOT'OY/JeHaX PpMI/ITa.

MHOTOYJIEHBI JIEXKAHAPA
OHpe,[[eJII/IM MHOT'OYJ€eHbI ]Dn7 rae n — HaTypaJJbHO€ YHUC/I0, ¢ TOMOUIBIO
PEKYPPEHTHBIX (POPMYJI:
1 2 1 3
130:17 P1:t7 P2:§(3t—1)7 P3:§(5t—3t)77

(n4+1)Poy1 = 2n+ 1)tP, —nbP,_1.

Muorowrenst Py, P, Ps, ..., Ka)KIBIH 03 KOTOPLIX HMEET CTelleHb, YKa3aHHyIo
ero NHAEKCOM, Ha3bIBalOTCA MHOTOUIeHAMN JleKaHapa.

Muorounennt Jlexkangpa 06aama0T psjIoM 3aMedaTeqbHbIX CBOHCTB. Pam
noHaJJo00bnTCsA
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CBOWCTBO NOJOXKATEJIBHON ONPEJAEJEHHOCTH. /11 1106000 HOTOKATENL-
HOT'O 9YNCJIa N U JI0O0T0 KOHeIYHOT'0 MHOYKeCcTBa M TOYeK C(l)epbl BBITIOJHAETCHA
HepaBeHCTBO

Z P,(ab) > 0. (%)

a,beM

B nocjegHoue roabl HCIOJb30BaHle HepaBeHCTBa (*) 1 ero aHaJoI'OB IIpuBeJan K
TOYHOMY pellleHnio psAla U3BEeCTHLIX 3aavl rZ[I/ICerTHOI(/JI reoMeTpun n TeoOpnn
KOINpOBaHNUA.

BBy BaHOCTH (*) IIPUBEEM €r0 L0Ka3aTeIbCTBO. B MaTeMaTH9eCKON (UBUKE XOPO-
110 m3BecTHa [2, cTp. 484] popmyna Jamnaca. B wacTHOM caydae oHa MIPUBOAUT K PABEHCTBY

Py (ab) = 2k4+ ! / Py(ar)Pr(br)ydr, r=(z,y,2), k=0,1,2,....
T s
Ilas mo6oro k= 0,1,2,..., ckiageBas 3TO paBeHCTBO 11 a,b € M, mangem:
2k + 1
Z Py (ab) = T/s Z Py(ar)Py(br) | dr =
a,be€M a,beM
2k +1 ’
_|_
== /S Z Py(ar)| dr > 0.
aEM

HepagercTBo (*) moxasaHo.

WHTEPIIOJALMOHHBIE MHOTI'OYJIEHBI

Pycrs {t;}7, C (a,b), t1 < t3 < -+ < ty, — ¢ PA3INIHBIX TOUEK
u3 uHTepBalta (a,b). Aarebpanteckuil Muorodien h,_q(t) cremenu ¢ — 1 na-
3bIBaeTCA MHTEPHOISIHOHHEIM MHOTO4IeHOM Jlarpatka it pysakunn y(t) B
TOYKax l1,...,1{,, HA3BIBAEMbIX TOYKAMI HHTEDPIOIANNH, €C/II

h(t) = y(tr),. ... h(ty) = y(t,).

Ecan e crenenh MHorodnena pasua 2¢— 1 n B Toukax {t; };_, Beimoanens
TOMONHUTeIbHbIE YCJIOBUA COBIAJeHNd 3HAUEeHUH TPON3BOTHBIX

W(t) = y'(t), -, Wt = ¥ (tg),

TO OH Ha3BIBA€TCH HHTEPHOJANHOHHBIM MHOTOWwIeHoM PpuuTa. A. A. Mapkon
Halea (POpMyJTy Mis YKJIOHeHHs MHOrodteHa PpumuTa or ¢pynkumn y(t).

TeoPEMA. Ilycmob y(t) — nenpepvisnas gynxyus na ompesre [ty,t,] —
umeem npouzeodnyio nopadra 2q na unmepsade (t1,t,). Toeda naidemes
mouxa T, T € (t1,t,), maxas, wmo

y?9)(r)

W(t — )t (= ty)*

y(t) — hag_1(t) =
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N3 »Ton TeopeMbl B YaCTHOCTH BBHITEKAET, 9TO €CAN y(2q)(7') >0, 1<
<7 <ty, TO
y(t) 2 h?q—l(t)v tl < t < tq7
T. €. Fpaqﬁ)I/IK MHTEePIOJAINOHHOTI'O MHOI'OYJeHa PpMI/ITa Bcer'la pacCIlOJOKeH
ke rpapuka Gyakunu y(t). [grs Hammx meneil moxaTo6uTCs HEGOIBIIOE
B JOU3MeHEeHNe DTON TeOpeMBEI.

TEOPEMA. ITycmo
1) Dynxyus y(t) nenpepvisna na [to, h], to < t; < -+ < ty, < h, u wneem
npoudeodnyio nopadka 2q + 1 na (to, h);
2) ancebpauueckuti mnoeounen hoy, cmenenu 2q maxos, wmo

th(ti) = y(tz)v 1=0,1,...,q; /Qq(tl) = y/(ti)v 1=1,2,...,q.

Tozda na (to, h) naiidemes mouxa T maxas, wmo
y(2q+1)(7)
(2¢+ 1)!

JTOKABATEJIBCTBO. 3adukcupyem ¢ Takoe, uto t # t;, ¢« = 0,1,...,4.
PaccMoTpuM pyHKINIO

y(t) — hay(t) = (t—to)(t —t1)* ... (t —t,)> ()

z2(t)=yl(T) — T _7y(t)—h2q(t)w7_
(7) = y(7) = hag(7) "0 (7),

rae w(r) = (7 — to)(r — t1)*... (1 — t,)*. PonsrHo, 4ro
2t)=0; 2(t;)=0,4=0,1,...q.

3uadnt, no reopeme Pomwis, yTBepiK jaloled, 1TO MK Iy IBYMS HYISMI Tu-
(epeHIIpyeMOil (PYHKIUN JeKUT HOMIb ee IPON3BOIHON, CYIIECTBYeT 0 Kpail-
Hell Mepe ¢+ 1 TodYka, HII OHA I3 KOTOPHIX He COBIAfaeT ¢ TOYKAMH o, . . ., g,
B KOTOpPHIX z'(T) obpaiaercs B Hoab. KpoMe TOro, u3 BTOPOro yCJIOBHS Te-
opeMbl 1 BHIa QyHKONH w(T) 3akiodaeM, 4to z'(f1) = --- = 2/(t,) = 0. B
HTOTe HMeeM, 9TO Npou3BoiHas 2’ (T) obpaljaeTcs B HOIb IO KpaliHell Mepe B
2¢ + 1 pasaudnOl Touke u3 (ig, h). Ppumenss Teopemy Pouis emme pas, Haxo-
anM, 910 z”(7) obpalllaeTcs B HOIb 10 KpallHell Mepe B 2¢ PasINYHBIX TOYKaX
unTepBaia (lg, h). Ppumenss teopemy Pouns emme 2¢g — 1 pas, moaydaeM, 410
Haiierces Touka T, T € (to, h), B KoTopoit (29T (1) = 0. Tax Kak cTenenp
vHorounena ho,(t) pasra 2¢, 1o hy, 29TV (t) = 0. Crenens MEOTOLIEHA w(T)
paBHa 2¢+1, Koapdpunuent npu 7291 papen 1, n 3gagnT w(2q+1)(r) = (2¢+1)".
Y4uTHIBaA HTO, MOLYIaeM

0 = 20t (7)) = et (7) - y(®) ;(f)?q(t) (2¢+ 1),

OTKYda cjaenyeT yTBepxKiIeHne TeopeMbl.
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S3AMEYAHUE. Pycth o > 0, K > 0, ¢ — Tpou3BOIbHOE HATypaJbHOE
gncao. Torga mis aoboro —1 <t < 1

y(t) = K(1=1)7% > hay (1),

rge hg, — MHOIOWICH yIOBIETBODAIOMINE ycIoBHAM TeopeMbl 1. [leficTBu-
TelbHO, BO3bMEM NPOH3BOIbHBIE —1 =t <t < --- < 1y < h < 1. Dynknus
y(t) abcomoTHO MOHOTOHHA Ha (—1,1), T. e. ee MPOW3BOIHEIE JMIOGOTO TO-
psijfka HeoTpnuaTesbHbl Ha nHTepBagte (—1,1). Torga us (k) HaxomuM, 4TO
y(0) — hay(t) > 0 a1 —1 < 1 <

I/ICHOJIBSyH IIpuBeleHHbIe BhBILIE CBeIeHWd, Hepefl/:[eM K TOTHOMY pelleHnIo

Halllell DKCTpeMaJbHOH 3a1aql.

OUEHKA CHHU3Y

Ternepsb npemioKuM MeTO, MO3BOAAIONINT HAXOTUTh OLEHKY CHUBY BeJi-
anubel W (N) — moTeHnma’sbHON dHeprum cucTeMbl m3 N pPaBHBIX 3apsIoB,
PaCmoNOKeHHbBIX Ha eTHHUYHOU cdepe.

TEOPEMA 1. [lycmob aseebpauveckuii muozousen hy, (t) maxos, umo
1) Koadduyuenmot pazaoxrcenusn h, (t) no muocouienan Jlexrcandpa neompu-
YameAbHbl, M. €.

b (t) = coFPo(t) + 1 PL(t) + - -+ e P (2), 2de ¢; 20, ¢g > 0.

2) Cnpasedau6o nepasencmeo

Tozda das awoboz20 namypaaviozo N, N > 2

N
—5 (Neo = h(1)).

JIOKABATEJLCTBO. PaccmorpuM npomsBoabHbIN Habop w3 N Totuex
{a(l) f\;l, JeKalnx Ha egmamanod cpepe S. Tax xak al) € S, o

|a 1/ ) — qli |2—\/a ) — 2a(®) (])—|—a(j)a(j):

= V21— t, rmet = a(i)a(j),

W(N) >
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I 13 BTOPOI'O YCIOBHS T€OPEMbI HAXOMUM, YTO s § # j

IR S ST T

PG ET Y LA
Pa6op Todek GBI NPOU3BOIBHBIM, ClIeI0BATENbHO, MLis Beandnubl W (N) mo-
JAydaeM OLeHKY CHH3Y:

N 1 N
_ (1), )y —
W) =2 o # 2 gt =
oy v

N
ot en Y Pr(aWal)) - Nh(l)).

7,75=1

BCJIG,Z[CTBI/IQ MMOJOZKUTEeJbHOCTHU KOBqﬁ)qﬁ)I/IHI/IeHTOB c;, HOJOKUTEeILHON olnpe-
JeJeHHOCTH MHOI'OY1JeHOB JIG)K&H,Z[pa nMmeeM
1

W)z (N?co — Nh(1)),

9TO I JaeT OLeHKY CHH3Y.

Onenka cBepxy 6yeT faBaThbCsS KOHKPETHBIME NPUMePaMU PACIOJOKEeHU S
s3apagoB. B caygae N = 6,12 omeHKH cBepxy COBIANYT C ONeHKAMU CHU3Y, 1
3HAYUT, DHEPrUd B 9TUX clIy4asdx OyeT B TOYHOCTH PaBHATHCA MPHBEIeHHbBIM
BelMYUHAM.

BoraucaeHuE W(6)

PowmecTuM miecThb 3apsA10B B BepIINHLI OKTad(pa, ABIAONITECT Hepecetde-
HIeM KOOPINHATHHIX OCell ¢ e InHnIHON cepoi: B Toukn +(1,0,0); +(0, 1, 0);
+(0,0,1). PemocpeicTBeHHBIN MOACYET MOKA3BIBAET, 9TO IS ITOI'O PACIONO-
JKeHnd 3apA 0B SHeprud paBHA 3412v/2. Pro sBISETCH ONEHKO W (6) cBepxy.
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Poayaum onenky cunsy. C 5To# neabio MHOTOWIEH ha (t)7 OyreM CTPOUTH TakK,
9TOOLI

ha(=1) = y(=1), hy(0) = y(0), hy(0) = y'(0); rae y(t) = (1)~
PrTu cooTHollenns No3BoIAIOT HAUTH ABHLIN Bu o MHOI'OYJ€eHa BTOPOI'O MO-
pAIKa U pa3JoXKUThH er'o IO MHOT'OTJIeHaM JIG)K&H,Z[pa:

ho(t) = 2 (% _ %) Pyt + SR0) + (g + %) Po(t).

Bce 1pu kosddunuenta ¢y, €1, ¢ NOIOKITeIbHE. Po TeopeMe 1 BEIIOIHE-
HO I BTOpOE yCJIOBHE TEOPeMEl 2, 9TO [HO3BOJSET HaM BOCIOJb30BATHCA €IO.
Berauncasis ha(l) =14 % HAXOINM, 9TO

W(6)>%(6(2+$)—1—%):3—|-12\/§.

Takum obpasom mokazamo, 910 W (6) = 3 4 12v/2.

BoraucaeHue W(12)

B panmoM cryvae dKCTpeMadbHLIM PACHONOXKeHHeM TOUYeK OYAeT paclofo-
JKeHne WX B BeplImHaxX nkocadnpa. Ukocadap ABIAeTCS OTHUM U3 TMATH Tpa-
BHJIBHBIX MHOTOIPDAHHUKOB U uMeeT 12 Bepiiut, 20 rpanen u 30 pebep. Kak
B 3TOU cuTyalluu cTpouTh MHorowien? Tak xak mis Todek a,b € S mpo-
u3BeeHNe ab paBHO KOCUHYCY YIVIa MeXKy BEKTOpaMHU € KOHIAMH B TOYKaX
a,b, TO npenBapuTEIBLHO HYXKHO paz3obpaThcs B yriax Mexay 12 BeplinHa-
Mu uKocasapa. depes o 0603HAYNM 30J0TOE cedeHne — HauGOJNbIINNT KOPEHb
ypasrenns o« = o« + 1. Torga o = % JIBeHaIaTh BEpIINH WKOCADTPa
nMeoT KoopanuaTh: +(a, 1,0), £(0, o, 1), £(1,0, @), £(e, =1, 0), £(0, o, — 1),
+(—1,0, ). YT06bI OHN MpHHA IIEKATN e THHUIHON cepe, MO TeINM BCe KOOP-
JUHATH Ha vV o? + 1. PeTpyano nojcinrars, 9T0 BCEBO3ZMOKHBIE CKaAdPHbIE
IpON3BeleHNsT BEKTOPOB, HAPABIeHHEX W3 Hadala KOOPIWHAT B BepIIWHEI
nKoCadApa, JaloT INCIa :l:l/\/g n £1. Pro moackaswiBaeT HaMm cnocod BEIGO-
pa MHOT'OUJIeHa B TeopeMe 2: OH JOJKeH VIOBJIETBOPATL COOTHOIIEHUAM

1 1 1 1
) = y(E——=), K (E—=) = (&
7) = E) W) =
Prtu cooruoenns onpeneasroT yxke MHOI'OYJeH YeTBepTOor'o InopsikKa. ﬂ;JIH

rZ[ZUH:HGI(;IHIGFO HYZKHO IMOBTOPUTH pacCCyzKIeHusd, IIpoBeleHHble HaMW [OJsI CJay-
qag N = 67 HO BBHIY I'POMO3IKHNX BBEIKJIaJOK MBI UX OIIYCTHM. P anumem auin

OoTBeT:
W(12) = 6 4 154/10 — 2¢/5 4 154/ 10 + 2v/5.

h(=1) = y(=1), k(£
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JN3ANHBL

B cBsizu ¢ pemenueM psijia 3ajad U3 PasdndHBIX pa3/ieJ]oB MaTeMaTHKH
BO3HUKJIO NOHATHEe Au3alina. PocrapaeMcs mosHakoMuTh Bac ¢ >TuM mOHATH-
eM.

B kakux caydasx ONHCAHHBLIH BbIllle MeTO[ AaeT TOYHLIH oTBeT? Ppn
NOJYYeHNN ONEeHKHW CHU3Y MBI HCIOJIb3yeM [Ba HepaBencTBa: y(t) > h(t) u
> apenrs Pr(ab) > 0. 3naquT, TOIHBI OTBET BO3MOKEH JHIIL B CIydae, KOT1a
oHI obpalaloTcs B paBeHcTBO. [ o6pallleHns B paBeHCTBO MepBOI'O Hepa-
BEHCTBa MBI CIIeHAJIbHBIM 06pa30oM BLIOMpPAAN TOYKH WHTepnoasAnnu. Paro
ellle TaK BBIOMPATH MHOXKecTBO M, 4TOOLI I BTOpPOe HEPaBEHCTBO OOpalia-
JOCh B paBeHCTBO. Tak Mbl eCTeCTBEHHBIM 00Opa3zoM NPUXOJIUM K MHOHATHIO
qu3anfa.

ONPEARIEHUE 1. Muoxcecmeo mouex D = {dD}N | D C S nazvisa-
emca QU3ATHOM NOPAIKG (¢, €CAU 6LINOAHEHDL PLEEHCNEA

N .
ZPk(xd(l)) =0, k=1,...,q,
=1

daa w0601l mouku © € S.
PxBUBaleHTHLIM eMy fABAAETCA Cledylolee

ONPEIEAEHUE 2. Muoxcecmeo mouex D = {d©) N., D C S nasviea-
emea Ju3atinoMm NOpAIKA (¢, €CAU 6bLINOANENDL PUBEHCINE

N

Y P(dDdiy =0, k=1,....q.

i,j=1

(£
ﬂHSaﬁH nopAlKa ¢ Ha3bIBaeTCA MUHUMALbHbIM, €CIN OH CONEPXKUT HauMeHb-
miee KoOJn41eCTBO TOY€eK, HeO6XO,Z[I/IMbIX [JIST BBIIIOJTHEHNS YKa3aHHBIX TOXK T€CTB.
K COXKaJeHnin, O MIHIMaJbHBIX ,Z[I/IS&I?IH&X N3BECTHO OY€HB MaJo. I/ISBGCTQH
JUIIb NX KOHe‘iHbeI Ha60p. JIIO6BI€ ABe ITnaMeTpaJbHO IIPOTHUBOIIOJOZKHbIE
TOYKHN Ha Cq)epe ABAAKOTCA rZ[I/IS&IK;IHOM IIepBOI'o nmopdIKa. BepLHI/IHbI BIIUCAaHHO-
ro B cepy TeTpadipa ABAAIOTCA MIPEMEPOM MIHAMAILHOIO IM3alHa BTOPOrO
HOPsIKa, BEPIINHBI BOINCAHHOTO B c(pepy OKTapapa — IHU3alH TPETHEro Io-
pAnka, a 12 Todexk — BepIINH BOUCAHHOTO B chpepy MKOcasmApa — ABIAIOTCA
rZ[I/IS&IK;IHOM IIsATOrO NMopsgKa.

JlenbcapT Halllenl HUMKHIOW TPaHUIY [I1sf KoandecTBa N = N(q) TOYEK

MUHUMaJbHOT'O rZ[I/IS&I(/JIHa IIopsaiKa ¢:

(k+1)(k+2), g=2k+1,
2

N2 s q = 2k.
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Samerum, 4ro mias ¢ = 1,2,3,5 pTa oleHKa TOYHA, T. €. KOJUIECTBO TO-
YeK, JaBaeMbIX IPHBEIEHHOU OIEHKON, COBIA aeT ¢ KOJHIECTBOM TOYEK M-
HEMaJbHBIX MH3aUHOB COOTBETCTBYIONINX HOpsakoB. OJIHAKO >TO He Bceria
TaK.

B cBa3m ¢ pasaudHBEIMEA 3aMavaMu, B MPOILIOM Beke CTapainch HANHCAThH
TOXK TecTBa

N
(2 49"+ 297 =D (et + g 4 zaf)
k=1
1 MoJT00HBEIe UM C HANMEHBIINM KOJHYeCTBOM CJaraeMbIX, BepHbLIe IIsd BCexX
qncen «, y, z. Tak, zampumep, B 1859 roay JInyBuIab 1oKa3ana cupaBeIinBOCTh
paBeHCTBA

24(x7 + 23 + 25 +23)? = 162] + 1625 + 1623 + 162 + X%(2y a3 £ ayg)?,

rje 3HaK Y° o3HaYaeT CyMMUPOBaHue aHaJOrMIHEIX YICHOB.

HNuTepecno, 9To moqo6HLIe TOXK IeCTBA OKA3AINCh TECHO CBA3AHHBIMA C TT0O-
HATHEM Au3aliHa. B majgbHelllieM OrpaHUYUMCS MHHHMAJBHBIMU [U3AHHAMK
HedeTHOro nopsiaka. /lokazaHo, 4TO eciu JU3alH HEYETHOO HOPSIKA MUHU-
MaJieH, TO OH SiBAfeTCs CaMOABOUCTBeHHBIM. MEl chopMyanpyeMm Ges Toxaza-
TeIhCTBA TEOpeMy, KOTOpas MOMOXKeT HaM O0OOIIUTE noHsTHe nusaiina. Te-
nepb HaM Oy jgeT y1oOHee 3alUChbiBaTh TOYKH TOCPEICTBOM UX KOOPAUHAT, T. €.

k-1 Touka 6yJeT 0603HAYATHCS (agk), a(Qk), agk)), a 3alnch {j:(a(lk)7 a(Qk), agk))}
6yIeT 3HaYNTh, 9TO B HallleM Habope cOIepKUTCA KaK TOIKa (a(lk)7 a(zk)7 aék))7
TaK M TOYKA (—a(k) —a! —a(k))

1Ty —as ).

TeEOPEMA. Cucmema 2N mouer {j:(a(lk),agk),agk)) N | C S seanemes

duaaiinom neuemno2o0 nopadka ¢ Mmo2da u MoAbko Mmo2da (KOHeUHo e, ¢
MOYHOCTBIO DO 6PAWERUL), KO2DA BEPHO PAGEHCINEO

N
2 2 2y =L k k E)yg—1
(" +y“+2°)2 =c¢ (acag)—l—ya(z)—l—zag))q ,
k=1
2de ¢ — HEKOMOPOE UUCAO, 3ABUCAUEE TNOADKO OM UCTOOHOU cucmembl Mmo-
wex. pu amom ecau Jusatin MUHUMAALHBLE, MO 6 NPA6OT YACTU CYMMUPYEN-
CA HAUMEHDULEE 603MONCHOE OAA TMAKO20 NPEICTNAGAECHUL YUCAD CAA2AEMBIT.

PpI/IMepOM MOXKeT CIYXKHUTL CACTeMa TOYeK — BepPIINH UKOoCasApa — ABJSA-
olasacs r[[I/IE»&IK;IHOM IIsATOrO NMopsgKa. A NMEeHHO, paBeHCTBO

6
5
(497 + 202 = 23 (et iy 4l )
k=1
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(k) (%)

BEpHO TOIIa H TOJBKO TOrfa, Korjga Toukn {£(a; , a; ,agk))}gzl SABISIOTCS
BepUINHAMK NKOCadpa, BINCAHHOI'O B e INHUIHYIO cpepy ¢ HeHTPOM B HadaJe
KOOpANHAT.

PTu paccy: 1eHus no3BoagoT 0606MINThL NOHATHE AX3ailHa HeIeTHOI'O MO~
pAJKa Ha CIydall IpOM3BOJLHOI'O KOJIHYeCTBa epeMeHHbIX.

ONPEAENEHUE. Cucmema uz 2N nabopos wucen {j:(a(lk)7 .. .,a&k)) i\;l,
YA06AEMEOPAIOULAA YCAOE UAM

1) (a2 + <a§’“>>2 oot (ef)? =1 <R

Yt +ad b e T = O ka4t

¢ nexwomopoti konemanumot C, nazvieaemea dudainom nopadxka ¢ pazmepro-
cmu d.

Tem caMbiM B THX 0G03HAYEHUSIX UKOCADIP — DTO MUBAWH H-T'O MOPS KA
paszmeprocTu 3. PaccMOTpuM HeCKOJAbKO MPUMEPOB TaKWX Au3aliHOB. PaBeH-

CTBO
+1

s (25s!)2
(2 +y%)° = (5_|_1 kzal x"’“z )y)

(k) ()) s+1

BEPHO B TOM H TOJBKO B TOM Clydae, Korjga Toukn {£(ay ', ay ' )};T| ABIAIOT-
s BepIIMHAMHA TPABUIBHOTO (25 4 2)-yrOIbHNIKA, BINCAHHOT'O B €INHATHYIO
OKPYKHOCTEL ¢ MeHTPOM B HyJe. PTa cucTeMa Todek mMeeT HATAsAAHYIO (PU-
BUYECKYI0O HHTEPHPETALNIO: eCal MOMECTHTh Ha OKPYKHOCTE k OJMHAKOBBIX
3apA 0B M Pa3pellnTh UM JIBUIAThCSA MO OKPYKHOCTH, TO OHU PACIONOKATCA
B BepIllNHAX TPaBUILHOTO k—yTOJBHUKA.

Jpyrou Haras THE TpUMeEp TaeTCH PABEHCTBOM

d
sl +tai =Y (@ar+ aas+ 4 Ve,
k=1

rne d — IOPOU3BOJLHOE HaTypaJJbHOE TYHUCI0, a I0CIeJ0BaTeJIbHOCTI
{(a?, . el
YIOBJAE€TBOPAKT paBeHCTBaM
(i) + (@) -+ (@) =1 a1 <k < d,
a(li)a(lj) + a(;)a(zj) + .4 ag)ag) =0 mas ¢ # .

PaHpHMep B KadecTBe k-To Ha6opa MOKHO B3ATb ITOCJA€I0BaTeJIbHOCTL THCeT,
B KOTOpOfI Ha k-M MecTe CTOHUT 17 a Ha BCeX OCTaJbHBIX MeCTax — HYJH.
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Ppu n = 3 »ra gopmyna 6yger gaBaTh y:Ke U3BECTHBIN HAM [U3AlH: IIE€CTh
nabopos {+(1,0,0), +(0,1,0), £(0,0, 1)} aBasoTCcs KOOpAHHATAME BEepIINH
OKTadIpa, BONCAHHOTO B eINHUYIHYIO cepy.

A peKopiHBIM 0 KOJHYECTBY TO4YeK sBiseTcs guszaiud 11 mopsjika pas-
mMeproCcTH 24, cocrosmuid u3 98280 HaBOpPOB duCes, MAIINX AHAJIOTUYHOE
OpeNBI IVIUM TTpeJcTaBleHle Tad BLIPpAKeHUS

(214 423"

Jusafiiel 0OKa3KIBAIOTCA pellleHneM W TPYTHUX 3ajgad THCKPETHOHW TeoMe-
Tpun. Kpome Toro0, 5T0 TOHATHE 0KA3HIBACTCS BayKHBIM U BO MHOTHX JIPYTHUX
06JaCTAX MaTEMATHKA. P0o2TOMY OThICKaHWe HOBBIX MUHUMAJbLHBIX TH3aHHOB
SIBASETCS U HHTEPECHOH, N BayKHOHU 3aTadel.
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006 oaHON 3aMedaTeILHON HYyMePalll
OJTOKITEMbHBIX PAlllOHATLHBIX THICET

. H. Aanpees

BBEIEHUE

CaéTHOCTH MHOXKECTBA palnOHaJbHBIX YHCe] — 9TO OAUH U3 CaMBIX IIep-
BBIX qﬁ)aKTOB7 C KOTOPLIMH 3HaAKOMAT HaYMHaIOIUX HM3YIaTh SJeMeHTapHLIe
OCHOBBI TeOpHUHN MHOZKeCTB. PpI/I 2TOM, OHaKO, BCe HU3BeCTHLIe aBTOpPYy nOO-
Ka3aTeJlbCTBa 5TOr'O CpaKTa JOBOJBCTBYIOTCSA JUIITb rZ[eMOHCTpaHI/IeI(/JI HpHUHIOHA-
THAJIBHOH BO3MOXKHOCTH HyMepaOoun MHOXKeCTBa pPallMOHAJbHBIX YUCed, Tak
nanm nHavde CBOAsl [JeJO0 K BONPOCY O HyMepalun IHap HeJblX THce] (C Ha [dJ1e-
KalliM O'paHMYIeHneM Ha UX BHaKI/I). B 10 ke BpeMsl, pallOHaJbHBIE TUCTQ
eCTeCTBEeHHbBIM 06pa30M OTOXK TeCTBJAAIOTCS JUIIL C TapaMi B3aHMHO IIPOCTBIX
OeJblxX 4duceda (TaK)Ke C HYZKHBIM OI'DaHHW4Y€HHeM Ha 3HaKI/I)7 u »T0 06CTOM-
TeJdbCTBO IIpK J1060M «CTaHIapPpTHOM» crnocobe HyMepalnn geaaeT 3alavdly pe-

JBLHOr0 HAXOXKICHUS HOMEpa 3aJaHHOrO PAlMOHAILHOTO YHCAa — WIH, Ha-
060POT, pallOHAJLHOrO YHCIa MO 3aJaHHOMY ero HOMepy — IpakKTHYECKH
OesHa JEKHOM.

B nacrosmein pa6oTe CTpouTCA 1 H3ydaeTcs OJIHH CIIOCOd HyMepalun mo-
JOKHUTENbHBIX PAMOHANbLHEIX THCe, 06,12, TafOlINIl HebIM PSIOM 3aMedaTe b
HBIX CBOICTB. P pezx e Bcero, B 5Toll HyMepalun YyIOMAHYTHIE BBILIE 3aTa9M
petaioTcs >OOEKTUBHO: HaX0XK JeHle HoMepa PallloHAILHOTO Yicia p/q Tpe-
6yer anmrb O (log max(p, ¢)) apudmeTndecknx onepannii, a HAXOXK TeHIe paln-
OHAJBHOTO YHCIa MO ero HoMepy n BhimoauseTcs 3a O (log n) apudpmernaecknx
onepanuil. [lanee, apudpMerndeckas GpyHKINA, OCYHIECTBAAIONAA HyMepalnio,
OKa3BIBaeTCA MIOPa3UTEILHO (VA TKON) B CyMMaTOPHOM CMBIC/IE: OHa HE TOJIh-
KO 06/1a1aeT cpeHIM 3Ha9eHueM, HO 0 MMeeT BCero JHUIIb Jorapiu(MuIecKini
OCTATOYHBII WiIeH cyMMaTopHol (gopMyabl! Pakomen, sTa HyMepauus ecrTe-
CTBEHHBIM 00OpPa3oM IPUBOAUT K IPOCTON N KpacHBOH (POPMYIHPOBKE IPHH-
ouia MaTeMaTHIeCKOH HHIYKIHHI N1 TOJOKUTeNbHBIX PalHOHAIbHBIX THCE.
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1. IIPEABAPUTEJIbLHBIE 3AMEYAHUA

Mgl nozBoiuM cebe UCHOAb30BATh Ge3 CHelualbHBIX CChLIOK MPOCTeUlne
CBOHNCTBA PA3/JOKEHNH palNOHAJbHBIX JHCel B (KOHEYHBIE) HelnHbe Tpob,
KOTOpHIE MOY>KHO HAUTH HpPaKTHYeCKH B JI0OOM CTaHAApPTHOM KypCe DJaeMeH-
TApHOU TEOPUH YHCE.

Yepes N MBI 0o603HaYaeM MHOKECTBO HaTypadbHBIX ducen, depes QT —
MHOXKECTBO MOJOKUTEAbHEIX PAllHOHAJIbHEIX duces. CHMBOIOM Y OTMe4aeTCs
KOHel] TOKa3aTelbCTBa.

Kax usBectHOo, M060e OTIWYHOE OT HYJAA PalWOHATHLHOE UYHCIO MOXKET
ObITH Pa3JOKeHO B OObIKHOBEHHYIO KOHEYHYIO LleNHYIo Npo0b

1
def
[qos q1, -y 1] = o + ————— (1)

_I_i
q1 1

oyl
i
POBHO IBYMA pasJudHBIMI CIOCOGAMIL, OJNH U3 KOTOPHIX IIOAy9aeTCs U3 Apy-
. _ _ 1
roro zamenoit ¢ > 1 (mm go = 1 npu [ = 0) na (¢ — 1) + 1. Perpyano
IOHATD, 9TO NP TaKol 3aMeHe CyMMa (g + « - -+ ¢; He H3MeHAeTCH; IODTOMY
KOPPeKTHBIM OyIeT Caefylollee

ONPENENEHNE. Boicomot h(r) noIoXnTeIbHOIO PAHOHATBHOTO HCIA I
MbI OyeM Ha3bIBaTh CYMMY g + -+ 4+ ¢ BCEX dJeMEHTOB ero pa3JoKeHus B
OOGBIKHOBEHHYIO IemHyo 1pobb Biaa (1).

PenocpemncTBeHHO O4eBHIHBI CAeAVIOIIHEe CBOUCTBA BBEJIEHHOIO MOHSITHUS
(ToKazaTenbCTBA MPENOCTABISIOTCS YNTATENO):

CBo#icTBO 1. h(r) npuHEIMaeT TOIBKO HATYpAJbHBEE 3HAYEHNS, TPUIEM
BCe HATYpadbHBe INCTa CAYKAT €€ 3HATeHUAMI.

CBoficTBO 2. h(r) =1 Torga um Toabko TOrga, Korga r = 1.

1
CBoIcTBO 3. [las awoboro r € QT nmeem: h (—) =h(r), h(r+1)=
r
= h(r)+ 1.

2. OCHOBHAA KOHCTPYKIIUA
Onpegennm apudmernieckyo GYHKIHIO 7(n) CIeLyOUnM 06pa3oM: mo-
aoxuM (1) =1, u gusg moboro n € N uyers r(2n) =r(n)+1, r(2n+1) =
1
= ——— . OdueBuHO, >TH ycaoBus 1is Bcex n € N 01HO3HAYHO OIPeJesioT
r(n)+1

3Hav1eHUe r(n), ABJassoaIeecs MOJMOKNTENbHBIM pallOHaJbHBIM YHUCJHAOM.
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TEOPEMA 1. ®dyHKuNA 7(n) IpHHEMAET KaKIoe MONOKNTETbHOe PAINo-
HaJbHOe 3Ha4YeHNe OJUH U TOAbKO ONUH pa3.

JOKABATEILCTBO. 1) /lokaxem crepsa, 4To aas aoboro r € QF naii-
rércs Takoe n € N, 9to r(n) = r. /JlokasaTelbCcTBO NPOBEIEM HHIYKIUEH 1O
Beqndnue h(r). Pasa mHIyKIuN OdeBHIHA, MOCKOAbKY mpu h(r) = 1 umeem
r =1, n MoxkHO B3aTh n = 1, Tak Kak r(1) = 1. Pycrs h > 1; mpennosoxmnm,
aro miast h(r) < h Tpebyemoe yiKe TOKa3aHO, I BO3bMEM MPOM3BOJIBHOE T,
st Koroporo h(r) = h; samernm, 9to r # 1, Tak kak h > 1. Ecan r > 1,
To h = h(r) = h(r — 1) + 1, orkyga h(r — 1) = h — 1; Mo HHIYKTHBHOMY
npenoaoKennto, Haiigércs takoe n' € N, uro r(n') = r — 1, u, B3sgB n =
= 20/, noayanm r(n) = r(2n/) = r(n') + 1 = r. Bcan ke r < 1, To L > 1;
torga h = h(r) = h(%) = h(%—l) + 1, oTkyma h(%—l) = h—-1; no
HHIYKTHBHOMY IPeINON0KeHNI0, Hal néTcs Takoe n' € N, uro r(n') = % -1,

u, B3sB n = 2n' + 1, moay4aum r(n) =r(2n' + 1) = r.

r(n/)+1

2) lokaxkeM Temepb, 4To pis aioboro m € N umeem r(n) # r(m) npu
n € N, n # m; 1oxkasarelbcTBO IPOBeLEM HHAYKIHEH 1o m. Pasa nnryknnn
3lech Tak:kKe OdYeBHIHA: ecan n # 1, To anbo n = 2n' ¢ Hekotopuim n' € N,
u Torja r(n) = r(2n') = r(n') +1 > 1, mbo n = 20’ + 1 ¢ HeKOTOPBIM

n' € N, u torga r(n) =r(2n + 1) = < 1. Pycts m > 1, u nyctb

r(n')+1
mast Bcex m' < m yxe jgokasano, 4to r(n) # r(m') npu n € N, n # m'.
BosbMém npoussoabioe n € N, n # m. Ecan m 4éruo, To m = 2m/, rue
m' € Nu m' < m; renepsb npn nedéruom n umeem r(n) < 1 < r(m), a
npu 4érHoM n noaokum n = 2n’, rge n' € N, u, oueBugno, n’ # m', orkyaa
r(n) — r(m) = r(2n') — r(2m') = r(n’) — r(m') # 0 no npegnonoKeHuO
nHAyKunn. Ecin ke m wewérHo, To m = 2m' + 1, rme m’ € Nu m’ < m;
Terneph Mpu 9€THOM n uMeeM 7(n) > 1 > r(m), a Opn HEIETHOM 7 TOJOKIM
n=2n"+1, rge n’ € N, u, oueBngno, n’ # m', orkyia

r(n) —r(m) =
1 —
r(n)+1 r(m)+1 "
r(m') —r(n)

~ (r(m!) + ) (r(n)) + 1)

=r2n +1)—r(2m' + 1) =

£0

O TPEeIIOJOKEeHHI0 UHAYKINT. Y

TaknMm 06pazoM, MBI BIIIM, 9TO MOCTPOEHHAS HaMu (PYyHKUUA 7(n) mei-
CTBUTENbLHO OCYILIECTBASET HYMepPalio BCeX MOJOKUTENbHBIX PAllMOHAJdbHbBIX
qucen, u, clejfoBaTenbno, na QT ompererena ob6paTHas eil (PyHKINA CO 3Ha-
dennsiMu B N, KOTOpPYIo MBI OygeM 0603HaYaTh depes n(r).
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3. BBIYUCIEHUE HYMEPALIMU

Tenepnb 3ailMéMca BONPOCOM O TOM, KaK CBABAHBI MeK Iy COOOI COOTBET-
CTByIOIINE APYT ApYTy 3HadeHus QyHkund n = n(r) n r = r(n). Oxass-
BaeTCs, 5Ta CBA3bL BBIPAKaeTCA TeM, 9TO JBOHTHOE DAa3JOKeHHe HNCAa 1 N
paszJoxeHHe B IeIHYI Apo6hb 9HCIa I TPAKTHIeCKH MOTYT OBITh, 9TO Ha3bl-
BaeTCH, (IPOYUTAHED OJHO IO IPYTOMY.

TEOPEMA 2. Pycrb n € Nu r € QF rakossr, uro r = r(n) u n = n(r).
CrangaprHoe npejicTaBleHne n B IBOMYHON ciucTeMe cducienus: n = 270 +

4271 2 rne 0 < mp < -0 < My, U (UINHHOE» Da3JoKeHHe I B
OOBIKHOBEHHYIO TEMHYI0 APOOb: I = [qo; q1, - -, qi—1, qu], TO€ g = 1, cBA3AHBI
rak, 9o I’ = [+ 1, m gas Bcex k, 1 < k < [, uMeeT MecTo paBeHCTBO

Mg = qo+ -+ qk.

JTOKABATEJIBCTBO. Pepedpaszupys maBecTHoe umzpedenne [x. U. JuTa-
BY/a O TOXKIeCTBaX, MOKHO CKa3aTh, 4TO JOKa3aTeAbCTBO 3TON T€OPEeMbl TPH-
BHATBHO, — NOCAE MO20, KK OHG CHOPMYAUPOSAHA; NEHCTBUTEIHHO, TOKa3a-
TeJBCTBO, KOTOPOEe MBI IIPOBEJIEM MHIYKIHEHN MO 7, CBOAUTCA K HOCTATOYHO
PYTHHHOW MpOBepKe.

Paza HHIYKINE ycMaTpluBaeTcs HemocpeicTBeHHO: fad n = 1 = 2° mueem
r=1=1[0;1], tak ato [ = 0, mo = 0; I' = 1, qo = 0, U cOpaBeINBOCTH
YTBEpPIKIeHIS TeOPeMBI OUeBIIHA. PycTh 1 > 1; TpenofoKnM, 9To M BCexX
n’ € N, n/ < n yrBepkjenue yxe nokasato. Ecain n 4érno, To n = 2n/, rjie
n' € N, n' < n; ogeBugno, mg > 01 n' = 270~1 4 ... 4 2™~1 nockonpky, mo
IpeaNoIOKeHnIo NHAYKINN, 1isd 1’ = r(n') nmeem 1’ = [mg — 1;my — mo, ...
cooymp—my_1, 1], o r = '+ 1 = [mo;my — mo,...,,my — my_1,1], 9To u
yTBepKaaeTca. Eciu ke n wedérno, to n = 2n' + 1, rage n’ € N, n’ < n;
oueBHIHO, mo = 0 m n' = 2™~ ... 4 2™~ ! ocKoOABKY, IO IPeTION0KEeHTIO
wHIyKoun, g ' = r(n') umeem r’ = [my — 1;mg — mq, ..., my — my_q, 1], TO
r=———=1[0;m; —0,...,,m — m_y, 1], 9T0 W yTBepK TaeTc. Y

r'4+1

CaencTBUE. [lias maxoxgenns n(r) no r u r(n) 0o n I0CTaTO4YEH 06HEM
BLIYHCACHU I, HMEIOUIIH Jorapiu(pMUIecKHil OTHOCHTEILHO TaHHOI'O HOPS TOK.

[lelicTBUTENBHO, pa3jokKeHne YUCaa ' = P/ B OOBIKHOBEHHYIO MEMHYIO
JIpOOHL CBOAUTCA K aaropuTMy EBKIMIA, KOTOPHIN, KaK H3BECTHO, BHLITOIHSA-
ercst 3a O(log max(p,q)) maroB ¢ OrpaHNYeHHBIM YHCIOM apHPMETHIECKHX
omepanuil Ha KaykJIOM IHare, a HaM JJIsA HAXOXKIEHUS n MOHAT0OUTCA T00a-
BUTH B KayKAbIH IIar TaK:Ke JAUIIbL OrpaHnYeHHOe Yiucao omnepalni. dro ke
KacaeTcs pas3fJoKeHHs dicjia n B CTaHJapTHOE ABOMYHOE MpejcTaBleHue, TO
OHO, 04eBIHO, ocymecTBaseTcs 3a O(logn) aroB ¢ OrpaHmYeHHBIM THCIOM
apupMeTHIecKnX oNepaliil, a HaM JJsA BHIYUCICHHUS I, KOTOPOe CBOIUTCA K
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CBOpaYHBaHUIO IEeNHOU JApobu B OOBIKHOBEHHYIO, MOHAMOOUTCS MTOGABUTH B
KayK IbIU 11Tl TakyKe JHIh ONPAHNYEHHOe YHCA0 OTePAIHil.

4. CPEJHEE 3HAYEHUE

31ech MBI OKazKeM, 9TO GYHKIHT r(n) obJaTaeT CpeIHIM 3HAYEHHEM, I
HOJYYUM HEYJAy4HIaeMyI0 OlleHKY OCTATOYHOT'O dieHa €€ CyMMaTOpPHOU (op-
MyJabl. [JoKa3aTelbCTBO OCHOBHIBACTCA HA pATe TOXKAECTB, KOTOPHIM VIOBJIe-
TBOPAIOT (PYyHKUUA r(n) W Ipyrue, ¢ Hell CBA3aHHBIE; MBI CHOPMYINPYyEM HX
B BUJ€ OTJAeNAbHBIX JEMM.

JIEMMA 1. [das awo6oro k € N umeeT MeCTO TOXKIECTBO:

r(dk+1)+r(dk+3)=1.

JOKA3BATEILCTBO. OueBngno, nmeem: r(4k+1)+r(4k+3) = W—F
L ! 1 1 (k) + 1
- = =1.
+r(2k+1)+1 r(k)—|—2+ 1 + *

W‘I'l rk)+2  rk)+2
r(r) +

JIEMMA 2. [as awoboro k € N umeeT MecTO TOXKIECTBO:

r(dk)+rdk+1)+rdk+2)+r(dk+3)=r2k)+r(2k+ 1)+ 3.  (2)

JOKABATEALCTBO. U3 neMMmer 1 cienyer, 9TO
r(dk)+rdk+ 1) +rdk+2)+rdk+3)=7r2k)+1+r2k+ 1)+ 1+ 1=
=r2k)+r2k+1)+3. %

OTciola BUIHO, 9TO TOJBKO YHCIO 3/2 MOXKET NpeTeHJI0BaTh Ha POJb
cpenHero 3uadenns Qynkunu r(n). O6o3nadas depes R(n) cymMMaTOpHYIO

¢yakunio gas r(n), T. e. R(n) = > r(k), MBI T0KHB OBLIN OBl pac-
1<k<n
CMOTpeTb Tenepb pasHocTh R(n) — 3n; ogHaKo, MOCKOIBKY MBI COOHpaeM-

cf BBIBECTH MMOYNMble TDAHUIBl H3MeHeHNs OCTATOYHOrO diIeHa, HaM OyjIeT
yI0OHO B3ATh €r0 B HECKOABKO MOIN(UINPOBAHHOM BIHIe, MOI0KHB R(n) =
_3n—1+p(n)
B 2

cioBa 6yjer He p(n), a

, TaK 9TO OCTAaTOYHBIM YJ€HOM B cOOCTBEHHOM CMBEICJIE DTOI'O

p(n) —1
—
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JIEMMA 3. g moboro m € N nMeoT MecTo TOXKJecTBa:

1
R(4m) = R(2m) 4 3m + 3

R(4m+1) = R2m+1) +3m + % ~ (r(m) + 1)1(r(m) +2)°

3

(3)
R(4Am+3)=R(2m+ 1)+ 3m + g

JJOKABATEJIBCTBO. Ppumenss dopmyay (2), 1is mpon3BoabHOTO m > 1
nMeeM:

k
R(4m +3) = R(3) + Z (rdk)+rdk+ 1) +rdk+2)+r(dk+3)) =
1<k<m

RN

k
= ; +Y 0 (r(2k) + r(2k + 1) +3) = 3m + ; +) (P (2k) +r(2k+ 1)) =

1<k<m 1<k<m
5 k 5 k
=3m+ 5 +r(l)+ > (r(2k) +7(2k + 1)) = 3m + - + PRIGE
1<k<m 1<EL2m+1
= R(2m+ 1)—|—3m—|—g.

PenocpencTBento mpoBepseTcs, UTO MoJyIeHHAS (POPMYIA 6EPHA MAKICE

v npu m = 0; no’Tomy, 3aMeHsis B Heil m Ha m — 1, mis awbéoro m > 1
5 1

noayanm: R(dm — 1) = R(2m —1)+3(m— 1)+ 3= R(2m —1)43m — -.

2
OTCIO,Z[& Imocjae10BaTeJNbHO ITOJNYyINM:

R(4m) = R(4m — 1) +r(m) = R(2m — 1) + 3m % Fr@m)+1=

1
:R(Qm)—|—3m+§;

1 1
R(4m+1) = R{dm) + r(4m + 1) = R@2m) + 3m+ 5 + oy =

1
—R2m)+3m 44—
(2m) + m+2+r(m)—|—2

9
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R(4m+2)=R(4m+1)+r (4m +2)

1
m* rizm1)+1
:R(2m+1)—|—3m—|—§—|—7( T

Teneps ocranock BeipasuTh R(4m + 1) ne depes R(2m), a 4epes R(2m + 1);
HMeeM:

:R(Qm)+3m—|—§—|—

—_

1 1
—RE@m+1) - ——— 4 3mt =
N " r(m)+1 Ty r(m)+2

1
:R(2m+1)—|—3m—|—§— ) £ D)) 1)

*

JIEMMA 4. Nag moboro m € N nMeoT MecTo TOXKJecTBa:

p(dm) = p(2m) +1,

pltm + 1) = p(2m+ 1) +

' 0
4 2) = p(2 1
plm-+2) = p(m+ 1)+ 2
p(dm+3)=p2m+1)—1.
JOKABATEIBCTBO.  Poiydaercs HemocpeICcTBeHHON MNOICTAHOBKON B

3n—1+ p(n)

5 BMecTo R(n) 1 BBIIOJHEHTEM OUeBH THEIX

dopmyasr (3) Bcooxy
npeo6Gpa3oBaHni. k

TrOPEMA 3. /s ao6oro neroro [ > 0 npu Bcex n u3 npomexkyTka 2! <
< n < 2F! cnpaBeninBo HepaBeHCTBO |p( )| <, npuuém paBencTBo p(n) = l
JocTuTaeTcs Toabko mpu n = 2! a pasenctBo p(n) = —I — ToxBKO TpH
n =2+ —1.

JIOKABATEJIbCTBO. [loKasbiBaTh TeopeMy MBI OyjeM HHIYKIHen mo [.
Mgl =0ul =1 yrBep:KjeHie TeopeMbl MPOBEPACTCS HEMOCPEJICTBEHHO: TaK
kak (1) =1, »(2) =2, r(3) = 1/2, To R(1) = 1, R(2) =3, R(3) =7/2,
u, 3Ha4InT, p(1) =0,

BepHa.

p(2) =1, p(3) = —1, Tak 4TO B BTHX CIydasix Teopema
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Pycrs Temeps [ > 1, n mycTh yxe mokaszano, 9to |p(n)| < [ — 1 mpn
271 < < 2!, mpnaém p(n) = — 1 Toawko mpum n = 271 a p(n) = —(1 - 1)
Toabko ipu n = 2! —1. Torja, no popuyaam (4), mmeem p(2') = p(2'=1)+1 =1
mp(2tt — 1) = p(2' = 1) =1 = —I, Tax 9TO B DTOH TACTH yTBEP:KJCHHE
TeopeMbl BepHO. Ecan ke 28 < n < 241 — 1, 1o, B 3aBHCHMOCTH OT BBIYeTA
n mod 4, uMeeM cjieyIomIne BO3MOKHOCTH:

0) mpu n = 4m, BBULY N > 2L Gyger 20 +4 < n < 2 — 4, orkyga
271 < 2m < 20 — 1, m, amaunt, —(I — 1) < p(2m) < [ — 1, a Tak Kax 1o
dopmyaam (4) nmeem p(n) = p(2m)+ 1, To orcioga — (I — 2) < p(n) < I, Tak
o |p(n)]| < I

1) mpu n =4m + 1 6yget 2041 <n < 21 _ 3, OTKyIa 21 < oam+ 1 <
< 20— 1, m, smadnt, —(I — 1) < p(2m + 1) <1 — 1, a Tak Kax 1m0 popmyiam

r(r+3)
(r+1)(r+2)
nupu r = r(m) ), To orcioga —(I — 1) < p(n) < I, Tak aro |p(n)| < ;

2) npun n = 4m + 2 6yget 2L 42 <n< ol _ 2, OTKyIa 21 < o2m 41 <
< 20— 1, m, smasut, — (1 —1) < p(2m+1) < -1, a Tax Kak no popmyram (4)

(4) nmeem p(n) = p(2m+ 1) + 6y, rge 0 < 6, < 1 (ubo 6; =

umeeM p(n) = p(2m+1)+6,, rge 0 < 0y < 1 (160 0; = upu r = r(m)),

r42
To orciona — (I — 1) < p(n) < I, Tak 910 |p(n)| < ;

3) mpu n = 4m—+3, BBuay n < 21 _ 1, 6y ner 2'43 <n < 2+ — 5, OTKy1a
21 < 2m 41 < 2 — 1, m, smaunt, —(I — 1) < p(2m + 1) < — 1, a Tak Kak
no popmyram (4) nmeem p(n) = p(2m+1) — 1, ro orcioga —I < p(n) < -2,
Tak 4To |p(n)| < . %k

CunenctBuEe. Jas Bcex n € N cupaBeiinBel HepaBeHCTBA:

3n—1 —2Uog2 n] < R(n) < 3n—1 —|—2Uog2 n] 7 (5)

B KOTOPBIX KaK CJ€Ba, TaK U ClIpaBa paBeHCTBO JOCTUT'aeTCs IIPpU 6ecKOHEeYHO
MHOTI'HUX Tt.

5. IIPUHONAI UHIYKINUN

Pocrpoennas namu 31ech nymepanus QF npuBoiuT Hac K MBICIH O TOM,
YTO BBOAUMBIN €10, B HEKOTOPOM CMBICIE, «eCTECTBEHHBINY TOPSJIOK MOJKEH
NPUBOAUTH HAC K CTOJb YK€ «eCTeCTBEHHOMY» Mpolleccy WHIYKTHUBHOT'O Mepe-
xona. B camoMm mefe, mo cpaBHennio ¢ N ycaoxkHenne HeBeINKO: K ONepannn
YBeJUYeHUs Ha IUHUIY T0GaBUIACh ONepallis B3ATHsA 06PATHON BeJHYHHbL, I
OHMH, ClIa)KEHHO JeUCTBYS B mape, KaK XOpollue MOJOTOOOMIbI, BEIKOBLIBAIOT
OMHO 3a APYI'MM B COBEPIIEHHOM IOPsAJKe BCe MOJOXKHUTeIbHble PallOHAIb-
Hble 4Yncja, HauwmHad ¢ 1. PosTomy Ham 6ymeT HeTpyIHO CPOPMYJINPOBATH
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n IOKa3aTh cleldylollee yTBep:XKIeHue, KOTOpoe MBI BIIpaBe 6y/:[eM Ha3bIBaTh
HpUHOAITOM MaTeMaTHIeCKOH HHAYKOAA OJIS1 TOJOKUTEJNbHBIX PalliOHaJbHBIX
quce.

TEOPEMA 4. PycTb juif KaxK 000 MOJOKUTEIbHOIO PAHOHAIBEHOT O YHCIa
r 3aMaHo HeKOTOpoe yTBepxk perne @,.. Eciu yrBepxk nenue ®1 MCTHHHO, U U3
NCTHHHOCTH yTBepXKiaeHus P, BbITekaeT NCTHHHOCTHL yTBepxiaenuin P, q u
®,/,, TO Bce yTBepK IeHus P, UCTUHHBIL.

JOKABATEJNBCTBO.  PaccmoTpum mocaenoBaTelbHOCTE YTBEPIKIeHUN
{\p”}neN’ rae W, — oro yrBepx tenne «P, BepHO qis = 7(n)»; ACHO, 9TO, B
CBOIO 04Yepeib, yTBepx fenne @, — 310, 10 cyuiecTBy, yTBepx fedue «\W, BepHO
mast n = n(r)». JokaxkeMm WHIYKIOUEN MO n, 9TO Bce yTBep:KeHus W, BepHBHI.
Pasa nugykunu oveBngna — Wy BepHO, Tak kKak r(1) = 1, a no yciosuio ®y
BepHo. PycTh Tenepb n > 1; npegnonoxum, 4To yrBepx genus W, , yke moka-
sanbl i 1 < m < n. Ecan n 9étHo, To n = 2m, rge m < n; nycTth r = r(n)
n ' =r(m). Po nnaykTuBHOMY Tpennonoxennio, ¥, BepHO, T. e. BepHO P/,
a Tak Kak 10 YCJAOBHIO W3 DTOTO ClelyeT, 9TO BepHO P11 = P, TO BepHO U
V.. Ecan ke n He1éTHO, TO n = m+ 1, rae m 9érHO 1 m < n; MycTh r = 7(n)
n ' =r(m). Po nnaykTuBHOMY Tpennonoxennio, ¥, BepHO, T. e. BepHO P/,
a TaK Kak 10 YCJIOBHIO U3 DTOTO caeayeT, 9To BepHo P/, = ®,, To BepHO 1
v, %

S3AMEYAHUE. 3aMeTHuM, 4TO B J0Ka3aTeabcTBe ycaoBuem «uz P, caemgyer
®;/,» MBI IONB30OBANUCE MOAbKO NPU T > 1: TEHCTBATENLHO, I YETHOTO M
nMeeM (m) = r(%)+1 > 1. PooToMy GpopMyImpoBKY TeopeMbl MOKHO c.ler-
Ka ocaabuTh: ecau uvemunno @, uz ucmunnocmu D, sprmeraem ucmuHHOCMD
Q. 11, u uz uemunnocmu @, npur > 1 ewmexaem ucmunnocms ®q ., mo 6ce
O, ucmunnsl.

6. 3AKJIOYEHUE

B sakaiovenne mpemraraeM GHTATENIO HECKOJBKO 3ajad A CaMOCTOS-
TeNILHOTO PEIIeHns; Coep:Kallinecs B HUX Pe3yabTaThl TPOIUBAIOT, Kak HaM
KayKeTCs, TOTMOTHUTENhHB CBET Ha TPHIUHB CTOAb 3aMedaTelbHBIX CBOHCTB
nocTpoenHoil Hamu HyMmepamnun Q7.

3a1a49A 1. JokasaTh, 910 gis do6oro h € N nveetcs posro 271 momo-
KUTEIbHBIX PallOHAIbLHBIX YHCEl BRICOTHI /i, a UX HOMepa 7 (r) yJ0BIeTBO-
psioT nepapenctam 2" < n(r) < 2",

3A7A9A 2. JokazaTh, 9To aas aoboro r € QF, 0 < r < 1, umeem
h(1—r)=h(r)un(l—r)=n(r)+2sgn(s - r).
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r[[I/IO(l)aHTOBbI YpaBHEHIA 14 MHOI'OTJICHOB

B. B. IIpacomsos

MHorouenbl 06JaIal0T MHOPUME W3 CBOHCTB, KOTOPBIMEU 00JaTat0T Ha-
TypaJbHEIE Ynciaa. Panpumep, mis MHOTOWIEHA ONPENEIeHO PazJoKeHne Ha
MHOXKUTENH, [IJisi Tapbl MHOTO4JIEHOB Ol peflefieH HauGoabIni OGN fe1UTelb
u T. 1. B cBA3M ¢ 3TUM [ MHOTOYJIEHOB MOYXKHO MOCTABUTH 3aMa4qi, aHAJIO-
PUYHBIE U3BECTHBIM 3ajladaM U npobjieMaM Teopun duced. Kak npaBujo, jis
MHOT OYJIEHOB 3a/[ada pellaeTcs CyllecTBeHHO npoiie. Panpumep, sHaMenuTas
runoTe3za Pepma o ToM, UTO Tpu n > 3 ypaBHenme z” 4 y” = " He mMeeT
pellleHnil B HaTypaidbHbIX YHCIaX, Oblla [OKa3aHa JUIlb COBCEM HelaBHO. A eé
aHaJOT (HepaszpemnMocTh ypaBHenus f” + ¢ = A" mis MHOIO4YIEHOB), KaK
MBI celidac YBHIHM, TOKA3bIBAeTCS CPABHUTENBHO IPOCTO.

Onucanue Bcex TPOeK HATYpPaJdbHBIX duces &, 3, v, 1is KOTOPHIX ypaBHe-
ane f@ + ¢” = hY gpasg MEHOrOUIEHOB f, ¢, h HMeeT HeTpHBHAJLHOE pelleHIe,
OBLIO MOJAYYEHO B KOHIIE HPONLIOro Beka. Mbl npuBegeM 6ojiee COBpeMeHHYO
BEPCHIO DTOU KJIACCHPUKAIHHT.

Ppu mokazarenbcTBe HepazpelmmMOCT MHOTHX THO(PAHTOBLIX YPaBHEHU I
IJst MHODOYJIEHOB BechMa 3(P(EKTUBHEIM OKa3bkiBaeTCH ClefAylollee yTBepK-
neHue.

TeoPEMA 1 (MEWicon). llyems a(z), b(x) u c¢(x) — nonapro e2aummo
NPOCMBIE MHO2OUAEHDL, CEAZAHHBIE COOMHOULEHUEM

a(z) 4+ b(z) 4+ ¢(z) = 0.

Tozda cmenensv kaxncdo2o U3 IMUT MHO20UACHOE HE NPESOCTOIUM
no(abc) — 1, 2de ng — KoAUUECTI60 PASAUNHBIE KOPHET MHO20UAEHA.

JTOKABATEILCTBO. Ponoxum f =a/cu g =b/c. Torna f u g — pamno-
HaJabHBIe (PYHKINH, CBA3aHHbIe cooTHOoeHneM f + ¢ + 1 = 0. Ppoaunddepen-
IHPOBaB BTO paBeHCTBO, moaydum f' = —g’. Posromy

b

b_g_ /S
a f q/g
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Panuonanbuble GyHKINE f U ¢ HMeIOT ChequalbHBIl BuI [[(2 — p;)",
ri € Z. las dyuxunu R(z) = [[(z — p;)"* BomonHSETCA PaBEHCTBO

R Z T —Zpi'
Pyers a(z) = [[(z — a;)%, b(x) = [[(z = B;)%, c(z) = [[(z —v&)°*. Toraa

Pl = Y

b
L=k

b
g//g _ Z$_Jﬁj_z Ck

90—71{

POBTOMy IIocje YMHOzKeHUs1 Ha MHOT'OYJeH

No =TT —ai) @~ 5)(x — )

crenernn ng(abe) paunonansbasie yuxkunu f'/f u ¢'/g cranoBsTcs MHOTOWIE-
HaMU cTeneHn He Bhilile ng(abe) — 1. Takum o6pasom, n3 B3aHMHOI TPOCTOTHI
MHOTO4IeHOB a(2) u b(x) 1 U3 paBeHCTBa

b Nof/f

a  Nog/g'

clefyeT, 4YTO CTeleHb KaxkKJoro 3 MHOTOWIeHOB a(x) n b(2) He mpeBOCXOIUT
no(abc) — 1. s MHOTOUIeHA ¢(2) JOKA3ATEIBCTBO AHATOTTTHO.

W3 TeopeMur 1 MOXKHO U3BJIeYEL HHTEPECHEIE CIeMCTBUA, KOTOPHIEe MBI cpop-
MYyJupyeM KakK TeopeMbl 2—4.

TEOPEMA 2 (/I3BEHNOPT). [lyems f u g — 62aumno npocmuie muo2o-
waenvl wenyaesoti cmenenu. Tozeda

1
deg(f? —g%) > S deg [ + 1.

JTOKABATEILCTBO. Ecan deg 2 # deg g2, To

1
deg(f” — %) > deg f* = 3deg f > S deg f +1.

PosToMy MoxkHO cunTaTh, uTo deg f2 = deg ¢? = 6k.
Paccmorpum muorowtens F = 3, G=g*u H =F — G = f3 — ¢2. Slcuo,
yro deg H < 6k. Corunacuo Teopeme 1,

max(deg F,degG,deg H) < no(FGH) — 1 < deg f+degg+degH — 1,
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6k < 2k+ 3k +deg H — 1.
Takum obpazom, deg H > k+ 1 = %degf + 1.
S3AMEYAHUE. [/las MHOIO4JE€HOB
it = 2,
g(t) = t*+3t
HepaBeHcTBO /pBeHTOpTa 06paliaeTcs B PaBEHCTRO.

TeoPEMA 3. Hycms f, g u h — 63aumno npocmble MHO2OUAEHDL, NPUNEM
romsa 66t 0odun uz nur — wne xowcmanwma. Toeda pasencmeo

T n n
ff"4+g"=h
HE MOACEM SLINOAHAMBCA Npu 1 = 3.

JOKABATEJNLCTBO. CoryacHo Teopeme 1, cTeneHb KayKJIoro U3 MHOIO-
€ienoB f7, ¢g" n h’ He IPEBOCXOIHUT

deg f +degg+ degh — 1.

Ca0:KUB 3TH TPH HEPaABEHCTBA, MOJYYUM

n(deg f + deg g + deg) < 3(deg f + degg + degh — 1).
CaeroBarenbro, n < 3.

Muogantoso ypasrenne [ +¢® = hY 111 MHOroWwIeHOB f, ¢, h HMeeT OYeBH I-
HOe pelllerne, eCiu OJHO W3 9Hcel «, 3, paBHo 1. PosTomy 6ygeM cauTaTh,
qTo a, 3,y > 2.

TEOPEMA 4. Hycms oy 8,y — namypasvuvie wucaa, npuuen 2 < o <
< B <. Toeda ypasnenue
[r4d=w
UMEET 63AUMNO NPOCTBIE PEULEHUA AUWD OAS CAYUAL CACIYOUWUL HAOOPOS
(o, B,7):(2,2,7), (2,3,3), (2,3,4) u (2,3,5).

JIOKABATEJLCTBO. Pycth a, b m ¢ — crenenn muorowienoB f, g u h.
Torga, cornactHo Teopeme 1,

aa < at+b+ce—1, (1)
Bb < at+b+ec—1, (2)
ye < a+b+e—1. (3)
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CaeloBaTelbHO,
ala+b+c) <aa+ pb+ve<3(a+b+c)— 3,

n 3Ha90T, o < 3. Po ycnoBuio o > 2, mostomy o = 2. Ppn o = 2 Hepapen-
c¢TBo 1 mpuHIMaeT BHUT

a<b+c—1 (4)
CroxuB HepaBercTBa (4), (2) n (3), moayanm
Bb+yec<3(b+c¢)+a-—3.
YauTheiBas, 9T0 [ < 7, U ellle pa3 NpuMeHss HepaBeHcTBo (1), moaydaem
Bb+c) < 4(b+e) -4,

a 3nayut, § <4, 1. e. f =2 nau 3.
Ocraetcs 10Ka3aTh, 910 ecan § = 3, 70y < 5. Ppn 8 = 3 Hepaenctso (2)
TPUHUMAET BT

280 <a+c—1. (5)

CaoxuB HepasencTBa (4) u (5), morydum

b<2c—2.
B rakom ciydae u3 nepaBencTBa (4) cregyer, 4TO

a < 3c—3.
U3 1Byx moclegHHX HEPABEHCTB I HepaBeHCTBA (3) clegyeT, 4TO

ve < 6c — 6,
nosToMy v < H.

MHOTOYIeHb, Y IOBIeTBOpAIONNe cooTHOmeHno [ + ¢® = h?Y| Tecno cBa-
3aHLl ¢ MPaBUILHEIMU MHOTOTpaHHUKaMu. Poapo6Ho 3Ta cBA3L ONNCaHa B
kuaure PD. KﬂeﬁHal); TaM Ke yKa3aH clocod MOCTpoeHus 3TUX MHOT'OYJIEHOB.
Meul npuBeeM Julllb KOHEYHBIH Pe3yIbTaT.

D netin @. Jexyuu 06 uxocasdpe u peuwenuu ypasHenud namot cmenenu. — M.: Hayka.
1989.
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Cayyait « = § = 2, ¥ = n CBSi3aH C BbIPOXKI€HHBIM IPABHJILHBIM MHOTO-
TPAHHUKOM — IJIOCKUM N-yroabHuKoM. TpebyeMoe cOOTHOIIeHNE HMeeT BHUT

"+ 1 2_ " —1 Q_xn
2 2 T

Cayuait o« = 2, § = 3, v = 3 ¢BsizaH ¢ npaBuibHbIM TeTpadapom. CooTHO-
[eHne HMeeT BT

12i\/§($5 — 96)2 + (364 — 2322 ¢+ 1)3 = (364 4 2ivV322 4+ 1)3.

Cayyait « = 2, § = 3, v = 4 cBs3aH ¢ Ky6OM U NPABUIBHBIM OKTa3IPOM.
CooTHollleHe UMeeT BH I

(2'? - 332% — 3321 + 1)% + 108(2° — 2)* = (2® + 142t + 1)°.

Cayuaii @« = 2, 8 = 3, v = 5 ¢BsizaH ¢ [H0JeKadJIPOM U HKOCABIAPOM.
CooTnomenne nmeer sug 12 + h> = 1728 f°, rae

T = 24+ 14522(2% - 2°) — 10005(2° + 2'9),
H = —(@+1)+228(2" — 2°) — 4942,
f o= 2" +112° - 1).

Teopema 3 mokasbiBaeT, YTO ypaBHenune z" 44" = 2", rue «, y, £ — HaTy-
paJbible 9ICIa, IMeeT pelleHie TOr I i TOJIbLKO TOLIa, KO ja IMeeT pelleHie
TOYHO TAKO€ XKe ypaBHEHHe [If MHOrOWIeHOB. EcTecTBenno BosmukaeT Bo-
npoc, He 6yAeT Ju ypasHenue %+ y” = 27 uMeTh noanHOMUATLHBIE DelleHI
B TOM I TOJBKO TOM ClIydae, KOIIa OHO 6yJeT HMeTh HaTypalbHble PeIIeHu .

PepBuiii npuvep obHajgexnBaer — ypabuenne x2 + y? = z* umeer kak
NOJNMHOMHAJbIBIE, TAK W HAaTypalbHLIE pelleHus. A HMeHHO, GECKOHETHYIO
CEpHUIO DELIeHNH YTOr0 ypaBHeHns B HATYPaIbHLIX THCIaX MOKHO NOCTPOUTH
caenytomum ob6pasom. Poaoknm z = n(n — 1)/2, y = n u 22 = n(n + 1)/2.
TpebyeTcs mogo6paTh 4UCIO N TaK, ITOOLL THCIO z GBLIO HedbiM. PasencTBo
22?2 = n(n + 1) MoXHO 3anmucaTL B BHe

(2n+1)* = 2(22)* = 1.

PTto — 3mamenuToe ypaBuenme Pepma—Pents, koTopoe nMeeT 6eCKOHETHO
MHOTO pemteduil. Panpumep, npu n = 8 noaydaem x = 28, y = 8, z = 6.
Pomumo »Toii 6eckoHeYHON cepull pellieHHll eCTh U JAPYTHe pelleHus.

Po ypasuenne z? + y* = 2% onposepraer nammu namgex s, Y pToro ypas-
HEeHUsi HeT MOJMHOMHAJBHBIX PellleHlll, HO eCTh HaTypadabHbie petienus. O 1HO
U3 ero pelleHnil nMeeT BuT x = 37 -57.7-29%, y = 2.33.5°.29% » = 32.53.293,
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KoMMyTHUpYVIONIIe MHOT OLIeHbI

B. O. Byraenxo

Pan pyaxunamu, Kak  Hag IUCIAMHA, MOXKHO IPON3BOMUTEL apudMeTnIe-
CKHe ollepallil — CJoKeHue n ymHOxeHne. QIHAKO, KpOoMe DTHX [ABYX MpH-
BBIYHBIX Ollepalliil, Ha MHOKeCTBe (PYHKIHI, B OTJINYNEe OT MHOXKECTBa YHCE,
CYIIeCTBYET ellle OJHA — Omepalis KOMIo3uiuu. PanoMHuM: KOoMIo3uiuen
IBYX QyHKIHE [ U ¢ HazeBaeTcs PyHKIUsA [ 0 ¢ Takas, 4TO

def

= flg(x)).

Pynem npumepuBaThes caenyommx 0o603HaYeHII.

fog(x)

Tox necTBennyio Gyuknuio oynem obosnadars id (ToxkgecTBeHHad QYHK-
nus oupegensercs pasencrTsoM id(z) = z). Onepannio Bo3BeJeHUA B CTelEHb
OyJleM paccMaTpHBaTh OTHOCHTEILHO ONepanun KOMIIO3WIHN, a He yMHOXKe-

5 def
HIsg, KaK DTO OOLIMHO fenaeTcd, uMenHo f* = fo-.--o f mig aoboro nary-
——_—

n pas
paibioro uucia n. Mul 6ygem ob6osnadats f~1 obpamuyio @yuxyuio K pynk-
nun f, 7. e. Takylo, uto f~lo f = fo f7l = id (ecaum oma cymecrnyer).
def ,_ _ def .
EcrectBenno, f~" = f~lo...o f71,  f9= id. BosBemenne ¢pynKkumm f(z)
—_—

n pas
B N-10 CTeleHb B OOBIYHOM CMBICIe MBI Oynem obo3HavaTh f(2)".

Omnepanusi KOMIO3UIHE 00/1a/[aeT eCTeCTBEHHBIM CBOUCTBOM acCOMHATHB-
HOCTH, T. e. [UIst JIoOLIX pyHKUNH f, ¢ 1 h cpaBeinBo paBeHCTBO (fog)oh =
= fo(goh). OgHAKO IPUBEITHOE CBONCTBO KOMMYTATHBHOCTH IS KOMIIO3M-
MU B OOIIeM CIytae He BHITOIHAETCS; KOMIO3UNnu f o g u g o f, Kak Tpa-
BILJIO, SIBAAIOTCS PasindHbIMu pyHKunsiMu. Pampnvep, ecmn f(z) = 2 + 1, a

g(z) =a? 1o f(g(z)) = 2* +1,ag(f(z)) = 2" + 22 + 1.

[lisi HeKOTOPBIX Map (PYHKIUE pPaBEHCTBO

fog=gof (1)

BhIMOJHSIeTCs. B TakoMm caydae GyHKIUE [ 1 ¢ HA3BIBAIOT KOMMYMUPYIOUUMU.
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OueBnano, Gyuknun f U ¢ ABIAIOTCS KOMMYTHPYIOUINMI B KayKIOM H3
CIeIYIOUINX CILy1aeB:

) £(z) = gl2);

6) f(z) =z 4 a, g(z) =z + b masg npousBoAbHBIX dncen ¢ u b;

B) f(z) = az, g(2) = ba mas MpoW3BOJBHEIX 4ncen a u b;

r) f(z) = 2%, g(z) = 2% m1a npomsBoabHBIX UnCcen o W B;

1) f(z) =h™(z), g(z) = h"(2) mas HEKOTOPON (PYHKUNE L U MeTBIX (ecian
Gyuknus h HeobpaTHMa, TO HOIOKUTEILHBIX) THCET M 1 N.

PriBaeT Tak, 4To 3aMeTHTL KOMMYTHpOBaHHe ABYX (GYHKIHN 6Ge3 Helo-
CPe[CTBEHHOH NPOBEpKH HempocTo. PpuMmepoM Takux (GyHKUUH ABIAIOTCA
MHOTOWIeHEl 22 — 2 1 2% — 32,

SABeHNe KOMMYTHPOBAHUS BCTPEYaeTCs TOCTATOYHO PEJIKO, W €CTeCTBeH-
HBIM ABJAETCS BONPOC ONUCAHUSA BCEX TaKUX CAydaeB, XOTS OB IS MHOIO-
€iaeHoB. PTa 3ajgada 6bl1a chopMyTupoBata ellle B Havajde BeKa I HOJTHOCTHIO
pertera /:k. Putrom [1]. Posnree mosBmioch MHOXKecTBO pabotr [2, 3, 4],
rje npeiiaralich pa3indHble JoKa3zaTelbCTBa >Tol Kaaccupukanmn. O Ha-
KO Bce OHNI HedaeMeHTapHbl. Tak, ncxogHoe fokazaTeabcTBO Purra nenoibszo-
BaJO TOMNOJOrMYecKne CBONCTBAa PUMaHOBBEIX IMOBepXHOCTel, a pabora Jlopes
i Yolmica [2] ocHOBaHa Ha TeOpUH HOPMEUPOBAHUN MOJEH.

PreMenTapHoe moKa3aTelbCTBO KIACCH(PUKANNN KOMMYTHPYIOMINX MHO-
rOWIeHOB He W3BECTHO M0 cux mop. B 1977 roxy mxoabHAKAM — YIaCTHUKAM
X1 BeecotozHoll oJuMIHaIbl IO MaTeMaTuke — ObLIO MPEIOKEeHO pa3obpaTh
HECKOJBKO YaCTHBIX CAydaeB >TOH Kiaccudukaiuu. BoT kak (opMmyanpoBa-
Jach 3ajada, IpelloKennas yIaCTHIKAM OJUMITNA TH.

Mut 6ydem paccmampueamv MHO20UAEHBL OM 00HO20 TEPEMEHHO-
20 x co cmapwum woadPuyuenmom 1. Pydem 2osopums, umo dea ma-
Kux muoeouena P u Q wommymupyrom, ecau muozouaenvt P(Q(z)) u
Q(P(z)) moacdecmeenno paeuvl (m. €. nocae packpvimus cko6ok u
npueedenus x cmandapmmuomy 6udy 6ce KoIGGHUYUEHMBL IMUT MHO20-
YAEHO6 co6Nadaiom).

a) Jas waxncdozo uucaa o natidume ece mmozousenvt () cmenenu e

6biuLe MpeT, KoMmmymupylouue ¢ muozowienon P(r) = 2?2 — a.

6) Pycmv P — wmnoeounen cmenenu 2, k — namypaavroe wucao. /o-
Kajcume, Wmo cyuecmeyem ne boqee 0dno2o0 muo2ouiena cmenenu k,
Kommymupyowezo ¢ P.

6) Paiidume munozousenvt cmeneneti 4 u 8, KOMMYMUPYIOWUE ¢ JAHHBIM
MHO2OUACHOM CTIENENU 2.
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2) Muoeouaenvt (Q u R xommymupyiom ¢ odnum u mem xHe MHO20-
yaenom P emenenu 2. Jdoxasxcume, umo ont KOMMYMupyom mexncdy
coboii.

d) doxaxcume, umo cywecmeyem 6eCkOHEUHAS NOCAEJOEAMEALBHOCTIL
muozouaenos Py, Py, Py, ..., Py, ..., 2de P, — mnozousen cmenenu k,
6 Komopot .obbie dea mnozouiena Kommymupylom u Py(z) = 2% — 2.

B 1979 rony B x)ypHaJse «KBaHT» O6bLIa onmybanKoBaHa cTaThs . AaTapo-
Ba (mcesgounum U. P. Pepumreitna) [5]. B Hell pemarach noaHocTsio 3agatda
Bcecotosnoli oanMnuanbl, 0 mpeliaraloch HECKOALKO BOIPOCOB, DIeMeHTaP-
HbIe OTBETH Ha KOTOPHIe OBLIN Hem3BeCTHHI. QOMHAM W3 TAKUX BOTPOCOB OBLI:
IpH KaKNX 3HAYEHNSAX « CYHIECTBYeT MHOTOY/JIEH HEYeTHOH CTeNeHN (BHILIe
nepBoit), KOMMYTHPYIOIINN ¢ MHOTOYIeHOM x% — of dDakTuveckn, >ToT Bo-
MPOC PABHOCHJIEH KIACCUPUKAINE BCeX Map KOMMYTHPYIOUINX MHOTOYIEHOB,
OJWH U3 KOTOPBLIX HMeeT CTeleHb 2.

O61m1yio 3a1a9y MOXKHO CPOPMYJINPOBATH TaK.

SAﬂALIA KITIACCUPNKAINN KOMMYTUPYIHOUNINX MHOI'OYJEHOB. ,Z[JLﬂ
danmnozo mnozousena P natdmu ece rommymupyrowue ¢ HuM MHOSOUAEHDL.

Mper (He genast cnenmaibHEIX OIOBOPOK) Gy €M pacCMaTpPHBATH JHIIb MHO-
POYJIEHBI HEHYJIEBOU CTEleHH.

ABTOp HaCTOSAIIEN CTATHU 3AHAJCH pellleHHeM 3TOH 3a a4, Oy Iy 9l IKOIb-
aukoM, nox pykoBoacTtBoM A. K. Toanwiro u U. P. Pepumreiina. B pesyin-
TaTe MOABUIOCH DIeMeHTapHOe pellleHne 3a1adl KIacCHPUKANNT IS MHOTO-
YJI€HOB BTOPOI cTenenn. KitodeBas ujes, 3aBepliuBIias 3Ty KJIacCuPUKAITIO,
npunamiexxuT M. P. Pepumrenny. Wsnoxenne 5Toro pesyibTaTa 0 ABIAETCI
OCHOBHOU Me/bl0 HacTosIIel craThi. KpoMe Toro, zagada KiacCupuKalummn
pelaeTcs JAad HeKOTOPOro JOCTATOUHO MHUPOKOTO Kiaacca KyOniecKuX MHO-
TOWIEHOB, & TaKyKe PacCMaTPUBAIOTCA H3BECTHLIE MPUMEePLI KOMMY THPYIOIITNX
MHOT'OYJIEHOB M PAlHOHANBHBIX (PYHKIUN. Pe3yibTaThl, U3J0KEeHHBIE B Tapa-
rpagax 4, 6 u 7, npuHamIekaT aBTOPY, & H3J0XKeHHble B maparpadpe 8 —
U. P. Pepumreiiny. Onu 6vuin noaydersr B 1979 roay, omHako nyoanKy0Tes
BIIePBHIE.

B nepBoM maparpadge mokazano, Kak CBeCTH 3a,1a49y KJIaCCH(PUKANNT KOM-
MYTHPYIOIINX MHOTOWIEHOB K 6oJee Y3KOMY KJIaccy TaK Ha3bIBaeMBIX TpH-
Be/IeHHBIX MHOIO4YIeHOB. P puBenentnbie MHOTOY/IEHB BTOPOW CTENEeHH UMEKT
B 2 — o BCloy B JaibHeiillleM, KpoMe naparpados 7 1 9, 3a1ada KIaccu-
ukanun 6ymeT paccMaTpUBATHCA TOABKO A TaKHX MHOTOYJIEHOB.
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Bropoi naparpad mocBAien JoKa3aTeIbCTBY € THHCTBEHHOCTH MHOTOIE-
Ha (PMKCHPOBAHHON CTEMeHN C TaHHBIM CTAPIIM KOdMOUINEHTOM, KOMMYTH-
PYIOIETro ¢ TaHHBIM MHOTOMIEHOM.

OCHOBHBIM pe3yJIbTaTOM TpeThero naparpada SBISETCS MpelaoKeHue:
cecat d6a MHO2OUAEHA KOMMYMUPYIOM ¢ HEKOMOPbIM MHO20UAEHOM 6MOPOT
CMENEnY, Mo oHl KoMMymupyiom mexcdy coboiiy m ero ciejcTBHE.

B weTBepToM maparpade ToKasbIBaeTCH, ITO MHOTOWIEH, KOMMYTHPYTIO-
[IUH ¢ TPUBETEHHBIM MHOTOYJIEHOM BTODPOH CTEMeHN ABISETCS AUG0 TeTHRIM,
an6o HedeTHHIM. Kak caeqcTBie BHIBOIUTCA, 9TO I HAXOXK JEHUS BCEX MHO-
TOYIEHOB, KOMMYTHUPYIOIINX ¢ TaHHBIM MHOTOYJIEHOM BTOPOH CTEMeHH, JOCTa-
TOYHO PACCMOTPETH JUIIh MHOTOUJIEHB HEIeTHON CTENeH .

Psaroin maparpagp — caMblil «KOHCTPYKTHBHBINY. 31eCh MPUBOIATCS He-
TpUBHATBHEBIE TPUMEPHI — IEMOYKN MOTAPHO KOMMYTHPYIONIHX MHOTOMICHOB
BCEBOBMOKHDBIX CTENeHeH.

B mectom maparpade TpuBOIHTCA TOCTATOTHO d>PPEKTUBHLINT MeTOT HC-
CAeTOBAHNS KOMMYTHPYIONINX MHOTOWICHOB, UCTOAB3YIONINHA TOHATHE HETO-
IBU:KHOU To4KH. C HOMOIbI0 HErO pellaeTcs 3aMada KIacCHPUKAUN s
«GONBIITHCTBaY (B ONpeNeeHHOM CMbIC/Ie) MHOTOWIEHOB BTOPON CTENeH .

B ceapMom maparpadre, nCmoab3ysa METOI HETOABUKHBIX TOTEK, PEITaeTCs
3aJada KIacCH(pUKAIUA 118 MHOTOWICHOB BHA T° + .

B BochMmom maparpade sagatda KiaccuPUKANNE M5 MHOTOWIEHOB BTOPOH
CTENeHN PenraeTes MOTHOCTRIO.

Pannonanbubie PyHKINT — CIeTYIONNT TOCTe MHOTOTIEHOB KJIacC PyHK-
UH, IS KOTOPOTO eCTECTBEHHO MOCTABUTH BOTPOC O KAACCHPUKATHT KOM-
MYTHPYIOMHX (PyHKIHA. ECcTh ocHOBaHMA CIUTaTh, ITO AIA PANHOHATBHBIX
(DYHKIUT ABIeHHE KOMMYTHPOBAHUS BCTPEIAeTCS «dalliey, deM Iasd MHOTO-
qieHoB. OMUH U3 CMOCOOOB MOCTPOEHUS MPUMEPOB KOMMYTHUPYIOIINX Paljuo-
HAJTBHBIX (PYHKIUHA TPUBOIATCS B AeBATOM maparpade.

1. CONPA»KEHHBLIE MHOT O'LJIEHBI

Ecin H(z) = az + b (¢ # 0) — MHOrOWIeH NepBOIl CTENEHH, TO [

1 b
Hero cymjecTByeT obpaThblil Mporowien H '(z) = —z — —. (Perpyano j10-
a a

Ka3aTh, YTO MHOPOUYJIEHBl MEPBOU CTeNeHW — eNHHCTBEHHbIE, M KOTOPHIX
cyuiecTByeT obpaTHas (pyHKINSA, TakkKe ABISIOIIAiCA MHOToYIeHOM.) C Jio-
ObIM MHOT'O4YJeHOM H mepBOUl CTeneHH MOYKHO CBSi3aTh OTOOpayKeHHe MHO-
JKecTBa BceX MHOTOWIEHOB B cebs, MeUCTBYIOIIee MO CAeIVIoNeMy MpPaBUILY.
Kasx it MHOrO91eH PP oTo6pakaeTca B MHorownen Py = H o Po H™'. Ta-
Koe 0TOOpayKeHle Ha3bIBaeTCS conpaxdceruem MHorodieta P muaorowienom H.
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ﬂBa MHOI'OYJeHa, OIMH I3 KOTOPEIX MOXKeT OLITH IoJaydeH U3 Ipyroro comnps-
KenueM, Ha3bIBalOTCA CONPAHCEHHBIMU. Jlerko 3aMeTUTb, 9TO COIIpAKEeHHLIe
MHOT'OYJI€eHBI TMeIT OJNHAKOBYIO CTelleHb.

Perpyamo mpoBepnTh ciegyioline ¢CBONCTBA:
1. P = Pg;
2. Eciu QQ = Py, 10 P = Qp-1;

3. Ecmm Q = Py, a R=Qpn,, 70 R = PH,oH,.

NapiMu caoBaMu, COMPAKEHHOCTHL ABASETCA OTHOIIEHNEM DKBUBAJEHTHO-
CTH Ha MHOXKeCTBe MHOTOWIeHoB. PTo no3BosseT pasbuTh MHOXKECTBO MHOT'O-
YJEeHOB Ha KJaCChl CONMPAKEHHOCTH TakK, YTO Ji00ble MBa CONPAKEHHBIX MHO-
rovjeHa nonafaloT B OJUH KJAacC, a A0Oble NBa MHOrOYJeHa, He ABIAoIInecs
CONPAKEHHbIMU, — B Ppa3Hble KJIACCHI.

Conpskenne objaafaeT BayKHBEIM CBOUCTBOM — J06YI0 Hapy KOMMYTHPY-
IOIIMX MHOIOYJIEHOB OHO MePEeBOANT B Napy KOMMYTHPYIOUIUX MHOT'OYJEHOB.

[TPEANOYKEHUE 1. Feau muozousenvt P u QQ wommymupyom, o H —
NPOU3EOALHBL MHO2OUAEH NEPEOT CIMenenY, Mo mHozowienbt Py u Qi moace
KOMMYMUPYIOM.

JTOKABATEJILCTBO.

(HoPoH YHNo(HoQoH™') =
=HoPo(H'oH)oQoH '=HoPoQoH '=HoQoPoH "=
=HoQo(H 'oH)oPoH '=(HoQoH "YYo(HoPoH™).

Ns IIpelaozKeHus 1 cjlenyeT, 4TO eCjln Mbl yMeeM HaXOIUThb BCe MHOI'OYJe-
HbI, KOMMYTuUpyomue ¢ HeKOTOPbIM JaHHBIM MHOI'OY/J€HOM ]D7 TO MbI yMeeM
TaKXKe HaXOIuTb U BCe MHOI'OYJeHbl, KOMMYTHUDpYIOUINe C JI00BIM conpszkKeH-
oeiM ¢ P muoorowienom. UabivMu CJIO0BaMH, 3alaly HaXOxKIeHHsA BCeX MHOI'O-
9JeHOB, KOMMYTHUDPYIOIINX C TaHHBIM, TOCTaTOYHO pPellINThb AJas1 OJHOI'O IIpel-
CTaBUTedd KaxKI0I'o KJaacCa CONPAZKEeHHOCTH.

EcrecTBenno BBISICHUTB, HACKOJBKO MOXKHO YIIPOCTHTbH O6HII/II>JI Bnia1 MHO-
rovd/jeHa ¢ MTOMOUWIBIO CONPAZKEeHN.

JIEMMA 1. Jas 4106020 muo20uiena cmenenu n > 2 Cyuecmeyem conps-
HCEHMBI €MY MHOOUAEH CO CTNAPWUM KOIPPUYUEHMOM QUHUYA U HYAEEbLM
koadguyuenmom npu (n — 1)-i cmenenu.
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JMOKA3ATEILCTBO. Conps:keM MHODOYICH
P(z) = Az" + Ba" 4. .

rjle MHOPOTOYHe O3HaYaeT WIEHLl CTeleHn HIJKe N — 1, IMHEeHBIM [BY 4JeHOM
H(z) =az +b. Umeem

1 b\" 1 b\t
Py(z) = a A(—x——) —I—B(—x——) + ... +b=
a a

A nAb B\ ,_,
= 1 z -I— — 1 -I— 3 z -I— e
a” a” a”

PpupaBhuBas crapiinit Ko>gPUIHEHT MOIYYeHHOT 0 MHONOUYJIeHa e THHIIIE, T10-

JdydaeMm ypaBHenue ¢! = A, orkyja naxoaum a. [lajsee, npupaBuuBas ciaeiy-

OUTHT KO3(PPUIHEHT HYAI0, TONYyYaeM JuHeHHOe YpaBHeHHe Ha b, 3 KOTOPOTo

a
Haxoium b = —.

nA

S3AMEYAHUE. MpI npegmonaraeM, 970 KOd(MQUITEHTE pacCMaTPIBaeMbIX
MHOTO4YJeHOB — KOMILIEKCHBIe dHncia. FKcanm paccMaTpuBaTh MHOTOWIEHBI C
TENCTBUTEILHBEIMA KO3(PPUINEHTAME, TO IpelIoKeHe OCTaeTCs CIpaBelIn-
BBIM JIUIIB JJAs YeTHHIX 7; IPH HeYeTHHRIX N BEPHO HECKOJIbKO Gofee caadoe
VTBepXK JeHne OTHOCHTENBHO CTapiiero KOdp@uineaTa — CONpsKeHNeM ero
MOXKHO cJefaTh paBHbM | nam —1.

CHEACTBUE. Jho6oi mnocouten ax’+bx+ ¢ 6MMOPOT, CMENEHU CONPANCEN

3 1
MHO20UAEHY T2 — o, 20e o = sz — 5() — ac.

2. EAMHCTBEHHOCTH KOMMYTUPYIOIEIO MHOI'OYJEHA TAHHON
CTEIIEHN

[IPEANOXKEHUE 2. Jas danmnozo 4ea020 notoicumetbro20 wucad Cyuje-
cmeyem ne Godee 00020 MHO2OUAEHA () CMENENU T, KOMMYMUPYIOWE20 €
dannbim muozouternom P emenenu 2.

JOKABATEJNLCTBO. CoryacHo npempioxennto | u jgemMe 1, 1ocTaToqHO
IPUBECTH TOKAa3aTelbcTBO Ias caydas P(z) = 22 — a. Pycts

Q($) = aoﬂﬁn + alxn_l +rtap_12 4 an, TIe ao 7£ 0.

Torga kommosnnun MEOTO4IEHOB PP 1 () (B OJHOM M IPYyroM mopsijike) CyTh
MHOT'O4YJEeHbl CTEeNeHn 21

Po Q($) = b0$2n + b1$2n_1 + b2$2n_2 + -4 bgn_1$ + b2n7
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Qo P(z) = cor®" 4 c12® ™ fepa® 2 oo cgp12 F Copy

nx KOd(PPUIUEHTHI b; 1 ¢; ABITIOTCT PYHKIAAMH OT KO>(PMHIUEHTOB & U Gy
muorowienoB P u (). Pygrem npupaBHUBaTE KOXMPMUIHEHTH 3THX MHOTOUJIe-
HOB HaYyWHas CO CTApIIero wieHa. PeTpyaHO HalTH siBHbIe BRIDAyKeHUS s
crapuimx KodxdppunuedTon: by = a%, co = ag. Porydaem a% = ag, OTKYyJa
ag = 1. Takum o6pazom, crapiinii Ko3PpPUIHEHT MHOrO4YIeHA () onpeneieH
ojiHo3HaYHO. PpumMenum MeTon maTemMaTndeckon WHIyKuuu. Ppennosoxum,
YTO BCe KODPPUITEHTH a; ¢ HoMepaMmu ¢ < k mis HekoToporo 0 < k < n yxe
onpenenensl. /lokaxeMm, 9TO KOd(PPUIHEHT af ONpeaenseTcs TP DTOM OJTHO-
sHa4dHO. Bripaxkenue mis koddpduiuunenta by umeer Bujg by = arag 4+ ..., rige
MHOIOTOYNe 3aMeHsAeT BhIPaykeHNe, 3aBUCAllee TOABKO OT KO3(p(DUINEeHTOB @,
¢ HoMmepamu ¢ < k. KoadpuuueHT Ke ¢p BaBUCUT TOJBKO OT KOB(PPUIHEH-
TOB a; ¢ HOMepaMmu ¢ < [k/2] (Tem cambiM, ¢ < k) u, 6BITH MOKeT, OT . Tem
caMBIM, ypaBHeHUe by = c¢p npejcraBiseT cobOU JHHEIHOe COOTHOIIEHHE Ha
Gk, 13 KOTOPOT'O 3TOT KO(P(PNINEeHT ONHO3HAYHO BhIpaKaeTCHd Yepe3 o N yiKe
BEIpaKeHHBIe KoddduunenTsl a; (i < k).

Takum obpasom, uz cucrembl ypapuenuin b; = ¢; npu 0 < 7 < n MBI 0OfI-
HO3HAYHO ONpeneSuM UUCIa ag, @1, ..., Q. LCIW TOAYUeHHEIe THCIa OYIVT
VIOBAETBOPATE cCOOTHOIeHusM b; = ¢; npu n+1 < ¢ < 2n, 7o oHU U OYAYT KO-
appuiueHTaME eIUHCTBEHHOTO MHOT'O4/IeHA () CTENeHn 1, KOMMYTHPYOIIEr 0
¢ P. B npoTuBHOM cIydae TaKOro MHOTOWJIEHA He CYIIeCTBYeT.

CAEACTBUE 1. Pyems P — mmno2ousen cmenenu 2. Toeda das wobozo
YEA020 HEOMPUYAMEABHO20 uUCAq k cyuecmsyem eJuHCMEENHBLT MHO20UACH
emenenu 28, xommymupyowui ¢ P.

JOKABATEILCTBO. Muorouten P* 6yxer, oueBnino, o6iraiaTh Tpebye-
MBbIMHI CBOHUCTBaMu. EIHHCTBEHHOCTh HEMOCPENCTBEHHO BHITEKAET U3 HPEeLIo-

JKeHns 2.
CHEJACTBUE 2. Mno2ouiensl, KoMMYyMupylouue ¢ t2, — 2mo Muo2ouie-
nor 2" (n=1,2,...) u moavko onu.

JIOKABATEJLCTBO. O4eBHIHO, ITO JIOOOUH MHOTOWIEH BHIA &'° KOMMY-
Tupyer ¢ 2. POCKOJIBKY CTeleHn TaKHX MHOTOYIEHOB COCTABIAIOT BCe MHO-
JKeCTBO HATYpaJbHBIX 9NceN, OTCYTCTBAE IPYTHX KOMMYTHPYIONNX € 22 MHO-

I'O4JeHOB caenyeT U3 IpelJoxKeHnusd.

PpuBenennoe moxazaTelbcTBO TpemIokKeHns 2 663 TPyAa MepeHOCHTCS 1
Ha chaydail, eciu [P — MHOI'OYJIeH CTeleHH BhIllle BTOPOU, BCIOAY, KPOME Ofl-
HO3HAYHOCTHU OMpejleleHusi cTapiiero ko3 duinenTa MHorodaena (). Todnee,
cnpaBelInBO Caelylolllee YTBepK IeHne.
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[MPEANONKEHUE 3. Pycmb P — muozousen cmenenu m 2 2. Cywecmsy-
em He 6oaee 0dno2o muozousena ) dannotl cmenenu n ¢ JAHHBIM CINAPUUM
rxoapduyuenmon a, xommymupyowezo ¢ P. Cmapwui uten muozousena
MONCEM NPUHUMAMD HE Dogee uem m — | 3navenue.

JOKA3BATEALCTBO. PycTh
P(z) = Agz™ 4+ Aya™ ' 4+ Az Ay,

Q(z) = apx" + a1 '+ a, 12+ a,.

P pupaBuuBas crapiine koddpguiueHTs MEOrowIeHoB Po) n (Jo R, moay+daem
Apay’ = apAy, oTKy 12 agL_l = Ag_l, clIeTOBaTeIbHO, (g MOXKET IPHHIMATh
He Gojee m — | pazIHYHBIX 3HAYEHUH.

Kaxabri caenyrommin kospduunent ax (1 < k < n) muaorodrena Q(z)
BBIPaKaeTCs OJHO3HAYHO depe3 paHee omnpenenenHbe KoaduinenTr a; (0 <
<t < k) n koappunnentsr A; MmEOTOUWIeHA P(2) U3 cpaBHeHUs KOd(D(UINEH-
TOB 1pu (mn — k)-it crenenn MHOrOUIeHOB PP 0 Q) n ) o P. [leficTBuTenbHO,
Koodpumment npu ™"~ F Muorourena PoQ(x) 3aBuCHT OT ay AnHeiino (1 He
3aBUCHT OT @; C HOMepaMu i > k), a koodpuuuenTt npn 7"~ % vmorowrena
Q) o P(z) ne 3aBucut ot a; upn 1 > k.

[IPEATOXKEHUE 4. Pycmv P — mnozouien ¢ deticmeumeabnoimu (payu-

oHaabrbLIY) KodPPuyuenmany, Q@ — KOMMYMUPYIOWUT ¢ HUM MHO2OUAEH.
Pycemp npu smom evinoanerno odno uz 06yx ycaosuii:
a)deg P =2;

6) emapwui kosdduyuenm mno2ousena Q) asasemes dedcmeumenvuslm (pa-
YUOHAABHBLM) UUCAOM.
Tozda 6ce KoadPuyuenmnr mnoeourena () deticmeumenvust (PayUOHAALHBL).

JTOKABATEIBCTBO. DopMyanl, BEIpaxkKaionine KO3pPUIHeHTH MHOTOMIe-
Ha () B oKazaTelbCTBaX MpeIoyKeHnll 2 1 3, He BBIBOJISAT 3a PAMKH JTeUCTBH-
TeNbHBIX (PAHOHATBHEIX) YHCE.

3. TPAH3BUTUBHOCTb KOMMYTUPOBAHUA

Paunem ¢ IIpocTOro, HO O9€eHb BaKHOI'O CBOI(/JICTBa7 IO3BOJAIOIIero, nMesd
IIpuMepbl KOMMYTHPYIOULINX MHOTI'OYJ€HOB, CTPOUTH HOBLIE.

[IPEANOXKEHUE 5. Feau muozousenst ¢ u R wommymupyrom ¢ odnum u
mem gce muozousenom P, mo xomnozuyus (Q o B mooce xommymupyem c P.
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ﬂOKABATEJIbCTBO. ﬂOKaSaTeﬂbCTBO cileqyeT U3 IelOYKH paBeHCTB

(QoR)o P =
=Qo(RoP)=Qo(PoR)=(QoP)oR=(Po@)oR=
=Po(QoR).

[MPEANONKEHUE 6. Fcau mnozoutenst () u R xommymupyrom ¢ muozouie-
nom P emopoti ecmenenu, mo onu xommymupiyrom menrcdy coboti.

JOKABATEJNBCTBO. U3 npennoxenus 5 caegyer, 4T0 MHOTO4IeHb () 0 IR
1 Ro() xommyTupyioT ¢ P. POCKOIBbKY 9TH MHOTOY/IEHEl IMEIOT OJNHAKOBYIO
CcTeneHb, U3 MPeIOKeHlst 2 caegyeT, YTO OHI PABHBHIL.

S3AMEYAHUE. Ecin cremenb MHOTOY/IeHA BbIIIIe BTOpOI(/JI7 TO IIpelJozKeHne

IrepecTaeT OLITH ClIpaBelJNBBIM. TaK, MHOI'OYJIeHbI $2 n —Z KOMMYTHDPYIOT C

23, HO He KOMMYTHPYIOT Mexk Iy coboli. OHako, ecin JONOJHITEILHO TPeIo-
JOXKUTE, YTO Bce Tpu MHOTO4WwIeHa P, () u R ynumapuet, T. e. UMEIOT CTapIINi
KO>((PULUNEHT elMHNIa, TO NPeIloKeHne OCTaHeTCs B CHJe MJad MHOTO4YJeHa

P ni0601 cTenenn BBIIIIE IEPBOM.

4. YYETHBIE 1 HEYETHBIE MHOI'OYJEHBI

Panomuum, 4to ¢yHkius f(2) Ha3bIBaeTCs wemuotl, ecan s Jodoro &
BBITIOMHSeTCA paBeHCTBO f(—x) = f(x) u neuemnod, ecin BBHIIOIHAETCA pa-
BeHCcTBO f(—2) = —f(2). Perpyauo mokasarh, 9TO /IS MHOIOYIEHA YCIOBHE
9eTHOCTH PaBHOCHALHO TOMY, 9TO BCe KOd(pUIHEHTEl IpH HeYeTHBIX CTelle-
HAX PaBHBL HYJIO, a YCJIOBHE HEYeTHOCTH TOMY, 9TO BCe KO(p(PUIHEHTHI TpH
YeTHBIX CTeNeHAX paBHBL Hy/Ji0. PTO o3HavaeT, 9TO 100600 YeTHBII MHOI'O-

WIeH MOXKeT OLITh mpecTaBien B Buge ()(z?), rge () — HEKOTOPHII MHOTO-
4leH. AHAJIOTMYHO, HeYeTHEII MHODOWIEH MOXKeT OBITH IpeICTaBlIeH B BIe
2

PanoMmuuMm Takke OHO IIPOCTOE, HO OY€Hb BazKHOE€ CBOUCTBO MHOIOYJe-
HOB, KOTOpOe 6y/:[eT HCIIOJAb30BaThHCA HaMH HEeOJHOKPaTHO.

JIEMMA 2. FEeau anauenus d6ys mMuo20uienos co6nadaiom npu 6eckoney-
HO MHO2UL BHAUEHUAT AP2YMEHMA, MO IMU MHOLOUAEHBL TONCIECTEEHNO PAG-
Hbl.

ﬂOKABATEJIbCTBO. Pasnoctn paCcCMaTpuBaeMBbIX MHOI'OYJ€HOB HMeeT
6eCKOHe4YHO MHOI'O KOpHefI. Tak kak HeHyJIeBOfI MHOI'OYJleH MOzKeT HNMeTb
Pa3anIHBIX KOpHefI He 60.71bIHe7 9eM ero CcTelleldb, TO 3Ta Pa3HOCTL ABJASAET-
Cs HYyJeBbIM MHOI'OYJEeHOM. SHa‘H/IT7 pacCMaTpriBaeMble MHOT'OYJ/I€HBI PaBHBIL.
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[IPEATOXKEHUE 7. Jhoboi muozouten Q(z), wommymupyrowui ¢ mnoeo-

2

waenom P(x) = 2% — o, asasemea aubo wemmublm, Au60 HEUETMHBLM.

JTOKABATEJIBLCTBO. Pockoabky MmuOTOWIeH P(2) SBAsSETCS Y€ THBIM, HMe-
eM

P(Q(~2)) = PoQ(~2) = Qo P(—a) = Qo P(x) = PoQ(z) = P(Q(x)).

PasenctBo P(21) = P(x3) o3Havaer 2% — o = 23 — o, OTKya cregyer vy =

= f25. BasaB 21 = Q(—2), 22 = Q(2), noaygaem Q(—z) = £Q(z). Pocren-
Hee PaBeHCTBO CIPaBeINBO JJIA JI000r0 ¥. SHAYNT, I8 OECKOHEYHO MHOTHX
3HAYEHNN T nMeeT MecTO JanbGo paBeHCTBO (Q(—z) = (Q(z), 1ubo paBeHCTBO
Q(—2) = —Q(z). CormacHo JemMMe 2, eClIH TepBOe U3 DTHX PABEHCTB BHI-
noJHSAeTCs s GeCKOHeYHO MHOTMX 3HadYeHHn z, To Q(—z) = Q(x), 3Ha4nT
MHOTOWIeH ()(2) 4eTHHIH, a ecau BTOpoe, T0 Q(—z) = —Q(z), 1 MHOrOUIeH

Q(x) HedeTHBIN.

[TPEANOYKEHUE 8. Pycmb () — MHO20UAEH CMENEHU 21, KOMMYMUPYIO-
wut ¢ mnozousenom P(x) = 2% — . Toeda mnozousen QQ moxcno npedema-
sumb 6 sude ) = Q' o P, 2de ) — mmozouaen cmenenu n, KomMmymupyowud
c P.

JTOKABATEJIBCTBO. U3 mpemnoxenus 7 ciemyer, 9T0 MHOTOYIeH ()
MOZKeT GBEITH IpeJcTaBIeH Kak MHorowleH oT z2. CgelaB IHHEHHYIO 3aMeHy

nepeMeHHBIX, noaydaem Q(z) = Q'(P(z)), roe () — MHOTOWIeH cTeneHH n.
Moxazxem, 910 MHOro4aeH '(x) kommyrupyer ¢ P(x). Pycrs y = P(x).
Torna

PoQ'(y)=PoQ oP(z)=PoQ(z)=QoP(z) =Q oPoP(z) =Q o P(y).

3Hadenns MuorowiaenoB P o Q' n Q' o P coBnagaioT Npu Beex 3HaYEHHAX ap-
IyMeHTa U3 00JacTH 3HAYeHNN MHOTOYIeHa P(2), 3HAYNT, CONIACHO 1eMMe 2,
OHU TOXKTeCTBEHHO pPaBHBI.

Taknum o6pazoM, T pelenns 3a a9 KTacCu(PUKANNT MHOTOYIeHOB, KOM-
MYTHPYIOIIUX € JaHHBIM MHOT'OYJIEHOM BTOPOU CTElNeHH, TOCTATOYHO HAUTH
BCe KOMMYTHPVIOIIHEe ¢ HIM MHOTOYJeHbl HEYeTHOU CTeleHH.
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5. HETTOYKN KOMMYTHUPYIOMNUX MHOTOYJIEHOB.
MHOTOYNEHLI YUEBBLIIEBA

[IPENIOKEHNUE 9. /as 106020 HamypaibHo20 WUCAG T CYUECTEYEm
mnoeounen P, (x) cmenenu n maxod, wmo cnpasedauso mosxcdecmeo

P,(t+t7Y)y =t 47,
Mnozouaenwt P, (z) (n=1,2,...) nonapno xommymupyom.

JOKABATENLCTBO. CylecTBOBaHNe TAKHX MHOIOWICHOB 6y 1eM JOKa3bl-
BaTh HHAYKIKEN 1o n. PeTpysHo npoBepuTh, 9T0 IpH n = 1 # 2 MHOTOYIeHEL
Pi(z) = 2 u Py(z) = 22 — 2 aBasgioTCH UCKOMBIMHI. P pemnonoknm, 9To Mbl
HalL Takne MHOro4tensl P, (2) mus Bcex n < k. Torga, BoCmoab30BaBIINCh
TOXK JeCTBOM

an! _I_t—(k-l—l) — (t_l_t—l)(tk_l_t—k) _ (tk—l _I_t—(k—l))7

noJydaem, 9To MHOTOWIeH Pyi1(z) = 2 Py(2) — Py—1(2) 6y1eT nckoMbiM mpn
n==%k+1.

[JoxazxeMm Temepb, ITO MHOIOWICHH P, HOmapHO KOMMYTHPYIOT. PycTh
x=t+11 Torna

P o Py(a) = Pp(t" +17") = 1™ 44~ = P, ({™ + 1) = P, 0 Pp ().

PockoabKy 4nceln, mpeJcTaBIMBIX B Bi e {41!, 6eckOHeUHO MHOT'O, COTVIACHO
JeMmMe 2, MHOTOYIeHH P, o P, n P, o P, paBHHI.

CHAEICTBUE. Bce Muo2ouienst, KOMMYMuUpyowue ¢ MHO20UAEHOM T2 — 2,
cymo muoeouaenvt P, (x) uz npedaoxcenus 9.

JOKABATEJILCTBO. Cpenu MHOro4wIeHOB P, nMeeTcsi MO OJTHOMY MHOIO-
YIeHy KayKIoW CTeleHu. JHAYUT, CONIACHO MPEMJIOKEeHH0 2, TPYIHX KOMMY-
THPYIOMNX ¢ 22 — 2 MHOIO4/JIeHOB HeT.

Etre o0y menotdky momapHO KOMMY THPYIOMINX MHOTOMJIEHOB MOXKHO MOXY-
YUTh CAeAYIONHM 0OpaszoM. Ppu i11060M HATypaJdbHOM N CYIIECTBYeT TaKou
MHOTOWIeH T),, ITO CIpaBeInBO TOXKIECTBO

cosnz = T, (cosz). (2)

PTu MHOTOYIEHBl HA3BIBAIOT MHo20utenamu debviuésa. U3 popmynsr (2) rer-
KO BBEIBECTH, YTO DTH MHODMOWIEHEl MONAPHO KOMMYTHPYIOT. U3BecTHbIe TPH-
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roHoMeTpuieckne (POPMYJIbI TalOT SIBHbIE BhIpa)KeHHs A1 HeCKOILKHX IIep-
BEIX MHOrouIeHOB YeOLIéna:

Ty(z) = =,
Ty(z) = 22% -1,
T3(z) = 32° —4a.

O,Z[HaKO OernovkKn MHOI'OYJeHOB Pn 1 MHOro4jJeHoB YeOLIIIéBa qﬁ)aKTI/I‘{e—
CKH ABJAAKOTCA OJHUM IIpUMEepPOM — OdHa IOJAyYaeTCd U3 rZ[pyFOI(/JI C IIoMOIIbIO
conpszkKeHnuss MHOI'OY1JeHOM 2. ﬂOKaSaTb 9T0 MOXKHO MHOT'UMU CHOCO6&MI/I7

CaMBII TIPOCTON U3 HUX, MOKAJAYH, — BOCIOIL30BATHLCA H3BECTHOU (POPMY.ION
eix + e—ix
cosr = —————
2

Ppu nedeTHLIX n, aHATOTUIHO TPUBeIeHHLIM BHIIIIe MHorodaenaMm P, u T),,
MOYKHO HOCTPOUTH MHOrowIenbt P, u T onpejeasieMble paBeHCTBaMI

Pt—tY)y=tr—t

sin nz = T (sin z).

OnHaKo, U 3T CepUH MHOTOYJIEHOB OTIHYAOTCHS OT CBOUX «POACTBEHHUKOBY
P, u T, b npuMeHeHneM conpsKenus. PpaBia, B 9ToM clIydae COnpAraTh
HyKHO MHOTO4UteHOM H (%) = iz ¢ xommiekcHBIME Koddduumentamn. Tem
He MeHee [Jisi HeYeTHLIX N MOJYYEHHBIN IPH CONPSKEeHNH MHODO4YIeH Gyjer
HMETb TOJbKO JTeiCTBUTENbHBIE KOXDPUIHEHTHI.

dakTuIecKn, He CYIIeCTBYeT NPUMepPOB KOMMYTHPYIONINX MHOTOYJIEHOB,
OTJANYHLIX OT NpHUBeTeHHBIX. OCHOBHON KIacCH(PUKANNOHHBIN pe3yabTat [1, 2,
3, 4] yTBepKJaeT, 9TO J06ad Mapa YHETAPHBX KOMMYTHPYOMINX MHOTO.Ie-
HOB CONpPsiZKeHNeM TMpHBOANTCS au60 K Buay (P", P™) mis HEKOTOPOTO MHO-
rowiena P 1 melblX HEOTPHIATENbHBIX 4dHCex n U m, anbo K Buay (z”,z"™)
IIA HEKOTOPHIX MedblX HeOTPHIATEIbHHIX YHCeS n U m, Jubo K mape MHO-
rownenoB Yebriména. /lag ciydas, Korjga cTelleHb OMAHOTO W3 MHOTOTIEHOB
paBHA IBYM, dleMeHTapHOe MOKa3aTelbCTBO »Toro (dakTa 6yIeT TpuBereHO
B nmaparpade 8.

6. HEMOABUYKHBLIE TOYKHI

B »Tom maparpadge usydaercs BayKHbII WHCTPYMEHT [Jsi HCCJAeTOBaHUS
KOMMYTHPYIOIMITX MHOTOWIEHOB — MeTOI HeNMOIBIKHKX TodekK. I xoTs ¢gop-
MaJbHO TTOJAYyYeHHbIe 3MeCh Pe3yAbTaThl, Kacatolyecsd 3a a9k Kiaccupukanun
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IJsE MHODOYJIEHOB BTOPOU CTelleHt, MePeKPhIBATCS pPe3yabTaTaMi BOChMO-
ro naparpada, 13yieHne HeNOoABUKHBIX TOYEK MHOIMOYJEHOB MO3BOASAET ACHee
HOHATE cuTyanuio. Kpome Toro, B caegyiomeMm naparpade dTOT MeTOT MpuMe-
HAETCH Jas pellleHns 3aJa9i KJIacCu(pUuKalul KOMMYTUPYIOUIUX MHOIOYIeHOB
I HEKOTOPOro KJaacca KyOudeckKX MHOT'OYJEHOB.

Kopun ypaBuenns P(x) = & MBI HA3BIBAEM HENOJEUNCHBIMU MOUKAMU MHO-
rowiena P. CBsi3b HENOMBUKHBIX TOYEK ¢ KOMMYTUPYOIUME MHOT'OYJeHAM I
BUIHA U3 CJAEIYIOUIEr0 YTBEPKIEHU.

[TPEANOXKEHUE 10. Pyems A — wnenodsuscnas moura muozouiena P,
mno2ouaen ) xommymupyem ¢ P. Toeda Q(N) — moace nenodsuarcnas mou-
xa mHoz2ousena P.

JOKABATENLCTBO. P(Q(A)) = PoQ(A) = Qo P(A) = Q(P(\) =
= Q).

Yucno xg O6yjgeM Ha3BIBATL nepuoduueckum OTHOCHTENILHO MHOTOWIEHA
P(z), ecim mocie1oBaTeNbHOCTD, 3afaHHAS PEKYPPEHTHBIM COOTHOIICHIEM

Tnt1 = Pla,) (n=1,2,...), (3)

nepuoanyeckasd.
Muorotien 6ygeM HasbiBaTh nepuoduueckum, eclin HyJIb — MNepuojIntde-
CKO€ OTHOCHUTENbHO HEro 4ucio.

[IPEAMOKEHUE 11. Pyems P(z) = 2? — a — nenepuoduueckuti mmo-

2ouaen. Pe cywyecmsyem wKoOMMYymupyrowyur ¢ Hum MHOS0UAECHOE newemuot
CImenenu, Kpome moocdecmeennozo.

JOKABATEIBCTBO. Pycrs ()(2) — MHOrO4Y/IeH He4eTHOI CTeleHNH, KOM-
vmyTtupyfommnit ¢ P(x). U3 npemmoxkenns 7 crenyer, 4to (Q(z) ABAseTCs HeIeT-
HBIM MHOI'OYWIEHOM, 3HAYHT, er0 CBOOOIHEIH 4IeH paBeH HY.II0, IODTOMY HY.Ib
ABIAETCH €ro HeNoABIKHOH Toukon. U3 npemroxkenns 10 ciexyer, 4To iio-
6OIl WIeH MocIefoBaTeNbHOCTH (3) 1pu 2o = 0 ABIfETCH HONO IBHKHON TOUKON
MHOTOUIeHa () (2). Pro o3Hagaer, aTo MHOrOWIeH Q) (2) — 2 nMeeT 6eCKOHETHO
MHOTO KOpHell, YTO BO3BMOKHO TOJIBKO 11 Q(z) = 2.

CJIe/:[onmee IIpOoCTOE yTBepiXKIeHue IMO3BOJdeT BO MHOT'UX CAyYIasaAX TOKa-
3bIBaTh HeOepuoInIHOCTE.

JIEMMA 3. Feau nocaedosameibnocms uMeem cmpozo MOHOMOHHYIO
nodnocaedo6ameabrocmy (6 UACTIHOCIMU, €CAU OHG CAMA MOHOTNOHHA), MO
ona ne Mmoxcem 6vimb nepuoduueckod.
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JJOKABATEJNBLCTBO.  JleficTBUTEALHO, NepHOIHYecKas IOCICIOBATEIb-
HOCTHL MOYKeT IPHHAMATE JHIIL KOHeUHOe YHUCIO PA3INIHbIX 3HAYCHHH, & MO-
HOTOHHAA MOCICIOBATEILHOCTL IPHHIEMACT GECKOHeIHOE UHCIO Pas/IHIHLIX
3HAYCHU.

[PEATOKEHUE 12. Muozouten x*—a aeasemea nenepuoduueckun 6 xa-

Hdom U3 cAedylowur mpexr cayuaes (6 NYHKMaAr a) u 6) o cuumaemcs det-

CINEUMEABHBLM YUCAOM, @ 6 NYHKME 0) — KOMNACKCHBIM):
a) a < 0;
6l > 2, a£2;
6)0<a<l.
JOKABATEJILCTBO.  [JokaKeM HeNepHoJHIHOCTb NOCIET0BATEIHHOCTH

T, 3aganHoll gopmyaamu zg =0, x,41 = 2 — a. Pygem noabzoBaThes mpu
5TOM YTBepIKIeHHeM JeMMBL 3.

a) PocaeroBaTebHOCTD 2, MOHOTOHHO Bo3pacTaeT. /leilcTBUTENbHO, 2o =
=0< —a=uay. Ecain 0 < 25—y < 2, TO HEPABEHCTBO X < T4y CAEIYET U3
MOHOTOHHOCTH MHOI'OWJIeHa T2 — o Ha MHOZKECTBe NOMOKUTENbHBIX THCel.

6) Pam J0CTaTOYHO [0Ka3aTh HENEPHOANYHOCTH MOCJENOBATENLHOCTH
||, TOCKOMBKY ecai TmoCHe[oBATENbHOCTH NEPHOJNIHA, TO TMOCKe[OBATE b
HOCTb MOJY.Jeill ee WieHOB ToKe nepnojndna. [JokaxKeMm M0 MHIYKINH, 9TO
NI0CJ€I0BATEIBHOCTD |&,,| CTPOro BO3pacTaer.

Pasa wagykimn. BocnoabayeMmcs HepaBeHCTBOM TPeyTrOAbHIKA I HEPABeH-
ctBoM « > 2. Umeem |a — 1| > |a] — 1 > 1. PaBencrBo B mepBoM caydae
BBITIOJHAETCS, €CIN (v — TOJOKHTENbHOE TeHCTBHTEIbHOe YHCI0, & BO BTO-
pom — ecan |a| = 2. PosroMy MBI nMeeMm cTporoe HepaBeHcTBO |av — 1] > 1.
YMHEOKIB ero Ha ||, moaydaem |o? — af > |a| man || > |zq].

Mlar nagykmnn. W3 npeanojoxenus WHIYKIHK (2 > Tp—1) HAM HYKHO
BOCIOJIB30BATHCA UL TeM, 49To |2y > |a|. Torga |z;| —1 > 1. Pepemuoxus
IBa [OCJEJHIX PAaBeHCTBa, noaydaeM |zj|? — |zg| > || wan |23 — |af > |zl
P puMennB HepaBeHCTBO TpeyroabHuKa, HMeeM |27 —a| > |zy|, 9To n oznadaer
|[That| > |kl

B) PocaenoBaTesbHOCTD @, paclafaeTcs Ha JBe MOHOTOHHBIE IO MIOCHEI0-
BATEIBLHOCTH — BO3PACTAOIIYIO TOANIOCIETOBATEIBHOCTE ¢ HEYe THBEIME HOMe-
paMu 1 yOBIBAIOIILYIO C YeTHBIMEA. PepaBencTBa &,4+9 < T, (IpU YeTHOM n) u
Tpt2 > &, (IPH HEYETHOM 1) TOKA3bIBAIOTCH WHAYKIHEH MO 7 OTHOBPEMEHHO.

Paza nugyxnun (n = 0). PepaBenctso 29 = a(a — 1) < 0 = 2z caenyer
u3 Toro, yro 0 < a < 1.

Mar waaykmmn. Pockoabky @, < 0 Jas Bcex n, a Ha MHOXKeCTBe HEOTpH-

DaTeJbHbIX YUCeJ MHOI'OYJeH $2 — & MOHOTOHHO y6bIBaeT7 n3 HepaBeHCTBa
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Thto > T cleldyeT Zgiz < Tpyl, U HaoOOpPOT, U3 HEPABEHCTBA Tpyz < Tk
ClelyeT Tpts > Thyl-

[TPEANOKEHUE 13. Feau o — nepuoduueckoe payuonaibioe Yucio, mo
OHO Yeaoe.

JTOKABATEJIBLCTBO. Ecanm dmcao o panuoHanbHO, TO, OUeBHIHO, BCA TO-
CJIeOBATENBHOCTD Ty, OTpenenentas mo gopMyram (3) npu zg = 0, cocTont
I3 pallHOHAJBHBIX Yuce]. JHaMeHATeNb KayK 00 WIeHa MOCJIe[0BaTelbHOCTH,
HAaYNHAA ¢ 1 (eCcam TpeacTaBATH ero B BHJe HECOKPATHMOH Ipo6H), paBeH
KBaJpaTy 3HAMeHaTeJs MPeIblIVIIero 4ieHa. SHAYUT, €Cli & Helejpoe, TO
MOCJAEe[OBATENBHOCTh BHAMEHATENEN CTPOro BO3PACTAET, TOITOMY HOCAeI0Ba~
TETBHOCTE He MOXKeT GBITh NepHoInIecKO.

PepI/IO,[[I/I‘{HOCTb MHOI'OYJIeHa $2 — & ABJgsieTCs JOCTATOYHBIM, HO He HeoO-

XOAUMBIM, yCJIOBHEM OTCYTCTBHA KOMMYTHDPYIOIIAX C HEM MHOT'OWIEHOB He-
4eTHOH cTemeHn (KpoMe TOXKIeCTBEHHOIO).

[TPEANOXKEHUE 14. Pe cywecmseyem MHO2OUAEHOE6 HEUEMNOT CMENENU
eblle nepeoti, Kommymupyrowur ¢ 2 — 1.

JTOKABATEIBCTBO. PycTh QQ(2) — MHOTOWIEH HEYeTHON CTENeHN BHILIE
nepBoii, KommyTupytoumi ¢ P(x) = z? — 1. PaccmoTpum ypaBHenue

Q(z) = P(z) (4)

I HEeKOTOPHIM ero Kopetb A. U3 paBeHcTBa

QP\) = PQ(N) = P(P(N))

creryeT, 9TO P(/\) — TOXKe ero KOpeHb. 3HAYUT, A — HepPUOIHYeCcKOe THCIO
OTHOCHUTeJBbHO MHOT'OYJ€Ha P OHI/ILHGM BCe TaKle YHcCJja. 0603Ha‘{I/IM 99172 =
1++v5

2
Ha P).

Ecau |zo| > ¢1, T0 mocaegoBaTensnocTs (3) MonoTonno Bozpacraer. [lei-

— KOPpHU MHOI'OYJeHa $2 —z—1 (HGHO,[[BI/I)KHBIG TOYKHN MHOI'OYJe-

CTBUTEIBHO, Tnt1 = P(2,) > |2,|, Tak Kak
P(z,) — |o,] = $721 —|zul = 1= (Jza] = @1)(J2n| — @2) > 0.

Posromy uucia, 6odbline p, He SBIAIOTCE HEPUOAHYECKUMH OTHOCHTE b
mo P.
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Pycrs Tenmeps |xzg| < ¢1. Ecan zg < 0, To n3MernM ero suax (npm sToMm
OCTaJdbHBIE YICHBI TOCAEAOBATEILHOCTH He H3MEHATCS ), TODTOMY MOMKHO CHH-
TaTh, 9T0 0 < g < 1. Paunnas ¢ HeKOTOPOIro HOMepa, MOCIeJ0BATEILHOCTh
T, nomajer BHYTpb oTpeska [—1,0], OCKOAbKY eciu Gbl BCe WIeHbl OCAeN0-
BaTeIbLHOCTH GLLIN MOJOKUTENbLHBL, TO OHa GbL1a 6Bl MOHOTOHHO YOLIBAIOLIEIl.
[efictBurensho, ¢,41 = P(2,) < ¥,, Tak Kak @3 < T, < @1, H TOITOMY

P(z,) -, = xi — 2 — 1= (2, —¢1)(x, — ¢2) < 0.

Po Torga no teopeme Poabnamo-BeiiepiiTpacca moc/ieI0BaTeIbHOCT &y,
uMesa OBl Ipefel, IpuHaLIexammi noryunrepsary [0, ¢1). Oguako mpeme-
JOM NOCIeI0BATEIBHOCTIH, ONPEeJeJeHHON PeKYPPEeHTHEIM cooTHOLIeHneM (3),
MOZKeT GBITH TOIBKO KOPeHb ypaBHeHHs P(2) = 2, a ero Ha YKa3aHHOM ITOXLY-
HHTepBaje HeT.

Ecan 4nen 2 nocienoBaTeIbHOCTH, JeKallnil B nnTepsale [—1, 0] He aBis-
eTcs ero KOHIOM IJIH He COBIAJAET C @z, TO NOCIEJOBATEIBHOCTD &, Hele-
pHOANYHA, TaK KaK ee IOII0CIeI0BATeIbHOCTH € Y€ THEIMI I HEYeTHBIMI HO-
Mepamn (HaduHas ¢ k-ro) MonoToHHEL. [leiicTBuTenbHO, T, 40 = P*(z,). Tax
KaK

P ) =2 = (v +1) (2 — e2)a(x — ¢1),

To PX(z) < 2 npu —1 < @ < ¢ u P*(z) > 2 npu —1 < & < ¢3. Posromy
ecant &, € [—1,¢3], TO @449 € [—1, 2] 1 212 < 2, a ecan x, € [@2,0], TO
Tpao € [p2,0] 1 2pio > @y

PosToMy IeHcTBHTEIBHBEIME KOPHAMI ypaBHeHHS (4) MOIYT GHITH TOIBKO
Te YHCIa, KOTOPBIe IPH MHOTOKPATHOM IPHMEHeHHI MHODOWIeHa P mepexo-
IAT B 1 WIN g (ducia, mepexonsine B 0 min —1, He MOJIXOIAT, TaK Kak
0 He siBasercs kopHeM (4)). PycTb 2, — HepBHIl WI€H [OC/IeI0BATeIbHOCTH,
paBHb @; (¢ = 1 wan 2). Torga z,_1 = —¢;, Tak Kak P(z) = ¢ & ¢ = L.
Ogunaxo pasenctBa P(p;) = Q(¢;) 1 P(—¢;) = Q(—;) 01HOBpEeMEHHO BBI-
MOMHATHCA He MOTYT, NOCKOAbKY P — 4YeTHHI MHOTO4YIeH, () — HedYeTHHI,
a P(p;) # 0. Pootomy ¢ 1 ¢y — equHCTBeHHBIe BO3MOXKHEE KOopHH (4).

Po npennoxkennio 4 ypaBHenue (4) uMeeT palnoHAIbHBIE KOX(DPUITEHTEI,
MO>TOMY KOPHH (o1 H (o JTOJKHBL HMEeTh OJHHAKOBYI0 KpaTHOCTH. Pociei-
Hee MPOTHBOPEYNT TOMY, YTO ypaBHEHIe HeYeTHOH CTeleHH JOIKHO HMeThb
HedeTHOEe KOANYeCTBO TeHCTBHTEIBHBIX KOPHEI.

B BochbMmom maparpadge 6ymeT T0Ka3aHo, YTO e TNHCTBeHHLIe TTPUBeTeHHEe

MHOI'OYJIeHbI BTOpOfI cTenneHu, AJas1 KOTOPBIX CyIIeCTBYIOT HeTOXKIeCTBeHHEIe

KOMMYyTHUpyOHIie MHOT'OY/J€HBL HedeTHOI cTelleHn, — 9TO $2 n $2 — 2.
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7. KYBUYECKUE MHOTOYJEHBI

B »ToMm maparpade MLl mepedncinM BCe MHOTOUIEHB, KOMMYTHPYIOIINe ¢
MHOTO4YJIeHOM Buja 27+ (PanoMuum, 9To conpsikennem 1060l KyGuiecKui
MHOTO'JIeH IPABOINTCA K BUIY a° + [z + «.)

[PEAIOKEHUE 15. Pyems P(z) = 2® + o (0 — nenyaesoe deticmeu-
meavnoe wucao). Bee xommymupyowue ¢ P(x) muozousenvt cymo P™(z).

JOKABATEIBCTBO. AHAIOIHYHO IPEIOKEHNIO 7 TOKaxkKeM, ITO 1060l
komMmyTupyommi ¢ P(z) MuHorowien (Q(z) comepKnT HeHyJIeBBe KO-
HUHEeHTHl TOJABKO IIPH CTEHeHAX &, TAIONMX IpPH JeleHHH Ha 3 OJHHAKOBLIE
ocratku. Mupivn caosamu, Q(z) umeer ognn w3 Bugos Q' (2%), 2Q'(2>) nin
22Q'(2%). Pycrs € — oTaudnblii oT equHuNbl (KOMILIEKCHBIH) KyGuvecKuil
kopenb u3 eqnnnnel. Torga P(€x) = P(x) mas moboro z. Umeem

P(Q(&x)) = Q(P(§x)) = Q(P(z)) = P(Q(x)),
orkyna Q(€z)? = Q(x)3, smaunr,
0=Q(2)° - Q¢z)’ = (Q(€x) — Q2))(Q(¢x) — £Q(2))(Q(€2) — €2Q(2)).

TeMm caMbIM ClIpaBeIJINBO OOHO I3 PaBEHCTB:

Q(&r) = Q(x), (5)
Q(Er) = £Q(x), (6)
Q(¢r) =& Q(a). (7)

Pockoabky onHo 13 DTUX paBeHCTB CIpaBelIuBO 111 6eCKOHeYHO MHOT X 3Ha-
deHnll ¥, OHO ClpaBeInBO NpH Bcex . Ppencrasum () B Bujte

Q(z) = Qo(2”) + 2Q1 (2”) + 2°Qa(2”).

Torna
Q(€x) = Qo(2®) + £2Q1 (2®) + €22Q2(2?).

Ecan cnpaseginBo pasenctso Q(€x) = Q(z), To Q1 = Q2 = 0, u MHOTO-
qieH ()(x) uMeeT HeHyJIeBble KOXMUUUEHTH JUIIb TP CTeNeHs X, [eIInXCs
ua 3. Ecim cnpaBeginBo paBerctBo Q(£z) = £Q (), To Qo = Q2 = 0, 1 MHO-
rowien ()(z) nMeer HeHy./ieBble KOX(PMUINEHTH JUIIL TP CTENeHs X, JAIOIIIX
npu gerenun na 3 ocrarox 1. CooTsercTBenHo, paencTBo Q(£7) = £22Q(2)
o3HavaeT, 9T0 Qo = )1 = 0 n MHOTOWIeH ()(2) NMeeT HeHy.IeBble KOX(DPUIN-
eHTbI JUIIb PH CTeNeHAX, TaloMMX NpH JeJeHnl Ha 3 0CTaToK 2.
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Jlajee Tak )Ke, Kak U B NPeMJIOKEHHH 8, MOKA3EIBA€TCH, YTO JOOOU MHO-
roanen () crenenn 3n, KommyTupyomni ¢ P, nmeet Bug Q' o P, rae ) —
MHOT'OYJIEH CTeleHu 1, TOXKe KOMMYTHpYIomui ¢ P.

Sajmada cBelach K HAXOXKTEHHIO MHOT'OYJIEHOB CTelleHH He KPATHOU TpeMm,
KoMmMmyTHpYloinX ¢ P. PemocpencTBenHo npoBepseTcs, 4TO TOXK [€CTBEHHEBIN
MHOT'OYJIeH ABJSETCH €TUMHCTBEHHBIM TaKHM MHOTOYJEHOM HepBOU CTeleHu
(mpoBepka 31mech HEOOXOUMA, TOCKOIBKY TeopeMa 3 yTBepKIaeT JHllb, YTO
TAKNX MHOTOYJIEHOB He OOJbIIe MBYX), 3HAYUT, P™(2) — eIMHCTBEHHBIH KOM-
MY THPYIOUIHHE MHEOrO4WIeH cTeniern 3”. U3 aToro ciaenyeT, 9T0 ecau Mbl Hail 1eM
BCE MHOT'OYJIEHBI CTEIeHH 7, KOMMYTUpYyIolie ¢ P, To MBI TeM CaMbIM Hal [eM
BCe MHOTOWIeHB cTeneneil 35n, koMmMyTupyomme ¢ P.

OcTrajoch [oKazaThb, 4T0 MHOrO4WIeH P He uMeeT KOMMYTHDPYOUIUX MHO-
POYJEHOB CTENeHH BHIIE TePBOU U He KPATHOU TPEeM.

Pycrs () — makou muorouien. Torga ero cBOGOMIHBIN YieH paBeH HYJO
(mefcTBHTENBHO, €10 HeHYIeBble KOX(PMUINEHTH MOT'YT OBITH TOIBKO IPH CTe-
MeHsX, TANX OMHAKOBBIE OCTATKN HPH JejJeHul Ha 3, a cTaplliad CTeneHb
Ha 3 He JeJUTCA), TOITOMY HYJb SBIASeTCS KopHeM ypaBHenus Q(z) = x. Us
npeioxkenus 10 caenyer, 4To MHOTO4wIeH P nojKeH 6b1Th nepuoguyieckum. C
IPYTOH CTOPOHBI, U3 MOHOTOHHOCTH MHOro4ieHa P cleryeT MOHOTOHHOCTD
NOCIeIOBATENBHOCTH &, ONpenefeHHoll mo gopmyae (3) mpn zg = 0 (oHa
yobiBatomas npn « < 0 u Bospactatomas npu « > 0). U3 xemmbr 3 cieny-
eT, YTO DTa MOCAE[OBATENHHOCTE HENePUOANYHa, & 3HAYUT, HEMEePHOJTUYeH U
muorowien P. Poaydaem nporuBopedne.

[IPENIOKEHWNE 16. Bce mno20uiensl, KOMMYyMuUpyowue ¢ o, — 3mo
’ ymupyrouw, ’

+2" (n=1,2,...).

JTOKABATEJIBCTBO. Jlerko npoBepuTh, UTO BCe DTH MHOTOWMIEHEl KOMMY-
THPYIOT ¢ 2°. PTHX MHOMOWICHOB HMeeTCs 0 IBa Ka 1ol crenenn. CoracHo

NpeIoKeHNIo 3, IPYTHX KOMMYTHPYIOIIHX C 2° MHOTOYICHOB HET.

8. KIACCUPUKAIINUA MHOTOYJIEHOB, KOMMYTHUPYIONINUX C
KBAAPATHBIMU MHOT'OYJIEHAMU

JIEMMA 4. Cywecmeyem eduncmeennsviii (¢ mounocmuio do  yunodice-
nus na —1) mmozouten F dannotd cmenenwu n marxol, wmo MHO20UAEH
(x 4+ 1)F(2)? — 1 s6asemes nevemmubtiu.

JTOKABATEJILCTBO. Pycth F(z) = az” +ba" ' 4+ ... (a # 0) — muoro-
qleH CTeNeHH N > 1, yIOBIeTBOPAOMINI yeioBuaM JeMMbl. Torga

(x+ )P (2)? =1 =a?2* ™ + (2ab + a*)a" + . ..
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P pupaBHuBaeM HyI10 KOX(pUIUEHT TpH 2n-i CTeleHn, noaydaem a = —2b, B
qacTHOCTH, b # 0.
Paznoxum I’ B cyMMy 9eTHOH W HEYeTHOH KOMIIOHEHT:

F(x) = U(z?) + 2V (2?),
TOor'Ta yCJI0OBHe JeMMBI MOXKHO 3allCaThb B BH e
Uy + 22UV () +tV (1) =1 (8)

(Mbl o6oznadman ¢ = 2?). O6ozHauUM cTapumil Ko>pQUITEHT MHOTOWYIeHA
U(t) 1epes wug, a muorourena V(t) — uepes vg. Torga ecin n werHo, To
uy = a, vp = b, 3HAYUT, ug = —2vp u deglU = degV + 1 = n/2; a ecau n
HEYeTHO, TO Ug = b, vg = @, 3HAYNT, vg = —2ug u degU =degV = (n —1)/2.

PenocpencrBenno mposepsiercst, 1ro ecan (U, V) — pemenne ypaBhe-
st (8), ro (U +2tV,2U + (1 —4)V) u (1 — 4)U — 2tV,2U + V) —
Toxe petrenus. Takum obpasom, Mbl nMeeM 1Ba oTobpaxkenns @ u $_ coor-
BETCTBEHHO Ha MHOZKECTBe BCeX MHOTI'O4IeHOB. PTi 0TOGpaKeHus MepeBoIsiT
MHOT'O4JIeHbI, ¥ IOBJIeTBOPAIOLIIE YCAOBHIO JJEMMBI, B MHOT'OUJIEHBI, TaKKe eMy
yroBiaeTBopsitomine. PosTomy 6yaeM nx paccMaTpuBaTh TOABKO Ha MHOKECTBe
TaKUX MHOT'OYJEHOB.

Ecin crenens MHOTOWIeHa YeTHA (1 He paBHA HYJI0), TO 0ToOpaxkenne G4
nonnxkaer ee. [ledcTBUTENBHO, U3 yeaOBUH ty = —2vg n deg U = degV + 1
cregyet, 910 deg(U +2tV) < deg U u deg(—2U + (1 —4t)V) < deg V. Anano-
PIYHO, 0TOOpaxKeHne P_ MOHMKAET CTeNeHb MHOTOUYIEHA, eI OHA HedeTHa.

Pa camowm jgeste 5T oTobpazkenus (Ipn n > 2) MOHUKAIOT CTENEHb MHOTO-
4ieHa Ha 2. /leficTBUTENbHO, JETKO TPOBEPHTh, YTO ONMUCAHHBIE OTOOPAKEHNS
&, u &_ gBasioTcsa B3auMHo 06paTHBIMEA. PycTh F' — MHOrOUYIeH HeYeTHOW
cTemeHn (HAMOMHEM, 9TO MBI PaCCMaTPHBaeM TOIBKO MHOT'OUIEHBI, yIOBJ/e-
TBOpsomne ycaoBuio gemmbr). Torga ®_(F) — Toxke MHOUOWIEH HeYeTHON
crenenn. B npoTuBHOM ClIyvae mofydaeM MpOTHBOpedne

deg F' = deg @4 (P_(F)) < deg @4 (F) < deg F.

Posromy oTo6pakenue ®_ moHmKkaeT crenedb MHOMOYIEHA O KpallHel Mepe
Ha 2. Poabie, 1eM Ha 2 cTelleHb MOHU3UTCA He MOXKET, TOCKOJALKY 06paTHOe
oToOpakenne P He MOKET MOBBICHTH CTelleHh MHOT'OUIeHa OoJee, TeM Ha 2
(sTO caenyeT 3 ABHOTO BhIpaykeHus mist P ). AHATOTHIHO paccMaTpHBaeTCs
clydall MHOrO4YJIeHa I’ 9eTHOU cTerneHu.

Taknum obpazoM, TpuMeHsAs MHOTOKpaTHO K MHoTrodwieny F, yaoBieTBo-
pAOIIeMy YCJIOBHIO J1eMMBI, TpeobpasoBanns ¢4 mim $_ (B 3aBucnMocTn OT
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9eTHOCTH €ro CTeNeHN), MBI HOXYYHM MHOTOYIEH, ¥IOBIeTBOPSIOMINT yCIO-
BHIO JIEMMBI, IEPBOH WJIH HYJEBOW CTeleHHn. JHAYUT, JI060U TaKOU MHOIOYJIEH
F voxeT 6bITH TOAyTeH N3 MHOTOUIeHa TePBOT WM HYJAEBOH CTENeHH MHOTO-
KpaTHBIM TpUMeHeHneM 00paTHOTo TpeobpasoBannd. PemocpencTBenHoe BHI-
YMCIeHNe TOKA3BIBAET, ITO HCKOMbIE MHOTOMIEHB HYI€BOT U MePBON CTENeHn
— 5T0 TOoAbKO +1 n +(2¢ — 1). 3Ha4nT, I MTOOOH CTENEeHN TaKOH MHOTOWIeH
eIMHCTBEH ¢ TOTHOCTHIO JO YMHOKEHHT Ha — 1.

HPEANOKEHUE 17. Jan mobozo (komnaexcrnozo) wucaa o # 0 wau 2 ne
CYWECTNEYEIN MHO2OUAENA HEUEMNOT CINENENU 6bIULE NEPEOT, KOMMYMUPYIO-
wezo ¢ P(z) = 2? — a.

JOKABATEILCTBO. Pycts Q(z) — mHOTOWIeH cTenenn 2n + 1 (n > 1),
koMMyTHpylomuni ¢ P(x). U3 npemtoxenus 7 ciegyer, 410

Q(z) = 2Q'(2?),

riae Q' () — MHOTO4JIEH cTeneHn n co cTapimM KoadduinenTom 1. Yeaosne
KOMMYTHUPOBaHUS MHOT'OYJEHOB 3allllleM B BU e

Q' (¢))? = P(2)Q'(P(2)?) +

Pz
Ppennonoxum, ato o # 0, u BBejieM oGo3HaveHUe Yy = —), Torga x% =
o

= a(y+1). Umeem

(y + DQ'(ay + a)* = yQ'((ay)?) + 1.

O6osuatum garee F'(y) = Q' (ay + o) u G(y) = Q'(ay). Crenens MHOrOLIE-
Ha F' paBHa m, a cTapmni xkodpduiuedT paBeH «”. Poaytaem

(y+ D) F(y)* =yG(y?) + 1. (9)

Boabmem B katectse Q(z) muorodwren P, (x), KomMmyTupylommi ¢ 2 — 2, u3
npeaaokenus 9. B oroMm caydae crapiimil KoadppuineHT MHOro4ieHa F pa-
BeH 2". Pockoabky B cmay (9) MHOrOWIeH [ yIoBIeTBOpSieT yCJIOBHAM JeM-
MbI 4, s JT000r0 IPYroro MHOTO4YIeHa (Q(2) MBI MOXYYUM TOT Ke CaMblil
MHEOTOUIeH [, 6BITH MOKeT, yMHOKEHHbLIH Ha — 1. PTo BO3MOXKHO TONLKO ecan
o = 42" 3naqut, || = 2. OgHAKO B TOM CIydae BOCIOIb3YeMCs Mperio-
xKennem 126) — MHOrowIeH z2 — o ABIAETCA HeMepHOAUIeCKIM, 3HAUAT, He

nMeeT KOMMYTHUDPYOIINX HedYeTHOH CTeleHN BLIIIe HepBOfI.

O6benutss pe3yabTaThl CJIeACTBUS 2, TPeLJIOKeHus 2, TpelJoKenus 9 u
ero CJIeACTBUA W TpelIoKeHuin 8 u 17, moiyyaeM OCHOBHYIO KaacCH(PUKAIIM-
OHHYIO TeopeMy.
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TEOPEMA. Pycms P(z) = 2?

wue ¢ P(z), cymb mnozousenvt 6uda (n — yea0e HEOMPUYATNEABHOE YUCAO):

—a. Tozda ece mnozowaenst, KomMmymupyio-

> ", ecau o = 0;
> P,(z), onpedeaennvie 6 npedaoxcenuu 9, ecau o = 2;

> P"(z) 6 ocmaavnbir cayuan.

C yderowm npemioxkenus 1 u JjemMMbl 1, 5Ta TeopeMa HOJHOCTHIO KJIacCudu-
HHpyeT BCe MHOPOYJIEHB, KOMMYTHPYIOILINE ¢ TaHHBIM MHOT'OYJIEHOM BTOPOW
CTerneHn.

9. KOMMYTUPYIOIMNE PALIMOHAJBHBIE GYHKIINU

Kax MBI Bugeau, ciyiam KOMMYTHPOBAHUSA MHOTOUJIEHOB OUeHB PEIKH.
Ppusegem onnn cnocob mocTpoeHns NPpUMepPOB KOMMYTHPYIOMINX PAlTOHaAIb-
HBIX (pyHKIUA. PaccMoTpuM Juig 3Toro KpuByo (G, 3a1aBaeMy0 COOTHOIIEHH-
em y? = 234 pr +¢q. Ipadux Toil KpuBoil f11 caydas p = 1, ¢ = 0 m306pazken
Ha puc. 1.

C/

N

Puc. 1.

Pa xpuBon G BBeJeM omepaluio «CAOKEHUS TOTEK» CASTYIONIM 06pa3oM.
Pycrs aBe (He cmMMeTpHYHBIE OTHOCHTEJNBHO ocn abcmmec) Todkn A u B
nexkaT Ha kpuBoil (. PpoBemeM depes HHUX cekyiiyio (UM KacaTelbHYIO B
crydae coBnajgenns todek A u B). Ona mepecekaer kpuByioo (G B TOYKax
A, B n B HekoToponl Tperbeil Touke C’. JleficTBUTeNLHO, ypaBHEHHE DTON
(HeBepTHKAIBHON) KpUBOH Oy1eT umeTh Bug y = kx + b. Toukn nepecedenns
BTON NpAMON ¢ KpuBOl (G CyTh pellleHus CHCTEMBI

y? = 2% +pr+g,
y = kx+0.
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PomgcraBus B mepBoe ypaBHeHHe CHCTEMBI BMECTO i €r0 3HAYEHNe U3 BTO-
poTo ypaBHEHHUs, MoJydaeM Kybmdeckoe ypaBHeHNe OTHocHTelbHO z. [IBa
(6BITH MOXKeT, COBHATAIINK) €r0 KOpHA — 5TO abcuucchl Todek A n B.
Tperuin kKopenb 6yger abcunccoil uckomoin Toukn C’. Opannara Touku C’
O/THOBHAYHO HAaXO/UTCS U3 BTOPOI'o ypaBHeHus cucteMbl. CyMMoOl ToYeK A u
B nazniBaeTcs Touka C', cuMmmerpninas Touke O/ oTHOCHTENLHO OcH abCIiicc.

Ecan Toukn A 1 B cuMMeTpUYIHB OTHOCHTENBHO OCH abCINCe, TO UX CYM-
MO cuuTaeTcs fobaBieHHads K Kpuoi G 6ecKoOHedHO yiadeHHas Touka. CyM-
MOl J1060H TOYKH A U OGeCKOHEYHO VIaJeHHOH TOYKH CHYHTAeTCs caMa TOdU-

Ka A.

JIEMMA 5. Bsedennas onepayus caodxcenus mouex na xpusot G A6asem-
CA GCCOYUGMUESHOU.

Mgl He 6y jeM IPHBOIHTEL JOKa3aTelLCTBA DTOH JIeMMEL, er0 MOKHO HaiTH
BO MHOT'HX KHUTaX, B 4acTHOCTH [6, 7]. Kak ciecTBIe JeMMBI b TOMydaeM, 9TO
oA 110601 TOUKE A KOppeKTHO ompefgeiena Todka nA = A+ A+ ---+ A.

N cjJaracMbBIX
PaccmorpnM MEOXKecTBO GyHKIUA F), onpejgeleHHBIX paBeHcTBaMn [, (24) =

= x4 (4epes x4 1 T,4 0603HAUEHBl abCHUCCH ToYeK A I nA cooTBeTCTBeH-
HO).

[MTPEANOXKEHUE 18. Dynuxyuu F, A6.420MCcAs NONAPHO KOMMYMUPYIOULU-
MU PAYVOHAADHBIMYU PYHKYUAMU.

JIOKABATEJLCTBO. KomMmyTupoBanne (GpyHKOuE F; TOKa3BIBaeTCA IPO-
cro. Pycre & = x4 jug Hekoropou Touku A € G. Torma

Fool,(2)=F,(2p4) = Tmna = Fo(2m4) = F, 0 Fi(2).

PanunonanbrocTs 6yjieM ToKazwiBaTh HHAyKIKend no n. OaHoBpeMenHo 6y-
IeM MO0KazblBaTh, YTO KBaIpaT YIJIOBOTO Kox(hduiuenTa k, OpiMOU, TPOXO-
IALIEH 9epe3 TOYKH T4 U Xp4, ABIASETCS PAUOHAJIBHON (PYHKIUEH OT Z 4.

Pasza wngyknuun. QueBujgno, uro Fy; = id — panunonaabHas (QpyHKIHUs, a

ki(xz) — »T0 mpomsBogHAL d—y (pyukuum, 3agakoiiein kpusyio G. Posromy
x

(23 +px +q) _ 322+ p
(%)’ 2y

kl ($) =

(3224 p)?

B g) = ot TP
i) A(23 4 pr +q)
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[ar wagysmamn. Pyctes F,(z) u k2(z) apasoTes pannoHadbHLIME (DYHK-
nusivu ot 2. Toukn A, nA uw —(n 4 1)A nexar va npsvon y = ky(z4)z + b,
3HAYNT, UX AOCIHUCCH T4, Tpa = I (za4) 1 T_(n41)A = T(nt1)A = Foy1(za)
ABJAAIOTCA KOpHAMH Kyb6udeckoro ypasuenus (k,(v4)x +b)% = 2% + pz + ¢.

Po teopeme Bueta x4+ F, (v4)+F,p1(2v4) = kp(24)% Pooromy F, 4 ()=
= ky(2)? — F,(2) — z. Tak xax pynkunn F,(z) n k,(z)? paunonaibuer mo
NPeANONOKEHNI0 HHIVKINT, TO Fj,41(2) — TOXKe paunoHaIbHAS QYHKIHA.

Pockoabky Toukn A, nA u —(n+ 1) A nexar Ha OTHON TPAMOH € YIVIOBBIM
Koo punenToM kyy(24),

YA — UYna = kn($A)($A - an)7
Ya + Yng1)a = kn(24)(TA — T(nq1)a)-

C npyroit ctoponsr, Todkn A u (n+ 1) A JexkaT Ha IPAMOI ¢ YIIOBBIM KO-
dunneHTOM ky\yy1(24), MOSTOMY

Yya — y(n—l—l)A — kn-l-l ($A)($A - x(n—l—l)A)‘
PepeMHOXUB JIBa MOCIeIHUX PaBeHCTBa, IOLydaeM
2 2 -k k _ 2
YA = Yinsnya = Fn(@a)knpr(wa)(ma — 2(np1)a)”,

OTKY da cjaenyeT

yi - y(2n+1)A _
(A = 2(ng1)4)*kn(2a)
(wi + pra—+ Q) - (x?n-l—l)A + px(n—l—l)A + (])

kn—l—l ($A) =

(A = 2(nq1)4) k(2 a)
(@4 + 2AT (1) + w(zn-l—l)A +)

(A = 2(g1ya)bn ()

SHavuT,
2?4+ aFpp1(2) + Fup1 (2)* +p
(@ = Fop1(2))kn(z)
BosBens mociegHion (GopMyly B KBaJpaT, U3 DalHOHAIBHOCTH (DYHKINM
k,(z)? (mo npegnonoxkenuto nuayknun) u F,.i(x) (goxazanuoll Bbie) mo-

knt1(2) =

JydaeM palnoHalbHOCTh kyy ()2

B xadecTBe ynpaKHeHHS IpearaeM YNTATeN0 HAUTH IBHBIH BHI QyHK-
unit I, (2) 118 HeCKONBKUX 3HAYEHUI 7.
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KOHKyp Cbl 1 OJINMMIINA AbI

TypHI/Ip ropoaoB 11 MaTcMaTHNYICCKasA OJNMIINA A

H. H. KoncranTnros

1. YEM XOPOILIO U YEM ILJIOXO COPEBHOBAHUE

Payka — »To apeHa HecKOJbKHX BHUJOB 60phObl. PTO — u 60phba de-
JoBedecTBa ¢ He3HaHueM, M Oopbba y4YeHBIX €O CBOUMM 3abayKIAeHUAMH, W
cTpeMJeHre MPUHECTH NOJb3Y JIOAAM, I HOUCK KPAacOThl MUpa, U CTpeMIeHne
K claBe, U fefaHue cOGCTBEHHON Kapbephl, 1 3apaboTok. YToOh HayKa XKijaa
MNOJHOUEHHO, HYKHO, YTOObI ee TOIAep:KUBAIN Pa3JuiHble CTUMYJAbl — BHY-
TpeHHue u BHellHe. KaX 1010 y4eHOT 0 KaKoW-TO CTHMYJ HOATOJKHYJ B IOHO-
CTH B CTOPOHY HayKu. Il eciu >TOT CTUMYJN — aHTHHAYYHBIH U HU3MEHHBIH,
O0JBLION Oelbl B 3TOM HeT. Ba)KHO TOMBKO, Y4TOOBI CBOEBPEMEHHO BOBHUKJIU
ApyTHe CTUMYJbI, COOTBETCTBYIOUINE BhICIIEMY Ha3HAUYEHUIO HAYKMN.

MaremaTugeckue OJUMIINa bl UCIIOJAB3YIOT B KadeCTBe CTHMYJa AVX CO-
nepomiecTBa — B ODTOM CHJIa I c1ab0CcTh MaTeMaTHYeCcKIX OJNMIINA . Cuia
IIOTOMY, 9YTO B I€TCKOM BO3pacCTe NPU3LIB IOCOPEBHOBATLCA HAXOANT OTKINK
B aylie Nov9TH KaxKIor'o JeJoBeKa. Pourn Bo BCcex MeTCKNX NI'pax eCThb COpeB-
noBanue. PTuM n ob6biacuseTcs OFpOMHbeI ycnex oJuMIIAa 1. OHI HACTOJLKO
IIOHPaBUJIUCH, 9TO 3a CTO JeT UX CYIIeCTBOBaHUd CTUIb UX IPOBeIeHUS ITIOITH
He N3MeHUJICH.

I[IKOJH:HI/IKI/I7 KOTOpPHLIe YBJIEKJINCH MaTeMaTHKOH 1 YxKe BTAHYJAUCH B OJTUM-
IIna bl, CTapaloTCsa IIOJNYINTh Ha HUX BCe 60J1ee BLICOKIE pe3yabTaThl. ﬂyX CO-
PeBHOBaHUs MOATalKNBaeT NX K MaKCUMaJbHOMY HallPpAXKeHHWIO BCeX CUJ ITpH
IIOAT0OTOBKe K OJUMIIHa e N Ha caMon OJNMIINa 1€e. B OOHOM H3 CBOHUX HUHTEp-
Boio . KacnapOB CKa3aJ, 9TO IIaXMaTaM OH obs3aH BCeM, 9TO B HeM eCTb
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xopoirtero. I Ha npyrux copeBHOBaHUSX, cKaykeM, Ha QIUMIUUCKHX HI'Pax,
OPHYHHON OIPOMHOIO HHTEpeca 3puTelell ABIsSeTCS BCTpeda ¢ JIAbMI B MO-
MEHT BEBICIIETO COCTOSHNA NX MOOHJIN3OBAHHOCTH. Y MeHNe TOCTUTATh TaKOT'O
COCTOSIHUA OYeHb BayKHO U IJad MaTeMaTHuKa.

B To ke BpeMms Bpen 1yXa copeBHOBaHUs ovdeBHIeH. Ppex e Bcero nayka
— TIOTIpHIlle HACTOJIbKO IINPOKOe, 4TO JI0AM Ha HeM HUKOT'Ia He 6y 1eT TeCHO.
Jlyx :Ke cCOpeBHOBaHUSA CTAIKUBAET TOJIE JIOTeH Ha OMHY Y3KYI0 TPOMUHKY.
YesnoBek B HayKe I[eHEH CBOeUl YHUKAJBHOCTBIO, MKy TeM [JIyX COpeBHOBa-
HUS TOJKAeT JIoMell NOJTYUHATHCS KPUTEPUSM MPOILION 3MOXH U T'HATHCS 3a
YyKOU CAABOM, CTapaiCh ee NOBTOPUTh BMECTO TOT'0, YTOOKI HANTH CBOE YHIU-
KagabHoe mMecTo. lllkonbHuUK, yBiIeKIInics OTUMINATaMi, TPATUT Ha HUX BCe
roJbI cBOel yuebrl B cTapiinx Kiaccax. /laxke ecan oH focTuraeT Ha HUX Tpe-
KPaCHBIX Pe3yJIbTaToB, X IleHa OKa3hIBaeTCH CAUIIKOM BHICOKOH, TaK KaK Ha
BTO YXOMUT 3aMETHAs 4aCTh €10 TBOPYECKOU YKU3HH.

Opranuzanus oJNuMIHAT, BKJIf0Yas HalHOHAJIbHbIE U MEXJTYHAPOTHEIE
OJUMIINAIbI, TOMYNHEHA MYXY COPEBHOBaHUSA, U, KpOMe Bpela OT CaMOr'o my-
Xa COPEBHOBaHUS, BO3HUKAET JIOMOJHHTEJIbHBIH Bpel OT BTOH MOMYHHEHHO-
ctu. Cpean [eciTKOB THICAY yIaCTHIKOB BTHX OJNMIHAJT NOYTH Bce (Kpome
HECKOJbKNX JTeCATKOB yYallluXcs, MONaBIINX Ha MeKIYHAPOMTHYIO OJUMOUA-
Iy) Ha KaKOM-TO DTalle OKa3bIBAIOTCSA MpoBafumBIInMucs. PTo HaxomuTcs B
OPOTHBOPEYHH C OCHOBHOHU 3afadeil OMUMIHUA] — aKTHBUBAIUE TATH CIO-
COOGHOU MOJOMeXKHU K Hayke. MHOIOCTYHEeHYaTOCTh OJUMIHAN U UX BBICOKAS
OPeCTHKHOCTh NPUBEJIN K BO3HUKHOBEHHIO 0COBON Npodeccun OJuMIna,T9u-
Ka — Mpodeccopa 1o pelennto ocoboro tuna zajgad. CaM 3>TOT TUl 3amrad
BO3HUK KaK CIeICTBUE 3aKOHCEPBUPOBAHHOCTH CTWIA oanMnuasn. PexoTophie
ONUMIINATYUKN, B OCOOEHHOCTU NPOBUHINAJbBI, C TPYIOM MePeKII0YalTCs Ha
MaTeMaTHKy, UMelolIy0 HayYHYIO HeHHOCTh.

OuuMnua bl TOPOJTUAN JTBE NPOTHBOMOMOXKHBIE TPaIUIU B M060pe 3a-
Tad: HAYYHYI0 M aHTHHaAy4HYI0. B cooTBeTCTBHE ¢ HAyYHOU Tpafuiiued s
ONUMIINA T COYUHAIOTCA M TTOAOUPAIOTCA KpacuBble U 3aHUMaTelbHbIe 381241,
B KOTOPHIX B KOHLIEHTPUPOBAHHOM BU e TPUCYTCTBYIOT ApKHe MaTeMaTH4de-
ckue pakThl u ugen. Takue 3ataqu Ha1oaro 3anoMutaoTess. OHU JOCTABAAIOT
paloCcTh U HMIKOAbHUKAM, U YYUTEIAM, U NpodeccuoHalbHbIM MaTeMaTuKaM,
i JIOOUTEeNsM PA3HBIX KPACHBHIX Belllell, TaKUX KaK IMaXMaTHEE DTIOIbI WK
TOJOBOJOMKH. XOPOIIe ONNMINATHEE 3aMa9l NMeIoT U YUCTO HayvIHOe 3Ha-
YeHlMe — MaTeMaTUKM WHOIIa (PpOPMYJUPYIOT HOBble MHTepecHble (haKThl 1
cBA3W B popMe Takmx 3amad. Unorma »Tu 3a1a4u MOMOTAIOT NO-HOBOMY IO-
CMOTpPeTh Ha TaBHO U3BECTHBIE BellN.
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AHTI/IHay‘{Haﬂ Tpalulns MOpoauJa MHOI'OYHUCICHHLIE 3a Ja'9Y-YPOIbI, IIpe-
TeHAywlmne Ha OPUTI'MHAJBbHOCTBL, HO qﬁ)aKTI/I‘ieCKI/I Ha30MINBO IIOBTOpsAOUINe
OIHN N Te 2Ke MaTeMaThn4ieCKue q)OKbeI. KOMaHrﬂ[y IIKOJBbHNKOB MOXKHO CIlell -
AJbHO HaTPEHUPOBaTh Ha 3a a4l 3TO'O poda 1 ,Z[O6I/ITBCH qu)qi)eKTHbIX BHeIII-
HUX pe3yJbTaTOB, HO TaKad OeiTeJbHOCTh He NMeeT HUKaKOI'O OTHOIIeHus K
IIpollaraH e MaTeMaTUKH.

Bee 51 coobpaxkenus mpuBenn opranmuzaTopoB TypHupa ropoJoB K cie-
AVIOUINM KOMITPOMUCCAM.

B npapuiax TypHUpa NPUHATO ONeHNBaTh paboTHl Y9aCTHUKOB TOIBKO 1O
TpeM JYYIIAM W3 HaluCAHHBIX UMU 3a1a4 (06H1ee KOJNYIeCcTBO 3ada1 — 4-5H B
TPEeHUpPOBOIHOM BapuaHTe 1 6—7 B OCHOBHOM); IPU 3TOM IIKOJAbHAKAM 3apaHee
coobIaeTcd OlleHKa 3a7adl B OaJaax (XOTH anpuopHbIe OINEeHKH He Bcerna
OKa3BhIBalOTCHA YAadYHBIMU, OHU Yy Ke He W3MEeHSIOTCH Toctie HpOBepKM). Kaxk
MpaBUJIO, DTO MPUBOAUT K TOMY, UTO BEIIeIfeTCA He OAWH-TBa NobeanTens,
a mejasd rpynna. TaknMm DpaBHAOM B 3HAYHTEAbLHOHW CTEINeHN IPULAYIIaeTCs
CIOPTHBHBIH aClIeKT COPEeBHOBAHHSI, YIACTHUKH MOTYT COCPEIOTOYHTDL CBON
VCHUANUSA Ha MEHBITeM KOJMYecTBe 3aMad U MOTYyIUTH O0JAbIIE YIOBOJALCTBUA OT
UX pelieHns.

Typuup roposos npoBoinTcs B onguh sTan. OIHaKo yIeHAKAM TaeTCs de-
ThIpe MONBITKH: HMeeTCs [Ba Typa — OCEHHNU W BeCeHHHH, I B KaxKIOM Tpe-
HIPOBOYHBIN I OCHOBHOH BapHaHTHL. Bce YeThIpe TONBITKI OTKPBITHL 11 BCEX
yaamuxcs. B 3adeT y9eHNKY HIeT HauBBLICIINI U3 3apabOTaHHBIX UM OaJLIOB.
Takum o6pazom, paboTa yieHNKa OleHNBaeTCA MO ero BajgeTaM, a He Mo IPo-
MaxaM. Boicilime Harpa/ bl He MOApa3lensioTcs Ha CTeleHn (HepBaﬂ npeMus,
BTOpas TpeMus u T. /:[.)7 HO B IHILIOME VKa3bIiBaeTCsS OOMIUN 3apaboTaHHBIN
oaJ.

MecTHBII OPTKOMITET CaM pPeliaeT BOIPOC, CTOUT A1 NPEeTOCTABIITh yia-
MIAMCS TOPOJIa BCe deThipe MONBITKN. BloaHe BO3MOMXKHO, YTO B TOpOJie TPO-
BOANTCSI MHOTO JerKHX OJNMIINaJ W He XBaTaeT TpyIHoH. BoszaMokHo, ITO
ydalinecs ropofga He MOArOTOBAEHL K TPYIHOW oauMInage. BosMoxKeHn n Ta-
KOl BapHWaHT, KODJa 9YHCIO HPOBOTHMBIX B T'OpPOJe OJNMIHNAL ViK€ BEIHKO,
1 IpoBeleHne ellle deThipex IphHeceT Bpel. Boibmpas BapmamHTbl, MECTHBIN
OPrKOMHTET NpucnocadanBaeT TypHUDP MOpoOB K YCJIOBHSIM CBOEr'O TOPOIA.

PpakTuka nokasbiBaeT, 9To ydacTie B TypHHpe Topo 0B, Guraromaps npi-
DIYIIEHHOCTH COPEBHOBATEILHON KOMIOHEHTHI, TpebyeT 3HAINTEeIbHO MeHb-
1ITeT0 HEPBHOT'O HANPAXKEHNA, YeM yJacTue B ONUMIINAATe.

Typuup TopomoB He TpelnaraeT yJacTHUKaM MMepCIeKTHBE Bce 6oJgee
CIOXKHBIX copeBHOBaHui. Ppasra, B TypHupe MOXKHO y4acTBOBaTh [0 YeThi-
pex JeT MoApsl — MOoKa yYeHUK MPOXOJIUT YeThipe CTapIInX Klacca cpelHei
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ITKOJIBL, NN JazKe OOJbIIIe YeThIPeX JeT, eCl YIeHNK paHbllle Hada/l yIacTBO-
BaTh B Typuupe. Bo3amoxkno, 94T0, yuacTByd B TypHupe BepBhe, YISHUK €Ille
He TOJTOTOBJEH K 3aladaM OCHOBHOT'O BapWaHTa W JOPACTeT JO HUX TOJBKO
Opu BTOPOM WJAN TpeTheM YIacTHH B HeM. Po Korma yvYeHuUK BIepBLIe MOTY-
gna Junaom Typuupa TopomoB, eMy MOXKHO MATKO HOPEKOMEHTOBATL 3aHf-
THS MaTeMaTUKou Gojiee cepbestbie, YeM y4dacTue B onuMinuagax. CrnocobHble
VIEHUKN MOAXOMAT K 3TOMY YPOBHIO B Pe3yJbTaTe MPUMEPHO T'Ola YCIEIHBIX
BaHSATHH B XOPOIIIeM MaTeMaTU4eCKOM KPYKKe WIH KJIacce.

Cpegu Takux 60jee Cepbe3HBIX BaHATUN — 3a09HBIM KOHKYpC u JleTHsis
KOH(epeHus.

Papany ¢ mumaomamu, TpUCYyXKTaeMBEIMH oT uMeHn llenTpagsbHOoTo XKIio-
pu Typuupa, npeMun MOTYT NPUCYXKTATh MeCTHHe XKiopu. TakuMu mpeMu-
AMU MOT'YT OTMedaTbCsl YUeHUKM, KOTOpble NMOKa3aJl CBOIO CIOCOOHOCTH K
pellleHlo HeCcTaH IapPTHBIX 32124 1 KOTOPHIM 6€3yCI0BHO peKOMeHIyeTcs 3a-
HEMATBCH MaTeMaTHKOU.

B MockBe yueHuK, BiepBbie TONYYAIIHE [HIJIOM, CYUTaeTCs n30PpaHHbIM
B Payunoe mkoabHoe 06111ecTBO pl TypHupe roponoB. PTuMm nonrdepKuBaeT-
cd 3HaYeHNe MepBOI'o MOAYYeHNd MUIJIOMa — OHO BO3MOYKHO OMHUH Pa3 B JKHU3-
HI, KaK BO3BelleHIe B PhIlapCKoe 3BaHue. ABTOMATUYECKH CHUXKAETCH CMBICH
BTOPOTO U T. A. AuTI0MOB. [leraeTcs 2TO Aad TOTo, YTOOH He MOATATKIBATH
VYEHUKOB K OJUMIINATHOMY MPOphecCuOHadn3MYy.

[lasi ompejienenusi peliTHHIa NOPOAA UCHOJB3YETCS CPEIHHH Oajl CHilb-
Hellllell TPYNIbl yYallnXcsi JaHHODO Topojia. PazMep rpynmnbl 3aBucuT oT Ha-
cefedus ropoja. Takum o6pazoM, HOMBIION I'OPOJ HE UMeeT BO3MOXKHOCTH
HOJHSTH CBOW PEUTHHD MPOCTO 3a CUYET CBOEro GOJBIIOTO HACENeHUs, U Ma-
JeHbKWe TOpoaa MOTYT Ha PaBHLIX COPEBHOBATLCA ¢ GONBIINME. YIeHHKY He
Ha0 T06HBATHCH IpaBa BEICTYIATh 3a CBOW ropoi. Ppocto, eciin oH XOporio
BricTynua B TypHHpe, ero peayibTaT aBTOMATHYECKH TOHIET B 3a4€T IOpO-
ma. Fean e yieHUK BHICTYNOWI ¢1ab0, OH He TpUHEC TOPOMY HUKAKOT'O Bpena.
C npaBujaMu onpejefeHns peUTHHDa T'OPOTa MOKHO O3HAKOMUTHCS B JHOOOM
13 0T9eTOB 0 TypHIpPE TOPOJIOB (BEIXOIAT €XKET0THO).

Pa Jlerneln koH(epeHunun Boobile He (PUKCUPYETCH JUHEHHAs YIOPsIo-
YeHHOCTh Pe3yJbTaTOB yYalllUxcsd. Y4YeHUKaM [JaloTcHd [JIUHHbIE 3aJa4di Ha
HeIeqo, I BHICOKO ONEHNBAETCA MaKCHMAALHOE TPOABHKEHNE B OMHON KaKoMu-
Hubyib 3agade. OcoOOEHHO WHTEPECHO, €CIH YYEHUKN MONYUHIN Pe3YabTaThl,
patee He H3BeCTHRIE aBTOpaM 3a1a4. Pa KoHdepeHnn 1yX COPEBHOBAHUS M0
Tell MexK Iy coGol yXoIuT Ha BTopou miat. QcTaeTcs COpeBHOBaHUE JMIOIeH €
npupogoi. [TaBHEIM CTHMYJIOM CTAHOBUTCS HHTEpPEC K CaMUM 3ajadaM.

3a04HBII KOHKYPC eCTh 3UMHee NpooKenne JleTHell KOH(MEPEHIH.
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2. IIPUMEPHI 3AJAY

Bce ckazannoe oTHOCUTCA K TTpaBuiaM MpoBefenns TypHupa TOPOIOB, HO
He KacaeTcs KadecTBa 3amad. Mexnmy TeM, kak 6Ll HI OLLIN XOPOIIN TPABHUIA,
0e3 XOopolInX 3a/a4 OHM He MHOT'O CTOSAT.

Meul paccMaTpuBaeM MaTeMaTHKy KaK BayKHYIO 4acThb OOIevYeNoBeYecKOn
KyJAbTyphl. Pa nepBbiit B3N [, MaTEeMATUKN 3aHUMAOTCS ONUMITHATAMT, YTO-
Ob1 Bep6oBaTh cebe 6y ayIInX KoJaer. Po 3To — ToNbKO oTHa W3 3a/a4, TPH-
ToM nobovynas. OHa BaKHA MOTOMY, YTO CO3/[AaeT ¥ MAaTEMATHKOB HEMOCPeI-
CTBEHHYVIO 3aHHTEPECOBAHHOCTH BO BIOZKEHUH CBOUX CHJ B 3TO Aed0. [ TaBHEIN
JKe pe3yJbTaT ONMMINua — CO3JaHue B cpelle MOJogeKi Oojee MOJOKUTENb-
HOT'O OTHOIIIEHHA K MaTeMaTHKe U BOOOIIe K TOYHLIM HayKaM. PoraBasioliee
OOJNBIIMHCTBO LIKOIbHUKOB, C KOTOPbIMU Mbl paboTaeM, He CTaHYT Hpodec-
CHOHAJBHBIMU MaTeMaTHKaMU, & PA3OUAYTCS MO PA3HBIM KU3HEHHBIM JTOPOXK-
KaM. Po Ha BCIO KU3HB MaTeMaTuKa OCTAHETCS UX [MPYKECTBEHHOU CIYTHU-
teit. PeKoTopbiM W3 HUX HUKOD[A He HPUAETCS BCIOMHUTH HU ONHON IIKOJIb-
HOWl TeopeMbl. Po ux moMomiHuKaMu OCTaHyTCS — YMeHHe OTIUYUTh TOYHO
MOCTABAEHHBI BONPOC, BUAEHIE MaTeMaTHYeCKOU CHTyalluil MO HeMaTeMa-
THYECKOU 0O0JOYKOW, YMeHle He MOAaBaThCs COOMA3HY JOKHOU YIYEHOCTH.

Hcxons 3 »TUX TPeANOCHIIOK, MBI He CINTaeM BayKHBIM OCOBPEMeHWBATH
cofepxkanne 3ajgad. KoHedHno, comep:xkanne MeHSeTCS — TOABUIANCH 3aTa4n
Ha rpadbl, Ha BHIBI CUMMeTPHI, HAa airopuTMbl. Po u Kiaccudeckue pase-
ALl — B 0COGEHHOCTH KJaccutiecKas FeoMeTpus — OcTaloTcad B moveTe. PTo
npeKpacHas HayKa [ pa3BUTHUA yMa, & TO, YTO OHA He 04YeHb HYKHa COBpe-
MEHHOMY MATeMaTHKy U MPHKIATHUKY — JeJ0 TIyBoKO BTOPOCTeNneHHOe (a
caMa 5Ta HeHYKHOCTb — IO BOIIPOCOM).

CoopmyanpoBaTh, 4TO TaKoe «XOpollas 3a1a4as, HeBo3MOKHO. Po Korma
3a/1ava MpeTbiBleHa, OHA TOBOPUT caMa 3a cebs (min npotus cebs). B nneare
3aMa4i JOJKHBI UMeTh HaAYYHYIO IEHHOCTh, ObITh JOCTATOYHO MHTEPECHBIMH,
TOCTATOTHO MPOCTHIMA U TOCTATOYHO pasHoobpasueiMu. Kpowme Toro, 3ara4un
OCHOBHBIX BApHAHTOB TOJKHLI OBITH OPUTHHAABHLIME. P OCKOIbLKY, KpoMe To-
ro, 3aJa91 JOJZKHbI OBITH TOJATNOTOBIEHbI K ONIpeaeJeHHOMY CPOKY, M 1eaJa, Kak
npaBmiIo, He mocTuraeTcsa. TeM He MeHee, cpeln 3amad, MpeliaraBIInxcs HA
Typuupe TopoaoB, Joasd XOPOIINX 3aMa9 TOBOJLHO Belnka. Pe 6epych yTBep-
K JTATh, 9TO fl 3[eCh TOA06PAT MeHCTBUTENBHO JyUliie U3 3aa4 MPOLIeITHK
TYPHUPOB, HO BhIOpaHHble MHOIO 3a/aql OTPaxKaloT, Kak MHe KaxKeTcs, cle-
UUpUKY HalIero moaxomna.

Bot npuMepbl HekoTOpHIX 3agad npeanociennero (17-ro) Typrupa ropo-
TOB.
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1. Hla naockocmu pacnoaoscen k6adpam, U HEGUIUMBIMU UEPHUAAMY H-
necena mouxa P. Yeaosex 6 cneyuaabuvir ouxar sudum mouxy. Feau npo-
6ECTNU NPAMYIO, MO OH OMEEUGEN HG 60NPOC, NO KAKYIO CIMOPOHY OM Hee
aexwcum P (ecau P aexrcum na npamot, mo on 2o6opum, umo P aencum na
npanoti). Kaxoe naumenvuiee uucao maxur 60npocos neobrodumo 2adamo,
umobul yanamo, aexrcum au mouxa P enympu xeadpama? (A. Illeqos)

KommvenTapuii. PTa 3agata HecJloXHAA, ee PEMIMIO GOJIBITNHCTBO yIaCTHIKOB
ocentero Typa 17-ro TypHupa ropo/oB, MHCABIINX TPEHHPOBOYHBIN BAPUAHT. 32 1a~
Ta mMeeT HeO)KI/I,Z[aHHbII;,I OTBET (,Z[OCT&TO‘IHO Tpex BOHpOCOB). OHa HMHTEpPpECHa KaK
[JIA ITKOJABHUKOB, TaK U MJd MaTeMaTHKOB BCeX BO3pacTOB. ,HOK&B&TCJII)CTBO MHWHI-

MaJIBHOCTHU YHUCJAA «TPpH» TOCTATOYTHO MPOCTOEC Mg HAYMHAIOIINX.

2. a) Cywecmeyiom au d6a PaAGHBIT CEMUYLOALHUKA, 6CE SEPUUHBL KOMO-
puiz co6nadaiom, HO HUKAKUE CTOPOHbL He coenadaom? 6) A mpu maxuz
cemuyeoavnura? (llanomunanue: MHO20Y204bHUK HG NAOCKOCTU O2PAHUYEN
HECAMONEPECERAIOWETCA 3amknymoti aomanoti). (B. Ilpousso.nos).

KommenTapui. Pra sanada — cpegHeli cioxuocTn (ocenunit Typ 17-ro Typ-
HIpa TOpPO/IOB, OCHOBHON BapHaHT jid 8-9 kaaccos). [las ee pemeHns He TpeGyeTcs
HUKAKUX 3HAHWI, HO HeOGXOMUMO TeOMeTpHYecKoe BOOOpaXeHme U CKIOHHOCTH K

n306peTaTeabCTBY .

3. Illa oéepeey wkpyeaozo ozepa pacmym 6 cocen. Hasecmmo, umo ecau
634Mb MaKue 064 MPEY20AbHUKG, UMO SEPUIUNBL 00H020 CO8NATAIOM € MPEMA
U2 COCEN, G BEPUUNBL IPY2020 — € MpemMa dpy2umu, mo 6 cepedure ompes-
Ka, COEQUHAIOWE20 MOUKY NEPECEUEHUS 6BICOM IMUL MPEY20AbHUKOE, HA IHe
ozepa naxodumcs wkaad. [leuzsecmmuo moavko, Kak HyxcHo pazbums damuble
weemb movek wa dee mpotiku., Ckoabko paz npudemcs onycmumscsa Ha oHo
ozepa, wmobvl nasepuara omvickams kaad? (C. Mapxenos)

KommenTapuii. Pro — noBoabHo TpyaHad 3anada (ocenHuil Typ 17-ro TypHupa
ropoos, ocioBHOH BapuaHT 10-11 xiaccos). Pa mepBhiil B3raan 3agada — KOMOU-
HaTopHas. PeKoTophble yUeHUKH TakK ee W PACCMATPUBAIN W CYUTAIN, 9TO HYKHO
TOJBKO TMONCINTATE YHCI0 pazbueHnil MHOXKECTBA M3 MIECTH 3JeMeHTOB Ha [Be TPOU-
xu. Peuin u Takme, KOTOpBIE 3aa4y He PEIIIn, HO YCTAHOBUIN BKCIEPUMEHTATBHO,
9TO OTBET — OJHO onyckauue. [las pellleHns 3aavn HYKHB HEKOTODHIE 3HAHUA 113
2IEeMEHTAPHON TeOMETPIH, a Takke Takol (PakT U3 FeoMeTpHE (WIH U3 MEXaHUKH),
YTO MEHTP TAKECTH CHCTEMBI TOYEK MOXHO HAXOMNTH TaK: pa3buBaeM TOYKH Ha JBeE
MOICHCTEMBI, HAXOJANM [MEHTPHI TSKECTH STHX TMOACUCTEM, a 3aTeM HaXOAUM OO
HEHTP THAKECTH ABYX TOUEK — IEHTPOB TAKECTH ITHX TMOJACHCTEM (MAacChl TOYEK
paBHBI MaccaM TOJACHCTeM). Y 3a1a4i GbIT ¢TPOMHYECKNI BAPHAHTY, B KOTOPOM 036~
PO OBLTO 3aMeHEHO KPYTJIBIM OCTPOBOM, COCHBI — TAaJdbMaMH, a ONyCKaHWe Ha JTHO

— konanueM AM. Boobiile auTepaTypHOe odopMiIeHNe 3a1aY UTpaeT He MOCTeTHIOO
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poab B cozganun HaaronpusTHOW aTMocdephl Ha TypHuUpe ropomos. MBI moxasviBa-
€M, ITO O 3ajade CyJAT He IO OfleXK e, W BHEIIHAA HAyKOOOPa3HOCTH U BHYTPEHHAA
HAY9IHOCTH — pas3Hble Beli. XOPOIo, KoTAa 3alava 3aHUMaTelbHa B JUTEPATYD-
HOM OTHOIIIeHNN. BaxHo, ofHaKo, YTOOH UTEpaTypa BCeTa OCTaBaIach Ha BTOPOM

ILJIaHE.
PexoToptie 3amavyn TpoOMIKX TYpPHUPOB.

4. Hmeemes dea doma, 6 waxcdom dome — dea nodvezda. zZKumeau dep-
acam wouter u cobak. Hasecmmo, umo 6 nepsomn nodweazde nepeoz2o doma doas
KOWer (OMHOWEHUE UUCAGL KOWEK K 0OWeMY uucay Kowek u cobax) 6oavuue,
yesm doas Kowek 6 nepsom nodwvezde emopoz0o doma, ¢ 60 6mopom nodvesde
nepeo2o doma doas Kowexr 060ablie, YeM 60 6MOPOM Nodbesde 6mopo20 do-
ma. Mooeno au ymeepacdamnv, umo doas Kowex 6 nepeom dome GoAbULE, UEM
doas kower 60 emopon dome? (A. Kosawdowcu).

KommvenTapui, [l pelieHns 3a1a<n He HYKHO HIFIET 0, KPOMe OIIYIIEHNA Tucaa
KaK BeawdwHEl (14-11 TYpHUD TOPOJOB, BECEHHUI TYD, TPEHHPOBOYHEIN BAPHAHT I
8-9 xnaccoB). PemmTh ee MoxKeT J0GOI Yel0BEK, MOHNMAOIIHN TekcT. Po 3a1a4a He
Od¥eHb JerkKasd. B oco6eHHOCTH OHa TPy HA IS TeX, KTO, MOAb3YACh KAJbKYAATOPOM,
HUKOT'a He cauTaeT B yMe. KalbKyadaTop, Kak W HEKOTOPBIe APYTHUe XUITHBIE BEIIN
BeKa, MpUBe] K Jerpajaliil yMCTBEHHOTO Pa3BUTHA dejJoBedecTBa. B Ty X&ke cTopony
,qeﬁCTByIOT 1 HEKOTOPLBIE HIKOJBHBIE NTPpOTpaMMBI, OTMEHAKOIINE YyYICHUKAM BCAKYIO
TOTPeOHOCTE AyMaTh, A UMEIO B BUAY B OCOGEHHOCTH OTMEHY CTaporo mpeiMeTa —
apumPMeTHKH, TJe AIA KaxK JOU 3aJatdi MPUX0IIIoCh HaXOAUTh CBoN moaxon. Temeps
HCIIOJNBb3YIOTCA aﬂFe6pqueCKHe MeTOABI peIleHUA 3THUX 3adatd. Po TeMm cambIM sTOT
mpeaMeT CTald MPOCTO He HYyXKHBIM. CTapas apudMeTHKa yMepJa, HO UeM ee 3aMe-
HuTh? OTBeTa MOKA HET, HO MBI CTapaeMcs He MPOIYCKaTh 3a1a9l, KOTOPBIE MOT'YT

BOCIIOJIHUTDL HpO6eJI .

5. Hewexod wea 3.5 waca, npuvwemn 3a KaHcIbll NPOMENCYMOK 6PEMEHL 6
odun wac on nporodus poeno § km. Caedyem au u3 23mo2o, umo €20 cpeonis
CROPOCTIL 34 6C€ 6PEMA PAGHA & KM /u?

KommvenTapuii. B oqnoM 3 yIe6HIKOB (DU3NKH [T CPeTHER MKOJBI OBLIO TPHBe-
IEHO HEBEPHOE ONpeeleHne cpeJHell CKOPOCTH. AHAMN3 HTOTO ONpeAeIeHAA MPUBET K
hOpMyTHPOBKe 3TOM 3a1a4u (4€TBEPTHH TYPHHP MOPOJOB, 7-8 Kaacc, BTOPOH TYP).

6. Mooicno au nodobpams uemsipe HENPOIPAUHBIE NONAPHO HENEPECERAIO-
WUTCA WaApa MaKuz, 4modbl UMU MONCHO ObLAO0 3A20PodUMb TMOYEUNHbIT UC-
MounuK ceema?

KommenTapuii. TpebyeTca TOABKO TeOMeTpHHIecKoe BoOOpaXeHne, XOTA U 3Ha-
HUE MIKOJBHOT'O KypcCa HE IMoOMelacT (TpeHI/IpOBO‘IHbeI TYP MOCKOBCKOI'O BapuaHTa

JAeBATOTO TYPHUPA, 3aja4a 3aHMCTBOBAHA U3 JEHHHTPAJCKOTO COOPHHUKA).



TyprIp ropogoB # MaTeMaTHIeCKasd OJAMMINA LA 171

3. TYPHUP I'OPOJOB U OBPA3OBATEJLHBIN ITIOTEHLINAL

O6pazoBaTeNbHbII TOTEHIINAI PAacIpejeled B MUpe KpallHe HepaBHOMEp-
Ho. Camas Godbliias B Poccun koHIleHTpalins 00pa3oBaHHbBIX JOMEH BCeX Ha-
mpaBieHnnl uMeercss B 1Byx croauiax — MockBe u C.-Perep6ypre. Pa nux
B 3HAYUTEJNbHOU CTENeHH JEeXKUT Hal'py3Ka MojaepKaHus 00pa3oBaTelbHOTO
noTeHnunata Bceit Poccuu. EcTh ellle HECKOTBKO MEHTPOB, 06Pa30BATENbHBIN
YPOBeHb KOTOPHIX TOCTATOYHO BbICOK, YTOObBI YaCTUYHO BBITIOJAHATH POJIb CTO-
JAUI, B 0COOEHHOCTN B CBOeM peruone. B GOJILIINHCTBe XKe HaceJeHHBIX MYyHK-
TOB 3TOI'0 YPOBHSA HeT.

Mgz mexonum w3 Toro, 4to 6yayinee mMeeT TO OOIECTBO, KOTOPOe 3a-
6oTuTCca o cBoeM obpaszoBanuu. Pox ob6paszoBaHmeM MH HMeeM B BHUJIY BCe
ero ypoBHU — OT 3JeMeHTApPHOU I'PAMOTHOCTH [0 YPOBHS OOJBIINX YYEHBIX.
Baxmno ne ToabKo, YTO6GH TOCYIapCTBO 3a60THI0CH 06 06pa30BaHNN HAPOIA.
Baxno, 9T06H B cpefie MOIOIeKN OblTa TATa K 06pa3oBaHuIo.

3a mpu3zHAK TAKOU TAMH YacTO MPUHUMAKTCH BEJIHYHHBE KOHKYDPCOB B
BhICIINE yueOHbIe 3aBefeHns. TaKol M0IX0[[ BOOJHE HOPMAJEH s JI0Jeid cO
CTOPOHBI — KYPHAJAUCTOB, YNHOBHUKOB M PabOTHUKOB OPraHOB CTaTHUCTH-
k. Po npenogaBarenu mNpekpacHo MOHUMAOT, YTO TaKOU MOAXOJ HEJIOCTa-
ToYeH. BaykKHo He TOABKO W He CTOJILKO TO, CKOJb BeJNK KOHKYPC UUCAEHHO,
HO TJIABHEIM 06pa3oM TO, KTO TpHilel B HHCTUTYT. B JlaTBuu, rie xopoIro
nocTaBleHa NMpoQoOpueHTalnd, CYUTaeTCA, YTO KOHKypca BOOOIlle He TOJXK-
HO OBITH (€CaW OH eCTh, 3HAYNT KTO-TO 3PS MOTPATHI BPEMS W CHIBI Ha TO,
9TOGHl MOCTYNATh — BTO YKOp cucTeMe npodopuerTannn). U B poccuiickoin
NpaKTUKe eCTh NPUMePbI, KOT'[a 4YeM MeHbllle KOHKYpC, TeM Jay4lle Habop.
P10 Bo3MOKHO (I TeHCTBHTEIHHO BO3HNKAET) B CAYYasX, K KOTOPBIM MOTXO-
JUT crefyomas Mogensb (Mudgpsbl npuMepHbre): Habupaercs 300 denoBek, mpn
sroMm 100 genoBek 3HAOT, Kyla HAYT, OCTAIbHBIE — cayyaliHbie Jdoqu. Ecin
ux 200 deqoBek, TO KaxK B TPeTUl B HOBOM Habope 3HaJ, Kypa mel. Kean ux
800 wesnoBek, TO cpelu abUTypPUEHTOB AU TEPBOH COTHH COCTABASIOT OIHY
IeBATYIO YacTh. KakoBa ke By jgeT ux moJs cpeiu noctynusiimx? QOHa MOXKeT
PaBHATHLCS TOU YKe OMHOU JeBATOU, eCIH DK3aMeH OPIaHHW30BaH OYeHb ILJIOXO
U MaJo OTJIUYaeTCA OT JOTepen.

B cucteme 3a60oTH 0611ecTBa 0 cBoeM obpaszoBannn TypHUpP rOpomoB Ha-
XOMHUT CBOe MecTo. Ero poJab 3aKiodaeTcss B TOM, ITOOHI B KaXKIOM pernoHe
KaK MOZKHO GoJibllle BHITYCKHUKOB ITPABHJIBLHO ONpefennan cBolil nyTh. Ppasa,
moKa pevYb UAeT TOALKO O MaTeMaTnuKe, HO U B DTOM Bolpoce TypHHUpP Topo-
OB He NpoBoUUPYyeT olIMOKU, TaK Kak OH BOBCe He HAacTpauBaeT BcexX MO-
pAT BHIOUPATE Ty Tpodeccuio. TypHIpP TOPOIOB MOMOTaeT yIaIIUMCS Tpa-
BUJIBHO OI€HHTH CBOHW YPOBEHb W CBOU BO3MOXKHOCTH. B HEKOTOpHIX Topogax
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MaTeMaTHKa NpH cojedcTBuu TypHupa BoOIIa B MOIY CPeId MOJOIENKH U
cTajla pacupoCTpaHeHHHEIM yBJIedeHneM. KoHedHo, 3T0O BO3MOXKHO JUITb B CIY-
Jae, ecIW MecTHLIe aKTHBHCTH HCHOJAB3YIOT 3afoXKeHHble B popMme TypHupa
BO3MOXKHOCTH W ONMUPAIOTCA Ha MeCTHBLIE TPaTului.

P an6oaee >(ppexTHBHO TpoAYMaHHOE COUeTaHNe HECKOJIbKIX BH,I0B pabo-
THI, pa3anvalomnxca GopMaMu I YPOBHEM I KaCAOMNXCA PA3ANTHLIX TTpeIMe-
TOB (He TOIBKO MaTeMaTnkn). B kadecTBe mpumepa paGOTH B HalpaBIeHIN
IPYTUX TpenMeToB MoxKHO ipuBecTn Typuup um. M. B. Jlomonocosa, npoBo-
OUMBIH HBIHE B ABYX ropogax — Mockse n Kupose. B MockBe sToT TypHIpP
OpPraHu3anuoHHo cBA3aH ¢ TypHupoM ropogoB. PTo Hecroxkuoe MHOTONpeN-
METHOe COPEeBHOBaHUE CTAPHINX MIKOJIBHUKOB. OHO MOXKeT OBITh NpUBIEKa-
TeNhHO KaK [LIf HIKOJBHUKOB, ellle He ONpelequBIINX CBOUX NPUCTPACTHH, TaK
0 s TeX, 4eil OCHOBHOU MHTePec yiKe ONPeNeTHics U Ybs JIO03HATEIbHOCTh
BEIXOIUT 3a Tpelelabl >Toro nHTepeca. Typuup um. JloMmoHOCOBAa WHTepecen
ellle i TeM, YTO OH SIBAAETCS MOJeM COBMEeCTHOU paGoThI pejcTaBuTeNel pas-
ANIHBIX TACIUTIAH, YTO TOJe3HO U M OPTAHN3aTOPOB DTOT'O MEPOTPUATHA.

IMkonbuwky, TpungaBine yiactue B Typuupe uM. JJoMoHOCOBa, MOTOAHSA-
10T 3aTeM pa3anvdHbie KPYKKN U OJAMIHAIH IO Pa3HBIM HalpaBleHusM. Pro,
B CBOIO 0vepeb, TaeT BO3MOKHOCTE TPOBOAUTE XOPOIITHe HabOPLI B CIIENHAT -
Hble KJACChl U INKOJbI U TOMOTaeT MOJOJEKH MeiaTh 0OOCHOBAHHBIN BHIGOD
npogeccun.

O6cyxaerne pabOTH B HaNpaBIeHNN TPYTHX MperMeToB (He MaTeMaTH-
KN) He BXOINT B TeMy 5TOll cTaThil. CKakKy TOJBKO, 9TO B HACTOSIIEe BpeMs
yvike paboTaioT TypHUDPH TOpoJOB 1O (PU3NKe W XUMUHN W WHTepeCc K HUM BHI-
COK.

Bee ckazannoe B cBa31 ¢ 06pazoBaTelbHEIM NOoTeHIaI0M 0 TypHupe TO-
POIOB MOKHO OTHECTH W K OJUMIINATaM, B TOM UHCJIe TeM, KOTOPhIe BXOIAT B
cucremy Mex myHapontnon oruMmnuagel. Po ¢gopmar Typaupa ropomnos 6oaee
COTJIACOBaH ¢ MOTpebHOCTAME 0o6pa3zoBanusd, YeM (popMaT CHCTeMb MexTy-
HAPOIHOU OJNUMITHATHI.

B cucreme Mex myHapomHoll oJuMIHA bl DIeMEHTAPHOU eTUHUIEeH SBJIs-
eTcd TOCYAapcTBO. YTOOH MOATOTOBUTE KOMaHAY Ha MeX TyHApOTHYIO OJNM-
MHaIy, MAJIeHBKOe MOCY TaPCTBO MOMKHO HAUTH BCEX COCOOHBIX YIEHUKOB CO-
OTBEeTCTBYIOIIET O BO3PACTa, i BCe PABHO NX He XBATAaeT MJIA YKOMIIIEKTOBAHES
KOMaHTul. B 60bI10M rocy1apcTBe, Ha000POT, BO3HAKAET OCTpad KOHKYPeH-
nud MeKIy VieHWKaMH 3a MpaBo monacTh Ha MeXIyHapoTHyIo OMUMIHATY.
Cauitikom 60JbIIOe BHUMAaHUE YISASeTCs BbIIEIeHUIO HeGOAbIION IPYIIIbI, 1
B DTOU T'pyIle BO3HHKAIT HelpaBUibHbIe B3auMooTHoleHus. Mex 1y Tewm,
GOMBITIOMY TOCYIAPCTBY HYXKHEI COTHH W THICAYN KBAAU(PUIUPOBAHHLIX CITe-
MUaJuCcTOB A 3aloJHeHnd Kadelp U HAYIHHEX NeHTpoB. Ppasuaa Typaupa
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POpPOIOB, AaKTUBU3UPYS MECTHBIX NIPeNofaBaTenell MKoJg i By30B, CIOCOOCTBY-
10T MOAJTEPXKaHUIO B CTpaHe cpelbl, KoTopad 3aboTuTcs 06 00pa3oBaTelbHOM
YPOBHE CBOEr'o peruoHa, a T€M CaMbIM U BCEH CTPaHBI.

B Typuupe ropooB THCAYA YIaIIAXCcA PA3HEIX TOPOIOB U cTpaH 6e3 Bes-
KHX NpelBapuTelbHbIX 3TalOB MOI'YT y4aCcTBOBaTh CPa3y B MeXKTYHAPOIHOM
copeBHOBaHnu. PTo moMoraeT WM W WX TpenogaBaTeNsM BHJIEThL CBOE TOJ0-
JKeHue B abCOMIOTHON CHCTeMe OTCYeTa U COJIeHCTBYeT Pa3sBUTHIO MeXKTyHa-
POMHOTO COTPYAHUYeCTBA U OOMeHa NaedMU U TpalulUAMMU.

[IPUTTAMEHNE K YYACTUIO B TYPHUPE I'OPOJOB

Typuup ropomoB — MeXJIYHAPOJTHOE MaTeMaTH4YecKoe COPEBHOBAaHUE
CTapUINX IKOABHUKOB. TYpHHD T'OpPOJOB OPraHH30BaH TI'PYIION MaTeMaTH-
KOB, KOTOpHIE B TeYeHHe MHOTUX JeT IIPOBOJTUAN MATEMATHYECKIE OJUMITHA,ThI
BCEX YPOBHEH — OT IIKOJABHBIX 10 MeXKIyHapomHbix. PTu MaTeMaTukn mous-
JH, 9TO B MaTeMaTHYeCKUX OJUMITNATAX COYeTAOTCH TO3NTHBHEIE U HEIaTHB-
HbIe cocTaBdasiomne. 2 enanne 1aTh OJUMINATaM HOBOE Pa3zBUTHE, COXPAHUB
MO3UTHBHBIE W YCTPAHUB HEMaTUBHBIE UX CTOPOHHI, NPUBEJIO K CO3JAHHIO B
1980 r. Typuupa ropoaos.

Yupasaenne TypaupoM TopomoB IBYXypoBHeBoe — nMeioTes llenTpans-
ubie OprxomureT u 2Kiopu, KoTophie (OPMYJIUPYIOT 06IIHe I BCeX TPpaBHIa
U eUHBIE 3aJaHus U TOIBOJIAT OBIIHe HTOMH, H MECTHBIE OPT'KOMUTETH i JKI0-
pH, KOTOpPBIE OPTaHU3YIOT BCIO paboTy Ha MecTax. /s IMIKOIBHUKOB OIHOTO
ropoga TypHUD TOPOJIOB — 3TO OYHAA OJUMIIHATA, TPOBOIUMAA B DTOM I'OpPO-
e B oO0IIHe /s BCeX TOPOJIOB CPOKH 1 MO eanHbiM 3aganusiM. CopeBHOBaHUIe
POpPOIOB MeXK Iy COOON — 3a04HOe, UTOMH DTONO0 COPEBHOBAHUA MOIBOISIT-
cs Henrpansbubiv ZIKi0p1 M0 HPHCHLIAEMBIM U3 IOPOTOB-YYACTHUKOB JY YIITHM
paboTaM IKOJbHHKOB I OTYeTaM MECTHHIX OpraHU3allii.

B cucreme TypHupa ropojioB ecTh eilie psij MepPONPUSTHH, TTPOBOJIUMBIX
MECTHBIMU U leHTpadbHbIMi opratuszanusmu Typaupa. Tak, MOCKOBCKas op-
raH3alud MPOBOAUT MaccoBbi MHOTOmpeaMmeTHbn Typuup um. M. B. Jlo-
MOHOCOBA, TeHTpaJbHad OpraHu3annus OPOBOMUT exXeronnyio JleTHIOIO KOH-
(hepeHII0, HA KOTOPYI NPUIJIAINATCA yY9acTHUKH TypHupa, mobupiimecs
B TypHUpe HAUBHICIINX PE3YJAbTATOB, 0 X yduureas. Ppomonkenuem Jernei
KOH(EPEeHIHH SBASeTCS 3a09HbIH KOHKYPC 110 pellleH o TPYAHBIX 3aga4. Typ-
HHP CTAHOBUTCS CTEpPKHEM, BOKPYI' KOTOPOT'O OPraHu3yeTcsd lejaas cucTeMa
pabOThI CO MIKOJbHUKAMU, TPUCIOCOOIEHHAS K MECTHBIM YCJAOBHSM.

Ecau B ropoie, He npuHUMaBIieM 10 cuX nop yyactus B TypHupe ropoios,
HAN Ty TCs MWHINNATOPHI (YHUBEPCHTETCKHE NPO(eccopa MIN IIKOJIbHEE Y-
TeJf), KOTOPbIe BO3BMYT Ha ce6s (PyHKIHUN MECTHOTO OPIKOMATETA, TO 3TOT
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ropo MoxKeT BKatouuThes B Typuup. Pponenypa BKItO4YeHHUSI COCTOUT TOJBKO
B TOM, YTO HYXKHO cOOOIUTE lleHTpajtbHOMY OPrKOMUTETY UMS OpraHu3aTo-
pa U ajpec, M0 KOTOPOMY CaAelyeT BhIChLIATH 3ajadi U Apyrhe MaTepHaJbl.
JlonyckaeTcs npoGHoe yyacTue 6e3 PUKCANNN Pe3yabTaTOB B O0IIeM oT4deTe.
Ydactue B TypHupe GeciiiaTHOe [Iis TeX, KTO HE HMeeT BO3MOXKHOCTH 3a-
maaTuTh. QMHAKO Vv eHTpadbHbIX opraiuzanuit TypHupa HeT HHBIX CPENCTB,
KpOMe Tex, KOTOPhIe BHOCATCA yYaCTHUKAMU, MOXTOMY OILIaTa BeChbMa Keja-
TelbHA.

Bennunna rogosoro B3noca ycranosiena Ha ceccun WENMC (World Fed-
eration of Nation Mathematics Competipions) B 1992 r. n cocraBasier 50+ 3N
norrapos CIHIA (N = max(5, nac/100000), nac — nacenenune ropopga). Ta-
KM 06pa3oM, ropof ¢ HaceaerueM 10 500 TrIC. KuTejsel BHOCHT 65 1001apOB
CIIOA B roz.

T'opoga Poccun onnadnBaioT cBoe ydacTue, 3akiadas T0r0BOp Ha uH(OP-
MaloHHoe obcayKuBanue ¢ NupopmanuonubiM eHTpoM TypHHPA MOpOIoB
(sapermcrTpunpoBaHHas OOLIeCTBEHHAs OpTaHW3alnus, mperncTaBiasonias Typ-
Hup roponaoB B Poccmn).

Caszatbes ¢ Henrpasbabim Oprkomurerom Typaupa n 2Kopu MOXKHO 10

aapecy:

121002, MockmBa, B. BmacheBCKUH nep., 11, x.211,
"Typaup 'opozos"



IIpo6aemMbl MaTeMaTUIECKOT' O
ob6pa3oBaHUA
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EVILLA

BocsMon Mexk 1vHaApO JHBINT KOHIPECE TI0
MaTeMaTUIeCcKOMY 00pPa30BaHUIIO

I'. [I. T'nenzep (PAO) P. X. Pozos (MI'Y)

Bocbmoit Mexk nyHapoIHbIll KOHIPeCe 0 MaTeMaTHYeCcKOMY 0Opa3oBaHui0
(8-th International Congress on Mathematical Education, ICME-8) npoxosut
¢ 14 mo 21 wuioas 1996 roga B CeBuabe, Ucnanus. Pa neayio Hemento crto-
Juna AHTAAYy3UK, OJUH U3 KPYIHEHIINX U KPACHBEHIITNX HCITAHCKHX DOPOIOB,
Hepa3phIBHO acCONUUpyloIIuiics ¢ umedamu Jerengapubix Jon Kuxora u Can-
40 Panca, ¢ 6ecemepraniMu onepamn «Kapmems u «CeBHALCKUT TUPIOILHIKY,
OpPeBPATUICA B MeXKIYHAPOMHBIN [EHTP MaTeMaTHiecKoro 00pa3oBaHus.

Best Heobxomumas 1 MHODOTPYAHAS MOANOTOBKA K KOHI'peccy Oblia obec-
nedena Pannonarsubiv komuTeroMm (National Committee; npesnzent Gon-
zalo Sdnchez Vazquez) n Opranmsannonnsim komuteToM (Local Organizing
Committee; mpesngent: Antonio Pérez Jiménez); kpomoTauBbiM (opMupo-
BaHHeM cojiepzaHus paboThl KOHIpecca 3aHuMadgacs Mex TyHapomHbIl Tpo-
rpaMmmubiii komuTer (International Program Committee; npesngent Claudi
Alsina). Best oTa gesTeIbHOCTD TPOXOANIA OT PYKOBOICTBOM I TIPH yIaCTHH
Mex ryHapogaonn komuccnn no obydennto MaTeMmarnke (International Com-
mission on Mathematical Instruction, ICMI; npesugent Miguel de Guzman)
i npu akTuBHOM cojeiictBun Menanckon degepaiun o6IIecTB NpenoaBaTe-
Jell MaTeMaTHKH.

* ok ok

PpoBenenne peryaapunix MexnyHApOTHEX KOHT'PECCOB 1O MaTeMaTHde-
CKOMY 00Pa3z0OBaHUIO — OJ[HO U3 BaKHEUIINX MepOonpusTuid Mex 1yHapomrHOT o
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corosza MatemaTnkoB (International Mathematical Union, IMU), yerynatormee
MO CBOEMY 3HAYEeHWIO W MONYJAPHOCTH pa3zBe UTO TPAMUNUOHHBEIM MexTy-
HApOMHBIM KOHPpeccaM MaTeMmaTnkoB (International Congress of Mathemati-
cians, ICM). PpaBnma, ecin ucropus mocieTHnx HacduThiBaeT yxke 100 et
(oHE TPOXOMAT KazkJble YeThIpe TO[Ia; BIepBhe TAKOH KOHI'pecc OBLT CO3BaH
B 1897 roxy B liopuxe, a odepennoii Hameden Ha 1998 rom B Pepaune), To
JeTonnch MeXTyHAPOMHBIX KOHT'PECCOB MO MaTeMaTHIecKOMY 06pa30oBaHUIo
COBCeM He TaK MJINHHA.

Pepsriit Mex nyHapo HBI KOHI'DECC MO MaTeMaTHIeCKOMY 0Opa3oBaHUTO
cocrosics B 1969 roxy B Jlnowe (dpannuns) — 0o peleHnio, MIpuHATOMY BO
Bpemsa Mexaynapognoro kourpecca mateMaTnkoB B MockBe B 1966 romy.
Puino yeranoBaeno, ¥To MexnyHapoaable KOHTPECCH MO MaTeMaTHIeCKOMY
06pa30BaHNio CO3LIBAIOTCA KayKAble UeThIpe TOfa, B cepelnHe THKIa MeXkK-
oy odepenHbiMu MeXIyHApPOJIHBIME KOHTpeccaMu MaTeMaTuxkoB. /laabHei-
i coucok MeXIyHapoIHBIX KOHI'PDECCOB 10 MaTeMaTu4ecKoMy obpazoBa-
HUIO TaKOB:

> 2 ICME
> 3 ICME — Kapacpys (I'epmanns);

(1972 1.)
( )

> 4 ICME (1980 r.) — Pepxan (CIIA);
( )
( )

— Pxcerep (Bemnkobpuranns);

1976 r

> 5 ICME
> 6 ICME
> 7 ICME (1992 r.) — Kse6ex (Kanaga).

1984 r.) — Ageranga (ABcTpasns);

1988 r.) — Pyganemt (Benrpus);

Pa npoTsixkenunu MHOTUX JeT Hallla CTpaHa Mo MpaBy IPH3HABaIaCh OMHOW
U3 BelyIIMX B MHUPe B IIOCTAHOBKe MaTeMaTHiecKOoro obpaszoBaHUsA B IIKO-
JaxX W By3ax, B OpraHuzaiuu paboTHl ¢ MOJOIEXKbI0, HPOSABIAIOINIEN HHTEPeC
U CKJIOHHOCTH K MaTeMaTHKe, B NOANOTOBKe MaTeMaTHYeCKNX Hay4YHbIX Ka-
apoB. PosToMy menbas ¢ coxalenumeM He OTMeTHTH, UYTO €e HeT CpPeln TexX,
KOTOphIe npuHuMaiu y cebs Mex IyHapoTHbII KOHI'PECC M0 MaTeMaTHd9eCcKo-
My 00pa30oBaHUIO.

Mz me 6ygeM ocTaHaBAMBATHCA 37MeCh HA NCTOPUH W COJEPXKAHUE BCEX
npens aynx MeX TyHapoTHLIX KOHTPECCOB TI0 MaTeMaTHIecKOMY 006pa3oBa-
oo, OTMETHM TOJBKO, 4TO TOCBSIIeHHBIe UM MyOIUKAlUd MOXKHO HaUTH,
HampuMep, B XKypHate «MaTemaTnka B mkogey. Paro, ornako, ckazaTh, ITO
OHHU HOCHJU TPENMYIIeCTBEHHO Gerabiil, 0630pHO-UH(MOPMAIHOHHBII XapaK-
Tep, 3a9aCTyI0 He PACKPHIBAIN [eTATbHO TOAXON0B (0COGEHHO — MPEIOKeH-
HBIX HHOCTPAHHBIMHI YYaCTHIKAMI) KO MHOT'HM 3aTPOHYTHIM Ha KOHI'peccax
BazKHbIM HpobiaeMaM.
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N »71o ouens gocagno. Panpumep, npoustecennbie Ha ICM goxnansl 3aTem
cOBUpPAIOTCA B CHENNATBHO M3aBaeMbIX TOMaX (I TazKe MepeBOIATCA HA PyC-
CKUH A3BIK) I TeM CaMbIM OKa3bIBAIOT OOJBIIOE BINSHNE HA PA3BHTHE MaTe-
MaTHYeCKON MbICAH. A WHTepecHkle u nojesnbie MaTepuaqasl ICME — crenan-
HbIe cOObIIeHNs, 0O6CYK TaBIINeCs UAel, TPeJICTaABIEHHBIN OMBIT — OCTAKTCH
(pakTHYECKH MAJOMOCTYMHBIME JIAS [IKPOKOI'O KPyTra MpernojjaBaTelel MaTe-
MaTHKH B Hallled cTpaHe. PecoMHeHHO, 4TO OGCTOSATENbHBIN aHAIN3 TaKHX
MaTepHaJOB U BHIpAOOTKA Ha HX OCHOBE KOHKPETHHIX MPAKTHYECKHX PeKO-
MeHTalllil — aKTyajbHas TeMa OyAyIIUX UCCAeTOBAHIN 10 MeTOHKe MPerno-
TaBaHUS MaTeMaTHKH.

* % %

OcHoBHOI Heabio Mex IyHAPOMHBIX KOHIPECCOB M0 MaTeMaTHIeCKOMY 00-
Pa30BaHUIO SIBASETCS BCEMEPHOE COMeNcTBUe JajdbHENIIeMY COBEPIIeHCTBOBa-
HUIO 00y4YeHUsl MaTeMaTuKe, IIUPOKOMY OOMeHY NelarorudieckuM U MeToTu-
YeCKUM OIbITOM, O3HAKOMJIEHIIO ¢ HOBUHKAMHU Y4eOHOW JUTepaTyphl 0 060py-
TOBaHUs, BHEAPEHNIO0 HH(MOPMATHIAMUOHHBIX U KOMIBIOTEPHBIX TEXHOJOHH.
Pporpamuma konrpeccoB Bcerja BKJIOYajda B cebsi IMUPOKUH CHEKTDP CAMBIX
Pa3JUYHBIX BONPOCOB, UMEIOUINX OTHOIIeHNe K OOYYeHHUIO U U3y4YeHUIO MaTe-
MaTHKH B LIKOJe, K OPraHU3alliil BHEKJIACCHOU PabOTHl 10 MaTeMaTHKe, K
obecrnedeHni0 Ka4eCTBEHHON MOATOTOBKN YYHTeJSel U UX MPUBICYEHUIO K UC-
cJeJIOBaHUAM MO MeTOMNKe NpenofaBaHud MaTeMaTUKN, K caMO0OOpa30oBaHUIO
U TBOpHYeCTBY B 00JacTH MaTeMaTWKH, K ponaratje U MONyJIAapu3alud Ma-
TeMaTHYeCKUX 3HAHUI, K MOCTAHOBKE KYPCOB BBICHIEH MaTeMaTHKH B By3aX.

Taxkoe ke GoraTcTBO U paszHoobpazue HPoOGAEM, TOAXOMOB, UIel, KOHIel-
i, pazpaboToOK, MATEPHAJOB NPEMJIOKIIN YH9aCTHUKAM H OPraHU3aTOPBI
korrpecca B CeBuibe. OGCTOSATENBHO ONUCATH BCIO €r0 HAay4YHYIO IPOTpPaM-
My, cOMepKaTelbHO PACCKa3aTh O BceX MOKJAaMaX, COOOUIEHUAX U TUCKYCCUAX
B OJHOU CTaThe NPAKTHYeCKH HEBO3MOXKHO — KaK OBLIO (PUBHYECKH HEBO3-
MOYKHO TIOCETUThH BCe 3acelaHWs U BCTPeYn.

Mgzr monerTaeMes 3mech TpONHMOPMHAPOBATL UWTATeNd JUIIL O HamboJdee
BayKHBEIX U HHTEPECHBIX — C Halllell TOYKN 3PeHus — TeMaX U aclekTaxX pa-
6orel ICME-8. OnnoBpeMeHHO HaM XOTeJOCh ObI MPHBJIeYL BHHMaHUE pPOC-
CHUCKUX TpernojgaBareneil u npodeccHoHanoB, CTYIEHTOB U JobuTesel Ma-
TeMaTUKM K PAJLY BaxKHBIX NpobJeM, NOCTaBIeHHBIX B XOfe KOHI'pecca, U K
OTAeNbHBIM BbIBOJAM U PEKOMEHJaludAM, KOTOPbIe NPeICTaBAAIOTCA aKTyalb-
HBIMHU.

* % %

Odunnansbioe Hada 0 paboOThl COCTOIOCH 14 utond B rpangunozHoM /IBop-
e KOHI'DEeCCOB — OJHOM U3 KpacHBEHIIHX COBpeMeHHbIX coopy:kenui Ce-
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Buiabl. Kak u mofaraercs Ha TOpPYKECTBEHHOM OTKPBITHUU, 3M€Ch MPO3BYYa-
JU ceplevyHble IPUBETCTBUS U UCKPEHHIe MoKedaHus B pedax Ppencerarens
IpaBUTENhCTBA AHTAJTY311, PYKOBOIUTENEH 06paz0BaTelbHBIX CTPYKTYD Ue-
HaHWW U TpeJcTaBuTeNell MeXK TyHAPOIHbIX HAYYHBIX 0Obenunennii. C ocobriM
HHTepecoM ObLI0 BecTpedeno BoicTyLaerue Ppesugenta ICMI Murens ne ['ya-
vana (Mcmanns), mocBsieHHOe 3HAYEHNIO MATEMATHKNA I MaTeMaTHIeCKOTO
00pazoBaHus U MPOrpecca KYyJAbTYPhl U Pa3BUTHS [HBUINZAIUHN.

Pa ICME-8 npu6sLio, no gaHHbIM OpraiunzaTopoB, 6ojee 4000 yyacTHUKOB
3 mouTn 90 crpan Mupa. MoKHO KOHCTATHPOBATh, ITO HHTepeC K KOHT pec-
caM MO MaTeMaTHIecKOMY 0Opa30BaHUI0 NOCTOSHHO pacTeT. BoT HekoTOphie
HUQPHL 1S CpaBHEHUs: Ha epBOM KOHI'pecce B JluoHe mpucyTCTBOBAJIO JHUIITH
okoJgo 600 JeroBek, Ha mpeamnocaerHeM, B KBebeke, 6BLIO 3aperucTpupOBaHO
nopsanka 3000 yqacTHuKOB. PTa Tenmennus cBHAe TEALCTBYET O BCe BO3PACTa-
0Ll pOJIH, KOTOPYIO HI'PAeT MaTeMaTHYecKoe 00pa3oBaHie B CTpaHax Mupa,
0COBEHHO MEePEeJIOBLIX B TEXHOJIOMMYEeCKOM OTHOIIEHUH, i O CTPEMJEHHH [Tpe-
mojgaBaTeNell MaTeMaTHKI K TeCHOMY COTPYIHUYECTBY U HIUPOKOMY OOMEHY
H e MH.

Konedno, no quciy y4acTHUKOB jaugupoBaia Vcnanus — cTpaHa-opraHu-
3aTOp clejala Bce, 9TOOR ee yIUTENd I MATEMATHKH CMOTJIH IIPHCY TCTBOBATh
Ha 5ToM (popyme. (KeraTn, pabodnvn s3bIKaMi KOHTpecca ObLIH 06bsABICHbI
aHTIMICKHN U ncnaHcknil.) OcoGeHHO MMPOKO GBI NPeJCTABIeHbl NCTAHO-
POBOpAIIINe U JaTHHOAMEePUKAHCKIe CTPAHbl; y4acTHe MHOTHX cTpal EBpornb
0Ka3aJd0Ch MeHee MpeNcTaBUTENbHBIM, YeM MOYKHO OBLIO OXKHAATh.

MuHnucTepcTBa u BeroMcTBa Poccun, 3anumaloiiuecst 06pasoBaHieM U Ha-
ykoii, wukoro Ha ICME-8 HampaBisTh 1a:ke He cOOGHpAIHuCh (BIpOYeM, TO
JKe camoe OBLIO 4 Toma Hasal BO Bpemsi KoHIpecca B KBebeke). Passe sTor
VIUBUTEJIbHEIN (PAKT He SBJAAETCH HADISATHBIM CBHIETEIbCTBOM CYIIECTBYIO-
[Ier0 OTHOIIEHHS K CyAbOe MaTeMaTHndeckoro obpaszoBanus B crpane? Jluiib
13 poccusin cmoraun npuexats B CeBUIbio — B YaCTHOM MOPs ke, Giarogaps
CaMOCTOSITENBHO HAlTeHHON CIOHCOPCKON mojgepxke. (Pampnvep, aBropam
HACTOSIIEH CTAThH VIAJOCh YYaCTBOBAThH B KOHI'DECCe TOMIBKO 3a CUeT I'DaH-
ToB Mex tyHapoguoro HaydHoro ¢ouga n Oprkomurera KoHrpecca.) Kak sTo
KOHTpAaCTUPYeT ¢ CUTyalluell Bo Bpemsi KoHTIpecca B Pynanenire B 1988 romy,
KyTa NpHOBLIN OQHUIHATbHAS COBETCKAsA Teleranns us 26 deqoBek (Bo riase
¢ akag. C. M. Pukonbcknm) n 6oiee 50 menaroros mo mporpaMme HayIHOTO
Typu3Ma)l

* % %

Pporpamuva ICME-8 npegycmarpuBada 4 49acoBbIX MJIEHAPHBIX TOKJala
(plenary lectures), Bo Bpemsi KOTOPHIX He GBLIO HHBIX pabOYUX MePONpPHATHI:
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> A. Sierpinska (Kanaga; Bune-npesugent ICMI), «Kyna nget maTemarn-
Jeckoe 0O6pasoBaHne?y;

> M. de Guzman (Ucnanns; npesngent ICMI), «O poan maremarnka B
MaTeMaTHIeCKOM 06pPa3OBAHUNY;

> D. Tall (Bexnko6puranus), «/HpopMannonHas TEXHOIOTHS I MaTeMar-
THYecKoe 06pazoBaHue: HA e [bl, BO3MOXKHOCTU U PeATHN»;

> J. de Lange (Pugepaanibr), «Peanbubre mpobieMbl MATEMATHKN Peab-
HOT'O MUPay.

NzaaraTh KpaTKo cofleprkKaHne 3THX KOHIENTyaJbHBIX TOKAAJTOB — 3Ha-
YUT TOJIBKO HX MOPTHTH, MEIIaTh HONBITKAM aBTOPOB JOHECTH 10 HAYIHOH I
e arOruIecKoll 00IIeCTBEHHOCTH CBOHM HeTPHBHAJbLHBIE B3TJISAIBI, 6€3yCI0B-
HO WHTepecHBIe, XOTA Mog49ac U cropHble. PyaeM HajgesTbcs, 9TO NepPeBOIBI
MOJHBIX TEKCTOB DTUX JOKJIATOB BCE Ke MOABATCA Ha PYCCKOM f3bIKe B KaKOM-
an6o n3 oOIeoCTYyNHBIX u3ganni. (Ml crnennasbHo TPHBOANM TOINHHBE
HaIlICaHUA (PaMMIINU JOKIaT9HMKOB Ha TOT CAyYal, €ClH BOBHHKHET KelaHne
MO3HAKOMHUTRCSA ¢ HX TEKCTAMMU MO MyOJINKANNsAM Ha S3BIKe OPHTHHAJA. )

* % %

Pporpamma KoHTpecca BKJIodagaa B cebsi 0 56 T0KI1a0B MO TPUTIallleH 0
(regular lectures). Pa xax bl M3 HUX BBIZENAJICH ToxKe | 9ac, OMHAKO OHH
HPOXOIUIN ViKe TapaLlelbHO IPYTUM 3acefaHnsaM. P OIHbIN cINCOK Ha3BaHUN
DTUX JOKJIAMOB OBLT 6LI Upe3aMepHO ATUHHBIM, W MBI OTPAHUIUMCH BOCIIPO-
U3BeleHNeM JHIIb> HeKOTOPLIX M3 HUX, 9TOOLI MOKa3aTh MIHPOTY OXBaIeHHON
TeMaTHKN (MOPsATOK JOKIATOB COOTBETCTBYET MPOTPaMMe KOHIPecca):

> P. Broman (lllBenus), «P penogaBanne u n3ydenne MaTeMaTuKn iis 6y-
IYILEron;

> C. Kieran (Kanaga), «Mensiormeecs: M0 MKOJHHON AIreOPhI»;

> Th. Cooney (CIIA), «Konnenryarusauns mpodeccnoHaIbHOTO poOCTa
VInTeaenn;

> J. L. Vicente (Mcnanus), «['eomeTpus u cnMBOJIHYeCKOE HCINCTCHIEY;

> Nguyen Dinh Tri (Beernawm), «PexoTopsie acneKkTh yHHBEPCHTETCKOMN
OPOTpaMMBI IO MaTeMaTHKe [ HHXKEHEPOB);

> Zonghu Qiu (Kurait), «Martemarndeckne copeBHoBanuns B Kunrtae —
YCIeXn U TPYTHOCTHY;

> G. Vergnaud (Ppaunns), «Baxkueinne KOrHITHBHBIE H3MeHEHUS B N3Y-
YeHUN MaTeMaTHKN: MepCHeKTUBbl Pa3BUTUAY;
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P. Bender (l'epmannus), «Pasucubie npeicraBieHns n MyTH TOHIMAHMIS
MaTeMaTH4YeCKHX KOHIEMIUH Ha BCEX YPOBHAX OOyYeHUs»;

> D. Moore (CIIA), «PoBast megarornka m HOBoe cojeprKaHue: CIydafl
CTATHCTHKHY;

> G. Howson (Beruxko6puranns), «MaremaTnka u 31paBblil CMBICIY;

> O. Skovsmose (/anus), «KpnTnka mMareMaTndeckoro o6pa3oBaHms —
HEKOTOPble PUIOCOPCKIe 3aMedaHna;

> J. Dalmaso (ApreaTuna), «Maremarnyeckne oruMnunaisl B AprenTiHe:
NpoLILIoe, HAcTOosdAllee 1 Oy AyIIeey;

> A. Thompson (CHIA), «KonuenryanbHas n BEIYUCIHTEIbHAS OpHEHTa-
MU B TpenoaBaHil MaTEeMaTHKIY;

> L. Arboleda (Koxyméus), «Koruenmun maremarnku n onsita no Mopu-
cy Dperier.

Moxkno anims noxaneThb, YTO UMeHa MHOTUX MOKJIATINKOB, KaK W UX pa-
60THI, MONB3YIONINECS ABTOPHTETOM B Tefarorudeckom mupe (Mex nyHapo-
HBII TTPOT'PAMMHBIN KOMHTET O4eHb TIHIATENBHO OTOUpAS KaHIHIATYPH IPH-
rJIalllaeMblX ), MaJO N3BeCTHHI B Halllell cTpaHe. Mexny Tem B UX JOKaIazax
collepKaanuch HecTaHJTapTHbIe COOOpayKeHUs CIeluaJucToB MO Telaloruke,
MeTOInKe, OpraHu3alun y4ebHoro npouecca, OpuriHajbHble pa3paboTKu JTHu-
TaKTHYeCKHX MaTepuajioB, TOCOOUN, TEXHOMOT I, TIOJe3HBIN ONBIT IPAKTHKOB
MaTeMaTHYeCKOT'O HpocBelleHusi. Bece »To odeHb BaKHO U sl POCCUUCKOU
IIKOJbI.

Kax 1acTo MBI 9HTaeM B HAIlIUX H3AAHUAX O PA3INIHLHIX MpobieMax MaTe-
MaTHYeCKOr0 0Opa3oBaHls, CIIOPUM O HUX Ha CBOMX KOH(epeHIUAX U CeMUHa-
pax! Ognako He m306peTaeM AN MBI MOJIYAC «BEIOCHTIETY, MTPOCTO He 3HAS —
H3-3a NPAKTHYECKH TOJHOIO OTCYTCTBHA MOCTOSHHOU KadeCTBEHHOU uH(OP-
Malli¥ O 3apYOEeKHOU MeTOM[NYEeCKOU MBICAH — BCE TO, YTO 3a IPAHUIEN Jer-
KOMOCTYIHO JI060MY TBOpYECKH aKTHBHOMY yuuTenio? Pe nopa qu B Hallmx
YUPEeXK TeHUSIX, 3aHATHIX pa3zpabOTKOU BONPOCOB IPeNofaBaHus MaTeMaTHKH,
B3ATh 33 MPaBUJIO NepUOJIUYECKN TOTOBUThH Mad Mybaukauun ob6cTodTelbHble
cucTeMaTnIeckne 0630pHl (ecan nerecoobpasHo — TO W MEepeBOIbl) Hanbosee
HHTEPECHBIX cTaTell U3 AeCATKOB JKyPHAJIOB MUpPa MO 3TOH TeMaTHke?

W ertie oiue mevdadbHBIN (PaKT TPUXOJUTCS KOHCTATHPOBATH, TPOCMATPH-
Baf CIMHUCOK MPHUTJAIIeHHEX TOKJIATINKOB. Pa Mpe s Iymux KOHT peccax Hems-
MEHHBII MHTepPeC BhI3bIBAMH TIIATENbHO MOIIOTOBIEHHBIE, COMEPKATEIbHEIE
I aKTyaJbHbe BBICTYIIEHNIS MpeICTaBUTeNell Halllel CTpaHbl (HAIpuMep, 10
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CHX TOp COXpaHfieT aKTyalbHOCTH ILIeHapHbINH pokaan akajg. A. P. Epmio-
Ba «KoMIbloTepu3alus KOOI 1 MaTeMaTHYeckoe 06pa3oBaHiey, IPOYNTaH-
ubri Ha [CME-6). Cerogust poccuiickie nccienoBaTenn TPAaKTHYeCKH He MMe-
0T HaIe2KHOU MaTepuajbHOU BOBMOXKHOCTH NTPUCYTCTBOBATH U BHICTYNATh Ha
MEXKIYHAPOTHEIX (POPYMaX ¢ H3JNOKEHHEeM CBEXKUX el 1 HOBBIX pazpaboTOK.
Kpoume Toro, oHn mMajno mybaInKyoOTCS B 3apyOeKHBIX H3TaHNAX (OOBITHO W3-
33 CKBEPHOT'O BJAJeHHs NHOCTPAHHBIM SI3BIKOM), & OTedeCTBEHHAs HaydHAS
MepHOANKA BHIXOMUT 4aCcTO TaKUMU THPa)KaMi, 94TO He BCeM MOCTYIHA JayKe
Ha poaune. B pesyibTare HHPOPMANNOHHAS OTOPBAHHOCTE HALINX CIEIHaIH-
CTOB OT MeXK[YHAPOIHOTO MeJfarorn4eckoro coobecTBa meaaeT uxX PaMuimmn
i pabOTHE MaJO H3BECTHHIMU B MEDeE.

Pro, kak mpaBuio, u He TO3BOJISET POCCUSHAM, aKTHBHO U TBOPYECKH
BaHUMAIOIIUMCS Teophell n NPaKTUKOU MaTeMaTH4ecKoro o0pa3oBaHus, MO-
HaCTh B YUCJAO JOKIAMYHKOB, TOAGHpaeMbix MeX IyHapOHEIM TPOTpAMMHbBIM
KOMHUTEeTOM (XOTs y HAaC JOCTATOTHO BIIOJTHE TOCTONHBIX KaHAMIATYp). Kpowme
TOTO, HET HUKAKOU YBEPEHHOCTH, YTO, JayKe MONYYUB MpUNJIallleHie, TelCTBH-
TeNBHO YIaCTCA HAUTH CpelcTBa [If y4acTus B Kourpecce. I BoT pesyabrat:
cpean mpuraairesHex Ha ICME-8 roxkaamuankos 6s1r Bcero ogun (1) n3 Poc-
CHU:

> B. ®upcos (Poccus), «Poccniickne cTangapTh: KOHIEIINN I PEIIEHH ).

B GyayieM ydacTue Halllel CTpaHbl B MEXKIYHAPOTHEIX KOHIPECCaxX MOJIK-
HO CTaTh MPEIMETOM TOCTOSHHOTO BHUMAHHUS U pealbHON paboThl Tocygap-
CTBEHHBIX N HAYIHBIX OPTaHOB, MPU3BAHHBIX COOOIIa peIlaTh OpTaHm3aln-
OHHO-(PUHAHCOBEIE TPOGIEMBI W 06eCTeTnTh JOCTORNHOE TPENCTABHTETHCTRO
POCCHHCKOU HaYKH.

* % %

Jloknamer, ABIAACH KaK 6B pacamoM KOHT'Ppecca, BLI3BAJAN, KOHETHO, Cle-
MHAJbHBIN HHTEpecC, HO OCHOBHAs, HauboJdee MuHAMUYHAS H OCOOEHHO UHMOP-
MaTuBHafg paboTa mpoTekaaa, Kak Bcerjga, B 6olee y3KOM COCTaBe, Ha BCEBO3-
MOXKHBIX CHeMUAaJN3NPOBAHHLIX 3acefaHndax. /[asd Toro 9TOOH MaKCHMAJbHO
VIOBJIETBOPUTE MHOT006Pa3HbIe 3aMPOCKH MHOTOUHNCAEHHLIX YIACTHHKOB KOH-
rpecca, OpraHuszaTophl 3amaanupoBaiun okono 200 s3aceganuil, BCTped, [THC-
KyCCHU, TPONOIKUTENbHOCTRIO 1-1,5-2 4daca. BreiawiBaeT BocxulileHme Tia-
TEIBHOCTE, ¢ KOTOPOU Hojbupatach TeMaTHKa >Tux sacemanuii. U ocraercs
TOJIBKO COXKAJIeTh, YTO Ha GOMBIINHCTBO U3 HUX (HECOMHEHHO, MHTEPECHBIX 1
BaJKHBIX) BCE PABHO MOMACTH, YBHI, He YIAI0Ch N3-3a Je(pHINTA BPEMeHH.

P pexx e Bcero, menoBoe obieHne KOHT PeCCHCTOB OBLIO PACCPETOTOUEHO MO
26 pabounm rpynmaMm (working groups) m 26 TemarndecknM rpymnmam (topic
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groups). NMeHHO HA 3aceTaHMAX THX IPYIIN MPOHCXONUIO KIBOE 06CY XK Ie-
HUe pa3HbIX aKTyaJbHbIX BOMPOCOB, BRICKA3bIBAINCH Pa3HOO0Opa3Hble, TOIYaC
npoTuBOpedalllne APyl APyry TOYKHM 3PeHHs, pa3ropajuch ropsdue 3alH-
TepecOBaHHble JUCKYCCUM, MPOXOMNI 0OMeH HAaKONJeHHBIM MefarorndyecKuM
ONBITOM.

Pabodne rpynnel oXBaTLIBAJIN TPAKTHIECKN BCe ACMeKTHI TEOPUN W Mpak-
TUKW, METOJIUKM M MeTOMOJOTHM NpernojaBaHUi MaTeMaTUKN B CpelHUX U
BbICIINX y4eOHBIX 3aBeleHUAX, NCUXOJOIUM OOyHeHUs U BOCHPUATHSA, KYIb-
TYPHOU U CONHANBHON 3HAYMMOCTH MaTeMaTHdecKoro obpazoBanus. P pupe-
IeM HazBaHus pabodyux rpyii, PyHKIHoHUpoBaBiux Bo Bpems ICME-8:

> KoMMyHHKabelbHOCTE B KJIacce.

> PopMBI MATEeMATHIECKOT O 3HAHUA.

> OTHOIleHWe U MOTUBALNS yYaAIIUXCH K MaTeMaTHKe.

> 3aTpyIHeHUs YYalluXcs MpH U3y4eHu:n MaTeMaTHKH.

> PpenogaBanue B Kjaccax ¢ yYeHHKaMU Pa3HbIX CIOCOOHOCTEN.
> Poa m MaTeMaTuka.

> MaTeMaTnka Mif CTOCOOHHIX YUaIInXCS.

> MaTeMaTuka maf YIANIIXCS ¢ PA3IUNIHLIMA WHTepeCcaMu.

> VMHHOBalNK B Oll€HKe 3HAHU.

> A3BIKW W MaTeMaTHuKa.

> PporpaMma HyJIeBOTO YPOBHA.

> PBodionus nporpaMMbl 0 MaTeMaTHKe B HadaJbHOU IHKOJE.
> PBodionus mporpaMMbl 0 MaTeMaTHKe B CPeIHER IIKOJe.

> MaTeMmaTuka U Apyrue IMKOJIbHEE TpeIMeTH.

> BausiHme TexHOJOMHI HA POrpaMMy MO MaTeMaTHKe.

> Pouab TexHosorui B npolecce npenojaBaHus.

> Poab MaTeMaTHKN B BRHICIIeM 06pa3OBaHNN.

> MaTtemaTuvyeckoe o6pasoBaHne B3POCIHIX.

> PojgroroBka u nepenoiroToBKa yUHTeNEH.

> OueHuBaHue NpernojaBaHusd, yieOHBIX EeHTPOB U CHCTEM.

> Ppeno;[aBaHHe MaTeMaTUuKN 1 pal3jJuniHble KYJIbTYPHhI.
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>

>

MaTtemaTuka, o6pazoBanme, o6IIeCTBO U KYJAbTYpa.

COpr,Z[HI/I‘ieCTBO CTpaH U pernoHoB B MaTeMaTHIeCKOM O6pa30BaHI/II/I.

KpI/ITepI/II/I KadeCTBa U aKTYyaJlbHOCTH I/ICCJIG,Z[OB&HI/II?I IO MaTeMaTn4de-

CKOMY 00pa30BaHUIO.

MQTO,[[I/IKa IIpelogaBalHid MaTeMaTHUKN KaK Hay4YHasd TUCOUIIINHA.

CBsi3b MexK [y Teopuell i NPakKTHKOW B MaTeMaTHYeCKOM 0OGpa3OBaHUM.

TemaTuveckue I'pynnbl 3aTpalruBaJn II0ITaBJAsIOIIee OOJBIITNHCTBO y3Ja0-

BBIX HpO6JI€M7 KaCaloInXCd KOHKPeTHbBIX BOIIPOCOB NpOor'paMMbl MaTeMaTH-

4ecKoro o0pa3oBaHusd B IIKOJE U By3e, cofep:KaHus u (POPM BHEKJIACCHOU

paboTHl (MpekKie BCero — € TATAHTINBON MOJIOTEKBIO), COMENCTBUSL CAMO-

O6pa30BaHI/IIO7 AKTHUBH3aOUU IPpOIlarlad Ibl U NOMYJAAPHU3allil MaTeMaTHUIeCKIX

sHanni. BoT kax 66mn o6Go3HatMenkl TeMaTndeckne TPYTITH, paboTaBIlme B
pamkax ICME-8:

>

>

MareMmaTnka B HaYaIbHOHI IIKOJE.
MaremaTuka B Cpe,[[HefI oIKoJe.
MaremaTuka B yHuBepcuTeTax.
ﬂHCTaHHHOHHOQ O6y‘1€HI/Ie MaTeMaTHnKe.

O6y‘{€HI/I€ MaTeMaTHKe B IIpolecce HpaKTI/I‘{eCKOfI JessTeJbHOCTH.

Ppeno;[aBaHHe MaTeMaTHuKHnl C KOHCprKTI/IBI/ICTCKOfI TOYKHN 3peHud.

Bocnuranne MaTeMaTniecKOT'0 TBOPIECTBA.
JlokazaTedbCTBa U JTOKA3aTENBHOCTh: TOYEMY, KOD[a U KakK?
CraTucTuKka U BepOATHOCTH B CPEIHEH IIKOJe.

Pernenne 3a a4, npeqycMOTPEHHBEIX TPOTPAMMON.

Pynyiiee MaTeMaTHIecKoro aHaIn3a.

Pynyuiee reomeTpun.

Pynyuiee aarebpsl n apndpMeTHKH.

Peckoneuntie mpotnecchl, n3yiaeMble B paMKaxX OPOTPaMMEL.
HcxyceTBO 1 MaTeMaTuKA.

HcTopusg MaTeMaTuKn W MpenofaBaiie MaTeMaTHKH.

MaremaTudeckoe MOJenNpOBaHie N IIPUJTOZKEHWS.
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> Poab KadbKyJIATOPOB B Ipolecce MpeloTaBanus.

> OGydeHue ¢ MOMOIIBI KOMIBIOTEPHOIO MHAJIOTA.

> TexHogorum Aas HATALTHOTO W306paKeHU.

> OGydenne MaTeMaTHKe ¢ MOMOIIBI KOHCTPYKIMOHHEIX MaTepuaios.
> MaTeMaTuYeckne UT'PLI U TOJOBOJOMKH,

> Pyayuime ¢popmbl nyGiauKaluii B MaTeMaTHIeCKOM 006pa30BaHIH.

> MaTeMmaTnyeckne cOpeBHOBAHNS.

> MaTtemaTndeckne KIyOH.

> Me)K,Z[yHapO,Z[HbIe nccejae10Bangd ypoBHA MaTeMaTHYIeCKOI'O 06pa30Ba—
HHUA.

Bo Bpems zacemanuil kKakgol pabotded HAN TeMaTHIeCKOH TPYIIbl 3a-
CAYIIHBAJNCE COOOIIEH IS, 3asiBIeHHbIE YYACTHUKAMI 1 OTOOpaHHEIE PYKOBOI-
CcTBOM rpynnkl. Pa BrCTyIIeHUs OTBOAWIOCH, KaK npaBuio, 15-30 MuHyT 1
MOYTH BCE OHU ObLIN MPEJICTABIEHBl C HCIOJB30BAHUEM COBPEMEHHOU MeMOH-
CTPAllMOHHOW TEXHUKH, YTO CYIIeCTBEHHO 3KOHOMMJIO BpeMms. BecbMma comep-
JKaTeJbHBIME OBLIN U OKUBJIEHHBIE 0OCY K IEeHNs, BOZHIUKABIIINE TTOCIe MHOTHX
coobuiennii. CTOUT YIOMAHYTh U BCe HINPe PACTPOCTPAHSAIONIVIOCS CPelil Bhi-
CTYNAIIIX TPAKTHKY KPATKO IPEICTABIATE COMepKaHIe CBOero COOOIIeH s,
a3aTeM pazlaBaTh 3apaHee PA3ZMHOKEHHBIN TEKCT U IPyTrue moAr0TOBIEHHEBIE
MaTepHaJdbl TeM, KTO 3aNHTEPECOBAJICS MOMOJHUTENLHBIMEI MeTAJsMI 3aTPO-
HYTOHU TEMBHI.

PacckasbiBasi 06 HHTEpeCHBIX U COMEpKATEIbHBIX 3aceaHusX paboYux u
TeMaTHYeCKUX T'PYII, Heldb3s ¢ 6JaroJapHOCThI0 He MOMYePKHYTh KPOMOT-
JUBYIO W BIYMYHBYIO IesSTeIbHOCTh nX pykoBognTenen (chief organizer) u
4eH0B Gopo (advisory panel). Pecomuenno, 9T0 Bce OHI MOKazaan ceds Kak
yBaKaeMmble, KOMIETEHTHbIE U yBJIeYEHHbIE JOIH.

CrpaHHO, OTHAKO, YTO CPelil MOYTH ABYXCOT Y€JIOBEK, MPUNJIALIEHHBIX Op-
raHH3aTOpaMi KOHI'Decca U3 HeCKOABKUX MeCATKOB CTPaH LIS MOATOTOBKH
OporpaMm IPYII, HE 0Ka3aloch HH OAHOT'O poccusHuna. O3Hadaer jau >TO,
gro B Poccun HeT crenuatucToB nocToiHou KBaaudukanuu? Per, KOHEYHO.
[lleqo, BuuMO, B OTCYTCTBUE Haliero npeicraBuTesbcTBa B [CMI u anuzo-
QHIHOCTH HANIMMX O(pUIHAJBHBIX KOHTAKTOB € BEIVIIUME MeXK TyHapPO[HbIM I
HeHTpaMil MaTeMaTH4ecKoro 00pa3oBaHus, Bce B TOU Ke (PaKTHIeCKON H30-
JHPOBAHHOCTH HAIIUX METOMMYECKUX MOUCKOB H MAJOU3BECTHOCTH HAIIUX pe-
3yJABTATOB.



ICME-8 185

Pomtac curyanust npocto mapagokcadbia. B Pocenn Tpagunnonno mos-
TePKMBAETCA BEICOKHH YPOBEHBH M MAaCCOBOCTEH OJUMMHAT U JIPYTUX MaTeMa-
THYIeCKAX COPEBHOBaHNN. Bo MHOTTX cTpanax mMOJy Il MINPOKOE pacipocTpa-
HeHHe CPeqn yBICTeHHON MaTeMaTHKON MOJOTEKN W 3aBOEBAI 3aCAyKEeHHYIO
TOMyASPHOCTH ¥ MeIaroroB poauBINuica B Poccnn m MpoOBOIUMBIN HAITHMHE
yewausmu «Typaup ropogoss. OgHako B pykoBoacTBe Mex qiyHapomrHol ¢e-
Tepanni HAIMOHAJBHBIX MaTeMaTudecknx copesHoBaunii (World Federation
of National Mathematics Competitions, WENMC) Mbr He nmeem HE OTHOTO
npefacTaBuTeNs (Mas cpaBHeHus: Poarapus mMeeT TaMm [JTBOWX MpeICTaBHTE-
Tet).

B oTolt cBA31 X0MeTCA BHIPA3UTH HadeXK Ay, 9T0 MuuucTepcTBO 0611eT0 U
npodeccuonaIbHoTo 0ob6pasoBanns Poccniickot Penepannu, Poceniickas aka-
meMus Hayk m Poccmiickas axajeMus 0Opa3oBaHUs COBMECTHO C BeIYITHMHE
YHEBEPCUTETAMNI W MeIarOrHIeCKUMHE MeHTPaMHu HalTyT BO3MOKHOCTH CO-
30aTh eIUHBIA MeHTp, KOTOPHIH 6yJIeT KOOPAMHUPOBATH YCHAUSA yUnTeIel,
MeTOINCTOB, YIEHBIX, TOMYIIpU3aTOPOB, H3MaTelel, OPTaHu3aTOPOB B 0b.1a-
CTH MaTeMaTHIeCKOTo 06pa3oBaHnsA, pa3BUBATh MEXK IYHAPOIHBIE KOHTAKTH,
obecnevInBaTh ABYCTOPOHHUT (P HeKTUBHEH 06MeH HHMOPMATNeNn W OB TOM.
O 1HOBpeMeHHO HeoOX0AMMO TPEJINPUHATE ATl K YCTAHOBIEHNIO TECHOTO fe-
JOBOTO W mHDOpMaTH3annoHHOTo B3anvogeiictBus ¢ [CMI n gpyrumn mex-
TYHAPOMHBIMEI OPTAHU3ANNAMY U OOBeTNHEHUAMN, 3aHNMAONMTIMUCT MaTeMa-
THIeCKAM 06Da30BAHNEM.

* % %

PoMmuMo BEICTYIUIEHIH Ha 3aceJaHUAX TPYII, Ha KOHI pecce IpeTycMaTpi-
BaJIHCh MHOIOYHCICHIBIE «CTEHJOBbIe TOKIA bl — Kak B TpaINIHOHHON hop-
Me NICBMEeHHBIX aHHOTalui (posters), Tak U Ha Ga3e BugeoTexHHKH (videos)
I KOMIBIOTEpOB (software).

Kpome Toro, B xo/le KOHI'pecca IPOXOTILIN:

> [peJCTaBIeHNs MPOEKTOB (projects reports) pasaunaHBIX 06pa3oBaTENb-
HBIX MepONpUuiTHil, Y4eOHbIX KOMILIEKTOB, 00YYaIONnX KOMILIEKCOB U
OPOTPAMMHBIX MPOAYKTOB sl PA3HBEIX CTYIeHell MaTeMaTH9eCcKOTro 00-
pa3oBaHud;

> MHOTOYHCJIEHHBIE HIHPOKHe GOpyMBI (meetings) Mo KOHKPETHBIM Teope-
THYECKNM W MPaKTHIeCKNM BOTpocaM (Hampumep, cobpaHne 3 raTenen
MaTeMAaTH9eCKNX JKYPHAJIOB /s IOHOIIECTBA U [IP.);

> kpyrase croqbl (round tables) mo BecbMa ob1meil mpobiremMaTnke;

> 3aceJaHNs MCCIeNOBATETbCKUX TIpynn (study groups) m cemmHapos
(studies) mox srumonn ICMI (MexkgyHapogHas rpymnna mo mCHXoJorHn
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MaTeMaTHiecKoro ofpazoBanns, MexayHapognas Tpynna MO CBA3AM
NCTOPUU W TpPeNoNaBaHusd MaTeMaTHKH, ceMuHap Ha TeMy «ITo Takoe
uccjaejoBanlie Mo MaTeMaTH49ecKoMy 00pa3oBaHUIO U YTO ABAAETCH €ro
pesyabTaToM?y u ap.)

> 3aceganns pabodnx rpynn (workshops) mo crmennasbHo 0TOGPAHHON Te-
vmatnke («/rpsr Bo Bpems mpenomaBauus B Kraccey, <MartemaTnka xa-
ocay, «PpocrpancTBenHOe BoOGpaKeHney U 1p.).

PapaJjienbro ¢ KoHT'peccoM OBLIN CO3BAHBI 3aceaHus Psiga MEXK TYHAPO,I-
HBIX COI030B U o6beuHennil. B yacTHocTH, cocrosiuchk ['enepaabhas accam-
oaesi ICMI, coBertanne pykoBouTeNel HAHOHAJbHBIX MAaTEMaTHYeCKUX Op-
raamsanni, sacetanns WENMC (rge HoBeim PpesngenTom 5ToH opranusa-
unn n36pan R. Dunkey, Kanazga), Mexnynapoguon opraumsannn «zKenmm-
HBI I MaTeMaTndeckoe obpasoBanmes (International Organization of Women
and Mathematics Education, IOWME), O6mectBa A ner Panpon (Ada Byron
Society) u gp. Peuinm yupexmeHbl m HOBble opranmsaunm: Mex yHapoTHbBIT
COBET 10 KOMIBIOTEPHOI aarebpe B MaTeMaTndeckoM obpasoBannn (Interna-
tional Council for Computer Algebra in Mathematics Education, IC-CAME)
u EBponeiickas accolualiis ucciaejoBaTesell B 001acTH MaTeMaTu4ecKoro 0o-
pasoBanus (European Association of Researchers in Mathematics Education,

ERCME).
Tpu 3aceganns TOCBAUIAINCH OTAeTBHEIM cTpaHaM (national presentation)
— Wcenannn, Apcrpaiuu u BeHrpuu, a deTwipe — clelualbHOU TeMaTHKe

(ranpumep, «Mcnanckne maTemaTukn XX Bekay).

P akonelr, ykeqnarorie MONIH MOCETUTh PA3BEPHYTYI0 Ha BpeMsi KOHIpecca
oveHb MHTepecHyo BbicTaBKy (exhibition). Tam Gvuin mpegcTaBieHbl MHOTO-
4yucaeHHbie pUpMbI, paboTaloiiie B cdhepe MaTeMaTU4eCKOro 0Opa3oBaHus.
Popaxkano uzobuine npekpacHo W3JTaHHBIX HOBHHOK y4eGHOU, CIPABOYHOM,
TOTMYJISPHON, METOJNYeCKON W HAyIHOHW JNTepaTyphl (XOTA O COJTepKAHIN
TPYTHO CYANTH MpH GErJIOM TPOCMOTPE), BETNKOJIEIHO BBITOIHEHHBIX HATJISA -
HBIX MOCOOUE 1 BCIOMOTaTeIbHBIX MaTePUaIOB, CPeACTB 00yYeHus u 060py 10-
BaHus i KaBUHETOB MaTeMaTHKH, HOBHIX 0OGpa3i[OB MUKPOKAILKYJASTOPOB
I KOMIBIOTEPOB. 3ech yKe OBLIN MpelCcTaBlIeHbl JOCTUXKEeHUs B paszpaboTke
00pazoBATENBHBIX KOMIBIOTEPHEIX ITPOT'PAMM, KHHO- U BH,Ie0(PHILMOB, MaTe-
MaTHYeCKUX UT'D U pa3Biedenuil. Pazymeercs, skcnonaToB u3 Poccun e 6BLIO
i B IOMUHE.

* ok ok
Kax et yaactauk ICME-8 noaydua ToacTeHHBIH TOM, B KOTOPOM TO-

MeteHo 685 3a61ar0OBpeMeHHO MPEeJCTABIeHHBIX aHHOTANNN cooOineHnit (ab-
stracts of short presentations) ygactHukoB n3 64 crpan mupa. (B Hem Her
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pesioMe MOKJAAMOB U, eCTECTBEHHO, COOOIIeHHH, 3adBJIeHHBEIX BO BpeMs KOH-
rpecca, BBICTYILIEHNH B XO[e MHCKYCCHI, Ha Pa3JUYHBIX BCTpeYax M T. I.)
C coxajenneM MPUXOJTUTCH KOHCTATHPOBATE, YTO CBOEBPEMEHHO ObLIU TPH-
CJIaHBI W TOMAIN B KHUT'Y Bcero 15 amnorauni n3 Poccnnm (mist cpaBHeHms:
CHIA — 78; Ppasuaus — 68; fAnonus — 33; Kurau — 23; Poarapus — 10; T'on-
KOHT — 5). Po 0ocoGeHHO nevasbHo, 9T0 abGCOMIOTHOE GOMBIINHCTBO HX ABTOPOB
TaK U He HAILIO BO3MOXKHOCTH npuexaTh B cnanuio no (puHaHCOBBHIM MPHYH-
HaM.

Onnako onpejejeHHas HHPOPMAIUi O TEOPETHYECKHX M MPAKTUYECKHX
pes3yabTaTax IMpoBOJIUMON B HAIIEH CTpaHe pabOTHL B cdpepe MaTeMaTHdeCKo-
ro o6pa3oBaHiio Ha KOHIpecce Oblla Bee yKe npejcTaBiera. AKTUBHO y4acTBO-
BN B PA3JHYHBIX 3acefaHuax n obcyxrernsax P. KoncranTnnoB (opranusa-
TOp n pykoBoguTenh «'ypunpa ropogosy ), I'. ['neitzep (coobimenns «Marema-
THYeCKOe 0Opa3oBaHle KakK DjleMeHT KyJbTyphy u «PoBas cucrema reoMmerpu-
qecKoro o6pazoBanus B mkoae ), O. IBaHoB (pacckasaBiinii o pa3pabaTeiBae-
MOT TporpaMMe MoaroToBKE yanTenei), A. CeMeHOB (pyKOBOIUTETb KOLIEK-
THBA CO3JaTelell KOMIBIOTEPHBIX 00pa3oBaTelbHBIX MpOAyKToB), P. Posos
(coobuienns «PBomonust n mudepeHnnalng TPOrPaMMBl MKOJHHOTO Kypca
MaTeMaTHKuy 1 «PpobiaeMbl pazBUTHS MaTeMaTUYeCKHX COPEBHOBAHUU s
IKOJBHIKOBY ), . deroperko (opranusaTop BHEKJIACCHON PabOTHI MO MaTe-
maTnke) n ap. PpaBma, s5Ta nHGOpMANNA He HAIILIA OTPAKEHNSA B OMyOGIHKO-
BauubIXx MaTepuasax [CME-8: nockonbky g0 mociennero MoMeHTa He OBLIO
SICHO, CYMEIOT JIM POCCUsHE OIIATHTh BCTYIHUTEAbHBEI B3HOC U HAUTH AeHbIH
Ha JOPOrY, HX 3afBKHU HA COOOIIEHUS OBLIN TMOCJIAHEBI CAULIKOM O3 IHO.

* % %

MuoxxecTBo cocrosiBiiuxcs Ha [CME-8 BricTy eI, HECOMHEHHO, KOHEY-
HO, HO OHO, MO-BHIHMOMY, HECYETHO — B TOM CMBIC/I€, 9TO HUKTO UX HE CYHU-
Tad. Po3ToMy HEBO3MOXKHO IPOAHAJIN3UPOBATE BCE BRICKA3aHHbIE HA KOHDPeC-
ce MBICJIH 1 TpelioKenus. Po o4edb BayKHO OBLIO Ol BHAKOMUTH — XOTs OB B
cKaTol GopMe — ¢ cojlepKaHueM Hanbojee HHTEPECHBIX COOOIIeHHH, ¢ UTO-
raMiu IUCKYCCHU BO3MOXKHO GoJee HINPOKHH KPYT JHIl, CBA3aHHBIX ¢ 00pa3oBa-
HueMm. CaMbiil TpoCcTON U >(PPEKTUBHBIN MYTh K 3TOMY — 3aBeCTH HPAKTHKY
mocjae KaxXjgoro 3acefaHus TOTOBUTH CHelUajlbHbil WH(POPMATUBHBEIH 0030D
MPO3BYYaBIINX BHICTYILUIEHHH M TIPeIJIOKeHWH, a 3aTeM NyOIMKOBATH €ro B
TOCTYMHBIX TPOPUIBHBIX KYpHaJaX U noMmernaTh B Internet.

Pam, Kk coxajenuio, yJIajoch NpOCIyUIATE JUIIb OTAeAbHbIE COOOIIeHU
i, CTaJ0 ObITh, MBI He pacliojaraeM HcYeplbiBalollell nHpopMalmeil u BceMu
maTepuajami. z-3a >Toro Mbl He MOMXKeM IPEJIIOKUTh YHTATENASM TMOIPOO-
HBII aHAJU3 HTOT'OB KOHI'PECCA U ONPAHUYUMCH TOABKO TeM, 4YTO MepedHcanM
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JUIIH HEKOTOPbIe 13 00CYK IaBIINXCA NpobaeM, NpejlcTaBasollnecs HaM Han-
foJiee BaXKHBIME JUJIS TaJbHEUIIEr 0 PA3BUTHS MaTeMaTHIYeCKOTO 06pa3zoBaHusi
B Poccum.

1. Ppexje Bcero xorenock 6kl OTMETHTH PE3KO BO3POCIINN UHTEpeC K
Hay4YHBIM MCCIeNOBAHUAM B OOJAacCTH TpenofaBaHudg MaTeMaTUKM — KakK B
cpejiHell, TakK W B Bbiciied Mikode. OcoGeHHO BayKHO MOJI4ePKHYTh, YTO CO-
BlaHUeM OPUI'HHAJBHBIX yYeOHBIX METOIUK U pazpaboTKOW pazHOOOPa3HbIX
negaroruyecknx KCIepuMeHTOB 3aHUMAIOTCH He TOJbKO TeOpeTHKHU Tefaro-
FMKH U OpraHu3aTopbl 00pa30oBaHusd, HO U PAJOBble yUUTes, IpenogaBaTenn
BY30B.

Bo Muorux cTpanax npobJeMbl cOMepKaHusA U MeTOMUKE 0O0yUeHusA TpH-
BJIeKalOT MPHUCTaJbHOe BHUMaHWe W MpodeccHOHAIOB-MaTeMaTnkoB. /locTa-
TOYHO IPOCMOTPETH MPOT'PAMMBI PEr'yIsipHBIX KOH(pepeHInl AMepuKaHCKOrO
MaTeMaTHYeCKOT'O O6IIeCTBa, 9TOOR YOETUTHCSA: Ha KayKJOW W3 HUX ILIaHU-
pyloTcH cliennadbible ceknun «Pedopma o6paszoBanusy, <MeTornka o6ydenns
MaTeMaTHkey, «/THHOBalun B npenoaBaiumy, «PoaroroBka yunTenei» u T. 1.
OnHaKO Hallll BHITAOIHecs ydYeHble-MaTeMaTHKH, Hallll BeIyline HaydHbIe
HeHTPHI POABJIAIOT K podieMaM MpenojaBaHus HeIOCTATOYHbIH WHTEPeC.

2. OcobeHHO BaKHO MOMYEPKHYTh, YTO U CHENUAJUCTHI 10 METOIUKE Tpe-
nojgaBaHud MaTeMaTHKU, U TpogeccuoHalbl-MaTeMaTUKI Bce 00Jbllle BHUMA-
HUuS yAeadioT npobjeMaM He ClelUaJu3UPOBaHHBIX, DJAUTHBLIX, a 00IIe0bpa-
30BaTeNLHLIX, MACCOBHX IMKoJd. UMenHO Takad IIKoda peaJbHo (POPMEUPYeT
00pazoBaATENbHbIN, HHTELIEKTYAJbHBIN U KYJbTYPHBIH YPOBEHB «CPelHecTa-
THCTUYECKOT0» T'paxKlaHWHA CTpaHbl, U 6e3 COBeplLIeHCTBOBaHUA MPOrpaMM
U MeTOMUK TpelnojfaBaHus 3/1eCh HEBO3MOXKHO PelIUTh NpodieMy MOBbIIIEHU
BTOTO YPOBHSA, YTO aKTya/abHO Ha mopore XXI Beka.

Ppo6aema yiydiiienns oGydeHns B 0611eoO6pa3oBaTeIbHEIX ITKOAAX, 0CO-
OeHHO Ha ceqie U B HeOOJbIINX TOPOIKaX, OCTPO CTOUT U B Halel crpane. Co-
TJIACHO JaHHBLIM MeXKIYHAPOTHHIX CTATHCTHIECKNX cay:K6, Poccus mo ypoBHIO
KBaJM(pPUKALUN KaapoB HAXOIUTCA JUIIb B KOHIIE YeTBEPTOr0 JecaTKa Mocy-
JapcTB Mupa. fcHo, 9To 11 W3MeHeHUs TOJOXKeHWe mel B MepBYIO ovdepenb
HeoOXouMa lleJeHalpaBleHHas TMOJUTHKA B 0bJacTH HIKOJBHOT'O 0Opa3oBa-
HUA.

3. CTaHOBHTCS COBEpIIEHHO OYEBUIHO, YTO JalbHEHINWEH TPOTpecc Ma-
TeMaTHYeCKOI'0 00pa30BaHUd HEBO3MOXKEH 6Ge3 TyOOKOU KOMIbIOTEepH3alui
y4iebHOT'O Npolecca 1 NPOKOro BHEIPEeHUA KOMIbIOTEPHBIX 00y YalOINX TeX-
HoJoruit. PosTomy mnogaBisiolniee GOJAbIINHCTBO MeIarornieckKux pa3paboTok
HalleJeHO Ha BCeMepHOe HCIOb30BaHle BO3MOKHOCTEN BRIYHCIUTENBHON TeX-
HUKW IJ8 COBEpLIEHCTBOBaHNA Yy4eOHOr 0 pollecca — MOBbIIeHNsA 3(PPeKTUB-
HOCTH TpenojaBaHusd U yrayOJeHns YCBOEHU.
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B »Toit cBa3u craHoBuTCS 0COOEHHO AKTYaJdbHOU 3ajada KOOP/MHALNN
TeiTeJbHOCTH Pa3JUYHBIX HAIIMX OpraHU3allWil, 3aHATHX CO3JaHHEM MIPO-
PPAMMHOU O AepKKH 00y deH s .

4. Cerogus ob6ydeHne MOJOJON0 MOKOJEHUS] PACCMATPUBACTCH TeTarOr -
4ecKOU 0OIeCTBEHHOCThIO KakK aKTyadbHad MUPOBas npobjieMa, a negarori-
Ka, MeTOINKa TPenoJaBaius CTAIN HHTepHANNOHAJLHBIME HayKaMu. ToabKO
eJIMHBIM (PPOHTOM, ObecreduBas MOCTOSHHBIE CBA3M W HEIPEPLIBHBIN OOGMEH
nHpOpMalueil, MOKHO 3PPEKTHBHO, OLICTPO U IKOHOMUYHO HAXOJIUTH MYTH
pellleHs MHOIUX NpobaeM HIKOJIbI 1 By3a.

Bee 310 TpebyeT oT Hac pealbHO HHTETPUPOBATHLCI B MeXKTyHAPOTHEIE
OpraHu3alui, BHUMATEIbHO U3y4YaTh MOABAAIONINECS NYOJNKAIUU W IIHPOKO
IpoNaraH IHpOBaTh MOJOKHUTEIbHBIN ONBIT APYIHX CTPAaH, PE3KO MOBHICUTH
Ka4eCcTBO OTEYeCTBEHHBIX METOAUYECKUX HCCAeJTOBaHUN, AaKTHBHO MYOJIHKO-
BaTh UX Pe3YJIbTaThbl B 3apyOexKHBIX KypHaJdaX, BCEMEPHO MOOUIPATH MHUIIN-
ATHBY U TBOPYECKHU MOUCK PSAJTOBBIX y4UTeJNeH.

5. MupoBoOU ONBIT CBUHAETEIBCTBYET, YTO BCE €llle OCTaeTCs TPY,[HOpa3pe-
MITMOW 3aada MOANOTOBKH KBaAuMUIUPOBAHHEIX yuuTeaen MarTeMaTuku. U
HaM cJjelyeT BHUMaTelbHee MO3HAKOMUThLCA ¢ TeM, KakK B pa3JUvHBIX CTpa-
HaX MBITAITCAS 00eCHeduTh MOJKHBEIM NPO(peccCHOHAJbHEN YPOBEHb CTYIeH-
TOB NEAUHCTUTYTOB, OCOGEHHO MO BJeMeHTapHOU MaTeMaTHKe, BEHICOKOe Ka-
4eCTBO UX MeTOJIUYeCKOr0, eJarornieckoro u ncuxoJornieckoro obyieHnus,
3apaHee NPOBepUTh WX BHYTPEHHIOI MOTOBHOCTbL M peaJbHYIO NPUTI'OJTHOCTH
K TIPernogaBaTelbCKOll i BOCIHTATEABHOU paboTe.

Oco6y10 akTyaabHOCTb IpuobpeTaeT 3a1ada JalbHEHIIero COBepIleHcTBO-
BaHHs MpOrpaMM 0OyueHHs OyIVIINX YUuTeSell MaTeMaTHKH B NeIUHCTUTY-
Tax, Mpexjae Bcero — cHATAHCHPOBAHHOCTH WX MaTeMaTHYeCKOW W Tefaro-
PUYecKOl MOATOTOBKHU, a TakyKe NpobjeMa HOJATOTOBKH K paboTe B IIKOJE
CTYIeHTOB MaTeMaTH4ecKuX (paKyJbTeTOB KJACCHYeCKNX YHUBEPCUTETORB.

6. BoicTaBka Bo BpeMsi KOHI'pecca MPOIeMOHCTPHPOBAIa MOpe yieOHUKOB,
YIe6HBIX TOCO6UN 1 HHPOPMATHIANTOHHLIX TPOTPaAMM. PEIHOTHEIE OTHOIIIE-
HIUA Ha H3TaTEThCKOM TMOTPHUINe MO3BOAAIOT BHIMYCKAThH B CBET pasHoobpas-
HYT0, TPEKPACcCHO OPOPMICHHYIO TPOAYKINIO — 1 DTO 3aMedaTenbHo,

OnHaKo MevYaqbHO, YTO JajJeKo He BCsi OHA ABJISETCS [TOCTATOYHO Kade-
CTBEHHON, a OTCYTCTBYE KBAJINPUIHPOBAHHOTO, OOBEKTHBHOTNO N CHCTEMATH-
JeCKOTO MyBJIUTHOTO PEIEeH3UPOBAHNA DTON TPOAYKIHN MOI9aC CTABAT VM-
Tels B BechMa TPY/HOE MOJ0KeHNe KalTuTaHa, MIaBaollero o Mopio 6e3 KoM-
maca m KapThl. Kak 3jech He 3aMeTHTH, 9TO BO MHOTHX HAIllNX H3TaHUAX
MEeCTO pa3efoB KPHTHKN W OGHOJHOrpadui JaBHO yiKe 3aHsiia mpocTtas (M
nycras?) pekJaMa BBIXOJAIIEH y9eOGHON I MeTONUIeCKON JHTepaTy phi!
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7. Bce npuznator, 4To Hallla HIKOJbHAS IPOrpaMMa 0 MaTeMaTHKe Tpedy-
eT JaJbHEeHIero coBepIneHcTBOBaHNA. P o MHOTOMNCAEHHBIE CTTOPHT TTO TOBOTY
ee cojlep:KaHus (MpoIeIeBTHKA MeOMeTpHH, HeOOXOMNMOCTh HaYal aHAJIN3a,
BBe/leHIe BePOATHOCTH W CTATHCTHKA U T. 1.), XapaKTepa H3JI0:KeHns (BHIGOp
MeK Iy JUHEHHOCTHIO I KOHIEHTPUIHOCTDIO, coOTeTanle aKCHOMATHIHOCTH |
HATVISIHOCTH W [Ip.), obecmedennsi mudpepeHInpoBaHHOTO 00y deHns (KaK B
OCHOBHOI IIKOJIe, TaK I B CIENNATN3NPOBAHHBIX CTAPIINX KIACCAX) M IO MHO-
THM IPYTHAM BOMPOCaM BeIYTCA Tak, Kak OYITO MB SBIAEMCS TePBOTPOXO -
aMm.

Mex gy Tem AyUIUH 3apyGeKHbI OMBIT — W MOCTPOEHUS MPOTPAMM,
CO3MaHNA YIeGHNKOB — MaBHO CJIET0BAIO0 ObI CEAATh TOCTYTHBIM HAINM Y-
TeNAM, CHCTEeMATHIeCKH TYOANKYS TepeBOIB DTUX MaTepHaIoB.

8. Oxny npobGiaemy Xo4eTCs BHIAEMHTH CHEHAIbHO — NPOo6JeMy Hperno-
JaBaHUsA MaTEMAaTHKA A MIKOTHHIKOB, WHTEPECYIONINXCA TYMaHUTAPHBIMA
mpeIMeTaMu, I CTYIeHTOB, N36paBIInX TyMaHATapHble (PaKyIbTeTh. Kiaode-
BOU BOIIPOC: B KaKOH Mepe COBPEMEeHHLIN 06pasOBaHHBIN, KYJAbTYPHLIH Tel0-
BeK JOKEH BJajJeTh OCHOBAMH MaTeMaTHIeCKOW HAYKHU, ABAAIONIEHCS OJTHON
13 COCTABAATONINX MuBHAN3annu? Ppobiema cIoKHas, Hepa3phIBHO CBA3aHHAS
7 ¢ THTENIEKTYAJbHBIM Pa3BATHEM MOJOMEKH, U C YCHAEHHEM TYMaHHCTHTe-
CKOT'O KOMTIOHEHTa B OGYIeHHN, W ¢ PACHIIpEHUeM HayIHOTO KPYyTro3opa.

O «varemaTnKe M1 TyMaHATaAphueBy y HAC celdac TOXKe MHOTO MHITYT U
roopaT. O1HAKO B GOJBIIHHCTBE CAyYaeB pedb U1eT 0 HeKuX naainaTubax. 1
3/1ech OBIIO GBI OJE3HO MPOAHATN3NPOBATEH HAKOTIEHHBIN ONMBIT, MOWTH HE MO
nyTH (POPMATLHOTO YPE3aHUs TPaTUIHOHHON MPOTPAMMBI U ee TMOTOTHEHN
CAYIANHBIMT (PaKTaMU ¢ «PyMaHATApHOW HHTepIpeTanneidy, a TONbLITaThCS
chopMUpPOBAThH KAaIeCTBEHHO HOBYIO KOHIEMIHUIO COMEPKAHUS W BHIPabOTaTh
TPUHIHNTHAIBLHO HHYIO METOANKY HeOpMaTu30BAHHOTO TPENoTHECEHT.

9. TpygHo cebe jgayke MpeACcTaBUTh TO W300UIHe JONOJHUTETBHOU JIH-
TepaTyphl I BCIOMOTATEIBHBIX yIe6HO-MeTOIHIECKHX MaTepHaIoB, KOTOpoe
mpeaIaraloT MKode DHTY3NAcCTH 06pasoBaHns Pa3HbIX cTpaH. Pe Tak maBmHO
HAIlll KHUTH 1 GPOTIIOPHI 15 BHEKTACCHON pabOTH M0 MaTeMaTHKe CIHTAINCH
OJHUMHI W3 JYHIIUX B MHUpe, HO CeroJHd MHOTHEe W3 HUX — Oubanorpadutde-
cKasd PelKoCTh, KOTOPYI0 MOXKHO YBHIETH pasBe 4TO y yIUTeJIeH CTapIiero
MOKOJEHNA.

N ecan mama nTh NPOW3BOACTBO HATVSAIHBIX MOCOBUA W APYTOTO 06OpPY-
TOBAHUA cefidac JOCTATOYHO TPYIHO, TO Mepens3faTh U TPOJOKATh 30J0TOH
(hoH T HAYTHO-TIOMYASIPHON ANTEpPaTyPHl MO MaTeMaTHKe — HATl TOJT.

10. Poabitioe MmecTo B paboTe KOHI'pECCA BaHUMAJIO 0OCYK IeHIe COIeprKa-
HIA 1 POPM MaTeMaTHIeCKHX COPEBHOBAHUN IMKOILHUKOB. Penbss He oTMme-
THTh, ITO HAIIM YCIeXW Ha MeXIYHAPOIHBIX MaTeMaTHIeCKHX OMNMITNA,TaX



ICME-8 191

B MOCJeIHNEe TOTLI BHITIAIAT 60Jee 1eM CKPOMHO, XOTSA OpUIHATLHO PO I0-
JKAIOT pacleHmBaThes Kak odeHb xopotrre. Tak, B 1994 rony komanga Poccun
BaHs1a 3-e MecTO, Bcero Ha 1 ouko oboiias Poarapuio, a B8 1996 roay Mbr yxe
oKasaauch Ha 4-m Mmecte, nponycrus Brepen Pymeinuto, CIIIA u Benrpuio u
06011115t Bcero Ha 1 ouko Anriauio, Ha 7 oukoB Beerram u Ha 11 oukoB FOxuyio
Kopeto. Mexay TeM, 1id TOJHOTO MOHUMAHUSA CATYAINN HYXKHO He TPOCTO
CYNTATHL OYKH, a COOTHOCHTDL WX C MOTEHNHWAJIOM CTPAHB U YHCAEHHOCTLIO
VYaImnxcs.

Buanmo, Ha >TUX pe3yabTaTax He MOTJIH He CKa3aThed Kak obllee yXy aliie-
HIe TTKOJBHOTO 06pa30BaHusA B cTpaHe U OTTOK MaTeMaTHIeCcKNX KalpoB 33
PPAHUIY, TaK W YCHJIUBAIIIMICS B MOCAETHIE TOJE ONACHBIN MPOHEce mpe-
BpallleHust MaTeMaTU4eCKHX COPEBHOBAHUI B CBOEOOPA3HBLIN CIOPT 3a CYET
HX OTJAJeHUsi OT [OMOJHUTENBHBIX HEIPEPBIBHBEIX 3aHATHI MaTeMaTu4ecKou
Teopuen.

* % %

W erte HeckoabKo €J0B B 3akatodenne. PonroToBka KOHI'pecca MpPOXO,TH-
aa nox nmatpoHaxkeM Kopoas Ucnmanmn Xyana Kapaoca I mw npum mogmepx-
Ke [HeHTPAJIbHOT'O U PErnoHAIBHOTO MIPABUTENLCTB, | 'eHepalbHOT O qupeKTopa
IOPECKO ®. Manopa, yansepcurera CeBuibn (IpegocTaBuBIIEro Bce CBON
TOMEIIeHN ), MeXK TYHAPOIHBIX I HAIMOHAIBHBIX MATEMATHIeCKNX 0ObeInHe-
Hiui. Po ocHOBHAS TsKeCcTh MIaHHPOBaHUSA PabOTH KOHIPecca i 4eTKOrO ero
IpOBeIeH s JeXKaja, KoHedHo, Ha Opranuzanuoiiom komuTere. Mbl canraem
CBOUM [OJTOM CHElHaJbHO OTMETHTH MPEKPACHY OpraHu3alliio KOHT'pecca.
Prian npemycMoTpenbl Bece Menodn GbITa, CO3MaHBl Bce y1006CcTBa s pabOThHI,
OpOJIyMaHbl HHTEpeCcHble DKCKYPCHOHHAS H KyJabTypHas nporpammbl. /axe
eJKeTHeBHO BHIXOJmIa (Ha JBYX sI3bIKaX) raseTa Jis KoHrpeccrncToB «Diario
de Sevillax.

Oco6oii 3acayroil opraHu3aTopoB KOHIpecca SIBASETCHS TO, YTO OHU MPO-
SIBIJIH HECTAHJIAPTHYI 3aB0Ty O MHOIMMX yYaCTHHKAX U3 Pa3JHYHBEIX CTPaH
MUpa i1 06eCIeTnIn TPAHTAMN (BKIOYABIINME PEIHCTPAIHOHHBII B3HOC, TPO-
JKUBaHWe B OOUIEKNTHH I MHTAHNE B CTYIEHIECKON CTOMOBON) 7 MPOIEHTOB
YYaCTHHKOB KOHIpecca. Pror gakT mas ocHoBaHme HazBaTh popyM B CeBuiibe
Konrpeccom maremaTnveckoll COJHTAPHOCTH.

OdunnaibHo 00bABIEHO, 4TO caeayioiini, 9-it Mex 1yHapoTHbII KOHT pece
MO MaTeMaTHYeCKOMy 00pa3oBaHuio mianupyercs nposectu detom 2000 romga
B Makyxapu (flnonust). Pabora oprkoMnTeTa Mo €ro mojroToBKe yikKe Hada-
Jach.



3aJadHbIU pa3JeJl

B sTom paziene BHUMaHHIO YHTaTelds peljaraeTcs TOI00PKa 3a /a4 pas-
HOW CTeleHH CJAOXKHOCTH, B OCHOBHOM O4YeHb TPYIHEIX. PekoTopbie u3 »Tux
33,124 (He 00S3aTeIHHO CAMBble CIOJKHBE!) TPeGYIOT 3HAHNUS (HedIeMeHTAPHOMY
MaTeMaTHKH — aHaJu3a, JUHEHHOU aJrebGphl U T. II.

CocraBuTeasM 3TOH TOAOOPKH KayKeTCs, 9TO MpeaiaraeMble HUXKe 3a/1a491
OKaYKyTCS HHTEPECHBIMU KaK [ CHJIbHBIX IIKOJbHHKOB, HHTEPECYOIIHXCS
MaTeMaTHKOW, TaK U s CTYIeHTOB-MAaTEeMATHKOB.

Pomumo camoro peiienust TpyJIHBIX 3a71ad, B BBICIIEH CTeNeHU IOJE3HO
VIPasKHATHCS B UBJI0KEHUN peleHuil. Mul coBeTyeM BceM, peluBITHM KaKy -
Jaubo 13 3ajgad, ToNpoboBaTh 3aMUCaTh ee pelleHle B MAKCHMAJAbHO TPOCTOM
i MOHATHOM BHJE U MpUciaTh B pelakinio. B mocienyommux HoOMepax Mbl
ONYyOIUKYEM caMble U3SIIIHBIE U3 TMOJYYeHHBIX PEeIleHHi.

K coxagenuto, HaM u3BECTHEI aBTOPHI MAJeKO He BCeX MPe/LIaraeMbiX HixKe
sajad. MHOTHe U3 HUX U3BECTHBI TeCATUIeTHS I CTAIl 9acThio «MaTeMaTuye-
ckoro Qoabkiopay. QnHa u3 meiei, IpecaeyeMblX COCTABUTEIAME JTaHHOTO
pazgena, — 3alllCaTh DTOT «POJLKIODY, MHOICHE YaCTH KOTOPOT'O CTPEeMIH-
TeIhHO UCYE3al0T B Hallle BpeMs.

Meur obpamiaeMcsi ¢ IpockOOU KO BCeM dUTaTelsiM, HMEMIUM CBOH cOb-
CTBeHHEBIE MOJOOPKH Takux 3ajad, NPUCHELIATH WX B pepakuuio. U, pazyme-
eTcs, MBI € VJIOBOJbCTBHEM OyaeM NyGIHKOBATH CBEXKHE aBTOPCKUE 3aJadqi.
2K rem Bammmx mucem.

Coobium Ty uHpOpManuio 00 aBTOpax 3ajad, KOTOPOHU pacroJaraem
(yTOYHEHNs CO CTOPOHBI YHTaTeNell MpHUBeTCTBYIOTCH). Ecin aBTop 3amadn
HEU3BECTEeH, Mbl YKa3bIBaeM TOI0, KTO MPEIIOKIT DTy 3a1ady.

Bamgaun 1, 3 npemgroxun A. Kanenb-Penos, on ke aBTop 3amad 2, 66), 9.
3amada 6a) npuaagrexknt B. A. CeHjgepoBy, oH X)e mpemtoxui 3agady 10.
Samauy 4 npugyman C. MapkenoB, zagada 5 — coBMecTHOe u306peTeHle
A. Kanens, A. PeroBa u A. KoBaabmku. 3agauy 7 npugymaa B. M. Tuxo-
MupoB. 3ajgauy 8 npemaoxun A. I'. Kyrakos.



193

YcaoBus 3a1ad

1*. MAXMATHI B PPOCTPAPCTBE
MoryT au 1000 nazenn B mpocTpaHCTBe 3aMaTOBATh KOPOJsi?T

2%, KOPEN YNCJIA
JlokazaTh, 9TO cylIecTByeT GeckoHeIHO MHOrO N TaKux, ITO 2N okaman-
BaeTca Ha N.

3. CUPYCHI
Mozxker qm cymma dncea Buga asin(kw/n), rjie a — paunoHaJIbHOE THCIO,
k,n — uesabie, paBHATBCA /19977

4. BCETO JUUIb PJJAPUMETPUA

laun Tpeyroasiuk ABC. K — To4Ka KacaHusi BIHCAHHOU B HEI'O OKPYK-
HocTH U cToporbl BC. PaccMoTpuM [Be OKPYKHOCTH, Kacaloluecs HpsMOol
BC, nyya AK n okpy:kHOCTH, onncanHOl BOKpYT A ABC (Ha pucyHke m3o-
6pazkensl TyHKTHPOM). /loKasaTh, 9TO HX paIHyChl PABHHL.

A




194

5. PASPE3APUE
Jluansa meawT KBaJgpaT Ha OBe paBHLIe JacTH. Bcerja Ju OHA MPOXOTHUT
yepes meHTp KBajgpaTal ToT ke Bonpoc mis KyGa.

6. MPOI'OY.JEP
a) gan muorowren P(X). disg mo6oro X > 0: P(X) > 0. Jokasars, 4T0 4T0
P=Q/T,rge Q uT — MHOrOYIeHBl ¢ HEOTPUIATEIBHEIME KO PUIIeHTa-
MIL.
6)* myctb P — KBaJpaTHBEI TpexXduleH, & — apryMeHT ero KOMILIEKCHOTO
kopus. Torga crenens () He MeHbIIe 27 /.

7. UPTEI'PAJI
Pycth pynkuns HemnpepreiBHO muddepennupyema Ha orpeske [0; 1],

Nz06paszuTh Ha KOOPJIUHATHOW MIOCKOCTU MHOYXKECTBO TOYEK, Yepe3 KOTOPHIe
MOYKeT TPOXONUTH rpaduk Gyukunn y = f(z).

8. CEMEICTBA POIMPOXECTB PATYPAJILPOT'O PATA
a) MoxeT i ceMelicTBO MOMHOKECTB HATYPAIbHOTO Psifa OBITH HECIETHHIM,
ecan M JIo6BX IBYX MOJMHOKECTB U3 DTOTO CeMelcTBa OTHO CTPOTO COTep-
JKATCA B Jpyrom?
6) ToT ke Bompoc, ecian mepecedernne JTIOOLIX IBYX MHOXKECTB B ceMelCTBe
KOHETHO.

9. PAI
1
WzBecTHO, 4TO mpu J0O6BX AelicTBUTENbHEIX A, B psn _
pacxogurcs. Oba3aH Ju pacxoauThes pang y  ————7 A 9ro ecin A n B
20| =+ [yn]

MOryT OLITH KOMILICKCHLIMMI !

10. MPOT'OYJIEP

Dyukuus, 3agaHHas Ha BCell BEIeCTBEHHOU NpAMOU, HeckoHedHO mudde-
peHunpyema. B Kax10i Touke HeKOTOpas MPOU3BOAHASA (HOMEpP TPON3BOTHON
MOYKeT 3aBHCeTh OT TOUYKH) paBHa Hy.0. [JokaxknTe, 4T0 5Ta PyHKIUT —
MHOT' O4JIEeH.
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